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Abstract

BOUNDS8 FOR CYLINDRICAL PROJECTION CODES

by

Gang Yang

Advisor: Professor Donald L. Schilling

Both theoretical analysis and simulation results have
been obtained. The main features of this research are:

1) The derivation and use of combinatorial generating
functions to obtain the weight distribution of a Cylin-

drical Projection code.

2) The derivation and use of the weight distribution
of a Cylindrical Projection code to obtain the upper bound
and lower bound of the code.

3) The application of Improved Importance Sampling
technique to simulate Cylindrical Projection code when
the input error rate is very small.
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1 Introduction

In this dissertation, the error performance of binary
Cylindrical Projection codes was determined using both
a theoretical analysis and a simulation. The theoretical
approach is to find the weight distribution of the
Projection codes by using a generating function, and then
to obtain the upper and lower bound. Simulation results
were obtained using the Improved Importahce Sampling
technique.

1.1 A Simple Rétrospect of Coding

A primary concern in any digital communication system
is the reliability, that is, to what extent, one can
recover the transmitted sequence from the received data
sequence. These sequences may be different due to the
interference in the channel. Three approaches are
available to improve the performance.

The first approach is to improve the transmission
medium in order to reduce the interference in the channel.
However, one is not always able to obtain a sufficiently
good channel, because of the cost, the technology limit,

or both. More economical methods have to be considered.



The second one is to increase the transmitting power,
to increase the efficient area of antenna, to make both
the transmitter and the receiver optimum or least sensitive
to the interference and so on. Although a lot of methods
have been put forward in this field, better and more
economical methods are expected. It is expected that the
performance of the system will improve, while the com-
plexity and the cost of the communication system will not

increase.

The third one is to apply coding to the communication
system. In a code, at the encoder, some redundant bits,
called parity bits, are added to the information sequence
according to some rules (algorithms); at the decoder, the
information sequence is recovered from the received data
sequence by making use of the checking ability of parity
bits. The more parity bits, the more errors can be cor-
rected. But the number of parity bits can not be arbitrarily
large, because the more parity bits per codeword, the
less energy per bit, and therefore, the higher of the
input bit error rate. So a code is useful only when the
error correcting ability can complement the reduction of
the energy of a bit. With the rapid development of large

scale integrated circuits, better encoding and decoding



methods can be realized less costly and more reliably.
Hence, today, considerable attention is being focused to

the use of the forward error correcting coding (FEC).

There are several different types of codes. Block
codes and convolution codes are the two major types. They
can be linear codes and nonlinear codes. In the case of
block codes, they may be cyclic or non~cyclic. A lot of
work has been done in studying all of these various codes.
In particular, Shannon’s theorem states that if the only
interference is Gaussian white noise and the information
transmitting rate is less than the capacity of the channel
( which is a function of signal to noise ratio ), then
a code can be found such that the output bit error rate
of the decoder can be arbitrary small [4]. This theorem
has encouraged people to find such ideal codes. The
Projection code is an attempt to obtain an ideal code.
It is very easy to encode and decode, and from previous
simulation of the code, it shows it is a powerful code.
All of these make it a desirable code. However, because
of its very abrupt performance curve, it is difficult to

investigate and evaluate its performance at reasonable



input error rates by classical simulation technique.
Therefore, it is necessary to analyze this code theo-

retically and develop a better simulation technique.
The Projection code has three basic forms. [1][2]

The first one is called the Basic Projection Code ,
or Pl code. In such a block code, the parity bits check
only the information bits on the same parity line and do
not check any other parity bits. For example, in Fig.1,
there is a Pl code which has two data rows and three
parity rows with slopes 1, 1/2 and 1/3. The parity bits
on a slope line check only the information bits on the

same slope line.

data rows O O O O O
o

O O 0O

parity rows O O O

r=3 O 0 O o)

O O O O O O

A P1 Projection Code

Fig.1



The second one is called the Partial Autoconcatenation
Projection Code, or P2 code. In this code, the parity
bits not only check the information bits on the same
parity check line, but also check the other parity bits
on the rows above them and on the same parity check line.
A P2 code with slopes 1, 1/2 and 1/3, with two data rows

and three parity check rows is shown in Fig.2.

data rows QO 0 0 0 0 O
kzz{ '/.
o 0 o0 v o
parity rows /
r=3

:S\\\
C)\
Q\\\
O
o O O O o0

A P2 Projection Code
Fig.2

The third one is called the Total Autoconcatenation
Projection Code, or P3 code. In the case of P3, the parity
bits check not only the information bits and the parity
bits on the rows above them, but also the parity bits on

rows below them. In Fig.3, there is a P3 code with slopes



1, 1/2 and 1/3, two data rows and three parity check rows.

data rows O O O O o O @)
k=2{ooo O 5 0 0 O
parity rows (©Q © O O O O O O O
r=3 ¢ O O O 0O 0O O O OO0
O O O O 0O 0 O O 0O O O

A P3 Projection Code
Fig.3

In order to analyze the Projection codes, it is
necessary to distinguish the codes further. On one hand,
the Projection code can be a convolution-like code, that
is, being realized by shift registers and adders and with
an infinite block length. On the other hand, the Projection
code can adopt the block code form. In this case, it can
be either a cylindrical block code, where the number of
the bits in a block is finite, but with the end and the
head connected together; or a noncylindrical block code,
that is, a block code with a beginning and an end. A
cylindrical P3 code with block length 10, two data rows,

three parity check rows and slopes 1, 1/2 and 1/3 is shown



in Fig.4.

data row
-2

parity rows

A PS Projection Code
th.4-

We will focus on the cylindrical block code. The reason
is that when the block length is long enough, there is
little difference between the error performance of the
cylindrical block code and noncylindrical block code. And

the convolution-like code is studied by Dong Li.

