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A b s t r a c t

DIFFERENTIAL 16-ARY PHASE-AMPLITUDE MODULATION SCHEMES 

FOR DATA TRANSMISSION ON FADING CHANNELS.

by

C h r i s t o f f  K. Pauw 

A d v i s e r :  P r o f e s s o r  Donald  L. S c h i l l i n g

Three  d i g i t a l  m o d u l a t i o n  f o r m a t s  f o r  t r a n s m i t t i n g  4 b i t s  p e r  

symbol  on a f a d i n g  c h a n n e l  a r e  compared t o  one a n o t h e r  and 

t o  b i n a r y  DPSK. The r e s u l t s  a r e  a p p l i c a b l e  t o  R a y l e i g h  

f a d i n g  c h a n n e l s  i n  g e n e r a l ,  b u t  p a r a m e t e r s  t y p i c a l  o f  t h e  HF 

( i o n o s p e r i c )  r a d i o  c h a n n e l  were  used when e v a l u a t i n g  

e q u a t i o n s .  The t h r e e  schemes  a r e  normal  1 6 - a r y  DPSK, 

d i f f e r e n t i a l  p h a s e - a m p l i t u d e  s h i f t  k e y i n g  (DPASK) w i t h  8 

p h a s e s  and 2 a m p l i t u d e s ,  and DPASK w i t h  8 p h a s e s ,  2 

a m p l i t u d e s  and an a d d i t i o n a l  2 2 . 5 °  p h a s e  s h i f t  be tween  t h e  

two a m p l i t u d e  l e v e l s .  E x a c t  e x p r e s s i o n s  f o r  t h e  p r o b a b i l i t y  

o f  b i t  e r r o r  were  d e r i v e d  f o r  t h e  f i r s t  two s c h em e s ,  on b o t h  

t h e  AWGN and t h e  s l o w l y  R a y l e i g h  f a d i n g  c h a n n e l s .  The 

p r o b a b i l i t y  o f  b i t  e r r o r  was a l s o  found by s i m u l a t i o n  f o r  

c o n d i t i o n s  o f  s l o w  f a d i n g ,  f a s t  f a d i n g ,  m u l t i p a t h  t i m e  

s p r e a d  and a d d i t i v e  G a u s s i a n  n o i s e .  D i f f e r e n t i a l  p h a s e -  

a m p l i t u d e  s h i f t  k e y in g  was found  t o  o u t p e r f o r m  16-DPSK un de r  

mos t  c i r c u m s t a n c e s .

I t  i s  shown (by s i m u l a t i o n  o n l y )  t h a t  an opt imum s i g n a l i n g



r a t e  (baud r a t e )  e x i s t s  f o r  a g i v e n  c o m b i n a t i o n  o f  f a d i n g  

r a t e  and m u l t i p a t h  t i m e  s p r e a d ,  and t h a t  t h e  HF c h a n n e l  

s h o u l d  be t r e a t e d  a s  a f a s t - f a d i n g  c h a n n e l  f o r  t h e  t h r e e  

schemes  i n v o l v e d  h e r e .

A s i m p l i f i e d  a n a l y s i s  l e a d i n g  t o  a s p e c i a l  c a s e  o f  a 

p r e v i o u s l y  p u b l i s h e d  e q u a t i o n  f o r  t h e  p r o b a b i l i t y  o f  b i t  

e r r o r  f o r  b i n a r y  DPSK on t h e  f a s t - f a d i n g  c h a n n e l  i s  

p r e s e n t e d  and i s  used  t o  v a l i d a t e  t h e  s i m u l a t i o n  o f  t h e  

f a s t - f a d i n g  c h a n n e l .



Aan I rm a ,  v i r  h a a r  l i e f d e ,  g e d u l d  en o n d e r s t e u n i n g  en omdat  

sy  saam met  my na h i e r d i e  v r eemde  l a n d  gekom h e t .

To I r m a ,  f o r  h e r  l o v e ,  p a t i e n c e  and s u p p o r t ,  and f o r  coming 

w i t h  me t o  t h i s  f o r e i g n  c o u n t r y .
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1.  INTRODUCTION

1 . 1  BACKGROUND

The s t u d y  o f  d i g i t a l  c o m m u n i c a t i o n s  on f a d i n g  c h a n n e l s  i s  a 

m a j o r  s u b s e c t i o n  of  t h e  s t u d y  o f  c o m m u n i c a t i o n s  i n  g e n e r a l .  

I t  h a s  drawn a g r e a t  d e a l  o f  a t t e n t i o n  i n  t h e  l i t e r a t u r e  and 

i s  d i s c u s s e d  i n  a number  o f  t e x t b o o k s .  In t h e o r y  and i n  

p r a c t i c e  t h e  e m p h a s i s  h a s  a lw ay s  been  on b i n a r y  and M-ary 

ESK, DPSK and DQPSK. A p a p e r  by Ha rp e r  [10] d i d  a d d r e s s  t h e  

p o s s i b i l i t y  o f  h a v i n g  s i m u l t a n e o u s  d i f f e r e n t i a l  m o d u l a t i o n  

o f  a m p l i t u d e  and p h a s e .  The p u r p o s e  o f  t h e  p r o p o s e d  

r e s e a r c h  p r o j e c t  i s  t o  p r o d u c e  a c o m p a r i s o n  f o r  v a r i o u s  

1 6 - a r y  d i f f e r e n t i a l  p h a s e - a m p l i t u d e  m o d u l a t i o n  s c h e m e s ,  t o  

s e e  i f  any improvemen t  on t h e  r e s u l t s  i n  [10]  was p o s s i b l e .

One would be t e m p t ed  t o  t r y  t o  f i n d  t h e  opt imum s i g n a l  

c o n s t e l l a t i o n  a s  was done  f o r  t h e  n o n - f a d i n g  a d d i t i v e  

G a u s s i a n  n o i s e  c a s e  [ 7 ] .  The opt imum can be found  f o r  a 

g i v e n  s i g n a l i n g  s cheme ,  b u t  one  would be h a r d  p r e s s e d  t o  

p r o v e  t h a t  a n o t h e r  scheme w i t h  a b e t t e r  p e r f o r m a n c e  d o e s  n o t  

e x i s t : .  Tha t  was n o t  a t t e m p t e d .

Tne r e s e a r c h  grew o u t  o f  a need  t o  improve  t h e  s p e c t r a l  

e f f i c i e n c y  o f  a d i g i t a l  HF r a d i o  c o m m u n i c a t i o n  s y s t e m .  In 

t h e  s p e c i f i c  a p p l i c a t i o n ,  i t  was n e c e s s a r y  t o  know t h e  

p r o b a b i l i t y  o f  b i t  e r r o r  up t o  v e r y  h i g h  e r r o r  r a t e s .  

T h e r e f o r e  t h e  r e s u l t s  i n  [ 1 0 ] ,  wh ich  a p p l i e s  m o s t l y  t o  low
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e r r o r  r a t e s ,  had t o  be e x t e n d e d .  A l t h o u g h  t h e  p a r a m e t e r s  o f  

t h e  HF c h a n n e l  was u sed  f o r  c a l c u l a t i n g  s p e c i f i c  n u m e r i c a l  

r e s u l t s ,  t h e  t h e o r e t i c a l  r e s u l t s  a r e  a p p l i c a b l e  t o  o t h e r  

f a d i n g  c n a n n e l s  a s  w e l l .

T h ree  s p e c i f i c  e f f e c t s  o f  t h e  c h a n n e l  on t h e  p r o b a b i l i t y  o f  

e r r o r  were i n v e s t i g a t e d .  They a r e  (a) s l ow R a y l e i g h  f a d i n g  

m  t h e  p r e s e n c e  o f  a d d i t i v e  w h i t e  G a u s s i a n  n o i s e ,  (b) f a s t  

f a d i n g  m  t h e  a b s e n c e  o f  a d d i t i v e  n o i s e  and (c) m u l t i p a t h  

t u n e  s p r e a d  w i t h  s l o w  R a y l e i g h  f a d i n g  and a d d i t i v e  w h i t e  

G a u s s i a n  n o i s e .

To l i m i t  t h e  s cope  o f  t h e  r e s e a r c h ,  some s p e c i f i c  

a s s u m p t i o n s  were made .  Only 1 6 - a r y  m o d u l a t i o n  f o r m a t s  were  

c o n s i d e r e d .  B i t - s y n c h r o n i z a t i o n  was assumed t o  be p e r f e c t  a t  

a l l  t i m e s .  The use  o f  c a r r i e r  t r a c k i n g  l o o p s  and e q u a l i z e r s  

was n o t  c o n s i d e r e d .

1 . 2  DIFFERENTIAL 16-ARY SIGNALING SCHEMES

In  t h i s  s e c t i o n  t h e  r e a d e r  i s  i n t r o d u c e d  t o  t h e  t h r e e  

s chemes  f o r  d i f f e r e n t i a l  1 6 - a r y  d a t a  t r a n s m i s s i o n  t h a t  a r e  

i n v e s t i g a t e d  m  t h i s  d i s s e r t a t i o n .

R e f e r r i n g  t o  F i g .  1 . 1  we d e f i n e  Scheme 1 a s  1 6 - a r y  

d i f f e r e n t i a l  phase  s h i f t  k e y i n g .  I f  t h e  t r a n s m i t t e r  wa n t s  t o  

t r a n s m i t  t h e  m - th  symbol  (m = 1 , 2 , ............>16) ,  i t  add s  m t i m e s
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Scheme 1 
16-DPSK

-*— •- • • Scheme 2 
8/2-DPASK

Scheme 3
8/2-DPASK with 22.5° 
phase shift.

F i g .  1 . 1 :  T h r ee  d i f f e r e n t i a l  1 6 - a r y  s i g n a l i n g  s c h e m e s .



2 2 . 5 °  t o  t h e  p r e v i o u s l y  t r a n s m i t t e d  p h a s e .  The r e c e i v e r  

d e t e c t s  trie ph a se  s h i f t  be tw een  c o n s e c u t i v e  symbol s  and 

makes a d e c i s i o n  b a s e d  t h a t .

Scheme 2 u t i l i z e s  two a m p l i t u d e  l e v e l s  and e i g h t  p h a s e s .  We 

r e f e r  t o  i t  a s  8 /2  d i f f e r e n t i a l  p h a s e - a m p l i t u d e  s h i f t  

key iny  (8 /2-DPASK) . The t h r e e  pha se  b i t s  a r e  encoded 

n o r m a l l y  a s  i n  Scheme 1.  The f o u r t h  b i t  i s  d i f f e r e n t i a l l y  

encoded  on t h e  a m p l i t u d e .  T h i s  i s  n o t  a new i d e a  [10] , b u t

i t  i s  u n u s u a l  and d e s e r v e s  some more e x p l a n a t i o n .  The 

t r a n s m i t t e r  u se s  t h e  f o l l o w i n g  a l g o r i t h m :

To t r a n s m i t  a 1,  do n o t  ch an ge  t h e  a m p l i t u d e .  To t r a n s m i t  a 

0 ,  change  t h e  a m p l i t u d e  (or  v i c e  v e r s a ) .  S i n c e  we a r e  

t r e a t i n g  ph a se  and a m p l i t u d e  a s  two i n d e p e n d e n t  v a r i a b l e s ,  

t h e  r e c e i v e r  ha s  t o  m e a s u r e  t h e  p h a se  s h i f t  be tween  

c o n s e c u t i v e  symbo ls  i n  o r d e r  t o  d e t e c t  t h e  t h r e e  b i t s  

encoded  on t h e  p h a s e .  The p rob l em o f  d e t e c t i n g  t h e  a m p l i t u d e  

b i t  i s  a l i t t l e  d i f f e r e n t  s i n c e  a m p l i t u d e  d o e s  n o t  have  t h e  

"modulo 2" p r o p e r t y  o f  p h a s e .  The r e c e i v e r  r e a l l y  h a s  t o  

know which  one o f  t h e  two a m p l i t u d e  l e v e l s  was t r a n s m i t t e d ,  

i n  o r d e r  t o  know i f  t h e  t h r e s h o l d  s h o u l d  be s e t  h i g h e r  o r  

l o we r  t h a n  t h e  p r e v i o u s l y  r e c e i v e d  a m p l i t u d e ,  which  i s  t h e  

r e f e r e n c e  f o r  d e t e c t i o n  o f  t h e  p r e s e n t l y  r e c e i v e d  a m p l i t u d e .  

But  t h e  r e c e i v e :  do e s  n o t  know which  a m p l i t u d e  l e v e l  was 

t r a n s m i t t e d  b e c a u s e  o f  t h e  f a d i n g  c h a n n e l .  Th a t  i s  e x a c t l y
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why t h e  d a t a  h a s  t o  be  encoded  d i f f e r e n t i a l l y .  The b e s t  way 

o u t  o f  t h e  p rob l em i s  f o r  t h e  r e c e i v e r  t o  s e t  t h r e s h o l d s ,  

one above  and one be low t h e  p r e v i o u s l y  r e c e i v e d  a m p l i t u d e .

I f  t h e  p r e s e n t l y  r e c e i v e d  a m p l i t u d e  i s  be tween  t h o s e  

t h r e s h o l d s ,  a 1 i s  d e t e c t e d .  O t h e r w i s e  i t  i s  assumed t h a t  

t h e  a m p l i t u d e  changed  and a 0 i s  d e t e c t e d .  F i g .  1 . 2  

i l l u s t r a t e s  t h e  p o i n t .

Scheme 3 i s  a m o d i f i c a t i o n  o f  Scheme 2 where  an a d d i t i o n a l  

2 2 . 5 °  a r e a d d e d  t o  t h e  ph a se  wheneve r  a changed  i n  a m p l i t u d e  

o c c u r s .  T h i s  i n c r e a s e s  t h e  d i s t a n c e  be tween  a d j a c e n t  p o i n t s  

on t h e  s i g n a l  c o n s t e l l a t i o n  somewhat  w i t h o u t  a f f e c t i n g  t h e  

t r a n s m i t t e r  power .  The p r i c e  f o r  t h e  g a i n  i s  a more 

c o m p l i c a t e d  r e c e i v e r .  To t a k e  a d v a n t a g e  o f  t h e  a d d i t i o n a l  

pn a se  s h i f t ,  one can  no l o n g e r  make s e p a r a t e  d e c i s i o n s  on 

p h a se  and on a m p l i t u d e .  The r e c e i v e r  h a s  t o  g e n e r a t e  a 

r e f e r e n c e  s i g n a l  c o n s t e l l a t i o n  from t h e  p r e v i o u s l y  r e c e i v e d  

symbo l ,  c o n t a i n i n g  e i g h t  s i g n a l  p o i n t s  on t h e  same a m p l i t u d e  

l e v e i  as  t h a t  sym bo l ,  e i g h t  s i g n a l  p o i n t s  s h i f t e d  by 2 2 . 5 °  

on a l ower  a m p l i t u d e  l e v e l ,  and l i k e w i s e  on a h i g h e r  

a m p l i t u d e  l e v e i .  Then t h e  d i s t a n c e  be tween  t h e  p r e s e n t l y  

r e c e i v e d  symbol  and ea c h  o f  t h e  24 r e f e r e n c e  p o i n t s  h a s  t o  

be c a l c u l a t e d .  The d e c i s i o n  i s  made ba se d  on which  r e f e r e n c e  

p o i n t  i s  c l o s e s t  t o  t h e  r e c e i v e d  symbo l ,  o r  some o t h e r  

s u i t a b l e  c r i t e r i o n .
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Two amplitude levels

Thresholds when 
high amplitude was 
last received.

Thresholds when 
low amplitude was 
last received

F i g . 1 . 2 : D e t e c t i o n  o f  t h e  a m p l i t u d e - m o d u l a t e d  b i t  f o r  
"Scheme 2 " .
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1 . 3  PREVIEW.

We now g i v e  a s h o r t  d e s c r i p t i o n  o f  t h e  c h a p t e r s  t o  f o l l o w .

C h a p t e r  2 i s  a d e s c r i p t i o n  o f  t h e  p r o p e r t i e s  o f  t h e  HP 

c n a n n e l . I t  s e r v e s  a s  an i n t r o d u c t i o n  f o r  t h e  r e a d e r  who may 

n o t  be f a m i l i a r  w i t h  t h e  HP c h a n n e l .  S i n c e  i t  i s  o n l y  a 

summary o f  what  i s  a l r e a d y  a v a i l a b l e  i n  t h e  l i t e r a t u r e ,  i t  

d o e s  n o t  form p a i t  o f  t h e  main t h r u s t  o f  t h e  d i s s e r t a t i o n .

C h a p t e r  3 a d d r e s s e s  a p r ob l em  i n  t h e  s i m u l a t i o n  o f  t h e  HF 

c h a n n e l .  The c h a n n e l  i s  model ed  by a t a p p e d  d e l a y  l i n e  

f i l t e r  w i t h  t a p - g a i n s  t h a t  a r e  s t a t i o n a r y  random p r o c e s s e s .  

The c h a p t e r  i s  m o s t l y  a b o u t  how t o  g e n e r a t e  t h e s e  random 

p r o c e s s e s  w i t h  a p r e s c r i b e d  a u t o c o r r e l a t i o n  f u n c t i o n .  The 

s i m u l a t i o n  i s  a u s e f u l  t o o l  f o r  c h e c k i n g  some o f  t h e  work i n  

l a t e r  c h a p t e r s .  In some c a s e s ,  whe re  t h e  a n a l y s e s  became t oo  

cumbersome,  o n l y  s i m u l a t i o n  r e s u l t s  were p r e s e n t e d .

C h a p t e r s  4 ,  5 and 6 a r e  a b o u t  t h e  a d d i t i v e  w h i t e  G a u s s i a n  

n o i s e  (AWGN) c h a n n e l  and t h e  s l o w l y  R a y l e i g h  f a d i n g  c h a n n e l .  

In c h a p t e r  4 we d e r i v e  e x p r e s s i o n s  f o r  t h e  p r o b a b i l i t y  o f  

b i t  e r r o r  f o r  M-ary DPSK w i t h  Gray c o d i n g ,  u s i n g  an e q u a t i o n  

f rom [ 1 6 ] .  The r e s u l t s  t h u s  o b t a i n e d  a r e  n o t  new, b u t  t h e  

e x p r e s s i o n s  a r e  ne ed ed  i n  c h a p t e r  5 ,  where  d i f f e r e n t i a l  

a m p l i t u d e  m o d u l a t i o n  i s  imposed on t h e  DPSK (M=8) t o  form 

8/2-DPASK ("Scheme 2 " ) .  The r e s u l t s  o f  c h a p t e r  4 a r e
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e x t e n d e d  h e r e  t o  i n c l u d e  t h e  a m p l i t u d e  m o d u l a t i o n .

C h a p t e r  6 adds  an a d d i t i o n a l  2 2 . 5 °  p h a s e  s h i f t  be tween  t h e  

a m p l i t u d e  l e v e l s  o f  "Scheme 2" so t h a t  i t  becomes "Scheme 

3 " .  In t h i s  c a s e  we c o u l d  n o t  f i n d  an e x a c t  e x p r e s s i o n  f o r  

t h e  p t o b a b i l i t y  o f  e r r o r .  An a p p r o x i m a t e  e x p r e s s i o n ,  b a se d  

on t h e  u n io n  bound ,  was d e r i v e d  i n s t e a d .

C h a p t e r  7 i s  a b o u t  t h e  f a s t - f a d i n g  c h a n n e l .  An e x p r e s s i o n  

fo r  t h e  u n m i n i m i z a b l e  p r o b a b i l i t y  o f  e r r o r  f o r  b i n a r y  DPSK 

i s  d e r i v e d .  T h i s  e x p r e s s i o n  i s  a s p e c i a l  c a s e  o f  r e s u l t s  

p u b l i s h e d  i n  [ 1 J .  Our a n a l y s i s  i s  made e a s i e r  t o  f o l l o w  by 

some s p e c i f i c  a s s u m p t i o n s .  S i m u l a t i o n  r e s u i t s  f o r  t h e  t h r e e  

1 6 - a r y  schemes  ( s e c t i o n  1 .2 )  a r e  a l s o  p r e s e n t e d .

C h a p t e r  8 i n v e s t i g a t e s  by s i m u l a t i o n  o n l y  t h e  combined 

e f f e c t  o f  a d d i t i v e  n o i s e ,  m u l t i p a t h  t i m e  s p r e a d  and s l ow  a s  

w e l l  a s  f a s t  R a y l e i g h  f a d i n g .

C h a p t e r  9 i s  a s h o r t  d i s c u s s i o n  o f  some a d d i t i o n a l  schemes  

t h a t  were  c o n s i d e r e d  and found  t o  be  u n s u i t a b l e  f o r  t h e  HF 

c h a n n e l .

C o n c l u s i o n s  a r e  drawn in  c h a p t e r  10 ,  f o l l o w e d  by a p p e n d i c e s  

c o n t a i n i n g  m a t e r i a l  t h a t  was t h o u g h t  t o  be d i s t r a c t i n g  i n  

t h e  d e v e l o p m e n t  o f  t h e  a rg u m e n t s  i n  t h e  main  body o f  t h e  

t e x t .  Th a t  i s  f o l l o w e d  by a l i s t  o f  r e f e r e n c e s .
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2.  PROPERTIES OF THE HF CHANNEL

2 .1  INTRODUCTION

High f r e q u e n c y  r a d i o  r e f e r s  t o  r a d i o  t r a n s m i s s i o n  i n  t h e  

f r e q u e n c y  r a n g e  3 MHz t o  30 MHz. In t h i s  f r e q u e n c y  r a n g e ,  

e l e c t r o m a g n e t i c  (EM) waves  a r e  r e f l e c t e d  from t h e  

i o n o s p h e r e ,  making p o s s i b l e  c o m m u n i c a t i o n s  o v e r  t h e  h o r i z o n .  

At h i g h e r  f r e q u e n c i e s  t h a t  i s  n o t  p o s s i b l e  b e c a u s e  t h e  EM 

waves  p r o p a g a t e  i n  s t r a i g h t  l i n e s  and o n l y  a v e r y  s m a l l  

f r a c t i o n  o f  t h e  t r a n s m i t t e d  e n e r g y  r e a c h e s  t h e  g roun d  beyond 

t h e  h o r i z o n  by d i f f r a c t i o n .  In  c o n t r a s t  t o  t h a t ,  i n  t h e  HF 

r a n g e  c o m m u n i c a t i o n s  be tw een  p o i n t s  on o p p o s i t e  s i d e s  o f  t h e  

e a r t h  i s  made p o s s i b l e  by m u l t i p l e  r e f l e c t i o n s  be tween  t h e  

s u r f a c e  o f  t h e  e a r t h  and t h e  i o n o s p h e r e .

Be cause  o f  t h e  i n v o l v e m e n t  o f  t h e  i o n o s p e r e ,  t h e  t e rm  "HF 

r a d i o  c h a n n e l "  i s  o f t e n  used i n t e r c h a n g e a b l y  w i t h  t h e  t e rm  

" i o n o s p e r i c  r a d i o  c h a n n e l " .  Th a t  i s  n o t  q u i t e  c o r r e c t  

b e c a u s e  t h e  i o n o s p h e r e  u s u a l l y  comes i n t o  p l a y  o n l y  w i t h  

b e y o n d - 1 i n e - o f - s i g h t  d i s t a n c e s  o f  300 km o r  m ore .  L i n e - o f -  

s i g h t  t r a n s m i s s i o n  i s  a l s o  p o s s i b l e  i n  t h e  HF r a n g e ,  o f  

c o u r s e ,  b u t  we w i l l  n o t  c o n s i d e r  t h a t .  We w i l l  use  t h e  t e rm  

HF c h a n n e l  a s  i f  i t  was synonymous  w i t h  t h e  t e rm  " i o n o s p e r i c  

c h a n n e l " .

The HF c h a n n e l  h a s  many s e v e r e  l i m i t a t i o n s .  The mos t  o b v i o u s
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i s  t h e  n a r r o w  b a n d w i d th  o f  o n l y  27 MHz. With w o r l d - w i d e  

c o m m u n i c a t i o n s  o c c u p y i n g  many b i l l i o n s  o f  MHz t o d a y ,  t h a t  i s  

b u t  a d r o p  i n  t h e  o c e a n .  The HF c h a n n e l  was used f o r  t h e  

f i r s t  t r a n s - a t l a n t i c  c o m m u n i c a t i o n s  s y s t e m s ,  b u t  was soon  

r e p l a c e d  by u n d e r s e a  c a b l e s ,  which  were  l a t e r  s u pp l e m e n te d  

by s a t e l l i t e  s y s t e m s .

O th e r  p ro b l em s  i n c l u d e  t h e  f a c t  t h a t  be tween  any  two p o i n t s  

u s u a l l y  o n l y  a p o r t i o n  o f  t h e  s p e c t r u m  be tween  3 MHz and 30 

MHz can  s u s t a i n  c o m m u n i c a t i o n s , d e p e n d i n g  on t h e  t i m e  o f  day  

and a h o s t  o f  o t h e r  f a c t o r s .  F r e q u e n c y  management  becomes  a 

m a j o r  p r o b l e m .

F u r t h e r m o r e ,  t h e  HF c h a n n e l  i s  a p r im e  example  o f  a f a d i n g  

c h a n n e l  w i t h  m u l t i p a t h  t i m e  s p r e a d .  In  some c i r c u m s t a n c e s ,  

i t  s h o u l d  a l s o  be c h a r a c t e r i z e d  a s  a f a s t - f a d i n g  r a t h e r  t h a n  

a s l o w l y  f a d i n g  c h a n n e l .  We show i n  c h a p t e r  8 how t h e  

combined e f f e c t  o f  f a s t  f a d i n g  and m u l t i p a t h  t im e  s p r e a d  

d e g r a d e s  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .

Wi th  a l l  t h e s e  l i m i t a t i o n s ,  t h e  HF c h a n n e l  c an  s u s t a i n  a 

s i g n a l i n g  r a t e  o f  o n l y  100 b a u d ,  u n l e s s  e q u a l i z a t i o n  i s  

employed t o  m i t i g a t e  t h e  e f f e c t  o f  m u l t i p a t h .  E q u a l i z a t i o n ,  

h o w e v e r ,  i s  a l s o  d i f f i c u l t  b e c a u s e  o f  t h e  f a s t - f a d i n g  n a t u r e  

o f  t h e  c h a n n e l .  When h i g h e r  d a t a  r a t e s  a r e  n e e d e d ,  t h e  

s o l u t i o n  i s  u s u a l l y  t o  add many s u b c a r r i e r s  which  a r e
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m o d u l a t e d  i n d i v i d u a l l y  a t  100 b a u d .

The q u e s t i o n  i s  now i f  anyone  would want  t o  u se  such  a 

c h a n n e l .  The answer  i s  t h a t  i t  i s  used o n l y  when n o t h i n g  

e l s e  i s  a v a i l a b l e .  I t  i s  used  p r o f e s s i o n a l l y  o n l y  by p e o p l e  

i n  r emo te  a r e a s  who do n o t  have  a c c e s s  t o  s a t e l l i t e  o r  o t h e r  

c h a n n e l s  f o r  l o n g - d i s t a n c e  c o m m u n i c a t i o n s , and by t h e  

m i l i t a r y  a s  a b a c k - u p  f o r  o t h e r  s y s t e m s .  I t  i s  a l s o  used 

h e a v i l y  by a m a te u r  r a d i o  e n t h u s i a s t s .

Many s t u d e n t s  who "g rew up" w i t h  s y s t e m s  o p e r a t i n g  i n  t h e  

Giga-Hz  f r e q u e n c y  r a n g e  a r e  p e r p l e x e d  by t h e  t e rm  " h i g h  

f r e q u e n c y "  as  i t  i s  used  h e r e .  The e x p l a n a t i o n  i s  s i m p l y  

t h a t  i t  i s  a r e l i c  o f  t h e  e a r l y  da ys  o f  r a d i o  when 

f r e q u e n c i e s  above  1 MHz were  i nd eed  t h e  h i g h e s t  t h a t  c o u l d  

be h a n d l e d  by t h e  e q u ip m e n t  o f  t h e  t i m e .

F i n a l l y ,  we would l i k e  t o  comment t h a t  an i n t r o d u c t i o n  such  

a s  t h i s  d o e s  no j u s t i c e  t o  t h e  v a s t  amount  o f  i n f o r m a t i o n  on 

t h e  HF c h a n n e l  t h a t  was p u b l i s h e d  i n  t h e  l a s t  40 y e a r s  o r  

s o .  New i n f o r m a t i o n  i s  s t i l l  b e i n g  added a l m o s t  m o n t h l y  i n  

j o u r n a l s  i n  t h e  f i e l d s  o f  g e o p h y s i c s  and e l e c t r i c a l  

e n g i n e e r i n g .  The i n f o r m a t i o n  in  t h i s  c h a p t e r  was g a t h e r e d  

f rom an e x c e l l e n t  t e x t b o o k  [5] and a number o f  o t h e r  

r e f e r e n c e s  [ 8 , 1 2 , 1 3 , 1 7 , 1 8 , 2 3 , 2 5 , 3 5 1 .
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2 . 2  THE IONOSPHERE

The i o n o s p h e r e  i s  t h e  up pe r  p a r t  o f  t h e  a t m o s p h e r e  whe re  a 

s i g n i f i c a n t  f r a c t i o n  o f  t h e  r a r i f i e d  g a s e s  a r e  i o n i z e d ,  

m o s t l y  by r a d i a t i o n  f rom t h e  s u n .

For t h e  p u r p o s e s  o f  c o m m u n i c a t i o n  s y s t e m s ,  t h e r e  a r e  t h r e e  

r e g i o n s  t h a t  can  be i d e n t i f i e d  a s  h a v i n g  s i g n i f i c a n t  

i n f l u e n c e  on t h e  p r o p a g a t i o n  o f  r a d i o  wav es .  They a r e  c a l l e d  

" l a y e r s "  and do i n d e e d  a p p e a r  a s  " l a y e r s "  i n  t h e i r  e f f e c t  on 

HF r a d i o  s i g n a l s .

The D r e g i o n  i s  a t  a h e i g h t  o f  a p p r o x i m a t e l y  75 t o  BO km, 

and i s  m o s t l y  r e s p o n s i b l e  f o r  t h e  a t t e n u a t i o n  ( o v e r  and 

above  t h a t  o f  t h e  r a n g e  e q u a t i o n )  t h a t  r a d i o  waves  s u f f e r .  

