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Abstract

THE FINITE HILBERT TRANSFORM AND THE
DIFFERENTIATION OPERATOR

by

Marina Saadia-Otero

Adviser: Professor Richard Sacksteder

Solutions of the Neumann problem for the Laplace and Helmholtz
operators in the exterior of a compact plane curve without self-intersec-
tions depends on a formally symmetric operator defined on a dense
subspace of the L? functions on a closed interval. Within the sub-
space the operator is differentiation composed with the finite Hilbert
transform. We find the self-adjoint extension of this operator and in-
vestigate its properties thereby developing the theory of the Neumann

problem to its natural limit.
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1 Introduction

1.1 The operator 7

The first sections here are concerned with the operator T = FD defined on a
suitable domain by the composition of the operator D = —d/dz , where d/dz
is the differentiation operator followed by the finite Hilbert transformation

F. This transformation is defined by the following singular integral :

-t f(y)

-1 y—a:

F(f)z) =

where the star “+” in the integral sign means that the integral is taken in the

sense of the Cauchy principal value, i.e.,

1 f(y)

_1y—r_£l—°°(/ /+c f(—y)

One motivation for studying the operator 7 is its connection with a

Neumann problem for the Laplace equation in the exterior of the line segment
[-1, 1] in the complex plane. The form of the problem considered here can

be stated as follows :

Let g be a function in L%([~1, 1]). Find a solution u(z), z = z+ty,
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of the Laplace equation in the exterior of [—1, 1],

u = . on C\|[-1,
A 0 \[-1,1] (NP)

lincl) dyu(z) = g(z), ae z €[-1,1].
y—

Here we shall be concerned with solutions constructed by means of double
layer potentials. Such solutions automatically satisfy certain boundary con-
ditions at infinity that are often included with the statement of the Neumann
problem. As will be seen later these solutions also have limiting values as

the segment [—1, +1] is approached from above or from below.

The next section indicates how solving this kind of problem by construct-

ing a suitable double layer potential is connected with the operator 7.

1.2 Link of 7 with the Neumann problem

In order to show precisely the connection between the operator 7 and the
Neumann problem we need to introduce some definitions and make some
remarks.

We will consider functions f defined on the interval [—1, 1], such that f
is absolutely continuous, f’ in L'* and f(—1) = f(1) = 0, where f’ € L'*
means that f’ is in some space L'*¢, for € > 0. Our basic interval will be
[—1,1], oriented from left to right, if not otherwise indicated. Let z = (z,y)
and z; = (t,s) be two points of C and denote the square of their distance by

r?=|z—z|?=(z—t)>+ (y — s)° Let z be outside [—1,1]. A double layer
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potential with density f is defined as the integral

dt.

=0

K@) == [ 1) 5(ar)

We can write
rz—t

d
5-(Injz = z)) ),

—(arctan
t

=0
where, when y = 0 but = # ¢, the right side is interpreted as zero. After
integrating by parts and taking z; in the segment [—1, 1], by the assumption

f(1) = f(-1) =0, we get .

tdt

K f(z,y) / f(t arctan

We calculate the normal derivative of K f, with respect to the normal vector

= (0,1) to [—1,1], and we get

8[\f /f() dt.

We know that the limit when y approaches zero exists at every Lebesgue

point of f’ (see [Stein], Lemma 1.2, Chapter VI,) and the integral is equal

to
L,
TJz—t
3
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Thus, we have obtained the equality

3;\;f(z) =T f(z) ae.in[-1,1] (1)

y=0

We have shown with eq.(1) that (NP) can be expressed in terms of the

operator 7T as follows :

Let g be a function in L?([—1, 1]). Find a function f(z) that

satisfies the following condition :

Tf(z) = g¢(z), for almost all zin [-1,1]. (2)

Therefore, solutions of (N P) will be given by K f, where f is a solution of
eq.(2). The set of admissible f’s, that is, the domain of 7, will be vague
for a while. Much of the point of what we will do is to determine what the

domain should be.

We conclude that, in order to solve the Neumann problem expressed this
way, it is important to understand and characterize the operator 7 as com-
pletely as possible, find its most general domain of definition, and place all
questions about it into the context of appropriate function spaces. One of
our goals then, is to investigate the existence of an inverse of 7T to solve the

problem (N P), as eq.(2) suggests.
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1.3 Problems about the domain of definition of 7

The classical formulas in [Tril], show how to solve the problem of finding an
inverse for 7 for a very limited class of functions. [Boc] extends somewhat
those results, but still they do not allow one to work in functional spaces
where the spectral theory can'be applied. In that case, we could deduce
many of the properties of 7 we need to find its right domain of definition,
and therefore, an inverse. Our strategy is thus to bring the spectral theory
of unbounded operators to bear on the problem.

On the whole line, the problem of finding a suitable domain to make 7
self-adjoint and invertible is fairly simple : When H, the Hilbert transform
on the line,

M@ == [ LWy

-0 Y— T

is considered as an operator on L? into L?, 1 < p < oo, one has
Hz = —[d y

(see [Titch], Chapter V, Section 5.10) where I; denotes the identity operator.
The last equality yields an obvious inversion formula of HD, operator which
is defined on a dense set of L2. We have that H satisfies H~! = —H, and we

can obtain

(HD)™! = D'H~! = D~'H,

where, recalling our notation, —D = d/dz. The symbol D! denotes the
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anti-derivative that vanishes at +o0o. ( It can be shown that such an anti-
derivative exists on the range of HD.)

On the segment [—1, 1] however, there are difficulties that are not present
on the whole line. An important one is that if we consider as domain of 7
the whole space L2, the kernel of T is not trivial : The operator 7 maps

the constants to zero, so
T(c) =FD(c) =0. (3)

The operator 7 also vanishes on a wider class of functions. For instance, for

f(z) = arccos(z) we have that

d arccos 1

(Df)(z) = — I7 (z) = Vier

and then,

1 =t 1 dz T df
(Tf)(y)=f(—h_1_$2)(y)=/l 1)
(4)

where the integral vanishes by the known formula

/'" cos(nf)df 7‘_sin(nﬁ) (5)

cos £ — cos § sind ’

(apply the formula with n = 0. See for instance [Tri2], Chapter IV, Section

4.3). Therefore, an inverse of 7 would not be uniquely defined if f were
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included in the domain.
Let us give another example showing that the properties valid for H are

not, in general, inherited by 7. The operators H and D commute :
HoD =D oH. (6)

Indeed, applying the Fourier transform and assuming f sufficiently smooth,

from the right-hand side of eq.(6) we have
(Hf) (z) = 2ric Fl(z) = 2n [z flz)
and from the left we have
H(f") (=) = i sgnz fi(z) = 2 |2 flz) .

