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Abstract

SOME PROPERTIES OF 3-POLYTOPAL GRAPHS
by

Peter Joffe

Advisor: Professor Joseph Malkevitch

By a well-known theorem of Steinitz, a graph (without multiple edges
or loops) is the edge graph of a convex 3~dimensional polytope if and
only if It is planar and 3-comnected. Plane graphs of this type (i.el,
3-polytopal), which we shall also refer to as p-graphs, are the objects
of our investigation.

Theorem (Steinitz). Each p-graph,may be generated from K& (the tetra-
hedron) by a succession of edge-additionms. Equivalently: each p-graph,
other than K4, contains an edge which is deletable (i,e.,, its removal,
followed by the suppression of any resulting 2-valent vertices, yielas
a smaller p~-graph).

We strengthen this theorem (and thus also the findings of Kotzig and
Jucovic concerning edges of "low weight" in p~-graphs) by demonstrating
that:

THEOREM. Each p-graph # K4 contains a deletable edge shared by an i-gon
and a j-gon such that i < 5 and i+} = 13,

. Some of the theory developed to obtain this is also employed to determine
sets of generating operations for the bicubic p-graphs, for the c¢yclically-
4-connected bicubic p-graphs, and-in a sense-for the Hamiltonian bi-
cubic p~graphs. These are of interest in view of Barne;te's well~known
conjecture that all bicuble p-graphs are Hamiltonian.

A second line of inquiry is that of determining the existence-or other-

wise- of a HIST (a spanning tree without 2-valent vertices) in graphs of
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various sorta-u;ually 3-polytopal. 1In this connection the following
are proved: if G 1s connected with 2 4 vertices then Gz has a
HIST; if G has n = 6 vertices, each of valence = %n, then G has a
HIST; the HIST problem for non-cubic 3-polytopal graphs is NP-hard.
Further, we derive a mnecessary condition for a cubic plane graph to
have a HIST - one that is also a sufficient condition for Halin graphs.
In addition we construct two special (infinite) classes of non-cubic
p-graphs whose members have no HIST's; one comprised of 4-valent
cyclically-4-connected p-graphs, and the other comprised of p-graphs
whose duals also possess no HIST, Also presented are two Eberhard

type theorems concerning the face vectors of Halin graphs.
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CHAPTER 1

INTRODUCTION

1.1 PRELIMINARIES

The objects investigated in this work are, almost exclusively,
the planar 3-connected graphs., These graphs are especially interest=-
ing because they are isomorphic to the graphs arising frpm convex
3-dimensional polytopes, and thus are also referred to as '3-polytopal
graphe', In developing & body of results concerning the structure of
such graphs, we pursue two major lines of inquiry.

(I) Locating those 3-polytopal graphs that do, or do not, have &
HIST (a spanning tree with no 2-valent vertices). Much of the stimulus
for this work came from the ideas, and enthusiasm, of Joseph Malkevitch.
(See [Ml] of bibliography). Such questions (and related material on
. Halin graphs) appear in Chapter 2, where a2 'Dirac-type' existence
theorem is also proved,

(I1) Defining sets of generating operations (via edge deletion)
for certain subclasses of the 3-polytopal graphs; the bicubic 3-polytopal
graphs, and the cyclically 4-connected bicubic 3-polytopal graphs, are
two such classes. This material appears in Chapters 3 and &4, where
various other theorems about deletable edges are to be found - including
a 'Kotzig-type' result concerning deletable [contractible] edges of low
weight, 'This result makes it possible to show that any plane 3~connected
graph can be obtained from the tetrahedron by splitting faces with
relatively few sides,.

In order to make the work essentially self=-contained, we utilize
this chapter to define most of the terms (and notation) to be used.
‘With very few exceptions, our usage is 'standard' to graph theory and

in agreement with that of F, Harary's introductory text "Graph Theory"
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(see [H1] of bibliography); however, we do. use "path" and "circuit"
to mean, respectively, "open path" and "simple circuit". The last
gections of Chapter 1 deal with 3-polytopal graphs and also include
some 'non-standard' terminology, and a few theorems. Someone familiar
with the field will probably find it adequate to read just the last two
sectdions of Chapter 1.
For cénvenience the sections of each chdpter are numbered, but
independantly of the numbering of the theorems. All numbering is

'within chapter', and all diagrams are located after Chapter 4.

1.2 GRAPHS

A graph G = (V,E) 1is comprised of a finite nonempty set V = V(G)
of vertices (or, points) and a prescribed set E = E(G) of unordered
pairs of distinct vertices of V. Each pair e = (x,y) of E is an
edge (or line) which joins its endpoints x and y. (Edge e may
also be denoted by xy). Further: vertices jolned by an edge are
adjacent, and each endpoint of an edge is incident to that edge; 2
edges sharing a common vertex are incident.

By definition a graph G has no loop (a vertex joined to itself)
and cannot have several (multiple) edges joining 2 vertices. In brief,
both loops and multiple edges occur in a pseudograph whereas a multi-
graph has no loops, Henceforth (unless indicated otherwise)

G, G*, G¢", G¢', Gge Gl’ G2 .+« @and so forth will always denote graphs;
and, for purely practical reasons, the first three (that is G, G* and G')
will be used most frequently.

G and G" are isomorphic graphs if there exists a 1l-to-1

correspondence between their vertex sets which preserves adjacency.
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Obviously, isomorphism is an equivalence relation for graphs . Thus we
will often refer to some diagram as "the graph" G, Two graphs are

dis joint if they have no common vertex or edge. G 1s the union of G'
and G", written G = G' Uy G", 1if: G' and G" are any two graphs -
disjoint or not - such that V= V' y V"' and E = E' i E”. The follow-
ing will also prove useful. The number of edges (of G) at, or im-

cident to, a vertex =x is the valence of x (in G) or the degree of
X (in_G) and is denoted by deg x. Vertex x is isclated if

deg x = 0, If deg x =1 then that edge incident to it is sometimes
called a pendant edge. If deg x = k then x 1is k-valent. If all

vertices of G are k-valent, then G 1is a (regular) graph of degree k
or a k-valent graph, A 3-valent greph is sometimes called cubic.

1.3 SUBGRAPHS

A graph G" = (V',E") is a gubgraph of the graph G = (V,E) if
all its vertices and edges are in G. Further:

(a) 1f V" =V, then G" spans G.

(b) If x and y are adjacent in G" whenever they are adjacent
in G, then G" 1is an induced subgraph of G.

(¢) If G" is comprised only of edges (and their endpoints) of
G, then G" 1is an edge subgraph,

(d) If G" consists of all edges and vertices of G, except for
one vertex x and all edges of G incident to x, then G" is said
to be obtained from G by removing the vertex x, and is denoted by
G - x. Equivalently G = G" + x. (See figure 1.4).

(e) If G" contains all vertices and edges of G, but for edge

e, then G" was obtained from G by removing edge e, and we write

G"=G-e and G =G"+ e, (See figure 1.4).



alym
(f) By the complement of G" in G 1is meant that subgraph
G/G" comprised of all edges - and their endpoints - and vertices of
G that are not in G".
If S 1is some subset of V(G) | E(G) we may use G - S to denote
that subgraph obtained from G by removing all vertices and edges in

8.

1.4 WALKS AND CONNECTEDNESS

A walk of G 1is an alternating sequence of vertices and edges,
with at least one edge, such that each element is incident to the next.
Such a sequence

W= v, (vl,vz). vz,...(vn_l,vn), A

is usually denoted by the briefer vl,vz,... vn {or even v1v2 ces vn

may be used) and is said to 'join' v, and v . The walk W 1is a
trail if all its edges are distinct, and an open path if all its
vertices are distinct. If all points of the walk W, except for
v, = V,, are distinct then it is a simple circuit (or cycle). Note,

1
unless indicated otherwise, the abbreviations path and circuit will

henceforth be used in place of "path" and "simple circuit".,

G 1s connected if every pair of vertices is joined by a path,
and eachmaximal connected subgraph of G is a component of G.
Two subgraphs of G will be said to be separated if they lie within
gifferent components. G 1s n-connected [n-edge-comnnected ] if omne
must remove at least n vertices [edges] to obtain a disconnected

graph, or a vertex of degree O,
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THEOREM 1.1 (Proved in Harary [H1, p. 48].)

A graph G 18 n-connected [n-edge~comnected] if and only if
every pair of points is joined by n vertex~disjoint [edge-disjoint]
paths.‘
REMARK: The first of these 2 results is genmerally attributed to both
H. Whitney and K. Menger (circa 1930); strangely enough, the other
(concerning edge-connectedness) was not formulated until about 1956 =
almost 30 years later. Note that, by definition, if a graph is n-
connected [n-edge-connected] it must also be i«comnected (i-edge?connected]
for all 1 1less than n.

Lastly: a graph G 1is cyclically-n-connected if one must 'cut'

(i.e., remove) at least n of its edges in order to obtain a graph
with 2 components that each contain a circuit.

There are several special types of graphs which will be dealt with
quite frequently, and can now be defined,

A Hamiltonian graph is one containing a circuit which passes through
every vertex - a Hamiltonian circuit or HC, Analogously & path of a
graph is a Hamiltonian path 1if it contains all vertices of
that graph, Note that, as shown in figure 1.5, we generally indicate
Hamiltonian circuits and paths by using 'squiggled edges'.

A graph G = (V,E) 1is a bipartite graph (or bigraph) if V can
be partitioned into 2 subsets V' and V" such that every edge of G
joins a vertex of V' to a vertex of V', If G is bipartite and

cubic (that is, 3-valent) then it is sometimes called a bicubic graph.

‘THEOREM 1,2 [H1, p. 18]

A graph is bipartite if and only if all its circuits are even.
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A graph is acyclic if it has no circuits, and a tree is a connected
acyclic graph (see figure 1.6). Any graph, connected or not, without

circuits is a forest.

THEOREM 1.3 [H1, p. 32]
The following statements are equivalent for a graph G = (V,E):
G 1is a tree; every 2 vertices of G are joined by a unique path;

G is connected and “|E| = |V| - 1; 6 is acyclic anda [E| = V] - 1.

1.5 EMBEDDINGS AND PLANAR GRAPHS

Let S be a topological surface lying in R (n-dimensional
Euclidean space) and let G = (V,E) be some given graph. To say that
G _is drawn on S is to identify G with some specific configuration
D = (N,X,f) which 'realizes’ G in the following way: N 1is a set of
V| points on S (the nodes of D) and £ is some biljection of N
onto V, X is a collection of |E| arcs (the 'edges' of D) that also
lie on S and have their endpoints in N, and nodes p and q of N
-are joined by an arc of X‘ if and only if £(p) ana £(q) are adjacent
in G. If so we may say that "D is the graph G". If G =D is such
that edges intersect only at nodes, then it is said to be a geometric
raph, and to be embedded in S,
Clearly a graph G, whether abstract or not, can always be embedded
in R3 and can also be drawn on the plane R? so that 2 edges
'eross' at most once; thus G can be embedded in the surface of»a
sphere which has at most IE(G)|i handles, If G can be embedded
"in the plane then it is a planar graph. (Kuratowski characterized such
graphs in 1930, See [HL, p. 108].) Finally, by "the plane graph G"

is meant some particular embedding of G in the plane. For example,
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the isomorphic graphs in figure 1.7 are both drawn on the plane (the
plane of the page), but the one on the left is an embedding - and thus

a plane graph - whereas the other is neither,

1.6 FACES OF PLANE GRAPHS

If a graph G = (V,E) 1is embedded in a surface S which is either
a plane or a sphere in R3, then consider the topologically open region
S = G. It is the disjoint union of one or more connected open regions
of S. Each of these, plus its (topological) closure - which must
'coincide' with some subset of G's edges and vertices, is called a
face of G and the set of all facesof G may be denoted by F(G).
If F 1is a face of G then that subgraph of G that 'coincides with'
(and defines).the closure of F is the boundary of F, and may be
denoted by dF: each edge and vertex of dF is said to be incident to,
or with, face F and to be an edge or vertex of F. Lastly, 2 faces
of G are adjacent faces if their boundaries share an edge; an edge

on (the boundary of) only 1 face is sometimes called a l-sided edge

(see xy in figure 1.8).

REMARK 1. If G 1is embedded in the plane then it follows from the
definition of "face" that G has precisely 1 face with an infinite
area (usually called the exterior face and sometimes denoted by X)
and any other face F, regardless of the nature of its boundary dF,
must be 'enclosed within' a unique circuit comprised of 3 or more
edges of dF, For example, consider the 10-vertex graph of figure
1.8, The boundary of face F 1is comprised of 7 distinct edges
(squiggled), yet F is 'bounded by' the 3-circuit abca which is

not a boundary.
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REMARK 2. For embeddings of 2-connected graphs (either in the plane
or in the sphere) the situation is much neater. Every edge must be
on & circuit and it can readily be shown (using remark 1) that every
face must have a circuit for its boundary, and so there are no l-sided
edges.

A face F of a plane 2-connected graph is said to be a k-gon if
(the boundary of) that face contains k edges, and we may write
!F] = k, By a triangle is meant a 3-gon (in plane pseudographs l-gons
and 2-gons are called, respectively, monogons and digons) and by a
small face will be meant one with 5 or fewer edges. For 2-connected
graphs, a circuit bounding a face may itself be referred to as a "face"
(see [H1, p.103]).

Two plane graphs may have the same 'underlying' graph (that is,
they are isomorphic), yet their face sets may differ. (See figure 1.9,
for example). A plane graph G 1is sald to be combinatorially equi-
valent to plane graph G" if £ is some isomorphism of G onto G"
and r some bijection of F(G) omnto F(G") such that: e =(xy)
is an edge of face A of G if and only if edge (£(x),£f(y)) 1is an
edge of face r(A) of G". Speaking informally: "f preserves faces

and their adjacencies". (See figure 1.10, for example).

THEOREM 1.4 [H1, p. 105]

Any 2-connected plane graph G can be 're-embedded' in the plane
so that any specified face F, that is not the exterior face, beéoues
the exterior face of a 'mew' plane graph G" thatis combinatorially
-equivalent to G.

PROOF: Assume F is not the exterior face, or we are done.

Pick some point N within the interior of F and consider a sphere S
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beneath the plane P (containing G) which is tangent to it at N.
Embed G onto S (5§ should be sufficiently large) via a perpendicular
projection downwards. Next consider another plane, P", which is parallel
to the first and also tangent to the sphere. Let the spherical embedding
of G be steriographically projected onto plane P", with N as the
'pole'. This is G" which, obviously, is combinatorially equivalent
to G.
REMARK. A plane graph G" will be called an eglementary re-embedding
of some plane graph G if it can be derived from the latter viz the
process described in theorem 1.4.

Suppose G 1is a connected plane graph. Let p, v, e, pi denote
the number of faces, vertices, edges and i-gons of G respectively.

The following are essentially due to Euler:

THEOREM 1,5 [H1, p. 103]

e+2=p+v,
THEOREM 1.6 (Proved in Grumbaum [G3, p. 208].)
If G is 3-valent then I (6 - :L)pi = 12. Equivalently:
i

3p3 + 2p4 + Py = 12 +i§6 (6 - i)p

i
PROOF: 3v = 2e = T ipi and p=Z Py .
i i

Also, by theorem 1.5, 6e + 12 = 6p + 6v. So, substituting in this for

e, p and v we obtain our result.
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1.7 3-CONNECTED PLANE GRAPHS

A 3-polytope is the convex hull of a finite non-coplanar set of
points in Euclidean 3-space. G 1is said to be a 3-polytopal graph
if it is isomorphic to the graph defined by the edges and vertices of

some 3-polytope,

THEOREM 1.7 (Proved in [Gl, p. 235] anda in [G3, p. 204].)

Every 3-polytopal graph is planar and 3-connected. ( There are 10
non-isomorphic plane graphs that are 3-connected and have 6 or fewer
faces; they are presented in figure 1.11. ) It is the converse of
theorem 1.7 which is the difficult half of Steinitz's well known

characterization of 3-connected planar graphs:

THEOREM 1.8 (E. Steinitz; proved in [GL, p. 235] and in [BGl,p.27].)
A graph is 3-polytopal if and only if it is planar and 3-connected,
One can aiso characterize those plane graphs that are 3-connected
in terms of incidence amongst faces. This will prove quite useful,

even though the proof is by elementary means.

DEFINITION. A plane graph G will be sald to have property-p if, and
only if, both of the following hold:

() G is 2e-connected and each vertex has valence 3 or more,

(b) No pair of faces can 'touch twice' (i.e., can have a multiply-
connected union); that is, if two faces share vertices u and v then

u and v are adjacent and edge uv 1is shared by both faces,

REMARK, It follows readily from this definition that a graph with
-property-p cannot have a pair of faces which: share 3 or more vertices;

share 2 or more edges,



The graphs of figure 1.9 obviously do not have property-p,
whereas all 10 graphs of figure 1.11 do. Now consider the 3 theorems
which follow; the first ia obvious and well known whereas the next two

are, surprisingly, not too well known.

THEOREM 1.9, If G 1is a plane graph with at least 3 vertices, then
it is 2-connected if and only if each face has a boundary that is a
circult,

PROOF: Immedlate by the definition of 2-connectedness and

remark 2 of section 1.5.

THEOREM 1,10 (D. Barnette [B3, p. 37].)
If plane G has property-p (see definition preceeding theorem 1.9)

then G 1is 3~connected.

REMARK, Barnette's proof is by elementary means and does not invoke

Steinitz's theorem. It is presented at the conclusion of this chapter,
THEOREM 1.11 If plane G 18 3-connected, then it must have property-p.

REMARK. In general one appeals to Steinitz's theorem to justify this
(hardly startling) assertion, but the following elementary proof does
not do so; and thus, with theorem 1.10, yields an independant character-

ization of those 2-connected plane graphs that are 3=-connected.

PROOF: Assume that G 1is a plane 3-commected graph, but that it
does not have property-p. Then (since conaition (a) is obviously
satisfied) it must be the case that: there exist 2 vertices, call
‘them x and y, that are shared by 2 faces, say L and M; but L

and M do not share an edge joining x and y (which may, or may not,

be adjacent). We will face the contradiction that G 1is not 3-connected.
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Since G 1is 3=connected it is also 2-connected. So, by theorem
1.9, both L and M are bounded by circuits. Thus we can draw some
gimple closed curve, C, in the plane so that it passes through the
interiors of both L and M without touching any edges or vertices -
except for x and y. The edges of L 1inside [outside] curve C
comprise a path joining x to y. With respect to the 2 paths lying
within [exterior;to] C, one on L and one on M: they may share an
edge or one of them may have only 1 edge~-joining x -and y. Regard-
less, these 2 paths define a closed walk which can be 'traced' as
follows: move from x to y along one and then back to x on the
other., This walk must contain at least one vertex distinct from x
and y; or else x and y would be joined either by multiple edges
(impossible) or by a single edge, the edge xy 1itself. This would
mean that each of the aforementioned paths (one on L and one on M)
is actually the edge xy; but then xy 1s sharea by both L and M
(we assumed it was not). Thus we have shown that there are 2 vertices
distinct from x and y - one inside C and the other outside C,.
But then these 2 vertices could be separated by removing x and y

from G, and so G is not 3-connected!