The mechani sm f o r  t h e  l o s s  o f  e n e r g y  i s  t h a t  t h e  a t m o s p h e r e  

i s  s t i l l  d e n s e  enough so  t h a t  e l e c t r o n s  a c c e l e r a t e d  by t h e  

EM waves  hav e  a s i g n i f i c a n t  c h a n c e  o f  c o l l i d i n g  w i t h  o t h e r  

p a r t i c l e s ,  t h u s  e x p e n d i n g  o r  a t  l e a s t  s c a t t e r i n g  some o f  t h e  

e n e r g y  f rom t h e  wave ,  r a t h e r  t h a n  a i d i n g  in  t h e  r e f l e c t i o n  

p r o c e s s .  The a b s o r b t i o n  i n c r e a s e s  w i t h  d e c r e a s i n g  f r e q u e n c y  

b e c a u s e  t h e  d i s t a n c e  t h a t  t h e  e l e c t r o n s  t r a v e l  und e r  t h e  

i n f l u e n c e  o f  t h e  wave ,  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  

s q u a r e  o f  t h e  f r e q u e n c y  o f  t h e  wave .  The l o n g e r  t h e  d i s t a n c e  

t r a v e l e d ,  t h e  g r e a t e r  t h e  p r o b a b i l i t y  o f  a c o l l i s i o n  and t h e  

more e n e r g y  i s  e x t r a c t e d  f rom t h e  EM wave.



13

The p r o c e s s  o f  r e f l e c t i o n  i s  a c t u a l l y  b e t t e r  

d e s c r i b e d  a s  r e f r a c t i o n ,  s i n c e  t h e  ch an ge  i n  t h e  d i r e c t i o n  

o f  p r o p a g a t i o n  i s  g r a d u a l  r a t h e r  t h a n  s u d d e n l y  a s  i n  t h e  

c a s e  o f  r e f l e c t i o n  f rom a c o n d u c t i n g  p l a n e .

The E and F r e g i o n s  o c c u r  be tw een  90 t o  100 km and 140 t o  

400 km or  h i g h e r ,  r e s p e c t i v e l y .  Here t h e  p r o b a b i l i t y  o f  

c o l l i s i o n  be twe en  i o n s  a c c e l e r a t e d  by t h e  EM waves i s  v e r y  

l o w ,  and t h e  waves  a r e  r e f r a c t e d  w i t h o u t  much l o s s  o f  

e n e r g y .  I f  t h e  f r e q u e n c y  i s  low en o ug h ,  t h e  r e f r a c t i o n  w i l l  

be enough t o  r e t u r n  t h e  waves  t o  t h e  e a r t h .

An i m p o r t a n t  p a r a m e t e r  o f  t h e  i o n o s p h e r i c  c h a n n e l  i s  t h e  s o -  

c a l l e d  maximum u s a b l e  f r e q u e n c y  (MUF). Th a t  i s  t h e  h i g h e s t  

f r e q u e n c y  a t  wh ich  r e f l e c t i o n  o f  a wave w i l l  o c c u r  a t  a 

g i v e n  a n g l e  o f  i n c i d e n c e .  I t  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  

r o o t  o f  t h e  maximum e l e c t r o n  d e n s i t y  o f  t h e  g i v e n  l a y e r  o f  

t h e  i o n o s p h e r e  and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  c o s i n e  o f  

t h e  a n g l e  o f  i n c i d e n c e .  (The a n g l e  o f  i n c i d e n c e  i s  t h e  

s m a l l e s t  a n g l e  be tw ee n  t h e  i n i t i a l  d i r e c t i o n  o f  t h e  EM wave 

and t h e  no rma l  t o  t h e  r e f l e c t i n g  l a y e r  a t  t h e  " p o i n f  o f  

r e f l e c t i o n .)

M u l t i p a t h  t i m e  s p r e a d  i s  i n t r o d u c e d  when f a v o r a b l e  

c o n d i t i o n s  f o r  t h e  r e f r a c t i o n  o f  t h e  EM waves  e x i s t  a t  

d i f f e r e n t  h e i g h t s  i n  t h e  i o n o s p e r e ,  so t h a t  t h e  wave
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l i t e r a l l y  t r a v e l  a l o n g  d i f f e r e n t  p a t h s  o f  d i f f e r e n t  l e n g t h s  

f rom t h e  t r a n s m i t t e r  t o  t h e  r e c e i v e r .  As an e x am p le ,  

t h e r e  c o u l d  be one component  t r a v e l l i n g  v i a  t h e  E - l a y e r ,  and 

a n o t h e r  comp one n t ,  d e l a y e d  by a ms o f  two ,  t r a v e l l i n g  v i a  

t h e  F l a y e r .  A l s o ,  i n  many c a s e s  i t  can  be shown t h a t  t h e r e  

a r e  two a n g l e s  b e tw ee n  t h e  i n c i d e n t  wave and any l a y e r  o f  

t h e  i o n o s p h e r e  t h a t  w i l l  s u p p o r t  c o m m u n i c a t i o n s  be tw een  two 

g i v e n  p o i n t s  a t  a g i v e n  f r e q u e n c y .  The two r e s u l t i n g

p a t h s  a r e  c a l l e d  t h e  low r a y  and t h e  h i g h  r a y ,  and can  be 

t h o u g h t  o f  i n  r a t h e r  i n a c c u r a t e  t e r m s  a s  one  r e f l e c t i o n  from 

t h e  bo t t o m  o f  a l a y e r ,  and a n o t h e r  f rom t h e  t o p  o f  t h e  

l a y e r .  The s e p a r a t i o n  be tw een  t h e  p a t h s  i n c r e a s e s  w i t h  

d e c r e a s i n g  f r e q u e n c y .  The two p a t h s  c o i n c i d e  a t  t h e  MUF f o r  

a p a r t i c u l a r  l a y e r .

Each o f  t h e  p o s s i b l e  m u l t i p a t h  componen t s  d e s c r i b e d  a b o v e ,  

c an  so m e t i m es  be d i v i d e d  i n t o  two more c o m p o n e n t s ,  c a l l e d  

t h e  two m a g n e t o i o n i c  c o m p o n e n t s ,  o r  t h e  o r d i n a r y  wave and 

t h e  e x t r a o r d i n a r y  wave .  T h a t  h a p p e n s  b e c a u s e  we a r e  d e a l i n g  

w i t h  t h e  p r o p a g a t i o n  o f  an EM wave in  an i o n i z e d  medium,  i n  

t h e  p r e s e n c e  o f  a s t a t i o n a r y  m a g n e t i c  f i e l d ,  t h a t  o f  t h e  

e a r t h .  The m o t i o n  o f  c h a r g e d  p a r t i c l e s  i s  a f f e c t e d  by t h e  

s t a t i o n a r y  m a g n e t i c  f i e l d ,  and t h e r e f o r e  t h e  p r o p a g a t i o n  o f  

an EM wave d e p e n d s  on i t s  d i r e c t i o n  o f  t r a v e l  and on i t s  

p o l a r i z a t i o n  w i t h  r e s p e c t  t o  t h e  m a g n e t i c  f i e l d  o f  t h e  

e a r t h .  The o r d i n a r y  wave i s  p o l a r i z e d  p a r a l l e l  t o  t h e  

e a r t h ' s  B f i e l d ,  t h e  e x t r a o r d i n a r y  wave i s  p o l a r i z e d
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p e r p e n d i c u l a r  t o  t h e  B f i e l d .

S i n c e  t h e  i o n o s p h e r e  i s  a g a s e o u s  medium much l i k e  t h e  l ow er  

a t m o s p h e r e ,  i t  i s  n o t  u n i f o r m .  F u r t h e r m o r e ,  w inds  o f  up t o  

1000 km/h a r e  p r e s e n t .  Tha t  i s  t h e  main c a u s e  o f  t h e  f a d i n g  

t h a t  i s  c h a r a c t e r i s t i c  o f  t h e  HF c h a n n e l .  The p r o p e r t i e s  o f  

t h e  i on  g a s  a t  t h e  " p o i n t "  o f  r e f l e c t i o n  v a r y  w i t h  t i m e  due 

t o  t h e  winds  and t h e  i r r e g u l a r i t i e s  o f  i on  c o n c e n t r a t i o n s .  

The mechani sm o f  f a d i n g  i s  c o n s t r u c t i v e  o r  d e s t r u c t i v e  

i n t e r f e r e n c e  be tween  t h e  many m u l t i p a t h  componen t s  o f  t h e  

r e c e i v e d  s i g n a l .  The movement o f  t h e  n o n - u n i f o r m  medium 

c a u s e s  random c h a n g e s  i n  t h e  pha se  o f  e ach  comp on en t ,  which  

i s  o b s e r v e d  a t  t h e  r e c e i v e r  as  a random a m p l i t u d e  and pha se  

b e c a u s e  o f  t h e  i n t e r f e r e n c e  be tween  t h e  c o m p o n e n t s .

T y p i c a l  p a r a m e t e r s  o f  t h e  HF c h a n n e l  a r e  t i m e  s p r e a d s  o f  t h e  

o r d e r  o f  0 . 1  t o  s a y  A ms,  and f a d i n g  r a t e s  o f  0 . 0 5  t o  2 Hz. 

H ig he r  v a l u e s  o f  t im e  s p r e a d  and f r e q u e n c y  s p r e a d  a r e  

s o m e t im es  e x p e r i e n c e d ,  e s p e c i a l l y  i n  t r a n s a u r o r a l  

t r a n s m i s s i o n s .

2 . 3  DIURNAL AND OTHER VARIATIONS

S i n c e  t h e  i o n o s p h e r e  e x i s t s  m o s t l y  b e c a u s e  o f  r a d i a t i o n  from 

t h e  s u n ,  i t  s h o u l d  come a s  no s u r p r i s e  t h a t  t h e  i o n o s p h e r e  

c h a n g e s  d r a s t i c a l l y  w i t h  t h e  t i m e  o f  d a y .
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The D l a y e r  i s  v i r t u a l l y  a b s e n t  d u r i n g  t h e  n i g h t .  I t ' s  

e l e c t r o n  d e n s i t y  r e a c h e s  a peak  a t  no on .  The peak  d e n s i t y  i s  

l a r g e r  d u r i n g  t h e  summer t h a n  d u r i n g  t h e  w i n t e r .  I o n i z a t i o n  

i n  t h e  D l a y e r  i s  c a u s e d  m o s t l y  by X- r a y  r a d i a t i o n  f rom t h e  

s u n .  T h i s  t yp e  o f  r a d i a t i o n  i n c r e a s e s  d u r i n g  s o l a r  f l a r e s ,  

and t h a t  i s  p a r t  o f  t h e  r e a s o n  f o r  HF b l a c k o u t s  which  o c c u r  

a f t e r  some s o l a r  f l a r e s .

I o n i z a t i o n  i n  t h e  E l a y e r  a l s o  r e a c h e s  a peak  a t  n oon ,  b u t  

i t  d e c a y s  o n l y  g r a d u a l l y  d u r i n g  t h e  n i g h t  t o  a low j u s t  

b e f o r e  s u n r i s e .  The MUF r e a c h e s  a maximum o f  a b o u t  20 MHz 

f o r  c o m m u n i c a t i o n s  c h a n n e l s  o f  a b o u t  2000 km in  l e n g t h  

d u r i n g  t h e  d a y .  Dur ing  t h e  n i g h t  i t  c an  d r o p  a s  low a s  2 o r  

2 MHz.

The F r e g i o n  i s  c o n s i d e r e d  t o  c o n s i s t  o f  two l a y e r s  d u r i n g  

t h e  d a y ,  t h e  FI and t h e  F2 l a y e r s .  Dur ing  t h e  n i g h t  t h e y  

merge  t o  form a s i n g l e  l a y e r ,  t h e  F l a y e r .  A p a r t  f rom t h a t ,  

i t s  b e h a v i o r  i s  complex  and n o t  a s  e a s i l y  l i n k e d  t o  t h e  sun  

a s  t h e  D and E l a y e r s .  Dur ing  p e r i o d s  o f  v e r y  h i g h  

i o n i z a t i o n ,  f r e q u e n c i e s  o f  a s  h i g h  a s  50 MHz can  be 

r e f l e c t e d  from t h e  F2 l a y e r .  The F2 l a y e r  i s  u s u a l l y  

i n v o l v e d  i n  t r a n s m i s s i o n  d i s t a n c e s  o f  more t h a n  3000 km. I t  

i s  much more d i f f i c u l t  t o  e s t a b l i s h  r e l i a b l e  c o m m u n i c a t i o n s  

o v e r  such  l o ng  d i s t a n c e s ,  b e c a u s e  o f  t h e  c o m p l e x i t y  o f  t h e  

b e h a v i o r  o f  t h e  F r e g i o n .
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I o n o s p h e r i c  s t o r m s  c o u p l e d  w i t h  m a g n e t i c  d i s t u r b a n c e s  t e n d  

t o  o c c u r  be tween  20 t o  40 h o u r s  a f t e r  a s o l a r  f l a r e  and may 

l a s t  f o r  s e v e r a l  d a y s .  They a r e  c a u s e d  by i n t e r a c t i o n  

be tw een  t h e  m a g n e t i c  f i e l d  o f  t h e  e a r t h ,  e l e c t r i c a l  

c u r r e n t s  o f  up t o  one m i l l i o n  ampe re s  i n  t h e  i o n o s p h e r e ,  and 

p a r t i c l e  r a d i a t i o n  f rom t h e  s u n .  Dur ing  t h e s e  s t o r m s  t h e  

v a r i a t i o n  a s  a f u n c t i o n  o f  p o s i t i o n  o f  e l e c t r o n  d e n s i t i e s  i n  

t h e  i o n o s p h e r e  i s  g r e a t l y  i n c r e a s e d .  The r e s u l t  i s  t h a t  t h e  

l a y e r s  o f  t h e  i o n o s p h e r e  no l o n g e r  a c t  l i k e  r a t h e r  smooth 

r e f l e c t o r s ,  b u t  t e n d  t o  s c a t t e r  EM waves  much a s  a r ough  

r e f l e c t o r  would d o .  T h i s  i s  a n o t h e r  mechanism whe reby  HF 

c o m m u n i c a t i o n s  can  be c o m p l e t e l y  d i s r u p t e d .

The e l e c t r o n  d e n s i t i e s  i n  a l l  t h r e e  l a y e r s  o f  t h e  i o n o s p h e r e  

a l s o  v a r y  w i t h  a 2 7 - d a y  and an 1 1 - y e a r  c y c l e .  The f i r s t  i s  

r e l a t e d  t o  t h e  r o t a t i o n  o f  t h e  s u n ,  and t h e  s econd  t o  an 

e l e v e n - y e a r  c y c l e  i n  t h e  number  o f  s u n s p o t s  t h a t  can  be 

o b s e r v e d  f rom t h e  e a r t h .  The r e l a t i v e  p o s i t i o n s  o f  t h e  

e a r t h ,  t h e  sun and t h e  moon a l s o  have  some e f f e c t  b e c a u s e  o f  

i n t e r a c t i o n  o f  t h e i r  m a g n e t i c  f i e l d s .

T h i s  was a v e r y  rough  and i n t u i t i v e  e x p l a n a t i o n  o f  t h e  

n a t u r e  o f  t h e  i o n o s p h e r e .  We b e l i e v e  t h a t  i t  w i l l  g i v e  t h e  

r e a d e r  enough b a c k g r o u n d  t o  be c o m f o r t a b l e  w i t h  t h e  " b l a c k  

box" model  o f  t h e  HF c h a n n e l  i n  c h a p t e r  3.
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3.  SIMULATING THE HF CHANNEL.

3 . 1 INTRODUCTION

Any co m m u n i ca t i o n s  c h a n n e l  c an  be t h o u g h t  o f  a s  a " b l a c k  

box" w i t h  an i n p u t  and an o u t p u t .  When t h e  e f f e c t  o f  t h e  

c h a n n e l  on s i g n a l s  p a s s e d  t h r o u g h  i t  i s  s p e c i f i e d ,  t h e  

c o m m u n i c a t i o n s  e n g i n e e r  can go a b o u t  h i s  b u s i n e s s  w i t h o u t  

f u r t h e r  c o n c e r n  a b o u t  t h e  p h y s i c a l  p r o c e s s e s  i n v o l v e d ,  

however  complex t h e y  may b e .

In  c o m m u n i c a t i o n s  s u c h  b l a c k  boxes  a r e  u s u a l l y  c a l l e d  

f i l t e r s  when t h e y  a f f e c t  t h e  s p e c t r a l  c o n t e n t s  o f  t h e  

s i g n a l .  The HF c h a n n e l ,  and in  g e n e r a l  mos t  f a d i n g  c h a n n e l s ,  

do a f f e c t  t h e  s p e c t r a l  c o n t e n t s  o f  t h e  s i g n a l ,  so  t h e y  can  

be  t h o u g h t  o f  a s  f i l t e r s .  The o n l y  u n u su a l  a s p e c t  i s  t h a t  

t h e s e  " f i l t e r s "  a r e  n o t  t i m e - i n v a r i a n t .  Keeping t h a t  i n  

m ind ,  t h e  p rob l em o f  m o d e l i n g  t h e  c h a n n e l  becomes an 

o r d i n a r y  f i l t e r i n g  p r o b l e m .

Ali  t h a t  n e e d s  t o  be done  i s  t o  s p e c i f y  t h e  p a r a m e t e r s  o f  

t h e  f i l t e r .  T h a t ,  however  i s  e a s i e r  s a i d  t h a n  done b e c a u s e  

o f  t h e  fac t ,  t h a t  i t  i s  t i m e - v a r y i n g ,  b e c a u s e  i t  can  n o t  be 

p u t  i n  an e l e c t r i c a l l y  q u i e t  l a b o r a t o r y  f o r  p r o p e r  

m e a s u r e m e n t s ,  and b e c a u s e  o f  t h e  m u l t i t u d e  o f  f a c t o r s  

i n f l u e n c i n g  i t ' s  p r o p e r t i e s ,  a s  was d i s c u s s e d  in  c h a p t e r  2.  

An i m p o r t a n t  s t u d y  o f  t h i s  p r ob l em was p u b l i s h e d  i n  [ 2 ° ] .  A
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s p e c i f i c a t i o n  f o r  HF c h a n n e l  s i m u l a t o r s  r e s u l t e d  f rom t h a t  

s t u d y  and i s  a v a i l a b l e  i n  [ 3 0 1 .  I t  i s  w i d e l y  used  t o d a y .  We 

now p r o c e e d  t o  d i s c u s s  t h e  s p e c i f i c s  o f  t h e  f i l t e r - m o d e l  and 

i t ' s  p a r a m e t e r s .

F i g .  3 . )  shows a d i a g r a m  o f  a t r a n s v e r s a l  f i l t e r .  I t  i s  a l s o  

t h e  model  o f  t h e  s i m u l a t o r  o f  [ 301 .  I f  t h e  t a p  g a i n s  9 n ( t )  

a r e  k e p t  c o n s t a n t ,  any  t r a n s f e r  f u n c t i o n  can  be r e a l i z e d  

w i t h  an a p p r o p r i a t e  c h o i c e  o f  t h e  t a p  g a i n s  and t h e  number 

o f  t a p s  ( w i t h  t h e  u su a l  r e s t r i c t i o n s  a p p l y i n g  t o  s a m p l e d -  

d a t a  s y s t e m s ,  o f  c o u r s e ) .  Any t i m e - v a r y i n g  i m pu l s e  r e s p o n s e  

can  a l s o  be r e a l i z e d ,  p r o v i d e d  t h a t  a sy s t e m  f o r  a p p r o p r i a t e  

v a r i a t i o n  o f  t h e  t a p  g a i n s  c an  be  f o u n d .  In t h i s  s e n s e  t h e  

c h a n n e l  model  i s  c o m p l e t e l y  g e n e r a l .  Any c h a n n e l ,  t i m e -  

v a r y i n g  o r  n o t ,  c an  be  model ed  by a p p r o p r i a t e  s p e c i f i c a t i o n  

o f  t h e  p a r a m e t e r s  o f  t h i s  t r a n s v e r s a l  f i l t e r .

In t h e  s i m u l a t i o n  o f  t h e  HF c h a n n e l ,  t h e  t a p s  f rom t h e  d e l a y  

l i n e  hav e  a p h y s i c a l  i n t e r p r e t a t i o n ,  a p a r t  f rom j u s t  b e i n g  

p a r t  o f  a t r a n s v e r s a l  f i l t e r .  We have  s e e n  i n  c h a p t e r  ? t h a t  

t h e  i o n o s p h e r e  c o n t a i n s  s e v e r a l  l a y e r s  t h a t  can  i n d i v i d u a l l y  

r e f l e c t  r a d i o  t r a n s m i s s i o n s .  The o u t p u t s  f rom t h e  t a p - g a i n  

m u l t i p l i e r s  i n  t h e  t r a n s v e r s a l  f i l t e r  can be t h o u g h t  t o  be  

r e p r e s e n t i n g  t h e s e  r e f l e c t i o n s .  T h i s  s t a t e m e n t  t a c i t l y  

a s sume s  t h a t  an i m p u l se  r e f l e c t e d  f rom each  l a y e r  w i l l  be 

r e c e i v e d  as  a d e l a y e d  i m p u l s e ,  which  i s  n o t  q u i t e  t r u e .  Some
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" s m e a r i n g "  o f  t h e  i m p u l s e  w i l l  o c c u r ,  b u t  i n  mos t  p r a c t i c a l  

c a s e s  t h a t  e f f e c t  i s  n o t  r e s o l v a b l e  b e c a u s e  t h e  s i g n a l s  

t r a n s m i t t e d  t h r o u g h  t h e  i o n o s p e r i c  c h a n n e l  a r e  b a n d l i m i t e d . 

T h e r e f o r e  we t h i n k ,  i n  t h e  r e s t  o f  t h i s  c h a p t e r ,  o f  t h e  

o u t p u t  f rom each  t a p - g a i n  m u l t i p l i e r  as  a r e f l e c t i o n  from

one o f  t h e  l a y e r s  o f  t h e  i o n o s p h e r e .  That  i n c l u d e s  m u l t i p l e

r e f l e c t i o n s  be tween  l a y e r s  o r  be tw een  t h e  i o n o s p h e r e  and t h e  

e a r t h .  A word o f  c a u t i o n  i s  i n  o r d e r ,  t h o u g h .  In  w id e -b a n d  

s y s t e m s  such  a s  r a d a r  s y s t e m s  o r  s p r e a d - s p e c t r u m  

c o m m u n i ca t i o n  s y s t e m s  t h i s  " s m e a r i n g "  may be r e s o l v a b l e  and 

s h o u l d  be t a k e n  i n t o  c o n s i d e r a t i o n .

B e f o r e  p r o c e e d i n g  t o  t h e  s p e c i f i c a t i o n  o f  t h e  p a r a m e t e r s ,  a

n o t e  on t h e  use  o f  compl ex  numbers  i n  F i g .  ^.1 i s  i n  o r d e r  

h e r e .  The s i g n a l  t r a n s m i t t e d  t h r o u g h  t h e  c h a n n e l  i s  

m o d u l a t e d  on a c a r r i e r ,  so  t h a t  t h e  p h y s i c a l  p r o c e s s  t h a t  i s  

b e i n g  model ed  i s  a b a n d p a s s  p r o c e s s .  When d o i n g  a d i g i t a l  

s i m u l a t i o n ,  h o w e v e r ,  one n e e d s  t o  keep  t h e  s a m p l i n g  r a t e  a s  

low as  p o s s i b l e .  Tha t  i s  why we have  o p t e d  f o r  a l o w - p a s s  

i n s t e a d  o f  a b a n d p a s s  s i m u l a t i o n .  A l l  i n f o r m a t i o n  p e r t a i n i n g  

t o  t h e  b a n d p a s s  p r o c e s s ,  e x c e p t  t h e  a c t u a l  c a r r i e r  

f r e q u e n c y ,  i s  r e t a i n e d  by r e p r e s e n t i n g  a l l  v a r i a b l e s  by 

complex  n u m b er s .  A f u r t h e r  d i s c u s s i o n  o f  how t h e  complex  

number s  r e l a t e  t o  p h y s i c a l  s y s t e m s ,  c an  be found  in  s e c t i o n  

4 . 2 .

The c o m p l e t e  s p e c i f i c a t i o n s  o f  t h e  p a r a m e t e r s  o f  t h e  model



a r e  g i v e n  in  [ 30 1 .  A d i s c u s s i o n  on how t h e s e  were  

imp lemen ted  i n  t h e  COMSIM s i m u l a t i o n  t h a t  was used  f o r  a l l  

s i m u l a t i o n s  r e p o r t e d  on i n  t h i s  d i s s e r t a t i o n ,  c an  be found 

in  T41. We r e p e a t  h e r e  o n l y  t h o s e  s p e c i f i c a t i o n s  t h a t  a r e  

n e c e s s a r y  t o  f o l l o w  t h e  r e s t  o f  t h e  m a t e r i a l  p r e s e n t e d  in  

t h i s  c h a p t e r ,  wh ich  i s  m o s t l y  c o n c e r n e d  w i t h  t h e  t i m e -  

v a r y i n g  n a t u r e  o f  t h e  t a p  g a i n s .

Now f o r  t h e  s p e c i f i c a t i o n s  o f  t h e  p a r a m e t e r s .  At l e a s t  t h r e e  

t a p s  s h o u l d  be u s e d ,  i n  o r d e r  t o  be a b l e  t o  s i m u l a t e  a t  

l e a s t  t h r e e  d i f f e r e n t  p r o p a g a t i o n  p a t h s .  The d i f f e r e n t i a ]  

d e l a y  be tween  t h e  f i r s t  and t h e  l a s t  t a p  s h o u l d  be 

a d j u s t a b l e  up t o  a t  l e a s t  in ms,  and t h e  d i f f e r e n t i a l  d e l a y  

be tw een  any p a i r  o f  p a t h s  s h o u l d  n o t  d i f f e r  from t h e  nomina l  

v a l u e  by more t h a n  1 p e r c e n t .

The t a p - g a i n  f u n c t i o n s  g n ( t )  s h o u l d  have  complex G a u s s i a n  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  w i t h  e q u a l - p o w e r e d ,  

u n c o r r e l a t e d ,  r e a l  and i m a g i n a r y  p a r t s .  The e x p e c t e d  (or  

mean) v a l u e s  o f  t h e  g n ( t )  w i l l  u s u a l l y  be  z e ro  t o  p r o d u c e  a 

R a y l e i g h  d i s t r i b u t i o n  f o r  t h e  a m p l i t u d e  o f  t h e  t a p - g a i n r  ]. 51.  

The e x c e p t i o n  i s  when t h e  f i r s t  t a p  i s  used t o  model  a 

g ro u nd -w a v e  p r o p a g a t i o n  p a t h ,  which  w i l l  have  a c o n s t a n t  

g a i n .  In  t h a t  c a s e  t h e  a m p l i t u d e  o f  a s i n e  wave p a s s e d  

t h r o u g h  t h e  f i l t e r  ( o r  t h e  c h a n n e l )  w i l l  h ave  a R i ce an  

a m p l i t u d e  d i s t r  i b u t i o n  . r i n
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The s p e c t r u m  o f  t h e  r e a l  and i m a g i n a r y  p a r t  o f  e ach  t a p - g a i n  

f u n c t i o n  s h o u l d  a l s o  have  a G a u s s i a n  s h a p e .  The h a l f - p o w e r  

b a n d w i d th  o f  t h e  t a p - g a i n s  s h o u l d  be a d j u s t a b l e  from a b o u t  

0 . 0 05  t o  250 Hz. Note  t h a t  t h i s  ha s  n o t h i n g  t o  do w i t h  t h e  

b a n d w i d th  o f  t h e  c h a n n e l  o r  o f  t h e  s i g n a l  b e i n g  p a s s e d  

t h r o u g h  i t .  I t  m e r e l y  s p e c i f i e s  t h e  r a t e  o f  change  o f  t h e  

t a p - g a i n s ,  i . e .  t h e  r a t e  o f  change  o f  one o f  t h e  component s  

o f  t h e  t i m e - v a r y i n g  i m p u l se  r e s p o n s e  o f  t h e  c h a n n e l .  The 

p r e s e n c e  o f  two t o t a l l y  d i f f e r e n t  G a u s s i a n  f u n c t i o n s  i s  a l s o  

c o n f u s i n g .  We would l i k e  t o  s t r e s s  a g a i n  t h a t  t h e  f i r s t  one 

r e f e r s  t o  a p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  and t h e  s econd  one 

t o  a power s p e c t r a l  d e n s i t y ,  and t h e  two have  n o t h i n g  t o  do 

w i t h  each  o t h e r .

F i n a l l y ,  e a c h  o f  t h e  t a p - g a i n  f u n c t i o n s  s h o u l d  a l s o  have  a 

f r e q u e n c y  o f f s e t  in o r d e r  t o  be  a b l e  t o  s i m u l a t e  t h e  Dopp le r  

o f f s e t s  which  o c c u r ,  e s p e c i a l l y  a t  s u n r i s e  when t h e  h i g h t  o f  

t h e  l a y e r s  o f  t h e  i o n o s p e r e  may change  c o n t i n u o u s l y  f o r  up 

t o  h a l f  an h o u r .  I t  c an  a l s o  be used  t o  model  r e l a t i v e  

m o t i o n  o f  t h e  t r a n s m i t t e r  and r e c e i v e r .  The o f f s e t  w i l l ,  

ho we ve r ,  in  mos t  c a s e s  be s e t  t o  z e r o .

I t  s h o u l d  be m e n t i o n e d  h e r e  t h a t  r iOl  a c t u a l l y  r e q u i r e s  t h e  

t a p - g a i n s  t o  be t h e  sum o f  two f u n c t i o n s ,  e a c h  w i t h  a 

G a u s s i a n  s p e c t r u m ,  b u t  w i t h  d i f f e r e n t  b a n d w i d t h s  and Dop p l e r  

o f f s e t s .  T h i s  i s  t o  be  a b l e  t o  s e p a r a t e l y  model  t h e  two
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m a g n e t o i o n i c  component s  o f  t h e  s i g n a l .  I t  was d e c i d e d  n o t  t o  

i n c l u d e  t h i s  f e a t u r e  s i n c e  i t  h a pp en s  o n l y  r a r e l y  t h a t  t h e s e  

two component s  a r e  b o t h  r e s o l v a b l e  and o f  c o m p a r a b l e  

magni  t u d e .

The r e s t  o f  t h i s  c h a p t e r  i s  d e v o t e d  t o  a d i s c u s s i o n  o f  a 

method o f  g e n e r a t i n g  t h e  p r o p e r  s p e c t r a l  sh a p e  f o r  t h e  t a p -  

g a i n  f u n c t i o n s .  A b l o c k  d i a g r a m  o f  t h e  sy s t e m  used f o r  

g e n e r a t i n g  t h e  t a p  g a i n s  i s  shown in  F i g .  3 . ? .  Our s p e c i f i c  

c o n c e r n  i s  t h e  p r o p e r  c h o i c e  o f  t h e  i m pu l s e  r e s p o n s e  h f t ) .

The p r ob l em  o f  o b t a i n i n g  t h e  r e q u i r e d  s p e c t r a l  sha pe  f o r ,  

e q u i v a l e n t l y ,  a u t o c o r r e l a t i o n  f u n c t i o n )  ha s  been  d i s c u s s e d  

i n  t h e  l i t e r a t u r e  3 1 , ^ 1 .

3 . ?  GENERATING TAP GAINS WITH GAUSSIAN AUTOCORRELATION

G e n e r a t i n g  a random v a r i a b l e  w i t h  a g i v e n  a u t o c o r r e l a t i o n  

f u n c t i o n  can  be done by  p a s s i n g  w h i t e  G a u s s i a n  n o i s e  

t h r o u g h  a f i l t e r  w i t h  an a p p r o p r i a t e  t r a n s f e r  f u n c t i o n .  

