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A bstract

PARTICLE MOTION IN A BRINKMAN MEDIUM W ITH APPLICATION TO

BIOLOGICAL TRANSPORT

Jianjun Feng

Mentor: Professor Sheldon Weinbaum, Co-mentor: Professor Peter Ganatos

A thin polyeiectrolyte layer of loose fibers which coats the surface of endothelial cells, 

known as a surface glycocalyx, appears to be ubiquitous throughout the vascular system . 

This fiber matrix, which is composed of various proteins and other extracellular components, 

forms a highly compressible structure, that performs at least two vital functions a t the 

cellular level. This fiber m atrix layer both determines the Starling (oncotic) forces th a t  act 

across vascular the endothelium and modulates the interaction of red and white cells w ith  the 

endothelial surface. In this research we attem pt to provide a framework for understanding 

the hydrodynamics of this fiber layer and the motion of solutes in a fiber m atrix more 

generally. We shall develop methods and models for analyzing a  range of problems arising 

in molecular mechanics, transport through capillaries and blood rheology. The general 

approach is based on effective medium theory (Brinkman equation) as applied to porous 

materials.

Analytic and numerical solutions to the Brinkman equation which describe the fluid or 

particle motion in a fiber-filled medium exhibit some unusual hydrodynamic features th a t 

are absent for a pure fluid medium. We first show by examining the arbitrary translation  

and rotation of a disk tha t the resistance and the torque on the disk depend significantly on 

the particle orientation. We then consider the inverse problem of flow through an orifice or 

pore in a  Brinkman medium as a model for the flow through fenestrated pores in capillary 

endothelium. This problem is of fundamental fluid mechanical interest because it bridges 

the transition from a slow viscous flow characterized by Sampson’s classic solution to the 

Stokes equation to a Darcy flow which is described by a potential equation for the pressure as
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the Darcy permeability decreases. The effect of confining boundaries on particle m otion in a 

Brinkman medium is then examined for the first time. Here we examine the shielding effect 

of the fibers on the boundary interaction near a  planar boundary when the clearance between 

the particle and the boundary decreases to distances of the order of the fiber spacing. The 

theory is applied to the motion of tagged lipid molecules in membrane bilayers in single 

particle tracking experiments and the penetration of leukocyte microvilli in the endothelial 

glycocalyx. Finally, a  new type of lubrication theory is developed for highly compressible 

porous media which shows tha t there is an  unexpected str ik in g  s im ila r ity  between the gliding 

motion of a red cell moving over the endothelial glycocalyx tha t lines our microvessels and 

a human skier or snow boarder skiing on fresh powder. In both  cases one finds tha t the 

pressure and lift force generated w ithin the compressed matrix axe four orders of magnitude 

greater than  heretofore realized. These huge repulsive forces may explain why red cells do 

not experience constant molecular interactions with the endothelial plasmalemma.
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1

C hapter 1 In trod u ction

1.1 B iological B ackground

Particle motion in a fibrous medium is encountered in a  wide variety of chemical and biomed­

ical engineering applications, most notably in transport phenomena through fixed fiber beds 

(Spielman & Goren 1968; Howells 1974, 1998), transendothelial transport of solutes across 

the endothelial surface glycocalyx and the entrance region of the interendothelial cleft (Fu 

et ad. 1994), the transport of low density lipoproteins (LDL) in the arterial intima and the 

growth of cellular level subendothelial leakage spots (Yuan et ad. 1991; Huang et ad. 1994), 

the penetration of the endothelial surface glycocalyx by microvilli on rolling leukocytes 

(Bruehl et ad. 1996; Alon e t ad. 1997; Schmid t et ad. 1997), the motion of red cells in tightly 

fitting capillary and the effect of matrix compression on the rheological properties of blood 

flow (Vink & Duling 1996; Damiano 1998; Secomb et a1. 1998), and single particle tracking 

experiments where either 40nm gold or 210nm latex particles are attached to lipid molecules 

and membrane proteins and  observed in nanovid (video enhanced) microscopy (Zhang et 

ad. 1991; Lee et ad. 1993; Sako &: Kusumi 1994, 1995, 1998) to mention only a  few of the 

studies in this rapid expanding research area. This research will explore the hydrodynamic 

interactions in these problems using an effective medium approach. Special emphasis will 

be placed on the hydrodynamic interaction between the particle moving through the sur­

face glycocalyx and the adjacent boundary or boundaries. Figure 1.1 shows the surface 

glycocalyx coating the interior surface of a capillary in which the functional diameter of 

the capillary is significantly reduced by this surface matrix. I shall first provide a  brief 

biological background for this research.
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1.1.1 Diffusion o f Lipid M olecules in  M em branes by Single Particle Track­

ing Techniques

Recent developments in single particle tracking by nanovid microscopy and optical tweezers 

techniques have made it possible to study quantitatively the lateral diffusion of a variety of 

lipid molecules and transmem brane proteins in the plasmalemma membranes of many cell 

types (Lee et al. 1993; Sako et a1. 1994. 1995, 1998). By tagging transmembrane receptor 

proteins with 40nm colloidal gold particles or latex particles of 210nm diameter, Sako et a I. 

(1994, 1995) found that the plasma membrane of cultured ra t kidney fibroblastic cells, is 

compartmentalized into discrete regions by the underlying F-actin cytoskeleton. The long­

term  diffusion of the tagged receptor molecules is the result of successive inter-compartment 

jum ps. This diffusion is one or two order of m agnitude lower than  the Brownian diffusion 

of the proteins within a given compartment.

The interpretation of the movements of the gold-tagged receptor proteins is complicated, 

not only because of the complex structure of the cytoskeleton itself, but also due to the 

associated matrix layer on  the exterior surface of the plasma membrane. This pericellular 

matrix, also known as the surface glycocalyx, is composed of ectodomains of integral mem­

brane glycoproteins, proteoglycans, glycolipids, hyaluronan and a variety of extracellular 

m atrix (ECM) glycoproteins. The gold or latex particle in combination with its transmem­

brane receptor or lipid molecule combination must move through this surface glycocalyx 

and, therefore, the interaction between the gold or latex particle and this layer will con­

tribute to both the short and long-term diffusivity.

Lee et al. (1993) measured the average diffusivity of a  variety of colloidal gold-tagged 

lipid molecules using a nanovid microscopy technique. These lipid molecules differ from the 

transmembrane receptor proteins in that they do not have cytoplasmic tails that interact 

with the F-actin cytoskeleton. They found th a t the average diffusion coefficients range from

1.1 to 1.7 x 10- 9cm2/sec, which are fivefold lower than  the average diffusion coefficients (5.4 

to 9.5 x 10~9cm2/sec) obtained by fluorescence recovery after photobleaching (FRAP), a
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technique which removes the extracellular m atrix but has little in flu en ce  on the cytoplasmic 

membrane. The increase in drag exerted on the gold-tagged lipid molecule cam be partly 

accounted for by the additional resistance of the gold particle moving through the matrix. 

However, as will be illustrated later in chapter 4 using a model based on the effective medium 

theory, only about 30 percent of the additional resistance comes from the hydrodynamic 

interaction, implying that an even larger contribution arises from the elastic and binding 

energy associated with the surface glycocalyx. Therefore, a realistic model should also take 

these effects into consideration.

Sako et al. (1995, 1998) conducted related experiments using a single particle tracking 

technique tha t combines optical gradient traps with nanovid microscopy. Both 40nm col­

loidal gold and 210nm latex particles are first attached to the transferrin-receptor (TR). 

By dragging the particle-TR complexes laterally along the plasma membrane using laser- 

tweezers and measuring the forces required to keep the complexes in the trap, they were able 

to differentiate and characterize two different mechanisms, namely corralling within an F- 

actin compartment and tethering by the membrane skeleton. Reported diffusion coefficients 

for a 40nm gold-tagged molecule within a compartment are similar to those measured in 

Lee et al.. Surprisingly, the diffusion coefficient for a 210nm latex-tagged molecule is about 

50 percent less than the 40nm gold-tagged molecule.

These recent experiments have greatly expanded our knowledge of the structures on 

both sides of the plasma membrane. Earlier theoretical studies initiated by Saffman and 

other investigators (Saffman 1975; Saffman & Delbruck 1976; Hughes et al. 1981; Evans & 

Sackmann 1988: Bussel et al. 1992, 1994; Stone & Ajdari 1998) have focused attention on the 

hydrodynamics of a single or multiple mobile lipid particle inside the membrane embedded 

in a less viscous aqueous fluid of either infinite or finite depth. O ther investigators have 

numerically modeled short and long-term diffusion coefficients using Monte-Carlo methods 

to account for the corralling mechanism of the membrane cytoskeleton. The study by Lee 

et al. (1993) is the only one to examine the effect of the extracellular m atrix on membrane 

particle diffusion. This problem will be modeled by the motion of a  sphere in a Brinkman
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medium neax a planar surface.

1.1.2 M otion o f a M icrovilli-C overed Leukocyte N ear a M em brane

The rolling of a leukocyte in venular capillaries has attracted considerable attention in 

the past decade. The adhesive interaction between the leukocytes and the endothelial 

lining of blood vessels is a  critical physiological response in tissue injury and inflammation. 

Recent experiments have revealed th a t this process is mediated by cell surface adhesion 

molecules called selectins. The rolling motion of individual cells has been observed to 

fluctuate randomly both in vivo and in vitro. The micro-mechanics of rolling is m odulated 

by receptor-ligand bonds which are clustered at the tips of microvilli covering the leukocyte 

surface (Bruehl et ad. 1996). The solution for the Stokes resistance tensor of a  rigid sphere 

in shear flow in the presence of a planar wall is utilized to calculate the force and moment 

exerted on the cell (Dembo et ad. 1988; Tozeren & Ley 1992).

There has been no prior study of the effect of the glycocalyx layer in these rolling leuko­

cyte interactions. The surface glycocalyx is im portant in regulating the penetration of the 

endothelial glycocalyx by the protruding microvilli and the swivel motion of the leukocyte 

once the tethering interaction is initiated. The surface matrix modifies the hydrodynamic 

functions which describes the motion of the cell body in proximity to the substratum . Fig­

ure 1.2 sketches a simple model in which a  spherical cell of 4/um radius decorated w ith a 

rigid spike (model for microvillus) undergoes a tethering swing in an ambient shear flow. 

The effect of the surface glycocalyx is twofold. First, it changes the velocity profile a t the 

interface between the fluid and ECM. A rough estimate using a fiber-filled medium model 

indicates that the hydraulic permeability of this layer is quite small. W ithin the glycocalyx, 

the velocity is almost uniform except for a th in  transition region near the interface, leading 

to a  so called Beaver-Joseph slip boundary condition at the interface. This has not previ­

ously been considered in calculating the hydrodynamic force and moment (Tozeren 1984). 

Secondly, the interaction between the microvilli and the fiber m atrix plays an im portant role
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in the tethering process. Figure 1.2b sketches typical dimensions of the param eters from 

which one can estimate roughly the magnitude of the forces exerted on the cell body and on 

the microvilli. Using a  cylinder w ith a  hemisphere a t one end to represent the microvilli and 

adding the drag exerted by the external medium separately, one can calculate the to ta l drag 

on the microvilli. One finds tha t this is of the same order of magnitude as the drag on the 

cell body, since the drag correction factor due to the fibrous medium is large compared to 

the external fluid and this balances the much larger relative size of the cell body. O f special 

interest is the penetration velocity of the microvillus since this velocity together w ith the 

rolling speed determines whether the microvillus will penetrate sufficiently for a  tethering 

interaction to be initiated.

1.1.3 Transendothelial Transport o f  Solute M olecules

Recent ultrastructural experiments have revealed that the principal transendothelial path­

way where water and small solute molecules cross the endothelial layer are the breaks in the 

junction strands in the interendothelial cleft. The entrance layer of this cleft is filled with 

a  matrix that is a continuation of the surface glycocalyx shown in Fig. 1.1 and 1.2. This 

fibrous medium, together with other mechanisms, regulates the hydraulic conductivity and 

diffusive permeability of capillary endothelium. A series of models has been proposed to 

elucidate some long-standing issues concerning the relative importance of these mechanisms. 

In particular, a simple multiplicative formula

Dim =  Di
2

s /K ;  9 K p

- I

( 1.1.1)

is suggested to estimate the diffusion coefficient of a spherical molecule in a fiber-filled 

channel representing the cleft (Weinbaum et ad. 1992), where D{w is the average diffusion 

coefficient integrated across the channel height in the absence of fibers obtained from the 

solutions in Ganatos et ad. (1980a), and the term  in brackets describes the effect of the 

m atrix in the absence of confining boundaries.
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One can expect th a t due to the shielding effect of the fibers surrounding the particle, 

the confining boundary becomes less im portant as the hydraulic permeability of the fiber 

m atrix increases and, thus, the expression for Dlu, does not properly treat the wall effect. It 

is of interest to assess the accuracy of this formula by solving for the motion of a  sphere in 

a fiber-filled channel. In chapter 4, this solution is obtained using effective medium theory. 

One concludes that equation (1.1.1) underestimates the diffusion coefficient by as much as 

25 percent for a  =  1.0 when the height of the channel is twice the sphere diameter. Here 

a  is defined by rs/  \ JK P in which rs is the characteristic length of the particle (radius for a 

sphere or disk) and K p is the Darcy permeability. Equation (1.1.1) is a  good approximation 

only when a  C  1. More accurate diffusion coefficients for a  spherical solute molecule in 

a channel are calculated as functions of solute size and channel height for a  representative 

range of fiber spacing. Steric effects are also incorporated using a procedure proposed by 

Weinbaum et al. (1992) and Brady (1994).

1 .1 .4  M o tio n  o f  R e d  C e lls  in  C a p illar ies

The initial motivation for chapter 5 is the outgrowth of several fundamental questions 

raised in Weinbaum (1998) concerning the role of the endothelial glycocalyx in microvessels. 

Recent experiments reported in Vink & Duling (1996) have shown that the glycocalyx is 

a  negatively charged polysaccharide rich layer that uniformly coats the luminal surface of 

microvascular endothelium. This layer has been estimated to  vary from 0.1pm in in vitro 

studies of frog mesentery capillaries (Adamson et al. 1991), to 0.4pm in in vivo studies of 

hamster cremaster microvessels (Vink & Duling 1996). Hydrodynamically, this layer can be 

thought of as a hydrated gel, 99 percent of whose volume is water (Weinbaum 1998). This 

extracellular layer has recently been proposed to be the prim ary molecular filter or osmotic 

barrier that determines the Starling forces th a t act across microvessel endothelium (Michel 

1997; Hu & Weinbaum 1999; Weinbaum 1998). To serve this function the barrier must 

exclude albumin (7nm in diameter) and, thus, the nominal fiber spacing of the undeformed 

m atrix must be close to 7nm.
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One of the long standing mysteries in the microcirculation is how the red cells are 

able to traverse the microvessels without undergoing constant molecular interaction with 

the plasmalemma membranes of the endothelial cells at the lu m in al surface. The highly 

deformable 8/xm diameter red cells are easily able to squeeze through 5-6 /xm true capillaries 

with a  separation distance near the wall th a t is typically a few tenths of a  micron (Vink & 

Duling). Furthermore, this separation distance appears to vanish when the motion of the red 

cells is arrested indicating that the m atrix layer is highly deformable. In larger microvessels, 

where the red cells do not travel in single file and there is a shear induced migration of the 

red cells towards the vessel axis, a similar separation distance is also observed near the 

microvessel wall.

1.2 M otion  of a  Particle in  P orous Media: T h eoretica l and  

N um erical Studies

Although there have been many experimental investigations on the effect of the surface 

glycocalyx in several biological systems, its structure and mechanical properties have not 

been characterized due to the limitations of the experimental techniques. For example, it 

is difficult to preserve the matrix with conventional fixation. The advantage of the effective 

medium approach is that this unknown fibrous structure can be characterized by only one 

additional parameter, the Darcy permeability K p. Thus, a detailed knowledge of the fiber 

m atrix is not required.

As will be discussed in detail later in chapters 2 through 4, various m ethods developed 

for Stokes flow can be extended to the Brinkman equation. Previous investigations which 

examine the theoretical basis for this heuristic equation indicate that the Brinkm an model 

is a good approximation for the hydrodynamic interaction of particles and the embedding 

medium provided that the solid volume fraction is less than 5 percent, which is true for 

most biological problems of interest. Both theoretical and experimental studies (Durlofsky
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& Brady 1987; Phillips et al. 1989. 1990: Brady 1994; Johnson et al. 1996, Kosar & Phillips 

1995) indicate that the application of the Brinkman model may be limited more by an 

inadequate knowledge of the actual m icrostructure than  by any inherent lim itations in the 

effective medium approach when the fiber fraction is small.

While simulation methods successfully dem onstrate the applicability and accuracy of the 

effective medium theory, a  number of researchers have developed iterative solutions based on 

ensemble average and renormalization techniques in which the Stokes equation is solved for 

both fixed beds and free suspensions (Childress 1972; Tam 1969; Howells 1974, 1998). The 

most important conclusion drawn from these studies is that the Brinkman medium is a first 

order approximation in the dilute fiber limit and, thus, provides a rigorous m athem atical 

basis for the effective medium approach. For bounded flows Tsay & Weinbaum (1991) have 

shown that the solution of the Stokes equations for flow through a doubly periodic array of 

cylindrical fiber posts in a  parallel-walled channel is accurately described by the Brinkman 

approximation for fiber volume fractions tha t can far exceed the dilute limit.

Although a number of techniques have been developed for the particulate motions in 

Stokes flow, solutions for the Brinkman equation are much more limited partially because 

the presence of the Darcy resistance term  does not perm it this equation to be simply separa­

ble except for elementary coordinate systems. In chapter 4, the boundary integral equation 

method will be formulated using the Green’s function (point force) for the Brinkm an equa­

tion. A more extensive discussion of the applicability of this equation is also included in 

this chapter.

The dual purposes of the present research cure:

i To develop new solutions to the Brinkman equation for non-spherical particles and 

formulate a general boundary integral equation technique for treating the motion of a 

particle in a bounded Brinkman medium, which can be solved numerically. Special a t­

tention is focused on flows in an axisymmetric domain in which the boundary integral 

equation is considerably simplified. An accurate and efficient numerical quadrature is
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developed in order to treat the low-permeability situation.

ii To apply this effective medium theory to the several biological problems th a t have 

been outlined in this introduction.

In  an effort to develop new solution procedures for the Brinkm an equation, the m otion 

of a circular disk in an unbounded Brinkman medium is first investigated in chapter 2 

using a  general solution presented in Kim & Russel (1985). The boundary value problem 

is decomposed into four elementary motions which are formulated by a  set of dual integral 

equations. Asymptotic solutions axe obtained for the limiting cases where the perm eability 

of the medium is small or large, and numerical solutions obtained for the interm ediate 

permeability. In an analogy to Stokes flow, the general motion can be studied by introducing 

the translation, rotation and coupling tensors obtained from four elementary motions, i.e., 

broadside and edgewise translation and in-plane and out-of-plane rotation. The results 

reveal strong dependence of the drag and torque on orientation of the disk in sharp contrast 

to Stokes flow in which the difference is small. The new solutions axe used to test the more 

general numerical m ethod developed in chapter 4. Since the motion of the disk depends 

only on the permeability of the medium, the calculated drag and torque corresponding to 

various orientations is a useful probe of the microstructure of porous media. These new 

solutions thus provide a way to test the validity of the effective medium approach.

The Brinkman equation is mathematically equivalent to the harmonic oscillation of a 

particle in an otherwise quiescent Stokes flow. Starting from the reciprocal theorem, a 

boundary integral equation is derived in chapter 4. Following a procedure similar to th a t 

of Pozridkidis (1992, 1994), the boundary integral equation is reduced to a  set of one­

dimensional Fredholm integral equations of the first kind defined on the contour of an 

axisymmetric domain. Further simplification is achieved if either the ambient flow or the 

velocity of the paxticle has a  first order harmonic dependence on the azimuthal angle. 

In this case only the first term  of the Fourier series decomposition needs to be retained. 

In particular, the double layer contribution can be evaluated analytically for translational
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motion. Thus, the computational effort is dramatically reduced when the boundary integral 

equation is discretized and solved by collocation techniques.

The proposed boundary integral equation method is first tested by comparing the calcu­

lated results with available solutions or w ith solutions obtained using the multipole collo­

cation method. It has been shown th a t the agreement is excellent and the method is both  

accurate and efficient for all values of the dimensionless permeability parameter a. The 

simplest bounded motion is a spherical particle moving in proximity to a planar boundary. 

This problem is an idealized model for the penetration of a microvilli into the surface gly­

cocalyx in figure 1.2 and a model for lateral diffusion of a gold-tagged lipid molecule in a 

membrane. The conclusion drawn from these computations is tha t the h y d ro d y n a m ic  in­

teraction can not adequately account for the hindered diffusion, suggesting tha t the elastic 

and binding energy of the m atrix fibers is of comparable importance.

The motion of a spherical particle in a fiber filled channel is studied with application to 

transendothelial transport of solute molecules in the interendothelial cleft. The drag and 

torque are calculated for representative cleft geometries and m atrix permeability. The dif­

fusion coefficient is obtained using the Stokes-Einstein relation. Comparison with previous 

results, which are based on the simple multiplicative formula (1.1.1) combining the un­

bounded Brinkman result and a channel contribution for the Stokes flow, indicates that the 

interaction of the particle with the fibers and the ch a n n el walls leads to a larger diffusivity 

due to the shielding effect of the fibers surrounding the particle. The significant effect of 

the steric exclusion is also taken into account in the present model. The m ax im u m  value of 

a; for which the particle is not trapped by the fibers for typical values of fiber spacing and 

diameter is of 0(1), indicating tha t the wall effect is of significance. In general, the effect of 

the confining boundaries diminishes as a  increases. A local analysis of the B rin k m a n  equa­

tion when the sphere is close to the boundary is also conducted using stretched variables. 

In the limit when the gap height is smaller than the fiber spacing solutions for Stokes like 

lubrication theory are obtained.
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In general, the effect of the surface glycocalyx can be b o th  microscopic and macroscopic. 

Problems in the microscopic category are represented by th e  rolling of a  leukocyte adjacent 

to the endothelial surface with emphasis on the penetration of the glycocalyx and adhesion 

of its microvilli. On the macroscopic length scale, the glycocalyx can alter fluid velocity, 

the mass transport rate and induce streaming currents an d  electric potentials because of 

electrical effects (Mokady et al. 1998).

Presently, studies on the microscopic length-scale are difficult to evaluate due to a lack 

of knowledge of the fine structures and physical properties of the glycocalyx and a paucity 

of available experimental results. The surface glycocalyx can also differ with the type of 

cell and may vary with species. For example, the m easured thickness of the glycocalyx 

varies from lOOnm (Adamson & Clough 1992) in frog m esentery capillaries to 400nm (Vink 

&: Duling 1996) for mammalian capillaries. However, th e  effective medium approach, as 

described above, does not depend on the detailed struc tu re  of the fibrous medium and 

introduces only one additional parameter, Kp, which can be  determined by either theoretical 

prediction or experimental measurement. Therefore, this approach is particularly useful in 

studying transport processes in a  medium such as the endothelial glycocalyx whose structure 

is not clearly defined.

Recently, biphasic mixture theory has been applied to exam ine the effect of the endothelial­

cell glycocalyx on the motion of red blood cells through capillaries. (Damiano et al. 1996; 

Damiano 1998; Secomb et al. 1998). In these studies, the red. blood cell is modeled by either 

a solid spherical particle or a deformable thin shell enclosing incompressible cytoplasm. The 

gap between the cell surface and the capillary wall is so sm all tha t lubrication theory can 

be used to describe the fluid motion in this region. The surface glycocalyx is represented 

as interacting fluid and solid constituents which resist penetration by the red blood cells. 

Making use of the analytic solution of the Reynolds equation which governs the pressure in 

the lubrication layer and the shear stress distribution on th e  cell surface, one can determine 

the pressure profile, membrane tension and cell shape by numerically solving a reduced sys­

tem of coupled, nonlinear, ordinary differential equations. The model in Damiano (1998)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



1 2

predicts tha t the presence of a  0.5 /im thick glycocalyx in a 5 f im  capillary leads to a  

threefold increase in resistance and a reduction in capillary hemotocrit of more than  30% 

compared with corresponding values in a smooth-walled glass tube. These predictions for 

the hydraulic resistance are still a  factor of four lower than  the in vivo viscosity law in Pries 

et al. (1994).

Although several new features have been revealed using biphasic theory, there are still 

some im portant issues tha t need to be clarified. First, the value of the resistivity used in this 

theory corresponds to a fiber spacing (60-180nm), which is an order of magnitude higher 

than tha t generally estimated by fiber-matrix theory (~  7nm) (Fu et al. 1994), and the 

value of the Darcy resistivity three order of m agnitude too low. The discrepancy indicates 

tha t either the surface glycocalyx is highly inhomogeneous or compressible, leading to large 

variations of the fiber structure. Second, the radial deformation of the glycocalyx is not 

considered. Experimental evidence shows th a t this layer can be compressed nearly entirely 

by either the highly deformable RBC or a more rigid WBC (Vink & Duling 1996). Although 

the bending resistance of the cell membrane is not taken into account in the present study, 

the general method for treating highly compressible porous layer is readily extended to 

deformable membranes with bending resistance using the approach in Secomb et al. (1986).

In chapter 5, a new type of lubrication theory is developed to describe flow in thin 

porous layers where there are order of magnitude variations in K p due to large amplitude 

compressions. The model for K p involves a  local solution of the Stokes equations for the 

local flow through the compressed fiber array. The solutions to the generalized Reynolds 

equation for this new theory are able to explain the popout phenomenon in which the red 

cell first rises off the compressed glycocalyx as its velocity increases. In addition, there 

is an unexpected striking similarity between the gliding motion of a  red cell moving over 

the endothelial glycocalyx tha t lines our microvessels and a human skier or snow boarder 

skiing on fresh powder. In both cases one finds tha t the pressure and lift force generated 

within the compressed m atrix are four orders of magnitude greater than, heretofore, realized. 

These huge repulsive forces may explain why red cells do not experience constant molecular
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interactions with the endothelial plasmalemma.

The thesis is organized as follows. C hapter 2 presents a  new solution to the B rinkm an for 

the general motion of a circular disk. The strong dependence of the flow properties on the 

particle orientation is discussed. A geometrically complementary model problem, namely 

pressure driven flow through a pore of either infinitesimal or finite length in a B rinkm an  

medium, is presented in chapter 3 as a  simplified model for estim ating the hydraulic con­

ductivity of fenestra! pores in capillaries. In  chapter 4, a general boundary integral equation 

method is proposed for the Brinkm an equation in an axisymmetric domain. The results for 

the hydro dynamic resistance functions for a sphere moving either perpendicular or parallel 

to a planar surface are applied to the biological problems described earlier. This is followed 

by chapter 5 where a new type of lubrication theory is developed for a  highly compress­

ible Brinkman medium. Idealized models based on this theory are proposed to study the 

mechanics of skiing or snowboarding on fresh snow powder and the motion of a red cell 

in a microvessel lined with an endothelial glycocalyx. Finally, chapter 6 summarizes the 

im portant contributions of this dissertation.
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Figure 1.1: Digitized images of a capillary segment showing the significant surface glycoca­
lyx. RBC w idth (A) and the width of the FITC -dextran column (B) are significantly smaller 
than the anatom ic capillary diameter. Treatm ent of the capillary with epi-illumination in­
creases the w idth of RBC (C) and FITC -dextran column (D), without a significant effect 
on the anatom ic capillary diameter, (from Vink & Duling 1996)
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Surface Glycocalyx Membrane Cytoskeleton

Rc=4000nm

Leukocyte

200~1200nm lOOnm 100-400nm

Surface Glycocalyx Membrane Cytoskeleton

Figure 1.2: Schematic illustration of the rolling of a leukocyte tethered to a  substratum  
coated by a surface glycocalyx (a). Also shown in (b) the penetration of a  microvilli tip 
into the glycocalyx.
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C hapter 2 T he G eneral M otion  o f  a Circular 

D isk  in a B rinkm an M edium

2.1 In trod u ction

Particle motions in a  fiber-filled medium are encountered in a  wide variety of biological 

and chemical engineering applications (Tsay & W einbaum 1991; Weinbaum et ad. 1992; 

Fu et al. 1994; Huang et al. 1996). The Brinkman equation (Brinkman 1947) has often 

been used as a model for a  fiber-filled medium. More recent analysis has shown that it 

is a good approximation in the low fiber fraction limit (Durlofsky & Brady 1987). This 

is usually true in biological applications where the fiber volume fraction is 5 percent or 

less. Since the Brinkman equation has only one additional param eter, K p, which charac­

terizes the permeability of the porous media, one does not have to have a knowledge of the 

detailed structure of the porous media once the permeability has been determined either 

by theoretical prediction or experimental measurement. In this paper, analytic solutions 

of the Brinkman equation will be obtained for disk-like particles oriented arbitrarily in an 

unbounded Brinkman medium. Four elementary flow problems, namely the broadside and 

edgewise translation, in-plane and out-of-plane rotation, as depicted in figure 2.1, will be 

analyzed separately.

The combination of viscous transport of momentum in the Stokes equation with the 

frictional drag governed by Darcy’s law leads to the Brinkman equation. Numerous investi­

gations have been performed since the initial work by Brinkman, who derived this equation 

heuristically and calculated the drag on a translating sphere. However, the known solutions 

for the Brinkman equation for flow geometries other than  a single sphere are very lim­

ited. Due to  the added resistance of the Darcy term  in the Brinkm an equation, the general 

representation of the solution for the velocity field involves scalar functions obtained by
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solving the  Helmholtz equation. These solutions are analogous to the harmonic functions 

for creeping flow. However, solutions involving either prolate or oblate spheroids moving in 

a Brinkman medium are not as simple as in steady creeping motion because the separation 

of the governing equation in the corresponding orthogonal coordinate system leads to com­

plicated spheroidal wave functions. In contrast to Stokes flow, Lawrence and Weinbaum 

(Lawrence & Weinbaum 1988) have shown th a t the disk cannot be treated as a  limiting 

case when the spheroidal wave functions have a vanishing aspect ratio. Furthermore, the 

Helmholtz equation is not simply separable in bispherical coordinates, which makes analytic 

approaches even more difficult for many applications of interest.

In contrast to Stokes flows, where the drag on a  particle is the same whether the particle 

is moving in a  stationary fluid a t infinity or where there is a  uniform flow past a  stationary 

particle, in  a  Brinkman medium these two solutions are not interchangeable since for a 

uniform flow there is a finite pressure gradient at in fin it y  described by the Darcy resistance. 

This pressure gradient gives rise to a  term  which is proportional to the volume of the 

particle. T his phenomenon does not affect the solutions presented herein since the  disk has 

a vanishing volume.

In the study of the microstructure of the porous materials, the difference between the 

translational and rotational motions can be useful in probing the structure of the medium. 

Suppose we have derived expressions for the drag F / F s and torque T /T s normalized by 

the corresponding Stokesian results for a specific particle, then by comparing the measured 

data for the  same particle, one can test the validity of the  Brinkman model on the length 

scale a since these two expressions depend only upon one param eter a .

