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Chapter 1

As the title of this dissertation indicates, we will
discuss the abelian groups of two and three dimensional
simply transitive affine motions. An abelian group of sim-
ply transitive affine motions will be designated AST-2 or
AST~3 for two or three dimensions respectively,

We will begin in Chapter 2, section 1, with two def-
initions and two theorems that will establish the matrix
form of an AST-2 or AST-3 group.

In section 2 we will show that there exists a parameter
C in R such that for each C we have a representation of R®
as an AST=-2 group. Moreover, given two different values,

C and C’, of the parameter can we find an affine motion &
and an isomorphism T such that (1) is a commutative diagram?

8[C]

R > (C)

(1) l'r O,
: 8[C*]
R C') .

where (C) 18 the AST-2 representation with parameter C and

7 (

(%) means conjugation by the affine motion &, We say that

two AST-2 representations are equivalent if they satisfy (1).
We will show the conditions on C and C’ for (1) to be

satisfied, Our main result will be that the set of all

AST-2 representations is divided into two equivalence

classes under this equivalence relation,
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In section 3 we will consider the representations of
AST~3, We will show that representations of ASTe] are of two
different types: M[A,B,C] and N[A,C,E} where in each type
different representations will result from different sets
of parameters, For each type of representation a procedure
analagous to that used in section 2 will lead to the con-
clusion that the set of representations of type M[A,B,C]
is divided into four equivalence classes under an equivalence
relation analagous to (1) and that the set of representations
of type N[A,C,E] is divided into two equivalence classes,

We conclude our discussion with section 4 in which we
will show that one of the equivalence classes of type
N[A,C,E] is an equivalence class of type M[(A,B,C]. Thus, the
total number of equivalence classes for AST-3 representations

is five,



-3-

Chapter 2

§1.

Definition 1 An affine motion on R" is a non=s8ingular

linear trnsformation followed by a translation by a fixed
vector. For R® and R® an affine motion can be represented by

the matrices

[ a b ej -a b ¢ e.T

(1) e f o and (2) e f g o
L0 0 l_I h 1 3 v

0 1
LO 0 |

respectively, The last column of the matrix represents the
translation and the determinant of the matrix is non-zero. This
implies that the set of all affine motions on R" forms a group
under matrix multiplication.

Definition 2 A group of matrices H is transitive on a

vector space V 1f for any two vectors X and Y there exists
a 5 in H such that X = Y. H is called simply transitive if
b 1is unique,

Theorem 1 Let H be an abelian group of affine motions,

transitive on a finite dimensional vector space V. Then,
relative to an appropriate basis for Vv, their matrix form is

upper triangular with 1's down the main diagonal,
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Proof: An affine motion on V has the matrix form
A [
A=
0 1| where A’ is a non-singular linear
transformation on V and k is a vector. We refer to A’ as the
linear part of A.
Let H’ be the group of nxn matrices A’ where the A’
are the linear parts of the elements of H. The group H' is
abelian. We apply to H’ the results of Chapter IV, Section 9

of [5] and conclude that there exists a B’ such that the

transformation (B')-IA'B' has for each A' a block form

(3 ) ]

~
~

S
(%) where the size of the blocks is in~

dependent of A”’,

Furthermore, each x, is itself a block form

X = 0 -
‘(vt) where again the size of the

blocks is independent of A’. Moreover, all the v's in a
given block are equal and have minimal polynomials which are
irreducible.
We can define B as
B’ 0

B-
0 1 . Thus, all the elements



B-IAB have the form
}Xl)

(1)
(x;)

1 where A is in H. Because of

transitivizy the vectors c range over all of V.

We will prove that for each i, 1 is an eigenvalue of
Xy « Thus, we assume there exists an affine motion A° in
B"lHB such that there is at least one block x; which does
not have an eigenvalue of 1, By a rearrangement of the blocks
we let x; be such a block and let its size be r. We will show
that this assumption leads to a contradiction. This means
that each x, has an eigénvalue of 1, Therefore, x-1 divides
the minimum polynomial of the v's which, as we remarked above,
is an irreducible polynomial. Hence, the minimum polynomial
is x=1, Therefore, each v 18 the lxl matrix l; this proves
the theorem, We now proceed to the contradiction.

Consider M-lA M where

[

M-

0 yJ . The first r entries

in the last column are



(2) [(a) - 1]

L

X

b

Xy

r

[, ]

Since by hypothesis

|x ‘

[(v,) - Ir] is non-singular, we can find x,, - -~ -, x_ such

that (2) is 0.

Consider the group M

r

l1.=-1

B~ "HBM. This group is another

abelian, transitive group. In this group there is a matrix

of the form

-

(9,) 1
b 0
Y L}
~ :
(8,) {0
0 1 . We calculate the
| -

first r entries of the last column of CM'lA M. These are

=

0
i
i
| 0

M~ lao MC are (%)
[+

rl-|

0
0

|
)
I
-

[ +]

. But, the first r entries in the last column of

. Since the group 1is abelian these

must be equal. This implies (y%,) has an eigenvalue of 1, a

contradiction.
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Theorem 2 Let H be a group of AST-2 and J be a group

of AST-3. Then, relative to an appropriate basis, the matrices

of H are of the form

— —

1 e(x,y) vy

0 1 x
0 0 1J , the (x,y) range over all of R?,
and the-matrices of J are of the form
—1 f(x,y,z) g(x,y,2) z |
0 1 h(x,y,z) vy
0 0 1 X
LO 0 0 1J , the (x,y,z) range

over all of R3.

Proof: A’

0 |1 takes the origin to k. Simple transitiv-
ity means that there is a unique element in the group whose
translation part is k., Hence A’ is determined by k, Further-
more every k in R™ shows up since the action is transitive,

According to Theorem 1, we may assume that the matrices
are upper triangular with 1's appearing on the diagonal, The
fact that A’ {8 determined by k is expressed via the functions

e, f, g and h in the statement.
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According to theorem 2 of section 1, the matrices of an
AST~2 group have the form
(1 e(x,y) ]
0 1 X

0 0 1 . The fact that any

two of the matrices commute leads to the result that the

matrices of the group have the form

Fl Cx y-
0 1 X
| 0 0 1 where C is a parameter (Appendix 1,

Theorem 1). We define a mapping 8{C]: R® (C) by
"

8[C](x,w) = expF where F = [0 Cx w] and y =w + 1 Cx°,
2
0 0 X
0 0 0
b -

Clearly, 6[C] 1s an isomorphism., Moreover, for any affine
motion & the mapping (5): (C) 6(0)6-1 is an isomorphism,
We wish to choose an affine motion & so that 6(0)6'1

is an AST-2 group whose matrices are of the form
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To accomplish this we choose C’ = gg , u= (e’?¢-aeg) Cx
£ D

+ ey + fx and v = (ae¢-8°0) Cx + ay + bx where D = det 6#0
D

and we choose in &6, e = 0 if C40 (Appendix 1, t heorem 2).
Clearly, these definitions define an A3T=2 group
(C’) = & (C) 8~1,

Moreover, the mapping 8[C’]: R®—) (C’) defined by

8[C*] (u,p) = expG where G = 0 C'u

and v = p + 1C’u® is an isomorphism,
2

We now define an isomorphism T: R*—) R® as
T = 6=l{c1(v)e1c].

