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PREFACE

While an undergraduate, I became interested in a number
of questions regarding the possibility of a deterministic
description‘uf nature. Is a determininistic description of
nature incompatible with quantum theory? If such a theory
could indeed exist, then wouldn’t it necessarily be more
fundamental than quantum theory? Would there be anything
useful in such a description, or would such a theory simply
entail the hypothesizing of additional "hidden variables"
to quantum theory that only result in an entangled, compli-
cated, and unverifiable description.of nature?

Such questions have certainly been raised and discussed
by many past researchers in physics. L. E. Ballentine’s
1970 article entitled, "The Statistical Interpretation of
GQuantum Theory," provided me with a list of references to
past research related to these questions. The early hidden
variable model of D. Bohm fascinated me, as none of my early
quantum mechanics courses ever mentioned that alternative
theories were even at all possible. 0Other work that
occupied my attention was research by J. S. Bell and wark
by E. Nelsan. |

Eventually, I came across the theory of stochastic

electrodynamics, on which this thesis is based. The two
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main authors of this theory, whose work has influenced me,
are T. W. Marshall and T. H. Boyer. 1 was particularly
pleased to find the articles of these two researchers, for
their detailed and sometimes lengthy calculations were
usually carefully carried out, with few grandiose claims of
revelations in physics except for the basic facts their
papers set out to show. In such a speculative area as
hidden variable theories, these articles were, indeed, a
rare welcome.

The basic theory of stochastic electrodynamics
impressed me greatly. Hypothesizing that an electromagnetic
background radiation field, present even at zero tempera-
ture, must necessarily exist in order to maintain a stable
equilibrium behavior for both classical charged particles
and classical electromagnetic radiation, struck me as most
appealing. Other features of this theory intrigued me.
First, the demands of homogeneity, isotropy, and Lorentz
invariance, limit the functional form of this backgound
radiation spectrum. Second, the stochastic nature of this
zero-point radiation has the same fundamentally determin-
istic character as does classical thermal electromagnetic
radiation, as viewed by physicists before 1900. Finally,
that such a simple hypothesis of a stochastic classical
electromagnetic zero—point radiation field could qualita-
tively, at least, account for such perplexing phenomena
as the stability of a classical hydrogen atom, particle

diffraction and interference effects, and the tunneling



of small particles through classically impenetrable poten-
tial barriers, seemed extremely beautiful to me.

Quantitatively, the phenomena just mentioned have not
been described within the theory of stochastic electro-
dynamics, despite vigorous attempts by Boyer, Marshall, and
others. Aside from the analysis of linear ﬁe:hanical
systems, detailed calculations remain to be carried out
before such phenomena can be shown to be explained by
stochastic electrodynamics, or, for that matter, to be
shown to be incompatible with this theory.

After reading many of Professor Boyer’s articles, I
quickly realized how much I had to learn from someone with
such deep physical insight into nature, as he clearly
strikes me as possessing. I sincerely thank him for
letting me work with him during the past two years, for
opénly sharing his thoughts and ideas with me, and in
aiding me to improve my own research abilities. I greatly
admire his ingenuity, conviction, and determination in
carrying on the difficult research in stochastic electro-
dynamics, in such a way that is largely respected by the
majority of physicists, despite their strong doubts that
the theory of stochastic electrodyhamics will lead to a
correct description of nature.

Certainly this thesis does not pretend to answer any of
the questions mentioned at the beginning of this Preface.
Instead, these questions merely serve to indicate my own

interests in choosing this thesis topic. However, I do
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believe that the research described here contributes to the
further invesfigation on the theory of stochastic electro-
dynamics. Moreover, the simpler conceptual framework of
stochastic electradynamics has enabled the calculations in
this thesis to precede similar quantum electrodynamical
calculations. Hence, at the very least, the calculations
contained here (in particular, Part Two, on the thermal
effects of acceleration for a spatially extended system)
should aid quantum researchers in their studies of similar
systems.

I greatly wish to thank my wife, Judy, for her support
and understanding throughout my physics studies. She aqgreed
to move with me from Vermont to New York City so that I
might work with Professor Boyer. Only a non—-city dweller
can appreciate the courage such a move requires! She has
nearly always listened to me when I have occasionally talked
on about physics, rarely revealing that she may not under-
stand what I might be saying. My‘unly fear is that her own
deep interest in psychology may explain what I perceive to
be her apparent politeness!

I also wish to thank, in particular, my parents, as
well as relatives and friends for their interest and support
in my work. Lastly, I thank IBM for the financial support
they have given me during the bast two years to pursue my

dactorate.
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INTRODUCTION

Stochastic electrodynamics is a classical electron
theory in which Planck’s constant appears as a scale factor
for what has been termed classical electromagnetic zero-—
point radiation. This theory of stochastic electrodynamics
has been investigated by researchers to find its description
of nature and its connection with quantum theory. For cer-
tain iysteml, its predictions have been shown to be equiv-~
alent to those of quantum theorys however, within these
areas, stochastic electrodynamics often provides a simpler
calculational scheme and a more transparent 1ng¢rpr-tltion
than quantum electrodynamics.

This thesis sxplores aspects of stochastic electro-
dynamics when its advantages are clear. Using this theory,
new calculations are presented that are in the forefront of
the current work on the tﬁermal effects of acceleration
through the vacuum. For the first time in either the clag-
sical or gquantum literature, the thermal effects of acceler-
ation are shown to hold for a particular spatially extended
situation. Previous research had only treated point-like
systems.

A topic that occupies a significant portion of this

thesis is the van der Waals force betwesn polarizable



particles. In the past, stochastic electrodynamics has
been shown to provide cértain calcul ational advantages over
quantum theory with regard to evaluating van der Waals
forces. Here, these advantages are particularly evident,
as the theory of stochastic electrodynamics provides a
clear calculational scheme for evaluating the thermal-like
van der Waals force between two accelerating oscillators.
This thesis is divided into three main parts. The
problems analyzed here involve the behavior of classical
harmonic dipole oscillators situated in homogeneous,
isotropic random (Baussian) classical electromagnetic
radiation. Part One of this thesis finds the equation of
motion for a small harmonic dipole oscillator uniformly
accelerating through classical electromagnetic zero—-point
radiation. Part Two analyzes certain statistical properties
of a pair of these oscillators accelerating through clas-
sical electromagnetic zero-point radiation and interacting
with each other via emitted -lnctromagncti:vdipoln radia-
tion. In particular, the thermal-like van der Waals force
betwean two accelerating oscillators is calculated here.
Part Three relates the two-point field correlation functions
of homogeneous, isotropic random classical electromagnetic
radiation to the electromagnetic fields of a stationary
fluctuating electric dipole. The relationships between
these two quantities are then used to deduce van der Waals
forces and other properties for unaccelerated oscillators

immersed in random classical electromagnetic radiation.



An underlying elemant of commonality, other than sto-—
chastic electrodynamics, that exists between the problims on
hnrmanic dipole oscillator systems treated in this thesis,
is the subject of the thermal effects of acceleration
through the vacuum. The first two parts of this thesis are
contained entirely under this topicj however, the majority
of the calculations presented in the last section are
explicitly carried out only for nonaccelerating oscillator
systems. Nevertheless, due to relationships found in Parts
Two and Three for the random electromagnetic radiation field
correlation functions, these calculations may be extended to
accelerating oscillator systems. An outline presented in
Part Three indicates how this extension may be accomplished.

In order to provide an appropriate setting for exam—
ining the probleams in this thesis, a brief descriptive
overview will now be given on the theory of stochastic
electradynamics. A current area of research in theoraestical
physics is involved with 1nvns€igating this theory. Here,
the interplay between classical electraomagnetic radiation
and classical charged particles has been reexamined in order
to determine whether a smignificant portion of quantum
phenomena may be understood in a natural way purely within
the context of classical physics. Traditionally, of course, .
the problem of energy loss through emitted electromagnetic
radiation by a classical charged particle orbiting an
attractive ceriter with an inverse law potential helped to

persuade early quantum researchers that there must sxist



laws of nature that fall outside the domain of classical
electron theory. A reanalysis (X1,2) of the equilibrium
behavior4for classical radiation and matter at zero and
nonzero temperaturess suggested, however, that an important
element was missing in the sarly quantum researchers’ work.
This element consists of the hypothesis that classical
electromagnetic zero-point radiation, present even at a
temperature of absolute zero, needs to be taken into account
in order to obtain an equilibrium behavior for classical
electromagnetic radiation and classical charged particles
that agress with nature.

Hence, the theory of stochastic electrodynamics differs
from traditional classical electron theory only in so far as
electromagnetic zero—poiht radiation is taken into account.
Mathematically, this rindom radiation enters the equations
of motion as the homogenecus solution to Maxwell’s equa-
tions. In traditional classical electrodynamics, this
homogeneous solution is set equal to zero.

The electromagnetic zero-point radiation spectrum can
be determined uniquely up to a scale factor by demanding
that the spectrum be isotropic and homogeneous in space and
that the expectation value for the electromagnetic enargy
density spectrum be Lorentz invariant. The random radiation
scale factor is chosen in stochastic electrodynamics so as
to provide the closest possible agresment between physical
observation and theoretical prediction. It is at this point

that Planck’s constant enters the theory of stochastic



electrodynamics by being the parameter that sets the scale
of the znro—point-radiation spectrum.

Thus, stochastic electrodynamics is essentially classi-
cal electron theory, but with stochastic behavior impresssd
upon charged particles through the prasence of classical
electromagnetic zero-point radiation. Determining the
dagree to which this theory corresponds to quantum theory
and agress with familiar and unfamiliar aspects of nature
is ’ ‘@ task that researchers in stochastic electrodynamics
have sat for themselves.

A number of interesting results have besn obtained.
Close connections have been established between quantum
theaory and stochastic electrodynamics for free slectro-
magnetic fields ($3,4) and charged harmonic oscillators
(%4,5%5). Other systems, such as the electric dipole rotator
(%6) and a spinning magnetic dipole (%7), have alsoc been
found to exhibit properties closely connected with quantum
theory. An understanding of thesse systems ha:ylud to purely
classical descriptions for van der Waals forces (¥8-17) and.
diamagnetic bshavior ($5,4,18), as well as suggeative
classical derivations (%1,2,19,20) of the blackbody radi-
ation spectrum. Several reviews on stochastic electro-
dynamice exist which describe numercus other ressarch
efforts (24,21-24).

Unfortunately, not all results obtained byvthc
researchers in stochastic electrodynamics have been success-

ful ones in terms of establishing a close connection with



quantum theory. Aan attempt to deduce the structure of
hydrogen using perturbation calculations within the frame-—
work of stochastic electrodynamics resulted in the predic-
tion of an unstable atom (¥25). Calculations of the
frequency spectrum of scattered radiation from nonlinear
systems seem to predict that the correct equilibrium radia-
tion spectrum for classical nonlinear systems should be the
Rayleigh—-Jeans and not the Planck spectrum (%26,27,28).
These last results npparnhtly stand as contradictory argu-
ments to the previocusly mentioned classical derivations

of the Planck spectrum.

A thaorough understanding of these negative results has
not yet been obtained. Investigations into stochastic
eleactrodynamics have been greatly impeded by the nonlinear
stochastic differential equations that are encountered when
trying to attack such problems as the hydrogen atom. The
solutions of such eaquations are a largely unexplored area of
applied mathematics. Approximation techniques commonly used
in handling linear stochastic differential equations may
result in totally erroneocus results when treating their
nonlinear counterparts (%¥29,30). Consequantly, only linnnrv
systems have been treéted with any substantial degree of
confidence. The problems discussed in this thesis all deal
with such linear mechanical systems.

Two areas of physics will now be discissed that are
related to the problems analyzed within this thesis. Both

subjects are areas that stochastic electrodynamics has been



very successful in describing. The first has to do with van
der Waals forces. For the situation of two neutral polar-
izable particles modeled by charged harmonic oscillators,
the expectation value of the stochastic force acting between
the particles at zero temperature has besen calculated for
all distances betweesn the particles (¥15). The potential
function that arises from this calculation has been shown
(%13) to agree exactly with calculations performed from the
viswpoint of quantum electrodynamics (%31). Both sets of
calculations were carried out nonrelativistically and both
erployed a dipole approximation for the sources. The
resulting agreement seemx most impr.:sivn in light of the
fact that the two calculations agreed not just to lowest
order, but to all orders in the fine structure constant.

In this instance, the conceptual simplicity of stochastic
electradynamics afforded a distinct advantage to the view-
point of quantum electrodynamics. Within the former frame—
work, a subsequent calculation was carried out that readily
generalized the earlier van der Waals force calculation to
include the situation where a thermal radiation field was
present in addition to the zero-point radiation field ($17).
A calculation taking thermal radiation into account within
quantum electrodynamics is cnnsidnrnbly more complicated
(%4). Hence, here is an example where stochastic electro-
dynamics provides an advantage over quantum electrodynaamsics
by presenting a simpler calculational scheme.

A second successful application of stochastic electro-



dynamics, which is connected to the problems treated in this
thesis, involves the prediction of thorﬁal—like behaviar of
physical systems when subjected to a uniform relativistic
acceleration through the so-called “vacuum". In quantum
electrodynamics, the vacuum is taken to consist of the
abgsence of all matter and of all photons; in stochastic
electradynamics, the vacuum also consists of the absence

of matter, but radiation is assumed to be present in the
form of classical electromagnetic zero-point radiation.
Resmarchers in general relativity and quantum electro-
dynamics first predicted thermal behavior for quantum scalar
fields ($32,33). When turning to examine the quantum
slectromagnetic field, a behavior that was not of a purely
thermal nature was found to be predicted (x34). Similar
results were found in the case of stochastic electro-
dynamics (%¥33).

Recently, a better understanding of these results for
electromagnetic systems was gained when the behavior of an
accelerated classical electric dipole oscillator was
analyzed from within the context of stochastic electro-
dynamics (X34). Here, a purely thermal behavior was found
for the nccclirating oscillator. The key point in arriving
at this deduction lay in considering the beshavior of a
physical system versus simply field correlation functions,
as had besen done previously in both the quantum and classi-
cal cases. The successful treatment of this problem may

vary vwell be the start of exciting work in stochastic



e#lectrodynamics and quantum electrodynamics involving the

thermodynamics of electromagnetic systems suspended in

gravitational fields. ‘Thus. stochastic electrodynamics is
helping to pave the way for a better understanding of the
thermal effects of acceleration through the vacuum. Because
of itg relative conceptual and calculational simplicity,
stochastic electrodynamics has preceded the quantum field
theory calculations for some problems in this area.

Part One of this thesis extends the analysis of Ref. 36
by finding the equation of motion for a harmanic dipole
oscillator, unrestricted in its direction of oscillation,
that is uniformly accelerated through classical electro-
magnetic zero-point radiation (¥37). Here, constraints are
removed that were imposed in Ref. 36 upon the direction of
oscillation for the accelerating oscillator. A Fermi-
Walker transported coordinate system is introduced that
gsignificantly aids in the analysis of this accelerating
system. The result is found that_this accelerating harmonic
dipole oscillator, without constraints upon its direction
of oscillation, does indeed possess a thermal behavior.

Part Two considers two spatially separated harmonic
dipole oscillators that are uniforamly accelerated through
classical electromagnetic zero—-point radiation (x38). The
equilibrium positions of the two oscillators are assumed to
be constrained in such a way that they lie in a plane under—
going uniform acceleration along the direction perpendicular

to the plane’s surface. Using the Fermi-Walker transported
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coordinate system introduced in Part One, the equations of
motion for this system of oscillators are deduced. Various
statistical properties pertaining to this pair of o;cil-
lators are aobtained, including the expectation value of the
Lorentz force acting on one of the dipole oscillators.
Thus, this problem combines two of the most successful
applications of stochastic electrodynamics: namely, that of
van der Waals forces and of thermal effects of acceleration.
Previous research on the thermal sffects of acceler-
ation, both for the quantum and classical points of vllﬁ.
have dealt only with point-like systems uniformly acceler-
ating through the vacuum. Thus, the system considered in
Part Two constitutes the first time that a spatially
extended electromagnetic system has been examined for the
thermal effects of acceleration. In particular, the force
is calculated that an experimenter would measure betwesn two
closely separated dipole oscillators that are uniforaly
accelerated through the classical vacuum. If the thermal
effects predicted for an accelerated point dipole system
carry over to a spatially extended electromagnetic system,
then this force betwaon the accelerating oscillators should
agree with the van der Waals force between two similarly
caonstructed, but unaccelerated oscillators, that are
situated in a thermal radiation bath. Under certain assump-
tions described in Part Two, such as a small laboratory
approximation and a narrow linewidth approximation, this

agreement is found to exist between these accelerated and
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unaccelerated-thermal spatially separated oscillator
systems. .

Identities are established in Part Two between the
two-point field correlation functions obtained along trajec-
tories described by uniform acceleration through classical
electromagnetic zero-point radiation and the electromagnetic
dipole fields of a uniformly accelerating fluctuating elec-
tric dipole. Without the validity of these identities, the
calculations of Part Two could not have been carried through
to establish the eqqivalencc for van der Waals forces and
certain statistical propertiss between an unaccelerated,
thermally-bathed pair of dipole oscillators, and a similar
pair of dipoie oscillators accelerated through classical
electromagnetic zero—-point radiation.

Part Three establishes identities, similar to those
Just mentioned, between the two-point field correlation
functions of homogeneous, isotropic random classical elec-
tromagnetic radiation, as evaluated at fixed spatial points
in an inertial frame, and the electromagnetic fields of an
unaccelerated fluctuating electric dipole (¥39). These
identities enable calculations to be carried out much more
efficiently with regard to analysis on the behavior of elec-
tric dipoles immersed in homogeneous, isotropic random clas-—
sical electromagnetic radiation. Moreover, the explicit use
of these identities then enables these calculations to be
extended to the corresponding case of a system of uniformly

accelerated electric dipoles. These points are illustrated
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by a calculation in Part Thres involving van der Waals
forces for a system of N harmonic dipole oscillators. A
saecond calculation in Part Three illustrates the importance
of these identities in establishing that the presence of a
harmonic dipole oscillator in homogeneous, isotropic random
radiation does not alter the null value for the expectation
value af the Poynting vector.

The work presented in this thesis does not extend
stochastic electrodynamics beyond harmonic systams plus
radiation. Instead, harmonic dipole oscillator systams are
explicitly used here in order to obtain, in particular, a
desper physical understanding of electromagnetic systems
accelerating through classical electromagnetic zero-point
radiation. Undoubtedly, much of this work will be taken
over into the literature of quantum fields in curved space-
time. The last section of this thesis contains material in
addition to the subject of the thermal effects of accelera-
tion through the vacuum. Here, a relationship is found for
radiation field correlation functions that aid in caléula—
tions involving dipole oscillators, such as van der Waals

forces between dipole harmonic oscillators.
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PART ONE

PROPERTIES OF A CLASSICAL CHARGED HARMONIC OSCILLATOR
ACCELERATED THROUBH CLASSICAL ELECTROMAGNETIC
ZERO-POINT RADIATION
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I. INTRODUCTION

An observer uniformly accelerating through the vacuum
of a scalar quantum field was found by Unruh and Davies
(¥1,2) to observe a Planckian spectrum of the scalar field
characterized by the temperature of T = Hha/2mck . Unfortu-
nately, this beautifully simple relationship was not found
for the correlation functions of the quantized electromag-
netic field (%3).

Results analogous to those of quantum field theory were
shown to exist within the context of classical theory for
the situations of an observer uniformly accclcratin§ through
classical scalar zero-point radiation and through electro-
magnetic z-ru-pnint'radiagiﬁn (24). These results were
obtained by examining the correlation functions of the zero-
point fields along a trajectory in space-time described by
uniform acceleration. Hence, even here, the Planckian spec-
trum seen on acceleration in the scalar case did not carry
over to the electromagnetic situation.

Recently, however, Boyer (£35) was able to recover
Planck’s spectrum within classical electromagnetism by
considering the behavior of a charged harmonic oscillator
uniformly accelerated through ciassical electromagnetic

zero-point radiation. Thus, instead of simply examining the
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correlation functions of the electromagnetic field along a
path described by uniform acceleration, the physical
behavior of a uniformly accelerated electromagnetic system
was analyzed. A key feature in solving the equation of
motion of the oscillator was to retain all terms in the
full relativistic radiation reaction expression except
those that were negligible due to the assumed small size of
the oscillator. From the solution of this equation and
from the assumed statistical properties of the zero-point
electromagnetic field, the second order moments were
obtained for the displacement and velocity of the oscil-
lating particle as seen by an observer uniformly acceler-
ating with the system. Tﬁese properties agreed exactly with
those of a similar oscillator in an inertial frame but
bathed in a Planckian classical electromagnetic radiation
spectrum characterized by the Unruh—-Davies temperature of
T=tHha/2mck

The present article generalizes the classical analysis
by removing one of the restrictions previously imposed on
the oscillator system. In the model mentioned above (%3),
physical constraints were assumed to exist which confined
the oscillations of the charged particle to a plane perpen-
dicular to the direction of uniform acceleration. Here,
these constraints are removed. Oscillations may then occur
along any spatial direction. The equation of motion for
longitudinal oscillations, meaning oscillations along the

direction of acceleration, is more complicated than thes
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transverse case since there are additional terms due to
relativistic effects. In order to ease calculational diffi-—
culties, a coordinate system that is Fermi-Walker trans-
ported along the trajectory of the equilibrium point of the
oscillator is introduce&. [This approach should also allow
the study of an oscillator moving through electramagnetic
‘zero—point radiation along othear space-time trajectories of
interest (x6).1

The equation obtained for the motion of an oscillator
along the direction of acceleration of the system agrees
with the equation governing motion perpendicular to the
acceleration direction, except for a change in the expres-
sion for the oscillator frequency due to "red-shift
effects". Indeed, the frequency of the oscillator in the
Fcrmi—ﬂnlknr coordinate system will in general be a func-
tion of the proper acceleration of the system, even for a
transverse oscillatorj only when the distance between
“source and field point" is negligible compared to <*/a ,
can one expect the dependence of the transverse oscillator
frequency upon the prober acceleration to be removed.
(Boyer’s results apply in this particular liamit.) In order
to remove the frequency dependence upon acceleration for a
longitudinal aoscillator, one must also impose the restric-
tion that c'T,',, <« c/a, wherms T;, is the period of the oscil-
lator. This condition makes negligible the red-shift
affects mentioned pfnviously. However, the limiting case

of ch,<ZcWZ. is not an interesting situation in which to
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examine the thermal effects of acceleration, for this condi-
tion implies that the thermal energy associated with the
acceleration is small compared to the zero-point energy of

the oscillator. Thus, <T,,&« /a implies that

kT:.zi;:_«a:—,'-:sx b .

Therefore, in order to cbserve the thermal effects of accel-
eration in the longitudinal oscillations, it appears that
one cannot impose this restriction.

Consequantly, the frequency of the longitudinal oscil-
lator in the accelerating coordinate system will depend upon
the value of the proper acceleration of the system. As
noted earlier, the same situation exists for the transverse
oscillator when the "small source to field point 1limit" does
not apply. This frequency dependence upon acceleration pre-
sents an additional complication that did not exist in
Boyer’s original transverse nscillator model. Nevertheless,
the essential conclusion reached by Boyer in regard to the
latter model will also hold for the longitudinal and the
slightly more general transverse situations considered here,
provided the change in frequency with acceleration is taken
into account. Thus, let w(a) be the frequency of the oscil-
lator accelerating in classical zero-point radiation as seen
by an observer moving with the equilibrium point of the
oscillator. Let o' be the frequency of an oscillator

situated in an inertial frame with Planckian electromagnetic
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radiation characterized by T=ha/2mck. 1f the two frequen-
cies are selected so that &@)= &' | then the statistical
behavior aof the oscillators, as observed in their respective

coordinate systems, will be identical.
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II. NEUTRAL OSCILLATOR IN HYPERBOLIC MOTION

The system that will be considered first is a neutral
particle of rest mass m oscillating at the end of a massiess
spring, the Qﬁuilibrium point of which moves with uniform
proper acceleration 2 . Assume that a constant force i:m&'
exists so0 as to provide a uniform acceleration to the par-
ticle if the spring was not present. As described in an
inertial frame I, , the equation of motion for the dis-
placement 2;&) of the particle from the equilibrium point

of the spring is given by

M 8 M |
m«i:: = FL o+ FlL . (1)

The quantities ﬁﬁ; and F/. denote the four-vector
forces in the I, frame associated with the spring and the
three-vector force i: causing the acceleration. The proper
time of the particle is given by 7T .,

If the four-vector forces Eﬁr and F.,. were written
out in terms of Xf and its derivatives, they would be
fairly complicated and highly nonlinear functions of the
latter quantities. Hence, it sesms appropriate to attempt

to transform the coordinates s0 as to obtain a differsntial

equation that is more manageable. A coordinate system that
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seems a likely choice to make is one that is Fermi-Walker
transported along the path of the equilibrium point of the
spring, for in such a.cuordinate system, the osciliating
particle’s behavior is naturally described relative ta the
equilfbrium position of the spring. It will be shown that
if one chooses this coordinate system, and imposes a small
oscillator restriction as measured in an inertial frame
instantaneously at rest with respect to the equilibrium
point of the spring, then one obtains a linear differential
equation that can easily be solved. oo~

The method for constructing a Fermi-Walker transported
coordinate system is described in many standard textbooks on
general relativity (¥7) and will simply be summarized here
in order to unify notation. Let the uniform acceleration a
of the spring’s equilibrium point be directed along the x
‘axis of the ];, coordinate system. The position of this
equilibrium point undergoing relativistic hyperbolic motion

is described in the I, system by (x8)

X = (ety; X,(¢)) = (et ; ;—1[1 +(°‘Tt')1]l/", 0,0) , (2)

k3
where it has been assumed for convenience that X,=£} at

1,=0 . By making use of the relationships

_‘_l__x: = Qt* ;(\
dt, [1 . (g&)—;]’/z
<
and dt _ dX.127~%
]Z? = [1'°lJEfIJ )
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where 7T, is the proper time associated with the equilib-

rium point of the spring, Xc can be expressed as
X/‘("I‘) = ( < u'-\l]("'"'re) . Sfco:h(c‘_zf.) o] O) (3)
X e a 5 -C— ] a < H t 4 .

For convenience, the proper time 7, has been chosen to
equal zero when t,=0.

Using the above description, a coordinate system can
be constructed that consists of four unit four-vectors [%K%ﬂﬁ
that are Fermi-Walker transported along the path of the
eﬁuilibrium point of the spring (¥9). Coordinates 8’ in
the accelerated coordinate system can then be defined by

<%= £° and the following conditions ($10):

3
xf = élfk[en]# + X: ’ (q)
or cty = (€1+ .&:);ink(ﬁge_) ,

*
]

= (F' 4 £2)eosh(a¥e) (s)
52 9 2, < §°3 . '

U}

Iy

Two characteristics of the F"caordinatls make them
particularly useful in describing the accelerating oscil-
lator system. First, f?& equals the proper time associatsd
with the equilibrium point of the spring. Bccnnd, differ—
ences in the Fi, Fz, and $3 caordinates are squal to
the corresponding differences in the x, y, and z coordinates

of an inertial frame instantanecusly at rest with respect
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to the equilibrium point of the spring. Hence, lengths
measured in the instantaneous rest system are equal to
lengths expressed in terms of Fz , (=1,2,3, [This can
immediately be deduced from Eqs. (7) below.]

The following set of inertial coordinate systems will
now be introduced for future use. Let I-,é. be an inertial
frame movin§ with speed :ELt’f_’ =cf‘a.n"\(‘_".“_7¢.) along the x axis
of the [, inertial frame. *The I, and I,. coordinate

systems can be related by the Lorentz transformation

ty = ctycorh(SH) - xurinh(sX)
o = neob(S) - ctuh(sEF) @

j?'e' = 5» 3 i'-rc = 1‘ .

From Eqs. (46), the I,, inertial frame is equivalent to the
I-,.e.=° system. Due to the above choice in origins of the
I,, and I,,, systems, when the equilibrium point of the

e

spring at proper time 7'is given by

r: X:(q;v) = ('co.::-.fl.h“\(g?"'._' ; .S;_go,g‘-.(‘_"z‘rs.) s © O>

then its position in the I‘);' inertial frame is described by
x’.,f, =(o: -ﬁ:, o,o) . Finally, from Eqs. (5) and (&), one
¢

immediately obtains

toer = (§14 L)sinh(2n-n) (7a)
Xpo = (€14 il)“”l"('g'("'e""c')) , (7b)
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‘112'= F’. i‘ren: Fz . (758—&)

The relationships given by Eqs. (5) will now be used
to express Eq. (1) in terms of the f" coordinates of the
accelerated coordinate system. By substitutinq'Eqs. (3)
into the identity c'dT*=-dx] dx,., it can be shown that

1 @

[+

‘iE_ =[(J_+l§.1)2— —'—g."‘
dr c? 1,\7-2,

o™
:Awn

With the use of Eqs. (5) and (8), all derivatives of xc
with respect to the proper time 7T of the particle can be
expressed in terms of F: and the differentials of it with
respect to 7, . Hence, Eq. (1) can be rewritten in terms
of the fﬂl coordinates. Again, however, a very nonlinear
differential equation will be obtained.

