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Abstract
Geometry in the non-abelian resolution of the unstable

Adams
spectral sequence

by

William J. Baker

Advisor: Martin Bendersky

The use of the Adams spectral sequence in the study of
stable homotopy groups, is usually done in the category
of spectra using iterated push outs, in contrast the
unstable Adams spectral sequence, which can be used to
obtain information about unstable homotopy groups was
originally developed in the category of semi-simplicial
sets, or using the infinite telescope associated to a
spectrum, and iterated pullbacks, this method has been

developed by M. Bendersky.

The theme or inspiration of this treatise is to
obtain a map from pullbacks to push outs, which will
allow one to view a resolution of the unstable Adans
spectral sequence as the homotopy group of push outs
instead of pullbacks and thus treat the unstable
situation in much the same manner as the stable case.
The hope is this will provide new insights into this

construction.
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bPreface
A Principle goal of Relative Homological Algebra is to
obtain Ext terms in both abelian and non-abelian
categories. One typically works in a category M with a
functor F:M—— ¥, for each M e M , F(X) is an extended
object or relative injective and there is a structure

map m:M—— F(M), as well as a multiplication
eM:FzM———e FM, which satisfy certain commutative,

diagrams. Classic references are, (*A) and (*EM1). The
particular case of interest is for M = X-modules or
more accurately (1l)-connected free X-modules and % =
the category of unstable I'-coalgebras, where I' is the
analog of the dual to the Steenrod Algebra, and X is
the coefficient ring.

The cateqory of I' - coalgebras can be defined
through the use of the language of triples, and
cosimplicial resolutions, a thorough treatment of which
can be found in (*A) and (*EM2). A brief sketch for
which (*B) is a good reference follows.

Let R(-) an endofunctor of Topological spaces, be
the mapping telescope , R(X) = ngg%ig QP(RPAX)
where R = {Rn,eRn} is a Q ring spectrum, and
N(-):I(=)—> R(-) is the Hurewicz map. Observing that

the product map of a ring spectra R induces a



multiplication (:RZ2(X)—— R(X) s.t. u and 7 satisfy
certain commutative diagram, i.e. unitary and

associative and thus define a triple {R(-),m,u}.

Following (*A) one can form a cosimplicial space,
that is a diagram of spaces R(X);

40
R(X) : R(X);é;j R2(X)—= R3(X) ...

with di = Rinprn-i:rnNx_ , RN+1xX, then ch(n, R(X)) is a
cochain complex

50 31 .
0—— 7, R(X)—— M, R2X— ... where § is

given as the sum of the alternating values of the di .
The category of unstable I' - coalgebras, labelled

M(Gc) is formed, where m_(mx) induces the structure map

and m,(uy) the multiplication map, here the functor

G:M—— M(G) which is defined in (B*) as well as in
chapter #2, is the R-homology of the R-analog of an

Eilenberg-MacLane space. There is then an adjunction;
Homgy (7, R(S0) ,m R(X)) = Homp () (m,R(S9) ,m,R2(X)).
Using this adjunction and the cosimplicial resolution

one defines Extg(g) (R, m,R(X)) = H*(chm, R(X)).
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The theory of double complexes is then used to

establish that the E, term of the unstable Adams
Spectral Sequence is isomorphic to H*(chm, R(X)).

However the theory of double complexes does not provide
a realization of this isomorphism. This is in contrast
to the methods used in (*EM1), carried out in the
stable case in (*Sw, pp.#467) and in (*Al), where the

structure map defines an isomorphism between the Ej

terms and the cohomology of an appropriate resolution
‘of comodules over a stable coalgebra.
This method is not immediately applicable for the

unstable Adams spectral sequence because the E; terms

are defined as the homotopy groups of iterated pull

t

backs EJ’'" = "t—sF%x where F%X is defined as the

pullback over an internal Hurewicz map,
s-1 .S-1 s-1 . .
r (nx,nRx).an —_— arx , Which is not formally the

same as the external Hurewicz map, that is the

structure map of M(G).

The definition of both the internal and external
Hurewicz map as well as that of the internal iterated

pullback are given in appendix A.
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also defined there are the internal iterated pushout

s+1

Pe

, the pushout under the internal Hurewicz map

Ds(nx,nRx):ﬁﬁ———e Dif and the external iterated

1

pushout 2%+ , which is the pushout under the Hurewicz

map ng?:ﬁ%———a Rﬁ% , as noted earlier n*n(_) is the

structure map in the category M(G) , For this reason

the homotopy groups of the external iterated push outs
n*2% provide a resolution in the category M(G) for

n,R(X). The aim of this treatise is to define
morphisms, w% :F%———e QS$§ ,for s =2 1,

(proposition #3.8.b) and x%rn:pﬁnf———a Rn£§ with
n=20, s =1, (Theorem #3.20) , such that
¢§f:r§f——-+ QSRD; (Corollary #3.11) is a weak
equivalence under certain restrictions, likewise
x%rn is shown to be a weak equivalence under certain

restrictive conditions (proposition #3.24). Inherit in
the manner in which w% is constructed that is apriori
one has;

qu)(’annY) °¢% = ¢§f°r(ﬂx,ny)
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by equation #3.21 one has
x%rloﬁs(nx,ny) = ng%ox§r0 and hence the pair of
morphisms {st%,0°¢%lgsx§,lo¢§f} commute with the

internal Hurewicz map, that is the boundary maps of the

unstable E; term and the external Hurewicz maps, which

are the boundary maps of the resolution in M(G) of

n,R(X) by the external iterated push outs. Since the
map st?rlo¢§f is an equivalence this map is the

desired realization of the isomorphism Ej; =

Extm(g) (X, 7 R(X)) .

I wish to acknowledge the assistance which I received
form Dr. Eldon Dyer in beginning this manuscript and

that from Ms. Laura J. Natapoff in completing it.
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Notation

Category For a category ¥ denote by Obj(¥) the objects

of ¥, and Homg(X,Y) the set of morphisms with domain X
and range or image Y, f € Homy(X,Y) will be written as

f:X—— Y, or X-E—e Y. To say that £ € Morph(¥) will

mean there exists X,Y in ¥, s.t. f € Homy(X,Y).

Functors will be denoted by uppercase letters, while
natural transformations abbreviated n.t. will be
denoted by lower case Greek letters.

Let Yop be the category whose objects are compactly
generated Hausdorff spaces and whose morphisms are
continuous functions.

Let YTop* be the based sub category of lop.

Let €B* be the sub category of Yop* consisting of
pointed C.W. complexes and cellular functions.

Let €p = Ezop* , be the category of morphisms in op*,
that is the category with objects maps in Iop* and
morphisms pairs of maps (h,k):f—— £’/ in Xop* s.t. the

following diagram commutes;




Define €T to be the functor category with objects
functors X(-):6p—— Zop* . A morphism in ¢T , between
objects X,Y is a n.t. o ()X (=)—> Y(-), s.t.

o(f) :X(f)— Y(£) is a continuous function. Like many

functor categories , €T is not a small category.

Let D(-), I(-) € 0bj(tT) be given on f:X—— ¥, an
object in €p as D(f) = X, the domain of £, and I(f) =

Y, the image or range of f. For (h,k):f—— £’ a

morphism between objects in €p , D(h,k) = h, while
I(h,k) = k. Let Id(-):D(=-)—— I(~) be the morphism in

6T, given by Id(f) = £:D(f)— I(f).

Following Switzer (*Sw) or (*Al,pp.#11) for Z the

integers define,

A Spectrum E is a sequence of spaces and maps in CW*
{En,eR:SIAEf—— Epyiln e z - Let S be the sphere

spectrum.

A C.W. Spectrum is a spectrum where the structure maps

eg are closed homeomorphisms of SAE, into a closed

subcomplex of Ep4; .



A morphism between spectra E, F is a sequence of maps,

{fntne z EntEn—— Fp s.t. the following diagram

commutes.
En+1 > Fnt+a f
*
fne1 {4}
n n
CE . SF
S+Af
s1AE, L > S1AFp

i For all n = ng where ng is an arbitrary value of Z.
Such a morphism will be called a strict map of spectra.
Let ©Epec be the category with objects C.W. spectrum,
which are required to be both connective, (-1)-
connected and Q - spectrum. That is to say one can take

Rn = (%) for n < 0, and nyRy = (0) for r < n , the

morphisms of Gpec are strict maps of spectra.

Note Given any collection of spaces and maps {Enreﬂ}nez

in €B* one constructs the Telescope spectrum Tel(E) e
6pec s.t. En is a natural deformation retract of TelEp
(Sw. Ch.#8).

As with XTop* the category of €pec has a notion of

homotopy, For E an object in €pec, define (Ex'I)p =
Epx'I , an object in 6pec with structure maps,

elx' I:SIAELX' I—— Epix'I .



Let ig:E—— EX'I and ij;:E—— Ex’'I be the inclusions
in 6pec induced by the inclusion of 0,1 into I, then
for f,g:E—— F morphisms in 6pec, f ~ g, means there
exists h:Ex'I—— F in Gpéc, s.t. heig = £ and

heij = g.

Proposition Let E , F be objects in 6pec, and let
{fntnent /with f:Ep—— Fp be a sequence of morphisms

in €B* , which make diagram {fix} commute up to

‘homotopy , where Nt are the whole numbers. Then one can

find a morphism £’/ in 6Gpec s.t.;
1) f4 = £, for all n e N*

2) If g is another such morphism then f =~ g.

The inductive proof of #1) uses the fact that objects
in 6pec are (-1)-connected, which begins the induction
and that the structure maps are homeomorphisms of
closed sub complexes hence are closed cofibrations.

While the proof of #2) uses the connectivity property

of objects in 6pec to show that an appropriate Liml
term is trivial. The details for both part #1) and #2)
are carried out in (Sw. Ch #10) For E € Obj(Spec) and X

e Iop* .



