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CHAPTER I

MACROBERT'S E-FUNCTLON AND IT3 q~EXTENSION (A SURVEY)

. 1. Introduction

- The MacRobert's E-function emerges out of a need to give a meaning
the 1z v HH i i F (Ay0e0 3 oo 5
to generalized hypergeometric series o q( 1° .ap, Bl’ ,Sq,z)

when p > q + 1. MacRobert in 1937 [1] defined it as follecws:

ifp2q+ 1l
. 1 _1.
E(psa, tq30 2) = F(ap){ (o o) }
n=1
¢ 4 a -1 P~ -1 p=2 o =A an—l{;
x T [~ A (A>T a1 [fie Ma
1 ‘0 n n n__: 0
u=1 n=q+l
-A . a -1 -, :
> p-1l -1 R P )
XJjg© Acy WA Ad i) TaA (1)

where !ampz] < m R(an) >0, n=1,2,...,p~1 and R(pn—an) >0, n=1,2,....1.

If p : q, the functions are defined by the equation

Tal(ay),e.a, e )
E(psa_:q9;0 :z) = =

ry e o e ._J_‘_
T s TP T (apdseeenl e ) F(psa, :a3051= 7D (2)

where z + 0. 1.1(2) also holds when p = q + 1, provided that ]zl > 1.
Thic can be seen by expanding the final binomial expression ir 1.1(1)
in powers of 1/z and integrating term by term. LWhen p = q + 1, the

infinite integrals do not appear in 1.1(2)].



MacRobert further showed that, if p : qt1
(3)

E(p;ar:q;ps:z) = rgl P(ar;p—l,qszq,pt:z)

where lamp z] <1 and

P, q -1
P(a_;p-130,:950,32) = Sfl Fag-a){ tglr(pt-ar)

q+l;ar,cr—ap+1,...,ar-pq+l:(-l)p—qz

- -0
+1,ar az.l,...,ar ap 1

a

T{(a ) xz "F° Teer —
£ _ P30y

u

Tha dash in the product sign signifies that the factor for which s is
eqﬁal to r is cnitted. When p = q+l, we must have ]z[ < 1 for con~
vergence in 1.1(3); formdla 1.1(3) with Ilorm 1.1(2) for the E-function

then gives the analytical continuation of the function on the left of

1.1(3) from the region |z| > 1 into the region |z| < 1.
The particular case p = 2, q = 0 of formula 1.1(3) is given by formula

o
Y T(B-o)T(c)z F(a;0-B8+1;z) = E(a,B::z) (¢)
o8
where the symbol E denotes that the expression following 1s a
o, B
similar expression with & and @ interchanged is to be added.
Fer p =1, ¢ = 0, we have that, 1if
izkl,!mm ﬂ <
a o -Q 1, -a
2 Flaz-z) = 2 (142) = (1497,
and therefoce
J . 1
D)z Flog;=-2) (R)T{G P~ =) = E(aiz), (5)

wheorae on niw



MzcRobert also proved that

B(0,8::2) = T(@) [} o 8_1'(14—3-)-0‘& ()

where R(B8) > 0, iamp z] < M. Since the function on the left of 1.1(5)

is symmetrical in & and B, it follows that

E(a.Be22) = T(B) [‘g e-}\)~a-l(l‘%)~8dA,

where R(a) > O, |amp z| < .

To derive 1.1(5) consider the integral

1= [, P ey e,

waere z is taken to be real and poesitive the contour of integration C
starts from aad ends.at -o cn the real axis, passing in the posicive
divection round the point & = 1 and amp &, amp (£-1) are both equal to
-, initially. Let the écntour be defo:ﬁed, if neceséary,.to ensure
that [E! > 1 at all points cn it and expand (E—l)_a in descending powers

of . hen applying the formula

214 a-3
I= vy 2 Flaa-8+;2). )
Azain deform the contcur into segments of the E-axls with small
semi-circles at § = 0 and a small circle at £ = 1. . Then 1if R(B) > O,
R(1-at) > 0 the integral rouud the nirecle and the semi-circles tend to

zero with their radli aad therefore



1 Ez R-1

I =21 sinan [ (1-6)~%

“eAaBJ.

0 (1+A) dA

+ 21 sin (B-a) T

= 24 sin amnB(8,1-0)F(B;R~-a+l;z)

+ 20 sin (B-0me "E(a,B::2) /T (). (@)

From 1.1(7) and 1.1(8) formula 1.1(4) follows, the restriction on
z and & being removed by analytic continuation.

MacRobert also derived the asymptotic expansion of E{c,B::z) for
large values of z by expanding (1+A9-a in finite series of powers of A
and a remainder. In particular, he obtained the asymptotic expansion

in the form E(a,B::2) = the first m terms of the series

T()T(B)F(a,35-5-2) + R - | )
where
(L"Clom) -1, B+m-1
R = — f: e "A dA
x [T a-o™ @ + A8 )T e, (10)

by taking m large enough the restriction R(R) > 0 can be also removed.
s K . H - 3
This expansion hulds for [amp z| <o
The E(at,R::2) function includes a number of known special functions
as special cases. Whittaler functions Wk m(z) and Mk o can be defined
’ yi

by means of the relaticn

N

. -1 ?..
E(%-k—kn ; Ntz ) = F(%‘k“*‘n)T(-sz-m\z :\.e Uk’m(z) (11)

and



(¥

Nrd

m "%z 1
. m(z) =2z" a Fcz—k+m;l+2m;z). (12)
. .

From 1.1(11) it 1is obvious that

Wk,_m(z) = wk’m(z) and (13)

from 1.1(6) it follows that

1 s 1 1
— x+m—§ A k+m 3

F(%—k+m)wk L(2) = 25e 2 f: e~ dX, (14)

provided that R(3-k+m) > 0, |amp z| <m. Also from 1.1(4) it follows

that

Z ‘ T (-—2m)

W, (z) = 3
m,~-m FCE—k-m)

n M n(2)s (15)

where 2» is not an integer.

The MacRobert's generalized E-function has a very elegant Barnes

type of contour integral representation, namely

¢ 3
r() 1 F(ar~£)z

(oo sqep iz) = — r=1 N
E(pio ia3pgiz) = gor [ —— g , (163
T I'(p ~E) |
t=1

the integral being tnken upward along thé N~-2xis with.loops if necessary
to ensure that the pole at the origin lie to the left and thie poles at
al,az,...,a to the right of the contour. Zero and negative integral
value of the a's real a2nd n's are excluded and the a's must rot differ
by integral wvalues. (Appendix IV (1)).

Finite and infinite series expznsions involving MacRobert's E-
function have'bcen studied besides by MacRobert, by F. M. Ragab[(L,

2, 3, 4)1in a series of papers.



2. A gq-analogue of E(a,B::2)

R. P. Agarwal (1] in 1959 defined a baslc analogue of MacRobert's

E~function and studied scme of its fundamental properties. The follow-
ing notations will be used in what follows.

Let

[qf <1, logq=-w= -(wl¥iw2)

where w, Wy, W, are constants, wy and v, being vreal. Also let’

@, =AM s -""h =
%(n+l) -na, l~a) .
@, =1, (@ = % 3@ Dy

then the basic generalized hypergeometric function is defined as

fa,,3.,...,2 »Z
r+1¢fr 1 z r+l ]

bl’?z,' .o ’br
’ n ,
@ (al)n""’(ar+1)nz
Z (q) (b.) CI I (IZ! < 1), (1)
n=0 **'n"1'n’"""> ' r'n 4 :

and a confluent hypergeometric function as

®  (a) Z(n-1)
_ 2
b (a3bzz) = ) oy 2 :
171 =0 (q)n(b)n
Also
. n
. o _yyn 2D
B () = 1 (I-xq™) = S i §' =,
n~-0 n=9 n
© -1.n
N P (I+vx "q )
(X+>)a z x (1+ /.‘-).‘ = I 1 atn,

a=0 (livx g )
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(SO

«©

G(a) = {H
n

=0
Further, follcwing

(

defined as

i

w R

£({y)d(qy)

£(y)d(qy)

and thus

[75]

f(y)d(qv)

Agarwal [1] define

integral

E (c¢,8::2)
q

wheraz R(B) > 0 aad arg
right of 1.2(3) can be
used by Watscon [1].

Folilowing, Wautson

Q

(

(
\

)
)

o
1

& {~
1 70 e

(]

where the coatour € is a line parallel to R(ws)

Q;-X),

-1
l—qa+n )} .

Hahn {1, 2] the gq-integral of a functjom is

for le <1,

o
i
x(1-) ¥ atfatx

i=0
m * 3
x(1-) § q £(q %) (2)
j=1
(-] . j
(1-0) I ale(a)).
j:-ao
u the basic analogue of E-function by the
S@_ 5 e @t g (asDaca 3
(l—q) o q ¢ ' 1_0 ’ z CEY AN ]

A =0, for simplicity. The Integral on the

evaluated by the help of certain contour integrals

(1], we have

1 G(u-s) T sin(z/1)°
= 2m lc GUiss) sine

-

;
3
r4

e

(4)

- ]
S,

0 with lcovs, if

necessary, to include the poles of G(o~s); the iateural converges if

Rls 1oz

(Z

l) -log sint] < 0,



for large values‘of‘lsl on the contour, i.e., if

|{arg z - wllw2 loglzl}l < m,

since 0 < A < 1.

Hence l.2(3),gives

1 G(a-s)m(E)°
SR -1 B~1 A
B (0.8::2) = a7 {imgy 5 (@A @@ * [o gy ins

Changing the order of integration which is justified for R(f-s) > 0

and the abcve argument of z, we get
B G riny = yhy SO [ G g qaEey gy
'R = 9mi (A=q) ‘¢ (1) stams ©° 2 Fg -

. G{a~s)G(B-s) nz" ‘
T ni fc G(1-s) sin™s ds, (5)

valid by analytic continuation when R(B) > Q and

[{arg z - wzwil loglz]}| < m

The contour integral 1.2(5) gives another integral represencation
for the E ~function. Evaluating 1.2(5) by considering the residues at

the poles of G(u-s) and G(BR-s) [see Watscn (1)], we get

x

E (a,B::z) = ) G(a)G(E-a) T (l+z—lq?+n)(l+zq1“3+u)
q y3522) G(l) S l+n
B ' n=0 (1+z "q )(1l+zq" )
x 1®l(d,a—8+l:zq2-3). ©

Eq. 1.2(6) gives the series definition for the Eq—function and shows

that it is symnetrical ia o and 8.



Agarwal further derived the recurrence relations

(1-qME (z,8::2) - Eq(a+l,B::z)

.Q

“f"p

q(a+l,{3+1::z), N

(qB-qa)Eq(a,B::z) + anq(a,B+l::z)
= qsﬁq(a+l,8=:2), ~ , - (8)

(1~qB)Eq(a,B::z) = z‘qu(l—qa—Bnl) Eq(a,8+l::z)

+ (1—qa-1) Eq(a—l,8+l::z). ' (9)

To prove 1.2(7) he took the left side equal to

1
(<" %fa y 5 b (qms 19 @5 Byaan)
- %ia ;) s E (e YN NG -—0d\qk)
(2]
_ 1 , |
_ G(a+1) ; 8-1 N A ,
T (1-q) i Eq\ql)k [1¢O(aa z) lQO(a+l, z)]d(qh)

o 1
= 4 6etl) ~x oy B LA
20=q) > EqaMA7 8, (aFl3—d(qh) .

Q

In order to prcve 1.2(8) lie tock 1.2(7) and a similar relation
with d replaced by 8. Eliminating Eq(a+l,8+l::z) between these two
relations, 1.2(8) can be deduced.

To prove 1.2(9) multiply 1.2(7) by (qB—qa) and 1.2(8) by (l—qa)
and subtract. Clanging o to o~1, one gets 1.2(9).