The assumption will now be made that the amplitude of
the particle’'s oscillations about the equilibrium point can
be made arbitrarily sqall (x11). Since one anticipates that
the magnitude of -':‘—;—fr:" will be approximately A.", where
A is the amplitude ;f oscillation and « is the frequency
of the ascil{ator, then the restriction of small amplitude
enables ;%g‘ to be made arbitrarilylsmall. It is under
this assumption of small amplitude, whare “small® refers to
the amplitude measured by an inertial frame instantanseously
at rest with respect to the accelerated equilibrium point,

that the particle’s equation of motion will be linearized.

(Clearly the situation is far more complicated than thii
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simple argument since important properties may be masked by
linearizing inherently nonlinear differential equations.
Fortunately, a harmonic potential is well suited for
enforcing mathematical stability at small amplitudes.
Consequently, one expects that the above argument holds in
some suri of limit whereby the smaller the amplitude of
oscillation, the closer tﬁe linearized equation approximates
the actual one.)

Retaining terms to only first order in the fﬁ caordi-

nates and their derivatives yields

» 1

J_'T'g_ ~ l - qf (8')

dr c?

a

ﬁ‘..! ~ if_:inlw(ﬁ) + ccosl’\(“'r')

4r 47 € e

x5 . 48t aT i “T)

- = 7%"""(?‘)* <sich(23) (a)

5 v

dx, ~ 46 ﬁ: ~ 4

dv FRA ’ FE Iﬁ Y

'_‘:ﬁ: ~ [:‘:E.‘l - fi(%)z + a}sfn’\(ﬁg_i.) + (%%L%)e_,;l,(*_c__?i)

drt A7t ’

2,4 2pd 1 A

O [SE (s afcorh(3E) ¢ (4E'2)sim(3%) ,  (10)
e

41)(:. 5 dg E: J‘Lx: ~ szl

arr T A ! dr? dagr

Equations (10) resxpress the left-hand side of Eq. (1)
in terms of the f” coordinates. Rewriting the right side
of Eq. (1) in terms of the accelerated coordinate system
involves transforming the four-vector forces in an appro-
priatc_mann.r. Rather than directly making this transfor-

mation from the 1; frame to the Fermi-Walker transported
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coordinate system, the transformation will be made from
I, to the inertial frame ZEE via the inverse of Eqs. (6).
This allows one to utilize the familar connection between
four-vector and three-vector forces in order to make use of
the well~known expressions for three-vector forces in
inertial frames. As will be gshown, these expressions for
Ff can then be written in terms of the §” coordinates by
choosing 7, to equal 7% . |

F, 3%

Using the expression Ff = ey and the inverse of
%.,a.

Eqs. (6) yields

Fr = Fricosh(a%) + Fisinh(a%)

Fr= F,‘;,s:nh(sar.‘) + F;,e.o,t,(«_;fg') , (11)
2 _ 2 3 _ 3
E - F'T‘e' ’ F’ = F?;c -

The four-vector forces FVL can then be written in terms

of the three-vector forces £r' via
[ 4

)A
Fro = Siwdpn o b

3 d%.t . T
o Foue dXp L f_, (12)
1T it e ( Te dty, < Te ) )

2

ot

where p:, is the particle’s four-momentum as measured in

the I}; frame. The quantity

-t — ‘-'
iEn': [1 B é;ifﬁ'-iﬁﬁ'] a . (13)
o d6. Tt

can be expressed in terms of the ;M‘ caordinates by using

Eqs. (7). One obtains
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JX.: ...E_ 1
_?; [ cosh(& (1, -1 )) + (c + of )sml.( (T.- 7 ))J?
LT S dxne - 467 1 (x4)
i3 * d6.  m D
i
where D= ;‘-;ﬁ ;mk(%-(-r;-’re')) +(1+&£)¢4:L(_.('r 7 ))
e

The inertial reference frame I"E' in which Ff,:. is
chosen to be evaluated is completely arbitrary since the
transformation of Eqs. (11) applies to any value of 7.'.
This arbitrariness can be used to simplify the problem by
choosing 7. to equal % . This procedure is perfectly well
defined, since from the transformations of Eqs. (6), the
parameter 7' can ha.trented as a continuous variable to
automatically select the inertial frame instantaneously at
rest with respect to the spring’s equilibrium point for all
values of 7. . Therefore, satting 7' equal to 7, in Eqs.
(11) is equivalent to evaluating the four—-vector forces in
the instantaneous rest frame of the spring’s equilibrium
point. In this frame, the harmonic restoring force is most
simply expressed.

With the above condition, Eqs. (14) reduce to

T = .(____'l , {=1,2,3 (1s)
dt?é- , (1 + QF,/gl)
T =Te .

From Eqs. (15), (13), and (12), the following results are

obtained to first order in the {' coordinates:

~
U}

Y
»

4
~:§_, . 2,3 (1¢)
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dt N (17)
T o,

FI‘ = ¢z . J-.-'_. ° 3

= (% ST ) - . s

The force ;i‘ has been assumed to equal ma, as it is
the force in the instantaneous rest frame of the spring’s
equilibrium point that provides the particle with a relativ-
istic hyperbolic motion in the absence of the spring. The

—t

force j; requires more discussion, however, as it is not
(4

se
80 immediately dealt with.

If the mquilibrium point of the oscillator is at rest
in an inertial frime. one usually defines a harmonic oscil-
lator restoring force as ;ﬁp:ahi for an isotropic oscillator
and f‘i=-)lxi y (=123, for an anisotropic oscillator.

For a naonrelativistic oscillator obeying the equation of

motion

:;'.
'-L
)
W

2 ¢ . .
md x* _ "ﬂ:x‘

= (19)
d+? .

) 4 4 7

&
™

)

along each of the three orthogonal spatial axes. Although

this yields a simple harmonic motion of frequency uf:(’

one often thinks of a spring obeying Hook’s law as consti-
tuting the physical example for Eq. (19), it is well known
that the area of applicability of Eq. (19) extends to all
stable systems of small amplitude governed by forces that
are functions of position alone and are resxpressed in terms
of the system’s normal coordinates (x12). The force -nﬂixi

is then simply the first term in a Taylor’s expansion of the
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forces acting on the particle about the point of equilib-
rium. L[If one instead uses the relativistic expression for

the momentum of the particle and writes

d - - s _ C L -
J:{M.[i 'l—\é-r‘] -:—:—’E—} = - fx" s = 1,2 ,3 , (7_0)

then the motion no longer'follows a simple harmonic behavior
characterized by Ash&Lﬁ-ﬁ). By restricting the motion to
small amplitudes, however, so that +/c=x “'.%/i« i , then Eq.
(20) is again approximately described by Eq. (19) (%13,14).]
For an oscillator system in which the equilibrium point
is undergoing uniform acceleration, the appropriate general-
ization to the force z&%& must be deduced. To a certain
degree, this becomes strictly a matter of definition for
what is meant by an "accelerating simple harmonic oscilla-
tor.” In Appendix A and B of this article, an explicit
physical model is examined to help motivate the form for the
oscillator’s restoring force that will be used in this sec-

tion of

f' = Ksb-l—,aig‘ {= 41,2, 3 . (21)

Since €=§.,e-£§'.' in I,e, L %' =7% in Eqs. (7)1, then Eq. (21)
may be viewed as applicable to those systems where f{,P is
i function of position and the appropriate conditions of

small amplitude, stability, and normal coordinates are sat-

isfied. The simplifying assumption was made that f:q;o and
[
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¥

msp= ©  When £* and £’ equal zero. The constants K and

k: are assumed, in general, to be functions of the proper
acceleration of the oscillator’s equilibrium point. When
az=o , it will be assumed that K=o and 4% reduces to the
value of the constant ,ﬁf in Eq. (19) for an unaccelerated
oscillator. The examples in the Appendices bring these
points out more clearly. Finally, the presence of the
nonzero value of K requires that the uniform acceleration
of the equilibrium point be given by ma=f+K instead of
ma= £ .

Combining the above sxpressions with Eq. (18) yields
1
(e ; fen-aler, g, -#%¢7) . ()

The terms -ZJ& E _i that would occur in F.,z have
]

been ignored dums to th! small amplitude assumption. Now

combining Eqs. (1), (10), (11) and (22) gives the result

that
m{[ :_‘_rf‘ £4(a)+ a]sinh(al) + [%i—i_}] r.orlv(“T"f)}

= (£+ K)j_is_*_é_wu(n?'r.) + (5 rKk-R2EY)siah(2%)  (23)
m{[:_f: 1(-%‘-)1'4- a_] co:‘\(‘g&) +[i%—i-:—']’;"“(%§)}

= (4.4 K)%‘_C-.;:..L.(:‘z.) + (5 4K-RMYeoh(aT) | (24)
dtfz_ 2 _a ¢ :
el o (25) N W (26)

’ AT :

Equations (23) and (24) are equivalant and can be rewritten
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26 -(;&;-(%)1]51 ¢27)

A2

Provided that ﬁ1>Gﬂﬁw:, then the Ei coordinates fol-
low simple harmonic motion of the farm Asin(w't-8) , with

angular frequencies given by

1 /
whs (& - @)
w? = (&3‘)'/1

w3 = (1é;)UQ

’ (28)

The results of this section may cause some puzzlement
over the origin of the change in frequency associated with
the 51 coordinate due to the C%r term. The dimensionless
quantity %;f « Which gave rise to this change in frequency
(see the second term in the first bracket on the left-hand
side of Eqs. (23) and (24)]1, is sometimes referred to as a
red—-shift effect (x15). 1In Eq. (8'), this term is the first
order correction to the ratio between the rates of proper
time of the oscillating particle and the equilibrium point.

In terms of proper acceleration and three—-vector
forces, the following explanation helps to understand the
frequency change associated with the fi coordinate. In
order for the particle to remain at a constant distance
£* $rom the equilibrium point, one can show that its proper

acceleration must be given by

- 2 ~ _ 1
Ve * oo (N
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for £« -:-Tl « Under this condition of constant value &'1, no
oscillations will take place and both the particle and the
equilibrium point will have the same instantaneous rest

frame. Since

ma' = £, + k- A1 = m(a- £ia))

and one requires that ma=4 +K, then A* must equal W\(%)Q.
This is precisely the limiting condition of oscillatory
motion as predicted by Eq. (27), for only if J&")m(%)z will

oscillations occur (x1&,17).
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I1I. CHARBED OSCILLATOR IN HYPERBOLIC MOTION

The results of the previous section are easily extended
to the case of a particle with rest mass m and charge e. As
before, the particle may be pictured as oscillating at the
end of a massless spring, the equilibrium point of which
undergoes uniform proper acceleration a® . The force
f;,r is again taken to be equal to l<&1-2f5:. The constant
force J-C: may now be bbtainld from a constant electric
field E", in the x direction which satisfies ma=c¢E ,+K. The
major change in the equation of motion arises from the rela-
tivistic radiation reaction terms due to the charged parti-

cle’s motion. In the I, frame, the Lorentz-Dirac equation

that describes the charged particle’s behavior is (x18)

dix/t _ M MY
M_:.;t = F:t:p T %?* g—;‘_" + I y (29)
where
2 I_AM ' 2 A a »
ol 3:2_[3L5y - L4k A, )dx ]
2 e cz('i;h 7;{ Jr* . (30)

Here, F}:P is again the four-force associated with the
spring, and gi:v is the electromagnetic field tensor due to
the presence of the electric field Ei .

Most of the results from the previous section can be

used to evaluate the naw terms that have been intraoduced in
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the equation of motion. Using Egs. (8') and (10) and again

invoking the small amplitude approximation yields

J, o - 3 at h aTe

£ 8 [+ -eteT} e £ e

A3 i - Jpld 3 L3 .

P = Lch() [a{ S gy} S]h(F) , G
&: - ﬁz 43)‘3 43 3

43 4'753 ) :;; ~ :{3 ¢

From Eqs. (10),

2 A
A Xy d Xen x a + 2q{

dzs" - 1 _‘_l_" (31
dr3 £ } ) ‘
Substituting Eqs. (9), (31) and (32) into Eq. (30) results

in the expressions

= 35 (4 () + [ g - (2] + £ Jearh(s®)

S aa A0 - (o[ 4 (o) ¢ < co (23]

S EIPTNO TR (3
r %%[75‘ ' (’5‘>1%%‘J=““(%‘-’*> , (54
rix 2 S[8 - @rE] e )
Finally, the term e? Jx;v can be expressed in the &

dr
coordinates by using the explicit expression for T:” (x19)

and Eqs. (9). As should be expected, the same results are
obtained as in the previous section with fc replaced by
¢cE, , since I, and I—,é see the same electric field along
the % direction.

After substituting the above quantities into the
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Lorentz-Dirac equation and observing that the M=o and u=1

equations again yield the same result to first order in

one obtains the following equations of motion

dl;. iz' J,‘. 7 < . _
L e[ ] iexas,

k)
A%

Mc'

2 > .
whare F=%_=__ and «' is again given by Eq. (28).

£,

(36)
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IV. CHARBED OSCILLATOR UNIFORMLY ACCELERATED IN CLASSICAL

ELECTROMAGNETIC ZEROC-POINT RADIATION

The situation considered next is the oscillating
charged particle of Sec. III, again undergoing relativistic
hyperbolic motion, but now in the presence of what has been
termed classical electromagnetic zero-point radiation (%20).
The Lorentz-Dirac equation is now altered simply by includ-
ing the zero-point radiation fields E:'(i',,,t,,) and E:f(’?,,'t,) in
addition to the E. field in the electromagnetic field ten-
sor ?:v « Loosely phrased, these additional fields now
act as a driving force to the simple harmonic oscillator of
Sec. II with damping terms of Sec. 1II1. Hence, an equilib-
rium behavior of the particle’s motion is obtained, since
the energy radiated by the particle’s aoscillations must be
supplied bhy the work done by the zero-peint fields in main-—
taining the particle’s oscillations.

Using Egqs. (9) and the appropriate expression for ?':v ’

yields e}‘" dXsy o~
ar

E:: + EJ(%’ZOS‘\(‘%!) + Ct{nh(j‘z_"'g)) + E:.; i{’- . E:: i£3

¢ Te

(E}:"' E')( :‘_ﬁisinln(ﬁ) + C cosl\ (9_?()) + B _El— B:; ‘f
E“(—E sinh () + < cosh(ZX B"’(‘*‘Fl o;l.(aT.p :smk(nu)) + Bl’ﬁ’

E::(T%‘ ‘;n“gcl') +c co:l\(“;,l))f B:;(I%‘Cuk(_“:’é) +<f-"|l\(ﬁ:7_é)) - B::‘%e;z

ofjm

" (37)
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Additional complicated terms due to the zero-point fields
now appear in the equations of motion for the charged
particle. Solving the resulting differential equations
without imposing certain limits would indeed be very
difficult. However, the small oscillator limit cannot so
arbitrarily be imposed ag it was in the péevious cases
considered. Now the fluctuating zero-point fields will be¢
the determining factor in the size of the amplitude of
oscillation. Hence, even the use of Eqs. (9) in obtaining
Egs. (37) must be reexamined.

The following reasoning is intended to provide some
rationale for the approximations that will be made subse-
quently. The amplitude of the frequency component of the
zero-point fields near the resaonant frequency of the aoscil-
lator is anticipated to be the main contributing factor to
the amplitude of the oscillator. Let the former quantities
be denoted by E"(w;) and B ) B ¢ E"?w‘) and %) are suf-
ficiently small enough, then one would expect that F[ and

A

dx

these quantities. Consequently, any single power of 3 ¢ or

would roughly be of first order in

any derivative

-

its derivatives and any single power of the fields Ei’ and

= af —h o

Bi will be treated as first order quantities in E'(«) and

B e R4 £ EFAL -pedf

BYw). Terms of the form ?B'T-r% o EERE J&F‘_l_r_‘ , and

cE, df A 1
J.G JTQ [ A

. will be considered of second order in E ) and

B™w?) . The quantity %‘}'ﬁ‘"%u can then be linearized; the

@arlier linearization steps followed in Secs. II and III

will also hold (%21).
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Three equations of motion similar to Eq. (36) are now

obtained which include the effects of the zero-point fields,

R KL PR R RANEEE
e |

g 4

(38)

s

where

ra(Em) = E(Fm)

E"(s, %) = coh(2B)ELU(F %) - m‘-(ﬁ)B (), (39)
E!r (e ‘YQ) = co“\(q’T! E!? ) +$lnl\(&1ﬁ)B (?,‘rg) .

-t

The quantities E;; are the electric fields measured in the
inertial frame ];; along the three orthogonal coordinate
space axaes. The quantities (E;Q) in the arguments of the
fields represent the space-time position of the particle at
which to evaluate the fields. Using a dipole approximation
for the fields, the arguments F are then set equal to
zera.

Hence, when the amall oscillator assumption is made,
all three directions of motion aré described by the differ-
ential equation expressed by Eq. (38). This turns out to be
true despite the additional complicating terms that must be
taken into account for oscillations u::urr;ng in a direction
parallel to that of the uniform acceleration & .

The above linear stochastic differential equations may
now be solved in order to determine the statistical proper-
ties imposed upon the oscillating particle by the fluctu-

ating zero-point fields. Fortunately, this work has already

baen carried out in Ref. S, where the behavior of the parti-
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cle was investigated under the restriction that oscillations
were confined te the directions perpendiculaf to a& . By
comparing Eq. (14) of Ref. 5 to Eq. (38) aof the present
article, it can immediately be seen that they are of the
same form when the dipole approximation in the fields is
made. The only difference is that in the present paper,

w® is recognized to be, in general, a function of a , the
uniform acceleration of the oscillator’s equilibrium point.
Of course, this difference in no way effects the method of
solution. Hence, the conclusion of Ref. 5 can be immedi-

ately applied here, with a slight change in intgrpretatiun.
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V. CONCLUSION

The results of the previous section lead to the fol-
lowing conclusion. Consider an oscillating charged parti-
cle uniformly accelerated through classical electromagnetic
zero-point radiation. Let «'(a) , for (=1,2,3 , be the
natural frequency of the motion of the particle along each
of the spatial axes of the Fermi-Walker transported coordi-
nate system introduced in Sec. II. Now consider a second
oscillating charged particle at rest in an inertial frame
and bathed in classical electromagnetic zero—-point radiation
plus Planckian electromagnetic radiation. Let the latter
spectrum be characterized by the Unruh-Davies temperature
of T=ha/anck . Let this oscillator have a natural frequency
a/:=“ﬁ(°) along each of the three spatial axes in the iner-
tial frame. One can then conclude that.the statistical
properties for these two oscillators will be identical, as

observed in their respective coordinate systems.
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APPENDIX A: MODEL OF A TRANSVERSE ACCELERATED OSCILLATOR

The following simple model is presented in order to
motivate the form assumed for the spring three-vector force
given by Eq. (21). A transvérse oscillator model is con-
sidered here; the following section considers the analogous
longitudinal oscillator model. From these examples, it
should be apparent how one could con;truct more general
stationary charqge distributions in the Fermi-Walker trans—
ported coordinate system, with symmetry axes along the % ’
Q s and 2 directions, and that result in the validity of
Eq. (21) in the limit of small amplitude A.

In order to creat= a force which depends linearly upon
the oscillating particle’s displacement from equilibrium,
two charged particles will be placed and held fixed in the
positions §;=(°,Iﬁ,°) of the accelerating ccordinate system.
Consequantly, they will possess the same proper acceleration
d as does the equilibrium point £=(°,0,0) . Amsume that
these two particles each have a charge q of the same sign
as the charge e of the oscillating particle. Let the
latter particle be constrained so that its position is
described by ?=(0,57t7,°) . By restricting the amplitude
of oscillation A to be much smaller than the length { , the

force of the outer two charges on the center particle can
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be expanded in a Taylor series in £'. For -%« 1 , this

force is adequately approximated by retaining only the
first-order term in {-"‘ sy thereby yvielding the desired model
for a simple harmonic oscillator restoring force. Calcu-
lating the value of the proportionality constant A" will
then determine the dependence of W = ( —;&—1).," upon the proper
acceleration of the oscillator.

If one does the above calculation for an unaccelerated
ascillator, it is found that ﬂ: = qeg/ﬂ’ » - Proceeding to
the situation of an accelerated system, one must use the
standard expression for the retarded mlectric field of a
point charge given by (%22)

E = ‘(3—2) ﬁ‘@{(a-“g)@“é}]
E = %YI 1-?,; ,R] . + _3_[ (l—f-ﬂ)’ﬂ et . ('-(O)

re

In order to conform with the analysis of Sec. II, the force
on the oscillating particle should be evaluated along the y
axis of an inertial frame I-,\.e y instantanscusly at rest with
respect to the equilibrium point of the oscillator. From

Eq. (40), the quantity of interest is

m

" .
yr = [‘,;:(“;"‘;')—s{ (1-5) + R"xﬁ}] , (u1)
ret

where the I signs indicate the field due to the charge at
§'=29.

In the limit of %« i, F.,.u = c(E,,i-E,_) can bs expanded

4
2
in terms of { to yield
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51 = _Alsi (qz)

feo

Fry (69 = 2e 1&;1;

where the symmetry of the model has been used to set.

(Eys +E,-)|?:°= o and

dEy,| . dE,-
JGI ?:O dfz E_:o

Through rather lengthy calculations, one can now obtain an
expression for .3’ « This involves calculating the retarded
time t,., associated with the charge at f=(°, R,0) , express—
ing all quantities in the expression for E,., in terms of
try » -Expanding t,, to first order in fz s and finally
propagating those first-order terms to Eq. (42).

Clearly, despite the simplicity of this transverse
accelerated oscillator model, 4' will be an extremely com-
plicated function of the proper acceleration a. As one
might expect, only in a particular limit, namely where
A« %z, will &' reduce to the value ﬁz in Eq. (19). Of
course, in most cases of interest, this limit is easily
satisfied. A8 discussed in f:he Introduction, however, the
thermal effects of acceleration for an oscillator are only
expected to be observable when cT,, is not small compared
with ¢*/a . Hence, in order to see thermal effects and yet
have &= R,, then f« % and <T,3 .:-1.' must both be satis-
fied. (As indicated elsewhere, the conclusion of this arti-
cle doss not depend upon satisfying the condition ,Q2=,Q: .

The present discussion simply examines from a classical
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point of view some of the subtleties involved with the
dependence of‘&t_upon a.)

With regard to the present model, one way to satisfy
the above conditions is by letting q —0 as £ o0 in such a
way that ‘ige/l’ remains of constant value /Vt: . Of course,
£'«! must remain satisfied and &. chosen such that cT,, 2 2?.

Using the relationships

to, = - (27 51)[1+ a(k,,.&*))] ’ R, =-ct., |,
ati/c - ale -
ﬁr: [1 + (Gfrx) ]'/2 ’ ﬁl’!‘ [1 * (-GL"-)‘LJJ/Q. ’ (q3)
Pyes = '2: - 'g:[l + (:E&!)z]'/z Nyes = <_'47,€ + F—-z)
Rr!. ’ th

and following the operations mentioned earlier, one can

. then show that

A= (14 o)

far af ¢ 1 .
cl
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APPENDIX B: MODEL OF A LONGITUDINAL ACCELERATED OSCILLATOR

A simple model for longitudinal oscillations, analogous
to the example in Appendix A, will be briefly examined hera.
Let two particles of charge q be held fixed at the positions
‘:= (xR, 0 ,0) of the accelerating coordinate system.
Consequently, they will possess proper accelerations
ay = a/(1tal/*) . Assume that the oscillating particle of
charge e is constrained so its motion is described by
€=(§%%),0,°) . In conformity with the analysis of Sec.
II, the force on the oscillating particle should be evalu-
ated in the instantaneous rest frame of the equilibrium
point.

For an unaccelerated system, ,R: = 43:/1’. In the case
where a#o0, one must again use Eq. (40) in order to obtain

the force on the oscillating particle. One obtains

1-8] 4 [1+R 1
1+s,.]?j ' 1-g.|n:_} , (44)

where the I signs again indicate the respective quantities

o { ]

associated with the source particles at $1=tﬂ « In order

to evaluate Eq. (44), the following expressions are neededt



47

- - u s ct\2 132
tri"' +7-C(f1+‘%a){(?_‘_) -(fi-& -:i—)} 1

= - — a
=-ct_, , . stes/c

= 1+ (aet,s/c)*]"*
Substituting Eqs. (45) into Eq. (44) and expanding F’E" to

(45)

first order in s"i results in an expression of the form
Fux= K-A4*€%.  when a#o0, then k¥o. If f«< and ‘_1135 - &
, R

then

K = '2;13 (%) ~ o

and

At= M al
32 {1 e(?)} :
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. PART TWO

THERMAL EFFECTS OF ACCELERATION FOR A SPATIALLY EXTENDED
ELECTRDMABNETIC SYSTEM IN CLASSICAL ELECTROMAGNETIC
ZERO-POINT RADIATION: TRANSVERSELY POSITIONED
CLASSICAL OSCILLATORS
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I. INTRODUCTION

Recently, thi behavior has besn analyzed for certain
classical electromagnetic dipﬁln systems that are relativ-
istically, uniformly accelerated through classical electro-
magnetic zero-point radiation (%1,2,3). Under the aliump—
tion of a narrow linewidth approximation, the statistical
praperties of these accelerated point-like slectromagnatic
systems have bean found to agree with the corresponding
statistical properties of similarly constructed, but unac—
celerated systems that are bathed in a classical electromag-
netic Planckian radiation spectrum. This agrssment occurs
whan the temperature T that characterizes the Planckian
radiation spectrum is related to the acceleration a of the
accelerated systems by the Unruh—-Davies relationship of
T = ha/anck (34,5,

The above results are generalized in this article from
the consideration of point-like electromagnetic systems to a
spatially extended electromagnetic system that is relativ-—
1.t1¢.119. uniformly accelerated thrnughlcllsli:ll elactro-
magnetic zerc-point radiation. Assuming that the equiva-
lancy, at least in some sense, betwesn the accelerated and
unaccel srated-thernal electromagnetic dipole systams is not

merely accidental, but is indicative of a desper physical
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relationship, then one should expect that the same sort of
squivalency occurs for a spatially axtended electromagnetic
system. Under certain sp-cifiid conditions examined in this
articl., this result is precissly what is found. Hence, for
the first time in either the classical or quantum litera-
ture, the thermal effects of acceleration are shown here to
hold for a particular spatially extended situation.

The spatially extended eslectromagnetic system consid-
sred in this article consists of two classical charged
simple harmonic oscillators, oricntqq such that their nquj-
librium positions lie in a plane perpendicular to the direc-
tion of acceleration. No restrictions are placed upon the
direction of oscillations for the two oscillators. These
two spatially separated systems interact with sach other via
the electromagnetic radiation that each one emits. Hence,
the statistical behavior of these two oscillators ars corre-
lated because of this interaction and because the two oscil-
lators are being driven at different points in space by
correlated values of classical electromagnetic zero-point
fields. If the thermal properties of acceleration carry
over to a spatially extended electromagnetic system, then
the caorrelated statistical properties of this pair of accel-
erated charged oscillators must agree with the corresponding
properties for a similar pair of unacceleratad charged
oscillators that are bathed in a thermal radiation spsctrum
characterized by the Unruh-Davies temperature.

The theoretical basis that will be used here for ana-



53

lyzing the above electromagnetic system is that of classical
electrodynamics with classical electromagnetic zero-point
radiation, which has often been tcfmod stochastic electro-
dynamics. (Bee references 6, 7, and 8 for reviews on this
field of research.) The van der Waals force betwesn two
nonrelativistic classical charged harmonic oscillators,
taken in the electric dipole limit, has been previously
calculated within the context of stochastic uicctrudynamics,
for the situation where the oscillators are situated in
classical electromagnetic zero—-point radiation (¥9). The
result was found to agree with the corresponding result of
quantum electradynamics to all orders in the fine structure
constant. This calculation of the van der Waals force was
generalirzed, within the domain of stochastic electrody-
namics, to include the situation where the two osciilators
ware situated in a thermal plﬁs zaro-paint classical elec—
'tromngnctic radiation spectrum (210).