Following (*A2) Let R(X) = solimig QP (EpAX) be the
infinite loop space associated to the spectrum E when

there is no possibility of confusion with spectra I

will use the notation E(X) instead of £(X). By thas

discussion if H:f = g from EAX to FAY, as morphisms in
6pec then Adpo(Ad‘PoQP(EpAX)x’I) induces,

B(X)x' I—— B(Xx'I)—L £(X) a homotopy in Top* .

Let (X,Xp) € Yop* , let iy :X,—— X be the inclusion
of the base point, while ¥:X—— x, will be the constant

map %¥(xX) = X, , on all x € X. Let I denote the unit

interval and SP the standard p-sphere.

X ~ ¥ means X is homeomorphic to ¥
X

R

Y means X is homotopy equivalent to Y.

For Y € X , iy = i%:YC——» X is the canonical inclusion

X/Y is the quotient space, and q, = g¥:X— X/Y , is
the canonical quotient.

Cartesian Product For (X,Xp),(Y,Yo) € Top* , let XxY
represent the Cartesian product with base point (x,,Y,)
Half Smash For (X,X%,),(Y,Ys) € op* ,

let Xx’Y = {XXY/(X,,¥) ~ %} , where % is the base point

of XxXY. One can define X’xY in a similar manner.



Let gy xy:XXY¥Y—— Xx’Y be the canonical quotient map
an element qxoxY(er) will be written as [x,’y].

When ¥ = (I,0), ryyxs/y:Xx’I—— X will be the retraction

given by r[x,’t] = (x,1) , for t e I , Xx1 = X.

Coproduct For X,Y € lop*, XVY = Xxy, V XoxY is the

wedge of X and Y .

Smash Product For X,Y e lop* let XAY = XxV/(XVY . =x).
Let dxXxyq i XX'Y—— XAY and qgxyy:Xx¥—— XAY, be the
canonical quotient maps, let an element of XAY,
axvy(x,y) will be written as [Xx,y].

Let ~ represent one of the three products x,x’ or A
then fixing X respectively Y one has endofunctors
X~(=), (-)=»Y.

Let t:XAY = YAX be the twisting homeomorphism.
Suspension Z(X), the right suspension of X, Z,(X) =
XASl while the left suspension of X, =7(X) = SIAX.
For X € Yop, let X! be the unbased paths of X, for (-)

€ I, let ev(_):XI—— X, be the evaluation map, let

o,t:XI—— X be the initial and terminal points,

o =ev) and T = ev(y).



Path Space For X = (X,X,) € Iop*, let P(X) =

(X,%0) (T:0) = {a € XT : o(a) = %}, P(-) is an

endofunctor of Iop*

Path Space of a pair For A € X, B < X, Let

X;A,B)(1,1,0) = {a € XT:t0 € A, oa € B}, be the space
14

of paths into X, which map 1 into A.

Loop Space For X e Yop* let Q(X) = (X,%p, %) (171,0) =

(X,xo)(slr*) ; (=) is an endofunctor of lop*.

Adjunction There is an adjunction between ¥ and Q that
is a bijection Q:Homxop*(ZX,Y) ~ Homyop (X,QY)
Where ¥ is either the right or the left suspension, ¥

is given on f € Homgopx (2X,Y) by;

U(f) (x) = £[-,x] € Q(Y).

Where ev t) (¥(f) (x)) = £[t,x], for x € X, t e I.
The inverse ¥~1 is defined on g e Homgop*(X,QY) by
(T2 (g))o[t,x] = g(x) (£) = ev(t)(I(¥X)).

Extending this notation if h:s9AX—— Y,

let ad9(h):x—— 09(Y) be the g-th iterate of the

adjunct V¥.



Similarly for g:X—— Qp(Y), let

Ad"P(qg):sPAX— ¥, be the p-th iterate of the inverse
adjunction ¥~1. Let pyx:X—— QX be given by

px = Adyx = Ade(Idgy), thus px(x) = [-,%x] € Q(EX)
where ev () ([-,x]) = [t,x].

Let pP(x) = QP (ad-1dgP1) :0P71(sP7lx) — oP(sFx),
let py = golinit P (zPpP) :x— Q(X) where Q0(X) = X
Q(X) = (8AX)" , if i:S—— R is the unit of a spectrum
let ny = (iAX) “epyx:X—— Q(X)—— R(X) be the Hurewicz
map. Taking £ = £; , one has ,

(Ad~1.Q3X)~I = (Ad~loidgyy)+I: (S(QZX)+I)—— IZX~I

Let Oy = 8% = Ade ((AA~105X)+I): (QEXAI)—s Q(ZX~I)
let 68 = adPo((ad™P-aPsPx)~1) : (QPsPX)+I—— QP (2Pxa1)

thus on 7(-) € QP=Px, t e 1, eg[y,t] = [7,t](-)

By passing to colimits 6P induces a delooping map,

Oq I:Q(X)AI————» Q(XAI) see Appendix B.
7

Pull Back over £ Let F1g(-) = I'(-) be given on 1Id{f} =

£f, by TTeg = {(x,a) € XxP(Y): Tax = £(x)}.



another common notation for T's is Xgx{P(Y).

Let ppy )= p};(_) iT'1q(-)— D(-), and

Pr(-)" pg(_):FId(-)———» P(I(-)) be the canonical
projections, the pullback is characterized by the

universal property that given h:2—— X, k:Z—— P(Y)

with tek = foh, there exist a map unique up to

homeomorphism 8:Z—— T'f with p§oe = h, pgoe = k.
=1L  _:0(- ;
Let lD(-) 1D(_).Q( ) — I'rg(~) be the canonical

inclusion induced by the inclusion of the loop
space into the path space. If (h,k):f—— £’ is a
morphism in €p, The universal property of I's induces a

unique map I'(h,k) = hgxP(k):F'g—— Tgr this follows

since f’ohop§ = toP(k)opg , for this reason one can

view I'rq(-) as an object in €T, in fact as a pullback

in the category €T, over the map Id:D(-)—— I(-), the

details are carried out in Appendix.A.

Pushout For f:X—— Y, g:k———a Y’ the pushout of £ & g
P(g,q) is the space (Y V Y’)/(f(x) .~ 9(x)) a pushout is
characterized by the universal property dual to

pullbacks.
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That given a pair of maps k:Y—— Z, h:¥’'—— Z with

kof = heg there exists a unique map 8:P(f, g)— 2
s.t. @<jys = h and 6+jy = k, here jy/:¥'~— P(r, g) and

Jy:¥— P(£,q) are the canonical inclusions.

Let ~ be A or x’ the smash respectively the half smash

product. Let ®§d(_) = 9?_) be given on

Idf = f£:X

i

D(f) — I(f) =Y, by p} = P; = P(ig,£f)
where ig(f):x———a X~I , is induced by the inclusion of

k into I with base point 0, for ~ = A, kK is restricted

to 1 another notation for @; is (X~I) vg Y ,
let jD(—)I = jD(-—)*I 1IXALT 1); and jI(f) Ye—— 1)‘%

be the canonical inclusions.

For -~ = A, ?Ed(_) is the mapping cone of £

while for -~ = %’ pfd(_) is the mapping cylinder of f .
If (h,k):f—— f’ is a morphism in €p, by the universal
property of the pushout ﬂg , and because (jyay)e(h~I) =
(jyck) there exists a unique map,

P*(h,k) = (h~I) vufg k:ED“f“——-—> 1);, .

For this reason ﬁfd(—) is an object in the category €T



11

oy is also a pushout in €T , under the map
Id(-)

Id:D(-)—— I(-) the details are carried out in

Appendix.A, simultaneously with those of the pullback.

Cone of £, For f£f:X—— Y in ¥op* , let C(f) = D(Id,f) =

(X VY)/(x ~ £(x)) = C(f) = X vug Y.

Let jx = jgf:XC——e C(f) and jy:Y~—— C(f) be the
canonical inclusions. As with P% C(~) may be viewed

(=)

as an object in €T,
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Chapter 1

In the category of spectra pull backs are equivalent to
push outs

In chapter 1 we begin the process of realizing the

isomorphism mentioned in the preface between the E,

term of the unstable A.S.S. and a non-abelian
resolution of unstable co- algebras in M(G).

The first step is a realization of the fact stated
(*Al. pp. #41) that in the category of Spectra, in
particular for R-homology that pull backs and push outs

are equivalent.

This realization is a morphism in €T , theorem

#1.1 establishes the existence of this morphism
p1a(-)f1a(~)— Qp%d(_) » using ¢yg(-) one defines
¢R,Id(-) :TR(-)— QR?%d(_) in ¢T, which by theorem
#1.3 is a weak equivalence. The morphism ¢gr,1q(-) is

the realization of Adam’s assertion that R-homology
pull-backs and push outs are equivalent.

The proof of theorem #1.1 requires the use of a
third morphism also in €T ,
_ nd A
YIa(-) = W_![‘d(_)-fPR(-)———~> RPIA (-)

which is introduced in appendix.B.
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This map is proven to be a weak equivalence in chapter
#2 given the following restrictions.
f:X—— Y in Top* is said to be retractable w.r.t. R

or simply retractable when R € Obj(6pec) is understood,

if n,R(f) has a retract.

Theorem #2.1 For f:X—— Y, in Top* , f retractable

w.r.t. R X,Y torsion free, simply connected, and of

finite type w% is a weak equivalence.

Theorem #1.1 For f:X—> Y in lop* . There is a map
wf:Ff-—» Q(ﬁ%) which induces ¢Id(—)‘FId(—)———* p%d(_)

which is a morphism in 6T.