Theorem 1 If (C) and (C’) are two AST=2 representations,

then there exists a % and a T such that the diagram

e[C]
R? > (C)
(1) \L
\L T (%)
8[(C’]
R2 }_ (Cl)

is a commutative diagram under the following conditions:
1. C = 0 if and only if C*’ = O
2, I£f C # 0 we choose a & such that e = 0 and a and f
are chosen such that a = C’ , (Appendix 1, theorem 2),
£ C
With these conditions we define u,v,® and T as before.

The above theorem shows that the set of all AST=2
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representations is divided into two equivalence classes by
the equivalence relation (l).

If we require in 6(0)6'1 = (C') that u = x and v = y,
then it follows from Appendix 1, theorem 3 that C = C’ and
that & 18 in (C). Hence, E:(C)cs"l = (C). Thus, 1if we require
u=x and v = y we find each AST~-2 representation is its own
equivalence class,

3
part a

According to theorem 2, § 1 the matrices of an AST-3 group

have the form ri f(x,y.z) g{x,y,z) 2 |
0 1 h(x,y,2z) v
0 0 1 x
0 0 0 1
- -

We will first consider the case of E = 0, The fact that any

two of the matrices commute will lead to the result (App-

endix 2, section 1) that such matrices are of the form

M{A,B,C] = —1 Ax+By Cx+Ay iﬂ
0 1 0 vy
0 0 1 x
0 0 o 1.

We define a mapping 6[A,B,C]: R®—) M[A,B,C] as 8[A,B,C](x,y,r)

= expH where
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H= —(-) Ax+By Cx+Ay r |
0 0 0 vy
0 0 0 x
-p 0 0O O

and z = r + 1 [(Ax+By)y + (Cx+Ay)x]. The above shows that
2

8[A,B,C] is an isomorphism, Moreover, for any affine motion
&, the mapping (8): (M[A,B,C])—> 6(M[A,B,C])6"1 is an
isomorphism,

We wish to choose an affine motion & so that

é(M[A,B,C])é'l is an AST-=3 group with matrices of the form

_1 A'u+B’'v  C'utA’'v W]
0 1 0 v
0 0 1 u
hp 0 0 1 .

To accomplish this we choose, 1f A,B,C are not all zero,

e = h=201n & and

A!' = a [Aj£ - Cif ~ Bjg + Agi],
(£5-81)"

B’ = a [BjZ + Ci® - 2Aij],
(fi-g1)”

c’'=__a [CE* + Bg® - 2Agf],
(£3-81)°

w=a(gyv - jo)(Ax + B + a(ic = fy)(Cx + Ay)

j -8l

+ az + by + cx,
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v = fy + gx and

u=1iy + jx,
If A= B =C =0 we choose A’ = B’ = C’' = 0,
W =282 +by +cx, v=ez +fy+gx, and u = hz + iy + jx,
(Appendix 2, section 2), Clearly, these definitions define
an AST-3 group (M[A’,B’,C’]) = 6(M[A,B,C])6'1. Moreover, the
mapping 9[A',B’,C’}: R®*—) (M[A’,B’,C’]) defined by

e[(A’,B*,C’] (u,v,p) = expl where I =

-0 A'u + B’v. C'u + A'v p-1
0 0 0 v
0 0 0 u
0 0 0 0

and w = p + %I(A'u + B'v)v + (C’u + A’v)u] is an isomorphism,

We now define an isomorphism T: R*—) R® as
T = 67 [A’,B7,C"1(8)8[A,B,C].

Theorem 1 If (M{A,B,C]) and (M[{A’,B’,C’]) are two

AST=3 representations, then there exists an isomorphism T
and an affine motion &% such that the diagram

8[A,B,C]

—> (M[A,B,C])

e
(1) Jr @
e

»>[A’,B’,C’]
> (M{A’,B’,C’)])

is a commutative diagram under the following conditions:
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l. A=B=C =0 1if and only if A’ = B’ = C’ = 0,
2. If not all A,B,C are zero then

a) A® = BC if and only if (A’)® = B’C’

b) A® < BC if and only if (A’)® < B'C’

c) A® > BC if and only if (A’)® > B'C’,
where u,v,w, 8 and T are to be defined as before,

The derivation of these conditions and the existance
of a & appear in Appendix 2, section 4.

The above conditions show that the set of all AST-3
representations of type M[A,B,C] is divided into four
equivalence classes under the equivalence relation (1),

If we require u = x, v = y and w = z in G(M[A,B,C])é'l-
(M[A’,B’,C*’]) then we conclude from Appendix 2, section 5
that A = A’, B = B’, C = C’ and that & is in (M[A,B,C]).
Thus, each AST=3 representation is its own equivalence

class if we require v = x, v = y and w = z,
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We now consider an AST-3 group whose matrices have the

g

form 1 f(x,y,z) g(x,
0 1 h(x,
o 0 1
_0 0 0

¥s2)

¥,2)

A

X

1

=

o

where h#Q, The fact that any two of the matrices commute

will lead

such matrices are of the form

N[A,C,E] =

We define a mapping a [A,C,E}:R*— (N[A,C,E]) as

1

0
0
0

a [A,C,E](x,r,8) = expJ where

p—

J = 0

0
0
0

AXx
0
0

0

Ax
1
0
0

Cx + Ar
Ex

0

0

Cx + Ay
Ex
1

0

5
X

X

]

X

1

to the result (Appendix 3, theorem 1) that

and where y = r + %ﬁxz and z = 8 + Axr + 1Cx® + AEx® ,

6

The above shows that o[A,C,E] is an isomorphism, More-

over, 1f & is any affine motion, the mapping

(5):

(N[A,C,E]) — 8(N[A,C,E])5"L is an isomorphism,



We wish to choose an affine motion & so that

E:(N[A,,C,E])-f)"1 is an AST-3 group with matrices of the form

ri A'u  C'utA’v W]
0 1 E’u v
0 0 1 u
0 0 0 1 .

b o

To accomplish this we choose; 1 = h = 0 and

1. If A ¥ 0 we choose e = 0, E’ = fE, aA = A’ and

C!' = «2a + aC + bE + aAEv
fgs J* i°

2, If A = 0 we choose A = 0, E/ = e¢C + fE and
J

C’ = aC + bE,
ik

In each case we choose

w=afa(gv - Jo) + e (je =~ cv)]Ax - av(Cx + Ay)

D j
- bvEx + az + by + cx,
h|
v = efa(gv = jo) + e(je - cv)]Ax - ev(Cx + Ay)

D ]

- fVvEx + ez + fy + gx and
A

u = jx, where D = det & (Appendix 3, section 2), Clearly
these definitions define an AST-=3 group

(N[A’,C’,E’] ) = 6(N[A,C,E])5~L,



Moreover, the mapping «f[A’,C’,E’]: R®~—) (N[A',C’,E’])

defined by a[A',C',E’] (u,p,q) = expK where

K= [0 AW C'u+ A'p q
0 0 E’'u P

0 0 0 u

Lp 0 0 q_

and where v = p + l1E'u®> and w =g + A'up + IC'u® + AE"v®

T
is an isomorphism,
We now define T: R°®—3 R® as T = o~ 1[A’,C’,E’] (®)a[A,C,E].

