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Abstract

Quantum dislocations in solid Helium-4

by Darya Aleinikava

Thesis supervisor: Prof. Anatoly Kuklov

In this thesis the following problems on properties of solid 4He are considered: i)

the role of long-range interactions in suppression of dislocation roughening at T = 0;

ii) the combined effect of 3He impurities and Peierls potential on shear modulus

softening; iii) the dislocation superclimb and its connection to the phenomenon of

”giant isochoric compressibility” ; iv) non-linear dislocation response to the applied

stress and stress-induces dislocation roughening as a I-order phase transition in 1D

at finite temperature.

First we investigate the effect of long-range interactions on the state of edge dis-

location at T = 0. Such interactions are induced by elastic forces of the solid. We

found that quantum roughening transition of a dislocation at T = 0 is completely

suppressed by arbitrarily small long-range interactions between kinks. A heuristic

argument is presented and the result has been verified by numerical Monte-Carlo

simulations using Worm Algorithm in J-current model.

It was shown that the Peierls potential plays a crucial role in explaining the

elastic properties of dislocations, namely shear modulus softening phenomenon. The

crossover from T = 0 to finite temperatures leads to intrinsic softening of the shear
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modulus and is solely controlled by kink typical energy. It was demonstrated that the

mechanism, involving only the binding of 3He impurities to the dislocations, requires

an unrealistically high concentrations of defects (or impurities) in order to explain

the shear modulus phenomenon and therefore an inclusion of Peierls potential in

consideration is required.

Superclimbing dislocations, that is the edge dislocations with the superfluidity

along the core, were investigated. The theoretical prediction that superclimb is re-

sponsible for the phenomenon of ”giant isochoric compressibility” was confirmed by

Monte-Carlo simulations. It was demonstrated that the isochoric compressibility is

suppressed at low temperatures. The dependence of compressibility on the dislocation

length was shown to be strongly dependent on long-range interaction.

Non-linear behavior at high stresses was considered. The dislocation was observed

to exhibit two types of behavior depending on the dislocation size: reversible and

hysteretic. In the reversible regime responses of superclimbing dislocations exhibit

sharp resonant peaks. We attribute this feature to the resonant creation of jog-antijog

pairs. The peak in the compressibility results in the dip in the speed of sound which

we believe was observed in ”UMASS-sandwich” mass-transport experiments. The

hysteresis revealed an unusually strong sensitivity to the dislocation size signifying

that the stress-induced roughening is a I-order phase transition in 1D at finite T .
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Chapter 2

Introduction

2.1 Supersolidity: experiments

A supersolid is a peculiar state of matter that simultaneously displays both superfluid-

ity and crystalline order for the same sort of atoms. 4He is thought to be a most likely

candidate for the supersolid state due to the significant zero-point motion of atoms

in the crystal lattice. Potential evidence for such a supersolid phase in Helium-4 has

been first detected as non-classical rotational moment of rotational inertia (NCRI) in

torsional oscillator (TO) experiments [1, 2, 3, 4] more than thirty years after the first

proposals by Andreev and Lifshitz [5] and Chester [6]. For quite some time, there

was no direct evidence indicating that solid 4He really possesses this unique property

since it did not respond to pressure differences [7, 8, 9, 10], no persistence currents

were observed, and the material did not offer any other superflow features.

Since then a number of theories was suggested in attempt to explain the observed

phenomenon. The earliest theory suggested by Andreev et al. [5] to explain super-

solidity relied on so-called zero-point vacancies. The vacancies in a solid can move

through the crystal by quantum tunneling mechanism. If the creation energy for

3
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vacancy is zero, these vacancies can exist even at zero temperature. Since these va-

cancies are bosons, they can Bose condense below some critical temperature and form

a superfluid. Therefore, the flow of vacancies leads to the flow of atoms in the solid

forming a supersolid. The idea of vacancies being the reason for a supersolid state

was much talked of and sometimes directly criticized (by Penrose and Onsager [11]),

but not resolved completely till the very recent time.

Both measurements and calculations [12] indicate that vacancies in helium have an

activation energy of at least 13 K, with no evidence of vacancies at zero temperature.

Recently, it has been shown by Monte-Carlo simulations that supersolidity should

not be expected in perfect, commensurate crystals [12]. Several features of TO ex-

periments [1, 2, 3, 4] indicate strongly inhomogeneous nature of superfluidity because

of , mostly, the overwhelming effect of a small concentration of 3He impurities. This

placed extended defects such as dislocations and grain boundaries in the center of

attention as possible candidates for supersolid response [13, 14, 15, 16, 17, 18, 19, 20].

It was suggested in Ref. [21], that quenched dislocations (with superfluid dislo-

cation cores) forming a 3d network can facilitate the supersolid/normal solid transi-

tion. In this picture, as temperature T decreases below the condensation temperature

Tcond ∼ 1K (which is comparable to the λ-temperature in liquid 4He) , each dislocation

line in a tangled network of them nucleates a cylindrical supersolid tube tangent to it.

The places where dislocations cross, making supersolid tubes overlap, are the sites of

a random lattice. A typical length of these bonds L determines the mean dislocation

spacing. It grows with annealing; L → ∞ for a clean crystal. This random lattice

does not develop macroscopic supersolidity (or undergo any phase transition) at Tcond

, because of the 1D nature of fluctuations in each tube suppressing the phase coherence

exponentially with L at finite T . However, as temperature is lowered further, such

coherence inevitably develops at certain mesoscopic temperature Tc ∼ Tcond/L (where
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L is measured in units of the inter-atomic spacing), leading to the supersolid/normal

transition.

The superfluidity of the cores of screw dislocations was found by Boninsegni et.

al. in [13], who performed Monte-Carlo simulations of the screw dislocation along

the hexagonal axis of an hcp crystal. The core exhibited superfluid response. At

the same time, the same type of screw dislocation in solid H2 turned out to be

insulating. These simulations yielded thus the first realistic example of a supersolid

in free space. Authors also noted that instead of being focused on one isolated screw

dislocation one can notice that small twist-angle grain boundary can be represented

as an array of screw dislocations and, therefore, must possess superfluidity feature

with an additional ability of tunneling coupling between the cores. Therefore such

boundaries might be the most realistic objects for studies of superfluidity of screw

dislocations.

Balatsky et. Al. in [16] considered thermodynamic properties of near 200 mK

(temperature range near supposed solid/supersolid transition), and found that the

experimental entropy is substantially less than the calculated entropy derived from

Sλ = 4.6JK−1mol−1 at Tλ = 1.8K for 4He at high pressure [22] with 1% superfluid

fraction observed in Kim and Chan experiments [1, 2]. Similar calculations done with

more recently obtained data [23] still yield values too high comparing to the mea-

sured entropy of 20 µJK−1mol−1 [24].Authors suggested that the low temperature

linear term in the specific heat is the result of the dislocation induced glassy state in

solid 4He. It was suggested that small scale dislocation loops form those tunneling

systems. They claimed that NCRI anomaly is consistent with their scenario and pre-

dicted that the linear term should increase with 3He concentration. The calorimetry

measurements [23] did not confirm the presence of the linear term in the specific heat

but it is possible that one needs strongly disordered samples to see it.
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2.1.1 Torsional oscillator experiments

The first experiments which provoked so many discussion, debates and arguments

were done by Kim and Chan in 2004 [1, 2] and can be considered as a non-direct

evidence of the supersolidity phenomenon. Authors used torsional oscillator (TO)

technique. In their set-up the torsion bob containing either Vycor glass disk or an

annular channel is attached to the torsion rod and can be filled by 4He through the

filling line inside the rod. Lock-in amplifier supplies a driving voltage and regulates

the oscillation amplitude which keeps the oscillator in resonance. The resonant os-

cillations period in such a system is given simply by τ = 2π
√

I/G, where I is the

torsion bob moment of inertia, and G is a spring constant of a torsion rod. The pore

space of around 30% in Vycor porous disk (or an annular channel in a second setup)

was filled with liquid 4He and solidified by pressures ranging from 26 bar to 66 bar.

If one would measure a liquid superfluid 4He during oscillations, a part of the mass

would decouple thus reducing the moment of inertia I which will result in lower period

τ . Such phenomenon is referred to as non-classical rotational inertia (NCRI) [25]. The

relative change in the inertial momentum is called the NCRI fraction (NCRIF) and

it can be identified as

NCRIF =
ρs(T )

ρ
=

I(T0) − I(T )

I(T0) − Iempty
, (2.1)

where Iempty is the moment of inertial of an empty cell, I(T ) is the moment of inertia

of a cell, filled with 4He, and T0 is defined as a critical temperature below which

superfluidity appears (for liquid He). If the change in resonant period is small the

last equation can be rewritten as
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NCRIF =
τ (T0) − τ (T )

τ (T0) − τempty
. (2.2)

It was found [1, 2] that solid 4He below T0 ≈ 230mK exhibits the decrease in τ

implying that a fraction of the mass about 1% decouples from the sample. The latter

was interpreted as the first evidence of supersolidity. The NCRI fraction has also

been found to depend strongly on the oscillation speed. The period shift was to be

up to 20 ns for the rim velocities Vrim = 31µm/s (Vycor glass) and up to 42 ns for

Vrim = 4µm/s (annular channel). Exceeding these values of Vrim lead to a significant

suppression of NCRIF. Thus it was concluded that the critical speed of superfluid

fraction in supersolid 4He should be of the order of 10 µm/s.

The oscillation amplitude vs T demonstrates a broad minimum, and since the

ac voltage was constant for all measurements, such feature indicates a presence of

the dissipation maximum at some temperature. The control experiment on solid 3He

which is a fermion revealed no detectable NCRIF. Finally the effect of 3He impurities

was investigated in bulk solid 4He samples and it was found that T0 below which

superfluidity appears is growing monotonically as 3He concentration is increasing

with a broad NCRIF maximum around 0.2 ppm [18]. The frequency shift was also

found surprisingly sensitive to amount of 3He atoms changing considerably even for

tiny impurity concentration.

Heat capacity measurements [26] have also revealed a peculiar feature: a peak

below 200 mK in a solid 4He sample. The peak was found to be independent of 3He

concentration, but responsive to a sample quality, similar to NCRI. In a scenario

[27] proposed to explain this phenomenon the peak was attributed to the presence

of superclimbing phonons which will add to the specific heat a term ∼
√
T – a

considerable contribution to the standard T 3 dependence at low T .
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To summarize, TO measurements with solid 4He revealed several puzzling anoma-

lies which are yet to be explained. First, it showed an unexpected sensitivity to 3He

impurity concentration. Second, the critical velocity above which NCRI disappears

is extremely small: of the order of 10µm/s, while a speed of sound in the material is

in the vicinity of 100 m/s. Third, specific heat exhibited a deviation from standard

T 3 behavior below T < 200mK resulting in a peak formation.

2.1.2 Shear modulus anomaly: its relation to dislocations

and supersolidity

Very interesting results were obtained in studies of mechanical properties of solid 4He

[20, 28]. Beamish and colleagues measured a shear modulus of 4He at low frequen-

cies and strains, and the effect of annealing and large stresses. Their experimental

technique involved embedding piezoelectric transducers in the helium which allowed

the direct measurements of shear modulus G for a strains down to 2.2 × 10−9 (stress

0.03 Pa). Samples were grown under constant average density condition, this method

being referred to as a blocked capillary technique. It is known to produce polycrys-

talline samples with a lot of disorder. The impurities concentration amount ranged

between regular commercial purity of 0.3 p.p.m and almost isotopically pure count

of 1 p.p.b. The main observed feature was the large (around 10%) increase of shear

modulus below 200 mK with the striking resemblance to the NCRIF temperature

behavior. Both G(T ) and NCRIF shared the dependence on concentration of 3He

impurities and demonstrated similar annealing effect [20]. Thus, it is reasonable to

assume that both phenomenon have the same physical origin.

The shear modulus dependence on temperature G(T ) is presented on Fig. 2.1[20].

The data were obtained for different frequencies ranging from 20 Hz to 2000 Hz and
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Figure 2.1: Shear modulus and NCRI fraction of solid 4He as a function of temperature
[20].

were plotted together with NCRI for easy comparison. At smaller frequencies the

onset of the shear modulus softening shifts to smaller temperatures, with the similarity

to NCRIF remaining the same (unfortunately, repeating the TO measurements at

various frequencies is not possible for now).

Another interesting feature is the shear modulus sensitivity to the 3He concen-

tration: it was found [20] that G softening onset moves to lower T for small amount

of 3He in a way, similar to decoupling fraction. The annealing was found to lessen

the shear modulus change at higher temperatures while the lower temperature region

remained essentially the same.

It was suggested [20, 28] that the observed G anomalies could be explained in
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terms of dislocations moving between the pinning points as a result of the shear

stress. 3D dislocation network pin their ends effectively but they are free to shift

between these pinning points. This displacement reduced the shear modulus of the

sample observed in the experiments. In this case the modulus change ∆G/G ≈

ΛL2 [28, 29] ,where Λ is the dislocation density and L is the typical dislocation

length between the pinning points. It is clear that the longest dislocations produce

the most significant displacement thus contributing the most to the G softening.

However, the longer size required smaller density and therefore modulus change is

practically independent of the dislocation density. The authors [20, 28] argued that

this mechanism can explain G softening of the order of 30%. It was further proposed

that 3He impurities play a major role in the temperature dependence of G(T ) by

providing an additional pinning of dislocations though not so effectively as the network

cross-linking. The impurity concentration of on the dislocations is ≈ exp(Ea/T ) (in

atomic units), where Ea is a binding energy (or the order of Ea ∼ 0.3−0.7 K [28] ) of

3He atom to a dislocation. If there is on average one atom of 3He on each dislocation

the pinning becomes significant. Eventually, as 3He concentration on dislocations

increases further, dislocation loose their mobility and the shear modulus recovers its

value for a defect-free crystal. The temperature around which such pinning becomes

significant can be estimated from the following simple considerations. Let’s imagine

a cube made of dislocation segments of length L >> 1 (in the units of the inter-

atomic distance) which contains L3x3 >> 1 atoms of 3He at high T , where x3 << 1

denotes a 3He bulk fraction. Thus, the temperature T3He below which 3He atoms start

effectively pinning dislocations [28] (determined from the equilibrium condition that

there is at least one impurity per edge) is

T3He ≈ − Ea

ln(x3L)
, (2.3)
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where it is assumed that x3L << 1. We will show later, however, that the impurity-

binding scenario, while agreeing qualitatively with the observed behavior, results in

a much sharper changes in G(T ). To smoothen the transition one needs to include

the Peierls potential into consideration (see Section 6).

The results of Day and Beamish may imply that the famous Kim and Chan TO

experiment [1] showed the decrease in period τ = 2π
√

I
G

not due to the decrease in I,

but rather due to the increase of G which contributes to the effective torsional spring

constant. However, such scenario provides an explanation for only about 1% of the

NCRI fraction.

The possible explanation of these results was suggested by Biroli and Bauchaud

[30] who connected this phenomenon to the proliferation of dislocation strings. The

authors suggested that below a certain temperature Tc , the free energy of kink-

antikink pairs of dislocations becomes negative, leading to an increasing wandering

of dislocations that would form an entangled network similar to a polymer melt. In

their opinion, this proliferation of kink-antikink pairs should lead both to an increased

stiffness of the solid, and to kink-induced superfluid motion. Though the question

whether the dislocations network undergoes a true phase transition is at this stage

an unresolved problem, they expected a (small) specific heat anomaly and a change

the elastic properties of the system around Tc . This could explain the shear modulus

anomaly, witnessed by Day and Beamish, and other elastic anomalies, perhaps even

a partial decoupling of the solid in a oscillating pendulum experiment. This effect

should, they think, disappear as soon as supersolidity really establishes. Going a little

bit ahead it should be mentioned that the results presented in the work [30] suggest

that at low temperatures dislocations in 4He exist in roughened state. As it will be

discussed below, there are strong arguments against such conclusion.

Another set of measurements of elastic properties of solid 4He crystals was per-
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formed by Balibar and colleagues [31, 32] and the stiffening at low T was observed

even in ”impurity-free” crystals (i.e. crystals kept in equilibrium with liquid helium).

This fact confirms our suggestion that impurities alone can not explain shear-modulus

anomaly (Section 6). Another amazing feature was that for a freshly grown crystals

the increase of the temperature from T ≈ 20mK and up actually stiffens the crystal,

the anomaly opposite to what was measured before. Such behavior can be explained

by the elastic properties of slanted dislocations [33]. During the crystal growth the

dislocation ends can become strongly pinned and end up in different Peierls potential

valleys. The latter signifies that even at very low T the dislocation string has a finite

number of kinks which ”form a superfluid” thus increasing the dislocation mobility.

This effect can be diminished by kinks binding to random deformation potentials due

to structural defects.

2.1.3 UMASS ”sandwich” experiments

It is natural to expect that a supersolid should allow the superfluid mass flux through

it. Thus, an evidence of such a flux would be a direct proof of the supersolidity.

However the attempts to obtain the matter flow by directly pressing on the solid 4He

in a confined geometries have not produced any results [7, 8, 9, 10]. R. Hallock and

colleagues developed a new approach and constructed a so-called ”sandwich” design

[34, 35, 36, 37, 38, 39]. The idea was to apply a chemical potential gradient across

the sample rather than to apply pressure directly. The conceptual structure of their

”sandwich” is presented on Fig. 2.2.