1.8 OPERATIONS ON PLANE GRAPHS

*
Given plane G we can construct a graph, or pseudograph, G ,

%
called the dual of G by doing as follows: place a vertex of G 1in

each face of G and join 2 such vertices with one (or more) arcs if
and only 1f the corresponding faces of G meet on an edge - precisely
"one arc across each edge shared by the 2 faces (see figure 1,13).

*
Cleerly G 1is always connected (and it is a graph if G has property-p).
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We say that a plane graph G" 1is obtained from (a plﬁne graph)
G by face splitting provided we can get G" by adding an edge across
some face of G. There are essentially 3 ways in which this can be done
(see figure 1.14), depending on how many new ﬁertices are produced. If

" denotes the edge added then we may write G" = G & e". Henceforth

e
face splitting and adding an edge (across a face) will refer to the
same operation,

By deleting edge e of a plane graph G we mean, essentially, the'
‘inverse' operation to edge addition. That is, the plane graph (or
multigraph) G~ e is obtained from G by removing edge e (see section
1.3) and then 'suppressing' any 2-valent vertices. (See figure 1.4.).
Note: if G' = G~ e then G = G' & e. We observe that the addition
of an edge preserves property-p (and 3-connectedness) of a graph, whereas
edge deletion may not (see figure 1.16).

If G if some 3-connected plane graph then, because it has properyy-p,
its dual G* is also a plane graph. Now if we split some face F of G,
by placing a 'mew' edge e across it, into two adjacent faces F1 and
Fys then the dual of G &e can be obtained from G* by: 'splitting'
that vertex f* of G* which corresponds to face F, into two new
vertices f: and f: , such that the new edge e* joining them
corresponds to edge e. To be precise (and also more general), by
splitting vertex x of a plane 3-comnected graph G will be meant the
following: adding a vertex x' to G; joining x and x' in the new
graph, call it G'; joining each vertex that was adjacent to X fin G)
tc one, or to both, of x and x' of G' so that G' is also a plane

graph with property-p; leaving all other adjacencies unchanged,
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By contracting (or shrinking) an edge of a plane 3-connected graph

is meant that reduction that is the inverse of vertex splitting: two
adjacent vertices are identified, or 'coalesced' , and any resulting
set of multiple edges is replaced by a single edge., (Note that, as
opposed to vertex splitting, this operation may not preserve 3-connected-
ness - see figure 1.15.)

Obviously both face and vertex splitting preserve property-p (and
thus 3-connectedness) whereas the reductions that are their inverses
(edge deletion and edge contraction, respectively) may not. In view of
this we will say that: an edge e of a plane 3-connected graph G 1is
deletable ]contractiblel if its deletion [contraction] results in a
graph that iz also 3=connected., In the literature one sometimes finds
"remove" and "removable" used in place of ''delete" and 'deletable",

The following theorem, which will be proved in Chapter 3, is one of the
most well known of numerous 'edge-adding-generating-operations' theorems

in the literature and was proved by Steinitz in 1922,

THEOREM 1.12 [BGl, p. 29]

If G is a plane 3-conmnected graph with more than 6 edgees (that is,
not the tetrahedron K&) then G has a deletable edge and, equivalently:
there exists a sequence of plane 3-connected graphs

such that each is obtainea from its predecessor by the addition of an

edge.

REMARK 1. This result does not provide (except in the 3-valent case)
for a quick induction proof of the difficult helf of Steinitz's theorem;

although there have been several such improper "proofs" (see (G2, p.1137]
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and [G3, p. 206] for a discussion of this).

REMARK 2, However Theorem 1.12 is sufficient to establish, via simple
induction arguments (that utilize face and vertex splitting) the

following - all ramifications of Steinitz's theorem:

THEOREM 1.13 (see [Hl, p. 105 and p. 106] and [G3, p. 206].)

If G 1is a plane 3-connected giaﬁh then:
(1) The dual of G 1s also 3~connected and (as can be shown by
elementary means) its dual is just G itself.
(2) The face of G are uniquely determined by its underlying graph;
that is, they are 'preserved' regardless of how G may be re-embedded
or re=drawn in the plane. (Originally proved by H. Whitney.)
(3) G can be re-embedded in the plane so that the boundary of each
n-gon 1s a convex polygon - but perhaps not a convex n-gon (to demon-
strate the latter does require Steinitz's theorem).
REMARK: Because of (1) above, each theorem about plane 3-connected

graphs obviously has a 'duel' formulation.

THEOREM 1.14 (H., Whitney; see [Hl, p. 105] and [G3, p. 206].)
A plane graph, with 4 or more vertices, that is maximally planar
(i.e., all faces are triangles) is 3-connected; and each such graph

has as its dual a plane 3-valent 3-connected graph.

*
PROOF: Agsume G is some maximally planar graph (with at least
*
4 vertices) that is not 3-conmected. Thus G does not have property-p;
and so some pair of vertices are common to 2 triangles, but no edge

joining the former is common to both faces! But that is clearly
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impossible - contradiction. One can similarly invoke "property-p"
to obtain an elementary proof of the theorem's second assertion.
THEOREM 1.10 (PROOF)

Assume G 1s a plane graph with property~p and that V is a
minimal setlof vertices that disconnects G, Consider some vertex,
call it v, of V and all the faces incident to v, Their boundaries
are simple circuits containing v and thus, by property-p: the col-
lection of all edge on these faces, minus those edges incident to v,
comprises & simple circuit - call it T, The argument (and we quote
directly from D, Barnette's proof) is concluded as follows:

"By the minimality of V, each component of the separated graph

[i,e., G - V] will be joined to v by an edge, thus T has

vertices in every component, Since T is a éiécuit, it required

at least two vertices to separate it, thus V has at least three

vertices and G is 3-connected,"



-17=
CHAPTER 2
SPANNING TREES IN 3-POLYTOPAL GRAPHS
2.1 INTRODUCTION
If G denotes a plane 2-connected graph, or a convex 3-poiytope,
then one generally uses pk(G), or merely P (1f no ambiguity results),
to denote the number of k-sided faces (k-gons) of G. Analogously if

T 1is a tree then by ti(T), or just ti, will be meant the number of

i-valent vertices of T.

THEOREM 2.1 (D. Barnette; see [Bl, p. 731].)
Each 3-polytopal graph G has a spanning tree T with maximum

valence 3,

REMARK, Obviously {f T is a Hamiltonian path spanning G, then:

t, =2, t, = [V(@] -2, t;=0 (2.1)
As J. Malkevitch observed (see M1 ]) , the following Euler

type relation-from which t2 is absent - must be satisfied by every
tree T:

t, =2+ (L - 2)t:L (2.2)

i22

Note: if t, and t, are non-zero, then equation (2.2) becomes:

£ -2+ t, (2.2a)

In analogy with Eberhard's classic result (see theorem 2.3 below)

we have the following theorem.

THEOREM 2,2 (Malkevitch; see [M1]).

if t{, ts,

satisfying equation (2.2) then there exists a non-negative integer t),

t& s soe 3 té is a sequence of non-negative integerd

an n-valent convex 3-polytope P, and a spanning tree T of P, such
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that ti(T) = ti for 1 si<n. (n=3,4,5.)
If G 1is a 3-valent plane graph then it follows easily from

Euler's formula (E+ 2 = V + F) that:

3p, + 2p4 + 1pg = 12 + kﬁﬁ (k - 6)pk 2.3)

An early (and difficult) result which has given rise to much

fruitful work, is the following.

THEOREM 2.3 (V. Eberhard; see [Gl, p. 253].)
If Pp3s Pys Pgsr Pys pé, +es » P! 18 a non-negative integer
solution of equation (2.3), then there exists a non-negative iﬁteger
1

P, and a convex 3-valent 3-polytope P such that Pk(P) = pé for

3<ks<n, and pk(P) =0 for k>n.

REMARK. Note that Pg is absent from equation (2.3). For a non-
trivial lower bound for Pg see theorem 2.4 below., Note also that the
4=valent analogue to Eberhard's theorem was first proved by B. Grunbaum

(see [Gl, p. 254].)

THEOREM 2.4 (D. Barmette [B2, p. 99].)
If P 4is a 3-valent 3-polytope, with Py k-gonal faces
(k = 3,4,5,6,...) then:

2p, 24 +p,-P.-2Z2 P if T p, 23 .
6 3075 ey kT 4y K

A theorem in the spirit of theorem 2.4 is the following result.

THEOREM 2.5 (Malkevitech [M1]),
%
If G arises from G , a plane 3-valent, 2-connected graph by
'"truncation' of all of G's vertices, then: each spanning tree of G

has at least IV(G)I/B - 2 vertices of valence 2. (See figure 2.1

for example.)
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REMARK. It will be proved later that G must actually possess some
spanning tree with precisely ‘V(G)[/B - 2 , 2-valent vertices.

(See figure 2.1(b).)

The discussion above (and we now quote Malkevitch [Ml].):

", .. suggests studying the role that 2-valent vertices play in

the theory of spauning trees, since the work on Eberhard's

theorem shows the special role p6 plays in the realizibility
of 3-valent polytopes."

Furthermore, it seems to be the case that when & graph obeys a
condition sufficient to guarantee a Hamiltonian circuit the same
connitian (or even a weaker related one) is sufficient to guarantee a
spanning tree (for the graph) with no 2-valent vertex. The remainder

of this chapter develops some of these ideas,

2.2 DEFINITIONS

By a p-graph will be meant a plane, 3-connected (and thus 3-polytopal)
graph. See section 1.7 for the definition of "property-p; which provides
a useful characterization of those plane graphs that are 3-connected.

By a proper tree will be meant a free with no 2-valent vertex.

More generally: a graph G will be said to be a proper graph if it
is spanned by a proper tree T (in which case T may also be referred
to as a HIST, or homeomorphically irreducible spanning tree).

By truncating a vertex v of valence k of a plane graph
[pseudograph] G 1is meant that operation - see figure 2.2(a)- which’
'replaces' the vertex v with a k-gon. By téuncating a plane graph

[pseudograph] G 1is meant the truncation of all the ventices of G;

the resulting plane graph may sometimes be denoted by truncation(G).
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See figure 2.2(b).

Suppose G 1is a plane 2-conﬁected graph (or pséudograph) and k
is some positive integer (2 2), then: G is & multi-k-gon graph if
each face has some multiple of k sides; analogously, G is multi-
k-valent if each vertex has a valence that is a multiple of k. Euler's
formula can be used to show that k<5 1f G 1is a graph.

A plane 4-valent graph G 1is said to be the medial graph of G"
if G may be obtained from the plane graph G" by the following pro-
cedure (see figure 2.24 for example): let V(G) = E(G") and join two
vertices of G with an edge if and only if their 'corresponding' edges

(in G") share a common endpoint, and belong to some common face.

2.3 THE SQUARE OF A CONNECTED GRAPH (WITH > 4 VERTICES) HAS A HIST.

By the sguare G2 of a graph G 48 meant that graph having:

V(Gz) = V(G) and vertices x and y adjacent in G2 if ana only if

they are either adjacent or have a common adjacency (i.e., distance from
X to y is 1 or 2) in G. As shown in figure 2.3, if G is con-
nected with just 3-vertices then G2 is a 3-circuit (and so cannot
have a HIST).

The theorem we shall prove is analogous to the well known result
of H, Fleischner [Fl, p. 29] that the square of every 2-connected graph

is Hamiltonian., We commence with 2 short lemmas.’

LEMMA 2.6
If H 1is a subgraph of G, then H2 is a subgraph of Gz.
PROOF: Immediate, by definition,

LEMMA 2.7

If P 1is a path (open) with n 2 4 vertices, then P2 has a HIST,



PROOF: The diagrams of figure 2.4 show an obvious way in which
the 'new' edges of P2 (those not in P - in the diagrams they are

curved arcs) may be used to draw a HIST,

THEOREM 2.8

If T is a tree with n 2 4 vertices, then T2 has a HIST.

PROOF: We will induct on m = |V(T)| 2 4., The theorem is obviously
true for m = 4 (see figure 2.5). Now assume the result is true for all
m such that 4 s m < n-l. Consider a tree T with n 2 5 vertices.

If T is simply a pafh then, by lemma 2.7, we are done; s0 assume not,
So T contains a 'branch point', that is some vertex - call it x -

of degree k 2 3, Thus k distinet subtrees 'originate' at x (see
figure 2.6); denote them by T1, T2,...,Tk . Any two have precisely

one element of T irn common - the vertex x, and their union is just T.
By lemma 2.6 each (Ti)2 is a subgraph of Tz, 8o their union must also
be a subgraph of‘ Tz. So we want to 'cover' éach (Ti)2 with a tree

and then join them all together at x, so as to have a HIST for Tz.
Well, if Ti has 4 or more vertices then - by the induction hypothesis -

we can span (Ti)2 with a proper tree. If Ti 1is just an edge (as is

T2 of figure 2.6) then that edge alone will be used. If one of the

k trees has just 3-vertices - including x - then just use the construction

of figure 2.7. Then, putting all the k (Ti)z's back together, we

obviously get a HIST,

THEOREM 2.9
If G is a connected graph with at least 4 vertices, then G2 has

a HIST,

PROOF: Every connected graph G has a spanning tree, T, whose
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square is a subgraph of G2 (by lemma 2.6); thus, by theorem 2.8, we

are done.

2.4 A DIRAC TYPE THEOREM

THEOREM 2.10

If a graph G has n 2 6 vertices, each of valence =z ¥m, then
G has a HIST.
REMARK, The proof that follows may be extended (see the remark fol-

lowing that proof for details) to prove the stronger Ore type result:

THEOREM., If G has n = 8 wvettices and for each palr of nonadjacent
vertices x and y, deg x + deg y 2 n, then G has a HIST,

PROOF: (of theorem 2.10): We require a few preliminary definitions.
Let V denote V(G) and define L = {x € V: deg x < ¥n},

M= {x€V:degx =3} and Hs= {x € V: deg x > ¥n} . Also, define a
tree T in G to be a "gooa tree" or 'good" if: T is proper (i.e.,
has no 2-valent vertex) and V(T) contains more than %n vertices -
including all vertices of L, but some positive even number of vertices
(0f G) are not in T.

Strategy of the proof: to conmstruct a good tree, T, in G (see
lemma 2.13 for the case in which 1 4is empty) because then, by lemmas
2.11 and 2.12, it follows that either T can be extended to a HIST or -
if not - another HIST must exist.

LEMMA 2.11
If T 4is a proper tree in G = (V,E) with vertex set W = V(T)
-(and |V| = n, [w| = t) such that n -t 23 and t > %n then: some

vertex of T is adjacent (in G) to 2 vertices of V - W, and'so T

may be 'extended' to a larger proper tree with 2 more vertices.
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(Note: n = t need not be even.)

PROOF: We can invoke the "pigeon-hole Principle' if it can be
shown that: the number of edges joining vertices of V - W to vertices
of W 1is greater than the cardinality, t, of W. (For then some
vertex in W will be joined by 2 edges to distinct vertices of V - W.)
Now: V - W contains n - t vertices all of valence =2 %n, and
obviously each has at least %n - (n - t - 1) adjacencies in W. So
at least (n - t)(t + 1 - 3n) edges 'run from' V- W to W. Thus
we wish to demonstrate that: 0> (t) - (n - t){t + 1 - ¥n). If we
substitute n -~ r for ¢t (where, consequently, 3 s r < ¥n) we get:
0> @m=1) - (t}(3n - r + 1). Which in turn simplifies to:

0> (2r - n)(r - 2). And this last inequality must hold, since 3 s r < ¥n.

LEMMA 2.12

If T is a proper tree in G and contains all but 2 vertices of
the latter - say p and q, then G has a HIST,

PROOF: If p and q share a common adjacency in W = V(T) then,
clearly, we are done, So assume not., But then it follows that p and
q are adjacent., Reason: if not adjacent, each would have at least
%n adjacencies in W (a set of n « 2 vertices) but none in common -
impossible! Thus the following must be theicase: P and q are adjacent
and each has at least 3%n - 1 adjacencies in W, but none are shared;
and |[W#| = n - 2. But such a situation can occur only if: n = 6 and
n 1is even; each vertex of T 1is adjacent to either p or q, and each
of p and q is adjacent to precisely % of the 4 or more vertices of
T. If such is the case (see figure 2.9) then, the set of all edges
(of G) containing p and/or q as an endpoint (and the edge pq is

obviously one such edge) comprises a HIST in G.
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LEMMA 2.13

If L is empty, them G contains a good' tree T.

PROOF: We will consider 4 cases, depending on whether n = 0,1,2
or 3 modulo 4, (Note: each vertex of G has valencé at least n.)

CASE (1): n=4k+ 2 (k 21). Each vertex is incident to at least
2k + 1 edges. To construct T we will just use some (any) vertex and
precisely 2k + 1 (2 3) of the edges incident to it. Thus T will
have 2k + 2 > ¥n vertices, and 2k vertices of G will not be in T.
So T 1is a 'good' tree.

CASE (41): n =4k + 3 (k 21), In this case %n = 2k + 1% .,

So we will pick some vertex and use precisely 2k + 2 of the edges
incident to it to form the tree T. Clearly T is 'good',

CASE (1ii): n = 4k + 1 (k 2 2), Again we will just use edges
incident to some vertex - precisely 2k of them, to be exact.

CASE (iv): n =4k (k 2 2). In this case we need a good tree T
with an even number of vertices, and at least 2k + 2 of them. Now
each vertex of G has at least 2k edges incident to it, so define
the proper tree T* to be comprised of precisely 2k (2 4) edges
that share a common vertex - call it x. But then: T* has more than
dn vertices and does not contain 2k - 1 2 3 vertices of G. So T*
satiafies the hypothesis of lemma 2,11, Thus, some vertex of T* - call
it y - is adjacent to 2 vertices not in T*. Add these 2 edges (from
y to the 2 vertices) to y, and so enlarge T* by 2 vertices. Then
'discard' one of the 2k edges incident to x (not edge xy) to form
the tree T we seek. (See figure 2,10.,) Thus lemma 2,13 has been
proved,

To conclude the theorem's proof, comsider the following. By
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lemma 2.13 we can find a 'good' tree, T, in G chich does not contain
some even number, r 2 2, of vertices of G, If r =2 then lemma 2.12
completes the proof. If r = 4,6,8,..., then we can extend the proper
tree T =~ two vertices at a time - until r is reduced to 2. The
proof of theorem 2,10 1s thus complete,

REMARK. In order to prove the stronger 'Ore-type' theorem one proves
(and it is rather lengthy) the counterpart of lémma 2,13: that is, one
proves that G contains & good tree when L # §. This may be done by
considering 4 distinct cases: L # ® and M# @¢; M=p and |L| 2 3;

M=p and |L|=2;M=9 ana [L| = 1.