In this dissertation, the error performance of the P2
and P3 cylindrical Projection code in the binary symmetric
channel will be analyzed by obtaining the weight dis-

tribution. Simulation result for a P3 code will be given



also by using improved importance sampling technique.

1.2 The Existing Error Performance Technology and Its
Limits

Although numerous methods for designing encoder and
decoder exist, there is no universal method which can be
used to analyze the performance of most of the codes. Nor
is there a unified method for obtaining the error per-
formance even for the codes in GF(gq™) which have very
good mathematical structures. Each code has to be analyzed
individually. Further, the approximation method widely
used in block codes can’t be used in Projection codes.

The approximation formula is

Pb?i (%)(7)%(1—;:,,)‘“”’ (1.1)
Where
P,, the output bit error rate of the decoder;
Py, the input bit error rate of the decoder;

N, the number of bits in a codeword;

t, the guaranteed number of correctable errors.

Usually, the error performance of Projection code
can’t be estimated by using the above formula. The reason

is as follows.



The probability of the number of the errofs occurring
in a block code follows the binomial distribution. The
peak of the probability distribution curve is 1located
near N p,. The larger the input error rate is, the flatter
the curve becomes; the larger the block length is, the
flatter the curve becomes. In order to have enough pre-
cision to calculate the output error rate, it is necessary
to consider that enough errors occur in one block. For
example, for the P3 block code with equivalent block
length 76 and three parity check rows and input error
rate 10°%, if only 2°!'=4 errors are considered, the
precision of calculation is not better
than;fs(7i6)o.01‘0.9976“=o.oomz. In other words, if the
precision of 0.000001 is needed and only 4 errors will
be given consideration, the input error rate must be less

than 0.0023.

Compared with the ordinary block codes, the Projection
codes typically have a much longer equivalent block length
and can work at higher error rates. For example, the
widely used Hamming code (7,4) has a block length of 7,
the Golay code has a block length of 23, but the simplest
cylindrical P3 code with one data row, three parity check

rows and with slopes 1,1/2 and 1/7 must have a block
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length no less than 19 in order to make sure that no two
lines will meet more than once and therefore, the maximum
Hamming distance will be guaranteed. If the code is
transmitted row by row, then the equivalent block length
is not less than 76. Further, being similar to the con-
volutional code, the P2 and P3 codes can be used in a
much worse environment than ordinary block codes. Because
the P2 Projection codes and P3 Projection codes can correct
many error patterns consisting of errors which exceed
more than half of the Hamming distance in one block, in
addition to correcting any 2 !’ errors or less in one

block.

Therefore, the above approximation formula can’t be
simply used to obtain the output error rate of the Pro-
jection codes because either N or input error rate is not
small. A more precise method has to be put forward to
analyze the error rate of the Projection codes. It is
necessary for us to review the Projection code in order

to find some new methods.
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2 Description of the Projection Code

2.1 The Definition Qf the Projection Code
In a typical block Projection code, there are k data
rows and below the data rows, there are r parity check
rows, with the block length h. Thus, the code efficiency
is k/(k+r). The parity bits can be calculated by many
different ways. For example, parity bits can be calculated
by the data bits on the same straight line, or on some
type of curve as long as there is no contradiction. For
simplicity, here the parity bits are calculated from the
data bits on the same straight lines. Usually, there are
three different algorithms to determine the parity bits.
They are called the Pl, P2 and P3 Projection code

respectively.
2.1.1 The Encoder and Decoder of the P1

Cylindrical Projection Code

Suppose the slopes of the form l/m,,1/m,,...,1/m, are

chosen. Through each data bit, a line with slope 1/m; is
drawn in order to get a parity bit on the jth parity row.
The line is extended into the parity check block and is
wrapped cyclically when reaching either end of a row. A

bit on the jth parity row is equal to the mod-2 sum of
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all of the data bits on the line which passes through the
parity bit and has slope of 1/m;. Totally, hXr lines are

drawn to determine all of the parity bits.

The cylindrical encoder for Pl with one data row,
three parity rows, slopes 1, 1/2 and 1/4 and block length

10 is shown in Fig.S5.