Due to the linearity of the governing equations, the velocity and pressure fields corre­

sponding to  an arbitrary motion of a rigid particle in a B r in k m an medium can be obtained 

by superposition of the solutions for three mutually orthogonal translations U p and three
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mutually orthogonal rotations f ip. The general velocity on the particle surface is

u (x s) = U p  +  n p x x s (2.1.1)

in which x s E Sp and Sp denotes the surface of the particle. For a circular disk, four basic 

motions are necessary to determ ine the arbitrary motion, as described in figure 2.1. In 

the following sections, solutions for these four basic motions axe derived from a general 

solution of the Brinkman equation- Asymptotic solutions for both large and small values of 

the permeability parameter a  are obtained. These results together with numerical results 

valid for intermediate a , indicate large differences in particle drag or torque depending 

upon particle orientation, in sharp contrast to the solution for Stokes flow where the drag 

varies only by a factor of 1.5 and the torque is isotropic. The growth of the drag on a 

disk translating broadside increases faster than on a  sphere of the same radius as the solid 

fraction increases, whereas the effects of the porous material on a disk translating edgewise 

is of lower order in the dimensionless permeability param eter a  than in broadside motion. 

For rotational motion, the torque growth is 0 ( a 2) for out-of-plane rotation and O(a)  for 

in-plane rotation, compared w ith 0 ( a )  for a rotating sphere. It is also shown that the effect 

of the porous medium on the torque for a rotating particle is weaker than on the drag for 

a translating particle when the medium is dilute.

Mathematically, the Brinkman equation is eqivalent to the unsteady Stokes equation 

describing harmonic oscillatory motion. Recently, Zhang and Stone (1998) studied the os­

cillation of a  circular disk in an unbounded Stokes flow, in which the governing equations 

are solved using direct Hankel transforms, an approach which these authors had used pre­

viously for disk motions in steady Stokes flow (Tanzosh & Stone 1996). The dual integral 

equations obtained by these authors are similar to those presented in the present paper. In 

Zhang and Stone (1998), the dual integral equations are reduced to a linear system of alge­

braic equations. In the following sections, we will present an alternative way to derive these 

dual integrals using a general solution to the Brinkman equation, in which the boundary
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conditions can be easily satisfied. We will also use a  reduction method based on the Abel 

transform to solve these equations. The advantage of the present method is th a t both  the 

asymptotic results valid for large and small values of the parameter a  and numerical results 

for intermediate values of a  can be obtained in the same framework. Moreover, the present 

method can be extended to investigate more complicated motions involving an annulus, a 

disk confined in a  circular tube or in the presence of a  planar wall.

2.2 T ranslation  o f  a C ircular D isk  in  a  B rinkm an M ed iu m

The Brinkman equation,

Vp =  /iV 2v  — - ~ - ' v  (2-2.1)
Kp

together w ith the continuity equation for an incompressible viscous fluid,

V -v  =  0. (2.2.2)

are often used to describe flows in porous media in which the pressure gradient, velocity 

gradient and Daxcy resistance are of comparable importance. As previously noted by Kim 

and Russel (1985), the velocity representation of the solution to equation (2.2.1) can be 

expressed using three scalar functions which satisfy a  Laplace equation and two Helmholtz 

equations

V2p =  0, (V2 -  - L ) S  =  0, (V 2 -  ± r ) x  = 0. (2.2.3)
A p  P

The pressure field p, poloidal field $  and toroidal field x  can be used to construct a general 

solution for the velocity field satisfying equations (2.2.1) and (2.2.2). This general solution 

can be expressed as (Stratton 1941)

v  = ------ Vp 4- V x V x (x<&) -I- V x (xx). (2.2.4)
A*

Equation (2.2.4) can be succinctly derived as follows. Equations (2.2.1) and (2.2.2)
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imply th a t V2p =  0 and v  =  V x (A i +  A 2), where V 2A i =  0, V 2A 2 =  -Fs7"1A 2. Thus 

Vp =  —p / K pV x A i ,  i.e. v  =  —p / K p V p + v ^ ,  where is a homogeneous solution of (2.2.1). 

This general solution will be applied to  specific motions of the disk in the subsections which 

follow.

2 .2 .1  B ro a d sid e  T ra n sla tio n  o f  a  D isk  in  a  B r in k m a n  M e d iu m

The solutions of equations (2.2.3) in spheroidal coordinates involve complicated spheroidal 

wave functions that are the same as the  general solutions presented in Lawrence and Wein­

baum  (1988) for the axisvm metric oscillatory motion of a spheroid in Stokes flow since 

the two problems are mathematically equivalent. However, due to the singularities on the 

edge of the disk, these general solutions preclude the disk. Here we apply a  dual integral 

equation method widely used in creeping flow problems to obtain the drag on a  disk trans­

lating broadside in a Brinkman medium. Cylindrical coordinates (p, 0, z) are chosen so 

tha t the disk is instantaneously at z  =  0 (0 <  p  <  a) and moving along the z  direction. 

The disturbed flow is axisymmetric and if we introduce the stream function ip in spherical 

coordinates (r.d,<p),

v  =  V x (2.2.5)rs in tf  J

and normalize all lengths by the radius of the disk a, the governing equations (2.2.1) 

and (2.2.2) reduce to

L _ i(L _ i - a 2)ip =  0, (2.2.6)

where a  =  a /y /K p. The Stokesian operator L_ 1 is defined by

d2 1 d d2 
L ~ l ~ d ^ ~  pd i> +  a**1 (2‘2,7)

and the corresponding pressure field is obtained from the solution of

dp 1 d  r 01

Tz  =  p T p 11- 1 ~  “  ]*  (2'2'8)
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and

(2-2'9)

The general solution for the stream function ip can be expressed as

ip = f a  + fa ,  (2.2.10)

where ip\ and f a  satisfy.

L - i f a  =  0 ( L - i  — a 2)ip2 = 0. (2.2.11)

These equations permit solutions by separation of variables and are given by

f a  = / 0°° p J l {kp)A(k)e~k^ d k  (2.2.12)

f a  = / 0°° p J l (kp)B(k)e- ' /k*+cflWdk. (2.2.13)

Velocity conditions on the disk and pressure continuity on the fluid interface z =  0, p > 1 

lead to the following set of dual integral equations

rOO
/  kJo(kp)A(k) 
Jo

r oo
' dk = 1, (0 <  p < 1), (2.2.14)

where

V  k 2 +  a 2.

rao
/  jQ(kp)A(k)dk =  0, (p >  1). (2.2.15)
Jo

B(k) =  ~  / J — 2A (k). (2.2.16)
V  k  +  a:

Once we find A(Ar), the drag on the disk is given by the total pressure difference across the 

disk

D = 2irpU0 [  p\p]°otdp 
Jo
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=  4ira2fiUQ f  pdp [  jQ(kp)A{k)dk.  (2.2.17)
Jo Jo

In the Stokes limit, where a  -+ 0, the term  in brackets in (2.2.14) reduces to

k  G?
1 -  7 P T W  -  W  (2' 218)

and the dual integral equations (2.2.14) and (2.2.15) become,

/ 0°° k lJ0(kp)A(k)dk =  J r .  (0 <  p  <  1), (2.2.19)

/ 0°° J0{kp)A(k)dk =  0, (p > 1). (2.2.20)

Tranter (1951) gives the solution of these dual integral equations as

4
A(k) = — r-sinfc. (2.2.21)7rar

The drag calculated by equation (2.2.17) is

r\ roo
D  =  IQpUa /  pdp /  s'mkJo(kp)dk  =  16p.Uo, (2.2.22)

Jo Jo

which is a well known result for Stokes flow.

In order to obtain A(k)  efficiently for other a , we can reduce the dual integral equa­

tions (2.2.14) and (2.2.15) to a integral equation of the second kind. Suppose

A(k) = k  [  h(t) cos(tk)dt. (2.2.23)
Jo

Then (2.2.15) will be satisfied automatically. Rewrite (2.2.14) as 

r°° 2
/  k ~ l Jo{p)A(k)(l — f (k ) )d k  = —z,  (0 <  p <  1). (2.2.24)

Jo or
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in which
2 k2

f W  =  1 “  ~~7Vo , 2/ /to 0 , ,  - (2.2.25)y/k2 +  a 2(vfc2 +  a  +- k)

Substituting (2.2.23) in (2.2.24), one notes tha t h(t) satisfies the integral equation of the 

second kind,
4 r 1

h(t) =  — y + /  h(u)K(t ,u)du,  (2.2.26)
7T a z Jo

in which
2 f 00

K ( x .u )  = — /  f ( v )  cos(xv) cos(uv)dv. (2.2.27)
7T J q

The drag on the disk can be evaluated by substituting (2.2.23) into (2.2.17). This leads to

D  — A7ra2fiUo [  h{t)dt. (2.2.28)
Jo

When a  «  1, the kernel function K (x .u ) can be evaluated analytically by expanding 

the integrand in a Taylor series with respect to a . This leads to

K (x ,  u) =  ^-a .  +  o(a2). (2.2.29)
07T

In this case, equation (2.2.26) has a regular perturbation solution for h(t)  given by

h{t) =  ( l  +  ^ - a  + 0 ( a 2) ) .  (2.2.30)
7TQ! \  6TV J

Substituting h(t) into (2.2.28), we obtciin the drag

D = l6f*Uo(l + ^  + 0 ( a 2)). (2.2.31)
o7T

As a —> oo. K{x .  u) —> S(x—u) and therefore the present method breaks down. However,

as a  -> cxd, the dual integral equations (2.2.14) and (2.2.15) become,

f  °° kJ0(kp)A(k)dk  =  1. (0 <  p < 1), (2.2.32)
Jo
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r oo
/  Jo(M-A(*)dA: =  0, ( p > l ) .  (2.2.33)

Jo

whose solution for A(k)  is given by

. . . .  2 /  sin k  — k  cos Ar \  ,
^  = ?  ( — p — )  ■ ‘2-2M»

The evaluation of (2.2.17), using (2.2.34), leads to

8a2
D  =  — h Uq. (2.2.35)

For intermediate values of a ,  equation (2.2.28) must be evaluated numerically after numer­

ically solving (2.2.26) for h(t).

2 .2 .2  E d g e w ise  T r a n s la t io n  o f  a  D isk  in  a  B r in k m a n  M e d iu m

The boundary conditions on the disk for edgewise motion axe

vx = Uq, vy = vz = 0 a t z  — 0, (0 <  p < 1). (2.2.36)

Following the procedure proposed by Davis (1991, 1993) for Stokes flow, we introduce two

scalar functions ip and x  and write the solution of equation (2.2.1) in cylindrical coordinates 

(p,0,z) as

v  =  V  x V x  ^ c o s 0 e z^ +  V  x sin0ez^ . (2.2.37)

Here ip satisfies the same equation as (2.2.6) and x  is governed by

(T_i — oc2) x  =  0. (2.2.38)

The pressure and Cartisian components of velocity are given by

cos0 d
p = fi  — L-iip,  (2.2.39)p az
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i a ri  {dip \ \  na 1 d fdi> \
=  2 < %  b  ( &  “  XJ J cos2S + TpTP ( . T z + x ) '

[1  {dlP \ ]
. 7 U ~ X).

1 d  
yy =  2 p dp sin 26.

d  1 dipvz =  - - — -— cos 6. 
dp p dp

(2.2.40)

(2.2.41)

(2.2.42)

Davis (1993) presents solutions to a  problem mathematically equivalent to (2.2.36)- 

(2.2.42), i.e. edgewise oscillation of a  disk in its own plane in creeping flow. He introduces 

the auxiliary functions S{s) and Y(s)  and the unknown constant T which satisfy

[.S(s) +  r(s)] -  f  /^ (u )  + y (u )^ (s,u)du = i( i  -  r),

[.S(s) -  Y(s)} - l f 0l [S(u) -  Y ( u ) K 2(s,u)du = (1 +  T), 

f 0l Y(u)du =  0,

(2.2.43)

(2.2.44)

(2.2.45)

where the kernels are given by

rc
Ki ( s ,u )  = a 2

Jo
cos(ks) cos(ku)

y/k2 + a 2 [\/k2 +  a 2 -1- fc]
dk ,

r
K 2{s,u)  =  a 2

Jo
2 cos (ks) cos (ku)

dk.
[y/k2 + a 2 +  fc]2

Once these auxiliary functions are obtained, the drag on the disk is given by

-  -  - * L L  [ f

=  16pUo f  S(u)du.  
Jo

pdpdd

(2.2.46)

(2.2.47)

(2.2.48)

In the limit a  —> 0, the kernel functions K \ (s, u) and K 2(s,u) can be evaluated asymp­

totically as

K i(x .u )  = a  + 0 { a 2), (2.2.49)

K 2{x,u) = - a  + 0 (a2). (2.2.50)
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The integral equations (2.2.43)-(2.2.45) have a  regular perturbation solution for S(s),  Y(s)  

and T. Evaluation of (2.2.48) in the  limit a  —)• 0 leads to the following asym ptotic solution 

for the drag,

D = ^ f x U 0(l  + ^ a  + O(a2)). (2.2.51)

An asymptotic solution for laxge a  cannot be obtained directly from the integral equa­

tions (2.2.43)-(2.2.45) because the  kernels approach Dirac-delta functions. However, from 

a physical viewpoint, as shown in  Tsay and Weinbaum (1991), the fiber boundary layer 

thickness around the disk is of 0 ( a ~ l ) for large a; therefore, the shear stress exerted on 

the disk is essentially identical to a disk of infinite extent. One integrates the shear stress 

for a simple one dimensional translation of an infinite plate in its own plane in a  B r inkm an  

medium. This leads to the following expression for the drag,

D  —>■ 2 'k \jU § c l as a  —> oo. (2.2.52)

For intermediate values of a  one must solve (2.2.43)-(2.2.45) numerically for S(s)  and 

then determine the drag from equation (2.2.48). While one can mathematically determine 

a solution for all values of a  for b o th  broadside and edgewise motion, there are physical 

constraints on the maximum value of a  th a t is compatible with the fiber spacing and the 

disk diameter. For the uniform flow past a  stationary disk, this constraint is not present 

since the disk does not have to move between the fibers. Mathematically, in contrast to 

Brinkman’s solution for a sphere, there is no difference in the solution for the u n iform  

flow past a stationary disk and the translation of a disk in a quiescent medium since this 

difference vanishes for a particle w ith zero volume.

2 .2 .3  R e su lts  for th e  D r a g  o n  a  D isk  T ra n sla tin g  in  a  B r in k m a n  M ed iu m

Consider first the disk translating broadside in an unbounded B rin k m an  medium. The in­

tegral equation (2.2.26) is solved numerically in order to d eterm in e  the unknown function
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h(u). An ordinary Gauss-Chebyshev quadrature scheme is employed to discretize (2.2.26). 

The kernel function K (x ,  u) is calculated by an adaptive Romberg quadrature with a max­

imum error tolerance of 10-8 . Once the function h(u) is determined numerically, the drag 

exerted on the disk is evaluated from (2.2.28) using a Gauss-Chebyshev quadrature scheme.

The variation of the drag w ith respect to the dimensionless permeability param eter a  

is presented in figure 2.2, in which all values are normalized by the drag 16/iI/o for a disk 

translating broadside in Stokes flow. The agreement between the numerical solution and 

the asymptotic results for small or large values of a  confirms the  rapid convergence of our 

numerical scheme outlined above. The same method is applied to  solve the system of integral 

equations (2.2.43)-(2.2.45) for the unknown auxiliary functions S(s)  and Y(s) .  The drag on 

a disk translating edgewise is calculated in a  similar manner to tha t for broadside motion. 

This solution is plotted in figure 2.3 together with the asymptotic solutions (2.2.51) and 

(2.2.52) for small and large a,  respectively. These results are normalized now by 32/3/iC/o, 

the drag on a disk of unit radius translating edgewise in Stokes flow. One notes tha t the 

asymptotic solution (2.2.51) for a  «  1 provides a remarkably good approxim ation for 

a  <  10 .

In figure 2.4 the new solutions for the disk are compared w ith Brinkm an’s solution for 

the sphere. All results are normalized with respect to the Stokes drag on a  sphere of unit 

radius Q-k̂ lUq. These results show some interesting new characteristics of the behavior 

of particles translating in an unbounded Brinkman medium. First, the drag on a disk 

translating broadside grows as 0 ( a 2) as the permeability param eter a  increases, whereas 

the drag on a disk translating edgewise grows as 0(a) .  This is in sharp contrast to the drag 

on a disk in these two orientations for creeping flow, where the drag in broadside motion is 

ju st 1.5 times tha t for edgewise motion. Furthermore, in contrast to Stokes flow, we found 

tha t for sufficiently large values of a.  the drag on a disk translating broadside can even 

exceed the drag on the sphere in a Brinkm an medium. This crossover occurs a t a  =  6.246.
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The normalized drag on a  sphere translating in a Brinkman medium is given by

£> =  1 + a  +  i a 2, (2.2.53)

which asymptotically approaches a 2/ 9 for large a,  whereas the normalized drag for a  disk 

translating edgewise is a 2/6  for large a. However, not all values of a  are physically possible. 

For large a , which corresponds to small permeability or high solid fraction, the gap between 

two adjacent fibers may be too small and the disk will be trapped by the fibers. An 

approximate estim ation of this critical value of a  for a periodic fiber array can be derived 

using an empirical formula from the numerical results of Sangani and Acrivos (1982). In 

contrast to a translating particle in a quiescent medium, uniform pressure driven flow past a 

stationary particle cam occur for all values of a.  The uniform pressure driven flow contributes 

an additional drag on the particle which is proportional to its volume. It can be shown that

this contribution is of the  form of VU o/K p, where V  is the volume of the particle in the

medium. Thus, the drag on a  stationary disk in any orientation in a  uniform flow is identical 

to the drag experienced by the same disk undergoing translation. For the sphere in uniform 

flow, this additional drag  is |7ra3^{7o and the net force normalized by the value for Stokes 

flow is

D = 1 +  a  +  i a 2. (2.2.54)O

The strong dependence of the drag on the orientation of the particle can be inter­

preted both physically and  mathematically. As shown in the previous subsection, expres­

sion (2.2.28) for the drag  on a disk translating broadside is proportional to a 2 as a  —»• oo. 

This arises from the asym ptotic behavior of the kernel function K ( x , u ) for large a. The 

drag is produced by the pressure difference on the two sides of the disk surface as opposed to 

the viscous shear stress, whereas the opposite is true for the disk translating edgewise. The 

fiber boundary layer on the surface of the disk is confined to a  th in  layer for large a  whose 

thickness is proportional to or-1 . For the pressure driven flow past a stationary particle 

of non-vanishing volume, the pressure contribution to the drag is of 0 ( a 2) and thus much
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larger than the viscous shear stress contribution a t large a. In contrast, for the translating 

particle, these large values of a  may never be achieved. As a  approaches the critical value 

that allows the disk to move broadside, the drag on the disk will become infinitely large. In

of the Brinkman equation cannot be used for any particle orientation.

2.3 R otation  o f a C ircular D isk  in  a B rinkm an M edium

Rotational motion of a  sphere in a Brinkman medium was studied by Solomentosov and 

Anderson (1996) using separation of variables of the governing equations in spherical coor­

dinates. For rotational motion of a disk about its axis, a similar procedure to that for the 

broadside translation can be applied to  obtain the solution, whereas for rotation of a  disk 

about its diameter, the resulting motion is three dimensional and the general solution can 

be expressed in the form of equations ( 2.2.40)-(2.2.42) using cylindrical coordinates.

2 .3 .1  R o ta tio n  o f  a  D isk  a b o u t  it s  A x is  o f  S y m m e try

When a circular disk is rotating about its axis of symmetry with angular velocity Q, the 

only non-vanishing component of velocity u  =  Veg is governed by

V 2V  -  X,  = c?V  (2.3.1)
f r

in a cylindrical coordinate system (p ,6 ,z )  in which 2-axis is the axis of symmetry. The 

general solution of (2.3.1) can be expressed as

this limit, individual particle-fiber interactions dominate and the effective medium approach

e - Vk*+ai\z\Ji(kp)dk , (2.3.2)

where J\ is the Bessel function of order 1 and A(k)  is an arbitrary u n k n ow n function to be 

determined by satisfying the mixed boundary condition at z  =  0. The velocity condition on
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the surface of the disk and the continuity of shear stress a t the fluid interface z  =  0 (p > 1) 

yield the following dual integral equations

roo f~
/  A(fc) M kp)dk =  pQ. (0 <  p <  1), (2.3.3)
Jo v  k 2 + or

roo
/  kA(k)J i(kp)dk  =  0 (p >  1). (2.3.4)

Jo

The set of dual integral equations can be reduced to a  Fredholm integral equation of the 

second kind (Sneddon 1966), which is amenable to numerical solution. Assume

A(k)  =  f  h(t) sin ktdt. (2.3.5)
Jo

Then equation (2.3.4) is satisfied automatically, whereas equation (2.3.3) becomes

roo
/  [1 -  f ( k ) ]A (k )J l (kp)dk = pQ (0 <  p <  1). (2.3.6)

Jo

in which

Substituting (2.3.5) into (2.3.6) and making use of the following integral

roo I 0 for p <  t,
/ sin ktJ \{kp)dk  =  < (2.3.8)

one obtains

f  — p f  f ( k)  [  h(t) sin ktdt J \(kp)dk = p2Cl. (2.3.9)
Jo \Jp2 — t z Jo Jo

Performing an Abel inversion on both sides of (2.3.9) yields

2 d
m t  =

rp flu3 rp u 2 r°° r l
/  ~ a o  /  ~ / t o  — o  /  / ( f c )  /  h(x)s in{kx)dxJl (ku)dkd

Jo V i  ~  u2 Jo V t2 — u2 Jo Jo
(2.3 . 1 0 )
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Interchanging the order of integration and utilizing the following integral,

fP xjpJAku) , tI — -rhi = —
J o  y / t 2 —  U 2 k

one can rewrite (2.3.10) as

4 r l
h(t) =  — tQ. +  /  K(x . t )h (x )dx .  (2.3.12)

7T Jo

in which the kernel function K (x ,  t) is given by

2 r°°
K ( x . t )  = — /  f ( k )  sin fcxsin ktdk (2.3.13)

7T Jo

Once equation (2.3.12) is solved for h(t),  the torque exerted by the fluid on the disk can be 

evaluated from

T  = 8Ttfj. [  h(t) tdt  (2.3.14)
Jo

Equation (2.3.12) perm its a  regular perturbation  solution for small values of a. This can be 

done by expanding both  the unknown function h(t) and kernel function (2.3.13) in (2.3.12) in 

a Taylor series in a. After some algebraic manipulation, the following asymptotic expression 

for the torque T  exerted on the disk can be obtained

(2.3.15)

It should be noted th a t the correction term  for the torque is of order 0 ( a 2) compared with 

0 (a )  for the drag on a  disk translating edgewise in the same medium. These qualitative 

properties also apply to the motion of a  sphere in a  Brinkman medium (Solomentsov & 

Anderson 1996).

As a  —> oo, K ( x . t )  —> 8(x — t) and the present approach breaks down. The torque 

on the disk for large values of a  can be estim ated by integrating the solution for the local 

one-dimensional motion of an infinite plate over the surface of the disk. Physically, as a

T  =  — liO ( l  +  \ a 2 +  0 ( a 2) 3 V 5

srnfcf
k t

— cos kt (2.3.11)
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becomes laxge, the viscous layer around the surface of the disk is confined within a small 

distance 0 ( a _1). Therefore, the velocity distribution on the disk can be approximated by 

the solution of an infinite plate translating with velocity Qp. This leads to  the following 

expression for the torque

T  ~  airpQ (2.3.16)

This result can also be obtained by retaining the first term for the expansion of k /y / k 2 + a 2 

in equation (2.3.3).

For intermediate values of a.  equation (2.3.12) must be solved by numerical quadrature. 

In our calculation, Gauss-Chebyshev quadrature was adopted again to discretize this Fred- 

holm integral equation of the second kind, whereas the kernel was calculated by an adaptive 

Romberg quadrature scheme. The torque exerted on the disk was numerically evaluated 

from (2.3.14) once h(t) was determined.

2 .3 .2  R o ta t io n  o f  a  D isk  a b o u t  it s  D ia m e te r

When the disk rotates about one of its diameters, the induced flow is three dimensional. 

The disk is assumed to be instantaneously at z  =  0 and rotating about the y-axis with 

angular velocity fi. This motion satisfies the following boundary conditions

vp = vg =  0, vz =  — f2psin0, 0 <  p < 1, z = 0, (2.3.17)

dvz
vp = ve =  0, ~ d f = 0 ' p > 1 ' z  = 0- (2.3.18)

where (vp, vq, v z ) are the fluid velocity components in cylindrical coordinates.

From the boundary conditions and the symmetry of the flow field, we find tha t the 

dependence of velocity components on the azimuthal angle is a  first order harmonic, i.e.

v  =  (up(r, z) cos 0, ug(r, z) sin 6, u z (r, z) cos 0) (2.3.19)
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The general solution ( 2.2.4) can be used to construct the present solution. It is con­

venient to rewrite the velocity components in a cylindrical coordinate system so that the 

boundary conditions can easily be satisfied. Instead of equations ( 2.2.40)-( 2.2.42), we now 

have

v  =  V x V  x ^ c o s # e z^ +  V x  ^ s i n # e z^ . (2.3.20)

Here ip and x  3X6 governed by

-  a 2)ip =  0 =  (L-1  -  a 2)x- (2.3.21)

The pressure and cylindrical components of velocity are given by

cos 6 d 
P = P  s -L -ii/ f j

vg =  -

p dz

' d_ ( I  dip\ x_
dp Vp dz )  pi2

1 dif) d_ f x \
y2 dz  dp \ p / .  

d ( 1  dij}\
v‘ — TP { ~ d ) ™ e-

cos 6, 

sin#,

(2.3.22)

(2.3.23)

(2.3.24)

(2.3.25)

The solution for if> cam be expressed as

if) =  Ipi +  1p2 (2.3.26)

where if}\ and ip2 satisfy

(L - 1 — a 2)ipi = 0 =  L —\ip2 (2.3.27)

It can be shown that the boundary conditions (vp,vg) =  0 are satisfied by choosing x  =  0 

and

roc roo 1
iP= k - lA(k)pJl (kp)e~kzd k -  o A(k)pJ! (kp)e~Vki+azdk. (2.3.28)

Jo Jo V k 2 + a 2
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The unknown kernel function A(k)  is determined by satisfying the mixed boundary condi­

tion (2.3.18), which yields the following set of dual integral equations

[°° kA(k) ( l -  . 0- — Ji(kp)dk = pCl. 0 <  p < 1. (2.3.29)
Jo \  V k z +  a 2 /

rOO
/  A(k)  J i(kp)dk =  0. p > 1. 

Jo
(2.3.30)

By introducing
2k

A(k)  = y/TTOt*
[  th(t) 

Jo
sin ktdt. (2.3.31)

equations (2.3.29) and (2.3.30) can be reduced to an Fredholm integral equation of the 

second type
f 1

h{t) =  —7= +  /  h{u)K(t ,u )du , (2.3.32)yJ'K Jo

where the kernel function is given by

2u r°° \ __________ __________
irt Jo I y/x2 -f- a 2( \ /x 2 + a 2 + x)

2x2
s in x t sin uxdx. (2.3.33)

The torque exerted on the disk can be expressed as

T  = 2na2 f  k lA(k)J2{k)dk = 8y/ir f  t2h(t)dt. (2.3.34)
Jo Jo

Following a similar procedure to th a t in section (2.2), we expand both h(t)  and the kernel 

function (2.3.33) in (2.3.32) in a  series for small values of a.  Equation (2.3.34) yields the 

following asymptotic solution for T

32 (  3 a 2 , \
t = t  1 + i r + ° ( “  > • (2.3.35)

Equation (2.3.32) exhibits a singularity as a  —»■ 00 and the solution is no longer applica-
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ble. However, in this limit, the original dual integral equation (2.3.29) reduces to

roc
/  kA{k)J \{kp)dk  =  pCt, 0 <  p < 1. (2.3.36)

Jo

Tranter (1951) gives the solution for (2.3.36) and (2.3.30) as

M k )  =  | y X j 5/2(fc). (2.3.37)

The torque in this limit is given by

T  =  a 2 +  O(a) (2.3.38)45

The integral equation (2.3.32) is solved numerically by the same procedure as described 

in section 2.2. The dimensionless torque is again calculated from (2.3.34) once h(t) is 

determined.

2 .3 .3  R e su lts  for th e  T o rq u e  o n  a  D is k  R o ta t in g  in  a  B r in k m a n  M e d iu m

Consider first the rotation of a  disk about its axis. The dimensionless torque normalized by 

the Stokes torque, ^-pCl is plotted in figure 2.5, together with the two asymptotic solutions 

for small and large values of a.  For out-of-plane rotation, a similar procedure to that 

described for in-plane rotation about its axis is employed to solve the integral equation 

numerically. The variation of the torque normalized by the Stokes torque is plotted as 

a function of a  in fig 2.6. One notes tha t the effect of the dimensionless permeability 

param eter a  on the torque of the particle is weaker than for the drag a t small values of 

a. Comparing the results for the torque exerted on a rotating sphere of the same diameter 

in the same medium, one finds th a t the torque on the disk can never exceed tha t for the 

sphere.

It is of interest to  verify if there axe any other differences between the torque on a rotating
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disk and a stationary disk in which the medium is undergoing a  rigid-body rotation other 

than the sign of the solution. I f  we choose a  local velocity of the reference frame as U  and 

rewrite the Brinkman equation as

Vp =  p V 2v  -  (v -  U ) , (2.3.39)
K p

it can be proven that the rigid-body rotation, u x r ,  is not a  solution unless the reference 

velocity U  is appropriately specified. If a  particle tha t is held stationary in a Brinkman 

medium undergoes rigid rotation, one can define U  =  — u  x r, corresponding to a  coordinate 

system rotating with the ambient medium. The disturbed velocity in this frame is v L so that 

the physical velocity is v  =  U  -Fvi- Then Vi will satisfy the equation (2.3.39) with reference 

velocity U  =  0 and the resulting torque is ju st the negative of the results for rotation of 

the particle in the quiescent medium. This conclusion differs from the translational motion 

of the particle with non-vanishing volume, in which the difference is proportional to the 

volume of the particle.

2.4 C oncluding R em arks

In this paper, solutions to the Brinkm an equation are obtained for a disk moving arbitrarily 

in an unbounded Brinkman medium. The drag and torque exerted by the medium are found 

via asymptotic methods for both  small and large values of the permeability param eter a  and 

by numerical quadrature for intermediate values of a . The most important result obtained 

is tha t the drag and torque are strongly dependent upon the orientation of the disk, which 

is in sharp contrast to creeping flow. It is apparent that in the broadside translation and 

out-of-plane rotation, the medium around the disk is displaced and has to move around the 

disk, whereas in the edgewise translation and in-plane rotation, the medium is ju st sheared 

and little fluid has to move through the medium. This suggests that the drag on a disk 

translating broadside and the torque on a disk rotating about its diameter will be much
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larger a t high values of a  than those for a disk translating edgewise and rotating about its 

axis, respectively. Numerical results for the d rag  and torque on a disk either translating 

or rotating at an arbitrary orientation angle are plotted in figure 2.7 for a  up to 10 by 

combining the four fundamental motions in figure 2.1. It can be seen th a t dependence of 

the drag and torque on the orientation is quite strong.