The following finite suumation gives a genceralization cf 1,2(9):
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a~B-~n a-n
) _{q
r n ("'Z)

=0 (a0 M@,

-n
n (g )r(q -rqr(B+n)

X Eq(a—n+r,8+n::z) = (qB)n Eq(a,B::z). (10)

To prove 1.2(10) consider its left side and use the contour integral
1.2(5) for the Eq-function in 1it.
This gives
a-8-n, , o~n
;on @M @™

=) - L (-2)
2™ r0 @™ (@,

—rqr(3+n)

s

% fc G(o~n+r-s)G(3+tn-c) = ds. (113

G(1l-s) sinfs

Putting s = t+r and changing the order of integration, one gets con

simplification

L, G(a-n-t)G(B+n-t) Tz- (T
2™ ¢ C(1~t) siamte (1 7

-n _a-B-n,
X _® q »q »d ] dt.

o-n _l+t-83-
Q@ gy

Summing the 3¢2 by the basic analoguc of Saalschutzs theorem, one

gets

g, g
@y, JRRCRANIERS) AL ST G W
271 Jc T G(1-t)  siame T YT G(l-ty | sinfE

dec

= Py, B (Be20 (12)
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This precves 1.2(10). Tor n = 1, 1.2(10) reduces to 1.2(9).

Another elegant integral representation for Eq(a,B::z) is given ty

1
Eq(a,B..z) = =

o v =

Eq(a,s+1::z/[l—th]B_l)d(qt), (13)

where Re @ > 0, Re 8 > 0 and |qf < 1.
The Eq(a,S::z) function, for lzl + o, behaves in a particularly
simple manner. Evaluating the integral 1.2(5) and considering the

residues at the poles of I'(s) one finds that

EQ\Q,B--Z) -~ G(l) 2

‘ 1
Q.(aas;—za’
for !zl + =,

R. P. Agarwal [2] further gave a differences equation satisfied by

w = Eq(a;B==Z), nanely,

202 % 8(1-0%% = (1-¢¥* 1" By (14)

) . xd
with € = ax

Agarwal [2] also gave a new type of a contour integral represen-

taticn for Eq(a,B::z), nanely

. a-z+s+n g
E (a,B::z) - .1 jiﬁ/t !(1+qa 2vs )(lfql+z O s+n) i
S T C-1im, s F=0~5 - '
q 1 iM/c jluqa+q+n)(l—q (65 b+n)(l_q S+P) (15)

where q = e-t, t > 0.

Evaluating the integral by the calculus of residues one can f£ind
5 ¢ .. z o 8 .
that 1.2(15) after writing z,0,3 for q°, 9, q°, respectively, gives

the required result.



3. A Further Generalization of Eq(a,B::z)

N. Agarwal [1] e:xtended the definition of the basic analogue
Eq(a,B::z) to generalized q—analogue of MacRobert's E-function and
_discussed some of its properties. In examining the couvérgence of
the contour integral 1.3(6) the following asymptotic behavior of G(x)
due to Littlewood [1] is considered:

(1) When Re(wx) is large and positive, G(x) tends uniformly to
unity as lxl tends to infinity. |

(2) When Re(wx) is large and negative, and lx-xoi > ¢, where z,
denotes any pole of G(x) and € is any assigned quantity which is not

zero
Re of G(x) = --El— {Re(wx)}2 - l-Re(wx) - F
. wl 2

where lF{ does not exceed a finite quantity depending in €.
She defined the basic analogue of the generalized E-functionm,

Eq(r,ap:s;bt:z) as

n n’b -a
n

12
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RE(an) > O’ n“l,z;...,r-lg
Re(bn-an) >0, n=1,2,...,5.

If r <s, z # 0, the functions are defined by

1
r’ 2z

o ria isib. i) = G(al),...,G(ar) 81500053
q \F33p PSP . (2)

= o}
G(by)se.esGlby) 1's byseeesh

Then she proceeded te evaluate the integral on the right of 1.3(1)

using the result 1.2(5) due to R. P. Agarwal [1], namely

G{a) L b-1
Eq(a,b::z) = 0 i uq(qk))\ léo(a;—k/z)d(qk)
1 G(a~3)G(b-s) T " )
fc G(l-s) sinms ds, : ' (3)

1(3.1) gives

[ -1l s G 1 a -l
T G(b -3 )} H S l (1- qA ) d(q) )
{n=1 (1-q) b = -1 n

r—2 (' 1 a -1 .

G{(; n

X S E (qA A d(gA.)

n= s+l 2( o n’’'n n

) o x
21 /¢ G(i-x) sinfx X
s -1 s 1 a-1
G(1) n

= T G(b -a ﬁ | S A (1-qA.) d(qA )

{rﬂ. n n=1 (1-9) bn-annl n

-2 1 a -1 1
G(1) . n . G(1)
x I { ; Eq(q)\n)}.n d(q)\n; —-—-———i Eq(q,\r_z)

Aar-z"l ' Gla ~x)G(a,_, -')”(Z/Allz,...,A:_z)x
em2 GO Y R L TR T - dx.

X
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Changing the order of integration, which 1s valid by absolute con-
vergence of both the integrals, for Re (ar_z) > 0 and I{arg z -

-1 log|zl}| < ™ and since 0 < A < 1, and because of 1.3(3) one gets

Yo'

S -1 3 G(1) 1 an-l
Il {G(bn-an)%} I yA=7SA (1-qA )b ~a_ ld(ql )
r=1 o

, X
(Lg Ga_-x)G(a__;=x) (/A 2550 05Q _3) i
21 ‘¢ G(l-x) sinflx

1 a__ ~l-x
G(l) - r-2
(l c) 5 ( Ar-Z)Ar—Z d(qAr-Z)'

Evalvating the innermost integral this becomes

s -1 s G(1) 1 an—l
H, G(bn-ané} H (1-q) S An (1TqAn)b -a ~ld(qln)
n=i n=l o] n n
-3 (, 1 a -1 '
x I fil)) 5 Eqa ADA " d(qlni}
n=s+1 4
X
§ -l-f G(ar “)G(ar_l-x)G(ar_z-x)(zlllkz,...,Ar_z) S @
21 ‘¢ G(l-x) sinm xe
Similarly, on using repeatedly the known integral
1 o o4A+4n 14n)
1 - (1-q ) (1-q
S x (l—u\) d(gx) = I >
[t A n=0 (1-q° ><1-q““>

Re (&) > 0, Re X > 0 due to Hahn [1l], 1.3(4) reduces to

S -1 G(1) L an-l'
I G b - S A 1-qA d(qA

1 a-1

109 s
X (1-q) 2 As (l-qks)bs-as-ld(qls)
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"

r Gamx) (2/A Ay, M)

1
A —— .
P c=rst+1 C(1-x) sinmx

dx. (5)

Next, changing the order of integration which is justified for

~Re‘(as) > 0 and |{arg z - wzwzl loglz]} <™, 0 <'As <1, we get

s s~1 a -1
-1 G(L) n

I G(b -a} I === (1-qA ), __. _;d(q)))

{;=1 n o n n=l (1-q) 'm n bn a, 1 n
- > ) X

L1 f ; G(at-x)n(zllllz,...,As“l) i

27 ’C p=stl G(1l-x) sin™x

1 a-~1-x

G(1) s _

X (1-q) i As a qls)bs-as-ld(qls)'

Evaluating the inner most integral by means of another known integral

due to Hahn (3, 3.16), we get

s-1 :}-1 s=-1 G(1) 1 an-l
T G(b -2 ) I —==< S (1-qA )., __ _.d{qr)
n=l n n 0=1 (1-q) o o n bn a 1 n
X
L1 ﬁ G(at x)n(z/llkz,...,ls_l) i
2Ti ‘¢ s G(bs-x) sinfMx °

Repeating this operaticn, one gets

r,s G(at-x)"zxdx
E 3@ _:8;b_:2) = oo 1
q(r,a s3;b_:2) IC Hl G(l-x)G(bt-x) sinTx °

(6)

t:."

convergent fer |{arg z - wzwzl loglz|}| < m.

The contour integral 1.3(6) furnishes a further representation for the

Eq~function which is analogous to the Barnes type integral for the Eq—

function (Macﬁobert [2], p. 374) to which it reduccs when q + 1. (Appendix IV(2)).
Evaluating the integral 1.3(6) try cénsideriu: the residues at the

poles that 1li: to the right of the contour, i.e., of G(ac—x) for



t=1,2,...,r, one gets (ec.f. Watson [1]), Sor r 2 stl,

) G(al)G(az-al),...,G\ar—al)
G(l)G(bl-al),...,G(bs—al)

Eq(r;a :s;bt:z)

P

a,m l-a.+n
x ; (Lrz 7q © ) (ltzq 1. )
a=0 (l+z 1q") (1+zqt ™)

) al,1+al—bl,o..,1+al-bs;zQ

l-ral-az,...,l+al—ar

x ¢

s+l

r-1 + idem(al;éz,...,ar),

where

Q= l)r_s g %ﬂ (n+l§ r=-s-1 bl+---+bs+1+al(r—s-2)

q q I (7)
a2 ar

and lql < 1 and idem (¢t3B) means thac the preceeding expression is to bo

added with o¢ and € interchanged.

t:»z) which

Hence, 1.3(7) gives the series definition of Eq(r;ap:s;b
is the basic analogue of a result due to MacRobert (1;(9)).
Also on evaluating the residues at the poles that lie to the left

of the given contcur ({.e., poles of I'(x)), it is found that the integral

is equal to

i 1
?(al),...,G(ar) . Ayaeeeia s &)
G(5,)5-+-,6(b) rs'bl,...,bs j a

—

which gives the definition of Eq(r,ap:s,bt:z) for r < s, which is the

basic analogue ¢f MacRobert's result (1;(20)).

The folliowing recurrence ralations are satisfied by Eq(r;a 153b_:2):
a

1 + a b
1 ol - -;-’k : — » 1 a o o0 ¢ :-‘ :‘
(1-q )Lq(r,a 550 z) E (31 189 4L 9, t z)

= q l/z Eq(r;np+1:s;bt+l;z) (9)



3 4 ] ~
(q -q ) Eq(r;ap:s;bt:z)-l-q Eq(al)az+lva3s~-'ﬁarzsvbt'z)

a
= q 2 Eq(a1+l,a2,...,ar:s;bt:z) (10)
bl-l
(1-q ) Eq(r;ap:s;bc:z) —Eq(r ap bl -1 b,,..., :z)
b,-1
= (q 1 )y/z Eq(r,ap+1:s;bt+l:z) (11)
b b b1

2 1 e ‘
(@ "=q 7) Eq(r;ap:s,bt.z) + q Eq(r 14 .bl b2 -1 b3,.o.,bs 1z)

b

2

= q E (r; ap b 1,b2,...,bs 12) (12)

and

a a,~1

(1~-q 2) Eq(r;ap:s,bt:x) = (1-q 1 ) Eq(al-l,a *1,33,---,ar35;bt=

2

a, al-az-l )
= q “/z(1l-q ) Eq(al,az+l,...,af+l:s;bt+1:z). (13)

@

4. Certaln Expansions Associated with Eq(r;ao:s;bt:z)

17

z)

N. Agarwal [1] has derived the following finite series expansions

involving Eq-fun:tions:

_ a,=~a,-n a,-n
ERECHETIYC 12 it

& a,-n
m=0 (Gm(q b m)

b
-n) - m\a2+n)

b Eq(al~n+m,a2+n,a3+m,...,ar+m:s;bt+m:z)

a, ,
in) kq(r;ap:s;bt:z), (1)
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and
i s 1+-%a 1+ %a b
(9__:m)(a ;m)(q ;m) (=g ;m) (g 3m) (__z)-mq1/2m(m-—1)
=0 1/2 1/2 14m-b I1+a4n
™ (q3m) (q / ?;m) (~q / %;m) (q ;m) (q ;m)
a.+m,...,a +m 1+a—b+m,1+a+m+n:z
x q(a-b+n)m g | L ’ r
q blm’ es e ’bsm,l+a~bm'hn’l+a+2m
¢ 1+a_n)
- —ﬂi;;fg——~ Eq(r;ap:s;bt:z). : (2)
(q 3n)

In order to prove 1.4(l) she substituted the integral 1.3(6) for the

Eq—function on its left hand side and bbtained )

_ a,-n a,~a,~n __ m(a,¥n)
1 tzl @%m@ Y w2 w2
211 =0 al-n
(q;m) (q ;m)

G(al-n+m—x)G(az+n~x)G(a2+m-x),...,G(ar+mrx)
c G(l-x)G(bl+m-x),...,G(bs+m—x) sinfik

X f Mz dx.