Theorem 2 If (N[A,C,E]) and (N[A’,C’,E’]) are two AST-3

representations, then there exists an isomorphism T and an

affine motion 5 such that the diagram

af[A,C,E]
R® > (N[A,C,E])
(2) l T l (5)
a[A’,C’',E]
R® e > (N[A’,C',E'])

is a commutative diagram under the following conditions:

1. A =0 if and only if A’ = 0 and the elements of &
are chosen such that eC + fE = E’j®, aC + bE = C’j2,

2. If A £ 0 then A’ ¢ 0 and the elements of & are chosen
such that e = 0, fE = E'j?, aA = fjA' and
C’ = =2a + aC + bE + aAEv , where u,v,w, o and T
s el

are defined as before.

The derivation of the above appears in Appendix 3, theorem 2,

In each of the above we choose 1 = h = 0 in &,
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The above shows that the set of all AST-3 representations
of type (N[A,C,E]) is divided into two equivalence classes by
the equivalence relation (2).

Finally, if we require in 6(N[A,C,E])6-1 = (N[A',c',E’'])
that u = x, v = y and w = z then we conclude from Appendix 3,
theorem 3 that A = A’ C = C’, E = E’ and 5 is in (N[A,C,E]).
Thus, each AST-3 representation is its own equivalence class
if we require u = x;, v = y and w = z,

§4

Theorem 1 The conditions under which an affine motion &

satisfies (1),

1 Ax  Cx + Ay z| 1 A'u+B’v C'u+A’v w
(1) 6o 1 Ex gyl &1 =1o 1 0 v
0 0 1 x 0 0 1 u
0 o0 0 1 0 0 0 1
L | — -

where E ¥ 0, are; w = az + by + ¢x + o(aC + bE)x,
D

v = ez + fy + gx + a(eC + fE)x,
D

u=nhz + 1y + jx + a(hC + iE)x
D

where D = det & ¥ Q0 and o = a b € and;
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1. If A ¥ 0 (1) 1is not possible,

2, If A = 0 then el = fh and (A’)® = B’C’ for A’,B’,C’

not all zero,

If A=0, C ¥ 0 and bh -~ ai ¢ 0 then

a)
b)

If

b)

If

A’ =B’ = 0, C'" ¥ 0 is not possible,

A' =C’" =0, B ¥ 0 implies e = f = 0,

B’g® = aC + bE = E(bh = ai) and C = -iE,
R R

1f A’, B’ and C’ ¢ 0, then C’ = -A’'e,
h
B’ = «~A'h, C = -iE and (hg-ej)?A’ = eE(ai«bh) =
e h
hE (af-be).

A =0, C#% 0 and af - be ¥ 0, then
A’ = C’ = 0, B’ ¥ 0 18 not possible,
A’ =B’ =0, C’ ¢ 0 implies i = h = 0,

C’j? = aC + bE = E(be -~ af) and C = -fE,
e e

If A’, B’ and C’ ¥ 0, then C' = =-A’e, B’ = -A’h,
E e

C = =-iE, (hg - ej)°A’ = eE(ai = bh) = hE(af -~ be).

A=C=0, then f = { = 0 and
1f bh - ai ¢ 0, then
1, A’=B’ =0, C’ 4 0 18 not possible,

2, A’ =C’ = 0, B’ ¥ 0 implies B'’g® = bE and e = 0,
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3. A’, B/, C’' 4 0 implies C’ = -A’e , B’ = =A’h
3 e

and (hg - ej)?A’ = -ebhE,
b) If (af - be) ¢ 0, then
1, A’ =C’ = 0, B’ ¥# 0 i{8 not possible
2. A’ =B’ =0, C’ 40 implies h = 0 and
C’j? = bE,

3. A’, B, C’ # 0 implies C’ = ~A'e , B’ = -A'h
h e

and (hg - e})?A’ = -ebhE,
This theorem shows that for (A’)? = B’C’ and if not all
A’', B’ and C’ are zero, that the AST-3 representations
N[O, C, E] and M[A’, B’, C'] are equivalent, The equivalence

relation being the commutative diagram

«[0,C,E]
R® > N[0,C,E]
T (5)
8[A’,B’,C’)
R® = > M{A’,B’,C’)

where T = 8~1[A*,B’,C*] (%) «[0,C,E].
Therefore, for AST-3 representations there are exactly
five equivalence classes,

Theorem 2 There exists no affine motion & such that (1)

is true if we require w =z, v = y and u = x,

The proofs of the above theorems are found in Appendix 4,
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Appendix 1

$1

Theorem 1 If the matrices of an AST-2 group have the form

[1 e(x,y) ]
0 1 X
0 0 1 , then, for some constant C, e(x,y) = Cx,

b -
Proof: Since the group is abelian, x’e(x,y) = xe(x’,y’)

for all values of x, x’, y and y’. Let x’ = 1, y’ « 0 and
C = e(1,0). Hence, e(x,y) = Cx,

§2

Theorem 2

o m é -
If (1): I Cx vy 1 Cc’u v
s lo 1 x s7a o 1 wu
0 0 1 0 ¢ 1 ,
! i ! _

where & 18 the affine motion [a b ¢

LO 0 1} , then

1. u= (e?¢ ~ aec)Cx + ey + fx,
D
v = (aeeg - a®c)Cx + ay + bx
D where D = det 9o,

(Note: the determinant of the matrix of the coefficients of x
and y is D # 0 for both (2) and (3) below).
2, C =0 if and only 1{f C! = 0,

3. C # 0 implies e = 0 and aC = f2C°’.
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Proof:

1, Follows immediately by multiplying (1) out and
equating the elements of the third column with v
and u respectively,

2. If C = 0 then from (1) C'u = 0, If C’ # 0 then
e = f = 0 and therefore D = 0, a contradiction.
Thus, C’ = 0, Conversely, if C’ = 0, then in (1),
-e®Cx = 0 and a?Cx = 0, If C ¥ O then a = 0 and
e = 0 contradicting D ¢ O,

3, If C ¥ 0 then in (1) we have e?Cx = (0, Therefore,

e = 0, Also in (1), a®Cx = C‘'u yields aC = f*C’,
D

Theorem 3 If in the above we require u = x and v = y,

then C = C’ and

1, IfC=0thena=f =1and b = e = 0,

2, IfC 4+ 0thena=f =1, e =0and b = oC,
In either case 6 is of the same form as the matrix

1 Cx y

0
0 0 1| .

