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Borislav Busic 

Advisor: Professor Joel Koplik

Abstract

The extensional rheology of Newtonian and non-Newtonian fluids is in­

vestigated by molecular dynamics simulations of appropriate model liq­

uids in an extending liquid bridge configuration. The fluids are modeled 

as molecular species and the polymers as chains of monomers bonded 

by non-linear springs, both interacting with atomistic solid walls. In the 

simulations, a cylinder of liquid is placed between solid end-plates which 

separate at an exponentially increasing rate until the liquid breaks up. A 

quantitative description of the time evolution of the liquid filament profile 

and the forces exerted on the end-plates is obtained and can be directly 

compared to experiment. In addition, monitoring of the atomic displace­
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ments and forces during simulation yields information on the internal dy­

namics of the fluid - the velocity and stress fields, and the molecular con­

figurations. The simulations are in good agreement with laboratory data 

and with the results of macroscopic numerical simulations of the device 

based on appropriate rheological models. In particular, in the range of 

deformations up to Hencky strains of e «  0.7, the dynamic response 

of the model liquids is well described by a lubrication approximation of 

Newtonian "reverse squeeze flow". Alignment of polymer chains in the 

model solution leads to strain-hardening of the filament manifested in a 

very uniform deformation of the filament over most of the flow regime. 

The stress fields are both spatially and temporally nonhomogeneous with 

characteristic layers of high stresses.
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1 Introduction

Polymeric liquids, both in solutions and melts, have very different flow prop­

erties than simple liquids whose response to flow deformations is dominated by a 

single material property, the Newtonian viscosity. In addition to being viscous, 

a large majority of industrially and biologically important polymeric fluids ex­

hibit properties, in particular elasticity, which lead to highly nonlinear behavior 

in common flow situations. Consequently these fluids are termed non-Newtonian 

and their rheological characterization generally requires a set of material functions 

which generally depend on deformation rates and time [1]. In the most common 

cases, shear flow deformations for example, in contrast to simple liquids the poly­

meric fluids exhibit a viscosity dependent on both the rate of deformation and 

imposed strain. Moreover normal stress differences, which are absent in the shear 

flows of Newtonian fluids, are present. In simple, steady shear flow these effects 

can be characterized with three material functions, the non-Newtonian viscosity 

and two normal stress coefficients. Furthermore the material properties charac­
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terizing the response of non-Newtonian fluids to shear-free deformations are not 

immediately related to their shear properties, and have to be determined horn the 

corresponding flow configurations. Among these, the extensional properties of 

polymeric liquids are of prominent importance for both practical and more fun­

damental reasons. The extensional component is dominant in many industrial 

processes, such as fiber spinning, extrusion, film blowing or blow molding. Ex­

tensional material functions are needed to model these flows and to discriminate 

between the numerous constitutive models of non-Newtonian behavior in the lit­

erature [2]. However, due to difficulties stemming from the very nature of the 

extensional flows the extensional properties of non-Newtonian fluids are not as 

nearly well understood as their shear properties. The experimentally accessible 

flow geometries are predominantly but not exclusively extensional, and generally 

do not allow unambiguous determination of the extensional material functions. 

Therefore, in order to be reliably interpreted, the experimental measurements of 

the extensional properties of non-Newtonian fluids have to be complemented by 

additional investigations of underlying dynamics. In this respect the numerical 

simulations of constitutive models play a crucial role. Besides elucidating the 

underlying dynamics of a particular process these simulations give a better un­

derstanding of models themselves. However the choice of the constitutive model 

generally depends on the particular liquid used in the experiment and sometimes 

different models may lead to contradictory results.
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In this work we approach this task in a more general and more fundamental 

way by using microscopic molecular dynamics techniques (Allen and Tildesley 

(1987) [3]) to simulate a particular measurement technique of extensional proper­

ties of liquids which is based on uniaxial stretching of initially cylindrical liquid 

bridges and initiated by the work of Sridhar et ai. (1991) [4]. In molecular dy­

namics, different liquids are simulated by an appropriate choice of the interaction 

potential energy between classical atoms, which represent the basic constituents of 

the liquid system, and the physical or rheological properties of interest are calcu­

lated directly from atomic trajectories. In this way the simulation of any Newto­

nian or non-Newtonian, liquid is approached in an unbiased manner. Moreover 

the molecular dynamics simulations offer an insight into microscopic processes 

which can not be easily studied by continuum modeling.

1.1 Extensional Flow Experiments

The experimental configuration investigated in this work is designed for the 

measurement of uniaxial elongational properties of liquids. Essentially, the ex­

periment is an adaptation of a standard tensile test used for solids, in which an 

initially cylindrical liquid bridge configuration, consisting of a liquid filament at­

tached to movable circular end-plates, is stretched by an appropriate motion of the 

end-plates (Fig. 1.1). The relevant flow kinematics are best described in cylindrical
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V(t)

fluid
filam ent

V(t)

FIGURE 1.1: An initially cylindrical fluid filament during uniaxial exten­
sion in the filament stretching device.

coordinates

(1.1) Uz — £q Z, ur — 2 uv =  0 .

where 6q is a constant, the rate of elongation. In such a velocity field the length of 

a material cylinder ostensibly increases exponentially

(1.2)

while its radius decreases exponentially at half the rate

(1-3) R(t) = Roe-W*
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These expressions indicate both the motivation for the experimental design and 

the fundamental difficulty in experimental treatment of the flow. In this flow the 

streamlines converge rapidly and high strains are associated with very thin sam­

ples. In practice this means that steady stress state most often can not be reached 

before the sample deforms non-uniformly or ruptures. The appropriate material 

function for characterization of transient stress in this flow is the elongational stress 

growth function [1],

i . x “  7Tt*-r

(1.4) r)+{eo,e) = ------- :------

where irzz and 7Trr are the normal components of the total extra pressure tensor 

and

, L{t)(1.5) e =  £ot =  In
"0

is an appropriate strain measure, usually called the Hencky strain.

The desired flow kinematics given in eq. (1.1) generally cannot be fully realized 

experimentally because of the need for solid boundaries that support any flow ge­

ometry in external gravitational field. The no-slip boundary condition at liquid- 

solid interfaces results in large shear stresses, which in turn prevent generation 

of purely elongational flows. In the particular case of a liquid bridge configura­

tion, the problem due to presence of the solid end-plates is compounded by the
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presence of the free surface interface, which due to no-slip condition at the end- 

plates deforms non-uniformly as indicated in Fig. 1.1. Furthermore, the presence 

of gravitational body forces presents additional problems in liquid bridge exper­

iments. In the experimental designs where the configuration is held horizontally, 

gravity causes sagging of long filaments, while in the designs where the sample 

is held vertically, gravity may cause non-uniformities in the sample density and 

shape in the vertical direction. The aforementioned problems are not acute in ex­

periments with very viscous rigid polymer melts, and the liquid bridge technique 

has been successfully used there for years [5]. However the method had been 

considered inappropriate for more mobile and less viscous polymer solutions and 

melts until the work of Matta and Tytus (1990) [6], who showed that in polymer so­

lutions of this type, fluid filaments may be stretched very uniformly provided the 

end-plates move apart rapidly. In addition, the technique offered an apparently 

definitive advantage over other available methods for investigation of uniaxial ex­

tensional properties of liquids, such as fiber spinning or tubeless siphon (Fano) 

flow. The latter offers predominantly extensional flows which are steady in the 

Eulerian but unsteady in the Lagrangian sense, meaning that a liquid particle is 

subjected to a sequence of deformation regimes,characterized by short residence 

times, and the extensional results depend greatly on the deformation history of 

the particle. The apparent advantage of the liquid bridge configuration is that the 

test sample is deformed from rest. These considerations ignited intensive research
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during last decade aimed at design improvements and better understanding of the 

performance of the device. This work has been motivated and is part of that effort.

The problems originating from the presence of the solid and free surface bound­

aries and gravitational body forces have been addressed in two essentially differ­

ent approaches to the design of experiments. In the approach taken by the re­

searchers at the University of Bremen (Germany) (7,8,9], the negative influence of 

the gravitational forces is avoided by carrying out the experiments in microgravity 

conditions created by free-fall in a drop tower. The non-uniformity of deformation 

along the filament caused by the no-slip at the fixed end-plates is avoided by use 

of end-plates with an adjustable diameter. The advantage of this, fundamentally 

very sound approach is that it can be used for tests of extensional properties of any 

liquid and any size of the test sample. However only relatively small strains can 

be achieved due to limitation on the duration of the test imposed by the height of 

the drop-tower facility and the extent to which the diameter of the end-plates can 

be reduced. Probably due to these limitations, this method has not been further 

pursued elsewhere to our knowledge. In the published experiments that involved 

large liquid bridges with the initial aspect ratio Ao =  Lq/2R o =  1 moderate 

Hencky strains, £ ~  1.4 were obtained, corresponding to fourfold increase in 

length and twofold decrease in the radius of the filament.

The other approach initiated by Sridhar and co-workers (1991,1993) [4,10] re­

lied initially on a particular deformation pattern exhibited by highly elastic, strain-
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hardening, dilute polymer solution filaments. After initial transient these filaments 

deform in a highly uniform manner indicating the possibility of the formation of 

a homogeneous uniaxial elongational flow field within the filament. Here gravita­

tional effects are alleviated by using very small test samples (typically Ao ~  0.3) 

and performing the experiment in a neutral buoyancy bath (Plateau tank). The use 

of small, initially very short test samples is further justified by the strain levels that 

can be reached: Hencky strains of up to e «  6 have been achieved in this case.

The basic design of the experiment has been adopted and further developed 

by research groups around the world [11,12,13]. Problems with the latter exper­

imental design were recognized from the outset. First, the deformation pattern 

of a test sample strongly depends on the rheological properties of the fluid. Un­

like the constant shear viscosity highly elastic dilute polymer solutions used ini­

tially, Newtonian as well as shear thinning, weakly strain-hardening viscoelastic 

filaments are found to deform non-uniformly throughout stretching. Even in the 

former case, despite the fact that very long uniformly deformed filaments can be 

generated over most of the flow regime, the local rate of elongation, determined 

from the variation of the minimum radius of the filament, never exactly matches 

the nominal rate of extension corresponding to pure elongational flow within fil­

ament and implied in the relative motion of the end-plates. Instead, two distinct 

regimes of radial deformation are present during stretching experiments [4,11]. 

In the first, usually lasting half the duration of the experiment, the local rate of
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elongation exceeds the imposed stretching rate significantly (up to 50%) as a con­

sequence of nonuniform necking deformation along the filament. In the second 

regime, which corresponds to axially uniform deformation of the filament, the rate 

of thinning is typically smaller (up to 50%) than the overall stretch rate.

1.2 Relevant previous Results

As a part of preparation for their microgravity experiment Kroger et al. (1992) 

[7] systematically investigated liquid bridge device performance in the neutral 

buoyancy conditions on a fairly large sample of carefully chosen pairs of New­

tonian and viscoelastic liquids with matching zero-shear rate viscosities. The liq­

uid filaments were stretched by uniform motion of one of the end-plates giving 

non-constant, monotonically decreasing imposed strain rates,

.... e(0)
(1.6) s(t) =  v ’

1 H- i t

these experiments gave valuable insight into relative importance of inertial, sur­

face tension and viscous forces in the process of stretching deformations of liquid 

filaments. An overall similarity in the deformation patterns of pairs of liquids with 

matching (zero-)shear viscosities was observed. The more viscous samples were 

found to deform in a more uniform manner, especially in the experiments per­

formed at higher velocities of the moving end-plate. The breakup of the viscoelas­
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tic samples was generally slower than the breakup of the corresponding Newto­

nian filaments. It was also found that at the onset of high velocity stretching, iner­

tial effects can lead to a necking deformation of the filament, which is asymmetric 

with respect to the mid-plane of the filament. The influence of this asymmetry on 

the applicability of the technique to the measurement of the uniaxial extensional 

properties of fluids has not been understood to date. However the possibility of the 

development of this asymmetry, especially in the high imposed strain rate exper­

iments, strongly suggests a preference for an elongational strategy in which both 

end-plates are moved simultaneously, over elongation of the filament induced by 

the motion of one of the end-plates. In another set of experiments with the same 

samples and under same conditions Kroger and Rath (1995) [8] observed that the 

nonuniform necking deformation of the filaments was accompanied by nonuni­

form distributions of rate of elongation and considerable shearing. Also in small 

capillary number stretching experiments it was found that surface tension effects 

can become so important as to lead to a flow reversal at late stage of deformation, 

characterized by a well-developed depression in the middle of the filament.

Since the details of the underlying dynamics of the liquid bridge deformations 

in these filament stretching experiments were and still are experimentally largely 

intractable, these experiments were complemented by numerical simulations of 

the devices. Spinnability, the property of being able to be drawn out into long, 

uniformly deformed thin filaments, of branched polymer melts was investigated
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in a numerical simulation by Chang and Lodge (1971) [14]. The first experiment of 

Sridhar etal. (1991) [4] was accompanied by a numerical simulation of the experi­

ment by Shipman etal. (1991) [15]. Their group used a free-surface finite element 

method and the Oldroyd-B constitutive model for the liquid. The study gave an 

intriguing explanation of the initial high rate thinning of viscoelastic dilute poly­

mer solution filaments, which had led to large discrepancies between the local and 

imposed stretching rates. It was found that under the combined influence of grav­

itational and surface tension forces a reverse flow develops near the end-plates, 

leading to accelerated thinning of the midsection of the filament. Gaudet et al. 

(1996) [16] performed a fairly detailed analysis of the dynamics of Newtonian liq­

uid bridges under uniform stretching, roughly corresponding to the experiments 

of Kroger et al. [7, 8]. They used the boundary element method with the fluid 

dynamics governed by the linear Stokes equations. The dependence of deforma­

tion on initial aspect ratio and capillary number was examined and the viscous 

force exerted on the stationary end-plate as a function of strain was calculated. 

As in the experiments of Kroger and Rath (1995) [8], a flow reversal was found in 

the advanced stages of filament deformation in low capillary number stretching. 

Sizaire and Legat (1997) [17] studied the extensional response of a Boger fluid in a 

finite element simulation using the Qulcott-Rallison version of the finitely exten­

sible non-linear elastic dumbbell model (FENE-CR). This model gives the typical 

deformation pattern exhibited by Boger fluids in stretching experiments. The re­
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suits were compared with the experimental measurements of Spiegelberg et al.

(1996) [11] and qualitative agreement was found, but the underlying dynamics of 

filament stretching was not investigated.

A detailed investigation of extensional deformations of highly elastic, viscous 

dilute polymer solution filaments in uniaxial stretching experiments involving the 

quantitative description of the evolution of the filament profile, the kinematics 

within the filament and the evolution of the shear and axial normal components of 

the total extra stress tensor was conducted by Yao and McKinley (1998) [18]. The 

investigation was based on a finite element numerical simulation of the Oldroyd-B 

model, and principally compared to the experiments of Spigelberg etal. (1996) on 

two Boger fluids, exhibiting nearly-constant shear viscosities. The response to the 

stretching deformation of viscoelastic filaments was compared to the response of 

Newtonian filaments for a wide range of imposed rates of deformation and initial 

aspect ratios. Good agreement with the experimental measurements was achieved 

in the results for the experimentally available quantities. At the beginning of de­

formation the Newtonian and dilute solution filaments deform very similarly, in­

dicating the dominating role of the Newtonian solvent in governing the dynamics 

of deformation of the viscoelastic filaments at small strains. In agreement with 

the experimental observations, the filaments deform in highly nonuniform man­

ner with the local rates of extension far exceeding the imposed stretching rate. The 

finding of Spiegelberg et al. (1996) [11] that this behavior can be described satis­
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factorily as a "reverse squeeze flow" of a Newtonian fluid (within the lubrication 

approximation) was reiterated. The model predicts a non-homogeneous deforma­

tion of the filament with the maximum elongation occurring in the middle of the 

filament This leads to an effective local rate of extension based on the variation 

of the filament radius in the middle of the filament that exceeds the imposed rate 

of elongation typically by ~  50%. At higher strain levels, the deformations of 

the two types of liquid filaments differ dramatically. The viscoelastic filaments 

strain-harden in the axial midsection where the strains are largest and deform in 

a more uniform manner leading to formation of long cylindrical section. In con­

trast Newtonian filaments do not exhibit strain hardening and continue to deform 

non-uniformly, developing a concave shape characterized by a narrow neck in the 

midsection of the filament and quasi-static reservoirs near the end-plates. As a 

consequence, Newtonian filaments eventually break at a point near the center of 

the filament. As had been demonstrated in the experiments of Kroger et al. (1992) 

the precise position of the filament failure depends on the interplay of inertial, vis­

cous and surface tension forces. Strain hardening of dilute solution filaments leads 

to a quite different breakup mechanism. The cylindrical portion of the filament 

forms during stretching by taking liquid from the quasi-static reservoirs near the 

end-plates. As a consequence of the fast drainage of the reservoirs, the surface 

deforms sharply near the end-plates. The variation of the filament shape at large 

Hencky strains with characteristic very large curvature at the 'foot' area of the
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filament was reproduced in the simulation, in qualitative agreement with the ex­

perimental observations [11] at early stages of the flow, prior to the onset of a local 

elastic instability manifested by the breakup of axial symmetry of the filament near 

the end-plates, accompanied by the development of rich fibrillar structure. Due to 

numerical difficulties originating from the large curvatures of the filament shape 

near the end-plates, the simulation could not be continued to include the filament 

breakup. The simulation predicts a non-homogeneous stress distribution for both 

Newtonian and viscoelastic filaments. At small strains the stress distributions in 

the Oldroyd-B and the Newtonian filaments are almost identical. The axial compo­

nent of the total extra stress tensor, 7T22/ has a parabolic profile along the centerline 

of the filament with zero magnitude at the end-plates and a local maximum at the 

mid-plane, in agreement with the lubrication model. In addition a region of high 

stress concentration develops at the surface around the mid-plane of the filament. 

