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C hapter 1

As t h e  t i t l e  o f  t h i s  d i s s e r t a t i o n  i n d i c a t e s ,  we w i l l  

d i s c u s s  t h e  a b e l i a n  g r o u p s  o f  two and  t h r e e  d i m e n s i o n a l  

s im p l y  t r a n s i t i v e  a f f i n e  m o t i o n s .  An a b e l i a n  g ro u p  o f  s im ­

p l y  t r a n s i t i v e  a f f i n e  m o t i o n s  w i l l  be d e s i g n a t e d  AST-2 o r  

AST-3 f o r  two o r  t h r e e  d i m e n s i o n s  r e s p e c t i v e l y .

We w i l l  b e g i n  i n  C h a p t e r  2 ,  s e c t i o n  1 ,  w i t h  two d e f ­

i n i t i o n s  and  two th e o re m s  t h a t  w i l l  e s t a b l i s h  t h e  m a t r i x  

fo rm  o f  an  AST-2 o r  AST-3 g r o u p .

I n  s e c t i o n  2 we w i l l  show t h a t  t h e r e  e x i s t s  a  p a r a m e t e r  

C i n  R s u c h  t h a t  f o r  e a c h  C we have  a  r e p r e s e n t a t i o n  o f  R2 

a s  a n  AST-2 g r o u p .  M o r e o v e r ,  g i v e n  two d i f f e r e n t  v a l u e s ,

C an d  C #, o f  t h e  p a r a m e t e r  c a n  we f i n d  an  a f f i n e  m o t i o n  6 

an d  an  i s o m o rp h i s m  T s u c h  t h a t  ( 1 )  i s  a  c o m m u ta t iv e  d ia g ra m ?

w h ere  (C) i s  t h e  AST-2 r e p r e s e n t a t i o n  w i t h  p a r a m e t e r  C and  

( 6 )  means c o n j u g a t i o n  by t h e  a f f i n e  m o t i o n  6 .  We s a y  t h a t  

two AST-2 r e p r e s e n t a t i o n s  a r e  e q u i v a l e n t  i f  t h e y  s a t i s f y  ( 1 ) .

We w i l l  show t h e  c o n d i t i o n s  on C and  C '  f o r  ( 1 )  t o  be 

s a t i s f i e d .  Our m a in  r e s u l t  w i l l  be t h a t  t h e  s e t  o f  a l l  

AST-2 r e p r e s e n t a t i o n s  i s  d i v i d e d  i n t o  two e q u i v a l e n c e  

c l a s s e s  u n d e r  t h i s  e q u i v a l e n c e  r e l a t i o n .

0[C]
» (C)

( 1)

<C ')
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I n  s e c t i o n  3 we w i l l  c o n s i d e r  t h e  r e p r e s e n t a t i o n s  o f  

A ST-3 .  We w i l l  show t h a t  r e p r e s e n t a t i o n s  o f  AST-3 a r e  o f  two 

d i f f e r e n t  t y p e s :  M[A,B,C] and  N[A ,C ,E]  w h e re  i n  e a c h  t y p e  

d i f f e r e n t  r e p r e s e n t a t i o n s  w i l l  r e s u l t  f ro m  d i f f e r e n t  s e t s  

o f  p a r a m e t e r s .  F o r  e a c h  t y p e  o f  r e p r e s e n t a t i o n  a  p r o c e d u r e  

a n a l a g o u s  t o  t h a t  u s e d  i n  s e c t i o n  2 w i l l  l e a d  t o  t h e  c o n ­

c l u s i o n  t h a t  t h e  s e t  o f  r e p r e s e n t a t i o n s  o f  t y p e  tffA,B,C] 

i s  d i v i d e d  i n t o  f o u r  e q u i v a l e n c e  c l a s s e s  u n d e r  an  e q u i v a l e n c e  

r e l a t i o n  a n a l a g o u s  t o  ( 1 )  an d  t h a t  t h e  s e t  o f  r e p r e s e n t a t i o n s  

o f  t y p e  N [A ,C t E] i s  d i v i d e d  i n t o  two e q u i v a l e n c e  c l a s s e s .

We c o n c l u d e  o u r  d i s c u s s i o n  w i t h  s e c t i o n  4 i n  w h ic h  we 

w i l l  show t h a t  one o f  t h e  e q u i v a l e n c e  c l a s s e s  o f  t y p e  

N[A,C ,E]  i s  a n  e q u i v a l e n c e  c l a s s  o f  t y p e  M [A ,B ,C J .  T h u s ,  t h e  

t o t a l  number o f  e q u i v a l e n c e  c l a s s e s  f o r  AST-3 r e p r e s e n t a t i o n s  

i s  f i v e .



Chapter 2

£ 1 L

D e f i n i t i o n  I  An a f f i n e  m o t i o n  on Rn i s  a  n o n - s i n g u l a r  

l i n e a r  t r n s f o r m a t i o n  f o l l o w e d  by a  t r a n s l a t i o n  by a f i x e d  

v e c t o r .  F o r  Rz a n d  R3 a n  a f f i n e  m o t i o n  can  be r e p r e s e n t e d  by 

t h e  m a t r i c e s

a >

a  b e

e f  a

0 0 1

a n d  (2 )

a b c e

e f g a

h i j V

0 0 0 1

r e s p e c t i v e l y .  The l a s t  co lumn o f  t h e  m a t r i x  r e p r e s e n t s  t h e  

t r a n s l a t i o n  and  t h e  d e t e r m i n a n t  o f  t h e  m a t r i x  i s  n o n - z e r o .  T h i s  

I m p l i e s  t h a t  t h e  s e t  o f  a l l  a f f i n e  m o t i o n s  on Rn fo rm s  a g ro u p  

u n d e r  m a t r i x  m u l t i p l i c a t i o n .

D e f i n i t i o n  2 A g ro u p  o f  m a t r i c e s  H i s  t r a n s i t i v e  on a 

v e c t o r  s p a c e  V i f  f o r  an y  two v e c t o r s  X and Y t h e r e  e x i s t s  

a  6 i n  H su c h  t h a t  6X » Y. H i s  c a l l e d  s im p ly  t r a n s i t i v e  i f  

6 i s  u n i q u e .

Theorem  1 L e t  H be  an  a b e l i a n  g r o u p  o f  a f f i n e  m o t i o n s ,  

t r a n s i t i v e  on a  f i n i t e  d i m e n s i o n a l  v e c t o r  s p a c e  V. T h e n ,  

r e l a t i v e  t o  a n  a p p r o p r i a t e  b a s i s  f o r  V , t h e i r  m a t r i x  fo rm  i s  

u p p e r  t r i a n g u l a r  w i t h  l ' s  down t h e  m a in  d i a g o n a l .



P r o o f :  An a f f i n e  m o t i o n  on V h a s  t h e  m a t r i x  form  

A '  Ik*

w h ere  A* i s  a  n o n - s i n g u l a r  l i n e a r  

t r a n s f o r m a t i o n  on V an d  k i s  a v e c t o r .  We r e f e r  t o  A* a s  t h e  

l i n e a r  p a r t  o f  A.

L e t  H# be t h e  g ro u p  o f  nxn m a t r i c e s  A* w here  t h e  A '  

a r e  t h e  l i n e a r  p a r t s  o f  t h e  e l e m e n t s  o f  H. The g ro u p  H* i s  

a b e l i a n .  We a p p l y  t o  H* t h e  r e s u l t s  o f  C h a p t e r  IV, S e c t i o n  9 

o f  [5]  and  c o n c l u d e  t h a t  t h e r e  e x i s t s  a  B* s u c h  t h a t  t h e  

t r a n s f o r m a t i o n  ( B #) ” ^ A 'B # has  f o r  e a c h  A 1 a  b l o c k  form

(Xi )
\

\
( X j ) w h ere  t h e  s i z e  o f  t h e  b l o c k s  i s  i n ­

d e p e n d e n t  o f  A ' .

F u r t h e r m o r e ,  e a c h  Xi i t s e l f  a b l o c k  form
w

< V i )  -  -  -

Xi
( v t ) w h e re  a g a i n  t h e  s i z e  o f  t h e  

b l o c k s  i s  i n d e p e n d e n t  o f  A ' .  M o re o v e r ,  a l l  t h e  v ' s  i n  a 

g i v e n  b l o c k  a r e  e q u a l  and have m in im a l  p o l y n o m i a l s  w h ich  a r e  

i r r e d u c i b l e .

We c a n  d e f i n e  B a s

B1
B ' 0

T h u s ,  a l l  t h e  e l e m e n t s
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B ^AB h a v e  Che form

( 1)

(Xi )

i r
(X j )

w h e re  A i s  I n  H. B e ca u se  o f

t r a n s i t i v i t y  t h e  v e c t o r s  c r a n g e  o v e r  a l l  o f  V.

We w i l l  p ro v e  t h a t  f o r  e a c h  i ,  1 i s  a n  e i g e n v a l u e  o f  

Xi . T h u s ,  we assum e t h e r e  e x i s t s  a n  a f f i n e  m o t i o n  A i n
o

B” ^HB s u c h  t h a t  t h e r e  i s  a t  l e a s t  one b l o c k  Xt w h ic h  d o es  

n o t  have  an  e i g e n v a l u e  o f  1. By a  r e a r r a n g e m e n t  o f  t h e  b l o c k s  

we l e t  xi be s u c h  a b l o c k  and l e t  i t s  s i z e  be r .  We w i l l  show 

t h a t  t h i s  a s s u m p t i o n  l e a d s  t o  a  c o n t r a d i c t i o n .  T h i s  means 

t h a t  e a c h  Xi h a s  a n  e i g e n v a l u e  o f  1 .  T h e r e f o r e ,  x - 1  d i v i d e s  

t h e  minimum p o l y n o m i a l  o f  t h e  v ' s  w h i c h ,  a s  we r e m a rk e d  a b o v e ,  

i s  an  i r r e d u c i b l e  p o l y n o m i a l .  H en ce ,  t h e  minimum p o l y n o m i a l  

i s  x - 1 .  T h e r e f o r e ,  e a c h  v i s  t h e  l x l  m a t r i x  1; t h i s  p r o v e s  

t h e  th e o re m .  We now p r o c e e d  t o  t h e  c o n t r a d i c t i o n .

C o n s i d e r  M~^A M w h e re

M-

i n  t h e  l a s t  co lum n a r e

0 . The f i r s t  r  e n t r i e s



(2 )  f (x i  ) -  I r ] [xi

S i n c e  by h y p o t h e s i s  

[ (Xi ) -  I r 1 i s  n o n - s i n g u l a r ,  we c a n  f i n d  x x , -  -  x r  su c h  

t h a t  (2 )  i s  0 .

C o n s i d e r  t h e  g ro u p  M~*"B~^HBM. T h i s  g ro u p  i s  a n o t h e r  

a b e l i a n ,  t r a n s i t i v e  g r o u p .  I n  t h i s  g r o u p  t h e r e  i s  a  m a t r i x  

o f  t h e  form

. We c a l c u l a t e  t h e  

f i r s t  r  e n t r i e s  o f  t h e  l a s t  co lumn o f  CM“ ^A M. T h ese  a r e
O

V
0
1 
i

0

-1 ,

B u t ,  t h e  f i r s t  r  e n t r i e s  i n  t h e  l a s t  column o f

M’ LA MC a r e  ( x i )
o

1
0 
i 
i
i

0 . S i n c e  t h e  g r o u p  i s  a b e l i a n  t h e s e

m ust  be e q u a l .  T h i s  i m p l i e s  ( x i ) has  a n  e i g e n v a l u e  o f  1, a 

c o n t r a d i c t i o n .
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Theorem  2 L e t  H be a g ro u p  o f  AST-2 an d  J  be a  g ro u p  

o f  AST-3 .  T h e n ,  r e l a t i v e  t o  a n  a p p r o p r i a t e  b a s i s ,  t h e  m a t r i c e s  

o f  H a r e  o f  t h e  form

1 e ( x , y )  y 

0 1 x

0 0 1 ,  t h e  ( x , y )  r a n g e  o v e r  a l l  o f  Rs ,

and  t h e  m a t r i c e s  o f  J  a r e  o f  t h e  form

1 f ( x , y , z ) g ( x , y , z ) z

0 1 h ( x , y , z ) y

0 0 1 X

0 0 0 1 , t h e  ( x , y , z )  r a n g e

o v e r  a l l  o f  R3 .

P r o o f : A '  Ik

t a k e s  t h e  o r i g i n  t o  k .  S im p le  t r a n s i t i v ­

i t y  means t h a t  t h e r e  i s  a u n i q u e  e l e m e n t  i n  t h e  g r o u p  whose 

t r a n s l a t i o n  p a r t  i s  k .  Hence A '  i s  d e t e r m i n e d  by k .  F u r t h e r ­

more e v e r y  k i n  Rn shows up s i n c e  t h e  a c t i o n  i s  t r a n s i t i v e .  