Switch from 3 to 4 at n=20 Switch from t to 2 at n=10

[ X
e [ [

< e [ [ D e [

Output

parity row

A P1 Cylindrical Encoder
Fig.5

Majority logic is used to realize the decoder. There
are r parity lines through each data bit. If in these r
lines, there are more than T (decoding threshold, larger
than r/2) lines having mistakes, then this data bit is

inverted. The decoder can correct [(r-1)/2] errors.
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We can obtain the output error performance of Pl. The
basic idea is to determine T so that the sum of the
probability of uncorrected errors and that of generated
errors will be smallest, then to obtain the probability
of uncorrected errors and the probability of generated
errors, and to sum them together.

2.1.2 The Encoder and Decoder of the P2
Cylindrical Projection Code

The parity bits of the P1 code check only data bits
and not check other parity bits. Therefore, the error
correcting ability of this code is not very powerful. In
the P2 code, a parity bit is equal to the mod=-2 sum of
both the data bits and the parity bits which are above
this parity check bit and on the same parity line as the
parity bit. Compared to the Pl encoder, the P2 encoder
is somewhat more complex. An encoder for the P2 cylindrical
code with one data row, three parity check rows, slopes

1, 1/2, 1/7 and block length 19 is shown in Fig.6.
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Switch from 3 to 4 at n=20 Switch from 1 to 2 at n=10
2 J
'

|3 2
Input
[3 1
N\ el [l [~ [ =
. 3 ¥
parity row, <_4\D D I:] D!J’ED D:D D l:l B. |
13 I ¥
<2\ = = |o |o{ jo [+ Joi =]

Output

A P2 Cylindrical Encoder
Fig.6

A threshold decoding algorithm has been presented by

Professor David Manela.[1]

In this dissertation, the potential performance of
the Projection code will be studied theoretically and
therefore, an optimum decoder will be used. And a new
simulation technique will be given to simulate the pro-
jection code when the input error rate is small. In Fig.7,
c(1), ¢(2), ..., C(last) are all of real codewords which
can be obtained from the corresponding encoder. However,
at the present time, it is impossible to realize the
optimum decoder because of the tremendous storage and

time requirement. Thus much attention will be given to
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the suboptimal decoder, which uses only the parity check
equations to construct the decoder and does not distinguish
between codewords and pseudocodewords which can not be
obtained from the corresponding encoder but satisfy the
parity check equations. Later except when necessary, we
will not distinguish them. We will call the code including
the codewords and the pseudocodewords as the extended

code.

T
+ ’fo -
Choose the
C(2) -

+ ’JO "1  one which Vl»
C(3) .

IS moximunJ

IT
’f_ C(last) 0 .

The Decoder for Projection Code

Fig.7
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Another reason to use the suboptimum decoder is that:
the larger the blocklength and the smaller the input error
rate are, the smaller the difference between the suboptimum

decoding and optimum decoding is.

In addition, it is easier to obtain the weight dis-

tribution of the extended code than that of the real code.

The same structure as shown in Fig.7 can be used to
realize the suboptimum decoder if C(1), C€(2), ..., C(last)
are used to stand for not only all of the real codewords
but also all of the pseudocodewords. And no other decoder
can give a better performance than the suboptimum decoder

if only the parity check equations are used.

Although we can not realize the structure due to the
tremendous requirement of memory, we can use it to analyze
the best performance if only parity check equations are
used.

2.1.3 The Encoder and Decoder of the P3 Cyclindrical
Projection Code

The P2 coding scheme does not give each parity bit
the same "attention". The parity bits on one parity check
line only check other parity bits of the same line which

are over this check bit. In other words, these parity
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bits over this parity bit do not check this parity bit.
The third coding scheme, called P3 Projection code , will
let each parity have the same role and therefore the
structure become more robust. The encoder is given in

Fig.8.

Qutput Input

s ron = e o o e e = 0V -
~N e MOS0,

N e
N e

Switch from 3 to 4 at n=20 Switch from 1 to 2 at n=10

T
A
] T

A P3 Cylindrical Encoder

Fig.8

As we did in analyzing the P2 codes, we only consider
suboptimal decoding which makes use of the parity check
equations. The decoder 1looks like the decoder for P2
except changing the codewords of P2 to the codewords of

P3.
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3 The Methods for Upperbounding and Lowerbounding the
Projection Code

If the weight distribution of a binary cylindrical

Projection code is given, upper and lower bounds for the

output bit error rate, assuming maximum likelihood

decoding, can be calculated.

Since the Projection code is a linear code, it is
sufficient to consider the case when the all-zero codeword
is transmitted. The following definitions are needed:
Denote C, as a codeword with weight of w. Let M, be the
number of codewords with weight w. Let C(J) be the jt
codeword in the code. Then |C(j)] is the weight of codeword
c(j. Let V be the received word. Denote p as the
intrinsic bit error rate in a BSC channel and P, as the
decoded bit error rate. Finally, we let M be the total
number of codewords and N be the total number of bits in

the code.

3.1 The Derivation of the Upperbound I
Assume the all-zero codeword is transmitted. Then,
when the received word, V, is closer to C(j) than to any
other codeword, the maximum likelihood decoder decides

that C(j) is transmitted. If V is at the same distance
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from two other codewords, C(j) and C(l), and is further
from any other codewords, then the decoder decides that
either C(j) or C(l) is transmitted with probability of
1/2. The probability of an error event, denoted by P, ,
is then:

PLCH-VI<ICW=-V].Vir j)

+%P{|C(j)—V|=|C(U—Lﬂand|C(j)—V|<|C(l)~V|.forsome i*j,¥Vi#jand (%i).

