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Abstract

Geometry in the non-abelian resolution of the unstable
Adams 

spectral sequence
by

William J. Baker 

Advisor: Martin Bendersky

The use of the Adams spectral sequence in the study of 
stable homotopy groups, is usually done in the category 
of spectra using iterated push outs, in contrast the 
unstable Adams spectral sequence, which can be used to 
obtain information about unstable homotopy groups was 
originally developed in the category of semi-simplicial 
sets, or using the infinite telescope associated to a 
spectrum, and iterated pullbacks, this method has been 
developed by M. Bendersky.

The theme or inspiration of this treatise is to 
obtain a map from pullbacks to push outs, which will 
allow one to view a resolution of the unstable Adams 
spectral sequence as the homotopy group of push outs 
instead of pullbacks and thus treat the unstable 
situation in much the same manner as the stable case. 
The hope is this will provide new insights into this 
construction.



Preface
A Principle goal of Relative Homological Algebra is to 
obtain Ext terms in both abelian and non-abelian 
categories. One typically works in a category 3JI with a
functor F:3H » JJ, for each M e 311 , F(X) is an extended
object or relative injective and there is a structure
map m:M > F(M) , as well as a multiplication
ej^:F2M > FM, which satisfy certain commutative,

diagrams. Classic references are,(*A) and (*EM1). The 
particular case of interest is for 3J1 = R-modules or 
more accurately (1)-connected free R-modules and ?) = 
the category of unstable r-coalgebras, where T is the 
analog of the dual to the Steenrod Algebra, and R is 
the coefficient ring.

The category of T - coalgebras can be defined 
through the use of the language of triples, and 
cosimplicial resolutions, a thorough treatment of which 
can be found in (*A) and (*EM2). A brief sketch for 
which (*B) is a good reference follows.

Let R(-) an endofunctor of Topological spaces, be 

the mapping telescope , R(X) = ^ocolim fiP(RpAX)

where R = {Rn /£Rn} is a fi ring spectrum, and

■»?(—) :I(—)----» R(-) is the Hurewicz map. Observing that

the product map of a ring spectra R induces a
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multiplication fx:R2(X) » R(X) s.t. u and 7) satisfy
certain commutative diagram, i.e. unitary and 
associative and thus define a triple {R(-) ,v,(*} •

Following (*A) one can form a cosimplicial space, 
that is a diagram of spaces R(X);

d°.R(X) : R ( X ) ^ R 2 ( X ) = ^ R 3 (X) ...
d1 *

with d^ = Ri7}Rn-i:RnX--- > Rn+1X, then ch(TrAR(X) ) is a

cochain complex

0----> n^R(X)— n icR2X— ... where S is

given as the sum of the alternating values of the d^ .

The category of unstable T - coalgebras, labelled 
9JT(G) is formed, where tta (tjx) induces the structure map

and the multiplication map, here the functor

G:3J1----> 311(G) which is defined in (B*) as well as in
chapter #2, is the R-homology of the R-analog of an 
Eilenberg-MacLane space. There is then an adjunction; 

Homjjj(7T^R(S°) ,7Z^R(X)) = Homjn(G) (tt*r (s°) ̂ * r 2 (x ) ) •

Using this adjunction and the cosimplicial resolution 

one defines Extgn(G) (K,7t*R(X) ) = H* (chTr^R(X)) .
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The theory of double complexes is then used to 
establish that the E2 term of the unstable Adams

Spectral Sequence is isomorphic to H*(chn^R(X)).

However the theory of double complexes does not provide 
a realization of this isomorphism. This is in contrast 
to the methods used in (*EM1), carried out in the 
stable case in (*Sw, pp.#467) and in (*A1), where the 
structure map defines an isomorphism between the E2 

terms and the cohomology of an appropriate resolution 
of comodules over a stable coalgebra.
This method is not immediately applicable for the 
unstable Adams spectral sequence because the E^ terms 

are defined as the homotopy groups of iterated pull

backs Ef'*" = w^ere ^tjx defined as the

pullback over an internal Hurewicz map,

I V  » ^Jh?x ' 3-s n°t formally the

same as the external Hurewicz map, that is the 
structure map of 3Jl(G).

The definition of both the internal and external 
Hurewicz map as well as that of the internal iterated 
pullback are given in appendix A.



also defined there are the internal iterated pushout
gJ.1 t ,Pf , the pushout under the internal Hurewicz map

Ps ("nx/^RX) :̂ f > PRf and the external iterated
s+1pushout £f , which is the pushout under the Hurewicz 

map f as noted earlier is the

structure map in the category 311(G) , For this reason 
the homotopy groups of the external iterated push outs

7r^£f provide a resolution in the category 311 (G) for

ttaR(X) . The aim of this treatise is to define

morphisms, :rf--> fisPf , for s a l ,

(proposition #3.8.b) and £|'n :PRnf > RnSf with

n a o, s a l ,  (Theorem #3.20) , such that

P|f:rRf > fisRP® (Corollary #3.11) is a weak

equivalence under certain restrictions, likewise

is shown to be a weak equivalence under certain 

restrictive conditions (proposition #3.24). Inherit in 

the manner in which <p& is constructed that is apriori 

one has;

nsP(‘nx»‘nY)0vf = #>|f°r(T7xr‘nY)
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by equation #3.21 one has

^|/1o£s (t]X/i7y) = 7?£!<>£f'0 and hence the pair of

morphisms commute with the

internal Hurewicz map, that is the boundary maps of the 
unstable term and the external Hurewicz maps, which 

are the boundary maps of the resolution in 3Jt (G) of 
tî R(X) by the external iterated push outs. Since the

map fis*s,l0psf is an equivalence this map is the

desired realization of the isomorphism E2 =

Extjn(G) (R,tt*R(X)) .

I wish to acknowledge the assistance which I received 
form Dr. Eldon Dyer in beginning this manuscript and 
that from Ms. Laura J. Natapoff in completing it.
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Notation

Category For a category £ denote by Obj(I) the objects 
of 3t, and Homj(X,Y) the set of morphisms with domain X 

and range or image Y, f e Homj(X,Y) will be written as

f:X » Y, or X——— » Y. To say that f e Morph (I) will
mean there exists X,Y in 1, s.t. f e Hom£(X,Y). 
Functors will be denoted by uppercase letters, while 
natural transformations abbreviated n.t. will be 
denoted by lower case Greek letters.
Let Sop be the category whose objects are compactly 
generated Hausdorff spaces and whose morphisms are 
continuous functions.
Let Sop* be the based sub category of Sop.
Let G3B* be the sub category of Sop* consisting of 
pointed C.W. complexes and cellular functions.
Let G«r = (?Xop* ’ ke t îe category of morphisms in Sop*,

that is the category with objects maps in Sop* and
morphisms pairs of maps (h,k):f----> £' in Sop* s.t. the
following diagram commutes;
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Define GT to be the functor category with objects
functors X(-):£rp--- » lop* . A morphism in £T , between

objects X,Y is a n.t. o£(_):X(-)--- » Y(-), s.t.

«(f):X(f)--- » Y(f) is a continuous function. Like many

functor categories , £T is not a small category.

Let D(-), I(-) e Obj (£T) be given on f:X--- > Y, an
object in Grp as D(f) = X, the domain of f, and 1(f) =

Y, the image or range of f. For (h,k):f--- » f' a
morphism between objects in (Tip , D(h,k) = h, while

I(h,k) = k. Let Id(-):D(-)--- > I(") be the morphism in

(ST , given by Id(f) = f:D(f) > 1(f).

Following Switzer (*Sw) or (*Al,pp.#ll) for 2 the 
integers define,

A Spectrum E is a sequence of spaces and maps in EW*

{En ,eg:SiAEn » En+l}n e 2 • Let ^ be the sphere

spectrum.
A C.W. Spectrum is a spectrum where the structure maps 

eg are closed homeomorphisms of S^-AEn into a closed 

subcomplex of En+1 .
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A morphism between spectra E, F is a sequence of maps,
{fn>ne Z fn :En » Fn s*t * the following diagram
commutes.

En+ i ----------------> Fn+1
fn+l

cnE

{f*}
enF

S^-AEn S Af-n----- » slAFn

For all n ^ nD where nQ is an arbitrary value of Z. 

Such a morphism will be called a strict map of spectra. 
Let Spec be the category with objects C.W. spectrum, 
which are required to be both connective, (-1)- 
connected and Q - spectrum. That is to say one can take 
Fn = (*) for n < 0, and 7rrRn = (0) for r < n , the 
morphisms of Spec are strict maps of spectra.

Note Given any collection of spaces and maps {En ,eg} n e 2

in £5B* one constructs the Telescope spectrum Tel(E) e 
Spec s.t. En is a natural deformation retract of TelEn 
(Sw. Ch.#8).
As with lop* the category of Spec has a notion of 
homotopy, For E an object in Spec, define (Ex'I)n =

Enx'I , an object in Spec with structure maps,

egx'IsS^-AEnX'I > En+1x'I .
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Let i0 :E > Ex'I and ii:E > Ex'I be the inclusions

in Gpec induced by the inclusion of 0,1 into I, then 
for f,g:E > F morphisms in Gpec, f “ g, means there

exists h: Ex' I » F in Gpec, s.t. h°i0 = f and

h°ii = g.
Proposition Let E , F be objects in Gpec, and let

{fn >nelN+ /With fn :En * Fn a sequence of morphisms
in G3B* , which make diagram {f*} commute up to

homotopy , where (N+ are the whole numbers. Then one can 
find a morphism f' in Gpec s.t.;

1) f£ =* fn for all n e IN+

2) If g is another such morphism then f « g.
The inductive proof of #1) uses the fact that objects 
in Gpec are (-1)-connected, which begins the induction 
and that the structure maps are homeomorphisms of 
closed sub complexes hence are closed cofibrations. 
While the proof of #2) uses the connectivity property 

of objects in Gpec to show that an appropriate Lim1 
term is trivial. The details for both part #1) and #2) 
are carried out in (Sw. Ch #10) For E e Obj(Spec) and X 
e lop* .