A c c o r d i n g  t o  Theorem  1, we may assum e t h a t  t h e  m a t r i c e s  

a r e  u p p e r  t r i a n g u l a r  w i t h  l ' s  a p p e a r i n g  on t h e  d i a g o n a l .  The 

f a c t  t h a t  A * i s  d e t e r m i n e d  by k i s  e x p r e s s e d  v i a  t h e  f u n c t i o n s  

e ,  f ,  g and  h i n  t h e  s t a t e m e n t .
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iL.
A c c o r d i n g  t o  t h e o re m  2 o f  s e c t i o n  1, t h e  m a t r i c e s  o f  a n  

AST-2 g ro u p  have  t h e  form

1 e ( x , y )  y 

0 1 x

0  0  1

two o f  t h e  m a t r i c e s  commute Leads t o  t h e  r e s u l t  t h a t  t h e  

m a t r i c e s  o f  t h e  g r o u p  have t h e  form

The f a c t  t h a t  any

Theorem  1 ) .

1 Cx y

0 1 X

0 0 1 w h ere  C i s  a p a r a m e t e r (A p p e n d ix  1,

1 ) . We d e f i n e  a m app ing  9 [ C ] : Rs (C) by

9 [ C ] ( x , w )  ■ expF w h e re  F * 0 Cx w"

0 0 X

0 0 0

and  y w + _l Cx3 
2

C l e a r l y ,  6[C] I s  an  I s o m o r p h i s m .  M o re o v e r ,  f o r  any  a f f i n e  

m o t i o n  6 t h e  m apping  ( 6 ) :  (C) 6 ( C ) 6  ̂ i s  an  i so m o rp h is m ,

We w i s h  t o  c h o o s e  an  a f f i n e  m o t io n  6 so  t h a t  6 ( C ) 6 " ^  

i s  an  AST-2 g r o u p  whose m a t r i c e s  a r e  o f  t h e  form

1 C ' u  v

0 1 u

0 0 1
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To a c c o m p l i a h  t h i s  we c h o o s e  C * -  aC , u  -  ( e a c - a e a )  Cx

+ e y  + f x  and  v -  ( a e e - a 3q )  Cx + ay  + b x  w h e re  D -  d e t  6^0
D

an d  we c h o o s e  i n  5 ,  e  ■ 0 i f  C^O (A p p e n d ix  1 ,  t h e o r e m  2 ) .  

C l e a r l y ,  t h e s e  d e f i n i t i o n s  d e f i n e  a n  AST-2 g ro u p  

( C ' )  -  6 (C) 6 " 1 .

M o r e o v e r ,  t h e  m a p p in g  8 [ C ' ] :  Rs —■) ( C ' )  d e f i n e d  by

9 [ C ' ] ( u , p )  -  expG w here  G - 0 C #u  p

0 0 u

an d  v — p + _1C/u 2 i s  an  i s o m o rp h i s m .
2

We now d e f i n e  a n  i s o m o rp h is m  T: R2 a s

T -  e “ 1 f c ' ] < 6 ) 0 [ C ] .

T heorem  1 I f  (C) an d  ( C J ) a r e  two AST-2 r e p r e s e n t a t i o n s ,

t h e n  t h e r e  e x i s t s  a 6 an d  a T s u c h  t h a t  t h e  d i a g r a m
e [C]

R= --------------- >  (C)
( 1 )  I I

T J ,  ( 6 )I 0 [ C ' ]
-> ( C ' )

i s  a  c o m m u ta t iv e  d i a g r a m  u n d e r  t h e  f o l l o w i n g  c o n d i t i o n s ;

1 .  C ■ 0 i f  and  o n l y  i f  C '  -  0

2 .  I f  C 0 we c h o o s e  a  6 s u c h  t h a t  e « 0 an d  a  and  f
a r e  c h o s e n  s u c h  t h a t  a  -  , (A p p e n d ix  1 ,  t h e o re m  2 ) .

T c
W i th  t h e s e  c o n d i t i o n s  we d e f i n e  u , v , 0  an d  T a s  b e f o r e .

The a b o v e  th e o r e m  shows t h a t  t h e  s e t  o f  a l l  AST-2
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r e p r e s e n t a t i o n s  i s  d i v i d e d  i n t o  two e q u i v a l e n c e  c l a s s e s  by 

t h e  e q u i v a l e n c e  r e l a t i o n  ( 1 ) .

I f  we r e q u i r e  i n  6 ( C ) 6"^- -  ( C f ) t h a t  u -  x an d  v « y ,

t h e n  i t  f o l l o w s  f rom  A p p e n d ix  1 ,  t h e o re m  3 t h a t  C -  C '  and

t h a t  6 i s  i n  ( C ) .  H en ce ,  6(C) 6'“^ -  ( C ) .  T h u s ,  i f  we r e q u i r e  

u -  x an d  v -  y we f i n d  e a c h  AST-2 r e p r e s e n t a t i o n  i s  i t s  own 

e q u i v a l e n c e  c l a s s .

13.
P a r t  a

A c c o r d i n g  t o  t h e o re m  2 ,  § 1 t h e  m a t r i c e s  o f  an  AST-3 g ro u p

have  t h e  form 1 f ( x , y , z )  g ( x , y , z )

0 1 h ( * ^ y , z )  y

0 0 1 x

0 0 0 1

We w i l l  f i r s t  c o n s i d e r  t h e  c a s e  o f  E ■ 0 ,  The f a c t  t h a t  any 

two o f  t h e  m a t r i c e s  commute w i l l  l e a d  t o  t h e  r e s u l t  (App­

e n d i x  2 ,  s e c t i o n  1) t h a t  s u c h  m a t r i c e s  a r e  o f  t h e  form 

M[A,B,C] 1 Ax+By Cx+Ay z

0 1 0 y

0 0 1 X

0 0 0 1

C ] : R3—> M[A,B,C] a s

expH w h ere
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0 Ax+By Cx+Ay r

0 0 0 y

0 0 0 X

0 0 0 0

an d  z -  r  +  _1 [(Ax+By)y + (Cx+Ay)x] . The ab o v e  shows t h a t  
2

9[A ,B ,C ]  i s  an  I s o m o rp h is m .  M o r e o v e r ,  f o r  any  a f f i n e  m o t i o n  

6 ,  t h e  m app ing  ( 6 ) :  (M [A ,B ,C]>— ^ 6 (M [A ,B ,C ]) 6 " 1 i s  an  

i s o m o rp h i s m .

We w i s h  t o  c h o o s e  an  a f f i n e  m o t i o n  6 so  t h a t  

6 (MfA , B , C ] ) &"*■ i s  an  AST-3 g ro u p  w i t h  m a t r i c e s  o f  t h e  form

1 A  ' u + B  ' v C ' u + A  1 v w

0 1 0 V

0 0 1 u

0 0 0 1

To a c c o m p l i s h  t h i s  we c h o o s e ,  i f  A ,B ,C  a r e  n o t  a l l  z e r o ,  

e •  h ■ 0 I n  6 and

A '  -  a  rA1f  -  C i f  -  B ig  + A g i ] ,

B '  -  a  [B12 +  C i 2 -  2A11 ] ,
( t i ~ s W

C '  -  a  r e f 2 + Bg2 -  2A gf] ,
(ifj-giV

w -  a ( g v  -  j g )  (Ax +  BjO +  a ^ j g  -  f v ) ( C x  +  Ay) 

+ az  + by +  c x ,
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v -  f y  + gx  and

u  -  l y  + j x .

I f A - B - C “ 0 w e  c h o o s e  A ' - B ' - C ' - O ,  

w -  a z  + by  + c x ,  v -  ez  + fy  + g x ,  an d  u -  hz + i y  + j x ,

(A p p e n d ix  2 ,  s e c t i o n  2 ) ,  C l e a r l y ,  t h e s e  d e f i n i t i o n s  d e f i n e

a n  A S T - 3  g r o u p  (M[A '  , B ' ,C ' ] )  -  & (M [A ,B ,C ])6 - 1 . M o r e o v e r ,  t h e  

m ap p in g  e [ A ' , B ' , C ' ] :  R3— > (M[A' , B '  , C ' ] )  d e f i n e d  by 

0 [A ' , B ' , C ' ] ( u , v , p )  -  e x p l  w h e re  I  -

0 A 'u + B 'v C ' u  + A 'v P

0 0 0 V

0 0 0 u

0 0 0 0

+ B ' v ) v + ( C 'u + A ' v ) u ]  i s an

We now d e f i n e  a n  i s o m o rp h is m  T: R3— ^ R3 a s  

T -  6 " 1 t A ' , B ' , C ' ]  ( 6 )9 [ A ,B ,C ]  .

T heorem  1 I f  (M[A,B,C]> a n d  (M[A '  , B '  ,C ' ]  ) a r e  two 

AST-3 r e p r e s e n t a t i o n s ,  t h e n  t h e r e  e x i s t s  an  i s o m o rp h is m  T 

and  a n  a f f i n e  m o t io n  6 s u c h  t h a t  t h e  d i a g r a m

6[A ,B ,C ]

( 1 ) i
i s  a  c o m m u ta t iv e  d i a g r a m  u n d e r  t h e  f o l l o w i n g  c o n d i t i o n s :
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1. A - B - C - O i f  and  o n l y  i f A ' - B '  -  C ' - O .

2 .  I f  n o t  a l l  A ,B ,C  a r e  z e r o  t h e n

a )  A3 -  BC i f  and  o n l y  i f  ( A ' ) 2 -  B ' C '

b)  A2 < BC i f  an d  o n l y  i f  ( A ' ) 3 < B ' C '

c )  A3 > BC i f  and o n l y  i f  ( A ' ) 3 > B ' C ' ,

w h ere  u , v , w ,  6 and  T a r e  t o  b e  d e f i n e d  a s  b e f o r e .

The d e r i v a t i o n  o f  t h e s e  c o n d i t i o n s  and t h e  e x i s t e n c e  

o f  a  6 a p p e a r  i n  A p p e n d ix  2 ,  s e c t i o n  4 .

The ab o v e  c o n d i t i o n s  show t h a t  t h e  s e t  o f  a l l  AST-3 

r e p r e s e n t a t i o n s  o f  t y p e  M[A,B,C] i s  d i v i d e d  i n t o  f o u r  

e q u i v a l e n c e  c l a s s e s  u n d e r  t h e  e q u i v a l e n c e  r e l a t i o n  ( 1 ) .

I f  we r e q u i r e  u -  x ,  v -  y and  w -  z i n  & (M [A ,B ,C ])6“ ^« 

(M[A' , B ' , C ' ] )  t h e n  we c o n c l u d e  f rom  A p p en d ix  2 ,  s e c t i o n  5 

t h a t  A -  A ' ,  B -  B ' ,  C -  C '  an d  t h a t  6 i s  i n  (M [A ,B ,C ] ) .  

T h u s ,  e a c h  AST-3 r e p r e s e n t a t i o n  i s  i t s  own e q u i v a l e n c e  

c l a s s  i f  we r e q u i r e  u -  x ,  v -  y and  w -  z .



P a r t  b

We now c o n s i d e r  an  AST- 3 g ro u p whose m a t r i c e s  have

form ”l 2) g(x » y , z ) z

0 l h (x , y , z ) y

0 0 1 X

0 0 0 t

w h e r e  h^O, The f a c t t h a t  any  two p f t h e  m a t r i c e s commute

w i l l  l e a d  t o t h e  r e s u l t (A p p e n d ix  3 , th e o re m  1) t h a t

s u c h  m a t r i c e s  a r e o f  t h e  fo rm

N[A, S ,E]  - 1 Ax Cx + Ay z

0 1 Ex y

0 0 1 X

0 0 0 1 •

We d e f i n e  a  m app ing a  [ A , C , E ] : R3—) (N[A ,C ,E]  ) a s

a  [ A , C , E ] ( x , r , s ) e x p j  w h e re

J - 0 Ax Cx + Ar s

0 0 Ex r

0 0 0 x

0 0 0 0

and  w h e re  y ■ r  + lE x 3 an d  z
7

s + Axr + lCx2
7

+ AEx3 . 
6

The ab o v e  shows t h a t  a [ A ,C ,E ]  i s  a n  i s o m o rp h i s m .  More* 

o v e r ,  i f  £> i s  any  a f f i n e  m o t i o n ,  t h e  m a pp ing  

( 6 ) :  ( N [ A ,C ,E ] ) — > 6 (N [A ,C , E ] ) 6 " 1 i s  a n  i s o m o rp h i s m .