2.5 3-POLYTOPAL GRAPHS: COMPARING THE HAMILTONIAN CIRCUIT PROBLEM AND

THE HIST PROBLEM
THEOREM 2,14

Given a cubic 3-polytopal graph G* on n vertices, one can
construct a (non=-cubic) 3-polytopal graph G, with 12n - 8 wvertices,
such that:

(1) If G* contains a Hamiltonian circuit H*, then G contains
a HIST, T, which is 'induced' by H*.

(i1) Conversely, if G has a HIST, T, then T 'induces' a
Hamiltonian circuit in the cubic graph G*.

PROOF: The diagrams of figure 2.1l indicate how G .ia to be
obtained from G*. Replace all but one (any one) vertex of G* with
the 12~vertex configuration showm in figure 2.11(a); replace the }1ast'
vertex, call it p*, with a tetrahedron - as shown in diagram (b) - and
let p denote the 3-valent vertex inside, Observe that G has

property-p and is thus 3-comnected. (In figure 2,12 we see an example
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in which G* is the tetrahedron.) We shall demonstrate that a HIST
in G must span that graph in essentially the manner indicated in
figure 2.13 (where G is a 40-vertex graph obtained from the tetra-
hedron). A

The 3 diagrams of figure 2.13 indicate in a "typical case"
precisely how an (arbitrary) HEC in G* induces an HC in G", an
intermediate graph obtained by truncating all vertices of ,G*, which
in turn is easily extended to & HIST in G, Thus (i) of the theorem
is proved.

The proof of (i1) is as follows.

Let us consider T to be a fixed HIST in G. Direct all of T's
edges in a well-defined manner, by starting at vertex p (viewed as
the 'origin') and directing all edges {(of T) incident to p away
from that vertex - and continue in the natural manner. Let each 12-
veftex subgraph of G which replaced a vertex of G* be called a
"big unit"; and let the tetrahedron which replaced p* be called the

"gmall unit",

LEMMA 2.15

The directed edges of T induce a directed spanning tree (a sub-
tree of T) in each big unit. Moreover: each big unit must be 'visitea'
by T in the manner illustrated in figure 2.14, either as shown in (a)
or as shown in (b). (Note that exactly 2 of the edges e, e,y €5 are
visited in each case.)

PROOF: The diagrams of figure 2.15 lead to an easy proof. In each
case assume T contains precisely those edges of attachment (of the unit)
'ihat are squiggled - and uses them with the indicated directions; recall

that T ‘'starts' at p (which is not a vertex of the unit) and contains
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no 2-valent vertices. But then it is easily seen that, in each case
T could not possibly reach all 12 vertices of the unit. Thus it
follows that T must use either 2 or 3 of the edges of attachment,
in the manner shown in the 2 diagrams of figure 2.16; and this forces
T to span the unit as illustrated in figure 2.14. Thus the lemma is

proved,

LEMMA 2.16

The directed tree T must have valence 1 at vertex p and must
use the edges and vertices of the small unit as illustrated in figure
2.17 (as shown in (a), as shown in (b), or as shown in (c)).

PROOF: Consider the 2 diegrams of figure 2.18. Clearly p cannot
have valence 3 in T, or else T would 'not advance' - see diagram (a);
80 assume edge pq is the only edge of T incident to p. This
implies that q has valence 3 or 4 (in T), as shown in figures 2.17
and 2,18(b); but actually the last cannot occur or else T ‘could not
advance'., Thus the lemma is proved.

PROOF (of theorem 2.14): Let us continue with the proof of
assertion (ii1) of the theorem. Consider G spanned by the HIST T,
which satisfies lemmas 2.15 and 2,16, and collapse each of the n-1
big units to a point; call the resulting graph G'. T has become a
connected spanning subgraph of G'; call it T', because it is in fact
a tree (since shrinking the big units could obviously not create
circuits 'from' the remaining edges of the tree). Now consider the
tree T' spanning G'. T' has just 2 or 3 vertices of valence 1
(all vertices of the small unit that was not collapsed). By equation
(2.2) we know T' satisfies t; = 2 + té + 2t£ . Since t! =2or 3

1 1

it follows that té + ZtA =0 or 1. This in turn means that t& =0
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and té =0 or 1. So, getting back to G, we immeﬁiately know that
only configurations 2.14(a) and 2.17(a) can occur in G. Having
sharpened lemmas 2.15 and 2.16 in this way, we conclude the theorem's
proof by observing that: by collapsing each of the n units of G to
a point (and thus 'recovering' G*), we cause the tree T to become a

*
connected spanning subgraph of G of regular valence 2 ~ that is, an

*
HC in G .

REMARK 1. By a simple parity argument it is easily demonstrated that
one cannot strengthen the theorem - while still using the same general
strategy - by constructing a G (from G*) that is also cubic.
Argument: Assume one can, and that some 3-valent configuration K bhas
replaced 8 vertex of G? in the new cubic graph G; K must contain
an odd number of vertices because 3 of‘them are endpoints of the 3 edges
of attachment; but 1if G is spanned by a HIST, T, which uses only 2

of K's edges of attachment, then - by equation (2.2) - K must have an

even number of vertices!

REMARK 2, In 1976 Garey, Johnson and Tarjan [GJT1] proved that: the
problem of determining if a cubic 3-polytopal graph contains an HC is
an NP-.complete problem. Thus, by theorem 2.14, it follows that: the
problem of determining if a non=-cubic 3-polytopal graph has a HIST is

an NP-hard problem.

2.6 NECESSARY CONDITIONS FOR A CUBIC PLANE GRAPH TO HAVE A HIST
Recall that if G = (V,E,F) is a plane cubic graph with |[V| = n

vertices, then: n 1is even; |[E| = 3n/2; |F| = n/2 + 2.

. If G = (V,E,F) 1is a plane cubic graph and M some subset of its

face set F, then M will be said to be a magk of G 1if each of the

following hold:
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(1) The faces of M are.disjoint.

(i1) Each face of G 1is either in M or contains an edge of
some face of M.

(i1i) The edges, and vertices, of (the faces of M) each total
¥|v| + 1 in number.

(iv) A vertex on one face of M cannot be joined by an edge of
G to a vertex on another face of M,
Further, & mask M will be said to be a strong mask if and only if,
the edges of G not in M comprise a HIST. By way of example,
consider the strong masks (with faces shaded) in each of the graphs of
figure 2.19. Note that not every mask is strong, as shown by the graph
of figure 2.20 - a 38-vertex, bipartite and 3-polytopal graph.

The next result is hardly surprising.“

THEOREM 2,17

If G = (V,E) is a plane cubic graph spanned by a HIST, T, then
the edges not in T must comprise a strong mask,

PROOF: Removing the |V| - 1 edges of T from G leaves & set
of %|V| +1 edges, each with endpoints of valence 0 or 2. So
these edges must define a subgraph that is the aisjoint union of
circuits of G; let this set of circuits be denoted by M.

Now consider a1l those vertices of G that are not in some
circuit of M. Every pair must be commected by a path lying wholly in
the spanning tree T; but, since we are in the plane, T obviously
cannot 'cross' a circuit of M to join any such pair. So M must
be comprised of faces of G, and is thus a mask, (Since each face
‘not in M must be adjacent to a face of M, or else the tree T

would not be acyclic!) Moreover, M must be a strong mask (because
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the tree T 1s connected),

REMARK 1. As noted earlier, not every mask is strong (l.e., gives rise
to & HIST). However, as will be shown in theorem 2.25, every mask of a

cubic Halin graph is stromng.

REMARK 2. It follows from theorem 2.17 that if a plane cubic graph has

no mask, it can not have a HIST. (The cube is such a graph).

2.7 CUBIC 3~-POLYTOPAL GRAPHS ARISING FROM TRUNCATIONS

In this section we obtain results concerning (the absence of a HIST
in) those plane cubic graphs which arise by truncating all vertices of
a k-valent (k = 3,4, or 5) plane graph. (See Malkevitch [Ml] for results,
and conjectures, concerning this topic.) Note: no plane graph can have
regular valence k = 6 (see [HL, p. 104]), For the case in which k = 3

we already have theorem 2.5, so we begin with the following.

THEOREM 2,18

If G is a connected, bipartite, cubic, plane graph with n = O(mod 4)
vertices, then G has no HIST.

PROOF: G cannot have a mask since &ll circuits are even in length,
but n/2 + 1 1is odd.
REMARK. If n 1is not a multiple of 4 then G may have a HIST (see the

bipartite 3-polytopal graph of figure 2.21).

THEOREM 2,19

If G 1is a plane cubic graph obtained by truncating all vertices
of some 4-valent plane graph, then G has no HIST,

PROOF: The proof is immediate by theorem 2.18, since G must be

bipartite with |V(G)| £ O(mod 4) wvertices.
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THEOREM 2,20

If G = (V,E) is a plane cubic graph obtained by truncating all
vertices of some plane 5-valent graph G*, then: IV(G*)I = 4(mod 6)
is a necessary condition for the existence of a HIST in G.

PROOF: Let n = |V(c*)|. Note that |[V(G)| = 5n and that
each vertex of G* is 'replaced' by a pentagon in G (all pentagons
of G arise thus, and are disjoint), Furthermore, each face F* of
G* is replaced by one, F, with twice as many edges in G - and every
other edge of F 1is an edge of 2 'new' pentagon. Now assume M is a
strong mask of G that is the complement (in G) of some HIST,

There are precisely n pentagons in G; assume k of them
belong to M (and thus that n - k of them are not in M). Thus,
of M's 5n/2 + 1 edges, precisely 5k 1lie on the k pentagons of
M. If P 1is one of the pentagons not in M, then P must be adjacent
to a face of M (by definition of M) that is not a pentagon; in fact
P must touch just one face of M (because if P did touch say faces
A and B of M, then one of P's edges would join a vertex of A
to a vertex of B - contradiction! See figure 2.22).

Now, there are n - k pentagons like P (in the sense that they
are not in M), Thus, by the preceeding, they 'collectively' con-
tribute n - k edges to the mask M; and these edges must comprise
precisely % of the edges on those mask faces which are not pentagons -
that is, precisely % of (5n/2 + 1 = 5k). Equivalently:

2(n - k) = 5n/2 +1 - 5k,
which simplifies to n = 6k - 2,
CONJECTURE (see [M1]), Truncating all vertices of a plane,

S5-valent, 2-conmnected graph produces a graph with no HIST.



THEOREM 2,21

Glven: G* a plane 2«~connected cubic graph with n vertices;
and that plane cubic graph G, with 3n vertices, which arises from
G* by truncation of all its vertices,

Then: G contains a2 spanning tree T which has precisely

|V(G)|/3 = 2 vertices of valence 2.

REMARK, In view of theorem 2.5 this result is best possible in that no
spanning tree of G could have fewer 2-valent vertices,

PROOF: By Petersen's theorem (see [Hl, p. 89]) we know that ¢
contains 2 set S of n/2 disjoint edges which, obviously, span the
‘vertices of G*. Let us start with these n/2 edges of G* ag the
'beginning' of the tree T. (See figure 2.23,) Next: when G* is
truncated fo produce G, we can 'extend' each endpoint of each edge of
5, so as to produce a spanning graph of G that is a forest = with no
vertices of valence 2. This forest, call it F, has n 3=valent
vertices. If we now construct T by adding edges of G to F (and,
as is well known and readily verified, this can be done) we will have
a spanning tree T with tB(T) 2n ., Since t, = 2 + tys We know that:

t,S3n-@n+2)=n-2= |[VWS|/3-2.

Since theorem 2.5 tells us that: tz 2 lV(G)l/S - 2, we have our result,

since equality must hold.

2.8 4=VALENT, c4-CONNECTED 3-POLYTOPAL GRAPHS WHICH CONTAIN NO HIST

THEOREM 2,22
Given a plane cubic 3-polytopal graph G, with 2n 2 4 vertices,
*
one can construct a 4~valent 3-polytopal graph G (with 27n wvertices)

%*
such that G has no HIST.
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REMARKS, It will be obvious that G* (as it is to be defined) is
-c4-connected but not 4-conmnected. Also, by refining the proof below,
one may obtain stronger results in terms of the minimum number of
2-valent vertices contained in any spanning tree of .G*.

PROOF: The diagrams of figure 2.25 indicate how G* is to be
obtained from G: truncate all vertices of G to obtain G' with
én vertices; then truncate the vertices of G' to obtain G" with
18n vertices; last, define G* to be the medial graph of G".
(Also see figure 2.29, where G 1is a 2-vertex multigraph.)

Now consider G': each of its 6m vertices (as shown in figures
2,26 and 2.29) 'gives rise to' a triangle in 'G"; and each such triangle
is, in turn, replaced by a 6-vertex subgraph in G*. Let each such
subgraph of G* be called a "unit" (see figure 2.27). Obviously there
are 6n units, each sharing its 3 'outer vertices' with other units.

Now assume that T 1s a HIST in G*. (We wish to force a contra-
diction.) T must use 27n-l1 edges of G*; which means an average of
4% - 1/(6n) edges of T per unit., Obviously a 6-vertex unit U can
contain at most 5 edges of T, in which case T would induce a span-
ning tree in U - call it T(U). Obviously T(U) 1is connected and
cannot have a vertex of valence 2 (in U) unless it is an 'outer
vertex' of U. But then it is trivial to verify that T(U) must
appear as shown in figure 2.28! Assume that there are in all k units
that are 'full' (i.,e., contain 5 edges of T). Then the 6n~k remaining
units each contain at most 4 edges of T. Consequently we have tﬁe
inequality:

5(k) + 4(6n - k) = |[E(X)| = 27n - 1

which simplifies to: k 2 3n - 1, We obtain a contradiction as follows:
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No 2 'full' units can share a vertex, or else (obviously) T would
have a 2-valent vertex. Now it is clear that 2 units of G* share an
'outer vertex' if and only if, the 2 vertices of G' from which they
were 'obtained' are adjacent. But since all 6n vertices of G' are
on triangles, there are at most 2n of them that are mutually non-
adjacent; consequently G* can have at most 2n disjoint units, Thus
it must be that k < 2n which, combined with k2. 3n - 1, implies that:

n =1 or, equivalently, that G has 2 vertices!

REMARK. Malkevitch [Ml.] . has conjectured that: every plane,

4-connected graph has a HIST. This appears to be a very hard question.

2.9 A _CLASS OF 3-POLYTOPAL GRAPHS, NONE OF WHOSE MEMBERS - OR THEIR

DUALS - HAVE A HIST

The idea underlying the next theorem is, roughly, to: 'stitech
together' n (= 2) configurations of the sort shown in figure 2.30
with n configurations of the sort shown in figure 2.31, to produce
a 3-polytopal graph. (See figure 2,32 where we use n = 1 by starting
with a multigraph.) Note that the configurations in figure 2.30 and

figure 2.31 are duals.

THEOREM 2,23

Given a plane cubic 3-polytopal graph G with 2n vertices, one
can construct a (non-regular) 3-polytopal graph G*, with 22n vertices,
such that:

(a) Neither ¢ nor its dual (which has 20n + 2 vertices) has a
HIST.

(b) A tree spanning G*, or its dual, must contain at least n

2=-valent vertices.
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PROOF: Consider cubic G with 2n vertices. Truncate all of
its vertices and obtain 2n triangles. (See figure 2.32 where n = 1.)
Replace n of them (each) with the l4-vertex configuration of figure
2.30; then replace each of the other n triangles with the 9-vertex
'triangulation' of figure 2.31. (Note: the 3n ‘'old' edges of G are
used to pilece together these 2n configurations,) This is G*, which
has property~p and is thus 3-connected.

With respect toc the size of G*: it obviously has 13n + 9n = 22n
vertices, and (n+2) + 6n + 13n = 20n + 2 faces; and so its dual has
20n 4+ 2 vertices.

Obviously any tree spamning G* must have a 2-valent vertex within
each 13-vertex configuration, if it is to 'reach' that point p in the
middle; so the theorem is proved for G*.

Now consider the dual of G*: in that graph we must also find n
configurations of the type shown in figure 2.30; and thus the theorem
is proved for the dual of G*. (in order to demonstrate the preceeding
claim it is sufficient to look at figure 2.33.) The proof of the
theorem is complete.

CONJECTURE (Malkevitch [Ml, p. 7)), If G 4is k=-valent (k = 3,4,5)

and 3=polytopal, then G or its dual has a HIST,

2.10 HALIN GRAPHS AND TWO EBERHARD TYPE THEOREMS

A plane graph G 1is said to be a Halin graph if it may be obtained
from some plame tree T (with at least 4 vertices, and none 6f valence
2) in the following manner (see, for example, figure 2.34): a simple
. closed curve is drawm (in the plane of T) so as to pass through all

the l=-valent vertices of T and to contain T within its closed

interior. Such a graph G will sometimes be said to gkirt the tree T,
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and we may refer to the latter as the underlying tree of G.

REMARK. Naturally every Halin graph has a HIST; further, as msy readily
be verified, all Halin graphs are 3-polytopal.

Each interior face of a Halin graph contains 1 edge of the exterior
face; the edges and vertices of the exterior face ;re sometimes
referred to as "rim edges" and "rim vertices"; and the exterior face

itself may be referred to as the "rim" of G.

LEMMA 2.24 (To be used for theorems 2,27 and 2,28,)
If G is a Halin graph (other than a wheel) whose underlying tree

is a2 (1,r)-tree (i.e., has valences 1 and r only) then: the face

set of G confﬁins 2 (disjoint) sets of r - 2 ‘'consecutive' triangles.
PROOF: Let T denote the underlying (l,r)-tree of G, which

has at least 2 r-valent vertices. If we remove all pendant edges

from T we obtain a smaller tree which must have at least 2 vertices

of valence 1, But then each of 2 such vertices must be incident

(in T) to precisely r - 1 pendant edges (of T), whose other endpoints

appear 'consecutively' about the rim of G - and thus giﬁe rise to ¢ = 2

consecutive triangles. Thus the lemma is proved.

THEOREM 2,25 ’

If G is a cubic Halin graph containing a mask M, then M is a
strong mask. (See section 2.6 for definitions.) That is: the edges
not in M, which is a subset of F(G), comprise a HIST.