This 'surface boundary layer' of high axial stress concentration persists in the case 

of the Oldroyd-B fluid throughout deformation. Moreover due to strain hardening 

of the fluid at the midsection of the filament and subsequent formation of the long 

cylindrical column connecting two quasi-static reservoirs near the end-plates, ad­

ditional stress layers are predicted in the latter regions. For Newtonian liquids the 

simulation predicts the decay of the surface boundary layer at higher strains. The 

time evolution of the shear stress distribution within stretching filaments was also 

calculated in the simulation. At small strains, large shear stresses are predicted
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for both Newtonian and viscoelastic cases, with the maximum concentration at 

the thin surface boundary layers at the surface areas of maximum axial curvature. 

Again a stress decay is predicted for the Newtonian case, and persistence of the 

high stress surface boundary layers for the Oldroyd-B fluid case.

Although the impetus for intensive development of the experimental technique 

came from the particular deformation pattern exhibited by low-viscosity, highly 

elastic dilute polymer solution filaments, it has been recognized that the technique 

can be equally well applied to measurement of uniaxial extensional properties of 

other low-viscosity viscoelastic fluids such as concentrated solutions and polymer 

melts. The non-uniformities in the underlying extensional dynamics of strain- 

hardening fluid filaments indicated by experimental observations, and elucidated 

in the numerical investigations of the device, required a careful investigation of the 

interpretation of experimental data. The central question in this regard was how, 

in view of the non-homogeneity of extensional dynamics, the measured quantities, 

in particular the force maintaining the imposed stretch rate, were related to tran­

sient extensional properties of test fluids. A fairly broad treatment of this question 

was given by the joint efforts of Szabo and Kolte et al. (1997) [19,20]. Szabo de­

rived a complete force balance for the liquid filament under extension that includes 

the effects of inertia and surface tension, and the relative importance of normal 

stress differences and shear stresses within deforming filament as well as asymme­

tries due to gravity were discussed. It was found that the measured force on the
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end-plate(s) can reliably be related to extensional viscosity of the test fluids pro­

vided that filament shape measurements are available. In an accompanying paper, 

Kolte et al. analyzed the performance of the device and the merits of different ap­

proaches to the analysis of experimental data. A Boger fluid and a shear-thinning 

semi-dilute solution were simulated by an Oldroyd-B four-mode model, and the 

PSM ( Papanastasiou, Scriven and Macosko) model, respectively. The model pa­

rameters were taken from the fluids used in the experiments by Tirtaatmadja and 

Sridhar (1993) [10]. With the reservation that the simulation was performed on just 

two specific fluids, it was found that, with the appropriate approach to analysis of 

the measurements, the filament stretching device can provide very accurate pre­

diction of the uniaxial extensional properties of a constant shear viscosity, strain- 

hardening Boger fluid and a shear-thinning weakly strain-hardening fluid. The 

distribution of the isotropic stress within viscoelastic filaments was given: at very 

high Hencky strains, £ >  5, the surface layers of high stress were found at the 

areas of high axial curvature in the case of the Boger fluid. In the case of the shear- 

thinning fluid, a different distribution pattern without surface layers was found, 

where the stress distribution across the filament was fairly constant. The maximum 

stresses were localized in the center, in the mid-filament plane. An experimental 

investigation of the filament stretching device performance in the case of shear- 

thinning, weakly strain-hardening viscoelastic filaments complemented with the 

numerical finite-element simulations using single and multi-mode Giesekus con­
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stitutive equation was performed by Yao et al. (2000) [2 1 ]. Excellent agreement 

between the numerical predictions and experimental results for the extensional 

stress growth function was found.

Experimental data on the uniaxial extensional properties of the shear-thinning 

viscoelastic fluids are scarce. The experiments of Kroger etal. (1992), Tirtaatmadja 

and Sridhar (1993) and Yao et al. (2000) on a limited number of viscoelastic fluids 

indicate a range of different responses of these fluids to extensional deformation 

in the filament stretching device. A common feature of the observed filament de­

formation patterns is that the deformation of weakly strain hardening viscoelastic 

fluids is much more similar to that of Newtonian fluids than to the deformation 

pattern of highly elastic strain hardening dilute polymer solutions, such as Boger 

fluids. The rate of necking in the middle of a low viscosity shear-thinning fluid 

filament may be smaller, as in the case of fluids used in Tirtaatmadja and Srid­

har experiments and reproduced in the PSM numerical simulation by Kolte et al.

(1997), or larger than in the Newtonian case, as in the case of the fluid used in Yao 

etal. (20 0 0) experiments.

1.3 Plan of the Thesis

In this work we present a complete small-scale molecular dynamics simulation 

of the filament stretching device, based on a liquid bridge configuration with mi­

croscopic model fluids which exhibit generic rheological properties of both New­
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tonian and viscoelastic fluids. In particular, with simple model fluids based on 

non-crossable linear sequences of spherical atoms connected by finitely extensible 

nonlinear elastic (FENE) springs, we qualitatively reproduce many aspects of the 

complex viscoelastic response observed in experiments. These results pertain to 

the uniaxial stretching of a range of polymeric liquids, including nearly constant 

shear viscosity dilute polymer solutions (Boger fluids) and complex shear thinning 

polymer melts. Since molecular-scale calculations of full macroscopic experiments 

are well beyond our capabilities, we rely on the principle of similitude and com­

pare experiment and simulation at similar values of the relevant non-dimensional 

groups, such as the capillary and Deborah numbers.

The main goal of the present work is to investigate the power of simple, mi­

croscopic fluid models to reproduce the observed experimental behavior, in com­

bination with the inherent capability of molecular dynamics to access some of the 

experimentally intractable microscopic aspects of the dynamics of the process. For 

that reason we have focused on cases and parameter ranges where complications 

due to inertial and gravitational effects are either minimized or entirely avoided. 

While these additional effects are straightforward to include in simulations, they 

simply mask the response of fluid test samples to stretching deformations. Fur­

thermore, our simulations correspond to the experiments in which the end-plates 

separate at an exponentially increasing velocity. Now macroscopic numerical sim­

ulations of filament stretching (e.g. Kolte et al. (1997) [20]) indicate that the most
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accurate assessment of the extensional properties of polymeric fluids is obtained 

when the relative motion of the end-plates is adjusted to have an exponential radial 

deformation of the mid-filament fluid element, characterized by a constant rate of 

deformation. However, the stretching protocol we use has the advantage that the 

response of different fluid formulations to identical external perturbations can be 

directly compared. A further limitation in our results is that due to the small size 

of fluid filaments, only modest Hencky strains, £ ~  1.5, could be obtained, thus 

limiting both the duration of deformations and the dynamic range of the stretching 

rates.

The thesis is structured as follows. The molecular fluid models and their prop­

erties are discussed in Chapter 2. The molecular dynamics aspects of the fila­

ment stretching simulation, and the numerical algorithm are elaborated in Chap­

ter 3. The measurement and evaluation procedures are described in Chapter 4. 

The exposition of the results in Chapter 5 is followed by concluding remarks in 

Chapter 6 .
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2 Model Fluids

In this chapter we will describe the molecular dynamics model liquids used 

in our simulations. We focus on model fluids of several distinctive types, which 

exhibit qualitative agreement with the filament stretching experiments involving 

relatively low viscosity, mobile liquids. These include

• model Newtonian fluid consisting of short linear chains of N =  4 atoms,

• model polymer solution, where three linear chains with N  =  40 are 

embedded in the N  =  4 solvent,

• model monodisperse polymer melt comprised of linear chains with N = 20

• and a model polydisperse melt.

We have also experimented with a number of alternative microscopic models, but 

these either presented practical difficulties or did not exhibit any qualitatively new 

behavior. For example, a monatomic Newtonian fluid has a high vapor pressure 

and a very diffuse interface, significantly longer chain molecules require excessive
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computer time, and various mixtures of molecules behaved similarly to the fluids 

above.

2.1 Formulation of Model Fluids

It has been found in numerous molecular dynamics simulations that many 

fundamental rheological properties of polymeric liquids can be successfully re­

produced by simple molecular modeling incorporating the most basic physical 

requirements of connectivity of sequences of monomer units and non-crossability 

of polymer chains. Examples include an early non-equilibrium molecular dynam­

ics (NEMD) simulation of the behavior of polymer melts in planar Couette flow 

by Hess (1987) [22], which observed strongly shear thinning viscosities and non­

zero normal stress differences with systems of molecular chains formed from a 

Lennard-Jones atomic liquid with an enhanced force between neighbors on the 

chains. The same generic properties of polymeric liquids were observed in NEMD 

simulations of the rheological properties of liquid n-hexadecane by Berker et al. 

(1992) [23], where the chains were modeled in much greater detail through the use 

of torsional, bond-stretching and bond-bending potentials, as well as in the ex­

haustive simulations of the rheological and structural properties of monodisperse 

polymer melts using a finitely extensible nonlinear elastic (FENE) spring chain
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model by Kroger et al. (1993) [24,25[. This bonding potential takes the form

(2.1) Uf e n e {t ) =  1
- 2 ^ ro loS 1 - 1 -  

i**0 ,

21

00

/o r r  <  ro

/or r  > ro.

In addition to the chain bonding potential an intermolecular interaction potential 

is required, and the usual choice is an interaction between all atoms in the system 

of the 12-6 Lennard-Jones potential form,

(2 .2) ULJ =
4 £l j

0

dr <?LJ
12

(In
0LJ for r < r c

for r > rc

In order to have computation times which are linear rather than quadratic in the 

system size, it is convenient to truncate Ulj at an interparticle distance r = rc, 

where the value of the cutoff rc is chosen on case by case basis based upon both 

physical and practical considerations. The potential provides strong repulsion at 

short distances due to the + r -1 2  term, effectively equivalent to spherical, non- 

overlapping particles with a radius near ( J l j .  While this particular form of short- 

range repulsion in the potential is mostly a matter of convenience, the second 

—r - 6  term has a physical origin in reasonably approximating the attractive po­

larization interactions of neutral spherically symmetric atoms. The constants ar 

and aa in the potential allow the simulations of multicomponent systems. An ex-
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quantity unit
mass m
length <*LJ
energy ZLJ

temperature, JcbT £l j

density ° u

time r LJ = [ m a l j / e u ] *

velocity [■Z L j / m \ 2

stress s l j / o l j

viscosity [ i S L j m / a l j ]a
normal stress coefficient m / c r u

Table 2.1: The system of Lennard-Jones units. The basic quantities are 
mass, length and energy, and kg is Boltzmann's constant.

ample is the above-mentioned simulation by Hess [22] where the bonding of the 

atoms on polymer chains was achieved by the choice aT =  aa =  10. The energy 

£ u  and length alj parameters of the potential, along with the mass of the liq­

uid atoms m, serve as a basis for a convenient system of units commonly used in 

molecular dynamics simulations of liquids, the reduced Lennard-Jones units. We 

present an outline of the Lennard-Jones units for the quantities used hereafter in 

this work in Table 2.1.

The basis for all our model liquids is a freely-jointed bead-spring model of lin­

ear polymer molecules, such as the one used by Kroger etal. [24,25]. Generally the 

bead-spring models are useful approximations of real linear polymers designed to 

avoid treatment of the fast, complex local motions and still capture the essential
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large-scale properties responsible for viscoelastic behavior. The physical basis of 

these models is the independence of large-scale and local motions, which origi­

nates in the large differences in their respective characteristic relaxation times. In 

a bead-spring model, a real linear polymer molecule is arbitrarily divided into 

N — 1 equal segments (e.g. Kuhn segments) and represented by a chain of N 

beads connected by N — 1 massless springs. The beads can be then thought of 

as small spheres on which the mass of segments and the interactions with the en­

vironment are localized. If a model does not explicitly constrain the relative ori­

entation of the consecutive bonds, the model chain is said to be freely-jointed. A 

freely-jointed bead-spring model of linear polymer molecules is particularly sim­

ple to implement in molecular dynamics simulations, since it only requires the 

bonding of neighboring beads on a chain by an attractive force.

In modeling liquids used in our simulations we adopted the FENE spring-bead 

model first because it has a plausible theoretical basis1 and second because it has 

been widely and successfully used in simulations of structural and rheological 

properties of polymeric liquids, and consequently is well documented in litera­

ture. In particular we were guided by the model of monodisperse polymer melt 

systems used in the work of Kremer and Grest [27] and Kroger et al [24,25]. Be­

sides the above mentioned generic properties of polymeric liquids in shear flow, 

the model exhibits the dynamical crossover from Rouse to reptation diffusive mo­

lThe FENE potential is a convenient analytical approximation to Langevin function springs of 
the freely-orienting chain model of linear polymer molecules introduced by Warner (1972) [26].
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tion with an entanglement length Ne «  35 [27]. Also the experimentally observed 

rheological crossover manifested in a change of power law dependence of the zero 

shear viscosities on the melt molecular weight was found in NEMD simulations 

at chain lengths Nc «  100 [25]. The consistency of the model is reflected in the 

ratio Nc/Ne ss 3, which is in a good agreement with theoretical prediction given 

by Bueche in 1952 [28]. The choice of parameters in the FENE and LJ potentials re­

quires discussion. In the papers dted above, the spring constant and the maximum 

extension of the FENE springs were set to kp =  30 and ro =  1.5, respectively, in 

order to ensure non-crossability of molecular bonds. The requirement of the non­

crossability of the polymer chains is the minimal condition that has to satisfied in 

model melts in order to generate the conditions for the confinement and reptat- 

ing motion of long chains. The excluded volume and intermolecular interactions 

in the model are given by the purely repulsive Weaks-Chandler-Anderson (WCA) 

potential, which is derived from the Lennard-Jones potential (eq. (2.2)) with the 

value of the cutoff set to the position of the potential minimum r c =  2 1/ 6 and 

parameters ar =  aa =  1 were used. This model is convenient for simulations of 

the bulk properties of polymer melts, where the fluid can be completely enclosed 

in a rectangular simulation cell and periodicity in all three directions assumed. In 

this case the small value of the cutoff reduces the number of pairwise interactions 

between the beads, and speeds up the computation considerably.

In the situation considered here, the liquid has a free surface and an attrac­
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tive interaction between different molecules is required to have a cohesive liquid. 

Although the WCA potential could still be used as the excluded volume interac­

tion within molecules, it is computationally simpler to have a universal form for 

all of the non-bonding interactions, so we adopt the Lennard-Jones potential (eq. 

(2.2)) truncated at the standard cutoff distance r c =  2.5. The only difference is an 

inessential modification of the properties of individual molecules, and since we do 

not attempt to model specific chemical properties anyway, this is a minor detail. 

We do however modify the interaction by adding an additional linear term [3],

(2.3) Ushift{r,rc) =  -
- U u ( r c) -  (r -  rc) 

0

dULJ
dr

for r < r c

for r > rc

so that the force vanishes smoothly at the cutoff. The parameters of the FENE po­

tential used in our Newtonian and polymer melt model liquids are the same as 

those used by Kremer and Grest and Kroger etal., kp  =  30£l j / ^ \ j  arid ro =  

1.5&LJ- The remaining parameters in the Lennard-Jones potential are aT =  0.8 

and aa = 1. The potentials are shown in Figs. 2.1 and 2.2. In Fig. 2.1 the shifted 

Lennard-Jones potential with Or =  0.8 is compared to the usual shifted Lennard- 

Jones potential with dr =  1. Fig. 2.2 shows the full bonding interaction potential. 