We w i s h  t o  c h o o s e  a n  a f f i n e  m o t i o n  6 so  t h a t

6 (N [A ,C fE ] ) 6   ̂ i s  an  AST-3 g r o u p  w i t h  m a t r i c e s  o f  t h e  form

1 A*u C'u+A #v w

0 1 E ' u V

0 0 1 u

0 0 0 1 •

t h i s  we c h o o s e ;  i -  h - 0 and

ft 0 we c h o o s e  e - 0, E ' -  fE , aA -  A '
Y TJ

Tp + aC +  bE
j 5

+  aAEv
j a

-  0 we c h o o s e  A # ■ 0 , E ' -  eC + fE and

C '  -  aC +  bE.

I n  e a c h  c a s e  we c h o o s e

«  -  a [ a ( g v  -  j o )  +  e  ( j e  .  c v ) l A x  -  a v (C x  +  Ay)
D j

-  bvEx +  az  + by + c x ,
j

V -  e [ a ( g v  -  J g )  +  e ( J  e -  c v ) ] A x  -  ev (C x  + Ay)
D j

" + ez  + fy  + gx and
j

u  -  j x ,  w h e r e  D -  d e t  6 (A p p e n d ix  3 ,  s e c t i o n  2 ) ,  C l e a r l y

t h e s e  d e f i n i t i o n s  d e f i n e  a n  AST-3 g ro u p

( N [ A ' , C ' , E ' ]  )  -  6 < N [ A ,C ,E ] ) 6 - L.
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M o r e o v e r ,  t h e  m ap p in g  a [ A ' , C ' , E ' ] :  R3— ^ (N[A ' , C * , E ' ] )  

d e f i n e d  by a[A  # ,C ' , E ' ]  ( u , p  , q )  -  expK w h e re  

K -

a n d  w h e r e  v

o > * c C 'u  + A 'p q

0 0 E ' u p

0 0 0 u

0 0 0 0

1 +  l E ' u 2 and  w -  q + A
1

I s  a n  i s o m o r p h i s m .

We now d e f i n e  T: R3— > R3 a s  T -  a - 1 [A '  ,C '  , E ' ]  (E>)a[A,C,E] 

Theorem  2 I f  (N [A ,C ,E ]>  an d  (N[A '  ,C '  ,E ' ]  ) a r e  two AST-3 

r e p r e s e n t a t i o n s ,  t h e n  t h e r e  e x i s t s  a n  i s o m o rp h i s m  T and  an  

a f f i n e  m o t i o n  6 s u c h  t h a t  t h e  d i a g r a m

a [ A ,C ,E ]
(N [ A ,C ,E ] )

( 2 )

1
a [ A \ C ’ , E ' ] I

( 6 )

■» ( N [ A \ C ' , E ' ] )

i s  a  c o m m u ta t iv e  d i a g r a m  u n d e r  t h e  f o l l o w i n g  c o n d i t i o n s :

1 ,  A ■ 0 i f  and  o n l y  i f  A '  -  0 and  t h e  e l e m e n t s  o f  6 
a r e  c h o s e n  s u c h  t h a t  eC + fE ■ E ' j s , aC + bE -  C ' j s .

2 ,  I f  A ^  0 t h e n  A* ^ 0 an d  t h e  e l e m e n t s  o f  6 a r e  c h o s e n
s u c h  t h a t  e -  0 ,  fE •  E #j 2 , aA -  f  j A '  and
C '  -  - 2agA +  aC +  bE + aAEv , w h e re  u , v , w ,  a  and  T

" T F  V ~  ~ 7 ~
a r e  d e f i n e d  a s  b e f o r e .

The d e r i v a t i o n  o f  t h e  a b o v e  a p p e a r s  i n  A p p e n d ix  3 ,  t h e o re m  2.  

I n  e a c h  o f  t h e  ab o v e  we c h o o s e  i  -  h -  0 i n  6 ,
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The ab o v e  shows Chat  Che s e c  o f  a l l  AST-3 r e p r e s e n t a t i o n s  

o f  t y p e  (N [A ,C ,E ] )  i s  d i v i d e d  i n t o  two e q u i v a l e n c e  c l a s s e s  by 

t h e  e q u i v a l e n c e  r e l a t i o n  ( 2 ) .

F i n a l l y ,  i f  we r e q u i r e  i n  6 (N [A f C ,E ] )& _1 -  (N [A '  ,C '  ,E ' ] )  

t h a t  u  -  x ,  v ■ y and  w -  z t h e n  we c o n c l u d e  f rom  A p p e n d ix  3 ,  

th e o re m  3 t h a t  A - A ' ,  C « C # , E « E '  and  6 i s  i n  (N[AfC , E ] ) .  

T h u s ,  e a c h  AST-3 r e p r e s e n t a t i o n  i s  i t s  own e q u i v a l e n c e  c l a s s  

i f  we r e q u i r e  u — x ,  v ■ y an d  w -  z .

§4

T heorem  I The c o n d i t i o n s  u n d e r  w h ic h  a n  a f f i n e  m o t i o n  6 

s a t i s f i e s  ( 1 ) ,

( 1)

— — *>
1 Ax Cx + Ay z 1 A 'u+B 'v C'u+A ' v w

0 1 Ex y 6 - 1 - 0 1 0 V

0 0 1 X 0 0 1 u

0 0 0 1 0 0 0 1
l_ J
* 0 , a r e ; w -  az  + by + c x  + a (aC + b E )x ,

D

v -  e z  + fy  + gx + q (eC + f E ) x ,
D

u « h z  + i y  + j x  + q ( hC +  i E ) x
D

w here  D -  d e t  6 ^ 0  an d  q a b e

e  f  ct

h i  v

a n d ;
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1 .  I f  A ft 0  ( 1 )  I s  n o t  p o s s i b l e ,

2 .  I f  A -  0 t h e n  e l  -  f h  an d  ( A ' ) 3 -  B 'C * f o r  A #, B ' , C # 

n o t  a l l  z e r o .

3 .  I f  A -  0 ,  C ft 0 and  b h  -  a i  ft 0 t h e n

a )  A '  -  B '  -  0 ,  C '  4 0 i s  n o t  p o s s i b l e .

b )  A '  -  C* -  0 ,  B '  ^ 0 i m p l i e s  e  -  f  -  0 ,

B'g® -  aC + bE -  E ( b h  -  a j )  and  C -  - I E .
h ti

c )  I f  A ' ,  B '  and  C '  ft 0 ,  t h e n  C '  ■ - A #e ,
h

B '  -  -A ' h , C -  - I E  and  ( h g - e j ) 2A # -  e E ( a i - b h )  -  
e h

h E ( a f - b e ) .

4 .  I f  A ■ 0 ,  C ft 0 and  a f  -  be ft 0 ,  t h e n

a )  a '  -  C # -  0 ,  B '  ft 0 i s  n o t  p o s s i b l e ,

b)  A '  -  B* -  0 ,  C # * 0 i m p l i e s  i  -  h -  0 ,

C ' j s « aC + bE -  E (b e  -  a f )  and  C -  - f E .
e e

c )  I f  A ' ,  B '  an d  C W  0 ,  t h e n  C '  -  - A #e ,  B '  -  -A #h ,

C -  - I E . (h g  -  e j ) 2A '  « e E ( a i  -  b h )  -  h E ( a f  -  b e ) ,  
h

5 .  I f  A ■ C ■ 0 ,  t h e n  f  -  i  -  0 and

a )  I f  b h  -  a i  ^ 0 ,  t h e n

1 .  A '  -  B '  “ 0 ,  C '  ft 0 i s  n o t  p o s s i b l e .

2 .  A ' - C ' - O ,  B ' f t O  i m p l i e s  B ' g a -  bE and  e -  0 .



- 1 7 -

3 .  A ' ,  B ' ,  C '  ^  0 i m p l i e s  C # -  - A ' e  , B '  -  - A ' h

and  (hg  -  e j ) aA '  -  - e b h E .

b )  I f  ( a f  -  b e )  jl 0 ,  t h e n

1. A '  -  C '  -  0 ,  B # /  0 i s  n o t  p o s s i b l e

2 .  A '  « B f -  0 ,  C '  ^  0 i m p l i e s  h -  0 and

C ' j 3 -  bE .

3 .  A ' ,  B ' ,  C '  ^ 0 i m p l i e s  C '  -  ->A *e , B '  -  - A 'h
h e

an d  (hg  -  e j ) aA # -  - e b h E .

T h i s  t h e o r e m  shows t h a t  f o r  ( A ' ) 2 -  B 'C '  and  i f  n o t  a l l

A ' ,  B # and  C '  a r e  z e r o ,  t h a t  t h e  AST-3 r e p r e s e n t a t i o n s

N [0 ,  C, E] and  M [A ',  B ' ,  C ' ]  a r e  e q u i v a l e n t .  The e q u i v a l e n c e  

r e l a t i o n  b e i n g  t h e  c o m m u ta t iv e  d i a g r a m

a [ 0 , C , E ]
R3   > N [0 ,C ,E ]

| T  I (6 )
i  8 [ A ' , B ' , C ' ]  I

R3  -> M [ A ' , B ' , C ' J

w h e r e  T -  6 “ 1 f A '  , B '  , C ' ]  ( 6 )  a [ 0 , C , E j .

T h e r e f o r e ,  f o r  AST-3 r e p r e s e n t a t i o n s  t h e r e  a r e  e x a c t l y  

f i v e  e q u i v a l e n c e  c l a s s e s .

T heorem  2 T h e r e  e x i s t s  no  a f f i n e  m o t i o n  6 s u c h  t h a t  ( 1 )  

i s  t r u e  i f  we r e q u i r e  w -  z ,  v -  y and  u  — x .

The p r o o f s  o f  t h e  a b o v e  th e o re m s  a r e  fo u n d  i n  A p p e n d ix  4 .
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A p p e n d ix  1

Theorem  1 I f  t h e  m a t r i c e s  o f  a n  AST-2 g r o u p  have t h e  form  

I  e ( x , y )  y

0

0

1

0

x

1 , t h e n ,  f o r  some c o n s t a n t  C, e ( x , y )  « Cx. 

P r o o f :  S i n c e  t h e  g r o u p  i s  a b e l i a n ,  x ' e ( x , y )  •  x e ( x ' , y ' )

f o r  a l l  v a l u e s  o f  x ,  x #, y an d  y ' .  L e t  x '  * 1, y '  -  0 and  

C -  e ( l , 0 ) .  H ence ,  e ( x , y )  -  Cx,

1 1

Theorem 2

I f  ( 1 ) : 1 Cx y 1 C 'u V

6 0 1 X 6 - 1- 0 1 u

0
-

0 1 0 0 1

w h e re  6 i s th e a f f i n e  m o t io n r a
to-

b e

e f a

0 0 1 , t

1 .  u -  ( e 2 < a e a )C x + ey + f x ,
D

v •  ( a e e  - a 2o)C x + ay + bx
D w h e re  D

( N o t e :  t h e  d e t e r m i n a n t o f  t h e m a t r i x  o f t h e

and  y i s  D /  0 f o r  b o t h  (2 )  and (3) be l o w ) ,

2 ,  C -  0 i f  and o n l y  i f C » m 0 .

3 ,  C f1 0 i m p l i e s  e  -  0 and  aC -  f® C '.
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P r o o f :

1 .  F o l l o w s  i m m e d i a t e l y  by m u l t i p l y i n g  ( 1 )  o u t  an d  

e q u a t i n g  t h e  e l e m e n t s  o f  t h e  t h i r d  column w i t h  v 

an d  u r e s p e c t i v e l y .

2 .  I f  C ■ 0 t h e n  f rom  (1 )  C 'u  -  0 .  I f  C W  0 t h e n  

e -  f  -  0 an d  t h e r e f o r e  D -  0 ,  a  c o n t r a d i c t i o n .  

T h u s ,  C '  « 0 .  C o n v e r s e l y ,  i f  C '  -  0 ,  t h e n  i n  ( 1 ) ,  

- e 3Cx -  0 and  a 3Cx -  0 ,  I f  C i* 0 t h e n  a  -  0 and

e -  0 c o n t r a d i c t i n g  D i* 0 .

3 .  I f  C /  0 t h e n  i n  ( 1 )  we have  e 2Cx -  0 .  T h e r e f o r e ,

e -  0 .  A l s o  i n  ( 1 ) ,  a a Cx - C ' u  y i e l d s  aC -  f 2C ' .
D

T heorem  3 I f  i n  t h e  a b o v e  we r e q u i r e  u -  x and  v -  y ,  

t h e n  C -  C '  and

1. I f  C -  0 t h e n  a  -  f  -  1 an d  b -  e -  0 .

2 .  I f  C 0 t h e n  a - f - 1 ,  e - 0  and  b -  ctC.