Proof:

1. C = 0 if and only if C’ = 0 follows from theorem 2,
Moreover, the formulas for u and v imply a8 = f = 1

and b = e = (0,



2, If C # O then theorem 2 implies e = 0 and the
formulas for u and v imply @ = £f = 1] and b = oC,

Moreover, aC = f2C’ implies C = C’,
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Appendix 2

St

Theorem 1 1If the matrices of an AST-3 group have

the form rl f(x,y,2) g(x,y,z) z |
0 1 0 y
0 0 1 X
_0 0 0 1 for all (x,y,z) in

R®, then f(x,y,z) = Ax + By and g(x,y,z) = Cx + Ay.

Proof: Since the group is abelian
(1) yf(x’',y",2") + xg(x’,y’,2") = y’f(x,y,2z) + x"g(x,y,2)
for all values of x,x’,y,y’,z and z’. Let x’=0, y’=1, z'=0,
B = £(0,1,0) and A = g(0,1,0). Then (1) becomes f(x,y,z) =
AXx + By. Let x’=1, y'=0, z’=0, D = £(1,0,0) and C = g(1,0,0).
Then (1) becomes g(x,y,z) = Cx + Dy. If we replace f and g
in (1) with these linear functions we obtain y‘’Ax + x’Dy =
yAx’ + xDy’, For y’ = 0, x’=1 and y=1, we conclude D = A,
Thus, f(x,y,z) = Ax + By and g(x,y,z) = Cx + Ay.
§2

Theorem 2 If

-

1 Ax+By Cx+Ay z
0 1 0 y

(2):8 0 0 1 x 8=l -
0

0 0 1

b
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(1 A’u+B’v C’utA’v w| where 5= [a b ¢ ¢
0 1 0 v e f g o
0 0 1 u h i 0§ v
LP 0 0 1_ L“0 0 0 l—

and D = det & # 0, then
1. If not all A,B,C are zero; e = h = Q,

w = a(gyv -~ jo)(Ax + B + a(ioc - fu)(Cx + Ay) +
j -8l

az + by + cx,
ve=fy +gx, u=iy + jx, (Note: the determinant of

the matrix of the coefficients of x,y and z i8 D # 0).

A’ = a [AjJf - C1f - Bjg + Agi],
(f3-gil)~

B’ = a [Bj2 + Ci® - 2Ai1j%]),
Efj-gii=

C'= a [C£? + Bg® - 2Agf] and
(f1~g1)”

(A:)a - B:C! - (Aa - BC) aa

(fi-g1)”

2, A=B =C =0 if and only if A’ = B’ = C’' = 0,
In this case w = az + by + cx, v = ez + fy + gx and
u=nhz + 1y + jx. (Note: the determinant of the
matrix of the coefficients of x,y and z is D ¥ Q).
Proof:

1. In (2) the following equations result:
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(3) e[Aa + C8} = 0, e[Ba +A 8] = 0 where
(a,8) = (8 - hc, bh - ai) or (ec - ag, af - be)
or (hg - ej, e1 - fh), A similar result is
obtained by replacing e by h in (3).
If we assume e ¥ 0 we obtain
(4) Aa +C 8= 0, Ba +A B8 = 0,
a) If A® - BC ¥ 0 (4) leads to a contradiction
of D # 0, Thus, if A® - BC # 0 we obtain
e = 0 and similarly h = 0,
b) If A® = BC then (4) yields for the cases
A,B,C not zero, A =C =0 and B ¢ 0, and
A =B =0and C ¥ 0 that D = 0, a contra-
diction, Thus, e = h = (,
The equations for w, v and u result
directly from (2) using the fact that e = h = 0
in &,
Moreover, in (2) row 1, column 2 =
A'u + B’v and row 1, column 3 = C'u + A'v,
This and the formulas for u and v imply
the equality of the following coefficients

of x and y:

(5) a (Aj -Ci) =A’'y +B'g, a (Bij-Ai) = A'i4B’f,
fi-gi fi-gi

a (-Ag+Cf) =C'J +A'g, a (-Bg+Af) = C’i+A'f,
Fi-gl Ii-gl
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The solution of the above equations yields
the aforementioned equations for A’, B’ and C’,
Moreover, those equations for A’, B’ and C’
will result in the equation (A’)? - B'C’ =

(A®* - BC) a® being confirmed,.
(fi-gl)®

If A=B =C =0 (2) yields the following results:
W =48z + by + cx, v = ez + fy 4+ gx, u = hz + 1y + jx,
and A'u + B’v = 0, C’u + A’v = 0. These last two
equations yield the following equations for the
coefficients of x, y and z.
(6) A’h + B’e = 0, A'i + B’f = 0, A’y + B'’g = 0,
C’h +A’e =0, C'L{ +A'f =0, C'] +A'g =0,
I1f we consider the cases a)
(A’)2 -~ B‘C’ # 0 and b) (A’)2 = B’C’ (and the
separate possibilities for (b) that
A', B', C' + 0or A’ =B’ = 0 and C’ ¢ 0 or
A’ = C’ = 0 and B’ # 0), we find that D = 0,
a contradiction. Therefore, we conclude
A’ =B’ =C’ = 0.
Conversely, if A’ = B’ = C’ = 0 we will
conclude A = B = C = 0, If not all of A, B, C
are zero we obtain from part 1 of this theorem

that e = h = 0 and A? = BC, For the separate
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possibilities; (a) A,B,C # 0, (b) A =B =0
and C 4 0, (c) A =C = 0 and B ¥ 0 equations
(5) lead to the result D = 0, a contradiction.

Therefore, A = B = C = 0,

Theorem 3 If

(1 Ax+By Cx+Ay 2] [1 A'u+B'v ClutA’v W]
5 o 1 0 y 5"l= |0 1 0 v
0 0 1 X 0 0 1 u
0 0 0 1_ _p 0 0 14

and if A = A’, B =B’ and C = C’, then the following i8 true:
1, If A® = BC ¥ 0 and if we choose a = fj - gi,
then B(j - f) = 2ai, C(f - j) = 2Ag and -Bg = Ci.
2, If A° - BC ¢ 0 and {f we choose a = -(fj - gi), then
f =~} and Ci = Bg = 2Aj,.
3. If A® = BC, then
a) A=0,B=0, C# 0 implies i = 0 and a = j?,
b) A=0,C=0,B #% 0 implies g = 0 and a = f°,

c) A4 0, Bs¥ 0, C¢+¥ 0 implies

l.g=(Wa - 1)C ,i=(a-f)B,+a #f+3j, or
A A

2, g=(Wa - {)C,i=-(Wa+ f)B,Va $3-f£f, or
A A

3. g ==-(Wa + §)C , { = (Ya - £)B, Va ¢ £ - j, or
A A



4, g = =(Va + {)C, 1 =—(Va + f)B, va ¢ -(f+j).
A

A
Proof:
1., The first part of theorem 2 of this appendix yields

a? = (fj = gi)®, If we choose a = fj - gi, then (5)
of theorem 2, with A = A’, B = B’ and C = C’, leads
to the desired result,

If in the above we choose a = =(fj - gi), then (5)
of theorem 2, with A = A’, B = B’ and C = C’, leads
to the desired result,

Parts (a) and (b) are obtained by direct substitution
into (5) of theorem 2 with A = A’, B « B’ and C = C’,
In order to prove part (c) we notice that (5) of

theorem 2 with A = A’, B = B’ and C = C’ yilelds

aAj = (Aj® + Bjg)f + (aC - Agj - Bg?)i, - aAg =

(=aC + Cj% + Ajg)f + (~Cjg - Ag®)i. If we assume

the determinant of the matrix of the coefficients

of 1 and f is non-zero we are led to D = det & = 0,

a contradiction, Similarly, (5) of theorem 2 yields
-aAl = (-aB + Afi + Bf?)j + (-Ai® -~ Bfi)g,

aAf = (Cfi + Af?)j + (aB - Ci® = Afi)g

and we must conclude the determinant of the matrix of
the coefficients of j and g is zero.

