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A b s tra c t

SOME PROPERTIES OF 3-POLYTOPAL GRAPHS 

by

P e te r  J o f fe  

A d v iso r: P ro fe s s o r  Joseph  M alkev ltch

By a w ell-know n theorem  o f S t e i n l t z ,  a  g raph  (w ith o u t m u l t ip le  edges 

o r  lo o p s) i s  th e  edge graph  o f  a  convex 3 -d im en sio n a l p o ly to p e  i f  and 

on ly  i f  i t  i s  p la n a r  and 3 -c o n n ec ted . P lane  graphs o f  t h i s  type  ( i . e . ,  

3 - p o ly to p a l) , w hich we s h a l l  a l s o  r e f e r  to  as  n -g ra p h s . a re  th e  o b je c ts  

o f  ou r I n v e s t ig a t io n .

Theorem ( S t e i n i t z ) .  Each p -g rap h , may be g e n e ra te d  from  ( th e  t e t r a ­

hedron) by a su c c e s s io n  o f  e d g e -a d d i t io n s . E q u iv a le n t ly :  each  p -g rap h , 

o th e r  th a n  K^, c o n ta in s  an  edge w hich i s  d e le ta b le  ( i . e . ,  i t s  rem oval, 

fo llo w ed  by th e  su p p re s s io n  o f  any r e s u l t i n g  2 -v a le n t  v e r t i c e s ,  y ie ld s  

a  s m a lle r  p -g ra p h ) .

We s tr e n g th e n  t h i s  theorem  (and th u s  a l s o  th e  f in d in g s  o f  K o tz ig  and 

Ju co v ic  co n ce rn in g  edges o f  "low w e ig h t"  in  p -g ra p h s )  by d e m o n stra tin g  

t h a t :

THEOREM. Each p -g rap h  t  c o n ta in s  a  d e le ta b le  edge sh a red  by an  i-g o n  

and a  j-g o n  such  th a t  i  £  5 and i+ j  £  13.

Some o f  th e  th e o ry  developed to  o b ta in  t h i s  i s  a l s o  employed to  d e te rm in e  

s e t s  o f  g e n e ra tin g  o p e ra t io n s  f o r  th e  b ic u b ic  p -g ra p h s , f o r  th e  c y c l i c a l l y -  

A -connected  b ic u b ic  p -g ra p h s , a n d - in  a  s e n s e - f o r  th e  H am ilton ian  b i ­

cu b ic  p -g ra p h s . These a re  o f  i n t e r e s t  in  v iew  o f B a r n e t te 's  w ell-know n 

c o n je c tu re  th a t  a l l  b ic u b ic  p -g rap h s a r e  H am ilto n ian .

A second l i n e  o f  in q u iry  i s  th a t  o f  d e te rm in in g  th e  e x is te n c e - o r  o th e r ­

w ise -  o f  a HIST (a spann ing  t r e e  w ith o u t 2 -v a le n t  v e r t i c e s )  in  g raphs o f



A b s tr a c t :  by P e te r  J o f fe A d v iso r: P ro f .  J .  M alkev itch

v a r io u s  s o r t s - u s u a l ly  3 -p o ly to p a l .  In  t h i s  co n n e c tio n  th e  fo llo w in g
2

a re  p ro v ed : i f  6 i s  connected  w ith  S 4 v e r t i c e s  th e n  G has a  

HIST; i f  G has n a  6 v e r t i c e s ,  each  o f  v a le n c e  S %n, th e n  G has a 

HIST; th e  HIST problem  f o r  n o n -cu b ic  3 -p o ly to p a l graphs i s  N P-hard . 

F u r th e r ,  we d e r iv e  a  n e c e ssa ry  c o n d i t io n  fo r  a  cu b ic  p la n e  graph to  

have a  HIST -  one th a t  i s  a l s o  a  s u f f i c i e n t  c o n d it io n  f o r  H a lin  g rap h s . 

In  a d d i t io n  we c o n s tru c t  two s p e c ia l  ( i n f i n i t e )  c la s s e s  o f  n o n -cu b ic  

p -g rap h s whose members have no H IS T 's ; one com prised o f  4 -v a le n t  

c y c l ic a l ly -4 -c o n n e c te d  p -g ra p h s , and th e  o th e r  com prised o f  p -g rap h s 

whose d u a ls  a l s o  p o sse ss  no HIST. A lso  p re se n te d  a re  two E berhard 

type  theorem s co n ce rn in g  th e  fa c e  v e c to rs  o f  H alin  g rap h s .
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CHAPTER 1

INTRODUCTION

1 .1  PRELIMINARIES

The o b je c ts  in v e s t ig a te d  in  t h i s  work a r e ,  a lm o st e x c lu s iv e ly ,  

th e  p la n a r  3 -co n n ec ted  g ra p h s . These graphs a re  e s p e c ia l ly  i n t e r e s t ­

in g  because  th ey  a r e  isom orph ic  to  th e  g rap h s a r i s i n g  from  convex

3 -d im en sio n a l p o ly to p e s ,  and th u s  a r e  a ls o  r e f e r r e d  to  a s  '3 -p o ly to p a l  

g r a p h s '.  In  d e v e lo p in g  a  body o f r e s u l t s  co n ce rn in g  th e  s t r u c tu r e  o f  

such  g ra p h s , we p u rsue  two m ajor l i n e s  o f  in q u i ry .

( I )  L o c a tin g  th o se  3 -p o ly to p a l graphs t h a t  do , o r do n o t ,  have a 

HIST (a  spann ing  t r e e  w ith  no 2 -v a le n t  v e r t i c e s ) . Much o f  th e  s tim u lu s  

fo r  t h i s  work came from th e  id e a s ,  and e n th u s ia sm , o f  Jo seph  M alk ev itch . 

(See [Ml] o f  b ib l io g ra p h y ) .  Such q u e s tio n s  (and r e la t e d  m a te r ia l  on 

H a lin  g raphs) ap p ea r in  C hap ter 2 , where a 'D i r a c - ty p e ' e x is te n c e  

theorem  i s  a l s o  p roved ,

( I I )  D e fin in g  s e t s  o f  g e n e ra tin g  o p e ra t io n s  (v ia  edge d e le t io n )  

f o r  c e r t a in  s u b c la s s e s  o f  th e  3 -p o ly to p a l g ra p h s ; th e  b ic u b ic  3 -p o ly to p a l 

g ra p h s , and th e  c y c l i c a l l y  4 -co n n ec ted  b ic u b ic  3 -p o ly to p a l g ra p h s , a re  

two such c l a s s e s .  T h is m a te r ia l  ap p ea rs  In  C hap te rs  3 and 4 , where 

v a r io u s  o th e r  theorem s ab o u t d e le ta b le  edges a re  to  be found -  in c lu d in g  

a  'K o tz ig - ty p e 1 r e s u l t  co n ce rn in g  d e le ta b le  [ c o n t r a c t ib le ]  edges o f  low 

w e ig h t. T h is  r e s u l t  makes i t  p o s s ib le  to  show th a t  any p la n e  3 -con n ec ted  

g raph  can  be o b ta in e d  from  th e  te t r a h e d ro n  by s p l i t t i n g  fa c e s  w ith  

r e l a t i v e l y  few s id e s .

In  o rd e r  to  make th e  work e s s e n t i a l l y  s e l f - c o n ta in e d ,  we u t i l i z e  

t h i s  c h a p te r  to  d e f in e  m ost o f  th e  te rm s (and n o ta t io n )  to  be u sed .

W ith v ery  few e x c e p tio n s ,  ou r usage i s  's t a n d a r d ' to  g raph  th e o ry  and 

in  ag reem ent w ith  th a t  o f  F . H a ra ry 's  in t ro d u c to ry  t e x t  "Graph Theory"
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(see  [Hi] o f  b ib l io g ra p h y ) ;  how ever, we do use  " p a th "  and " c i r c u i t "  

to  mean, r e s p e c t iv e ly ,  "open p a th ” and "sim ple  c i r c u i t " .  The l a s t  

s e c t io n s  o f  C hap ter 1 d e a l w ith  3 -p o ly to p a l graphs and a l s o  in c lu d e  

some 'n o n - s ta n d a rd ' te rm in o lo g y , and a  few theo rem s. Someone f a m i l i a r  

w ith  th e  f i e l d  w i l l  p ro b ab ly  f in d  i t  adeq u a te  to  read  j u s t  th e  l a s t  two 

s e c t io n s  o f C hapter 1 .

For convenience th e  s e c t io n s  o f  each  c h a p te r  a r e  numbered, b u t 

in d e p e n d a n tly  o f  th e  num bering o f  th e  th eo rem s. A l l  num bering i s  

'w i th in  c h a p t e r ' ,  and a l l  d iagram s a re  lo c a te d  a f t e r  C hap ter 4 .

/•

1 .2  GRAPHS

A graph  G ** (V,E) i s  com prised o f  a  f i n i t e  nonempty s e t  V * V(G) 

o f  v e r t i c e s  (o r ,  p o in ts )  and a  p re s c r ib e d  s e t  E ■> E(G) o f  uno rdered  

p a i r s  o f  d i s t i n c t  v e r t i c e s  o f  V. Each p a i r  e * (x ,y )  o f  E i s  an  

edge (o r l i n e ) which jo in s  i t s  en d p o in ts  x and y . (Edge e may 

a l s o  be deno ted  by x y ) .  F u r th e r :  v e r t i c e s  jo in e d  by an edge a r e

a d ja c e n t , and each  e n d p o in t o f  an  edge i s  in c id e n t to  th a t  ed g e ; 2 

edges s h a r in g  a  common v e r te x  a re  in c id e n t .

By d e f i n i t i o n  a  g raph  G has no loop  (a v e r te x  jo in e d  to  i t s e l f )  

and canno t have s e v e ra l  (m u ltip le )  edges jo in in g  2 v e r t i c e s .  In  b r i e f ,  

b o th  lo o p s and m u l t ip le  edges o ccu r in  a  pseudograph w hereas a  m u l t i ­

graph  has no lo o p s . H en cefo rth  (u n le s s  in d ic a te d  o th e rw ise )
•k

G, G , G", G ', Gq , G^, Gg . . .  and so f o r th  w i l l  alw ays d en o te  g rap h s ; 

an d , f o r  p u re ly  p r a c t i c a l  re a s o n s ,  th e  f i r s t  th re e  ( th a t  i s  G, G and G") 

w i l l  be used m ost f r e q u e n t ly .

G and G" a re  isom orph ic  graphs i f  th e re  e x i s t s  a  1 - t o - l  

co rrespondence  betw een t h e i r  v e r te x  s e t s  w hich p re se rv e s  a d ja c e n c y .
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O bviously , isom orphism  i s  an  eq u iv a le n c e  r e l a t i o n  f o r  g raphs . Thus we 

w i l l  o f te n  r e f e r  to  some d iagram  as  " th e  g rap h "  6 . Two graphs a re  

d is  jo in t  i f  th e y  have no common v e r te x  o r  edge. G i s  th e  un ion  o f  G'

and G", w r i t t e n  G ■ G' (J G", i f :  G' and G" a r e  any two graphs -

d i s j o i n t  o r  n o t -  such  th a t  V * V' u V" and E ■ E ' y E". The fo llo w ­

in g  w i l l  a l s o  prove u s e f u l .  The number o f edges (o f  G) a t ,  o r  in ­

c id e n t  t o ,  a  v e r te x  x  i s  th e  v a le n c e  o f  x ( in  G) o r  th e  degree o f

x ( in  G) and i s  deno ted  by deg x . V ertex  x  i s  i s o la te d  i f

deg x = 0 . I f  deg x ■ 1 th e n  th a t  edge in c id e n t  to  i t  i s  sometimes 

c a l le d  a pendan t ed g e . I f  deg x  ■ k  then  x i s  k - v a le n t . I f  a l l

v e r t i c e s  o f  G a r e  k - v a le n t ,  th e n  G is  a  ( r e g u la r )  g raph  o f  deg ree  k

o r a  k -v a le n t  g rap h . A 3 -v a le n t  g raph  i s  som etim es c a l le d  c u b ic .

1 .3  SUBGRAPHS

A graph  G" -  (V ",E ") i s  a  subgraph  o f  th e  graph  G ■ (V,E) i f  

a l l  i t s  v e r t i c e s  and edges a re  i n  G. F u r th e r :

(a ) I f  V" -  V, th e n  G" spans G.

(b) I f  x  and y  a r e  a d ja c e n t in  G" w henever th ey  a r e  a d ja c e n t

in  G, th e n  G" i s  an  induced  subgraph  o f  G.

(c ) I f  G" i s  com prised  o n ly  o f  edges (and t h e i r  e n d p o in ts )  o f

G, th e n  G" i s  an  edge su b g rap h .

(d) I f  G" c o n s i s t s  o f  a l l  edges and v e r t i c e s  o f G, ex cep t f o r

one v e r te x  x  and a l l  edges o f  G in c id e n t  t o  x ,  th en  G" i s  s a id  

to  be o b ta in e d  from  G by rem oving th e  v e r te x  x . and i s  deno ted  by

G -  x .  E q u iv a le n tly  G ■ G" +  x . (See f ig u r e  1 .4 ) .

(e) I f  G" c o n ta in s  a l l  v e r t i c e s  and edges o f  G, b u t f o r  edge

e ,  th e n  G" was o b ta in e d  from  G by rem oving edge e . and we w r i te

G" -  G -  e and G -  G" + e . (See f ig u re  1 .4 ) .
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( f )  By th e  complement o f  G" In  G i s  meant th a t  subgraph 

G/G" com prised o f  a l l  edges -  and t h e i r  e n d p o in ts  -  and v e r t i c e s  o f  

G th a t  a re  n o t in  G".

I f  S i s  some s u b se t o f  V(G) U E(G) we may use  G -  S to  d eno te  

th a t  subgraph  o b ta in e d  from  G by rem oving a l l  v e r t i c e s  and edges in

S.

1 .4  WALKS AND CONNECTEDNESS

A w alk o f  G is  an  a l t e r n a t i n g  sequence o f v e r t i c e s  and ed g es , 

w ith  a t  l e a s t  one edge, such  th a t  each  elem en t i s  in c id e n t  to  th e  n e x t . 

Such a  sequence

w - v  <VV' V -" (V l'V -  vn
i s  u s u a l ly  deno ted  by th e  b r i e f e r  v . , v « , . . .  v (o r  even v ,v_  . . .  v1 n  l  I  n

may be used) and i s  s a id  to  ' j o i n '  v^ and v ^ . The w alk W i s  a

t r a i l  i f  a l l  i t s  edges a r e  d i s t i n c t ,  and an  open p a th  i f  a l l  i t s

v e r t i c e s  a r e  d i s t i n c t .  I f  a l l  p o in ts  o f  th e  w alk W, e x c e p t f o r

v , * v , a r e  d i s t i n c t  th e n  i t  1b a  sim p le  c i r c u i t  (o r  c y c l e ) . N ote,1 n — "
u n le s s  in d ic a te d  o th e rw is e , th e  a b b re v ia t io n s  p a th  and c i r c u i t  w i l l  

h e n c e fo r th  be used in  p la c e  o f  " p a th "  and "sim ple c irc u it" .*

G i s  connec ted  i f  ev e ry  p a i r  o f  v e r t i c e s  i s  jo in e d  by a  p a th ,  

and eachm axim al connec ted  subgraph  o f  G i s  a  component o f  G.

Two subgraphs o f  G w i l l  be s a id  to  be s e p a ra te d  i f  th ey  l i e  w ith in  

d i f f e r e n t  com ponents. G i s  n -co n n ec ted  fn -ed g e-co n n ec ted ] i f  one 

m ust remove a t  l e a s t  n v e r t i c e s  [edges] to  o b ta in  a  d isc o n n e c te d  

g rap h , o r a  v e r te x  o f  d eg ree  0 .



THEOREM 1 .1  (Proved in  H arary [HI, p. 4 8 ] . )

A g raph  G i s  n -co n n ec ted  [n -ed g e-co n n e c ted ] i f  and o n ly  i f  

every  p a i r  o f  p o in ts  i s  jo in e d  by n v e r t e x - d i s jo in t  [ e d g e - d is jo in t ]  

p a th s .

REMARK: The f i r s t  o f  th e s e  2 r e s u l t s  i s  g e n e ra l ly  a t t r i b u t e d  to  b o th

H. W hitney and K. Menger ( c i r c a  1930); s t r a n g e ly  enough, the  o th e r  

(co n ce rn in g  ed g e -c o n n ec te d n ess ) was n o t fo rm u la ted  u n t i l  ab o u t 1956 -  

a lm o st 30 y e a rs  l a t e r .  Note t h a t ,  by d e f i n i t i o n ,  i f  a  graph  i s  n - 

connec ted  [n -ed g e-co n n e c ted ] i t  m ust a l s o  be i-c o n n e c te d  ( i-e d g e -c o n n e c te d ]  

f o r  a l l  i  l e s s  th a n  n .

L a s t ly :  a g raph  G i s  c y c l ic a l ly -n -e o n n e c te d  i f  one must 'c u t '

( i . e . ,  remove) a t  l e a s t  n o f  i t s  edges in  o rd e r  to  o b ta in  a  graph

w ith  2 components t h a t  each  c o n ta in  a  c i r c u i t .

There a re  s e v e ra l  s p e c ia l  ty p e s  o f  graphs w hich w i l l  be d e a l t  w ith  

q u i t e  f r e q u e n t ly ,  and can  now be d e f in e d .
i

A H am ilton ian  g raph  i s  one c o n ta in in g  a  c i r c u i t  w hich p a sse s  th rough  

ev e ry  v e r te x  -  a  H am ilton ian  c i r c u i t  o r  HC. A nalogously  a  p a th  o f  a 

g raph  i s  a  H am ilton ian ' p a th  i f  i t  c o n ta in s  a l l  v e r t i c e s  o f  

t h a t  g rap h . N ote t h a t ,  a s  shown in  f ig u r e  1 .5 ,  we g e n e ra lly  in d ic a te  

H am ilton ian  c i r c u i t s  and p a th s  by u s in g  's q u ig g le d  e d g e s '.

A graph  G « (V,E) i s  a b i p a r t i t e  g rap h  (o r  b ig ra p h ) i f  V can 

be p a r t i t i o n e d  in to  2 s u b se ts  V' and V* such  th a t  ev ery  edge o f  G

jo in s  a  v e r te x  o f  V1 to  a  v e r te x  o f  V". I f  G i s  b i p a r t i t e  and

c u b ic  ( th a t  i s ,  3 -v a le n t)  th en  i t  i s  som etim es c a l le d  a  b ic u b ic  g rap h .

•THEOREM 1 .2  [H I, p . 18]

A graph  i s  b i p a r t i t e  i f  and o n ly  i f  a l l  i t s  c i r c u i t s  a r e  even .
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A graph  i s  a c y c l ic  i f  i t  has no c i r c u i t s ,  and a  t r e e  i s  a  connected  

a c y c l ic  g raph  (see  f ig u r e  1 .6 ) .  Any g rap h , connected  o r  n o t ,  w ith o u t 

c i r c u i t s  i s  a  f o r e s t .

THEOREM 1 .3  [HI, p . 32]

The fo llo w in g  s ta te m e n ts  a r e  e q u iv a le n t  f o r  a  g raph  G -  (V ,E ):

G is  a  t r e e ;  ev e ry  2 v e r t i c e s  o f  G a re  jo in e d  by a  un ique p a th ;

G i s  connected  and - |E |  ■ |v [ -  1 ; G is  a c y c l ic  and | e |  ■ |v| - 1.

1 .5  EMBEDDINGS AND PLANAR GRAPHS

L e t S be a  to p o lo g ic a l  s u r f a c e  ly in g  in  Rn (n -d im en sio n a l 

E u c lid ea n  sp ace) and l e t  G -  (V,E) be some g iv en  g rap h . To say  th a t  

G is  drawn on S i s  to  id e n t i f y  G w ith  some s p e c i f i c  c o n f ig u ra t io n  

D * (N ,X ,f) w hich 'r e a l i z e s *  G in  th e  fo llo w in g  way: N i s  a  s e t  o f  

jv | p o in ts  on S ( th e  nodes o f  D) and f  i s  some b i j e c t i o n  o f  N 

on to  V,.X  i s  a  c o l l e c t io n  o f  |E | a rc s  ( th e  'e d g e s ’ o f  D) t h a t  a l s o  

l i e  on S and have t h e i r  e n d p o in ts  in  N, and nodes p and q o f  N 

a re  jo in e d  by an  a r c  o f  X i f  and o n ly  i f  f ( p )  and f (q )  a re  a d ja c e n t  

in  G. I f  so  we may say  th a t  "D i s  th e  g raph  G". I f  G « D i s  such 

th a t  edges i n t e r s e c t  o n ly  a t  n o d es , th e n  i t  i s  s a id  to  ba a  geom etric  

g rap h , and to  be embedded in  S .

C le a r ly  a  g raph  G, w h e th e r a b s t r a c t  o r  n o t ,  can alw ays be embedded

3 2in  R and can a l s o  be drawn on th e  p la n e  R so  t h a t  2 edges

'c r o s s '  a t  m ost once; th u s  G can  be embedded in  th e  s u r fa c e  o f  a

sp h ere  w hich has a t  m ost |E ( G ) h a n d l e s .  I f  G can  be embedded

in  th e  p la n e  th e n  i t  i s  a  p la n a r  g rap h . (K uratow ski c h a ra c te r iz e d  such

graphs in  1930. See [HI, p . 1 0 8 ] .)  F in a l ly ,  by " th e  p la n e  graph  G"

is  meant some p a r t i c u l a r  embedding o f  G in  th e  p la n e . For exam ple,
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th e  isom orph ic  g raphs in  f ig u r e  1 .7  a r e  b o th  drawn on th e  p la n e  ( th e  

p la n e  o f  th e  p a g e ) , b u t th e  one on th e  l e f t  i s  an  embedding -  and th u s

a  p la n e  g raph  -  w hereas th e  o th e r  i s  n e i t h e r ,

1 .6  FACES OF PLANE GRAPHS

I f  a  g raph  G * (V,E) i s  embedded in  a  s u r fa c e  S w hich i s  e i t h e r
3

a  p la n e  o r  a  sp h e re  in  R , th e n  c o n s id e r  th e  to p o lo g ic a l ly  open re g io n  

S -  G. I t  i s  th e  d i s j o i n t  u n io n  o f  one o r  more connec ted  open re g io n s  

o f  S. Each o f  th e s e ,  p lu s  i t s  ( to p o lo g ic a l )  c lo s u re  -  w hich m ust 

'c o in c id e ' w ith  some s u b se t o f  G 's edges and v e r t i c e s ,  i s  c a l le d  a  

fa c e  o f  G and th e  s e t  o f  a l l  face s  o f  G may be deno ted  by F(G ).

I f  F i s  a fa c e  o f  G th en  th a t  subg raph  o f  G t h a t  'c o in c id e s  w i th '

(and d e f in e s )  th e  c lo s u re  o f  F i s  th e  boundary o f  F , and may be

den o ted  by dF: each  edge and v e r te x  o f  dF i s  s a id  to  be in c id e n t  to ,

o r  w i th ,  fa c e  F and to  be an edge o r  v e r te x  o f  F . L a s t ly ,  2 fa c e s  

o f  G a r e  a d ja c e n t  fa c e s  i f  t h e i r  b o u n d a rie s  s h a re  an  ed g e ; an  edge 

on ( th e  boundary o f)  only  1 fa c e  i s  som etim es c a l le d  a  1 -s id e d  edge 

(see  xy in  f ig u r e  1 .8 ) .

REMARK 1 . I f  G i s  embedded in  th e  p la n e  th e n  i t  fo llo w s  from  th e

d e f i n i t i o n  o f  " fa c e "  t h a t  G has  p r e c i s e ly  1 fa c e  w ith  an  i n f i n i t e

a r e a  (u s u a l ly  c a l le d  th e  e x t e r i o r  fa c e  and som etim es deno ted  by X) 

and any o th e r  fa c e  F , r e g a rd le s s  o f  th e  n a tu re  o f  i t s  boundary dF, 

m ust be 'e n c lo se d  w i th i n 1 a  un ique c i r c u i t  com prised o f  3 o r  more 

edges o f  dF. For exam ple, c o n s id e r  th e  10 -v e r te x  graph  o f  f ig u r e

1 .8 .  The boundary o f  fa c e  F i s  com prised  o f  7 d i s t i n c t  edges 

( s q u ig g le d ) ,  y e t  F i s  'bounded by* th e  3 - c i r c u i t  abca w hich i s  

n o t a  boundary .
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REMA.RK 2 . For embeddings o f  2 -co n n ec ted  graphs ( e i t h e r  in  th e  p la n e  

o r in  th e  sp h ere ) th e  s i t u a t i o n  i s  much n e a t e r .  Every edge must be 

on a  c i r c u i t  and i t  can r e a d i ly  be shown (u s in g  rem ark 1) t h a t  every  

fa c e  m ust have a  c i r c u i t  fo r  i t s  boundary , and so  th e re  a re  no 1 -s id e d  

e d g e s .

A fa c e  F o f  a  p la n e  2 -co n n ec ted  g raph  i s  s a id  to  be a  k-gon i f  

( th e  boundary o f)  th a t  face  c o n ta in s  k ed g es , and we may w r i te  

|F | ■ k . By a t r i a n g l e  i s  meant a 3-gon ( in  p lan e  pseudographs 1-gons 

and 2-gons a re  c a l le d ,  r e s p e c t iv e ly ,  monogons and d ig o n s) and by a 

sm a ll face  w i l l  be meant one w ith  5 o r  few er edgeB. For 2 -co n n ec ted  

g ra p h s , a c i r c u i t  bounding a  fa c e  may i t s e l f  be r e f e r r e d  to  a s  a  " fa c e "  

(see  [HI, p . 1 0 3 ]) .

Two p la n e  graphs may have th e  same 'u n d e rly in g *  g raph  ( th a t  i s ,

th e y  a r e  iso m o rp h ic ) , y e t  t h e i r  fa c e  s e ts  may d i f f e r .  (See f ig u re  1 .9 ,

f o r  ex am p le). A p la n e  g raph  G i s  s a id  to  be c o m b in a to r ia llv  e q u i­

v a le n t  to  p la n e  g raph  G" i f  f  i s  some isom orphism  o f G o n to  G"

and r  some b i j e c t i o n  o f  F(G) on to  F(G") such t h a t :  e “ (xy)

i s  an  edge o f  face  A o f  G i f  and on ly  i f  edge ( f ( x ) , f ( y ) )  i s  an

edge o f  fa c e  r(A ) o f  G". Speaking  in fo rm a lly : " f  p re s e rv e s  fa c e s  

and t h e i r  a d ja c e n c ie s " .  (See f ig u r e  1 .1 0 , f o r  exam ple).

THEOREM 1 .4  [HI, p .  105]

Any 2 -connec ted  p la n e  g rap h  G can be 're -em bedded ' in  th e  p la n e  

so t h a t  any s p e c if ie d  fa c e  F , th a t  i s  n o t th e  e x t e r io r  f a c e ,  becomes 

th e  e x t e r io r  face  o f  a 'new ' p la n e  g raph  G" th a t  i s  c o m b ln a to r ia lly  

■ e q u iv a le n t  to  G.

PROOF: Assume F i s  n o t th e  e x t e r io r  f a c e ,  o r  we a re  done.

P ic k  some p o in t  N w ith in  th e  i n t e r i o r  o f  F and c o n s id e r  a  sp h ere  S



beneath- th e  p lan e  P ( c o n ta in in g  G) w hich i s  ta n g e n t to  i t  a t  N.

Embed G o n to  S (S shou ld  be s u f f i c i e n t l y  la rg e )  v ia  a  p e rp e n d ic u la r

p r o je c t io n  downwards. N ext c o n s id e r  a n o th e r  p la n e , P " , w hich i s  p a r a l l e l

to  th e  f i r s t  and a l s o  ta n g e n t to  th e  sp h e re . L e t th e  s p h e r ic a l  embedding 

o f  G be s t e r io g r a p h ic a l ly  p ro je c te d  onto  p la n e  P " , w ith  N as th e  

'p o l e 1. This i s  G" w hich , o b v io u s ly , i s  c o m b ln a to r ia lly  e q u iv a le n t  

to  G.

REMARK. A p la n e  g raph  G" w i l l  be c a l le d  an  e lem en ta ry  re-em bedding  

o f  some p lan e  g raph  G i f  i t  can  be d e r iv e d  from  th e  l a t t e r  v ia  th e

p ro c e ss  d e sc r ib e d  in  theorem  1 .4 .

Suppose G i s  a  connec ted  p la n e  g rap h . L e t p ,  v ,  e ,  p^ deno te  

th e  number o f  f a c e s ,  v e r t i c e s ,  edges and i-g o n s  o f  G r e s p e c t iv e ly .

The fo llo w in g  a re  e s s e n t i a l l y  due to  E u le r :

THEOREM 1 .5  [HI, p .  103]

e + 2 •  p + v .

THEOREM 1 .6  (Proved in  Grunbaum [G3, p . 2 0 8 ] .)

I f  G i s  3 -v a le n t  th e n  £  (6 - i ) p  -  12. E q u iv a le n t ly :
i  1

3P ,  + 2p, + p ,  «= 12 + £  (6 -  i ) p .  .
3 ^  5 i i 6 1

PROOF: 3v ■ 2e * £  ip .  and p ■ £  p ,  .
i  1 i

A lso , by theorem  1 .5 ,  6e + 12 ■ 6p + 6v. So, s u b s t i t u t i n g  in  t h i s  f o r  

e ,  p and v we o b ta in  o u r r e s u l t .
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1 .7  3-CONNECTED PLANE GRAPHS

A 3 -p o lv to p e  i s  th e  convex h u l l  o f  a f i n i t e  n o n -co p la n a r s e t  o f  

p o in ts  in  E uclidean  3 -s p a c e . G i s  s a id  to  be a  3 -p o lv to p a l graph  

i f  i t  i s  Isom orphic to  th e  g rap h  d e f in e d  by th e  edges and v e r t i c e s  o f 

some 3 -p o ly to p e .

THEOREM 1 .7  (Proved in  [G l, p . 235] and in  [G3, p . 2 0 4 ] .)

Every 3 -p o ly to p a l g raph  i s  p la n a r  and 3 -c o n n e c te d . (T h e re  a re  10 

non -isom orph ic  p la n e  g raphs th a t  a r e  3 -co n n ec ted  and have 6 o r  few er 

f a c e s ;  th ey  a re  p re s e n te d  in  f ig u r e  1 .1 1 . ) I t  i s  th e  con v erse  o f  

theorem  1 .7  w hich i s  th e  d i f f i c u l t  h a l f  o f  S t e i n i t z 's  w e ll known 

c h a r a c te r i z a t io n  o f 3 -co n n ec ted  p la n a r  g ra p h s :

THEOREM 1 .8  (E. S t e i n l t z ;  proved in  [G l, p .  235] and in  [B G l,p ,2 7 ] .)

A graph  i s  3 -p o ly to p a l i f  and on ly  i f  i t  i s  p la n a r  and 3 -co n n ec ted . 

One can a l s o  c h a r a c te r iz e  th o se  p la n e  g raphs t h a t  a re  3 -connec ted  

in  term s o f  in c id e n c e  am ongst f a c e s .  T h is  w i l l  p rove q u i te  u s e f u l ,  

even though th e  p ro o f i s  by e lem en ta ry  m eans.

DEFINITION. A p la n e  g rap h  G w i l l  be s a id  to  have p ro p e r ty -p  i f ,  and 

o n ly  i f ,  b o th  o f  th e  fo llo w in g  h o ld :

(a ) G is  2 -co n n ec ted  and each  v e r te x  has v a le n c e  3 o r  m ore.

(b) No p a i r  o f f a c e s  can  'to u c h  tw ic e ' ( i . e . ,  can  have a  m u l t ip ly -  

co nnec ted  u n io n ) ; th a t  i s ,  i f  two fa c e s  sh a re  v e r t i c e s  u and v th en  

u  and v a re  a d ja c e n t  and edge uv i s  sh a re d  by b o th  f a c e s .

REMARK. I t  fo llo w s  r e a d i ly  from  th i s  d e f i n i t i o n  th a t  a  graph  w ith  

p ro p e r ty -p  can n o t have a  p a i r  o f  fa c e s  w h ich : sh a re  3 o r  more v e r t i c e s ;

sh a re  2 o r  more ed g es .
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The graphs o f  f ig u r e  1 .9  o b v io u sly  do n o t have p ro p e r ty -p ,  

w hereas a l l  10 g raphs o f  f ig u r e  1 .11  do . Now c o n s id e r  th e  3 theorem s 

w hich fo llo w ; th e  f i r s t  i s  obv ious and w e ll  known w hereas th e  n e x t two 

a r e ,  s u r p r i s in g ly ,  n o t too  w e ll  known.

THEOREM 1 .9 .  I f  G i s  a p la n e  g rap h  w ith  a t  l e a s t  3 v e r t i c e s ,  th e n  

i t  i s  2 -co n n ec ted  i f  and o n ly  i f  each  fa c e  has a  boundary th a t  i s  a 

c i r c u i t .

PROOF: Imm ediate by th e  d e f in i t i o n  o f  2 -co n n ec ted n ess  and

rem ark  2 o f  s e c t io n  1 .5 .  f

THEOREM 1 .1 0  (D. B a rn e tte  [B3, p . 3 7 ] .)

I f  p lan e  G has p ro p e r ty -p  (see  d e f in i t i o n  p re c e e d in g  theorem  1 .9 )

th e n  G i s  3 -co n n ec ted .

REMARK. B a r n e t te 's  p ro o f i s  by e lem en ta ry  means and does n o t Invoke 

S t e i n i t z 's  theorem . I t  i s  p re s e n te d  a t  th e  c o n c lu s io n  o f  t h i s  c h a p te r .

THEOREM 1 .11  I f  p la n e  G i s  3 -c o n n ec ted , th e n  i t  m ust have p ro p e r ty -p .

REMARK. In  g e n e ra l one ap p e a ls  to  S t e i n i t z 's  theorem  to  j u s t i f y  t h i s  

(h a rd ly  s t a r t l i n g )  a s s e r t i o n ,  b u t th e  fo llo w in g  e lem en ta ry  p ro o f  does 

n o t  do s o ; and th u s ,  w ith  theorem  1 .1 0 , y ie ld s  an  indep en d an t c h a r a c te r ­

iz a t i o n  o f  th o se  2 -co n n ec ted  p la n e  g raphs t h a t  a r e  3 -co n n ec ted .

PROOF: Assume th a t  G i s  a  p la n e  3 -co n n ec ted  g rap h , b u t  t h a t  i t

does n o t have p ro p e r ty -p .  Then (s in c e  c o n d i t io n  (a) i s  o b v io u s ly

s a t i s f i e d )  i t  m ust be th e  c a se  t h a t :  th e re  e x i s t  2 v e r t i c e s ,  c a l l  

them x and y , t h a t  a re  sh a red  by 2 f a c e s ,  say  L and M; b u t L 

and M do n o t  sh a re  an edge jo in in g  x  and y (w hich may, o r  may n o t ,  

be a d j a c e n t ) .  We w i l l  fa c e  th e  c o n t r a d ic t io n  th a t  G is  no t 3 -co n n ec ted .