I n  e i t h e r  c a s e  6 i s  o f  t h e  same fo rm  a s  t h e  m a t r i x

1 Cx y*

0 1 x

0 0 1 .

P r o o f :

1. C -  0 i f  a n d  o n l y  i f  C '  ■ 0 f o l l o w s  from th e o re m  2.  

M o r e o v e r ,  t h e  f o r m u l a s  f o r  u  an d  v im p ly  a - f - 1  

a nd b -  e -  0.
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2 .  I f  C ^  0 t h e n  th e o re m  2 I m p l i e s  e - 0  and  th e  

fo rm u l a s  f o r  u  and v im p ly  a - f - 1  and b -  ctC. 

M o reo v e r ,  aC -  f aC '  i m p l i e s  C -  C ' .
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A p p e n d l x  2

T heorem  1 I f  t h e  m a t r i c e s  o f  a n  AST-3 g r o u p  have

t h e  fo rm 1 f ( x , y , z ) g ( x , y , z )
—

Z

0 1 0 y

0 0 l X

0 0 0 1 f o r  a l l  ( x , y , z )  i n  

R3 , t h e n  f ( x , y , z )  -  Ax +  By a n d  g ( x , y , z )  -  Cx + Ay.

P r o o f :  S i n c e  t h e  g r o u p  i s  a b e l i a n

(1 )  y f ( x ' , y ' , z ' )  + x g ( x ' , y ' , z ' )  -  y ' f ( x , y , z )  +  x ' g ( x , y , z )  

f o r  a l l  v a l u e s  o f  x , x ' , y , y ' , z  an d  z ' .  L e t  x ' « 0 ,  y ' - l ,  z ' - O ,

B -  f ( 0 , l , 0 )  an d  A ** g ( 0 , l , 0 ) .  T h en  ( 1 )  becom es f ( x , y , z )  — 

Ax +  By. L e t  x ' - l ,  y ' - O ,  z ' - O ,  D -  f ( l , 0 , 0 )  and  C -  g ( l , 0 , 0 ) .  

T h en  ( 1 )  becom es  g ( x , y , z )  -  Cx +  Dy. I f  we r e p l a c e  f  and  g 

i n  ( 1 )  w i t h  t h e s e  l i n e a r  f u n c t i o n s  we o b t a i n  y 'A x  +  x 'D y  -  

yA x '  +  x D y ' .  F o r  y '  -  0 ,  x ' - l  an d  y - 1 ,  we c o n c l u d e  D -  A. 

T h u s ,  f ( x , y , z )  -  Ax +  By and  g ( x , y , z )  -  Cx +  Ay.

i !

T h eo rem  2 I f

( 2 )  :6

1 Ax+By Cx+Ay z

0 1 0 y

0 0 1 X

0 0 0 1

- 1
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~ 1 A 'u + B 'v C 'u4A 'v
m

w w h e r e  6 - "a b c e

0 1 0 V e f g a

0 0 1 u h t j V

0 0 0 1 0 0 0 1

- - _

an d  D -  d e t  6 ^ 0 ,  t h e n

1 .  I f  n o t  a l l  A ,B ,C  a r e  z e r o ;  e * h -  0 ,

w « a ( g v  -  j o ) ( A x  + By) +  a ( l o  -  f v ) ( C x  +  Ay) +
f  j  -  g i

a z  + by  +  c x ,

v -  fy  + g x ,  u ■* i y  + j x ,  ( N o te :  t h e  d e t e r m i n a n t  o f

t h e  m a t r i x  o f  t h e  c o e f f i c i e n t s  o f  x , y  and  z i s  D /  0 ) .

A '  ■ a  fA 1 f  -  C i f  -  B1g + A g i ] ,
( f j - g i ) ®

B '  -  a  TB12  +  C i 2  -  2Ai1]  ,
< ! f j - g i ! > 5

C '  -  a  [Cf® +  Bg® -  2Agf) and
TfT-IiF

(A')® -  B ' C '  -  (A® -  BC) a®
« j - 8 i  ̂

2 ,  A -  B -  C -  0 i f  and  o n l y  i f  A '  -  B '  -  C '  -  0 .

I n  t h i s  c a s e  w -  a z  + by +  c x ,  v -  e z  + fy  + gx  and

u -  hz +  l y  + j x .  ( N o t e :  t h e  d e t e r m i n a n t  o f  t h e  

m a t r i x  o f  t h e  c o e f f i c i e n t s  o f  x , y  an d  z i s  D jt 0 ) .  

P r o o f :

1. I n  ( 2 )  t h e  f o l l o w i n g  e q u a t i o n s  r e s u l t :



(3 )  e [A a  +  C0] -  0 ,  e [ B a  +A 0 ] -  0 w h e re

( a , 6 ) -  ( a j  -  h e ,  b h  -  a i )  o r  ( e c  -  a g ,  a f  -  b e )

o r  (h g  -  e j , e i  -  f h ) . A s i m i l a r  r e s u l t  i s

o b t a i n e d  by r e p l a c i n g  e by  h i n  ( 3 ) .

I f  we assum e e 4 0 we o b t a i n

( 4 )  Aa +C 6 -  0 ,  Ba +A 0  -  0 .

a )  I f  A2  -  BC f  0 ( 4 )  l e a d s  t o  a c o n t r a d i c t i o n

o f  D T h u s ,  i f  A2  -  BC + 0 we o b t a i n

e - 0  and  s i m i l a r l y  h -  0 .

b )  I f  A2  -  BC t h e n  ( 4 )  y i e l d s  f o r  t h e  c a s e s

A,B,C n o t  z e r o ,  A -  C -  0 and  B f  0 ,  and

A -  B -  0 an d  C ^ 0 t h a t  D -  0 ,  a  c o n t r a ­

d i c t i o n .  T h u s ,  e  -  h -  0 .

The e q u a t i o n s  f o r  w, v an d  u r e s u l t  

d i r e c t l y  f rom ( 2 ) u s i n g  t h e  f a c t  t h a t  e -  h -  0  

i n  6 .

M o r e o v e r ,  i n  ( 2 )  row 1, column 2 -  

A 'u  + B *v and  row 1 ,  co lum n 3 -  C #u + A ' v .

T h i s  an d  t h e  f o r m u l a s  f o r  u and  v im p ly  

t h e  e q u a l i t y  o f  t h e  f o l l o w i n g  c o e f f i c i e n t s  

o f  x an d  y:

( 5 )  ___ a _  (Aj -  C i )  -  A ' j  +  B ' g ,   a _  ( B j - A i )  -  A ' i + B ' f ,
TFir tfit

a  ( -A g+C f)  -  C ' j  +  A ’g ,  a  ( -Bg+A f)  -  C ' i + A ' f .
TFIT TT-ii



The s o l u t i o n  o f  t h e  ab o v e  e q u a t i o n s  y i e l d s  

t h e  a f o r e m e n t i o n e d  e q u a t i o n s  f o r  A ' ,  B '  an d  C ' .  

M o r e o v e r ,  t h o s e  e q u a t i o n s  f o r  A ' ,  B '  an d  C '  

w i l l  r e s u l t  i n  t h e  e q u a t i o n  (A ' ) 0  -  B ' c '  -  

(A8  -  BC) a® b e i n g  c o n f i r m e d .

I f A » B - C - 0  ( 2 )  y i e l d s  t h e  f o l l o w i n g  r e s u l t s :  

w -  a z  + by +  c x ,  v -  ez  + f y  + g x ,  u -  hz +  i y  + j

and  A 'u  + B 'v  « 0 ,  C #u + A 'v  « 0 .  T h e s e  l a s t  two

e q u a t i o n s  y i e l d  t h e  f o l l o w i n g  e q u a t i o n s  f o r  t h e  

c o e f f i c i e n t s  o f  x ,  y and  z .

( 6 ) A 'h  + B ' e  -  0 ,  A ' i  +  B ' f  -  0 ,  A '  j  + B 'g  -  0 ,

C ' h  + A ' e  -  0 ,  C ' i  +  A ' f  -  0 ,  C '  j  + A 'g  -  0 .

I f  we c o n s i d e r  t h e  c a s e s  a )

(A ' ) 2  -  B ' C '  * 0 an d  b )  ( A ' ) 2  -  B 'C '  ( a n d  t h e  

s e p a r a t e  p o s s i b i l i t i e s  f o r  ( b )  t h a t  

A ' ,  B ' ,  C ' ^ O o r A ' - B '  - 0  an d  C W  0 o r  

A '  -  C '  -  0 and  B '  + 0 ) ,  we f i n d  t h a t  D -  0 ,  

a  c o n t r a d i c t i o n .  T h e r e f o r e ,  we c o n c l u d e

a ' - b ' - c ' -  0 .

C o n v e r s e l y ,  i f  A '  -  B '  « C '  -  O w e  w i l l  

c o n c l u d e  A - B - C - 0 .  I f  n o t  a l l  o f  A, B, C 

a r e  z e r o  we o b t a i n  f rom  p a r t  1  o f  t h i s  th e o re m  

t h a t  e -  h -  0 and  A2  -  BC. F o r  t h e  s e p a r a t e
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p o s s i b i l i t i e s  ; ( a )  A ,B ,C  ft 0 ,  ( b )  A -  B -  0 

and  C j* 0 ,  ( c )  A -  C -  0 an d  B ft o e q u a t i o n s

( 5 )  l e a d  t o  t h e  r e s u l t  D « 0 ,  a  c o n t r a d i c t i o n .  

T h e r e f o r e ,  A -  B -  C -  0 .

i 1

Theorem  3 I f

"l Ax+By Cx4Ay 1 A'u+B 'v C 'u4A 'v
**

w

6 0 1 0 y 6 - 1- 0 1 0 V

0 0 1 X 0 0 1 u

0 0 0 1 0 0 0 1

a n d  i f  A “ A ' ,  B -  B '  and  C « C #, t h e n  t h e  f o l l o w i n g  i s  t r u e :

1. I f  A2  -  BC ft 0 and  i f  we c h o o s e  a ■ f j  -  g i ,

t h e n  B( j  -  f )  -  2 A i ,  C ( f  -  j )  -  2Ag an d  -Bg -  C i .

2 .  I f  A® -  BC ft 0 and  i f  we c h o o s e  a -  - ( f j  -  g i ) , t h e n

f  -  - j  and  C i  -  Bg -  2 A j .

3 .  I f  A2  -  BC, t h e n

a )  A -  0 ,  B - 0 ,  C ft 0 I m p l i e s  i  •  0 and  a  -  j 2  .

b )  A -  0 ,  C -  0 ,  B ft o i m p l i e s  g -  0 an d  a  -  f 2  .

c )  A ft 0 ,  B f  o ,  C ft o i m p l i e s

1. g -  (Va -  j )C  , i  -  (Va -  f )B  , ^  ft f  +  j , o r
A A

2 . g -  (Va -  j ) C  , i  -  - (V a  + f )B  , Va ^ j  -  f ,  o r
A £

3 .  g -  - (Va + j ) C  , i  -  (Va -  f ) B , Va ft f  -  j , o r
A A
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4 .  g -  - (V a  +  D C . 1 ~ (Va + f ) B , Va * ~ ( f + j ) .
5  A

P r o o f :

1 .  The f i r s t  p a r t  o f  t h e o re m  2 o f  t h i s  a p p e n d i x  y i e l d s  

a® -  ( f j  -  g i ) 3 . I f  we c h o o s e  a  -  f j  -  g i ,  t h e n  (5 )

o f  th e o re m  2 ,  w i t h  A " A ' ,  B « B '  an d  C -  C 1, l e a d s

t o  t h e  d e s i r e d  r e s u l t ,

2 .  I f  i n  t h e  ab o v e  we c h o o s e  a  -  - ( f j  -  g i ) , t h e n  (5 )

o f  th e o re m  2 ,  w i t h  A * A ' ,  B “ B '  and  C -  C r , l e a d s

t o  t h e  d e s i r e d  r e s u l t ,

3 .  P a r t s  ( a )  and  ( b )  a r e  o b t a i n e d  by d i r e c t  s u b s t i t u t i o n  

i n t o  (5 )  o f  t h e o r e m  2 w i t h  A - A ' ,  B ■ B'  and  C -  C #.

