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PREFACE

While an undergraduate, I became interested in a number 
of questions regarding the possibility of a deterministic 
description of nature. Is a determininistic description of 
nature incompatible with quantum theory? If such a theory 
could indeed exist, then wouldn’t it necessarily be more 
fundamental than quantum theory? Would there be anything 
useful in such a description, or would such a theory simply 
entail the hypothesizing of additional "hidden variables" 
to quantum theory that only result in an entangled, compli­
cated, and unverifiable description of nature?

Such questions have certainly been raised and discussed 
by many past researchers in physics. L. E. Ballentine’s 
1970 article entitled, "The Statistical Interpretation of 
Quantum Theory," provided me with a list of references to 
past research related to these questions. The early hidden 
variable model of D. Bohm fascinated me, as none of my early 
quantum mechanics courses ever mentioned that alternative 
theories were even at all possible. Other work that 
occupied my attention was research by J. S. Bell and work 
by E. Nelson.

Eventually, I came across the theory of stochastic 
electrodynamics, on which this thesis is based. The two
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main authors of this theory, whose work has influenced me, 
are T. W. Marshall and T. H. Boyer. I was particularly 
pleased to find the articles of these two researchers, for 
their detailed and sometimes lengthy calculations were 
usually carefully carried out, with few grandiose claims of 
revelations in physics except for the basic facts their 
papers set out to show. In such a speculative area as 
hidden variable theories, these articles were, indeed, a 
rare welcome.

The basic theory of stochastic electrodynamics 
impressed me greatly. Hypothesizing that an electromagnetic 
background radiation field, present even at zero tempera­
ture, must necessarily exist in order to maintain a stable 
equilibrium behavior for both classical charged particles 
and classical electromagnetic radiation, struck me as most 
appealing. Other features of this theory intrigued me. 
First, the demands of homogeneity, isotropy, and Lorentz 
invariance, limit the functional form of this backgound 
radiation spectrum. Second, the stochastic nature of this 
zero-point radiation has the same fundamentally determin­
istic character as does classical thermal electromagnetic 
radiation, as viewed by physicists before 1900. Finally, 
that such a simple hypothesis of a stochastic classical 
electromagnetic zero-point radiation field could qualita­
tively, at least, account for such perplexing phenomena 
as the stability of a classical hydrogen atom, particle 
diffraction and interference effects, and the tunneling
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o-f small particles through classically impenetrable poten­
tial barriers, seemed extremely beauti-ful to me.

Quantitatively, the phenomena just mentioned have not 
been described within the theory o-f stochastic electro­
dynamics, despite vigorous attempts by Boyer, Marshall, and 
others. Aside -from the analysis o-f linear mechanical 
systems, detailed calculations remain to be carried out 
before such phenomena can be shown to be explained by 
stochastic electrodynamics, or, for that matter, to be 
shown to be incompatible with this theory.

After reading many of Professor Boyer's articles, I 
quickly realized how much I had to learn from someone with 
such deep physical insight into nature, as he clearly 
strikes me as possessing. I sincerely thank him for 
letting me work with him during the past two years, for 
openly sharing his thoughts and ideas with me, and in 
aiding me to improve my own research abilities. I greatly 
admire his ingenuity, conviction, and determination in 
carrying on the difficult research in stochastic electro­
dynamics, in such a way that is largely respected by the 
majority of physicists, despite their strong doubts that 
the theory of stochastic electrodynamics will lead to a 
correct description of nature.

Certainly this thesis does not pretend to answer any of 
the questions mentioned at the beginning of this Preface. 
Instead, these questions merely serve to indicate my own 
interests in choosing this thesis topic. However, I do



believe that the research described here contributes to the 
further investigation on the theory of stochastic electro­
dynamics. Moreover, the simpler conceptual framework of 
stochastic electrodynamics has enabled the calculations in 
this thesis to precede similar quantum electrodynamical 
calculations. Hence, at the very least, the calculations 
contained here <in particular, Part Two, on the thermal 
effects of acceleration for a spatially extended system) 
should aid quantum researchers in their studies of similar 
systems.

I greatly wish to thank my wife, Judy, for her support 
and understanding throughout my physics studies. She agreed 
to move with me from Vermont to New York City so that I 
might work with Professor Boyer. Only a non-city dweller 
can appreciate the courage such a move requires! She has 
nearly always listened to me when I have occasionally talked 
on about physics, rarely revealing that she may not undei—  
stand what I might be saying. My only fear is that her own 
deep interest in psychology may explain what I perceive to 
be her apparent politeness!

I also wish to thank, in particular, my parents, as 
well as relatives and friends for their interest and support 
in my work. Lastly, 1 thank IBM for the financial support 
they have given me during the past two years to pursue my 
doctorate.
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INTRODUCTION

Stochastic electrodynamics is a classical electron 
theory in which Planck's constant appears as a scale factor 
for what has been termed classical electromagnetic zero- 
point radiation. This theory of stochastic electrodynamics 
has been investigated by researchers to find its description 
of nature and its connection with quantum theory. For cer­
tain systems, its predictions have been shown to be equiv­
alent to those of quantum theoryi however, within these 
areas, stochastic electrodynamics often provides a simpler 
calculational scheme and a more transparent interpretation 
than quantum electrodynamics.

This thesis explores aspects of stochastic electro­
dynamics when its advantages are clear. Using this theory, 
new calculations are presented that are in the forefront of 
the current work on the thermal effects of acceleration 
through the vacuum. For the first time in either the clas­
sical or quantum literature, the thermal effects of acceler­
ation are shown to hold for a particular spatially extended 
situation. Previous research had only treated point-like 
systems.

A topic that occupies a significant portion of this 
thesis is the van der Waals force between polarizable
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particles. In the past, stochastic electrodynamics has 
been shown to provide certain calculational advantages over 
quantum theory with regard to evaluating van der Waals 
■forces. Here, these advantages are particularly evident, 
as the theory of stochastic electrodynamics provides a 
clear calculational scheme for evaluating the thermal-like 
van der Waals force between two accelerating oscillators.

This thesis is divided into three main parts. The 
problems analyzed here involve the behavior of classical 
harmonic dipole oscillators situated in homogeneous, 
isotropic random (Gaussian) classical electromagnetic 
radiation. Part One of this thesis finds the equation of 
motion for a small harmonic dipole oscillator uniformly 
accelerating through classical electromagnetic zero-point 
radiation. Part Two analyzes certain statistical properties 
of a pair of these oscillators accelerating through clas­
sical electromagnetic zero-point radiation and interacting 
with each other via emitted electromagnetic dipole radia­
tion. In particular, the thermal-like van der Waals force 
between two accelerating oscillators is calculated here.
Part Three relates the two-point field correlation functions 
of homogeneous, isotropic random classical electromagnetic 
radiation to the electromagnetic fields of a stationary 
fluctuating electric dipole. The relationships between 
these two quantities are then used to deduce van der Waals 
forces and other properties for unaccelerated oscillators 
immersed in random classical electromagnetic radiation.
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An underlying element of commonality, other than sto­
chastic electrodynamics, that exists between the problems on 
harmonic dipole oscillator systems treated in this thesis, 
is the subject of the thermal effects of acceleration 
through the vacuum. The first two parts of this thesis are 
contained entirely under this topicj however, the majority 
of the calculations presented in the last section are 
explicitly carried out only for nonaccelerating oscillator 
systems. Nevertheless, due to relationships found in Parts 
Two and Three for the random electromagnetic radiation field 
correlation functions, these calculations may be extended to 
accelerating oscillator systems. An outline presented in 
Part Three indicates how this extension may be accomplished.

In order to provide an appropriate setting for exam­
ining the problems in this thesis, a brief descriptive 
overview will now be given on the theory of stochastic 
electrodynamics. A current area of research in theoretical 
physics is involved with investigating this theory. Here, 
the interplay between classical electromagnetic radiation 
and classical charged particles has bean reexamined in order 
to determine whether a significant portion of quantum 
phenomena may be understood in a natural way purely within 
the context of classical physics. Traditionally, of course, 
the problem of energy loss through emitted electromagnetic 
radiation by a classical charged particle orbiting an 
attractive center with an inverse law potential helped to 
persuade early quantum researchers that there must exist
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laws of naturw that fall outsida th* domain of classical 
electron theory. A reanalysis (tl,2) of the equilibrium 
behavior for classical radiation and matter at zero and 
nonzero temperatures suggested, however, that an important 
element was missing in the early quantum researchers’ work. 
This element consists of the hypothesis that classical 
electromagnetic zero-point radiation, present even at a 
temperature of absolute zero, needs to be taken into account 
in order to obtain an equilibrium behavior for classical 
electromagnetic radiation and classical charged particles 
that agrees with nature.

Hence, the theory of stochastic electrodynamics differs 
from traditional classical electron theory only in so far as 
electromagnetic zero-point radiation is taken into account. 
Mathematically, this random radiation enters the equations 
of motion as the homogeneous solution to Maxwell's equa­
tions. In traditional classical electrodynamics, this 
homogeneous solution is set equal to zero.

The electromagnetic zero-point radiation spectrum can 
be determined uniquely up to a scale factor by demanding 
that the spectrum be isotropic and homogeneous in space and 
that the expectation value for the electromagnetic energy 
density spectrum be Lorentz invariant. The random radiation 
scale factor is chosen in stochastic electrodynamics so as 
to provide the closest possible agreement between physical 
observation and theoretical prediction. It is at this point 
that Planck's constant enters the theory of stochastic
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electrodynamics by being the parameter that sets tha seala 
of tha zero-point radiation apactrum.

Thus, stochastic alactrodynamics is assantially classi­
cal alactron thaory, but with stochastic bahavior imprassad 
upon charged particles through the presence of classical 
electromagnetic zaro-point radiation. Determining tha 
degree to which this theory corresponds to quantum thaory 
and agrees with familiar and unfamiliar aspects of nature 
is ' e task that researchers in stochastic electrodynamics 
have set for themselves.

A number of interesting results have been obtained. 
Close connections have been established between quantum 
theory and stochastic electrodynamics for free electro­
magnetic fields (*3,4) and charged harmonic oscillators 
(*4,5). Other systems, such as the electric dipole rotator 
(16) and a spinning magnetic dipole (*7), have also been 
found to exhibit properties closely connected with quantum 
theory. An understanding of these systems has led to purely 
classical descriptions for van der Waals forces (*8-17) and 
diamagnetic behavior (*9,4,18), as well as suggestive 
classical derivations (*1,2,19,20) of the blackbody radi­
ation spectrum. Several reviews on stochastic electro­
dynamics exist which describe numerous other research 
efforts (*4,21-24).

Unfortunately, not all results obtained by the 
researchers in stochastic electrodynamics have been success­
ful ones in terms of establishing a close connection with
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quantum theory. An attempt to deduce the structure of 
hydrogen using perturbation calculations within the frame­
work of stochastic electrodynamics resulted in the predic­
tion of an unstable atom 025). Calculations of the 
frequency spectrum of scattered radiation from nonlinear 
systems seem to predict that the correct equilibrium radia­
tion spectrum for classical nonlinear systems should be the 
Rayleigh-Jeans and not the Planck spectrum 026,27,28).
These last results apparently stand as contradictory argu­
ments to the previously mentioned classical derivations 
of the Planck spectrum.

A thorough understanding of these negative results has 
not yet been obtained. Investigations into stochastic 
electrodynamics have been greatly impeded by the nonlinear 
stochastic differential equations that are encountered when 
trying to attack such problems as the hydrogen atom. The 
solutions of such equations are a largely unexplored area of 
applied mathematics. Approximation techniques commonly used 
in handling linear stochastic differential equations may 
result in totally erroneous results when treating their 
nonlinear counterparts (*29,30). Consequently, only linear 
systems have been treated with any substantial degree of 
confidence. The problems discussed in this thesis all deal 
with such linear mechanical systems.

Two areas of physics will now be discussed that are 
related to the problems analyzed within this thesis. Both 
subjects are areas that stochastic electrodynamics has been
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vary successful in describing. Tha -First ha* to do with van 
dar Waals -Forcas. For tha situation of two nautral polar- 
izable particles modalad by charged harmonic oscillators, 
the expectation value of the stochastic force acting betwean 
tha particles at zero temperature has bean calculated for 
all distances between the particles (*15). The potential 
function that arises from this calculation has been shown 
<*15) to agree exactly with calculations performed from the 
viewpoint of quantum electrodynamics (*31). Both sets of 
calculations were carried out nonrelativistically and both 
employed a dipole approximation for the sources. The 
resulting agreement seems most impressive in light of the 
fact that the two calculations agreed not Just to lowest 
order, but to all orders in the fine structure constant.
In this instance, the conceptual simplicity of stochastic 
electrodynamics afforded a distinct advantage to the view­
point of quantum electrodynamics. Within the former frame­
work, a subsequent calculation was carried out that readily 
generalized the earlier van der Waals force calculation to 
include the situation where a thermal radiation field was 
present in addition to the zero-point radiation field (*17). 
A calculation taking thermal radiation into account within 
quantum electrodynamics is considerably more complicated 
(*4). Hence, here is an example where stochastic electro­
dynamics provides an advantage over quantum electrodynamics 
by presenting a simpler calculational scheme.

A second successful application of stochastic electro­
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dynamic*, which is connected to the problems treated in this 
thesis, involves the prediction of thermal-like behavior of 
physical systems when subjected to a uniform relativistic 
acceleration through the so-called "vacuum". In quantum 
electrodynamics, the vacuum is taken to consist of the 
absence of all matter and of all photonsi in stochastic 
electrodynamics, the vacuum also consists of the absence 
of matter, but radiation is assumed to be present in the 
form of classical electromagnetic zero-point radiation. 
Researchers in general relativity and quantum electro­
dynamics first predicted thermal behavior for quantum scalar 
fields (132,33). When turning to examine the quantum 
electromagnetic field, a behavior that was not of a purely 
thermal nature was found to be predicted (*34). Similar 
results were found in the case of stochastic electro­
dynamics (*33).

Recently, a better understanding of these results for 
electromagnetic systems was gained when the behavior of an 
accelerated classical electric dipole oscillator was 
analyzed from within the context of stochastic electro­
dynamics (*36). Here, a purely thermal behavior was found 
for the accelerating oscillator. The key point in arriving 
at this deduction lay in considering the behavior of a 
physical system versus simply field correlation functions, 
as had been done previously in both the quantum and classi­
cal cases. The successful treatment of this problem may 
very well be the start of exciting work in stochastic
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electrodynamics and quantum electrodynamics involving the 
thermodynamics of electromagnetic systems suspended in 
gravitational fields. Thusp stochastic electrodynamics is 
helping to pave the way for a better understanding of the 
thermal effects of acceleration through the vacuum. Because 
of its relative conceptual and calculational simplicity, 
stochastic electrodynamics has preceded the quantum field 
theory calculations for some problems in this area.

Part One of this thesis extends the analysis of Ref. 36 
by finding the equation of motion for a harmonic dipole 
oscillator, unrestricted in its direction of oscillation, 
that is uniformly accelerated through classical electro­
magnetic zero-point radiation ($37). Here, constraints are 
removed that were imposed in Ref. 36 upon the direction of 
oscillation for the accelerating oscillator. A Fermi - 
Walker transported coordinate system is introduced that 
significantly aids in the analysis of this accelerating 
system. The result is found that this accelerating harmonic 
dipole oscillator, without constraints upon its direction 
of oscillation, does indeed possess a thermal behavior.

Part Two considers two spatially separated harmonic 
dipole oscillators that are uniformly accelerated through 
classical electromagnetic zero-point radiation (*38). The 
equilibrium positions of the two oscillators are assumed to 
be constrained in such a way that they lie in a plane under­
going uniform acceleration along the direction perpendicular 
to the plane's surface. Using the Fermi-Walker transported
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coordinate system introduced in Part One, the equations of 
motion for this system of oscillators are deduced. Various 
statistical properties pertaining to this pair of oscil­
lators are obtained, including the expectation value of the 
Lorentz force acting on one of the dipole oscillators.
Thus, this problem combines two of the most successful 
applications of stochastic electrodynamics* namely, that of 
van der Waals forces and of thermal effects of acceleration.

Previous research on the thermal effects of acceler­
ation, both for the quantum and classical points of view, 
have dealt only with point-like systems uniformly acceler­
ating through the vacuum. Thus, the system considered in 
Part Two constitutes the first time that a spatially 
extended electromagnetic system has been examined for the 
thermal effects of acceleration. In particular, the force 
is calculated that an experimenter would measure between two 
closely separated dipole oscillators that are uniformly 
accelerated through the classical vacuum. If the thermal 
effects predicted for an accelerated point dipole system 
carry over to a spatially extended electromagnetic system, 
then this force between the accelerating oscillators should 
agree with the van der Waals force between two similarly 
constructed, but unaccelerated oscillators, that are 
situated in a thermal radiation bath. Under certain assump­
tions described in Part Two, such as a small laboratory 
approximation and a narrow linewidth approximation, this 
agreement is found to exist between these accelerated and
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unaccelerated-thermal spatially separated oscillator 
systems.

Identities are established in Part Two between the 
two-point field correlation functions obtained along trajec­
tories described by uniform acceleration through classical 
electromagnetic zero-point radiation and the electromagnetic 
dipole fields of a uniformly accelerating fluctuating elec­
tric dipole. Without the validity of these identities, the 
calculations of Part Two could not have been carried through 
to establish the equivalence for van der Waals forces and 
certain statistical properties between an unaccelerated, 
thermally-bathed pair of dipole oscillators, and a similar 
pair of dipole oscillators accelerated through classical 
electromagnetic zero-point radiation.

Part Three establishes identities, similar to those 
just mentioned, between the two-point field correlation 
functions of homogeneous, isotropic random classical elec­
tromagnetic radiation, as evaluated at fined spatial points 
in an inertial frame, and the electromagnetic fields of an 
unaccelerated fluctuating electric dipole (t39>. These 
identities enable calculations to be carried out much more 
efficiently with regard to analysis on the behavior of elec­
tric dipoles immersed in homogeneous, isotropic random clas­
sical electromagnetic radiation. Moreover, the explicit use 
of these identities then enables these calculations to be 
extended to the corresponding case of a system of uniformly 
accelerated electric dipoles. These points are illustrated
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by a calculation in Part Three involving van der Waals 
farces for a system of N harmonic dipola oscillators. A 
second calculation in Part Three illustrates the importance 
of these identities in establishing that the presence of a 
harmonic dipole oscillator in homogeneous, isotropic random 
radiation does not alter the null value for the expectation 
value of the Poynting vector.

The work presented in this thesis does not extend 
stochastic electrodynamics beyond harmonic systems plus 
radiation. Instead, harmonic dipole oscillator systems are 
explicitly used here in order to obtain, in particular, a 
deeper physical understanding of electromagnetic systems 
accelerating through classical electromagnetic zero-point 
radiation. Undoubtedly, much of this work will be taken 
over into the literature of quantum fields in curved space­
time. The last section of this thesis contains material in 
addition to the subject of the thermal effects of accelera­
tion through the vacuum. Here, a relationship is found for 
radiation field correlation functions that aid in calcula­
tions involving dipole oscillators, such as van der Waals 
forces between dipole harmonic oscillators.
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PART ONE

PROPERTIES OF A CLASSICAL CHAR0ED HARMONIC OSCILLATOR 
ACCELERATED THROUGH CLASSICAL ELECTROMASNETIC 

ZERO-POINT RADIATION

i
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I. INTRODUCTION

An observer uniformly accelerating through the vacuum 
of a scalar quantum field was found by Unruh and Davies 
(tl,2) to observe a Planckian spectrum of the scalar field 
characterized by the temperature of T = fU/lirek . Unfortu­
nately, this beautifully simple relationship was not found 
for the correlation functions of the quantized electromag­
netic field <*3).

Results analogous to those of quantum field theory were 
shown to exist within the context of classical theory for 
the situations of an observer uniformly accelerating through 
classical scalar zero-point radiation and through electro­
magnetic zero-point radiation <*4). These results were 
obtained by examining the correlation functions of the zero- 
point fields along a trajectory in space-time described by 
uniform acceleration. Hence, even here, the Planckian spec­
trum seen on acceleration in the scalar case did not carry 
over to the electromagnetic situation.

Recently, however, Boyer <*5) was able to recover 
Planck’s spectrum within classical electromagnetism by 
considering the behavior of a charged harmonic oscillator 
uniformly accelerated through classical electromagnetic 
zero-point radiation. Thus, instead of simply examining the
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correlation functions of the electromagnetic field along a 
path described by uniform acceleration, the physical 
behavior of a uniformly accelerated electromagnetic system 
was analyzed. A key feature in solving the equation of 
motion of the oscillator was to retain all terms in the 
full relativistic radiation reaction expression except 
those that were negligible due to the assumed small size of 
the oscillator. From the solution of this equation and 
from the assumed statistical properties of the zero-point 
electromagnetic field, the second order moments were 
obtained for the displacement and velocity of the oscil­
lating particle as seen by an observer uniformly acceler­
ating with the system. These properties agreed exactly with 
those of a similar oscillator in an inertial frame but 
bathed in a Planckian classical electromagnetic radiation 
spectrum characterized by the Unruh-Davies temperature of 
T  = <x/Z t t  c  k .

The present article generalizes the classical analysis 
by removing one of the restrictions previously imposed on 
the oscillator system. In the model mentioned above <*5), 
physical constraints were assumed to exist which confined 
the oscillations of the charged particle to a plane perpen­
dicular to the direction of uniform acceleration. Here, 
these constraints are removed. Oscillations may then occur 
along any spatial direction. The equation of motion for 
longitudinal oscillations, meaning oscillations along the 
direction of acceleration, is more complicated than the
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transverse case since there are additional terms due to 
relativistic effects. In order to ease calculational diffi­
culties, a coordinate system that is Fermi-Walker trans­
ported along the trajectory of the equilibrium point of the 
oscillator is introduced. CThis approach should also allow 
the study of an oscillator moving through electromagnetic 
zero-point radiation along other space-time trajectories of 
interest <t6).3

The equation obtained for the motion of an oscillator 
along the direction of acceleration of the system agrees 
with the equation governing motion perpendicular to the 
acceleration direction, except for a change in the expres­
sion for the oscillator frequency due to "red-shift 
effects". Indeed, the frequency of the oscillator in the 
Fermi-Maiker coordinate system will in general be a func­
tion of the proper acceleration of the system, even for a 
transverse oscillators only when the distance between 
"source and field point" is negligible compared to cVa , 
can one expect the dependence of the transverse oscillator 
frequency upon the proper acceleration to be removed. 
(Boyer's results apply in this particular limit.) In order 
to remove the frequency dependence upon acceleration for a 
longitudinal oscillator, one must also impose the restric­
tion that «  cz/a., where Tos is the period of the oscil­
lator. This condition makes negligible the red-shift 
effects mentioned previously. However, the limiting case 
of eT],, «  cVa. is not an interesting situation in which to
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examine the thermal effects of acceleration, for this condi­
tion implies that the thermal energy associated with the 
acceleration is small compared to the zero-point energy of 
the oscillator. Thus, cT„, «cYo. implies that

f<T= «  -±—  ~  -Kco .z-nc 2ttTOS

Therefore, in order to observe the thermal effects of accel­
eration in the longitudinal oscillations, it appears that 
one cannot impose this restriction.

Consequently, the frequency of the longitudinal oscil­
lator in the accelerating coordinate system will depend upon 
the value of the proper acceleration of the system. As 
noted earlier, the same situation exists for the transverse 
oscillator when the "small source to field point limit" does 
not apply. This frequency dependence upon acceleration pre­
sents an additional complication that did not exist in 
Boyer's original transverse oscillator model. Nevertheless, 
the essential conclusion reached by Boyer in regard to the 
latter model will also hold for the longitudinal and the 
slightly more general transverse situations considered here, 
provided the change in frequency with acceleration is taken 
into account. Thus, let io(a) be the frequency of the oscil­
lator accelerating in classical zero-point radiation as seen 
by an observer moving with the equilibrium point of the 
oscillator. Let co* be the frequency of an oscillator 
situated in an inertial frame with Planckian electromagnetic
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radiation characterized by T=f>a/2TrcU- 1+ the two frequen­
cies are selected so that ***' , then the statistical
behavior of the oscillators, as observed in their respective 
coordinate systems, will be identical.
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II. NEUTRAL OSCILLATOR IN HYPERBOLIC MOTION

The system that will be considered -First is a neutral 
particle o-f rest mass m oscillating at the end of a massless 
spring, the equilibrium point of which moves with uniform 
proper acceleration a . Assume that a constant force = r*>2 
exists so as to provide a uniform acceleration to the par­
ticle if the spring was not present. As described in an 
inertial frame X* , the equation of motion for the dis­
placement x̂C-t) of the particle from the equilibrium point 
of the spring is given by

=  F f  +  K *  ■ ( i >
Jr1 r

The quantities and denote the four-vector
forces in the iX, frame associated with the spring and the 
three-vector force fc causing the acceleration. The proper 
time of the particle is given by T' .

