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CHAPTER I

MACROBERT'S E-FUNCTION AND ITS q~EXTENSION (A  SURVEY)

1.  I n t r o d u c t i o n

The MacRober t’ s E - f u n c t i o n  emerges  o u t  o f  a  need  to  g i v e  a  meaning 

t o  t h e  g e n e r a l i z e d  h y p e r g e o m e t r i c  s e r i e s  ( a ^ , . . .  , a ^ ;  (3 ,̂ . . . , 3 ^ ;  z)

when p q + 1.  MacRobert  i n  1937 [1] d e f i n e d  i t  a s  f o l l o w s :

I f  p g q f  i

E(p;ctr : q ; P s :z )  = r ( a  ){  n ^ n * * ^  *
n - 1

i „ i o , a  -1o , ct - 1  p - a  - 1  p -2  .« —a n
x  li s\ X "  (1 -X  ) n  n  dX n / %  n Xn :i

u = l  0 "  “  "  n=q+l  °

j g e  ^  X p ( l+ X j^ X , . . . !  ^ z )  PdX . (1)

where jampzj < t7, R(a n ) > n = l , 2 , . . . , p - l  and ^CPn -ctn ) > n - l , 2 , . . . . q

I f  p f  q ,  t h e  f u n c t i o n s  a r e  d e f i n e d  by t h e  e q u a t i o n

r c a ^ r c a , ) , . . . , ! ’^  )
E(P ; a r : q ; o s : z )  = _  F ( P ; a r : q ; p s : -  - ) ,  (2 )

where z } 0 .  1 . 1 ( 2 )  a l s o  h o ld s  when p = q + 1 , p ro v id e d  t h a t  | z |  > 1 .

T his  can be seen  by expand ing  th e  f i n a l  b in o m ia l  e x p r e s s i o n  i n  1 . 1 ( 1 )  

i n  powers o f  1 /z  and i n t e g r a t i n g  term by t e rm .  {.When p = q + 1,  t h e  

i n f i n i t e  i n t e g r a l s  do n o t  a p p e a r  i n  1 . 1 ( 2 ;  ] .



MacRobert  f u r t h e r  showed t h a t ,  i f  p ^  q + 1

E(p;cir : q ; p g :z )  = ^ P ( a r ; p - l » « j  :q»Pt  : z )  (3)
r= l

where | amp z | < tt and

p » , q - 1
P(a  : p - l ; a s :q;ot  :z )  = II r ( a g- a r >{ H I X p ^ a . )

s= l t ~ l

r< a  ) x z r

a  f q + l ; a  ,ci - a  + l , . . . , a  - p  - M : ( - l ) p q z 7  
r p < r   ̂ P r  4 f

{ p-l;a -a,+l,a -a.,+l,...,a -ct +1 /w  * r 1 * r 2 c p  - J

The d a s h  i n  t h e  p r o d u c t  s i g n  s i g n i f i e s  t h a t  t h e  f a c t o r  f o r  which  s i s  

e q u a l  t o  r  i s  o m i t t e d .  When p 53 q+1, we m ust  have  | z |  < 1  f o r  con­

v e r g e n c e  i n  1 . 1 ( 3 ) ;  fo r m u la  1 . 1 ( 3 )  w i t h  form 1 . 1 ( 2 )  f o r  t h e  E - f u n c t i o n  

t h e n  g i v e s  t h e  a n a l y t i c a l  c o n t i n u a t i o n  o f  t h e  f u n c t i o n  on t h e  l e f t  o f  

1 . 1 ( 3 )  from t h e  r e g i o n  | z f  > 1  i n t o  t h e  r e g i o n  | z |  < 1.

The p a r t i c u l a r  c a s e  p = 2 ,  q = 0 o f  fo rm u la  1 . 1 ( 3 )  i s  g iv e n  by fo rm u la

I  r ( 0 - a ) r ( c O s C£ F (a ;a -S + 1 ;  z) = E ( a ,B :  : z )  (-')
a..3

o
w here  t h e  symbol I d e n o te s  t h a t  t h e  e x p r e s s i o n  f o l l o w i n g  i s  a

a ,  6

s i m i l a r  e x p r e s s i o n  w i th  ct and 6 i n t e r c h a n g e d  i s  t o  be added.

For  p = 1,  q = 0,  we have t h a t ,  i f

j z | < 1 , [amp z | < rr.

. \~a  / i  . i s -0* z F (c t ; -z )  -  z (1+z) = ( l i ~ )  ,

and therefore-

T(<0 za F(ct;;  - z )  (=) T («)  FC*x ; -  « E ( n : : z ) ,  ( 5)

whore on r ight | >; | > 1.
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MacRobert  a l s o  p roved  t h a t

E ( a , 3 : : z )  -  f ( a )  f l  e ^X^ ^'(1 +A) a dX (6)
J u z

where  R(B) > 0 ,  jamp zj < tt. S in c e  t h e  f u n c t i o n  on t h e  l e f t  o f  1 . 1 ( 5 )  

i s  sy m m e t r i c a l  in  a  and 3 ,  i t  f o l l o w s  t h a t

E(ct ,0 :  : z )  -  T(3) / £  e ^ X ^ d - f A ) * * ^ ,

where  R(ci) > 0,  |atnp z |  < ft.

To d e r i v e  1 . 1 ( 5 )  c o n s i d e r  t h e  i n t e g r a l

X = / c  e ^ e _ 1 d - l ) " a dC,

where  z i s  t a k e n  to  be r e a l  and p o s i t i v e  t h e  c o n t o u r  o f  i n t e g r a t i o n  C 

s t a r t s  from and ends a t  cn t h e  r e a l  a x i s ,  p a s s i n g  i n  t h e  p o s i t i v e  

d i r e c t i o n  round th e  p o i n t  5 = 1  and amp 5 ,  amp (£ -1 )  a r e  b o th  equa l  to

-IT, i n i t i a l l y .  Let t h e  c o n t o u r  be  de fo rm ed ,  i f  n e c e s s a r y ,  to  e n su r e

t h a t  | 5 |  > 1 a t  a l l  p o i n t s  on i t  and expand (£ - 1 )  ** i n  d e s c e n d in g  powers 

o f  5* Then a p p l y i n g  t h e  fo rm ula

2TTi I  3  ̂ df’ ~ T (z)  ’ 

i t  i s  e a sy  t o  s e a ,  t h a t

1 "  H a - F i ) ' z0t" eF Ca;®“ 3 + l ; z ) .  (7)

Again deform th e  c o n t o u r  i n t o  segments  o f  t h e  £ - a x i s  w i t h  s m a l l  

s e m i - c i r c l e s  a t  ^ -  0 and a  sm a l l  c i r c l e  a t  5 = 1 . Then i f  R(3) > 0 ,  

R(l-e t)  > 0 t h e  i n t e g r a l  round th e  c i r c l e  and t h e  s e m i - c i r c l e s  t e n d  to  

zero  w i th  t h e i r  r a d i i  and t h e r e f o r e
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I  => 2 i  s i n  a n  / J  e 525 B“ 1 ( l - C ) “ a . ^

+ 2 i  s i n  (,3-a) n  / “  e “ XaX6" 1 ( l+ A )"a dA

»  21 s in  a n B ( 8 ,l - a ) F ( 0 ; 0 - a + l; z )

+  2 i  s in  (B-a)Ttz BE ( a ,3 : : z ) / r ( a ) .  (8 )

From 1 . 1 ( 7 )  and 1 . 1 ( 8 )  fo r m u la  1 . 1 ( 4 )  f o l l o w s ,  t h e  r e s t r i c t i o n  on 

z and  a  b e in g  removed by a n a l y t i c  c o n t i n u a t i o n .

MacRobert  a l s o  d e r i v e d  t h e  a s y m p t o t i c  e x p a n s io n  o f  E ( a , 3 : : z )

X ~iQCl a r g e  v a l u e s  of  z by e x p an d in g  (1+—) i n  f i n i t e  s e r i e s  o f  powers  o f  Xz

and  a  r e m a in d e r .  I n  p a r t i c u l a r ,  he  o b t a i n e d  t h e  a s y m p t o t i c  e x p a n s io n  

i n  t h e  form E ( a , S : : z )  = t h e  f i r s t  m te rms  o f  t h e  s e r i e s

r ( a ) r (8 )F (a ,3 ; - ;4 >  + * <9>z m

where

r  _  2- n  r  e - XX8'l™ '1dX
m m! ■'0

x / J  m ( l - t ) m-1( l  +  ~  ) " a “md t ,  ' (10)

by  t a k i n g  m l a r g e  enough t h e  r e s t r i c t i o n  R({3) > 0 can be  a l s o  removed.
( 2 

Th is  e x p an s io n  h o ld s  f o r  |amp z |  < y u . .

The E ( a , 3 : : z )  f u n c t i o n  i n c l u d e s  a  number o f  known s p e c i a l  f u n c t i o n s

a s  s p e c i a l  c a s e s .  W h i t t a k e r  f u n c t i o n s  W, (z) and  M, can be  d e f i n e d  ^ k,m K,m

by means o f  t h e  r e l a t i o n
1

_ »1 , 1 i \ r , l  . . „ , 1  . . - k  2?'\l (z )  (11)E(-^-tc-hn.yk-n: :z) = Fty-k-1-m) i (y-k-ra) z e k,m

and



.L  1"■f*n ———2
M, (z )  = z 2 e 2 F(-|-k-hn;l+2ir.; z ) . (12)

Kylll i.

From 1 . . 1 ( H )  i t  i s  obv ious  t h a t

W (z )  = W (z) and (13)& j -m lc9ni

from 1 . 1 ( 6 )  i t  f o l l o w s  t h a t

, -k+«Hr , k+ra-4
r ( i -k - ta )W k ^ ( z )  = z e 2  rQ e  A 2 ( 1 + | )  ZdX, (14)

p r o v i d e d  t h a t  R(y-k+m) > 0,  |amp z[ < tt • Also  from 1 . 1 ( 4 )  i t  f o l l o w s

t h a t

V n ( 2 ) " £ r ¥ f - W 2 ) ’ (15>* m,-m rC^-k-m)

w here  2m i s  n o t  an i n t e g e r .

The K acR o b e r t ’ s g e n e r a l i z e d  E - f u n c t i o n  has  a  v e r y  e l e g a n t  Barnes  

t y p e  o f  c o n t o u r  i n t e g r a l  r e p r e s e n t a t i o n ,  namely

P Er ( o  n r ( a r -c)2^
E ( p ; a r : q ; p s :z )  = ^    d ? » C16)

n r(p - O
t = i

t h e  i n t e g r a l  b e in g  ta k e n  upward a lo n g  t h e  n - a x i s  w i t h  l o o p s  i f  n e c e s s a r y  

t o  e n s u r e  t h a t  t h e  p o l e  a t  t h e  o r i g i n  l i e  to  t h e  l e f t  and t h e  pole.s a t  

a l ’a 2 >” ’ ,Ctp t0  r i £h t  c^e - o n t o u r * Zero and n e g a t i v e  i n t e g r a l  

v a l u e  o f  t h e  ct’ s  r e a l  and o ’ s a r e  ex c lu d e d  and th e  ct’s must  n o t  d i f f e r  

by i n t e g r a l  v a l u e s ,  (Appendix IV ( 1 ) ) .

F i n i t e  and i n f i n i t e  s e r i e s  e x p an s io n s  i n v o l v i n g  MacRober t’ s  E- 

f u n c t i o n  have been s t u d i e d  b e s i d e s  by MacRobcrt ,  by F.  M. R a g a b [ ( i ,

2,  3> 4 ) l i n  a s e r i e s  o f  p a p e r s .



2. A q - a n a lo g n e  o f  E ( a , g ; : z )

R. P.  Agarwal [1] i n  1959 d e f i n e d  a  b a s i c  a n a lo g u e  o f  M ac R o b er t ' s  

E - f u n c t i o n  and s t u d i e d  seme o f  i t s  f u n d a m e n ta l  p r o p e r t i e s .  The f o l l o w ­

i n g  n o t a t i o n s  w i l l  be  used  i n  what f o l l o w s .

Let

| q |  < 1 ,  l o g  q -  -w -  - (Wj+iw2)

where  w, w^, w^ a r e  c o n s t a n t s ,  w^ and w2 b e i n g  r e a l .  A lso  l e t  

,  a .  , ,  a .  a+1. a+ n -1 .  _
(q ) n = d - q  ) d - q  ) ( i - q  ) = ( a ; n ,

•=r(n+l) - n a , ,  1 - a .
a ) -  1 ,  (q3) =• ( - ) V  q ' Cq }n ’o - n

th e n  th e  b a s i c  g e n e r a l i z e d  h y p e r g e o m e t r i c  f u n c t i o n  i s  d e f i n e d  a s

r+1
r a 1 J a 2 , . . . , a r + 1 , z “j

L l* /2 *  * * * »br J

”  ( -̂1 ) _ » • • •  3 ) _Z
^ 0  (q) ( b . )  , . . ! , ( b  )" , ( | z |  < 1 ) ,  (1)

n=0 ^ n  1 n * r  n

and a  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n  as



7

= 1<J) ( a ; - x ) ,  f o r  |:c| < 1,

G(a) => f  IT ( l - q a+n) |  .
Cn=0 J

F u r t h e r ,  f o l l o w i n g  Hahn f l ,  2] t h e  q - i n t e g r a l  o f  a  f u n c t i o n  i s  

d e f i n e d  a s

X oo
s f ( y ) d ( q y )  = x ( l - q )  \  qi f ( q i x)
o i=0

00 °° _* _• i
S f ( y ) d ( q y )  = x ( l - q )  \  q J f ( q  J x)  J (2)
x j = l  J

and  th u s

CO
J e / J -S f ( y ) d ( q v )  = (1 -q )  \  qJ f ( q J ) .

o

Agarwal [1] d e f i n e d  t h e  b a s i c  a n a lo g u e  o f  E - f u n c t i o n  by t h e  

i n t e g r a l

E ( a , 2 : : z )  = S E (q A U 6 - * a o (a;-7><Kq>) > <3>
q v.-L~q; 0 q l  o 2

w here  R(S) > 0 and a r g  X = 0 ,  f o r  s i m p l i c i t y .  The i n t e g r a l  on t h e  

r i g h t  o f  1 . 2 ( 3 )  can be e v a l u a t e d  by t h e  h e l p  o f  c e r t a i n  c o n t o u r  i n t e g r a l s  

u s ed  by Watson [1 ] .

F o l l o w i n g ,  Watson [ 1 ] ,  we have.

r , * , ,  G(a-s)Tr  s i n  (»/>.)3
y $  (r.  - u l )  =  - i -  I ---------------------------------- ----- J o  ( A)
G ( l )  l r( T ' ' ’ z 2rrl JC G ( l - s )  s i n  ns a s *

where  the  c o n t o u r  C i s  a  l i n e  p a r a l l e l  t o  P.(ws) = 0 w i th  l o o p s ,  i f  

n e c e s s a r y ,  t o  in c lu d e  th e  p o l e s  of  G ( a - s ) ;  the: i n t e g r a l  converges  i f

R[s l o g ( y )  - l o g  s i n  IB ] < 0 ,
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f o r  l a r g e  v a l u e s . o f  | s |  on  t h e  c o n t o u r ,  i . e . ,  i f

| { a r g  z -  w]_lw2 l o g l z l^ l  < rr»

s in c e  0 < X < 1 .

Hence 1 . 2 ( 3 ) j g i v e s

i c m  1 8 -1  ,  « ( a - s ) * ( f > S
= ^ 5 - i m T S H q (qA)A d(qA) X ̂ ^ - — — d s .

Changing t h e  o r d e r  o f  i n t e g r a t i o n  which  i s  j u s t i f i e d  f o r  R ( 0 - s )  > 0

and t h e  above argument  o f  z ,  we g e t

r, /  O N 1 G<1) f G(q-s ) f lzS . I  _ A x A B“ S"1 , /  nE q ( a , S : : z )  -  / c  G(1_ s )  sinTTs ds S Eq (qX)X d(qA).

= _ l _ r  £ (a ^ slG X ^ s ).Bz l  d (5)
2lti  J C G ( l - s )  s i n t f s  * ( '

v a l i d  by a n a l y t i c  c o n t i n u a t i o n  when R(0) > 0 and

j { a r g  z -  ^ w ” 1 l o g  | z | } [ < fr.