PROOF: Let M be a mask of G and let X denote the exterior
face, Assume the theorem false; that is, the |V(G)| = 1 edges not in
M do not comprise a2 tree. Thus some of these edges must comprise a

circuit = call it C, We force a contradiction as follows,
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Within the closed regilon bounded by C there must lie some
interior face of G that is not a face of M = call it A; and A
must be touched by some face of M - call it A*. Now, A* cannot
touch A ‘across' the circuit C, and so A" must also lie within
the region bounded by C ~ but cannot contain an edge of C, But
then how can A*, which must be an interior face of G, contain an
edge of the exterior face X ? It canmot, since it is 'bounded away'
from X by the circuit C - contradiction! The theorem is proved.

We conclude this section with 2 Eberhard type theorems concerning
the interior faces of certain 'regular' Halin graphs: those that are
cubic, and those whose underlying tree has valencies 1 and &4 only.

Define a (l,r)-tree to be a tree with vertices of valence r

and 1 only (and at least one of each).

THEOREM 2,26

let G be a Halin graph with its underlying tree a (1,r)-tree
(where r =2 3) and let Py denote the number of interior faces of
G that are k-goms, then:

k}Z:B(k- 3-2/(-2p, + 2 +4/(x=-2))=0 (1)

and

Py 2 2r = 4 2)

Moreover, if G is a cubic Halin graph (that is, r = 3) then:

21’3+P4'6+k§5(k'5)"k"“" Py 2 2 (3)
Analogously, if r = 4 then:

Pa=4+ T (k- &) and p, 2 4 (4)
3 kb k ? 3
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REMARK 1. By inspection of equation (1), it is clear that no coef-

ficient (of some pk) is ldentically zero unless r = 3 or 4,

REMARK 2. Equality holds in equation (2) if and only if the following
is the case: removing all the pendant edges from G's underlying
tree produces a simple path.

PROOF: The proof of equation (2) is immediate by lemma 2.24. To
prove (1) let x denote the number of edges (and thus also of vertices)
on the exterlor face; also let n denote the number of vertices of
valence t that do not lie on the exterior face.

From equation (2.2) we have: x = 2 + (r - 2)n, which is equi-

valent to:

ne= (1/(r - 2))(x - 2) (5)
Now?
x+ I k(p) = 2|E¢G) | = m + 3x (6)
k=3
Thus:
T k(pk) = rn+ 2x = r(1/(x-2))(x-2) + 2x (7)
k=3
Or:
Z k(p) = 3+ 2/(x - 2))x = 2x/(r - 2) (8)
kz3

But the infinite face contains 1 edge of each of the other faces.
So:
x= I Py (9
k23
If we substitute this into equation (8) we obtain:

Z k(p) = 3+ 2/(r - 2))k§

Py - 2r/(x - 2) (10)
k=3

3
And equation (1) of the theorem follows from (10). The proof is -
complete.

THEOREM 2.27

*
If (p:, p;, p;,...,pn) is a non-negative integer solution of
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equation (4), of theorem 2.26, then: there exists a Halin graph G
with an underlying (1,4)-tree, such that G has precisely p:
interior k-gons (k = 3,5,6,...,n).
PROOF: It is immediate by lemma 2.24 that a Halin graph with an
underlying (1,4)-tree must contain a pair of adjacent 3-goms. As
shown in figure 2.37, the 4-wheel (which is the smallest such graph)
obviously has this property, In figure 2,38 we illusﬁrate how one
can 'enlarge a 3-gon to a 7-gon'. If we can construct a Halin graph
with an underlying (1,4)-tree and p: k-gons (for each k such that
5 £ k £ n), then that graph proves the theorem; since, by theorem 2,26,
the number of 3-gons (that is, p;) will automatically be 'taken care of'.
The presence of 2 adjacent 3-gons will always permit us to enlarge
one of them to a k-gon (for any particular 5 < k £ n) without changing
the number of faces of other sizes (other than 3-gons, 4-gons, and
k-gons, that is), Note that the operation in figure 2.38, which acts on
adjacent 3-gons, creates 2 more adjacent 3-gons (labelled A and B)

so that the process can be iterated. The proof is complete.

THEOREM 2,28
Given: (f3,f4,f6.f7,...,fn) a non-negative integer solution of
equation (3) of theorem 2.26. That is:

2f, + £

n
g+t £, =6+ T (k-5f and £,22 (k)

k=5 3
Then: there exists a cubic Halin graph, G, with precisely fk
interior k-gons (k = 3,4,6,7,...,n).
PROOF: Throughout this proof the word "face", unless indicated
_otherwise, will always mean "interior face". Now, consider the integer

solution of the "Given". Define: s = % (fk) .
6sk,k even
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LEMMA 2,29
= f4(m°d 2) .
n
PROOF: The summation X (k = 5)£ of equation (*¥*) may be
k25 :
re-written as:
o] n n
z (k-S)fk + I (k-ﬁ)f + X (1)fk
6=k odd 6sk even 6k even

where, obviously, the first 2 summations contribute even numbers to
the sum. Thus by (***) we have:

2f, + £

3 4 = 6+ X fk (mod 2)

6sk even
And, since 2f3 and 6 are each even, the lemma is proved.

By way of introducing all but one of the methods of construction,
consider the graph of figure 2.39 (where all unlabelled faces are 3-gons
or 5-gons). We will consider, in all, 9 cases. (Actually there are
eséentially 3 general cases, but some overlap will occur because it
will permit ease of presentation.) With respect to s and f4 they
are:

Case 1: f4 =0, s =0 (see figure 2.40).

Gase 2: f, =2, .s=0 or 2 (see figure 2.41).
Case 3: £, =0, 8 =2 (see figure 2.42),.

Case 4: £, =1, s =1 (see figure 2.43).

Case 2': £, =2 , 8 is even.

Case 3': £
Case 4': £, =1, s is odd.
Case 4": £, 23, 8 =1, and both are odd.

24, 8 20, and both are even.

4
4
4
4 2
L " 0, 822 and even.
4
4
Case 2'": £ 4

‘By the lemma it is clear that all cases are subsumed under the 9 above.

We now proceed to provide constructions for each case. The graph of
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figure 2.39 conveys the general strategy, except for our first case.
Case 1: This is the exceptional case for which we define a

particular l0-vertex cubic Halin graph - see G, of figure 2,40 -

1
with only 3-gons and 5-gons (as interior faces), By equation (¥¥%)

we know that £, 23 when f4 =g =0, Thus ¢ 'solves' the theorem
if fk = (0 for all k & 6. If we wish to construct a G with only

odd faces and including, say a 9=-gon, then we start with G1 and
successively 'add large faces' as indicated by the construction of
figure 2.40. This construction dgpends on finding a 3~gon and a

5-gon that are adjacent (which is indeed the case for Gl), and then
providing another such pair ( see faces A and B of figure 2.40);
which, as shown, can always be done.

Case 2¢ The construction is clear if one just cons@ders the 2
graphs of figure 2.41.

Case 3: Again, the example (see figure 2.42) makes the construc-
tion clear. The 2 even faces appear on the 'ends'.

Case 4: See figure 2.43 for the method of construction. The 1
even face is on the left.

Next we consider all cases for which f4 € 2, That is:

Case 2', Case 3', Case 4': Clearly these 3 cases subsume
(respectively) Cases 2,3 and 4 treated above. Actually the latter 3
cases are basic, because: to construct the desired G, just 'insert
pairs of large even faces' (as required) by using the method illustrated
in figure 2.41,

Case 4": First construct the 'corresponding' graph by using the
construction described for case 4'. (That is: construct a graph with

£, =1 but all other fk's as desired - except for f3 of course.)

4
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Next: 'trade' triangles for pairs of 4-gons as is necessary =~ using
either of the methods shown in figure 2.44.
Case 2": Again we will construct a graph that will be the pre-
cursor of G in the sense that: f3 and f4 will not be as desired

(£, will be just 2), but all other £ 's will be satisfied. To do

4 k
this we use the construction employed in Case 2', and thus get fh = 2,

Then we obtain G by 'trading' 3-gons for pairs of 4-gons, by using
the methods illustrated in figure 2.44.

This completes the proof of the theorem.
REMARK. Using Barnette's inequality for P (see theorem 2.4), it
follows readily that: 1f G is a cubic Halin graph with precisely

f, interior k-gons (k = 3,4,6,7,...), then

k

if © £ =22.

£, 224 £
k27 &

5 3" 2z £

k26 ¥
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CHAPTER 3
DELETABLE EDGES IN 3-POLYTOPAL GRAPHS
3.1 INTRCDUCTICN

In this chapter, by a p-graph we will mean a plane 3-connected
graph. An edge of such a graph is a deletable edge if the graph
resulting from its deletion (see chapter 1.8 - that is, section 8) is
also a p-graph. By a k-edge of a plane graph will be meant an edge
shared by an i-gon and a j-gon, where 1 <5 and 1+ §j =13,

In 1974 E. Jucovie [J1, p. 233], in pursuing a lim of inquiry
initiated by A. Kotzig (see [G3, p. 233]), proved that a cubic p~graph
contains a k-edge.

The major result presented in this chapter is (see theorems 3.17
and 3,19): |
THEOREM. A p-graph, other than the tetrahedron, contains a deletable
k-edge,

REMARK, It is worthwhile to point out the intuitive significance of
this result, Theorem 1.12 shows that every 3-polytope can be built
up from the tetrahedron by a sequence of face splits (or equivalently
edge additions), If some 3-polytope P, say, has a 50-gon as its
largest face, it is conceivable that one would have to build up a
3-polytope P' with say a 90-gon and then split that face to get PF..
Theorems 3.17 and 3.19 show that this would not be necessary, because
one need never split a face with more than 1l sides.

The work needed to establish theorems 3,17 and 3.19 also 1eads,
quite quickly to several other new results about deletable edges in
3=-valent p-graphs (see theorems 3.7 through 3.12), and also prepares

the way for chapter 4.
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NOTATION: The following will prove convenient, If S is some simple
closed curve in the plane then by int § and Int § we will mean,
respectively: the bounded open region of the plane which lies within
S; and the closure of that open region, that is (int S |y 8). We

define ext S and Ext S analogously with respect to the region

outside S, Further, if G 1is some plane graph drawn in the same
plane as S then: by 8(G) [5x(G)] we will mean that {planar) sub-
graph defined by all edges and vertices of G 1lying wholly in

Int S [Ext S].

3.2 DEFINITIONS

Let G be a p-graph and let R =F be a sequence

3 sz,...,an
of n 23 distinct faces of G, R will be said to be a rimg if and
only if some reordering of R yields a sequence FI’FZ""’Fn for
which:

(a) For 4 =1,2,...,0~1 £faces Fi and Fi+1 meet in an edge
or just a vertex - and similarly for Fn and Fl' (Each such shared
edge, or vertex, to be called a8 common edge, or common vertex, of R,)

(b) Faces of R can meet only as specified in (a), and those =n
common elements of R must be disjoint.

By a k-ring, where k 1s some integer = 3, we will mean a ring
with k faces,

To illustrate some of these ideas consider the p-graph of figure
3.2, KEM 1is a 3-ring with 3 common vertices and AEFJD 1is a 5-ring
with 3 common edges and 2 common vertices, Neither FJM nor AEBCD

are rings (because condition (b) is not satisfied, although (a) is),

Also, XALC is a 4-ring.
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Each edge of (a face of) a ring R which is not a common edge
will be called a rim edge of R. For example, the squiggled edges
in figure 3.4 are the rim edges of the 4~-ring ABCD, The rim edges
of a ring R define, in a very natural way, 2'non-crossing' edge-
disjoint circuits. To be precise: draw some simple closed curve C*
through all of ring R's faces so that C* crosses each common edge
Just oncé - and not at an endpoint ~ and touchs no vertex except for
the common vertices of R. Then: the rim edges (of R) lying within
curve C* define a circuit to be called a rim (of R); analogously,

*
the rim edges outside C form another circuit - alsc to be called a

rim of R. (See figure 3.3.)

LEMMA 3.0

The 2 rims of a ring R, of a p-graph G, atre edge-disjoint
'non~crossing' circuits, and are concentric in the plane if and only if
no face of ring R 1s the exterior face of G.

PROOF: TImmediate by definitiom.

Making use of curve C* again, consider all edges and vertices
of G that lie on C* or within the plane interior of C*. They
define a connected (and planar) subgraph C*(G) which, by theorem 1.7,
must be 2-comnnected., Similarly for C*x(G) which is caﬁprised of all
edges and vertices lying on and outside C*. Each of these 2 edge-
disjoint subgraphs, toc be called the cores of ring R, contains one
rim of R (which shall sometimes be referred to as the rim of the core).
REMARK 1, If S and T are say the rims of ring R then clearly:
S(G) and T(G) are the cores of R if § and T are not concentric;

whereas S(G) and Tx(G) are the cores if they are concentric and S
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is the inner one - in which case S(G) [Tx(G)] may be called the
inner [outer] core, and S([T] called the imner [outer] rim., Note: a
core may be just a rim (that is, just a circuit that is the boundary
of a face), which is the case for both cores defined by the ring of k
4=gons of & k-prism. Also: except for the graph of the tetrahedron,
each p-graph must have at least 1 ring.

Given some nonempty subset Z of the set of all rings of a
p-graph G, let us refer to each of 2's rings as a z-ring and to

each of the 2|Z| distinct cores they define as a z-core. Then: a

core will be said to be z-mirimal, or minimal with respect to all
z=cores, if it does not properly contain (as a subgraph) amother core
that is a z-core. For examplg consider the graph of figure 3.2, and
let Z be say the set of all 4~-rings of this graph., Neither core of
the 4-ring ADJB is z~minimal. Reason: 1its inner core properly
contains the inner core of ring ADMB, while its outer core properly
contains the outer core of riné ABCD, On the other hand the inmmer
core of ring EFJK 1is the union of the boundaries of the 3-goms L
and M, and is z-minimal.

REMARK 2. If a core is just a face then, automatically, it is minimal
with respect to all other cores of the graph.

REMARK 3. By definition each z-ring 'gives rise' to 2 or more edge-
aisjoint z-minimal cores. Reason: 1if a particular z-core is not z-
minimal then it must contain a smaller z-core which in turn is either
z-minimal or ... ; thus each of the 2-edge-disjoint z-cores defined by
a z-ring must either be z-minimal or contain a z-core that is.

Lastly, consider the rings and cores of some p-graph G: a ring
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R will be said to be & normal ring if its rims are concentric (or,
equivalently - by lemma 3.0, if none of its faces is the exterior face);
a core H will be said to be a normal core if it is the inmer core

defined by a normel ring.

3.3 PRELIMINARY LEMMAS

Given: a p-graph G and some nonempty subset Z of its rings;
core H* defined by ring R* of Z; some other p-graph G" that is
an ‘'elementary re-embedding' of G (see theorem 1.2 and the remark
following it), and the natural bijection £ from V(G) U E(G) U F(G)
onto V(G") U E(G") U F(G") which preserves vertices, edges and faces
(and incidency and adjacency amongst them).

Then: the following facts about G and G" follow almost
immediately from the definitions of sectiomn 3.1,
LEMMA 3.1

(1) R = Fl""’F is a k-ring in G if and only if f(Fl),...,F(Fk)

k
- denote it by £(R) - is a k-ring in G".
(i1) Subgraph H 4is a core of G, with rim C, defined by ring R
if and only if its image f£f(H) 1is a core of G" defined by ring
f£(R) with rim £(C).
(i1i) Core J properly contains core 1 (as a subgraph) in G
if and only if core £(J) properly contains core £(L) in G".
PROOF: Immediate by the definition of an elementary re-embedding.
LEMMA 3,2
Core H* is zeminimal in G 4if and only if core f(H*) is

minimal with respect to all other cores of G" which are defined by

rings of 2" - where by Z" we mean the set of all rings of G"
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whose corresponding rings in G are members of 2,

PROOF: By definition and by lemma 3,1,
LEMMA 3.3

If core H?, defined by ring R*, is not normal in G then G"
can be 'chosen' so that core f(H*) is normal in it,

PROOF: Pick some face M of G whose boundary lies wholly in
the other core - not H* - defined by ring R?. (Such a face must exist,)
Then 'make' M the exterior face of G'". So, in G", all faces of
ring f(R*) are interior faces and obviously core f(H*) cannot

contain the bovndary of G" 's exterior face - and thus is normal in

1f R** is some other ring of Z such that (the boundary of) one
of its faces F 1lies in the z-minimal core H*, then another of its
faces F" must lie neither in ring R* nor in core H* - but outside
both (as shown in figure 3.5).

PROOF: By the preceeding lemmas we can assume, without loss of
generality, that core H* (and its defining ring Rf) are both normal
in G. This is not essential to the proof but does make it simpler
and more intuitive. So let S and T denote, respectively, the inmer
and outer rims of ring R*. Now assume the lemma is false, vThen all
faces of R~ 1ie within the closed plane region bounded by rim T of
ring R* = call that region D - and 80 none of them can be the exterior
face of G. Thus the rims of R** must also be concentric in tﬁe
plane and must also lie in D. Since R** is different from R*, the

-inner rim of the former must be distinct from S - the inner rim of

the latter = evén though it must lie within the closed plane region
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bounded by S, But since this inner rim of R** bounds the inner
core of R**, the latter is a z-core of G that is properly contained
in H - contradiction!

REMARK. More generally we have just shown that: if K is any normal
core of G, with defining ring R, and R" 41is another ring with all
its faces lying inside the outer rim of R, themn R" is normal ana
its inner core is properly conteined in K,

3.4 DELETABLE EDGES: SOME THEOREMS

THEOREM 3.5

An edge e of a p-graph G 1s not a deletable edge if and only
~if it is common to 2 faces of some 3~ring of G.

PROOF: By theorems 1,10 and 1.11, and by the definition of
"deletable",

LEMMA 3.6

If G is a 3-§alent p-graph and core H* is defined by ring Rf
with 3,4 or 5 faces, then i contains (the boundary of) some 'small’
face ofl G - that is, a face with 5 or‘f;wer edges,

PﬁOOF: By lemmas 3.1 and 3.3 we caun assume, without loss of
generality, that core .H* and ring R* are both normal in G. Let
S and T denote, respectively, the inner and outer rims of Rf.
Consider the plane graph T(G) and suppress any 2-valent vertices
it might have., (See figure 3.6, for example.) The resulting plane
cubic graph has a k-ring (that 'was' R*) with k = 3,4 or 5 faces -
each a 4-gon or bigger. ‘These k faces, plus the exterior k-gonal
face cannot alone satisfy the inequality 3p3 + 2p4 + P # 12 which
must hold. So it must have another small face lying within the inner

rim of the kering it 'inherited' from G. But such a face must also



-50-
lie in G,
THEOREM 3,7

Given: a 3«valent p-graph G = (V,E,F(G)) with 1 some non-
empty subset of its edge set E such that some edges of L are
common edges of 3-rings, and thus are not deletable; Z denoting the
nonempty set of all 3~rings of G having an edge of 1 as a common
edge.