If the four-vector forces and F£*c were written
out in terms of and its derivatives, they would be
fairly complicated and highly nonlinear functions of the 
latter quantities. Hence, it seems appropriate to attempt 
to transform the coordinates so as to obtain a differential 
equation that is more manageable. A coordinate system that
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seems a likely choice to make is one that is Fermi-Walker 
transported along the path of the equilibrium point of the 
spring, for in such a coordinate system, the oscillating 
particle's behavior is naturally described relative to the 
equilibrium position of the spring. It will be shown that 
if one chooses this coordinate system, and imposes a small 
oscillator restriction as measured in an inertial frame 
instantaneously at rest with respect to the equilibrium 
point of the spring, then one obtains a linear differential 
equation that can easily be solved.

The method for constructing a Fermi-Walker transported 
coordinate system is described in many standard textbooks on 
general relativity <*7> and will simply be summarized here 
in order to unify notation. Let the uniform acceleration a 
of the spring's equilibrium point be directed along the x 
axis of the X* coordinate system. The position of this 
equilibrium point undergoing relativistic hyperbolic motion 
is described in the X* system by (t8)

where it has been assumed for convenience that X± at* A
t4= o  . By making use of the relationships

JX,

and
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where %  is the proper time associated with the equilib­
rium point of the spring, X* can be expressed as

. 0 , 0 ) .  (7)

For convenience, the proper time 7e h*B been chosen to 
equal zero when tt~ o m

Using the above description, a coordinate system can 
be constructed that consists of four unit four-vectors 
that are Fermi-Walker transported along the path of the 
equilibrium point of the spring <*9>. Coordinates in
the accelerated coordinate system can then be defined by 

f° and the following conditions (tlO)i

K-j_

or ctJt= {'̂ 1 + |1) 4

** = Cf1 * , < 0

f 3 .

Two characteristics of the f^ coordinates make them 
particularly useful in describing the accelerating oscil­
lator system. First, fVc equals the proper time associated 
with the equilibrium point of the spring. Second, differ—  
ences in the f 1, f 1, and f 7 coordinates are equal to
the corresponding differences in the x, y, and z coordinates 
of an inertial frame instantaneously at rest with respect

a
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to the equilibrium point of the spring. Hence, lengths
measured in the instantaneous rest system are equal to
lengths expressed in terms of , ‘-1,2,3. CThis can
immediately be deduced from Eqs. (7) below.3

The fallowing set of inertial coordinate systems will
now be introduced for future use. Let J r< be an inertial
frame moving with speed s!*? = ctaoK(£l*') along the x axisJ
of the X* inertial frame. The and X̂ < coordinate 
systems can be related by the Lorentz transformation

c\  = - x * ( 2 2 a )  ,

XTe. * X ,< .o s U (2 2 f " )  -  c t As i«U (? £ ;e ')  f ( 6 )

= y* ,

From Eqs. (6), the X* inertial frame is equivalent to the 
i_Q system. Due to the above choice in origins of the 

X* and X^, systems, when the equilibrium point of the 
spring at proper time is given by

then its position in the X^< inertial frame is described by 
Xŷ . =■ (o • st f of o) . Finally, from Eqs. (5) and (6), one 
immediately obtains

«tre. - (fx t ,

Xtj, = (fl+ ,

(7 < 0

(7b)
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(7c 8- J)

The relationships given by Eqs. (5) will now be used 
to express Eq. (1) in terms of the f** coordinates of the 
accelerated coordinate system. By substituting Eqs. (5) 
into the identity cxd.'r%- -Jlx£ it can be shown that

With the use of Eqs. (5) and (B)« all derivatives of x^ 
with respect to the proper time 7* of the particle can be

respect to Te . Hence, Eq. (1) can be rewritten in terms

differential equation will be obtained.
The assumption will now be made that the amplitude of 

the particle's oscillations about the equilibrium point can 
be made arbitrarily small (*11). Since one anticipates that

A is the amplitude of oscillation and to is the frequency 
of the oscillator, then the restriction of small amplitude
enables to be made arbitrarily small. It is under
this assumption of small amplitude, where "smallM refers to 
the amplitude measured by an inertial frame instantaneously 
at rest with respect to the accelerated equilibrium point, 
that the particle's equation of motion will be linearized. 
(Clearly the situation is far more complicated than this

expressed in terms of and the differentials of it with

.  uof the f coordinates. Again, however, a very nonlinear

the magnitude of — — will be approximately A u P , where
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simple argument since important properties may be masked by 
linearizing inherently nonlinear differential equations. 
Fortunately, a harmonic potential is Mell suited for 
enforcing mathematical stability at small amplitudes. 
Consequently, one expects that the above argument holds in 
some sort of limit whereby the smaller the amplitude of 
oscillation, the closer the linearized equation approximates 
the actual one.)

Retaining terms to only first order in the f ‘ coordi­
nates and their derivatives yields

Jo** r<t ~

Jr i -
cx

(8')

Jr ~~ Jrt v * ' CCOfkf^.) f

I! * f (<*)

* *
Jr ~

J ? x
jye *

I?! ~  i f
Jy Jrt >

,4 ®
Jr* ]«•£(¥*) * ( ^ r  ,
Jx4  ~
4r*

fx* _

Jrx ^ *
a ;  *  j y
J r x J r x

Equations (10) reexpress the left-hand side of Eq. (1) 
in terms of the coordinates. Rewriting the right side
of Eq. (1) in terms of the accelerated coordinate system 
involves transforming the four-vector forces in an appro­
priate manner. Rather than directly making this transfor­
mation from the X* frame to the Fermi-Walker transported
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coordinate system, tha transformation will ba mada from 
I* to tha inertial frame via the inverae of Eqa. (6). 
This allows one to utilize the familar connection between 
four— vector and three-vactor forces in order to make use of 
the well-known expressions for three-vector forces in 
inertial frames. As will be shown, these expressions for 

can then be written in terms of the coordinates by 
choosing to equal \ .

Using the expression F^1 = F̂ , and the inverse of
Eqs. (6) yields

Fa = Fz F J -  F J

The four— vector forces F£. can then be written in termsre
of the three-vector forces f  , via’V

FZ- - iivifC = ; fT,) , Cl*)
dr jtv  dT * dtv  c 7

Mwhere pr , is the particle's four-momentum as measured in
the X r« frame. The quantity 

€

•it*. r. _i j?_. jil. i-}/2

fM coordinates by using
Eqs. (7). One obtains
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j ? v = [ -V>) * (‘ * -±-

£ i v »  J*i. = j f ’ j. fl4)
d * V  dre D ’ ^  d  *

whBre ]) = i-^.±s^(%-(T'-Te;)) + (l* •£.x)e«l,('f.fT«-v)) .A7g C

The inertial reference frame Xr . in which isrC *€
chosen to be evaluated is completely arbitrary since the 
transformation of Eqs. (11) applies to any value of . 
This arbitrariness can be used to simplify the problem by 
choosing Te’ to equal ^  . This procedure is perfectly well 
defined, since from the transformations of Eqs. (6), the 
parameter 7J* can be treated as a continuous variable to 
automatically select the inertial frame instantaneously at 
rest with respect to the spring's equilibrium point for all 
values of %  . Therefore, setting equal to %  in Eqs. 
(11) is equivalent to evaluating the four-vector forces in 
the instantaneous rest frame of the spring's equilibrium 
point. In this frame, the harmonic restoring force is most 
simply expressed.

With the above condition, Eqs. (14) reduce to

4U,rt T*c“T rt • re

C d£Vj?i) , v
r  j, \ t 1 - * 3 . Cis-)(1 + AfVc1)

From Eqs. (15), (13), and (12), the following results are 
obtained to first order in the f‘ coardinatesi

elxi. •
— Jk ^  , I ^ ±. X. 3

V=r« *r*
> (t&)
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(18)

(17)

The force has been assumed to equal r*cL , as it is
€

the force in the instantaneous rest frame of the spring's 
equilibrium point that provides the particle with a relativ- 
istic hyperbolic motion in the absence of the spring. The 
force fv , requires more discussion, however, as it is notr«fr
so immediately dealt with.

If the equilibrium point of the oscillator is at rest 
in an inertial frame, one usually defines a harmonic oscil-

 ̂i fclator restoring force as fSf)=-Jkx for an isotropic oscillator 
and for an anisotropic oscillator.
For a nonrelativistic oscillator obeying the equation of 
motion

along each of the three orthogonal spatial axes. Although 
one often thinks of a spring obeying Hook's law as consti­
tuting the physical example for Eq. (19), it is well known 
that the area of applicability of Eq. (19) extends to all 
stable systems of small amplitude governed by forces that 
are functions of position alone and are reexpressed in terms 
of the system's normal coordinates (tl2). The force - ^ lxL 
is then simply the first term in a Taylor's expansion of the

(li)

; / 4* \'̂lthis yields a simple harmonic motion of frequency £j0 =(^£.y
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forces acting on the particle about the point of equilib­
rium. Clf one instead uses the relativistic expression for 
the momentum of the particle and writes

, . ' = 1 , 2 , 3  , fio)

then the motion no longer follows a simple harmonic behavior 
characterized by As'm(u>i-js). By restricting the motion to 
small amplitudes, however, so that v/c % «  ± , then Eq.
(20) is again approximately described by Eq. (19) (tl3,14).3 

For an oscillator system in which the equilibrium point 
is undergoing, uniform acceleration, the appropriate general­
ization to the force must be deduced. To a certain
degree, this becomes strictly a matter of definition for 
what is meant by an "accelerating simple harmonic oscilla­
tor." In Appendix A and B of this article, an explicit 
physical model is examined to help motivate the form for the 
oscillator's restoring force that will be used in this sec­
tion of

C p = KSil “ ’ *’ ' 1 • 1 ’ 3 • (71)

Sine, in Xr  [ V  . -rt in Eq.. (7)3, than Eq. (21)C A C
may be viewed as applicable to those systems where f.L‘ is

r« r

a function of position and the appropriate conditions of 
small amplitude, stability, and normal coordinates are sat­
isfied. The simplifying assumption was made that f*t=o and
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^riP~ ° when f2 and f3 equal zero. The constants K and 
-ft1 are assumed, in general, to be functions of the proper
acceleration of the oscillator's equilibrium point. When

oscillator. The examples in the Appendices bring these 
points out more clearly. Finally, the presence of the 
nonzero value of K requires that the uniform acceleration 
of the equilibrium point be given by = £ + K instead of

fc .
Combining the above expressions with Eq. (18) yields

been ignored due to the small amplitude assumption. Now 
combining Eqs. (1), (10), (11) and (22) gives the result 
that

a= o , it will be assumed that K = o and Ji reduces to the 
value of the constant &  in Eq. (19) for an unaccelerated

The terms - J that would occur in FZ have
Ay. c r«

3

Equations (23) and (24) are equivalent and can be rewritten 
as
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-(t-)1] ? 1 . fi7)

Provided that Jk4">(&$L¥r\ f then the fl coordinates -fol­
low simple harmonic motion of the farm , with
angular frequencies given by

« m « (£)'*■ , (28)

The results of this section may causa some puzzlement 
over the origin of the change in frequency associated with 
the f1 coordinate due to the (•£•)* term. The dimensionless 
quantity , which gave rise to this change in frequency
Csee the second term in the first bracket on the left-hand 
side of Eqs. (23) and (24)1, is sometimes referred to as a 
red-shift effect (*15). In Eq. (8*), this term is the first 
order correction to the ratio between the rates of proper 
time of the oscillating particle and the equilibrium point.

In terms of proper acceleration and three-vector 
forces, tha following explanation helps to understand the 
frequency change associated with the f* coordinate. In 
order for the particle to remain at a constant distance

from the equilibrium point, one can show that its proper 
acceleration must be given by

■ cT T I F )  * * -e» '
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for f*« . Under this condition of constant value no
oscillations will take place and both the particle and the 
equilibrium point will have the same instantaneous rest 
frame. Since

m a ' = f c + K - 1 ~  - f  Vf*)4 )

and one requires that r^a = ̂ c. + K f then Jl1 must equal **(■§)*. 
This is precisely the limiting condition of oscillatory 
motion as predicted by Eq. (27), for only if ^ i‘> "(t-f wi 11 
oscillations occur (*16,17).
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III. CHARGED OSCILLATOR IN HYPERBOLIC MOTION

Tha results of the previous section are easily extended 
to the case of a particle with rest mass m and charge e. As 
before, the particle may be pictured as oscillating at the 
end of a massless spring, the equilibrium point of which

force fe may now be obtained from a constant electric 
field B0 in the x direction which satisfies rv,a=*E.+K. The 
major change in the equation of motion arises from the rela- 
tivistic radiation reaction terms due to the charged parti­
cle’s motion. In the X* frame, the Lorentz-Dirac equation 
that describes the charged particle’s behavior is ($18)

the presence of the electric field E„ .
Most of the results from the previous section can be 

used to evaluate the new terms that have been introduced in

undergoes uniform proper acceleration ax . The force
is again taken to be equal to The constant

( 2 4 )

where

Here, is again the four-force associated with the
spring, and is the electromagnetic field tensor due to
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the equation of motion. Using Eqs. (81) and (10) and again 
invoking the small amplitude approximation yields

u *  - f 'f r f j* 4 h « ^ )  ,

~ -ftifl* , (31)

J-j£ = d T  jW  _  Si'
' V  > TP’ ~ 't

From Eqs. (10),

a.1 + 2af dli* - . Cn)
dr1 Jr* *■ J

Substituting Eqs. (9), (31) and (32) into Eq. (30) results 
in the expressions

r» +[*f *#J‘~U:£0
- j-, [ j,{  &  - « ‘}J[ g ^ o s? ) * * ->■ o*>])

. r«)
r '

Finally, the term -f-̂ * can be expressed in the f'**Jr
coordinates by using the explicit expression for T * v (*19) 
and EqB. (9). As should be expected, the same results are 
obtained as in the previous section with j-e replaced by 
cE. , since X* and see the same electric field along 
the x direction.

After substituting the above quantities into the

i,



Lorerttz-Dirac equation and observing that the yu=o and /*. 
equations again yield the same result to first order in 
one obtains the following equations of motion

where P= and is again given by Eq. <28).J rvic
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IV. CHARGED OSCILLATOR UNIFORMLY ACCELERATED IN CLASSICAL 
ELECTROMAGNETIC ZERO-POINT RADIATION

The situation considered next is the oscillating 
charged particle of Sec. Ill, again undergoing relativistic 
hyperbolic motion, but now in the presence of what has been 
termed classical electromagnetic zero-point radiation <t20). 
The Lorentz-Dirac equation is now altered simply by includ- 
ing the zero-point radiation fields E# and in
addition to the E, field in the electromagnetic field ten­
sor . Loosely phrased, these additional fields now
act as a driving force to the simple harmonic oscillator of 
Sec. II with damping terms of Sec. III. Hence, an equilib­
rium behavior of the particle's motion is obtained, since 
the energy radiated by the particle’s oscillations must be 
supplied by the work done by the zero-point fields in main­
taining the particle’s oscillations.

Using Eqs. (9) and the appropriate expression for
yields
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Additional complicated terms due to the zero-point -fields 
now appear in the equations of motion for the charged 
particle. Solving the resulting differential equations 
without imposing certain limits would indeed be very 
difficult. However, the small oscillator limit cannot so 
arbitrarily be imposed as it was in the previous cases 
considered. Now the fluctuating zero-point fields will be 
the determining factor in the size of the amplitude of 
oscillation. Hence, even the use of Eqs. (9) in obtaining 
Eqs. (37) must be reexamined.

The following reasoning is intended to provide some 
rationale for the approximations that will be made subse­
quently. The amplitude of the frequency component of the
zero-point fields near the resonant frequency of the oscil­
lator is anticipated to be the main contributing factor to 
the amplitude of the oscillator. Let the former quantities 
be denoted by E*fco‘) and . if and are suf­
ficiently small enough, then one would expect that ?l and
any derivative would roughly be of first order in
these quantities. Consequently, any single power of or 
its derivatives and any single power of the fields E* and 
B#f will be treated as first order quantities in and

Terms of the form , -Jkfdl , and^
will be considered of second order in E*fo«0 and 

. The quantity can then be linearizedy the
earlier linearization steps followed in Secs. II and III 
will also hold (*21).
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Three equations of motion similar to Eq. (36) are now 
obtained which include the effects of the zero-point fields,

where

The quantities h,.; are the electric fields measured in the*e
inertial frame 1^ along the three orthogonal coordinate 
space axes. The quantities (f,Te) in the arguments of the 
fields represent the space-time position of the particle at 
which to evaluate the fields. Using a dipole approximation 
for the fields, the arguments f are then set equal to 
zero.

Hence, when the small oscillator assumption is made, 
all three directions of motion are described by the differ­
ential equation expressed by Eq. (38). This turns out to be 
true despite the additional complicating terms that must be 
taken into account for oscillations occurring in a direction 
parallel to that of the uniform acceleration £ .

The above linear stochastic differential equations may 
now be solved in order to determine the statistical proper—  
ties imposed upon the oscillating particle by the fluctu­
ating zero-point fields. Fortunately, this work has already 
been carried out in Ref. 5, where the behavior of the parti­
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cle was investigated under the restriction that oscillations 
were confined to the directions perpendicular to a . By 
comparing Eq. (14) of Ref. 5 to Eq. (3B) of the present 
article, it can immediately be seen that they are of the 
same form when the dipole approximation in the fields is 
made. The only difference is that in the present paper,

is recognized to be, in general, a function of a , the 
uniform acceleration of the oscillator’s equilibrium point. 
Of course, this difference in no way effects the method of 
solution. Hence, the conclusion of Ref. 9 can be immedi­
ately applied here, with a slight change in interpretation.
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V. CONCLUSION

The results o-f the previous section lead to the fol­
lowing conclusion. Consider an oscillating charged parti­
cle uniformly accelerated through classical electromagnetic 
zero-point radiation. Let osL(&) „ -for i =1,2,3 , be the 
natural frequency of the motion of the particle along each 
of the spatial axes of the Fermi-Walker transported coordi­
nate system introduced in Sec. II. Now consider a second 
oscillating charged particle at rest in an inertial frame 
and bathed in classical electromagnetic zero-point radiation 
plus Planckian electromagnetic radiation. Let the latter 
spectrum be characterized by the Unruh-Davies temperature 
of T=^a/inck . Let this oscillator have a natural frequency 
u> 1 = ̂  (<».') along each of the three spatial axes in the iner­
tial frame. One can then conclude that the statistical 
properties for these two oscillators will be identical, as 
observed in their respective coordinate systems.
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APPENDIX A: MODEL OF A TRANSVERSE ACCELERATED OSCILLATOR

The following simple model is presented in order to 
motivate the form assumed for the spring three-vector force 
given by Eq. (21). A transverse oscillator model is con­
sidered here; the following section considers the analogous 
longitudinal oscillator model. From these examples, it 
should be apparent how one could construct more general 
stationary charge distributions in the Fermi-Walker trans­
ported coordinate system, with symmetry axes along the x ,
9 , and z directions, and that result in the validity of 
Eq. (21) in the limit of small amplitude A.

In order to create a force which depends linearly upon 
the oscillating particle’s displacement from equilibrium, 
two charged particles will be placed and held fixed in the 
positions £+=(0,1 4,0) of the accelerating coordinate, system. 
Consequently, they will possess the same proper acceleration 
a as does the equilibrium point f=(°,0,o) . Assume that
these two particles each have a charge q of the same sign 
as the charge e of the oscillating particle. Let the 
latter particle be constrained so that its position is 
described by f - (°, °) . By restricting the amplitude
of oscillation A to be much smaller than the length Jl , the 
force of the outer two charges on the center particle can
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be expanded in a Taylor series in . For i , this
force is adequately approximated by retaining only the 
first-order term in £* , thereby yielding the desired model 
for a simple harmonic oscillator restoring force. Calcu­
lating the value of the proportionality constant A* will

acceleration of the oscillator.
If one does the above calculation for an unaccelerated 

oscillator, it is found that A* = . Proceeding to
the situation of an accelerated system, one must use the 
standard expression for the retarded electric field of a 
point charge given by 022)

In order to conform with the analysis of Sec. II, the force 
on the oscillating particle should be evaluated along the y 
axis of an inertial frame , instantaneously at rest with 
respect to the equilibrium point of the oscillator. From 
Eq. (40), the quantity of interest is

where the 1 signs indicate the field due to the charge at

In the limit of 1 , FL. = e(E^+E„) can be expanded
A i j J *

then determine the dependence of

)

in terms of £x to yield
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~ * -A1?2. CH2)
f «o

where the eymmetry of the model has been used to set
(E^ +E*-')L 5 ° *"d■ffro
r>P _

f,o b o

Through rather lengthy calculations, one can now obtain an

time tr+ associated with the charge at f~(°, Jt,o) , express­
ing all quantities in the expression for in terms of 
tr+ , expanding tr4 to first order in ?z , and finally 
propagating those first-order terms to Eq. (42).

Clearly, despite the simplicity of this transverse 
accelerated oscillator model, Jk* will be an extremely com­
plicated function of the proper acceleration a. As one 
might expect, only in a particular limit, namely where

o’ * w111 reduce to the value in Eq. (19). Of 
course, in most cases of interest, this limit is easily 
satisfied. As discussed in the Introduction, however, the 
thermal effects of acceleration for an oscillator are only 
expected to be observable when cT0, is not small compared 
with cVa, . Hence, in order to see thermal effects and yet 
have A'ss.ft*, then Jl« c% and cT$ :> must both be satis­
fied. (As indicated elsewhere, the conclusion of this arti­
cle does not depend upon satisfying the condition J&*-A* ■ 
The present discussion simply examines from a classical

ftexpression for . This involves calculating the retarded
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point of vieM some of the subtleties involved with the
rt tdependence of A  upon a.)

With regard to the present model, one way to satisfy 
the above conditions is by letting q —+0 as SL — >0 in such a 
way that Wge/.J?* remains of constant value A* . Of course,

must remain satisfied and chosen such that cTot > -fj- . 
Using the relationships

(•«££»)*]* f ,

+ ^ ’ fll3)

= 4 - »‘[1 * (4̂)‘]yi Vt (lAlll ) .
Rri ’ ^ Kt J

and following the operations mentioned earlier, one can
, then show that

* e ^ ) )

for Zl «  1  c*
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APPENDIX Bi MODEL OF A LONBITUDINAL ACCELERATED OSCILLATOR

A simple model -For longitudinal oscillations, analogous 
to the example in Appendix A, will be briefly examined here. 
Let two particles of charge q be held fixed at the positions 
£+ = ( ° » °) of the accelerating coordinate system.
Consequently, they will possess proper accelerations

= a A l t d / e 1) . Assume that the oscillating particle of 
charge e is constrained so its motion is described by 
? r , o i ° ) . In conformity with the analysis of Sec.
II, the force on the oscillating particle should be evalu­
ated in the instantaneous rest frame of the equilibrium 
point.

For an unaccelerated system, . In the case
where o/o, one must again use Eq. (40) in order to obtain 
the force on the oscillating particle. One obtains

where the - signs again indicate the respective quantities 
associated with the source particles at £ 1=±JP . In order 
to evaluate Eq. (44), the following expressions are needede

h i
(‘JH)
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**= * sr#5g{ C£r-(fs -t-T} ,
(sf)

RP+= - c t r + jb =  S a ti-s /c________
r± f i * ( t W c ) ‘]^.

Substituting Eqs. (45) into Eq. (44) and expanding H^x to 
first order in results in an expression of the form

When <\*or then k * o .  If X« £  and !*ii - J&1 ,• Q t O
A3then

K x  ~ ^-e t  (  <\A \  ~ o
1 F {

and
+ o ( & }  .
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PART TWO

THERMAL EFFECTS OF ACCELERATION FOR A SPATIALLY EXTENDED 
ELECTROMAGNETIC SYSTEM IN CLASSICAL ELECTROMAGNETIC 

ZERO-POINT RADIATIONS TRANSVERSELY POSITIONED 
CLASSICAL OSCILLATORS
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Z. INTRODUCTION

Recently, the behavior has been analyzed for certain 
classical electromagnetic dipole systems that are relativ- 
istically, uniformly accelerated through classical electro­
magnetic zero-point radiation <*1,2,3). Under the assump­
tion of a narrow linewidth approximation, the statistical 
properties of these accelerated point-like electromagnetic 
systems have been found to agree with the corresponding 
statistical properties of similarly constructed, but unac­
celerated systems that are bathed in a classical electromag­
netic Planckian radiation spectrum. This agreement occurs 
when the temperature T that characterizes the Planckian 
radiation spectrum is related to the acceleration a of the 
accelerated systems by the Unruh-Davies relationship of 
T  * -how/a-iTc k (*4,5).

The above results are generalized in this article from 
the consideration of point-like electromagnetic systems to a 
spatially extended electromagnetic system that is relativ- 
istically, uniformly accelerated through classical electro­
magnetic zero-point radiation. Assuming that the equiva­
lency, at least in some sense, between the accelerated and 
unaccelerated-thermal electromagnetic dipole systems is not 
merely accidental, but is indicative of a deeper physical



32

relationship, then on* should axpact that th* same sort of 
•quival*ncy occurs for a spatially extended *l*ctro*aon*tic 
system. Under certain specified conditions examined in this 
article, this result is precisely what is found. Hence, for 
the first time in either the classical or quantum litera­
ture, the thermal effects of acceleration are shown here to 
hold for a particular spatially extended situation.