I n  o r d e r  t o  p r o v e  p a r t  ( c )  we n o t i c e  t h a t  ( 5 )  o f  

t h e o re m  2 w i t h  A “ A*,  B ■ B '  and  C » C* y i e l d s  

aAj -  ( A j 2  + B j g ) f  + (aC -  Agj -  Bg2 ) i ,  -  aAg -

( -a C  + C j 2  + A j g ) f  + ( - C j g  -  Ag2 ) i .  I f  we assum e

t h e  d e t e r m i n a n t  o f  t h e  m a t r i x  o f  t h e  c o e f f i c i e n t s

o f  i  and  f  i s  n o n - z e r o  we a r e  l e d  t o  D -  d e t  6  « 0 ,

a  c o n t r a d i c t i o n .  S i m i l a r l y ,  ( 5 )  o f  t h e o r e m  2 y i e l d s  

- a A i  -  ( - a B  +  A f i  + B f2 ) j  +  ( - A i 3  -  B f i ) g ,  

aAf -  ( C f i  + A f 2 ) j  +  (aB -  C i 2  -  A f i ) g  

an d  we m u s t  c o n c l u d e  t h e  d e t e r m i n a n t  o f  t h e  m a t r i x  o f  

t h e  c o e f f i c i e n t s  o f  j  and  g i s  z e r o .

The f a c t  t h a t  t h e  ab o v e  two d e t e r m i n a n t s  a r e  z e r o



y i e l d s  t h e  e q u a t i o n s  a(Ag + C j ) 8  -  a 3 C8  -  0 and  

a ( A i  +  B f ) z -  a s B3  -  0 .  T h e s e  im p ly  a  i s  p o s i t i v e  

an d  t h e  v a r i o u s  p o s s i b i l i t i e s  f o r  t h e  r o o t s  o f  

t h e s e  e q u a t i o n s  y i e l d s  t h e  d e s i r e d  r e s u l t s  f o r  

p a r t  ( c ) .

M o r e o v e r ,  t h e  r e l a t i o n s h i p s  o f  e a c h  p a r t  o f  

t h e  ab o v e  t h e o r e m ,  when d i r e c t l y  s u b s t i t u t e d  i n t o  

t h e  e q u a t i o n s  f o r  A #, B '  an d  C '  o f  t h e o r e m  2 ,  p a r t  

1 ,  y i e l d  A '  -  A, B '  -  B an d  C '  -  C.

We r e p e a t h e r e some o f t h e  r e s u l t s  o f  th e o re m 2 ,  namel;

we w i s h  t o f i n d  a 6 s u c h t h a t
r~

1 Ax+By Cx+Ay z 1 A 'u+B ' v C ' u4A 'v

0  1 0 y
S’ 1 -

0  1 0

0  0 1 X 0  0 1

0  0 0 1 0  0 0

- 1*

w h e r e  6  -

e f  g

h i  j

0 0 0

e

a

v

and D -  d e t  6 ^ 0 ,  t h e n

1 .  I f  A ,B ,C  a r e  n o t  a l l  z e r o  t h e n  e 0  a n d ;

<8 > A * -  ‘  [ A j f  -  C i f  -  B jg  +  A g l ] ,
( f j - g l ) "
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(9 )  B* -  *  W *  +  C±S *
TTT-giV

( 1 0 )  C '  -  a (C£= +  Bgs -  2Ag£] and
(fj-gl)"

( 1 1 )  (A ' ) 2 -  B ' C '  -  (A2  -  BC) a a
(fj-gi)2

2 .  A - B - C - O i f  an d  o n l y  i f  A '  -  B # -  C* “ 0 .

The e q u a t i o n s  f o r  u ,  v  and  w o f  t h e o re m  2 im p ly  t h a t

f o r  an y  u ,  v  and  w a n  x ,  y and  z c a n  be fo u n d  t o  s a t i s f y

th e m ,  and  c o n v e r s e l y .  E q u a t i o n  (1 1 )  an d  p a r t  2 ab o v e  im p ly  

t h a t  i f  ( 7 )  i s  t o  be s a t i s f i e d  t h e n

a )  A3  -  BC i f  an d  o n l y  i f  (A ' ) 3  -  B #C ' .

b )  A2  -  BC<0 i f  and  o n l y  i f  ( A 1 ) 8  -  B ' c ' < 0 .

c )  A3  -  BOO i f  an d  o n l y  i f  ( A ' ) 2  -  B ' C '> 0 .

d)  A -  B -  C -  0 i f  and  o n l y  i f  A '  -  B '  -  C '  -  0 .

The ab o v e  c a n  be  v ie w e d  a s  t h e  s u r f a c e  x 3  -  yz d i v i d i n g

t h r e e  d i m e n s i o n a l  E u c l i d e a n  s p a c e  i n t o  f o u r  r e g i o n s ;

a )  The s u r f a c e  i t s e l f  ( e x c l u d i n g  t h e  o r i g i n ) .

b )  The " i n s i d e "  o f  t h e  s u r f a c e .

c )  The " o u t s i d e "  o f  t h e  s u r f a c e .

d )  The o r i g i n .

I t  r e m a in s  t o  be shown t h a t  g i v e n  an y  two s e t s  o f  

p a r a m e t e r s  (A ,B ,C )  and  (A ^ ,B ^ ,C ^ )  i n  any  one o f  t h e  f o u r  

r e g i o n s  c i t e d  ab o v e  we c a n  f i n d  a  6  s u c h  t h a t  ( 7 )  i s  s a t ­

i s f i e d ,  w h ere  u ,  v and  w a r e  r e l a t e d  t o  x ,  y and  z a s  i n
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t h e o r e m  2 .  The e x i s t e n c e  o f  s u c h  a  5 i m p l i e s  t h a t  t h e  s e t  

o f  AST-3 r e p r e s e n t a t i o n s  o f  t h e  t y p e  M[A,B,C] i s  d i v i d e d  

i n t o  f o u r  e q u i v a l e n c e  c l a s s e s  u n d e r  t h e  c o m m u ta t iv e  d i a g r a m  

e q u i v a l e n c e  r e l a t i o n .

T heorem  4 I f  (A ,B ,C )  and  (A ^ ,B ^ ,C ^ )  a r e  an y  two p o i n t s  

on  t h e  s u r f a c e  x 2  -  yz ( e x c l u d i n g  t h e  o r i g i n ) ,  t h e n  t h e r e  

e x i s t s  a n  a f f i n e  m o t i o n  6  s u c h  t h a t  ( 8 ) ,  ( 9 )  and  ( 1 0 )  a r e  

s a t i s f i e d .

P r o o f :  The p o i n t  (A ,B ,C )  c a n  b e  t a k e n  i n t o  t h e  p o i n t  

(A ^ ,B ^ ,C ^ )  by u s e  o f  some o r  a l l  o f  t h e  f o l l o w i n g :

a )  (A ,AS ,C)  ( A ' ,  (A * )B , C ' )  w h ere
C C '

A ,A #,C an d  C '  ft 0 and  C and  C* have  t h e  same s i g n .

b )  ( 0 , 0 , C)  ------------ > (A ' ,  ( A ' ) 5  , C ' )  w h e re  C,
C '

A '  an d  C* ft 0 an d  C an d  C '  have  t h e  same s i g n .

c )  ( 0 , C , 0 )  ------------ > ( A ' ,  ( A ' ) 2  , C ' )  w h e re  A ' ,
C '

C an d  C * ft 0 an d  C and  C # have  t h e  same s i g n ,

d )  (C ,C ,C )  -------------- > ( C 1, C ' , C ' )  w h e re  C and  C '

ft 0 and  C an d  C '  a r e  o f  o p p o s i t e  s i g n .

I t  i s  g e o m e t r i c a l l y  e v i d e n t  t h a t  t h e  p o i n t  (A ,B ,C )  

c a n  be  t a k e n  i n t o  t h e  p o i n t  (A ^ ,B ^ ,C ^ )  by u s e  o f  a  c o m p o s i t i o n  

o f  t h e  a b o v e  maps o r  t h e i r  i n v e r s e s .  The 6  t h a t  i s  u s e d  to  

s a t i s f y  ( 8 ) ,  ( 9 ) and  ( 1 0 ) i s  t h e  p r o d u c t  o f  t h e  v a r i o u s
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M6 ' s "  u s e d  i n  t h e  i n d i v i d u a l  m ap s ,  t h e  o r d e r  o f  t h e  f a c t o r s  

b e i n g  t h e  same a s  t h e  o r d e r  o f  t h e  m a p p in g s  i n  t h e  c o m p o s i t i o n .

I t  r e m a i n s  t h e n  t o  show t h a t  f o r  e a c h  o f  t h e  ab o v e  maps 

a n  a f f i n e  m o t i o n  6  c a n  be  fo u n d  w h i c h  s a t i s f i e s  ( 8 ) ,  ( 9 ) 

and  ( 1 0 ) .

1 .  The m ap p in g  ( a )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ; 

a - f - j - 1 , e - h - 0 ,

i  -  -A*C +  Ja| 4 C ' C  an d  g -  - C '  +  sgnA VcT’c
 c ’ c   -----------^

The c h o i c e  o f  e i t h e r  t h e  p o s i t i v e  o r  n e g a t i v e  r o o t

i n  b o t h  i  an d  g d e p e n d s  upon  w h ic h  s i g n  s a t i s f i e s  

t h e  c o n d i t i o n  |a | VC 'C ^  +  ( C #A +  CA#) .

The d e r i v a t i o n  o f  t h e  a b o v e  i s  o b t a i n e d  by 

c h o o s i n g  a ,  f  and  j  -  1  t o  e l i m i n a t e  t h e  i  and  g o f  

t h e o r e m  3 ,  p a r t  3 c 1 . e - h - 0  comes f rom  th e o re m  2 .

The a b o v e  f o r m u l a s  f o r  1 and  g a r e  o b t a i n e d  by d i r e c t  

s u b s t i t u t i o n  o f  t h e  p o i n t s  o f  t h e  m app ing  i n t o  ( 8 ) ,

( 9 )  a n d  ( 1 0 ) .  The i n e q u a l i t y  c o n d i t i o n  i s  t h e  c o n ­

d i t i o n  t h a t  1  -  g i  f  0  w h ic h  i s  r e q u i r e d  i f  6  i s  t o

be a n  a f f i n e  m o t i o n .

2 ,  The m ap p in g  ( b )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ; 

a - f - j  - 1 , e  -  h -  0 ,  i " - A # and
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g -  -C * +  sgnA* VC'C w h e r e  one  c a n  c h o o s e  « i t h e r

 f * -------------------------

t h e  p o s i t i v e  o r  n e g a t i v e  r o o t .  The d e r i v a t i o n  o f  

t h i s  r e s u l t  i s  o b t a i n e d  i n  t h e  same m anner  a s  t h e  

d e r i v a t i o n  o f  t h e  m app ing  ( a ) .

3 .  The m ap p in g  ( c )  i s  o b t a i n e d  by c h o o s i n g  i n  6;

a  -  f  -  j  - 1 , e - h - O ,  i « - A # +  s g n C '  V C 'C and

g -  —C * w h e re  one c a n  c h o o s e  e i t h e r  t h e  p o s i t i v e
~T7

o r  n e g a t i v e  r o o t .  The d e r i v a t i o n  o f  t h i s  r e s u l t  i s  

o b t a i n e d  i n  t h e  same m anner  a s  t h e  d e r i v a t i o n  o f  t h e  

m app ing  ( a ) .

4 .  The m a p p in g  (d )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ;

a  -  - 1 , f - j - 1 , e - h - 0  an d  i  -  g -  - 1  - J  -C^ .

The d e r i v a t i o n  o f  t h i s  r e s u l t  i s  o b t a i n e d  i n  e s s e n ­

t i a l l y  t h e  same m anner  a s  t h e  d e r i v a t i o n  o f  t h e  

m app ing  ( a ) .  The c h o i c e  o f  a -  - 1  i s  b e c a u s e  C 

and  C* a r e  o f  o p p o s i t e  s i g n .

Theorem  5 I f  (A ,B ,C )  and  A^,B ,C ) a r e  an y  two p o i n t s  

on t h e  " i n s i d e "  o f  t h e  s u r f a c e  xa -  y z ,  t h e n  t h e r e  e x i s t s  

a n  a f f i n e  m o t i o n  6  s u c h  t h a t  ( 8 ) ,  ( 9 ) ,  ( 1 0 )  and  (1 1 )  a r e  

s a t i s f i e d .
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P r o o f ; The p o i n t  (A ,B ,C )  c a n  be  t a k e n  i n t o  t h e  p o i n t  

(A ^ ,B ^ ,C ^ )  by u s e  o f  some o r  a l l  o f  t h e  f o l l o w i n g :

( a )  (A,Af_,C) ------------> ( A * , (A ' ) 3  ,C) w h e re
D D

| d|  < | c |  , D, A, A '  and  C ^  0 and  D and  C have

t h e  same s i g n .

(b )  ( 0 ,A B ,C)  v (A ,A ^ ,C )  w h e re
D D

|d| < jcj  , A, C, and  D /  0 and  D and  C a r e  o f  t h e  

same s i g n .