Then: G contains 2 disjoint cores each defined by & ring of 2
and neither is properly contained in any other core defined by a ring
of 2Z; so it follows that no edge of L 1lying in either of these 2
z~minimal cores can be a non-deletable edge.

PROOF: The first assertion is immediate. The second follows by
theorem 3.5 and the observation that 2 3«rings of a cubic graph cannot
'interlock' (see figure 3.7).

REMARK, Obviously this theorem proves (just let L = E) that each 3-
valent p-graph, other than the tetrahedron, has a deletable edge.
(See theorem 1.12). Thus we have als¢ proved theorem 1.13 for the
3~valent case.

THEOREM 3.8

If G 1is a 3-valent p-graph (not the tetrahedron) and C is a
circuit - perhaps the boundary of a face or perhaps a Hamiltonian
circuit = which uses 4 or more edges of G, them C uses a pair of
disjoint edges which are deletable.

REMARK., If C has just 3 edges then all must be deletable.

PROOF: 1If all edges of C are deletable then we are done, so

.asgume not and apply theorem 3.7 by letting 1L denote the edges of

C. (See statement of theorem 3.7). Thus Z 1is nonempty. Now,
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every core defined by a ring of Z must contain an edge of L = C
since the latter is a circuit, So, by the assertion of theorem 3.7
we have our result.
THEOREM 3,10

If C 1is a ke-circuit (where k 2 6) in a 3-valent p-graph G
(not the tetrahedrom), then 2 disjoint edges not used by C are
deletable and each is an edge on a small face.

PROOF: Immediate by theorem 3.8.
REMARK 1, It can be shown (by using theorems i.4, 3.7, 3.8, 3.9, and
the remark following lemma 3.6) that the restriction k 2 6 may be
aropped unlesse C is & 3-circuit and G is the 3-prism, (See figure
3.8.) .
REMARK 2. As shown by the graphs of figure 3.9 (where squiggled edges
represent a Hamiltonian circui;), there may only be 2 such edges -
and both may lie on the exterior face. In figure 3.9 'they' are the 2
'unused' edges of the 3-gons.
THEOREM 3,11

If G = (V,E) is a 3-valent p-graph (other than the tetrahedron)
with |E| edges, then at least |E|/3 + 3 of them are deletable.

PROOF: Since G is cubic we have, by the Euler formula that
|E| = 3(%IV|) and |F(@)| = %|V| + 2. By theorem 3.9 each face has 2
or more deletable edges; by theorem 3.8 two of the faces have 3 or more
deletable edges. So if we multiply |F(G)| by 2, ada 2, and then
divide that 'count' by 2 werobtain a lower bound of %|V| + 3. |
REMARK 1, 1In figure 3.10 we look again at the family of graphs dis-
" played in figure 3.9. This time the deletable edges are squiggled

and we observe that each has the minimum number.
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REMARK 2. It can be proved that a cubic p-graph has the minimum
number of deletable edges if and only if it can be obtained from the
tetrahedron by successive truncations of vertices of 3-gon. (See
figure 3.11.)

THEOREM 3.12

Given: a Hamiltonian p-graph G* that is maximally planar (all
faces are triangles) but is not the tetrahedron, and some particulaf
Hamiltonian circuit H in G*. |

Then: at least 4 edges used by H - each with an endpoint of
values 5 or less - are contractible edges of G*.

PROOF: By theorem 3.8 we know that G* contains 2 nénadjacent
vertices, each of valence 5 or less, and each incident to only contra-
ctible edges.

REMARK, 1In figure 3.12 we see how this theorem allows us to reduce a
triangulation - and its Hamiltonian cirecuit - to the tetrahedron, by
sequentially contracting one of the edges quaranteed by the theorem.
The significance of this is that a hamiltonian simplicial 3-polytopal
(i.e., all faces triangles) graph is obtainable from the tetrahedron

by a sequence of vertex splits which ‘stays within' the class.

3.5 DELETABLE k-EDGES IN 3-POLYTOPAL GRAPHS

In this section it is proved that (theorem 3.17): every 3-valent
p-graph, other than the tetrahedron, contains a deletable k-edge. (See
section 1 for definitions.) Unless stated otherwise, all p-graphs will
assumed to be aifferent from the tetrahedron.

In view of theorem 3.7 this result will follow readily once we

have proved that (theorem 3.16): a core must contain a k-edge if it
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(the core) is defined by a 3-ring with some k-edge as a common edge.
This result, in turn, depends on a lemma (see lemma 3,14 and the
definition preceeding it) that utilizes the following theorem.
THEOREM 3,13 (E. Jucovic [J1, p. 233))

If G 1is a 3-valent p-graph (not the tetrahedron) and e(i,j)
denotes the number of k-edges of G that are shared by an 1-gonr

and 8 j-gon, then: 120 s I w(i,}) » e(i,}), where the 18 positive
3si<jy

coefficients - the w(i,j)'s - are displayed in the table presented in
figure 3.1.
REMARK. Observe that, for all values of - i and }j,

w(i, §} = w(i,j+1), w(i+l,3) .
This monotonicity will be useful, Actually Jucovic's original in-
equality hes w(3,3) = 20, w(3;7) = 6§ and w(3,9) = 25 . But in-
creasing these 3 coefficients - see entries with asterisks - can only
yield another true inequality, and the values shown are more convenient
for our purposes.
DEFINITION: A p-graph G (not necessarily 3-valent) will be said to
be light if and only if with appropriate labelling it satisfies the
following description (see figure 3.13): its exterior face X is a
3-gon with three 3-valent vertices and contains an edge of each of the
3 faces of the 3-ring R = ABC - each a 4~gon or bigger; R has outer
rim T and inner rim S and defines the (normal) core H = §(G),
and this core does not contain any ke-edges of G ~ except perhaps_on
itse vim §; if face M 1s some m-gon of G whose boundary lies in H
and containe an edge of rim S, then m 2 9 if M contains an edge of
A and m24 if M contains an edge of B,

REMARK. From the last condition it follows immediately that some
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vertex must lie within the interior of core H (that is, in H but
not on rim S) if G is a light graph. And the triangular prism, for
example, is not light.

LEMMA 3,14

If G 1is a 3-valent p-graph then G cannot be light.

PROOF: Assume that G is light and assign a wieght of w(i,}J)
to each edge of G that is shared by an i-gon and a j-gon. To obtain
a contradiction to theorem 3.13 it clearly will suffice to show that:

(1) the 3 common edges of ring R = ABC have a combined weight
of at most 30,

(i1) the total weight of the rim edges (on S and T) on the
boundary of each face of R 1is at most 28.

Proof of (i): If some face of R 1is a 6-gon or bigger then, by the
monotonicity of weights, R's 3 common edges have a total weight of
at most w(4,6) + w(6,4) + w(4,4) = 5+ 5+ 20 = 30, Alternately, if
each of R's faces has no more than 5 edges then all 3 are 5-gons.
(Reason: by the remark following the definition of a light graph, some
vertex must lie interior to .rim 8; so by 3-connectedness it follows
that |A‘ + |B] + |c|] 2 (4 + 4 +4) +3=15) In this case each of
the 3 common edges (see figure 3,14) has a weight of w(5,5) = 8.
Proof of (1i): Let F denote that face of R = ABC being considered,
and let IFI = k. Recall, k is at least 4(as shown in figure 3,15).
Regardless of whether F = A, B, or C, we argue as follows,

The rim edge shared by F and X has weight w(3,k). The ather
k=3 rim edges about F are on rim § and comprise a simple path =
call it P, We consider 2 cases.

First:; if k=4 then P has just 1 edge which has one (or both)
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of its endpoints on face A. Thus that edge is shareda by F and some
face - call it M - which contains an eage of A, Now, by definition
of a light graph |M| =29, and‘it follows that this single edge
comprising the path P has a weight of at most w(4,9). So the 2
rim edges of F (one on S, one on T) have a combined weight of at
most w(3,4) + w(4,9) = 25 + 3 = 28,

Second: k 2 5. So path P has a 'first' and a 'last' edge (as
indicated by the arrows in figure 3.15). One must contain a vertex of
A and is thus shared by F and & face with 9 or more sides, and the
other has an endpoint on B and is thus shared by F and some face
with 4 or more sides, Each of the remaining k-5 edges of path P
obviously cannot weigh more than w(3,k). So in this case (when
|F| = x = 5), all of F's k-2 rim edges (on both T and $§) have a
total welght of at most:

w(3,k) + (w(9,k) + (k=5) w(3,k) + w(4,k)) ,
which simplifies to (k-4) w(3,k) + w(4,k) + w(9,k).
And, for k = 5,6,7,8,9,10 = 11, this expression yields values
(respectively) of: 27, 25, 26, 25, 18, 12, and 0. This proves case (ii),
and thus the lemma is proved.
LEMMA 3,15 (Used for theorem 3.19, but not for 3.17).

No p-graph, whether 3-valent or not, can be light.

PROOF: Assume the lemma's assertion is false, and that G is

some light graph for which #(G) = T (deg v = 3) is a minimum,
v in V(G) .

Since G cahnot be 3-valent (by lemma 3,14, it must have some vertex
x of valence 4 or more (and thus #(G) is positive) which lies in core
H. The assumption that #(G) 1is a minimum means that if we split

vertex X BO a5 to reduce #(G) by 1, then we must create a
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p-graph that is no longer light. But we will show that we can always
split vertex x 86 as to reduce #(G) and still obtain a light graph -
this will be the contradiction!

There are 3 cases to consider (see diagram(s) in (a) of figures
3,17, 3.18 and 3.19) and each can be aisposed of very quickly by
splitting x to form, in a 'suitable' manner, the new edge (x,x').
This is displayed in parts (b) of figures 3.17, 3.18 ana 3.19.

Case (i): x 1is a vertex of face A but not of B or C, as
shown in figure 3,17, Then splitting x ‘'inwards' (as shown) cannot
reduce the size of any face; further, the new edge (x,x') cannot be a
k-edge since (from the definition of a light graph) edge (x,x')
'becomes' shared by 2 faces that each have 9 + 1 = 10 or more edges.
Thus the new graph is light.

Case (ii): Here =x 18 a vertex on one or both of the boundaries
of B and C, and may also belong to A (see figure 3.18). In this
case we split x 'along' rim S so that x ana =x' are both on B,
or are both on C. It is clear that within core H of the new graph:
no 3-gons have an edge on B or C and no face with 8 or fewer edges
has been made adjacent to A, Hence (x,x') is not a k-edge, and the
new graph is light.

Case (iii): 1In this case x 1is in core H but is not a vertex
of rim S (see figure 3.19). If all of the 4 or more faces about x
are 6-gons or bigger, we just split x in any 'direction' and get a
light graph. So assume face F is incident to x (see figure 3;19)
and has 5 or fewer sides, Then the 2 faces flanking F about x must
both be 9-gons or bigger, call them M and Q. Thus we can split x

(as shown) so that M and Q share the new edge (x,x'), which

obviously cannot be a k-edge. Thue the new graph is light.
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This concludes the proof of lemma 3.15.

THEOREM 3,16

Each core of a p-graph (be the graph 3-valent or not) that is
defined by a 3-ring with a common k-edge must contain & k-edge.
REMARK, As shown in figure 3.20, the 3-ring of ll-gons has no k-edge
as a common edge -~ and its core H has no k-edges!

PROOF: Assume that the theorem is false for some core H of
some p-graph G, where H is defined (see figure 3.21) by the 3-ring
R = ABC for which: |A| 5 and A and B share a k-edge (and thus
B has at most 10 sides).

The strategy of the proof is to obtain from G a light p-graph,
and thus the assumption of the theorem's falsity will contradict
lemma 3.15 (lemma 3.14, if G is cubic).

Once again (by lemmas 3.1 and 3.3) we can assume, without loss of
generality, that R and H are both normal in G ~ as depicted in
figure 3.21 or 3.22(a). So let S and T denote, respectively, the
inner and outer rims of ring R. From our initial assumption (that
the theorem is false) we immediately have the following 2 facts.

Fact (1): a face sharing an edge of rim S with face A {B] must have
at least 9 [4) edges, or else rim S would contain a k-edge of G.
Fact (2): no k-edges (of G) may lie within the interior of core H.
If G is not 3-valent it is possible that face C may share just a
vertex with one or both of faces A and B (see figure 3.22(a)); If
80, we can split such common vertices of R (such as v and w in
figure 3.22(a)) so as to 'give' ring R 3 common edges (as shown in

3.22(b)) - and not alter Fact (1) or Fact (2). So without loss of
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generality we shall assume that R has 3 common edges, and that
Facts (1) and (2) both hold.

Now consider the plane subgraph T(G) comprised of all edges
and vertices of G that lie on, and within, rim T; suppress any
2-valent vertices on its exterior face (see figure 3.23), By theorem
1.10 this graph is 3-connected (since no pair of faces 'meet twice')
and Facts (1) ana (2) are 'inherited' from G. Thus T(G) is certainly
a light graph! This contradiction to lemma 3.15 concludes the proof.
THEOREM 3,17

Given: a 3=valent p-graph G (i.e., G is a plane, 3-valent,
3-connected graph) other than the tetrahedron K.4 .

Then: G contains a deletable k-edge and equivalently, there exists
a sequence of p-graphs

K, = G,,G

4 0’ 1....’Gi, Gi"'l’...’Gn-l’ GN = G

such that (for O <is n=-1) G is obtained from Gi by placing

i+l
an edge across some face of Gi (i.e., performing a face split) that'
has at most 9 sides - so0 that this 'new' edge is a k-edge in Gi+1'
REMARK 1. It will be possible, later, to drop the restriction that
G be 3-valent,

PROOF: G must have k-edges (by theorem 3.13) and if none are
common edges of 3-rings we are done. So let 1 be defined as the set
of all k-edges and let Z denote the nonempty set of all 3-rings which

have a k-edge as a common edge. Then by theorems 3.7 and 3.16 we

are done,



-59-
REMARK 2, By truncating each vertex of the dodecazhedron (the cubic
p-graph with 12 5-gons) one obtains a 60-vertex graph with precisely
60 k-edges, each shared by a 10-gon and a 3-gon (and thus deletable).
REMARK 3, There exists an infinite number of cubic p-graphs having
just 12 k-edges, each shared by 2 3-gon and a 6=-gon (and thus dele-
table). Such graphs may be obtainea by truncating all vertices of a
cubic p-graph having just 3-gonal and 6-gonal faces ~ and there exist
infinitely many such graphs,

When a cubic pe-graph has no 3-gons or 4-goms, but just 5-gomns,
then the following result - which is not deriveable from Jucovic's
inequality (see theorem 3,13) but complements it - permits ome to
obtain results complementing those of theorems 3.16 and 3.17.

THEOREM 3,17(a). (Grunbaum [G&4, p. 404].)
If G is a 3-valent p-graph with no 3-gons or 4-gons, then:
2e(5,5) + e(5,6) = 60 .

Define an (i,}{)-edge of a plane graph to be an edge shared by an
i-gon and a j-gom.
THEOREM 3.17(b)

Given: G a 3-valent p-graph with core H defined by a 3-ring
such that each face (of G) lying within H has 5 or more sides.

Then: at least 10 edges that are (5,5) or (5,6)-edges lie within
the interior of core H (i.e., mot on its rim).

PROOF: Let R = ABC denote the 3~ring which defines core H and
let S and T, respectively, denote the immer and outer rims of .R.
(We can assume without loss of generality that R and H are both
normal in G.) Consider the graph T{(G) comprised of all vertices and
edges of G lying within the closed plane region bounded by T; sub-

press all 2-valent vertices on its exterior face and denote the
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resulting cubic p-graph by G" (see figure 3.27). Some vertex must lie
within the interior of core H (i.e., not on its rim S), both in G
and G'". Reason: otherwise H would contain a 3-gon and/or a 4-gon.
Thus, by 3=connectedness, at least 2 of the 3 faces of ring R = ABC
have 3 or more vertices on the immer rim S, So in G" at least 2 of
the faces of the corresponding 3-ring are 5-gons or bigger, as indicated
in figure 3.28.

Now we construct a new 3-valent p-graph, G*, by placing edges across
the infinite face of G" - as shown in figure 3,29, where the size of
each face 'outside' core H (with squiggled rim) is indicated. By con-
struction, G* has no 3-gons or 4-gons. Now consider all edges of G*
that are (5,5) or (5,6)-edges and do not lie interior to rim S, A quick
count shows there are precisely 18 (5,5)-edges and at most 4 (5,6)-edges
in this set. These edges 'contribute' at most 2(18) + 4 = 40 towaras
the 'count' of 60 that is guaranteed, for G*, by theorem 3.17(a). Thus
the edges within the interior of core H of G* (and thus of G also)
must 'contribute' at least 20. So our theorem is proved.

THEOREM 3.17(c)

If G is 8 3-valent p-graph with no 3-gons or 4-gons, then G
contains a set of at least 20 deletable edges - each a (5,5), or a
(5,6)=edge.

REMARK, Actually, 20 is not best possible,

PROOF: If G's edges are all deletable then, by theorem 3.,17(a),
we are done. So assume not., Then G has 3-rings. So, by theor;m
3.7, we know that: G contains 2 disjoint cores each defined by a 3~ring
and each comprised only of deletable edges. This fact, plus the pre-

ceeding result (theorem 3.17(b)), concludes the proof.
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THEOREM 3,17 (d)

If P(m) denotes the set of all 3-valent p-graphs which have no face
with more than m sides then, for each m 2 7, P(m) is'closed' in the
following sense (which is not the case for P(6)): each graph of P(m)
mey be obtained from the tetrahedron by a sequence of face splits -
not performed on the exterior face -~ such that each p-graph of the cor-
responding sequence lies in P(m); and is obtained from its predecessor
by either 'slicing off' a 3-gon or 4-gon, or by 'slicing off' a 5-gon
from a 6-gon or 7=-gon.

PROOF: Let G be some particular p-graph in P(m), where m 2 7.
Clearly, to prove the theorem, it will suffice to demonstrate that: G
contains a deletable edge not on the exterior face which either lies on
a 3-gon or 4-gon, or is a (5,5) or a (5,6)-edge. To demomstrate this
we consider 5 cases.

Case (i): G has no 3egons or 4~-gons, Then, by theorem 3.17(c),
we are done.