The coefficient Or ^  1 had been retained in the Lennard-Jones potential in order
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to manipulate the density of our model liquids. This would be unnecessary in a 

simulation of the bulk properties where with a given number of atoms any de­

sired density is obtained by appropriate choice of the size of the simulation cell. 

All our systems were prepared and the filament stretching simulations started at a 

reduced temperature T  «  0.85. At this temperature, our choice of the strength of
 o

the repulsion leads to liquid systems with density p «  gLj  as compared to typical
A

densities of standard Lennard-Jones monatomic liquids p ~  0.84aLj. An inter­

esting consequence of the high density of the N  =  20 melt system observed in 

equilibrium, where we have an approximately cylindrical filament configuration, 

is that the chain bonds were compressed, even though the hydrostatic pressure

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

inside the filament was small, P  «  0 . 0 5 This effect had already been 

observed in the aforementioned MD simulations of dense polymer melts by Gao 

and Weiner [29, 30] and entirely related to complex steric interactions which are 

present at high molecular densities. The interactions are found to be insensitive to 

hydrostatic pressure and the effect present even when P — 0. Our result, obtained 

with a different model fluid in a different configuration supports this idea.

The models for the Newtonian liquid and for the polydisperse polymer melt 

were obtained by appropriately connecting and cutting the chains of length N =  

20 in the monodisperse melt. To be more precise, a polydisperse melt is obtained 

from an equilibrated state of the monodisperse melt in two steps. First a giant ring 

chain is formed by connecting the ends of the linear chains. Even at the high den­

sities this is achieved easily by use of an linear elastic potential. In the second step 

the giant chain is cut so as to generate the desired polydispersity. Of course, the 

newly created system has to be re-equilibrated. The short chain, N  =  4, fluid is 

obtained by simply cutting the N  =  20 chains of the initial system. Strictly speak­

ing it could be argued that this system is a model for a low molecular weight linear 

polymer melt. However the chains are short enough as not to give non-Newtonian 

behavior at reasonably low deformation rates, as was found in our simulations of 

the shear properties of the model fluids which will be discussed shortly. The partic­

ular structure of the molecules in this model is just a consequence of convenience 

of the manner in which the fluid had been generated. In that light we prefer not
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to think of this structure as a FENE linear polymer but rather as a simple device 

to obtain a non-volatile, viscous fluid. The same device had already been used 

by Yang, Koplik and Banavar (1992)[31] in a model Newtonian fluid comprised 

of dimers bound by an ~  r +6 potential. For this purpose the exact form of the 

bonding potential is entirely irrelevant.

For the bonding potential in the case of polymer chains used in our dilute solu­

tion model we made somewhat unusual choice which is a FENE potential analog 

to an elastic Fraenkel potential

(2.4) UFF(r) = -
- \ k FFro log

2. r — a
for I r  — a |<  ro

n>

oo for \ r  - a \ >  tq

where a =  2a i j  is the zero-force distance, ro =  0.5a u  is the finite extensibility 

(compressibility) of the bond and kpp — 60. This potential is shown in Fig. 2.3. 

The motivation for this choice comes from the simulations of Dunweg and Kremer 

[32] of dilute polymer solutions in a monatomic solvent where the parameters of 

the FENE potential were relaxed to f c f  =  7£ l j / & l j  and ro =  2a ij .  In these 

simulations only one polymer chain was used and non-crossability was not an is­

sue. The practical difference between this choice of parameters as compared to the 

standard one was that the bonds were slightly longer and the chain more flexible. 

As Fig. 2.2 shows, the bonding potential in this case is asymmetric and at short
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Figure 2.3: FENE potential used with the polymer chains in the dilute 
solution model liquid.

distances dominated by the Lennard-Jones part of the potential. Furthermore, the 

average distance between neighbors on the chain does not differ significantly from 

the average distance between the closest neighbors in the monatomic Lennard- 

Jones liquid solvent. With the potential Uff , the relative distribution of the beads 

on the chains is fully dominated by the FENE potential and the particular choice of 

the zero-force distance renders the Lennard-Jones part of the interaction between 

the nearest neighbors on the chain irrelevant. The behavior of the solution of these 

chains in the N  =  4 solvent in the filament stretching simulation is very different 

from that of the analogous solution with standard FENE chains having the same 

number of beads. It is not clear whether the differences come from the difference 

in the bond lengths, or the greater flexibility of the chains.
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2.2 Characterization of Model Fluids

The essential characterization of the model fluids, with a view toward descrip­

tion of their response to deformation in the filament stretching experiment, in­

volves calculation of surface tensions and the basic material functions which char­

acterize liquid response to simple shear deformation, i.e., shear viscosities and nor­

mal stress coefficients. Calculations of these properties require somewhat different, 

although well established, molecular dynamics techniques. The surface tension 

calculation is a typical equilibrium problem which involves a careful definition of 

a molecular dynamics configuration that allows for unambiguous interpretation 

of the simulation results. The calculation of the material functions that character­

ize fluid response to shear deformation on the other hand requires application of 

a non-equilibrium molecular dynamics (NEMD) technique designed specifically 

for efficient calculation of these properties [33, 34, 35]. In the following we will 

give the definitions of relevant quantities accompanied with short descriptions of 

corresponding molecular dynamics calculations.

2.2.1 Surface Tension

Surface tension a  characterizes the interface between two systems in contact 

in thermodynamic equilibrium. If work SW is done in a reversible change of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

interfadal area SA, the surface tension is then

SW
(2.5) a  =

S A '

A liquid-vapor system with a planar interface is particularly convenient for a 

molecular dynamics measurement of the surface tension, because in this geometry 

the surface tension can be expressed in terms of readily measurable quantities. In 

equilibrium the pressures on either side of the interface are equal and their gra­

dients are zero. The interface however introduces a preferred direction, and the 

condition for equilibrium takes more general form

(2.6) V QP Q/J =  0 where a,f3 =  x ,y ,z

If the interface lies in the xy-plane, none of the pressure components depend on x 

and y and eq. (2 .6 ) implies

Pxx(z)  =  Pyy{z)  =  Pt{z), and P 2Z(z)  =  PN

where Pr{z) and Pjv are the tangential and normal components of the pressure 

tensor (with respect to the interface), respectively. The normal component Pjv is 

constant and equal to the bulk pressure. The tangential component differs from 

P;v only at the surface. Consider a reversible deformation in which a slab of liquid

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

of thickness dz and surface A is squeezed. Since the volume of the slab remains 

unchanged

S V  =  dz8A + A8(dz) = Q

the work done in deformation is given by

SW =  —PfdzSA -  PNAS(dz) 

= 8A{Pn -  PT)dz

Hence we obtain the following expression for the surface tension of a planar inter­

face

(2.7) a  = f  2 dz[PN(z) -  P t{z ) } .
Jz\

The limits of integration Z\  and 22 be on opposite sides of the interface, and can be 

extended to infinity since Pn — P t  outside of the interfacial region. The utility of 

this definition of the surface tension depends on the availability of a local expres­

sion for the pressure tensor. The pressure tensor is the same as the momentum flux 

tensor, and contains a kinetic contribution due to the thermal motion of molecules 

and a configurational contribution due to intermolecular forces. In a homogeneous

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

fluid the pressure is a scalar quantity given by

(2.8) P  = p ksT  +  ̂ f  d3rrF (r )p ^ (r )  
6 J

where p ^  is the two-body distribution function which depends only on the par­

ticle separation r. This expression can not be uniquely generalized to the non- 

homogeneous fluid since there are many consistent ways of deciding which forces 

contribute to the pressure. In this work we employ the commonly-used expression 

for the microscopic pressure tensor due to Irving and Kirkwood [36]. In discretized 

local form, applicable to equilibrium and non-equilibrium atomistic calculations, 

it is given by,

u(fg) is the Eulerian velocity of the fluid in bin B, defined as the average velocity 

of the Nb  particles contained in the bin,

Here, fj is the position of particle i and and Fij are the separation and force be­

tween particles i and j  respectively; particle j  may or may not be in the same bin.

Vb is the volume of the sampling bin B whose position is centered at tb and

(2.10)
1 n B . 

w(rfl) =  — £  n .  
Nb  i=i
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FIGURE 2.4: An instantaneous configuration of an atomic liquid-vapor sys­
tem in molecular dynamics surface tension simulation and the distribution 
of the normal component, Pn, and the difference of the normal and tan­
gential components, Pj\r — Pt, of the pressure tensor across the liquid 
element.

The particle velocity with respect to the Eulerian velocity u(ffl) which appears in 

the pressure tensor is sometimes referred to as the particle peculiar velocity.

A snapshot of a molecular dynamics simulation with a planar interface, which 

has the symmetry needed to take advantage of the simplicity of eq. (2.7) is shown 

in Figure 2.4. In order to avoid the difficulties associated with the use of constrain­

ing surfaces, a double-sided liquid slab is placed so as to span the simulation box, 

and periodic conditions in all three directions are implemented. With such peri­

odic conditions, a particle which leaves the simulation box is replaced by its image
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which enters the box through the opposite face, and interpartide forces are com­

puted from the nearest image partide. Typically approximately 2000 partides were 

used in these simulations.

The pressures Pjv(z) and P t { z )  are measured as the space and time averages 

of the Irving-Kirkwood tensor in the thin slices parallel to the average interface, 

and the surface tension can be calculated from the discretized version of eq. (2.7)

(2 1 1 ) a = 5  Z ( P N -  Pr)Az
1 B

The factor |  accounts for the two interfaces involved in the simulation. The varia­

tion of the normal component of the pressure tensor and the difference P jv  — Pt  

across the liquid slab is shown in Fig. 2.4. In equilibrium the normal pressure P /v  

should be constant throughout the system. Our simulation however reveals the 

variation of Pjv across the surface. The form of this variation does not contradict 

the constancy of P t  macroscopically since across the surface it averages out to the 

mean value of P# in the liquid bulk. Similar variation is observed in the varia­

tion of radial component of the pressure tensor, P rr , across the cylindrical surface. 

This variation may originate from the microscopic irregularities in the free sur­

faces which result in an effective contribution of the tangential components of in­

terpartide interactions to the measured normal components of the pressure tensor. 

The measurement of the pressure tensor distribution entailed in the determination
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of the surface tension through eq. (2 .11) allows a detailed characterization of the 

surface properties. However if one is interested only in the measurement of the 

surface tension, eq. (2.11) can be cast into a more convenient form. With

Paa =  p{z)kT  +  ^ E  raFijta, PT{z) =  \ { P XX +  Pyy)
* i,j>i ^

and
F _  dV(r) _  d V (r)ra 

dra dr r

one gets 2

(2.12) 3#

The results for surface tensions of the model liquids are presented along with the 

shear properties of the model fluids in Table 2.2 at the end of the next section.

2.2.2 Shear Viscosity and Normal Stress Coefficients

Shear viscosity and normal stress differences are most easily calculated from a 

molecular dynamics simulation of a steady, planar Couette flow. In order to avoid 

the surface effects or non-uniformities introduced by the presence of the bound-

2This expression differs by factor 2 from the expression given in Rowlinson and Widom [37].
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ing solid surfaces, used to generate the flow in real experiments, the simulation is 

performed in a rectangular simulation cell with periodicity assumed in all three 

directions. The flow is generated and maintained by a simple adaptation of the 

ordinary orthogonal periodic boundary conditions in equilibrium molecular dy­

namics simulations. Consider a steady, planar Couette flow in the x-direction with 

the velocity gradient in the z-direction,

(2.13) ux =  7  z, uy = 0, uz — 0

where |'y| is the shear rate. The material functions appropriate for this flow are [1] 

the shear viscosity

The appropriate flow is generated by the imposition of boundary conditions cor­

responding to perfect shear relative motion between particles and their images in 

the z-direction. In a simulation cell of height Z, the relation between the positions

(2.14)

and the normal stress coefficients and # 2/

(2.15)
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A ’(t=0) A'(t=T)nun ‘max

yZT
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x
FIGURE 2.5: Lees-Edwards periodic boundary conditions for planar Cou- 
ette flow.

of the particle and its first image in the +z-direction is given by

x' =  x +  j Z t ; y' =  y, z' =  z +  Z;
(2.16)

u'x =  ux +  jZ ]  u'y =  U y ; v!z =  uz,

where t is the elapsed time from the beginning of the simulation. The periodic

conditions (2.16), illustrated in Fig. 2.5, are known as Lees-Edwards boundary con­

ditions [33]. Although conceptually simple, some care must be exercised in their 

actual implementation into an efficient molecular dynamics code. Fig. 2.5 shows 

the relation of a particle A  and its image A!, whose position changes in course of 

time. If A' is the position of a particle that crosses the boundary at z — Z  it is to 

be replaced into the simulation cell at the position A. In a long simulation the rel­

ative distance between a particle and its image increases linearly with time, which
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implicitly leads to very distorted simulation cell. It is convenient to replace the 

particle image followed in the simulation at appropriate time intervals. In our im­

plementation an image of particle A is followed until it reaches the position Amax 

when the focus is transferred to its image at Amin Of course with appropriate re­

placement of particles which leave the simulation cell according to eq. (2.16) the 

simulation cell does not deform. In shear flow, work is continuously done on the 

system and Any heat generated has to be removed since otherwise a steady state 

could not be realized. Furthermore, since the fluid temperature would rise, any 

measurement of a transport coefficient would give its temperature average. There 

are quite a few methods available to maintain constant temperature in molecular 

dynamics with various degrees of theoretical foundation. It is somewhat surpris­

ing that the results for viscosities generally do not depend, within statistical uncer­

tainties, on the particular method (Evans etai. (1985) [38]). In our implementation 

of the shear flow simulations we keep the dynamic temperature constant and uni­

form by locally applying, the so-called Nose-Hoover thermostat. In this approach 

the equations of motion for individual particles are extended to include a friction 

coefficient £

(2.17) ~ W = a ~
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where v% are components of the peculiar velocity of a particle. The friction coeffi­

cient satisfies the following equation of motion,

d£ T(t) -  Tc
(218 ) i = - V -

where T(t) is the running and Tc desired temperature. Q is an arbitrary ther­

mostat relaxation time which defines the strength of the thermostat. The local 

streaming velocities, which are necessary for the accurate calculation of the pecu­

liar velocities of the particles and, by extension, the running local temperatures are 

the long time averages of the peculiar velocities of the particles contained in thin 

rectangular bins parallel to the xy-plane. This particular algorithm has the con­

ceptual advantage that one can show that it leads to a statistical ensemble in local 

thermodynamic equilibrium.

In course of simulations the components of the pressure tensor were measured 

as time averages over time intervals At =  100t ij ,

(2.19) <  Peg > „=  -  £  Pa/,
n-i= l

where n is the number of integration time steps in At. If the data points were 

uncorrelated the variance in the run average

1 N
(2 .2 0 )  <  Pap > N — T 7  5 Z  ^  -^a/3 ^ n i

i= 1
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would simply be given by [3]

(2 .2 1) <F(< Paf > jv) =  ^ ( P t f )

where

1 N
(2.22) <r(P«>) = -7tE(< P>3 > n  -  <  P « 3  >n) .

i=l

In case of correlated data, which could be expected for the model melts character­

ized with long relaxation times, a more general expression for the variance in the 

run average

(2.23) <r(<  P„,J > j v )  =  j j ° 2(Pae)

must be used. Here s is the statistical inefficiency given by [3]

.. ri6<72(< Pqb >b)
(2.24) s = lim \ f n T ~

n6 00 <X2(Pa/j)

where

1 Nb
(2.25) a \ <  Pap > b) =  —  £ ( <  P ap > b -  <  Pap > n ) -

Nb i= 1
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FIGURE 2.6: The calculation of the statistical inefficiency 

is the variance of the run average associated with the blocks of data points,

1 n6
(2.26) < Pa/3 >b— — 5Z < Pa& >m a^d N  =  NbUb.

n b i = i

A typical example of the calculation of the statistical inefficiency is shown in Fig. 

2 .6 , for the measurement of the viscosity of the monodisperse polymer melt at the 

shear rate 7  =  1 0 -4.