Following (*A2) Let £(X) = golimit fiP(EpAX) be the

infinite loop space associated to the spectrum E when

there is no possibility of confusion with spectra I 

will use the notation E(X) instead of £(X). By thxs 
discussion if H:f “ g from EAX to FAY, as morphisms in 

Gpec then AdP° (Ad”PoOP(EpAX)x'I) induces,
A

SfXJx'I > £(Xx'I)— — > f’(X) a homotopy in Top* .

Let (X,x0) e lop* , let iXo:xoc > x be the inclusion

of the base point, while *:X-- » x0 will be the constant

map *(x) = x0 , on all x e X. Let I denote the unit

interval and the standard p-sphere.
X » Y means X is homeomorphic to Y 
X - Y means X is homotopy equivalent to Y.

For Y £ x , iy = i^:Y<-- > X is the canonical inclusion

X/Y is the quotient space, and = q^:X > X/Y , is

the canonical quotient.
Cartesian Product For (X,x0), (Y,y0) e lop* , let XxY 

represent the Cartesian product with base point (x0,y0) 
Half Smash For (X,x0) , (Y,y0) e lop* ,

let Xx'Y = {XxY/ (x0,y) _ *} , where * is the base point 

of XxY. One can define X'xY in a similar manner.
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Let qXoXy:XxY > Xx'Y be the canonical quotient map

an element qx0xY(x /Y) will be written as [x,'y].

When Y = (1,0), rxx'i^Xx'I » X will be the retraction

given by r[x,'t] = (x,l) , for t e l ,  Xxl * X.

Coproduct For X,Y e lop*, XVY = XxyQ u x0xY is the 

wedge of X and Y .
Smash Product For X,Y e lop* let XAY = XxY/(XVY „ *) .

Let qxxy0 :Xx'Y > XAY and qxVY:XxY-----> XAY, be the

canonical quotient maps, let an element of XAY,
qxVY(x *Y) will be written as [x,y].

Let -*• represent one of the three products x,x' or A 
then fixing X respectively Y one has endofunctors 
X-(-) , (-)-Y.
Let t:XAY « YAX be the twisting homeomorphism.

Suspension E(X), the right suspension of X, Lr (X) =

XAS1 while the left suspension of X, 2i(X) = siAX.

For X e lop, let X1 be the unbased paths of X, for (-) 

e I, let iX1--- > X, be the evaluation map, let

o^ t i X1 > X be the initial and terminal points.
a  —  ev^o) an^ t = ev^j .



Path Space For X = (X,x0) e lop*, let P(X) =

(X,x0) f1 '0) = {a e X1 : cr(a) = x0>, P (—) is an
endofunctor of lop*

Path Space of a pair For A £ X, B e x ,  Let

(X;A,B) (-1-' °) = {a e XI:ra e A, era e B}, be the space
of paths into X, which map 1 into A.

L o o p  Space For X e lop* let fi(X) = (X,x0,x0) (i/1/0) = 

(X,x0) (s1/*) , fi (-) is an endofunctor of lop*.

Adjunction There is an adjunction between E and Q that 
is a bijection $:Hom£op* (EX,Y) * Homxop* (X,C2Y)

Where E is either the right or the left suspension, ¥ 
is given on f e Homjop* (EX,Y) by;

*(f)(x) = f[-,x] e fi(Y) .

Where ev(t)(^(f)(x)) = f[t,x], for x e X, t e l .

The inverse 'J'-1 is defined on g e Hom£op* (X,fiY) by 

(^_1(g)) °[t,x] = g(x)(t) = ev(t)(g(x)).

Extending this notation if h:SqAX- > Y,

let Ad^(h) :X > fî (Y) be the q-th iterate of the
adjunct
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Similarly for g:X » fip (Y), let

Ad”p (g):SPAX--- > Y, be the p-th iterate of the inverse

adjunction Let p>j;:X---- » QZX be given by

PX = AdZX = Ado(ldzx), thus px (x) = [-,x] e Q(ZX) 
where ev(t)([-,x]) = [t,x].

Let pg(x) = nP'^AdoIdxP”1) :fiP"1 (ZP“1X) --- > fiP (ZpX),

let px = colimit np (Eppg) :X > Q(X) where fi°(X) = X

Q(X) = (SAX)~ , if i:S > R is the unit of a spectrum

let tjx = (iAX)*°px:X » Q(X) > &(X) be the Hurewicz

map. Taking Z = Zj , one has ,

(Ad-1°nzx)^l = (Ad“1°idQ£x)'1'I: (2(QZX)-*-I) > 2X^1

Let 0X = 0X = Ad° ((Ad“iQZX)-‘-I) : (£2ZX-̂ I)--- > £2(ZX^I)

let 0P = A d P o ((Ad”PonpZpX)-*-I) : (fipZpX)-*>I--- > Qp (ZpX^lj

thus on y(-) e QPZPX, t e l ,  0P [y,t] = [>,t] (_) .

By passing to colimits 0P induces a delooping map, 
o-g I :Q(X)AI > Q(XAI) see Appendix B.

Pull Back over f Let TI(j(-) = be given on ld(f) =
f , by Tf = {(x,a) e XxP(Y): xa = f(x)}.



9

another common notation for Ff is XfXTP(Y).

Let PD (-)= Po(-):rId(-)--- > D(-), and

Pi(_j:rld(-) * P(X(—)) be the canonical

projections, the pullback is characterized by the
universal property that given h:Z > X, k:Z > P(Y)
with T°k = foh, there exist a map unique up to 

homeomorphism 0:Z--- > Tf with p£°0 = h, p^o© = k.

Let ~ ^ D ( - ) c > ^ld(-) ke the canonical

inclusion induced by the inclusion of the loop
space into the path space. If (h,k):f -» f' is a
morphism in The universal property of Tf induces a

unique map r(h,k) = hfXTP(k):Tf > Tf/ this follows

since f'°h°p£ = r°P(k)°p£ , for this reason one can

view as an object in CT , in fact as a pullback

in the category CT , over the map Id:D(-)--- » I ( —) , the
details are carried out in Appendix.A.

Pushout For f:X » Y, g:X > Y' the pushout of f & g
P(f»g) is the sPace (Y v Y')/(f(x) ~ g(x)) a pushout is 
characterized by the universal property dual to 
pullbacks.
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That given a pair of maps k:Y > Z, h:Y' > Z with
k°f = h°g there exists a unique map 0:P(f,g)----> z
s.t. 0ojY / = h and 0°jy = k, here jy/:Y/c > V(f,g) and

jy:Yc > P(f,g) are the canonical inclusions.

Let ^  be A or x' the smash respectively the half smash 

product. Let = P*(_) be given on

Idf = f :X = D (f) ----> 1(f) = Y, by VJ = PJ = P(i£,f)

where ij^f ̂ :X----> X-*-I , is induced by the inclusion of

k into I with base point 0, for •*■ = A, k is restricted 

to 1 another notation for is (X-̂ -I) Uf Y ,

let jD(-)I = DD(-)^I :X^Ic > Vf and ji(f):Y<-- > Vf

be the canonical inclusions.

For = A, is the mapping cone of f

while for -*■ = x' is the mapping cylinder of f .

If (h,k) :f » f ' is a morphism in by the universal

property of the pushout ?)£ , and because (jx>-i) ° (h-*-l) = 

(jY°k) there exists a unique map, 

p^(h,k) = (h^I) uf k:<pj > pj, .

For this reason is an object in the category CT
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^ld(-) also a Pushout in £T , under the map

Id:D(-)--- > I(_) the details are carried out in
Appendix.A, simultaneously with those of the pullback.

Cone of f, For f:X » Y in Sop* , let C(f) = P(id,f) =

(X V Y) / (x ~ f (x)) = C(f) = X uf Y.

Let jx = j£f :X< > C(f) and jY :Y< » C(f) be the

canonical inclusions. As with C (—) may be viewed

as an object in (TT .



Chapter l

In the category of spectra pull backs are equivalent to
push outs

In chapter 1 we begin the process of realizing the 
isomorphism mentioned in the preface between the Ej

term of the unstable A.S.S. and a non-abelian 
resolution of unstable co- algebras in 3J1(G) .

The first step is a realization of the fact stated
(*A1. pp. #41) that in the category of Spectra, in
particular for R-homology that pull backs and push outs 
are equivalent.

This realization is a morphism in GT , theorem 
#1.1 establishes the existence of this morphism

Vld(-) :rId(-)--- » niPld(-) / using <Pid(-) one defines

VR, Id(-) :rR(-)--- > nR^Id(-) '*'n eT' wh -̂c^ theorem

#1.3 is a weak equivalence. The morphism #>R,id(-) is

the realization of Adam's assertion that R-homology 
pull-backs and push outs are equivalent.

The proof of theorem #1.1 requires the use of a

third morphism also in dT ,

^ld(-) = ^id(-): (-)--- > RPld(-)
which is introduced in appendix.B.
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This map is proven to be a weak equivalence in chapter 
#2 given the following restrictions.
f:X » Y in Top* is said to be retractable w.r.t. R
or simply retractable when R e Obj(Gpec) is understood, 
if 7r^R(f) has a retract.

Theorem #2.1 For f:X > Y, in Top* , f retractable
w.r.t. R X,Y torsion free, simply connected, and of 

finite type is a Weak equivalence.

