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ABSTRACT

INDUCED SHAPE FIBRATIONS 

AND

FIBER SHAPE EQUIVALENCE 

by

Mahendra J a n i 

A d v ise r : P ro fe s so r  Eldon Dyer

In  t h i s  paper we prove th a t  a  map induced from a shape f i b r a t i o n  

is  a  shape f i b r a t i o n .  We d e f in e  an eq u iv a len c e  r e l a t i o n  betw een shape 

f i b r a t i o n s .  A lso , g e n e ra l iz in g  th e  homotopy r e l a t i o n ,  we d e f in e  a 

s tro n g  eq u iv a len c e  r e l a t i o n  in  th e  s e t  o f  maps betw een com pacta. Then 

we prove th a t  two s tro n g ly  e q u iv a le n t maps induce f ib e r  shape e q u i­

v a le n t  shape f i b r a t i o n s .  As a c o r o l la r y  we show th a t  th e  f ib e r s  over 

two p o in ts  connec ted  by a  s tro n g  shape p a th  a re  o f  th e  same shape . 

F in a l ly ,  we prove th a t  a  f i b e r  shape eq u iv a le n c e  induces a r e l a t i v e  

shape map w hich induces an  a p p ro p r ia te  isom orphism  on r e l a t i v e  shape 

g ro u p s .
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INTRODUCTION

In  1968, K. Borsuk In tro d u ced  th e  n o tio n  o f a shape o f  a  compact 

m e tr ic  space [ l ] ,  g e n e ra l iz in g  th e  n o tio n  o f  homotopy ty p e . The id ea  

was to  c o n s id e r  on ly  g lo b a l p ro p e r t ie s  o f  compact m e tr ic  spaces  and 

ig n o re  th e  lo c a l  o nes. This id ea  evolved  in to  an e f f e c t iv e  theo ry  

f o r  compact m e tr ic  sp a c e s , c a l le d  shape th e o ry , as homotopy theo ry  

f o r  lo c a l ly  n ic e  spaces l ik e  ANR's o r cw -com plexes. Both c o in c id e  fo r  

ANR's.

S . M ardesic and J .  Segal approached shape theo ry  u s in g  ANR-systems

[9] and g e n e ra liz e d  th e  n o tio n  o f shape to  compact H ausdorff sp a c e s .

M ardesic [8] and M orita  [13] have g e n e ra liz e d  i t  to  to p o lo g ic a l  sp a c e s .

However, they  a l l  ag ree  over compact m e tr ic  sp a c e s . In  th i s  paper we

w i l l  r e s t r i c t  o u rse lv e s  to  compact m e tr ic  spaces and w i l l  u se  ANR-

sequence approach  [9] to  th e  shape th e o ry .

Shape th e o ry  is  r a p id ly  p ro g re s s in g  and has a t t r a c t e d  m athem atic ians

from  d i f f e r e n t  b ranches o f  to p o lo g y . R ecently ., S. M ardesic and T .B .

Rushing [10] have d e f in e d  an im p o rtan t n o tio n  o f  'sh ap e  f i b r a t i o n '

p : E -* B f o r  compact m e tr ic  sp a c e s . One expands p in to  a  map

p : E = (E , r  ) -* B = (B ,q  ) o f in v e rs e  sequences o f  compact ANR's.— n ran n nm

The map p i s  a  shape f i b r a t i o n  i f  j> has th e  fo llo w in g  approx im ate

homotopy l i f t i n g  p ro p e r ty :

Each n and each  e >  0 adm it an  index  m 2 n  and 6 > 0 such

th a t  f o r  any to p o lo g ic a l space  X, w henever th e  maps h : X — and

H: X X I  -* B s a t i s f y  d (p  h ,H .) £ 6 th e n  th e re  i s  a  homotopym m u

G: X x I  -• E s a t i s f y i n g  d(Gn , r  h) < e and d(p G,q H) < e .q u nm n  nm

A nalogously  to  f i b r a t i o n s ,  one may ask  th e  fo llo w in g  q u e s tio n s  fo r

- v -
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shape f i b r a t i o n s :  Is  a map induced from a shape f ib r a t io n ^ a  shape

f ib r a t io n ?  Is  th e re  a n o tio n  o f  f ib e r  shape map? In  what sen se  a re  

two shape f i b r a t io n s  f ib e r  shape e q u iv a le n t?  Is  i t  t ru e  th a t  two 

hom otopic maps induce e q u iv a le n t shape f ib r a t io n s ?

In  t h i s  paper we have s tu d ie d  a l l  th e se  q u e s tio n s  and have found 

p o s i t iv e  answ ers.

S e c tio n  1 c o n ta in s  b a s ic  d e f in i t i o n s  and some b a s ic  r e s u l t s  th a t  

we need .

In  S e c tio n  2 we prove th a t  a  map induced from a shape f ib r a t io n

i s  a  shape f i b r a t i o n .

S e c tio n  3 c o n ta in s  th e  d e f in i t i o n  o f  a f i b e r  shape e q u iv a le n c e .

L e t p : E ** B and p ' :  E ' -• B be shape f ib r a t io n s  expanded to

maps j>: E = ( E , r  ) -  B * ( B , q  ) and j> ': E ' = (E ' r ' )  -  B o fn nm n nm n nm

in v e rs e  sequences o f  compact ANR's r e s p e c t iv e ly .

R oughly, a  f i b e r  shape map [j?] :  p -* p ' i s  an  e q u iv a len c e  c la s s  o f

a  map _f: 12 -• E' o f  ANR-sequences s a t i s f y i n g  th e  fo llo w in g  c o n d it io n :
*

For every  n and f o r  every  e > 0 th e re  i s  n £ n such th a t
1c

fo r  a l l  I  £  m i  n th e re  i s  a homotopy H: ^mr a (m)a(-t) su c^

th a t  f o r  ev ery  t  € I  th e  maps q....and a re  e - c lo s e .

Two such  maps .f,.g: E -• E’ a r e  s a id  to  be e q u iv a le n t i f  f o r  every

n and fo r  every  6 > 0 th e re  i s  n £ n such  th a t  f o r  a l l  m £ n ,

th e  fo llo w in g  is  t r u e :

T here e x i s t  I  s  or(m) and a  homotopy L: f ^ r ^ ^ ^  =- gmr a (m)<̂ such

th a t  fo r  ev ery  t  € I ,  th e  maps q p 'L  and q -P. a re  e - c lo s e .nm m t  nc. t

F in a l ly ,  two shape f ib r a t io n s  p and p ' a re  f i b e r  shape e q u i­

v a le n t  i f  th e re  a re  f ib e r  shape maps Ijf] :  p -* p ' and [g ] :  p ' -• p 

such  th a t  k f  ~  1 and f  a ~  1 , .
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For exam ple, Che shape f i b r a t i o n  p : W -« W/A r* S* , where W is  

Che Warsaw c i r c l e  and A i s  i t s  l im i t  a r c ,  i s  f i b e r  shape e q u iv a le n t 

to  th e  obvious shape f i b r a t i o n  lg ! : S* -• S* .

In  S e c tio n  4 we prove th e  main r e s u l t  th a t  s tro n g ly  e q u iv a le n t maps 

induce f i b e r  shape e q u iv a le n t shape f i b r a t i o n s .

Two maps f , g :  C -• B between compact m e tr ic  spaces a re  s tro n g ly  

e q u iv a le n t  i f  th e re  a re  maps C -• B o f  in v e rs e  sequences o f  compact

ANR's such th a t

i )  For every  n th e re  e x i s t s  n (* ) such  th a t  fo r  a l l  m ^ n (* ) th e re

i s  a  homotopy rf11: q f  =* q g andnnm m nnm m

i i )  f o r  m' 2: n '( * )  where n ' ^  n th e re  i s  a  homotopy

* V  < re1 ' ° - 1 ) '

Two hom otopic maps a re  s t ro n g ly  e q u iv a le n t .  Hence, in  p a r t i c u l a r ,  

th e  theorem  says th a t  two induced shape f ib r a t io n s  by homotopic maps 

a re  f i b e r  shape e q u iv a le n t .

(kie im m ediate c o r o l la r y  o f  th e  theorem  is  th a t  i f  B i s  o f a 

t r i v i a l  shape th en  a shape f i b r a t i o n  p : E -• B I s  f i b e r  shape e q u iv a le n t

to  a  t r i v i a l  shape f i b r a t i o n  rv_: F x B -» B where F « p * (x ) fo r
D  X X

any x € B.

The s tro n g  eq u iv a len c e  n o tio n  le a d s  n a tu r a l ly  to  a  n o tio n  o f  s tro n g  

shape p a th  co n n ec ted n ess . We have d is c u s se d  t h i s  f u l l y  in  S e c tio n  5.

Two p o in ts  x ,y  o f  a  compact m e tr ic  space B a re  connected  by a  

s t ro n g  shape p a th  i f  fo r  any ANR-sequence B * (B ^.q^ ) w ith  H.m B = B 

th e r e  i s  a  fam ily  «u ■ {<u: I  -* ®n l«>Q "  x » “  y )  pa th s  such th a t

f o r  a l l  m i  n , qm  a)m (»n ( r e l .  x ,y ) .

A space i s  s tro n g ly  shape p a th  connected  i f  any two o f i t s  p o in ts  

can  be connected  by a  s t ro n g  shape p a th . C le a r ly  p a th  connected  spaces
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a re  s t ro n g ly  shape p a th  co n n ec ted . M oreover, p lane  compact connected  

m e tr ic  spaces  and p o in ted  1-movable compact connected  m e tr ic  spaces 

a re  s tro n g ly  shape p a th  co n n ec ted . But th e  f a c t  th a t  dyad ic  so le n o id  

i s  n o t s t ro n g ly  shape p a th  connected  shows th a t  u n lik e  to  B o rsu k 's  ap ­

prox im ate O -connectedness [3 ] ,  no t a l l  compact connected  spaces a re  

s tro n g ly  shape p a th  co n n ec ted .

S. M ardesic and T.B . Rushing have asked th e  fo llo w in g  q u e s tio n  in

[1 0 ]: For a shape f i b r a t i o n ,  i s  i t  t r u e  th a t  two f ib e r s  over p o in ts  

ly in g  in  th e  same component, a re  o f th e  same shape?

We have p a r t i a l l y  answ ered th i s  q u e s tio n  by th e  fo llo w in g  c o r o l la r y  

o f  th e  m ain theorem :

For a  shape f i b r a t i o n ,  i f  two p o in ts  a r e  connected  by a s t ro n g  shape 

p a th  th e n  two f ib e r s  over th o se  p o in ts  a re  o f  th e  same sh ap e .

F in a l ly ,  in  S e c tio n  6 we have proved th a t  a f ib e r  shape eq u iv a len c e  

[ f ] :  p -• p '  induces a p o in te d  r e l a t i v e  shape map (E ,F ,e )  -* ( E ' , F ' , e ' )  

w hich in duces an  'a p p r o p r ia t e ' isom orphism  

f .  : it (E ,F ,e )  -  n ( E ’ , F ' , e ' )q q

o f  shape g ro u p s .



S e c t io n  1

PRELIMINARIES

A ll  sp aces  co n s id e re d  w i l l  be m e tr ic  sp a c e s . Denote by d (x ,y )

th e  d is ta n c e  betw een two p o in ts  x and y . For a number 6 > 0 ,  two

maps (co n tin u o u s  fu n c tio n s )  f , g :  X -* Y  a re  6 -c lo s e  i f  f o r  each  x € X, 

d ( f ( x ) ,g ( x ) ) <  6 . For such f  and g we w i l l  w r i te  d ( f ,g )  < 6 . The 

maps f  and g a re  6-hom otoplc i f  th e re  i s  a  homotopy H: X x I  -♦ Y 

su ch  th a t  Hq = f  , «= g and fo r  each  x € X,

d ( H ( x , t ) ,  H ( x , t ') )  < 6 fo r  a l l  t ,  t 1 6 I  •

For th e  I n t e r i o r  o f  a space  X we w r i te  i n t .  X. L et A,Y be 

su b sp a c e so f th e  space X. Then Y Is  s a id  to  be a neighborhood o f  A 

In  X I f  A c  in t .Y .  By an ANR we mean a b s o lu te  neighborhood r e t r a c t  

f o r  m e tr ic  s p a c e s .  I t  i s  w ell-know n th a t  i f  Y i s  a  compact ANR th e n  

f o r  ev e ry  e > 0 th e re  e x i s t s  a 6 > 0 such th a t  any two 6 -c lo se  maps

from  a  space X to  Y a re  e-hom otopic [6 ] .  We use th i s  r e s u l t  f r e e ly

w ith o u t m en tio n in g  i t  f u r th e r .

F o llow ing  Moszynska [1 4 ] , Coram and D uvall [5] have d e f in e d  a con­

v e n ie n t  ANR: A space E i s  a  co n v en ien t ANR i f  each  compact m e tr ic

sp ace  X in  E has th e  fo llo w in g  p ro p e r ty :  f o r  each neighborhood U

o f  X in  E th e r e  i s  a compact ANR M c  U w ith  X c  in t.M .

Every po lyhed ron  i s  co n v en ien t and by th e  t r i a n g u la t io n  th e o r  em [4] 

ev e ry  Q -m anlfo ld  i s  co n v en ien t where Q i s  th e  H ilb e r t  cube. A lso  i f  E

I s  a lo c a l ly  com pact ANR th en  E x Q i s  co n v en ien t [5 ] .

An ANR-sequence E * ^ n * r nm  ̂ an  *-n v e rse  sequence o f  compact ANR' 

A le v e l  map P -  (pQ) : E -• B *= ( B ^ q ^ )  ANR-sequences i s  a map o f  in ­

v e rs e  se q u e n c e s , i . e .  p i s  a  fam ily  o f  maps p : E -* B su ch  th a t  fo r* n n n



L et Llm E = ( E , ^ )  and lim  B = (B»qn )* Then th e  unique map

p: E -• B i s  s a id  to  be th e  l im i t  map o f th e  le v e l  map p i f  fo r  each n ,

q P “  P r  . ti n n

P

G e n e ra liz in g  Coram and D u v a ll 's  approx im ate f ib r a t io n s  [5 ] ,  S. Mard­

e s ic  and T .B . Rushing [10] have d e f in e d  shape f i b r a t i o n s .

A map p : E -• B betw een compact m e tr ic  spaces  is  c a l le d  a  shape 

f i b r a t i o n  i f  i t  i s  a l im i t  map o f  a le v e l  map p: E -* B o f ANR-sequences 

w hich has th e  fo llo w in g  approx im ate  homotopy l i f t i n g  p ro p e r ty  (AHLP):

A le v e l  map p : E -• B o f  ANR- sequences has the AHLP i f  each  n 

and each  e >  0 adm it an  m ^ n and a  6 >  0 such  th a t  f o r  g iven  maps

h : X -* E and H: X x I  -  B w ith  m m

(1) d(Pmh , HQ) £ 6

th e re  i s  a homotopy G: X x I  -* such  th a t

E <- n

n

n

Bn <-



Every such m i s  c a l le d  a l i f t i n g  index  fo r  (n ,e )  and 6 is  

c a l le d  a l i f t i n g  mesh fo r  ( n ,e ) .  We r e f e r  to  (m,6) as a l i f t i n g  p a i r  

f o r  ( n ,e ) .

I t  has been shown in  [10] th a t  i f  a map p : E -• B betw een compact

m e tr ic  spaces i s  a l im i t  map o f  le v e l  maps p: E -• B and p ' :  E' -  B'

o f  ANR-sequences and i f  p has AHLP th en  so does p ' .

A lso , in  [1 0 ], th e  a u th o rs  have d e f in e d  a homotopy l i f t i n g  p ro p e rty

(HLP) fo r  a le v e l  map as fo llo w s :

A le v e l  map p: E -» B o f ANR-sequences has th e  HLP i f  each  n

adm its  an  m 2: n such  th a t  f o r  g iven  maps h : X -* E and H: X x I  -  Bm

w ith

For a le v e l  map p : E -« B o f  ANR-sequences, we w i l l  s t a t e  two

r e s u l t s  from [10] which r e l a t e  th e  s tro n g e r  l i f t i n g  p ro p e r t ie s  w ith  th e

w eaker p r o p e r t i e s .

( I )  I f  p has th e  AHLP th en  i t  has th e  s t ro n g e r  l i f t i n g  p ro p e rty  

o b ta in e d  where (2) i s  re p la c e d  by ( 5 ) .

( I I )  p has th e  AHLP i f  i t  has th e  w eaker l i f t i n g  p ro p e r ty  o b ta in ed  

where (1) i s  re p la c e d  by (4 ) .
«

The fo llo w in g  p ro p o s i t io n  fo llo w s im m ediately  from ( I I ) .

P ro p o s i t io n  1 .1 : L e t p : E -* B be a  le v e l  map o f  ANR-sequences. I f  p

has th e  HLP th e n  th e  l i m i t  map p : E -» B i s  a  shape f i b r a t i o n .

(4)

th e re  i s  a homotopy G: X x I  -• E such th a t

(5)

(6)



S e c tio n  2 

INDUCED SHAPE FIBRATIONS 

In  th i s  s e c t io n  we w i l l  prove th a t  an a lo g o u sly  to  p u llb a c k s  o f 

f i b r a t i o n s ,  a map induced from a shape f i b r a t i o n  by a co n tinuous map 

i s  a shape f i b r a t i o n .

For th i s  we need th e  fo llo w in g :

P ro p o s i t io n  2 .1 : For maps p: E B and f :  C -• B betw een compact

m e tr ic  spaces , th e re  a re  le v e l  maps f>: E -» B and f :  C -* B o f  ANR-

sequences w ith  l im i t  maps p and f  r e s p e c t iv e ly .

P ro o f : Embed E,B,C in  th e  H ilb e r t  cube Q. S ince Q i s  an AR and

E,C a re  compact sp a c e s , maps p and f  can be ex tended  to  'p; Q _  q

and Tc: Q -• Q . Choose fo r  B a d e c re a s in g  sequence o f compact ANR-

nelghborhoods B^ o f B w ith  g  B^ = B. By in d u c tio n  we can choose

d e c re a s in g  sequences o f  compact ANR-neighborhoods o f  E and CQ

o f  C w ith  fl E = E , D C  *= C, ^ (E  ) C B and T:(c ) = B .n n m m  n n n n

L et r  : E -• E and q '  : C C d en o te  in c lu s io n s  and fo r  nm m n nnm m n

each  n l e t  p “ ^plE and f  ■ TMc . Hence p ■ (p ) :  E -* B andn n n ' n  1 n - -

f  ** ( f Q)* C -* B a re  le v e l  maps o f  ANR-sequences w ith  l im i t  maps p 

and f  r e s p e c t iv e ly .

For maps p : E -• B and f :  C -* B betw een compact sp a c e s , a t r i p l e  

(Z; p ' ,  f ' )  i s  a  p u ll-b a c k  o f  (B ;p ,f )  in  th e  ca teg o ry  o f  compact spaces 

i f  Z -  { ( e ,c )  € EX C |p (e )  -  f ( c ) 3  and p ' :  Z -• C and f ' :  Z -• E

a re  th e  p r o je c t io n s ,  i . e .  p ' ( e , c )  ■ c and f ' ( e , c )  ■ e f o r  a l l

( e ,c )  € Z.

Note th a t  Z i s  a l s o  com pact.

We say  th a t  p ' i s  a map induced from p by f .

The main theorem  o f t h i s  s e c t io n  i s

- 4 -
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Theorem 2 .1 : L et p : E -♦ B be a shape f i b r a t i o n  and f :  C -» B be a

map betw een compact m e tr ic  sp a c e s . Then th e  map p 1: E ' -* C induced 

from  p by f  i s  a l s o  a shape f i b r a t i o n .

P ro o f : L e t ( Z ; p ' , f ' )  be th e  p u ll-b a c k  o f  ( B ;p , f ) .  We want to  show

th a t  p ' i s  a shape f i b r a t i o n .

L e t g : E -* B and f :  C -♦ B be le v e l  maps o f  ANR-sequences w ith

l i m i t  maps p and f  r e s p e c t iv e ly .  W ithout lo s s  o f  g e n e r a l i ty  we can

assume th a t  fo r  each  n , E x C i s  a  co n v en ien t ANR. I f  th i s  i s  no tn n

th e  case  th e n  as  in  [10] c o n s id e r  an ANR-sequence Q = (Q & ) wheren nm

f o r  each  n , *= Q, th e  H ilb e r t  cube and lim  Q i s  a p o in t .  Then

lim  E X Q * E . A lso , i f  fo r  each n , tt^: En x Qjj “• En i s  a p ro je c ­

t i o n  map th e n  tt = (nn) : E x 9 “* 5 i s  a le v e l  map o f  ANR-sequences and

hence tt • g ■ ^ n ’^ n ^ 5 ?  x Q “* ? i s  a le v e l  map o f  ANR-sequences w ith

l i m i t  map p . S ince g has th e  AHLP, t t  g has the AHLP [1 0 ]. Now, by

th e  t r i a n g u la t io n  theorem  [4] E^ X Qn i s  a Q -m anifold , hence

E x C x Q i8  a Q -m anifold  and th e re fo re  i s  a co n v en ien t ANR w ithn  n n

lim  E x  C x Q '  E X  C .

C onsider an ANR-sequence o f  compact conven ien t ANR's E x C **

(E xC , r ' ) where r '  = r  x q ' : E x C - « E x C .  Then n  n nm nm nm Mnm m m n n

lim  E x C “  lim  E x lim  C * E x C.
♦ - -  -

L et p '  ■ ( p ' ) :  E x  C -* C  and f '  * ( f ' ) : B x C - » E  be le v e l  *■ n -  -  -  -  n — -  -

maps where p ' :  E x C -* C and f ' :  E x C — E a re  p r o je c t io n s .r  r n n  n n  n n  n n

For each  n , l e t

2n * H v s ’ € En x Cn l[' i (en) '  fi (co)5 

be th e  in d ic a te d  subspace o f  x • Then ^ n ^ n ^  a

p u ll -b a c k  o f  (B ;p , f  ) .  Note th a t  each  Z i s  a  c lo se d  and hencer  n n ’ n n



compact subspace o f  E x C . Thus, Z = (Z - r '  |z  ) Is  an  in v e rsen n -  n nm1 m

sequence o f  compact sp a c e s . A lso n o te  t h a t  lim  Z = Z and th e  l im i t

maps o f  p 1|Z and f ' |Z a re  p ' and f '  r e s p e c t iv e ly .

Now, by in d u c tio n , fo r  each  n ■ 1 , 2 , 3 , . . .  we w i l l  d e f in e  a c lo se d

ANR-neighborhood E' o f  Z in  E x C : numbers e > 0 and 6 > 0n n n n ’ n n

and an in te g e r  m such th a t  (m,6 ) i s  a l i f t i n g  p a i r  f o r  ( n ,e  )n n
w ith  re s p e c t  to  p and ^  -* 0 . A lso , we re q u ire

(1) r '  (E ' c  E ')  where r '  = r  x q ' IE ' .nm m n nm nm mm 1 m

(2) lim  E' * Z where E' = ( e ' , r '  )*- ~ ~ n nm

<3 > <  6n

(4) f o r  <en ,c n) 6 E„ X Cn ,

d (p  (e ) ,  f  (c ) )  < e => (e  ,c  ) € E ' . r n n ' * n n n n ’ n n
Pi x f i  d

L e t d ^ : E^ x a x B  ̂ -------------> R  be th e  co m p o sitio n ,

where d i s  th e  d is ta n c e  fu n c tio n  and R i s  th e  s e t  o f  r e a l s .

By d e f in i t i o n  d ^ ( 0 )  * Z^ . S ince  E^ x i s  com pact,

**1^1 X ^1^ *8 3 bounded su b se t o f  R  . L e t 7)̂  be th e  l e a s t  upper

bound. We can assume th a t  Z^ c  i n t .  E^ x C^. ( I f  Z^ ■ E^ x th e n ,

Z j i t s e l f  i s  a compact ANR. So E | ■ Z^ . I f  Zn <£ i n t .  En x Cn fo r

each  n , c o n s id e r  as above E x Q X C . Then we can c o n s id e r  * n n n

Z C i n t .  E x Q X C and p roceed  as su g g es ted  in  th e  b eg in n in g  o f  n  n n n

th e  p r o o f .)

Then X C^) £  [0,7]^] where T)̂  > 0 . A lso , n o te  th a t  fo r

ev ery  e € f0 ,7 ] j) , d ^ ^ [0 ,c )  i s  an open s e t  o f  E^ x c o n ta in in g
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Hence, fo r  every  open s e t  u o f x c o n ta in in g  th e re

e x i s t s  an  e € (0 ,T |p  such th a t  fo r  a l l  e ' ,  0 < e '  < e ,

Z j c  d ^ O . e ' )  c  u .

S e le c t  c j  > 0 such th a t  Z  ̂ c  d ^ f O j e p  c  i n t .  E^ x . S ince 

Ej X  Cj i s  a co n v en ien t ANR, fo r  th e  neighborhood d j ^ [ 0 , e p  o f Z^ , 

th e re  i s  a compact ANR Ej such th a t

(5 ) ZL c  i n t .E j  c  E | c  d J ^ O .e j )  .

L e t us deno te  p j |EJ by p j and f{  lE{ by f{ • Then (5) im p lie s

t h a t
d (lV f i»  f l PP  < el  *

( i . e .  f o r  ev ery  ( e ^ c p  € Ej , d C p p e p . f p c p }  = d ^ e ^ c p  < e p .