The experimental setup consisted of a main copper cell and two Vycor rods with

liquid 4He reservoirs attached to it. The main chamber then contains the solid hcp 4He

and the rods can serve to feed liquid helium intro the sample. The cell has two capac-
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Figure 2.2: A conceptual representation of a ”sandwich” experimental geometry where
three compartments are separated by porous Vycor rods filled with liquid 4He. The
temperature gradient is applied across them to revent 4He from freezing.

itive pressure gauges attached on either side for in situ pressure measurements. Each

reservoir can be heated to prevent 4He from freezing and their temperatures/pressures

T1, T2, P1 and P2 can be measured. The purpose of the experiment was to trans-

fer atoms from one liquid reservoir to another through the solid by applying either

pressure or temperature difference between the reservoirs. And indeed it was possible

to observe correlated changes in reservoir pressures signifying the flow through the

solid sample which was happening at a certain constant speed. The latter does not

depends on the applied chemical potential gradient which agrees with a critical flow

happening at a certain critical velocity as it would be for a cell with superfluid liquid

4He. The flow was observed at temperatures below 600 mK. In a liquid helium it

is possible to create a pressure difference P1 − P2 as a reaction to the temperature

difference T1 − T2, a phenomenon known as a fountain (or thermomechanical) effect.

It was seen [37, 38, 39] that T1 − T2 induces the flow of atoms resulting in the pres-

sure difference P1 − P2 and their relation agrees with the expected fountain effect.

It was suggested the the observed flux through the solid is due to the conducting

paths which were theoretically predicted to exist in the sample, namely, dislocations
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with a superfluidity along their cores. With this assumption it looks reasonable to

suppose that mechanical pressure on the sample does not allow access to the cores

while injection of atoms from superfluid does.

In the very recent study [39] another quite interesting effect was observed: the

flux through the cell suddenly drops at approximately T ≈ 80mK and then recovers

as temperature decreases further. This effect is rather robust and can be repeated in

warming/cooling scans. We explain this phenomenon by a non-linear properties of

superclimbing dislocations which will be discussed in length in Section 7.

To sum up, the topological defects in crystals which were considered before as just

irregularities in an ideal crystal lattice turn out to be far more interesting and exciting

then expected. As we have seen, it is believed now that dislocations are responsible

for a lot of peculiar properties of quantum crystals such as 4He, so the study of their

properties is an essential goal for condensed matter physics.
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2.2 Berezinskii-Kosterlitz-Thouless phase transition

In this section we will consider the main idea of Berezinskii-Kosterlitz-Thouless (BKT)

phase transition the actual realization of which in quantum dislocations will be de-

scribed later (see Appendix A and Section 5.2).

At high temperatures most physical systems are homogeneous isotropic liquids

which do not possess any positional or orientational order. When temperature T is

decreased they loose their homogeneity and acquire some sort of order. The transfor-

mation from disordered to ordered state is called a phase transition. The distinguished

feature of first order phase transition is singularity or discontinuity in the first deriva-

tive of a thermodynamic potential (solid/liquid/gas transitions). The second order

phase transitions are continuous transitions (e.g., ferromagnetic transition). 4He re-

mains liquid even T = 0. Despite that, it also undergoes a II order phase transition,

which is characterized by so called off-diagonal long-range order (ODLRO) leading to

superfluidity [11].

The description of an ordered condensed system requires introduction of a collec-

tive variable – an order parameter 〈φ〉 [40] . Generally, it is an average value of the

operator φ which is a function of dynamical variables of the system. Obviously, since

it is a characteristic of the order, its value equals zero in the disordered phase. If

order is characterized by a vector defined on some plane, one can introduce continu-

ous variable θ which gives the direction of such vector. Then, if the planar rotational

symmetry is broken, spatial distribution of such ”angle” θ, instead of being uniform,

may exhibit topological defects. In XY-model they are called vortices, in crystals —

dislocations.

Let us consider the XY-model and see what role vortices play in two dimensions.

The Hamiltonian of this model is given by
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H = −J
∑

〈i,j〉
Si · Sj = −J

∑

〈i,j〉
cos(θi − θj), (2.4)

where summation runs over the nearest neighbor sites in the lattice and θi is the

orientation of a spin in site i. One can expand cos-function in Taylor series obtaining

H = E0 + J
∑

〈i,j〉

(θi−θj )
2

2
or, in continuous form,

H = E0 +
J

2

∫

d2x (∇θ)2
, (2.5)

where E0 is the energy of the ground state.

The angle gains 2πn traveling around any closed contour enclosing the core of the

vortex, n being a winding number of a vortex, or

∮

∇θ (r) · dl = 2πn. (2.6)

This equation and the condition of minimum of the energy allows us to choose the

solution in the form θ = nφ, where φ = tan(y/x).

Then

∇xθ =
y

r2
n, ∇yθ = − x

r2
n, (∇θ)2 =

n2

r2
. (2.7)

Therefore, the energy of the vortex is

Ev =
J

2

∫

d2x (∇θ)2 =
J

2
n22π

∫ R

a

dr

r
= Jn2π ln

R

a
, (2.8)

where to avoid singularities we introduced R (a linear dimension of a sample) and

a (distance between neighbor sites in the lattice). Evidently, a vortex is a rather

energetically costly excitation. However, such defects are very unlikely to disappear
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if they were created during the phase transition. There are no continuous defor-

mations of the order parameter that will lead to their destruction. The energy of

a discontinuous deformation is of the order JR. The energy barrier for a system to

destroy a vortex through returning to the disordered state and back is of order JR2,

which is even more. Similarly, it is hard for a system to create a single vortex. But

the pair of vortices with opposite winding numbers is the configuration that can be

brought to the uniform state by continuous transformation of spins. The creation

and destruction of a pair does not change total vorticity of a system, therefore, such

configuration is topologically equivalent to the uniform state.

At low temperatures the order parameter correlation functions has quasi-long-

range order, that is, they decay as power laws in 2D. At high T , they decay expo-

nentially. It means that at certain temperature there is a phase transition from one

state to another. In 1972 Berezinskii [41] and independently in 1973 Kosterlitz and

Thouless [42] showed that at such transition vortex pairs proliferate and make a 2D

system fully disordered. Let us consider free energy of the system F = E − TS, and

see what are the condition for its minimum. The entropy per vortex is S = kB ln Γ,

where Γ is the number of microstates that allow the presence of one vortex. Obvi-

ously, Γ equals R2

a2 — the number of lattice sites where the vortex can be centered.

Therefore,

F = Jn2π ln
R

a
− TkB ln

R2

a2
=
(

Jn2π − 2TkB

)

ln
R

a
. (2.9)

So we see, that the spontaneous formation of vortices becomes advantageous at

T > TBKT , where TBKT = Jπ
2kB

. This simple heuristic argument points to the fact that

the logarithmic dependence on system size of the energy of the vortex combines with

the logarithmic dependence of the entropy to produce the subtleties of the vortex
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unbinding transition. Assume a different dependence of the energy on systems size

and one will either have thermal activation of vortices at all temperatures (in the case

Ev is slower than lnR) or vortices will be always bound into pairs at any temperature

(in the case Ev ∝ (R/a)b , b > 0). It is the logarithmic size dependence of the 2D

vortex energy that allows the outcome of the competition between the entropy and

the energy to change qualitatively at a certain finite temperature TBKT .

There exists a useful analogy between vortices in XY model and electric charges

in two-dimensional plasma. The interaction potential between vortices with windings

n1 and n2 in 2D system is given by

U12 = −2πJn1n2 ln

( |r1 − r2|
a

)

. (2.10)

where n1 and n2 are centered at r1 and r2 respectively. The logarithmic dependence on

the distance between the vortices makes it similar to the interaction between charges

in 2D Coulomb gas which is also ∼ ln(r1−r2). In this comparison the winding number

n plays the role of the electric charge.

A peculiar feature of the electrostatic interactions in two dimensions is that the

mechanical work needed to separate a pair of charges of opposite sign is infinite.

Consequently, the low temperature phase of a 2D plasma is an insulator: at T < TBKT

charges are bound into pairs with infinite ionization energy. This analogy allows to

understand the nature of the phase transition in the XY model at T = TBKT . The

low temperature state with no vortices can be viewed as the state in which vortices

of opposite vorticity are bound into pairs. At T > TBKT these pairs unbind, creating

a disordered state with random phase φ(r) that corresponds to random orientation

of spin-vectors.



Chapter 3

Elastic properties of dislocations

3.1 General properties

Dislocation is an 1D topological defect in a 3D crystal which partially breaks transla-

tional symmetry of the lattice thus rendering it imperfect. Originally the basic prop-

erties and classification of dislocations were developed while plastic deformations of

solids were tried to be described [43]. It was noticed that under certain stresses the

crystal deforms by creating the translational slip during which one part of the crystal

slides with respect to the other. It was observed that the material in the slip planes

remains crystalline during slip which starts on irregularities of the lattice. The other

interesting fact was that slip spreads consecutively, not simultaneously, over a slip

plane. The line around the boundary between the slipped region and the rest of the

crystal was called a slip dislocation line. It is presumed from the definition that the

dislocation lines must either form loops or end on the crystalline surfaces [43, 44, 45].

The earliest experimental data revealed a surprisingly minute amount of stresses

required to deform the crystal plastically. The proof why this fact can not be de-

scribed by slips in perfect crystals is the following [46]. Let’s consider two rows of a

19
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homogeneously strained crystal. We will identify σ as a shear stress acting on them

(see picture), with shear displacement x of the upper row over the lower one, and a

and b being the spacing between the rows and atoms accordingly (see Fig.3.1).

Figure 3.1: Shear stress on two rows of atoms.

The interaction with the atoms from the neighboring row pushes the atom to

its nearest lattice site thus rendering the shearing force periodic in x with period b.

Assuming that the force is sinusoidal σ = k sin (2πx/b) we have at small x σ = k2πx/b.

Hooke’s law gives σ = Gx/a, where G is a shear modulus. This leads to

σ =
b

a

G

2π
sin

(

2πx

b

)

(3.1)

The critical shear stress required to produce a slip in a lattice is therefore

σcrit =
b

a

G

2π
(3.2)

For a close to b the value of σcrit ≈ G
2π

is several orders of magnitude greater

than the experimental data. Any refinements to the above crude calculation, such as

considering realistic laws for the forces between atoms, including all possible configu-

rations of mechanical stability while slipping, accounting for thermal vibrations, led
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to the reduced value of G/30 or so. This value was still too big, therefore proving that

the defects in the crystal are essential in explaining the plastic properties of crystals.

There are two basic types of dislocations: edge and screw. The actual dislocations

in crystal can be of one type or represent a certain combination. To visualize a

dislocation geometry one should imagine first starting to cut a crystal but stopping

half-way through so that that upper part is cut in half and the lower part is untouched.

Then the edge dislocation can be thought of as the end of an extra plane of atoms

inserted in the cutting plane (Fig.3.2). A screw dislocation is obtained if one displaces

two upper halves with respect to each other along the cutting line (Fig.3.3).

Figure 3.2: An example of an edge dislocation. Here its core is perpendicular to the
picture. Extra plane of atoms is inserted from above.

The most useful dislocation description is given in terms of the Burgers circuit. A

Burgers circuit is any atom-to-atom path chosen in crystal that forms a closed loop.

An example of such a path enclosing an edge dislocation is illustrated on Fig.3.4a, it is

denoted by ABCDE. If the same atom-to-atom sequence is considered in a defect-free

crystal as in Fig.3.4b and the circuit remains open it means that the original circuit

in Fig.3.4a contains at least one dislocation. The vector required to complete the
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Figure 3.3: An example of a screw dislocation. AD is the cutting line being simul-
taneously a dislocation core in this case. Two halves are displaced along AD. The
Burgers vector required to complete the Burgers circuit is parallel to AD.

circuit is called the Burgers vector b. The Burgers vectors in a simple cubic lattice

are the shortest lattice translation vectors which join two points in the lattice. A

dislocation whose Burgers vector is a lattice translation vector is known as a perfect

or unit dislocation. The direction of b also provides a way to distinguish between

edge and screw dislocation since for an edge dislocation b is normal (Fig.3.4a) to

the dislocation line, and for screw it is parallel (Fig.3.3) to it. In general dislocation

core lies at an arbitrary angle to its Burgers vector b if it has a mixed edge and

screw character. It should be noted that Burgers circuits taken around other types

of defects, such as vacancies or interstitials do not result in closure failures.

Dislocations lines never end inside the crystal, they always either form a closed

loop, or branch into other dislocations, or terminate at the crystal surface. The

dislocation density ρ is defined as a total length of dislocation lines per unit volume

of crystal and is measured in cm−2 orm−2. Sometimes it is also calculated as a number

of dislocations intersecting a unit area. All crystals contain dislocations and in well-

annealed ones they are arranged in a 3D forest where the average distance between
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Figure 3.4: a) Burgers circuit ABCDE around a single edge dislocation. b) The same
atom-to-atom path taken in a dislocation-free crystal leads to an open circuit. It
requires a Burgers vector to complete it.

dislocations in a network of density ρ is of the order 1/
√
ρ. Typical dislocation density

in metals is between 1010m−2 and 1012m−2.

A dislocation, like, for example, in Fig.3.4a, can perform two types of motion:

glide and climb. Glide is a conservative type, it corresponds to the dislocation core

moving in a horizontal direction on Fig.3.4a, or one can say that it is a motion in a slip

plane discussed above. Climb, on the other hand, is a non-conservative motion type,

it consists of dislocation line moving along the vertical on Fig.3.4a., thus requiring

the building (or removing) of the edge of the extra plane of atoms. The elementary

displacements of short dislocation sections are called kinks and jogs for glide and

climb respectively. Gliding dislocations will be discussed at length in Chapter 5.

Usually at low temperatures where diffusion is difficult and in the absence of point

defects the dislocation motion is restricted almost entirely to glide since it does not

require a mass influx. However at high temperatures due to the flow of vacancies

towards, away or along the cores (a process of so-called ”pipe diffusion” [44, 47])

climb becomes possible. It was suggested that at very low temperatures in 4He the

dislocation cores become superfluid and the atoms can be delivered along the cores
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by a superflow instead of the ”pipe diffusion”. This results in a process which is

called ”superclimb” [48]. It should be noted that pure screw dislocations have no

extra half-plane and in principle cannot climb. However, a small edge component or

a jog on a screw dislocation will provide a site for the start of climb. The properties

of the superclimbing dislocations will be discussed in Section 7.

Inside a crystal the dislocations can exist separately, create a 3D network by

intersecting with each other or they can form loops. If a dislocation form a loop in

the plane and its Burgers vector b belong to that plane then the plane is a slip plane

and the loop can shrink or expand by glide. When however b does not belong to that

plane then the slip surface is cylindrical and the dislocation loop is called a prismatic

loop. In this case loops can glide conservatively along this cylindrical surface, but

their expanding or shrinking will require climbing. The mechanism of loop creation

are numerous including Bardeen-Herring, Frank-Read mechanisms and so on [44, 45].

Under the influence of large stresses or injection of extra matter into the solid like

in [34, 35, 36, 37, 38, 39] the amount of produced loops can strongly surpass the

number of ”straight” dislocations. Considering the fact that they also can move quite

unimpeded inside the crystal the prismatic loops can significantly affect the material

properties. It was, for example, suggested, that the superfluidity along the core of

prismatic loops can be an explanation for a specific heat anomaly and extremely small

critical speed in TO experiments [27].
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3.2 Classical description: elastic string

3.2.1 Granato-Lüke approach

In a traditional description gliding dislocations are considered as elastic strings able

to move freely inside the crystal unless their ends are pinned by, say, the intersection

points with neighboring dislocations or, perhaps, impurities (such as 3He). Such rep-

resentation is the core of Granato-Lüke theory of internal friction in metals [29]. Let’s

consider the edge dislocation of length Lx gliding in a (x, y) plane with a Burger’s

vector b parallel to y-axis. The glide of such dislocation is characterized by its dis-

placement y(x, t). The action of such a system should include the kinetic energy

of string motion Hk =
∫

dxn1

2
(∂y/∂t)2, with n1 being a linear mass density. The

displacement y(x, t) induces sting deformation which results in string tension thus

contributing an elastic energy term Hel =
∫

dx
n1V 2

d

2
(∂y/∂x)

2
. Here Vd stands for the

speed of sound along the string. These two terms proved to be very useful in ex-

plaining many properties of metals at high temperatures [29]. At low temperatures,

however, one should consider the effect of the lattice on the dislocation, namely, the

Peierls potential should be included HP = uP cos (2πy/b). The lattice contribution is

taken in the simple cos-form, as it was done, for example, in [49], with uP denoting

the strength of the Peierls potential. Therefore the full action in imaginary time is

SSG =

∫ β

0

dt

∫ Lx

0

dx

[

n1

2
(∂y/∂t)2 +

n1V
2

d

2
(∂y/∂x)2 − uP cos (2πy/b)− fy

]

. (3.3)

Here f stands for the linear density of exteranl force. At low temperatures the

long-range interaction between kinks [45, 49] is also relevant and will be introduced

in our simulations.
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Figure 3.5: A single cube of 3D network formed by the dislocation lines (Frank’s
dislocation forest). Typical segment lengths are denoted by Lx, Ly and Lz. Applied
strain results in the displacement y(x, t).

The dislocation lines inside the crystal cross-link each other and form an almost

periodic 3D network (Frank’s dislocation forest [50]) and can be considered as having

a typical segment lengths Lx, Ly, Lz along the corresponding orthogonal axes as in

3.5.