The morphism ¢f is actually the composition of three
morphisms For qﬁ(c’_) = P(ij .y, Id(7)), with

ip1 = Jp(~)x'1:D(~)X'I— $?L) one has

jDI°iB(-) = ijroiB(_):D(-)———e Df:) and one can form
erI°iﬁ(_) the first map an inclusion is given by,
I'(idp(-),J1(-)):T1a(-)— FjDI°iﬁ(_) and has inverse
F(idD(_),rD(_)) where rp(-y°jr(-) = Idy(-) and

JI(-)°rD(-) = Idr(-)-
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The t map 6 =y (Tanroil e TH9nr0i0
nex P 61da(-): (Tjpg 1D(_)) preig .,

where (FjDI°iﬁ( ))’ is the restriction to the image of

I'(idp(-),J1(-)) and is defined by the loop space
multiplication structure, The third and final map is a

quotient map;

F(*D(-) Isp(qD(_)xl O’IdI(") )) :erIoig(_)——) pr%d(—)

Because the loop space functor is a degenerate pull
back, it follows by the work in appendix A, that the
following maps,
I'(Idp(-),31(-)) and F(xp(-),P(Ap )y o-Id1(-))) are
both morphisms in €T. In order to complete the proof of
theorem #1.1, it suffices to define 814(-) restricted
to the image of F(idD(_),jI(-)), and prove that 61q(-)
is natural w.r.t. morphisms in €.

Because I is locally compact the evaluation

map ev(_):YIx’I———e Y is continuous, (-) € I,
furthermore since jXIoiﬁ(X), jxloii(X) are subsets of
?%lwith jXIoiﬁ(X) # Xx'0 » X, although this is not true
for jXI°i§(X): one then has continuous maps,

ev(-): (fmf,jXIOi}i{X) (I, D) x'1—— Mg

and ev(-): (fmf,jXIoi}l(X,jXIOi;){X) (T,3,0) 71— Me .
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Proof of theorem #1.1; Consider I'(t,6¢) the subset of
(Mg, IxreifX, ) (2100 x(Mm, jxrei}X, Ixroigx) (£,1,0)
consisting of pairs of maps (a,B) s.t. TB = Ta. Then

one can form the continuous map, @:Ix'I'(¢,t) — M

given by the loop space multiplication,

-1 a(28) 0= s =1/2
O(s,a,B) = axB =~ =1 g(a-25) 1/2=s =1
Because a(l) = B(1) this map is continuous. If f is an
embedding then keeping g fixed as B(-) = jXI°i§[tar“]r
or simply [Ta,-] one has a continuous map
®(-,-)g: Ix'P (M, JxTeiy(X) , %) — Mg
with adjoint af:P(fmf,jXIOi;{x,*) — P(imf,XXo,*) .

Because [x,-] = [%,-]"1 , since they are both the

constant map the definition of 6f becomes,

a(28) 0= s = 1/2 H
Op(x) = axfTa, -] = [To,2-25],1/2 = s = 1}

If the map £, is not an embedding there may be ne way
to make an identification of Ta with a well defined

value of x € X,
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That is to say since jXI°i§(X) =~ X is false, there can
be distinct values x;, %3 € X, with fx; = fx; = T«,

however this restriction is temporary and does not

carry through to the composition of 8geI'(id,jy) sincs
in I's the pairs (x3,0) and (%xp,a) are distinct, and
hence the composition 8¢.I'(id,j1) is well defined even

when f is not an embedding.

To see that 81q(-)°T(idp(-),Ji1(~)) € Morph(6T) let
(x,0) € T'g and (h,k):f—— £’ be a morphism in Eq.
Then one has, '(h,P(h,k))-0¢e(x,a) =
'th,P(h,k))e(ax[Ta,=-1) = Kkeax[Tthx,-] while,
@grol'(h,P(h,k)) = 8¢/ (hx,kea) = keax[Thx,~-].

Theorem #1.1 has now been completed [
A A A ;

Let wId(-)'ﬁR(-)—_~% RPTg(-) be the delooping map

introduced in appendix.B, w%d(-) e Morph (€T).

Define gr, £ =Q(¥A)opre:TR(-)—> WRPI4(-) , as the

composition of morphisms in €T $R,Id(-) is a morphism

in €T . The n.t. ¢g, 1q(-) is our candidate for a

morphism to establish the equivalence between pullbacks

and push outs in R - homology.



17

Lemma #1.2 The squares in diagram {phi-f} commute

at least up to homotopy, where £ = %7 , f:X—— Y;

QR —— QY > I'f — X
0f 1 Px {phi-£}
= Qj z -
l QjI Y l Jx II lwi III l X
QX XI°°X, QD%' > QPf g Q=X
P(axx’0,idy) ¥

That square I commutes is straightforward, while square

II commutes up to homotopy to see this, let B € QY

since [y,-]71 = [y,-] , ¢golge(B) = Bx[Yo,~1 where y,
is the base point of Y identified with *?% the base

point of ?% . In the loop space of ¥, QY, B = Bx[Yo,~]

through a straightforward collapsing homotopy. This

same homotopy induces qy.,,°Jy(B) = Bx[Yo,~] and

hence square II commutes up to homotopy. Finally for

(x,a) € T¢g Z(x) = [x,~-] while ¢¢e(x,a) = ax[x,-] , and
qYO(a*[xl-]) = (qy°d)*[x,‘] = ¥x(%x,-] = [%X,-] , where

¢ is the constant path of QY with value y € Y for all t

€ I , hence Q(qy)-pf(x,a) = [X,-] therefore square III

commutes up to homotopy. =
Theorem #1.3 9R,f is a weak equivalence for all

f:X—— Y . Proof; Consider the following diagram #1.4
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ORX— > QRY-- > TRe > RX
QRE 1Rf Ppy
= } PRE
J’- I, lQJRY II l SRY
QjpyTei , Q ' q,Id III v
qrx IRXI°IRX | apx. P (arxx’ 0+ RY)% a ﬁf ISR
RY
» ) lo
OR oil 'QR?(qXX'Q,Idy) 0sl.rxl
orx ROXT° 1Y) | oppx'. » QRDA 5 QRSX

Square I , II and III all commute at least up to
homotopy by lemma 1.2. That IV commutes is due to
property B.6 diagram o-j of appendix.B, while square V
commutes by property B.5 diagram o-q.l1. The definition
of ogl;rx is given in appendix B, while square VI
commutes by property B.3 , from appendix.B. Thus each
square commutes at least up to homotopy, In diagram
#1.4 both the top and the bottom rows induce long exact
sequences in homotopy where the bottom row is
equivalent to that of the long exact sequence in

R - homology of the pair (Mg,Xx'0) . Consider the

vertical maps, we have that ¢§' is a w.h.e. which is
because 1) w%QjRY = Rjy , 2) both jry , Rjy are w. e.

and 3) Y is a deformation retract of p%’ . Whiie

(0gl,y)°ZRy is the homology suspension and induces an

isomorphism in homotopy, thus by the 5 - lemma

Theorem #1.3 is proven true. e
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Chapter #2
Two R-homology push outs which are equivalent.

The goal of chapter #2 is to establish conditions for
which yf will be a weak equivalence, this is
accomplished in the following theorem #2.1.

Theorem #2.1 For X,Y torsion free, simply connected and
of finite type, (tf.sc.ft) and £ retractable w.r.t. R
abbreviated f is tf.sc.ft and retractable when R is

understood, then yYf:PrF—— RPf , is a weak

equivalence. In chapter #2 yYysf = W% and Pg = D%

Proof of Theorem #2.1; For X,Y, £f:X—— ¥, tf.sc.ft and
retractable w.r.t R as above, the general theory of

spectra yields a long exact homology sequence for the

pair (D% ,X) or more accurately for the map f

let n,h(RX) = [SN,RX], the homotopy class of maps in

Top*, [SM,RX] = [S(S"),RAX], the the homotopy class of
maps of spectra. By the the retract hypothesis on Rf
this l.e.s. becomes a s.e.s; [#2.2,f]

0— m,RX »— w RY—>» W RPf—— O

Let ® = nmxR(S0) the coefficient ring for the category M
= g0 of l-connected free X - modules of finite type

then mxRX = Homyp (K, m+RX) .
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Let X’ be the subcategory of Xop* obtained by
restricting the objects to those spaces which are
tf.sc.ft. Define a functor M(-):¥'—— M by

M(X) = wxR(X) , by the work in (*B) each object in M
can be realized as M(X) for a space X € I’/ furthermore
one can identify the image of M(-) with M’ and for

Z € ¥’ there is an adjunction,

Homgp (MZ, MX) = Homm(G)(MZ,GMX) , wWhere G(~-) :l—— M(G)

is a functor induced by G(MX) = m«R2X and M(G) is the

category of unstable co - algebras.
In order to simplify notation let
Hg(MZ,MX) = Homp(g) (MZ,MX) . For K,M(X) e M(G), this
adjunction together with [2.2,f] results in the
s.e.s.; [#2.3]
0— Hg(R,mxR%X)>—— Hg(R,mxR%Y)—> Hg(X,n+R?Pg)— O
In order to extend this s.e.s to general Z € %’

observe that MX,MZ are objects in MG as well as M

that Homgpg(MZ,MX) < Homgpp(MZ,MX) as abelian groups, and

that the isomorphisms;

ToHomgy (MZ , X) and

IR

% :Homgp (MZ, [T X)
¥ :Homyp (UpR, MX) = [oHomgp(%,MX) with & induced by the
projections py:[jo®— %, while ¥ is induced by the

inclusions Ay:f%—> L%



21

restrict to isomorpﬁisms

¢ :Homgpig (M2, TeX) 2 TioHOmMppg (MZ,R) and

¥:Homgp (U, R, MX) = yj Homp (X, MX) .

Furthermore because the objects in M and hence those in
MG are of finite type direct sums are equivalent to
direct products. We are néw able to extend the s.e.s.