Theorem #1.1 For f:X— » Y in lop* . There is a map

<pf:rf — > which induces ¥>id(-) :rId(-)---- > Pld(-)

which is a morphism in £T .
The morphism <pf is actually the composition of three 

morphisms For ,ld(-)) , with

jDI = jD(-)x'I:D(-)x/I--- > one has

^DIoiD(-) =------------ :D(-)----> and one can form

rjDIoiD( ) maP an inclusion is given by,

r(idD (_) , ji(—)) :TIcj(_) > rjDIoi^ j and has inverse

r(i<*D(-) 'rD (-)) where = IdI(_) and

jl(-)°rD(_) - IdI(_).
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The next map 0id(_,: (rjDIoii(_)) '--- >

where (rjDIoi^ )' is the restriction to the image of

r(idD (_)/ji(-)) and is defined by the loop space

multiplication structure, The third and final map is a 
quotient map;

r (*D(-) 0,IdI(”))) :rjDIoig * n^Id(-)

Because the loop space functor is a degenerate pull 
back, it follows by the work in appendix A, that the 
following maps,
r(!dD (-),ji(-)) and r(*D(_),P(qD(_)x/0,IdI(_))) are

both morphisms in GT . In order to complete the proof of 
theorem #1.1, it suffices to define ©xd (-) restricted 

to the image of F(idp(_),j j ), and prove that ©jd(-) 
is natural w.r.t. morphisms in

Because I is locally compact the evaluation 

map ev^-jryix'I » Y is continuous, (-) e I,

furthermore since jxi°ix (x ) , jxioix (x) are subsets of

Pf with jX I°ix (x ) “ Xx'° ~ X f although this is not true 

f°r 3XI°ix (x)/ °ne then has continuous maps,

ev(_) : (3Hf , jXi°i£X) (i/^x'I > JJlf

and ev(_j: (OTf,jXIoiix, jXIoioX ) (Ifl/OJx/j >- !)jlf .
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Proof of theorem #1.1; Consider r(T T̂ ) the subset of

(fflf / jxi°ixx /*) x(3Ilf , jxioixXf jxi°ixx)

consisting of pairs of maps (a,ft) s.t. zfi = xoc. Then 
one can form the continuous map, 0:Ix'r(X/X) — » 3Jlf

given by the loop space multiplication,

0(s,a,£) = a*£-1
a(2s) Os s s 1/2 
/3(2-2s) 1/2 £ s £ 1

Because a(l) — /3(1) this map is continuous. If f is an 

embedding then keeping £ fixed as /3(-) = jXi ° i ^ [ T a , ,

or simply [ra,-] one has a continuous map 

0(-,-)/3:Ix'P(Jnf,jXIoii(x) ,*)--- » %

with adjoint 0f :P (!JJlf , jXI°i£X, *) — > P(3nf ,XxO, *) .

Because [x,-] = [x,-]"1 , since they are both the 
constant map the definition of Qf becomes,

0f (a) = a*[ia,-] =
a(2s) os s s 1/2 
[ra,2-2s],1/2 s s s if

If the map f, is not an embedding there may be no wav 
to make an identification of xa with a well defined 
value of x e X,
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That is to say since jxi°ix(x) ~ x is false, there can 

be distinct values x^, X2 e X, with fx^ = fX2 = "ca, 

however this restriction is temporary and does not 
carry through to the composition of 0f<>r(id,ji) si;ict.

in Tf the pairs (Xi,oc) and (X2 ,a) are distinct, and 

hence the composition 0f<>r(id,ji) is well defined even 

when f is not an embedding.

To see that ©id(-)°r (i^D(-)»3l(-)) e Morph(£T ) let
(x,a) € Tf and (h,k):f--- > f' be a morphism in (T̂ .

Then one has, r(h,p(h,k)) °0f (x,a) =
r(h,|)(h,k)) o (a*[xa,-]) = k°a*[xhx,-] while,

0f / or(h,f>(h,k)) = 0f^(hx,k»a) = k°a*[Thx,-].
Theorem #1.1 has now been completed ■

Let :Pr (_)--* RPld(-) be the delooping map

introduced in appendix.B, e Morph(£T).

Define <pR ^f °#>Rf;Tr (—)----» nRPid(_) , as the

composition of morphisms in eT ?>R/id(-) is a morphism

in GT . The n.t. <PRfid(-) is our candidate for a 

morphism to establish the equivalence between pullbacks 
and push outs in R - homology.
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Lemma #1.2 The squares in diagram {phi-f} commute 
at least up to homotopy, where Z = , f:X--- > Y;

njxioix

> Tf -------- > X
PX 2X {phi-f}<p f1 III

£ ------- > nPf — g ---->
P(<3Xx'0'idY) Y

That square I commutes is straightforward, while square
II commutes up to homotopy to see this, let /3 e QY

since [y,-]”1 = [y,-] , 9f°lf°(P) = 0*[Yor“] where y0 
is the base point of Y identified with *pA the base 
point of . In the loop space of Y, QY, |3 * P*[y0f"]

through a straightforward collapsing homotopy. This 
same homotopy induces qXx, gojyO) “ 0*[Yo»-J and

hence square II commutes up to homotopy. Finally for 
(x,a) e Tf Z(x) = [x,-] while #>f(x,a) = a*[x,-] , and

qyo(a*[x,-]) = (qyooc) *[x,-] = ?0*[x,-] « [x,-] , where

7 is the constant path of £2Y with value y e Y for all t 
e I , hence Q(qy) °9f (x,a) - [x,-] therefore square III 
commutes up to homotopy. ■

Theorem #1.3 <PRrf is a weak equivalence for all
 » Y . Proof; Consider the following diagram #1.4
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QRX------------ > QRY----------------- »-rRf--------> RX
ORf iRf Pry
I njRY II Z

^  njRXI°iRX , * . W g R X x ^ W R Y ) ,  ^

= IV n « |  V 0*$ RY VI
" QR(jXI°ii) * ,nRP(qXx' 0»IdY) * A ^SijRX- QRX--- — • -X > S2RP^----------------> fiRipA----- _> qr2x

f f Rqy
Square I , II and III all commute at least up to 
homotopy by lemma 1.2. That IV commutes is due to 
property B.6 diagram a-j of appendix.B, while square V 
commutes by property B.5 diagram o--q.l. The definition 
of 0's 1; RX is given in appendix B, while square VI 
commutes by property B .3 , from appendix.B . Thus each 
square commutes at least up to homotopy, In diagram 
#1.4 both the top and the bottom rows induce long exact 
sequences in homotopy where the bottom row is 
equivalent to that of the long exact sequence in 
R - homology of the pair (DH^Xx'O) . Consider the

vertical maps, we have that \JjX' is a w.h.e. which is 

because 1) jRY = Rjy / 2) both jRy , Rjy are w. e. 

and 3) Y is a deformation retract of . While

(°'S1;y )°Xr y is the homology suspension and induces an

isomorphism in homotopy, thus by the 5 - lemma 
Theorem #1.3 is proven true. a
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Chapter #2

Two R-homology push outs which are equivalent.

The goal of chapter #2 is to establish conditions for 
which \jjf will be a weak equivalence, this is

accomplished in the following theorem #2.1.
Theorem #2.1 For X,Y torsion free, simply connected and 
of finite type, (tf.sc.ft) and f retractable w.r.t. R 
abbreviated f is tf.sc.ft and retractable when R is 
understood, then ^f:PRf » RPf , is a weak

equivalence. In chapter #2 \Jjf = ^  and Pf = Pf .

Proof of Theorem #2.1; For X,Y, f:X > Y, tf.sc.ft and
retractable w.r.t R as above, the general theory of 
spectra yields a long exact homology sequence for the 
pair (pA ,X) or more accurately for the map f

let 7in (RX) = [Sn ,RX], the homotopy class of maps in

lop*, [Sn ,RX] = [S(Sn),RAX], the the homotopy class of 
maps of spectra. By the the retract hypothesis on Rf 
this 1.e .s . becomes as.e.s; [#2.2,f]

0--- » n*RX >---> 7i^RY--- » 7r^RPf--- > 0

Let X = tt*R(S°) the coefficient ring for the category 9H 

= <r3H of 1-connected free X - modules of finite type 

then h*RX = Hom^(X,7r*RX) .
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Let X' be the subcategory of Xop* obtained by 
restricting the objects to those spaces which are
tf.sc.ft. Define a functor M(-) :X'--- » 3R by
M(X) = rr*R(X) , by the work in (*B) each object in 9H 

can be realized as M(X) for a space X e X' furthermore 
one can identify the image of M(-) with 311' and for 
Z e X' there is an adjunction,
Homijn(MZ,MX) = Homjn(G) (MZ,GMX) , where G(-):3JI----> Hfl(G)

is a functor induced by G(MX) = tt*R2X and 3Jl(G) is the 

category of unstable co - algebras.
In order to simplify notation let 

Hg (MZ,MX) = Homun(G) (MZ,MX) . For 3t,M(X) e 3Jt(G), this

adjunction together with [2.2,f] results in the 
s.e.s.; [#2.3]

0— » Hg (R,tt*R2X)>--- > Hg (R,ti*R2Y) » HG (R,7r*R25>f)— > 0

In order to extend this s.e.s to general Z e Xf 
observe that MX,MZ are objects in 3J1G as well as 3J1 
that HomgjjG (MZ,MX) c Homgn(MZ,MX) as abelian groups, and 

that the isomorphisms;
$ :Homjn(MZ,j7aR) s naHom<jn(MZ,R) and 

’3?:Homgj((liaR,MX) = jjaHomgn (R,MX) with $ induced by the 

projections PaifTa^— -» K, while $ is induced by the 
inclusions Aa :R » ilaR
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restrict to isomorphisms 

$:Hom<jjjG (MZ,naK) - TTaHom3JlG(MZ/K) and 
:̂Homjj} (ilaR,MX) = j]aHom<)ji (R,MX) .

