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ABSTRACT

INDUCED SHAPE FIBRATIONS
AND
FIBER SHAPE EQUIVALENCE

by
Mahendra Jani

Adviser: Professor Eldon Dyer

In this paper we prove that a map induced from a shape fibration
is a shape fibration., We define an equivalence relation between shape
fibrations. Also, generalizing the homotopy relation, we define a
strong equivalence relation in the set of maps between compacta., Then
we prove that two strongly equivalent maps induce fiber shape equi-
valent shape fibrations. As a corollary we show that the fibers over
two points connected by a strong shape path are of the same shape.
Finally, we prove that a fiber shape equivalence induces a relative
shape map which induces an appropriate isomorphism on relative shape

groups.
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INTRODUCT ION

In 1968, K. Borsuk introduced the notion of a shape of a compact
metric space [1], generalizing the notion of homotopy type. The idea
was to consider only global properties of compact metric spaces and
ignore the local ones. This idea evolved into an effective theory
for compact metric spaces, called shape theory, as homotopy theory
for locally nice spaces like ANR's or cw-complexes. Both coincide for
ANR's.

S. Mardesic and J. Segal approached shape theory using ANR-systems
[9] and generalized the notion of shape to compact Hausdorff spaces.
Mardesic [8] and Morita [13] have generalized it to topological spaces.
However, they all agree over compact metric spaces. In this paper we
will restrict ourselves to compact metric spaces and will use ANR-
sequence approach [9] to the shape theory.

Shape theory is rapidly progressing and has attracted mathematicians
from different branches of topology. Recently, S. Mardesic and T.B.
Rushing [10] have defined an important notion of 'shape fibration'
p: E—~ B for compact metric spaces. One expands p into a map
Pt E= (En,rnm) - B = (Bn’qnm) of inverse sequences of compact ANR's.
The map p 1is a shape fibration if p has the following approximate
homotopy lifting property:

Each n and each ¢ > 0 admit an index m2n and § > 0 such
that for any topological space X, whenever the maps h: X - Em and
H: X X I Bm satisfy d(th’HO) < § then there is a homotopy

G: Xx I E satisfying d(G h) < ¢ and d(pnc,qnmﬂ) <e€ .

0’ Tam

Analogously to fibrations, one may ask the following questions for

LA L



-vi-
shape fibrations: Is a map induced from a shape fibration,a shape
fibration? 1Is there a notion of fiber shape map? fn what sense are

two shape fibrations fiber shape equivalent? 1Is it true that two
homotopic maps induce equivalent shape fibrations?

In this paper we have studied all these questions and have found
positive answers.

Section 1 contains basic definitions and some basic results that
we need.

In Section 2 we prove that a map induced from a shape fibration
is a shape fibration.

Section 3 contains the definition of a fiber shape equivalence.

Let p: E~B and p': E' = B be shape filrations expanded to
maps p: E = (En,rnm) - B = (Bn’qnm) and p': E' = (E;,r;m) - B of
inverse sequences of compact ANR's respectively.

Roughly, a fiber shape map [f]: p » p' is an equivalence class of
a map f: E - E' of ANR-sequences satisfying the following condition: -

For every n and for every ¢ > 0 there is n* 2 n such that

*
for all { 2m2n there is a homotopy H: r', f =~ f r such

o {4 mamall)
that for every t € I the maps qnmP;Ht and Uha@)Paq) 2FC e-close.
Two such maps f,g: E - E' are said to be equivalent if for every
n and for every ¢ > 0 there is % 2 n such that for all m 2 G,
the following is true:
™

There e*ist 4 2 a(m) and a homotopy L: f ra(m)L a'gmra(m)t such

that for every t € I, the maps pl:‘Lt and q,,P, are e-close.

Ynm
Finally, two shape fibrations p and p' are fiber shape equi-
valent if there are fiber shape maps [f): p - p' and [g]: p' = P

such that f~1 and f g~ 1 .
2L “p Lz _Bl
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For example, the shape fibration p: W ~ W/A ny S1 ,» where W 1{is
the Warsaw circle and A is its limit arc, is fiber shape equivalent

1

to the obvious shape fibration 1 S1 - S .

st

In Section 4 we prove the main result that strongly equivalent maps
induce fiber shape equivalent shape fibrationms.

Two maps f,g: C = B between compact metric spaces are strongly
equivalent if there are maps f,g: C - B of inverse sequences of compact
ANR's such that
1) For every n there exists n(*) such that for all m 2 n(*) there
is a homotopy H: qnmfm ~q 8 and
i1) for m' 2 n'(*) where n' 2 n there is a homotopy

q B = Hq, x 1)) (rel. 0,1).

Two homotopic maps are strongly equivalent. Hence, in particular,
the theorem says that two induced shape fibrations by homotopic maps
are fiber shape equivalent.

One immediate corollary of the theorem is that i{f B 1is of a
trivial shape then a shape fibration p: E -+ B 1is fiber shape equivalent
to a trivial shape fibration Tg? Fx x B - B where Fx = p-l(x) for
any x € B,

The strong equivalence notion leads naturally to a notion of strong
shape path connectedness. We have discussed this fully in Section 5.

Two points x,y of a compact metric space B are connected by a
strong shape path if for any ANR-sequence B = (Bn,qnm) with 1lim B = B
there is a family ® = {w: I - Bnlmo -x, 0 = y} of paths such that
for all m 2 n, U O = © (rel. x,y).

A space is strongly shape path connected if any two of its points

can be connected by a strong shape path. Clearly paﬁh connected spaces
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are strongly shape path connected. Moreover,“plane.compact connected
metric spaces and pointed l-movable compact connected metric spaces
are strongly shape path connected. But the fact that dyadic solenoid
is not strongly shape path connected shows that unlike to Borsuk's ap-
proximate O-connectedness [3], not all compact connected spaces are
strongly shape path connected.

S. Mardesic and T.B. Rushing have asked the following question in
[10]: For a shape fibration, is it true that two fibers over points
lying in the same component, are of the same shape?

We have partially answered this question by the following corollary
of the main theorem:

For a shape fibration, if two points are connected by a strong shape
path then two fibers over those points are of the same shape.

Finally, in Section 6 we have proved that a fiber shape equivalence
[£]: p - p' induces a pointed relative shape map f: (E,F,e) - (E',F',e')
which induces an 'appropriate' isomorphism

£, 2 M (EF,e) = T (E'Fye")

of shape groups.



Section 1

PREL IMINARIES

All spaces considered will be metric spaces. Denote by d(x,y)
the distance between two points x and y. For a number § > 0, two
maps (continuous functions) f,g: X -~ Y are §~close if for each x € X,
d(f(x),g(x))< 6 . For such f and g we will write d(f,g) < 6. The
maps f and g are §-homotopic if there is a homotopy H: X x I - Y
such that Ho = f , Hl = g and for each x € X,

d(H(x,t), H(x,t')) < & for all ¢, t'€ I,

For the interior of a space X we write int. X. Let A,Y be
subspacesof the space X. Then Y 1s said to be a neighborhood of A
in X 1f A c int.Y. By an ANR we mean absolute neighborhood retract
for metric spaces. It is well-known that if Y 1is a compact ANR then
for every e > 0 there exists a § > O such that any two §-close maps
from a space X to Y are e-homotopic [6]. We use this result freely
without mentioning it further.

Following Moszynska [14], Coram and Duvall [5] have defined a con-
venient ANR: A space E 1s a convenient ANR 1f each compact metric
space X in E has the following property: for each neighborhood U
of X in E there is a compact ANR Mc U with X cC int.M,

Every polyhedron is convenient and by the triangulation theor-em (4]
every Q-manifold is convenient where Q 1is the Hilbert cube. Also if E
is a locally compact ANR then E x Q 1s convenient [5].

An ANR-sequence E = (En,rnm) is an inverse sequence of compact ANR's.
A level map P = (pn): E-B= (Bn,qnm) of ANR-sequences is a map of in-

verse sequences, i.e, 18 a family of maps p : E - B such that for
P n° n n



man, pnrm=qmpm.

nm E
En < m
lpn pm
q
nm
Bn < Bm

Let l‘i_.m E = (E,rn) and l.i:m B = (B,qn). Then the unique map

p: E—~ B 1is said to be the limit map of the level map p 1if for each n,

9P = Ppfp -

-

Generalizing Coram and Duvall's approximate fibrations [5], S. Mard-
esic and T.B. Rushing [10] have defined shape fibrations.

A map p: E—~ B between compact metric spaces is called a shape
fibration if it is a limit map of a level map p: E~ B of ANR-sequences
which has the following approximate homotopy lifting property (AHLP):

A level map p: E—~ B of ANR- sequences has the AHLP if each n
and each ¢ > 0 admit an m2n and a § > 0 such that for given maps
he x-.Em and H: X x I-oBm with
1) d(p h, Hy)) <6

there is a homotopy G: X x I - En such that

) a(G,, rmnh) <e€
and

(3) d(pnG, %mﬂ) < € o
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Every such m 1s called a lifting index for (n,e¢) and § 1is
called a 1lifting mesh for (n,¢). We refer to (m,8) as a lifting pair
for (n,e).

It has been shown in [10] that if a map p: E - B between compact
metric spaces is a limit map of level maps p: E~ B and p': E' - B'

of ANR-sequences and if p has AHLP then so does p' .

Also, in [10], the authors have defined a homotopy lifting property

(HLP) for a level map as follows:

A level map p: E ~ B of ANR-sequences has the HLP if each n

admits an m 2 n s8such that for given maps h: X - Em and H: X x I - Bm

with
(%) Hy = p h
there 1s a homotopy G: X x I ~ En such that
(5) Gy = rnmh and
(6) pnG = qan .

For a level map p: E - B of ANR-sequences, we will state two
results from [10] which relage the stronger lifting properties with the
weaker properties.

(I) 1If p has the AHLP then it has the stronger lifting property

obtained where (2) is replaced by (5).

(1I) P has the AHLP if it has the weaker lifting property obtained

where (1) is replaced by (4).

The following proposition follows immediately from (II).

Proposition 1.1: Let p: E -~ B be a level map of ANR-sequences. If p

has the HLP then the limit map p: E - B 1s a shape fibration.
’ (@]



Section 2

INDUCED SHAPE FIBRATIONS

In this section we will prove that analogously to pullbacks of
fibrations, a map induced from a shape fibration by a continuous map
is a shape fibration.

For this we need the following:

Proposition 2.1: For maps p: E—- B and f: C - B between compact

metric spaces , there are level maps p: E—~B and f: C - B of ANR-
aeque;ces with limit maps p and f respectively.

Proof: Embed E,B,C in the Hilbert cube Q. Since Q 1is an AR and
E,C are compact spaces, maps p and f can be extended to P Q-9
and T: Q - Q . Choose for B a decreasing sequence of compact ANR-

neighborhoods Bn of B with 9 Bn = B, By induction we can choose

decreasing sequences of compact ANR-neighborhoods En of E and Cy

of C with Q;En: E,Q ¢ =C, 'B‘(En):nn and ’}'(cn):nn.

Let Tt Em - E and q&m: qn-« Cn denote inclusions and for
each o let p_ -‘;|En and f_ -'flcn . Hence p=(p): E~B and
f= (fn): C - B are level maps of ANR-sequences with limit maps p
and f respectively.

For maps p: E~ B and f: C - B between compact spaces, a triple
(Z; p', £') 1is a pull-back of (B;p,f) 1in the category of compact spaces
1f 2 = {(e,c) € Ex Clp(e) = £f(c)} and p': Z~C and f': Z-E
are the projections, i.e. p'(e,c) = c and f'(e,c) = e for all
(e,c) € 2.

Note that Z 1is also compact.

We say that p' is a map induced from p by f.

The main theorem of this section is

;4-
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Theorem 2.1: Let p: E~ B be a shape fibration and f: C -~ B be a
map between compact metric spaces. Then the map p': E' - C 1induced
from p by f 1s also a shape fibration.
Proof: Let (Z;p',f') be the pull-back of (B;p,f). We want to show
that p' 1is a shape fibration.

Let p: E~ B and f: C~ B be level maps of ANR-sequences with
limit maps p and f respectively. Without loss of generality we can
assume that for each n, En X Cn is a convenient ANR. If this is not
the case then as in [10] consider an ANR-sequence Q = (Qn,anm) where
for each n, Qn = Q, the Hilbert cube and lﬁm Q is a point. Then
lép E x g = E ., Also, if for each n, e En X Qn - En is a projec~-
tion map then m = (nn): Ex Q—E is a level map of ANR-sequences and
hence - p = (ﬂh'Pn): Ex Q- B 1is a level map of ANR-sequences with
limit map p. Since p has the AHLP, rp has the AHLP [10]. Now, by
the triangulation theorem [4] E xQ 1isa Q-manifold, hence
En X Cn X Qn is a Q-manifold and therefore is a convenient ANR with
lém ExCxQ=ExC.

Consider an ANR-sequence of compact convenient ANR's E x ¢ =

L [}
(Enxcn,rnm) where L

= L ‘.. .
Tom X 9pm’ Em X Cm En X Cn Then

}ém ExC= 1&“ E x lém C=ExC.
Let p'=(p)): ExC~C and f'=(f): Ex C~E be level
LI - LI - o
maps where pn. En X Cn Cn and fn' En X Cn En are projections

For each n, let

lp! (e

zn - {(en’cn) € En X Cn n n) - fl'l(cn)}

P | )
be the indicated subspace of En X Cn . Then (!i,pn|zn, fnlzn) is a

pull-back of (Bn;pn,fn). Note that each Zn is a closed and hence
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compact subspace of En X Cn . Thus, Z = (Zn’rt'unlzm) is an inverse
sequence of compact spaces. Also note that I‘i:m Z =12 and the limit
maps of P'lg and f'|Zz are p' and f' respectively.

Now, by induction, for each n = 1,2,3,... we will define a closed

ANR-neighborhood E"1 of Z in E, x C, ; numbers ¢ >0 and 6, >0

n
and an integer m such that (m,&n) is a lifting pair for (n,en)

with respect to p and € ~ 0. Also, we require

' ' ' ' = '
1) r (B} c E) where r  =r X qr'lmIEm .

2) lim E' = 2 where E' = (E;l,rt"m) .
'

(3) d(fmpmlEé , pmfélEé) <&, and

(4) for (e ,c)€E xC, ,

1]
d(p (e ), £ (c)) <e = (e,c)€E .
h £ d
Let dl: El X Cl > B1 X B1 -——————> R be the composition,
where d is the distance function and R 1s the set of reals.
By definition d;1(0) =2, . Since E; x C; 1is compact,
dl(El X Cl) is a bounded subset of R . Let Tll be the least upper
bound. We can assume that Z1 C int. E; X Cl’ (1f 21 = E; x C1 then,

' =
Z, itself is a compact ANR. So E; =2, . If Zn¢ int. E x C, for

1
each n, consider as above En X Qn X Cn . Then we can consider
Zn C int. En X Qn X Cn and proceed as suggested in the beginning of
the proof.)

Then d'l(E1 X Cl) < [0,1]1] whére 'ﬂl > 0. Also, note that for
every € € [O,T]l), d'l'l[o,e) i1s an open set of E, x C; containing

zl and

-1 -1 -1
n d. [0,¢) = d, (" [0,€)) =d, (0) =2Z .
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Hence, for every open set u of El X C1 containing 21 there
exists an ¢ € (0,1]1) such that for all ¢', 0 < ¢' < ¢,

Z, c d;]'[.O,e') Cu.

-1
Select ei > 0 such that Z1 c d; [O,ei)<: int, E1 X C1 . Since
E,x 6
there is a compact ANR Ei such that

is a convenient ANR, for the neighborhood dil[o,ei) of Z, »

;) - 2, © int.E} C E! < d7[0,¢]) .

1 1 1 1
Let us denote pilEi by pi and fi|Ei by fi . Then (5) implies

that
d(pl,fi, flpi) < ei .

(i.e. for every (el,cl) € E!, d(pl(el),fl(cl)) = dl(el,cl) < ei).

Also, select ¢, >0; 0< ¢ < €; such that
-1 ' '
(6) Z, c 4 [O,el) C int. Ej C E; .

(6) implies that for (el,cl) € E; x C1
d(p,(e;), £,(c;)) = d;(e;,¢)) < ¢ = (eg,¢y) € Ej .

Hence for n = 1 conditions (3) and (4) are satisfied, Now we
will select 61 = ei » Ei s € satisfying the conditions (1)-(4). The
rest of the induction follows from these two steps.

Let us denote the metric on B2 by dBB and the metric on B1
by dB'1 « Since 9, 32 - Bl is uniformly continuous, for €1 there

exists a number 52' > 0 such that e2' < Min(el,nl) and

(7) dk (x,&) < 62' = dBl (qlz(x): q12(Y)) < el for (XSY) € Bz X Bz .

Let d, be the composition

2

P x £ dBa

¢, —————> B, x B, —>R .,

E, x G 2 X By
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-1
The open set d, [O,eé) of E2 X 02 contains Z2 . Since Ez x C

is a convenient ANR, for the neighborhood dgl[o,ei) of 22 » there

2

exists a compact ANR Ei such that

[ [ -1 '
(8) 22 C int. E2 c E2 cd, [0,:2) .

. ]
Choose €y > 0; 0« €, < ¢ such that

-1 ' ]
9 22 c dz [O,ez) c int. E2 c E2 .

If (2,6{) is a lifting pair for (l,el) then choose eé >0
such that eé < Min(ﬂl,éi,el) . By definition (2,8, = eé) will be

lifting pair for (l,el).

Now, conditions (3) and (4) are satisfied by (8) and (7) respectively.

-1
Also, by (8) and (7), riz(Eé) c Ei . Since Eit: d, [O,Gé),
-1
ry,(E) € r1,(d,7[0,¢5))
- -1
But (7) implies that =] (d;'[0,e3)) < d] [O,¢)-
Let (ez,cz) € dEI[O,eé) then
dy(ey,c,) = 2 (pyle,), £,(c,)) < ¢
B,
i.e. dl(riz(ez), riz(cz)) < ei
-1
= riz(ez,cz) € d, [O,eé) .

pnxf B,
xC1 > BIXBI d

12 9312%912
E_xC > Bsz t!Ba

272 pzxf2 2

R
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By assumption d-l(O €.) c E!
1 1 1°
Putting everything together, we have
-1 -1
] 1] ] ' [}
rlZ(EZ) ot z‘lz(d2 [O,ez)) cd, [O,el) c El .
Thus the condition (1) is satisfied.

Similarly for each n, we can select et", E"l and ¢ such that
tn{,(E{i)CEx’x for £ S n,
d(fnpt", pnf"l) < e:t'l where et'! = 8§
if (n,6L) is a lifting pair for (L,e{’) and if (en,cn) € En X Cn’
d(pn(en), fn(cn)) <e = (en,cn) € E;l and
O<e <e <€ _,<€_ 1< 0 .
Since for each n, Zn c En'xc d;l [O,et'l) and 1p(zn) = Z,
l.i;m(Et") =27,
To show that p' is a shape fibration, by Proposition 1.1, it is

enough to show that p' has the HLP.