Finally, we can combine the results presented in the previous sections to describe the 

flow field generated by a disk in arbitrary  motion in  a  manner that is analogous to creeping 

flow. When a disk translates with velocity Uo and  rotates with angular velocity Ho in 

a Brinkman medium, the resulting drag and torque exerted by the medium will satisfy 

relationships (Tanzosh & Stone 1996; Happel & Brenner 1983)

F  =  - A  • Uo — C ‘ • n 0, T  =  - C  • U 0 — B £ • Q0 (2.4.1)

in which the second order tensors A , B  and C  are the resistance, rotation and coupling 

tensors, respectively. These tensors depend only upon the geometry of the  particle and the 

properties of the medium. For the disk motion, we have

Fb 0 0

i
oo

1

A  = 0 Fb 0 B  = 0 T0 0

0 0 Fe ■ o o 1__
__

where the subscripts b and e represent broadside and edgewise translations and i and o 

represent in-plane and out-of-plane rotations, respectively.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 8

Broadside translation Edgewise translation

1

Rotation about its axis (in-plane) Rotation about its diamter (out-of-plane)

Figure 2.1: Four elementary motions studied in the present paper.
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  Eqn. (2.28), numerical
 Eqn. (2.31), for small a.
 Eqn. (2.35), for large a

03

Q

a

Figure 2.2: Drag on a disk translating broadside in a B rinkm an medium normalized by the 
Stokesian drag Ds = 16(jlUq for same motion.
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  Eqn. (2.48), numerical
 Eqn. (2.51), for small a
 Eqn. (2.52), for large a
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Figure 2.3: Drag on a  disk translating edgewise in a Brinkm an medium normalized by the 
Stokesian drag Ds =  ^ [ i Uq for same motion.
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10'

5
  Eqn. (2.28), disk translating broadside
 Eqn. (2.48), disk translating edgewise
 Eqn. (2.53), translating sphere
 Eqn. (2.54), sphere in uniform flow

2

,2
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2CO

1
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,0
10

5

2

10' ,0 1
10 102 5 2 5 2 5

a

Figure 2.4: Comparison of dimensionless drag on a  disk translating either broadside or 
edgewise with the drag on a translating sphere of the same diameter in a  B r in km an medium. 
Results axe normalized by the value of the drag on a sphere translating with the same 
velocity in Stokes flow, D s =  6n/j,Uo

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 2

  Eqn. (3.14), numerical
 Eqn. (3.15), for small a
 Eqn. (3.16), for large a

CO

-Q

a

Figure 2.5: Torque on a disk rotating about its axis in a Brinkman medium normalized by 
the Stokesian torque To =
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  Eqn. (3.34), numerical
 Eqn. (3.35), for small a
 Eqn. (3.38), for large a

CO

EH

a

Figure 2.6: Torque on a disk rotating about one of its diameters in a  Brinkman medium 
normalized by the Stokesian torque To =
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Figure 2.7: Vaxiation of the normalized drag and torque on a disk translating (a) or rotating 
(b) in a Brinkman medium with its orientation angle.
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C hapter 3 F low  T h rou gh  an Orifice in  a  F ibrous  

M edium  w ith  A p p lica tion  to  Fenestral P ores in  

B io log ica l T issue

3.1 Introduction

One of the well known solutions in Stokes flow is the classical solution of Sampson (see 

Happel & Brenner 1983) for the slow viscous flow of a fluid through a circular orifice in 

a plane wall. This classical solution was extended to flow through a finite length circular 

pore in Dagan et ai. (1982). In  this paper, we shall consider both  of these problems for 

a planar wall that is bounded by a fiber-filled medium, see Fig. 3.1. This problem has 

arisen in several important biological applications where there are impermeable cellular or 

elastic tissue boundaries which have orifice-like openings that control the flux of water and 

solutes. Two problems of long standing interest are the circular orifice-like openings in 

the endothelium of fenestrated capillaries and the fenestrated pores in the internal elastic 

lamina (IEL) that separates the intim a from the media of the artery wall. In both cases 

the tissue that surrounds the orifice or pore is a  fibrous medium composed of collagen and 

proteoglycan fibers. The d o m in a n t  resistance usually derives from the proteoglycan fibers 

because of their far greater density and nearly uniform distribution on the length scale of 

the orifice diameter. A crude schematic of the fibrous matrix surrounding the opening of 

a fenestral pore in a capillary membrane is shown in Fig. 3.2. In this study we shall be 

interested in examining both the velocity profile and pressure drop across the orifice where 

the permeability parameter a  describing the fiber spacing spans the entire range from a  =  0 , 

Sampson flow, to a »  1, Darcy flow.

In this paper, we develop a theoretical model based on an effective medium theory, 

i.e. the Brinkman equation, to describe these flows. This research is motivated not only
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by its biological applications bu t also by a  mathematical analogy to the complementary 

flow problem, the broadside translation of a  circular disk in either Stokes or Darcy flow. 

Recently, Feng et al. (1998) studied the general motion of a circular disk in an unbounded 

Brinkman medium using a  dual integral equation method. The authors found that the pair 

of dual integral equations governing the boundary conditions for the broadside translation 

of a  circular disk in Darcy flow also arises for Sampson flow through an orifice in a  plane 

wall. The drag experienced by the disk is calculated in a similar way to the total flux of 

fluid through the orifice. In  the next section, this analogy will be explored further.

The effective medium theory based on the Brinkman equation has often been used to 

describe the flow in a  fiber-filled medium. The validity and accuracy of this theory is elu­

cidated by subsequent theoretical analyses in which one either averages the solution for 

Stokes flow past a cloud of spherical particles (Tam, 1967) or renormalizes the Stokes equa­

tion for fluid motion past a  random  assemblage of particles or cylindrical fibers (Howells, 

1974; 1998). It is found th a t the Brinkm an equation is the leading order approximation in 

the low solid fraction limit. More recent numerical investigation using a  Stokesian dynamics 

simulation has shown th a t the fundamental solution for the Brinkm an medium accurately 

describes the Stokes flow in the near field and the dipole flow in the far field of a moving par­

ticle provided the solid fraction c is less than  5 percent. As the solid fraction increases, the 

Brinkman equation loses its accuracy but still gives the qualitative variation of the funda­

mental solution for c as high as 20 percent (Durlofsky & Brady, 1987). Mathematically, the 

Brinkman equation, together with Darcy’s law, has also been derived by a homogenization 

technique based on matched asym ptotic analysis for flow in periodic structures (Hornung 

1996). These studies have provided a  more rigorous basis for effective medium theory.

The validity of the Brinkman equation in the limit where the fiber spacing is large 

compared to the pore size is subtle. Although the Brinkman equation in this limit does 

predict accurate results for the hydraulic resistance, the velocity field does not approach the 

Stokes approximation in all of space. The fundamental solution to the Brinkman equation 

for the velocity field behaves as a  dipole which decays as r - 2  compared to the Stokeslet
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which decays as r -1 . Mathematically, the Darcy term  can be neglected when ct <<  1 

provided 0 ( a 2u) < 0 ( V 2u).  Since the viscous dissipation term decays faster than  the 

Darcy term in the far field, analogous to the W hitehead paradox for flow past a sphere, 

the Brinkman solution is only valid in a region bounded by r  =  0 ( a -1 ). Small particles 

diffusing in a sparse ordered matrix have been studied by Phillips et aI. (1989, 1990) using a 

Stokesian dynamic simulation technique. They dem onstrated that the Brinkman equation 

is a good approximation for the far field interaction between the mobile particle and the 

fibers, and tha t in the small a  limit this far field interaction dominates the contribution 

arising from the local inhomogeneity of the medium due to the existence of the particle.

The advantage of the Brinkman equation lies in its simplicity in application. Only one 

additional param eter, K p, is needed to characterize the permeability of the porous media. 

Once K p has been determined by either experimental measurement or theoretical model, 

knowledge of the detailed structure of the porous media is not necessary provided the entire 

medium is homogeneous and macroscopically isotropic, i.e., on the length scale of the orifice 

diameter in our problem. This is particularly useful since in many complicated biological 

or chemical engineering systems, a  thorough knowledge of the microstructure is usually not 

cleax a prior. However, the hydraulic permeability of a uniform porous medium is easy to 

measure or theoretically estimate. For example, Tsay & Weinbaum (1991) have shown that 

the simple relation
/  \  2 .377

K p = 0 .0 5 7 2 ^  ( — J , (3.1.1)

for slow viscous flow through a doubly periodic square array of cylindrical fibers provides a 

good approximation to the numerical solution of Sangami &: Acrivos (1982) for fiber volume 

fractions of less than  70 percent. Here ry is the fiber radius and A is the fiber spacing 

between two adjacent fibers. In the present paper, we will use equation (3.1.1) to estimate 

the bulk permeability of the tissue in the subendothelial region of capillaries.

Mathematically, the Brinkman equation is equivalent to the governing equation for the 

oscillatory motion of a particle in an otherwise quiescent Stokes flow. The general solution
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involves a Helmoholtz equation. Unfortunately, the Helmoholtz equation is not separable in 

a toroidal coordinate system; therefore, the conventional m ethod used in deriving Sampson’s 

solution does not work in the present problem (Happel & Brenner 1983).

In section 3.2, we present the problem formulation and apply the Abel transformation 

technique to reduce the resulting dual integral equations to a  Fredholm integral equation 

of the second kind. Asymptotic solutions for small and large values of the permeability 

parameter

a - j r ,  ( 3 1 '2)

are derived and numerical calculations for intermediate values of a  are performed in section 

3.3. This is followed by an  extension of the model accounting for the effect of a circular pore 

of finite length in a plane wall. In section 3.5 we discuss the corresponding two-dimensional 

problem. Finally, we conclude the paper with a brief analysis of the two biological problems 

that motivated this study in section 3.6.

3.2 M athem atica l Form ulation

The Brinkman equation together with the continuity equation

Vp =  pV 2u — -~-v  (3.2.1)
Kp

V • v = 0 (3.2.2)

are used in this section to study the pressure driven flow through a circular orifice in a  wall 

embedded in a  fibrous material. The momentum equation (3.2.1) combines both the effect 

of viscous stresses and the effect of a distributed Darcy force which is characterized by the 

Daxcy permeability K p. K p depends on the structure of the media, which in this study is 

approximated by equation (3.1.1).

It is convenient to formulate the problem in terms of dimensionless cylindrical coordinates
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(unprimed) which relate to dimensional coordinates (primed) by

Z = £
a a

Here we choose the orifice radius as the characteristic length scale a. The characteristic 

pressure and velocity are

P 0  =  A p '  =  p L ^  -  p '+ 0 0 ,  V 0  =

A*

where Ap ' is the pressure difference across the orifice at plus and m in u s  infinity  which drives 

the flow and p  is the viscosity. If we introduce the dimensionless perm eability param eter a  

and write the governing equations in dimensionless cylindrical coordinates (R , <p, Z ) (prime 

omitted hereafter) originating a t the orifice center, with the Z-axis as the axis of symmetry, 

see Fig. 3.1(a).,

Vp =  (V 2 - a 2)u, (3.2.3)

V  - v  =  0. (3.2.4)

The velocity and pressure are subject to the following boundary conditions

v  = 0, Z  = 0 , R >  I (3.2.5)

[p]I° = 0 ,  Z  =  0 , 0 < i ? < l  (3.2.6)

\ P ] =  -1 - (3.2.7)

Following Feng et ad. (1998), we introduce a dimensionless axisymmetric stream  function

ip
v  =  V x

R (3.2.8)

which satisfies

L—i(L _ ! - a 2)ip =  0. (3.2.9)
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Here the characteristic value for ip is defined by

ipo =  a 2Vo-

The Stokesian operator is defined by

and the corresponding pressure field is obtained from the solution of

d R  R d Z  

The suitable solution to (3.2.9) can be expressed as

9P (3-2.12)

where

ip =  ipi +  ipi, (3.2.13)

ipi = f° °  R J l (kR)A(k)e~k^ d k  (3.2.14)
Jo

ro o  U y—___
ifo = -  R J l ( k R ) - = = = A ( k ) e - ^ Fr^ 7^ d k .  (3.2.15)

Jo y/k2 +  a 2

Solution (3.2.13) satisfies the radial no-slip condition (3.2.5) on the wall. The corresponding 

pressure which satisfies condition (3.2.7) is given by

ro o
p± = p± o o ± a 2 J0(kR)A(k)e~k^ d k .  (3.2.16)

Jo

The other two conditions on the orifice plane lead to the following dual integral equations

ro o  1
/  J0(kR)A(k)dk  =  — =■, 0 < R < 1  (3.2.17)

Vo 2a r
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where

roo
/  k f(k )Jo(kR)A (k)dk  =  0 , R  > 1, (3.2.18)
Jo

/(* )  =  1 -  X 2~ - V - (3-2.19)V k -F o r

By introducing #(£) and B{k)  as

2k
( k f ( k ) )~l =  - * ( 1  +  g(k)), 4k f ( k )A( k)  = B ( k ), (3.2.20)or

where
_ l t  (3 2 21)

the dual integral equations (3.2.17) and (3.2.18) can be transformed to standard  form as 

follows

roo
/  k{l  + g(k))J0{kR)B{k)dk = I 0 <  R  < 1 (3.2.22)

Jo
rO O

/  J0(kR)B{k)dk  =  0 R  > 1. (3.2.23)
Jo

The dual integrals equations (3.2.22) and (3.2.23) can be reduced to a Fredholm integral

equation of the second kind, which is amenable to numerical solution. We introduce an

unknown function

2 f l
B(k)  =  —7= /  h{t)sinktdt . h{ 0) =  0 (3.2.24)

V 7 t  J o

which enables equation (3.2.23) to be satisfied identically. Equation (3.2.22) is rewritten as

roo 2 ft roo 2 r 1
/  kJo(kR)—=  /  h (t) s in ktdtdk  =  1 — / kg(k)Jo{kR)—Fi /  h ( t) s in ktdtdk  (3.2.25) 

JO V 7T Jo Jo V7T Jo

If we exchange the order of integration and perform an integration by parts, we find that
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the first integral in (3.2.25) can be evaluated as

2 f R h'(t)2 r l 
>/k Jo

zdt
V R 2 - 12

where we have used the discontinuity integral of the Bessel function

r°° | 0, 0 <  R  < t
/  Jo(kR) cos ktdt — < (3.2.26)

J° I  R > t

Making use of the Abel transform  in (3.2.25), we obtain the following integral equation

h(t) + [  h{u)K{u.t)du  =  H(t )  (3.2.27)
Jo

in which

H{t)  =  - L  T  du =  -£= (3.2.28)
%/tt Jo y/t2 — u2 v^r

2 A00
K (u , t )  = — g(x) s m x t s in x u d x .  (3.2.29)

7T JO

Once the solution for h(t) is determined, the dimensionless flux Q through the orifice, 

normalized by tpo? is calculated by

Q = 2 tv J  R d R  J  kJo(kR)A(k)dk = y/n J  h(t)tdt. (3.2.30)

Cast in this new form, on can easily obtain the asymptotic solutions for small and large

values of a. In the Stokes limit, i.e. a  —̂ 0,

/(k )  2^ 2 ’ 9{k) -*■ 0

and the dual integral equations (3.2.22) and (3.2.23) reduce to

roo
/  kJ0(kR)B{k)dk  =  1 0 < R < 1  (3.2.31)

Jo
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roo
/  J0(kR)B{k)dk  =  0 R  > 1. (3.2.32)

Jo

We notice th a t these dual integral equations are exactly the same as those th a t axise in 

the broadside translation of a circular disk in a  Darcy medium (Feng et a1. 1998). O n the

other hand, in the Darcy limit where a  — oo, f ( k )  —> 1 and equations (3.2.17) and (3.2.18)

reduce to

too i
/  J0(kR)A(k)dk  =  — j- 0 <  R  <  1, (3.2.33)

Jo Jor

f  kJ0(kR)A(k)dk  =  0 R  > 1, (3.2.34)
Jo

which also appear for broadside translation of a circular disk in Stokes flow (Davis 1991). 

The corresponding drag exerted on the translating disk is calculated in a  manner s im ilar  

to equation (3.2.30). This curious interchange of roles arises because the part of 0  tha t 

satisfies L _ i0  =  0 produces no pressure distribution in Stokes flow, but determines the 

pressure in the Brinkman medium.

Solutions to these simplified dual integral equations are well known (Sneddon 1966). For 

(3.2.31-3.2.32), one finds, in terms of A{k),

A(k)  =  - L  » in * - * c o s *
KCH k

which leads to the total flux

Q  = \ -  (3-2.36)

a well-known result for Sampson flow. The solution to (3.2.33-3.2.34) for large a  is

A(k)  =  - ^ 2  (3.2.37)
kol k
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and consequently, the flux is given by

Q = i .  (3.2.38)or

The first order correction to the Sampson flow can be obtained by evaluating the kernel 

function K{u,t)  for small values of a  and expanding the integral equation (3.2.27) in a 

regular series in a

h(t) =  /iq(^) ~F othi(t) -F cPh2{t) +  * • ■, (3.2.39)

whose first few terms are

ho(t) = -$=, h\(t)  =  0, h2{t) = ^ — ^ .  (3.2.40)
y /  7T O y /7 T

The correction to the flux is

Q =  ^ ( 1 - ^ 2 + 0 ( a 4) ) .  (3.2.41)

Note that the correction to the Sampson flux is 0 ( a 2), in comparison with 0 ( a )  for the

correction to the drag on a  translating disk in the same medium.

The hydraulic conductance per unit area is normalized by the dimensionless Sampson 

result,
L 'p _  3 Q'p.L„ = a/Srrfj. A  p

UL = s q  -  3v/t^ f 1 h{t)tdt  (3.2.42)
1 Jo

The integral equation (3.2.27) is solved for intermediate values of a  by a numerical 

method described in Feng et ai. (1998). The normalized conductance is calculated numer­

ically from (3.2.42) once h(t) is determ ined. These numerical results together with the 

asymptotic solutions valid for small and  large a  are presented in the next section.
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3.3 R esults and D iscu ssion

The calculated conductance for a circular orifice in a plane wall embedded in a fiber filled 

medium obtained using equation (3.2.42) is shown by the solid curve in Fig. (3.3). This

presence of the fibrous medium as a  increases. When a =  1, there is about 20% reduction in 

conductance. This value of a  corresponds to the situation where the fiber spacing is roughly 

comparable to the orifice diameter. In  some biological applications involving fenestra! pores. 

a  =  0(10) or larger and expression (3.2.38) is a good approximation.

Once the unknown function h(t) has been determined, we are able to the calculate 

velocity and pressure fields using (3.2.8) and (3.2.16), respectively. We axe particularly 

interested in the velocity profile a t the opening of the orifice, which can be expressed as

in Fig. 3.4(a, b). We note th a t as a  increases, the profile becomes flatter and flatter and 

eventually exhibits a transition in behavior from Sampson flow to inviscid Darcy flow. For 

a  »  1, the velocity profile a t the opening has a minimum at the orifice center, rises

of thickness 0 ( l / a )  to satisfy the no-slip boundary condition a t the orifice edge, as shown 

in Fig. 3.4(b). The flow patterns for a  =  0, 2, 10 and 20 are shown in Fig. 3.5 and the 

corresponding pressure fields are illustrated in Fig 3.6. In the two limiting cases, the stream

result is compared with the two asymptotic approximations for small and large values of 

a.  It can be seen that the conductance of the orifice is considerably reduced due to the

•cosh 1
h(R  cosh x)dx (3.3.1)

in which we have changed the variable of integral to eliminate singularity near the rim

R  = 1.

Numerical calculations of the profiles for various values of the param eter a  axe shown

sharply near the edge of the orifice and then experiences a boundary-layer-like correction

lines and isobars axe given in closed form by applying integrals discussed in Tanzosh &
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Stone (1996) by

^ = ^ ci_c3)’ p = K tan ' ‘ A + a4 ? ) -

for Sampson flow, and

(3.3.2)

1 R  / l  — C l - i ,  ,P - P+~  =  - c o t - a ,  (3 .3.3)

for Darcy flow, where the oblate spheroidal coordinates are defined by

R  = \ / l  + A2 ^ 1  -  C2, 0 <  A <  oo, - 1  <  C <  1 (3.3.4)

Z  =  AC, 0 <  A <  oo, - 1  <  C <  1- (3.3.5)

The stream  lines are qualitatively similar in the four panels in Fig. 3.6, except tha t the 

flow converges at the edge of the  orifice as a  increases. This is expected since the Darcy flow, 

which has a potential flow streamline pattern, is the limiting case for large a  and the no slip 

condition is not satisfied a t the  orifice edge. T he pressure distribution changes dramatically 

as a  increases. For the creeping limit, where a  =  0, the edge of the pore is a singular point 

and there is negative pressure near the boundary surface as previously shown in Weinbaum 

(1968). This negative pressure region shrinks as a  increases and eventually disappears. For 

large values of a , the pressure distribution for the Brinkman medium reduces to the Darcy 

approximation, where the isobars are confocal ellipses, as shown in Fig. 3.6.

Similar behavior has been observed for Hele-Shaw flow through an orifice in a  planar 

barrier confined between two parallel walls in a  channel (Zeng & Weinbaum 1994). The 

variation in the velocity profile in Fig. 3.4 is also observed in the mathematically equivalent 

problem of oscillatory Stokes flow through an orifice. The similarity between the Hele-Shaw 

and Darcy orifice profiles arises because both flows satisfy a  potential flow equation with
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slip boundary conditions on the orifice wall.

It is interesting to try  and understand why the velocity profiles obtained in this study  

when a  »  1 are so similar to those for flow past a  periodic array of slits in a planar 

barrier confined in a  narrow channel of height 2h when the no-slip orifice edge condition is 

satisfied (Zeng & Weinbaum 1994). For the classical Hele-Shaw approximation, the velocity 

variation is of the form

V(xi ,  x 2jx 3) = v ( x i , x 2)Z ( x 3) (3.3.6)

where v  =  v \e \  -I- v2e2 represents the unknown two-dimensional velocity field in planes 

parallel to the wall and

z (x3) = ~ ( x 3h  -  x\)  (3.3.7)

is a scalar function which describes a Poiseuille profile in the x 3 or vertical direction. An 

evaluation of the Stokes equation with the assumed velocity field (3.3.6) leads to the condi­

tion, dp /dx 3 =  0. Thus, the pressure is a function of ( x \ , x 2) only when the vertical velocity 

vanishes.

Suppose now th a t the viscous stresses in the x i  and x 2 directions are not neglected,

but we still require that the velocity field be of the form of (3.3.6). If this velocity field

is substituted into the x \  and x 2 components of the Stokes equation and integrated with 

respect to x 3, we obtain the following equation

Vp  = p ( v 2 - ^ j v .  (3.3.8)

This is exactly the Brinkman equation if the permeability param eter is defined as

2n/3L

where L  is the characteristic length of the barrier. Thus, equation (3.3.8) is a correction 

to the classical Hele-Shaw approximation in which the pressure gradient in the x 3 direction
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can be neglected, b u t the no-slip boundary condition on the side wails of the barrier are 

satisfied in contrast to  the classic Hele-Shaw approxim ation. Equation (3.3.8) will be valid 

if the channel height is small compared to the barrier dimensions. Physically, the second 

term  in parentheses in (3.3.8) can be interpreted as an average or distributed friction force 

due to the channel walls.

Note tha t equation (3.3.8) resembles the governing equation describing the velocity dis­

turbance generated by a cylinder moving in a lipid bilayer when a non-zero force is applied 

(Saffman 1976). This solution is used to describe the Brownian diffusion of the cylinder in 

the plane of the bilayer. However, the boundary conditions a t the edge of the cylinder is 

not necessarily no slip, as is the case in Hele-Shaw flow. The additional term added to the 

Stokes equation accounts for the Brownian driving force.

The close relationship between pressure driven flow through a circular orifice and broad­

side translation of the  complementary geometry, namely a  circular disk, is revealed by the

mathem atical formulation. The pressure driven flow through an orifice using Darcy’s law

is equivalent to the Stokes flow of a translating disk. On the other hand, the broadside 

translation of a disk in Darcy flow is equivalent to Sampson flow. These conclusions are 

also true for the two dimensional flow geometry discussed in section 3.5. One finds that the 

dimensional drag D'  on a disk translating broadside and the dimensional flux Q' through 

the complementary orifice satisfy the following relations,

P's . Q'd =  d 'p  . Q's = «L n  3
16 fiaU' a3Ap'/3/x 16 fjaU' a3A p r/3/j, 6

in which the subscripts D  and S  represent Darcy and Stokes, respectively.

3.4 F low  T h rou gh  an Orifice o f F in ite  L en gth

In this section, the effect of pore length is considered. The exact solution for the flow field 

can be obtained by using a procedure similar to th a t developed by Dagan et ad. (1982) for
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Stokes flow through a finite length circular pore in a  plane wall. This procedure requires 

tha t one matches the solutions of the Brinkman equation inside and outside the pore. Since

we are more interested in finding the conductance of the pore, ra ther than  the detailed flow 

structure or pressure distribution, a simple approximate solution can be constructed.

In Dagan et al. (1982), it is shown that the hydraulic resistance for the flow through an

the average of a  Poiseuille and  a  Sampson flow. In the case of Stokes flow the transition from 

Poiseuille-like flow to Sampson-like flow is localized to a  region of less than a pore radius 

in the vicinity of the pore opening. In the present case this transition is more difficult to 

describe since it also depends on the thickness of the fiber interaction layer a t the pore wall. 

Nevertheless, this model should provide a fairly accurate estim ate of the overall hydraulic 

conductance, but not the detailed flow pattern and pressure distribution, especially near 

the rim of the pore opening.

Assuming tha t the pressure at the orifice opening is p,-, then the solution inside the pore 

is given by the Brinkman solution for the flow inside an infinite circular cylinder

in which po is the dimensionless pressure at the center plane of the pore, see Fig. 3.1(b). 

The corresponding flux is given by

orifice of the finite length into a  sem i-in fin ite  space can be well approximated by combining 

the channel flow inside the circular orifice and the flow across an orifice of in fin itesim al 

thickness. It is also shown tha t the actual velocity profile a t the orifice opening is roughly

Iq(q i R)
ai-fo(ax)

(3.4.1)

Q = 2ir [  u(R)RdR  
J o

2il(o :i) (3.4.2)

where a i  describes the Darcy permeability of the fiber m atrix inside the pore.
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Outside the orifice, we apply the solution (3.2.30) derived in the previous section, i.e.

Q = 2y/ir(pi — poo) f  h{t)tdt, (3.4.3)
Jo

where the factor 2 appears to account for the two half spaces at the entrance and exit. 

Note that these regions can be described by a  different m atrix permeability param eter c*2- 

Combining the above solutions and making use of the continuity of the flux a t the opening to 

eliminate the interface pressure pi, one obtains the following expression for the conductance 

of a pore of finite length

L p = ^ - = 3 Q  = m ( a u a 2 , L r K  (3.4.4)a/3irp.

where the function II(q:i, a 2 , L) represents the additional pressure drop required to generate 

the same flux as that required for a  flow through the zero-thickness orifice, where II =  3. 

This function is given by

rxt t \ 1 , 2a\LIo{ai)
( Q l , a 2 ’  }  y / ^ f 0l h(t)tdt  +  7 r ( a 1 / 0 ( a 1 ) - 2 / 1 ( a 1 ) -  (  ’  ‘ 5 )

The calculated permeability L p as a function of pore length L  is shown in Fig. 3.7 for 

various values of a. Two sets of curves are presented, one for the case where the flow in the 

entrance and exit half space is a Sampson flow (02 =  0) and the second for the case where 

there is a continuous uniform m atrix throughout the entire region (qi =  £*2)- The results 

clearly demonstrate the combined effect of the pore length and media permeability. The 

results for the case where there is no external matrix is of special interest in some fenestrated 

capillaries where a  thin sieving diaphragm  is believed to span the orifice opening. This will 

be discussed in the biological applications in section 3.6.

Of particular interest in Fig. 3.7 is the value of L '/a  where the hydraulic permeability 

Lp is decreased by a factor of two from the results for a  zero thickness orifice. Along 

this boundary the hydraulic resistance of the entrance and exit flow is ju s t equal to the
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pore itself. For a Sampson entrance and  exit flow (aw =  0, no fiber m atrix), this occurs 

for Lp = 3Q =  0.5. The values o f L ' /a  for which this occurs shifts to the left as a  

increases and for oil =  0, reduces to  the  solution L'/a  =  0.589 in Dagan et al. (1982). 

In biological applications, where a porous membrane with fiber-filled pores separates two 

aqueous solutions, one first needs to  determ ine the value of a  for the porous membrane 

region. This can be estim ated using an  approximate formula such as (3.1.1) if the fiber 

structure is known. For the case where the  external half space and the pore are a continuous 

homogeneous media, the boundary for equal resistance shifts slightly to the right as a  

increases, the values of L '/a  being 0.638, 0.711, 0.784 and 0.799 for a  =  1, 2, 5 and 10, 

respectively.

It is also convenient to plot the hydraulic resistance function II of the pore as a  function 

of pore length for various oq and a i .  T he  resistance is composed of two contributions, the 

entrance and exit regions and the pore interior as shown in (3.4.5). Results for o:i =  0:2 =  ol 

as a  function of dimensionless length L ' /a  axe shown by the heavy lines in Fig. 3.8. The thin 

lines are for the case where there is only m atrix  inside the pore, c*i =  a , and the external 

flow is a Sampson flow, a?2 =  0, and II =  3 when L  = 0. As a \  increases, II becomes steeper 

due to the increased resistance of the in ternal fibers.

3.5 T w o-D im ensional F low

We can apply a procedure similar to th a t described in section 3.2 for two-dimensional flow 

to determine the pressure drop across a  slit orifice in a plane wall. However, detailed 

inspection of the solution procedure indicates th a t the dual integral equations arising from 

the boundary condition at the slit orifice plane does not have a solution unless a  =  0 . 

This corresponds to the well-known Stokes paradox for the two-dimensional flow past an 

infinitely long cylinder. At large values of a , this phenomenon is also analogous to the 

heat transfer from an infinite slab a t uniform temperature. The steady-state tem perature 

must be constant everywhere since the line source in two-dimensions exhibits a  logarithmic
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singularity1. Since the velocity far from the orifice behaves as vr ~  l / r  for a slit orifice, 

where r  is the radial distance from the orifice center, one can not obtain a finite pressure drop 

for two-dimensional flow. This implies tha t there is either an infinite pressure difference or 

finite boundaries need to be introduced in order to m aintain the flow through the external 

media.

3.6 B io logica l A pplications and C onclusion

The present paper is partially motivated by numerous experimental studies on the fenestral 

pathway for water and solutes in fenestrated capillaries. In this section, we will apply 

the results obtained from previous sections to estim ate the hydraulic conductance of the 

fenestrated capillaries, w ith emphasis on the effects of different pathway structures, and 

also for the fenetrated pores in the internal elastic la m in a  of the artery wall.

Recent ultrastructural experimental observations indicate that a fibrous m atrix coats 

the surface of a variety of cell membranes. In fenestrated capillaries, the total resistance of 

the fluid crossing the endothelium is due to three resistances in series, an overlying surface 

glycocalyx of 100-400nm thickness, which is composed of glycosyminoglycans (GAG) and 

core proteins as sketched in Fig. 3.2, followed in some cases by a very thin diaphragm  of 

5nm thickness and an underlying basement membrane which we shall assume is continuous 

with the subendothelial space, see Levick &: Smaje (1987). Table 1 in Levick & Smaje 

indicates tha t the fenestral diameters for most tissues fall within the range 50-70nm. When 

considering a fenestrated endothelium of fractional area A.4 , we assume that the pores are 

sufficiently far apart for their interaction to be neglected. This is a reasonable approximation 

for most fenestrated capillaries. Using the definition for Lp and II in (3.4.4) and (3.4.5) 

for a pore in an infinite membrane, we obtain the following expression for the dimensional 

hydraulic permeability

L'p =  — n ( o ; i ,Q 2 ,T / a ) _ l A.4. (3.6.1)
7TfJ.

lThe authors thank professor A. Acrivos who pointed out this analogy.
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Equation (3.6.1) is a linear function of fractional pore area A a if the pore diameter 2a is 

small compared to the pore spacing and the interaction between pores is neglected.