In this case the uniform stress σ applied to the lattice can be related to uniform

3D strain tensor. The displacement y(x, t) under a small force f = σzyb leads to a

strain of the block uzy ≈ by/(LyLz). Here σzy signifies a stress tensor [51]. Therefore

y ∝ σzy and

uzy =
bNd

Lx

∫

dx < y(x, t) >, (3.4)

where Nd ≡ 1
LyLz

is interpreted as a dislocation density in the chosen system of

coordinates. In the following description it will be useful to employ the dimensionless

dislocation density nd ≡ b2Nd in units of Burger’s vector b. Since in solid 4He b ≈ 3.5Å
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to switch from dislocation density Nd measured in cm−2 one has to multiply it by

≈ 10−15, so that nd = 10−8 will correspond to Nd = 107cm−2.

Though segments lengths Lx, Ly, Lz can, in general, be different, we will assume

for simplicity their equality so that nd ≈ b2/L2
x is considered a scalar.

The average value of the dislocation displacement is given by

〈y(x, t)〉 =

∫

Dye−SSG/~y
∫

Dye−SSG/~
. (3.5)

In the limit of linear response (small f), we can expand the exp-function in Taylor

series and leave only linear in f terms

〈y(x, t)〉 =
1

~

∫

e−S0Dy
∫ β

0
dt′
∫ Lx
0

dx′y(x′, t′)y(x, t)f
∫

e−S0Dy
, (3.6)

where S0 includes all the terms in (3.3) but −fy term. Using f = σzyb we conclude

that in the limit of linear response (small f) the average displacement is determined

by the correlation function with no external field present

〈y(x, t)〉 =
b

~

∫ β

0

dt′
∫ Lx

0

dx′ 〈y(x′, t′)y(x, t)〉0 σzy. (3.7)

Here 〈...〉0 implies the statistical averaging over the action (3.3) with f = 0. Thus

we obtain that

uzy =
nd

~Lx

∫ β

0

dt′
∫ Lx

0

dx

∫ Lx

0

dx′ 〈y(x′, t′)y(x, t)〉0 σzy. (3.8)

To this strain it is also necessary to add the contribution from the elastic response

of the ideal crystal given by the bare shear modulus Gel: u
(el)
zy = G−1

el σzy. Thus the

total expression reads u
(tot)
zy = G−1σzy , where the total shear modulus G can be
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obtained from

Gel

G(T, q)
= 1 + γ

∫ β̃

0

dt

∫ Nx

0

dx 〈θ(x, t)θ(0, 0)〉0 . (3.9)

Here γ ≡ 4b2x0ndGel/(πT0), y = (2b/
√
π)θ, x → x0x, t → t0t and x0/t0 = Vd,

β̃ = T0/T , Nx = Lx/x0, T0 = ~Vd/x0.

The correlator in (3.9) can be obtained numerically and therefore Eq.(3.9) is ex-

tremely useful since it provides a bridge between simulation results and an actual

experimental data. The discussion of the Eq.(3.9) implementation will be given in

Section 5.2.3.

3.2.2 Two states of dislocation: rough and smooth

The model (3.3) is a so-called Sine-Gordon (SG) model, it has been extensively stud-

ied in literature [52] and it was shown to exhibit BKT transition at T = 0 (see

Section.2.2). The transition is possible due to the fact that though our system is a

1D quantum dislocation, its mapping to the classical model with an imaginary time

as a second dimension allows to treat it formally as a 2D Coulomb gas as will be

shown later (Section 5.1). The transition for Sine-Gordon model happens between

smooth and rough states. Smooth state corresponds to the dislocation with a small

amount or no kinks at all, while in rough state kink-antikink pairs are plenty.

The meaning of this transition becomes clear if one compares the energy required

to create kink-antikink pair at T = 0 with the phonon energy. The first can be

obtained from a solution of SG model as ∆ ≈ Vdb
√
n1u and the latter is Eph ≈

2π~
√
u/(b

√
n1). If one considers their ratio R = Eph/∆ = h

n1Vdb2
it is obvious that if

R � 1 the energy of zero-point fluctuations is just too small to create kinks. In the

opposite case R � 1 , however, it is more than enough and dislocation will be in a
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rough state. For most materials R � 1 so the defects are in smooth state, but for

quantum crystals the situation is different. For 4He, as an example, taking b ≈ 3.5Å,

typical speed of sound as Vd ≈ 300m/s, bn1 ≈ m0 - the mass of a single 4He atom, the

ratio turns out to be R ≈ 1, which suggests that in solid 4He at T = 0 the dislocations

can be in a quantum rough state.

Extending the analogy between Coulomb gas and dislocation transitions one should

notice that the dislocation smooth state corresponds to the plasma state in the gas,

where charges unbind and become screened from each other with a finite screening

length. Rough state is equivalent to the insulating phase in gas, where charges bind

together into neutral pairs.

It is necessary to understand that the model (3.3) is reduced to the Granato-Lücke

free string in the case of a rough dislocation since such a state renders the Peierls

potential irrelevant. For a string of length Lx with strongly pinned ends the average

displacement would be

〈y〉 ≈ x(Lx − x)

2n1V
2

d

f. (3.10)

For a smooth dislocation, however, the Peierls potential plays an essential role: it

tries to localize the string to one of its valleys. Dislocation motion is limited by small

deviations |y| ≤ b and its displacement as a response to small external static force f

will be small and independent of dislocation length

〈y〉 ≈ b2

4π2u
f. (3.11)

It will be proved later (Section 5.2.2) that in solid 4He dislocation is in smooth

state at T = 0 due to the effect of long-range interaction. Therefore, the next question

arises: how does the smooth/rough transition happens as you increase the tempera-
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ture? At any finite T thermal fluctuations make it possible to create kink-antikink

pairs with probability ∼ exp (−∆/T ), where ∆ is the effective energy of the kink-

antikink pair. Hence one may say that the dislocation becomes rough at any finite T

at all. However for T � ∆ the amount of such pairs is negligible, so one may safely

assume that the dislocation remains in a smooth state in a region 0 ≤ T ≤ ∆. The

nature of the crossover which should happen at T ∼ ∆ will be considered in Section

5.2.3.



Chapter 4

Monte-Carlo method

4.1 Simulation details: Monte-Carlo method and

Metropolis algorithm

Computer simulations based on Monte-Carlo technique are widely used and are the

most efficient method in treating systems containing a large number of elements [53].

Basically, we will be interested in the quantities averaged over the large number of

system states. To find it, we actually have to perform two long summations

〈A〉 = Z−1
∑

{υ}
A (υ)W (υ) , Z =

∑

{υ}
W (υ), (4.1)

where the sum runs over all possible states. This is the expression for an average

value of A over all possible system configurations considering that each configuration

is included the probability p (υ) = W (υ) /Z , which is called a configuration weight.

If the energy of every configuration is given by Eυ then the configuration weight

is W (υ) = e−Eυ The formal strategy in Monte-Carlo simulations is run over all

possible system configurations, computing two long sums. The problem here is that

31
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the number of terms in these sums is literally huge even for small systems. The good

thing is though that in thermal equilibrium most of the states have extremely small

W and do not add significant contribution to the summation, therefore, we have to

find a way to choose only the most important states while performing calculations,

that is to select configurations with probabilities proportional to their weight. The

way to do so is provided by the Metropolis algorithm [54]. Metropolis et al. suggested

replacing original summation over all possible configurations with the stochastic one

∑

υ

A (υ)W (υ)

∑

υ

W (υ)
→
∑′

v A(υ)
∑′

v

, (4.2)

where configurations v are included into the sum with certain probabilities (propor-

tional, actually, to W (υ) ). The expression for A (υ) is called an estimator. The

main equation that should be satisfied is a so-called balance equation which tells us

the exact relation between the probability of accepting the new configuration into the

sum and the ratio of configuration weights.

W (υ)
∑

υ′,u

puP
acc
u (υ →υ′) =

∑

υ′,u

W (υ′) pūP
acc
u (υ′ →υ). (4.3)

Here pu is the probability of applying update u in the simulation and P acc
u (υ → υ′) is

the probability that the modification suggested by u is actually accepted. The latter

is also called the acceptance probability. To satisfy this equation is a tricky part of

the problem since one can think of infinitely many ways to choose the update. The

easiest way to do that is to balance flow between arbitrary pairs of configurations.

Then one says that the pair is balanced if

P acc
u (υ → υ′)

P acc
u (υ′ → υ)

=
W (υ′)

W (υ)

pū

pu
= R, (4.4)
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where R is called an acceptance ratio. This equation can be satisfied if we choose

Pacc (υ → υ′) =











R if R < 1

1 if R > 1

Pacc (υ′ → υ) =











1 if R 6 1

1/R if R > 1

(4.5)

So if a generated random number is smaller than Pacc then the new configuration

is implemented in the summation. It is clear that if Pacc = 1 new configuration is

accepted automatically.
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4.2 Worm algorithm for Ising model

The J-current model [55] is a classical statistical model of conserved currents on a

lattice. It was first suggested by Wallin et al. [56] to study quantum-phase transi-

tions in bosonic systems by using path-integral mapping of a d-dimensional bosonic

quantum system to a d + 1-dimensional classical statistical model. In most simula-

tions done in this work we will be using so-called Worm Algorithm (WA)[57]. This

method was proposed to eliminate critical slowdown of the convergence times around

critical points. The main idea of this method is to introduce the configuration space

of closed paths (CP) to collect the statistics of the model. It was shown that the

efficiency of sampling is dramatically increased for such classical statistical models

as 2D and 3D Ising models, 2D and 3D XY models, and Gaussian model since the

autocorrelation times τ (L) scale for them as τ (L) = τ0 + c ln(L) with the size of the

system L. For Metropolis updates connecting configurations by a Markovian chain

τ scales like τ ∼ Lz with z = 2 for most systems. Therefore the worm algorithm

provides a crucial acceleration for these models since it gives z close to 0 for them

[57]. Implementation of WA for q = 3 Potts model in 2D resulted in τ scaling like a

power law with z ≈ 0.55.

To introduce the idea, let’s consider its application to Ising model:

−H
T

=
∑

b=<ij>

Hb, Hb = Ksisj. (4.6)

Here K = J/T - the dimensionless parameter characterizing the coupling strength

between spins si = ±1, and the summation runs over all bonds b between neighboring

sites i and j. Expanding an exp-function in a Taylor series we arrive at
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e−
H
T =

∏

b

( ∞
∑

Nb=0

KNb(sisj)
Nb

Nb!

)

. (4.7)

The summation runs over bonds Nb and the composition {Nb} is referred to as

a ”bond configuration”. We can rewrite the sum over spins as
∏

i

(
∑

si=±1 s
ki
i

)

=
∏

iQ(ki), where ki =
∑

ν Ni,ν is the sum of bond states starting from site i. This

representation allows then to reformulate the problem completely in terms of bond

states [57] and the partition function assumes the form

Z ≡
∑

{si}

∑

{Nb}

∏

b

KNb

Nb!
(sisj)

Nb =
∑

{Nb}∈CP

WZ({Nb}), (4.8)

where bond configuration weight is given by

WZ({Nb}) =

(

∏

b

KNb

Nb!

)(

∏

i

Q(ki)

)

. (4.9)

If one imagines a two-dimensional lattice with all neighboring sites connected to

each other by bonds then Nb is the number of lines on the bond b. The summation in

(4.8) runs over only the closed paths bond configurations that is the number of bond

lines associated with any given site should be even.

If we try to calculated the correlation function

G(i1 − i2) =< si1si2 >=

∑

{si} si1si2e
−H/T

Z
(4.10)

a little bit different situation arises: the configuration space Pg consists not only

of closed paths, but it also allows two special sites i1 and i2 to have an odd number

of bond lines connected to it. These two sites are the only ones where the ”open”

path is allowed to start and start. To obtain new configurations a space motion of
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Figure 4.1: Sample of the configuration space for a WA procedure: it contains two
closed paths and one open path, which begins and ends on sites i1 and i2 correspond-
ingly.

these two sites is suggested and two elementary updates are attempted: if i1 6= i2 we

propose to shift i1, and if i1 = i2 (CP configuration) we propose to ”shift” i1 with

probability p0 or ”move” both end points with probability p = 1 − p0 to a new site

i0 chosen randomly. The example of the WA configuration space is depicted on Fig.

4.1.

The usual scheme of the algorithm implementation consists of choosing the initial

bond configuration {Nb} and then performing the cycle of the usual Metropolis up-

dates. The initial {Nb} is usually chosen to be 0 or a certain configuration obtained

previously for this system for a specific set of parameters. The latter is used in the

study of, for example, hysteresis behavior (like the results obtained in Section 7). The

procedure is the following:

1) Select an update: either ”move” or ”shift” depending on whether i1 = i2 or not

(described above);



4.2. Worm algorithm for Ising model 37

2) Calculate the acceptance ratio, and, if accepted, change the configuration;

3) Collect the statistics for necessary MC quantities;

4) Return to step (1).

This update scheme proved to be very successful in acquiring the information

about the dislocation properties, at it will be shown later.



Chapter 5

Glide of dislocation with

long-range interaction

5.1 Mapping of a dislocation to the Coulomb gas.

In this section we will consider a dislocation using Coulomb gas approach and first

we will show how the dislocation line can be viewed as gas of interacting charges.

Let’s consider a gliding edge dislocation which can move in the periodic potential

provided by the lattice. We will use a Granato-Lüke description (3.3) with an addition

of Peierls potential. Let’s also introduce a long-range interaction between distant

kinks [45, 49].

Our problem is a 1D quantum problem. However using Feynman path integral

formalism it is possible to map a quantum system to a classical statistical model

[58]. The price to pay for it is an extra dimension of imaginary time τ . This extra

variables has a maximum value of inverse temperature β = 1/T and can be treated

in calculations no different from space variable. Therefore we make the mapping of

our one-dimensional quantum problem to the classical one in 1+1 dimensions with

38
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the classical action for a membrane:

S =

∫

dxdt

(

1

2K
((∇xy)

2 + (∇ty)
2) − 2α cos

(√
16πy

)

+

+

∫

dx′dt′~∇y(x, t)V (x− x′, t− t′)~∇y(x′, t′)
)

, (5.1)

where y(x, t) is the dislocation displacement (the core is oriented along x-axis). The

constants K and α are related to the physical properties of the system. The long-

ranged potential is induced by the deformations of the host lattice and it has the

asymptotics

V (x, t) ∝ 1

x2 + t2
∝ 1

r2
, (5.2)

where r2 = x2+t2.The interaction between the static kinks V (x) =
∫

dtV (x, t) ∝ 1
|x|has

been discussed in the literature [45, 49]. The action written on the discrete space-time

lattice is

E =
1

2K

∑

〈i,j〉
(yi − yj)

2 + C
∑

〈i,j〉

∑

〈k,m〉
(yi − yj) (yk − ym)V (|ri − rk|)−

− 2α
∑

i

cos
(√

16πyi

)

= H0 − 2α
∑

i

cos(
√

16πyi), (5.3)

where

H0 =
1

2K

∑

〈i,j〉
(yi − yj)

2 + C
∑

〈i,j〉

∑

〈k,m〉
(yi − yj) (yk − ym)V (|ri − rk|). (5.4)

Here yi is displacement of dislocation at site i, C gives the strength of long-range

interaction and < ij > means a summation over nearest neighboring sites . The
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summation in first term runs over the nearest neighbor sites, and therefore it is a

short-ranged term. It describes only the interaction between two nearest sites in the

dislocation. The third term is a Sine-Gordon action describing the interaction of the

dislocation with the crystal lattice periodic field. The behavior of dislocation in the

presence of long-ranged interaction (the second term) has not been studied before

and will be examined in Section 5.2.

Let us apply Fourier transform to the first two terms:

∑

〈i,j〉
(yi − yj)

2 = 4
∑

q

|y (q)|2
(

sin2
(qx

2

)

+ sin2
(qy

2

))

, (5.5)

∑

〈i,j〉

∑

〈k,m〉
(yi − yj) (yk − ym)V (|ri − rk|) =

∑

q

|y(q)|2 V̂ (q)
(

sin2
(qx

2

)

+ sin2
(qy

2

))

,

(5.6)

where V̂ (q) is the Fourier transform of the potential V (x , t).

Thus we obtain

H0 =
2

K

∑

q

|y (q)|2
(

1 + V̂ (q)
) (

sin2
(qx

2

)

+ sin2
(qy

2

))

. (5.7)

.

Our partition function is

Z =

∫

Dye−H0e2α
P

i cos(
√

16πyi) (5.8)

. We expand the second exponent in Taylor series and apply binomial formula:
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exp(2α
∑

i

cos(
√

16πyi)) =

=
∏

i

∑

Ni

(2α)Ni

Ni!

(

cos(
√

16πyi)
)Ni

=
∏

i

∑

Ni

(2α)Ni

2NiNi!

(

ei
√

16πyi + e−i
√

16πyi
)Ni

=

=
∏

i

∑

{N+
i ,N−

i }

(α)Ni

N+
i !N−

i !

(

ei
√

16πyi
)N+

i
(

e−i
√

16πyi
)N−

i

=
∏

i

∑

{N+
i ,N−

i }

αN+
i +N−

i

N+
i !N−

i !
ei

√
16πyi(N+

i −N−
i ) =

=
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
i

P

i

√
16πyimi

=
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
i
√

16π
P

q
m∗
qyq
,

(5.9)

where we introduced the notation N+
i −N−

i = mi.