By I of Section 1, we can assume that p has the stronger lift-

ing property where (2) is replaced by (5).
= ' . - '
Let (111,6n em) be the lifting pair for (n,en). Let h: X - B/

and H: X x I = Bm be maps such that

(10) 30=th .



By (3), d(p f'h, fp'h) < =c¢' . By (10),

L
(11) d(p f'h, £ H) <& .
Since (m,én) is a lifting pair for (n,en), there is a map

G': Xx I En such that

' - '
(12) G0 rom fmh

and

(13) ap G', q f H) < e .

Define G: X x I - EI'l by G(x,t) = (G'(x,t), q:'mH(x,t)), for
(x,t) € X x I . Note that by (13), (4) and qmnfm = fnqt'un for every
(x,t) € X x I, G(x,t) € Et'l . Hemce G(X x I) c El" . Also by (12)
and (10)

= ) ' = ' t ot = p!
GO (GO ! qanO) (rnmfmh’ qmnpmh) rnmh
and
[ ] = [} ? (] = L]
PG=p (G, q H =q H.
Thus p' has the HLP,
p' 1is called a shape fibration induced from p by f.

- o



Section 3

FIBER SHAPE EQUIVALENCE

In this section we will define the basic concept of this paper -
that of a fiber shape equivalence.

First we recall some of the definitions from [9] and establish
notation.

Let E = (En,rnm) and E' = (E;,r;n) be ANR-sequences. A map
(not necessarily a level map) f =(a,fn): E - E' of ANR-sequences con-
sists of an increasingz function o: N - N (N 1is the set of natural
numbers, o(n) >n for every n € N and ¢ 1is divergent) and a col-
lection of maps (continuous functions) fn: Ea(n) - E; such that for

all m2n,

' D [
*an fn o Ta(a)alm) ,

i.e., the diagram

fm
E' <« Ed (m)
Tom T (n)a(m)
fn
En < Ed(n)

commutes up to homotopy.

. - E! = !
If K: Ea(m) x I En is a homotopy such that Ko rnmfm and
Kl = fnra(n)a(m) then we will write
* ' D .
ks rmnfm fa Ta(a)a(m) .
If £ = (a,fn): E~E' and g = (y,gn): E'-E"= (E!"',r"\'m) are
two maps of ANR-sequences then clearly

gf= (dy,gnfv(n)) : E- E" 1is a map of ANR-sequences.

-11-



-12-

Also, 1, = (1, 1 ): E~ E 1is a map of ANR-sequences.
= n

Note that if o = 1, and if for all m 2 n, rt.xmfm = fn ©r . then
£ will be a level map. We denote the level map by (E, £, B).

Let E be a compact ANR. An ANR-sequence E = (En’rnm) is called
trivial 1if for every n, En = E and for all m2n , LI 1En . We
will denote this trivial ANR-sequence by E = (E). A level map between
two trivial ANR-sequences is just a map f: E - B, We will call this map
a trivial level map and denote it by f = (f): E- B .

Two maps £ = (a,fn), g= (Y,gn): E - E' of ANR-sequences are said
to be equivalent (in symbol f ~ g) 1if for every n there exists m,

m 2 o(n), y(n) such that .

b3 g

n Tom)n = 8 * “y(n)m ?

i.e. the diagram

E
b a(n) < r
n a{n)m
L/
‘gn\ E'Y (a) y(n)m

commutes up to homotopy.

EI
n m

Clearly if m' 2 m then

fn : rct(n)m' =8yt rY(n)m'

Two ANR-sequences E and E' are said to be equivalent (in symbol
E~ E') 1if there are maps f£: E—~ E' and g: E' - E of ANR-sequences
such that

E.g'“.].'.g and .§z~1

Definition 3.1: A morphism
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F = (f,h) : (E,p,B) - (E',p',B")
between two level maps of ANR-sequences is defined to be a pair of maps

_f, = (apfn) t E= (En’rnm) - E' = (Et.l’rltlm)

and
h=(,h) :B=(B,q, )~B" = (B,q)
of ANR-sequences such that for every n and for every € > 0 there is
an index n* = F(n,e) satisfying the following conditions:
(A) for all m 2 n*
UnPafno(me’ Inmludp @)ePy) < ©
where { 2 Max(a(m),B(m)) and

(B) if m' 2 m there are homotopies

K: £

mroz(m) a(@m') = £

r

H

bl mp@') = Ym'Mn’
such that for every t € I
1) d(qt'xmhmqa(m)s(m') ’ q;‘mHt) < € and

(11) d(q' p'K r

nmaoto@m')' ? qt'meth(m')L'pL') <€

where 4' 2 Max(a(m'), p(m')) .

r £
g(m}¢ m__ . .

- EL > Eg(m) K - 7 Cm

V | S SeemT
' - ~/ - - o . ml

EL' ‘ Ed(m') £ , ld Em' .
i Po
| '
|pL Bn
?
' \l’ h Pat v /‘:"(7
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i) Clearly, 12 = QE’ lB): P~ p 1is a morphism.
11) If in the definition 3.1, B = B', h = ']‘B then the conditions reduce
to the following: B

*
) for all m 2 n

]
d(qnmpmfm’ qna(m)poz(m)) <€ and
(B) if m' 2m then there is a homotopy

. o~ L]
K: fmra(m)a(m') rm,fm,

such that for every t € I
d(qmp‘;l(t, qna(m')pa(m')) < €.
1i1) Let E,E',B be compact ANR's and E = (E), B = (B) and E' = (E')
be the trivial ANR-sequences in the definition 3.1.
Then p: E—~ B and p': E' -~ B are just continuous functions
P: E~B and p': E' - B respectively, the same for each n.
A morphism F: p ~ p' 1s a family {fs: E - E'}e of continuous
functions, one for each ¢ > 0 such that d(p'fc,p) < ¢ for every
e >0,
Denote this morphism by Fe: P - P' and call it a morphism over B.
Recall that a map f: p - p' over B is a continuous function
f: E~ E' such that p'f = p.
Then clearly, the trivial morphism f = (f): E ~ E' 1is a morphism
over B,
Definition 3.2: Two morphisms
F= (£,b), G= (gk: (Ep,B) ~ (E',p',B") where
£= (d,fn), h= (ﬁahn)s " (Y:Sn)n k= (5okn):
of level maps of ANR-sequences are said to be equivalent (in symbols

F ~ G) if for every n and for every € > 0 there is an index
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n' = (F,G)(n,e) with the following property: for every m = n' there
is an index 4; 4 2 Max(a(m),p(m),y(m), 6(m)) and there are homotopies
L, Tam)r = Bn"y(m)L
M2 halgmye ™ Kuls (m)e

such that for every t € I

d(q:'unhmqﬁ(m){, ’ q;lth) < €

and
] [} ]
d(qnmmet . qmthp{,) < € .
Remarks:

iv) Denote the set of all such { by (F,G)(m;n,e). Clearly if
L' 24 then £' € (F,G)(m;n,ec) since erbﬁ' = q&b'p{.' .
v) If F= (£,h) ~G= (g,k) then £~ g and h~k .

Since for every n there is an 4 , £ 2 Max(a(w),y(m)), such that
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fmra(m){, = gmty(m){, where m 2 n . Since £ 1is a map of ANR-sequences

r' ¢ and r' g

nmm fnrc:((n)cr(m) am®m gnrY (n)y (m) ° Hence

fnra(n)L = f a(n)o(m) Ta(m)t
= rt.xmfmra(m){,
> TomBuy (m)L

= Ba vy (n)y (m) Ty (m)2,

" Eay(n)e -
Similarly han(n)L o~ knqé(n)L .
Proposition 3.1: The relation ~ on the morphisms of level maps of
ANR-sequences is an equivalence relation.
Proof: By definition 3.2, it is clear that ~ 1is reflexive and symmetric.
Only transitivity requires a proof.

Let F = (f,h)
F' = (£',h") : (E,p,B) -~ E'p",B"

Fll = Lf-"’h")

be morphisms of level maps such that F~ F' and F' ~ F" .

For given n and € >0 1let n' = (F,F')(n,e/2) and
o" = (F',F")(n,e/2). Let n = Max(n',n"). Since F~ F' and F'~ F"
there are indices 4' € (F,F')(m;n,e/2), 4" € (F',F")(m;n,e/2) and
there are homotopies

L' e = ot e

M' 2 hodg iy = Padpt (m)e !

and
L ”

o " ™ fmfo ()"
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" o, ' ~ h"
M" hmqa ' (m)L" hmqs "(m)4"
such that for every t € I
' ’
' It ' '

(3) d(q;lmhl;‘qal(m)Lll ’ q;‘mM:) < €/2 and

(4) d(qt'mpl;lL't' , qt"mM;;'pL..) < €/2

1 g0 =
Let {4 2 Max({',4"). Note that ra'(m)L'rL'L

ra'(m)L"FL"L . Similarly,

. ~ "
Define homotopies L: fmra(m)L fmra"(m)L

Mt hodg(mye = Pnlpt(m)e
by
L'(r, ,, (x), 2t) 0<st<k
L(x,t) = {L 14
"(rL"L(x)’ 2t-1) Pst=<l1.
'(q,., (¥), 2t) 0O<ts<k
H(Yat) = C 14

"(q{."L(Y)’ 2t-1) y<t=<1.

We want to show that for every t € 1

(5) d(qt'lmhmqﬁ(m)L ’ ql'th) < ¢ and

(6) d(qt'mp'lat R qt'thpL) <e .

m
let 0sts<}
By (1)

Ta' (m)L

UBr(myy'w't - B'@e - B

(7) d(q;mhmqﬁ(m)b'qt't s q;muith'L) < ¢/2 which is (5).

By (2)
(8) d(q"‘mpl;lla‘.;_tr&.& , qt'lmnitp{,'t{,'{.) < el2 .
Since PpiTyu = Yl
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L}
(9) 4d(q' P L2t L' qmnthL L L) < ¢/2 which {s (6).

let ¥ <t<1

For t =%, (7) implies
(10) d(qnmh qB(m)L'q v q B (o)t ' L) < €/2 . Also (3) implies

(11) d(q, b odg t (myL "9y M, 19, ) < €/2 .
By (10) and (11)

(12) hd(qt'lmhmqa(m).f, > QMo 19, my ) < € which is (5).
By (4)

(13) QP 1T my o QoMp 1P uTyn,) < €/2 .

Since p,,,r

(14) d(qmll :::L'z't 15y qnmnzt 19y L) < ¢/2 which is (6).

Remark: Let F = (£,h) : (E,p,B) - (E',p',B') be a morphism of level
maps where f = (a,fn) and h = (B,hn).
For convenience we can define an index function Q = Max(a,p): N -+ N

and maps

2- (’&,Qn) and ﬁ = (&’ﬁn)

(with the same index function) by ? = f ta(n)ﬁ(n) and

ﬁn = han(n)é(n) for every n . Then clearly

b-a¢ Doy - @En
is a morphism of level maps and is equivalent to F.
Considering this remark, from now on we will always consider
morphism with the same index function between two level maps.

Now we will prove that composition of two morphisms of level maps

is also a morphism of level maps.
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Proposition 3.2: Let
F = (£,h) : (E,p,B) ~(E',p"', B') and
G = (g,k) : E'5p',B") ~ E",2",8")

be morphisms of level maps of ANR-sequences then

cF = (gf.kh) : (E,p,B) - (E",p",B")
is a morphism of level maps,
First we will prove a useful lemma.
Lemma 3.1: Let all the spaces in the following diagram be compact ANR's
and the arrows be continuous functions. Let

(1) d(koqé’ qgkl) < ¢/4 and also suppose that

f 8
E 1 > E 1

. 1 Ké ”2 K" -
- r/ S
- P
- f2 "%.— g2
>

2 By

Pt -
\
s
[

pl Pz' 1 ”" 1

~

Bl
! ~TAt 2!
q B~ |q e
- -
3 -+ o
- v -
Y - h -— k v

2

/
Y h, v/ k v 7 9

£

there are homotopies
K' : fr a-t'f.
t . ~ a'
H : hlq q h2

K" : glrl P, r"gz
H" e k q' P q"k
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such that for every t € I

(') d(qéhlq,qaﬂé) < & where
) d(qgp K ,qgH Py) < &

3) d(qaqu', qSH:) < e/4

(4) d(qap;Kg , qSngé) < e/4

and we are also given

~

(4A) d(qaklpi. q5P18;) < c/4

(4B)
then there are homotopies

K: 81f1

. 11}
kb q = q%k,h,

D "
r=>r g2f2
H:

such that for every t € I

113 . "
(5) d(qoklhlq’ qpH,) < €

" 1" 11)
(6) d(qgPyKs qgH P,) < €
Proof: Define K and H by

K(x,t) = {

H(Y.t) =

for x € EZ’ y € B2 .

Let Ost<k

By (1) and choice of §

6 € A(e/4,k;) .

and

4(a5a'py£,, 9pq'hyPy) < 6 -

and

g K'(x2t) , Osts}

K"(£,(x),2t-1), Yb<ts1

klﬂ'(y,Zt) , O0O=sts}k

H"(hz(y),zt-l) , ¥st=xs1
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] [RTR ]
(7) d(koqohlq, kOqOHZt) < ¢/b4 .
By (1)
(8) d(koqéhlq, 48k1h1q) < e¢/4 and
[} ] (1}
9 d(koadHy . 5 qgk H3 )< €/4 .

By (8), (1), (9

d(q"klhlq, qaklﬂét) < 3e/4 which is (5).

By (2) and the choice of §

(10) d(koqop1 S oqéﬂétPZ) < ¢€/4 .
By (1)

(11) d(koq6piKét s qaklpl ) < elb

L} L 1" (]

(12) d(koquth2 » qok,Hy . P 2) < ¢/4 .

By (11), (10) and (12)
" [1}

Q13) d(q k1p1K2t » 95 k Hthz) < 3el4 .
By (4A)

(14) d(qgk,PK5. 5 qgP18, K ) < /4 .

By (13) and (14)
" ]
d(agp 8K, » qgk H),P)) < ¢ which is (6).

Let ¥ <t<1

By (1)
(lé) d(koq(')q'h2 » 99k;9'h,)) < e/4.For t =1
(1') implies
d(qgh;q > q5a'hy) < 6 .
By the choice of § ,

! 'hz) < ¢l4 .

(16) d(koqo 19 » kpdpd

By (1)
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(17) d(koqahlq » qgkhja) < /4 and
(18) d(koq(')q'h2 , qaqu'hz) < ¢l4 .
Also by (3)
[1} [} Hyn
(19) d(q ok19'hy » aghy, 1hz) < ¢/4 .

By (17), (16), (18) and (19)
d(q"k 1M qsﬂgt_lhz) < € which is (5).
Now, by (4)
" " L}
We will show that
" ll
Then by (20) and (21)
Ny
2e-152 » ofz¢-112P)
We have to show that (21) holds.

d(q "K" < € + ¢/2 which is (6).

By (4B) and the choice of §

(22) d(koq(')q'péfz 2 ko‘l(')q'thz) < /4.
By (1)
(23) d(ka5a'pyf, » qgkia'Pyf,) < /4 and
(24) d(kgaga'h,P, » qgk q'h,p,) < e/4 .
By (3)
" ) "
" | ) g
(26) dlqgk,a'p, £, 5 qghy, _,Pof,) < e/4 .

By (26), (23), (22), (24) and (25)

Y € + ¢/4 which is (21).

L}
he-1P2f2 » gHae-1PaPy) <

We will set up some notatioms. -

d (q"H"

Notations: Let f: X - Y be a map between compact ANR's, For given
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¢ >0, A(f,e) denotes the set of all §'s such that
d(x,y) < § = d(f(x), f(¥)) < ¢
and TI'(Y,¢) denotes the set of all T's such that two T|~close maps
from a metric space to Y are e-homotopic.
Note that if 0 < §' <5 and O0<TN'< 1 then &' € A(f,e) and
N €I'(Y,e) if & € A(f,e) and T € I'(Y,e) . By convention if

5 € A(f,¢) and T €T (Y,e) then 8,1 < ¢ .

Proof of the Proposition 3.2:

For given n and ¢ >0 , let m 2 G(n,e/6) and for

6 € A(e/6 , q¢ h) , m' 2 F(a(m),s) .
Choose n' =2 m such that a(n') 2m' . (e.g. n' =m')., We want

to show that

d(Q;ant';ngnvfa(nl) ’ q.;nlhnlka(nl)paa(nl)) < €

__iul__> E"
™
r" .
mn
) E"|
L
B"
n
P
a
k v
— B' —_— _‘}l B"
— =7 “a(m) 2 "a
/ / N 1 1] .
R Baca’y J a(m)a(n’) k_, d n

B’y 7B4(a") > B
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Since n' 2 G(n,e¢/6), by definition of G

(1) d(q:nlp:lgnl » q;n.kn.P;(n.)) < ¢€/6 and
(2) d(q;mkmq&(m)a(n') ’ q;n.kn.) < ¢e/6 .

Since a(n') 2 F(a(m),s), by definition of F

® “Yam@ata’)Patn’) fa@’) * Ja@am’) Pa(a)Pratn’)’ < ¢

where § € A(q;mkm, e/6) .
By (1)
“ py PrBatfymty * Gn*n'Pata)faay? < /6 -
By (3) and choice of §
() Wty @an)Pata) fam') * T ala@ata’) "atn")Ppata’y) < ¢/6:
By (2) we have

© ‘Crtala@ata’)Pata) e’y tn  a Paa fany? < 6
and
™ Iy @atn’) Pa(a’)Prata’) *don ' *a' Pata Y Ppata’)) < /6

By (4), (6), (5) and (7) we have

d(ql.\'n'p;;'gn'fa(n')’qsn'kn'ha(n)l’aa(nv)) < 4e/6 < €.
Let £ =n' . Recall (2)

d(q "k ) < €/6

” )
nmkmqa(m)a(n') » 940" n
since n' 2 m 2 G(n,e/6), by definition of G

(8) d(qnn'kn'p&(n')’ qnnupa.gn.) < ¢/6



£ ' ' g "
/a(n') a(n) 7&1') - > B
r r' ",
n L,///’
E fd(l.) >E' gL s E"
aa(L) 4 0’({4) 2 pu B"
Pl . n' 7’!1
pBa( a(n') ) ,
qn
PBa(t) Pmte | Pa@y [ | B
. R Y h (n|) \\ 'Jf ’/7 kn' {r / "n'
Bagn') —> EQ'(“')—_ —_— B;.
1 q' ] "
v h v a(n")al@) v qn'L
a(‘t,) 5B s B"
’ 1

a(d) k 7

B
Ba (L) 3

Since a(@) =2 a(n') 2 F(a(m),5), by definition of F

9 g(matn)laln)e@Palt) fatt) Ya@man) Yatm") o) Pate)Pat) < 8
where § € A(q;mkm,ele) .