- 1 2 -

Since G i s  3 -co n n ec ted  i t  i s  a l s o  2 -c o n n e c te d . So, by theorem

1 .9 , b o th  L and M a re  bounded by c i r c u i t s .  Thus we can  draw some 

sim ple  c lo se d  c u rv e , C, in  th e  p la n e  so  th a t  i t  p a s se s  th ro u g h  th e  

i n t e r i o r s  o f  b o th  L and M w ith o u t to u c h in g  any edges o r v e r t i c e s  - 

ex cep t fo r  x and y . The edgeB o f L in s id e  [o u ts id e ]  cu rve  C 

com prise a  p a th  jo in in g  x to  y .  W ith r e s p e c t  to  th e  2 p a th s  ly in g  

w ith in  [ e x te r io r  ;to ]  C, one on L and one on M: th e y  may sh a re  an  

edge o r  one o f  them may have on ly  1 e d g e - jo in in g  x ‘and y .  Regard­

l e s s ,  th e se  2 p a th s  d e f in e  a  c lo se d  w alk  w hich can be ' t r a c e d '  as 

fo llo w s : move from  x  to  y a lo n g  one and th e n  back  to  x on th e

o th e r .  T his w alk  must c o n ta in  a t  l e a s t  one v e r te x  d i s t i n c t  from  x

and y ;  o r  e l s e  x and y would be jo in e d  e i t h e r  by m u l t ip le  edges 

( im p o ss ib le )  o r  by a  s in g le  edge , th e  edge xy i t s e l f .  T his would 

mean th a t  each  o f  th e  a fo rem en tio n ed  p a th s  (one on L and one on M) 

i s  a c tu a l ly  th e  edge x y ; b u t th e n  xy i s  sh a re d  by b o th  L and M 

(we assumed i t  was n o t ) . Thus we have shown th a t  th e re  a re  2 v e r t i c e s

d i s t i n c t  from  x  and y -  one In s id e  C and th e  o th e r  o u ts id e  C.

But th e n  th e se  2 v e r t i c e s  cou ld  be s e p a ra te d  by rem oving x and y 

from  G, and so G i s  n o t 3 -connected .'

1 .8  OPERATIONS ON HANE GRAPHS
★

Given p la n e  G we can  c o n s tru c t  a  g rap h , o r  p seudograph , G ,
*

c a l le d  th e  d u a l o f  G by d o in g  a s  fo llo w s : p la c e  a  v e r te x  o f  G in  

each  fa c e  o f  G and jo in  2 such v e r t i c e s  w ith  one (o r  more) a rc s  i f  

and on ly  i f  th e  c o rre sp o n d in g  fa c e s  o f  G meet on an  edge -  p r e c i s e ly  

one a r c  a c ro s s  each  edge sh a re d  by th e  2 fa c e s  (se e  f ig u r e  1 .1 3 ) .

C le a r ly  G i s  alw ays connec ted  (and i t  i s  a graph  i f  G has p r o p e r ty - p ) .
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We say  th a t  a  p la n e  graph  G" I s  o b ta in e d  from  (a  p la n e  graph)

G by face  s p l i t t i n g  p ro v id ed  we can g e t G" by ad d in g  an  edge a c ro ss  

some face  o f  G. There a re  e s s e n t i a l l y  3 ways in  w hich t h i s  can  be done 

(see  f ig u re  1 .1 4 ) ( depending  on how many new v e r t i c e s  a re  p ro d u ced . I f  

e "  d eno tes th e  edge added th e n  we may w r i te  G" ■ G b  e " .  H encefo rth  

fa c e  s p l i t t i n g  and ad d ing  an  edge (a c ro ss  a  fa c e )  w i l l  r e f e r  t o  th e  

same o p e ra t io n .

By d e l e t in g  edge e o f  a  p la n e  g raph  G we mean, e s s e n t i a l l y ,  th e

'in v e rs e *  o p e ra t io n  to  edge a d d i t io n .  T hat i s ,  th e  p la n e  g raph  (o r  

m u ltig ra p h ) G ~  e i s  o b ta in e d  from  G by rem oving edge e (see  s e c t io n

1 .3 )  and th e n  's u p p re s s in g ' any 2 -v a le n t  v e r t i c e s .  (See f ig u r e  1 .4 . )

N o te : i f  G' -  G ~  e th e n  G ■ G' & e .  We ob serv e  t h a t  th e  a d d i t io n

o f  an  edge p re s e rv e s  p ro p e r ty -p  (and 3 -c o n n ec ted n ess )  o f  a  g rap h , w hereas 

edge d e le t io n  may n o t (se e  f ig u r e  l j . 6 ) .

I f  G i f  some 3 -co n n ec ted  p la n e  g rap h  th e n , because  i t  has  p ro p e r ty -p ,
•ff

i t s  d u a l G i s  a l s o  a  p la n e  g rap h . Now i f  we s p l i t  some fa c e  F o f  G,

by p la c in g  a  'new* edge e a c ro s s  i t ,  in to  two a d ja c e n t  f a c e s  F^ and

Fg, th e n  th e  d u a l o f  G & e can  be o b ta in e d  from  G by: ' s p l i t t i n g '

th a t  v e r te x  f  o f  G w hich co rre sp o n d s  to  fa c e  F, in to  two new

v e r t i c e s  f^  and f^  , such t h a t  th e  new edge e jo in in g  them

co rresp o n d s  to  edge e .  To be p r e c i s e  (and a ls o  more g e n e r a l ) ,  by

s p l i t t i n g  v e r te x  x o f  a  p la n e  3 -co n n ec ted  graph  G w i l l  be m eant th e

fo llo w in g : ad d in g  a  v e r te x  x '  to  G; jo in in g  x  and x '  i n  th e  new 

g raph , c a l l  i t  G ';  J o in in g  each  v e r te x  t h a t  was a d ja c e n t t o  x ( i n  G) 

to  one, o r  to  b o th , o f  x and x ' o f  G' so t h a t  G ' i s  a l s o  a  p la n e  

graph  w ith  p ro p e r ty -p ;  le a v in g  a l l  o th e r  a d ja c e n c ie s  unchanged.
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By c o n t ra c t in g  (o r s h r in k in g )  an  edge o f  a p la n e  3 -connec ted  graph 

1b meant th a t  re d u c t io n  th a t  i s  th e  in v e rs e  o f  v e r te x  s p l i t t i n g :  two

a d ja c e n t  v e r t i c e s  a r e  i d e n t i f i e d ,  o r  'c o a le s c e d ' , and any r e s u l t in g  

s e t  o f  m u l t ip le  edges i s  re p la c e d  by a  s in g le  edge. (Note t h a t ,  as 

opposed to  v e r te x  s p l i t t i n g ,  t h i s  o p e ra t io n  may n o t p re se rv e  3 -connec ted - 

n ess  -  see  f ig u r e  1 .1 5 .)

O bviously  b o th  fa c e  and v e r te x  s p l i t t i n g  p re se rv e  p ro p e r ty -p  (and 

th u s  3 -co n n ec ted n ess) w hereas th e  re d u c t io n s  th a t  a re  t h e i r  in v e rs e s  

(edge d e le t io n  and edge c o n t r a c t io n ,  r e s p e c t iv e ly )  may n o t .  In  view o f 

t h i s  we w i l l  say  t h a t :  an  edge e o f  a p la n e  3 -con n ec ted  graph G is

d e le ta b le  r c o n t r a c t l b le l  i f  i t s  d e le t io n  [c o n tra c t io n ]  r e s u l t s  in  a  

graph  th a t  i s  a l s o  3 -co n n ec ted . In  th e  l i t e r a t u r e  one som etim es f in d s  

"remove" and "rem ovable" used in  p la c e  o f  " d e le te "  and " d e le ta b le " .

The fo llo w in g  theorem , w hich w i l l  be p roved  in  C hapter 3, i s  one o f  the 

m ost w e ll known o f  numerous 'e d g e -a d d in g -g e n e ra t in g -o p e ra t io n s ' theorem s 

in  th e  l i t e r a t u r e  and was proved by S t e i n i t z  in  1922.

THEOREM 1 .1 2  [BG1, p . 29]

I f  G i s  a  p la n e  3 -co n n ec ted  g rap h  w ith  more th a n  6 edges ( th a t  i s ,  

n o t  th e  te t r a h e d ro n  K^) th e n  G has a d e le ta b le  edge an d , e q u iv a le n t ly :  

th e re  e x i s t s  a  sequence o f  p la n e  3 -connec ted  graphs

K4 "  G0 ’ Gl**** Gn-1* Gn "  G 
such  t h a t  each  i s  o b ta in e d  from  i t s  p re d e c e ss o r  by th e  a d d i t io n  o f  an

edge.

REMA.RK 1 . T h is  r e s u l t  does n o t p ro v id e  (ex cep t in  th e  3 -v a le n t  case) 

f o r  a q u ic k  in d u c tio n  p ro o f  o f  th e  d i f f i c u l t  h a l f  o f  S t e i n i t z 's  theorem ; 

a lth o u g h  th e re  have been  s e v e ra l  such  im proper " p ro o fs"  (see  [G2, p . 1137]



and [G3, p .  206] f o r  a  d is c u s s io n  o f  t h i s ) .

REMA.RK 2. However Theorem 1 .12  i s  s u f f i c i e n t  to  e s t a b l i s h ,  v ia  sim ple 

in d u c tio n  argum ents ( th a t  u t i l i z e  fa c e  and v e r te x  s p l i t t i n g )  th e  

fo llo w in g  -  a l l  r a m if ic a t io n s  o f  S t e i n i t z 's  theorem :

THEOREM 1 .1 3  (see  [HI, p . 105 and p . 106] and [G3, p . 2 0 6 ] .)

I f  G i s  a p lan e  3 -co n n ec ted  graph  th e n :

(1 ) The d u a l o f  G i s  a l s o  3 -connec ted  and (as  can be shown by

e le m e n ta ry  means) i t s  d u a l i s  j u s t  G i t s e l f .

(2 ) The fa c e  o f G a r e  u n iq u e ly  d e term ined  by i t s  u n d e r ly in g  g rap h ;

th a t  i s ,  th e y  a re  'p r e s e r v e d 1 r e g a rd le s s  o f  how G may be re-em bedded

o r  re -d raw n  in  th e  p la n e . (O r ig in a l ly  proved by H. W hitney .)

(3 ) G can  be re-em bedded in  th e  p la n e  so  t h a t  th e  boundary o f  each  

n -g o n  is  a  convex polygon -  b u t perhaps n o t a  convex n -gon  ( to  demon­

s t r a t e  th e  l a t t e r  does r e q u ir e  S te in i tz 'B  th eo rem ).

REMARK: Because o f  (1) above, each  theorem  ab o u t p la n e  3 -connec ted

g raphs o b v io u sly  has a  'd u a l 1 fo rm u la tio n .

THEOREM 1 .1 4  (H. W hitney; see  [HI, p . 105] and [G3, p .  2 0 6 ] .)

A p la n e  g rap h , w ith  4 o r  more v e r t i c e s ,  t h a t  i s  m axim ally p la n a r  

( i . e . ,  a l l  fa c e s  a re  t r i a n g l e s )  i s  3 -co n n ec ted ; and each  such  graph  

has a s  i t s  d ual a  p la n e  3 -v a le n t  3 -co n n ec ted  g rap h .

PROOF: Assume G i s  some m axim ally p la n a r  g raph  (w ith  a t  l e a s t
*

4  v e r t i c e s )  t h a t  i s  n o t 3 -c o n n e c te d . Thus G does n o t  have p ro p e r ty -p  

and so  some p a i r  o f  v e r t i c e s  a r e  common to  2 t r i a n g l e s ,  b u t no edge 

jo in in g  th e  fo rm er i s  common to  b o th  fa c e s . ' But th a t  i s  c l e a r ly



im p o ss ib le  -  c o n t r a d ic t io n .  One can  s im i la r ly  invoke " p ro p e r ty -p "  

to  o b ta in  an  e lem en ta ry  p ro o f  o f  th e  th eo rem 's  second a s s e r t i o n .  

THEOREM 1 .10  (PROOF)

Assume G i s  a p la n e  g raph  w ith  p ro p e r ty -p  and th a t  V i s  a  

m inim al s e t  o f  v e r t i c e s  t h a t  d is c o n n e c ts  G. C onsider some v e r te x ,  

c a l l  i t  v , o f  V and a l l  th e  fa c e s  in c id e n t  to  v .  T h e ir  b o u n d arie s  

a re  sim p le  c i r c u i t s  c o n ta in in g  v and th u s ,  by p ro p e r ty -p ;  th e  c o l­

l e c t io n  o f  a l l  edge on th e s e  f a c e s ,  minus th o se  edges In c id e n t  to  v ,  

com prises a sim p le  c i r c u i t  -  c a l l  i t  T. The argum ent (and we quo te  

d i r e c t l y  from  D. B a r n e t te 's  p ro o f)  i s  concluded as fo llo w s :

"By th e  m in im a lity  o f  V, each  component o f  th e  s e p a ra te d  graph 

[ i . e . ,  G -  V] w i l l  be jo in e d  to  v by an ed ge , th u s  T has 

v e r t i c e s  in  every  com ponent. S ince T i s  a c i r c u i t ,  i t  re q u ire d  

a t  l e a s t  two v e r t i c e s  to  s e p a ra te  i t ,  th u s  V has a t  l e a s t  th r e e  

v e r t i c e s  and G i s  3 -c o n n e c te d ."



CHAPTER 2

SPANNING TREES IN 3-POLYTOPAL GRAPHS

2 .1  INTRODUCTION

I f  G denoteB a  p la n e  2 -connec ted  g rap h , o r a  convex 3 -p o iy to p e , 

th en  one g e n e ra lly  u ses  p^CG), o r  m erely  p^ ( i f  no am b igu ity  r e s u l t s ) ,  

to  d en o te  th e  number o f  k - s id e d  fa c e s  (k -g o n sl o f  G. A nalogously  i f  

T i s  a t r e e  th e n  by t ^ T ) ,  o r  j u s t  t ^ ,  w i l l  be meant th e  number o f 

i - v a l e n t  v e r t i c e s  o f  T.

THEOREM 2 .1  (D. B a rn e t te ;  see  [B l, p . 731J .>

Each 3 -p o ly to p a l g rap h  G has a spann ing  t r e e  T w ith  maximum 

v a len ce  3.

REMARK. O bviously i f  T i s  a  H am ilton ian  p a th  spann ing  G, th e n :

t j  -  2 , t 2 -  |V (G )| -  2 , t 3 -  0 (2 .1 )

As J .  M aik ev itch  observed  (se e  [Ml ])  , th e  fo llo w in g  E u le r

ty p e  r e la t io n - f r o m  w hich t^  i s  a b s e n t  -  must be s a t i s f i e d  by every  

t r e e  T:

t .  « 2 + E ( i  -  2 ) t  (2 .2 )
L 1*2

N ote: i f  t^  and t^  a r e  n o n -z e ro , th e n  e q u a tio n  (2 .2 )  becom es:

t x -  2 + t 3 (2 .2 a )

In  analogy  w ith  E b e rh a rd 's  c l a s s i c  r e s u l t  (see  theorem  2 .3  below) 

we have th e  fo llo w in g  theorem .

THEOREM 2 .2  (M alk ev itch ; see  [M l.]).

I f  t j ,  t g ,  t ^  , . . .  , t ^  i s  a  sequence o f  n o n -n e g a tiv e  in te g e r s  

s a t i s f y i n g  e q u a tio n  (2 .2 )  th e n  th e re  e x i s t s  a  n o n -n e g a tiv e  in te g e r  tJJ» 

an  n -v a le n t  convex 3 -p o ly to p e  P, and a  span n in g  t r e e  T o f  P , such
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t h a t  t ^ T )  -  t j  f o r  1 £ i  £ n . (n = 3 ,4 ,5 . )

I f  G i s  a  3 -v a le n t  p la n e  g raph  th e n  I t  fo llo w s e a s i l y  from  

E u le r 's  form ula (E + 2 « V +  F) t h a t :

3 p . + 2p, + lp  -  12 + S (k  -  6 )p (2 .3 )
■> ** => k s :6 K

An e a r ly  (and d i f f i c u l t )  r e s u l t  w hich  has g iv e n  r i s e  to  much

f r u i t f u l  w ork, i s  th e  fo llo w in g .

THEOREM 2 .3  (V. E berha rd ; s e e  [G l, p .  2 5 3 ] .)

I f  p^ , p £ , p ^ , p j ,  pg , . . .  , p^ i s  a  n o n -n e g a tiv e  in te g e r  

s o lu t io n  o f  e q u a t io n  ( 2 .3 ) ,  th e n  th e re  e x i s t s  a  n o n -n e g a tiv e  in te g e r  

p^ and a  convex 3 -v a le n t  3 -p o ly to p e  P such t h a t  P ^ ^ )  ”  P^ ^o r 

3 £ k £ n , and Pk (P) * 0 f o r  k  >  n .

REMARK. Note t h a t  Pg i s  a b s e n t from  e q u a tio n  ( 2 .3 ) .  For a  non­

t r i v i a l  low er bound fo r  Pg see  theorem  2 .4  below . Note a l s o  t h a t  th e

4 - v a le n t  ana logue to  E b e rh a rd 's  theorem  waB f i r s t  p roved by B. Grunbaum 

(see  [G l, p .  2 5 4 ] .)

THEOREM 2 .4  (D. B a rn e tte  [B2, p . 9 9 ] .)

I f  P i s  a  3 -v a le n t  3 -p o ly to p e , w i th  p^ k -g o n a l fa c e s

(k ■ 3 , 4 , 5 , 6 , . . . )  th e n :

2pfi & 4 + p .  -  p .  •  2 E p. , i f  E P. i  3 .
0 J  3 k:s7 K k%7 K

A theorem  in  th e  s p i r i t  o f  theorem  2 .4  i s  th e  fo llo w in g  r e s u l t .

THEOREM 2 .5  (M alkev itch  [Ml]).
*

I f  G a r i s e s  from  G ,  a  p la n e  3 - v a le n t ,  2 -co n n ec ted  g raph  by

't r u n c a t io n *  o f  a l l  o f  G 's v e r t i c e s ,  th e n : each  span n in g  t r e e  o f  G

has a t  l e a s t  | v ( G ) | / 3  -  2 v e r t i c e s  o f  v a le n c e  2 . (See f ig u r e  2 .1  

fo r  exam ple .)
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REMA.RK. I t  w i l l  be proved l a t e r  t h a t  G m ust a c tu a l ly  p o sse ss  some 

spann ing  t r e e  w ith  p r e c i s e ly  |v ( G ) [/3  -  2 , 2 -v a le n t  v e r t i c e s .

(See £ ig u re  2 .1 ( b ) . )

The d is c u s s io n  above (and we now qu o te  M alk ev itch  [M l].):

" . . .  su g g e s ts  s tu d y in g  th e  r o le  t h a t  2 -v a le n t  v e r t i c e s  p la y  in  

th e  th e o ry  o f  spann ing  t r e e s ,  s in c e  th e  work on E b e rh a rd 's  

theorem  shows th e  s p e c ia l  r o le  Pg p la y s  in  th e  r e a l i z i b i l i t y  

o f  3 -v a le n t  p o ly to p e s ."

F u rth erm o re , i t  seems to  be th e  case  t h a t  when a  g raph  obeys a  

c o n d it io n  s u f f i c i e n t  to  g u a ra n te e  a H am ilton ian  c i r c u i t  th e  same 

c o n d it io n  (o r  even a  w eaker r e l a t e d  one) i s  s u f f i c i e n t  to  g u a ra n te e  a 

spann ing  t r e e  ( fo r  th e  g raph) w ith  no 2 -v a le n t  v e r te x .  The rem ain d er 

o f  t h i s  c h a p te r  develops some o f  th e s e  id e a s .

2 .2  DEFINITIONS

By a p - graph  w i l l  be meant a  p la n e , 3 - connected  (and th u s  3 -p o ly to p a l)  

g rap h . See s e c t io n  1 .7  f o r  th e  d e f i n i t i o n  o f  " p ro p e r ty -p "  w hich p ro v id e s  

a  u s e fu l  c h a r a c te r i z a t io n  o f th o se  p la n e  graphs t h a t  a r e  3 -c o n n ec ted .

By a  p ro p e r t r e e  w i l l  be meant a  t r e e  w ith  no 2 -v a le n t  v e r te x .

More g e n e ra l ly :  a graph  G w i l l  be s a id  to  be a  p ro p e r  g raph  i f  i t  

i s  spanned by a  p ro p e r  t r e e  T ( in  w hich ca se  T may a l s o  be r e f e r r e d  

to  as  a  HIST, o r hom eom orphically  i r r e d u c ib le  spann ing  t r e e ) .

By t r u n c a t in g  a  v e r te x  v o f  v a le n c e  k  o f  a  p la n e  g raph  

[pseudograph] G i s  m eant th a t  o p e ra t io n  -  se e  f ig u r e  2 .2 ( a ) -  w h ic h ’ 

'r e p l a c e s '  th e  v e r te x  v w ith  a  k -gon . By t r u n c a t in g  a  p la n e  graph  

[pseudograph] G i s  meant th e  t r u n c a t io n  o f  a l l  th e  v e r t i c e s  o f  G; 

th e  r e s u l t i n g  p la n e  g raph  may som etim es be deno ted  by t r u n c a t io n ( G ) .
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See f ig u re  2 .2 ( b ) .

Suppose G i s  a  p lan e  2 -connected  g raph  (o r  pseudograph) and k 

i s  some p o s i t i v e  in te g e r  (fc 2 ) ,  th e n :  G i s  a  m u lti-k -g o n  graph  i f

each  fa c e  has some m u lt ip le  o f  k s id e s ;  a n a lo g o u s ly , G i s  m u l t i -  

k -v a le n t  i f  each  v e r te x  has a  v a le n c e  t h a t  i s  a  m u l t ip le  o f k . E u le r 's

fo rm ula  can be uBed to  show th a t  k s  5 i f  G i s  a  g rap h .

A p la n e  4 -v a le n t  g raph  G is  s a id  to  be th e  m edial graph  o f  G" 

i f  G may be o b ta in e d  from  th e  p la n e  g raph  G" by th e  fo llo w in g  p ro ­

cedure  (see  f ig u r e  2 .24  f o r  exam ple): l e t  V(G) = E(G") and jo in  two

v e r t i c e s  o f  G w ith  an  edge i f  and on ly  i f  t h e i r  'c o r re s p o n d in g ' edges 

( in  G") sh a re  a common e n d p o in t, and b e lo n g  to  some common f a c e .

2 .3  THE SQUARE OF A CONNECTED GRAPH (WITH & 4 VERTICES) HAS A HIST.
2

By th e  sq u are  G o f  a g raph  G i s  m eant t h a t  g raph  h av in g :

2 2 V(G ) -  V(G) and v e r t i c e s  x and y a d ja c e n t  in  G i f  and on ly  i f

th ey  a r e  e i t h e r  a d ja c e n t  o r  have a  common ad jacen cy  ( i . e . ,  d is ta n c e  from

x to  y i s  1 o r  2) in  G. As shown in  f ig u r e  2 .3 ,  i f  G i s  con-
2

n ec ted  w ith  j u s t  3 - v e r t i c e s  th e n  G i s  a  3 - c i r c u i t  (and so cannot 

have a  HIST).

The theorem  we s h a l l  p rove 1b ana logous to  th e  w e ll known r e s u l t  

o f  H. F le is c h n e r  [F I, p . 29] t h a t  th e  sq u are  o f  ev e ry  2 -con n ec ted  g raph

i s  H am ilto n ian . We commence w ith  2 s h o r t  lemmas.

LEMMA. 2 .6

I f  H i s  a  subgraph  o f  G, th e n  H  ̂ i s  a  subgraph  o f  G^.

PROOF: Im m ediate, by d e f in i t i o n .

LEMMA 2 .7
2

I f  P i s  a  p a th  (open) w ith  n % 4 v e r t i c e s ,  th e n  P has a  HIST.



PROOF: The diagram s o f  f ig u re  2 .4  show an obvious way in  w hich
2

th e  'new ' edges o f  P ( th o se  n o t in  P -  in  th e  d iagram s th ey  a re  

curved  a r c s )  may be used  to  draw a  HIST.

THEOREM 2 .8
2

I f  T i s  a  t r e e  w ith  n fe 4 v e r t i c e s ,  th e n  T has a  HIST.

PROOF: We w i l l  in d u c t on m ■ |V(T) j & 4 . The theorem  iB o b v io u s ly

t r u e  f o r  m ■ 4 (see  f ig u r e  2 .5 ) .  Now assume th e  r e s u l t  i s  t r u e  f o r  a l l

m such  th a t  4 £ ra £ n -1 . C onsider a  t r e e  T w ith  n 2  5 v e r t i c e s .

I f  T i s  sim ply  a p a th  th e n , by lemma 2*7, we a r e  done; so  assume n o t.

So T c o n ta in s  a  'b ra n c h  p o i n t 1, t h a t  i s  some v e r te x  -  c a l l  i t  x  -

o f  degree  k £ 3 . Thus k d i s t i n c t  s u b tre e s  'o r i g i n a t e '  a t  x (see  

f ig u r e  2 .6 ) ;  d en o te  them by T l ,  T 2 , . . . ,T k  . Any two have p r e c i s e ly

one elem en t o f  T in  common -  th e  v e r te x  x ,  and t h e i r  un ion  i s  j u s t  T.

2 2 By lemma 2 .6  each  (T i) i s  a  subgraph  o f  T , so  t h e i r  un io n  must a l s o

2 2 be a  subgraph  o f  T . So we w ant to  'cover*  each  (T l) w ith  a  t r e e
2

and th en  jo i n  them  a l l  to g e th e r  a t  x ,  so as  to  have a  HIST f o r  T .

W ell, i f  T i has 4 o r  more v e r t i c e s  th en  -  by th e  in d u c tio n  h y p o th e s is  - 
2

we can Bpan (T i) w ith  a  p ro p e r t r e e .  I f  T i i s  j u s t  an edge (as is

T2 o f f ig u r e  2 .6 )  th e n  th a t  edge a lo n e  w i l l  be u sed . I f  one o f th e

k t r e e s  has ju 6 t  3 - v e r t i c e s  -  in c lu d in g  x  -  th en  j u s t  use th e  c o n s tru c t io n
2

o f f ig u re  2 .7 .  Then, p u t t in g  a l l  th e  k  (T i) ' s  back to g e th e r ,  we 

o b v io u sly  g e t  a  HIST,

THEOREM 2 .9
2

I f  G i s  a  connec ted  g raph  w ith  a t  l e a s t  4 v e r t i c e s ,  th en  G has 

a  HIST.

PROOF: Every connec ted  graph  G has a  spann ing  t r e e ,  T, whose
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2sq u are  I s  a subgraph  o f  G (by lemma 2 .6 ) ;  th u s ,  by theorem  2 .8 ,  we 

a re  done.

2 .4  A DIRAC TYPE THEOREM 

THEOREM 2 .1 0

I f  a  g raph  G has n 2 6 v e r t i c e s ,  each  o f  v a le n c e  2 %n, th e n  

G has a  HIST.

REMARK. The p ro o f  th a t  fo llo w s  may be ex tended  (see  th e  rem ark f o l ­

low ing th a t  p ro o f  f o r  d e t a i l s )  to  prove th e  s tro n g e r  Ore type  r e s u l t :

THEOREM. I f  G has n i  8 v e t t i c e s  and f o r  each  p a i r  o f  n o n ad jacen t

v e r t i c e s  x and y ,  deg x +  deg y 2  n , th e n  G has a  HIST.

PROOF-(of theorem  2 .1 0 ) :  We r e q u ire  a  few p re lim in a ry  d e f i n i t i o n s .

L e t V d eno te  V(G) and d e f in e  L * [x  € V: deg x < %n],

M * {x € V: deg  x * %n] and H ■ {x € V: deg x >  %n) . A lso , d e f in e  a

t r e e  T in  G to  be a  "good t r e e "  o r  "good" i f :  T i s  p ro p e r ( i . e . ,

has no 2 -v a le n t  v e r te x )  and V(T) c o n ta in s  more th a n  %n v e r t i c e s  -  

in c lu d in g  a l l  v e r t i c e s  o f  L , b u t some p o s i t iv e  even number o f  v e r t i c e s  

(o f  G) a re  n o t in  T.

S tra te g y  o f  th e  p ro o f :  to  c o n s tru c t  a  good t r e e ,  T, in  G (see

lemma 2 .1 3  f o r  th e  ca se  in  w hich L i s  empty) b ecause  th e n , by lemmas 

2 .11  and 2 .1 2 , i t  fo llo w s  th a t  e i t h e r  T can  be ex ten d ed  to  a  HIST o r  -  

i f  n o t -  a n o th e r  HIST m ust e x i s t .

LEMMA 2 .1 1

I f  T i s  a p ro p e r  t r e e  In  G *  (V,E) w ith  v e r te x  s e t  W ■ V(T)

(and | v |  -  n , |w| -  t )  such  th a t  n -  t  a  3 and t  >  %n th e n : some

v e r te x  o f  T i s  a d ja c e n t  ( in  G) to  2 v e r t i c e s  o f  V -  W, and so T

may be 'e x te n d e d ' to  a l a r g e r  p ro p e r  t r e e  w ith  2 more v e r t i c e s .
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(N ote: n -  t  need n o t be e v e n .)

PROOF: We can invoke th e  "p ig eo n -h o le  P r in c ip le "  i f  i t  can be 

shown t h a t :  th e  number o f  edges jo in in g  v e r t i c e s  o f  V -  W to  v e r t i c e s  

o f  W i s  g r e a t e r  th a n  th e  c a r d i n a l i t y ,  t ,  o f  W. (For th en  some 

v e r te x  in  W w i l l  be jo in e d  by 2 edges to  d i s t i n c t  v e r t i c e s  o f  V -  W.) 

Now: V -  W c o n ta in s  n -  t  v e r t i c e s  a l l  o f  v a le n c e  a  %n, and

o b v io u s ly  each  has a t  l e a s t  %n -  (n -  t  -  1) a d ja c e n c ie s  in  W. So

a t  l e a s t  (n -  t )  ( t  + 1 -  %n) edges 'r u n  from 1 V -  W to  W. Thus

we w ish  to  d em o n stra te  t h a t :  0 >  ( t )  -  (n  -  t )  ( t  + 1 -  %n). I f  we

s u b s t i t u t e  n  -  r  f o r  t  (w here, c o n se q u e n tly , 3 s  r  < %n) we g e t :

0 > (n -  r )  -  (t)(% n  -  r  + 1 ) .  Which in  tu r n  s im p l i f ie s  to :

0 > (2 r  -  n ) ( r  -  2 ) .  And t h i s  l a s t  in e q u a l i ty  m ust h o ld , s in c e  3 £ r  < %n.

LEMMA 2.12

I f  T i s  a  p ro p e r  t r e e  i n  G and c o n ta in s  a l l  b u t 2 v e r t i c e s  o f

th e  l a t t e r  -  say p and q , th e n  G has a HIST.

PROOF: I f  p and q sh a re  a  common ad jacen cy  in  W * V(T) th e n ,

c l e a r l y ,  we a re  done. So assume n o t .  But th e n  i t  fo llo w s th a t  p and 

q a re  a d ja c e n t .  Reason: i f  n o t a d ja c e n t ,  each  would have a t  l e a s t  

%n a d ja c e n c ie s  in  W (a  s e t  o f  n  -  2 v e r t i c e s )  b u t none in  common -

im p o ssib le .' Thus th e  fo llo w in g  m ust be th e  c a s e :  p and q a re  a d ja c e n t

and each  has a t  l e a s t  %n -  1 a d ja c e n c ie s  in  W, b u t none a re  sh a re d ; 

and |w| ** n  -  2 . But such  a  s i t u a t io n  can  o ccu r on ly  i f :  n a  6 and 

n  i s  ev en ; each  v e r te x  o f  T i s  a d ja c e n t  to  e i t h e r  p o r  q , and each

o f  p and q i s  a d ja c e n t  to  p r e c i s e ly  % o f th e  4  o r  more v e r t i c e s  o f

T. I f  such  1b th e  c a se  (se e  f ig u r e  2 .9 )  th e n , th e  s e t  o f  a l l  edges

(o f  G) c o n ta in in g  p a n d /o r  q as  an e n d p o in t (and th e  edge pq i s

o b v io u s ly  one such  edge) com prises a  HIST in  G.



LEMMA. 2 . 1 3

I f  L i s  em pty, th en  G c o n ta in s  a  good' t r e e  T.

PROOF: We w i l l  c o n s id e r  4 c a s e s ,  depending  on w hether n e  0 ,1 ,2

o r  3 modulo 4 . (N ote: each  v e r te x  o f  G has v a le n c e  a t  l e a s t  %n.)

CASE ( i ) ; n  * 4k + 2 (k  1 ) .  Each v e r te x  i s  in c id e n t  to  a t  l e a s t

2k + 1 ed g es . To c o n s tr u c t  T we w i l l  j u s t  use  some (any) v e r te x  and

p r e c i s e ly  2k +  1 (a  3) o f  th e  edges in c id e n t  to  i t .  Thus T w i l l  

have 2k + 2 > %n v e r t i c e s ,  and 2k v e r t i c e s  o f  G w i l l  n o t be in  T. 

So T i s  a 'g o o d ' t r e e .

CASE ( i i ) : n ■ 4k + 3 (k 2 1 ) ,  In  t h i s  case  %n * 2k + 1% .

So we w i l l  p ic k  some v e r te x  and u se  p r e c i s e ly  2k + 2 o f  th e  edges

in c id e n t  to  i t  to  form  th e  t r e e  T . C le a r ly  T i s  'g o o d '.

CASE ( i i i ) : n  * 4k + 1 (k  & 2 ) .  A gain  we w i l l  j u s t  u se  edges

in c id e n t  to  some v e r te x  -  p r e c i s e ly  2k o f  them , to  be e x a c t .

CASE ( i v ) : n ■ 4k (k & 2 ) .  In  t h i s  case  we need a  good t r e e  T

w ith  an  even number o f  v e r t i c e s ,  and a t  l e a s t  2k + 2 o f  them . Now

each  v e r te x  o f  G has a t  l e a s t  2k edge's in c id e n t  to  i t ,  so  d e f in e
*3c

th e  p ro p e r  t r e e  T to  be com prised o f  p r e c i s e ly  2k (h  4) edges
*

th a t  sh a re  a common v e r te x  -  c a l l  i t  x .  But th e n : T has more th a n

*%n v e r t i c e s  and does n o t  c o n ta in  2k -  1 & 3 v e r t i c e s  o f  G. So T
*

s a t i s f i e s  th e  h y p o th e s is  o f  lemma 2 .1 1 . Thus, some v e r te x  o f  I  * c a l l

i t  y  -  i s  a d ja c e n t  to  2 v e r t i c e s  n o t i n  T . Add th e s e  2 edges (from
*

y to  th e  2 v e r t i c e s )  t o  y ,  and so e n la rg e  T by 2 v e r t i c e s .  Then 

'd i s c a r d '  one o f  th e  2k edges in c id e n t  to  x  (n o t edge xy) to  form  

th e  t r e e  T we se e k . (See f ig u r e  2 .1 0 .)  Thus lemma 2 .1 3  has been 

p ro v e d .

To conclude th e  th e o re m 's  p ro o f ,  c o n s id e r  th e  fo llo w in g . By



lemma 2 .1 3  we can  f in d  a  'g o o d ' t r e e ,  T , In  G c h ic h  does n o t c o n ta in  

some even number, r  2 2 , o f  v e r t i c e s  o f  G. I f  r  «  2 th e n  lemma 2.12  

com pletes th e  p ro o f .  I f  r  » 4 , 6 , 8 , . . . ,  th e n  we can  ex tend  th e  p ro p e r 

t r e e  T -  two v e r t i c e s  a t  a  tim e -  u n t i l  r  I s  reduced  to  2 . The 

p ro o f o f  theorem  2 .1 0  Is  thus com plete ,

REMARK. In  o rd e r  to  prove th e  s tro n g e r  'O re-type*  theorem  one proves 

(and i t  i s  r a th e r  le n g th y )  th e  c o u n te rp a r t  o f  lemma 2 .1 3 : t h a t  i s ,  one 

p ro v es  t h a t  G c o n ta in s  a  good t r e e  when L +  0 . T h is  may be done by 

c o n s id e r in g  4 d i s t i n c t  c a s e s :  L f  0  and M f  0 ; M ■ 0 and | l |  & 3;

M = (5 and |L | = 2 ; M = 0 and |l | ■ 1.