The c o n t o u r  i n t e g r a l  1 . 2 ( 5 )  g i v e s  a n o t h e r  i n t e g r a l  r e p r e s e n t a t i o n  

f o r  t h e  E ^ - f u n c t i o n .  E v a l u a t i n g  1 . 2 ( 5 )  by c o n s i d e r i n g  t h e  r e s i d u e s  a t  

t h e  p o l e s  o f  G ( a - s )  and G (0 - s )  [ s e e  Watscn ( 1 ) ] ,  we g e t

E („  .  T S fo )G (S -d )  n (H-Zq 1~a 'Hl)a U i , 0 . . z ;  I  G(1) _ L 1+n
a , 8 n=0 (1+z q ) ( l + z q  )

x ^ ( c i . a - B + l i z q 2" 3 ) .  (6)

Eq. 1 . 2 ( 6 )  g i v e s  t h e  s e r i e s  d e f i n i t i o n  f o r  t h e  E - f u n c t i o n  and shows
4

t h a t  i t  i s  s y m m e t r i c a l  i a  a  and 8*



Agarwal f u r t h e r  d e r i v e d  the  r e c u r r e n c e  r e l a t i o n s  

( l - q a )E ( a , B : : z )  - E  ( a + l , 0 : : z )
q q
ot

=-*— E (a+1 ,8+1:  : z )  » (? )z q

(q^-qa )E ^ (a ,0 : : z )  +  q0̂  (c i,B + l: :z )

= q®E  ̂(a+1,,3: :z ) , (8 )

( l - q 3)E (a ,B s :z )  = z ' V u - q 06"0"1 ) E ( a ,S + l : : z )  
q q

+  ( l - q a  1) E ( a - 1 ,6+1 :  : z )  . (9)
q

To p ro v e  1 . 2 ( 7 )  he took  th e  l e f t  s i d e  e q u a l  to  

( l - q a ) ^ y  S Cn (q X )\S' 1-1 (S0 (o s 4 ) '* (q ^ )

= u^r1 *

-  z T i ^ r 1  =

I n  o r d e r  t o  p rove  1 . 2 ( 8 )  he to o k  1 . 2 ( 7 )  and a s i m i l a r  r e l a t i o n  

w i t h  a  r e p l a c e d  by 6.  E l i m i n a t i n g  E (oc+1, S + l : : z )  be tween t h e s e  two
q

r e l a t i o n s ,  1 . 2 ( 8 )  can be deduced .

To p rove  1 . 2 ( 9 )  m u l t i p l y  1 .2 ( 7 )  by (q^-q**) and 1 . 2 ( 8 )  by ( l - q a ) 

and  s u b t r a c t .  Changing a  to  a - 1 ,  one g e t s  1 . 2 ( 9 ) .

The f o l l o w i n g  f i n i t e  summation g i v e s  a  g e n e r a l i z a t i o n  c f  1 . 2 ( 9 ) :
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-iK , a - 8 ~n. . a - n .» (q “)g<q“ “)r <q“ \  f f r / | W
r = 0  (qa ' n) c ( q ) r

8x E ( a - n + r , S + n : : z )  = (q ) E ( a , 6 : 1 2 ) .  q n q ( 10)

To p ro v e  1 . 2 ( 1 0 )  c o n s i d e r  i t s  l e f t  s i d e  and  u se  t h e  c o n t o u r  i n t e g r a l  

1 . 2 ( 5 )  f o r  t h e  E - f u n c t i o n  i n  i t .q
T h i s  g i v e s

,  - n .  , a - 8 - n .  ,  a - n .
!  n ( ,  ) r (q r  n .  , - r  r ( 6 +n)I  -------------------------------  ( _ Z) q

2 m r = 0
,  a - n .  ,  .
(q ) r (q ) ]

* / ,
G (a -n - r r - s )G (S + n -s )  TTz

G ( l - s )  sinWs d s . (11)

P u t t i n g  s  = t + r  and c h an g in g  t h e  o r d e r  o f  i n t e g r a t i o n ,  one  g e t s  on 

s i m p l i f i c a t i o n

1 r G ( q - n - t ) G ( S 4 n - t )  tt.z | , a - n .
21TL JC G ( l - t )  sinTTt ^  ; n

x $
3 2

- n  a - 8 - n .
q ,q ;q

a - n  1 + t - S - n
q ,q

d t ,

Summing t h e  ^ * 2  ^  t ^ e b a s i c  a n a lo g u e  o f  S a a l s c h u t z s  th e o re m ,  one

g e t s

8 8 
(q ) n { G ( q - t ) G ( 3 - t )  rxz t  . .. (q t G ( q - t ) G ( S - t )  . Fz* .

■..* J p  r» /1 _ \  ^ o  t t j  J /i  ~  n  /  1 v rr*. Q C2TTi 'C  C ( l - t )  S l a n t

= Cq' ) n E ( a , 8 : : z )  .

ITT! j C G ( l - t ) ; j.nfTt 

(12)
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This  p ro v e s  1 . 2 ( 1 0 ) .  For n =* 1 ,  1 . 2 ( 1 0 )  r e d u c es  t o  1 , 2 ( 9 ) .  

A no the r  e l e g a n t  i n t e g r a l  r e p r e s e n t a t i o n  f o r  E ^ (a , f3 : : z )  i s  g iv e n  by

Ecj( a , 6 : : z )  = Y i - q ) 3 E ^ ( a , S + l : : z / [ l - q ® t ] g _ 1) d ( q t ) (13)

where  Re a  > 0 ,  Re 3 > 0 and | q |  < 1.

The Eq ( a , S : : z )  f u n c t i o n ,  f o r  | z |  beh av es  i n  a  p a r t i c u l a r l y

s i m p l e  manner .  E v a l u a t i n g  th e  i n t e g r a l  1 . 2 ( 5 )  and c o n s i d e r i n g  t h e  

r e s i d u e s  a t  t h e  p o l e s  o f  T ( s )  one f i n d s  t h a t

E ^ S r t z )  -  - - f f f i S -  2V a >3 ; - ^ ’

f o r  !z[

R. P .  Agarwal [2] f u r t h e r  gave a  d i f f e r e n c e s  e q u a t i o n  s a t i s f i e d  by

w = E ( a , 3 : : z ) ,  namely,
9

2-C4-8,., 9. 9 9-0%zq ( l -q .  )q  w = (1 -q  ) ( 1 -q  W)w (14)

'with 0 =
xd 
dx *

Agarwal [2] a l s o  gave a new t y p e  o f  a  c o n t o u r  i n t e g r a l  r e p r e s e n ­

t a t i o n  f o r  E ( o t , 3 : : z ) ,  namely
q

E ( o , B : : z )  -  2 TTi i - i i r / c 11
, ,  , a - z + s+ n .  , 1+ z -a - s+ n
(1+q________ ) ( 1+q
, ,  ahs+n.  ... 3 - a - s + n s (1-q  ) (1 -q  ) (1

n> 1—— — - d s
- f s+n>J as:

where  q = e t , t  > 0.

E v a l u a t i n g  the  i n t e g r a l  by th e  c a l c u l u s  o f  r e s i d u e s  one can  f i n d

z a  6t h a t  1 .2 ( 1 5 )  a f t e r  w r i t i n g  z ,c t ,3  f o r  q , q , q , r e s p e c t i v e l y ,  g i v e s  

the. r e q u i r e d  r e s u l t .
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3 .  A F u r t h e r  G e n e r a l i z a t i o n  o f  E _ ( c t , 8 : : z )q
N. Agarwal [1] e x ten d e d  t h e  d e f i n i t i o n  o f  t h e  b a s i c  a n a lo g u e  

E ^ ( a , 0 : : z )  t o  g e n e r a l i z e d  q - a n a l o g u e  o f  MacRober t ’ s E - f u n c t i o n  and 

d i s c u s s e d  some o f  i t s  p r o p e r t i e s .  I n  examin ing  th e  c o n v e r g e n c e  o f  

t h e  c o n t o u r  i n t e g r a l  1 . 3 ( 6 )  t h e  f o l l o w i n g  a s y m p t o t i c  b e h a v i o r  o f  G(x) 

due  t o  L i t t l e v o o d  [1] i s  c o n s i d e r e d :

(1) When Re(wx) i s  l a r g e  and  p o s i t i v e ,  G(x) t e n d s  u n i f o r m l y  t o

u n i t y  a s  | x |  t en d s  to  i n f i n i t y .

(2) When Re(wx) i s  l a r g e  and  n e g a t i v e ,  and jx-XQj > £ ,  where  xq

d e n o t e s  any p o l e  o f  G(x) and  z  i s  any  a s s i g n e d  q u a n t i t y  which  I s  n o t

z e r o

She d e f i n e d  t h e  b a s i c  a n a lo g u e  o f  t h e  g e n e r a l i z e d  E - f u n c t i o n ,  

E ( r , a  : s ; b  :z )  as

Re o f  G(x) = -  ~ (Re(wx)}^ -  j  Re(wx) -  F

where J?{ does .not exceed a finite quantity depending in e.

)Xa a - 1 d(<iX )}
n n

— )d(qX r _2 ) , a )

where
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Re(an ) > 0,  n ~ l , 2 j . . . , r - l .

Re(bn~an ) > 0 ,  n = l , 2 , . . . , s .

I f  r  < s ,  z t  0 t t h e  f u n c t i o n s  a r e  d e f i n e d  by

E ( r ; a  : s ; b  : z )  =
G ( a ^ ) , . . . ,G(a^)

q -  ' p ' f  '  G(b, ) , . .  • ,G(b ) r vs
V

bj i ■

1
• »a ; —r ’ z

(2)

Then she  p roceeded  to  e v a l u a t e  t h e  i n t e g r a l  on t h e  r i g h t  o f  1 . 3 ( 1 )  

u s i n g  t h e  r e s u l t  1 . 2 ( 5 )  due  t o  R. P.  Agarwal [ 1 ] ,  namely

E( j ( a , b : : z )  = S E ^ q X H * 5-1^  ( a ; - X /z ) d ( q X )

= _ 1 _  , G (a -s )  G(b~s) .TTzS . ,
2.tjfi G ( l - s )  s in i i s  S * (3)

1 ( 3 . 1 )  g i v e s

rs  - 1  s  r { . . 1 a  - 1
rr G(b - a  n j -i v  s * 11 (1_£^  K  ,  >t , n n J . (1 - q )  n n  b - a  - 1  n n(,n=l -J n=l ^ o n n

r - 2  f  1 a  -1

X n )  O^qT S V ’ V V  « o Vn=s+ l  ^  o

1 , G(ar - x ) G ( a r _ r :0  ( z / X ^ , . . .  ,Xr _ 2) 3

* 2 T iJ c G ( l - x )  sinTTx dx

II G(b - a  ) 
r - 1  n n -

-1  s  1 a -1G ( l )  „ , nn 7V-"T S X (1-qX ).  . d(qX ), (1 -q )  n M n b - a  - 1  H n 'n = l  o n n

r - 2  \ r n >. 1 a  -1  . . 1
x n 1 7 r ^ r  3 E ( q l  )>. "  d(qX ) S E (q-\ , )( U - q )  0 q n n n '  (1 - q )  q q ' 1 r - 2 '

a - 1  , G(a -x )G (n  . - x ) H ( z / X 1 X,,, .  . . ,  X„ 9)
X X ~ d ( q \  X ~  ( r  ---- ------------- r_J;  - - - - -r - 2  r - 2  2rfi • r. G ( l - x )  .sinnx -  ax .
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Changing th e  order o f  in t e g r a t io n ,  which i s  v a l id  by a b s o lu te  con­

v ergen ce  o f  both th e i n t e g r a l s ,  fo r  Re (a r_ 2  ̂ > ® and K arS 2 “

W2W1^ 1z  ̂I < 17 anc* s i n c e  0 < X < 1 ,  and  b e c a u s e  o f  1 . 3 ( 3 )  one g e t s

5 {G(b - a  ) } )  1 H S'A n (1-qX ) .  a ,d(qX  ),  n n ' \ , / ( 1 - q )  n H n b  - a - 1  nr = l J  n = l (_  ̂ o n n

2  G(ar - x ) G ( a r _ 2 " x  ̂ 2̂ / X j ^ ? »• * * » ^ —3 ^
2 i  f C G ( l - x )  sinlSIx dX

* * V W ^ r f 2" 1" *  d(qXr-2>

E v a l u a t i n g  t h e  i n n e r m o s t  i n t e g r a l  t h i s  becomes

- f  H G(b - a  )} TT S X n (1-qX ) .d(qX )!>
( n = l  n n J  a - l  (1- q) o n U W 1 n  J

■-3 Crr - 3  Cr n . 1 a  - 1  *")

"  l H ) S E ^ V ' V l ^ Xn > jn = s + l  (. o

1 , G(a - x ) G ( a  1- x ) G ( a  - x )  (z/X X , . . .  ,X _ )Xv J- f r  _r —1  r - Z  _L A _______ r -L  . . .
2 i  •'C G ( l - x )  sinTDc "  X> (4)

S i m i l a r l y ,  on u s i n g  r e p e a t e d l y  t h e  known i n t e g r a l

1 1 . . .  00 / 1  a+X+n. . .  .l+n). S X ( 1 - a x ) ,  , d ( q x )  = It f q --------
(1' q) o ' X' X n - 0  (1—qa  } (1—a )

Re (a )  > 0 ,  Re X > 0 due to  Hahn [ 1 ] ,  1 . 3 ( 4 )  r e d u c e s  to  

s *^-1 „ , . . N 1 a -1
n

n=l  o n n

s  ̂ a _—l
n G(b - a  )/• -7~ ~  S A n (1-qX ), .d (qX ), „ i  n  " J  u - q >  o  n  n W 1 n

* ® X«S 1 ' 1“ >xs>b - i d <q Vn o s s
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r  G(a - x ) ( z / A . A A o ) x
n ----- -— - 7 =— ,-------------- -—  dx. (5)2 i  JC t=s+1 G ( l - x )  sinJIX

N ext ,  chan g in g  th e  o r d e r  o f  i n t e g r a t i o n  which i s  j u s t i f i e d  f o r  

Re (a  ) > 0 and [ {arg z -  w^w..^ l o g | z { }  < n , 0 < A < 1 ,  we g e t
S M 1  S

s - 1  . a - 1

I
” , ^ V ^ ' 1 \  ^  a " qXn) b - an= l  J  n= l  ^ n  n

^ r  G(a t -x)TT(z/A^A2 » • • •

2 T1 G ( l - x )  s i n ^ x  ^Xt = s + l

x f i ^ T  sl V ' 1' X(1- qXs>b - a  '  ^ o s  s

E v a l u a t i n g  th e  i n n e r  most  i n t e g r a l  by means o f  a n o t h e r  known i n t e g r a l  

due  to  Hahn (3 ,  3 . 1 6 ) ,  we g e t

i s - 1
IT G(b - a  ) . n  n n = l

- 1  s - 1  m  1 a - 1
II T ^ r -  S A n (1-qA ). -d(qA ) . (1 -q )  n H n b - a  - 1  nn=l  o n n

x r  G(at -x ) tT(z /A]LA2 , . . .  »A 1 ) 3f rr  c_________ i _z_______s - x  ,
-  ~ C i  G(b. - x )  sinTlx X*t = s  s

R e p e a t in g  t h i s  o p e r a t i o n ,  one g e t s

r , s  G(a -x ) f fzXdx

Eq ( r »a p : s ; b t :z )  “ 2 ^ i  A: t 2 x G ( l - x ) G ( b t - x )  s i n ^ x  ’ (6)

c o n v e r g e n t  f o r  [{a rg  z -  1°S 1z [  ̂I < rt -

The c o n t o u r  i n t e g r a l  1 . 3 ( 6 )  f u r n i s h e s  a  f u r t h e r  r e p r e s e n t a t i o n  f o r  t h e

E - f u n c t i o n  which i s  a n a lo g o u s  to  the  Barnes  cvpe i n t e g r a l  f o r  th e  E -  
q '  q

f u n c t i o n  (MacRobert [ 2 ] ,  p .  3 /4 )  to  which i t  r e d u c e s  when q -*• 1 .  (Appendix IV(2) )  

E v a l u a t i n g  t h e  i n t e g r a l  1 . 3 ( 6 )  by c o n s i d e r i n g  th e  r e s i d u e s  a t  the  

p o l e s  t h a t  l i e  to  the  r i g h t  of the  c o n t o u r ,  i . e . ,  o f  G (ac~x) f o r
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t * ! , 2 , . . . , r ,  one  g e t s  ( c . f .  Watson [ ! ] ) »  - o r  r  ^ s+ 1 ,

G (a^ )G (a2- a ^ )  , . . .  »Gv,a^—a^)  

Eq < r ; ap : S ; b t : z )  '  O C D O C b ^ )  G C b ^ )

. a .- fn  l - a 1+n
* „  ( l+ z ~ xq )(l+=:q 1 )

n=0 (1+z "̂qn ) ( l+ z q ^ +n)

x A 
s+1 r - 1

a ^ 1 1 + a ^ - b ^ • i l + a ^ “b g »2 Qj 

l + a 1- a 2 , . . . , 1 +a^-a^  J
+ idem (a1 ;a 2 , . . . ,a r > ,

1-fa -£ ’ ' '

where

r  f  r - s - l  b^+**‘+bs + l + a ^ ( r - s - 2 )
- (-«  ~e l* $  q ------ (7)

and | q |  < 1  and  idem (ci;S) means that:  t h e  p r e c e e d i n g  e x p r e s s i o n  i s  t o  be  

added w i th  ct and 3 i n t e r c h a n g e d .

Hence,  1 . 3 ( 7 )  g i v e s  the  s e r i e s  d e f i n i t i o n  o f  ( r j a ^ : s ; b fc:z )  which  

i s  t h e  b a s i c  a n a lo g u e  o f  a  r e s u l t  due t o  MacRobert  ( 1 ; ( 9 ) ) .

A lso  on e v a l u a t i n g  t h e  r e s i d u e s  a t  th e  p o l e s  t h a t  l i e  t o  t h e  l e f t  

o f  t h e  g iven  c c n t c u r  ( I . e . ,  p o l e s  o f  r ( x ) ) ,  i t  i s  found  t h a t  t h e  i n t e g r a l

i s  e q u a l  to

G(a,  ) , . .  . ,G ( a f ) J  a ^  . .  . ̂ r 7 *1 * * * * ’ r  ’ z
G(b1) , . . . ,G(b ) r  2 j b 1 , . . . , b  I 

1. s  | — s j
( 8 )

which  g i v e s  t h e  d e f i n i t i o n  o f  E ( r , a  : s , b . : z )  f o r  r  < s , w h ich  i s  t h eq p t  —

b a s i c  an a lo g u e  o f  M acR ober t ' s  r e s u l t  ( 1 ; ( 2 0 ) ) .