Case (i1): G contains at least 2 faces with fewer than 5 edges.
In this case at least one face of G, call it F, is a 3-gon or & 4~-gon
and is not the exterior face. By theorem 3.8 at least 2 edges of F
are deletable., Since at least 1 of these edges is not on the exterior
face, we are done,

Case (1ii): G contains just 1 face F with fewer than 5 sides -
and F is not the exterior face, Then, by theorem 3.8 again, we are
done.

Case (iv): G contains just 1 face - the exterior face X - with
fewer than 5 sides, and X 18 a 3-gon. In this case G contains some

* %*
core, H , defined by a 3-ring such that H does not contain the



-62
(boundary of) face X. If such a core H* (which must exist in G) is
not minimal with respect to all other cores (of G) defined by 3-rings,
then consider instead some core H (also defined by a 3-ring) lying
within H* which is minimal. Now, each interior edge of H must be an
interior edge of H* - and is thus not an edge of X. By theorem 3.17(b)
at least 10 such edges are (5,5) or (5,6)-edges; and, by the minimality
of H, all are deletable. So we are done.

Case (v): G contains just 1 face - the exterior face X - with
fewer than 5 sides, and it is a 4-gon. Either all edges of G are
deletable, or not. If not, then G must contain some core H* as
described in Case (iv) - and the proof follows by precisely the same
argument. So assume that all edges of G are deletable (thus G has
no 3-rings). In this case the 4 faces incident to X (all 5-gons or
bigger) form a 4-ring, as shown in figure 3.30. If we 'place' a 3-ring
about G, as shown in figure 3,30, then the boundary of X ‘'becomes'
the inner rim of a 3-ring in the new graph ~ call it G". This graph
possesses property-p and is thus a p-graph. Thus, by theorem 3.17(b) -
or by direct application of theorem 3.17(a), we have that: at least 10
edges (of G") that are (5,5) or (5,6)-edges lie interior to the inner
rim (squiggled) of the 3~ring of G". Each such edge is (obviously) a
deletable (5,5) or (5,6)-edge of G also - and thus the proof is

complete.

3,6 DELETABLE EDGES IN NON-CUBIC 3-POLYTOPAL GRAPHS

In this section we obtain a result (theorem 3.18) analogous to
‘theorem 3.7 which is then used, with theorem 3,16, to obtain this

generalization of theorem 3.17:
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Every p-graph, other than the tetrahedron, has & deletable k-edge
(see theorem 3.19).

Not surprisingly, things are not as simple as in the 3-valent case.
To illustrate some of the.problems - as well as to point the way to a
strategy for theorem 3,19's proof - comsider the plane graph of figure
3.24 as a subgraph of some p-graph G; also consider the following
notational convention.
Notation: ( observed throughout this section): If the two endpoints of
some edge e are denoted by the same (lower case) letter, one primed
anda the other not (for example e = yy'), then edge e should be
viewed both as an edge and as a 'pseudo-edge' - that is, with 1its two
endpoints identified,

In figure 3.24 faces A, B and C comprise & normal 3ering with
an inner core H that is a 3-gon. So, as previously remarked, H
cannot contain any other core of G, Unfortunately edges yp and zp
are common edges, respectively, of rings HAB* and HA*B - and thus
are not deletable. Note that faces A and B share the k-edge pn
and that yz (which need not be a ke-edge) is the only deletable edge
of this 'minimal' core H - and H is defined by a 3-ring with a com-
mon k-edge: (Compare this to the 3-valent case). Note also that edges
yn and zn are delectable but need not be k-edges of G. In fact: if

* %
s B and C all have =2 11 sides, then G has no deletable k-edges

A
lying on or within the outer rim of ring ABC!
THECREM 3,18
Given: a p-graph G = (V,E) with normal core H (as in figure
- 3.25) defined by the 3-ring R = ABC (with inner rim S and outer rim

T) which has the common edge pn shared by A and B « and in which

C shares y'y with A anda zz' with B (and v,z and P are on the
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inner rim §); further, edge pn is a member of some preacribed subset
1 of E(G) such that core H does not contain any other core defined
by a 3-ring with a common L-edge; Z denotes the set of all rings (of G)
which contain an L-edge as a common edge. Then:

(I) No L-edge (if any) of CN S can be nondeletable.

(IT) If e = uv 1is a nondeletable L-edge that lies in H but not
on rim S, then (as shown in figure 3.26) C is a 3-gon with vertices:
y=y', z=2z2', and an endpoint of e of valence 3.

(III) If either A or B contains & nondeletable L-edge on rim 8§,
then core H is just a 3-gon.

(IV) 1If both A and B contain nondeletable L-edges on rim S
then, in adadition to H, A and B are also 3-gons and are 'flanked'
(outside the outer rim T) by 2 faces (see a* and B* of figure 3.24)
which each contain vertex n = and a vertex or edge of C.

REMARK. Using assertion (I) only, one can prove theorem 1.12 quite
easily.

We present the proofs of theorems 3.18(I) and 3.19 now, and defer
the remainder of theorem 3.18's proof till the end of this chapter -
after it has been invoked to prove theorem 3.19.

PROOF (OF (I)): Consider figure 3.25 where - by convention - y
and y', and/or z and z', may be identical. Assume that some L-edge
e 1s not deletable, even though it is shared by face C and the inner
rim S. Then (by theorem 3.5) e must be a common edge of some 3-ring -
call it R** - in which e 1s shared by C and some other face of
R** - call it F, Because of the minimality of H (see lemma 3.4) the
‘third face of Rf* - call it F" - must lie outside the outer rim of

ring R = ABC, But then F" and F (which lies inside the inner rim

of R) can only meet 1f they and C are all incident to the same vertex;
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thus R is not a 3-ring and thus we have a contradiction.

PROOF(of theorem 1.12): Let L = E(G) and assume that some of
G's edges are not deletable - or else we are done. Thus (by theorem
3.5) the sét of all 3-rings (of G) which contain an edge of L = E(G)
as a common edge is not empty. Denote this set of 3~rings by Z. Let
R = éBC be a ring of Z having & common edge shared by A and B
such that: one of the cores defined by R - call it H « is minimal
with respect to all other cores defined by rings of 2 (i.e., does not
properly contain any one of them). Claim: all edges of face C that
lie on the rim of H are deletable. Proof of claim: one can assume
without loss of generality that H and R are normal in G and so, by
(I) of theorem 3.18, the claim is proved. Thus the theorem is proved.
THEOREM 3,19

Given: A p-graph G ¥ K4 ; and G is not necessarily cubic. Then:

(1) G contains a deletable edge that is a k-edge.

(1i) Equivalently, there exists a sequence of p-graphs

K‘ = GO’GI""’Gi’ Gt+1""’Gn =G .

such that each is obtained from the preceeding one by splitting a face
with at most 11 sides, and thereby creating two 'new' faces sharing a
k-edge.
REMARK. For some reason Jucovic [J1] does not explicitly state that
all p-graphs (cubic and non-cubie) contain a k-edge! We need this
result and will obtain it very easily by employing the 'diagonalization'
argument used by Grunbaum [G3, p. 213]. The theorem's proof follﬁws
the proof of the lemma.
LEMMA 3.19(a).

Every p-graph contains a k-edge.
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PROOF: Define a k*-edge of a graph to be an edge with enapoints of
valence i and j, where 1 25 and i+ j s 13, Now assume the lemma
is false ana (equivalently) that there exists a p-graph, G*, with no k*-
edges., By Jucovic's result (theorem 3,13) G* must have some non-3-gonal
faces. Without loss of generality we may assume that G* is maximal in
the following sense: the addition of some (any) edge e between 2 non-
ad jacent vertices acroes some non-3-gonal face would result in a p-graph
which does have k*-edges, by which it follows - obviously - that e
would be a k*-edge in the new graph. Now consider some non-3-gonal face
F. By the preceeding assumption, at least one of F's (4 or more) vertices
has valence < 4; but then each of the two vertices of F which are
adjacent to such a vertex must have a valence 2 10 - in which case a
new edge placed between them would not be a k*-edgé. Contradiction!

PROOF(of theorem 3.19): Assume the theorem false and that G 1is
some p-graph (other than the tetrahedron) which contains no deletable
k-edges = and thet G has the minimum number of vertices (for a p-
graph rendering the theorem false). By lemma 3.19(35 G contains omne
or more k-edges,

Strategy (obtain a contradiction): It will be showm that G must
contain the configuration of 6 faces displayed in figure 3,24, such that
faces A*, B* and C (of figure 3.24) will each have & 11 sides;
but then, by removing vertex p we obtain (as will be shown) a smaller
p-graph G" = G - p # K, (see figure 3.31) without having 'introduced
any new keedges' - and no nondeletable k-edge (of G) suddenly 'bécomea
deletable'in G' by this reduction; thus G" also has no deletable
k-edges and this contradicts the assumption that G was 'smallest'!

By lemma 3.19(a) G contains k-edges. By assumption each is
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nondeletable and thus (by ﬁheorem 3.5) each is a common edge of some
3-ring. LlLet Z denote the set of all such 3-rings. By theorem 3.16
each core defined by a ring of Z contains a ke-edge.

Consider one such core - call it H - defined by some 3-ring
R = ABC (of Z) such that: A and B share a k-edge and H is z=
ninimal (i.e., does not properly contain another core defined by a ring
of "Z). We can assume, without loss of generality, that both H and
R are normal in G. (This simplifying assumption will not alter the
fact that all k-edges of G - and thus of core H also - are non-
deletable). Let np denote the k-edge shared by A and 3B (see figure
3.25); let yy' and zz' denote the 'pseudo-edges' shared, respectively,
by A and C and by B and C; let the inner and outer rims of ring
R be denoted, respectively by S and T; and let the labelling be such
that vertices p,y and 2z 1lie on the inmer rim 8. (Recall that by
the labelling convention established at the beginning of this sectiom,

' and 2zz' wmay actually be vertices).

one or both of the edges yy

Now, what about the location of the (one or more) nondeletable
k-edges in core H? If we let L denote the set of all keeages of G,
then we can employ theorem 3.18 to answer this question. We proceed
as follows.

(i) By (I) of theorem 3.18 we know that no nondeletable k-edge is
shared by face C and rim S,

(i1) No such edge can lie within the interior (i.e., not on rim §)
of core H. |
Proof (ii): Assume the contrary, and that the nondeletable k-edge e

-does lie within the interior of H, Then, by (II), e must have a

3=valent endpoint on the boundary of C -~ and C 1is a 3-gon. It follows
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that both of the faces sharing e are 10-gons or smaller, and thus
that each shares & k-edge with the 3-gon C. But, by (i), these 2
k-edges must be deletable =~ contradietion.

Thus all of H's nondeletable k-edges must be shared by rim S
and one, or both, of faces 4 and B,

(iii) By the preceeding it follows - using (III) of theorem 3.18 ~
that H 1is just a 3-gon. But then both A and B must share a
k-edge with H (since H is a 3-gon and both A and B have 10 or
fewer edges).

(iv) Thus by (IV) it follows that: HA and B are all 3-gons;
and that A and B are 'flanked' (outside the outer rim T) by 2
faces which each contain vertex n -~ and a vertex or edge of C, As
shown in figure 3.24, let A* and B* denote these 2 faces =~ which
are shown (conveniently, and without loss of generality) as interior
faces of G.

Now consider the situation portrayed in figure 3.24, Edge vz,
as we already know, is a deletable edge. Thus ]Cl 2 11(or else yz
would be a deletable k-edge). Edge yn (shared by A and A*) is also
deletable, Proof: if not then (by theorem 3.5) A,A* and some third
face would form a 3-ring; but by observation this is clearly not possible.
Similarly edge 2zn is deletable. Thus it follows that both A* and B*
also are ll-gonsare bigger. (See figure 3.31.)

To conclude the proof, consider G" = G - p ¢ Kﬁ’ which is obtained
from G by removing vertex p (see figure 3.31) and the 3 edges.incident
to it, This is a p-graph (by observation it 'inherits' property-p from
.G) with a new 3-gon - call it H" - formed by 'coalescing' A,B and the

3-gon H; and G" contains one vertex less than does G. Consequently,
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by our initial assumption (that G had the minimum number of vertices
possible for a p-graph without deletable k-edges), it follows that G"
should have a deletable k-edge. We obtain the contradiction by showing
no k-edge of G" can be deletable - which contradicts the éssumption
that G was smallest!

Claim: No k-edge of G" is deletable.

Proof: Assume that, on the contrary, G" does contain some deletable
k-edge e. Where could such an edge lie in G", and where did it 'come
from'? Obviously e cannot lie on the 'nmew' 3-gon H" or on any of
the three surrounding faces CA*, B and C) of G". So it must be
shared by two other faces - call them F1 and F2 = of G" which came
'unchanged' from G, and are distinct (in G) from any of the 6 faces
of {A,B,C,H,A*,B*]. Thus e was also a k-edge in G and so must
have been nondeletable in that graph, yet 'became deletable' when vertex
p was removed! Let F.F,F. be some 3-ring in G which must contain

1273

the k-edge e as a common edge. Then it follows that F3 must be one

of the 3-gons A,B or H - or else ring F would also exist in

123
G" and cause e to be nondeletable in that graph. Thus it follows

that removing vertex p 'replaces' face F3 with the new 3-gon H".

Therefore, in G", these 3 faces (Fl,F and H'") would still be touch-

2
ing one another and yet not be a 3=-ring. Thie could happen (by defini-
tion of a 3-ring) if, and only if those 3 faces shared a common vertex
in G" (which, obviously, must be a vertex of the 3-gon H"); that is,
1,F2 and F3 must also
share this vertex (since F3 = A,B or H) and thus cannot comprise a

vertex y=y', 2=2' or n. But them F

3-ring in G, This proves the claim and thus completes the proof of

theorem 3.19.
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THEOREM 3.18 (See beginning of this section for the statement of this
theorem) .

PROOF (continued): Assertion (I) has already been proved (following
the statement of ?he theorem). We now prove the rest.

(II)'s PROOF: Let e = uv be such an edge. Thus it is a common
edge of some 3~ring R** = FM), where say F and M 1ie within
core H and share e -~ and Q (by lemma 3.4) lies outside the outer
rimg T. See figure 3.32. But then Q must touch F ‘'across' the
ring R, which means they share just a vertex - y =y' or z = z';
assume it 16 y = y', And, by precisely the same argument it follows
that Q and M share the vertex z = z'., Thus the face Q contains
vertices y and 2z of face C, Therefore, by 3-connectedness
(property-p), Q and C must share an edge joining y and 2z (the edge
yz lying on the outer rim T). Now consider the three faces F,M and
C. Each touches the other two and thue all three must share a vertex;
or else FMC would be a 3-ring of Z with its inner core properly
contained within H - a contradiction. That vertex can only be one
of the enapoints of the L-edge e. By the preceeding it follows that
C must be a 3-gon containing a (3-valent) vertex that is an endpoint
of e. (See figure 3.26).

(III)'s PROOF: Assume e 1is a nondeletable L-3dge of, say, SN A
and that e is shared by faces A and M of some ring R?* = AM) of
Z . Thus (sece figure 3.33) M 1lies within core H (i.e., inside rim S)
and, by lemma 3.4, Q lies outside the outer rim T, Them M and Q
must share just & vertex - the vertex z = z' - which consequently is
‘also shared by B and M, Thus we have the following situation:

M and A share an L-edge, as do A and H, and B and M touch at
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z=2', It follows that M,A and B must share a vertex - which can
only be p - or else they would comprise a 3-ring of Z which contra-
dictes the minimality of core H. Now consider A,M and C. The first
two share the L-edge e, and both touch C; consequently they wust also
share a common vertex - and that can only be y = y' = or else they
would comprise a 3-ring of Z, which would (by lemma 3.4) contradict the
minimality of core H. By the preceeding we have shown that face M
contains each of the vertices p, y=y' and 2z = 2z'. Thus, by 3-
connectedness (property-p), core H must be just a 3-gon - as shownm,
for example, in figure 3.24.

(IV) 's PROOF: Assume that each of A and B contains an edge of
rim S that is a nondeletable L-edge, Then by (III) of the theorem we
know that H is just a 3=-gon - which will also be referred to as "the
face” H. From the proof of (III) we know that y = y' and 2z = z'
and, more specifically, we know the following (see figure 3.34):

(a) A and H, and a third face - call it Q1 = which lies out-
side rim T, comprise a 3=ring of 2 = call it Rl'

(b) B and H, and a third face - call it Q2 - also lying out-
side T, comprise a 3-ring of Z - call it R2.

By property=-p, neither Q1 nor Q2, can contain both vertex vy
and vertex z. (Because faces C and H already share the edge yz).
Thus it follows that Q $ Q,, snd that:

(1) Q, shares 2z with H and touches A - but not at vy.
(See figure 3.34(a)).

(i1) Q, $ Q shares y with H and touches B - but not at
z, (See figure 3.34(b)).

Claim: By panarity, Q1 touches A only at vertex n and, similarly,
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Q2 touches B only at vertex n.

The proof of this claim will conclude the proof of (IV) (and thus
of theorem 3.18), because it follows (by the claim) that: Q, [QZ] shares
vertices n and z [y] with face B [A] and thus (by property-p)
must share the edge nz [ny] with that face - which consequently must
be a 3-gon; and Q1 and Q2 touch at n and thus cannot also tou;h
at another vertex on C; and thus relabelling Q1 as B* and Q2 as
A* completes matters,

Proof of claim: Let nl denote some vertex shared by Q1 and A,
and>1et n, denote some vertex shared by Q2 and B, We will show,

by planarity, that n, =1 = n,. Well, by the preceeding, the 5 vertices

1 2

n;, O, Oy, 2, ¥ must appear in that order on the outer rim T as one
moves around it. (See figure 3.35). Now, n; and 2z are both vertices
of Ql' and n, and y are both vertices of Q2. Thus it should be
poésible to draw 2 non-crossing arcs, both lying outside T, such that:

one arc joins n, to z and another joins n, to y. But this can

2

be done 1if and only if n, *n=n,. Thus the claim is proved.
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CHAPTER 4
THE STRUCTURE OF BICUBIC 3-POLYTOPAL GRAPHS

4,1 INTRODUCTION

In this chapter we study those 3-connected plane graphs that are
3-valent and bipartite - henceforth to be referred to as b-graphs. The
smallest b-graph (see figure 4.1) is the 3-cube with 8 vertices and 6
faces, all 4-gons; it will sometimes be denoted by Q. (Note, by theorem
1,4 every b-graph must have at least 6 4-gons.) It is clear that each
of the 3 distinct 'edge-adding' operations (which 'extend' the bicoloring
of the vertices) illustrated in figures 4,2, 4.3 and 4.4 will, when
applied to & b-graph, result in a cubic graph that is also bipartite
(and 3-connected, since property-p is also preserved). These 3-generat-
ing operations may be referred to, and described, in the following way.