The results of the shear flow simulations for the dependence of viscosities and 

normal stress coefficients on shear rate are shown in Fig. 2.7. The error bars smaller 

than the size of the symbols are not shown. Results are shown for the N=20 and 

N=4 model liquids and for a 20% solution of chains of length N=20 in an N=4 sol­

vent. This solution was dropped from our simulations of the filament stretching 

and will not be further discussed in this work. However it is the only polymer
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FIGURE 2.7: Steady shear flow material functions for the model fluids

solution for which we have performed shear flow simulations, and we show its 

properties to illustrate the differences in the shear properties of the pure solvent 

and a (semi)-dilute solution. Similarly we do not have data for the polydisperse 

melt, whose extensional behavior is discussed below. The reason is that a mean­

ingful calculation of the viscosities and normal stress differences requires very long 

simulation runs, which by far exceed the time needed for the basic purposes of our 

work. In the following discussions the shear properties of the polydisperse melt 

and the solution model liquids will be assumed to be similar to the properties of 

the N=20 monodisperse melt and the 20% solution discussed here, respectively 

In the figures, we see that the viscosity of the N  =  4 model liquid is approx­

imately constant up to a fairly large shear rate, 7  =  0 .1 , and can be considered 

as an acceptable model of a Newtonian liquid, in view of the fact that at shear 

rates of order O(10_1) even the viscosities of monatomic Lennard-Jones liquids
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exhibit shear thinning behavior [35]. The viscosity of the solution, in comparison, 

is somewhat larger and shows very weak shear thinning. The significant difference 

between the two is revealed in the first normal stress coefficient: while the solu­

tion exhibits a non-zero, positive first normal stress coefficient with the typical, 

experimentally observed, power-law variation, the first normal stress coefficient 

for the N  =  4 model liquid simply shows large fluctuations around zero (not 

displayed here). Both the viscosity and the first normal stress coefficient for the 

N = 20 monodisperse model liquid decrease significantly with shear rate and ex­

hibit a power-law variation. In addition, in this case we were able to measure the 

experimentally less tractable and generally less understood second normal stress 

coefficient 'Ir2- In accordance with fairly scant experimental evidence [1], we found 

a negative $ 2  with the ratio — «  0 .2  within the range of the experimental val­

ues. Moreover — # 2  exhibits a similar variation with shear rate as # 1. This result 

is supported neither by experiments nor by theoretical Predictions, but is in qual­

itative agreement with the NEMD simulation results for the melt systems of long 

polymer chains of Berker et al. [23] and Kroger et ai. [24]. The value — ̂  «  0.2 is 

also in a fair agreement with the prediction of Doi and Edwards [39], — ̂  =  2/7.

In the power-law region, the viscosity of a fluid may be expressed as

(2.27) r] =  A in~l
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where A  is a measure of the consistency of the fluid and n  is a measure of the 

degree of non-Newtonian behavior [40]. An analogous expression describes the 

power-law region in the variation of the first normal stress coefficient with shear 

rate. The slopes for viscosity and the first normal stress coefficient for the N  =  

20 model melt are —0.39 and —1.3, respectively. Again these values fall well 

within range of typical values for polymeric liquids and are very similar to the 

n-hexadecane NEMD simulation results, —0.45 and —1.4, of Berker etal. [23].

Besides qualitatively ascertaining the nature of the model liquids, the purpose 

of the shear flow simulations was to determine characteristic time constants of 

the fluids, which could be used to construct Deborah numbers which characterize 

the filament stretching simulations. In experimental work, the time constants of 

investigated fluids are usually determined based either on a single relaxation time 

assumption in which the time constant is derived from the shear rate at which the 

crossover from linear to nonlinear behavior occurs,

.  1

(2.28) A =  T
7

or on an relaxation time found in linear viscoelasticity

, * 1  * 1 0(2.29) A =  lim —^
7->o 2rj 2r}o

None of the two give well defined time constants for our model liquids since we
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FLUID
shear viscosity

m

surface tension 
a

relaxation time 
A

N=20 97.0 ± 2 1.2758±0.0001 — 450
solution 9.7 ±0 .2 0.6458±0.0005 - 3 0

N=4 8 .0  ± 0 .1 0.6223±0.0005 0

Table 2.2: Material properties of the model fluids

were not able to perform long enough runs at small enough shear rates to deter­

mine the zero-shear-rate values for viscosities and the first normal stress coeffi­

cients nor, in case of the N  =  20 model melt, a careful examination of the vari­

ation of viscosity in the transition region from linear to power-law behavior. The 

approximate results presented in Table 2.2 were determined based on simple av­

erages of the values for the lowest shear rates where viscosities and first normal 

stress coefficients exhibit approximate independence of shear rate.
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3 Molecular Dynamics Simulation

In this chapter we discuss the preparation of initial molecular dynamics liquid 

bridge configurations and describe the simulation procedures. As in real experi­

mental situations the problem of effective adhesion of the ends of fluid filaments to 

the end-plates arises. We discuss some possibilities for the structure of fluid-solid 

interfaces and their influence on the deformation of fluid filaments.

3.1 Preparation of Initial Liquid Bridge Configurations

The molecular dynamics liquid bridge configurations were initiated with a set 

of ntot — 6790 atoms distributed over a simple cubic lattice enclosed in a cylin­

drical region. ns =  1290 atoms were used to simulate the end-plates, and the 

remaining n/ =  5500 atoms were used in modeling the fluids whose general 

description was given in Chapter 2. The basic fluid formulation was the monodis- 

perse polymer melt system comprised of linear chains with N  — 20 atoms. The 

atoms were assigned random initial velocities from a Maxwellian velocity distri-
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bution corresponding to a temperature, k s T  «  l e u ,  which is well above glass 

transition temperature [41]. Since no attempt had been made to randomize the 

polymer chain atom sequences in labeling the atoms in the initial regular distri­

bution, the resulting molten state was not appropriate for the filament stretching 

simulations due to pronounced alignment of the polymer chains.

To randomize the distribution of the polymer bond orientations and obtain an 

entangled system of polymer chains the system was diluted to a uniform density 

p ~  0.15 by an instantaneous increase of the separation between the end-plates 

and use of a purely repulsive Lennard-Jones force between all atoms in the system. 

In this phase of preparation the system was enclosed in a cylindrical container 

coaxial with the desired orientation of the liquid bridge configuration. The walls of 

the container were simulated by the same repulsive potential used in interatomic 

interactions. After the system had reached dilution, the end-plates were slowly 

brought to the desired length of the initial liquid bridge configuration. The system 

was then equilibrated at the temperature k s T  =  0.85 e u  over the time interval 

exceeding the time constant found in the NEMD simulation of shear properties of 

the fluid.

The initial liquid bridge configuration for the model Newtonian fluid com­

prised of the short linear chains with N  =  4 atoms was obtained from the monodis- 

perse melt configuration by appropriate cutting of the chains with N  =  20. 

The (semi-) dilute polymer solution system which contained three linear chains
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of length N = 40 was obtained by connecting the ends of the initial chains sep­

arated enough as to give noninteracting long polymer chains in the Newtonian 

solvent. Strictly speaking, since all fluid atoms in our simulations were given the 

same mass, our solution models a 2.2 wt.% polymer solution. However with the 

size of the model liquid sample and the particular configuration used in our simu­

lations the precise relation of this, and other model fluids, to real polymeric liquids 

is unclear. Finally in order to have flexibility in the exact formulation of the model 

polydisperse polymer melt, the ends of the polymer chains of the basic melt sys­

tem were connected to give a giant ring molecule by the use of a linear elastic 

potential. Despite a large density of the monodisperse melt system this is easily 

accomplished in a couple of thousand time steps. The ring molecule was cut to 

give a linear polymer melt system consisting of

30 linear chains of length N  =  60, 70 chains of length N =  40, 30 chains 

of length N = 20 and 20  chains of length N =  13. The system was then re­

equilibrated for time t  = 7.5 x 103 Lennard-Jones time units.

3.2 Geometric Description and Deformation Strategy

A schematic view of the molecular dynamics representation of the basic exper­

imental liquid bridge configuration, including a liquid filament and the bounding 

end-plates, is shown in Fig. 3.1. The end-plates were initially given the atomic 

structure of a solid by tethering the atoms to the lattice sites of the two planes at
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FIGURE 3.1: Schematic of the molecular dynamics liquid bridge configura­
tion

the surface of an fee solid by an elastic potential. The irregularly distributed cir­

cles represent the instantaneous locations of the end-plate atoms, while the lines LI 

through L4 label the planes of the corresponding, regularly distributed lattice sites. 

The shaded area represents an axisymmetric fluid filament. Due to irregularities 

in the microscopic configuration we use an operational definition of the length of 

the fluid filament as the distance between the inner planes of the end-plates force 

centers

(3.1) L(t) =  z(L2) -  z(Ll).

Similarly the definition of the initial filament radius, Rq, is based on the uniform 

distribution of the end-plates atom force centers and the assumption that fluids 

completely cover the end-plates. The radius of initial, approximately cylindrical, 

configurations is taken to be the radial distance of the outermost force center horn
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the end plate center of mass. In all cases we used the initial configurations of same 

size with R q  =  10.98O u  and Lq  =  14.35<7£j. Implicit in our definitions of Lq 

and R q  is the view of the liquid-wall interface and the free surface of the liquid 

filament as the minimal surfaces on which the fluid density is approximately zero.

As is the usual practice in real experiments, we use a constant imposed stretch­

ing rate,

as a basic characteristic of a particular simulation. In addition, since all test sam­

ples had the same initial length, Lq  =  14.38(Ti j , we will often refer to a particular 

simulation by the initial velocity, Vo- The length deformation of the fluid filament 

will be characterized by the Hencky strain

With this definition the initial aspect ratio of all configurations is Ao =  0.654. The 

nonuniform contraction of the filament will be characterized by a nondimensional

(3.2)

(3.3)

and an aspect ratio,

(3.4)
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minimum radius of the filament,

(3.5)

The fluid filaments were deformed by simultaneous motion of the end-plates 

in the opposite directions with velocities

The relative velocity of the end-plates corresponds then to the exponential varia­

tion of the length of the filament

which is same to the length variation experienced by a material cylinder in the sim­

ple uniaxial elongational flow (eq. (1.2)). This deformation strategy was chosen to 

avoid asymmetries in the transient filament shapes with respect to the mid-plane 

of the filament caused by fluid inertia. In the experiments of Kroger et al. (1992) [7] 

in which the deformation of test samples was generated by the uniform motion of 

only one of the end-plates, large inertial asymmetries were observed in the defor­

mations of both Newtonian and viscoelastic filaments in the initial phase of experi­

0 if t < 0,

\ioL(t) if t > 0.

(3.7) L(t) =  Loeto‘

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



54

ments with higher end-plate velocity. This type of non-uniform deformation of the 

filament was found to be significant throughout deformation in our exploratory 

molecular dynamics simulations of all model fluids, at all but relatively small im­

posed rates of stretching. While the problem itself might be important in relation 

to the reliable interpretation of the transient extensional viscosity measurements, 

as discussed by Szabo (1997) [19], it is outside the scope of this work. The effect 

is generally considered to be negligibly small in the experiments with highly elas­

tic dilute polymer solutions, which were almost exclusively studied during last 

decade, and in most experiments one of the end-plates was held fixed. The excep­

tion were the experiments by Tirtaatmadja and Sridhar (1993) [10] in which they 

systematically used a filament stretching apparatus with simultaneously moving 

end-plates.

3.3 Dimensionless Groups

The relative importance of the forces that affect the dynamics of the deforma­

tion of the fluid filament is described by several nondimensional combinations of 

parameters which characterize the test sample and the stretching deformation. 

The Reynolds number,

(3.8) Re =  i2§—i 0,
Vo
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characterizes the relative importance of inertial and viscous effects. The impor­

tance of surface tension relative to viscous forces is given by the capillary number,

(3.9) Co =  flo-£o-a

The dimensionless group appropriate for viscoelastic fluid samples, which may be 

interpreted as the ratio of elastic and viscous forces [1], is the Deborah number

where A is the characteristic relaxation time of the fluid.

Finally the gravitational body forces on the fluid filament are characterized by the 

Bond number

The characteristics of typical simulations referred to in this work are compiled 

in Table 3.1. All simulations were performed in absence of gravity so the Bond 

number is identically zero. The characteristic capillary and Deborah numbers fall 

within the range of published values for experiments involving viscoelastic fluids 

[18,21]. Relatively high values of Reynolds numbers characterize well the impor­

tance of fluid filament inertia observed in simulations of filament stretching gen-

(3.10) D e  = Aeo,

(3.11) B o  = R \ - g .  
a
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FLUID Newtonian solution melts
^0 0.09 0.3 0.3 0 .6 0.09 0.3

0.006 0 .0 2 0 .0 2 0.04 0 .02 0.04
R e 0.1 0.3 0.26 0.52 0.007 0.02

C a 0.9 2.7 3.6 7.2 5.4 16.2
D e 0 0 ~  0.7 ~  1.5 ~  3 ~ 1 0

B o 0 0 0 0 0 0

Table 3.1: Nondimensional groups for typical filament stretching simula­
tions

erated with the motion of one of the end-plates. While our model Newtonian fluid 

may exhibit elastic properties at very high imposed stretching rates, the present 

simulations can safely be characterized by vanishing Deborah number.

3.4 Liquid-Wall Interface

Here we turn to the discussion of the liquid-wall interface properties which to 

some degree influence the dynamics of the filament deformation in the molecular 

dynamics simulations of uniaxial stretching of liquid filaments in the liquid bridge 

configuration.

It is been experimentally observed that the liquid structure at liquid-solid in­

terfaces is characterized by formation of distinct liquid layers [42]. This layering 

effect is present in the molecular dynamics simulations involving solid bound­

aries, regardless of the specifics of the model for the boundary (Koplik etal. (1989) 

[43]). An illustration of the liquid layering effect at a solid end-plate in one of our

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

FIGURE 3.2: Layered liquid structure at the liquid-solid interface

equilibrium liquid bridge configurations is given in Fig. 3.2. Although entirely 

physical in origin, this liquid layering effect is not desirable in view of the small 

size of the simulated systems and the particular purposes of our simulations. A 

typical separation between liquid layers is of order 0((Tl j ) so, in equilibrium, the 

presence of bounding end-plates drastically influences the structure of the liquid 

along about 25% of the length of the filament. Furthermore in liquid filament 

stretching simulations, high shear stresses at the liquid-solid interfaces may lead 

to violations of the no-slip boundary condition. The formation of the liquid layers 

at the solid end-plates might compromise attempts to ensure no-slip at the end- 

plates by means of a stronger attractive liquid-solid interaction, since this device 

just introduces a stronger liquid layering, with possible formation of additional 

layers. In the extreme cases the layers closest to the end-plates may act as an ex­

tension of the solid structure with the slip effectively occurring on one of the liquid 

layers. Both effects can occur in laboratory experiments as well, but there the size 

of the regions involved is quite small relative to that of the sample, and it is plau-
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sible to neglect them in continuum-scale modeling. In the simulations reported 

here, the consequences of layering and possible slip are to add a bit of uncertainty 

to the interpretation. For example, the measurement of the liquid-wall force in 

our equilibrium liquid bridge configurations gives somewhat unexpected results 

which may be related to particular liquid structure at the planar solid boundaries 

and the small size of the simulated systems.

For static, axisymmetric Newtonian or non-Newtonian liquid bridges the equi­

librium shapes are uniquely related to the liquid-wall force through the Young- 

Laplace equation,

where k is the mean curvature of a surface. In equilibrium k = const.. In particular, for an axisym­
metric surface

where R! = The equation (3.13) with the mean curvature given by the first expression in eq. 
(3.14) follows from the simple force balance analysis for a static axisymmetric free surface. In the 
equation (3.14) given in Szabo (1997) [191 ft in the numerator of the second expression is missing.

(3.12) f  =  2™ R{Z) . - m z f p ,

where P  is the hydrostatic pressure inside the filament and R(z) the position of 

the free surface. 1

'More precisely this expression is the first integral of the Young-Laplace equation

(3.13) P — na

1 ft"

(3.14) R{l + R*)± (1 + ft'2)*
1 d R1 d R

RR' dz (i + RK)b'
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FIGURE 3.3: (a) Variation of the liquid-wall force with time for the polydis­
perse melt filament in equilibrium. The solid line shows the Young-Laplace 
equation prediction based on the surface tension measurement in the pla­
nar surface geometry, (b) Distribution of the liquid-wall force across the 
end-plates.

In particular for cylindrical filaments,

CK
(3.15) R(z) =  R q  =  const., and P =  —

R q

lead to a simple relation between the tensile force and surface tension

(3.16) F =  nRoa.