The f o l l o w i n g  r e c u r r e n c e  r e l a t i o n s  a r e  s a t i s f i e d  bv E ( r ; a  : s ; b _ : 2 ) :q  p  t

ai(1 -q  ) Ea ( r ; a : s ; h ^ : z ) -  E (a^+1 , a 2 , . . . , : s ; b t : z )
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3 -  a i

(q -q  ) E ^ (r ;a p :s ;b t :z)+q * * * ,a r : s , b t*

a_
F f a _ + l . a  a : s : b  :z )  (10)q E ( a - j + l . a ^ . . .  , a r : s ; b t :z )

b -1
(1 -q  1 ) E (r;a :s;b :z) -E ( r ; a  : b 1- l , b 2 ; . - . . , b g :z )"q p t  q P

b . - l
l / z  L

q p

D --J .
» (q ) / z  E ( r , a  + l : s ; b t + l : z )  ( H )

b ? b i bl
(q -q  ) E ( r ;a p : s ; b t :z ) + q E'q (r ; ap :bjL>b2'"^»b3 » * *' •»t>s :z )

b.
= q 2 Eq ( r ; a p : b 1- l , b 2>. . . , b g :z )  (12)

and

a r  a , - 10 1 
(1—q ) E ^ ( r ; a ^ : s , b j . : x )  — (1 -q  ) ( a ^ - l ^ ^ l j a ^ , . . .  , a r : s ; b j . : z )

a_ a . - a . - l
= q / z ( l - q  ) E ( a j ^ j a ^ + l , . .  . , a r + l : s ; b c+ l : z ) .  (13)

4 .  C e r t a i n  Expans ions  A s s o c i a t e d  w i t h  E ( r ; a ^ : s ; b t : z )

N. Agarwal [1] has d e r i v e d  t h e  f o l l o w i n g  f i n i t e  s e r i e s  e x p a n s io n s  

i n v o l v i n g  E ^ - f u n c t i o n s :

a ,  - a - n  a - n
n w „  1 2 . w  1 . m(a_+n)£ (q ;™)(H________ -:m)(q ;n )  z~m^ 2

a . - n
m (q ; ra)(q  ;m)

* E^ (a^-n-fm,a0+ n , a 2+m,. . .  , 0^+111 : s  ; b t +m:z)

112= (q ; n) E ( r ; a  : s ; b  : z ) ,  (1)q p t
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and

1+ 1+r ..b
£ Cq~n :m ) (g a ;ni) (q  :m ) ( - q  ;m ) (g  ;in) £ _ 2 ^ -m q l / 2 m ( r a - l )

m=0 , w  l / 2 a  w  l / 2 a  w  1+m-b w  1+a+n .(q ;m )(q  ;m ) ( -q  ;m)(q  ;m)(q  ;m)

x q (a-b+n)m £ a^+m,. . . ,  a^+ra, 1+a-b+m, 1+a-hn+n: zj 

b j + m , . . .  , b s +m,l+a-b+n+m ,l+a+2m /

( ^*a  ^
■ f l + s i r ~  E ( r ; a  : S i b !Z) .
(q ;n ) H

(2)

I n  o r d e r  to  p ro v e  1 . 4 ( 1 )  s h e  s u b s t i t u t e d  t h e  i n t e g r a l  1 . 3 ( 6 )  f o r  t h e

Eq- f u n c t i o n  on i t s  l e f t  hand s i d e  and o b t a i n e d

a , - n  a . - a „ - n  m(a-+n)n ,  - n  w  1* w 1 2  . - m  2 7(q ;m) (q ;m) (q________ ;m)z q
2TTi m=0 a -n  

(q;m )(q ;ra)

G(a -n+ra -x )G (a -+n-x)G (a7+m-x) , . . .  ,G (a  -hn-x)
*  In  r-----------irzxdx.C G(l-x)G(b^+m-x)  , . . .  ,G(bg +m-x) s in f tx

R ep lac in g  x by s+ra and chang ing  t h e  o r d e r  o f  i n t e g r a t i o n  and  summation,  

she  go t

. G(a - n - s ) G ( a „ + n - s ) G ( a  - s ) , . . . , G ( a  - s )
—=— ! ----- =-------------- ----------------§----------------- E <rt~s
2rfi JC G ( l - s ) G ( b . - s ) , . . .  ,G(b - s )  s in ffs  z

a s

a r n
x (q ;n )  3<f>2

s a i * a 2 "n -n
q »q »q ;q

a ^ - n  l+ s -a 2 ~ n ds,
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Using th e  summation theorem f o r  a S a a l s c h u t z i a n  ^ 2  one g e t s

t h e  r e q u i r e d  r e s u l t .  1 . 4 ( 1 )  i s  a g e n e r a l i z a t i o n  o f  1 .3 ( 1 3 )  t o  w hich  i t  

r e d u c e s  when n = l .  Also when r=2 and s=Q i t  r e d u c e s  t o  a  r e s u l t  o f  

R. P .  Agarwal ( 1 ) .

Using  t h e  suivjnation theorem f o r  a  w a l l - p o i s e d  [ 1 . 6 ( 6 ) ]  oue  can  

p ro v e  1 . 4 ( 2 ) .

5 .  C e r t a i n  I n t e g r a l s  I n v o l v i n g  E - f u n c t i o n s  
    q____________

We g i v e  be low c e r t a i n  r e s u l t s  t h a t  N. Agarwal [1] p ro v e d  f o r

i n t e g r a l s  i n v o l v i n g  E - f u n c t i o n s .  I f  Re ( a  , . )  > 0<j r+.i

where  t h e  p a t h  o f  i n t e g r a t i o n  C e n c i r c l e s  t h e  ( z e r o )  n u l l  p o i n t  and 

a l s o  i n  t h e  u sua l  manner ,  can be deformed i n t o  a l o c p  p a r a l l e l  to  the

E (qA) E ( r ; a  : s ; b  :y)d(qA)

= E ( r + l ; . a  : s ; b „ : z )  q '  * p * t  7 (1)

I f  Re fa  . , )  > 0  and Re (b ' r+1 s+1 a r + l ) > 0 ,  t h e n

E ( r ; a  : s , b  :y )d(qA)

) E ^ ( r + l ; a  : s + l ; b t : z ) ( 2)

and

;■ Eq (r  ; a p : s ; b t :zt ;)dC

(3)
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im a g in a ry  a x i s .  The main i n t e r e s t  o f  t h e s e  i n t e g r a l s  i s  t h a t  they  n o t

o n ly  e v a l u a t e  c e r t a i n  i n t e g r a l s  i n v o l v i n g  E -  f u n c t i o n s  b u t  a l s o  g i v e

c e r t a i n  i n t e g r a l  r e p r e s e n t a t i o n s  o f  E ^ - f u n c t l o n .

S in c e  t h e  b a s i c  h y p e r g e o m e t r i c  f u n c t i o n s  have p ro v e d  t o  b e  o f

i n c r e a s i n g  im p o r tan c e  i n  t h e  s t u d y  o f  co m b in a to ry  a n a l y s i s  and  p a r t i t i o n

t h e o r y ,  I  was i n s p i r e d  to  c o n t i n u e  t h e  work  on E - f u n c t i o n s ,  s i n c e  th e y

a r e  o n l y  a  f i n i t e  sum o f  c e r t a i n  p a r t i c u l a r  . 6 - f u n c t i o n s .  The b a s i cc  s
h y p e r g e o m e t r i c  f u n c t i o n s  have  been v e r y  w i d e l y  s t u d i e d  d u r i n g  th e  l a s t  

t h r e e  d ecades  o r  so by W. N. B a i l e y ,  L. J .  S l a t e r ,  R. P .  Agarwal ,  G. E. 

Andrews, and  o t h e r s .  A v e r y  good a c c o u n t  o f ' t h e  a p p l i c a t i o n s  o f  t h e s e  

f u n c t i o n s  h a s  been  g iv e n  r e c e n t l y  by G. E . Andrews [1,

6 .  C e r t a i n  Known Summation Formulae

B a s i c  a n a lo g u e  o f  b in o m ia l  e x p a n s io n .

(1 )

B a s ic  an a lo g u e  o f  G auss ’ s Theorem.

( l - c q n / b ) ( l - c q n / a )  

( l - c q 11) ( l - c q n/ a b )
( 2)

p r o v i d e d  t h a t  Re (c-a--b) > 0.

B a s i c  a n a lo g u e  o f  Dixon’ s Theorem, 

a ,  - q / a , b , c ; q / a / b c  "I

- / a , a q / b , a q / c  j  n=0 (1

(3)
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Basic,  a n a lo g u e  o f  S a a l s c h u t z ' s  Theorem.

A
b , c , q •N 1  

iq - ( d / b , N ) ( d / c ; N )
3 2 [ d . b c q ^ / d j  (d,M) (d /b c ;N )  ’

(4)

N a  n o n - n e g a t i v e  i n t e g e r .

B a s i c  a n a lo g u e  o f  D ouga l l  s  Theorem.

8^7

^ q / a ,  - q v / a , b , c , d , e , q  N;q  

/ a , - ^ , a q / b , a q / c , a q / d , a q / e , a q

_ ( a q ; N ) ( a q / c d ; M ) ( a q / b d ; N ) ( a q / b c . N )  
( a q / b ; N ) ( a q / c ; N ) ( a q / d ; N ) ( a q / b c d ; N ) (5 )

2 N+lp r o v id e d  t h a t  bcde = a  q , and N i s  a  p o s i t i v e  i n t e g e r .

The sum c f  a  w e l l - p o i s e d

" a  1 + 1 /2a 1 + 1 /2a b e d  1+a-b -c -d '

6*5
q ,q , -q q ,q ,q  ;q

l / 2 a  l / 2 a  1+a-b 1+a-c  1+a-d
q »-q >q ,q  ,q

CD

n
n=0

1+a+n. 1+a-b-c+n.  , ,  1+a-b-d+n. 1+a—c—d+n. . . .
(1—q ) ( l~q__________ ) ( l - q   ) (1-q__________ 1  (b)
, .  1+a—b+n. 1+a-c+n. 1+a—d + n . , ,  1+a-b—c—d+n.
( l - q  ) ( l - q  ) ( i - q  ) ( i - q  )

where  R [ 1 + a -b - c -d ]  > 0.

The sum o f  a n e a r l y  p o i s e d

5^4

" a  1+ 1 /2a 1 + 1 /2a b -N 1
q »q , -q  »q ,q »q

l / 2 a  l / 2 a  1+a-b 2+2b-N
q q »q ,q ^

f a - 2 b , N- l ] f - l - b ; N ] [ 1. qa~2b+2N~ l ] '
[1 + a -b ;M ][ - l -2 b ;N ]

(7)
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CHAPTER I I

CERTAIN GENERAL EXPANSION OF BASIC GENERALIZED 
MACROBERT'S E-FUNCTION

1. I n t r o d u c t i o n

E a r l i e r  Kush [ l ]  gave " c e r t a i n  summation fo rm ulae  i n v o l v i n g  

g e n e r a l i z e d  E ^ ~ f u n c t i o n s .

I f

f ( x )  = x“  I  a r xr ,

then  f [x+ h]  = £ a r x̂+h^a+r»
X,= —oo

where  [x+y] = xa [ l+ y / x ]  « II .
a  a  n=0 (1+y/xq )

2. A Simple  Expansion

F. H. J ac k so n  [1] gave a  b a s i c  ana logue  of  t h e  T a y l o r ' s  Expansion  

i n  t h e  form

00 l / 2 r ( r - 1 )  r
f fx+ h]  = I 3-----------  —  Ar f ( x ) , (1)

r=0  q r

where f [x+h]  i s  an a b s o l u t e l y  c o n v e rg en t  s e r i e s  and

x V  = [ 6 ] [ 6-1  6-m+l ] ,

wi tli A = x -I— , dx

and [6Ha] = (1-q +a).
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Taking h = ( \ - l ) x ,  we g e t ,

l / 2 r ( r - l ) , y Vtr  rco q • (A-IJj k
f[x+(,\~l)xj = £ --------■— y---- -— -A f(x). (2)

r^O tq ' r

Let

- a
f (x )  = x 1 Eq ( r ; a p : s )>b t :x) 

and apply  t h e  known r e s u l t  o f  N. Agarwal [ 1 ] ,  nanely

-3 -
znAm{z E ( r ; a  : s ; b  : z )}  q p t

( - )  q z E ( a , i m , a 2 , . . . , a r : s ; b t :zq  )

We o b t a i n

-a,
[1+(A-1)] „ E ( r ; a  :s;b^:[x-f 'q ^ a- D x] q p «.

“ a T n  n

00 q n
= I  7vT\— — E (a1+ n , a <?, . . . , a  : s ; b  :xq ) .  (3)

n«0 q a q r e

I f  we pu t  (A-l)  « y / x ,  i n  2 . 2 ( 3 ) ,  we have th e  s imple  expans ion

—a.
[1+y/x] Z „ ( r ; a  : s ; b  :[x+q y ] )

~al  H p C
- a . n

-  y q ( - v / x ) n ( n
" n=Q - q ' a 1Tn»a2 »‘ -*»a r *s *bt ;xq ) •

Next,  t ak in g  y = \x ,  we g e t  the s imple  form

«  , r " a i n
<- \ )  ar  t \ , al /,, 'T L (a.  + n ,a _ , . . . , a  : s ; b  :xq )

n=0 (/|Jn q 1 * r  c

(4)

= [1+*J_^ Eq (r;a?:s;bt:x[l+Aq ^J). (5)
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3 .  A G enera l  Expansion

In  t h i s  s e c t i o n  we d e r i v e  a  g e n e r a l  e x p an s io n  a s s o c i a t e d  w i t h  

E ^ ( r ; a p : s ; b c : z )  . I n  f a c t ,  we deduce  t h e  f o l l o w i n g  e x p a n s i o n :

b,-a, b, m(a,+n)
, -n. , 1 ls ,  Ivn, v-m 1

n (q ) m(q ) m(q XJ-*2 ) qV nt m m
U<\ hin = 0  t  \ f 1 \

x E ( a . + n , a 7 +m,. . .  , a  +m:b.,+n-fra,b~+m,. . .  , b  +m:z)
4  J* w r  X Z S

= (q ) E _ ( r ; a  : s ; b  : z ) .  ' n  q p t ( 1 )

C o n s id e r  t h e  l e f t  s i d e  and s u b s t i t u t e  t h e r e  t h e  i n t e g r a l  1 . 3 ( 6 )  

f o r  t h e  E - f u n c t i o n .
q

T h i s  g i v e s

,  ,  V l .  , \  ,  ,-nr ”'<ar n)
1. .5 (q >»Cq ) n (_z) q

2Tri b.m- 0  ,  . ,  1 .
(q )raCq >_m m

G (a 1 +n-x)G(a_-hn-x) , . .  . ,G(a  -hn-x).tfe t l jl r
* 7T7

X

'C  G ( l - x ) G ( b 1 -hi-ha-x)G(b0 -hn-'x) , . . .  ,G(b +m-x) s i n nx  l  z s
dx .

R e p l a c in g  x by v-hn end th e n  chang ing  t h e  o r d e r  o f  i n t e g r a t i o n  and

summation ,  we g e t

1 G (a^+n-y) G(a 0 - y ) , . . .  ,G (a r -y)Tfzy

2rrt G ( l -y )G (b ^ + n -y )G (b 2 “y) , . . .  ,G(b - y )  sinTfy

* (q 3 2

b - a .  y 1  1  -n
q »q »q ;q

b^ l+ y - a ^ - n
q »q

dy.

Using tho summation theorem for  a S a a l s c h u s t z ia n  t *^:3 equals  to



25

a ,  -j G ( a - - y ) G ( a , - y ) , . . . , G ( a  - y ^ z 7
( a -l n _ i - _  t  x_________ --------------------------- £ ---------------------  a v
V4  ' n  2'ffit ; C G ( l - y ) G ( b 1 - y ) , . . . , G ( b  - y )  sinrcy yX s

a !
(q ) n E ^ ( r ; a p : s ; b t : z ) .

T h i s  p ro v e s  t h e  r e s u l t  2 . 3 ( 1 ) .

4 .  A more g e n e r a l  e x p an s io n  th a n  2 . 3 ( 1 )  can  be  g i v e n  i n  t h e  f o l l o w i n g  

fo rm :  f o r  r  £  s ,  Re (p ^ -k )  > 0 ,

1 + 1 / 2 2 . l + l / 2 £ • « 1 / z n  ( n - l + p  - k )
(q  ) n (~q ) n (q  1 ) n G (p1- f c ) G ( J + n ) ( l - q i ) q  ' 1CO

I
n*=0 (q1 / M ) ( - q 1 / M ) C ( p .+ n ) G ( i - f c U + n ) a nn -̂ v x

/ 2 - k + l + n , a . . + n , . . .  , a  + n :z  I 1  rx E / A r  1 = E
Vs £ + 2 n + l ,p 1 - k + n , p 2 + n !). . .  ,P g+n J q

= E „ ( r ; a p : s ; P t : z ) .  (1)

To p ro v e  i t ,  s u b s t i t u t e  t h e  i n t e g r a l  1 . 3 ( 6 )  f o r  t h e  E - f u n c t i o n  on t h e
q

l e f t  and r e p l a c e  £ by £+n and change t h e  o r d e r  o f  summation and  i n t e ­

g r a t i o n ,  which i s  s a t i s f i e d  by u n i fo rm  and a b s o l u t e  c o n v e r g en c e  o f  t h e  

f o r  Re ( p ^ - k )  > 0 ,  r  _< s .