A lso , s e l e c t  > 0 ; 0 < < e j  such  th a t

(6 ) Zx c  d ^ t O . e p  c  i n t .  Ej c  Ej .

(6 ) im p lie s  th a t  f o r  ( e ^ ,c p  € E^ x

d ( P l< e i ) ,  f j_ ( c p )  = d ^ e ^ c p  < ex =» ( e ^ c p  € E{ .

Hence f o r  n * 1 c o n d itio n s  (3) and (4) a re  s a t i s f i e d .  Now we 

w i l l  s e l e c t  * *2 » ^2 ’ e2 s a t i 8f y f n8 fcbe c o n d itio n s  ( l ) - ( 4 ) .  The 

r e s t  o f  th e  in d u c tio n  fo llo w s from th e se  two s t e p s .

L e t us d en o te  th e  m e tr ic  on by & and th e  m e tr ic  on

by d®1 . S ince  : ®2 “* ®1 *8 unf f onnly  c o n tin u o u s , f o r  th e re

e x i s t s  a number > 0 such  th a t  < Min(e^,T]^) and

(7 ) d^3 (x ,y )  < =» d ^ ( q 12( x ) ,  q 12(y ) )  < ^  f o r  <x »y) € *2 x B2 .

L e t be th e  com po sitio n

Pa X fa
E2 x C2  > B2 x ®2  > R  *
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The open s e t  d ^ tO jC j )  o f E2 x C2 c o n ta ln s  z2 • S ince E2 x C2

Is  a  co n v en ien t ANR, fo r  th e  neighborhood d2 * [0 ,e 2) o f  Z2 , th e re

e x i s t s  a compact ANR E2 such th a t

(8) Z2 c  i n t .  E2 cz E2 c  d ^ f O . e p  .

Choose e2 > 0 ; 0 < e2 < e2 such th a t

(9) Z2 c  d21 [0 ,e 2 ) c  i n t .  E  ̂ c  E£ .

I f  (2 ,6 ^ )  i s  a l i f t i n g  p a i r  f o r  ( l , e ^ )  then  choose e2 > 0

such  th a t  e2 < M in (7 |^ ,6 j,e^ ) . By d e f i n i t i o n  (2 ,6^  = e^) w i l l  be

l i f t i n g  p a i r  f o r  ( l , e ^ ) .

Now, c o n d itio n s  (3) and (4) a re  s a t i s f i e d  by (8) and (7) r e s p e c t iv e ly .  

A lso , by (8) and (7 ) ,  r {2 (E2) c  E{ * S ince E2 c  d21 [0 ,e 2>,

r i 2 (EP  C * i2 0*2l f 0 » « 2 »  *

But (7) im p lie s  th a t  r ^ 2 (d21 [ 0 ,e 2 ) )  c  d ^ f O ^ ) .

L e t (e 2 , c 2) € d ^ t O . e j )  th e n

d2<e 2»c 2^ "  (P2 * f 2^c2 ^  < e2

** ^  (*ll2P2 (e 2) > ^12^2^C2 ^  ^  ®2

i . e .  d l ^ r 12^e 2^ * r i2 ^ c 2 ^  < e2

=* r i 2 (e 2 »c 2) € d” 1 [ 0 ,e 2> .
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By assum ption  d j^ [0 ,G ^ ) c  E | .

P u t t in g  e v e ry th in g  to g e th e r ,  we have

* 1 2 ^ 2 *  C r 12^d21 ^°*C2 ^  C d i 1 ^°»el^  c  Ei  *

Thus th e  c o n d itio n  (1) i s  s a t i s f i e d .

S im ila r ly  fo r  each n . we can s e l e c t  e ' ,  E ' and e such th a t  * n* n n

r  (E ')  c  E' f o r  I  £ n , n

d ( f  p ' ,  p f ' )  < e '  where e ' = 6, ,n  n* *n n n n t

i f  (n ,6 ^ ) i s  a l i f t i n g  p a i r  fo r  Ct»e^) and i f  (en ,c n > € En X Cn ,

d (p  (e ) ,  f  (c ) )  < e =* (e ,c  ) € E ' andr n  n  * n  n n  n ’ n n

0 < 6 < e ' < €  i < 6* i < . . .n  n  n - i  n~ i

S ince fo r  each  n , Z c  E1 c  d * [ 0 ,e ')  and lim (Z  ) = Z,’ n n n * n ' «- v n '  ’

l im (E ')  «= Z .«- n
To show th a t  p ' i s  a  shape f i b r a t i o n ,  by P ro p o s i t io n  1 .1 ,  i t  i s  

enough to  show th a t  p '  has th e  HLP.

By 1 o f  S e c tio n  1 , we can  assume th a t  j> has th e  s tro n g e r  l i f t ­

in g  p ro p e rty  where (2) i s  re p la c e d  by (5 ) .

L et (m,6 *= e ' )  be th e  l i f t i n g  p a i r  f o r  ( n ,e  ) .  L e t h : X -* E'n m n m

and H: X x I  -* B he maps such th a tID

n o )  «o -  p ; » .
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XxO

nmnm

XXI ----->

nm

nm
n

By (3 ) ,  d (p  f ' h ,  fmP 'h ) < = s '  • By <10)»mm mm n m

(11) d (Pmf ' h . fmHn> < 6n •m m m u n

S ince (m,6n) i s  a  l i f t i n g  p a i r  f o r  (n ,e Q) ,  th e re  i s  a map

G ': X x I  -• E such  th a t  n

(12)

and

(13)

G' -  r  f 'h0 nm m

d (p  fi ' q f  H) < e . r n  * Mnm m n

D efine G: X x I  by G (x ,t)  = ( G '( x , t ) ,  q^mH ( x , t ) ) , fo r

( x , t )  € X x I  . Note t h a t  by (1 3 ) ,  (4) and q f  = f  q ' f o r  every  * nm m n nm

( x , t )  € X x I ,  G (x ,t)  £ E^ . Hence G(X x I )  c  . A lso  by (12)

and (10)

> q ' H_) = ( r  f ' h ,  qj* p 'h )  ■ r '  h 0 0 nm 0 nm m Tim m nm

and

P'G  = p ' ( G ' ,  q ' H) ■ q ' H . n  *n '  Mnm 7 ^nm

Thus j>' has th e  HLP.

p ' i s  c a l le d  a shape f i b r a t i o n  induced  from  p by f .



S e c t io n  3

FIBER SHAPE EQUIVALENCE

In  th i s  s e c t io n  we w i l l  d e f in e  th e  b a s ic  concep t o f t h i s  paper - 

t h a t  o f  a f ib e r  shape e q u iv a le n c e .

F i r s t  we r e c a l l  some o f th e  d e f in i t i o n s  from [9] and e s t a b l i s h  

n o ta t io n .

L et E * (E , r  ) and E' *= ( E ' . r 1 ) be ANR-sequences. A map-  n nm n nm

(n o t n e c e s s a r i ly  a le v e l  map) £_ = ( a , f n ) :  E -♦ E' o f ANR-sequences con­

s i s t s  o f an  in c re a s in g  fu n c tio n  a ' N -* N (N i s  th e  s e t  o f n a tu ra l

num bers, a(n) k n fo r  every  n € N and a i s  d iv e rg e n t)  and a c o l­

l e c t io n  o f  maps (co n tin u o u s fu n c tio n s )  f ^ :  "* such th a t  fo r

a l l  m s  n ,

I . e . ,  th e  diagram
f

m

nm r or(n)of(m)

f
E ' < n

Ea ( n )n

commutes up to  homotopy.

n ar(n)or(m)

af(n )a (m )

I f  K: E X I  -  E ^  i s  a homotopy such  th a t  K q  -  and

,  » th en  we w i l l  w r i te

a re

two maps o f  ANR-sequences th e n  c l e a r ly

-1 1 -
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A lso , ■ (1 ^ , lg  ) :  E -♦ E i s  a map o f ANR-sequences.
— n

Note th a t  i f  or = 1„ and i f  f o r  a l l  m 2 n . r '  f  = f  • r  thenN nm m n nm

.f w i l l  be a le v e l  map. We deno te  th e  le v e l  map by (E, jf , B ).

L e t E be a compact ANR. An ANR-sequence JS = (En>r nm) i s  c a l le d

t r i v i a l  i f  f o r  every  n . E = E and fo r  a l l  m ^  n ,  r  “ I™ . Wen nm cn

w i l l  d en o te  th i s  t r i v i a l  ANR-sequence by JS = (E ) . A le v e l  map between

two t r i v i a l  ANR-sequences i s  j u s t  a  map f :  E -» B. We w i l l  c a l l  t h i s  map

a  t r i v i a l  le v e l  map and d eno te  i t  by ^  = ( f ) : E -> B .

Two maps .f = ( a , f n ) ,  £  “ (Y»8n) :  E -• E' o f ANR-sequences a re  s a id

to  be e q u iv a le n t ( in  symbol f. ~  £ )  i f  f o r  every  n th e re  e x i s t s  m,

m £ of(n), y (n )  such  th a t

f  • r  ,  * =* g • r  ,  . .n a(n)m °n y(n)m  *

i . e .  th e  d iagram

’a (n )  <c-

n

commutes up to  homotopy.

C le a r ly  i f  m' £ m th e n

*n r of(n)m' ®n ry (n )m '

Two ANR-sequences JS and _E1 a re  s a id  to  be e q u iv a le n t  ( in  symbol 

E ~  E ')  i f  th e re  a re  maps j[: E -  E ' and jg: E' -  E o f  ANR-sequences 

su ch  th a t

£  1  ~  I E and 1  £  ~  i E i •

D e f in i t io n  3 .1 :  A morphism
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F -  ( f ,h )  : (E ,£ ,B ) -  ( E ' ^ ’ . B ' )

betw een two le v e l  maps o f ANR-sequences i s  d e f in e d  to  be a p a i r  o f maps

I  -  ( a , f  ) s E = (E_»r  ) -  E'  -  (E'  r '  )— n — n nm n nm

and

h  -  0 , h n) : B -  (Bn »qnJ1) -  B ' = ( B ^ )

o f  ANR-sequences such th a t  fo r  every  n and fo r  every  e > 0 th e re  i s
★

an  index  n * F (n ,e )  s a t i s f y i n g  th e  fo llo w in g  c o n d i t io n s :
*

(A) fo r  a l l  m 2  n

d ^nmPm̂ mro(m)^* ^nm^m^g (mHP̂ ^ < €

where t  ^ Max(a(m)^P(m)) and

(£) i f  m' 2 m th e re  a re  hom otopies

It: f  r  M  . r '  , f  ,mQ; (m) . a (m)  mm m

*** ^m^PCmJpCm') ^  Snm'^m' 

such  th a t  f o r  every  t  € I

(1 > d ( ' O w W ) e ( » , > * q ™ Ht ) < 6 *“ *

( 1 1 )  .  C V ' s c - ' H ' V ’ < c

where t '  ^  Max(Q'(m'), 3 (m ') )  .

'cif(m)

mm1

B   v____3(m)

3(m*)

nm
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1) C le a r ly ,  1 = (1_, 1 ) :  p -  p Is  a morphism.
2  t» D

i i )  I f  in  th e  d e f i n i t i o n  3 .1 ,  B = B ' ,  h = 1 th en  the  c o n d i t io n s  reduceD

to  th e  fo l lo w in g :

(A) f o r  a l l  m £ n

d (q  p ' f  , q / \P  / \ )  < ® andnm m m noi(m) a(m)

(B) i f  m' ^  m th e n  th e r e  i s  a homotopy

K: f  r  .  » / § v ^  r  , f  ,m ar(m)a(m ) mm m

such t h a t  f o r  every  t  € I

d (q P ' K*.> <1 / ' i - vP/ ’ i \ ) < e -nnm m t ’ nna(m ) o(m )

i i i )  L e t  E ,E ',B  be compact ANR's and E = (E ) , JJ = (B) and J2' = (E ')

be th e  t r i v i a l  ANR-sequences in  th e  d e f i n i t i o n  3 .1 .

Then j>: E -• B and j> ' : E' — B a r e  j u s t  con tinuous fu n c t io n s

p :  E -» B and p 1: E' -* B r e s p e c t i v e l y ,  th e  same f o r  each n .

A morphism T: J> -• J>' i s  a fam ily  { f^ :  E -• E ' )  o f  con tinuous

f u n c t i o n s ,  one f o r  each e > 0  such t h a t  d ( p ' f  ,p )  < e f o r  every€
e > 0 .

Denote t h i s  morphism by F : £  -• j>* and c a l l  i t  a morphism over B.c
R e c a l l  t h a t  a  map f :  p -» p '  over B i s  a  con tinuous  fu n c t io n  

f :  E -• E' such t h a t  p ' f  ■ p .

Then c l e a r l y ,  th e  t r i v i a l  morphism f  * ( f ) :  E -» E' i s  a  morphism 

o v er  B.

D e f in i t i o n  3 . 2 : Two morphisms

* m G -  ( s , k ) :  (E ,£ ,B) -  (E ’ . h M ' )  Where

I  -  Car,fn ) , h -  (p ,h n ) ,  jg = (y ,g n) ,  k -  ( 6 , ^ ) ,  

o f  l e v e l  maps o f  ANR-sequences a re  s a id  t o  be e q u iv a le n t  ( i n  symbols 

F ~  G) i f  f o r  every  n and f o r  every  e > 0 th e re  i s  an  index
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n '  ■ (F ,G ) (n ,e )  w i th  th e  fo l lo w in g  p ro p e r ty :  fo r  every  m £ n '  th e re

I s  an  index I ;  I  2  M ax(a(m ),p(m ),y(m ), 6 (m)) and th e r e  a r e  homotopies

L r a (m )t  ®mrv (m)<i

^  (m)^ °* V 6 (m)i

such  t h a t  f o r  every  t  £ I

d ( q '  h q . ,  . , q^ M.) < enm mMp(m)^, Tim t

and
d ( q '  P 'L , q ' M p . ) < e . nm m t  nm t  (,

>

p(m)
0  (m)

nm
■OB'>

6 (m)

Remarks:

iv )  Denote th e  s e t  o f  a l l  such £ by (F ,G ) (m ;n ,e ) . C le a r ly  i f  

t *  i t  th e n  I 1 € (F ,G )(m ;n ,e )  s in c e  P^r^ i  “  ’

v )  I f  F -  ( f  ,h )  ~  G ■ (g ,k )  th e n  .f ~  £  and h ~  k .

S in c e  f o r  ev e ry  n t h e r e  i s  an  I  , K> ^  Max(<*(■) ,y (m ) ) ,  such t h a t
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fmr cr(m)t V y W l  where m i  n . S ince f  i s  a map o f  ANR-sequences

r '  f  f  r . . .  . and r ' g  =* g r  , v ,  v . Hence nm m n alnJcKm) nm m n v ( n ) v ( m)

^nf a ( n ) i  ^nr a(n)o'(m) r o'(m)^,

=- r '  f  r  . . nm m <s(m) ,̂
^  f  * a f

nm m y (m)-t,

8 nrY (n)v(m )rv(m)-t

8 nrY (n ) t

Sim ilarly ly i s(nH  -  kn16(n)t •

P ro p o s i t io n  3 . 1 : The r e l a t i o n  ~  on th e  morphisms o f  l e v e l  maps o f

ANR-sequences Is  an eq u iv a len c e  r e l a t i o n .

P r o o f : By d e f i n i t i o n  3 .2 ,  i t  i s  c l e a r  t h a t  ~  i s  r e f l e x i v e  and symmetric. 

Only t r a n s i t i v i t y  r e q u i r e s  a  p ro o f .

L e t F = ( f , h )

F '  -  ( f ' , h ' )  : (E ,£ ,B) -* ( E ' , £ \ B ‘)

F" «= ( f " ,h " )

be morphisms o f  l e v e l  maps such t h a t  F ~  F '  and F '  ~  F" .

For g iven  n and e > 0 l e t  n '  ■ ( F , F ' ) ( n , e / 2 )  and 

n" * (F 1 ,F " )  ( n , e / 2 ) . L e t ii ■* M axC n 'jn"). S ince F ~  F '  and F '  ~  F" 

t h e r e  a r e  in d ic e s  € ( F , F ' ) ( m ; n , e / 2 ) , t n € ( F ' ,F " ) ( m ;n , e /2 )  and

th e r e  a r e  homotopies

L * fmr a '  (m)-t,'

M' : hmqp (m)-t' “* hmq0 ' ( m H '

and 111 , f l .  a,
L * m or' (n»)-t" fm V ( m ) ^ ,,
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M" : hmqp '( m U "  “* hmqp " W l "

such  t h a t  f o r  every  t  € I

(1) d ( q ' h q , , , q '  M') < e/2'  '  nnm m’ p(m )i trn t

<2 > • c v r *  < 8/2

« >  d (O m q0 '(»>(," • « >  < 8 / 2

W> .‘•(‘C C ' t  • < 8 / 2  •

L e t I  s  Max( £ ' , £ " ) .  Note t h a t  r a i (m) ^»r^ = r a '(in){,

V W ' V ' - t  ’ S i m i l a r l y » V O n X t '^ ' -C ,  = qP 1 (m)£ = qp ' (mU" V '* ,  

D efine homotopies L:

** * ^mqp(mH ^mqp"(m)L

by
rL' (r  ,. (x ), 2 t) 0 £ t  £ h

L (x ,t)  = 4  4 *
V ,( r ^ ( x ) , 2 t - l )  H * t  £ 1  .

f H U q . t .C y ) ,  2t) O s t ^
M (y ,t )  = 4  4  *

2 t_ 1 )

We want t o  show t h a t  f o r  every  t  ? I

( 5) -x -C V e o u jt  > < C V  < 8 “ d

<« d(' C C t - " i A V  < 8 •
L e t 0 £ t  £ k 

By (1 )

( ? )  « « O v » M f V *  • ' i f i t V * ’ <  8 / 2  w hlch 1 8  ( 5 ) -
By (2)

<8) ‘ W J t ' r t  • C j t W * ’ < 8 /2  • 

sloce V V - t  “ V l p*
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( 9 )  “ ‘ ‘C d t V t  > ‘C i t V t V  <  8 / 2  " h l c h  1 8  <6 > -

L et k * t  a: 1 .

For t  *» %, (7) im p lie s

(10) d(qimhmq8(m n 'q̂ ' t  * q4nhmqp 1 (m)l ' J  < e/2 * Als° (3) ^ P 11*58

<U )  d(qimhmqp , (m )t,,q^ " t  * qimM2 t - l  < e / 2  *

By (10) and (11)

<12> d < C hmqp(mH • C ^ ' t - l V ^  < 6 WhlCh iS ( 5 ) *

By (4)

<i 3 > d < o ; L2 t - i r4 »4  > c ^ t - i v v ^  < e / 2  •

S ince P^..r^u^ -  . (13) im p lie s

(14) . • C S t - i V . i V  < 8/2 whlch 18 <6)-

Remark: L e t  F = (f»h )  J (1 ,£ ,B ) -• ( E ' ^ ' j B 1) be a morphism o f  l e v e l

maps where _f *= (a »^n ) and li = (P»^n)*

For convenience we can d e f in e  an index fu n c t io n  a  = M ax(a ,p): N — N 

and maps

i  ■ («>^n ) and -  =

(w ith  th e  same index fu n c t io n )  by = ^nr a(n)& (n) 8nd

^ n  "  hnqp(n)& (n) f ° r  eV6ry n * Then ° l e a r l y  

$  * <£» £ ) : ( E ,£ ,B )  -  (E ’ ^ ' . B ' )  

i s  a  morphism o f  l e v e l  maps and i s  e q u iv a le n t  to  F.

C ons id e r in g  t h i s  rem ark, from now on we w i l l  always c o n s id e r  

morphism w ith  th e  same index fu n c t io n  between two l e v e l  maps.

Now we w i l l  prove t h a t  com position  o f  two morphisms o f  l e v e l  maps 

I s  a l s o  a morphism o f  l e v e l  maps.
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PropQ8 l t l o a  3 . 2 : Let

* -  ( l . l i )  s CI,£,B) - ( E ' , £ ' ,  B ')  and

G -  ( g , k )  : C E ' , £ ' , B ' )  -  ( E " , £ " , B " >  

be morphisms o f  l e v e l  maps o f  ANR-sequences then  

GP -  t e L k h )  : ( E , £ , B )  -  ( E " , £ " , B ” ) 

i s  a morphism o f  l e v e l  maps.

F i r s t  we w i l l  prove a u s e fu l  lemma.

Lemma 3 .1 :  L e t a l l  the  spaces  in  the  fo l lo w in g  diagram be compact ANR's

and the  arrows be con tinuous  f u n c t io n s .  Let

(1) dCk^q^, q j jk p  < e /4  and a l s o  suppose t h a t

th e r e  a re  homotopies

K' : f j r  =* r ' f ^

H' : h^q =»■ q 'h j  

K" : g1 r '  -  r ' ^  

H" : k ^ q ' q"k2



such t h a t  f o r  every t  € I

( 1 ' )  d(q£hjq ,q£H ^) < 6  where 6 € A (e /4 ,k 0) .

(2 ) d q̂OPl Kt » q6 Ht P2 ) < 6

(3) d (qQk1 q ' ,  qgH») < e /4  and

(4) d (qopi Kt  ’ qoHt,p2) < 6 / 4  »

and we a re  a l s o  given

(4 A) d<qJVi* qopi V  < 6/4

(4B) d (q oq ' P2 f 2 ’ q0q ' h2P2) < 6 *

then th e re  a r e  homotopies

K: g l f i r  -  r " g 2 f 2 

H: W < 1  =“ q"k2 h2 

such t h a t  f o r  every  t  € I

(5) d(qSk1h1q» qoHt ) < e

( 6 ) d (qo P i \ .  qoHt p2 ) < 6

P r o o f : D efine K and H by

K (x , t )  »

H (y , t )  -

f o r  x € E2 ,  y € B2 .

L e t  0 s  t  s  %

By (1) and cho ice  o f  6

and

g l K ' ( x ^ t )  , 0 *

^  K "(f2 ( x ) , 2 t - 1 ) ,  h

( y , 2 t )  ,  0  s

H"(h2 ( y ) , 2 t - 1 ) ,  %



(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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d(k 0 q0 hl q * k0 q0 H2 t ) < € / 4  *

By (1)

d (koq0 hi<i> q ^ 11̂ )  < e /4  and

d ^k0 q0 H2 t  * q0 k l H2 t^ < e ^ 4  *

By (8 ) ,  ( 7 ) ,  (9)

d (q0k l k l q * q0k l H2t^ < 3 e ^ 4  which i s  ( 5 ) .  

By (2) and the  cho ice  o f  6

d (k Oq6 Pl K2 t  * k0 q0 H2 t P2 ) < 6 / 4  •

By (1)

d (k 0 q0 Pi K2 t  ’ q0 k l Pl K2 t ) < 6 / 4

d ^kOqOH2 t P2 * q0k l H2 t P2^ < e /^4  *

By (1 1 ) ,  (10) and (12)

d (q 0 kl Pl K2 t  » q 0 k l H2 t P2 ) < 3 e / 4  ‘

By (4A)

d (q 0 kl Pi Ki t  * q0 PM t >  < 6 / 4  *

By (13) and (14)

d (qoP{g1^ t  » qQki H2 t P2 ) < e which 1 8  

L et % <; t  £ 1

By (1)

d (k0 q0 q ' h 2  » q0 ki q ' h2) < e / 4 * F o r  c * 1

( I 1) im p lie s

d q̂0 h l q » <loq ,h 2 * < 6  *

By th e  cho ice  o f  6 ,

d (k0 qoh i q » k0 q0 q ' h 2  ̂  <  c / 4  *

By (1)
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(17) dC^q^hj^q , q j j k ^ q )  < e /4  and

(18) d (k0 q0 q ' h 2 * qOkl q ' h2  ̂ < € ^ 4  ’

A lso  by (3)

(19) d(q |jk 1q ,h2  , qoH2 t - l h2> < e / 4  *

By (1 7 ) ,  (1 6 ) ,  (18) and (19)

d ( qOkl hl q » q0 H2 t - l h2  ̂ < e which i s  

Now, by (4)

( 2 0 ) - ( qSPl*St . 1 f 2  ’ ^ " S t - l W  < * / 4  *

We w i l l  show th a t

(2 1 ) d <qo H2 t - l P 2 f 2 * q0 H2,t - l h2 P2 ) < € + eM  *

Then by (20) and (21)

d (q0 pr K2 t - i f 2 » q0 H2 t - l h2 P2  ̂ < e + e^2 which i s  

We have to  show t h a t  (21) h o ld s .

By (4B) and the  cho ice  o f  6

(22) d (k 0 q ^ q 'p ^ f 2  , k ^ q ' h ^ )  < e /4  .

By (1)

(23) d (k 0 q ^ q 'p ^ f 2  , q ^ q ' p ^ ^ )  < e /4  and

(24) d (k 0 q ^ q 'h 2 P2  , q j j k ^ ' h ^ )  < e /4  .

By (3)

(25) d(q |jk1 q , h2 P2  , q£  < e / 4  and

(26) dC qQ ^q 'Pz  f 2  » q0 H2 t - l P2 f 2 ) < cM  *

By (2 6 ) ,  (2 3 ) ,  (2 2 ) ,  (24) and (25)

d *q0 H2 t - l P2 f 2  * q0 H2 t - l h2 p2 * < € + e / 4  which i s  ( 2 1 )*

We w i l l  s e t  up some n o t a t i o n s .