Furthermore because the objects in 311 and hence those in 
DUG are of finite type direct sums are equivalent to 
direct products. We are now able to extend the s.e.s. 
[2.3] to the following s.e.s. [#2.3,b]

0— > Hg (MZ,7T*R2X)>— > Hg (MZ,7T*R2Y)— » HG (MZ,TT*R2f)f)— » 0

Consider the s.e.s. [#2.2,Rf], that is the s.e.s.,

0----> tt*R2X> > tt*R2Y --- » TT*RPpf » 0

Using the language of (*A), if X = RX' for some 
X' e lop*, then one has a model in the category of 
311(G) and hence for such X, the Ext term is trivial.
For this reason if one applies the functor HG (MZ,-) to

this s.e.s. [#2.3,Rf] with Ext°(MZ,-) = Homuji(Gj (MZ, (-)) 

one obtains a s.e.s. [#2.4]

0-- > Hg (MZ,tt*R2X)^— > HG (MZ,7T*R2Y)— » HG (MZ,7T*R|)Rt) > 0

Combining the s.e.s. [#2.3,b] with that of [#2.4], one 
has the following commutative diagram which implies 
that Hg (MZ,ipf) is an isomorphism.



22

[#2.5]
0-» HG (MZ,TT*R2X) > Hg (MZ,7T*R2Y) --> HG (MZ,7I*R!pRf)-> 0

HG (MZ/7T*R^f)
0-> HG (MZ,7T*R2X) — » HG (MZ,7T*R2Y) --> HG (MZ,7T*R2!Pf) -> 0

If X is torsion free and of finite type then so also is 
R(X) . Since n^Rf has a retract tt*RY is the direct sum

of 7r*RX and 7r*Rf)f , therefore when both X,Y are tors^c-n 

free, 1 - connected and of finite type, Pf is also 

torsion free, 1 - connected and of finite type, 
and pRf , RPf as well.

Let N = rr*R2Pf in diagram #2.6, then 

HG (7T*R2Pf ,7T*RpRf) 2 HG (7T*R2Pf ,7T*R2Pf) therefore

there exists g:n*R2Pf > 7T*RpRf in DJl(G) s.t.

(R^f)*o(g) = id„^Rpf and hence HG (N,R̂ ff) °HG (N,g) = Id,

since HG (N,R^f) is an isomorphism so also is HG (N,g) 

and as before there exists h:rr*RpRf > rc*R2Pf s.t.

g°h = Id, therefore g is itself an isomorphism and 
hence n*(R^f) and as a result 7T*(^f) is also.

Theorem #2.1, has now been proven true.

■
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Chapter 3

In R-homology the Internal Iterated Push Out is Equivalent 
to the External iterated Push out

The results of chapter 1 that <pR  > £2RPf is a w.e.

and chapter 2 that \pf = tf^PRf » RPf is a w.e. whenever

X,Y are restricted to spaces which are tf.sc.ft. , and f is 
retractable , has as a corollary that is a w.e. for such 
conditions.

In appendix.A , the internal theorem iterated functor 
construct, (Theorem itfun.G) defines for each s a l ,  

iterated pull backs and push outs over

the internal hurewicz map rs (Tju,T)i) respectively under the

internal hurewicz map Ps ('nDr11i)*
The first objective in chapter 2 is to define;

*!*(-) !ria(-)-------------------------------- >os»^a(-)

and ^Id(-):̂ R(-)--- * R^Id(-) a11 morPllisms in with

fis (^|d(-)^0^R,id(-)^ = ^ld(-) and to extend the results of

chapter 1 and 2, by proving that <pg . . is a w.e. whileK / I”)
^ and hence ^R(f) are w.e. subject to the above 

conditions.
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The second objective of this chapter (Theorem 
#3.20,#3.24) is the result that the internal iterated

push outs are naturally equivalent to the

external iterated push out > through a

morphism in <TT ,

* s ' ? - , :P | n (_ , ------ > Rna? d ( - )  s - t ‘

(*s,l) o|)(Tr}D,7?l) = (TJ£S) o (*S,0) •

Combined with the results of chapter 1,

n s (il£|) °ns (xs'f) ° (<Pf) = ns (*s '£) ° (#>|f) or(Tjx ,7jy) and the

following diagram #3.1 commutes. [#3.1]

QS^S,°olpS

Qs£f  —  -------- > nsR£|
ns^sf f

QS^S^opS^

In diagram #3.1 the right vertical map nsn|/1°^sf is a

weak equivalence for f = Vx and x / t.f., simply 
connected, and of finite type by theorem #2.1, while
the lower horizontal map in diagram #3.1, 7?sjs is the~f
external Hurewicz map that is the desired structure map 
in the category 311(G) of unstable co-algebras.



The top map of diagram #3.1 is the internal Hurewicz 
used in constructing the tower of iterated pull

backs over the map f, with Ef'^- = 7r-t_srf[f

Furthermore rc*R£| = Hornes?, 7r*R£|) = Homgji(G) (ft/TC*R2£!)

therefore diagram #3.1 represents an equivalence on the 
Ei terms of the unstable A.S.S. with a resolution in

311 (G) as a result one has E2 = Extgj|(G) (5t,7i*RX) through

the natural equivalence Qs (*s »*)0 (#>§ ) whenever X is
TlX RfJx

torsion free ,simply connected and of finite type, this
completes the major result of this thesis.

In appendix.A, it is established that for any

morphism a(-):X(-)--- » Y(-) in (TT , the functor

Pa(-) is an object in and has the push out property. 
Therefore the pair of morphisms

{**3X1 (”) °°'X(-) 'Ejy(-) } in CT induce a morphism 

^a(-) :!Proc(-)--- > RPa(-) > in CT .
Where jy(_j:Y(-)--- » ^a(-) is canonical inclusion.
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From Property B.2 diagram <r-i? in appendix.B, and lemma 
Tcom in appendix A, one observes that the following 

diagram #3.2 in commutes.

X(-)AI
TlXC-JAI

_^AI

Diagram #3.2

RoX(-) AI
O'RX;!

Rc(X(-)AI) --- > R° (X(-) AI)

By diagram #3.2 one has that,

R (3XI(-))°crXI(-)0('nx(-)AI) = R (3XI(-)) o7)X(-) AI and 
hence that the pair of maps,

(Rjxi(-)o0‘xic-)0(1>x(-)AI) 'R3y(-) 07Jy (~)) =
(R3XI(-) o7JX(-)Al/RjY(-) °T7y (-)) • Which implies that

^a(-) °P(^D(-) ̂ IJ-)) = ^Vai-) and therefore that 
diagram #3.3 below commutes.

Diagram #3.3
Vcc -)]

Voc(-)  - > R

» pRoa(-)
(-) 

Pa(-)

Of particular interest is the case a(-) =
Id(-):D(-)--- > I(“), ^id(-) will also be labelled /
where X = D(f).
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Lemma #3.4 There is a morphism in ET , $®:PRsa » RSPa

s.t. RS7,Pa(-) °^a(-) = ^ S t - j ^ ^ D a / R ^ l a )  (-) 
for all s a 0, which is a weak equivalence when af is 

retractable, with D(af) , I(af) torsion free and simply 

connected spaces of finite type.

Proof by induction,

case s = 0, with = Id and = ^a (-) here

lemma #3.4 reduces to diagram #3.3 which begins the 
induction, suppose then that for some fixed s a l  the

map ^a(-):̂ Rsa(-)--- > R S Pa(-) ^as been defined and is a

morphism in ET , define

*51-) = RSM-)°0l.a(-) as the

composition of morphisms in ET , is itself in El’,

using induction if one assumes that ^s ,_v is a weak^ ( J
equivalence when a(f) is restricted to retractable maps 
with X = D(af) and Y = I(«f) tf.sc.ft , then R<>af is

also retractable and as the composition of weak

equivalences is a weak equivalence.
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Consider the following diagram #3.5
#3.5

_ ihs
^Rsa RSP Id

3.5.1 a

P(RS- W RS*ia) 
*

3.5.IIRsPa

PRs+la — -R«— ► RsPr« Rsft
Rs7}pa

<x > Rspa

Square #3.5.1 commutes because is in eT while

#3.5.11 is simply the functor Rs (-) applied to diagram 
#3.3. This completes the induction and proof of 
lemma #3.4 ■

Lemma #3.6 A commutative diagram of morphisms in CT 
such as diagram #3.7.a ,

induces the commutative diagram #3.7.b, also in CT .

X(-)
Ci(- -> Y(-)

Px(-)
(-) 0Y (-) #3.7.a

X' a' (-)(-)  C } > Y'(-)

PRna(-
IRn O x ^ Y )  (-)

PRna(-)

*S'(-)
#3.7.b

RnP(j3y,SY) f-'l»"?«(-) ( I’ltnpa. (.,
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Proof of lemma #3.6;

given the commutative diagram #3.7.a) of morphisms in 

CT # there exists, two morphism PRn ((3Doa(-) ,/3ioa(-)) '

RnPODoa(-)/^Ioa(-)) both of which are morphisms in CT 
this is listed as a corollary in appendix A .

Because a morPhism i-n eT / in particular

taking a(-) = Id(-) one has that for (h,k):f--- > f' in

eT that 0nid(f') ofPR(h,k) = RP(h,k) °0nld(f) •
If diagram #3.7.b is evaluated on f e Object &r the

result is a morphism (/3x (f) »0y(f)) :a(f)--- > oi' (f)
in G<i». In particular then,

tfldoa '(f)°PR(/3x (f),0Y (f)) = RP(/3x (f),|3Y(f))0̂ Idoa(f) 

since Id<>a(-) = a(-), the above line and lemma Tcom 
(appendix A) suffice to show that diagram #3.7.b 
commutes.