The spatially extended electromagnetic system consid­
ered in this article consists of two classical charged 
simple harmonic oscillators, oriented such that their equi­
librium positions lie in a plane perpendicular to the direc­
tion of acceleration. No restrictions are placed upon the 
direction of oscillations for the two oscillators. These 
two spatially separated systems interact with each other via 
the electromagnetic radiation that each one emits. Hence, 
the statistical behavior of these two oscillators are corre­
lated because of this interaction and because the two oscil­
lators are being driven at different points in space by 
correlated values of classical electromagnetic zero-point 
fields. If the thermal properties of acceleration carry 
over to a spatially extended electromagnetic system, then 
the correlated statistical properties of this pair of accel­
erated charged oscillators must agree with the corresponding 
properties for a similar pair of unaccelerated charged 
oscillators that are bathed in a thermal radiation spectrum 
characterized by the Unruh-Davies temperature.

The theoretical basis that will be used here for ana­
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lyzing the above electromagnetic system is that of classical 
electrodynamics with classical electromagnetic zero-point 
radiation, which has often been termed stochastic electro­
dynamics. (See references 6, 7, and 8 for reviews on this 
field of research.) The van der Waals force between two 
nonrelativistic classical charged harmonic oscillators, 
taken in the electric dipole limit, has been previously 
calculated within the context of stochastic electrodynamics, 
for the situation where the oscillators are situated in 
classical electromagnetic zero-point radiation (19). The 
result was found to agree with the corresponding result of 
quantum electrodynamics to all orders in the fine structure 
constant. This calculation of the van der Waals force was 
generalized, within the domain of stochastic electrody­
namics, to include the situation where the two oscillators 
were situated in a thermal plus zero-point classical elec­
tromagnetic radiation spectrum (>10).

From the standpoint of stochastic electrodynamics, the 
van der Waals force is simply the expectation value of the 
total Lorentz force acting on one of the charged oscil­
lators. Hence, the results of the calculations of Ref. 10 
may be compared to the expectation value of the force 
between the two accelerated oscillators considered in this 
article, thereby presenting a starting point for a compar­
ison of the statistical properties of the accelerated and 
unaccelerated-thermal pair of charged harmonic oscillators. 
These calculations are carried out for a special oscillator
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system with restricted oscillatory motion in Secs. IIIB and 
IIIC and for the general oscillator system with unrestricted 
oscillatory motion in Sec. IVA.

Additional statistical properties for the accelerated 
oscillator system are considered in Secs. H I D  for the 
special oscillator system and in Sec. IVB for the general 
oscillator system. These properties consist of the cor­
relation functions of the coordinate positions of each 
oscillator, as well as correlation functions of higher time 
derivatives of each oscillator’s coordinate position. In 
the process of examining these statistical properties for 
the pair of oscillators, a somewhat deeper analysis is 
presented on the statistical properties for a single accel­
erated charged oscillator.

Certain assumptions and approximations will be made in 
the analysis presented here on the properties of the pair of 
accelerated oscillators. The small oscillator assumption 
will be imposed (see Refs. 1 and 3), which enables the equa­
tions of motion to be linearized in the appropriate Fermi- 
Walker transported coordinate system (see Ref. 3). The 
radiation reaction damping constant of ^ = y(eV«-»e,) will be 
taken to be small compared to the other time constants of 
the system, thereby enabling the narrow linewidth approxi­
mation to be employed when evaluating integral expressions 
for the expectation values of certain stochastic quantities. 
This approximation was also used when analysing the statis­
tical properties of the dipole systems considered in Refs.
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1, 2, and 3.
Two additional approximations will ba mada hara that 

did not antar into tha analysis of tha alactromagnatic 
dipola systams traatad in Rafs. 1, 2, and 3. Both of thasa 
additional assumptions involva tha spatial separation of tha 
two oscillators baing considered hara. For this reason, 
these additional assumptions did not appear in tha work of 
Rafs. 1, 2, and 3, which traatad only tha behavior of single 
accaleratad alactromagnatic dipole systams.

First, a "small laboratory" condition will ba imposed
of

R «  ~  (1)a l

where R is the distance of separation between tha equilib­
rium points of tha two oscillators. If one demands that tha 
approximate distance of 2*^)* that a light ray would travel 
along tha direction of acceleration from one oscillator to 
another ba much lass than the distance cY* to tha event 
horizon, then one arrives at the condition of Eq. (1).
Under this condition, R is much larger than tha approximate 
distance of that that one of the oscillators will
accelerate in time (R/c). Consequently, a light ray propa­
gating from one oscillator to the other will make a small 
angle to the plane perpendicular to the direction of accel­
eration of the system. Thus, the condition of Eq. (1) 
reduces the physical distinguishability between the acceler-
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ated and unaccelerated-thermal pair of charged oscillator* 
intaracting via tha alactromagnatic radiation amittad from 
aach oscillator.

Tha sacond approximation that will ba imposad hara, 
which also had no rola in tho analysis of pravious singla 
point-1ika alactromagnatic systams, consists of tha condi­
tion

« ± , ft)

whara w, is tha rasonant fraquancy of tha accalaratad 
oscillators. This condition is traditionally tarmad tha 
unratardad van dar Waals condition. Possibly, tha ganaral 
rasults of this artida hold whan this condition is relaxed) 
this possibility will not ba axaminad hara, howavar. Hanca, 
tha aquivalanca in cartain statistical propartias batwaan 
tha accalaratad and unaccalaratad-tharmal oscillator systams 
will only ba astablishad in this artlcla whan tha condition 
of Eq. (2) applias.

Exparimantally, tha unratardad van dar Waals condition 
of Eq. (2) is of intarast bacausa it dascribas tha ragion in 
which ana would ba most 11 Italy to physically discern tha 
thermal affects of acceleration for the extended system 
considered hare. Roughly speaking, one would expect these 
thermal-like propartias to ba discernable from tha zero- 
point motion of aach oscillator whan
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* c j . <  kV  = (3)
%T\C.

Combining Eqs. <1) and (3) results in Eq. (2)i namely, the 
unretarded van der Waals condition.

Thus, there are four primary conditions under which the 
accelerated and unaccelerated-thermal spatially extended 
oscillator systems will be examined in this article. These 
conditions consist of the small laboratory approximation of 
Eq. (1), the unretarted van der Waals condition of Eq. (2), 
the small oscillator assumption, and the narrow linewidth 
approximation.

The outline of this article is as follows. Section II 
describes in more detail the geometrical configuration of 
the accelerated pair of oscillators. The Fermi-Walker 
transported coordinate system is briefly introduced herei 
Ref. 3 should be referred to for further details. Using 
the work of Ref. 3, the equations of motion for the pair of 
accelerated oscillators are readily deduced in Sec. II. 
Lengthy calculations that involve the electromagnetic fields 
of an electric dipole undergoing relativistic uniform accel­
eration are contained in Appendix A so as not to sidetrack 
the main discussion presented in this article. Section III 
treats the special case in which each oscillator is con­
fined to oscillations perpendicular to the plane defined 
by the direction of acceleration and the axis connecting 
the two oscillators. Section IV treats the general case 
where no restrictions are imposed upon the direction of
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oscillations. Appendless B, Cv and D present additional 
calculations that were felt to be too lengthy -for the main 
discussion o-f this article. In particular( however, it 
should be noted that as a result of tha calculations in 
Appendices A and C, the electromagnetic -fields radiated by 
a uniformly accelerating classical electric dipole are 
shown to be intimately related to the correlation functions 
of the electromagnetic fields of the classical electromag­
netic zero-point radiation spectrum. It is precisely 
because of these relationships that agreement is obtained 
between the various expressions examined here for the accel­
erated and unaceelerated-thermal oscillator systems.



59

IX. DESCRIPTION OF ACCELERATING) SYSTEM

The acctiliratvd classical chargsd harmonic oscillators 
considered bars arm assumed to have equilibrium positions 
following relativistic hyperbolic trajectories in space-time 
described by the constant proper acceleration a . The 
equilibrium positions of the two oscillators are assumed to 
be situated such that they lie in a plane perpendicular to 
the direction of acceleration. Consequently* both oscil­
lator equilibrium positions possess the same instantaneous 
inertial rest frame.

As was done in Refs. 1 and 3, a set of inertial refer­
ence frames Xr will be introduced here such that the re

frame constitutes the instantaneous rest frame at proper 
time 'J'e for the equilibrium positions of the two oscil­
lators. (The inertial frame will be denoted by I # .)
Let these inertial frames be situated such that their x 
axes, or i-1 axes* lie along the direction of acceleration 
and their y axes* or im2 axes* lie along the direction of 
separation between the two oscillators.

Let the two oscillators be denoted by the labels A or 
B. Let oscillator A have an i"2 and i»3 coordinate value of 
+R/2 and 0* respectively* within each inertial frame | 
let oscillator B have corresponding coordinate values of
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—R/2 and 0. As dsscribsd in Ref. 3, ths equilibrium posi­
tion of aach oscillator may ba dascrlbad in tha T-,- inartial 
frama at proper tiaa by

( ' l ; £<oA(^(Tt'-T9)) , ±-|- > °) . ^

In Raf. 3, a Farmi-Walker transported coordinate system 
was introduced to aid in the description of a uniformly 
accelerated oscillator. This coordinate system may be 
described by the coordinates ', $) , where \ is 
again the proper time of the equilibrium position of the 
accelerated oscillators. The coordinates are related to 
the coordinates x£, of an inertial frame I-.. by

e *

*Te> ~ c\' ~ (?± + , (5*0

4  =  * r #- = ( h +  , (5-L)

= j = fj , (?dj)

9

where - x ,. and ft- f; , for i-1,2,3.
%  IE C

In order to examine the behavior of two oscillators 
accelerating through classical electromagnetic zero-point 
radiation, the effects of the fields of each oscillator 
acting upon the other oscillator must be taken into account. 
Hence, the equations of motion that must be salved for the 
combined system will consist of a set of coupled stochastic 
differential equations. These equations can readily be
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deduced from tha work of Ref. 3, In which tha introduction 
of tha Fermi-Walker transported coordinate system and tha 
assumption of tha small oacillator approximation suffi­
ciently simplified tha aquations of motion for a single 
accelerating oscillator that the equations of motion could 
easily be solved. Tha same method will ba applied hare in 
the case of two accelerating oscillators.

Tha aquations of motion for two accelerating oscil­
lators may be obtained by treating the electromagnetic field 
tensor 7 T  that occurs in Eq. (37) of Ref. 3 as being due 
to the constant electric field 3E, , the zaro-point fields 

and 3^ , end the dipole fields E* and B* arising 
from the action of one oscillator upon the other. (As dis­
cussed in Ref. 3, the constant field xF„ provides the mech­
anism for a relativistic uniform acceleration of a charged 
particle in the absence of other forces.) Following the 
argument presented in Sec. IV of Ref. 3, the quantity

will be linearized with repect to the coordi-
d T

nates of the Fermi-Walker transported coordinate system 
under the assumption of the validity of the small oscillator 
approximation.

The model assumed for the classical charged harmonic 
oscillator of Ref. 3 will also be taken for this article. 
This model consisted of a classical charged particle of 
rest mass m and charge +e that was attracted to a uniformly 
accelerating equilibrium point by a simple harmonic poten­
tial! as measured in the instantaneous rest frame of the
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equilibrium paint. [8m Eq. (21) of Ref. 3, along with 
the discussion that accompanies this equation, for further 
description of the simpla harmonic potential.3

This oscillator model will be further elaborated upon 
in this article in order to obtain an accelerating system 
that approximates, in the small oscillator limit, a pure 
electric dipole in the instantaneous rest frame of the 
equilibrium point of the oscillator, hare specifically, a 
continuous negative charge distribution with net charge -e 
will be assumed to surround the equilibrium point of the 
oscillator, as described in the instantaneous rest frame of 
the equilibrium point. This charge distribution will be 
taken to be stationary in the Fermi-Walker transported 
coordinate system and to possess axes of symmetry along the 
i-1,2,3 coordinate axes. The oscillating particle of 
charge +m will be assumed to oscillate inside this “rigid" 
cloud distribution of negative charge, where the word 
"rigid" is used here to denote the fact that all paints of 
the charge distribution possess the same instantaneous 
inertial rest frame throughout the full evolution of their 
trajectories. For sufficiently small amplitudes of oscil­
lations, this rigid cloud of negative charge may be con­
structed in such a way as to be the source of the simple 
harmonic oscillator potential acting on the oscillating 
particle. (See the discussion in appendices A and B of Ref.
3 on specific simple harmonic oscillator models.) Moreover, 
for sufficiently small amplitudes of oscillation and for a
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sufficiontly snail volusa of nagativa charga, ths total 
oscillator systsm approKimatss an slsctric dipola in ths 
instantansous rost frass of ths oscillator's squilibrius 
point.

Ths itK componsnt of this slsctric dipols in ths rsst 
franis of ths oscillator's squilibrius point is givsn by

, whsrs is ths distancs along ths rost frasa's
itU axis fros ths oscillator's squilibrius point to ths 
oscillating partlcls. Hara, "l_“ is a labsl that takss on 
ths valuss A or Bp doponding on which ths two accslar- 
atlng oscillators is bsing discusssd. Ths argussnt r« is 
again ths propsr tlss of ths squilibrius point of ths accal- 
srating oscillator. (It should bs notsd that a distinction 
is bsing sads hors bstwssn f; and . Ths coordinata along 
ths itl* spatial axis in ths Farsi-Hal ksr transportad coor- 
dinats systss is givsn by &  . Ths diffsrsncs in coordinats 
valuss along ths i^ axis of ths Fsrsi-Halksr transportad 
coordinats oystssp bstwssn ths L labslsd oscillating parti- 
els and its squilibrius point, is dsnotsd by fa .>

Ths dipols fislds £*L and B 61- santionad aarliar, whsrs 
now ths labsl L has baan addsd in ordsr to distinguish ths 
dipols fislds arising fros ths A or B accslsrating oscil­
lator, can bs shown to dapand linsarly upon ths quantitiss

and . Ignoring sscond ordsr taras in ths
Jle JV

coordinatas will thsn ssan dropping products of ths dipols 
fislds of ons of ths oscillators and ths coordinatss of ths 
othsr oscillator. Equations (38) of Raf. 3 say than bs
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readily generalized to the -following aet o-f equations for 
i-l,2,3i

Here, end «o represent the f vector positions (i.e., 
fc » for i“l,2,3> of the equilibriue positions of oscillator 
A and B, respectively. Hence, for the configuration of the 
oscillator systee considered here, RA - and -̂b~ 'S~ .
The argueents and C^b,^ **"• used to indicate that
the fields are to be evaluated at proper tiee Te along the 
trajectory of the equilibriue point of the Indicated oscil­
lator, A or B. (Hence, a dipole approxieation has been 
eade in evaluating these fields.) The quantity denotes 
the zero-point electric fields, while and Fj* represent 
the electric dipole fields of the A and B oscillators, 
respectively. The subscript %  occurring in these three 
fields is used here to indicate that the fields are to be 
evaluated in the inertial fraee X^ that is instantaneously 
at rest with respect to the equilibriue points of the oscil* 
lators at proper tiee t, .

The fields £r and in an inertial fraee arere € re
readily expressed in teres of the fields FT|. and 3̂ . of 
another inertial fraee X ,.. using the usual Lorentz trans- 
foreation. Writing this transforeation out in vector coe- 
ponents yleldsi
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(8)

(7)

In order to solve Eqs. <6a) end (6b) t expressions -for

Unfortunately, the calculation involved in determining these 
fields is quite lengthyi consequently, this work is deferred 
to Appendix A in order not to sidetrack from the main dis­
cussion presented here. Instead, the main result of this 
calculation will simply be summarized hare before proceed­
ing with the process of solving Eqs. (6a) and (6b).

Let L be the label of a time-dependent electric dipole 
undergoing relativiatic, uniform acceleration. (Here, L 
will take on the values A or B, as the model of the accel­
erating charged oscillator described earlier will be treated 
in the limit where the model is a pure electric dipole in 
its instantaneous rest frame.) Let the spatial position of 
this electric dipole in the Fermi-Walker transported coor­
dinate system be given by £ = . From Appendix A, the
electromagnetic fields at the coordinate position ■
(cre; o,«,o) dua to the "LM labeled accelerating electric 
dipole is given by

the dipole fields Ey*(RA,7e) end must be obtained.

rê  “ JOexpf-.vn-JoUl. (<*)



and e£L-6l) is the Fourier trans-form of thm comp on ant o-f
tha alactric-dipola as aaasurad in its instantaneous rest 
-frame (til). More specifically,

[e?L^re|= - î3)

The quantities ft;- and f>:- that occur in Eqs. <11) and (12)' J
are rather complicated functions of the acceleration a, 
coordinate difference f£-<RL) , and frequency JI j the explicit 
functional forms are given in Eqs. (A39)-(A46) of Appendix 
A.

In order to solve Eqs. (6a) and (6b), the Fourier 
transform of the zero-point electric fields that occur in 
Eqs. (6a) and (6b) must be Introduced. Hence, let

. ('*0
— •0

The argument that appears here of (yfi,re) again represents 
the coordinate position at which to evaluate the electric 
field.

Now, Eqs. (9), (11), and (14) may be substituted into 
Eqs. (6a) and (6b) to yield the following set of equationsi
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+ I £ET?Y+S! ,.a) Cî )
J-l

, fist)j = l
c;c«,Ji)= -jT . r(rf+A(f)*) . 0 0

Equations (19a) and (19b) may bm simplified sommMhat by 
noting from Eqs. (A39)-(A43> that H t\-(*»,♦**, *.)« n-tx^S*, ji) , 
KiijCSa, ji> for <.V j , - nti, and n,-, = n,;= o
for 1*3 , Using conventional matrix methods, Eqs. (19a) and 
(19b) can then be solved for and fgiO1) in terms of
E*f(+9£,Jl) and E*p(-£|.; ji) . After taking the inverse
Fourier transform of and f8;0i) , one then obtains the
solutions to and .

After imposing the conditions of Eqs. (1) and (2), 
these solutions will be used in 8ecs. IZX and IV to deduce 
certain statistical properties of the accelerating oscil­
lator system. In particular, the expectation value will be 
computed for the component of the Lorentz force along the 
9 direction that acts on one of the accelerating charged 
oscillators, as given in the instantaneous rest frame of 
the oscillator's equilibrium point.
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III. SPECIAL CASE OF TWO ACCELERATING DIPOLE OSCILLATORS

A. Description of Special Case

Ths -full calculations involvsd in obtaining ths statis­
tical properties of ths accelerating charged oscillators are 
rather long. Consequently, it seems appropriate to examine 
the simplest case possible that illustrates the main physics 
of the system before proceeding with the most general case. 
Fortunately, a special case does exist that will serve this 
purposei in addition, the solution of this problem will be 
shown to aid in solving the more general oscillator case 
that will be discussed in 8ec. IV.

This special case arises by examining Eqs. (19a> and 
(ISb) for i-3. As shown in Appendix A Csae Eq. (A43>3,
^13= fi-ji - = o • Hence, oscillations in the * and
y directions of the two accelerating charged oscillators 
do not give rise to electric dipole fields in the z direc­
tion at the other oscillator, as expressed in the instan­
taneous rest frame of the two oscillators. Consequently, 
the i"3 set of equations obtained from Eqs. (13a) and (ISb) 
are not coupled to the corresponding i*l,2 set of equations. 
Hence, the special case of two accelerating electric dipole 
oscillators with nonzero electric dipole moments only along 
the z direction may be safely studied for the main under—
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lying physic* of ths accelerating system.
Equations (IS) are easily solved for the case of i*3. 

One obtains

Here, and ^3j(Sa,+JR,ji) have been abbreviated by
Cj and Mjj , where the dependence on acceleration is still 
explicitly indicated in order to later aid in making compar­
isons with equations describing the unaccelerated situation.

The remainder of 8ect. Ill uses Eqs. (17a) and (17b) to 
determine certain statistical properties for the pair of 
accelerated oscillators. Section IIIB imposes a narrow 
linewidth approximation, the small oscillator assumption, 
and the conditions of Eqs. (1) and (2), in order to deter­
mine the expectation value of the component of the Lorentz 
force in the y direction acting upon one of the oscil­
lators. Consequently, the integrals encountered in calcu­
lating this force are readily evaluated by employing a 
resonant approximation. The value for the Lorentz force of 
the accelerated oscillators is then found to agree with the 
unretarded van der Waals force for the corresponding 
unaccelorated-thermal oscillator system. This resonant 
approximation is reexamined in Sec. IXIC in order to show
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how this correspondence arises between the accelerated and 
unaccelerated-thermal oscillator systems. Section H I D  then 
turns to an examination of other statistical properties of 
the accelerated pair of charged harmonic oscillators.
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B. Expectation Vilua of Lorentz Force in R— onant C a w

Lat (̂*re) be the Lorentz force on a uniformly accel­
erating charged oscillator at time in the X^ inertial
frame. According to the construction of the set of inertial 
reference frames XT( in Ref. 3, when ° , then the
I* Inertial frame is instantaneously at rest with respect 
to the equilibrium point of the oscillator. Hence, 
represents the force in the rest frame of the equilibrium 
point of the oscillator at proper time \  of the equilib­
rium point.

Appendix B presents a simple derivation of the Lorentz 
force on a particular model of a charged oscillator that 
moves in some arbitrary trajectory through space-time. The 
expression for the force in Appendix B is given to first 
order in the amplitude of the oscillator. This is equiv­
alent to treating the charged oscillator as being a pure 
electric dipole in the inertial rest frame of the equilib­
rium point of the oscillator.

Equation <B4) may be immediately applied here to obtain 
the appropriate expression for the Lorentz force on a uni­
formly accelerating oscillator, when the oscillator is 
taken in the electric dipole limit. Let And +

be the respective positions of the equilibrium point 
and the oscillating particle at time in the Xj. inertial 
frame. One then obtains from Eq. <B4) that
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V V ° > =
J=l 3*%i * *

xr(°h 0

* <0*“° where, in thi c a u  of tha pair of accelerating oscillators
bsing considarad here, Er and Br ara tha total alactric'e e
and magnatic fialds dua to tha zaro-point radiation fialds 
and tha electromagnetic fialds of tha opposita accalarating 
oscillator.

Tha axpactation valua of tha i-2 coaponant of Eq. (IS) 
will ba calculated in this article, as this is the force 
coaponant along tha direction of separation of tha two 
oscillators. As will ba shown quite generally in Sac. XV, 
where no restrictions will ba placed on tha direction in 
which oscillations aay occur, tha axpactation valua of tha 
second term of Eq. (16) is of order (a.ft/c*)7' lass than tha 
first term. Hence, tha second tara aay ba neglected in tha 
small laboratory approximation of Eq. (1). For tha situa­
tion being considarad in tha present section, where oscil­
lations ara confined to the z direction, tha second tarm 
of Eq. (16) is exactly equal to zero, as will ba shown 
shortly.

Tha zaro-point alactromagnatic fields will ba specified 
in tha I* inertial frame, which, as mentioned earlier, is 
equivalent to the 1̂ ,,, coordinate system. Using tha 
Lorentz transformation of Eqs. (7) and (6), tha zaro-point 
fialds may than ba obtained in all inertial frames.
Tha functional form that will ba used for tha zaro-point
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■fialds will consist o-f ths -following relationships, which 
have baan frequently used in performing calculations in 
stochastic electrodynamics (*12)i

£*'(**,**) = Z -“>** +■ &(k , (l*0A* I

B * ( ^ t r) = i  ^ j ) c o s (k-X, - w t, + e(R>)) . (20)
‘ A=i

Identities that the polarization vectors A) satisfy and 
that will be used in later calculations are

= 5a,a- , K - « ( k , a ) = o  ,  C i i a & k )

Z = 7-( KQefk, A)).
A ' l  A = l *

= ( 2 2 )J k1 '
Z A)(K ®€ (k,A)); - Z . ( 'L 3 ̂
A- 1 A h

The frequency w  in Eqs. (19) and (20) satisfies co=c 1*1. 
The phase angle 6?(k,a) is a random variable, independently 
distributed for each K and A , that ranges between 0 and 
27r with uniform probability density. The function J16») is 
given by

JlVw) - , tit)
2irx

so as to insure the Lorentz invariance of the stochastic 
properties of the zero-point fields and to obtain agreement 
with nature in regard to quantum mechanical phenomena (see 
Refs. 6 and 12).
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Using Eq. (IB), tha expectation valua of tha i**2 com- 
ponant of tha Lorantz forca on oacillator A Mill now ba cal­
culated. (By ayiMietry, tha valua of thia component auat ba 
of equal magnitude and opposita sign to tha similar quantity 
calculated for oscillator B.) According to tha construction 
of tha Fermi-Walker transported coordinate system in Ref. 3, 
the quantity Ax̂ jfo) that occurs in tha first term of Eq.
(18) may ba replaced by - From Eq. (5c), I

3 3hence, tha operator may ba replaced by ^  . Let the
quantity be relabeled by ^ ( r e') , where the inertial
coordinate time tr of the equilibrium point is related to
the proper time %' by

tr/v') = . (is-)

From Eq. (25),

dty
T‘=r e 't

coSU(f-(re'-rc))
Clfe)

V-T,
For the special case being considered in this section of

*5,#) «nd ^ Br / V re>)r , r27<v&t)

the expectation value of the i-2 force component of Eq. (IB) 
is given by
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< ^ < v >  =  ' < ? „ < * > $ E 5 ( ? . < >  ♦’1 fsuf\ M / vf *x ?'*f (28)

Vt=Tt
Th« argumants in tha fialds havs basn rslabslad hsrs in 
tarms of tha coordinatas.