From the standpoint of stochastic electrodynamics, th-
van der ﬂaals force is simply the expectation value of the
total Lorentz force acting on one of the charged oscil-
lators. Hence, the results of the calculations of Ref. 10
may be comparad to the expectation value of the force
between the two accelerated oscillators considered in this
article, thersby presenting a starting point for a compar-—
ison of the statistical properties of the accelerated and
unaccel erated-thermal pair of charged harmonic oscillators.

These calculations are carried out for a special oscillator
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system with restricted oscillatory motion in Secs. IIIB and
IIIC and for the general occillator system Qith unrestricted
oscillatory motion 1n.8.c. IVA.

Additional statistical properties for the accelerated
oscillator system are considered in Secs. IIID for the
special oscillator system and in Sec. IVB for the general
oscillator system. These properties consist of the cor-
relation functions of the coordinate positions of each
oscillator, as well as correlation functions of higher time
derivatives of each oscillator’s coordinate position. In
the process of examining these statistical prupcrtiil for
the pair of oscillators, a somawhat despmr analysis is
presanted on the statistical properties for a single accel-
erated charged oscillator.

Certain assumptions and approximations will be made in
the analysis presented here on the properties of the pair of
accelurated oscillators. The small oscillator assumption
will be imposed (see Refs. 1 and 3), which enables the equa-
tions of motion to be linearized in the appropriate Fermi-
Walker transported coordinate system (see Ref. 3). The
radiation reaction damping constant of = -;-( e'/m’) will be
taken to be small compared to the other time constants of
the system, thersby snabling the narrow linewidth approxi-
mation to be employed when evaluating integral expressions
for the eaxpectation values of certain stochastic quantities.
This approximation was also used when analysing the statis-—

tical propertiaes of the dipole systems cdnlidlrnd in Refs.



1, 2, and 3.

Two additional approximations will be made here that
did not enter into the analysis of the electromagnetic
dipole systems treated in Refs. 1, 2, and 3. Both of these
additional assumptions involve the spatial separation of the
two oscillators being considered here. For this reason,
these additional assumptions did not appesar in the work of
Refs. 1, 2, and 3, which treated only thae behavior of single
acceleratad slectromagnetic dipole systems.

First, a “small laboratory" condition will be imposed

of

R « (1)

Pln

where R is the distance of separation between the equilib-
rium points of the two oscillators. If one demands that the
approximate distance of {augr'that a light ray would travel
along the direction of acceleration from one aoscillator to
another be much less than the distance </a to the event
horizon, then one arrives at the condition of Eq. (1).

Under this cnndition, R is much larger than the approximate
distance of -%a(-;&)z that that one of the oscillators will
accelerate in time (R/c). Consequently, a light ray propa-
gating from one oscillator to the other will make a small
angle to the plane perpendicular to the direction of accel-
eration of the system. Thus, the condition of Eq. (1)

reduces the physical distinguishability betwasn the acceler-
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ated and unaccelerated-thermal pair of charged oscillators
interacting via the electromagnetic radiation emitted from
each oscillator.

The second approximation that will be imposed here,
which also had no role in tho analysis of previous single
point-like electromagnetic systems, consists of the condi-

tion

R« 1 , (2)

whare o, is the resonant frequency of the accelerated
oscillators. This condition is traditionally termed the
unratarded van der Waals condition. Possibly, the general
results of this article hold when this condition is relaxed}
this possibility will not be examined here, however. Hence,
the equivalence in certain statistical properties betwasen
the accelerated and unaccelerated-thermal oscillator systems
will only be established in this article when the condition
of Eq. (2) applies.

Experimentally, the unretarded van der Waals condition
of Eq. (2) is of interest because it describaes the region in
which one would be most likcly.to physically discern fhn
thermal effects of acceleration for the extended system
considered here. Roughly speaking, one would expect these
thermal-like properties to be discernable from the zero-

point motion of sach oscillator when
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‘hw,.s krr‘ = ;“51—?-‘:- . (3)

Combining Eqgqs. (1) and (3) results in Eq. (2): namely, the
unretarded van der Waals condition.

Thus, there are four primary conditions under which the
accelerated and unaccelerated-tharmal spatially extended
us:illnt;r systeams will be examined in this article. These
conditions consist of the small laboratory approximation of
Eq. (1), the unretarted van der Waals condition of Eq. (2),
the small oscillator assumption, and the narrow linewidth
approximation.

The outline of this article is as follows. Section II
describes in more detail the geometrical configuration of
the accelerated pair of oscillators. The Fermi-Walker
transported coordinate system is briefly introduced hereg
Ref. 3 should be referred to for further details. Using
the work of Ref. 3, the equations of motion for the pair of
accelerated oscillators are readily deduced in Sec. II.
Lengthy calculations that involve the slectromagnetic fields
of an electric dipoin undergoing relativistic unifors accel-
eration are contained in Appendix A so as not to sidetrack
the main discussion presented in this article. Sesction III
treats the special case in which each oscillator is con-
fined to oscillations pnrp-ndiéular to the plane defined
by the direction of acceleration and the axis connecting
the two oscillators. Section IV treats the general case

where no restrictions are imposed upon the direction of



oscillations. Appendices B, C, and D present additional
calculations that were felt to be too lengthy for the main
discussion of this article. In particular, huuivnr. it
should be noted that as a result of the calculations in
Appendices A and C, the electromagnetic fields radiated by
a uniformly accelerating classical electric dipole are
shown to be intimately related to the correlation functions
of the nl.ctfnmngnltic fields of the classical electromag—
netic zero-point radiation spectrum. It is precisely
because of theses relationships that agresment is ocbtained
betwesn the various expressions examined here for the accel-

erated and unaccelerated-thermal oscillator systems.
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II. DESCRIPTION OF ACCELERATING SYSTEM

The accelerated classical charged harmonic oscillators
considered hera are assumed to have equilibrium positions
following relativistic hyperbolic trajectories in space-tisme
described by the constant proper accelsration a . The
cq&ilibriun bolitiuns of the two oscillators are assumed to
be situated such that they lie in a plans perpendicular to
the direction of acceleration. Consequently, both oscil-
lator equilibrium positions possess the same instantaneocus
inertial rest frame.

As was done in Refs. 1 and 3, a set of inertial refer-
ence franes :EE will be introduced here such that the
:Iﬁ frame constitutes the instantaneous rest frame at proper
time 7 for the equilibrium positions of the two oscil-
lators. (The inertial frase I-,;‘,-, will be denoted by TI,.)
Let these inertial frames be situated such that their x
axes, or i=1 axes, lie along the direction of acceleration
and their y axes, or i=2 axes, lie along the direction of
separation batwesn the two oscillators.

Let the two oscillators be denoted by the labels A or
B. Let élcillntor A have an i-z and i=3 coordinate value of
+R/2 and 0, raspectively, within sach inertial frase :EQ 1]

let oscillator B have corresponding coordinate values of
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-R/2 and 0. As described in Ref. 3, the equilibrium posi-
tion of sach oscillator may be described in the :EE inertial

frame at proper time 7. by

X(ayn (%) = (<Toap(%? 5 Y(Q)T.“")

(-:—Esin\\(%-(‘n'-"la)) ; .g:uﬂ.(-}('r;'—v-,)) s + R , O) . (ll)

n

In Ref. 3, a Farmi-Walker transported coordinate system
was introduced to aid in the description of a uhifornly
gc:-lnrnt-d oscillator. .This coordinate system may be
described by the coordinates §'=(<7.;§) , where % is
again the propar time of the squilibrium position of the
accelerated oscillators. The coordihat.: 7 are related to

the coordinates x;,‘. of an inertial frame I.,;. by
e

X;e' = Ct"'e' = ({-‘1 + {:)s;nh(%('r;-v—,\) ) (5a)
xho= g = (614 £)ceh(20r ) , (5b)
2 _ _ 3

SRR P N T

Lad}

where x_ =x .. and §°z§;, for i=1,2,3.

<€ e
In order to examine the behavior of two oscillators

.
¢

=t

accelerating through classical electromagnetic zero-point
radiation, the effects of the fields of sach oscillator
acting upon the other oscillator must be taken into account.
Hence, the squations of motion that sust be solved for the
combined systes will consist of a set of coupled stochastic

differential equations. These esquations can readily be
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deduced from the work of Ref. 3, in which the introduction
of the Fermi-Walker transported coordinate system and the
assumption of the small oscillator approximation suffi-
ciantly simplified the squations of motion for a single
accelerating oscillator that the equations of motion could
easily be solved. The same method will be applied here in
the case 6§ two accelerating aoscillators.

The equations of motion for two accelerating oscil-
lators may be obtained by treating the electromagnetic field
tensor TFC" that occurs in Eq. (37) of Ref. 3 as being due
to the constant electric field XE, , the zaro-point fields
f:' and E:P s and the dipole fiolds E: and §: arising
from the action of one oscillator upon the other. (As dis-
cussed in Ref. 3, the constant field X[, praovides the mech-
anism for a relativistic uniform acceleration of a charged
particle in the absence of other forces.) Following the
argument presented in Sec. IV of Ref. 3, the quantity
:—?ﬁ"ﬁy will be linearized with repect to the £; coordi-
nates of the Fermi-Walker transported coordinate system
under the assusption aof the validity of the small oscillator
approximation.

The model assumed for the classical charged harmonic
oscillator of Ref. 3 will also be taken for this article.
This model consisted of a classical charged particle of
reast mass m and charge +e that was attracted to a uniformly
accelerating equilibrium point by a simple harmonic poten-

tial, as measured in the instantaneocus rest frase of ghc
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equilibrium point. [See Eq. (21) of Ref. 3, along with
the discussion that accompanies this equation, for further
description of the simple harmonic potential.l]

This oscillator maodel will be further elaborated upon
in this article in order to obtain an accelerating syitnn
that approximates, in the small oscillator linit.‘a pure
@laectric dipols in the instantaneous rest frame of the
equilibrium point of the nsc#llntor. More specifically, nA
continuous nagative charge distribution with net charge —e
will be assumed to surround the equilibrium point of the
oscillator, as described in the instantanecus rest frame of
the equilibrium point. This charge distribution will be
taken to be stationary in the Fersi-Walker transported
coordinate system and to possess axes of symmatry along the
i=1,2,3 coordinate axes. The oscillating particle of
charge +@ will be assumed to oscillate inside this “rigid*
cloud distribution of negative charge, where the word
"rigid" is used here to denote the fact that all points of
the charge distribution possess the sase 1nstan£nnloul
inertial rest frame throughout the full evolution of their
trajectories. For sufficiently small amplitudes of oscil-
lations, this rigid cloud of ncontiv- charge may be con—
structed in such a way as to be the source of the sisple
harmonic oscillator potential d:ting on the oscillating
particle. (See the discussion in appandices A and B of Ref.
S on specific simple harmonic oscillator models.) Moreover,

for sufficiently small amplitudes of oscillation and for a
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sufficiently small volume of negative charge, the total
oscillator system approximates an clnctric'dippln in the
instantaneous rest frame of the oscillator’s equilibrium
point.

The it" component of this electric dipole in the rest
frame of the oscillator's equilibrium point is given by
e&lam) s where E._;('r.)\' is the distance along the rest frame’s
it axis from the oscillator’s equilibrium point to the
olcﬂilnting particle. Here, "L" ie a label that takes on
the valuss A or B, depending on which 7f the two accaler-
ating oncillators is being discussad. The argument 7. is
again tﬁn proper time of the equilibrium point of the accel-
srating oscillator. (It should be npt.d that a distinction
is being made here betwsen £ and §; . The coordinate along
the ith spatial axis in the Fermi-Walker transported coor-
dinate system is given by §; . Tha difference in coordinate
valuaz along the it" axis of the Fersi-Walker transported
coordinate system, betwesen the L labeled oscillating parti-
cle and its equilibrium point, is denoted by §.; .)

The dipole fields E~ and B° mentioned ewarlier, where
now the label L has besn added in order to distinguish the
dipoic fields arising from the A or B accelerating oscil-
lator, can be shown to depend linsarly upon the quantities
Ea.z » 1}%—‘. and % « Ignoring sscond order terms in the
coordinates will then ssan dropping products of the dipole
fields of one of the oscillators and the coordinates of the

other oscillator. Equations (38) of Ref. 3 may then be
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readily generalized to the following set of aquations for

i=1,2,3:

z- — P8, =
:;i_: -(w)fm_fr{d FAL - :l_%_} —re;{ % R 7é 7_‘(0?.’73)} ) (6&)
A€, }
Tig_p(w)&.”’{jf;- i} e R ELE )L (@)

-

Here, EA and R; represent the £ vector positions (i.e.,
f:y for i=1,2,3) of the iquilibriua positions of oscillator
A and B, respectively. Haence, for the configuration of the
oscillator system considered here, EA=+§-£- and Egb?%— .
The arguments (R‘A,‘r.) and (ﬁgﬂ;) are usad to indicate that
the fields are to be svaluated at proper time 7. along the
trajectory of the equilibrium point of the indicated oscil-
l.ntor, A or B. (Hence, a dipole approximation has been
made in evaluating these fields.) The quantity E:: denotes
the zero—point electric fields, while E;; and E;: represent
the electric dipole fields of the A and B oscillators,
respectively. The subscript % occurring in these three
ficlds is used here to indicate that the fields are to be
evaluated in the inertial frame I"& that is instantanescusly
at rest with respect to the equilibrium points of the oscil-
lators at proper time 7 .

The fields E, and B, in an inertial frame I, are
readily expressed in terms of the fields E,. and B,. of
another inertial framse I"E‘ using the usual Lorentz trans-
formation. Writing this transformation out in vector com-

ponents yields:
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E,= RE,, + 9;«&._?)(5,;.1 —p(,g_n,)an.,)

+2 )((7&'72')( E"‘e'¢’ * ﬁ(%'""e')B"'e'l) ? (7)
B= KBy + T¥re-n (Brea + &n-*@')g'fe?)

+ 37(-,-(_7;-)(312-3 - ﬁ(-,e_};.)E're“z.) 3 (8)
whare X(,'é %) = cosll(%-('re-‘re')) and Bc"'e"?e') = ta “L‘(%'(TQ‘T',')) .

In order to solve Eqs. (6a) and (6b), expressions for .
the dipole fimlds E.';?(ft;,'r,) and E*Z(EB,E) must be obtained.
Unfortunately, the calculation involved in determining these
fields is quite lengthy; consequently, this work is deferred
to Appendix A in order not to sidetrack from the main dis-
cussion pressnted here. Instead, the main result of this
calculation will simply be sumsmarized hare before proceed-
ing with the process of solving Eqs. (6a) and (&b).

Let L be the label of & time—dependent slectric dipole
undergoing relativistic, uniform acceleration. (Here, L
will take on the values A or B, as the model of the accel-
erating charged oscillator describad earlier will be treated
in the limit where the model is a pure electric dipole in
its instantanecus rast frame.) Let the spatial position of
this wlectric dipole in the Fermi-Walker transported coor-
dinate system be given by §= §R. . From Appendix A, the
alectromagrietic fields at the coordinate position F# -

(¢c%; 0,R,0) due to the "L" labeled accelerating electric

dipole is given by

|

E;&(Qﬁ,"é)= !-_:_;-‘_ 'E"?L(:’;‘ﬂ,.]l)ex?(-—(n're),(n_ (9)



b6

By:(58,7) = %_SQ“B“;L(ga,ﬁ)exP(—:m,)m , (10)
=~bL 4 ~
whare, E‘n (3R, ) = -.-e':‘i- n..'j()?a, g(ﬁ“ﬁ._),_ﬂ.)(g E'_J.(_m) , (14)
Jj=
~ 3 , -
BY(38,0) = -2 ) p.(Ra,5(R-R),N)(ef ) ,  (12)
=1

and eggﬁﬂ is the Fourier transform of the jt°

componant of
the electric—dipole as measured in its instantaneous rest

frame (211). More specifically,

(-]

[e !,'3“(?-e I_i:g ef,. (n]exp(nnw—e)an. . (13)

The quantities ij and fﬁ that occur in Eqgqs. (11) and (12)
are rather complicated functions of the acceleration &,
coordinate difference (R"RL) » and fraquency Sl j the explicit
functional forms are given in Eqs. (A39)—(A46) of Appendix
A.

In order to solve Eqs. (6a) and (6b), the Fourier
transform of the zero-point electric fields that occur in

Eqs. (6a) and (4b) must be introduced. Hence, let

E,Z"i(ga, 2 = 5 EY(SR, n)exp(-in7)dn (14)

The argumant that appears here of (?ﬂfn) again repraeasaeants
the fw coordinate position at which to evaluate the electric
field.

Now, Egs. (9), (11), and (14) may be substituted into

Eqs. (6a) and (&b) to yield the following set of equations:



Cila, WIE, () + }’: Ny(Rar 3R 0E, (0 = £EVOIR 0) (150)
(ﬂ ﬁ-) EB (.”.) + Z— nU(xq jR n)F (Jl' Ts'ETP(-g% )'n) ’ (|SB)
WRAT®  Ci(a )= s (W -iP(Pen(E)) . (1e)

Equations (15a) and (15b) may be simplified somswhat by
noting from Eqs. (A3S9)-(A43) that N (%a +JR )= N;:(%a,-GR, 5 )
N (Ra, +§R,N) = ~N(fa,-§R, ) for (#j, NL,=-N,, and N,=n;=o0
for #3 . Using conventional matrix sethods, Egqs. (15a) and
(13b) can then be molved for §,(n) and &:() in terms of
EY(58,2)  ang EYC-58,0) .  After taking the inverse
Fourier transform of £ (1) and ?;;(n) » One then obtains the
solutions to ﬂ;(’r,) and &;(7) .

After imposing the conditions of Eqs. (1) and (2),
these solutions will be used in Secs. III and IV to deduce
certain statistical properties of the accelerating oscil-
lator system. In particular, the sxpectation value will be
computed for the componant of the Lorentz force along the
§ direction that acts on one of the accelerating charged
oscillators, as givan in the instantaneous rest frase of

the oscillator’s equilibrium point.
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II1. SPECIAL CASE OF TWO ACCELERATING DIPOLE OSCILLATORS

A. Description_of Special Case

The full calculations involved in obtaining the statis-
“tical properties of the accelarating charged oscillators are
rather long. Consequently, it seoms appropriate to asxamine
the simplest case possible that illustrates the main physics
of the system before proceeding with the most general case.
Fortunately, a special case doss exist that will serve this
purpose; in addition, the solution of thii probles will be

shown to aid in solving the more general oscillator case
that will be discussed in Sec. IV.

This special cas® arises by examining Eqs. (135a) and
(13b) for i=3. As shown in Appendix A [see Eq. (A43)1],
Ns=N3 =N,y=N353= 0o . Hence, oscillations in the X and
§ directions of the two accelerating charged oscillators
do not give rise to electric dipole fields in the f direc-
tion at the other ascillator, as expressed in the instan-
taneous rest frame of the two oscillators. Consequently,
the i=3 set of nquatibnl obtained from Eqs. (15a) and (13b)
are not coupled to the corresponding i=1,2 st of squations.
Hence, the special case of two accelerating electric dipole
oscillators with nonzero electric dipole moments only along

the % direction may be safely studied for the main under-—
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lying physics of the accelerating system.
Equations (13) are easily solved for the case of i=3.

One acbtains

gﬂ-’(n)— _—.{ EEPG % )[C“ln“ ¥ cﬂ:na]

+Ezr( -38, n)[c ol c‘;: 'l?,] } ()
g, = ﬁ:{gf(+9a&'”)[zzix . FTJ.'—n,_,I ‘

+ BN -“%,n)[c;'_ﬂ;z R c;ln;,]} ()

Herw, (G(a,n) and MNy(Ra,+5R,7) have been abbreviated by

C; and YG} s whare the dependence on acceleration is still
explicitly indicated in order to later aid in making compar-
isons with equations describing the unaccelerated situation.
The remainder of Sect. III uses Eqs. (17a) and (17b) to
determine certain statistical properties for the pair of
accelerated oscillnforl. Section IIIB imposes a narrow
linewidth approximation, the small oscillator assumption,
and the conditions of Eqs. (1) and (2), in order to deter-
mine the expectation value of the component of the Lorentz
force in the § direction acting upon one of the oscil-
latars. Consequently, the integrals sncountered in calcu-
lating this force are readily evaluated by employing a
resonant approximation. The value for the Lorsntz force of
the accelarated oscillators is then found to agree with the
unretarded van der Waals force for the corresponding
unaccelerated-thermal oscillator system. This resonant

approximation is reexamined in Sec. IIIC in order to show
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how this carrespondence arises between the accelerated and
unaccelaerated-thermal oscillator systems. Section IIID then
turns to an examination of other statistical properties of

the accelerated pair of charged harmonic oscillators.
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B. Expectation Valus of Lorentz Force in_Resonant Case

Let -t:r,(t?e) be the Lorsntz force on a unifarmly accel-
erating charged oscillator at time t@ in the 1% inertial
frame. According to the construction of the set of inertial
reference frames I, in Ref. 3, when t;=0 , then the
I% inertial frame is instantaneously at rest with respect
to the equilibrium point of the oscillator. Hence, EJ3E=4
represents the force in the rest frase of the equilibrium
point.of the oscillator at prﬁp-r time 7, of the equilib-
rium point.

Appendix B presents a simple derivation of the Lorentz
force on a particular model of a charged oscillator that
moves in some arbitrary trajectory through space-tise. The
expression for the force in Appendix B is given to first
order in the amplituds of the aoscillator. This is equiv-
alent to treating the charged oscillator as being a pure
elmctric dipole in the inertial rest frame of the equilib-
rium point of the oscillator.

Equation (B4) may be immediately applied here to obtain
the appropriate axpression for the Lorentz force on a uni-
formly accelerating oscillator, when the oscillator is
taken in the electric dipole lisit. Let X“re(t*.) and Yr,(*r.)"‘
Aﬁ%“ﬁ) be the resspective positions of the equilibrium point
and the oscillating particle at time t; in the I, inertial
frame. One then obtains from Eq. (B4) that
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3
= = . 3 o (3
Fra(ty=0) = €2 axp 012 Eos(x, )
J=t Xogi

X.,é(o),o
ed (= R (v
* ?at,,e(""re(tr)@&rf’““r.) ) . eo (19)
N
whare, in the case of the pair of accelerating u:cfllators

i
beirg considered hera, Eﬁ and EE are the total electric
and magnetic fields dum to the zero-point radiation fields
and the electromagnetic fields of the opposite accelerating
oscillator.

The expectation value of the i=2 component of Eq. (18)
will be calculated in this article, as this is the force
component alﬁng the dir.ctinn of separation of the two
oscillators. As will be shown quite generally in Sec. 1V,
whare no restrictions will be placed on the direction in
which oscillations may occur, the expectation value of the
second term of Eq. (18) is of order (aR/c*)* less than the
firat term. Hence, the second ters may be nngiuct-d in the
small laboratory approximation of Eq. (1). For the situa-
tion being considered in the present section, where oscil-
lations are confined to the = direction, the saocond term
of Eq. (18) ism exactly equal to zero, as will be shown
shortly.

The zero-point electromagnetic fields will be specified
in the I, inertial frame, which, as mesntioned earlier, is
equivalent to the Z[e,o coordinate system. Using the
Lorentz transformation of Eqs. (7) and (8), the zero-point
fields may then be aobtained in ail I% inertial frames.

The functional form that will be used for the zero—point
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fields will consist of the following relationships, which

hava been frequently used in performing calculations in

stochastic electrodynamics (¥12):

.
EXfz, 1) = é. [ &k Al E(R, N)cos(R -5, - ety +O(K,N)) | (19)
By (% S (kA (ROE(R, V)cos(R-7, - ooty +B(R,¥) (20)
B*(x,)t,,)='\2='_'fol kAl k®e(R,A))cos( K X, s M) .

Identities that the polarization vectors é‘(ﬁ’ A) satisfy and

that will be used in later calculations are

ERAEGRN = 8 v , K-E&RA=o0 | (21a%b)

2 ' 2
T «(RNe(RA) = T (R®E(R,A),( R®E(R, ,\))3
AT ATI

_ $.. - KK

=85y - Mg (22)
z — -~ A
Y E(RANR®ERAN); = 2 ey ke, (23)
el 4 1 )4 K

The frequency « in Eqs. (19) and (20) satisfies w=clkl,
The phase angla GGEA) is a random variable, independently
distributed for wach K and A , that ranges betwsen O and
2w  with uniform probability density. The function A(W) is
given by

2 - hw
R) = Py ’ (24)

80 as to insure the Lorentz invariance of the stochastic
properties of the zero—point fields and to ocbtain agressmsent
with nature in regard to quantum mechanical phenomeana (see

Refs. 6 and 12).



74

Using Eq. (18), the expectation value of the i=2 com-
ponent of the Lorentz force on oscillator A will now be cal-
culated. (By symmetry, the value of this cosponant msust be
of equal magnitude and opposite sign to the similar quantity
calculated for oscillator B.) According to the construction
of the Furﬁi-walknr transported coordinate system in Ref. 3,
the quantity Axnﬂb) that occurs in the first term of Eqg.
(18) may be replaced by §;(%) . From Eq. (Sc), E;=4x%2 ’
hence, the operator %;n may be replaced by %1 « Let the
quantity E;ﬁz) be rnlzbnlcd by F%(1;q » whera the inertial
coordinate time tﬁl of the equilibrium point is related to

the proper time 7' by

t.,e(”f’e')= i—s,‘nk(%(v;--r,)) . | (25)

From Eq. (25,

¥ = 1 1 . (26)
dty cosh(2(- 7))
=T =T

For the special case being considered in this section of
— A ——t A
&, (t, o) = 2E.0;) and AXgy (to ()= §865,(%) ,  (27agb)

the expectation value of the i=2 force component of Eq. (18)

is given by
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CFana(Te = <6002 EGE ) 2’ CEmx Ei,“;(?,nl[}

7

" &bl B 68 v v, (y-v.j>|

The arguments in the fields have been relabsled here in
terms of the &~ coordinates.

From Eqs. (13), (17), and the inverse of (14), the

first term of Eq. (28) bmcomes

£=GR
Es-z-

(s} EralF, >|_Z - Sé—;gm exp-onn X B 3 (8,%)

AT 'exp(dl"'re') X
{

X{[_‘“ o c«’ n*'.KE# (3R 7)3 E-,,(g-’,'r;) s

+[c3 ng c3'+ ]( (-58 %) }E:';(f )|> }

In order to carry this calculation further, thc tuo

(29)

. quantities involving the expactation values in Eq. (29) must

be evaluated. The following quantity is therefore of

interest:
< Ernr(38 %)% Ex (Fi, ))> B (5, 0EE 5 (30)
?zﬂve F ‘e %t’ s’ 7195
£,=R
The corrslation function to the right of the 5%- operator on -
T
the right side of Eq. (30) is shown in Appendix C to bwe
equal to
. e, ., Vi rn  aro ,
<E—,éi(gﬁ,‘)’e)E-,é.i(f;‘ﬁ,u'»=g:f,:)- (xn.,y(ﬁ-ﬁ), R)cox(ﬁ("re*-'lﬂ)olﬁ s (Cl)
o

where f;' is a rather complicated function of a, R and
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L , and is intimately related td the quantity néi that
uﬁcurs in the expression for the electric dipole fields of
Eq. (11). More will be said about this relationship later.
The appraopriate relationship between Eq. (30) and the
functions f?j' in Eq. (C1) can be easily deduced; this
relationship is given in Eq. (C57).

From Eqs. (29), (C57), and (C&0), one abtains

S EREn]) = (2) & forertiontarl¥

X[C" n;’. -' ﬂ"] fﬂl;%- f:;()?a,gﬁ,n)&r (51(13'_79)
Gm> cUI 2 )C” (xa :,R n)(dﬂ exf(—dl (A )X
X ] {S(Jl wa)e S+ S(ﬁ'dl)eim'} . (31)

n c" ny,

From Eq. (14), it can be sean that
Ci(a,-n) = Ci(a,n) . (32)

This same property is4d-monltratnd for n; in Appendix A
[(see Eq. (A47)]. Hence, from Eqgqs. (31), (32), and (A47),

one has that

oo

e<¢‘” ')35,_5' A )l>= _ZS_ Sm{ Re(C3-15) . R (cseny) }3. f"‘,:..gg n). (33)

3R 33 I

—

Q Q t 2
F=5a ji=nss |t lcsens

The second term in Eq. (28) may be calculated in a

similar manner. From Eqs. (11) and (13), one obtains
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%r’ Jﬁexp(-dl T)SJR exy(-‘n"r‘)( "‘)[mnn(x“ GR, ﬂ“)]<EA3(n)Fay(n")> (34)
From Eqs. (17a) and (17b) and the inverse of Eq. (14),

< ?;3(“‘)?;10‘“»
= ,‘f;,g AT exp( iJlT.')gJTé"exr( ) 5_3,;)1 X

x<{ Bt g o) B8 g c;':n;;]} S

n3

P - |
X{EE of =t + ——=] +E5-5 TN = ]
3 ("7. , e) C" -, C; n”] 3 c) “ n;.). C}"’m;,' ‘

- This expression can be evaluated with the use of Eq. (C1)
and the sysmetry relationship of Eq. (C356). The algsbraic

identity consisting of

(AT A0 SAY) + (AL AL)(AT +AL) = 2(TALAT+ALAL) (36)

where A, = 1/[c;*ny), will be found to be helpful in

obtaining the relationship
By

= (_g_. Y-rni:lﬂ.[s (-n)s(en) + S(n'sn) S (- n)] X

(37)

X{55ta, 0] G e )]
+ 5:?} (%a,3R, Jl)[( n;‘,‘)(c;"’n (Ca +'l )(Ca' ’l“")}}

After substituting Eq. (37) into Eq. (34) and using Eqs.