It is generally believed that the fenestrated pores exclude albumin, 7nm diameter, but 

allow the passage of small solutes. Thus, we assume in applying equation (3.1.1) that the 

fiber radius, r /  =  0.6nm, and the fiber spacing, A  =  7nm. The corresponding value for a  

would be 11.3 for a typical orifice of 60nm diameter. If the thickness of the surface glycocalyx 

ranges from lOOnm to 400nm, the present model predicts that the hydraulic resistance of 

the surface glycocalyx for a  zero thickness pore, 1/L'p =  0.0217mmHg • sec - pm -1 , accounts 

for only 0.6-3% of the experimentally measured resistance. The experimental data are 

summarized in Table 1 of Levick &: Smaje (1987) where results are given per unit axea 

of fenestral pathway. Note that the present model predicts a lower resistance than that 

estimated in Levick & Smaje (1987). These investigators use a different fiber matrix model 

with a fiber fraction of 5 percent, which is much higher than the 1.7 percent used in our 

present model. Thus, a  surface glycocalyx with properties postulated in the literature 

(Curry & Michel 1980) can create only a  minor contribution to the measured fenestral 

resistance. This result implies tha t the fiber matrix either extends much deeper into the 

pore, or the matrix is highly inhomogeneous, if one is to account for the high measured 

resistance.

The structure, which in the past was regarded as the main fenestral barrier, is the densely 

stained diaphragm, whose thickness is only 5nm. This structure is compatible with the 

fibers in the diaphragm being the core proteins in the proteoglycans sketched in Fig. 3.2. A 

typical diameter of these proteins is about 4nm. The value for a  for a  diaphragm with fibers 

of this diameter for a 60nm orifice is 14.2 if A =  7nm. The diaphragm, thus, contributes 

an additional resistance of only 0.02 mmHg • sec - fim-1 . If the measured resistance arises 

primarily from this diaphragm, then the fiber matrix model predicts a fiber spacing that is 

much smaller than the diameter of an albumin molecule, ~7nm. This is in contradiction 

with the observation that tracers of 3nm penetrate the fenestral pathway (Hart & Pino, 

1985).
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One possible resolution of the large discrepancy between the m easured and predicted 

hydraulic conductances is to extend the length of the fenestral pore pathway as proposed 

by Levick & Smaje (1987), and assume tha t the glycocalyx and basement membrane have 

a specific permeability to w ater th a t is equal to that of the diaphragm  itself. In order to 

fit the experimental data  presented in Levick & Smaje (1987), one finds th a t the required 

length of a continuous m atrix  filled fenestral pore would need to be between 600nm and 

3^m using results in Fig. 3.7, 3.8.

In contrast to the fenestral pores in capillaries, the interaction between adjacent pores 

plays an important role in determ ining the fenestral permeability of the  internal elastic 

laminar (IEL) in the artery  wall. According to Huang et a I. (1998), the  average of pore 

diameter 2a' is typically 2/zm for the rat aortic wall, and these pores comprise approximately 

5 percent of the en face area of the wall. These pore diameter measurements are not very 

sensitive to the transm ural pressure. In comparison, a five-fold compression of the thickness 

of the intima was measured when the transm ural pressure was increased from 0 to 150 mm 

Hg. We use an intimal thickness, L'j =  0.62/rm in our calculations. This corresponds to the 

measured thickness of rat aortic intim a a t zero transmural pressure. We consider a  local, 

periodic wall unit surrounding a  fenestral pore as illustrated in Fig 3.9. The size of the 

periodic unit cell is based on the measured density of fenestrae per un it IEL area. The 

filtration flow is due to the pressure difference across the entire artery wall, which includes 

both the intima and the media. Here we adopt a simplified model which captures the main 

features of the problem. We assume th a t the pressure at the pore opening is a constant, 

i.e., the average of the pressure over the pore opening. K p for the intim a, K pi,  is > >  K p 

for the media, K pm, as shown in Huang et aI. (1994). However, for b o th  regions a  > >  1 

and the Darcy approximation is valid, as demonstrated in section 3.3. The total flux across 

the fenestral pore is

Q' =  — ^ 5 /  • 7T# (3.6.2)H Lij

where S j  is the shape factor representing the interaction of the periodic pores in the intima.
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S[ can. be obtained by solving the following mixed boundary value problem,

V 0  =  0, (3.6.3)

subject to

dcp
dr =  0 a t r  =  0,1, 0 < z  < L[  

=  1 a t 2 =  L[. 0 <  r  <  1

<f> = 0 a t z = 0 , 0 <  r  <  a
dd>
—  =  0 a t z =  0 , a <  r  <  1
oz

(3.6.4)

(3.6.5)

(3.6.6)

(3.6.7)

where the unprimed dimensions axe normalized by the radius of the periodic unit. The 

shape factor S f  for the intim a is given by (Davis &: Ethier 1993) as

5 / = 1 +
7T

- l

in which h(t) is obtained by solving the following integral equation,

. . .  4 f a . . f ^2, cosAnfcosAnu ,
h(t) -  - y o M M ) ( g  (1 -  tanhA „£,)

+ 1 +  i  r  [2  -  d y )  du =  1,
W o  .y h { y )  J J

(3.6.8)

(3.6.9)

where An axe the ascending positive roots of «/i(x) =  0.

A similarly expression to (3.6.2) can be written for the flux across the pore opening into 

the media.
K m  AP L „ „/2 (3 g 1Q)

Q '  =  T i m S m  ■
y  tn

Here Sm is the shape factor for the media, which is obtained by applying results (3.6.9) and 

(3.6.10) in the media, and L'm is the media thickness.
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The dimensional filtration coefficient is given by

=  =  < 3 - 6 1 1 >

The variation of the function S j / L j , is presented in Fig. 3.10 with respect to either the 

fractional pore area A  a, or the dimensionless medium thickness Lj  =  L j  /  £!r . Four sets of 

results axe presented. L j  = 0.14 describes the relaxed rat intima, where L \  =  0.62/im. 

Lj  =  22.4 and 44.7 correspond to the rat and rabbit media, respectively, where L'm =  100 

and 200/xm in tha t order. Lj  =  1 shows the transition from small to  large values of Lj.  Also 

shown in Fig 3.10(a) (circles) is the asymptotic result (3.2.38) for an orifice in a  semi-infinite 

medium obtained in section 3.2. The latter result is valid for fractional pore areas up to 40 

percent when Lj/£[  is of 0 (1 ). For L '/£) >  0 (1 ) one needs to consider the resistance due 

to the thickness of the media and for L'jff/j <  0 (1) the layer thickness is not sufficient for 

the flow to be approximated by a  semi-infinite medium.

When Lj /£ j  »  1, one can derive a  simple expression for S j / L j  from the integral 

equation (3.6.9). This leads to the following expression for S j /L j

T 1  =  7------------------------------------------------------ (3.6.12)Lj Lj  -t- 'y(Aa )

in which 7  is a  function of only the fractional pore area. The numerical solution for 7  is 

determined by solving the reduced integral equation

Kt) -  1  f  A M  ( l  +  i  f°° KM  F  -  C°3h f . C?Sh"i'] iy\iy =  1. (3.6.13)7T Jo I i r io  Ly  h ( y )  J J

Based on arguments similar to those presented in section 3.4 for flow through a finite 

length pore, one can separate the flow across the media into two regions, a  near field and a 

far field. In the proximity of the pore, the near field, where the resistance arises primarily 

from the spreading of the orifice flow for large a, the solution is given by (3.2.38). Away from 

the pore, the flow is basically a uniform plug flow. The total resistance is the summation of
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both these contributions. W hen Lj  »  1, the transition from a flow through a semi-infinite 

medium to a uniform  Darcy flow occurs over a  region in which Lj  =  0(1). Applying a 

procedure similar to tha t for flow through a finite length pore, one obtains

(3-6-14)

Comparison between the numerical solution of (3.6.13) and the simple approximate result 

(3.6.14) is given in table 3.1. This close agreement for L j  >  1 is shown by the results in 

Fig. 3.10(b).

By equating Q' in (3.6.2) an d  (3.6.10), one obtains a simple formula for the relationship 

between Sm/ L m and S i / L i
* ^ n  ___  *-*771 / o  c  1 p \— 2 r ’ (3.6.15)
i - 'm  O t j  L i f

Huang et ad. (1994,1997) provide typical values for fiber structures in the intima. They 

suggest a proteoglycan fiber radius rpo  of 2nm and a fiber spacing, A p g , of 30-40nm, 

embedded in a collagen m atrix  where tcg =  20nm and A cg  = 120nm. We shall treat the 

presence of the collogen separately from that of the proteoglycans and assume, after Levick 

(1987), that the resistances due to these two populations of fibers simply sum, i. e.

1 1 1
H- —------ . (3.6.16)

K p l  K p ( C G )  K p { P G )

Using the approximate formula (3.1.1), one estimates the hydraulic permeability parameter 

ar  of the intima to be about 60. This is far less than  the measured value for the media, 

a m = 300. Sm/Lm is thus 25 times that of the intima and the intimal resistance can be 

neglected unless the intim a is highly compressed and a /  increases.

In summary, the present paper presents the first solutions for the pressure-driven flow 

through a circular orifice in a plane wall embedded in a Brinkman medium. We have also 

extend the model to account for finite pore length by using a  procedure similar to that 

employed by Dagan et ad. (1982) for Stokes flow. The close relationship of this flow to the
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broadside translation of a  disk is revealed. As a  result of Stokes paradox for the flow past an 

infinite cylinder, there is no solution for the pressure-driven flow through a  two-dimensional 

slit for a  Brinkman medium. The model is used to elucidate the relative importance of 

fiber-matrix, the fenestral diaphragm  and pore length in flow through fenestral pores in 

several biological applications.
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A a numerical approximation
0.4% 10.66 11.41

1% 6.750 6.850
5% 2.418 2.511
10% 1.404 1.482

Table 3.1: Comparison of 7  obtained by numerical solution of equation (3.6.13) and ap­
proximate formula (3.6.14).
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Planar Boundary

Fiber Matrix

Fiber Matrix 2

Figure 3.1: Geometries of the model (a): Flow through a circular/slit orifice of zero thick­
ness: (b): Flow through a circular/slit pore of finite length 2L.
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Diaphragm

Figure 3.2: Schematic illustration of a  long chain proteoglycan m atrix a t the opening of 
an orifice-like pore in a fenestrated capillary. PM, plasma membrane; PGA, proteoglycan 
aggregate, PC, protein core arranged along hyaluronic acid backbone H. Prim ary hydraulic 
resistance derives from GAG side chains (length not shown to scale) which are periodically 
spaced along protein core (PC).
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Figure 3.3: Dimensionless hydraulic permeability of pressure driven flow through a circular 
orifice in a plane wall in a  fibrous medium.
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Figure 3.4: DimensionJess axial velocity profiles at the orifice opening.
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Figure 3.5: Flow patterns for a  =  0, 2, 10 and 20. The streamlines for different or are in 
equal increments from zero to the value on the wall.
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Figure 3.6: Pressure fields (isobaxs) for a  =  0, 2, 10 and 20.
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Figure 3.7: Dimensionless hydraulic permeability of pressure driven flow through a  circular 
pore of finite length in a plane wall. Thick curves describe the case where q i =  c*2; thin 
curves describe the case where ai = a  and 0:2 =  0, no external matrix. Square symbols 
value of L p for zero thickness orifice. Circular symbols value of L  for which resistance of 
entrance and exit flow is just equal to interior of pore.
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Figure 3.8: Hydraulic resistance function n  defined by equation (3.4.5) as a function of pore 
length. Thick curves describe a continuous m atrix where a i  = 0 2 , thin curves describe the 
case where a\ = a  and 0:2 =  0, no external matrix. Circular symbols value of L  for which 
the resistance of pore interior is ju st equal to entrance and exit.
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Internal elastic lamina (IEL)

Intima

Media

Figure 3.9: Schematic illustration of local, periodic wall unit around a fenestral pore for 
filtration flow through internal elastic lamina.
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Figure 3.10: The variation of the function S j / L j  w ith respect to either the pore fractional 
area A  a (a) or the dimensionless medium thickness Lj  (b). The circles in (a) represent the 
solution for an orifice in a semi-infinite medium. The thick curves in (b) are obtained from 
the simple approximate solution (3.6.14).
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C hapter 4 M otion o f a  Sphere N ear Planar 

Confining B oundaries in  a  B rinkm an M edium

4.1 In troduction

The motion of a particle in a  porous material adjacent to confining boundaries is of interest 

most notably in the areas o f chemical and biomedical engineering and the biophysics of 

membranes. The motivation for the present study stems from several recent developments in 

the study of thin surface layers of matrix th a t coat the membranes of living cells, Weinbaum 

(1998). Of particular interest is the thin polyelectrolyte layer of loose fibers that form the 

surface glycocalyx, literally “sugar coat” , of endothelial cells and the possible extension of 

this m atrix into the interendothelial clefts, the 20nm  wide extracellular channel between 

endothelial cells through which water and solutes cross the capillary wall (Weinbaum et 

a1. 1992: Fu et ad. 1994). This surface glycocalyx, which has been estimated to be from 

lOOnm (Adamson & Clough 1992) to 400nm thick (Vink &: Duling 1996) using electron and 

fluorescence microscopy, is the principal sieving layer for plasma proteins that determines 

the colloidal osmotic force across the capillary wall. This surface coat is also thought to 

play a major role in receptor-ligand interactions between the tips of microvilli in the ro llin g  

interaction of neutrophils on the endothelial surface (Bruehl et a1. 1996; Alon et ad. 1997) 

and single particle tracking (SPT) experiments where 20 to 40nm colloidal gold and larger 

latex and polystyrene beads up to 200nm diam eter axe attached to membrane receptor 

molecules and observed in nanovid (video enhanced) microscopy. The latter experiments 

have been used to estimate pericellular m atrix viscosity, Lee et a1. (1993), to explore the 

surface dynamics of transmembrane integrins in m igrating fibroblasts (Schmidts et a1.1993), 

to elucidate the structure of the submembrane actin  cytoskeleton (Sako & Kusumi 1995) 

and to study the movement of cell-cell adhesion molecules (Sako et ad. 1998) to mention 

just a  few of the numerous studies in this rapidly growing field. In many of these studies,
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picoNewton forces generated by optical gradient traps (laser tweezers) axe used to  drag gold 

and latex tagged membrane proteins laterally in the plane of the membrane against the 

combined resistance of the cytoskeleton, the membrane lipid and the extracellular matrix.

In this paper an effective medium theory based on the Brinkman equation will be devel­

oped to examine the motion of paxticles in a  porous medium in the presence of one or more 

confining boundaries. In particular, we shall be interested in (1) the perpendicular motion 

of a  sphere near a  fiber coated planar wall as a simple idealized model for calculating the 

hydrodynamic interaction of a  microvilli tip w ith the endothelial surface glycocalyx, (2 ) the 

translational motion of a sphere parallel to a fiber coated planar wall as a  model for calcu­

lating the hydrodynamic resistance of the gold and latex particles in the surface glycocalyx 

or the lateral diffusion of a  solute molecule in the layer, and (3) the motion of a sphere in a 

fiber-filled channel as a model for solutes diffusing through the interendothelial cleft. The 

latter model is also of interest in investigating the transport of lipoproteins in the thin layer 

of intimal matrix between the endothelial cells and the internal elastic lamina of arteries 

and the growth of cellular level macromolecular leakage spots (Huang et a1. 1994). In the 

problems involving molecular diffusion we shall assume that the diffusing molecule is smaller 

than the gap between the m atrix fibers, which is taken to be 7nm, the effective diameter 

of albumin, the most abundant plasma protein. As we shall discuss shortly, this will place 

a constraint on the maximum value of the permeability parameter a  th a t appears in the 

Brinkman equation. For problems involving gold and latex tracer paxticles this estimated 

fiber spacing will be 3 to 30 times smaller than the test sphere that is dragged through the 

surface matrix. In this case one must also consider the elastic and binding energy stored in 

the fibers. A rough estimate of the relative magnitude of the hydrodynamic and these other 

effects can be obtained by calculating the hydrodynamic resistance due to the fibers and 

subtracting it from the total drag on the particles estimated from their diffusional mobility.

The Brinkman (1947) equation has been widely used in calculating the hydrodynamic 

interaction and hindered transport of solid spherical paxticles in ordered or disordered fi­

brous media. Since the Brinkman equation has only one additional param eter, K p, which
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characterizes the permeability of the porous media, one does not have to have a  knowledge 

of the detailed structure of the porous m edia once the permeability has been determined 

either by theoretical prediction or experim ental measurement. When the equation is scaled 

by the particle radius r s and made dimensionless a single parameter, a  = rs/  y /K p, appears, 

a  describes the ratio of the particle dimension to the fiber interaction layer thickness, \JK p. 

K p in turn  depends on the fiber spacing A  and  to a lesser extent on the fiber radius a. 

The analysis in Tsay &: Weinbaum (1991) shows tha t y /K p is of the same order as the fiber 

spacing A.

A central issue in using the Brinkman equation to describe the drag and torque exerted 

on a diffusing particle is the limitation on a  for which the effective medium theory applies. 

This parameter describes the transition from small-scale viscous motion described by the 

Stokes equation to larger-scale pressure driven motions governed by Darcy’s law. To address 

this question, Durlofsky & Brady (1987) first compared the Green’s function (point force) 

for the Brinkman equation with the solution for a  point force using a Stokesian dynamic 

simulation for a point force in a periodic particle array. It was found that the Green’s 

function in effective medium theory accurately describes the Stokes flow in the near field 

and the dipole flow in the far field provided th e  solid fraction is less than 5 percent. Phillips 

et a1. (1989, 1990) subsequently employed a  Stokesian dynamic simulation in which they 

represented the fibers as either parallel strands of spherical beads or cylinders and examined 

the motion of a test sphere relative to an ordered strand array. They concluded th a t in 

the low fiber fraction limit, the far field interaction between the mobile particle and the 

fibers dominates the contribution arising from  the local inhomogeneity of the medium due 

to the existence of the particle. The effective medium theory was most accurate in the 

dilute fiber limit, fiber fraction less than 5 percent, where the value of a  was less than  

0(1) and the particle was small compared to the fiber spacing. They also found tha t the 

diffusivity calculated from the Brinkman equation agrees quite well with that obtained by 

the more rigorous Stokesian dynamic m ethod, provided steric effects are included. The 

same conclusion is reached in Fig. 4.10 of th e  present study, where we demonstrate using
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the steric exclusion, theory in Tsay & W einbaum (1991) for a  periodic fiber array, th a t good 

agreement can be obtained with Stokesian dynamic simulations when the fiber fraction is 

<  0.1. Experimental results for the diffusivity of a macromolecule in a fibrous gel also 

indicate th a t the Brinkman equation is a  good model, in particular for a medium w ith 

low fiber volume fraction (Johnson et aI. 1996). Moreover, Kosar &: Phillips (1995) have 

shown th a t the Brinkman model for describing screened hydrodynamic interactions gives 

results equivalent to models of the Kirkwood-Riseman type, in which the effects of the fixed 

fibers are modeled using a distribution of immobile point forces. All of the aforementioned 

work seems to support the contention th a t the application of the B rin k m an  medium model 

may be limited more by an inadequate knowledge of the actual microstructure than by any 

inherent limitations in the effective medium approach when the fiber fraction is small.

In the past, severed investigators have attem pted  to derive the B rin k m a n  equation using 

various models for Stokes flow in unbounded porous media. Tam (1969) averaged the Stokes 

equation governing slow viscous flow past a  cloud of spherical particles. This approach led to 

a  Brinkm an equation and thus provided a more rigorous theoretical basis for its application. 

The uncertainty in the definition of the viscosity in the Brinkman equation in Tam ’s m ethod 

was examined more thoroughly by Lundgren (1972), who extended Tam’s method to bo th  

stationary beds and suspensions of particles. Howells (1974) developed an iterative scheme 

for obtaining the average drag for flow through random arrays of either spheres or parallel 

circular posts at small solid fraction. More recently, the B rin k m a n  equation has also been 

examined for flow in a  bounded medium comprised of a perpendicular periodic array of 

circular cylindrical fibers in a parallel walled channel (Tsay et a1. 1991). It was shown th a t 

very good agreement w ith the Stokes solution for the flow through the fibers in the channel 

could be obtained by solving the B rin k m a n  equation for all values of a  =  h / \ / K v, where h  

is here the channel height, provided th a t the aspect ratio of the fibers was greater than  five. 

Furthermore, good agreement for the drag could be obtained for all fiber volume fractions 

when K p was described by its expression for a  two-dimensional unbounded fiber array.

Although various solution techniques have been developed for treating the motion of
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a sphere in Stokes flow in the presence of boundaries, there are no prior solutions to the 

Brinkman equation for the motion of a sphere in a  bounded medium. The general solution 

of the Brinkman equation involves three scalar functions obtained by solving a  Laplace 

equation and two modified Helmholtz equations (Kim & Russel 1985a). These solutions are 

analogous to the harmonic functions for creeping flow. Since the Helmholtz equation admits 

fewer separable solutions than Laplace equation in various orthogonal coordinate systems, 

such as bipolar and toroidal coordinates, solutions for the hydrodynamic interaction between 

particles or a particle and confining boundaries in a  Brinkman medium are very limited. 

One solution of the Brinkman equation of particular interest in evaluating the accuracy of 

the numerical solution technique developed herein is the interaction between two spherical 

particles. This problem was investigated by Kim  & Russel (1985a) to determine the effect 

of pair interactions on the effective permeability and viscosity of an array of fixed particles 

(Kim & Russel 1985b). These authors used the m ethod of reflections for weak interactions in 

which the particles were far removed from each other, or the boundary collocation technique 

of Gluckman et ad. (1971) for strong interactions in which the clearance between the paxticles 

was comparable to their diameter.

The boundary integral equation method has been widely used in creeping flow problems 

since it was first introduced by Youngren & Acrivos (1975). This numerical method is 

computationally efficient and flexible in treating both  rigid and deformable flow geometries. 

Great progress has been made over the past twenty years in improving its accuracy and 

reducing computational efforts, especially in the special treatm ent of the singular integral 

which arises in the calculation of the contribution from the element containing the colloca­

tion point and in reducing the dimensions of the problem for special flow configurations. In 

addition to the traditional formulation, in which one reduces the flow problem to solving a 

system of Fredholm integral equations of the first kind for the surface traction defined on 

the surfaces of all boundaries in the flow field, alternative formulations leading to integral 

equations of the second kind have also been developed to treat multiple particles. Green’s 

functions tha t satisfy the no-slip boundary conditions on infinite boundaries, have also been
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used to obtain several Stokes solutions for the motion of spheres, spheroids and slender ob­

jects moving near walls (Weinbaum et a1. 1991). These fundamental solutions for bounded 

flow are available for only a few flow geometries. No such Green’s functions are known for 

the Brinkman equation.

In contrast to Stokes flows, where the drag on a particle is the same whether the particle 

is moving in a stationary fluid at infinity or there is a  uniform flow past a  stationary particle, 

in a Brinkman medium these two solutions are not interchangeable since for a uniform flow 

there is a  finite pressure gradient at infinity described by the Darcy resistance. This gives 

rise to a term  which is proportional to the volume of the particle. The second fundamental 

difference is tha t the Darcy permeability K p is a function of the fiber spacing and fiber 

radius, and not all values of K p are permissible unless the fibers are highly flexible. A 

sphere of radius r s will not be able to translate in a rigid periodic fiber array when the open 

spacing between fibers, A, is less than  the sphere diameter. Thus for a rigid fiber array, 

the Brinkman parameter a  =  rs/ y / K p describing the motion of a spherical particle in a 

Brinkman medium will have a maximum value if the particle is not to be trapped by the 

fibers. For a periodic fiber array one must satisfy a  complementary constraint on K p that 

A >  2r s. Curiously, this fundamental constraint does not appear to have been examined 

previously in the literature. For a spherical particle diffusing in a rigid fiber array, we shall 

show that this maximum value of a  is approximately 1.5 and varies weakly with the fiber 

radius. This limitation on a  will not apply if a large particle is forcibly moved through a 

highly flexible matrix with weak fiber adhesion energy. This would appear to be the case 

when a  large tracer particle is dragged by optical tweezers through a  surface glycocalyx or 

when a  microvilli on a white cell penetrates this surface layer. In these applications our 

theory only describes the hydrodynamic resistance of these motions and not the elastic and 

adhesion energy of the fibers, a  in these applications can be 0 (10) or larger.

In the present work, we shall take advantage of the axisymmetry of the boundaries using 

a technique developed by Pozrikidis (1994) for Stokes flows. This allows us to decompose 

all the flow variables into a complex Fourier series with respect to the common azimuthal

R ep ro d u ced  with p erm issio n  o f th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



8 6

angle. The original three dimensional integral equation is thereby reduced to a  set of 

one-dimensional integral equations defined on the contours of the boundaries. Further 

simplification is achieved by considering the fact tha t only the first order harmonics need 

be retained for translation and the corresponding double layer contribution can be evaluated 

analytically. A standard boundary collocation technique is used to discretize the boundary 

contours into small segments. By using a  numerical technique th a t can accurately calculate 

the singular integrals, we can also apply our method to flows in porous media of small 

permeability, a  »  1. This removes a technical difficulty of the boundary integral equation 

method for flows governed by the Brinkm an equation, or the m athem atically equivalent 

unsteady creeping flow equations (Pozrikidis 1988, Loewenberg 1994).

The method is then used to calculate the drag and torque coefficients for a sphere trans­

lating in a fibrous medium in a channel. These solutions illustrate the relative importance 

of shielding by the walls compared to shielding by the fibers. The solutions are then used as 

input into a Stokes-Einstein model for determining the diffusion coefficient for a spherical 

particle in a fiber-filled channel. A new hydrodynamic theory for determining the approxi­

mate diffusive permeability of a  spherical molecule in an inter-endothelial cleft, our initial 

motivation for this work, is presented as an application of the numerical results. The the­

ory also takes steric exclusion into consideration. Comparison with a previously obtained 

simple multiplicative formula for the diffusive permeability in which the effects of the fiber 

m atrix and the walls were treated separately (Weinbaum et al. 1992) reveals tha t the ear­

lier approximate method provides an underestim ation of the diffusive permeability. A brief 

discussion of the present method and further applications in creeping flows conclude the 

paper.
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4.2 B oundary In tegral E q u ation  for F low  in a B rinkm an M ed iu m

The Brinkman (1947) equation,

Vp =  p V 2v  — v , (4.2.1)
K p

together w ith the continuity equation for an incompressible viscous fluid,

V - v  =  0. (4.2.2)

are often used to describe flows in porous media in which the pressure gradient, velocity 

gradient and Darcy resistance are of comparable importance. As previously noted by Kim 

& Russel (1985a), the solution of equation (4.2.1) for the velocity field can be expressed 

by three scalar functions which satisfy Laplace’s equation and two Helmholtz equations. 

However, the Helmholtz equation does not perm it solutions by separation of variables in 

bispherical coordinates. This makes it difficult to study the motion of a sphere in the prox­

imity of an infinite wall. In this section, a  general boundary integral equation method will 

be formulated in order to investigate bounded flow problems such as particle motion near 

a  planar boundary or between two parallel walls. The complexity of the resulting integral 

equations usually precludes analytical solution so th a t solutions must be obtained by nu­

merical methods. A simple effective and flexible collocation boundary element discretization 

procedure will be introduced.

We first consider an arbitrary three-dimensional flow problem governed by the Brinkman 

equation and the continuity equation. Following a procedure similar to tha t used by 

Pozrikidis (1994) in treating creeping flow, we write the reciprocal relationship

V  • (u* • cr — u  • a*) =  0, (4.2.3)

in which u  and u* are any two solutions to the system (4.2.1) and (4.2.2), with corresponding
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stress fields a  and a* at the  given point x.

The Green’s function for the Brinkman equation corresponding to the Stokeslet for the 

creeping flow is given by

Si,-(x) =  * L a  +  2 % -B ,Jlj a  ‘ oJ t* rJ

where

(4.2.4)

A  — 2e ar f  1 H------- 1— 5 ) ----- 2 ~2 ’ (4.2.5)V a r  a r r A)  a zr z

B  — —2e ar (1  4--------1---- o- 9 ^ (4.2.6)\  a r  a zr z )  a zr*

and the associated stress tensor is given by

Tijk =
dSij dSki
d ik  d£i  .

- 2 6 * %  (4-2.7)

Here x  =  x  — xo, r  =  |x|, and is the Kronecker tensor. Now we select a  point xo in the 

flow domain and integrate the reciprocal relation between the desired solution and above 

singular solution over the entire control volume composed of the particles, a virtual sphere 

of infinite radius and a  small sphere centered a t the singular point. Using the divergence 

theorem in conjunction with the asymptotic properties of the singular solutions a t in finity, 

and applying the result of a  point on the surface of arbitrary solid boundaries, one can 

express the velocity field in terms of a boundary integral equation

«j(x&) =  fs l fdx )Sij(x)  -  Ui(x)Tijk;(x)Qk(x)]cf5(x), (4.2.8)

where f  =  a ■ n , Sp denotes the entire boundary including the particle surfaces, with n  being 

the unit normal vector pointing into the fluid.

Equation (4.2.8) is applicable to particle motion in a Brinkman medium with or with­

out any other confining boundaries. In deriving this equation, we have assumed tha t the 

velocity decays at infinity a t a sufficiently fast rate. Otherwise, it must be applied to an 

appropriately chosen disturbance flow field which satisfies asymptotically decaying condi-
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tions. For example, for uniform pressure-driven flow in  an  otherwise quiescent Brinkman 

medium, we can separate the contribution to the total velocity into the flow at infinity plus 

the integral in (4.2.8)

tij(xo) =  Ujoo(x) -  — [fi(x)Sij(x) -  ul (x)Tii jt (x)nfc(x)]d5(x). (4.2.9)

To this end, we have reduced the problem to an boundary integral equation defined on 

the surfaces of the boundaries. For a flow problem that involves only the translation of the 

particle, the second term  in the integral in equation (4.2.8) can be calculated explicitly, i.e., 

if we define the modified surface traction as f  =  f' 4 - a 2(v • x)n , then f' satisfies

%(xo) = - g ^ J s  / / (x)S i j (x)d S (x ) . (4.2.10)

The total force exerted by the fluid on the particle can be obtained by integrating the 

surface traction over the entire particle surface. This leads to

f  f<£s =  f  f ' d s + a 2vVp (4.2.11)
Jsp Jsp

in which Vp is the volume of the particle.

For uniform flow past stationary particles, it can be verified th a t f  in equation (4.2.9) 

is equal to the total surface traction. It does not seem possible to eliminate the associated

stress field in (4.2.8) or (4.2.10) for the general motion of the particle or for non-uniform

upstream flows, as was done by Kim & Karrila (1991) in the creeping flow limit. This 

difficulty prevents us from obtaining solutions for the rotation of the sphere. Once the 

integral equations (4.2.8) or (4.2.10) are solved for f  or f', respectively, the net force and 

torque exerted on the particle can be readily calculated by integrating f  or f' over the entire 

surface. Starting from the integral equation (4.2.8), several asymptotic solutions for large 

or small values of the param eter a  can be obtained for the oscillation of a single particle 

in Stokes flow (Pozrikidis 1988, Loewenberg 1994). These asymptotic solutions can also be
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applied to the Brinkman equation.