The l e f t  hand e x p r e s s i o n  th e n  becomes
r

G ( 2 - k + l - ^ ) G ( 2 + l ) G ( p 1 - k )  H G(a
 1 p - i  p

2,ttL J C s—- f• ttl j r
G (2 + l -£ )C (p  - k - C ) G ( l - 5 ) G ( p  1 )G (£ - k + l )  n G(p - £ )  s i n ^

t = 2  C

, ' l  1 +1 / 2 Z 1 +1 / 2 2 , ri;'’" Pl + 1  k C pr k" ^* ** >~q >q »q ;q J
* 6^5 I 1/21  1/21 P1 2.-k+l 2+1-? J  dx q »-q , q  , q  , q  s  f
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On summing t h e  by  a  p a r t i c u l a r  c a s e  o f  t h e  b a s i c  a n a lo g u e  o f  

t h e  D o u g a l l ' s  theorem 1 . 6 ( 5 )  and on s i m p l i f i c a t i o n ,  we o b t a i n  t h e  

r e s u l t  2 . 4 ( 1 ) .

5 .  We deduce  i n  t h i s  s e c t i o n  a n o t h e r  i n f i n i t e  e x p a n s i o n  i n v o l v i n g  

t h e  E q - f u n c t i o n ,  namely

" (P,-<J) qn0+l/'2n 1̂'-1  ̂ /r;a +n:z \
I  „— M  . p J

^ s , a + n , P2 "hn, .  • . ,  p Jn=0 (Pi) (̂ l) z11a n n

C ( p , )
G ( S T  E , < r ! V S ; V z ) -  ( 1)

As i n  s e c t i o n  4 ,  we h ave  t h a t  l e f t - h a n d  s i d e  o f  2 . 5 ( 1 )  i s  e q u a l  to

»  (p , - o >  qTO+1/2" ( n- 1>
I  1 n

n-° ( P ^ V "

r  £
n G(a -£+n)z^

^  /  i s ^ _ ! ---------------------------------------------------

G (l-C )G (a-5+ n)  H C-(p -£ + n)  s in i t ?  
t = 2

r  £ n G(a - £ ) z
= _ 1  ,  p=l p 

n  I2 i  JC s
G(l-£)C(a-£) n G(p -£) sin.fT£

t-2 C

p l ~ a  £ a-£
q »q ;q 

* 2 ^ 1  | P l  I *

The change in the order of integration and summation is justified as 

in section 4, for Kfi(a) > 0 and r < s.
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Summing t h e  2 ^ *  by th e  b a s i c  a n a lo g u e  o f  G a u s s ' s  Theorem 1 .6 ( 2 )  

we g e t

r  E
n  G ( a  - ? ) G ( p  ) G ( o-5)»T:z^

■_l_ r P i  !_____   dc2m Jc s u<*
G ( H ) G ( a )  IT G(p - O  s i n l l ?  

t =l

GCP^
= W  Eq ( r ; a p : s ; Pt; : Z) .

T h i s  p r o v e s  t h e  r e s u l t  o f  2 . 5 ( 1 ) .

6 . I n  t h i s  s e c t i o n  I  deduce  s t i l l  a n o t h e r  e x p a n s i o n  f o r  a n  E - f u n c t i o n
q

whose a rgument  c o n t a i n s  a  b a s i c  b in o m ia l  f a c t o r .  We s h a l l  p ro v e  t h a t

00 l / 2 n ( n - l )  /  , 1

1 nq___________ E / r ; a p+n:Xi

n = 0  ( q ) a a z ) a  q h ' t 4 "

= Eq ( r ; a p : s ; P t : z X [ l - ( l - X ) ] _ >1) .  ( 1 )

The l e f t  hand s i d e  i s  e q u a l  t o

«  ( l - X ) nq1/2n(tl"1) x f nG(ap+ n - ? ) ( X z ) 5

Jo  11 lc G ( l - 5 ) . ’C ( P c+ n - ? )  . l n - t p  d 5  •

R e p l a c i n g  £ by ?+n and c h an g in g  t h e  o r d e r  o f  summation and  i n t e g r a t i o n ,  

we g e t

TIG ( a  - O z V  «  (1-a) q“"? (q^)^  41'-* O

21 U  G(T-E)TTGC^-r) sin.nf J a (q)
 n n

n = 0  • n

Now t h e  s e r i e s  i n  th e  i n t e g r a n d  can be  w r i t t e n  i n  t h e  form
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[ l - ( l - , \ ) ] - €  •

Hence t h e  r e s u l t .

7. Still Another Expansion

We conclude this paper by deducing another infinite expansion of 

the type given in section 6 for the E - function with a basic binomial 

factor as its argument. We now prove

<» . n nql/2n(n"l)
J o   < 5 ^  V r;V Pl‘n,P2  Ps :z)

P l-i
= Cl— Eq (r;ap ;s;pt :z[l-Xq . (1)

To prove the above relation we substitute the integral 1.6(5) for the 

E -function on the left and as before, we getq

. nrG(a »  . . n  l/2n(n-l)
- 1—  t  ---- 2_______________________  d -- y AT*) I,2rH Jr. a a<* L fn\ r'f,2 *  J C s ^  £ (q) G(p -n-C)

G(l-C) U G(p - O  sinrtS n ° ■
t=2

.  n.G(a -C)TTZ^

i f e  / c  — ^ ----------------------------- ™ P l- «
G(l-C) n G(p„-J-) sin.nC 1

t=l

pr1[1 -A]p Er ( r ;ap : s ;pt :z [ 1 - Aq J ^ ) .
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8 . C o n d i t i o n s  f o r  Convergence

I n  o r d e r  t o  i n v e s t i g a t e  t h e  convergence  c o n d i t i o n s  f o r  2 . 2 ( 5 ) ,  2 . 4 ( 1 ) ,  

2 . 5 ( 1 ) ,  2 . 6 ( 1 ) ,  and 2 . 7 ( 1 ) ,  we f i r s t  d e t e r m in e  th e  o r d e r  o f  E ^ - f u n c t i o n s  

f o r  l a r g e  v a l u e s  o f  t h e  p a r a m e t e r s .  For  t h e  s ak e  o f  s i m p l i c i t y ,  we 

t a k e  a l l  t h e  p a r a m e t e r s  and th e  v a r i a b l e  z t o  be  r e a l  and p o s i t i v e .

The v a r i a b l e  z i s  t o  be r e p l a c e d  by | z |  whenever i t  i s  n e g a t i v e .  We 

s h a l l  f i n d  t h e  e s t i m a t e s  f o r  t h e  f o l l o w i n g  E ^ - f u n c t i o n s  f o r  l a r g e  

p o s i t i v e  v a l u e s  o f  n :

( i )  E q ( r ; a p+ n : s ; b t + n : | z | ) ,

( i i )  E q ( r ; a p+ n : b 1 + 2 n , b 2 + n , . . . , b s+ n : | z | q n ) ,

( i i i )  E q ( a ^ + n ,a 2 » • • • » ^ , s j b ^ i  (z jq) ,

( i v )  E q ( r ; a p : b 1 - n , b 2 , . . . , b g : | z | ) .

Lemma 1 .  Fo r  r  < s

( al ) n> . . ,  ( a  )
•E ( r ; a  + n : s ; b  + n : [ z j )  < t v A t 2 --------- r T T ^  Cr  : s , b  ; | z [ > ,q P t  1 — (o1 ) n » *• • » (b <Jn 3 • P t  ' 1

f o r  l a r g e  p o s i t i v e  v a l u e s  o f  n  and bp < ap , ( p = l , 2 , . . . , r )

P r o o f .  For  r  < s

E ( r : a  + n : s ; b  + n : [ z f )  q p t  1 1

G(a^+n) , . . .  ,G(a^_+n) 

G(b^+n) , . . . ,  C-(bg+n) r ^ s

' a . + n , .

b ^ + n , .,

• >a r + n » | l / z f

. ,b  +ns
(1 )

L e t  us c o n s i d e r  t h e  two s e r i e s

<r>r  s
a -̂ + l , a 2+ l » 1
b ^ l . b j + l , .

. , a r + l ; | l / z

. ,b  + 1  ’ s

and
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<t>r  s
a ^ » a 2 , « . . , a r » I a [ 

Ib1 »b2 , . . . , b g

I f  R i s  t h e  r a t i o  o f  t h e  c o e f f i c i e n t s  o f  | l / z | m i n  t h e  above  twom

s e r i e s ,  we have

a  +m b

P ,q  (1-q  P) ( l - q  P )

f o r  a l l  p o s i t i v e  ra, i f  < a^  ( p = l , 2 , . . . , r ) . 

Hence ,

r  s

a^+ 1 , a .y L , .  • . ,  a^'f'l > 11 /  z J i

bj+l,b2+l,*••,bs+l

C (f) — r vs

a i , a 2 , • • • , a j 1 /  z | 

b1 , b 2 , . . , , b g
(2)

R ep e a ted  a p p l i c a t i o n  o f  2 . 8 ( 2 )  g i v e s

r Ys

In,  a 2 + n , . . « ,  a^"Fn £ 11  /  z J J 
^ + n ,b 2 + n , . . . , b g+n J

< <j)— r r s
a ^ , a 2 , • • • »a r > ! l / z f I 

b 1 , b 2 , . . . , b g
(3)

A p p ly in g  2 . 8 ( 3 )  t o  2 . 8 ( 1 ) ,  w i t h  r  < s ,  we have

E ( r ; a  + n : s , b  + n : | z l )  q p ’ t

( a . )  (a~) , . . . , ( a  )> i n   ̂ n r  a , « i t \V —— -----------  t  ( r ; a  : s , b  : z ) ,-  (D1 ) _ ( b 0) _ , . . . , ( b j „  q P t  1 1
1  n 2  n s n

For  l a r g e  p o s i t i v e  v a l u e s  of  n and b < a^  ( p = l , 2 , . . . , r ) .
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Lemma 2.  F o r  r  < s

E (a ,  +n , a — !n , . # • , a  *hi • b _ -fr"2 n , b~ I n , , . . ,  b *hn , j z | ) I  I  t  r  l  * s

(a -t )_  * * * * ^a r^n. x n n i> n _, / i t  1 i \< /. \  ">v-'"\ 7u \  E ( r ; a  : s ; b  +n :  z )
-  (bi ) n (b 2 ) n »• • • > (b0 )„ q P ss a

(4)

f o r  l a r g e  p o s i t i v e  v a l u e s  o f  n .

• P r o o f .  For r  < s ,

E ( a , + n , a _ + n , • • • »a + n : b , + 2 n . b 0 + n , . . . ,b  +n :  z | )  q l ’ 2 ’ * r  1  2  ’ s  1 1

G (a ,  + n ) , . . . ,  G (a +u)i  r  i
G(b1 +2n)G(b />+n) , . . .  ,G(b +n) r ' s  L & 3

L e t  us  c o n s i d e r  t h e  two s e r i e s ,

* * * , a r *  M

bl+ 1 »b2»***,br J

" a ^ + n ,a 2 + n , . . . , a r + n ; | 1 / z |  

b^+ 2 n , b 2 + a » . ♦ • jhg '*"11
(5)

$ r  s

and

<J>, r  s

a ^ , a ^ , . . .  , a^;  | l / z  | 

b1 , b 2 , . . . , b g

I f  R be  t h e  r a t i o  o f  t h e  c o e f f i c i e n t s  o f  | 1 / z |  i n  t h e  above  two

s e r i e s ,  we nave

R - - S a - hm b.+ra
d - q  )

1 , f o r  a l l  m > 0 .

Th is  g iv e s
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$r * s
a ]_»a 2 » * * * * a p*  ̂1 / z  | 1 

b j + l t b ^ *  • • • »*̂ g

<  <j>
— r  s

a^  * ^ 2  * • • • »a ^» 1 ^-/z I

b j ^ 2 * . .  • , b g
( 6)

R ep e a ted  a p p l i c a t i o n  o f  2 . 8 ( 6 )  g i v e s

<br Ys
a l  , a 2  ***** a r » I ^ / 2  I ■

b l + n , b 2 *  * * * * b s

1 » a2* * * * *^r* IT

l*b2 »***»bs J
(7 )

R epea ted  u s e  o f  2 . 8 ( 7 )  and  a p p l i c a t i o n  o f  t h e  r e s u l t  o f  Lemma 1 g i v e s

<J>r  s

a^+n,a2+ n , ...,a +n;f1/z|/

b,+2n,b„+n,... ,b -i-n 
1  z s

a ^ ,32  , • • . , a ^ ; 1 1 / z 11 

bl * b 2 * * * * * b s
(8)

Using  2 . 8 ( 8 ) ,  2 . 8 ( 5 )  g i v e s  t h a t  f o r  r  _< s ,  bp < ap ( p = l , 2 , . . . , r ) , we 

have

E ( a j + n , a 2 + n , . . .  , a r + n : b 2 + n , . . .  , b s +n: | z | )

( a l ) n ( a 2 ) n > , , *, ( a r ) n 
<bl )2n<b2 )„ > " - « t V n  V W V ” ’ “ t

E (r;a :s,b : \ z \).
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Lemma 3« For r  = s+1,

E ( a 1 + n , a 2 , . . . , a r ;s ;b - t : | z | q n )

G C a j + i O G C a ^ a ^ n ) , . . .  ,G (as + 1 - a . j - n )  

— G ( l ) G ( b ^ - a ^ - n ) , . . . ,G(bg- a ^ - n )

03
x n

, a 1+m l - a 1+m
( 1 + 1  z [~  q ) ( l + | z l g  *__ )_

f O ( l + | z r 1qa "n ) ( l + l 2 j q A'm r n )1+rn+n,

x j.1 <Ps + 1 s

, 1 + a ^ -b ^ , • » • , 1+ a^ -b^ j  | z | Q 

1 + a l ~ a 2 ’ * * * *1 +al ” a s + l

G(a2 )G (a ^ + n -a 2 ) G ( a ^ - a 2 ) ». • .  »^^a s +^"*a 2  ̂

G ( l ) G ( b ^ - a 2 )G(b 2 ~a 2 ) > • • • jC (b g- a 2 )

x n

^  , a„+m-n l - a 0 +n+m
(l+lsl^q 2 H U - U l q  2 )

m;fO ( 1 + |  z | 1 qm" n ) ( l + | z k ' L'rarrn)
l+m+n>

x ,<i> s + 1  s
a 2 » »• • • » l+a 2 ”^,, * I z |Q*

l + a 2~a ^ f l + a 2~a 3 t * • • 5 l + a 2“ a s+ i
+  id em (a 2 i'a , . . . t a  ) ,  (9)

Eb -Ea +1 s swhere  Q = q and O’ = q
Eb ,,-2a .f _ s+1 s+1

f o r  l a r g e  p o s i t i v e  v a l u e s  o f  n .

F o r  r  > s+1 ,  the  o r d e r  o f  E - f u n c t i o n  i s  s t i l l  s m a l l e r .a

P r o o f , For r  = s+1,
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•Eq<a l +n»a 2 » " ' » a s + l ! a ; b t:: lZ lqll)

G(a^+n)G(a 2 " a ^ - n )  > • • ■ j G ( 3 ^ ^ “ 3^” n)  

G ( l ) G ( b . - a  - n ) , . . . ,G(b  -a.-n)I X  S X

. a  +m l - a . + m
x n (1+1 z 1 q ) (1+| 2  [a_______1

m- o  ( i + U I ' l q“‘ r,) ( i + h | q 14m'h’)

* s + A l

a ^ + n , 1 + a ^ + n -b ^ , . . . , l+ a ^ + n - b g : | z | 0  

l + a ^ + n - a g , • . . , l + a ^ + n - a s+^

G(a 2 )G (a ^ + n - a 2 ) »«• • »G(a^_j_^-a2 )

+  G ( l ) G ( b 1 - a 2 ) , . . .  ,G"(ba - a 2 )

* l + a 2 **^i * * * * * l +a 2 “ ^ s  * ^  I ^
1 + u  - . j .l + a 2 - a ^ - n , l + a 2 “ a 2 » • • - a 2 “ a g+i  

+ ld e m ( a 2 , a 3 , . . . , a s+ 1 ) ,  ( 1 0 )

2 b - 2 a  + 1  2 b , , - 2 a  .S S s t I S i“1
where  Q = q and  Q* = q . We have  a s  i n  Lemma 1 t h a t

^ A ^ > A2 ^ > * ‘ *»As+ ;i+n; M Q j

S + 1  S I B1 ‘h l »B2 + n >-**>Bs +n

< 4, A ’A2 ...........As + l ; | z | ( !  j ( J .