Since the weight of C(j) is |C(j)] , the average number
of errors in this event is [C(j)IP,. cConsider M codewords

in the code. The average number of errors is

M-1

Y lehlrdcy-vi<icy-vI,vi# j)

j=1
M-1

+é Z} [c(HPc)-VI=lc)-1| and

lc(ph)-vi<|c()-V|, for some i#j, VI#j and [#i¥B.1)

The bit error rate, P,, is the average number of errors

divided by N, thus
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1M—l
Po=% . l|C(i)|P(|C(1)'V|<|C(i)—l/|,vz¢j}
£
1 M=1
TSN 1(|C(j)|P{|C(l')‘V|=IC(i)—Vl and

S

lc(hH-ViI<lc()-VI}, some i#j, VI#jand [#i}(3.2)

The probability that V is closer to C(j) than to any

other codeword is less than the probability that V is
closer to C(j) than to all-zero codeword. P, Can then be
upper bounded if the all-zero codeword is substituted for

C(i) in Eq. (3.2). Hence,
lM-l
Po<s ) 1CDIPLUCH-VI<IV]
j=1
l M-1
+ 57 2 NCDIPUCU-VI=1V])(3.3)
7=1

Equation (3.3) does not depend on particular codewords,

it depends only on the weights of the codewords, therefore

N N
Py<xd MuwP{|C,-V] <AVIy+ 52 ) MwPLICL-V | =113.4)
w=1 w=1
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3.2 The Derivation of the Upperbound II
Let €Y stand for the ith codeword starting from column

0 and let w'” be its weight. Let h be the length of a
projection code. Suppose the all zero codeword is

transmitted. Similar to Viterbi’s method, we have:

The average errors on the Cylindrical Projection Codes

h-1
= Z The average errors due to the errors starting from No. j column
j=0

=h-+ The average errors due to the errors starting from column 0O

and

The average errors due to the errors starting from column O

(1)

w® ) w ol RO
i w . ) o v
<Y wh Y ( . )pz(l-p.,)‘” 1w 1/2) W | (1-py)?
vt jew@r72.0\ ] 7
(3.5)
Therefore,
P, <E?+l_r)71..h. The average errors due to the errors starting from column O

2

] ot (w(" o, w® o o
= . i(1- e +1/2( ) P(l- :
k”v;) ,.-;Z*.. ; )p.,( P) L1z |PE (1= P

(3.6)
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This bound is a little tighter than the previous one.
If two codewords have no common bits which are one, the
exclusive or the two codewords will produce a new codeword
with the weight equaling to the summation of the weights
of the two codewords. Unlike to previous method, here the

new codeword will not be given further consideration.

The method to obtain the weight distribution of a
projection code can been changed a little to obtain w'’.
When obtaining a codeword, we record its weight and delete
it to prevent from producing new codewords based on it.

3.3 The Derivation of the Lowerbound

Again, assume that the all-zero codeword is trans-
mitted. Let us draw a circle with radius t around every
codeword as shown in Figure 9. In the figure, four

codewords with weight of w surrounds the all-zero codeword.
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@ @

(3
@

The Weight of C(1),C(2),C(3) and C(4) is w

Fig. 9

A received word falling into the circle of a codeword
will be decoded as the codeword. If the weight of this
codeword is w, then w errors are made. Denote P(w) as
the probability of a received word falling into the circle
of a codeword with weight w. To obtain a lower bound on
the average number of errors, assume every received word
falls into a circle. Then, the average number of errors

N
in the code is lower bounded by ) M,wP(w) . The bit

wel

error rate is therefore lower bounded by

N
P,,>7:/-ZMwa(w) (3.7)
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To calculate P(w), let N(w,!;s) be the number of error

patterns of weight [ which are at the distance s from a

codeword of weight w. Let d.i, be the minimum weight of

dmn
t i

the code. Then, t=——+1 . For linear codes, N(w,!l;s)

is the same for every codeword of weight w. It can be

shown that in a binary code [5],

N(w,l;s)= Z (N;w)(w) (3.8)

j=s-k20 J
k=l+j-w20

Thus,

t N
P(w)=) ) p'(1-p)*"'N(w, l;s)

s=01=0

+

N
;)P'(l-p)”"N(w,l;Hl) (3.9)

N —

Therefore, the lower bound on the bit error rate is

N N
P°>1iv > inwp’(l-p)""N(w, 1;s)

E
[l
—
~
[}
o
“»
[]
(=]

+
N
2|~

™=
M=z

E
L
(=]
~
)
(=}

wM, p'(1-p)"'N(w,l;t+1)  (3.10)
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4 The Generating Function

The generating function technique is a convenient tool
for handling selection and arrangement problems [6]), [7].
Seeking codewords which satisfy the parity check equations
of the Projection Code is a type of selection process.
Therefore, it is useful to develop the combinatorial
generating function technique and use it to obtain the
weight distribution of the code.