2 .5  3-POLYTOPAL GRAPHS: COMPARING THE HAMILTONIAN CIRCUIT PROBLEM AND 

THE HIST PROBLEM 

THEOREM 2 .1 4
*

Given a  cu b ic  3 -p o ly to p a l g raph  G on n v e r t i c e s ,  one can 

c o n s tr u c t  a (n o n -cu b ic ) 3 -p o ly to p a l graph  G, w ith  12n -  8 v e r t i c e s ,  

such  t h a t :
•k if

( i )  I f  G c o n ta in s  a H am ilto n ian  c i r c u i t  H , th e n  G c o n ta in s  

a  HIST, T, w hich i s  'in d u c e d ' by H .

( i i )  C o n v erse ly , i f  G has a  HIST, T, th e n  T 'in d u c e s ' a
*

H am ilton ian  c i r c u i t  in  th e  cu b ic  graph  G .

PROOF: The diagram s o f  f ig u r e  2 .1 1  in d ic a te  how G i s  to  be 

o b ta in e d  from  G . R eplace a l l  b u t one (any one) v e r te x  o f  G w ith  

th e  1 2 -v e r te x  c o n f ig u ra tio n  shown in  f ig u r e  2 .1 1 (a ) ;  r e p la c e  th e  ' l a s t '
it

v e r te x ,  c a l l  i t  p , w ith  a  te tr a h e d ro n  -  as  shown in  d iag ram  (b) -  and 

l e t  p d en o te  th e  3 -v a le n t  v e r te x  in s id e .  Observe th a t  G has 

p ro p e r ty -p  and i s  th u s  3 -c o n n e c te d . ( In  f ig u r e  2 .12  we see  an  example



*
in  w hich G i s  th e  te t r a h e d r o n .)  We s h a l l  d em o n stra te  th a t  a  HIST 

in  G must span  t h a t  g raph  in  e s s e n t i a l l y  the  manner in d ic a te d ' in  

f ig u r e  2 .13  (where G i s  a  4 0 -v e r te x  g rap h  o b ta in e d  from  th e  t e t r a ­

hedron) .

The 3 d iagram s o f  f ig u r e  2 .13  in d ic a te  in  a  " ty p ic a l  c a se "

p r e c i s e ly  how an  ( a r b i t r a r y )  HC in  G Induces an  HC in  G", an
★

in te rm e d ia te  g raph  o b ta in e d  by t r u n c a t in g  a l l  v e r t i c e s  o f  G , which 

in  tu r n  i s  e a s i l y  ex tended  to  a  HIST in  G. Thus ( i )  o f  th e  theorem  

i s  p ro v ed .

The p ro o f  o f  ( i i )  i s  as  fo llo w s .

L e t us c o n s id e r  T to  be a  f ix e d  HIST in  G. D ire c t a l l  o f  T 's

edges in  a  w e ll -d e f in e d  m anner, by s t a r t i n g  a t  v e r te x  p (viewed as

th e  'o r i g i n ' )  and d i r e c t in g  a l l  edges (o f  T) in c id e n t  to  p away

from  th a t  v e r te x  -  and c o n tin u e  in  th e  n a tu r a l  m anner. L e t each  12-

*v e r te x  subgraph  o f  G w hich re p la c e d  a  v e r te x  o f  G be c a l le d  a
*

"b ig  u n i t " ;  and l e t  th e  te tr a h e d ro n  w hich re p la c e d  p be c a l le d  th e  

" sm a ll u n i t " .

LEMMA. 2 .1 5

The d i r e c te d  edges o f  T induce a  d i r e c te d  spann ing  t r e e  (a sub­

t r e e  o f  T) in  each  b ig  u n i t .  M oreover: each  b ig  u n i t  must be 'v i s i t e d '  

by T in  th e  manner i l l u s t r a t e d  in  f ig u r e  2 .1 4 , e i t h e r  as  shown in  (a) 

o r  a s  shown in  (b ) .  (Note t h a t  e x a c t ly  2 o f  th e  edges e^ , e ^ ,  a re  

v i s i t e d  in  each  c a s e . )

PROOF: The d iagram s o f  f ig u r e  2 .1 5  le a d  to  an  easy  p ro o f .  In  each

case  assume T c o n ta in s  p r e c i s e ly  th o se  edges o f  a ttach m en t (o f th e  u n i t )  

t h a t  a re  sq u ig g le d  -  and u ses  them w ith  th e  in d ic a te d  d i r e c t i o n s ;  r e c a l l  

t h a t  T ' s t a r t s '  a t  p (w hich i s  n o t a v e r te x  o f  th e  u n i t )  and c o n ta in s
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no 2 -v a le n t  v e r t i c e s .  But th e n  i t  i s  e a s i l y  seen  t h a t ,  in  each  ca se  

T could  n o t p o s s ib ly  re a c h  a l l  12 v e r t i c e s  o f  th e  u n i t .  Thus i t

fo llo w s th a t  T must use  e i t h e r  2 o r  3 o f  th e  edges o f  a t ta c h m e n t,

in  th e  manner shown in  th e  2 d iagram s o f  f ig u r e  2 .1 6 ; and th i s  fo rc e s  

T to  span th e  u n i t  as  i l l u s t r a t e d  in  f ig u r e  2 .1 4 . Thus th e  lenma i s  

p roved .

LEMM4 2 .1 6

The d i r e c te d  t r e e  T must have v a le n c e  1 a t  v e r te x  p and must 

use  th e  edges and v e r t i c e s  o f  th e  sm a ll u n i t  a s  i l l u s t r a t e d  in  f ig u re  

2 .17  (as shown in  ( a ) ,  as shown in  (b ) ,  o r  as  shown in  ( c ) ) .

PROOF: C onsider th e  2 diagram s o f  f ig u re  2 .1 8 . C le a r ly  p canno t

have v a le n c e  3 in  T, o r  e l s e  T would 'n o t  a d v an c e1 -  see  d iagram  ( a ) ;

so assume edge pq i s  th e  on ly  edge o f  T in c id e n t  to  p .  T h is  

im p lie s  t h a t  q has v a le n c e  3 o r  4 ( in  T ) , as  shown in  f ig u r e s  2 .17  

and 2 .1 8 (b ) ;  b u t a c tu a l ly  th e  l a s t  canno t occu r o r  e l s e  T 'c o u ld  n o t 

ad v an c e1. Thus th e  lemma i s  p ro v ed .

PROOF (o f  theorem  2 .1 4 ) :  L e t us c o n tin u e  w i th  th e  p ro o f  o f

a s s e r t i o n  ( i i )  o f  th e  theorem . C onsider G spanned by th e  HIST T, 

w hich s a t i s f i e s  lemmas 2 .1 5  and 2 .1 6 , and c o l la p s e  each  o f  th e  n-1 

b ig  u n i t s  to  a  p o in t ;  c a l l  th e  r e s u l t i n g  g raph  G '.  T has become a 

connected  spann ing  subgraph  o f  G ';  c a l l  i t  T ' ,  b ecause  i t  i s  in  f a c t  

a t r e e  ( s in c e  s h r in k in g  th e  b ig  u n i t s  co u ld  o b v io u s ly  n o t c r e a te  

c i r c u i t s  'f ro m 1 th e  rem ain in g  edges o f  th e  t r e e ) .  Now c o n s id e r  th e  

t r e e  T ' spann ing  G '. T ' has j u s t  2 o r  3 v e r t i c e s  o f  v a le n c e  1 

( a l l  v e r t i c e s  o f  th e  sm a ll u n i t  t h a t  was n o t c o l la p s e d ) .  By e q u a tio n  

(2 .2 )  we know T ' s a t i s f i e s  t j  = 2 + t^  + 2 t^  . S ince t j  * 2 o r  3 

i t  fo llo w s th a t  t l  + 2 t !  = 0  o r  1 . T h is in  tu r n  means th a t  t l  = 0



and t^  ■ 0 o r  1 . So, g e t t in g  back to  G, we im m ediately  know th a t

on ly  c o n f ig u ra tio n s  2 .1 4 (a )  and 2 .1 7 (a )  can  occu r in  G. Having

sharpened  lemmas 2 .1 5  and 2 .1 6  in  t h i s  way, we conclude th e  th e o re m 's

p ro o f  by o b se rv in g  t h a t :  by c o l la p s in g  each o f  th e  n u n i t s  o f  G to

a  p o in t  (and th u s  'r e c o v e r in g ' G ) ,  we cause  th e  t r e e  T to  become a
*

connected  sp an n in g  subgraph  o f  G o f  r e g u la r  v a len ce  2 -  th a t  i s ,  an  

HC in  G*.

REMA.RK 1. By a s im p le  p a r i t y  argum ent i t  i s  e a s i l y  dem onstra ted  t h a t  

one canno t s t r e n g th e n  th e  theorem  -  w h ile  s t i l l  u s in g  th e  same g e n e ra l
•jf

s t r a t e g y  -  by c o n s tru c t in g  a  G (from  G ) th a t  i s  a l s o  c u b ic .

A rgum ent: Assume one can , and th a t  some 3 -v a le n t  c o n f ig u ra tio n  K has
*

re p la c e d  a v e r te x  o f  G in  th e  new c u b ic  g raph  G; K muBt c o n ta in  

an  odd number o f  v e r t i c e s  because  3 o f  them a re  en d p o in ts  o f  th e  3 edges 

o f  a tta c h m e n t; b u t i f  G i s  spanned by a  HIST, T , w hich u ses o n ly  2 

o f  K 's  edges o f  a t ta c h m e n t, th en  -  by e q u a tio n  (2 .2 )  -  K must have an 

even number o f  v e r t i c e s !

REMARK 2 . In  1976 G arey, Johnson and T ar Jan  [GJT1] proved t h a t :  th e

problem  o f  d e te rm in in g  i f  a cu b ic  3 -p o ly to p a l g raph  c o n ta in s  an  HC is  

an  NP-.complete "problem. Thus, by theorem  2 .1 4 , i t  fo llo w s t h a t :  th e

problem  o f  d e te rm in in g  i f  a  n o n -cu b ic  3 -p o ly to p a l graph  has a  HIST is  

an  NP-hard problem .

2 .6  NECESSARY CONDITIONS FOR A CUBIC PLANE GRAPH TO HAVE A HIST .

R e c a ll th a t  i f  G ■ (V ,E,F) i s  a  p lan e  cu b ic  graph  w ith  | v |  -  n 

v e r t i c e s ,  th e n : n is  even ; | e | ■ 3 n /2 ; | f | = n /2  + 2 .

I f  G ■= (V ,E ,F) i s  a p la n e  c u b ic  g raph  and M some s u b se t o f  i t s  

fa c e  s e t  F , th e n  M w i l l  be s a id  to  be a  mask o f  G i f  each  o f th e  

fo llo w in g  h o ld :



(1) The fa c e s  o f  M a r e  d i s j o i n t .

( i i )  Each fa c e  o f  G i s  e i t h e r  in  M o r c o n ta in s  an edge o f

some fa c e  o f  M.

( i i i )  The ed g es , and v e r t i c e s ,  o f  ( th e  fa c e s  o f  M) each  t o t a l  

%JV| +  1 in  number.

( iv )  A v e r te x  on one fa c e  o f  M canno t be jo in e d  by an  edge o f  

G to  a v e r te x  on a n o th e r  fa c e  o f  M.

F u r th e r ,  a  mask M w i l l  be s a id  to  be a  s t ro n g  mask i f  and o n ly  i f ,

th e  edges o f  G n o t in  M com prise a  HIST. By way o f  exam ple,

c o n s id e r  th e  s tro n g  masks (w ith  fa c e s  shaded) in  each  o f  th e  g raphs o f 

f ig u r e  2 .1 9 . Note t h a t  n o t every  mask i s  s t r o n g ,  as  shown by th e  graph  

o f  f ig u r e  2 .2 0  -  a  3 8 -v e r te x , b i p a r t i t e  and 3 -p o ly to p a l g rap h .

The n e x t r e s u l t  i s  h a rd ly  s u r p r i s in g .

THEOREM 2.17

I f  G ■ (V,E) i s  a  p la n e  cu b ic  g raph  spanned by a  HIST, T , th e n  

th e  edges n o t in  T must com prise  a  s t ro n g  mask.

PROOF: Removing th e  |v| -  1 edges o f T from  G le a v e s  a  s e t

o f  %|v| + 1 ed g es , each  w ith  en d p o in ts  o f  v a le n c e  0 o r  2 . So

th e se  edges m ust d e f in e  a  subgraph  th a t  i s  th e  d i s j o i n t  un ion  o f  

c i r c u i t s  o f  G; l e t  t h i s  s e t  o f c i r c u i t s  be deno ted  by M.

Now c o n s id e r  a l l  th o se  v e r t i c e s  o f  G th a t  a r e  n o t in  Borne 

c i r c u i t  o f  M. Every p a i r  m ust be connec ted  by a  p a th  ly in g  w ho lly  in  

th e  span n in g  t r e e  T; b u t ,  s in c e  we a r e  in  th e  p la n e , T o b v io u s ly  

canno t 'c r o s s '  a  c i r c u i t  o f  M to  jo in  any such  p a i r .  So M m ust 

be com prised o f  fa c e s  o f  G, and is  th u s  a  mask. (S ince  each  fa c e

n o t in  M must be a d ja c e n t  to  a  fa c e  o f M, o r  e l s e  th e  t r e e  T

would n o t be a c y c l ic . ')  M oreover, M m ust be a  s tro n g  mask (because



th e  t r e e  T Is  c o n n e c te d ) .

REMARK 1. As no ted  e a r l i e r ,  n o t ev e ry  mask is  s t ro n g  ( i . e . ,  g iv e s  r i s e  

to  a  HIST). However, a s  w i l l  be shown in  theorem  2 .2 5 , every  mask o f  a 

c u b ic  H a lin  graph  i s  s t ro n g ;

REMARK 2 . I t  fo llo w s  from  theorem  2 .1 7  t h a t  i f  a p la n e  cu b ic  g raph  has 

no mask, i t  can  n o t have a  HIST. (The cube i s  such  a  g ra p h ) .

2 .7  CUBIC 3-POLYTOPAL GRAPHS ARISING FROM TRUNCATIONS

In  th i s  s e c t io n  we o b ta in  r e s u l t s  co n ce rn in g  ( th e  absence  o f  a  HIST 

in )  th o se  p la n e  cu b ic  graphB w hich a r i s e  by t r u n c a t in g  a l l  v e r t i c e s  o f  

a k -v a le n t  (k  = 3 ,4 ,  o r  5) p la n e  g rap h . (See M a lk ev itch  [Ml] f o r  r e s u l t s ,  

and c o n je c tu r e s ,  co n c e rn in g  t h i s  t o p i c . )  N ote: no p la n e  g rap h  can  have 

r e g u la r  v a le n c e  k a  6 (se e  [H I, p .  1 0 4 ]) . For th e  ca se  in  w hich k -  3 

we a lre a d y  have theorem  2 .5 ,  so we b eg in  w ith  th e  fo llo w in g .

THEOREM 2 .1 8

I f  G i s  a  co n n e c te d , b i p a r t i t e ,  c u b ic ,  p la n e  g raph  w ith  n  s  0(mod 4) 

v e r t i c e s ,  th e n  G has no HIST.

PROOF: G can n o t have a  mask s in c e  a l l  c i r c u i t s  a r e  even in  le n g th ,

bu t n /2  + 1  i s  odd.

REMARK. I f  n i s  n o t a  m u l t ip le  o f  4 th en  G may have a  HIST (see  th e  

b i p a r t i t e  3 -p o ly to p a l g rap h  o f  f ig u r e  2 .2 1 ) .

THEOREM 2 .1 9

I f  G i s  a  p la n e  c u b ic  g raph  o b ta in e d  by t r u n c a t in g  a l l  v e r t i c e s

o f  some 4 -v a le n t  p la n e  g rap h , th e n  G has no HIST.

PROOF: The p ro o f  i s  im m ediate by theorem  2 .1 8 , s in c e  G must be

b i p a r t i t e  w ith  |v ( G ) | e  0(mod 4) v e r t i c e s .
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THEOREM 2 .2 0

I f  G ■ (V,E) i s  a  p lan e  cu b ic  g raph  o b ta in e d  by t r u n c a t in g  a l l

v e r t i c e s  o f some p la n e  5 -v a le n t  graph  G , th e n : |v(G ) j s  4 (mod 6)

i s  a  n e c e ssa ry  c o n d it io n  fo r  th e  e x is te n c e  o f  a  HIST in  G.

PROOF: L e t n -  |V (G * )|. Note t h a t  |V (G )| -  5n and th a t

*each  v e r te x  o f  G i s  'r e p la c e d  by a  pen tagon  in  G ( a l l  pen tagons

*o f  G a r i s e  th u s ,  and a r e  d i s j o i n t ) .  F u rth e rm o re , each  fa c e  F o f
*

G i s  re p la c e d  by one, F , w ith  tw ic e  as  many edges in  G -  and every  

o th e r  edge o f  F i s  an  edge o f  a  'new* p en tag o n . Now assume M i s  a 

s tro n g  mask o f  G t h a t  i s  th e  complement ( in  G) o f  some HIST.

T here a re  p r e c i s e ly  n pen tagons in  G; assume k o f  them 

b e lo n g  to  M (and th u s  t h a t  n -  k  o f  them a re  n o t i n  M). T hus,

o f  M 's 5n/2  + 1 e d g e s , p r e c i s e ly  3k l i e  on th e  k pen tagons o f

M. I f  P i s  one o f  th e  pen tagons n o t  in  M, th e n  P m ust be a d ja c e n t 

to  a  face  o f  M (by d e f i n i t i o n  o f  M) th a t  i s  n o t a p en tag o n ; in  f a c t  

P m ust to u c h  j u s t  one fa c e  o f  M (because i f  P d id  to u ch  say face s

A and B o f  M, th e n  one o f  P 's  edges would jo in  a  v e r te x  o f  A

to  a v e r te x  o f  B -  c o n tra d ic t io n ?  See f ig u re  2 .2 2 ) .

Now, th e re  a re  n -  k pen tagons l i k e  P ( in  th e  sense  t h a t  th e y

a re  n o t in  M), T hus, by th e  p re c e e d in g , th e y  'c o l l e c t i v e l y '  con­

t r i b u t e  n -  k edges to  th e  mask M; and th e se  edges m ust com prise 

p r e c i s e ly  h  o f  th e  edges on th o se  mask fa c e s  w hich a r e  n o t pen tagons -  

t h a t  i s ,  p r e c i s e ly  % o f  (5n /2  +  1 -  5 k ) . E q u iv a le n tly :

2 (n  -  k) = 5n/2  + 1 -  5k ,

w h ich  s im p l i f ie s  to  n * 6k ■ 2 .

CONJECTURE (see  [M l]). T ru n c a tin g  a l l  v e r t i c e s  o f  a  p la n e ,

5 - v a le n t ,  2 -co n n ec ted  g raph  produces a  graph  w ith  no HIST.
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THEOREM 2 .21
ie

G iven: G a  p la n e  2 -co n n ec ted  cu b ic  graph  w ith  n v e r t i c e s ;

and th a t  p la n e  cu b ic  g rap h  G, w ith  3n v e r t i c e s ,  w hich a r i s e s  from  
*

G by t r u n c a t io n  o f  a l l  i t s  v e r t i c e s .

Then: G c o n ta in s  a spann ing  t r e e  T w hich has p r e c i s e ly

|V (G )|/3  -  2 v e r t i c e s  o f  v a le n c e  2 .

REMARK, In  view  o f theorem  2 .5  t h i s  r e s u l t  i s  b e s t  p o s s ib le  in  t h a t  no 

spann ing  t r e e  o f  G co u ld  have few er 2 -v a le n t  v e r t i c e s .

PROOF: By P e te r s e n 's  theorem  (see  [HI, p . 89 ]) we know th a t  G

c o n ta in s  a  s e t  S o f  n /2  d i s j o i n t  edges w hich , o b v io u s ly , span  th e  

v e r t i c e s  o f  G . L e t us s t a r t  w ith  th e se  n /2  edges o f G as th e  

'b e g in n in g ' o f  th e  t r e e  T . (See f ig u r e  2 .2 3 ,)  N ex t: when G i s

tru n c a te d  to  p roduce G, we can 'e x te n d ' each  e n d p o in t o f  each  edge o f  

S , so as to  produce a span n in g  graph  o f  G th a t  i s  a  f o r e s t  -  w ith  no

v e r t i c e s  o f  v a le n c e  2 . T h is  f o r e s t ,  c a l l  i t  F , haB n 3 -v a le n t

v e r t i c e s .  I f  we now c o n s tr u c t  T by ad d in g  edges o f  G to  F (and , 

a s  i s  w e ll known and r e a d i ly  v e r i f i e d ,  t h i s  can  be done) we w i l l  have

a  spann ing  t r e e  T w ith  t^ (T )  n  . S ince t^  * 2 + t^»  we know th a t :

t 2 S 3n -  (2n + 2) -  n  -  2 -  |V (G )|/3  -  2 .

S ince  theorem  2 .5  t e l l s  us t h a t :  t ^  i  |V (G )[/3  -  2 , we have ou r r e s u l t ,

s in c e  e q u a l i ty  m ust h o ld .

2 .8  4 -VALENT. c4-CONNECTED 3-POLYTOPAL GRAPHS WHICH CONTAIN NO HIST

THEOREM 2 .2 2

Given a  p la n e  cu b ic  3 -p o ly to p a l g rap h  G, w ith  2n % 4 v e r t i c e s ,
■Jjf

one can  c o n s tr u c t  a  4 -v a le n t  3 -p o ly to p a l graph  G (w ith  27n v e r t i c e s )  
*

such  th a t  G has no HIST.
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if

REMARKS. I t  w i l l  be obvious th a t  G (as i t  i s  to  be d e f in e d )  i s  

c4 -co n n ec ted  b u t n o t 4 -c o n n e c te d . A lso , by r e f in in g  th e  p ro o f  below , 

one may o b ta in  s t r o n g e r  r e s u l t s  in  term s o f th e  minimum number o f
' i f

2 -v a le n t  v e r t i c e s  c o n ta in e d  in  any spann ing  t r e e  o f  G .
*

PROOF: The diagram s o f f ig u r e  2 .2 3  in d ic a te  how G i s  to  be

o b ta in e d  from  G: t r u n c a te  a l l  v e r t i c e s  o f  G to  o b ta in  G' w ith  

6n v e r t i c e s ;  th e n  t r u n c a te  th e  v e r t i c e s  o f G* to  o b ta in  GM w ith
if

18n v e r t i c e s ;  l a s t ,  d e f in e  G to  be th e  m ed ia l graph  o f  G".

(A lso see  f ig u r e  2 .2 9 , w here G i s  a  2 -v e r te x  m u ltig ra p h .)

Now c o n s id e r  G ': each  o f  i t s  6n v e r t i c e s  (as shown in  f ig u re s

2 .26  and 2 .2 9 ) 'g iv e s  riB e  t o '  a t r i a n g le  in  G"; and each  such t r i a n g le
*

i s ,  in  tu rn ,  re p la c e d  by a  6 -v e r te x  subgraph  in  G . L e t each  such

subgraph  o f  G be c a l le d  a " u n i t"  (se e  f ig u r e  2 .2 7 ) .  O bviously th e re

a r e  6n u n i t s ,  each  s h a r in g  i t s  3 'o u te r  v e r t i c e s '  w ith  o th e r  u n i t s .
*

Now assume th a t  T i s  a HIST in  G . (We w ish  to  fo rc e  a  c o n t ra -

*d i c t i o n . )  T m ust u se  2 7 n -l edges o f  G ; w hich means an  av erag e  o f 

4% -  l / ( 6 n )  edges o f  T p e r  u n i t .  O bviously  a  6 -v e r te x  u n i t  U can 

c o n ta in  a t  m ost 5 edges o f  T, in  w hich  case  T would induce a  span­

n in g  t r e e  in  U -  c a l l  i t  T(U ). O bviously T(U) i s  connec ted  and

canno t have a v e r te x  o f  v a le n c e  2 ( in  U) u n le s s  i t  i s  an  'o u te r  

v e r t e x ' o f  U. But th e n  i t  i s  t r i v i a l  t o  v e r i f y  th a t  T(U) must 

ap p ea r as  shown in  f ig u r e  2 .2 8 ! Assume th a t  th e re  a re  in  a l l  k u n i t s  

th a t  a r e  ' f u l l '  ( i . e . ,  c o n ta in  5 edges o f  T ) . Then th e  6n-k  rem ain in g  

u n i t s  each  c o n ta in  a t  most 4 edges o f  T . C onsequen tly  we have th e  

in e q u a l i ty :

5 (k ) + 4 (6n  -  k) fc | e (T ) | -  27n -  1

w hich s im p l i f ie s  to :  k  & 3n -  1 . We o b ta in  a  c o n t r a d ic t io n  as  fo llo w s :



No 2 ' f u l l '  u n i t s  can  sh a re  a v e r te x ,  o r  e l s e  (o b v io u s ly )  T would
•k

have a  2 -v a le n t  v e r te x .  Now i t  i s  c l e a r  th a t  2 u n i t s  o f  6 sh a re  an

'o u t e r  v e r t e x ' i f .a n d  o n ly  i f ,  th e  2 v e r t i c e s  o f  G1 from  w hich they

w ere 'o b ta in e d ' a re  a d ja c e n t .  But s in c e  a l l  6n v e r t i c e s  o f  G* a re

on t r i a n g l e s ,  th e re  a r e  a t  most 2n o f  them th a t  a r e  m u tu a lly  non-
*

a d ja c e n t ;  co n seq u en tly  G can have a t  m ost 2n d i s j o i n t  u n i t s .  Thus 

i t  m ust be t h a t  k £  2n w hich , combined w ith  k i .  3n -  1 , im p lie s  t h a t :  

n  * 1 o r ,  e q u iv a le n t ly ,  t h a t  G has 2 v e r t i c e s !

REMARK. M alk ev itch  [Ml ] has c o n je c tu re d  t h a t :  e v e ry  p la n e ,

4 -co n n ec ted  g raph  has a  HIST. T his ap p ea rs  to  be a  v e ry  hard  q u e s tio n .

2 .9  A CLASS OF 3-POLYTOPAL GRAPHS. NONE OF WHOSE MEMBERS -  OR THEIR 

DUALS -  HAVE A HIST

The id e a  u n d e r ly in g  th e  n e x t theorem  i s ,  ro u g h ly , to :  ' s t i t c h  

t o g e th e r 1 n  (2  2) c o n f ig u ra t io n s  o f  th e  s o r t  shown in  f ig u r e  2 .3 0  

w ith  n c o n f ig u ra t io n s  o f  th e  s o r t  shown in  f ig u r e  2 .3 1 , to  produce 

a  3 -p o ly to p a l g rap h . (See f ig u r e  2 .32  w here we use n ■ 1 by s t a r t i n g  

w ith  a  m u l t ig ra p h .)  Note t h a t  th e  c o n f ig u ra t io n s  i n  f ig u r e  2 .3 0  and 

f ig u r e  2 .31  a r e  d u a ls .

THEOREM 2 .2 3

Given a  p la n e  cu b ic  3 -p o ly to p a l graph  G w ith  2n v e r t i c e s ,  one
★

can  c o n s tr u c t  a  (n o n -re g u la r)  3 -p o ly to p a l g raph  G , w ith  22n v e r t i c e s ,  

such  t h a t :
★

(a) N e ith e r  G n o r i t s  d u a l (which has 20n + 2 v e r t i c e s )  has a

HIST.
ie

(b) A t r e e  spann ing  G , o r  i t s  d u a l ,  m ust c o n ta in  a t  l e a B t  n

2 - v a l e n t  v e r t i c e s .



PROOF: C on sid er cu b ic  6 w ith  2n v e r t i c e s .  T ru n ca te  a l l  o f

i t s  v e r t i c e s  and o b ta in  2n t r i a n g l e s .  (See f ig u r e  2 .32  where n = 1 .)

R eplace n  o f  them (each ) w ith  th e  1 4 -v e r te x  c o n f ig u ra t io n  o f  f ig u r e

2 .3 0 ; th en  re p la c e  each  o f  th e  o th e r  n t r i a n g le s  w ith  th e  9 -v e r te x

' t r i a n g u l a t i o n 1 o f  f ig u r e  2 .3 1 . (N ote: th e  3n 'o l d '  edges o f  G a re

*used to  p ie c e  to g e th e r  th e se  2n c o n f ig u r a t io n s . )  T his i s  G , which

has p ro p e r ty -p  and i s  th u s  3 -c o n n e c te d .
*

W ith r e s p e c t  t o  th e  s iz e  o f  G : i t  o b v io u s ly  has 13n + 9n ■ 22n

v e r t i c e s ,  and (n-f-2) + 6n + 13n = 2On + 2 f a c e s ;  and so i t s  d u a l has

2On +  2 v e r t i c e s .
*

O bviously  any t r e e  sp an n in g  G m ust have a  2 -v a le n t  v e r te x  w ith in

each  1 3 -v e r te x  c o n f ig u r a t io n ,  i f  i t  i s  t o  'r e a c h ' th a t  p o in t  p in  th e
*

m id d le ; so  the  theorem  i s  proved f o r  G .
*

Now c o n s id e r  th e  d u a l o f  G : in  t h a t  g raph  we must a lso  f in d  n

c o n f ig u ra tio n s  o f  th e  ty p e  shown in  f ig u r e  2 .3 0 ; and th u s  th e  theorem
•k

i s  proved  fo r  th e  d u a l o f  G . ( in  o rd e r  to  dem o n stra te  th e  p re c e e d in g  

c la im  i t  i s  s u f f i c i e n t  to  lo o k  a t  f ig u re  2 .3 3 .)  The p ro o f  o f  th e  

theorem  i s  com ple te .

CONJECTURE (M alkev itch  [Ml, p .  7 ] ) .  I f  G i s  k -v a le n t  (k -  3 ,4 ,5 )  

and 3 -p o ly to p a l ,  th e n  G o r  i t s  d u a l has a  HIST.

2 .1 0  HAL IN GRAPHS AND TWO EBERHA.RD TYPE THEOREMS

A p la n e  g raph  G i s  s a id  to  be a  H a lin  graph  i f  i t  may be o b ta in e d  

from some p lan e  t r e e  T (w ith  a t  l e a s t  4 v e r t i c e s ,  and none o f  v a len ce  

2 ) i n  th e  fo llo w in g  manner ( s e e ,  f o r  exam ple, f ig u r e  2 .3 4 ) :  a  sim ple 

c lo se d  cu rve  i s  drawn ( in  th e  p la n e  o f  T) so as to  p ass  th ro u g h  a l l  

th e  1 - v a le n t  v e r t i c e s  o f  T and to  c o n ta in  T w ith in  i t s  c lo se d  

i n t e r i o r .  Such a g raph  G w i l l  sometimes be s a id  to  s k i r t  th e  t r e e  T,
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and we may r e f e r  to  th e  l a t t e r  as th e  u n d e rly in g  t r e e  o f  G.

REMARK. N a tu ra l ly  ev ery  H a lin  graph  has a  HIST; f u r t h e r ,  a s  may r e a d i ly

be v e r i f i e d ,  a l l  H a lln  graphs a re  3 -p o ly to p a l .

Each i n t e r i o r  face  o f  a H a lln  g raph  c o n ta in s  1 edge o f  th e  e x t e r io r  

f a c e ;  th e  edges and v e r t i c e s  o f  th e  e x t e r io r  face  a re  som etim es 

r e f e r r e d  to  as " rim  ed g es"  and "rim  v e r t i c e s " ;  and th e  e x t e r io r  fa c e  

i t s e l f  may be r e f e r r e d  to  as  th e  "rim " o f  G.

LEMMA. 2 .24  (To be used  f o r  theorem s 2 .2 7  and 2 .2 8 .)

I f  G 1b a  H a lin  graph  (o th e r  th a n  a  w heel) whose u n d e r ly in g  t r e e

i s  a ( l . r ) - t r e e  ( i . e . ,  has v a le n c e s  1 and r  o n ly ) th e n :  th e  fa c e  

s e t  o f  G c o n ta in s  2 ( d i s jo i n t )  s e t s  o f  r  -  2 'c o n s e c u t iv e ' t r i a n g l e s .

PROOF: L e t T d en o te  th e  u n d e rly in g  ( l , r ) - t r e e  o f  G, w hich

has a t  l e a s t  2 r - v a le n t  V e r t ic e s .  I f  we remove a l l  p en d an t edges 

from  T we o b ta in  a sm a lle r  t r e e  which m ust have a t  l e a s t  2 v e r t i c e s  

o f  v a le n c e  1 . But th e n  each  o f  2 such v e r t i c e s  m ust be In c id e n t  

( in  T) to  p r e c i s e ly  r  -  1 pendan t edges (o f  T ) , whose o th e r  en d p o in ts  

ap p ea r 'c o n s e c u t iv e ly ' ab o u t th e  rim  o f G -  and th u s  g iv e  r i s e  to  r  -  2 

c o n se c u tiv e  t r i a n g l e s .  Thus th e  lemma i s  p ro v ed .

THEOREM 2 .2 5

I f  G i s  a cu b ic  H a lln  graph  c o n ta in in g  a  mask M, th e n  M i s  a 

s tro n g  mask. (See s e c t io n  2 .6  fo r  d e f i n i t i o n s . )  T hat i s :  th e  edges 

n o t  in  M, w hich i s  a  s u b s e t o f  F (G ), com prise a  HIST.

PROOF: L e t M be a  mask o f  G and l e t  X d en o te  th e  e x t e r io r

f a c e .  Assume th e  theorem  f a l s e ;  th a t  i s ,  th e  |V (G )| -  1 edges n o t  In  

M do n o t  com prise a  t r e e .  Thus some o f  th e s e  edges must com prise  a 

c i r c u i t  -  c a l l  i t  C, We fo rc e  a c o n t r a d ic t io n  as fo llo w s .
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W ith in  th e  c lo sed  re g io n  bounded by C th e re  m ust l i e  some

i n t e r i o r  fa c e  o f  G th a t  i s  n o t a fa c e  o f  M -  c a l l  i t  A; and A

m ust be touched  by some fa c e  o f  M -  c a l l  I t  A , Now, A cannot
*

to u c h  A 'a c r o s s '  th e  c i r c u i t  C, and so A m ust a l s o  l i e  w ith in

th e  r e g io n  bounded by C -  b u t cannot c o n ta in  an  edge o f  C. But 
★

th e n  how can  A , w hich must be an i n t e r i o r  fa c e  o f  G, c o n ta in  an

edge o f  th e  e x t e r io r  fa c e  X ? I t  c an n o t, s in c e  i t  i s  'bounded aw ay'

from X by th e  c i r c u i t  C -  c o n t r a d ic t io n !  The theorem  i s  p ro v ed .

We conclude  th i s  s e c t io n  w ith  2 E berhard  ty p e  theorem s co n ce rn in g  

th e  i n t e r i o r  f a c e s  o f  c e r t a in  'r e g u la r*  H a lin  g rap h s: th o se  t h a t  a re  

c u b ic ,  and th o se  whose tinder ly in g  t r e e  has v a le n c ie s  1 and 4 o n ly .

D efine a  ( l . r ) - t r e e  to  be a t r e e  w ith  v e r t i c e s  o f  v a le n c e  r  

and 1 o n ly  (and a t  l e a s t  one o f e a c h ) .