‘ ( )

Also  c o n s i d e r i n g  t h e  two s e r i e s

AĴ » A 2  » • • • » Ar;-(.J_ * I ^ I Q
S+l^S ,S 1 B . - l j B - , . . . ,B “■ X c s

and
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S+1<*>S ' B B B
2 * * * * s

i f  Rra be  Che r a t i o  o f  t h e  c o e f f i c i e n t s  o f  | z | mQ,m i n  th e  above  two

s e r i e s ,  we have

B.-hn
R -  ( i - q  ->-

m B - 1  *
C l-q  )

V 1(1 - q  ) R < 1 ,  f o r  a l l  m > 0.m —

Hence

>8 +1 * 8

»A2  ,  • • • ,  Ag^.^ 5 1 z | Q \

B B B ' •  <1 2)  b 1 , b 2 , . . . , b s

R epea ted  a p p l i c a t i o n  o f  2 . 8 ( 1 2 )  g i v e s

,  Br \  >&i,a 2 »— »As-*-x5 Iz lQl 

n s + l s ^ 1 - a , 3 2 >. . . ) Bs

/A^|,A2 , . . . ,  A , . ;  | z |q  \

1   ) ■

A p ply ing  2 . 8 ( 1 1 )  arid 2 . 3 ( 1 3 )  t o  2 .8 (1 0 )  w i t h  r  = s+1 ,  we have

Bq ( a l + n , a 2 ' * * * , a s + i : b t : I z lq >

G (a 1 +n)G (a 2 - a ]L- n )  , . . . , G(ag+1- a  -n )

— G ( l ) G ( b ^ - a ^ - n ) , . . . ,G(bs ~a^-n )
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1 a ,+m l - a . + m
x n ( 1+ \ z ] ~ * ) d + U ! < i

m= 0  ( l + j z |  1 qm_n) ( l + i z | q 1+m+n)

,1+a^-b^,... , l+a^-bg ; J z IQ j

\^*+al""a2» • • •»1+ai“as+l '

G(a 2 )G(a^+n—a 2 )G (a^—a 2) »• • • 

+  G ( l ) G ( b 1 ~ a 2 ) . , G(bg- a 2 )

_  . a 0 +m-n l - a 0 +n+ra
x jt ( l + u r  g ) ( 1 + 1  z 1 q ) ._ ...

m= 0  . i i—l  m—n. , i i 1 +n+m. , 2  1 .( l + | z |  q ) ( 1 + | z | q  ) ( q  >n

/ a 2 »1 + a 2 “ bi » •* •» 1 +a 2 “ bs ; \ Z IQ *

S S \  l+ a ^ -a ^ , l + a 2 ~ a 3 , . . . , l + a 2 ~ a g + 1

Ebg- S a g + 1  a  -Ea'
where Q = q and Q* = q

For r > s+1, because of the presence of the quadratic power, q^/^mCm+i) 

in the argument of the hypergeometric functions the order of each term 

is still smaller than in the previous case.

Lemma 4 . For  r  = s+ 1 ,  j z |  < 1,

^q^a l ’ a 2  * ’ * * *a s + l  ’ * * * * I 2  I ^

b- -a -n+rn
^ T, ”  (1—q ) a (A+n) . , , N< h  n  l + T = h ,  q +  idem(a ,a ,...,ar),

m= 0  . 1 2 .
<z \
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f o r  l a r g e  p o s i t i v e  v a l u e s  o f  n ,  where K and a  a r e  s u i t a b l e  c o n s t a n t s

in d e p e n d e n t  o f  n ,  and \  -  £b -  Ea +1.  For r  > s+1 ,  t h e  o r d e r  o f  th es  r

E “ f u n c t i o n  i s  s t i l l  s m a l l e r .
q

P r o o f .  For  r  > s+1

Bq ( a ]_»a 2 *. . .  , a ^  :b j-*n,b 2 » • • • »bg t | z  | )

G ( a . ) G ( a 2 “ a ^ ) , . . . , G(a^—a^)  

G d J G C b j - a ^ n ) , . . . . G O ^ - a ^

a  +m 1 - a  +ra
x n  C14-!2 ! ) ( i + l z [ q _______ )_

m= 0  ( 1 + | 2  | “ V " )  ( 1 + |  z | q 1+m)

a ^ , 1 + a ^ -b ^ + n , 1 +a^—b 2 > • • • j l+a«^**b , 12  J Q
x A

S "̂ S |  l + a . . - a , , , . . .  , l + a , - a  
1 2  1  r

+  idem (a 1 >a 2 , , . . , a r ) ,

1 / n /  Eb - 2 a  +an ( r - s - a ) + l - n. _ 1 / 2 (m+1 ) ( r - s - 1 ) s  r  1 '  y /1/Nw here  Q = q q . (14)

L e t  us  f i r s t  c o n s i d e r  t h e  c a s e  r  = s+1 and c o n s i d e r  t h e  two s e r i e s  o f  

t h e  type

and

 ̂ / k l ’A2+1 ’ A3 ’ ****As + l J lZ lQ

S + 1  B1 -B2 ’B3 ...........Bs

(1 5 )

B1 ,B2 ’B3 ’***‘Bs

where  Q = qtt n .



I f  R i s  t h e  r a t i o  o f  t h e  c o e f f i c i e n t s  o f  I z ^ Q 01 i n  t h e  above  two s e r i e s ,  rn . .

we have

A«+m
R - I t S - L - l
m A

(1-q  S)

A
( 1 - q  S) R < 1  f o r  a l l  m > 0. m — —:

Hence

Ag * A2 " ^  * A 3  * * * * * A,~+l ’
( l - «  > s + l ^ s  „ „

^ 1 2 * 3 *  * * * s

^ 1  ’ A 2  * * * * ’ As + 1  ’ 1 2 1 ^ ' ' l
-  s + l ^ s  ( '  ^16)

1 * 2 * * * * * s J
R epea ted  a p p l i c a t i o n  o f  2 . 8 ( 1 6 )  g i v e s

»^ 2 " ^  * A3 * * * * * As + 1  * 1 2  ^

S+1<*>S 1 B B B B
1* 2 ’B3 ’ **** s

4 l , a 2 , . . . , a s + 1 5 | z | Q

A pply ing  2 . 8 ( 1 7 )  t o  2 . 8 ( 1 4 )  w i t h  r  = s+1 ,  we have
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00 b, - a .  -n+ni

-  K H
m= 0

( l~q  ) qa(A+n)
4" idem(a.^ , a 2 * * * * * *̂ s4 *l^ *

where  K and a  a r e  s u i t a b l e  c o n s t a n t s  i n d e p e n d e n t  o f  n .  I n  d e r i v i n g  

t h e  l a s t  e s t i m a t e  we have used  t h e  a s y m p t o t i c  v a l u e  o f  ^o r  -̂a r Se

v a l u e s  o f  t h e  argument  (Hahn [ 1 ] ) .  Fo r  r > s + l ,  b e c a u s e  o f  t h e  p r e s e n c e

f u n c t i o n s ,  t h e  o r d e r  o f  each  te rm  i s  s t i l l  s m a l l e r  t h a n  i n  t h e  p r e v i o u s  

c a s e .  A pp ly ing  t h e  above Lemmas we g e t  t h e  f o l l o w i n g  c o n d i t i o n s  f o r  

c o n v e r g e n c e :

r  s  anc* z j* 0 f o r  2 . 4 ( 1 ) ,

r  s  and  2 ^ 0  f o r  2 . 5 ( 1 ) ,

r  < s  and  2 ^ 0  f o r  2 . 6 ( 1 ) ,

r  > s  and  |A|  < 1  f o r  2 . 7 ( 1 ) .

I t  may be  remarked  t h a t  no a t t e m p t  h a s  b e en  made t o  examine t h e  

c o n d i t i o n s  o f  con v e rg en ce  f o r  v a l u e s  o f  r  and  s o t h e r  t h a n  t h o s e  men­

t i o n e d  above b e c a u s e  t h e  o n l y  im p o r tan ce  o f  t h e  e x p a n s io n s  p roved  l i e s  

i n  t h e i r  mere  e x i s t e n c e .

o f  t h e  q u a d r a t i c  power q l / 2 m(nri*l) i n  t h e  a rgument  o f  t h e  h y p e r g e o m e t r i c

r  > s  and |Aq 1 | < 1 f o r  2 . 2 ( 1 5 ) ,
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CHAPTER I I I

CERTAIN GENERAL EXPANSION OF BASIC GENERALIZED 
MACROBERT'S E-FUNCTIONS -  I I

I . I n t r o d u c t i o n

I n  t h i s  c h a p t e r  I  g i v e  a  v e r y  g e n e r a l  e x p a n s io n  i n v o l v i n g  t h e r e i n  

t h e  g e n e r a l i z e d  E - f u n c t i o n  i n  te rras  o f  a  s e r i e s  o f  a n o t h e r  E - f u n c t i o n
q q

and i t  h a s  been  shown t h a t  from t h i s  e x p a n s i o n  a  l a r g e  v a r i e t y  o f  e l e g a n t  

r e s u l t s  can  be o b t a i n e d .  In  ou r  a n a l y s i s  we s h a l l  come a c r o s s  f u n c t i o n s  

s i m i l a r  t o  t h e  E - f u n c t i o n  b u t  i n  which  t h e  b a s e  o f  a l l  t h e  te rm s  i s  n o t

t h e  same. I n  p a r t i c u l a r ,  we s h a l l  d e a l  w i t h  f u n c t i o n s  o f  t h e  t y p e ,
q

(q = q , in a  p o s i t i v e  i n t e g e r ,  r  < s )

G(ax ) , G(ar ) G^, (k/m) , . . .  ,Gg , (k-hn-l/m)

G(e1 > , . . . , G ( 3 s )

r 1

which  we d e n o te  by

q , . . . ,  q

* [ r ; a p :A ( m ; k ) : s , B r ;z ]

where  t h e  symbol s t a n d s  f o r  ra p a r a m e t e r s  o f  t h e  type
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.a /m jCt-i-l/m .-ars-mr-l/m .q , q „ . .  • > q

2• The Main Theorem

S u b j e c t  t o  s u i t a b l e  c o n d i t i o n s  o f  convergence-

c 1
/ -, \"n r r  \ n r nQ-h^a(n+ 1 )«  ( - 1 )  [ ( a  ) ]  [HZ] q 2

J o '  w ;

_ 1

V
A[ro; Cas )+n] . A[m; (3 T) - n ]  ,A[2m; (pp )+ n j  >A[2m; ( r R) - n ]  , ( c c ) :zq  

A[m;(Yyj+n],A[m;(<5v ) - n ] , A [ 2 m ; ( e E) + n ] ,A [ 2 r a ; ( f F> - n ] ; (dD>

2 -fli JCI ,

m - 1  f ( a _ ) -H i  
! [ ( c r ) - C l  il C .

C u= 0  q L m

S(St )-ki 
G , I— i ---------£

q r  _

2 m-1 
H G , 
u - 0  q

!(pp )+u 

2 m .
X  J h p J

J  q  L ^  J
m -l  V (Yn ) + U "I f  ( 6  )+u  I2m -1  r ( e „ ) + u

G [ l - 5 j C [ ( d  )-<;] n G , — 2 _  -jr G — £--------t. H G -  “
D u = 0  q ni q m j  Q q \ 2 m

C V + "
i n

TT
A .s inU?  A+MB+N

(aA) , (as ) -raC, 1 -C<5v)-hn£, (pp r 2m 5,l-(f1?)+2m5;QP)

( ^ g ) » CYu )-n’- ? , i - ( 8 T)+ m ^ , (e E) - 2 TnC,i-CrR; + 2 m5
x (zqX) ’ d£

( 1 )

wh n -  ' i , £ +i’+ R -F -V ^- l /2 (n+ l) (V + F -T -R -U )  0-m$(V+2F-T-2R) . e re  v -  y-j.) i*~. v, q

-  SS..-Sr^+Z6 „+Zf_ ,
1 K. 7  i?

and C d e n o t e s  t h e  c o n t o u r  g iv e n  i n  1 . 2 ( 4 )  and th e  n o t a t i o n  ( a . )  s t a n d sA
f o r  t h e  sequence  o f  A p a r a m e t e r s  a ^ . a ^ , . . . , a ^ .  T h i s  n o t a t i o n  w i l l  be 

f o l l o w e d  th r o u g h o u t  t h e  p r e s e n t  work.  Also w i s  a  p o s i t i v e  i n t e g e r .

P r o o f . To prove  3 . 2 ( 1 )  we use  t he  c o n t o u r  i n t e g r a l  f o r  t he  3 - f u n c t i o n
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on t h e  l e f t  s i d e  and  change  t h e  o r d e r  o f  i n t e g r a t i o n  and summation,

one  c an  e v a l u a t e  t h e  c o n t o u r  i n t e g r a l  on t h e  r i g h t  hand s i d e  i n  t e rm s  of  

a n o t h e r  E - f u n c t i o n  and hence  o b t a i n  a  sum o f  a  s e r i e s  o f  E - f u n c t i o n

e x p a n s io n s  can  be o b t a i n e d  by s p e c i a l i z i n g  t h e  p a r a m e t e r s  i n  o u r  t h e o re m .

As i l l u s t r a t i o n ,  I  m en t io n  some o f  t h e  t y p i c a l  r e s u l t s .

3. S p e c i a l  Cases  o f  3 . 2 ( 1 )

Tak ing  B = E = F = P = R = T = V=>W = 0 ,  A = S = U = yz  = 1 ,

£ = 2 , 0  = p -  8  -  ci; = a ,  a^  = 3 , = p and  summing t h e  i n n e r  2 $^

i n  the .  i n t e g r a n d  by t h e  b a s i c  a n a lo g u e  o f  G a u s s ’ s Theorem ( 1 . 6 ( 2 ) ) ,  we 

g e t ,  t h a t

assumed t o  be  j u s t i f i e d  by t h e  a b s o l u t e  c o n v e r g en c e  o f  s e r i e s  o f  E ^ ' . 

The e x p r e s s i o n  th e n  on s i m p l i f i c a t i o n  r e d u c e s  t o  3 . 2 ( 1 ) .

Now, whenever  t h e  i n n e r  h y p e r g e o m e t r i c  s e r i e s  i n  3 . 2 ( 1 )  can  be  summed 

up i n  t e rm s  o f  q - i n f i n i t e  p r o d u c t s  o f  t h e  fo rm .

G [ ( a r ) - m S ] /G [ ( b s ) -m S] ,

q q
a s  a n o t h e r  E ^ - f u n c t i o n .  E x p l o i t i n g  t h i s  t e c h n i q u e  a  l a r g e  number o f

A(m;ci-*r), (c ) :zq
E #

q A (m ;p + r ) , (dD)

( i i )  Tak ing  A - B ~ E F = P = R = T = U = V = W - A = 0;  yz = S = 1,  

£ = 2 ,  S -• k ,  ou = a  and. summing th e  i n n e r  we So t
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00 len
V 5 ____ E

n“0 <">»

A(ra;a+n),Ccc ) :zq

<V

G(k) E
( c G) ,A [ t n ; a ] : z q  

(dD) ,A In ;k+a]  J

( i i i )  Tak ing  F = P = R = T = U = V = X = w = 0 ,  A = B = y z = E = 0 = l ,  

e = S = 2-, a^  = q r , = qs , e^  =» 1 +  a  +  0 -  5 -  Y, = a ,  a 2  = 3 and  

summing Che i n n e r  3 $ 2  ( 1 . 6 ( 4 ) )  i n  t h e  i n t e g r a n d  on th e  r i g h t ,  we g e t

r  (q~r ) n qn / ( c ^ . A f m ^ + n l . A C m j B + n l r z q '

n=0 ( q ) n (q6 ) n q ' / ( d ^  : A [2m , l+a+3-6 - r+n]

q (1 - 6 * + ( - i ) V / 2 ( r + 1 )

(q K V
( c c ) ,A [ m ,a ]  :zq

(d_j) , A [m;l+ct-6 - Y ] , A[m,l+3-5-Y ]

( i v )  Taking  E = F = ?  = R =  w = X = 0;  S = T = U =  V =  e = 2 ; i i z  = l ,

a / 73 -j «  1 +1 / 2 aA ~ 4,  B = 3,  a .  = q  , a _ = q  ; a ,  = - q. a l + l / 2 a  - p  .; a^ » q (p i s  a
1 H * 2

p o s i t i v e  i n t e g e r ) ;  = q 1^204, b 2  = - q 1^ 204, b 3  = q1+Ct+p, a 1  = S; a 2  =

Y, $1 = S - a ;  S2  = y - a ,  Yx “  l - t a - 5 ;  y 2  = 1 + a-n ;  ^  = l-<5; S2  = 1 - n ;  9 =

2>'i -  3 -  6  -  n ~ Y +  3 and summing t h e  i n n e r  w e l l - p o i s e d  ( 1 . 6 ( 5 ) )o /

i n  the  i n t e g r a n d ,  we g e t

P (q 04) n ( q 1 "f’1 ^ 2 Ct) n ( - q 1 +1 / 2 C4) n (q“ P) nqn ^2C4“ 8“ (S“ n“Y'1' 3^

n = 0
. s . l / 2 a .  . l / 2 ct. , 1 +a+p. 

n V q n

I
( c c ) ,A[m,y+n] ,A[n,B+n] jAfm.B-cc-n] , A [ m , Y - f t - n ]  :zq 

(dQ) ,A[m,l+a-<S+nl >A [m,l+a-n+n]  , A [ m ; l - S - n ] , A f m ; l - n - n l
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(r l ) ^ q- P / 2 ^P+i ) qa P (q i ^ D(qi ^ - n ^ ( q i + r - 0 - n )p

, l+a -0 -r -n -<5 .
(q )

x e  t q*

( c c ) ,A Im ,S ]  ,A[ra ;Y],A[ra,S-a] ,AIra,Y-a] ,A [m , 8 - a - p ]  ,A [ m ,y - a - p ]  :zq 

(dD> ,A[m,l+a-(5] , A [ n , l + a - n ]  » A [m ; l - 6 ] , A [ n ; l - n ]  ,A[2mjA-a+Y-p]

(v)  Tak ing  E = F = P = R = S = T =  U =  w = 0 ; e = 2 ,  A = B = 0 ,  V = 2,  

6 ^ = p;  6^ -  a  and summing th e  i n n e r  by c^ e  q - a n a l o g u e  o f  G a u ss ’ s 

Theorem ( 1 . 6 ( 4 ) )  and on i n t e g r a t i o n  we g e t

<» n (n+a)
I  *----------

- 0  ( q ) n (qa ) n
E .