Replacing x by s+m and changing the order of integration and summation,

she got

1 G(al—n-s)G(a2+n—s)G(as-s),...,G(ar-s) nés

i ‘¢ G(l-s)G(bl—S),...,G(bs-s) sinfls

a,-n 9 ,9 »q 59
X (q ' sn) g0, | aj-n lts-ay-a | OS¢
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Using the summation tleurem for a Saalschutzian (1.5{4)) ome gets

3%
the required result. 1.4(l) is a genaralization of 1.3(13) to which it
reduces when n=l. Also when r=2 and s=0 it reduces to a result of

R. P. Agarwal (1).

Using the summation theorem for a wall-poised 6¢5 [1.6(6)] oune can

prove 1.4(2).

5. Certain Integrals Involving Eq-functions

We give below certain results that N. Agarwal [1] proved for

e 1 A TS D - 5 .
integrals involving Eq functions. If Re (dr+l) > O

z
Eq(ql) Eq(r,ap.s,bc.XDd(qA)

= Eq(r+l;ap:s;bt:z). | ' | (1)

If Re (ar+l) > 0 and Re (b ) > 0, then

s+1 2+l

1 a , -1
SA)_ g a ™ gy

— _ _q E (r3;a_:s,b :Zﬁd(qk)
(1-9) o bs+1 ar+l 19 P ‘t A_

= 6( +1) Sq(rfl;ap:s+1;bt:z) (2)

bs+l~a:

‘1 U ) § -
f:—-— f (£Yg Eq(r;ap:s;bt:zg)dg

= G{1) Eq(y;ap:s+1;b 1z), ' (3)

t

where the path of integration C eacircles the (zero) anull point and

alse in the usual mamneor, can be defecrmed into a locp parallel to the
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imaginary axis. The main interest of thése integrals is that they not
only evaluate certain integrals involving Eq*funccions bﬁt also give
certain integral representations of Eq-function.

Since the basic hypergeometric functions have proved to be of
increasing importance in the study of combinatory analysils and partition

theory, I was inspired to continue the work om Eq-functions, since they

are only a finite sum of certain patticular_r¢s-functions. The basic

hypergeometric functions have been very widely studied during the last
three decades or so by W. N. Bailey, L. J. Slater, R. P. Agarwal, G. E,
fndrews, and others. A very good account of the applications of these

functions has been given recently by G. E. Andrews [1, .].

6. Certain Known Summation Formulae

Basic analogue of binomial expansion.

- -azq
19plasz]l = I ———=—"‘n . (1)
n=Q {1l-zq

Basic analogue of Gauss's Theorem.

) c ® n
ra,b;;b— = T {El-cqn/b)(l-;qn/a) , (2)
c 1 n=0 [(1-cqg )(l-cq /ab)

2¢1
provided that Re (c-a-b) > 0.

Basic analogue of Dixon's Theorem.

n+1 n+l

8

a,-q/h,b,c;th/bcl

(1-2q™" Yy (120" 11 (1- /g

/c)(l—aqn+1/hc)1

4%3

(=

-/a,aq/b,1q/c _j n

(3)

4 a+l )
0 [(1-20""/b) (1=aq™/e) (130" (1-vE T /be) |



Basic analogue of Saalschutz's Thecrem.

b,c q~N°
sCy 39 1 (d/b,N) (d/c3N)

('b - - 2 . ’ (4)
372 d,bcql N/qj (d,M) (d/be;)
N a non-negative integer.
Basic analogue of Dougall's Theorem.
. _ .
r;,q/3$'qJE;bac’d:e’q 34
971 - +
877 ly%,-/;,aq/b,aq/c,aq/d,aq/e,aqn
- (2q3N) (aq/cd;N) (2q/bd;N) (ag/be,N) (5)
(2q/b;3N) (ag/c;3N) (aq/d;N) (aq/bed;;N) o
provided that bede = anN+1, and N is a pbsitive integer.
The suu cf a well~ppised 6¢5'
(’a 1+1/2a 1+1/2a b ¢ d l+a-b-c-d
1 »q »—d »9 -4 »,9 3
675
1/2a 1/2a 1l+a-b l+a-c 1l+a-d
q 2~ q »9q »q 24
1+a+n 1+a-b~c4n l+a-b-d4n l+a-c-d+n .
B 6 I o Ye 7 lhalidunlio Yo = il )(1-q 2T f 0 (8)
+a- Fa- Fa-d+ +a-b-c-
0=0 (l-ql a b+n)(l—qlTa'c+n)(l—qlTa d n)(l-ql a-b-c d+n)
where R [1+a~b-c-d] > 0.
The sum of a nearly poised 5¢4’
a 14+1/2a. 1+1/2a b =N
q,q »—q »q »9 »q
5%, 1/2a  1/2a 1+a-b _242b-N
q »—q »q »q
—2542N-1. ¢
_ [a=2b,¥-1][=1-b;¥] [1-q? 72072014 7

[1+a-byMN][~1-2b;N] -

-



CHAPTER I

CERTAIN GENERAL EXPANSION OF BASIC GENERALIZED
MACROBERT'S E-FUNCTION

1. Introduction

Earlier Kush [1] gave ~ certain summation formulae involving

generalized Ed-functions.

If
x
f£(x) = x> E a xr,
r-.:-co
(2]
then f[x+h] = 2- ar[X+h]a+r’
r=-c -
© n
+
wvhere [x+y]a = xa[l+y/x]a = 1 ﬁl_liiﬂaéﬁ_ .
n=0 (l+y/xq )

2. A Simple Ekpansion

F. H. Jackson [l] gave a basic analogue of the Taylor's Expansion

in the form

o 1/2r(r-1) .
flx+h] = J 4 s YLV (1)

=0

(q)r

where f[x+h] is an absolutely convergent series and

x"A" E [8118-11, ..., [6-m+1],

with 6§ 2 x — ,

9
ax

S+
and [d4a] = (1-q +d),



Taking h = (\-1)x, we get,

ql/2r(r-1)(l_l)ixr _ |
- ——- AT f(x). (2)

<<
f[x+(A-1)x] = Z )
=0 Uy

Let:

f(x) = x Eq(r;ap:s,bt:x)

and apply the Rnawn vasult 2f N. Agarwal [1], namely

-2

nm, o 1. .
z Az Lq(r;ap:s;bt.z)}
~1/2m(m-1)-a,m -a
1 1 m
= (-)mq z Eq(a1+m’32’""a::S;bt:zq ).
We oktain
. -~a,

(1+(A=-1)] | Eq(r;a :s3b, :[xdq Y (-1)x]
"'41 + p [ ‘

-a.n
@ q T (1-m"
- n‘—Z'O (9)

.
- Eq(a]+n,az,...,ar.s,bt.xq y. (3)

1f we put (A-1) = v/%, in 2.2(3), we have the simple expansion

-a

- . e e o [« l-
[1+y/x]_al 2 (rsa tssb g Ty])
w T3n a
q (=y/x) " . :
= EO @) bq(ajfn,az,...,ar:s;bt:an). (4)
a= n i

Next, taking y = \X, we get the simple form

-a.n
1

o, ,”n

(~A) q n

z m——ct—— F (a,+n,48,5...,2 S3b 1%

Lo (q)n q 1 199 < S t q )
-3

B (c5a,253b i 1+hy 1

tn

D. (3)
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3. A General Expansion

In this section we derive a general expansion assoclated with
Eq(r;ap:s;bt:z). In fact, we deduce the following expansion:

b,-a b m(a
-n 171 1.n -m
(@ ), )pla Dp(-2) a
b
(@ @ 7

1)

n

v

L
n=0

® Eq(a1+n,a +m,...,ar+m:b +ntm, b +m,...,bs+m:z)

2 1 2

) E (ria_:s;b _:2z). ' (D

Consider the left side and substitute there the integral 1.3(6)
for the Eq-function.

This gives

b 4n)

b m(a_.l

) (@b (2"
b
1
CYC!

1™

-n\
1 ‘§ (q Jm(q

)m

G(a, =) G(a tm=x), . . ., G(a_tm-x) &

* !U G(l-x)G(bl+n+m—x)G(b2+m-k),...,G(bs+m—x) sinMx dx.

Replacing x by y+m and then changing the order of integration and

summation, we getc

1 G(al+n~y)c(a2—y),...,G(ar—y).ﬂzy
amt ‘C G(l—y)G(b1+n-y)G(b2—y),...,G(bs-y) sinMy
b,~a
171 -n
b]) a’,q »d4 39
* (q ) ¢ Tdon dy.
n 372 bl Ity a;-n
9 59

Usiny the summacion theorem for a Saalschustzian 3¢2, this equals to
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G(al~Y)G(az-Y),-..,G(ar_yyfzy

1, 1 .
@ ), 7w fc G(I=y)G(b =), -+, C(b_~y) simmy y
4
= (q )n Eq(r;ap:s;bt:z).

This prove§ the result 2.3(1).

4. A more general expansion than 2.3(1) can be given in the fcllowing

form: for r < s, Re (pl-k) >0,

1-p_+ . 1/2n{n-1+p_ -k)
: @2y (7 1 )G(pl-k>r'<sz+n><1-q2>q- !
=0 (q1/22)n( l/ZQ)G(pl+n)G(2-k+l+n)z
2-k+1+n,al+n,...,a +nsz
x E r = Eq(r;ap:s;pt:z). (1)

4 £+2n+1,pl-k+n,oz+n9...,Ds+n

To prove it, substitute the iniegral 1.3(6) for the Eq-function on the
left and replace £ by &E+n and change the order of summation and inta-
gration, which is satisfied by uniform and absolute convergence of the
-k) > <
6¢5 for Re (pl k) 0, r <s.
The left hand expression then becomes

r .
G(2-k+1-E)G(2+1)G(p,~k) T c(apug)wz@
p=1

2 fC s
G(2+1-€)G(ol—k~€)G(l-£)G(pl)G(Z-k+1) I G(ot-ﬁ) sin"g
t=2

’ -0 +1 8}
L 1+1/22 1+1/22 -1 1
9,3 »—q ! »q 24 sqgsq

X % /2% 1/20 P1 0-k#l f41-E
q »~—q »q »q »q

~k~E
dg.
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On summing the 6¢5 by a particular case of the basic analogue of

the Dougall's_theorem 1.6(5) and on simplification, we obtain the

result 2.4(1).

5. We deduce in this section another infinite expansion involving

the E -function, namely

q
_ | _ao+1/2n(a-1) o
® (pl O')nq . r,dp'i'n.z
n=0 '(pl)n(q)nzn d s;o%n,p2+n,...,ps+n
G(Dl) .
IR Eq(rsap-S,Ot-Z)- | | . ¢D)

As in section 4, we have that left-hand side of 2.5(1) is equal to

- N no+l/2n(n-1)
G

= .n
n=0 (Dl)n(q)nz
z £
it G(ap-5+n)z
1 =1
x 97 [o B dE

s
G(1-5)G(o~E4m) T G(pt-E+n) sintil
' t=2 .

: 3
I G(u -8z
- _}_f p=1 P
2i’C s .

G(1-6)C(a-5) T &(0,~€) sin™®
t=2

The change in the order of integration and summation is justified as

in section &4, for BLA(O) > Q0 and r < s.
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Summing the 2¢l’ by the basic analogue of Gauss's Theorem 1.6(2),
we get

r )
I c:(ap-e:)c:cpl)c(o-s)ﬂ:zs
1 p=1
2T IC s . dg
G(1-§)G(o) M G(p -E) sin™g
t=1

6(p,)
. =-G-—(-0-—)-—— Eq(r;ap:s;pt:Z).

This proves the result of 2.5(1).