Froa Eqs. (13), (17), and tha lnvarsa of (14), tha 
first tarm of Eq. (28) bacomas

t 1 ?=5f

+ [ # ^  - ^ ] < | - > 3 J  .
In ordar to carry this calculation furthar, tha two 

quantitias involving tha axpactation valuas in Eq. (29) must 
ba avaluatad. Tha following quantity is tharafora of 
intorasti

< > - %< ^ G x. ^ K M  ,V>>| . fto1
f"5*’  ̂ fa=«*

Tha corralation function to tha right of tha —■ oparator on3 ft
tha right sida of Eq. (30) is shown in Appandlx C to ba 
aqual to

X pwhera £ is a rathar comp11catad function of a, R and
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XL , and is intimately related to the quantity that 
occurs in the expression for the electric dipole -fields of 
Eq. (11). More will be said about this relationship later. 
The appropriate relationship between Eq. (30) and the 
functions f- in Eq. (Cl) can be easily deduced| this 
relationship is given in Eq. (C57).

From Eqs. (29), (C57), and (C60), one obtains

fer) f av) X

*[<:*'-n;; ^  **a)eat

° - «

. fa)
From Eq. (16), it can be seen that

C;(Vji)= C?r«,a) . (n)

This same property is demonstrated for Uij in Appendix A 
Csee Eq. (A47)l. Hence, from Eqs. (31), (32), and (A47), 
one has that

° I 3 *« I 3 * RJJ I

The second term in Eq. (28) may be calculated in a 
similar manner. From Eqs. (11) and (13), one obtains
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-00 -*>
From Eqs. (17a) and (17b) and tha invarsa of Eq. (14)p

< U n% , M ')>CO ®® -= ̂ (^exp(cAV)JjV ^ P(iSire")(^) X
-«o -ap

XfE’,(,’-'V)tcfbfl; ’c j v ^ l  ,E"f3*.v)[cp^;' .

This axprassion can ba avaluatad with tha usa of Eq. (Cl) 
and tha sytematry ralationship of Eq. (C56). Tha algebraic 
idantity consisting of

whara A+ = l/[c;‘jnJ,] , will ba found to ba halpful in 
obtaining tha ralationship

x{f£«., o, A)[ -(cJ_ ^ (c;v

After substituting Eq. (37) into Eq. (34) and using Eqs. 
(32) and (A47)p ona obtains tha ralationship of

i,
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The third term in Eq. (28), which c i m  from tha second 
tarm o-f Eq. (18), is aaaily shown to aqual zaro. From Eq. 
(8), ~ . This means that ail quantities inside
tha expectation valua signs in tha third tarm o-f Eq. (28) 
depend only upon . Using Eqs. (17)f (A38), (Cl>, and 
(C2), explicit calculations can than ba carried out to 
demonstrate that the expectation value of this quantity is 
a number that is totally independent of the value of V  . 
Alternatively, this demonstration fallows more generally 
from the physical demand that the act of accelerating 
through the zaro-point fialds oust yield statistical prop­
erties that are stationary in the proper time %  . Using 
either argument, however, the net result is that the third 
term of Eq. (28) is axactly equal to zaro.

Tha integrals that appear in Eqs. (33) and (38) will 
now be evaluated under the assumption that the damping time 
p = y-CeV-^c1) is much smaller than the other time constants 
that describe the oscillator's behavior, such as the period 
of tha oscillator at rasonance (for an electron, T ~
6x10^seconds). Under this condition, which will be made 
more specific shortly, the quantities JL/fC^ + n^l2 , which 
occur in the integrands in Eqs. (33) and (38), behave as 
sharply peaked functions near the point A= . This 
resonant property of i/ICjtn'jl* can then be exploited to
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aid in evaluating tha integrals in Eqs. (33) and (38).
Insight into the resonant behavior of + can

be gained by first examining the less complicated quantity 
of

Cn)
ICiC.,*)!* "  [(-.a 1 + i  *

This quantity occurs in calculations involving the accelera­
tion of a single osci1lator\ more Mill be said about this 
situation in Sect. HID. When P is sufficiently small that

r~;(l + (*£)')« 1 , CIO)
then l/jc*!1 becomes a sharply peaked function of A  about 
the point u,1 . Equation (39) is then well approximated by

■i i-

I C i K J U l 1 ~  n ' M Y i ' g r .)')1 . (La1

The resonance full width at half-maximum of the peak 
described by this function is given by

rh)*(i * (^)') , M

where the superscript a and subscript 8 indicate the single 
accelerated oscillator situation.

Turning now to examine the resonant properties of
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(hi)
I<7 i  n ;,r (-A1 < fen?,)1! f i / i , v ) 2

it iaaediately becoaes evident that tha functional depen- 
danca of ft.J3(xat$R,si) upon - f t  aust firat ba analyzed. Aa 
explained in tha Introduction* if a physical equivalence of 
some sort doas lndaad axiat between tha accalaratad pair of 
chargad oacillatora and tha unaccalaratad, but theraally- 
bathad pair of chargad oacillatora* than tha likaly situa­
tion to obsarva such an aquivalanca is whan tha unratardad 
van dar Waal a condition applias of 1 . Whan (^£)« 1
and ~ «  1 * tha appropriata functional fora for ft,* can 
raadlly bo daducad from Eq. (A41). The quantity 
must ba expanded in a Taylor series in AX. * with teraa up to 
tha third power of AX. retained. Tha identities

and 1 (4?)

which follow froa

and Case Eqs. <A19), (A21)* and (A22)3
ara than useful in establishing that



whan JlR/c«ri and a.R/cl «  1 . Hence, when these two condi­
tions apply, then R*tlj3 is essentially independent o-f both 
frequency A and acceleration , while retains a
dependence on both of these quantities. The next order 
terms in end Ĵ n,, vary as and R4, respectively.
As may be seen when i«j"3, Eqs. (47) and (16) agree with 
the following result, which may be established with a bit of 
work from Eqs. (44), (45) and (A39)-(A43)i

Xn.rifjO?*, = + i :jr^c.Ca,A) = -<r0r [A 3 tJifc?] . M

The cx=o value for ft33 will be abbreviated by ; 
from Eq. (A41), this quantity is given by

M»«.s«,a )| - - A,>
a

When ^ 5 «  1 and ^ «  ±  , then from Eqs. (47) and (49),

0 u ; 3 * * t ^ / r ) 3 . m

When the conditions expressed by Eqs. (40), (1) and (2) 
hold, with u>, replaced by in Eq. (2), then from Eqs.
(43) and (47), l/|c;±nJJ|*> attains a maximum as a function
of fi at approximately the point A - <*->3+ , where

w 3± = [<h)1 ± ^ n»| ] *  l(fvcy ]  . (5i)
ji

By making T sufficiently small enough, Eq. (43) describes a 
sharply peaked function about A- t̂3i that may be approxi-
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mated by replacing all quantities that do not involve
Jl-t'jjt by their value at

±

Here, may be approximated by the imaginary part of
it

Eq. (47), evaluated at il = ̂ 5+, where the first order terms
of Q(^O) and should be retained in the case of
<*>y. in order not to result in a zero value for -n*,)j .

S-
CAlthough the actual value of these first order terms are 
readily obtained, they are not needed here, as X»,(c£ 
will be shown to cancel out in later calculations.^

The resonance full width at half-maximum of the peak 
described by Eq. (52) is given by

= XJ+ I ̂ ( C3 1 rW))«J±

< 1 | +1 iv-.n.jSjjI *  in~,rti+G!h')x) ; fa)

U3t
where terms of order £^^37) and have been ignored in
the last step Csee Eqs. (1), (2), and (47)1. The subscript 
D in A d,± is used here to indicate the double accelerated 
oscillator situation. From Eq. (53), the width of the peak 
becomes narrower as T becomes smaller| likewise, since 

Cj is proportional to P , the maximum of Eq. (52)
increases as P decreases in value. Assuming that P is 
sufficiently small that Eq. (40) is valid, one obtains from 
Eqs. (40) and (53) that
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A*- «  1
u ,

(*h)

Using ths rssonant propsrty that Eq. (43) acquires for 
snail values of T , the integrals occurring in Eqs. (33) and 
(38) will now be evaluated. The factor of expfrJlAx) that 
occurs in the expression for ft*, Cand also in *

as will be shown shortly! varies very little over the width 
of the peak of Eq. (43), since fro* Eqs. (1), (46)v (A19), 
and (A21), 6t«R/c | hence, fro* Eqs. (2) and (94),

Likewise, by applying Eqs. (94) and (99), one can readily 
show that all other quantities in Eqs. (33) and (38) vary 
very little over the width of the resonant peak.

The steps in Sect. IIIC of Ref. 10 will now be followed 
quite closely. Using the resonant approx1eation, all quan­
tities in the integrands of Eqs. (38) that do not involve 

will be replaced by their values at <*>3t . The 
lower limit of integration will be replaced by -oo , as the 
additional contribution to the integrals is negligible com­
pared to the resonant contribution. Under these approxi­
mations, Eq. (38) becomes

«  1 (s?)
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2m 2

j  , <w)
where liellj, was raplacad by its approximate valua givan by 
Eq. (SO). Tha IntaQral o-f

mss usad in obtaining Eq. (56).
If a similar approximation procadura is followed for 

Eq. (33) by raplacing all quantities in tha integrands that 
do not involve by their values at o than one
■finds that tha numerators o-f tha integrands contain quan­
tities (-Jl+Ujdue to the terms ^Cc^ta^,) . The presence
of these terms in the integrand essentially negate the 
resonant effect of the denominator, thereby resulting in 
integrals that are negligible in magnitude Mhen compared 
with the magnitude of the integrals in Eq. (38). Hence, the 
approximation will be made that the first term of Eq. (28) 
contributes negligibly to the expectation value of the 
forcei therefore, the latter quantity is approximately equal 
to the second term in Eq. (28).

As shown in Eqs. (C3) and (CS), the quantities
a) , which arise in the cosine expansion of the cor­

relation functions of Eq. (Cl), obey a very interesting 
relationship to the terms that appear in the
dipole fields of Eq. (11). With the use of Eqs. (C3) and
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(C5), along with Eq. (48)p on* can show that

fjVCxA, ° ,  a )  ± a )
= + * e^ 2 k r )

| W c ; ± r i , v l v*y

(s-e)
v=_£*_

*2.7Tc k

Nag1acting tha first tarm of Eq. (28) and substituting 
Eqs. (56) and (58) into (28), yialds

***3 +

J ~  2 t t c K

Each of tha two tarns in Eq. (99) nay ba expanded in 
about W3 by using Eq. (91). Assuming that tha radiation 
damping constant T is sufficiently snail to satisfy

r «  , d o )

than may ba approxinatad by

■7 r  y  ■^ 3+ ^  CJ3 *- i /3 r  \ i  _ r —
2 (d/c)3) u 3 8 (̂R/c)3 / (***$

Hence, from Eqs. (59) and 161), one can than show that

f- •feg iir 
2.7rck

Equation (62) agraas exactly with tha force expression 
of Eq. (38) in Raf. 10, where the fore* was calculated along 
the direction of separation between two classical charged
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oscillator* that wars bathad in classical slsctrofflagnstic 
Planckian plus zsro-point radiation. Hanca, in rsgard to 
ths snpsctation valus of ths fores bstwssn two chargsd 
oscillators, an aquivalanca has bsan dssonstratad for ths 
spscial uniformly accslsratad dipols oscillator systam dis- 
cusssd in this saction and a similar unaccslaratsd oscilla­
tor systam hsld fixsd in an insrtial frama, but bathad with 
zaro-point plus tharmal alactromagnatic radiation charac- 
tarizad by tha tamparatura of T sf\<\/ivck .
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C. Expectation.Valua of Forcei Bwiy l  Expression

In the previous section, a raaonant approximation was 
used to obtain an exprassion -for tha axpactation valua of 
tha Lorantz forca acting on ona of tha accalarating oscil­
lators, as axprassad in tha instantanaous rast fraaa vf tha 
aquilibrium point of tha oscillator. Tha quastion naturally 
arisas as to what tha axprassion would ba for this forca if 
tha raaonant approximation was not usad. Such a calculation 
has alraady baan carriad out for tha casa of two unaccaler- 
atad classical chargad oscillators that ara bathad in clas­
sical alactroaagnatic tharmal plus zaro-point radiation Csaa 
Raf. 10, Eqs. <8) and (9)3. This calculation applias for 
tha casa of nonralativistic classical chargad oscillators 
takan in tha alactric dipola limit) tha rasult is valid for 
all valuas of tha separation distance R and for all orders 
in tha fine structure constant. A corresponding calcula­
tion has bean carried out within tha context of quantum 
electrodynamics whan tha temperature T equals zero <*13)j 
tha results for these two sets of calculations have bean 
shown to agree exactly (sea Raf. 9).

In this section, a rasult analogous to tha above men­
tioned exact expression for the van der Waals forca of tha 
unaccelarated-thermal oscillator casa will ba obtained for 
the accalaratad oscillator casa within tha context of sto­
chastic electrodynamics. This force expression will bo 
derived by using the small oscillator approximation in solv­
ing the aquations of motion and by then taking tha alactric
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dipole limit whan calculating tha forca on an oscillator.
As yet, similar calculations involving tha interaction 
energy between two dipole oscillators uniformly accelerating 
through the quantum electrodynamical vacuum have not been 
carried out by researchers in quantum electrodynamics. A 
connection, described in Ref. 7, between the calculations 
performed in stochastic electrodynamics and in quantum elec­
trodynamics, may prove helpful to researchers in carrying 
these calculations over to quantum electrodynamics.

By obtaining the above mentioned exact force expression 
far the accelerated oscillator system, a comparison can then 
be made to the analogous van der Waals force expression in 
the unaccelerated-thermal oscillator system. As will be 
shown, these two expressions differ from each other. By 
employing the approximations of the previous section, the 
two express!one are then brought into agreement. The calcu­
lations of this section illustrate how this agreement is 
obtained.

From Eqs. (28), (33), (38), (48), and (C3), and noting 
that the third term of Eq. (28) is exactly equal to zero, 
one obtains

Using the algebraic relationship of
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- 1 ' t e V e',I,|»)) = f ) - aH)
tha following rasult can ba obtainad from Eqs. (63), (64), 
and (C5) i

<FA (■*)>■= -1U(S.,5«1 , Ort

whara u ( 3 « , 9 R ) . (tq

T 2-nck
In tha unaccaleratad caaa, tha function analogous to UCfa^d) 
(saa Rafs. 9 and 10) is tha quantity found within quantum 
alactrodynaraics for tha anargy of lntaraction batwaan tha 
dipola oscillators.

Equations (8) and (9) of Raf. 10 constituta tha analo­
gous axprassions to Eqs. (63) and (66) for tha axpactation 
valua of tha forca batwaan two unaccalaratad oscillators 
bathad in tharmal plus zaro-point alactromagnatic radiation. 
CIn ordar to apply Eqs. (9) and (10) of Raf. 10 to tha spa- 
cial casa considarad hara, whara oscillations ara rastrictad 
to tha z direction, tha factor (t - Hj/c2)(l - that
appaars in tha natural logarithm function should ba raplacad 
by a factor of unity.1 As ana will nota, although tha two 
forca axprassions for tha accalaratad and unaccalaratad- 
tharmal oscillator situations diffar from aach othar, thay 
ara in diract corraspondanca with aach othari full agraamont 
batwaan tha two axprassions may ba obtainad by raplacing tha
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quantities of and C3 in Eq. (66) by their a->0 coun­
terparts of Eq. (49) and Csee Eq. (16)3

Thus, thara axiata a diract correspondence, but dis- 
tinct difference, batwaan tha force axpreaaiona of tha 
accalaratad and the unaccelarated-thermal aituationa. The 
main reason for tha existence of the diract relationship 
batwaan the two axpreaaiona is due to tha identities of Eqa.

n *(C3) and (CS), which relates the ncj function that appears 
in tha expression for the alactric dipole fields to tha 
cosine transform of tha correlation function of the zero- 
point electric fields. From these two aquations comas the 
cofl)(ire/*) factory which is tha distinguishing factor that 
relates tha accelerating situation to tha unaccelerated- 
thermal case, where the temperature is related <:o the accel­
eration by T= k<*/znck . Section 1IID shows that Eq. <C3) is 
the main property that enables other direct relationships to 
be established other than simply the expectation value of 
the force.

In regard to the difference between the two force 
express!ons, which arises from the difference in the expres­
sions for Cj and Hj, when â nrckT/fc versus a = o f one might 
wonder what were the key steps of Sect. IIIB that enabled 
the force expressions for the two situations to be not only 
directly related, but also equivalent in the case of the

( n )
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unratardad van dar Waala condition of Eq. (2). Tha kay 
■tap* turn out to ba tha amall laboratory condition of Eq.
(1), tha naar fiald condition of Eq. <2>, and tha amall 
damping constant condition givan by Eq. <40).

Tha form of Eq. (63) for tha forca axprassions is par­
ticularly usaful for illustrating tha maans by which tha two 
forca axprassions bacoma approximataly aqual whan thasa 
thraa conditions ara appliad (*14). Undar tha lattar condi­
tions, tha two tarms in tha intagrand of Eq. (63) that con­
tain tha quantitias

ara of nagligible contribution to tha intagral, bacausa 
IRiCCj +rij})= o whan Jl - . Sinca ° , tha ramaining
two tarms in Eq. (63) consist of intagrals that ara avalu- 
atad in tha following way whan tha rasonant approximation is 
usad i

axact sama intagral as Eq. (68), but with ftjj and C/ 
raplacad by thair <*—>0 coun tar parts, than tha cancaling of 
I i n  tha numarator and danominator of Eq. (68)

K ;  * n* |*

>p- ft* Inch

ZircK

Ramambering that tha unaccalaratad-tharmal casa has tha
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removes this distinguishing factor fro* ths two fores 
sxprsssions. Moreover, from Eq. (SO) , ft* and ars
both approximatsly oqual to fT(c/ft)3 whan «  ± and

«  1 . Hanes, undar thasa conditions, tha two fores
c

axprassions bacons not only diractly ralatad, but also 
aquivalent.

Thus, tha above analysis traces through tha steps by 
which the use of tha conditions of Eqs. (1) and (40) make 
the two forca expressions equivalent in tha casa examined 
here of tha unratardad van der Naals situation given by Eq.
(2). In Sect. IIID, other properties of tha two oscillator 
system will ba shown to bo equivalent by following similar 
steps to those outlined above.
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D. Other Propw t Ati of Special Byitm

In the previous section, the expression for the expec­
tation value of the force between two charged oscillators 
was obtained, both for the accelerated and unaccelerated- 
thermal systems. Properties other than the force should be 
examined in order to determine to what extent the accel­
erated and unaccelerated-thermal systems possess identical 
statistical properties, as observed in their respective 
coordinate systems. Other properties that one might want to 
examine are the correlation functions of the position and 
the time derivatives of the position for the two oscillating 
particles of the two accelerating oscillators.

Up until now, the only property that has been examined 
for the accelerating oscillator system has been the force 
between the two oscillators. One reason for having concen­
trated on this property is that the force between two polar- 
izable particles is, undoubtably, an easier quantity to 
obtain experimentally than is the correlation function in 
position between two spatially separated oscillating parti­
cles. The second reason is that Ref. 10 already contains 
the analysis of the van der Waals force between two charged 
oscillators in a thermal bath. The existence of this work 
then allowed a direct comparison to be made between the 
force expressions for the unaccelerated-thermal case treated 
in Ref. 10 and the accelerated situation discussed in this 
article.

Before proceeding with an examination of additional
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statistical properties for a pair of accalaratino oscilla­
tors, a briaf review will ba given of the statistical pro­
perties of a single accelerating oscillator. This review 
will serve to show how the relationships derived in Appendix 
C enable the single accelerating oscillator case to agree 
in certain statistical properties with the unaccelerated- 
thermal single oscillator situation. In the process of 
giving this brief review* a simple generalization will be 
made to the original work by Boyer in Ref. 1, by examining 
the correlation function < versus the less 
general case of %  - o.

The appropriate equation of motion for the single 
accelerating oscillator system is given by Eq. (38) of Ref.
(3), which is equivalent to Eq. (6a) or (6b) of this article 
when ET(= o . The solution to this equation is given by

The positional correlation function is then given by

A .

CL (a, ft) Cj ( A")

Using the inverse of Eq. (14) along with Eqs. (Cl)p <C3), 
and (48), yields
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T= ntck
Substituting Eq. (71) into Eq. (70) gives the rasult of

Similar steps to the above are followed when analyzing 
the behavior of an unaccelerated oscillator in a thermal 
radiation bath characterized by T=^a/inck (*15). The coor­
dinates %  end are then replaced by the coordinates in 
the inertial frame at rest with respect to the equilibrium 
point of the oscillator. The factor of C-Jâ si) in the 
denominator of Eq. (69) must be replaced by its a-X> coun­
terparti consequently, this change must be propagated to the

^  j p
denominators in Eqs. (70) and (72). In place of 
in Eqs. (69)-(71), one must use the corresponding Fourier 
transform, at a stationary point in an inertial frame, for 
the electric field of a zero-point plus thermal radiation 
spectrum. This electric field is given by the expression 
of Eq. (19), but with replaced by ■

eot^O^/ikT) . in calculating the appropriate corre­
lation function corresponding to Eq. (71), one then finds 
that the factor on the right-hand side of Eq. (71) is
correct, but the factor of must be replaced by
ImC/o,ji) . Equation (72) then follows, with replaced
by C;(o,jO on the right-hand side.

T-
2rch

C; (a, Si)
cos(jn̂ ) . (7i)

o
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The raaonant -Factor o-f l/IC^Ca,^!^ that occur a in Eq. 
<72) waa diacuaaad in Sact. IIIC. Tha damping conatant 
P will ba aaaumad to ba amall anough that Eq. <40) ia 
valid. Tha approximata width of tha peak daacribad by

iB then given by Eq. <42). Whan P ia taken to ba 
aufficiantly amall to aatiafy

1  +  I t ,  I < <  1  ,  (73 )

than tha factor of c o s (jit,) may be approximated aa being con- 
atant over tha width of the raaonant paak. Whan Eq. <73) ia 
not satisfied, than tha variation of the cos(sire) factor 
over tha width of the raaonant paak will tand to wash out 
tha raaonant contribution* thereby invalidating tha raaonant 
approximation and deerearning tha abaolute value of

- CFor atomic processes, with of tha
—16 -jijorder of 10 aac. and P~6xlQ aac. for an electron, than 

the condition of Eq. <73) ia aatiafied whan %  ia laaa than 
about 10* times tha period of tha oscillator.1 Employing 
tha raaonant approximation results in a factor of rr 1 ; r. ■

:, which cancels out tha factor in Eq. <72) thatX-nCAw.)
diatinguishaa the accelerated from tha unacceleratsd-thsrmal 
situation. Hence, under tha condition of Eq. <73),

isil , (TH)
X**igj£ V Ik T

rp -
l7rck

which applies for both the accelerated and unaccelaratad-
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thermal situations.
Corralation functions of tha time darivativas of can 

ba calculatad from Eqs. (70) and (71). For example,

For larga valuas of A  , tha intagrand of Eq. (77) bahavas

intagral is perfectly Mall dafinad. Whan z<(*tn') and r,to , 
a finita intagral may ba obtainad using tha mathod of Appan- 
dix C, by insarting a factor of exp(-e.A) , whara e>o, and 
than taking tha limit of €-*0 aftar par forming tha. inte- 
gration. Whan ^ = 0 , this mathod will not work, and an infi- 
nita quantity will rasult. Presumably, this high fraquancy 
divarganca would not arisa if tha oscillator's aquation of 
motion was traatad in a fully ralativistic mannary in ordar 
to prova this, however, ona would naad to go bayond tha 
small oscillator approximation discussad in Rafs. 1 and 3 
and daal with tha full, nonlinaar stochastic diffarantial 
aquations of motion.

If the limit of e->0 is taken before the limit of f ->0,

r-5S-l*n<k
o (75)

or, more generally,

n(JlTe)l [ (

iTick

like Si Csaa Eqs. (16) and (C5)l. Whan o<(mcn)<2 , the
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than a delta function ariaaa from thm raaonant denominator, 
which raaulta in a finita quantity avan in tha caaa of %  = 
Mora specifically (116),

Following this limit procedure in evaluating Eq. (77) givea

whara the 6 -X) limit ia not indicated, but understood to ba 
taken after letting a->0. Taking tha limit of e-X> in sto­
chastic electrodynamics has been termed "random mechanics" 
by Boyer in Refs. 6 and 7, and has been shown to have a 
close connection with quantum mechanics.