Also, since a(X) = a(n') = F(o(m),6) and £ 2n' 2 G(n,e/6) ,
by definition of F and G there are homotopies

Kt £ (") TBatn")Ba) ™ Tataal) fatt)

B 2 b dpatn)pa) =~ data)e@) et

and

", op ! ~ v .
K" s Ea' Ta(n")alL) tn'{, g

B ke pmale) = WX

such that for every t € I
(10) d(q;(m)oz(n')ha(n')qﬁa(n')sor(&)’q;(m)or(n')ué) < 6.

1) 4 @)an’)Pa@) e dam@atn) HPoal)’ < 8
where § € A(q:mym,e/6) and ‘
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(12) d(q;n.kn.q&(n.)a(‘c) , q";n.ﬂ;:') < ¢€/6
(13) d(q;n-P;cK: » ;{an:P&(L)) < ¢/6 .

By Lemma 3.1, there are homotopies

K: 8n £ (n") "Baln")Bate) ™ Tn'e8fate)

B koohonn98atn)pa) = In'e%ePate)

such that for every t € I
11} ”
d(qnn'kn'hoz(n')chv(n')Bat({,) » GngH) < e

and

L} [1]
d(q;n'p;x'l(t ’ qnn'Ht:pBa(L)) < €~

Hence GF = (g £, k b) : (E, p, B) - (E", p", B") 1is a morphism of

level maps of ANR-sequences.

Proposition 3,3: Let F = (f, h)

F' = (£',h")

}:@e® - @2, 8E)
and
6 = (g k) : &', r'8) ~ E", 2" B
where £ = (a,fn) s £' = (a’ft'x)’h = (or,hn), h' = (a,ht'l), B =(B,gn),
k= (B,kn), be morphism of level maps of ANR-sequences. Then
F~F = GF~GF'.
Proof: For given n and ¢ > 0, let m 2 G(n,e/4). Choose m' 2m

such that
pm') = (F,F')(g(m),s) ,

where § € A(q:mkm,e/A) . Since F~ P' , there is { 2 of(m') and
there are homotopies
L' S s = ) esme

M' :hB(m')qaﬁ(m')C O hé(m')qaﬁ(m){.
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such that for every t € I

@ U (myp () Pp @) dep (@)t * Wp@p@HM) < O
and
@ Y mpm)Ppme * (@B @)eP) < 8

Since m' 2 m 2 G(n,e/4) ,

(3) d(q;m-P;-gm. s q;m. m'pé(m')) < ¢l4

and

(4) d(q;:mkaé(m)B(ml) ’ q;:m-km-) < ¢/4 .
gm

r ' ] f ' ' g ¢ "
E‘« qﬁ(m )L‘Eo:ﬁ(m') E(m ) > EB(m') m %Eml /
f' i
B(m')
Py Pop(m') Pg(m') ko
BHf km ;h
(m) 7
J h . / " .
B B Y B(m') S 4 kK, v /fn
—— ] ' m "
hl
pm')

Define homotopies

L gy fim)fop@n = Ba'fp@)op@ne
kb mnydamye = Ko@) opm)e
by L= gm.L' and M = km,M' .

We want to show that for every t € I

B"
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(5) d(q".:mlkmlha(ml)qoe(ml)& 3 q:m.Ht) < €
and
(6) dlap Ppily 5 qp M) < €.

By (1) and the choice of § , for every t € I

(7) d(q;l'mkmqé(m)a(m')ha(m')qoﬁ(m'){, ’ q:mkaé(m)a(mv)Mé) < ¢l4 .
By (4)

(8) ’ d(q:mkmqé(m)s(m')hﬂ(m')qo{B(m')L’qu'km'hs(m')qaﬁ(m'n) < ¢/b

and

(9 d(q:mkmqé(m)s(m')ué ’ q;m'km'Mé) < e/4

for every t € 1.
By (8)) (7) and 9)

” " ]
d(qnm'km'hs(m')qcvﬂ(m'){ ’ qnm-km.Mt) < 3e/4 < €
which is (5) since km,Mé = Mt for every t € I .

Now for every t € I , by (3)

(10) Al Pliggill & UprgePy @yl < /4
By (4)

an ek @p@)Ph@)tt * mtarPp@nte < 4

and

(12) 4 @p k098 (m)p (m*) e P 2 qh kI MIPL) < /4.

By (2) and the choice of §

(13) d(q;;mkaB(m)B(mi)Pé(ml)Lé ’ q;.:mkaé(m)B(mn)MéPL) < 6/4 .

Since L = gm,L' and M = km.M' , by (10), (11), (13) and (12)
for every t €1
d(q;;m'p:l'Lt ’ q:m.MtPL) < €

which 1s (6).
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If m" 2m' then gm") 2 g(m') = (F,F')(B(m),5) and we can re-
peat the same argument for p(m"). Hence m' = (GF,GF')(n,¢) and so
GF ~ GF' .

Proposition 3.4: Let

F= G’h) : @’2’.3.) i (.E."E"_B.')
and

G = (g,k)
G' = (8':1‘.')

be morphisms of level maps of ANR-sequences. Then

} . (-E"B.’E') - (-E-"’Rll,g")

G~ G' » GF~ G'F.
Proof: For given n and ¢ > 0, let m 2 G(n,e¢/4), G'(n,e/4) and
(G,G')(n,e/4). Let m' 2m be such that a(m') 2 F(a(m),8) and

(G,G') (m;n,e/4) (which is =2 o(m)) where § € A(i;mkm,e/é) n A(q;mk;,elé)

(for example, m' = F(a(m),8) and (G,G')(m;n,e/4)) .
Let ' 2 F(a(m'),)\) where
A€ AQlt ko1 e/4) N AN K e/4)
We want to show that BQ') € (GF,G'F)(m';n,e). Since
m' 2m 2 G(n,e/4), G'(n,e/4) and (G,G')(n,e/4) by definitions of

G,G' and G ~ G'

(1) d(q;mm";.gm- ’ q;m-km.P&(m.)) < el& .
(2) d(q;mlp;lg‘;‘l ’ q;mlk:nlpé(ml)) < e/4d .
(3) d(qukch;(m)a(m!) ’ Q;;mvkmu) < ¢/4 .

4) d(q;:mkl:lqt'x(m)a(m') ’ q;;m.kl;.) < ¢elb .



fa(m') ' = > g
Eaa(m') ~>E@") - > m' .,
/ Smo B
£, . [ "
By 1 L e, Pom') . P, /'
! — e — -—> "
B (m) __—l-» By
P P‘:' /7 kt;\
L") /’ . 3 Am
| \L —m > g
B > B' o '
. (m') am') ; 7om
Ba(m ' k!
1 Ya(m*)e
v
LI PPy

There are homotopies

L!

M' : k

such that for every s €

P B To(m')e’

m'qc'x(m')lt,'

~ '
gm'ra(m'){,'

=3

[} L]
km'qct(m')l,'

I

(5) d(q.n'mlkaq&(ml)Ll ’ q;:mlM;) < e¢l&
and
(6) d(q;mlP;lL; ’ q;m.M;P{".) < elb4 .
Since {' 2 F(a(m'),\) and ao(m') 2 F(a(m),5) by definition of
F,
¢)) d(q&(m'){‘lp‘:lf{’l ’ q&(ml)LlpB(&l)) < A
and
® @@ Pa@)’s * a@a@) P’ <
() 9@y a@) @ )IpR’) * Se@a@)T? < 8
since a(m') 2 (G,G')(m;n,e/4)
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(88) 1@ g m)a@') * Inm*nlem)aln

')) < C/lb
for every s € I, where
f e 4 ' ' = r' ., f,
a(m') Ba(m')p(L") a(m')L' 2
R b @) dpampe) = Jp@mHe™

Define homotopies

Lo f @) Ba@ s = B fatm)TpampR")

M kb mndga@yse) = *a'fe@’)Ipatapi")
by
gm,K(x,3t) 0sts<i
L(x,t) = L'(fL.(x),3t-1) tst=<}
gn'x(x,3t-2) g2sts1
m
km,H(y,3t) 0<stx<i
M(y,t) = { M'(h‘b,(y),3t-1) $4<st<i
k;.ﬂ(y,3t-2) §<ts<1.
where x € EB(L') » ¥ € Bﬁ(L') .

We want to show that for every t € I

(9) d(q:m'km'ha(m')qﬁa(m')B(,{,') ’ q;m.Mt) < €
and
(10) d(q;;m-P;oLt ’ q:msutpa(u)) < € .

Let Osts%

By (8A) and a choice of § , for every t € [0,}]

an ek mam) @) Ipempi ) * tmkatatmatm) s < /4
By (3)
12 gl mamt) et ot p ') Y a et ) a4

|)) < C/l#
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and
(13) d(q:m kch'r(m)q(m')ﬂh ’ q:m ' H ) < ¢l& , Y te€ [0,;’5
By (12), (11) and (13)

N K Mo (m ) Tparm B ) * TnmKmrHae) < 36/4

which is (9) since km'H3t =M for every t¢€ [0,3]) .

Now for every t, by (1)

(14) . d(q;m.P;ngm.K3t ? q;m.km-l)&(m-)Kﬁ) < ¢/t .
By (8) and the choice of § ,

A3kt @ata) Pata) ¥3eTan Kalamatmt) FaePage ) < €4 -
By (3),

(16) d(q;mkmq;(m)a(m')pc'y(m')xm: ’ q;m'km a(m) 3t) < e/4

and

a7 d(qnmkm a(m)a(m')” 3:: a({, ) ? qnm m' 3t B(.(, )) < ¢/b.

By (14), (16), (15) and (17)
d(q;m.p;.gm.l(3t ’ qr;m'km HBtPB(LD) < ¢
which is (10) for every t ¢ (0,%] .

Let ¢ <t=<2

For every t we have , by (5)

(18) d(q ok 'qa(m ){' L' Py q ' 3t 1 4') < el .
By (3)
(19) d(q:mkmq;(m)a(m-)q;(m.n-hu Y q;;m. n.q;’(m.)&. L') < ¢elb
and
20 gty a(a) "atn') Batm)B @) * Yama'Ma(a') Igatn")B L )< of4.

For s = 1, by (8A) and by the choice of §

(21) d(q ] k. a(m)a(m') a(m )98a(m")p (e’ )’qnn n a(m)a(m')qa(m )‘C'

W) < el/b.
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By (20), (21), (19) and (18),
na a Po(nt) BamHp’) * TmM3e-1ly) <
for every t € [1,%2] which is (9).
Now by (6)
(22) d(q" lp l 3t 1 L' ? qnmluét 1 L ‘{,') < 6/4 .

By (7) and the choice of A

(23) . d(qnm m-qa(m )Llp f ' qx;m. m-qa(m "' L'pa({a )) < elb4 .
By (5)

(24) d(qmn mlqa(m )L'p vf Y qn' 3t 1 L L') < ¢elb

and

(25) d(qnm qua(m )Llh th(L y 3 q" nm' 3t 1 L'pB(L )) < el4 .

By (22), (24), (23) and (25)

qnch".L3t 1 ‘L' ’ qnm 3t 1 L'pB({. )) < €
for every t € [%,2] which is (10).

Let 2<t<x<1

For every t, by (3)

26 gy myam’) "atnt) Spa@) Bt ") tan' K Pa(n') Spatm ) p e ) < /4
By (4)
27) d(qnm km a(m)a(n') 3: 2 qnm km 3t- 2) < el4.
By (8A) and the choice of § ,
8 4 @y ata) @) pa@’) Bt ) *Ian* e (@ ata’) Fae-2) < ¢/4
and
(29) qnm m a(m)a(m ) 3t-2 ’ q;mk;q&(m)a(m')ﬂ3t-2) < /4.
Now, by (26), (28), (29, (27)
d(qnm m' a(m')qﬁa(m')ﬁ(c ) ? qnm km 3t- 2) < €

which is (9) since k' H3t 2 Mt .
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Now, by (2) for every ¢,

(30) d(q:mvl’;vgl;‘lx3t_2 ’ qulk':ltpé(mv)x3t_2) < ¢/4

by (8) and the choice of §

(31 d(q:mkm a(m)a(n’ )pa(m ) 3t 2 ? qnm m a(m)a(m ) 3t -2 B(L )) < /4.
By (4)

(32) d(q;;mkm o(m) o(m' )pa(m ) 3c 2?2 qnm km'pa(m ) 3t~ 2) < el4

and

(33) d(qnm m a(m)a(m ) 3t ZPB(L ) ? qnm ™' 3t ZPB(r')) < ¢e/4 .

By (30), (32), (31) and (33)
dpyrPi8nrKae o » Qupkpilsye oPga 1)) < €

which 1is (10).

Definition 3.3: Two level maps (E,p,B) and (E',p',B') are equiva-

lent (in symbol (E,p,B) = (E',p',B')) if there are morphisms
F: (Ep,B) - (E',p',B') and
G: (B',p'sB') - (E,psB) of level maps such that

GF ~ 1 and

(E,p,B)
(E',p'sB") .

Proposition 3.6: = 1is an equivalence relation on the set of level maps

FG~ 1

of ANR-sequences,
Proof: Only transitivity requires proof.
Let (E,p,B), (E',p',B') and (E",p",B") be level maps of ANR-

sequences such that
(gaﬁaﬁ) = (&',p',B') anda (E',p',B") = (E",p",B".

There are morphisms of level maps
F: (E,p,B) - (E',p',B") ; F' : (E',p',B") ~ (E",2",B")
G: (E'p',B") - (E,p,B) ; G' : (E",p",B") -~ (E',p',B")
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such that GF ~ 12 » FG ~ 12. G'F' ~ 12. s F'G' ~ 12.. « By Proposition
3.4, GG'F' ~ G . 1"2, = G and by Proposition 3.5, GG'F'F ~ GF ~ 12 .

Similarly, F'FGG' ~ F'G' ~ 12.. . Hence F'F : p-p" and GG' : p" - p
are the required morphisms so that
(E,p,B) = (E",p",B") .

Now we can define the concept of fiber shape equivalence.

Definition 3.4: Let E,E',B be compact metric spaces., Two shape

fibrations p : E~ B and p' : E' - B are said to be fiber shape
equivalent if their associated level maps (E,p,B) and (E',p',B')
respectively are equivalent. (A continuous function f : E - B {is said
to be associated with a level map p : E~ B 1if lém‘g = p). The
following theorem justifies the Definition 3.4.
Theorem 3.,1: Let (E,p,B) and (E',p',B') be level maps of ANR~
sequences with

1im (E,p,B) = 1im (E',2'5B")

then
@’2’2) : (E')B',E') .

First we will state one useful lemma from [10].

Lemma M: Let X = (Xn,rnm) be an ANR-sequence with 1lim X = (x,rn)
and let Y be a compact ANR, Then the following assertions hold:
*
1) For every € >0 and for every map f: X - Y there is an n
*
such that for each n 2 n there 1is a map fn: Xn -~ Y with
d(fnrn,f) < € .
i1) If ¢> 0 and fn,gn: X — Y are maps such that
d(fnrn,gnrn) < €

A
then there exists n 2 n such that
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d(fn Trm gnrmn) < €
A
for every m 2 n

Proof of the Theorem 3.1: By using the Lemma M we will construct

morphisms
F = (£,h),F' = (£',h'):(E,p,B) -~ (E',p',B")
and G = (g,k) : (E';R'>B") - (Esp,B)
such éhat
FG~ 1,
P

GF'~1 and F~ F',
P

Construction of F: Let € = 1 . By induction we will select numbers

(em,6m;'zm,'3m) with the following properties:

*
a) For every n and ¢ > 0 there i8 an index n such that for all

*
man ,

¢ € A(qnm;e) .

b) There are maps f = (a,fn) :E~-E' and h= (a,hn) :B-~B' of

ANR-sequences such that

1) a(z), fmra(m)) <'8'm /2
11) d(q;.hmqa(m)) < 6y/2
111)  d(plf ,h_ a(m)) < 6

and
1] -
1V) for every m 2m there are ¢ - and ¢ /3 ~ homotopies

K: fm ra(m)oz(m') = rm'fm'

H H hm'qa(m)a(ml) bl qmlhml

respectively such that for every t € I

d(Pl:‘Kt ’ t a(m )) < Gm .
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%*

Note that, since €, € A(qnm,e), by (111) and (iv) for every m 2 n

1
d(qnmpm fm ’ qnmhmpa(m)) < €

and for every t € I

L}
d(qnxnpmkt: ’ qnm“tpa(m')) < €

and so, F = (f£f,h) : p~p' 1is a morphism of level maps.
Let m =1,
Select &, €T(B; , ¢/5)
€ € ARy, 8y49)

B, €ET(E] 5 €1y)) -

Now by Lemma M (i), for 61/2 and 61/2 there is an index n;

and there are continuous functions 'Yl : En - Ei and T%..

1
such that
'~ ~
1) d(rl,flrnl) < 61/2
and
' ~
By the choice of '31’ (1) implies
ot '3
(3 dlpyr; plflrnl) < 85 -
Since piri = qip , Wwe have
] 1] l~
(3") d(qlp,plfltnl) < 85 ¢
By (2)

(%) d(qip .'Elqn p) < 81/2 *
1

By (3'), (4) and q_p = p_ °r
’ " b W |

' I .
(5) “(q1f1‘nl ’ h1"n1‘n1) < b2ty < 4 oo

B
n

1

—_ ]
B1
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By Lemma M (ii1) there is an index, say «(l) such that

l.rnla(l)) < 61 .

s . =
ince Py Taja()) T Inja)feq)

(5" d(piflrnld(l) ’ T\‘lpn

~

(5" d(Pifl'nla(1) , hlqnla(l)pa(l)) < & .

~ ~

Write f = f and h

lornla(l) 1 l.qnla(l) =h, . Also since r =

1
rnla(13"a(1) » q“l = qnla(l)'qa(1) , by (1), (2), (5")

©  alfs fi7,q)) < by,

(7 d(a,, hlqa(l)) < 81/,

@) d(pfy, hlpa(l)) < & .

Let m = 2

Select ¢, € A(q],» 6,/29)
8, € T(Bys €373
T, € By, By)9) N Alr]ys By /29
T, €T(E}, 5, ) -

As in the case m =1, for 62/2 and 62/2 there 1s an index n,

~ ~

and there are maps f2 t E - Ei and h2 : an - Bé such that
9 d(ri, ;;rnz) < 3;/2
10 dla,, EQan) < b2

and
a1 de,f,, ?:zpnz) < 8 .

By the choices of 3, and 8, » (9) and (10) 1imply

2



-39~

c! ~ 2
(12)  d(ry, ry, ri,f, nz) < 82

~ 2
] ? ]
(13) d(q12 4, 9y, h2qn2) < 61/2 .

! ep? mop! et = !
Since £1,°Ty = T and gq,, q, = q;
~~ ~ 2
] ' '
(z2") d(rl,r12 f.r ) < §,/2

2 n2

a3 dGy, qigﬁzqn2> < 8,/2° .