The fact that the above two determinants are zero
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yields the equations a(Ag + Cj)? - a3C® = (Q and

a(Al + Bf)? - a°B® = 0, These imply a is positive

and the various possibilities for the roots of

these equations ylelds the desired results for

part (c),

Moreover, the relationships of each part of

the above theorem, when directly substituted into

the equations for A’, B’ and C’ of theorem 2, part

1, yleld A’ = A, B’ =B and C’ = C,

We repeat here some of the results of theorem 2, namely

if we wish to find a & such that

1 Ax+By Cx+Ay
0 1 0
(7) & 0 ] 1
0 0 0

where & = r-a b

e f

h 1

0 0

z

]
0

N

1

—
1 A'u+B'v C'uia’v
0 1 0
5=l
0 0 1
0 0 0
-

and D = det & ¢ 0, then

1, 1f A,B,C are not all zero then e = h = (§ and;

(8) A’ =

J-gi

[AJf - Cif - Bjg + Agi],
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(9) B’ = a [Bj® + Ci® - 2A1j],
J-gi

(l10) ¢’ = a (Cf® + Bg® - 2Agf] and
Jegl

(11) (A’)® = B’C’ = (A% - BC) a® .

(F1-sD)°
2, A=B =C=201f and only if A’ =B’ =« C’ = 0,

The equations for u, v and w of theorem 2 imply that
for any u, v and w an x, y and z can be found to satisfy
them, and conversely, Equation (11) and part 2 above imply
that if (7) 1s to be satisfied then

a) A® = BC if and only if (A’)® = B’C’,

b) A2 - BC<0 if and only if (A’)? - B’C’<0.

c) A® - BC>0 if and only if (A’)2 - B'C’>0,

d) A=B =C =0 if and only if A’ « B’ = C’ = 0,

The above can be viewed as the surface x° = yz dividing
three dimensional Euclidean space into four regions:

a) The surface itself (excluding the origin),

b) The "inside" of the surface.

c) The "outside" of the surface,

d) The origin,

It remains to be shown that given any two sets of
parameters (A,B,C) and (Al’Bl’Cl) in any one of the four
regions cited above we can find a & such that (7) is sat-

isfied, where u, v and w are related to x, y and z as in
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theorem 2, The existance of such a 5 implies that the set
of AST=3 representations of the type M[A,B,C) 18 divided
into four equivalence classes under the commutative diagram
equivalence relation,

Theorem & If (A,B,C) and (Al,Bl,Cl) are any two points

on the surface x* = yz (excluding the origin), then there
exists an affine motion 5 such that (8), (9) and (10) are
satisfied,

Proof: The point (A,B,C) can be taken into the point

(Al,Bl,Cl) by use of some or all of the following:

a) (A,A°,€) ——— (A", (A)® , C’') where
C C

A,LA’,C and C’ ¥ 0 and C and C’ have the same sign.

b) (0,0,C) —_— (A, 52'12 , C') where C,

A’ and C'# 0 and C and C’ have the same sign.

c) (0,C,0) EE— (A's (g_’)' 2 , C') where A's

C and C’ ¥ 0 and C and C’ have the same sign,
d) (¢,c,) —— 3 (c’, c’,C’') where C and C’
¥ 0 and C and C’ are of opposite sign,
It is geometrically evident that the point (A,B,C)
can be taken into the point (Al,Bl,Cl) by use of a composition
of the above maps or their inverses, The &6 that is used to

satisfy (8), (9) and (10) is the product of the various
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"5'8" used in the individual maps, the order of the factors
being the same as the order of the mappings in the composition,

It remains then to show that for each of the above maps
an affine motion & can be found which satisfies (8), (9)
and (10).

1. The mapping (a) is obtained by choosing in 5;

4@ =f = j=1 e =ha=20,

1=-A'C+ |o| V'€ and g = -C’ + sgna ¥TT_ .
cC AT

The cholce of either the positive or negative root
in both 1 and g depends upon which sign satisfies
the condition IAIJETE ¥ + (C'A + CA'),

The derivation of the above 18 obtained by
choosing a, f and jJ = 1 to eliminate the i and g of
theorem 3, part 3cl, e = h = 0 comes from theorem 2,
The above formulas for i and g are obtained by direct
substitution of the points of the mapping into (8),
(9) and (10). The inequality condition is the con=
dition that 1 - gi ¥ 0 which is required if & is to
be an affine motion,

2, The mapping (b) 1s obtained by choosing in &;

a=fmwijmw]l e=h=0, {i=-A’' and
C’



-3]=

g = ~C’ + sgnA’ VC'C where one can choose either

;1

the positive or negative root. The derivation of
this result is obtained in the same manner as the
derivation of the mapping (a).

3. The mapping (c) is obtained by choosing in %;

a=fwmj=1 e=h=0,1i=-A’+s8gnC’VC'C and
C.l'

g = -C’ where one can choose either the positive
Al

or negative root, The derivation of this result is
obtained in the same manner as the derivation of the

mapping (a),

4, The mapping (d) is obtained by choosing in b;

A= «], f=j=1 e=h=0and { =g = =1 -/ -g .

The derivation of this result is obtained in essen-
tially the same manner as the derivation of the
mapping (a), The choice of a = -1 is because C

and C’ are of opposite sign,

Theorem 5 If (A,B,C) and A ’Cl) are any two points

1°B4

on the "inaside" of the surface x®* = yz, then there exists

an affine motion & such that (8), (9), (10) and (1ll1l) are

satisfied,
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Proof; The point (A,B,C) can be taken into the point

(A,B,,C ) by use of some or all of the following:
(a) (A,A%,C) —— (A’,(A’)?,C) where
D

D
,D' < |CI , D, A, A’ and C # 0 and D and C have

the same sign,

(b) (0,A®,C) N (A,A%,C) where
D D

'Dl < ‘Cl , A, C, and D #+ 0 and D and C are of the
same sign,
(e (D, D, €y —y (D’, D', C’) where D, C, D’,
and C’ ¥ 0, lD' < lCl , ID" < lC'I , D and C are
of the same sign and D’ and C, are of the same sign,
It is geometrically evident that the point
(A,B,C) can be taken into the point (4 ’Bl’cl) by use of a
composition of the above maps or their inverses, The &
that is used to satisfy (8), (9), (10) and (11) 1s the
product of the various "&'s" used in the individual maps,
the order of the factors being the same as the order of the
mappings in the composition,
It remains then to show that for each of the
above maps an affine motion & can be found which satisfies
(8)? (9), (10) and (1l1).