(32) and (A47), one obtains the relationship of
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GRS E{";(én)}g n
2 =y

.3 (38)
3
2 P 20, ., . A L7
= -&_ SJ‘"‘ —(f” xn,o,n)-f”(xa,y R,n.)) . (:f;’(&‘q'o’n)+£) Xaljk,ﬂ)) )&R;,
Em <5 -n5|* TN 2R
° 3'"‘31, 'CJ*'nzg’

The third term in Eq. (28), which came from the second
term of Eq. (18), is easily shown to equal zero. From Eqg.
@, B, (£)= 8, (F%). This means that all quantities inside
the sxpectation value signs in the third ters of Eq. (28)
depend only upon 7.’ . Using Eqgqm. (17), (A38), (C1), and
(C2), explicit calculations can then be carried out to
demonstrate that the expectation value of this quantity is
a number that is totally independant of the value of 7¢ .
Alternatively, this demonstration follows more generally
from the physical demand that the act of accelerating
through the znru—point fields must yield statistical prop-
erties that are stationary in the proper time 7. . Using
esither argument, howaver, the nat result is that the third
term of Egq. (28) is exactly equal to zero.

The integrals that appear in Eqgqs. (33) and (38) will
noQ be evaluated under the assumption that the damping time
= %—(e‘/hc!) is much smaller than the other time constants
that describe the oscillator’s behavior, such as the period
of the oscillator at resonance (for an electron, [ =
6x10-“ seconds). Under this condition, which will be made
more specific shortly, the quantities 1 /Icjtn3|* , which
occur in the integrands in Eqs. (33) and (38), behave as
sharply peaked functions near the paint NA=w;. This

resonant property of :l./lC,:‘rl},lz can thsn be axploited to
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aid in evaluating the integrals in Eqe. (3I3) and (38).

Insight into the resonant behavior of 1/lc;+nl* can

be gained by first examining the less complicated quantity

of

: L (39)

Ctaml  [(-nz v cont)t+ P2 @RV -

This quantity occurs in calculations involving the accelera-
tion of a single oscillator; more will be said about this

situation in Sect. IIID. When " is sufficiently small that
Fe(1+ (8£)) << L, - (40)

then 1/]c}|® becomes a sharply peaked function of . about

the point w; . Equation (39) is then well approximated by

1 L
lCal* | (e e+ Ty . (40

The resonance full width at half-msaximum of the psak
described by this function is given by

A = Ty (L + (2L))

ya
, (42)
whare the superscript a and subscript 8 indicate the single
accelerated oscillator situation.

Turning now to examine the resonant properties of
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T S 1 (43)
fesngl™  (Aatscw) 2 Rend )t (Tmlcoeny))

it immediately becomes svident that the functional depen-
dence of N,;(%,5R,5) upon Sl must first be analyzed. As
explained in the Introduction, if a physical equivalence of
some sort does indeed exist betwesan the accelerated pair of
charged oscillators and the unaccelerated, but thermally-
bathed pair aof charged oscillators, then the likely situa-
tion to observe such an equivalence is when the unretarded
van der Waals condition applies of Eéﬁ« 1. when (“—ﬁ-)« 1
and %ﬁ« 1 , the appropriate functional form for N;; can
readily be daduced from Eq. (A41). The quantity exp(mo"r_)
must be expanded in a Taylor series in 47 , with teras up to

the third powsr of AT. retainaed. The identities

AT

Lom( L - 557 4
() 4 o

and L. f_f_._r:_) = 1 (45)
R=0 R. !

which follow from

~ Coo L laR\ o~ cfaR. _ _LraR\?
se () = g2 2RV )

l/2
and R_= R(i +2(QR/2£‘)2) (see Eqs. (A19), (A21), and (A22)1,

are then useful in establishing that
Mss(3a,58,0) = { 2r(£) - T’ (1 (1)) ] X
{108 +o28)] , )
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when AR/c<«1 and aR/*<<{1 . Hence, when these two condi-
tions apply, then R.cfl;, is essentially independent of both
frequency 21 and acceleration o, while I~N; retains a
dependence on both of these quantities. The next order
terms in Ra'l;, and TnN; vary as '# and R', respectively.
As may be seen when i=j=3, Eqs. (47) and (16) agree with
the following result, which may be established with a bit of

work from Eqs. (44), (435) and (A39)~(A43)1

Lin T M (Ra, §R, 1) = +85TmCla,n) = -6 P 02 e ()] . (48)

R»o0

The a=0 value for Vl;; will be abbreviated by N;;;

from Eq. (A41), this quantity is given by
n (f\ 2R ) _ ..e}Kz A & _L_ PR R ex (U’lﬂ (n.’q)
338 Xa, Y ’ N = - KR (kﬂ)t (KR)I P < .

When SIR <« 1 and “‘ﬂ <1 , then from Eqs. (47) and (49),
3
Re n:; = &nu = % P(C/R) . (50)

When the conditions expressed by Eqs. (40), (1) and (2)
hold, with «w, replaced by «w; in Eq. (2), then from Eqs.
(43) and (47), 1/I<;2n5|*  attains a maximum as a function

of )l at approximately the point JNl=w;, , where

w+=[(w3) tR,n,, } [(w ‘%LT]/ | (51)

By making N sufficiently small enough, Eq. (43) describes a

sharply peaked function about = Wy, that may be approxi-
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mated by replacing all quantities that do not involve

N-wy, by their value at ;. 3

i ~ 4

lcpeng, |* (- ey (20054 ) + (I-..,(c;:n;,)’)" . (52)
w,

3

Here, Tm fl;, L,” may be approximated by the i_.luqirury part of
Eq. (47), esvaluated at (L =<5+, where the first order terms
of O(ic?-) and O(u,_RA) should be retained in the case of
Wwy_ in order not to result in a zero value for Im(C;-n;,l! .
CAlthough the actual value of these first order teras are
readily obtained, they are not needed here, as In(c;znj,)
will be shown to cancel out in later calculations.)

The resonance full width at half-maximum of the peak
described by Eq. (32) is given by
By = oo, | Tm(es 205

Wiyt

< {17 +1T- n;,]}
Wit

where terms of order Of %‘5) and O ‘_“.':_"3) have besn ignored in

~ ey(1+(EY), (3

the last step L(see Equ. (1), (2), and (47)]1. The subscript
D in A:,! is used here to indicate the double accelerated
oscillator situation. From Eq. (353), the width of the peak
becomes narrower as | becomes smaller; likewise, since
In(c;zn;,) is j:rnportional to ' , the saximum of Eq. (52)
increases as || decreases in value. Assuming that [ is
sufficiently small that Eq. (40) is valid, one obtains from
Eqs. (40) and (53) that



83

St ¢ 1 : (s49)

Wy

Using the resonant property that Eq. (43) acquires for
small values of ", the integrals occurring in Eqs. (33) and
(38) will now be evaluated. The factor of exp(iflar)  that
occurs in the expression for N;; Cand also in f‘-:.'(?q,gﬂ,n) ’
as will be shown shortlyl varies very little over the width
of the peak of Eq. (43), since from Eqs. (1), (46), (A1},

and (A21), AT.=R/c § hence, from Eqgs. (2) and (54),

A AT = ( Aw)( “3“\ « 1 . (55)

Wy =

Likewise, by applying Eqs. (54) and (353), onm can readily
show that all other quantities in Eqs. (33) and (38) vary
vary little over the width of the resonant psak.

The staps in Seact. IIIC of Ref. 10 will now be followed
quite closely. Using the resonant approximation, all quan-
tities in the integrands of Eqs. (38) that do not involve
N-w;y will be replaced by their values at w;, . The
lower limit of integration will be replaced by -, as the
additional contribution to the integrals is negligible com—
pared to the resonant contribution. Under these approxi-

mations, Eq. (38) bacomes

°<$A3(7');>; E:;(E, | o

{ ('f;;(xa ow,) j}(xa 4R, w ) ’| 5‘: e )2(21.: i‘)ﬂ*(In(C; n””)‘z.

’ J-
+( £ 3o, 3R, e
(fn( ’o,u,,)fﬁj ’ u,,))) J’I w (-0, (2“14)* *(I""(c? 4"”)” }

lf
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UJ_

x—
52?(’?“0“ ){-f‘r()?agﬂw) J
+[' 17 Yy e Tt 33 ’ ¢ 34 ];ﬁ&n33| 9 (;6)
Wy, | Im(Cy + “;z)lu,, “14

whare Ren;‘, was replaced by its approximate value given by

Eq. (350). The integral of

o0
.S.,, m - ’):IL::ET (57)
was used in obtaining Eq. (356).

If a similar approximation procedure is followaed for
Eq. (33) by replacing all quantities in the i.ntngrnndl‘thnt
do not involve Jl-w;; by their values at “5;, then one
finds that the numerators of the integrands contain quan-
tities (-Nl+wy:) due to the terms R (C3 1"1;;) . The pressnce
of theso terms in the integrand essentially negate the
resonant effect of the denominator, thersby resulting in
integrals that are nagligible in magnitude when compared
with the magnitude of the integrals in Eq. (38). Hence, the
approximation will be made that the first term of Eq. (28)
contributes negligibly to the expectation value of the
force; therefore, the latter quantity is approximately equal
to the second term in Eq. (28).

As shown in Eqs. (C3) and (CS), the quantities
-f,;j-r Xa ,9‘8,51-) » which arise in the cosine expansion of the cor-
relation functions of Eq. (Ci), cbey a very interesting
relationship to the terms 'l;j(?a,%,n) that appear in the
dipole fields of Eq. (11). With the use of Eqs. (C3) and
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(C3), along with Eq. (48), one can show that

n) R, N
l 5,3 (fa,0,0) * 33("“" ) = 1:“°'H‘(:Lk'r‘ (s8)
II».(C;!'I;;)I —ezn T= o )
™ 27ck

Neglacting the first term of Eq. (28) and substituting

Eqs. (J36) and (38) into (28), yields

Fana(®)) = -—{ (7ot ‘Lk"’ﬂ R"n’i‘}l
W3+
Lcoth(B2)2 R, ]
[ < kT 37 2T e - (59)
T= Z'm:k

Each of the two terms in Eq. (59) may be unpnndld in ﬁﬁi-qﬁ
about w; by using Eq. (J1). Assuming that the radistion
damping constant I is sufficiently small to satisfy

e ()8 oo

then o;; may be approximated by

w

1 ‘ 1 3 r 2
3+ X Wy ¥ -{(21(“‘;‘)3)5; - -é—(;-(R/c)3)(U§ . . (64)

{ sz(*a) =" fﬁ {8—*‘—“’, [R‘ nn]la% tl‘(?.k'l‘)l ]

Hance, from Eqs. (39) and (41), one can then show that
'T'-: ‘hq

} (62)
A= ("3 ’
ek

Equation (62) agrees exactly with the force expression

of Eq. (38) in Ref. 10, where the force was calculated along

the direction of separation betwemen two classical charged
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oscillators that were bathed in classical electromagnetic

Planckian plus zero—point radiation. Hence, in regard to

the sxpectation value of the force between two charged
oscillators, an equivalence has been demonstrated for the
special uniformly accelerated dipole oscillator system dis-
cussed in this section and a similar unaccelerated oscilla-
tor system held fixed in an inertial frame, but bathed wlthb
zero-point plus thermal electromagnetic radiation charac~-

terized by the temperature of 1 =ha/amck .,
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C. Expectation Value of Force: General Expression
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In the previous section, a rusonint approximation was
used to obtain an expression for the expectation value of
the Lorentz force acting on one of the accelerating oscil-
lators, as expressed in the 1h|tantan-ous rest frlno ufé the
equilibrium point of the oscillator. The question naturally
arises as to what the expression would be for this force if
the rescnant approximation was not used. 8uch a calculation
has already besn carried out for the case of two unacceler-
ated classical charged oscillators that are bathed in clas-.
sical electromagnetic thermal plus zero—point radiation [(see
Ref. 10, Eqgqs. (8) and (?)]1. This calculation applies for
the case of nonrelativistic classical charged oscillators
taken in the electric dipole limit) the result is valid for
all values of the separation distance R and for all orders
in the fine structure constant. A corresponding calcula-~-
tion has been carried out within the context of quantum
slectraodynamics when the temperature T squals zero (x13)j;
the results for these two sets of calculations have besn
shown to agree exactly (sse Ref. 9).

In this section, a result analogous to the above sen-
tioned exact expression for the van der Waals force of the
unaccelerated-thermal oscillator case will be ocbtained for
the accelerated oscillator case within the context of sto-
Chastic electrodynamics. This force expression will be
derived by using the small oscillator approximation in solv-

ing the equations of sotion and by then taking the electric



dipole limit when calculating the force on an oscillator.

As yet, similar calculations ihvulvino‘thn interaction
energy between two dipole oscillators uniforaly accelerating
through the quantum electrodynamical vacuum have not been
carried out by researchers in quantum slectrodynamics. A
cannection, described in Ref. 7, betwesn the calculations
'p-rforncd in stochastic electrodynamics and in quantum elec-
trodynamics, may prove helpful to researchers in carrying
these calculations over to gquantum electrodynasics.

By obtaining the above msntioned exact force axpression
for the accelerated oscillator system, a comparison can then
be made to the analogous van der Waals force expression in
the unaccelerated-thermal oscillator system. As will be
shown, fhnnn two expressions differ from each othar. By
employing the approximations of the previous section, the
two expressions are then brought into agreement. The calcu-
lations of this section illustrate how this agresment is
obtained. |

From Eqs. (28), (33), (38), (48), and (C3), and noting
that the third term of Eq. (28) is exactly equal to zero,

one abtains

< F,-A"r‘z('ﬁ)>

= - a,,‘f._% 500 { Re(C e MV Tm(C3 +15) = T(C5 +135) % R (€5 +113:)
™ ———
" ='£§i Ie5 eng 1*
o Re(C3-N3)ATn(c5 -n5) - Im(G5- )R (C5-15) } @
(cs-ng, | X

Using the algebraic relationship of
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- Ty (1) = § I (a ), )

'2.

3
the following result can be obtained from Eqs. (63), (&4),

and (C3)a
< F;‘r 2(73)> = -2 U(Qa: gﬁ) ’ (es)

where U(RagR) ':{?‘—Sdﬁcotl\(%‘-‘%‘)

-]

T £n(1- ('é_;s)’) _(68)
T=_ta 3

2mck
In the unaccelerated case, the function analogous to U(%a,iR)
(see Refs. 9 and 10) is the quantity found within quantum
electrodynarics for thl--n-rqy of interaction betwesn the
dipole oscillators.

Equations (8) and (9) of Ref. 10 constitute the analo-
gous expressions to Eqs. (65) and (&66) for the expectation
value of the force betwsen two unaccelerated oscillators
bathed in thersal plus zero-point Qloctronagn-tlc'radiation.
[In order to apply Eqs. (9) and (10) of Ref. 10 to the spe-
cial case considered here, where oscillations are restricted
to the 7 direction, the factor (1-N;/c)(1-n%/c?)  that
appears in the natural logarithm function should be replaced
' by a factor of unity.] As one will note, although ths two
force expressions for the accelerated and unaccelerated-
thermal oscillator ;1tuntion| differ from sach other, they
are in direct correspondence with each otherj; full agresment

between the two expressions may be obtained by replacing the
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quantities of N3 and (& in Eq. (66) by their a->0 coun—

terparts of Eq. (49) and [see Eq. (16)1]

C,(q,nﬂ = -in-(ugf¥-fﬂﬂ’ . (67)

azo

Thus, there exists a direct corrsspondence, but dis-
tinct difference, betwsen the force expressions of the
accelerated and the unaccelmsrated-thermal situations. The
main reason for the existance of the direct relationship
batwasn the two expressions is due to the identities of Eqs.
(C3) and (CS), which relates the ’la function that appears
in the expression for the electric dipole fields to the
cosine transform of the correlation function of the zero-
point electric fields. From these two equations comes the
coth(nc/a) factor, which is the distinguishing factor that
relates the accelerating situation to the unaccelerated-
thermal case, where the temperature is related 0 the accel-
eration by T=ha/2nck . Section IIID shows that Eq. (C3) is
the main property that enables other direct relationships to
be established other than simply the expectation value of
the force.

In regard to the difference betwean the two force
expressions, which arises from the difference in the sxpres-
sions for C; and N;, when a=2nckT/4  versus a=0, one might
wonder what ware the key steps of Sect. IIIB that enabled
the force expressions for the two situations to be not only

directly related, but also equivalent in the case of the



91

unretarded van der Waals condition of Eq. (2). The key

steps turn out to be the small laboratory condition of Eq.

(1), the near fimeld condition of Eq. (2), and the small
damping constant condition given by Eq. (40).

The form of Eq. (63) for the force expressions is par—
ticularly useful for illustrating the seans by which the two
force sxpressions become approximately equal when these
three conditions are applied (%14). Under fhn latter condi-
tions, the two terms in the intngfand of Eq. (63) that con—

tain the quantities

Re(cp £05y) 2 Tm(C5 £ 03,)
|5 £ 05, )"

are of negligible contribution to the integral, bascause
&(C?In;;)=0 when N=w;; . Since )%R&C;f © , the remaining
two terms in Eq. (63) consist of integrals that are svalu-
ated in the following way when the resonant approximsation is

used:

Tm (€} 105;) & Ren3,

) mepe |C3Engl”
) o , _R N } oo oS
N T T C n ¢
[ e h‘h( 3- ;;) ) S(Jl'“u)z(”- W)+ (In(c,i-n,,)l)z
Iwck A= g2 ot
[49\. (R)IIM(Czin-n)_R‘ ”] :;I-\(C, nn)‘ (68)

n-.-w
Remambering that thn una:colnratcd-thlr:al case has th.

exact same integral as Eq. (48), but with n;, and C;
replaced by their a— 0 counterparts, then the canceling of

Im(ci2n3;) in the numerator and denominator of Eq. (68)



92

removes this distinguishing factor from the two force
expressions. Moreover, from Eq. (50), R;ﬂ;, and Rell;; are
both approximately equal to %—l"(</ﬂ)3 when -‘i%« 1 and
ﬁ2§§_<<,1 « Hence, under these cnnditions; the two force
expressions become not only directly related, but also
equivalent.

Thus, the above analysis traces through the steps by
uhléh the use of the conditions of Eqs. (1) and (40) make
the two force exprassions equivalent in the case exanined
here of the unretarded van der Waals situation given by Egq.
(2). In Sect. IIID, other properties of the two oscillator

system will be shown to be equivalent by following similar

steps to those ocutlined abova.
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D. Other Properties of Special_ System
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In the previous section, the expression for the expec-—
tation value of the force batween two charged oscillators
was abtained, both for the accelerated and unaccelerated-
thermal systems. Proparties other than the force should be
examined in order to determine to what extant the accel-
erated and unacceleratad-thermal systems possess identical
statistical properties, as observed in their respective
coordinate systems. Dtﬁ.r properties that one might want to
nxqmin- are the correlation functions of the position and
the time derivatives of the position for the two oscillating
pnrfi:lel of the two accelerating oscillators.

Up until now, the only property that has besn sxamined
for the accelerating oscillator system has been the force
between the two oscillators. One reason for having concen-
trated on this property is that the force between two polar-
izable particles is, undoubtably, an easier quantity to
obtain experimentally than is the correlation function in
position batwesn two spatially separatod oscillating parti-
cles. The second reason is that Ref. 10 already contains
the analysis of the van der Waals force betwesn two charged
oscillators in a thermal bath. The sxistance of this work
then nlloyld a direct comparison to be made between the
force expreasions for the unaccelerated-thermal case treated
in Ref. 10 and the accelerated situation discussed in this
article.

Before procesding with an examination of additional
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statistical properties for a pair of accelerating oscilla-

tors, a brief reviaw will be given of the ltliistical pro-

perties of a single accelerating oscillator. This raview
will serve to show how the relationships derived in Appendix
C enable the single accelerating oscillator case to agree
in certain statistical properties with the unaccelerated-
thermal single oscillator situation. In the process of
giving this brief review, a simple generalization will be
made to the original work by Boyer in Ref. 1, by examining
the correlation function <{§(7,)§;(7%.+7)) versus the less
general case of 7, =0,

The appropriate equation of motion for the single
accelerating oscillator system is given by Eq. (38) of Ref.
(3), which is squivalent to Eq. (6a) or (4b) of this article

when E.}’: © . The solution to this equation is given by

\ ~2p
€:(%) = f_fﬁs L Eilon) exp(- i) . (69)
-w  Cila,n)

The positional correlation function is then given by

< 6.'. (Teo) E.i h’eo*"ﬂ)
- - Camvenpl-inn Y [antenp ot e Y < ERComIE o 2
..'2,11 gdﬂ. exp "'c.ﬂ.')’eo dil exp -l ’7;.+'re))(;‘-) L \9 J o, . (70)
—o0 -0 C;(Q,JI:)CJ’(G,SI")

Using the inverse of Eq. (14) dlonq with Eqs. (C1), (C3),

and (48), yields
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{E o, E (0,0)) =

TC:(a, n)[s(n-n)s(n."m)*S(Jt‘m)S(n"-n)] . ()

= ha _
T= Amck

Substituting Eq. (71! into Eq. (70) gives the result of

_5 27) _y:‘:_(.lﬂlp‘_(n)

[-]

[- -

(5 (ol = -5 T2 R0 %%ﬁ;—‘l‘%cos(m . (1)
T tﬂ W8,
Iwck

Similar steps to the above are followed when analyzing
the behavior of an unaccelerated oscillator in a thermal
radiation bath characterized by T=ta/2nck (21%). The coor-
dinates 7, and E; are then raplaced by the coordinates in
the inertial frame at rest with respect to the equilibrium
point of the oscillator. The factor of C;(a,n) in the
denominator of Eq. (69) must be replaced hy its a—->0 coun-
terpart; consequently, this change must be propagated to the
dencominators in Eqs. (70) and (72). In place of E?P(O,n.)
in Eqgqs. (69)-(71), one must use the corresponding Fourier
transform, at a stationary point in an inertial frame, for
the electric field of a zero-point plus thermal radiation

spectrum. This electric field is given by the expression

of Eq. (19), but with A1(w)=,f:1 replaced by J.;"(...) -

e
2n?

lation function corresponding to Eq. (71), one then finds

w/2kT) . In calculating the appropriate corre-

that the J:,,(n) factor on the right-hand side of Eq. (71) is
correct, but the factor af ImC:(a,R) must be replaced by
InCi(o,n) . Equation (72) then follows, with (;(s2) replaced
by C;(o,0) on the right-hand side.
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The resonant factor of 1/lc1<a,ml2 that occurs in Eq.
(72) was discussed in Sect. III.C. The damping constant
r .uill be assumed to be small enough that' Eq. (40) im
valid. The approximate width A;; of the peak described by

rCL"T’ is then given by Eq. (42). When I is taken to be

sufficiently small to satisfy

|agi %l = Ple)( L+ (1&)‘) Ie) << 1 ) (73)

then the factor of cos(a7,) may be approximated as being con-
stant over the width of the resonant peak. When Eq. (73) is
not satisfied, then the variation of the c<os(2%) factor
over the width of the resonant peak will tend to wash aut
the resonant contribution, thereby invalidating the resonant
approximation and decreasing the absolute vaiun of

{F(n)E (7, +7)) - [For atomic processes, with 1nw; of the
order of 10 ° mec. and "=6x10 ' sec. for an electron, then
the condition of Eq. (73) is satisfied when 7. is less than
about ,103 times the period of the oscillator.] Employing

the resonant approximation results in a factor of m =

-1
TmCilow) *
distinguishes the accelerated from the unacceleratzd-theraal

which cancels out the factor in Eq. (72) that

situation. Hence, under the condition of Eq. (73),

$EimE )y = St coth(Releo i) (74)

which applies for both the accelerated and unaccelerated-
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thermal situations.
Caorrelation functions of the time derivatives of Eﬁ can

be calculated from Eqs. (70) and (71). For example,

<F.-<‘r,.)—6 > = +§; MS‘”"" (n)l Mm(}m) (75)
CH PO lC(a n)l !
¢o+Té
2ﬂ<k
e?;‘ (Iri'on’e ° 'i‘ ﬁ—lC(a Il”

ek
ar, mare Qenaearally,

<J'rém et >

Teo (Teot7) (2 m 4\

)
ImC;(a,n) ¢ ') sin(N7,) [(mn) oJJ]
I —— { n-m) } (77)

(mn-1) 4

o0
= -Ssj%n’—'gan- A (n)
) ] IC (a,n)]? cos(ar) | [(min) wen) .
T—'I.'nr.k
For large values of N, the integrand of Eq. (77) behaves
11u.‘nf”’""’ (see Eqs. (16) and (C3)]. When os(min)<2, the

integral is perfectly well defined. When 2<{(~+) and 7% +o ,’
a finite integral may be obtained using the method of Appen—
dix C, by inserting a factor of exp(-¢nN) , where €>0, and
then taking the limit of €O after perforaming the inte-
gration. When %=0, this plthod will not work, and an infi-
nite quantity will result. Presumably, this high fruquchcy
divergence would not arise if the oscillator’s equation of °
motion was trnqt.d in a fully relativistic mannerjy in order
to prove this, however, one would nesd to go beyond the
small oscillator approximation discussed in Refs. 1 and 3
and deal with the full, nonlinear stochastic differential
equations of motion.

If the limit of e~>0 is taken basfore the limit of ¢ ->0,
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then a delta function arises from the resonant denominator,

which results in a finite quantity eaven in the case of 7.-0.

More specifically (%16),

o T st ) (o
P=o |C;(a)|* 2(w)'(1 + (%/c‘)l) |

Following this limit procedure in evaluating Eq. (77) gives

d E d
e_-vo< dm JT'\/ >

(] Teo* e
° ¢t [ Tadia X 2

(2=p)
- (mfn) s f'l) sia(w‘-'?") min) o
A & l,(’ﬁ )} {<—)@‘°’ } [Gmen) odd] )

cos (N;'?;) [(nvm) QV(vu] ’
1.Trr.

where the € ->»0 limit is not indicated, but understood to be
taken after letting ->0. Taking the limit of e->0 in sto-
chastic electrodynamics has besn tersed “"random sechanics”
by Boyer in Refs. 6 and 7, and has been shown to have a
close connection with quantum sschanics.

As in the case of Eq. (74), the above result of Eq.
(79) holds in the e->0 limit for both the acceleratad and
the unaccelerated-thersal single oscillator systems. The
factor that multiplies the delta functions in Eq. (78) can-
cels the factor of ImC;(a,n) that occurs in Eg. (77),
thereby removing the distinguishing difference bhetwasn the
axpressions for the accelerated and unaccslerated-thermal
systems.

Other statistical quantities that should be considerasd
for a single accelerating oscillator involve higher—order

momente of f} and its time derivatives: namely,
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Properly treating the random phases involved in this higher-

47E;
41"

order moment results in this quantity being zero for an odd-
order momant and being equal to a lunvof productl of the
two—-point correlation functions in Eq. (79) for an evan-

order moment (X17). Thus, for example,

< aa, °‘3“v> =< “«>°2><03°q> +{a,a5){a,a4) 1< a,3d)(a, 03 , (80)

n
R

where a& = d 6: : .
47,

Teq
Hence, the connection bstwaen these higher-order moments for

the accelerated and unaccelerated—-thersal systems follows
the same rules described above for the second—order moments.
Using the above discussion of a single aécnlcrnttng
oscillator as a guide, the examination of the statistical
properties of a lpntjally lnplratnd pair of accelerated
oscillators will now be continued. The comparison of this
system with its unaccelerated-thermal counterpart is sis—
plified by restricting attention to the special oscillator
aodel considered here in Sect. III, where oscillations Ar.
confined to the Q direction. For this spacial system, a
direct CDPFIIpOﬂd.ﬂCI..XIItI betwaen the expressions for
various physical properties of the accelurated and unaccel-
erated-thermal situations. This was first demonstrated in

Bect. IIIC for the case of the force expression of Eq. (&35);
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simply by replacing the functions of n;; and C; by their
a=>0 limito resulted in the appropriate force exprassion

for the unacceleorated-thermal oscillator system. A similar
correspondence exists for other properties of the two oscil-
lator system, as will be shown shortly. Again, as occurred
for the force expraession, when the conditions of Eqs. (1)
and (40) a;. imposed upon the unretarded accelerating oscil-
lator system, then the expectation value of these other
properties becoms equivalent for the accelerated and unac-
celerated—-thersal situations.