( c c > :zq

(dD) ;A (m;p-n) ,A(m;cr-n)^

-  C(ct) E ,
A( 2 m ;a+p+a- 2 ) , ( c _ ) : z q

A(m;a) ,A(ra;a) ,A ( ra ;a+ p- l )  , A ( m ; a - h j - l ) , ( d p ) .

( v i )  Tak ing  E = F = P = * R  = S =  T = 0 ; y z  = l ,  9 = (k -2 )  ; A = U = V

k 1 + 1 / 2 k _ . 1 + 1  / 2 k _ l / 2 k . _-  q : b 2  -w -  3 ;  B = 2 ;  a1 = q ; a 2  = q , a 3  -  - q  , b

l / 2 k- q  ; = a ,  y 2  = B; y 3  = Y; ^  = a - k ;  S2  = 8 - k ;  6 3  -• y - k ,  we g e t ,

on summing t h e  i n n e r  w e l l - p o i s e d  ( 1 . 6 ( 6 ) ) ,  we g e t  on i n t e g r a t i o n

,  k. ,  1 + 1 /2k. ,  1 + 1 /2k. n ( k - 2 ) + 3 n / 2 (n+1)
-  (q ) n (q ) „ ( - q  )„q ___________

n - 0
. . ,  l / 2 k. ,  l / 2 k,

n n n

X E ,
q

( f-c ) :zq

(dQ) ,A (m ;a+n)  ,A(m, 8 +n) ,A(ra;y+n) , ° ° (m ,a -k -n )  ,A(m; 8 - k - n )  ,A(m,Y-k-n)

G( 1 +k) q

(c ) ,A(3ra ;a+8+r~2h-2) :zq

(dQ) , A(m,a-k) ,A(m;3-k)  ,A (m ;Y -k ) , A(ra,8 +Y-k-.l.) , A(2m;ct+3-l-1 )

A ( 2m; ot+y— k - 1 ) j
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One c o u ld ,  s i m i l a r l y ,  g iv e  o t h e r  s p e c i a l  c a s e s  o f  th e  main theorem .

4 .  Convergence C o n d i t i o n s

A t y p i c a l  s e r i e s  t h a t  o c c u r s  i n  t h e  p r e v i o u s  s e c t i o n  i s

I  = E
( a A) + n ; ( c c ) - n ; ( e E) ; z  

(b B) + n ; ( d D) - n ; ( f p)

1 -x+s (b g )+ n + s-x  (dD) - n + s - x  . ( f_ , ) -x+s
,  1  t -  ( 1 - q  ) ( l - q  ° ) ( l~q "  ) ( 1 -q

2 tt1  ■> c n ( a . ) + n - x + s  ( c _ ) - n + s - x  ( e ) - x + s
3 = 0  ( 1 - q  A ) ( l - q  c  ) ( 1 - q  E )

I  X

n z x dx
sinTftc

For  l a r g e  v a l u e s  o f  n ,  i f  (a  ) ,  (b ) ,  ( c _ ) , and (d_)  a r e  p o s i t i v eA B u D

s = 0 ( 1 -q

i  -  T i- , /  n  u ■ . ,
2JTi JC   t e ^ J - x + s  s m lT x  ; c r s - ( c „ )

( f  ) - x + s  x f s - ( d  )
 ______ ) Tfe dx ”  (1 -q  U ^ (C-D) (x+s)

)
n

s —1
( 1 -q )

I f  C > D, th e n  f o r  n »

I  - 2Fi Ĉ Rn 3=0

1 -x+s .(i-q  ) (i-q
( f  ) - x + s  x + s - ( d  )

F ) ( 1 - 3  D 1
(ep.)-x+s x + s - ( c  )

( 1 - q  b ) ( 1 - q  C )

TT Z^dx
s in r tx  *

which  i s  in d e p e n d e n t  o f  n and i s  a bounded f u n c t i o n  o f  z .

The above e s t i m a t i o n ,  a l t h o u g h  o n ly  a rough  e s t i m a t e ,  n e v e r t h e l e s s ,  

s e r v e s  to  show t h a t  t h e  i n f i n i t e  s e r i e s  in v o lv e d  i n  t h e  p r e c e e d i n g  

s e c t i o n s  c o n v e r s e .



46

CHAPTER IV

INTEGRATION INVOLVING THE q-ANALOGUE OF GENERALIZED NACROBERT1S 
E-FUNCTION WITH RESPECT TO THEIR PARAMETERS -  I

1,  I n t r o d u c t i o n

I n  t h i s  c h a p t e r  we e v a l u a t e  a  v e r y  g e n e r a l  i n t e g r a l  i n v o l v i n g  E.—
q

f u n c t i o n s ,  where  t h e  i n t e g r a t i o n  has  been  p e r fo rm ed  w i t h  r e s p e c t  t o  

p a r a m e t e r s .  The main i n t e g r a l  i s  e v a l u a t e d  i n  s e c t i o n  2 i n  t h e  fo rm  

o f  a  c o v e r i n g  theorem f o r  e v a l u a t i o n  o f  s i m p l e r  i n t e g r a l s .

2 .  The Main I n t e g r a l

The i n t e g r a l  t o  be e v a l u a t e d ,  w i t h  s u i t a b l e  r e s t r i c t i o n  on t h e  

p a r a m e t e r s ,  i s

G [ ( a . ) - a z ?
r  = —±. f -------   E

2 i  'C  G[(bB) - C l G [ l - f J  s i n n ?  q

( O p ) - S , ( c G) :Z q

L

d£ , ( 1 )

t h e  p a t h  o f  i n t e g r a t i o n  b e i n g  t h e  same as  i n  1 . 4 ( 1 ) ,  and P _> Q, 

| { a r g ( z )  -  W2W] ^ l o s l 2 UI  < tt» h i  < ! •

The E - f u n c t i o n s  a r e  f u r t h e r  assumed t o  s a t i s f y  a  r e l a t i o n  o f  t h e  ty c eq  j .

Eq [ ( a A} : ( b B) : Z ]  Eq 1 (CC) : ( V :Zq 1

= E . K, E ( 1 L ' j  

( r R*j

(2 )

where  i s  a  f i n i t e  summation,  i s  a p o s i t i v e  i n t e g e r  and t h e  symbol 

( g J i ?  (J~ 1 , 2 , . . . )  s t e n d s  f o r  t h e  sequence  ( g 1) , (g„ )  (?,p ) .



The f o l l o w i n g  known fo rm u lae  due t o  N. Agarwal f l ]  w i l l  be used  i n  

e v a l u a t i n g  t h e  i n t e g r a l  4 . 2 ( 1 ) :

1G( 1).  ;  _ , , . . k - l  r  
( 1 - q )  I , Eq

r  . m
r ;c t  :z /A  

P
s ; 3 ,

d(qA)

n— n  \ ^ n\ E f [r+ra;a , A ( r a , k ) : s , 6 n : z ] , G , ( k / m) , . . . , G , ((k+m-1 /m )) q ’ p ’ Qq q
(3)

w here  n  i s  a  p o s i t i v e  i n t e g e r  and R l (k )  > 0 ,  and a l s o  i f  m i s  a p o s i t i v e  

i n t e g e r ,  R1(S) > R l ( a )  > 0 ,

G ( l )  „ i \ _
( 1 - q )  S ~q 3 - a - l  qo

r;a :z/A
d(qA)

G( 6 -a )G (a )G  , (S/m) , . . . , G ,(S +m -l /m )
_____________3______   3____________
G(S)G f ( a / m ) , . . . , G  ,((a-hn-l/m))

q q

r;a :A(m;a):z 
P

s;2^tA(m,S)
. («)

3 . E v a l u a t i o n  o f  4 . 2 ( 1 )

Using 4 . 2 ( 3 )  and 4 . 2 ( 4 )  w i t h  m=l i n  4 . 2 ( 1 ) ,  we g e t  t h a t
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Changing the order o f  in te g r a t io n ,  whenever i t  i s  j u s t i f i e d ,  such 

that the AQ- i n t e g r a l  becomes the inner most i n t e g r a l , wo g e t  that

r Q - ) - l  Q
n c[Bn-anij. n

a = l  J  n = l
s  x” a ( l - q l  ) ,  „  , d ( q A )( 1 - q ,  n ^ n 6 n- a n- l  n

x "  f t p r *n=Q+l C q * o

a  - 1

E (qA )A n E q n n q

" 9
( c c ) : 2 q /A^A2 » * * * »Ap

( a A) : z / A 1 A2 , . . . , A p 

(bB)

d(qAn ) ( 2)

Now u s i n g  th e  assumed r e l a t i o n  4 . 2 ( 2 )  be tween  E - f u n c t i o n s  andq
ch an g in g  t h e  o r d e r  o f  summation and  i n t e g r a t i o n ,  we g e t  t h a t ,

0

ri G[S 
n = l

V I  Q n , 1 \ s . 1 a  - s . - 1
-  ^ - E . l . z  ’  S X n J

j  n-1 a 'q) J J o “ C l - l V e  - c  - l d(qXn >n n

x
P I . 1  a  - s  . - 1
n  - j j S E (qX )X “  J E 

...Q + l C ( 1 ~ q> o q ■ -  n

hi

U L) . : z -vm.
3

(f- , )  . 
R 3

d(qA^)

(3)

Once a g a i n ,  u s i n g  4 . 2 ( 3 )  and 4 . 2 ( 4 )  t o  e v a l u a t e  t h e  A - i n t e g r a l s ,  we g e t

I  = Z > - , 2
Sj  G ^ a p“ S n ^ Gq»

J~ [A ( m j ; ( a p) - S j ]

m .
( 1 T) , ; A [ m . ; ( a  ) - s . ] : z  J q 1 

*■* J J P J
(4)

wfcers Rl(~, ) > R l ( a  ) > s . ,  n = l , 2 , . . „ , Q ;  R l ( a  ) > s , n = Q + l , . .  • , P , ;a n j  n j  j

j ^ >•* # , a .



4 .  C erta in  Known Casas o f -4.2(2' )  anti I n t e g r a l s

I n  t h i s  s e c t i o n ,  I  f i r s t  c i t e  c e r t a i n  known c a s e s  i n  which 

i d e n t i t y  o f  t h e  ty p e  4 . 2 ( 2 )  h o l d s .

CD n
.  ct+B-y+n  
1 - z q ,qY_° , q ' r 8 ; z qa f 8 ^ f

n = 0  I 1 - z q n /  2 V 1

a  8. q »q
"  2 * 1 1 Y

w h ich  i s  a b a s i c  a n a lo g u e  o f  E u l e r ' s  i d e n t i t y  [ T r a c t ]

a  8 > /  a  8 - 1 / 2q ,q  ; z  j q »q ;z q
( i i )  2 ^ 1  ^a + 3 + 1 / 2 /  2 * 1 1 qa + 8 - l / 2

13 2 ^ 1

a + 1 / 2  8 + 1 /2  1 / 2q ,q  ‘;z q
a + 6 + 1 /2

a - 1 / 2  6 - 1 / 2 _q »q ; z

\
2 1 \ a + 6 - 1 / 2q

2 a  28  a + 8  a + 8  - 1x , x  , x  , - x  ; z x

4^3 ( 2 a + 2 S - l  a + 8 + 1 / 2  a + 8 + 1 / 2  i
1 x  ,x  , - x  y

C i i i )

a+ 1 / 2  8  - 1 / 2 'rq »q »zq 
a+S 2 ^ 1 q “ +S J

2a  2 8  , a + S + l / 2  _ _ a + S - l / 2 #_ - 1
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( i v )  , $ , /  I d I
1 q 2“  /  2M

r a + 8 - 1 / 2  a + 6 - 1 / 2  a + 6  a + 6 . - 1x  , - x  , x  , - x  ; z x

4*3 I  2 a - 26-1  2 a  26 x  , - x  , - x

K -  1 / 2where  x  = q .

The r e l a t i o n  ( i i ) ,  ( i i i ) , and ( i v )  a r e  t h e  ones  f rom  w h ich  t h e  b a s i c  

a n a lo g u e  o f  Cayley  Orr  i d e n t i t i e s  were  deduced  by V. S in g h  [ 1 ] .  L a s t l y ,

/ a  8  1 / 2 \  /  a  6 . \j q , q  ;zq  j / q »q fz \
2*1 ( ^a+ 8 +1 / 2  I 2̂ ll za + 6 + l / 2  J

/  2a 26 a+8 a+6 \/ x  , x  , x  , - x  ; z  \

4*3 2a+26 a+6+1/2 a+6+1/2 j\ x , x  , - x  /

i s  t h e  b a s i c  a n a lo g u e  o f  C l a u s e n ' s  i d e n t i t y  g iv e n  by  S ingh  [ 1 ] .

Now u s i n g  t h e  i d e n t i t i e s  ( i ) - ( v )  i n  4 . 3 ( 4 )  one c a n  e v a l u a t e  c e r t a i n  

new i n t e g r a l s .  I  m en t ion  be low e v a l u a t i o n  o f  some su ch  i n t e g r a l s .

I n  4 . 2 ( 1 )  and 4 . 3 ( 4 )  t a k i n g  B = = 0;  A = D = j  = m ^ = R = l ;

C -  L = 2; a = y -  a  -  6 ; $ =* 0 ,  a L = a  +  3 -  y ;  C^ = y  -  a ;  C2  =

y -  8 ; d = yj  = a ;  l 2 = 6 ; » y ;

v -  Gfa+3-Y)C(Y-cQC(Y-S)
H  ~ G(a)G(B)

we f i n d  t h a t  4 . 2 ( 2 )  i s  s a t i s f i e d  by v i r t u e  o f  4 . 4 ( i )  and hence  we g e t ,  

t h a t



G(a+8-Y)G(y-g)G(y-B) 
G ( a ) G ( S ) E

a ,6 , ( c t p ) ; z  

Y ,(S p )
(1 )

p r o v id e d  t h a t  R l(8 „ )  > R l ( a ^ ) > 0 ,  n = l , 2 , . . . , Q ;  R l ( a R) > 0 ,  n - Q + 1 , . . . ,
n

and1 | ( a rg  (z )  -  ™2 wi  1 lo g  J z | } | < r' , lq j < 1 ;

( i i )  Next i n  4 .2 ( 1 )  and 4 . 3 ( 4 ) ,  t a k e  = <{> = 0 ; B = D = j  = nt = 1;

A s  C = 2 ;  R = 3; L = 4 ; 0 = - 1 / 2 ;  ^  53 ^  = qa ; a 2 = c 2 = q 8 ; bL -  d

qa + 3 + l /2 .  ^  m x 2cc. ^  .  x 28. ^  = xa+S. ^  „  - x a+8. ^  _ x 2a+28. ^

a+S+1/2 a+8+1/2; r 3 = - x  ;

«■ -  r^ (a )G (B )  1  2 
“  ! G(a+8-!-l/2)J

G (x 2a+2e) G(xa+B'l'1 / 2 ) G ( - x a+ g + 1 /2 ) 

G(x2a)G (x28)G (xa+3)G (-x a+S)

Then 4 .2 ( 2 )  i s  s a t i s f i e d  by v i r t u e  o f  4 .4 ( v )  and  we o b t a i n

- 1/2

v / .
C ( a - E ) C ( 6 - S ) i ‘ E

a , 8 , (Op)-C;zq

a + 8 + 1 /2 , (0 )-C
<• X

2 i  J C G ( l - £ ) G ( a + A + l / 2 - £ )  sinIT5 q 

C ( a ) G ( S )  I  2 r ( x 2 a ~t~2 g )G (x a + £ + 1 / 2 ) G ( - x a + S 'f l / 2 )
G (a+ 2+ l/2 ) , 2a. . 28. r f  a + S .n , a+S, G(x )G(x )G(x )G (-x  )

x E
, (ap ) ; z2a 28 a+S a+6X , X ,x  , - x

2a+2S a+6+1/2  a+8+1/2 .X fX J “"X y
( 2 )

p ro v id e d  R l(8 n ) > R l ( a n ) > 0 ,  n = l , 2 , . . . , Q ;  R.l(an) > 0 , n-=Q+l,. . .  ,P ,
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—1 1/2  
i ( a r g ( z )  w2 wi  i ° s ! z [ >! < i?» f ° r  r  j i  s+ ^» anc* x s t a n d s  f o r  q and

X
t h e  te rras  x in  th e  E^-syrabol a r e  on th e  b a se  x .