THEOREM 2 .2 6

L e t G be a  H a lin  graph  w ith  i t s  u n d e r ly in g  t r e e  a  ( l , r ) - t r e e

(where r  fe 3) and l e t  p^ deno te  th e  number o f  i n t e r i o r  fa c e s  o f

G th a t  a re  k -g o n s , th e n :

Z (k -  3 -  2 / ( r  -  2 ))p . + (2 + 4 / ( r  -  2 ) )  -  0 (1)
k£3

and

P3 a  2 r  -  4 (2)

M oreover, i f  G i s  a  cu b ic  H a lin  g raph  ( t h a t  i s ,  r  ■ 3) th e n :

2 p , +  p , ■ 6 + Z (k -  5 )p. , and p ,  4  2 (3)
J  * k*5

A n a lo g o u sly , i f  r  ■ 4 th e n :

p ,  ■ 4 + Z (k -  4)p . , and p -  as 4 (4)
J k*4 K J
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REMARK 1 . By in s p e c t io n  o f  e q u a t io n  (1 ) ,  i t  i s  c l e a r  t h a t  no c o e f­

f i c i e n t  (o f some p^) i s  i d e n t i c a l l y  ze ro  u n le s s  r  ■ 3 o r 4 .

REMARK 2 . E q u a lity  h o ld s  in  e q u a t io n  (2) i f  and o n ly  i f  th e  fo llo w in g  

is  th e  c a s e :  rem oving a l l  th e  p endan t edges from  G 's  u n d e rly in g

t r e e  p roduces a  s im p le  p a th .

PROOF: The p ro o f  o f  e q u a t io n  (2) i s  im m ediate by lemma 2 .2 4 . To

prove (1) l e t  x d en o te  th e  number o f  edges (and th u s  a ls o  o f  v e r t i c e s )  

on th e  e x t e r i o r  f a c e ;  a l s o  l e t  n d en o te  th e  number o f  v e r t i c e s  o f  

v a len ce  r  t h a t  do n o t l i e  on th e  e x t e r io r  f a c e .

From e q u a tio n  (2 .2 )  we h ave: x = 2 + ( r  -  2 )n , w hich i s  e q u i­

v a le n t  to :

Now:

Thus:

Or:

n -  (1/ ( r  -  2) ) ( x  -  2) (5)

x + Z  k (p , ) -  2 |E(G) | = rn  + 3x (6)
ks:3

E k(p  ) -  m  + 2x -  r ( l / ( r - 2 ) ) ( x - 2 )  + 2x (7)
lo>3 K

I  k(p , ) -  (3 + 2 / ( r  -  2 ) )x  -  2 r / ( r  -  2) (8)
k*3

But th e  i n f i n i t e  fa c e  c o n ta in s  1 edge o f  each  o f  th e  o th e r  f a c e s .  
So:

x » 2  p. (9)
k*3

I f  we s u b s t i t u t e  t h i s  in to  e q u a t io n  (8) we o b ta in :

S k(p  ) -  (3 + 2 / ( r  -  2 ) )  S p. ■ 2 r / ( r  -  2) (10)
k*3 k*3

And e q u a t io n  (1) o f  th e  theorem  fo llo w s  from  (1 0 ) . The p ro o f  i s

com p le te .

THEOREM 2 .2 7
ic ★ ie it

I f  (P^j P5* Pg»” *iPn ) i s  a  n o n -n e g a tiv e  in te g e r  s o lu t io n  o f
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e q u a tio n  (4)> o f  theorem  2 .2 6 , th e n : th e re  e x i s t s  a H alln  graph  G
'it

w ith  an u n d e r ly in g  ( 1 ,4 ) - t r e e ,  such th a t  G has p r e c i s e ly  p^

i n t e r i o r  k-gons (k ■ 3 , 5 , 6 , . . . , n ) .

PROOF: I t  i s  im m ediate by lemma 2 .2 4  th a t  a  H alin  graph  w ith  an

u n d e r ly in g  ( l , 4 ) - t r e e  m ust c o n ta in  a  p a i r  o f  a d ja c e n t 3 -g o n s. As

shown in  f ig u re  2 .3 7 , th e  4-w heel (w hich i s  th e  s m a l le s t  such graph)

o b v io u s ly  has t h i s  p ro p e r ty .  In  f ig u re  2 .3 8  we i l l u s t r a t e  how one

can  'e n la rg e  a 3-gon to  a 7 -g o n 1. I f  we can  c o n s tru c t  a  H a lin  graph
£

w ith  an u n d e rly in g  ( l , 4 ) - t r e e  and p^ k-gons ( f o r  each  k such  th a t  

5 S k £ n ) ,  th e n  th a t  graph  p roves th e  theorem ; s in c e ,  by theorem  2 .2 6 , 

th e  number o f 3-gons ( th a t  i s ,  p^) w i l l  a u to m a tic a l ly  be 'ta k e n  c a re  o f ' .

The p re sen ce  o f  2 a d ja c e n t  3-gons w i l l  alw ays p e rm it us t o  e n la rg e  

one o f  them to  a  k-gon  ( fo r  any p a r t i c u l a r  5 £ k  £ n) w ith o u t changing  

th e  number o f  fa c e s  o f  o th e r  s iz e s  (o th e r  th a n  3 -g o n s, 4 -g o n s , and 

k -g o n s , t h a t  i s ) .  Note t h a t  th e  o p e ra t io n  in  f ig u r e  2 .3 8 , w hich a c t s  on 

a d ja c e n t  3 -g o n s , c r e a te s  2 more a d ja c e n t 3-gons ( la b e l le d  A and B) 

so  t h a t  th e  p ro cess , can  be i t e r a t e d .  The p ro o f  i s  com plete .

THEOREM 2 .28

G iven: ( f ^ . f ^ f g . f ^ , . .  «»fn) a  n o n -n e g a tiv e  In te g e r  s o lu t io n  o f

e q u a tio n  (3) o f  theorem  2 .2 6 . T hat i s :
n

2 f ,  + f .  -  6 + £  (k -  5 ) f .  and f ,  S 2 (***)
J 4 k*5 K J

Then: th e re  e x i s t s  a  c u b ic  H alin  g rap h , G, w ith  p r e c i s e ly  f^

i n t e r i o r  k -gons (k «■ 3 , 4 , 6 , 7 , . . . , n ) .

PROOF: Throughout t h i s  p ro o f th e  word " fa c e " ,  u n le s s  in d ic a te d

o th e rw is e , w i l l  alw ays mean " i n t e r i o r  f a c e " .  Now, c o n s id e r  th e  in te g e r

s o lu t io n  o f  th e  "G iven". D efin e : s ■ £  ( f^ )  .
6£k ,k  even
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s s  f^(raod 2) .
n

PROOF: The summation I  (k  -  5 ) f .  o f  e q u a tio n  (***) may be
k*5

r e - w r i t t e n  a s :
n n n
I  (U -5)f, + Z <k-r6)fk + Z ( l ) f k

6sk  odd 6sk even 6£k even

w here , o b v io u s ly , th e  f i r s t  2 summations c o n t r ib u te  even  numbers to

th e  sum. Thus by (***) we have:

2 f 3 + f ,  b  6 + 2  f fc (mod 2)
6£k even

And, s in c e  2 f^  and 6 a re  each  ev en , th e  lemma i s  p ro v ed .

By way o f  in t ro d u c in g  a l l  b u t one o f  th e  methods o f  c o n s tru c t io n ,  

c o n s id e r  th e  g raph  o f  f ig u r e  2 .3 9  (where a l l  u n la b e l le d  fa c e s  a re  3-gons 

o r  5 -g o n s ) , We w i l l  c o n s id e r ,  i n  a l l ,  9 c a s e s .  (A c tu a lly  th e re  a re  

e s s e n t i a l l y  3 g e n e ra l c a s e s ,  b u t some o v e r la p  w i l l  o ccu r because i t  

w i l l  p e rm it e a se  o f  p r e s e n ta t io n . )  W ith r e s p e c t  to  s and f^  th ey  

a r e :

Case 1: f 4
m 0 » s -  0 (see  f ig u r e  2 .4 0 ) .

Case 2 : f 4
ws 2 , s -  0 o r  2 (see  f ig u r e

Case 3: f 4
is 0 i s -  2 (se e  f ig u r e  2 .4 2 ) .

Case 4 : f 4 - 1 > s *= 1 (see  f ig u r e  2 .4 3 ) .

Case 2 ' : f 4 - 2 » 8 i s ev en .

Case 3 r : f 4
m 0 » 8 S 2 and ev en .

Case 4 ' : f 4
m 1 > S i s odd.

Case 4 " : f 4 & 3 * S st 1, and b o th  a r e  odd.

Case 2 " : f 4 2 4 * s *  0, and b o th  a r e  even .

By th e  lemma i t  i s  c l e a r  t h a t  a l l  c a se s  a r e  subsumed under th e  9 above. 

We now p roceed  to  p ro v id e  c o n s tru c t io n s  f o r  each  c a s e . The g raph  o f



f ig u r e  2 .3 9  conveys th e  g e n e ra l s t r a t e g y ,  ex c e p t f o r  our f i r s t  c a s e .

Case 1 : T h is  i s  th e  e x c e p tio n a l  c a se  f o r  w hich we d e f in e  a

p a r t i c u l a r  1 0 -v e r te x  cu b ic  H a lin  graph  -  see  Ĝ  o f  f ig u r e  2 .4 0  -

w ith  o n ly  3-gons and 5-gons (aB i n t e r i o r  f a c e s ) . By e q u a tio n  (***)

we know th a t  f ,  2  3 when f .  *> s «■ 0 . Thus G, 's o l v e s '  th e  theorem  3 4 1
i f  fk  ■ 0 f o r  a l l  k  it 6 . I f  we w ish  to  c o n s tr u c t  a  G w ith  o n ly  

odd fa c e s  and in c lu d in g , sa y  a 9 -gon , th e n  we s t a r t  w ith  and

s u c c e s s iv e ly  'ad d  la rg e  f a c e s ' as in d ic a te d  by th e  c o n s tru c t io n  o f  

f ig u r e  2 .4 0 . T h is  c o n s t r u c t io n  dppends on f in d in g  a  3-gon and a

5-gon th a t  a re  a d ja c e n t  (which i s  indeed  th e  case  f o r  G ^), and th e n  

p ro v id in g  a n o th e r  such  p a i r  ( se e  fa c e s  A and B o f  f ig u r e  2 .4 0 ) ;  

w hich , as  shown, can  alw ays be done.

Case 2 : The c o n s tru c t io n  i s  c l e a r  i f  one j u s t  c o n s id e rs  th e  2

graphs o f  f ig u r e  2 .4 1 .

Case 3: A gain , th e  exam ple (se e  f ig u r e  2 .4 2 ) makes th e  c o n s tru c ­

t i o n  c l e a r .  The 2 even  fa c e s  ap p ea r on th e  'e n d s ' .

Case 4 : See f ig u r e  2 .4 3  f o r  th e  method o f c o n s t r u c t io n .  The 1

even fa c e  i s  on th e  l e f t .

N ext we c o n s id e r  a l l  c a se s  fo r  w hich  f ,  s  2 . T hat i s :
4

Case 2 ' ,  Case 3 ' ,  Case 4 ' :  C le a r ly  theBe 3 ca se s  subsume

( r e s p e c t iv e ly )  Cases 2 ,3  and 4 t r e a te d  ab o v e . A c tu a l ly  th e  l a t t e r  3 

c a se s  a re  b a s ic ,  b eca u se : to  c o n s tru c t  th e  d e s ir e d  G, j u s t  ' i n s e r t

p a i r s  o f  la rg e  even f a c e s '  (as re q u ire d )  by u s in g  th e  method i l l u s t r a t e d  

in  f ig u r e  2 .4 1 .

Case 4 " : F i r s t  c o n s t r u c t  th e  'c o r re s p o n d in g ' g raph  by u s in g  th e

c o n s tru c t io n  d e s c r ib e d  fo r  c a se  4 ' .  (T hat i s :  c o n s t r u c t  a  graph  w ith  

f^  = 1 b u t a l l  o th e r  ^ >s as d e s ir e d  -  ex cep t f o r  f^  o f  c o u r s e .)



N ext: ' t r a d e '  t r i a n g le s  fo r  p a i r s  o f  4-gons as  i s  n e c e s sa ry  -  u s in g

e i t h e r  o f  th e  methods shown in  f ig u r e  2 .4 4 .

Case 2 " : A gain we w i l l  c o n s t ru c t  a  g raph  th a t  w i l l  be th e  p re ­

c u rs o r  o f  6 in  th e  sen se  t h a t :  f ,  and f ,  w i l l  n o t be as  d e s ire d3 4

( f^  w i l l  be j u s t  2 ) ,  b u t a l l  o th e r  w i l l  be s a t i s f i e d .  To do

t h i s  we u se  th e  c o n s tru c t io n  employed in  Case 2 ' ,  and th u s  g e t f^  * 2. 

Then we o b ta in  G by ' t r a d i n g '  3-gons f o r  p a i r s  o f  4 -g o n s , by u s in g  

th e  methods i l l u s t r a t e d  in  f ig u r e  2 .4 4 .

T his com pletes th e  p ro o f  o f  th e  theorem .

REMARK. U sing B a r n e t te 's  in e q u a l i ty  f o r  Pg (see  theorem  2 .4 ) ,  i t  

fo llo w s r e a d i ly  t h a t :  i f  G i s  a c u b ic  H a lin  graph  w ith  p r e c i s e ly  

f^  i n t e r i o r  k-gons (k  * 3 , 4 , 6 , 7 , . . . . ) ,  th e n
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CHAPTER 3

DELETABLE EDGES IN 3-POLYTOPAL GRAPHS

3 .1  INTRODUCTION

In  t h i s  c h a p te r ,  by a  p -g rap h  we w i l l  mean a p la n e  3 -co n n ec ted  

g rap h . An edge o f  such a  g raph  i s  a  d e le ta b le  edge i f  th e  graph  

r e s u l t i n g  from  i t s  d e le t io n  (se e  c h a p te r  1 .8  -  t h a t  i s ,  s e c t io n  8) i s  

a l s o  a  p -g ra p h . By a  k -edge o f  a p la n e  g raph  w i l l  be m eant an  edge 

sh a red  by an  i-g o n  and a j -g o n ,  where i  £  5 and i  + j  S 13.

In  1974 E. Ju co v ic  [ J l ,  p . 2 3 3 ], in  p u rsu in g  a l i i a  o f  in q u iry

i n i t i a t e d  by A. K o tz ig  (see  [G3, p . 2 3 3 ] ) ,  proved th a t  a  cu b ic  p -g rap h  

c o n ta in s  a  k -e d g e .

The m ajor r e s u l t  p re se n te d  in  t h i s  c h a p te r  i s  (see  theorem s 3 .17  

and 3 .1 9 ) :

THEOREM. A p -g ra p h , o th e r  th a n  th e  te t r a h e d r o n ,  c o n ta in s  a  d e le ta b le  

k -e d g e .

REMARK. I t  i s  w orthw hile  to  p o in t  ou t th e  i n t u i t i v e  s ig n i f i c a n c e  o f  

t h i s  r e s u l t .  Theorem 1 .1 2  shows th a t  ev e ry  3 -p o ly to p e  can  be b u i l t  

up from  th e  te t r a h e d ro n  by a  sequence o f  fa c e  s p l i t s  (o r  e q u iv a le n t ly  

edge a d d i t i o n s ) .  I f  some 3 -p o ly to p e  P , s a y , has a 50-gon as  i t s

l a r g e s t  f a c e ,  i t  i s  c o n c e iv a b le  th a t  one would have to  b u i ld  up a

3 -p o ly to p e  P* w ith  say  a  90-gon and th e n  s p l i t  t h a t  fa c e  to  g e t P. 

Theorems 3 .17  and 3 .1 9  show th a t  t h i s  would n o t be n e c e s s a ry ,  because  

one need n e v e r  s p l i t  a  fa c e  w ith  more th a n  11 s id e s .

The work needed to  e s t a b l i s h  theorem s 3 .17  and 3 .1 9  a l s o  le a d s ,  

q u i t e  q u ic k ly  to  s e v e ra l  o th e r  new r e s u l t s  ab o u t d e le ta b le  edges in

3 -v a le n t  p -g rap h s  (se e  theorem s 3 .7  th ro u g h  3 .1 2 ) ,  and a l s o  p re p a re s  

th e  way fo r  c h a p te r  4 .
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NOTATICN: The fo llo w in g  w i l l  prove c o n v e n ie n t. I f  S i s  some s im p le

c lo se d  cu rve  in  th e  p la n e  th e n  by i n t  S and I n t  S we w i l l  mean, 

r e s p e c t iv e ly :  th e  bounded open re g io n  o f  th e  p la n e  w hich l i e s  w ith in  

S; and th e  c lo su re  o f  t h a t  open r e g io n ,  t h a t  i s  ( i n t  S U . We 

d e f in e  e x t  S and Ext S an a lo g o u s ly  w ith  r e s p e c t  to  th e  re g io n  

o u ts id e  S. F u r th e r ,  i f  G i s  some p la n e  g raph  drawn in  th e  same

p la n e  as  S th e n : by S(G) [Sx(G )] we w i l l  mean th a t  (p la n a r )  sub­

graph  d e f in e d  by a l l  edges and v e r t i c e s  o f  G ly in g  w ho lly  in  

I n t  S [Ext S ] .

3 .2  DEFINITIONS

L et G be a  p -g rap h  and l e t  R = F , F , . . . , F  be a  sequence
J 1 J2  J n

o f  n & 3 d i s t i n c t  fa c e s  o f  G. R w i l l  be s a id  t o  be a  r in g  i f  and

on ly  i f  some r e o rd e r in g  o f  R y ie ld s  a  sequence F ^ .F ^ , . . . ,F q f o r  

w hich:

(a) For i  = l , 2 , . . . , n - l  fa c e s  F.  ̂ and Fi+1 m eet in  an  edge 

o r  j u s t  a  v e r te x  -  and s im i la r l y  f o r  Fq and F^. (Each such  sh a red  

ed g e , o r  v e r te x ,  to  be c a l le d  a  common ed g e , o r  common v e r te x ,  o f  R .)

(b) Faces o f  R can  m eet o n ly  a s  s p e c i f i e d  in  ( a ) ,  and th o se  n 

common elem en ts o f  R m ust be d i s j o i n t .

By a k - r in g . where k i s  some in te g e r  3: 3 , we w i l l  mean a  r in g  

w ith  k f a c e s .

To i l l u s t r a t e  some o f  th e s e  id e a s  c o n s id e r  th e  p -g ra p h  o f  f ig u r e  

3 .2 .  KEM i s  a  3 - r in g  w ith  3 common v e r t i c e s  and AEFJD i s  a  5 - r in g

w ith  3 common edges and 2 common v e r t i c e s .  N e ith e r  FJM n o r AEBCD

a re  r in g s  (because c o n d i t io n  (b) i s  n o t  s a t i s f i e d ,  a lth o u g h  (a) i s ) .  

A lso , XALC i s  a  4 - r in g .



Each edge o f (a  fa c e  o f )  a  r in g  R w hich i s  n o t a  common edge

w i l l  be c a l le d  a  rim  edge o f  R. For exam ple, th e  sq u ig g le d  edges

in  f ig u r e  3 .4  a r e  th e  rim  edges o f th e  4 - r in g  ABCD, The rim  edges

o f  a  r in g  R d e f in e ,  i n  a v e ry  n a tu r a l  way, 2 'n o n -c ro ss in g *  edge-
*

d i s j o i n t  c i r c u i t s .  To be p r e c i s e :  draw  some sim ple  c lo se d  cu rve  C
*

th ro u g h  a l l  o f  r in g  R 's  fa c e s  so t h a t  C c ro s s e s  eac h  comaon edge 

j u s t  once -  and n o t a t  an  e n d p o in t - and to u ch s  no v e r te x  ex cep t fo r  

th e  common v e r t i c e s  of R. Then: th e  rim  edges (o f  R) ly in g  w ith in
• f j f

cu rv e  C d e f in e  a  c i r c u i t  to  be c a l le d  a  r im  (o f  R) : a n a lo g o u s ly ,
*

th e  r im  edges o u ts id e  C form  a n o th e r  c i r c u i t  -  a l s o  to  be c a l le d  a 

rim  o f R. (See f ig u r e  3 .3 . )

LEMMA. 3 .0

The 2 rim s o f  a r in g  R, o f  a p -g ra p h  G, a r e  e d g e - d i s jo in t

'n o n - c r o s s in g ' c i r c u i t s ,  and  a r e  c o n c e n tr ic  in  th e  p lan e  i f  and o n ly  i f

no f a c e  o f  r in g  R i s  th e  e x t e r io r  fa c e  o f  G.

PROOF: Immediate by d e f i n i t i o n .

*Making u se  o f  cu rve C a g a in , c o n s id e r  a l l  edges and v e r t i c e s
*  *  

o f  G t h a t  l i e  on C o r w ith in  th e  p lan e  i n t e r i o r  o f  C . They

d e f in e  a  co n n ec ted  (and p la n a r )  subgraph  C (G) w hich, by theorem  1 .7 ,
jjf

m ust be 2 -c o n n e c te d . S im ila r ly  fo r  C x(G) w hich i s  com prised  o f  a l l  

edges and v e r t i c e s  ly in g  on  and o u ts id e  C . Each o f  th e s e  2 edge- 

d i s j o i n t  su b g rap h s , to  be c a l l e d  th e  c o re s  o f  r in g  R, c o n ta in s  one 

rim  o f  R (w hich s h a l l  som etim es be r e f e r r e d  to  a s  th e  rim  o f  th e  c o re )  

REMARK 1 . I f  S and T a re  sa y  th e  rim s o f  r in g  R th e n  c l e a r l y :

S (G) and T(G) a re  th e  c o re s  o f  R i f  S and T a r e  n o t c o n c e n tr ic

w hereas S(G) and Tx(G) a re  the c o re s  i f  th e y  a r e  c o n c e n tr ic  and S
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i s  th e  in n e r  one -  in  w hich ca se  S(G) [Tx(G)J may be c a l le d  th e  

tnn&r fo u te r l  c o re , and S[T] c a l le d  th e  in n e r  fo u te r l  r im . N ote: a 

c o re  may be j u s t  a rim  ( th a t  i s ,  j u s t  a  c i r c u i t  t h a t  i s  th e  boundary

o f  a f a c e ) , w hich i s  th e  case  f o r  b o th  co re s  d e f in e d  by th e  r in g  o f  k

4 -gons o f  a  k -p r ism . A lso : e x c e p t f o r  th e  g raph  o f  th e  te tr a h e d ro n ,  

e ach  p -g ra p h  must have a t  l e a s t  1 r in g .

Given some nonempty s u b s e t  Z o f  th e  s e t  o f  a l l  r in g s  o f  a  

p -g ra p h  G, l e t  us r e f e r  to  each  o f  Z 's  r in g s  a s  a  z - r in g  and to  

each  o f  th e  2 |Z | d i s t i n c t  c o re s  th e y  d e f in e  a s  a  z - c o r e . Then: a 

co re  w i l l  be s a id  to  be z -m in im al, o r  m inim al w ith  r e s p e c t  to  a l l  

z - c o r e s . i f  i t  does n o t p ro p e r ly  c o n ta in  (as a  subgraph) a n o th e r  co re  

t h a t  i s  a  z - c o r e .  F or exam ple c o n s id e r  th e  g rap h  o f  f ig u re  3 .2 ,  and

l e t  Z be say  th e  s e t  o f  a l l  4 - r in g s  o f  th i s  g raph . N e ith e r  co re  o f

th e  4 - r in g  ADJB i s  z -m in im al. S eason : i t s  in n e r  co re  p ro p e r ly

c o n ta in s  th e  in n e r  c o re  o f  r in g  ADMB, w h ile  i t s  o u te r  co re  p ro p e r ly  

c o n ta in s  th e  o u te r  co re  o f  r in g  ABCD. On th e  o th e r  hand th e  in n e r  

c o re  o f  r in g  EFJK i s  th e  un io n  o f  th e  b o u n d arie s  o f  th e  3-gons L 

and M, and i s  z -m in im al.

REMARK 2 . I f  a  co re  i s  j u s t  a  fa c e  th e n , a u to m a tic a l ly ,  i t  i s  m inim al 

w ith  r e s p e c t  to  a l l  o th e r  c o re s  o f  th e  g raph .

REMARK 3 . By d e f in i t i o n  each  z - r in g  'g iv e s  r i s e *  to  2 o r  more edge- 

d i s j o i n t  z-m inim al c o re s .  R eason: i f  a  p a r t i c u l a r  z -c o re  i s  n o t z -

m inim al th e n  i t  m ust c o n ta in  a  s m a lle r  z -c o re  w hich in  tu r n  i s  e i t h e r  

z-m in im al o r  . . .  } th u s  each  o f  th e  2 - e d g e - d i s jo in t  z -c o re s  d e f in e d  by 

a  z - r i n g  m ust e i t h e r  be z-m inim al o r  c o n ta in  a  z -c o re  t h a t  i s .

L a s t ly ,  c o n s id e r  th e  r in g s  and c o re s  o f some p -g rap h  G: a r in g
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R w i l l  be s a id  to  be a  norm al r in g  i f  i t s  rim s a r e  c o n c e n tr ic  (o r ,  

e q u iv a le n t ly  -  by lemma 3 .0 ,  i f  none o f  i t s  fa c e s  i s  th e  e x t e r i o r  f a c e ) ;  

a  co re  H w i l l  be s a id  to  be a  norm al co re  i f  i t  i s  th e  in n e r  co re  

d e f in e d  by a norm al r in g .

3 .3  PRELIMINARY LEMMAS

G iven: a  p -g rap h  G and some nonempty s u b se t Z o f  i t s  r in g s ;  

co re  H d e f in e d  by r in g  R o f  Z; some o th e r  p -g rap h  G" t h a t  i s  

an  'e le m e n ta ry  re -em bedd ing ' o f  G (see  theorem  1 .2  and th e  rem ark 

fo llo w in g  i t ) ,  and th e  n a tu r a l  b i j e c t i o n  f  from  V(G) U E(G) U F(G) 

o n to  V(G") U E(G") U F(G") w hich p re se rv e s  v e r t i c e s ,  edges and fa c e s  

(and in c id e n c y  and ad jacen cy  am ongst them ).

Then: th e  fo llo w in g  f a c t s  abou t G and G" fo llo w  a lm o st 

im m ediately  from  th e  d e f in i t i o n s  o f  s e c t io n  3 .1 .

LEMMA 3 .1

( i )  R -  i s  a k - r in g  in  G i f  and o n ly  i f  f ( F j ) , . . . ,F (F fc)

-  d eno te  i t  by f(R ) -  i s  a  k - r ln g  in  G".

( i i )  Subgraph H i s  a  co re  o f  G, w ith  r im  C, d e f in e d  by r in g  R 

i f  and o n ly  i f  i t s  image f(H ) i s  a  co re  o f  G" d e f in e d  by r in g  

f(R ) w ith  rim  f (C ) .

( i i i )  Core J  p ro p e r ly  c o n ta in s  co re  L (as  a  subgraph) i n  G 

i f  and o n ly  i f  co re  f ( J )  p ro p e r ly  c o n ta in s  c o re  f(L ) i n  G".

PROOF: Immediate by th e  d e f in i t i o n  o f  an  e lem en ta ry  re-em bedd ing .

LEMMA 3 .2
^  iff

Core H i s  z-m inim al in  G i f  and o n ly  i f  co re  f(H  ) i s  

m inima l  w ith  r e s p e c t  to  a l l  o th e r  c o re s  o f  G" w hich a re  d e f in e d  by 

r in g s  o f  Z" -  where by Z" we mean th e  s e t  o f  a l l  r in g s  o f  G"
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whose co rre sp o n d in g  r in g s  in  G a re  members o f  Z,

PROOF: By d e f i n i t i o n  and by lemma 3 .1 .

LEMMA. 3 .3

I f  co re  H , d e f in e d  by r in g  R , i s  n o t  norm al in  G th e n  G"

can  be 'c h o s e n 1 so  t h a t  c o re  f(H  ) i s  norm al in  i t .

PROOF: P ic k  some fa c e  M o f  G whose boundary l i e s  w ho lly  in  

th e  o th e r  co re  -  n o t H -  d e f in e d  by r in g  R . (Such a  face  must e x i s t . )

Then 'm ake ' M th e  e x t e r io r  fa c e  o f  G". So, i n  G", a l l  f a c e s  o f
•ff ^

r in g  f(R  ) a re  i n t e r i o r  fa c e s  and o b v io u s ly  c o re  f(H  ) canno t 

c o n ta in  th e  boundary o f  G" 's  e x t e r io r  fa c e  -  and th u s  i s  norm al in  

G".

LEMMA 3 .4

**I f  R i s  some o th e r  r in g  o f  Z such  th a t  ( th e  boundary  o f) one
*

o f i t s  fa c e s  F l i e s  in  th e  z-m inim al c o re  H , th e n  a n o th e r  o f  i t s
^  i f f

fa c e s  F" m ust l i e  n e i th e r  in  r in g  R no r in  co re  H -  b u t o u ts id e

b o th  (as  shown in  f ig u r e  3 .5 ) .

PROOF: By th e  p re c e e d in g  lemmas we can  assum e, w ith o u t lo s s  o f
•fa

g e n e r a l i ty ,  t h a t  co re  H (and i t s  d e f in in g  r in g  R ) a r e  b o th  norm al

in  G. T h is  i s  n o t  e s s e n t i a l  to  th e  p ro o f  b u t does make i t  s im p le r

and more i n t u i t i v e .  So l e t  S and T d e n o te , r e s p e c t iv e ly ,  th e  in n e r
*

and o u te r  rim s o f  r in g  R . Now assume th e  lemma i s  f a l s e .  Then a l l

fa c e s  o f  R l i e  w i th in  th e  c lo se d  p la n e  re g io n  bounded by rim  T o f

r in g  R -  c a l l  t h a t  re g io n  D -  and so none o f  them can  be th e  e x t e r io r
**

fa c e  o f  G. Thus th e  rim s o f  R m ust a l s o  be c o n c e n tr ic  in  the  

p la n e  and m ust a l s o  l i e  in  D. S ince  R i s  d i f f e r e n t  from R , th e  

in n e r  rim  o f  th e  fo rm er m ust be d i s t i n c t  from  S -  th e  in n e r r im  o f 

th e  l a t t e r  -  even though i t  m ust l i e  w i th in  th e  c lo se d  p lan e  re g io n
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•kk

bounded by S, But s in c e  t h i s  in n e r  rim  o f R bounds th e  in n e r
irk

co re  o f  R , th e  l a t t e r  i s  a  z -c o re  o f  G t h a t  i s  p ro p e r ly  c o n ta in e d  

*in  H -  c o n t r a d ic t io n ;

REMARK. More g e n e ra l ly  we have j u s t  shown t h a t : i f  K i s  any norm al 

co re  o f  G, w ith  d e f in in g  r in g  R, and R" i s  a n o th e r  r in g  w ith  a l l  

i t s  fa c e s  ly in g  in s id e  th e  o u te r  rim  o f R, th e n  R" i s  norm al and

i t s  in n e r  co re  i s  p ro p e r ly  c o n ta in e d  in  K.

3 .4  DELETABLE EDGES: SOME THEOREMS 

THEOREM 3 .5

An edge e o f  a  p -g ra p h  G i s  n o t a d e l e ta b l e  edge i f  and o n ly

i f  i t  i s  common to  2 fa c e s  o f  some 3 - r in g  o f  G.

PROOF: By theorem s 1 .1 0  and 1 .1 1 , and by th e  d e f i n i t i o n  o f

" d e le ta b le " .

LEMMA 3 .6
•ff iff

I f  G i s  a  3 -v a le n t  p -g ra p h  and c o re  H i s  d e f in e d  by r in g  R
•ff

w ith  3 ,4  o r  5 f a c e s ,  th e n  H c o n ta in s  ( th e  boundary  o f)  some 's m a l l1

face  o f  G -  t h a t  i s ,  a fa c e  w ith  5 o r  few er ed g es .

PROOF: By lemmas 3 .1  and 3 .3  we can  assum e, w ith o u t lo s s  o f
•ff f f

g e n e r a l i t y ,  th a t  co re  H and r in g  R a re  b o th  norm al in  G. L e t
*

S and T d e n o te , r e s p e c t iv e ly ,  th e  in n e r  and o u te r  rim s o f  R , 

C on sid er th e  p la n e  g raph  T(G) and su p p re ss  any 2 - v a le n t  v e r t i c e s  

i t  m ight h av e . (See f ig u r e  3 .6 ,  f o r  exam ple .) The r e s u l t i n g  p la n e
•ff

cu b ic  g rap h  has a  k - r in g  ( t h a t  'w a s ' R ) w ith  k * 3 ,4  o r  5 fa c e s  -  

each  a  4 -gon  o r  b ig g e r .  These k  f a c e s ,  p lu s  th e  e x t e r i o r  k -g o n a l 

fa c e  can n o t a lo n e  s a t i s f y  th e  in e q u a l i ty  3p^ + 2p^ + p,. fe 12 w hich 

must h o ld .  So i t  m ust have a n o th e r  sm a ll fa c e  ly in g  w ith in  th e  in n e r  

rim  o f  th e  k - r in g  i t  ' i n h e r i t e d '  from  G. But such  a fa c e  must a l s o
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l i e  in  G.

THEOREM 3 .7

G iven: a  3 -v a le n t  p -g rap h  G * (V ,E ,F(G )) w ith  L some non­

empty s u b se t o f i t s  edge s e t  E such  th a t  Borne edges o f  L a re  

common edges o f  3 - r in g s ,  and th u s  a r e  n o t d e le ta b le ;  Z d e n o tin g  th e  

nonempty s e t  o f  a l l  3 - r in g s  o f  G h av in g  an  edge o f L a s  a common 

ed g e .

Then: G c o n ta in s  2 d i s j o i n t  c o re s  each  d e f in e d  by a  r in g  o f  Z

and n e i th e r  i s  p ro p e r ly  c o n ta in e d  in  any o th e r  c o re  d e f in e d  by a r in g

o f  Z; so i t  fo llo w s  th a t  no edge o f  L ly in g  i n  e i t h e r  o f  th e se  2

z-m inim al c o re s  can be a  n o n -d e le ta b le  edge.

PROOF: The f i r s t  a s s e r t i o n  i s  iim nediate . The second fo llo w s by

theorem  3 .5  and th e  o b s e rv a tio n  t h a t  2 3 - r in g s  o f  a c u b ic  g rap h  canno t

' i n t e r l o c k '  (see  f ig u re  3 .7 ) .

REMARK. O bviously  t h i s  theorem  p roves  ( j u s t  l e t  L -  E) t h a t  each  3- 

v a le n t  p -g ra p h , o th e r  th a n  th e  te t r a h e d r o n ,  has a  d e le ta b le  edge.

(See theorem  1 .1 2 ) .  Thus we have a l s o  p roved  theorem  1 .1 3  fo r  th e  

3 -v a le n t  c a s e .

THEOREM 3 .8

I f  G i s  a  3 -v a le n t  p -g ra p h  (n o t th e  te tr a h e d ro n )  and C i s  a 

c i r c u i t  -  pe rh ap s th e  boundary o f  a  fa c e  o r  perhaps a  H am ilton ian

c i r c u i t  -  w hich u ses  4 o r  more edges o f  G, th e n  C u se s  a  p a i r  o f

d i s j o i n t  edges w hich a r e  d e l e ta b l e .

REMARK. I f  C has j u s t  3 edges th e n  a l l  must be  d e le ta b l e .