When the more general oscillator model is considered in
Sect. IV, where oscillations will no longer be confined to
the 2 direction, the direct corrnnbondmcc betwaen expres—
sions for the accelerated and unnc&nl.ratnd—th-ranl situa-
tions will no longer apply. Instead, additional complicated

terms of order O( “j

will arise in the expression for the
properties of the accelerated oscillator system, thersby
complicating the analysis of the system. 0Of course, whan
the condition of Eq. (1) is imposed, then the direct corre-
spondence again appliss between cxpr.ssibns for the accel-
erated and unaccelerated-thermal systems. Likewise, when
the damping constant is made sufficiently small, whare the
specific condition will be given shortly, then in the case
of the unretarded vanld.r Waals situation, the expectation
values of these expressions again become asquivalent for the
two systems.

Using Eqs. (17a), (17b), (C1), (C3), (CS6), and (48),
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the following results can be obtained:

CEIE () = & (nE,,(n))

== SN S(a-n)SCen) + S5 -] X (o1)
ek X{I...(c;-n;,) In(c; m,,)}
fcs-npnl? 1¢5 « ngyl* ’

CE () gy Yy = -2 f%{iﬁ;( :" ifj (n-R)5(a"+2) + S(n'm)S(n"-n)} X

Lack
X{ Im(cy nn) Im(C, +n3})} (81)
‘C; n;; ’1 'C;’P"_,,,
From these two axpressions, tha following moments can be

> (2l wel )

(Teot7) Teo (7’”'7;)

obtained:

m
d 3 ol {43
d'r"‘ n
Too EYA

- gdﬂ ﬁ(mw\ ,)]Sr(n)l IH(C;-n,‘,) . Im(c;+n;,) X (83)
R T S T
e (2smety
X (l) o 5,,,(;17“)} [(mh) odJ]
)( s (NTe) [(m+n) evea] )
Anff daf-”l> ""T‘M‘ " Ui on] LTG5 en) } ¥
et M) Tt Gt (34)

X ("’)( 2 )’m(ﬂ'?')} [(&6-\) odd)

(-]) (-T-) Cos (AT [("wn) '-""']
Equations (B3) and (84) can be shown to apply in the

unaccelerated—-thermal situation whaen C;' and ’G; are
raplaced by their a->0 limits and when, of course, the

E” coordinates are replaced by the coordinates of the iner-
tial system at rest with respect to the squilibrium point

of the oscillators. This statement may be proven easily by
direct calculation. In the process of verifying this state-
ment, the following points may be helpful to note. First,
Eqs. (83) and (84) werms obtained by using Eqs. (17a) and
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(17b) and by applying the electric field correlation func-
tion formulae of Appendix C. Second, Eqs. (17a) and (17b)
can riadily be shown to be the appropriate oscillntuf coor—
dinate expressions in the unaccelerated-thermal situation
when C; and N, are replaced by their a->0 limits and when
the quantities of Ei%ﬁga,n) are replaced by the corre-
sponding Fourier transforms for the electric field of a
zero—-point plus thermal radiation spectrum. Third, the
correlation functions of the thermal plus zero-point elec-
tromagnetic fields in an inertial frase possess the same
distinguishing factor of <oﬂ(ﬂu5/ﬂﬂ9 as do the correlation
functions of zero-point .lcctroﬁngn.tic fields in a non-
rotating, uniformly accelerating coordinate system, when
T=4%a/2nck « I the factor of “tk(:-"%)"r-z—“‘—, is retained in
the correlation functions for the accelerated system, but
the quantity of N is replaced by its a->0 limit [see Egs.
(C1) and (C3)1, then one can lﬁuu'that the corresponding
unaccelerated-thermal field correlation functions are
obtained. The net result of these points is that Eqs. (83)
and (84) apply for the unaccelerated-thermal situation, when
C; and N;; are replaced by their a->0 limits.

Parallelling the single oscillator case, then when the

conditions hold of Eq. (40), 0<(m+n)< 2 , and

ENRABSLICRICRICT DI YRR R (s5)

the resonant approximation usndvin the force calculationms
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for the unretarded van der Waals situation may again be
enployad here. As=z=uaing that Eq. (60) is valid, so that Eq.
(61) applies, then for os(ms+n)<2

Amfﬂ’ > <¢‘h€g; nsgg
d're"‘% JT" Ar™ 4
TeotTe TeotTy
(s _ .
~H [C)? (min |) fow sinfewy2;) .
~ — . o 6
zm(('l)(&r ){“"3 coth ﬁ%‘)} ﬂ“(cu(u,?,) @e)
T"uuk
- L 2,2 ) ') ...(,m [Gmen) odd)
8 (7. (—8-),1.) ([ wydn ?ﬁ‘l][ 2k'T' ‘ u.f(,q,r: }})} }
JM 4” "l"-zn“k s r(hh) ("fn]
(s ( ol > , J
el T
Teo Tg.-ﬁ‘e

~* (" )( ) 2 T ("‘M") ‘Iﬂ(ﬂ:r() [(”‘"") °dd]
""(( n"r’) (2(“)’“’)”1 ceth wr’ {<os("~7i)} (&7)
n

- [(n‘-bn) even ’
zwck s

where the above results are givon to lowest order in I" .

The second term in Eq. (86) gives the fiflt order correction
tern to the corresponding single oscillator expression aof
Eq. (79).

When the limit of e-)0 is taken, as was done for the
single accelerating oscillator, then the restriction of
(m+n)<2 is removad. Equation (86) reduces to the single
accelerating aoscillator case of Eq. (79), and a value of
zero is obtained for Eq. (87). The latter result corre-
sponds to the quantum mechanical case of two uncharged
oscillators separated by a distance R that is large compared
to the approximate size of each oscillator, so that their
wave functions do not overlap.

Equations (86) and (87) apply for both the accelerated
and unaccelerated-tharmal systems. In Eqgqs. (83) and (84),

the distinguishing factors in the expressions for the two



104

situations were the factors of I~(C;tn3)/|ciny|*  and

their a->0 counterparts. When the resonant approximation

iz made in the case of the unretarded van der Waals situa-
tion, as was done in arriving at Eqs. (86) and (67), then
this distinction between the expressions for the two situa-
tions becomes negligible due to a :nncnllatiuh of the
distinguishing f;cturs. The same sort of cancellation
occurred in the single oscillator situation when proceeding
from Eq. (77) to Eq. (79). Moreover, since higher—order
moments of the time derivatives of FAZ and {"93 can be
expressed in terms of the two-point correlation functions of
Eqs. (86) and (87), then these expressions for the higher-
order moments also agree betwesn the two situations. Hence,
these results extend the domain of squivalence betwsen the
accelsrated and unaccelerated-thermal situations, which was
found to occur for the case of a single oscillator, to the
case of a spatially extended system consisting of two oscil-

lators.
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IV. GENERAL CASE OF TWO ACCELERATING DIPOLE OSCILLATORS

A. Expectation Value of_Force

The situation will now be investigated where all
restrictions are removed as to the d;rccfion in which oscil-
lations are allowed to occur. As noted in S8ec. IIIA, the
i=3 equation of motion is uncoupled from the i=}1,2 equations
of motion. Hence, the i=3 golution to the equation of
motion for the special oscillator model considered in Sec.
III also applies to the more general oscillator model con-
sidered in this sectionj this solution is given by Eqgs.

(17a) and (17b).

Turning now to the i=1,2 aquations of motion given by
Eqs. (15a) and (135b), a convenient sysmetric matrix form may
be readily obtained by examining the symmetry propsrties of
n;j(;‘a,gn,n) . Using Eqs. (A39)-(A43), the i=1,2 equations

of motion may be writtan as

a g [~ A ]
c o n: n,ﬂ fhl(ﬂ'ﬂ E:_P +,_} ’_n_) .
a & 2Pl A
0 }c; -y M| £ e EX(+5%, ) 58)
=
mo-ry o |l EY (-8, 0)
ha om0 G| £a(%)] | EJ(-98,0) |

In confaormity with the notation used previously for
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Nys(RasdR, n) , Ny(RapdR,N) has been abbreviated in Eq. (88)
by n&.

The above set of squations may be readily solved simply
by obtaining the inverze of the matrix on the left. The
Lorentz force acting betwesn the two oscillators may then be
calculated in the same sannar as in Sec. III. Similar
results to those of Sec. 111 ;rn found, except that now
there exist additional terms of order (3(%%) . The source
of these additional terms arise from the components of the
matrix in Eq. (88) that coupl- the i=1 and i=2 set of equa—
tions. The matrix component that serves to couple these
equations consists of the quantity /,(a% +38, n) . As can be
sesn from Eqm. (A39)-(A42), N, is of order (2%) times the
magnitude of N, , N5 , and ng;.

Assuming the éondition of Eq. (1) is matisfied, then
the Yﬂ: terms in the matrix of Eq. (88) may be ignored.

This lffictivnly decouples the i=1,2 set of equations and
allows the fora of the solution for i=s3 to be applied here
also, where the error incurred in making this approximation

consists of terms of order O(aR/?) . Hence, for i=1,2,3,
Ep(R) = {1+ (1-5,00(28)}

XEFGeNam o) SHETR A *E"::T]} (s1)
ﬂ;(nhﬁ{i + (1-5;,)0(2% )}x

X{"'"(* n)[c. = C°+fl ]+E y%n)[{*{;,:f:_ *c?';“‘n-]}  (89b)

Q&

Physically, this decoupling of the i=1,2 gset of equa-
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tions occurs when the distance otR_=(aR/2c‘)R_ that an

oscillator accelerates in time R/ (see Appendix A) is

small compared to R_ ; this condition is equivalent to Eq.
(1). As mentioned in the Introduction, when this condition
applies, then the angle is very small that a light ray would
make to the y axis when propagating from ona oscillator to
the other. For small angles, the following quantity then
becomes negligible: namely, the clictromnqnntic force acting
on one of the oscillating particles in the % (3) direction
due to the oscillations in the § (X ) direction of the
other oscillator. These two sets of oscillations then
become independent, which results in the anticipated effec-
tive decoupling of the i=1,2 set of equations.

Using Eqgqs. (18), (8%9a), and (89b), the expectation
value of the i=2 component of the Lorentz force acting on
oscillator A can now be calculated. The first term of Eq.
(18) can be easily expressed in terms of the £” coordinates
in the same way that the first two terms of Eq. (28) were
cbtainedy the only difference is that a sum from j=1 to =3

must now be included. Hence,

Py (%)) = eZ(é'A,(’r) w(E T.)l )
D

+Z<€,‘,('r) En)> + <A |, (%)

gg‘n
where ‘Az is equal to the i=2 component of the second term
of Eq. (18), evaluated for oscillator A.

The first two terms of Eq. (90) can be evaluated in the
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same way that their corresponding terms in Eq. (28) ware
evaluated. ;I'hu third term of Eq. (28) requires a fair
amount of additional work, however. The -ﬁd result of this
calculation is relatively uninteresting, howaver, as <A,> is
at most of order (aR/c:)” timas (FA-,,Q?_(‘T;)> » when the reso-
nant approximation is used in the case of the unretarded van
der Waals condition. Consequently, in order not to side-
track the discussion of the main contribution to <En;z(7e)> ’
the calculation of <A,> is presented in Appendix D.

If the O(at‘’) terms in Eqs. (B89a) and (89b) are
ignored, then the first term of Eq. (790) is of the same form
as Eq. (33), but now there exists a subscript j that msust be
summed from j=1 to j=3, | In order to ocbtain the second term
of Eq. (90), Eqs. (7)) and (11) must be used. Since the
(#] terms of N are approximately (aR/?) times the size of
’l?; y these off diagonal terms will be ignored here also.
Again dropping the 0(%9) terms in Equ. (89a) and (B‘?b).
then the second term in Eq. (90) is of the same form as Eq.
(38); again, a subscript j sust be included that is summed
from j=1 to j=3.

' Follawing the same steps as led from Eq. (63) to Eqgs.
(65) and (&6), then yields

< F:Q?,?.(vé)> = - 2 U()?c\, gR) A, (ql)

I . o
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Besides the additional terms of order (9(%§\ that have beesn

dropped, Egs. (91) and (92) do not agree with their unaccel-

erated-thermal counterparts due to the 1 and C teras [ses
Eqs. (8) and (9) of Ref. 101.

Agresment is again obtained when the resonant approxi-
mation is made in the case of the unretarded van der Waals
situation, where the condition for this situation is now

given by

@R ¢ 1 , for i=1,2,3 . (93)

c

Use of the resonant approximation enables Eqs. (91) and (92)
to be written in a form similar to that of Eq. (62), but; of
course, with a sum included over the required j index. When

aR/ik1 and AR/ 1 , then from Eqs. (A39)-(A40), (44), and

s,
M= 3y = [+30(EP- T4 +G&))]:[1+ 0(28) + 0(2R)] | (34)
o= [3n(y-a(es ()l 1voraf)s0(an)] . @@s)

The real parts of these quantities agree with their a=0
counterparts. If Eq. (40) is ---u..d to hold not just for
j=3, but also for j=1 and j=2, then, in conjunction with Eq.
(93), equations similar to Eqs. (34) and (55) may be
cbtained for j=1,2,3. Genaralizing Eq. (60) to hold also
for j=1,2,3 , combining this equation with the generalized
forms of Eqs. (354) and (55), and employing the resonant
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approximation used in Sect. III, yields

3
o =5 A0 (RN
<FAT‘2(’7;)> ~ Jz_ilﬂ{g.( w.)J ﬁ[ﬁ(bfl\(.&l_

.
3

whare Rull;; is given by the real part of Eqgs. (94) and (93).
This expression agrees precisely with the corresponding
unaccelerated-thermal force expression [sees Eq. (39) of Ref.

(10) 1.
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B. Other_ Statistical Properties of General System

—— e . . e e S e e s o e S P s e et kS 400D e S s S e S D e S et S S S e e e e st W S B

Most of the work requirad to obtain the force dxprol-
sion in Sec. IVA had already been done in Sec. 11Ij the
only further complication occurring in Sec. IVA that was not
present in Sec. IIIB was in the additional terms of order
O( :‘5‘;) . Taking these terms to be of negligible contribu-
tion, howaver, then reduced the tresatment of Sec. IVA to
oll-ntially that of Sec. 1I1IB.

The same situation occurs in this section. The results
of S8sc. IIID will be drawn heavily upon in order to obtain
the correlation functions for the general oscillator model
considered here in Sec. IV. When terms of order O(28) are
ignored, then agreemsnt is again cbtained betwsan these
correlation functions and those of the unaccelerated-thermal
system.

.Usino Eqs. (89a), (89b), (Ci1), and (C3), and recog-
nizing that n;jz(%@)n;; for (+#], enables Egs. (81) and (82)
to be generalized into the following compact notation:
<5~(:\)z(”~')§3)5(’1"7> = <g(g)z(n')§(g)5(""’>
%2};(ﬁlgﬂ¥

Mt

X{'g(n-.n)g(n"m]+S(n'+n)8(n"—11)}{ Irm(c?-n?zc) *Im(ci"f”?:)} . ()
lef-ndl* Ict+en [

.
Lo

= - %‘(s‘-,- +0(3§)(1-&';)(1-55x))

o

As can be shown by explicit calculation, the exact sxpres-
sion for the unaccelerated-thermal situation is given by
dropping the O(%%) terms in Eq. (97) and changing the

C! and N} terms to their a->0 values.
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The moments of Eqs. (83) and (84) may be generalized in

the following way by using Eq. (97):

<47m$(A J_ 47"$(A)J‘> <d -.E( ‘J_ a7 , >

(et
- (65+0(28)(1-8:,)(2-5;5) zr. a2 () {” ""(’m}
(65005001752 3 A e
X{+:B“(Ct nu) Im(c +fl“)'} f(h\{.n) odJ] (q )
fct-n&l*  Ict+nd | Cnin) eveal
Again, the analagous expression for the unaccelerated-

thermal situation may be obtained by following the steps
just mentioned at the and of the last paragraph.
Parallelling the steps of Sect. I1ID, then when o<(min)(2

and the conditions of Eq. (40) and

|A;£!Te| 5 ZP(UL)I(i +(%,/-§')1)‘7;' << .1 (qq)

are valid for i=1,2,3 , the resonant approximation for the
unretarded van der Waals situation may again be applied
here. Under these conditions, Eqs. (86) and (87) aay be

generalized to

d™e. . 4 4"
o Sui —= > < 5," o ’ > (1.00)
™ .n' d7™ LA "
."eo (1;."72) Teo f?&)

min=- l) infew: 1 .o 'mena-t (L
= A e Che) {m) +g(£;,_'gu)‘(f XA Lot trd) |

‘mck (n e l)) Twek =,

2

LI +O(_ﬂ (1 S; (1-$:,) ( - [(mfn) odd]
( ’ ) ’ ( . ) ('33) [ (w4 (vM]

G| S = ORI e

(S‘J +0 i)(i 8,,,)(1 8_,,) (IM)) L(-—wn) odd]
-1 ) [(mem)eves]
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where Rell;; is again given by the real part of Eqs. (94) and

(93). Along with Eq. (93), the genesralized forms of Eqs.
(40), (40), and (85), valid for i=1,2,3 , were assumed in

arriving at Egs. (100) and (101).

Equations (100) and (101) apply for both the acceler-
ated and unaccelerated-thermal situations. These exXpres—
sions are given to lowest order in the damping constant [ .
As discussed in Sec. 111D, when the limit of ->Obis taken,
then the restriction of (m+n)<2 is removed. Equations (100)
and (101) then reduce to the case of a single oscillator

that is noninteracting with any other oscillators.
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V. CLOSING REMARKS

During recant years, a close connection in physical
hehavior has besn established between point-like electromag-
netic systeams undergoing relativistic hyperbolic motion
through electromagnetic zero-point radiation, and similar
eleactromagnetic systems, held fixed in an innrtinl frame,
but bathed in thermal electromagnetic radiation character-
ized by the temperature T=ha/21ck . This connection
between these accelerated and unaccelerated-thermal electro-
magnetic systems consists af the agresment in their stochas-
tic properties, when the former accelerated systems are
described in a Fermi-Walker transported coordinate reference
frame and the latter unaccelerated—-tharmal systess are
described in their inertial rest frame.

The cal:ul;tionl of this article demonstrate that the
connection just mantioned between accelerated and unaccel-
erated-thermal electromagnetic point-like systems also
applies to the spatially extended slectromagnetic system
considered here: namely, two spatially separated charged
simple harmonic oscillators, esach taknn in the electric
dipole limit. Using the narrow linewidth approximation, the
small oscillator assumption, the unretarded van der Waals
condition, and a small laboratory condition, a number of

stochastic properties were shown to agree between the accel-
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erated and unaccelerated-thermal situations for such a pair
of oscillators. The expectation value of the component of
the Lorentz force along the axis separating the two acceler-
ating oscillators was calculated and found to agree with the
van der Waals force of a similar unaccelerated, but ther-
mally situated pair of oscillators. Also, all combinations
were analyzed for the n-point corrslation functions of the
derivatives of each oscillator’s position; all such correla-
tion functions for the accelerated oscillator system agreed
with the corresponding cdrr.lntion function of the unaccel-
erated~thermal oscillator systam.

A set of exact relationships, namely Eqs. (C1)-—-(C4),
were obtained in Appendices A and C; these identities relate
the fields of an a:c.lcrating electric dipole to the corre-
lation functions of classical electromagnetic zero-point
fields. These relationships are what enabled the connec-
tions to be made betwesn the accelerated and unaccelerated-
thermal systems studied in this article. The complexity of
these identities, as evidenced by the calculations of Appen-
dices A and C, are such that, with little doubt, these rela-
tionships would not have been discovered had there not
existed the physically motivating concept that the connec—
tion found between accelerated and unaccelerated-thermal
point-liknfcloctranngn.ti: :ysﬁnml should also apply to spa-

tially extended electromagnetic systems.
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APPENDIX A: FIELDS OF UNIFORMLY ACCELERATING CHARGED

OSCILLATOR, TAKEN IN THE ELECTRIC DIPOLE LIMIT

This appendix contains a calculation of the electric
and magnetic fillds due to a uniformly accelerating oscil-
lator; these fields will be evaluated at the position of
the second accelerating oscillator being considered in this
article. The oscillator model described in Sec. II will be
assumed. Hence, -ach.oscillatnr will be taken to consist of
an uscillating charge +e that moves inside a small region of
negative charge distribution, with net charge -e. The
latter distribution will be assumed to be centered about the
oscillator’s equilibrium point. At points far away from
this small region of negative charge, the electric and
magnetic fields arising from this nagative charge distribu-
tion may be taken to be that of a single charge —e that is
located at the oscillator’s equilibrium point.

A fairly simple methad will be described for calcu-
lating the electric and magnetic fields of one of the oscil-
lators, where the fields are expressed in the ].'-,é frame and
evaluated at the space-time point §”=(c7,:Z) . The fields
will first be found in an inertial frase Ip-sm o where
AT. iw defined to be the difference in proper time of the

oscillator’s equilibrium point for a light signal to travel
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from the equilibrium point of the oscillator to the space-
time point (cn; ?) . A simple Lorentz transformation of
the fields to the rest frame I, of the other oscillator
will then yield the fields that will be used in Eqs. (&a)
and (6b) of this article. As will be shown shortly, this
indirect method of calculation significantly reduces the
algebraic complications that a direct calculatinn would
involve.

According to the abave construction, 7% -~AT. equals the
proper time of the oscillator’s equilibrium point for the
start of the light signal just mentioned. Consequently, the
retarded inertial coordinate time for the starting time of

this light signal is given by t% =0 [see Eq. (Ja), with

- At
§,=0 1. Hence, due to the original definition for the
‘Il' inertial rest frames, the oscillator giving rise to
the electromagnetic fields at (ctig) has its equilibrium

point at rest in the I‘;-A'r inertial frame at proper time

= O
t"i ~AT, ¢

For notational purposes, let all quantities in the
It-ﬁn frame be indicated by a prime. Let the space-time
point x,;_m- =(ct': %) be givgn in the Fermi-Walker transported
coordinate system by f”=(<u; ?). The expression for the
wlectric field of an accelerating charged ascillator in the

1o -sz. frame, evaluated at the space-time point (er; F) , im

then given by:
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_e{ ( K’-Rlﬁ.')('-ﬁ.")} i _e_{ R @{(R:-R )0 5} }
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(R -F'-R)? c (R'-3.-R')’

r-

Here, t,. weguals the retarded time associated with the neg-
ative charge, while h; is the analogous retarded tine
4@ssuciltnd with the oscillating positive charge. The other
guantities in Eg. (A1) follow the form of conventional usage
(%18) 3 their exact functional forms will be specified
shortly.

th 5?' be squal to the top two terms of Eq. (A1)
minus the same two terms evaluated at the retarded time
t.. rather than t!,. Then, Eq. (A1) can be expressed as the
four terms of Eq. (A1), all evaluated at t,., plus AE'. The
latter term will be evaluated later by using a Taylor’s
series sxpansion.

Let X' and X't+4X' bae the vector positions of the
negative charge and the oscillating charge, respectively, as
expressed in the Iﬁrﬂt frame. The vector position at
which the fields are to be evaluated is given by *=(x\4',z') .
Let the symbol In be a shortened notation for evaluating
all quantities at t. . The following notatién should then

be fairly obvious:
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/) = (=X, (A2)
(ﬁ;)r;: (z'- YA—) (R —Ax) -, (A3)
(5), = (+35) =( r———".“f{;}.%ﬂvz)t.,o "0 (&)
(B, = + (& (X)) = (£57) , W)
(8= (£4K) = (8| =28, (el

( ) %( f'l( R"*Ei'))r_= %-5? + (.é_[g{') (A7)

The relationships used in Equ. (A4) and (A4) follow from Eq.

v -

(2) aof Ref. (3). As described earlier, the value of t.. is
given by t. =0 . Hence, (E.'),._= 0 , which was the main
reason for choosing I-,;_ T in which to first avaluate the
dipole fields.

All of the terms in Eq. (Al) that are evaluated at
%-AT, may be expressed in terms of the quantities in Eqs.
(A2) through (A7). In keeping with the small oscillator
assumption, all quantities in Eq. (A1) will be evaluated
only to first order in A% , 4%, and A, The following

expressions are then obtained:

(i), = Xm0l = (R - &-K) (48)
(R~ oRy), = (R~ A"R_.R -ELR) (A%)
G-@)).=1- (91) = 1 , (A10)
(Ry-Ei-R)2 = ({1 + SA’;.;" + 3“'1";,ﬁ-'})|__ o am

((RL R, P.)® +)'__%((R -&%'- R M )@p ) (R @Ax) ) (A12)

Other quantities may be linearized in the sams way. Hence,

Eq. (A1) becomes:
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(8,7

'Y -AT.
~ e{B(Ax RIR', 3(&R) R - &
R*?

'
R'S cR'H Ru}
+£{(R o(Rei) - HO(REF) - R o(wef) R.o(R Eof!)
+(R'®{R'©F )"’;'f- * (R_®(R_‘®p_-))3;:<c R_) -Rf’} + AE'

(A13)

n ‘gl-

In order to evaluate AE' s the difference in the retard-
ad times must be found to lowest order in 4X{ . Assuming
that ='- (Z'),._. then one can show from a simple geometrical
picture that

c(t'”-t,',_)z-t[ = )r +'Ax'l (ﬁﬁ:‘_x‘) ] , (Ar4)

L 1

whare X '=(X\Y'2) , aX'=(ax,ay',42') , and #'=(xy,e) .

Using a Taylor’s expansion of the top two terms of Eq.
(A1) in terms of the difference in the retarded times of Eq.
(A14), yields |

( ﬁ- +3FL(. )]

R.z

r-n

+e[n®n(§®ﬁ.) 35" ] )i, -t) | (w9

whera A—E.' is given to first order in the Ax; coordinates.
Equation (A1Y5) wam obtained simply by differentiating the
top two terms of Eq. (A1) by t', evaluating this quantity at
the retarded time t,. , and then multiplying this expression
by (t.,-t,) . 8Since the latter factor was already of
first-order in the AX; coordinates, then this fact enabled

the dependence of the differentiated top two terms of Eq.
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(A1) upon the 4Ax; coordinates to be ignored. Moreover, the

first-order dependence of Eq. (A14) upon the 4x; coordinates

allowed the Taylor’s expansion to be carried out only to the
first order in the time dependence. Finally, the following

expressions were used in deducing Eq. (A15)1:

(48) = (B) = o , (ae

- -35 (&)

(}3.- ),.._ = _:—:_E—;s/l = O ., (Al7)
[1+(at)] S

Equations (A13), (A14), and (A15) will now be used to
obtain the electric field at the space-time point )5':_“:(“';?') -
(ct'; §(R.2R) +?§f[r f(gc_t.')‘]%) , or, sgquivalently, £=(cr,;3(R £R))
the electric field will be taken to be due to an accelerated
charged oscillator with equilibriua point located at 4'—'.= g&, .
Let the quantit:l.i ( R_')r_ and ( ﬁ:)r_ be abbreviated by R and

-

R. , respectively. The following simple relationship then

holdss
RV = (¢4 )2
= R(SLo@P)A-SDErTA)T L ()

Substituting in t,'._:o and then solving for t' enables one

to deduce that

R_=ct'= R(1 +«‘)'/" , (A19)
R = X«R +gR ' (A20)
ol =

‘}5-1 ; (A21)
C .
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AT, = isin‘—s-'(-‘:_f-_-) . (A22)

Combining Eqs. (A13)—-(A135) and (A19)—-(A22) than yislds

the following, where a superscript DL has been added to

indicate dipole fields due to oscillator L1

Epe g 3(R.£R), %)
= )‘?e{ -Mr.;_( )(l+6x +8aY) - A”"L(Rz)(lwa‘) Arx-._( )
3 Ag,_(_._)x(w‘f.c 3 A:h.( B )a(| —23) t A‘h.( R") }

R:?
*He{"'Afx.,_(_.)u(lHox"uze(“) + Aot.._( R )«3(!4-2«‘) Aip’:‘_(_:-_";)u
3 ., .y
+Ay,_'(—§._;)(2+'1a’-+w«") + &(ﬂ;)(li-?ul—lu") - _A_C_Z_E(%;)“’}
- r

The magnetic field that is due to the m:ccl.rntino

charged oscillator must also be cbtained. The magnetic

field in the inertial frame is easily cbtained by using

i’

B,:L_ (5(RL_R)’T)-(3+'®E) + (! )r_ (A24)

where (E., ),.+ consists of the first two terms of Eq. (Al),

(E_’),._ consists of the second ¢two terms, and
(a)).= (R_/R.) , (A25)
Ay, = (Rebfi) o (RSN )
m li'-ﬁ;l r, IR - ax.1/y
~ _ &%, , R'(&%(-R!
RO

; (A26)
R (R } te.
The first approximation sign in Eq.