No i s e  w i t h  G a u s s i a n  a u t o c o r r e l a t i o n  a l s o  h a s  a G a u s s i a n  

power s p e c t r a l  d e n s i t y .  T h e r e f o r e  t h e  t r a n s f e r  f u n c t i o n  o f  

t h e  f i l t e r  r e q u i r e d  t o  p r o d u c e  a G a u s s i a n  a u t o c o r r e l a t i o n  i s  

n o t  r e a l i z a b l e .  I t  h a s  an i n f i n i t e  number o f  p o l e s  a s  c an  be 

s e en  by u s i n g  t h e  T a y l o r  s e r i e s  e x p a n s i o n  o f  t h e  G a u s s i a n  

f u n c t i o n  as  a f u n c t i o n  o f  f r e q u e n c y .  S i n c e  t h e  r e q u i r e d
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F i g . 3 . 1 ; Lo w-p as s  s i m u l a t i o n  o f  HF c h a n n e l .
A l l  v a r i a b l e s  a r e  complex  number s .

R y y ( T )

e J ” n t

D o p p l e r  shift.

real .
g n (t ) is c o m p l e x .

F i g . 3 . 2  G e n e r a t i n g  t h e  t a p  g a i n s .
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f i l t e r  i s  u n r e a l i z a b l e ,  one  h a s  t o  make do w i t h  some 

a p p ro x  imat  i o n .

The q u e s t i o n  i s  now what  c r i t e r i o n  t o  use  t o  f i n d  an 

a p p r o p r i a t e  a p p r o x i m a t i o n .  Our a p p l i c a t i o n  i s  t h e  s i m u l a t i o n  

o f  d i g i t a l  c om m un ica t i o n  s y s t e m s  where  t h e  s i g n a l  b an d w i d th  

i s  much g r e a t e r  t h a n  t h e  c h a n n e l  f a d i n g  r a t e .  The s i g n a l  

d e g r a d a t i o n  due t o  f a d i n g  f o r  d i g i t a l  co mmu n i ca t i o n  s y s t e m s  

i s  d e p e n d e n t  on t h e  a u t o c o r r e l a t i o n  o f  t h e  t a p  g a i n s  i n  t h e  

i n t e r v a l  n < x < T o r O < x < '  2T, d e p e n d i n g  on t h e  s y s t e m ,  

where  1/ T  i s  t h e  baud r a t e  H I .  j t  i s  t h e r e f o r e

n a t u r a l  t o  p e r f o r m  t h e  a n a l y s i s  i n  t h e  t i m e  domain r a t h e r  

t h a n  i n  t h e  f r e q u e n c y  domain and t h e  p r i m a r y  c o n c e r n  i s  t h e  

b e h a v i o r  a t  sma l l  v a l u e s  o f  t i m e ,  when any form o f  t r a c k i n g  

l o o p  i s  u s e d ,  t h e  b e h a v i o r  a t  o t h e r  v a l u e s  o f  t im e  s h o u l d  be 

c o n s i d e r e d ,  b u t  o n l y  a s  a m a t t e r  o f  s e c o n d a r y  i m p o r t a n c e .

By t h e  C e n t r a l  L im i t  Theorem t h e  r e p e a t e d  c o n v o l u t i o n  o f  a 

l a r g e  number o f  v a r i a b l e s  w i l l  unde r  c e r t a i n  c o n d i t i o n s  

a p p r o a c h  t h e  G a u s s i a n  f u n c t i o n .  Thus any  a l l - p o l e  l o w - p a s s  

f i l t e r  o f  s u f f i c i e n t l y  h i g h  o r d e r  w i l l  p r o d u c e  t h e  d e s i r e d  

a u t o c o r r e l a t i o n  f u n c t i o n .  In  t h i s  p a p e r  we show t h a t  a l l  

l o w - p a s s  f i l t e r s  o f  o r d e r  n > ] p r o d u c e  t h e  d e s i r e d  

a u t o c o r r e l a t i o n  i n  t h e  l i m i t  a s  x a p p r o a c h e s  P.  In c a s e s  

o t h e r  t h a n  t h i s  l i m i t ,  some f i l t e r s  hav e  more d e s i r a b l e  

c h a r a c t e r i s t i c s  t h a n  o t h e r s .
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3 . 3  CALCULATING AUTOCORRELATION FUNCTIONS

I f  t h e  i n p u t  t o  a f i l t e r  h a s  an a u t o c o r r e l a t i o n  R ( t)xx
t h e n  t h e  o u t p u t  o f  t h e  f i l t e r  w i l l  have  an a u t o c o r r e l a t i o n

R ( t ) = R ( T )  * h ( T )  * h  *( —T )  ( 3 . 3 . 1 )yy xx
where  h ( t )  i s  t h e  i m p u l s e  r e s p o n s e  o f  t h e  f i l t e r ,  * d e n o t e s  

c o n v o l u t i o n ,  and h * d e n o t e s  t h e  c o n j u g a t e  o f  h U S 1 .

I f  t h e  i n p u t  i s  w h i t e  n o i s e ,  t h e n

R ( t ) = N 6 ( x) ( 1 . 3 . 2 )xx o
and

R ( T) = N h ( t ) * h ( - T) ( 3 . 1 . 1 )yy O
The o u t p u t  power s p e c t r a l  d e n s i t y  i s

S y y(oj) = NqH( joo) H*( j as) = N o | H ( j w) | 2 ( l . i . ^ i )

An N- th  o r d e r  l o w p a s s  f i l t e r  h a s  a t r a n s f e r  f u n c t i o n

N
H (s i  = G/  n ( s+e  ) ( 1 . 3 . 5 )

N n= l

Then
2 N *

~  ' U (a + j u ) (a 
n = l  n ‘ nSyy(co) — NnG/  n  ̂ ( a_ + joi) (a j  oj ) ( 3 . 3 . 6 )

The i m p u l se  r e s p o n s e  f o r  t h e  c a s e  o f  N unequa l  p o l e s  i s  

found  a f t e r  a p a r t i a l  f r a c t i o n  e x p a n s i o n  o f  H ( s ) :

h ( t )  = ( - 1 ) N+1 £ ( u ( t ) e x p ( - a  t ) / . n  (a - a . ) )
N n= l  n y=l n j ( 3 . 2 . 7 )

j * n

Ry y ( t ) i s  b e s t  c a l c u l a t e d  by e v a l u a t i n g  t h e  c o n v o l u t i o n  i n  

Eq.  3 . 3 . 3 .  For c o n v e n i e n c e  l e t



Then
N N

R <x> = Nqg 2 I  r S AnAke x p ( - »  | T | ) / ( a  +a M
n= l  k= l ( 3 . 3 .®)

Now t h a t  we have  an e x p r e s s i o n  f o r  t h e  power s p e c t r a l  

d e n s i t y  and t h e  a u t o c o r r e l a t i o n  o f  t h e  s i g n a l  a t  t h e  o u t p u t  

o f  t h e  f i l t e r ,  we can  e v a l u a t e  i t  t o  s e e  how c l o s e l y  i t  

r e s e m b l e s  t h e  d e s i r e d  G a u s s i a n  a u t o c o r r e l a t i o n .

The d e s i r e d  a u t o c o r r e l a t i o n  i s  g i v e n  by

where  B i s  t h e  h a l f - p o w e r  ban dw id th  i n  Hz [2], We w i l l  

r e f e r  t o  B a s  t h e  f a d i n g  r a t e  o f  t h e  c h a n n e l .

The G a u s s i a n  f u n c t i o n  i s  c h a r a c t e r i z e d  a t  s m a l l  v a l u e s  o f  t  

by t h e  f a c t  t h a t  i t  h a s  a smooth maximum a t  t  = 0:

R ( t) = S e x p ( - B 2TT2T2/ l n 2 )

R (0) = S
g

R' (0) = 0

( 3 . 3 . 1 1 )

r " ( n ) 
g

2 S B 2 TT2/ l n 2 ( 3 . 3 . 1 3 )

R ( t ) has  s i m i l a r  p r o p e r t i e s :
yy
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Eq.  3 . 3 . 1 5  i s  e a s y  t o  p r o v e  i n  t h e  f r e q u e n c y  domain and Eq. 

3 . 3 . 1 5  f o l l o w s  by i n s p e c t i o n  from Eq. 3 . 3 . 9  by c a l c u l a t i n g  

t h e  l i m i t  R'y y ( r )  as  x a p p r o a c h e s  z e r o .  T h i s  c an  be done  

b e c a u s e  R'yy( x) i s  n o t  d i s c o n t i n u o u s  a t x = o ,  s i n c e  t h e  l i m i t  

a s  t a p p r o a c h e s  z e r o  f rom t h e  l e f t  and f rom t h e  r i g h t  i s  t h e  

same,  and b e c a u s e  R'yyf x) d oe s  n o t  c o n t a i n  an im p u l se  a t  t h e  

o r i g i n  ( e x c e p t  f o r  N=1) . T h i s  l a s t  s t a t e m e n t  i s  t r u e  b e c a u s e  

i t  can  be s e e n  i n  t h e  f r e q u e n c y  domain t h a t  Ry y (0) h a s  a 

f i n i t e  v a l u e  ( e x c e p t  f o r  N=1) .

I t  can  be s e e n  from E q . ^ . 3 . ] 1  t h r o u g h  3."*.15 t h a t  any 

f i l t e r  o f  o r d e r  2 o r  h i g h e r  w i l l  be a good a p p r o x i m a t i o n  o f  

t h e  G a u s s i a n  f o r  s m a l l  v a l u e s  o f  t i m e  i f  we l e t  

Ry y (0) = Rg (0) and R j y (m  = R ^ ( 0 ) .  T h i s  i s  done by 

m a n i p u l a t i n g  t h e  g a i n  f a c t o r  G and t h e  h a l f - p o w e r  b a nd w id th  

o f  t h e  f i l t e r .  Note  t h a t  t h e  h a l f - p o w e r  ba n d w i d th  o f  

and Syy ( to) w i l l  n o t  n e c e s s a r i l y  be t h e  same.

Compar i son  f o r  o t h e r  v a l u e s  o f  x i s  b e s t  done g r a p h i c a l l y .  

B e h a v i o r  in  t h e  l i m i t  a s  x->-°° i s  n o t  v e r y  i n t e r e s t i n g  and a 

l i t t l e  t h o u g h t  w i l l  show t h a t  t h e  o n l y  way t o  improve  t h e  

match  be tween  Ryy (x ) and Rg ( x ) i s  t o  i n c r e a s e  t h e  o r d e r  N.

( was  a l s o  c a l c u l a t e d  f o r  a s i m p l e  t h i r d - o r d e r  f i l t e r
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w i t h  t r a n s f e r  f u n c t i o n

H ( s ) = G / ( s + a ) 3 ( 3 . 3 . 1 7 )

Then

R ( t )  = (3N G2/ 1 6 a 5l e x p ( - a  | t | )  ( a 2x 2/ 3  + a I t  I +  1) 
yy ( 3 . 3 . 1 9 )

R y y ( t) was e v a l u a t e d  f o r  d i f f e r e n t  t y p e s  o f  f i l t e r s  i n  o r d e r

compare  them to  each  o t h e r  and t o  t h e  i d e a l  G a u s s i a n

f u n c t i o n .  F i l t e r  d e s i g n  t a b l e s  from [321 were  u s e d .  The 

r e s u l t s  a r e  now d i s c u s s e d .

F i g .  3 . 3  shows Ryy(x) f o r  d i f f e r e n t  t y p e s  o f  f i l t e r s  a l l  

w i t h  h a l f - p o w e r  ba n d w i d th  o f  1 r a d / s .  F i g .  3 . 4  shows t h e  

same f o r  s i x t h - o r d e r  f i l t e r s .  I t  can  be s e en  t h a t  t h e  

T r a n s i t i o n a l  G a u s s i a n  f i l t e r  d e s i g n  g i v e s  t h e  b e s t  r e s u l t  i n  

b o t h  c a s e s ,  w h i l e  a B e s s e l  f i l t e r  i s  n o t  much w o r s e .

F i g .  3 .S shows t h e  b e h a v i o r  o f  R ( t ) f o r  s m a l l  t  on a
y y

l o g a r i t h m i c  s c a l e .  I t  c an  be  s e en  t h a t  a l l  t h e  f i l t e r s  have  

t h e  same s l o p e .  I f  t h e  f i l t e r s  a r e  d e s i g n e d  a s  d e s c r i b e d  

p r e v i o u s l y  t h e  c u r v e s  w i l l  a l l  f a l l  on t o p  o f  one  a n o t h e r .  

T h i s  s e r v e s  t o  s t r e s s  t h e  p o i n t  t h a t  t h e  f i l t e r  d e s i g n  

sh o u l d  n o t  be done  t o  mat ch  t h e  d e s i r e d  h a l f - p o w e r  

b a n d w i d t h ,  i f  one i s  i n t e r e s t e d  i n  t h e  a s y m p t o t i c  b e h a v i o r  

o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a s  t  g o e s  t o  z e r o .
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3 .*  ON THE CHOICE OF FILTER DESIGN

In a d i g i t a l  s i m u l a t i o n  one ha s  t o  r e a l i z e  a d i s c r e t e - t i m e  

r a t h e r  t h a n  a c o n t i n u o u s - t i m e  f i l t e r .  We a c c o m p l i s h e d  t h i s  

by u s i n g  t h e  b i l i n e a r  t r a n s f o r m a t i o n  [141 .

In ou r  s i m u l a t i o n  we f i n a l l y  d e c i d e d  t o  use  t h e  s i m p l e  

t h i r d - o r d e r  f i l t e r  w i t h  t h r e e  e q u a l  real ,  p o l e s .  T h i s  was 

done  b e c a u s e  i t  e n a b l e d  us t o  use  t h r e e  f i r s t - o r d e r  s e c t i o n s  

i n s t e a d  o f  a s e c o n d - o r d e r  f o l l o w e d  by a f i r s t - o r d e r  s e c t i o n .  

The s e c o n d - o r d e r  s e c t i o n  c au se d  p r o b l e m s  due  t o  t h e  f i n i t e  

p r e c i s i o n  o f  f l o a t i n g - p o i n t  a r i t h m e t i c  when t h e  s i m u l a t i o n  

c a l l e d  f o r  v e r y  low f a d i n g  r a t e s .  R e a l i z a t i o n  o f  a d i g i t a l  

l o w p a s s  f i l t e r  w i t h  v e r y  n a r r o w  b a n d w i d th  i n v o l v e s  f i n d i n g  

s m a l l  d i f f e r e n c e s  be tw ee n  l a r g e  num ber s ,  and t h e  d i f f e r e n c e  

i s  r a i s e d  t o  a p p r o x i m a t e l y  t h e  power o f  t h e  o r d e r  o f  t h e  

f i l t e r  s e c t i o n ,  t h e r e f o r e  our  p r e f e r e n c e  f o r  f i r s t - o r d e r  

s e c t i o n s .  Ano t he r  p o s s i b l e  remedy i s  t o  use  d o u b l e  p r e c i s i o n  

a r i t h m e t i c . ,  b u t  we f e l t  t h a t  was n o t  wor th  t h e  e x t r a  c o s t .

These  p r a c t i c a l  c o n s i d e r a t i o n s  a r e  n o t  t h e  l a s t  word on t h e  

c h o i c e  o f  f i l t e r  d e s i g n ,  h ow e v e r .  T h i s  c h a p t e r  h a s  so f a r  

a d d r e s s e d  t h e  p ro b l em  o f  g e n e r a t i n g  t h e  t a p - g a i n s  o n l y  i n  

t h e  t i m e  domain ,  b u t  t h e  s p e c i f i c a t i o n  in  [30] i s  i n  t h e  

f r e q u e n c y  domain .  I t  r e a d s :  " . . . .  t h e  t a p - g a i n  s p e c t r u m  

s h a l l  n o t  d i f f e r  from t h e  i d e a l  G a u s s i a n  sha pe  by more t h a n  

1 p e r c e n t  o f  t h e  maximum v a l u e " .
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Compared t o  t h i s  s t a n d a r d ,  t h e  s i m p l e  3 - r d  o r d e r  f i l t e r  i s  

n o t  a good c h o i c e ,  a s  c an  be s e e n  i n  F i g .  3 . 5 .  The maximum 

d e v i a t i o n  i s  a b o u t  20%, i n s t e a d  o f  1%. A t h i r d - o r d e r  

t r a n s i t i o n a l  G a u s s i a n  f i l t e r  ha s  a maximum d e v i a t i o n  o f  

a b o u t  2%, and a f o u r t h - o r d e r  t r a n s i t i o n a l  G a u s s i a n  f i l t e r  

makes t h e  g r a d e  w i t h  some m a r g i n  t o  s p a r e .

Th i s  d i s c u s s i o n ,  t o g e t h e r  w i t h  s e c t i o n  3 . ^ ,  i n d i c a t e s  t h a t  a 

t r a n s i t i o n a l  G a u s s i a n  f i l t e r  o f  o r d e r  N=d s h o u l d  be u s e d .

Our i n t e r e s t ,  h o we ve r ,  was i n  t h e  r a n g e  o f  v e r y  low f a d i n g  

r a t e s  where  t h e  f i n i t e  p r e c i s i o n  o f  t h e  compu te r  i s  a 

l i m i t a t i o n .  For  t h a t  r e a s o n  ou r  c h o i c e  r e m a in s  t h e  s i m p le  

3 r d - o r d e r  f i l t e r  w i t h  t h r e e  e q u a l  r e a l  p o l e s .

^ . 5  DESIGNING THE DIGITAL FILTER

T h i s  s e c t i o n  i s  a b o u t  t h e  d e s i g n  o f  a d i g i t a l  f i l t e r  t h a t  

i s  t h e  e q u i v a l e n t  o f  t h e  s i m p l e  t h i r d - o r d e r  a n a l o g u e  f i l t e r  

w i t h  t h e  t r a n s f e r  f u n c t i o n  o f  Eq.  '5. 3 . 1 ' 7 .

The f i r s t  r e q u i r e m e n t  i s  t o  f i n d  t h e  p o s i t i o n  o f  t h e  t h r e e  

p o l e s ,  i . e .  t h e  p a r a m e t e r  a .  From Eq.  3 . 3 . 1 « :

R (0) = 3N G2/ ! 5 a 5yy o ' n . s . n

We r e q u i r e :

R ro) g (3.5.2)
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1 . 0
Gaussian (B = 1 / 2 tt Hz )

0.8
Simple third-order filter

0.6

0.4

0 . 2

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Frequency (rad/s)

Fig. 3.6; Normalized power spectral densities: Ideal
Gaussian shape and simple third-order filter. 
For design see section 3.4.
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T h e r e f o r e ,  f rom Eq.  3 . 3 . 1 1 :

3N^G 2/ ]  6 a 5  = S (3 .  5 . 3 )

I t  was shown i n  t h e  d i s c u s s i o n  f o l l o w i n g  Eq. 3 . 3 . ] 6  t h a t  

R" (fn can  be found  by  t a k i n g  t h e  l i m i t  o f  R" ( t) as  t
yy yy

a p p r o a c h e s  z e r o .  Doing t h a t ,  i t  i s  found from Eq. 3 . 3 . 1 8 :

R” (0) = (3N G2/.! 6 a 5) (~a2/3) (3 .  5 .4 )
y y  o

We r e q u i r e :

R" (0) = R " (0) ( 3 . 5 . 5 )
yy g

S u b s t i t u t i n g  Eq. 3 . 5 . 4 , ^ . 5 . 3  and 3. 3 . 1 3  i n t o  Eq.  '’ . 5 . 5 ,  we 

can  s o l v e  f o r  a :

a = 7. t tB  / 6 / 4  i n ?

= .1.431 X 2ttB ( 3 . 5 . 6 )

I t  s h o u l d  be p o i n t e d  o u t  t h a t  w i t h  t h i s  v a l u e  o f  a ,  t h e  

h a l f - p o w e r  ban dw id th  o c c u r s  a t  n . 7  b Hz, n o t  B Hz, b u t  i t  i s  o f  

no c o n c e r n  t o  us s i n c e  we p o i n t e d  o u t  e a r l i e r  we c a r e  a b o u t  

t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  n o i s e  more t h a n  ab o u t  

t h e  s p e c t r u m .

The t r a n s f e r  f u n c t i o n  o f  the c o r r e s p o n d i n g  d i g i t a l  fi lt er  

can be found b y  us in g the b i l i n e a r  t r a n s f o r m a t i o n  ( [1 4 ] p. 

207). We  a l s o  m a k e  use of p r e - w a r p i n g  to m i n i m i z e  d i s t o r t i o n  

of the t r a n s f e r  f u n c t i o n .  For p r e - w a r p i n g  let
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b = (VT) tan"1 (aT/2) (3.S.T)

w h e r e  T is the s a m p l i n g  p e r i o d  of the d i g i t a l  fil ter. Let

H'(s) = K/(s+b)3 (3.5.R)

Now u s i n g  t h e  b i l i n e a r  t r a n s f o r m a t i o n

H(z) = H1 (s) . ,
s = ( 2 / T ) r ( l - z  ) / ( 1+z  )1 ( 3 . 5 . Q )

To s i m p l i f y  t h e  e x p r e s s i o n  t h a t  w i l l  r e s u l t  f rom t h i s  

s u b s t i t u t i o n ,  l e t

G = f k T 3 > /  ( 2+bT3) p . 5..10)

and

D = (2.-bT) /  ( 2+bT) P . 5 .11)

Then

H(z) = G f f 1+z _1) /  ( ] -Dz _1) ] 3 ( 3 . 5 . 1 2 )

The n e x t  s t e p  i s  t o  f i n d  a s u i t a b l e  s t r u c t u r e  f o r

im p l e m e n t i n g  t h e  f i l t e r .  The mos t  e f f e c t i v e  way would be t o

expand t h e  t h i r d  power i n  H(z) and t h e n  t o  use  one o f  t h e

s t a n d a r d  c a n o n i c a l  f o r m s ,  b u t  we have  a l r e a d y  p o i n t e d  o u t

t h a t  t h i s  w i l l  c a u s e  a p r o b l e m .  We want  t o  be  a b l e  t o

s i m u l a t e  c h a n n e l s  w i t h  v e r y  low f a d i n g  r a t e s .  Th a t  makes  D a

number v e r y  c l o s e  t o  o n e .  Tt c o u l d  r e a l i s t i c a l l y  d i f f e r  from

1 in  t h e  f i f t h  d e c i m a l  p o s i t i o n .  Expanding  H(z) r e s u l t s  i n  a
3

f e e d b a c k  t e rm  p r o p o r t i o n a l  t o  D , wh ich  now d i f f e r s  f rom 1 

i n  t h e  f i f t e e n t h  d e c i m a l  p o s i t i o n .  The c om pu te r  r o u n d s  t h a t
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o f f  t o  1 and t h e  f i l t e r  becomes  u n s t a b l e .  To a v o id  t h e  

p ro b l e m ,  t h e  f i l t e r  i s  imp lemen ted  by s i m p l y  c a s c a d i n g  t h r e e  

f i r s t - o r d e r  f i l t e r s  a s  shown in  F i g . 3.7.

The g a i n  o f  t h e  f i l t e r  G ha s  y e t  t o  be d e t e r m i n e d .  Tn t h e  

compu te r  s i m u l a t i o n  i t  i s  c o n v e n i e n t  t o  have  t h e  power i n  

t h e  o u t p u t  s e q u e n c e  e q u a l  t o  t h e  power i n  t h e  i n p u t  

s e q u e n c e .  Us ing t h a t  r e l a t i o n  t h e  d e s i r e d  g a i n  can  be found 

by w r i t i n g  t h e  d i s c r e t e - t i m e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  

o u t p u t  s e q u e n c e  i n  t e r m s  o f  t h a t  o f  t h e  i n p u t  s e q u e n c e :

R (m) = R (m) *h (ml *h *(-m) yy xx

k=0

The c l o s e d - f o r m  e x p r e s s i o n  f o r  t h e  i n f i n i t e  summat ion  i s  a 

f o r m i d a b l e  e q u a t i o n  and e x t r e m e l y  t e d i o u s  t o  c a l c u l a t e .  We

R (ml Z h ( k ) h ( £ + k )  xx  , ( 3 . 5 . 1 3 )

But t h e  i n p u t  s e q u e n c e  i s  w h i t e  n o i s e  w i t h

Rxx (ml = c 26 (mlx ( 3 . 5 . 1 4 )

T h e r e f o r e

a 2 Z h ( kl h (m+k)x k=-o° ( 3 . 3 . 1 5 )

and t h e  o u t p u t  power i s  g i v e n  by

( 3 . 5 . 1M

Now t h e  r e q u i r e m e n t  f o r  G i s  t h a t

( 3 . 5 . 1 7 )
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x(m)

D Delay T

D
X

Delay T

x2(m)

Delay T

1

x3(m)

y(m)

.7: Structure of the digital filter for g e n e rating 
n o i s e  wi t h  G a u s s i a n  a u t o c o r r e l a t i o n  function.
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t h e r e f o r e  use  t h e  f o l l o w i n g  p r o c e d u r e  in  t h e  compu te r  

s i m u l a t i o n :

.1) S p e c i f y  B.

?) C a l c u l a t e  D.

3) Le t  G = ] , d r i v e  t h e  f i l t e r  w i t h  an i mp u l se  so t h a t

t h e  o u t p u t  w i l l  be h ( k ) .
2) Accumula t e  t h e  h (k) f o r  s a y  t e n  t i m e s  t h e  

t i m e - c o n s t a n t  o f  t h e  f i l t e r  t o  a p p r o x i m a t e  t h e  

i n f i n i t e  summat ion .

5) Now

F i g u r e  3 .8  shows s i m u l a t i o n  r e s u l t s  o b t a i n e d  u s i n g  t h i s  

f i l t e r  d e s i g n  i n  t h e  s i m u l a t i o n  o f  t h e  f a d i n g  c h a n n e l ,  f o r  

t h e  u n m i n i m i z a b l e  p r o b a b i l i t y  o f  e r r o r  due t o  f a d i n g  f o r  

DPSK compared w i t h  t h e  t h e o r e t i c a l  p r o b a b i l i t y  o f  e r r o r  

r n .  The t h e o r e t i c a l  e r r o r  r a t e  i s  d e r i v e d  i n  c h a p t e r  

(The u n m i n i m i z a b l e  e r r o r  r a t e  i s  t h e  e r r o r  r a t e  a t  

i n f i n i t e l y  l a r g e  s i g n a l  t o  n o i s e  r a t i o . )  The c u r v e s  were 

p l o t t e d  as  a f u n c t i o n  o f  t h e  r a t i o  o f  t h e  b i t  r a t e  t o  t h e  

f a d i n g  r a t e .  I t  c an  c l e a r l y  be s e e n  t h a t  t h e  l i m i t i n g  

b e h a v i o r  f o r  s m a l l  f a d i n g  r a t e s ,  c o r r e s p o n d i n g  t o  s m a l l  

v a l u e s  o f  t in  Ry y fT) '  *s c o r r e c t ,  w h i l e  t h e r e  i s  some 

d e v i a t i o n  a t  l a r g e r  f a d i n g  r a t e s .  To i l l u s t r a t e  t h e  p o i n t ,  

l e t  us  assume t h a t  t h e  b i t  r a t e  i s  100 b i t s / s .  I f  t h e  f a d i n g  

r a t e  i s  a l s o  100 Hz, t h e n  t h e  s i m u l a t e d  p r o b a b i l i t y  o f  e r r o r

k=0
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Theoretical
Simulated10
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-710 - 1 - 2 -3 -4

Fading rate/Bit rate

Fiq. 3.8: Probability of error at infinite signal-to- 
noise ratio for DPSK over Rayleigh fading 
channel as a function of the fading rate.
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i s  0 . 3 3  i n s t e a d  o f  0.4<=;. When t h e  t h e o r e t i c a l  p r o b a b i l i t y  o f

e r r o r  i s  0 . 1 ,  t h e n  t h e  s i m u l a t i o n  y i e l d s  0 . 0 7B. At a more

p r a c t i c a l  f a d i n g  r a t e  o f  1 Hz, t h e  p r o b a b i l i t y  o f  e r r o r
-4d r o p s  t o  7 . 1 x 1 0  and t h e  d e v i a t i o n  be tween  t h e  two c u r v e s  

i s  w e l l  w i t h i n  t h e  s t a t i s t i c a l  e r r o r  o f  t h e  s i m u l a t e d  

e x p e r  i m e n t .

3 . 6  AVOIDING TRANSIENTS TN THE DIGITAL FTLTER.

The t a p  g a i n s  i n  t h e  s i m u l a t i o n  o f  t h e  f a d i n g  c h a n n e l  s h o u l d  

be s t a t i o n a r y  p r o c e s s e s .  T h e r e f o r e  t r a n s i e n t s  s h o u l d  be 

a v o i d e d .  T h i s  i s  a p ro b l em  when t h e  s i m u l a t i o n  i s  f i r s t  

s t a r t e d  and when f r e q u e n c y  hopp in g  i s  i n  e f f e c t .  When t h e  

s y s t e m  hops  t o  a new f r e q u e n c y ,  t h e  a s s u m p t i o n  i s  t h a t  t h e r e  

i s  no c o r r e l a t i o n  be tw een  t h e  t a p  g a i n s  j u s t  a f t e r  t h e  hop 

and t h o s e  j u s t  b e f o r e  t h e  hop .

One s o l u t i o n  i s  s i m p l y  t o  w a i t  f o r  t r a n s i e n t s  t o  d i e  away by 

l e t t i n g  t h e  f i l t e r  run  f o r  s e v e r a l  t i m e - c o n s t a n t s  b e f o r e  

s t a r t i n g  t h e  s i m u l a t i o n  and be tween  t h e  l a s t  s am p le  on t h e  

o l d  f r e q u e n c y  and t h e  f i r s t  s am p le  on t h e  new f r e q u e n c y .

T h i s  s o l u t i o n  i s  i m p r a c t i c a l  when t h e  f a d i n g  r a t e  i s  v e r y  

l ow .

A more e l e g a n t  s o l u t i o n  i s  t o  f i n d  t h e  v a r i a n c e  o f  t h e
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c o n t e n t s  o f  e ach  o f  t h e  t h r e e  r e g i s t e r s  i n  t h e  f i l t e r  ( s e e  

F i g .  3 . 7 )  and t h e  c o r r e l a t i o n  be tw een  t hem.  The p r ob l em o f  

s e t t i n g  o r  r e s e t t i n g  t h e  f i l t e r  t h e n  becomes  one o f  s i m p l y  

g e n e r a t i n g  t h r e e  random v a r i a b l e s  w i t h  a g i v e n  c o v a r i a n c e  

m a t r i x .  We f i r s t  d e s c r i b e  t h e  p r o c e d u r e  f o r  g e n e r a t i n g  t h r e e  

such  v a r i a b l e s  and t h e n  t h e  p r o c e d u r e  f o r  f i n d i n g  t h e  

c o v a r i a n c e  m a t r i x .