By (6), (12")

16) AT 0y s 1y, Tt 2) < 8y +-?&/22 .

By (7) and (13')

(15) d(hlqa(l)’ qiz‘ﬁzqnz) < 61/2 + 61/22 .

Since ra(l) = ra(l)nz . rnz and qa(l) = qa(l)nzqnz .

' ~
4" aETayn, Tny, 12 T2y’ <01

! v 3
51 dhydyyn, 9,0 912 P9 < 6

* *
By Lemma M (ii) there is an index n, such that for all «o(2) = n,
" - ¢ ¥ =

(14" d(fl ra(l)n2 rnza(z)’ T12 f2 rnza(Z)) < &

as") d(hlqa(l)nz Un,a(2)* 912 P22’ < O

~

Write f,er (2) and hz'qnza(Z) = h, . Since ra(l)nz'rnza(Z) N

Taa(2) * Ya(In, n,0(2) ~ a2 * o, T Tna(2)Ta(2) ?
Y, = Yya(2) a2 ™ Pa,n,a(2) T Tn,a(2)Pul2)

by (9), (10), (11), (14", (15"
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(16) d(r,

N

» 19Ta2)?) < 272
(7)) dlay 5 hya,0)) < 8,
(18) d(péfz s tha(z)) < 5,

19) d(f 1 E) < By

1"a)a(2) * 1272

(20) d(hlqa(l)a(z) , qizhz) < & -

[(Note: (11) =

'~
d("2f2‘fn‘,,_o,(2) , h2pn2rn2a(2)) < &

where h2pn2rn20(2) = qnza(Z)pa(Z)] . By the choices of 51 and 51,

there are €" and 61/3-homotopies;

r! £

K 1252

T a(2)

o~ 1
b9, (1)a(2) 9),h,

H:
such that for any pairs (t',t) and (s',s), (t,t',s,s' € I)
d(K Kt) <

t'? :1

and
d(Hs"Hs) < €3 -

In particular, for t' =0, s' = 0, for every t €I
(21) d(flra(l)a(z) » K) < ‘El
@) dlhya0yqc) 0 B < f1y3 -
By the choice of ‘El , for every t €1
@) S@iET )y PR < b3 < Gy o
By (22), for every t € 1

(22')  d(hya 1y42)Pu(2) * BePac2)) < /3 °
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Also, by (8)

23) 4% a)a) * MPa e’ < 1 < fuy3

since pa(l)ra(l)a(Z) = qa(l)a(Z)pa(Z)’ by (21'), (22') and (23), for

every t €1
]
Now, for any m 2 3 select
m-1
' -
emE n A(qnm,én/zm n+1)

n=1
]
m~-1
~ ' " . 7R -
€, € Alpy > 6. /3) N nrll AMr) 3 8 pm=-n+1)
~ ' ~
S, € I-‘(Em 2 em/Z) :
By the following remark (vii) it is clear that F = (f,h): p - p'
where f = (a,fn) s b= (a,hn) is a morphism of level maps.
‘ *
Note that for any n and any ¢ > 0 , there is8 n such that for all

*
m2n ,8 ,m-n +1< ¢ . Then €, € A(q;m,e) .

Remark (vii): Let all the spaces in the diagram be compact ANR's and

arrows be maps such that piriz = qizpé and PyTyy = Qy4P3 »

3]
E"1 > .E{
f
2 '
| f 4
3 ! 773 P
|p | N
172 3 *
SR N R
B.L,; v,”7
——— =]
-7 2 E; N 2
B,— »B+ 7
3 h 3
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Also, let there be homotopies
P ’
1712 12

1 o [}
H P

L]
=
[
L0
fon
~

", . (]
K" : f2r23 r23f3

(1] [
H PR

Byd23
such that for every t € I

L] ] ]
1) d(p.;KL ) Htpz) < &

[] 1) 1)
(2) d(p21<t . Htp3) < &

where ¢ € A(qi2 , el) then we can define homotopies

Y P [}
K: £iry, 1585

. - '
H:hjqyy =~ qy4h
by
K'(rza(x),Zt) 0sts<k
K(x,t) ={
rizK"(x,2t-1) P<tx<1
and
H'(q23(x),2t) 0stsk
H(x,t) = {
qizﬂ"(x,Zt-l) P<tx<1

such that for every t € I
d(p;K, , HPy) < ¢

Check: Let 0 <t <Xk

By (1), d(piKétr23 , Hétp2r23) < €. since P,°Tyq = qy4P,
d(pikyeTy3 » BypdpaPy) < €

i.e. d(pil(t » HPy) < ¢, for every t€ [0,%] .



Let ¥y <scs<1
By (2)
d(q),PK! » qy,HPy) < € .
Since ql'zpz' = pl'rl'2
dlpTioKe » 9Py < & 8
i.e, d(piKt', Htp3) < ¢ for every t € [%,1] .

Construction of G: For every n, similar to the numbers

~

(en, 6.2 € Sn) , Wwe can select numbers (Xn, T A p,n) with respect
to the level map p : E -~ B with the following additional properties:

For every n = ao(m) ,

© Ay € N (gebsy)

P o () €r (Boz(m)’ xoz(m)/B)

)‘a(m) €A (fm’ g /2)

and - -
bam) €T Eom)? Pa@)/2)

Also, the numbers are so selected that if we construct a morphism, say
G= (g,k) : p' = p where g= (B,gn) t: E'<E and k= (B,km) :B' =B
similar to F , then FG = (fg, hk) : p' - p' 1s a morphism of level

*
maps, i.e. for given n and ¢ > 0 there is n such that for all

*
m2n ,

d(p'f g h

m m-o(m) ? mko:(m)péa(m)) < &y

and for every t €I,

d(h Ht) < e

k(@) Ior (m) Bar(m') ?

da(p! Kt Py 1)) < e

tpéa(m
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where H = H' yH"
K = Kl U K"
1, ]
K's flnroz(m)cr(m') rtnm'fm'
K'

" ga(m)réa(m)sa(m') Ta(m)a(m') Ba(m')

H' = hqu(m)a(m') bl ql:m.hm-

H"

= kaf(m)qéaf(m) pa(m') qot(m)cr(m')km'

Now we will show that FG ~ 12, .

For given n and ¢ >0 let n' be an index such that for all

m = o, ¢, €A (q;m,e) .

By construction of F and G, we have

where

o) d(rl:l ’ fmra(m)) < 'gm/2
m-1

Cm € A (P‘;, 6m/3 N nrll A (r"m; 60/2!11‘“"'1) .
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@) d(rat(m)’ ga(m)r'sa(m)) < T;a(m)/z
where ;’d(m) €T (Ea(m) ? 'i‘a(m)/z)

Mgty €A G s Topa N A Bpy » AN N eee

3 g > Mgy < Swy2
where 6 €T (B, em/3) .
() Ay Kym)IBam)’ < Ham)/2
vhere bo €T Bowm? @/
Aymy € N (i s Byd N N A Qpysens) -

By the choice of :or(m)’ (2) implies

(5) d(fm’:af(m)’ fmga(m)r'Ba(m)) < 6m/2

[ ]
P, ot
]
X B!
]
Vo - »
/ .
B aB'" v h v
¢ Bar(m) o) —3 Pa(m) = \)ﬁ‘ B /
ql
o (m) Yo (m) 1
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By (1) and (5)

(6) Aty > £8ym) Bam)’ < Cm
since r) = T o (m) * “Balm)
(6') Ay Ba@m) * “Batm) * fnfa(m pe@’ < °m

Similarly by the choice of ua(m)’ (4) implies
(2 d(hmqa(m), hmka(m)qéa(m)) < 8o
By (3) and (7) and ql;‘ = qn:x,aa(m) . qéoz(m)

(8 d(q'l;:,aa(m) : qéox(m) ’ hmkoz(m)qéa(m)) < Oy

* *
By Lemma M (ii), there is an index m such that for all { 2m

(9 d(r';‘b . fmga(m)réa(m){,) < § and

(10) d(qt:‘c ? hmka(m)qéa(mn) < by
Since bm €ET (Bn",em/3) and 'Em €T (E;,'Zm/z) ,there are 'Em/z-

and em/z-homotopies
e ! o 4
Loerg fn8a(m) *Ba(m)L

. o~ [
M:am = bR Ypa(me
Hence for every t € I,

(1) d(r;w

, Lt) < ’Em/z and
(12) d(q&m . Mt) < €./

~ ' .
Since €, €A (pm H Gm/3) , (11) implies

(13) d(p';rl;w , pn" Lt) < 6m/3 < €3

for every t €I,
By (12)

(14) d(q;LP s Mtp(,) < €u/2 for every t € I .
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By (13) and (14) and pl;rl;‘c = q.;cp ,

L
(15) d(pm L Mtp{,) < e for every t € 1.,

t ]
] L L}
Since € € A (qnm,e) , for every t € T by (12) d(qn{,’qant) < €

and d(q;mpl;Lt . r'\thp{,k ¢ . Also, for every m 2 n' there is such

{ and such homotopies L, M, FG ~ 12. . Similarly, we can construct
a morphism F' : p —= p' such that GF' ~ 12 and "F~ F' .

For every n, similar to the numbers (en, 8.5 ’En’ 'gn) , we can
select numbers (e"l, 6"1; zt;‘, 'B‘n) with c-:t'l <e; 6'<b

n n n

‘;1'1 < 'Zn’ ?;r'l < ?n and similar to the morphisms F and G we can

construct a morphism

F'=(£', h') : p-p

where £'=(',£) : E~E
h' : (a',h!) : B~ B

such that the conditions (A), (B) and (C) are satisfied with appropriate
changes. In other words, for conditions (a) and (b) replace €, bn,

~ iy ' (-4 IR 4] [} '
¢, bn by € én’ € an respectively. a(m), fm, hm by a(m), fm’

hl:l respectively. V m and for condition (c) replace

~

Aa(ml’ u'a(m) > Xa(m) 3 “'a(m) by eé (m)°’ 6B (m)? Cé (m)? ’Eé (m) and replace

6m’ bm by ko and B respectively for every m .
Since F' satisfied the condition (c) by construction

GF'~1 .
2

Now we have to prove that F~ F' .
By conditions (a), for every n and ¢ > O there exists indices

* * h th £ 11 z* d 2*-
nl and n2 such that for a m1 nl an m2 nz,

‘ml €A (qm;e) and

'u:2 € A (qmz;e) .
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* *
Let n = (F,F')(n) = Max(nl,n;). Then for all m 2 n*
(16) e‘; » €, € A (qmn,e) .

Now conditions (b)(i) are

d(r,fr(m)) < 6/

d(r‘;, f:::roz'(m)) < 61:1/2 .

' < g Y
Hence -.d(fmra(m)’ fmroz'(m)) <&, - (Note 6 < 6m) . By Lemma M (ii)

there is an index 4 , £ 2 a(m), o'(m) such that

) < &

a7 d(f ra(m){, , m oz'(m){, o

Similarly, by condition (b) (ii) we can find { so large that

(18) d(h 4 ) < 6m .

a(m)L ? a'(m)L
By choice,
5m €T (Bl:l’ em/Z) .

There are €n/2 ~ and emlz-homotopies
L' f'r

: fmrcx(m)l, = ‘m'o'(m)L
r ., ~ ¢

M s hmqa(m){, hqu' (m)L

respectively. {.e., for every t € 1

(19) d(f ra( % ° Lé) < zm/Z and
(20) d(h oo (@)L’ M":) < €u/2

Since ‘Em € A (p‘;; 6m/3), (19) implies

@1 dPp Ty * Palt) < Sw/3 < w3
Also by (20),

(22) dlhaa,myePy * MePy) < Cw/2

Since P, 'f ra(m)-c mqa(m){,p{, , by (21) and (22)
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1 [} 1 ]
(23) d(p L¢» "t"{,) < € .
Finally, by the choice of € € A (qnm’ €) , (20)and (23) implies
]
d(thmqa(mn s qant) < ¢ and
d(qnmpx:aLé s qanéPL) < ¢ for every te€ I,

Hence F~ F' , Note that (FGF') « G~ FG ~ 12, and

G « (FGF') ~ GF' ~ 12 . Hence (E,p,B) = (E',n',B") .

Example:

1) Consider in the plane IR2, the closure c¢ of the diagram of the
function y = si.ni'T for 0 < x <1 and let { denote a simple arc
with endpoints (0,1), (1,0) and with interior lying in ]Rz -c .
Denote the resulting space by W.

Let st be the unit circle in ]R2 . The quotient map
Pt W~ WAL st i8 a shape fibration. p' = 181: W/A - W/A 1is also
a shape fibration. (A = {(0,y) |-1 <ysl}c RZ).

Claim: p and p' are fiber shape equivalent.

Consider annula El D E2 D ... being neighborhoods of W in R2
shrinking to W. For every n, there i{s a retract P’ En - W/A. Then
p= (pn) : E~W/A 1is a level map.

Consider p' = (p' = 181) + W/A - W/A to be a trivial level map.

Let F= (f) : p' =~ p be a morphism of level maps where for each

1
n, f :8 - En is a simple closed curve, fu o= fn-l-l in En and for

n
every ¢ > 0 there exists n* 2 n such that for { 2m 2 n.‘r .

d(pnllt ’ 181) < ¢ forevery t € I where H: fL >~ fm in E .

Let G= (g) : p~p' be a morphism of level maps where for each
n, g @ En - S1 is a retract of fn(sl) . f:learly FG ~ 12 and

GF~1..
)



Section 4

STRONGLY EQUIVALENT MAPS TNDUCE EQUIVALENT SHAPE FIBRATIONS

In this section we will define a notion called 'strongly equi-
valence' and will prove the main theorem of the paper that two strongly
equivalent continuous functions induce fiber shape equivalent shape
fibrations.

Definition 4.1: Two level maps

. = ! - =
£, 2:¢ (Cn: qm) B (Bn’qnm)

of ANR-sequances are sald to be strongly equivalent (in symbol f =~ g)

*
if for every n there is an index n 2= n such that for all m =2 n

there is a homotopy

H:CmXI-o Bn

= 3 ' = . = [ ' = ] '
with Ho fn S I . fm R Hl 8. % m = Ynn’8n and if n' 2n,

H' :C, XTI = B,

with Hy = £ 0°90ige 5 H) = 8 ecqpipe

then there is a homotopy

G:C,XxIxI -~ B
m

such that
G

= . t
0o 9na’ H
= L] '
1 H (qmm' X 11)

and for every x € Cm' ; tE€I,

G

G(x,O,t) = qnmlfml(x)

G(x,1,t) = qnm'gm'(x) .

Proposition 4.1: The relation =~ of the Definition 4.1 is an equi-

valence relation.

Proof: Only transitivity requires proof. Let f£,g,h :C = B be level
=50~ '



maps of ANR-sequences such that f=~g and g=h . For any n, let
* * * *
n (£,h) = Max(n (£,8), n (g,h)). Then for every m 2 n (f,h) there is

a homotopy

m n
defined by
Hx,s) = H'(x,28) 0sssk
l(m(x,23-1) Y2<s <1
x € Cm., 8 € I where Hm, K" me 1..Bn with
Ky

= oq' =
B = g,'qh, = Ky and

1
Also, for n' 2 n let i : Cm' X I~ Bn' be a homotopy defined by

H'(x,s) = { Hm'(x,Zs) 0<s <}

) &' (x,2s-1) y<ss1

L L
x € Cm“ s € I where ) ’ K" : Cm' X I= Bn' are homotopies with

Hm = fn.‘q‘;-m.

l'Iml'. = Sn.'q;\.m. = K‘(')‘
Kml

hn'qr'\'m' *

Sfnce f=>~g and g=~h there are homotopies
€, 6:C,XxIXxI = B

such that
Gu(x,s,O) = qnn.l-lm'(x,s)
exys,1) = H « (g, X 1))

G“(x,o,t) = £a (x')_



-52-

M(x,1,t)

g qnm- (x)

for x € Cm. » Syt € I and

cX(x,s,0) = qm.x‘“'(x,s)

Fxys,1) = K+ (gl x 1D (x,9)
Gx(x,o,t) =g ° q;m.(X)
GK(x,l,t) =h +q &) .

Define a homotopy

by
H
G (x,2s3,t) 0sss<k
G(x’s)t) = { K
G (x,2s-1,t) ¥ ss<1
x €C m'? St € I . Note that
c(x30)={c(x280)=q H (x,28) O0ss s}

cF(x,28-1,0) =q., K (x,26-1) ¥ S8 s1

H'(x,8) . For t =1,

Hence G(x,s,0) Ao

G(x,s,1) {G(stl)—Hm.(ql;m'xl) 0<ss}

Kx,28-1,1) = & - @ x1) ¥sssi

Hence G(x,s,l)

H . (q;m. X 11) . Also, for every t €I, x€C,,

6(x,0,t) = Gl(x,0,t) = £ q’ 00
Gx,1,8) = G\(x,1,t) = h g’ () .
Hence f and h are strongly equivalent (5'0-2).
Now we will define strongly equivalence relation.
Definition 4.2: Two continuous functions f£f,g ¢: C —« B between compact
metric spaces are said to be strongly equivalent (in symbol £ ~ g) Lf

there are level maps
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e

38 ¢ C - B of ANR-sequences such that f =~ g and l.i_.m_f_ =f ,
l.i_.m E=g.
(Note that loi:m €C=C and l‘i_.m B = B).
Remark: Proposition 4.1 implies that ~ 1is an equivalence relation,
(For proof, see appendix).

Proposition 4.2: Two homotopic maps f,g: C -~ B between compact metric

spaces are strongly equivalent,
Proof: Let H: C x I - B be the homotopy with Ho = f and H1 = g.
Embed Cx I in Qx I~ Q and B in Q . Select a decreasing
sequence B of compact ANR-neighborhoods Bn of B in Q with
n Bn = B, Let T: Q - Q be an extension of H., For each n, we can
select a compact ANR-neighborhood Cn Xx I of Cx I in 'ﬁ-l(Bn) such
that C ., x IcC x I and N(C_ x I) = Cx I. Write Hn=”ﬂ|cnx I.
Note that for every n, HnIC x I = H. Write fn = Hn(O) and g, = Hn(l).
Thus £ = (fn) ™~ g = (gn) showing that f and g are strongly equi-
valent,
Remark (1): Two strongly equivalent maps may not be homotopic.

Let X be the sin;]: curve in r2 with domain (0,1] and let
A=cf(X) DX. Let ¢ be a point, Define f ‘and g such that
f(c) €A - X and g(c) € X.

Choose a decreasing sequence A = (An) of compact ANR-neighborhoods

of A in R? such that for each n, An is contractible and N An = A,

Hence for every n there is a path from f£(c) to g(c) 1in An which



-54=

shows that f and g are strongly equivalent.

But there is no path from f£(c) to g(¢) in A. So f 1is not
homotopic to g.
(2) The concept of strongly equivalence leads to a definition of
strongly shape path connectedness which we will discuss in Section 5.