(A26) follows from
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making a Taylor’'s expansion in (t..+ -t.._) s using Eq. {(Al&),
and retaining terms only to first order in the AX,; coordi-
nates. Hence, from Eq. (A16), the second term in the
Taylor’s sxpansion is identically esqual to zero. Due to Eq.
(A14), higher—order terms in the Taylor’'s nxpmsiuﬁ are not
linear in the AX; coordinates; hence, only the lowest-order
term in the expansion nead be retained.

Let E'm'. be an abreviated form for the electric field
in Eq. (AZ3). From Eqs. (A1) and (23, (E)) = E™-(EL),
where the field Ew is given by Eq. (A23) to first order in

the Ax' coordinates. Hence, to this same degree of approxi-

mation,

'}- A‘r('j@"- R)’
=, . =pp' ~a = B'aE'Y(ax -R'
R’ R! (R:)? r

where (ﬁ.'.),__ is given by

(E'_')'__= f%“_‘_ rd g%(ul«‘) . (A28)

From Eqs. (A23), (A27), and (A28), the following

expression may be obtained:

B> (y(R,__R) )_ xe{* Ail_ R (|+2.¢:.) : __L R }

7 -AY, c? Rl2

+9‘e{ mz,'_i.m'za(nu‘) + _‘;i%,u(l-&ld") + ii_‘_.':_ﬂ_z.,(} (A29)
- . <t R

+ic{ *Am._(—-)(G« +l2e) “”‘L R S(1+6a®) *O% Lﬁ_

+43L%_‘(*{x+lo-¢)+_1_ Ru (3 2,() 3:..5.;}
- . r -
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Using Eqs. (A23), (A29), and (A22), the electric and

magnetic fields in the I, frame may be obtained via the

Lorentz transformation
Ev= REM 4 5 (6555, B7%) + 32X (EV44,8)) , (430

Bor = LB + 9*47_(B:L.+ﬁ415:u)* g):\t(B;L'—Bn_E;U) ’ (a31)

where ¥ = cosh(22%) = (1424) ,  (a32)

- e AT = R. _ 2\'2
ﬁdt)"t-smk(ﬂz—) ."‘_CT_. = o 1+a) . (A33)

The quantities of &%, , AX, , and A%, , all evaluatad
at t

Te-o1.
after substituting in Egs. (A23) and (A29), may be expresssd

=t_= O, that will occur in Eqs. (A30) and (A31)

in terms of the F" coordinates. From the discussion pre-
sented in Appandix D, [see, in particular, Eqgqs. (Dé6) and

(D8) 1, one can show that

(qu;-At)L’ = 6]‘;‘, A ’ (A}q)
t'r,-m; = e AT,
d(aX z
( "é-AT_)._ - :_'5.‘_ (ABF)
o t"’,-n_ t.,'_m,_= (] e 1T AT Y
Jz(A_: "5“"-)‘- =X ( o: sii' B (%)1 5:.1) +54 51.’-_ ’ +2 J"Eu (a3¢)
4 t‘Q-A‘r_ ty, .o =0 T Te-a71 ATt 'yp-ar. AT Te-OT °

Combining Eqs. (A23) and (A29)-(A346), along with Eq.

(13), yields the following results ($19):

Enei (§(R2R), 7)

= ganexp(-:ﬁ,){ -gj{'n;,-(za, 3R, )e s,_jon]} , (a37)
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BDL (5(R.2R), 'r)
3 - Eod
- Iﬁganexr( cm'e){ '—".;Z (Ra ,t-’,‘ﬁ,n)[eﬁlj(ﬁ.)]} (a3

where
ﬂ“()?a,_gﬂ )

- b L(('::;“ M)JQXP(‘.MH

wR)S (A39)

~

nu(?q +gR ﬂ-)

3 Y 2
= -£ TR - O G ) )

a - - 2 » 2
e 1508 <<+ 2 - tplentiam) w0

(kR.)*
n,(%a,*§R, f) = = Ny (Ra, 23R, 2)
= - I[+R oLy (=26 _ (1 44aY) ;
" [ R‘} [ k& “lrayr TR ]exp( n4T) ’ (A42)
nf;()?q,igﬂ,n) = n;.’,()?a,tgﬂ,ﬂ.) o , for (%3 ) (A'-,})
and

Py(Ra, 2GR A) = -, (Ka, 23R, 2)

__ve“ K’{*R] F'ft + -‘-((:‘;#]exp(t'ﬁb’l) , (AyY)

FPoz(%a, 2GR 2) = + yn(i‘a *3R, 1)

— et 3[R (1424 .
==& K [ - } [ (Gr+2a) S ]exp((nm:) : (A45)
P =P =033 PP = © . (ate)
In the above expressions, =%} } R and « are given by Eqs.

(A19) and (A21), respectively. Thus, as may be seen from

above,
t V7 SN
i (Ra,58,-0) = Ng(Ra,§R,0) | (A4T)

pi(Ra,3R,-n) = pr(Ra,3R.0) (A48)
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APPENDIX B: FORCE ON CHARGED OSCILLATOR, TAKEN IN THE

ELECTRIC DIPOLE LIMIT

As was done in Appendix A, the model assumed here for a
charged oscillator will be a +e positive pbint charge, with
mass m, that oscillates inside a small distribution of nega—
tive charge, with naet charge -e. This charge distribution
will be assumed to be constructed in such a way that all
points of the negative charge distribution possess the same
instantaneous inertial rest frame. For the purposes of this
section, the trajectory of the charged oscillator will not
be restricted to that of uniform acceleration.

Let Y(ﬂ be the trajectory of the center of the nega-
tive charge distribution, as expressed in some arbitrary
inertial frame. Let X(¢) +4%(t) be the position of the
osciilating positive charge. -When lsX] and the volume of
negative charge are made infinitesimally small, then the
Lorentz force on this sysglm. due to electric and magnetic

fields E(x¢) and Bt ; is approximately givnﬁ by

F = e{ E(X+43%,¢) + %(5—‘;(74&))@3(5&52,0}
-ef B(X,0) + H(Z)@B(X )

; .cu;_‘g)@ﬁ()?,t)+é(§§)®{(ﬂ-‘7)§lt}] L
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In the instantaneous inertial rest frame of the charge

distribution, LX= o , s0 the third term in Eq. (Bl) drops

out. In the limit where [sxl- 0, e—e, and the volume of
the negative charge distribution gdnl to zero in such a way
that the total charge distribution is described by a finite
value for esx=p , then in the special case of the instan-
taneous inertial rest frame, Eq. (Bl) becomes of the same
form as the familiar expression

F=(FWE+LF®B | (82)

for the Lerentz force on a stationary electric dipole.

The second term in Eq. (Bl) can be rewritten as

L(42)@B( Xtv), t)

%;‘%{5"@5(’?"‘)} ) .CLE:?@{(:{X.V)?[ } + me(veEl) (83)
X

ot X,f ’

Combining Eq. (B3) with Eq. (Bl) yields

3
RO = el a2 B+ Ld(m@B(R0).

S o ‘
+(sel(F03l1), + £(Foi@an]; . @

X&)t
In the instantaneous 1nIrtial rast frame of the negative

charge distribution, the last two terms equal zero.
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APPENDIX C: CORRELATION FUNCTIONS OF FIELDS

In this section, the following relationships will be

shown to be valid:

<E (vR., C")Ea('r +?)(3(R.+R),7;°¢.-)a)>
= <Bt‘r (7R, ")B('r T)(‘j(R,fR),'re'q-')é)>
(c1)

§ 'f:j'()?a, SR 1) cor(AT;) dA ,

<Bf; (3R )E('r n)(y(R +R), ,,.'r,»

( ‘},_J (xa GR, 2 sia(RT,) AN

(c2)

where f;.' and 3:'.' are related to the functions na' and
p; [mee Equ. (AS7)-(A46)] for an accelerated electric

dipole omcillator by (%20,21)

fﬁp(xa SR, ) - —zwAI(n) Ih(n‘-j(,?q,'gﬂ, n)) , (c3)
g_ n _g___
<k
3(’?(2“:9“:‘&) = - 7.—_77»’;:1(“) ( (Xd y R ﬂ)) b} (C"l)
£a Tega
= tn oth( L -h.o. Kn
'a’r(ﬁ) 2wt oot 2KT 1\"{ 2 +¢xr(‘k.ﬂ.h.k'l‘)- 1 ‘ (e5)

It Ihould be noted that the i1,j] indices are reversed in

order on the left and right sides of Eq. (C4), but they

occur in the same order on both sides of Eq. (C3). The

definition given for ,ﬁ;(n) in Eq. (CS) gmneralizes the
function A1) in Eq. (24) to the case of tha thermal plus
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zero-point spectrum, in which the temperature of the sto-
chastic electromagnetic radiation field may not necessarily
equal zero. More specifically, when T#o, then A (n) is
used in place of A@) in the expressions for the electric
and magnetic fields of Eqs. (19) and (20) (322). When T—o,
then jgﬁk)—*,ﬂCn). From Eq. (CS5), the factor below that

appears in Eqs. (C3) and (C4) may be written mora simply as

b )| | heath(TeR) (ce)

: —_—
%RT'-;:‘-;?I (£)m

The demonstration of the validity of Eqs. (C1)—(C4)
will be given by explicitly calculating the expectation
value of the quantities on the left side of Egs. (Ci) and
(C2), and then showing that the expressions that result
from these calculations are related to n% and .f& via
Eqs. (C1)-(C4). Unfortunately, the algebraic sanipulations
involved in this demonstration are fairly langthy.

In order to establish the validity of Eqs. (C1l) and
(C3), a mat of identities will first be provenjy these
identities will considerably shorten the proofs that

follow. Let

p=2  ,  «x= =2f bs sinh(p%) (CTa,b,c)

1Cl ) py -
From Eqs. (A19), (A21), and (A22), AT. . may be rewritten as

Av. = —fj; fiak (2l 4at)’ . (c8)
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Let I  be defined as the integral listed below. From this

definition, three useful identities can be established that

I _ 2z
involve T, B—A—fr] y and [;—%ﬁ]

) y (Cq)

I 5in(AAT ) cos (A7, )N = L)

° P
E’zﬁ‘] = So“tt\'(_;%l_ <os(}1At)<os(}l'ré)n.am_

:-(_&g_)z{(—‘_l_br) + 2 (1 +x1]( o } , (ci0)
[.::7]:-_1] = ‘"°u‘(7’;~£)""(ﬂ57)co:(ﬁ?")ﬂ" <L

YL
-2(£)° (14a)” {(u b?) r (2 +9z,_p)z + q(H—?I)-bb."—)‘;}’ (cn)
The first identity above can be domonstrated by

reexpressing 1. as
I. = eioi‘l\(."n') {s:n(ﬂ.('r,+A‘T)) - Sm(.ﬂ('r A?‘))} ; (Cll)

and then utilizing the follawing relationship which may be

obtained from standard integral tables (x23):

‘{cotk(b'x)s}n(a'x)c’x = i?-r;‘-cot‘\(l{%:) . (C'3)

The expression cobtained for Ic . namly,
I.= L;_{ “fl,(;s(-re mw;))- <otk(ﬁ('r,-m;))} ' , (<)

must then be differsntiated with raspect to A7 in order to

JA,-

Applying the hypcrbdlic trigonometric sum of angles formu-
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lae, substituting in Eqs. (C7c) and (C8), and combining
terms, will then result in the identities of Eds. (C9) -
(Ci1).

Three more relationships will be established before
returning to an examination of Eqs. (Cl) and (C3). Theswe

relationships are:

;oalwcos(wb)f"n(w) = (,,iba.) y (c15)
g i sz
et [ o] e

8 9

. - i 5b yp"
Jw.w1c°;(wb)50n(w) = - 2[((-&;‘) + (|-b7')1 +(l—b")3) . (C|7)

Q S

Equation (C135) may be obtained by using a temporary cutoff

and then setting b'=b and c'=1 in the follaowing integrals:

;Jw cos(whb') sinlwe’) = R de e-‘wc.o: (WB')sin(wc')

€-ro,

= e Tm Tolwc-ew.% [ecw(<'+b'7 . caw(c -b )]

€0, ° et b"')

(ci8)

Equations (C16) and (C17) may then be obtained by repeatedly
differentiating Eqs. (C18) with respect to c' and then setting
c'=1 and b'=b.

Finally, Eqs. (C9)-(C11) and Eqs. (C15)-(Cl17) may be

combined as follows:

fdwcos(wb)fl'\(“’) = ""(l ':.“z)l/z I ' (C|q)
e w-wcos(wb)cos(w) = =2 o« _°‘_1 ! ‘JIg
éJ os( b) ) B |+o(’)3/z I * B (l +x‘) JdAT. ) (C‘J.O)

(
g‘alw-w"cox(wb):in(w) = lw + 3(5)« lJL + °‘
4 5 S SR> e

%[ "I:} (cay)

dar?) *
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Turning back to Eqs. (C1) and (C3), consider first the
correlation function for the electric fields when i=j=i,
(The second part of Eq. (Cl),-which involves the correla-
tion functions of the magnetic fields, may be proven in
nearly exactly the same way as what follows for the elec-—
tric fields, simply by using Egs. (8) and (20) in place of
Eqs. (7) and (19) and by following tha steps outlined
below.) The initial part of the following calculations
procead along the lines of Ref. 24 and so will simply be
quickly summarized here in order to unify notation. Let the
Iu:a inertial frame be again denoted by I, .. From Eqs. (7)

and (19), the following expression may be obtainmd:

(B (R, %D EG L (G(R2R), i)
= (ESy (58, T ) EXf (F(R.2R), 7 +7%))
=22 5 LR (LKA () € € X
e X <<05[K;.§co:k(ﬂ_:_'g_-) + kiR, - K’{.}:;-.L(gt_-ﬁ o]

(c22)

" n . s
scos| K\'Scosh(2 (5,4 %) 4K (7, 2R)-K Srih(a e, )1 o7])
Use of the identity
<<°‘(A+$(R: A‘))u;(?fe(l?", ;\“))) = %SA:A:J,(I?"-I??«:(B-A) ’ (C23)

then results in the expression

{Epny(--2) E(!’:,.+7'.;1("')> | (c2y)
B S.<E.:~:i(’ - By amyale ) | (c2y)

A { YO 1\2 ' a a ‘o lc'l R el A
=L §R ) 3 cos (162 [co (207,47, -cosh(2%)] £ KGR -KE [ri-a 7] ‘-~“(:"'°)]):
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where the left side of the squation has besn abbreviated for

the moment.

Let 0=%,+%4. Let K and K be defined by the follow-

ing Lorentz transformation:

K'=s ¥ (K +8 k) , (C25a)
K= Yo( K, +8,K) ) (c25h)
Ki= Ky , Ky= Ky , (€25c8 d)

where ¥, =corh(4f) and B =tanh(22) . One can then verify the
following relationship:
[ 3 ' . '
Ky £ [comn(2 470 - cosh(8he)] = K [riah(2 % 4%) - rinh (22)]
= -2 ksinh (22) (c26)
a 2ec
Using Eqs. (22), (24), and (C25a)~(C25d), then yields the

results of

LR 2 = ShA(n) 5 , (can
(&8 K

Sets 1-f = Kol (qp

A Kﬂ. K‘

From Eqs. (C24) and (C26)-(C28), one can then show that

<E{:1(9R°'7&°) E?:-“;y;)i(?(ﬁ_ % R)) Te.f*?'e))

= 7 faRR (- ::—z)COS(K,_R)cos('Z'qiaKsinh(ﬂcE) 2KR)  (c29)

Hence, the correlation function of Eq. (C29) is independant
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of 7,, and R, , as one would expect.

The second cosine term in Eq. (C29) may be expanded

into two terms using the cosine sum of angles formula. One
of these terms results in an integrand that is odd in k, ,
thareby vanishing upon angular integration. Choosing the
i=2 axis as the polar axis, performing all angular integra-
tions, letting w=>kR, and using Eqs. (C7a)-(C7c), yields the

expression of

< ‘.‘1R Teo)E(-r ;7)1(3(" R)i eo*Tc)>

= f\_c_ 5dw¢0}(‘”|’) [Wlll'r\w + Weospw — ¢ ﬂnw] - (CB’O)
T RY

[

Now the idcntifi-l of Eqs. (C19)-(C21) may be employad.

Substituting these in and collecting terms results in

<E;Y1(QR" ")Ef'r +ﬂ1(‘1("-1m;mm)>
TS Y o 4T . '
T‘Rq{ ddﬂ](ﬂ )(' *"‘1)% daT. ( ) (1+?)? +(|+u‘)]

xfal-2u <" -
+ Ic B [(H“z)’h (H“z)zlz. (H_“I)Vz}

n

"

fmcos(m[g_»_ cou‘(z;.&)} X

HIn{-£ R+ Gt - g lentin)f . )

The last line above results from the use of Eqs. (C?)-(C11),
(A19), (C7a), and (C7b). By comparing Eq. (C31) with the
expressions of Eqs. (C6) and (A39), one can now see that
Eqs. (C1) and (C3) have indead besen verified for the i=j=i
situation.

The other cases may be varified in a similar way. Con-
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sider the case of i=j=3., The first line below follows from

Eq. (7). The second line may be obtained from Eqs. (19),

(20), (C23), and (C24). Finally, the third line may be

obtained by using Eqs. (22), (23), and (C27), and then com—

bining a few terms.

Bt 53R, %) B 4ry3(3CR2R), T+ %) D
< L E(BR.,7) + By B, (4R, 7. )]

X {"’..ﬂ')[ Ees (9‘(“.’ 1R)s Teo ""E)"'ﬁ(-r %) Btz(";(R.i R), %. +'T;)])

-Z { @K () cos (2 ksinh(3Te) 2K, R) Y, ¥,

(c32)

o (Te, +7-Jx
K €5 48 1y S (ROE), + 8, &5 (R0 A, (r”“((ﬁ'@g.)z)z}

= —{.PK )tz(fﬂc s( 2t K""“(“-r' * K1R) Y..,x('r, +Hx

X{Kz,z(’"ﬁ‘r”}}('r +1-,)) +[K'1"K Ky (ﬁ‘l’.."ﬁ('r *"’) *K p('r +'r)]}.

As may be verified by using Eqs. (C25a) and (C23b),

x'r.' b;‘re.*-re) K;.z - K'k;(Pﬂ‘eo*'ﬁ(?e’*T')) + K'iﬁ'rda F(TQ.*T!)}

= K:(i + sinl\z(%))—- by -.1\1'( ) . (c33)
Likewise, one may show that

- = T av 34
3’.,3. 3’(,,;.\%)( [ ﬁ’éo ﬁh&.”_.)) 1+ 2sinh (.i_‘_'.) . ( )
Combining these results with Eq. (C32) demonstrates that the
i=j=3 correlation functions are independent of R, and 7. .
After angular integrations are perforsmed and w=kR and

Eqs. (C7a)~(C7c) are substituted into Eq. (C32), then Eq.
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(C32) can be shown to be equal to (In *Il';z) y where

I33 = _-r-t‘—;;‘gdwcos(bw)(wl:ian-w<o;w-sinw) , (C}‘:")
13 = _‘E_C_q(“'lb") idwco:(bw)(wzﬁnw {»3w¢o3w - 3:-’-\w) " (CB’G)

Comparing Eqs. (C335) and (C30), shows that the two expres-
sions are identical, so Iﬁ may immediately be set squal to
Eq. (C31). Equation (C34) may be resxpressed by again using

a temporary cutoff in the following way:

Ty, = -

[al cos(bw)][w Sinw + 3wcarw -3.rm\~]

Ov\a

oo
. -&w
= -.ﬁ_‘i’. Lmn nge '

2
:‘:—tcos(bw)][w’ls‘cnw +3wCoSW-355nw] . (C“.)
wRY €vo, 5 w v

Integrating by parts twice can then be shown to yimeld

e e (e

since taking the limit of e~>0 after perforaing the integra-
tion by parts results in the vanishing of all additional
terms (325).

Substituting Eqs. (C19)-(C21) into Eq. (C37), using the
result of (C31) for icss». and combining terms, yields

<E7§‘P’(9R°'%°)E{* +%]3(’(R°:R),7’e.+7'¢)>
= ‘hc { [ J"r + JI‘ (q) (|+2“1) “ }

TRY da'rx (l+et (r+e) dar. (+at) J; ('_'_«1)3/;
(Jnco:(n'r,)[ == <otk(1r¢.n.)]
X Im{ e'~ K[ L s Yo ),(u 2*) - (KR )s]exp(cnm— )} (c38)
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Comparing Eq. (C38) with the expressions of Eqs. (Cé6) and
(A41) smhows that Eqs. (C1) and (C3) are indead valid for the
imj=3 gituation.

Consider now the i=j=2 case. Following the same steps
indicated in Eq. (C32) results in nearly an identical
expression to the last line of Eq. (C32), but with the
@;Y’ t;rm that appears there replaced by ﬂﬁ)i . Using Eqgs.
(C33) and (C34) again and performing angular integrations
yields the result that the i=j=2 correlation function equals
(I,,+X,), where I,,=-I,; and

I,,= ‘:-T‘E'-* (cho:(wb)[-wcoxw + Sl'nVV] . (€39

-]

Using Eqs. (C19)-(C21) and (C38) and combining terms,

results in

(EX L OR,mIES ,,,,(9(R.1ﬂ).‘f..+“r,)>

= S [ 2 <& 2
"Rﬂ{ “"‘](’ )( H«‘ " JAT(F) (: .T.‘x;za by L% (C-——T:j;u),.
j T‘)}X (c4o)
-¢ {(2+a+2aY) 5ot
X Ih{ : ( ) [ kR~ ‘L(:R_;zz * (?:R_), )]} .

Hence, Eqs. (C1) and (C3) have been verified for the imj=2
case, as may be seen by comparing Eq. (C40) with Eqs. (Cé)
and (A40).

Consider now the i=1, j=2 gituation for Eqs. (C1l) and
(C3). As may be readily verified, the 1-2, J=1 case differs

from the former case by simply a minus sign. The same steps
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followad in earlier calulations will result in the first

line indicated below. This expression may be rewritten by

the means of the second line. A single integration by parts

then rasults in the third line.

(B A(5R, mEfy 1y (5RLER), Tt %))

+ ’Fu:«b( Jwﬁ.\(wb)[w cosw = wsmw]

mRY o
= +*‘(°‘ ‘S”dwe-e { -4 c.os(wb)][w Cofw = wsmw]
WR“ 6-90_’ o
=% :."Ra: go'w<os(wt:)(wls.'nw—wcosw + Sinw) . ((l“)
o

Substituting Eqs. (C19)—-(C21), collecting terms, and then
comparing the expressions with Edl. (C6) and (A42), snables
one to verify Eqs. (C1) and (C3) for i=1, j=2,

The remaining correlation functions of Eq. (C1) consist
of the situations where (#) and either i=3 or j=3. Fol-
lowing the steps employed for the earlier correlation func-
tions enables one to show that the expressions for these
examples have integrands that are odd in Ky. Hence, these
correlation functions are identically equal to zero, which
agrees with the result of Eq. (A43).

Turning now to the verification of Eqs. (C2) and (C4),
a number of additional identities will be introduced in
order to aid in this task. In analogy with the definition
for I, let I; be defined as the integral listed below.
Three identities can then be established that involve I,

['ﬂf-] .y and [-‘ﬂ{] ]

dA‘r. J At‘l
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I’ = §COfL(%)cos(nb?_)s;n(ﬂ're)d,ﬂ = - (13_) l;:‘-rf:f)ﬁ"’.) ’ (C"ll)
[-52]= f coth(T2)sin(n07) sin(A)N4A

-2 (%)2(l+g(z)'/z{(':bz) +(1;~ }[,(°,-l,(3'1-e) , (c13)

= b'l)‘l.
f coth( 2 )<os (n0T)sin(A%) V"IN

2 2 ] 4
2 (2P{ il s eeldie s S0 (s o ()
The first identity may be obtained by reexprasssing I; in

g 4T, ]

dAr?

the same manner that I, was rewritten in Eq. (C12), and

then applying Eq. (C13). These steps result in

I;= 123- cofh(ﬁ('remr_)] +<otl\(p('r,-A‘r.))} . (cus)

Substituting Eqs. (C7c) and (C8) into Eq. (C45) then yields
Eq. (C42). The first and second differentiations of Eq.
(C45) with respect to AT. , followed by appropriate substi-
tutions of Eqs. (C7c) and (CB), will then yield Eqs. (C43)
and (Ca44).

In analogy with Eqs. (C19)-(C21), threes more useful

relationships are:

‘S”Jwﬁn(wb)COI(w) = (:—_L——ﬁ ‘ ' (C"lé)
?Aw-wsin(wb)sin(“)= -2'0{(.,'|,=) t (,E’mz} . (cu1)

]

s b
dw o sin(whleos(w) = 25{(—5—;&) f(l-b‘)" + (:’_ Ba)° } . (c4s)

O -

Equation (C44) may be obtained by setting b' =1 and ¢'=b in
Eq. (C18). Equations (C47) and (C48) may bes ocbtained by

repeated differentiations with respect to b' and then
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setting b’ =1 and c' =b.
Combining Eqs. (C42)~(C44) and (C44)-(C48) yields:

cosh (8™, )Z.dwtm(wb)cos(W)- =T, , (cyq)
cotn (b esinleiin®) = (Pl [AL] | (esa

Cosl\(ﬁ?’)gdw -w Sm(wb)co;(w) '
= LGl am ), B (L]

(:+x‘)”‘ d AT (1+a2)" dor?

Turning back to Eqs. (C2) and (C4), consider first the

correlation function for i=1, i=3. Following the same steps
used in the evaluation of the correlation functions

previocously considered, along with the identity

Y('f..vr.)(""ﬁ('r.,m\“:) = Co;h(%_"'_'g)K - s.'nl.(i_”:e_)xi , (cs2)

whare k' is related to K via Eqs. (C25a)-(C25d), one can

obtain the result of

<81' 1(5R0, e-) (',. AT, \3(3("--") Tn*%))

Iﬁ-“cosh(ﬁre)desin(wb){w‘co:w - wn'nw} . (c53)
R °

With the use of Eqs. (C30) and (CS51), Eqs. (C2) and (C4) can
then be verified for i=1,i=3 [see Eq. (A44)]. Repeating the
same set of operations for the case of i=3,j=1 reveals that

a minus sign is introduced into the expression of the former
correlation functiong this result also agrees with Eq.

(A44).
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Now consider the correlation function of Eq. (C2) when
i=2, =3, Using Eqs. (C25a) and (C25b), the following rela-

tionship may be established:
et - 12 li
Vg e T [KLC B B i) =B g™ 2y, K]
- 2_ AT, i T
= K K + (K] K")carl.(‘Tcs)s l«(_‘:‘z_ce,) . (Cb"‘l)

Following previous steps and using Eq. (C34) results in the

expression of

(B,f,:.‘(\?ﬂ.,”r) o n,,(é‘(ﬂo R), Teo * %))

'*’; cos%(“"’e) bio‘wcos(wb)[w 5mw+3wauW-3smw}
= f.’:rl;;_qc(cofl\(% g.alw:m(wb)[w c_orw—-w.flr\w] ’ (Cl;s)

where the second line above was obtained by integrating by
parts once and using a temporary cutoff. Using Eqs. (C49)-
(C51) in Eq. (C335) then enables Eqs. (C2) and (C4) to be
verified when i=2, =X [gee Eq. (A45)]. Repeating the sanme
set of operations for the case of i=3, i=2 results in an
identical expression for the corresponding correlation func-
tioni this result agrees with Eq. (A45).