6. In this section I deduce still another expansion for an Eq—function

whose argument contains a basic binomial factor. We shall prove that

E (1-2) ql/Zu(n—l) r;a _+n:A
n E p+1
n=0 (q)n(Az)n q s,pt 1
= Eq (r;ap=s;pt:zl[l-(l~k) 1.9)- (1L
The left hand side is equal to
@ (-3 _qt/2ReD L, [GCa +n-E) Oz)%

" 2L — d& .
n=0 (q)n(,\z)n 21 ’C G(1-8) G (p, +n-E) sinTE

Replacing & by £+n and changing the order of summation and integration,

we get

L, M6 -0)z5" = (-0 4 6%,
2T Je ST gy siare 4% @, y

n=0

Now the series in the integrand can be written in the form
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l" l"l‘\ .
Hence the résult-

7. £till Another Expansion

We conclude this paper by deducing another infinite expansion of

the type given in section 6 for the Eq-function with a basic binomial

factor as its argument. We now prove

- 1/2n(n-1) _
(-A)nq . . - .
n=0 (Q)n Eq(r’ap’pl n,p-Z’o--spsoZ)
p,-1 |
= [1'A]p -1 Eq(r;ap;s;pt:z[l—Aq 1 ]_l), _ (1)

1

To prove the abuve relation we substitute the integral 1.5(5) for the

qufunction on the left and as befores, we get

Tg(a —E)T‘V.zg © n_1/2n(n-1)
1 fc P dz (=) g

2 neo (0,8 -n=-E)

S
C-5) T Glp-E) stam
t= :

L, Te(a ~&)riz®
= £ 1-1]
3 I = =M -1-¢
G(1-€) T G(p _-£) sinmE
t=1 =

0,-1

= '_ - - . . - - . 1
[1 A]p -1 %i(r,ap.s,pt.z[l Aq ]-l)'

1
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8. Conditions for Convergence

In order to investigate the convergence éonditions for 2.2(5), 2.4(1),
2.5(1), 2.6(1), and 2.7(1), we first determine the order of Eq-functions
for large values of the parameters. For the sake of simplicity, we
ﬁake all the pafameters and the variable z to be.reai and positive.

The yariable z 1s to be replaced by Izl whenever it is negative. We
shall find the estimates for the following %q-functions for large
positive values of n:
(1) Eq(r;ap+n:s;bt+n:|zi),
(11) Eq(r;ap+n:b +2n,b +n,...,bs+n:|z|qn),

1 2

(141) Eq(al+n,a2,...;ar,s;bt:}zlq),

(iv) Eq(r;ap:bl-n,bz,...,bsz|z|).

Lemma 1. For r <s

(a;) _5..05(a))
1l’n r’n
E (r3a_+n:s;b _+n:lz!) < ;a_ts,b s
Eq(r a tnisib, lz}) AR Eq(rsa is,b, lz]),

for large positive values of n and bP < ap, (»=1,2,...,r).
Proof. For r <s

Eq(r;ap+n:s;bt+n:[z[)

Gla 1), ... ,Gla_+n) a;+,...,a 4, |1/z|
T

" 5,0, -,C0_ta) s | v (1)

L+ e sb _tm

Let us consider the two series

a,+1,a,+1,...,a +1;]1/z|

¢
r’s |by+1,byH,...,b 1

and



A al,az,...,ar;lllzl .

r's
bl’bz,ooo ’bs

. If Rm is the ratio of the coefficients of ll/zlm in the above two

series, we have

r.s ap+m bp

2 (1~ (1-q ©)
R’“ = I qa ) bq-i-m =1
Pod (1q Py(1-q P )

for all positive m, if bp < ap (p=1,2,...,T).
Hence,

o a1+1,a2
‘r ] bl+1,b2

+1,...,ar+1;[1/z!
+1,...,b +1
s

) al,az,...,ar:|1/2|

. T bbyseesby

Repeated application of 2.8(2) gives

a1+n,az+n,...,ar+n;'l/iy

r¢s bl+n,b2+n,...,bs+n

<4 al,az,...,argfl/z[

— r S -
bl’bz,ouo,bs :

Applying 2.8(3) to 2.8(1), with r < s, we have
Eq(r;ap+n:s,bt+n:lz|)

. (al)n(az)n,---,(ar)n
,— (ol)n(bz)n, cees (b))

:s,btzlz[),

E (r;a
a 3%

For large positive valucs of n and bp < a, (p=1,2,...,1).

(2)

(3)

30



Lemma 2. For r < s

+2n,b,+0, 0o 0, b s | 2])

Eq(a1+n,az+n,...,ar+n:bl )
(a,)_(a,) ,...,(a)) ‘
< (bl)n(bZ)n (br)n E (r;a =S;b3+n=|2|) %)
1/a'\%2%q2 020, 4 P

for large positive values of n.
-Proof. For r < s,

B (ajtn,aytn, ..., b +2n,b2+n,...,bs+nzlz|)

2 1

(5)

G(al+n),....G(ar+n) [fl+n,a2+n,...,ar+n;[1/z|

= G(b,+2n)C(by*n), - - -,G(b_+n) 2s | b.+20,b +1,...,b +n

1 2

Let us consider the two series,

al,az,...,ar;ll/z|]

bl+l,b2,coo,br J

and
algazgoo . ,ar; 'l/z I

bl’bz’.."bs

If Rm be the ratio of the coefficients of ll/zlm in the above two

series, we have

1,
R =829 3 .1 for all m > o.
m b,+m -~ -
L, By
{1-q )

This gives



al,az,...,ar;ll/zl

P
T
S b #lybyyeeesb

2. ,3,5.00,2_3 |1/z ]
li 2’ ? r’

< - 6

<% b, b b ©
1°°22° 2%

Repeated application of 2.8(6) gives

315355000523 [1/z2 ]}

¢
r's
bl+n,b2,...,bs
By53,5-0053_3|1/z |
< r¢s 1’72 r . _ (7
by 3sDrsesesh
l, 2’ 2 S

Repeated use of 2.8(7) and application of the result of Lemma 1 gives

3. +4n,a +n,...,ar+n;'l/z|

178
s b,+2n,b_+n b_+n
) It R f
a.,2,,.0.,a_3|1/2]
l, ? » > )
< b 2 : . (8)
) b b o0 b
1*°20 %20

Using 2.8(8), 2.8(5) gives that for r < s, bp < ap (p=1,2,...,1), we

have

Eq(a1+n,a +1,..0,a Hnib +n,...,bs+n:|zl)

2

. (al)n(az)n,---,(ar)n £ (rsate.bt|2])

— ’ ';, L] L]
(bl)zn(bz)n,---,(bs)n q P t

2

32
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Lemma 3. TFor r = s+],

. . n
Eq(al+n,a2,...,ar;s;bt:Iz[q )

. G(al+n)G(a2-al-n),...,G(a3+1~a1-n)

—'G(l)G(bl-al-n),...,G(bs—al-n)

- -1 al+m 1-a, +m
p lzl"g © yaxlzlg " )
m=0 (1+|z'-lqg-n)(1+lziql )

X

A a1,1+al-bl,...,l+al—bs;|z|Q
s+l's
l+31‘82, eeo ey l+al-as+l

G(az)G(al+n-a2)G(a3—az),...,G(as+l-a2)
C(1)G(b;-2,)G(bymay), - -,G(b_=a,)

a, +m-n l-a,+n+m
7% %2 Hatzlg 2 )
—lqm—n)(l+lzlql+m+n)

; (1+'2
m=0 (1+|z]

" ¢ 32,1'!'32"51,.‘-.,
stl's

1+32-al,l+<12“a3, so oy 1+az—a

l+a2—be;|z[Q'
" )y (9)

i ] e e
+ dem(az,aB, 22

s+l

b ~Ia +1 b .-Za
where Q =q ° ° and Q' = q stl s+1,

for large positive values of n.

For r > s+l1, the order of Ea-function is still smaller.

Proof. For r = s+l,
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n
\Eq(al+n,a2,...,as+1:s;bc:lzlq )

G(hl+n)G(az—al—n),...,G(as+l—al~n)

G(l)G(bl-al-n),...,G(bs~a1-n)

1—al+m
) (1+]zla )
1+m+n)

| s e
« 7 (tlz[q !

-l =7
o @ a2

al+n,1+al+n-bl,...,l+a1+n~bs:lle
s+1¢s
l+a +ﬂ‘32,...,1+al+n-a

1 s+l

G(a )G(a +n-a2),...,G(a +1_32)
G(l)G(b —az),..,,G(b —az)

. . a 1+3 b es e 1+a -b l !Q'
. g [T
st+l's

l+a2 a,-1, s 14 ta, = a3,.=.,1+a2-as+l

+ idem(az,a3,...,as+1), (10)
Zb -Za +1 b  .-Ia 4
where Q=q ° ° and Q' = q s+l S+1. We have as in Lemma 1 that
N
s+l's
Bl+n,Bz+n,...,Bs+n

< ‘b Al’AZ,...,AS'*‘l;lZIQ (11)
-~ s+1"s ‘

Bl,BZ’.o‘,BS

Also considering the two series

Al,AZ,...,Aq+l;|z|Q'
o :
st \ g _1,8 seresB

1752

and



' Al,Az,...,AS+1;|2|Q'

¢
stlis | g ByseessB

1’ s

1f R be the ratio of the coefficients of |z|™Q'™ 1in the above two

series, we have

B,+m
1
R =L1=9 _ )
m Bl-l *
(1-q )
Bl-l
{1-q ) Rm‘i 1, for all m > 0.
Hence
3,-1 Al,AZ,...,As+l;[z|Q'
(1-q )19
stl's B.~1.B B
l ’ 2"..’ S /
' . N\
- t
Al,Az,...,As+1,|z|Q
< o} . (12)
— s¥+l’s B .B B
1’722 "g
Repeated application of 2.8(12) gives
B,-1 (N SRR W L
(q )n s*l¢s
' B,~n,B,,...,B
1772 ’“s
Ay sAyseessA 13 ]2]Q"
< b 1’772 >Ts+1 . 13
— s+l's 3 .B B
1272%°°"7"g

Applying 2.8(11) and 2.8(12) to 2.8(10) with r = s+l, we nave
E (a,4n,a,,...,2a :b.:lz!qn)
q'71 72’ T 3 e

G(al+n)G(az—gl-n),...,G(as+l-a1—n)

< - - — --
—'C(l)u(bl—al-n),...,b(bs ay 1)

35
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l-al+m
Y(1+]zlq )
l+m+n)

a.+m
; (+]z]"tg L

m=0 (1+iz!-lqm—n)(l+iz|q

a1,1+al~bl,...,1+al—b3;IZIQ

l+al-32,..-,l+al—as+l

% s+l¢s

G(az)G(a1+n~a2)G(a3—a2),...,G(as+l-a2)

4+
G(l)G(bl-az),o-o,G(hs-az)

a2+mrn 1—a2+n+m
) (1+]z]q ).

a.~a
y (1|2 ]q ™y ¢q 2 L

=1
« 1 LFlzlTq

m=0 (l+lzl-lqm~n )

n

P L - bt !
« (b 82,l+3.2 bl"..,l+a2 bs’lz!Q
s+l’s

l+az-al’l+a2—u3,oto’l+a2 as+1
\

+ idem(az’a3,-.u,as+l)’

£b_-Za_+1 Sb_, .-Ia
where Q = q s s and Q' = q s+1 s+l .

1
For r > s+l1, because of the presence of the quadratic power, ql/Zm(u 1)

in the argument of the hypergeometric functions the order of each term

is still smaller than in the previous case.

Lemma 4. For r = s+tl, Izl <1,

. . — - '
Eq(al’az""’as+l'bl n,bz,...,bs.|zl)

b
(1-q

l—al—n+m
l+al—b
(z 1

<K T ) qa(K+n)

n + idem(al,az,ooo,ar)’
n=0

1
n



for large positive values of n, where K and a are sultable coustants
independent of n, and A = st - Zar+1. For r > s+l, the order of the

' Eq"function is still smaller.
Proof. For r > s+l

Eq(al,az,o-. ’ar:bl"n,bz,.o c’bs: !zl)

G(al)G(aZ-al),...,G(ar-al)
G(l)G(bl~a1~n),...,G(bs-al)

. a,im l-a_+4m
T Gzl vaslalg t o)

X - -1l m 1+m
m=0 (1+|z] “q ) (1+]z]q )

y A al,1+al-bl+n,l+al
s+l's :
1+al az’co-,1+a

~b,, e lta b 3 ]z[Q
173
"!‘ idem(al,az,o o ’ar) 3

1/2 (m+1) (r-s-l)qus"Zar+a1 (r-s-a)+1l-n

wvhere Q = q . (14)

Let us first consider the case r = s+l und consider the two series of

the type

) Bt Ag AL ][0
s+17s ‘
g B1»B,Bgseen B,
and
él,Az,AB,...,AS+lglz|Q
s+l¢s (13)

131,132,B3,...,Bs
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If R 1is the ratio of the coefficients of |zlQO in the above two series,

we have
A,+m
2
R = (=9 = )
- m AS
(1-q 7)
A .
(1-q °) R_ <1 for all m > 0.