However, the operators F and D do not commute on L?*([-1,1]). We have
seen in eq.(3) that on constant functions the composition 7D vanishes. On
the other hand, if ¢(z) denotes a constant function, we obtain

l—a:)_gg 1
14z -

(DF)c(z) = 5@ (In

T l—22"

which is not even a function in LZ2.

We can see from these examples that the operator 7D presents difficulties

on [—1,1] not found for HD on the whole line.
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1.4 Formally symmetric properties of 7

The operator 7 behaves in a particularly simple way on functions related
to Chebyshev polynomials. These polynomials of the first kind T, (n =
0,1,...), and of the second kind U, (n =0,1,...), are defined respectively

by the equations

T.(z) = cos(narccosz),

sin((n + 1) arccos(z))

V1 —2zx2

Un(z) =

The formula given by eq.(5), together with the one below

_ \
cos & — cos b mcos(n +1)6

/"' sin(n + 1)€sin éd€
0

leads to the following expressions for F applies to Chebyshev polynomials,

(see [Tri2], Chapter [V, Section 4.3). Let us introduce the notation
p(:r) =V1-2z? 1

that we shall always use in this work. We have, forn =1,2,.. .,

F(Unar p)(:c) = -Tn(z) ’ (8)
}'(Tnp_l)(:c) = Un-i(z), (9)
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and from them we can obtain the action of 7 on the U, p
T(Un-1p)(z) = FD(Un-1p)(z) = n Un-1(z) -

Let E, the space of finite linear combinations of Chebyshev polynomials
of second kind, D, the space of finite linear combination of the functions
Un-1 p, and 7, the restriction of T to D,. Then, T,(D,) = E, and therefore,

it is possible to define 7,7' on E,, by

(T Unt)(2) = = (Uncap)() - (10)

The operator 7, is formally self-adjoint as an operator in D,. In order to
show this, we have to show that for any finite linear combination f and g,

of functions U,_; p, we have
<Tf,g> = <f,T.g> . (11)
Indeed, for arbitrary n,m =1,2,..., we have

<7, (Un-1p)y Un-1p >

= Z«¢ Un=1,Um-1p >= 2/ sin(m@)sin(nf)df = g—&m,n (12)
T m Jo

4

= <0 —Ipa’Z'O(Um-lp) > -

Clearly, from the above calculation, equation (11) is also satisfied by any
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function in D,.

We note finally that on D, the operators F and D commute. On the one

hand we have
FD(Un-1p)(z) =0 F(Tap™") = nUnu(z),
and on the other

DF(Un-1p)(z) = -D(Ty) =nU.—1(2).

Apparently, it could appear that the natural spaces to be taken as domain
and range are D, and E,. But, despite having many of the properties we
desire for a self-adjoint invertible operatbr, 7, is not closed on D,, viewed as
a subset of L2. |

Therefore, it seems natural to try to consider 7, as an unbounded, sym-
metric operator on L?, find its closed extensions in the biggest possible do-
main, study the existence of a self-adjoint extension and, if possible, find an
inverse. In this way the tools provided by the spectral theory of unbounded

operators become available.

1.5 A Commutation Formula

We introduce here a formula that will be used frequently throughout this

work. This formula is a special case of a general theorem, whose proof can be

10
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found in [Prsf], Chapter II, Section 4 (Theorem 4.4). It deals with the order of
integration when the integrals involved are singular and of Cauchy principal

value type. We shall state it here in our context, after the introduction of

the following notation.
Let p(z) = VI — 22 and suppose « is a real number. The Hilbert space

L%(p*) is the space of measurable functions f such that
1
[ 1w F < +oo,
-1

with norm

1 1/2
1 Fllz2pe) = ( / If(z)p"(z)lzdx) .

Proposition 1.1 Let a be a real number, f in L*(p*) and g in L*(p~°).

If =1/2 < a <1/2, then

[1f(x)dz[11f%dy=[lg(y)dy -'lﬂzldz.

1 1Ly—<

11
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2 Properties of the operator 7

2.1 Domain of definition of 7

We are concerned with finding a self-adjoint extension of the operator 7,

defined by
To(Un-1p) =nUny .

Let us recall the definitions given previously of E, C L%, the space of finite
linear combinations of Chebyshev polynomials U, _,, so that 7, is defined on
E,. The space D, is that of finite linear combinations of functions U,_; p.

We define the operator S, from E, into L? by the formula
1
(SoUn-1)(z) = ’T: n-1(z) p(z) . (13)

Theorem 2.1 The operator S, viewed as an operator from a subset of L?
into L? is bounded. Its bounded closure S, whose domain is the space L?, is

compact, self-adjoint, and positive definite.

Proof:

It is a known fact that the functions \/2/x Us—1(z) p'/?(z), n = 1,2,.. ., where
p/?(z) = (1 — z?)'/4, form an orthonormal set in L?, which can be shown
to be complete. We will write Un_1(z) = /27 Un—1(z)p"/?(z) in order to
simplify the notation. Let A be a function whose Fourier coefficients with

respect to the orthonormal system defined above are b,, b, ..., and define

12
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Bh as the function whose n** Fourier coefficient is b, /n. Then, if

h(z) =) balna(2),

n=1

the operator B acts on such an A as

(BR)@) = Y 2 Uncs(z) . (14
n=1

The operator M,/ is multiplication by p'/?(z) = (1 — z2)!/4, that is,
(M2 f)(z) = pM*(2) f(2) -
We claim that we can write the operator S, as the composition

So=M

p

1/2 © Bo Mp1/2 . (15)

Indeed, we can verify that the linear operators M,i/2 0 B o M_,s2 and S, are
equal on the Chebyshev polynomials U,_;. We obtain from the right-hand

side of eq.(15), the equality

(Mprs B Myis)(Unor)(&) = p/2(2) Bp"Unr)() = = Unoa(2)plz).

p

From this and the definition of S, in eq.(13), we get

(M2 B Mys2)(Uno1)(z) = So(Uncr)(3).