[(2.3] to the following s.e.s. [#2.3,b]

0— Hg(MZ,m%R2X)>—> Hg(MZ,mxR?Y)—> Hg(MZ,m+R?Pg)—> O

Consider the s.e.s. [#2.2,Rf], that is the s.e.s.,
0—— T4RZ2X>—— M4R2Y —» M4RPrg——> O
Using the language of (*A), if X = RX’ for some
X’ € Iop*, then one has a model in the category of
M(G) and hence for such X, the Ext term is triwvial.
For this reason if one applies the functor Hg(MZ,-) to
this s.e.s. [#2.3,Rf] with Ext0(MZ,-) = Homp (g) (MZ, (<))

one obtains a s.e.s. [#2.4]

0— Hg(MZ,m+R3X)>— Hg(MZ,mxR%Y)—>» Hg(MZ,m«RPRe)—— O

Combining the s.e.s. [#2.3,b] with that of [#2.41, one
has the following commutative diagram which implies

that Hg(MZ,y¢) is an isomorphism.
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[#2.5]

0-> Hg(MZ,mxR2X)— Hg(MZ,m«R2Y) — Hg(MZ,m+RPRre)-> O
= = Hg(MZ,mxRyf)

0> Hg(MZ,mxR2X) — Hg(MZ,mxR2Y) —> Hg(MZ,m+R2Pg)> 0

If X is torsion free and of finite type then so also Is
R(X). since n Rf has a retract mxRY is the direct sum
of mx«RX and nxRPf , therefore when both X,Y are tors.cn
free, 1 - connected and of finite type, Pf is also
torsion free, 1 - connected and of finite type,
and Prr , RPr as well.

Let N = n4R2P¢ in diagram #2.6, then
Hg (mxR2Pg, mxRPre) = Hg(m«R2Pg, mxR2Ps) therefore
there exists g:maR2Pg—— m«RPrs in M(G) s.t.

(RY£) %0 (g) = Idn*Rgpf and hence Hg(N,RYf)°Hg(N,q) = Id,
since Hg(N,Ryf) is an isomorphism so also is Hg(N,qg)

and as before there exists h:msRPrs—— mxR2Pr s.t.

geh = Id, therefore g is itself an isomorphism and

hence nx (RYf) and as a result mx(Yf) is also.

Theorem #2.1, has now been proven true.
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Chapter 3

In R-homology the Internal Iterated Push Out is Equivalent

to the External iterated Push out

The results of chapter 1 that PR f:FR(f)———a QRPf is a w.e.
’

and chapter 2 that yg = yd:Pre—— RPr is a w.e. whenever

X,Y are restricted to spaces which are tf.sc.ft. , and f is

retractable , has as a corollary that ¢grs is a w.e. for such

conditions.

In appendix.A , the internal theorem iterated functor

construct, (Theorem itfun.€) defines for each s = 1,
i s s
lterated pull backs and push outs FId(-) ' pId(-) over

the internal hurewicz map I'S(7np,ny) respectively under the

internal hurewicz map 95(wup,n71).

The first objective in chapter 2 is to define;
#Ta(-)*TTa(-)— PPLa(-) + P8, 1a(-) TR(-)—— R34~
and w%d(_):ﬁﬁ(_)———» R??d(_) all morphisms in 6T with
Qs(w§d(—))°(¢§,ld(—)) = w%d(_) and to extend the results of
chapter 1 and 2, by proving that wi'(_) is a w.e. while

wg'f and hence wﬁ(f) are w.e. subject to the above

conditions.
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The second objective of this chapter (Theorem

#3.20,#3.24) is the result that the internal iterated

push outs ?ﬁn(_) are naturally equivalent to the
external iterated push out Rnﬁ%d(-) , through a
morphism in €T,

xsr?_):pﬁn(_)———a Rnﬁﬁd(_) s.t.

(xSr1)oPlmp,n1) = (mgs)e(xS:9).
Combined with the results of chapter 1,

QS (mgg) «QS (x5 2) o (9F) = Q5(X5/3)° (pRe) °T (my,my) and the

following diagram #3.1 commutes. [#3.1)]
s S
=%
Tt —T(ap, ) RE
SuS,10pS
lﬂsx§r°°¢§ lg Xg' °PRe
Qsg? > QSRS
£ an£% £

In diagram #3.1 the right vertical map QSQ§:1o¢§f is a

weak equivalence for £ = myx and X, t.f., simply

connected, and of finite type by theorem #2.1, while

the lower horizontal map in diagram #3.1, ng% is the

external Hurewicz map that is the desired structure map

in the category M(G) of unstable co-algebras.



The top map of diagram #3.1 is the internal Hurewicz

used in constructing the tower of iterated pull

backs over the map f, with Ef't = nt_srﬁf .

Furthermore mxRES = Homg(R,mxReE) = Homm(G)(R,n*Rzﬁi)
therefore diagram #3.1 represents an equivalence on the
E1 terms of the unstable A.S.S. with a resolution in

M(G) as a result one has Ey = Extm(G)(R,n*RX) through
th t ival S(xSr¥)o(pS i
e natural equivalence (xni ) (anX) whenever X 1is

torsion free ,simply connected and of finite type, this

completes the major result of this thesis.

In appendix.A, it is established that for any
morphism a(-):X(=)—— ¥Y(-) in €T , the functor
Pa(-) is an object in ¢T and has the pushout property.
Therefore the pair of morphisms
{RIXT (=) °0x () +RIY(-)} in 6T induce a morphism
Yo (-) *PRa(-)— RPg(-) , in €T,

Where jY(_):Y(-)———e Da(-) is the canonical inclusion.
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From Property B.2 diagram ¢-7n in appendix.B, and lemma

Tcom in appendix A, one observes that the following

diagram #3.2 in €T commutes.

Diagram #3.2

X(=)AI — ReX(-)AI
' ] AI
nx l x() lGRX°I
(-)AL i
Ro(X(-)AI)-—Ta———e Ro (X(-)AI)

By diagram #3.2 one has that,
R(IXI(-))°0xI(~)°(Mx(-)AL) = R(Ix1(-))°MxX(-)AI and

hence that the pair of maps,

(RIXT (=) °0XI (=) ° (% (-) AL) /RIy (-) °Wy (-))
(RIXI (-)°nx(-)ALRIy(-)°ny(-)) . Which implies that

Wa(-)°9("D(-)r"I(-)) = npa(_) and therefore that

diagram #3.3 below commutes.

Diagram #3.3

sp“I_)D(nxmy)(_; pRl“;-)
a(-)

npd("L 5 Ropa(_)

Poc(-)

Of particular interest is the case a(-) =

Id(-) :D(=)—> I(=), WId(-) will also be labelled yyx ,

where X = D(f).
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Lemma #3.4 There is a morphism in €T, yS:P g — RSPy

s oS = yS+1 s s
s.t. R “nq)a(_) l//a(_) '//a(_) P(r Mo s R nIa) (=)
for all s =z 0, which is a weak equivalence when af is
retractable, with D(af) , I(af) torsion free and simply

connected spaces of finite type.

Proof by induction,
case s = 0, with y?o = Id and wé

(=)

lemma #3.4 reduces to diagram #3.3 which begins the

here

=) = Ya(-)

induction, suppose then that for some fixed s =z 1 the

map yYS ):pRsa(_)———a RsDa(_) has been defined and is a

o(-
morphism in €T , define
s+l - ps oS
wa(_) R 'l’oc(-) '/’Roa(_) as the

composition of morphisms in €T, w§+} is itself in €7,

(=)

using induction if one assumes that wz(_) is a weak

equivalence when o(f) is restricted to retractable maps

with X = D(af) and Y = I(af) tf.sc.ft , then Reas is
also retractable and sz{) as the composition of weak

equivalences is a weak equivalence.
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Consider the following diagram #3.5

#3.5

Id

WS
P.s o y RSP > RSP,
R a 3.5.1, * 3.5.1II
s S S S
lﬁ(R M RS ) lR P(ny, 1) lR mp_
s RS

Square #3.5.I commutes because wz(_)is in 6T while

#3.5.I1 is simply the functor RS(-) applied to diagram
#3.3. This completes the induction and proof of

lemma #3.4 .

Lemma #3.6 A commutative diagram of morphisms in €T

such as diagram #3.7.a ,

induces the commutative diagram #3.7.b, also in €T.

X(-) _()*9 Y(-)
le(-) lBy(-) #3.7.a

x7 (=) —2ELs v (o

EpRnoc(-i)—'—’ PRy (~)

RO(Bx,By) (-) #3.7.b

n

wa(-)l Rnp l 21 (_)
R“va(-)-1E§LEX113)RnPa'(-)
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Proof of lemma #3.6;

given the commutative diagram #3.7.a) of morphisms in

¢T , there exists, two morphism 9Rn(BD°a(-),BIoa(-)) !

RM (Bpog (~) BIoa(~)) boOth of which are morphisms in €T
this is listed as a corollary in appendix A .

Because WE(_) is a morphism in €T , in particular
taking a (=) = Id(-) one has that for (h,k):f——- £’ in
€r that YPrq(er)°Pr(h,k) = RP(h, k) Y1d(f) -

If diagram #3.7.b is evaluated on f € Object €p the
result is a morphism (Bx(£) By (f))io(gy— o’ (£)

in €p. In particular then,

VIdea! (£)*PR(BX(E),By(£)) = RP(Bx(£),By(£)) VIdoa(s)
since Idea(-) = a(-), the above line and lemma Tcom

(appendix A) suffice to show that diagram #3.7.b

commutes.

The first objective of chapter #3 will have been

accomplished when it has been established that,

@)1 PRy = R, (o)
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Proposition #3.8.a For each s =z 1 there exists
wﬁl(_):rﬁ(_)———e QSR$§d(_) a morphism in €T, and a weak
equivalence, on all £ e Obj(€p).