Hence

A B LA FL AL, ci A s lz|Q
(1-¢ ) s+1¢s
Bl,BZ,Bs, s 0w ’BS

ST ET

E-s+l¢s B. .B 3 ¢ : (16)
1°72°°° %"

Repeated application of 2.8(16) gives

P ALY PPN Y. lz]qQ

¢
s+l's
Bl’BZ,B3,- L) ’BS
o, [teetaslelo
— stl's * ' 1n
B,,B,50¢+,5
1’722 >Tg

Applying 2.8(17) to 2.8(14) with r = s+l1, we have

Eq (al,az’ LK) ,as+l:bl-n,b2, se ,bS-:Z)

b, ~-a,~n+m '
[ - - .
e 7 (1-q 171 ) > al,1+al bl,...,1+al bs,lz!Q
- l+a.-b st+l's
‘=O 1 - -
m (q 1 l)n J.+a1 az,...,1+a1 a4
+ idom(al;az,...,as 1)
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b,-a.-u+nm
oo
cgom Oma_ C
(q )

n

+ {dem(a

) _a(A+n)
q 1932"00135+1)9

where K and a are suitable constants independent of n. In deriving
the last estimate we have used the asymptotic value of s+l¢s for large
values of the argument (Hahn [1]). TFor r >s+l, because of the presence

V2m(otl) o e argument of the hypergeometric

of the quadratic power q
functions, the order of each term is still smaller than in the previous
case. Applying the above Lermas we get the following conditions for
convergence:

r > s and llq | <1 for 2.2(15),

r <s and z # 0 for 2.4(1),

IA

r<sand z # 0 for 2.5(1),

iA

r<sand z # 0 for 2.6(1),

A

Tt > s and ]AI <1 for 2.7(1).

v

It may be remarked that no attempt has been made to examine the
coaditiors of convergence for values of r and s other than those men—
tioned akove because the only importance of the expansions proved lies

in their mere existence.
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CHAPTER III

CERTAIN GENERAL EXPANSION OF BASIC GENERALIZED
MACROBERT'S E-FUNCTIONS - II

1. Introduction

In this chapter I give a very general expansion involving therein
the generalized Eq-function in terms of a series of another Eq-function
and it has been shown that from this expansicn a large variety of elegant
results can be obtained. 1In our analysis we shall céme across functions
similar to the Eq-function but in which the base of all thé terms is no;
the same. In particular, we shall deal with functions of the type,

U . .
''Z2q, wa positive integer, r < s)

(q

G(al),...,G(ar)Gq}(k/m),...,Gq,(k+m-l/m)

G(B;)s--+,G(B_)
Q C
1 r k/l k' "'1
al,inq S LR,
X @ Bl Bs
q ,"')q
which we denote by
(o) (o]
1 k kdm-1
q ""’q r’q' /m,cno,q' -i-rn /m;z
E ,
TR
L ? ’

= Eq.[r;ap:A(m;k):s,Br;ZJ.

vhere the symbol A(m;2) sctands for m parametars of the type
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q,o:/m q,aﬁl/m qfd+m-i/m .
, !

peeey

2. The Main Theorem

Subject to suitable counditions of convergence:

-1 (2,01 [uz1"q 0457 (at1).

SRICVN

E

n=g

Alm; ()l Alm; (8)-n],A02m; (p)+n], Al2m; (£ )=n], (e ) r2q”

A{m;(YU)+n].A[m;(GV)-n},A[2m;(eE)+n],A[2m;(fF)—n];(dD)

m-1 ,r(as)+u

. / G[(cc)~€1u?=[00q. t——m—‘ -7 Gq| i—m——_-i
c .

214 wm-1 ’(YU)+u
G[1-&1G[(d ) g ne6,pb—
u=0 q

) 12,01 (g -mE, 1-(8 Y 4mE, (5, ~2mE , 1- () +2mE5Q

&
sinTE A+ B+N

x (zq™)>dE

“r
~

- ——;

o

B),\YU) TE:— (8 )+A"t; (e ) 7'“&: "\* )'Lz"‘r

(1)

6+T+R7Efvﬂ—l/2(n+i)(V+F—T—R-W)qe—mE(V+2F-T—2R)
M- M

- SST—ZrR+Z§V+ZfE ’

and C denctaeg the ceontour given in 1.2(4) and the notation (aA) stands
fer the °“qA°""e of A parameters al,az,...,ax This notation will he

followe:i CDLOU"HO'L the present work. Also w is a positive integer.

Procf. o prove 3,2(1) @e use the contour intecral for the Fq*EJ1ctit
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on the left side and change the order of integration and summatioq,
assumed to be justified by the absolute cbnvergence of series of Eq'.
The expression then on simplification reduces to 3.2(1).

Now, whenever the inner hypergeometric series in 3.2(1) can be surmed

‘uﬁ in terms of q-infinite products of the form.
G[(a_)-ng1/G[ (b )-nE],

one can evaluate the.contour integrél on the right ﬁand.éide in terms of
ancther Eq-function and hence cobtain a sum of a series of Eq-function

as another Eq-function. Exploiting this technique a large number of
expansions can be obtained by specializing the parameters in our theoregf

As 1llustration, I mention some of the typical results.

3. Special Cases of 3.2(1)

Taking B=E=F=P=R=T=V=yY=0, A=S=1U=pz=1,
e=2,0=0-8-0¢3 oy

in the intezrand by the basic analogue of Gauss's Theorem (1.6(2)), we

=a, a; = B» Y; =P and sum@ing the inner 2@1

zet, that

? (qB)rqr(p-B—a) A(m;a4r),(cc):qu

4 N E .
r=0 (q)r 1 A(m;p+r),(dq)
3
Chime) . e ) s

L Glo-p-my | Almsa), (e ) i2q

- G(2 - D | -
(11) Taking A= B =E=F=P=R=T=U=V=y=X\=0;1z=5-=1,

e= 2, § = k, o, = ot and. sumning the inner ,éo, wa got
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© kn rh(m;a+nL(cC):qu

q
n=0 n (dD)

(cc).A[m;a]=2ql
= G(k) E .
(dD),AIm;k+a]

i
]
[}
(e
il
<
i
>
il
z
il
P
o
L]
=

(111) Taking F=P =R

- , = —r o= s = - - .— . = =
E=8 =2, a; =q, b1 T, e l4+a+pg-8§-Y, o =a, B and

summing the inner 3®2 (1.6(4)) in the integrand on the right, we get

r (q-r)nqn (cc),A[m;a+n],A[m;B+n]=qu
———————— E 1
n=0 (q)n(qs)n q (dD):A[Zm,l+a+B—6-r+n]

(c)sAlmaliza® -~ -}

q(l-ﬁ)r rqr/Z(r+1)
) (d-) A [ms 1+a=3-¥] ,A[m,l+,8-6—-‘r]) '

(qs)r 1

(iv) Taking E=F=P=R=w=_A=0;S=T=U=V=¢g=2; uz =1,

A=4, B =3, a = qa’ a, = ql+1/2a; ay = _ql+l/2a; a -p

et . _ 1/2a _  1/2 _ ) _
positive integer); b1 =q R b2 = -q s b3 = q > O 3; a,

Y, Bl = B-0; 82 = y-a, Yl = 14083 Yz = l4o-n; 51 = 1-8; 52 = 1-n; 0 =
2t =B =-8-n=-7v + 3 and summing the inner well-poisad g% (1.6(5))

in the integrand, we get

1+1/2a 1+1/2a n(20~B-8-n-y+3)

P (qa)n(q )n(q-p)nq

), 0t (a

)n(-q
1/2a

n=0 (@)_(q Hey

(¢g)»Am,v+n],Alm, 8401 ,A[m, B-c-n], A, Y-c-n] c2q

q (d),d[m, 14a=8+a],A [m, 14a=n+n],Am;21-8-n],A[n; 1-n-n]
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' <’1)+pq-p/2(p+l)qap(qlm)p(qlw'y".‘)p(q”Y'TB"n)p

= 1+a—8—r—n-6)

(q D

(cc) ’A[ma 8] sA[m;Y] ’A[m’ B-Ol] :AImsY"a] 9A[m) B;a—p] :A [m’Y"'a-p] :qu
X E_,
T [ (dp),Am, 1+-61,Alm, +o=n], A[m3 1-81 A [m31-n], Al 2ms A-ciy-p]

(v) Taking E=F=P=R=S=T=U=w=0;€=2, A=B=0, V=2,
61 = p; 62 = g and summing the inner 2¢l by the gq-analogue of Gauss's

Theorem (1.6(4)) and on integration we get

o qn(n+a) - (CC):qu
n=0 () (M 1 | );A(@;p-n),A(m;0-n)

A(2m;a+p;0—2),(cc):qu _
= G(a) E ¢
" A(m;a),A(m;c),A(m;a+p-l),A(m;a+0'l),(dD)

(vi) Taking E=F =P =R =8 =T=0; puz=1, 8= (k-2); A=U=V =

<1 /9
W= 358 =25 a - o, ay = /2 ay - L2 b, = L%

1/2k
-q ’

2
Yl =0, Yz = Bs Y3 = Y3 61 = a-k; 62 = S-R; 63 = Y‘k3 we get,

on summing the inner well-poised 6®5 (1.6(6)), we get on integration

1+1/2k 1+1/2k, n(k-2)+3n/2(a+l)

= (0% @ (o

00 (@ (@2 (=M%

A
. (e )
X E , ¢’ =4
1 (dy),b(mjatn) ,A(m, B+n) ,A(m;vin) o (m,a-k-n),,A(m;B~k-n) ,A(m, y-k=-n)

-

1 (cC),A(Bm;a+8+y-2k—2):qu _ -\

= e E
+} ] .
PO 8T ) 8, 0mte) 6 (3 2210, AmsY-10), B, BHy-5m1) , A (mser8-1-1)

AQCmyury-k-1)

b



45

One could, similarly, give other special cases of the main theoren.

4. Convergence Conditicns

A typical series that occurs in the previous section is

[ e (aA)+n;(cC)—n;(eE);z
q . N
(bB)+n,(dD) n; ()

o . (b, )+n+s-x (d.))-n+s-x (£ )=x+s
S W £ i Ye £ Ml ) (1-g P )a-q T )
271 ‘C s;O (aA)+n—x+s (cc)~n+s—x (eE)~x+s
(1-q ) (1-q ) (1-q. )
ﬂzxdx
sinTx

For large values of n, if (aA), (bB), (c,.), and (dD) are positive

l-x+s (£

- F)-—x+s x+s-(dD)
e Sy SR e il Yo £
s=0

) midx 7 (1-q ) . (C~D)(x+s)
- - - ; *q

(e_)—-x+s sinMMx s=1 sz—(cC)

(1-q ) (1-q )

271

~

IL C>D, then for n > o

o _ (£.)~x+s x+s=(d_)
1 - (l—ql x+S)(1-r1 F Y(1-3 D ) mz dx
I ~- I . — ’
5=0 (eE)—x+s x+s-(cc) sinftx
(1-q ) (1-q )

which is independent of u and is a bounded function of z.
The above estimetion, although only a rough estimate, nevertheless,

serves to show that the infinite series involved in the preceeding

sections converge.



CHAPTER 1V

INTEGRATION INVOLVINC THE q-ANALOGUE OF GENERALIZED MACROBERT'S
E-FUNCTION WITH RESPECT TO THEIR PARAMETERS - I

1. Introduction

In this chapter we evaluate a very general integral involving Ea—
functions, where the integration has been performed with respect to
parameters. The main integral is evaluated in section 2 in the form

of a covering theorem for evaluation of simpler integrals.

2. The Main Integral

The integral to be evaluated, with suitable restriction on the
paramsters, is

3, Slep-aet R (CRE N CTES
TR R R B I -5, (4 )

dg, (L

Q

che path of intcgration being the same as in 1.4(1l), and P > Q,
-, -1, '

i{arg(2) - Wy tosiz|H <4, [q] < 1.