4.1 The Concept of the Generating Function
Suppose a, is the number of ways to select r objects
in a certain procedure. If
g(x)=aeg+a,x+a,x?+...+a,x"+..., then g(x) is called the
generating function of a,. For example, g(x)=(l+x)" is
the generating function of (Z), the ways to select r

elements from n elements.

Let us consider the formal multiplication of (a+x)°.

(a+x)(a+x)(a+x)=aaa+aax+axa+axx+xaa+xax+xxa+xxx

(4.1)

Let a=1,
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(1+x)(1+x)(1+x)=111+]11x+I1x1+1xx+x11

+XIX+XX]1+XXX (4.2)
Such a formal expansion lists all ways of multiplying a
term in the first factor times a term in the second factor
times a term in the third factor. The problem of determining
the coefficient of x" in (1+x)?, and more generally in
(1+x)", reduces to the problem of counting the number of
different formal products with exactly r x’s and n-r 1’s.

So the coefficient of
3
xT in (1+x)3 is (r) and in (l1+x)" is (':)

It is worthwhile to view the multiplication of several
polynomial factors as generating the collection of all
formal products obtained by multiplying a term from each
polynomial factor together. If the ith polynomial factor
contains r; different terms and there are n factors, then
there will bé ry*rp*rz+*....r, different formal products.
For example, there will be 2" formal produéts in the
expansion of (1+x)". In the expansion of
(1+x)°-(1+x+x2)?, the set of all formal products will

be sequences of the form

() 0L
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That is, a 1 or an ¥ in each of the first three brackets
can be chosen and then a 1 or an x or an x° in each of
the last two brackets can be chosen. For example,lx:lxzx
means taking 1 from the first bracket, taking x from the
second bracket, taking 1 from the third bracket, taking
x? from the forth bracket and taking x from the last

bracket.
Example 1

Find a generating function for a,, the number of ways

to select r balls from a pile of three green, three white,

three blue and three gold balls.

This selection can be modeled as the number of integer

solutions to

X +Xx,+x3+x,=n, 05x,53 (4.3)

Here x, presents the number of green balls chosen, x, the

number of white, x; blue,x, gold. A multiplication of
polynomial factors can be constructed such that the formal
products will contain four terms each with an exponent

between 0 and 3.
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xO xO xO xO
x! x! x! x!
x2 x2 x2 x2
x3 x3 x3 x3

Then the number of these formal products with the sum of
the four exponents equaling to n, will be the number of
integer solutions to the above equation. The desired
generating function - is thus

(Xt xl+x?+x®) = (1+x+x2+x%)*
Example 2

Another example is to find the weight distribution of
a N=5 block code. Each bit in this code is represented
by a binary variable x; . Let us assume that the coding

rule is described by the following system of equations:

X, +X,+X53+x,=0 mod 2
X,+X3+Xx,+xg=0 mod 2
Xg+X,+xg+x,;=0 mod 2
X4+ Xg*+Xx,+x,=0 mod 2

x;=0O0or1l ,i=1,2,...,5 (4.4)

We will find the number of solutions with various
weights. Let x/denote weight j for variable x;, w! denote

weight j for the sum of weights in the ith equation and
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w’! denote weight j for the sum of weights in the system
of equations. The generating factor of x, in the third
equation is denoted by x9+xlwl) . The operational rules

for the generating function are

x!w’,i=k and j=1

xl-xy= xlox,, i#k

0, i=k, j#l
0-x/=0 (4.5)
w ew'=w!"!

E\
5
]

w!™, i=k
w!-wi, i#k

The rules are based on the following:

i) The weight of any variable can be counted only
ii) once;
iii) Any variable can take only one value at a time;
The weight of the summation of two variables is
equal to the summation of the weight of each

variable.
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The generating function of the first equation, g, , is

the product of all the generating factors in the first

equation. That is
_ 0 1 0, .1 .0 1 .0 1
gr=(x+x 1w, )(Xa+xw  )(X3+X3w, ) (X 4+ X,W,)
_..0._0_0_0 0.0, 2 0., L0 2
"‘.xleA,3A.4+xle.X3A4wl+x1x2-\.3X4wl
0.0 2 0 2 0 ] 2
+x XXX, Wi xIx,xaxJwi+ xIx,x N W
0.0 2 4
X X QX g XN W+ X XXX Wy, (4.6)

The generating function of the second equation, g. , is

0..0..0 0,, 2 0 0,,2
=X oX X aX o+ X X3 XaX oWs+ X, XX 4 X W5
w00 2. .0 . 0.2 0w 0. . 2
+ XX IX X sWE+ xIxax  x Wi+ xJx XX 5w

+ XN IX (N W+ XX 3 X 4 X W3, (4.7)
The generating function of the third equation, g; , is

0..0..0 0,2 0 0,, 2
g3=X X aXaXa+ X | XaXaXaW5+X XX, XeWS
#0040, 2. 0. . .0 2, 0. 0. 2

+x9xdx  xswi+x, xx ,x5w, (4.8)