As in the case of Eq. (74), the above result of Eq.
(79) holds in the e->0 limit for both the accelerated and 
the unaccelerated-thermal single oscillator systems. The 
factor that multiplies the delta functions in Eq. (78) can­
cels the factor of XmQ£a,/l) that occurs in Eq. (77), 
thereby removing the distinguishing difference between the 
expressions for the accelerated and unaccelerated-thermal 
systems.

□ther statistical quantities that should be considered 
for a single accelerating oscillator Involve higher-order 
momentr of ft and its time derivatives! namely,

(78)

aireK

[<V*,+n) ojj] 
c o * ( u i 4- T j )  j  [(V>, +  n )  t



Properly treating tha random phaaes involved in this higher- 
ordar moment results in this quantity being zero for an odd- 
order moment and being equal to a sum of products of the 
two-point correlation functions in Eq. (79) for an even- 
order moment <tl7). Thus, for example,

( a la1Q,a,) = , ( 80)

in* c
where H

i n.
re|

Hence, the connection between these higher— order moments for 
the accelerated and unaccelerated-thermal systems follows 
the same rules described above for the second-order moments.

Using the above discussion of a single accelerating 
oscillator as a guide, the examination of the statistical 
properties of a spatially separated pair of accelerated 
oscillators will now be continued. The comparison of this 
system with its unaccelerated-thermal counterpart is sim­
plified by restricting attention to the special oscillator 
model considered here in Sect. Ill, where oscillations are 
confined to the i direction. For this special system, a 
direct correspondence exists between the expressions for 
var ious physical properties of the accelerated and unaccel- 
erated-thermal situations. This was first demonstrated in 
Sect. IIIC for the case of the force expression of Eq. (65)y
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■imply by replacing th« functions of I?j3 and C? by their 
a->0 lifliitn rnultid in the appropriate fore* expression 
for tha unaccalaratad-tharmal oscillator systam. A similar 
corraspondanca axlsts for othar propartias of tha two oscil­
lator systam, as will ba shown shortly. Again, as occurred 
for tha forca expression, whan tha conditions of Eqs. (1) 
and (40) ara imposed upon tha unratardad accelerating oscil­
lator system, than tha expectation value of these other 
properties become equivalent for tha accelerated and unac­
celerated—thermal situations.

Mhen the more general oscillator model is considered in 
Sect. IV, where oscillations will no longer be confined to

Athe z direction, the direct correspondence between expres­
sions for the accelerated and unaccelerated-thermal situa­
tions will no longer apply. Instead, additional complicated 
terms of order 0( ̂ r) will arise in the expression for the 
properties of the accelerated oscillator system, thereby 
complicating the analysis of the system. Of course, when 
the condition of Eq. (1) is imposed, then the direct corre­
spondence again applies between expressions for the accel­
erated and unaccelerated-thermal systems. Likewise, when 
the damping constant is made sufficiently small, where the 
specific condition will be given shortly, then in the case 
of the unretarded van der Waals situation, the expectation 
values of these expressions again become equivalent for the 
two systems.

Using Eqs. (17a), (17b), (Cl), (C3), (CS6), and (48),
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T =-Ziich

C83)

the following results can ba obtainadt

ao
-  -i’j ̂ -AVa)| { S(A '-n)SW '*n)+i(J\'*i>)s(A"-si)} X ( e l )

T~€ir" X( , x^ccjt^))
_ 1 lc;*nr,|l J ’

o O' =
xf  ̂Ini^C£^Ry)l (jjl)
1 lcj-n̂ |‘

From thaaa two expressions, tha following aoaanta can ba 
obtainad1

/ € M  £ M  \ £ U  \\ 4r~\ jr" I / \ JTr" I Jt " J /
*•> (\o+T*) to (f’tâ Tg)

% U J  icr-n;,r ic;+«?3rJA
Xj"(-0 * ŝ;̂ jiTe)l £ M  -"3L<-|) ^ *  ') CosiATt) J  [ f a + n )  « * „ ]  , 

<£?l J- ^ l ) a -ap«A""-VfA)l { - ,  Ms;Ply* ^ Jr<rU o' r T.ia |c?-nr,P lĉ n?,r JA M
C.oj ('/lTt') J r̂fo) «--] • 

Equations (S3) and (84) can ba shown to apply in tha
unaccel aratad'-tharaal situation whan C3 and fl3*3 ara
raplacad by their a->0 limits and when, of coursaf tha

coordinatas ara raplacad by tha coordinates of tha inaf—
tial systmm at rast with raspact to tha aquilibrium point
of tha oscillators. This statamant may ba provan aasily by
diract calculation. In tha process of verifying this stata-
ment, tha following points may ba helpful to note. First,
Eqs. (83) and (84) wera obtained by using Eqs. (17a) and
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(17b) and by applying tha alactric field corral at ion -func­
tion formulaa of Appandix C. Second, Eqa. (17a) and (17b) 
can raadily ba shown to ba tha appropriate oscillator coor 
dinate axprassions in tha unaccelerated-thernal situation 
when C3 and Hjj ara raplacad by their a->0 limits and whan 
tha quantities of E are replaced by the corre­
sponding Fourier transforms for tha alactric field of a 
zero-point plus thermal radiation spectrum. Third, tha 
correlation functions of tha thermal plus zero-point elec­
tromagnetic fields in an inertial frame possess the same 
distinguishing factor of cotk(^u^/2i<T) as do the correlation 
functions of zero-point electromagnetic fields in a non- 
rotating, uniformly accelerating coordinate system, when
T = -ftok/2Ttck . If the factor of t is retained in

'  Z k T > ' i p . - S i .2n<k
the correlation functions for the accelerated system, but

_ a.the quantity of u.j- is replaced by its a->0 limit Csee Eqs. 
(Cl) and (C3)1, then one can show that the corresponding 
unacceleratad-thermal field correlation functions are 
obtained. The net result of these points is that Eqs. (83) 
and (84) apply for the unaccelerated-thermal situation, when 
Cj snd fljj are replaced by their a-X) limits.

Parallelling the single oscillator case, then when the 
conditions hold of Eq. (40), 0 £(Wn)< ? , and

+ «  1 , C8S-)

the resonant approximation used in the force calculations



103

for tha unratardad van dar Waala situation may again ba 
amployad here. Assuming that Eq. (60) is valid( so that Eq. 
(61) appliasp than -for o<(^+n)<i ,

Tha sacond tarm in Eq. (66) givas tha first ordar corraction 
tarm to tha corresponding single oscillator expression of 
Eq. (79).

Whan tha limit of e->0 is taken, as was dona for tha 
single accelerating oscillator, than tha restriction of 
(m+n)<2 is removed. Equation (66) reduces to the single 
accelerating oscillator casa of Eq. (79), and a value of 
zero is obtainad for Eq. (87). Tha latter rasult corre­
sponds to the quantum mechanical case of two uncharged 
oscillators separated by a distance R that is large compared 
to the approximate size of each oscillator, so that their 
nave functions do not overlap.

Equations (66) and (87) apply for both the accelerated 
and unaccelerated-thermal systems. In Eqs. (83) and (84), 
the distinguishing factors in the expressions for the two

[(ntt) ojj]

;
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situations were ths -factors of ±tl*z)/ ) C, +irljj)2' and
thsir a-X) counterparts. When ths resonant approximation 
is made in the case of the unretarded van der Maals situa­
tion, as was done in arriving at Eqs. (86) and (87), then 
this distinction between the expressions for the two situa­
tions becomes negligible due to a cancellation of the 
distinguishing factors. The same sort of cancellation 
occurred in the single oscillator situation when proceeding 
from Eq. (77) to Eq. (79). Moreover, since higher— order 
moments of the time derivatives of and fg3 can be
expressed in terms of the two-point correlation functions of 
Eqs,. (86) and (87), then these expressions for the higher—  
order moments also agree between the two situations. Hence, 
these results extend the domain of equivalence between the 
accelerated and unaccelerated-thermal situations, which was 
found to occur for the case of a single oscillator, to the 
case of a spatially extended system consisting of two oscil­
lators.
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IV. GENERAL CASE OF TWO ACCELERATING DIPOLE OSCILLATORS 

A. Expectation Value of Force

The situation will now ba investigated where all 
restrictions ara raaovad as to tha diraction in which oscil­
lations ara allowad to occur. As notad in Sac. IIIA, tha 
i-3 aquation of motion is uncouplad from tha i»lp2 aquations 
of motion. Hance, tha 1*3 solution to tha aquation of 
motion for tha spacial oscillator modal considarad in Sac. 
Ill also applias to tha mora ganaral oscillator modal con­
st dar ad in this saction| this solution is givan by Eqs.
<17a) and (17b>.

Turning now to tha i*lp2 aquations of motion givan by 
Eqs. (15a> and (15b)p a convaniant symaatric matrix form may 
bo raadily obtained by examining tha symmetry properties of 

. Using Eqs. (A39)-(A43)P the i-1,2 equations 
of motion may be written as

'cr o K r \* ' ,*)'
0 < c

_  e_
n; c : 0

K r £ t 0 c,*_ fKW
In conformity with tha notation usad previously for
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Wwf'k.+y r,a ) * has been abbreviated in Eq. (88)
by n,j*.

Tha above sat of aquations may ba raadily solvad simply 
by obtaining tha invarsa of tha matrix on tha laft. Tha 
Lorantz forca acting batwaan tha two oscillators may than ba 
calculated in tha saaa manner as in Sac. III. Similar 
results to those of Sec. Ill ara found, except that now 
there exist additional terms of order • The source
of these additional tarms arise from tha components of tha 
matrix in Eq. (88) that couple the i*“l and im2 sat of aqua­
tions. Tha matrix component that serves to couple these 
equations consists of tha quantity yin(**,+9n, a) . As can ba 
seen from Eqs. (A39)-(A4Z), is of order ( ^ )  times the
magnitude of ft* , * and n«-

Asauming tha condition of Eq. (1) is satisfied, then 
the ft,* terms in the matrix of Eq. (88) may be ignored.
This affectively decouples the i«l,2 set of equations and 
allows the form of the solution for i"3 to be applied here 
also, where the error incurred in making this approximation 
consists of terms of order 0(a ft/c 1) . Hence, for i-1,2,3,

) 0 ^ ) } X

+c f ^ J , fa*)

Physically, this decoupling of the i<"l,2 set of equa­
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tions occurs whan tha distance <*R_ = (aR/2ca)R_ that an
oscillator accalaratas in time R_/c (saa Appendix A) is 
small compared to R- | this condition, is equivalent to Eq.
(1). As mentioned in the Introduction, when this condition 
applias, than tha angle is very small that a light ray would 
make to the y axis when propagating from one oscillator to 
the other. For small angles, tha following quantity than 
becomes negligiblei namely, tha electromagnetic force acting 
on one of the oscillating particles in the £ (y ) direction 
due to the oscillations in the y (£ ) direction of the 
other oscillator. These two sets of oscillations then 
become independent, which results in the anticipated effec­
tive decoupling of the i**l,2 set of equations.

Using Eqs. (18), (89a), and (89b), the expectation 
value of the i“2 component of the Lorentz force acting on 
oscillator A can now be calculated. Tha first term of Eq. 
(18) can be easily expressed in terms of the £** coordinates 
in the same way that the first two terms of Eq. (28) were 
obtained! the only difference is that a sum from j*l to J>3 
must now be included. Hence,

of Eq. (18), evaluated for oscillator A.
The first two terms of Eq. (90) can be evaluated in the

where A 2 is equal to the i“2 component of the second term
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b m w  way that thair corresponding tarms in Eq. (28) wara 
avaluatad. Tha third tarm of Eq. (28) raquiras a fair 
amount of additional work, howavar. Tha and rasult of this 
calculation is ralatively uninteresting, howavar, as <Ar> is 
at most of order (<xK/cz)* times * whan tha reso­
nant approximation is used in tha casa of tha unratardad van 
der Waals condition. Consequently, in order not to side­
track the discussion of tha main contribution to •
tha calculation of <A2> is presented in Appendix D.

If tha G(**/cl) tarms in Eqs. (89a) and (89b) are 
ignored, than tha first tarm of Eq. (90) is of tha same form 
as Eq. (33), but now thara exists a subscript j that must ba 
summed from j"l to J-3. In order to obtain tha second term 
of Eq. (90), Eqs. (9) and (11) must ba used. Since tha

terms of ft?; ara approximately times tha siza of
ft*; , these off diagonal terms will ba ignored hare also. 
Again dropping tha &(p~) tarms in Eqs. (89a) and (89b), 
than tha sacond term in Eq. (90) is of the same form as Eq. 
(38)| again, a subscript j must be included that is summed 
from j«l to j«3.

Following tha same steps as led from Eq. (63) to Eqs. 
(65) and (66), then yields

, rtl)
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Besides the Additional teres of order Q( that have been
dropped, Eqs. (91) and (92) do not agree with their unaccel- 
erated-thermal counterparts due to the Hu and C* terms Csee 
Eqs. (8) and (9) of Ref. 101.

Agreement is again obtained when the resonant approxi­
mation is made in the case of the unretarded van der Maals
situation* where the condition for this situation is now 
given by

SS5  << 1  , j „  ; = . f<,3)

Use of the resonant approximation enables Eqs. (91) and (92) 
to be written in a form similar to that of Eq. (62)* but* of 
course* with a sum included over the required J index. When 
« R / c * « l  and JlR/c«l * then from Eqs. (A39)-(A40), (44)* and 
(45)*

^ > n ‘ ,  = r . i r f f f - c T J l ’ Cl r ( ^ ) l ) ] . f l r 6 ^ ) r  S (^£)] ; ( , , )

. fts)

The real parts of these quantities agree with their a«0 
counterparts. If Eq. (40) is assumed to hold not Just for 
J“3* but also for j»l and J>2, then* in conjunction with Eq. 
(93)* equations similar to Eqs. (54) and (55) may be 
obtained for J-l*2*3. Generalizing Eq. (60) to hold also 
for J*>1,2,3 * combining this equation with the generalized 
forms of Eqs. (54) and (55), and employing the resonant



110

approximation usad in 8act. Ill, yialds

3

<v) ~ -7 1 1v  L ™ i 6 “ isr/lJ I jT=**_ Sl=0J;Z7Tch
whara R*ri;; is givan by tha raal part of Eqs. (94) and (95). 
This axprassion agreas precisely with tha corresponding 
unaccelarated-thermal forca axprassion Esee Eq. (39) of Raf. 
(10)3.
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B. OthT  Statistical Properties of Bfw r al Syitwi

Most of the work required to obtain tha forca expres- 
aion in Sac. IVA had alraady baan dona in Sac. IIX| tha 
only furthar complication occurring in Sac. IVA that was not 
pramant in Sac. IIIB was in tha additional tarms of ordar 

* Taking thasa tarms to ba of nagligibla contribu­
tion, howavar, than raducad tha traatmant of Sac. IVA to 
essentially that of Sac. IIIB.

Tha same situation occurs in this section. The results 
of Sac. H I D  will ba drawn heavily upon in ordar to obtain 
tha correlation functions for the general oscillator modal 
considered hare in Sac. IV. When terms of order ara
ignored, than agreement is again obtainad batwaan these 
correlation functions and those of tha unaccelarated-thermal 
system.

Using Eqs. (B9a), (89b), (Cl), and <C3), and recog­
nizing that for tVJ , enables Eqs. (81) and (82)
to be generalized into tha following compact notationi

o Ta1.71c**
K { t iUct+riu) 1

1 lCi-n?i\x Jc-'+n?;!’- / *

As can ba shown by explicit calculation, the exact axpras­
sion for tha unaccelerated-thermal situation is givan by 
dropping tha G(^x) tarms in Eq. (97) and changing tha 
C* and A- tarms to their a-X) values.
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The mam lints of Eqs. (83) and (84) may bs gsnaralizsd in 
ths following way by using Eq. (97)i

< £

T<* ^  * T-  ' (ieou)

* - frj f w — V ^ l  * f £  w ,  ’f y *
. i, 1 *r=-^-l ("0 cof(jire)i

X  \ + I~(C+C) 1 f < W  »Ai] , .
*• Ic’-tfJ* lc?+nMl J

Again, ths analogous oKprsssion for ths unaccelsratad- 
thsrmal situation say bs obtainsd by following ths stsps
Just msntionad at ths and of ths last paragraph.

Parallslling ths stsps of Sact. HID, than whsn o<(^n)<i 
and ths conditions of Eq. (40) and

|A^S%| < ir(u{)z(i +(sgy)he \ «  i  (^)

ars valid for i«l,2,3 , ths rssonant approximation for ths 
unrstardad van dor Waala situation may aQain bs appliad 
hsrs. Undsr thsss conditions, Eqs. (86) and (87) may bs 
gsnaralizsd to

<̂ i £  I >**• e fT4.+Te) « rte « Ot.+r«l

*r> V s 7 n  T * . £ S .  '
. t f t l i  Jl'Mj

X ( V  M R~*-) .-u]
U-i) ^  / f

(101)
inch A1**1}

X(iij+<5(^)(i-ii,x1-sij)V'c-i)̂ )) i>*.> -“ J
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where (Reft,; is again glvan by tha raal part of Eqs. (94) and 
(95). Along with Eq. (93), tha ganaralizad forma of Eqs. 
(40), (60), and (85), valid for i»l,2,3 , wara assumad in 
arriving at Eqs. (100) and (101).

Equations (100) and (101) apply for both tha acceler- 
atad and unaccalaratad-tharmal situations. Thasa expres­
sions are given to lowest order in tha damping constant P . 
As discussad in Sac. HID, whan tha limit of e->0 is taken, 
than tha restriction of (m+n)<2 is removed. Equations (100) 
and (101) than reduce to the case of a single oscillator 
that is noninteracting with any other oscillators.
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V. CLOSING REMARKS

During recant years, a close connection in physical 
behavior has been established between point-like electromag­
netic systems undergoing relativistic hyperbolic motion 
through electromagnetic zero-point radiation, and similar 
electromagnetic systems, held fixed in an inertial frame, 
but bathed in thermal electromagnetic radiation character­
ized by the temperature T=tia/2nc'k . This connection 
between these accelerated and unaccelerated-thermal electro­
magnetic systems consists of the agreement in their stochas­
tic properties, when the former accelerated systems are 
described in a Fermi-Walker transported coordinate reference 
frame and the latter unaccelerated-thermal systems are 
described in their inertial rest frame.

The calculations of this article demonstrate that the 
connection Just mentioned between accelerated and unaccel­
erated-thermal electromagnetic point-like systems also 
applies to the spatially extended electromagnetic system 
considered herei namely, two spatially separated charged 
simple harmonic oscillators, each taken in the electric 
dipole limit. Using the narrow linewidth approximation, the 
small oscillator assumption, the unretarded van der Waals 
condition, and a small laboratory condition, a number of 
stochastic properties were shown to agree between the accel-
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•ratad and unaccelarated-thermal situationa for such a pair 
of oscillators. Tha expectation value of the component of 
the Lorentz force along the axis separating the two acceler­
ating oscillators Mas calculated and found to agree with the 
van der Waals force of a similar unaccelorated, but ther­
mally situatad pair of oscillators. Also, all combinations 
ware analyzed for the n-point correlation functions of the 
derivatives of each oscillator's position! *11 such correla­
tion functions for the accelerated oscillator system agreed 
with the corresponding correlation function of the unaccel- 
erated-thermal oscillator system.

A set of exact relationships, namely Eqs. (C1)-(C4), 
were obtained in Appendices A and C| these identities relate 
the fields of an accelerating electric dipole to the corre­
lation functions of classical electromagnetic zero-point 
fields. These relationships are what enabled the connec­
tions to be made between the accelerated and unaccelerated- 
thermal systems studied in this article. The complexity of 
these identities, as evidenced by the calculations of Appen­
dices A and C, are such that, with little doubt, these rela­
tionships would not have been discovered had there not 
existed the physically motivating concept that the connec­
tion found between accelerated and unacceleratad-thermal 
point-like electromagnetic systems should also apply to spa­
tially extanded electromagnetic systems.
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APPENDIX Al FIELDS OF UNIFORMLY ACCELERATING CHARGED 
OSCILLATOR, TAKEN IN THE ELECTRIC DIPOLE LIMIT

This appendix contain* a calculation of tha electric 
and magnetic fields due to a uniformly accelerating oscil­
lator! these fields Mill be evaluated at the position of 
the second accelerating oscillator being considered in this 
article. The oscillator model described in Sac. II will be 
assumed. Hence, each oscillator will be taken to consist of 
an oscillating charge +e that moves inside a small region of 
negative charge distribution, with net charge -e. The 
latter distribution will be assumed to be centered about the 
oscillator's equilibrium point. At points far away from 
this small region of negative charge, the electric and 
magnetic fields arising from this negative charge distribu­
tion may be taken to be that of a single charge —* that is 
located at the oscillator's equilibrium point.

A fairly simple method will be described for calcu­
lating the electric and magnetic fields of one of the oscil­
lators, where the fields are expressed in the frame and 
evaluated at the space-time point ^/*-(^%‘^) ■ The fields 
will first be found in an inertial frame Xre-A7L , where 
AT. is defined to be the difference in proper time of the 
oscillator's equilibrium point for a light signal to travel
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■from the equilibrium point of the oscillator to the space- 
time point V  A simple Lorentz transformation of
the fields to the rest frame of the other oscillator 
will then yield the fields that will be used in Eqs. (6a) 
and (6b) of this article. As will be shown shortly, this 
indirect method of calculation significantly reduces the 
algebraic complications that a direct calculation would 
involve.

According to the above construction, % ~^r- equals the 
proper time of the oscillator's equilibrium point for the 
start of the light signal Just mentioned. Consequently, the 
retarded inertial coordinate time for the starting time of 
this light signal is given by t̂ _Ar = o tsee Eq. (5a), with 
= ° 1. Hence, due to the original definition for the 

X̂ . inertial rest frames, the oscillator giving rise to 
the electromagnetic fields at has its equilibrium
point at rest in the inertial frame at proper time

For notational purposes, let all quantities in the 
IVAT frame be indicated by a prime. Let the space-time 
point -(<■*';x ') be given in the Fermi-Walker transported
coordinate system by f) ■ expression for the
electric field of an accelerating charged oscillator in the 
X,-_A r  frame, evaluated at the space-time point (<%j f) , is 
then given bys
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(Al)

( (k -?:•%:)* c lrr-

Here, t'r. equals tha retarded time aeeociated with the neg­
ative charge, while K+ is the analogous retarded time 
associated with the oscillating positive charge. The other 
quantities in Eq. (Al) follow the form of conventional usage 
<tl8)| their exact functional forms will be specified 
shortly.

Let AE' be equal to the top two terms of Eq. (Al) 
minus the same two terms evaluated at the retarded time 
*r- rather than . Then, Eq. (Al) can be expressed as the 
four terms of Eq. (Al), all evaluated at if., plus AE1. The 
latter term will be evaluated later by using a Taylor's 
series expansion.

Let X' and X'+ax* be the vector positions of the 
negative charge and the oscillating charge, respectively, as 
expressed in the frame. The vector position at
which the fields are to be evaluated is given by * =f*‘, a', %') . 
Let the symbol I be a shortened notation for evaluating 
all quantities at t|,_ . The following notation should then 
be fairly obviousi



o o r_ = ^ - n .
(i?;)r = (x'-r-x Or. = (Ri-ix'V

(Al)

(Al)

( A * )

( A S )

( A 6)

( A l )

Tha ralationships usad in Eqs. (A4> snd <A6) follow from Eq.
(2) of Rmf. (3). As dsscribsd aarliar, ths vslus of tj._ is 
givsn by tr̂ = o . Hones, (fij)r = O , which was ths main 
rsason for choosing ^ _ AT in which to first ovaluats ths 
dipols fiolds.

All of ths tsrms in Eq. (Al> that ars svaluatsd at 
%-at may bs oxprosssd in tsrms of ths quantitios in Eqs.
<A2) through (A7). In kssping with tha small oscillator 
assumption, all quantitiss in Eq. (Al) will bs svaluatsd 
only to first ordar in ax' , Ax' , and a x' . Tha following 
sxprsssions ars thsn obtainsdi

□thor quantitiss may bs linsarizsd in ths sams way. Hanes, 
Eq. (Al) becomssi
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^ ' r>) -  ^  c A . n
~  e f  3 (ax'-RJ)R_‘ 3 ( a x '-R.') 5 ' _ a x ' _ AX.'_L 1

C1 — r p — * - n r "  “r? c 
+ |.£^ r ’s CR'Ô B.) - R.1®(R.!̂  ©£!)

+ (K®{ + ( R' ® C RJ®̂ )) + A"̂ '*
In ordar to avaluata AE' , tha diffaranca in tha ratard- 

ad timas must ba found to lowast ordar in AXt . Assuming 
that i*' (l% , than ana can show from a simpla gaomatrical 
pictura that

• K . - O  ~ * [ a,l (n r1'), * “ j ]  , ( M ^

Mhara X'-O^Y',?') , ax'=(ax', â ', a z ’)  p and x ’=• {V, a*) .
Using a Taylor's expansion of tha top two tarns of Eq.