1. The mapping (a) is obtained by choosing in &;
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f=j=1l,e=h=0, i=A-A", g--C&A-A'zand
2D

+ C (A=A’)?,
4A®D

a=- A’
A
The derivation of this result is obtained by
choosing £ = § = 1 to eliminate the 1 and g of theorem 3,
part 1, e = h = 0 comes from theorem 2, The above formulas
for a, 1 and g are obtained by substituting the points

of the mapping in (11), and then choosing a = A’ (l-gi)
A

and using this in equations (8), (9), and (10) to find
i and g,

2, The mapping (b) is obtained by choosing in b;

f=j=1l,e=h=0, i-é[-1+/C-D ,
D c
g=C | -1+ [C-D| and a =2 1-g+g}c-n]{c-n.
A C D DY C C

The derivation of this result is obtained in

@]

the same manner as the derivation for the mapping (a).
3. The mapping (c) is obtained by choosing in %;

f=j=1,, e=nhw=20 and

(a) If RD + D’ ¥ 0, where R = /(D')a - D'C’ ,

p* - DC
i = RD-D’ |, g =RC -C' and
RD + D' RD + D'

1 = (RD = D')(RC -~ C*) R
(RD + DY ]

— &
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(b) IfRD + D’ = 0O thenRC + C' =0 and 1 = 0, g = 0
and a = =R are chesen,

The derivation of part(a) of the above result is
obtained in the same manner as the derivation for the mapping
(a). For part (b) above if RD + D’ = 0, the definition of
R implies RC + C’ = 0, Analysis of equations (8), (9), (10)
and (11) reveal the above choices of 1, g and a will yield
the desired mapping.

Theorem 6 If (A,B,C) and (A;,By,C;) are any two points

on the '"outside'" of the surface x* = yz, then there exists
an affine motion & such that (8), (9), (10) and (1l1) are
satisfied,

Proof: The point (A,B,C) can be taken into the point

(Ay,By,C;) by use of some or all of the following:

(a) (A, A%, C) — (A', (A®)® , C) where
D D

IDI > IC' if D and C are of the same sign and

A, A’, Dand C ¥ O,

(b) (A, A2, 0) — 3 (A', (A")2 , 0) where
D D

A, A’ and D ¥ O,

(c) (0, A2, C) ——_3 (A, A, C) where A, C and
D D

D ¢ 0 and C and D are of opposite sign,



(d) (A, 0,C) | (A, A> , C) where A and D ¥ 0
D

and [} > |c[ 1f C and D are of the same sign.
(e) (D, D, C) ——3 (D’, D', C’) where |Dl > [c|

if D and C have the same sign, lD'l > ‘C'I if

D’ and C’ have the same sign and D, D', C and

C' # 0,

(£) (D, D, C) ——3 (D*, D’, 0) where |D| > ic|

if D and C are of the same sign and D, D’ C ¥ 0,

It is geometrically evident that the point (A,B,C)
can be taken into the point (A;,B;,Cy) by use of a composition
of the above maps or their inverses, The & that is used to
satisfy (8), (9), (10) and (11) is the product of the
various "6's" used in the individual maps, the order of the
factors being the same as the order of the mappings in the
composition,

It remains then to show that for each of the above
maps an affine motion & can be found which satisfies (8), (9),
(10) and (11).

1, The mapping (a) is obtained by choosing in b;
f=3=1, e =h=20,

(12 i =A A" |, (13) g = =C(A = A’) and
g fir

(14) a=A' + ¢ (A - A’)® providing
A LA®D
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(15) [A]*®~-2A +4A D +1+40, If (15)
A7 AT AT T

fails then the mapping (a) 1is obtained by choosing

in b, e=h=0, f=1-C@AHA’), j=1-cC(Ara" ,
> DA m
g=C |1~ (a4’ R i-i}_[l-AH\' and
e|r-ep JEREC-U

a= |C=-1] -A" +_C_ (A",
D A ZA7D
The derivation of the above result (excluding the
exception mentioned above) is the same as that for the

mapping (a) of theorem 5. To derive the results for the

exception we use the composition of the mappings

(A3£ ,C) —-) (-A,&.a_ ’C) and ("Aoé,a_ 9C) “_) (A”SA_')_:B_!C)
D D D D

where A, A’, D and C ¢ 0 and lDl > |C| if D and C are of the

same sign,

For the mapping (Asg‘_a_!c) —> (-A,_A_z_,C),
D D

the matrix is obtained by choosing f = j = 1, e = h = 0,

i=A, g=Cand a =|C =l where i, g and a were found
D A D

by substituting the above points into formulas (12) -« (14),
One notes that (15) is satisfied for this mapping.

For the mapping (-A,A%,C) —— (A',(A%)?,C)
D D

the matrix is obtained by choosing f = | = 1, e = h = 0,



i =-(AHA’), g =~C(A+HA’) and a = -A’ + C_ (A+A")?,
D A 4A%D

where 1, g and a were found from substituting the above points
into formulas (12) = (1l4). One notes that (15) is satisfied
for this case,
The matrix & of the exception is the product of the
matrices obtained in the above two mappings,
2, The mapping (b) is obtained by choosing in 6;

f=j=1l, e=h=0,1=A-A’, gmwOand a=A’',
2D A

The derivation of the above result is obtained by letting
C = 0 in the mapping (a).

3. The mapping (c) 1s obtained by choosing in &6; f = § = 1,

e=h=0,1=A(<14+ [C-D|], g=C| «L+ fC-D
D C A C

D D C C

and a = 2[ l1«C+C C-ﬁ] C-D .
The derivation of the above result is the same as that for
the mapping (b) of theorem 5,
4, The mapping (d) is obtained by choosing in §;

f=j=1, e=he(Q, i= %_(R-l), g = ig (R-1)® and

a = [1 + 2'(R-1)§] R where R = / DeC , providing
C D

C¥0orC¢¥ ~8D, If C = =-8D the mapping (d) is

obtained by chooging in &; £f = j = 1, e = h = 0,
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i =A , g=<16D and a = =27, If C = 0 the mapping
2D =

(d) 1is obtained by choosing in 6; f = j = 1, g = O,

i=-A _ a=1ande=nh=0.
2D

The derivation of the above result is obtained by
direct substitution of the points of the mapping into

equations (8) = (1l1) and choosing a = (l~gi) JFEZC . f =3 =1
D

was chosen in order to eliminate the i and g of theorem 3,
part 1l and e = h = 0 comes from theorem 2, The derivation of
the results for the exception C = -8D is done in the same
manner as the above where we choose a = -3(legi), The der=~
ivation of the results for the exception C = 0 is done in
the same manner as the above where we choose a = l«gi,

5. The mapping (e) is obtained by choosing in &;

f=3)=1, e =h =0 and

a) If RD + D’ ¥ 0 and =(D’C + C'D +2D'D)¥ 2R(D?=~DC)

where R = J[SD‘QQ'D'C' then 1 = RD=-D’ ,
D ’

- RD4+D

g = RC=C’ and a = [1 - (RD=D’)(RC=-C‘) | R.
RD+D’ RD+D

b) If RD+D’ = O then RC+C’ = 0 and we choose 1 = g = 0

and a = =R,

c) If RD-D* 4 0 and «(D’C + C’D + 2DD’) = 2R(D?-DC)



we choose 1 = RD+D’ , g = RC+C' and
RD-D RD=D

a = = [' - (RD+D ')} (RCH+C’ R,
be-D;SE
d) If RD-D’ = 0 then RC~C’ = 0 and we choose

i =g =0 and a = R,

The derivation of the above is obtained in the same manner

as that of the mapping (c) of theorem 5.