Instead the force measured in the approximately cylindrical liquid bridge con­

figurations in equilibrium strongly depends on the strength of the interaction be­

tween the wall and liquid molecules. In the case of the monodisperse polymer melt 

bridge the force varies by approximately 30% around the value predicted by the
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Young-Laplace equation (eq. (3.16)), and exhibits a strong time fluctuation. Sim­

ilar behavior is exhibited by other model liquids. An illustration is presented in 

Fig. 3.3(a) which shows the variation of the liquid-wall force for the polydisperse 

melt filament in equilibrium. In this case, where the strengths of the repulsive 

and attractive contributions to the Lennard-Jones liquid-wall force are 0.6 and 1 

respectively, the measured force, F  =  62 ±  1 1 , is compared to the theoretical 

prediction Ftheory — 44.2. The data have been obtained as time averages of the 

force over time intervals At  =  16, which is fairly short compared to the longest 

relaxation time of the fluid, O (1 0 2 — 1 0 3), which may explain the large fluctua­

tions of the measured force. However he averaging time is long compared to the 

characteristic time averaging intervals used in our filament stretching simulations, 

and Fig. 3.3(a) well illustrates the relative uncertainties involved in the force mea­

surements. In Fig. 3.3(b) we show the distribution of the liquid-wall force across 

the end-plates for the same case of a polydisperse melt filament in equilibrium. 

The data shown are averages over the two end-plates, further averaged over the 

duration of the measurement (At  «  300). The strong fluctuations of the force 

in this case cannot be attributed to the short time averages, but rather character­

ize the liquid-wall interface itself. It appears that this behavior of the distribution 

of the liquid-wall force reflects the liquid structure near the planar boundary and 

does not significantly depend on the discreteness of the wall structure, since we 

observe the same result with very high density walls.
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Thus far we have discussed some aspects of the liquid-solid interface in equi­

librium, which have little qualitative dependence on the specific liquid-solid in­

teraction. However the simulation of the liquid-solid interface in liquid bridge 

configurations subjected to extensions at high strain rates, in order to match ex­

perimental conditions in which one hopes to discern the extensional properties of 

test fluids, is non-trivial. Here we face the question, familiar to experimentalists, 

of just how to attach the ends of cylindrical fluid samples to the solid end fixtures 

effectively, so that particulars of the liquid-solid interaction do not interfere with 

reliable measurement of the response of fluid samples to the imposed deforma­

tion. In molecular dynamics simulations the problem is minor in case of simple 

model Newtonian or dilute polymer solution fluids. In these cases the no-slip con­

dition at solid surfaces is well reproduced by a simple Lennard-Jones liquid-solid 

interaction, and the fast response of model Newtonian fluids to reasonable defor­

mation rates ensures the integrity and uniform deformation of fluid samples. The 

situation is quite different in simulations involving models of polymer melts due 

to the strong tendency of long chains of atoms to slip on planar surfaces, as ob­

served by Koplik and Banavar (1997) [44], for example. Indeed the effect can be so 

strong as to compromise the purpose of the simulation in the case of liquid bridge 

simulations at higher deformation rates. We illustrate this point in Fig. 3.4, where 

deformations of the model monodisperse polymer melt filament with (Fig. 3.4(a)) 

and without slip (Fig. 3.4(b)) are shown, in a simulation with constant stretching
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(a) (b)
FIGURE 3.4: Influence of the slip at the liquid-solid interfaces on the liquid 
filament deformation in the filament stretching simulation.

rate £q =  0.028 (corresponding to the initial relative velocity of the end-plates 

vq =  0.4). In both cases the shifted Lennard-Jones interaction (eqs. (2.2),(2.3)) 

was used between liquid and solid atoms, but the two cases differ in the strength 

of the repulsive part: ar =  0.8 giving slip in case Fig. 3.4(a), and ar =  0.6 

without apparent slip in Fig. 3.4(b). Physically, in the second case the reduced re  

pulsion allows fluid atoms to "bind" more effectively to the solid. However, this 

approach to controlling the slip at solid surfaces cannot be reasonably extended 

very far because of the additional layering of the fluid near the surfaces and con­

straints on the choice of the integration time step imposed by the strong variation 

of the Lennard-Jones force with the interparticle distance.

There are additional features peculiar to molecular dynamics simulations of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

small systems involving solid boundaries, which can influence the results for a 

liquid bridge subject to strong deformation by impulsive motion of the solid end- 

plates. One such issue is the influence of the specific formulation of the forcing and 

structure of the solid end-plates on the structure of the liquid at the solid surfaces 

and, more importantly, on the dynamics of the deformation of the fluid filament. 

In these simulations the solid boundaries are usually collections of oscillators teth­

ered to a regular lattice of force centers by an elastic force

(3.17) Vh = ^ k H{ r - r e),

where re is the position of the force center of the solid atom at f, and kn  is the force 

constant. Both the choice of the structure of the force centers and the strength of the 

force constant affect the structure of the fluid-solid interface. It was found that reg­

ularity of the lattice of force centers accompanied with large force constant, which 

results in a "hard"wall with smooth surface, induces particular regular molecu­

lar ordering in the adjacent fluid layers [43]. In addition such a wall is conducive 

to slip of the fluid at its surface. On the other hand "soft" walls with a regular 

structure, while not considerably reducing the fluid ordering may be penetrated 

by fluid atoms [45]. Moreover at the microscopic level the soft walls perform non- 

negligible oscillatory motion which may affect the dynamics of the liquid bridges 

subjected to a high rate elongation. A typical profile of the relative velocity of the
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FIGURE 3.5: Velocity of the moving end plates as a function of Hencky 
strain e. The dashed line represents the desired velocity profile for the 
rate of elongation io =  Vq/Lq corresponding to the initial velocity Vo =  
0.325.

end-plates (defined in terms of the motion of the center of mass of each plate), 

where the motion of the end-plates is generated by appropriate translations of the 

force centers, is shown in Fig. 3.5. Although the similar collective motion is present 

in other molecular dynamics simulations of fluid flows in presence of solid bound­

aries without pathological consequences [46], it may be the source of uncertainties 

in the measured quantities that are important for the reliable description of the 

molecular dynamics simulation of the liquid bridge stretching experiment. In par­

ticular the measurement of the tensile force needed to generate the desired motion 

of the end-plates, which is measured as the total force between the fluid and solid 

atoms, may be adversely affected.

In order to address concerns regarding the stability of the fluid-solid interface, 

in the stretching simulations we have used irregular rigid end-plates with certain
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number of fluid atoms explicitly attached to the end-plates. This structure was ob­

tained by fixing the positions of solid atoms and involved fluid atoms (typically 

about 200 per wall) in an instantaneous configuration. This arrangement stabi­

lizes the interface against the slip, reduces the fluid ordering next to the walls and 

avoids fluctuations in the end-plates velocity profile. It can be thought of as a 

solid-liquid interface where the liquid chemically reacts and sticks to disordered 

solid.

The influence of different arrangements of the liquid-solid interface on the dy­

namics of stretching of the polydisperse melt filament at stretching rate £o = 0 .0 2  

is illustrated in Fig. 3.6. The variations of the tensile force vs. Hencky strain for

500

400

300

200

100

0.0 0.5
e

FIGURE 3.6: Liquid-wall force for the polydisperse melt filament for the 
cases where some liquid atoms are rigidly moved with the rigid walls (cir­
cles) and where the filament is deformed due to Lennard-Jones interaction 
with the solid walls constructed as set of oscillators (squares).
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the cases with irregular rigid walls, and the usual solid walls comprised of the reg­

ularly distributed oscillators are compared. While the slow monotonic decrease of 

the tensile force characteristic for polydisperse polymer melts is well reproduced 

in both cases significant differences are seen at the beginning of stretching and 

at larger Hencky strains when the deforming filament becomes very thin. The 

variation of the tensile force at larger Hencky strains is particularly important for 

ascertaining strain-hardening properties of the fluid. While the configuration with 

the rigid walls leads to an increasing tensile force for Hencky strains e > 0.8 in­

dicating weak strain-hardening of the filament consistent with the results of the 

exploratory simulations at lower stretching rates, the irregular variation of the ten­

sile force in the other case, observed for this and similar stretching rates, precludes 

reliable conclusion.

3.5 Numerical Algorithm

There is no general set of criteria for adequacy of numerical algorithms used 

in molecular dynamics simulations. In simulations of equilibrium or steady-state 

non-equilibrium properties, the important consideration is the of states from ap­

propriate statistical ensembles. To achieve this goal, one does not need to generate 

exact classical trajectories. Instead the conservation of physical quantities which 

define the statistical ensemble is of primary importance and the choice of an ap­

propriate numerical algorithm is based on its robustness and simplicity. For long
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simulations, such as measurement of the material functions of model fluids for the 

steady planar shear flow, the velocity Verlet algorithm is probably the best choice. 

The algorithm requires the particle positions, velocities and accelerations at the 

same time t. First the particle velocities,

(3.18) v(t  +  =  v(t) -I- ^a(t)St,

and positions are advanced,

(3.19) r(t +  St) =  f(t) 4 - v(t)St +  ]-a(t)6t2.

The forces ma(t +  St) are then calculated from eq. (3.19) and the velocity move 

to t  + St completed,

(3.20) v(t +  St) =  v (t +  +  ^a(£ +  St)St.
& &

The most important part of our simulations, the filament stretching experi­

ment, is a transient process and here accuracy of the numerical algorithm is of 

primary importance. Following common practice, we have chosen a fifth order 

Gear predictor-corrector algorithm for second-order differential equations. Based 

on the comparison of performance of various numerical schemes in the measure­

ment of the tensile force applied on the moving end-plates, this method offered the
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most stable variation of the force. The variables in the method are scaled deriva­

tives of the particle positions

The accelerations are then calculated from the predicted positions and used to cor­

rect the predicted values

(3.23) (t -I- St) =  Xap(t -|- St) +  (* +  ~  xap(t +  &)]•

The coefficients c„, (n =  0 , . . . ,  5), are determined so as to ensure maximum 

accuracy and stability of the algorithm and their values depend on the particular 

definition of the variables, such as eq. (3.21). 2

2There is some ambiguity about the value of the first corrector coefficient in this version of the 
algorithm. In his original work Gear [47] gives c§ = 3/20, the value often cited in literature (e.g. 
van Gunsteren and Berendsen (1977) [48] and Allen and Tildesley (1987) [3]). Reference [31 gives 
another value, c§ = 3/16, as the most appropriate for the systems with interactions that depend 
on partide velorities. Other authors (Evans and Morriss (1984) [49]) daim the former value to be 
erroneous and recommend the latter as the only value to use with the algorithm. Without daiming 
to have resolved the issue we have used cjj = 3/16 which, under same initial conditions, yielded 
qualitatively the same but much smoother variation of the liquid-wall force.

First the values of the variables at the time t +  St are predicted from their values

at the time t ,

(3.22)
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4 Measurement and Calculation 

Procedures

In a typical molecular dynamics simulation, the quantities of interest are calcu­

lated as time averages over spatial sampling bins of finite size, whose definition 

is based on the macroscopic symmetries of the investigated system. Since typical 

simulations involve small systems, they are subject to significant statistical fluctua­

tions, and this double averaging is usually needed to produce a robust signal above 

the noise. In case of equilibrium systems, the sequence of configurations generated 

by a molecular dynamics simulation is expected to fully sample the phase space of 

the relevant statistical ensemble, given enough time, since by the ergodic principle 

time averages are equivalent to ensemble averages. In non-equilibrium but steady- 

state processes, there is no equivalent principle with quite the same status, but it 

is believed on the basis of simulations and some experiments that local thermo­

dynamic equilibrium is attained, and operationally one may proceed in much the
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same way. In the case of transient processes, such as those treated in this work, the 

system is expected to change its macroscopic state in a finite time, and it is inap­

propriate to perform a long-time average. To obtain statistically stable results, one 

may instead average over ensembles of configurations generated from different 

but dynamically equivalent initial equilibrium configurations. This however de­

mands considerable computational resources, and is unfortunately not feasible in 

the present work. The time averages used in our simulation of transient processes 

then correspond simply to the finite time resolution in macroscopic measurements.

The most important parameters in the uniaxial elongation of liquid filaments 

are the filament shape, and the external force needed to generate the desired mo­

tion of the end-plate(s). The measurement of the force is straightforward and has 

been already described. In the following we describe the measurement of the 

dynamical shapes of the elongating filaments along with the pressure and stress 

fields, the latter being particularly important since it has been recognized that the 

flow generated within the filament is not the ideal uniaxial elongational flow. The 

measurement of the stress distribution is then important for reliable interpretation 

of the experimental results, and a particular advantage of molecular simulation is 

that the stress is difficult to measure in the laboratory.
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4.1 Sampling and Approximation of Simulation Data

Before discussing the procedures used in measurement and analysis of the fila­

ment shape and the pressure fields, we give a short account of the definition of the 

sampling bins that are necessary in spatial averaging as well as the data smoothing 

procedures employed.

Although the instantaneous configurations of the filaments are highly nonuni­

form we assume that they are axially symmetric on average and, during simula­

tion, define the sampling bins as the axisymmetric regions enclosed between ap­

propriately defined coaxial cylindrical surfaces and a family of planes parallel to 

the end-plates. The symmetry axis of the filament extending in the z-direction is 

the instantaneous z-axis through the center of mass of the entire filament at each 

time step. We define the family of equidistant bounding planes at the beginning 

of each time averaging interval and thereon treat them as the material planes of 

the filament. This means that during stretching of the filament with an externally 

imposed rate of elongation So, the position of the bin bounding planes is given by,

(4.1) z{t) =  z (0 )e^

where z(0 ) is the initial position of a plane and t  time elapsed since the beginning 

of the time interval. The physical basis for this choice is that in the case of ideal 

uniaxial elongational flow, the bin would contain the same Lagrangian element of
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the filament in its axial dimension, over the time averaging interval. The practical 

advantage of this choice, over for example static bins, is that the bins can be defined 

so that all the bins adjacent to the liquid-solid interfaces are fully occupied at all 

times.

The resulting data is still noisy, particularly the pressure fields data and the dis­

tribution of the liquid-wall force, and these are approximated by their smoothed 

spline regressions. For this purpose we follow Dierckx [50], and make use of the 

Fortran routines supplied in this book. The procedure may be illustrated for the 

case of raw noisy data z(x{, yi) defined a region of the x-y plane. An approximat­

ing spline Skxky fai, Vi) of degrees kx and ky is determined by the requirement,

(4-2) Vi) ~  S k x k y  (*i, Vi)?} < S

hi

where s is a nonnegative constant which determines the smoothness of the ap- 

proximant. In the extreme case of large s, the approximation returned is the least- 

square regression of corresponding order, while s =  0  gives a smooth interpo­

lating spline. Therefore there is certain arbitrariness involved in the analysis and 

s is chosen so as to give reasonable balance between smoothness and faithfulness 

of the approximation. As an example consider the distribution of the liquid-solid 

force across the end-plates. Macroscopic considerations involved in the Young- 

Laplace equation state that the force that holds the bounding walls in equilibrium
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is entirely due to surface tension of the liquid filament At the same time surface 

tension creates the hydrostatic pressure in the filament, which tends to separate 

the end-plates. For the cylindrical filament this can be expressed in the following 

form

(4.3) F  = 2 R o n a  -  R o n a

where a  is the surface tension and R q the radius of the filament. The first term 

is the surface tension contribution and the second term is the hydrostatic pressure 

contribution. The force is directed inward, and consequently the force per unit 

area will be very small in the interior of the end-plate surface, with a sharp peak 

at the rim of the end-plate. This means that fluctuations in the force distribution 

in the inner part of the end-plates, as shown in Fig. 3.3(b), are macroscopically

A
h.
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r

FIGURE 4.1: Smoothing approximation for the radial distribution of the 
liquid-wall force; (s =  15250).
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averaged out, while the peak at the rim of the end-plates remains. This serves as 

guidance in choosing the parameters of the spline approximation. The smoothing 

of the data shown in Fig. 3.3(b) is presented in Fig. 4.1. Here we use symmetrically 

distributed data in order to avoid the distortion of the approximant at the lower 

values of the data points array and to explicitly show the axial symmetry assumed 

in the measurement.

4.2 Shape and Minimum Radius of Fluid Filaments

Shapes and minimum radii of the stretching filaments were determined from 

the instantaneous configurations recorded at the beginning of each time averaging 

interval. This approach is analogous to imaging techniques used in real experi­

ments, but in molecular dynamics simulations the particle distributions are clearly 

resolved and one has to somehow define the position of the free surface interface. 

The usual determination of the free surface position from an appropriate fit to the 

density profile quickly breaks down for the fast thinning fluid filaments. For a 

given resolution in the radial direction, which for axially symmetric filaments is 

determined by the radial width of the sampling bins, number of particles in a bin 

decreases roughly as the mean radius of the bin. As a consequence the radius of 

thin filaments cannot be reliably determined because of strong fluctuations in the 

density profile at small radii.