Now we have

Z =

∫

Dye
− 2
K

P

q
|y(q)|2((1+V̂ (q))(sin2( qx2 )+sin2( qy2 ))) ∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
i
√

16π
P

q
m∗
qyq

=

=
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

∫

Dye
−

P

q
(2kq|y(q)|2+i

√
16πm∗

qyq)

,

(5.10)

where we introduced the notation kq = 1
K

(

1 + V̂ (q)
)

(

sin2
(

qx
2

)

+ sin2
( qy

2

))

with

V̂ (q) =
∫

dreiqrV (r) = C ln
(

1 +
Q2

0

q2
x+q2

y

)

.

Performing Gaussian integration, we finally obtain

Z =
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
−16π

P

q

|mq|2
8kq

. (5.11)

Using |mq|2 = 1
N

∑

i,j

mimje
−iq(xi−xj), we transform the partition function as follows
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Z =
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
−

P

q

16π
8kqN

P

i,j
mimje

−iq(xi−xj)
=

=
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
− 1

2

P

i6=j
mimjU (xi−xj )

, (5.12)

where

U (x) =
4πK

N

∑

−π
a

6qx,y6π
a

eiqxx+iqyy

(1 + V (q))
(

sin2
(

qx
2

)

+ sin2
(qy

2

)) . (5.13)

The exponential of Z is, therefore,

E =
1

2

∑

i6=j

mimjU(xi − xj) (5.14)

which looks exactly like the energy of the system of charges mi interacting via the

potential U(xi − xj). Consequently, in the future we will call mi charges.

We can see, that in the absence of long-ranged interaction term (that is C= 0),

the potential is (dropping unessential constants)

U(x) =
16πK

N

∑

q

eiq·x

q2
=

16πK

(2π)d

∫

eiq·x

q2
ddq. (5.15)

In three dimensions the potential dies with the distance as U(x) −−→
d=3

∼ 1
|x| In two

dimensions U(x) ∼
∞
∫

0

eiq·x

q2 d2q it diverges at zero, but the behavior of the integral can

be improved by noticing, that
∑

i6=j

mimjU(xi − xj) =
∑

i6=j

mimj (U(xi − xj) − U(0)) +

U(0)
∑

i

mi The last term should disappear due to the charge neutrality condition, so

U(x) ∼
∞
∫

0

(eiq·x−1)
q2 d2q To avoid divergence on the upper limit we impose the limit of
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the integration 1/a (first Brillion zone). Now

U(x) ∼
1/a
∫

0

(eiq·x − 1)

q2
d2q =

1/a
∫

0

dq

∫

dφ

(

eiqx cos φ − 1
)

q22π
q =

1/a
∫

0

dq

q

∫

dφ

(

eiqx cos φ − 1
)

2π
=

=

x/a
∫

0

d (qx)

qx
(J0(qx)− 1) =

1
∫

0

d (y)

y
(J0(y) − 1) +

x/a
∫

1

d (y)

y
(J0(y)− 1) = const− ln

x

a
∝

∝ − ln
x

a
, x >> a.

(5.16)

Thus, in case V (x, t) = 0 the partition function is

Z =
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
8K
2

P

i6=j
mimj ln

|xi−xj |
x0

. (5.17)

The energy is logarithmic which means that the system exhibits Berezinskii Kosterlitz-

Thouless (BKT) transition (at K = 1/2).

The key question arises: what happens in the presence of long-ranged interaction?

How the potential V (x, t) modifies the transition? To make an assumption we should

consider the asymptotic behavior of the potential

U (r) −−−→
r>>1

∫∫

dqxdqy
eiqxx+iqyy

(

q2
x + q2

y

)

(

1 + C ln
(

1 +
Q2

0

q2
x+q2

y

)) =

=

∫

dQ
J0(Qr)

Q
(

1 + C ln
(

1 +
Q2

0

Q2

)) ∝ ln(ln(r)), (5.18)

where Q2 = q2
x + q2

y and J0(Qr) is the Bessel function.

As it was shown before (see Section 2.2) BKT transition is possible in 2D system
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if the interaction potential has an asymptotic behavior of the form U(~r) → ln r as

r → ∞, where r =
√
x2 + t2. Such dependence is needed to balance an entropic term

in free energy (2.9). However, as Eq. (5.18) shows the potential in case of a long-

range interaction is decaying much slower than ln r, which means, according to the

Kosterlitz-Thouless heuristic argument, that the charges in the Coulomb gas must be

deconfined as long as C 6= 0. Therefore even for small values of C the Coulomb gas will

be in plasma state, corresponding to the smooth state of the dislocation (the analogy

between states in Coulomb gas and dislocations was discussed in Section 3.2.2). Thus

we would anticipate to see the suppression of zero-point kinks for any arbitrary small

long-range interaction in the thermodynamical limit T → 0 and Lx → ∞.

To test this assumption by simulations we should calculate the correlation function

with a partition function given by (5.12)– (5.14). After performing simulations it was

found that Coulomb gas approach is not efficient for this problem. The details of the

obtained results are discussed at length in Appendix A.

The results obtained from the simulations of dual J-current model turned out to

be much more promising. The convergence is much better, and, thus, we conclude

that the J-current model is superior to the Coulomb gas model. We will use it to

perform simulations.
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5.2 Glide of dislocation: duality approach

5.2.1 Model

As it was mentioned before the duality approach for a gliding dislocation proved to

be far superior method for simulating the dislocation line. We used it henceforth.

Let’s go back a little and rewrite the full action using a little bit different notations

(~ = 1,KB = 1):

SSG =
∑

Q=(ω,qx)

{ 1

2K
Q2[1 + C ln

(

1 +
Q2

0

Q2

)

]|yQ|2}−

−
∫ Nx

0

dx

∫ β

0

dt uP cos(
√

16π y), (5.19)

where Q0 ≈ 1, C gives the strength of long-range interaction, uP described the

Peierls potential – periodic potential, provided by the lattice, β = T0/T , T0 = ~Vd/b,

ω = (2π/β)n, n = 0, 1, 2..., qx is a spatial wave vector along the core of length

Lx, K = 1/(n1Vdb
2), n1 - 1d mass density, Vd - speed of sound along the sting.

Q2 = ω2 + q2
x. The first part is written in Fourier and the last in x, t coordinates.

The model is written so that the KT transition occurs at K = 1/2 for C = 0. The

long-range potential is introduced according to [45, 49].

In simulations periodic boundary conditions are assumed y(x+Lx, t) = y(x, t),y(x, t+

β) = y(x, t).

The cos-term in (5.19) on a lattice, where the integration over x and t is replaced by

the summation over all lattice sites i, can be simplified by using Villain approximation

[59]. It comes from the fact that periodic cos-function can be replaced by the periodic

guassian which has the minima at the same places
√

16πy = 2πm with the same

curvatures [60]. Then the partition function of the system containing cos-term is
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transformed as follows

Z =

∫

Dye−SSG =

∫

Dy exp

(

−S0 +
∑

i

uP cos(
√

16π yi)

)

→

∑

{mi}

∫

Dye−S0 exp

(

−uP

2

∑

i

(√
16πyi − 2πmi

)2

)

. (5.20)

Now applying Poisson summation formula we obtain

Z =
∑

ni

∫

DmDye
−P

qx,ω
1

2Kq
|yq |2−uP

2

P

i(
√

16πyi−2πmi)
2
+2πimini , (5.21)

where

Kq =
K

1 + C ln
(

1 +
Q2

0

Q2

) , Q2 ≡ q2
x + ω2. (5.22)

Calculating integrals over m and y as gaussian we arrive at

Z =
∑

{n}
exp

[

−1

2

∑

qx,ω

|nq|2
(

1

uP
+ ŨSG(qx, ω)

)

]

, (5.23)

where

ŨCG(qx, ω) =
16πK

Q2
(

1 + C ln
(

1 +
Q2

0

Q2

)) . (5.24)

Thus we reformulated our problem as a Coulomb gas with charges ni ”living” on the

lattice sites i and interacting through some potential ŨSG which is derived from our

original quantum mechanical problem.

The expression (5.23) allows an exact mapping to J-current model. The action in

the dual representation can be written as

SJ =
1

2

∑

i,j

~JiUd(~xi − ~xj) ~Jj, (5.25)
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where ~Ji = jν
i are integer bond currents obeying Kirchhoff’s conservation law. Here

ν = ±x̂,±t̂ are defined on each bond leaving site i and x̂, t̂ are unit vectors.

Duality is based on introducing a dual lattice with sites located at centers of

squares of the original lattice and expressing currents as ~J = ~∇ × φ, where φ are

integer numbers. The graphical representation is displayed on Fig.5.1.

Figure 5.1: Duality transformation for J-current representation. The dual lattice φ
is positioned in the centers of squares of the original lattice so that ~J = ~∇× φ. Blue
arrows represent the smallest J-current loop.

In particular, for the small J-current loop connecting sites w1, w2, w3 and w4 on
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the shown picture, this means the following relations

j+t̂
w1

= φ2 − φ5

j+x̂
w2

= φ6 − φ5

j−t̂
w3

= φ5 − φ8

j−x̂
w4

= φ5 − φ4. (5.26)

Using Eqs.(5.26) and (5.25) one can write the partition function as

Z =
∑

{φ}
exp

(

−
∑

qx,ω

|φ̂~q|2(q2
x + ω2)Ũd(qx, ω)

)

. (5.27)

Using Poisson’s summation formula and integrating out φ one obtains

Z =
∑

{n}

∫

Dφ exp

(

∑

qx,ω

[

−|φ̂~q|2(q2
x + ω2)Ũd(qx, ω) + 2πin~qφ−~q

]

)

=
∑

{n}
exp



−1

2

∑

~q

2π2|nq|2
(q2

x + ω2)Ũd(qx, ω)



 . (5.28)

The partition function for J-current model in (5.28) looks exactly the same as the

partition function for Coulomb gas representation in (5.23) provided we choose inter-

action potentials properly. Comparing (5.23) and (5.28) we find that Ũd(qx, ω) should

be expressed as

Ũd(qx, ω) =
(2π)2

(ω2 + q2
x)(u

−1
P + ŨCG(qx, ω))

, (5.29)

where ŨCG is the interaction potential from CG model (5.24).

It should be emphasized that Coulomb gas and J-current models are dual represen-

tations of the same system, and can be both implemented in MC. However, J-current
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proved to be quite superior to Coulomb gas approach. The data below were obtained

by applying Worm Algorithm [57] to the model (5.25) and have been published in

[62].

5.2.2 Simulation results at T = 0

Figure 5.2: Stiffness K(Nx, C) at T = 0 as a function of C lnNx. Displayed numbers
are C-values. On the inset: family of curves K(Nx, C) for various C [62].

MC simulations of a dual action (5.25) have utilized Worm Algorithm [57] and were

conducted on square lattice Nx = Nt with unit lattice spacings. Since BKT in our

variable happens at K = 1/2, we used K = 1.6 – the value well above the transition

which would put the dislocation in a rough state at C = 0. The compressibility

of the system κ was measured in terms of the winding numbers κ ≡ <W 2
t >

TLx
, where
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winding Wt =
∑

i J
t̂
i /Nt is the total current in t direction. The renormalized stiffness

at qx = wπ/Nx for Nx � 1 can be given as K(Nx, C) = κ(1 + C ln
(

1 +
Q2

0

q2
x

)

). The

dependences of K(Nx) on the dislocation size Nx for different values of C are shown

on the inset in Fig. 5.2 [62]. The value of C increases for curves from up to down.

As one can see, the compressibility is getting more and more suppressed with size as

C grows. All the data on the inset (obtained for different C) can be collapsed on

one master curve K(Nx, C) = F (C lnNx) (the main graph in Fig. 5.2) where F (ξ) is

some function which asymptotically reaches zero. This means that the data obtained

for any arbitrary small long-range interaction strength C will be a part of this curve

if we go to high enough sizes Nx.

The suppression of compressibility signifies that the dislocation is in smooth state

at T = 0 in the presence of long-range interaction. This statement agrees with our

prediction obtained by heuristic argument (Section. 5.1).

It is important to mention that the above conclusion does not depend on the

variations of Peierls potential or the change of atoms statistics so the result holds for

the dislocation in any crystal (ex., solid 3He).

5.2.3 Shear modulus softening

In this section we present our findings about the dislocation thermal roughening and

its connection to the shear modulus experiments [20, 28].

At small temperatures the spectrum of normal excitations of the dislocation is

gapped (see Section 3.2.2) which means that shear modulus G(T ) will have a plateau

at T ≤ ∆ and start change significantly only for T ≥ ∆. At higher T compressibility

κ will reach its asymptotic value κ∞.

As it was mentioned before (Section 3.2.1), the typical response of a dislocation
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network to the applied small stress f ≈ σzyb results in the shear modulus changes as

1

G(T, Lx)
=

1

G0

+
b2

LyLz~

∫ β

0

dt

∫ Lx

0

〈y(x, t)y(0, 0)〉 . (5.30)

After mapping our system to J-current model, we can reformulate the expression

for G as

G(T, Lx) =
G0

1 + γκ(T, Lx)
κ(T, Lx) ≡

< W 2
τ >

TLx
, (5.31)

where γ ≈ b4G0 is a constant and κ is a compressibility of J-current model. Wτ are

so-called ”winding numbers” defined by the total currents in t-direction

Wτ =
∑

i

J
(τ )
i

Nτ
. (5.32)

MC simulations of the model (5.25) were done for different T = T0/(∆tNt) for

fixed Nx. For comparison we used data [20](Fig.2.1) obtained for 2000 Hz since they

contained the least noise. The experimental curve was fit by

G =
G0

1 + κ(T/T∆)
κ∞

(

G0

G∞
− 1
) (5.33)

and the results are presented on Fig 5.3 where we have taken G0/G∞ − 1 = 0.089

from the experiment [20]. It turned out that all our data can be collapsed on a single

master curve by just rescaling the temperature T → T/T∆ , T∆ being the temperature

around which the dislocation softens. T∆ can also be considered as a typical energy of

the kink ∆ ≡ ∆(K,C, α,Nx) for at least low T, where K is the Luttinger parameter,

α is used for strength of Peierls potential. Therefore, the shear modulus softening is

controlled by one parameter – kink energy.
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Figure 5.3: Experimental shear modulus G(T ) from [20] for 2000 Hz (blue dots) and
the modulus (5.33) with κ(T ) obtained by MC for four sets of parameters [62]. All five
curves have been collapsed on each other by the simple rescaling of the temperature
T to T ∗ T0/T∆. Error bars do not exceed the dot size.

To summarize it was shown that the crossover from T = 0 to finite temperatures

leads to intrinsic softening of the shear modulus, that is, even if no 3He impurities were

present (cf. [20]). The crossover is solely controlled by kink typical energy and their

density and for dislocation sizes greater than kink size it should be size-independent.



Chapter 6

Effect of 3He impurities

6.1 Impurities and dislocations: depinning scenar-

ios

One of the most intriguing phenomena observed in solid 4He is the striking similar-

ity in temperature dependencies of NCRI fraction and shear modulus (see Section

2.1.2,[20, 28]). The shear modulus softening occurs in the same temperature range

(below 200 mK) where NRCI fraction starts growing, and both phenomena share the

same dependence on temperature and 3He concentration. All these similar features

strongly suggest the common origin of these two phenomena. It was argued [20, 28]

that 3He impurities play the major part in shear modulus stiffening at low T by

binding to dislocations and rendering them immobile.

We are going to show that 3He alone cannot explained the qualitative behavior of

G softening and that the inclusion of Peierls potential is essential in understanding

this phenomena.

Let’s consider what is happening to the dislocation and the impurities as we change

53
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the temperature. At T = 0 the dislocation is in smooth state (Section 5.2.2,[62])

pinned by 3He atoms and localized in one of the Peierls valleys as in Fig.6.1a (slant-

ing of dislocation requires energy, being possible in highly disordered samples, and

is not considered here). As temperature grows there are two mechanisms of disloca-

tion depinning. The first one includes 3He atoms unbinding (or evaporating) from

dislocation allowing it to move [20, 28] as in Fig.6.1b. Let’s call it 3He ”boiling off”

mechanism. The second option takes into account that the growing temperature

generates thermal kinks which allows the dislocation line to detach from impurities

(even if they have not been evaporated) and move into different Peierls valleys (see

Fig.6.1c). This model is called ”creeping away” mechanism. These two options can

of course work together.

Figure 6.1: a) Smooth dislocation at T = 0; b) 1st option: 3He boiling off (evaporation
model); c) 2nd option: ”Creeping away” from Peierls potential and 3He atoms due to
thermal kinks
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6.2 Gradient expansion: impurities inclusion

Duality approach which was discussed above is a very useful tool in obtaining the

information about SG-like systems. A new approach is needed, however, if we try to

include the impurities into consideration, represent their pinning potential, e.g., by

Gaussian, and try to add terms V = V0N(x) exp
(

− (y(x, t)/y0)
2) into the Hamilto-

nian, where y – dislocation displacement from the impurity, y0 – typical scale of the

potential and N(x) = 0, 1 gives the impurity density. The alternative technique in

this case is called the ”gradient expansion” and is based on Taylor expansion of the

exponent, containing gradient term, in the partition function. The basic calculations,

without inclusion of the impurities, are presented in Appendix B.