6, The mapping (f) 1s obtained by choosing in b;

f=3j=1, e mh=0,1=RD=-D’, g= RC and
RD+D ' RD+D '’

a = [1 - SRD'D'ISRC; R providing C # 8D, If
(RD+D

C=~8Dwe choose f = j =1, e mh=0, 1i=22 g=24§

and a = «3Dp’' ,
D

The derivation of the above 1s carried out by substituting

C’ = 0 in 5a above, For the exception C = -8D we substitute

C’ = 0 and C = -8D in part 5c above,

85

p—

Theorem 7 If we require an affine motion 5 such that

1
0

0

Ax+By Cx+Ay J 1 A'u+B’'v C'u+A'’v w‘q
1 0 vy 5=l . 0 1 0 v
0 1 X 0 0 1 u
0 0o 1 |0 0 0 1

- u




A
and u = x, v =y and w = 2z, then

l, IfA=B=C=0weobtailna = f = j =1,
e=g=wh=1=b=c=0and A’ =B’ =¢C’ =0,
This implies & is in (M[A,B,C]).

2, If not all A,B,C are zero we obtain a = f = j = 1,
e =g = h=1 =0, b=0B + VA and ¢ = cA + VC,
Moreover, A = A’, B = B’ and C = C°’,

This implies & is in (M[A,B,C]).
Proof:

1. From theorem 2 we obtain A’ = B’ = C’ = 0 and
w =2 = 4az + by + ¢x, v =y = ez + fy + gx and
u=x=nhz + 1y + jx, Thus, a = f = j = 1 and
e=g=h={=Db=¢c =0,

2. From theorem 2, e = h = 0 and u = x = iy + jx,
v=y=fy + gx, Thus, f = j = 1 and 1L = g = 0,
Moreover w = z = -ac(Ax + By) - av(Cx + Ay)

+ az + by + cx. This implies, a = 1, b = oB + vA
and ¢ = oA + vC. Moreover, the equations for
A’, B’, and C’ on page 22 imply A = A’, B = B’ and

C =2¢C*’,



§1 Appendix 3

Theorem 1 If the matrices of an AST-3 group have the form

1 f(x,y,z) g(x,y,z) z]
0 1 h(x,y,z) vy
0 0 1 X
| 0 0 0 1 and h £ 0, then h(x,y,z) = Ex,

f(x,y,2) = Ax and g(x,y,2z) = Cx + Ay,
Proof: Since the group is abelian
(1) x’h(x,y,z) = xh(x',y’,2")
(2) h(x,y,2)f(x’,y’z") = h(x’,y’2")f(x,y,2)
(3) y'f(x,y,z) + x'g(x,y,z) = yf(x’,y’,2’) + xg(x’',y’,2").
Let x’ =1, y’" =0, z’ = 0, h(1,0,0) = E, £(1,0,0) = A
and g(1,0,0) = C, Then (1) becomes h(x,y,z) = Ex, (2) becomes

f(x,y,z) = Ax and (3) becomes g(x,y,z) = Cx + Ay.

§2
Theorem 2 If
[1 Ax Cx+Ay z | -l. A'u C'u+A'v 'wT
36 o 1 Ex y| ot =10 1 E'u v
0 O 1 X 0 0 1 u
0 0 0 1 0 0 0 1
~ | -




oy S

where 6 = a b ¢ ¢

e f g o
h 1 3 v
0O 0 0 1

et vl

and D = det & ¢ 0, then
l, i =h =20

2, w=aJa(gv~jo) + e(je=cv)]Ax -~ av(Cx+Ay)

D 3
- bvEx + az + by + cx,
3
v = efa(gv-io) + e(je-cvﬂéx - ev(Cx+Ay)

D j

- fvEx + ez + fy + gx and
3

u = jx (Note: the determinant of the matrix of the
coefficients of x, y and z is D ¥ 0),
3. If A # 0, then e = 0 and fE = E'j?, aA = fjA’ and

C’ = =-2a + aC+bE + aAEv
] h] 3

4, A = 0 if and only if A’ = 0 and eC + fE = E*j°
and aC + bE = C’j2,
Proof:
1, In (3) the element in row 2 column 3 equals E’
times the element in row 3 column 4, This yields

h, the coefficient of z, is zero, Moreover,r ow 3
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column 1 = 0 and row 3 column 2 = 0, This implies
the coefficients, i®eE and i?aE, of x equal zero.
Thus, 1 = 0O,
In (3) we find the elements of the fourth column
are the desired results,
In (3), using i = h = 0, row 1 column 1 must equal
1l and row 2 column 1 must equal zero, Thus, the
following coefficients of x are zero; aejA = O and
e®*jA = 0, This implies e = 0, From (3) we also
require row 2 column 3 to equal E'u; row 1 column 2
to equal A’u and row 1 column 3 to equal C'u+A’v,
where u and v are as in part 2 with { = h = e = (.
We equate the coefficients of x and y and obtain the
desired results,
If A = 0 the relations amongst the entries of (3)
cited above, with i = h = 0, and the formulas for
u and v imply that A’ = 0, eC + fE = E’j2 and
aC + bE = C’'jZ,

I1f A’ = 0 and A ¥ 0 we find from e’ jA = O that
e = 0, From row 1 column 2 equals A’u we find, with
i = h=20, that a = 0, This contradicts D ¥ 0, Thus,
A =0,

It is8 clear from theorem 2 that the existance of



~flp=
an affine motion & implies the set of AST=3 representations
of the form N[A,C,E] is divided into two equivalence classes
under the commutative diagram equivalence relation.
§3

Theorem 3 1f in (3) we require w = z, v = y and u = x,

then e = h =1 =0, a=f=3j =1, b=vA, g =VE,
¢ =cA+ VvC, A=A’ C=C’and E =E’, From the above
it is clear that & 1s contained in N[A,B,C].