Proof; Let GE:FQtf ~ QtT's be the t-th iterate of the
loop-space pull back homeomorphism. By induction, using
3t one defines ¢§’(_):FS — QSRﬁ?_) case s = 1 is

R(-)

already defined, given wa (-) a morphism in €T and a
7

weak equivalence define pS*1 =

R, (—)
S 08 S o s S
7 (¥R, P (D, 1)) *®RpS (np, 1) °T (¥R, (-) PR, R(~)
Since F(wﬁ,(-)'¢§,R(-)) is a weak equivalence by the

5-lemma, therefore w§+%_) is a weak equivalence ani a
1

morphism in €T,

Proposition #3.8.b) There exists

w?_):r§d(_)—-—a Qsp§d(_) a morphism in €T .

Proof, using induction, case s = 1 is already defined,

given w?_) a morphism in €T define pSt! =

(-)
s L85 . .
= (9p (np,m1) ) °8PS (np, n1) “P(PT-) PR (-)} @s Tthe
composition of morphism in €T , ¢S+ jig itself «

Morph (€T) .
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- S /S oS = S
Lemma #3.9 For each s=z1, Q (wId(-)) PR(-) PR, (=) '
proof by induction;

the case s = 1, is the definition of YR, (=) -

Induction
S =3 otpS = S
assume that for some s, Q (wId(-)) wR(_) wR,(—)

and consider the following diagram #3.10,

Diagram #3.10

T(eS 198 o)
F§+1 R,f’""R,Rf > FQSRpS(nX,nY)
P(wﬁflwﬁaf) I 1d
Foren,. SRR
QSPER (mx, My) ——=> TSRPS (ny, ny)

5®SR(né,ny) t Sgﬁs(nx,ny)
551" s wgf_)___) S'isr‘ S
PR (g, 1y)) RD'(nx, ny)

QSonS Q% 0onS
®PR(nx,my) TII PRD (nx, ny)
v QSp (ws ws ) [\
QSPps £’ 7RE’ |, oSgrDS
épR(nx,ny) IV iﬂ(nx,ny)
= Qs+ (pE+1) 2= (YpS (g, ny))
s+i1ps+1 s OS+1pmS+1
QSTipEL > QSTIRPZ

<

&

In diagram #3.10 square I commutes by induction
hypothesis on dimension s, while square II commutes in

a straightforward way using the definition of the

homeomorphism &5 .
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Square III commutes because PId(-) € Morph (6T) and

square IV commutes apriori of w%*l .

The left vertical side of diagram #3.10 represents w%*l
and because QYgfoprr = ¢Rr,f the top composed with

right side represents ¢S*t1 , therefore the

R, (=)
commutativity of diagram #3.10 completes the proof

lemma #3.9. =

Corollary #3.11 For X e Yop* , tf.sc.ft. with £

retractable S is a weak equivalence.
Rf

Having completed the first objective in chapter #3 it

a morphism

i i s,n .ps ngs
remains to define X(L) .DRn(_)———a R *1d(-)

in €T , and for f retractable a w.e.

This is accomplished in two steps, first a morphism
785(_):D§n(_)———9 RnD%d(-) in €T , is constructed and
proven to be a weak equivalence for f retractable this

is the essence of lemma #3.12.

The second step in defining xs,? involves using WBS

(=)
and is accomplished in theorem #3.20. In theorem #3.24

xsl? is shown to be a w.e. .
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Lemma #3.12 Let XS5(-) = 9?_) thus

xstl(-) = PxS (np, 17) there is a morphism in €T
7%5(_):X50Rn(—)———+ RNeXS(~) for alln =0, s = 1,
where RO(-) = Id(-) with

7§SRN(-) = Idgs.gn(-) and

7§1(-) = w?d(_) s.t.;

n = Yy ° n n
#1.a) Txs+1(-) wxs(np,nx) 1)(WXS(-)'WXSOR(--))
¢XSt1l.RN(-)— 5 RNXS+1(-), for n= 1, s = 1.

#1.b) For nz1, s =21, 7351(5(_) = Rn-lgxs(_)o'lggé(_) .

#2) for all s =z 1 and n = 0, diagram #3.13 commutes.

# 3.13
XS (-) > XSoR(-)
XS (np,M1) (-)
1d = ¥3s(-) l s l’}@(-)
XS (-) e > RoXS(-)

#3) If £f:X——> Y is retractable w.r.t. R(-) then for n
=z 0, and s = 1, 7§s(f) is a weak equivalence. X,Y

tf.sc.ft.
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Proof of lemma #3.12,

Condition #la) Induction on the degree of s, since when
- n - gn . . .

S 1, TX1(-y wId(-) the induction begin.

Assume that for some fixed s conditions #la) holds

true. From the naturality of 7?_) one has for all

n =z 0, that the following diagram commutes.

Diagram #3.14

XSoRN () > XSoRDF1 ()
xs°Rn(7)D, T’I) (‘-)
n
7%5(_) 7XS°R(“)
RNo XS -
RMoXS () (7D, 1) ( ), RN.XSeR(~)

Therefore one is able to define V§s+1(_) as

VRS (np, 1) P TR (=) 1 TRsor () ) 1 XSTLRD (=) —> RPeXSTL(-)

By earlier work this is the composition of morphisms in

¢T and hence itself in ¢T.

Therefore condition #1.a) holds true.

s n _ n =
Condition #1.b) Because Tyl wId(-) , Wwhen s 1
condition #1b) is true apriori of

Bac-) = B 1a-) YR
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Using induction on s, assume that #1.b) holds for any
n = 1 with fixed s > 1 and consider the following

diagram. #3.15

pXSRn(WDrWI)-———+ Prn-1xsg (np,ny) — PROXS (np, n1)
D (¥R}, v§sh2) PRO-L (9 s, 7ysp)
Rxd )

n— n f n

WXSR(HDIHI) D" I
Rn-lpst(ﬂD:nI)_ > Rn-lpRXS(ﬂD:nI)
RN-19 (703 S ’ WXSR)

-1
RATHYXS (np, 1)
RODYS (np, n1)

Where XST1oRM(-) = PxsoRn(qp, qp) + and  RUXS(-) =
L4

Rnovxs(nn,nI) . Diagram #3.15 commutes by lemma #3.6,

as a result of diagram #3.15 one has for arbitrary

n =21 and fixed s =z 1;

n =~ yh o n n

n-1 -1 —
RO™LYys (np, n7) Y RXS (np, my) ° P(9%s ¥Rsg) =

n-1 =
R wxs(nD n1) wst(nD 1) °Prn- l(7xS VxSR)°$(7st17§s%2)

RrN- 1wxs(nD T )oRn ?(7xsryst) wst(nD 1) D(7XSR01§:§?)

Rn‘lwxs+107§;}1R . Thus condition #1b has been verified.
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Proof of condition #2

" when s = 1 diagram #3.13 reduces to diagram #3.3, which
commutes and hence the induction on s begins.

Assume then that for some fixed s, diagram #3.13
commutes, for all f € Top* , in particular for any

Rf € Top*. Thus by lemma Tcom in appendix.A,

diagram #3.13 induces; #3.16
XSoR(-) — XSoR2(-)
Id = XS (MRp, MRI) (-)
0 1
YXSoR(-) TXSoR(-)
NXS.R(~
XSoR(-) () > ReXSoR(-)

To prove that diagram #3.13 commutes at dimension s+1

consider the subsequent diagram #3.17.

XS (-) XS (np,n71) > XSoR(-) #3.17

\\\\i; xS(RnD.énx) Ixs(-)
XS (np}n1) ’

XS (=) — 1XEL=) > ReXS ()
BB
| - 5 xEer2 () RoXS(np, n7)

s
:>\\NX IHD,HI) 7;§°R(_)
N

XSoR(-) 5 RoXSoR(-)
BB:XS (WRp, MRT) MXSeR(~)

XSoR(-)

The back of diagram #3.17 commutes because Rnen = NReN

the front diagram commutes because n(-) is a n.t.



while the top commutes by induction hypothesis diagram
#3.13 dimension s. The bottom commutes by diagram #3.16

Last the right side commutes by the naturality of
¥xs(-) as a morphism in €T.

Diagram #3.17 then induces a commutative square #3.12.

#3.18
xS+1 (=) — XS+t1oR(-)
xSt1(mp,n1) (-)

=J Plrxs(-) 17xSeR(-))

, P(nxs,nxsr) (=) |
xst+l(-) > PReXS (np, M1)
- ¥xS (np,n1)

A Nyws+l¢- +
xs+l(_) X =) > Rpxs(_)_—_ Rxs+l(_)

The right vertical map is 1%s+1(_) , hence diagram

#3.13 commutes at induction dimension s + 1, and

condition #2 is proven true.

Proof of condition #3;

When evaluated on a retractable map f:X > Y,

X, Y tf.sc.ft. 7§s is a weak equivalence for all n = 0.

Note that For such an f, RIf is also retractable and

RNX,RNY are both tf.sc.ft .
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Proof of condition #3 Double Induction first on the

degree of s, second on the degree of n. When s = 1
n = n 1 1 >
7X1(-) wId(-) which is a w.e for all n = 1 by

lemma #3.4 while n = 0, is trivial.

Primary Induction on the degree of s;

assume that for fixed s, and all n =z 0, 1?5(_) is a
w.e. , evaluated on £ tf.sc.ft and retractable.
7§s+1(f) = W%s(nb'nI)oﬁ(Vgs(_),VQSOR(_)) in particular
Tks+1 = P(¥ks,7ksg) in order to establish that
w§s(nDrnI) is a w.e. by lemma #3.14 it suffices to
prove that XS(wp,my) is retractable. By condition #2,
7§s(f)°xs(nn.ﬂ1) = NS (-) and since mys is retractable,

by induction hypothesus on 7l so also is XS (np, ) -

It remains to be proven that 7%S+1 is a w.e. towards

this end, consider the following diagram #3.19;

#3.19
RXSR —> RXSR2 : > R(XS*H1R;
RXSR(mp, 71) , ROxsw) ! ‘
R2XS '
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where jys:XSR—— XSAIUXSR is the canonical inclusion.