N o ta t io n s :  L e t f :  X -» Y be a map between compact ANR's. For g iven
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c > 0 , A ( f ,e )  deno tes  th e  s e t  o f  a l l  6 ' s  such th a t  

d (x ,y )  < 6 =» d ( f ( x ) t f ( y ) )  < e 

and r (Y ,e) deno tes  the  s e t  o f  a l l  T]'s such  t h a t  two 7]-close maps 

from a m e tr ic  space to  Y a r e  e-hom otopic.

Note t h a t  i f  0 < 6 ' < 6 and 0 < T)1 < T| th en  6 ' € A (f,e) and

T1 * € r(Y,e) i f  6  € A(f,e) and 7) € r(Y,e) . By conven tion  i f

6  6 ACf.e) and 7) 6 r(Y,e) th en  6,7) < e .

Proof  o f  the  P ro p o s i t io n  3 . 2 :

For g iven  n and e > 0 , l e t  m ^  G ( n ,e / 6 ) and fo r

6 € A(e / 6  , q" h ) m' £ F (a (m ) ,6 ) . nm m

Choose n '  ^  m such t h a t  a ( n ' )  £ m' . ( e . g .  n '  = m ') .  We want

to  show th a t

d (qn n 'Pn , 8 n ' f a ( n ' )  * qi n ,hn ,ka< n , ) pp a ( n , ) ) < €

mn1

p a ( n ')  ‘

nm



Since n '  ^  G (n ,e / 6 ) ,  by d e f i n i t i o n  o f  G

(1) d<C ' I>n ' 8n ' ’ C > ' ' V Pa < „ ' ) ) < c / 6

<2> d(<,OTkniqi ( in ) « (n ' )  > qn n ,kn ,)  < e / 6  '

S ince o ( n ' )  ^  F(af(m) , 6 ) , by d e f i n i t i o n  o f  F

(3) d ^ o (m )Q '(n ')Pa ( n , ) f o ( n ' )  * qa(m)ar(n, ) ha '(n , ) p0 a ( n , )^ < ®

where 6 € A(q" k , e / 6 ) . nm m

By (1)

(4) d q̂nn' Pn ' 8n ' f a ( n ')  * qnn ,kn ,pi ( n ' ) f a ( n , ) ) < e /6  *

By (3) and cho ice  o f  6

(5) d q̂nmkmqa(m)Q'(n, ) Pa ( n , ) ^ a ( n ' )  * qnmkmqa(^l)a '(n , )*1a ( n , ) p^a!(n, )^

By (2) we have

<6> d(q^mkmqi( m ) a ( n ' ) Pi ( n , ) f o ( n , )» (C,n ,kn ,Pa ( n , ) f a ( n , ) ) < e/6

and

(7) d q̂nmkmqa (m )a (n , ) ^ a ( n , ) PP a ( n ' ) ’^ n ^ n ' ^ a C n ^ ^ o C n ' ) ^  <

By ( 4 ) ,  ( 6 ) ,  (5) and (7) we have

d ( C ,Pn ,gn , f t t ( n ' ) ,q n n 'kn ,ho ( n ) Pp o ( n ' ) )  < 4 e / 6  <  € *

L e t ^ i n ' .  R eca l l  (2)

d q̂nmkmqa (m )a (n ' )  ’ qS n ,kn ,)  < e / 6

s in c e  n '  i  m i  G ( n ,e / 6 ) ,  by d e f i n i t i o n  o f  G
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S ince arCO £ a ( n ' )  £ F (a (m ) ,6 )» by d e f i n i t i o n  o f  F

(9) d(qi(m)a(n')qi(n ')a(^)P<i( )̂fa(^),q<i(m)o(n,)qi(n ')a(^ )W )Ppa(-t) < 6
where 6 € A(q" k , e / 6 ) .nm m

A lso ,  s in c e  aCO ^ a ( n ' )  £ F (a (m ) ,6 ) and I  i  n '  £ G (n ,e / 6 ) , 

by d e f i n i t i o n  o f  F and G th e re  a r e  homotopies

K * f a ( n ' )  *r pa(n ')pa(-t,)  r a ( n ' ) a C t ) f Qftt.)

H ’ ha ( n ' ) qpc*(n ')pa ( 0  qar(n')or( 0  **<*&)

and

* O • f*  ̂ • 9
n '  a ( n ' ) a r ( 0  a ' l  I  

H,f • lc *fl * ^  n** • if* V  q a<n')a(0 V * \
such  t h a t  f o r  every  t  € I

(10) d (q i ( m ) a ( n ' ) ha ( n ' ) V ( n ' ) p a ( 0 ,q a ( m ) a ( n ' ) Ht ) < 6 *

(H) d(qi(m)a(n,)Pi(n,)Kt'qi(m)a(n')HtVCt)) < 6
where 6 € A(q" k , c / 6 ) and nm m



<12> <‘ < C ' k„ " > k n ' ) a a )  , C ' " ? >  <  6 /6

0 3 )  « (q " n .P^.K” , q ”n . « K ( t ) ) <  . / 6  •

By Lemma 3 .1 ,  th e re  a re  homotoples

K‘ 8n f a ( n , ) r p a (n ')3 fy ( t )  ^  r n'-t,8^ fa(-t,)

H’ kn ' ha ( n ' ) qpa(n')pQ;(-t,) ^  qn'-t,k^ haC(,) 

such t h a t  f o r  every  t  € I

d (q n n ,kn ,ha ( n ' ) qM n ' ) P a a )  » qn n ,Ht ) < 6

and

d(q" iP"»K- > q" iH,.Pa /, \) < e .’ nn r n t  * Mnn t r pa(-t)

Hence GF = (g f , k h) : (E, £ ,  B) -  (E", £ M, B") i s  a morphism of 

l e v e l  maps o f  ANR-sequences.

P r o p o s i t io n  3 . 3 : L e t F = ( f ,  h) .
}  : (E, £ ,  B) -  (E’ » £ ' ,  B*>

F '  -  (£. '&' )  J
and

C -  < g ,  k )  : ( S ' ,  £ ' ,  I ' )  -  ( E " »  £ " ,  B " )

where f  -  (a» fQ) » 1 ' “ "  (<*.*»„)» h '  “  ( a , h ^ ) ,  £  lc0 >gn) ,

k "  (3»kn )» be morphism o f  l e v e l  maps o f  ANR-sequences. Then

F ~  F '  =» GF ~  GF' .

P r o o f : For g iven  n and e >  0 ,  l e t  m 2  G ( n ,e /4 ) .  Choose m* 2  m

such t h a t
3(m') 2 (F ,F ' ) (p (m ) ,6 )  ,

where 6  € A(q" k , e / 4 )  . S ince F ~  F ' , th e re  i s  I  £ op(m ') and
qih m

th e re  a r e  homotopies

L ’ : f p ( » ' ) r o e («')<- “■ S o O ’ apXm'U.

M' ! hp(m')qap(m')t



such th a t  f o r  every  t  € I

(1) d (q p(m)p(m, ) hp (m ')qa 3 (" ' , ) t  * qp(m )p(m ')Mt ) < 6

and

(2) d (q p(m)3 (m, ) Pp(m, ) Lt  » qp(m)P(m, ) Mt Pt ) < 6 *

S ince m' £ m 2 G (n ,e /4 )  ,

(3) d <<C»'Pm '8m' ’ qnm' km' Pp(m1) } < eM

and

(4 ) d ( q " k q ' / * , . v  , q "  t k , )  < e /4  .qnm m p(m)p (m ) * Hnm' m ' 7

P (m)

■> P(m ')

p (m ')

P(m ')

(m)

mm'P(m ')

*  P(m')

D efine homotopies

L ^■ ,£p(m, ) r ap<m, ).t

M 1 ko ' hp (m ')qa p (m 'U

by L -  g ,L ' and M -  k ,M' . 7 m ®

V S o n ' ^ a p O n ' U  

V S O s ' ^ a p G n ' n

We want to  show t h a t  f o r  every  t  € I
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<5) d(q iim,km,h 8 (m, ) qae(m , n  ’ q^ ,Mt ) < €

and

<« ■ c a v  < * •
By (1) and the cho ice  o f  6 , f o r  every  t e l  

^  d q̂nmkmqp (m )p (m ')h3 ( m ') qap(m , H  * qnmkmqp(ra)p(m ')Mt^ < e^

By (4)

( 8 ) d ^ kin‘lp (m )p(m ')h8 ( in ')qa 8 ( m 'U * qnm'km 'hp (m ')qa p ( i n 'n ) < *M

and

(9) d (q "  k q ' .  . . .  ,.M'  , q"  ,k  ,M') < c /4'  7 Mnm mMp(m)p(m ') t  ’ nm m t

f o r  every  t  € I  •

By ( 8 ) ,  (7) and (9)

d(q" .k ,h / , . q  ,x, , <C„<km«M/)  < 3e/4 < eVMnm' m p(m' ) nop(m' ) t  Tim m t

which i s  ( 5 ) s in c e  km« ^  -  Ht  f o r  every  t  e I  •

Now f o r  every  t  e I  » By (3)

( 1 0 ) < k < C 'p» ' V l ;  . C - V e o . ' ) 1- ^  < , / 4  •

By (4)

( 1 1 ) d ^qiimkmqp(m )p(m ')P8 (m, )Lt  * qnm,kmlPp (m ')L t^ < 

and

(12) d (q "  k q '  . . .  .vM 'pt , q" ikm. « 'P i )  < e /4  .v 7 nnm mnp(m)p (m ) t  nm m t

By (2) and the  ch o ice  o f  6

(13) d q̂nmkmqp(m )p(m ')Pp(m, )Lt  * qnmkmqp(m )p(m ')Mt P<t  ̂ <

S ince L * g^ , ! 1 and M °  k^,M' , by (1 0 ) ,  (1 1 ) ,  (13) and (12)

f o r  every  t  € I

d < < C < ' Lt  • <  •  .

which i s  ( 6 ) .
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I f  m" i  m' then  0 (m") 2 : 0 (m ') 2  ( F , F ' ) ( 0 (m), 6 ) and we can r e ­

p e a t  th e  same argument fo r  0 (m"). Hence m1 = (G F ,G F ') (n ,e )  and so 

GF ~  GF' .

P ro p o s i t io n  3 . 4 : Let

P r o o f : For g iven  n and e > 0 , l e t  m 2  G ( n ,e /4 ) ,  G '( n , e /4 )  and

( G , G ' ) ( n , e / 4 ) . L e t m' 2  m be such t h a t  oCm') 2  F (o (m ),6 ) and 

(G ,G ') (m ;n ,e /4 ) (w h ic h  i s  2  Of(m)) where 6 € A C q '^ k ^ e M )  n A f a ^ k ^ .e M )

( f o r  example, m' 2  F (a (m ) , 6 ) and (G ,G ') (m ;n ,e /4 ) )  .

L e t ^  F (a (m ') ,X )  where

We want to  show t h a t  p ( t ' )  € (GF.G 'F)(m 1 ; n , e ) . S ince  

m' 2  m 2  G ( n ,e /4 ) ,  G '( n , e /4 )  and ( G ,G ') (n ,e /4 )  by d e f i n i t i o n s  o f  

G,G' and G ~  G1

and

be morphisms o f  l e v e l  maps o f  ANR-sequences. Then

G ~  G' GF ~  G'F .

nun m"a(m)a(m ') ’ qnm' a ' 7 ^

a<i ^ kX <»o<,(«■) • C ' k» i) < */ 4



-3 0 -

<y(m)

h

E"

m

mm1

B".

There a re  homoCopies

L' : 8m,r i(m ' ) V  ~  8m,r (i(m' ) l '

such  t h a t  f o r  every  s € I

< »  • C ' Ms> < * / 4

and

( 6 ) d (q "  ,p"  L* , q "  , M 'p \ )  < e /4  .nm m s nm s £

S ince  t '  s  F(o(ni, ) ,X )  and a (m ')  £  F (a (m ) ,6 ) by d e f i n i t i o n  o f

F ,

(7) 

and

(8)

’ qi(m , n iPp a , ) ) < x

d(qi(m )o (» , ) Pi(m , ) KS ’ qi(m )a(m ')HsPeC l')

( 8 A) d ( ‘»o(m)a(m ')ha ( m ') qp a ( m ' ) p ( t ' )  * qa(m)a(m, ) Hs ) < 6

s in c e  a (m ')  2: (G ,G ') (m ;n ,e /4 )
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( 8 B) d (q "  k q '  w  , q"  k 'q* . . , . )  < c /4nnm m a(m)a(m ) nnm m a(m)a(m )

f o r  every  s € I» where

K 5 ̂ Qf(m')r pQ'(m, ) 8 ( ^ 1) “■ r a ( m ' U ' V

H ! ho ( m ' ) V ( m ' ) p a ' )  “■ qp ( m ' ) t ' \ '  .

D efine homotopies

L ! “  8m, f a ( m ') r ^a(m, ) p a • )

M : km,h a(m , ) V ( m ' ) P ( ' t ' )  ~  qp a ( m ' ) p a ')

by

::
g ^ K ^ t )  O s t ^

L ' ( f ^ ,  (x ) ,3 t -  

g ' | K (x ,3 t-2 )

L ( x , t )  = ^  i s t s f

J s t s l

W 1,1

k ,H (y ,3 t )  O s t s f

k \ H ( y , 3 t - 2 )  f  s t s l  .m

• h e r e  x € E ^ , ,  . y € B ^ , ,  .

We want to  show t h a t  f o r  every  t  € I

(9 )  d ^qnm,km'borOn '^PoCm')pCt , ' )  ’ C b ' V  < 6

and

« «  <‘< C 'C Lt • C ' Mt ps ( t ') ) < e •

L e t 0 s  t  £ %

By ( 8A) and a cho ice  o f  6 » f o r  every  t  € [0 ,^ ]

( 1 1 ) d q̂nmkmqa(m)o(in, )ba(m , ) qpa(m, )p ( - t ' )  '  qnInkmqcl^(^^)a(^l, ) 3t^ <

By (3)

(12> d (q iimkmqi(m )a (m ')ha(m, ) qp a (m ')p a , ) ,qna,km'ha (m ')qp a (m ')p a , ) )  <  e/4
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and

n i' i  a frt** k a' , 1VH , q" < « /4  , V t  € [0>il •(1 3 )  d(<*nm mVrnJcrCm’) 3t * ’‘nm’ m‘ 3 t

By (1 2 ) ,  (11) and (13)

d (q Im,k* ,h tt(m, ) qpa(®, >P(*', > * qn » ,km,H3 t*  < 3 ®/ 4  

w hich i s  (9) s in c e  km,H3 t  -  Mt  fo r  every  t  € [0 ,£ ]  .

Now f o r  every  t ,  by (1)

(14) . d ^qi|m,pm,gm’K3t * qnm,km,Pa(iu’) K3t^ <

By ( 8 ) and the  cho ice  o f  6 ,

<15> d (q Umkmqa(m )a(m ’) Po ( ra ')K3 t ,q nra kmqa(ra)or(m, ) H3 t PpCt,, ) )

By ( 3 ) ,

<16> d (q Hmkmqi ( m ) o 0 a ' ) Pa(ni, ) K3t * qnm,km,P0 '(m, ) K3 t ) < * / 4

and

<17> d ^qnmkmqa(m)o(m' ) ^ 3 tP0 (<(,*) * qnm,km,H3 tPp a ' ) ) < ®/A *

By (1 4 ) ,  (1 6 ) ,  (15) and (17)

• C ’V H3 t W  K *

w hich i s  ( 1 0 )  f o r  every  t  € [0 ,£ ]  .

L e t  \  * t  * §

F or  ev e ry  t  we have ,  by (5)

(18) " t C - ’S X o . ' H ' V  ’ " i t - l V *  <  , M  •

By (3)

( 19)  * V A ' X ' V 1 <  , M

and

(20) * C i ,k» ,ha(« , ) V ( ® ' ) 3Ct, >< «/4 ‘

F o r  a -  1 ,  by ( 8A) and by th e  ch o ice  o f  6

<21> d <qM k«qi(n»)o(m’) ha(m’ ) V ( ® ' ) 0 ( t ' ) ' ’ n a V o f W a ^ ' ) ^ ^ ' H ' l ''*
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By (2 0 ) ,  (2 1 ) ,  (19) and (1 8 ) ,

d q̂nm,km 'hQf(m')<18 a ( in ' ) 8 (^,') * qnra'M3 t - l h,{,'  ̂ < e

f o r  every  t  € which i s  ( 9 ) .

Now by ( 6 )

<22> ‘■ ' - C - 'O H t - iV  . < 8 /4  •
By (7) and the  cho ice  of X

CM) d ( , • ‘C . 1‘V qic « ’) t ' V lW ’>> '  6/4 '
By (5)

<24) d (qnm,km,q i (m , n ,P^ , f i '  » qiIm,M3 t - l Pi ' V ) < * / 4

and

(25) d (q nm,km'qi ( m , U , \ ,Pp a ' )  * q "nm,M3 t - l \ ,P8 a ' ) ) < ®M  *
By (2 2 ) ,  (2 4 ) ,  (23) and (25)

d(qW Pm'L3 t - l V  » C ' M3 t - l \ « PPa ' ) ) < €
f o r  every  t  £ [£»§] which I s  ( 1 0 ) .

Let f  s  t  s  1 

For every  t ,  by (3)

(26) d q̂nmkmqa (m )a (m ')ha(m, ) qpa(ml ) g C t ' ) * qnm,km,har(n>, ) q 8 a'(ml ) p C t ' ) ^  <

By (4)

(27) d (q "  k ' q '  . ,  .  ,  q" .k ' .H , , .  . )  < e /4  .’ nm m’ ar(m)a(m ) 3 t -2  * ’ nm m 3 t-2

By (8 A) and th e  ch o ic e  o f  6 ,
(28) d q̂nmkmqa(m )a(m , ) ka(m , )qpa(m, )pCt,, )*qnmkmqQ'(m)or(m, )**3t-2^ < € ^ 4

and

(29) d(qnmkmqi(m )a(m , ) H3t-2  » C n kmqi(rn)o(m ')H3 t-2 ) < e /4  *

Now, by (2 6 ) ,  (2 8 ) ,  (2 9 ) ,  (27)

“ K L ’V V m ^ V O n ^ p C t ’) • qnm,km,H3 t-2^  < 6

which i s  (9) s in c e  k ' ,H _  _ ■ M .m 3 t-2  t

e /4 .
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Now, by (2) f o r  ev e ry  t ,

<30> a< ' C « ' K3t -2  • C ^ ' - i o o ' W  < «/ 4

by ( 8 ) and the  cho ice  o f  6

(31) d q̂nmkmqo(ni)o(;n, ) Po(ni, ) K3 t-2  * ^ 1̂ ^ 0 (111) 0 (111' ) 6^4 * 

By (4)

(32) d ^qnmkmqo(m)o (m' )  Po  (m' )  *S t  -  2 » qIm,ki ,p i ( m , ) K3 t - 2 ) <  e / 4

and

(33) d (q limkmqi(m )o(m ’ ) H3 t - 2 Pp a ' )  » qnmkm' H3 t - 2 Pp ( I ' ) ) < c / 4  *

By (3 0 ) ,  (3 2 ) ,  (31) and (33)

d (qnm’P> m ' K3 t-2  » q™ k; ' H3 t - 2 P8 (<,')> < 6

which i s  ( 1 0 ) .

D e f in i t i o n  3 . 3 : Two l e v e l  maps (Ej£»B) and ( E ' jJj ' j B ')  a r e  eq u iv a ­

l e n t  ( i n  symbol (E ,£ ,B ) ~  ( E ' , £ ' , B ' ) )  i f  th e r e  a re  morphisms 

F : <E,£,B) -  ( E ' , £ , ,B ')  and

G : ( E ' , £ ' , B ' )  -• (E .2 .B) o f  l e v e l  maps such th a t

GF~  1( i .£ ,S )  *°d

P r o p o s i t io n  3 . 6 : ■» i s  an  e q u iv a le n c e  r e l a t i o n  on th e  s e t  o f  l e v e l  maps

o f  ANR-sequences.

P r o o f ; Only t r a n s i t i v i t y  r e q u i r e s  p ro o f .

L e t  (E ,£ ,B ) , and l e v e l  maps o f  ANR-

sequences  such t h a t

(E.2 .B) = ( E ' , £ ’ , B ' )  and ( E ' , £ ' , B ' )  = (E » ,£ " ,B " ) .

There a r e  morphisms o f  l e v e l  maps

F : (E ,£ ,B ) -  ( E ' , £ ' , B ' )  ; F ' : ( E ' , £ * ,B ' )  -  <E",£n ,B">

G : ( E ' , £ ' , B ' )  -  (E ,£ ,B ) ; G' : (E",£»,B»> -  (E ’ , £ ' , B ' )
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such t h a t  GF ~  1 , FG ~  1 ( G'F* ~  1 t . F'G* ~  1 .. , By P ro p o s i t io n
£  £  £  £

3 .4 ,  GG'F' ~  G • 1 , = G and by P ro p o s i t io n  3 .5 ,  GG'F'F ~  GF ~  1 
£  £

S im i la r ly ,  F'FGG' ~  F 'G ' ~  1£ „ . Hence F 'F  : £  -  £ "  and GG' : £ "  -  £  

a r e  th e  re q u ire d  morphisms so t h a t

(E ,£ ,B ) = (E " ,£ " ,B ")  .

Now we can d e f in e  th e  concept o f  f i b e r  shape e q u iv a le n c e .

D e f in i t io n  3 . 4 : Let E ,E ',B  be compact m e t r ic  sp a c e s .  Two shape

f i b r a t i o n s  p : E -» B and p '  : E' -• B a re  s a id  to  be f i b e r  shape 

e q u iv a le n t  i f  t h e i r  a s s o c ia t e d  l e v e l  maps (E ,£ ,B) and ( E ' , £ , ,B ')  

r e s p e c t iv e l y  a r e  e q u iv a le n t .  (A con tinuous  fu n c t io n  f  : E -• B i s  s a id  

to  be a s s o c ia t e d  w ith  a l e v e l  map £  : JJ -  B i f  lisa £  = p ) .  The 

fo l lo w in g  theorem j u s t i f i e s  th e  D e f in i t io n  3 .4 .

Theorem 3 . 1 : Let (E ,£ 3B) and ( £ ' , £ ' , B ')  be le v e l  maps o f  ANR-

sequences  w i th

lim  (E ,£ ,B) = l im  ( E ' , £ * ,B ' )

th e n
(I»£ ,B ) -  (E , . £ , , B ' )  •

F i r s t  we w i l l  s t a t e  one u s e f u l  lemma from f i t ) ] .

Lenina M; L e t  X «= (Xn, r nm) be an  ANR-sequence w ith  l^m X = ^ * r n ^

and l e t  Y be a compact ANR. Then th e  fo l lo w in g  a s s e r t i o n s  ho ld :
. *

i )  For every  e >  0 and f o r  every  map f : X -• Y th e r e  i s  an n
*

such  t h a t  f o r  each n s  n  th e r e  i s  a map f  : X -• Y w ithr  n  n

d ( f n V f )  <  e *

11) I f  e > 0 and f  , g  : X -* Y a r e  maps such t h a tn*°n n  r

d (fn W n ) < *
A

th e n  th e r e  e x i s t s  n 2  n such th a t



A
f o r  every  m s  n .

P roof o f  the  Theorem 3 . 1 : By u s in g  th e  Lemma M we w i l l  c o n s t ru c t

morphisms

F -  ( f ,h ) ,F *  -  ^  B ')

and C -  (£ ,k )  : ( E ' , £ ' , B ' )  -  (E ,£ ,B)

such th a t

and F ~  F '  .

(e , 6  ; * € , ? )  w i th  th e  fo l lo w in g  p r o p e r t i e s :  m m m m
*

a )  For every  n and e > 0 th e re  i s  an index n such  t h a t  f o r  a l l

FG ~ 1 ,
£

GF' ~ 1
£

F: Let el

*
m £ n

* ■ « A< w e)

b) There a re  maps _f ■ (or,fn ) : JS -» E' and h *= (af,hQ) : B -» B' o f  

ANR-sequences such th a t

°  d ( r m' V a W 1 •= / 2

U )  d <,C > h» ’ 0 (m)) <  V 2

H i )  d ( p ' f  ,h  p M ) < 6m m* m a(m) m

iv )  f o r  every  m1 2  m th e re  a r e  e^- and em/q  ~  homotopies

and

m/3

K : f * r / x / , v * “ r  , f  ( m a(m )o(m ')  mm m

H : h *q ,  v /  , n **■ q ,h  ,m Of(m)cif(m ) inn m

r e s p e c t iv e l y  such t h a t  f o r  every  t  6  I
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Note t h a t ,  s in c e  6  A(qnm>e ) ,  by (111) and ( Iv )  f o r  every  m £ n

nm m m nm m a w  

and f o r  every  t  6  I

d (q  p ' K , q H d ,  ,») < e nnm m t  * nnm t  a r ( m  )

and s o ,  F ■ (f»b)  J £  “* £ '  i s  a morphism o f  l e v e l  maps.

L e t  m «* 1 .