The Eq-functious are further assumed to satisfy a relation of the type

B, (e 03 (0):2] B, [leg)s () za’]

. K, F zj, (2)
qu()

o5

where Zj is a flaite summatlon, ¢ 1s a posicive integer and the symhol

(gG)j; (J=1,2,...) stznds for the sequence (gl)j,(gz)j,...,(gc)j.
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The following known formulae due to N. Agarwal [1] will be used in

evaluating the integral 4.2(1):

1 rsa_:z/A"
G(l) k=1 (7%
G(k) . .
Gyt (&/m),.. -G ,((k'l'm-l/m)) ' [f+m,0‘p,4(m,‘<) :s,8

Q:Z],

47

. where m is a positive integer and R1(k) > 0, and also if m is a positive

integer, R1(B) > Ri(a) > 0,

1 : r;o_:z/A"
G(1) -1 >“p
(1~q) S AT TGmaNg g By s»8 d(ah)

G(B-a)G(a)G (R/m),...,C ,(P+mP1/m)
- 5(56 (a/m) seeesC ,((c.-hn-—l/m))

r;aé:A(m;a):z

s,~ A(m,B)

3. Evaleation cf 4.2(1)

Using 4.2(3) and 4.2(4) with m=1 in 4.2(1), we get that

G{(a,)~31z" Q -1
I = i ! A k3 H[B -
2i ‘¢ C11~£}G{(b3)-§] sinfl ) " ML 0Ln]
n=1
0 . 1 o ~£-1
- G(1) n
PO A S A 1-qA
ey (1) D Tm madde —g -1
- 8, \
P (I-‘ 1 l 5.4 ...:-"-1 (C ) :Zq /l\ YA
\J(J.) n - - C l 2
X H {.i_—-(") 5 l"l h( (q)\n) l"r'
n=Q#l (°7 1o B o “[fdo)

(4)

(3)
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Changing the order of integration, whenever it is justified, such

that the An-inCegral becomes the inner most integral, we get that

Q -1 Q 1 a-1
1==2jrr G[Bn-ani} S5 A" @a-ar), L, pdlad)
. n

=] n=1 -9y o 1 .n n n
P 1 o -1 1 (e )'zqelk A A
G(l) n c’* 1722 °"p
X I (l ) S E (qA )\ Eq (d.)
n=1 o D

(@) 2/ Ay ens )
U )

X E p d(qkn). : (2)

Now using the assumed relation 4.2(2) between Eq-functions and

changing the order of summation and integration, we get that,

-1 Q G s. 1 o ~-s.-1
- J noJ -
ngl G[B o {l 1 =q) Z k g An (l qA )B o la(q)\n)

m. fud
P ] 1 @ -s.-1 |(L.).:z 3¢®/ (A A ,eeun ) d
x I -{iil)) S B, (@AM S 12 P dlqr ).
a=Q+1 -4 q(rR)j :

(3)

Once again, using 4.2(3) and 4.2(4) to evaluate the A-integrals, we zet

sy Gl(a,=s )16 1 [Almy .(B )- -y ]

- 3 p
L= Ijkyz GBS, ]G .[A(m ,<a )-s ]
m‘.‘b
(1) .50 [m 5(a )~s.]:2 “q
x E L] VA

.(rR)j;A[mj;(BQ)—sj] (4)

wiarae Rl(%n} > Rl(an) > sj’ n=1,2,...,Q; Rl(an) > Sj’ n=Q+1,...,Pj;

i=1,2,...,q.
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4. Certain Xnown Cases of 4.2(2) and Integrals

Tn this section, I first cite certain known cases in which an

identity of the type 4.2(2) holds.

2¢1 Y 2¢l Y ’

-8, oHB- 7 '
g0t a7 ™%, qV B 2% a*,q%2
l-zq q q

which is a basic analogue of Euler's identity [Tract]

. -1/2
¢ aB;2 0% qPszq7
(i1) a+°+1/ 2 2¢1 qa+B-1/ 2
L2 B2 12 qarl/Z’qB-l(Z;z
= 2% a+5+1/2 21 (CHB-1/2

2a+28-1 a+B+1/2 a+B+1/2

it A
(iid) '

~

sq 52
®
271 o+
q /

2a 20 a+8+]/2 a+3-1/2.21—l

>y

2rt-‘-2” 1 Ct+,3 \:a+B

Fa

(:aTl/7 12 [z 8 \
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(iv) 2¢1

- - 4 -
xa+B 1/2’_xa+8 1/2’xa+3’-xa B;zx 1

= 49 . 20~2B-1 20 28
x - -x

where x = qllz.

The relation (ii), (iii), and (iv) are the ones from which the basic

analogue of Cayley Orr identities were deduced by V. Singh [1]. Lastly,

2
a*,q%;2¢" a%q%s
@ |\ aearz [ 2% e

x2a 28 o+B Ya+s

.
9 > i 32z

= 493 20428 otp+l/2  oBHl/2 ] °
% »X =X
is the basic analogue of Clausen's identity given by Singh [1].
Now using the identities (i)-(v) in 4.3(4) one can evaluate certain

new integrals. I mention below evaluation of some such integrals.

In 4.2(1) and 4.3(4) taking B = S1 =0; A=D=3j = m, = R=1;
C=L=2;8=y~-a-fB;9=0,3, =a+f-y;C =y-0;C,=
Y-B;d=‘(; 21=a; 22=B; rl=Y;

¢ = G(a+8~7)G(y-0) C{y=3)
1 G(a)G(BR) ’

we £ind that 4.2(2) is satisfied by virtue of 4.4(1) and hence we get,

that
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B . Y-a-B
1 f G(a+B-y-;j)-,-_5 [Y'aaY—B,(ap)-S,zq i
71 /¢ G(-E) sinmE Eq ‘ o (BYE
’ Q -
_ St e-aGy-p) o [F )3 o
SLae® N ey |

provided that Rl(Bn) > Rl(an)>'0, n=l,2,...;Q;.Rl(ap) > 0, n=Q+1,...,P,

and |{arg(z) - wzwl-l logiz|}l <7, lqi <1 ;

(1i) Next in 4.2(1) and 4.3(4), take S1 =¢=0; B=D=j=m=1;

= - - - = . . . . - = a' = = B' = =
A=C=2; R=3;L=4; 0=-1/2; a; = ¢ =453 =cy =97 bl d1

o+8+1/2 2¢ 28 o+ a+B 20+28
qQ / ; 21 =x 3 22 =x 3 23 = x B; 24 = =X 3 Ty =X 3 Ty =
o4-B8+1/2 o+BR+1/2
= ; T. - H
3
+ | -+
03 B+1/2)G(_xa+8 1/2)

o - [ﬁ<a>c(5) 2 (2286 (x

1 G(a+B+l/2)’ G(XZa)G(XZB)G(xm+B)G(_xq+B)

Then 4.2(2) is satisfied by virtue of 4.4{v) and we obtain

_-1/2
G(a=E)G(B-E) 2" o, 8, (0p)-E5 29

== /
: i . - - i E dg
2i /¢ G(1-£)G(a+A+1/2-8) sinllg Tq a+e+1/z,(sq>—£

={&(a)c(8) J 2 2028y o CHEHL/2
‘o
{F\a+~+l/2) G(xza)G(xzs)G(xa+8

)G<_xa+ﬁ+1/2
+8)

)

YG (x>

20 28 o+85 ot
X ,X B,X °,-x B,(QP);Z

n ?
xa+8+1/“’_xa+8+1/2’(ﬁq)

200+28
. ’

provided Rl(Bn) > Rl(an) >0, n=1,2,...,Q; Rl(an) >0, n=Q+1,...,P,
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1/2

| {arg(z) = szzl loglz|}| < m, for r < s+l, and x stands for q and

the terms xA in the Eq—symbol are on the base x.

A5. Certain Summation of Bilateral Series

In this section we discuss a bilateral expansion of a general
class of series involving products of two Eq-functions. The class of

series which can (under suitable assumptions) be summed up is of the

type:

nA1+A2n(n+l) )

© [(aA)]nq (cc),(gc)+n,(1L)-n;zq

S = E . :
[(bB)]n q (ez)’(?J)+“’(PP)'“

n=-w

(4)), (h, )}+4n; (m )-n;z
xg | D ™y . . L

q 1 £
(EF)?(kK)Tn’(II)-n
‘Substituting the Barnes type of contour integral for the Eq-functions
and changing the order of integration and summation, provided we are
justified in doing sc, we get that

L, Glle-EIGI(g)-EI1GI(1,)~E](zgM)®
S =57 G e dE
71 ¢ TTI-E101(e)~£16(3 )-E1Gp,)~E] SInfg

1, CI@Y-EIGI(y)-EI6(m)-E]e"

21 7C G{1-¢]G[(£)-E]CI(k )-E]G[(i,)-E] sinllg

e
(aA) ’ (gG)"E’ l“(pp)+ga (hH)-E, l—(lI)TE:Q
% Up o gagara | e
7 AHGHPHHHQ KHL+Y i Y=, 11 )FE -g,1- X
(bB)’(JJ) &1 .LL)Fue(kK) 51 (mM)?“

(2)
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{(a.) :z
where PwP P is a basic bilateral hypergeometric series
T o) .
’ ] H
e [(bP)]n I 3139500058,

Z may sometimes be a function of n also and Q = (=) L—P+H—Iq+-'z'.'pP+ZII
ZIL~ZmM+E(L*P)+C(M-I)+1/2(n+l)(L-P+M—I+k2).

Now assuming that the inner basic bilateral hypergeomeiric series is

such that Lt can be summed as

n‘ (rR)’(tT)—E’(VV)-E’(XX)_E-C; (3)
(Ss)i(uU)-g’(WW)“Es(yY);a“C

then cnce again using the contour integral for the Eq—function, we get

that

{ffn>;} L, Cl(c)-E1C[(g)-E1GI(1)~EICI(v,)=E]
=1 —= f —
(s | 2E’c, GII-E16((ay)-E1CI(3 P-EICT(pp)-EICI () ~E] sintt

L ol

(¢ )s(b )3( -)s(t )a(x )—E;Z
: p’ 2 Vi’ My s WEp/ s WXy (g . @)

TR, (), (), uy), (y)-E

X

Assuming further that a relation of the type

5 -
] (cc) , (8G) , (lL) > (vv) 12q o (dD) s (hﬂ) s (mM) , (tT) 3z
q R . : ‘q - .
(LE),('JJ) ,(pp) » (o) (f5) .(kK) ,(iI) ,(uu)
o
. (9) ;30% 3]
=ZI.vy.z> F (5)
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exists, we can evaluate 4.5(4) by the help of 4.3(4). In fact we get

that
‘-1 (rR); : Y-ij G[(xx)—pj]Gq.[A(cj,(yY)—oj)]
. (sq) 3’3 Gq[(yY)—pj]Gd.[A(qj,(xx)~pj)]
g
PR S B
- (G)j,Atcj,(xX) oj].z q
x . (6)

'q . :

As an illustration of 4.5(6) we mention the following case by taking
particular values, when the general theorem holds. Taking E =G =1L =
M=H=0,F=J=X=P=1T=1;C=3; A=B=D=4; 06=y-a~- 03

+1/2: +
1 1/24; a. = —ql l/2a; ay = qb; 2, c

]
M=
o'
1

A, = 2a-b -c; a; = ¢

1/2a
= =q / ’

2

b l+a-c,

1+a-b
53=q ;4=q ,C=C£+B'Y;.Cz=a+‘

1
d,=a+h-c¢;d

e ~cj3cy=a + e - b; d1 =Y - a? d2 =y - 8 3 = 2
h - b; f1 = Y3 jl = g + e; kl = g + hj Py = @ i = h; AZ = 1
141/2a, , 1+1/2a, 2a-b-cta (ot
] o (q / )_(=q / a)n(qb)n(qc)nqn( a-b-c+n(n+1)
> L 172 172 T+ab, , l+a-
s @ @y @
E;+B—Y,a+e~c,a+e—b;zqy_a~8
x E
q

e-n,atetn

e

£ =, v-8,at+h-c,ath-b;z
X 7q . (L
¥,h-n,ath+n

v

Substituting the Barnes integral for tﬁe uq~function and changing the
order of summation and integration, which is justifiled for R1{2a+h-c+e-b)
> 0, further using Bailey's summation theorem for a well-poised 6w6

-

[1.6(8)] for the inmer basic bilateral hypergeonetric series, we gev on

simplification



- G(1-b)G(1-e)G(1l+a-c)C(1+a-h) G(OA—B—Y)G(Y-G)C(Y-B)
G(a)G(l-a)G(1l+a)G(1+a-b=-c)G(w)G(R)

x E

a,B,Za—b-c+e+h;ﬁ]
q L]

Y,a4e+h-1

The conditions of convergence of the various infinite series
expansions obtained in the previous sections can be dealt with by

means of the estiamtes of the type discussed in Section 3.4.
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CHAPTER V

INTEGRATION INVOLVING THE q—ANALOGUE OF GENERALIZED MACROBERT'S
Eq—FUNCTION WITH RESPECT TO THEIR PARAMETERS - II

1. Introduction

In this chapter we discuss the integration of MacRobert's

Eq-function with respect to parameters, where the contour integrals
are of the Slater type [3]. A very general basic . integral has been

evaluated and then certain interesting special cases are discussed.