( c )  (D, D, C)  > ( D ' ( D ' ,  C ' )  w h e re  D, C, D ' ,

and  C '  4 0 ,  |d |  < | c |  , | d ' |  < | c ' |  , D an d  C a r e

o f  t h e  same s i g n  and  l /  an d  a r e  o f  t h e  same s i g n .

I t  i s  g e o m e t r i c a l l y  e v i d e n t  t h a t  t h e  p o i n t  

(A ,B ,C )  c a n  be t a k e n  i n t o  t h e  p o i n t  by u s e  o f  a

c o m p o s i t i o n  o f  t h e  above  maps o r  t h e i r  i n v e r s e s .  The 6  

t h a t  i s  u s e d  t o  s a t i s f y  ( 8 ) ,  ( 9 ) ,  ( 1 0 )  an d  (1 1 )  i s  t h e  

p r o d u c t  o f  t h e  v a r i o u s  " f e ' s "  u s e d  i n  t h e  i n d i v i d u a l  m a p s ,  

t h e  o r d e r  o f  t h e  f a c t o r s  b e i n g  t h e  same a s  t h e  o r d e r  o f  t h e  

m a p p in g s  i n  t h e  c o m p o s i t i o n .

I t  r e m a i n s  t h e n  t o  show t h a t  f o r  e a c h  o f  t h e  

ab o v e  maps a n  a f f i n e  m o t i o n  6  c a n  be  fo u n d  w h ic h  s a t i s f i e s  

( 8 ) ,  ( 9 ) ,  ( 1 0 )  a n d  ( 1 1 ) .

1. The mapping (a )  i s  o b ta in e d  by c h o o s i n g  in  6;



The d e r i v a t i o n  o f  t h i s  r e s u l t  i s  o b t a i n e d  by

c h o o s i n g  f  -  j  -  1  t o  e l i m i n a t e  t h e  i  and  g o f  t h e o re m  3 ,

p a r t  1 ,  e -  h -  0 comes f rom  th e o r e m  2 .  The ab o v e  f o r m u l a s

f o r  a ,  i  an d  g a r e  o b t a i n e d  by s u b s t i t u t i n g  t h e  p o i n t s

o f  t h e  m app ing  i n  ( 1 1 ) ,  an d  t h e n  c h o o s i n g  a -  A * ( 1 - g i )
A

an d  u s i n g  t h i s  i n  e q u a t i o n s  ( 8 ) ,  ( 9 ) ,  and  (1 0 )  t o  f i n d  

i  an d  g .

2 .  The m ap p in g  ( b )  i s  o b t a i n e d  by c h o o s i n g  i n  6;

f - j - 1 ,  e - h - 0 ,  i  -  A £ - 1  + f  C’ D

g -  C f  - 1  + I C-D an d  a -  2 [ 1-C + C j  C-D
A L  v c j  [ _ d d ^ c

The d e r i v a t i o n  o f  t h i s  r e s u l t  i s  o b t a i n e d  i n

t h e  same m anner  a s  t h e  d e r i v a t i o n  f o r  t h e  m app ing  ( a ) .

3 .  The m ap p in g  ( c )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ;

f - j  - 1 , e - h - 0  and  ___________

( a )  I f R D + D '  1* 0 , w h e re  R -  I ( P * ) a -  D fC '  ,
V d* -  DC

n
io
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f b )  I f  RD + D '  -  0 t h e n  RC +  C '  -  0 and  i  -  0 ,  g -  0

and  a  -  -R a r e  c h o s e n .

The d e r i v a t i o n  o f  p a r t ( a ) o f  t h e  ab o v e  r e s u l t  i s  

o b t a i n e d  i n  t h e  same m anner  a s  t h e  d e r i v a t i o n  f o r  t h e  m ap p in g

( a ) .  F o r  p a r t  (b )  ab o v e  i f  RD + D '  “ 0 ,  t h e  d e f i n i t i o n  o f  

R i m p l i e s  RC +  C '  -  0 ,  A n a l y s i s  o f  e q u a t i o n s  ( 8 ) ,  ( 9 ) ,  ( 1 0 )  

and  ( 1 1 ) r e v e a l  t h e  a b o v e  c h o i c e s  o f  i ,  g and  a w i l l  y i e l d  

t h e  d e s i r e d  m a p p in g .

Theorem  6  I f  (A ,B ,C )  and  ( A ^ B ^ C ^ )  a r e  an y  two p o i n t s  

on t h e  " o u t s i d e "  o f  t h e  s u r f a c e  x 2  ** y z ,  t h e n  t h e r e  e x i s t s  

a n  a f f i n e  m o t i o n  6  s u c h  t h a t  ( 8 ) ,  ( 9 ) ,  ( 1 0 )  and  (1 1 )  a r e  

s a t i s f i e d .

P r o o f :  The p o i n t  (A ,B ,C )  c a n  be  t a k e n  i n t o  t h e  p o i n t

(Al»®l*Cj^) by u s e  o f  some o r  a l l  o f  t h e  f o l l o w i n g :

( a )  (A, A^, C)
D

4  ( A ' ,  (A * ) 3  , C) w h e re
D

|d| > | c |  i f  D an d  C a r e  o f  t h e  same s i g n  and  

A, A ' ,  D an d  C ft 0 .

( b )  (A, A£, 0)
D

* ( A ' ,  ( A ' ) a , 0)  w h e re
D

A, A '  and  D ft 0 .

( c )  ( 0 ,  Af_, C) ------------ > (A, A^, C) w h e re  A, C and
D D

D ft 0 and  C and  D a r e  o f  o p p o s i t e  s i g n .
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( d )  (A, 0 ,  C) ___ |  (A, Â _ , C) w h e r e  A an d  D f  0
D

and  M  > |c |  I f  C a n d  D a r e  o f  t h e  same s i g n .

( e )  (D, D, C) ---------- )  ( D \  D ' ,  C ' )  w h e re  | d | > | c |

i f  D an d  C have  t h e  same s i g n ,  | d ' |  > j c ' j  i f  

D# a n d  C* have  t h e  same s i g n  and  D, Df , C and  

C '  * 0 .

( f )  (D, D, C)--------- > ( D ' # D ' ,  0)  w h e re  | d | > j c

i f  D an d  C a r e  o f  t h e  same s i g n  an d  D, D '  C ^ 0 .

I t  i s  g e o m e t r i c a l l y  e v i d e n t  t h a t  t h e  p o i n t  (A ,B #C) 

c a n  be t a k e n  i n t o  t h e  p o i n t  (A i ,B ]_ ,C i )  by u s e  o f  a  c o m p o s i t i o n  

o f  t h e  a b o v e  maps o r  t h e i r  i n v e r s e s .  The 6  t h a t  i s  u s e d  t o  

s a t i s f y  ( 8 ) ,  ( 9 ) ,  ( 1 0 )  an d  (1 1 )  i s  t h e  p r o d u c t  o f  t h e  

v a r i o u s  " 6 1 s "  u s e d  i n  t h e  i n d i v i d u a l  m aps ,  t h e  o r d e r  o f  t h e  

f a c t o r s  b e i n g  t h e  same a s  t h e  o r d e r  o f  t h e  m a p p in g s  i n  t h e  

c o m p o s i t i o n .

I t  r e m a i n s  t h e n  t o  show t h a t  f o r  e a c h  o f  t h e  ab o v e  

maps a n  a f f i n e  m o t i o n  6  c a n  be  fo u n d  w h ic h  s a t i s f i e s  ( 8 ) ,  ( 9 ) ,

( 1 0 ) and  ( 1 1 ) .

1 .  T h e  m a p p i n g  ( a )  I s  o b t a i n e d  b y  c h o o s i n g  i n  6 ;

f - j - 1 , e - h - 0 ,

( 1 2 )  i  -  A -  A* , ( 1 3 )  g -  - C ^ -  A*) and

( 1 4 )  a -  A_̂  + C (A -  A ' ) 2  p r o v i d i n g
A 5 P d
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( 1 5 )  f  A "| 3  -  2 A + 4 A D + 1 / 0 .  I f  (1 5 )
[  A1]  A"1* P  C

f a l l s  t h e n  C h e  m a p p i n g  ( a )  i s  o b t a i n e d  b y  c h o o s i n g

i n  5; e -  h -  0 ,  f  -  1 -  C(A-fA#) , j  -  1 -  C(A+A *) ,
2DA'  2DA

g  -  C f  1 -  (A+A *)1 , i  -  A 1 -  (A+A')  1 a n d
A [  D L a  J

* - fc - i i  r - i  + c (A4A*)=i.
D J LA J

T h e  d e r i v a c i o n  o f  t h e  a b o v e  r e s u l t  ( e x c l u d i n g  t h e

e x c e p t i o n  m e n t i o n e d  a b o v e )  i s  t h e  s a m e  a s  t h a t  f o r  t h e

m ap p in g  ( a )  o f  t h e o re m  5 .  To d e r i v e  t h e  r e s u l t s  f o r  t h e

e x c e p t i o n  we u s e  t h e  c o m p o s i t i o n  o f  t h e  m a p p in g s

(A ,A 1  ,C) ----- » ( - A , A l  ,C )  an d  (-A,Af_ f C) -------- > ( A * . (A V .C)
D D D D

w h e re  A, A ' ,  D and  C j* 0 an d  | d |  > | c |  i f  D and  C a r e  o f  t h e

same s i g n .

F o r  t h e  m ap p in g  (A (A ^ ,C )  ----- > ( -A ,A a , C ) ,
D D

t h e  m a t r i x  i s  o b t a i n e d  by c h o o s i n g  f  ■ j  ■ 1 , e  ■ h ■ 0 ,

i  -  A, g -  C a n d  a  -  C -1J w h e re  i ,  g an d  a  w e re  fo u n d
D A [p J

by s u b s t i t u t i n g  t h e  a b o v e  p o i n t s  i n t o  f o r m u l a s  (1 2 )  -  ( 1 4 ) .

One n o t e s  t h a t  ( 1 5 )  i s  s a t i s f i e d  f o r  t h i s  m a p p in g .

F o r  t h e  m app ing  ( -A ,A ^ ,C )  ------- > (A *. (A *)a ,C)
D D

t h e  m a t r ix  i s  o b ta in e d  by c h o o s i n g  f  ■ j - 1 ,  e - h - 0 ,



w h e r e  1 , g and  a  w e re  fo u n d  f rom  s u b s t i t u t i n g  t h e  ab o v e  p o i n t s  

i n t o  f o r m u l a s  (1 2 )  -  ( 1 4 ) .  One n o t e s  t h a t  ( 1 5 )  i s  s a t i s f i e d  

f o r  t h i s  c a s e .

The m a t r i x  6  o f  t h e  e x c e p t i o n  i s  t h e  p r o d u c t  o f  t h e  

m a t r i c e s  o b t a i n e d  i n  t h e  a b o v e  two m a p p in g s .

2 .  The m app ing  ( b )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ;

f - j  -  1 ,  e -  h -  0 ,  i  » A -A '  , g “  0 an d  a -  A_̂  .
“ 2d“  A

The d e r i v a t i o n  o f  t h e  ab o v e  r e s u l t  i s  o b t a i n e d  by  l e t t i n g

C •  0 i n  t h e  m app ing  ( a ) .

3 .  The m app ing  ( c )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ; f  -  j  -  

e  -  h 0 , 1  -  A T - 1  +  f c -D , g -  C [  - 1  +  f c~-D  
D|_ V C J A [  V C

an d  a  -  2 I 1 - C + C  f  O P  
L D D V C

O P
c

The d e r i v a t i o n  o f  t h e  above  r e s u l t  i s  t h e  same a s  t h a t  f o r

t h e  m app ing  ( b )  o f  t h e o r e m  5,

4 .  The m app ing  ( d )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ;

f - j - 1 ,  e - h - 0 ,  i - A  ( R - l ) , g -  -D ( R - l ) 3  and
C A

a - 1 + D ( R - l ) 3!  R w h e re  R -  f D»C . p r o v i d i n g  
C J V D

C f* 0 o r  C f  - 8 D. I f  C -  - 8 D t h e  m app ing  ( d )  i s

o b ta in e d  by c h o o s i n g  in  6; f * * j  -  1,  e - h - 0 ,
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i  ■ A ,  g -  -16D an d  a  -  - 2 7 .  I f  C « 0 t h e  m app ing
*2 d “T ~

( d )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ; f  “  j  ■ 1 , B ■ 0 , 

i  -  -A a -  I  and  e  -  h -  0 .
2 d ’

The d e r i v a t i o n  o f  t h e  a b o v e  r e s u l t  i s  o b t a i n e d  by

d i r e c t  s u b s t i t u t i o n  o f  t h e  p o i n t s  o f  t h e  m a pp ing  i n t o

e q u a t i o n s  ( 8 ) -  ( 1 1 ) and c h o o s i n g  a  -  ( 1 - g i )  / .  f  -  j  -  1

v D

w as c h o s e n  i n  o r d e r  t o  e l i m i n a t e  t h e  i  and  g o f  t h e o re m  3 , 

p a r t  l ^ a n d  e  -  h -  0 comes f rom  th e o r e m  2 .  The d e r i v a t i o n  o f  

t h e  r e s u l t s  f o r  t h e  e x c e p t i o n  C -  - 8 D i s  d one  i n  t h e  same 

m anner  a s  t h e  a b o v e  w h e re  we c h o o s e  a  -  - 3 ( l - g i ) .  The d e r ­

i v a t i o n  o f  t h e  r e s u l t s  f o r  t h e  e x c e p t i o n  C -  0 i s  done i n  

t h e  same m anner  a s  t h e  a b o v e  w h e re  we c h o o s e  a  -  1 - g i .