Now, we will prove the main theorem.
Theorem 4.1: Let E,B,C be compact metric spaces; p : E~ B be a
shape fibration and f,g : C - B be strongly equivalent continuous

' and p" induced from p by

functions then the shape fibrations p
f and g respectively are fiber shape equivalent.
Proof: let p : E~ B be any level map of ANR-sequences and -g,__g_: c—~B
be level maps of ANR-sequences such that £ = g.

For each n, let (Z'; f',p') be the pull-back of (Bn; fn,pn)
and (Z", g ,P") be the pull-back of (B 38 5P ). Then
= (Z', r'

) and 2" = (Z;, r' are inverse sequences of

n,nt+l n, n+1)
compact metric spaces with limits (2'; £',p') and (2", g",p") where

(z'; £',p') 1is a pull-back of (B; f,p) and (2", g", p") 1is a pull-
back of (B; g,p).
As in the proof of the Theorem 2.1, by induction, for each
n=1,2,3,... select compact ANR-neighborhoods E; and E; of Z;
n .
and Zn respectively in En X Cn ; positive numbers €, and nn

Cnn < cn) such that

(1) n,n+1(E < E; ;¢ n+1(E" ) c E; .
(2) lém E'=2"'; 1&m.§" = 2",
(3) dlp_ f'lE' , f p'lE') <e_ s

atp gl |E". , g prlED < ¢
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where f' : E XxC —-E ;p':E xC —~C
n n n n n n n n
(%) for e', e" € E and x,y € Cn ’
1 L ]
ap e, £.00) <7 = (e',x) € B! and
" ” "
dp_(e"), g (¥))< | = (e",y) € E .
(5) As n - o, € - 0 (so does nn) s and
We will define morphisms
h' : E' -~ E" and h" : E" - E'
such that
(.l_‘"’lg) : (h"l.‘i) ~ lP.' and
' . (K" ~
G ,.l__c_) (h :lg) 1, -
Morphism h" : E" - E'
Since p has AHLP and ¢ - 0 as n- o,

€at1 € A (qn,n+1’nn)‘

every (n,e¢) has a

lifting pair Gm,em) . Let (i,ei) be a lifting pair for (n,nn) s

(j,sj) be a lifting pair for (i,N,). Since f£=~g for j, there is

an index m and a homotopy

such

(6)

¢))

H' Cm X1 - B

3

that

RH' = f and

0 J ' q;m B qjmfm

q; f
1
m J J
;’

8
£ J

m

&n
B - m



Define a homotopy gl E:nx I-+B, by =n. (pI'I;X 11) . Let

b

m, [T " _, -
h rjm.gm.Em Em Ej.

Consider the following diagram

H® rij
EI'I;XI > Ej > Ei
/7
-~
//
Gm -~
- I')j Py
”~
//
V.~ v v
E"x1 >B -~> B
m 3 qij i

We will denote fl;(E;l by ft" etc. Then for n = m, by (3) and

the choice of ¢ € A (qjm )s

? sj
(8) d (qjmpmg; ? qjm qnp;) < ej .

Since p 1is a level map, qjmpm = pjrjm . So (8) becomes

(8') d(pjrjmz"m s qjmmp;) < ¢

" and Hm=q g p"

o
Since h- = T jm®n 1 jn°m' m

(8") d(pjhm,l-fn) < ey

Since (j,ej) is a lifting pair for “’“1) there is a map

¢ :E"x I-E, such that
m 1

(9) GT =Ty " and
10) 4@, q HY < T, .

In particular, by (10) we have
1) a(p, Gy » a;,Hp) < T, -

- LI | B " o "o ' " . 1
Now ‘lijﬂl(')I qijnopm qijqjmfmpm qumpm, fiqi.mpm So by (11)

ai’) d(pi‘%l » £ P < My .
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{f.e. for every e; € E; R
11} L " 1"
d(p,(GpleM), £,(a', p"(ey) < T -
By the choice of "1 and (4)
m 11} L 7" 11] ]
(Gole)s ag pr(e)) € E; .
Hence we can define a continuous function

By = (s afgp) ¢ Ep - Ef
Write h; = r;ifﬁg : E; - E; . Now for .n' 20, let (i',ei.) be a
lifting pair for (n',nn.) and (j',ej.) be a lifting pair for
(1',n1.) such that 1' 21 and j' 2 j.

Let BRH" : Cm, X I - B, be a homotopy such that

h|
(12) H(')' = fj, . q‘j'm' = qj'm'fm' and
(13) Hi' =8y " qj'.m. = Qg8

]
. " - = H" . "
Define H' : E", x I Byy by i =H (p", X 1)) . Let
hm = tj.m' . g;' M El'l;' - Em' - EJ' .
[

By AHLP of p, let ¢* : E;. X I = Ei' be a homotopy such that

(14) G'i" = ri.'j'hm' and
(15) d(Pile ’ qi,j,ﬂm) < Tlil .

As before there is a continuous function
~ [ ]
h;;l = (Gtg ’q'ilm|p;;l) : E"ml - Eil .

« h", : E;. - En' . We want to show that there is

Write h;. = r'n'i' -

a homotopy H : rx'm'h;' =~ ht';r";n, such that for every t € 1 and for

every € > Q ’ d(p;Ht,q'nm,p;.) < €. We will show that pl'lHt = q;m.p;..
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h;}
E;;' ~ Et'\'
1
", Ton!
mm
h"
E" n « EI!I
m (4
1" 1 ]
pm' Pn
W
C >C
m' U " “n

Since f =~ g there is a homotopy

such that
A
(16) H(x,o,t) = fj|q3mt x) = qjmlfml (x)
(17) ﬁ(x,l,t) = gj'q,;m' x) = qjm.gm,(x) for every x € C , and t € 1.
H"
Cm,XI > Bj.
Qo X1y JIL
H' <
C‘n X1 Bj

A
. " — e He L]
Let H: Em' x IxI-B, be H H (pm, X II X 11) . Note that

1 = 43
J=Ix1lylXIyIxO is homeomorphic to I X 1 . Define a con-

tinuous function g : E::' X J - Ei by
¢ e (r s X 1)) (x,8) t =1
g(x,s,t) = Tint B (%) s=1

[ ]
rii'dm (x,8) t=0
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d(piGm.(rl'l'm, X 11), HIE;, XIxl) t=1
d(PiS» HlE";u X J) = d(pirim'g;;" HlE;l X1x I s =]

]
d(pirm,cm R H|E;. x I x 0) t=0

Now by (10)
d(pyG7e (rp s X 1), g o (xp X 1)) < M

since H[E", x Ix 1 = ayy * Bo@rxi x1)lEn x1x1

=qgy * B (qpu x 1D (py X 1)

= qij « H' - (P‘;v X 11) (r::lnl X 11)
= qy, o . (xp v X 1)
r" '
Ell mm -3 E"
m m
p". p"
v L W v
C , > C
m m

Hence d(pig, HIE"I;. X J) < T]i for t =1, Now,

" = o " "
H|Em. x1xI qij ﬁ (pm. X IIx ll)lEm' x1xI

A
1y nh;,(s;.) X1xI
= Q4495181 Py

qm.gm.p;. and

qimlpml .

pir:lm'
Hence for s =1,

d(Piga HIE;, X J) = d(qmlpmlgl:n qim'gm'p:') .
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By construction, for n = m' in (3) and the choice of € in (5)
we have
APy Bars By iPrt) < €0 = d(qy P LB a8 eP) < Ty
for t =0,
H[EY, x Tx 0= qij-ﬁ.(p;. X 1 X 11)|E;, X Ix0
= q .q . H"‘(p". X II)
iy 73] m .
= qijl H"‘(P;' X 11) = qij,Hm
By the choice of Mgr s
o' ' ' '
d(pilc ’ qilj'Hm ) < ni' = d(qii'pi|cmsqiilq1ljlﬂm ) < ni ]
ml ] _
i.e., d(pi'rii'c s qij.Hw ) < "1' so, for t = 0,
d(p, 8, HlE;. x ) <T .
Since (1,ei) is a lifting pair for (n,nq), there 1s a homotopy

-1 -
G: Em' Xx I x I En such that

18) GleY, x 3=r ;g and
o Tnt
" >
Em' X J > Ei ,27'E“
-
-
-
-
-
-
-
¢ __ - Py Py
-
—~
v - -
" e
Bt X Ix 1 H > By > By
Ut
19) d(pnG(x,s,t), qniH(x’s’t)) < nn for every (x,8) € E;. x I

and t € I. Write 6 = G|E;. x 0 x I. We want to show that

(20) &’q;un' . (P;I x 0 X 11))(E;| x0x I)cC E;‘

(21) (&,q;m, . (p;. X 0x 11)): r;n.hg. a-h: . r;m. and
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(22) p;(at’q;m' . (P;- X 0 x 11)) = q;m' . p;,‘ for every t € I

(by definition). For (20) we have to show that for every x € E:. and
tel, d(pne(x,o,t), fn . q;m' . p;.(x,O,t)) < ﬂn which by the choice
of nn implies that

&(xaoat): qt'lm'p['l;'(x,o’t)) G E'; .
By (19) d(p_G(x,0,t), q_,H(x,0,t)) < T_ .

By definition of H, d(pna(x,o,t), 9, ° qijﬁ(p".(x),o,t)) < ﬂn .
By (16), d(pna(x,o,t), Iy qjm.fm.p 1 (%:0,8)) <1

i.e. d(pne(x,O,t), qnm.fm,p;,(x,o,t)) <M, since qnm'fm' =f .q

d(p_C(x,0,t), £ q' Pl (x,0,6)) < T

so by (4)
@(xio’t)’ q!;m'p;' (x’ogt)) E E‘; .

Now for t =0
@(x,0,0), g p"\(x,0,0) = (6(x,0,0), ' ,p",(x))
= r ;8(x,0,0), q’ p7i(x))
(ot 1€ (x,00, q' B ()
- <rni.c“'(x.0),q;m.p;.(x))
- (T .i.d"'<x,o>, al 1 ey "a) i gePlh ()
= (g .i.Gm (x,0)590 14 0°qg000P0 0 (X))
= x!er!, (@ (6,00,0)4 B0 ()
= r;n. . h;. .

Similarly,

&(xloll)lq;‘mlp‘zl (x,0,1))

(G(xtoﬁl)tq;‘ml P;- x))
= (rnig(xaosl);q;unll’;t (x))

= (r 6" (v X 11)(x,0),a) 1Poi (X))
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£y (€ (e 1 (x),0),q PN, (x))

! (EE 1 (x),0),q] g Bt (x))

r! (@ 1 (x),0),q] Pl (x))

SHCEHLP IS

h; . r""m.(x) .
Hence r’r'm' . h;;, o h: . rl'!'m,, which proves (21). Hence (_13",12):
(E",p",C) - (E',p",C) 1is a morphism of level maps.

Morphism h' : E' - E"

Let (im’eim) be a lifting pair for (m,’qm) and (jm,ejm) be a

lifting pair for (im,e ).

i
m

Let K' :C x I-B be a homotopy with

jm
| - . ' f
Ko fjm qjmmO qjm‘-“o qjmmO o
> B
> jm

Define a homoto K:E' xI~B by K=K' « (p*' x 1)) .
Py ay o » Pag X 11

Let k=7r * f' : E' -E ~E
" T Mo T g



E' X0 > E L —> E,
mO JIll 2 m
-
—
-
-
-
-
_ -
I P ,pi
- m m
-
-
v - A \'
E' x1I > B ~ B
K o 9 T
m°m
By con.struction, for n = mg in (3)
d(p_ f' £ p') < e .
my mg * my mg )
Since ¢ € A (q > M),
i) jmmO jm
d(q p ) < 7 .
3 g tno w0 mo 0 I
Si = o r
nee qj 0 pjm JmmO
d(p, - r f! q p ) < 9 < € ’
Jo Mo mp l mo 0 %o In 3n
i.e, d(pjmk, Ko) < ejm . Since (jm,ejm) is a lifting pair for
-(im’ei ), there is a map J : E&o X I = E1 such that
m m
(23) J. =r e k and
0 imjm
m m m m

In particular, d(pi Jl, 4 j Kl) <My - Now
m m m m

qimjmKl = qimjmlq " Py

0

qlqujmo"‘o o
= q p
1mFogmo o

=g .q] p' .
1m 1mlmo %o
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By the choice of ﬂi , there 1s a continuous function
m

W=

p' e E' - E"
'm l’qim ) ¢ E Ei .

o "o %o m

Write h' =r", + h' ¢ E' - E" ~ E" . Now we want to show that
m ni m m i m

0 m
ll." . .b.' ~.].'. . e
P
Consider the following diagram
hl h"
m n
E' > E" o> El
mo ~a m — ~y 0
\\\ ”’——’
r'\ _—  a— —
nm
Pl 0 pll p|
m, m n
A Y v
T tmy, " tm
"o 0
Observe that p' « r' =gq' .« p' ., Also,
S Tn Tmmg Cemg o Cmg
" “h" «e h' = p' ¢ ' < B ., " . R
Py hn hm Py rni hn rmi hm

Pp * Tpi® Gm’qi P ¢ Ty ¢ (Jpeqy g Pp )
m m

ql p' . qu n) . r (J q' p')
ni 1 ’ i 1? :meo my

=q' e q!p".r", o (J,q; _P')
ni im m mim 1 immo my

=q' q'. P! - (J,a; P )
nm qmi 1 1294 m P
= ' ]

q q;
nim i mo mo

" Yy Py

Hence, p; . h: . h; = p; «xr'

nmo
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We only need to show that there is a homotopy

L:h"«h' =~ r'
n m o

such that for every t € T and for every € > 0

a(p'L , q' p') < €.
nt nmo mo

We will show that pr'lLt = qr'un p' . Since f and g are strongly

o ™o
equivalent, there is a homotopy
g : Cm X IXI= Bj
0
= U = H' . '
such that ﬁO = qjj K' and ﬁl H (qmmo X 1I) ,

= . q; a fix,1,t) =
ﬁ(x,o,t) qjjmfjm qjmmo an (x,1,t)
Yxe¢ cmo ,t €T,

]
qjjmgjln . qjmmO ’

cC Xx1I > B~ ———3 B
= K* I tn
Uy
%11 93 U4
m m
{r . v J
C xXx1I ~> B —_—_———_— B
m j qij i
Let M=qij.ﬁ-(pl;0xl_.lx11):
) []
PmOXIIXII 8 qij
E' X IXx I- ~C X Ix I > B
m, "o )

Let J=Ix1yUlx IUIXOs 1Ix 0, Define a continuous function

. LI 4 -

i1
m

L(x’s’t) = tiim Jl(x) | s =]

Gm * (h“.‘ X 11)()"8) t=1

, J(X,S) t=0



=d(q., P, J, 9, K .
11 P17 Y43

r
E' x J L > Ei ni > E
m, 2 o
7
7
7~
7
e
e
2 '
| P Py
e
7~
rd
P
rd
v 7~ \' v
E' x IXxI > B > B
%o M i Ui n
for s =1,
. ' = . '
" (! x 1) (x,1) c‘i‘ h!
m
=r h or", . (J,¢' p')
i1j mim 1’ 1mm0 m,
= r e r . gn e " (J ’ql pl )
ij jm 'm mim 1 immo m,
= r g" - r" (J ql pl )
im ®m mi 1’ i m, m,
- r gn (J ’ql pl )
im 1|n 1 immomo
=r J .
1im 1
Hence { 1s well-defined. Also,
d(pi,MlE‘:‘xIxo) t=0
0
' = ' X =0
d(p,L, Mlzmo x J) alpt, MlEmo X 0 X I) 8
d(pi,MlE‘;OXIXI) t=1
For t =0
d(p, 4 MlE' x I x 0) = d(p,r J,qﬁ-(P' x 1.))
2 Vg 111 7943 my X I
= d(q,, P, J, q,.q,, K' - (! x 1))
11 P17 Y1395 my © 1
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By (24) and T]i < e € A (qii .Tli) ’
m m m

dlqy Py Jhayy t gy B <My
m m m m™m
For s =1
' = . J ]
d(Pii.M|Em0 x 1 x 1) d(piriim'll’qijﬁ (pmo x 1; x II)IEmo x 1 x I)

= d J s 9. !
(qiimpim 1? qijqjjmq_]mmopm )

=d@gy Py Jps gy 9y C By P
m m m

m 0 Mo Mo
=dayy Py I 955 0 9y g 8y P )
m m m mO O 0

=dagy Py Jps a9y -9y 5 K)o
m m m m m

By (24) and ei € A (qii ’ni) ’
m m

dlagq Py Jps qyy - gy KD < T,
m m m m-m
For t =1
] = - ] . ] 1
d(pfc,Mlﬁmo X Ix1) d(picm (b x 11),qij 91 (me X 1,))

= e Oy x 1p,q,y Blag, x 1@y X 1) -
Since q::mo . P“'lo = P"I: . hn': »

d(py .MIE;0 X Tx 1) = dlp, @bl x 1p),q, 8" + (B x 1)) x 1))

hl
E' 2 > E"
m
P‘;o 1 3
]
qm
0
Cc > C




By (10)
1 L
d(p, 6" - (n! x 1), qinm(hm x 1)) < 1,
m . ! ] . " ]

i.e., d(p,G (b} X 1., 1y H (p x II)(hm x 1)) <1, .
Hence d(p1 , MIE' XxJ) < M, . Since (i,¢,) 1is a lifting pair
my i i

for (n,7. ) there is a map £ :E XxIXxI-E such that
n m n
25) ﬁlE' Xx J= r )
"o 1
(26) aep_ L, q W < 7 -
Define a homotopy L : E' x I - E' by L(x,t) = (I\.(x,O,t), q' p' (x))
m, n nm,“myy
for x € E' , t € I . We have to show that L(E' x I)c E', i.e.,
my m, n
that for every x € En'x and t €1
0
ap, Lex,0,00, £ Uy Pa ) < Ty -

By (26), d(pn i\‘(x,o,t), qniM(x,O,t)) < ‘nn where
9, Mx,0,t) = q_,q,; B (p';‘o(X)’o’t)

YRR TR

m
TR o

= f [ q' [ q'
n njm jmmo

«q: P!
m jmmO m

p‘:'o (x)

=f q' p' ).
n nmo mo

Now, (e
L(X,O) = (X,0,0), q' P' (X))
"o T

= (r ¢ (x,0,0), q"mop‘;o(x)) by (25)

- (rni o r“-m Jo(x), qt'mop;o(x))
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(r. £' (x), q'! p' (x))
MMy Do My T

= (r

and

L(x,1)

Eex,0.1), a0y ()

(r_.L(x,0,1), q¢' p' (x))
ni am, " m

(£446p * (pG)s afp + oy + (hy x 1) (x,1))

(rpgGo(haCa)), aly = pi(h! (x)))

" ]
hn . hm(x) .