We chose to view the filament as a cluster of particles contained between the
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end-plates, where a particle in the duster has neighbors within distance rd =  

1 .6 (Tl j- need for the treatment of a liquid element as a duster of partides

arose in studies of small spherical drops of a monatomic Lennard-Jones liquid. A 

discussion of the problem along with recommendations for the choice of the critical 

partide separation rc/ are given in Allen and Tildesley [3J. For the monatomic case, 

the simplest definition of could be based on the requirement that a partide 

moving in the radial direction with the average velodty will not get outside the 

range of interaction with the other partides in the duster. We have avoided this 

problem by using chains of bonded atoms for both Newtonian and non-Newtonian 

liquids. The particular value of rd we use ensures that, in most cases, a whole 

chain is in the duster if one of its atoms is in the duster. However the instantaneous 

configurations may contain the chains protruding from the free surface. In order 

to avoid the indusion of atoms on the far end of such chains in the duster we 

require that a member of the duster has at least three neighbors. Once the duster is 

defined it is "scanned" through a moving window with a width of approximately 

c lj- The exact thickness of the window is determined from the requirement that 

the whole filament be covered symmetrically with resped to the axial mid-plane. 

With the assumption that the filament is axisymmetric, a local radius is defined 

as the average of the radial distances of the four outermost partides in the four 

quadrants from the center of mass of the liquid slab contained in the window, 

and assigned to the center of the window. This definition is open to critidsm as
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FIGURE 4.2: Determination of the shape of a filament

too liberal but we found it necessary to be able to define a radius for very thin 

filaments. Eventually the shape of the bridge and associated minimum radius are 

obtained from cubic spline regressions. The whole procedure is illustrated in Fig.

4.2. The part (a) of the figure shows the axial view of a central slab of the solution 

filament subject to stretching with an overall stretching rate £o — 0.042 at Hencky 

strain e — 0.5 while the part (b) shows 'raw' and smoothed shapes for the same 

simulation at Hencky strains £ — 0.5,1, and 1.4, respectively.

4.3 Pressure Tensor

The straightforward calculation of the microscopic Irving-Kirkwood pressure 

tensor, Pap, defined by eq. (2.9), gives directly the Cartesian components of the 

tensor, which are not the most appropriate for the stress within axially symmet-
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ric fluid filaments. Noting that the microscopic pressure tensor is the sum of the 

single-particle contributions,

(4.4) P ^ (r B) =  T7- £  Piaf}(ri),
VB itB

the transformation to cylindrical components can be conveniently performed dur­

ing the course of a run through the transformation

where the transformation matrix is given in terms of the azimuthal coordinate of 

the particle, p ,

(4.5) Pia/3 ~  Ta'yTpSPi^Si

cos p  sin p  0

(4.6) T = — sin p  cos p  0

0  0 1

In particular,

Prr =  Pxx cos2 p  +  pyy cos2 p  +  2pxy cos p  sin p
(4.7)

Prz =  Pxz cos p  +  pyz sin p .
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As with all other quantities, the pressure tensor was averaged over time interval 

corresponding to a constant increment in the Hencky strain, A e =  ioAt =  0.1.

In the analysis, the standard decomposition of the pressure tensor into isotropic 

pressure and the extra pressure tensor has been employed

Even more so than in analysis of the filament shapes, we are forced to rely on the 

macroscopic symmetries of the filament in the measurement and the analysis of 

the notoriously noisy components of the pressure tensor. (The origin of the noise is 

that the intermolecular force enters directly, and this quantity is a rapidly varying 

function of atomic position.) The assumed axial symmetry of the filament allowed 

us to use axially symmetric bins in the measurement of the pressure tensor, as well 

as other quantities of interest, such as velocity, density and temperature fields. To 

minimize the fluctuations in the measured pressure field, fairly large bins had to be 

used. The size of the bins was chosen so that the contents of the full bins be about 

20 — 30 particles. This was especially important to ensure a reliable calculation of

(4.8) P a/3 — Piso&a0 "t“ ^a/3

where

1 if a = (3

0 if a ^ j 3 ,
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+r

+r

Figure 4.3: Symmetries of the filament stretched by simultaneous motion 
of both end-plates and associated transformation of quantities defining the 
configurational part of the pressure tensor. The r-axis is in the mid-plane 
of the filament and the z-axis is the axis of the filament.

the streaming velocity needed in the kinetic part of the pressure tensor, which we 

calculated at each time step. To further minimize the noise we use the symmetries 

of the pressure tensor components stemming from the symmetry of the filament 

stretched by the simultaneous motion of both end-plates with respect to the axial 

mid-plane. The symmetries of the filament along with corresponding transforma­

tions of the components of interpartide distance and force are illustrated in Fig.

4.3. On reflection with respect to the mid-plane,

(4.10)
Fr

Fz

Tr

~Tz

Ft

~ F z

Ftt2

F zTz

Frrr

—Frrz

F zTz

Frrr
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FIGURE 4.4: An illustration of the results of stress field data analysis

meaning that the radial and axial components of the pressure tensor, PTr and Pzz 

are macroscopically symmetric, while the shear component Prz is antisymmetric 

with respect to the mid-plane of the filament. In the analysis the data for these 

components have been averaged over bins placed symmetrically with respect to 

the mid-plane of the filament. Therefore our final results pertain to a quarter of 

the axial section through the center of the filament. However for the presentation 

purposes the distribution of the components of the stress tensor over the whole 

axial cross section of the filament will be shown for clarity. An example is shown 

in Fig. 4.4, along with the one-dimensional graphs of the stress distribution along 

the filament axis and across the mid-plane of the filament. These distributions 

were used as a graphical aid in the approximation of the stress distribution data.
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4.4 Trouton Ratio

The goal of the filament stretching experiments and simulations is to extract the 

uniaxial extensional properties of fluid samples. Consider an idealized situation in 

which a cylindrical fluid sample undergoes an ideal extensional deformation, with 

a rate of extension £o- The sample remains cylindrical throughout deformation 

and the time variation of its length and radius are given by eqs. (1.2) and (1.3),

L(t) =  Lte®
(4-11) .

R(t)  =  f lo e '2 ^ 1,

respectively. The external tensile force, F , applied on the ends of the elongating 

filament, the outside pressure, Pext> and surface tension forces are supported by 

the nonzero normal components of the pressure tensor within the filament,

F  P  2 a  
~ R2n +  ext +  R 

a
Prr —  Pext

Uniaxial elongational viscosity, r/e, is then given by,

Pzz -  Prr 
Ve = ---------- ----------

<4'12> F ° a
R 2tt£q R e  o ’
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and, under these idealized conditions, could be determined from the measurement 

of the tensile force and the radius of the filament.

In real experiments with the filament stretching device, the situation is com­

plicated by presence of gravity, inertial effects within the filament and the no-slip 

boundary condition at the bounding end-plates, which lead to nonuniform defor­

mation of the fluid filament, further exacerbated by surface tension. As a result, the 

desired variations of the filament length and radius as given in eq. (4.11) can not be 

generated and the measurement strategy and the analysis of the experimental data 

have to be carefully investigated. In particular, the quantities to be measured and 

expressions analogous to eq. (4.12) must be identified. On the assumption that the 

gravitational and inertial effects are negligible, the simplest, and the least reliable 

approach is the straightforward application of eq. (4.12),

(4'13) V* = iPireo “  W 0’

This assumption allows the determination of the elongational stress growth func­

tion, 7]*, which is the appropriate material property to characterize the fluid re­

sponse to transient flow generated in the device. Here £q is the stretching rate 

derived from the imposed exponential variation of the length of the filament and 

R  is the radius of the fluid cylinder undergoing corresponding ideal uniaxial elon­

gation.
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Szabo (1997) [19] showed that the mean normal pressure difference <  Pzz — 

Prr > across the mid-plane of the filament is related to the tensile force applied on 

the ends of the non-uniformly deforming filament by an expression similar to eq. 

(4.12), provided that the filament remains symmetric with respect to its mid-plane 

and axially symmetric throughout experiment. The meaning of this result is that 

the filament stretching device may provide reliable measurement of the uniaxial 

extensional properties of fluids, based on the response of the fluid element around 

the mid-plane of the test sample. Notice that, with the assumed symmetries, the 

mid-plane filament radius corresponds to the minimum radius of the filament. 

Two refinements to eq. (4.13) are then possible, demanding correspondingly more 

detailed measurements. Firstly the approximation of the ideal radial deformation 

of the filament can be replaced by the actual variation of the minimum filament 

radius, which is the characteristic radius of the deforming filament,

Secondly, in the analysis of the measurement, the constant imposed stretching rate 

£o can be replaced by an effective rate of elongation derived from the measured 

minimum radius variation,

(4.14)
RjflfalTSQ Rmin̂ O

(4.15)
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giving

(4.16)

The numerical investigation by Kolte et al. (1997) [20] showed that the expres­

sion (4.16) provides the best comparison to theoretical predictions for the measure­

ments of the elongational stress growth function involving both strain-hardening, 

constant shear viscosity and shear thinning viscoelastic fluids, in the experiments 

with a constant imposed stretching rate £o-

For this reason the expression (4.16) will be used exclusively in the analysis of the 

simulation results in this work in its usual nondimensional form,

called the transient Trouton ratio, in honor of Trouton (1906) who found that the 

elongational viscosity of mixture of pitch and tar was independent of the rate of 

elongation and equaled three times shear viscosity of the sample in agreement with 

the theoretical prediction for Newtonian fluids [51].

(4.17)
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5 Results

5.1 M o d e l  N e w t o n i a n  L i q u i d

In this section we present the results of the filament stretching simulation of the 

N=4 Newtonian model liquid.

5.1.1 Filament Shape Deformation

The instantaneous stretched configurations of the N=4 filament for various 

Hencky strains, up to breakup, are shown in Fig. 5.1. In this case overall stretch 

rate was £o =  0-02 (Ca «  3, Re «  0.3), corresponding to initial relative ve­

locity of the end-plates Vq =  0.3. Due to the no-slip boundary condition at the 

liquid-solid interfaces, the filament deforms non-uniformly throughout stretching. 

A cylindrical shape which would indicate the desired pure uniaxial elongation 

never develops at any portion of the deforming filament. The deformation is char­

acterized by rapid thinning ('necking') in the central part of the filament, and the
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(a) e =  0.2 (b) e =  0.6 ( c ) e = l  (d )e  =  1.2

FIGURE 5.1: Instantaneous configurations of the N=4 liquid filament

filament eventually breaks up in a manner classified characteristic of ductile fail­

ure. Qualitatively identical behavior was observed in a simulation that involved 

the same filament and the same microscopic initial configuration, with an initial 

end-plate relative velocity of Vq =  0.09. (Note that all dimensionless numbers 

characterizing a simulation are proportional to Vq.) The variation of the minimum 

radius of the filament is presented in Fig. 5.2. In both cases the minimum radius 

decreases faster than it would in case of pure elongational flow within a filament, 

shown in the figure by the dashed line. Instead, at the beginning of stretching 

the minimum radius follows the curve corresponding to pure elongation with the 

higher rate of elongation 3£q/2, up to Hencky strain e «  0.4. At larger Hencky
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Figure 5.2: Minimum radius vs. Hencky strain for the Newtonian fila­
ment. The dashed line represents desired minimum radius variation corre­
sponding to pure uniaxial elongation with the elongation rate implied by 
the variation of the filament length. The solid line is the variation predicted 
by lubrication model.

strains the minimum radius decreases even faster. This behavior, along with the 

overall shape dynamics, indicates that pure elongation does not occur during our 

filament stretching experiments with Newtonian filaments, except possibly at the 

center of the filament. Furthermore, even if that is the case, the elongation rate is 

not the one implied by the variation of the filament length but has to be derived 

from the variation of the minimum radius. The minimum radius variation is in 

excellent agreement with experimental observations of Spiegelberg et ai. [11] and 

Solomon and Muller [12], as well as with numerical simulations results of Kolte 

et al. [20] and Sizaire and Legat [17]. It was recognized by Spiegelberg et al. [11] 

that the initial variation of the filament minimum radius is consistent with a re-
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verse squeeze flow field within the filament, which can be satisfactorily described 

within the lubrication approximation. Experiments on number of Newtonian and 

polymeric liquids show that this type of initial behavior in a filament stretching ex­

periment is largely independent of the rheological properties of the filament. Our 

simulations are in complete agreement with this observation.

As Fig. 5.2 shows, there is little or no difference in the variation of the minimum 

radius of the Newtonian filament for two overall rates of stretching, £q =  0.007 

and 0.02, in the initial and final stages of deformation. The only difference is that 

the transition from the lubrication model prediction, to fast decrease in the filament 

radius leading to filament failure, is somewhat delayed in case of larger overall 

rate of stretching. A systematic investigation of the stretching behavior of polymer

G ?  
CM
'n

0.0
0.5-0.5 0.0

r/2R f
Figure 5.3: Comparison of the Newtonian filament shapes in £o =  0.007 
(dot-dashed line) and £ q  =  0.02 (solid line) simulations
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solutions and Newtonian liquids with viscosities matched to zero-shear viscosi­

ties of the solutions were performed by Kroger et al. [7] and Kroger and Rath 

[8 ]. Based on their experiments in which the liquid filaments were subjected to 

uniform stretching, they argue that the main parameter of experiment influencing 

the shape dynamics of the stretched filament is the capillary number. Experiments 

on any type of liquid, characterized with a larger capillary number yielded more 

uniform shapes accompanied with delayed transition to fast thinning leading to 

the filament breakup. Our results agree with their observation. The fact that the 

filament radii decrease identically prior to breakup can be explained by the small 

size of the filament. The filament shapes for the two stretching simulations of the 

Newtonian filament are compared in Fig. 5.3. Since both simulations were per­

formed at relatively high capillary numbers the difference in the filament shapes 

is not large but is in qualitative agreement with the experimental results.

5.1.2 Force on the End-plates

The variation of the force exerted on the end-plates by the filament as a func­

tion of Hencky strain in the Newtonian simulations is presented in Fig. 5.4. In 

both cases the force is a monotonically decreasing function of strain, in qualitative 

agreement with both experimental observations and the results of numerical sim­

ulations. There is a difference in comparison to the initial stages of experiments, 

however. In experiment, the force reaches a maximum after an initial delay caused
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Figure 5.4: The force on the end-plates in Newtonian simulations. The 
dotted lines are smoothing regressions used in calculation of Trouton ratio.

by the inertia of the end-plate driving device. The effect is absent in our results 

since the initial velocity is set up abruptly at t =  0. Of course, the response of the 

filament is not ideal and instantaneous, but is fast enough to be absorbed in the 

time average.

The distribution of the force across the end-plates is shown in Fig. 5.5, for two 

values of Hencky strain. At the beginning of stretching, as can be seen from the 

F(r) curve at Hencky strain £ =  0.25, surface tension is important and F{r) has 

a sharp maximum at the rim of the end-plates. The distribution is much more uni­

form at later times, as illustrated by the F(r) curve at e =  0.85. In experiments 

in which the stretching of the filament is generated by the motion of one end-plate, 

the numerical simulation of Yao and McKinley (1998) [18] indicates the formation
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FIGURE 5.5: Variation of the tensile force across the end-plates in the New­
tonian Ca = 3 simulation.

of static liquid reservoirs near the bounding plates in both Newtonian and elas­

tic dilute polymer solution situations, which may lead to the negative sign in the 

liquid-wall force at late stage of stretching. We observe this effect in simulations 

where one of the end-plates is held stationary in the force on the stationary plate. 

The effect, however, is not likely at the moving plates since they continuously drag 

the adjacent fluid.

5.1.3 Axial Flow Kinematics

The radial component, ur(r), of the flow field can be discerned from the fila­

ment shape data. Here we present the results for the experimentally less tractable 

axial component, uz(z), of the flow field. Kroger and Rath (1995) [8] measured the 

velocity field within filament in a filament stretching experiment, but their exper­

iments were conducted with an uniformly moving end-plate. In Fig. 5.6 we show
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FIGURE 5.6: Axial velocity profiles for the Newtonian =  0 02 simula­
tion.

the variation of uz along the filament axis for our Newtonian simulation with the 

overall rate of elongation £q =  0 .0 2 ; the data points were obtained by radial av­

eraging over coaxial cylinders with radius 3<Jl j . The profiles of axial velocity are 

compared to the desired profiles corresponding to pure uniaxial elongation and 

to the lubrication model profiles given in Yao and McKinley (1998) [18], adapted
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to the boundary conditions in our simulations were the filaments are stretched by 

simultaneous motion of both end-plates,

+

CM1 '*  +  § '
2

V

L L 2

Here v is the relative velocity of the end-plates and L the length of the filament at 

time t. Agreement with the lubrication theory prediction is excellent for Hencky 

strains £ < 1. As the filament thins the static liquid reservoirs develop next to the 

end-plates and the axial velocity profile becomes steeper than both the pure elon­

gation profile and the lubrication model prediction. This can be seen as a conse­

quence of effective shortening of the portion of the filament that is being stretched.