At this point, we focus our attention on a  large class of flow problems th a t are bounded by 

axisymmetric surfaces, i.e., boundaries generated by rotating the contours about a  common 

x  axis in the cylindrical coordinates (cr,<f>.x) as illustrated by figure 4.1. It can be shown 

that for flows parallel to this axis, the surface traction is a zeroth order harmonic function 

independent of the azimuthal angle. For the flows perpendicular to this axis, the surface 

traction is a first order harmonic function of the azimuthal angle (Ganatos e t ai. 1980b, 

Hsu & Ganatos 1991). A more detailed discussion of this issue can be found in Pozrikidis 

(1992, 1994) for more general axisymmetric boundary conditions.

Now consider a sphere moving parallel to the axis of rotation in an axisym metric do­

main, figure 4.1a. In this case, one may perform the integration in the azim uthal direction 

to reduce the surface integral into a line integral on the contour of each particle and the con­

fining boundaries in a meridional plane. For translational motion of a sphere, the resulting 

equation will be as follows

Once the surface traction f  has been determ ined from equation (4.2.12), the drag on the 

sphere can be obtained by (4.2.11).

We next consider the motion of a sphere perpendicular to the axis of an  axisym metric

u /(x 0) =  [  ^ / ff(x ,x 0 )/g(x)lTd/(x),OlTfi . JCpi
(4.2.12)

where the matrix '5 is defined as

Aio -F x 2 B 3q x ( a B 3o — cjqB z i )
(4.2.13)

x{crBzi — ctqB3q) A h  4- (cr2 -f- Oq )B3i — crero(B3o +  S32)

in which

(4.2.14)

domain of the Brinkman medium, figure 4.1b. We introduce the cylindrical coordinate
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system  (cr, 0 , x), decompose the polar cylindrical components of the velocity and surface 

traction into complex Fourier series w ith respect to the azimuthal angle, express the integral 

equation (4.2.8) or (4.2.10) also in a complex Fourier series and equate the corresponding 

components of the boundary conditions of the same order. The linearity of the Fourier 

series leads to a system of equations relating the Fourier coefficients of the velocity to the 

boundary surface force. For a  sphere translating w ith the velocity Uq which is first order 

harmonic dependent upon the azim uthal angle, in the form

Uqx = Ux cos <p. Uoa =  Ua cos 0 , U0<t> =  —U<j> sin 0, (4.2.15)

the Fourier components are (Ux> Ua , U$) =  (0, Uq, (T o ) , whereas for a  uniform flow U°°,  these 

components axe (t/£°, U£°, Ug3) = (0, £7°°, U°°).  After some tedious evaluation, we obtain 

the following system of algebraic equations for the unknown Fourier components of the 

surface traction T g

Uf{xQ, o Q) =  Uf>{xQ,cTo) -  [  $fg(£.cr,ao)Fg(x,cr)0dl(x) .  (4.2.16)
47T/i . J C p i

Here dl(x)  denotes arc length along the tangent to the surface contour Cpi and the kernel 

$  is given by

A n  +  i 2Bz i  £ ( < t £ 3i  -  aQH 32)

x{0 Bz2 — GqBzi) A i 2  +  (cr2 +  Oq)Bz2  — 00o{Bzz +  B31)

x 0 (Bz0 — B 3 2 ) -4io — A 12 4- ct2(jB3o — B 3 2 ) — 0 0 q{B3 \ — B 3 3 )

X0q{B32 — B 3 1 )

A 10 — A \2  +  ctq(J530 — B 3 2 ) — 0 0 q{B3 i — B 3 3 ) 

A 12 + 0 0 q(B3 i — B 3 3)

, (4.2.17)

and A mn. B mn are defined by ( 4.2.14).

The relationship between the Fourier components of the surface traction and the actual
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shear stress ( fx , f a , f$)  is given by

(/x, fai U )  =  (2 ^ : cos 0 ,2 T a cos (f>, - 2 T #  s in (f>). (4.2.18)

The components of the force and torque over the boundary Spi are computed by contour 

integrals along Cpi, i.e.

Fy =  27T / Cpt 4- Jrtp)adl(x) (4.2.19)

Tz =  2-7T f Cp. [x(Ta +  T 0) — crFx](Tdl(x). (4.2.20)

Numerical solution of the integral equations (4.2.12) and (4.2.16) is implemented by 

introducing a standard  boundary element collocation technique. First, each part of the 

boundary contour is discretized by a line segment over which the surface traction T  is 

assumed to be constant. The boundary elements are non-uniformly distributed in order 

to resolve the fine structure of the flow field. Typically the size of an element is adjusted 

smaller in regions where the flow has large gradients. We apply (4.2.12) or (4.2.16) at the 

mid-point of each fine segment over all the contours. This yields a system of linear algebraic 

equations that can be solved by standard reduction methods. The accuracy of the method 

should improve as the number of the elements is increased. Numerical convergence tests 

and solutions obtained for bounded and unbounded flows will be presented in the results 

section.

4.3  E valuation  o f Singular In tegrals

One of the main difficulties in the boundary integral equation method is the accurate cal­

culation of the singular integrals over the element tha t includes the collocation point. In 

this region, the kernel of the integral equation (4.2.12) and (4.2.16) exhibits logarithmic 

singularities. The diagonal components of in (4.2.13) and $  in (4.2.17) behave in a
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singular manner as ln(r) as xo —>■ x  although the off-diagonal components remain regular. 

Over the past two decades, several techniques have been suggested to remove this singular

Iar contribution. This is critical in the numerical procedure, since the Fredholm integral

is applied. The accurate evaluation of these singular integrals using asymptotic expansions 

improves the diagonal dominance of the coefficient matrix thereby making it more robust 

in numerical inversion. However, this subtraction and addition technique only works well 

for small values of a  and will fail for large a  (Pozrikidis 1988, Loewenberg 1994).

Recently, Muldowney & Higdon (1995) have suggested a technique which is very effective 

in solving boundary integral equations for creeping flow problems. This method is based 

on a transformation of the integrand that clusters quadrature points in the proximity of 

the singularity. Detailed numerical tests of this method on various singular integrals of the 

form

variable, reveal extremely fast convergence and high accuracy with respect to the order of 

normal Gauss-Legendre quadrature. For brevity, assume a singular point sQ =  0 and let z*

part of the numerical quadrature using analytic methods to accurately evaluate the singu-

equation of the first kind suffers numerical instability when an ordinary quadrature scheme

(4.3.1)

in which the denominator of the integrand has a  zero on [—1, 1] and s is the parameterized

denote a standard Gauss-Legendre quadrature point. If we define a mapped variable

/  sinhffifA 
V sinh/3 /

(4.3.2)

in which =  ^(1 4- z,) is the shifted quadrature point and treat 0  as an empirical constant 

whose value lies in the range 3 <  0  = <  4, one obtains good overall performance. We have 

also tried other transformation forms such as simple power functions and have obtained 

better results than simple subtraction-and-addition or multi-domain subdivision methods.

The success of this novel algorithm can be interpreted from two viewpoints. From a
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geometric point of view, the mapping (4.3.2) clusters points around the singularity while 

maintaining a  regular spacing over the rem ainder of the integration interval. From a m ath­

ematical viewpoint, the variable mapping transform s the original singular integrand into 

a  much more regular one where ordinary Gauss-Legendre quadrature can be applied with 

high accuracy. The nearly singular integrals which arise in close proximity to the collocation 

point have the form
/"*■ q(s )

I =  /  77 v> (4.3.3)7 - 1  ((5 — So) +  d2) m /2

where so (—1,1), are treated in a  similar manner. The mapping variable is chosen in

such a way th a t the singular point is removed from the interval of integration, but infinity

is maintained at a  respectful distance. Following the procedure by Muldowney & Higdon, 

the following transformation is used in our numerical scheme

s =  so 4- dsinh (nsinh _1 £), (4.3.4)

where the optim al choice of the param eter n  is the greatest integer satisfying

n  <  (1 -F ine” 1) (4.3.5)

e = d  if |sq| <  1, e =  min{<i, |sq| — 1} if |sq| >  1- (4.3.6)

While this variable transformation method is used for both the singular and nearly 

singular integrals, the adaptive Romberg quadrature is employed for the regular integrals. 

The local error is prescribed as e =  10-6  in order to ensure adequate global accuracy. One 

finds th a t our method can successfully solve the integral equation (4.2.12) and (4.2.16) for 

high values of a, i.e., a medium with closely spaced fibers.
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4.4 R esu lts  and D iscu ssion  o f  N um erical R esu lts

4.4.1 C onvergence

In order to dem onstrate the reliability and  accuracy of our m ethod, we have performed a 

series of com putations for simple particle motions in a  Brinkman medium where there are 

known accurate results. All the numerical calculations were performed on a DECstation 

3100. The com putational tim e varied from several seconds to tens of minutes, depending 

on the number of surface elements used, th e  accuracy requirement for numerical evaluation 

of the integrals, and the value of the param eter a  which characterizes the properties of the 

medium. We s ta rt w ith the pure translation of a sphere of radius rs, whose analytic solution 

for drag is given by

F  = 6tt[aUr s ^1 +  a  +  (4 -4 .1)

Numerical results using 12, 24, 32 and 64 evenly distributed elements on the contour 

circle show relatively fast convergence to the exact results for all a.  The results using 32 

elements and 64 elements differ by less th an  0.2% and 0.1% from the exact solution (4.4.1), 

respectively. Using an  error analysis sim ilar to creeping flow, one can show tha t the dis­

cretization error in the present method is 0 ( 6 2), where <5 is the maximum size of the ele­

ments. The accuracy is further improved by using Richardson extrapolation for successive 

computations. We also calculated the drag on a disk translating edgewise using the bound­

ary integral equation m ethod. Comparison with the solution obtained by the dual integral 

equation m ethod (Feng et ad. 1998) shows very good agreement for a  up to 50.

We next examined the translation of two spheres of the same radius rs and center-to- 

center spacing 2d  moving perpendicular to  their line of centers in a Brinkman medium 

(Kim & Russel 1985a). This motion is equivalent to a sphere translating parallel to a 

free surface, which will be discussed in detail in the next section, see figure 4.1b. To 

the authors’ knowledge, this is the only particle geometry other th an  a  single sphere for 

which the Brinkman equation has been solved using either the m ethod of reflections or
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the more accurate boundary collocation techniques developed by Gluckman et al. (1971). 

Unfortunately, Kim & Russel present graphical results ra ther than  the detailed numerical 

results needed to rigorously evaluate the accuracy of the present technique. Thus, we first 

construct a solution using the original formulation of Gluckman et ad. and then compare 

the results with those obtained by the present boundary integral equation method. This 

formulation is simpler but less versatile than  the more robust method provided by Kim & 

Russel.

It can be shown that the multipole expansion of the general series solution of the 

Brinkman equation can be constructed from three auxiliary functions obtained by solv­

ing the Helmholtz equation (Kim Sc Russel 1985a). These auxiliary functions, representing 

the pressure field p, poloidal field $  and toroidal field X- respectively, have simple forms in 

spherical coordinates. The velocity due to the translation of these two spheres i =  1,2 can 

be expressed in terms of the following multipole expansion:

2 i
v  =   ~  V i P i  +  V,- x Vi x (xi$i) -I- Vi x (x txi)] (4.4.2)

where
oo

Pi = ^ 2  a-niTi n lPn{cos9i)sm<t> (4.4.3)
71— 1

O O

bnikn (a r i)Pn (COS 0i) Sin $  (4.4.4)
n=l
oo

Xi = cni^n(ctt'i)-Pn (COS d{) COS <p, (4.4.5)
n=l

where the modified spherical Bessel function of the second kind kn is defined by

M * )  =  lW -  (4-4.6)

The subscript i = 1,2 means that the indicated quantities and operators are defined in a

local coordinate system centered at the center of the zth sphere, as shown in figure 4.1. The
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coefficients am, 6m and c^, are determined by applying th e  boundary collocation technique. 

The drag and torque exerted on each sphere can be expressed as 2 an /3  and C u /a 2, respec­

tively, after normalization by the single-sphere result (4.4.1) for the drag and the following 

expression for the torque (Solomentsev & Anderson 1996)

T  =  8 « - ^ ; n l+ a -+ i a;2 (4.4.7)
1 +  a  v ’

in which Q is the angular velocity.

In solving equation(4.4.2) using the boundary collocation technique of Gluckman et al., 

one satisfies the boundary conditions on the surface of each sphere at discrete points evenly 

distributed on the contour. Since the resulting coefficient matrix will be singular if any of 

the collocation points are located on either the equator or at the poles, a  small shift from 

these positions is made as discussed in Ganatos et a I. (1982b,c) in order to circumvent this 

difficulty. The calculation converges very rapidly as the  number of collocation points is 

increased. These results are listed in table 4.1 along w ith  the numerical results obtained 

by the present boundary integral equation method. In the present method, each of the 

sphere contours is divided into 32 line segments of equal length and further calculation 

using a  larger number of elements has little influence on  the convergence of the drag and 

torque coefficients. From table 4.1, we find that there is remarkably good agreement for 

both the drag and the torque coefficient even when the two spheres are close to each other, 

d /r s =  1.05. It is also important to note that the torque exerted on each sphere is largely 

damped out by the intervening medium as a  increases. This rapid decrease in torque 

indicates that confining boundaries or the other particles in  the flow field will be significantly 

shielded by the medium at relatively small porosity. This shielding will be discussed further 

in the following sections.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



98

4 .4 .2  R e su lts  fo r  T ra n sla tio n  o f  a  S p h e r e  N e a r  a  P la n a r  B o u n d a ry

In  this section, we first consider the motion of a  translating sphere of radius r s w ith velocity 

U  in the presence o f a  planar boundary in a fiber-filled medium with dimensionless perme­

ability a, as illustrated in figure 4.1a, b. The effective medium approach and the boundary 

integral equation m ethod formulated in the previous sections axe used to obtain the solu­

tions. The confining boundary can be either a solid wall on which the no-slip boundary 

condition must be observed or a planar free surface on which the shear stress vanishes. We 

only consider translation of the particle because for rotation, the double layer contribution 

cannot be evaluated analytically and the com putational expense will be tremendously in­

creased. It is of particular interest to calculate the force and torque exerted on the sphere. 

These results will serve to demonstrate the combined effects of the surrounding fibers and 

the confining wall on the particle motion and reveal the hydrodynamic interactions in a 

fiber-filled medium.

Following established notation for Stokes flow, we express the drag and torque exerted 

on the sphere that translates perpendicular to a planar boundary w ith velocity U  in terms 

of dimensionless resistance coefficients which are normalized by either the Stokes results 

for an unbounded sphere, which reveal the combined effects of the fibrous medium and the 

confining boundary, or the Brinkman results for an unbounded sphere, which are suitable 

for inspecting the effect of the confining boundary in a  Brinkman medium. Similarly, for 

parallel motion, the torque introduced by the presence of the wall will be normalized by 

either the Stokes torque on a  rotating sphere in an  infinite medium or result (4.4.7) for a  

sphere rotating in an unbounded Brinkman medium with angular velocity U /rs.

For translation of a  sphere toward a free surface, the flow field is equivalent to tha t gen­

erated by two spheres exhibiting mirror symmetry with respect to the free surface moving 

toward each other w ith equal velocity along their line of centers. In order to compare with 

the results obtained by the boundary integral method, we present an alternative solution 

procedure based on the multipole expansion method. Although one can construct the solu-
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tion using the general solution (4.4.2) as was done for parallel motion, it is now convenient 

to introduce the stream  function since the flow field is independent of the azim uthal angle

0 . Following Lawrence & Weinbaum (1986), we express the stream  function as

2

=  E
i=  1

E  Anir f n+lC - l/2(Ci) +  E  BniRnirJC^'HQ)
Ln=2 n= 2

(4.4.8)

from which the fluid velocity components can be evaluated by

1 d ip  

a  d x ’
v T = -----

1 d ip  

d a
(4.4.9)

 1 /2Here Cn (Cr) are Gegnebauer function of degree n  w ith argument C =  cos#,- and is 

shown in figure 4.1a. The Rn are polynomials in 1 /r ,, w ith an exponential multiplier, 

given by

^ ( r )  =  r» ( i ^  ±e~Qr = y/?Kn+h(a r) (4.4.10)

The no-slip boundary conditions are applied on the surface of each sphere using the bound­

ary collocation technique. Once the coefficients A ni and are obtained, the drag on each 

of the spheres is obtained by the expression (Lawrence & Weinbaum 1986)

Ft =  a 2(2irA2i +  Vp) (4.4.11)

where Vp is the particle volume. This expression can be used to check the accuracy of the 

more general boundary integral solution.

The geometry for both perpendicular and parallel motions can be obtained by rotating 

the contours C p i , i  = 1,2 around the x  axis as indicated in figure 4.1. When the sphere 

moves perpendicular to the boundary, equation (4.2.12) is appropriate, whereas for parallel 

motion, equation (4.2.16) should be used instead. For parallel motion, we require that 

u x  =  0, u y =  U , u z =  0 on the sphere surface, yielding U x  =  0, U a  =  U q, I f#  =  U q for the 

Fourier components. On the solid wall, all velocity components vanish, whereas on the free 

surface, the derivatives of the velocity w ith respect to x  vanish. The standard boundary
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element method is used to discretize the resulting integral equation. More precisely, the 

sphere contour Cpi is divided into straight line segments of equal length, whereas the semi­

infinite confining walls Cp2 are truncated a t various distances, <r/rs =  20 or larger. Our 

numerical tests on these various truncations show that a / r s =  30 yields good convergence 

for both the drag and torque exerted on the sphere at all particle-to-wall spacings tested. 

The size of the wall elements is adjusted smaller in regions with large flow variation. The 

smallest wall element near the axis of symmetry is set equal to the size of the smallest 

element on the sphere surface, whereas the largest boundary element can be 20 — 30 times 

that of the smallest element adjacent to the axis of symmetry.

In figure 4.2 we plot the dimensionless resistance for a sphere translating perpendicular 

to a solid wall, normalized by single-sphere result for either unbounded Stokes flow or 

the Brinkman medium. The figure shows the variation of the drag w ith respect to the 

relative particle-wall spacing h / r s for some representative values of a. Figure 4.3 shows 

the corresponding results for a free surface. Comparison of the present results for a  =  0 ,

i.e., Stokes flow, with the analytical solutions of Brenner (1961), indicates tha t the relative 

error lies within 0.1% for all spacings h / r s > 0.1. This demonstrates the efficiency and 

accuracy of the present technique.

As mentioned above, the motion of a sphere in the presence of a free surface is equiv­

alent to the motion of two identical spheres with appropriate boundary conditions. Since 

this geometry also falls into the category in which the present technique can be applied, 

the results obtained by solving the integral equations numerically along Cp\ and CP3 (see 

figure 4.1) can serve to eliminate the discretization and truncation errors due to the infinite 

extent of the planar boundary and further enables the solution to be obtained using veloc­

ity boundary conditions rather than their derivative. Comparison of the numerical results 

obtained by these two approaches and those calculated by equation (4.4.11) shows excellent 

agreement, with a relative difference less than 0 .1%.

As the gap h tends to zero, the dimensionless drag for both perpendicular and parallel
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motion exhibit certain singular behaviors. Surprisingly, the family of curves for small values 

of a  seem to converge to  the  same value. From a physical viewpoint, the Brinkman equation 

describes the fluid m otion on a  length scale of 0 ( y / K p), or a  fiber boundary layer of thickness 

0 ( r s/ a ); therefore, the presence of a nearby planar wall will have a m ajor influence on the 

flow field when a  <  0 (1 ) . Mathematically, there are two length scales involved in the 

motion of a particle near a wall in a  Brinkman medium, the fiber boundary layer thickness 

and the particle-wall spacing. An asymptotic analysis using a  multiple scaling technique 

is required to assess the relative importance of these two effects. In the appendix, a local 

analysis indicates tha t the effect of the surrounding fibers is negligible compared to the effect 

of the confining boundary when a  <  0 (1) and e/rs < 0 (1), where e is the dimensionless gap 

width between the sphere and  the boundary. Therefore, the well-known results for creeping 

flow are useful for this case. Comparing figure 4.2a and figure 4.3a, one finds tha t for small 

values of a , the effect of the confining boundary on the particle differs greatly depending 

upon whether the planar boundary is a free surface or a  solid wall, as one would expect for 

Stokes flow. As a  increases, the effect of the boundary is shielded by the surrounding fibers 

which now play a dom inant role. The drags are essentially identical for the two cases for 

large values of a  except in a  very localized region near contact, see figure 4.2b and 4.3b. In 

general, the solid wall retards the motion of the sphere more than  a free surface for all a.

As mentioned earlier, the motion of a sphere perpendicular to a planar boundary can be 

used as a idealized model to estimate the hydraulic resistance of a microvilli tip as it pene­

trates the endothelial surface glycocalyx coating the exterior surface of the cell membrane. 

The minimum gap height between the microvilli and the membrane before receptor-ligand 

binding occurs is between 20 and 50nm, leading to values of h f r s tha t range from 1.2 to 1.5 

for a microvilli of lOOnm diameter. If the fiber spacing is 7nm and the fiber radius lies be­

tween 0.6 and 2nm, the approxim ate formula (4.5.3), discussed in the next section, predicts 

tha t a  lies in the range 18.8 to 23.6. Using the results for a  =  10 in figures 4.2a and 4.2b, 

one concludes that the drag exerted by the glycocalyx will be much higher than the Stokes 

drag, and, although the effect of the membrane is greatly diminished by the surface glyco-
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calyx, there is still a significant effect for 1.2 <  h / r s < 1.5, see figures 4.2b and 4.3b. Thus 

the present results indicate th a t the previous use of resistance functions based on Stokes 

flow is inappropriate for modeling the motion of microvilli in prox im ity  to the endothelial 

surface. Detailed calculations for the local surface traction on the sphere indicate that the 

front half of the sphere encounters more than  70% of the total drag experienced by the par­

ticle for h / r s = 1.2 and a  — 1, but tha t this differential decreases as a  increases and h / r s 

decreases. A more realistic model for a microvilli is a hemisphere attached a t the end of a 

circular cylinder. The hydrodynamic penetration force can be approxim ated by adding the 

resistance due to the longitudinal translation of a long cylinder in an unbounded medium 

and the resistance due to the front half of a  sphere moving toward a planar boundary.

Figures 4.4a and 4.4b present the resistance coefficient for the parallel motion of a sphere 

adjacent to a plane normalized by the Stokes or Brinkman results for a  sphere moving in 

an unbounded medium, respectively. One observes tha t the effect of the boundary on the 

sphere is much weaker than for perpendicular motion and exhibits new features not present 

for perpendicular motion. The drag on a  sphere moving parallel to a free surface does not 

decrease monotonically with increasing distance from the boundary, although this is the case 

for parallel motion adjacent to a  solid wall. The drag normalized by the Brinkman solution 

for an unbounded sphere can be smaller or larger than unity , indicating th a t the nearby free 

surface will either retard  the motion of the sphere or enhance it depending on the relative 

distance from the free surface. This behavior is the result of two competing effects. When 

a  <  0 (1 ), which means tha t the porous medium is dilute, the far field Stokes interaction, 

which decays as ( 0 ( l / r ) )  is most im portant. In this case, due to the shear-free boundary 

condition on the surface, the fluid in the region between the sphere and the free surface 

moves along with the sphere ra ther than retarding its movement. Therefore, the resistance 

coefficient is smaller than one. On the other hand, when a  increases, the resistance of the 

fibers dominates the motion and the fluid displaced in the near contact region contributes 

an additional resistance, which causes F/Fb  >  1.0. The motion of a  sphere parallel to a free 

surface is equivalent to two identical spheres moving perpendicular to their line of centers.
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When their center-to-center distance is sufficiently small, the fluid between the two spheres 

move with the particles as if the sphere pair is enlarged, leading to a higher resistance. For 

intermediate values of a , the competition between the fiber layer and the nearby boundary 

produces more a  complicated behavior for the drag and torque, as shown in figures 4.4 and 

4.5. Figure 4.5 shows that the effect of the fibers on the torque is much weaker than their 

effect on the drag and that the torque has a maxima for at > 0.5.

The results presented in figures 4.4a, b are most relevant for the lateral diffusion of 

molecules in the surface glycocalyx. Using formula (4.5.3), one finds that a  for a molecule 

of 4nm diam eter varies between 0.75 and 0.94 for fibers of 0.6 to 2nm radius when A =  7nm. 

For a  in this range, the influence of the membrane can be considerable. For example, the 

membrane can cause a 45 percent increase in drag compared to an unbounded Brinkman 

medium for a  =  1.0 and h /r s =  1.1. One also notes that there is about 50 percent more 

drag for motion near a  solid wall than  neax a free surface when h / r s = 1.1 and a  =  1.0. This 

difference diminishes as h / r s or a  increases. In single particle tracking experiments, where 

40nm colloidal gold or 210nm latex paxticles are used as tracers to study the cytoplasmic 

regulation of the movement of cell-to-cell adhesion molecules (Sako et ai. 1998), the surface 

dynamics of transmembrane integrins (Schmidt et ai. 1993) and the fence structure of the 

actin cytoskeleton (Sako & Kusumi 1995), the values of a  greatly exceed those plotted in 

figure 4.4. Formula (4.5.3) predicts tha t a  varies between 7.5 and 9.4 for the 40nm gold 

particles and 39.4 and 49.5 for the 210nm latex beads when A =  7nm and 0.6 <  a < 2nm. 

For these values of a  the drag is almost the same as for an unbounded B rin k m an  medium 

for either the solid or free surface boundary condition. Using the unbounded B rin k m an  

expression for the drag and the Stokes-Einstein relation for the diffusion coefficient D, 

one estimates tha t D  for the 40nm gold particle lies in the range 5.1 x 10_9cm2/sec to 

7.2 x 10-9 cm2/sec. The experiments in Lee et ad. (1993) which axe based on the total 

resistance of the matrix, including elastic and fiber binding energy, indicate that for the 

diffusion of the gold-tagged molecule, D  ranges from 1.1 to 1.7 x 10_9cm2/sec. However, the 

average diffusion coefficient of the bilipid molecule is about 5.4 to 9.5 x 10_9cm2/sec, which is
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much higher than the measured value due to the absence of the attached gold particle. If we 

assume the that the plasma membrane and the surface glycocalyx are separate layers whose 

components move independently, then the total drag exerted on the gold-tagged molecule 

is the sum of these two individual contributions. This suggests that the h y d ro d y n a m ic  

resistance on the gold-tagged particle accounts about 15 to 50 percent of the increased 

resistance. Therefore, the additional resistance can not be adequately accounted for by 

only the hydrodynamic resistance. We conclude that in this case, the elastic and b in ding; 

energy associated w ith the surface glycocalyx is of comparable importance to hindered 

diffusion of the gold-tagged molecule in a  bilipid membrane.

4.4 .3  R e su lts  for  T ra n sla tio n  o f  a  S p h ere  in  a  C h an n el

We next consider a  sphere translating in a fiber-filled medium confined by a parallel walled 

channel of normalized height 2H  scaled by the sphere radius rs, see figure 4.6. This ge­

ometry can be obtained by rotating the contours Cpt, i =  1,2,3 around x  axis as indicated 

in the figure. The solution for this flow problem is obtained by solving the boundary inte­

gral equations (4.2.12) and (4.2.16) along Cpi,i =  1,2,3. The standard boundary element 

method is used to discretize the resulting integral equation, as described in detail in the 

previous subsection. Typical convergence tests on the normalized drag for parallel motion 

are presented in table 4.2 with increasing number of elements on the contours. As we can 

see in table 4.2a, our results for a  =  0 agree closely with those obtained by the multipole 

collocation technique (Ganatos et ad. 1980b) for the creeping motion of a sphere in a chan­

nel. The relative error is less than 0.5 percent for all values of H. For a  =  1.0, table 4.2b, 

the number of boundary elements is increased until 0.5 percent convergence was achieved. 

This convergence test indicates tha t sufficiently accurate solutions can be achieved with 64 

elements on each of the boundary contours for all possible types of motion.

We focus our attention to parallel motion. In figures 4.7 and 4.8 we have plotted the 

resistance coefficients for the drag and torque for a sphere translating in a parallel walled
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channel for various values of a  and H.  These coefficients are normalized by the drag and 

torque on a sphere translating or rotating in Stokes flow with the same translational or 

angular velocity. The results for the drag have the same qualitative behavior as for Stokes 

flow. The results for the torque show that the direction of rotation, if the sphere were not 

held fixed, would change for a significant range of b/H.  This phenomenon is also observed 

for a sphere translating in a channel in Stokes flow (Ganatos et al. 1980b). From these 

figures, we can conclude th a t the effect of the walls on the sphere is localized to the region 

near the walls for all a.  As the value of the parameter a  increases, the effect of the wall 

becomes even smaller as one would intuitively expect due to fiber shielding. In  Stokes 

flow, we know the wall effect decays as 0 ( l / r ) ,  where r  is the distance from the boundary. 

However, in a fiber-filled medium, the effect of the confining boundaries is diminished by 

the presence of the fibers which shield the  sphere from the wall. As a  increases, the effect of 

the fibers dominates the drag and torque on the sphere even when the sphere is close to the 

wall. Therefore, the effect of the confining walls becomes less im portant for a  > 2.0. The 

corresponding results for the torque on the sphere exhibit a  more complicated departure 

from the results for Stokes flow. As a  increases, the torque becomes exclusively positive. It 

is also evident that the torque coefficient has steep gradients in the proximity of the walls.

4.5 A pplication  to  T ransendothelial T ransport

In this section, numerical results presented in section 4.4 are utilized to provide an  im­

proved model for determining the diffusion coefficient for the  passage of spherical molecules 

through an interendothelial cleft filled with a fiber m atrix. The continuum hydrodynamic 

theory used to calculate the phenomenological coefficients in the Kedem-Katchalsky equa­

tions derived from irreversible thermodynamics, will be extended to a Brinkman medium 

to account for particle-matrix interactions produced by the fiber components in the in­

tercellular cleft between adjacent endothelial cells. In an  earlier paper (Weinbaum et  a1. 

1992), a new three-dimensional model was developed to elucidate some long-standing issues
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arising from attempts to relate the observed ultrastructural organization of the capillary 

interendothelial cleft and measured values for its permeability. A simple multiplicative for­

mula was proposed to estimate the diffusive permeability of spherical solute molecules in 

an interendothelial cleft w ith cross-bridging cylindrical fibers.

We first wish to determine the perm eability K p of the intercellular m atrix . According 

to Darcy’s law, the global permeability of the medium can be expressed as

in which Q is the volumetric flux ra te  through a cross-sectional area A  due to  a pressure 

gradient over a length L  in the fiber-filled medium. Tsay et a1. (1991) have examined the 

validity of the effective medium approach by comparing the solution for the Stokes flow 

through a periodic square array of circular cylindrical fibers in a channel w ith the solution 

for the same channel flow using effective medium theory. An empirical formula based on the 

extrapolation of the results for the two-dimensional drag coefficient, was obtained for the 

case in which the height of the channel becames infinite. The following simple expression 

for the Darcy permeability was proposed

9 /  A  \  2-377
K p =  0.0572a2 f —J , (4.5.2)

where a  is the radius of the fibers and A is the open gap between two adjacent fibers in the 

periodic array. Equation (4.5.2) provides good agreement with the numerical solutions of 

Sangani & Acrivos (1982) for an infinite two-dimensional fiber array for all values of the fiber 

fraction S  in the range 0.001 <  S  <  0.7. Using (4.5.2), one can express the  dimensionless 

param eter a  as
r  a0189

“  =  4' 18^ n s r -  (4.5.3)

It is clear that the diameter of the spherical particle must be smaller th an  A for it to 

undergo Brownian motion in this periodic fiber array. This leads to a maximum allowable

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



1 0 7

value acmox for a spherical particle of diam eter 2r s =  A, namely,

(4.5.4)

Two typical fibers that axe believed to comprise the intercellular m atrix are the sialyic side

chains of proteoglycans, a =  0.6 nm radius, and their protein core, a =  2 nm radius. The

nm, a  fiber spacing that would allow only molecules smaller than  a lb um in  (diameter 7.2  

nm) to pass, a max lies between 1.30 and 1.65 for fiber radii between 0.6 and 2 nm . Subject 

to this constraint on o max, we shall now apply the effective medium approach to estim ate 

the diffusion coefficient for a spherical particle moving in a parallel walled channel.