Hence L : r' = h; . h; is the required homotopy.

nm
0
Observe that for every x € E& and for every t € 1,
0
' = pn! 1 '
P, L(x,t) = p  (L(x,0,t), qnmopmo(x))

= ] ] x) .
q““‘op“‘o(

By similar arguments one can show that h' . g":~_;2 .

Important corollaries of this theorem are in the next sectionm.

Let B be a compact metric space of a trivial shape. Then one can
embed B in the Hilbert cube in such a way that there is a decreasing
sequence of neighborhoods Bn of B such that each Bn is homeo-
morphic to Q and

Q Bn =B,

Let lB = (1B ): B~ B be an identity level map and for any point
= n

boEB’
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be the trivial level map. (For each n, 50 : Bn - Bn is a trivial
continuous function).
For every n and for every bn € Bn there is a path,

mn,b t I - Bn such that wn,b(o) = bo and wn,b(l) = bn R wn,b in-

duces a homotopy
K :B x I-B
n n
n
defined by H (bn,s) = wn,b(s) for bn € Bn s SETI.,

Again since Bn is homeomorphic to Q for each n,

) - w

is a contractible loop in Bn

U, okl @nt1, b n,b

(1.e. ) - ©y b € [0] € nl(Bn,bo)) . Hence for each b .,

qn,n+1("°n+1,b
there 1s a homotopy H: : IX I~ Bn such that

Hp(s,0) = w 1, (s)

By (es1) = a4y (g 5 )
l-l:(o,t) = b,
H:(l’t) = qn,n+1(bn+1)
for bn+1 € Bn+1’ s,t € I , Define a homotopy e Bn+1 X IXI=~ Bn

by Hp(bn+1,s,t) = H:(s,t).
This proves that 1B and BO + B~ B are strongly equivalent,
This fact together with the Theorem 4.1 implies the following:

Corollary 4.1.1: Let p: E—~ B be a shape fibration and B be of

trivial shape, then p is fiber shape equivalent to a trivial shape

fibration
mn, :F xB~B

where F, = p-l(bo) .



Section 5

STRONG SHAPE PATH CONNECTEDNESS

In this section we will define strong shape path connectedness
and will show classes of such spaces. At the end we will partially
answer the question raised by Mardesic [10].
Let B be a compact metric space and B = (Bn’qnm) be an ANR-
sequence with l‘i_m B = (B’qn)' Let b,c € B be any two points and
b= (b!.l)’ c = (cn) where for every n, bn = qn(b) € Bn’ e = qn(c) € Bn'
We will define a path from b to ¢ in B.

Definition 5.1: A path from b = (bn) to ¢ = (cn) in an ANR-sequence

B= (Bn’qnm) is a family of paths g = {wn: I~ Bnln € N, wn(O) = bn;
w, (1) = cn} such that for each m 2 n there is a homotopy H: I x I~ B

such that
H(s,0) = wn(s)

H(s,l) = qnmwm(s)
H(O,t)

b
n

qnm(bm)

H(1,t) = ¢

0 qnm(cm) for all s,t € I .

. = ' = ' ' -
Proposition 5.1: Let B (Bn’qnm) and B (Bn’qnm) be ANR
sequences such that 1,{‘“ B = l‘i:m B' = B. For points b,c € B, let
b= =q,/®);c=( =gq,());
- [ . ] e ol = [ I |
' = (b} = q (®)); c' = (c] = q)(c)).
If there is a path w from b to ¢ in B then there is a path
w' from b' to ¢' in B'.,
Proof: As in the proof of the Theorem 3.1, by induction we can choose
a sequence (en) of positive numbers €, ? and construct a map
£=(f,0): B — B' of ANR-sequences such that for all m,n (m 2 n)

m aqpf s

there 1s an en-homotopy

that
nqoz(n)or(m)) <e where L 18 so small tha

-71-
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A o~
€ apfn ™ F9%(n)a(m)
and
(2) for every b € B,
b; = q;(b) and q;mfm(ba(m)) - qr'unfmqoz(m)<b)

lie in a contractible en-ball.
By assumption for each n there is a path wa(n): I Ba(n) such
that 0) = = . H . : 1T~ —-B'
%(a) @ = Potn) 2™ Loy T Sy - Henee firogmyt T Bymy By
]
is a path in Bn from fn(ba(n)) to fn(ca(n))°
By (2) for n = m, there are paths
x:,kn:I-.B'
c n

such that A:(O) =b'; x{:(n = £, x‘c‘(O) = £ (e

)i A = e
- ' = n. . n. - ]
and each path lies in an €, ball. So, W, kc fﬁ”a(n) kb. I Bn is a

t ' 1
path from bn to ¢ in Bn defined by

Ag (3t) 0stsi
w (t) = fd”a(n)(3t'1) tsts<2
k:(3t-2) gsts1

Again by assumption for m 2 n there is a homotopy
H: IXI= Ba(n)

such that
H(s,0) = wa(n)(s)

H(s,1) = qa(n)a(m)wd(m)(S)
H(,t) = Pan) ~ qa(n)d(m)(ba(m))

H(l,t) = cO’(n) = qa(n)a(m) (Ca(m))
for all s,t € I , Hence there is a homotopy

ﬁ:IX I-B'
n

such that
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12(38) 0<s <}

figs,t) = £ H(3s-1,¢0) 3<s<3

| A2 (38-2) 2<ss1,

By (1) and (2) there is a homctopy
G' : IX I~ B;
such that

Kb(3s,t) 0<ss<i

G'(s,t) = { G(3s-1,t) $4<s=<2
K (3s-2,t) 2<sx<1

. ' m o n o [] m ~ n
where by (2), Kb : qnm)\b )‘b and Kc : qnmxc )‘c such that
Kb(O,t) = bl" R Kc(l,t:) = cr'1 , Kb(l,t) = G(0,t) and Kc(O,t) =
G(1,t) for every t € I.

Now, we define a homotopy

H' : Ix I~ B
n

by
G'(s,2t) 0<stsk
H'(s,t) {
ﬁ(s,zt-l) ¥}<t<1.
Note that
H'(s,0) = G'(s,0) = qt"m(.ol:1
' = = n o L[] n = w'
H'(s,1) = fi(s,1) = A 9 * te = Y
H'(0O,t) = Kb(o,t) = b;
H'(1,t) = Kc(l,t) = cé for all s,t € 1.
Hence H' 1is the required homotopy between qr'xmwt:n and w;‘ which
' = RS L . 0 ' ',
proves that w Gnn A fnwa(n) Ab) is a path from b' to ¢

Now we can define the following.

Definition 5.2: A compact metric space B 1s said to be strongly shape

path connected if there is an ANR-sequence B = (Bn’qnm) with
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lém B= (B’qn) and for every pair of points b,c € B, there i{s a path

w= () from b=(b =gq (b)) to ¢c=(c =gq(c)).

Remarks: (1) Clearly if X is a path-connected compact metric space
then X 1s strongly shape path connected.
(2) Let c = {*} be a space with one point and B be a strongly
shape path connected space.

Then any two maps f,g: C - B will be strongly equivalent,

Let f(*) = x and g(*) =y . If p: E—- B is a shape fibra-

tion then the induced shape fibrations from p by f and g respectively
are pf: Fx - C and pg: Fy -C.

Analogous to the path component we can define strong shape path
component of a compact metric space. Two points are in the same strong
shape path component if there is a strong shape path connecting them.

Combining this with the Theorem 4.1 we have

Corollary 4.1.2: Let p: E—- B be a shape fibration and x,y € B be

any points in the same strong shape path_component then the fibers
P-l(x) and p-l(y) are of the same shape.

Definition 5.3: A compact metric space Y 1is said to be strongly shape

dominated by a compact metric space X 1if there are ANR-sequences

X= (xn’qnm) , XY= (Yn’rnm) and if there exist a level map

f= (fn’lN) t Y- X

and a map g=(gn,a) t XX
of ANR-sequences satisfying the following condition:

*
For every n there is an index n such that for all n' 2 n

there is a homotopy

Y, xI-Y
n n
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such that

n

H0 s gnfa(n)ra(n)n'

n L

H1 nn'
and if for m 2 n,

. -t [ ] t

i Ym' X I Ym (m' 2 n')
with Hm

0 gmfa(m)ra(m)m'

HT = o’

then there is a homotopy
H:Y ,  xIXI-Y
m n

such that
H(x,s,0) = ranm(x,s)

H(x,s,1) = Hn~(ra,m. x 17) (x,5)
H(x,1,t) = rnm,(x)
H(x,0,t) = G'(fa(m)'ra(m)m' X 11)(x,t)

for x € rm.(Y), s,t € I , where the homotopy

G : Xa(m) X I Yn
is given by the definition of g with G0 =r 8 G1 = 8,9 (a)a(m)
r
mm
— anm— —— e, a———
/ - _— ——
r /l' f g \)
B .Y —o(mdm' 5 —_—(m) |, >
Y—— 'y Yo (m) X ¥ (m) - > ¥
Tn'm' Ta(n) a(m) Y (n) a(m)
\Yr ra(n)n. \Y#r fa(n) pr g,
n' ?"a(n) ? “a(n)
~ _ 1
\ — an—
S— — — —— m——
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Theorem 5.1: Let a compact metric space Y be strongly shape dominated
by a compact metric space X. If X 1s strongly shape path connected,
so 1s Y,

Proof: Let X = (xn’qnm) and Y = (Yn,rnm) be ANR-sequences with

lim X = (X,qn) and lim Y = (Y ,rn). Also, let f = (fn,lN): Y- X
be a level map and g = (gn,d) : X+ Y be a map of ANR-sequences with
the property defined in the definition 5.3.

Let lim f=f: X~ Y be a continuous function and for any pair
of points y,y' € Y ; f(y) = x, f(y') = x' € X. For every n, denote

qn(x) =X » qn(x') = x; € Xn, rn(y) =y ; rn(y') = y; € Yn . Then

n

x = (xn), x' = (x;), y = (yn) and y' = (y;) are sequences of points.
Note that for all m 2 n , qnm(xm) = x and rnm(ym) =y, -

By assumption there is a path ¢ = {wn: I Xn) , wn(O) =x_;

= 3! ' . w : I -X
w (1) = x* } from x to x' in X Hence © I () is a

path with -
Oa(n) @ = *a(n)

= )

wa(n)(l) Xa(n)
and

8n.ma(n) 21 Yn
is a path with 8, wa(n)(o) = gn(xa(n))

= 1
Bn Yaln) S gn(xa(n)) :
' *

Also, by assumption, for every n there is an index n such that for

*
every n' 2 n there is a homotopy

Hn

Y XI=X
n n

such that
= 8o (a) Ta(a)n’

®r [ -
an

Wb Sh
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Hence for Yo and y;, € Yn' there are paths

=]

Hn(yn,) =H :I-Y

<

L
H (ynn) H)" ¢ I Yn
such that
n
Hy(o) = gnfa(n)ra(n)n'(yn') = 8n(xa(n))
n
Hy(l) = rnn'(ynv) = yn
and

n vy =
Hyl(o) = gnfa(n)ra(n)nu(ynv) = Sn(xo{(n))
) = r 1O =y

Let ﬁ;(s) = Hn(l-s). Then there is a path

' . -
wn.I Yn

defined by
'h'y‘(ss) 0ss <}
m;(s) = { gd»a(n)(Bs-l) }sss2
Hl\ (35-2) 2sss1 .

' = - n = n = ' = n =
Note that ' (0) ﬁyw) B =y, wn () = B @) =y
*
For m2n let m'=2m and
Y, XI-Y
m m

be the homotopy such that

Hy = g

0 mfa(m)ra(m)m'

HT =T e

For Yt Y;: € Ym. there are paths Hm(ym,) = H; ; HP(Y&-) = H?,:

and

I~ Ym such that Hm
y(0) = gm(xa(m))

if;(l) =¥y,

H;ll(o) = gm(x‘;(m)) | -

and H;‘l (1) = Yl:‘ .
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Let ﬁ:(s) = H:(l-s). Define a path

ﬁ?(3s) 0<s=<i
w;(s) = gdna(m)(3s-1) $2<ss<}
H;‘.(Bs-Z)  3sss1

Since X 1s strongly shape path connected there is a homotopy
K:IxI-X
a(n)

such that
K(S,l) = (Da(n) (S)
K(s,0) = Y (n)a(m) wa(m)(s)

K(0,t) = *a(n)
x&(n) )

Define a homotopy K' : I x I ~ Y by

it

K(,t)

LRED) 0<s<%
K'(s,t) = gnK(Bs-l,t) $<8<2
i1 (35-2) 2<ss1

Also, by assumption there is a homotopy

such that H(z,s5,0) = ranP(z,s)

H(z,s,1) Hn-(rn.m. X 1) (z,8)

H(z,1,t) = r_,(2)

and H(z,0,t) = G- (f v x 1) (z,¢)

a(m) T o(m)m

for z € Ym" s,t € I , where by definition of g and by assumption

there is a homotopy
G: X x I-Y
a(m) n

such that G0 = rnmgm

and G = Ealy(n)a(m) *
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Define a homotopy G' : I x I - Y by

H(ym.,1-3s,t) 0<s <}
G'(s,t) = { G-q»q(m) X 1I)(3s-1) 3 ss <}
H(y;.,Bs-Z,t) £2<ssx1

Note that y , = rm,(y) and y;. = rm.(y')) . Heonce the required homo-

topy H' : IX I~ Yn is defined by

G' (s,2t) 0<tsk
H'(s,t) = {
K'(s,2¢t-1) Pst<1
Note that
H(y s 1-3s,0) 0<s <3
H'(5,0) = 3'(s,0) = G(wa(m)(3s-1),0) 3<ss2
H(y&,,3s-2,0) 2<sss1
Now H(ym.,1"3s,0) = ranm(ym.,1-3s) = rnmﬂy(l-Bs) = rnmﬁ;(3s)
Gﬁna(m)(3s-1),0) = rnm%ﬂ”a(m)(3s-1)
H(y!.,3s-2,0) = ran;.(3s-2) .
Hence H'(s,0) = Ton w;(s) .
ﬁ;(ss) 0ss =<}
H'(s,1) = K'(s,1) = gnK(3s'1’1)=gH”a(n)(35-1) 1 <s<2
H;.(3s-2) 2ssx1
So, H'(s,1) = w;(s) . Also,
G'(0,2¢) 0<tsk
H'(0,t) =
{ K'(0,2t-1) kstsl

G'(0,2t) = H(y_,,1,26) = r (o) = ¥,
k' 0,2e-1) = H}0) = 1) =y,

and _
¢'(1,2¢) 0<ts<k
H'(1,t) = {

K'(1,2t-1) y<sts1



G'(1,2¢) = H(ygi,1,t) = r_(y')) = y]
n

R'(1,2t-1) = HJ,(1) = y; -
Hence @' = (w&) is a path from y to y' in Y.
Corollary: If a compact metric space Y is homotopy dominated by a
compact metric space X and if X 1is strongly shape path connected
then so is Y,
Proof: We just have to show that Y 1is strongly shape dominated by X,

Embed Y and X into the Hilbert cube Q. By assumption there are

continuous functions f: Y~ X and g: X - Y and a homotopy H: Y X I - Y

sgch that Ho = gf ; H1 = 1Y .
Extend the continuous function z: X - Y to g: Q - Q say.
First, select a decreasing sequence of compact ANR-neighborhoods

Yn of Y in Q such that N Yn = Y , Then select a decreasing sequence
n

of compact ANR-neighborhoods Xn of X in Q such that N Xn = X and
n
§|X &Y for each n.
n n
Let q ¢ X - X and r_:Y —-Y be the inclusions for all
no’ “m n nm’ m n

m 2 n, Write §|Xn = g, for each n, Then g: X = (xn’qnm) ~Y=
(Yn,rnm) is a level map of ANR-sequences such that gnIX = g for each
n. Similarly extend the continuous function f: Y-+ X to ¥: Q - Q say,

For each n there is an index A such that for all a' 2 A s
Yn' < ?'l(xn). Hence for each n we can select an index a(n) such

2 . fly = f

that F(Y, ) S X and for m2n, Y o S¥ . Write l a(@ = fn
for each n. Then f = (o £ ): Y~ X is a map of ANR-sequences such
that qnmfm = fnra(n)a(m) for m 2 n, and fnlY = f for each n.

Since for each n, Y 1is an ANR, Y 1is a closed subset of Ya(n)’

- = H: X I -Y can be
gnfn|Y gf and r o |y 1, the homotopy Y
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extended to a homotopy

(n) .
ol t Yo

XI-~Y
n
such that

Hg(n) = gnfn and H?(n) =r

(m) |
Also, note that if HY : Yy(m) X I~ Ym is an extension of H

na(n)

with Hg(“‘) =g f and l-x‘l’(“‘) " Tp(m) them
rana(m)IY x I=H= HO'(“) * (ra(n)a(m) X 11) *

Therefore by the definition 5.3, X strongly shape dominates Y.

Let (X,x) be a pointed compact metric space.

A pointed ANR-sequence X,x) 1is a sequence (xn’qnm;xn) of
pointed compact-ANR's (Kn,xn) such that for all m 2n , qnm(xm) =X

(X,x) 1s said to be associfated with (X,x) if lim (X,x) = (X,x).
For a pointed metric space (X,x), in [15] M, Moszynska has defined
limit homotopy groups

\Y}
ﬂh(x,x) = lém (“h(xm’xm)’ qu*) , NEN,

and has proved that Y’fn(X,x) is independent of the choice of pointed
ANR-sequence (X,x) associated with it,
In [15] it has been shown that a pointed map f: (X,x) = (Xn,xn) -

X,y) = (Yn,yn) (i.e. for each u, fn: (xa(n)’xa(n)) - (Yn’yn) is a

pointed continuous function and for m 2 n, there is a pointed homotopy

such that Ho = rnmfm ; Hl = fn . qa(n)a(m)) induces a homomorphism
£, 2 &) - {,y)

and 1f f 1s a 'homotopy equivalence' in the category of ANR-sequences

then j* is an isomorphism in the category of inverse systems of groups.
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Definition 5,4: A polnted ANR-sequence is said to have property (*)

i1f for every n there is an index n(*) such that for all m 2 n(¥)

the following condition is satisfied:

For every W, € ™ (Xn,xn) where w = /mn*(w ) for some
w € nl(xm,xm) there 1is ®, € -nl(XL,xL) for all £ 2 m such that
an*(wL) =W

Proposition 5.2: Let (X,x) and (X',x') be pointed ANR-sequences

associated with a pointed compact metric space (¥X,x).
If (X,x) has the property * then so does (X',x').
Proof: By assumption there are pointed maps
£ :(X,x) » X',x") and g : (X',x") - (X,x)
such that _gga-_l_@’z) and 'f'g:-l-@',g') , f and g induce homo-

morphisms
'”1@_{:5) - nlqla.’.‘.') and

m &Hhx") - m X,x)

L

By

such that g.f ~ l@ x)*
=

b~ Lt gy

Note that for every m2n and { 2 n
1y qnm* m* fn* Y (n) a(m)*

and Qe * Byx = Bpx qé(n)B(L)* !

i.e. the following diagram commutes,
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m¥ '
n‘l(xaf(m)’xaf(m)) > ni(X;,xm)
q * L
a(n)a(m) B
fn*
] []
! (xa(n) »*a(n) ) 1 (xn’ ‘(n)
X! ) fx o . (X
™ ¥g ) *8 ) my Ky sx,)
ql
B(n)BL)* Ay %)
v 8%
] | ]
"l(xB(n)’xa(n)) nl(Xh,xn)
For any n, let m 2 a(n)(*) . Since f£g4~ 1@, 'y there is an
index m' =2 B(m) such that fn*ga(n)*qsa(n)m' =q ek We want to show
that m' = n(*), Llet £ 2m'. Clearly o) 2m . Cousider the fol-

lowing diagram,

nx |

M\ \

T g o (n) **Ba(m)]
~

™ X3 () **8 (m) _“’“ X%

™ (xa(l.) ,xoz @) b (X£ ’XL:

Ta(n)a)*

a(n)i\

Ba(n)* J"
— l(xa(n)’ oz(n)) ____+ﬂ (x ,x )

7

-

‘_-__/

A

S — InBe(n)*

e apm—

S
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Let A € nl(x;‘,xr") such that A = q['\m.*(xm.) for some
Agt € MUX2y 5 x7)) o Let o =g ¢ qé(m)m'*()‘m') € m (X ,x ) and
o) * Ba(a)* * Ipammn'*Par) = g(aymr Pax Ip @+ Par)
" qa(n)m*(‘”m) €m (xa(n)’xcy(n)) .