PROOF: I f  a l l  edges o f  C a re  d e le ta b le  th e n  we a r e  done, so

assume n o t  and app ly  theorem  3 .7  by l e t t i n g  L d en o te  th e  edges o f

C. (See s ta te m e n t o f  theorem  3 .7 ) .  Thus Z i s  nonem pty. Now,
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ev ery  co re  d e f in e d  by a  r in g  o f  Z m ust c o n ta in  an  edge o f  L » C 

s in c e  th e  l a t t e r  I s  a  c i r c u i t .  So, by th e  a s s e r t i o n  o f  theorem  3 .7  

we have o u r r e s u l t .

THEOREM 3 .10

I f  C i s  a k - c i r c u i t  (where k a  6) i n  a  3 -v a le n t  p -g ra p h  G 

(n o t th e  te t r a h e d r o n ) ,  th e n  2 d i s j o i n t  edges n o t used  by C a re  

d e l e ta b l e  and each  i s  an  edge on a  sm all f a c e .

PROOF: Immediate by theorem  3 .8 .

REMARK 1 . I t  can be shown (by u s in g  theorem s 1 .4 ,  3 .7 ,  3 .8 ,  3 .9 ,  and 

th e  rem ark  fo llo w in g  lemma 3 .6 ) t h a t  th e  r e s t r i c t i o n  k & 6 may be 

dropped u n le s s  C i s  a 3 - c i r c u i t  and G i s  th e  3 -p rism . (See f ig u re  

3 .8 . )

REMARK 2 . As shown by th e  g raphs o f f ig u re  3 .9  (where sq u ig g le d  edges 

r e p r e s e n t  a  H am ilton ian  c i r c u i t ) , th e re  may o n ly  be 2 such edges -  

and b o th  may l i e  on th e  e x t e r io r  f a c e . In  f ig u r e  3 .9  ' t h e y ' a re  th e  2 

'u n u s e d ' edges o f  th e  3 -g o n s .

THEOREM 3.11

I f  G = (V,E) i s  a  3 -v a le n t  p -g ra p h  (o th e r  th a n  th e  te tra h e d ro n )  

w ith  | e | e d g e s , th e n  a t  l e a s t  | e | / 3 + 3 o f  them a re  d e le ta b le .

PROOF: S ince G i s  cub ic  we h av e , by th e  E u le r form ula th a t  

| e |  ■ 3(%|vj) and |f ( G ) |  « %|V | + 2 . By theorem  3.9 each  fa c e  has 2 

o r  more d e le ta b le  ed g es ; by theorem  3 .8  two o f  th e  fa c e s  have 3 o r  more 

d e le ta b le  ed g es . So i f  we m u ltip ly  ( f (G ) | by 2 , add 2 , and th e n  

d iv id e  t h a t  'co u n t*  by 2 we o b ta in  a  low er bound o f  %e|v( + 3.

REMARK 1. In  f ig u r e  3 .1 0  we lo o k  a g a in  a t  th e  fam ily  o f  graphs d i s ­

p lay ed  in  f ig u r e  3 .9 .  T h is tim e th e  d e le ta b le  edges a re  sq u ig g le d  

and we o b serv e  t h a t  each  has th e  minimum num ber.
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REMARK 2 . I t  can  be proved th a t  a c u b ic  p -g ra p h  has th e  minimum 

number o f  d e le ta b le  edges i f  and o n ly  i f  i t  can  be o b ta in e d  from  th e  

te t r a h e d ro n  by s u c c e s s iv e  t r u n c a t io n s  o f  v e r t i c e s  o f  3 -gon . (See 

f ig u r e  3 .1 1 .)

THEOREM 3.12
*

G iven: a H am ilto n ian  p -g ra p h  G th a t  i s  m axim ally p la n a r  ( a l l

fa c e s  a re  t r i a n g l e s )  bu t i s  n o t th e  te t r a h e d r o n ,  and some p a r t i c u l a r
*

H am ilto n ian  c i r c u i t  H in  G .

Then: a t  l e a s t  4 edges used  by H -  each  w ith  an e n d p o in t o f
★

v a lu e s  5 o r  le s s  -  a re  c o n t r a c t i b l e  edges o f  G .
*

PROOF: By theorem  3 .8  we know th a t  G c o n ta in s  2 n o n a d ja c e n t

v e r t i c e s ,  each  o f  v a le n c e  5 o r  l e s s ,  and each  in c id e n t  to  o n ly  c o n t ra ­

c t i b l e  ed g es .

REMARK. In  f ig u r e  3 .12  we s e e  how t h i s  theorem  a llo w s  us to  red u ce  a 

t r i a n g u la t io n  -  and i t s  H am ilto n ian  c i r c u i t  -  to  th e  te t r a h e d r o n ,  by 

s e q u e n t i a l ly  c o n t r a c t in g  one o f th e  edges q u a ra n te e d  by th e  theorem .

The s ig n i f i c a n c e  o f  t h i s  i s  t h a t  a  h a m ilto n ia n  s im p l lc i a l  3 -p o ly to p a l  

( i . e . ,  a l l  f a c e s  t r i a n g le s )  g raph  i s  o b ta in a b le  from  th e  te t r a h e d ro n  

by a  sequence o f  v e r te x  s p l i t s  w hich 's t a y s  w ith in *  th e  c l a s s .

3 .5  DELETABLE k-EDGES IN 3-P0LYT0PAL GRAPHS

In  t h i s  s e c t io n  i t  i s  p roved  th a t  (theo rem  3 .1 7 ) :  ev e ry  3 - v a le n t  

p -g ra p h , o th e r  th a n  th e  te t r a h e d r o n ,  c o n ta in s  a  d e le ta b le  k -e d g e . (See 

s e c t io n  1 f o r  d e f i n i t i o n s . )  U nless s ta t e d  o th e rw is e ,  a l l  p -g ra p h s  w i l l  

assumed to  be d i f f e r e n t  from  th e  te t r a h e d r o n .

In  view  o f  theorem  3 .7  t h i s  r e s u l t  w i l l  fo llo w  r e a d i ly  once we 

have proved  th a t  (theorem  3 .1 6 ) :  a co re  m ust c o n ta in  a  k -edge i f  i t
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( th e  c o re )  is  d e fin e d  by a 3 - r in g  w ith  some k-edge a s  a  common ed ge .

T his r e s u l t ,  i n  tu rn ,  depends on a  lemma (see  lemma 3 .1 4  and th e

d e f in i t i o n  p rece ed in g  i t )  t h a t  u t i l i z e s  th e  fo llo w in g  theorem .

THEOREM 3 .13  (E . Ju co v ic  [ J l ,  p .  233])

I f  6 i s  a  3 -v a le n t  p -g ra p h  (n o t th e  te tr a h e d ro n )  and e ( i , j )

d en o tes  th e  number o f  k -edges o f  G th a t  a r e  sh a red  by an  i-g o n

and a  j-g o n , th e n :  120 £ £  w ( i , J )  • e ( i , j ) ,  where th e  18 p o s i t iv e
3 £ i£ j

c o e f f i c ie n t s  -  th e  w ( i , j ) ' s  -  a re  d is p la y e d  in  th e  t a b le  p re se n te d  in  

f ig u r e  3 .1 .

REMARK. Observe t h a t ,  f o r  a l l  v a lu e s  o f  i  and j ,  

w ( i , j )  i w ( i , j + l ) ,  w ( i + l , j )  .

T h is  m o n o to n ic ity  w i l l  be u s e f u l .  A c tu a l ly  Ju co v ic* s  o r ig i n a l  i n ­

e q u a l i ty  has w (3 ,3 ) ■ 20, w (3 ,7 ) ■ 6§ and w (3 ,9 ) -  2h  . But i n ­

c re a s in g  th e se  3 c o e f f i c ie n t s  -  see e n t r i e s  w ith  a s t e r i s k s  -  can on ly  

y ie ld  a n o th e r  t r u e  in e q u a l i t y , and th e  v a lu e s  shown a r e  more co n v en ien t 

f o r  ou r p u rp o se s .

DEFINITION: A p -g rap h  G (n o t n e c e s s a r i ly  3 -v a le n t)  w i l l  be s a id  to  

be l i g h t  i f  and on ly  i f  w ith  a p p ro p r ia te  l a b e l l i n g  i t  s a t i s f i e s  th e  

fo llo w in g  d e s c r ip t io n  (see  f ig u r e  3 .1 3 ) :  i t s  e x t e r i o r  fa c e  X i s  a 

3-gon w ith  th r e e  3 -v a le n t  v e r t i c e s  and c o n ta in s  an  edge o f  each  o f  th e  

3 fa c e s  o f  th e  3 - r in g  R ■ ABC -  each  a  4-gon  o r  b ig g e r ;  R haB o u te r  

rim  T and in n e r  rim  S and d e f in e s  th e  (norm al) c o re  H •  S(G ), 

and t h i s  core does n o t  c o n ta in  any k -edges o f  G -  e x c e p t p erh ap s  on 

i t s  rim  S; i f  face  M is  some m-gon o f  G whose boundary  l i e s  in  H 

and c o n ta in s  a n  edge o f  rim  S, th e n  m & 9 i f  M c o n ta in s  an edge o f 

A and m S 4 i f  M c o n ta in s  an edge o f  B.

REMARK. From th e  l a s t  c o n d i tio n  i t  fo llo w s  im m ediately  th a t  some
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v e r te x  must l i e  w ith in  th e  i n t e r i o r  o f  co re  H ( th a t  i s ,  in  H b u t 

n o t  on rim  S) i f  G i s  a  l i g h t  g rap h . And th e  t r i a n g u la r  p rism , fo r  

exam ple, i s  n o t l i g h t .

LEMMA 3 .14

I f  G i s  a  3 -v a le n t  p -g ra p h  th e n  G canno t be l i g h t .

PROOF: Assume th a t  G i s  l i g h t  and a s s ig n  a  w ieg h t o f  w ( i , j )

to  each  edgp o f  G th a t  i s  sh a red  by an  i-g o n  and a  j - g o n .  To o b ta in  

a  c o n t r a d ic t io n  to  theorem  3 .13  i t  c l e a r ly  w i l l  s u f f ic e  to  show t h a t :

( i )  th e  3 common edges o f  r in g  R ■ ABC have a  combined w eigh t 

o f  a t  most 30.

( i i )  th e  t o t a l  w eig h t o f  th e  r im  edges (on S and T) on th e  

boundary o f  each  fa c e  o f R i s  a t  m ost 28.

P ro o f o f  ( i ) : I f  some fa c e  o f  R i s  a 6-gon o r  b ig g e r  th e n , by th e

m o n o to n ic ity  o f  w e ig h ts , R 's  3 common edges have a  t o t a l  w eig h t o f  

a t  most w (4 ,6 ) +  w (6 ,4 ) + w (4 ,4 ) ■ 5 +  5 + 20 « 30. A l te r n a te ly ,  i f  

each  o f  R 's  fa c e s  has no more th a n  5 edges th e n  a l l  3 a r e  5 -g o n s. 

(R eason: by th e  rem ark fo llo w in g  th e  d e f in i t i o n  o f  a  l i g h t  g raph , some 

v e r te x  must l i e  I n t e r i o r  to  rim  S; so by 3 -co n h ec ted n ess  i t  fo llo w s 

th a t  |a | + |b | +  |C | i  (4  + 4 + 4) +  3 ■ 1 5 .)  In  t h i s  c a se  each  o f  

th e  3 common edges (see  f ig u r e  3 .1 4 ) has a  w e ig h t o f  w (5 ,5 ) -  8 .

P ro o f o f  ( i i ) : L e t F d en o te  t h a t  fa c e  o f  R » ABC b e in g  c o n s id e re d , 

and l e t  | f | ■ k .  R e c a ll ,  k i s  a t  l e a s t  4 (a s  shown in  f ig u r e  3 .1 5 ) .  

R eg a rd le ss  o f  w h eth er F ■ A, B, o r  C, we a rg u e  as fo llo w s .

The rim  edge sh a red  by F and X has w e ig h t w (3 ,k ) . The o th e r

k -3  rim  edges ab o u t F a re  on rim  S and com prise a  s im p le  p a th  -

c a l l  i t  P . He c o n s id e r  2 c a s e s .

F i r s t :  i f  k  ** 4 th e n  F has j u s t  1 edge w hich has one (o r  b o th )
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o f i t s  e n d p o in ts  on fa c e  A, Thus t h a t  edge i s  sh a red  by F and some 

face  - c a l l  i t  M -  w hich c o n ta in s  an  edge o f  A. Now, by d e f in i t i o n
i

o f  a  l i g h t  g raph  |m | % 9 , and i t  fo llo w s  t h a t  t h i s  s in g le  edge 

co m p ris in g  th e  p a th  P has a  w eigh t o f  a t  m ost w (4 ,9 ) . So th e  2 

rim  edges o f  F (one on S, one on T) have a  combined w eig h t o f  a t

m ost w (3 ,4 ) + w (4 ,9 ) « 25 +  3 ■ 28.

Second: k 2 5 . So p a th  P has a  ' f i r s t '  and a ' l a s t '  edge (as

in d ic a te d  by th e  arrow s in  f ig u r e  3 .1 5 ) .  One must c o n ta in  a  v e r te x  o f

A and i s  th u s  sh a red  by F and a  fa c e  w ith  9 o r  more s id e s ,  and th e

o th e r  has  an  e n d p o in t on B and i s  th u s  sh a red  by F and some fa c e

w ith  4 o r more s id e s .  Each o f  th e  rem ain in g  k -5  edges o f  p a th  P

o b v io u s ly  can n o t w eigh more th a n  w (3 ,k ) .  So in  t h i s  ca se  (when

| f | -  k Ss 5 ) ,  a l l  o f  F 's  k -2  rim  edges (on b o th  T and S) have a 

t o t a l  w e ig h t o f a t  m ost:

w (3 ,k ) + (w (9 ,k) + (k -5 )  w (3 ,k ) + w (4 ,k ))  , 

w hich s im p l i f ie s  to  (k -4 ) w (3 ,k ) + w (4 ,k ) + w (9 ,k ) .

And, f o r  k ■= 5 ,6 ,7 ,8 ,9 ,1 0  a  11, t h i s  e x p re s s io n  y ie ld s  v a lu e s  

( r e s p e c t iv e ly )  o f :  27 , 25 , 26 , 25, 18, 12 , and 0 . T his p roves  case  (1 1 ), 

and thus th e  lemma i s  p ro v ed .

LEMMA. 3 .1 5  (Used f o r  theorem  3 .1 9 , b u t n o t f o r  3 .1 7 ) .

No p -g ra p h , w h eth er 3 -v a le n t  o r  n o t ,  can be l i g h t .

PROOF: Assume th e  le n m a 's  a s s e r t i o n  i s  f a l s e ,  and th a t  6 i s

some l i g h t  g raph  f o r  w hich # (6 ) ■ I  (deg v -  3) i s  a minimum.
v  in  V(G)

S ince G canno t be 3 -v a le n t  (by lemma 3 .1 4 , i t  m ust have Borne v e r te x  

x o f  v a le n c e  4 o r  more (and th u s  #(G) i s  p o s i t i v e )  w hich l i e s  in  co re

H. The assu m p tio n  th a t  #(G) i s  a  minimum means th a t  i f  we s p l i t  

v e r te x  x  so  as  to  red u ce  #(G) by 1 , th e n  we m ust c r e a te  a



- 5 6 -

p -g ra p h  th a t  i s  no lo n g e r  l i g h t .  But we w i l l  show th a t  we can  alw ays 

s p l i t  v e r te x  x so as to  reduce  #(G) and s t i l l  o b ta in  a  l i g h t  graph  - 

t h i s  w i l l  be th e  c o n t ra d ic t io n !

There a re  3 ca se s  to  c o n s id e r  (se e  d iag ram (s) in  (a) o f  f ig u re s  

3 .1 7 , 3 .18  and 3 .1 9 ) and each  can  be d isp o se d  o f v e ry  q u ic k ly  by 

s p l i t t i n g  x  to  form , in  a 's u i t a b l e '  m anner, th e  new edge ( x , x ' ) .

T h is i s  d isp la y e d  in  p a r ts  (b) o f  f ig u re s  3 .1 7 , 3 .1 8  and 3 .1 9 .

Case ( 1 ) ; x i s  a v e r te x  o f  face  A b u t n o t o f  B o r  C, as 

shown in  f ig u r e  3 .1 7 . Then s p l i t t i n g  x 'in w a rd s ' (as shown) can n o t 

reduce  th e  s iz e  o f any f a c e ;  f u r th e r ,  th e  new edge ( x ,x ')  canno t be a 

k -edge s in c e  (from  th e  d e f i n i t i o n  o f  a  l i g h t  graph) edge (x ,x * )

'becomes* sh a red  by 2 fa c e s  th a t  each have 9 + 1 « 10 o r  more ed g es . 

Thus th e  new graph i s  l i g h t .

Case ( i i ) : Here x  i s  a  v e r te x  on one o r  b o th  o f  th e  b o u n d arie s

o f  B and C, and may a l s o  b e lo n g  to  A (see  f ig u r e  3 .1 8 ) .  In  t h i s  

c a se  we s p l i t  x  'a lo n g ' rim  S so th a t  x and x '  a r e  b o th  on B, 

o r  a re  b o th  on C. I t  i s  c l e a r  th a t  w i th in  co re  H o f  th e  new g rap h ; 

no 3-gons have an  edge on B o r  C and no fa c e  w ith  8 o r  few er edges 

has been  made a d ja c e n t to  A. Hence (x ,x * ) i s  n o t a  k -ed g e , and th e  

new graph  i s  l i g h t .

Case ( i l l ) ; In  t h i s  case  x i s  i n  co re  H b u t i s  n o t  a  v e r te x  

o f  rim  S (see  f ig u re  3 .1 9 ) .  I f  a l l  o f  th e  4 o r  more fa c e s  ab o u t x 

a r e  6-gons o r  b ig g e r ,  we j u s t  s p l i t  x  in  any 'd i r e c t i o n '  and g e t a  

l i g h t  g rap h . So assume fa c e  F is  in c id e n t  to  x (see  f ig u r e  3 .1 9 ) 

and has 5 o r  few er s id e s .  Then th e  2 fa c e s  f la n k in g  F abou t x must 

b o th  be 9-gons o r  b ig g e r ,  c a l l  them  M and Q. Thus we can  s p l i t  x 

(as shown) so  t h a t  M and Q sh a re  th e  new edge ( x , x ' ) ,  w hich 

o b v io u s ly  can n o t be a  k -e d g e . Thus th e  new graph  i s  l i g h t .
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T his co ncludes  th e  p ro o f  o f  lemma 3 .1 5 .

THEOREM 3 .16

Each co re  o f  a  p -g ra p h  ( be* th e  g raph  3 -v a le n t  o r  n o t)  t h a t  i s  

d e f in e d  by a  3 - r in g  w ith  a  common k -edge  m ust c o n ta in  a  k -ed g e .

REMARK. As shown in  f ig u r e  3 .2 0 , th e  3 - r in g  o f  l l - g o n a  has no k-edge 

as  a common edge -  and i t s  c o re  H has no k -e d g e s !

PROOF: Assume th a t  th e  theorem  i s  f a l s e  f o r  some co re  H o f

some p -g ra p h  G, where H i s  d e f in e d  (see  f ig u r e  3 .2 1 ) by th e  3 - r in g  

R = ABC fo r  w hich : |a | S 5 and A and B sh a re  a  k -edge (and th u s

B has a t  m ost 10 s i d e s ) .

The s t r a t e g y  o f  th e  p ro o f  i s  to  o b ta in  from  G a  l i g h t  p -g rap h , 

and th u s  th e  a ssu m p tio n  o f  th e  th e o re m 's  f a l s i t y  w i l l  c o n t r a d ic t  

lemma 3 .1 5  (lemma 3 .1 4 , i f  G i s  c u b ic )  J

Once a g a in  (by lemmas 3 .1  and 3 .3 )  we can assum e, w ith o u t lo s s  o f 

g e n e r a l i t y ,  t h a t  R and H a re  b o th  norm al in  G -  as  d e p ic te d  in  

f ig u r e  3 .21  o r  3 .2 2 (a ) .  So l e t  S and T d e n o te , r e s p e c t iv e ly ,  the  

in n e r  and o u te r  rim s o f  r in g  R. From ou r i n i t i a l  a ssum ption  ( th a t  

th e  theorem  i s  f a l s e )  we im m ediate ly  have th e  fo llo w in g  2 f a c t s .

F a c t ( 1 ) :  a  fa c e  s h a r in g  an  edge o f  rim  S w ith  fa c e  A [B] must have

a t  l e a s t  9 [4] e d g e s , o r  e l s e  rim  S would c o n ta in  a  k-edge o f  G.

F a c t ( 2 ) :  no k -ed g es (o f  G) may l i e  w ith in  th e  i n t e r i o r  o f  co re  H.

I f  G i s  n o t 3 -v a le n t  i t  i s  p o s s ib le  t h a t  fa c e  C may sh a re  j u s t  a 

v e r te x  w ith  one o r  b o th  o f  fa c e s  A and B (se e  f ig u r e  3 .2 2 ( a ) ) .  I f  

s o ,  we can  s p l i t  such  common v e r t i c e s  o f  R (such as  v and w in  

f ig u r e  3 .2 2 (a ) )  so  as to  'g i v e '  r in g  R 3 common edges (as shown in  

3 .2 2 (b ) )  -  and n o t a l t e r  F a c t (1) o r  F ac t (2 ) .  So w ith o u t lo s s  o f
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g e n e r a l i ty  we s h a l l  assume th a t  R has 3 common ed g es , and th a t  

F a c ts  (1) and (2) b o th  h o ld .

Now c o n s id e r  th e  p la n e  subgraph  T(G) com prised o f  a l l  edges 

and v e r t i c e s  o f  G th a t  l i e  on , and w i th in ,  rim  X; su p p re ss  any

2 -v a le n t  v e r t i c e s  on i t s  e x t e r io r  fa c e  (see  f ig u r e  3 .2 3 ) .  By theorem  

1 .1 0  t h i s  g raph  i s  3 -co n n ec ted  ( s in c e  no p a i r  o f  fa c e s  'm eet tw ic e ’ ) 

and F a c ts  (1) and (2) a re  ' i n h e r i t e d '  from  G. Thus T(G) i s  c e r t a in l y  

a  l i g h t  g raph! T h is  c o n t r a d ic t io n  to  lemma 3 .1 5  concludes th e  p ro o f .  

THEOREM 3.17

G iven: a  3 - v a le n t  p -g ra p h  G ( i . e . ,  G i s  a  p la n e , 3 - v a le n t ,

3 -co n n ec ted  g raph ) o th e r  th a n  th e  te tr a h e d ro n  .

Then: G c o n ta in s  a  d e le ta b le  k -edge and e q u iv a le n t ly ,  th e r e  e x i s t s  

a  sequence o f p -g rap h s

K4 “  Go»Gi»****Gi» Gi+ 1 * * * **Gn - l*  S i “  G 

such  th a t  ( f o r  0 £ i  £  n -1 ) G^+1 is  o b ta in e d  from  G  ̂ by p la c in g  

an  edge a c ro s s  some fa c e  o f  G  ̂ ( i . e . ,  p e rfo rm in g  a  fa c e  s p l i t )  th a t  

has a t  m ost 9 s id e s  -  so t h a t  t h i s  'new* edge i s  a  k -edge in  

REMARK 1 . I t  w i l l  be p o s s ib le ,  l a t e r ,  to  drop th e  r e s t r i c t i o n  th a t  

G be 3 - v a le n t .

PROOF: G m ust have k -edges (by theorem  3 .1 3 ) and i f  none a re  

common edges o f  3 - r in g s  we a r e  done. So l e t  L be d e f in e d  a s  th e  s e t  

o f  a l l  k -edges and l e t  Z d en o te  th e  nonempty s e t  o f  a l l  3 - r in g s  w hich 

have a  k-edge as  a common ed g e . Then by theorem s 3 .7  and 3 .1 6  we 

a r e  done.



REMARK 2. By t r u n c a t in g  each  v e r te x  o f  th e  dodecahedron ( th e  cub ic  

p -g rap h  w ith  12 5-gons) one o b ta in s  a 6 0 -v e r te x  g rap h  w ith  p r e c i s e ly  

60 k -ed g es , each  sh a red  by a  10-gon and a  3-gon (and th u s  d e l e ta b l e ) .  

REMARK 3. There e x i s t s  an  i n f i n i t e  number o f  cu b ic  p -g rap h s h av ing  

j u s t  12 k -e d g e s , each  sh a red  by a  3-gon and a  6-gon (and th u s  d e le ­

t a b l e ) .  Such graphs may be o b ta in e d  by t r u n c a t in g  a l l  v e r t i c e s  o f  a 

c u b ic  p -g rap h  hav ing  j u s t  3 -g o n a l and 6 -gonal fa c e s  -  and th e re  e x i s t  

i n f i n i t e l y  many such  g ra p h s .

When a  cu b ic  p -g rap h  has no 3-gons o r  4 -g o n s, b u t  j u s t  5 -g o n s , 

th e n  th e  fo llo w in g  r e s u l t  -  w hich i s  n o t d e r iv e a b le  from J u c o v ic 's  

in e q u a l i ty  (see  theorem  3 .1 3 ) b u t complements i t  -  p e rm its  one to  

o b ta in  r e s u l t s  com plem enting th o se  o f  theorem s 3 .16  and 3 .1 7 .

THEOREM 3 .1 7 (a ) .  (Grunbaum TG4, p .  4 0 4 ] .)

I f  G i s  a  3 -v a le n t  p -g ra p h  w ith  no 3-gons o r  4 -g o n s , th e n : 

2 e (5 ,5 )  + e ( 5 ,6 )  fc 60 .

D efine an  ( i .O - e d g e  o f  a  p la n e  g raph  to  be a n  edge shared  by an 

i-g o n  and a  j-g o n .

THEOREM 3 .1 7 (b )

G iven: G a  3 -v a le n t  p -g ra p h  w ith  co re  H d e f in e d  by a  3 - r in g

such  th a t  each  face  (o f  G) ly in g  w i th in  H has 5 o r  more s id e s .

Then: a t  l e a s t  10 edges t h a t  a re  (5 ,5 )  o r  (5 ,6 )-e d g e s  l i e  w ith in

th e  i n t e r i o r  o f  co re  H ( i . e . ,  n o t  on i t s  r im ) ,

PROOF: L e t R *= ABC d eno te  th e  3 - r in g  w hich d e f in e s  co re  H and

l e t  S and T, r e s p e c t iv e ly ,  d eno te  th e  in n e r  and o u te r  rim s o f  R.

(We can  assume w ith o u t lo s s  o f  g e n e r a l i ty  t h a t  R and H a r e  b o th  

■normal in  G .) C onsider th e  g rap h  T(G) com prised o f  a l l  v e r t i c e s  and 

edges o f  G ly in g  w ith in  th e  c lo se d  p la n e  re g io n  bounded by T; sup­

p re s s  a l l  2 -v a le n t  v e r t i c e s  on i t s  e x t e r io r  fa c e  and deno te  th e
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r e s u l t  in g  cu b ic  p -g rap h  by G" (see  f ig u r e  3 .2 7 ) .  Some v e r te x  must l i e  

w ith in  th e  i n t e r i o r  o f  co re  H ( i . e . ,  n o t on i t s  rim  S ) , b o th  in  G 

ana G". R eason: o th e rw ise  H would c o n ta in  a 3-gon a n d /o r  a  4 -gon . 

Thus, by 3 -co n n ec ted n ess , a t  l e a s t  2 o f  th e  3 fa c e s  o f  r in g  R * ABC 

have 3 o r more v e r t i c e s  on th e  in n e r  r im  S, So in  G" a t  l e a s t  2 o f  

th e  fa c e s  o f  th e  co rre sp o n d in g  3 - r in g  a r e  5-gons o r  b ig g e r ,  as in d ic a te d  

in  f ig u re  3 .2 8 .
*

Now we c o n s tru c t  a  new 3 -v a le n t  p -g ra p h , G , by p la c in g  edges a c ro s s  

th e  i n f i n i t e  fa c e  o f  G" -  as shown in  f ig u r e  3 .2 9 , where th e  s iz e  o f  

each  fa c e  'o u t s i d e 1 co re  H (w ith  sq u ig g le d  rim ) i s  in d ic a te d .  By con-
ie it

s t r u c t io n ,  G has no 3-gone o r  4 -g o n s . Now c o n s id e r  a l l  edges o f  G

th a t  a r e  (5 ,5 )  o r  (5 ,6 )-e d g e s  and do n o t l i e  i n t e r i o r  to  rim  S. A q u ick

coun t shows th e re  a re  p r e c i s e ly  18 (5 ,5 ) -e d g e s  and a t  m ost 4 (5 ,6 )-e d g e s

in  t h i s  s e t .  These edges 'c o n t r i b u t e '  a t  most 2(18) + 4 - 4 0  tow ards
★

th e  'c o u n t ' o f  60 th a t  i s  g u a ra n te e d , f o r  G , by theorem  3 .1 7 (a ) .  Thus
★ ,

th e  edges w ith in  th e  i n t e r i o r  o f  co re  H o f  G (and th u s  o f  G a ls o )  

must 'c o n t r i b u t e '  a t  l e a s t  20. So o u r theorem  i s  p ro v ed .

THEOREM 3 .1 7 (c )

I f  G i s  a 3 -v a le n t  p -g rap h  w ith  no 3-gons o r  4 -g o n s , th e n  G 

c o n ta in s  a s e t  o f  a t  l e a s t  20 d e le ta b le  edges -  eac h  a  ( 5 ,5 ) ,  o r  a 

(5 ,6 ) -e d g e .

REMARK. A c tu a l ly ,  20 i s  n o t b e s t  p o s s ib le .

PROOF: I f  G 's  edges a re  a l l  d e le ta b le  th e n , by theorem  3 .1 7 (a ) ,

we a r e  done. So assume n o t .  Then G has 3 - r in g s .  So, by theorem  

3 .7 ,  we know t h a t :  G c o n ta in s  2 d i s j o i n t  co re s  each  d e f in e d  by a  3 - r in g

and each  com prised o n ly  o f  d e le ta b le  e d g e s . T h is f a c t ,  p lu s  th e  p re -  

ceed in g  r e s u l t  (theo rem  3 .1 7 ( b ) ) ,  co n c lu d e s  th e  p ro o f .
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THEOREM 3 . 1 7 ( d )

I f  P(m) d en o tes  th e  s e t  o f a l l  3 -v a le n t  p -g rap h s  w hich have no face  

w ith  more th a n  m s id e s  th e n , f o r  each  m 2 7 , P(m) i s 'c l o s e d 1 in  th e  

fo llo w in g  sen se  (w hich i s  n o t  th e  ca se  f o r  P ( 6 ) ) :  each  graph  o f  P(m) 

may be o b ta in e d  from  th e  te tr a h e d ro n  by a  sequence o f  fa c e  s p l i t s  -  

n o t perform ed on th e  e x t e r io r  fa c e  - such  th a t  each  p -g ra p h  o f th e  c o r­

re sp o n d in g  sequence l i e s  in  P (m ); and i s  o b ta in e d  from  i t s  p re d e c e sso r  

by e i t h e r  ' s l i c i n g  o f f 1 a  3-gon o r  4 -g o n , o r by ' s l i c i n g  o f f '  a  3-gon 

from a  6-gon o r  7 -gon .

PROOF: L e t G be some p a r t i c u l a r  p -g ra p h  in  P(m ), where m 2 7.

C le a r ly ,  to  prove th e  theorem , i t  w i l l  s u f f i c e  to  d em o n stra te  t h a t :  G

c o n ta in s  a  d e le ta b le  edge n o t on th e  e x t e r i o r  fa c e  w hich e i t h e r  l i e s  on 

a 3-gon o r  4 -g o n , o r  i s  a  (5 ,5 )  o r  a (5 ,6 ) -e d g e . To d em o n stra te  t h i s  

we c o n s id e r  5 c a s e s .

Case ( i ) : G has no 3-gons o r  4 -g o n s , Then, by theorem  3 .1 7 (c ) ,

we a r e  done.

Case ( i i ) : G c o n ta in s  a t  l e a s t  2 fa c e s  w ith  few er th a n  5 ed g es.

In  t h i s  ca se  a t  l e a s t  one fa c e  o f  G, c a l l  i t  F , i s  a  3-gon o r  a  4-gon

and i s  n o t th e  e x t e r i o r  f a c e .  By theorem  3 .8  a t  l e a s t  2 edges o f  F 

a r e  d e l e ta b l e .  S ince  a t  l e a s t  1 o f  th e s e  edges i s  n o t on th e  e x t e r io r  

f a c e ,  we a r e  done.

Case ( i i i ) : G c o n ta in s  j u s t  1 fa c e  F w ith  few er th a n  5 s id e s  -

and F i s  n o t th e  e x t e r i o r  f a c e .  Then, by theorem  3 .8  a g a in , we a re

done.

Case ( l v ) : G c o n ta in s  j u s t  1 fa c e  -  th e  e x t e r i o r  f a c e  X -  w ith

few er th a n  5 s id e s ,  and X i s  a 3 -gon . In  t h i s  case  G c o n ta in s  some
*  ★ 

c o re ,  H , d e f in e d  by a  3 - r in g  such th a t  H does n o t c o n ta in  th e
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(boundary o f )  fa c e  X. I f  such  a  co re  H (w hich m ust e x i s t  in  6) i s

n o t m inim al w ith  r e s p e c t  to  a l l  o th e r  c o re s  (o f 6) d e f in e d  by 3 - r in g s ,

th e n  c o n s id e r  in s te a d  some co re  H (a ls o  d e f in e d  by a  3 - r in g )  ly in g  
*

w ith in  H w hich i s  m in im al. Now, each  i n t e r i o r  edge o f  H m ust be an
iff

i n t e r i o r  edge o f  H -  and i s  th u s  n o t an  edge o f  X. By theorem  3 .1 7 (b )

a t  l e a s t  10 such  edges a re  (5 ,5 )  o r  (5 ,6 ) - e d g e s ;  an d , by th e  m in im a lity

o f H, a l l  a re  d e l e t a b l e .  So we a re  done.

Case ( v ) ; G c o n ta in s  j u s t  1 fa c e  -  th e  e x t e r io r  fa c e  X -  w ith

few er th a n  5 s id e s ,  and i t  i s  a  4 -gon . E i th e r  a l l  edges o f G a re
*

d e le ta b le ,  o r  n o t .  I f  n o t ,  th e n  G must c o n ta in  some co re  H as 

d e sc r ib e d  in  Case ( iv )  -  and th e  p ro o f  fo llo w s  by p r e c i s e ly  th e  same 

argum ent. So assum e th a t  a l l  edges o f  G a re  d e le ta b le  ( th u s  G has

no 3 - r in g s ) .  In  t h i s  ca se  th e  4 fa c e s  in c id e n t  t o  X ( a l l  5-gons o r  

b ig g e r)  form  a  4 - r i n g ,  as  shown in  f ig u r e  3 .3 0 . I f  we 'p l a c e '  a  3 - r in g  

ab o u t G, as  shown in  f ig u re  3 .3 0 , th e n  th e  boundary o f  X 'becom es'

th e  in n e r  rim  o f  a  3 - r ln g  in  th e  new graph  -  c a l l  i t  G". T h is  g raph

p o sse sse s  p ro p e r ty -p  and i s  th u s  a  p -g ra p h . Thus, by theo rem  3 .1 7 (b )  -  

o r  by d i r e c t  a p p l i c a t io n  o f theorem  3 .1 7 (a ) ,  we have t h a t :  a t  l e a s t  10 

edges (o f  G") t h a t  a r e  (5 ,5 )  o r  (5 ,6 ) -e d g e s  l i e  i n t e r i o r  to  th e  in n e r  

rim  (sq u ig g le d )  o f  th e  3 - r in g  o f  G". Each such edge i s  (o b v io u s ly )  a

d e le ta b le  (5 ,5 )  o r  ( 5 ,6 ) -edge o f  G a l s o  -  and th u s  th e  p ro o f  i s

co m p le te .