2. The Main Integral

We now procead to integrate the integral

. 1Tt (g)7s, (h)-s

" f n +S,'J
2L -1/ E?)+s,(k)-@,l+a

Eq[r+l;ap+s;r,bl 2+s,...,br+s,

br+25;-z]ds

I =
l_br-s_

(1)

4
“u

where O <g<l,q=e , t>0. (Appendix IV (3)).
To evaluate 5.2(1) we write the series definition (1.3(7)) of the Eq—

funation ia 5.2(1) 2nd use the result of Slater [3], namely, let

[ 8 . s s s 1-
s ()67, (2)q ", (8)e”, (a7 ,2q7,a7 /23
f?‘(q y =11 5 -5 s ' e ’
lfc)q (d)q S, (De,(K)q 7 -

.j_ﬁ/c . s l’(c)q‘js(d)q—sa(e:’;

t
I"Nﬁfﬂﬂh‘(Q)mam%wm@ x| ds, (2)

(a)q®, (byq °, (£);



o0

I = <MH=AH\n vawo =Moﬁﬁavn<,av~a+=ﬁaq Kayiq) (()egza)

mmén. m_ m+n
(qey/(g);a) , ((e)sq) x'z "o o,

Aﬁvvnc“av~s+=ﬁgnc\Anv.uavsﬁﬁzvncunva+sﬁanc\Auv,ava+sAAmv“nvaAawnvaAawuv

+ M n(1/3,) ) 5 ((©)/ (G sa),_ (@5 sa) . (ai /(8);a)
m=0 n=0

()5 500 ((e)sa) x"
(@75 30, _ (B 3a) (83 /()T 50) (0] 59) ((B)3q) (a3a) (a;q),

(3)

m m . .'..m
where a, A|n<nH\N9+H\~vnu> nwnm n> ,
H N...'. O

111

1/2m+1/2n+1/2 . J-G-1 B18p° -8

a, = (-c q ) = -
2 \V Jpdgeeeedy
and
B = (= zql/20H1/2)3-6-1 81Bae- - 8g
C Huwiil.lug
. o0
iy = M figd, ) M )
v=1 m=0 n=0

n n mtn
Aﬁav“avsx <H .<w

A«mv“avaﬁa“avsAa"zvm

n+n

((e)d zad, (ad / (bYs@) ((3)d30) , (ad /(h)3q)

Y 2mn
(a)d .avr3+dA:a:\Aa .“avzﬁamv;:,cv An;:\AWanv

x

mn+n indn
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e ]

Iy

n=0 n=0

K
+ ) Mk

)
pu=y M

3 * ' ) . m n
((c)k”:q)m+n((b)/ku;q)m+n((J)ku,q)n(qh“/(h),q)n((e),q)mx ) ,
((a)k“;q)mn((d)/ku;q)me((g)ku;q)n(qku/(k)';q)n(f);q)m(q;q)m(q;q)n

(4)

RYISVEN S dydgeeenndy

Y v,

172° B

]

where vl (-du

g hihooooas h
v. = (~d ql/2m+l/2n+l/2)k H 12

2 u klkz ..... kK i

oM/ 201/ 2 K-H-1 hyhyeeesshy

) :
u . klkzo-nonl\K

and § = (-k

Then, when [q] < 1, t >0 and R(x) > 0, we have

(i) I = ZD if (a) D> B or D = B and Rl(blbz;..bB/dldz.....dD) >0
and (b) K >H + 1 or K=H+ 1 and R&(hjhy,.eosh /kokyene,ky) >0

and I ~ ZD if (¢) D<Bor (d) K<H+1,

(ii) 1 = EC if (a) C> A or C = A and Rl(alaz.....aA/clc2 ..... cc) >0
and (b) I >G+1or J=0C+1 and Rﬁ(glgz ..... gG/le2 ..... JJ) >0

and I ~ ZC if (e) C<Aor (d) J <G+ 1.

Writing the séries definition of Eq~function in 5.2(1), we get, for

Yo Gby oo™y | 1
az-al,...,a R ﬂ(l-z~lqn)(l—qu+n)

A(al
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1 a1+s qu-al_s
it/e 1 (g)+s, (h)-s, br-al+s, z q ’
t. (3)+s, (k)-s, a,+s, l+a,-b -s
= — 1
I A(ay) 2 1 ¢

al+S Y 1+al-b1 seo 0y l+81-b
-im/t ¢
r+l’r

1+Zb -zar*
r_l,l+al-b 1A

1+a,-a,,l+a

178, 1~33,...,1+a1-ar+1
+ idem (al,az,...,ar+1£§ ds. (5)
How, to evaluate 5.2(5), we use 5.2(2) for C=1, D=1, A =0, B =0,
l+Zbr—Za 1 -1 @
E=r-1, F=1, x = 2q r s 2 =2 q , to get that, if
' © l~a1+n oo l+2al_--br (k)+a l+al—(g)
1 = Ala)) ) Mg ) ¥ z (q S PNC )4 (@ ) i
m—O n=0
+2a_ - - . - +a_-
e B e P i M I R N
4 mn O m 4 n q m 1 72
Th =
qm(1+“br zar+l)
h)+ +a_-(J +a_ - +a, - 1+a_ ~
(q)_(q) (q( ) al) (q:L "1 (J)) (q1 "1 az) (ql 1 a3) ce0(q 1 ar+1)
m n m+n mtn m
l-j 4n o o 1+a ~-b —J 1+ ~(3) 1+j. -b +a
\Y, \Y) -1
+ ) M- )T Tt *S IR CEERS N C B
v=1 n=0 n=0
: (k)+3v) : 1+al—b ;¢ l+a1-b2) e 1+nl—br_l) Ry m(L+Zbr-Zaf+l)
d n q HH q m 4 m “ 1
1+j -(3i") (b)+] l+a, -a l4+a, -a l+a,-a
\Y \Y 1 72 173 . 1 "+l
(q ), (a ), (a ) (@ )t (a @) (@)

+ idem (31,12,...,ar+1{}' (6)
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E(g)—E(j)+br—a

An+1y)  j-C-
where O, = _q1/2(n+l), o, = (~-a q1/2(m B ))] ¢ 2q L
1 2 1
_ .1 3t/ 2(ntl) 5 o, B(B)-E(J)Hb -a)
B=1[-3,z "q ] q
o [20) (>0 .
z - Aa) H(l—q1+al,br+n) z Z (q1+2al br) (q(3)+l+al br)
2 1 o 2m+n mn
c m=0 n=0
, 2+al-br-(h)) ( l+al-bl) , 1+a1-b2) . 1+a1—br_l) ] m(l+Zbr-Zar+l) m m
1 m+n q m 1 m 9 m q Y1 {2
1+a.-b +(g) 2+a_-b -(k) l4+a. -a 1+a_-a
1 r 1 r 1 72, ... 1 "r+l
(q)m(q)n(q )mm(q)mm(q )m_m(q ) | (q ),
K k+n o o a +k k +(3) 1+k_-(h) 1+a, -b
1y u U 171
+ Yna-q? )Y Y@* M, ( )_(q ). (q ) oo
p=1 m=0 n=0 mHn n 1 1}
1+al--br_1 m (1+Zbr-2ar+l n
(q )2 4 )6
l+a,~b -k (g)+k b ~-a -~k
1 r u r 1 u
(@), @) (q )m+n(q )n(q )
1+k -k' l+a,-a 1+a, -a 1+a,~-a
u 172 173, ... 1 "r+l .
x (q )n(q )m(q )m (q )m + 1dem(ala2,...,ar+l)
(7
1+a.=b_+1/2(n+1)
, R o
where Y, = -q
1
hoh o.... h
l+a ~b +1/2(mtn+1) K-H-1 1 2 H
Y, =(q LT ) S
2 q Lge ey

i
1/2(n+1) K-H-1 1 2 1
“q ) | L L
12 K

and & = (-k



1+Zbr~Ear+l
for Iq’ <1, t > 0,R2(zq ) > 0, we have

4 . 12..‘..}1-“

(11) I . 22 if K<H+1

e glgz.- e -ngA N 0
(41) I = El ifI>G+20rJ=G+ 2 and R2 j1j2°""jJa# >

(iv) I ~ Zl if J <G+ 2,

Special Cases

(I) Forr =0 in 5.2(5), 5.2(6), and 5.2(7), we get that if

(g)+s, (h)-s;

t ift/c
I, = = f . Ry E [a,+s3-3;-z]ds
L2 e L s 1
v @ l-a,fn ® = (k)+a l+a,-(g) 1 a
Zl < ()4 M(1-q . L )} Z (g 1)m+n(q 1 ) i €2 Iy Lymn
fo} m=0 n=0
m(1l-a,)
. alna2m+uzmq 1
(h)+al l+a1—(j)
(q )m*n(q )m+n(q)m(q)n
J o« I-j.4m ®» ® a -j 1+j -(3) (k)+] m(l-a,)
g V1Y T@rP Y @ ¥ )@ Hehtq 1!
P e m=0 n=0 men n n
1+j,= ()" (h)+j,,
(q )n(q )n(q)m(q)n
(8)

where
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- 1/2(nt+l) ' 1/2(m+n+l) ,J-G-1 Z(g)-L(j)
a = —ql/ 2D @, = [-aq ( )3 ¢ 8 (
o 3¥2(mH) 361 B(R)-IG)
B = [-j,z q
© o m(l-a, )
Hn
J,=Tlq19 § 1 z'q Ly ™yt
2 L 172
m=0 n=0 @ _(a)
q m q n
k o k +n © © a_+k k +(35) 1+k _-(h) m(1l-a,)
F maaq" )Y T@t ™ . @" H@ ¥ Hg Ls°
m+n n n
+ U=l o m=0 n=0
(g)+ku l+ku-k'
(q)m(q)n(q )n(q )n
9
where
| | hohe....h
14+a.+1/2(n+1) l+4a_ +1/2 (M+N+1) 12 H
Yl—“q 9Y2 \=q 12.‘.'.k1<
_ 1/2(n+1) K-H-1 Pphpe---- hy
§ 2 €k ) K.k
1Kgeeee- kK
l—al
for |q| < 1, R&(zq ) > 0, we have
h1h2 ..... h”
(i) 1, =L, if K>H+1or K=H+ 1 and Rl - >0
l 2 I( k R
12 K
“‘Zz if K<H+1.
ByBgeeres B
i = i . =G + 0| ——s . :
(i1) I1 Zl ifJ>G4+1lorJ=2¢0C 1, RL 30, i >0

s

~.v4 ‘.‘;<C'*'.-
1 if J 1



(I11) 1In (1) taking J = G + 1, we get,

I, = Zl, where

1

(k)+a 1+a “'(8) -1 al
way 2 (0 L@ '
I, = M) Ta ] (h)+a +a. =~ (G q)
: =0 Ny (q P @

n

)n(_l)an/Z(n+l)

(K)+apin lhag-(g)4n LH()-2(gy,)
q s 4 » 4
(h)+al+n l+al—(jc+l)+n

?

¢

¥ k4G HHCHL

G+1 1-2(8)—Z(jc+1)‘jv 1‘31‘2(3)'Z(jc+1)]

+ 2 ‘ H[l'(j\))yzq 329
v=l .

T 14 =(2)  (l)+] BR)-EG . )+ 1-Z()~E( . )-a. ]
\V - \V] -+

. q ,q J/zq STV 4 TeHLT L
b4 i
GH+K+1 G+H+1 . . .