(I) eration tl, or inserting a& 4-gon, which involves placing
2 'parallel' edges between 2 edges (of a face F) so as to preserve
'eveness' (i.e., create even faces - which permits an extension of a
bicoloring)., As shown in figure 4.2, this can be done in seve?al ways.

(II) Operation t2, or inserting two 4-gons (as shown in figure 4.3)
by placing the 'legs of an H' on each of two nonadjacent edges (of some

face) so as to preserve 'eveness'.
(III) Operation _t3, or replacing a vertex with a cluster of 3
(sutually adjacent) &-gons, which is shown in figure 4.4,

As is usually the case the results are derived in terms of 3 reducing

operations that are the inverses of tl, t2 and t3. These will be re-
ferred to as follows:
(1) reduction rl, or deleting a 4-gon (see figure 4.2).

(11) reduction r2, or deleting an H_ (see figure 4.3).
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(111) xeduction r3, or shrinking a cluster to a vertex (see
figure 4.4).
REMARK, The essential question is: when, and why, would one of
these reductions - when applied to a b-graph other than the cube -
fail to produce another b-graph? The answer is suggested by the
following: deleting two parallel (i.e., nonadjacent) edges of some
isolated 4=-gon will destroy 3-connectedness if those edges'are common
edges of 4-ring (as shown, for example, in figure 4.14). 1In view of
this we will study those cores of b=-graph thgt are defined by certain
rings (of size 4, and sometimes 5) which contain 4-gons; within each
minimal core of this type we will be able to locate a reducible
configuration of 4-gons (one to which rl, r2, or r3 may be applied to

yield a2 smaller b-graph).

4,2 MAIN RESULTS

THEOREM 4.4

If G is a b-graph Ethat is, a bicubic 3-connected plane graph)
other than the cube Q, then:
(a) G may be reduced to a smaller b-graph by reduction rl or r3.
(b) Equivalently, there exists a sequence of b-graphs

Q = GgsGyyeeesByy Gppgneeesly = G-

such that each is obtained from the preceeding ome by the operation tl
(inserting a 4-gon) or by operation t3 (replacing a vertex with 3
mutually adjacent 4-gons).

PROOF: See section 4.3 (i.e., section 3 of this chapter),
REMARK, With a little additional work, it can be shown (see theorem

4,5) that edges need not be placed in the infinite (exterior) face when



tl or t3 is applied.

Consider the following conjectures - the first is usually attributed
to D. Barnette (see [G2, p. 1145)):

CONJECTURE 4.1. Every b-graph has an HC (Hamiltonian circuit),
CONJECTURE 4.2. If G 1is a b-graph with an HC, and e and e' are
two edges of some face, then at least one of them must be used by some
HC in G.

If conjecture 4,2 is true then theorem 4.4 implies that conjecture
4.1 must also be true (this follows easily =~ using induction - from
part (b) of theorem 4.4); thus 4,2 is a very strong conjecture.

With respect to Barnette's conjecture we cite the following:
THEOREM (P, Goodey {GO], 1975). A b-graph with only 4-gons and 6-gons
(and thus precisely 6 4-gons) is Hamiltonian,

THEOREM (D. Petersen [P1], 1981), A b-graph with 8 4-gons is Hamiltonian.

The 'Hamiltonian' theorem provec in this chapter is somewhat aif-
ferent in spirit from the results of Goodey and Peterson:

THEOREM 4.7

If G is some b-graph (not the cube) and H some HC 1in it,
then: one can reduce G to a smaller b-graph containing 'that HC
induced by H', by using one of the 3 redoctions rl, r2, r3. (See
figures 4.5-4.8 which illustrate the 'proposed' operations.)

PROOF: See section &.5.

Before presenting our last result we note the following fact with
respect to reductions rl, r2 and r3: any 'connected configuration’ of
2 or mor 4-gons (in a b-graph) may be 'satisfactorily' reduced - see
lemma 4,1 and part (c) of lemme 4.3 - but that such is not necéssarily

the case for an isolated 4-gon F (see figure 3.14).
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Our last result is the following:
THEOREM 4.8

Any cyclically-4~connected b-graph, other than the cube, may be
reduced to & smaller such graph by applying either reductiom rl or
reduction r2,

PROOF: See section 4.6.
REMARK, The graph(s) of figure 4.15 cannot be reduced by rl to a
smaller cyclically 4-connectgd b=-graph. (Reason: as is easily observed,
each pair of 4-gons lies in a S5-ring.) Further, there is an infinite

family of such graphs., (This is made clear by the diagram,)

4.3 PRELIMINARIES

Before presenting the various proofs it will be convenient to give
names to certain configurations of faces, and to prove some lemmas.
Note, for the proof of theorem 4.4 one need only read this section to
the end of the fifth lemma (lemma 4.2(a)).

Three mutually adjacent 4-gons will be called a cluster (see figure

4.4), and a 4-gon not adjacent to another 4-gon will be called an
1solated 4-gon (or a l-ladder). In a b-graph other than the cube we
know, by 3-connectedness (property-p), that any other 'conmnected'
configuration of k 4-gons must comprise: either a k-ring (see figure
4.,1), in which case the graph is a k-prism (and k = 4); or a 'ladder'
(see figure 4.11). To be more precise let us define, for G any cubic
p-graph (i.e., plane and 3-connected) without triangles, a k-ladder

(of 4-gong) to be the following:

a set ?f k22 4=-gons Fl’FZ’""Fi’Fi+1""’Fk'

where each F but for F, and Fk , shares precisely 2 edges with

i’ 1
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other 4-gons of G - one with Fi-l and another, disjoint from the
first, with Ft+1 ; and F1 and Fk each touch only one 4-gon of
G, F2 and Fk-l respectively.

It is convenient to also refer to an 1isolated 4-gon as a l-ladder.
Also, 2-ladders and 3-ladders will sometimes be referred to, respectively,
as duos and trios, Note that by our definition, no k-ladder can contain

a smaller laader.

LEMMA 4,00
(a) If G 1is a connected bipartite graph or multigraph (planar
or not) of regular valence 3, then G has no bridge (i.e., cut edge)
and thus is 2-connected. ‘
(b) If G 1is a plane, cubic, 2-connected graph then: G is
bipartite if and only if each of its faces has an even number of edges.
PROOF: Suffice it to say that these two facts are well known and
readily verified by elementary arguments,
LEMMA 4.0
Let G be a b-graph, then:
(a) No kering of G or of any p-graph) can contain a (k~l)-ladder,
(b) No 4-gon of G, isolated or not, can be a face of a 3-ring.
(c) If k 1is odd then no k-ring of G can contain a (k-2)-ladder.
PROOF: Assertion (a) is immediate by 3-connectedness. To prove
(b), assume that assertion false and that: e,f, and g are the 3
common edges of some 3-ring R, and that e and £ are opposite
edges of some 4-gon Cw?ich is a face of R). Now if we delete e and
f from G, we obtain a connected cubic graph or multigraph which is
.also bipartite (it obviously 'inherits' a bicoloring from G) but

contains edge g as a bridge! ' This contradicts lemma 4.00.
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With respect to assertion (c): we have just proved it true for the
case k = 3., Now assume the assertion false for some minimum (odd)
value of k = 5; and let R be some k-ring containing ail 4-gones of
a’(k-z)-ladder. By 3-connectedness (see next lemma also) it is
immediately obvious that: one cén apply reduction rl to some 4-gon
in that ladder and so reduce G to & smaller b-graph in which R
has become a (k-2)-ring containing a (k-4)-ladder. But this contra-
dicts the assumption that k (odd) was & minimum value for which
assertion (c) was false!

LEMMA 4.1

If G 1is a b=graph other than the cube then:

(a) One can apply reduction r3 to any cluster and obtain a
smailer b=graph.

(b) One can apply reduction rl to any 4=-gon of a prism, or to
any 4-gon of a k-ladder with 3 or more 4-gons, and obtain a smaller
b-graph,

PROOF: The proof of (a) is immediate since r3 preserves
property~p, and thus 3-connectedness. Assertion (b) is well known and
easily verified - and is subsumed under the more general assertion of
part (ii) of lemma 4.2,
REMARR. From figures 4.5 and 4.6 it is obvious that an HC in G
will induce one in a b~-graph which is obtained from G by: applica-
tion of 1r3 (or of its inverse, operation t3); or by application of rl
to a ladder with 3 or more 4-goms.
LEMMA 4.2

If G is & cubie p-graph with no 3~gons, then:

(1) If F 1is an isolated 4-gon then: ome can delete both edges
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of either one of its two palrs of nonadjacent edges and obtain a
smaller p-graph if and only if, F is not a face of some 3-ring or
4ering (as 1s the case, for example, in figure 4.20 and 4.14).

(i1 If F and F* are two adjacent 4-gons of some ladder L =
and share edge e, then one can delete both e and its opposite edge
on F.lto obtain a smaller p-graph if and only if: F and F* are not
both faces of some 4-ring (in which cese, obviously, all the 4-gons of
ladder L are faces of that ring).

REMARK. By 3-connectedness G cannot have a 3-ring containing more
than one 4-gon; but, as shown in figure 4.19, a 4-ring can.

PROOF: Both assertions will be proved together. Let & and £
be 2 nonadjacent edges of the 4-gon F such that: if F and some
other 4-gon F* are indeed adjacent 4-gohs in some ladder, then they
share edge e. Delete e and £ and consider G" = (G~ e)~ f = (G~ £)~ 3.
By hypothesis, G" has no l-gons or 2-gons and is thus a (connected)
graph. Thus, G" 1is a p-graph if and only if it is 3-connected. Assume
it is not. That is obviously equivalent to the following: the graph
(G~ e) 1is not 3-connected; or (G~ e) 1s 3-connected but the graph
(G~ e)~ f 1is not. By theorem 3.5 this is equivalent to: e is a
common edge of some 3-ring of G; or it is not, but £ is a common
edge of some 3-ring of (G~ e). Thus we have our result.

Before applying lemma 4.2 to b-graphs (in the obvious way), we
present the following.

DEFINITION, If R is a k-ring of a b-graph G, then R may be said
to be a k=loop (or loop) of G if:l;mongst R's faces are all the
faces of some ladder, L, of 4-gons (possibly a 1-1addér); in which

case each 4-gon of L may be said to be primary in loop .
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Thus lemma 4.2 may be reformulated, for b-graphs, as follows:
LEMMA 4,2(a)

let G be a b-graph., Then:

(i) An isolated 4-gon F may be deleted in either 'direction'
(i.e., in both of two ways) by reduction rl -and G reduced to a
smaller b-graph by each such reduction ~ if and only if F is not
(primary) in some 4-loop.

(ii) A duo (or 2-ladder of 4-goms, FF*, may be reduced by rl -
and a smaller b-graph obtained, if and only if they are not both
(primary) in some 4-loop.

PROOF: Immediate by lemms 4.2 and the fact (see lemma 4.0) that
a 3-ring cannot contain a 4-gon,

REMARK, An irreducible isolated 4=-gon, F; and an irreducible duo,
FF*, are to be found (respectively) in figures 4.14 and 4.19,
DEFINITION. By a k-belt (of some b-graph G) will be meant a set, B,
of ‘k+1 faces - including both 4-gons of some duo FF* = such that:
the faces of B, minus either onelof that duo, comprise a k-ring (in
which case FF* may also be referred to as the major duo of belt B).
See, for example, figure 4.9(a).

REMARK, By lemma 4.0 we know that a 3-belt cannot occur.

LEMMA 4.3 (not needed for theorem 4.4).

Given: G a b-graph, other than the cube, in which F and P
are two adjacent 4-gons comprising a duo which share edge e. Then:

(a) G~ e 1is a p-graph with no triangles in which the new face
created by the deletion of e is an isolated 4egon; in fact, if e'
is some other edge shared by another duo of G, then (G~e)e' 1is

also a p-graph with no triangles.
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(b) Onme éan apply reduction r2 to the duo of F and F* and
obtain a smaller b-graph if and only if that duo is not the major due
of some 4-belt. |

(c) At least one of the two reductions, rl #nd r2, can be applied
to the duo FF* 80 as to reduce G to a smaller b-graph.

PROOF: Part (a) is immediate by definition of G as a begraph
and the fact that (by 3-connectedness) no triangle-free p-graph can
have a 3-ring which contains two 4~gons. The proof of assertion (b) is
also very brief: just combine (a) above with assertion (i) of lemma
4.2, To prove (c), assume that the duo FF* is indeed the major duo
of some 4-belt B. (See assertion (b) of this lemma.) This is shown
schematically in figure 4.9 (b), where we have assumed (without loss of
generality) that the two 4-rings defined by B are normal. But then
it is immediate, by figure 4,9 (b), that F and F* cannot aleo be in
a 4=loop. Thus, by lemma 4.2 (a)=-part(il), we can apply rl to that

duo,

4.4 GENERATING THE BICUBIC 3-POLYTOPAL GRAPHS

THEOREM 4.4

If G 1is a b-graph, other than the cube, then G may be reduced
to a smaller b-graph by applying reduction rl or r3,

PROOF: Let 2"(G) denote the set (possibly empty) of all 4=-loops
of G, (See definition preceeding lemms 4.2(a).) If 2" is empty
then, by lemma 4.1 and 4,.2(a), the theorem is true in the 'strongést
possible way'. (That is, every configuration of 4-gons may be reduced -
by rl or r3 - 80 as to produce a smaller b-graph!) So assume 2"

is not empty and comsider all the cores defimed by the 4-loops of 2",
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By definition of a loop, none of these cores can be just the boundary
of a 4-gon; but by lemma 3.6, each of them must contain (the boundary
of) some 4-gon of G, Consider one such core H, defined by the loop
R of 2", such that H is minimal with respect to the others (i.e.,
does not properly contain - as a subgraph -~ any other core defined

by a loop of 2"), Let F* be a 4-gon of G with boundary in H.
The following lemme concludes the proof of theorem 4.4. (Actually
only part(ii) is needed; (1) is used for theorem 4.5).

LEMMA 4.4(a)

(1) Loop R cannot coﬁtain two disjoint 4-gons and thus can
have either 1 4=-gon (isolated) or can contain 2 adjacent 4-gons
(a duo).

(ii) F* cannot be primary in some loop, R*, of 2"; thus (by
lemmas 4,1 and 4.2(&)5 one can apply either rl, 6 or r3 to F*,
and so reduce G to a smaller b-graph.

PROOF: We prove assertion (i1) first, Assume it is false., We
will obtain the contradiction that H (which is defined by R) is not
minimal (i.e., it properly contains another core of 2"). Once again
(by lemma 3.1, 3.2, 3.3) we can assume, without loss of generality,
that both H and R are normal in G. It follows (by lemma 3,4) that:
R and R* must be 'interlocking' 4~loops (as shown schematically in
figure 4.13) with two disjoint faces of R (call them W and E) each
meeting the 4-gon F* on an edge. Thus neither W nor E can be
4-gons « or else R would not satisfy the definition of a 4-lo0p -
and so0 R must contain some isolated 4-gon F, But then FWF*E is
a 4=loop; so the inner core of this loop 1s properly contained in

core H = contradiction!
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Proof of (1): Once again we can assume that R and H are
normal., Now assume that assertion (i) is false. Thus R contains
precisely two 4-gons, and they are disjoint, let R = WQEQ*, where
Q and Q* are both 4-gons, and the 4 faces of R appear in that
order (clockwise) about R. So, for R to be a 4~loop, one of the
4-gons must be isolated - say it is Q. Now consider that unique face,
call it A, which lies within H and shares an edge (of the inner rim
of R) with Q,W, and E, Claim: A cannot alsoc touch Q*. Proof:
if it aid then it would contain (by 3-connectedness/property-p) all
inner rim edges of each of W,Q,E and Q*; thus H would be just the
boundary of A (and thus a 4-gon) - contradiction! But then WAEQ*
also is a 4-loop of Z", whose inner core is properly containedin K -
contradiction! The proof of theorem 4.4 is complete.

REMARK., Several facts relating to the proof of theorem 4.4 are worth
noting; but we defer comment because the proof of the next theorem

(a refinement of theorem.4.4) will invoke several properties (of 4-
loops in begraphs) not yet mentioned.

THEOREM 4.5

If G 1is a be=graph, other than the cube, then G may be reduced
to a smaller b-graph by applying reduction xl or r3 - and no edges
on the exterior face are deleted.

REMARK. It is implicit in the statement of the thecrem that r3
(shrinking a cluster to & vertex) 1s also being viewed as an edge-
deleting operation. |

PROOF} Let X denote the exterior face of G and, as was done
in theorem 4.4, let Z"(G) denote the set of all 4-loops of G. We

will consider 2 cases: 2" is empty; 2" is not empty. But first
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we note the following,

Note: if X is not a 4-gon but touches some cluster (see figure
4.10), then r3 - viewed as a succession of 3 edge deletions - may be
applied without deleting an edge on the exterior face. (See figure
4,10 for a 'proof' of this.)

Case (1): Z" is empty. Thus all ladders are reducible - and
isolated A-gons.are reducible in 2 directions., If G has no clusters
but only ladders we can certainly find some 4=gon (G has at least 6)
with 2 parallel edges - and neither on X - which may be deleted by
rl so that G 1s reduced to a smaller b-graph,

If G does have a cluster containing (as one of its 4~gons)
the face X, then some other 'disjoint' configuration of 4-gons does
not touch X; and we can apply rl or r3 there.

If G has a cluster which does not contain X but is touched
by it (see figure 4.10), then that cluster can be reduced without
deleting an edge of X - as was noted earlier.

Case (ii): 2"(G) is not empty. In this case consider some
4«loop, R*, of Z"(G). As was pointed out in chapter 3, R* must
'give rise to' 2 or more disjoint cores - each minimal with respect to
all cores defined by loops of 2". let H and H" denote 2 such
cores, Obviously one of them, say H, does not contain the (boundary
of the) exterior face X. Consider H and the 4-loop which defines
it - call it R, (Note that R itself may contain, amongst its
4 faces, the face X). By lemma 3.6, H contains - as a proper
subgraph - some 4=-gon of G. By part (i) of lemma 4.4(a) we know that
.any such 4-gon cannot be adjacent to & 4-gon of the loop R. Thus,

* *
if P 1is some 4~gon in H, them F Dbelongs to some ladder or

cluster which lied wholly in H. We consider 3 cases:
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If F* is one of a cluster then it can be reduced by r3 without
deleting an edge of X - even if X touches that cluster. If F* is
isolated then, since it is reducible in 'both directions' (by lemmas
4,2(a) and 4.4(a)), we can always choose to delete two parallel edges
(of F*) which are not on X. Finally, if F* is in some k-ladder L
(where k 2 2) but touches X (a member of loop R), then - if necessary -
we can choose to delete 2 parallel edges (neither on X) of, some other
4-gon of L, and so obtain a smaller b-graph. The proof of theorem 4.5

is complete.