S e le c t  6 X € T(Bj , e1 /3 >

* 1  € A ^ P 1 * 6 l /3 ^

? r ( E j  , \ / 2 ) .

Now by Lemma M ( 1 ) ,  f o r  6 ^ ^  and ®l/2 t îe re  *s an  *-ndex n j

and th e r e  a re  con tinuous  fu n c t io n s  T . : E -* E,' and h, : B — B'
1 n^ 1  I  n^ l

such  t h a t

(1) < 61/2

and

(2 )  d ^ . h ^ )  <  61 /2  •

By th e  ch o ice  o f  6 ^ ,  (1) im p lie s

(3) d<pjrj . p f t r , ^  < 61/3  .

Since  p j r j  » q jp  , we have

O ’ )  d f o ’^ p ’f j r ^ )  < 6 1 / s  .

By (2)

(4) d(q^P , h1qn P) < ^1/2 •

By ( 3 ' ) ,  (4) and q p -  p *r
nl  “ l  nl

(5) dC q ;V ni » V n 1r n1) < fil /2  + 8l /3  < 61 *

A



By Lemma M (11) th e re  I s  an  Index , say  ar(l) such th a t

( S ' )  K p ’V . j O d )  , < ‘

S l" c e  -  1n i a ( 1 ) Po a )  .

<5") " ( P i V n ^ d )  * ’Kl <1„ 1 t , ( l ) p<»(l)) < 6 1 '

^  PVP

W rite  f l " r n 1 a ( l )  "  f l  and hl \ a ( l )  "  hl  * A ls °  SlnCe \  "

r n lff ( l ) , r a ( l )  * \  = V ( 1 ) *q“ (1) ’ ^  (1>* (2)> (5 , )

( 6 ) d ( r j ,  < * i / 2

(7) d ( q | ,  < 61/2

( 8 ) “ ( P ^ .  h i pa ( i)>  < 6l  *

L e t m « 2

S e le c t  e2  € A(q{2» 6 x / 2 2)

6 2  € r(B ',  e2 /3 )

* 2  € A(p2 , ®2 / 3  ̂ ^  A (r^2 * T j / 2 2)

6 2  € r ( E ^ ,  ®2 / 2  ̂ *

As in  th e  case  m ■ 1 , f o r  ^ 2 ^ 2  and ^2/2 fĉ e r e  *s an *ndex

/■ v

and th e re  a r e  maps f* : E -♦ E * and h0  : B -* B* such t h a t
t  Uj /  a 0̂ 2

(9) d ( r ^ ,  f 2rn2> < 6 2/2

( 1 0 ) d (q ^ ,  h2 q ^ )  < 6 2 / 2

and

( 1 1 ) d ( PJj,f2 , h2 Pn^) < 6 2  .

By th e  ch o ice s  o f  6 2  and 6 2  , (9) and (10) Imply
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(12) d < r ;2 r j ,  < V 2*

( 1 3 )  d ( q '2 q2 » q j2 h2q„ ) < 62/2 2 .

n ' r2 - r i a“d ’ i s S  " qiSince  r j
U  i  I  ' L i  ' i

.2
(1 2 ')  d ( r {»I i2  f 2r n * < 6/ 2

2

(13 -)  d ( , J ,  , ; 2h2q„2) < 6 j / 2 2 .

By ( 6 ) ,  ( 1 2 ')

) < 6W ,  -r On/ . ' 2(14) , r j 2 ^ r ^ )  < ^ 1/2  + V 2

By (7) and (13')

(15) «(1Y 1cr(l)’ q j2 h2qn2> < 6l/2  + 61/2 •

Since ra<1) .  end , a(1) -  .

( U - )  d ( f l r a ( 1 ) n 2 . r ^ r j ,  X ^ )  <  \

(15’) d(hiq<>a)ii2 q ^ ,  q j2 h ^ )  < 6j .

♦ 4r
By Lemma M ( i i )  there is  an index n2 such tha t for a l l  or(2) i  n2

(14") d (f i* r a (i)n 2 r n2<y(2)» r i2 ^2 rn2a(2)) < \
(15") ^ ^ ( 2 ) *  ^12 ^2qn2a(2 )) < 61 *

W rite  f 2 - r n 2 a (2 ) "  f 2 and V qn2«(2)  "  h2 * SinCe Ta H ^ \ a W

ra (l)o (2 ) » qa ( l)n 2,qn2<y(2) " qa (l)a (2 ) » r n2 “ r n2a(2)*r a (2) »

^  " qn2o(2)*qa(2) and Pn2rn2or(2) qn2a(2 )Por{2) 

by (9 ), (10), (11), (14"), (15")
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(16) d ( r '  , f 2r a ( 2 ) } < 62/2

(17) d (q^ . h2qa ( 2 ) ) < 62/2

(18) d(p2 f 2 • h2Pa (2 ) ) < 62

(19) d ( f l r o ( l ) a ( 2 )  ’ r ^2f 2 ) <

(20) d (h l qa ( l ) a ( 2 )  * qi 2V  <

fN ote: (11) =»

d<P27 2r n2« ( 2) • V n / n ^ 2) '  < 62

where h_p r  = q ,_..p . By the  ch o ices  o f  62 n2or(2) n i2ar(2)r ar(2)

th e re  a re  *e^- and e jy ^ -h o m o to p ie s ;

K = f l r « ( l)c , (2 )  “  Ci l f 2

“ ! hlVl)c<2) “ <«l2h2
such  t h a t  f o r  any p a i r s  ( t ' , t )  and ( s ' , s ) ,  ( t , t ' , s , s '  € 

d(Kt , ,K t ) <

and

d(Hs ' » V  < *1/3 *

In  p a r t i c u l a r ,  f o r  t '  = 0 ,  s '  = 0 ,  f o r  every  t  € I

(21) d <f 1r a (1) a (2) > V  < *1

(22) d <h i <l0 ( i ) a (2) » V  < e l / 3  *

By th e  cho ice  o f  ,  f o r  every  t  6 I

(21*) d (p i f l r a ( l ) a ( 2 ) » Pl Kt ) < 6l / 3  *1/3 *

By (2 2 ) ,  f o r  every  t  € I

(22’) d <h1(la ( i ) a (2 )pa (2) » Ht Pa ( 2 ) ) < *1/3 ’

I)
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A ls o ,  by (8)

(23) d <l>if i c<»(l)a(2) > hl pa ( l ) ro(l)i»(2)> < < «!/3

*ln“  '  V l ) « ( ! ) P« B ) '  by (21' h  (22'} *nd <23)- for
every  t  € I

( 2 «  d (p;Kt  , Ht pa ( 2 ) ) < «j .

Now, f o r  any m s  3 s e l e c t  
m-1

em € n A(qJlm » 6Qy2 m - n + 1)m n=l nra

ra-l
«L € A(pJ_ ,  6m/ 3) fl n A(rJ^m; 6 „ /9 m - n + 1)m m n=l nm n/2

S«  « r(HW ■ *«/2> '

By th e  fo l lo w in g  remark ( v i i )  i t  i s  c l e a r  t h a t  F = ( f» h )s  £  ~* £ '

where X “ *"S a morP*1*-sm le v e l  maps.
*

Note t h a t  f o r  any n and any e > 0 , t h e r e  i s  n such t h a t  f o r  a l l

m i  n ,  6n^  m -  n + 1 < e . Then em € A(q ' m,e )  .m run

Remark ( v i i ) ; L e t  a l l  th e  spaces  in  th e  d iagram  be compact ANR's and 

arrow s be maps such  t h a t  “ ^12^2 and ^2*23 = ^23^3 *



A ls o ,  l e t  th e r e  be hom otop ies

K' •
• f l r 12 r 12f 2

H' •
• ■ v u

9u
q12h2

K" •
• f 2r 23 r 23f 3

H" •• h2q23
CM

q23h3

t h a t fo r  every t  € I

(1) d ( P. ; r ) " t p2) < el

(2) d(p^Kj; » "t»3> < e2

where e € A(qJ2 * e l^  th e n  we can d e f in e  homotopies 

K : f l r 13 “  r 13f 3

by

H ! hl q13 “■ q13h 3

K '( r  ( x ) , 2 t )  O S t
K (x , t )  4 23

L r j  R " (x ,2 t -1 )  h * t

and
fH '(q  ( x ) , 2 t )  O s t

H (x , t )  - 4  23
Sq{2H " ( x ,2 t - l )  % * t

such  t h a t  fo r  every  t  € I

d <P{Kt  , Ht p3) < ex .

Check; L e t  0 ^  t  £ %

By ( 1 ) ,  d ( p 'K ' t r 23 , H£t p2r 23) < V  s in c e  P2 *r23

d ( p{k2 t r 23 » H2 t q23p3^ < *1

i . e .  d (p{Kt  * Hfcp3) < f o r  every  t  € [0,%] .
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L et k * t  ^ 1 

By (2)

d (q 12P2Kt  » q 12Ht P3^ < *1

Since <{'l2V%2 m P j r '12

a ( p ; r u Kt  > ’ l a W  <  ' i  !

i . e .  d(pjKt  , Hfcp3) < f o r  every  t  € [%,1] .

C o n s tru c t io n  o f  G; For every  n ,  s i m i l a r  t o  th e  numbers

(e » 6 , e , 6 ) .  we can s e l e c t  numbers ( X » u » X , u )  w ith  r e s p e c t  n* n* n* n * n* pn* n* ^n  r

t o  th e  l e v e l  map £  : E — B w i th  th e  fo l lo w in g  a d d i t i o n a l  p r o p e r t i e s :

For every  n ■ o(m) $

(C) \*(m) 6 A (hm»6m/2)

^a(ra) € r ^Ba(m)* \* (m )/3

Xce(m) € A <fm’ \ / 2 >

and ^

^o(m) € r (Ea(m)* \* (m )/2

A ls o ,  th e  numbers a re  so s e le c te d  t h a t  i f  we c o n s t r u c t  a morphism, say 

6 “  Cb»Js) : £ '  “* £  where £  = (P»8n) : E1 -« E and k = (P»km) ' B' B

s i m i l a r  to  F , then  FG = ( fg ,  hk) : £ '  -• £ '  i s  a  morphism o f  l e v e l
*

maps, i . e .  f o r  g iven  n and e > 0 th e r e  i s  n such t h a t  f o r  a l l  
*

m i  n ,

d ( p , f g / v , h k , . p ' / ' v)  <  em m a(m) * m a(m) 0ar(m) m

and f o r  every  t  € I  ,

<,^m 'to(m)q0Qr(m)0Q'(m') * **t  ̂ < *m

d ( p 1K ,  H p '  / «\) < em t  * t  0or(m ) m



where H = H' U H"

K •» K1 U K"

K '  • f  r
m a (m )a (m ') r ' .f .mm m

K ’ 8a (m )r 0 a (m )3 a '(m ') ^ ( s O a O n ’ ) BarOn1)

*  *W*ar(m)a'(m') Snn'^m '

H e ^(mj^pof^pof^') qa(m)a(ni'),tinl

El

Of(m)
a(m )

-Qf(ra)

X i  . / •

JH i. E'
m

B

1 Ppa(m)

W ® ' )  *

Par(m ')‘
QfCtn')

I
I
I
I

*
^ a (m ) ~
A

/

a ( m ' ) '

m
B'

n
/»

-  —*■ B''  TT1m

' ■ C -

Now we w i l l  show t h a t  FG ~  1 , .
£

For g iven  n and e > 0 l e t  n 1 be an  index  such t h a t  f o r  a l l

m 2 n ’ , «_ € A (q'_,e)  .m nm

By c o n s t r u c t io n  o f  F and G, we have

Cl) «<r; . <.'.(.)> < *W2 ”here
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(2 )

where

(3) 

where

(4) 

where

d r̂a(m)* ®a(m)r 3<*(m)  ̂ < ^o(m )/2

^a(m) ^ ^  ^EQf(m) * Xa(m)/2^

Xa(m) € A ( f m * 6m/2 0 A (pa(m) * N n/^0 0

d(<C  * V c y (m )) < 6m/2 

6m € r  <Bi  ’ V 3 >  ‘

d ^a(m )* korOiO^PorOn)  ̂ < ^a(m )/2

^a(m)  ̂ ^ ^Ea(m )’ Xa(m)/3^ 

x , N € a (h_ , 6^ )  n n a (qno(m)»-*-)

fO\ imnl4oa
a(m );

'a(m) * "  v“m ’ °m/2 

By th e  cho ice  o f  p, , (2) im p lies

(5) d ^ m r a(m)* ^m®o(m)r  3a  (m)^ < ®m/2

a(m)

mt

mj ___

O'(m)*  3a(m) *  a(m)

la(m) a(m)
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By (1) and (5)

(6) d ( r '  , f  g M r '  . )  < 6
m ra Qf(m) pcr(ra) m

,lnce r;  -  ri,e„(m) • •

^  ^  d ^ r m , P o r ( m )  r 3 o ' ( m )  * ^ m ® Q ' ( m ) r p o ' ( m ) ^  <  ^ m

S im i la r ly  by th e  cho ice  o f  (^) im p lie s

^  d ^m^a(m) * *1m^Q'(m)^pa(m)^ < ^m/2

By (3) and (7) and = q ^ pa(m) ' ^ ( o . )

) < 6 . ind ^m ,por(m ) ^paOn) ’ ^m ^a^^pofC m )
*  *

By Lemma M ( i i ) ,  th e re  i s  an  index  m such t h a t  f o r  a l l  £ s  m

(9) d ( r ' . f  * /  i T 1 / \ . )  < 6 andmt * ms of(m) pof(m)-t m

(10) d ^qmt * hmka(m)qpa(m)^, ) < 6 .m

Since Sm € r  ^ . e ^ )  a d  6m € T . t h a r e  a re

and e ^ ^ h o m o to p ie s

L ’ rmt ^ m̂8a(m)rpof(m)-t

M * Snt ^  ^m^Qf^^paCm)^

Hence f o r  every  t  € I  »

(11) d f r ^  , Lt ) < 7 m/2 and

(12) d < ^  , Mt ) < , W 2 .

S ince  7  € A (p '  ; 6 ,  (11) im p lie sm m m /j

<13> * K ' U  • p»  Lt )  < ‘« /3  < V 3

f o r  every  t  € I  •

By (12)

(14) d(<C tPt  » Mt p4  ̂< *m/2 for every t  6 1 *



By (13) and (14 ) and »

(15) d ( p '  L , M p ) < e f o r  every  t  € I  .m e  t  (, m

S ince e € A ( q ‘ , e )  ,  f o r  every  t  € I  by (12) d ( q '  , q '  M l  < em ^nm* * J J x  nu t

and d ( q '  p 'L  , q '  M. p , )< e . A lso ,  f o r  every  m £ n '  t h e r e  i s  suchnm m t  nm t  -o

I  and such homotopies L, M, FG ~  1 , . S im i la r ly ,  we can c o n s t ru c t

a morphism F 1 : j> -* j j ' such t h a t  GF' ~  1 and F ~  F ' .

For every  n ,  s im i l a r  to  the  numbers ( e ,  6 ; * € » ? )  ,w e  can* n n n n *

s e l e c t  numbers (e '»  6 1; "c' - TT ) w i th  e '  < e ; 6 '  < 6n n n n n n n n

*e' < *€ » T '  < ”6 and s im i l a r  to  the  morphisms F and G we can n n n n

c o n s t r u c t  a  morphism

F '  «= ( f ' ,  h ' )  : £  -  2  

where f_' = ( a ' , f ^ )  : E -• JJ1

h '  : ( « ' , h ^ )  s JB —• JB' 

such t h a t  th e  c o n d i t io n s  (A), (B) and (C) a r e  s a t i s f i e d  w i th  a p p ro p r ia te  

changes. In  o th e r  w ords, f o r  c o n d i t io n s  (a) and (b) r e p la c e  eQ, 6r ,

V * n  by en> respectively. «<“>• fm > hm by “ (m)’ ^ *
h '  r e s p e c t iv e ly *  V m and f o r  c o n d i t io n  (c) r e p la c e  m

Xa(m)» ^ a (m)‘ \ ( m ) ’ ^a(m) by ®p(m)» 6p(m)» ep(m)» ^p(m) and r e Pla c e

6 , 6  by p and p< r e s p e c t iv e l y  f o r  every  m .m m  m m

Since F '  s a t i s f i e d  th e  c o n d i t io n  (c )  by c o n s t r u c t io n

GF' ~  1 .
£

Now we have to  prove t h a t  F ~  F '  .

By c o n d i t io n s  ( a ) ,  f o r  every  n and e >  0 th e r e  e x i s t s  in d ic e sit * * *
n^ and n^ such t h a t  f o r  a l l  m  ̂ Js and m^ 2 n^ ;
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Let n ■ ( F ,F ' ) ( n )  = M axfa^ .n^).  Then f o r  a l l  m 2 n

<l «  « :  • * .  6 A •

Now c o n d i t io n s  ( b ) ( i )  a re

d ( r ' ,  f  r  . . )  < 6 / 0m m aim) m/2

d ( r ' , f ' r  , /  v) < *6' /o • nr m a (m) m/2

Hence d ( f  r  . v, f ' r l / . ) < 6  • (Note 6 '  < If ) . By Lemma Im a(m) m a  (m) m m m

th e re  i s  an index t  , I  ^ Qf(m), Of'(m) such th a t

(17) d ( f  r  . ,  f ' r  , ,  . , ) < ! .m a(m)-t * m a  (m)t m

S im i la r ly ,  by c o n d i t io n  ( b ) ( i i )  we can f in d  t  so la rg e  th a t

(18) d (h  q ,  v, » h 'q  , . N ) < 6 .'  mno(m)-i * nra (m)-t, m

By c h o ice ,

s_ e r (e:, en/2>m m

6m € r  (Bm* ®m/2) *

There a re  Ism/2  ~ antl €m^2- hom otopies

L : fmr a(m)-i *** fmr of' (m)£

M* : hmqa(m H  ~  V a 1 W t

r e s p e c t iv e ly .  i . e . ,  f ° r  every  t  € I

(15) d < V 0 (» K  > < * - /2  a“ *

(20) d d . V * .  V  K ‘m/2 •

S ince 7 m € A (P^J <19) imPl l e s

( 2 »  <, < C V « ( m H  • <  *« /3  < V )  '

A lso  by (2 0 ) ,

( 2 2 )  <  V 2  •

S l » «  I - i V c W t  ■ hmqo ( » U P<. ’ by <21) and <22)

( 11)
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(23) “ ( P > : »  M'p ) < € .m t  t  I, m

F i n a l l y ,  by th e  cho ice  o f  e„ € A (q , e) , (20)and (23) im pliesm nm

" V A f c l t  • < * aod

d (q n«.PmLt  • < £ f o r  e v c r>’ t  « I  .

Hence F ~  F ' . Note t h a t  (FGF') • G ~  FG ~  1 , and
2

G • (FGF') ~  GF' ~  1 . Hence (E ,£ ,B) = ( E ' , o ' , B ' )  .

Example:
2

1) Consider in  th e  p lane  1R , th e  c lo s u r e  c o f  th e  diagram  of the

fu n c t io n  y e s i n  ~  fo r  0 < x £ 1 and l e t  denote  a  s im ple  a rc
2

w i th  endpo in ts  ( 0 ,1 ) ,  (1 ,0 )  and w i th  i n t e r i o r  ly in g  in  1R -  c .

Denote the  r e s u l t i n g  space by W.

1 2 L et S be th e  u n i t  c i r c l e  in  1R . The q u o t i e n t  map

p : W -* W/A w S1 i s  a shape f i b r a t i o n .  p '  = Ig i*  W/A -• W/A i s  a l s o

a shape f i b r a t i o n .  (A = { ( 0 , y ) | - l  s  y s  l ) c R 2) .

C laim : p and p '  a re  f i b e r  shape e q u iv a le n t .
2

C onsider annu la  3  ^  . . .  b e in g  neighborhoods o f  W in  R

s h r in k in g  to  W. For every  n , th e r e  i s  a r e t r a c t  p^: E^ -• W/A. Then

P “  (p ) : E -• W/A i s  a  l e v e l  map. n

Consider j>' = (p '  = lg X) : W/A -• W/A t o  be a  t r i v i a l  l e v e l  map.

L e t F = ( f )  s £ '  ** £  be a  morphism o f  l e v e l  maps where f o r  each

n ,  f  : S* -• E i s  a s im p le  c lo se d  c u rv e ,  f  =»* f  . .  in  E and fo r* n  n r  * n  trt-1 n
*  *  

every  e > 0 th e r e  e x i s t s  n i  n such t h a t  f o r  t  ^  m £ n  .

d (pnHfc , l g i )  < e f o r  every  t  € I  w here H : f  f ^  in  E^.

L e t G = (g) : £ - * £ '  be a  morphism o f  l e v e l  maps where f o r  each

n .  g : E -• S* i s  a r e t r a c t  o f  f  (S*) . C le a r ly  FG ~  1 and 
n n  n _ £

GF ox 1 | •
2



S e c tio n  4

STRONGLY EQUIVALENT MAPS INDUCE EQUIVALENT SHAPE FIBRATIONS

In t h i s  s e c t i o n  we w i l l  d e f in e  a n o t io n  c a l l e d  ' s t r o n g ly  e q u i ­

v a le n c e '  and w i l l  prove the  main theorem o f  the  paper t h a t  two s t ro n g ly  

e q u iv a le n t  con tinuous  fu n c t io n s  induce f i b e r  shape e q u iv a le n t  shape 

f i b r a t i o n s .

D e f in i t io n  4 .1 ;  Two l e v e l  maps

o f  ANR-sequences a re  s a id  to  be s t r o n g ly  e q u iv a le n t  ( in  symbol Jf g)
•k +

i f  f o r  every  n th e re  i s  an index n £ n such t h a t  f o r  a l l  ra >■ n

th e r e  i s  a homotopy

P ro p o s i t io n  4 , 1 : The r e l a t i o n  =*• o f  th e  D e f in i t i o n  4 .1  i s  an  e q u i ­

v a len ce  r e l a t i o n .

P ro o f : Only t r a n s i t i v i t y  r e q u i r e s  p ro o f .  Let .f,,g»h : C. -* B be l e v e l

H : C x I  -  Bm in

H' : C , X I  -  B . m' n '

w i th

th e n  th e re  i s  a  homotopy

G : C , X l x I  -• B m n

such t h a t

-5 0 -
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maps o f  ANR-sequences such t h a t  J[ *“ £  and £  *»• h . For any n, l e t

n ( f , h )  -  Max(n ( f , jg ) ,  n ( £ , h ) ) .  Then f o r  every  m £ n ( f , h )  th e re  Is  

a homotopy
H : C x I  -  B m n

d e f in e d  by

H (x ,s )  -  |  H®(x,2s) 0 * s £ h

K®(x,2s-1) k * s £ 1

x € C , s € I  where i f 1, K?*1 : G x I  — B w ith  m ® n
. -  * »q'0 n nm0 r

“ g *q' c ^  and1 n nnra 0

K? = h *q'1 n lnm

jn*A ls o ,  f o r  n '  ^  n l e t  H :  C , X I  B , be a  homotopy d e f in e d  by * m n

H '( x , s )  -
*■ m'

IT (x ,2 s-l)  k * s * 1
m* m»

X € c _ , ,  s 6 I  where H ,  f t :  C^, X I  -• B^, a r e  homotopies w i th

^ 0  “  £n ' ‘qn 'i« '

rf*i -  V < ' » '  * " S '

K®’ = h , q \  , .1 n ,nn m

S ince  f_ =“ £  and j> h th e r e  a r e  homotopies

GH,  GK: C , X  I  x I  -  B * m n

such  t h a t

GH( x , s , 0 )  = qm /  ( x , s )  

G H ( x , s , 1 )  -  H® •  ( q ^ ,  X  l j )  

c H( x , o , t )  -  f nq ^ . ( x )
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GH( x , l , t )  = 8nq ^ . ( x )

f o r  x g C^, ,  ®»t  € I  and

GK ( x , s , 0 )  = 6 c , « )

gk (x , s , i ) *= k® • ( q ^ .  x l j X x j s )

D efine a homotopy

GK( x , 0 , t )  = gn . q ^ .C x )  

GK( x , l , t )  = hn • q ^ , ( x )

G : C , X I  x I  -  B m n

by

GH( x , 2 s , t )  0 s  s £ %
G ( x , s , t )  s  |

G ( x , 2 s - l , t )  % £ 8 £ 1

x € ^m'» 3>t  € i  • Note th a t

‘> s ,0 )  -  { G 
L _K

GH ( x , 2 s , 0 )  = q _ _ . ^  ( x ,2 s )  0 £ s  £  %G (x ,s ,0 )  ■= 4 v , , y  Hnn

G ( x , 2 8 -1 ,0 )  =■ q .1^  ( x , 2 s - l )  \  £ s <; 1

Hence G (x ,s ,0 )  = q ,H '(x » 8 ) .  For t  = 1,

G G . , . ,1 )  ■ {  -  rf" • ( q ^ ,  X l t ) 0 s  s  s  %

GK( x , 2 8 -1 ,1 )  = K® • ( q ^ ,  X l j )  h S s * 1

Hence G ( x , s , l )  = H • ( q , x 1^) . A lso ,  f o r  eve ry  t  6 I ,  x € C » ,

G ( x ,0 , t )  = GH( x , 0 , t )  =

G ( x , l , t )  = GK( x , l , t )  = •

Hence ^  and h a r e  s t r o n g ly  e q u iv a le n t  ( f  «*■ h ) .