The c a l c u l a t i o n s  that  n o w  f o l l o w  are w i t h  r e f e r e n c e  to H 5 1  

pp. 225 and 257 to 257.

Let  t h e  c o n t e n t s  o f  t h e  t h r e e  t a p s  be  x ^ ,  ŷ  an<3 x 3  a s  

i n d i c a t e d  in  F i g .  3 . 7 .  They have  a j o i n t  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n

f (x , x ~ , x  -.) = 1 /  / (  2 i t )  | y  | exp f  ( - l / 2 ) x A x  1 ( 3 . 6 . 1 )

w h e r e

x = fx-, ,x 9 ,x1 '  2 '  3 ( 3 . 6 . 2a^

y l l  y 12 y 13

y = y 21 y 22 y 23
y 31 y 32 y 33-

(b)

(co variance) (c)

The g e n e r a t i n g  p r o c e d u r e  is the f o l l o w i n g :

])  Choose a v a l u e  f o r  x ^ .  S i n c e  ŷ  an^ * 3  a r e  n o t
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known x^  i s  a random v a r i a b l e  w i t h  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n

f  (x 2 ) ( 3 . 5 . 3a)

where

(b)

T h e r e f o r e

X1 = n l (3 .6*4 )

where  n^ i s  a G a u s s i a n  random v a r i a b l e  w i t h  

v a r i a n c e  and z e r o  mean.  I t  can be g e n e r a t e d

u s i n g  any o f  t h e  s t a n d a r d  me thods  f o r  g e n e r a t i n g  

G a u s s i a n  random v a r i a b l e s .

2) Choose  a v a l u e  f o r  x 2 - S i n c e  x^ i s  known and x^  i s  

n o t  known,  x^ i s  a random v a r i a b l e  c o n d i t i o n a l  on x^ 

and
 , 2

, f ( x 2 = l . / / 2 ire2 exp f - ( x 2-a-^x / ( 2 e 2 l l

( 3 . 6 . 5 a )
where

(b)

and

(c)

r  i s  t h e  c o r r e l a t i o n  c o e f f i c i e n t .  Now

*2 " a l x l + n 2
where  n 2 i s  a G a u s s i a n  random v a r i a b l e  w i t h

v a r i a n c e  and ze r o  mean.

( 3 . 6 . 6 )
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3) Choose x 3 » S i n c e  x-  ̂ and X2  a r e  known, x 3 i s  a 

random v a r i a b l e  c o n d i t i o n a l  on x^ and X2  and

2
f fX2j x2fX2) = f l / ? ^ e 3 ) e x p r- f x 3 -b2X2-b2X2)

( ? . « . 7 a )

w i t h

b l  = (R31R22“ R12R32) ^ ' R11R22-  R12R21^ &)
fc>2 = fR1 i R32" R31R21) / (R11R22“ R12R21) <c )

G = R33~ ( b l R31+ b 2R32^

T h e r e f o r e

x 3 = b ^ . ^  b 2x 2+ n 3 p .  5 .  8)

where  n^ i s  a G a u s s i a n  random v a r i a b l e  w i t h  

v a r i a n c e  e 3 and z e r o  mean.

P r o o f  o f  t h e  v a l i d i t y  o f  t h e  g e n e r a t i n g  p r o c e d u r e  i s  o f f e r e d  

in  Appendix  2.  I t  was a l s o  d e m o n s t r a t e d  i n  t h e  s i m u l a t i o n  

t h a t  no t r a n s i e n t s  o c c u r  a f t e r  r e s e t t i n g  t h e  f i l t e r .

The c o v a r i a n c e  m a t r i x  i s  c a l c u l a t e d  in  t h e  same way a s  

i n  Eq. 3 . s . i s .  The r e a d e r  i s  r e f e r r e d  t o  t h e  d i s c u s s i o n  

f o l l o w i n g  t h a t  e q u a t i o n  and  t o  F i g .  3 . 7  f o r  more d e t a i l e d  

e x p l a n a t i o n s .
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L e t

x-^fm) = x(m)*h-L(m) ( 3 . 6 . 9 a )

X2(m) = x(m)*h2(m) (b)

Then

and

x 3 (m) = x ( m ) * h 3 (m) (c)

R . . (rtO = x . ( k) x . ( k+m) = R (m) *h . (m)* h . (-m) ( 3 . 6 . 1 0 )JO l  l  xx l  ]

y . . = R . . (0) = £ h . f k ) h . ( k )  ( 3 6 1 1 )J-] 1 3  k=0 1  3 [j.o.j-i)
I f  t h e  f i l t e r  i s  d r i v e n  w i t h  a u n i t  i m p u l s e ,  t h e n

x .(k) = h .(k) (3.6.1?)
1  x

and

y . . = z x . ( k ) x . (k) ( 3 . 6 . 1 3 )
13 k=0 1 3

The i n f i n i t e  summat ion  i s  a p p r o x i m a t e d  as  i n  s e c t i o n  3 . s .

T h i s  c o n c l u d e s  a l l  c a l c u l a t i o n s  n e c e s s a r y  t o  e x p l a i n  t h e  

p r o c e d u r e  f o r  r e s e t t i n g ,  w i t h o u t  g e n e r a t i n g  t r a n s i e n t s ,  t h e  

d i g i t a l  f i l t e r s  g e n e r a t i n g  t h e  t a p  g a i n s  f o r  t h e  f a d i n g  

c h a n n e l .

3 . 3  CONCLUSION

I t  was shown t h a t  t h e  random p r o c e s s  w i t h  G a u s s i a n  

a u t o c o r r e l a t  i on  f u n c t i o n  t h a t  i s  r e q u i r e d  f o r  t h e  t a p  g a i n s
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i n  t h e  s i m u l a t i o n  o f  t h e  HF c h a n n e l  can  be g e n e r a t e d  w i t h  a 

h i g h  d e g r e e  o f  a c c u r a c y  by u s i n g  a t h i r d - o r d e r  t r a n s i t i o n a l  

G a u s s i a n  o r  B e s s e l  l o w - p a s s  f i l t e r .  To mee t  t h e  

s p e c i f i c a t i o n  o f  H O I ,  f o u r t h - o r d e r  f i l t e r s  have  t o  be  u s e d .  

An a d e q u a t e  d e g r e e  o f  a c c u r a c y  f o r  t h e  p u r p o s e  o f  t h i s  

d i s s e r t a t i o n  c o u l d  be o b t a i n e d  by u s i n g  a s i m p l e  t h i r d - o r d e r  

f i l t e r  w i t h  t h r e e  e q u a l  r e a l  p o l e s .  P r a c t i c a l  c o n s i d e r a t i o n s  

d i c t a t e d  t h a t  t h i s  s i m p l e  t h i r d - o r d e r  f i l t e r  be u s e d .  The 

p r o b a b i l i t y  o f  e r r o r  f o r  DPSK a s  a f u n c t i o n  o f  t h e  f a d i n g  

r a t e  o f  t h e  c h a n n e l ,  was found by s i m u l a t i o n  and compared 

w i t h  t h e  t h e o r e t i c a l l y  e x p e c t e d  v a l u e s .  At l a r g e  f a d i n g  

r a t e s  t h e r e  was some d e v i a t i o n .  T h i s  c o r r e s p o n d s  t o  f a d i n g  

r a t e s  g r e a t e r  t h a n  10 Hz when t h e  b i t  r a t e  i s  100 b i t s / s .  At 

more p r a c t i c a l  v a l u e s  o f  f a d i n g  r a t e  be low  ! Hz, w i t h  t h e  

same b i t  r a t e ,  t h e  s i m u l a t i o n  r e s u l t s  f o l l o w e d  t h e  

t h e o r e t i c a l  c u r v e  w i t h  no p e r c e p t i b l e  d e v i a t i o n .
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4.  PROBABILITY OF ERROR FOR M--ARY DPSK WITH M=8 AND M=16

4-1  INTRODUCTION.

T h i s  c h a p t e r  d e a l s  w i t h  t h e  e v a l u a t i o n  o f  t h e  p r o b a b i l i t y  o f  

b i t  e r r o r  f o r  DPSK w i t h  8 and 16 p h a s e s ,  w i t h  Gray c o d i n g ,  

i n  t h e  p r e s e n c e  o f  w h i t e  G a u s s i a n  n o i s e  (AWGN c h a n n e l )  and 

on t h e  s l o w l y  R a y l e i g h  f a d i n g  c h a n n e l .

The e v a l u a t i o n  i s  b a s e d  on f o r m u l a s  f o r  t h e  c u m u l a t i v e  

d i s t r i b u t i o n  f u n c t i o n  o f  t h e  ph a se  d i f f e r e n c e  be tween  two 

v e c t o r s  p e r t u r b e d  by G a u s s i a n  n o i s e ,  f rom a pa p e r  by Pawula ,  

R i ce  and R o b e r t s  [ 1 6 ] .

I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h i s  a n a l y s i s  d o e s  n o t  l e a d  t o  

new r e s u l t s .  The p r o b a b i l i t i e s  o f  e r r o r  were  d e r i v e d  by 

P r o a k i s  [ 1 9 ] ,  b u t  i n  a form t h a t  i s  n o t  s u i t a b l e  f o r  

e x p a n s i o n  t o  t h e  c a s e  where  a m p l i t u d e  m o d u l a t i o n  i s  

s u p e r i m p o s e d  on t h e  p h a s e  modu la t i on . -  a s  w i l l  be r e q u i r e d  in  

c h a p t e r  5-

4 . 2  SYSTEM DESCRIPTION FOR M-ARY DPSK WITH M=S

A b l o c k  d i a g r a m  o f  t h e  s y s t e m  i s  g i v e n  i n  F i g .  4 . 1 .  Complex 

n o t a t i o n  i s  used f o r  m a t h e m a t i c a l  c o n v e n i e n c e .  Some p e o p l e  

f i n d  t h e  t r a n s i t i o n  f rom complex  a l g e b r a  t o  s i g n a l s  i n  t h e  

r e a l  wor ld  p r o b l e m a t i c a l . A complex  number in  a b l o c k
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Fig. 4.1: Block diagram of system for M-ary DPSK.
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d i a g r a m  o f  a sy s t e m  p r e s u p p o s e s  t h e  e x i s t e n c e  o f  two l i n e s  

( i n  an a n a l o g u e  sy s t em)  or  two r e g i s t e r s  ( i n  a d i g i t a l  

s y s t e m ) , one c o n t a i n i n g  t h e  r e a l  p a r t  o f  t h e  number ,  t h e  

o t h e r  c o n t a i n i n g  t h e  i m a g i n a r y  p a r t  o f  t h e  number .  The 

i m a g i n a r y  number j  d o e s  n o t  e x i s t  a s  such  i n  t h e  r e a l  

s y s t e m ,  b u t  i t  i s  a m a t h e m a t i c a l  o p e r a t o r  t h a t  d e t e r m i n e s  

how t h e  s i g n a l s  on t h e  two l i n e s  s h a l l  i n t e r a c t  w i t h  one 

a n o t h e r ,  and w i t h  o t h e r  s i g n a l s  on s i m i l a r  p a i r s  o f  l i n e s .  

F ig ,  4 . 2  shows an example  o f  how complex m u l t i p l i c a t i o n  

w i l l  be  done i n  a r e a l  sy s t e m .

When r e a l  t r a n s m i s s i o n  c h a n n e l s  a r e  i n v o l v e d ,  o n l y  t h e  r e a l  

p a r t  o f  t h e  s i g n a l  m o d u l a t e d  on t h e  complex  c a r r i e r  i s  

t r a n s m i t t e d ,  a s  c an  be  s e e n  f rom F i g .  4 . 1 .  Many a u t h o r s  

s i m p l y  assume t h e  r e a d e r  knows t h a t  and do n o t  b o t h e r  t o  

i n d i c a t e  t h a t  o n l y  t h e  r e a l  p a r t  i s  t r a n s m i t t e d .

N o r m a l l y  t h e r e  w i l l  be  a ph a se  o f f s e t  and a s m a l l  f r e q u e n c y  

o f f s e t  be tw een  t h e  t r a n s m i t t e r  and r e c e i v e r  c a r r i e r  

r e f e r e n c e s .  The pha se  o f f s e t  d o e s  n o t  m a t t e r  b e c a u s e  o f  t h e  

d i f f e r e n t i a l  ph a se  m o d u l a t i o n ,  and i t  i s  assumed t h a t  t h e  

f r e q u e n c y  o f f s e t  i s  s m a l l  enough t o  c a u s e  n e g l i g i b l e  pha se  

d r i f t  d u r i n g  t h e  d u r a t i o n  o f  a symbo l .  T h e r e f o r e , ,  t h e s e  

o f f s e t s  a r e  n o t  shown in  F i g .  4 . 1 .  I t  i s  a l s o  assumed t h a t  

p e r f e c t  symbol  and b i t  s y n c h r o n i z a t i o n  i s  a v a i l a b l e .
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X = x.+jx
i - VJyq

z
->

= XT

(a)

zi+Jz*
(xiyr xq.V + j(xi W i }

Fig. 4.2: (a) Block diagram of multiplier using complex
notation, (b) Same system in real world, using 
real numbers only.



52

4 - 3  PROBABILITY OF BIT ERROR WITH GRAY CODING GIVEN THE 

TYPE OF SYMBOL ERROR (M=8)

I t  c an  be s e e n  from F i g .  4 . 3  t h a t  i f  a c e r t a i n  symbol  

( phase )  i s  r e c e i v e d , and an e r r o r  i s  made t o  t h e  n e a r e s t  

n e i g h b o r ,  t h e n  o n l y  one  o f  t h e  t h r e e  b i t s  w i l l  be  i n  e r r o r .  

Tha t  i s  a p r o p e r t y  o f  t h e  Gray  c o d e .

E r r o r s  t o  symbol s  o t h e r  t h a n  t h e  n e a r e s t  n e i g h b o r  c an  c a u s e  

o n e ,  two o r  t h r e e  b i t  e r r o r s ,  b u t  on a v e r a g e  i t  a lw ays  

c a u s e s  2 b i t  e r r o r s  when M=8, a s  can  be s e e n  f rom F i g .  4 . 4 .

4 . 4  PROBABILITY OF SYMBOL ERROR (M=8)

Le t  us assume t h a t  t h e  s i g n a l  i s  t r a n s m i t t e d  o v e r  a c h a n n e l  

where  t h e  o n l y  d e t r i m e n t a l  e f f e c t  i s  a d d i t i v e  w h i t e  G a u s s i a n

n o i s e  ( t h e  AWGN c h a n n e l ) .  I f  <j> = 0,  t h e n  t h e  p r o b a b i l i t y  o f  a11
symbol  e r r o r  i s  g i v e n  by ( s e e  F i g .  4 . 1  and 4 . 3 ) :

P ( s e )  = 771/ 8 f  (Y)dY + ( ’i')d'F ( 4 . 4 . 1 )
-  U 0  7T / a  0k r  k r

where  f g  ( y) i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e
k r

r e c e i v e d  pha se  0 g i v e n  t h a t  <j>k= 0 was t r a n s m i t t e d .  I t  i s

shown in  [ 16] t h a t  f  (y) i s  an even  f u n c t i o n ,  t h e r e f o r e
k r

P ( s e )  = 2 Z71 f e (V) dV
71 /  8 k r

= 2 [ F ( ir) -F ( tt/ 8  ) ] ( 4 . 4 . 2 )
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Oil

001010

.Dec is ion  t h r e s h o l d

=  TT /  8 000110

•  100111*

101

Fig. 4.3: Gray code for M-ary DPSK (M = 8).
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1 1 1 .................... 2 p(be/se5) =2/3
p(be/se6) =2/3101

100 p(be/se7) =1/3
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p(be/sel) =1/3001
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S-l T3
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Number of bit errors 
for given symbol 
error.

Fig. 4.4; Table for calculating the average number of 
bit errors for a given symbol error.
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where  F (e )  i s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n :

F(0)  = / 6Tr f ( V ) d ¥  ( 4 . 4 . 3 )

F(0)  i s  g i v e n  by [16 ]  ( t h e i r  Eq. 11,  m o d i f i e d  t o  s u i t  ou r  

p u r p o s e ) :

G(e) = [ - y s i n (  e ) / 4 tt] j 71/2 d t .
-Tr /  2

exp  [ -g+  e s i n  ( t )  - y c o s  ( 6) co s  ( t )  ]
a -  g s i n  ( t )  -  ycos  ( 0) co s  ( t )  ( 4 . 4 . 4 )

and

[ G(e) — tt< 0 <0
F(0)  = {

I 1+G(0) 0 < e < 7r ( 4 . 4 . 5 )

S t a t e d  in  t h i s  form F(e )  i s  a t r u e  c u m u l a t i v e  d i s t r i b u t i o n  

f u n c t i o n  in  t h e  r a n g e  -ir<0<-rr. The p a r a m e t e r s  a» 3# and y

a r e  g i v e n  by:

a = ( P v"*" P u ) /  ̂  ( 4 . 4 . 6 a )

3 = ( p v- P u) / 2  (b)

Y = /FT1 = /  a2~ 32" (c)
V u

Pv= | v k l 2/ 2 a 2 = Esv/ n  (d)

(p i s  t h e  SNR when V i s  t r a n s m i t t e d .  See F i g .  4 . 1 )
v  k

p = | U | 2/ 2  o 2= E su/  p (e)
u  1 k 1

n i s  t h e  s i n g l e - s i d e d  n o i s e  power s p e c t r a l  d e n s i t y .  The

n o i s e  power i n  a b a n d w i d t h  B Hz i s  g i v e n  by t h e  p r o d u c t  nB.

2 / 2 c 2 «

ma tched  f i l t e r  r e c e i v e r s  [27] .

The f a c t  t h a t  IV I 2/ 2 a 2 = E sv/r i  f o l l o w s  from t h e  t h e o r y  o f
1 k 1

S i n c e  we a r e  d e a l i n g  w i t h  p u r e  ph a se  s h i f t  k e y i n g ,  

Esv=Es u = 3E-b, whe re  E-p i s  t h e  e n e r g y  p e r  b i t .  T h e r e f o r e  3 = 0 .
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The i n t e g r a l  i n  t h e  e x p r e s s i o n  f o r  G(9) h a s  t o  be  e v a l u a t e d

u s i n g  n u m e r i c a l  m e t h o d s .  In  t h i s  c a s e  t h e  p rog ram pack ag e

DCADRE f rom [11] was u s e d .

As a p r a c t i c a l  m a t t e r ,  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  i s  more 

i m p o r t a n t  t h a n  t h e  p r o b a b i l i t y  o f  symbol  e r r o r .  The n e x t  

s e c t i o n  i s  d e v o t e d  t o  f i n d i n g  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .

4 . 5  PROBABILITY OF BIT ERROR (M=8)

The p r o b a b i l i t y  o f  b i t  e r r o r  i s  g i v e n  by
T

P(be)  = Z P ( b e / S e j ) P ( S e j ) ( 4 . 5 . 1
j = l

w h e r e  P ( S e j )  i s  t h e  p r o b a b i l i t y  o f  a symbol  e r r o r  t o  t h e

j - t h  symbo l ,  when t h e  i n t e n d e d  symbol  i s  numbered 0 a s  in

F i g .  4 . 3 . P ( b e / S e j ) was found i n  s e c t i o n  4 . 3 .  P ( S e j )  c an  be

found from t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  r e c e i v e d

p h a s e .  As an ex ample :

P ( S e l )  = / 3lJ/ 8 f ('F)d'i' ( 4 . 5 . 2
71/8 k r  

A f t e r  s i m p l i f y i n g ,

F(e )  and a l l  t h e  p a r a m e t e r s  n e c e s s a r y  t o  e v a l u a t e  i t  i s  

g i v e n  i n  s e c t i o n  4 . 4 .  A compu te r  p rogram was w r i t t e n  t o  

e v a l u a t e  P ( b e ) .  I t  i s  p l o t t e d  i n  F i g .  4 . 7 .

P (be) 2[<1/3)/?/88fe71/8 e k r

( 2 /3 )  [ 2 F ( 71) -  F ( 3 tt/ 8 )  -  F ( tt/ 8 ) ] ( 4 . 5 . 3 )
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4 • 6 PROBABILITY OF BIT ERROR ON A SLOWLY RAYLEIGH FADING 

CHANNEL (M=8)

The p r o b a b i l i t y  o f  b i t  e r r o r  on t h e  AWGN c h a n n e l  a s  d e r i v e d  

i n  s e c t i o n  4 . 5  i s  a f u n c t i o n  o f  t h e  SNR. We now ch an g e  ou r  

n o t a t i o n  t o  s t r e s s  t h a t  f a c t .  Le t

w h e r e  P(be)  i s  g i v e n  by  Eq . 4 . 5 . 3 .

To f i n d  t h e  p r o b a b i l i t y  o f  e r r o r  in t h e  s l o w l y  R a y l e i g h  

f a d i n g  c h a n n e l  one h a s  t o  m u l t i p l y  Pb e (p) w i t h  t h e  

p r o b a b i l i t y  t h a t  t h a t  p a r t i c u l a r  SNR w i l l  o c c u r ,  and t h en  

a v e r a g e  c h a t  ov e r  a l l  p o s s i b l e  v a l u e s  o f  SNR.

The a m p l i t u d e  o f  t h e  r e c e i v e d  s i g n a l  ha s  t h e  R a y l e i g h  

d i s t r i b u t i o n  ( [ 3 3 ] ,  p .  529)

Pb e ( p) =P (be) ( 4 . 5 . 1 )

f ( x )  = (2x /b)  e x p ( - x 2/ b )  u(x) ( 4 . 5 . 2 )

and t h e  a v e r a g e  r e c e i v e d  power i s

x 2 = b ( 4 . 6 . 3

N o r m a l i z i n g  so t h a t  2a -  1 o r  ri = 1 (Eq. 4 . 4 . 6 e )  , we can  l e t

b =E / r i t h e  a v e r a g e  SNR (remember  x i s  t h e  s q u a r e  r o o t  o f  s
t h e  i n s t a n t a n e o u s  SNR.)

( 4 . 6 . 3 )

The p r o b a b i l i t y  o f  e r r o r  on t h e  R a y l e i g h  f a d i n g  c h a n n e l  i s  

now g i v e n  by:

PR(be) = / “ (2 x / b ) e x p ( - x 2/ b ) P b e ( x 2)dx ( 4 . 6 . 4 )
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The r e s u l t  o f  a c om pu t e r  e v a l u a t i o n  o f  t h i s  e q u a t i o n  i s  

g i v e n  i n  Big.  4 . 8 .

Note  on e v a l u a t i o n  o f  P ( b e ) : S i n c e  P ( p) c o n t a i n s  an ---------------------------------------- --------- L. h e

i n t e g r a l  (Eq.  4 . 5 . 3  and 4 . 4 . 4 ) ,  P (be) c o n t a i n s  a d o u b l eK
i n t e g r a l .  The s u b r o u t i n e  DBLINT [11] can be used f o r  t h a t ,

b u t  i n  l a t e r  c h a p t e r s  P ' s  c o n t a i n i n g  d o u b l e  i n t e g r a l s  w i l l
b e

be e n c o u n t e r e d ,  r e q u i r i n g  e v a l u a t i o n  o f  a t r i p l e  i n t e g r a l  i n

P , f o r  which  no r ea d y -m ad e  p rogram was a v a i l a b l e .  I t  wasR
t h e r e f o r e  d e c i d e d  t o  m in i m iz e  programming e f f o r t  by w r i t i n g  

a p rog ram t h a t  would c a l c u l a t e  P , g i v e n  a t a b l e  o f  v a l u e sn
f o r  any P ( p) . The t a b l e  c o n s i s t e d  o f  17 v a l u e s  o fb e

l og  (P ( p ) ) sp a c e d  a t  2dB i n t e r v a l s  from p=-10dB  t o  

p= 22db .  Next ,  f o r  e v e r y  i n t e r v a l  o f  SNR, a p a r a b o l i c  c u r v e  

was f i t t e d  t o  t h e  n e a r e s t  p o i n t  a t  t h e  n e x t  h i g h e r  SNR in  

t h e  t a b l e .

I n  c a l c u l a t i n g  P . t h e  a p p r o p r i a t e  p a r a b o l i c  was used t o

f i n d  by i n t e r p o l a t i o n  f i r s t  l o g ( P  ( p ) ) ,  t h e n  P, ( p) i t s e l f ,
b e  b e

f o r  any v a l u e  o f  p r e q u i r e d  by t h e  DCADRE i n t e g r a t i o n  

r o u t i n e .  For  v a l u e s  o u t s i d e  o f  t h e  t a b l e ,  e x t r a p o l a t i o n  from 

t h e  f i r s t  and t h e  l a s t  p a r a b o l i c  i s  u s e d ,  t a k i n g  c a r e  t o

o b s e r v e  t h e  l i m i t  P ( p)<h
b e  K

T h i s  p r o c e d u r e  was t e s t e d  a g a i n s t  t h e  c l o s e d - f o r m  e x p r e s s i o n  

f o r  P^ f o r  b i n a r y  DPSK: and was found t o  g i v e  r e s u l t s  t o  an 

e r r o r  o f  s m a l l e r  t h a n  1%, which  i s  a d e q u a t e  f o r  t h e  t y p e  o f
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g r a p h  p r e s e n t e d  i n  t h i s  d i s s e r t a t i o n .  O b v i o u s l y ,  t h e  e r r o r  

c an  be  r e d u c e d  by a d d i n g  more v a l u e s  t o  t h e  i n t e r p o l a t i o n  

t a b l e .

4 - 7 PROBABILITY OF BIT ERROR GIVEN THE TYPE OF SYMBOL ERROR 

(M=16) ■

The p r o c e d u r e  i s  e x a c t l y  a s  i n  s e c t i o n  4 . 3 .  I t  i s  s u f f i c i e n t  

eo p r e s e n t  h e r e  i n  F i g .  4 . 5  and F i g .  4 . 6  o n l y  t h e  Gray code  

f o r  M=16. and t h e  r e s u l t i n g  a v e r a g e  p r o b a b i l i t y  o f  b i t  e r r o r  

f o r  a g i v e n  t y p e  o f  symbol  e r r o r .

4 8  PROBABILITY OF BIT ERROR (M=16)

Us ing  t h e  same p r o c e d u r e  a s  i n  s e c t i o n  4 . 5 ,
15

P (be) = z P ( b e / S e j ) P ( S e j )  ( 4 . 8 . 1 )
j = l

P ( b e / S e j )  i s  o b t a i n e d  f rom F i g .  4 . 6 .  P ( S e j )  i s  c a l c u l a t e d  

u s i n g  Eq . 4 . 4 , 4  and 4 . 4 . 5 .  f o r  example :

P ( S e l )  = F ( 3 V 1 6 )  -  F ( tt/ 1 6 )  ( 4 . 8 . 2 )

A f t e r  s i m p l i f y i n g :

P (be) = (1 /4 )  [ ~ 2 F ( V 1 6 )  -  2F ( 3^ /16 )  -  F ( 5 V 1 6 )

+ F ( 7 tt/ 1 6 )  + F ( 9 V 1 6 )  ~ F ( 1 1 tt/ 1 6 )

-  2 F ( 1 3 tt/ 1 6 )  -  2 F ( 1 5 V 1 6 )  + 8 F ( tt)]  ( 4 . 8 . 3 )

E q , 4 . 8 - 3  was e v a l u a t e d  and p l o t t e d  i n  F i g .  4 . 6 .  A

s i m u l a t i o n  e x p e r i m e n t  u s i n g  a m o d i f i e d  v e r s i o n  o f  t h e  COMSIM

program [4] was a l s o  d o n e .  The r e s u l t s  a r e  a l s o  shown
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i ,0110
0100* •  0010

0 1 0 1 * •  0011

0111# •  0001

1111 _ 0000

1110* •  1000

1 1 0 0 * •  1010

1100 *  100K •  1010

Fig. 4.5; Gray code for M-ary DPSK (M = 16).

•S2

•  SI

«S0

•S15S9 •

•  SlUS10*

SIsir
S12

Fiq. 4.6: Average probability of bit error
for a given symbol error.



6,1

i n  F i g .  4 . 7  and a r e  i n  good a g r e e m e n t  w i t h  t h e  t h e o r e t i c a l  

c u r v e .

4 ,9 PROBABILITY OF BIT ERROR ON A SLOWLY RAYLEIGH FADING 

CHANNEL (1*1=16) .

The same p r o c e d u r e  a s  i n  s e c t i o n  4 . 6  was u s e d .  Eq.  4 . 6 . 4  was
2

e v a l u a t e d ,  w i t h  P b e (x )=P(be )  a s  g i v e n  by Eq.  4 . 8 . 3 .  The 

r e s u l t i n g  c u r v e  i s  found in  F i g .  4 . 8 .  A s i m u l a t i o n  

e x p e r i m e n t  was a l s o  d o n e .  The s i m u l a t i o n  r e s u l t s  v a r y  

somewhat  a ro und  t h e  t h e o r e t i c a l  c u r v e .  The r e a s o n  f o r  t h a t  

i s  t h a t  n o t  enough u n c o r r e l a t e d  s am p le  p o i n t s  were  o b t a i n e d  

due t o  t h e  c o s t  o f  r u n n i n g  t h e  s i m u l a t i o n  l ong  enough a t  low 

f a d i n g  r a t e s .  The p e r t i n e n t  i n p u t  and o u t p u t  p a r a m e t e r s  o f  

t h e  s i m u l a t i o n  p rogram a r e  g i v e n  i n  F i g .  4 . 9 .  The e f f e c t  o f  

t h e  f a d i n g  r a t e  i s  d i s c u s s e d  i n  c h a p t e r  8 .
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0 Simulation result 
—  Theoretical curve

-110

- 210

10

10

10

M=8 m = i 6M=2

10

262210

E^/n (dB)

Fig. 4.7: Probability of bit error for AWGN channel. 
M-ary DPSK with M = 2,8,16.
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-110

- 210

-310
,M=8 [=l6M=2

U10

10 15 20 25 30 355

E^/n (dB)
Fig. 4.8; Probability of bit error for slowly Rayleigh 

fading channel. M-ary DPSK with M= 2,8,16.
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B i t  r a t e .  300 b p s .

M u l t i p a t h  s p r e a d ;  10 y s .

SNR (dB) Fad ing 
Ra te  (Hz.)

D u r a t i o n  in  
s i m u a l a t e d  r e a l  
t i m e ,  s e c o n d s

P ( be)

0 0 . 1 300 . 290

1 0 0 .03 1 0 0 0 . 103

15 0 . 03 1 0 0  0 4 .5 5  x 10 - 2

2 0 0 .03 1 0 0 0 1 .64  x 10 - 2

25 0 . 0 1 3000 7 .5 5  x 10 " 3

30 0 . 0 1 3000 2 .4 2  x 10 - 3

40 0 .003 3000 1 .9 8  x 10_U

F i g . 4 . 9 :  Ta b l e  o f  i n p u t  and o u t p u t  p a r a m e t e r s  f o r  
s i m u l a t i o n  o f  M-s ry  DPSK (M=16) on s l o w l y  
R a y l e i g h  f a d i n g  c h a n n e l .
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5.  PROBABILITY OP ERROR FOR 8/2-DPASK ("SCHEME 2 " ) .