The generating function of the forth equation, g, , is
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0 o]
G4 =X1XXgX 3% X | XX X gWE+ X X5 X W}
0 2
+x,x9x 9w+ x9x,x, 3w+ x0x,xx w2

0.0 2 " 4
XXX 4 XgWa+ X | XX 4 X5Wy (4.9)

Only the terms with even powers of w, in the above gen-

erating functions remain because the odd powers of w do
not satisfy the system of equations. The total
generating function of the system, g, is g=91°92°93°94
. In g, there is no need to distinguish

w,,wW,;, wzand w,; . Thus, setting w=w,=w,=w3z=w, and

simplifying g, we obtain

g=xIxIxIxIx2wl+x, x,xx  xsw®

(4.10)

Having interest in the number of solutions of various
weights, we replace x/ with 1. Then, we obtain g=1+w®.
This shows that in the system of equations there is only
one solution with a weight of 0 and only one solution
with a weight of 5. This result can be easily verified

by noticing the symmetry of the system. Thus, for our
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N=5 block code, there are only two codewords. One codeword
is the all-zero codeword and the other is a codeword with
Hamming weight of 5, i.e., each bit is a 1.

In this example, it seems unnecessary to distinguish
various w, if g, is calculated first, then g,, g3 g4 and
lastly, g. However, distinguishing w, allows one to
simplify the total generating function in each step by
multiplying some of the factors of g, with some of the
factors of g, without any confusion. In some very
structured equations, this may save a lot of memory space.

We will illustrate this argument in the following section.

4.2 Applying the Generating Function to Projection
Codes
Part I
Consider a binary, rate-1/4, P3, cylindrical Pro-
jection code with slopes 1, 1/2 and 1/3, one data row
(row a), three parity check rows (rows b, c and d) and
a blocklength of 7. The code block is shown in Figure

10.
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O

@)
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o O O
3 4 S

Every bit in the block is checked exactly three times
for three parity check slopes in the code. There are
only three parity check lines shown here for the sake of-
simplicity. Denote the parity check line with slope 1/3
passing through the point (b, 6) as B6, the parity check
line with slope 1/2 passing through the point (C, 2) as
C2 and the parity check line with slope 1 passing through
the point (4, 0) as DO. Let b¢ represent the bit variable
at the position (b, 6), c, represent the bit variable at
the position (c, 2), d, represent the bit variable at the

position (d, 0) and so on.

For line DO, the parity check equation is

az+b,+c,+do=0 mod 2 (4.11)

and its generating function is
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g, =(ag"'as'woo)(bg"’bz'wpo)(‘:?*cx'woo)(dg*’do'wbo)‘

(4.12)
The parity check equation for line C2 is
Ag*+b,+c,+dy=0 mod 2 (4.13)
and its generating function is

92=(ag"'as'wcz)(bg"’b4'wc2)(cg+Cz'wcz)(dg‘*do’wcz)-

(4.14)
The parity check equation for line B6 is
a,+b,+cz+dy=0 mod 2 (4.15)
and its generating function is

Qa"'(ag+az'wsc)(bg+b6'wss)(cg"'Caw'ao)(dg“‘do'wae)'

(4.16)

The generating factor of d, denoted by f4 is the product

of all the factors in Eqg. (4.12), Eg.(4.14) and Eq. (4.16)

which contain the symbol d,, then
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Fap=(do+do wpo)(do+do*Wez)(do*do*Wpe)
=(do+do Wpo wWep w ' )(do+dg Wpe)

=(dg+do  Wpy Wep* Wpe* W 2). (4.17)

Equation (4.17) can be simplified by setting
do=1 and do=1 since we are only interested in the
weight of the génerating factor. Further, Wpo:Wey  Wpe W 2
can be replaced by B6C2DOw Thus, we obtain the generating

factor

Fa,=(1+B6C2D0OW) (4.18)

The generating factor f,, can be explained intuitively:

Variable d, has two possible values, either 1 or 0. If
it is 1, then on line B6, there must be at least one point
with bit value 1 in order to satisfy the parity check
equation. Similarly, there must be at least one point
with bit value 1 on line C2 and at least one point with
bit value 1 on line DO. So there must be such a factor

as 1+B6C2D0w for variable d,.

The generating factors along a parity check line are
multiplied to obtain the product of the factors of this

line. One can delete any term which contains the line
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after all the products of the factors with the same slope
have been obtained, because that line will not appear in
any other product of the factors. For example, after
obtaining the product of the factors of line aszb,c,dy,
one can delete any term which contains the 1line DO.
Similarly, one can delete any term which contain the line
D1 after obtaining the product of the factors of line
a,bzc,d,; delete any term which contain the line D2 in
the product of the factors of line asb,czd,; and delete
any term which contain the line D3 after obtaining the
product of the factors of 1line agsbsc,dz;. Afterward,
multiple these four products together and delete any term

which contains the line B4.