5.1.4 Stress Distribution

The spatial and temporal variations of the stress tensor within a filament in 

course of the stretching experiment generally are not available experimentally. In 

the filament stretching experiment, the stress is not distributed uniformly due to 

the non-uniform deformation of the filament that results from the boundary con­

ditions at the liquid-solid and free-surface interfaces. These conditions are also the 

source of numerical difficulties in the numerical simulations of the experiment, 

based on constitutive models. For this reason, a complete description of the stress 

field in the filament undergoing stretching deformation has not yet been given.
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FIGURE 5.7: Distribution of the isotropic stress within Newtonian filament 
in £o =  0.02 simulation.

The uncertainties associated with the inherently strongly fluctuating stress in mi­

croscopic molecular dynamics systems notwithstanding, we believe that we are 

able to give a fairly complete and at least qualitatively reliable description of the 

stress field. In the following we will present the distributions of the stress compo­

nents associated with the deformations of the Newtonian filament at early and late 

stages of the stretching experiment.

The isotropic stress distributions are shown in Fig. 5.7. As expected from the 

non-uniformities in the transient filament shapes, the distributions are spatially 

and temporally nonuniform. At early stages of the experiment, the isotropic stress 

is large and approximately uniform, along the central portion of the filament and at 

the free surface, indicating that at early times the viscous forces are strong enough 

to give a uniform deformation along the entire filament but nonuniform in the ra­

dial direction. The maximum at the free surface illustrates the importance of sur-
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face tension, which is amplified by no-slip on the end-plates. The situation is very 

different at later times when the filament goes through accelerated thinning. The 

isotropic stress is still large and fairly uniform at the free surface, but nonuniform 

within the filament in both axial and radial directions. In the axial direction, —Piao 

has a sharp maximum located at the center of the filament, while deep minima de­

velop in the regions next to the end-plates. These minima in the stress are related 

to formation of quasi-static liquid reservoirs at the end-plates at later stages of de­

formation. As the minima in the stress correspond to maxima in the pressure the 

presence of the quasi-static reservoir may result in the negative tensile force at the 

center of the liquid-solid interface at the stationary plate in the filament stretching 

experiments with one moving end-plate. In the simulations of these experiments, 

which we do not discuss in this document, we observed this effect in the simula­

tions performed at relatively low stretching rates. The same result was obtained 

in the numerical simulation of the uniaxial stretching of Newtonian liquid bridges 

generated by the motion of one of the end-plates at a constant velocity by Gaudet 

etai. (1996).

The shear stress results are shown in Fig. 5.8. Due to the no-slip condition on 

the end-plates, at the beginning of stretching the shear stress is localized near the 

surface of the filament at the liquid-solid interface. As the stretching progresses, 

the surface layers of shear stress form in regions of high surface curvature.

The normal components of the total extra stress tensor, and the normal stress
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FIGURE 5.8: Distribution of the shear stress within Newtonian filament in 
£o =  0.02 simulation.

difference, —{P2z — Prr)> are shown in Figs. 5.9,5.10 and 5.11. The distributions 

of the normal components, — 7T22 and —7rrr, of the total extra stress tensor, are 

qualitatively similar to each other in shape throughout the stretching. They are 

characterized by surface layers of high positive stress, in the case of — irZ2, and 

high negative stress, in the case of —7rrr. The difference in sign comes from the 

different nature of deformation in axial (tension) and radial (compression) direc­

tions. The variation of both, —tt22 and 7Trr, within the filament along the filament 

axis is characterized my a maximum at the mid-plane of the filament and zero 

magnitude at the end-plates. As follows from its definition, and the similarity of 

distributions of —7T22 and 7Tr r , the distribution of the normal stress difference is 

similar to those of —7T22 and 7Tr r .

The distributions of the shear stress and the axial component of the total extra 

stress within Newtonian and highly elastic solution filaments are given in Yao and
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Figure 5.9: Distribution of 
the radial component of the 
extra pressure tensor within 
Newtonian filament in £o =  
0 . 0 2  simulation.
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FIGURE 5.10: Distribution of 
the axial component of the ex­
tra stress tensor within New­
tonian filament in £q =  0.02 
simulation.
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FIGURE 5.11: Distribution of the normal stress difference — (PZ2 — PTT) 
within Newtonian filament in eo =  0.02 simulation.

McKinley(1998) [18]. Our results agree qualitatively with their Newtonian result. 

Their calculation gives a surface layer of high — w2z, which is more localized at 

the center of the filament along the surface than the corresponding layer obtained 

in our simulation. Also they obtained a parabolic axial profile of — irz2 along the 

centerline with —n2z =  0  at the end-plates.
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Figure 5.12: Elongational stress growth coefficient for the Newtonian 
model fluid. V q  =  0.09 corresponds to £ q  =  0.007, and V o  =  0.3 corre­
sponds to £q =  0 . 0 2

An important characteristic of the isotropic stress and normal extra stress com­

ponent distributions at relatively high strain levels is a fairly weak radial variation 

of stress at the mid-plane of the filament. According to the force balance analy­

sis for the filament stretching device given by Szabo (1997) [19] this is enough for 

the filament stretching device to provide a reliable measurement of elongational 

viscosity of viscous Newtonian liquids.

5.1.5 Elongational Viscosity

Finally, in Fig. 5.12, we give the results for the elongational viscosity of our 

model Newtonian liquid. As can be seen, in the range of deformation available 

in our simulations, the Newtonian value for Trouton ratio T r =  ^ / r /  =  3 has 

not been obtained. Actually Tr(e) does not reach any constant value for either of 

overall rates of elongation employed in the simulations. However, for the simu-

newtonian
4-4  v,=0.09 
OOv,=0.3 
— lubrication

^  *  4 - 4

3 - 0 - 0 - °
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lated range of Hencky strains, £ <  1.2, the results are in excellent agreement with 

the experimental results of Solomon and Muller (1996) [12], and Spiegelberg et al. 

(1996)[11] for viscous Newtonian oils. In the experiments of Spiegelberg etal., after 

an initial overshoot the Trouton ratio decreases and eventually reaches the value 

T r — 3 at Hencky strains £ > 1.5, while in the experiments of Solomon and 

Muller, after the overshoot and subsequent decrease the Trouton ratio increases 

without ever reaching a constant value. Detailed investigation by Spiegelberg et 

al. indicates that the initial overshoot in Trouton ratio is a result of the small initial 

aspect ratio of the test samples and can be reduced by use of the longer samples.
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5.2 M o d e l  S o l u t io n

In this section we present the results of the filament stretching simulations in­

volving the model solution filament. Instantaneous configurations of the filament 

with an imposed rate of elongation £o =  0-04 are shown in Fig. 5.13. The fil­

ament shapes at small strains are similar to those of the Newtonian filament at 

corresponding strains, as illustrated by the snapshot at £ =  0.2. However at 

strains £ > 0 .6 , the shape of the solution filament evolves in a very different 

manner, leading to shapes characterized by an essentially cylindrical section ex­

tending over most of the filament length. This qualitative difference in the shape 

evolution of the Newtonian and solution filaments is starkly reflected in the time

(a) e = 0.2 (b) e = 0.6 (c) e = 1.2 (d)e = 1.5

Figure 5.13: Instantaneous configurations of the solution filament
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FIGURE 5.14: Minimum radius vs. Hencky strain for the solution filament 
in £o =  0.04 simulation. The corresponding data for the Newtonian £o =  
0 . 0 2  simulation are shown for comparison

evolution of the corresponding minimum radii, contrasted in Fig. 5.14. At Hencky 

strains £ < 0 .6 , both filaments thin in the manner predicted by the lubrication 

model. At larger strains, however, the necking of the Newtonian filament accel­

erates, leading to breakup at Hencky strain £ ~  1.3, while the solution filament 

in the same range of Hencky strains continues to thin at the rate predicted by the 

lubrication model. Simultaneously, the initially-developed depression in the mid­

section of the filament becomes less and less pronounced. Eventually, at the strain 

level at which the Newtonian filament fails, the thinning of the solution filament 

slows down and the minimum radius vs Hencky strain curve acquires a constant 

slope closer to to the slope corresponding to pure elongation. This type of filament 

shape evolution is characteristic of the evolution of highly elastic dilute solution
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Figure 5.15: The force on the end-plates in the solution simulations.

filaments, where the development of the cylindrical shape is accompanied with an 

increase in the tensile force needed to maintain exponentially increasing velocity 

of the end-plate(s).

The time evolution of the tensile force in our simulations of solution filament 

stretching with different imposed rates of elongation is shown in Fig. 5.15. Again 

we see a similarity to the Newtonian case at small strains when the force decreases 

monotonically, and different behavior at Hencky strains 5 ^ 1  where the force 

stops decreasing, and for imposed rates of elongation £o =  0.04,0.06 becomes 

an increasing function of imposed strain at strain levels £ > 1.5. The behavior 

of the solution filament in the £q =  0 . 0 2  stretching simulation is different in that 

the development of the cylindrical shape is slower and the filament fails at Hencky
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strain £ & 1.5. As much as the filament failure is associated with the necking in 

the mid section of the filament, as in the Newtonian case, based on the trend in 

the force evolution we believe that the filament fails primarily because of the small 

amount of liquid present in the simulations.

The development of the cylindrical shape and an increasing tensile force are 

usually viewed as simultaneous processes and attributed to strain hardening. For 

strain hardening materials, the force needed to further deform the material in­

creases with the strain level. In the case of a strain hardening filament the segment 

of the filament with the smallest radius experiences highest strain and becomes 

more resistant to further deformation than the rest of the filament. As a conse­

quence the stresses tend to distribute uniformly over the filament leading to the 

more cylindrical shape. At the same time, as the strain level of the entire filament 

increases an increasing tensile force is needed to support the deformation. At a 

more fundamental level, the process is associated with uncoiling of long poly­

mer molecules which simultaneously results in the more cylindrical shapes and 

larger forces needed to further stretch the polymer chains. Our simulations offer 

a slightly different mechanism, in which the formation of cylindrical shape associ­

ated with uncoiling of polymers precedes the increase in tensile force. Moreover, in 

simulations with filaments in solution, where the polymer chains were embedded 

in less viscous monatomic solvent, the cylindrical filaments developed without an 

associated increase in the tensile force.
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FIGURE 5.16: Axial velocity profiles for the solution i o =  0.04 simulation.

5.2.1 Velocity Field

The variation of the axial component, uz, of the flow field along the axis of the 

filament at different strain levels is presented in Fig. 5.16. As in the Newtonian 

case at Hencky strains £ < 1, the axial velocity profile is given by the lubrica­

tion model. At larger strains, however, coinciding with the development of the
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cylindrical section in the filament shape, the velocity profile becomes close to pure 

uniaxial elongation.

The axial and time variation of the axial velocity agree with the Oldroyd-B nu­

merical simulation of Yao and McKinley (1998) [18].

5.2.2 Stress Field

We begin the exposition of the stress tensor distribution within the solution 

filament with the isotropic stress distributions shown in Fig. 5.17. The simi­

larity to the corresponding distributions within the Newtonian filament at small 

Hencky strains are not obvious from the distribution of — Piso at the Hencky strain 

£ =  0.25. This point is emphasized in Fig. 5.17(b) where the corresponding radial 

variations of — P;so in the mid section of the filaments are compared. Although 

the variation is well captured qualitatively in the two-dimensional fit of isotropic 

stress data for the Newtonian case in Fig. 5.7, Fig. 5.17(b) offers more detailed 

insight. Both cases are characterized by surface layers of high stress and a maxi­

mum on the axis of the filaments. The differences between the two distributions, 

the broader maximum in the bulk of the filament in the radial direction and the 

more pronounced maxima at the end plates in the solution, case can be attributed 

to a larger imposed rate of deformation. This suggests that larger imposed rates 

of elongation might be preferable in a filament stretching experiment as they give 

a more uniform deformation across the filament, in view of the uncertainties in
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(a) Characteristic distribution of the 
isotropic stress within the solution fila­
ment at small Hencky strains

(b) Comparison of radial variation of - P i , 0 

at small Hencky strains for the solution and 
Newtonian case.

£=0.75 £=1.45

FIGURE 5.17: Distribution of the isotropic stress within the solution fila­
ment in £o =  0-04 simulation.

the interpretation of the experimental result introduced by the inhomogeneities of 

deformation in radial direction. At higher values of Hencky strain the broad min­

ima at the end-plates reflecting the formation of the quasi-static liquid reservoirs 

observed at £ > 0.7 in the Newtonian case become significant at much higher
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FIGURE 5.18: Distribution of the shear stress within the solution filament 
in £q =  0.04 simulation.

strains in the solution case as illustrated in Fig. 5.17.

The shear stress distributions for the solution simulation is shown in Fig. 5.18. 

In comparison to the Newtonian case we see the absence of shear stress deep 

within the filament even at small strains. At higher strains the cylindrical sec­

tion of the filament is essentially shear free. As in the Newtonian case, the shear 

stress is localized at the surface region of high curvature. However in this case 

the part of the free surface with high curvature does not extend into the filament 

as far from the end-plates as in the case of the Newtonian filament. This observa­

tion contradicts the results of the numerical simulation of Yao and McKinley (1998)

[18] which predicts complete disappearance of the shear stress surface layer in the 

Newtonian case at larger strains.

The distributions of the normal components of the total extra stress tensor and 

the normal stress difference is presented in Figs. 5.19 and 5.20. The trend of time
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FIGURE 5.19: Distribution of normal components of the total extra stress 
tensor within the solution filament in £o =  0 04 simulation.

variation of stress distribution in comparison with the corresponding Newtonian 

distributions seen in the previous cases remains the same. Here we point to more 

pronounced surface layers in the solution case in the mid section of the filament 

in comparison to stress levels on the axis of the filament. This behavior agrees 

with the Oldroyd-B numerical simulation of Yao and McKinley (1998). Further 

agreement can be seen in the axial variation of the axial component of the total
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FIGURE 5.20: Normal components of the total extra stress tensor and nor­
mal stress difference within the solution filament in Eq =  0.04 simulation.
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Figure 5.21: Variation of the axial component of the total extra stress ten­
sor —7TZZ along the axis of the solution filament.

extra stress tensor, —7rzz(z), shown in Fig. 5.21, where the initial parabolic vari­

ation predicted by the lubrication model at small Hencky strains followed by the 

formation of additional stress boundary layers near the end-plates is observed. 

However, significant qualitative and quantitative differences exist. The numerical 

simulation predicts a maximum in —7rzz(z) located at the center of the filament
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Figure 5.22: Elongational stress growth coefficient for the model solution 
info =  0.04, De ~  2 simulation

with a temporally monotonically increasing magnitude. Our simulation gives a 

constant maximum in the middle of the filament throughout the initial phase and 

during the phase of deformation where the cylindrical section of the filament is 

being formed. The —n2Z(z) curve is much more uniform within the cylindrical 

section of the filament, with a minimum in the middle of the filament. According 

to the numerical simulation, this distribution is typical for large Hencky strains in 

viscoelastic experiments with large initial aspect ratio filaments.

5.2.3 Transient Elongational Viscosity

Transient elongational viscosity for the solution simulation with the imposed 

stretching rate is shown in Fig. 5.22. For small Hencky strains, £ < 0.5, the Trou­

ton ratio decreases in agreement with the Newtonian character of deformation at 

small strains. Qualitatively, the variation of Trouton ratio reinforces the agreement
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with the experiments of Spiegelberg etal. (1996) [11] on Newtonian oils, where the 

initial overshoot of the Newtonian value is inversely proportional to the imposed 

stretching rate. Incidentally, in this case we do not observe an overshoot but the 

initial variation is qualitatively the same to the variations of Trouton ratio for the 

Newtonian simulations shown in Fig. 5.12. For the range of strains available in our 

simulation, the variation of the Trouton ratio is in an excellent agreement with ex­

perimental results of Spiegelberg et al. [11] except that the upturn in Tr(e) curve 

is shifted to smaller Hencky strains. The same qualitative behavior is obtained in 

numerical Oldroyd-B (Yao and McKinley (1998) and Kolte etal. (1997)) and FENE- 

CR (Sizaire and Legat (1997)) constitutive models numerical simulations.
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(a) e =  0.4 (b) £ =  0.7 (c )e  =  1.2 (d) 6 =  1.4

FIGURE 5.23: Instantaneous configurations of the polydis- 
perse melt filament

5.3 M o d e l  M elts

In this section we discuss the simulation results for the model polymer melts. 