5 . 1  INTRODUCTION AND SYSTEM DESCRIPTION.

The r e a d e r  i s  r e f e r r e d  t o  s e c t i o n  1 . 2 ,  whe re  t h e  n o t i o n  o f  

d i f f e r e n t i a l  a m p l i t u d e  s h i f t  ke y ing  i s  e x p l a i n e d ,  and t o  

s e c t i o n  4 . 2 ,  where  t h e  d e t a i l s  o f  t h e  d i f f e r e n t i a l  8 - p h a s e  

m o d u l a t o r  w i l l  be f o u n d .

F i g .  5 . 1  shows how t h e  d i f f e r e n t i a l  a m p l i t u d e  and 

d i f f e r e n t i a l  phas e  m o d u l a t i o n  i s  i n t e g r a t e d  i n t o  one  s y s t e m .

The p r o b a b i l i t y  o f  b i t  e r r o r  can  be found by s e p a r a t e  

a n a l y s e s  f o r  t h e  b i t s  c a r r i e d  on t h e  ph a se  and t h e  b i t  

c a r r i e d  on t h e  a m p l i t u d e .  The p r o b a b i l i t y  o f  e r r o r  i s  g i v e n  

by

P (be) = ( 3 / 4 ) P (pbe )  + ( l / 4 ) P ( a b e )  ( 5 . 1 . 1 )

where  P(pbe)  i s  t h e  p r o b a b i l i t y  o f  ph a se  b i t  e r r o r  and 

P (a be )  i s  t h e  p r o b a b i l i t y  o f  a m p l i t u d e  e r r o r .  P (pbe )  and 

P (abe )  a r e  d e r i v e d  i n  s e c t i o n s  5 . 2  and 5 . 3  r e s p e c t i v e l y .

5 . 2  PROBABILITY OF PHASE BIT ERROR.

The b a s e  f o r  t h i s  a n a l y s i s  was l a i d  o u t  i n  s e c t i o n s  4 . 3 ,  4 . 4  

and 4 . 5 .  The d i f f e r e n c e  now i s  t h a t  t h e  a m p l i t u d e  can  c ha n g e  

from symbol  t o  s y m b o l .



Switch

f =l/Tc :

1 bit at 
a time

Binary input 
data

3 bits at 
a time Re{s(t)eJ2l,fct

Transmission channel

3 bits per symbol

v(t) Binary output data 
U bits per symbol

1 bit per symbol
White
Gaussian
noise

Delay T

Receiver 
carrier 
ref erence

(k+l)T
kT Multiplexer

Transmitter
carrier
reference

Differential
phase
modulation*

Phase 
detector 
and decoder*

Differential 
amplitude detector

*fts in Pip;, h.1 with M=8.

F i g .  5 . 1  : B lo ck  d i a g r a m  o f  s y s t e m  f o r  8/2-DPASK ( 'Scheme 2") .



67

I t  can  be s e en  f rom F i g .  5 . 1  t h a t  t h e  t r a n s m i t t e d  e n e r g y  p e r

symboi  can  be e i t h e r  KE o r  ( 2 - k)E . S i n c e  t h e  two e n e r g ys s
l e v e l s  a r e  e q u a l l y  l i k e l y ,  t h e  a v e r a g e  e n e r g y  p e r  symbol  

r e m a in s  unchanged  a t  Eg .

L i k e w i s e ,  t h e  a v e r a g e  SNR i s  g i v e n  by p= Es / n  = 4E-b/ n ,  w h i l e  

t h e  SNR d u r i n g  any  one  symbol  i n t e r v a l  can  be e i t h e r

Pl= KEs/ n  =Kp ( 5 . 2 . 1 a )

o r

P 2 =  ( 2 - K ) E s/ n  = (2 -  k ) p  (b)

Now, l e t  P . be t h e  p r o b a b i l i t y  o f  ph a se  b i t  e r r o r  when
J

p v  = jVk j2 / 2 o  2  = p i  ( 5 . 2 . 2 a )

and

Pu = | u j 2 / 2 a2  = p. (b)

S i n c e  p and p 2 can  a p p e a r  w i t h  e q u a l  p r o b a b i l i t y ,  t h e

a v e r a g e  p r o b a b i l i t y  o f  ph a se  b i t  e r r o r ,  i s  g i v e n  by
2 2

P(pbe)  = (1 /4 )  L Z P (pbe)  ( 5 . 2 . 3 )
i = l  J=1 J

P . .  i s  d e r i v e d  by f o l l o w i n g  t h e  p r o c e d u r e  l e a d i n g  t o  Eq.
J

4 . 5 . 3 ,  and i s  g i v e n  by

P . .  (pbe) = (2 /3 )  [ 2F.  . (it) - F . . ( 3 t t / 8 )  - F ,  . ( t t / 8 )]i j  i J  i j  1 J
( 5 . 2 . 4 )

F . . ( 0 ) i s  t h e  same a s  F(0)  (Eq.  4 . 4 . 4  and 4 . 4 . 5 )  e x c e p t  f o r
J

t h e  r e p l a c e m e n t  o f  t h e  p a r a m e t e r s  a, 8 and I by a  . . , 3 ^
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and y . . .  These  p a r a m e t e r s  a r e  a s  f o l l o w s :1 J
a 1±  = ( 1 / 2 ) ( P 1 + P 1 ) = kp o < < < 1 ( 5 . 2 . 5 )

B±1  = ( 1 / 2 )  (P]_ - P 1 ) = 0

Y11 = ̂ 7 1  = Kp

a i 2 m d / 2 ) (  P1+P2 ) =  P 

B12  = ( 1 / 2 )  ( Px- P 2 ) = ( k - 1 ) P

Y 1 2  = ^ 2  = KP

a 2 1  =  ( 1 / 2 )  ( P 2+ P 2  ) =  p

e21 = d / 2 )  ( p2- p1 ) = ( i - k) p

Y21 = >/p2Pl  = P v/ K(2_l<)'

a 2 2  = ( 1 / 2 )  ( p 2+ p 2 ) = ( 2 - k ) p  

B2 2 -  ( 1 / 2 ) ( p 2- p2 ) = 0

Y22 = = (2- K> P

The same compu te r  p rog ram m e n t i o n e d  i n  s e c t i o n  4 . 5 ,  w i t h  

some m o d i f i c a t i o n s ,  was used  t o  e v a l u a t e  t h e  P _  ( p b e ) . F i g .

5 . 2  shows r e s u l t s  o f  a n a l y s i s  and s i m u l a t i o n  w i t h  < = 0 . 5 .

The c h o i c e  o f  t h e  v a l u e  o f  k  i s  d i s c u s s e d  in  s e c t i o n  5 . 4 .

5 . 3  PROBABILITY OF AMPLITUDE BIT ERROR.

The d a t a  which  i s  d i f f e r e n t i a l l y  m o d u la t e d  on t h e  a m p l i t u d e ,  

i s  d e t e c t e d  by d e c i d i n g  i f  t h e  a m p l i t u d e  o f  t h e  p r e s e n t  

symbol  ( |V | ) f a l l s  w i t h i n  a r a n g e  o f  v a l u e s  d e r i v e d  f romK
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- 110

-210

10

10

10

10

2k16k 8 12 20

Ê /n (<3B)

Fig. 5.2: Probability of phase bit error for 8/2-DPASK 
("Scheme 2").
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t h e  a m p l i t u d e  o f  t h e  p r e v i o u s  symbol  ( |u | ) .  In o r d e r  t oK
d e r i v e  an e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y  o f  e r r o r ,  we need 

an e x p r e s s i o n  f o r  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  

I v J  and I u k l.

F i r s t  o f  a l l ,  | |  and | u j  a r e  t h e  ou t comes  o f  i n d e p e n d e n t  

e x p e r i m e n t s .  T h e r e f o r e  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n  w i l l  be t h e  p r o d u c t  o f  t h e  i n d i v i d u a l  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n s  ( [ 1 5 ] ,  s e c t i o n  6 . 3 )

The a m p l i t u d e  o f  a v e c t o r ,  p h a s o r  o r  s i n u s o i d  p e r t u r b e d  by 

G a u s s i a n  n o i s e ,  h a s  a R i c i a n  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  

From [ 1 9 ] ,  Eq . 1 . 1 . 1 3 4  :

f  (z) = ( z / a  2) e x p [ - ( z 2 + s 2) / 2 o 2 ] I 0  ( z s / o  2) z ^  o
z

( 5 . 3 . 1 )

where  z i s  t h e  random v a r i a b l e  r e p r e s e n t i n g  t h e  a m p l i t u d e  

o f  t h e  v e c t o r ,  s  i s  t h e  a m p l i t u d e  o f  t h e  v e c t o r  b e f o r e  t h e
O

n o i s e  i s  a d d e d ,  2 o i s  t h e  n o i s e  power and I (x) i s  t h eo
m o d i f i e d  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  k ind  o f  o r d e r  0:

2 TT
I (x) = (1 /2  ) f e x p [x  c o s ( 0 ) ] d 0  ( 5 . 3 . 2 )o 0

The SNR i s  g i v e n  by

p = s 2/ 2  a2  ( 5 . 3 . 3 )
PI f  t h e  p a r a m e t e r s  a r e  n o r m a l i z e d  such  t h a t  2a  = 1 ,  i . e .

p
s = p .  t h e n  Eq. 5 . 3 . 1  becomes :

f z (z) = 2z e x p [ - ( z 2 +p i ) ] I 0 ( 2z /p 7 )  ( 5 . 3 . 4 )

Now, t h e  v a l u e  o f  p. d e p e n d s  on wh ich  o f  t h e  two a m p l i t u d e
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l e v e l s  was t r a n s m i t t e d ,  and i s  g i v e n  i n  Eq.  5 . 2 . 1 .  I f  we l e t  

z l =  | Uk | a n d  z 2 = | V |  , t h e n ,  u s i n g  t h e  s t a t i s t i c a l  

i n d e p e n d e n c e  d i s c u s s e d  b e f o r e ,

f. (z , z  ) = 2z e x p [ -  ( z^+ p ) ] I ( 2 z / p 1 ) .-lj x l i O l i
2z e x p [ - ( z + p •)]  I (2z /j- ) ( 5 . 3 . 5 )

2  J 0  2  j
The p r o b a b i l i t y  o f  a m p l i t u d e  b i t  e r r o r  i s  g i v e n  by

2 2
P(abe)  = (1 /4 )  Z I P  (abe)  ( 5 . 3 . 6 )

i=l  j=l  i j
where

P .  (abe)  = / /  f  (z , z  ) d z d z  ( 5 . 3 . 7 )
!<] A. . i j  1 2 1  2

A. ,  i s  t h a t  a r e a  in  t h e  (z , z  ) p l a n e  where  t h e  s i g n a l  w i l l
i j  1 2

be i n  e r r o r .  As an example  (See F i g .  5 . 3 ) :

(abe)  = /°° / KlZi f  (z , z  ) d z  dz
11 0 0 11 1 2 2 1

+ / ° ° / “  f  ( z , z ) d z d z  ( 5 . 3 . 8 )
0 k 2 z i  11 1 2 2 1

The P . . ' s  were  e v a l u a t e d  u s i n g  a c o mp u t e r  p rog ram f o r  d o u b l e
J

i n t e g r a t i o n  [ 1 1 ] t h a t  c o u l d  o n l y  h a n d l e  f i x e d  b o u n d a r i e s .  

T h e r e f o r e  5 . 3 . 7  was c o n v e r t e d  from r e c t a n g u l a r  t o  p o l a r  

c o o r d i n a t e s  :

d ^ d z  = r d r d e  ( 5 . 3 . 9 )

f. . ( r ,6 ) = 4 r 2s i n  ( 6 ) co s  ( 0 ) exp [ - r  2- p  - p  ] .
J 1 2

I Q[2 r  / p^c os  ( 6 ) ] I ^ [ 2 r /p* s  i n ( 0  ) ] ( 5 . 3 . 1 0 )

F i n a l l y ,  P. (abe)  i s  g i v e n  by :
i j

P . . ( a b e )  = / ”  /  tan 1 (Ki ) f  ( r , e) rdGd r
IJ 0  0 i j

i=J
_0Q 00
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U,. Reference

-+■ a 1 was
transmitted

a "0" was transmitted

Possible values of
|V, I relative to lu.
1 k 1 1 i

Kilukl k2I\!

A

Approximate location 
of decision thresholds

Receiver decisions in the 
presence of noise

Decide a "l': Decide a "0"
was transmitted was transmitted

Error when in these regions

Error

if a "0" was transmitted

Area of integration for P and P ^

lvk l=<lluk l

Fig. 5.3: D e c i s i o n  r egions for
amplitude modulated bit,
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P. . (abe)  = /  
i j ( 5 . 3 . 1 1 b )

The P . . ( a b e )  were  e v a l u a t e d  u s i n g  d i g i t a l  c o m p u t a t i o n
J

m e t h o d s ,  a f t e r  which  P (abe )  was e a s y  t o  c a l c u l a t e  from 

Eq.  5 . 3 . 6 .  The r e s u l t  i s  p l o t t e d  a lo ng  w i t h  s i m u l a t i o n  

r e s u l t s  i n  F i g .  5 . 4  f o r  k  = 0 . 5 ,  k1  = 0 . 7 8 9  and < =  1 . 3 6 5 .

NOTE ON EVALUATION OF EQ. 5 . 3 . 1 1 :  The e q u a t i o n s  were  

e v a l u a t e d  u s i n g  t h e  DBLINT s u b r o u t i n e  f rom [11] . A number o f  

p r o b l e m s  were  e n c o u n t e r e d .  The f i r s t ,  c o n c e r n i n g  v a r i a b l e  

b o u n d a r i e s ,  and i t s  s o l u t i o n ,  was a l r e a d y  m e n t i o n e d .  The 

s econ d  p r ob l em c o n c e r n s  t h e  upper  l i m i t  o f  i n t e g r a t i o n  on r ,  

i n f i n i t y .  I t  i s  o b v i o u s l y  i m p o s s i b l e  t o  i n t e g r a t e  t o  

i n f i n i t y ,  b u t  s i n c e  t h e  i n t e g r a n d  a p p r o a c h e s  z e ro  

e x p o n e n t i a l l y  f o r  l a r g e  v a l u e s  o f  r ,  i t  i s  p o s s i b l e  t o  s e t  

t h e  uppe r  l i m i t  t o  some v a l u e  t h a t  w i l l  g i v e  a r e s u l t  f o r  

t h e  i n t e g r a l  a r b i t r a r i l y  c l o s e  t o  t h e  t r u e  v a l u e  o f  t h e  

i n t e g r a l .  A p r a c t i c a l  v a l u e  t h a t  ga ve  good r e s u l t s  f o r  mos t  

s i t u a t i o n s  was 1 0 (p 1 + pg ) .

The n e x t  p ro b l em  ha s  t o  do w i t h  o v e r f l o w  i n  t h e  c a l c u l a t i o n  

o f  t h e  B e s s e l  f u n c t i o n .  The i n t e g r a n d  c o n t a i n s  t h e  two

B e s s e l  f u n c t i o n s ,  t h a t  a r e  e x p o n e n t i a l l y  i n c r e a s i n g  w i t h  r
2and t h e  e x p o n e n t i a l  i t s e l f  d e c r e a s i n g  w i t h  r  , so  t h a t  t h e  

i n d i v i d u a l  t e r m s  c o u l d  be o u t s i d e  t h e  r a n g e  o f  v a l u e s  t h a t  

t h e  c o mp u t e r  c an  h a n d l e ,  w h i l e  t h e  i n t e g r a n d  a s  a whole
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would s t i l l  have  a s i g n i f i c a n t  v a l u e .

T h i s  p r ob l em was ove rcome  by u s i n g  t h e  a p p r o x i m a t i o n  [26]

In (x) = exp(x)  / / 2 iTx ( 5 . 3 . 1 2 )

f o r  l a r g e  v a l u e s  o f  x (x > 178) . The a p p r o x i m a t i o n  d i f f e r s  

from t h e  t r u e  v a l u e  by l e s s  t h a n  0 . 1 % a t  x = 178,  and t h e  

d i f f e r e n c e  d e c r e a s e s  w i t h  i n c r e a s i n g  x .  Using t h e  

a p p r o x i m a t i o n  d o e s  n o t  by i t s e l f  s o l v e  t h e  o v e r f l o w  p r o b l e m ,  

b u t  i t  d o e s  a l l o w  t h e  p rob l em to  be s o l v e d  by f i r s t  

c a l c u l a t i n g  t h e  l o g a r i t h m  o f  t h e  i n t e g r a n d .

The f i n a l  p rob l em c o n c e r n s  t h e  f a c t  t h a t  f . . ( r , 0 )  a p p r o a c h e s
i  J

a t w o - d i m e n s i o n a l  i m p u l se  f o r  l a r g e  v a l u e s  o f  SNR. The 

i n t e g r a t i o n  r o u t i n e  c a l c u l a t e s  v a l u e s  o f  t h e  f u n c t i o n  a t  a 

c e r t a i n  s e t  o f  l o c a t i o n s  ( n o t  c o n t r o l l e d  by t h e  u s e r )  i n  t h e  

t w o - d i m e n s i o n a l  r e g i o n  o f  i n t e g r a t i o n .  I f  a l l  t h o s e  v a l u e s  

a r e  i n s i g n i f i c a n t l y  s m a l l  r e l a t i v e  t o  some u s e r - s u p p l i e d  

number ,  t h e n  t h e  i n t e g r a t i o n  r o u t i n e  d e c l a r e s  t h e  v a l u e  o f  

t h e  i n t e g r a l  to  be  z e r o .  The p r ob l em now i s  t h a t  t h e  

l o c a t i o n  o f  t h e  p s e u d o - i m p u l s e  u s u a l l y  d o e s  n o t  c o i n c i d e  

w i t h  a member o f  t h i s  s e t  o f  l o c a t i o n s ,  so t h a t  t h e  p rogram 

u s u a l l y  f a i l s  t o  c a l c u l a t e  t h e  p r o p e r  v a l u e .

The p ro b l em  was s o l v e d  by w r i t i n g  a s u b r o u t i n e  t o  f i n d  t h e  

l o c a t i o n  o f  t h e  maximum v a l u e  o f  t h e  i n t e g r a n d ,  and t h e n  to  

s e t  up t h e  l i m i t s  o f  i n t e g r a t i o n  a round  t h a t  p o i n t  i n  su c h  a
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way t h a t  t h e  i n t e g r a t i o n  r o u t i n e  would a lways  f i n d  enough 

s i g n i f i c a n t  v a l u e s  o f  t h e  f u n c t i o n  t o  a l l o w  i t  t o  c a l c u l a t e  

t h e  p r o p e r  v a l u e  o f  t h e  i n t e g r a l .

5 . 4  OPTIMIZING THE PARAMETERS Kj_ k and « 2

The p r o b a b i l i t y  o f  b i t  e r r o r  a t  a g i v e n  SNR d e p en d s  o n k ,

i ^ a n d  Kg.  k s p e c i f i e s  t h e  s e p a r a t i o n  o f  t h e  two a m p l i t u d e  

l e v e l s  ( F i g .  5 . 1 . )  w h i l e  k and k2 s p e c i f y  t h e  l o c a t i o n  o f  

t h e  d e c i s i o n  t h r e s h o l d s  f o r  d e t e c t i o n  o f  t h e  a m p l i t u d e  

m o d u la t e d  b i t  ( F i g .  5 . 3 ) .  k  d e p e n d s  on ^  and K g .  k  and K g

a r e  i n d e p e n d e n t  o f  one  a n o t h e r  b u t  n o t  o f  k .

A prog ram was w r i t t e n  t o  f i n d  by d i g i t a l  c o m p u t a t i o n  me th ods  

t h e  p a r t i a l  d e r i v a t i v e  o f  P(be)  w i t h  r e s p e c t  t o  k , k  and k 2 

The method o f  l i n e a r  i n t e r p o l a t i o n  was t h e n  used t o  f i n d  

t h e  l o c a t i o n  o f  t h e  z e r o  o f  t h e  p a r t i a l  d e r i v a t i v e ,  g i v e n  

t h e  o t h e r  two p a r a m e t e r s .  P(be)  was found t o  s t a b i l i z e  in 

t h e  f i r s t  two d i g i t s  a f t e r  a b o u t  f i v e  such  i t e r a t i o n s .  No 

f u r t h e r  improvement  c o u l d  be o b t a i n e d  due t o  n o i s e  i n  t h e  

c a l c u l a t e d  v a l u e  o f  t h e  d e r i v a t i v e ,  which  i n  t u r n  was due  t o  

n o i s e  f rom t h e  d o u b l e  i n t e g r a l  f o r  P ( b e ) .

In  su c h  a s e a r c h  f o r  t h e  minimum o f  a f u n c t i o n ,  i t  i s  a lw a y s  

p o s s i b l e  t h a t  t h e  s e a r c h  c an  p r o d u c e  a l o c a l  minimum i n s t e a d  

o f  t h e  g l o b a l  minimum o f  t h e  f u n c t i o n .  To check  f o r  such  a 

p o s s i b i l i t y ,  t h e  s e a r c h  was done  r e p e a t e d l y  a t  SNR = 8 dB
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w i t h  d i f f e r e n t  s t a r t i n g  v a l u e s  o f  t h e  t h r e e  p a r a m e t e r s .

S i n c e  t h e  r e s u l t  was a lw a y s  t h e  same,  i t  was assumed t h a t  

t h e r e  a r e  no l o c a l  minima i n  t h e  v i c i n i t y  o f  t h e  g l o b a l  

minimum.

A more e l e g a n t  m a t h e m a t i c a l  s o l u t i o n  f o r  t h e  opt imum v a l u e s  

o f  k 1 and k 2 f o r  a g i v e n  k  i s  c e r t a i n l y  p o s s i b l e ,  b u t  s i n c e  

t h e  p r o g r am s  f o r  c a l c u l a t i n g  P(be )  had t o  be w r i t t e n  i n  any 

c a s e ,  i t  was d e c i d e d  t o  use  t h e  method o f  d i g i t a l  

c o m p u t a t i o n .  F u r t h e r m o r e ,  t h e  m a t h e m a t i c a l  s o l u t i o n  f o r  t h e  

opt imum k  w i l l  be e x t r e m e l y  t e d i o u s  t o  f i n d .

The opt imum v a l u e s  o f  k  , k  and <2 were  c a l c u l a t e d  and 

p l o t t e d  in  F i g .  5 . 5 .  The r e s u l t i n g  p r o b a b i l i t y  o f  e r r o r  i s  

shown in  F i g .  5 . 6 .  S i m u l a t i o n  r e s u l t s  o b t a i n e d  by f i x i n g  t h e  

v a l u e s  o f  k , k and <2 a t  t h e  opt imum v a l u e  f o r  SNR = 8 dB, 

f o r  a l l  v a l u e s  o f  SNR, a r e  a l s o  shown.

5 - 5  PROBABILITY o f  e r r o r  i f  a m p l i t u d e  m o d u l a t i o n  i s  n o t

DIFFERENTIAL.

I f  t h e  r e c e i v e r  knew w h e t h e r  t h e  p r e v i o u s l y  r e c e i v e d  

a m p l i t u d e  was h i g h  o r  l ow ,  i t  would be p o s s i b l e  t o  d r o p  t h e  

r e q u i r e m e n t  o f  d i f f e r e n t i a l  m o d u l a t i o n ,  w h i l e  s t i l l  u s i n g  

t h e  p r e v i o u s l y  r e c e i v e d  a m p l i t u d e  a s  t h e  r e f e r e n c e  f o r  t h e  

p r e s e n t  o n e .  Some improvemen t  i n  t h e  p r o b a b i l i t y  o f  e r r o r  

c o u l d  t h e n  be  o b t a i n e d .
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The o n l y  way t h a t  t h e  r e c e i v e r  c an  know what  l e v e l  was 

r e c e i v e d ,  i s  t o  keep  t r a c k  o f  i t  on a sym b o l - b y - sy m b o l  

b a s i s .  As soon  a s  an e r r o r  i s  made w i t h  r e s p e c t  t o  t h e  

a m p l i t u d e  l e v e l ,  a b u r s t  o f  b i t  e r r o r s  w i l l  f o l l o w .  The 

l e n g t h  o f  t h e  b u r s t  w i l l  be d e t e r m i n e d  by t h e  p a r t i c u l a r  

d a t a  s e q u e n c e  f o l l o w i n g  t h e  f i r s t  e r r o r .  For  e xa m p l e ,  i f  a 

low l e v e l  i s  m i s t a k e n  f o r  a h i g h  l e v e l ,  t h e  r e c e i v e d  b i t s  

w i l l  r ema in  l o c k e d  in  a s t a t e  o f  e i t h e r  " 1 " o r  " 0 " u n t i l  t h e  

n e x t  h i g h  t o  low t r a n s i t i o n  i s  r e c e i v e d ,  o r  u n t i l  n o i s e  

c a u s e s  a s econd  a m p l i t u d e  e r r o r  t o  be made.  The p rob l em 

c o u ld  be ove rcome  by emp loy ing  an e r r o r  d e t e c t i o n  c o d e ,  b u t  

t h e  use  o f  t h e  code  w i l l  have  a c o s t  by r e q u i r i n g  some 

f r a c t i o n  o f  t h e  a v a i l a b l e  e n e r g y  p e r  b i t .

A l ower  bound on t h e  p r o b a b i l i t y  o f  e r r o r  can  be o b t a i n e d  by 

i g n o r i n g  t h e  e ' f f e c t  o f  m u l t i p l e  e r r o r s  and t h e  e n e r g y  

r e q u i r e d  f o r  e r r o r  d e t e c t i o n .  A f t e r  making t h e  a p p r o p r i a t e  

c h a n g e s  i n  t h e  l i m i t s  o f  i n t e g r a t i o n  in  Eq.  5 . 3 . 1 1 ,  t h e  

p r o c e d u r e  o f  s e c t i o n  5 . 4  was f o l l o w e d  t o  o b t a i n  t h e  opt imum 

v a l u e s  o f  k , k1 and k2  and t h e  r e s u l t i n g  l ower  bound on t h e  

p r o b a b i l i t y  o f  e r r o r  was c a l c u l a t e d  a t  a SNR o f  16dB. The 

r e s u l t s  a r e  t a b u l a t e d  i n  F i g .  5 . 6 .

The improvemen t  i n  p r o b a b i l i t y  o f  b i t  e r r o r  amoun ts  t o  a 

g a i n  i n  SNR o f  0 . 2dB ,  b u t  t h a t  i s  i n  t h e  l o we r  bound which
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SNR = 16 dB.
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Not  d i f f e r e n t i a l :

0.  385 
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*From F i g .  5 . 5  and 5 . 6 .

F i g . 5 . 7 : C o m p ar a t i v e  r e s u l t s  f o r  t h e  c a s e  when t h e  
a m p l i t u d e  m o d u l a t i o n  i s  n o t  d i f f e r e n t i a l .
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i s  n o t  v e r y  t i g h t .  One would t h e r e f o r e  e x p e c t  t h e  a c t u a l  

p e r f o r m a n c e  t o  be  worse  t h a n  b e f o r e .  Ha rper  [10] came t o  a 

s i m i l a r  c o n c l u s i o n .  Hi s  a rg um e n t  i s  ba se d  on r e s u l t s  f o r  

f a d i n g  c h a n n e l s ,  w h i l e  ou r  a n a l y s i s  so f a r  was o n l y  f o r  t h e  

AWGN c h a n n e l .  T h i s  a p p r o a c h  i s  t h u s  a b an do n e d .

5 . 6  PROBABILITY OF BIT ERROR ON SLOWLY RAYLEIGH FADING 

CHANNEL.

The p r o c e d u r e  o f  s e c t i o n  4 . 6  was u s e d ,  w i t h  P(be)  g i v e n  by 

Eq.  5 . 1 . 1 . ,  and t h e  p a r a m e t e r s  k , k and a s  o p t i m i z e d  in  

s e c t i o n  5 .4  f o r  e ach  i n d i v i d u a l  SNR. T h i s  a p p r o a c h  t h e r e f o r e  

a s sum es  t h a t  b o t h  t h e  t r a n s m i t t e r  and t h e  r e c e i v e r  have  

a c c u r a t e  knowledge  o f  t h e  i n s t a n t a n e o u s  SNR on t h e  f a d i n g  

c h a n n e l  and a r e  a d j u s t i n g  t h e  t h r e e  p a r a m e t e r s  

a c c o r d i n g l y .  I t  i s  c l e a r l y  i m p r a c t i c a l  f o r  mos t  HF 

a p p l i c a t i o n s ,  b u t  i t  i s  a l owe r  bound on t h e  p r o b a b i l i t y  o f  

e r r o r  .

The p r o b a b i l i t y  o f  e r r o r  was c a l c u l a t e d  a s econd  t i m e ,  now 

u s i n g  a s i n g l e  s e t  o f  k  ' s , a s  o p t i m i z e d  i n  s e c t i o n  5 . 4  f o r  

SNR = 8 dB. The r e s u l t  i s  l e s s  t h a n  0 .04dB worse  t h a n  t h e  

l ow er  bound c a l c u l a t e d  above  ( a t  h i g h  v a l u e s  o f  a v e r a g e  

SNR). The d e g r a d a t i o n  w i l l  be more a t  v e r y  low v a l u e s  o f  

a v e r a g e  SNR (be low lOdB, i . e .  P(be)  > 10- 1 ) ,  b u t  t h e  

c o n c l u s i o n  r e m a i n s  t h e  same:  I t  i s  n o t  n e c e s s a r y  t o  a d a p t  

t h e  p a r a m e t e r s  o f  t h e  a m p l i t u d e  m o d u l a t i o n  t o  t h e
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i n s t a n t a n e o u s  SNR on t h e  f a d i n g  c h a n n e l .

The n u m e r i c a l l y  c a l c u l a t e d  p r o b a b i l i t y  o f  e r r o r  and 

s i m u l a t i o n  r e s u l t s  a r e  shown in  F i g .  5 . 8 .  The s i m u l a t i o n  was 

done  w i t h  f i x e d  < , <1  and k a s  o p t i m i z e d  a t  SNR = 8  dB f o r  

t h e  AWGN c h a n n e l  ( F i g .  5 . 5 ) .
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6 - PROBABILITY OF ERROR FOR 8/2-DPASK WITH 2 2 . 5 ° PHASE 

SHIFT BETWEEN AMPLITUDE LEVELS.("SCHEME 3")

6 . 1  INTRODUCTION AND SYSTEM DESCRIPTION.