Since m =2 a(n)(*) and o) 2m , There is md(&) € ﬂl(xacc)’xa(t))

such that qa(n)a({,)*(wd({,) = qa(n)m*(wm) =W (q) * Denote )\L = fL*(wa“)).

then qp, (h) = apiu £+ )

" Lo Yo * o)’
= fn*Gna(n))
fax By(n)* qéa(n)m'*(lm')
= qurx(hge) o
Hence m' = n(*), which proves that (X',x') has the property (*). Now

we can define

Definition 5.5: A pointed compact metric space (X,x) has property (%)

if there is a pointed ANR-sequence (X,x) associated with (X,x) and

has a (*) property.

Definition 5.6: A compact metric space X 1is said to have the (%)
property if (X,x) has the (*) property for every x € X.
Theorem 5.2: If a compact connected metric space X has the (*) property
then it is strongly shape path connected.
Proof: Embed X into the Hilbert cube Q. We can select a decreasing
sequence of compact connected ANR's X = (Xn) associated with X.

Since for each n, Xn is a compact connected ANR, for any two
points X.s Yo € xn there is a chain of finite number of contractible
open sets, Ub, Ul""’qm such that X, € Ub, Ya € qm and for

0<a<m, UnN unﬂ#ﬂ.
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Hence X and y, can be connected by a path in Xn .

So, we can assume that for each n, Xn is path connected.

Llet x,y € X be any two points. For each n, write qn(x) =X
and qn(y) =Y. Suppose for each n, ln: I Xn is path from X
to y . (A (0)=x ;5i@0)=y).

Since X has the (*) property, by definition, (X,x) has the (*)
property. Hence, there is a cofinal subsequence which we again denote
by (X,x) = (Xn,xn) such that for each n, unt+l = n(*).

By induction we will construct a path @ = Qpn: I- Xn) ;
wn(O) =X, wn(l) =y, as follows:

Since kz : I~ X2 is a path from x, to vy, and q12(x2) = x
q12(y2) = ¥is Aoyt I~ X, {is a path from X, to y; - Write

1;

W = q12k2 . Now, if there is a homotopy H: I x I — x2 _such that
Ho = d23%3 3 Hp = Xy
H(O,t) = Xz H H(l,t) = y2 R t€e€I.

Write w, = q,5}, « Then qy,H: I X I-X will be the required homo-

topy.

[ Let M ¢ I - X be two paths such that

Ay =% 5 kl SHoTY s By = Z.

Then A+ ¢ I - X will be a path defined by
A(2s) (¥ <x<}%
A+p(s) =
p(2s-1) k<g=s<1
Note (k+p)o =x ; (Aﬁu)l =2, If w:I—-X 1is a path in X such

that - -
wO z and wy y

then a path
-w: I-X
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is defined by
-w(s) = w(l-s) , s €1
A+ () =A-w .
Note that A - g : I - X 1is a path such that (A - w)o = x and
(- w), =z ]
If that 1is not the case then
| Ay = dp3hy € M Kyexy)
Since 2 = 1(*) and 3 22 , by the (*) property there is
w3 € ™ (X3,x5)  such that ‘113*(“3) = qlz*()‘z T dy3hy) s
i.e. q13QL3) - Qo t q13x3 =0 € nl(Xl,xl) .
Write o, = qy30, X3) .
Now qphwy = ¥ = 4557933 + A3 - 455k
Q3 303 - Aok
0¢ nl(Xl,xl) .

Hence there is a homotopy
K:IxI- X1

such that
K(s,0) = qy,9,
K(s,1) = w

K(0,t) = x

K(1,t) Yy o s,t €1,
which we required. Now, again if 613 + k3) - q3414 =0¢€ ﬂl(x3,x3)
then write o, = q34(14) .
If that is not the case then 633 + k3) = Qg7 € nl(x3,x3) and
since 4 =2 3 = 2(*) there is by, € nl(x4,x4) such that
Qgaly) = p3ulleg + 1) = agu}y) € M (Xp,x))

Write w, = q34Q;4 + k4) and so on.
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w = Gnn) is the required path in X from x to y.

Since x,y € X are any two points, X 1is strongly shape path
connected,

A pointed compact metric space (X,x) € (Q,x) 1is l-movable [12]
if for each neighborhood U of X in Q there is a neighborhood V
of X in Q@ (Vc U) such that for each continuous function

£:6,% - (V0

and for each neighborhood W of X in Q (W< V) there is a homo-

topy
H :(.Sl,*) X I - (u,x)
such that
Ho = f
1
Hl(S cw
and H|* x I=x.

If y € X 1is any point in the same component of x € X then
(X,x) 1is l-movable =» (X,y) 1is l-movable. (2].

We say that a compact metric space X 1is pointed l-movable if
for every x € X, (X,x) 1is l-movable.

Proposition 5.3: A pointed l-movable compact connected metric space

has the (*) property.
Proof: Let X be a pointed l-movable compact connected metric space.
Let x € X be any point. By assumption (X,x) is l-movable. We
want to show that there is a pointed ANR-sequence (X,x) associated
with (X,x) with the (*) property.

Embed X into the Hilbert cube Q. Let X = (Xn) be a de-
creasing sequence of compact ANR neighborhoods of X such that

QX% =X

for m 2 n, 9o’ Xm - Xn is an inclusion,and for each, n, x € Xn .
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Since (X,x) 1is l-movable, by definition, for every n there is
an index n(*) such that for all m 2 n(*) {f w € nl(xm,x) there
is w, € nl(gc,x) for every 4 2 m such that qnm*c”m) = an*GQL) .
By this Proposition 5.3 and Theorem 5.2 we have

Corollary 5.2.1: A pointed l-movable compact connected metric space

is strongly shape path connected.
Borsuk has proved [2] that every pointed plane compact connected
metric space is movable and hence l-movable. Hence we have

Corollary 5.2.2: Every plane compact connected metric space is strongly

shape path connected.
The following proposition shows that not all compact connected
metric spaces are strongly shape path connected.

Proposition 5.4: A dyadic solenoid is not strongly shape path con-

nected.

Proof: A dyadic solenoid ¥, 1is an inverse limit of X = (Sl,q )
L1002 2 = n,n+l

1 _ .1 .ol 1
where for each n, Sn = 8" , a unit circle and qn,n+1' S" -8 1is

1
ntl °*

is not path connected. Let x,y € 22

defined by ¢ (z) = 22 for z € S

n,ntl
It is well-kunown that 22
be two points in the different path components of 22 .
We assume that 22 is strongly shape path connected.
1
Let {@ w: =S8 | wn(O) X wn(l) Y, }Jbe a path from

x= (xn) to y = (yn) in X where qn(x) =x_ qn(y) =y, for

n
each n. We will replace each path w I~ Si with a path Xn: I Si
where kn(O) =X, xn(l) =y, and Xn is homotopic to w keeping
the end-points fixed.

Then ) = (Xn : I = Si) will also be a path from x to y in

X such that
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qn,n+1(xn+1) = xn

which shows that there is a path A = lim } from x to y in zZ, -
This contradicts with our assumption.
For each n, let o, be the generator of nl(S;,x) =z,

=@' . + " where

1
If ® o1 ¢ [0] € nl(Sn+1,x) then w ol o

ntl

] . "
w ., € [4,n+1 °n+1] and . € [0].

Since q, ) and w are homotopic leaving end-points

,ntl (wn-l-l
fixed.,
w ¢ [0] .

=" " ' . "
Let w, =0 + w where o) € [Ln cn] and w? € (0] .

1 ] ] " ) "
There are 'shortest paths kn’ Xn s ln+1’ kn+1 such that

A€ [“’1'1] = [Ln°on]
l: € ﬂn:] = [0]

M1 € lopg ] = R0 4]
A€ ] = (0]

' = " =
&+1(0) S xn+1(1) Yo+l

ANO) = x, AN =y

and

' " = ! " [ "
Clearly Xn + Xn is homotopic to wo= e + w?h and kn+1 + kn+1 is

+ w"

o+l s both homotopies leave end-points

= ]
homotopic to Wbl T Yo
fixed.
By assumption qn,n+lﬁ”n+1) is homotopic to W, leaving end-
points fixed,

Hence qn,n+1*[Ln+1'on+1] = [Ln-on]. Since qn,n+1(xn+1) =x

ntl?

- ' " ' " .
qn,n+1(yn+1) y, and A, Aty A A, are shortest paths
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' = 2!
qn,n+1(xn+1) kn

qn,n+1(":+1) = Ao
Hence we have the paths
RV
Mt = M1 T Ao

1 1
from X, to y. in Sn and X +1 to ¥ 11 in Sn+1 such that

a,))=Xx .

qn,n+1 n+l n

This is true for any n. Hence A = (Xn) is the required path
from x to y in X which induces a path A = lém A from x to

y in 22 .



Section 6

ISOMORPHISM OF SHAPE GROUPS

*

Let C be a category of pointed pairs., Let (C be a category of
inverse sequences in C defined as follows:

*

Objects of (_ are inverse sequences (X,A,x) = ((xn,An,xn);qnm)
in C .

A morphism f : (X,A,x) - (Y,B,y) = ((Yn,Bn,yn);rnm) consists of a
pair (a,fn) where o : N~ N 1is an increasing function and for every
n €N,

ot Koty Aa(m)Fam)’ ~ Tn2Bar¥s)
is a morphism in C such that for m 2 n,
anfn ~ fmqa(n)a(m)
where ~ 1is any equivalence relation defined in the set of morphisms
of ¢ .
Let f = (Q’:fn) : (X,A,x) - (Y,B,y) and g = (B’gn)= (¥,B,y ~
*
(2,C,2z) be morphisms in C_ then
gf-= (Ba’gnfB(n)) : (X,A,x) - (2,C,2)
*
is clearly a morphism in C_ .

Cl1 1 1 = (1, 31 .
earty, QS:A_:E) ( N (xn’An’xn))

We will be interested in the following two categories.
() Let ¢ =R , be the category of pointed pairs of compact metric
ANR's and the equivalence relation ~ be the homotopy relation = .

*
Then IR 1s category defined by Mardesic and Segal.

(1) Let ¢ = G » be the category of groups and homomorphisms.

- * *
Let the equivalence relation be = . Them G_ or G 1is the

category pro- (G . ;91_
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+

For each q € Z , there is a functor

n R* : *

q = G
defined by 'nq()_(_,é,g) = (nq(xn,An,xn); qmn*) and

ﬂq(D i "q()_(:ﬁ’.?S) - "q(!s.B.:l)
*

where £ : (X,A,x) -~ (¥,B,y) 1is a morphism in R_ .

*
Equivalence Relation: We will define an equivalence relation ~ in C_ .

*
Let f,f' : (X,A,x) - (¥,B,y) be two morphisms in C_ .
£= (a,fn); f' = (of’,fl;) . f 1is said to be equivalent to f' (in

notation fa~ £') if for every n there is an index m, m 2 o(n),o'(n)

such that
X A 2 X )
a(n)? o(n)® aln)
qo,(n)m/ :
— n
(xm’Am’ xm) (Yn »B > Yn)
9% (n)m ft'l

Xyt @) At ()%’ ()

f ~ f!
nqa(n)m fnqr.y'(n)m .
A morphism f : (X,A,x) - (¥,B,y) 1s an equivalence in the category

*
C_ 1if there is a morphism g :(¥,B,y) - (X,A,x) such that

d
Ei~ 1@:5_:.’_‘) and L gw~ 1@:2’1) .
*
Note that if fw~ £' in R_ then
*
n (£ n (£' in
q(_) Y q(_ ) . G
and 1f £ 1is an equivalence in IR_ then nq@) 1s an isomorphism
*
in G .

There is a functor
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1.1_.m Q* -G .
defined by l.i_.m ©) = l.i_.mg . Then l‘i_.m "q(Q.(:_A.:E)) = l‘i_.m nq(g(_,é,gc_)
= I&m (nq(xn,An,xn); qnm*) . Again if £f 1is an equivalence in IR:_
then 1im nq(_f_) is an isomorphism in @ .
M. Moszynska has proved that if
in (%,A,x) = Lim (%,B,3)
then l‘i_.m nq@,_ﬁ;,_:g) and l‘i_.m nq(z,g,z)
are isomorphic in G - -
Theorem 6.1: Let p : E- B and p' : E' = B be fiber shape equi-
valent shape fibrations.
Let e' € E', p'(e') =b and F' = (p')-l(b). Then for any fiber
shape equivalence f : p' — p there is
e€F=p-1(b)CE
and an induced homomorphism
£, : ¥rq(E',F',e') - %q(s,p,e)

1

such that f_=7p." - p, .

Proof: Let p' : E'~B and p: E-B

(&' = (Et'l’rt')m)’ B = (anqm)’ E~= (En’tnm))

be level maps of ANR-sequences with limit maps p' and p respectively.

[Such p and p' exist., Embed E", E and B in the Hilbert
cube Q. Extend the maps p' and p to p' :Q—-Q and P : Q= Q
respectively. Choose a decreasing sequence of ANR-neighborhoods Bn of
B such that N Bn = B. Then choose decreasing sequences of ANR-neigh-

borhoods Et'l and En of E' and E respectively such that N Et"- E';
n

= . ~' ' ~ .
T‘En E; p (En) c Bn and p(En) < Bn for each n. Let

p;l -?'|E:‘ and p_ -'f;|En .
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Thus p' : E' - B

and p : E~ B are the required level maps of
ANR-sequences. ]

Let f : E' = E be any fiber shape equivalence. By [10] we can
assume that p has HLP,

Let eé = r;(e') and b = qn(b). By induction on n, one can
define for each n a lifting index m = m(n) > n and a closed neigh-

borhood, Q of b_, homeomorphic to Q and such that
? *n n

(1) qnm(Qm) SInt.Q ; m>n.
2) im Q»q,,1Q) = (b} .
Furthermore one can choose closed ANR-neighborhoods Cn of Qn
such that
(3) qnm(Cm) SIht.Q ; m>n

and therefore
(4) im (C_,q . fc) = {b} .

Next, choose closed ANR-neighborhoods F; and Fn of (p;)-l(Qn)

and p;l(Qn) respectively so small that
-1 -1
] ] .
(5) Pl DTN s F e R i) -
Notice that by (3)
] ]
(6) 9P (Fp) € Int. Q Q)
q P, F) < Int. @ c Q.
for m > n.
Select an ¢ >0 . Since f : E' = E 1is a fiber shape map, for
* *
each n there 1s an index n 2 n such that for all n' 2n

(7) d(q__p_f 4, q

nn''n''n na(n')p' ')) < €.

al(n



fn' Tnn'
'
Ea(n.) > En, > En
'
P a(n') l Pnu Pn
B B > B
d(n') qnga(n|) - n' qml s n

Also by (1) we can choose n' such that for any x € Qa(n') and
y €B
(8) A @)y ®)y) < e = yEeQ .
Note that (8) is true for all { 2n' . Let x € F&(n') . Then by (7)
! (
d(qm(nl)P a(n')(x)’ pnrnn'fn"x)) < €.

By (8), p.r

-1
n nn,fn.(x) € Qn . Since P, (Qn) < Fn , rnn,fn,(x) € Fn

] ]
for any x € Fa(n') . Hence rnn'fn'(Fa(n')) c Fn .
Define a function g : N~ N by Bg(n) =n'.

Note that 8 1is an increasing function. Let f£'=r ,f , .
n nn''n

Then f' = (s,f;) : (E',F') - (E,F) 1is a map of ANR-sequences of pairs.

Note that B8 and so f' depend on ¢ >0 . If we select ¢' >0
then we get another map f£" = (8',£") : (E',E') -~ (E,F) where

" ] t - LL P .

fn : (EB'(n)’FB'(n)) (En’Fn) for each n and fn rnB'(n)fa'(n)

It is clear that f' and f" are equivalent.

Now, for each gq, f; induces a homomorphism

] - ] ] ] - t t .
£lac nq(EB(n),FB(n),eB(n)) “q(En’Fn’fn(es(n)))

Since f' is a fiber shape map, for { 2 n , there is a homotopy

L AR -
L™ By x T E_
M =
such that L0 rncﬁi
L 1t
L= B msw)

and
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d(an(L)pé(L)’ P, L:L) < ¢ forevery t€1I.

B (0) 2 By w By
TB(m)BQ) ang! ot
"‘f'; ;n) = Ey —— s £
Let x € Fam Since B() = B(n) = n' , by (8)
44,0 1)Pa (e) ) an?“(x)) < e = an:{‘(x) €Q,

for every t € I . Hence L:L(x) € Fn for every t £ I ., Therefore

LnL is a homotopy of pairs

(EB(L)’ B(L)) x I = (E,F) .

nL ‘T o
For eB(L) € FB(L)’ y ¢ 1 Fn is a path from r £! (eﬁ(L)) to
ffspw) Cpw)’ = faCpm)

The path L:L induces an isomorphism

L:e % o nq(En,Fn,r f (e n (E F ,f! (e

By B(m?)

Now for each n, the sequence of points {p Tt f (e

) an
converges to b in Bn . Therefore the sequence of points

{ran (eB(L) ) } converges to a point e € Fn . Moreover, since

] =
p' 1is a level map and for m 2 n , qnm(bm) b if {r £! (es(L))lLZm
converges to a point e, € Fm then rnm(em? =e - So, the sequence

of points (en) determines a point e € FC E 8uch that for each n

rn(e) = e

o
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Notice that in the sequence ))} of points of Fn’ any

ryfy e

two consecutive points and so any two points are connected by a path in
Fn . Also Fn is an ANR, so for every e¢-ball there is a contractible
ball around e in the ¢-ball in Fn which contains all but finitely
many points of the sequence. Therefore there is a path o joining e

and f(e in F .
n

B(n)’
Let h[w )¢ nq(En,

i e ) - rr (E Fn £' (eB( )) be the induced iso-

n
morphism by W, .