Now we w i l l  d e f in e  s t r o n g ly  eq u iv a len c e  r e l a t i o n .

D e f in i t io n  4 . 2 : Two con t inuous  fu n c t io n s  f , g  : C -• B between compact

m e t r ic  spaces  a re  s a id  to  be s t ro n g ly  e q u iv a le n t  ( i n  symbol f  ~  g) i f  

t h e r e  a r e  l e v e l  maps
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: C -  B o f  ANR-sequences such t h a t  _f =« and ltm  £  m f  ,

l im  £  ** g .

(Note t h a t  l im  C = C and l im  B = B).-  «- -

Remark; P ro p o s i t io n  4 .1  im p lie s  t h a t  ~  i s  an  eq u iv a len ce  r e l a t i o n .

(For p ro o f , see  ap p en d ix ) .

P r o p o s i t io n  4 . 2 ; Two homotopic maps f , g :  C -• B between compact m e tr ic  

sp aces  a r e  s t r o n g ly  e q u iv a le n t .

P r o o f : L e t  H: C x I  -* B be th e  homotopy w i th  Hq = f  and = g .

Embed C x i  In  Q x Q and B in  Q . S e le c t  a d e c re a s in g

sequence 15 o f  compact ANR-neighborhoods B^ of B in  Q w ith

fl Bn  = B. L e t I t :  Q -  Q be an e x te n s io n  o f  H. For each n ,  we can
__1

s e l e c t  a  compact ANR-neighborhood x I  o f  C x i  i n  H (B^) such

t h a t  C . . ,  x I c  C x I  and D (C x I)  = C x I .  W rite H = Ttlc x I .n+i n n  n 1 n

Note t h a t  f o r  every  n ,  H |c x I  = H. W rite  f  = H (0) and g = H (1 ) .* n '  n n °n n

Thus .f = ( f R) =>■ _g = (g^) showing t h a t  f  and g a r e  s t r o n g ly  e q u i ­

v a l e n t  .

Remark ( 1 ) : Two s t r o n g ly  e q u iv a le n t  maps may no t  be homotopic.

1 2L e t X be th e  s i n  ~  cu rve  in  1R w i th  domain (0 ,1 ]  and l e t

A *» c t(X ) => X. L e t  c be a p o i n t .  D efine f  and g such th a t

f ( c )  € A -  X and g (c )  € X.

Choose a  d e c r e a s in g  sequence A = (A^) o f  compact ANR-neighborhoods 
2

o f  A in  R  such  t h a t  f o r  each n .  A i s  c o n t r a c t i b l e  and fl A -  A.* n  n

Hence f o r  every  n t h e r e  i s  a  p a th  from f ( c )  t o  g (c )  in  A^ which
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shows th a t  £ and g a re  s t ro n g ly  e q u iv a le n t .

But th e re  I s  no pa th  from f ( c )  to  g (c )  In  A* S o  f  i s  no t  

homotopic to  g.

(2) The concep t o f  s t r o n g ly  eq u iv a len c e  lead s  to  a d e f i n i t i o n  of 

s t r o n g ly  shape p a th  connec tedness  which we w i l l  d is c u s s  in  S e c t io n  5.

Now, we w i l l  prove th e  main theorem.

Theorem 4 . 1 : L et E,B,C be compact m e tr ic  sp a c e s ;  p : E -* B be a

shape f i b r a t i o n  and f , g  : C -« B be s t ro n g ly  e q u iv a le n t  con tinuous 

fu n c t io n s  then  th e  shape f i b r a t i o n s  p '  and p" induced from p by

f  and g r e s p e c t iv e l y  a r e  f i b e r  shape e q u iv a le n t .

P ro o f :  L e t  £  : E -• B be any l e v e l  map o f  ANR-sequences and .f ,.g: £ -+ B

be le v e l  maps o f  ANR-sequences such t h a t  _f =*■ _g.

For each n ,  l e t  ( Z ' ;  f ' , p ' )  be th e  p u l l -b a c k  o f  (B ; f  ,p  )n n n n n n

and (Z"; g " ,p " )  be th e  p u l l - b a c k  o f  (B ;g  ,p  ) .  Then n  n n n n n

Z ' -  (Z 1, r '  ) and Z" = (ZM, r "  , , )  a re  in v e rs e  sequences o f"  n i) |  ni x ™ a  Q |Ut1

compact m e t r ic  spaces  w ith  l i m i t s  (Z 1; f ' , p ' )  and (Z", g " ,p " )  where

( Z ' ;  f ' , p ' )  i s  a p u l l - b a c k  o f  (B; f , p )  and (Z", g " ,  p") i s  a p u l l ­

back o f  (B; g , p ) .

As in  th e  p roo f  o f  th e  Theorem 2 .1 ,  by in d u c t io n ,  f o r  each

n “  1 , 2 , 3 , . . .  s e l e c t  compact ANR-neighborhoods E' and E" o f  Z1n  n n

and ZjJ r e s p e c t i v e l y  in  Eq x ; p o s i t i v e  numbers eQ and

0]^ <  e^) such  th a t

(1) r '  . (E ' . )  c  E ' ; r "  <E" , ) c  E" .n ,n + l  t&1 n n ,n + l  n+1 n

(2) l im  E ' «= Z' ; l im  E" * Z" .— «- —

(3 )  d <Pnf ' l E ' » f nP ' l E' )  <  « »n n n  n n n  n

. gnP^ |E ") < Cn ,
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where f ' : E  X C  - »E ; p ' : E  x C -* C n a n n r n n n n

(4) f o r  e ' ,  e "  6 Er and x ,y  £ Cn ,

d (p  ( e ' ) ,  f ( x ) )  < 71 ( e ' , x )  € E' andn n n  n

(5)

<KPn ( e " ) ,  8n(y ))<  ln =* ( e " ,y )  € E” .

As n -  »  , en 0 (so  does ,  and € A <<ln>n+1. y

We w i l l  d e f in e  morphisms

h '  : E' -  E" and h" : E" -  E'

such th a t

* Q i M £ ) ~ I £ . and

Q i ' . y  • ( h " > y  ~ I £  •

Morphism h" : j2" -• E'

S ince j> has AHLP and en “* ® as  n -• »  , every  (n f e) has a

l i f t i n g  p a i r  (m,e ) . L e t ( i , € . )  be a l i f t i n g  p a i r  f o r  (n,T1 ) ;i& l  n

( j t G j )  be a l i f t i n g  p a i r  f o r  ( i ,T ]^).  S ince  jE =»■ jj f o r  j > th e r e  i s  

an  index m and a homotopy

Hf : C X I  -  B,

such t h a t  

(6)

(7)

m

HJ q . f  and njm m

®1 ®j ^jm ^nm®m



D efine a homotopy x I  -• B^ by rf11 = H'

hm ■ r .  .  g" : E" -  E -  E. .jm m m m j

C onsider th e  fo llo w in g  diagram

r .

“ > E,

Let

m i j
E"xlm j

 > E.-7 i

g*

E "xlm -> B -> B,
i j

We w i l l  deno te  f '  E' by f '  e t c .  Then f o r  n = m, by (3) and 
n n n

th e  cho ice  o f  e € A (q .  •« .)»m jtu j

(8) “ V . 8!! • < ej

Since £  I s  a l e v e l  map, qjmPm -  p ^ r ^  

« ' >  d < f j r j n 8"m • q j «  m C  < e j

So (8) becomes

S ince h -  t Jng^ ana E j  -  q J m V ;

(8 " )  a ( P jh” , l ^ )  < .

S ince  ( j , 6 j )  i s  a l i f t i n g  p a i r  f o r  (i»T]f) th e re  i s  a map

<»° : E" X I  -• E. such t h a tm i
(9) ■ r t  • hm and

(10) d ( P l ( ^  , q ^ r f ”) < \  .

In  p a r t i c u l a r ,  by (10) we have
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l . e .  f o r  every  e "  € G" .m m

- & ! « ? < « ; » .  < \  ■

By th e  ch o ice  o f  7)  ̂ and (4)

« < * : »  « Ei  •

Hence we can d e f in e  a con tinuous  fu n c t io n

h" *= « £ ,  q ! P") : E" -  E! .n O' n im m m i

W rite  h” = r ’ •h” : E” -• E1 . Now f o r  n ‘ 2 n , l e t  ( i ' , e , i )  be an n i n m n  * * i

l i f t i n g  p a i r  f o r  ( n ' , 1 ^ , )  and ( j ' , e j , )  be a l i f t i n g  p a i r  fo r

( i ' jT ) ^ , )  such t h a t  i '  ^  i  and j 1 2: j  .

Let H" : C , X I  -* B. be a homotopy such t h a t  m j

(12) H£ » f j ,  • = q j 'm ’^ .  and

(13) BJ = g j , • q*,m. •

Define rf“ ' : E", x I  -* B .,  by = H" • (p " ,  X 1_) . L etm j  m i

h“‘ "  r j'm* * *ta' : Em' -  Em' “* Ej '  *
t

lUI1

By AHLP o f j>, l e t  Gm ; E ĵi X I  -♦ E^, be a  homotopy such t h a t  
• M •

(14) * r i , j , h m and

(15) d ( p l t Gm' , q i , j ,Hm' )  < Tlt

As b e fo re  th e re  i s  a con tinuous fu n c t io n

hn '  “  (GS  »q ' i ,m 'Pm,)  : E"m' "* Ei '  *

W rite  h " ,  ■ r '  . . .  • h " ,  : E", — E , . We want to  show t h a t  th e r e  i s  n  n 1 n m n

a  homotopy H : r '  .h " .  h " r "  , such t h a t  f o r  every t  € I  and fo r  nn n n mm

every e > 0 , ‘*<PiHt»q\im,Im,) < € . We will show that p ^  -  q ^ . P ^ .
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S ince  .f =- j£ th e re  i s  a homotopy
A
H = q j j . H " -  H '  • ( q ^ ,  X I j J

such th a t

(16) H ( x ,0 , t )  = = q jm . f m. 0 0

(17) f t ( x , l , t )  -  g j . q ] m. ( x ) = fo r  every x € Co , and t  € I .

H'
C ,XI m - > B J t

nm

BC XI

L e t  H : E", x I  X I  -  B. be H = q , ,* H * (p " ,  X 1 x 1T) • Note t h a t  m i  l j  m I I
J » I x l U l x I l J l x O  i s  homeomorphic to  I  X 1 . D efine a con­

t in u o u s  fu n c t io n  g : E", X J  -* E, bym l

g ( x , s , t )  « 1

r ^  • < C , * x i T><x »s >mm I
t  -  1 

8 » 1 

t  -  0
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“ P i * ' ™ ' » V '  h Ib; '  x 1 x !>

“ P i* .  " I *  X J )  -  j  o C P t ^ . g ^ . ,  h | e" ,  X 1 x I)

d ( p i r i i , Gm' ,  H |E^t X I  X 0)

Now by (10)

d ( P i * ( r™ '  x i r >. l i j r f "  • ( '™ -  x i j ) )  < n t

• in c e  h | e£ ,  i  I  « 1 ■ ( „  . 4 • (p£ , x l j  x 1I > lÊ » x I  x 1

'  ’ i j  • • (<m'  X V ^ '  X V

-  ’ i j  • H' '  <p; -  X X j X r ^ ,  X l r )

* i t j  <r ■ < ' „ •  x i j )

E"m
ran E"m

P « 'm

C ,m

m

-> C

Hence dCp^g, h | e^ ,  X J )  < T] f o r  t  « 1 . Now,

h | e; ,  X l X l . q ^ . 4  (pJJ, X l j  X l x) |B«# X 1 X I

-  « u  x 1 x 1

” ^ i m 'V P r a '  and

P i ' i m '  "  ’ im'Pm' *

Hence f o r  8 -  1 ,

K p t s ,  h | e - .  x J )  -  qlm.s „ .p ; .)  •

t  * 1 

8 ■ 1 

t  = 0



By c o n s t r u c t io n ,  f o r  n ■ m' i n  (3) and the  ch o ice  of e^, In  (5) 

we have

d (pm'8"t» iP"i) < e , => d(q. ,p ,g",,q . ,g ,p",) < T\.m m  m m  m lm m m tm m m 1

f o r  t  = 0 ,

h |e ^ ,  x i  x o = q i j - ^ - C p ^ .  x i j X  I r ) | e ” , X i  x o 

- q i j * qj j '  H" * ( p ^  X V

* q i j -  H” ,(P m’ X 1I ) = q i j fHm 

By th e  cho ice  o f  7]^, ,

d (p^iG » q t i j . h111 ) < =* d *q£' j • ^  ) < ^  »

I . e . ,  d (p i » r i i ,Gm ,  q£j , H™ ) <  T^. So, f o r  t  = 0,

d ( P i g , H|E^, X J) < T]i  .

S ince  ( i , e ^ )  i s  a l i f t i n g  p a i r  fo r  th e re  i s  a homotopy

G: E", x I  X I  “• E such  t h a t  m n

(18) g | e" ,  x J  = r  .g and

E", X j  8----------- > E.
n l

-> E

E", X I  X I
V
B. -> B

H n
4n i

(19) d (p nG ( x , s , t ) ,  qn i H ( x , s , t ) )  < f o r  every  ( x , s )  € E^i

and t  € I .  W rite  & = g | e " , x 0 x ! •  We want to  show t h a t
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(22) pn ^ t * ' 1nm' ’ ^Pm' * °  * 1I ^  = qnm' * Pm' f ° r  ev e ry 1 * 1

(by d e f i n i t i o n ) .  For (20) we have to  show t h a t  f o r  every  x € E", and
n

t  € I  |  d (p  & ( x , 0 , t ) ,  f  • q '  , . p " , ( x , 0 , t ) )  < T| which by th e  cho ice  J n n nm m n

o f  T]n im p lie s  t h a t

( £ ( x , 0 , t ) ,  ( x » 0 , t ) )  € .

By (19) d (pnG ( x , 0 , t ) ,  qn i H ( x ,0 , t ) )  < T]n .

By d e f i n i t i o n  o f  H, d (pn& ( x , 0 , t ) ,  qRi • q ^ ^ P ^ i  (x) ,0 ,  t ) )  < .

By (1 6 ) ,  d (pn^ ( x , 0 , t ) ,  qn j  . < \  *

i . e .  d (pn£ ( x , 0 , t ) ,  q ^ . ^ . P ^ . C x . O ^ ) )  < T)n  s in c e  q ^ . f ^  = f n • q ^ f

d (p n^ ( x , 0 , t ) ,  f ^ . P ^ . U . O . t ) )  < 71n

so  by (4)
( £ ( x , 0 , t ) ,  q '  , p " , ( x , 0 , t ) )  € E' .nm m

Now f o r  t  * 0

(& (x ,0 ,0 ) ,  q '  , p " ( x , 0 , 0 )  = (G (x ,0 ,0 ) ,  q '  i P " . ( x ) )  nm m mu in

" r n i8(x»°>0 )’ C ' pm '(x))

“ (rni*r i i ,Ĉ  (x»0 )> q ,nm'Pm '(x))

" (x»0)»qm 'Pm,(x ))

“ r̂ nn '*r n ' i ' ^ '  (x*0^* C '  X ' i '  *qi ’m'Pm'

" rnn' (rn , i ,Ĝn <x’°>»qA 'i 'S 'm ^ m '(x))

“ ^ • • ^ • i ' ( < f , (x » ° > ^ - m ' p; - (x ))

“  *

S im i la r l y ,

C & fr.O .n .q^ .P ^O c.O .l)) -  ( C l x .O .D .^ .p ^ W )

■ (r„ l8(* - ° '1)><C i ' t,m '(’0 )

■ <rn t G" (C . '  »

M )
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■ r ; i (ri“ ( r l l (x > >0 ) «,’ im •<C ' pm '(x ) )

•  C ’ <->

"  hn * r l , ' < X> *n nan

Hence r  ' . • h " .  =>* h" • r "  fy which proves (2 1 ) .  Hence ( h " , l  ) nn n n ran -  ~c

,J2) i s  a morphism o f  l e v e l  maps.

Morphism h '  : JJ' -• E"

L et  ̂ be a l i f t i n g  p a i r  f o r  (m * ^ )  and (Jm»ej )
m

l i f t i n g  p a i r  f o r  ( i m»Gi  ) •
m

m

L et K' : C x I  -• be a homotopy w ith
®0 j "

* b - £j  **j m_ **j mn ^mnJm Jm 0 Jm 0 m 0 0

*1 "  8J qJ «n = qJ mAgmn *Jm m 0 Jm 0 0

“ 0

D efine  a homotopy K : E' x I  B by K * K' • ( p '  X 1_) .
mn Jm m0 1

L e t  k

“ 0

f '  : E' -  E -  E
m 0 “ 0 mr

be a
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E. V .

m

J  ^ p ,1Jm

< ^ "  \ V
E' X I  
*0

-> B,
'm i  j mm

m

m

By c o n s t r u c t io n ,  fo r  n = in  (3)

d (Pm f ' » fm P ' ) < e . 
mo mo mo mo “ o

S ince  e € A (q , T\ ) ,
H) Jm 0 Jm

d ( q .  P f '  , q . f  p ' )  < T).
V “o "o  “ o V o  “ o m0  j m 

Hace  ’ j  m „ V  * P j '  r j  » n *Jm 0 0 Jm Jm 0

d (P i  * f '  , q .  f  P ' ) < T), < »
Jmm0 m0 ^mm0 m0 m0 ^m ^m

i . e .  d (p  k ,  Kq) < e . S ince  ( j m»ei ) 18 a l i f t i n g  p a i r  fo r
»m III hi'm

( f  )» th e r e  i s  a map J  : E' x I  -♦ E such t h a t
m V  “ 0 i -m

(23)

(24)

Jo " r i  j * k andmm

dCPi q £ 1 K> < •
m mJm m

In  p a r t i c u l a r ,  d (p^  q^ . K^) < T)  ̂ . Now
m m m  m

’ 1 1 3  '  ’ 1 . 5  • p«„mm mm

V . V o V 'c .

’ i . " o S \

8 ‘ .  • , ‘ . ’ o '" o  •
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By th e  cho ice  o f  1). , th e re  Is  a con tinuous  fu n c t io n

h '  -  ( J . , q ! p '  ) : E’ -  E" .m 1 1 mn mft mA 1m 0 0 0 m

W rite  h '  = r " .  • "h1 : E' -* E'' -• E" . Now we want to  show t h a tm ml m mrt 1  mm 0  m

h" • h '  ~  .

C onsider the  fo llo w in g  diagram

E'
“ 0

h '
m

h”n
-> E" m

“ 0

“ 0

tun.

m

-> Cm

n

-> C

Observe t h a t  p '  • r 'nm„ “ ”0  ® 0
. A lso ,

h" • h '  = p '  • r '  • ‘K" . r " .  • h 'n m n  n .  n ml m
1  m

P ' • r V  • (G®,q! p") • r " ,  . ( J .  ,q !  p* ) *n n l  v 0 ,Hi  m mi l * n i  mftr mn“  n  m u um

• « £ • « >  • C i  ( j r ’ U 0om m 0  v)

q ' • q! p" • r "  • ( J- ,q !  p '  )Hn i  i  m mi 1 i  mn mJm m m 0  u

m 0 0C  * < i  * Pim m

4n i * q j  P
m lm”0 “ 0

“ 0

Hence, p '  • h" • h '  = p '  • r '* n n m n nm-*
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We only  need to  show t h a t  th e r e  I s  a  horaotopy

L : h"  • h '  =- r*n m nn»Q

such  t h a t  f o r  every  t  6  I  and f o r  every  e > 0

d ( p 'L^» q '  p '  ) < e • n t  bTOq ®q

We w i l l  show t h a t  p 'L_ = q '  p '  . S ince  f  and g a r e  s t r o n g lyr n t  îuHq mQ ® e  3

e q u iv a le n t ,  t h e r e  i s  a homotopy

ft : C X I  X I  -  B. 
m0  j

such  t h a t  ftg = q K' and ft^ = H' • (q ^  X l j )  ,

f t ( x , 0 , t )  = q f  • q! and f t ( x , l , t )  = q g . q '  ,
JJm Jm Jmm0  J J m Jmm0

V x € C ,  t  € I  . 
m0

C X I  
“ 0 , K'

->  B ------------------ ^  B
m fm

q™,ox l i

C X Im
H'

lj j m « i i m

L e t  M = q ^ j  • ft • ( p ^  X l j  X l j ) :

■j - , - - * * .

p '  X lTx l T 
0

E' X I  X I  - — - ------------> C x I  X I
“ o m0

ft li j
-> B, -> B.

L e t  J  = I  x 1 U 1 X I  U I X O w l x O  . D efine a con tinuous  fu n c t io n

I  : E' X j  _  e .  by 
“ 0 1

■ t ( x , s , t )

t  -  0  

8 - 1

<f* • (h^  x i p O c . s )  t - 1

r l l  J l (x) m



E'  X J

E ' X I  X I M
“0  “  ‘  Hn i

f o r  s = 1 ,

< f  • ( h '  X 1 ) ( x , l )  = G? • h 'm l  i  m

■ r . .hm .  r " .  • (X ,q! p 1 )
‘ J m 1  V o S

“  r l j  '  r Jm • «£ '  r ml n ,„ C >J J m m 0  0

■- r  e"  .  r "  ( J  , q '  p '  )im gm mi 1  i  m- nu m m u  u

■ r i »  *1 ( J i ’q i  » . C )m m 0 0

“ r i i  J 1  * in

Hence I  i s  w e l l - d e f in e d .  A lso ,

d ( Pi:i ,  m | e^  X i  x 0)

m Ie ' X J )  -  -( d (p  I ,  m |e '  X 0 X I )
1 “ 0  1 1 “o

M|E' X I  X 1) 
l  mQ

t  «= 0

8  = 0

t  -  1

For t

“ (Pvt,, m|e* x i  x o) * <*(pi r i l  J ^ A ,  * ( C  x 1 i ) )  
no m U

-  ■>(qu  P J ,  I j . q  , K' . <p' X 1 j ) )  
m m  m u

■ * * (q j i  p  ̂ •*» q t j  *0 •
m m
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By (24) and 7^ < et  € A (qu  ,1 ^ )  , 
m in m

d ( q i i  Pi  J » q l i  '  q i  J K) < ’m m  m mm

F o r  s  °  1

X 1 X I )  ■ '  ( P ^  X l j  X l j ) ^  X 1 X I )

-  d ( ,  p  j j ,  ,  ,  q] p '  )
m m  J JJm Jm 0  0

'  “ S t  p i  J l >  ’ l j  V « nm m  Jm Jm 0  0  0

■ pi  J i* i n  • ’ im m  m m 0  0  0

-  d ( q t i  P i  J j ,  q u  • q t  J Kj) .
m m  m ram

By (24) and e t  6  A (q iJL .T^) , 
m m

d (q i i  p £ J l p q u  • q £ j  < Tli •
m m  m mm

For t  = 1

d ( p if MlE; o X 1 X 1 ) .  d ( P lG " . ( h ;  x l ^ . q j j  f t j  • ( P ^  X V >

-  d ( P lCi"<h; X V . q y  H ' < q ^  X 1 ^  X l t »

S ince  q '  • p '  * p" • h '  ,»w i * n> * m m 9mm
“ o m m

d (P1<t,MlE’ X I  x 1) -  X • (p” X x I r ) )

-> E" m

‘0
■> cm
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By (10 )

d C P i C ”  .  ( h ;  x  i p ,  q ^ o ^  x  i r ) )  <  * n t  ,

I . e . ,  d ^ G ®  • (h^ x l j ) ,  q H' • (p" x I j X h ^  X 1 j ) ) < \  .

Hence d ( p ^ »  m|e* x J) < T| . S ince  ( i , e . )  i s  a l i f t i n g  p a i r
1  m0

f o r  (n.TI ) th e re  i s  a map ft : E' x l X l - * E  such t h a t  '  * 'n mQ n

(25) f i |E '  x J = r  A
m0  " i

(26) d (pn ft, qn l  M) < T]n .

D efine a homotopy L : E' x 1 -* E' by L ( x , t )  = ( f t ( x , 0 , t ) ,  q ' p '  (x ))
m0  n “ “o m0

f o r  x € E' ,  t  € I  . We have to  show t h a t  L (E ' X I )  c  E' , i . e . ,
mo mo n

t h a t  f o r  every  x € E' and t  6  I
m0

<k p „  f n • ^ op; o <x) )  < Tin .

By (2 6 ) ,  d (p n t ( x , 0 , t ) ,  qn i H ( x , 0 , t ) )  < Tln where 

qn i  M (x ,0 , t )  -  qn i q l:j ft • ( p ^ ( x ) , 0 , t )

"  qn j  ’ q j j  ’ f j  ‘ qj  “ nP“ n (X)J J m m 0 0

« q _ .  • f . • q! p '  0 0  Ti j  ■ 1 1 raA mnm m m 0 0

« f  • q '  • q! _  p '  (x)
n  nJm Jmmo m0

» f  q '  p '  (x) . n nmQ m0

L ( x , 0 ) = ( f t (x ,0 , 0 ) ,  q* p* (x ) )
0

-  ( r n£t ( x , 0 , 0 ) ,  q ^ P ^ G O )  by (25)

‘  < ' „ l  • r l i .  V X)-

Now,



Hence L : r '  =- h"  • h '  i s  th e  r e q u i re d  homotopy.nniQ n m

Observe t h a t  f o r  every  x € E1 and f o r  every  t  € I  >
m0

P;  L ( x , t )  = P; ( L ( x , 0 , t ) ,  q ^ P ^ O O )

-  q' P ' (x) .
“ "o “o

By s i m i l a r  arguments one can show t h a t  h '  • h"  ~  1 .