The r e a d e r  i s  onc e  more  r e f e r r e d  t o  s e c t i o n  1 . 2 ,  whe re  a 

d e s c r i p t i o n  o f  t h e  m o d u l a t i o n  f o r m a t  f o r  "Scheme 3" i s  g i v e n ,

The sy s t e m  d e s c r i p t i o n  i s  g i v e n  i n  F i g .  6 . 1 .  The t r a n s m i t t e r  

d o e s  n o t  need  f u r t h e r  e x p l a n a t i o n ,  b u t  t h e  g e n e r a t i o n  o f  t h e  

24 r e f e r e n c e  p o i n t s  a t  t h e  r e c e i v e r  n e e d s  some d i s c u s s i o n .  

The r e s u l t i n g  " t e m p l a t e "  i s  shown in  F i g .  6 . 2 .  The 

g e n e r a t i n g  c o n s t a n t s  a r e  g i v e n  by :

G = /  k /  ( 2 -  k) exp ( jra tt/ 4  ) m = 1 , 8
m

G = e x p [ j ( m f i / 4  + t t / 8 ) ]  m = 9 , 1 6m
G = /  ( 2 - k ) / k  ’exp( jm-n/4)  m = 1 7 , 2 4  ( 6 . 1 . 1 )

m

The d e c i s i o n  a s  t o  wh ich  symbol  was r e c e i v e d  i s  b a s e d  on t h e  

w e i g h t e d  l e n g t h  K | Gmuk • whe re  t h e  w e i g h t i n g  f a c t o r  

i s  g i v e n  by :

m = 1 , 8  

m = 9 , 1 6

m = 1 7 , 2 4  ( 6 . 1 . 2 )

The t h r e e  v a l u e s  g i v e n  f o r  t h e  G ' s  and t h e  K ' s  a r eJ m m
a p p l i c a b l e  r e s p e c t i v e l y  t o  t h e  t h r e e  c a s e s  when t h e  

a m p l i t u d e  changes  f rom h i g h  t o  l ow ,  when no a m p l i t u d e  c h a n g e  

o c c u r s  and when t h e  a m p l i t u d e  c h a n g e s  f rom low t o  h i g h .

K =  K
m 1

K = 1
m

K =
m 2
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Generator of 
2*1 reference 
points.______

Distance dector 
m=j for

•As in Fig. U.l with M=8. 
**See text.

F i g .  6 . 1 ; B lo ck  d i a g r a m  o f  s y s t e m  f o r  8/2-DPASK ("Scheme 3 " ) .
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The w e i g h t i n g  f a c t o r  Km i s  i n t r o d u c e d  t o  a l l o w  t h e  d e c i s i o n  

t h r e s h o l d s  be tween  r e f e r e n c e  p o i n t s  o f  d i f f e r i n g  a m p l i t u d e  

t o  be  moved a r o u n d .  T ha t  i s  n e c e s s a r y  b e c a u s e  t h e  v a r i a n c e

o f  t h e  n o i s e  a s s o c i a t e d  w i t h  t h e  T 1 s  v a r i e s  w i t h  t h em
a m p l i t u d e  l e v e l  ( b e c a u s e  o f  t h e  m u l t i p l i c a t i o n  w i t h  G ) .

m
The d e c i s i o n  t h r e s h o l d s  a r e  s e c t i o n s  o f  an e l l i p s e  when 

t h e y  a r e  be tween  Tm ' s  o f  d i f f e r e n t  a m p l i t u d e s .  F i g .  6 . 2  shows

t h e  t h r e s h o l d s  f o r  t h e  s p e c i a l  c a s e  when k = k = 1 .
1 2

6 . 2  ON FINDING AN ESTIMATE OF THE PROBABILITY OF ERROR.

To f i n d  and e v a l u a t e  an e x a c t  e x p r e s s i o n  f o r  t h e  p r o b a b i l i t y

o f  b i t  e r r o r  i s  a m a j o r  p r o b l e m .  Some o f  t h e  d i f f i c u l t i e s

w i l l  be d i s c u s s e d  i n  t h i s  s e c t i o n .

F i r s t  some symbol s  hav e  t o  be  d e f i n e d .  The meaning  o f  U and
k

V ^ i s  c l e a r  f rom F i g .  6 . 1 .  Then l e t

^  ( 6 . 2 . 1 )

where

X x = x 1+j y x

n xl+3% l
and l e t

v k = ^  +N2 ( 6 . 2 . 2 )

where

x 2  = x 2 + j y 2 

N 2  = n x 2 + j n y 2
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The f o u r  n o i s e  componen t s  a r e  u n c o r r e l a t e d  and e ach  h a s  a
2

mean v a l u e  o f  z e ro  and a v a r i a n c e  o f  a .

The r e f e r e n c e  p o i n t s  T ( F i g .  6 . 1  and 6 . 2 )  a r e  g i v e n  by :
in

T = G U. ( 6 . 2 . 3 )m m k

and t h e  G ^ ' s  a r e  g i v e n  by Eq.  6 . 1 . 1 .

Now we a r e  r e a d y  f o r  t h e  d i s c u s s i o n .  Say t h e  t r a n s m i t t e r  

s i g n a l  i s  such  t h a t  t h e  r e c e i v e r  ou g h t  t o  d e c i d e  t h a t  was 

r e c e i v e d  ( i . e .  V, = Tn i n  t h e  a b s e n c e  o f  no i s e ) ,  The p r o b a b i l i t yK. y

o f  b i t  e r r o r  i s  t h e  p r o b a b i l i t y  t h a t  Vk w i l l  be c l o s e s t  t o  

e ach  o f  t h e  o t h e r  1 s , t i m e s  t h e  a v e r a g e  p r o b a b i l i t y  o f  b i t  

e r r o r  f o r  e ach  o f  t h o s e  T ' s . The j o i n t  p r o b a b i l i t y  d e n s i t y

o f  T and V. i s  a f u n c t i o n  i n  f o u r  v a r i a b l e s .  Them k

p r o b a b i l i t y  t h a t  w i l l  be c l o s e s t  t o  some Tm i s  t h e r e f o r e  

g i v e n  by an i n t e g r a l  i n  f o u r  d i m e n s i o n s ,  and t h e  l i m i t s  o f  

i n t e g r a t i o n  i n  two o f  t h o s e  d i m e n s i o n s  a r e  g i v e n  by t h e  

r a t h e r  c o m o l i c a t e d  s h a p e s  shown in  F i g .  6 . 2 .  I t  was d e c i d e d  

t h a t  d o i n g  such  an a n a l y s i s  was n o t  w or th  t h e  t r o u b l e .

I n s t e a d ,  t h e  un io n  bound w i l l  be m o d i f i e d  and t h e n  u sed  t o  

f i n d  an e s t i m a t e  o f  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .

The un io n  bound i s  a w e l l  known uppe r  bound f o r  t h e  

p r o b a b i l i t y  o f  e r r o r  f o r  any M-ary  s i g n a l  c o n s t e l l a t i o n .

[ 3 3 ] .  I t  c o n s i s t s  o f  c a l c u l a t i n g  t h e  p r o b a b i l i t y  o f  b i t  

e r r o r  f o r  M-l p a i r s  o f  r e f e r e n c e  s y m b o l s ,  where  one  member 

o f  t h e  p a i r  i s  t h e  c o r r e c t  sym bo l ,  and t h e  o t h e r  i s  e ach  o f



" T e m p l a t e "  w i t h  24 r e f e r e n c e  p o i n t s  g e n e r a t e d  
f rom p r e v i o u s l y  r e c e i v e d  s i g n a l s .
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t h e  o t h e r  M-l sym bo l s  t a k e n  one a t  a t i m e .  T h i s  a d d s  up t o  

a l l  p o s s i b l e  ways i n  which  an e r r o r  can  be made,  and many 

t y p e s  o f  e r r o r  a r e  c o u n t e d  more t h a n  o n c e .

We m o d i fy  t h e  u n i o n  bound t o  i n c l u d e  o n l y  t h e  p r o b a b i l i t y  o f  

e r r o r  t o  n e a r e s t  n e i g h b o r s .  For  e x am p le ,  t h e  p r o b a b i l i t y  o f  

an e r r o r  f rom t o  ( F i g .  6 . 2 )  i n c l u d e s  t h e  p r o b a b i l i t y

o f  an e r r o r  from T ^ t o  T1g . T h e r e f o r e  t h e  l a t t e r  i s  n o t  

i n c l u d e d  i n  t h e  c a l c u l a t i o n .  T h i s  s l i g h t l y  t i g h t e n s  t h e  

u n io n  bound .

We f u r t h e r  m o d i f y  t h e  u n io n  bound t o  t a k e  t h e  p r o b a b i l i t y  o f  

b i t  e r r o r  g i v e n  a symbol  e r r o r  i n t o  a c c o u n t .  With t h e s e  two 

m o d i f i c a t i o n s ,  some symbol  e r r o r s  a r e  c o u n t e d  up t o  t h r e e  

t i m e s ,  b u t  t h e n  m u l t i p l i e d  by a c o n d i t i o n a l  p r o b a b i l i t y  o f  

b i t  e r r o r  which  c o u l d  be a s  low a s  1 /4  i n s t e a d  o f  4 / 4 .  T h i s

makes  t h e  end r e s u l t  no l o n g e r  an uppe r  bound b u t  m e r e l y  an

e s t i m a t e  o f  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .

6 . 3  CALCULATING AN ESTIMATE OF THE PROBABILITY OF BIT ERROR

ON THE AWGN CHANNEL.

In  t h i s  s e c t i o n  a need  w i l l  a r i s e  f o r  s e v e r a l  a u x i l i a r y  

v a r i a b l e s .  The f o l l o w i n g  c o n v e n t i o n  w i l l  be u s e d :

l ) T h e  symbo ls  = x^ + j y^  w i l l  be used  f o r  d e t e r m i n i s t i c  

s i g n a l s .
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2) The symbol s  N̂  = n X£ +3ny£ w i l l  be used f o r  complex 

G a u s s i a n  random v a r i a b l e s  (CGRV's) .  i s  u s u a l l y

a s s o c i a t e d  w i t h  X. . n n and n „ a r e  a l s o  u n c o r r e l a t e dI >:£ Yl
and have  z e r o  mean u n l e s s  i t  i s  s p e c i f i e d  o t h e r w i s e .  I 
w i l l  be a nu mera l  1 , 2 , 3  e t c .

B e f o r e  p r o c e e d i n g ,  t h e  r e a d e r  s h o u l d  be f a m i l i a r  w i t h  t h e  

d e f i n i t i o n  o f  sym bo l s  i n  s e c t i o n s  6 . 1  and 6 . 2 .

Now c o n s i d e r  t h e  r e f e r e n c e  p o i n t s  T i  and Tm and l e t  \  =Ti  

i n  t h e  a b s e n c e  o f  n o i s e ,  i . e .  l e t

To c a l c u l a t e  t h e  u n i o n  bo u n d ,  i t  i s  n e c e s s a r y  t o  f i n d  t h e  

p r o b a b i i  i t y

( 6 . 3 . 1 )

( 6 . 3 . 2 )

For e a s e  o f  n o t a t i o n ,  l e t

D . = d , + j d  . = T . - V ,l xi J yi i k
D = d + j d  = T -V,m xm ym m k ( 6 . 3 . 3 )

and

( 6 . 3 . 4 )

Then ,  f rom Eq.  6 . 3 . 2 :

P ( e / i , m )  = P(K. z . > K z )

'l <z i ' z m) d %.dz ( 6 . 3 . 5 )
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t(z±,zm) i s  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e

two l e n g t h s  z i  and , and can  be found u s i n g  B a y e ' s  t heo re m

[ 1 5 ] :

f ( Z i , z m) = f ( z ±) f ( 2 m | z i )  ( 6 . 3 . 6 )

f ( z i ) can e a s i l y  be s e e n  t o  be  a R a y l e i g h  d e n s i t y .  z± i s  t h e

m a g n i t u d e  o f  , wh i ch  i s  a CGRV.

Using 6 . 3 . 3  and 6 . 2 . 1  t h r o u g h  6 . 2 . 3 :

Di  = Gi N l " N2 ( 6 . 3 . 7 )

d . and d . a r e  u n c o r r e l a t e d  andxi y l

2 , 2 , 2a. = d . = d .i xi yi

= a ( |Gi | + 1) ( 6 . 3 . 8 )

S i n c e  z^ = | D j , t h e n  f rom [15] Eq.  7 - 1 7 :

f ( z i ) = (zi / a i 2 ) e x p ( - z ? / 2  o? ) z i > 0 ( 6 . 3 . 9 )

f ( z  / z  .) i s  much more d i f f i c u l t  t o  c a l c u l a t e .  I t  i s  f i r s tm l
n e c e s s a r y  t o  c a l c u l a t e  f ( z m|Di ) ,  and t o  do t h a t  we need Dm 

a s  a f u n c t i o n  o f  D . Us ing Eq. 6 . 3 . 3  and 6 . 2 . 1  t h r o u g h  6 . 2 . 3 :

D = G X -X Q+G N. -Nq ( 6 . 3 . 1 0 )m m 1 2 m 1 2 '
But f rom Eq . 6 . 3 . 7

N 2 = G i N l ~ D i  ( 6 . 3 . 1 1 )

S u b s t i t u t i n g  i n t o  E q . 6 . 3 . 1 0 :

D m = GraXl - ^ +Di + <GnTGi > Nl  ( 6 . 3 . 1 2 )

Eq.  6 . 3 . 1 2  c o n t a i n s  two CGRV'S, and N They a r e
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c o r r e l a t e d ,  s i n c e  Di c o n t a i n s  a t e rm p r o p o r t i o n a l  t o  N i (Eq .

6 . 3 . 7 ) .  But  we a r e  i n t e r e s t e d  i n  t h e  d e n s i t y  f u n c t i o n  o f  

z m ~  | Dm | when D i  i s  g i v e n ,  so  we c o n s i d e r  D i  t o  be 

d e t e r m i n i s t i c .  N i j D i  becomes  a CGRV w i t h  n o n z e r o  mean and 

some v a r i a n c e  t h a t  c an  be c a l c u l a t e d .  The f o l l o w i n g  

p r o c e d u r e  t o  f i n d  t h a t  mean and v a r i a n c e  i s  t h e  same a s  i n  

s e c t i o n  3 . 6 ,  so t h e  d e t a i l e d  e x p l a n a t i o n s  a r e  n o t  r e p e a t e d  

h e r  e .

We need t h e  t h r e e  c o v a r i a n c e s :

r DB = D i D i *  = 2 ( l + | G i | 2 ) 0 2

RNN — N j N i *  — 2 a 2

( 6 . 3 . 1 3 )

Then

Nl | Di  = RD N D i / RDD = G* D i / ( l + | G i | 2 ) ( 6 . 3 . 1 4 )

(Ni jDi  i s  t h e  mean v a l u e  o f  Ni when Di i s  g i v e n )

The v a r i a n c e  o f  N ^ D i  i s  g i v e n  by

| ( N1 I Di  - N i j D i  ) | 2 = Rn n -  | r d n ; 2 / r d d

= 2 o 2 [ 1 - j G i | 2 / ( l + | G i ]2 )) 

= 2 a 2/ ( l + | G i  | 2 ) ( 6 . 3 . 1 5 )

Now, when Di i s  g i v e n ,  l e t

( 6 . 3 . 1 6 )

where  from Eq. 6 . 3 . 1 4
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Xit = G i Di / ( 1+ Ig i  I ) ( 6 . 3 . 1 7 )

and i s  a CGRV w i t h  z e r o  mean and v a r i a n c e  o f  e ach  

q u a d r a t u r e  component  g i v e n  by ( f rom 6 . 3 . 1 5 )

o k 2= a2/(l+jG.|2) (6.3.18)

F i n a l l y ,  s u b s t i t u t i n g  Eq.  6 . 3 . 1 6  and 6 . 3 . 1 7  i n t o  6 . 3 . 1 2

D Id .  = G X -  X_+ D . (1+ (G -G .) G * / ( 1 + I g . | 2) ]  + (G -G . )N ,m' l  m l  2  i  m i l  1 i 1 m i U
(6.3.19)

T h i s  i s  a d e t e r m i n i s t i c  complex number o f  l e n g t h

n = |G X -X 0 +D. [1+(G - G . ) G * / ( 1 + | G . | 2)] ( 6 . 3 . 2 0 )
1 m  1  2  i  m  i  l  1 i  1

p e r t u r b e d  by a CGRV w i t h  v a r i a n c e  o f  e a c h  q u a d r a t u r e  

component  g i v e n  by

2 _ ip n I 2  2O — G ~G . O,m ' m i '  k
= 0 2 |g -G.  | 2 / ( 1 + | G .  I2 ) ( 6 . 3 . 2 1 )' m i '  1 l 1

T h e r e f o r e  t h e  l e n g t h  o f  D Id . ( i . e .  z I d . ) h a s  a R i ceanm' i  m i
p r o b a b i l i t y  d e n s i t y  f u n c t i o n :

f ( z J Di> = <z2/ 0  ̂ ) e x p [ - ( Z|  +n2) /2o2 ,

( 6 . 3 . 2 2 )

However ,  t h e  d i s t r i b u t i o n  i s  neede d  n o t  f o r  b u t  f o r

Z. = | D . I .  To t h a t  e n d ,  i n  Eq.  6 . 3 . 1 9 ,  l e t1 i i . n

Di  = r c o s ( 6 ) + j r  s i n ( e )  ( 6 . 3 . 2 3 )

Then a v e r a g e  Eq. 6 . 3 . 2 2  o v e r  6 :

f ( z j z . )  = ( l / 2 ^ ) / 27Tf  ( z j D . )  d 6 ( 6 . 3 . 2 4 )
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P ( e / i , m )  (Eq.  6 . 3 . 5 )  can  now be e v a l u a t e d  u s i n g  Eq.  6 . 3 . 6 ,  

6 . 3 . 9 ,  and 6 . 3 . 2 5 .  The i n t e g r a l  i n  Eq.  6 . 3 . 2 5  i s  

e v a l u a t e d  u s i n g  t h e  DCADRE r o u t i n e  i n  [ 1 1 ] ,  and Eq.  6 . 3 . 6  i s  

e v a l u a t e d  i n  t h e  same manner  a s  t h e  d o u b l e  i n t e g r a l  

d i s c u s s e d  i n  s e c t i o n  5 . 3 .

To c o m p l e t e  t h e  c a l c u l a t i o n ,  i t  i s  n e c e s s a r y  t o  c a l c u l a t e  

t h e  p r o b a b i l i t y  o f  e r r o r  f o r  t h e  f o u r  p o s s i b l e  a m p l i t u d e  

s e q u e n c e s :  l o w - l o w ,  l o w - h i g h ,  h i g h - l o w  and h i g h - h i g h .  The 

p r a c t i c e  o f  c h a p t e r  5 o f  u s i n g  a "1"  s u b s c r i p t  t o  i n d i c a t e  a 

low and a " 2 " t o  i n d i c a t e  a h i g h ,  i s  c o n t i n u e d .

I t  i s  n e c e s s a r y  t o  s p e c i f y  i and m in  Eq.  6 . 3 . 2 ,  and X 1 and 

X2 i n  Eq.  6 . 3 . 1 9  (o r  6 . 2 . 1  and 6 . 2 . 2 ) .

The c a l c u l a t i o n s  a r e  n o r m a l i z e d  a s  f o l l o w s :  Le t  t h e  SNR be 

g i v e n  by

p = E / 2 o
s

2 ( 6 . 3 . 2 5 )

Le t

2 a 2 1 ( 6 . 3 . 2 6 )

Then

E = p ( 6 . 3 . 2 7 )
s

and t h e  two p o s s i b l e  s i g n a l  a m p l i t u d e  a r e  g i v e n  by

A = /1T1 = / kp 1

A 2  = /  E2  = / ( 2 —K)p' ( 6 . 3 . 2 8 )
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For  P 1 ;Li.

L e t  i = 16 .  Then ,  f rom F i g .  6 . 2 ,  t h e  n e a r e s t  n e i g h b o r s  a r e  

g i v e n  by ( w i t h  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  g i v e n  t h a t  

symbol  e r r o r  i n  b r a c k e t s ) :

m = 8  ( 2 / 4 ) ,  1 ( 1 / 4 ) ,  9 ( 1 / 4 ) ,  17 ( 1 / 4 ) ,  24 ( 2 / 4 ) ,

15 (1 /4 )  .

But  t h e  p r o b a b i l i t y  o f  symbol  e r r o r  i s  t h e  same when m = 8 

and when m = 1 , a l s o  f o r  t h e  p a i r s  9 , 1 5  and 2 4 , 1 7 .

T h e r e f o r e

P±1 S ( 3 / 4 ) P l;L( 1 6 , 8 )  + (1 /2 )  P X1( 16 ,9)  + (1 /2 )  P ^ ( 1 6 ,  24)

and

X -  / < p’ + j o

X2  = G i /i<p1 ( 6 . 3 . 2 9 )

P (1 6 ,8 )  i s  g i v e n  by  Eq.  6 . 3 . 6  w i t h  i =16 ,  m = 8  and t h e  

X ' s  a s  a b o v e .

For  P :
 22 -

F o l l o w  t h e  same a rg u m e n t  a s  f o r  P 11» t h e n

P 22= ( 3 / 4 ) P 2 2 ( 1 6 , 8 )  + ( 1 / 2 ) P 2 2 (1 6 ,9 )  + ( 1 / 2 ) P 2 2 ( 1 6 , 24)

X = / ( 2 - k) p + jO

X = Gi 6 / ( 2 - k )  p' ( 6 . 3 . 3 0 )
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For  P :
 12-

L e t  i = 1 7 .  Then t h e  n e a r e s t  n e i g h b o r s  a r e  g i v e n  by 

m * 18 ( 1 / 4 ) ,  9 ( 1 / 4 ) ,  16 (2 /4 )  and 24 ( 1 / 4 ) .  The 

p r o b a b i l i t y  o f  symbol  e r r o r  i s  t h e  same f o r  m=18 and m=24, 

a l s o  f o r  t h e  p a i r  9 , 1 6 .  T h e r e f o r e

P i 2  s ( 1 / 2 ) Pg ( 1 7 , 1 8 )  + ( 3 / 4 ) P 2  ( 1 7 ,9 )

*  2 = + 3 ^

X 2  = G i T^  ( 6 . 3 . 3 1 )

Fo r P :
 21 -

Le t  i =1.  Then t h e  n e a r e s t  n e i g h b o r s  a r e  g i v e n  by 

m =2 ( 1 / 4 ) ,  9 ( 1 / 4 ) ,  16 ( 2 / 4 )  and 8  ( 1 / 4 ) .  The p r o b a b i l i t y  o f  

symbol  e r r o r  i s  t h e  same f o r  t h e  p a i r s  2 , 8  and 9 , 1 6 .

T h e r e f o r e

P £ U / 2 )P ( 1 ' 2) + <3 / 4 > P2 1  ( 1 ' 9 >

X = /  (2-k) p ‘ + jO

X = G / ( 2 - k ) p ’ ( 6 . 3 . 3 2 )
2 r

F i n a l l y  t h e  uppe r  bound on t h e  p r o b a b i l i t y  o f  b i t  e r r o r  i s  

g i v e n  by :

P (be) = (1 /4 )  (P + P + P + P ) ( 6 . 3 . 3 3 )
1 1  1 2  21  22

Eq.  6 . 3 . 3 3  was e v a l u a t e d  and i s  shown in  F i g .  6 . 3  w i t h  some 

s i m u l a t i o n  r e s u l t s .  I t  c an  be s e e n  t h a t  t h e  e s t i m a t e  i s  

h i g h e r  t h a n  t h e  s i m u l a t i o n  r e s u l t s  a t  low SNR' s ,  w h i l e  t h e
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a g r e e m e n t  be tween  e s t i m a t e d  and s i m u l a t e d  r e s u l t s  i s  q u i t e  

good a t  h i g h  SNR' s .

6 . 4  OPTIMIZING THE PARAMATERS Kj_ k AND k^_

The method o f  s e c t i o n  5 . 4  c a n ,  i n  t h e o r y ,  be  used i n  t h e  

p r e s e n t  c a s e  a s  w e l l ,  b u t  t h e r e  i s  a p r a c t i c a l  p r o b l e m .  The 

p r e s e n c e  o f  t h e  s i n g l e  i n t e g r a l  o f  Eq. 6 . 3 . 2 4  w i t h i n  t h e  

d o u b l e  i n t e g r a l  o f  E q . 6 . 3 . 5 ,  makes  t h e  d o u b l e  i n t e g r a l  

r a t h e r  e x p e n s i v e  t o  e v a l u a t e  (5 m i n u t e s  o f  CPU t i m e  on an 

IBM 3 0 3 3 ) .  As a r e s u l t ,  t h e  method o f  s e c t i o n  5 . 4  w i l l  

r e q u i r e  more t h a n  10 h o u r s  o f  CPU t i m e  t o  f i n d  t h e  opt imum 

s e t  o f  p a r a m e t e r s  a t  any one  SNR. For  ou r  p u r p o s e ,  t h a t  i s  

c l e a r l y  o u t  o f  t h e  q u e s t i o n .

I t  s h o u l d  a l s o  be  k e p t  i n  mind t h a t  Eq.  6 . 3 . 3 3  i s  m e r e l y  an 

e s t i m a t e  o f  t h e  a c t u a l  p r o b a b i l i t y  o f  b i t  e r r o r .  E s p e c i a l l y  

a t  low SNR' s ,  p a r a m e t e r s  d e r i v e d  from t h e  e s t i m a t e  s h o u l d  be 

used  w i t h  c a r e .

The v a l u e s  o f  k ,  k  and k 2  t h a t  were  used  f o r  F i g .  4 . 3 ,  was 

found  s i m p l y  by a d j u s t i n g  them by hand and making r e p e a t e d  

r u n s  o f  t h e  s i m u l a t i o n  p r o g r a m ,  c o u n t i n g  o n l y  50 e r r o r s  t o  

d e t e r m i n e  t h e  p r o b a b i l i t y  o f  e r r o r .  T h i s  was done  a t  a SNR 

o f  16 dB. The a d j u s t m e n t s  were  s t o p p e d  when t h e  f i r s t  two 

d i g i t s  o f  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  s t a b i l i z e d .
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Comparing "Scheme 3" ( s i m u l a t e d )  t o  "Scheme 2" ( t h e o r e t i c a l )  

shows t h a t  t h e i r  p e r f o r m a n c e  i s  v i r t u a l l y  t h e  same,  e x c e p t  

f o r  t h e  two p o i n t s  a t  8  and 10 dB. S i n c e  we do n o t  know how 

c l o s e  t h e  a d j u s t m e n t  o f  t h e  t h r e e  k  p a r a m e t e r s  came t o  t h e  

t r u e  opt imum,  i t  i s  p o s s i b l e  t h a t  "Scheme 3" c o u ld  be made 

t o  p e r f o r m  s l i g h t l y  b e t t e r  t h a n  "Scheme 2 " .  I t  i s  t h e  

o p i n i o n  o f  t h e  a u t h o r  t h a t  t h e  d i f f e r e n c e  w i l l  be 

i n s i g n i f i c a n t  a t  b e s t .  In p r a c t i c a l  s i t u a t i o n s  "Scheme 3" 

s h o u l d  be d i s q u a l i f i e d  b e c a u s e  o f  i t ' s  c o m p l e x i t y .

6 . 5  PROBABILITY OF BIT ERROR ON THE SLOWLY RAYLEIGH FADING 

CHANNEL.

An e s t i m a t e  o f  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  on t h e  s l o w l y  

R a y l e i g h  f a d i n g  c h a n n e l  was found u s i n g  t h e  method o f  

s e c t i o n  4 . 6 .  pb e (P) i n  E q• 4 . 6 . 4  was r e p l a c e d  by t h e  

e s t i m a t e  o f  Eq.  6 . 3 . 3 3 .

The r e s u l t s  a r e  shown in  F i g .  6 . 4 .  The e s t i m a t e  o f  t h e  

p r o b a b i l i t y  o f  b i t  e r r o r  i s  a lw ays  h i g h e r  t h a n  t h e  r e s u l t s  

o b t a i n e d  by s i m u l a t i o n .  On t h e  b a s i s  o f  t h e  s i m u l a t i o n  t h e r e  

i s  a g a i n  l i t t l e  d i f f e r e n c e  be twe en  "Scheme 2" and "Scheme 3" 

and t h e  comments  o f  s e c t i o n  6 . 4  s t i l l  a p p l y .
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7.  THE UNMINIM1ZABLE PROBABILITY OF ERROR DUE TO FADING.

7 . 1 INTRODUCTION.

The u n m i n i m i z a b i e  p r o b a b i l i t y  o f  e r r o r  due t o  f a d i n g  i s  t h e  

p r o b a b i l i t y  o f  e r r o r  a t  i n f i n i t e  a v e r a g e  s i g n a l  t o  n o i s e  

r a t i o  on a f a d i n g  c h a n n e l  when t h e  d u r a t i o n  o f  t h e  m u l t i p a t h  

i s  n e g l i g i b l e  w i t h  r e s p e c t  t o  t h e  d u r a t i o n  o f  a b i t  o r  

s y m b o l .

T h i s  e f f e c t  was f i r s t  m e n t i o n e d  i n  1962 i n  a p a p e r  by B e l l o  

and N e l i n  [ 1 ] .  I t  i s  n o t  v e r y  w e l l  known,  ho w e v e r .  The 

a u t h o r  knows o f  o n l y  one  c o m m u n i c a t i o n s  t e x t b o o k  t h a t  even  

m e n t i o n s  i t  [ 3 4 ] .  I t  i s  u s u a l l y  i g n o r e d  by a s suming  t h a t  t h e  

c h a n n e l  i s  f a d i n g  s l o w l y  -  s l ow enough  so t h a t  t h e  ch an ge  

f rom b i t  t o  b i t  i s  n e g l i g i b l e .

In t h e  c a s e  o f  t h e  t h r e e  d i f f e r e n t i a l  1 6 - a r y  m o d u l a t i o n  

f o r m a t s  d i s c u s s e d  i n  t h i s  d i s s e r t a t i o n ,  i t  was found by 

s i m u l a t i o n  t h a t  t h e  u n m i n i m i z a b i e  p r o b a b i l i t y  o f  e r r o r  i s  

an i m p o r t a n t  l i m i t a t i o n  on t h e  HF c h a n n e l .

We d i d  n o t  a t t e m p t  t o  e x t e n d  t h e  r e s u l t s  i n  [1] t o  t h e  

1 6 - a r y  m o d u l a t i o n  f o r m a t s .  An a p p r o x i m a t e  a n a l y s i s  

( a s y m p t o t i c a l l y  a c c u r a t e  a t  low p r o b a b i l i t y  o f  e r r o r )  c an  be 

done  u s i n g  e q u a t i o n s  i n  [ 1 0 ] .  We p r e s e n t  o n l y  s i m u l a t i o n  

r e s u l t s .  C h a p t e r  3 was d e v o t e d  t o  p r o v i n g  t h e  v a l i d i t y  o f



2 0 3

t h e  r e l e v a n t  a s p e c t s  o f  t h e  f a d i n g  c h a n n e l  model  used i n  t h e  

s i m u l a t i o n .