■

The first objective of chapter #3 will have been 
accomplished when it has been established that,



Proposition #3.8.a For each s a l  there exists
S S 2 m:Fr (_) » n RPld(-) a morphism in ET , and a weak

equivalence, on all f e Obj (£<r) •

Proof; Let 5^:TQtf » Q^-rf be the t-th iterate of the 

loop-space pull back homeomorphism. By induction, using

St one defines <p& . . :T§, .-----> QsRpf . case s = 3. is«•/ \~) \~)

already defined, given (p& . . a morphism in £T and a

weak equivalence define v =
14 # (~)

£iS(»’E,P(TlD,’)l)>oSIpS(T,D ,1)I)°r '«’I,(-)’'|,R,R(-))

Since ,#>s is a weak equivalence by the

5-lemma, therefore <pB+ \ . is a weak equivalence and a 

morphism in £T .

Proposition #3.8.b) There exists

 > ^SPld(-) a morphism in (FT .

Proof, using induction, case s = 1 is already defined, 

given a morphism in GT define =

ns (^ C n D ,7ji))0«pS(7JD,T]i)0P(^)f.)/?>|(_)) as thu

composition of morphism in CT , <ps+1 is itself e 

Morph(CT) .
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Lemma #3.9 For each s^l, x = pf , *±a(~; k , (-)

proof by induction;
the case s = l, is the definition of v>r , (-) •

Induction

assume that for some s, \ ) ° < P \ = <P™ , \'^Id(-) H(“) R,(-)
and consider the following diagram #3.10,

Diagram #3.10

rs+lRf
r (y|yf >y|/Rf)

r ( ^ R f ^ R 2f) I
rns (̂ s ^s j 

rnspsR(7,X/T)y) _£__Rt
5?SR(Dy ,tjy) ii

n r  jjs — — f— — >
VR(T)X ,7Jy) )

“^ R d i x ^ y )  111 
o-V ,. -

Q S + l ( ^ s + i )
flS+lpS+X

rnsRps (T7X ,T7Y)
Id

rnsRPs (T7X ,T?Y)
sRPs (t?x /7Jy )

^SrRP^Yjx , T]y )

n ^fiJX/^Y)

, r (7)X/7?Y)
JQS (̂ ps(7,X/7,Y))
ns+iRps+i

In diagram #3.10 square I commutes by induction 
hypothesis on dimension s, while square II commutes in 
a straightforward way using the definition of the 

homeomorphism 6s .
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Square III commutes because V>id(-) e Morph (£T ) and 

square IV commutes apriori of ^|+1 .

The left vertical side of diagram #3.10 represents #>|+1

and because fi0f°v>Rf = ^R,f the top composed with

right side represents <Pn+l \ t therefore the

commutativity of diagram #3.10 completes the proof 
lemma #3.9. ■

Corollary #3.11 For X e lop* , tf.sc.ft. with f 

retractable is a weak equivalence.

Having completed the first objective in chapter #3 it 

remains to define xŝ   » Rn~Id(-) a morPhism

in eT , and for f retractable a w.e.
This is accomplished in two steps, first a morphism

yj}S(-) :̂ Rn(_)----> Rn^id(-) ' ;*’s constructec* and

proven to be a weak equivalence for f retractable this 
is the essence of lemma #3.12.

The second step in defining *s,n involves using

and is accomplished in theorem #3.20. In theorem #3.24 
is shown to be a w.e. .
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Lemma #3.12 Let Xs (-) = thus

xs+l(_j = Px s (t)D ,t)j ) there is a morphism in £T

TfQs. .:Xs°Rn (-)----> RnoXs (-) for all n i 0, s s 1,x I")
where R°(-) = Id(-) with 

y5sRn (_) = *dxsoRn(-) and

7gi(_) = ^xd (_) s ’t -/*

#l.a) <rgs +l(_) = #xS(VD/Vl)°P(^x s (_)'yxsoR(-)>

:Xs+1°Rn (-)----> RnoXs+l(_)f for n a: 1, s £ 1.

#l.b) For n s l ,  s i 1, 3rgS(_j = Rn_1yXs (-) °*x;sR (-)

#2) for all s i 1 and n = 0, diagram #3.13 commutes.
# 3 . 1 3

Xs (-)

Xs ( —)

(-)

^xs (-)

-> X s oR(-)

*h(~)

> RoXs (-)

#3) If f:X > Y is retractable w.r.t. R(-) then for n

s 0, and s & l, ^s^fj is a weak equivalence. X,Y

tf.sc.ft.
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Proof of lemma #3.12,

Condition #la) Induction on the degree of s, since when 

s = 1 , = ^xd(-) the inducti°n begin.

Assume that for some fixed s conditions #la) holds 

true. From the naturality of one has for all

n a 0, that the following diagram commutes.

Diagram #3.14 

Xs°Rn (—) ------------------ » xs«Rn+1(-)XsoRn(T,D/T?I)

Xs (“)
•yllT X s oR(-)

i _ Rn oXs (7?n,7}t ) ^Rn oXs (-) - — - -- (- } > RnoXSoR(-)

Therefore one is able to define r£s+l(_) as

0,)(,rSs (-) 'rX^R(-> > tXB+l.Rnf-)— . Rn.xs+1(_,

By earlier work this is the composition of morphisms in 
eT and hence itself in GT .
Therefore condition #l.a) holds true.

Condition #l.b) Because = ^5d(-) ' when s = 1

condition #lb) is true apriori of

'"xac-l = Rn"1'»id(-)*'>R:(-)-
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Using induction on s, assume that #l.b) holds for any 
n a l with fixed s > 1 and consider the following 
diagram. #3.15

PxsRn (T)D/7)i) ----> PRn-lxSR(7,D/7,I) ----> PRnxs (i)D,T)I)
^ ̂ X^R'y£sR2) ^Rn~1 ^ X S,?rXsR^

w,n-l ^RX^ (Vpr Vj)^XSR(

Rn”1?)XSR(7}D ,T]I)  > Rn"l!PRXS(7,Df7}l)

Rn—i^Xs ( tjd , 7) j )
Rn?)XS (7?D ,TJI)

Where Xs+1oRn(-) = pxs°Rn (7jDf t}];) , and Rn<>xs (-) =

Rn opxS(.,jDf 17l) . Diagram #3.15 commutes by lemma #3.6,

as a result of diagram #3.15 one has for arbitrary 
n i l  and fixed s i 1;

*XS+1(-) = ^Xs (t)D ,Vi ) ° ^ rXs ,3rXsR*

x ^ ' t ' x s c v n ' n t f ' ^ R x s c n D ' V i )0 P(*xs'*xsr>

Rn"1̂ XS(7?D,7,I)^pJ(7jD/7Jl)°1>Rn-l(3rxs,3rxsR)oP(^,3r5;J2)

Rn-10XS(7,D ,7}l)<>Rn"1P(3rxS,yxSR)ô l (7?D>7?i)oP(3rgll.afg:l?)

Rn“1yxs+lo'»'xs+1R * Thus condition #lb has been verified.
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Proof of condition #2
when s = 1 diagram #3.13 reduces to diagram #3.3, which 
commutes and hence the induction on s begins.
Assume then that for some fixed s, diagram #3.13 
commutes, for all f e Top* , in particular for any 
Rf e Top*. Thus by lemma Tcom in appendix.A, 
diagram #3.13 induces; #3.16

To prove that diagram #3.13 commutes at dimension s+l 
consider the subsequent diagram #3.17.

Id =
ro*XS°R(-)

XS°R(—)

X s oR(-)

Xs ( — ) ----*D ,7}l)— » XS°R(-) #3.17

BBXs oR(~)“

BB:Xs (i}pD,T}Ri) TlXSoRf-)

The back of diagram #3.17 commutes because Rtj®-̂  = 

the front diagram commutes because V(-) is a n.t.
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while the top commutes by induction hypothesis diagram 
#3.13 dimension s. The bottom commutes by diagram #3.16 
Last the right side commutes by the naturality of

Vxs (-) as a morphism in CT .
Diagram #3.17 then induces a commutative square #3.18.

#3.18

#3.13 commutes at induction dimension s + 1, and 
condition #2 is proven true.

Proof of condition #3;
When evaluated on a retractable map f:X » Y,

X,Y tf.sc.ft. is a weak equivalence for all n ^ 0.

Note that For such an f, Rnf is also retractable and 

RnX,RnY are both tf.sc.ft .

xs+!(_) * XS+1°R(-)

P(*XS (-)»*XS°R(-))

Xs+1(-) * PRoX S ^ c T?!)

^XS (7JD ,T}i )
Xs+1(_) T)XS+1(-) * R!PXS(_)= RXS+1(-)
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Proof of condition #3 Double Induction first on the 
degree of s, second on the degree of n. When s = 1

which is a w.e for all n ?= 1 by- 

lemma #3.4 while n = 0, is trivial.

Primary Induction on the degree of s; 

assume that for fixed s, and all n £ 0, a

w.e. , evaluated on f tf.sc.ft and retractable. 

rX»+l(f) “ *XS(,to>,I)'P<»i{S(_).»8s.R(-,> in particular

rjs+l = P(yxs 'yXsR) order to establish that 

^Xs (t)d t)j ) a w,e* ^y lemma #3.14 it suffices to

prove that Xs (t}D ,7)i) is retractable. By condition #2, 

*XS(f)oXS(7}D 'T,I> = 7,XS (-) and since r)Xs is retractable, 

by induction hypothesus on r1 so also is Xs ( t?d , Vi > -

It remains to be proven that tf̂ s+l a w.e. towards 

this end, consider the following diagram #3.19;

#3.19
RXSR   ---------- > RXSR2 -------:------ > R(XS+1R)

r ^x sr
r O x sr )

RP (7 / y Xsĵ /} r 21sr- " R 2,jxs)
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where jxs:XsR< » XsAIuXsR is the canonical inclusion.