Im portan t c o r o l l a r i e s  o f  t h i s  theorem a r e  i n  th e  n ex t s e c t i o n .

L e t B be a  compact m e tr ic  space o f  a t r i v i a l  shape . Then one can 

embed B in  the  H i lb e r t  cube in  such a  way t h a t  th e r e  i s  a d e c re a s in g  

sequence o f  neighborhoods o f  B such t h a t  each B^ i s  homeo-

morphic t o  Q and
D B - B .
n  n

L e t Jl = (1R ) :  B -* B be an i d e n t i t y  l e v e l  map and f o r  any p o in t



be th e  t r i v i a l  l e v e l  map. (For each n, b_ : B -* B i s  a t r i v i a lU n a

co n tin u o u s  f u n c t i o n ) .

For every  n and f o r  every  b^ 6  B^ th e r e  i s  a p a th ,

id , : I  -  B such t h a t  <n . ( 0 ) = bn and m ( 1 ) = b . in -n ,b  n n ,b  u n ,b  n n ,b

duces a  homotopy
t f1 : B X I  -  B n n

d e f in e d  by H°(b , s )  = ud . ( s )  fo r  b € B ,  s € I  . n n ,b  n n

Again s in c e  Bq i s  homeomorphic t o  Q f o r  each n,

q . ,  (yu , ,  . ) -  u) . i s  a c o n t r a c t i b l e  loop in  BMn ,n + 1  n + l ,b  n ,b  r  n

( I -e - '  “ n .b  € t0) 6  " l (Bn ' b0 ) > • Hence £or each  bn+l

t h e r e  i s  a  homotopy : I  X I  -* B^ such t h a t

h£(S, 0 ) = »n>b( . )

< ( 0 , t )  » b0

"  '>„,n+l (bn+l )

f o r  € B^tl> s , t  € I  . D efine a  homotopy H° : B ^ ^  x I  X 1  “• Bn

by A b ^ . s . t )  = l £ ( s , t ) .

T h is  proves t h a t  l g  and b^ : B -* B a re  s t ro n g ly  e q u iv a le n t .  

T h is  f a c t  to g e th e r  w i th  th e  Theorem 4 .1  im p lie s  the  fo l lo w in g :  

C o ro l la ry  4 . 1 . 1 : Let p :  E -• B be a  shape f i b r a t i o n  and B be o f

t r i v i a l  sh ap e ,  th e n  p i s  f i b e r  shape e q u iv a le n t  to  a  t r i v i a l  shape 

f i b r a t i o n
n_ : F. x B -  B B b0

where Ffc » p * 0 >q) .



S e c t io n  5

STRONG SHAPE PATH CONNECTEDNESS

In  t h i s  s e c t i o n  we w i l l  d e f in e  s t r o n g  shape p a th  connec tedness

and w i l l  show c l a s s e s  o f  such s p a c e s .  At th e  end we w i l l  p a r t i a l l y

answer th e  q u e s t io n  r a i s e d  by M ardeslc [1 0 ] .

L e t B be a compact m e tr ic  space and B = (B ,q ) be an ANR-— n ’^nm

sequence w i th  Hm B = (B,qn ) .  L e t b , c  € B be any two p o in ts  and

b ® ( b ) , c = ( c )  where f o r  every  n ,  b = q (b) € B , c = q (c) £ B .— n * — n J * n  ’ n n* n Mn n

We w i l l  d e f in e  a p a th  from b t o  c In  B.

D e f in i t io n  5 . 1 : A p a th  from b = (bn ) to  £  = (c^) in  an  ANR-sequence 

B = (B ,q  ) i s  a fam ily  o f  p a th s  ^  = {oo : I  -• B |n 6  N, m (0) = b ;

d)n ( l )  = c n ) such t h a t  f o r  each m ^ n th e r e  i s  a homotopy H: I  x I  -♦ B 

such th a t
H (s ,0 )  = u>n (s )

H ( s , l )  = q < »  ( s )  nm m

H (0 , t )  = b = q ( b )  n nm m

H ( l , t )  = c =  q ( c )  fo r  a l l  s , t  € I  . n  nm m

P r o p o s i t io n  5 .1 :  L e t B = (B .a  ) and B' = ( B ' . q '  ) be ANR- -------------------- — n nm n nm

sequences such t h a t  11m B = l im  B' = B. For p o in ts  b ,c  6  B, l e t

b *= (bn = q ^ b ) ) ;  c = (cn = qn ( c ) ) ;

b '  «= (b '  = q ' ( b ) ) ;  £ '  = ( c '  = q ' ( c ))»  n n n n

I f  t h e r e  i s  a  p a th  <j) from b t o  £  i n  B th e n  th e r e  i s  a p a th

jli' from b ' t o  £ '  i n  1$' .

P r o o f : As in  th e  p ro o f  o f  th e  Theorem 3 .1 ,  by in d u c t io n  we can choose

a sequence (e ) o f  p o s i t i v e  numbers e , and c o n s t r u c t  a  mapn n

jf «* (f^ jd r) :  JB -• B' o f  ANR-sequences such t h a t  fo r  a l l  m,n (m ^ n)

( 1 ) d ( q ' f  ,  f  q , .  / n ) < 6  where e i s  so sm all  th a t'  '  xnnm m* nno(n)o(m ) n n

th e r e  i s  an  en -homotopy
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^ ’ n̂m̂ m ^n^a(n)a(m)

and

(2) f o r  every  b € B,

b '  « q *(b) and q ’ f  (b ,  x) = q '  f  q . x (b) n Mn Mnm m C*(m) Mnm ai'aCm)

l i e  in  a c o n t r a c t i b l e  e - b a l l .n

By assum ption  f o r  each n th e re  Is  a  p a th  : I  -• such

t h a t  ou ,  . ( 0 )  = b ,  . and u ) / x ( l )  = c /  x . Hence f  *u) , x : I - * B  . X-»B' o (n )  or(n) a (n )  <u(n) n a (n )  o (n )  n

i s  a p a th  in  B' from f  (b , x) to  f  (c , x) .  v n n o (n )  n a (n )

By (2) f o r  n = m, th e re  a re  paths

Xj, Xn : I  -  B 1 t» c n

such  t h a t  x£(0) = b ;  ; *£(1) = f n 0 »a ( n ) ) ; x"(0) = f n <ca ( n ) ) ;  X "(l) -

and each p a th  l i e s  in  an en~ b a l l .  So, uû  = ^e*£nU)a (n j * ^ : * “* ®n *-s a

p a th  from b '  t o  c '  i n  B' d e f in e d  byr  n n n

\ " ( 3 t )  0  £  t  ^ $

= <  f n“ « ( n ) ( 3 t ^  * §
\"(3t-2) f s t s l

Again by assum ption  f o r  m 2: n th e re  i s  a  homotopy

H : I  x I  -  BOf(n)

such  t h a t
H (s ,0 )  = «>a ( n ) (s )

H ( s , l )

H (0 , t )  = ^of(n) ^OfCnJaCm) ^ a (m )^

= ° a (n )  ^cKnJaOn) ^Ca(m)^

f o r  a l l  s , t  € I  • Hence th e r e  i s  a homotopy

ft : I  X I  -  B' n

such  t h a t
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LnXj;(3s) 0 s  s « £

f t ( s , t )  = J f n H ( 3 s - l , t )  J s s s f

I \ n <’3R-23X“ (3 s -2 )  f s s s l .

By (1) and (2) th e re  i s  a homotopy

G' : I  X I  B' n

such  t h a t

\ O s t t )  0  £ s £ £

G ' ( s , t )  = J  G(3 s - l , t )  ^  s  s i  |
I

Kc ( 3 s - 2 , t )  f  S s s l

, n , n ,, ■ , mwhere by (2 ) ,  K. : q 1 X, =* X, and K : q '  X =- X such th a t  1 * b  ^nm b b c nnm c c

1 ^ ( 0 , t )  = b^ , Kc ( l , t )  = c^ , 1 ^ ( 1 , t )  = G (0 , t )  and Kc ( 0 , t )  =

G ( l , t )  f o r  every  t  € I .

Now, we d e f in e  a homotopy

H' : I  x I  -  B1 n

by

Note t h a t

( G '( s

H’ (B' t> ‘  I  f t * .

G '( s , 2 t )  0 £ t  £ h

2 t - l )  k * t  £ 1 .

H* ( s ,0 )  = G '( s , 0 )  = q '  <«'* * nnm m

H ' ( s , l )  = f t ( s , l )  = X”  • f  «) ( v • Xn = « '* '  » '  c n a (n )  c n

H ' ( 0 , t )  *= 1 ^ (0 ,  t )  = b^

= K ( l , t )  = c^  f o r  a l l  s , t  € I .

Hence H' i s  th e  re q u ire d  homotopy between q '  u)' and u>' whichran m n

proves t h a t  <u' *= (od̂  = x" • i s  a Pa th  from Jl ' to  £■' *

Now we can  d e f in e  the  fo l lo w in g .

D e f in i t io n  5 . 2 : A compact m e tr ic  space B i s  s a id  to  be s t r o n g ly  shape

p a th  connected  i f  th e re  i s  an  ANR-sequence B ■ (B ,q  ) w ith— n ran
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l im  B * (B,q ) and fo r  every  p a i r  o f  p o in ts  b ,c  € B, th e re  i s  a path  4* 11

ill = (u)n) from b = (b^ = q^Cb)) to  c °  (c^  *= q ^ ( c ) ) .

Remarks: (1) C le a r ly  i f  X i s  a p a th -c o n n ec te d  compact m e tr ic  space 

th en  X i s  s t r o n g ly  shape p a th  connec ted .

(2) L e t c = {*} be a space w ith  one p o in t  and B be a s t r o n g ly

shape pa th  connected  space .

Then any two maps f , g :  C -♦ B w i l l  be s t ro n g ly  e q u iv a le n t .

L et f (* )  = x and g (*) = y . I f  p: E -• B i s  a shape f i b r a ­

t i o n  then  th e  induced shape f i b r a t i o n s  from p by f  and g r e s p e c t iv e ly

a r e  p , :  F -* C and p : F -• C . f  x g y
Analogous to  the  p a th  component we can d e f in e  s t ro n g  shape p a th  

component of a compact m e t r ic  space .  Two p o in t s  a r e  in  th e  same s t ro n g

shape p a th  component i f  th e r e  i s  a s t r o n g  shape p a th  co n n ec tin g  them.

Combining t h i s  w ith  the  Theorem 4 .1  we have 

C o ro l la ry  4 . 1 . 2 : L e t p: E -* B be a shape f i b r a t i o n  and x ,y  € B be

any p o in t s  in  th e  same s t ro n g  shape p a th  component th en  th e  f i b e r s

p * (x) and p ^ (y )  a re  o f  th e  same sh ap e .

D e f in i t io n  5 . 3 : A compact m e tr ic  space Y i s  s a id  to  be s t ro n g ly  shape

dominated by a compact m e tr ic  space X i f  t h e r e  a r e  ANR-sequences

X ** (X ,q  ) , Y = ( Y . r  ) and i f  t h e r e  e x i s t  a l e v e l  map— '  n ’^nm * — n* nm

£ -  < £ „ . y  < i  -  K

and a map _g = ^8 n »a) ’ * X

o f  ANR-sequences s a t i s f y i n g  th e  fo l lo w in g  c o n d i t io n :

For every  n th e re  i s  an index n such  t h a t  f o r  a l l  n ’ ^  n

t h e r e  i s  a  homotopy

h" : Y , X I  -  Y n n



such th a t

and i f  f o r  m £ n ,

w i th
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„n 
H0  " ®n^Qf(n) rof(n)n'

n
r nn '

rf" : Y , X I  -  Ym m

- c - ®m^o(m)r a(m)m1

r  i mm

(m* * n ' )

th en  th e re  i s  a homotopy

H : Y , x I X l - Yra

such t h a t
H (x ,s ,0 )  = r ^ r f ^ x . s )

H ( x , s , l )  = Hn*(r a tmi X I j X x j s )

H ( x , l , t )  -  *„„•<*>

H ( x ,0 , t )  = G-(faimy r a(m)m, X l j H x . t )

f o r  x € rm,(Y ) ,  s , t  € I  » where the  homotopy

G : X ,  . X I  -  Y a(m) n

i s  g iven  by th e  d e f i n i t i o n  o f  & w i th  GQ -  r nmgm , -  8 n *qa ( n) a (m)

r  .mm

o(m) Q'(m') a(m) IBL Ym

r n 'm '

V
r ar(n )n '

£
a(n)a(m )

"̂ Yo(n)
a (n )

**o(n)a(m) nm

-> Xa(n>- ■» Yn

rnn'



- 76-

Theorem 5 . 1 ; L e t a compact m e tr ic  space Y be s t r o n g ly  shape dominated 

by a  compact m e tr ic  space X. I f  X i s  s t r o n g ly  shape p a th  connec ted , 

so  i s  Y.

P ro o f :  L e t X = (X ,q ) and Y = (Y , r  ) be ANR-sequences w ith--------  — n^nra  — n nm

lira X = (X,q ) and lim  Y = (Y , r  ) ,  A lso ,  l e t  f  = ( f  ,1  ) :  Y -  X 
™ n  4“ ~ n  n  w

be a l e v e l  map and *» (g^c*) ! Y be a map o f  ANR-sequences w ith  

the  p ro p e r ty  d e f in e d  in  the  d e f i n i t i o n  5 .3 .

L e t l^m _f « f  : X -« Y be a con tinuous  fu n c t io n  and f o r  any p a i r  

o f  p o in t s  y , y '  € Y ; f ( y )  = x ,  f ( y ' )  = x '  £ For every  n , denote

% (*>  -  V  -  * ’n 6  V  r „<y) -  yn ’ r n (y ,>  "  K  6  Yn • Then

x * (xn)> = ^  = ^ n ^  and = a r e  se<luences p o in t s .

Note t h a t  f o r  a l l  m ^ n . q  ( x ) = x  and r  (y ) = y .nm m n nm m n

By assum ption  th e re  i s  a p a th  jjj = I  -• X^) , = xn »

con ( l )  = x^  } from x to  x '  in  X . Hence : * “* ^o(n) *S a

p a th  w i th  /n v
“ O(n>(0) ’  a (n )

^aOO xo-(n)

and
g *tu . . : I  -  Y ®n cr(n) n

I s  .  p a th  w i th  gn (0 ) -

v « ) (1> ■ 8n( * ; (n )> •
*

A lso ,  by assum ption ,  f o r  every  n th e re  i s  an index  n such t h a t  f o r  
, *

every  n £ n th e r e  i s  a homotopy

Hn : Y , X I  -  Y n n

such  t h a t
0  ® n ^ a (n )r a f(n )n '

l"  a I
1 nnH, ■ r  , .
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Hence fo r  y , and y ' ,  f  Y , th e r e  a re  pa th s  ■'n ' n  n

H"(y ,)  = Hn : I  -  Y n ' '  y n
Hn ( y 1,)  = Hn , : I  -  Y Jn y n

such th a t

" ? (0) ‘  '  8 n (xa(n)>

" y ( l )  * r ^

and
Hy,<°) = 8nf a (n) ra ( n) n ' ^ , )  = 8n (xi ( n ) )

Kn , (1) = r  , ( y 1 1) = y ' • y '  n n n  n

L e t ^ y ( s )  = Hn ( l - s ) .  Then th e re  i s  a p a th

uj' : I  -  Y n n

d e f in e d  by

fty (3 s)  O s s S |

® i (8) =  ̂ V a C n ) 0 8 ' 15 ^ S S
H *,(3 s-2 )  f  s s s l  .I

Note t h a t  uu'(O) = ftn (0) = H*)(l) = y , <u' ( l )  = = *n y y n n y “
• *For m a n  l e t  m a m  and

H® : Y , X I  -  Ym m m

be th e  homotopy such t h a t

<  8m^a(m)r a(m)m'

and
r  i •mm

For ym, ,  y ^ ,  € th e re  a re  p a th s  ^ ( y ^ , )  * ^  = ^ y ' 5

I  -• Y such t h a tm
lC (0) * C V - J *

.

< ■ « »  -

and 1̂ , ( 1 ) -  y^

w
in
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L et ^f*(s) = rf”( l - 3 ) .  Define a pa th
y y

< < s>m

$“ (3s)  0 s  s £ £

g U) , N ( 3 s - l )  i  S S  sm c*(m) 3

H ^,(3 s - 2) f  s s s i

S ince  X i s  s t r o n g ly  shape p a th  connected  th e re  i s  a homotopy

K : I X  I  -  X , .a (n )

such  t h a t

K(5-1) ‘  % ( n ) <s)

K (s ,0 ) = fla ( n ) „ w  (3)

X ( ° , t )  -  xa (n )

'  * i ( n )  '

D efine a homotopy K' : I  x I  -* Y by

^ ( 3 s )  0  s  s £ &

K ' ( s , t )  - j  gnK ( 3 s - l , t )  | s s s

H*J,(3s-2) f « i « l

A lso ,  by assum ption  th e re  i s  a homotopy

H : Y , x I x I - Y  m n

such  t h a t  H (z ,s ,0 )  = r_^rfB( z >s)

H ( z , s ,1 )  = Hn - ( r n ,m, X l j X z . s )

H ( z , l , t )  = r ^ t z )  

and H ( z ,0 , t )  = G* ( f a (m) , r a (m)m' x 1I ) ( z >t )

f o r  z € ^mi» s »fc € 1  > where by d e f i n i t i o n  o f  jj and by assum ption

th e r e  i s  a homotopy
G : X . . x I  -  Y or(m) A n

such  t h a t  Gn * r  gU nm m

*"<l Gi '  V«(*)«(») •
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D e fin e  a homotopy G' : I  X I  ** Y by

’'m  '  '

G '( 8 , t )  = j  G-(*a W  x l p O s - l ) 3

Note t h a t  y^ , = fmi(y )  and y^i = * X'-nc* tn a  re q u ire d  homo­

topy H' : I  x I  ■< Y i s  d e f in e d  by

f G ' ( s , 2 t )  
H ' ( s , t )  -  J

[ K ' ( s , 2 t -

Note t h a t

. H(ym, ,  l - 3 s , 0 )  0 £ s < £

H '( s ,0 )  = S ' ( s , 0 )  -  J  G(u)a (m )( 3 s - 1 ) ,0 )  §  s  s £ §

* H (y ^ , ,3 s -2 ,0 )

N<» IK ,B, , 1 - 3 . , 0 )  -  r m n"<yn . , l - 3 s )  -  ^ ( 1 - 3 . )  -  r j T O s )

G(,"a(m)(3s- 1 )>0> ’  'nmVcKnO (3“' 1)
H ( y ; „ 3 S- 2 ,0 )  -  r ^ ,  Os-21 .

Hence H '(s .O ) = r  i b ' ( s )  .nm m

I f  (3 s )  0 £ s £ £

H '< s , l )  = K ' ( s , l )  = gnKC 3 s - l ,D = g nO)a ( n ) ( 3 s - l )

h " , ( 3 s - 2 ) f s s s l

So, H ' ( s , l )  = • Al so »

G '( 0 , 2 t )  0 s: t  £ h

•1 ) % £ t  £ 1

( G ' ( 0 ,2 t )
H '( 0 , t )  -  J

[  K '( 0 ,2 t - ]

G '( 0 , 2 t )  -  H(ym„ l , 2 t )  -  r ^ . C y ^ )  -  y„  

K’ ( 0 ,2 t - 1 )  -  ^ ( 0 )  = H "(l)  = y n

and
f G ' ( l , 2 t )  

H’ ( l . t )  -  {
[ K ' ( l , 2 t -

O s t s J j  

i )  h * t  *  i



y ' n
Hence <*>' ** (co^) Is  a p a th  from jr to  j r '  in  Y .

C o r o l l a r y ; I f  a compact m e tr ic  space Y i s  homotopy dominated by a 

compact m e t r ic  space X and i f  X i s  s t r o n g ly  shape p a th  connected 

th e n  so  i s  Y.

P r o o f ; We j u s t  have to  show th a t  Y i s  s t r o n g ly  shape dominated by X.

Embed Y and X in to  th e  H i lb e r t  cube Q. By assum ption  th e r e  a r e

c on t inuous  fu n c t io n s  f ;  Y -• X and g; X -* Y and a homotopy H: Y X I  -• Y

such  t h a t  Hq = g f  ; Ĥ  = 1^ .

Extend the  con tinuous  fu n c t io n  g ; X - » Y  t o  g : Q - * Q  say .

F i r s t ,  s e l e c t  a d e c re a s in g  sequence o f  compact ANR-neighborhoods

Y o f  Y i n  Q such t h a t  fl Y «= Y . Then s e l e c t  a  d e c re a s in g  sequence 
n n n

o f  compact ANR-neighborhoods X o f  X in  Q such t h a t  f) X = X and
n n n

g lx  c  Y f o r  each n . n  n

L e t  q ; X -* X and r  ; Y -• Y be the  in c lu s io n s  fo r  a l lnnm m n nm m n

m £ n .  W rite  g lx  = g fo r  each n .  Then e ; X = (X ,q  ) -• Y «
1 n n n nm ~

(Y ^ ,rnm) i s  a l e v e l  map of ANR-sequences such t h a t  8 n l^  * 8  ^o r  each 

n .  S im i la r ly  ex tend  th e  con tinuous  fu n c t io n  f ;  Y -* X to  T; Q -• Q say .  

For each n th e re  i s  an  index n such th a t  f o r  a l l  n 1 ^  n ,

Y , c  ?  ^(X ) .  Hence fo r  each n we can s e l e c t  an index o?(n) such n* v n

th a t ? <Ya ( „ ) ) = Xn and to c  ”  2 " • Y«(m) = Y„ (o ) • Write f lYcr(n) * f n

f o r  each  n .  Then ^  = (a ;  f  ) ;  Y -• X i s  a map o f  ANR-sequences such

t h a t  q f  “ f r , \ /  \ f o r  m n ,  and f  Y » f  f o r  each n .  
t u b  m n a(n)orOn) 9 n

S ince  f o r  each  n ,  Yq i s  an ANR, Y i s  a c lo sed  s u b se t  of

gn f n |Y ■ g f  and r n a ( nj h°mot°Py H: Y X I  -• Y can be
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e x te n d e d  to  a  homotopy

such th a t

: Y ,  . X I  -  Y or(n) n

H?(n) = g f  and H?(n) = r  ,  ,  .
0  °n  n 1 na(n)

A lso ,  no te  th a t  I f  : Y . . X I  -  Y i s  an  e x te n s io n  o f  Hm

w ith  = g f  and = r  . . then
0  °m in 1  ma(m)

.  ( r a ( n ) a ( n )  x y  .

T h e re fo re  by the  d e f i n i t i o n  5 . 3 ,  X s t r o n g ly  shape dominates Y.

L e t (X,x) be a  p o in ted  compact m e tr ic  sp ace .

A p o in ted  ANR-sequence (Xjx) *-s a sequence

p o in ted  compact-ANR's (X .x  ) such t h a t  f o r  a l l  ra 2  n ,  q (x ) = x  .n n nm m n

(X,x) i s  s a id  to  be a s s o c ia t e d  w ith  (X,x) i f  Lira (X,x) 3  (■*»*) • 

For a  p o in ted  m e tr ic  space (X ,x ) ,  In  [15] M. Moszynska has de f in ed  

l i m i t  homotopy groups

" n (X»x) = (vn (Km>Xu?> ’ n € N ,
m

and has proved t h a t  n^CX^x) i s  independen t o f  th e  ch o ice  o f  po in ted  

ANR-sequence (X,x) a s s o c ia t e d  w i th  i t .

In  [15] i t  has been shown t h a t  a  p o in te d  map _f: (X,x) = ̂ Xn»xn^

<Y,i) -  Orn , y n > ^ - e - f o r  eHch a > f n : (Xa (n )» xa ( n ) ) l s  a

p o in ted  con tinuous  fu n c t io n  and f o r  m 2  n ,  th e r e  i s  a p o in ted  homotopy

H: < W W  X 1 -
such t h a t  Hq = r nm^m ’ ^ 1  = ^n * ^ o ( i)o (m )^  induces a homomorphism 

: nn (X,x) -  ttu (X»2) 

and i f  _f i s  a 'homotopy e q u iv a le n c e '  in  th e  c a te g o ry  o f  ANR-sequences 

th e n  i s  an isomorphism in  th e  c a te g o ry  o f  in v e rs e  systems o f  g roups .
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D e f in i t io n  5 .4 ;  A po in ted  ANR-sequence i s  s a id  to  have p ro p e r ty  (*)

i f  fo r  every n th e re  i s  an index n (* )  such th a t  fo r  a l l  m * n(*)

the  fo llo w in g  c o n d i t io n  i s  s a t i s f i e d :

For every u> 6  t t ,  (X .x  ) where oj = q .. (<d ) fo r  some n A n n n ^mn7'  m

id € tt, (X ,x  ) th e r e  i s  u>. 6  tt, (X, , x , ) f o r  a l l  i s m  such th a tm 1  nr m t  1 i  i

P ro p o s i t io n  5 . 2 : Let (X,x) and (X '» x ')  be p o in ted  ANR-sequences

a s s o c ia t e d  w ith  a po in ted  compact m e tr ic  space (X ,x ).