The total generating function of the code is then the
product of all the factors. From the total generating
function, the weight distribution is calculated and is

shown in the table:
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The Weight Distribution of A Rate 1/4, P3, Cylindrical

Code with Slope 1, 1/2 and 1/3

Weight Number
0 1
6 7
8 14
10 28
12 49
14 314
16 49
18 28
20 14
22 7
28 1
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4.2.1 Examples of Using the Generating Function
Exanmple 1
A P3 Projection code with block length 10, one data

row, three parity check rows and slopes 1, 1/2, 1/4.

Weight Number
0 1
8 10
10 4
12 150
14 180
16 1205

The output bit error rate is



Input Error Lower Bound Upper Bound

0.1 0.257x 1073 0.421x 107"

0.05 0.807x107* 0.834x107°

0.01 0.497x107° 0.717x10°°

0.001 0.676x107'° 0.700x1071'°

0.0001 0.698x 107" 0.700x 107"
Example 2

39

This is a P2 Projection code with one data line, three

parity check lines, block length 10, slopes 1, 1/2, 1/4.
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Weight Number
0 1
8 10
10 10
12 20
14 50
16 130

The output bit error rate is



Input Error

Lower Bound

Upper Bound

0.1 0.259% 1073 0.129x 107!

0.05 0.811x10°* 0.532x 1073

0.01 0.497x107° 0.717x107°

0.001 0.676%x 107 '° 0.701x107'°

0.0001 0.698x 1071 0.700x 107 '*
Example 3
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This is a P3 Projection code with three data lines,
three parity check lines, block length 32, slopes 1, 1/2,

1/7. The codewords starting from column 0 have following

weight distribution:



Weight Number
0 1
8 15
10 0
12 186
14 578
16 998

The output bit error rate is




Input Error Lower Bound Upper Bound
0.005 2.436x10°° 4.351x1077
0.001 8.285x 10712 6.985x 1071°

0.0005 5.689x 107 *° 4.370x 107"
0.0001 9.814x107"° 6.998x 107 *
0.00005 6.192x107" | 4.374x107"°
0.00001 9.981x107% | 7.000x107"°
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We notice that some two rows of the Projection code
P2 and P3 can be inverted without violating any parity
check equations. So in the extended code, there is at
least one codeword having weight 2!, Therefore, when we
try to increase the minimum distance by increasing r, we

have to increase the block length exponentially also.



44

4.3 Applying the Generating Function to the Projection
Code
Part II
Another method to use generating function to the

analysis of Projection code is based on the following

thesis [15].

n
Z:aux,=bi; i=1,2,....m
i=1

Osx,%u;,j=1,2,...n (4.19)

where x;, a,;; and b, are nonnegative integers.

Define

X=(X],eeanXy), b=(b,,....0,)
L
t=(ty,nty), =TTt (4.20)
i=1

i

The notation x20 or b2 0 means that the respective

components are nonnegative (and in this case, also
integral).

For x20 and b20, let N(b) be the number of solutions of
above equation. Then

Y N =T [(1+B+...« B) (4.21))

b20 j=1
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where
a a a,
B,=t V"t
Proof:
Z“I/"i Z“m/"/
YN =Y t] et
b20 x20
1 < QI X am..\'
= H Z tl R B .tm 1
j=1 \ (x,=0
n i x
a a a J
= L, e, t ™
Hx,-o(l 2 m )
n u
a a a ; B 1
) I:I (1 HG g (G ) )

(4.22)

Here we assume all a;; are nonnegative to insure at

most a finite number of solutions to above equations.

Example

To obtain the number of codewords with weight n of
the P3 code shown in Fig.1l. This code has one data row,

two parity check rows, slopes 1 and 1/2, block length 3.
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@N

A FS Cyhindricel Projection Code

For the line BO, the summation of all the variables

on that line should egqual to an even number. Hence
a,*by+c, =2y, } (4.23)

Similarly, for the line Bl, the equation is

Ao*b,*c, =2y, (4.24)
For B2,

a,*b,+co=2y; (4.25)
For CO,

ax+b,+co=2y, (4.26)

For Ci1
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Ao+by+c,;=2ys (4.27)

For C2

a,+by+c,=2y, (4.28)

The summation of all the variables should be equal to n,

that is
2
Y (a+bi+c)=n (4.29)
i=0
In this example,
6
Y 2y,=2n (4.30)
=]

Rewrite these equations,



6
a,+by+c,+ ZZy,.=2n
i=1

ao+b,

il

6
+Cp+ Z2yi=2n
i=1

w2

6
a,+b,+cy+ ZZyi—-—Zn
i=1

iv3

6
a2+bl+co+§:2yi=2n
i=1

ag*b,

v 4

6
+C, ZZy,:Zn
i=1

iS5

6
a1+bo+cz+§:2yi=2n
i=1

inb

Using the theorem, we obtain the result

The number
The number
The number

The number

of
of
of

of
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(4.31)

solutions with weight equaling to 0 is 1;

solutions with weight equaling to

4 is 9;

solutions with weight equaling to 6 is 6;

solutions

with other weight is 0;



49

5 Improved Importance Sampling Technique
5.1 The Importance Sampling Technique
It is well known that in a linear block code, the
probability bit error rate of a code over symmetric

memoryless channel is,
IM-l
P°=NZ C(HIP(C(j)Z7C(0)) (5.1)
j=l

where P(C(j)/C(0)) is the probability of making spe-
cific decoding error that a codeword C(j)#C(0) is

decoded when C(0) is transmitted.