Proof: From theorem 2 parts 1 and 2 we obtain e = h = i = 0,
4 = f = j=1, b=vA, ¢c =0cA+ VvC and g = VE, From the
relationships for row 1 column 2 = A’x, row 2 column 3 =
E’x and row 1 columm 3 = C’x + A’y we obtain A = A’, ¢ = C’

and E = E’,
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Appendix §

Theorem 1 The conditions under which an affine motion b

satisfies (1),

™ -
1 Ax Cx+Ay 1 A'u+B’v C'utpA’v w
(1):6l0 1  Ex sl = |o 1 0 v
0 O 1 0 0 1 u
0 0 0 0 0 0 1
i - . J
where E ¢ 0, are; w = az + by + cx + o(aC+bE)x,
D
v ez + fy + gx + o(eC+fE)x and
D
u hz + iy + jx + a(hC4+iE)x where
D
D = det o # 0 and o a b e
e f o
h i v|, and;

1. If A ¢« 0 (1) is not possible.

2, 1f A = 0 then ei = fh and (A')®= B‘C’ for

A’,B’,C’ nnt all zero.

3, If A =0, C # 0 and bh - ai # 0 then

a) A' =B’ =0, C' ¢ 0 is not possible,

b) A’ = C’ =0, B’ ¥ 0 implies e = f = 0,

B’g°= aC + bE = E(bh~ai) and C = -iE .

h h




1f

b)

1f

b)

bb-

If A’, B’ and C' ¢ 0 then C’ = -A’e , B’ = ~A’h,
h e

C = -iE and (hg-ej)?A’ = eE(ai-bh) = hE(af-be).
h

A =0, C#¥ 0 and af - be ¥ 0, then
A’ = C' = 0, B’ # 0 is not possible,
A’ =B’ =0, C’ # 0 implies i = h = 0,

C’j® = aC + bE = E(be-af) and C = -fE.
e e

If A’,B’ and C’ ¥ 0, then C’= -A’e , B’= -A'h ,
h e

C = -iE , (hg-ej)?A’ = eE(ai-bh) = hE(af-be).
h

A =C =0, then f = 1 = 0 and

If bh-ai # 0, then

l. A’ =B’= 0, C’' # 0 i8 not possible.

2. A’ = C'= 0, B’ ¥ 0 implies B’'g® = bE and e = 0.

3. A'’,B’,C’ # 0 implies C’ = -A'e, B’= =-A’h and
h e

(hg-ej)®A’ = -ebhE.
If af-be # 0 then
1, A’ =C’ =0, B' # 0 is not possible,.
2. A’ =B’ = 0, C’'" # 0 implies h = 0 and C’j® = bE.

3. A’,B’,C' 4 0 implies C’ = -A’e, B’ = -A'h
h e

and (hg-ej)?A’ = -ebhE.
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Proof:

The equations for w, v and u follow from multiplying
(1) out and equating the results for the fourth column with
w, v and u , using the fact from below that A = 0.

1. In (1) the fact that cerrain entries are to be 0

or 1 yield the following coefficients of y:

(2) e(el-fh)A = 0, e(bh-ai)A = 0 and e(af-be)A = O,
If A # 0 and we assume e ¥ 0 we will contradict
D # 0, Thus, e = 0, We also have a set of
equations similar to (2) except the factor e
is replaced by h, These yield h = 0. With
e = h = 0 we have for the zero or one entries of
(1) the following coefficients of x:

(3) -aifE = 0, -ai®E = Q0 and af?E = 0,
If a ¥ 0, then f = 1 = 0, This implies D = 0,
a contradiction. Thus, a = 0, However, a = e = h = (
implies D = (0, a contradiction. Therefore, A ¥ 0
is not possible.

2, If A = 0 we obtain from (1) the following coefficients

of x:
(4) (aC+bE) (ei-fh) = 0, (eC+fE)(ei-fh) = 0 and
(hC+iE) (ei-fh) = 0.

If ei-fh # 0 and either C = 0 or C ¥ 0 we
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contradict D ¥ 0. Therefore, ei = fh. Moreover,
in (1) we have A’u + B'’v = row 1 column 2 and
C’u + A’v = row 1 column 3. Since A = 0 we have
the coefficients of y and z in the above
equations are zero. This implies

(5) A'h + B'’'e = 0, C'h + A'e = 0,
AT + B'f =0, C'L + A'f = 0,
If (A’)2 - B’C’ # 0 we contradict D # 0. Thus,
(A")? = B'C’.

1f A’ = B’ « C’ « 0 then row 1 column 2 and

row 1 column 3 of (1) are zero. This yields the
first two equations below., More ver, from (1)
the vther entries that are Q0 or 1 yield the
last four equations below for the coefficients
of x,

(6) (aC+bE)(bh-ai) = 0, (aC+bE)(af-be) = 0,
(eC+fE)(bh-ai) = 0, (hC+iE)(bh-ai) = O,
(eC+fE) (af~be) = 0 and (hC+iE)(af-be) = 0.

The above equations and the fact that ei = fh

imply D » 0, a contradiction. Thus, A’,B’ and C'
are not all zero,

3. A =0, C # 0 and bh - ai ¢ 0

a) If A' =B’ = 0, C' # 0 then A’u + B’v = 0,



4G =

This implies (aC+bE)(bh-ai) = 0. Moreover the
last four equations of (€) are true., However,
this contradicts D ¢ 0. Therefore, A’ = B’ = 0
and C’ ¥ 0 is not possible.

b) If A’ = C’= 0 and B’ ¥ 0 then from (5)
A'h+B’e = 0 and A'"i4B'f = 0. This implies
e = f = (0, Moreover, from (), since (bh-ai) # 0,
we have eC+fE = 0 and hC+iE = 0, Also, row 1
column 2 = A‘u+B’v. Equating the coefficients
of x yields (aC+bE)(bh-ai) = B'’[ (eC+fE)a+Dg].
These equations yield the desired results.

c) If A’, B’ and C’ # 0 we have from (6)
hC+iE = 0 and eC+fE = 0. This implies

D = (hg-ej)(aC+bE) . The equations (5) and
E

the above imply the desired results for C, C’
and B’.

We equate the coefficients of x from
C'’utA’v = row 1 column 3 of (1) and obtain

(aC+bE)(af-be) = D(C’j+A’'g). This implies

(hg-ej) (aC+bE) [}A'ei +A‘%] = (aC+bE)(af-be).
E h

Thus, (hg-ej)?A’ = hE(af-be) = eE(ai-bh).

4, The proof for each part is essentially the same as
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for part 3 above,
5. If A = C = 0 we have from (1) for the entries that
are 0 or 1 the following coefficients of x:
(7) fE(bh-ai) = 0, iE(bh-ai) = 0,
fE(af-be) = 0 and iE(af-be) = 0.
This implies i = f = 0., Parts (a) and (b)
follow respectively from parts 3 and 4 above,

Theorem 2 There exists no affine motion & such that

(1) 1is true if we require w = 2z, v = y and u = x,
Proof: In theorem 1 above if w = z, v = y and u = x
we obtain a = 1, b = 0, ¢c = vC, e =0, f =1, g = VE,
h =0, 1 =0and j = 1. Moreover, from the entries that are
0 or 1 we obtain e(ec-ag)A + e(af-be)C + fE(af-be) = 0
as a coefficient of x, However,the above results for e,

a and f imply E = 0, a8 contradiction,
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