When one applies the homotopy functor n, (-) to this

commutative diagram, the result is two long exact

sequences in homology, the 5-lemma and induction

hypothesis imply that Rp(7§s’7§SR) is a w.e.
thus by Whiteheads Thm. wél(sﬂ = p(ar)l(s,q}l(sR) and
RMy%s are also weak equivalences for all n = 1.

Hence 7§94R(—) is a w.e., evaluated on f tf.sc.ft and

retractable.

Secondary induction on the degree of n

Assume that 7%;}1(_) is a weak equivalence when
evaluated on f tf.sc.ft. and retractable , then so also
; n-1

1is 7XS+1R(-) as well as

7§y4(_) = Rn'lwxgu(_)°7§;}1oR(_) this proves

condition #3 and establishes lemma #3.12 ™

The principle aim of this section is to establish a
morphism in €T from the internal push out functor XS{-)
—1 S = S o - -

D(_) pId(-) where Id:D(~)—— I(-) to the

iterated external push out YS(-) = 2?_) defined by

oy TPy and ]y = Pagnoiy -
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Theorem #3.20 For each s =z 1, there is a sequence of
morphisms xS/N(-):XSoRN(~)—— RNoYS(-) for n = 0, in
¢T, which commute with the respective supporting maps
i.e. one has;

Equation #3.21 x?L§+1o(Xs°Rn(nD,n1)) = (RRenys)oxS/N(~)
Proof by induction first on the degree s;

For s =1, nz 0, /0 = W?_)
and thus by lemma #3.3 the induction begins.
Assume then for some fixed s, that x5:0(-) exists
GG AL T

diagram #3.13 implies that 7{goXS(mp,n1) = mxs and

hence that;

nysexS:0 = RyS:Ocnys = RyS/OcqlgoxS(np,n1) =

xS 11eXS (np, 1) -
The first equality is simply the naturality of the

Hurewicz map, thus equation #3.21 holds with n = 0.

Proof of equation #3.21 and lemma #3.20 continued

143 n = ph-1 Ly Iimd
because of condition #1b) YRS (-) R=Lyys (-3 7X5§(~)
from lemma #3.12 and condition #2, that is diagram

#3.13 one has the following commutative diagram.
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#3.21
xSoRn(_) 7 N XSORn+l(~)
XSoRM (1p,M1) (=)
g 7§S°R -
XS (-) (-)
v RN XS - v
RN XS (-) (nD:ﬂI)( )> RN XSoR(-)
Rn°Id(-) Rnoy}l(S(_)
v RNo S/ v
RN XS (-) XS (-) y RO+1l.xS(-)

the commutativity of diagram #3.21 implies that
7§§1°X5Rn(ﬂn,ﬂ1) = Rinxserls
taking xS/D(-) = Rnxsr001§5 one then has the following

diagram #3.23 commutes.

#3.23
XSoRN (-) > XSoRN*1(-)
XSeRD(7p, n1) (-)
n n+l .
T¥s (-) IXSSR(-)
+ Rno-n S/ v
RN XS (=) X=(-) »y RRH1IXS (~)
Rnoxs,o Rn+1°xs,o

Diagram #3.23 establishes equation #3.21 for general n.
that is xS/N+1.XSRN(np,ny) = RDnysexS/NoyS(N
In order to complete the induction it remains to

establish the existence of a morphism ¥5+1:0 in 6T,
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Towards this end, consider the subsequent diagram #3.24

which results from equation #3.21 when n = 0;

#3.24
XS (- — XSR(-)
=) XS(np,ny)
lxs,o 1xs,1
ys(-) — % » RYS(-)

Define ¥S*1,0 = p(xS,0,xS,1):x8+1(-)—— yS*+1l(-) and
Theorem #3.20 has been established »

Theorem #3.24 The map xsr?_ is a w.e. s=1 , n = 0.

)

Proof; First for xsr?_) by induction on the degree of
s, the case s = 1 is x1/9 = Id:Q(-)———a 2(_) = 9(_)

and xi/n = W? which are both weak equivalences.

Induction on arbitrary s, assume that for some fixed s
and all n = 0, x5/° is a weak equivalence, then xsl?_

\
’

= Rnxsr?_)ovgs(_) is a w. e. because both ¥%/° and 7§

are. Since x5/% , n = 0, is a weak equivalences by
Whitehead theorem so also is R(xS/N), and therefore
RPp(xS/N,xS,Nt1) is a weak equivalence by the 5-lemma
and thus xS+1,0 = P(xS:9,x%5/1) is a weak equivalence
and since x?f}rn = Rnx?f}r007§s+l(_) the induction is

complete. -]
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Appendix. A

Recall €T the functor category with objects functors
X(-) :6p——— Top* , thus a morphism in €T is a n.t.
o(~)X(=)— Y(-) s.t. a(f):X(f)— Y (f) is a

continuous map.

The most significant work of appendix.A is first
proposition A.12 where I'tq(-), Prq(-) and C(-) are
established to be objects in €T , this is then

generalized into theorem A.13, that €T has mapping
cylinders, mapping cones and cones, and second the

iterated functor constructions (A.27) , (A.30).

The following work establishes some corollaries of
prop.A.12 which have been used throughout this

treatise.

Proposition A.1 Let F(-):Top*—— Top* be an
endofunctor, and X(-) € Obj(€T) then FoX(~-) e Obj(€T).
Proof; For £ , £’ € Obj(Cp) and (h,k):f—— £’

€ Morph(€p) 1let FoX(f) = F(X(f)) € Obj(Xop*) and

FoX(h,k) = F(X(h,k)):F(X(f))— F(X(f'))

€ Morph(lop*).

Corollary A.2 RePrq(-) , ReT1q(-) are both e obj(€T).

Proof, use proposition A.12 and prop. A.1l =
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Proposition A.3, (Tcom) Given morphisms in €T

(=) X(=)— X’ (=) ¥ (o):¥(~)— ¥/ (-),
B1(=):X(=)—— ¥(-) and B2 (-):X'(-)—Y’(-)

in order to prove commutativity that is

B2(=)e¥ () = B1(=)ea(-):X(-)— Y’ (-)

it suffices to establish this on arbitrary f € Obj (€p)
Bg(f)ov(f) = Bl(f)oa(f) and thus as morphisms

in Top*, and the correspbnding result is true in ¢T.

This is true apriori in the category €¢T.

Proposition A.4 For X(-) € €T and F(-) an endofunctour
of Top* then XeF(-) e obj(CT). An endofunctor F - fu-
Top* can be considered an endofunctor for €y, given on
f:X——Y € Obj(€p) by F(£f):F(X)—— F(Y), and on
(h,k):f—— £/, a morphism in €p, by

(F(h) ,F(k)):F(f)—— F(£f7).

Corollary #A.5 9Pgrn(-) and I'rn(-) are both e 0bj(6T;.
proof,

proposition A.4 together with A.12 combine to prove

A.5.
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Proposition #A.6 Let F(-) be an endofunctor of Top*
and o(-):X(-)—— Y(~) a morphism in €T,

Then Foo(~):FoX(-)—— FoY(-) is a morphism in €7T.
Proof;

Let (h,k):f—— £’ be a morphism between objects in €q
because a(-) € Morph(€T)

a(gryoX(h,k) = ¥(h,k)eo(g) , while

(Fea(gry)o(FeX(h,k)) = Fe(a(gr)oX(h,k))

by naturality of F

Fo(Y(h,k)oa(f)) ’ by naturality of o (=)

(FoY(h,k))oF(oa(f)) ' by naturality of F.

Corollary #A.7 The map ReId(-) = IdeR(-):ReD(-)—— ReI(-),
is a morphism in €T.

Proposition #A.8 For F an endofunctor of Cp ,
®(-):X(~)—— ¥Y(-) a morphism in €T , then

oF (-) :XeF(=)—— YoF(~) e Morph(€T).
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Proof of proposition #A.8.

because o € Morph(€T) and F(f) e Top* for all f

€ Obj(Cyp) one has o(Ffr)°X(Fh,Fk) = ¥Y(Fh,FK)ec(pf;. anu

apriori F(h,k) = (Fh,Fk). 0

Corollary #A.9 ?(RnnD,RnnI):pRnnD(_)~——a pRnnI(_) and
F(RnnD(_),RnnI(_)):FRnnD(_)———a FRnnI(_) are both

morphisms in the category €T.

Proof, use prop. A.12 and A.8. ]

Proposition #A.10 Let F(-), F’(-) be endofunctors

and g(_):F(-)———+ F’(-) be a n.t. between them , =.t.
g(x) € Morph(Xop*) for arbitrary X.

If X(-) e Obj(CT) then gx(-):FeX(-)— F’oX(-)

e Morph(€T) is defined on arbitrary f € Iop* by

gx(-)°(f) = gx(f)

Proof, If (h,K):f—— £’ is a morphism in & , then
X(h,k) :X(f)——> X(f’) is a morphism in Top* , by the

naturality of g , one has a commutative diagram;
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#A.10 b
FoX(£) sxce " T oX(®)
lFoX(h,k) lF'oX(h,k)
FoX(£7) IX(E) |, prox(fr)

which implies the naturality requirement required to

establish gx(-) as a morphism in €T ., © om

Corollary #A.1l1l The Hurewicz map n(-):Id(-)— R(-) ,
where 1Id(~-) , R(-) are viewed as endofunctors in Iop*
induces for X(-) e Obj(€T) ,

nx(-) :X(-)—— ReX(-) e Morph(cT).