I f  (X,x) has the p ro p e r ty  * th e n  so  does (X '»x ')*

P r o o f : By assum ption th e re  a re  p o in te d  maps

v * (V  ‘ %> •

f  :(X ,x )  -  (X 'j2S') and J  s C S ' ,x ' )  -  (*»*)

such th a t - ( X ' i X1) ’ _£ and £  induce homo-

morphisms

such  t h a t

J *  : »2£ ' ) and

E* • ^ ( X ' . x * )  -  ^ ( X j x )

£*■£* ~  ~ (X ,x )*

Note t h a t  f o r  every  m s  n and i  s  n

qnm* ^m* ^n* ^aCnJaCm)* 

and
qn i *  gt*  = Sn *  qp ( n ) p ( i ) *  *

I . e .  th e  fo llo w in g  diagram commutes.



qa (n )a (m )* qnm*

T,l (Xa (n )» xa ( n ) )

TTi (xp a ) , S a ) )

n*

Zj*

qp ( n ) p a > *

1Tl (Xp (n )»Xp (n ) )
n*

" i  (W

’ n l* )

For any n ,  l e t  m a  ar(n) (*) . S ince  £*£* ~  x ' ) *  th e r e  *s an

index m' * p(m) such t h a t  f n*Sa ( n ) *qpa(n)m . “  V *  We Want t 0  shOW 

t h a t  m' <= n ( * ) .  L e t I  > m '. C le a r ly  a i l )  ^ m . C onsider  th e  f o l ­

low ing diagram .

V Xa a ) , Xa t t y ->ni (x;

" l  (Xm' ’ Xm' ) * " l  (XP (m) ’ XP (m) ~  *  W  XM)

1Tl (XM n ) » x3o(«)
8 Of(n)’

qar(n)aCl)*
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Let X € tt, ( X ' . x 1) such th a t  X = q* f,.(X ,)  fo r  some n 1 n n n nm * m

V * € " I 05™' » * Let ®m = 8m* * € V W  and

®a(n) 8 0f(n)* <*por(n)m, * ^ \n 1  ̂ ^a(n)m* \» *  ^p(ra)m, * ^ m '^

* q / \  x(u) ) € TT, (X * \ |X * \ ) • nO!(n)m* m 1 Qf(n)* a (n )

S ince m a  a ( n ) (*) and a ( t )  s  m . There i s  € ^ l ^ a C O ^ a C t ) ^

such t h a t  qa (n )a C O > a a )  -  V n ) m * V  = ®«(n) * Den° te  h  "  V W ®  

th e n  q ^ * (X t ) = q ^ *

£n* qo'(n)o'(^)*^U)Q'(t)^

£n*^®df(n)^

^n* 8 o?(n)* ^pa(n )m , * ^ m '^

■ q '  . * ( x . )  . tun x tn

Hence m' = n ( * ) ,  which proves t h a t  CX'**') has the  p ro p e r ty  (* ) .  Now 

we can  d e f in e

D e f in i t io n  5 . 5 : A po in ted  compact m e tr ic  space (X,x) has p ro p e r ty  (*)

i f  th e re  i s  a po in ted  ANR-sequence (X>x) a s s o c ia t e d  w ith  (X,x) and

has a (*) p ro p e r ty .

D e f in i t io n  5 . 6 ; A compact m e tr ic  space X i s  s a id  to  have the  (*) 

p ro p e r ty  i f  (X,x) has th e  (*) p ro p e r ty  f o r  every  x € X.

Theorem 5 . 2 : I f  a compact connected  m e t r ic  space X has the  (*) p ro p e r ty

th e n  i t  i s  s t r o n g ly  shape p a th  connec ted .

P r o o f : Embed X in to  th e  H i lb e r t  cube Q. We can s e l e c t  a d e c re a s in g

sequence o f  compact connected ANR's X = (Xft) a s s o c ia t e d  w ith  X.

S ince  f o r  each  n ,  X^ i s  a compact connected  ANR, fo r  any two

p o in t s  x . y 6  X th e re  i s  a c h a in  o f  f i n i t e  number o f  c o n t r a c t i b l e  r n* ' n  n

open s e t s ,  U„, U, , . . . , U  such t h a t  x € UA,  y € U and fo r  O l m  n u n  m

0 < n < m , U  D U . ,  »* 0 . . n  uti



Hence x and y can be connected  by a  p a th  in  X . n ' n  J v n

So, we can assume t h a t  f o r  each n ,  i s  p a th  connec ted .

Let x ,y  € X be any two p o in t s .  For each n ,  w r i te  q^OO “ xn

and q (y) ** y . Suppose fo r  each n , X : I  -• X i s  pa th  from x nn J '  Jn * n  n n

t o  y . (X (0) = x ; X (1) = y ) .■'n n n n ■'n
Since X has the (*) p ro p e r ty ,  by d e f i n i t i o n  > (X,x) has th e  (*) 

p ro p e r ty .  Hence, th e re  i s  a c o f in a l  subsequence which we a g a in  denote 

by (X>x) *» (Xn >xn ) such th a t  f o r  each n ,  n+1 = n ( * ) .

By In d u c t io n  we w i l l  c o n s t r u c t  a p a th  cu = I  -* X^) ;

o)n (0 ) = x ^ ,  * yn as fo l lo w s :

S ince X2  : I  -* * 2  i s  a  Pa th  from x 2  to  y 2  and q l2 ^ x2^ = X1 ’

q i2 Cy2) “ y i »  ^1 2 2̂ : 1 xi  is a path from xi  to yl  * Write

** q 1 2 X2  • Now, i f  th e re  i s  a  homotopy H: I  x * "* x 2  such t h a t

H0  “ q23X3 5 **1 = X2
H (0 ,t )  = x2  ; H ( l , t )  = y 2  , t  6  I  .

W rite  u>2  » q2 3 X2  . Then q 1 2 H: I x  N X j  w i l l  be the  re q u i re d  homo­

to p y .

[ L e t  X»il : I  -• X be two p a th s  such t h a t

X0  -  x ; Xx = ^ 0  = y » t*i = z *

Then X + p : I  -♦ X w i l l  be a pa th  d e f in e d  by

f X(2 s )
X + n ( s )  = <

1 H(2 s - 1 )

Note (X+p.) q *= x ; (X hO j “ z .  I f  (i) : I  -• X Is

% £ x * h 

% S 8 * 1

a p a th  in  X such
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18  d e f in e d  by

-cu(s) = uo(l-s) , 8  € I

X + (-cu ) = X -  uj .

Note t h a t  X -  m : I  -* X i s  a p a th  such t h a t  (X -  = x and

(X -  to)x = z .  ]

I f  t h a t  i s  n o t  the  case  then

X̂  " ^2 3 X3  ^ rr^(X2 >x2) •

S ince 2 = 1(*) and 3  2  2 ,  by the  (*) p ro p e r ty  th e re  is

€ tt1 (X3 , x 3) such t h a t  q J 3  (p^) = q 1 2  (X2  -  q2 3 X3> ,

i . e .  ^ 1 3 ^ 3 ^  " q l2^2 q13^3 — ® ^ ̂ •

W rite  u)2  = <1 2 3 ( ^ 3  + X3> .

Now q 12(1,2  -  ^  = <l12'<l23b 3 + X3) -  q1 2 X2

« q 1 3 p 3  + q1 3 X3  -  q 1 2 X2

“  0  € TT^XpXj^ •

Hence th e r e  i s  a homotopy

K : I  x I  -  \

such  t h a t
K (s ,0 )  = q1 2 u>2 

K ( s , l )  = w1 

K(0 , t )  = x x

K ( l» t)  = y^ > s , t  € I  »

w hich we r e q u i r e d .  Now, a g a in  i f  (p, 3  + X3) -  q3 ^X^ = 0 6  tt^(X3 , x 3) 

th e n  w r i t e  u>3  = ‘̂ ( X ^ )  .

I f  t h a t  i s  n o t  th e  ca se  th en  (p>3  + -  q3 ^X^ € Tt^(X3 , x 3) and

s in c e  4 ^  3 « 2 (* )  th e r e  i s  p,^ € such th a t

q2 4 * ^ 4 ^  "  q23*((p,3 + V  " q3 4 V  € TT2 (X2 ,X2) *

W rite  u>3  * ^ 3 4 ^ 4  + ^4  ̂ and 8 0  on*
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— = *'̂ ie Pa t h i n  X from x to  £ .

S ince  x ,y  € X a r e  any two p o in t s ,  X i s  s t r o n g ly  shape pa th  

connec ted .

A p o in ted  compact m e tr ic  space (X,x) c  (Q,x) i s  1-movable [12] 

i f  f o r  each neighborhood U o f  X in  Q th e re  i s  a neighborhood V 

o f  X in  Q (V cz U) such t h a t  f o r  each con tinuous  f u n c t io n

f  : (S1,* )  -  (V,x) 

and f o r  each neighborhood W o f  X in  Q (W c  V) th e re  i s  a homo­

topy .
H : ( S T , * )  x I  -» ( u , x )

such th a t

H0 = f  

HjCS1) C  W

and h |*  x I  = x .

I f  y 6  X i s  any p o in t  i n  th e  same component o f  x 6  X then

(X,x) i s  1-movable (X,y) i s  1-movable. [2 ] .

We say t h a t  a  compact m e t r ic  space  X i s  p o in ted  1-movable i f

f o r  every  x € X, (X,x) i s  1-movable.

P ro p o s i t io n  5 . 3 : A p o in ted  1-movable compact connected m e tr ic  space

has th e  (*) p ro p e r ty .

P r o o f : L e t  X be a  p o in ted  1-movable compact connected  m e tr ic  sp ace .  

L e t  x 6  X be any p o in t .  By assum ption  (X,x) i s  1-movable. We 

want to  show t h a t  th e r e  i s  a p o in ted  ANR-sequence (X»x) a s s o c ia te d  

w i th  (X,x) w i th  th e  (*) p ro p e r ty .

Embed X in to  the  H i lb e r t  cube Q. L e t X = (X^) be a  d e ­

c r e a s i n g  sequence o f  compact ANR neighborhoods o f  X such  t h a t

Q Xn “ X
f o r  m ^ n ,  q : X — X i s  an  in c lu s io n .a n d  fo r  each, n ,  x € X .nm m n *>
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S i nee (X,x) i s  1-movable, by d e f i n i t i o n ,  fo r  every  n th e re  is

an  index n(*)  such th a t  f o r  a l l  m ^  n (* )  i f  u) 6  tt, (X ,x )  th e rem i  m

i s  «u 6  t t .  (X ,x )  f o r  every  I  S m such t h a t  q (u> )  =  q , * ( o u . )  .■C I nm" m tve," (,

By t h i s  P ro p o s i t io n  5 .3  and Theorem 5.2 we have 

C o ro l la ry  5 . 2 . 1 : A p o in ted  1-movable compact connected  m e tr ic  space

i s  s t r o n g ly  shape pa th  connec ted .

Borsuk has proved [2] t h a t  every  p o in ted  p lane compact connected 

m e t r ic  space i s  movable and hence 1-movable. Hence we have

C o ro l la ry  5 . 2 . 2 ; Every p lane  compact connected  m e tr ic  space i s  s t r o n g ly

shape p a th  connec ted .

The fo llo w in g  p ro p o s i t i o n  shows t h a t  no t  a l l  compact connected 

m e t r ic  spaces  a re  s t ro n g ly  shape p a th  connec ted .

P r o p o s i t io n  5 . 4 ; A dyad ic  s o le n o id  i s  n o t  s t r o n g ly  shape pa th  con­

n e c te d .

P ro o f :  A dyad ic  s o le n o id  i s  an in v e rs e  l i m i t  o f  X = (S^.q . . )
Z  n,n+i

where f o r  each  n ,  S* = S* ,  a  u n i t  c i r c l e  and q . .  : S^- -* S* i s* n * ^ n ,n + l
2  1 d e f in e d  by q , .  (z) = z f o r  z € s . -i •J ’ n ,n + l  n+ 1

I t  i s  well-known th a t  Z^ i s  n o t  p a th  co n n ec ted .  L e t x ,y  € ^

be two p o in t s  in  the  d i f f e r e n t  p a th  components o f  •

We assume t h a t  Z^ i s  s t r o n g ly  shape p a th  connec ted .

L e t fu) = ou : I  -  S* I cu (0) = x , u> (1) = y )b e  a p a th  from n n 1 n n* n Jn J
x = ( x r )  to  £  = (yn ) in  X where qn 0 0  = xn ; qn f r )  = Xn fo r

each  n . We w i l l  r e p la c e  each  p a th  <u : I  -* S* w i th  a p a th  X : I  -* S*n n n n

where X (0) = x , X (1) = y and X i s  homotopic to  u> keep ingn n n  n n n

th e  e n d -p o in ts  f ix e d .

Then ^  = Ĉ n : 1  “* s „ )  w i l 1  a l s o  be a  Pa t h  from x to  £  in  

X such t h a t
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^ n . n + l ^ n + P  \ i  

which shows t h a t  th e re  i s  a pa th  X * LLm from x to  y in  ^

This c o n t r a d i c t s  w i th  our assum ption .

For each n , l e t  ct̂  be the  g e n e ra to r  o f  tt̂ (S * ,x) = Z .

I f  V l  t  101 € " l (SV l>*> then V l  ■ “ i n  + C l  “hete 

C i « ' W C i 1 C l  6 [0 )-
Since  qn and a r e  homotopic l e a v in g  e n d -p o in ts

f i x e d . ,

«) i  [0 ] .n

L e t cu = u>' + cu" where id' € [t *o ] and iu" € [0j .n n n n n n n

There a r e  ' s h o r t e s t  p a t h s '  X ',  X" , X ' . . ,  X" such t h a tn* n n+1 * n+ 1

X' € [<«'] =n n n n

X" €  K ' ]  = [ 0 ]n n

Xn+1 6 ' C l 1 “ ^o+l *an+l 1

C i « ' C i 1 ■ 101

and

C l <0) "  xn+l * C l (1) * yn+l

C ° >  “ '  Xi « > - yn

■JJ - X" € [0 ] i € 10) .

C le a r ly  X' + X" i s  homotopic to  a) = u>' + to" and X' . + X" i sn n n n n n+ 1  n+ 1

homotopic to  cu , •, = t u ' + u>"., > b o th  homotopies le av e  e n d -p o in ts  n+i n+l n+ 1

f ix e d .

By assum ption  *s homotopic to  <Dn le a v in g  end­

p o in t s  f ix e d .

Hence q . , * [ £  . , • 0  , ,  ] “ t t  •o' ] .  S ince  q . .  (x . )  * x ;nn ,  n+1 * n+ 1  n+ 1  n  n Tti,n+ 1  n+ 1  n

q . . (y . . )  ■ y and X1, X", X' , X",. a r e  s h o r t e s t  p a th snn t n+l w n+l ■'n n* n* n+1 * n+ 1



Hence we have th e  pa ths

X = X' + X" n n n
X = X' + X" n+ 1  n+ 1  n+ 1

from x t o  y in  and x . .  to  y . in  S , such t h a tn n n n+ 1  n+ 1  n+ 1

q ,« (X , 1 “ X •Mn ,n + 1  n+ 1  n
T his  i s  t r u e  fo r  any n . Hence X = (X ) i s  th e  re q u i re d  pa thn

from x to  x  *n i  which induces a p a th  X = lim  \  from x to



S e c t io n  6 

ISOMORPHISM OF SHAPE GROUPS
*

L et C be a c a te g o ry  o f  po in ted  p a i r s .  L e t C be a c a teg o ry  of

in v e rse  sequences in  C d e f in e d  as fo l lo w s :

O bjec ts  o f  C a re  in v e rs e  sequences (X»A,x) = ( (* n »^n »xn)

in  C .

A morphism _f : (X»A,x) -* = ^ ^ n ’ ^n ’^ n ^ ’r nm  ̂ c o n s i s t s  o f  a

p a i r  (a ,  f^ )  where a : N -* N i s  an  in c r e a s in g  fu n c t io n  and f o r  every  

n € N,

f  : (X ,  . ,A  ,  w x ,  (Y ,B ,y  )n a (n )  Q f ( n ) *  a (n )  n* n n

i s  a morphism in  C such t h a t  f o r  m s  n ,

r mn^n ~  ^m^a(n)a(m) 

where ~  i s  any eq u iv a len c e  r e l a t i o n  d e f in e d  in  th e  s e t  o f  morphisms 

o f  C •

L e t f  = (<*,fn ) : (X ,£ ,x )  _  (Y ,B ,i)  and £  = -
*

(Z ,C ,z )  be morphisms in  C then

£  £. “  ^ a »8 n f p(n)^  *’
*

i s  c l e a r l y  a morphism in  C .

d e a r l y ,  1 (x ,A ,x ) = (1N ; ^ X ^ A ^ x ^  *

We w i l l  be i n t e r e s t e d  in  the  fo l lo w in g  two c a t e g o r i e s .

( I )  L e t  c  * H  , be th e  ca teg o ry  o f  p o in te d  p a i r s  o f  compact m e tr ic  

ANR's and th e  e q u iv a len c e  r e l a t i o n  ~  be th e  homotopy r e l a t i o n  .

Then K  i s  c a te g o ry  d e f in e d  by M ardesic and S eg a l .

( I I )  L e t C “  Q i be the  c a te g o ry  o f  groups and homomorphisms.

* *1C X
L et th e  eq u iv a len c e  r e l a t i o n  be ■ . Then Q_ o r  Q i s  the  

c a te g o ry  p ro -  Q .
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For each q € Z+ , th e re  I s  a f u n c to r
*  *

"q : ' Q

d e f in e d  by TTq (X,A,x) = ( " q ^ n ^ n * * ^ » (Jnm* )  and 

Tlq ( f )  = I * : TTqCijAjX) -  TTqCYjB,^)

ifr
where _£ : (X»A,x) _  (Y ,B,^) i s  a morphism in  1R  ̂ .

*
E quivalence R e l a t i o n : We w i l l  d e f in e  an e q u iv a le n c e  r e l a t i o n  ta in  C

*
L e t 5 (2£»A,x) (X».£>x) be two morphisms in  .

.f ■ ( a , f Q) ;  = ( o ' , f ^ )  . jf i s  s a id  to  be e q u iv a le n t  to  <f '  ( in

n o ta t i o n  f  «  f ' )  i f  f o r  every  n th e r e  i s  an  index m, m £ a '(n),a r, (n) 

such t h a t

^a(n)m ”

(X ,A ,x  ) m* m* m

<U»a 1 (n)m

ar(n) * Qf(n) * a ( n )

(Xa , ( n ) ’Aa ' ( n ) ’Xa , ( n ) )

n*a(n)m ~  ^n^a*(n)m .

A morphism _f : (X,A,x) -• (Y ,B,^) i s  an eq u iv a len c e  i n  the  ca teg o ry

C i f  th e r e  i s  a morphism _g : (Y ,B,^) -» (X,A,x) such th a t

£  -  % 1 (X,A,x) and -  E ** 1 (Y,B,i ) .
, *

Note t h a t  i f  _f t%< ^  ^  th en

TTq ( f )  ft. TTq ( f ' )  i n  Q*

and i f  _f i s  an eq u iv a len c e  in  IR^ th e n  tfq(£) an isomorphism
*

i n  Q .

There i s  a  fu n c to r
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l im  j Q* -  Q .

d e f in e d  by lim  (G) = 1im G . Then lim  tt̂ ( (X ,A ,x) )  = lira rr^(X,A,x)

■ l im  (n (X ,A ,x  ) ;  q ..) . A gain i f  f  i s  an  eq u iv a len c e  in  IR* r  q n n n nm7* — ^

th en  LLm TT^(f) i s  an  isomorphism in  Q .

M. Moszynska has proved t h a t  i f

lira (X,A,x) = lim  (Y.B,*) 

th e n  lim  tt (X.A,x) and lim  tt (Y.B.y)«- q «- q

a r e  isom orphic in  Q .

Theorem 6 . 1 : Let p : E -• B and p 1 : E1 -* B be f i b e r  shape e q u i ­

v a l e n t  shape f i b r a t i o n s .

L e t e '  6  E ' ,  p ' ( e ' )  = b and F ' = ( p ' )  * ( b ) .  Then fo r  any f i b e r

shape eq u iv a len c e  _f : p '  -• p th e r e  i s

e € F « p_ 1 (b) c  E 

and an  induced homomorphism

f *  : n  ( E ' . F ' . e ' )  -  TTq (E ,F ,e )

such  t h a t  f ^  «* p" 1 • p^ .

P r o o f : L e t  j>' : E' -• B and £  : J2 -• B

(E ' = (E1 , r ' ) ,  B = (B ,q  ) ,  E -  (E , r  ) )n* nm — n*’ nm * — n* nm

be l e v e l  maps o f  ANR-sequences w ith  l i m i t  maps p '  and p r e s p e c t iv e l y .

[Such £  and £ '  e x i s t .  Embed E'', E and B in  th e  H i lb e r t

cube Q. Extend th e  maps p '  and p to  *p' : Q -• Q and p : Q -• Q

r e s p e c t i v e l y .  Choose a d e c re a s in g  sequence o f  ANR-neighborhoods B^ of

B such  t h a t  f) B = B. Then choose d e c re a s in g  sequences o f  ANR-neigh- 
n  n

borhoods E ' and E o f  E' and E r e s p e c t iv e l y  such t h a t  |"| E' ■ E ' ;n  n „  nn
D E * E : ' p ' ( E ' )  c  B and 'pCE ) c  B f o r  each n .  L e tn  * r v n n r  n nn



Thus £* : _E' -* JB and £  : E — B a r e  the  re q u i re d  l e v e l  maps o f  

ANR-sequences. ]

L e t _f : E ' -• E be any f i b e r  shape e q u iv a le n c e .  By [10] we can

assume t h a t  £  has HLP.

L e t e '  = r ' ( e ' )  and b = q ( b ) . By in d u c t io n  on n ,  one can n n  n nn '  *

d e f in e  f o r  each n a l i f t i n g  index m = m(n) > n and a c lo sed  n e ig h ­

borhood, Qq o f  bQ , homeomorphic to  Q and such t h a t

( 1 ) <U „ / (0  c  I n t - Qn 5 m > n .nm m n

(2) lim  (Q ,q  |Q ) = {b} .♦- n n m ' m

Furtherm ore one can choose c lo se d  ANR-neighborhoods Cq of  

such  th a t

(3) c  I n t .  Q ; m > nnm m n

and t h e r e f o r e

(4) l im  (C ,q  |C ) -  {b} .
'  4- r ’ n a 1 m J

N ext, choose c lo sed  ANR-neighborhoods F ' and F o f  ( p ' )  *(Q ) * n n n n
and p *(Q ) r e s p e c t iv e l y  so sm all  t h a t  n n
(5) F '  c  ( p ' ) _ 1 (C ) ; F c  p "1 (C ) .n

N o tice  t h a t  by (3)

<6> qninP ' ( F ' )  C I n t .  Q c  Qnm m m  n n

q _ P m(F ) C I n t .  Q c  Q nm m m  n n

f o r  m > n .

S e le c t  an e > 0 . S ince X : E' -• E i s  a f i b e r  shape map, f o r

* ■ * each  n th e re  i s  an index n i n  such t h a t  f o r  a l l  n £ n



A lso  by (1) we can choose n 1 such t h a t  fo r  any x € Q0 (n «) and 

Bn

(8) “ ‘V C n ' ) 0 0 , 5 0  <  6 *  y € C | n -

Note t h a t  ( 8 ) i s  t r u e  f o r  a l l  t  2  n '  . L et x € • Then by (7)

Pnra „ '£„ ' W )  < e •

By <8>- V n n ' fn '(x) € Qn ’ Slnce = Fn • rnn'fn ' (x) € Fn
for any * € F ^ , ,  . Hence r ^ . f ^  = Fb .

D efine a fu n c t io n  p : N -• N by (3(n) = n 1 .

Note t h a t  B i s  an in c r e a s in g  f u n c t io n .  L e t f ' = r  , f  , .K n nn n

Then j [ '  = : “*  ̂ i s  a  map o f  ANR_secluences o f  p a i r s .

Note t h a t  B and 8 0  X' depend on e > 0 . I f  we s e l e c t  e '  > 0

th e n  we g e t  a n o th e r  map _f" *= ' C l ' t Z ' )  “* (£»Z) where

f n  ! (E6 '( n ) - FB '(n )>  -  ‘W  £° r  each  n an<1 *n ‘  r n e • <n)f S ’ (n) '

I t  i s  c l e a r  t h a t  _f' and V % a r e  e q u iv a le n t .