5 .  C e r t a i n  Summation o f  B i l a t e r a l  S e r i e s

I n  t h i s  s e c t i o n  we d i s c u s s  a  b i l a t e r a l  e x p a n s io n  o f  a  g e n e r a l  

c l a s s  o f  s e r i e s  i n v o lv in g  p r o d u c t s  o f  two E ^ - f u n c t i o n s .  The c l a s s  o f  

s e r i e s  w hich  c an  (u n d e r  s u i t a b l e  a s s u m p t io n s )  b e  summed up i s  o f  t h e  

t y p e :

-L-"\ __

s  = I  I i * * ’ ’n5

n X ^ d ^ n C n + l)

n “ - »

(c G) , (gG) + n , ( l L) - n ; z q  

(eE) , ( j j ) + n , ( p p ) - n

(dD> , (bH) + n ; ( m ^ - n j z  

( f p ) ,  (fcj^+n, ( i j J - n
( 1)

S u b s t i t u t i n g  th e  B arnes  ty p e  o f  c o n to u r  i n t e g r a l  f o r  t h e  E ^ - f u n c t io n s  

and  ch an g in g  th e  o r d e r  o f  i n t e g r a t i o n  and sum m ation , p ro v id e d  we a r e  

j u s t i f i e d  i n  d o in g  s o ,  we g e t  t h a t

1 G [ (c c ) - C ] G [ (g G) - ? ] G [ ( l L) - f ] ( Zq O
s  ~  r T  J21 JC G [ l - ^ ] G [ ( e E) - C ] G ( j J )-C ]G [p p) - 5 ]  s i n ^ d?

x G [(d D)-C]G[(lvH)-5]G (m M) - e ] z i; 
T  / r2 i  JC G [ l - C ] G [ ( f F) - ^ ] G [ ( k K) - £ ; ] G [ ( i I ) -C ]  sinHC

* A+G+P+H+Q^B+J+K+L+M
(a A) , ( 8 G) “ 5 »1” (pP) + 5 » (hH) " C»1" ( i I )+5:Q 

(bg) , ( j  j ) - 5 , 1 - ( 1 l )+ 5, CkK)-? ,l-< T n M)+e
(it, j

( 2 )
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w here p<J>p
< V :z

(bp )
i s  a  b a s i c  b i l a t e r a l  h y p e rg e o m e tr ic  s e r i e s

I
'<V>n n z ,

n—  t (b P) ] n

b 1b2 , . . . , b p 

\ a2'
z < 1 ;

z may som etim es be a  f u n c t i o n  o f  n a l s o  and Q = ( - )  L-P+M-I +£p +ET -
q  lr I.

Z lL-E nM+ 5(L -P )+ C (M -I)+ l/2 (n+ l)(L -P + M -I+ X  ) .

Now assum ing  t h a t  t h e  i n n e r  b a s i c  b i l a t e r a l  h y p e rg e o m e tr ic  s e r i e s  i s  

su ch  t h a t  i t  can  be  summed a s

n ( r R) , ( t T) - C , ( v v ) - C . ( x x ) - 5 “ Ci 

( Ss ) , ( l ly ) -^ ,  (Ww) “ ?» (yY) ” 5 -?
(3)

th e n  once a g a in  u s in g  th e  c o n to u r  i n t e g r a l  f o r  t h e  E ^ - f u n c t i o n ,  we g e t  

t h a t

s =n
trR);
( . s ' ,

L. *J

L G [ ( c c ) - r ] G [ ( g c ) - 5 ] G [ ( l L) - C ] G [ (v v ) - ? ]
j-t J r2i Cx G[l-^]G[(eE)-53G[CjJ)-5]G[(pp)-?lG[(ww)-C] sinTt?

x E
(<*D) . 0 ’̂ )»  (nJjj) , ( t T) , (xx ) - ^ ; z

( f ^ . C y . C i ^ . C u ^ . C y ^ - C
(z q 9)^ d $ (4)

Assuming f u r t h e r  t h a t  a r e l a t i o n  o f  t h e  ty p e

e
C<=c 5 v CsG) , »Cv v >

( e g M j j M P p M ' V
E

( dD) » ( ^  » (“ jP » ( CT> »‘z

o’

= Z . Y . z F. 
J J c

( 5 ) j ; q <*’z ^

(E).
(5)
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e x i s t s ,  we can  e v a l u a t e  4 .5 ( 4 )  by th e  h e lp  o f  4 . 3 ( 4 ) .  I n  f a c t  we g e t  

t h a t

s  «  n [ r R) !

CsS>

G[(x ) - p . ]G , T A ( a . , ( y „ ) - p . ) ]
r v  7  A J <i.-' J :----- J----

y j  G F(yv ) - P . ] G  . r A ( a , * ( x Y) - p , ) ]
j  q

( 5 ) . , A [ a . , ( x  ) - p . ] ; z  
J J A J

j  » A [p j , (yY^ "p j^
( 6)

As an i l l u s t r a t i o n  o f  4 .5 ( 6 )  we m e n t io n  th e  f o l lo w in g  c a s e  by t a k in g  

p a r t i c u l a r  v a l u e s ,  when th e  g e n e r a l  theorem  h o l d s .  T ak ing  E = G = L =

M = H * 0 ,  F = J  = K = ?  = I  = l ; C  = 3 ; A = B  = D = - - 4 ; 0 = Y - a - 3 ;

= 2a -  b -  c ;  a x = q 1+1^2 d ; a2 » - q 1+1^ 2 a ; a3  = qb ; a 4 = q C; b̂  ̂=

q 1 / 2 a ; t>2 = - q 1 /,2a ; b3 * q 1+a b ; b^ » q 1+a c ; ^  *» a  +  0 -  y ;  c 2 = a  +

e - c ;  c^ = a  +  e  -  b ;  d.  ̂ = y -  a ;  d2 = y -  3; d^  = a  +  h -  c ;  d^ = a  +

h  -  b ;  f .  = y ;  j .  “  a  +  e ;  k =  a  +  h ;  p .  = e ;  i  = h ;  A_ = 1

. , l-f-l/2a . , l + l / 2 a .  v b. f c . n ( 2 a - b - c + n ( n + l )

s  =  r  —  n  n  n  n<i. l / 2 a .  . l / 2 a .  . l+a--b. , 1+a-c.
(q >n C-q ) n (q n >n

Ctf-8-y, a + e -c , a+e-’o ; zq 

e - n , a+e+n

Y~ct, y -  0, a+h- c , a+h-b; z 

v,h-n,a-fh+n

y-ot-B  i

(1)

Substituting the Barnes Integral for the E^-function and changing the 

order of summation and integration, which is justified for Rl(2a+h-c-f-e-b)

> 0, further using Bailey's summation theorem for a well-poised gi[/g 

[1.6(6)] for the inner basic bilateral hypergeoitetrie series, we get or. 

simplification



G (l-h )G ( l-e )G ( l< -n -c )n ( l+ ,-1-b)G(a+B-Y)G(Y-Ct)G(Y-P) 
G (a )G ( l - a )G ( l+ a )G (1 + a -b -c ) G(a)G(S)

x E.
a ,  8 , 2a-b-c+e+]i; z' 

Y ,a+ e+ h - l

The c o n d i t io n s  o f  co nvergence  o f  th e  v a r io u s  i n f i n i t e  s e r i e s  

e x p a n s io n s  o b ta in e d  i n  th e  p re v io u s  s e c t i o n s  can be d e a l t  w i th  by 

means o f  th e  e s t i a m te s  o f  th e  ty p e  d i s c u s s e d  i n  S e c t io n  3 . A.
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CHAPTER V

INTEGRATION INVOLVING THE q-ANALOGUE OF GENERALIZED MACROBERT'S 
E^-FUNCTION WITH RESPECT TO THEIR PARAMETERS -  I I

1 .  I n t r o d u c t i o n

In  t h i s  c h a p te r  we d i s c u s s  th e  i n t e g r a t i o n  o f  M ac R o b er t 's

u n c t i o n  w i th  r e s p e c t  to  p a r a m e te r s ,  w here  th e  c o n to u r  i n t e g r a l s  

a r e  o f  th e  S l a t e r  ty p e  [ 3 ] .  A v e r y  g e n e r a l  b a s i c  i n t e g r a l  h a s  been  

e v a lu a t e d  and th e n  c e r t a i n  i n t e r e s t i n g  s p e c i a l  c a s e s  a r e  d i s c u s s e d .

2 .  The Main I n t e g r a l

We now p ro c e ed  to  i n t e g r a t e  th e  i n t e g r a l

To e v a l u a t e  5 .2 (1 )  we w r i t e  t h e  s e r i e s  d e f i n i t i o n  ( 1 . 3 ( 7 ) )  o f  th e  E -  

f u n c t io n  in  5 .2 ( 1 )  and u s e  th e  r e s u l t  o f  S l a t e r  [ 3 ] ,  nam ely , l e t

2.Tfi / - i t f / t  11 ( j ) + s ,  ( k ) —5,1-fa

( s ) - ^ »  ( h ) - s
Eq [ r + 1 ; apd s ; r , , b 2+ s , . . . ,  b r +s

b r + 2 s ; - z ] d s

(1)

w here 0 < q < 1 , q = e~ u, t  > 0 .  (Appendix IV (3 ) )

• ^ ( q ° )  = n

<s>C+O+E A+B+F

^ c ) q 3 , ( d ) q " S , ( e ) ;
x

( a ) q S , ( b ) q  S , ( f ) ; ^
( 2 )
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C ^ ) k i ;q ) tn+nC (b ) /k u ; q ) in+n( ( j ) k vj; q ) n Cqlc)/ ( h ) ; q ) n ( C e ) ;q ) mxro6n 

( ( a ) k U;q ) m+n( ( d ) / k M;cl ) In+n( ( S )ky ; ^ n (qV ( k ) , ; q ) n ( f ) ; q ) n,( q ; q ) in(q ;c ,)n ’

(4)

_ , •, l /2 n + l /2 ,D - B  d l d 2  d Dwhere v ,  = C-d q )------- - - ---------- j—  ,
1 y 1 2 ...........  B

. -  , , l /2 m + l /2 n + l /2 ,K -H  hl h2 ...........hH
y 2 = ( - V  > ■

,  .  ,  , l / 2 n + l / 2 ,K - H - l  hl h2 ...........hlland « = ( - y  ) ■

Then, when | q |  < 1 ,  t  > 0 and R(x) > 0 ,  we have

( i )  I  = L  i f  (a )  D > B o r  D = B and R £(b .,b , , . . . b ^ / d . d , ,  d j  > 0D X Z S 1 Z D - *

and (b)  K > H  + l o r K  = H + l and RJlCh^l^, • • • »^H^kl k 2* . • • jk^) 0 

and I  .  Z i f  (c )  D < B o r  (d) K < H + 1,

( i i )  I  = i f  (a )  C > A o r  C = A and RilCa^a^ a A ^° lC2  °C^ — ^

and (b) J  > G +  1 o r  J  = G + 1 and R f c C g ^  ^ g^ 1 ^ 2 .......... ^  — 0

and I  v E i f  (c) C < A o r  (d) J  < G + 1.

Writing the series definition of ECj-function in 5.2(1), we get, for
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I  =-  <
A^a l* 2 n i

Fr / t  n

, 1 -a  -s“a +s 1
(g )+ s ,  ( h ) - s ,  b ^ -a ^ + s ,  z q ’ Zq 

( j ) + s ,  ( k ) - s ,  a^+ s ,  1 + a^ -b ^ -s

-in/t $r+1 r

+ idem ( a , , a _ , . . . , a  , ,  1 2  r+1 > ] - ■

a . + s , l + a  ,-b ..  , . . .  , l + a . - b  , , l + a , - b  - s ; z q  1 1 1  I r - l  l  r

l+al~a2 ’ l + a 2""®3 ’ * * * * l + a i “ a r + i

(5)

1+Eb -Ea , r r4

How, to  e v a lu a te  5 .2 ( 5 ) ,  we use  5 .2 ( 2 )  f o r  C = 1, D = 1 , A = 0 , B = 0,
1 + E b ^ -E a ^ ^

E = r - l ,  F = r ,  x = zq , z = z q , to  g e t  t h a t ,  i f

00 l - a . + n  <» co l+ 2a  - b  (k)+a  1+a - ( g )

k  -  A(al> 1  > * I  ' ' W "  ' « >o m=0 n=0 m+n m+n

l+2a -b  1+a - b ,  .l+a -b_  1+a , - b  , , a/ 1 r .  , 1 1. , • 1 2. . 1 r - l .  t -1  l.m+ii n m+nW q ^  V Cl> >m(z q > 1 2

m(l+Sb -Ea ) v r  r+1
 3___________________________________________________________________________________________

(h)+a 1+a - ( j )  1+a - a  1+a - a  1+a - a
(q )m(q )n (q >m+n^  )m+n^  ) mCq >m n m+n m+n ra m

J  1 - j  +n °o °o a - i
+ I  n ( i - q  ) I  I  (q ; _ ( q

V=1 m=0 n=0

1+a -b  - j  1+j - ( j )  1+j -b  +a

W q > n «  n

(k )+ j 1+a - b .  1+a -b_ 1+a , - b  , m(l+Eb -Ea , ), JV, , 1 1 . .  1 2 .  . 1 r-l. „n m r r+1
i f  V 1" m m* ‘ *  >mB z 1___________________

1+j - ( j 1) 1 + a , - a .  1 + a .-a  1+a -a

<" V q V q V q V ' < q >n,( q \ „ t q \ ,

idem ( a ^ , a ^ , • . • , a ( 6 )
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w here « = -q1
l / 2 ( n + l )  „  , l /2 (m + n + l)  j - g- 2 E<̂ - E ( j> +fV a l

» 2 = (" a l q * q

. . -1  a l + 1 /2 (n + 1 ) .J -G -2  S (g ) -E (J )+ b  - a
6 = f - j v z q ] q

0 0  0 0  CO
P ) _ l + a . - b  +n p p 1 + 2 3 ^ 6  ( j ) + l+ a  -b

o to=0 n=0

2+a -b  - ( h )  l + a . - b  l+ a . . -b 0 1+a -b  m(l+Eb -Ea, l r  . , 1 1 . ,  1 2 .  . . . .  1 r - l .  m r  r+1. m m+p
j ?  m-Hi V " ______________ (q___________V j  >Y1 2

l + a . - b  + (g )  2+a - b  - ( k )  1 + a . - a  1+a -a

W W "  W  V  ’ (q \

K k +n ~  «> a +k k,,-^Cj> 1+k - ( h )  1+a -b
-  I n<l-q * ) I I (q 1 » )„(q ” >„<q 1 0 o

11=1 ra=0 n=0

1+a - b  . (1+Eb -Ea . .  _
(q 1 r _ 1 )mZmq r  )6

1+ar br _ku (g )+ k u br ' a l " ku
<«>.<q>„(q uW q V *  u)

1+k -k* l+ a . .-a_  l+ a . .-a  l+ a . . -a
x (q ) n (q )m(q ^  • .  (q r  )n  + i d e m U ^ ,  . .  . , a r+ 1 )

(7)

1+a b ̂ + 1 /2 (n+1)
w here  = ~q

1+a -b  + l/2 (m + n+ l)  .K -H -l h l h 2  hH
Y2 ■ t -q  1 r  ’ kl k2 ..........kK

, , , 1/2 (n+1). K-H-l Ill fl:2............h!l
and <S = (-k  q ' )  -T—U ----------T ‘

11 1 2 ..........  K
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1+Eb -E a  -
f o r  | q } < 1 ,  t  > 0 , R£(zq r  r  ) > 0 ,  we have

(1) I  = E2 i f  K > H + 1 o r  K = H + 1 and  R*l ^  J  > 0

( i i )  I  -  E2 i f  K < H +  1

( i l l )  I  = E, i f J > G + 2 o r J = G + 2  and R£
g . g • + £ ry b -

Jl J1 2 '
> 0

( i v )  I  -  Ex i f  J  < G +  2,

S p e c i a l  Cases

( I )  For r  = 0 i n  5 . 2 ( 5 ) ,  5 . 2 ( 6 ) ,  and 5 . 2 ( 7 ) ,  we g e t  t h a t  i f

( g ) + s , ( h ) - s ;  

( j ) + s , ( k ) - s ;
E ^ ( a ^ + s ; - ; - z ] d s

✓ (<» l - a _ + n  00 00 (k)+a_l± = n ( q ) j  n ( l - q  1 ) J rt ijq h
n m+n m 1

<*2 z q

o ra=0 n=0

m ( l ~ a . )

1+a - ( g )  a

n>+a(q W z q >

( h ) + a 1 1+a - ( j )

(q W q W q ) m( q ) n

J  «  1 - j  +n «  00 a  - j  1+j “ ( j )  m m m ( l - a . )
I  n i l - .  V ] I  I  <*t 1 V n «  v ) „ ( ,  \ s ” A  1

V~1_______________ m=0 n=Q_____________________________________________________
l + V O V  (h )+ jy

<’  V q

(8)

w here
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„  _ l / 2 ( n + l )  B . l /2 (m + n + l)  J -G - l  E ( g ) - S ( j )
a  -  -q  * 2 1 J 9

. a  + 1 / 2 (n+1) 1 J - G - l  E ( g ) - E ( j%l)O -  r . -1  1 J q V
B = [ - J v 2 q H

j 00 03 m ( l - a , )
1 in+n

. Y1 
/  m=0 n=0 --------- 7~~\—7—r

l2 -  n [ q ] 1  I  I  A  S ; y 2

m n

k oo k +n <» “> a +k k„+ ( j )  1+k - ( h )  m ( l - a  )I n ( 1 - q  11 ) I  I  Cq 1 " W q  “ W q  U ) z"q 1 «"
, .  i  n n m + ny = l o m=0 n=0

+  ----------------------------------------- (g)+k 1+k - k '
( q ) m ( q ) „ ( q  ‘ >n <q ) „

(9)

where

1 + a ,+ 1 / 2 (n+1) 1+a, + 1 / 2 ( M+N+l) „ „ , h l h 2  hH_ 1 , X : ■ ■■ ■" ■■ ■
Y1 -  -1  • V2 * > q )................ 1 2 ...........kK

.  -  , . l / 2 ( n + l ) . K - H - l  h l h2 ...........hH

u ki k2 ............h

1-3
f o r  | q |  < 1, R£(zq ) > 0, we have

N  ^ 2 ...........hn
( i )  I :  = E2 i f  K > H + 1 o r  K = II + 1 and PJI j -----  —  ] > 0

1*'2 kK

~ l 2 i f  K < H + 1.

g1p,2  gC
( i i )  I -  I .  i f  J  > G + 1 o r  J  -  G + 1, Rt -r—. t -  > 0

1 1 V 1 2 .............J . J /

i f  J < G + 1.