The a n a l y s i s  i n  [1] i s  r e p e a t e d  i n  s e c t i o n  7 . 2 ,  w i t h  some 

m o d i f i c a t i o n s  and many s p e c i f i c  a s s u m p t i o n s .  The a u t h o r  

b e l i e v e s  t h a t  t h i s  s i m p l i f i e d  a n a l y s i s  w i l l  g i v e  t h e  r e a d e r  

a b e t t e r  i n t u i t i v e  u n d e r s t a n d i n g  o f  t h e  mechanism t h a t  

p r o d u c e s  t h e  u n m i n i m i z a b i e  p r o b a b i l i t y  o f  e r r o r .

7 . 2  DERIVATION OF THE UNMINIMIZABLE PROBABILITY OF ERROR DUE 

TO FADING FOR BINARARY DPSK.

I t  was a l r e a d y  p o i n t e d  o u t  t h a t  t h e  u n m i n i m i z a b i e  

p r o b a b i l i t y  o f  e r r o r  was f i r s t  d e r i v e d  i n  [ 1 ] .  Th a t  a n a l y s i s  

was g e n e r a l  enough t o  i n c l u d e  b o t h  FSK and DPSK, a s  w e l l  a s  

d i v e r s i t y  r e c e i v e r s  and t h e  p r e s e n c e  o f  a d d i t i v e  n o i s e .

In  t h i s  s e c t i o n  some s p e c i f i c  a s s u m p t i o n s  a r e  made.  Only 

DPSK i s  c o n s i d e r e d ,  w i t h  no d i v e r s i t y  and no a d d i t i v e  n o i s e .  

The p r ob l em  i s  a l s o  s e t  up i n  a s l i g h t l y  d i f f e r e n t  way,  

l e a d i n g  t o  somewhat  d i f f e r e n t  m a t h e m a t i c a l  p r o c e d u r e s .  The 

form of  t h e  f i n a l  r e s u l t  d i f f e r s  f rom t h e  r e s u l t  i n  [ 1 ] .  

Computer  e v a l u a t i o n s  o f  t h e  two e q u a t i o n s  g i v e  t h e  same 

n u m e r i c a l  v a l u e ,  h o w e v e r .

F i g .  7 . 1  shows a d i a g r a m  o f  t h e  s y s t e m .  The d a t a  s i g n a l  s ( t )
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i s  m o d u la t e d  on a c a r r i e r  o f  f r e q u e n c y  f c and

s ( t )  = Z d k ( t - k T )  ( 7 . 2 . 1 )
k

d k i s  t h e  complex e n v e l o p e  o f  t h e  d a t a  s i g n a l  and i s  g i v e n  

by

dk ( t )  = <
A e x p ( j  0 ) 0 ^ t  < TK

. 0 ; a i l  o t h e r  t  ( 7 . 2 . 2 a)

0
(b)

7 T

The f a d i n g  c h a n n e l  i s  assumed t o  have  no t im e  s p r e a d  and no 

t i m e  d e l a y .  The c h a n n e l  i m p u l se  r e s p o n s e  i s  t h e n  g i v e n  by

c ( t , A )  = c ( X) 6 ( t -  X) ( 7 . 2 . 3 )

where

c ( A) = c i (A) + j c  (X) ( 7 . 2 . 4 )

c(A) i s  a complex  G a u s s i a n  random p r o c e s s  and c ^ x )  i s

u n c o r r e l a t e d  w i t h  c ( X ) .  j c ( A) | h a s  a R a y l e i g h  d i s t r i b u t i o n .

The a u t o c o r r e l a t i o n  o f  c . ( t )  and c ( t )  i s  g i v e n  by [ 2 , 2 9 ]
i  q.

Rc c ( t )  = ( 1 / 2 ) e x p ( - ^ 2 B2 x 2 / l n 2 ) ( 7 . 2 . 5 )

B i s  t h e  h a l f - p o w e r  b a n d w i d t h  and t h e  c h a n n e l  g a i n  i s

assumed to  be u n i t y .  R _,_r ( x  ) i s  e q u i v a l e n t  t o  R ( t  ) in
y  y  c  c

s e c t i o n  3 . 3 .  With t h e  above  a s s u m p t i o n s ,  o n l y  g ^ t )  w i l l  

h ave  a v a l u e  i n  F i g .  3 . 1 .  A l l  t h e  o t h e r  t a p - g a i n s  w i l l  be 

z e r o .
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The t r a n s m i t t e r  and r e c e i v e r  c a r r i e r  r e f e r e n c e s  a r e  assumed 

t o  be d e r i v e d  f rom s t a b l e  l o c a l  o s c i l l a t o r s .  T h e r e f o r e  one 

s h o u l d  e x p e c t  a s m a l l  f r e q u e n c y  o f f s e t  A f .  We assume 

h o w e v e r ,  t h a t  t h e  o f f s e t  i s  v e r y  s m a l l ,  i . e .  TAf << 1.  I t  i s  

t h e n  o n l y  n e c e s s a r y  t o  c o n s i d e r  a s l o w l y  v a r y i n g  ph a se  

d i f f e r e n c e  . But  t h i s  i s  i n c o n s e q u e n t i a l  s i n c e  i n f o r m a t i o n  

i s  d i f f e r e n t i a l l y  encoded  on t h e  ph a se  o f  t h e  c a r r i e r .  So 0 

i s  a l s o  n o t  i n c l u d e d  i n  t h e  sy s t e m  mod e l .

Wi th  a i l  t h e  above  a s s u m p t i o n s ,  t h e  r e c e i v e d  s i g n a l  i s  g i v e n  

by ( s e e  F i g . 7 . 1 ) :

w( t )  = c ( t )  s ( t )  ( 7 . 2 . 6 )

Because  we a r e  d e a l i n g  w i t h  DPSK, Uk i s  t h e  r e f e r e n c e  f o r  

d e t e c t i o n  o f  Vk .

An e r r o r  w i l l  o c c u r  i f  t h e  c h a n n e l  i n t r o d u c e s  a r e l a t i v e  

ph a se  s h i f t  o f  more t h a n  tt/2 be tween  Uk and V A s s u m i n g  f o r  

t h e  moment t h a t  t h e  same symbol  i s  t r a n s m i t t e d  t w i c e  

( i . e .  d k - 1  = d k) , an e r r o r  w i l l  o c c u r  i f ,  i n  F i g .  7 . 2 ,  Vk i s  

i n  t h e  shad ed  r e g i o n .  The p r o b a b i l i t y  o f  e r r o r  d o e s  n o t  

depend  on t h e  d a t a  s e q u e n c e ,  so  i n  t h e  r e s t  o f  t h i s  s e c t i o n  

i t  i s  assumed t h a t

e k - l = 6k = °* ( 7 . 2 . 7 )
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Fig. 7 . 2 : and V^. Error if in s haded region.
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The n e x t  s t e p  i s  t o  f i n d  a j o i n t  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n  f o r  Uk and V k i n  o r d e r  t o  f i n d  t h e  p r o b a b i l i t y  o f  

e r r o r  .

We i n t r o d u c e  f i r s t  two a u x i l i a r y  v a r i a b l e s

A c ( t )  = c ( t )  -  c ( t - T )  ( 7 . 2 . 8 )

A  = v *  -

A 0 ( t )  d t

= A. + jA ( 7 . 2 . 9 )
l  q

a l s o  l e t

Uk = Uk i  + ^  
Vk = Vk i  + ^ k q

Vk , Uk and A a r e  g e n e r a t e d  by l i n e a r  o p e r a t i o n s  on c ( t ) ,  

t h e r e f o r e  t h e y  a r e  complex  G a u s s i a n  random v a r i a b l e s  

(CGRV's ) .

I n s p e c t i n g  F i g .  7 . 2 ,  i t  i s  c l e a r  t h a t  t h e  p o r t i o n  o f  A which  

i s  p e r p e n d i c u l a r  t o  Uk , d o e s  n o t  c o n t r i b u t e  t o  t h e  

p r o b a b i l i t y  o f  e r r o r ,  so  i n  t h e  a n a l y s i s  one  h a s  t o  c o n s i d e r  

o n l y  t h e  p a r t  o f  A which  i s  i n  ph a se  w i t h  U . I t  i s  now 

p o s s i b l e  t o  s i m p l i f y  t h e  a n a l y s i s  by i n t r o d u c i n g  a c h an ge  o f

v a r i a b l e s  t h a t  w i l l  r o t a t e  U, , V and a s uch  t h a t  U i s  i nk k  k
t h e  p o s i t i v e  r e a l  d i r e c t i o n .
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Let

= Ukexp( - jZ .Uk ) 

= Vke x p ( - j / . U k ) 

A' = A e x p ( -  j£Uk ) 

c l e a r l y

Re (U' )  = U* = IU1

Im(U^) = Ukq -  0

( 7 . 2 . 1 0 a )

(b)

(c)

( 7 . 2 . 11a) 

(b)

|U, | h a s  a R a y l e i g h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ;

f ( | u k |) = ( lUk l / a u ) e><P( - l uk | 2 / 2 a^ ) ,

where
2 2 2a = U, . = U,u ki kq

The v a l u e  o f  i s  d e r i v e d  i n  a p p e n d i x  A l . l

luk l 2 0

( 7 . 2 . 1 2 a )

(b)

An e r r o r  w i l l  o c c u r  i f  Re(Vk) < 0.  We t h e r e f o r e  need  t h e  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  Re(Vk) c o n d i t i o n a l  on Uk i , 

o r  |Uk | . T h i s  c an  be done  by w r i t i n g  Vk a s :

V! = U' + A*k k ( 7 . 2 . 1 3 )

We need  f (Vk i | u k i ) ,  t h e r e f o r e  Uk i s  a d e t e r m i n i s t i c  

number i n  Eq. 7.2,13.  A' i s  a CGRV t h a t  i s  c o r r e l a t e d  w i t h  Uk 

and we need  t o  c o n s i d e r  o n l y  t h e  r e a l  p a r t s  o f  t h e s e  

n u m b er s .  The c o n d i t i o n a l  d e n s i t y  f u n c t i o n  i s  t h e r e f o r e  

G a u s s i a n ,  w i t h  a n o n - z e r o  e x p e c t e d  v a l u e  ( f rom [ 1 5 ] ,

Eq.  7 - 1 0 5 ) :
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f (Vk i |u'k i ) = f ( V i  | | uk p

=  [ l / / 2 T T o 2 ( 1 _ r 2 ), ] e x p { _ [ v . _ ( i  +  r  o / a  ) | u |]2 / 2  i r a f t l - r 2 ) }
n ki A u k  A

( 7 . 2 . 1 4 a )

where

and

a |  = A 2 = A (b)
°  i  q.

r = A U / a . a
i  k i  A u

~ Aq ^ k q / ° ^ a u ( c )

I t  s h o u l d  be p o i n t e d  o u t  t h a t  o^ ,  a u and r a r e  t h e  same 

b e f o r e  and a f t e r  t h e  r o t a t i o n  o f  Eq.  7 . 2 . 1 0 .  Tha t  i s  b e c a u s e

U , V and A have  u n c o r r e l a t e d ,  e q u a l - p o w e r e d  r e a l  and
k k

i m a g i n a r y  p a r t s .  c?2 and r a r e  d e r i v e d  i n  a p p e n d i x  A1 .2 .

The p r o b a b i l i t y  o f  e r r o r  c o n d i t i o n a l  on |Uk | i s  g i v e n  by

(an e r r o r  o c c u r s  i f  V' i s  n e g a t i v e ) :
k i

P (e I | U | ) = /  f  ( V  1 | U | )dV'  ( 7 . 2 . 1 5 )
1 k k i '  k k i

The t o t a l  p r o b a b i l i t y  o f  e r r o r  i s  found by a v e r a g i n g  Eq.

7 . 2 . 1 5  ov e r  IU I :
k

00 ^ 1  

P(e)  = / 0 f (|  Uk | ) / - « £  (V^i j  | Uk | )dVjJ±d| Uk | ( 7 . 2 . 1 6 )

A f t e r  s u b s t i t u t i n g  Eq.  7 . 2 . 1 2  and 7 . 2 . 1 4  i n t o  Eq.  7 . 2 . 1 6 ,  

t h e  i n t e g r a l s  a r e  e v a l u a t e d  in  a p p e n d i x  A3. The f i n a l  r e s u l t  

i s :
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p ( e )  = ( 1 / 2 ) [ 1  -  ( 1  + r a A/ ° u ) / ( o A + 2 r o A°u+ a 2 ) ]

I f

u
( 7 . 2 . 1 7 )

C = tt2B 2T 2/ l n 2  ( 7 . 2 . 1 8 )

t h e n  t h e  p a r a m e t e r s  a r e  g i v e n  by ( f rom a p p e n d i x  A l ) :

2  ~~2 a = U .u k i
c ,   2 2

= A{ [ ( 2T/B) /Ln2 /  tt  e r f  ( /2C) ] -  ( l n 2 / i r  B ) [ l - e x p ( - C )  ] }

( 7 . 2 . 1 9 )
2  ~2 

° A = Ai

= A { (4T/B) / l n 2 / t t '  [ 2er f ( / 5<?)  -  e r f ( 2 / 2 C ) ]

+ ( l n 2 / t t 2 B2) [ - 3  + 4exp ( -C)  -  e x p ( - 4 C ) ] }

( 7 . 2 . 2 0 )

r = (A2 / o a ou ) { ( 2T/B) / I n2 / T r ' [ e r f  (2/SC) -  e r f t / ? ? ) ]

+ ( l n2/2iT2 B2 ) [ 1 -  2exp ( -C)  -  e x p ( - 4 C ) ]  -  o 2 / A 2 }
u

( 7 . 2 . 2 1 )

wnere

e r f ( z )  = ( l /ZSW ) / 2 e x p ( - x  2/ 2 )  dx ( 7 . 2 . 2 2 )

Eq.  7 . 2 . 1 7  was e v a l u a t e d  on a d i g i t a l  c o m p u t e r ,  a s  was t h e  

e q u i v a l e n t  r e s u l t  f rom [ 1 ] ,  which  can  be found i n  a p p e n d i x  

A4. The two e q u a t i o n s  ga v e  i d e n t i c a l  n u m e r i c a l  v a l u e s  and 

were  p l o t t e d  i n  F i g .  3 . 8 .
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7 . 3  COMPARISON BY SIMULATION OF DIFFERENT SCHEMES WITH 

RESPECT TO THE UNMINIMIZABLE PROBABILITY OF ERROR.

F i g . 7 . 3  shows s i m u l a t i o n  r e s u l t s  f o r  t h e  u n m i n i m i z a b l e  

p r o b a b i l i t y  o f  b i t  e r r o r  f o r  DPSK, 16-DPSK, 8 / 2  DPASK 

(Scheme 2) and 8/2-DPASK (Scheme 3 ) .  (The d i f f e r e n t  schemes  

a r e  d e s c r i b e d  in  s e c t i o n  1 . 2 ) .

F i r s t ,  a n o t e  a b o u t  t h e  s i m u l a t i o n  r e s u l t s  f o r  DPSK. The 

o b s e r v a n t  r e a d e r  w i l l  n o t i c e  t h e  r e s u l t s  i n  F i g .  7 . 3  a r e  

c l o s e r  t o  t h e  t h e o r e t i c a l  c u r v e  t h a n  i n  F i g .  3 . 8 .  T h a t  ha s  

t o  do w i t h  t h e  s a m p l i n g  r a t e  t h a t  was used i n  t h e  

s i m u l a t i o n .  The e x p e r i m e n t  o f  F i g .  3 . 8  used o n l y  2 s a m p le s  

p e r  b i t ,  w h i l e  10 s a m p l e s  p e r  b i t  were  used in  F i g .  7 . 3 .  The 

d i s c r e p a n c y  be tween  s i m u l a t i o n  and t h e o r y  i n  F i g .  3 . 8 ,  

t h u s  seems t o  be due t o  t h e  d i s t o r t i o n  o f  t h e  b i l i n e a r  

t r a n s f o r m a t i o n  a t  low s a m p l i n g  r a t e s ,  r a t h e r  t h a n  due  t o  t h e  

f a c t  t h a t  t h e  a u t o c o r r e l a t i o n s  o f  t h e  t a p - g a i n s  a r e  n o t  t r u l y  

G a u s s i a n  i n  t h e  c o n t i n u o u s  t im e  doma in .

Of t h e  t h r e e  1 6 - a r y  s c heme ,  8/2-DPASK (Scheme 1) can be s e e n  

t o  p e r f o r m  t h e  b e s t ,  w h i l e  16-DPSK i s  t h e  w o r s t .  There  i s  a 

s e v e r e  p e n a l t y  i n  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  f o r  u s i n g  t h e  

1 6 - a r y  s cheme .  Ac low f a d i n g  r a t e s  8/2-DPASK i s  wor se  t h a n  

DPSK by a f a c t o r  o f  120.  T h i s  c o m p a r i s o n  i s  n o t  q u i t e  f a i r ,  

h o w e v e r ,  b e c a u s e  t h e o r e t i c a l l y  t h e  p r o b a b i l i t y  o f  e r r o r  

d e p e n d s  on t h e  d u r a t i o n  o f  a sym bo l ,  which  i s  4 t i m e s  l o n g e r
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8/2-DPASK Scheme 2

8/2-DPASK Scheme 3
10

16-DPSK

- 2
10 8/2-DPASK Scheme 2"

when plotted vs. 
symbol rate

-3 DPSK (Theoretical10

Simulation
results10

-5 _10

10

10
- 1  -2

10  10 10

(Fading rate)/Bit rate)
10 10

F i q .  7 . 3 :  S i m u l a t i o n  r e s u l t s  f o r  t h e  u n m i n i m i z a b l e
p r o b a b i l i t y  o f  b i t  e r r o r  due  t o  f a d i n g  a s  a 
f u n c t i o n  o f  t h e  r a t i o  b e t w e e n  c h a n n e l  f a d i n g  
r a t e  a nd  t h e  b i t  r a t e .
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f o r  t h e  1 6 - a r y  scheme t h a n  f o r  DPSK. C o r r e c t i o n  f o r  t h i s  

f a c t o r  o f  f o u r  on t h e  a b s c i s s a  o f  F i g .  7 . 3  w i l l  move t h e  

1 6 - a r y  c u r v e s  t o  t h e  l e f t .  Then t h e  p e n a l t y  i s  r e d u c e d  t o  a 

f a c t o r  o f  24 i n  t h e  b i t  e r r o r  r a t e .

From F i g .  7 . 3  i t  seems t h a t  t h e  b i t  r a t e  s h o u l d  be made as  

h i g h  a s  p o s s i b l e .  But  i n  c h a p t e r  8  we w i l l  show t h a t  t h e  b i t  

r a t e  s h o u l d  be a s  low a s  p o s s i b l e  t o  a v o i d  t h e  d e t r i m e n t a l  

e f f e c t s  o f  m u l t i p a t h .  T he r e  w i l l  t h e r e f o r e  be  an opt imum b i t  

r a t e  when b o t h  e f f e c t s  a r e  p r e s e n t .  S i m u l a t i o n  r e s u l t s  t o  

i l l u s t r a t e  t h i s  p o i n t  w i l l  be p r e s e n t e d  i n  c h a p t e r  8 .
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8 . THE EFFECT OF MULTIPATH.

8 . 1  PROBABILITY OF ERROR AS A FUNCTION OF CHANNEL TIME 

SPREAD.

T h i s  c h a p t e r  p r e s e n t s  o n l y  s i m u l a t i o n  r e s u l t s .

F i g .  8 . 1  shows t h e  p r o b a b i l i t y  o f  b i t  e r r o r  a s  a f u n c t i o n  o f  

t h e  c h a n n e l  t u n e  s p r e a d ,  when t h e  c h a n n e l  i s  f a d i n g  s l o w l y  

and when t h e  SNR i s  27dB.

On t h e  l e f t - h a n d  s i d e ,  t h e  c u r v e s  a p p r o a c h  a c o n s t a n t  v a l u e  

o f  P(e)  = 1 /2  when t h e  t im e  s p r e a d  becomes  l a r g e r  t h a n  t h e  

symbol  d u r a t i o n  ( n o t  t h e  b i t  d u r a t i o n ) . On t h e  r i g h t - h a n d  

s i d e ,  t h e  c u r v e s  a p p r o a c h  a c o n s t a n t  p r o b a b i l i t y  o f  e r r o r  

when t h e  i n t e r s y m b o l  i n t e r f e r e n c e  due  t o  t h e  m u l t i p a t h  

becomes  n e g l i g i b l e .  The c o n s t a n t  v a l u e s  c an  be found from 

t h e  a p p r o p r i a t e  f i g u r e s  i n  c n a p t e r s  4 ,  5 and 6 .

8/2-DPASK (Scheme 2) h a s  t h e  l o w e s t  p r o b a b i l i t y  o f  e r r o r  o f  

t h e  t h r e e  1 6 - a r y  s c h e m e s .  From t h e  c u r v e s  i t  would a p p e a r  

t h a t  t h e  t h r e e  1 6 - a r y  s chemes  e r f o r m  b e t t e r  t h a n  DPSK a t  

some v a l u e s  o f  t i m e  s p r e a d .  I f  t h e  c o m p a r i s o n  i s  made on t h e  

b a s i s  o f  symbol  d u r a t i o n  r a t h e r  t h a n  b i t  d u r a t i o n ,  t h e  

1 6 - a r y  schemes  a r e  a lw a y s  worse  t h a n  DPSK. The l o c a t i o n  o f  

t h e  c u r v e  f o r  8/2-DPASK (Scheme 2) when p l o t t e d  v s .  symbol  

d u r a t i o n ,  i s  i n d i c a t e d  on F i g .  8 . 1 .
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3/2-DPASK (Scheme 2

8/2-DPASK (Scheme 3)
- 110 16 -DPSK

DPSK

8/2-DPASK (Scheme 2) 
when plotted vs. 
symbol duration.

- 210
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F i g .  8 . 1 : P r o b a b i l i t y  o f  b i t  e r r o r  a s  a f u n c t i o n  o f  t h e
r a t i o  b e t w e e n  t h e  m u l t i p a t h  t i m e  s p r e a d  and  t h e  
b i t  d u r a t i o n ,  a t  a SNR o f  27 dB. S i m u l a t i o n  
r e s u l t s  o n l y .
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The k p a r a m e t e r s  o f  t h e  two DPASK schemes  were  a s  i n d i c a t e d  

i n  F i g .  5 . 6  and 6 . 3 .

8 . 2  THE OPTIMUM BIT RATE WHEN BOTH FAST FADING AND MULTIPATH 

IS PRESENT.

F i g .  8 . 1  shows t h a t  t h e  b i t  d u r a t i o n  s h o u l d  be a s  l ong  as  

p o s s i b l e  t o  a v o id  t h e  e f f e c t  o f  m u l t i p a t h .  But  F i g .  7 . 3  

shows t h e  o p p o s i t e ,  t h a t  t h e  b i t  r a t e  sh o u l d  be a s  h i g h  a s  

p o s s i b l e  t o  a v o id  t h e  e f f e c t  o f  f a s t  f a d i n g .

S i n c e  t h e  HF c h a n n e l  ha s  f a s t  f a d i n g  and m u l t i p a t h  t im e  

s p r e a d  i t  i s  i m p o r t a n t  t o  c h o os e  a b i t  r a t e  t h a t  w i l l  

m in i m iz e  t h e  e f f e c t  o f  b o t h .  F i g .  8 . 2  shows s i m u l a t i o n  

r e s u l t s  f o r  DPSK and 8/2-DPASK (Scheme 2) when t h e  SNR i s  

27dB, t h e  t im e  s p r e a d  i s  1 ms and t h e  f a d i n g  r a t e  i s  1 Hz. 

(ay f a d i n g  r a t e  we mean t h e  v a l u e  o f  B in Hz i n  E q . 7 . 2 . 5 )  

These  v a l u e s  a r e  f a i r l y  t y p i c a l  o f  t h e  HF c h a n n e l .

I t  c an  be s e e n  t h a t  a w e l l - d e f i n e d  minimum e x i s t s  a t  1 0 0  bps  

f o r  DPSK, and a t  400 bps  o r  100 baud ( symbol s  pe r  s econd)  

f o r  8/2-DPASK. The b e s t  p r o b a b i l i t y  o f  e r r o r  f o r  DPSK i s

2 .4  x 1 0 “3. 8/2-DPASK p e r f o r m s  much worse  w i t h  a b e s t
_pp r o b a b i l i t y  o f  e r r o r  o f  1 . 2  x 10 . B y  c o m p a r i s o n ,  t h e  

p r o b a b i l i t y  o f  e r r o r  i n  t h e  a b s e n c e  o f  t im e  s p r e a d  and f a s t  

f a d i n g  a t  a SNR o f  27 dB a r e  1 . 0  x 10-  ̂ and 2 . 5  x 10"^ , 

r e s p e c t i v e l y .  (From F i g .  5 . 8 )
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8/2-DPASK 
(Scheme 2)

- 110
DPSK

Time-spread 
Fading rate 
SNR

1 ms 
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27 dB

- 210

10

10 100  1 000 10 000

Bit rate (bits/sec)

F i g .  8 . 2 :  S i m u l a t i o n  r e s u l t s  i l l u s t r a t i n g  t h e  combined
e f f e c t  o f  f a s t  f a d i n g ,  m u l t i p a t h  t i m e  s p r e a d  
and  a d d i t i v e  n o i s e  on t h e  p r o b a b i l i t y  o f  b i t  
e r r o r  f o r  DPSK and  8/2-DPASK.
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To summar i ze  we n o t e  t h a t  i n  t h i s  e x p e r i m e n t  t h e  j o i n t  

e f f e c t  o f  t i m e  s p r e a d ,  f a s t  f a d i n g  and a d d i t i v e  n o i s e  

d e g r a d e s  t h e  p r o b a b i l i t y  o f  b i t  e r r o r  o f  8/2-DPASK by a 

f a c t o r  o f  5 w i t h  r e s p e c t  t o  t h a t  o f  DPSK. When o n l y  a d d i t i v e  

n o i s e  i s  p r e s e n t ,  t h e  d e g r a d a t i o n  i s  o n l y  a f a c t o r  o f  2 . 5 .

One can  d raw t h e  f o l l o w i n g  c o n c l u s i o n  f rom t h i s  c h a p t e r :  

Under a t y p i c a l  s e t  o f  c o n d i t i o n s  on t h e  HF c h a n n e l ,  when 

1 6 - a r y  8/2-DPASK i s  used  i n s t e a d  o f  b i n a r y  DPSK, t h e  p r i c e  

f o r  a f o u r - f o l d  i n c r e a s e  i n  t h e  b i t  r a t e ,  i s  an i n c r e a s e  by 

a f a c t o r  o f  f o u r  o f  t h e  t r a n s m i t t e r  power ( t o  keep  t h e  

e n e r g y  p e r  b i t  c o n s t a n t )  and an i n c r e a s e  by a f a c t o r  o f  f i v e  

o f  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .



120

9- OTHER MODULATION FORMATS

9 - 1 INTRODUCTION

T h i s  c h a p t e r  p r e s e n t s  a b r i e f  d i s c u s s i o n  o f  a few a d d i t i o n a l  

m o d u l a t i o n  f o r m a t s  t h a t  w i l l  o ccupy  a p p r o x i m a t e l y  t h e  same 

b a n d w i d th  ( a t  e q u a l  b i t  r a t e s )  a s  t h e  t h r e e  1 6 - a r y  schemes  

d i s c u s s e d  so f a r .  These  a d d i t i o n a l  schemes  were  found  t o  

be e i t h e r  i m p r a c t i c a l  o r  c o m p l e t e l y  un wo rk a b l e  i n  t h e  HF 

env l ronmc-nt .

9 . 2  ARGUMENT AGAINST USING MORE THAN TWO AMPLITUDE LEVELS

The f o l l o w i n g  o b s e r v a t i o n  i s  o b v i o u s ,  b u t  v e r y  i m p o r t a n t  

when c o n t e m p l a t i n g  d i f f e r e n t i a l  a m p l i t u d e  m o d u l a t i o n :

The ph a se  o f  a p h a s o r  i s  n a t u r a l l y  mea su r ed  modulo 2 , 

b u t  a m p l i t u d e  d o e s  n o t  have  a m o du l us .

The p r a c t i c a l  c o n s e q u e n c e  o f  t h i s  i s  t h a t  d i f f e r e n t i a l  ph a se  

m o d u l a t i o n  works  b e c a u s e  t h e  ph a se  can  be i n c r e a s e d  or  

d e c r e a s e d  i n d e f i n i t e l y  w i t h o u t  any  p r o b l e m s ,  b u t  when 

d i f f e r e n t i a l  a m p l i t u d e  m o d u l a t i o n  c a l l s  f o r  an i n d e f i n i t e  

i n c r e a s e  o f  t h e  a m p l i t u d e ,  a m p l i f i e r s  a t  t h e  t r a n s m i t t e r  

w i l l  soon  s a t u r a t e .  The s i g n a l - t o - n o i s e  r a t i o  w i l l  a l s o  

c h a n g e .  Tha t  i s  n o t  t h e  way t h a t  c o m m u n i ca t i o n  s y s t e m s  a r e  

u s u a l l y  o p e r a t e d .  N or m a l l y  one  r e q u i r e s  e i t h e r  t h a t  t h e  

t r a n s m i t t e r  o p e r a t e s  a t  t h e  maximum power a v a i l a b l e ,  o r  a t
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some s p e c i f i c  l e v e l  f o r  t h e  c o n s e r v a t i o n  o f  e n e r g y .  The 

t r a n s m i t t e r  power i s  n o t  a l l o w e d  t o  wander  a round  o f  i t ' s  

own a c c o r d .  But  t h a t  i s  what  w i l l  happen  i f  more t h a n  two 

a m p l i t u d e  l e v e l s  a r e  used in  a d i f f e r e n t i a l  m o d u l a t i o n  

f o r m a t ,

We i l l u s t r a t e  t h i s  p o i n t  by c o n s i d e r i n g  a scheme w i t h  t h r e e  

a m p l i t u d e  l e v e l s ,  a s  i n  F i g .  9 . 1 .  I t  i s  n o t  s u i t a b l e  f o r  t h e  

no rma l  b i n a r y  r e p r e s e n t a t i o n  o f  d a t a ,  b u t  i t  s i m p l i f i e s  t h e  

a rg u m e n t  and can e a s i l y  be  e x t e n d e d  t o  f o u r  o r  e i g h t  

a m p l i t u d e  l e v e l s .

Wi th t h e s e  t h r e e  a m p l i t u d e s ,  an a l p h a b e t  c o n t a i n i n g  t h r e e  

sym bo l s  c an  be s e n t ,  s a y  S 2  and S . The p r e v i o u s

a m p l i t u d e  i s  t h e  r e f e r e n c e ,  s a y  i t  i s  c a l l e d  A . The 

d i f f e r e n t i a l  e n co d i ng  r u l e  i s  t h e  f o l l o w i n g :

To send  S^: Reduce  t h e  a m p l i t u d e .

A = k 1 Ar  ( k 1 < 1)

To s end  S2 : Send t h e  same a m p l i t u d e .