Lets add the impurities pinning potential and write down the Hamiltonian in the

following form

H =
∑

i

(

2y2
i − 2α cos(Byi) −NiV0 exp

(

−K
2
y2

i

))

−
∑

〈ij〉′
yiyj, (6.1)

so that

H =
∑

i

Hi −
∑

〈ij〉′
yiyj. (6.2)

Here Ni = 0, 1 stands for onsite 3He impurities, considered as Boltzmann particles

so that ∂
∂τ
N(x, τ ) = 0. The partition function is

Z =

∫

Dy exp(−H) =
∏

i

∫

dyi exp (−Hi)
∏

〈ij〉′

∑

{Nij}

(yiyj)
Nij

Nij!
=

=
∑

{Nij}

(

∏

i

C(i)

)

∏

〈ij〉′

1

Nij!
. (6.3)
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The main part of the calculations (see Appendix B) holds true except we get a

modified C(i) for the sites with impurities present:

C(i) =

∞
∑

n=0

V nc
0

n!

∫

dyi exp

(

−y2
i

(

2 +
K

2
n

)

+ 2α cos(Byi)

)

y
k(i)
i =

=
∞
∑

n=0

V n
0

n!

∑

m

∫

dyiy
k(i)
i e−y2

i (2+K
2

n)−α(Byi−2πm)2 .

(6.4)

After integration, one obtains

C(i) =

p′
∑

p=0

∑

n,m















V nc
0

n!
e
−4π2m2α+

(2αBπm)2

2+K
2 n+αB2 (2p′)! (2p− 1)!!

(2p)!(2p′ − 2p)!
×

×
(

2αBπm

2 + K
2
n+ αB2

)2(p′−p) √
π

2p
(

2 + K
2
n + αB2

)p+1/2















. (6.5)

The ratio of the expressions C necessary for MC updates can be simplified to in

case of no Peierls potential α = 0

C(k(s) + 2)

C(k(s))
=
k(s) + 1

4

1 +
∑∞

n
V n0
n!

1

(1+Kn/4)(k(s)+3)/2

1 +
∑∞

n
V n0
n!

1

(1+Kn/4)(k(s)+1)/2

, (6.6)

where the summations should be performed only if a site with 3He particle on it is

being updated. For the open worm wondering around the system the correlator is

〈ynym〉 =
1

Z





∑

{Nij}

(

C(n+ 1)C(m+ 1)
∏

i6=n,m

C(i)

)

∏

<ij>′

1

Nij !



 . (6.7)

When the worm closes it changes to
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〈ysys〉 =

∑

{Nij}

(

C(s+ 2)
∏

i6=s C(i)
)

∏

<ij>′
1

Nij !
∑

{Nij} (
∏

iC(i))
∏

<ij>′
1

Nij !

=

=
1 ×∑{Nij}

(

∏

i6=s C(i)
)

∏

<ij>′
1

Nij !

C(s)
C(s+2)

∑

{Nij}

(

∏

i6=s C(i)
)

∏

<ij>′
1

Nij !

, (6.8)

which gives the estimators: 1 for correlator and C(s)/C(s + 2) for the partition

function.

In case α = 0 the acceptance ratio for a ”move” procedure from site s to s′ is

R = k(s′)+1
k(s)−1

. To ”shift” from s to s′ while creating the bond R = (k(s′) + 1)/Nss′ ,new

and while destroying R = Nss′,old/(k(s) − 1).
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6.3 Gapped string effective description

MC simulations were performed of the full nonlinear action (6.1). It turned out that

the obtained results could be perfectly fit by an effective Gaussian

Sf =

∫ L/2

−L/2

dx

(

ν2

2

(

∂y

∂x

)2

+
∆2

2
y2 − fy

)

. (6.9)

This is the action at zero Matsubara frequency of a gapped string with some

effective parameters ν and ∆. These parameters can be obtained from the simulations

of a full (microscopic) action (6.1). Gaussian models allow to obtain the solution right

away.

The average for the action (6.9)

< y(x) >f=

∫

Dye−Sfy
∫

Dye−Sf
(6.10)

should be linearly proportional to the force f in the limit of small f, so we expand in

Taylor series and leave only linear in f terms

< y(x) >f=

∫

Dye−S0
∫

dx′y(x′)y(x)f
∫

Dye−S0
. (6.11)

Therefore the average is determined by the correlation function with no external

force present

< y(x) >f= f

∫

dx′ < y(x′)y(x) > . (6.12)

Now we know from minimizing the action that

y(x) =
f

∆2

(

1 − cosh(κx)

cosh(κL/2)

)

, −L/2 < x < L/2, κ ≡ ∆

ν
. (6.13)
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So we have
∫

dx′ < y(x′)y(x) >=
1

∆2

(

1 − cosh(κx)

cosh(κL/2)

)

(6.14)

and we approximate the correlator from the full model by the above Gaussian ansatz:

Gcorr(x) =

∫

dx′ < y(x)y(x′) > /L2 =
1

∆2L2

(

1 − cosh(κx)

cosh(κL/2)

)

. (6.15)

The example of the correlators obtained from MC simulations of the full nonlinear

model is presented on the Fig. 6.2.

Figure 6.2: Correlators obtain from MC of full nonlinear model (6.1). Parameters:
Ny = 40, K = 0.1, V0 = 1, NHe3 = 10, α = 0.3. Different curves correspond to
different dislocation sizes Nx. Each curve is fitted by (6.15) with b and x being fitting
parameters.

The data was obtained for different dislocation length Nx with fixed amount of

impurities NHe3 = 10 (resulting in different densities) for Ny = 40, K = 0.1, V0 = 1,
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α = 0.3. Each correlator is fitted by (6.15). The considerable strength of pinning

potential used in this case strongly suppresses the free-string parabolic form and

creates a plateau on top of each curve.

Using the fit, the gap ∆ values were obtained and Fig.6.3 illustrates how ∆ changes

with 3He density. The parameters of the system are K = 0.1, V0 = 1, the different

ones include change in α, amount of impuritiesNHe3 and the method of density change

NHe3/Nx: for the first three curves NHe3 = const with changing Nx, for curves 4 and

5 Nx= const with scan performed over NHe3.

Figure 6.3: Gap ∆ values obtained from fit (6.15). Common parameters: K = 0.1,
V0 = 1. Different parameters: 1,2) NHe3= 10 = const, scan over Nx for α = 0.3
(see Fig. 6.2) and α = 1; 3) similar to above with NHe3 = 20 and α = 0.3; 4,5)
Nx = Ny = 70, α = 0, scan over NHe3: 6) Black lines represent linear fit.

Comparison of curves 1 and 2 shows that the increase in Peierls potential strength
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α effectively increases gap, which was to be expected. Curves 1 and 3 demonstrate

that the particular way of changing density changes the results but slightly. Curves

4 and 5 extrapolate to 0 which is to be expected since for α = 0 and NHe3 = 0 the

string is free and gapless.

The most important feature of all the curves is that gap ∆ is linear in density of

impurities, regardless of the parameters of the system. We will use this fact exten-

sively later while fitting shear modulus experimental data.

As was shown in Section 3.2.1 we can relate the correlator (6.15) to the shear

modulus as

1

G(T )
=

1

G0

[

1 + λ

∫ L/2

−L/2

Gcorr(x)dx

]

, (6.16)

where λ ≈ 0.1 − 0.3 is the absolute value of the shear modulus stiffening. Thus we

have (reminding the definition of the dislocation density as xd = 1/L2)

1

G(T )
=

1

G0

[

1 +
λν2xd

∆2

(

1 −
tanh ∆

2ν
√

xd
∆

2ν
√

xd

)]

. (6.17)

Since we know that ∆ ∼ NHe3 the next step is to calculate how the density of

bound to the dislocations impurities changes with temperature.

6.4 ”Boiling off” model

Let’s consider a simple thermodynamic model for 3He atoms and write the Hamilto-

nian of the system in the form

H =
∑

i

(Ei − µ) ni. (6.18)
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where ni = 0, 1 reflects the presence of 3He on any site – either on dislocation or

in bulk, i = 1, 2, ..., Nb + Nd, Ei is the energy of 3He atom on site i. Ei = Ea if

3He is in the bulk and 0 if on the dislocation. Nb and Nd are the number of available

”places” for 3He in the bulk and on the dislocations respectively and µ is the chemical

potential. The restriction imposed in the system is

∑

i

< ni >= N3, (6.19)

where N3 is the total amount of 3He atoms. The partition function is therefore

Z =
1
∑

n1=0

1
∑

n2=0

...
1
∑

nNb+Nd=0

exp

(

−
∑

i

βni(Ei − µ)

)

=

=
1
∑

n1=0

exp (−βn1(E1 − µ))
1
∑

n2=0

exp (−βn2(E2 − µ))...

×
1
∑

nNb+Nd=0

exp (−βnNb+Nd(ENb+Nd − µ)) =

=

Nb+Nd
∏

i=i

[1 + exp (−β(Ei − µ))] = (1 + exp (β(µ− Ea)))
Nb (1 + exp (βµ))

Nd. (6.20)

The mean occupation number on a site s is given by

< ns >= − 1

β

∂lnZ

∂Es
= − 1

β

∂

∂Es
[ln(1 + exp (−β(Es − µ)))] =

1

1 + exp (β(Es − µ))
.

(6.21)

The condition (6.19) becomes

∑

i=bulk

1

1 + exp (β(Ea − µ))
+

∑

i=dislocation

1

1 + exp (−βµ))
= N3 (6.22)
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or

Nb

1 + exp (β(E0 − µ))
+

Nd

1 + exp (−βµ))
= N3, (6.23)

1

1 + exp (β(Ea − µ))
+

Nd/Nb

1 + exp (−βµ))
=
N3

Nb
. (6.24)

Let’s introduce dislocation density xd = Nd/Nb and impurity density x3 = N3/Nb.

Physically, xd � 1 and x3 � 1. We will be using the range x3 ≤ xd. In the opposite

limit we assume excess of 3He stays in the bulk and reduce slightlyNb → Nb−(N3−Nd)

at T = 0. So, the solution with + sign becomes

µ = T lnλ,

λ =
2x3

e−
Ea
T − (1 + e−

Ea
T )x3 + xd +

√

(

e−
Ea
T − (1 + e−

Ea
T )x3 + xd

)2

+ 4x3(1 + xd − x3)e
−Ea

T

.

(6.25)

We use this solution to find 3He fraction on the dislocation X(T )

X(T ) =
1

1 + e−µ/T

=
2x3

(1 − x3)e
−Ea

T + x3 + xd +

√

[

xd + x3 + (1 − x3)e
−Ea

T

]2

− 4xdx3(1 − e−
Ea
T )

.

(6.26)

Let’s divide by xd both numerator and denominator and introduce a variable
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ξ = x3/xd = N3/Nd:

X(T ) =
2ξ

(x−1
d − ξ)e−

Ea
T + 1 + ξ +

√

[

1 + ξ + (x−1
d − ξ)e−

Ea
T

]2

− 4ξ(1 − e−
Ea
T )

.

(6.27)

The same result could be obtained from writing down the energy of a simple model

”dislocation-impurity” as

F = Eanb+T

(

nb ln
nb

eNb
+ (Nb − nb) ln

Nb − nb

eNb
+ nd ln

nd

eNd
+ (Nd − nd) ln

Nd − nd

eNd

)

,

(6.28)

where N3 = nb + nd reflects the fact that 3He atoms can be in bulk or can ”sit” on

dislocations. In this notation X(T ) = nd/Nd. Minimizing the energy with respect

to nb we arrive at the same expression for X(T ) in the limit xd = Nd/Nb � 1 as we

already have from (6.27)

Using the fact that xd � 1 we can simplify (6.27) even further:

X(T ) =
2ξ

e−βEa

xd
+ 1 + ξ +

√

[

1 + ξ + e−βEa

xd

]2

− 4ξ(1 − e−βEa)

. (6.29)

Eq. (6.29) will be later used for to fit actual experimental data.

6.5 Fit by pure ”boiling-off” model

Here we presume that no Peierls potential is present and we will try to fit experimental

data by pure ”boiling-off” mechanism. As it was shown on Fig.6.3 the energy gap of

a string in our model is linearly proportional to the density of impurities ”sitting” on
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it, that is ∆ = gX(T ) and we can rewrite (6.17) as

1

G(T )
=

1

G0
+

γ

g2X2(T )



1 −
tanh gX(T ))

2
√

xd

gX(T )
2
√

xd



 , (6.30)

where γ and g are some adjustable parameters and dislocation length L = 1/
√
xd. In

case of zero Peierls potential α = 0 the concentration X(T ) can be calculated from

(6.29). The fitting results are presented on Fig.6.4 where the actual experimental

data are the same as used in Section 5.2.3([20]).

Figure 6.4: Fit of experimental data [20] by pure ”boiling-off” model. The theoretical
curve for a physical amount of dislocation density xd = 10−8 (green line) is quite
sharp and does not follow the experimental curve. Much closer fit can be achieved
(blue line), but it required enormously high amount of dislocations xd = 10−2. The
stiffening region is δT ≈ Tjump ≈ Ea/| ln(xd)|.

Parameters γ and G0 are chosen to fit the data points for T → 0K and T = 0.5K

and the used parameters are ξ = 0.7, Ea = 0.5, xd = 10−9, ..., 10−1. Two curves
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are shown for comparison: one obtained for a physical value of dislocation density

xd = 10−8 and the one for extremely high concentration xd = 10−2. The first one

exhibits quite sharp G stiffening and does not fit the experimental data, the other

one is much closer to the actual curve but requires an enormously higher number of

dislocations. Therefore we conclude that the pure ”boiling-off” model alone can not

explain the shear modulus softening in solid 4He since requires an unphysical amount

of dislocations to do so.

The temperature region of stiffening (jump) is proportional to the temperature of

the jump δT ≈ Tjump ≈ Ea/| ln(xd)|. The temperature of full dislocation decoupling

without Peierls potential is Td ≈ Ea/| ln
(

X3√
xd

)

|, where X3 is the bulk fraction of

3He. Thus the jump-like feature will be observed for X3/
√
xd � 1 and a good fit

will be achieved for X3/
√
xd ≥ 1, which for physical dislocation densities xd > 10−8

means rather high impurity concentrations X3 > 100 p.p.m. It is also interesting to

notice that the temperature of a stiffening Tjump allows to obtain an estimation of

the dislocation density as

xd ≈ e
− Ea
Tjump . (6.31)

In Section 5.2.3 it has been shown that the experimental data for clean samples can

well be described by the dislocation model with Peierls potential only (see Fig. 5.3).

Here we recalculated the data by using gradient-expansion technique (See Section

6.2) and also collected the data for a set of finite linear densities of 3He [61]. Such

simulations mimic a dislocation behavior in pure ”creeping-away” mechanism. The

results are presented in Fig.6.5 and Fig.6.6 where n stands for the impurity density.

For larger n the softening of shear modulus G(T ) shifts to higher T which can

be seen in Fig.6.5. The curves turned out to be almost self-similar so we could

collapse them to a single master curve simply by rescaling temperature T as T → TT∆
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Figure 6.5: Shear modulus G from [20, 28] for 1 ppb of 3He at f = 2000Hz (blue
dots) and the ones obtained by MC simulations of the model (1,3) for the ”creeping
away” mechanism for various (linear) concentrations n of 3He impurities. The curves
represent shear modulus G(T ) for different n. The simulations parameters: α = 0.005,
K = 0.1, V0 = 0.3.

(see Fig.6.6). In simulations the impurity density n remained fixed but thermal

kinks allowed dislocation to ”break free” from impurities and reach its high-T value.

Parameter T∆ can be used to obtain a typical energy required to create kink-antikink

pair ∆: ∆ = 1/T∆.

We should mention that MC simulations with fixed impurity density values fit

the experimental results well. But if one tries to allow boiling-off of impurities the

obtained G(T ) curves will fail to fit the experimental data [61]. It appears that 3He

remains bound to dislocations even at large temperatures due to very long equilibra-

tion times. It was suggested that such long equilibration time is a result of a very

narrow band of 3He impuritons [61].
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Figure 6.6: The family of the curves from Fig.6.5 has been collapsed to a single
master curve by rescaling the temperature T and slightly adjusting lower-T value.
The simulations parameters: α = 0.005, K = 0.1, V0 = 0.3.

To summarize, we showed the traditionally accepted ”boiling off” model cannot

explain the experimental data on shear modulus G(T ) softening. It is demonstrated

that ”creeping away” mechanism is essential in understanding the phenomenon. In

other words, quantum and thermal fluctuations of dislocation shape lead to the de-

coupling of the gliding dislocations from the Peierls and 3He pinning potentials. Such

decoupling happens at temperatures determined by the energy of the kink-antikink

pair ∆. In its turn such energy depends on the strength of the both potentials and

3He concentration along the dislocation line.