All the other correlation functions of Eq. (C2) may be
shown to eaqual zero, sither because of Eq. (23) in the i=mj=i
case, or bacause the integrands are odd in Ky , thereby
resulting in a value of zero when the angular integrations
are carried out. This result agrees with Eq. (A46). Hence,

the verification of Egs. (C2) and (C4) has besn completed.
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From Eqs. (C1)-(C4) and (A39)-(A46), certain symmetry
relationships may be readily deduced for fg(ﬁ5§Rnﬂ) and
3?}(%)9({’ n) - A symmetry property that was used in Sec. IIIB

consists of
ZP /s A A
f;ip(;‘\“s*gRsn) = f;;("q:'ﬂﬂ, ﬁ.) ’ (CS‘Q)

which follows immediately from Eqs. (C1), (C3), and (A3?)-
(A41). Likewise, when the i,j indices of Eq. (C1) are not

zr
equal to each other, then from Eqgqs. (A42) and (A43), f is

Y
an odd function of R. With regard to 7,, the correlation
functions of Eqs. (Cl1) and (C2) may immediately be deduced
to be even and odd functions of 7, , respectively, because of
the cosine and sine expanmions.

Two final relationships, namely, Eqs. (C357) and (C&0),
will be derived in this section, as these identities are
required for the calculations of Sect. II1IB. As will be
shown,

Egn(Gr, )2 By (£, )
2 £=4R"

]

E1 N
dn co:(n('r;_-,;'))a-i-ﬂ £ (R, yAs,n)| ) (c57)
AR=R"-R’

i
o\

By using Eq. (C1), Eq. (C37) can be verified almost immedi-
ately; nevertheless, the folloﬁing demonstration will be
given, as it is useful in establishing the validity of Eq.
(C40). First, consider the i=j=1 case. Using the identity
of
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(cos(A+8(7N) sin(B+OCR,A) )
=3 Sy e S (K"-K)sia(B8-A) (cs58)

along with Eqs. (C25a)-(C23d) and (C26), then the following

steps may readily be followed:

<Ezp,-. 1 rEf /:‘,\I\ ~ T 7 2 R S
e @R B (B > =23 (S oRamaeie;
g=0a" AN A

X <Co5 (K'E_co:k(?_}_)-}-K{ R'-K, & sinh(ﬂg +6')x
x — COI(K (S.-Gf)cuxll(ﬂ?c") *krf;ﬂ(;"f; KH(S_ 4.6);,,,‘,(‘\73 )4.9 ’
§=5R"

-

= -_Lz f2KAR (n')s"k s.'n(-.%_c.m;..l\(:'rg)m,_(af'-n'))

= 23 K€ eos (A wsinb(SH) 4 ku8R)| L (csq)
AR R“"R'
From the earlier calculations involving the i=j=1 case of

Eq. (Ci), one can see that Eq. (C59) falls under the form of
Eq. (C57) for imjmi. The other situations of Egq. (C57),
where i and 3 do not necessarily equal one, may be proven in
a similar way, since the same set of operations above would
be followed in all these other cases. The only change in
the expressions for the other casss would bas that the factor
of (€x)' in the last two lines of Eq. (C59) would be resplaced
by some other factor, which certainly does noct change the
final relationship one would arrive at of Eq. (C37).

As may be sesen in the second to last line of Eq. (C59),
an odd factor of K, appears in the integrand. As long as
imj, this may be shown to be a common feature for the
correlation functions of Eq. (C57). Hence, when i=j and

R"=R'y, then one may prove that
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P /A1 N 4 b~ " - L
<ETE,I(~,R,T,_.)5’? En--:(?'"’é)l Yy =0 for R"sR', (c60)
k3 > Ay
£=9yR
since under these conditions, an integrand that is odd in

K, results, thereby yielding a Qaluc of zero after angular

integrations are performad.
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APPENDIX D: EVALUATION OF <A,> IN EQ. (90)

The quantity A, in Eq. (90) ariwes from the second term
of Eq. (18). By remxpressing A, in terms of the £” coor-
dinates, then the task of obtaining the expectation value of
A, becomes much easier. Hence, this procedure will now be
followed.

0f the three vector components of 5?.,3 (WL",-¢ ) that appear
in the second term of Eq. (18), Ay.,.'(t.,) and AZ.,_e(t-,.) may be
immediately replacad by §,,(%) and §,(%") . The relation-

ship betwsen 1, and %' is given by
2 .
ctr () = (£ )+ £ )sih(2ere-) . (P1)

The quantity Aat.,,e (t'ye) is equal to the x position of the
oscillating particle minus the x position of the equilib-
rium point of the oscillator, where both quantities are
evaluated at time t.,;(T,') « The x position of the A oscil-

lating particle is given by

(b)) = (0 (TN + & )eorh(BCme-m) 5, (v2)

whare 7 is again related to ‘l‘-,e by Eq. (D1). The x posi-

tion of the equilibrium point of the A oscillator at time
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N
|

, is given by
¢

t%=

Xag (%) = < cosh(& (7% y o, O3

whare 7" is related to the time coordinate 'T,',.¢ of the equi-

librium point by

cT.,, ("}") = ﬁf,;nk(%(u"-?,\) . (by)

An illustrated in Fig. 1, the value of T,.'('re") in Eq. (D4)
should be set equal to the value of t.,e(?,') in Eq. (D1). Hence,

T and %" are related to each other by

Soih(2 000 = (60 + £ )sinh(2Crm) L (5)

From Eqs. (D3) and (D3), XA.,; can be reexpressed in terms of

the value of 1 that occurs in Eq. (D1). Hence,
By () = (’”m'xm)’t,
e
= (6,001 ¢ & )eosh(20-m)
% ./ﬂ_
- a{'_'[i +(1+ o‘sAlf'rc')):anl\ (—2—(7.'-7;))]

S8 Geotw) L o

Co¢<“(r'7)
where the last line above follows from the previous line by
the assumption that i‘.‘%&) << 1 and by then appropriately
expanding the quantity under the square root sign. Thus,

the three components of 5?%_( t.,;) have now been resxpreased
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in terms of the coordinates £,; (7).
The distinction between 7' of 4. (D1) and 7' af Eq.

(D4), where 7% and 7." are related to sach other by Eq.
(D3), may now be ignored when reexpressing the remaining
quantities in the second term of Eq. (18) in terms of the
§xi coordinates. The reason for this is that 7% and 7"
differ from sach other only by terms of order 0(‘—‘5,&) y and
A?A,,e has already besn shown to be of first‘ order in ?; -
Consequently, from Eq. (D1), the following time deriva-

tive aoccurring in Eq. (18) may be written as

d( )] =4
dt"z at, | 47 , (p7)
f.r;=° " 7&':’)&
Te' =T
where 4

U N B O(“f'\i) . (p8)

At, e (u «FA.‘(?.))

Following the above comment, the second term of Eq. (D8) may

then be ignored.
Making the substitutions that have been indicated so

far in the exprassion for /‘\1 from Eq. (18), then yields
A, = %{1+0(2§4_¢)}X

d A R '
X.R-(&;(%"Bm(% ) = Sadd B.,J(EU.‘. 7’))

23 €
Cosl\(—:-( 're'--r))

, (v9)

%=,
where the arguments in the fields have again been relabesled

by the {” coordinates, as was done in the transition from
Eq. (18) to Eq. (28). The field B,(38,%) in Eq. (D9

reprasents the sum of the zero-point magnetic field plus the
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magnetic field due to oscillator B, where both are nvnluat-d.
in the ]QE frame at proper time 7' along the trajectory of
the equilibrium point of the A oscillator.

The fields B,,,e; in Eq. (D9) may be resxpressed in terms
of the fields of the Iﬁ- frame via the Lorentz transforma-
tions of Eqs. (7) and (8). Making these substitutions,
differentiating all the obvious tnr;s of ca*(%fn“1;0 and
ﬂhkﬁ?(ﬁ““ﬁ)) s and then evaluating these terms at 7%'=-7% ,

yields

Az = c&f‘.& (SAZ (%) B";'i(g'g' ' ?") - 5\1 (7'") B.,,e»3(9.§. ! T'.)) I'r'=7'

+ ["‘%:L"*’%Em(?l},%‘) , (Dio)

where the terms of order 0(“§1ﬁ5) from Eq. (D9) have been
ignored.

When the expectation value of the expression for Az in
Eq. (D10) is taken, then the same argument employasd in Sec.
1I1IB on the zero value of the third term of Eq. (28) may
again be used here in conjunction with the first two terms
of Eq. (D10) [see the brief discuszion immediately following

Eq. (38)1. Consequantly,
(ALY = 226, (NES (38, 7))
B , . :
=5 <FA1(T¢)E1;1(5;R' EADIS (p1)

The above gwo terms may be evaluated by following the

steps of Sec. IIIB and by making use of the quuircd rela-
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tionships in Appendicaes A and C. In keeping with the aim of
this article, the value of thess two terms are of interest
here when the resonant approximation is employed in the
case of the unretarded van der Waal’'s situation.

If the terms of order O(aR/c‘) in Eqs. (B9a) and (89b)
are dropped as an initial approximation, then the first term
of Eq. (Di1) can be shown to be negligible compared to the
seacond one. This demonstration followi exactly the same
argument that was used to show Eq. (33) was nagligible
compared to Eq. (38) when the resonant approximation was
employad in the unretarded van der Waals sifuation..

Under these same conditions, the evaluation of the
second term of Eq. (D11} also procondi along steps presented
in Sec. IIIB. Again, if terms of order O(aR/c*) in Eq.
(8%7a) and (89b) ara ignored as an initial approximation,
then ona can show that the i.cund term of Eq. (D11) is
approxin.tnly'(;aﬂlc‘)z times the value of the second term of
Eqe (90); whan the laﬁt-r is evaluated under similar condi-

tions. The factour of (ch/.:")z arises assentially from the

ratio of

SR a(R)eng (&)
2/N%  Lpin. <t y
nﬂ. ; Rohn“

If the initial approximation of ignoring terms of order
O(f% is rasxamined and these terms are retained, then
one can trace through the calculations indicated above to

see that the contribution of these terms will alsc yield a



151

2
final result characterized by the factor of 1}) .
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PART THREE

CORRELATION FUNCTIONS FOR HOMOBENEOUS, ISOTROPIC RANDOM
) CLASSICAL ELECTROMAGNETIC RADIATION AND THE
ELECTROMAGNETIC FIELDS OF A FLUCTUATING
CLASSICAL ELECTRIC DIPOLE
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1. INTRODUCTION

A number of calculations have been performed within the
context of classical electrodynamics that agree with the
results of quantum electrodynamics. This agresment occurs
provided a naonzero homogenesous solution to Maxwell’'s equa-
tions iz assumed to exist in the form of random electromag-
netic radiation that is present evaen when the temperature
of the radiation equals zero. Assuming the stochastic prop-
erties of thic classical electromagnetic zero-point radia-
tion to be that of a Gaussian process in the fields, then
the demands of isotropy, homogeneity, and Lorentz invariance
result in the functional form of the radiation’s spectrum
being uniquely specified up to a multiplicative constant.
Comparison with nxpnrimeht then yields the numerical value
for this multiplicative constant, which is found to agree
with Planck’s constant. Hence, it is in this manner that
Planck’s constant enters into this classical electrodynam—
ical theory. The name frequently given to this classical
theory is stochastic electrodynamics. (For reviews on this
‘field of research, see Refs. 1; 2, and 3.)

The electraodynamical system that has received the most
attention within stochastic electrodynamics has been the

charged harmonic oscillator. The equation of motion for
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this systam is a linear stochastic differential squationj
hence, the steady state solution 1Q readily abtained by the
use of Fourier transforms. Although the physical interpre-
tation for the behavior of such a system is markedly dif-
ferent fraom that of quantum electraodynamics, most of the
physically cbservable statistical properties of this system
agres betwesn the two theories of stochastic and quantum
electrodynamics. Perhaps the most remarkable agresment

has besn found in the case of the van der Waals force
betwaen two nonrelativistic charged harmonic oscillators,
mach taken in the elactric dipole limit; the force expres—
sions calculated within both theories at tesperature T=0
agree for all distances between the two oscillators and to
all orders in the fine structure constant (%4).

Other electrodynamical systems, such as the classical
hydrogen atom, have not bean o successfully tackled within
stochastic electrodynamicsy in most cases, the results
obtained for these lyltiul have not agreed with physical
cbservation. Such systems are described by nonlinear
stochastic differantial equations. It remains unclear
whether the basic theory of stochastic electrodynamics is
an incorrect description of nature or whather the difficult
mathematics of these nqnlin-nr systems have simply not baen
solved with sufficient accuracy.

At this point in time, perhaps the most appropriate
viawpoint of the theory of stochastic electrodynamics is

that, at the very least, it offers alternative seans for
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calculating certain quantities within guantus electrody-
namics. In some instances, as in the case of van der Waals
forces (24,5) or of the tharmal affects of electromagnetic
dipole systems accelerating through the so-called vacuum
(86,7,8,9), there exist czlculational advantages of sto-
chastic electrodynamics to the more traditional calcula-
tional methods of quantum electrodynamics.

In Section 11 of this article, the two-point correla-
tion function of the slectromagnetic radiation fields in
stochastic electrodynamics are svaluated at fixed spatial
points within an inertial refersnce frann.A This calcula-
tion has certainly besn done before; here, however, the
correlation functions are shown to be expressible in terms
of the electromagnetic fields radiated by a fluctuating
nlictric dtpoin (210). The use of this functional fora for
the correlation functions simplifies many of the calcula-
tions that have been performed previously within the contaxt
of stochastic elactrodynamicsg in particular, calculations
involving the charged harmonic oscillator, taken in the
mlectric dipole limit, bicumn much more efficient and trac-
table. The calculations of Secs. III and IV illustrate this
point.

Recently, the correlation functions of the classical
slectromagnetic zero-point fields were calculated along
spatially separated trajectories described by relativistic
uniform acceleration (29). These correlation functions

were shown to be related to the radiated electrosagnetic
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fields of a uniformly accelerated electric dipole. Hence,
this relationship may be viewaed as a generalization of the
unaccelerated case discussed in the present article. Thus,
there exists a second advantage, besides greater simplicity,
for recasting previous calculations that have been done in
stochastic electrodynamics in such a way that the functional
form of the correlation functions in Sec. II are utilized:
namely, in many cases, without too much additional work, the
calculations for nonaccelerating electromagnetic systems may
then be readily generalized to the corrasponding situation
of olectromagnetic systems uniformly accelerating through
classical electromagnetic zero-point radiation. Such is the
case for the calculations presented in Secs. III and IV,

In Sec. IlI, the expressions obtained for the correla-
tion functions in Sec. II are used to compute the van der
Waals force acting on a single harmonic dipole ascillator
that is a member of an arbitrary configuration of N oscilla-
tors. This calculation for N oscillators generalizes the
work of Refs. 4 and 5 for two oscillators. The case where
the temperature of the electromagnetic radiation equals zero
has previously been carried out for an N-oscillator system
in quantum .ldctrodynnnic: (see Ref. 11); the results found
in the present article, via the seans of stochastic electro-
dynamics, agree exactly with the results of thil particular
work.

By using the functional form found in Sec. II for the

correlation functions of the electromagnetic radiation
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fields, the force calculation of the N-oscillator system in
Sec. II may be generalized to the case of a system of N
transversely positioned oscillators that are uniformly
accelerated through classical electromagnetic zero-point
radiation. This generalization may be carried ocut by com-
bining_the work of Ref. 9, which calculates the exbectatiun
value of the force between a pair of transversely positioned
accelerating charged oscillators, along with the calculation
of Sec. III, which gives the axbe:tation value of the force
acting on one charged oscillator of an N-oscillator nonac-
celerating system.

Section IV of this article repeats a calculation pre-
sented in Appendix B of Ref. 1 that proves the sxpectation
value of the Poynting vector equals zero at a point in
space near a stationary harmonic dipole oscillator. The
difference between the proof given in Ref. 1 and the proof
" presented here, however, is that the proof of the present
article uses the functional form obtained in Sec. II for
the correlation functions of the classical electromagnetic
radiation fields. Explicitly using this functional form
demonstrates that the reason the proof can be carried out
is precisely because of the relationships found in Sec. II
between the correlation functions of electromagnetic
radiation and the eluctrnmagnnﬁic fields of a fluctuating
electric dipole. The original proof did not identify this
fact. Moreover, the explicit use of these relationships

than enables this proof to be extended to the case of a
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single accelerating charged harmonic oscillator. This
generalization is briefly discussed in Sec. IV and sketched

more fully in an appendix.
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II. CORRELATION FUNCTIONS OF CLASSICAL ELECTROMABNETIC
RADIATION FIELDS

The functional form for the electromagnetic radiation
fields that is often used for perforaing explicit calcula-
tions within stochastic electrodynamics consist of the
following expressions (Xx12)s

2
E(%,¢) =2 § 'k, (WE(R, A cos(R-5-wt +O(F, AY) ; (1)
A=t

B(z4)= i SJ’kfg;"(“)('?@g(k.,)‘))<ox(R-;-wt +O(R,\) . (2)
A=)

Thus, the radiation fislds are expressed here as a sum of
plane waves; hence, they satisfy Maxwell's equations in free
space. The phase angle O6(K,A) 1is treated here as a random
variable that takes on values between O andVZw with uniforms
praobability density. For each value of K and A , O(K)\) is
independently distributed. The polarization vectors

satisfy the relationships of
g(ﬁs ‘\) ° Q(R » )") = SA;\' ’ (3)
K-&(%,A) = o - . (4)

which can be used to show that
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Q 2 - ~ Ay - ohee

Y €k, € (RN =AZ (ROER ), (ROERW), = §; - Kikj (s)

A= =t K* .
3

§5;(F,A)(R®€(R,.\))5 =2 €5 5 . (6)
A=) 2=\ k

The frequency « in Eqs. (1) and (2) is defined by w=c|Rl,
When the electromagnetic fields of Eqs. (1) and (2) belong
to a thermal radiation field described by the temperature 7T,

then the quantity .h (.) will be denoted by,ﬂ%6~) y Whare

b coth = bo o _ fe
o Beoti) - B[ - ] -

When T=0, then Eqgqs. (1) and (2) cqnltltutn the classical

wlectromagnetic zero-point fields. The quantity % (W) will

so

be abbreviated by A(w). From Eq. (7),

B () = B = Je (8)

The two-point correlation functions of the fields in
Eqs. (1) and (2) will now be evaluatad. Uling the probabil-
ity distribution described earlier for the random variables
O(K,A) , one can shaw that

< cos (A +O(R" A cor (B +OCR" A"))

L8y S R-R)cos(a-) (a)
where the brackets < > are used here to indicate that the
expectation value is to be taken for the quantity within the

brackets. Using Eqs. (1), (2), (5), and (9), the following
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two-point correlation functions may be axpressed by:

CED(R, ¢)ER(R, 1)) = BI(R, ¢ B (5,,4,))

The rotation matrix [0] will now be introduced such

that

—

R= (%,-x)= [0]ErR , (0

where R=|%-%/ . Let © and ¢ be the polar and azimuthal
angles of (El-iﬂ . The transformation transformation of Eq.
(11) can be accomplished as shown in Fig. 1, which results

in an explicit form for (0] aof

co0s5Ocosd -5ing sinQcosd
[O] > <a!efl"\¢ Cos .ﬂ."\e.ﬁ'n4: (l'l')
-5m0 o Cosd

Substituting &'=[o)k and Eq. (11) into Eq. (10),
then yields

CET(, ) ERG )

j

- % S"‘,k‘o‘:‘(“)[&j -i O‘_-MOJH Si_"._f_]co:(k,R- w(tz-t,)) . (13)

L]
m,nzg K

The cosine term in Eq. (13) can be expanded into two terms

using the cosine sum of angles forsula. Only
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FIGURE 1
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cos(kyR) cos(ws(ty-1)) will remain, since sin(KR)sin(w(t,-t))
rasults in an integrand odd in k;. Moreover, the second

term in brackets in Eq. (13) results in a nonzero contribu-
tion only when a=n; otherwise, the integrand is odd either
in K , Ky , or Ky. Performing angular integrations, sub-
stituting in é‘ Ot ;. = 85 - 0;36;, , and realizing from Eq.
(12) that O, = .‘;_i , yields

< Eih(?utl)Ejh(i‘z.tz)> = < Bén(i','t.)ﬁ?(?z’f;)>

0\’\8

odews co:(w (‘tz—t,)) -fl.:(i‘,—k', ’ uu) , (14)

et ————————

where fz:j"(ﬁ'“) = 2n () I,.‘(n?j(r'a‘,u)) , (15)

P, .3 (S;J--R;R;/R‘) ,:(J‘;- -3R;R'/R:) 5i: ~3R:R: /1 ‘)] kR
nzj(ﬂ>“’)‘ K[ KR P (kﬂ)"J € ‘(kn)" A el

The quantity n‘zj (R, w) is intimately related to the
electric field -E."(a,*) of a fluctuating electric dipole
- 1] =Dk
Pu(t) . Here, the superacript Don N; and E stands for
“dipole”; the index x on E™ . and P« will be used to label
a particular slectric dipole under discussion. Let ﬁ. rep-
resent the position of F (). From the formulae of standard

textbooks (%13), one can readily show that

o, a | C . 3 = = ~
R e PLACE LY R
—eo =
where  p.(t)= S‘%g dwexp(-iwt) fu; () . (is)

A sinilar relationship can be obtained betwesn the mag-
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netic field of a fluctuating electric dipole and the two-
point correlation function of the radiation fields listed
below. The first line in Eq. (19) follows from Eqs. (1),
(2), (6), and (9). The second line may be obtained by again
introducing the rotation matrix [01, using the cosine sum of
angles formula, and recognizing that Kmcos(K3R)  rasults in

an integrand that is odd in K..
{BINR, , ) EN (R, 1))

3 ’
L S J’x’,ﬂ"f (w') Z ej;‘ﬁ cos(ﬁ'-(i}-?,}" w'(tz- t.))
2 in fod K

‘43}(,9\ (N)Z EJ‘RZ O K"' s:n(K, R)Sm(w(t; t )) . ("1)

A= mey

Only the a=3 tera in Eq. (19) yields an integrand that is

even in K; . After performing angular integrations, one

obtains
Bz, )EN(R, £,)) = § clusfn(w(t,-t.))g:;;( %R,e) (20)
where 3::(ﬁ)”)— v’j‘ L )R“(P, R,w ) ) (21)
» £ kR
PR, = =K Z‘«u—-[ks " ) (12)

£=1
If should be noted that the order of the i,J indices are
raversed on the right and left sides of Eq. (21). This con-
vantion then agrees with the results found in Ref. 9, where
the two-point field correlation functions were evaluated in
a plane uniformsly iccnlnrnting through classical electromag-

netic zero—-point radiation.
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The quantity y?)-(ﬁ,w) is intimately related to the
magnetic field .ﬁmTﬁﬁ) of a fluctuating nln:tf!c dipole
P«() « Again, from the formulae of standard taxtbooks (%¥13),

ore can readily show that

‘ oo 3
B; (#,1) = “—_;TE{Jwexr(-iwt){E‘f;(R-R“,u)f:;j(w)} , (23)

where {.(.) and PZ- are given in Eqs. (18) and (22).

Thus, from Egs. (14)-(13) and (20)-(21), the two—-point
correlation functions of the slactromagnetic radiation
fields in Eqs. (1) and (2) have basn related to the func-
tions lf% and f% that appear in the expressions of Eqs.
(17) and (23) for the electric and magnetic fields of a
fluctuating electric dipole. These relationships will be
found useful in performing calculations in stochastic slec-
trodynamics that involve the forced stochastic behavior of
an electric dipole dus to the electromagnetic radiation
fields of Eqs. (1) and (2). Sections III and IV of the
present article contain such calculations.

Various sysmetry properties can be identified for the
two-point correlation functions of Eqs. (14) and (20). Both
correlation functions depend only upon the difference in
time (t,-t) and the difference in spatial position ®,-%) .
Because of the cosine and linc.oupanilonl‘ln Eqs. (14) and
(20), the correlation functions of Eqs. (14) and (20) are
aven and add functions o# ﬁa-th s raspectively. Other prop-

arties of the correlation functions that say readily be
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deduced from earlier esgquations are:

TR, = FO(-RW) (2%
§0(R,w = Fi7 (R, , (25)
95 (R = '32} (-R,w) , (2¢)
95 (R )= g5l R, , (27)

Bimilar relationships to those of Eqe. (14), (1%, (17),
(18), (20), (21), and (23) have recently besn obtained
betwasn the correlation functions of the classical electro-
magnatic zero-point radiation fields, as calculated along
trajectories described by raelativistic uniform acceleration,
and the electromagnetic fields of a uniformly accelerated
ealectric dipole (%9). The configuration assumed for this
calculation consisted of two points located in a plane,
where the plane followsd a trajectory of uniform accelera-
tion along the normal to the plane. Because of the corre-
spondence betwasn the functional forms of the field correla-
tion functions found in the present section and those found
for an accelerating system, many of the calculations per-—
formed in an unaccelerated-thermsal system can be carried
over to a system uniforsly accelerating through classical
slectromagnetic zero-point radiation. This point will be
mentioned again briefly in Sec. III and illustrated a bit
more clearly in Sec. IV. (Reading Ref. 9 should greatly
clarify this point.)

Due to a connection discussed in Ref. (2) between the
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electromagnetic radiation field correlation functions in
stochastic electrodynamics and the corresponding expectation
value of electric and magnetic field operators in quantum
electrodynamics, the relationships of Eqs. (14) and (20) may

be immediately carried over to quantum electrodynamics. Let

[a,b)= ak+ba ) (26)

where 2 and b are underlined to denote quantum msschanical

—

operators. Then, from Ref. 2 and Eqs. (14) and (21),
ColflE(%,1),E; (rl,t,)]+lo> = (ol [ B,(%, 1), Bi(R )], 1>

= ?:o‘w ¢ oS (w(t‘l.-tl)) ff;(:\?i‘;‘ 3 w) ) (QQ)
Lol 3[B:(58), E;(x,, 8], 10>
= ‘g:alu .r:'n(w (t.‘_'t,)) 3?}?(;‘;‘)—(‘,' w) . (39)

Here, E.(%¢) and B;(x,t) are the electric and sagnetic
field operators in quantum electrodynamics) Eqs. (29) and
(30) repressnt the vacuum expectation value of the syssa—
trized products of these operators. The functions fzr and
g*J" in Eqs. (29) and (30) are given by Eqs. (1), (16),
(21), and (22), with J:,.n(w) replaced by the function of Eq.
(8) that is appropriate for the zero-point radiation field
situation. Equations (29) and (30) may be gensralized to
the situation of a thermsal radiation spectrum by replacing
the vacuum state (o> on the left sides of Eqs. (29) and
(30) by the appropriate incohersnt superposition of photon

states at tesperature T; in correspondence with this change,
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the function Jﬁhﬁn), which occurs in the expressions for

f; and g7 of Eqs. (15) and (21), should be replaced by
the thermal expression of Eq. (7). (Referring to Ref. 2

should clarify these points.)
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I11I. RETARDED VAN DER WAALS FORCE FOR A BYSTEM OF N
CLASSICAL HARMONIC OSBCILLATORS

In this section, an arbitrary configuration of N
charged classical harmonic oscillators will be considered,
where each oscillator will be taken in the slectric dipole
limit. A thermal plus zero-point electrosagnetic radiation
fimld will be assumed to exist, corresponding to the choice
of k() for A in Eq. (7). This radiation field pro-
vides the mechanism for the forced steady state behavior of
each oscillator. All oscillators interact with each other
via the electromagnetic radiation they emit due to their
forced harmonic «otion.

The axpectation value of the Lorentz force on one of
the oscillators will be calculated in this section. From
the viewpaint of stochastic electrodynamics, this quantity
is simply the van der Waals force. In tha process of
carrying this calculation through, frequent use will be made
of the relationships found in Sec. II of the presant
article.

The model chosen for each charged harmonic oscillator
will be that of a point mass m with charge +e that blctl-
lates under the action of a simple harmonic potential. A

convenient msodel for providing the sechanism for such a
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potential consists of a spherical uniform distribution of
charge, with net value -e. If a +® point charge is located
rvithin this sphere at a position x.(t) from the center of
this charge distribution, then the particle will experience
a force proportional to the displacement *.(t) . For a suf-
ficiently small spherical voluss of charge distribution and
for sufficiently small amplitudes of oscillation of the
point particle, the net charge configuration then approxi-
mates an electric dipole of value +cXx(t) .