Let /1\' s m (E ,F ,e ) — nq(En,Fn,en) be the homomorphism defined

am* q m’'m’m

by
A -1 nm

¥ nm* hbn]'LeW * Tnm 'hwm] ¢

for all m2n .

h
[me R
ﬂq(Em,Fm,em) > (E oFo o f! (eB(m)))
A M '

T e 11'q(En Fn,rnmf (es(m)))
\{ h.[‘}’] n(EFf(e )

ﬂq(En’Fn’en) < a n’ n B(n)

for £ 2m 2n, an* = /l\-nm* . /l\.mt* . Hence (nq(g,_lj,_g); /r}m“) is an

object of a pro-group or 1is an inverse sequence of groups.
Define a morphism of pro-groups
A
Bx © (gn*) (" (E',E',e"), rt"m,.) - ("q@’.l.?.).e.)» rmn*)

-1
by B h[‘”n] . fn* for every n.
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We have to show that for m2n ,
Bax * TB(n)B(m* = Tnmx ° Emx °
First observe that for m 2 n the two continuous functions
fan * S o Tpp@ * Fpr Fpm? ~ FarF)

of pairs are homotopic and the homotopy 1is L™ . Hence

mm . I | . '
(9 Lot " Tome " Tnee ™ fne * Tp(n)p(m)
Now,
A Y = -1 [} nm ® L] -1 !
Tam* ° Bpx h[wn] Le'j* Cnm h[wm] ) h[wm] o
= -1 L] m - !
-1
= h (by (9))

[ ] " fax * Tpmp@

Bax * TB(mB(mx

Also note that another choice of ¢ > 0, say ¢' > 0 gives another map
£" : (E',F') - (E,F) of pairs of ANR-sequences such that f" ~ f' .
Hence the induced homomorphisms g, and g, are equivalent in
pro-groups.
By modifying the arguments of the Mardesic's theorem 2 in {11], we
will prove that

A
n’Fn’en)’ L am*

By = (Rp,) ¢ (M (B ) = (m (B,Cob) s dpg,)

is an isomorphism of pro-groups. First we will prove

A
(10) Pn, rnm? - qnm* pmt
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2
nm*
ﬂq (Em,Fm,em) > nq(En,Fn,en)
P Po*
Un*
nm
>

m (BCpsb) m (B 5Coby)

Consider the diagram 1 on page 100. Since p 1is a level map
Poxe Tom* ~= 9pmx ° Ppx °

In the first square, h[bb ] is an isomorphism induced by a path
m

pm(wm) =pt I Bm connecting bm and p_ f (e! ) where

p(m')
w I- Em is the path connecting e and fm(eB(m)) . Hence

Par " Plo ) " )t Pux

By similar arguments

-1 -1 -
P *. h = h * P %
n o] b, n
nm i\‘nm
I"'n e'* e'* Ppx -

Write q am* h ﬁnm * Qo h[p. I* . Note that by the previous
n m

arguments we showed

(11) Pox Tomk = Qomw Pox

Also observe that the paths

rm(wm) : I~F from e to rmnfl;‘(eé (m))

nm

Le' : I - Fn from r f (ea( )) to f' (ea(n))
and -1

w, s I - Fn from f' (eﬂ(n)) to e,

[o 2] - H - C
form a loop o’ I Fn at e . Hence PO 1 0 is a loop at

bn . Consider the following diagram on page 101.



nm
L e'» ', h [wn]
Fn "F'l (ep (."))) ——? TH( Eﬂ, Fﬂ 'CR)

qm'm*-

hrom , Pom
Ty (Em B, €m) 5 Ty (Em, B, Fim (S 1am) ——> T (En, Fr' Farnfon (e'p(m)))_'?."'i(E"‘

hm ¥* P‘rl‘l * P‘n » Pﬂ »* P.n »* .
S
1

v & Y , v ., = v , =4 v

v‘ ( B'"oc"', b'm) ——-"Tr%(a"‘.c’m, P-mﬁm (ep(-m))) —-ﬂTg(Bn ,C-n , P,, Y',',“'Fm ( ep‘“))) —)ﬂi( By ,Cn, bﬂ‘F,,( dp(,,)))__) "q( Bn ,C-n ‘ bﬂ)
2o -
L » h i

h [Mm]

Diagram 1,



h
T am* > (o]
>
ﬂq(Em, m’em) ﬂq(Eb,Fn,en) . nq(En,Fn,en)
P .
w Pox Pox
h
Q. (p o]
nm < nn
nq(Bm,Cm,bm) nq(Bn,Cn,bn) - > nq(Bn,cn,bn)
where h[c ] and h[ o ] are the isomorphisms induced by the loops ©
n P n n
_ A
and pnon respectively. By the construction h[o ] T om* — Tomk and
=N .
h[pnon] Qrx = Do But Cn is contractible, so the loop pnon is

homotopically a trivial loop which implies that
h =1
[pnon] TTq (ancnabn)

A AR
Therefore, q__, = - By (1), P oTinw = QomaPux

h I R
[pngn] nm nm
Next, we will show that
A
Bx = (P 0 (M (BLFope ) T o) = (m (B ,Coub)5 )
is an isomorphism of pro-groups.

It suffices to show that for each n there is an index {4 > n

and a homomorphism K : nq(BL’C ’bL) - ﬂq(En,Fn,en) such that the fol-

1
lowing diagram commutes. A
r
*
"q(EL’FL’eL) = />"n (En’Fn’en)
~ -
RL* - P
~ -
~ qu* X
“ﬁ(gL’qL’bL) > nq(Bn,Cn,bn)

Let { be the lifting index for m and m be the 1lifting index

for n.
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-1
Let [p] € m (B,,C,,b) where ¢ : (19,314,597 ~ (B,,C,,b,) s
the continuous function and

Al el xnpy a®lxy .

= ' =y . qa-1
Let h[“{’][qv] [cp ] e ﬂq(B 1 p f! (eBQ))) Let e' : J - E{. be

the constant map f! (eB(L)) Then pLE' = ¢’ IJq-l . Since

(Iq,Jq-l) Ay (Iq,Iq 1oy 0) and { 1is a lifting index for m there is a

continuous function

q-1 e > mf,
197 o E, — E_
/
P —
/ '
91 P > B, ™ > B_
§: 13~ E_ such that
(12) r Rt Tot &'
and
~F = '
(13) Pp 9=y ¢ -

Since Py TP(BIq) c Qm . ;(alq) c Fm'. Hence ?ﬁ is a continuous function

qQ .49 -1
(I,10,37 ) - (B ,Fm,r £! (ea(“)) .

Thus [¢] € uA (E F Ty f! (eB(L))) Define

(B ,C,,b.) = 7w (E,F ,e)

A A § qg n"n’ n
by Klpl =2, ‘[:)] ™, ®.

We have to show that (i) K {is well-defined;
(i1) K is a homomorphism;

(111)  p K = and

qn&*
(iv) K- p&*géu*'

(1) To show that K 1is well-defined.
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Let ¢ € (9] € 11 (B CL b{,) Then

V= h[u ]($) € [¢'] € " 'C,sP, £! (eBCL)))

and there is a homotopy
-1
H: (1,019, x1 = (8,,C, sb,)
such that H, = @' and H = ¥'

Define a continuous function

k:@M@xoou @ xDy Exn - E

m
by k19 x0="7
kft9x 1 =7
. q-l -
I R AR
Then pm?ﬁ=q_m£tp
Py ¥ =g V'

tmply that pk = q B3 x ) u (@ x 1)y @y .

Since m 1is a lifting index for n, there is a homotopy H: 14 X I~ En

such that
(14) ‘HO = r ¢
(15) ﬁl = rnm'i"
(16) T”Jq-l X I=r . f (e! ) and
nm plL)
(17) pn'ﬂ = qn{' H.
Notice that HQ®IY x 1) ¢ G, . Hence anH(BIq x I) € Q

Consequently by (17) pn'ﬂ(alq x I) c Qn , which implies that
'ﬁ(alq x I) & p;l (Qn) = Fn . In other words, H 1is a map
q9 4 i1 -
(I', ?1%, J° ) x 1 (E »F T o L £ (eB(L)))
By (14) and (15) N

l"mnv € [rnm ¥l € wq(En’Fn’rnm m{’f&(ea(&))) )
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-1 nm m, -1 nm ~
This implies h[“’n] . Le'* . (tnm Le'*) [rnm Y1 = h[w ].Le,*.(rmL:‘{.’*) [rnmcp],

n
-1 ~ -1.
But hp ] - Lovy - (r L) ) = h[wn] LT e 1 (7]

-1 nm

- h[wn] "Lt t Tomx e'*ﬁm
-1
‘lénm*'h[w] ¢ :l;* W]
m

= Ko} .

Hence K[¢§] = K(o] .

(i1) To show that K is a homomorphism

Let (o] = [(pl][cpz] € nq(B{.’CL’bL) . Then ¢ 1is represented by a

continuous function

. (@319 9°Y . b
@ - (I ’aI ,J ) (BL’CL’ ‘L)

given by

(Pl(xazs’t) 0<ss < %
(P(xssat) = {

:pz(x,ZS-l,t) i<scx1l
where x € 192 st e1.

tet hp jlol = by gloy] - by glepd = oplle] - g et 5

~ o~ o0d 71y
induce @y, 9, * (I%,31%,3% ) (Em,Fm,r f! (es(&))) such that

~ -1 - —~ -

(18) &:p1|Jql = rme' = cszJq and
o, = r . B = '

(19) pm cP]_ qmt (Pl H pm (Pz qmt sz .

~. 19 379 9°1y
Define ¢: (I%,31°,J° ) (EL’F f (eB(L))) by

gpl(x,Zs,t) 0sssk

x,s,t) =
? {cpz(xZSlt) ¥<ss<1

where x € I.q“2 s S,t € I . Now,

Klp) = 2 _, hEl ] L] = R A ) - L0661,
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R B m
l'nm* h[wm] Ley*r(; ] ] L r ]
= Klg,] - Klg,] .
(111) Let [g)l e m (BL CL bL) Then

A% nol m
Pox Klp] = Pax rnm* [wm] ) 1'e'*[?p“.l

-1 mb
* Gt Pk B, ] Petx(0]

. F— Qm{’*[‘-P]

PRI W C)
= QM*[tp]
(iv) Let [y] em (EL FL’eL) Then
p&*[ﬂ = [p,¥] = [p] say. Let [p] = rm*h[ L][“ = rm*[ﬁ'].
Then ?p'IJq-l f'(eB(L)) e' and ?5 qml,p qm(fp'

where h[“ ][cp] ('] = Py [ ][H Hence ¢ satisfies the condi-

4
tions (12) and (13). Therefore, .
K. PL*W] = Kol

SA gl om
T am* h[wm] Le'*w]

/\
- [w] aix Toyalpy J[“

>

<2 Iv]

nm* m*
n{.*[“ .

Now we have to show that the homomorphism g, 1is equal to the iso-

">

morphism
-1 A
ey " Q;):(ﬂq@',z',g'); L3 I (ﬂq@,z.g), T ) -
It suffices to show that for each n there is an index {' 2 ¢

such that the following diagram commutes.
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" Ty %"’

7

m (B 1oF, e, ) Baw %P’y

. q '
A ‘ LB *

4
B,,C,,
T B Coty)

0 &

ﬂq(E"’Fn’en)

where the index { and the homomorphism K are as defined before.

Let ¢' be a positive number such that e' < diameter C

L .
Choose § € I"(BL,e'). Since £' = (8,f) : (E',F') - (E,F) 1is a fiber

shape map, for { and § , there is an index {* such that for all

' 2%,
(20) d(qLB(L )pB(‘L ),qu |P f <6 .
£! r
' L' S F eemes w!___.
Fa") > B g T‘c
Pl P, | »p
pQL") 4 i 1
B @" > B _, > BL
Bt q&'B(&') 4 qu'

Notice that § 1s so small that any two §-close maps are connected by
an ¢'-homotopy.

Let y € nq@'.z'._e_') and [y] € nq(Eé(L.),Fé(L.),eé(L.)) which
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is represented by a continuous function

. (19 379 97l L
' . (I saI :J ) (Ea(‘& )9 B(L ),ea({’ ))

Note that
-1
21 O AR B
w .. .
where O I E&' is a path from €t to f! (eB(L ))and Byt = Ppr cwye,
Since

qM|PL| = PL run
(22) qui* P‘C'* = p{'* rul* .
Now by the choice of 4' =and § > 0, (20) implies that there is &

homotopy ' . ' ' -
' 2 (BgepryFaeny)) X T = (B0

such that

G = and

0= P Trerfy
€ = Yae"Ps")

Hence G = G' - (y X 11) : (Iq,an) - (B&’CL) is a homotopy such that

(23) v =Py T .v and
= C' = ' .
(24) €17 GY = YpenPan)Y
Therefore,
3" [6p] = Py a Typrafy1al¥]  and
] = L .
Now the path uL. = pL,w s + I = BL' from bL' to p (eB(L'))
induces a homotopy H' : (B "C{.') x I = (B-L"CL') such that
' =
H, 1( L” ) and H' |b X I = oo -
Then Qg - H' : (BL"CL') x I= (BL’CL) is a homotopy such that
qM—'H(') = Uyt and qMa'H'IbL' x I= Tyt By t I BL is a path from

by o Pruerfirlegey)
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Let « H' Then

H=q " Qg nPrant X 1D
R : (Iq,alq) Xx I (BL’CL) is a homotopy such that

(25) Hy= 6, and Hqu'l x I= qu'.u'lb&. x T.

Note that

(26) h[ ][H ] [H ] € ﬂ (B C ’ '(e ))) .

L L Bl

Yo Hy

Define a homotopy M : (Iq,an) X I - (QL,CL) by

G(x,2s) 0<s <}
M(x,s) =
{H(x,Zs-l) ¥<s=<1

for x € 4 , 8 €I,
For any x € Jq-l, M(x,s) : I - QL is a loop at P it fL (eB(L')) .

Since CL is contractible in itself, this loop is contractible.

Hence [Mo] [M1] €Em (‘L’ 1L le (ea({‘l))) , L.e. [GO] = [HIJ-
By (23)'3 (26): (25) and (24)' ’

@7 P Typee Spaalé] = [qw byt Yp*Ppe V] -
Therefore
-1 ' ,
(28) h[u'L] e'* p‘c* rl,‘(«'* f{‘l* [*]
. -1 ' \
Pl ) £, Plaggomy ] Ut '* Ype* Ppee [y]
which implies
-1 M' ]
(29) PL* h[w‘&] Lel* rul* le* [*]
-1 1
Plu,) B arat byi] %rpn* Paayx -
In other words,
A '
(30) PL* ’l\'ul* g{‘l* [v] = qu.* qL.B(L.)* pﬁ(&')* [f] .

A
PE e T Gypre L so,
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A '
(31) PL* rul* ng* [*] = qu'l* qL'B(L')*pB(L.) [v] .

Then by the same argument as in the proof of (iv) we conclude that

A A '
rm* r{,&'* 8L|* ['] =K q‘LB(‘L')* PB(L')* [*] .

Since y 1is any element of nq(g',_g',_g'), this shows that g_ and
(2*)’1 - (') are equivalent in pro-groups. Hence

-1

im g, = Lim ()7 () * ¥rq(E,F,e') - 1Yrq(E,F,e) .



APPENDIX

Along with the Proposition 4,1, the following two lemmas are useful
to show that the relation ~ (of Definition 4.2) is an equivalence re-
lation in the set of maps between compact metric spaces.

We will only consider ANR-sequences with bonding maps as inclusions.
Let C and B be compact metric spaces embedded in Q and
Cc= (Cn,rnm), B = (Bn’qnm) be ANR-sequences with 0N Cn = C and N Bn = B,
Let g: C -+ B be a map.
lemma 1: Llet g,g': C—~ B be level maps of ANR-sequences with
lim g = 1im B2' =g . Then g=g' (Definition 4.1).

Proof: Consider Cx ICcQx I, Q. Let H: Cx I -B be the constant
homotopy, i.e. H(c,t) = g(c) for all c € C, t € I. Since for each n,

B_ is a compact ANR , with B Cc B, there is an index m_ 2 n and
n ntl n n

n =
& fom ?
n

& homotopy H": Cm X I = Bn , an extension of H such that Ho

n

H::ﬂgt'1 xr_ and HnCm xI-=H“+1.
n ntl

By reindexing we get g=>=g',
Lemma 2: Let f£f,g,h: C ~ B be maps between compact metric spaces,
£f,8: C~B and g',h: C' = (C;l’r:lm) - B'= (Bx'm’qr'un) be level maps of

- = = ! = =
ANR-sequences such that lém £f=f, l‘i_.mg lz.mg -3 1‘§mg h,

~

fopg and g'a=h, Then there are ANR-sequences C, 3 and level maps

o~ e, A

£, 2 ‘8', E: E - z such that

e o L P L

Proof: Let B, u B! be the disjoint union. For each b £ 3B, identify b ¢ B

1 1
to b € Bj . Let the quotient space be denoted by B, g B . Note

1

L] R
that for each n = 1,2,... Bmlgnx'ﬁ-lcnn'ilsn' Embed Blﬁnl

t

in Q . Choose a decreasing sequence B of compact ANR-neighborhoods

~112-
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B such that N ’I\iln = B, For every n there is n' 2 n such that
N ~
Bn. lﬁ’ Bn. C int. Bn .
Now, consider an ANR- ' ! '
s er an sequence C x C' = [Cn X Cly T x rnm} .
Without loss of generality we can assume that for each n, cn X Cx'\
is a compact convenient ANR., Let A(C) = {(c,c) € CxC}c C X C"1 be
the diagonal., Since A(C) 1is a closed subspace of Cn X Cr'n for each
n, we can select a decreasing sequence E of compact ANR-neighborhoods
~ . ’ >~ o) '
Cn of A(C) in C, x Cn such that for each n, C, = int, cC x C' and
n Cn = C.
For each n, let m: C X C' -»C and qu': C XC' —=C' be the pro-
n n n n
jections. We will again denote us R‘ m ~and n'|€ by ﬂ"l .

n
Clearly, by reindexing if necessary, f£,7, g n, g',n', h 1n': < -B are

level maps of ANR-sequences with l‘i_.m fn=¢f, l‘i_.m gn

"
3
bo

'n' =g,

and by Lemma 2 and Proposition
4,1, f n=>=h n' . Thus the relation ~ of the Definition 4.2 is an
equivalence relation. For general case Lemmas 1 and 2 are expected to

be true with some generalization of the Definition 4.2. a
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