3 .6  DELETABLE EDGES IN NON-CUBIC 3-P0LYT0PAL GRAPHS

In  th i s  s e c t io n  we o b ta in  a r e s u l t  (theorem  3 .1 8 ) an alogous to  

theorem  3 .7  w hich  i s  th e n  u sed , w ith  theorem  3 .1 6 , to  o b ta in  t h i s  

g e n e r a l iz a t io n  o f  theorem  3 .1 7 :



Every p -g ra p h , o th e r  th a n  th e  te t r a h e d r o n ,  has a d e le ta b le  k-edge 

(see  theorem  3 .1 9 ) .

Not s u r p r i s in g ly ,  th in g s  a re  n o t a s  sim p le  a s  in  th e  3 -v a le n t  c a s e .  

To i l l u s t r a t e  some o f  th e  problem s -  a s  w e ll as  to  p o in t  th e  way to  a 

s t r a t e g y  f o r  theorem  3 .1 9 's  p ro o f  -  c o n s id e r  th e  p la n e  graph  o f  f ig u re  

3 .2 4  a s  a  subgraph  o f  some p -g ra p h  G; a ls o  c o n s id e r  th e  fo llo w in g  

n o ta t io n a l  c o n v e n tio n .

N o ta tio n : ( o bserved  th ro u g h o u t t h i s  s e c t i o n ) : I f  th e  two e n d p o in ts  o f 

some edge e a re  deno ted  by th e  same (low er ca se )  l e t t e r ,  one prim ed 

and th e  o th e r  n o t ( f o r  exam ple e °  y y ' ) ,  th e n  edge e shou ld  be

view ed b o th  a s  an edge and as  a  'p se u d o -e d g e ' -  t h a t  i s ,  w ith  i t s  two

en d p o in ts  i d e n t i f i e d .

In  f ig u r e  3 .2 4  fa c e s  A, B and C com prise a  norm al 3 - r in g  w ith

an  in n e r  c o re  H th a t  i s  a  3 -g o n . So, as p re v io u s ly  rem arked , H

can n o t c o n ta in  any o th e r  c o re  o f  G. U n fo r tu n a te ly  edges yp and zp
A

a re  common e d g es , r e s p e c t iv e ly ,  o f  r in g s  HAB and HA B -  and thus 

a r e  n o t d e l e ta b l e .  N ote t h a t  f a c e s  A and B sh a re  th e  k -edge pn

and th a t  yz (w hich need n o t  be a  k -edge) i s  th e  on ly  d e le ta b le  edge

o f t h i s  'm in im a l' co re  H -  and H is  d e f in e d  by a  3 -r in g  w ith  a  com­

mon k -edge! (Compare t h i s  to  th e  3 -v a le n t  c a s e ) .  Note a ls o  t h a t  edges 

yn and zn a r e  d e le c ta b le  b u t  need n o t be k -edges o f  G. In  f a c t :  i f

A , B and C a l l  have fe 11 s id e s ,  then  G has no d e le ta b le  k -edges

ly in g  on o r  w i th in  th e  o u te r  rim  o f r in g  ABC.1 

THEOREM 3 .1 8

G iven: a p -g ra p h  G ■ (V,E) w ith  norm al co re  H (as  in  f ig u re

3 .2 5 ) d e f in e d  by th e  3 - r in g  R * ABC (w ith  in n e r  rim  S and o u te r  rim  

T) w hich has th e  common edge pn sh a red  by A and B -  and in  which

C sh a re s  y ' y  w ith  A and z z ' w ith  B (and y , z  and p a re  on th e



in n e r  rim  S ) ; f u r t h e r ,  edge pn i s  a  member o f  some p re s c r ib e d  su b se t

1 o f  E(G) such  t h a t  co re  H does n o t  c o n ta in  any o th e r  co re  d e f in e d

by a  3 - r in g  w ith  a common L -ed g e ; Z d en o te s  th e  s e t  o f  a l l  r in g s  (o f  G)

w hich c o n ta in  an  L -edge as  a  common edge* Then:

( I )  No L -edge ( i f  any) o f  C H S  can be n o n d e le ta b le .

( I I )  I f  e  * uv i s  a n o n d e le ta b le  L -edge th a t  l i e s  i n  H b u t n o t 

on rim  S, th e n  (a s  shown in  f ig u r e  3 .2 6 ) C i s  a  3-gon w ith  v e r t i c e s :  

y = y 1, z ■ z ' ,  and an en d p o in t o f  e o f  v a le n c e  3.

( I l l )  I f  e i t h e r  A o r B c o n ta in s  a  n o n d e le ta b le  L -edge on rim  S,

th e n  co re  H i s  j u s t  a 3 -gon .

(IV) I f  b o th  A and B c o n ta in  n o n d e le ta b le  L -edges on rim  S 

th e n , in  a d d i t io n  to  H, A and B a re  a ls o  3-gons and a re  'f la n k e d '
ic ie

(o u ts id e  th e  o u te r  rim  T) by 2 fa c e s  (se e  A and B o f  f ig u r e  3 .2 4 )

w hich each  c o n ta in  v e r te x  n -  and a v e r te x  o r  edge o f  C.

REMARK. Using a s s e r t i o n  ( I )  o n ly , one can  prove theorem  1 .12  q u i te  

e a s i l y .

We p re s e n t  th e  p ro o fs  o f  theorem s 3 .1 8 (1 ) and 3 .19  now, and d e fe r  

th e  rem ainder o f  theorem  3 .1 8 's  p ro o f  t i l l  th e  end o f  t h i s  c h a p te r  - 

a f t e r  i t  has b een  invoked to  prove theorem  3 .1 9 .

PROOF (OF ( I ) ) :  C onsider f ig u r e  3 .2 5  where -  by co n v en tio n  -  y 

and y ' ,  a n d /o r  z and z 1, may be i d e n t i c a l .  Assume t h a t  some L-edge 

e i s  n o t  d e l e t a b l e ,  even though i t  i s  sh a red  by fa c e  C and th e  in n e r  

rim  S. Then 6by theorem  3 .5 )  e m ust be a comnon edge o f  some 3 - r in g  -  

c a l l  i t  R -  in  w hich  e i s  sh a red  by C and some o th e r  fa c e  o f 

R -  c a l l  i t  F . B ecause o f  th e  m in im a lity  o f  H (see  lemma 3 .4 )  th e
ij|^

t h i r d  fa c e  o f  R -  c a l l  i t  F" -  must l i e  o u ts id e  th e  o u te r  rim  o f

r in g  R * ABC, But th e n  F" and F (w hich l i e s  in s id e  th e  in n e r  rim

o f  R) can  on ly  m eet i f  th e y  and C a re  a l l  in c id e n t  to  th e  same v e r te x
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th u s  R is  n o t a  3 - r in g  and thus we have a c o n t ra d ic t io n !

PROOF(of theorem  1 .1 2 ) :  L e t L' ■ E(G) and assume th a t  some o f 

G 's  edges a r e  n o t  d e le ta b le  -  o r  e l s e  we a re  done. Thus (by theorem

3 .5 ) th e  s e t  o f a l l  3 - r in g s  (o f  G) w hich c o n ta in  an  edge o f  L ■ E(G) 

a s  a  common edge i s  n o t em pty. Denote t h i s  s e t  o f  3 - r in g s  by Z. L et 

R * ABC be a r in g  o f  Z hav ing  a  common edge sh a red  by A and B 

such  t h a t :  one o f  th e  c o re s  d e f in e d  by R -  c a l l  i t  H -  i s  minim al 

w ith  r e s p e c t  to  a l l  o th e r  c o re s  d e fin e d  by r in g s  o f  Z ( i . e . ,  does n o t 

p ro p e r ly  c o n ta in  any one o f them ). C laim : a l l  edges o f fa c e  C th a t

l i e  on th e  rim  o f  H a r e  d e l e ta b l e .  P ro o f o f c la im : one can assume

w ith o u t lo s s  o f  g e n e r a l i ty  t h a t  H and R a re  norm al in  G and so , by

( I )  o f  theorem  3 .1 8 , th e  c la im  i s  p ro v ed . Thus th e  theorem  i s  p ro v ed . 

THEOREM 3 .1 9

G iven: A p -g ra p h  G ^ ; and G i s  n o t n e c e s s a r i ly  c u b ic . Then:

( i )  G c o n ta in s  a  d e le ta b le  edge th a t  i s  a  k -ed g e .

( i i )  E q u iv a le n t ly ,  th e re  e x i s t s  a  sequence o f  p -g rap h s

K4 “  Go»Gi» * ,# »Gi» Gi+ l* * * * ,Gn “  G 

such  th a t  each  i s  o b ta in ed  from  th e  p re c e e d ie g  one by s p l i t t i n g  a  face

w ith  a t  m ost 11 s id e s ,  and th e re b y  c r e a t in g  two 'new ' fa c e s  s h a r in g  a

k -ed g e .

REMARK. For some re a so n  Ju co v ic  [ J l ]  does n o t  e x p l i c i t l y  s t a t e  t h a t  

a l l  p -g rap h s  (c u b ic  and n o n -cu b ic ) c o n ta in  a  k -edge! We need t h i s  

r e s u l t  and w i l l  o b ta in  i t  v e ry  e a s i l y  by em ploying th e  ' d ia g o n a l iz a t io n 1 

argum ent used  by Grunbaum [G3, p .  2 13 ]. The th e o re m 's  p ro o f fo llo w s 

th e  p ro o f  o f  th e  lemma.

LEMMA. 3 .1 9 (a ) .

Every p -g ra p h  c o n ta in s  a  k -ed g e .
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PROOF: D efine a  k -edge o f  a graph  to  be an edge w ith  en d p o in ts  o f

v a le n c e  i  and j ,  where i  it 5 and i  + j  £ 13 . Now assume th e  lemma
•ff »ff

i s  f a l s e  and (e q u iv a le n t ly )  t h a t  th e re  e x i s t s  a  p -g ra p h , G , w ith  no k -
4k

e d g es . By J u c o v ic *6 r e s u l t  (theorem  3 .1 3 ) G m ust have some n o n -3 -g o n a l
*

f a c e s .  W ithout lo s s  o f g e n e r a l i ty  we may assume t h a t  G i s  maximal in

th e  fo llo w in g  se n se : th e  a d d i t io n  o f  some (any) edge e betw een 2 non-

ad ja c e n t  v e r t i c e s  a c ro s s  some n o n -3 -g o n a l fa c e  would r e s u l t  in  a  p -g rap h  
★

w hich does have k -e d g e s ,  by w hich i t  fo llo w s -  o b v io u s ly  -  th a t  e 
★

would be a  k  -edge  in  th e  new g rap h . Now c o n s id e r  some n o n -3 -g o n a l face

F . By th e  p re c e e d in g  a ssu m p tio n , a t  l e a s t  one o f  F 's  (4 o r  more) v e r t i c e s

has v a le n c e  £  4 ; b u t th e n  each  o f  th e  two v e r t i c e s  o f  F w hich  a re

a d ja c e n t to  such  a v e r te x  m ust have a v a len ce  i  10 -  in  w hich  case  a

*new edge p la ced  betw een them would n o t be a  k  -e d g e . C o n tra d ic tio n !

PROOF(of theorem  3 .1 9 ) :  Assume th e  theorem  f a l s e  and th a t  G i s  

some p -g rap h  (o th e r  th a n  th e  te tr a h e d ro n )  w hich c o n ta in s  no d e le ta b le  

k -edges -  and th a t  G has th e  minimum number o f  v e r t i c e s  ( f o r  a  p- 

g raph  re n d e r in g  th e  theorem  f a l s e ) .  By lemna 3 .1 9 (a )  G c o n ta in s  one 

o r  more k -e d g e s .

S tra te g y  (o b ta in  a  c o n t r a d ic t io n ) : I t  w i l l  be shown th a t  G must 

c o n ta in  th e  c o n f ig u r a t io n  o f  6 fa c e s  d is p la y e d  in  f ig u r e  3 .2 4 , such  th a t
4k 4k

fa c e s  A , B and C (o f  f ig u re  3 .2 4 ) w i l l  each  have 2  11 s id e s ;  

b u t  th e n ,  by rem oving v e r te x  p we o b ta in  (as  w i l l  be shown) a  sm a lle r  

p -g ra p h  G" -  G -  p j* (see  f ig u r e  3 .3 1 ) w ith o u t h av in g  'in tro d u c e d  

any new k -e d g e s 1 -  and no n o n d e le ta b le  k -edge (o f G) sudden ly  'becomes 

d e l e t a b l e ' i n  G' by t h i s  r e d u c t io n ;  th u s  G" a l s o  has no d e le ta b le  

k -ed g es  and t h i s  c o n t r a d ic t s  th e  a ssu m p tio n  t h a t  G was 's m a l l e s t '!

By lemma 3 .1 9 (a )  G c o n ta in s  k -e d g e s . By assum ption  each  i s



n o n d e le ta b le  and th u s  (by theorem  3 .5 )  each  i s  a  common edge o f  some 

3 - r in g .  L e t Z d eno te  th e  s e t  o f  a l l  such  3 - r in g s .  By theorem  3 .16 

each  co re  d e f in e d  by a  r in g  o f  Z c o n ta in s  a  k -ed g e .

C onsider one such co re  -  c a l l  i t  H -  d e f in e d  by some 3 - r in g  

R * ABC (o f  Z) such  t h a t :  A and 5 sh a re  a  k -edge  and H i s  z -  

m inim al ( i . e . ,  does n o t  p ro p e r ly  c o n ta in  a n o th e r  c o re  d e f in e d  by a r in g  

o f  'Z ) .  We can assum e, w ith o u t lo s s  o f  g e n e r a l i t y ,  t h a t  b o th  H and 

R a re  norm al in  G. (T his s im p l ify in g  assum ption  w i l l  n o t a l t e r  th e  

f a c t  t h a t  a l l  k -edges o f  G -  and th u s  o f  c o re  H a ls o  -  a r e  non­

d e l e t a b l e ) .  L e t np d en o te  th e  k -edge sh a red  by A and B (se e  f ig u re

3 .2 5 ) ;  l e t  y y 1 and z z 1 d eno te  th e  'p s e u d o -e d g e s ’ s h a re d , r e s p e c t iv e ly ,

by A and C and by B and C; l e t  th e  in n e r  and o u te r  rim s o f  r in g

R be d en o ted , r e s p e c t iv e ly  by S and T; and l e t  th e  l a b e l l i n g  be such 

th a t  v e r t i c e s  p ,y  and z l i e  on th e  in n e r  rim  S. (R e c a ll t h a t  by 

th e  l a b e l l i n g  c o n v en tio n  e s ta b l i s h e d  a t  th e  b eg in n in g  o f  t h i s  s e c t io n ,  

one o r  b o th  o f  th e  edges y y 1 and zz* may a c t u a l l y  be v e r t i c e s ) .

Now, what ab o u t th e  lo c a t io n  o f  th e  (one o r  more) n o n d e le ta b le  

k-edgeB in  co re  H? I f  we l e t  L d en o te  th e  s e t  o f  a l l  k -edges o f  G, 

th e n  we can employ theorem  3 .1 8  to  answ er t h i s  q u e s t io n .  We p roceed  

as fo llo w s .

( i )  By ( I )  o f  theorem  3 .18  we know th a t  no n o n d e le ta b le  k -edge  i s  

sh a red  by fa c e  C and rim  S.

( i i )  No such edge can  l i e  w ith in  th e  i n t e r i o r  ( i . e . ,  n o t on r im  S)

o f  co re  H.

P ro o f ( i i ) :  Assume th e  c o n t r a r y ,  and th a t  th e  n o n d e le ta b le  k -edge e 

•does l i e  w ith in  th e  i n t e r i o r  o f  H. Then, by ( I I ) ,  e m ust have a 

3 -v a le n t  e n d p o in t on th e  boundary o f  C -  and C i s  a  3 -gon . I t  fo llo w s
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th a t  b o th  o f th e  fa c e s  s h a r in g  e a r e  10-gons o r  s m a l le r ,  and th u s  

th a t  each  sh a re s  a k-edge w ith  th e  3-gon C. B ut, by ( i ) ,  th e se  2 

k -edges must be d e le ta b le  -  c o n t r a d ic t io n .

Thus a l l  o f H 's n o n d e le ta b le  k -edges must be sh a red  by rim  S 

and one, o r  b o th , o f  fa c e s  A and B.

( i i i )  By th e  p re c e e d in g  i t  fo llo w s  -  u s in g  (X II) o f  theorem  3 .1 8  - 

th a t  H i s  j u s t  a 3 -gon . But th e n  b o th  A and B m ust sh a re  a

k-edge w ith  H (s in c e  H i s  a 3-gon and b o th  A and B have 10 o r

few er e d g e s ) .

(Iv )  Thus by (IV) i t  fo llo w s t h a t :  H,A and B a re  a l l  3 -g o n s; 

and th a t  A and B a re  'f la n k e d *  (o u ts id e  th e  o u te r  rim  T) by 2

fa c e s  w hich each  c o n ta in  v e r te x  n  -  and a  v e r te x  o r  edge o f  C. As
'it

shown in  f ig u re  3 .2 4 , l e t  A and B d en o te  th e se  2 fa c e s  -  w hich 

a re  shown (c o n v e n ie n tly , and w ith o u t lo s s  o f  g e n e r a l i ty )  as i n t e r i o r  

fa c e s  o f  G.

Now c o n s id e r  th e  s i t u a t i o n  p o r tra y e d  in  f ig u r e  3 .2 4 . Edge y z ,

a s  we a lre a d y  know, i s  a  d e le ta b le  ed g e . Thus | c |  2 1 1 (o r  e l s e  yz

would be a  d e le ta b le  k -e d g e ) . Edge yn (sh a red  by A and A ) i s  a l s o

*d e le t a b l e .  P ro o f : i f  n o t  th e n  (by theorem  3 .5 )  A,A and some th i r d

fa c e  would form  a  3 - r in g ;  b u t by o b se rv a tio n  th i s  i s  c l e a r ly  n o t p o s s ib le .  

S im ila r ly  edge zn  i s  d e l e ta b l e .  Thus i t  fo llo w s th a t  b o th  A and B 

a l s o  a re  1 1 -gonsare  b ig g e r .  (See f ig u r e  3 .3 1 .)

To conclude th e  p ro o f ,  c o n s id e r  G" ■ G -  p t  K^, w hich  i s  o b ta in e d  

from  G by rem oving v e r te x  p (see  f ig u r e  3 .31 ) and th e  3 edges in c id e n t  

to  i t .  T h is i s  a  p -g ra p h  (by o b s e rv a tio n  i t  ' i n h e r i t s '  p ro p e r ty -p  from  

G) w ith  a  new 3-gon -  c a l l  i t  H" -  formed by 'c o a le s c in g ' A,B and th e  

3-gon H; and G" c o n ta in s  one v e r te x  l e s s  th an  does G. C on seq u en tly ,



by our i n i t i a l  assum ption  ( th a t  G had th e  minimum number o f  v e r t i c e s  

p o s s ib le  f o r  a  p -g rap h  w ith o u t d e le ta b le  k -e d g e s ) ,  i t  fo llo w s  th a t  G" 

shou ld  have a  d e le ta b le  k -e d g e . We o b ta in  th e  c o n t r a d ic t io n  by showing 

no k-edge o f  G" can be d e le ta b le  -  w hich  c o n t r a d ic t s  th e  assum ption  

th a t  G was s m a lle s t!

C laim : No k-edge o f  G" i s  d e l e ta b l e .

P roo f: Assume t h a t ,  on th e  c o n t r a r y ,  G" does c o n ta in  some d e le ta b le

k-edge e* Where co u ld  such  an  edge l i e  in  G", and where d id  i t  ’come

fro m '?  O bviously  e can n o t l i e  on th e  ’new’ 3-gon H" o r  on any o f

th e  th re e  su rro u n d in g  fa c e s  (A , B and C) o f  G". So i t  m ust be 

sh a re d  by two o th e r  fa c e s  -  c a l l  them F^ and -  o f  G" w hich came

’unchanged ' from  G, and a r e  d i s t i n c t  ( in  G) from  any o f  th e  6 fa c e s  

o f  {A,B,C,H,A ,B ] .  Thus e was a l s o  a  k -edge in  G and so  must 

have been  n o n d e le ta b le  in  t h a t  g rap h , y e t  'became d e l e t a b l e '  when v e r te x  

p was removed! L e t F^F2F3 be some 3 _ r in 8 111 G w hich  m ust c o n ta in

th e  k -edge e as  a  common ed g e . Then i t  fo llo w s  th a t  F^ m ust be one 

o f  th e  3-gons A,B o r  H -  o r  e l s e  r in g  ^ ^ 2 F3 wou^d a 3-so e x i s t  in  

G" and cause  e to  be n o n d e le ta b le  i n  t h a t  g rap h . Thus i t  fo llo w s 

th a t  rem oving v e r te x  p 'r e p l a c e s '  fa c e  F^ w ith  th e  new 3-gon H". 

T h e re fo re , in  G", th e s e  3 fa c e s  (Fj^Fg and wou^d s t H l  be to u ch ­

in g  one a n o th e r  and y e t  n o t  be a  3 - r in g .  T h is  co u ld  happen (by d e f i n i ­

t i o n  o f  a  3 - r in g )  i f ,  and o n ly  i f  th o se  3 fa c e s  sh a re d  a  common v e r te x  

in  G" (w hich, o b v io u s ly , m ust be a  v e r te x  o f  th e  3-gon H "); t h a t  i s ,  

v e r te x  y “  y ' ,  z ® z '  o r  n .  But th e n  and F3 tnu8t * l so

sh a re  t h i s  v e r te x  (s in c e  F^ -  A,B o r  H) and th u s  c an n o t com prise a 

3 - r in g  in  G. T his p roves th e  c la im  and th u s  com pletes th e  p ro o f  o f  

theorem  3 .1 9 .



THEOREM 3 .1 8  (See b e g in n in g  o f  t h i s  s e c t io n  f o r  th e  s ta te m e n t o f  t h i s  

th e o re m ).

PRO OF(continued): A s s e r t io n  ( I )  has a lre a d y  been  proved (fo llo w in g

th e  s ta te m e n t o f  th e  th eo rem ). We now p rove  th e  r e s t .

(XI) 's  PROOF: L e t e ■> uv be such  an  ed g e . Thus i t  i s  a  common
irk

edge o f  some 3 - r in g  R = FMQ, w here sa y  F and M l i e  w ith in  

co re  H and sh a re  e -  and Q (by lensna 3 .4 )  l i e s  ou tB ide  th e  o u te r  

rim g T. See f ig u re  3 .3 2 . But th en  Q must to u c h  F 'a c ro s s *  th e  

r in g  R, w hich means th ey  sh a re  j u s t  a  v e r te x  -  y y* o r  z » z ' j  

assume i t  i s  y * y * . And, by p r e c i s e ly  th e  same argum ent i t  fo llo w s 

th a t  Q and M sh a re  th e  v e r te x  z = z ' .  Thus th e  fa c e  Q c o n ta in s  

v e r t i c e s  y and z o f  fa c e  C. T h e re fo re , by 3 -co n n ec ted n ess  

( p r o p e r ty -p ) , Q and C must sh a re  an  edge jo in in g  y and z ( th e  edge 

yz ly in g  on th e  o u te r  rim  T ) . Now c o n s id e r  th e  th r e e  fa c e s  F,M and 

C. Each to u ch es th e  o th e r  two and th u s  a l l  th r e e  m ust sh a re  a  v e r te x ;  

o r  e l s e  FMC would be a  3 -r in g  o f  Z w ith  i t s  in n e r  co re  p ro p e r ly  

c o n ta in e d  w ith in  H -  a  c o n t r a d ic t io n .  T hat v e r te x  can  o n ly  be one 

o f  th e  e n d p o in ts  o f th e  L -edge e .  By th e  p re c e e d in g  i t  fo llo w s  th a t  

C m ust be a  3-gon c o n ta in in g  a  (3 -v a le n t)  v e r te x  t h a t  i s  an  e n d p o in t 

o f  e .  (See f ig u r e  3 .2 6 ) .

( I l l )  's  PROOF: Assume e  i s  a  n o n d e le ta b le  L-3dge o f ,  s a y , S O  A 

and th a t  e i s  sh a re d  by fa c e s  A and M o f  some r in g  R -  At!) o f  

Z . Thus (see  f ig u r e  3 .3 3 ) M l i e s  w ith in  c o re  H ( i . e . ,  in s id e  rim  S) 

and , by lemma 3 .4 ,  Q l i e s  o u ts id e  th e  o u te r  r im  T . Then M and Q 

m ust sh a re  j u s t  a  v e r te x  -  th e  v e r te x  z ■ z* -  w hich co n se q u e n tly  i s  

a l s o  sh a red  by B and M. Thus we have th e  fo llo w in g  s i t u a t i o n :

M and A sh a re  an  L -edge , a s  do A and H, and B and M to u ch  a t
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z « z ' .  I t  fo llo w s th a t  M,A and B must sh a re  a  v e r te x  -  w hich can 

on ly  be p -  o r  e l s e  th ey  would com prise a  3 - r in g  o f  Z which c o n t ra ­

d ic t s  th e  m in im a lity  o f  c o re  H. Now c o n s id e r  A,M and C. The f i r s t  

two sh a re  th e  L-edge e ,  and b o th  to u ch  C; co n seq u en tly  they  m ust a ls o  

sh a re  a  common v e r te x  -  and th a t  can  o n ly  be y  ■ y '  -  o r  e l s e  th ey  

would com prise a  3 - r in g  o f  Z, w hich would (by lemma 3 .4 )  c o n t r a d ic t  th e  

m in im a lity  o f  co re  H. By th e  p re c e e d in g  we have shown th a t  fa c e  M 

c o n ta in s  each  o f  th e  v e r t i c e s  p ,  y ■ y '  and z ■ z ' .  Thus, by 3- 

connec ted n ess  ( p r o p e r ty - p ) , c o re  H m ust be j u s t  a  3-gon -  as shown, 

f o r  exam ple, in  f ig u r e  3 .2 4 .

( IV ) 's  PROOF: Assume th a t  each  o f  A and B c o n ta in s  an  edge o f

rim  S th a t  i s  a  n o n d e le ta b le  L -ed g e . Then by ( I I I )  o f  th e  theorem  we 

know th a t  H i s  j u s t  a 3-gon -  w hich  w i l l  a l s o  be r e f e r r e d  to  as  " th e  

fa c e "  H. From th e  p ro o f  o f  ( I I I )  we know th a t  y ■ y 1 and z « z 1 

an d , more s p e c i f i c a l l y ,  we know th e  fo llo w in g  (see  f ig u r e  3 .3 4 ) :

(a) A and Hf and a  t h i r d  face  -  c a l l  i t  -  w hich l i e s  o u t­

s id e  rim  T, com prise a  3 - r in g  o f  Z -  c a l l  i t  R^.

(b) B and H, and a  t h i r d  fa c e  -  c a l l  i t  -  a l s o  ly in g  o u t­

s id e  T, com prise a 3 - r in g  o f  Z -  c a l l  i t  Rg.

By p ro p e r ty -p ,  n e i th e r  n o r Q^, can  c o n ta in  b o th  v e r te x  y

and v e r te x  z .  (Because fa c e s  C and H a l re a d y  sh a re  th e  edge y z ) .  

Thus i t  fo llo w s  t h a t  4  Qj* &od t h a t :

( i )  sh a re s  z w i th  H and to u ch es A -  b u t  n o t a t  y .

(See f ig u r e  3 .3 4 ( a ) ) .

( i i )  Qg i4 s h a re s  y  w ith  H and to u ch es  B -  b u t  n o t a t  

z .  (See f ig u r e  3 .3 4 ( b ) ) .

C laim : By p a n a r i ty ,  to u ch es A o n ly  a t  v e r te x  n  and , s im i la r ly ,
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Qg to u ch es  B o n ly  a t  v e r te x  n .

The p ro o f  o f  t h i s  c la im  w i l l  conclude th e  p ro o f  o f  (IV) (and thus 

o f  theorem  3 .1 8 ) ,  because  i t  fo llo w s  (by th e  c la im ) t h a t :  [Q^] sh a re s

v e r t i c e s  n and z [y ] w ith  fa c e  B [A] and th u s  (by p ro p e r ty -p )  

m ust sh a re  th e  edge nz [ny] w ith  t h a t  fa c e  -  w hich co n seq u en tly  must
i

be a  3 -gon ; and and Qj to u ch  a t  n  and th u s  canno t a l s o  touch
*

a t  a n o th e r  v e r te x  on C; and th u s  r e l a b e l l i n g  as B and as
*

A com pletes m a t te r s .

P ro o f o f  c la im : L e t n^ d en o te  some v e r te x  sh ared  by and A,

and l e t  n^ d en o te  some v e r te x  sh ared  by Q,, and B. We w i l l  show,

by p l a n a r i t y ,  t h a t  ^  ■ n  * n2< W ell, by th e  p re c e e d in g , th e  5 v e r t i c e s  

n ^ , n ,  ng , z ,  y m ust ap p ea r in  t h a t  o rd e r  on th e  o u te r  rim  T as one 

moves around i t .  (See f ig u r e  3 .3 5 ) .  Now, n^ and z a re  b o th  v e r t i c e s

o f  Q^, and n^ and y a r e  b o th  v e r t i c e s  o f  Q^. Thus i t  shou ld  be

p o s s ib le  to  draw 2 n o n -c ro s s in g  a r c s ,  b o th  ly in g  o u ts id e  T , such t h a t :  

one a rc  jo in s  n^ to  z and a n o th e r  jo in s  n^ to  y .  But t h i s  can 

be done i f  and on ly  i f  “ n  ■ n j .  Thus th e  c la im  i s  p roved .
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CHAPTER 4

THE STRUCTURE OF BICUBIC 3-POLYTOPAL GRAPHS

4 .1  INTRODUCTION

In  t h i s  c h a p te r  we s tu d y  th o se  3 -co n n ec ted  p la n e  graphs t h a t  a re

3 -v a le n t  and b i p a r t i t e  -  h e n c e fo r th  to  be r e f e r r e d  to  as b -g ra p h s . The 

s m a l le s t  b -g ra p h  (se e  f ig u re  4 .1 )  i s  th e  3-cube w ith  8 v e r t i c e s  and 6 

f a c e s ,  a l l  4 -g o n s ; i t  w i l l  som etim es be deno ted  by Q. (N ote, by theorem

1 .4  every  b -g ra p h  must have a t  l e a s t  6 4 -g o n s .)  I t  i s  c l e a r  t h a t  each 

o f th e  3 d i s t i n c t  'ed g e-ad d in g *  o p e ra t io n s  (which 'ex tend*  th e  b ic o lo r in g  

o f  th e  v e r t i c e s )  i l l u s t r a t e d  in  f ig u r e s  4 .2 ,  4 .3  and 4 .4  w i l l ,  when 

a p p lie d  to  a  b -g ra p h , r e s u l t  in  a  cu b ic  g raph  th a t  i s  a ls o  b i p a r t i t e  

(and 3 -co n n ec ted , s in c e  p ro p e r ty -p  i s  a l s o  p re s e rv e d ) .  These 3 -g e n e ra t-  

in g  o p e ra t io n s  may be r e f e r r e d  to ,  and d e s c r ib e d ,  in  th e  fo llo w in g  way.

( I )  O p e ra tio n  t l . o r  in s e r t in g  a  4 - eon , w hich in v o lv es  p la c in g  

2 'p a r a l l e l '  edges betw een 2 edges (o f  a  fa c e  F) so  as to  p re s e rv e  

'even ess*  ( i . e . ,  c r e a te  even fa c e s  -  w hich p e rm its  an  e x te n s io n  o f  a  

b ic o lo r in g ) .  As shown in  f ig u r e  4 .2 ,  t h i s  can  be done in  s e v e ra l  w ays.

( I I )  O p era tio n  t 2 . o r  i n s e r t in g  two 4-gons (as shown in  f ig u r e  4 .3 )

by p la c in g  th e  'l e g s  o f  an  H1 on each  o f  two n o n ad jacen t edges (o f  some

fa c e )  so a s  to  p re s e rv e  'e v e n e s s ' .

( I l l )  O p e ra tio n  t 3 . o r  r e p la c in g  a  v e r te x  w ith  a  c l u s t e r  o f  3 

(m u tu a lly  a d ja c e n t)  4 -gons .  w hich i s  shown in  f ig u re  4 .4 .

As i s  u s u a l ly  th e  ca se  th e  r e s u l t s  a r e  d e r iv e d  in  term s o f  3 red u c in g  

o p e ra t io n s  t h a t  a r e  th e  in v e rs e s  o f  t l ,  t2  and t3 .  These w i l l  be r e ­

f e r r e d  to  a s  fo llo w s :

( i )  r e d u c t io n  r l . o r  d e le t in g  a  4 - eon (see  f ig u re  4 .2 ) .

( i i )  r e d u c t io n  r 2 . o r  d e le t in g  an  H (see  f ig u r e  4 .3 ) .
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( i i i )  r e d u c t io n  r 3 . o r  s h r in k in g  a c l u s t e r  to  a  v e r te x  (see  

f ig u r e  4 .4 } .

REMARK. The e s s e n t i a l  q u e s tio n  i s :  when, and why, would one o f  

th e se  r e d u c t io n s  -  when a p p lie d  to  a b -g rap h  o th e r  th a n  th e  cube -

f a i l  to  p roduce a n o th e r  b -g rap h ?  The answ er i s  su g g es ted  by th e

fo llo w in g : d e l e t in g  two p a r a l l e l  ( i . e . ,  n o n a d ja c e n t)  edges o f  some 

is o la te d  4-gon w i l l  d e s tro y  3 -co n n ec ted n ess  i f  th o se  edges a re  common 

edges o f  4 - r in g  (as shown, f o r  exam ple, in  f ig u r e  4 .1 4 ) .  In  view  o f 

t h i s  we w i l l  s tu d y  th o se  c o re s  o f  b -g ra p h  th a t  a r e  d e f in e d  by c e r t a in  

r in g s  (o f  s iz e  4 ,  and som etim es 5) w hich c o n ta in  4 -g o n s ; w i th in  each  

m inim al co re  o f  t h i s  ty p e  we w i l l  be a b le  to  lo c a te  a  re d u c ib le  

c o n f ig u ra t io n  o f  4-gons (one to  w hich r l ,  r 2 ,  o r  r3  may be a p p lie d  to  

y ie ld  a  sm a lle r  b -g ra p h ) .

4 .2  MAIN RESULTS 

THEOREM 4 .4

I f  G i s  a  b -g rap h  ( t h a t  i s ,  a  b ic u b ic  3 -co n n ec ted  p la n e  graph)

o th e r  th a n  th e  cube Q, th e n :

(a )  G may be reduced  to  a  sm a lle r  b -g ra p h  by re d u c t io n  r l  o r  r3 .

(b ) E q u iv a le n t ly ,  th e re  e x i s t s  a sequence o f  b -g rap h s

Q •  Gy . i  ”  G

such  th a t  each  i s  o b ta in e d  from  th e  p re c e e d in g  one by th e  o p e ra t io n  t l  

( i n s e r t i n g  a  4-gon) o r  by o p e ra t io n  t3  ( r e p la c in g  a  v e r te x  w ith  3 

m u tu a lly  a d ja c e n t  4 -g o n s ) .

PROOF: See s e c t io n  4 .3  ( i . e . ,  s e c t io n  3 o f  t h i s  c h a p t e r ) .