A = Ar

To s end  8 3 : I n c r e a s e  t h e  a m p l i t u d e .

A = k 2 Ar  ( k 2  > .1)

The p r ob l em  a r i s e s  when t h e  i n f o r m a t i o n  t o  be t r a n s m i t t e d  

c a l l s  f o r  f o r  r e p e a t e d l y  s e n d i n g  o n l y  o r  S 3  . The
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Fig. 9.1; Alphabet containing three symbols, represented 
by three amplitude levels.



a m p l i t u d e  grows when S 3  i s  s e n t .  I f  i t  i s  s e n t  r e p e a t e d l y ,  

t h e  power a m p l i f i e r  a t  t h e  t r a n s m i t t e r  w i l l  soon s a t u r a t e .  

L i k e w i s e ,  i f  i s  s e n t  r e p e a t e d l y  t h e  s i g n a l  w i l l  soon  

become v a n i s h i n g l y  s m a l l  in  co m p a r i s o n  w i t h  t h e  n o i s e  a t  t h e  

r e c e i v e r .

Based on t h i s  d i s c u s s i o n ,  no m o d u l a t i o n  f o r m a t  r e q u i r i n g  

more t h a n  two a m p l i t u d e  l e v e l s  was c o n s i d e r e d .

9 . 3  ARGUMENT AGAINST USING OFFSET KEYING

O f f s e t  ke y ing  r e f e r s  t o  q u a d r a t u r e  m o d u l a t i o n  f o r m a t s  where  

t h e  d a t a  on t h e  i n - p h a s e  and q u a d r a t u r e - p h a s e  c a r r i e r s  a r e  

changed  r e s p e c t i v e l y  on odd and even m u l t i p l e s  o f  h a l f  o f  

t h e  symbol  p e r i o d ,  i n s t e a d  o f  s i m u l t a n e o u s l y  a t  t h e  

b e g i n n i n g  o f  e a c h  symbol  p e r i o d  as  i s  n o r m a l l y  d o n e .  In  

o r d e r  t o  d e co de  t h e  d a t a  a t  t h e  r e c e i v e r ,  i t  i s  t h e r e f o r e  

n e c e s s a r y  t o  i d e n t i f y  t h e  i n  ph a se  and t h e  q u a d r a t u r e  

c a r r i e r s .  But i t  i s  e x a c t l y  t o  a v o id  t h a t  r e q u i r e m e n t  t h a t  

we s e t  o u t  i n v e s t i g a t i n g  d i f f e r e n t i a l  s i g n a l i n g  schemes  i n  

t h e  f i r s t  p l a c e .

On t h e  AWGN c h a n n e l  i t  i s  p o s s i b l e  t o  a c q u i r e  c a r r i e r  

s y n c h r o n i z a t i o n  and t o  r e s o l v e  a t  t h e  b e g i n n i n g  o f  a 

t r a n s m i s s i o n  t h e  i n e v i t a b l e  pha se  a m b i g u i t i e s  o f  t r a c k i n g  

l o o p s  f o r  M a r y  p h a s e - m o d u l a t i o n  f o r m a t s .  I f  t h e  SNR i s  h i g h  

enough-  t h e  phase  can  t h e n  be t r a c k e d  a c c u r a t e l y  and w i t h  a
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low p r o b a b i l i t y  o f  c y c l e  s l i p p i n g ,  so  t h a t  no new 

a m b i g u i t i e s  w i l l  be i n t r o d u c e d .

On a s l o w l y  f a d i n g  c h a n n e l ,  i t  i s  s t i l l  p o s s i b l e  t o  t r a c k  

t h e  p h a s e ,  b u t  a f t e r  e v e r y  f a d e - o u t  t h e r e  w i l l  be a phase

a m b i g u i t y  t o  r e s o l v e ,  and s i n c e  t h e  t r a n s m i t t e r  d o e s  n o t

know when t h a t  h a p p e n s ,  t h e  r e c e i v e r  i s  l e f t  t o  i t ' s  own 

r e s o u r c e s .  I t  c an  r e s o l v e  t h e  a m b i g u i t y  by o b s e r v i n g  t h e  

t r a n s i t i o n s  o f  t h e  d a t a ,  b u t  i n  t h e  mean t i m e  t h e

p r o b a b i l i t y  o f  e r r o r  w i l l  be 1 / 2 .

The HF c h a n n e l ,  m o r e o v e r ,  c an  o f t e n  n o t  be t r e a t e d  a s  a 

s l o w l y  f a d i n g  c h a n n e l .  In t h a t  c a s e  t h e  p r o b a b i l i t y  o f  e r r o r  

w i l l  be i n c r e a s e d  by i m p e r f e c t  t r a c k i n g  o f  t h e  c a r r i e r  

ph a se  .

Because  o f  t h e  p r o b l e m s  o f  ph a se  a m b i g u i t y  i n  t h e  t r a c k i n g  

l o o p s  and i m p e r f e c t  t r a c k i n g  o f  t h e  ph a se  on t h e  f a s t - f a d i n g  

c h a n n e l ,  m o d u l a t i o n  f o r m a t s  i n v o l v i n g  o f f s e t  k ey ing  a r e  n o t  

c o n s i d e r e d .

9 -4  QASK, QPR AND MSK

Q u a d r a t u r e  a m p l i t u d e  s h i f t  k e y i n g ,  q u a d r a t u r e  p a r t i a l  

r e s p o n s e  ke y ing  and minimum s h i f t  ke y in g  a r e  t h r e e  w e l l  

known m o d u l a t i o n  f o r m a t s  t h a t  a r e  n o t  s u i t a b l e  f o r  use  on
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f a s t - f a d i n g  c h a n n e l s .

I n s p e c t i o n  o f  F i g .  9 . 2  shows t h a t  QASK r e q u i r e s  t h r e e  

a m p l i t u d e  l e v e l s .  T h e r e f o r e  QASK i s  d i s q u a l i f i e d  on t h e  

b a s i s  o f  t h e  d i s c u s s i o n  in  s e c t i o n  9 . 2 .

F i g .  9 . 3  shows t h e  s i g n a l  c o n s t e l l a t i o n  f o r  QPR. The 

c o r r e l a t i v e  c od in g  [19]  a t  t h e  t r a n s m i t t e r  i s  done  

s e p a r a t e l y  on t h e  i n - p h a s e  and t h e  q u a d r a t u r e - p h a s e  

c a r r i e r s ,  and l i k e w i s e  f o r  t h e  d e c o d i n g  a t  t h e  r e c e i v e r .  

T h e r e f o r e  t h e  r e c e i v e r  ha s  t h e  p rob l em o f  a c c u r a t e l y  

i d e n t i f y i n g  t h e  two component s  o f  t h e  c a r r i e r ,  and t h e  

d i s c u s s i o n  on a m b i g u i t y  i n  s e c t i o n  9 . 3  a p p l i e s .  The d a t a  i s  

d i f f e r e n t i a l l y  encoded  on each  o f  t h e  two q u a d r a t u r e  

c a r r i e r s ,  so  t h e r e  i s  p r o t e c t i o n  a g a i n s t  a 180° p h a se  s l i p ,  

b u t  n o t  a g a i n s t  a 90° s l i p .  A f u r t h e r  p rob l em has  t o  do 

w i t h  t n e  p r e s e n c e  o f  t h e  p o i n t  a t  t h e  o r i g i n  o f  t h e  s i g n a l  

c o n s t e l l a t i o n .  I f  no power i s  t r a n s m i t t e d ,  t h e n  t h e r e  i s  no 

a m p l i t u d e  r e f e r e n c e  f o r  t h e  f o l l o w i n g  symbo l .  The r e c e i v e r  

t h e n  ha s  t o  use  t h e  symbol  b e f o r e  t h e  z e r o  a s  t h e  r e f e r e n c e  

f o r  t h e  symbol  a f t e r  t h e  z e r o .  Tha t  i s  a s e v e r e  l i m i t a t i o n  

on a f a s t -  f a d i n g  c h a n n e l ,  e s p e c i a l l y  when s e v e r a l  z e r o ' s  

o c c u r  i n  a row.  T h e r e f o r e  QPR i s  d i s q u a l i f i e d  b o t h  by t h e  

p rob l em  o f  ph a se  a m b i g u i t y  and by t h e  p rob l em o f  t h e  z e r o  

a m p l i t u d e  l e v e l .

MSK i s  a s p e c i a l  form o f  shap ed  o f f s e t  QPSK, so  i t  i s



Fig. 9.2: Signal constellation for 16-ary QASK.

Fig. 9.3: Signal constellation for QPR.
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d i s q u a l i f i e d  on t h e  b a s i s  o f  t h e  d i s c u s s i o n  i n  s e c t i o n  9 . 3 .  

But  t h e  i d e a  o f  u s i n g  p u l s e  s h a p i n g  s h o u l d  be k e p t  i n  m ind .  

The t h r e e  16 a r y  s chemes  t h a t  we have  been  d i s c u s s i n g  a l l  

a l o n g  have  t h e  same s i n ( x ) / x  s p e c t r u m  sha pe  o f  PSK, wh ich  

c o n t a i n s  t oo  much o u t - - o f - b a n d  e n e r g y  f o r  many a p p l i c a t i o n s .  

Th a t  c an  be improved by u s i n g  p u l s e  s h a p i n g .
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10.  CONCLUSIONS.

Th r ee  d i f f e r e n t i a l  1 6 - a r y  d i g i t a l  s i g n a l i n g  f o r m a t s  were 

compared  t o  e ach  o t h e r  and t o  b i n a r y  DPSK. Some c o m p a r i s o n s  

were done t h e o r e t i c a l l y .  The t h e o r e t i c a l  work was t h e n  

ch eck ed  a g a i n s t  a d i g i t a l  co mpu te r  s i m u l a t i o n  o f  t h e  

co mm u n i ca t i o n  s y s t e m s  i n v o l v e d  [ 4 , 2 1 ] .  A c o n s i d e r a b l e  amount  

o f  t i m e  was s p e n t  t o  mod i fy  t h e  s i m u l a t i o n  t o  be a b l e  t o  do 

t h e s e  s i m u l a t e d  e x p e r i m e n t s

The t h e o r e t i c a l  e x p r e s s i o n s  were  u s u a l l y  n o t  i n  a c l o s e d  

fo rm ,  and e x t e n s i v e  c om pu te r  programming was n e c e s s a r y  t o  

e v a l u a t e  t hem.  In some- c a s e s  o n l y  s i m u l a t i o n  r e s u l t s  were 

p r e s e n t e d .

On t h e  s l o w l y  R a y l e i g h  f a d i n g  c h a n n e l ,  d i f f e r e n t i a l  p h a s e -  

a m p l i t u d e  m o d u l a t i o n  w i t h  8 p h a s e s  and 2  a m p l i t u d e  l e v e l s  

(8/2-DPASK) was found t o  be 1 . 6  dB b e t t e r  t h a n  r e g u l a r  1 6 - a r y

DPSK. I t  was 1 .7dB wor se  t h a n  8 - a r y  DPSK and 4 . 0  dB worse
o

t h a n  b i n a r y  DPSK. When an a d d i t i o n a l  phas e  s h i f t  o f  2 2 .5  

was i n t r o d u c e d  be tween  t h e  two a m p l i t u d e  l e v e l s  o f  8 / 2 -  

DPASK, t n e  r e s u l t s  were  s l i g h t l y  w o r s e .

On t h e  f a s t  R a y l e i g h  f a d i n g  c h a n n e l ,  c o m p a r i s o n s  were  made 

on t h e  b a s i s  o f  t h e  unminimi  s a b l e  e r r o r  r a t e  due t o  f a d i n g .  

8/2-DPASK was found  t o  be a b l e  t o  t o l e r a t e  a f a d i n g  r a t e  o f

1 . 3  t i m e s  t a s t e r  t h a n  16-DPSK, b u t  DPSK, by c o m p a r i s o n  c o u l d
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t o l e r a t e  a f a d i n g  r a t e  o f  4 . 3  t i m e s  f a s t e r  t h a n  8/2-DPASK.
o

The a d d i t i o n  o f  t h e  2 2 . 5  ph a se  s h i f t  a g a i n  made m a t t e r s  

s l i g h t l y  w o r s e .  These  c o m p a r i s o n s  a r e  on t h e  b a s i s  o f  e q u a l  

symbol  r a t e  and e q u a l  p r o b a b i l i t y  o f  b i t  e r r o r .

When m u l t i p a t h  r ime  s p r e a d  o c c u r s  on t h e  s l o w l y  R a y l e i g h  

f a d i n g  c h a n n e l ,  8/2-DPASK can  a g a i n  t o l e r a t e  more t im e  

s p r e a d  t h a n  t h e  o t h e r  two 1 6 - a r y  s ch eme s .  On t h e  b a s i s  o f  

e q u a l  b i t  r a t e  i t  can  t o l e r a t e  more t i m e  s p r e a d  t h a n  b i n a r y  

DPSK, b u t  on t h e  b a s i s  o f  e q u a l  symbol  r a t e ,  i t  i s  w o r s e .

The f i n a l  c o m p a r i s o n  was f o r  b i n a r y  DPSK and 8/2-DPASK on a 

c h a n n e l  w i t h  t y p i c a l  HF p a r a m e t e r s ,  i . e .  a f a d i n g  r a t e  o f  1 

Hz, a t ime  s p r e a d  o f  1 ms,  and a s i g n a l - t o -  n o i s e  r a t i o  o f  

27 db .  I t  was found  t h a t  t h e  b e s t  b i t  r a t e  t o  use  was 100 

bps  f o r  b i n a r y  DPSK and 400 bps  ( i . e .  100 symbo l s  p e r  

s econ d )  f o r  8/2-DPASK. The r e s u l t i n g  p r o b a b i l i t i e s  o f  e r r o r  

was 2 . 4  x 10 f o r  b i n a r y  DPSK and 1 . 2  x 10- 2  f o r  8/2-DPASK, 

so  t h a t  t h e  p r i c e  f o r  a f o u r - f o l d  i n c r e a s e  i n  b i t  r a t e ,  i s  a 

f i v e - f o l d  i n c r e a s e  i n  t h e  p r o b a b i l i t y  o f  b i t  e r r o r .

F i n a l l y ,  c h a p t e r  3 p r e s e n t e d  a method o f  g e n e r a t i n g  t h e  

r e q u i r e d  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  t h e  random p r o c e s s e s  

t h a t  a r e  used f o r  t h e  t a p  g a m s  i n  t h e  t r a n s v e r s a l  f i l t e r  

t h a t  s i m u l a t e s  t h e  HF c n a n n e l . T h i s  was n e c e s s a r y  i n  o r d e r  

t o  p e r f o r m  t h e  s i m u l a t e d  e x p e r i m e n t s  i n  t h e  o t h e r  c h a p t e r s .
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APPENDIX A1

2
A l . l  DERIVATION OF %

p
T h i s  i s  t h e  d e r i v a t i o n  o f  a u a s  i t  a p p e a r s  i n  Eq.  7 . 2 . 1 2

2
( A l . l )

We make use  o f  a p r o p e r t y  o f  l i n e a r  s y s t e m s  ( [15 ]  p .  3 4 6 ) .

F i g .  A l . l  shows t h e  i n t e g r a t e - a n d - d u m p  matched  f i l t e r  t h a t  

i s  used t o  g e n e r a t e  Uk i  (or  Ukq) .

The i n p u t  t o  t h e  f i l t e r  i s  c i ( t )  which ha s  an

a u t o c o r r e l a t i o n  f u n c t i o n  R cc( t) (Eq.  7 . 2 . 5 ) .  Uk i  i s  t h e  o u t p u t  

o f  t h e  f i l t e r  sampled  at: t i m e  t  = ( k + l ) T .  S i n c e  c i ( t )  i s  a 

s t a t i o n a r y  random p r o c e s s  i t  d o e s  n o r  r e a l l y  m a t t e r  when t h e  

i n t e g r a t i o n  s t a r t s  and s t o p s ,  a s  l ong  a s  t h e  i n t e g r a l  i s  

p e r f o r m e d  ov e r  a t im e  T. T h e r e f o r e  we can  w r i t e  t h e  im p u l se  

r e s p o n d s  o f  t h e  i n t e g r a t e - a n d - d u m p  f i l t e r  w i t h o u t  r e f e r e n c e  

t o  any p a r t i c u l a r  s t a r t i n g  t i m e :

where  u ( t )  i s  t h e  f a m i l i a r  s t e p  f u n c t i o n .  W r i t i n g  t he  

im pu l s e  r e s p o n s e  in  t h i s  form makes t h e  o u t p u t  due t o  c ( t ) , 

whi ch  we c a l l  u i ( t )  , a s t a t i o n a r y  p r o c e s s .  T h i s  i s  n o t  t r u e  

f o r  a r e g u l a r  i n t e g r a t e - a n d - d u m p  f i l t e r .  U s u a l l y  o n l y  t h e  

s ampled  p r o c e s s  U k i s  s t a t i o n a r y .

h ( t )  = u ( t )  -  u( t - T ) ( A l . 2)



V i {t)
(or A c (t))1 q.

/ (k+1 )T 
kT

V

\ i _____(or v
A c . (t ) 

1  1

ATRoo( t )  1  cc

U. ( t )

R  ( t ) =  a !“R  ( t ) * h * (  uu 1  cc - x ) * h ( r )

F i g . Al.l: The integrate-and -dump filter and relation 
between autocorrelation functions.
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The a u t o c o r r e l a t i o n  o f  u ( t )  i s  g i v e n  by

R (T) = A !r R ( T ) # h * ( - T ) # h ( T )u u '  ' 1 c c 1 ' v ' ' '

and

Q = R (0)u uu

( A1.3)

(A1.4)

With  h ( t )  f rom E q . A1.2  and r e f e r r i n g  t o  F i g .  A1.2 l e t

g ( x )  =  h  ( - t ) *  h ( t )

Then

9  ( T) = / _ 0O[u(A) -  u (A-T) ]  [ u ( A-T) -  u ( A-T- t ) ] d A

-T < t < o
.t +t

1 dA = T+i0

• T/  1 d A = T - T

Now

and

0  < t  < t

0  e l s e w h e r e

= [ T - | t | ] [ u (t +T) -  u ( t- T ) ]

Ku u (T) = A l R c c (T) ^ (T)

R (0) = A S 0R ( A) g ( -  A) d A
u u  1 c c  3

= 2A^ /oRc c ( A)g( A) d A

= 2A 2 /^R ( A) (T- A) d A
1  0 e c

= A^{ (2T/B) /In2/TT e r f  ( /2/ln2TiBT)

(A1.5)

- ( l n 2 / i T 2 B2) [ 1 - e x p  ( -  2T 2/ l n 2 ) ] } (A1.6)

The s econd  s t e p  i s  p o s s i b l e  b e c a u s e  t h e  f u n c t i o n s  a r e  e v e n .



1 h(t)

T G 

x h*(t-T)

t=T t=T+T t

g(t) = h*(-t)*h(t) 
T

-T T t

Fig. A 1. 2: C o n v o l u t i o n  for Eq. A L  3.
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Also

e r f ( z )  = ( 1 / /Ttt) / ^ e x p f - x  / 2 )dx

p
T h i s  c o n c l u d e s  t h e  d e r i v a t i o n  o f  o .

u

A1. 2 DERIVATION OF AND OF i_

2T i n s  i s  t h e  d e r i v a t i o n  o f  â  and r a s  t h e y  a p p e a r  i n  

Eq.  3 . 2 . 1 7 .

P r o c e e d i n g  a s  i n  s e c t i o n  A l . l  and r e f e r r i n g  t o  F i g .  A1 .3 ,  

t h e  i m p u l se  r e s p o n s e  o f  t h e  f i l t e r  t h a t  would be used t o  

p r o d u c e  A(t) i s  g i v e n  by

and

h 3 ( t ) = u ( t ) -  2 u ( t - T )  + u ( t - 2 T )  (A1.7)

° a 2= * a a (0) (A1.8)

where

Ra a (t ) = K ( t ) * h * ( - T ) *n (T) (A1.9)A A c c 3 3

R e f e r r i n g  to  F i g .  A1.4  i e t  

9 3 ( t ) = h^ ( - t ) sth^ (x ) ( A l . 10)



A c .(t)

ki

Delay T 
h ( t  )=<5(t-T)

h.(t)=u(t-T)-u(t-2T)
A- c.(t)

'1 cc
h (t)=u(t)-u(t-T)

I '

V i (t) h (t)=h2 (t)-h1 (t)=u(t)-2u(t-T)+u(t-2T) A(t)

Fig. Al. 3 ; F i l t e r  p r o d u c i n g  A(t).
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1
h3(t)

T 2T t

t = T

( t ) = h  ( - t ) # h  ( t )
2T

-T-2T

Fig. Al. 4: Convolution for Eq. Al.10
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Now
2  r°°Raa (0) = Ax l 0ORc c (A)g 3 (-A)dA

-  2P\ !l » Ce lA>93 <A» «

= 2A2  [ f T ( 2T-3A)R ( A) d A + / 2 T (A-2T)R ( A) d A]1 U c c T c c

= A2 { (4T/B) / l n 2 A ‘ e r f  ( /2 / ln2VBT)

-  (31n2/TT2B2) [1 -  exp (-Tr2 B2 T2 / l n 2 )  ]

-  4 (T/b)  / l n 2 / 7r ' [ e r f  (2/2/ln2'TrBT) -  e r  f  ( / 2 / l n 2 liTBT) ]

+ ( l n 2 / n 2 B2 ) [ e x p ( - 7r2 B2 T2 / l n 2 ) -  e x p ( - 4 7 T2 B2 T2 / l n 2 ) ] }

= A2  { (4T/B) / In2/Tr‘[ 2 e r f  (/27Tn5TTBT) -  e r  f  ( 2 /2/ln2TrBT) ] 

+ ( I n 2 / 7T2 B2 ) [ - 3  + 4exp(-TT2 B2 T2 / i n 2 )

-  exp ( -  47 i 2 B2 T2 / l n 2 ) ] } ( A l . l l )

O
T h i s  c o n c l u d e s  t h e  d e r i v a t i o n  o f  a ,  .A

We now p r o c e e d  t o  d e r i v e  r .  From E q . 7 . 2 . 1 4 c

r = A U . / a . a  (A1.12)i ki A u
Now

A.U = (V -  U ,)U . = R (0) -  R (0)i ki ki ki ki uv uu
= R (0) -  o2  (A1.13)uv u

R e f e r r i n g  to  F i g .  A1.3  ( s e e  a l s o  F i g .  A l . l ) :

Ru v (T) = A 1 R c c (T)*h l (T)*h 2 (" T) (A1.14)

(From [15] p .  353)
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h1 ( t ) 
■ 1

1

T 2T t

h2 (t)

t=T t=T+x t 

g2 (t) = h1 (t)*h2(-t

T 2T t

Fig. A 1 .5 ; Convolution for Eq. Al.15.
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Now

R (0) = A? /”  R c c ( X ) g 2 ( - X ) d  A
U V  1 x

= a i / ° °  R c c ( A ) g 2 ( A)dA 

= Alfl AHc c ( A) dX + A ^ f 2 T - X ) R c c (X)dX

= A 2 { (ln2/2ff2B 2) [ 1 - exp(-TT2B 2T 2/in2) ]

+ (2T/B) /ln2/TT‘[erf (2/2/ln2'7rBT) - erf ( /2/ln2'iTBT) ]

- (In2/2TT2B 2) [ exp (- tt2B 2T 2/in2) - e x p  (-4 tt2B 2T 2/ln2) ] }

= A 2 { ( I n 2 / 2 ^ 2B 2) [ 1 - 2exp(-7T2B 2T 2/ln2)

+ exp(-4Tr2B 2T 2/ln2) ]

+ (2T/B) /ln2/7r'[erf (2/2/in2‘TTBT) - erf ( /2/ in2 ttBT) ] }

(A1.15)

F i n a l l y

r = (R (0) - a 2 )/ o.o (A1.16)' u v ' ' u ' A u

T h i s  c o n c l u d e s  t h e  d e r i v a t i o n  o f  r .
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APPENDIX A2

ON GENERATING A SET OF RANDOM VARIABLES WITH A GIVEN 

COVARIANCE MATRIX.

T h i s  a p p e n d i x  r e f e r s  t o  t h e  p r o c e d u r e  fo r  g e n e r a t i n g  t h r e e  

random v a r i a b l e s  w i t h  a g i v e n  c o v a r i a n c e  m a t r i x  a s  d e s c r i b e d  

in  s e c t i o n  3 . 6 .

Tha t  t n e  g e n e r a t i n g  p r o c e d u r e  i s  v a l i d ,  can  be p roved  by 

w r i t i n g  x 2 and x^  i n  t e r m s  o f  x 1 and t h e  i n d e p e n d e n t  

v a r i a b l e s  n 2 and n^  and t h en  t o  c a l c u l a t e  e ach  e l e m e n t  o f  

t h e  r e s u l t i n g  c o v a r i a n c e  m a t r i x ,  which  s h o u l d  t h en  be e q u a l  

t o  t h e  d e s i r e d  c o v a r i a n c e  m a t r i x .  We p r o c e e d  now, by way o f  

e x a m p le ,  t o  p ro v e  j u s t  t h a t  f o r  two e l e m e n t s  o f  t h e  m a t r i x ,

U22 aUd R31 -________________________
x 2x 2 = [ ( K 1 2 / R 1 1 ) x 1 + n 2 ]

272
= <Rl / R l l * ^ l  + 2 (R 1 2 / R l l )X i n 2 + n 2

■ ( Rl / Rl l f  R11 + °  + ( R2 2 - H1 Z' R 11>
= R

22

3 = V l  + b2(Rl / RllXl + n2> + n 3
x 3X l  = b 1X 1  + b 2 ( R 12/ R l l * x l  + V l n 2 + x ln 3

R 11^R 31R 2 2 - R 12R 3 2 ^ ^ R 11K 22_ R 1 ^ 2 1 ^

+ R 1 1 (R 1 2 / ,R1 1  ̂ , R 1 1 R 3 2 _R 31R 2 1 *,/(R 1 1 K 2 2 _R 1 ^  2 1 * 
+ 0 + 0

■ R 31
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APPENDIX A3

DERIVATION OF EQ. 7 . 2 . 1 7

T h i s  i s  t h e  e v a l u a t i o n  o f  t h e  d o u b l e  i n t e g r a l  in  

Let

x = | U J

* = v x i
a = 1 / 2  o  2  u
b = ( 1  + r o A/ o u) / / 2 a^  ( 1 - r 2)' 

c = l / / 2 a |  ( 1 - r 2)

S u b s t i t u t e  Eq.  A 3 .1 ,  7 . 2 . 1 2 ( a )  and 7 . 2 . 1 4  i n t o  Eq . 7 . 2 . 1 6 .

Then
-00 p m ,— 2

p ( e )  = / o 2 ax e x p ( - a x  ) / ^ ( c / Z t t )  e x p [ - ( c y - b x )  ]dydx

00 p p ® p P
= ( 2 a c / / r r )  / 0x e x p [ - ( a + b  )x  ] / ^ ex pC -c  y + 2 cb xy )dydx

(A3.2)

The i n n e r  i n t e g r a l  c an  be e v a l u a t e d  u s i n g  a t a b l e  o f  

i n t e g r a l s  ( [ 9 ] ,  Eq . 3 . 3 2 2 ( 2 ) ) :

p(e) =
( 2 a c /  / tt) / “ x exp [ -  ( a + b 2) x 2] { / t / 4 c  2  e x p ( b  2x 2) [l-4>(bx) ] }dx

„oo P
= a / 0x exp ( - a x  ) [ 1 - 4>(bx) ] dx (A3. 3)

where

Eq . 7 . 2 . 1 6 .

( A 3 . l a )

(b)

( c )

( d )

(e)

$(x) = ( 2 / /tF) /o'exp ( - t  2) d t (A3.4)
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Eq.  A3.3 can  be e v a l u a t e d  i n  two p a r t s :

,°° 2 I 1  = / ox e x p ( - a x  ) dx

2  i00= ( - l / 2 a ) e x p ( - a x  ) | 0

= l / 2 a  (A3.5)

CO P
I 2  = /  ox exp ( - a x  ) $ ( b x ) d x  (A 3 . 6 )

I n t e g r a t i n g  by p a r t s ,  and making use  o f  t h e  r e l a t i o n

(bx) = (2b//7T) e x p ( - b 2 x 2) (A3.7)

we f i n d
2  i 00

1 2 = ( - l / 2 a ) e x p ( - a x  )$ (b x )  |o

r— co 2 2
+ b/a/Tr  / o e x p [ - ( a + b  )x  ] dx

= 0 + ( b / a  / tt) ( 1 /2 )  / r T / ( a + b )

= (b /2 a )  / ! /  ( a + b 2) ( A 3 . 8 )

F i n a l l y ,  f r o m ' E q .  A3 .3 :

p ( e )  = a ( I 1  -  1 2)

= 1 / 2 ( 1  -  b /  v4+b2) (A3.9)

Eq.  7 . 2 . 1 7  f o l l o w s  f rom Eq.  A3.9 a f t e r  s u b s t i t u t i o n  o f  a and 

b f rom Eq.  A3 .1 .
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APPENDIX A4.

EQUATIONS FOR THE UNMINIMIZABLE PROBABILITY OF ERROR FROM 

BELLO AND NELIN [1 ] :

Eq.  7 . 2 . 1 7  was f i r s t  d e r i v e d  by B e l i o  and N e l i n  i n  [ 1 ] ,  b u t  

i n  a d i f f e r e n t  f o r m .  A f t e r  t h e  s i m p l i f i c a t i o n s  f o l l o w i n g  

f rom t h e  a s s u m p t i o n s  o f  ou r  c h a p t e r  7 ,  t h e i r  e q u a t i o n s  

r e d u c e  t o  t h e  f o l l o w i n g :

p ( e )  = 1 / ( 2+Y) (A4.1)

where

Y = (2m1 0 ) / ' (m i;L- m 10) (A4.2)

m1 1  = k/ t r  / C ‘[0 ( /C )  + exp ( -C)  - 1 ]  (A4.3)
— C — b Cm = k / F / C  [ 4>(2v/C) -  $ ( / c ) ]  + (1/2C) [ 1 -  2e +e ]

(A4.4)

where

k i s  some c o n s t a n t  t h a t  d i v i d e s  o u t  i n  E q . A4.2
2 2 2 C = IT B T /  m 2

and

$( x)  = (2/ / tt) /(, e x p ( - t 2) d t

For t h e  s a ke  o f  t h e  r e a d e r  t r y i n g  t o  d e r i v e  t h e s e  

e x p r e s s i o n s  f rom [ 1 ] ,  we p o i n t  o u t  t h a t  t h e r e  i s  a 

t y p o g r a p h i c a l  e r r o r  i n  [ 1 ] ,  Eq.  ( 5 7 ) .  The f i r s t  l i n e  s h o u l d  

r e a d  :

ral l = m0 0 = 3 2 e 2 ° 2 £ ( i / 3 ) { / a ^ (  ^a) + e " a - 1  } + l / p]
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