When one applies the homotopy functor to this

commutative diagram, the result is two long exact 
sequences in homology, the 5-lemma and induction

hypothesis imply that Rp( , ^ s r ) -*-s a w -e *

thus by Whiteheads Thm. tf^s+l “ P(*xs 'yXsR^ and

Rnrls are also weak equivalences for all n ^ 1.

Hence ^xs+1R(-) a w *e,» evaluated on f tf.sc.ft and

retractable.
Secondary induction on the degree of n 

Assume that is a weak equivalence when

evaluated on f tf.sc.ft. and retractable , then so also 

is 7x s +iR (_) as wel1 as

yXs+1(-) = Rn"lyXB+1(-)°yX“+1oR(-) this Proves 
condition #3 and establishes lemma #3.12 ■

The principle aim of this section is to establish a 

morphism in GT from the internal push out functor Xs (~)

= Pf_) = ^id(-) where IdsD(-)----> I(-) to the

iterated external push out Ys (-) = ~f-) defined by 
— ^(-) anc  ̂~*(-) = T̂)s.n-l •
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Theorem #3.20 For each s a l ,  there is a sequence of

morphisms £s 'n (-) :Xs°Rn (-)--- » Rn»Ys (-) for n a o, in

CT , which commute with the respective supporting maps 
i.e. one has;

Equation #3.21 (XsoRn (i}D ,Tjj)) = (Rnoi)YS)<>j;s 'n (-)

Proof by induction first on the degree s;

For s = 1, n a o, x 1,n -

and thus by lemma #3.3 the induction begins.

Assume then for some fixed s, that xs , 0 (~) exists 

define x ^ n  = oyx s ( - )

diagram #3.13 implies that 7 ^s°Xs (t]d,t}i) = 7jxs and 

hence that;

t?YSô s,° = R^s ,0°tjxs = R^s,0°yJsoXS('1,JD/7ll) =

^S^oXStTljj,!)!) .
The first equality is simply the naturality of the 
Hurewicz map, thus equation #3.21 holds with n = 0.

Proof of equation #3.21 and lemma #3.20 continued 

because of condition #lb) = Rn-1 *xs (-)“yx^R(-)

from lemma #3.12 and condition #2, that is diagram 
#3.13 one has the following commutative diagram.



41
#3.21

Xs«Rn (-)

yXs (-)
XsoRn (T)D,T)I)

Xs oRn+l(~)
yn*XS°R(-)

Rn »XS (“)  R °X ^ D/7?I  ̂(~) > R n oX S oR(-)

Rn oid(_j

Rn °Xs (-) Rn oT)xs (_)
Rn° 4 s (.)

R n + l o x s (-)

the commutativity of diagram #3.21 implies that
yn+loxSRn^j^Tjj) = Rn7fXsoyng f

taking £s 'n (-) = Rn£s '°°rxs one then has the following 

diagram #3.23 commutes.

Xs o Rn ( —) XSoRnj^^j) (_ }■4 xs°Rn+1(-)
#3 .23

*XS (-)
' „ Rn °7}vSf_\R n oXS(_) -------- X .J  i

Rno *s ,0(-)
RnoYs(-)

a-ni1XS»R(~)

Rn+1 Xs (-)
Rn+lo;̂ s, 0

RHo-nyS
(-)

Rn+loyS(_)

Diagram #3.23 establishes equation #3.21 for general n. 

that is £s 'n+1 oXsRn (i)[), Vi) = RnVYS°xs 'n°XSrn •
In order to complete the induction it remains co 

establish the existence of a morphism i3+1/° in
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Towards this end, consider the subsequent diagram #3.24 
which results from equation #3.21 when n = 0;

Xs (-) — ---------- > XSR(-) #3.24
X S (7}D / 7JI )

Xs, 0 Xs, 1
T)vSYs (-) ------------- > RYS (-)

Define ^s+1,0 = p^s,0^s,l) :xs+l(_)--- > ys+1(-) and
Theorem #3.20 has been established ■

Theorem #3.24 The map is a w.e. s^l , n ^ 0.

Proof; First for x s>0̂ _^ by induction on the degree of

s, the case s = 1 is x1' 0 = Id:P(_)--- » £(_) = P(-)

and xlfT1 = which are both weak equivalences.

Induction on arbitrary s, assume that for some fixed s

and all n = 0, xs >° is a weak equivalence, then Xs 'r)_s
1 /

= Rn*s ' °3rxS(_) is a w * e * because both xs'° ana y**-

are. Since xs 'n , n £ 0, is a weak equivalences by 

Whitehead theorem so also is R(*s 'n), and therefore 

RP(£s'n ,*s 'n+1) is a weak equivalence by the 5-lemma 
and thus ^s+i,o = p^s,o ^s,i) a weak equivalence

and since = Rn^|lj‘,0 °y5 s+1 (_) the induction is

complete. a
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Appendix. A

Recall the functor category with objects functors

X (—) --- » Top* , thus a morphism in is a n.t.

 > Y(-) s.t. a^fj:X(f)--- > Y(f) is a

continuous map.

The most significant work of appendix.A is first 
proposition A.12 where , Pid(-) and C(-) are

established to be objects in £T , this is then

generalized into theorem A.13, that GT has mapping 
cylinders, mapping cones and cones, and second the 
iterated functor constructions (A.27) , (A.30).

The following work establishes some corollaries of 
prop.A.1 2 which have been used throughout this 
treatise.
Proposition A.l Let F(-) :Top* » Top* be an

endofunctor, and X(-) e Obj(GT) then F«X(-) e Obj (GT) . 
Proof; For f , f' e Obj (GT) and (h,k) :f > f'

e Morph (Sip) let F°X(f) = F(X(f)) e Obj (lop*) and

F°X(h,k) = F(X(h,k)):F(X(f))--- > F(X(f'))
e Morph (lop*) .

Corollary A .2 R«Pid(-) / R°rid(-) are both e Obj(GT). 
Proof, use proposition A.12 and prop. A.l ■
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Proposition A.3,(Tcom) Given morphisms in 6T
a (“) :X(”)--- >X'(-) y (_}:Y(-)----> Y f (—) ,

/3i(-):X(-)--- > Y (-) and 02 ("):*'(”)--- >*'(")
in order to prove commutativity that is 
02 (")•*(-) = /31 (-)°a(_) :X(-) » Y'(-)
it suffices to establish this on arbitrary f e Obj (£<i>)

0 2 (f)°*(f) = £i(f)°a (f) an<* thus as morphisms

in Top*, and the corresponding result is true in GT .

This is true apriori in the category £T .

Proposition A. 4 For X(-) e £T and F(-) an endofunctor 

of Top* then XoF(-) e obj (G1̂) . An endofunctor F.-; fc- 
Top* can be considered an endofunctor for £<r, given on

f:X >Y e Obj ((Tip) by F(f) :F(X)--- > F(Y) , and on

(h,k):f--- > f', a morphism in by

(F(h) ,F(k)) :F(f)--- > F(f').

Corollary #A.5 and r^n^-) are both e Obj(<IT ).
proof,
proposition A.4 together with A.12 combine to prove 
A.5.
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Proposition #A.6 Let F(-) be an endofunctor of Top*
and a(-) :X(-) > Y(-) a morphism in CT .

Then F°a(-) :F°X(-)--- > F°Y(-) is a morphism in (?T .
Proof;
Let (h,k):f--- > f  be a morphism between objects in Eij

because «(-) .<= Morph(CT) 
o£(f/)°X(h,k) = Y(h,k)oa^fj , while 

(Foa(f'))°(F°X(h,k)) = F°(«(f/joX(h,k))

Corollary #A.7 The map R°id(-) = Id°R(-) :R<>D(-)--- > R°I(-),
is a morphism in GT .

Proposition #A.8 For F an endofunctor of (TT ,

a(_):X(-)--- > Y (-) a morphism in CT , then

aF(-) :X°F(-)--- > Y»F(-) e Morph(GT).

= F=(Y(h,k)oa(f)) ,

= (FoY(h,k))oF(o<x(f)) ,

by naturality of F 
by naturality of a(-)

by naturality of F.
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Proof of proposition #A.8 .

because a e Morph(ST) and F(f) e Top* for all f 
e Obj (S^) one has a (p-f / j °X (Fh, Fk) = Y(Fh, Fk) °a (pf. . ana

apriori F(h,k) = (Fh,Fk). a

Corollary #A.9 P(RnTlD/Rn,ni) :PRn7)D(_)---  ̂VRnVj(-) and

r(Rn7iD (_) fRnTiI(_)) i r R n ^ ^ j  > T R n ^ ^  are both

morphisms in the category ST .
Proof, use prop. A.12 and A.8 . ■

Proposition #A.10 Let F(-), F'(-) be endofunctors
and g(_):F(-)--- > F'(-) be a n.t. between them , s.t.

9(X) e Morph(lop*) for arbitrary X.

If X (-) e Obj(ST) then gx(-):FoX(-)--- > F'°X(-)

e Morph (ST ) is defined on arbitrary f e lop* by 

9X(-)°(f) = gx(f)

Proof, If (h,k):f--- > f' is a morphism in St , then

X(h,k):X(f)--- » X(f') is a morphism in Top* , by the
naturality of g , one has a commutative diagram;
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#A.10 b

FoX(f) -----  > F'°X(f)9X(f)
FoX(h,k) F' oX(h,k)

F°X(f')------------  > F'oX(f')

which implies the naturality requirement required to 

establish 9x(-) as a morphism in (TT . ■

Corollary #A.ll The Hurewicz map tj^j :Id(—)--- > R(-) ,

where Id(-) , R(-) are viewed as endofunctors in Xop* 

induces for X(-) e Obj(CT) ,

7 :X(-)----> RoX(-) e Morph(£T) .