4,5 A THEOREM ABOUT HAMILTONIAN b-GRAPHS

Tﬁe next theorem is really just a strengthening of theorem 4.4 and,
essentially, depends on demonstrating (with the aid of part(b) of lemma
4,3) that: if a b-graph G contains only isolated 4-gons and/or duos
of 4-gons, ;hen one can always locate such a configuration which can
be redﬁced (via rl and/or r2) 'in both directions' - as shown in
figures 4,7 and 4,8 (where the squiggled edges are used by an HC).
This, in brief, is to be the strategy for theorem 4.7.
DEFINITIONS, If G 1is a b-graph and B a k-belt (see definition
preceeding lemma 4.3, and examples of figure 4.9) with its major duo
of two 4-gons sharing edge e, then: G~ e 1is a 3-connected graph
(by lemma 4.3) in which B 'has become' & k-ring, call it B'; those
subgraphs of G~ e that are the rims [cores] of ring B' are also
subgraphs of G, and will be called the rims [cores] of belt B gof G).
Note: each of the rims and cores of B 1is actually defined by some
k-ring of G - that ring comprised of all faces of B. minus one of

the 4-gons of its major duo. As expected, a belt will be saia to be
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a normal belt if its rims are comcentriec.
LEMMA 4,6

If B 1is a kebelt of some begraph G then: B is normal if
and only if none of its faces is the exterior face; and each of B's
two cores contains (the boundary of) some 4-gon of G 1if k < 5,

PROOF: Immediate by definition of "belt" and lemma 3.6.

THEOREM 4.7 kSee section 4.2 for statement).

PROOF: If G 4is either a prism, or contains only clusters and/or
ladders of 3 or more 4=-gons, then the proof follows immeaiately (by
lemma 4.1 and the remark following it) in the 'strongest possible way'.
(That is: every configuration of 4-gons 1s reducible, and amy HC in
¢ will 'shrink' to one in the reduced b-graph - see figures 4.5 and
4,6). So assume G also contains isolated 4-gons and/or duos. Now,
if each of these could be reduced (by rl and/or r2) in 'both
directions', then again our theorem would be proved in the 'strongest
possible way' (see figures 4.7 and 4.,8). So assume not. Thus (by
lemmas 4.2(a) and 4.3) G contains 4~loops and/or 4=belts,

Define‘ 2(G) to be the union (non-empty) of the following two
sets: Z2"(G), the set of all 4-loops of G; and the set of all 4-belts
of G (see definition preceeding lemma 4,3).

Consider all the cores defined by the loops and belts of 2, and
choose one such core, H, that is minimal ~ i.e,, does not properly
contain any other core defined by a member of Z. (0f course their
are at least 2 such cores). Let F* denote one of the 4-gomns of G
which (by lemmas 3.6 and 4,6) must lie in H, If H is defined by a
‘ring of 2 call that ring R; 1if it is defined by a belt, call that

. *
belt B., We want to show that if F 1is isoclated or in a duo, then
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it can be reduced in both directioms.

Cbviously our strategy will be to prove the analogue of part(ii)
of lemma 4.4(a), This, with lemmas 4.1, 4.2(a), and 4.3(part b),
will complete the proof, (Actually the analogue of part(i) is derivable
immeaiately - using the same proof - but we will not use it),

LEMMA 4,7(a)

If the 4-gon F* is isolated, or a member of some duo -F*F**,
then the following camnot occur:

F*, or both F* and F** - 1f the latter exists, are in some
4-belt or 4=loop of Z - call it L .

PROOF: Assume the lemma false, We can assume (by 3.1, 3.2, 3.3
and 4.6) without loss of generality that: core H and its defining
loop R - or its defining belt B -~ are both normal. We consider 3
cases and obtain a contradiction in each.

Case (1): H 4is defined by the loop R of Z.

Then, by lemma 3.4's remark, some face A of L* must lie outside

the outer rim of R. But then L* also must contain 2 aisjoint faces

of R (to 'cross' R), call them W and E, and each of them must
touch both A and F* (whether or mnor F** exists). Now R must
contain all the 4-gons of some ladder, since R 1is a 4-loop; 80 both

W and E must be non-4-gons, ann.thus R contains an isolated 4-gon -
cell it Q. Now consider the 4~-ring WQEF*. It is a 4—10§p of 2 and
thus (by lemma 3.4's remark) has an inner core properly contained in H ;
contradiction! |

Case ({i): H is defined by the 4-belt B of 2 and some face,
A, of L* lies outside the outer rim of B,

Do the following: 1let Q and Q" denote the two 4-gons comprising the

major duo of B, such that Q touches the inner rim of B. Now, as in
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case (i), L must contain 2 disjoint faces of B - in order to 'cross'
it. Call these faces W and E, W and E must both touch F*
(whether F** exists or not) and thus neither can be a 4=-gon of the
duo QQ", so they must 'flank' that duo (see figure 4.12(b)), in which
case neither can be a 4-gon (and so both would alsc touch F**, if it
existed). If F* were isolated then it is clear by the preceeding
that W,F,E and Q would comprise a normal 4-loop, whose inﬁer core
(by lemma 3.4's remark) is properly contained in H - contradiction!
Similarly, if F* and F** are a duo then W,F*,F**,E and Q must
comprise a normal 4-belt, whose inner core is properly contained in H -
contradiction!

Case (i1i): H 1is defined by the belt B of 2Z, but no face of
L* lies outside the outer rim of B.

Do the following: let Q and Q" denote the two 4~gons that comprise
the major duo of B, labelled so that Q touches the inner rim. See
figure 4.12(b), where W and E denote the two non-4-gons flanking

Q and Q" in belt B,

If L* contained Q - and perhaps Q" also, or contained both of
them, or contained neither of them, then: since L* contains F* and
no face lying outside B's outer rim (by assumption), the inner core of
L obviocusly is properly contained in H - contradiction! Thus one
need only show that the following leads to a contradictiom: L* contains
Q" but not Q (and, of course, L* has no faces lying outside B's
outer rim). Assume this is the case. Then, obviously, both W and E
must be in L*. So L* 'alreaay’' contains the following faces:
W,E,Q and F*, if F* is isolated; or W,E,Q",F*, and F**. if P

*
is not isolated. If the first is the case then L cannot be a 4=belt
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because there is no 'room left' for the major duo) and s0 these 4 faces
must 'already' comprise the 4-ring that is L*; if the latter is the
case then those 5 faces obviously comprise the 4~belt L*. But then,
in eithér case, we can 'replace' Q" with Q and obtain another 4-
loop or 4-belt of Z whose inner core is properly contained in H -
contradiction!

The proof of the lemma, and thus of theorem 4,7, is complete.

4.6 GENERATING THE ¢4-CONNECTED BICUBIC 3-POLYTOPAL GRAPHS
Recall that: by a b-graph is meant a 3-valent bipartite p-graph

(where by a p~graph is meant a plane 3-connected graph);by a c4-connected

graph is meant a cyclically-4-connected graph (ome in which two circuits
cannot be separated by cutting three or fewer edges). By a c=graph will

be meant a c4~connected b-graph.

THEOREM 4.8

A c-graph G, other than the cube, may be reduced by rl and/or
r2 to a smaller c-graph.

REMARK, Note that the graph of figure 4.15 is reducible by r2, but
not by rl.

PROOF: This proof contains a number of lemmas, and a reading of
their respective proofs should perhaps - for the sake of continuity -
be postponed until the conclusion of the 'main' proof.

The strategy, in brief, wiil be to demonstrate that if G is not
reducible by rl (to a smaller c-graph) then it must contain some 5-
loop R (with 1 or 2 4=~-gons) which defines a core H containing
"just 3 faces - a duo and a 6-gon (essentially as shown in figure 4.16);

and that in such a configuration the duo may be reduced by r2 so as
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to produce a smaller c-graph.
CONVENTIONS: By "k-loop" and "loop" we will always mean - at least
throughout this proof - a loop that is either a 4-loop or & 5-loop.
The graph G, or a configuration of 4-gons, will be said to be
"reducible" if one can apply rl [r2] to G, or to the 4-goms,
and obtain a smaller c-graph.

We begin by assuming that G 1is not a prism, or else rl could
"be applied to any ome of its 4-gons to prove the theorem,
LEMMA 4,9

G has no 3-rings, and thus no clusters; and so by 3-connectedness
contains only ladders of 4-gons. (Recall that an isolated 4-gon is also
a l-ladder).

PROOF: Immediate by definition of a c-graph.
LEMMA 4,10

If e and f are nonadjacent edges of some 4=gon Q of G such
that neither of Q's other two other edges are shared with other 4-gons,
then: (G~e)~f = (G~ f) ~e is not a c-graph if and only if e and
f are common edges of some loop (in which of course, Q 1is primary).

PROCF: Just use lemma 4.2(a) and the fact that G 1s c4-connected.
LEMMA 4.11

If F and F* comprise a duo (i.e., a 2-ladder), them one may
reduce G to a smaller c-graph by applying r2 to that duo if and
only 1if:

(i) that duo is not the major duo of some 5-belt, and also ...

(11) that duo is not in some 4-loop (which actually camnot occur -
see next lemma).

PROOF: Just use lemma 4.3 and the c4-connectedness of G,
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LEMMA 4.12

No k-loop of. G can contain a ladder of k-1 or k=2 4=-gons.

PROOF: Certainly, by 3-connectedness, each ring of G (which
is not a prism) must have at least 2 non-4-gonal faces. So assume R
is some loop with only two (adjacent) faces that are not 4~-goms - call
them A and B, By lemma 3,6 some 4-gon F 1lies within the inner
core of R (we can assume, without loss of generality, that R is
normal in G); and F cannot touch any 4-gons of the ladder of R,
But then we can cut 3 edges of G (the edge shared by A and B, and
two other edges - on the inner rim of R - one eachon A and B) and
separate the 4-gon F from the outer rim of R - contraaiction!

MAIN fROOF (continued):

Now consider the set of all 4-loopsand 5-loopsof G. Asau.me that
set is not empty, otherwise (by lemma 4.10) every 4-gon of G 1is
reducible by rl - and we have proved the theorem., Let R denote -
for the remainder of this proof - some particular lpop, wﬁich defines
a core H that is not properly contained within an& other core defined
by a loop of G. Assume that each 4-gon (of G) lying within H (by
lemma 3.6 there is at least one) 1s not reducible by rl, or else we
are done; that is (see lemma 4.10) assume that each 4-gon within H
is primary in some loop. By the lemmas of section 3.3 we may also
assume without loss of generality that both R and H are normal,
Next, let F denote - throughout the remainder of this proof - some
particular 4-gon within H that is primary in, say, the loop L. We
wish to demonstrate that R and H together comprise the configura-
tion of figure 4.16.

LEMMA 4.13

R must contain either an isolated 4-gon or a duo, and no other

4~pons,



-992.

PROOF: Assume the lemma false, If R 1is a 4-loop let W,S,E and
N be its 4 faces, appearing in that order as one moves counterclockwise
about it (see figure 4.17(a)); If R 1is a 5-loop (as in figure 4.17(b))
let N" denote its £ifth face - lying between N and E. By lemma
4.12 we may assume that N i a primary 4-gon of R, W is not a 4-
gon, S 1is another 4-gon, and N" may or may not be a 4-gon. Now
consider the (unique) face lying within H which contains edges -.
consecutive - of each of W,S and E. (Claim: that face, call it A,
cannot touch either N or N" (if the latter exists).

Proof of claim: Assume A did touch one of them. Then, by
property-p (i.e., 3~connectedness) and c4-connectedness (i.e., no 3-
rings), A must contain all edges of the imner rim of R =- contradiction!

Thus it followa that WAEN (or WAEN'N) is a loop in which N must
be primary; and the inner core of this loop is properly contained
within H - a contradiction!

LEMMA 4.14

The 4=gon F (which lies within core H) cannot touch two disjoint
faces of loop R.

PROOF: Assume it did and consider figure 4.17. Let W and E
be such a pair of disjoint faces of R; separated by say face S
(of loop R) on one side, and also separated by say face N - or by N
and N" if R is a 5-loop., By lemma 4.13 no 4-gon in loop R can
touch the 4-gon F. Thus it follows that neither W nor E can be a
4-gon; and that the primary 4-gon(s) of R must lie 'between' them as
one moves around R, But then: faces W,F,E and § comprise a 4-
"loop if S is a 4-gon; WFEN 1is a 4-loop if N is a 4-gon; WFEN'N

1s a 5-loop, if N 1is & 4-gon and R 4is a 5-loop. Im all three cases
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the new loop (by lemma 3.4) contradicts the minimality of H!
MATN PROOF (continued):

By lemma 3.4 we know that some face of L, call it X, lies out-
side the outer rim of R, By lemma 4.14 two faces of L, F and say A,
must lie within the inner rim of R; And, as expected, L also must
contain two disjoint faces of R (in order to 'cross' R), call them W
and E and consider the diagrams of figure 4.17. Llet us assume, hence-
forth, that: W shares an edge with F, which in turn shares an edge
with A (which might be a 4-gon) which in turn shares an edge with E.
Equivalently we are assuming that W,F,A and E appear in that order
about loop 1, Let us henceforth denote: § to be that unique face of
R separating W and E; N to be the other face of R adjacent to
W; N" to be the fifth face of R - if it is a S5-loop - between N and
E. In view of these labels we can say the following about the distri-
bution of 4-gons in loop R and L: By lemma 4.13 W cannot be a 4-gon
since F is, If A is a 4-gon then E cannot be one (see lemma 4,12),
in which case F and A comprise a duo that is primary in Lj but if
A is not a 4-gon then (obviously) F 1is an isolated 4-gon - and
primary in L.
LEMMA 4,15

The edge shared by faces F and A (of loop L) must contain, as
an endpoint, a vertex of face § (of loop R).

PROOF: Assume not. Then, obviously, the 4-gon F cannot touch
S. Thus, in terms of the labels'assigned (see paragraphs preceeding
lemma) we have: if A touched S then WFAS is a 4-loop; if A
‘touched E but not S then WFAES i1is a 5=loop. In either case the

'new' loop haes an inner core properly contained in H - contraaiction!



«94-

LEMMA 4,16
Loop R must have 5 faces.
PROOF: Assume not. Then (using the labels already assigned)
R = WSEN, But because S and N obviously 'play identical roles'
in the 4-loop R, we can apply lemma 4.15 - replacing S by N in
the statement of that lemma; that is, the edge shared by F and A
also contains a vertex of N, So F touches both N and §S. But
the latter are disjoint faces of R and thus lemma 4,14 1is contradicted.
LEMMA 4.17

The 4=gon F shares a vertex with faces W and S - that vertex
on the inner rim of loop R which is an endpoint of the common edge
shared by W and S; and F has just 1 vertex lying within the
interior of loop R's inner rim.

PROOF: By lemma 4.15 F contains an edge of S (as well as an
edge of W - by assumption). Since the graph G has no 3-rings,
thege two edges must be consecutive edges on R's inner rim. By
lemma 4,14 F cannot touch another face of R, and so its 'fourth'
vertex lies inside H (i.e., not on the rim).

MAIN PROOF (continued):

In view of the preceeding we may say that: each 4-gon lying within
core H (and F is one of them) 'monopolizes' an endpoint of a come
mon edge of loop R; that is, no other face within H can touch that
vertex. Now, by lemma 4.13, at most 3 such endpoints (of common edges
of R) are 'available'. (Recall that it has been demonstrated that R
is a 5-loop). Thus core H contains at most three 4-gons - includaing

F - and, since each is primary in some loop (by as;umption), they

cannot comprise a 3-ladder (see lemma 4,.12). Thus there are 5 distinct
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cases to consider (and it will be shown that only the last can occur):

(a) core H contains just one 4-gon, F itself,

(b) H contains 2 isolated 4=-goms and no other 4-gons.

(¢c) H contains 3 isolated 4~gons,

(1) H contains 1 isolated 4-gon and 1 duo.

(e) H contains 1 duo and no other 4-gons.

LEMMA 4.18

Only case (e) can occur and, further, only 1 other face - a 6-gon ~
can lie in core H.

PROOF: Define K to be the cubic plane graph obtained from &
in the following way: remove all edges and vertices of G which 1lie
outside the outer rim of loop R, and suppress any resulting 3-valent
vertices on the 'new' exterior face, Note that K (see figure 4.18)
is also 3-connected (property-p is 'inherited' from G) and contains
no 3-gons, The new graph K has a 5-ring (it was R) about it and
this ring will still be referred to as R; and its inner core will be
referred to as H.

With respect to the diagrams of figure 4.18: these contain
numbers which represent weights, and will be properly defined in a
moment.

Observe that each 4-gon within H 'contributes' a vertex to 2
adjacent faces of R, and thus 'makes each of them bigger than a 4-gon'
in K. In figure 4.18 the various possible configurations are shown
schematically. Note: even in K, at least one of the 5 faces of fing
R must be a 4~gon.

Let us aésign a weight of 2 to each 'possible 4-gon' of K (there

are at most 3 such faces within core H of K); also assign a weight
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of 1 to each 'possible 5-gon' of ring R (there cannot be any within
core H); lastly, aQsign a weight of 1 to the exterior 5-gonal face.

By Euler's inequality (theorem l.4), 2p4(K) + lps(K) 212, It
follows that the assigned weights should total at least 12. But we
can get at most 11 for cases (a) through (d), and 12 can occur in
case (e) only if there are just 8 vertices on the inner rim (see figure
4,18 (e)); this forces the conclusion that a 6-gon can be the only other
face within core H.

To demonstrate that cases (a) through (d) yield at most 1l is not
very complex,

The diagrams of figure 4.18 are virtually self-explanatory and
the assigned weights appear within each face. Only for case (d) need
one invoke c4-comnectedness: in figure 4.18 (d), which corresponds to
this case, the dotted path indicates that cé4-connectedness has 'forced'
a vertex (other than the 2 endpoints of the rings common edges) to be
on that face of R. Lemma 4.18 is proved.
MAIN PROOF (conclusion): |

By assumption, the duo of 4-gons in H (see figure 4.16) is not
reducible by rl because it lies in the loop L. And L, as was
proved, must be a 5-=loop with one face = we called it X - lying
outside the outer rim of R. But then, by involking planarity, it is
obvious that the presence of L prohibits the following from occurring:
the duo (within H) is the major duo of some 4-belt or 5-belt, call it
B, which has to 'cross' ring R, To show this it is sufficient to show
that face X (of loop L) cannot also be a face of belt B; and
planarity forces this conclusion. By lemma 4.11 this concludes the

rroof of theorem 4.8,
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