REMARK. W ith a  l i t t l e  a d d i t io n a l  w ork, i t  can  be shown (see  theorem

4 .5 )  t h a t  edges need n o t be p la c e d  in  th e  i n f i n i t e  ( e x te r io r )  fa c e  when
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t l  o r t3  i s  a p p l ie d .

C onsider th e  fo llo w in g  c o n je c tu re s  -  th e  f i r s t  i s  u s u a lly  a t t r i b u t e d  

to  D. B a rn e tte  (see  [G2, p . 1 1 4 5 ]) :

CONJECTURE 4 .1 .  Every b -g ra p h  has an  HC (H am ilto n ian  c i r c u i t ) .

CONJECTURE 4 .2 .  I f  6 i s  a  b -g ra p h  w ith  an  HC, and e and e '  a re  

two edges o f  some f a c e ,  th e n  a t  l e a s t  one o f  them must be used  by some 

HC in  G.

I f  c o n je c tu re  4 .2  i s  t r u e  th e n  theorem  4 ,4  im p lie s  th a t  c o n je c tu re  

4 .1  must a l s o  be t r u e  ( t h i s  fo llo w s  e a s i l y  -  u s in g  in d u c tio n  -  from 

p a r t  (b) o f  theorem  4 .4 ) ;  th u s  4 .2  i s  a  v e ry  s tro n g  c o n je c tu re .

W ith r e s p e c t  to  B a r n e t te 's  c o n je c tu r e  we c i t e  the  fo llo w in g :

THEOREM (P. Goodey [GO], 1975 ). A b -g ra p h  w ith  o n ly  4-gons and 6-gons 

(and th u s  p r e c i s e ly  6 4 -g o n s) i s  H am ilto n ian .

THEOREM (D. P e te rs e n  [P I ] ,  1981 ). A b -g ra p h  w ith  8 4-gons i s  H am ilto n ian .

The 'H am ilton ian*  theorem  proved  in  t h i s  c h a p te r  i s  somewhat d i f ­

f e r e n t  in  s p i r i t  from  th e  r e s u l t s  o f  Goodey and P e te rs o n :

THEOREM 4 .7

I f  G i s  some b -g ra p h  (n o t th e  cube) and H soma HC in  i t ,

th e n : one can  reduce  G to  a  s m a lle r  b -g ra p h  c o n ta in in g  ' t h a t  HC 

induced by H ', by u s in g  one o f  th e  3 r e d a c t io n s  r l ,  c 2 , r 3 .  (See 

f ig u re s  4 .5 -4 .8  w hich i l l u s t r a t e  th e  'p ro p o se d ' o p e r a t io n s .)

PROOF: See s e c t io n  4 .5 .

B efo re  p r e s e n t in g  ou r l a s t  r e s u l t  we n o te  th e  fo llo w in g  f a c t  w ith  

r e s p e c t  to  re d u c t io n s  r l ,  r2  and r 3 :  any 'co n n ec ted  c o n f ig u r a t io n ' o f

2 o r  mor 4-gons ( in  a  b -g ra p h )  may be ' s a t i s f a c t o r i l y '  reduced  -  see  

lemma 4 .1  and p a r t  (c) o f  lemma 4 .3  -  b u t  t h a t  such  1b n o t n e c e s s a r i ly  

th e  ca se  f o r  an  i s o la te d  4 -gon  F (se e  f ig u r e  3 .1 4 ) .
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Our l a s t  r e s u l t  I s  th e  fo llo w in g :

THEOREM 4 .8

Any c y c l ic a l ly -4 -c o n n e c te d  b -g ra p h , o th e r  th an  th e  cube, may be 

reduced  to  a  s m a lle r  such graph  by ap p ly in g  e i t h e r  r e d u c t io n  r l  o r  

r e d u c t io n  r 2 .

PROOF: See s e c t io n  4 .6 .

REMARK, The g ra p h (s )  o f  f ig u r e  4 .1 5  can n o t be reduced  by r l  to  a 

s m a lle r  c y c l i c a l l y  4 -co n n ec ted  b -g ra p h . (Reason: as  I s  e a s i l y  o b se rv ed , 

each  p a i r  o f  4-gons l ie s  in  a 5 - r in g . )  F u r th e r ,  th e r e  i s  an  i n f i n i t e  

fam ily  o f  such  g rap h s . (T his i s  made c l e a r  by th e  d iag ram .)

4 .3  PRELIMINARIES

B efo re  p r e s e n t in g  th e  v a r io u s  p ro o fs  i t  w i l l  be co n v en ien t to  g ive  

names to  c e r t a i n  c o n f ig u ra t io n s  o f  f a c e s ,  and to  p rove some lemmas.

N ote, f o r  th e  p ro o f  o f  theorem  4 .4  one need on ly  re a d  th i s  s e c t io n  to  

th e  end o f  th e  f i f t h  lemma (lemma 4 .2 ( a ) ) .

T hree m u tu a lly  a d ja c e n t  4-gons w i l l  be c a l le d  a  c l u s t e r  (see  f ig u r e  

4 .4 ) ,  and a  4 -gon  n o t a d ja c e n t  to  a n o th e r  4-gon  w i l l  be c a l le d  an 

i s o la te d  4 - eon (o r  a  1 - la d d e r ) . In  a b -g ra p h  o th e r  th a n  th e  cube we 

know, by 3 -co n n ec ted n ess  (p ro p e r ty -p ) ,  th a t  any o th e r  'c o n n e c te d ' 

c o n f ig u r a t io n  o f  k  4 -gons m ust co m p rise : e i t h e r  a  k - r in g  (see  f ig u r e

4 .1 ) ,  in  w hich ca se  th e  g raph  i s  a  k -p rism  (and k 2  4 ) ;  o r  a  ' l a d d e r '  

(see  f ig u r e  4 .1 1 ) .  To be more p r e c i s e  l e t  us d e f in e ,  f o r  G any cu b ic  

p -g ra p h  ( i . e . ,  p la n e  and 3 -co n n ec ted ) w ith o u t t r i a n g l e s ,  a  k - la d d e r  

(o f  4 -gons) to  be th e  fo llo w in g :

a  s e t  o f  k i  2 4—gons *̂1 * ̂ *2' * * * t j ^ + i *****^  *

w here each  F , b u t f o r  F. and F , sh a re s  p r e c i s e ly  2 edges w ith
1  1 K
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o th e r  4-gons o f  G -  one w ith  ana a n o th e r ,  d i s j o i n t  from  th e

f i r s t ,  w ith  Fi+ ^ ; and F^ and F^ each  touch  o n ly  one 4-gon o f 

G, F^ and r e s p e c t iv e ly •

I t  i s  co n v en ien t to  a l s o  r e f e r  to  an i s o la te d  4 -gon  as a  1 - la d d e r . 

A lso , 2 - la d d e rs  and 3 - la d d e rs  w i l l  som etim es be r e f e r r e d  to ,  r e s p e c t iv e ly ,  

as duos and t r i o s . N ote t h a t  by o u r d e f i n i t i o n ,  no k - la d d e r  can  c o n ta in  

a sm a lle r  la d d e r .

LEMMA 4 .00

(a) I f  G i s  a  connec ted  b i p a r t i t e  graph  o r  m u ltig ra p h  (p la n a r

o r n o t)  o f  r e g u la r  v a le n c e  3 , th e n  G has no b r id g e  ( i . e . ,  c u t  edge) 

and thus i s  2 -co n n ec ted .

(b) I f  G i s  a p la n e , c u b ic , 2 -co n n ec ted  g raph  th e n : G is

b i p a r t i t e  i f  and on ly  i f  each  o f  i t s  fa c e s  has an  even number o f  ed g es .

PROOF: S u ff ic e  i t  to  say  th a t  th e s e  two f a c t s  a r e  w e ll known and

r e a d i ly  v e r i f i e d  by e lem en ta ry  argum ents.

LEMMA 4 .0

L et G be a  b -g ra p h , th e n :

(a) No k - r in g  o f  G o r  o f  any p -g rap h ) can  c o n ta in  a  ( k - 1 ) - la d d e r .

(b) No 4-gon  o f  G, i s o la te d  o r  n o t ,  can  be a  fa c e  o f  a  3 - r in g .

(c) I f  k is  odd th e n  no k - r in g  o f  G can c o n ta in  a  ( k - 2 ) - la d d e r .

PROOF: A s s e r t io n  (a) i s  im m ediate by 3 -c o n n e c te d n e ss . To prove

( b ) , assume th a t  a s s e r t io n  f a l s e  and t h a t :  e , f ,  and g a r e  th e  3 

common edges o f  some 3 - r in g  R, and th a t  e and f  a r e  o p p o s ite  

edges o f  some 4-gon  (w hich i s  a  fa c e  o f  R ). Now i f  we d e le te  e and 

f  from G, we o b ta in  a  connec ted  cu b ic  g raph  o r  m u ltig ra p h  w hich i s  

.a l s o  b i p a r t i t e  ( i t  o b v io u s ly  ' i n h e r i t s *  a  b ic o lo r in g  from  G) b u t 

c o n ta in s  edge g as a  b r id g e !  ' T h is  c o n t r a d ic t s  lemma 4 .0 0 .
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W ith r e s p e c t  to  a s s e r t i o n  ( c ) : we have j u s t  proved i t  t r u e  fo r  th e  

case  k ■ 3 . Now assume th e  a s s e r t i o n  f a l s e  f o r  some minimum (odd) 

v a lu e  o f  k  5 ; and l e t  R be some k - r in g  c o n ta in in g  a l l  4-gons o f

a (k - 2 ) - la d d e r .  By 3 -co n n ec ted n ess  (see  n e x t lemma a l s o )  i t  i s  

im m ediately  obvious t h a t :  one can  ap p ly  r e d u c t io n  r l  to  some 4-gon  

in  t h a t  la d d e r  and so reduce  G to  a  s m a l le r  b -g rap h  in  which R 

has become a  (k - 2 ) - r in g  c o n ta in in g  a  ( k - 4 ) - la d d e r .  But t h i s  c o n t r a ­

d ic t s  th e  assum ption  th a t  k (odd) was a  minimum v a lu e  f o r  w hich 

a s s e r t io n  (c ) was f a l s e !

LEMMA. 4 .1

I f  G i s  a b -g rap h  o th e r  th a n  th e  cube th e n :

(a) One can ap p ly  re d u c t io n  r3  to  any c l u s t e r  and o b ta in  a 

s m a lle r  b -g ra p h .

(b) One can app ly  r e d u c t io n  r l  to  any 4-gon  o f a  p rism , o r  to  

any 4-gon  o f  a  k - la d d e r  w ith  3 o r  more 4 -g o n s , and o b ta in  a  s m a lle r  

b -g ra p h .

PROOF; The p ro o f  o f  (a )  i s  im m ediate s in c e  r3  p re s e rv e s  

p ro p e r ty -p ,  and th u s  3 -c o n n e c te d n e ss . A s s e r t io n  (b) i s  w e ll known and 

e a s i l y  v e r i f i e d  -  and i s  subsumed under th e  more g e n e ra l a s s e r t io n  o f 

p a r t  ( i i )  o f  lemma 4 .2 .

REMARK. From f ig u r e s  4 .5  and 4 .6  i t  i s  obv ious th a t  an  HC in  G 

w i l l  induce one in  a  b -g ra p h  w hich i s  o b ta in e d  from  G by: a p p l ic a ­

t i o n  o f  r3  (o r  o f  i t s  In v e rs e ,  o p e ra t io n  t 3 ) ;  o r  by a p p l ic a t io n  o f  r l  

to  a  la d d e r  w ith  3 o r more 4 -g o n s .

LEMMA 4 .2

I f  G is  a  cu b ic  p -g ra p h  w ith  no 3 -g o n s , th e n :

( i )  I f  F i s  an  i s o la te d  4 -gon  th e n : one can  d e l e te  b o th  edges
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o f e i t h e r  one o f  i t s  two p a i r s  o f  n o n a d ja c e n t edges and o b ta in  a

sm a lle r  p -g ra p h  i f  and o n ly  i f ,  F i s  n o t a fa c e  o f  some 3 - r in g  o r

4 - r in g  (as i s  th e  c a se , f o r  exam ple, in  f ig u r e  4 .2 0  and 4 .1 4 ) .

( i l )  I f  F and F a re  two a d ja c e n t  4 -gons o f  some la d d e r  L -

and sh a re  edge e ,  th e n  one can  d e le te  b o th  e and i t s  o p p o s ite  edge
*

on F to  o b ta in  a  s m a lle r  p -g ra p h  i f  and o n ly  i f :  F and F a re  n o t

b o th  fa c e s  o f  some 4 - r in g  ( in  w hich c a s e , o b v io u s ly , a l l  th e  4-gons o f 

la d d e r  L a re  fa c e s  o f  t h a t  r i n g ) .

REMARK. By 3 -co n n ec ted n ess  G can n o t have a  3 - r in g  c o n ta in in g  more

th a n  one 4 -g o n ; b u t ,  as shown in  f ig u re  4 .1 9 , a  4 - r in g  can .

PROOF: Both a s s e r t io n s  w i l l  be p roved to g e th e r .  L e t e and f

be 2 n o n a d ja c e n t edges o f  th e  4-gon F such t h a t :  i f  F and some
★

o th e r  4-gon  F a re  indeed  a d ja c e n t  4-gons in  some la d d e r ,  th e n  they

sh a re  edge e .  D e le te  e and f  and c o n s id e r  G" ■ (G ~  e)~> f  ■ (G ~  f ) ~  3 .

By h y p o th e s is ,  G" has no 1-gons o r  2-gons and i s  th u s  a  (connected )

g rap h . T hus, G" i s  a  p -g ra p h  i f  and o n ly  i f  i t  i s  3 -co n n ec ted . Assume

i t  i s  n o t .  T hat i s  o b v io u s ly  e q u iv a le n t  to  th e  fo llo w in g : th e  graph

(G ~  e )  i s  n o t 3 -c o n n e c te d ; o r  (G ~  e )  i s  3 -co n n ec ted  b u t th e  graph

(G ~  e )~  f  i s  n o t .  By theorem  3 .5  t h i s  i s  e q u iv a le n t  to :  e i s  a

common edge o f some 3 - r in g  o f  G; o r  i t  i s  n o t ,  b u t  f  i s  a common

edge o f  some 3 - r in g  o f  (G ~  e ) . Thus we have ou r r e s u l t .

B efo re  ap p ly in g  lemma 4 .2  t o  b -g ra p h s  ( in  th e  obvious w ay), we

p re s e n t  th e  fo llo w in g .

DEFINITION. I f  R i s  a  k - r in g  o f  a  b -g ra p h  G, th e n  R may be s a id

to  be a  k -lo o p  (o r  loon ) o f  G i f :  am ongst R 's  fa c e s  a r e  a l l  th e

fa c e s  o f  some la d d e r ,  L , o f  4-gons (p o s s ib ly  a  1 - la d d e r ) ;  in  w hich 

case  each  4 -gon  o f  L may be s a id  to  be p rim ary  in  loop  R .



Thus lemma 4 .2  may be re fo rm u la te d , f o r  b -g ra p h s , as fo llo w s : 

LEMMA. 4 .2 (a )

L e t G be a b -g ra p h . Then:

( i )  An I s o la te d  4-gon F may be d e le te d  In  e i t h e r  'd i r e c t i o n 1 

( i . e . ,  in  b o th  o f  two ways) by r e d u c t io n  r l  -and  G reduced  to  a 

s m a lle r  b -g rap h  by each  such  re d u c t io n  -  i f  and o n ly  i f  F is  n o t 

(p rim ary ) in  some 4 - lo o p .

( i i )  A duo (o r 2 - la d d e r  o f  4 -g o n s, FF , may be reduced  by r l  -

and a  s m a l le r  b -g rap h  o b ta in e d , i f  and o n ly  i f  th ey  a re  n o t b o th

(p rim ary ) in  some 4 - lo o p .

PROOF: Imm ediate by lemma 4 .2  and th e  f a c t  (see  lemma 4 .0 )  th a t

a  3 - r in g  can n o t c o n ta in  a  4 -gon .

REMARK. An i r r e d u c ib le  i s o la te d  4 -gon , F , and an i r r e d u c ib le  duo,

FF , a r e  to  be found ( r e s p e c t iv e ly )  in  f ig u r e s  4 .1 4  and 4 .1 9 .

DEFINITION. By a k - b e l t  (o f some b -g ra p h  G) w i l l  be m eant a  s e t ,  B,
★

o f  k+1 fa c e s  -  In c lu d in g  b o th  4-gons o f  some duo FF -  such t h a t :

th e  fa c e s  o f  B, minus e i t h e r  one^ o f  t h a t  duo, com prise a k - r in g  ( i n
ie

w hich  c a se  FF may a l s o  be r e f e r r e d  to  as th e  m ator duo o f  b e l t  B ). 

S ee, f o r  exam ple, f ig u r e  4 .9 ( a ) .

REMARK. By lemma 4 .0  we know th a t  a  3 -b e l t  can n o t o c c u r .

LEMMA 4 .3  (n o t needed fo r  theorem  4 .4 ) .
★

G iven: G a  b -g ra p h , o th e r  th a n  th e  cu b e , in  w hich  F and F

a re  two a d ja c e n t 4-gons com p ris in g  a  duo w hich  sh a re  edge e .  Then:

(a ) G ~  e i s  a  p -g ra p h  w ith  no t r i a n g le s  in  w hich th e  new face  

c re a te d  by th e  d e le t io n  o f  e i s  an  i s o la te d  4 -g o n ; in  f a c t ,  i f  e 1

i s  some o th e r  edge sh a red  by a n o th e r  duo o f  G, th e n  (G e )~  e '  i s

a l s o  a  p -g rap h  w ith  no t r i a n g l e s .
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*(b) One can  ap p ly  r e d u c t io n  r2  to  th e  duo o f  F and F and 

o b ta in  a s m a lle r  b -g ra p h  I f  and on ly  I f  th a t  duo i s  n o t th e  m ajor duo 

o f  some 4 - b e l t .

(c) A t l e a s t  one o f  th e  two r e d u c t io n s ,  r l  and r2 ,  can  be a p p lie d
*

to  th e  duo FF so as  to  red u ce  G to  a s m a lle r  b -g ra p h .

PROOF: P a r t  (a) i s  im m ediate by d e f in i t i o n  o f  G a s  a  b -g rap h

and th e  f a c t  t h a t  (by 3 -co n n ec ted n ess )  no t r i a n g l e - f r e e  p -g ra p h  can 

have a 3 - r in g  w hich c o n ta in s  two 4 -g o n s . The p ro o f  o f  a s s e r t i o n  (b) is  

a l s o  very  b r i e f :  j u s t  combine (a )  above w ith  a s s e r t i o n  ( i )  o f  lemma
•jf

4 .2 .  To prove ( c ) ,  assume th a t  th e  duo FF i s  indeed  th e  m ajor duo

o f  some 4 - b e l t  B. (See a s s e r t i o n  (b) o f  t h i s  lemma.) T h is i s  shown

sc h e m a tic a lly  in  f ig u r e  4 .9  ( b ) ,  where we have assumed (w ith o u t lo s s  o f

g e n e r a l i ty )  t h a t  th e  two 4 - r in g s  d e f in e d  by B a re  n o rm al. But th e n

*i t  i s  im m ediate, by f ig u r e  4 .9  (b ) ,  t h a t  F and F cannot a l s o  be in  

a  4 - lo o p . T hus, by lemma 4 .2  ( a ) - p a r t ( i i ) ,  we can  ap p ly  r l  to  t h a t  

duo.

4 .4  GENERATING THE BICUBIC 3-P0LYT0PAL GRAPHS 

THEOREM 4 .4

I f  G i s  a  b -g ra p h , o th e r  th a n  th e  cu b e , th e n  G may be reduced  

to  a  s m a lle r  b -g ra p h  by a p p ly in g  re d u c tio n  r l  o r  r 3 .

PROOF: L e t Z"(G) d e n o te  th e  s e t  (p o s s ib ly  empty) o f  a l l  4 - lo o p s

o f  G. (See d e f i n i t i o n  p re c e e d in g  lemma 4 . 2 ( a ) . )  I f  Z" i s  empty 

th e n , by lemma 4 .1  and 4 .2 ( a ) ,  th e  theorem  i s  t r u e  i n  th e  's t r o n g e s t  

p o s s ib le  w a y '.  (That i s ,  e v e ry  c o n f ig u ra t io n  o f  4-gons may be reduced  -  

by r l  o r  r3  -  so  as  to  p roduce a sm a lle r  b -g ra p h !)  So assume Z" 

i s  n o t empty and c o n s id e r  a l l  th e  c o re s  d e fin e d  by th e  4 - lo o p s o f  Z",
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By d e f i n i t i o n  o f  a lo o p , none o f  th e s e  c o re s  can be j u s t  th e  boundary 

o f  a 4 -gon ; b u t  by lemma 3 .6 ,  each  o f  them m ust c o n ta in  ( th e  boundary 

o f )  some 4-gon o f  G. C o n sid er one such  co re  H, d e f in e d  by th e  loop  

R o f  Z", such  th a t  H i s  m inim al w ith  r e s p e c t  t o  th e  o th e rs  ( i . e . ,  

does n o t  p ro p e r ly  c o n ta in  -  a s  a  subgraph  -  any o th e r  co re  d e f in e d  

by a  loop  o f  Z " ) . L e t F be a  4 -gon  o f  G w ith  boundary in  H.

The fo llo w in g  lemma co ncludes  th e  p ro o f  o f  theorem  4 .4 .  (A c tu a lly  

o n ly  p a r t ( i i )  i s  n eed ed ; ( i )  i s  used  f o r  theorem  4 .5 ) .

LEMMA. 4 .4 (a )

( i )  Loop R canno t c o n ta in  two d i s j o i n t  4-gons and th u s  can  

have e i t h e r  1 4 -gon  ( i s o la te d )  o r  can c o n ta in  2 a d ja c e n t  4-gons 

(a  d u o ) .
if

( i i )  F can n o t be p rim ary  in  some lo o p , R , o f  Z"; th u s  (by
it

lemmas 4 .1  and 4 .2 ( a ) )  one can ap p ly  e i t h e r  r l ,  o r  r3  to  F , 

and so reduce  G to  a s m a lle r  b -g ra p h .

PROOF; We prove a s s e r t i o n  ( i i )  f i r s t .  Assume i t  i s  f a l s e .  We 

w i l l  o b ta in  th e  c o n t r a d ic t io n  t h a t  H (w hich i s  d e f in e d  by R) i s  n o t 

m inim al ( i . e . ,  i t  p ro p e r ly  c o n ta in s  a n o th e r  co re  o f  Z " ) . Once a g a in  

(by lemma 3 .1 ,  3 .2 ,  3 .3 )  we can  assum e, w ith o u t lo s s  o f  g e n e r a l i t y ,  

t h a t  b o th  H and R a re  norm al in  G. I t  fo llo w s  (by lemma 3 .4 )  t h a t ;
•fg

R and R m ust be ' i n t e r l o c k i n g '  4 - lo o p s  (as  shown s c h e m a tic a lly  in

f ig u r e  4 .1 3 ) w ith  two d i s j o i n t  fa c e s  o f  R ( c a l l  them W and E) each
*

m eeting  th e  4-gon  F on an  ed g e . Thus n e i th e r  W n o r  E can  be

4-gons •  o r  e l s e  R would n o t s a t i s f y  th e  d e f in i t i o n  o f  a  4 - lo o p  -
*

and so R m ust c o n ta in  some i s o la t e d  4-gon F . But th e n  FWF E i s  

a  4 - lo o p ; so th e  in n e r  c o re  o f  t h i s  loop  i s  p ro p e r ly  c o n ta in e d  in  

c o re  H -  c o n t r a d ic t io n !
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P ro o f o f  (1 ) :  Once a g a in  we can  assume th a t  R and H a re

n o rm al. Now assume th a t  a s s e r t io n  ( i )  i s  f a l s e .  Thus R c o n ta in s

*p r e c i s e ly  two 4 -g o n s , and th ey  a r e  d i s j o i n t .  L e t R ■ WQEQ , where 
*

Q and Q a r e  b o th  4 -g o n s , and th e  4 fa c e s  o f  R appea r in  th a t

o rd e r  (c lo c k w ise )  abou t R. So, f o r  R to  be a  4 - lo o p , one o f  th e

4-gons m ust be i s o la t e d  -  say  i t  i s  Q. Now c o n s id e r  th a t  un ique f a c e ,

c a l l  i t  A, w hich l i e s  w i th in  H and sh a re s  an  edge (o f  th e  in n e r  rim
*

o f R) w ith  Q,W, and E. C laim : A can n o t a l s o  to u ch  Q . P ro o f:

i f  i t  d id  th e n  i t  would c o n ta in  (by 3 -c o n n e c te d n e s s /p ro p e r ty -p )  a l l
•k

in n e r  r im  edges o f  each  o f W,Q,E and Q ; th u s  H would be j u s t  th e

boundary o f  A (and th u s  a  4-gon) - c o n t r a d ic t io n !  But th e n  WAEQ

a l s o  i s  a  4 - loop  o f  Z ", whose in n e r  co re  i s  p ro p e r ly  c o n ta in e d  in  H -

c o n t r a d ic t io n !  The p ro o f  o f  theorem  4 .4  i s  com plete .

REMARK. S e v e ra l f a c t s  r e l a t i n g  to  th e  p ro o f  o f theorem  4 .4  a r e  w orth  

n o t in g ;  b u t we d e fe r  comment b ecause  th e  p ro o f  o f  th e  n e x t theorem  

(a re f in e m e n t o f  th e o re m .4 .4 )  w i l l  invoke s e v e ra l  p r o p e r t i e s  (o f  4- 

lo o p s in  b -g ra p h s )  n o t y e t  m en tioned .

THEOREM 4 .5

I f  G i s  a  b -g ra p h , o th e r  th a n  th e  cube, th e n  G may be reduced  

to  a  s m a lle r  b -g ra p h  by a p p ly in g  r e d u c t io n  r l  o r  r3  -  and no edges 

on th e  e x t e r io r  fa c e  a r e  d e le te d .

REM&.RK. I t  i s  im p l ic i t  in  th e  s ta te m e n t o f th e  theorem  th a t  r3  

( s h r in k in g  a  c l u s t e r  to  a v e r te x )  i s  a l s o  b e in g  viewed as  an  edge- 

d e l e t in g  o p e ra t io n .

PROOF: L e t X d eno te  th e  e x t e r io r  fa c e  o f  G and , as  was done

in  theorem  4 .4 ,  l e t  Z"(G) deno te  th e  s e t  o f  a l l  4 - lo o p s  o f  G. We

w i l l  c o n s id e r  2 c a s e s :  Z" i s  em pty; Z" i s  n o t em pty. But f i r s t
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we n o te  th e  fo llo w in g .

N ote: i f  X i s  n o t a  4-gon b u t to u ch es some c l u s t e r  (see  f ig u r e

4 .1 0 ) ,  th e n  r3  -  viewed as a  s u c c e s s io n  o f  3 edge d e le t io n s  -  may be 

a p p lie d  w ith o u t d e l e t in g  an edge on th e  e x t e r i o r  f a c e .  (See f ig u r e  

4 .1 0  f o r  a  'p r o o f ' o f  t h i s . )

Case ( i ) : Z" i s  em pty. Thus a l l  la d d e rs  a re  r e d u c ib le  -  and

is o la te d  4 -gons a re  r e d u c ib le  i n  2 d i r e c t i o n s .  I f  6 has no c l u s t e r s  

b u t on ly  la d d e rs  we can c e r t a i n l y  f in d  some 4-gon  (G has a t  l e a s t  6)

w ith  2 p a r a l l e l  edges -  and n e i th e r  on X -  which may be d e le te d  by

r l  so th a t  G i s  reduced  to  a  s m a lle r  b -g ra p h .

I f  G does have a c l u s t e r  c o n ta in in g  (as  one o f  i t s  4 -gons) 

th e  fa c e  X, th e n  some o th e r  'd i s j o i n t '  c o n f ig u ra t io n  o f  4-gons does 

n o t touch  X; and we can ap p ly  r l  o r  r3  th e r e .

I f  G has a  c l u s t e r  w hich  does n o t  c o n ta in  X b u t  i s  touched  

by i t  (see  f ig u r e  4 .1 0 ) ,  th e n  t h a t  c l u s t e r  can  be reduced  w ith o u t 

d e le t in g  an  edge o f  X -  as was n o te d  e a r l i e r .

Case ( i i ) : Z"(G) i s  n o t  em pty. In  t h i s  case  c o n s id e r  some

4 - lo o p , R , o f  Z "(G ), As was p o in te d  o u t in  c h a p te r  3 ,  R m ust 

'g iv e  r i s e  t o '  2 o r  more d i s j o i n t  c o re s  -  each  m inim al w ith  r e s p e c t  to  

a l l  co re s  d e f in e d  by loops o f  Z". L e t H and H" d eno te  2 such 

c o re s .  O bviously  one o f  them , say  H, does n o t  c o n ta in  th e  (boundary 

o f  th e )  e x t e r io r  fa c e  X. C o n sid er H and th e  4 -lo o p  w hich d e f in e s

i t  -  c a l l  i t  R. (Note t h a t  R i t s e l f  may c o n ta in ,  am ongst i t s

4 f a c e s ,  th e  fa c e  X ). By lemma 3 .6 ,  H c o n ta in s  -  as a  p ro p e r  

subgraph  -  some 4 -gon  o f  G. By p a r t  ( i )  o f  lemma 4 .4 (a )  we know th a t  

.any such  4-gon  can n o t be a d ja c e n t  to  a 4-gon  o f  th e  loop  R. Thus, 

i f  F i s  some 4 -gon  in  H, th e n  F b e lo n g s  to  some la d d e r  o r  

c l u s t e r  w hich l i e d  w ho lly  in  H. We c o n s id e r  3 c a s e s :
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I f  F i s  one o f  a c l u s t e r  th e n  i t  can be reduced  by r3 w ith o u t
*

d e le t in g  an  edge o f X -  even i f  X to u ch es t h a t  c l u s t e r .  I f  F i s  

i s o la te d  th e n ,  s in c e  i t  i s  r e d u c ib le  in  'b o th  d i r e c t i o n s '  (by lenmtas 

4 .2 (a )  and 4 .4 ( a ) ) ,  we can alw ays choose to  d e le te  two p a r a l l e l  edges 

(o f  F ) w hich a r e  n o t on X. F in a l ly ,  i f  F i s  in  some k - la d d e r  L 

(where k  fe 2) b u t to u ch es  X (a member o f  loop  R ), th e n  -  i f  n e c e s s a ry  -  

we can  choose to  d e le te  2 p a r a l l e l  edges ( n e i th e r  on X) of,som e o th e r  

4 -gon  o f  L , and so o b ta in  a  s m a lle r  b -g ra p h . The p ro o f o f theorem  4 .5  

i s  com p le te .

4 .5  A THEOREM ABOUT HAMILTON IAN b-GRAPHS

The n e x t theorem  i s  r e a l l y  j u s t  a  s tr e n g th e n in g  o f  theorem  4 .4  a n a , 

e s s e n t i a l l y ,  depends on d e m o n s tra tin g  (w ith  th e  a id  o f  p a r t ( b )  o f  lemma 

4 .3 )  t h a t :  i f  a  b -g rap h  G c o n ta in s  on ly  i s o la te d  4-gons a n d /o r  duos

o f  4 -g o n s , th e n  one can  alw ays lo c a te  such  a  c o n f ig u ra t io n  w hich can 

be reduced  (v ia  r l  a n d /o r  r2 )  ' i n  b o th  d i r e c t i o n s '  -  a s  shown in  

f ig u r e s  4 .7  and 4 .8  (where th e  sq u lg g le d  edges a re  used by an  HC).

T h is ,  in  b r i e f ,  i s  to  be th e  s t r a t e g y  fo r  theorem  4 .7 .

DEFINITIONS. I f  G i s  a b -g ra p h  and B a k - b e l t  (se e  d e f i n i t i o n

p re c e e d in g  lemma 4 .3 ,  and exam ples o f  f ig u r e  4 .9 )  w ith  i t s  m ajo r duo

o f  two 4-gons s h a r in g  edge e ,  th e n : G <- e i s  a  3 -connec ted  g raph

(by lenma 4 .3 )  i n  w hich  B 'h a s  becom e1 a  k - r in g ,  c a l l  i t  B' ;  th o s e  

subg raphs o f  G ~  e t h a t  a r e  th e  rim s [c o re s ]  o f  r in g  B ' a re  a l s o

subgraphs o f  G, and w i l l  be c a l le d  th e  rim s [ c o r e s ] o f  b e l t  B (o f  G ).

N o te : each  o f  th e  rim s and c o re s  o f  B i s  a c tu a l ly  d e f in e d  by some 

k - r in g  o f  G -  t h a t  r in g  com prised o f  a l l  fa c e s  o f  B minus one o f  

th e  4-gons o f  i t s  m ajor duo. As e x p e c te d , a  b e l t  w i l l  be s a id  to  be
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a norm al b e l t  I f  i t s  rim s a re  c o n c e n tr ic .

LEMMA. 4 .6

I f  B i s  a  k - b e l t  o f some b -g ra p h  G th e n : B i s  norm al i f  

and on ly  i f  none o f  i t s  fa c e s  i s  th e  e x t e r i o r  f a c e ;  and each  o f  B 's  

two c o re s  c o n ta in s  ( th e  boundary o f)  some 4-gon o f  G i f  k  £ 5 .

PROOF: Im m ediate by d e f i n i t i o n  o f  " b e l t "  and lemma 3 .6 .

THEOREM 4 .7  (See s e c t io n  4 .2  f o r  s ta te m e n t) .

PROOF: I f  G i s  e i t h e r  a  p rism , o r  c o n ta in s  o n ly  c lu s t e r s  a n d /o r

la d d e rs  o f  3 o r  more 4 -g o n s , th e n  th e  p ro o f  fo llo w s  im m ediately  (by 

lemma 4 .1  and th e  rem ark fo llo w in g  i t )  in  th e  's t r o n g e s t  p o s s ib le  w ay1. 

(That i s :  ev ery  c o n f ig u ra t io n  o f  4-gons i s  r e d u c ib le ,  and any HC in

G w i l l  's h r i n k '  to  one in  th e  reduced  b -g rap h  -  see  f ig u re s  4 .5  and

4 .6 ) .  So assume G a ls o  c o n ta in s  i s o la te d  4-gons a n d /o r  duos. Now, 

i f  each  o f  th e se  cou ld  be reduced  (by r l  a n d /o r  r2 )  in  'b o th  

d i r e c t i o n s ' ,  th e n  a g a in  ou r theorem  would be proved  in  th e  's t r o n g e s t  

p o s s ib le  way' (see  f ig u re s  4 .7  and 4 .8 ) .  So assume n o t .  Thus (by 

lemmas 4 .2 (a )  and 4 .3 )  G c o n ta in s  4 - lo o p s  a n d /o r  4 - b e l t s .

D efine  Z(G) to  be th e  u n io n  (non-em pty) o f  th e  fo llo w in g  two 

s e t s :  Z "(G ), th e  s e t  o f  a l l  4 - lo o p s  o f  G; and th e  s e t  o f  a l l  4 - b e l t s

o f  G (see  d e f i n i t i o n  p re c e e d in g  lemma 4 .3 ) .