5 .  T h e  m a p p i n g  ( e )  i s  o b t a i n e d  b y  c h o o s i n g  i n  6 ;  

f * j - l ,  e - h - 0  a n d

a )  I f  RD + D# * 0 and  - ( D 'C  +  C #D +2d'D)i* 2R(D2 -DC)

R -  /  (D * )3-I
V D -D(

w h e re  R -  /  ( D ' ) 3 - D #C* t h e n  i  -  RD-D' ,
•DC RD+D'

g -  RC-C * and  a  -  f 1 -  (RD-Df)(RC-C *) 
RD+D* L (RD+D

R.
RD+D * L (RD+D r ) 2

b) I f  RD+D* “ 0 t h e n  RC+C'  -  0 and  we c h o o s e  i  -  g -  0 

and  a  -  -R .

c )  I f  RD-D* jt 0 and  - ( D #C + C *D + 2DD' )  -  2R(D2 -DC)
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we c h o o s e  i  -  RD+D'  , g -  RC+C9 and
RD-D9 RD-D'

• [* • " rot" * '1 R.

d) I f  RD-D# -  0 t h e n  RC-C ' -  0 an d  we c h o o s e  

I  -  g -  0 and a  -  R,

The  d e r i v a t i o n  o f  t h e  above  i s  o b t a i n e d  i n  t h e  same manner  

a s  t h a t  o f  t h e  m app ing  ( c )  o f  th e o re m  5.

6 . The m app ing  ( f )  i s  o b t a i n e d  by c h o o s i n g  i n  6 ; 

f - j - 1 ,  e - h - O ,  i  -  RD-D * , g -  RC and

a - 1 -  (RD-D * ) (RC) 
U)+D' )

RD+D' RD+D '

R p r o v i d i n g  C /  - 8 D. I f
(RD+D

C -  - 8 D we c h o o s e  f  -  j  -  1, e - h - O ,  i  -  - 2 ,  g -

an d  a -  -3D * .
D

The d e r i v a t i o n  o f  t h e  above  i s  c a r r i e d  o u t  by s u b s t i t u t i n g  

C '  « 0 i n  5a a b o v e .  F o r  t h e  e x c e p t i o n  C -  - 8 D we s u b s t i t u t e  

C '  -  0 an d  C -  - 8 D i n  p a r t  5c a b o v e .

i 1

T heorem  7 I f  we r e q u i r e  a n  a f f i n e  m o t i o n  6  s u c h  t h a t
-

1 Ax+By Cx+Ay z 1 A 'u+B *v C 'u+A 'v w

0 1 0 y

ai*o 0 1 0 V

0 0 1 X 0 0 1 u

0— 0 0 I
1

0- 0 0 1

«a
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an d  u -  x ,  v -  y and  w -  z ,  t h e n

1 .  I f  A -  B -  C -  0 we o b t a i n  a  -  f  -  j  -  1, 

e - g - h - i - b - c - 0  a nd A ' - B ' - C ' - O .  

T h i s  i m p l i e s  6  i s  i n  (M [A ,B ,C ] ) .

2 .  I f  n o t  a l l  A ,B ,C  a r e  z e r o  we o b t a i n  a -  f  -  j  « 1 ,  

e - g - h - i - 0 ,  b - o B  + vA and c -  oA + vC. 

M o re o v e r ,  A -  A ' ,  B -  B '  and  C -  C*.

T h i s  i m p l i e s  6  i s  i n  (M [A ,B ,C ] ) .

P r o o f :

1. From th e o re m  2 we o b t a i n  A ' - B ' - C ' - O  and  

w » z ■ az  + by +  c x ,  v -  y * ez  + fy  + gx and  

u -  x -  hz + i y  + j x .  T h u s ,  a  -  f  -  j  -  1 and  

e - g - h - i - b - c - 0 .

2 .  From th e o re m  2 ,  e  -  h -  0 and  u - x - i y + j x ,  

v -  y -  f y  + g x .  T h u s ,  f - j - 1  and  i  -  g -  0 .  

M oreover  w « z -  - a a ( A x  + By) -  av (C x  + Ay)

+ a z  + by + c x .  T h i s  i m p l i e s ,  a  -  1, b -  aB + vA 

and  c -  oA + vC. M o re o v e r ,  t h e  e q u a t i o n s  f o r  

A ' ,  B #, and  C '  on page  22 im p ly  A -  A ' ,  B -  B* and 

C -  C \
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A p p e n d ix  3

Theorem  1 I f  t h e  m a t r i c e s  o f  a n  AST-3 g ro u p  have  th e  form

1 f ( x . y . z ) g ( x , y , z ) z

0 1 h ( x , y , z ) y

0 0 1 X

0 0 0 1 and  h ^ 0 , t h e n  h ( x , y , z )  -

f ( x , y , z )  -  Ax and  g ( x , y , z )  -  Cx + Ay.

P r o o f :  S i n c e  t h e  g r o u p  i s  a b e l i a n

( 1 ) x ' h ( x , y , z )  -  x h ( x ' , y ' , z ' )

( 2 ) h < x , y , z ) f ( x ' , y ' z ' )  -  h ( x ' , y ' z  ' ) f ( x , y , z )

( 3 )  y ' f ( x , y , z )  + x ' g ( x , y , z )  -  y f ( x \ y \ z ' )  +  x g ( x  9, y '  , z  ' )  . 

L e t  x '  -  1 ,  y f -  0 ,  z '  -  0 ,  h ( l , 0 , 0 )  -  E , f ( l , 0 , 0 )  -  A

an d  g ( l , 0 , 0 )  ■ C. Then (1 )  becomes h ( x , y , z )  -  Ex, (2 )  becomes 

f ( x , y , z )  -  Ax and  ( 3 )  becomes g ( x , y , z )  -  Cx + Ay.

1 2

Theorem  2 I f

1 Ax Cx+Ay z 1 A 'u C 'u + A 'v w

( 3 )  6 0 1 Ex y 6 - 1 - 0 1 E 'u V

0 0 1 x 0 0 1 u

0 0 0 1 0 0 0 1
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w h ere  6  » a b c e

e f g o

h i j  ^

0 0 0  I

an d  D ■ d e t 6  * 0 , t h e n

1. t  -  h -  0

2 . w -  a [ a ( g v - j g )  + e ( j  e - c v  UAX -  av (Cx-fAy)
D j

-  bvEx + az  + by + c x ,
j

v -  e £ _ a (g v - ja )  + e ( j e - c v S A x  -  ev(Cx-hAy)
D j

-  fvEx +  ez  + f y  +  gx and
j

u “  J x (N o te :  t h e  d e t e r m i n a n t  o f  t h e  m a t r i x  o f  t h e  

c o e f f i c i e n t s  o f  x ,  y and  z i s  D ^  0 ) .

3 .  I f  A ft 0 ,  t h e n  e -  0 and  fE -  E ' j 3 , aA -  f J A * and

C '  -  - 2agA + aC-t-bE +  aAEv
f j*  T  j d

4 .  A ■ 0 i f  and  o n l y  i f  A '  -  0 an d  eC + fE -  E #j 2

an d  aC + bE -  C #j s .

P r o o f ;

1 .  I n  (3 )  t h e  e l e m e n t  i n  row 2 co lum n 3 e q u a l s  E '  

t i m e s  t h e  e l e m e n t  i n  row 3 co lum n 4 .  T h i s  y i e l d s  

h ,  t h e  c o e f f i c i e n t  o f  z ,  i s  z e r o .  M o r e o v e r , r  ow 3



co lum n 1 - 0  and  row 3 co lum n 2 - 0 .  T h i s  I m p l i e s  

t h e  c o e f f i c i e n t s ,  I s eE an d  i 3 a E ,  o f  x  e q u a l  z e r o .  

T h u s ,  i  -  0 .

I n  ( 3 )  we f i n d  t h e  e l e m e n t s  o f  t h e  f o u r t h  column 

a r e  t h e  d e s i r e d  r e s u l t s .

I n  ( 3 ) ,  u s i n g  i  -  h -  0 ,  row 1 co lum n 1 m us t  e q u a l  

1 and  row 2 co lum n 1 m us t  e q u a l  z e r o .  T h u s ,  th e  

f o l l o w i n g  c o e f f i c i e n t s  o f  x a r e  z e r o ;  a e jA  -  0 and  

e®jA -  0 .  T h i s  i m p l i e s  e  -  0 .  From ( 3 )  we a l s o  

r e q u i r e  row 2 co lum n 3 t o  e q u a l  E #u ;  row 1 column 2 

t o  e q u a l  A 'u  and  row 1 co lum n 3 t o  e q u a l  C #u+A#v ,  

w h e re  u  and  v a r e  a s  i n  p a r t  2  w i t h  i  -  h -  e -  0 .

We e q u a t e  t h e  c o e f f i c i e n t s  o f  x an d  y and  o b t a i n  t h e  

d e s i r e d  r e s u l t s .

I f  A -  0 t h e  r e l a t i o n s  am o n g s t  t h e  e n t r i e s  o f  ( 3 )  

c i t e d  a b o v e ,  w i t h  i  -  h « 0 , and t h e  f o r m u l a e  f o r  

u and  v im p ly  t h a t  A '  -  0 ,  eC + fE -  E ' j 2  and  

aC +  bE -  C ' j 2 .

I f  A '  -  0 and  A ^  0 we f i n d  f ro m  e s jA -  0 t h a t  

e »  0 .  From row 1 co lu m n  2 e q u a l s  A 'u  we f i n d ,  w i t h  

i  -  h -  0 ,  t h a t  a  -  0 .  T h i s  c o n t r a d i c t s  D ^ 0 .  T h u s ,  

A -  0 .

I t  i s  c l e a r  f rom th e o r e m  2 t h a t  t h e  e x i s t a n c e  o f
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a n  a f f i n e  m o t i o n  6  i m p l i e s  t h e  s e t  o f  AST-3 r e p r e s e n t a t i o n s  

o f  t h e  form N [A ,C ,E]  i s  d i v i d e d  i n t o  two e q u i v a l e n c e  c l a s s e s  

u n d e r  t h e  c o m m u ta t iv e  d i a g r a m  e q u i v a l e n c e  r e l a t i o n .

1 2

Theorem  3 I f  i n  (3 )  we r e q u i r e  w -  z ,  v -  y and  u -  x ,  

t h e n  e - h - i - O ,  a - f - j  - 1 , b - v A ,  g - v E ,  

c - o A +  vC,  A * A #, C — C'  and  E «  E #. From t h e  ab o v e  

i t  i s  c l e a r  t h a t  6  i s  c o n t a i n e d  i n  N [A ,B ,C J .

P r o o f : From th e o r e m  2 p a r t s  1 an d  2 we o b t a i n  e  ■ h -  i  ■ 0 ,  

a - f - j - 1 ,  b « v A ,  c - c t A +  v C  and g -  vE .  From t h e  

r e l a t i o n s h i p s  f o r  row 1 co lum n 2 -  A ' x ,  row 2 column 3 «

E ' x  an d  row 1 co lum n 3 *  C ' x  +  A ry we o b t a i n  A “ A' ,  C -  C* 

a nd  E -  E ' .
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A p p en d ix  4

Theorem  1 The c o n d i t i o n a  u n d e r  w h ic h  an  a f f i n e  m o t i o n  6  

s a t i s f i e s  ( I ) ,

<!>:&

1 Ax Cx+Ay z 1 A 'u+B *v C 'u + A 'v w

0 1 Ex y 6 ~ 1  - 0 1 0 V

0 0 1 X 0 0 1 u

0 0 0 1 0 0 0 1

IP -

w h e re  E /  0 ,  a r e *  w -  a z  + by + cx  + g (aC + bE )x ,
D

v « ez  + f y + gx + q ( eC+ fE ) x and
D

u hz + i y  + j x  + q ( h C + jE ) x w here
D

d e t  6  ^ 0  and  a

, a n d ;

a  b e

e f  o

h i  v

1. I f  A 4 0 (L) i s  n o t  p o s s i b l e .

2 .  I f  A ■ 0 t h e n  e i  -  f h  and ( A ' ) £ » B*C* f o r  

A #t B ' , C '  n o t  a l l  z e r o .