(Al) in tsrms of tha diffaranca in tha retardad timas of Eq. 
(A14)p yialds

aTT V L «:» Jr_

♦ f [ 5 ^ * £ L s | i ] J ( K t .K _) ; (AIS)

whara AE' is givsn to first ordar in tha Ax- coordlnatas. 
Equation (A1S> Has obtainad simply by diffarantiating tha 
top two torms of Eq. (Al) by t‘ , ovaluating this quantity at 
tha ratardad tima t̂._ f and than multiplying this expression 
by (tr+-t'r_) • Sinca tha lattar factor was alraady of 
first-order in tha Ax- coordinates, than this fact anablad 
tha dapendanca of tha diffarantiatad top two tarms of Eq.
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(Al) upon tha a x - coordinates to bo ignored. Moreover, tha 
first-order depandanca of Eq. (A14) upon tha a x J coordinator 
allowed tha Taylor'a expansion to ba carried out only to tha 
first order in tha time depandanca. Finally, tha following 
expressions were used in deducing Eq. (A1S)i

CH. =- 3 x  ( f )  t

h  * C¥T]al V*
= O . (An)

t'=o
Equations (A13), (A14), and (A19) will now ba used to 

obtain the electric field at tha space-time point =(ct';x') - 
(ct'j $(<RLtlO+x£[i , or, equivalently, I
tha electric field will ba takan to be due to an accelerated 
charged oscillator with equilibrium point located at f . 
Let the quantities (IV),. *nd CRl)r b* abbreviated by R_ and 
R_ , respectively. The following simple relationship then 
holdsi

(X.)1- = (

= . (m )

Substituting in t'r_=■ o and then solving for t* enables one 
to deduce that

R_*ct'» R(it«x)'/a , (An)
ft_ -  x«R + yft , (AZo)

<  - , (A2 02 c ’
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AT_ = c, S;„U,'
CL

’(^=) .

Combining Eqs. <A13)-(A15> and (A19)-(A22) than yialds 
tha foilowlng, where a auparacript DL haa baan added to 
indicate dipole fialda due to oscillator Li

r£a*($<«i±R),*0

+ + 10̂ + 12̂ ) + aAl^^30+2««*) ± A^L^jot

+*'*i($)(2+,i<*x+io«,i) + 2ik(-£J(i tu-i**) - a &(j£ jA
r c r_

tieJ-ai-L (■««') - - 0 *:_±_ 1  , .
I LR? —  *;*' — «: J r . («*)

The magnetic field that ia due to the accelerating 
charged oscillator must also be obtained. The magnetic 
field in the inertial frame is easily obtained by using

S T  = + (s: ® e :) m i *o
re~AT r+ f

where (lr+)r+ consists of the first two terms of Eq. (Al), 
(EX. consists of the second two terms, and

fc)r_ = C ^ / O  , C^25)

f c ) r  ^ ( E L ^ L )♦ ' IRJ-Axj 'r+

-I3L-&1 + R-’C ^ u - r : )  I ,A 2 6 )
1 R  * * ■  ( r X  ) t r _  ■

The first approximation sign in Eq. <A26) follows from
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making a Taylor'a axpansion in (tr+-tr_) , using Eq. <A16), 
and retaining tarms only to first ordar in tha AX^ coordi­
nates. Hence, from Eq. (A16), the second term in the 
Taylor's expansion is identically equal to zero. Due to Eq. 
<A14), higher— order terms in the Taylor's expansion are not 
linear in the AX/t- coordinates! hence, only the lowest-order 
term in the expansion need be retained.

SfDL1Let t be an abreviated form for the electric field 
in Eq. (A23). From Eqs. <Ai> and <A23>, (£;)r+2; EDL‘-(El)r , 
where the field Ew  is given by Eq. (A23) to first order in 
the ax' coordinates. Hence, to this same degree of approxi­
mation,

*■ «.* k  o o 3

where is given by

(E .1) = + . (Al8)
R3 R3

From Eqs. (A23), CA27), and (A28), the following 
expression may be obtained1

( A n )
r
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Using Eqs. <A23>, (A29), and (A22), ths sisctrie and 
magnetic fields in the Ir& frame may be obtained via the 
Lorentz transformation

e “ = i e ; l' + s K r S ^ ' - h r . ^ ' )  > (A3o)

e  = xBDxL' + 9 v (C * ^ K t ( , (A3 o
%

where Jr = coA(*£2k) = (i + 2**) (A3i)* C / /

a  y  s S ; ^ ( z * z ) *  s I L  =• l«0 + «*)'/l . <>33)AX c / c*-

The quantities of a *l , Ax^ , and AX^ » all evaluated
at t =t = O  y that will occur in Eqs. (A30) and (A31)

rt~&K. r*
after substituting in Eqs. (A23) and (A29), may be expressed 
in terms of the ^  coordinates. From the discussion pre­
sented in Appendix D, Case, in particular, Eqs. <D6 ) and 
(08)3, one can show that

( * *  )  I

Ti-At= 0 % " AT-

<A tTl-AT
= iiu

= o AX

( M )  

C/4 ?fT)
* ‘V AV-

*^xrf-Ar.\ ,t(£Li-(f)Vtl) (
tVAr=0 e %-ATl V AT- X~AZ

Combining Eqs. (A23) and (A29)-(A36), along with Eq.
(13), yields the following results (ti9)i

E£/9<«iii0, *<)

• ee J- I

CA36)
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= i  * 5" >*o[f ?LiW]}

whara

- -e*k*rRMr-i- + Xt***') _L fC JL kR_ (HR)*  (KR.)3~  J ^ * '
nu ( ^ ± ^ tn)

= - £  x’ [ f  ] [ - &  - +

«,,(*,*Sm > - - x V [ ^  X l± £ >  _ ,
niz(tcL,±$K/X)= -H 2|«a,±$R,A)

= -J§2 K3 f- 7 ̂  T ~ ̂ 5 + ■t- < ~2*^ - C1 ♦><«̂ .1exp(i.fUT) m L R'J L HR. (kr.)1 (kfl.y J ;
J l f j C x c ^ i j R j J l )  =  fijlCxa, ± * # R ,  a )  =  O  ? j ^ r  i * 3

and

> P „ C ^ , i 9 R ^ )  = - / „(*«,iyR,-*)

J— + i___
( * 0■ X  k*[ , ( m a

a r =fx\ =>>;, - K* = /:,- o .

Zn tha abova expressions, k = £  % R_ and « ara given 
(A19) and (A21), raspactivaiy. Thusp as may ba saan 
abovaf
ftjytta, $«,-*) = ntj(x«,gR,A) f (AH7)

fyVi*,**.*) . Mss')

(A38)

( A W )

(a h °)

(AHi)

0 *2)

(a w )

by Eqa. 
from
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APPENDIX Bi FORCE ON CHARGED OSCILLATOR, TAKEN IN THE

A* was dona in Appandix A, tha model Assumed hare for a 
chArged oscillAtor will be a +e positive point charge, with 
mass m, that oscillates inside a small distribution of nega­
tive charge, with net charge -e. This charge distribution 
will be assumed to be constructed in such a way that all 
points of the negative charge distribution possess the same 
instantaneous inertial rest frame. For the purposes of this 
section, the trajectory of the charged oscillator will not 
be restricted to that of uniform acceleration.

Let Xft) be the trajectory of the center of the nega­
tive charge distribution, as expressed in some arbitrary 
inertial frame. Let Xft) * Xx(t) be the position of the 
oscillating positive charge. When IaxI and the volume of 
negative charge are made infinitesimally small, then the 
Lorentz force on this system, due to electric and magnetic
fields and , is approximately given by

ELECTRIC DIPOLE LIMIT

* e [ ( i * . v ) | j  t i(4f)<B§(X,t) t f(^)®{Ux-P)S| }] Cbi)X.t j(*
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In the instantaneous inertial rest -frame of the charge 
distribution, ° » *° th* third term in Eq. (Bl) drops
out. In the limit where | a x I - » o ,  e-»o», end the volume of 
the negative charge distribution goes to zero in such a way 
that the total charge distribution is described by a finite 
value for e ax = p , then in the special case of the instan­
taneous inertial rest frame, Eq. (Bl) becomes of the same 
form as the familiar expression

F = (p-V)E + 9 (82)

for the Lorentz force on a stationary electric dipole.
The second term in Eq. (Bl) can be rewritten as

= } + «®(v®e|) (bj)

X,t ’

Combining Eq. (B3> with Eq. (Bl) yields

Ft.(() = ef iMfji Ej| f
•zl 1 Xto.t 1

- f ( AH®{(jf.7)dl}), + . C8H)
XM,t 1 XM,i

In the instantaneous inertial rest frame of the negative
charge distribution, the last two terms equal zero.
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APPENDIX Cl CORRELATION FUNCTIONS OF FIELDS

In this section, ths following relationships will bi 
shown to be valid:

09

“ ?R#A)c.̂ JLTe) JJ\ f (Cl)
9

< B^ / ? R.,Te^E/(PT*.+Til ̂ *<*.**) , T«.*0 )
= r^C«,9R,A)WnCATe)JA , (Cl)

o

where £*f and ]fj are related to the functions fl;* and 
J>|j Csee Eqs. (A37)-(A46>3 for an accelerated electric 
dipole oscillator by (*20,21)

Im C n i;C » ., 'jR ,A ))  , (C3)
ip-**llfeK

3y(Sa,9R#A) = - n y > l )  ( R x . ( , Ĉ4)jt’T=Sft-IJIcK
A*(jO - ̂ 4- S _L (     1 <CJ)

T  I T T 1  V l K T /  I T  1  1  1  J

It should be noted that the i,j indices are reversed in 
order on the left and right sides of Eq. <C4), but they 
occur in the same order on both sides of Eq. (C3). The 
definition given forA*(jO in Eq. (C5) generalizes the 
function AYjO in Eq. (24) to the case of the thermal plus
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zmro-point spectrum, in which tha tmmpmrmturm of tha ato- 
chaatic alectromagnatic radiation field may not nacaaaarily 
aqual zaro. Mora specifically, whan Tfo , than A/a) ia 
uaad in placa of &Qi) in tha axpraaaiona for tha alactric 
and magnatic fialda of Eqa. (19) and (20) 022). Whan T-+o, 
than A/a) — * A  60 . Froa Eq. (C5)t tha factor balow that 
appaara in Eqa. <C3) and (C4) may ba writtan mora aimply aa

Cc6)

( k >
OITck

Tha damonatration of tha validity of Eqa. (C1)-(C4) 
will ba givan by axplicitly calculating tha expectation 
valua of tha quantitiaa on tha laft aida of Eqa. (Cl) and 
(C2), and than showing that the axpraaaiona that result 
from these calculations are related to and via
Eqa. (C1)-(C4). Unfortunately, tha algebraic manipulations 
involved in this damonatration ara fairly lengthy.

In ordar to establish tha validity of Eqa. (Cl) and 
(C3), a sat of identities will first ba provenp these 
identities will considerably shorten tha proofs that 
follow. Let

B - —  r <* = ~  M(fili) fC7a b c)
^  I t  *  i c  >    '  v  ‘ •Pfm

From Eqa. (A19), (A21), and (A22)* AT. may be rewritten as

Ax = ^  ( ZaL( 1 . (ce)
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Lat Ic ba dafinad aa tha intagral liatad balow. From thia 
definition, thraa useful idantitiea can ba established that 
lnvolva 3;, [ii] , and ■

(a .  eo

d Z k |  =
JATJ I • * l£,"VW} ' (c,o)

= -2 ( £ ) V « * ) * { ( T v )  + (c,t>

Tha firat idantity abova can ba damonatratad by 
reaxpreasing Xc as

00

Xc = 5.'n£/l(7*+-AT.)) " 5i’n ? (Cl2)
o ^

and than utilizing tha fallowing relationship which may ba
obtainad from atandard intagral tablaa (*23>i

\ c.otli( b 'x) S /'i(a 'x)cJx -  -2L. c o t l i f  EE!  ̂ . f c *3)
o 2b' V Zb* J

Tha axpraaaion obtainad for Xc , namely,

It-!^«rt(*CTe.dt)-«.*frrT,-*t))j . , fc'1*)

must than ba diffarantiatad with raapact to AT in ordar to 
obtain corraaponding axpraaaiona for £35^] «nd .
Applying tha hyparbolic trigonometric sum of anglaa formu-
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lae, substituting in Eqs. (C7c) and (C8 >, and combining 
terms, will than rasult in tha idantitias of Eqs. (C9)- 
(Cll).

Thraa mora ralationships Mill be established before 
returning to an examination of Eqs. (Cl) and (C3). These 
relationships arei
°° t
J J v v c  OS C '* '  j  ( C I S )

Equation (C15) may be obtained by using a temporary cutoff 
and then setting b' “b and c' ■! in the following integral 1

Equations (C16) and (C17) may then be obtained by repeatedly 
differentiating Eqs. (C18) with respect to c* and then setting 
c1"1 and b'>b.

Finally, Eqs. <C9)-(C11) and Eqs. (C19)-(C17) may be
combined as followsi
00
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Turning back to Eqa. (Cl) and <C3>, consider -flrat tha 
corralation function for tha alactric fialda whan i “ j ■ 1.
(The aacond part of Eq. (Cl), which involves tha correla­
tion functions of the magnetic fields, may be proven in 
nearly exactly the aama way as what follows for the elec­
tric fields, simply by using Eqs. (8) and (20) in place of 
Eqa. (7) and (19) and by following the steps outlined 
below.) The initial part of the following calculations 
proceed along the lines of Ref. 24 and so will simply be 
quickly summarized here in order to unify notation. Let the 
X r_0 inertial frame be again denoted by X« . From Eqs. (7) 
and (19), the following expression may be obtainedi

= I Z  („■ <=; X
ii .i.

(cii)

Use of the identity

then results in the expression

^E r̂ ±(...) + y > ^ (civ)

= l y W A x(n')(e; ) Y  cof(«;£[co,l,(± (rto*7t) ) tJ] ±
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where tha left aid* of the equation haa baan abbraviatad for 
tha rnoaant.

Lat <? = Tt0+ve/i. Lat K and K ba dafinad by tha follow­
ing Lorantz transformationi

K'  ̂ y,(K + £ ,**)  , (C 25-0

Hi* V,(Kl +>(rK) , (CZSl'l

Hi=ka , Kj =r k? , CciFcia)

whara and Unk(il) . Ona can than varify tha
following ralationahipi

a ' i« '

Using Eqs. (22), (24)p and (C23a)-(C25d), than yialds tha 
rasults of

J » L , D V » \ J4VJtYa*)i(ri * , (cr;)

i - Ji1 = *liii . (cis)A K11 K'1

From Eqs. (C24) and (C26)-(C2B)V ona can than show that

< e £ i E % . * W 5 U - 1 ">.  T« - '0 >

-  £l)coj(K1R)coŝ -̂.lKj;'ili(15) ± K»r) Ceil)

Hancap tha correlation function of Eq. (C29) is independent



134

of Tt# and R„ , as ons would sxpsct.
Ths sscond cosins tsrm in Eq. (C29) may bs sxpandsd 

into two tsrms using ths cosins sum of anglss formula. Ons 
of thsss tsrms rssults in an intsgrand that is odd in Kj, , 
thsrsby vanishing upon angular intsgration. Choosing ths 
i-2 axis as ths polar axis, psrfarming all angular intsgra- 
tions, lotting wskR, and using Eqs. <C7a>-<C7c), yislds ths 
sxpress!on of

Now ths idsntitiss of Eqs. <C19)-(C21) may bs smploysd. 
Substituting thsss in and collscting tsrms rssults in

Ths last lino abovs rssults from ths uss of Eqs. (C9)-<Cll)i 
(A19), <C7a>, and <C7b>. By comparing Eq. <C31> with ths 
sxprsssions of Eqs. <C6 > and (A39), ons can now sss that 
Eqs. (Cl) and <C3) havs indssd bssn vsrifisd for ths i«j"l 
situation.

Ths othsr casss may bs vsrifisd in a similar way. Con-

_
= (j/lcoS(Jire)j'ẑ L.CoiU(2̂ i)jx

1] exp(c’Jiaz)J-£ kjj! r-± + i ( -  (I +!«*+
*  Rx fk R
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aider tha caae of i"j“3. Tha firat lina below follawa from 
Eq. (7). Tha second line may ba obtainad from Eqa. (19)* 
(20)p (C23)p and (C26). Finally* tha third line may ba 
obtainad by using Eqa. (22), (23)* and (C27)* and then com­
bining a few terma.

Combining theaa resulta with Eq. (C32) demonstrates that the 
i“J*3 correlation functions are independent of R„ and % m .

After angular integrations are performed and w *kr and 
Eqa. (C7a)-(C7c) are substituted into Eq. (C32)p then Eq.

As may be verified by using Eqs. (C25a) and (C25b)*

( c n )

Likewise* one may show that



(C32) can ba ah own to ba aqual to (X?3 tlTjx) , whara

r -  A l 
133 ^

oa
 ̂J w c o j  f t w ) ( w l ;in"' t vvco/w - 5inw/j rc350

- A l (oll t*)(clwC«ffljw)/wl finV>/ f  3wc«)/W* . (C3(>)
M irRH o

Comparing Eqa. (C35) and <C30), ahowa that tha two axpraa- 
aiona ara identical, ao X3J may immadiataly ba aat aqual to 
Eq. (C31). Equation <C36) may ba reexpreaaed by again uaing 
a tamporary cutoff in tha following wayi

X 09 *1
H jj "  "* 5 C°L fllw + J w tp ; W - 3j/r>wj

o oo- “AifL (Jv*e F T ” » cof^ ’~)]fw2yi»»w’ t3wco5w-3j>'»vvJ .
Intagratlng by parta twica can than ba ahown to yiald

i 00
I jj = —.ĈL  ( J vv c o j^b w jrw ^ lo V '' -  w c o jw  + t io w j   ̂ (cJ7)

7rf?H I

ainca taking tha limit of e->0 aftar parforming tha intagra- 
tlon by parta raaulta in tha vaniahing of all additional 
tarma <*25>.

Subatltuting Eqa. <C19)-(C21) into Eq. (C37), uaing tha 
raault of (C31) for (C33), and combining tarmap yialda

< ( ? R., 1 (5 c R. i M , rt. ,t,)>
- Al. f r-c<*re]/o<\3—!—  + _ j u __i___?

7TR** i I JAVJ-JU/( !  + «£’ ) 1 I (| + * i )  ^ ( ’ l+«1),,*J

x T n { ~ £ • <’c38)
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Comparing Eq. (C3B) with thm expressions of Eqa. (C6 > and 
(A41) ahowa that Eqa. (Cl) and (C3) arm indaad valid for thm 
i»j«3 aituation.

Conaidmr now thm i"j"2 caam. Following thm aama atmpa 
indicated in Eq. (C32) rmaulta in nearly an identical 
expreaaion to the laat line of Eq. (C32), but with the

term that appear a there replaced by . Uaing Eqa.
(C33) and (C34) again and performing angular integratione 
yielda the reault that the i«jm2 correlation function equala 
( +  TTj, where and

ao
“ 1 . CC3?)

Uaing Eqa. (C19)-(C21) and (C3B) and combining terma, 
resulta in

Hence, Eqa. (Cl) and (C3) have been verified for the i«jm2 
case, as may be aeen by comparing Eq. (C40) with Eqa. (C6 ) 
and (A40).

Consider now the i*i, Jm2 situation for Eqa. (Cl) and 
<C3>. As may be readily verified, the i"2, j"l case differs 
from the former case by simply a minus sign. The same steps

O

Ccwo)
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followed in earlier calulatlons will result in the first 
lins indicated below. This expression may be rewritten by 
the means of the second line. A single integration by parts 
then results in the third line.

Substituting Eqs. (C19)"(C21), collecting terms, and then 
comparing the expressions with Eqs. (C6 ) and (A42), enables 
one to verify Eqs. (Cl) and (C3) for i*l, J"2.

The remaining correlation functions of Eq. (Cl) consist 
of the situations where i*j and either i"3 or j«3. Fol­
lowing the steps employed for the earlier correlation func­
tions enables one to show that the expressions for these 
examples have integrands that are odd in Ky . Hence, these 
correlation functions are identically equal to zero, which 
agrees with the result of Eq. (A43).

Turning now to the verification of Eqs. (C2) and (C4), 
a number of additional identities will be introduced in 
order to aid in this task. In analogy with the definition 
for Xc , let Is be defined as the integral listed below.
Three identities can then be established that involve I, ,

O
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C‘3 « l  * f“ rt( v  ) ‘" ( X T - M M

-- - i ( £ ) Y • ■*«*)*{f- ^ j + n ^ r * } > (CST)

[-5^ ]  =
_ o (A)1/ Q **lgl ̂  (2+_6«!) ux + ‘iCl + ̂ )f ) b A /or N . (cW)“ 2U/l0-bl) (T-W (T^F J 9

The first idsntity may bs obtainsd by reexpressing T, in 
ths sams manner that Ic Mas rewritten in Eq. (C12), and 
then applying Eq. (C13). These steps result in

I,= £{coil,('j}<V*0) +cot̂ (pfTe-Ar.))j. . ( CMS-)

Substituting Eqs. (C7c> and (C8 ) into Eq. (C45) then yields 
Eq. (C42). The first and second differentiations of Eq. 
(C49) with respect to AT. , followed by appropriate substi­
tutions of Eqs. (C7c) and (CB>, will then yield Eqs. (C43) 
and (C44).

In analogy with Eqs. (C19I-(C21), three more useful 
relationships arei

J dv-'fi*(wb)co/(w) = I (

| + ( |  -  b1) 1- } J ( C^ )
o

 ̂J w w % i ‘i(wt)co/Cw) -  2 b ^ j  *  (i~ b*)1 + (1 -  }  * (^^8)

Equation (C46) may be obtained by setting b' "1 and c'"b in 
Eq. <CI8 ). Equations (C47) and (C48> may be obtained by 
repeated differentiations with respect to b* and then



setting b' "I and c' »b.
Combining Eqs. (C42)-<C44) and (C46)-(C48) yields!

Turning back to Eqs. (C2) and (C4)f consider -first the 
correlation function for i-1, j-3. Following the same steps 
used in the evaluation of the correlation functions 
previously considered, along with the identity

where k* is related to K via Eqs. (C25a)-(C2Sd), one can 
obtain the result of

With the use of Eqs. (CSO) and (C51), Eqs. <C2) and <C4) can 
then be verified for i"l,j*3 Csee Eq. <A44)3. Repeating the 
same set of operations for the case of i-3pJ"l reveals that 
a minus sign is introduced into the expression of the former 
correlation function) this result also agrees with Eq.

('c hi)
o

<A44>.
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Now consider the correlation function of Eq. (C2) whan 
1*2,J»3. Uaing Eqa. (C25a) and (C25b), tha following rela- 
tionahip may ba aatabliahadi

= KtK + CK?-kt)c0rU(^)Sm U ^ ' )  . (c $h)

Following pravioua atapa and uaing Eq. (C54) reaults in tha 
expression of

< er , V  ? *• .'O £<i>V J( ><■ « ■ - T«  *r«»
oo

~ “iiSL roel.( ̂ Tc^ocIp (  w  1 3wcof w  -Js in w  j7rRs J I

whera tha aacond lina abova waa obtained by integrating by 
parta once and uaing a temporary cutoff. Uaing Eqa. (C49>— 
(CSi) in Eq. (C55) then enables Eqa. (C2) and (C4) to ba 
verified when i"2,J"3 [see Eq. (A45>1. Repeating the same 
set of operations for the case of i«3,J«»2 results in an 
identical expression for the corresponding correlation func- 
tion| this result agrees with Eq. (A45).

All the other correlation functions of Eq. <C2> may be 
shown to equal zero, either because of Eq. (23) in the i"j«l 
case, or because the integrands are odd in K, , thereby 
resulting in a value of zero when the angular integrations 
are carried out. This result agrees with Eq. (A46). Hence, 
the verification of Eqs. (C2) and (C4) has been completed.
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From Eqs. (C1)-(C4) snd (A39)-(A46), certain symmetry 
relationships may be readily deduced for f (xa.,$R,a) and
9r(*q,9R,.fO * A symmetry property that was used in Sec. IIIBJ *
consist* of

which -follows immediately -from Eqs. (Cl), (C3), and (A39)-
(A41). Likewise, when the i,J indices of Eq. (Cl> are not

rzrequal to each other, then from Eqs. (A42) and (A43), j-- is 
an odd function of R. With regard to %, the correlation 
functions of Eqs. (Cl) and (C2) may immediately be deduced 
to be even and odd functions of %  , respectively, because of 
the cosine and sine expansions.