The hydrodynamic force and torque on a  translating spherical particle in a fiber-filled 

channel can be written as

where F*, T\  are the force and torque coefficients for the motion of a sphere due to a pure 

translation in the y direction, while Fy and XT are the corresponding coefficients due to 

a pure rotation about the z  axis, see figure 4.6. The balance between the hydrodynamic 

force and the gradient of the chemical potential on a neutrally buoyant, torque free particle 

yields

universal gas constant, T  is the absolute tem perature, and 5 and s are geometric parameters 

defined by 5 = rs/ H  and s =  b/'2H. As noted earlier, considerable computational effort is

variation of a max with A is plotted in figure 4.9 for three fiber radii in this range. For A =  7

F  = 6-tt fir s [ U F y  + r sQF^]1

T  =  8t tht3[UT* +  r sflXT],

(4.5.5)

(4.5.6)

6irfirs
(4.5.7)F(a ,  6, s )

where

F (a ,£ ,s )  = (4.5.8)

Here c is the molar concentration, Vs is the molax volume, N_± is Avogadro’s num ber, R  is the
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required to calculate the double layer potential in the boundary integral equation presented 

in section 4.4 for the pure rotation of a sphere. We notice, however, that the rate of growth 

of Fy with respect to a  is much faster than  that of Ty. According to the Lorentz reciprocal 

theorem, the two coefficients F£ and Ty are related to each other in the creeping limit as 

3FJ =  4Ty. Thus, a reasonable approximation to F (a , S, s) is

y
(4.5.9)

Using a procedure proposed by Levitt (1975), one can write the diffusive permeability a; 

of the particle, after applying the conservation of flux through the cleft, as

The left side of equation (4.5.7) is the drag force on the sphere. If we assume as a  first 

approximation that all possible positions in the channel cross section are equally likely, 

except the region of steric exclusion near the walls, then one can show that the mobility 

of the solute in the channel is given by 67tfirs/F (a ,6).  If we now multiply (4.5.7) by 

F(a,5.s)/6ir/j,rs), integrate across the channel height and notice that the ratio R / N a is 

just the Boltzman constant k, one can define the effective diffusion coefficient as

where is the free diffusion coefficient from Stokes-Einstein theory for an infinite medium 

without a matrix.

(4.5.10)

where

(4.5.11)

Dm =  F{a,S)D  oo, (4.5.12)

The foregoing hydrodynamic theory does not include the effects of steric exclusion of 

the particle by the fibers and the spatial variation of the particle concentration in the
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available space of the fiber-filled medium. The steric exclusion contributes significantly to 

the diffusive permeability of the particle, especially when rs/a  ~  1. In  Weinbaum et ad. 

(1992), a simple multiplicative formula was proposed to account for the combined effects of 

hydrodynamics and steric exclusion, namely, that the effective diffusion coefficient could be 

w ritten as

Def f  = D mF(S) ,  (4.5.13)

where Dm describes the hydrodynamic interaction and F (S )  the steric exclusion. The func­

tion F(S)  describes the diffusion of a point solute in  the unbounded fiber array. The steric 

factor S  is defined by the excluded volume that is not accessible to the solute molecule. T his 

same approach has also been adopted in Johnson et a1. (1996) on the basis of h y d ro d y n a m ic 

arguments proposed in Brady (1994).

Weinbaum et ad. (1992) determined the steric factor F ( S ) by solving the solute diffusion 

equation for a  doubly periodic fiber array in which the zero flux boundary condition is

imposed at the exclusion radius, r e =  rs +  a. Therefore, steric exclusion is treated as a

geometric restriction in which the center of the particle cannot enter a  region within a 

distance less than rs from the fiber surface. Equivalently, the fiber radius is augmented 

by the paxticle radius. Using (4.5.13) and this solution for the steric function F(S) ,  one 

obtains

D e f f  = Dm ( j ^ ^ )  , (4-5.14)

where b\ is a  constant representing the flow configuration. b\ depends only on the effective 

fiber solid fraction Se = 5(1 + r s/a )2 and is given in figure 5 of Weinbaum et ad. (1992). It 

decreases rapidly with increasing effective solid fraction S e.

To test the applicability of the simple approximation (4.5.14), we first examine the 

diffusion of a solute molecule of radius rs in an unbounded square array of parallel fibers of 

radius a. This same problem has been rigorously treated using generalized Taylor dispersion 

theory and a  Stokesian dynamic simulation in which the fibers are described by a bead 

and string model (Phillips et ad. 1990). This comparison is shown in figure 4.10. In the
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effective medium approach one uses the Brinkman solution for the motion of a sphere in 

an unbounded medium (4.4.1) to calculate Dm. Also shown in the figure are the results 

predicted by the effective medium theory without the steric correction factor in (4.5.14). 

It is clear tha t the steric correction provided by the simple multiplicative formula (4.5.14) 

provides a substantial improvement, especially for values of rs/ a  1.

To examine the diffusion of a solute molecule in a  channel filled w ith a Brinkman medium, 

D m given by equation (4.5.12) has been plotted in figure 4.11. One notes that the effect of 

the walls, the departure from the solution for H  =  oo, is most significant for small values 

of a.  i.e., low fiber fractions. For a  >  1.0, the effect of the fibers becomes more important 

than  the walls for H  > 5 ,  while for a  > 1.65 the wall effect is greatly damped by fiber 

shielding. However, as shown in figure 4.9, depending on the fiber spacing parameter A, 

particle trapping may have already occurred and values of a  >  2 may not be achievable. 

In general, the presence of the confining walls reduces the diffusion coefficient and is a 

significant effect for H  < 2 for all a  <  Q!maI in figure 4.9.

We have also plotted in figure 4.11, dashed lines, the simple multiplicative formula 

proposed in Weinbaum et ad. (1992) for D m in which the hydrodynamic effects of the fibers 

and the walls are treated separately, i.e., the expression for D m in (4.5.12) is approximated 

by

D m = D iw ^1 +  a  +  2 0  , (4.5.15)

where DiW is the diffusion coefficient for a  sphere in a parallel walled channel in Stokes flow 

(Ganatos et a I. 1980a), and the second factor is the added resistance due to the motion of a 

sphere in an unbounded Brinkm an medium, see equation (4.4.1). We see tha t the presence 

of the fibers leads to a substantial increase in the diffusion coefficient beyond the value of 

predicted by (4.5.15). This increase in D m results from the shielding of the wall by the 

fibers surrounding the diffusing solute molecule. One notes tha t the agreement of (4.5.15) 

w ith the present numerical results is good only for either small a , where the effect of the 

wall dominates, or large a  and large H,  where the fibers completely shield the particle from
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the walls. The discrepancy for intermediate values of a  is substantial for all values of the 

dimensionless channel half height H.

Finally, in figure 4.12, we have plotted the normalized effective diffusion coefficient, scaled 

by the diffusion coefficient for an infinite Brinkman medium, for two different fiber radii 

when the gap between fibers is 7 nm. At this fiber spacing all molecules laxger than albumin 

would be sieved. Figure 4.12 shows the combined effects of the walls and the steric exclusion 

factor in equation (4.5.14). For a  fine fiber of radius 0.6 nm , for which a max increases 

linearly with rs up to otmax = 1.3, D e f f / D ^ 0 decreases rapidly as rs increases. As rs 

approaches A /2, the steric correction F(S)  becomes more im portant than the hydrodynamic 

interaction. For the larger fibers of 2 nm radius, for which a max =  1.7, the hydrodynamic 

drag on the solute is 20 to 25 percent larger than for the 0.6 nm  radius fibers. The steric 

exclusion factor F (S)  is also smaller since the exclusion radius re will be laxger for the 

same value of r s . In general, the combined effects of hydrodynamic wall interaction and 

steric exclusion result in a significantly lower diffusion coefficient than a solute molecule 

diffusing in an unbounded Brinkman medium with the same value of a . These results are 

particularly useful in evaluating current studies of the structure-function relationship for 

solutes diffusing through interendothelial clefts (Weinbaum et ad. 1992; Fu et a I. 1994).

4.6 C oncluding Rem arks

In summary, this paper has developed a general numerical approach to the solution of the 

Brinkman equation describing paxticle motion in a fiber-filled medium v/ith confining walls. 

Although the present technique is capable of solving the governing equations for any value 

of a , there is a maximum allowable value for a  given fiber structure if a diffusing particle is 

not to exceed the open clearance between two adjacent fibers. In many biological problems 

which involve paxticle diffusion in a fiber-filled medium, this maximum value of a  lies in 

the range 1.2 to 1.7. The hydrodynamic effect of the fibers surrounding the particle will 

significantly diminish the effect of confining boundaries or other particles when a  > 1.0.
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Since the torque on a rotating sphere due to  a  confining boundary is a lower order effect than 

the drag, we are able to neglect particle ro tation  in  our simplified theory for the d iffu sion  

of a spherical solute molecule in a  parallel walled channel. The results in section 4.5 show 

that this assumption is also acceptable in the  sm all a  limit, Stokes flow. This approximate 

theory shows th a t the simple multiplicative formula proposed in Weinbaum et  al. (1992), 

where the contribution from the walls and the  fibers are treated separately, underpredicts 

the solute diffusion coefficient.

The boundary integral equation m ethod developed in this paper takes advantage of the 

symmetry of the flow geometry to reduce the problem to  a system of one dimensional in­

tegral equations defined on the contours of the particle and the boundaries. A n efficient 

numerical algorithm for evaluating the singular integrals, based on the procedure proposed 

by Muldowney & Higdon (1995) for Stokes flow is extended to the B rin k m an  equation. It is 

demonstrated th a t the present method is bo th  efficient and accurate, even for large values 

of a.  However, when we consider the general motion o f the particle, such as rotation or 

the presence of a  non-uniform upstream flow, the much more complicated contribution of 

the double layer integral in (4.2.8) can not be simply evaluated as in Stokes flow. Thus 

the computational efforts will be substantially increased, especially for flows w ith infinite 

boundaries, in which a large number of boundary elements are required when the  integral 

equation is discretized. The present method can be readily extended despite these limita­

tions. For example, the axisymmetric motion of sphere in  a cylinder filled w ith  a  Brinkman 

medium or the motion of a sphere across the centerline of a circular orifice or the entrance 

of a  circular tube of finite length, can all be investigated using the present method. Since 

the Brinkman equation is analogous to the unsteady Stokes equation, one can utilize the 

present method to solve the axial oscillation of an axisymmetric particle a t high frequency, 

a problem for which most earlier techniques will fail.
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A p p en d ix

In this appendix, we will show that the  leading term  for the motion of a  sphere near a 

planar boundary is independent of the  permeability param eter a  if c* ~  0 (1 ) and e =  

5/rs = h / r s — 1, the dimensionless gap height, is <  0 (1 ). The procedure is an extension to 

tha t used for creeping flow (Jeffrey 1982; O ’Neill & Stewartson 1967).

For axisymmetric motion perpendicular to an infinite planar boundary, the flow is ax­

isymmetric and it is convenient to introduce the dimensionless stream function which sat­

isfies

E 2{E2 -  a 2)ip = 0 (Al)

Introducing two stretched variables

R  =  e~l/2a, X  = e-1 x, (A2)

the governing equation becomes

d2 (  d2 1 d '
d X 2 +  6 ( dR2 R d R

d2 (  d2 I d
d X 2 \ d R 2 R d R

2 2 — e a ip = 0 (A3)

The boundary condition on the sphere surface in the near contact region is given by

=  - U 0a 2/ 2 =  - e R 2/ 2 (A4)

Thus we expand the stream function ip as

ip = r 2e(ip0 + eipi -I ) (A5)

and on substitution into ( A3), we obtain  a  hierarchy of equations,

dV o
ax4 =  0 , =  - 2 0 ? 2 ,h

a x 4 ax2’ (A6)
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for a  =  0 (1 )  and

(A7)

(A8 )

for a  =  e~l/3 and (3 = 0(1) where the operator © =  d2/ d R 2 — 8 / RdR.  The boundary 

conditions for 0,- are obtained by a Taylor expansion at X  =  1 +  R 2/ 2. Notice tha t for 

a  =  0 (1), the regular expansion of 0  is identical to creeping flow.

Now consider a sphere of unit radius moving parallel to a planar solid wall. Due to 

the axisymmetric flow configuration, the pressure p  =  pP{a, x) cos <f>. The momentum 

equation when expressed in terms of the velocity components (U cos 0, V  sin 0, W  cos <f>) can 

be w ritten in cylindrical coordinates (a, 0 , x) as

Introducing the stretched coordinates X  and R  as defined in (A2), the boundary condi-

(A9)

(A10)

(A ll)

and the continuity equation becomes

8U U +  V  8 W  
—  H------------- b
da a  dz

(A12)

where the operator L ^  is defined by

L 2 = —  -  —  —
771 ~  da2 a  da  a2 d x 2 (A13)

tions on the sphere surface together with the continuity equation suggest expansions of the
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pressure velocity components in the form

P  = e~3/2P0( R , X ) + e - l/2P l ( R , X )  + --- (A14)

U = U0{ R , X ) + e U l ( R , X ) + - - -  (A15)

V  = V0( R , X ) + e V l (R 1X ) + - - -  (A16)

W  =  e1/2W0{ K X ) + e 3/2W l ( R , X ) + - - -  (A17)

Substitution of the asymptotic expansions into the governing equations leads to a hier­

archy of equation, of which the leading order for Uq and Pq is either

for a  =  0 (1) or

dPQ d2U0
d R  d X 2

_Po = &Vo 
R  d X 2
Po

dP0 d2U0
dR d X 2
Po d2V0
R d X 2

dP0 = 0
R

(A18)

(A19)

R  ■- 0 (A20)

dUQ , Uo + V0 , dW 0 n , An^
- 9 R + — r -  + - d x = 0  (A21)

-  P2Uq (A22)

-  P2V0 (A23)

(A24)

dU0 , Uo + Vo , d W 0 n
+  O +  = 0 (A25)dR  2 d X

for a  =  0e~l and /? ~  0(1), provided that a  < 0 ( e ~ l ). Note that equations (A18)-(A21) 

are exactly the same as for creeping flow.
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The new param eter (3 defined by ae can be estimated using the empirical formula

/  x 0 .189 ,  r x  1.189

' , - 4 J 8 ( ? )  ( a )  ’ (A26)

derived from equation (4.5.3). where 5 is the dimensional gap height. W hen (3 =  0(1) the 

minimum gap between the sphere and the confining wall is comparable with fiber spacing. 

We anticipate that in this case, the contribution from the  surrounding fibers to the drag is 

as important as that from the boundary.

Comparison with the numerical results for e = 0.05,0.1 indicates that the following 

additive formula for the drag provide good approximation for a  <  2.0 for both perpendicular 

and parallel motions
F  _

6-k/j.rsUo

where Fstokes is the asym ptotic drag 

Stokes flow.

a 2
^1  +  a  +  —  J  -h Fstokes» (A27)

for a  sphere moving close to a planar boundary in
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Figure 4.1: Geometry for a sphere translating in the presence of a p lanar boundary, (a) 
perpendicular motion: (b) parallel motion.
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Figure 4.2: Normalized drag on a sphere moving perpendicular to a  solid wall, (a) Results 
normalized by Stokes drag for a single sphere translating in a viscous fluid; (b) Results 
normalized by drag for a single sphere translating in an unbounded Brinkman medium.
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Figure 4.3: Normalized drag on a sphere moving perpendicular to a  free surface, (a) Results 
normalized by Stokes drag for a single sphere translating in a  viscous fluid: (b) Results 
normalized by drag for a single sphere translating in an unbounded Brinkm an medium.
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Figure 4.4: Normalized drag on a  sphere moving parallel to a planar boundary, (a) Results 
normalized by Stokes drag for a single sphere translating in a viscous fluid; (b) Results 
normalized by drag for a single sphere translating in an unbounded Brinkm an medium.
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Figure 4.5: Torque on a  sphere moving parallel to a  planar boundary normalized by Stokes 
torque for a single sphere rotating in a  viscous fluid, (a) solid wall, (b) free surface.
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Figure 4.6: Geometry for a  sphere moving in a channel.
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Figure 4.7: Normalized drag on a sphere moving in a  channel for various dimensionless 
channel half heights, i f ,  and representative values of a . Fs it the Stokes drag on a  sphere 
in unbounded flow.
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Figure 4.8: Normalized torque on a sphere moving in a channel for various dimensionless 
channel half heights, H , and representative values of a . Ts is the torque on a sphere rotating 
in unbounded Stokes flow.
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Figure 4.9: Variation of the maximum value of dimensionless permeability param eter a max 
w ith respect to the gap between adjacent fibers for three different values of fiber radii.
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Figure 4.10: Comparison of the normalized diffusion coefficient obtained by a simple mul­
tiplicative formula (4.5.14), solid lines, and data  points (symbols) obtained using Stokesian 
dynamics simulation for a  sphere moving in an unbounded fiber-filled medium. Also shown, 
dashed fines, are the results for effective medium theory without the steric exclusion factor 
F{S)  in (4.5.14).
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Figure 4.11: Comparison of the normalized diffusion coefficient obtained by the present 
numerical m ethod (4.5.l2)(solid lines), and simple multiplicative formula (4.5.12) (dashed- 
dot lines), for a  sphere diffusing in a fiber-filled channel of various dimensionless channel 
half heights H.
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Figure 4.12: Normalized diffusion coefficient obtained by present numerical m ethod for a 
sphere of radius r s diffusing in a fiber-filled medium in a  channel of various channel half 
heights H  including the steric correction for a  periodic fiber array given by equation (4.5.14). 
Dboc is the Brinkman result for an infinite medium without the steric correction function 
F(S) .
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d /  rM
F ,

a  =  0 .0
TV Fx

a  =  0.1
TV F ,

a  =  1.0
TV

n
F*

=  10.0
TV

1.05 (a) 0.T33 l . i l  x  10“ L 0.765 1.26 x  10“ l 0.946 1.77 X 10“  1 1.082 4.64 X 10“ *
(b) 0.769 1.29 x  L 0~l 0.948 1.79 x 10” 1 1.084 4.66 x  10- 2

1.5 (a) 0.795 6.41 X 10“ 2 0.838 7.21 x  10“ 2 1.018 5.40 x 10“ 2 1.023 1.19 x  10“ 5
(b) 0.839 7.24 x  10“ 2 1.020 5.44 x 10“ 2 1.024 1.21 x  10“ 5

2.0 (a) 0.839 3.88 X 10“ 2 0.889 4 .27  x  10~ 2 1.026 1.41 x 10- 2 1.008 2.86 x  10“ 6
(b) 0.839 3.89  x  10“ 2 0.890 4.29 x  10~ 2 1.027 1.43 x  10” 2 1.009 2.88 x  10- 6

3.0 (a) 0.888 1.84 X 10""2 0.942 1.90 x  10~ 2 1.012 1.16 x 10- 3 1.001 5.62 x  10- ?
(b) 0.888 1.84 X 10“ 2 0.942 1.91 x  10“ 2 1.013 1.17 x 10“ 3 1.001 5.64 x  10“ 7

5.0 (a) 0.930 6 .97  x  10“ 3 0.982 5.98 x  10“ 3 1.002 1.19 x 10“ 5 1.000 7.32 x  10“ 8
(b> 0.930 6.98 x  10“ 3 0.982 5.99 x  10“ 3 1.002 1.21 x iO " 5 1.000 7.34 X 10“ 8

Table 4.1: Compaxison of the drag and torque coefficients normalized by the single sphere 
result for two spheres moving perpendicular to their line of centers, (a) Results using the 
present boundary integral equation method with a total of 64 elements; (b) Results using 
the exact solution of Goldman, Cox & Brenner (1966) for a  =  0, or results using the 
boundary collocation technique of Gluckman et ai. (1971) described in the text with a total 
of 32 boundary collocation points for a  ^  0.
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(a) a  =  0.0

No. of Elements b/rs =  2.5 b/rs =: 2.0 b/rs =  1.5 b/rs =  1.2 b/rs — 1.1
12/ 1 2 /1 2 1.590 1.826 2.347 3.182 3.760
24/24/24 1.598 1.836 2.365 3.222 3.916
32/32/32 1.600 1.839 2.369 3.230 3.933
64/64/64 1.600 1.839 2.370 3.233 3.939
Ganatos et ad. 1.846 2.377 3.94

(b) a  = 1.0

No. of Elements b/rs = 2.5 b/rs =: 2.0 b/rs =  1.5 b/rs =  1.2 b/rs = 1.1
12/ 1 2 /12 2.346 2.536 2.996 3.783 4.436
24/24/24 2.361 2.554 3.022 3.831 4.506
32/32/32 2.365 2.558 3.028 3.842 4.526
64/64/64 2.366 2.559 3.030 3.846 4.531

Table 4.2: Convergence of the normalized drag F l scaled by the Stokes drag 6irfj.Uors for a 
sphere translating in the middle of a channel parallel to the walls.
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C hapter 5 L ubrication T heory in H igh ly  

C om pressib le Porous M edia: T he M echanics o f  

Skiing from  R ed  C ells to  H um ans

5.1 In trod u ction

In this paper we shall present the detailed development of a new type of lubrication theory 

based on an effective medium approach (Brinkm an equation) tha t is applicable to highly 

deformable porous layers. In particular, we shall want to look into the limit where the 

porous structure is so compressible tha t the norm al forces generated by elastic compression 

of the fibers comprising the solid phase are negligible compared with the pressure force 

generated within the porous layer and the deform ation of the solid phase is prim arily due 

to boundary compression as opposed to the m otion of the fluid phase. The most im portant 

new feature th a t we wish to capture in the model is the large non-linearity th a t results 

from order of magnitude spatial variations in Darcy permeability tha t arise from the large 

am plitude deformations of the fiber matrix. We shall show that the lift forces generated 

in such layers can be orders of magnitude larger than  the lift forces generated in classical 

lubrication theory. Existing lubrication analyses have been limited to either a  pure fluid 

layer satisfying a classical Reynolds equation or m ixture or biphasic theories where the 

m atrix deformation is small enough to neglect the changes in Darcy perm eability due to 

the compression.

The initial motivation for this study grew out of several fundamental questions relating 

to the role of the thin fiber matrix layers th a t surround cells in an in vivo fluid environ­

ment, see Weinbaum (1998). One of the most im portant of these layers is the endothelial 

glycocalyx, a  negatively charged layer of glycoproteins and proteoglycans th a t uniformly 

coats the luminal surface of vascular endothelium. This layer has been estim ated to vary
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from 0.1/^m in in vitro studies of frog mesentery capillaries, Adamson Sc Clough (1992), to 

0.4/xm in in vivo studies of ham ster crem aster microvessels, Vink Sc Duling (1996). From a 

hydrodynamic viewpoint this layer cam be thought of as a hydrated gel, whose fiber volume 

fraction has been theoretically estim ated to be between 1 and 2 percent. (Curry, 1986; 

Weinbaum et ad. 1992). This extracellular layer has recently been proposed to be the pri­

m ary molecular filter or osmotic barrier tha t determines the Starling forces th a t act across 

vascular endothelium (Michel 1997; Weinbaum 1998; Hu Sc Weinbaum 1999). To serve this 

function the barrier must exclude albumin (7nm in diameter) and other plasm a proteins. 

Since numerous permeability studies in many tissues have shown th a t the reflection coef­

ficient approaches 1.0 as the solute size approaches that of albumin the open gap between 

fibers has generally been assumed to be close to 7 nm, a t least in the sieving p art of the 

layer.

One of the great mysteries in the microcirculation is how the cellular components of 

blood, the red and white cells, axe able to traverse the microvessels w ithout undergoing 

constant molecular interaction with the plasmalemma membranes of the endothelial cells 

forming the vascular surface. In the case of the mammalian red cell, 8^m  diam eter cells are 

easily able to squeeze through 5-6 p m  true capillaries with a  separation distance near the 

wall th a t is typically 0.4 to 0.5 /xm when the cells are moving at normal speed, Vink Sc Duling 

(1996). However, this separation distance appears to essentially vanish when the motion 

of the red cells is arrested, indicating th a t the m atrix layer is highly deformable. In larger 

microvessels, where the red cells do not travel in single file, a similar separation distance 

is observed, Schmid-Schoenbein (1999). Here the red cells are also driven away from the 

plasmalemma boundaries by diffusion like forces generated by the shear induced migration 

of the red cells due to their hydrodynamic interaction, Leighton Sc Acrivos (1987). One of 

the most puzzling conundrums is the large difference in the in vitro and in vivo viscosity 

laws measured when the resistance of red cells in capillary networks is compared w ith their 

motion in small glass tubes (Pries et a I. 1992, 1994). Significant differences s ta rt to appear 

for vessels smaller than 40 ^m  diameter which grow to an order of m agnitude or more for
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true capillaries. In the case of white cells the tips of the microvilli are known to be coated 

with adhesion molecules tha t promote the tethering and adhesive interaction of leukocytes 

with transmembrane receptors and ligands in the endothelial plasmalemma. The interaction 

of these microvilli w ith the endothelial glycocalyx is treated for the first time in Feng et a1. 

(1998).

While these fundamental biological questions provided the initial motivation for the new 

theory proposed herein, the critical insights for understanding these phenomena arose from 

crude measurements by the senior author of the depth of ski tracks in freshly fallen snow 

at a ski resort in the  northern Catskills. Nearly every experienced skier will tell you th a t 

skiing on fresh powder is like riding on air. Expert skiers achieve velocities tha t are 15 

times their body height per second. However, this is small compared to the relative velocity 

tha t the red experiences in navigating through the microcirculation where a  red cell can 

achieve a velocity th a t is more than  100 times its diam eter per second. Both fresh snow 

and the endothelial glycocalyx share a common property tha t they are highly porous and 

easily compressed. Neither will support the compressive forces they are subjected to when 

the motion of the red cell or a  skier is arrested. Snow will compress tenfold when it has to 

bear the static load due to the weight of the skier and, as noted above, a  red cell will crush 

the surface glycocalyx and fill nearly the entire lumen of a microvessel due to the elastic 

restoring forces in its membrane and cytoskeleton when its motion is arrested. The crude 

measurement of the depth of the ski tracks readily confirmed that the skier could rise off 

the packed base and create a thin layer of partially compressed dry powder beneath the ski. 

Rough estimates of the lift forces predicted using a  conventional lubrication theory based 

on a classical Reynolds equation indicate that such forces would support a weight of order 

10 grams for a constrained air layer beneath the ski a t small tilt angles. This is four orders 

of magnitude smaller than the weight of a  70 kilogram human being with his/her skis.

The forgoing observation suggested tha t there might be a striking similarity between 

a human skier gliding through fresh snow powder and the red cell skimming along the 

surface of the endothelial glycocalyx. In the case of snow the lift forces generated by the
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porous media protect the bottom  of our skies from the roughness of the surface beneath 

the powder and in the case of red cell the endothelial surface glycocalyx prevents molecular 

level adhesive interactions between the endothelial surface and the red cell membrane. This 

membrane can be thought of as a  snow board  and the red cell itself as an extraordinarily 

efficient skier. In both cases, we shall show th a t  the pressure forces generated within the 

compressed porous layer are approximately four orders of magnitude greater than  predicted 

by classical lubrication theory where the gap is filled with a pure fluid. However, the red 

cell is fax more efficient since for the hum an skier or snow boarder much of the excess 

pressure that is built up beneath the planing surface leaks out the lateral edges of the ski 

or snowboard.

5 .1 .1  P r e v io u s  M o d e ls  for R ed  C e ll M o tio n

Numerous models based on classical lubrication theory have been developed over the years 

to describe the motion of red cells in microvessels. Until 1995 the vessel wall was treated 

as a circular cylindrical tube without matrix. The red cells were initially modeled as rigid 

pellets (Lighthill 1968: Barnard 1968) or periodic arrays of spheres (Wang & Skalak 1969: 

Tozeren & Skalak 1978). More sophisticated models were then developed to predict the 

axisymmetric deformed shape of a moving cell using measured properties of the red cell 

membrane (Secomb & Gross 1983; Secomb e t  ad. 1986). In the latter studies membrane 

shearing and bending stresses are treated w ith in  the framework of axisymmetric lubrication 

theory. It is only recently that the critical role of the endothelial surface glycocalyx in red 

cell motion has been recognized. The so called “sugar coat” of glycoprotein fibers was first 

identified by Luft (1964), but it was not until 1992 th a t Adamson & Clough (1992) clearly 

demonstrated in vitro that this coat was of nearly uniform thickness (O.l^m) and th a t this 

thickness depends on the proteins present in the  perfusate. The first in vivo measurement 

of the glycocalyx in hamster cremaster microvessels by Vink & Duling (1996) indicated a 

significant thicker glycocalyx (0.4/xm) than th e  electromicroscopic studies of Adamson &: 

Clough, where the thickness could have been underestim ated due to dehydration artifacts.
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Vink & Duling also dem onstrated that if the glycocalyx were non-invasively removed using 

epifluorescence, the red cell would fill the entire lumen. Perhaps most intriguing, if a red 

cell were started from rest it would exhibit a striking popout phenomenon in which it would 

quickly lift off the surface and then  glide near the outer edge of the m atrix layer.

The first models tha t attem pted  to take account of the m atrix layer, Wang &: Parker 

(1995) and Damiano et a1. (1995), used lubrication and binary m ixture theory to describe 

the motion of rigid particles in a  circular tube whose walls were covered by a porous medium. 

In more recent analyses, Damiano (1998) and Secomb et a1. (1998) have extended this model 

to a deformable cell w ithout bending stiffness which moves within the fluid core. Damiano 

assumes a thin pure fluid layer exists between the edge of the glycocalyx and the red cell 

membrane, whereas Secomb et a1. assume a  value for K p that varies w ith distance from the 

wall and vanishes in the fluid core. This model allows for the penetration of the m atrix 

but not its compression. The presence of a  m atrix free fluid layer between the red cell and 

the glycocalyx provides a low resistance pathway for the relaxation of the pressure in the 

m atrix and the new phenomena described in this paper are absent. No previous model 

has attem pted to describe the penetration of the red cell into a compressible m atrix or the 

popout phenomenon wherein the  cell rises off the wall at low velocity. Furthermore, the zero 

drag condition, which describes the global force balance on the red cell, m ust be modified 

to take account of the integrated distributed force of the fibers.

5 .1 .2  Sk iing  a n d  S n o w b o a r d in g

To our knowledge this is the first time th a t the mechanics of skiing or snowboarding has 

been approached from viewpoint presented in this paper. The theory in its present form 

is most applicable to a thin layer of compressed fresh powder on a  packed base. There is 

an extensive literature on the hydrodynamics of water skiing or planing on a  free surface. 