The delooping map oﬁ(_),Y:R(-)*Y———a Ro (Id(=~)~Y),
I

introduced in appendix B, between endofunctors of Top*
induces for X(-) € Obj(€T) a morphism

ORoX (-) ;¥ RX()A¥— Re(X(-)+Y¥) in €T .

Proposition #A.12 Fra(-) P1a(-) and C(-) represent

objects in the category €T .

Proof; If (Idp(f) ,Id1(f)) :f—— £ is the identity

morphism in €p , then

ﬂ*(IdD(f),IdI(f)) = IdD(f)*I Uf IdI(f) = Idpg



while I'(Idpf,Idzf) = Idp(f) f£xr P(Idrf) = Idr, and
similarly C(Idpf,Idrf) = Idc(f)-

The next step is to prove naturality;

given (h",k") = (h’,k’)o(h,K):f— £/ £"

morphisms in €p , P*(h’ ,k’)P*(h,k) =

(h’~I ugs k’)o(h+I uf k) =

(h’oh+I ugn k7ok) = h"+~I u gu k" = P*~(h", k")
while TI'(h’,k’)eI'(th,k) = T[(h,k) =

(h’ grxg PK’)o(h gxg PK) =

h’eh guxg P(k’ck) = (h" guxy Pk") = I'(h",k")

similarly c(h",k") = c(h’,k’)-C(h,k). n

Theorem A.13 The category 6T has pullbacks, mapping

cones, mapping cylinders and mapping cones.

Lemma #A.14 TIyg(-) is a pullbacks in €T while DTy
d

and C(-) are push outs in €T .

Proof; Beginning with I'1da(-)
Let T(-) = t(_):PoX(—)———» X(-) suppose that
(a(=):2(=)—— D(-), B(=):Z2(~)— PoI(-) ) are

a pair of morphisms in €T with T8 = Id(-)co(-),

48
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Lemma #A.14 TI1g(-) is a pullbacks in €T while Pla(-y and

c(-) are pushouts in €T .

Proof; Beginning with I'rq(-)

Let T(-) = t%_):P°X(-)———9 X(-) suppose that
(a(=):Z2(=)—— D(=), B(=):2(~)— P-I(-) ) are

a pair of morphisms in €T with teB = Id(-).a(-), thus for
each £ € Obj(€p) one has ToBf = feag , by the universal

property of the pullback I'y , there exists 6¢:2(f)—— T¢

with pEfOGf = B¢ and pgfoef = af.

In order to complete the proof it remains to establish that
@ is natural on pairs of maps, or morphisms (h,k):f—— £’

in €Gp. This is equivalent to the commutativity of #A.15

e
Z(£) £ > TTd(£)
lZ(h,k) o lF(h,k)
Z(£') > rId(fI)

Because I'rq(fs) = I'esr is a pullback, in order to prove

that diagram A.15 commutes it suffices to show that

a) (Pgg,)°T(h,k)°0f = (Prg,)°(6£r)°Z(h,k) and that

b)  (Ppg,)°T'(h,k)0¢ = (Ppe,)o(B8gr)oZ(h,k)
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= (Bfr)°Z2(h,k) by diagram A.16

(pgf,)o(ef:)oZ(h,k) because I'¢s is a pullkack

Therefore condition a) has been established.

In order to prove condition b) one has;

I r .
pr,OF(h,k)o(ef) = D(h,k)o(pr)o(ef) by diagram A.19
= D(h,K)casg” by property of pullback I'¢
= oagreZ(h,k) by diagram A.17

(pgf)°r(h,k)°9f by property of pullback I'f .

To prove that Did(-) is a push out in €T, with
jD*I:D(—)*I_—_’ 1))('_) P jI(-) tI(-)— 1)*_} and
iﬁ(_):D(—)———a D~I the canonical inclusions, all
morphisms in €T. Let a(-):D(-)~I—— Z(-) and
B(=):I(-)—— Z(-) be morphisms in €T , with
o(-)o3pax = B(-)°J1(-) - Evaluated on each £ e Obi(Cr)
by the universal property of push outs one has

8f:Pr—— 2Z(f) with 6gej1f = Br and Ofeipfar = af.



In order to prove that p;d(_) is a push out in the

category of €T, one must establish that 6 is a morphism

in €T that is Z(h,k)-6¢ = (efl)op?h k). Because N
' 1d{-}
is a push out this is equivalent to the following two

equalities.

condition a) Z(h,k)e8¢ejrf = (ef:)om?h,k)ojlf

Z(h,k)8¢cjys = Z(h,K)B¢ by property of push out
= (Bgr)eI(h,k) by naturality of B
= (8¢r)ojrgreI(h,k) by property of push out

i

(8£7) *P{n, k) °I1f because j; is a morphism in 7.

Condition b) Z(h,k)oefojDAI = (Gfl)OQ?h,k)ojD*I

Z(h,K)B¢cjpar = Z(h,k)a(f) by property of push out

= a(gr)°D(h,Kk) by naturality of «
= (8f7)°jpar°D(h,k) by property of push out
= (ef,)op?h,k)ojD*I naturality of Ip-<T

A similar proof establishes that C(-) is a push out
in €T,

Lemma A.14 is now proven true. a

The proof of theorem #A.13 continues with lemms# .20



Lemma #A.20 Let a(-):X(-)—— Y(-) be a morphism
between objects in €T, let H(-) e Obj(€T).

Then H(-) and «(-) define a functor Hea(-) e Obj(fT),
given on f € Obj(€yp) by Hea(fy = H(a(g)) and on
morphisms (h,k):f—— £’ in Cp by;

Hoa(h'k) = H(X(h,k),Y(h,k)):Hoa(f)«——a Hoo (£

Proof;

Let £, £/, £" € Obj(Cpop#) with  (h,k):f— €%

(h’,k’):f—— £’ , (A", k"):f’—— £",  in Morph (Cr)

and (h,k) = (h",k")o(h’,k’) as in the following

commutative diagram. #A.21
a
x(8)—EL  ye)
Y(h’, k’
X(ANK’) | (h',k’)
:' (4 4 fl)
X(E/ j——— Y(£')
X(h, k) X ",k")¥(h'k)
¥(h", k")
v ‘L

X(£") —ggay> Y(E")

The left and right triangular sides of diagrawm #a.22
commute because both X(-) and Y(-) are functors.

objects in €T,
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The remaining rectangular faces all commute because
o 1is a n.t.. From diagram #A.21 one concludes that
Ha(hr’kr)OHtx(hn’ku) =

H(X(h’,k’),¥(h’,k’)) oH(X(h" k") ,Y(h" k")) =
H(X(h,k),¥(h,k)) = Ha(h,k) ’

this completes the proof of lemma #A.20. [

In order to complete the proof of theorem #A.13
observe that for o(-):X(~)—— ¥Y(-) in €T, since af
. . . . " oo
is a morphism in lop* the objects pa(f) = pId(af) '

Fa(g) = FId(af) and Coa(f) = C(xg) are respectively

mapping cylinders, pullbacks and cones in €T,

Proposition A.22 Suppose that X(-),X’(-),¥(-),¥’(-)

and H(-) are objects in €T with Bj(-):X(-) —— X’ (-},
B2(=):¥(=)— ¥’/ (=), a(-):X(-)— ¥(-) and

¥(-):X’'(~)—— Y’ (~-) morphisms in ¢T, s.t. this

diagram commutes #A.23

A 4

X' (-)

x -
= B1(-)
- Jseo
¥(-) B2(=)

v

Y’ (-)
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Then diagram A.23 defines a n.t. H(B1,B2) () =
H(B1(-),B2(-)):Hx(y—— H¥(-) , that H(Bp,By) exists
is straight forward what needs to be proven is the

naturality. From #A.23 with (h,k):f—— £’ one has the

following diagram #A.24.

*(£) A.24
X(£) > Y(£) .
X (h,k) 5 Y (h,k)
B1 (£f) )]((f’) —-?tfr —> Y(£)
B1(£f’) iBZ(f)
xl(f)mlfwl{Wmea Y’ (£) B2(f’)
N
X’ (h,k) ¥’ (h,Xk)
\X'(f’) ————}Y’(f')
Y(f")

By assumption, diagram #A.23 and hence the back and

front diagrams of #A.24 commute. Because o, %, 83 and
B2 are all n.t.’s all faces of diagram #A.24 commute,

and one obtains the following diagram A.25.

#1.25
H > H 7
H “ i (n, k) e
(B1,B2) (£) l H(B1,B2) (£1)
Hy (£) > Hy (£7)

Hy (h,k)

This completes the proof that H(B1,B82) (~) is a n.t..

0
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The internal Hurewicz map

Corollary #A.26 Let wp(-), MI(-) be the two morphisms

in €T given by the Hurewicz map and Proposition A.10.
For any H(-) € 0bj(€T) Proposition A.22 implies for
H(-) = HeId(-) and HgR(-) = HeR(-) given by proposition
A.4 the existence of the internal Hurewicz map

H(np,n1) (-) :H(~)—> HeR(-) € Morph(€T).

Theorem itfun.€ (#A.27).

If H(-) € 0bj(CT) and a(~) e Morph(6T) there exists for
each sj  HZ _, =HZ _, / (7p,n1) & Obj(eT)

the iterated internal functor defined inductively over
The pair (np,ng) :Id(~)—— R(-).

Proof, or more accurately definition.