13
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Therefore, S,(f) = M,.;2BM12(f), for f any finite linear combination of
Chebyshev polynomials U,_;, that is, for f € E,, as we have claimed.

It is clear that both operators M2 and B are bounded. Therefore, their
composition S, is a bounded operator on E,, also. The closure of E, is L?,
since the finite linear combinations of Chebyshev polynomials of the second
kind are dense in L. As a consequence, we can extend S, to the whole space
L?, preserving its boundedness. We will denote the bounded closure of S, by

S. Thus, we can write, for all f € L2

S(f) = Mz 0 Bo Myun(f) . (16)

The operator B is compact. This can be verified by observing that B is
the limit on the uniform topology of a sequence of operators of finite rank.
Since M,z is bounded, it follows that S is compact.

Let us show that S is self-adjoint. We observe first that for arbitrary

n,m=1,2,..., we have the equality, as in eq.(12)
S(Un-1), U1 > = L U, U = L ) 17
<3 n—-1/:Ym-1 - n < n-lf?’ m-1 > = % m,n ( ’)
= <Up1,5(Un-1) >. (18)

Therefore, for all f and g in E,, we can verify also
<S5(f)9> = <f£,5(9)>, (19)

14
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by the continuity of the scalar product. We conclude that S is symmetric
on L%. Since the domain of S is the whole space L?, this implies that S is
self-adjoint.

It remains to be shown that S is positiveldeﬁnite, that is, that for all

non- vanishing f € L? we have
<S(f)f> > 0. (20)

Note that B is positive definite. Indeed, if A = 5 oo, b,U,_1, we have

I
WL
3|
~

< B(h),h >

which is always positive and it is zero only if all b,’s are zero. Therefore, S

is positive also, since we have

<S(f),f> = <Mpx/2OBOMp1/2(f),f>

= < B("*f),p"*f> >0, (21)

and if < S(f),f >= 0, we have from the right-hand side of eq.(21) that
pY/?f =0, and this implies that f = 0. This completes the proof of the

theorem.

Theorem 2.1 allows us to discard the vague and provisional definition that

was given in Sections 1.1 and 1.2, and define the operator 7 as the inverse

15
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of S. We will denote by Dt the domain of 7. This definition of 7 makes

sense because S is injective and the range of S, which is D, is dense in L2.

Corollary 2.2 On D, the operator T is an unbounded self-adjoint erten-

ston of 7,. Furthermore, T is the closure of the operator T,.

Proof: The fact that 7 is self-adjoint is immediate from the previous the-
orem and the known fact that the inverse of a self-adjoint operator, if it
exists, is also self-adjoint. As a consequence, we have that T is also closed.
Obviously, T is an extension of 7,, since D, C Dr.

[t remains to be shown that 7 is actually the closure of 7,. To see this it
is only necessary to observe that S = T-! is the closure of S, = 7,7! and the

closure of the graph of S, is essentially the same as the closure of the graph

of 7,.

There are several problems that will concern us for the rest of the chapter.
For example: Can one get a more explicit description of the domain of T
than that it is the range of S7 Can one restore the interpretation of 7 as the
composition of differentiation and the finite Hilbert transform? Do Hilbert
transform and differentiation commute on the domain of 77 What can be
said about the spectrum of 77

The next section will provide us with an important tool used later, in

connection with the finite Hilbert transform.

16
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2.2 Continuity of ¥ on weighted spaces

The theorem that we will present in this section expresses the boundedness
of the singular integral operator F which operates on certain weighted spaces
that are of interest. We include the statement for our particular framework.
The theorem is due to Khvedeldze and its proof can be found in [Prsf],

Chapter II, Section 3. We use the notation of Section 1.5.

Theorem 2.3 Let a be a real number, |a|l < 1, and p(z) = /1 — z2. Then,
the finite Hilbert transform F defines a bounded singular integral operator on

the space L*(p®).

2.3 Characterization of 7!

-

In this section we show how the operator S = T~!, defined in Section 2.1,
is represented as a composition of bounded linear maps of Hilbert spaces in

two different ways.

Lemma 2.4 The operator T~ is given by the composition
T' = [oM,~n0oFoM,, (22)

where (Ig)(z) = [% g(t)dt and M. f(z) = (z)f(z).

Proof: First, we need to verify that the composition [ o M,-1 0o F o M, is
well defined. In fact, each of the maps in the composition on the right-hand

side of eq.(22) is a bounded linear map between Hilbert spaces.

17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Let 0 < € < 1. Consider the following diagram describing the action of

ToMy,-1oF oM, and let us analyze each of its segments,
2 My r20 ety Foor2p ety Moot p2 o I r2
L* — L*(p") — L%(p") — L*(p°) — L°.

The boundedness of all of the maps in the composition is clear, except the
one involving F, which follows from Theorem 2.3. Then, IM,~1.FM, is a
well defined bounded operator.

Let us show that both the left and right-hand sides of eq.(22) operate in
the same way on U,-,. Recall that (FpU,_;)(z) = —Tx(z) and observe that

p ' T, =~1/n (Us-1 p)'. We have then

(' @FEU)@) ) = = [ p @) @z = 3 Una(a) plo)

1

(T Un-1)(y) - (23)

I

Equation (23) shows that both operators act identically on finite linear com-
binations of Chebyshev polynomials of the second kind, which are dense in

L?. Therefore, identity (22) follows and the lemma is proved.

Lemma 2.5 The operator T~! can also be characterized as the following

composition of operators

T_1=Mpof'oMp—1O[.