When codeword C(0) is transmitted, the true joint

density of the channel data output is f(VV/C(0)) where V
is a received word. To apply importance sampling, we
use a different joint density function, denoted as
f(V/C(0)), which is called the simulation density. To
restore the true output error rate, the simulated out-
put error rate will be multiplied by the simulation

weight f(VV/C(0))/f"(V/C(0)).

This importance sampling technique [17] is designed
for complete decoder. However, in many applications,
the incomplete decoder is the only practical choice.

For example, the practical Projection decoder is
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incomplete decoder. Therefore, we have no way to use
the available importance sampling technique directly.
Another problem of the importance sampling technique in
[17] is that it only checks whether the output of
decoder is the biasing codeword or not. If it is the
biasing codeword, it declares errors happened. If it is
not the biasing codeword, however, it declares no
errors happened. Hence it can ﬁot distinguish the bet-
ter decoder with worse one. In fact, it just reverses

the batter one with the worse one.

To overcome the problem, a modified importance sam-
pling simulation technique will be put forward, which
can simulate a incomplete decoder as well as a complete
decoder and tell the better decoder from the worse one.

5.2 The Improved Importance Sampling Technique

Suppose all zero codeword is transmitted. We bias the
all-zero codeword,C(0), as follows:

Vi(j)=1 with probability 0.5, ifC,(j)=1, biased part

Ve(j)=1 with probability p, ifC,(j)=0, unbiased part

where V,(j) is the kth component of the biased word I'(j)

according to codeword C(j).
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We bias every codeword C(j) for L times. Each time

the biased word may be different. Denote, in the ith
simulation, the number of 1 in the biased part as x‘(j)
and the number of 1 in the unbiased part as u‘(j). Let
e;(j) stand for the decoded errors of the V() at the ith
run. We use Pn'(j) to stand for the pattern of V(j) at
the ith run. Without biasing, the pattern Pn(j), will
occur with probability of p¥ (@] - p)N-x'-u'h — yith
biasing, this pattern will occur with probability of
py (1= p)yNle-w'th g 5yI€Dl The simulation weight is
FUNH=@2p)Y D 2(1-pnle”"D he enlarged factor in
simulation at ith run, f'(j), is the inverse of simulation
weight. _f%j)=(2;0'x“”(2(1—p))xﬂnqcuq. The true average

error over L runs will be estimated by:
i 1 ¢ ipanpip iy}
E(j)=7) e (D1

(=1

L
2. e'(NEPY* ! (2(1-p)' PP (5.2

1 —

We bias C(0) for every codeword C(j) and simulate it for
L times. Denote the largest enlarged factor as f(m) in

all the simulation runs. Note in f(m) simulation runs
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without biasing, the pattern pi(;)will occur {(m) times,

$ X))
f(m)

the pattern P‘(n) will occur 3 and etc.. Therefore,

the estimated average bit errors is,

L
% 2 > e'())(2p)*(2(1-pn'CNED (5.3)
=1

A

The estimated output BER, P,, is the estimated average

bit errors divided by N.

P,=-£ (5.4

AR

5.3 An Example
Using the third example in Section 4.2.1, we set
L=1000, use David Manela’s decoding method and stop
decoding after 20 times failture in decoding a word. The
simulation result by using importance sampling technique

is:
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Input Error Rate

Simulation Output Error Rate

0.005 4.6%x10°°
0.001 5.7x 10"
0.0005 1.0x 10
0.0001 9.5x 108
0.00005 5.7x 10"
0.00001 9.5x10°2°
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6 Discussion

Due to the fact that not all the solutions of the
equations based on the structure of a cylindrical Pro-
jection code correspond to codewords of the cylindrical
Projection code, this situation exists: for some
solutions, the parity check lines are satisfied but the
corresponding codes are not codewords. For example, in
the situation of P3, suppose two data rows are all 1 and
all other rows are all 0. The parity check 1lines are
satisfied but this pattern is not a codeword for P3.
However, if the blocklength of a Projection code is long
enough, its real weight distribution can be identified
with the solution of the equations when only small weights
are taken into consideration.

The lower bound should be independent or has little
relation with the block length when the block length is
long enough as in the upper bound. Further study will be

necessary.
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7 Conclusions

Two methods to obtain the generating functions of the
Projection codes have been defined and analyzed. Using
generating functions, we obtained the weight distribution
of P2 and P3 Projection codes and then obtained bounds
on the error performance of P2 and P3 codes.

Optimum decoders were obtained and by carefully
choosing the slopes, for the same number of data rows ,
for the same number of parity check rows and for the same
long block length, we have shown that P2 and P3 codes
have almost the same error performance.

Both the first and the second methods for generating
functions have very strong structure. Therefore, we hope,
some much simpler calculation means can be found.

The Importance Sampling method was a tool to simulate
the Projection Code when the input error rate is very
small and other ways failed to provide appropriate
results. Its use in simulating other forward error

correction codes should be explored in the future.
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