1+Jv-(g) (h)+3v l-al+Jv -
q sq »q

(10)

(III) Again taking K =H + 1 in (I), we get

1

I, = T(q) }
1 2 00 (q)nn(zq3/2+l/2n)

—~
1]

1+k M+l k +n ®  a_+k k +(3) 1+k -(h)
o % §maa* ) fa@t M @ ) @ *

(o o)

n ye"
r=0 p=1 n=0 n

[ée]

I

1-a (8)+, 1+k -k’
) (@ (a INCTE

n

(11)




+ 37 I(l-q

x

i34

-

(IV) MNext, for r = 1 in 5.2(5, 6, and 7), we have

t fﬂ/t. (g)+s, (h)-s

2 720 iyt X E_ [ +s,a,%s,b +25;-z]ds

I

(j)+$.(k}—s,l+al-bl-s

(12)

where 0 < q < l’ q= e-t’ £ > o,

z _\ ’bl-al; 1 ‘ l“al+n
Lo n "o -1n 14n T(l~q )
) az_al’ H(l'z q ) (1—-_zq )

[

@

g 7Oy (ql+2a -b (k)+al 1+al—(g)

=0 a=0

1+2a_ -b.

171 m(1+bl-az~al)

a
-]l l.mén n wmwin m
)m+n(+z q ) al az 4
+a_ ~-(3 43 -
(q(h)+al) (ql a; (J)) (ql a,-a
m+n m+n

(q

2
)m(q)m(q)n

J -5 47 —4 e o .
1 Jv+ﬂ) ; E (qal Jv) (qlkal b+,
V=l =0 n=0 m-n mrn n

1+j,,~b,*a ()+i, m(l+by-a,-a;)

11 1 2 1" mm
(q )n(q )nq Bz

TH -0 (5, THa -a,

(q )_(q )y @ L 2

n n ) (@)

(13)

' o E()=Z(§)+b -a
R az = (_alql/z(m+n+l))J G 2q 1 1

R VEICOV

h £
where a,

2 Z(g)-X(j -
al+1/~(m+1) J-G‘qu<°) z(J)+b1 a

and B = [-]. 2z q ] 1

+ 1dem(al;a2)

-

l

{

)

-~
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b,~-a

z =n 1 l, l
? a-a, [ M(-2"1q" (1-2zq"™™

;(l-ql+al—bl+n) °§ cyo (ql+2al-b1) ‘ (3)+1+a1-b1) (q2+al-b1-(h))
. ~ 2m+n mtn m+n
o) m=0 n=0
m m(l+b1-a2-al) m mén
29 Y1 Y2
1+a,-b.+(g) 2+a_=~b_~ (k) 14a, ~a
171 1 1 1 2
(@ =~ ) i @ (@) (@), (g ) an (4 )
K k+4n o o 3 +k k +() 1+k - (h) m(l+b, ~a,-a_ )
1 2
y ma-q" ) ¥ T @™ %M _@" Hy@ " )2Tq 1 17gn
mn n n
+ u=l m=0 n=0 -
+ta.-b.- + -a + +k ~k +a_ -
@ T @ @ T @ G )
‘mtn n n n n m n
+ idem (al;az) i} ‘ (14)
l+a,-b +1/2(n+l)
- 171
where Yl = -q
_ l+al—bl+l/2(m+n+l) efi-1 hlhz.....hH
Yy = (=q ) T horoion T
172 X
1+b . ~a,.~a.
for |q| <1, t > 0, RR(zq * 2 4y 5.
011h2 ..... h”)
Then I, = %,, if K >H + 1 or K=H + 1 and RR - — > 0.
27 "2 (& Kyeee k)
~ { < 3
(i1) IZ 72 if K H + ].
YRR Phy)
(111) I, =% i J> G+ Zor J = G+ 2, R 751 e > 0
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Vv ~ Z N < =

Further, taking J = G + 2, in 5.2(12) wve get

_ q,bl 1, 1 l-al+n
I =T = T, 4M1(L-d )
3,73, M(1-z "q )(l-zq )
1+2a_-b (k)+a 1+a_-(g) 1+2a_-b a
Z 11 1 1 17°1, , -1 %1 n n_n
n_o(q ), (a ), (4 ), (a ), (2 "a ) ey,
(h)+a l+a,-(g.,,)
1 1 G+2
(q)(q ), (a ),
//l+al—(g)+m 1+Zal-b+2m (k)+nl+m 1+al (j)+m l+Zal—b1+m'
q »q »q »q sq ;Q
X b .
GHK+J+1 H+G+3 (h)+al+m l+al-(JG+2) l+a -a, .
q »q T )sq
C+2 1-j 4m ©  l+a_~b_- 1+ j -b, +a k+j
v 1717 11 v
+ Zl (1-q ) nZo(q )n(q @
. 1+j ~(g)
-n(a,-j,,) \
(- l)n n/2 (n+l) 24,7y (q )n
l+a,~-j ~-m 1+a -a (h)Y+(3.)
1 v 1 2 \
(q ) (a ) (2 NGO
l+al—bl+m al—JV.Q
s | | »q 1)+ idem (ag3a,)
27J-1 ] - .
1+Jv-(J )
q
(b,-a,-a.) (1+b,~a-a ) 1/2(n+l)
- 17271 179279 _ .
where Ql = zq , Q= ®,2q s O = =9 » O
T(8)-L(ig,,)+b -a, Z(8)-Z (3, )b 73y
q , and 8 = q .

One could further take particular values for J and K to get the values

of more simple Integrals,



APPENDIX I

SYMBOLIC INDEX

(a) = a(a+l)(a+2),..{a+n~1) , n21 ,

n
(2)y =1
1 ab z . a(a+1)b(b+l1) z2 a(a+l) (a+2)b(b+1) (b+2) z3

*—=1 c(c+l) 3T Y T (o) 31 7 °°

= 2Fl[a,b;c;z]
or
®  (a)_(b)
o n' ‘n _n
2F1[a,b,c,z] -nfl TET;—HT— z
1

E[a,b;c;-;] = Eé%%jgsgl 2F1[a,b;c;z]
(2,)_ = (1-2)(1-aq)(1-2a) ... (1-aq” 1)
(2,9), = 1
a ) (_a)-n qn/2(n+1)

7% en (a/a;q)

At i U lr: U

= z
bl’bz"" b‘r n=1 (q)n(bl)n oo (B;?n
@ (a)
/2(n-1)
1§§[a;b;z] =z ——2-?—7- z%q™ lz] <1
n=1 (Q)n b n
® © .0 1n/2(n-1)
E (x) =1 (l-an) =L ) % ) x ,
4 n=1 n=1 a n
@ n
= x¥(lay/x) = I (+y/x a )

(x+¥) +n

n=0 (1l+y/x q )

Ty, Gy for x| <1

c@ ={ EO (1-q°’*n>}-1
n=

X @ . R
S £(y)d(ay) = x(1-q) & q" £(q"x)
0 i=0
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"AIcz-
s f(y) d(ay) = xa-q) f a2’y
X
i e R
S £(y) d(ay) = (1~q) & q° £(q")
0 ===
S < () B-1 L =A . '
Bg (@Bt 12) = =gy S B (@M 18 =) d@M); z # O,
1
G(a ) caose G(a ) ,occ,a —~
E (r;a :s;bt:z) = 1 z r s bl r z] Also
io0F G(b)) «u. G(B)
s
if f(x) =x° L a_x' ,
I'==-0© r
then f£[x+h] = ar[x+h] where [x+y]a = xa[1+y/x]a =
; (1+y/x qn)
n=0 (1+y/x qd+n) .

ond G(a’l) .o .G(a’r)Gq (k/M), 000, 2, (k+m=1/m)

G(B,))eee,GB)

al dr ‘k/m . '
yesesd 5, q ,...,q"k+m-1/m;§]

q
“8[s

q "'.’q

]

which we denote by

al o . k/m
E [q severd r; Q' ,ooc‘,q'k"'ﬂl"l/m; Z]
'
1t B

1
d ,eee549 S
where the symbol A(m;&) stands for m parameters of the type

L/m o+l , oem=1

q aage—
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In the notation for ordinary hypergeometric function, the symbol

1]

(a)

n a(a+l)(a+2 ... (a+n-1)

(a1)0= 1.
Since many authors have used the same symbol (a)n for (a,q)n .
In order to avoid any ambiguity in the present work (a)n may be read

as (a,q)n .
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Summation Theorems for Ordinary Hypergeometric Series

THE BINOMIAL THEOREM: 3;Fota;;Z] = (1-z) %,
(c-a)n(c-b)

provided
(©) (c=a-b)

SAALSCHUTZ'S THEOREM: ;BFZ[a,b,-n;c;d;l] =

that ¢c+d=a +b-n+1,

GAUSS'S THEOREM: .zFl[a,b;c;l] =T or when b = -n Vandermonde's
(c-2a)
n

@,

n

[c,c—a-b
c-a,c~b

theorem, zFl[a,-n;c;l] =

DIXON'S THEOREM: 3F2[a’ b, c 1 ]
l+a-b
1+-;’§»a,1+a-b,1+a-c,1+‘:'75a-b-c_|

l+a-c
=T [
1+a,l+ta~b,l+ta~c, l+a~-b-c”

a, b, -n H
stj:

l+a=b l+a+n

or if ¢ = =-n

(1+a)n(1+%a-b)n

(1+3a) (1+a~b)

a, l-l%—a, b, c, c; 1..|
b
)

a l+a~b, 1l+a-c, 1+a—d;J

_ F[l+a—b,1+a—c,1+a~d,1+a—b—c—d ]
1+a ,l+a=b-c,l+a~b~d, l+a-c-d

or if d = -n
a, 1+%a, b, c, -n; 1
3a ]

o7

(1+a)n(1+a—b-c)n

(1+a—-b)n(1+a—c)n ¢

;y l+a-b, l+a-c,l+a+n

a, 1+%a, b, ¢, d, ¢, =-n; 1 1

'S THEOREM:
DOUGALL"S REM: 7P6L £a 1+a-b 1l+a-c,l+a-d,l+a-e,l+a+n |

(1+a)n(1+a-b—c)n(1+a—b—d)n(1+a—c—d)n

(1+a'b)n(1+a-c)n(1+a—d)n(1+a-b—-c-d)n
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provided that 1+2a = b + c +d + e - n,

a, l+ia, b, 3 _11 _ 1..i'1+a-b, l+a-c

4F3[ %a, 1l+a=b, l+a-c 4~ "Li+a 1+a-c]

or if ¢ = -n

F [a, i+2a, b, =-n; =17 _ (1+2),
43 %

- El+a—b)n

a, l+4a-b, l+a+n

a, l+za, b, c, d; 1
5 F4[ %a l+a-b, l+a—-c, l+a~d ]

-1

“1+a , l+a=b-c,l+a=b~-d,l+a-c-d"

l+a-b,l+a-c,l+a~d,l+a~b=-c-d W

or if d = -n

a, l+za,
5F4[

%a, l+a-b, l4a-c, l+a+n

b, c, -n; 1, (ljl-a)n(1+a-b-c)n
= L -, .
J (1+§a)n(1+a b)n
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APPENDIX ITI

SUMMATION THEOREMS FOR BASIC SERIES

Cc/a,c/b _ -n
(1) GAUSS'S ANALOGUE: z@i[a,b;c;c/ab]= e, osab] °F when b = q
(c/a)
-n n _ -‘n
zgta:q jejeq /a] = R-s-n——
(c/a)_(e/b)

- -Nn
t . : . =
(2) SAALSCHUTZ'S ANALOGUE: ,9,[a,b,a ;c,d;q] ORCLOM

provided that c¢d = abql-'n N

’Q’\/‘a-:'q\/;; b, c, d; aQ/de-I

(3) DIXON'S ANALOGUE: Gﬁs[a
Na, «a, aa/b,aq/c,aq/d

aq, aq/cd, ag/bd, aq/bc
B [aq/b ag/c aq/d aq/bcd] .

- a, qﬁ, 'q‘\/é- s b’ C, q—H; ]
) 6@5[ Ja, A3, aqa/b, ag/c, agl™N pe
_ (aq)N(«/aq7b)N

(atq/b)N(aq/c)N

(5) HEINE'S THEOREM: léb[a;z] = M[az; q]

(6) THE BASIC ANALOGUE OF DONGALL'S THEOREM:

857[:1 awza -a/a b ¢ d e q-N q]
Ja -3 aq/b ag/c aq/d ag/e q" T

_ (aq;N)(aq/cd;N) (aq/bd; N) (ag/bc; N)
(aq/b,N) (aq/e,N) (aq/d; N) (aq/bed, N)

2 . .
provided that becde = a qN+1, and N is a positive integer.
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