18
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Proof: Let us, for a moment, call R the composition M, 0 Fo M,-1 01, and

consider the following diagram describing the action of R
M,
L2 L 12 =5 1) Do 1) B L2

We observe, as in Lemma 2.4, that the boundedness of all of the maps in
the composition is clear, except that of F, which follows from Theorem 2.3.
Then, R is a well defined bounded operator. Let us show now how R acts

on the Chebyshev polynomials U,_; :

R(Ua-1)(z) = p(z)F(p™ [(Un-1))(2) = %p(f-)f(p"Tn)(z)

= S p(@)anr(2) - (24)

We have already shown in eq.(10) that T-Y(U,-,) = 1/n U,_, p, which is the
right hand side of eq.(24) By linearity, it is clear that R(f) = 7~'(f), when
f is any finite linear combination of Chebyshev polynomials of the second
kind, which are dense in L2. Therefore, R = T~! on L?, which proves the

lemma.

We now prove another consequence of Theorem 2.3, which we will need

later [cf. [Tri2], Chapter V, Section 4.3].

Lemma 2.6 On L2, the operator —M,-1 o F o M, is a right inverse of F,

19
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that is, for all f € L?
F(My-FM,)f=~-f. (25)

Proof: As in the proof of Lemma 2.4, M,-1 FM, is a bounded map from L?
to L%(p), hence, by Theorem 2.3 F(M,-.FM,) is a bounded map from L?
to L%(p°).

Let f = U,—1. Applying the identity (8), and then that of (9), we obtain
the equation

F(p~ ' F(pUn-1)) = —Un-1 -

Therefore, eq.(25) holds for any finite lineaf combination of Chebyshev poly-
nomials of the second kind, which are dense in L?. Thus, eq.(25) is satisfied

by all f € L2

2.4 Characterization of Dt
In this section we will characterize the domain of definition of 7 completely.

Lemma 2.7 Let h be a function in L*(p¢), for all 0 < € < 1, such that
[, h(z)dz =0, and F(k) € L2. Then,

FI(h)=IF(h)+C, (26)

where C is a constant.

Proof: It is easy to verify that under our assumptions both sides of eq.(26)

make sense.

20
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For each y € [—1, 1], let x¥(¢) be the characteristic function of the interval
[~1,y), t.e. x¥(t) =1, if -1 <t < y, and zero otherwise. Let us fix
y € [—1,1], and calculate the following integral from the right hand side of

eq.(26)

(IFh)(y) = / XY (£)(Fh)(t)dt .

1

The characteristic function of a finite interval is in LP(p™¢), forall0 < e <1

and 1 < p < o0, and h € L%(p¢). This allow us to apply Proposition 1.1 and

we obtain
1 ' 1 y—t
(IFh)y) = - () Fx¥)t)dt = —/ h(t)ln'—idt
-1 -1 1+t
1 1
- —/ h()n [y — t]d +/ A(t)In |1 + tdt
-1 -1
) i
= _/ h(t)ln|y —tldt + C, (27)
-1
where

C=/lh(t)ln|1+t|

is a convergent integral, since h € L{p¢), which does not depend on y. We

calculate next the left-hand side of eq.(26). We have

e = [ ([ conoa) 2

i [ ([womon) 5 [ ([ wonon) 25

21
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= lim ([i(d,y) + I(,y)) -

Let us fix 4. It is not difficult to verify that if ¢ € [-1,1] and z € [-1,y — 4],

we have

X*(t)A(t)

-y

€ L'Y([-1,1] x [-1,y—4]) .

This allows us to apply Fubini’s Theorem to the double integral on the ex-

pression of [,(4,y) and we obtain the equality

L(8,y) = /_1l h(t) (/_i—s X:(i)‘:”) dt .

Splitting the outer integral at y, we obtain

o = [0 ([0 [ ([ 0%
/:—Sh(t) (/ty_s x"fy) dt + /yl h(t) ([H zd_xy) dt .

The last integral vanishes since x*(t) = 0, if ¢ > y > z. Therefore, we get

L(b,y) = /y-sh(t)lnédt— /y—sh(t)lnly—tldt. (28)

-1 -1

We observe also that

X?t_l__h;t) € LY([-1,1] x [y + 4,1]).
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In the same way as we did for [,(4,y), applying Fubini’s Theorem, we get

L,y = /+5 (/ h(t)x*(t dt) = h(t (/M :(idx)
= /:Mh(t) (/ :(_)d”‘) dt+ h(t (/ :,(idx)
_ /th(t)(/l dz )dt-i-/ ::(t) (/ly+;z )dt
-1 s T—Y y+6 t TV

y+6 _ 1
/ h(t)In | L2Y ’dt
-1

: idt+ h(t)ln |-
1 y+46 1
= [nll—yl/ h(t)dt—/ h(t)Inédt — [ h(t)lnly —t|dt .
-1

y+é y-—-
-1 y+6

Since by assumption, f_ll h(t)dt = 0, we get
y+6 1
L(4,y) = —/ h(¢)Inddt — h(t)Inly — t|dt . (29)

-1 y+6

Adding [,(8,y) and [,(4,y) from eq.(28) and (29), we have

11(57 y) + 12(57 y)

y+6

y—& 1
= —~Ind h(t)dt — ( +/ )h(t)ln ly — t| dt
y—6 -1 y+6

Since h € L?*(p), applying Holder’s inequality we obtain

y+é y+6 -
/ lh(@)ldt <C [ (1 - 22)(z)dz = O(6°)
y—94 y—=6

23
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where C is a constant and « is a positive real number. Therefore,

1
(FIRw) = it 6.9+ BG.9)} = = [ h@)laly =t

-1

which together with eq.(27), proves the lemma.

Theorem 2.8 The space Dr is the space of absolutely continuous functions

such that
f(1) = f(-1)=0,
f' € L*(p*), for all e >0, and
F(f') e L™
Proof: Let f € Dy. By definition, there is a function g € L? such that

(T7'g)(z) = f(z). Then, by Lemma 2.4, we can write

flz) = / oY) Flog)(y)dy (30)

which is absolutely continuous, since (p~'Fp)g € L?(p°), and L%(p¢) C L.
We can see from eq.(30) that f(—1) = 0. On the other hand

£(1) / (0" F(pa) )y

- foor ([ 0}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The facts that pg € L%(p™¢) and p~' € L?(p) allow us to apply Proposi-

tion 1.1, and we obtain

s = - [ swae) ([ otay) de.