Chapter 7

Superclimbing dislocations

7.1 The idea of superclimb

In metals at low temperatures diffusion is suppressed and the motion of dislocation

is mostly provided by glide. At higher temperatures, however, edge dislocation can

perform another type of motion: climb. In analogy with glide, where motion of

dislocation results from the dynamics of kink-antikink pairs, climb is performed by

the creation of jog-antijog pairs [44, 45]. These pairs allow to build the extra plane of

atoms in the crystal, resulting, therefore, in a nonconservative type of motion. The

jogs are characterized by Burger’s vector (one lattice spacing) and a typical energy of

Ejog ≈1 eV. At high temperatures process is facilitated by so-called ”pipe diffusion”

when thermally actived vacancies moving along the dislocation, as well as to and

from it, help to create jogs. This process is well-known in metals and ionic crystals

at T ≈ 600K −1000K [47]. It was suggested that a similar phenomenon can occur in

solid He at very small temperatures due to the core superfluidity of the dislocation

[48]. In this case the matter delivered by superflow along the dislocation core is used

to create jog-antijog pairs, and therefore, displace the edge of the dislocation. The

69
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authors defined this macroscopic quantum phenomenon as superclimb. The scenario

was corroborated by ab initio MC simulations showing that the edge dislocation with

Burger’s vector along C-axis in hcp crystal has superfluid core (see Fig.7.1) and it

can climb as a response to the provided chemical potential gradient (see Fig.7.2).

Figure 7.1: The results ab initio simulations from [48]. The red dots represent the
actual atoms of the lattice. The blue dots display the superfluid ”condensate density”
map. The core of the edge dislocation is perpendicular to the picture.

The idea of superclimbing dislocations [48] was also introduced as a possible ex-

planation for a phenomenon of so-called ”giant isochoric compressibility”. The non-

supersolid crystal is supposed to be isochorically noncompressible χ ≡ (dn/dµ)V = 0,

which means that small changes in chemical potential µ should have no effect on the

crystal density n. It follows from the fact the gapped spectrum prevents the formation

of vacancies/interstitials at small temperatures, which leaves the creation/destruction
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Figure 7.2: The results ab initio simulations from [48]. The graphs represent the
dislocation core displacement as a function of the applied chemical potential. Such
dependence together with the dislocation core superfluidity is an evidence of a super-

climb. Graphs were provided as a courtesy of authors [48].

of the whole lattice layers as the only possible way to change the density. Such process

requires quite long times and therefore leads to noncompressible crystals. This argu-

ment, however, does not work for supersolids since they have zero vacancy/interstitial

gap. Accordingly, the isochoric compressibility should be finite – comparable to the

superfluid fraction. As found in [34, 35], this fraction is no larger than 10−5. Despite

that, the measured compressibility was about 3 orders of magnitude higher, so that

this phenomenon was called the ”giant isochoric compressibility” [48]. It was sug-

gested that the superflow along the dislocation cores allows significant and spatially

uniform mass accumulation in the bulk of supersolid 4He samples thus greatly in-
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Figure 7.3: A schematic representation of a non-slanted and stronly pinned dislocation
with superfluid currents along the core. A displacement y(x, t) corresponds to climb
- a building/reduction of the extra plane of atoms.

creasing χ. We will show later that out MC simulations of superclimbing dislocations

corroborate this scenario.

7.2 The model

We model the dislocation as a quantum string of length Lx with zero boundary

conditions immersed in a Peierls potential uP and a potential provided by the external

stress F . In this paper we consider just one type of motions – superclimb. The detailed

description of this model and the results of ab initio simulations are presented in Ref.

[33, 48]. A schematic representation of a dislocation in question is presented in Fig.

7.3.

The thermodynamics of a dislocation behavior is achieved by utilizing the follow-

ing action

H = HSF +Hdis, (7.1)

HSF =

∫ β

0

dt
∑

[

i(ρ+ n0)∇tφ+
ρ0

2
(∇xφ)2 +

1

2ρ0

ρ′2
]

, (7.2)
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Hdis =

∫ β

0

∑

[

1

2Kd

(

(∇ty)
2 + V 2

d (∇xy)
2
)

− uP cos(2πy) − Fy

]

. (7.3)

Here the integration is done over the imaginary time 0 ≤ t ≤ β = 1/T ; the phase

φ is defined modulo 2π. The partition function is

Z =

∫

Dy(x, t)Dρ(x, t)Dφ(x, t) exp(−H), (7.4)

with the integration to be performed with respect to the displacement of the core

y(x, t), density of the core ρ(x, t) and superfluid phase φ(x, t). The boundary con-

ditions are taken to be zero along x-axis and periodic y(x, t + β) = y(x, t) along

imaginary time. The first part of the action describes the superfluid aspect of the

dislocation, with n0 being filling factor and ρ0 - bare superfluid stiffness. In present

simulations n0 is taken as an integer. The phase derivative is understood as a fi-

nite difference defined modulo 2π. The last term in Eq. [C.2] gives the compress-

ibility response of the superfluid core, ρ′ being a superfluid density. It also repre-

sents the essence of the superclimb effect. According to the constraint in our model

ρ(x, t) = ρ′(x, t) + y(x, t), the total matter delivered along the core is used to change

the superfluid density ρ′ and to create the displacement y. This allows the dislo-

cation to create jogs y → y ± 1, y ± 2, ... at the expense of the delivered matter

ρ→ ρ±1, ρ±2, ... which in its turn is made easy due to the superfluidity of the core.

Note that this jog-creation does not imply any energy cost.

The first two terms in Eq.[7.3] describe the kinetic and potential energies of the

dislocation with 1/Kd being the effective mass density and Vd - speed of sound. The

strength of Peierls potential is given by uP . As it was discussed before [33, 62] the
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parameter Kd does in fact depend on the long-range interaction between kinks (jogs)

which induces the dislocation to be smooth at T = 0 at any arbitrary small value of

such interaction, but in case of superclimb the results are not significantly affected

by the strength of this interaction. This is so because the effective mass of a jog is

extremely large, which insures that the dislocation must be smooth at low T even

without the long-range interaction.

The very last term in Eq. [7.3] introduces the influence of the external stress

applied to the dislocation string. In the experiments of Ray and Hallock [34, 35,

36, 37, 38] the injection of superfluid 4He into the cell filled with solid 4He led to

the uniform accumulation of matter inside the bulk, therefore, the applied stress

(pressure) can be considered as a way to change chemical potential. The linear force

density is connected to the applied stress as F ≈ bσ. The chemical potential difference

[34, 35, 36, 37, 38] relates to the stress as δµ = δpΩ, where Ω ≈ b3 – volume occupied

by one atom. Therefore, the external stress σ, linear force density F and applied

chemical potential µ are the same if we set b = 1. In the future all these three

quantities will be considered equivalent.

It was shown [48] that for low T Peierls potential is always relevant, it creates a

gap ∆ for climb motion and renders the dislocation smooth. Superfluidity in this case

will have a speed of sound vs ≈ √
ρsuP and very small climb response δy ≈ δµ/uP .

For high enough temperatures Peierls potential becomes irrelevant, the dislocation

becomes rough, and the small oscillations of the superfluid phase behave like [48]

φ̈− η∂4
xφ = 0, η ≡ ρsn1v

2
db

2. (7.5)

It signifies that the spectrum of superclimbing phonons is quadratic in momentum

q along the dislocation ω =
√
ηq2 and not linear as it would be in case of sound
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phonons. This regime also suggests a rather strong climbing response with a typical

displacement δy ≈ L2δµ [48]. The accumulated amount of atoms per each elementary

block of the dislocation forest will be ∼ bLδy ≈ L3δµ so that the density of the added

atoms does not depend on L. It also leads to the important conclusion that the

isochoric compressibility of the crystal should not depend on the dislocation density

∼ 1/L2, that is, it becomes ”giant” (if compared with the case of no superclimb).

The Monte-Carlo simulations were done in terms of J-current model [62] with the

use of the Worm Algorithm (WA) [57]. The details can be found in Appendix C.

7.2.1 Isochoric compressibilities

We introduce full and differential isochoric compressibilities χ1 and χ2:

χ1 =
∆N

N∆µ
, χ2 =

dN

Ndµ
, (7.6)

where N is the total amount of atoms in the bulk, ∆N is the number of accumulated

atoms after a chemical potential gradient is applied as in [34, 35, 36]. The latter

can be related to the changes in local pressure p from its equilibrium value p0 as

∆µ = (p − p0)Ω, where Ω is a volume occupied by one atom. Since F = (p − p0)b

the derivative with respect to µ is identical to the derivative over F save the extra

coefficient d...
dµ

= (b/Ω)d...
dF

.

The following two responses, full and differential, proved to be extremely useful

in providing important information about dislocation properties [33]:
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R1 =
1

βLx

∫ β

0

∑

x

< y(x, t) >

F
=

1

βLx

d lnZ(F )

FdF
, (7.7)

R2 =
1

βLx

∫ β

0

dt
∑

x

d < y(x, t) >

dF
=

1

βLx

d2 lnZ(F )

dF 2
. (7.8)

These responses coincide at small stresses [33], but behave quite differently for

large ones, giving a valuable information regarding dislocation state. Experimentally

R1 and R2 can be measured when the total applied stress F = F0 + F ′ consists of a

finite F0 modified by small F ′. R2 in this case will be a linear response to F ′ at a

finite background stress F0.

These two responses can be utilized to obtain full G1 and differential G2 shear

moduli (for details see [29] and Section 3.2.1)

1

G1,2
=

1

Ge
+ ndR1,2. (7.9)

Here Ge stands for the bare elastic share modulus so that Ge = G1,2 for T = 0

[33, 62]. At high T R1,2 responses attain their free-string value R0 and G1,2 achieve

its high-T value G∞.

As the atoms are accumulated on the dislocations, the displacement y of the

typical dislocation forest segment Lx changes the number of atoms by ≈ 3yLxb per

each unit cube-block. Hence the fraction of accumulated atoms is ≈ 3ybLx/L
3
x ≈

ndy/b. Therefore the accumulated atoms ∆N can be associated with the dislocation

density nd so that χ1,2 ∝ ndR1,2. The free responses become R0 ∝ L2
x implying

compressibilities χ0 of liquid 4He (since nd ∝ 1/L2
x). Therefore relative isochoric

compressibilities χ̃1,2 = χ1,2/χ0 are directly connected to the relative responses R̃1,2 =
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R1,2/R0 as

χ̃1,2 = γR̃1,2. (7.10)

Here γ ≈ 0.1 − 1 is a parameter reflecting the geometrical shape of the dislocation

network. χ1 and χ2 obey χ2 = χ1 + Fdχ1/dF , and in the linear regime χ1 ≈ χ2. It

was seen from the simulations that κ ∼ χ2/L when dislocation fluctuations exceed

b. It should be understood, however, that κ and χ2/L are different quantities and

were obtained by different methods: χ2 as a displacement of dislocation core, and κ

as a winding number along imaginary time direction. The difference between κ and

χ2 can also be clarified from the point of view that κ and ρs serve as a renormalized

coefficients of the effective superfluid action

Sφ =

∫

dx

∫

dτ

[

ρs
(∂xφ)2

2
+ κ

(∂tφ)2

2

]

. (7.11)

This effective action determines the phase slip effects, with the speed of sound

Vs =
√

ρs/κ being a critical velocity [63].

In this work the superclimb will be considered both in the limit of small external

stresses, and for higher values of applied chemical potentials which result in non-linear

effects.

7.3 Small stresses: giant isochoric compressibility

In this section we consider the responses R1 and R2 in the limit of small applied

stresses. Since the superclimbing spectrum is gapped [48] (see also Section 7.2) at

low T climb is suppressed and so should compressibility. Such suppression has been

seen in experiments [34]-[39]. This effect was observed in MC simulations and is

demonstrated in Fig.7.4.



7.3. Small stresses: giant isochoric compressibility 78

Figure 7.4: Compressibility κ and renormalized superfluid stiffness ρs vs T for Nx =
30, Ny = 40, K = 1, T0 = 0.2, uP = 0.1, UC = 1, F = 0.001.

In our MC simulations superfluid compressibility was measured in terms of wind-

ing numbers of J-currents mt along imaginary time. At low T compressibility is

independent of dislocation size, and the system has strong superfluid ρs → 1. As

the temperature increases, the jogs are created thermally while the superfluidity is

still present, and the superclimb allows a significant (”giant”) raise of compressibility.

As T grows further, superfluid vanishes, climb becomes impossible and the isochoric

compressibility becomes essentially zero, as it should for a non-supersolid material.

In our model we allow the bare superfluid stiffness ρ0 in [2] to decrease with T and

vanish at some characteristic temperature T0 which is a microscopic temperature scale

comparable with the bulk λ-temperature. As can be seen in Fig.7.4 and Fig.7.5 the
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Figure 7.5: ρs vs T for different dislocation sizes Nx. The parameters are the same
as in Fig.7.4.

suppression of both κ and ρs occurs at T ≈ T0/2 so the actual choice of ρ0(T ) is not

so important as long as it smoothly vanishes at T = T0.

As it was predicted [48], in a superclimbing regime compressibility should scale

with a dislocation size as κ ≈ L2
x. The temperature dependencies of ρs and κ are

presented on Fig.7.5 and Fig.7.6 respectively. The sizes range from Nx = 10 to Nx =

100. ρs(T ) is only slightly affected by the dislocation size. In low-T region of κ(T )

the curves practically coincide with each other signifying a standard Luttinger-type

liquid. As T grows one enters a superclimbing regime with κmax strongly dependent

on Nx as κmax ∝ (Nx)
w. At higher T curves grow closer once again and κ vanishes.

The exponent w depends on the strength of the long-range interaction UC as it can
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Figure 7.6: κ vs T for different dislocation sizes Nx. The parameters are the same as
in Fig.7.4.

be seen in Fig. 7.7 starting from w ≈ 2 for Uc = 0 and going down as UC increases.

It was therefore shown that the isochoric compressibility is suppressed at low T

according to the prediction in [48]. It was also found that the dependence of com-

pressibility on the dislocation length is strongly dependent on long-range interactions.

7.4 Non-liner response

7.4.1 Resonant peaks

In this section we concentrate on the non-linear effects resulting from finite applied

stresses [64].



7.4. Non-liner response 81

Figure 7.7: Log-dependance of κmax vsNx for different values of long-range interaction
UC : κmax ≈ (Nx)

w. Values of w are shown on the legend.

The work done by the external force to create a jog-antijog pair is approximately

given by E(l) ≈ 2∆ − F l, where ∆ is the typical jog/antijog energy, and l is the dis-

tance between them. As an external applied stress reaches a certain critical threshold

Fcrit it becomes possible to create pairs as in Fig.7.8.

The external force tries to separate jog from antijog, which will reduce the pair

energy, and push them to the dislocation ends . This jogs sliding increases dislocation

compressibility. This effect is clearly seen on Fig.7.9 and Fig.7.10 in the ratchet-like

jumps exhibited by the full response R1 and sharp peaks observed in differential one

R2. Each next jump/peak corresponds to the creation of a new jog-antijog pair.

Coming from naive estimations the threshold value of stress should be inversely

proportional to the size of the considered dislocation Fcrit ∼ ∆/Lx. It is very im-
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Figure 7.8: A pair of jog-antijog created on a dislocation under the applied stress F .
The pair energy is E(l) ≈ 2∆ − F l, ∆ being a typical jog-antijog energy.

portant to understand that Fcrit is a macroscopically small quantity, since for rather

large dislocation sizes it will become quite small in comparison with Peierls stress.

The numerical simulations show a deviation from this rule at finite T : Fcrit does

have a power dependence on Lx but it behaves rather like Fc ∼ 1/Lγ
x where exponent

γ = 1 ÷ 1.7 depends on the temperature (see Fig. 7.11). At T → 0 its behavior is

consistent with γ = 1, and as temperature increases γ → 1.7. The rate of this growth

is determined by the strength of Peierls potential uP . As it will be shown below this

power law is persistent up to the point where hysteresis behavior develops.

Another interesting aspect of the peaks exhibited by differential response R2 con-

sists in its connection to the speed of sound along the dislocation V (T, F ) =
√

ρS (T,F )
κ(T,F )

.

Hence the peaks in κ turn into dips in the speed of sound (see Fig.7.12 and Fig.7.13).

Here speed of sound V (T, F ) is understood as a critical SF speed along the dislocation

above which the first phase slips are created thus destroying superfluidity [63].

The results of the simulations for temperature dependence V (T ) for different val-

ues of applied chemical potential are presented in Fig. 7.14. At small F = 0.07 the

dip in V (T ) is absent, at higher F the dip develops, becomes more prominent, but
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Figure 7.9: Full response R1 vs. applied chemical potential F for two different sizes
Nx = 40 and Nx = 80 . Function exhibits ratchet-like jumps at certain threshold
values of F .

with a further increase of F gets smaller and finally at F = 0.1 disappears again.

Another example of this effect is shown on Fig. 7.15. As one can see, the depth of

the dip in Vs(T, F ) depends on how fine the applied stress is tuned to the threshold

value of F for creating jog-antijog pair (the first peak values were used in this case).

The speed of sound limits the flux of atoms transported along the dislocation

therefore resulting in the mass transfer decrease. We suppose that this is the effect

observed in Ray and Hallock experiments [38]. Moreover we predict that at high

values of applied chemical potential the effect should disappear. The same applies

to low F : there should be a critical value below which the dip will not be seen. We

suggest that flow rate should be studied as a function of chemical potential at fixed
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Figure 7.10: Differential response R2 vs. applied chemical potential F for two different
sizes Nx = 40 and Nx = 80 . Function shows peaks at certain threshold values of F .
Note that the temperatures used for two sizes are different.

temperatures in order to clarify the nature of the dip.

As we increased the dislocation size L higher than a typical tunneling length LR

through jog-anitijog barrier (compare to kink-antikink tunneling mechanism in [65])

overlap between smooth (with R1 � 1) and rough (R1 = 1) states is effectively

decreased , so that it takes place only in exponentially small region δF around Fc.