Two final relationships, namely, Eqs. (C57) and (C60), 
will be derived in this section, as these identities are 
required for the calculations of Sect. IIIB. As will be 
shown,

=■ «,a)| . (cs~i)
° ARrR"-*'

By using Eq. (Cl), Eq. (CS7) can be verified almost immedi­
ately! nevertheless, the following demonstration will be 
given, as it is useful in establishing the validity of Eq. 
(C60). First, consider the i«j“l case. Using the identity 
of
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= ±. SV(A-S’C k ,,-k')s^(Q-A) (C9B)

along with Eqs. (C25a)-(C23d> and (C26), than ths following 
stsps may rmadily bs followsdi

= _ ± X  folVXOl06;lK2Im(-^K*.V^(^) + Kr(fV,-R,>)

=  2 . X ̂ 3K,A*U,)«;lcoy(-lt*K5.W0) + K1AR)| # ( c  s i )3AA Ti * V R X *e 1 I
From thm marlimr calculations involving thm i"j“l casm of 
Eq. (Cl)y onm can smm that Eq. (C59) falls undmr thm form of
Eq. (C57) for i«j«l. Thm othmr situations of Eq. (C37),
whmrm i and j do not nmcmssarily mqual onm, may bs provsn in 
a similar way, sincm tha sama smt of opsrations abovo would 
ba followmd in all thasa other cases. Tha only change in 
tha expressions for tha other casas would ba that tha factor 
of (ei)4 in the last two lines of Eq. (CS9) would be replaced 
by some other factor, which certainly does net change the 
final relationship one would arrive at of Eq. (C37).

As may be seen in the second to last line of Eq. (C59), 
an odd factor of K2 appears in the integrand. As long as
i»j, this may be shown to be a common feature for the
correlation functions of Eq. (C57). Hence, when i"j and 
R"=R', then one may prove that

Evi(r,v)| >
* A' A"f  *$«V' A' A"

X  ̂  CO* (k,'i£co*li ( ^ e )  + Kj R ’- K,' + ©') *

,AR=R"-R'
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< E " t E‘r - ^ ? * V ) |  > = °  for (C 6o )
1 ' f-SR-

since under these conditions, an integrand that is odd in 
Kj results, thereby yielding a value o-f zero after angular 
integrations are performed.
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APPENDIX Di EVALUATION OF <AZ> IN EQ. (90)

Tha quantity A z in Eq. (90) arisaa from tha sacond tarm 
of Eq. (IB). By raaxpraaaing A2 in taraa of tha coor-
dinataa, than tha task of obtaining tha axpactation valua of 
Ax bacomaa much aasiar. Hanca, this procadura will now ba 
followad.

Of tha thraa vactor componanta of £x~(ty') that appaare *
in tha aacond tarm of Eq. (18), Ayr̂ (tT) and Z)i may ba
immadiataly raplacad by (Vg) and fA7(?r") • Tha ralation-
■hip batwaan tr< and %' la givan by

Tha quantity la aqual to tha x poaition of tha
oacillating particla minus tha x poaition of tha aquilib- 
rium point of tha oscillator, whara both quantitiaa ara 
avaluatad at tima . Tha x position of tha A oscil­
lating particla ia givan by

***(*■%) “ + Cv~v) , (x>7)

whara V  ia again ralatad to ^  by Eq. (Dl). Tha x poai­
tion of tha aquilibrium point of tha A oscillator at tima
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tr<=7j. is givan by

W v*"> =

whara V' ia ralatad to tha tima coordinate Tr of tha equi­
librium point by

< V v ) =  £  sinl'(f(r*"-ŷ  . Com)

As illustrated in Fig. 1, the value of ^ ^ ‘0 in Ec>* *®4> 
should ba sat equal to the value of t^C^O in Eq. (Dl). Hanca, 
V  and V ’ *rB related to each other by

^S^d-fV-TfO) = ( $A1W  + ~  )*!M t

From Eqs. (D3> and (D9), ^Are can ba reexpressed in terms of 
the value of r(' that occurs in Eq. (Dl). Hence,

*'*'Arr(trt) ~ (t,LA're ~^Are) )t
rt

- f [ i  *(1 *

+ i  ( o & )
C  OS

where the last line above follows from the previous line by 
the assumption that «  1 *nd by then appropriately
expanding the quantity under the square root sign. Thus, 
the three components of 6 x (tv) have now been reexpressed
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in tarm* of tha coordinates £A( <V).
Tha distinction batMaan V  of <̂3. (Dl) and "V of Eq. 

<D4>, whara V  and V  ara ralatad to aach othar by Eq. 
(D5), may now ba ignored when reexpressing the remaining 
quantities in the second term of Eq. (18) in teres of the 

coordinates. The reason for this is that %' and T," 
differ from each other only by terms of order Q( » *nd
AX^ has already been shown to be of first order in fA .

Consequently, from Eq. (Dl), the following time deriva­
tive occurring in Eq. (18) may be written as

Following the above comment, the second term of Eq. (D8 ) may 
then be ignored.

Making the substitutions that have been indicated so 
far in the expression for Al from Eq. (18), then yields

where the arguments in the fields have again been relabeled 
by the coordinates, as was done in the transition from 
Eq. (18) to Eq. (28). The field B^($4,re‘) in Eq. (D9> 
represents the sum of the zero-point magnetic field plus the

where

)) , (VO
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magnetic field due to oscillator B, where both are evaluated 
in the XT( frame at proper time V  along the trajectory of 
the equilibrium point of the A oscillator.

The fields B^* in Eq. (D9) may be reexpressed in terms 
of the fields of the Xr < frame via the Lorentz transforma- 
tions of Eqs. (7) and <B). Making these substitutions, 
differentiating all the obvious terms of *nd

, and then evaluating these terms at $

yields

where the terms of order 'from Eq. (09) have been
ignored.

When the expectation value of the expression for A x in 
Eq. (DIO) is taken, then the same argument employed in Sec. 
IIIB on the zero value of the third term of Eq. (28) may 
again be used here in conjunction with the first two terms 
of Eq. (DIO) Csee the brief discussion immediately following 
Eq. (38)3. Consequently,

<v> ~ f K  , •>•«)>
. fDl0

The above two terms may be evaluated by following the 
steps of Sec. IIIB and by making use of the required rela-
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tionships in Appendices A and C. In kaaping with tha aim of 
this article* the value of these two terms are of interest 
here when the resonant approximation is employed in the 
case of the unretarded van der Waal’s situation.

If the terms of order <3(*R/cl) in Eqs. (89a) and (89b) 
are dropped as an initial approximation, then the first term 
of Eq. (Dll) can be shown to be negligible compared to the 
second one. This demonstration follows exactly the same 
argument that was used to show Eq. (33) was negligible 
compared to Eq. (38) when the resonant approximation was 
employed in the unretarded van der Waals situation.

Under these same conditions, the evaluation of the 
second term of Eq. (Dll) also proceeds along steps presented 
in Sec. 11 IB. Again, if terms of order 0U«/cx) in Eq.
(89a) and (89b) are ignored as an initial approximation, 
then one can show that the second term of Eq. (Dll) is 
approximately (oR/c*) times the value of the second term of 
Eq. (90), when the latter is evaluated under similar condi­
tions. The factor of ^R/ca) arises essentially from the 
ratio of

If the initial approximation of ignoring terms of order

one can trace through the calculations indicated above to 
see that the contribution of these terms will also yield a

is reexamined and these terms are retained, then
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final result characterized by the factor of
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X. INTRODUCTION

A number of calculations have been performed within the 
context of classical electrodynamics that agree with the 
results of quantum electrodynamics. This agreement occurs 
provided a nonzero homogeneous solution to Maxwell's equa­
tions is assumed to exist in the form of random electromag­
netic radiation that is present even when the temperature 
of the radiation equals zero. Assuming the stochastic prop­
erties of this classical electromagnetic zero-point radia­
tion to be that of a Gaussian process in the fields, then 
the demands of isotropy, homogeneity, and Lorentz invariance 
result in the functional form of the radiation's spectrum 
being uniquely specified up to a multiplicative constant. 
Comparison with experiment then yields the numerical value 
for this multiplicative constant, which is found to agree 
with Planck's constant. Hence, it is in this manner that 
Planck's constant enters into this classical electrodynam­
ical theory. The name frequently given to this classical 
theory is stochastic electrodynamics. (For reviews on this 
field of research, see Refs. 1, 2, and 3.)

The electrodynamical system that has received the most 
attention within stochastic electrodynamics has been the 
charged harmonic oscillator. The equation of motion for
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this systsm is a linsar stochastic differential squation| 
hence, tha steady state solution is readily obtained by tha 
use of Fourier transforms. Although tha physical interpre­
tation for the behavior of such a system is markedly dif­
ferent from that of quantum electrodynamics, most of the 
physically observable statistical properties of this system 
agree between the two theories of stochastic and quantum 
electrodynamics. Perhaps the most remarkable agreement 
has been found in the case of the van der Waals force 
between two nonrelativistic charged harmonic oscillators, 
each taken in the electric dipole limiti the force expres­
sions calculated within both theories at temperature T«0 
agree for all distances between the two oscillators and to 
all orders in the fine structure constant <*4>.

Other electrodynamical systems, such as the classical 
hydrogen atom, have not been so successfully tackled within 
stochastic electrodynamics| in most cases, the results 
obtained for these systems have not agreed with physical 
observation. Such systems are described by nonlinear 
stochastic differential equations. It remains unclear 
whether the basic theory of stochastic electrodynamics is 
an incorrect description of nature or whether the difficult 
mathematics of these nonlinear systems have simply not been 
solved with sufficient accuracy.

At this point in time, perhaps the most appropriate 
viewpoint of the theory of stochastic electrodynamics is 
that, at the very least, it offers alternative means for
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calculating cartain quantitias within quantum alactr©dy­
namics. In soma instances, as in the casa of van dar Maals 
forces 04,3) or of the tharaal affects of electromagnetic 
dipola systems accelerating through tha so-called vacuum 
(*6,7,8,9), there exist calculations! advantages of sto­
chastic electrodynamics to the more traditional calcula­
tions! methods of quantum electrodynamics.

In Section II of this article, the two-point correla­
tion function of the electromagnetic radiation fields in 
stochastic electrodynamics are evaluated at fixed spatial 
points within an inertial reference frame. This calcula­
tion has certainly been done beforei here, however, the 
correlation functions are shown to be expressible in terms 
of the electromagnetic fields radiated by a fluctuating 
electric dipole (*10>. The use of this functional form for 
the correlation functions simplifies many of the calcula­
tions that have been performed previously within the context 
of stochastic elactradynamicsi in particular, calculations 
involving the charged harmonic oscillator, taken in the 
electric dipole limit, become much more efficient and trac­
table. The calculations of Secs. Ill and IV illustrate this 
point.

Recently, the correlation functions of the classical 
electromagnetic zero-point fields were calculated along 
spatially separated trajectories described by relativistic 
uniform acceleration (*9). These correlation functions 
were shown to be related to the radiated electromagnetic
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field* of a uniformly accelerated electric dipole. Hence, 
this relationship may be viewed as a generalization of the 
unaccelerated case discussed in the present article. Thus, 
there exists a second advantage, besides greater simplicity, 
for recasting previous calculations that have been done in 
stochastic electrodynamics in such a way that the functional 
form of the correlation functions in Sec. II are utilizedi 
namely, in many cases, without too much additional work, the 
calculations for nonaccelerating electromagnetic systems may 
then be readily generalized to the corresponding situation 
of electromagnetic systems uniformly accelerating through 
classical electromagnetic zero-point radiation. Such is the 
case for the calculations presented in Secs. Ill and IV.

In Sec. Ill, the expressions obtained for the correla­
tion functions in Sec. II are used to compute the van der 
Waals force acting on a single harmonic dipole oscillator 
that is a member of an arbitrary configuration of N oscilla­
tors. This calculation for N oscillators generalizes the 
work of Refs. 4 and 3 for two oscillators. The case where 
the temperature of the electromagnetic radiation equals zero 
has previously been carried out for an N-oscillator system 
in quantum electrodynamics (see Ref. 11)| the results found 
in the present article, via the means of stochastic electro­
dynamics, agree exactly with the results of this particular 
work.

By using the functional form found in Sec. II for the 
correlation functions of the electromagnetic radiation
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fields, the force calculation of the N-oscillator system in 
Sec. II may be generalized to the case of a system of N 
transversely positioned oscillators that are uniformly 
accelerated through classical electromagnetic zero-point 
radiation. This generalization may be carried out by com­
bining the work of Ref. 9, which calculates the expectation 
value of the force between a pair of transversely positioned 
accelerating charged oscillators, along with the calculation 
of Sec. Ill, which gives the expectation value of the force 
acting on one charged oscillator of an N-oscillator nonac­
celerating system.

Section IV of this article repeats a calculation pre­
sented in Appendix B of Ref. 1 that proves the expectation 
value of the Poynting vector equals zero at a point in 
space near a stationary harmonic dipole oscillator. The 
difference between the proof given in Ref. 1 and the proof 
presented here, however, is that the proof of the present 
article uses the functional form obtained in Sec. II for 
the correlation functions of the classical electromagnetic 
radiation fields. Explicitly using this functional form 
demonstrates that the reason the proof can be carried out 
is precisely because of the relationships found in Sec. II 
between the correlation functions of electromagnetic 
radiation and the electromagnetic fields of a fluctuating 
electric dipole. The original proof did not identify this 
fact. Moreover, the explicit use of these relationships 
then enables this proof to be extended to the case of a
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single accelerating charged harmonic oscillator. This 
generalization is briefly discussed in Sec. IV and sketched 
more fully in an appendix.
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II. CORRELATION FUNCTIONS OF CLASBICAL ELECTROMAGNETIC
RADIATION FIELD8

Tha functional -fora far tha alactraaagnatic radiation 
fialds that is oftan usad for performing axplicit calcula­
tions within stochastic alactrodynaaics consist of tha 
following axprassions (*12)i

E'"(*l0 = Z  i k)c.os(\i-x->*>i. + 0(k‘, A > )  i ( O
A - 1

f ' M *  Z - (*■)
A = i

Thus, tha radiation fiolds ara mxprassad hara as a s u m  of 
plana wavasi hanca, thay satisfy Maxwall's aquations in fraa 
spaca. Tha phasa angla 0(k,A) is traatad hara as a random 
variabla that takas on valuas batwaan 0 and 2* with unifora 
probability dansity. For aach valua of k and A , ^(^a) is 
indapondontly distributad. Tha polarization voctors 
satisfy tha ralationshlps of

= *«• . W

is  -  e  ( k ,  a )  -  o  ,  ( h )

which can ba usad to show that
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X  € i ( K ,  a ) 6 ; ( k , j 0  * Z  ( * ® e ( F t , * > ) ; (  k< B )6 (i< ,A ))j = S,
A* | As1

(6)

(?)

Thi frequency ^  in Eqs. (1) and ?2> is defined by <o-c|i?i. 
Whan ths slsctromsgnstic fields of Eqs. (1) and (2) belong 
to a thermal radiation field dsscribmd by thm tmmpmraturm T, 
than tha quantity will ba danotad by AT^) , whara

Whan T«0, than Eqs. (1) and (2) constitute tha classical 
electromagnetic zero-point -fields. The quantity ^ (u) will

Tha two-point correlation functions of tha fialds in 
Eqs. (1) and (2) will now ba evaluated. Using tha probabil 
ity distribution described earlier far the random variables 
0(R,A) , one can show that

<cof r))
b  JL S.. .1. , (<*)2

n w  +  

2

ba abbreviated by A W  . From Eq. (7),

( s )

whara tha brackets < > are usad hare to indicate that tha 
expectation value is to ba taken for tha quantity within tha 
brackets. Using Eqs. (1), (2), (5), and (9), the following
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two-point correlation functions say bs expressed byi

< E t,)> - < BjVs„«.

k

The rotation matrix C03 will now be introduced such
that

S -  (*»-*/>* [o]«R , <■">

where R=i>?l-xJ . Let ® and <f> be the polar and azimuthal 
angles of (xx-x,) . The transformation transformation of Eq.
(11) can be accomplished as shown in Fig. 1, which results 
in an explicit form for CO] of

CoS&c.ot$ -s 1*1^

[ o ] S cofQ *1^4 cos<f> ( i t )

— Str\& o c o*9

Substituting iNfo]!? and Eq. (11) into Eq. (10), 
then yields

= i fjIkA>>b- - i  tiii]«<('*," - -<v «.i) . (15)
M j l l I I  K

The cosine term in Eq. (13) can be expanded into two terms 
using the cosine sum of angles formula. Only
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FIGURE I

z = x
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x - x
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co*(k,ft)coi('aj(t-x-t,0 Mill remain, since *ir»(K,«0*;n(Wtx-t,}) 
raaulta in an integrand odd in k, . Moraovar, tha aacond 
tarn in brackata in Eq. (13) raaulta in a nonzaro contribu­
tion only whan a-nj otharwiaa, tha intagrand ia odd aithar
in K, p Kz p or Kj . Performing angular integrations, aub-

1
atituting in 2. 0;W O;W = *;.• - , and realizing from Eq.
(12) that 0Ci = fk t yialdaR

- , <~) O h)
o J

whara f .7(R,J) = ****,, M  (n?.(r,«-»)) , f 15)

Tha quantity ia intlaataly ralatad to tha
alactrlc fiald E#*V<V*) of a fluctuating alactric dlpola 
ft/*) . Harap tha superscript D on and E** atanda for

r*D* .NdipolaMi tha index « on E and p« will ba uaad to labal 
a particular alactric dipola undar diacuaaion. Lat RK rep- 
raaant tha poaition of ft«). Froa tha formulaa of atandard 
taxtbooks (*13)p ona can raadily show that

i  ,  ( n )
- eo **= 1

GO

whara p̂ Ct) - . fa)
-  0O

A similar relationship can be obtained between the mag-
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netic fiald of a fluctuating alactric dipola and tha two- 
point corralatlon function of tha radiation fialds listad 
balow. Tha first lina in Eq. (19) follows froa Eqs. (1), 
(2), (6 ), and (9). Tha sacond lina aay ba obtainad by again 
introducing the rotation matrix CO!, using the cosine sum of 
angles formula, and recognizing that K̂ cosfKjfO results in 
an integrand that is odd in

Only tha m«3 term in Eq. (19) yields an integrand that is 
even in K3 . After performing angular integrations, one 
obtains

It should ba noted that tha order of tha 1,J indices are 
reversed on the right and left sides of Eq. (21). This con­
vention then agrees with the results found in Ref. 9, where 
the two-point field correlation functions were evaluated in

< ETC*,,

o V
(Zo)

a plane uniformly accelerating through classical electromag­
netic zero-point radiation.
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Tha quantity is inti sat sly ralatad to the
magnetic field of a fluctuating electric dipole
fji) i Again, from the formulae of standard textbooks (*13), 
one can readily show that

where fyfw) and jf- are given in Eqs. (18) and (22).
Thus, froa Eqs. (14)-(13) and (20)-(21), the two-point 

correlation functions of the electromagnetic radiation 
fields in Eqs. (1) and (2) have been related to the func­
tions n.1̂  end jSjj that appear in the expressions of Eqs.
(17) and (23) for the electric and magnetic fields of a 
fluctuating electric dipole. These relationships will be 
found useful in performing calculations in stochastic elec­
trodynamics that involve the forced stochastic behavior of 
an electric dipole due to the electromagnetic radiation 
fields of Eqs. (1) and (2). Ssctions III and IV of the 
present article contain such calculations.

Various symmetry properties can be identified for the 
two-point correlation functions of Eqs. (14) and (20). Both 
correlation functions depend only upon the difference in 
time and the difference in spatial position Cxa-x,) .
Because of the cosine and sine expansions in Eqs. (14) and
(20), the correlation functions of Eqs. (14) and (20) are 
even and odd functions of , respectively. Other prop­
erties of the correlation functions that nay readily be
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deduced from earlier aquations arai

> cm)

( M  = > (zs)

> (z(.)

-a jjf . ( l l )

Similar ralationships to thoaa of Eqs. (14), (IS), (17),
(18), (20), (21), and (23) hava racantly baan obtainad 
between tha correlation functions of tha classical electro­
magnetic zero-point radiation fialds, as calculated along 
trajectories described by relativistic uniform acceleration, 
and tha electromagnetic fields of a uniformly accelerated 
electric dipole (19). The configuration assumed for this 
calculation consisted of two points located in a plane, 
where the plane followed a trajectory of uniform accelera­
tion along the normal to the plane. Because of the corre­
spondence between the functional farms of tha field correla­
tion functions found in the present section and those found 
for an accelerating systam, many of the calculations per­
formed in an unaccelerated-tharmal system can be carried 
over to a system uniformly accelerating through classical 
electromagnetic zaro-point radiation. This point will be 
mentioned again briefly in 8ec. Ill and illustrated a bit 
mare clearly in Sec. IV. (Reading Raf. 9 should greatly 
clarify this point.)

Due to a connection discussad in Raf. (2) between the
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electromagnetic radiation field corralation functions in 
stochastic electrodynamics and tha corresponding expectation 
value of electric and Magnetic field operators in quantua 
electrodynamics, the relationships of Eqs. (14) and (20) may 
be immediately carried over to quantum electrodynamics. Let

£ a b"l = at + b a ? f2fl)
-  * -  J+ -

where a and t  ere underlined to denote quantua mechanical 
operators. Then, froa Ref. 2 and Eqs. (14) and (21),
( °l l [ > ,  Ej UVJ],I°> = <o| J-[

O

_ . ( 3°)
o

Here, and Bfat) are the electric and magnetic
field operators in quantua electrodynamical Eqs. (29) and 
(30) represent the vacuum expectation value of the symme­
trized products of these operators. The functions and

in Eqs. (29) and (30) are given by Eqs. (19), (16),
(21), and (22), with Jfju) replaced by the function of Eq. 
(8 ) that is appropriate for the zero-point radiation field 
situation. Equations (29) and (30) may be generalized to 
the situation of a thermal radiation spectrum by replacing 
the vacuum state l»̂  on the left sides of Eqs. (29) and 
(30) by the appropriate incoherent superposition of photon 
states at teaperature T| in correspondence with this change,
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tha function A. fw) . which occurs in tha axprassiona for|n f ■

■f?. and of Eqa. (15) and (21), should ba raplacad by
tha tharaal axprassion of Eq. (7). (Rafarring to Raf. 2 
should clarify thasa points.)
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XII. RETARDED VAN DER MAAL8 FORCE FOR A SYSTEM OF N 
CLASSICAL HARMONIC OSCILLATORS

In this section, an arbitrary configuration of N 
chargad classical harmonic oscillators will bs cansidsrsd, 
whara aach oscillator will ba takan in tha alactric dipole 
limit. A tharmal plus zaro-point alactromagnatic radiation 
fiald will ba assumad to exist, corrmsponding to tha cholca 
of A v(<J for Ajfw) in Eq. <7>. This radiation fiald pro- 
vldas tha machanism for tha foread staady stata bahavior of 
aach oscillator. All oscillators interact with aach other 
via the alactromagnatic radiation they emit due to thalr 
forced harmonic motion.

The expectation value of tha Lorentz force on one of 
tha oscillators will ba calculated in this section. From 
tha viewpoint of stochastic electrodynamics, this quantity 
is simply tha van der Weals farce. In the process of 
carrying this calculation through* frequent use will be made 
of tha relationships found in Sac. II of tha present 
article.

Tha modal chosen for aach chargad harmonic oscillator 
will ba that of a point mass m with charge +t that oscil­
lates undar the action of a simple harmonic potential. A 
convenient modal for providing tha machanism for such a
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potential conaiata of a apharical unifora dlatribution of 
charge, with nat valua -a. If a +a point charga ia locatad 
within thia aphara at a poaition xK(i) froa tha cantar of 
thia charga dlatribution, than tha particla will experience 
a forca proportional to tha diaplacaaant ■ For a auf-
ficiontly aaall apharical voluaa of charga dlatribution and 
for aufficiantly aaall aaplitudaa of oacillation of tha 
point particla, tha nat charga configuration than approxi- 
aataa an alactric dipola of valua +cx«(t) •

Undar tha aaall oacillator approxlaation (aaa Rafa. 6 
and 8 ), tha aquation of aotion for ona of N oacillatora ia 
givan by

P*0t

whara i«l,2,3 and « <■1,2, ...,N. Hara, tha index <* aarvaa 
aa a labal to diatinguiah aach of tha N oacillatora. Tha

7. C1quantity P = ia tha radiation raaction daaping con-*
atant. Tha forca conatant of tha haraonic potential ia 
danotad by mto’ . Tha equilibrium poaition of tha k*1, oa- 
cillator ia givan by R* and tha diaplacaaant froa equilib­
rium by x« . Tha alactric fiald E>r atanda for tha fiald 
of Eq. <1), where ia replaced by in Eq. (7).