As in equation (4), we can show that the innermost integral vanishes. Thus,

we have shown that f(1) = f(—=1) = 0. It is easy to see from eq.(30) that
f'(z) € L*(p), since F(pg) € L*(pc~'). To complete the first part of the
proof, we have to show that F(f’) € L% From eq.(30) we can write, for
g€ L?

f'(z) = p~H(z)F(pg)(z) -

Applying F to both sides we obtain, by Lemma 2.6
(Ff')z) = Flp™ Fpg)(z) = ~g(z) -

Let us show the other inclusion, that is, that any function f satisfying the
properties stated in the theorem is actually in Dr. Let f be such a function.
Since we have that g = F(f’) € L?, we can apply to g the operator 7!,
which is defined on the whole space L?. We have proved in Lemma 2.5 that

we can write 7! = M, 0 F o M,~:I, so that

TYg) = M,FM~IF(f').

25
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Since f(—1) = f(1) =0 = f_llf’(:c)da:, taking A = f’ in Lemma 2.7, we get
FI(f')=[F(f') + C, for some constant C. Then

T-Yg) = (M,FM,~)FI(f') - (M,FM,~)C .

Applying eq.(4), we see that the last term on the right-hand side vanishes.

By Lemma 2.6, we know that F(M,~FM,) = —Id, and multiplying by

M,M,-1 between F and f, we obtain
T Y9) = M,F(M,«FM,)M,~.(f) = —f. (31)

We have obtained that f is in the range of 7~!, which by definition is Dr,

as we wanted to show. The proof of the theorem is completed.

Remark: The second part of the proof also shows that on Dr, 77! is a left

inverse of FD. Indeed, as we have defined g = —FDf, eq.(31) reads

T-Y(FDf) = f. (32)

We can now restore the form of 7 as the composition of the operators F

and D on the domain Dr.

Theorem 2.9 On Dr, the operator T, which was defined as the inverse

operator of T~!, can be written as the composition FD . That is,

26
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(1) FDoTYg)=g, foralge L? and
(1) T-'oFD(f)=f, forall fe Dr.

Proof: Let g € L?. By Lemma 2.4, we can write

FDT Y g9) = FD(UM,~FM,)g.

Clearly we have

D(IM,~FM,g) = —(M,~FM,)g .

Also, (M,-1FM,g) € L?*(p¢). Then, applying F and using Lemma 2.6 we

obtain

FD(Tg) = —(FM,«FM,)g=g .

Condition (:¢) is an immediate consequence of the remark after Theorem 2.8.

The proof is completed

2.5 Commutation formula : D= DF

The characterization of D7 will allow us to prove the following theorem as

well.

Theorem 2.10 On the space Dr, the finite Hilbert transform and the dif-

27
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ferentiation operator commute, that is,
T=FoD=DoF.
Proof: Let f € Dr. We can apply Lemma 2.7 to A = f’, and we get
FIf) = I[F(f)Y+C. (33)

Since f € Dz, we have I(f")(z) = f(z). Also, since F(f') € L?* C L', the

function I(F f')(z) is differentiable a.e., and
DIF(f')(z)==-F(f') .

Consequently, the right-hand side of eq.(33) is also differentiable a.e. There-

fore, differentiating both sides of that equation we get
(DF f)(z) = (FDf)(z) ae.

The proof of the theorem is complete.

2.6 Some properties of the spectrum of 7

We will prove in this section some properties of 7! that allow us to deduce
properties of the spectrum of 7. In fact, we will show a lower and an upper

bound of the biggest eigenvalue of 7!, which is equivalent to showing a

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



lower and an upper bound for the smallest eigenvalue of 7.

Theorem 2.11 The largest eigenvalue of T~!, A, satisfies
0.816 < A < 0.912.
Proof: Recall from the proof of Theorem 2.1 that we can write
T '=Mup0oBoM,:, (34)

and also the notation of the functions \/z/z Un_1(z) p/*(z) = Uny(z). We

have seen also in that proof that we can express h € L? as

h(z) = Y bulUna(z) = bilo(z) + D balUns(z),
n=1

n=2

so that we can write |[A]|2 = 3_2 | [b,]2 = 1. We will estimate the value
M=|T7 = sup | M2 B(R)| - (35)
hll=1

When b; = 0, we have

1 1
IM B < S IR < 5 -

29
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Then, taking the supremum over the functions [|2|| = 1 for which b, = 0, we

get
(36)

DN}

sup [| M2 B(A)|| <

In the general case, that is, when b, # 0, we get

- 2 b, -
|Mpr BRI = (16002 + 3 2 0neap 7

n=2

- 00 b - . ©o b .
- 1/2)12 n 1/2412 1/2 n 1/2
= ||6,0op*? +||Z—n Un1pM?| + 2 < by 00op ,Z—nu_lp > .

n=2 n=2

We have that [[Jop/2||2 = 8/37 , and we get, applying eq.(36)

| M2 B(R)||?

8 . 2,1l 2, 4, o=l | [ 2
S Gl H 3D bl il Y SE | A Una(e)de

n=2 n=2
8 1 & 16 = |bs |
= —Ib 2 - b 2 -v v .
3"l ! +2n2=;I o T Iblln—goddnz(nz_d‘)

The last summation is over odd integers n, because for all even n’s the integral

vanishes and for all odd n’s, it has the value

1 |
/_ p?(z)Un-1(z)dz = — ;2732%4) -

1

Changing variables in the sum over odd n’s and noting that for all n

[b1[? + [6a]?

<
Ibl bn.l = 2 )
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we obtain

8 1 8 — [B1[? + [B2nta |?
MunBR)2 < —[bif?+ =3 [baf? + 2 =
1M1 B(R)| il + 32 leal +7r§(2n+1)2((2n+1)2—4)

n=2

8, o1 1
= Sl (§+Z (2n + 1)2((2n + 1)? -4))

= IbZﬂ.-i»lI2
*3 Z"’ *+ ;(2n+1)2((2n+1)2—4)°

n=2

We use partial fraction expansion of cot (xz) to estimate the sum as shown

below.
= 1 1 [& 1
;(‘2n+1)2((2n+1)2—-4) - Z(; 2n+1)2 -4 Z(‘7n+1)2>
1 =2
= - = = 9 -2
373 <25x107°.
Let us write C; = 2.5 x 1072, Then,
| M 12 B(h) ||2
_lbll ( +Cl Zlb |2 Z |b2n+1|
°n_2 (2n 4+ 1)%((2n + 1)2 — 4)
I & 8 — [b2ns1]?
= |b 2C t bn 2 el n+
15 2+‘2nz=;, | +7rn2=:1(2n+1)2((2n+1)2_4) ’
where

81
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We estimate the second and third summands in the above equation as follows.