Therefore the peak values of R2(T, Fc) ≈ 1/δF are diverging. An example of a

strong peak dependence on the dislocation size is shown on Fig.7.16 for T0 = 0.2,

uP = 0.1,T = 0.004.

The measurements of peak heights vs size for different T and uP are presented in

Fig.7.17. As one can see, the peak height increases by 2 orders of magnitude as L
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Figure 7.11: The dependence of the peak position Fc on the size of the system for
a certain set of parameters at T = 0.02 in logarithmic scales. The linear fit gives
γ = 1.541 ± 0.004 for this particular situation: uP = 0.1.

grows.

The fitting lines in Fig.7.17 were done by ∼ exp(L/LR) which gave

L−1
R ≈ L−1

0

(

1 − T

TR

)2.3

. (7.12)

Here L0 signifies the tunneling length at T = 0. Values of TR were found to be

TR ≈ us
P with s = 0.5 ± 0.1 being set by the double energy 2∆ ≈ √

uP of a jog

as the Sine-Gordon soliton. TR determines a thermal roughtning threshold, that is,

above this temperature the amount of jogs is considerable even with no stress present

F → 0.
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Figure 7.12: Superfluid stiffness ρS and speed of sound V as a function of applied
chemical potential µ for size Nx = 40 at T = 0.02.
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Figure 7.13: Superfluid stiffness ρS and speed of sound V as a function of applied
chemical potential µ for size Nx = 80 at T = 0.025. Stiffness essentially does not
change which allows the peaks in κ to transform into dips in V .
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Figure 7.14: Temperature dependence of sound speed for different values of applied
chemical potential for Nx = 80, T0 = 0.2, uP = 0.1. Well pronounced dip exists only
in a certain range of µ
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Figure 7.15: Superfluid stiffness ρs(T ) and sound velocity Vs =
√

ρs(T )/κ(T ) nor-
malized by their respective low-T values for different values of applied stress F (see
inset). Parameters: L = 30, uP = 3.0, T0 = 0.2
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Figure 7.16: Compressibility vs chemical potential for T0 = 0.2, uP = 0.1, T = 0.004.
Different curves correspond to different dislocation sizes Nx.
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Figure 7.17: Height of the first resonant peak R2(F ) vs. L for different T , uP .
The solid lines represent the fit by R2 = exp (A + L/LR) +B with three adjustable
parametersA,LR, B. Deviations from exponential behavior marked by arrorws signify
the beginning of the hysteresis region. The dashed line is the behavior of a free-sting
model R1 = R2 = 1[29]

We claim that the observed resonant-type peak is a precursor of first-order phase

transition occurring in the dislocation at finite T .

7.4.2 Landau’s argument: on impossibility of I-order phase

transition in 1D at finite T

At this point it is necessary to discuss the argument presented by Landau on impos-

sibility of phase coexistence in one-dimensional systems at finite temperatures [40].

Consider a linear system consisting of intervals of two different phases, marked, for
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example, by blue and red colors (see Fig.7.18) , and separated by green boundaries

(points).

Figure 7.18: 1D system with two phases marked by red and blued color. Green points
denote the boundaries.

Let Φ0 be the the free energy of the system excluding boundary points. To include

boundaries contribution, we can consider them as a ”weak” solution of these points

in two phases. Therefore the energy assumes

Φ = Φ0 + nT ln (n/eL) + nψ, (7.13)

where n - number of boundary points on the length L. Therefore if we minimize the

energy

∂Φ

∂n
= T ln(n/L) + ψ = 0, (7.14)

we obtain the solution

n

L
= e−

ψ
T . (7.15)

This signifies that on any given length L there is always a finite number of boundary

points meaning that two phases tend to mix together and cannot therefore exist

separately. It leads to the conclusion that I-order phase transition is impossible in

such a system. The obtained result does not depend on the system size L since it gives

the density of one phase in the other. Therefore any characteristics of this system

should be insensitive to L.

The Landau argument is based on the assumption that the system has a local
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order parameter.However, as we will show below, if you don’t have the locality of the

order parameter, this argument can be violated.

7.4.3 Hysteresis

The peak behavior is reversible that is the results do not depend on the direction of

the force scan. As we increase the size above certain threshold value Lh, however,

the system stopped exhibiting resonant peaks and started showing the hysteretic

behavior. It was found that Lh grows with temperature as Lh ≈ T γh with γh ≈ 2− 3

for uP = 1 − 3. It should be noted that both peaks and hysteresis are observed only

if T < TR, otherwise dislocation exhibits free string response. The fact that γh > 0 is

a strong indicator that the scenario of assisted single pair tunneling is not applicable

here: in the latter case it should be decreasing with T as ≈ T−3/2 [65]. Therefore we

conclude that in the rough state no clear jog-antijog pairs can be separated out and

the behavior is governed by many-jog effects.

A typical hysteresis is presented on the inset in Fig. 7.19. As we increase stress

(blue dots) the dislocation starts in a smooth state. As we reach FU , it jumps into the

rough state and stays there. But if we attempt to go back by decreasing F (red dots)

dislocation remains in a rough state, and returns to the smooth state at FL ≤ FU .

The full picture of the dislocation behavior vs size L is represented on Fig. 7.19. The

blue and red points signify the upper and lower hysteresis boundaries respectively.

The green dots belong to the region of resonant behavior and show the positions

of the peaks. All three fields scale as power laws FU,L(L) ∼ L−γU,L with γU = 0.4

and γL = 2.7. The strong dependence of both hysteresis boundaries on the system

size violates the Landau argument (see section 7.4.2 and [40]). We attribute this to

the absence of local order parameter in our system. In Landau’s derivation it was
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Figure 7.19: Reversible and hysteretic dislocation behavior as a function of T . The
green dots: positions of the resonant peaks (reversible). The blue and red dots: the
upper and lower hysteresis boundaries respectively. All three fields scale like power
laws. Both hysteresis boundaries are sensitive to size L - sign of a I-order phase
transition. Inset: example of typical hysteresis behavior for L = 140.

assumed that any point in 1D system can be assigned to a certain phase, but in our

system the distinction between rough and smooth states can be made only if one looks

at the whole dislocation. No separate point either having jog or not can definitely

determine the phase of the system. Therefore Landau’s reasoning is not applicable

here. We conclude that the stress-induced roughening is a I-order phase transition in

1D at finite T .

It should be noted that the above results quantitatively do not depend on the
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long-range interaction. If we set it UC = 0 the system still exhibits exponentially

scaled peaks and growing with L hysteresis.



Chapter 8

Summary of the results and future

work

8.1 Results: the long-range interaction effects

1. 1D quantum dislocation was mapped to 2D classical system with an inclusion

of long-range interaction potential. Coulomb gas approach and dual J-current

model were considered. J-current model was found superior to Coulomb gas in

terms of calculation ability.

2. A suppression of a dislocation compressibility was found in the presence of long-

range potential at T = 0. It was concluded that the dislocation is in smooth

state at T = 0 for any arbitrary small long-range interaction. The result was in

agreement with a heuristic argument.

3. Shear modulus temperature dependencies G(T ) were obtained. It was found

that all the data fit experimental curves by using one rescaling parameter –

a typical kink energy. It proved a crucial role of Peierls potential in elastic
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properties of dislocations and showed that the crossover from T = 0 to finite

temperatures leads to intrinsic softening of G(T ) even if 3He impurities were

not present.

8.2 Results: 3He impurities influence

1. Two mechanisms of 3He unbinding were considered: ”boiling-off” and ”creeping-

away”.

2. MC simulations of a full non-linear dislocation action with the use of gradient

expansion were conducted and it was found that the results could be fit by a

gapped string model. Using this fit the gap values ∆ were obtained. It was

shown that ∆ is linearly proportional to the impurity density. Peierls potential

was found to effectively increase the gap.

3. To test a ”boiling-off” theory a simple thermodynamic model for 3He atoms

was considered which allowed to find 3He fraction on a dislocation X(T ). The

obtained result ∆ ∝ X(T ) was used to connect shear modulus G(T ) with im-

purity concentration X(T ). The actual experimental data were compared with

the derived dependence G(X(T )). It was shown that for a reasonable amount

of dislocations and impurity concentrations a pure ”boiling-off” model does not

fit the experimental curves.

4. MC simulations with the inclusion of Peierls potential uP were found to fit the

data very well. It showed that uP plays a crucial role in shear modulus softening,

and therefore a combination of ”boiling-off” and ”creeping-away” mechanisms

is a more realistic description of 3He unbinding.
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8.3 Results: superclimbing dislocations properties

1. MC simulations of a climbing dislocation with a superfluidity along the core

were conducted. Both linear and non-linear responses were investigated. In a

regime of linear response a phenomenon of ”giant isochoric compressibility” was

observed. It was shown that the isochoric compressibility is suppressed at low

T . The dependence of compressibility on the dislocation length was found to

be strongly dependent on the long-range interaction.

2. The non-linear regime was discovered to possess two types of behavior: re-

versible and hysteresis depending on the dislocation length.

3. The reversible region manifested itself in ratchet-like jumps in full response and

sharp peaks in differential one. Stress threshold was found to be a macroscopi-

cally small quantity.

4. A resonant peak in compressibility results in a dip in a speed of sound. This

effect was proposed to be an explanation for a sudden drop of a flow rate

observed in ”UMASS” sandwich experiments. It was suggested to study the

flow rate as a function of applied stress at fixed T in order to clarify the origin

of the dip.

5. The threshold dislocation length above which hysteresis develops was found

to increase with T contradicting the scenario of single pair tunneling where it

decreases with temperature.

6. Hysteresis boundaries were found to be strongly sensitive to the dislocation

length in the whole range of measurements. It signifies that the stress-induced

roughening is a I-order phase transition in 1D at finite T .
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7. It was demonstrated that the obtained results do not depend on the long-range

interaction.

8.4 Directions of future work

In all our research we considered the gliding or superclimbing dislocations which

form a 3D network insider the bulk – a dislocation ”forest”. But under the condition

of large applied stresses and density changes, as it happens in UMASS sandwich

experiments dislocations form a considerable amount of prismatic ballistic loops which

can significantly affect the material properties. Superclimbing loops can be partially

responsible for NCRI fraction, for the abnormally small TO critical velocity and can

explain the heat capacity bump. The mechanisms of loops creation, the estimation

of their amount and evaluation of the dynamics inside the bulk are the problems for

a future research.

All the performed experiments on solid 4He revealed an unusually strong sensi-

tivity to the impurity concentration so we find it quite important to understand how

the presence of 3He atoms modifies the dip-anomaly. Impurities pinning can be the

major factor in determining the dislocation segment length, which will exponentially

grow as T rises due to 3He unbinding. This will insure that the resonant peaks con-

dition will often be met by some dislocations in a narrow temperature range. It can

also explain the unsuccessful attempts to observe the change in a flux rate in the

dip region. Thus the investigation of 3He effect on a stress-induced roughening is an

important problem to consider.

Since MC simulations are limited only to the measurements of the thermodynamically-

equilibrated states it would be rather important to simulate the dynamics of the

superflow along the dislocation network (work in progress). We plan to simulate
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Shevchenko state [21] and relate it ti the UMASS sandwich experiment setup. The

key question to answer is how phase slips affect the observed temperature dependen-

cies [34]-[39].
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Appendix A

Coulomb gas simulations: failure of

the direct approach

We are interested in calculating the energy and correlation function of a two dimen-

sional gas of charges described by the partition function

Z =
∑

{N+
i ,N−

i }

(

∏

i

αN+
i +N−

i

N+
i !N−

i !

)

e
− 1

2

P

i6=j
mimjU (xi−xj )

(A.1)

with the total energy

E =
1

2

∑

i6=j

mimjU(xi − xj). (A.2)

So we start with the empty lattice of size Nx*Nt (with periodic boundary con-

ditions) and use only one type of updates (enough to generate an ergodic process).

That is we randomly choose two lattice sites and try to put there one negative charge

and a positive one (to ensure total charge neutrality). We also allow the charge in

a site to have only one of three possible values +1, 0, 1. The acceptance ratio is

R = e−∆Eα∆n where ∆n is the change in the total number of charges in the lattice.
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One of the ways to see in which state (plasma or insulator) the system consists

of plotting the graph of the inverse dielectric permittivity as a function of a distance

between two additional fixed charges. So we first have to compute the energy of

the system as we described. Then we place an additional pair of charges at, say,

distance Nx/2 between each other and compute the energy of this system. Dielectric

permittivity can be computed as 1
ε(x)

=
Ewith pair−Eno pair

Ebare
where Ebare is the bare energy

between two additional charges. If 1
ε(x)

dies off as we increase Nx it means that the

charges in the gas screen each other which implies that the gas is in the plasma state.

If, on the contrary, 1
ε(x)

reaches some constant value then the system is an insulator.

The critical value for stiffness k is [52] 1/2, below which the system is plasma, above

insulator. It is expected, as we have seen, that in the presence of long-range interaction

term the system will always be in plasma state. For the original model it means that

the dislocation will always be in smooth state.

If instead of increasing the size of the system we will just change the position

of two fixed charges, then graphs 1
ε(x)

at k < kcritical for two different sizes should

diverge with increasing distance between the charges. If k > kcritical the graphs

should coincide.

We did some preliminary calculations for the systems of sizes Nx = 24 and Nx =

48 with regular (no long-range) potential, which you see on the Figure A.1. They

showed that for not too big sizes of the systems the errors are considerable enough

to prevent us from seeing the difference between the graphs with increasing distance

between the fixed charges. Bigger sizes should be considered and smaller errors should

be achieved in order to use this method to actually see BKT transition.

It is also interesting to calculate the correlation function 〈φ (x)φ (0)〉 . The clas-

sical action for a system (no long-range interaction) in the presence of the external

field is
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Figure A.1: Inverse dielectric permittivity vs. the distance between additional pair
of charges for Nx = 24, Nx = 48 and k = 0.1, k = 0.06.

Sf =

β
∫

0

dτ

Lx
∫

0

dx

[

1

2K
(∇φ)2 − α cos (φ) − f · φ

]

, (A.3)

where β is an imaginary time identified as an inverse temperature: β = 1/T . The

average is

〈φ〉 =

∫

Dφe−Sfφ
∫

Dφe−Sf
. (A.4)

It is expected to be linearly proportionally to the external force f, so after expan-

sion of the exp-function in f we can leave only linear in f terms (similar to procedure
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in Section 3.2.1)

〈φ (x, τ)〉 =

∫

e−S0Dφ
∫

dx′dτ ′φ (x′, τ ′)φ (x, τ) f (x′, τ ′)
∫

e−S0Dφ
. (A.5)

Therefore, response to the external field f is determined by the correlation function

with no external field present

〈φ (x, τ )〉Sf =

∫

dx′dτ ′ 〈φ (x′, τ ′)φ (x, τ )〉 f (x′, τ ′) . (A.6)

In case of constant f it becomes even simpler

〈φ (x, τ)〉Sf = f0

∫

dx′dτ ′ 〈φ (x′, τ ′)φ (x, τ)〉 . (A.7)

So we see that the calculation of 〈φ (x′, τ ′)φ (x, τ )〉 can give valuable information

about the behavior of a system.

The partition function is given by Zf =
∫

e−SfDφ . It is obvious that the corre-

lation function is, consequently,

〈φ (x′, τ ′)φ (x, τ)〉 =

∂2Zf
∂f(x,τ )∂f(x′,τ ′)

Z0

∣

∣

∣

∣

∣

∣

f=0

. (A.8)

The expression for the estimator in two-dimensional Coulomb gas is

〈φ (i)φ (j)〉est = U (i− j) −
∑

k

U(i− k)m(k)
∑

k′

U(i− k′)m(k′). (A.9)

The simulation scheme, types of updates, etc. are the same as already discussed.

It is worth mentioning another away to tell the difference between plasma and
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insulator states using correlation function. Instead of calculating the energies of the

gas, we can collect charge correlation function c (x) = 〈m(x)m(0)〉 , then [52] the

inverse of the Fourier transform of dielectric permittivity is very simply connected

to the Fourier transform of the correlator we collect 1
ε(q)

= 1 − U0(q)c (q) , where

U (q) = K

(sin2( qx2 )+sin2( qt2 ))
. In the plasma state the function 1

ε(q)
starts from zero at

q → 0 and gradually increases to 1 for larger q. In the insulator state 1
ε(q)

is also 1

at large q, but it starts from a non-zero value at small q. In actual simulation, it is

not necessary to collect two-dimensional correlator, it is enough to gather only c (x) ,

normalizing it on the collected separately c (0, 0) = 〈m2(0)〉 = 〈N〉
Nx∗Nt

. To determine

the state of the system one can plot 1
ε(qx,0)

= 1 − U0(qx, 0)c (qx, 0) .

On the Figure A.2 one can see the results of simulations of the system with no

long-range interaction for k = 0.06 and k = 0.72 of the size Nx = 80, Nt = 4. As

it is expected for k = 0.06 < kcritical the graph starts from zero gradually increasing

afterwards which means that the system is in the plasma state. On the contrary, for

k = 0.72 > kcritical the graph starts from some non-zero value, which signifies that the

system passed through phase transition and turned into insulator state. Therefore, on

these graphs one can clearly see the difference between plasma and insulator states.