The delooping map .Y :R(“)^Y--- »

introduced in appendix B, between endofunctors of Top* 

induces for X(-) e Obj (<JT) a morphism 

°R°X(-) ;y:R°X(-)^Y--- > R° (X(-)-*-Y) in eT .

Proposition #A.12 , Pia(-) and C(-) represent

objects in the category CT .

Proof; If ( I d p j ,I d i j ):f » f is the identity

morphism in CT , then

P^CIdD(f) »IdI(f)) = ^ D f f )^1 uf IdI(f) =
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while r(IdDf,Idjf) = IdD (fj fxx P(Idjf) = Idpf and

similarly C(IdDf,Idjf) = Idc(f).
The next step is to prove naturality; 
given (h",k") = (h' ,k')°(h,k) : f > f'---» f"

morphisms in Gij> , ^(h' ,k') °?>J'(h/k)

(h'-*-I vff k') o (h-*-I uf k) =

(h'oh^I ufn k'°k) = h"^I u f.i k" = p^(h",k")

while r(h',k') <>r(h,k) = T(h,k) =
(h' f ,xx Pk')o(h fxx Pk) =

h'°h f..xT P(k'°k) = (h» f.ixx Pk") = r(h",k»)
similarly C(h",k") = C(h' ,k')»c(h,k). a

Theorem A. 13 The category has pullbacks, mapping 
cones, mapping cylinders and mapping cones.

Lemma #A.14 is a pullbacks in (?T while

and C (-) are push outs in CT .
Proof; Beginning with ri<j(_)

Let = x^_j:PoX(-)--- » X(-) suppose that

(a(-):Z(-) >D(-), /3(-):Z(-)---->Poi(-) ) are

a pair of morphisms in (TT with r°/3 = Id(-)&a(-),
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Lemma #A.14 Txci(-) a pullbacks in CT while *Sd(- .) anc*

C(-) are pushouts in ET .
Proof; Beginning with rjd(-)

Let t (_) = t^_j :P«>X(-)--- > X (-*) suppose that

(a(-):Z(-)--- > D(-) , f?(-):Z(-)--- > P«l(-) ) are

a pair of morphisms in eT with t °/3 = Id(-)°a(-), thus for 
each f e Obj (<T«p) one has T°0f = f °ctf , by the universal

property of the pullback Tf , there exists 8 f:Z(f)--- » Tf

with p^foef = /3f and Ppf°®f = <*f.

In order to complete the proof it remains to establish that
0  is natural on pairs of maps, or morphisms (h,k):f > f '
in G-ji. This is equivalent to the commutativity of #A.15

Z(f)    > rId(f)
r(h,k)Z(h,k)

/• Qf /
Z(f') -------------- > rId(f')

Because = Tf/ is a pullback, in order to prove

that diagram A.15 commutes it suffices to show that
a) (PIf,)°r(h,k)oef = (pIf/)o(ef ,)oZ(h,k) and that

b) (PDf,)°r(h,k)oef = (pDf,)o(ef 0°Z(h,k)
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= (/3f /)°Z(h,k) by diagram A. 16
r= (pIf,)»(0 f/)°Z(h,k) because Fft is a pullback 

Therefore condition a) has been established.

In order to prove condition b) one has;

pDf '°r (h'k) ° (0f) = D(h,k) o (Ppf) o (ef) by diagram A.19

= D(h,k)°afA by property of pullback Ff

= af*°Z(h,k) by diagram A.17
r= (PDf)°r(h,k)oQf by property of pullback Tf .

To prove that is a push out in CT , with

, jX (—)-:I(~)----> p-J-_) and

io(_j:D(-)--- > D-*-I the canonical inclusions, ail

morphisms in ET . Let a(-) :D(-)-*-I--- » Z(-) and

0(-):I(-)--- > Z (-) be morphisms in GT , with
a (“)°jl>^I - /3 (—) ° ji (—) • Evaluated on each f e Obj (%) 
by the universal property of push outs one has 

0 f :Pf > z (f) with 0f°jif = /3f and ©fojof^l = «f'



in order to prove that Pj^ . j is a push out in the

category of CT , one must establish that 0  is a morphism

in CT that is Z(h,k)°0f = (0f /) °P^h, k) • Because P^\s/_i^ V )

is a push out this is equivalent to the following two 
equalities.

condition a) Z(h,k)°0f°jif = (0f') “P o ^ k)0 jlf 
Z (h,k) = Z(h,k)<>0f by property of push out

= O f  ') °I (h,k) by naturality of 0
= (0f /) ojjf / oi (h,k) by property of push out

= (0f') °P'£hf k) °3lf because jj is a morphism in vfi1.

Condition b) Z (h,k) °ef ° = (ef ,) °p̂ h f k ) 0

Z(h,k) o0 f o = z(h,k)°«(f) by property of push out

= «(f/)°D(h,k) by naturality of a

= (0 f') °ji>tioD(h,k) by property of push out

= (ef')'Pfl^k) naturality of

A similar proof establishes that C(-) is a push out 
in <rT .
Lemma A.14 is now proven true. a

The proof of theorem #A.13 continues with lemma# A.20
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Lemma #A.20 Let a(-):X(-)--- » Y(-) be a morphism

between objects in CT , let H(-) e Obj (ST) .

Then H(-) and define a functor e Obj (PT ) ,

given on f e Obj(CT ) by H°a(f) = H(a(f)) and on

morphisms (h,k):f » f' in 6^ by;

H °a (h,k) = H(X(h,k) ,Y(h,k))  > Hoa(f^
Proof;
Let f, f', f" e Obj(eTop*) with (h,k) :f > f“

(h',k')sf----> f' , (h",k"):f'----> f", in Morph(eT )

and (h,k) = (h",k") <> (h' ,k') as in the following
commutat ive diagram. #A. 2 1

(f)

f'
Y(h,k)k'1)

Y(h",k")
X(f») * Y(f")

The left and right triangular sides of diagram #A;2l 
commute because both X(-) and Y(-) are functors, 
objects in CT .
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The remaining rectangular faces all commute because 
a is a n.t.. From diagram #A.21 one concludes that 
H a (h',k/)oHa(h,,/k") =
H(X(h' ,k') ,Y(h7 ,k')) oH(X(h",kn) /Y(h",k")) =
H(X(h,k),Y(h,k)) = Ha(hfk)

this completes the proof of lemma #A.20. ■

In order to complete the proof of theorem #A.13 
observe that for a(-):X(-)--- » Y(-) in CT , since af

is a morphism in lop* the objects •

ra(f) = rId(af) and Coa(f) = C(af) are respectively 

mapping cylinders, pullbacks and cones in CT .

Proposition A.22 Suppose that X(-), X'(-),Y(-), Y'(-) 

and H(-) are objects in 6T with Pi(-) :X(-) — :— » X' (-} ,

P2(~) Y'(-) , a(-) :X(-)— =— > Y(-) and

y (-) :X'(-)— — > Y' (-) morphisms in GT , s.t. this

■

diagram commutes #A. 23

X(-)
Pl(-)

* X'(-)

oc(-) r( - )
Y(-) $ 2  (“)



54

Then diagram A.23 defines a n.t. H(|3i ,£2) (-) =

H ({31 (”) / £ 2 (“)) •Ha(-)--- > h?T(_) , that H(£i,J32) exists
is straight forward what needs to be proven is the
naturality. From #A.23 with (h,k):f > f' one has the
following diagram #A.24.

X(f)

01(f)

a (f) * ¥(f) A.24
x(h,k) Y(h,k)

X(f') Of# — * Y(f')
0 2 (f)

X' (f) -?f~ 
X'(h,k)

0 1 (f') *-> Y'(f)
Y'(h,kK

X'(f') ------- > Y'(f')
y (f')

02(f')

By assumption, diagram #A.23 and hence the back and 
front diagrams of #A.24 commute. Because a, k , f> t and

# 2  are all n.t.'s all faces of diagram #A.24 commute,

and one obtains the following diagram A.25.
#A. 25

H,
H(0 i,0 2 )(f)

«(f) Ha(h,k) -* Ha(f')
(f ')

Hr (f) %(h,k) ■* Hr (f ')

This completes the proof that H(/3i ,£2) (-) is a n.u.
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The internal Hurewicz map

Corollary #A.26 Let tjd (—) #> 7ll(-) be the two morphisms 

in £T given by the Hurewicz map and Proposition A.10.

For any H(-) e Obj (GT) Proposition A.22 implies for 
H (-) = H«>id(-) and = H°R(-) given by proposition

A.4 the existence of the internal Hurewicz map

H(t?D ^ i ) (-) :H(-)--- > HoR(-) e Morph(£T ) .

The internal iterated functor construct 

Theorem itfun.g (#A.27).

If H(-) e Obj(gT ) and a(-) e Morph(ST) there exists for 

each s; h S (_} = Hj(-) / (t?D ,t?i ) e Obj (gT)

the iterated internal functor defined inductively over
The pair (t?D/"Hi ) :Id(-)--- > R(-) .
Proof, or more accurately definition.