L | NS i L
2 " T n?(n2 — 4)

n=2 n=3,n odd

1,2 s, o1 8 1
< 31l +§lbnl G+ =)
< bn (= )= bn 2;
_gl |(2+45ﬂ, Cs;l |

where C3 = 1/2 + 8/457 < 0.557. Since C3 < C,, we get

| M2 B(R)|® < Calbr* + C3 Y [bal? < Cal|R][* .

n=2

We are considering functions & such that ||k||> = 1. Then, taking the supre-

mum over these functions we get finally

sup ”Mpx/zB(h)”2 < Cg .
([All=1
In conclusion, the norm of M,z B satisfies the inequality
[Mp1/2B| < C2

and consequently we get

"T_IH = /\1 < Cg .

32
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We calculate now the lower bound of A;. We know that the largest
eigenvalue A of a symmetric, positive definite self-adjoint operator can be

expressed as

B ]
S = S T e

We observe that for f = 1 we obtain 77!(1) = p(z). Then

IO
N I

Therefore,

V6

0.816 < —3—31\1 s

which completes the proof.
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3 Applications to Potential Theory

3.1 Double Layer Potential

In this chapter, we shall extend those results obtained in Chapter 2 for line
segments, to more general curves in the complex plan. There will be a slight
change of notation : The basic interval gets moved from [—1, +1] to [0, {],
where [ represents the length of the curve considered, by an affine transfor-
mation between the intervals. We shall work with functions defined on the
interval [0, {] rather than [—1,+1], and T, Dy and F, will be transferred to
[0, {] in the obvious way by the affine map.

We introduce now the curves which we will consider from now on in this
section. Let [' be an open C? curve in the plane, without self-intersections,
of finite length [. We will assume that I is oriented and parametrized by arc

length s
D :z=¢s), y=n(s), sel0l].

If (¢,7) is a point on I' and z = (z,y) a generic point outside I', we denote

by r be their distance :

r=V(z-§?+(y—n

Let v be the unit normal vector to I' at a point (§(s),n(s)), that points to

the left as one looks along the curve in the direction of increasing arc length.

34
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A double layer potential with density f is defined by the integral

Kf() = /r F(s) plog )ds (38)

where f is a smooth function of s. Proofs of the properties of a double layer
potential that we summarize below can be found, for instance, in [Mik2],
Chapter 3, Section 8.3.

At every point : outside ', the potential A f(z) is a C* function and
satisfies the Laplace equation. Also, A f(z) decreases as O(1/|z|), as |z| goes
to infinity.

The limiting value of K f(z), when z approaches a point z, € I', depends
on the side of the curve, left or right, from where z approaches z, € I'. This
value is determined and finite, but A f(z) has a discontinuity, which can be

evaluated from the formulas

(KD = =5 [ fo)ztosrids + s.) (39)

(KA = = [ )5 togr)ds — f(sa) (40)

where (K f)(2,)” and (K f)(2,)* signify that the curve is approached from
the left and the right respectively.

All directional derivatives of K f(z) exist when z is a point outside T,
and can be evaluated by differentiating under the integral sign. Also, they

decrease as O(1/|z|?), as |z| goes to infinity.

35
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A standard calculation allows us to express the directional derivative of

logr at the point (£(s),n(s)) € T in the direction of v, as

d(logr) n'(s)[z —&(s)] —€'(s) [y — n(s)]

Ov r2

Therefore, we can represent K f in terms of the point z = (z,y) by the

formula :

n'(s) [z — &(s)] — €'(s) [y — n(s)]
e+ w=n@p = @

{
K1) = =1 [ 1o

Theorem 3.1 Let T be an oriented C? open curve without self-intersections,

of finite length |, parametrized by arc length s as
[ : z=¢(s), y=n(s), s€[0,!].

Let f(s) be in Dr, z, € T and v, be the unit normal vector to T at z,. Then,
the limit of the directional derivative of K f(z) with respect to v,, when z
approaches z, along the normal line to I' through z,, erists for almost all
values of s. We denote this value by (7.f)(z,) and write z, = (z,,Y,), so

that a.e.

L8 () e — &) — €(5) o = n(s)]
(1)) = 2 ([ 0y T2 Sl )

Furthermore, T, is an unbounded self-adjoint operator which can be expressed

36
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as the sum of operators
(Te f)(z0) = (T f)(20) + (Af)z0),

where A is compact.

Proof: We can write the expression (41) as

f(z) = ——/ fs) 2 (a.rctany_zgs;> ds.

Integrating by parts and recalling that f is continuous and vanishes at the

ends of the arc I, we get

Kf(z) = —/ f'(s) arctan (y "(3))ds. (42)

We know that the directional derivative of K f(z) in the direction of the unit

vector v, exists when evaluated at a point = outside I', and it is equal to

aAf( & [€(s) — =] + 5 [m(s) — 9]
/“( S ) W)

where we wrote £'(s,) = £ and 7'(s,) = n.,. When considering the unit
normal vector pointing to the left of ', we have that v, = (-7, ).

Let L., be the normal line to [ through z,, and take (z,y) = 2 € L,,.
Then, we can write for small |e]|, ze = € (=1, &) + (&5,7,). We simplify the

notation by writing A€ = £(s) — &, and An = 5(s) —n,. Then, the expression
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of the quotient inside the integral on eq.(43) becomes

& [€(s) — 2]+ [m(s) — 9] _ & AE + 1, An
[€(s) =z +[n(s) —yl* (A& +en))? + (An—e€£)?