Since in order to determine the state of the system one really does not need the

whole curve but only the value 1
ε(0)

it is tempting for practical purposes to find the

direct expression for this value. The expansion in Taylor series around q = 0 gives

1
ε(0)

− 1 = 2k
Nx/2
∑

x=0

c (x)x2 . It is really much easier to calculate this number instead

of the whole correlator and its Fourier transform but there is a price to pay: the

convergence of 1
ε(0)

− 1 for sizes 20*20 is very poor since U0(qx, 0)c (qx, 0) −−−→
qx→0

c(qx,0)
q2
x

, so even small errors in correlator results in enormous errors in 1
ε(0)

− 1 for big sizes.

Therefore, for big systems one still have to use the old method with plotting the whole

curve.
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Figure A.2: Inverse dielectric permittivity function 1/ε vs. wave vector qx at k = 0.06
and k = 0.72, Nx = 80, Nt = 4.

Another interesting thing to observe in our system is the crossover between quantum-

mechanical behavior and purely classical one. In classical picture pinched dislocation

can be considered as a string with fixed ends with Hamiltonian

H =

L
∫

0

dx
σ

2

(

∂y

∂x

)2

=
∑

q

σ

2L
q2 |yq|2 , (A.10)

where 2L is the distance between the ends, σ is the tension and y is the displacement.

The correlation function

〈y (x) y (0)〉 =
1

L

∑

q

|yq|2 eiqx =

∫

dq

2π

T

σq2
eiqx ∝ T

σ
|x| , (A.11)
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that is linearly proportional to |x| . In our quantum description of a 1D dislocation,

after mapping, we deal with 2D classical system with action

S =

~/kBT
∫

0

dτ

Lx
∫

0

dx
[ρ

2
(∂ty)

2
+
σ

2
(∂xy)

2 − α cos y
]

(A.12)

with Ly = ~/kBT . The dependence of the correlator on |x| is still linear but with

different σ(T ) , which now depends on the temperature. The classical behavior here

can be obtained in the limit Lt → 0 . Thus, changing the size of the system (in

t-direction) and tracking the dependence of the correlator〈y (x) y (0)〉 on |x| , we can

observe the crossover quantum mechanics/classical description.

Figure A.3: Inverse dielectric permittivity function 1/ε vs. wave vector qx at k = 0.64
for different sizes of the system Nx = Nt. The data are fitted by y = A + B

1+Cx2 ,

where 1
ε(0)

= A+B.

On the Figure A.3 one can see the results of simulations for the systems with
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Figure A.4: 1
ε(0)

vs. size of a system Nx, g = 0.5 , k = 0.64.

long-range potential present g = 1, k = 0.64 > kcritical. Here g denotes the strength

of long-range interaction. Function 1
ε(qx)

is fitted with the function y = A + B
1+Cx2 ,

where 1
ε(0)

= A + B. As we see, as the size of the system increases, value of 1
ε(qx)

is

going down, which signifies that the system is really in plasma state as we expected.

However, if we try to increase the size of the system, we encounter major difficul-

ties. On the Figure A.4 one can see the calculation results of 1
ε(qx)

as a function of

a size of a system in the presence of long-range potential with g = 0.5 at k = 0.64

> kcritical . As mentioned before, our expectations are that it should go to zero if size

increases to manifest plasma state. For small sizes Nx < 40 dielectric permittivity

is really going down, but the results for bigger sizes acquire quite large simulation

errors. Long waiting times do not improve the situation which shows bad convergence
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of Monte-Carlo simulations process. The same bad results were achieved for different

values of g. It proves that the simulations of Coulomb gas are not efficient to analyze

the behavior of the system in the presence of long-range potential.



Appendix B

Gradient expansion approach:

general technique

Here we introduce a technique which is called a ”gradient expansion” and is based

on using Taylor series for the exponent, containing gradient term, in the partition

function.

Let’s start from a basic hamiltonian of SG model (neglecting long-range interac-

tions):

H =
∑

〈ij〉

1

K
(yi − yj)

2 −
∑

i

2α cos(B ′yi) (B.1)

and perform rescaling (to eliminate K as a coefficient)

H =
∑

〈ij〉′

1

K

K

2
(yi − yj)

2 −
∑

i

2α cos(B ′
√

K

2
yi) =

∑

i

(

2y2
i − 2α cos(Byi)

)

−
∑

〈ij〉′
yiyj,

(B.2)

where B = B ′
√

K/2 and
∑

〈ij〉′ denotes the summation over all non-repeatable bonds
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〈ij〉.

Then we obtain

H =
∑

i

Hi −
∑

〈ij〉′
yiyj. (B.3)

After performing the expansion on each bond

eyiyj =
∑

{Nij}

(yiyj)
Nij

Nij !
(B.4)

the partition function becomes

Z =

∫

Dy exp(−H) =
∏

i

∫

dyi exp (−Hi)
∏

〈ij〉′

∑

{Nij}

(yiyj)
Nij

Nij!
, (B.5)

∏

〈ij〉′

∑

{Nij}

(yiyj)
Nij

Nij !
=
∏

i

∑

{Nij}
y

k(i)
i

∏

〈ij〉′

1

Nij!
, (B.6)

where k(i) =
∑

〈j〉=i

Nij are called ”site charges”.

Therefore

Z =
∑

{Nij}

(

∏

i

C(i)

)

∏

〈ij〉′

1

Nij !
, (B.7)

where we introduced

C(i) =

∫

dyi exp
(

−2y2
i + 2α cos(Byi)

)

y
k(i)
i =

=
∑

{n+,n−}

αn++n−

n+!n−!

∫

dyiy
k(i)
i e−2y2

i+yiiB(n+−n−). (B.8)

When we suggest update in WA only few sites are affected by it, it follows from

(B.7) that the acceptance ratio will bear a very simplistic form – a ratio of C(i) for

the updated site multiplied by the corresponding change in Nij factors:
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C(i) =
∑

{n+,n−}

αn++n−

n+!n−!
e−

B2(n+−n−)2

8

∫

dyi

(

y +
iB(n+ − n−)

4

)k(i)

e−2y2
i . (B.9)

If one uses binomial formula once again, the result will be

C(i) =

k(i)
∑

l=0

∑

{n+,n−}

αn++n−

n+!n−!
e−

B2(n+−n−)2

8
k(i)!

l!(k(i)− l)!

(

iB(n+ − n−)

4

)k(i)−l ∫

dyiy
l
ie

−2y2
i .

(B.10)

The integral depends on whether l is odd or even. Introducing k(s) = 2p′ and l = 2p,

and evaluating the integral one obtains

C(k(s) = 2p′) =
∑

n,m

αn

m! (n−m)!
e−

B2

8
(n−2m)2

×
p′
∑

p=0

(2p′)!(2p− 1)!!

(2p′ − 2p)!(2p)!

(

iB(n− 2m)

4

)2(p′−p) √
π

22p+1/2
. (B.11)

Due to α being small one can truncate the series at n = 1

C(2p′) =
(2p′ − 1)!!

22p′+1/2

√
π+

+
1
∑

m=0

αe−
B2

8
(n−2m)2

p′
∑

p=0

(2p′)!(2p− 1)!!

(2p′ − 2p)!(2p)!
(−1)(p′−p)

(

B(n− 2m)

4

)2(p′−p) √
π

22p+1/2
.

(B.12)

Both terms for m = 0 and m = 1 are the same thus we get
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C(2p′) =
(2p′ − 1)!!

22p′+1/2

√
π +

√
2παe−

B2

8

p′
∑

p=0

(2p′)!(2p− 1)!!

(2p′ − 2p)!(2p)!
(−1)(p′−p)

(

B

4

)2(p′−p)
1

22p
.

(B.13)

Now the normalized C(i) has the following form

C(p′)

C(p′n=0)
= 1+2αe−

B2

8

p′
∑

p=0

(−1)(p′−p)

(

B2

4

)(p′−p)
(2p′)!(2p− 1)!!

(2p′ − 2p)!(2p)! (2p′ − 1)!!
= 1+αF (p′),

(B.14)

where F (p′) is the following function

F (p′) = 2e−
B2

8

p′
∑

p=0

(−1)
(p′−p)

(

B2

4

)(p′−p)
(2p + 1) ∗ ... ∗ (2p′)

1 ∗ 2 ∗ ... ∗ (2p)

1

(2p + 1) ∗ ... ∗ (2p′ − 1)
.

(B.15)



Appendix C

Superclimbing dislocations:

simulations

C.1 Action

We consider response on static force f = f0f
′(x) of non-slanted and strongly pinned

climbing dislocation. Here f0 is amplitude and f ′(x) can be chosen as f ′ = 1 (uniform

force) or f ′ = sin(q1x), where q1 = 2π/Nx is the lowest harmonic consistent with

total mass conservation during climb. The spatial boundary condition is y(0, t) =

y(Nx, t) = 0, where b = 1 is Burgers vector; β = Nt-periodicity along imaginary time

is retained. The original action is

H = HSF +Hdis, (C.1)

HSF =
∑

x,t

[i(ρ+ n0)(∇tφ+ 2πmt) +
ρs

2
(∇xφ+ 2πmx)

2 +
g

2
(ρ− y)2], (C.2)

Hdis =
∑

x,t

[

1

2Kd

(

(∇ty)
2 + V 2

d (∇xy)
2
)

− α cos (By(x, t))− fy(x, t)

]

, (C.3)

y(0, t) = y(Nx, t) = 0 y(x, t+ β) = y(x, t); B = 2π (C.4)
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Here φ is superfluid phase, with the integer field mx, mt introduced to insure modulo

2π definition of φ;ρ stands for density of liquid part of the core, with n0 being frac-

tional filling; g = 1/ρ0 describes energy required to build the solid core from arrived

matter; Hdis is energy of climbing dislocation in terms of speed velocity Vd and Peierls

potential α.

We want to integrate out ρ as exp(−H ′) =
∫

Dρ exp(−H) and obtain renormalized

action. Given the boundary conditions for y, we have to impose similar ones for ρ.

Namely, ρ(x = 0, t) = ρ(x = Nx, t) = 0. This corresponds to the situation when

two ends of the dislocation are in a good contact with large SF reservoirs. Then, we

obtain

H ′ = HSF +Hdis, (C.5)

HSF =
∑

x,t

[i(y + n0)(∇tφ+ 2πmt) +
1

2Ks
(~∇φ+ 2π~m)2], (C.6)

Hdis =
∑

x,t

[

1

2Kd

(

(∇ty)
2 + V 2

d (∇xy)
2
)

+
u

2
(y(x, t) + P )2 − fy(x, t)

]

, (C.7)

y(0, t) = 0; y(Nx, t) = 0, y(x, t+ β) = y(x, t); u = (2π)2α, (C.8)

where we switched to units where SF sound velocity is unity and Ks stands for SF

Luttinger parameter; Vd is now measured in units of SF velocity. Here we also used

Villain approximation [59] for cos(By) according to

α cos (By(x, t)) → −α
2

(2πy(x, t) + 2πP )2 = −u
2
(y(x, t) + P )2 (C.9)

with P (x, t) = 0,±1,±2, ... similar to (5.20).

This action is quadratic in φ and y. So, we integrate them out. For the field ~m we

use Poisson summation exp(−H ′′) =
∑

~J

∫

D~m
∫

Dφ exp(−H ′ − 2πi
∑

x,t
~J ~m), with
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~J being integer. For H ′′ we get

H ′′ =H1 +H2, (C.10)

H1 =
∑

x,t

[
Ks

2
J2

x +
Ks

2
(Jt + n0 + y)2], (C.11)

~∇ ~J = 0, Jt(x = 0, t) = Jt(x = Nx, t) = 0;

H2 =
∑

x,t

[

1

2Kd

(

(∇ty)
2 + V 2

d (∇xy)
2
)

+
u

2
(y(x, t) + P )2 − fy(x, t)

]

. (C.12)

Next step is integrating out y by using the Fourier basis

y(x, t) =

√

2

NxNt

∑

nx=1,2,...Nx−1,nt=0,1,2,..Nt−1

yqx,qt sin(qxx) exp(iqtt), (C.13)

where qx = πnx/Nx, qt = 2πnt/Nt. Finally,

H̃ = H1 +H2 (C.14)

H1 =
∑

x,t

[
Ks

2
J2

x +
Ks

2
(Jt + n0)

2 +
u

2
P 2], (C.15)

~∇ ~J = 0, Jt(x = 0, t) = Jt(x = Nx, t) = 0;

H2 = −1

2

∑

nx,nt

F (qx, qt)F (qx,−qt)

Q2 + u+Ks
, Q ≡ 4 sin2(qt/2) + 4V 2

d sin2(qx/2)

Kd
,

(C.16)

F (qx, qt) ≡ [−f +Ksn0 +KsJt + uP ]qx,qt , (C.17)
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C.2 Measured response

We use the definition of (differential) isochoric compressibility

χ =
1

NxNt

d

df0

∑

x,t

f ′(x)〈y(x, t)〉f0 =
1

NxNt

d2 lnZ(f)

df2
0

. (C.18)

So

Z(f) =
∑

~J,P

exp(−H̃), (C.19)

H̃ =
∑

x,t

[
Ks

2
J2

x +
Ks

2
(Jt + n0)

2 +
u

2
P 2] − 1

2

∑

nx,nt

F (qx, qt)F (qx,−qt)

Q2 + u+Ks
,(C.20)

χ =
1

NxNt

(

∑

nx,nt

[f ′]qx,qt

Q2 + u+Ks
+ 〈P2〉 − (〈P〉)2

)

, (C.21)

P =
∑

nx,nt

[KsJt + uP ]qx,qt
Q2 + u+Ks

[f ′]qx,qt , (C.22)

where [f ′]qx,qt stands for full space-time Fourier over the basis (C.13). Since f ′(x) is

time-independent, we can rewrite it as

[f ′]qx,qt =
√

Ntδqt,0[f
′]qx, [f ′]qx ≡

√

2

Nx

∑

x

f ′(x) sin(qxx). (C.23)

As an example:

[1]qx =
1√
2Nx

(1 − (−1)n) cot(qx/2), (C.24)

[sin(q1x)]qx =

√

Nx

2
δqx,q1. (C.25)
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C.3 Back to real space

We need to express all in real space. Then, H̃ becomes

H̃ =
∑

x,t

[
Ks

2
J2

x +
Ks

2
(Jt + n0)

2 +
u

2
P 2]−

− 1

2

∑

x,t;x′,t′

U(x, t; x′, t′)F̃ (x, t)F̃(x′, t′), (C.26)

U(x, t; x′, t′) = V (x− x′, t− t′) − V (x+ x′, t− t′), (C.27)

F̃ (x, t) = KsJt(x, t) + uP (x, t)− f0f
′(x) +Ksn0, (C.28)

V (z, t) =
1

NxNt

∑

nx,nt

Kd cos(qxz) cos(qtt)

4 sin2(qt/2) + V 2
d 4 sin2(qx/2) +Kd(Ks + u)

; (C.29)

P =
∑

x,t

µ′(x)[KsJt(x, t) + uP (x, t)], (C.30)

where the factor µ′(x) depends on the choice in Eqs.(C.24,C.25). In general

µ′(x) =

√

2

Nx

∑

nx

[f ′]qxKd sin(qxx)

4V 2
d sin2(qx/2) +Kd(Ks + u)

,

qx =
πnx

Nx
, nx = 1, 2, ..., Nx − 1 (C.31)

C.4 Updates

Updates will consist in the standard J-current ones and that for P → P ± 1 at,

say, masha. A simplest one is along space for Jx: dEx(x, t) = Ks(Jx(x, t)DJ + 0.5).

This update contributes to space windings which determine superfluid stiffness ρs =

(Nx/Nt)〈W 2
x 〉. It does not involve long-range forces. For the Jt and P updates it is

convenient to introduce the potential which is to be changed if the update is accepted.
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So, for the Jt(x, t) to Jt → Jt +DJ we can write for the energy cost

dEJ (x, t) = Ks [DJ (Jt(x, t) + n0 − Φ(x, t)) + 0.5 (1 −KsU(x, t; x, t))] , (C.32)

Similarly, for P → P +DP :

dEP (x, t) = u [DP (P (x, t) −Φ(x, t)) + 0.5 (1 − uU(x, t; x, t))] , (C.33)

General expression for Φ is

Φ(x, t) =
∑

x′,t′

U(x, t; x′, t′)[KsJt(x
′, t′) + uP (x′, t′) − f0f

′(x′) +Ksn0]. (C.34)

But, there is no need to calculate it on each step! Simply, if update is accepted the

potential is to be changed as

Φ(x′, t′) → Φ(x′, t′) +KsU(x′, t′; x, t)DJ(x, t) (C.35)

on each site x′, t′ in the case of (C.32) and

Φ(x′, t′) → Φ(x′, t′) + uU(x′, t′; x, t)DP (x, t) (C.36)

in the case (C.33). [It may make sense to use two potentials Φ in order to avoid extra

multiplication during the pipelining in the cycles (C.35,C.36)]. The potential is to be

initialized as Φ(x, t) =
∑

x′,t′ U(x, t; x′, t′)[−f0f
′(x′) +Ksn0].

The estimator P for χ is to be collected during each update. Specifically, in the

case (C.32) it is P → P + µ′(x)KsDJ(x, t) and P → P + µ′(x)uDP (x, t) in the case

(C.33).
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In the case of grand canonical simulations we will use (C.24) in Eq.(C.31). In the

case of canonical one, we will use (C.25) in Eq.(C.31), and will impose a restriction

that masha and ira cannot go farther apart in time direction than Nt/2 − 1 [that is,

distance Nt/2 is not already acceptable].
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