Let H(-), X(-), Y(-) € Obj(€T) and let

a(-):X(-)— Y(-) € Morph(tT). Because

("p,n1) :Id(-)—— R(-) can be viewed, for arbitrary

f € Obj(€T) as the morphism (wpf,ny¢):f——s PE in 57,
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One has the following commutative diagram;
' #A.28

X(-) — XeR(-)
X(mp,n1)
la(-) 1“R(-)

Y(") Y('UDITII) > YOR(-)

Where each map is a morphism in €T, this implies that

Hy (np,ny) ‘Ha(-)— Haqr(-) exists and is a morphism in

¢T. Using an induction argument suppose that

Hz(_) = Hg(_) / (np,n1) has been defined and is an

element of Obj(€T) then proposition A.22 applied to

-— HS

diagram A.28 implies HS tHS
g P o (mp,ny) e (=) oR(-)

exists and is a morphism in €T, Define

s+1 = H(HS . 1
Ha(_) ( d(ﬂD,nI)) ’ ln genera

s+1 _ S+l t t . .
Hrt(-) = Hypt(-)/ (REnp,R=ng) is defined as,

S S
H(HaRt(nDlnI)) = H(Ha(RtnDrRtnI)) ¢

Corollary A.29 For a(-):X(-)—— ¥(-) a morphism in ¢7¥
92(_) resp.. Fz(_) both exist as the s-th interna:

iterated push out under o(-) and respectively the s-il

internal iterated pullback over a(-~), both are ckjzut.:

in the category €T.
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e, e, e e il

Proposition A.30 For each s =z 0, there exist an object

in ¢T 2§d(_) defined inductively as the push out under

the external Hurewicz map.
Proof;

By corollary A.11 and A.7 the Hurewicz map

N1d(-) :Id(-)— ReId(-) is a morphism in €T ,

let £(-) = £14q(-) = P1a(-) which is an object in €T
by prop. #A.12 , proceeding by induction assume
2%5%_) has been defined and is an object in €T

then nﬁ%a%_):%%&%_)———a Roﬁ%é%_) is a morphism in €T ,
by Cor. #A.11,

let 2§d(-) = pnﬁia%-) an object in €T by Thm. #A.13 .
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Appendix B

In appendix.B is defined, for -~ = A or x’ a delooping map
from-R(X)~Y to R(X~Y) where R(-) = (RA-)" , 1is the infinite
loop space associated to a ring spectra R , and some useful

properties are developed, which shall be used throughout
this treatise. For X,Y € lop* define, ORX;Y = ORX;Y =

imi p, ~p AYY e A A
soi:_,)m%t Ad¥ o (Ad Y) t:R(X)AY—— R(X~Y) ,

P (RPx)
one also has;

ox;RY = O%;Ry = golimit Adpo(xAAd‘pr(Rp*Y) ) : XARY——> R (X~Y)
and all the succeeding work could be done using ox;Ry -

Using the notation that [x,y] € X~Y represents [x,’y] when
+ = ¥’ or simply [x,y)] when ~ = A, let [[r;x]",y] represent

an element of R(X)~Y for r e RP inR ,x € X, and y € Y. Then

ORX;Y° ([[rix]*,y¥]) = [r;x,Y]" € R(X~Y).

Property #B.1l) Naturality of ogy,y, Given (h,k):f—— £/ a

morphism in €p the following diagram (o-nat), commutes.

R(X)AY — 5 R(X~Y) -
IRX;Y
R(h)+~Y l l R(h~Y)
ORX' ;Y

R(X’)~Y —=2 I , R(X'4Y)

Proof;
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Proof of property #B.1,
R(h~Y)oopy;ye ([[rix]17,y]) = R(h*Y)o[r;x,y]” =
[rih(x),yl~ , while ogxs;ye(R(h)+Y) ([{r;x]",y]}) =

orx’;ye ([Ir;h(x)17,y]) = [r;h(x),y)"

Property #B.2) o commutes with 7, That is the following

diagram (o-7m) commutes;

e » R(X)~I
S P (%)
l N1 l-mﬁx;x
R(X~I) > R(X~I)

Proof, it suffices by naturality of the maps (iAX)~ and

px which define ny to establish that;

Property B.2.a) eio((pi)*l) = P}X*I)

that is the following diagram (p-8) commutes.

v

X~I Q(ZX)~I
=T (2%)

1 1
l Pyt l Oy

O (X~I) Q(EX~T)

A4
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Proof;

For x e X, t € I, and [x,t] € X-~I,

P§*1°([X,t]) = [[-,x],t] e Q(2X)~I , where
evVi(s) [(-,x} = [s,x], selI ,

0% ([[-,x),t]) = ([[-,X],t]) e Q(ZX+I) and
ev(s)[[-,x],t]) = [s,x,t]. While
(p)l(...'_[)([x,t]) = [-,%x,t] and

ev(S)([-'IXIt]) = [s,x,t]. ) u

Extending this definition of the delooping map oRrx;r to

the category €T one has, by property #B.1l, diagram
o-nat that o is a morphism in €T,

aﬁD(_);I:RoD(-)AI——:' Ro (D(=)~I)

Notice that ReD(-) = DeR(-), ReI(-) = I-R(-) and that

ReId(-) = IQeR(=) = R(=):ReD(-)—— ReI(-),

let yﬁold(-) be the push out under this morphism R(-),

using iﬁoD(_):RoD(-)———a ReD(-)~I , the pair
{ R°(jD('—)"‘I)°(o‘§D(") ;I) :ReD(-)~I—— R°1)Ed(_) ’

Rejg (=) :ReI(=)—— Ropfd(_) }

satisfy R°jD(—)*I°(G§D(-);I)°i§D(—) = ROjI(_)OR(“)
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hence the universal property of the push out DE(_)
results in a morphism ,

s~ o« ) oD s T

¥Ia(-) *PR(-) 7 RPra(-) 0 &

likewise the pair of morphisms;
ROjD(_):ROD(-)—a RoC(-) , RojI(_):ROI(—)———a ReC (=)
induce w%d(_):CoR(-)——e RoeC(-) a morphism in €T,
Therefore one has another definition for

A - C ° A .

VIa(-) = ¥ia(-)°P(9Rp(-);1,Id1(-)) with
9(oﬁD(_);I,IdI(_)):D%d(_) SN ?(Ri% , Rf) where

3 3 L3 .l A 3 C

p(RJD(-)AI:RJI(-))-9(R1Aer)——9 RpId(-) induces wId(—)
Although the following diagram (o-%), commutes by the

naturality of push outs, a proof is given.

Property #B.3) Diagram (o-%), commutes, f:A——> X;

A
= (RA)AIURfRX > (RA)AS!?
Pre = (RA)AIVgre P (RAAT, Fr) (RA)

A A
Ploga;1 +RX) “Ra;sl

P(Rif , ) » R(AAS?)
 D(R(AAI),3Rx) |_

LP(RIAAT +RIX)
R(P4)

Vv
LY
—

RoP (AAI, %x)



Proof; For [[r;al”,t] urs [r;x]* e $ﬁf ,

ol s1°P (RAAT, 3Ry) o ([[rjal”,t] v (Kix]") =
cﬁA;Slo([r;a]*,t]) (where t € S! at this point)

= ({r;a,t]”, t € S'. While

PR(AL, 5rx) P (ofy . 1 RX) e ([[rjal”,t] ure [rix]") =
PoR(AAL,xrx) e ([r;ja,t]urs [r;x]*) = [r;a,t]”, t « 8 .
For the bottom square;

RP (AAT, %) °P(RjapT RixX) e ([ria,t]” v Re [r;x]") =
RP(AAT, ®x) = ([r; ([a,t] vg X)]1*) = [ria,t]*,t e 8,
while

P(R(AAI) ,%Rrx)°([r;a,t]” v grr [r;x]") = [r;a,t] . ]

Property #4 Diagram (o-q), commutes,

RXx'I ; —R (X~I)
oX
RX;I
dRXx’ 0 lR(QXX’I)
oA
RXAI — —RX;T  ,R(XAI)

Proof;
R(axx’ 0) °0Fy. o ([[Xix]","t]) = R{dgx/o)°([X;X, t]") =
[r;x,t]".  While 0¥,  oqryx’o([[rix]","t]) =

ofy, o [Tix1",E]) = [rix,t]*. =
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By the universal property of push outs, in order to
establish that two morphisms h,k:P(f,g9)—— Z are
equivalent it suffices to show that

hejr(g)of = kejr(g)°f and hejy(g)°g = kejr(g)-9-
Property B.4 then implies, diagram (o-g.l) commutes.

Where i§f‘ = i§ tX—— X~I, f:X—— Y.

Property (B.5) diagram (o-g.1) commutes.

4

X - ’
Pre - ReP¥'=
P (iRg™,RE) f———— Rep(ix’™, £)
D(RIxx 1°0%y, 1/ RIY)

P (arxx’ 0/ RY)
¥ 0 R gy 1, Y)

A

D (ikg™ RE) > RoP (i’
P(RIxaroofy.1°RIy) = vl
= pA
RE

R

Il

Rp%

ReP (dxx’ 0+ Y) P (Rixx’ 190y, 1 RIY) IRXx'T =
(ijI)°R(qXX'o)°0§§;I
R(jXAI)°qRXx'O°U§§;I by property B.4 diagram ¢-g

= ?(RjXAI°0ﬁX;I,Rjy)°®(quX'o,RY)°ijX'I



while,
R°9(QXX'0:Y)°9(ijX'I°0§§;I,Rjy)°jRY = R(jy) =
P (RIXAT°ORy, 1/ RIY) °P (ARXx’ 0/RY) °JRY |

and diagram o-gq.1l commutes. m

Property #B.6) Diagram (c-j), commutes; o = oh

R°D(-) —l—A—) RD(-)AI
= 1RD o

by Lo
ReD (- )—D———> Re (D(-)AI)

Proof; oRx;IoiﬁkA([r;x]‘) = opy;1([r;x]~,1]) =
[r;x,1]~ , while

Rilr*o([r;x]") = [rjx,1]" .

64
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