( I I )  In  ( I )  t a k in g  J  = G + 1, we g e t ,

I  = Z1 , where

1+a,
(k )+ a  1+a - ( g )  _ x a l / 2 ( n + l )

1 — 1 v (q }n (q }n q } (" 1} q
L  -  H(q) J  n[ q  1 I (h )+a  1+a . - ( j r , , )

1 t  " - °  (q 1 +1 >„«<!>„
-J

(k )+ ax+n l+ a 1- ( g ) + n  l+£ (g ) - £  ( J G+1)

* K+G^H+G+1

q »q
(h )+ a14n l + V ^ G + l ^ "

q »q

G+l l - S ( g ) - Z ( j G+1) - j v l - a 1- E ( j ) - E ( j G4i )
+  I n [ i - ( j  ) , z q  izq

v = l

x *
G+K+l G+H+l

m v-(g) « +J E ( g ) - E « w l )+jv 1-E(g)-E« )-a
q ,q  ,1 / z q  ,zq  i!

l + j v-(g>  ( h ) + jv 1 - V j v 
q »q , q

(10)

( I I I ) '  A gain ta k in g  K = H + 1 in  ( I ) ,  we g e t

I 1 -  n (q )  I
n n f 3 /2 + l /2 n ,  

n ^

00 1+k. M+l
(zc

r=0 y= l

k)t+n °° a 1+k k + ( j ) 1+k - ( h )

’V *  yn n

_ , ^ K .  .  _
H (zq y ) I n ( l - q  U ) I (q 1 V) (q y )_ (q  ^ ' ' ) 6 °

n=0
oo 1-a 1II (zq ) 

r=0

(g)+k 1+k, r k '
( q ) n (q U) n (q y ) n

( 1.1 )

hl U->...........hH
where 6 =

kl k2  kH+l



(i4

(TV) N e x t ,  f o r  r  = 1 i n  5 .2 ( 5 ,  6 ,  and  7 ) ,  we have

l w/J .  n'2 2ttt  ‘' - i r r / t

C g ) + s , ( h ) - s  

(j  ) + s . (k) - s , l+ a 1- b 1- s
x [ a j + s , a 2 + s , b j + 2 s ; - z ] d s

(12 )

- tw here  0 < q < 1 ,  q = e  , t  > 0 ,

I , n:
q , b r a i ;  

a 2~a l ’ J n ( i - z" V ) ( i - z q 1’fn )

1 - a .+ n
» n - ( i - q  1 )

£ £ l+ 2 a ^ -b ^  (k )+ a^  l + a ^ - ( g )
X L  l  ( q  

Ei=0 n=0 ^ 2 a + n ^  ^m+n^q ^m+n

l+2a - b  a l m + n  n  m+n m m<'1+bl ' a 2_ a l )
(q  W + *  1 1 ° 1 ° Z  ^

(h )+ a .  1+a - ( j )  1+a - a .
Cq ) m+n(q ) _ + n (q 1 ) m( q ) m( q ) nm+n m+n m m n

J  1 - j  +n ra «° a - j  1+a - b . + i  1+i - ( g )
+  I  m i - ,  v ) Z. S .c q  1 \ „ n <, 1 1 V ^ c ,  >.

V I m=0 n=0 m+n

i + j ^ - b  +a ra(l+b - a  - a  )✓ _ v 1 X. * v. X £ X m
(q ) n (q ) nq 8 z

i + j . . - ( j ) ' ( b ) + j .. 1+a - a .  ~

«* V  >«<" >n'“ V q>n

+ idem (a  ; a 9)\
)

_/

(13)

. _ 1 / 2 (n+1) _ , I /2 ( ra + n + l)NJ -G -2  ? ( s ) “ ^ C j)+ b 1~a
w here  = - q  , « 2 = ( - a . ^  v ' )  q A x

. - 1  a i +1/ 2 (m+1) j - g- 2 /̂ o ) - ^ ( j ) + b 1- a
and 3 = [ - j v z q ] q

and
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I , - "
W

W
n ( ] - z" 1qn ) ( l - zq1+n)

)°° l + a , - b ,+ n  00 oo l+ 2a , -b ,
7  H ( l - q  1 1 > I  I  (q 1 1
(_o m=0 n=0

( j ) + l + a . - b .  2+a1- b . - ( h )

W  W “ : m+n

m a <1+W a l ) v n. n>+n 
Y1 Y2

l+ a 1- b .+ ( g )  2 + a .-b  - ( k )  1+a - a .
^  ^ ( q  1 )m+n m n m+n m+n m

K k +n oo oo a ,+ k  k + (j  ) 1+k - ( h )  m ( l+ b , - a _ - a  )
I  H ( l-q  y ) I K q 1 y ) m+n(q U ) n (q W ) n A  1 2 1 6°

p = l  m=0 n=0_____ n

1 + a , - b , - k  (g)+k b , - a , + k  1+k -k* 1+a -a_

% * . « >  V "  V "  V "

+ idem (a l ; a 2> * j (14)

w here = -q
l+ a l - b i + l / 2 ( n + 1 )

1+a -b  + l/2 (m + n+ l)  h ^ ...........h(J

y 2 ■ <-« >

1+b - a _ - a
f o r  | q |  < 1 ,  t  > 0 , R£(zq 1 ) > 0.

<hl h2  hH> „
Then I  = Z„,  i f  K > H + 1 o r  K = H + 1 arid 1U T T X ----------- iTT i l  °-

2 2 ( 1 2 ..........  K

( i i )  I -  l 2 i f  K < H + 1

(& ]£?........... p;(;l)i^
( i i i )  I ,  = Z i f  J  > G + 2 o r  .1 = G + 2, k£   T T T  -  0

1  ̂1 2  1 ;
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( i v )  I ~ E1 i f  J  < G +  2.

F u r t h e r ,  t a k in g  J  = G + 2 , in  5 .2 (1 2 )  we g e t

I 2 - "
" • W

w
TT •  a  " " * 1  / I  l ” H l \H(l-z q ) (1-zq )

l - a . + n
!nci-q )

n=0

l+2a -b  <k)+a 1+a - ( g )  1+2a -b  , -1  al , n  n n
<q n n ) u (q >nU  q > “ l  a2

, ,  ,  ( h ) + a i .  .  1 + a r ( g G+2>
q n n n

/ l+ a , j - ( g ) + m  l+2a^-b+2m (k)+a^+m 1+a^ (j)+m  l+2a^-b^+m
/ q  , q  »q >q >q ;Q

x G+K+J+1 ̂ H+G+3 j (h )+3^+01 l+ a;L- ( j G+2) l + a j - a 2
I q , q  )»q

0+2 1 - j  +m j «  1+a -b  - j  1+ j  -b  +a k+j
+  I  ( l - q  v )1 I ( 1  1 1  ) _ ( q  v  1 ) „  Cq v >

V=1 /  n=0 n n n

- n ( a  - i  ) 1+j \ . " (8)
( _ l ) ng n / 2 ( n+ ! )  1 JV (q ) n

i + a . - j  -m 1+a - a  ( h ) + ( j  )
(q v  ) (q 2 ) n ( z  v  ) ( q ) m n n n

2$J -1

1+a^-b^+m ax- j v
;Qi + idem (ar a2>]

(br a 2_a i )where = zq , Q = a2ZC*
( l + b j - a ^ a ^ 1 / 2 (n+1)

- q , a .

E(6)- £ (.iG+2)+br ai  , f S ( g ) - S ( j G.,2)+b1- a ]
q , and 15 = q

One could further take particular values for J and K to get the values 

of more simple integrals.
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APPENDIX I

SYMBOLIC INDEX

(a) = a ( a + l ) ( a + 2 ) . . . ( a + n - l )  , n  ̂ 1 .n

( a ) Q = 1

ab z a (a+ l)b (b + l)  z 2 a(a+ l)(a+ 2)b (b + l)(b + 2) z3
c 1 + c (c + l)  21 + c (c + l) (c + 2 )  31 +

= g F ^ a ^ j c j z ]

o r

*  ( a ) n ( b ) n nz= £  THy- j T
n=l n

E [ » , b ; c : - 1 ]  = r r ^ ) -z (b) ' ^ [ a . b j c i z ]

( a , q ) n = ( l - a ) ( l - a q ) ( l - a q 2) . . .  ( l - a q 11 1 )

( a ,q )  = 1

f a d  -  ( - a ) " ”  qn / 2 (n+1>
- n  ( q / a ; q ) n

J§> r a i , a 2, *‘ * 3 r+1 ’ Z~] _ Z *** ^a r f l ^ n  n
r  r Lb1 , b  . . .  b J  ( q W b  ) . . .  ( b j1 2  r  n= l n 1 n r  n

A r ^ b . z ’ - S  1.1 < !
n=l n n

00 00 _ . n  n / 2 ( n - l )
e  (x )  = n c i-x q 11) = E -y„-\---------- x11 >

q n= l n= l n

(x+y)  * x“ ( l+ y /x )  = n <1+?/ x  ^ ------
“  n=0 f l+ y /x  q )

< r b r  ’  f o r  | x |  <  1a

G (or) = {  n  ( l - q a + n ) }  1 
n=0

x oo
s  f ( y ) d ( q y )  = x ( l - q )  £  q 1 f ( q Xx )

i=0
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- A I .2 -

GO j  — CD

S f ( y )  d (qy )  = x ( l - q )  g  . qj  f ( q J ) 
x j = l
CO j  — CO

S f ( y )  d (q y )  = (1 -q )  £  qJ f ( q J )
0  j = - »

Eq (ff,P: : z )  = S E ^ q X ) ^ " 1 ^ ( c v ;  d(qX) ; z /  0 .

G(a ) « • ■ G(3j,) —a , . . . ,  a j  —_

E ( r ; a  : s ; b  : z )  = --------------------------  6  I . A lso
q P t  G(b ) . . .  G(b ) J1 s

CD

i f  f  (x )  = xa  £  a x r  ,
r= —co

00 0trth e n  f [x + h ]  = a j ; x+ h ]a+ r  w here [x + y l^  = x [ l + y / x ] ^  =

cd q
n Cl+y/x q )

n , a+nN ’n=0 (1+ y /x  q )

G(Q?n ) . . .G (Q ' )G ’ (k /m ) , , .  . ,  a . (k+m-l/m) 
and ----- 1------------ E - S ------------  q---------------

G(P1) , . . . , G ( P s )

X $ [

0'1 a  k/m
q r  , q ’ , . . . , q  ' k+m-l/m; SBL, 

q > # . .  j q

w hich we d en o te  by

Of a  . k/m
E r q  , . . . , q  r , q '  , . . . , q  ’k+m-l/m; z “j

0 1 Psq > . . .  > q

where t h e  symbol A(m;a) s ta n d s  f o r  m p a ra m e te rs  o f  t h e  ty p e  

,a/m  .oM-1 . a+m-1
q > qf — — »q ’ - s - •
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- A I .3 -

In  t h e  n o t a t i o n  f o r  o r d in a r y  h y p e rg eo m etr ic  f u n c t io n ,  t h e  symbol

(a )  s  a ( a + l ) ( a + 2  . . .  (a+ n-1 ) n

( a ^ Q -  1.

S ince  many a u th o r s  have  u sed  t h e  same symbol (a )  f o r  ( a . q )  .n n

In  o r d e r  t o  av o id  any a m b ig u ity  i n  t h e  p r e s e n t  work (a )  may be readn

a s  ( a .Q )n •
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APPENDIX II

Summation Theorems f o r  O rd in a ry  H ypergeom etr ic  S e r i e s

THE BINOMIAL THEOREM: j F 0[ a ; ; z ]  = ( l - z ) ~ a .

( c - a )  ( c -b )
SAALSCHUTZ'S THEOREM: 0F0[ a , b , - n ;  c ;d ;  l ]  = -r-y  -jS p ro v id e d

-3  z ( c ) {c-a-DJn n

t h a t  c + d = a + b - n + l .

GAUSS'S THEOREM: . * F , [ a , b ; c ; l ]  = T f"c , c  a o r  when b = - n  Vandermonde' s2 1 L ’ \  I c - a , c - b j( c - a )  u ’
theorem , ^ [ a . - n ;  c; l ]  = -  n .

n

DIXON'S THEOREM: oF J " 3 ’ **’ ° 1 1
1+a-b  1+a-c  J

- l+ 'g a ,  1+a-b , 1 + a -c , l+ § a -b -c _

= r L , , I1 + a , 1 +%a- b , 1+ga- c , 1 + a -b -c J

o r  i f  c = - n
. .  b . - n  , ^

3FL 1+a-b 1+a+n

( l + a ) n ( l + | a - b ) n

( l + | a ) n ( l + a - b ) n

5F

a, l+f?a, b, c, c; 1-, 
4L -|a 1+a-b, 1+a-c, l+a-d;J

_ pri+a-b, 1+a-c, 1+a-d, 1+a-b-c-d
1+a , 1+a-b-c, 1+a-b-d, 1+a-c-d"

o r  i f  d = - n
a, l+ § a ,  b ,  c ,  - n ;  1

5 F4L %a, 1+a-b , 1+ a-c , 1+a+n J

( l + a ) n ( l + a - b - c ) n

( l + a - b ) ( l + a - c )  *n n
a , 1+ fa , b , c , d, c , - n ;  1

DOUGALL'S THEOREM: „ F j  1 , 1. - ,  j  -■6L -|a 1+a-b 1+a-c , 1+a-d , 1 + a-e , 1+a+n J

(1+a) (1 + a -b -c )  (1 + a -b -d )  (1 + a -c -d )  n n n n

(1+ a-b ) ( i +a_ c )  ( 1+a_ d ) ( l+ a - b - c - d )
1 n n n
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“A l l . 2-

provided that l+2a = b + c + d + e -  n .  
i, 1+i-a,_a, l+#a, b, c: -1_.r - n a jf 1+a-b, 1+a-cl

4 3L %a, 1+a-b, 1+a-c J i_l+a 1+a-cJ

or i f  c = -n

Ta, l+§a, b, -n; -1"1 _ (1+a n̂
4 3 -̂ &a, 1+a-b, 1+a+n “* (1+a-b)n

5

a, l+ |a ,  b, c , d; 1 

F4L g-a 1+a-b, 1+ a-c , 1+a-d J

_l+a-b, 1+a-c, 1+a-d, 1+a-b-c-d
= r| I

‘“l+a , 1+a-b-c, 1+a-b-d, 1+a-c-d""1

or i f  d = -n
_a, l+§a, b, c, -n; 1-, (l+a)n(l+a-b-c)n

^  4a, 1+a-b, 1+a-c, 1+a+n  ̂ = <l+*a)n(l+a-b)n
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SUMMATION THEOREMS FOR BASIC SERIES

( 1 )  G A U SS'S ANALOGUE: 2 ^ ^ a , b ; c ; c / a b -' =  ^ c ^ ’ c / a b l  o r  w h en

( c /a ) .
atr  - a  “ / i  • “2 ^ [ a , q  ;c ;c q  / a ]  = -----

n
(c/a) (c/b)

(2) SAALSCHUTZ’S ANALOGUE: 3#2[a,b,q" ;c,d;q] = (c) (c/ab)"'"
n n

l “*nprovided that cd = abq .

(3) DIXON'S ANALOGUE: b> c> d > aq/bcd
Va, tja., a q /b , a q /c , aq /d

aq, aq /cd , aq /bd , aq /bc  -j 
a<

- a

/v/a, <\/a, aq /b , a q /c , aq1+N/b c ‘

^  Laq/b aq /c  aq /d  aq /bcdJ • 

__ a, q-v/a, -q-\/a , b , c , q 

 ̂  ̂ 6 ^ 5 L  a/ S ,  a/ S ,  aq /b , a q /c , aq1+N/b c “*

(aq)N (-v/aq/b)N

(aq/b)N (aq/c)N

(5) HEINE'S THEOREM: ^ l a ^ ]  = W[az; q]

(6) THE BASIC ANALOGUE OF DONGALL’S THEOREM:

gflpj”a q*/a -q,̂ a b c d e q N q“j
a/a - a/s aq/b aq/c aq/d aq/e q^+^

(aq;N)(aq/cd;N)(aq/bd;N)(aq/bc;N)
(aq/b,N)(aq/e,N)(aq/d J N)(aq/bcd,N)

2 N+lprovided that bcde = a q , and N is a positive integer.
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APPENDIX IV. 2

-o < -3  - < 'Z



APPENDIX IV.3

A y

3

( X X  X X X X X

X X ^ ) x x  X X  X X X
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