Let us introduce the notation

&AL+, Ay 8=
S = ReTemy + (An—&F Gospra (M
which allow us to write eq.(43) as below
al‘f(z‘ /f( j—o—Je ds+/ £(5) 8(s, S0, €)ds . (45)

Since f'(s) € L', it follows from Theorem 1.4 of [Stein], Chapter VI, Section
I, the existence a.e. of the limit when € goes towards zero of the first integral

of eq.(43), and the equality below that

ﬂs—)-ds .

|s=so|>e §— S,

lim/ f'(s) 2% 45 =lim
(s —so)

€—0 2 42 €0

We study now the convergence to a finite limit of the second integral of
eq.(45). Let us show first that the function S(s,s,,€) converges to a definite
function, for all s,s,. If s = s,, we have that S(s, s,,€¢) = 0, and therefore
the limit is zero also. Let us assume, then that s # s,. We use Taylor
development of second order of the functions £(s) and n(s) in a neighborhood

of s,. We assume that the neighborhood is defined by 0 < [s — s,| < ¥, for
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some positive y. Thus,

AE = & (s~ o)+ (s —50)*Py (46)

An = 77; (s —80)+(s— 30)2P2 ’ (47)

where P, and P, are functions of s, bounded on |s — s,| < 7. If both P; and
P,, vanished simultaneous and identically in that neighborhood, S(s, s, €)
would also and the proof of the theorem would be completed. Assume then,
that they do not vanish in that sense. Replacing the eq.(46) and (47) into

(44), we obtain the expression for S(s, s,, €)

_ (s — so) d1(s) _ s — S,
5(s:80,€) = (s —55)2 (das) +€Cr)+ €  (s—so)2+¢€’ (48)
where
H(s) = 1+(s—s,)C

¢2(S) = 1 +2(S - So) C1 + (S - 39)2 Cg .

and Cl =§;P1 +7];P2, Cg =(ng;— Pm",)/? and C:;= P12+P22

By expressing the function S(s, s,,€) as in eq.(48), it is easy to verify that,
in the case 0 < |s — s,| < v, S(s, s., €) converges, when € goes towards zero,

to function

lim S(s, s,,€) = C1 + (s = 5)Cs (49)

—0 T 1+2G (s —5o) + Cs(s —s,)%’
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On the other hand, when |s — s,| > v, S(s,5,,€) remains bounded when
€ goes to zero, and the limit can be calculated from eq.(44). That is, if

IS—Sol >
£ AL+, An 1

A+ A2 s—s, (30)

Iirrc} S(s,S0,€) =

We have proved that the limit of S(s, s,, €) exists for all values of s, s,. More-
over, we can see that the limit function is bounded. That is clear for the cases
s = sp and |s — s,| > 4. For the case, 0 < |s — s,| < v, we observe on the
right-hand side of eq.(49) that close to s = s, the limit value is C;. Let us

call, for all values of s, s,, S(s,s,) the limit function
lirr(}S(s,so,c) = S(s,50) -
Then, applying Lebesgue’s Convergence Theorem, we have

l
lim /0 F($)S(sy50r€)ds = /0 ()55, 50)ds

Consequently we have

fim K f(z) _ L f(s)

e—0 Ju, T 0o S—So

£y L / £(5)S(s, 50)ds

In our notation

(T £)(z0) = T f(20) + Af(20),
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where

{
(AN = 1 [ £S5, 50)ds G

Note that, as a consequence of eq.(49), the last integral is not of Cauchy’s
principal value type.

We still need to prove that A defines a compact operator when consider
as an operator of f, and not on f'. For this purpose, we will show that the

kernel defining A is bounded. Integrating by parts eq.(51), we obtain
(4nG) = L[ s 2ste 5
@) = = 8)555(s:50)ds
This allows us to write the operator A as A(f) = k * f, where
k(s,s,) = ga;S(s,so).

We get after differentiation of S(s,s,), the following expression for k(s,,s) :

b &l +men'(s) |, [AL + mAn)E'(s)AL + n'(s)An) (52)
(s = s,)2 AE + An? - (A2 + An?)? ST

Observe that eq.(52) implies the symmetry of the kernel k, that is,
k(so,s) = k(s,s,) . (53)
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It is not difficult to verify that k is bounded when [s — s,| > 4, for a given
positive §. Let us consider then, that [s — s,| < . Since we are assuming
that I has continuous curvature, £ and n are differentiable twice and we can

write the equations

£(s) = &+ E::(s —5,) + O(‘s - 30|2) ’
n(s) = no+ 77:7('3._ so) +O(|s — 50I2) ’
€(s) = &+0(s—s),

n'(s) = n,+0(|s —s,l).

Without loss of generality, we simplify the notation by taking s, = 0. Since
[ is parametrized by arc length, we have that &% + 5% = 1. We first com-
pute the common denominator of expression (52) by inserting in it the finite

developments of € and n given just above. This gives us the expression
S ((Es+0(M) + (s + O(H)) = s*(1+0(s)".  (54)

Note that when divided by s*, the last expression does not vanish in the
neighborhood of zero. We will show that the numerator of eq.(52) can be
written in the form s* x O(1), which together with eq.(54) will prove the

boundedness of k(s, s,).

Noting that &' + 7/* + 2¢/%y.? = 1, the first term of eq.(52) multiplied
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by the common denominator given by eq.(54) takes the form
((&s + O(s*))? + (15 + O(s%))*)? = —s*(1 + O(s?)). (55)

The second term of the numerator, still multiplied by the denominator given

by eq.(54), reads
= (&' +mt + 26 +0(s)) = = (# +0(s)) . (56)
Finally, the third term multiplied by (54) is given by
25 (sz(&’,‘ +m5t 426 + O(s)) =25 (s* + 0(s)) . (57)
Adding eqgs.(55), (56) and (57) we find that the numerator of eq.(52) is
$?(=(s + O(s)? = (2 + O(s)) + 2 (s* + 0(5)) ). (58)

It is easy to verify in the expression above, the cancellation of all fourth and
fifth order terms in s. In conclusion, the numerator of eq.(52) has the form

s x O(1) as claimed. This completes the proof of the theorem.

3.2 Some properties of 7.

We have proved in the previous section that under certain conditions on the

curve I' we are able to express the operator 7. f on Dr as the sum of the
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operator 7 and a compact operator A :
T.=T + A.

We will show now that the operator 7, shares some good properties of the

operator 7, e.g. it is invertible.