The fundamental lift mechanism in the la tter application is inertial and not viscous and the 

lift forces axe generated by the momentum of the fluid that is pushed ahead of the planing
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surface. This mechanism might be operative in snow plowing or turning, where the edges 

of the skies are turned  into the snow, but it is intuitively clear tha t large lift forces can not 

be generated by the inertia of the snow in the normal skiing position because of the low 

angle of attack relative to the snow surface and the fact th a t the density of the snow is 

only about a  ten th  th a t of water. On the other hand, the viscous lift forces predicted by 

classical lubrication theory, as noted previously, would be several orders of magnitude too 

small. In the new theory two mechanisms contribute to the tremendous increase in the lift 

force and the pressure distribution under the ski. One is the large increase in the resistance 

of the air due to the fact that it is literally pushed and dragged through the porous solid. 

The resulting velocity profiles and streamlines depart dram atically from those in classical 

lubrication theory. T he second is the compression of the soft powder which greatly increases 

the fluid resistance and the lift force acting at the back of the  ski. By slightly adjusting the 

angle of tilt the skier can regulate the center of pressure and come to an equilibrium position 

where moments due to gravity and pressure cancel each other. In skiing or snowboarding 

the snow will compress and the permeability parameter a  will increase until the lift force 

is just sufficient to balance the gravitational force.

The fundamental difference between the red cell gliding on the endothelial glycocalyx 

and the human skier is the pressure relaxation that occurs a t the lateral edges of the skis. 

This pressure loss is characterized by a second param eter th a t appears in the governing 

equation, namely the aspect ratio L / W  of the ski or snowboard. For the same value of 

a , the dimensionless lift forces will be at least two orders of magnitude lower than  for the 

red cell. This is com pensated for by a greater density of the matrix. For the endothelial 

glycocalyx the estim ated volume fraction of the sialyic acid side chains in the undeformed 

solid phase is approximately one to two percent and is unlikely to increase much beyond 

10 percent during compression. This is an order of m agnitude smaller than the fibers that 

form the crystals in a  snow flake.
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5.1.3 Deform ation o f  th e  Porous M edia

In mixture theory, which has been applied to the artery wall (Kenyon 1979) or articular 

cartilage (Mow & Lai, 1980; Hou et ad. 1991), there is a  governing equation for the solid 

phase which relates the deformation of the porous matrix to the fluid flow. In the present 

approach we shall propose a much simplified model for the elastic deformation of the solid 

m atrix phase based on the fact tha t this deformation is assumed to occur primarily due to 

the normal compressive force between the confining boundaries and not the fluid force on 

the m atrix elements. This is a  good approximation for the endothelial glycocalyx since the 

experiments have shown that the m atrix is not disrupted even by the tightly fitting white 

cell and that the glycocalyx quickly rebounds to its initial thickness after the passage of 

the cell (Vink & Duling 1996). In the case of the snow the solid phase moves due to the 

pressure gradient established by the motion of the air, but this velocity is small compared 

to tha t of the air that passes through the porous medium both because of packing and the 

large difference in the density of the two phases.

The simplified model tha t we have constructed for the fibrous network lining the vas­

culature assumes that these fibers form a  two-dimensional, diamond shaped, parallel array 

perpendicular to the flow direction. The m atrix compresses linearly with gap height in the 

normal direction, but in planes parallel to the lower boundary the fiber spacing remains 

unchanged since there is negligible compression in the lateral direction. In this simplified 

model, the Darcy permeability is a function of just two dimensionless geometric parameters, 

the aspect ratio of the periodic fiber array and the ratio of the initial undeformed fiber spac­

ing and the fiber radius. The local hydrodynamic resistance, or Darcy permeability, is then 

calculated using creeping flow theory. This simple model retains the essential physics of 

the compression process, and is a  reasonable approximation to the much more complicated 

three-dimensional fiber structure of the surface glycocalyx about which little is presently 

known. For snow, no attempt is made to model the hexagonal crystal structure of the snow 

flake, and the model is intended only as a rough guide in estimating the local value of the
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dimensionless permeability param eter a , defined as H / y / K p, where H  is the undeformed 

characteristic layer thickness and K p the Darcy permeability, tha t appears in the Brinkman 

equation.

The paper is organized into seven sections. In section 5.2, a  new Reynolds type equation 

is derived for highly compressible porous media in which the Darcy permeability is spa­

tially varying. Two new param eters appear in this analysis which do not arise in classical 

lubrication theory, where the only parameters are the Reynolds number Re  and the slope 

of the boundaries. These param eters are the dimensionless permeability param eter a  and 

the aspect ratio of the upper boundary. In section 5.3 we develop the theory for predicting 

the spatial variation of the local Darcy permeability. In section 5.4 we simplify the gov­

erning equation for a one-dimensional planar surface where we assume there is no lateral 

leakage of pressure. The resulting highly non-linear differential equation is solved for large 

deformations to show the effects of both  varying the slope of the moving boundary and 

the permeability param eter a.  Results are shown for the pressure distribution, lift force, 

velocity profiles and the streamline pattern. In section 5.5 we generalize these results for 

two-dimensional planar surfaces w ith lateral edges as a model for skiing and snowboarding. 

In section 5.6 we first derive a  new global force balance for the zero drag condition on 

the cell and then examine the pressure drop and apparent viscosity for axisymmetric rigid 

models of red cells to provide new insight into the in vivo viscosity law of Pries et al. (1994). 

Concluding comments and future directions are given in section 5.7.

5.2 Lubrication T h eory  for th e  Porous Layer

Classical lubrication theory was initially developed by Reynolds for incompressible, New­

tonian fluid (Schlichting 1954). This was subsequently generalized for Newtonian fluids 

with variable properties and non-Newtonian fluids. The theory has been applied to both 

impermeable and porous stationary and moving journal-bearing systems. In biological ap­

plications, where the stresses are associated with the compression of a porous solid phase,
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biphasic m ixture theory has been extensively used to described cartilage, Mow & Lai (1980), 

and more recently the glycocalyx (Wang & Parker 1995; Damiano 1998: Secomb et al. 1998). 

In most o f these previous analyses the deformation of the porous m atrix is sufficiently small 

for the Darcy permeability to remain constant. As a result, the velocity profile in the lubri­

cating layers depends only on the local value of the pressure gradient and boundary velocity. 

However, as the porous layer, which in the present application is either the endothelial sur­

face glycocalyx or fresh snow powder, is compressed by the moving cell membrane or ski, 

respectively, the change of the  Darcy permeability K p can be huge. As will be shown later, 

this can lead to dramatic changes in the pressure d istribution in the matrix compared to the 

constant Darcy permeability case for large compressions. Therefore, in the present model, 

a simplified anisotropic fiber m atrix  model is developed to  account for the local variation of 

the m atrix permeability. Consequently, an  additional param eter, which depends on the local 

matrix height, appears in the new Reynolds-type equation derived using effective medium 

theory. For two-dimensional lubricating layer theory, which is required for studying the me­

chanics of skiing or snow boarding, the geometric aspect ratio will also play an im portant 

role.

For the general case, we consider a  two-dimensional rigid boundary moving arbitrarily 

with velocity U  =  {UX,UX,U Z) in Cartesian coordinates over a fibrous matrix which is 

thin compared to the characteristic dimensions of the moving boundary in the x  and y 

directions. The local m atrix height is denoted by h(x ,y ) .  Note that U  and h can not be 

specified independently, because there is a  simple Eulerian relationship between them:

rr dh TT dh dh
u ^ m + U l Tx +  u > a i -  ^ 2A)

Nevertheless, it it convenient to treat U  and h as though they were independent.

The effective medium theory for flow in a fiber layer is described by the Brinkman
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equation (Brinkman 1947; Feng et al. 1998)

H ( v 2 -  jL 'J  u  =  Vp (5.2.2)

which can be derived either by renormalization of the Stokes flow in a  periodic microscopic 

domain or by averaging the Stokes equation for flow in a random assemblage of spherical 

particles (Howells 1974; Tam 1969; Lundgren 1972). Recently, Howells (1998) studied 

flow through randomly distributed fibers by a renormalization technique and recovered the 

Brinkman equation at the leading order. Feng et al. (1998) have developed a  boundary 

integral equation method for bounded particle motion in a  B rin k m an  medium and have 

applied the results to several biological problems in cellular mechanics and transendothelial 

transport. The validity and accuracy of the Brinkman equation in bounded porous media 

is also addressed in Tsay &: Weinbaum (1991) and Feng et al. (1998).

We introduce the dimensionless primed coordinates, velocities and pressure as

(5.2.3)

(5.2.4)

where L  and W  are the characteristic lengths of the moving surface in the x  and y directions.

For a ski or a snow board, L  and W  are its length and width, respectively. H  is the

undeformed m atrix gap height. In these dimensionless variables, the continuity equation in 

Cartesian coordinates is rewritten as

dv! Vc L dv‘ Wc L  dw’ , „
l *  + u c w l w  + u l H e 7  = 0- (5'2 '5)

For the coefficient of the dimensionless pressure gradient in the x, y  and z directions to be 

unity, we choose the characteristic velocities as

Ue = Ux , Vc =  ^ U X1 Wc = J-Ux, (5.2.6)

x t y Z
x  = v V = w 1 N II

^1

u  , V / w  , p
=  u c ' v

II
0̂

1 w  —

Wc’ P Pc
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and define the characteristic pressure Pc as

Pc =  (5.2.7)

W ith these definitions of the characteristic velocities and pressure, the three components of 

the Brinkman equation in (5.2.2) in Cartesian coordinates can be written as

dp' f  9 d2 ,  fl2 d2 o\ r
£  =  +  ^  +  ) W ,  (5.2.8)

dp' f  2 d2 2  &2 -A / /r o
dtf  ~  \ ^ x dP* +  €yd ^  J r~dPi ~ CL) V ' ( ^

dp' 2  /  2  d2 2 2\  r , ,  „
d p  ~  €x y x fo?2 +  +  ~  Q J 1/7 ’ (5.2.10)

where ex =  H / L , ey =  H / W  and ifrp is the Darcy permeability parameter a  defined by

Ha. — (5.2.11)

If we assume that both ez < <  0(1) and ey < <  0(1), then it is clearly seen from (5.2.8)-

(5.2.10) that the pressure gradient in the vertical direction is 0 (e2) smaller than  that in

either lateral direction. Thus we assume that the pressure is a constant across the matrix 

layer, i.e. p =  p(x, y ), and to 0 (e 2) or 0 (e2) equations (5.2.8) and (5.2.9) reduce to  equations 

similar to those obtained in classical lubrication theory (prime om itted for brevity)

i  -  ( J M -  <«•*>

i  -  ( £ - 4 - ( 5 -2 ' i 3 )

These equations in conjunction with the dimensionless continuity equation

du L 2 dv dw
d i  + W ^ d y  +  (5.2.14)
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determine the flow within the th in  layer of fiber matrix.

Solutions to (5.2.12) and (5.2.13) which satisfy the no slip boundary conditions at z =  0 

and z =  h are given by

_  sinh a z  1 dp
sinh ah  a 2 dx

sinhaz
cosh a z  — 1 ---- —— -(cosh a h  — 1)

svahah

_ W  Uy sinh a z  1 dp  
L Ux sinh ah  "** a 2 dy

sinh az
cosh a z  — 1 ---- —— -  (cosh ah  — 1)

sxnha/i

(5.2.15)

(5.2.16)

Note that in view of the definition of Vc in (5.2.4), v at z =  h is given by ( W/ L ) (U y/Ux). 

The corresponding fluxes in the x  and y  directions are computed by integrating over the 

local dimensionless channel height, i.e.

rh 1 dv
Qx = udz  = f ( a , h )  +  - 5-— (2 /(a , h) -  h), (5.2.17)

7 0  &  O X

rh W  U  1 So
Q y =  vdz  -= - y f - f ( a ,  h) +  - 2 -x-(2 / ( a ,  h) -  h), (5.2.18)

7o -a Ux a * dy

in which
coshah  — 1 „

/  =  ----- — - , -• 5.2.19asinhaft

If we integrate the continuity equation (5.2.5) over the channel height, apply the Newton- 

Leibnitz rule for differentiating an integral with variable limits

dQx rh(x,y) du dh(x,y)
dx

r ^ , y )  du  , dh(x,y)
- J o  s * - * — k r 1' (5'220)

treat -gjf- in a similar manner, and satisfy the dimensionless boundary conditions

W  TT T TT
U'x{x,y, h) =  1, U'y{ x ^ h )  =  T  U' ^ y - h ) = J j ^  (5-2-21)

we obtain

, lL ? Q y .  = - J k -  +  d±  +  L U ^ d h
dx W2 dy exUx dx WUxdy' (o.z.zz)
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where the prime has been dropped for convenience. Inserting the definitions (5.2.17) and

(5.2.18) in (5.2.22), one obtains a  generalized Reynolds equation for a  Brinkman medium

a_
dx +

L 2 d  
W 2 dy

In the limit a  —> 0,

L Ux a 2 dy \

h ot2hz 
f  ~ * 2 ~  24 ’

_ d h  r ^ U ^ d h  _
“  dx  +  W  U l d y  ~  TX TTX 

(5.2.23)

and equation (5.2.23) reduces to the classical Reynolds equation for an  incompressible, 

Newtonian viscous fluid,

d_
dx

6 h - h &
dx

l 2 d
W 2 dy 0 — z s . h - h 3^

W U y
L Ux dy

=  12
8h L_U^dh _
dx + W U x dy ex Ux \

(5.2.24)

The lateral velocity components axe given by (5.2.15) and (5.2.16). The vertical velocity 

component w is calculated from the dimensionless continuity equation (5.2.14).

In the case of one-dimensional flow, where U  — uxi  and there is no flow leakage in the 

y  direction, equation (5.2.23) reduces to

_d_
dx

dh
dx

(5.2.25)

This one-dimensional equation is suitable for describing the gliding motion of a red cell 

membrane over the endothelial glycocalyx. Equation (5.2.25) is non-linear since K p and 

hence a  is a non-lineax function of the lateral coordinates if large compressions of the m atrix 

are considered. Kp is determined from the solution of equations (5.3.2) and (5.3.3), which 

is presented in the next section.

The modified Reynolds equation (5.2.25) can be solved for the pressure distribution 

using the appropriate boundary conditions. Once the pressure field is determined, the flow 

field, the lift force and the drag exerted on the moving membrane can be calculated. These 

results, together with new features, which are absent for a pure fluid layer, axe discussed in
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subsequent sections.

5.3 P erm eability  o f the P orou s Layer

In this section, we propose a simplified model for the local change in Darcy permeability 

tha t is suitable for both the endothelial glycocalyx and the flexible crystalls comprising 

snow powder. A schematic illustration of the geometry of the model for the sliding motion 

of a planar membrane over a thin fiber m atrix layer is shown in Fig. 5.1(A). For simplicity, 

we model this surface matrix as a doubly periodic fiber array with lateral and vertical 

fiber spacings Ai and A2 , see Fig. 5.1(C, D). The Darcy permeability K p of the m atrix 

depends upon the fiber radius a and the spacing, which varies with position as a  result of 

the non-uniform compression.

The simplified model tha t we have constructed for the compression of the fibrous net­

work assumes that the fibers in the m atrix  form a  periodic two-dimensional, diamond or 

rectangular shaped, parallel array perpendicular to the flow direction that compresses lin­

early with change in gap height, H  — h, in the vertical direction. Thus, in planes parallel 

to the lower boundary the fiber spacing A i remains unchanged, since there is negligible 

compression in the lateral direction and only A2 changes with the local deformation. Thus,

h 2a + A2 (5.3.1)
H  2 a  -(- A 2 h  ’

where A 2 and A 2 H are the deformed and initial vertical fiber spacing, respectively. This 

type of matrix deformation is reasonable when the solid phase deforms due to the relative 

boundary motion rather than drag forces arising from the motion of the fluid phase. The 

motion of the solid phase is neglected. This is a realistic approximation for the endothelial 

glycocalyx and a reasonable approximation for skiing since the velocity of the skis far exceeds 

tha t of the snow powder.

The flow past this periodic, diamond, Fig. 5.1(C), or rectangular, Fig. 5.1(D), shaped
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fiber array is described by the two-dimensional Stokes equations written in term s of the 

stream and vorticity functions

V 2ip =  uj , (5.3.2)

V2co =  0. (5.3.3)

For the diamond shaped fiber array in Fig. 5.1(C), the boundary conditions are

ip = uj = 0 , on BC (5.3.4)

du> dip
^  =  ^ =  0. on GH, CD (5.3.5)

uj = 0, tp = U (a  + , on FG (5.3.6)

In addition, because of the no slip condition on the fiber post, we require that

dip
ip = -£- = 0, on BH (5.3.7)on

ip = U (a  4- ^  =  o, on DF (5.3.8)

in which U is the mean velocity in the x  direction and n  is the outer normal unit vector. 

For the rectangular fiber array arrangement depicted in Fig. 5.1(D), the corresponding 

boundary conditions are given by

ip =  u  =  0, on BC (5.3.9)

dip dui _
■g— =  g— =  0, on CE and GE (5.3.10)

uj = 0, ip = U (a-h , on  GE (5.3.11)

dip
ip =  = 0, on BH (5.3.12)

Once the solution for the stream function and vorticity, ip and uj, are obtained, the
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dimensionless drag exerted on any given fiber per unit length is given by

F r2*—p: = o . j  [cusinfl — p cos 9]d8, (5.3.13)
LiU Jo

The Darcy permeability is readily calculated by applying the force balance on a unit cell. 

This leads to

a2 ~  c F  ' (5.3.14)

where c, the solid fiber fraction is given by

^7r° 2
C _  (2a +  A 1)(2a +  A2) ' (5.3.15)

The dimensionless permeability param eter a  in the Brinkman equation is, therefore, given

Q =  7 w ; =  t  (5-3-16)

The pressure p is obtained by integrating the coupled relations

(5.3.17)

(5.3.18)

In our calculations, equations (5.3.2)-(5.3.3) are solved by a  least square boundary collo­

cation technique that is applied to the periodic unit cells sketched in Fig. 5.1(C) and (D). 

Following Sangani & Acrivos (1982), we can write general solutions to (5.3.2) and (5.3.3) 

as1

f  (4ai -F 26i )a2\
u  = 2 4 a i r - ^ ^  s in 0 +  8 Y  sin(2n -  1)6\  r ( 2 ln a  +  1) J ^  ’

x [nanr 2n-1 4- (n — l)a 4n - 2r 1- 2n(2nan — (2n — l ) 6n)], (5.3.19)

dp du>
dx ^  dy  ’

dp duj
dy ^  dx

lNote there is a typographical error in Eq. [11] in Sangani & Acrivos (1982)
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and

Equations (5.3.19) and (5.3.20) are expressed in the cylindrical coordinates so that the

41nr ( a \ 2 21na —1 / a \ 4l 2 f
2 Lna +  1 \ r j  + 2 1 n a + l  U )

( ? ) 2}] S'm 6  + £  [“ " r2" +1 I 1 -  2n (^ )

_  n  ( ^ V ”" 4 +  2(n — 1 \ f ? V ' T

boundary conditions on BC, GH and BH can be satisfied exactly. The unknown coeffi­

cients an and bn are determined by applying the remaining boundary conditions in some 

approximate sense. This is accomplished by a least square collocation technique adopted in 

Sangani & Acrivos (1982). We first select a  sufficient number of collocation points on either 

CD, DF and FG for the diamond fiber array, or on CE and EG for the square fiber array, 

respectively. The boundary conditions are satisfied at discrete points along these remaining 

boundaries and the resulting linear algebraic equations for On and bn are determined in a 

least square sense. The results converge as the number of collocation points increases. We 

have also solved the biharmonic equation for the stream function using a boundary integral 

method and obtained results in good agreement with those presented herein.

The dimensionless force exerted on a fiber per unit length is obtained by evaluating the 

integral in (5.3.13) using equations (5.3.17) to (5.3.20). Note th a t G(z) = G(x-hiy) = p —itp 

is an analytic function so that

pole a t 2 =  0. One finds that, as shown in Sangani & Acrivos (1982), th a t the dimensionless

[  G{z)dz = —2-KRe\res{G(z))] 
J i

(5.3.21)

where res(G) denotes the residues of G(z) within the contour 7 , defined by the closed curve 

r  =  a. It is apparent tha t both p  and ip have simple poles at r  =  0 and G(z) has a simple
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drag per unit length
_F =  _ W ( 2 » , + t i )
nU  21n a  +  l  V ’

depends only on the two leading coefficients ai and 61, although their values depend on 

all the other coefficients. The dimensionless Darcy permeability param eter a  is given by 

(5.3.16).

In Figs. 5.2, 5.3 and 5.4 we present the results for both the deformed hexagonal and 

square fiber arrays. If the results for the fiber drag per unit length are w ritten in terms of 

the fiber solid fraction c, FjyXJ is independent of the fiber radius and is only a function of 

the aspect ratio of the fiber array A. Thus in Fig. 5.2 we first present general results which 

are independent of the fiber radius. The fiber solid fraction for the undeformed hexagonal 

array is twice that of the square array. Fig. 5.2 plots the dimensionless drag F/fiU  as 

a function of fiber solid fraction c defined by (5.3.15). These results extend the solutions 

presented in Sangani 8z Acrivos (1982) in which only results for A =  (2a  4- A 2) /(2a +  A i) 

equal to \/3, the undeformed hexagonal fiber array and A =  1, the undeformed square array 

are presented. As the vertical fiber spacing decreases, the rectangular fiber arrangement 

experiences monotonically increasing drag on the fibers, as shown in Fig. 5.2(B). However, 

this is not true for a diamond shaped fiber array. Because the hexagonal fiber matrix is 

completely isotropic, the drag for A =  \/3  and \/3 /3  should be the same. Thus, there must 

be a critical value of A for which the drag reaches a  maximum and the monotonic behavior 

with increasing A can not be maintained. This is revealed in Fig. 5.2(A) where the result 

for A =  1 almost overlaps with th a t for A =  0.5.

For application in microcirculation, where a layer of endothelial glycocalyx seems to 

be ubiquitous, we calculated the Darcy permeability for a compressed initially hexagonal 

fiber array whose undeformed fiber spacing A! =  7nm and A2 =  13nm. Two fiber radii, 

a = 0 .6nm and a = 2nm are considered herein since they are representative of the sialyic acid 

side chains in glycosaminoglycans(GAG) and the protein core in proteoglycans, respectively.

The variation of the dimensionless drag as the fiber matrix is compressed vertically is
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shown in Fig. 5.3(A) for the initially square and rotated square (7r / 4 ) fiber arrays when the 

initial fiber spacing, Al =  7nm, A 2 =  7nm for both arrays. Results are shown for two fiber 

radii, 0.6nm corresponding to GAG side chains and protein core, and 2nm, typical of protein. 

As expected the drag increases as A 2 decreases. The two sets of curves for a specific fiber 

radius a converge into a  single curve for both  arrays as the fiber spacing between adjacent 

vertical fibers narrows. This is anticipated since, if the fibers are sufficiently close to each 

other in the vertical direction, the horizontal spacing plays only a  minor role in determining 

the drag exerted on each fiber. Therefore, in the dilute limit when A l remains fixed and 

A 2 becomes small, the Darcy perm eability for a  square fiber array will be twice th a t for a 

diamond shaped array. Fig. 5.4 exhibits the streamline patterns in a unit cell for the two 

fiber arrangements. It is clear th a t the  streamlines are squeezed together as A decreases. 

For this near contact case, Sangani & Acrivos (1982) have shown that the resistance can be 

described by a lubrication force which usually differs for square and hexagonal fiber arrays.

Fig. 5.3(B) shows the Darcy perm eability for a deformed hexagonal fiber array in which 

the initial fiber spacings are A l =  7nm and A 2 =  13nm. Note tha t this fiber arrangement 

differs from our previous applications using the fiber matrix model (Weinbaum et al. 1992; 

Fu et al. 1994) in which the fiber array is obtained by rotating the square array through 

7r/ 4  radians . Most of the calculations presented later in this paper are based on the Darcy 

permeability shown in Fig. 5.3(B) for the initially hexagonal fiber array which exhibits a 

strong non linear behavior as the m atrix  is compressed. As will be discussed later, this 

non-linearity will cause a shift in the pressure distribution and a large increase in the lift 

force on a moving surface at an a ttack  angle for large matrix deformations.
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5.4 O ne-D im ensional A nalysis: G lid ing M o tio n  o f  a M em ­

brane

In this section, we will apply the one-dimensional lubrication theory developed in section 

5.2 to study the motion of a  red cell membrane that penetrates the endothelial glycocalyx. 

We are also interested in a  more general model for an arb itrary  one-dimensional surface 

moving parallel to a  fixed p lanar boundary. We shall show th a t for this case closed form 

solutions can be obtained for the  pressure distribution for an arb itrary  h(x)  provided the 

boundaries are not deformable. This analysis is a simplified model for many applications in 

compressible porous media where the leakage of the excess pressure at the lateral boundaries 

is unimportant. This simple model is also used to illustrate the fundmental new hydrody­

namic features that are absent in classical lubrication theory. A related simplified model 

for an axisymmetric rigid red cell moving in a circular tube lined with a  surface glycocalyx 

is presented in section 5.6.

We assume that the thickness of the fiber matrix in the fluid gap between the two surfaces 

is small compared to the characteristic length in the x  direction. This is a  reasonable 

model for a red cell membrane th a t comes in near contact w ith the endothelial surface in 

larger microvessels. We consider first the case of an arbitrary h(x)  and show that the one­

dimensional Reynolds type equation (5.2.25) can be solved exactly. This exact solution will 

also be used to check the numerical m ethod developed for solving the full two-dimensional 

equation discussed in the next section.

One notes that if the sliding velocity U  is a constant, equation (5.2.25) can be integrated 

directly yielding the general solution

f + ^ t i 2 f - h) =  h + c ' (SU 1)

where C  is a constant. The constant C  is evaluated by prescribing the leading and trailing 

edge pressures. If the pressures a t the leading and trailing edges of the  cell membrane are
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the same and a  is only a function of x, C  can be expressed as

„  fa'
f 1 ° 2 dr  JO 2 f —h

The pressure distribution from (5.4.1)is given by

r a H ^ - f + c ) ,
V ~ Pa = L  2 l - h

where po is the pressure a t x  =  0 and x  =  1 if C  is given by (5.4.2).

The to tal dimensionless lift force F  is obtained by integrating (5.4.3) 

surface. This leads to

F = [  ( p ~ P o ) d x =  f  (1 - x ) a  k̂  f -£ C ^dx, (5.4.4)
Jo Jo 2.j — n

where we have changed the order of integration in evaluating the double integral. The 

velocity components, flow patterns and drag force on the membrane can be calculated in a 

m anner similar to tha t for classical lubrication theory. In general a  will be a highly non­

linear function of h  as quickly surmised from Fig. 5.3(B). Once h(x)  is prescribed, equations

(5.4.2) and (5.4.3) provide a remarkably simple solution for the pressure distribution in 

the compressed m atrix layer for any h(x).  This will greatly facilitate the treatm ent of 

deformable surfaces using iterative methods.

To illustrate the general behavior, we performed numerical calculations for a simple 

example in which an inclined planar surface of length L  moves at a constant velocity over 

a th in  fiber matrix. The undeformed thickness of the matrix is assumed to be /12 and 

the compression ratio k  is defined by the ratio  h i / h i ,  where hi  is the compressed m atrix 

thickness a t the trailing edge. Typical solutions for the pressure distribution beneath this 

planar surface are shown in Fig. 5.5. Here the undeformed thickness h i  and a(hi )  a t the 

leading edge are prescribed. The slope of the plane ( h i - h ^ / L i s  given in term s of the m atrix

(5.4.2)

(5.4.3)

over the entire
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compression ratio, k  =  /12/ h i ,  as (1 — l/k)h.2 /L ,  see Fig. 5.1. In Fig. 5.5(A), the pressure 

distribution for a moderately compressed matrix, k = 4, is plotted for several increasing 

values of the undeformed permeability parameter a{hi).  Also shown for comparison are 

the predictions of classical lubrication theory, the lim it in g  case of Eq. 5.2.25 when a  =  0. 

It is observed that the pressure increases remarkably as a{hi)  increases from zero, a  pure 

fluid layer, to a(/i2) =  100. The pressure is generated within the m atrix for a{hi)  =  100 

is three orders of magnitude greater than  for a  =  0. Fig. 5.5(B) shows the change in the 

pressure distribution as the m atrix compression ratio is increased when a ( /i2) =  50, a value 

representative of a lOOnm thick endothelial glycocalyx. The m ax im u m  compression ratio 

is about 12. One notes tha t there is a pronounced shift in the m ax im u m  pressure towards 

the trailing edge for large values of k. The combined results in Fig. 5.5(A,B) lead to the 

dramatic increase in the integrated lift force shown in Fig. 5.6, where the dimensionless 

lift force is plotted as a  function of k. We note that the total lift force on the moving 

surface increases as the compression ratio k  increases due to the large increase in a  as 

one approaches the trailing edge. This is in contrast to the well known result in classical 

lubrication theory for a slider bearing where the lift force is a maximum when hi  ~  2.2h\ 

and hi  is fixed.

It is also of interest to plot the position of the m axim u m  pressure x-m/L as a function k 

for different values of a(/i2). This is shown in Fig. 5.7, where we notice th a t x m/ L  exhibits 

a more complicated behavior. For small values of ct{hi). the m axim u m  pressure is achieved 

closer to the midpoint than for a  =  0, the pure fluid layer. However, as a (/i2) increases 

there is a large shift in the position of the maximum pressure towards to the trailing edge 

of the plate as k  increases. For the purpose of comparison, we have also calculated x m/L  

if the matrix compression is neglected, i.e., a  = a{hi) throughout the m atrix. The results 

show that there is a much larger shift in the pressure m axim u m  toward the trailing edge 

when matrix compression is considered. This is due to the large non-linearity in the Darcy 

permeability that develops as the m atrix is compressed near the trailing edge. This gives 

rise to the large asymmetry in the pressure profile shown in Fig. 5.5. Fig. 5.7 also indicates
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that x m/ L  is nearly independent of a(fi2 ) once a (/i2 ) exceeds 20 for all values of k.

Fig. 5.8 illustrates the change in the streamline pa tte rn  as a (/i2) increases. One observes 

that for a  = 0 there is a small recirculation region near the trailing edge where the pressure 

gradient is negative. However, as a(h2) increases a  dividing streamline develops starting 

near the trailing edge and fluid is either expelled in front of the leading edge or ejected 

at the trailing edge of the moving surface. This behavior is more easily interpreted in 

terms of the velocity profiles exhibited in Fig. 5.9, where horizontal velocity profiles are 

presented at three positions, the leading edge x j L  = 1, the trailing edge x j L  — 0 and 

the position x m/ L, the pressure maximum. The velocity component is normalized relative 

to the sliding velocity U. In sharp contrast to a pure fluid layer, a  =  0, the horizontal 

velocity remains almost constant in the central region of the m atrix for large values of a ,  

except for a thin transition layer neax the boundaries where the no slip condition must 

be satisfied. In fact, as the Darcy term  becomes larger and dominates the effect of the 

viscous dissipation terms, the Brinkman medium reduces to a  Darcy medium in which a 

uniform plug flow proportional to the local pressure gradient is anticipated. Therefore, the 

Brinkman medium bridges the transition from a slow viscous creeping flow characteristic 

of classical lubrication theory to a Darcy flow which satisfies a  potential equation for the 

pressure field and no slip conditions can not be satisfied. This transition in behavior was 

also observed by the authors in a recent study of the flow through a circular orifice in a 

Brinkman medium (Feng & Weinbaum 1999). Although not shown one finds th a t at large 

a  the bulk motion in the central region is small and it is only near the leading and trailing 

edges, where the pressure gradient is large, that there is a  significant bulk flow.