The instantaneous configurations of the systems for different strain levels in £q =  

0.02 simulations are shown in Figs. 5.23 and 5.24. The filaments deform very 

similarly at small Hencky strains and, as will be demonstrated shortly, in the man­

ner the predicted by the lubrication model of Spiegelberg et al. (1996) to describe 

the initial response of Newtonian and highly elastic dilute solution filaments to 

stretching deformations. In neither case does the cylindrical section character­

istic of the deformation of strain hardening materials appear. In that respect the 

deformation is more similar to that of the Newtonian filaments than to that of 

the dilute polymer solutions. However, at larger Hencky strains, the melt fila-
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(a) c = 0.4 (b) e = 0.7 (c)e = 0.9 (d)e = 1.2

FIGURE 5.24: Instantaneous configurations of the
monodisperse melt filament

ments develop more cylindrical shapes than the Newtonian filament under same 

imposed stretching rate. At larger Hencky strains, £ > 1, there are significant 

differences in the deformation of the two melt filaments. As is indicated by the 

configuration at Hencky strain £ =  1.4, Fig. 5.23(d), although the polydisperse 

melt filament can be stretched to high Hencky strains (up to £ =  2.5), the den­

sity distribution within filament becomes progressively more nonuniform as the 

stretching progresses. Monodisperse melt deformation at this range of stretch­

ing rates and Hencky strains is characterized by the development of ruptures in 

the free surface, as can be seen in Figs. 5.24(c) and (d). This effect is reminis­

cent of ruptures of narrow molecular weight distribution polymer melts, where 

the rupture of the sample, with or without necking, had been observed earlier. 

The effect has not been systematically investigated experimentally and is not well
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Figure 5.25: Minimum radius vs. Hencky strain for the melt filaments.

understood theoretically. The systematic investigation of stretching behavior of 

monodisperse melts has also been outside the scope of this work. However our 

simulations indicate that a molecular dynamics investigation of the subject might 

be worth pursuing.

The minimum radius variation during stretching of the model melt filaments 

is shown in Fig. 5.25. For comparison we include the corresponding data for the 

Newtonian and solution filaments. As can be seen the rate at which the minimum 

radii of the melt filaments decrease falls between those of the strain hardening 

solution and fast-thinning Newtonian filaments. The slight upturn in the slope of 

the monodisperse melt curve in the rangeof Hencky strains 0.7 <  £ < 1.1 should 

not be interpreted as strain hardening effect, since it comes from the different depth 

of the rupture in the free surface of the filament.
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Figure 5.26: Axial velocity profiles for the polydisperse melt in £q =  0.02
simulation.

Before we turn to discussion of the tensile force and the stresses within the melt 

filaments, we wish to point to further similarities between the stretching defor­

mation of the melt filaments and the Newtonian filament, exhibited in the flow 

kinematics within the filament. As shown in Fig. 5.26 the axial velocity profile 

along the axis of the filaments, which is very similar for both model melts, is that 

predicted by th lubrication model for the Newtonian filament response to stretch­

ing deformation.

The tensile force variation vs. Hencky strain for the two melt cases is presented 

in Figs. 5.27(a) and (b). Notice the similarity of the tensile force variation of the 

monodisperse melt to that of the Newtonian case. Indeed, it had been observed 

experimentally that besides peculiarities in the behavior of the monodisperse poly­

mer melts at high imposed stretching rates and high levels of strain they exhibit, 

an almost linear viscoelastic stretching behavior. At least qualitatively the results
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(b) Monodisperse melt 

FIGURE 5.27: Tensile force vs. Hencky strain for model melts

of our simulations for the tensile force are in agreement with this observation. A 

significant differences with respect to the tensile force behavior for the two melts 

can be seen at both early and late stages of stretching deformations in the simula­

tions with high imposed stretching rates. The early response of the monodisperse 

melt is faster than that of the polydisperse melt, which can be attributed to the 

spectrum of long time constants characterizing the polydisperse melt.(Kolte et al. 

(1997)). While the tensile force needed to maintain the constant stretching rate de­

creases monotonically throughout stretching of the monodisperse filament for all 

investigated imposed stretching rates, the variation of the tensile force in the poly­

disperse melt simulations at higher imposed stretching rates (De >  3) indicates

w
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weak strain hardening of the filament. Once more we remark on the uncertain­

ties in the extensional properties contained in the tensile force variation due to the 

structure of the liquid-solid interface, and slightly different polymer content em­

ployed in the stretching simulations of the polydisperse melt filament. We show 

three cases for the £o =  0-02 and two cases for the £q = 0.007 pertaining to dif­

ferent conditions employed in the simulations in Fig. 5.27(a). The open circles in 

the D e  «  10 simulations show the variation of the tensile force in the simulation, 

where a certain number of liquid atoms were explicitly bound to the end-plates 

and one long chain stretched along the filament, one of its atoms fixed at one end- 

plate. In this case, as well as in the De «  3 simulation shown with open trian­

gles, the filament clearly exhibits an increase in the tensile force at Hencky strain 

e =  0.8. The corresponding filled symbols pertain to same liquid-solid interface 

but the long chain cut in half. While in this case no difference was observed in the 

tensile force variation at D e  «  3 simulations the behavior of the tensile force in 

the D e  «  10 simulations is inconclusive. The third case in the D e  ~  10, shown 

by the open squares pertains to a simulation with the long chain but a Lennard- 

Jones interaction at the liquid-solid interfaces. Again the increase in the tensile 

force had been observed but after a significant drop in its magnitude as compared 

to the previous data point. Also in this case a shift in the tensile force curve to 

higher strains is observed as compared to the case where the liquid atoms were 

explicitly fixed to the end-plates.
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5.3.1 Stress Fields

The distributions of the components of the stress tensor within model melt fil­

aments are cataloged in Figs. 5.28, 5.29, 5.30, 5.31 and 5.32. In the range of 

Hencky strains where a meaningful two-dimensional approximation of stress data 

could be made, the measured stress field for the two model melt fluids exhibit 

similar overall distributions. In comparison to corresponding stress distributions 

within Newtonian and solution filaments, differences due to the elastic properties 

of the filaments can be seen. First, the surface layers of high stress concentrations 

at the mid-filament region are relatively weaker in the melt filaments than in both 

Newtonian and solution cases. The regions of large isotropic pressure that develop 

in the Newtonian and solution filaments as a consequence of the formation of the 

quasi-static fluid reservoirs at the regions adjacent to the end-plates are, at the same 

strain levels, completely absent in the melt filaments. Instead high stresses are ob­

served. Furthermore the radial distribution of isotropic stress is characterized by 

pronounced maxima on the axes of the filaments. A highly elastic response, char­

acterized by pronounced maxima in the distributions of the normal stress com­

ponents located in the center of the filaments, was observed at the beginning of 

stretching. Our results indicate that relatively weak high stress surface layers in 

the distribution of the normal stress difference are primarily contributed by the 

radial component of the stress tensor. Indeed, the measurements indicate surpris­

ingly uniform radial distribution of the axial component of tne extra stress tensor
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FIGURE 5.28: Isotropic stress within melt filaments in £o =  0.02 simula­
tions.
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(a) Polydisperse melt

(b) Monodisperse melt 

FIGURE 5.29: Shear stress within melt filaments in £q =  0-02 simulations.
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(a) Polydisperse melt

(b) Monodisperse melt

Figure 5.30: Axial component of the total extra stress tensor within melt 
filaments in =  0.02 simulations.
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(a) Polydisperse melt

£=0.25 £=0.75

(b) Monodisperse melt

FIGURE 5.31: Radial component of the total extra stress tensor within melt 
filaments in Eq =  0.02 simulations.
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(a) Polydisperse melt

(b) Monodisperse melt

FIGURE 5.32: Normal stress difference within melt filaments in £q =  0.02 
simulations.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



124

across mid-plane of the melt filaments. This behavior can be contrasted to the case 

of the solution filament where the main contribution to the surface layer comes 

from the axial component of the stress tensor.

The distribution of shear stress within melt filaments is qualitatively similar to dis­

tributions observed in other cases, especially at small Hencky strains. At higher 

strains the central part along the axis of the filaments is free from shear deforma­

tions.

5.3.2 Elongational Viscosity

The transient Trouton ratio for the two model melts, determined from the sim­

ulation of filament stretching at an overall stretching rate £o =  0.02, is shown in 

Fig. 5.33. Except at the very beginning of deformation, £ < 0.5, the variation

10.0
•  • P O  matt 
0 - 0  MD melt

o

0.0 0.5
e

FIGURE 5.33: Trouton ratio for the model melts in £o =  0.02, De «  10 
simulation
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of Trouton ratios for the model polymer melts is in a very good qualitative agree­

ment with the experimental results obtained by Tirtaadmadja and Sridhar (1993)

[10] for shear-thinning semi-dilute solutions. The qualitative similarity in uniaxial 

extensional viscosities between shear-thinning polymer solutions and melts is in 

agreement with experimental observations (Sridhar etal. (1991) [4]).

5.4 Flow Reversal in Uniaxial Stretching Experiment

To conclude, we present our findings on a possible physical mechanism un­

derlying the accelerated thinning of the fluid filament in the filament stretching 

experiment, found by Shipman et al. (1991) [15] in a numerical simulation of a 

Sridhar et al. (1991) [4] experiment. In presence of gravity, the surface tension of 

the fluid was found to be able to generate a reverse flow within the filament. The 

reverse flow first appeared next to the stationary end-plate and later migrated to­

ward the center of the filament. The phenomenon was accompanied by a change 

in the pressure gradient across the stationary end-plate. The pressure was ini­

tially low in the center and high along the edge; the reverse was true in the later 

stages of deformation as the reverse flow developed. The phenomenon was later 

found in a numerical simulation of uniaxial stretching of Newtonian liquid fila­

ments by Gaudet et al. (1996) [16] and experimental measurements of the velocity 

field within stretching Newtonian and non-Newtonian fluid filaments by Kroger 

and Rath (1995) [8]. However in both works the uniaxial deformations generated
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Figure 5.34: Velocity fields inside monatomic fluid undergoing undergo­
ing uniform stretching; u0 =  0.1.

by a uniformly moving end-plate were investigated and the flow reversal was 

found in the late stages of deformation characterized by a highly developed neck in 

the mid-filament region. The molecular dynamics simulations of the experiments 

with one uniformly moving end-plate, with both Newtonian and non-Newtonian 

model fluid filaments, give the spatial and temporal variation of the velocity field 

within the filament in excellent qualitative agreement with the Shipman et al. pre­

diction. A typical example is presented in Fig. 5.34 where the velocity fields within 

monatomic Lennard-Jones fluid filament are shown. With an appropriate defini-
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FIGURE 5.35: Velocity fields inside monatomic fluid undergoing a constant 
imposed stretching rate deformation; £o =  0.014.

tion of the capillary number [16]

the simulation is characterized by Ca =  0.7, which corresponds to the constant 

velocity of the moving end-plate, Vq =  0.1 Lennard-Jones units. In addition to 

qualitative description of the fields by streamlines, the magnitudes of Eulerian ve­

locities represented by the arrows and the distribution of the axial component, uz, 

of the fluid velocity represented by the contour plots are given. Unlike the work 

cited above, we observe flow reversal from the outset.

However, in simulations using the same fluid in experiments in which one end- 

plate moves with an exponentially increasing velocity, as in the Shipman etal. sim­

ulation, we do not observe the flow reversal phenomenon, except possibly at large 

Hencky strains just prior to breakup of the filament. The velocity fields within the 

filament are presented in Fig. 5.35 for the simulation characterized by the capillary

(5 .2 ) Ca =  — VQ
a
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number (as defined in eq. (3.9 ))Ca =  1.1, overall stretching rate £o =  0.014and 

the initial velocity vq =  0.2. Since we have not performed simulations at lower 

capillary numbers our results do not exclude the possibility of the flow reversal 

in constant imposed stretching rate experiments. Rather they indicate that, in the 

absence of gravity, the phenomenon is not generally responsible for the initial thin­

ning of the fluid filament at a rate exceeding the imposed stretching rate.

The effect is plausible in the deformations of the fluid filaments generated by 

the uniform motion of one of the end-plates since in this case the viscous effects 

are important only at the beginning of deformation.
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6 Conclusions

In this work we have presented molecular dynamics simulation of extending 

liquid bridges with simple microscopic model fluids, whose design incorporates 

the most essential physics necessary to reproduce the generic properties of New­

tonian and non-Newtonian polymeric liquids. Besides nicely complementing nu­

merical simulations based on constitutive models of liquid rheology in elucidating 

the underlying dynamics of experimentally observed phenomena, the molecular 

dynamics simulations have a far-reaching goal of providing a truly microscopic 

insight into origins of macroscopic phenomena. Within the limited scope of the 

present simulation we have demonstrated that many aspects of fluid response to 

stretching deformation induced by the motion of the solid end-plates in liquid 

bridge configuration are reproduced on microscopic scale in both Newtonian and 

polymeric fluid samples. In particular quantitative agreement with experimen­

tal observations has been found at early stages of deformation, characterized by 

the variation of the minimum radius of the fast thinning filaments, for all fluids
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investigated. The response can be adequately described by a lubrication approx­

imation of Newtonian 'reverse squeeze flow', as demonstrated by Spiegelberg et 

al. (1996) [11]. The time variation of the tensile force applied on the end-plates in 

order to sustain stretching deformation at a constant stretching rate was found to 

be in excellent qualitative agreement with experimental observations for all fluid 

models. As a consequence, the Trouton ratio, which characterizes fluid response 

to transient uniaxial extensional deformation and is determined from the mini­

mum radius and tensile force measurements, was found to be in good qualitative 

agreement with experimental data as well. In view of the simplicity of the mod­

els, perhaps the most surprising aspect of the simulation is the strain-hardening 

response of the model solution, which is characteristic of constant shear viscos­

ity dilute polymer solutions (Boger fluids). Our results support the idea that a 

very uniform flow field results from the increased alignment of the long polymer 

molecules, which in the particular process investigated in this work, leads to the 

formation of an axially very uniform deformation over most of the flow regime. 

The molecular dynamics simulation offers insight into aspects of the dynamics of 

deformation which are experimentally largely inaccessible, such as the flow kine­

matics within the deforming filament and the accompanying stress distributions.

Investigations of these aspects of the filament stretching device have been scarce 

even in the numerical simulations of the device based on constitutive models ap­

propriate for particular fluids. The most detailed study was performed by Yao and
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McKinley (1998) [18] on an Oldroyd-B model for dilute polymer solutions. In the 

range of Hencky strains achievable in our simulations excellent agreement with 

their results was found for the axial variation of the axial component of the flow 

field for both Newtonian and solution filaments. Broad qualitative agreement was 

found for the distributions and time variation of the shear and axial components 

of the extra stress tensor given in [18]. We have been able to give a very detailed 

description of the complete stress tensor within fluid filaments. While we consider 

it a welcome insight into the complex response of Newtonian and non-Newtonian 

fluids to uniaxial stretching deformation these results should be treated cautiously 

due to limited temporal and spatial resolution of our simulations, as well as the in­

herently noisy nature of stress data. A more accurate description could be obtained 

in larger scale molecular dynamics simulations involving large configurations and 

large statistical ensembles of dynamically equivalent states originating horn dif­

ferent equilibrium configurations.

We touched upon an interesting aspect of the underlying dynamics of the fil­

ament stretching deformation obtained in the numerical simulation of Oldroyd-B 

fluids by Shipman etal. (1991) [15]. They found that the initial accelerated thinning 

of the fluid filament was caused by the reversed flow which, in the beginning of 

deformation, develops near the end-plates. The reverse flow patterns were found 

in experiments (Kroger et al. (1995) [8]) and numerical simulations (Gaudet et al. 

(1996) [16]) of filament stretching generated by uniformly separating end-plates
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characterized by a small capillary numbers. However similar findings have nei­

ther been reported nor discussed in subsequent research of the filament stretching 

device with exponentially separating end-plates. Although our simulations do not 

support occurrence of reversed flows in the experiments with exponentially sepa­

rating end-plates at relatively high stretching rates, they indicate the existence of 

flow reversal in the type of filament stretching experiments studied by Kroger et 

al. [8] and Gaudet etal. [16].

We believe that the results of this simulation offer grounds for optimism for 

further application of molecular dynamics techniques in the field of extensional 

rheometry. In particular, the simulation provides groundwork for simulations of 

other experimental techniques based on liquid bridge configurations. The simula­

tion of the version of the filament stretching experiment with an adjustable diame­

ter of the moving end-plates is straightforward, as is the simulation of the stress re­

laxation experiment. The use of larger simulated configurations, accompanied by 

more refined model fluids, and possibly more sophisticated numerical algorithms, 

will immensely help our understanding of the breakup mechanisms of fluid fila­

ments. Moreover the merits of different experimental techniques in determining 

the extensional properties of fluids can be reliably determined from the compari­

son with the results for model fluids, which can be obtained from easily realized 

nonequilibrium molecular dynamics simulations of pure extensional flows.
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