- 4  K OFinally, E rapraaanta the alactric dipola fiald of tha
-♦i,
P oacillator| hence, tha axpraaaion for thia quantity ia 
givan by Eqa. <1&>~<1B>, whara in Eq. (18) la approxi­
mated by .
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In ordar to solva tha linaar stochastic diffarential 
sat of aquations indicatad by Eq. (31)p tha fallowing 
Fouriar transforms will ba introducadi

09

= -^ ( olw«^(>(* t “t)X,,; (m ) ] (32^
42TT )

-  to

Ain) l.t

-£n*rR,~) , (31)

Rap lacing in Eq. (17) by , than from Eqs. (17)
and (31)-(34), ona obtains

c m *>.) <-2 » (tl)
p** J=i

whara C M  = - u>a + ̂  - CP*? . (27)

Equation (36) can ba eicprossad in tha form of

w  3 r’T’/'s \2 I n  x-.w = -s. E<-< R«H
p=.>, *“>; 'J "  C M

whara M  M  = { + (1 ~ ( j i )
1 ' J ' c^) }

From Eqs. (32) and (38)f

s
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N  3

= p=-(Ju,e>»pC”i*>,o | ,5;Z' E; Two)
x™. *=l »s‘ ■*

liming thim molution for thm displacement of thm octU oa- 
cillating particle, thm expectation valum of thm Lormntz 
for cm on thm «f)| omcillmtor cmn bm obtainmd. Again approxi­
mating aach oacillator am an mlmctric dipola, tha Lormntz 
forca on thm oacillator im givan by

(«„<*>-v)Ei(3f,0| + ( ; (wO 
** K

Mhara E  and 8 raprmamnt tha total alactric and magnatlc 
fialdm dua to tha radiation fieldm of Eqm. (1) and (2) and 
tha dipola fialdm of all tha othar (N-l) omcillatorm. Mhan 
taking tha axpactation valua of Eq. (41), tha ralationmhip

+ c(3̂ f<)©(y©EC3«/f)|^ (n)
x* R«

ia halpful, ainca tha firat tarm on tha right-hand aida of 
Eq. (42) aquala zaro, aa Hill ba provan shortly. Hanca, 
from Eqs. (41) and (42),

j-« 3R.;

+ < Z ex.- ft)Z (z , *)) > CW3)
j*« J 3R-; ** ’

whara a super script T has been added in in ordar
to deaignata tha thermal situation at tamparatura T.



In ordar to prove that tha first tare of Eq. (42) 
aquala zero, tha oparation of taking tha tima darlvativa 
should ba interchanged with taking tha expectation valua. 
From Eqs. (14)* (20), (23), (33), and (40), one can than 
show that

< *,(*>©[

is indapandent of tlaa. Alternatively, ana aay present a 
more general arguaent by physically deaanding that tha 
behavior of the sat of oscillators constitute a process that 
is stationary in tiaa. Tha expectation valua of two quan­
tities connected to tha behavior of the oscillators aust 
than depend only upon tha difference in tha tlaa arguaents 
of the two quantities.

In ordar to evaluate tha first quantity on the right- 
hand side of Eq. (43), tha consideration of tha following 
quantity will prova helpfuli

Froa tha inverse of Eq. (33),
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As will be provBn shortly,

3R.
<Hb)

whara la givan by Eq. (15) ( with Ajw) raplacad by
■ From Eqa. (45) and (46),

=  7r̂ d̂ [5rw,-«-')S('u,'’+w) + S(ŵ w)s(wi,-u>)Ĵ  m{ (l- V % ( K - S . ^  . (**7)

From Eqs. (16), (34), (37), and (39),

a-oo') = c *m  , (H8)

M  (-oJ - (s-o)

Froa Eqs. (44), (47), (48), and (50), ona can than show that 
tha -first tars on tha right sida of Eq. (43) is given by

J=» n *i

X
<Xi
w y

= ~  Z Y*»• i,je=i 0 <M H U   ̂fO-4. , ) # v v 4  • <■='>C6-)

This expression aay be put into a more convenient fora by 
tha use of tha following ralationahipi
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*R.

1̂ *

’n^T^ j_ T~{C(qj) M  (<*>) I ( 5 “3?\
3R-; 1 «*;/*j ) ’ ‘ 1rn

- -OTvR-t 
Stcmwhich can be verified by using Eqs. (15), (34), and (39).

Substituting Eq. (52) into Eq. (51) than yislds

<£,X .W iEJT('S.,t)>
j=i iR«;

- - « I  2  C M i  M ^ }  . („)

Ths missing proof of Eq. (46) will now bo givan.
First, considsr tha cass whara . Combining ths obvious 
relationship of

C E-; ( - i_< zJ(*,iKla.'V)} (ys)

with Eq. (14), one can easily verify Eq. (46) when . 
When *=£ , then the following identity must be usedi

eOf’, AÔ 'n̂ B+eCK̂ A")) ) - y <fA-A.iS/(k"-k')i.'of6-/l) . (S’S-)

From Eqs. (1), (55), and (5), Eq. (46) becomes, for «=j» ,

K
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By inspection, ths integrand of Eq. (96) must be odd in 
either K, p Ka , or K3 , thereby resulting in the integral 
being identically equal to zero when *•/. Hence, Eq. (46) 
has been verified.

The second term of Eq. (43) will now be evaluated. 
From Eq. (34) and the Fourier transforms of Eqs. (17) and 
(40),

* i  I  U  m - « r 4

From the inverse of Eq. (33), along with Eq. (14),

<EjKy)Ej(fi,y)>

With the use of Eqs. (97), (98), (48), (49b), and (90), the 
second term of Eq. (43) can be expressed as

Here, it should be noted that a factor of has been
included on the right-hand side of Eq. (99), thereby 
enabling the index ^ to be summed from 1 to N without 
restriction.

Two substitutions can be made to simplify Eq. (99).
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First, from Eq. (39),

• fso)

Sacond, from Eqs. (19) and (34),

*" V V * r , “> • f‘'}ni

This sacond substitution may ba laprovad upon. By using
/in{fcR)« kr (k»0 3 and coxfhR)*! - ̂ -CkR)1 for k« «  1 , ona may 
varify from Eqs. (16), (34), and (37) that

I ^ . n(3A.">=-**.§•-4-“ *- ŝ c^) ■ UR-» o mc

Consaquantly, from Eqs. (62) and (39),

= r-IcMM<r~>l , (u)

Substituting Eqs. (60), (61), and (63) into Eq. (59) yialds

< I  ( 21 E}>(R t)))j=i **<1 ' (g h)

= 4  Z ^ { ( K V ^ n - y ^ ) c M i n f a )  ] #
W * ' '=< | c ^ ) | l  * y trx fin-Sn

A fair amount of algabraic manipulations must now ba 
amployad in ordar to bring Eq. (64) into a form that is 
compatibla with Eq. (93). First, tha imaginary and raal
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twrm below nay bn expanded a* shOMni
*t 3

= j r ( c ( * - .aj^rzccM-)* 2,f(H-) ,m } Ci^

gri f jf <xj ,1ft Sf’Y n U

+ cY3l.h* )[z c (rrT  x{(h") n  >•Vrt «>;r, L Sn fi,;Snr,tx  «s;n se-^i

- Z c 'Cm -) }])
From Eqa. (39), (34), and (16), thn following synnatry rulas 
for nay raadily ba varifiadi

' V - i  , ^

M ~>' ■ a7)

By using Eqs. (66) and (67), a pair of Kronacker daltas nay 
ba obtainad froa aach of tha tarns anclosad in curlay brack- 
ats in Eq. (63). For example,

M  M  ] = « o r ^ «  •7'**;̂  8,n ‘ s*;*x * ' ’
(68)

Both tarns in tha ractangular brackets of Eq. (63) nay than 
ba shown to ba equal to

Combining tarns enables Eq. (65) to ba expressed as
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IN/ 3
1 I I* 
*«*■' !/>=•

■fen for1)S*;r» «Cj-,Y4 ;»*,;Sn
*-Tr,(ctr'\ Ifcfci V )  ■ W®f J J ^

By now substituting Eq. (69) into Eq. (64), using ths sispls 
rslationship of

x 4  (lo)
I c (l \ c / ’

and rslsbsling ths a dussy index ss X , finally yislds

< 2 > *iM h  ■(I

- « Z Z  . (7.)
>=' J,«=m \  c J

If Eq. (67) is ussd to switch ths indicss of 
in Eq. (S3), than it can imaedlately ba ssan that Eq. (53) 
and (71) ars of ths saas fora. Coabining Eqs. (43)( (33), 
and (71), than yislds

I ■ ( n )

fi-l J,J?=I

Lat the datarainant of CH3 ba denoted by In/| let 
ba tha cofactor of tha aatrix elaaent - Since

Ini aay ba expressed as

IM|* I  I , (73J
1=1

than tha invarsa aatrix alaaants aay ba written as



Consequently,

o u P-l j J=i ■'%£

Using Eq. (66) to writ* Eq. (79) eore syeeetrlcally,

< F »  - 1 ( Visit!)• Lt 1,1 > 5R«; '

> > s a% j : >i ■ f74)

This expression for <( M y  bo sioplifiod signif­
icantly by considering ths quantity within ths square brack­
ets. Froe Eq. (39), the quantity

 ̂ M  .

is nonzero only when /-«. and W *  , or when p** and T=« .
By inspection of Eq. (76), all such nonzero contributions of 
this quantity have already been included within the square 
brackets. Hence, one M y  sieply include the reMinlng teres 
within the indicated summation, since the reMlning teres 
equal zero. More specifically,

<>#<>) = -irf'a.A'MIn.fz I  (2£zt±)f>” fJ;rA] (77)
o 60 9  U,p=, j,fr| )J

Hence, as eay be seen froe Eq. (77), ^ eay be writ­
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ten as

(78)

where UT = 7r ̂ J (lO

Equations (78) and (79) generalize the van der Waals 
expressions of Eqs. (8 ) and (9) in Ref. S. The latter 
result dealt with the expectation value of the component of 
the Lorentz force along the axis separating two electric 
dipole oscillators situated in thermal plus zero-point elec­
tromagnetic radiation. From Eqs. (16), (34), and (39), Eq. 
(79) may be readily shown to reduce to Eq. (9) of Ref. 5 
when N"2 and R = zR ■ CThe configuration of R'bR was chosen 
in Refs. 4 and 5. From Eqs. (16) and (34), «= S-ft- ,
where ft; is given in Eqs. (19) and (20) of Ref. 5.1

When the temperature T equals zerof. then Eq. (79) may 
be compared to the result of Eq. (18) in Ref* 11 that was 
obtained via the means of quantum electrodynamics. When 
T«0, then Eq. (8) must be used in Eq. (79). From the line
following Eq. (13) of Ref. 11 and the comment at

«=♦the top of page 202, one can deduce that G ^  may be writ­
ten as
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Fro* Eq. (16) of Ref. 11, * ^  = -£c(Z) • now followlnH
th* steps in th* first port of S*ct. IVB of Rsf. 4, fro* Eq. 
(82) to Eq. (87), th* above r*sult of Eq. (80) can b* shown 
to b* *quival*nt to Eq. (IB) of Raf. 11.

The calculations in this section *ay b* generalized to 
the situation of N oscillators located in a plane undergoing 
unifor* acceleration through classical electromagnetic zero- 
point radiation. The equations that allow this generaliza­
tion to be made consist of the relationships between the 
two-point radiation field correlation functions and the 
fields of a fluctuating electric dipole found in Eqs. (14), 
(IS), (17), (20), (21), and (23) of the present article, and 
in Eqs. (A37), (A38), and (Cl)-(04) of Ref. 9. Although 
this generalization will not be carried out here, a careful 
reading of the present section and of Ref. 9 will indicate 
how this generalization may be accomplished.
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IV. EXPECTATION VALUE OF POYNTIN0 VECTOR IN PRESENCE OF 
AN ELECTRIC DIPOLE OSCILLATOR

If a classical chargad harmonic oscillator is bathod 
in classical alactromagnatic radiation, than tha oscillator 
will ba foread into a staady stata motion by tha radiation. 
Consaquantly, the charged oscillator will emit electromag­
netic radiation of its own. Consider tha case where tha 
oscillator is taken in tha alactric dipola limit. Let tha 
statistical properties of tha electromagnetic radiation 
causing tha oscillator's forced motion ba Isotropic and 
homogeneous in space. Under these conditions, one can show 
that the expectation value of the Poynting vector, due to 
the total electromagnetic radiation, is exactly equal to 
zero. This is precisely the situation that occurs when the 
dipole oscillator is not present. Hence, the presence of 
the oscillator does not alter the basic flow pattern of 
electromagnetic radiation.

The proof of the above statement has bean given previ­
ously in Appendix B of Ref. 1. This proof will be recon­
structed in the present section of this article in such a 
way as to explicitly use the relationships found in 8ec. II. 
As will ba seen, what enables the proof to be carried out 
are precisely these relationships between the two-point cor­
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relation functions of classical slsctrosagnstic radiation 
fislds and ths slsctrosagnstic flslds radiatad by a fluctu­
ating sisctrie dipols. This fact mas not idsntiflsd in ths 
original proof. At ths snd of this section, ths asans for 
extending this proof to ths cass of a uniformly accslorating 
oscillator Mill bs glvsn.

Lot a singls oscillator bo situatad at ths origin of a 
Cartssian coordinate systaa in an inartial rafarones frame. 
Tha modal assuaad for ths oscillator Mill ba tha sams as 
that of 8ac. III. Lat tha background alactromagnatic radia­
tion bo dmmeribmd by Eqs. (1) and (2). As may raadily ba 
daducad from Eq. (31), Mith omittad on the right-hand
side, along with Eqs. (32)p (33), and (37), tha motion of a 
single oscillator is given by

Tha expectation value of tha Poyntlng vector due to tha

Tha four terms in Eq. (82) can raadily ba evaluated by 
the use of Eq. (81) and the relationships in Sac. IX. Using

total alactromagnatic radiation at a location R and time t 
is given by

+ 4 <E^CR,OBj (£,*)> . (si)
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ths saas mithod as in Eq. (62>, on* can show fro* Eq*. (22) 
and (39) that

« * [ " / > ; ; (  ft f t , * - ) ]  "  °  • < g i t )

R-*o

From Eq. (83), thm rm*ult folloM* that thm corrmlation func­
tion of Eq. (20) aqua Is zmro whan xz-x, | consaquantly, thm 
first tsrm on ths right of Eq. (82) squala zmro. Hors spe­
cifically, from Eqs. (20), (21), (39), and (83),

<ErcM)BfcR,t)> = o . (sw)

Ths sscond tsrm on ths right of Eq. (B2) may ba svalu-
Qt)atsd by rssxprsssing by Eqs. (23), (81), and (33) and 

than using Eqs. (14), (19), (34), and (48). From Eqs. (22) 
and (39),

ft;Vs,-) , O - )

Combining tha squations mantionad abovs,

("84)
3 00 x

Using virtually idsntical trsatments, one may obtain
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the following expressions for the third end fourth teres of 
Eq. (82)1

Hence, all four teres of Eq. (82) heve been expressed 
in teres of the functions and j>̂  that appear in the
expressions for the electric and eagnetic fields of a fluc­
tuating electric dipole. This was accoaplished by using the 
relationships of Eqs. (14), (15), (20), and (21) between the 
two-point correlation functions of classical electroeagnetic 
radiation fields and the electroeagnetic fields radiated by 
an electric dipole. At this point, the syeaetrles of

; (lo)

ft;($,'*') ~ > (^0

which are readily deduced froe Eqs. (16), (22), (34), and 
(35), eay be Introduced to show that all teres ieeedlately 
cancel upon coebining Eqs. (82), (84), and (86)-(88). 
Hence, - o .

(8?)
c(J) a,-)#•(-*,«-) j (-K '-'i

7 0 *8)
r -C M f l |JtC *»)j> .*(^  J) + C*(J)Y\.(jl( R,w)p* C J)

I - C(“) R , ~ ) +c*fa) ,



190

Thus ands tha proof of thia sactlon of tha fact that 
tha praaanca of an alactric dipole oacillator doaa not altar 
{ froe ita zero value. Tha iaportant aasuaptiona
uaad in thia proof ware that the linear dipole oacillator 
was stationary in an inertial fraea and bathed with hoaoge- 
neous, isotropic electroeagnetic radiation described by Eqs. 
(1) and (2 ).

Without too euch difficu /, however, this proof eay ba 
extended to the case of a dipole oscillator uniforely accel­
erating through classical electroeagnetic radiation. This 
analogous situation requires that ^ be evaluated
in the instantaneous inertial rest fraae of the accelerating 
oscillator. Instead of using the relationships in Bee. XI 
of the present article, the analogous relationships of 
Appendices A and C of Ref. 9 eust be eeployed. The steps of 
the proof given in this section for an unaccelerated oscil­
lator eay then be followed up through Eq. (88) ■ The syeee- 
tries of Eqs. (89)-(91) eay not be eeployed, however, as 
these do not carry over to the acceleration case.

A sketch of this calculation is given in the appendix 
of this article. Let a denote the proper acceleration of 
the oscillatori let R denote the distance froe the oscilla­
tor to the point at which the Poynting vector is evaluated, 
taken along a perpendicular to the acceleration. Provided 
that a seal1 laboratory condition is iaposed such that teres 
of order 0(4?) are ignored, then a null value is obtained 
for the expectation value of the Poynting vector in the
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instantaneous rsst fraee of ths accelerating oscillator. 
This result agrees with the exact value of aero that is 
obtained for the expectation value of the Poynting vector 
when the oscillator is not present, as given in a nonro­
tating coordinate systee uniforsly accelerating through 
classical electroeagnetic zero-point radiation. Hence, far 
teres up to order (S(^) , tha presence of an oscillator
within a plane uniforely accelerating through classical 
electroeagnetic zero-point radiation does not alter the 
expectation value of ths radiated elactroeagnetic eoeentue 
within this accelerating plane.
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V. CLOSING REMARKS

Relationships wars dsrivod in Sec. XI between the two- 
point field correlation functions for hoaogeneous and 
isotropic randoa (Gaussian) classical electroeagnetic radia­
tion and the electroeagnetic fields of a classical fluctu­
ating electric dipole. Section III explicitly used these 
relationships in order to obtain the van der Haals force on 
an oscillator surrounded by (N-l) other dipole oscillators, 
all of which were bathed in classical electroeagnetic zero- 
point plus thsreal radiation. Section XV used the relation­
ships of Sec. XX to show that the expectation value of the 
Poynting vector in the presence of an oscillator, bathed 
with hoaogeneous and isotropic classical electroeagnetic 
radiation, is unaltered froe its null value that occurs when 
the oscillator is not present. Brief discussibns were also 
given in Secs. XXX and XV and the Appendix as to how the 
calculations of Secs. XIX and XV could be extended to the 
case of a seall laboratory uniforaly accelerating through 
classical electroeagnetic radiation. What enables this 
extension to be eade is the generalization found in Ref. 9i 
naeely, when the classical electroeagnetic zero-point field 
two-point correlation functions are evaluated along a uni­
formly accelerating trajectory, then they are related to
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tha electroeagnetic fields of a uniforaly accelerating elec 
trie dipole in the seae way that occurs for the relation­
ships of Sec. II in the unaccelerated case.
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APPENDIX

Section IV presented a proof that tha expectation valua 
of tha Poynting vactor, avaluatad in tha presence of iso- 
tropic and hoaoganaoua randoa (Baussian) claaaical electro- 
aagnetic radiation, ia unchanQad froa ita null valua when a 
harmonic dipola oacillator ia alao praaant. Seneralizlng 
tha ralationahipa of Sac. II to tha ralationahipa found in 
Raf. 9, thia proof nay ba axtandad to tha caaa of an oacil­
lator uniforaly accelerating through claaaical alectronag- 
natic zero-point radiation. In order to make thia exten- 
aion, a fair degree of faailiarity ia required of Ref. 9. 
Consequently, tha calculation sketched below assuaes that 
Raf. 9 is raadily accessible to tha raader.

In keeping with the work of Raf. 9, let x be along tha 
direction of acceleration. The corresponding ralationahipa 
to Eqa. (16) and (22) of tha present article ware evaluated 
in Ref. 9 for the case where the vector position R Chare, 
ft corresponds to the arguaent of fljj- and fij in Eqa. (16) 
and (22)3 was contained in the plane that was accelerating 
along with the oscillator and oriented such as to be perpen­
dicular to the x direction Caee Eqa. (A39)-(A46) of Ref. 93. 
The Feral- Walker transported coordinate ayatea used in 
Refs. 8 and 9 was constructed so as to have one coordinate
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axis along thi x direction and two orthogonal coordlnata 
axas lying in this accslsrating plans and parallal to ths 
y and 2 dirsctions. Lot f indicats a vsctor in this 
coordinats systsap 1st bs a point in ths accslsrating
plans at a distancs R along ths y axis -froa ths accslsr­
ating oscillator. It is at this point that ths Poynting 
vsctor will bs svaluatsd.

Equations <82)-(88) still hold for this accslsrating 
systss whsn R is rsplacsd by f = , t is rsplacsd by ths
propsr tiss %  of ths accslsrating oscillator’s squilib­
rium point, all fislds ars svaluatsd in tha instantansous 
inartlal rsst frass of tha oscillator’s aquilibrius point, 

is. rsplacsd by Eq. (7) for T=^^/iifck f and ths 
functions C 9 fl;j , and f>c- ars rsplacsd by thslr approprlats 
gsnsralizations of , )??. t and that occur for ths
accslsratsd siyuatlon (*14). Ths lattsr functions ars givsn 
in Eqs. (16) and (A39)-(A46> of Rsf. 9. Coabining thsss 
functions with Eqs. (82)-(88) than yislds

< S" * £ )  fe -S M l r - (^ [  «•(
l u c k

c  I PTha subscript \  on indicatss that ths Poynting vsc­
tor is to ba svaluatsd in tha insrtial rsfsrsncs frass 
instantansously at rsst with raspact to ths accslsrating 
oscillator at propsr tiss %  . Ths supsrscript ZP on 
S *  indicatss that ths background radiation, through which 
tha trajsctory of uniform accaloration takas placs, consists

is-
c *

+ fa)
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of classical slsctrosagnstic zsro-point radiation.
As will bs noticod in doducing Eq. (92) from Eqs. (82)- 

(8B)( a largo numbsr of ths tsrms cancsl and drop out| 
nevertheless, Eq. (92) doss not equal zero exactly, as was 
ths situation in ths unaccelerated case (IIS). As shown in 
Ref. 9, however, when , then the magnitude of 'l.j is 
approximately times the magnitude of fl.v . Thus,
when the small laboratory condition of

«  1  (^3)cl

is considered, then the result of Eq. (92) shows that the 
only terms that remain after combining Eqs. (82)-(88) are 
terms that are first-order in (&?r) , or higher. All terms
of zeroth-order in m  cancel precisely.

It should be noted that restricting attention to terms 
of zeroth-order in does not mean that <(S*f has* * M
simply been.expanded in a power series in the acceleration 
and only the zeroth-order term in the acceleration examined. 
Such a case would be quite trivial, indeed, since then the 
null result for ( 5* ^ 51?^)) , obtained to zeroth-order in the 
acceleration, would simply be a restatement of the unaccel­
erated result in Sec. XV. On the contrary, the zeroth-order 
terms in for the four expressions corresponding to
Eqs. (84) and (86>-(88) in the acceleration case, do depend 
upon the acceleration! in particular, they depend upon the 
spectral function
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irrc fc

In addition, th n «  four expressions depend upon the func­
tions CA, and „ which contribute additional depen-
dancy upon accalaration avan aftar dropping taraa of ordar 
0 ( ^r) . Adding thaaa four expressions togathar in ordar to 
fora p than yialds a null valua for ( 5*f *
whan taraa of ordar ara ignorad.

Rafarancaa 6 P 8, and 9 analyzed tha aqulvalancy that 
axiata in cartain physical propartias batwaan a ayataa of 
claaaical dipola oacillatora in a theraal radiation bath and 
a similar sat of oscillators uniformly accalarating through 
claaaical alactromagnatic zero-point radiation. As first 
notad in Raf. h, tha stochastic bahavior of a aingla accal­
arating oscillator agraas with tha bahavior of an unaccal- 
aratad oscillator bathad in classical alactromagnatic thar- 
mal radiation charactarizad by tha spectral function of Eq. 
(94). Tha calculation outlinad abova for tha axpactation 
valua of tha total Poynting vactor, whan a slngla oscilla­
tor is prasantp shows anothar proparty that has a correspon- 
danca batwaan tha accalaratad and unaccalaratad-tharmal 
singla oscillator situations. In this casaP tha narrow 
linawidth approximation usad in Rafs. 6, 8 * and 9 was not 
raquiradi only tha small laboratory condition was naadad. 
Harap tha axpactation valua of tha Poynting vactor was 
avaluatad in tha instantaneous rsst frame of tha oscillator 
and in the plane that included the oscillator and that was
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parpandicular to tha direction of acceleration. This 
quantity mss shown to squsl zero, providsd that terms of 
ordmr 0 (̂ r) wars ignored, tharaby agreeing with tha null 
affact upon tha axpactation valua of radiatad alactroe j- 
natic aoaantua whan a harmonic dipola oscillator is includad 
within a tharmal radiation bath.
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IS) Tha expectation value of tha Poynting vector in tha 
Ferai-Walker transported coordinate systee eay be 
readily shown to be exactly equal to zero when the oscillator is not present. This nay be deduced free 
the fact that < ■>«)>= ° » where f is a
point in the Ferai-Walker transported coordinate 
systee.

I