Let H(-), X(-), Y (-) e Obj ( g T ) and let

 » Y(-) e Morph(g T ). Because

( V D r W l )  » R(“) can be viewed, for arbitrary

f e Obj (gT ) as the morphism (7)Df / r/If) '   ' in 'fL'.
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One has the following commutative diagram;
#A. 28

X (-) -------------> XoR(-)
X(T]D/T1l)

«(-) <*R(-)
Y (-) -  > YoR(-)

Where each map is a morphism in GT , this implies that 
Hct(t)D/'ni) 'Ha(-)--- * HaR(-) exists and is a morphism in

£t . Using an induction argument suppose that

/ (■nD/1ll) has been defined and is an

element of Obj(CT) then proposition A.22 applied to

diagram A.28 implies Hs , X:HS , x > H® , x* * a ^i) «(") “R(-)

exists and is a morphism in ST . Define 

H|+i) = H(H»()1d (1Ii)) , in general

HaEt(-) = HaRt(-) / ( R ^ d - R ^ i ) is defined as,

s sH(HaR t ) = ) •

Corollary A.29 For a(-):X(~)--- > Y(-) a morphism in

resp.. rg(_) both exist as the s-th internal

iterated push out under a(-) and respectively the s-th 
internal iterated pullback over a(-), both are obj ai:'...- 

in the category CT .
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The External iterated functor construct

Proposition A.30 For each s £ 0, there exist an object

in CT 2fd(-) defined inductively as the push out under 
the external Hurewicz map.
Proof;
By corollary A.11 and A.7 the Hurewicz map 

illca.(—) :Id(~)--- > R°Id(-) is a morphism in ,

let £(-) = ~id(-) = Pld(-) which is an object in dT
by prop. #A.12 , proceeding by induction assume
S™ 1 • *~Id(~) ^as been defined and is an object in

then 7J2|-l --- > R°sfd(-) is a morphism in CT ,

by Cor. #A.11,

let Sid(-) = P-nsJs“l an object in ST by Thm. #A.li . ~Id(-)
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Appendix B

In appendix.B is defined, for = A or x' a delooping map 
from-R(X)-*-Y to R (X-*-Y) where R(-) = (RA-) A , is the infinite 
loop space associated to a ring spectra R , and some useful 
properties are developed, which shall be used throughout 

this treatise. For X,Y e lop* define, arx;Y = crRX;Y =

golimit AdPo(Ad"Pnp (Rp^x)-Y) :R(X)-Y--- > R(X-Y) ,

one also has;

O-X/RY = O-X/RY = colimit AdPo (X-Ad"PQp (Rp^Y) ) :X-RY > R(X-Y)

and all the succeeding work could be done using o^ r y • 
Using the notation that [x,y] e X-'-Y represents [x,'y] when 
-*■ = x' or simply [x,y] when = A, let [[r;x]*,y] represent 
an element of R(X)^Y for r e Rp in R ,x e X, and y e Y. Then

ORXrY^Ctr/xJ^y]) = [r;x,y]^ e R(X^Y) .

Property #B.l) Naturality of crRX;Y, Given (h,k):f----> f' a

morphism in the following diagram (cr-nat) , commutes.

R(h)^Y
R(X)>-Y--------- > R (X-*-Y)

°RX; Y R(h^Y)
(7pv f •V R (X / )-*-Y — - — ■ - > R(X'^Y)

Proof;



59

Proof of property #B.l,

R(h-*»Y) °o'Rx;Y° ([ [r;x] A,y]) = R(h-*-Y) o [r;x,y] A

[r;h(x) ,y]~ , while crRX, ;Yo (R(h)^Y) ([ [r;x]A ,yj) -

o‘RX';Y°([[r?h(x)]A,y]) = [r;h(x),y]A .
a

Property #B.2) <r commutes with y, That is the following 
diagram (o— y) commutes;

X̂ -I -> R(X)^I
yx^i (T-<-RX; I

R (X-*-I) -> R ( X-*-!)

Proof, it suffices by naturality of the maps (iAX)^ and 
Px which define y% to establish that;

Property B.2.a) © x ° ( ( P x ) ^ I )  =  P(x^I) 

that is the following diagram (p-0 ) commutes.

X-*-I
PX-̂ I

nz(x^i)
x

-> n(zx-^i)
0
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Proof;
For x e X, t e l ,  and [x,t] e X^I, 

pJ^Io([x,t]) = [[-,x],t] e fi(SX)^I , where

e v (s)[-,x] = [s,x] , s e I ,

0X°([[-,x],t]) = ([t“/X],t]) e Q(ZX-I) and 
e v (s)[["»x],t]) = [s,x,t]. While

(Px^l)([x,t]) = [-,x,t] and
ev(s)([-,x,t]) = [s,x,t]. ■

Extending this definition of the delooping map crRx;i to 

the category GT one has, by property #B.l, diagram 

(T-nat that a is a morphism in GT ,

^RDf-) ;I: R o D (” )-A’1 > R» (D(-)-*“I) .

Notice that R°D(-) = DoR(-), Roi(-) = I°R(-) and that 
Rold(-) = IdoR(-) = R(-):RoD(-)--- > R°I(-),

let te the push out under this morphism R(-) ,

using i^oD(-) :R°D(-)--- » R°D(-)-*>I , the pair

{ R° (jo(-)^i) ° (o'RD(-) ;l) :RoD(-)-̂ I----> Ro^id(-)

RojI(_):Roi(-) > RoPJd(_) > •

satisfy Ro jD(-)-*-I° (^RDC-) ;l) oiRD(-) = Ro3l (-) oR(~) .
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hence the universal property of the push out .K(-;
results in a morphism ,

^ld(-):̂ R(-) * R°^Id(-) in eT '
likewise the pair of morphisms;
RojD(-):RoD(”)— > R °C(-) , R°jj(-) :R°I(-)----> R°C(-)

induce ^xd(-):CoR(“) * R°C(-) a morphism in eT .

Therefore one has another definition for

^ld(-) " ^id(-)0?)(o'RD(-) ;I»IdI(-)> with

Pf^RDf-) ;I/IdI(-)) :̂ id(-) --- * P(Ri£ 1 Rf) where

P(RjD(-)AI/Rjl(-)) :P(Rii'Rf) > R?)id(-) induces ^id(-)
Although the following diagram (<x-*) , commutes by the 

naturality of push outs, a proof is given.

Property #B.3) Diagram (a--*) , commutes, f:A > X;

%>Rf = (RA) AIu-p-pRXP(RAAI,*r x )
t ,RX)

■» (RA)AS1

P(Ri£ / f) * R(AASa)
P(R(AAI),*r x )

|P(RjAAl fRjx)
RoP(AAI,*x) * R(ZA)
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Proof; For [[r;a]A,t] uRf [r;x]A e pAf f

°RA;S-1-0^(RAAI'*RX) °([[r;a]A»t ] ^Rf [r;x]A) = 

Oj^.gl0 ([r ;a]A ,t]) (where t e S1 at this point)

= [r;a,t]A, t e S1. While

poR (AAI,*RX)op(o'AA;I/RX)o([[r;a]A/t] uRf [r;x]A) =

P°r(aAI,5rx)°([r;a,t]uRf [r;x]A) = [r;a,t]A, t e S5 

For the bottom square;

RP(AAI,*x)°P(RjAAI/Rjx)°([r ;a /t 3" u Rf [r;x]A) = 

RP(AAI,*X)°([r;([a,t] uf x)]A) = [r;a,t]A,t e S1 , 
while

P(R(AAI)/*RX)°([r;a,t]A u Rf [r;x]A) = [r;a,t] . 

Property #4 Diagram (<r—q) , commutes,

RXx' I  -7-------- >R (X-»-I)tX<T' RX;I
R(qxx'i)qRxx'o

r 0-A
RXAI E2UI------>R(XAI)

Proof;

R(<3xx/o)o0’Ri;i°(CCr»x]*»/t]) = R(qxx,o)o([r?x/t]") 
[r;x,t]A. While °fx;I°qRXx' 0 ([ [r;x] A,' t j) =

° R X ; I ° C r ; x ] A »t ^  =  ■
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By the universal property of push outs, in order to
establish that two morphisms h,k:p(f,g) > Z are
equivalent it suffices to show that 
h°ji(f)°f = and h°jx(g)°g = k°ji(g)°g-
Property B.4 then implies, diagram (<r-q.l) commutes. 

Where i*>^ = i£ :X > X^I, f:X > Y.

Property (B.5) diagram (cr-q.l) commutes.

Ropx'=
P ( i ^ X ,Rf) ------f----------> E

P(RjXx' I * °RX ; I ' R 3 Y )
P^RXx' 0 »RY) „RoP(<3Xx/1/Y)

* Ro|)(iJ^,f)

P ( i ^ A ,Rf)
P(Rl)xAIo0‘Rx.ioRjY) =

= RpA

^Ptexx' 0»Y) °P(Rjxx,Io0'RX;I,R^Y  ̂“̂ RXx'I =

OxAl) oR(9Xx'o) o0"rx;I =

R (ixAl) o(3RXx/0o£rRX;I by ProPertY b.4 diagram o-q 

P(RjxAIo0 Rxf.I»RjY) “PteRXx' 0fRY) °DRXx' I
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while,
R°^(qXx,0,Y) op(RjXx,i°0-x^;i,RjY) ojRY = R (jy) =

P ( R j x A I o 0 R X ; i ' R j Y )  ° P ( S R X x ' 0 ' R Y ) 0 j R Y  /

and diagram tr-q.l commutes. ■

Property #B.6 ) Diagram (cr-j), commutes; a = (rA 

RoD(-) x  > R D (-)AI
^■r A  I

A °*D(-) AI
RoD(-) — CL---> R« (D(-) AI)

Proof; o-RX;Io i ^ A ([r;x]^) = o-RX;I ([r ;x] -, 1]) =

[r;x,l]yv , while

R ix '^°([r;x]~) = [r;x,l]* .
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