Under the small oscillator approximation (see Refs. &
and 8), the equation of motion for one of N oscillators is
given by

M¥ g = mwdxg + 5, +eE (R ) + %f?(ﬁ.,e) . (31)

whare i=1,2,3 and <« =1,2,...,N. Here, the index < serves

as a label to distinguish each of the N oscillators. The
1

quantity l"=%“hia is the radiation reaction damping con—

stant. The force constant of the harmonic potential is
denoted by mw! . The equilibrium position of the oth os—
cillator is given by ﬁ. and the dinplaconnnt-froq equilib~-
rium by %. . The electric field E' stands for the field
of Eq. (1), where A.() is replaced by A (=) in Eq. (7).
Finally, £ represents the eiectric dipole fisld of the
ﬁﬁ' ascillatori hence, the axpression for this cquantity is
given by Eqs. (16)-~(18), where p;{t) in Eq. (18) i- approxi -

mated by ex.(t),
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In qrdnr to solve the linear stochastic differential

set of equations indicated by Eq. (31), the following

Fourier transforms will be introduced:

K;‘t S:;—— S de fo(‘““’t) Xeco (“') ] (32)
3.4
ET(ﬁ S..—__galwlxr(-twt)gr(ﬁ)u) " (33)
Also, let

nfj(ﬁ,w):‘ ‘%n;(ﬁ’u) ) (3")

Pi(R,w) = -%'ff.}(ﬁ,w) , (39)

Replacing ¢ .(w) in Eq. (17) by eX;(») , then from Eqs. (17)

and (31)-(34), one obtains

3 ~
ClHF ) + 3 Y nij(ﬁ“-ﬁﬂ,w)’ip‘.(w)-_-.&E?(ﬁ,‘w) ,  (3e)

P =i
where Clw) = -t + - P’ (z9)
Equation (36) can be expressed in the form of
I M@F ()= & Ei(Rew) (38)
}=l _,:-' “‘;’j g ™ C(N)

Q’g

where M (») = {8 -+(l du )l’lt_,(R RP “")} . (39)
L5 P, C(w)

From Eqs. (32) and (38),
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oo N 3 ~m .
Xq'(f) = quxp(—iw‘t){&z Z M.'(W) E;P(R) u)} (l{O)
‘ S_ﬁ_i T i=\( “i?)iqml_— )

Using this solution for the displacement of the «o'ol—

cillating particle, the expectation value of the Lorentz

% oscillator can be obtained. Again approxi-

force on the «
mating mach oscillator as an electric dibul.. the Lorentz

force on the oscillator is given by

Rt = (R0 -VER] + (< @B(R.), ()
xR,

whare E and 8 raprasant the total electric and magnetic
fields due to the radiation fields of Egs. (1) and (2) and
the dipole fields of all the other (N-1) aoscillators. When

taking the expectation value of Eq. (41), the relationship
(GOB@R, 0> = (A(RWBB(R, 0)>
+e{ LOO(VOE(x)| ) (42)
=R,
is helpful, since the first term on the right-hand side of

Eq. (42) equals zero, as will be proven shortly. Hence,
from Eqs. (41) and (42),

3 o
CRIOY = { Zexy@2 (R, £))
J=t R

3 . :
w2 (x EMGR
+ <j2=:‘ex,"(t)m‘i( ’ZM (R, ,t))) ’ (43)

where a superscript T has besn added in (ﬁ?(f)) in order

to designate the thermal situition at tesperature T.
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In order to prova that the first term of Eq. (42)

equals zero, the operation of taking the time derivative

should be 1ntnr:hingnd with taking the expesctation value.
From Eqs. (14), (20), (23), (33), and (40), one can then

show that

(5000 8(R, 0 +Z BA(R, 01D
B«

is independent of time. Alternatively, one may pressnt a
more general argusent by piiysically demanding that the
behavior of the sat of oscillators constitute a process that
is stationary in time. The sxpectation value of two quan—
tities connected to the behavior of the oscillators must
then depend onl)y upon the difference in the time arguments
of the two quantities.

In order to evaluate the first quantity on the right-
hand side of Eq. (43), the consideration of the following

quantity will prove helpful:

v 3
=2 2 (M) & ¢ Ef(ﬁ,,w-)a%f;'m.,w")) ) (44)

From the inverse of Eq. (33),

~ o B oM, )
<E‘(R’,w)%-“_‘Ei (R.“,w)>

oo o

= 2 (deexp( ('w't'] (dt"exr( (" t)Eg( ﬁm-);_&gf"(ﬁ‘) ey . (49)

-00 <
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As will be proven shortly,

< Ex'l‘( R’, t.)j% F-j' (ﬁ“f'.)>

= fawear(mene) 2 (1-85) 5 (ReRy, )} , (we)

whare f; is given by Eq. (15), with A.(.) replaced by
A (=) . From Eqs. (43) and (46),

CEJ(Ry,e) a)?. iE,T( )
=w§°'~[8(--~)5(u"+~)+S(w'*~)5(~"'~)]a°‘a.{(1-5«;)f:;(ﬁ;ﬁp,“)} . ()

From Eqs. (16), (34), (37), and (39),
C(-w) = C¥(w) , (48)
(R~ (RS, RyRewds RGR@ , (H9a80)

MEw) = MG . (o)

<i;$3 4034

n

From Eqs. (44), (47), (48), and (50), ons can then show that

the first term on the right side of Eq. (43) is given by

J
(Zexgi ETR,, )

J=

2 M 3 4 "(w))
= £ TN GG PR T
- ﬁz=| §£=| g { C(w) 33.:.{(‘ 8“’):&5(& R“u} ) (=)

This expression may be put into a more convenient form by

the use aof the following relationships
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%‘z{(l-& )fT(ﬁ Ry, w)}

= ~2m B () 2 Im{ ;<N + (1= .‘;)n;;(.ﬁu‘ﬁp,“)}

%@, 2R
= ~amdnl) 3 T c(u)M(M} | (52)
.'Q:.'w R,; “R;pi ’

which can be verified by using Equ. (15), (34), and (39).
Substitut!nq Eq. (32) into Eq. (51) then yields

< Zex.‘,m_E (R, £)

J=

N 3
= any ) {degirf ((w))gg}l'm{ e MG] | (s9)
F=r )',P:cc “

The missing proof of Eq. (46) will now be given.
First, consider the case where «x¥s . Combining the obvious

relationship of

CET (R, t) fnf?(ﬁ“'t")) = ﬁ< ET (R, +)E; (R, ) (s54)

with Eq. (14), one can easily verify Eq. (46) when «#p8,
When x=§ , then the following identity sust be used:

Ceos(a+ (R, A'))-‘"n(B-re(R",a\"))) = 4+ 4 S(R-R)sin(8-4) . (55)

From Eqs. (1), (33), and (5), Eq. (46) becomes, for «=p ,

{E(R )X .E}‘(ﬁ.,,t"»

gJJK):‘(u)(S )( K, )Sm(o c.n(t,. 'b)) (56)
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By inspection, the integrand of Eq. (356) msust be odd 1nlh
either K, , K, or K;, thereby resulting in the integral
being identically equal to zero when x=£. Hence, Eq. (46)
has besn verified.

The second term of Eq. (43) will now ba svaluated.
From Eq. (34) and the Fourier transforas of Eqs. (17) and

(40),

{%, (w‘)’ £ ’(«,, ")

Rt (57)
e S (M-'( ')) (M( )
= -;‘- Z Z “:'5 ;¥4 [i njn(ﬁu(- } Bm;én <E"QT(R,'M')E,T(R:'N")>
¥,3°0 A,mn= C(w) 2R, . Clw™) :
From the inverse of Eq. (33), along with Eq. (14),
(BT (R, MET(Rs,w))
o Mmool -
=T g dw[-S(u'-“)S(w"-#N) + Slu's N)S(w"-o-')] fﬂ,n(Rs ‘R;' "") - (FB)

]

With the use of Eqs. (57), (38), (48), (4%9b), and (50), the

lccond term of Eq. (43) can be expressed as

bp
¢ iuu"’(t) )-‘ (%.‘E (Ra, {-))) (59)

"Z Z Jw { (R Ry - -R u) mn{ ( M.‘(w)u (M-'(ﬂ)) “[( I-Sdp n J‘h( F-(;R’,w)]}

B %I= 58, ;""

lct...)l .
Here, it should be noted that a factor of ((-3;) has besn

included on the right-hand side of Eq. (39), thereby
enabling the index P to be susmed from 1 to N without
restriction.

Two substitutions can be made to simplify Eq. (59).
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First, from Eq. (39),

P)
o - u w)
BR“:[(‘ 8-: Jm(%l F\p “") [C( ),:,J,[ﬁ"'-] (6°>
Second, from Eqs. (13) and (34),
- ?.'ﬂ'}. ()
£ (R =Ry w) = T Imlly (Rp-Ry) - (1)

This second substitution may be improved upon. By using
sin(kR)= KR -3 (krY  and <os(nR)=1-£(kR)* for kk<< 1, one may

vearify from Eqs. (1&), (34), and (37) that

2
Lo T, (RRe) =-5, 27 = 5, Taclo) . (¢2)

R0 me

Consequently, from Egs. (&62) and (39),

T My, ( Ry -Ry, ) = Toa] 835 8, CC? (1= 850N, (Rs-Ry, )]

= Twm[ CC)M () , (¢3)
§4;¥n

Substituting Eqs. (460), (61), and (&63) into Eq. (359) yields

< Z.ex,-,(-u?..‘i( Y E;X ﬁ‘lt))> Cen)

= i Z §°'”,91( )I...{C(u)M‘(;)‘

y {(M-'(w) (M_|(w)) Clw)d M (w) } .
VA AL ),ﬁmn 1 ce| «5j:¥k  Brvsa

R, ~iipm

A fair amount of algebraic sanipulations must now be
lﬂploy.d in ordar to bring Eq. (44) into a form that is
compatible with Eq. (33). First, the imaginary and real
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terms below may be axpanded as shown:

':Zs %..:;I”‘{C Mse; x»} {(M '): u(m-‘) ™ 52 Cox Mg 2}'“}
- . - (65
T C(}R.(;M“""")[ % C(M«)*a gz,. {(M 380 g, e 3 )
-ZC%T‘)».- {(M «?*,xx M;z ¥n }]
+C 3&“ )[ Z C(”;.): $n %KM_' e Se .}
- L M;;)'u ?f( L }])

From Eqs. (39), (34), and (16), the folloning lynnctry rulal

for PLU}] may readily be verified:
M55 Mpizas 5, (€
Mg = Magipe (¢7)

By using Eqs. (&6) and (67), a pair of Kronecker deltas may
be ocbtained from sach of the terms enclosed in curley brack-—

ets in Eq. (&35). For sxample,

&n Bmisdn n;¥g

%{( m;l;& M,,,;n} =2 { (M) ™M }: S Sp - (68)

Both terms in the rectangular brackets of Eq. (45) may than
be shown to be equal to

=2iIm(c*(m), ) .

“iBm

Combining terms snables Eq. (45) to be expressed as
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7Y Iefem R () G2 M)

¥,5%1 Qo= . §2:¥n «j3¥8 Bm;

=-I.—.(C"(f"l") )&(c’ Ligm) . ()

o35 pm™
By now substituting Eq. (69) into Eq. (&4), using the simple

relationship of

Im(C"(M-'L’ ﬁm) _ ((M..)“J ,.-\) . (10)
Ici* c

and relabeling the m dummy index as £ , finally yields
> exg02 (2 PR, o)
4 Zex,j(f); _(Z E;7(R, )

~-?JIZ Z ""“"a’t (w)Im<(

'}'th

)eg }I>&(C— . ;g) . (7l)

c

I1f Eq. (67) is used to switch the £,; indices of M-‘x;pj
in Eq. (53), then it can immediately be seen that Eq. (33)
and (71) are of the same form. Combining Eqs. (43), (33),
and (71), than yislds

<ET ({,>__2,,ZZ f:,&(u)I.-.((m") Q_Mjw) - (72)

dJ'P}3R
B=1 J,9=1

Let the determinant of [M] be denoted by [M/; let
Dy;;50 be the cofactor of the matrix element M‘.‘.;” . 8ince

Im| may be expressed as

mi= 2 > MuiipeBaise (73)
B=1 g=1

than the invarse matrix elements may be written as
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M), Bajipg L3 M= alM| | 74

0170 _’LL_)M,mJ =35 (74)
M' IR “J;}x

Cansaquently,

< (H) S -2ng dew f, (w)Im[Z > ()’Q”"M' ( )J (15)

SUNB Ll -0»2

Using Eq. (464) to write Eq. (73) more symmetrically,

CET) = e ST 3 3 (2l 2l ) (21e;.40)

B g M 't SR,

*ZZ(M"MI )()M" ‘u)) .7

This expression for <E‘T(t)> may be simplified signif-
icantly by considering the quantity within the square brack-

ets. From Eq. (39), the quantity

a‘,g‘imﬁi ;58

is nonzero only whan pg~« and ¥7« , or when g+« and ¥=«

By inspection of Eq. (76), all such nonzero contributions of
this quantity have alresdy been included within the square
brackets. Hsnce, one may simply include the resaining terms
within the indicated summation, since the remaining terss

wqual zero. More specifically,

(Rt = f‘—“l;(u)Im[ZN ?3_ (a'e“""' )(”"”» rx)] . (17)

8=t 5,050 2My; o

KL

Hence, as may be seen from Eq. (77), ¢ F:;ﬂ)) may be writ-
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ten as
3 =-2 U7
{Fa(a) x , ()
7 7
whare UT=7x ;.“iu‘.‘.’. ]t;(w) Im[i’m’ M(w)“ . (7‘!)

o

Equations (78) and (79) generalize the van der Waals
expressions of Eqs. (8) and (9) in Ref. 5. The latter
result dealt with the expectation value of the component of
the Lorentz force along the axis separating two electric
. dipole oscillators situated in thermal plus zero-point elec-
tromagnetic radiation. From Eqs. (16), (34), and (39), Eq.
(79) may be readily shown to reduce to Eq. (?) of Ref. S
when N=2 and R= %R, LThe configuration of R=2R was chosen
in Refs. 4 and 5. From Eqs. (16) and (34), ngﬁﬁmﬁ = 5N ,
where /l; is given in Eqgqs. (19) and (20) of Ref. 5.1

When the temperature T equals zero, then Eq. (79) may
be compared to the result of Eq. (18) in Ref. 1! that was
obtained via the means of quantum electrodynamics. When
T=0, then Eq. (8) must be used in Eq. (79). From the line
following Eq. (i3) of Ref. i1 and the comment g"(a)=o at
the top of page 202, one can deduce that Eiw may be writ-

ten as

G(“"‘) = (l‘ &;)(Vg- VP - 2,;) (Q‘p(%’_lﬁ“_ A))
LM 5} t'P) ¢ I_R.“-R_’l
= B (1-8 )NG(Re-Fy, ) ~(#9)
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From Eq. (16) of Ref. 11, &(w)=& == . By now following
the steps in the first part of Sect. IVB of Ref. 4, from Eq.
(82) to Eq. (87), the above result of Eq. (80) can be shown
to be squivalent to Eq. (18) of Ref. 11.

The calculations in this section may be generalized to
the situation of N oscillators located in a plane undergoing
uniform acceleration through classical electromagnetic zaro-
point radiation. The equations that allow this generaliza-
tion to be made consist of the relationships between the
two-point radiation field correlation functions and the
fields of a fluctuating electric dipole found in Eqs. (14),
(15), (17), (20), (21), and (23) of the present article, and
in Eqs. (A37), (A38), and (C1)~(C4) of Ref. 9. Although
this generalization will nbt be carried out here, a careful
reading of the present section and of Ref. 9 will indicate

how this gesneralization may be accomplishad.
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IV. EXPECTATION VALUE OF POYNTINSB VECTOR IN PRESENCE OF
AN ELECTRIC DIPOLE OSCILLATOR

If a classical charqed harmonic o;:illator i= bathed
in classical electromagnetic radiation, then the oscillator
will be forced into a steady state motion by the radiation.
Consequantly, the charged oscillator will emit electromag-
netic radiation of its own. Consider the case where the
oscillator is taken in the electric dipole limit. Let the
statistical properties of the electromagnetic radiation
causing the oscillator’s forced motion be isotropic and
homogeneous in space. Under these conditions, one can show
that the expectation value of the Poynting vector, due to
the total slectromagnetic radiation, is sxactly equal to
zero. This is precisely the situation that occurs when the
dipole oscillator is not pressnt. Hence, the presence of
the oscillator does not alter the basic flow pattern of
electromagnetic radiation.

The prdof of the above statemsnt has besen given previ-
ously in Appendix B of Ref., 1. This proof will be recon-
structed in the present section of this article in such a
way as to explicitly use the relationships found in Bec. II.
As will be sesn, what enables the proof to be carried out

are precisely these relationships between the tqupoint cor-
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relation functions of classical slectromagnetic radiation

fields and the electromagnetic fields radiated by a fluctu-
ating electric dipole. This fact was not identified in the

original proof. At the end of this section, the nbann for
extending this proof to the case of a uniformly accelerating
oscillator will be given. .

Let a single oscillator be situated at the origin of a
Cartesian caordinnf. system in an inertial reference frasa.
The model assused for the oscillator will be the same as
that of S8ec. III. Let the background electromagnetic radia-
tion be described by Eqs. (1) and (2). As may readily be
deduced from Eq. (31), with f” omitted on the right-hand
side, along with Eqs. (32), (33), and (37), the motion of a

single oscillator is given by

x(,,),ﬁ_gawe,.,(.wq{ e %:_)_} (s

The sxpectation value of the Poynting vector dus to the
total electromagnetic radiation at a location R and time t

is given by
<5 (R = (& B (RO®B, ., (R, {)) )
3
= %,Z {<E?(ﬁ,t)s,:“(ﬁ,n> + CER(R, D BY(ROD
)= .
+ {EXR)BNR, D) +{EXROB(RD) . (82)

The four terms in Eq. (62) can readily be avaluated by
the use of Eq. (81) and the relationships in Sec. II. Using
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the same mathod as in Eq. (62), one can show from Eqs. (22)
and (35) that

ﬂdm(ﬂz[fﬁ(ﬂﬁ,wﬂ= o (e3)

R—o0

From Eq. (83), the result follows that the correlation func—
tion of Eq. (20) equals zero when X,=X, j consequently, the
first term on the right of Eq. (62) squals zero. More spe-

cifically, from Eqgs. (20), (21), (33), and (83),

KEN(ROBIRE) = O | (84)

The second term on the right of Eq. (82) may be evalu-
ated by reexpressing B; by Eqs. (23), (81), and (33) and
then using Eas. (14), (15), (34), and (48). From Eqs. (22)

and (33,
PG (R~ g (R (50
Pi(R;e) = P (R (o5t)

Combining the equations mentioned above,

EP(R BRI | (g¢)

v f_fa B ()
2R 0 Tl

{ CUeMy (R )p, (R, 0) + COa)lg; (R NP7 (R,w)

- I (R ()~ COI (R85, 8.

Using virtually identical treatasnts, ons say obtain
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the following expressions for the third and fourth terms of

Eq. (82):

{ER(ROBT(R )Y (87)
3 o
= X dw Hilw) IR DIP LB ) ~CHIN 4 (R o (~R, )
) 2“21/'”)12 2_‘:'_ Icu.)l‘{ COMM (R R ) = CUM R, 3 R

+ CLM (R (R o) = CHaly (R ) f,"’.(-;?,.,,)},

CEX(RA)B (R ) (¢8)

3 =
e L § éfi’}c_::)l‘{ NG R IR, + C I Rty (7o)
MR WP (Rt IR, Ipip ()
Hance, all four terms of Eq. (82) have been sxpressed
in teras of the functions ng and £ that appear in the
sxpressions for the electric and magnetic fields of a fluc-
tuating electric dipole. This was accomplishad by using the
relationships of Eqs. (14), (13), (20), and (21) betwesan the
two-point correlation functions of classical electromagnetic

radiation fields and the electromagnetic fields radiated by
an electric dipole. At this paoint, the syametries of

Py(-Rd=-pu(Re)  (89)

n;

l)(zlw) = n;;(ﬁ,w) ) (10)

PR = ~ps(R)  , (N
which are readily deduced from Eqs. (16), (22), (34), and
(35), may be introduced to show that all terss issediately

cancel upon combining Eqs. (682), (84), and (846)-(88).
Hence, {SP(R)=0 .



190

Thus snds the proof of this section of the fact that
the presence of an electric dipole oscillator does not alter
4 S.i"(ﬁ,ﬁ)) from its zero value. The important assumptions
used in this proof ware that the linear dipole oscillator
" was stationary in an inertial frame and bathed with hosoge—
neous, isotropic electromagnetic radiation described by Egs.
(1) and (2). |

| Without too much difficu. ., howaver, this proof say be
sxtended to the case of a dipole oscillator uniformly accel-
srating through classical electromagnetic radiation. This
analogous situation requires that { S‘;';‘ (R, be evaluated
in the instantanesous inertial rest frase of the accelarating
oscillator. Instead of using the relationships in Sec. II
of the present article, the analogous relationships of
Appendices A and C of Ref. 9 must be employed. The steps of
the proof given in this section for an unaccelerated oscil-
lator may then be followed up through Eq. (88). The sysme-
tries of Egqe. (89)-(91) may not be employed, howaver, as
these do not carry over to thae acceleration case.

A sketch of this calculation is given in the appendix
of this article. Let a denote the proper acceleration of
the oscillator; let R denote the distance from the oscilla-
tor to the point at which the Poynting vector is evaluated,
taken along a perpendicular to the acceleration. Provided
that a smsall iaboraturv condition is isposad such that terss
of order 0@%) are ignored, then a null value is obtained
for the expectation value of the Foynting vector in the
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1n:tahtnn-oul rast frame of the accelerating oscillator.
This result agreas with the exact value of zero that is
obtained for the axpectation value of the Poynting vector
when the oscillator is not present, as given in a nonro-
tating coordinate system uniforasly accelerating through
classical electromagnetic zero-point radiation. Hence, for
terms up to order 0(%}) » the pfosnnc. of an oscillator
within a plane uniforaly accelerating through classical
electromagnetic zero—-point radiation does not alter the
expactation value of the radiated electromagnetic sossntum

within this accelerating plane.
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V. CLOSING REMARKS

Relationships were derived iﬁ S8ec. II between ic two-
point field correlation functions for hosogeneous and
isotropic random (Gaussian) classical electrosagnetic radia-
tion and the electromagnetic fields of a classical fluctu-
ating electric dipole. Section III explicitly used these
relationships in order to obtain the van der HWaals force on
an oscillator surrounded by (N-1) other dipole oscillators,
all of which were bathed in classical siectrosagnetic zero-
point plus thermal radiation. Section IV used the relation-
ships of Sec. 1I to show that the expectation value of the
Poynting vector in the pressnce of an aoscillator, bathed
with homogeneous and isotropic classical elactromagnetic
radiation, is unaltered from its null value that occurs when
the oscillator is not present. Brief discussions were also
givan in Secs. III and IV and the Appendix as to how the
calculations of Secs. III and IV could be extended to the
case of a small laboratory uniforaly accelaerating through
classical electromagnetic radiation. What enables this
extension to be made is the glﬁcrnlizntion found in Ref. 7
namely, when the classical electromagnetic zero—-point field
two-point correlation functions are evaluated along a uni-

formly accelarating trajectory, than thay are related to
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the electromagnetic fields of a uniformly accelerating elec—

tric dipole in the same way that occurs for the relation~

ships of Sec. II in the unaccelerated case.
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APPENDIX

Section IV presented a proof that the expesctation value
of the Poynting vector, evaluated in the pressnce of 1-o¥
tropic and homogsneous random (Gaussian) classical electro-
magnetic radiation, is unchanged from its null value when a
harmonic dipole oscillator is also pressnt. Generalizing
the r.lationlhipl of Sec. 1l to the relationships found in
Ref. 9, this proof may be extended to the case of an oscil-
lator uniformly accelerating through classidal elactromag-
netic zero-point radiation. In order to make this exten-
sion, a fair dagree of familiarity is required of Ref. 9.
Consequently, the calculation sketched below assumes that
Ref. 9 is readily accessible to the reader.

In keaping with th-nuork of Ref. 9, 1lat * be along the
direction of accelesration. The corresponding relationships
to Eqs. (146) and (22) of the pressnt article were svaluated.
in Ref. 9 for the case whers the vector position R Lhere,
R corrasponds to the argument of nq and f; in Eqs. (16)
and (22)] was contcined in the plane that was accelerating
along with the oscillator and 6riint-d such as to be perpen-—
dicular to the X direction [swe Eqs. (A39)-(A46) of Ref. 9].
The Fermi— Walker transported coordinate system used in

Refs. 8 and 9 was constructed so as to have one coordinate
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axis along the X direction and two orthogonal coordinate

axes lying in this accelerating plane and parallel to the

§ and 2 directions. Let § indicate a vector in this
coordinate systemj; let F=§R be a point in the accelerating
plane at a distance R along the y axis from the acceler-
ating oscillator. It is at this point that the Poynting
vactor will be evaluated.

Equations (82)-(88) still hold for this accelerating
system when R is replaced by £=3R , t is replaced by the
praper time 7% of the accelsrating oscillator’s equilib-
rium point, all fields are evaluated in the instantaneocus
inertial rest frame of the oscillator’s equilibrium point,
K. () t= ceplaced by Eq. (7) for T=ha/aick | and the
functions C , ﬂg ’ and‘ﬁy are replaced by their appropriate
gcncrﬁlizations of C°, n& . and ‘ﬁa that occur for the
accelerated siyuation (214). The latter functions are given

in Eqs. (16) and (A3S9)~-(A44) of Ref. 9. Combining theme
functions with Eqs. (82)-(88) then yields

¢ 5-1:; (QR,T.» 2(2‘;»») S dw B (-;)Jin(n“ [R.(fn ke t R‘<P3') k-] . (1)
2nck

Tha subscript 7. on S;& indicates that the Poynting vec-
tor is to be evaluated in the inertial reference frame
instantaneocusly at rest with respect to the accelerating
oscillator at proper tise 7, . The superscript ZP on

Swx indicates that the background radiation, through which

the trajectory of uniform acceleration takes place, consists
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of classical electromagnetic zero-point radiation.

As will be noticed in deducing Eq. (92) from Eqs. (82)-~
(88), a large number of the terms cancel and drop outj
nevartheless, Eq. (92) doss not equal zero exactly, as was
the situation in the unaccelerated case (tiﬁ). As shown in
Ref. 9, however, when (¥ , then the magnitude of n& is
approximately (%?) _tincl the msagnitude of n& - Thul.'
whan the small laboratory condition of

ak « 1 (a3)

C‘I.

is considered, then the result of Eq. (92) shows that the

only terms that remain after combining Eqs. (82)—-(88) are

terams that are first—-order in (%%) » or higher. All terass
aR

of zeroth—order in :;» cancel precisely.

It should be noted that restricting attention to terms
R 2 .
of zeroth-order in %.—) doms not msan that <S”'¢ “(:, K,?,)> has
simply been axpanded in a powsr series in the acceleration
and only the zeroth-order term in the acceleration exasined.
Such a case would be quite trivial, indeed, sincae then the

null result for (Sﬁ:
L4

(58,7.) » obtained to zeroth-order in the
acceleration, would siaply be a restatament of the unaccel-
erated result in Sec. IV. On thp contrary, the z-futh-nrd-r
terms in (Eg) for the four .xbrnlsionl corresponding to
Eqs. (684) and (846)—-(88) in the acceleration case, do depend
upon the acceleration; in particular, they depend upon the

spactral function
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XS
Bl - imen) ()
2nmck

In addition, these four expressions depend upon the func-
tions C), N, and P> , which contribute additional depen-
dency upon acceleration even after dropping teres of order
(3(59). fAidding these four expressions together in order to
form (S.;:(gﬁm)> , then yields a null value for (5,22(93,%)) ’
when terms of order O(%@) are ignored.

References &6, 8, and 9 analyzcd the equivalency that
axists in certain physical properties bestween a system of
classical dipole oscillators in a thersal radiation bath and
a similar set of oscillators uniformly accelerating thrcugh
classical electromagnetic zero-point radiation. As first
noted in Ref. 6, the ltnchlstlc behavior of a single accel-
erating oscillator agreass with the behavior of an unaccel-
erated oscillator bathed in classical electromagnetic ther-
mal radiation characterized by the spectral function of Eq.
(74). The calculation outlined above for the expectation
value of'thn total Poynting vector, when a single cacilla-
tor is pressnt, shows another property that has a correspon-
dence betwesn the accelerated and unaccelerated-thersal
single oscillator situations. In this case, the narrow
linewidth approximation used in Refs. &, 8, and 9 was not
required; only the small laboratory condition was needed.
Here, the expectation value of the Poynting vector was
evaluated in the instantanecus rest frame of the oscillator

. and in the pilnn that included the oscillator and that was
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parpendicular to the direction of acceleration. This
quantity was shown to equal zero, provided that terms of
order 0(%% ware ignored, thersby agreeing with the null
effect upon the expectation value of radiated slectros ;-
netic momentus when a harmonic dipole oscillator is included

within a thermal radiation bath.
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The expectation value of the Poynting vector in the
Fermi—-Walker transported coordinate systes may be

readily shown to be exactly equal to zero when the
aoscillator is not Prco.nt. This may be deduced from
the fact that (EN(F7)8 (7)) =0 , where § is a
point in the Ferai-Walker transported coordinate
system.