C onsider a l l  th e  c o re s  d e f in e d  by th e  lo o p s and b e l t s  o f  Z, and 

choose one such c o re ,  H, t h a t  i s  m inim al -  i . e . ,  does n o t p ro p e r ly  

c o n ta in  any o th e r  co re  d e f in e d  by a  member o f  Z. (Of co u rse  t h e i r
•ft

a re  a t  l e a s t  2 such c o r e s ) . L e t F d en o te  one o f  th e  4-gons o f  G

which (by lemmas 3 .6  and 4 .6 )  m ust l i e  i n  H. I f  H i s  d e f in e d  by a

- r in g  o f  Z c a l l  t h a t  r in g  R; i f  i t  i s  d e f in e d  by a  b e l t ,  c a l l  t h a t
*

b e l t  B. We want t o  show th a t  i f  F i s  i s o la te d  o r  in  a duo, th e n
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i t  can  be reduced  in  b o th  d i r e c t i o n s .

O bviously ou r s t r a t e g y  w i l l  be to  prove th e  analogue o f  p a r t ( i i )  

o f  lemma 4 .4 ( a ) .  T h is , w ith  lemmas 4 .1 ,  4 .2 ( a ) ,  and 4 .3 ( p a r t  b ) ,  

w i l l  com plete th e  p ro o f .  (A c tu a lly  th e  ana lo g u e  o f  p a r t ( i )  i s  d e r iv a b le  

im m ediately  -  u s in g  th e  same p ro o f  -  b u t  we w i l l  n o t  u se  i t ) .

LEMMA 4 .7 (a )
* * **

I f  th e  4-gon F i s  i s o l a t e d ,  o r  a  member o f  some duo F F ,

th e n  th e  fo llo w in g  canno t o c c u r:

F , o r b o th  F and F -  i f  th e  l a t t e r  e x i s t s ,  a re  in  some
'fc

4 - b e l t  o r 4 -lo o p  o f Z -  c a l l  i t  L .

PROOF: Assume th e  lemma f a l s e .  We can assume (by 3 .1 ,  3 .2 ,  3 .3

and 4 .6 )  w ith o u t lo s s  o f  g e n e r a l i ty  t h a t :  co re  H and i t s  d e f in in g

loop R -  o r  i t s  d e f in in g  b e l t  B -  a re  b o th  no rm al. We c o n s id e r  3

cases  and o b ta in  a  c o n t r a d ic t io n  in  each .

Case ( i ) : H i s  d e f in e d  by th e  loop  R o f  Z.

Then, by lemma 3 .4 's  rem ark , some face  A o f  L must l i e  o u ts id e
*

th e  o u te r  rim  o f  R. But th e n  L a ls o  m ust c o n ta in  2 d i s j o i n t  fa c e s

o f R ( to  'c r o s s '  R ), c a l l  them W and E, and each  o f them must
•ff

to u ch  b o th  A and F (w hether o r  no r F e x i s t s ) .  Now R m ust

c o n ta in  a l l  th e  4-gons o f  some la d d e r ,  s in c e  R is  a  4 - lo o p ; so b o th

W and E m ust be n o n -4 -g o n s , and th u s  R c o n ta in s  an  I s o la te d  4 -gon  -
*

c a l l  i t  Q. Now c o n s id e r  th e  4 - r in g  WQEF . I t  i s  a 4 - lo o p  o f  Z and 

th u s  (by lemma 3 .4 's  rem ark) has an  in n e r  co re  p ro p e r ly  c o n ta in e d  in  H -  

c o n t ra d ic t io n !

Case ( i l ) : H i s  d e f in e d  by th e  4 - b e l t  B o f  Z and some fa c e ,
*

A, o f L l i e s  o u ts id e  th e  o u te r  rim  o f  B.

Do th e  fo llo w in g : l e t  Q and Q" deno te  th e  two 4-gons co m p ris in g  th e

m ajor duo o f B, such th a t  Q to u ch es  th e  in n e r  rim  o f B. Now, as in



case  ( i ) ,  L m ust c o n ta in  2 d i s j o i n t  fa c e s  o f  B -  in  o rd e r  to  ’c r o s s '

i t .  C a ll th e se  fa c e s  W and E. W and E must b o th  tou ch  F

(w hether F e x i s t s  o r  n o t)  and th u s  n e i th e r  can  be a 4 -gon  o f  th e

duo QQ", so th ey  must 'f la n k *  th a t  duo (see  f ig u r e  4 .1 2 ( b ) ) ,  in  w hich

case  n e i th e r  can  be a  4-gon (and so  b o th  would a ls o  touch  F , i f  i t  
*

e x i s t e d ) .  I f  F w ere i s o la te d  th e n  i t  i s  c l e a r  by th e  p re c e e d in g

th a t  W,F,E and Q would com prise a  norm al 4 - lo o p , whose in n e r  co re

(by lemma 3 .4 's  rem ark) i s  p ro p e r ly  c o n ta in e d  in  H -  c o n t ra d ic t io n !
•k ** * **

S im i la r ly ,  i f  F and F a r e  a duo th e n  W,F ,F  ,E  and Q must

com prise  a norm al 4 - b e l t ,  whose in n e r  co re  i s  p ro p e r ly  c o n ta in e d  in  H -

c o n t r a d ic t io n !

Case ( i l l ) : H i s  d e f in e d  by th e  b e l t  B o f  Z, b u t no fa c e  o f
*

L l i e s  o u ts id e  th e  o u te r  rim  o f  B.

Do th e  fo llo w in g : l e t  Q and Q" d en o te  th e  two 4-gons t h a t  com prise

th e  m ajor duo o f  B, la b e l le d  so th a t  Q to u ch es  th e  in n e r  r im . See

f ig u r e  4 .1 2 (b ) ,  where W and E d en o te  th e  two non-4-gons f la n k in g

Q and Q" in  b e l t  B,
*

I f  I  c o n ta in e d  Q -  and perhaps Q" a l s o ,  o r  c o n ta in e d  b o th  o f
if if

them , o r  c o n ta in e d  n e i th e r  o f  them , th e n : s in c e  L c o n ta in s  F and

no fa c e  ly in g  o u ts id e  B 's  o u te r  rim  (by a ssu m p tio n ), th e  in n e r  co re  o f  

*L o b v io u s ly  i s  p ro p e r ly  co n ta in ed  in  H -  c o n t ra d ic t io n !  Thus one
•fg

need o n ly  show th a t  th e  fo llo w in g  le a d s  to  a  c o n t r a d ic t io n :  L c o n ta in s
if

Q" b u t n o t  Q (and , o f  c o u rs e , L has no fa c e s  ly in g  o u ts id e  B 's

o u te r  r im ) . Assume t h i s  i s  th e  c a se . Then, o b v io u s ly , b o th  W and E
i f  i f

m ust be in  L . So L 'a l r e a d y ' c o n ta in s  th e  fo llo w in g  f a c e s :
* ★ ★ irk  *

W,E,Q and F , i f  F i s  i s o l a t e d ;  o r  W ,E,Q",F , and F , i f  F
*

i s  n o t  i s o l a t e d .  I f  th e  f i r s t  i s  th e  case  th e n  L canno t be a  4 - b e l t
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b ecause  th e re  i s  no 'room  l e f t 1 f o r  th e  m ajor duo) and so th e se  4 fa c e s
•k

must 'a l r e a d y ' com prise  th e  4 - r in g  th a t  i s  L ; i f  th e  l a t t e r  i s  th e
*

c a se  th e n  th o se  5 fa c e s  o b v io u s ly  com prise th e  4 - b e l t  L . But th e n , 

in  e i t h e r  c a s e , we can  'r e p l a c e '  Q" w ith  Q and o b ta in  a n o th e r  4 - 

loop  o r 4 - b e l t  o f  Z whose in n e r  co re  i s  p ro p e r ly  c o n ta in e d  in  H - 

c o n tra d ic t io n . '

The p ro o f  o f  th e  lemma, and th u s  o f  theorem  4 .7 ,  i s  co m p le te .

4 .6  GENERATING THE c4-CONNECTED BICUBIC 3-P0LYT0PAL GRAPHS

R e c a ll t h a t :  by a  b -g ra p h  i s  m eant a  3 -v a le n t  b i p a r t i t e  p -g rap h  

(where by a p -g rap h  i s  meant a  p la n e  3 -co n n ec ted  g ra p h );b y  a c4 -co n n ec ted  

g raph  is  meant a  c y c l i c a l ly -4 -c o n n e c te d  graph  (one in  w hich two c i r c u i t s  

can n o t be s e p a ra te d  by c u t t in g  th r e e  o r  few er e d g e s ) . By a  c -g rap h  w i l l  

be m eant a  c4 -co n n e c ted  b -g ra p h .

THEOREM 4 .8

A c -g ra p h  G, o th e r  th a n  th e  cube, may be reduced  by r l  a n d /o r  

r2  to  a  s m a lle r  c -g ra p h .

REMARK. N ote t h a t  th e  g raph  o f  f ig u r e  4 .1 5  i s  re d u c ib le  by r2 ,  b u t 

n o t by r l .

PROOF: T h is  p ro o f  c o n ta in s  a  number o f  lemmas, and a re a d in g  o f

t h e i r  r e s p e c t iv e  p ro o fs  shou ld  perhaps -  f o r  th e  sake o f  c o n t in u i ty  -  

be postponed  u n t i l  th e  c o n c lu s io n  o f  th e  'm a in ' p ro o f .

The s t r a t e g y ,  in  b r i e f ,  w i l l  be to  dem on stra te  t h a t  i f  G i s  n o t 

r e d u c ib le  by r l  ( to  a  s m a lle r  c -g ra p h ) th e n  i t  must c o n ta in  some 5- 

loop  R (w ith  1 o r  2 4 -gons) w hich d e f in e s  a  co re  H c o n ta in in g  

j u s t  3 f a c e s  - a  duo and a  6-gon ( e s s e n t i a l l y  a s  shown in  f ig u r e  4 .1 6 ) ;  

and th a t  in  such  a  c o n f ig u ra t io n  th e  duo may be reduced  by r2  so  as
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to  p roduce a  sm a lle r  c -g ra p h .

CONVENTIONS: By "k -lo o p "  and " lo o p "  we w i l l  alw ays mean -  a t  l e a s t

th ro u g h o u t t h i s  p ro o f -  a  loop  th a t  Is  e i t h e r  a  4 - loop o r  a 5 -lo o p .

The graph  G, o r  a  c o n f ig u ra t io n  o f  4 -g o n s, w i l l  be s a id  to  be 

" re d u c ib le "  I f  one can ap p ly  r l  [ r2 ]  to  G t o r  to  th e  4 -gons, 

and o b ta in  a  s m a lle r  c -g ra p h .

He b e g in  by assum ing th a t  G i s  n o t a  p rism , o r  e l s e  r l  could  

be a p p lie d  to  any one o f  i t s  4-gons to  prove th e  theorem .

LEMMA. 4 .9

G has no 3 - r in g s ,  and th u s  no c l u s t e r s ;  and so by 3 -connec tedness 

c o n ta in s  on ly  la d d e rs  o f  4 -g o n s . (R eca ll t h a t  an  i s o la te d  4-gon i s  a l s o  

a  1 - l a d d e r ) .

PROOF: Immediate by d e f i n i t i o n  o f  a  c -g ra p h .

LEMMA 4 .1 0

I f  e and f  a r e  n o n a d ja c e n t edges o f  some 4-gon Q o f  G such  

t h a t  n e i th e r  o f  Q 's  o th e r  two o th e r  edges a re  sh ared  w ith  o th e r  4 -g o n s , 

th e n : (G ~  e ) ~  f  ■ (G ~  f )  ~  e i s  n o t a  c -g ra p h  i f  and o n ly  i f  e and

f  a r e  conmon edges o f  some loop  ( in  w hich o f  c o u rse , Q i s  p r im a ry ) .

PROOF: J u s t  use lemma 4 .2 (a )  and th e  f a c t  t h a t  G i s  c 4 -c o n n e c te d .

LEMMA 4.11

I f  F and F com prise  a duo ( i . e . ,  a 2 - la d d e r ) ,  th en  one may 

red u ce  G to  a s m a lle r  c -g ra p h  by ap p ly in g  r2  to  t h a t  duo i f  and 

on ly  i f :

( i )  t h a t  duo i s  n o t th e  m ajor duo o f  some 5 - b e l t ,  and a ls o  . . .

( i i )  t h a t  duo i s  n o t  in  some 4 -lo o p  (w hich a c tu a l ly  canno t occu r -  

see  n e x t lemma).

PROOF: J u s t  use lemma 4 .3  and th e  c4 -co n n ec ted n ess  o f  G.
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LEMMA. 4 .1 2

No k -lo o p  o f . G can c o n ta in  a la d d e r  o f  k-1  o r  k-2  4 -g o n s.

PROOF: C e r ta in ly ,  by 3 -c o n n e c te d n e ss , each  r in g  o f  G (which

i s  n o t a  p rism ) m ust have a t  l e a s t  2 n o n -4 -g o n a l f a c e s .  So assume R 

i s  some loop  w ith  o n ly  two (a d ja c e n t)  fa c e s  th a t  a re  n o t 4-gons -  c a l l  

them A and B. By lemma 3 .6  some 4-gon  F l i e s  w ith in  th e  in n e r  

c o re  o f  R (we can assum e, w ith o u t lo s s  o f  g e n e r a l i ty ,  t h a t  R is  

norm al in  G); and F can n o t to u ch  any 4 -gons o f  th e  la d d e r  o f  R.

But th e n  we can  c u t 3 edges o f  G ( th e  edge sh ared  by A and B, and

two o th e r  edges -  on th e  in n e r  rim  o f R -  one each  on A and B) and

s e p a ra te  th e  4-gon F from th e  o u te r  rim  o f R -  c o n t r a d ic t io n !

MAIN PROOF (c o n tin u e d ) :

Now c o n s id e r  th e  s e t  o f  a l l  4 -loops and 5-loops o f  G. Assume th a t  

s e t  i s  n o t em pty, o th e rw ise  (by lemma 4 .1 0 ) every  4 -gon  o f  G i s

re d u c ib le  by r l  -  and we have p roved  th e  theorem . L e t R d en o te  -

f o r  th e  rem ain d er o f  t h i s  p ro o f  -  some p a r t i c u l a r  lo o p , w hich d e f in e s  

a  co re  H th a t  i s  n o t  p ro p e r ly  c o n ta in e d  w ith in  any o th e r  c o re  d e f in e d  

by a  loop  o f  G. Assume th a t  each  4-gon (o f  G) ly in g  w ith in  H (by 

lemma 3 .6  th e re  i s  a t  l e a s t  one) i s  n o t  re d u c ib le  by r l ,  o r  e l s e  we 

a r e  done; t h a t  i s  (se e  lemma 4 .1 0 )  assume th a t  each  4-gon w ith in  H 

i s  p rim ary  in  some lo o p . By th e  lemmas o f  s e c t io n  3 .3  we may a ls o  

assume w ith o u t lo s s  o f  g e n e r a l i ty  t h a t  b o th  R and H a re  norm al. 

N ex t, l e t  F d eno te  -  th ro u g h o u t th e  rem ain d er o f  t h i s  p ro o f  -  some 

p a r t i c u l a r  4 -gon  w ith in  H th a t  i s  p rim ary  in ,  s a y , th e  loop  L. We 

w ish  to  d em o n stra te  t h a t  R and H to g e th e r  com prise th e  c o n f ig u ra ­

t i o n  o f  f ig u r e  4 .1 6 .

LEMMA 4 .1 3

R m ust c o n ta in  e i t h e r  an i s o la te d  4-gon o r  a duo, and no o th e r

4 - g o n s.
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PROOF: Assume th e  lemma f a l s e .  I f  R i s  a 4 - loop  l e t  W,S,E and

N be i t s  4 f a c e s ,  a p p e a rin g  in  th a t  o rd e r  as one moves co u n te rc lo ck w ise  

abou t i t  (se e  f ig u r e  4 .1 7 ( a ) ) ;  i f  R i s  a  5 -lo o p  (as in  f ig u re  4 .1 7 (b ) )  

l e t  N" d eno te  i t s  f i f t h  fa c e  • ly in g  betw een N and E. By lemma 

4 .1 2  we may assume th a t  N i s  a  p rim ary  4-gon o f  R, W i s  n o t a  4- 

gon, S i s  a n o th e r  4 -gon , and N" may o r  may n o t be a  4 -gon . Now 

c o n s id e r  th e  (u n iq u e) fa c e  ly in g  w i th in  H w hich c o n ta in s  edges -

c o n se c u tiv e  -  o f  each  o f  W,S and E. C laim : th a t  f a c e ,  c a l l  i t  A,

can n o t touch  e i t h e r  N o r  N" ( i f  th e  l a t t e r  e x i s t s ) .

P roo f o f  c la im : Assume A d id  to u ch  one o f  them. Then, by 

p ro p e r ty -p  ( i . e . ,  3 -co n n ec ted n ess) and c4 -co n n e c ted n e ss  ( i . e . ,  no 3- 

r i n g s ) ,  A m ust c o n ta in  a l l  edges o f  th e  in n e r  rim  o f R -  c o n t ra d ic t io n !

Thus i t  fo llo w s  th a t  WAEN (o r WAEN"N) i s  a  loop  in  which N must 

be p rim ary ; and th e  in n e r  c o re  o f  t h i s  loop  i s  p ro p e r ly  c o n ta in e d  

w ith in  H -  a c o n t ra d ic t io n !

LEMMA. 4 .1 4

The 4-gon F (which l i e s  w ith in  co re  H) can n o t tou ch  two d i s j o i n t  

fa c e s  o f  loop R.

PROOF: Assume i t  d id  and c o n s id e r  f ig u r e  4 .1 7 . L e t W and E

be such a p a i r  o f  d i s j o i n t  fa c e s  o f  R; s e p a ra te d  by say  face  S 

(o f  loop  R) on one s id e ,  and a ls o  s e p a ra te d  by say fa c e  N -  o r  by N

and N" i f  R i s  a  5 - lo o p . By lemma 4 .1 3  no 4-gon in  loop R can

to u ch  th e  4-gon  F . Thus i t  fo llo w s th a t  n e i th e r  W nor E can  be a

4 -g o n ; and t h a t  th e  p rim ary  4 -g o n (s )  o f  R must l i e  'b e tw e e n ' them as 

one moves around  R. But th e n : fa c e s  W,F,E and S com prise  a  4- 

loop  i f  S i s  a  4 -g o n ; WFEN i s  a  4 - loop  i f  N i s  a  4 -gon ; WFEN"N 

is  a 5 - lo o p , i f  N i s  a  4-gon and R i s  a  5 - lo o p . In  a l l  th re e  ca se s
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th e  new lo o p  (by lemma 3 .4 )  c o n t r a d ic t s  th e  m in im a lity  o f  Hj 

MA.IN PROOF (c o n t in u e d ) :

By lenma 3 .4  we know th a t  some fa c e  o f  L , c a l l  I t  X, l i e s  o u t­

s id e  th e  o u te r  r im  o f R. By lemma 4 .1 4  two fa c e s  o f  L , F and say  A,

m ust l i e  w i th in  th e  in n e r  rim  o f R. And, as  e x p e c te d , L a ls o  must

c o n ta in  two d i s j o i n t  f a c e s  o f  R ( in  o rd e r  to  'c r o s s '  R ), c a l l  them V

and E and c o n s id e r  th e  diagram s o f  f ig u r e  4 .1 7 . L et us assum e, hence­

f o r t h ,  t h a t :  W sh a re s  an  edge w ith  F , w hich in  tu rn  sh a re s  an  edge

w ith  A (which m ight be a  4-gon) w hich  in  tu rn  sh a re s  an  edge w ith  E. 

E q u iv a le n tly  we a re  assum ing th a t  W,F,A and E ap p ea r In  th a t  o rd e r  

ab o u t loop  L . L e t us h e n c e fo r th  d e n o te : S to  be th a t  un ique face  o f 

R s e p a ra t in g  W and E; N to  b e  th e  o th e r  fa c e  o f  R a d ja c e n t to

W; N" to  be th e  f i f t h  fa c e  o f  R -  i f  i t  i s  a  5 -lo o p  -  betw een N and

E. In  view  o f  th e se  l a b e ls  we can  say th e  fo llo w in g  ab o u t th e  d i s t r i ­

b u tio n  o f  4-gons in  loop  R and L : By lemma 4 .1 3  W canno t be a  4-gon  

s in c e  F i s .  I f  A i s  a  4-gon th e n  E can n o t be one (see  lemma 4 .1 2 } , 

in  w hich case  F and A com prise a duo th a t  i s  p rim ary  in  L ; b u t  i f  

A i s  n o t  a  4-gon  th e n  (o b v io u s ly )  F i s  an  i s o la te d  4 -gon  -  and 

p rim ary  in  L.

LEMMA. 4 .1 5

The edge sh a red  by fa c e s  F and A (o f loop  L) m ust c o n ta in ,  as

an e n d p o in t, a  v e r te x  o f  fa c e  S (o f loop  R ).

PROOF: Assume n o t .  Then, o b v io u s ly , th e  4-gon  F can n o t to u ch  

S. Thus, in  te rm s o f  th e  la b e ls  a s s ig n e d  (see  p a rag rap h s p re c e e d in g  

lemma) we h av e : i f  A touched  S th e n  WFAS i s  a 4 - lo o p ; i f  A

touched E b u t n o t S th e n  WFAES i s  a  5 - lo o p . In  e i t h e r  case  th e  

'new* loop  has an in n e r  co re  p ro p e r ly  c o n ta in e d  in  H -  c o n tra d ic t io n J
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LEMMA. 4 .1 6

Loop R m ust have 5 f a c e s .

PROOF: Assume n o t .  Then (u s in g  th e  la b e ls  a lre a d y  a s s ig n e d )

R * WSEN. But because  S and N o b v io u s ly  'p la y  id e n t i c a l  r o l e s '  

in  th e  4 -lo o p  R, we can  ap p ly  l e mma 4 .1 5  -  r e p la c in g  S by N in  

th e  s ta te m e n t o f  t h a t  lemma; th a t  i s ,  th e  edge sh a re d  by F and A 

a ls o  c o n ta in s  a  v e r te x  o f  N. So F touches b o th  N and S. But 

the  l a t t e r  a r e  d i s j o i n t  fa c e s  o f  R and th u s  lemma 4 .1 4  i s  c o n t r a d ic te d .  

LEMMA 4.17

The 4-gon  F s h a re s  a v e r te x  w ith  fa c e s  W and S -  t h a t  v e r te x  

on th e  in n e r  rim  o f  loop  R w hich i s  an  e n d p o in t o f  th e  common edge 

sh a red  by W and S; and F has j u s t  1 v e r te x  ly in g  w ith in  th e  

i n t e r i o r  o f  loop  R 's  in n e r  rim .

PROOF: By lemma 4 .1 5  F c o n ta in s  an  edge o f  S (as w e ll  a s  an 

edge o f  W -  by a ssu m p tio n ). S in ce  th e  g raph  G has no 3 - r in g s ,  

th e se  two edges m ust be c o n se c u tiv e  edges on R 's  in n e r  r im . By 

lemma 4 .1 4  F can n o t to u ch  a n o th e r  fa c e  o f  R, and so  i t s  'fo u r th *  

v e r te x  l i e s  in s id e  H ( i . e . ,  n o t  on th e  r im ) .

MAIN PROOF (c o n tin u e d ) :

In  view o f th e  p ro ceed in g  we may say  t h a t :  each  4-gon  ly in g  w ith in  

co re  H (and F i s  one o f  them) 'm onopolizes*  an  e n d p o in t o f  a  com­

mon edge o f  loop  R; t h a t  i s ,  no o th e r  fa c e  w i th in  H can to u c h  th a t  

v e r te x .  Now, by lemna 4 .1 3 , a t  m ost 3 such  en d p o in ts  (o f  common edges 

o f R) a re  'a v a i l a b l e ' .  (R e c a ll t h a t  i t  has been  d em onstra ted  t h a t  R 

i s  a  5 - lo o p ) .  Thus co re  H c o n ta in s  a t  m ost th r e e  4 -gons -  in c lu d in g  

F - an d , s in c e  each  i s  p rim ary  In  some loop  (by a ssu m p tio n ) , they  

canno t com prise a  3 - la d d e r  (see  lemma 4 .1 2 ) .  Thus th e re  a re  5 d i s t i n c t
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c a se s  to  c o n s id e r  (and i t  w i l l  be shown th a t  o n ly  th e  l a s t  can  o c c u r) :

(a ) c o re  H c o n ta in s  j u s t  one 4 -g o n , F i t s e l f .

(b) H c o n ta in s  2 i s o la te d  4-gons and no o th e r  4 - gone.

(c ) H c o n ta in s  3 i s o la te d  4 -g o n s .

(d ) H c o n ta in s  1 i s o la t e d  4-gon  and 1 duo.

(e ) H c o n ta in s  1 duo and no o th e r  4 -g o n s .

LEMM4 4 .1 8

Only ca se  (e) can o ccu r an d , f u r th e r ,  o n ly  1 o th e r  fa c e  -  a  6-gon -  

can  l i e  in  co re  H.

PROOF: D efine  K to  be th e  c u b ic  p la n e  g raph  o b ta in e d  from  G

in  th e  fo llo w in g  way: remove a l l  edges and v e r t i c e s  o f  G w hich l i e  

o u ts id e  th e  o u te r  r im  o f  loop  R, and su p p ress  any r e s u l t i n g  3 -v a le n t

v e r t i c e s  on th e  'new* e x t e r io r  f a c e .  Note t h a t  K (se e  f ig u r e  4 .1 8 )

i s  a l s o  3 -co n n ec ted  (p ro p e r ty -p  i s  ' i n h e r i t e d 1 from  G) and c o n ta in s  

no 3 -g o n s , The new graph  K has a 5 - r in g  ( i t  was R) abou t i t  and 

th i s  r in g  w i l l  s t i l l  be r e f e r r e d  to  as  R; and i t s  inner, co re  w i l l  be 

r e f e r r e d  to  as  H.

W ith r e s p e c t  to  th e  d iagram s o f  f ig u r e  4 .1 8 : th e s e  c o n ta in  

numbers w hich r e p r e s e n t  w e ig h ts ,  and w i l l  be p ro p e r ly  d e f in e d  in  a  

moment.

O bserve t h a t  each  4-gon  w ith in  H 'c o n tr ib u te s *  a  v e r te x  to  2 

a d ja c e n t  fa c e s  o f  R, and th u s  'makes each  o f  them b ig g e r  th a n  a 4 -g o n ' 

in  K. In  f ig u r e  4 .1 8  th e  v a r io u s  p o s s ib le  c o n f ig u ra tio n s  a r e  shown 

s c h e m a tic a l ly .  N o te : even in  K, a t  l e a s t  one o f th e  5 fa c e s  o f  r in g  

R m ust be a  4 -gon .

L e t us a s s ig n  a  w e ig h t o f  2 to  each  'p o s s ib le  4 -g o n ' o f  K ( th e re

a r e  a t  m ost 3 such  fa c e s  w ith in  c o re  H o f  K ); a l s o  a s s ig n  a  w eigh t



- 9 6 -

o£ 1 to  each  'p o s s ib le  5 -g o n ' o f  r in g  R ( th e r e  canno t be any w ith in  

c o re  H ); l a s t l y ,  a s s ig n  a  w e ig h t o f  1 to  th e  e x t e r i o r  5 -g o n a l f a c e .

By E u le r 's  in e q u a l i ty  (theorem  1 .4 ) ,  2p^(K) + lp^(K ) ^  12 . I t  

fo llo w s th a t  th e  a s s ig n e d  w e ig h ts  sh o u ld  t o t a l  a t  l e a s t  12 . But we 

can g e t a t  most 11 f o r  ca se s  (a ) th ro u g h  (d ) ,  and 12 can o ccu r in  

case  (e ) on ly  i f  th e re  a re  j u s t  8 v e r t i c e s  on th e  in n e r  rim  (see  f ig u re

4 .1 8  ( e ) ) ;  t h i s  fo rc e s  th e  c o n c lu s io n  th a t  a 6-gon  can  be th e  on ly  o th e r

fa c e  w i th in  co re  H.

To d em o n stra te  th a t  c a se s  (a) th ro u g h  (d) y ie ld  a t  most 11 i s  n o t 

v ery  com plex.

The d iagram s o f  f ig u r e  4 .1 8  a r e  v i r t u a l l y  s e l f - e x p la n a to r y  and 

th e  a s s ig n e d  w e ig h ts  ap p e a r w i th in  each  f a c e .  Only f o r  ca se  (d) need 

one invoke c 4 -c o n n e c te d n e ss : in  f ig u r e  4 .1 8  (d ) ,  w hich co rresp o n d s  to  

t h i s  c a s e ,  th e  d o tte d  p a th  in d ic a te s  t h a t  c4 -co n n e c ted n e ss  has 'fo rc e d *  

a  v e r te x  (o th e r  th a n  th e  2 en d p o in ts  o f  th e  r in g s  common edges) to  be

on th a t  fa c e  o f  R. Lemma 4 .1 8  i s  p ro v ed .

MAIN PROOF (c o n c lu s io n ) ;

By a ssu m p tio n , th e  duo o f  4 -gons i n  H (se e  f ig u r e  4 .1 6 )  i s  n o t  

re d u c ib le  by r l  b ecause  i t  l i e s  in  th e  loop L . And L , as was 

p ro v ed , m ust be a  5 - loop  w ith  one fa c e  -  we c a l le d  i t  X -  ly in g  

o u ts id e  th e  o u te r  r im  o f R. But th e n , by in v o lk ln g  p l a n a r i t y ,  i t  i s  

obv ious t h a t  th e  p re se n c e  o f  L p r o h ib i t s  th e  fo llo w in g  from  o c c u rr in g : 

th e  duo (w ith in  H) i s  th e  m ajo r duo o f  some 4 - b e l t  o r  5 - b e l t ,  c a l l  i t  

B, w hich has to  'c r o s s '  r in g  R. To show th i s  i t  i s  s u f f i c i e n t  to  show 

th a t  fa c e  X (o f  loop  L) can n o t a l s o  be a  fa c e  o f  b e l t  B; and 

p la n a r i ty  fo rc e s  t h i s  c o n c lu s io n . By lemma 4 .11  t h i s  co ncludes  th e  

p ro o f  o f  theorem  4 .8 ,



APPENDIX I .  GRAPH DIAGRAMS

F 'j . l - f



98

4- 5

Fig* 1.1

X X
w X

& F '9 »



- 9 9 -

G:
\  ♦ /
*] « \ */  • X

Ffg. l . l l • Fffr 1J3



-1 0 0 -

fa.)

(!>«<♦>>«

Fig. 3..I

(a)
F tg . 2 .1

ft)

•  0  *

I





- 1 0 2 -

  ■ a



•103-

Fig. 2.11 (k>

pfg. A.13



-1 0 4 -

R g . 3 ..



r *  a .  i i

Fig. ol.l?

Fig. ^  II



106

4

Fig. 2 .7 3



R * .



1 0 8 -

lAj



109

R j .  2 .3 3

F>'s- 2.34^ F'19. 2 * 3 5



F7a. 2.3? *



-1 1 1 -

F < 9 ‘



- 1 1 2 -

w ( i . i ) - t a b l e

=10 a l l

1025i=3

■'Hfftacx

=8

=10

F ig .  3 .1



-1 1 3 -

Fig. 3 .5

F ig .3.4

F i g .  3 . 8



-1 1 4 -

a
<

W <

q n n r n g

F ;9 . 3.^

g=a

E□ i

F ? 3 ,  3 J 0

F i f r 3 . l l

F i $ . B .t^ .



115

F ig . 3 .\3

Fig.

■>

t i l

W  8  or B o r C



1 1 6 -

(«•) Fig.  3*1*1 oo

p i g .  3 * 1 1

R * .  3 . 1 1
F i g .  3 . 1 3







- 119-

Fig. 3.3a.

f i g .  3.3^.

Fig. 3.35



F ig , if 3

V

Rg./f.i#.

A
Y y

•I
v<i

(<0
/v 0  J\
*  R ^ S  *  W

( a )

>»»»■ "J4

! I>  Vw yt

***<

ww*

(<=)

rMM

J; •
l»M«<

v U w W v jililii! ^

Fig. ^.6

> * i



- 1 2 1 -

* * * * * * * *  .
i  i % %

W k J * * 6  ^

J - L  -

st ̂  xx
y ty£*f i t * WJ*

'***&— ^

( t )  ^  w )

R g .  ^ . 7

(*■)

>xi
(a,) (M



- 1 2 2 -

ar nr
W  F ig . M l  Ce >

w

Fig. <h»3 F ig .  4 .«i-



-1 2 3 -

I

I

I



-1 2 4 -



- 1 2 5 -

BIBLIOGRAPHY

B a rn e t te ,  D.

[B l] "T rees in  p o ly h e d ra l g ra p h s" . Canad. J .  M ath. 1 8 (1966 ),

731-736.

[B2] "On p -v e c to r s  o f  3 -p o ly to p e s " .  J .  C o m b in a to ria l T heo ry ,

7 (1 9 6 9 ), 99-103 .

[B3] "The t r i a n g u la t io n s  o f  th e  3 -sp h e re  w ith  up to  8 v e r t i c e s " .

J .  C o m b in a to ria l Theory (A ), 1 4 (1973 ), 37-52 ,

B a rn e t te ,  0 . and Grunbaum, B.

[BGl] "On S t e i n i t z 's  theo rem  co n ce rn in g  convex 3 -p o ly to p e s  and on 

some p r o p e r t i e s  o f  p la n a r  g ra p h s" . The Many F a c e ts  o f  Graph 

T heory . S p r in g e r , B e r l in ,  1969, 27 -41 .

F le is c h n e r ,  H.

[F I] "The sq u are  o f  ev e ry  tw o-connec ted  g raph  i s  H am ilto n ian " .

J ,  C o m b in a to ria l Theory (B ), 16 (1 9 7 4 ), 29 -34 .

G arey, M .; Johnson , D, and T a r ja n ,  R.

[GJT1] "The p la n a r  H am ilton ian  c i r c u i t  p roblem  i s  H P-com plete".

SIAM J .  Com put., 5 (1 9 7 6 ), n o . 4 , 704-714.

Goodey, P .

[GO] "H am ilton ian  c i r c u i t s  in  p o ly to p e s  w ith  even s id e d  f a c e s " .

I s r a e l  J .  M ath ., 2 2 (1 9 7 5 ), n o . I ,  52-56 .

Grunbaum, B,

[G l] Convex P o ly to p e s . W iley ( I n te r s c i e n c e ) ,  New Y ork, 1967.

[G2] " P o ly to p e s , g ra p h s , and com plexes". B u ll .  Amer. M ath. S o c .,  

76 (1970 ), 1131-1201.



-1 2 6 -
B ib lio g rap h y  con tin u ed

[63] "P o ly to p a l g ra p h s" . S tu d ie s  in  Graph Theory P a r t  I I  (S tu d ie s

in  H a th ..  V ol. 1 2 ) . M ath. A ssoc. A m er., W ashington, D .C .,

1975, 201-224.

[G4] "A cyclic  c o lo r in g s  o f  p la n a r  g ra p h s" . I s r a e l  J .  M ath ., 14

(19 7 3 ), 390-408.

See a l s o  [BGl] .

H arary , F.

[HI] Graph T heory . A ddison-W esley P u b lis h in g  C o ., R eading, M ass.,

1969.

Ju c o v ic , E.

[ J l ]  "S tre n g th e n in g  o f  a  theorem  ab o u t 3 - p o l y t o p e s G e o m e t r i a e

D e d ic a ta , 3 (1974 ), 233-237.

M alk ev itch , J .

[Ml] "Spanning t r e e s  in  p o ly to p a l g ra p h s" . Ann. New York Academy o f

S c ie n c e , 319(1979), 361-367.

P e te r s e n ,  D.

[P I] "A n o te  on H am ilton ian  c i r c u i t s  in  b ic u b ic  p la n e  maps w ith

c o n n e c t iv i ty  tw o". D is c re te  M ath ., V ol. 36 (1 9 8 1 ), 327-332.