Now. f o r  each q .  f '  induces a homomorphismn

f n *  1 TIq (E3 (n )* FB(n)»e B (n)) ** *

S ince J[' i s  a  f i b e r  shape map, f o r  t, 2  n , th e re  i s  a homotopy

^ : S(o x 1 - E»
.uch that -  ru ll

-  f ' r '
L 1  n p ( n ) p ( t )

and



d (q n P C t ) W  Pn Lf } < € f o r  ev e ry € 1

f/  ' TlJt •Eico ---> V ---- ---> Et

r 3 (n )3C t) rn ' l '

f „ 'n  ̂ r- r nn ' w
&3(n) n

n t

n

fo r

L e t x 6  Fp(£) • S ince £(.(,) £ 3(n)  = n '  ,  by ( 8 )

d<V a ) PB a ) <X)’ PnL^ (x ) )  < e = pnl ^ (x) « Qn

every  t  € I  . Hence (x) € F^ f o r  every  t  6  I  . T h ere fo re

L i s  a homotopy o f  p a i r s

< W Pi t t ) >  x 1 "  (En - V  •

For S e t ) 6 Fe a v  ‘v  : 1 -  Fn 18 8 pach fr°“ U ci (eHO> co 

fnrB(n)BCt)(eB(t)) " fn(S ( n ) ) '
litThe p a th  induces an isomorphism

* : ~ ’’q (En>F„>£; (S ( n ) »  •

Now f o r  each  n ,  th e  sequence o f  p o in t s  {p r  f ' ( e ' v) ] , _n n(, L p(.<o;

converges to  b in  B T h e re fo re  the  sequence o f  p o in t sn n

{ r . f ' ( e I / - \  ) } converges to  a p o in t  e € F Moreover, s in c e  I 3Ct) -L̂n 6 r n n
£ '  i s  a l e v e l  map and f o r  m * n , q ^ V  “ bn » i f  { r« t f4 (S ( t ) )

converges  to  a  p o in t  e € F th e n  r  (e ) *= e . So, the  sequencem m  nm m n

o f  p o in t s  (e ) de te rm ines  a p o in t  e € F c  E Such t h a t  f o r  each n 
n
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N o tice  t h a t  in  the  sequence {r f ' ( e ' / # v ) )  of p o in ts  of F , any
n t  v  p  w  J  n

two c o n se c u t iv e  p o in ts  and so any two p o in ts  a re  connected  by a pa th  in

F . A lso  F i s  an  ANR, so f o r  every  e - b a l l  th e re  i s  a c o n t r a c t i b l e  n n *

b a l l  around e in  the  e - b a l l  in  F which c o n ta in s  a l l  bu t f i n i t e l y  n n

many p o in ts  o f  the  sequence . T h ere fo re  th e r e  i s  a  p a th  jo in in g  e^

and f ' C e ' ,  ») in  F . n 3 (n) n
£

L e t h r i  : tt (E ,F ,e  ) - •  tt (E ,F  , f ' ( e ' /  *) be the induced i s o -
n q n n 9 n n n P (n)

morphism by <i)n .

L e t r  * : t t  (E ,F , e  ) -* t t  (E ,F .e  ) be the  homomorphism def in ed  nm* q m* m* m q n n n

by

r nm* ^fu) J ^ e '*  r run? [̂u> ] *n m

f o r  a l l  m £ n .

tt (E ,F  , e  ) q m m m

nm*

m

tt (E ,F  v ))q '  n* n* n p(n)

f o r  £  ^  m 2  n ,  r  “ r  • r  . Hence (tt ( E , F , e ) ; r  ) i s  an * n t *  mn* mt,# q nm*

o b je c t  o f  a  p ro -g roup  or i s  an  in v e rs e  sequence o f  groups.

D efine a  morphism o f  pro-groups

U -  <v> : <",<£'■£• - Cnq<&F.a)r ^
- 1

by 8 n .  ‘  h [» ) '  Y  f o r  eVery “ •



We have to  show t h a t  fo r  m s  n ,

, = A
®n* * r 0 (n)p(m).* r nra* * ®m*

F i r s t  observe t h a t  f o r  m 2s n th e  two co n tin u o u s  fu n c t io n s

r  . f ' ,  f '  • r '  w  . : (E ' N#F '  . )  -  (E ,F  )nm m* n g(n)p(ra) 0 (m)* p(m) n n

o f  p a i r s  a re  homotopic and the  homotopy i s  L™1 . Hence

(9) L *  * r  • f '  = f '  • r ' ,  . , >e * nm* m* n* 0 (n) |3 (m)*

Now,

A , - 1  . nm -1  r l
r nm* ®m* [ou J e ' * r nm* * [cu ] [u> ] * m*n m m

- 1  .nm . ,= h r i • L , .  r  • f '
n e 11111 m 

‘  h t»n ] ’ f n* ’ r j < n ) P C ) *  (by (9 ) )

®n* r p (n)p(m )*

A lso  n o te  t h a t  a n o th e r  ch o ice  o f  e > 0 ,  say  e '  >  0 g iv e s  a n o th e r  map

f_" : (E ' .F * )  “• (E,F) o f  p a i r s  o f  ANR-sequences such t h a t  jf" ~  J : ' .

Hence th e  induced homomorphisms and _g  ̂ a r e  e q u iv a le n t  in

p ro -g ro u p s .

By m odify ing  the  arguments o f  th e  M a rd e s ic 's  theorem 2 in  [ l l ] ,  we 

w i l l  prove th a t

(pn*> : W *  V V V V *  qm*>

i s  an  isomorphism o f  p ro -g ro u p s .  F i r s t  we w i l l  prove
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tt  (E ,F  , e  ) q m’ m* m

m*

n  (B ,C ,b  ) -----— Lq m m m

TTn ( E n > F n > e n )q n n n

Pn*

- >  TT (B ,C , b  )  q n n n

C onsider  th e  diagram 1 on page 100. S ince  £  i s  a l e v e l  map

Pn* r nm'

In  th e  f i r s t  sq u a re ,  h

*  ‘ n m *  ^ n m *  * Pm *  *

i s  an isomorphism induced by a pa th
m

p (uu ) «= p. : I  -• B co n n ec t in g  b  and p f ' ( e ' ,  tN) where 
*m m m m 6  m r m m p ( m ' )

a) : I  -• E i s  the  p a th  co n n ec t in g  e and f ' ( e ' ,  v) . Hence n m m m p v.m;

Pm* h [cu ] h [n ] * Pm* m m

By s i m i l a r  arguments

Pn** h [ l ]  = \ ]  * Pn*n '  ' ,_n
nm Anm p L l4. = L , . p * r n e * e * n*

W rite  q * nm*
-1 Anm
[p. ] e ' * ^nm*n m

Note t h a t  by the  p rev ious

arguments we showed

Pn* r nm* ^nra* Pm*

A lso observe t h a t  the paths

r  Cu ) nm m : I  Fn from e to  r  f ' ( e ' ,  v) n nm m 3 (m)

,  nm 
L«- ! I  -  Fn from r  f ' ( e '  . )  t o  f ' ( e ’ . O  ran m p(ra) n p in ;

and
. - 1  :n I  -  Fn from f *( o ' f  v) to  e n p (n) n

form a loop o ; I  F a t  n n
e . Hence p a : I  -• C n n n n

b . C ons ide r  th e  fo llo w in g  diagram  on page 101. n



. 'y TT<J C?

'nm*

K

l r»r*»
L tfV

.-I

K n * % *

Y

?W)> — “
C^wl 

^  ,C|»̂

In * K*

[^n»l *u

,^71,  »7T^t B n<CTl |>T|f^ ^ g lp(7»))) ■■ ' > ^ (  Bn ,C n  4 k " )
A   . - 'n m

C « i . l

Diagram 1 .

-0
0

1



isomorphisms induced
nwn J

and PnCTn r e s p e c t iv e l y .

where h r̂  i and h r _ ■, a re  the
l a  J l P n a n Jn n n

by the  loops ° n

By the c o n s t r u c t io n  h r i • r  * = r  .. and La J nm* nm*n

h^ a  ] * I nm* = ^nm* ' bu t  ^n c o n t r a c t ^ ^ e > 8 0  loop PnCTn *-s 
n n

hom otop ica lly  a t r i v i a l  loop which im p lie s  t h a t

" lTTn (Bn»Cn ,b n) n n q n n n

T h e re fo re ,  q * = h r 1 • q * Mnm* [p a  J n np a ] *  qnm* qnm* * (H )>  pn*r E
n n

N ext, we w i l l  show t h a t

A
Pn*r nm* qnm*Pm*

£ *  = (p *) : ( tt (E ,F  , e  ) ;  r  *) -  ( tt (B ,C ,b  ) ;  q *) n* q n n n  nm* q n n n nm*

i s  an  isomorphism of  p ro -g ro u p s .

I t  s u f f i c e s  to  show t h a t  f o r  each n t h e r e  i s  an index I  > n

and a  homomorphism K : tt (B. ,C ,b  ) -• TT (E ,F , e  ) such t h a t  the  f o l -
q I  t  I  q n  n* n

lowing diagram  commutes. A

v v w  — ! a t i - _ >  TTq (En ,Fn ’ 6 n)

qn/.*

n*

- >  tt (B ,C ,b  ) q n n n

L et I  be the  l i f t i n g  index f o r  m and m be the  l i f t i n g  index
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L et [cp] € Where 9  5 ( i q »d i q »jq  l )  “  (V W  lS

th e  con tinuous  fu n c t io n  and

Jq - 1  *= ( d l q _ 1  X I)  U ( I q - 1  X 1) .

u t  -  [<p'J € y  ; j q ‘ 1 -  \  be

t h e  c o n s ta n t  m a p  f . ' ( e i ^ . v )  • Then P , e '  = 9 '  | j q  * . S ince
V P W / t

( I q , J q *) aa ( I q , I q  ̂ X 0) and t  i s  a l i f t i n g  index f o r  m th e re  i s  a

con tinuous  fu n c t io n

-> E _m£_ •> E
S| I

<P\\ Pl
f T

m

m

m

E such th a t  m
~ l  -r̂ l" 1 " I
<PIJ  = r mt 6

cp : r 
(12) 

and

<1 3 > •

Since p^TpOl**) c  , cp(5lq ) c  . Hence 9  i s  a con tinuous  fu n c t io n

<iq , 3 i , , j (1' 1) -  <E„ . Fm. v fi ( c e t t ) ) )  '

Thus (?) € ’>q « 1. . p« " r ^ ft (e s a ) > ) - De£1“

K :  tt (B »C ,b  ) -  tt (E ,F ,e  )cj ^  ^  (j n n n

by K[Cp] = *mn* h [ l ] * IV *  ^  ‘m

vat

We have to  show t h a t  ( i )  K i s  w e l l - d e f in e d ;

(11) K i s  a homomorphism;

<U 1) Pn,K  -  and

A
( iv )  K • » r n£* •

(1) To show t h a t  K i s  w e l l - d e f in e d .
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L et f  € [ c p ]  €  T T  (B ,C ,b  ) .  Then
tj V ^  v

* ' '  6  [ < p ' 1  € V V W i S c o ”

and th e re  i s  a homotopy

H : ( I q , 3 I q , J q_1) X I  -  < V W  

such t h a t  Hq = cp' and ^ ' .

Define a  con tinuous fu n c t io n

k : ( I q X 0) U ( I q X 1) U («lq _ 1  X I )  -  Em

by k | i q x o = 7p

k | I q X 1 = ^

k l J *1" 1 x I  = r  f ' 
1 mt I (ep a ) } *

Then Pm v * '

Pm I *  V  ♦ '

imply th a t e  = vH|(I<,x0) U ( I q X 1) U (Jq _ 1  x I)

S ince  m is a  l i f t i n g  index fo r  n ,  th e re  i s  a homotopy

such t h a t

(14) TL = r  Tp 
0  nm T

(15) H = r  ^  
1 nm T

(16) HIj* ' 1 X I - : r  • r  f '  ( e ' , , * )  and nm ml I  &(l)

(17) P K = q , H *n Mn(, •

n

N o tice  t h a t  H(3Iq x I )  c  C . Hence q H(3Iq x I )  c  Q .
V **v ^

Consequently  by (17) Pn̂ ( d l q X I )  c  , which im p lie s  t h a t  

^(dl** x I )  c  p 1 (Qq) c  Fr  . In o th e r  w ords, U i s  a map

<l’ .  S I’ .  J ’ ' 1) « I  -  ( W ' n r n ■

By (14) and (15)

« ",CEn*P« 'rn « V t <eBCt)>) ’
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This im p lie s  hT1 , • L™ • ( r  L0*  ) [ r  = hT1 n - L ^ . ^ r  l " *  ) [ r  9 ],[(I) J e ' *  run e ' *  nm TJ [u> ] e ' *  nm e '*  nmYJ’n n

But h r 1 1 • L™ * ( r  1^ * )  [ r  *cp] = h , 1 ' ,  • L™? ( r  L11̂  ) r  .[cp] leu J e * nm e * nm la) J e * nm e * nm* Yn n

_  t r?«i

- 1 . . nm
= h [«) ] • e ' *n

- 1 — nm
■ h («, j * e '*n

A - 1
"  rnm* [uo ]m

* K[«p] .

Hence K[+] = K[cp] .

( i i )  To show t h a t  K i s  a homomorphism

L et [cp] = [cp. ] [cp ] € tt (B ,C ,b  ) . Then cp i s  re p re s e n te d  by a
X V V “V

con tinuous  fu n c t io n

g iv e n  by

.  cp^ (x ,  2  s ,  t )  0  £  s s; %
c p (x ,s , t )  = -I

 ̂ cp2 ( x , 2s - l , t )  % £ 8 s; 1

where x € Iq ^ , s , t  € I  .

L e t h ^  j[cp] = h ^  j l q ^ ]  • h ^  j[cp2 ] = [cp̂  ] [cp̂  J . cpj and cp̂  
^  ^  ^

induce cp2  : ( I q , 3 I q , J q_1) -  (Em»Fin»r mtf^ ep ( ^ ) ^  such t h a t

(18) -  r ^ e ’ = 9 2 | j q _ 1  and

(19) Pm ^ l  = V  ^  ; Pm ^ 2  = V  ^ 2  *

D efine ( I ’ . d l ’ . j ’ ’ 1) -  < V  b*

f  qp. ( x , 2 s , t )  0  £  a £ %
q > (x ,s , t )  = \

q>2 ( x , 2 s - l , t )  h & a & 1

c_ 2
where x € I  , s , t  { I  .. Now,
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*nm* h fo ] L? * S ] ‘ "nm* h l l  ] L? * ^ 2 ] m m

Kfcpj] • Kfcp^J •

( H i )  Let [cp] € " q ^ ’C ^ b ^ )  • The°

f „ .  I ' M  -  pn# 4 ^  h ' ^ j  • # „ [ ? ]

' ’,»* V  hu ] 1v* [5]m

‘ ’nm* V *[!p)
‘  Sna* '  <W * [tp)

* V*1*1
( i v )  L e t [ j ]  6  TTqClS^jF^je^) . Then

V 1*1 ' 'V *1 ‘ [,pl say' Let ^  = V *h[»l ]t t l ' V * 1*'1,
Then = r ^ C e ' ^ , )  * r ^ i '  and PJ  = p ^ * '  -  q ^ p ^ '  -  q ^ , , '

where h j  j [cp] = [cp'] = H(,*b[ ] ^  • Hence cp s a t i s f i e s  the  cond i-

t i o n s  (12) and (1 3 ) .  T h e re fo re ,

K * P^*f+] -  K[cp]

■ W  hu ] L?*f5Jm

W  h f m J  t f *  rm t* h [mt ] [ * ]m

A
nm* mt*

■  V * 1 •
Now we have to  show t h a t  th e  homomorphism i s  equa l to  the  i s o ­

morphism

(E ^ ' 1 '  < E i ) : < n q < E ' , F ' , e ' ) ;  r ^ , )  -  (hq ( E ,F ,e ) ,  4 ^ , )  .

I t  s u f f i c e s  to  show t h a t  f o r  each n  t h e r e  i s  an  index i  I  

such  t h a t  th e  fo llo w in g  d iagram  commutes.
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TTq(Ep a , ) ,Fp a , ) , e3 a , ) )

»F, »»e . •>

qt p a ' ) *

n >

V V V V

where the  index £ and th e  homomorphism K a r e  as  d e f in e d  b e fo re .

L e t e 1 be a p o s i t i v e  number such t h a t  e 1 < d iam ete r  C .
V

Choose 6 € T(B > e ') .  S ince  _f' = ( p , f ' )  : ( E ' , F ' )  -• (E,F) i s  a f i b e r  

shape map, f o r  I  and 6 , t h e r e  i s  an  index  such th a t  f o r  a l l

V  *  l *  ,

d(qt p a ’)pp& ,>,qu ,pi ,£i ,) < 6 *(20)

I L
- > E v

W > V
V

V ( t ' )  v p c t ' )  B<t' qu '  1

N o tic e  t h a t  6  i s  so sm all t h a t  any two 6 - c lo s e  maps a re  connected  by 

an  e '-hom otopy.

^  ± 6  „q< r , r . £ , > [*i € T,q(Ep ( t ' ) 'Fs a , ) ,e e a ' ) ) “hlch

I*

1 ptI
 > B.
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i s  r e p re s e n te d  by a con tinuous  fu n c t io n

* : <i q »a i q >jq  -  (S ( t ' ) ,F p ( t , ) , e pft- , ) ) •
Note t h a t

< 2 1 )  '  pf *

where : I  -  E^, I s  a pa th  from e^ ,  to  and c P^i

Since V V  = pi  ru*

*22) V *  V * = p-t* ru'* .
Now by the  cho ice  o f  and 6 > 0 , (20) im p lie s  t h a t  th e r e  i s  a

homotopy G’ •• x 1 -  < V V
such  t h a t

Go * pi  ru ' ft '  and

Gi  ’  qt e a , ) p3 ( t ’) •

Hence G = G' • X 1 -)  : ( I q , a i q ) -* (B ,C ) i s  a homotopy such th a t
J. V  V

(23) Go '  % * = ana

(24) Gj » g;*  ■= •

T h e re fo re ,

( 2 3 ')  [G0 1 -  P<* and

( 2 4 ')  [G j] -  •

Now the  p a th  p.^, = P ^ f ^ i  : 1  “* from b^, to  P ^ i ^ t

induces  a homotopy H' : (B ,,C  ,)  x I  -« (B «»C ,) such t h a t
V  V  V  V

"o  ■ V . . C , , )  and H' I V  x 1 •
v  V

Then q ^ ,  • H' : (B̂ «»c^« )  X I  -♦ i s  a BomotoPy s ^ch  t h a t

v " i  ■ v  and V ' “ ' K ' x 1 '  v  v  : 1 -  b4 18 a path £rom

b4  to  V w ' i ' (ee a ' ) > •
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l e t  H -  qu , • H' . < V p f c ' ) pJ ( I ' ) *  X 1 , )  . Then 

H : ( I q , a i q ) x I  -• (B. ,C ) i s  a homotopy such t h a t
V V

(25) HQ -  G1 and H | j q _ 1  x I  -  qu . H' l \ .  X I  .

Note t h a t

(26) h [V , V ) ' V  - fHi ] 6  ■

D efine a homotopy M : ( I q , d l q) X I  — (B ,C ) by
V V

G (x ,2s)  0 £ s £ h
M (x,s) = {

H (x ,2 s-1 )  % <■ s £ 1

f o r  x € Iq , 8 6  I  •

For any x 6  J q_1, M (x,s) : I  -  i s  a  loop  a t  • <ep ( ^ ' ) )  •

S ince  C i s  c o n t r a c t i b l e  in  i t s e l f ,  t h i s  loop i s  c o n t r a c t i b l e .
V

Hence [M^ = [M j € V V W «  '*1 ' < S  C t ''>”  ’ " ’a 1 '  ‘V '

By ( 2 3 ) ' ,  ( 2 6 ) ,  (25) and (2 4 ) '  ,

<27) Pt *  rU ' *  * h (qu , Ht . l  ’ t S f t V ' i d ' ) * 1* 1 '

T h ere fo re

(26 ) h (n1<_] * V *  V  V ' *  fi ' *

■ h(it ) V *  h(qw,..^ .] V '*  Vste')* p|3«.’>* f*’

which im p lie s  

<29>
V

■  h r  1 ' *  h r.. - 1  q .  ' a / ’t  ' 1 *  • ' I *  W  •e ' *  v *  [p t^ 3  V p c t ' ) *  w > *

In  o th e r  words, 

A
(30) p^* r ^ i *  g ^ ,*  [*] -  q ^ i *  q (, •£ (( ,• )*  Pp d , ' ) *  W  *



Then by the  same argument as  in  th e  p ro o f  o f  ( iv )  we conclude th a t

V *  V ' *  V *  = K q ^ p c t ' ) *  Pp a ' ) *  [*] ’

S ince  i s  any elem ent o f  tt ( E ' j F ' j e / ) ,  t h i s  shows t h a t  andq — — *

. (e '* )  a re  e q u iv a le n t  i n  p ro -g ro u p s .  Hence



APPENDIX

Along w ith  the  P ro p o s i t io n  4 .1 ,  the  fo llo w in g  two lemmas a re  u s e fu l  

t o  show t h a t  the  r e l a t i o n  ~  (o f  D e f in i t io n  4 .2 )  i s  an e q u iv a len c e  r e ­

l a t i o n  in  the  s e t  of maps between compact m e t r ic  s p a c e s .

We w i l l  only c o n s id e r  ANR-sequences w i th  bonding maps as in c lu s io n s .  

L e t  C and B be compact m e tr ic  spaces  embedded in  Q and

C = (C , r  ) ,  B = (B ,q  ) be ANR-sequences witfr f| C = C and f] B = B. n nm — n nm n n

L et g: C -* B be a map.

Lemma 1 : L e t  g , g ' : C -» B be l e v e l  maps o f  ANR-sequences w ith  

l^m g  = l im  g '  = g . Then g  =»• g '  ( D e f in i t io n  4 . 1 ) .

P r o o f ; Consider C x I c Q x  I  Q . L e t  H: C x I  -• B be th e  c o n s ta n t

homotopy, i . e .  H (c , t )  = g (c )  f o r  a l l  c (  C, t  € I .  S ince  f o r  each n ,

B i s  a  compact ANR ,  w i th  B , ,  c  B , th e re  i s  an index  m £ n and n n+ 1  n * n

a  homotopy Hn : C x I  -* B . an  e x te n s io n  o f  H such t h a t  H™ = g - r  .m n * 0  ^n nm ’n n

H? “  8 n 011(1 X 1  "  ^  *J. n nm m , ,n  n+ 1

By r e in d e x in g  we g e t  g  g '  .

Lemma 2 : L e t  f , g , h :  C — B be maps between compact m e t r i c  s p a c e s ,

f  »g: C -• B and g * ,h :  C' = ( C ' . r 1 ) -» B' = ( B ' . q 1 ) be l e v e l  maps o f—»■“  — — —■ ”  n nm — '  n*Mnm

ANR-sequences such t h a t  lim  _f = f ,  l im  g  *= l im  g 1 «  g ,  l im  Ji « h ,

.f *- g  and g '  =*» Ji. Then t h e r e  a r e  ANR-sequences ,B and l e v e l  maps

f  ,  g« g ,  _h: 5  ■* E. such  th a t

l im  1  = f ,  lJLm & * lim  g '  «= g> l£ n  T? « h ,  1 : ~  g  and g 1 J} .

P r o o f : L e t  B^ u  Bj be the  d i s j o i n t  u n io n .  F o r  each  b £  B, i d e n t i f y  b £ 

t o  b € Bj .  L e t  th e  q u o t i e n t  space be deno ted  by B^ u  B^ .  Note

t h a t  f o r  each  n - 1 , 2 , . . .  y  B ^ c B n u > ;  , Embed B^ Bj

i n  Q . Choose a  d e c re a s in g  sequence B o f  compact ANR-nelghborhoods

-112-
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B such th a t  D B ■ B. For every  n th e re  Is  n '  2  n such th a t  n n

B , U B ' ,  c  i n t .  if . n b n n

Now. c o n s id e r  an ANR-sequence C x C1 ■ fc x C ' . r  x r '  1 .~  — n n* nm nmJ

W ithout lo s s  o f  g e n e r a l i t y  we can assume t h a t  f o r  each n , C x C'n n
i s  a compact conven ien t ANR. L et A(C) = { ( c ,c )  € CxC} c  C X C' ben n
th e  d ia g o n a l .  S ince A(C) i s  a c lo se d  subspace o f  C x C' f o r  eachn n
n ,  we can s e l e c t  a d e c re a s in g  sequence C o f  compact ANR-neighborhoods
fV
C o f  A(C) in  C x C* such t h a t  f o r  each n , *C a  i n t .  C x C' andn n n * n n n

n V c *
For each n , l e t  TT : C x C' - C  and t t ' : C X C' - C '  be the  pro-* n n n n n n n n

l e c t i o n s .  We w i l l  a g a in  deno te  tt fC by tt and t t 1 l*C by t t '  .n '  n y n n '  n '  n

C le a r ly ,  by re in d e x in g  i f  n e c e ss a ry ,  _f,TT, _g t t ,  £ ' , t t ' ,  h t t * : C — a re

l e v e l  maps o f  ANR-sequences w ith  lim  _f rr = f  ,  lim  _g tt = lim  tt 1 = g,

l im  h n' =  h, n =“ g j t  and g '  rr,Q* h tt'  .

Note t h a t  by Lemma 1 , _g tt =- £ '  t t '  and by Lemma 2 and P ro p o s i t io n

X  t j  h t t '  . Thus the  r e l a t i o n  ~  o f  th e  D e f in i t io n  4 .2  i s  an

eq u iv a le n c e  r e l a t i o n .  For g e n e ra l  case  Lemmas 1 and 2 a re  expected  to  

be t r u e  w ith  some g e n e r a l i z a t io n  o f  th e  D e f in i t io n  4 .2 .  □
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