3. I f  A « 0 ,  C ^ 0 and  bh -  a i  + 0 t h e n

a )  A '  -  B* -  0 ,  C '  ^  0 i s  n o t  p o s s i b l e .

b )  A '  -  C '  -  0 ,  B '  * 0 i m p l i e s  e -  f  -  0 ,  

B 'g 2 -  aC + bE -  E ( b h - a j )  and C -  - IE  .
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c )  I f  A ' ,  B '  and  C W  0 t h e n  C # -  - A ' e  , B '  -  - A ' h ,
h e

C -  - I E  and  ( h g - e j ) 2 A# -  e E ( a i - b h )  -  h E ( a f - b e ) . 
h

4 .  I f  A -  0 ,  C 0 and  a f  -  be /  0 ,  t h e n

a )  A ' - C ' - O ,  B ' / O  i s  n o t  p o s s i b l e .

b)  A '  -  B '  -  0 ,  C '  /  0 i m p l i e s  i  -  h -  0 ,

C ' j *  -  aC + bE -  E ( b e - a f )  and  C -  - f E .
e e

c )  I f  A '  , B '  an d  C '  ** 0 ,  t h e n  C - A' e  f B '«  - A 'h  ,
h e

C -  - I E  , ( h g - e j ) ® A ' -  e E ( a i - b h )  -  h E ( a f - b e ) .
h

5. I f  A ■ C ■ 0 ,  t h e n  f  ■ i  -  0 and

a )  I f  b h - a i  0 ,  t h e n

1. A '  “  B 0 ,  C '  ^ 0 i s  n o t  p o s s i b l e .

2 .  A '  -  C '«  0 ,  B '  i* 0 i m p l i e s  B #g 2  -  bE and  e -  0 .

3 .  A ' , B ' , C '  4 0 i m p l i e s  C '  -  - A * e . B ' -  - A 'h  and
h e

( h g - e j ) s A '  -  - e b h E .

b)  I f  a f - b e  ^ 0 t h e n

1. A '  -  C '  ■ 0 ,  B f /  0 i s  n o t  p o s s i b l e .

2 .  A '  -  B '  -  0 ,  C '  + 0 i m p l i e s  h -  0 and  C ' j 2  -  bE.

3 .  A ' , B ' , C '  ^ 0 i m p l i e s  C '  -  -A ' e . B '  -  - A 'h
h e

and  ( h g - e j ) 2 A '  -  - e b h E .
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P r o o f :

The e q u a t i o n s  f o r  w, v and  u f o l l o w  from  m u l t i p l y i n g  

( 1 ) o u t  and  e q u a t i n g  t h e  r e s u l t s  f o r  t h e  f o u r t h  column w i t h

w f v and  u 9 u s i n g  t h e  f a c t  f rom  below t h a t  A -  0 .

1. I n  ( 1 )  t h e  f a c t  t h a t  c e r t a i n  e n t r i e s  a r e  t o  be 0

o r  1 y i e l d  t h e  f o l l o w i n g  c o e f f i c i e n t s  o f  y :

( 2 )  e ( e i - f h ) A  * 0 ,  e ( b h - a i ) A  »  0 and e ( a f - b e ) A  ■ 0 ,

I f  A ft 0 and  we as sum e  e ft 0 we w i l l  c o n t r a d i c t  

D ft 0 .  T h u s ,  e  -  0 .  We a l s o  have  a  s e t  o f  

e q u a t i o n s  s i m i l a r  to  ( 2 ) e x c e p t  t h e  f a c t o r  e

i s  r e p l a c e d  by h .  T h e s e  y i e l d  h -  0 .  W i th  

e -  h -  0  we have  f o r  t h e  z e r o  o r  one e n t r i e s  o f  

( 1 ) t h e  f o l l o w i n g  c o e f f i c i e n t s  o f  x :

( 3 )  - a i f E  -  0 ,  - a i 2E -  0 and a f a E -  0 .

I f  a ft 0 ,  t h e n  f  -  i  * 0 .  T h i s  i m p l i e s  D * 0 ,

a c o n t r a d i c t i o n .  T h u s ,  a  -  0 .  However ,  a  -  e « h « 0

i m p l i e s  D -  0 ,  a  c o n t r a d i c t i o n .  T h e r e f o r e ,  A ft 0
i s  n o t  p o s s i b l e .

2 .  I f  A -  0 we o b t a i n  f rom ( 1 )  t h e  f o l l o w i n g  c o e f f i c i e n t s  

o f  x :

( 4 )  ( a C + b E ) ( e i - f h )  -  0 ,  ( e C + f E ) ( e i - f h )  -  0 an d  

( h C + i E ) ( e i - f h )  -  0 .

I f  e i - f h  ft 0 and  e i t h e r  C ■* 0 o r  C ft 0 we
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c o n t r a d i c t  D /  0 .  T h e r e f o r e ,  e t  -  f h .  M o r e o v e r ,  

i n  (1 )  we have  A 'u  + B 'v  -  row 1 co lum n 2 and

C 'u  + A 'v  -  row 1 column 3 .  S i n c e  A ■ 0 we have

t h e  c o e f f i c i e n t s  o f  y and z i n  t h e  ab o v e  

e q u a t i o n s  a r e  z e r o .  T h i s  i m p l i e s

(5 )  A 'h  + B 'e  -  0 ,  C 'h  + A 'e  -  0 ,

A ' i  +  B ' f  -  0 ,  C ' i  + A ' f  -  0 .

I f  ( A ' ) s -  B ' C '  0 we c o n t r a d i c t  D ^ 0 .  T h u s ,  

( A ' ) 2  -  B ' C ' .

I f A ' - B ' ~ C ' « 0  t h e n  row 1 column 2 and  

row 1 column 3 o f  ( 1 )  a r e  z e r o .  T h i s  y i e l d s  t h e  

f i r s t  two e q u a t i o n s  b e lo w .  More v e r ,  f rom (1 )  

t h e  o t h e r  e n t r i e s  t h a t  a r e  0  o r  1  y i e l d  t h e  

l a s t  f o u r  e q u a t i o n s  be low  f o r  t h e  c o e f f i c i e n t s  

o f  x .

( 6 ) ( a C + b E ) ( b h - a i )  -  0 ,  ( a C + b E ) ( a f - b e )  -  0 ,

( e C + f E ) ( b h - a i )  -  0 ,  ( h C + i E ) ( b h - a i )  -  0 ,

( e C + f E ) ( a f - b e )  ■ 0 and ( h C + i E ) ( a f - b e )  * 0 .

The ab o v e  e q u a t i o n s  and  t h e  f a c t  t h a t  e i  « fh  

im p ly  D -  0 ,  a  c o n t r a d i c t i o n .  T h u s ,  A ' , B '  and C '  

a r e  n o t  a l l  z e r o .

3 .  A -  0 ,  C * 0 and  bh -  a i  + 0

a )  I f  A '  -  B '  -  0 ,  C W  0 t h e n  A 'u  + B 'v  -  0 .



T h i s  i m p l i e s  ( a C + b E ) ( b h - a i )  -  0 .  M o r e o v e r  t h e  

l a s t  f o u r  e q u a t i o n s  o f  ( f )  a r e  t r u e .  However ,  

t h i s  c o n t r a d i c t s  D ^  0 .  T h e r e f o r e ,  A '  « B # * 0 

and  c '  + 0  i s  n o t  p o s s i b l e .

b )  I f  A '  -  0 and B # ^  0 t h e n  f rom ( 5 )

A #h + B 'e  ■ 0 and  A * i+ B #f * 0 .  T h i s  i m p l i e s  

e -  f  ■ 0 .  M o r e o v e r ,  f rom  ( t ) ,  s i n c e  ( b h - a i )  ft 0 ,  

we have  eC+fE -  0 and  hC+iE -  0 .  A l s o ,  row 1 

column 2 -  A 'u + B #v.  E q u a t i n g  t h e  c o e f f i c i e n t s  

o f  x y i e l d s  ( a C + b E ) ( b h - a i )  -  B ( e C + f E ) a + D g ] . 

T h e s e  e q u a t i o n s  y i e l d  t h e  d e s i r e d  r e s u l t s .

c )  I f  A ' ,  B f and  C * t  0 we have  from ( 6 )

hC+iE -  0 an d  eC+fE -  0 .  T h i s  i m p l i e s

D -  ( h g - e j ) (aC+bE) . The e q u a t i o n s  ( 5 )  and

t h e  above  im p ly  t h e  d e s i r e d  r e s u l t B  f o r  C, C* 

and  B #.

We e q u a t e  t h e  c o e f f i c i e n t s  o f  x from 

C'u-*A'v * row 1 co lum n  3 o f  ( 1 )  and o b t a i n  

( a C + b E ) ( a f - b e )  -  D ( C ' j + A ' g ) .  T h i s  i m p l i e s

T h u s ,  ( h g - e j ) 3 A # « h E ( a f - b e )  -  e E ( a i - b h ) .

The p r o o f  f o r  e a c h  p a r t  i s  e s s e n t i a l l y  t h e  same a s

E

( h g - e 1 ) ( a C + b E )  - A*ej +A ' g ( a C + b E ) ( a f - b e ) .
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f o r  p a r t  3 a b o v e ,

5 ,  I f  A -  C * 0 we have  from (1 )  f o r  t h e  e n t r i e s  t h a t  

a r e  0  o r  1  t h e  f o l l o w i n g  c o e f f i c i e n t s  o f  x :

( 7 )  f E ( b h - a i )  -  0 ,  t E ( b h - a i )  -  0 ,

f E ( a f - b e )  -  0 and  i E ( a f - b e )  -  0 .

T h i s  i m p l i e s  1 -  f  -  0 .  P a r t s  ( a )  and  (b )  

f o l l o w  r e s p e c t i v e l y  f rom p a r t s  3 and 4 a b o v e .

Theorem  2 T h e re  e x i s t s  no  a f f i n e  m o t io n  6  s u c h  t h a t

( 1 ) i s  t r u e  i f  we r e q u i r e  w -  z ,  v -  y an d  u -  x .

P r o o f : I n  th e o re m  1 above  i f  w ■ z ,  v » y and u « x 

we o b t a i n  a  ■ 1, b ■ 0 ,  c ■ vC ,  e -  0 ,  f  -  1, g -  vE ,  

h « 0 ,  i  » 0 and  j  ■ 1. M o r e o v e r ,  f rom  t h e  e n t r i e s  t h a t  a r e  

0 o r  1 we o b t a i n  e ( e c - a g ) A  + e ( a f - b e ) C  + f E ( a f - b e )  -  0 

a s  a  c o e f f i c i e n t  o f  x .  H o w ev er}t h e  ab o v e  r e s u l t s  f o r  e ,  

a  and  f  im p ly  E -  0 ,  a  c o n t r a d i c t i o n .
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AUTOBIOGRAPHICAL STATEMENT

H arv ey  B rave rm an  was b o r n  i n  B r o o k ly n ,  New York  on 

November 12 ,  1940. He was r a i s e d  i n  B ro o k ly n  and c o m p le t e d  

a l l  h i s  p r e l i m i n a r y  e d u c a t i o n  t h e r e .  He has  r e c e i v e d  a 

B .S ,  and  an  M.A. f rom B ro o k ly n  C o l l e g e  o f  t h e  C i t y  U n i v e r s i t y  

o f  New Y o rk .  S i n c e  196 5 he h a s  b ee n  a s t u d e n t  a t  t h e  G r a d u a te  

C e n t e r  o f  t h e  C i t y  U n i v e r s i t y  o f  New Y o rk .  S i n c e  1964 he 

has  b e e n  a  member o f  t h e  i n s t r u c t i o n a l  s t a f f  o f  New York 

C i t y  Community C o l l e g e  and  c u r r e n t l y  h o l d s  t h e  r a n k  o f  

A s s i s t a n t  P r o f e s s o r  and  c o o r d i n a t o r  o f  M a th e m a t i c s  a t  t h e  

V o o rh e e s  Campus o f  New York C i t y  Community C o l l e g e .  He i s  

m a r r i e d ,  h a s  one c h i l d  and  l i v e s  i n  New J e r s e y .