The codim(S), or codimension of a subspace S, is defined as the dimen-
sion of its orthogonal complement in L? : codim(S) = dim(St). A linear
closed operator F on L? is said to be Fredholm if satisfies the following two
conditions :

(2) the kernel ker(F') is of finite dimension, and

(i7) the range R(F') is a closed space in L? and of finite codimension.
The index of a Fredholm operator F is defined as the difference of the di-

mension of ker(F') and the codimension of R(F) :
ind(F) = dimker(F) — codim R(F) .

Lemma 3.2 The operator T is Fredholm of indez 0.

Proof: We just need to observe that in the previous Chapter, we have proved

that 7 is closed, and that ker(T) =0 and R(7) = L2

The proof of the following proposition can be found in [Kato], Chapter

IV, Section 3.
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Proposition 3.3 Let F' be Fredholm and A be a compact operator. Then,
the operator F + A is Fredholm and ind(F + A) = ind(F).

As immediate corollary we have the following :

Corollary 3.4 The operator T, is Fredholm and satisfies ind(7.) = 0. Hence,
ker(T.) =0 if and only if R(T.) = L2.

Theorem 3.5 The operator T, is invertible.

Proof: By Corollary 3.4, in order to prove the theorem we just need to show
that ker7. = 0.

Suppose f is in the domain of 7, such that 7_(f) = 0 a.e. Let D(r) be
the disk of radius r, centered at some fixed point on I', with r sufficiently
large so that the curve I lies inside D(r), and let 8D(r) be the oriented
boundary of D(r). Let X(r) be the set formed by the disc D(r) with the
curve I' removed, that is, X(r) = D(r) \ [. The function u(z) = K f(z) is
differentiable on X(r). Let the symbol “*” denote the Hodge star operator,
that is, for a differential 1-form dv = adz +bdy we have that *dv = ady —bdz.

In particular, for u(z) we have that

*du = —0,udr + O udy,

so that the product by u gives us the 1-form

U = u * du = —udyudz + ud;udy.
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Then, the exterior derivative of U is given by

dU = d(—udyu) Adz + d(ud-u) Ady
= Oz(—udyu)dzr + 3,(—udyu)) A dz + 0-(udzu)dz + 0,(ud:u)dy) A dy
= (0:(u0;u) + 0y(ulyu))dz A dy

= (|Vul*+ uAu)d:z: A dy,

where Vu denotes the gradient of u. Notice that U is bounded on X(r).

Applying Stokes’ Theorem to the differential form dU and the domain X(r),

/ / w={[ uv.
X(r) aX(r)

Since u(z) satisfies Laplace’s equation at every point outside [, the left-hand

we obtain

side of eq.(59) is

/ dU = // quIsz-i-// uAu dA

X(r) X(r) X(r)

[[ 1vupaa, (59
X(r)

From the right-hand side of eq.(59), we obtain

AX(,-)U = (~/80(r)+/+r+/;r) (u*du)ds ,

where s is the element of arc. By assumption, 7.(f) = 0, so the integrals
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along +I' and —T vanish. Therefore,

/ U = / (u*du)ds ,
aX(r) aD(r)

As was mentioned at the beginning of Section 3.1, u(|z|) and du(|z|) decrease

at infinity as O(1/|z|) and O(1/|z|?) respectively. Therefore,

/ [u * dulds < 92 .
aD(r) r

As r goes to infinity, the integral above vanishes and we get

lim U = 0. (60)

r—0Jax(r)

Then, we get from eq.(59) and (60)

// |[Vul’dA = 0.
X(r)

This implies that Vu = 0. Therefore, u is a constant function. But, when

|z| goes to infinity u satisfies the inequality

<

i< 77 -

It follows that u = K f = 0. This, together with the jump relations given by
eqs.(39) and (40), implies that f = 0. The theorem is proved.
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Theorem 3.6 The operator T~! is compact.

Proof: We have proved in Theorem 3.1 that 7 can be written as 7. = 7 + A4,
where A is a compact operator. By Corollary 3.4, we know that 7. is a
Fredholm operator, and as it was shown in the proof of Theorem 3.5, its
range is the whole space L?, and therefore closed. By the Closed Graph
Theorem, we deduce that ’I;“ is bounded. Also, by Theorem 3.5, 7_ is

invertible, so that we can define B the operator given by the composition
B=-T1'0AoT™".
We show now that 7~' can be written as
T7'=T'+B. (61)
Namely,

T7'+B = T7'—(T7'0AoT ) =(T ' o oT )= (T 0 Ao T

r

= T7'o(T.—A)oT™ = T

Therefore, eq.(61) is satisfied. Since both B and 7! are compact, we can

conclude that 77! is compact also.
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3.3 Solution of the Neumann problem for the curve

We consider now the following Neumann problem for the Laplace equation

in the exterior of ', in the complex plane :

Given g(s) a function in L*([0,l]), find a solution u(z), of the

Laplace equation in the exterior of I such that

(2) For almost all z, € T, the limit of the directional derivative
of u, on the direction of the unitary normal to I" through z,,
as z approaches z, along. L.,, the normal line to I through
Zo, 15 g(s).

(it) For all z, € T', as z approaches z, along L., from the left
of Iy u(z) has a limiting value u~(z,). Respectively, if =
approaches z, along L., from the right of [, u(z) has a lim-
iting value u*(z,). The limits from left and right, u«~(z,)
and ut*(z,), do not need to agree, but the limits from each

side depend continuously on z.

Au= 0, on C\T,
(NF,)

lim Jdyu(z)= g(z), ae z €Tr.

2—20,2€ELz,

In fact, by Theorem 3.1 and the discussion just before its statement, if

f = T.7'(g), the double layer potential K f has the desired properties for
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a solution of (NP, ), which now can be read as below.
Given a function g in L*([0,[]), find a function f(s) that satisfies

the condition :

T.f(z) = g(so), for almost all s, € [0,]. (62)

As a consequence of Theorem 3.5, we have the following result :
Theorem 3.7 Let g be in L*([0,l]). The Neumann Problem (NP,) admits

a solution. Such a solution is given by K f, where f = T_(g).

Finally we note that the methods used here can be applied to the Neu-
mann problem for the Helmholtz operator. This is possible because the
fundamental solution of the Helmholtz equation has the same singularity as

that for the Laplace equation.
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