The key result observed in this section is the large increase in the pressure generated 

within the fiber m atrix as 0 (^2 ) increases. In the microcirculation, this results in a huge 

repulsive lift force on a moving red cell as it attem pts to penetrate  the endothelial glycocalyx. 

This has very im portant implications for the microcirculation where an 8pm deformable 

red cell is able to squeeze through 5-6pm capillaries w ithout undergoing constant molecular 

interaction with the plasmalemma membranes of the endothelial cell at the luminal surface
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(Weinbaum & Feng 1999).

5.5 M o tio n  o f a  Ski or Snow board

While the motion of red cells inside a microvessel provided the initial motivation for this 

study, the behavior of the red cell has a striking sim ilarity to the gliding motion of a ski or 

a  snow board on a  th in  layer of compressed fresh powder. In this section, we propose a two- 

dimensional fiber m atrix model to analyze the mechanics of skiing. Fig. 5.10 is a  schematic 

illustration of a ski or a  snow board on a thin layer of fresh powder, which is described by 

the Brinkman equation. A Cartesian coordinate systems is chosen in which the z  axis is 

in the vertical direction. We consider a rectangular shaped ski or snowboard whose length 

and w idth axe L  and W ,  respectively. We assume th a t the thickness of the lubricating 

layer does not vary in the y direction and is only a  function of x. This implies tha t the 

permeability param eter a  is also independent of y. The sliding velocity is denoted by Uix . 

The prim ary difference between the red cell and  the ski lies in that there is substantial 

pressure loss from the leakage at the lateral edges of the skis, which is absent for a red cell 

if its membrane fills the entire vessel circumference. In  the absence of experimental data 

for the permeability of freshly fallen snow, we use the same fiber matrix model described 

in section 5.3 for the endothelial surface glycocalyx to estimate the variation of a  with 

h without any further attem pt to model the detailed crystal structure of the snow flakes. 

The purpose of this study is to provide a simple prototype model to obtain some insight 

into this complicated problem. It is also emphasized tha t for a ski the assumption that 

h / W  «  1 for the compressed powder layer is reasonable for compressed snow depths of 

at most a  few centimeters. The theory in its present form is more applicable in the much 

wider snowboard.

By introducing the characteristic variables as detailed in section 5.2, one can write the
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Reynolds type equation (5.2.23) for the pressure within the powder as

a_
dx

L2 ,  . . d 2?  dh  , .
+  w ^ ( V  ~ h )w  ~  d i '  ( ’

Equation (5.5.1) is a second order elliptic partial differential equation for which we were 

unable to find an analytic form of solution and developed instead a numerical method based 

on the pseudo-spectral collocation technique of Orszag (1971).

5 .5 .1  N u m er ica l S o lu t io n  o f  th e  R ey n o ld s  T y p e  E q u a tio n

In order to solve the Reynolds equation (5.5.1), we expand the pressure in a double series 

defined on the domain D  =  [0,1] x [0,1] as

OO OO

p(x,  y) =  ^ 2  PnmTn(2x -  1) sin(2m -  l)iry, (5.5.2)
n = Q  m = l

in which pnm are unknown coefficients and Tn is a Chebyshev polynomial of order n. Solution

(5.5.2) already satisfies the boundary conditions at y =  0 and y =  1. When (5.5.2) is 

substituted into (5.5.1) and the orthogonality of the sine function is employed, one obtains 

the following set of algebraic equations for pnm

( 2f ~ h
' Pnm 

71=0 \

d 2 f  -  h d „  '
+  T - — T ~ T t ^  -  i) dx a z dx

( X k d x )  (2m — l) 7r ’ m  (5'5’3)

Using the orthogonality of the Chebyshev polynomial, one can express the derivatives of 

Tn(x) appearing in (5.5.3) in terms of Chebyshev polynomials. The details of the required 

formulae can be found in the appendix of Orszag (1971).

We choose the first M  equations in (5.5.3) and truncate the infinite summation at its 

N  + 2 term, where N  is sufficiently laxge to ensure the convergence of the solution. The 

coefficients pnTn are obtained by applying equation (5.5.3) a t N  collocation points which are
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the zeros of T^(x ) .  These algebraic equations axe combined with the boundary condition 

p(0) =  p (l) =  0 to solve for the N  + 2 coefficients for a given m. The numerical scheme 

is quite stable and convergent as N  increases compared with the solution expressed in a 

double Fourier series.

In our calculations, we use M  = 50 and N  =  100. The pressure at the center poin t of 

the ski varies within 0.1 percent for M  > 100 and  N  > 200. The numerical results for the 

pressure at y = 1/2 when W /L  >  20 are in excellent agreement with the exact solution 

presented in the previous section for W / L  —)- oo.

5 .5 .2  R e su lts  and  D iscu ssio n

To facilitate comparison with the one-dimensional solution the results for the pressure are 

presented only at the center line of the ski or snowboard, y =  1/2. One of the m ost 

im portant parameters in this application is the choice of the undeformed Darcy perm eability 

for fresh snow powder. Here we assume that the  powder is composed of a fibrous m atrix  

whose effective fiber radius a is 0.1mm. However, as noted in Fig. 5.3 the results are  not 

very sensitive to the value of a. For the purpose of illustrating how large a pressure can  be 

built up beneath a ski or snowboard, we will also present the results for various values of 

a (/i2)- The actual value of the fiber spacing a t the leading edge in the present model has 

to be determined by matching the total lift force generated by the compressed pow der to 

the weight of the skier and his/her skis.

The fundamental difference between a red cell gliding on the endothelial glycocalyx and 

the human skiing on fresh powder is schematically shown in Fig. 5.10. For the hum an skier 

or snow boarder there can be a very large loss in the excess pressure due to the escape o f  the 

air at the lateral edges of the skis. The magnitude of this loss in excess pressure is largely 

determined by the parameter L / W  in the second term in Eq. 5.5.1. For straight skis a 

typical of value of L / W  is 20, whereas for a snow board this is closer to 4. In either case 

L 2/ W 2 is > >  1. We illustrate the essential physics by presenting results for the pressure
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distribution for L / W = 10 in Fig. 5.11 for k  =  2, a m oderate compression, for bo th  a  =  0 

(classical lubrication theory) and a(/i2) =  100 , a  value representative of moderately packed 

snow powder. Also shown for comparison are the results for L / W  =  0, the case where there 

is no leakage a t the lateral edges, as for the  tightly fitting red cell. One observes that the 

dimensionless excess pressure beneath a planar surface with L / W  =  10 is two orders of 

magnitude smaller than  for L / W  -  0. However, for L / W  =  10 there is a  large shift in the 

maximum pressure towards the rear of a ski or snow board even at this moderate value of 

k. The pressure builds up gradually over most of the length of the ski and there is a  sharp 

drop in pressure near the trailing edge. This asymmetric pressure distribution would exert 

a large torque on the skier’s ankles and the  skier would adjust to a smaller angle of attack.

Fig. 5.12 provides an overall comparison of the changes in lift or repulsive forces as a  

increases for both a planar surface L / W  =  0 and L / W  =  10. The transition for the large 

increase in lift due to the porous media occurs a t a  order one. For the red cell the value 

of a  a t the leading edge, a(/i2), where the membrane first penetrates the glycocalyx is 160 

based on a  0.4^m thickness for the undeformed m atrix and an open gap between fibers of 7 

nm. This value of a  will increase greatly as one proceeds toward the trailing edge of the red 

cell due to the compression of the matrix. For a  human skier the value of a  at the  leading 

edge is determined by the requirement th a t the total lift force must equal the weight of the 

skier plus his/her skis. The value of a  a t the leading edge required to achieve this lift will 

depend on k, the compression ratio, and, as observed in Fig. 5.12, will decrease from about 

400 to 100 as k  increases from 2 to 5. By digging one’s heels into the snow one can achieve 

the same lift with a small compression at the leading edge and a large compression at the 

trailing edge. This will also lead to a much larger drag force (not shown).

5.6 P ressu re D riven Flow  o f  a  R ed  C ell in  a C apillary

The results of the analysis presented in section 5.4 have im portant implications for the in 

vivo rheology of blood in the microcirculation in which the endothelial glycocalyx plays a
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vital role. We are interested, in particular, in the role of the endothelial surface glycocalyx 

in determining the rheological properties of blood and the popout phenomenon in which the 

red cell will rise off the endothelial surface and then glide near the edge of the surface m atrix 

layer. Although there is limited experimental da ta  available on the material properties of 

the glycocalyx, the fiber matrix model based on the Brinkm an equation has been applied to 

several biological transport problems where the model has successfully predicted the mea­

sured hydraulic and diffusive permeability coefficients (Weinbaum et aI. 1992: Weinbaum 

1998; Fu e£ al. 1994, 1997, 1998; Hu & W einbaum 1999). The advantage of the Brinkman 

equation lies in its simplicity and tha t one does not need a detailed knowledge of the gly­

cocalyx structure to estimate K p. We can thus use the model in section 5.3 to represent 

the fiber deformation. Although this model is based on a flow transverse to a periodic fiber 

array, these results compare quite well w ith those for a randomly distributed fiber m atrix 

(Either 1990). We first present a simple geometric model for the pressure driven motion of 

an idealized red cell which penetrates into the glycocalyx and then examine the effect of 

this m otion on the tube hematocrit and appaxent viscosity.

5 .6 .1  M o d e l a n d  F o rm u la tion

There have been numerous previous models for the motion of red cells in microvessels 

(Lighthill 1968; Fitz-Gerald 1969; Tozeren & Skalak 1978; Secomb et ad. 1986; Damiano 

1998; Secomb et ad. 1998). Early studies used classical lubrication theory to describe the 

fluid layer near the capillary wall. The most recent investigations have applied mixture 

theory to describe a  glycocalyx with small deformation and, with the exception of Secomb 

et ad. (1998), have assumed that the red cell membranes do not penetrate the glycocalyx. 

Secomb et ad. (1986) have shown that axisymmetric lubrication theory yields very accurate 

results for rigid spheres even for moderate sphere to tube diameter ratios. We thus wish to 

generalize the analysis in section 5.2 to treat the axisymmetric motion of a rigid pellet in 

a circular tube which has a deformable m atrix lining its walls, as illustrated in Fig. 5.13. 

The simplified shape assumed for the red cell pellet in Fig. 5.13 is a cylinder w ith a linearly
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varying radius with hemi spherical caps a t both its front and rear surfaces. The length of 

the cell and the size of the caps are determined by requiring the surface area and the volume 

of the red cell, which in our calculation, axe 141.6 p.m2 and 91.5 p m3, respectively, to remain 

constant. In this highly idealized model the deformation of the red cell is neglected.

The dimensionless Brinkman equation in cylindrical coordinates is given by

I A  ( r ^ < \  =  W  a 2u' (5 6 D
r'<9r' V d r ' J  dzf 2’  ̂ *

where the dimensionless prim ed variables are defined by

r ' = i ’ * ' = : § ’ (5-6-2>

Here R  is the vessel radius and Uc is the translational velocity of the red cell. The perme­

ability parameter a  is now defined as

a  =  —5==. (5.6.3)
V-Kp

For convenience, we now drop the prime on the dimensionless quantities.

The solution to (5.6.1) which satisfies the no slip boundary conditions on the capillary 

wail and the cell surface closely parallels the derivation in Damiano et al. (1996) except that 

no intervening fluid layer is present between the red cell and the edge of the glycocalyx. 

The axial velocity is given by

uz =  A
/ o ( a r )  "  l ^ j Ko{ ar ]

1
 2oc

K 0(ar) '
L K 0( a )

dp 
d z '

(5.6.4)

where
1 _  1 f Kotyc) -  l] 42 

A  =  1 a* L Ko(a) XJ dz

Io(arc) -  $ $ K o ( a r c)'

Here rc{z) denotes the shape of the red cell and I  and K  are modified Bessel functions. When
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equation (5.6.4) is substituted into the continuity equation and integrated, one obtains

i  r R
R<lo = 2 rc ' i~ J  u z{r,z)rdr, (5.6.5)

where qo is the total flux through the cross section n orm a lized  by UCR 2. Substituting (5.6.4) 

into (5.6.5), one obtains the following Reynolds type equation for an arbitrary axisymmetric 

red cell flowing through a circular tube coated by a layer of fiber matrix:

dp _  Rqo — -i- C / D
(5.6.6)

Here the auxiliary functions B , C  and D  are given by

B = 4 ^  + M U t .) -  * * < “ >!•

c  =  R l ^ a )  - r M * r e) +  _M ^ [RKi{a) _  rc K l (arc)},

I0(a)K0(arc)
B  — Io{otrc) zp—. r ,Ko{a)

respectively. Note that in (5.6.6) r c is an arbitrary  function of z  and that a  is determined by 

the local compression of the m atrix layer. In order to determine the pressure distribution, 

qo has to be prescribed. If the red cell is freely suspended, the total applied force has to 

vanish. This zero drag condition uniquely determines the motion.

We choose a control volume, bounded by two cross sections at z  =  0 and z = L  in Fig. 

5.13 and the corresponding segment of tube wall. Since the freely suspended red cell does 

not exert a net force, the to tal force applied on this control volume must be zero for steady 

flow. In contrast to mixture theory, in which there is a governing equation for the solid 

phase and the stress is calculated in terms of the s u m m a tio n  of forces in both  the fluid 

and the solid phases, special attention must be  paid to the Brinkman medium, in which a 

distributed body force is implicitly included in  the governing equation. In fact, when we
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integrate the Brinkman equation over any volume (V), the following relation is obtained

IL^dS - III k ^ =I L ^ (5.6.7)

where n  is the normal unit vector of the  control volume. Note the second term , which is 

absent for Stokes flow, represents a  body force within the control volume. This force is 

balanced by the drag force on the fibers.

When equation (5.6.7) and the lubrication approximation are applied, one finds that

dz  =  0 , (5.6.8)

where t w , the shear stress exerted on the tube  wall from (5.6.4) is given by

Tw — fl d v z

dr r=R
_  K i (a R )  dp t A f r , _ m  , Io iaRiKxiaR)
— ------77~t— — F A c t I i ( q t l ) H--------- ————------aKo(otR) dz  L K q(ccR)

(5.6.9)

The Reynolds equation, together with the zero drag condition (5.6.8) are sufficient to solve 

for the pressure and the total flux go-

5 .6 .2  R e su lts  an d  D iscu ss io n

We assume tha t the glycocalyx can be modeled by the fiber matrix structure described in 

section 5.3. For comparison with previous studies, we consider a red cell flowing through 

a 5 p m  capillary coated by a 0.5 p m  thick glycocalyx as shown in Fig. 5.14. Theoretical 

predictions for the dimensional pressure distribution along the tube axis for a red cell 

velocity of 0.lcm /s are shown in the upper portion of Fig. 5.14. The relative penetration 

of the red cell membrane into the glycocalyx a t the trailing edge is given by (3 =  (rc(0) — 

rc(L ) ) / (R  — rc(L)). This can be w ritten as/?  =  l  — 1/fcin terms of the m atrix compression 

ratio k  defined previously. The model predicts a  large pressure increase over the length of
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the cell as a consequence of the penetration. The behavior of the pressure resembles that 

presented earlier for a gliding plane, except for the large pressure drop that occurs across 

the cell due to the pressure driven flow. The curves with symbols in Fig. 5.14 are the 

pressure profiles for q  =  0 , a pure fluid layer w ithout glycocalyx, in which the parameter 

/? =  0 and 0.9.

Fig. 5.14 shows the elevation in pressure tha t arises from the penetration. The value 

of a  for the undeformed m atrix  is approximately 1000 and the pressure differential on 

the hemispherical caps is the prim ary contribution to the to tal driving force. In fact, the 

zero drag condition applied on the red cell membrane requires tha t this pressure drop be 

balanced by the sum m ation of the shear stress and the component of the pressure on the 

inclined surface in the axial direction. Since there is only a  small bulk flow except near the 

leading and trailing edges where there are steep pressure gradients, one finds (not shown) 

tha t the shear stress on the red cell does not vary significantly as the membrane penetrates 

the glycocalyx, but the pressure contribution grows substantially due to  the large increase 

in drag from the fibers. Physically, the fluid within the m atrix has to be expelled by the 

slanting membrane. Thus, a  much greater driving force is needed to achieve the same 

cell velocity, compared to the non-penetrating case. The high penetration creates a large 

pressure drop across the cell, an effect which was absent for the gliding motions of a planar 

surface over a wall in an unbounded medium considered in section 5.4.

The presence of the glycocalyx affects two im portant rheological quantities: the appar­

ent viscosity ratio, £tapp: and the ratio of tube to discharge hem atocrit, Ht / H d - These 

quantities can be determined from the solution for the driving force n R 2A P  over the entire 

length of the cell and the actual flux through any cross section.

Because the repulsive force generated within the glycocalyx prevents the cell from touch­

ing the capillary wall, the red cells will be driven toward the center of the capillary. As a 

result, the red cell velocity Uc is greater than the average plasm a velocity, u. By applying
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mass conservation, one can readily show that

u 2 go Ht
Uc Uc Hd ' (5-6.10)

Figs. 5.15(A), (B) show the pressure drop AP  across the length of the cell and the tube 

to discharge hematocrit ratio H t / H q for both  5 and 6 pm  capillaries lined with a 0.5 pm  

thick glycocalyx. It is seen tha t A P  grows exponentially with respect to the penetration, 

whereas Ht / H d approaches unity. The increase of H t / H q agrees with one’s intuition, 

since the effective diameter of the capillary is reduced as the cell penetrates the glycocalyx. 

For a given value of penetration, the 6 pm  capillary always exhibits a larger average flux 

since the leak back through the glycocalyx is smaller than  for a  5 /im capillary. However, 

the pressure drop for a  6 pm  capillary is lower than  for a  5 pm  capillary primarily due to 

the decreased length of the moving red cell, since cell volume is conserved.

We are particularly interested in examining whether the red cell membrane will penetrate 

the glycocalyx when the cell moves a t velocities (Uc > lOOpm/s). The apparent viscosity 

ratio of whole blood moving in a  capillary is given by (Damiano, 1998) as

1
^app =  g (5.6.11)

where Vc denotes the cell volume, Ap' is the dimensionless presure drop over the cell, and 

dp'0/d z ' is the dimensionless pressure gradient in the plasma between cells. dp'Q/d z ' can 

be obtained from the solution for a pressure driven flow in a  tube coated by a layer of 

glycocalyx in the absence of red cells. The prime indicates dimensionless variables. The 

difference between (5.6.11) and the original equation (21) in Damiano (1998) arises from 

the characteristic length in the axial direction. We have used the total length of the red 

cell, L, as the characteristic length scale, whereas Damiano used the radius of the capillary 

instead.

The apparent viscosity ratio calculated using (5.6.11), even when the red cell does not
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invade the glycocalyx, /zapp ~  500H d , is one order of magnitude larger th an  tha t has 

been measured in vivo (Pries et al. 1994). Damiano’s calculations using m ixture theory 

predict values for /zapp for 5, 6 and 7 y m  capillaries which are a factor of 4 lower than  

the experimental observations in Pries et al. (1994). This large difference in th e  predicted 

value of ^zapp between Damiano and the results in Fig. 5.15 is due to two effects. One 

is the large difference in Darcy resistivity assumed in the two models for the undeformed 

m atrix and the second is that Damiano assumes tha t a th in  plasma layer exists between 

the red cell membrane and the glycocalyx. In  our model, the undeformed m atrix  has a 

hydraulic resistivity of O(10u ) dyn-s/cm 4, corresponding to an open gap between fibers 

A 2h  of 7 nm. This resistivity is three orders of magnitude greater than  th a t used in 

Damiano (1998). The values assumed for the Darcy resistivity in Damiano are based on 

filtration gels with proteoglycans rather than  experiments where the capillary selectivity 

and permeability coefficients are measured in vivo as in the present analysis. If we want 

to match the measured /zapp, our calculations indicate tha t a  hydraulic resistivity which is 

approximately ~  O (1010) dyn-s/cm 4 should be used if there is no pure fluid layer above the 

glycocalyx. If there is a pure fluid layer above the glycocalyx and our predicted resistivity 

for a fiber spacing of 7 nm is used, we find tha t measured /zapp of 11 for a 5 y m capillary in 

Pries et al. (1994) can be achieved if the thickness of this pure fluid layer is about 0.1 fim. 

This is about 2.5 percent of the functional diam eter of the capillary. However, if Damiano’s 

resistivity is used, one finds tha t the red cell membrane would need to penetrate 75 percent 

of the glycocalyx in order to match the measured /zapp «  11. If the red cell were to ju st 

fill the entire lumen and not invade the glycocalyx, the calculated /zapp using Damiano’s 

resistivity is approximately 5.2. This is still only one half the measured value. While the 

mechanical properties of the glycocalyx are still open to question, the present model for K p 

compares much more favorably with the observations in Vink & Duling (1996) where the 

edge of the FITC-dextran column is approximately 0.2 y m  from the edge of the red cell 

when it is moving with velocities greater than  125 y m /s.

Secomb et al. (1998) introduced a variable K p in their model which allows for a  transition
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layer a t the outer edge of the  glycocalyx. However, their results indicate that varying the 

thickness of this transition layer over the range 0.05-0.4 pm  has very little effect on Ht / H d 

and the pressure drop A P . In  the in vitro experimental investigation of Adamson & Clough 

(1992), where cationized ferritin (CF), 10 nm diameter, was used as a  marker for the outer 

edge of the endothelial surface glycocalyx in frog mesentery capillaries, one observes a 

uniform layer of about 100 nm  separating the capillary wall and  the CF layer when plasma 

was present. The electron micrographs of the vessel wall show that the CF layer forms 

a sharp and distinct interface at the edge of the surface glycocalyx. Since the glycocalyx 

is negatively charged, CF would have exhibited a  diffuse labeling of the outer edge of the 

m atrix if it was less dense a  not well defined. These results seem to support the hypothesis 

tha t the surface glycocalyx is highly uniform and homogeneous. Similar observations axe 

reported in Vink & Duling’s (1996) in vivo study using ham ster cremaster capillaries where 

the fluorescent labeling of the glycocalyx by FITC-dextran is also homogeneous.

5 .7  C oncluding R em arks

M otivated by recent in vivo studies in the microcirculation and a  rapidly growing recognition 

of the importance of the endothelial glycocalyx, we have developed a new lubrication theory 

for highly compressible porous layers based on an effective medium approach. This theory 

also accounts for order of magnitude variations in the Darcy permeability within the porous 

layer. The predictions of this theory support Vink & Duling’s (1996) in vivo experimental 

observations for both the popout phenomenon and final equilibrium  position of the red cell 

a t physiologically observed velocities in 5-7 pm  diameter mam m alian capillaries. W hen a 8 

pm  red cell is first squeezed into a capillary with smaller diam eter or when it passes through 

arterial sphincter, it will elongate and crush the glycocalyx if its velocity is small. As the 

pressure gradient and thus the red cell velocity increase, the red cell membrane will gradually 

rise off the vessel wall due to the large repulsive force generated within the glycocalyx. This 

popout is characterized by an  increased clearance between the capillary wall and the red
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cell membrane. When the velocity of the red cell achieves values of Uc > 120/um/s, the cell 

membrane will first lift off the glycoalyx, creating a  thin layer of plasm a between the matrix 

and the red cell whose thickness then increases w ith Uc. Although the present results are 

for a  rigid planar membrane, the theory can be extended to a deformable red cell membrane 

using the approach in Secomb et al. (1986). Of particular interest is the effect of membrane 

bending moments on red cell shape a t low velocities where there are large compressions of 

the extracellular matrix. Future work should also include the possible existence of another 

th in  layer of deformable surface glycocalyx coating the red cell membrane, an effect which 

is not taken into account in the present model.

W hen the present theory is applied to the motion of a ski or snowboard, a strikingly 

similar behavior is observed for the pressure distribution and the lift force. By introducing 

a small tilt angle, a  hydrodynamic lift force can be generated which is large enough to 

sustain a 70 kg human. Several extensions of the basic problem treated  in this paper are 

of interest. In an effort to understand more sophisticated maneuvers in skiing, such as 

turning and stopping, one must consider the mechanics of edging, where the snow powder 

is compressed in the transverse direction. The numerical m ethod adopted in section 5.5 is 

greatly simplified when the lubricating layer does not vary in the transverse direction. This 

method needs to be generalized to apply to the situation in which h  is an arbitrary function 

of both x  and y.

As demonstrated in this paper, large compressions of the fiber m atrix  lead to dramatic 

pressure increase in the m atrix layer. These huge pressures may give rise to elastic or plastic 

deformation of the base on which the matrix resides and result in well known elastohydro- 

dynamic complications. Since the Darcy term  appearing in the Brinkm an equation can also 

be incorporated in the Navier-Stokes equation to represent an average effect of the porous 

material (Hornung 1996), it may be worthwhile to investigate the relative importance of 

viscous dissipation, fluid inertia and m atrix deformation in the time-dependent draining 

of fluid from thin fiber m atrix layers, where one has an inertial squeeze film between two 

closely juxtaposed solid surfaces.
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Figure 5.1: (A) Schematic illustration of the present model for sliding motion of a rigid 
surface over a thin layer of fiber matrix. (B) Inset in (A) shows an idealized model for the 
fiber matrix which is composed of doubly periodic array of cylindrical fibers of radius a. 
The undeformed fiber spacings in the lateral and vertical directions are denoted by A i and 

H-, respectively. (C) A unit cell for a  deformed hexagonal fiber array in which the Stokes 
equation is solved for the local Darcy permeability. (D) A unit cell showing the deformed 
rectangular fiber array.
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Figure 5.2: The dimensionless drag on a  unit length of fiber as a  function of fiber solid 
fraction for different values of A =  (2a 4- A 2) / ( 2a 4- A t). (A) Results for diamond shaped 
fiber array. (B) Results for rectangular fiber array.
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Figure 5.3: (A) Increase in the dimensionless fiber drag per unit length as the fiber matrix 
is compressed vertically for two different fiber radii, a =  0 .6nm, GAG side chains in pro­
teoglycans, and a =  2nm, the core protein in a  proteoglycan. T he undeformed square and 
rotated square (7r /4 ) fiber spacing A i =  A2h  =  7nm. (B) Variation of the Darcy perme­
ability of the fiber m atrix for an initially hexagonal fiber arrangem ent in which A i =  7nm, 
A 2 h  =  13nm.
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Figure 5.4: Flow patterns w ithin the fiber matrix for both diamond shaped (A, C) and 
rectangular (B, D) fiber arrays for A i /a  =  3, (2a 4- A 2) / ( 2a  4- A i) =  1/2 (A, C) and 
(2a 4- A 2)/(2a 4- A i) =  1 (B, D).
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Figure 5.5: Dimensionless pressure distribution in a compressed fiber matrix. (A): Pressure 
for different values of the undeformed a(/i2) in which the compression ratio k =  4. (B): 
Pressure for various compression ratios k  in which a(/i2) =  50, a value close to that predicted 
for a lOOnm thick glycocalyx with an initially undeformed hexagonal fiber array in which 
Ai =  7 nm, A2h  =  13 nm and a =  0.6 nm.
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Figure 5.7: Shift of the maximum pressure on the moving surface. For comparison, results 
for constant a  throughout the m atrix are shown by circles. The thick solid curve is the 
result for a pure fluid layer.
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Figure 5.8: Streamline patterns within the fiber m atrix for four increasing values of the 
permeability parameter a(/i2 ). (A) a  = 0, classical lubrication theory, (B) o:(/i2) =  5, (C) 
a(/i2) =  20, (D) or(/i2) =  100. The fiber matrix is described by the same parameters as in 
Fig. 5.5.
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Figure 5.9: Normalized horizontal velocity profiles in fiber m atrix for representative a(/i2). 
Three sets of profiles are shown which correspond to the  leading and trailing edges and the 
position where the pressure reaches its m axim u m , Xm/L.
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Figure 5.10: Schematic illustration of a  snow board or ski compressing a  th in  layer of fresh 
powder. Note the escape of air a t lateral edges.
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Figure 5.11: Comparison of the  pressure distribution on the centerline of a ski or snow 
board for an intermediate value of L /W  =  10 and on an infinitely wide surface, L /W  0, 
with no leakage of air at the lateral edges. In both cases k = h-y/hi = 2. The thickness 
of the compressed snow powder a t the leading edge is assumed to be 2cm and the value of 
a  at this location, a (/i2) =  100, a  value typical of moderately packed fresh snow. In the 
absence of experimental da ta  for the variation of K p with compression for snow, we have 
applied the same simple fiber model sketched in Fig. 5.1 for the endothelial glycocalyx.
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Figure 5.12: Increase in the dimensionless lift force as the value of a  at the leading edge, 
a (h 2), increases. For a red cell, L /W  = 0, h2 = OAfim. A L =  7nm and a (/i2) =  160. The 
properties of the endothelial glycocalyx away from the leading edge are described by the 
curve for a =  0.6nm in Fig. 5.3. For a human skiing on a planar surface with L /W  =  10, 
we require that the value of a(/i2) be chosen such tha t the lift force supports a 70 kg man 
when L  =  150cm. The critical value of a  depends on the compression ratio, k  =  h^/hx , of 
the surface. If h<i =  2cm, a(h2) ~  400 for k  = 2 and a (h 2) ~  100 for k  =  5.
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Figure 5.13: Axisymmetric motion of a  deformed red cell in a capillary lined w ith endothe­
lial surface glycocalyx. The model assumes tha t the red cell penetrates into the surface 
glycocalyx and two spherical caps axe attached to its front and rear to ensure tha t the 
surface and volume are unchanged during deformation.
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Figure 5.14: Dimensional pressure d istribution over the length of a red cell moving at 0.1 
cm /s in a 5 pm diameter vessel with a uniform 0.5 pm  thick glycocalyx as a  function of the 
penetration parameter /3 =  1 — l / k .  The viscosity of the plasma // is assumed to be 0.01 
dyn-s/cm 2. Five curves are presented from no penetration, to high penetration. Note the 
pressure drop increases by almost three orders of magnitude when the membrane invades 
90 percent of the glycocalyx. The maximum pressure shifts to the trailing edge due to 
the large resistance of the compressed fibers in tha t region. For comparison, results for a 
smooth capillary tube (a  =  0) with (3 = 0, 0.9 and /12 =  0.5 pm are shown in lower curves 
with symbols.
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C hapter 6 C oncluding Rem arks

In the previous chapters, we have described biological flow problems ranging from problems 

in molecular mechanics to the motion of cells in the microcirculation. We have also devel­

oped a prototype model for skiing or snowboarding. The common thread in these problems 

is motion in a porous fiber layer that is highly deformable. The fluid or particle motion in 

this fibrous layer must overcome both the traditional viscous dissipation force and a  Darcy 

resistance accounting for an averaged body force due to  the exsistence of the fibers. An 

effective medium theory, i.e., the Brinkman equation, is used to describe these combined 

effects.

In chapter 2, solutions of the Brinkman equation for the arbitrary motion of a circular 

disk are obtained which examine for the first time the effect of particle orientation on the 

particle drag and torque. Four elementary motions are studied analytically: broadside 

translation, edgewise translation, rotation about the axis of symmetry and rotation about 

the diameter. These motions are closely related to the analogous unsteady oscillations 

of a disk in Stokes flow (Zhang & Stone 1998). However, our solution procedure differs 

in tha t the problems are formulated using a  general solution of the Brinkman equation 

and are solved by reducing the dual integral equations arising from the mixed boundary 

conditions in the plane of the disk to a Fredholm integral equation of the second type. 

Asymptotic results for the drag and torque axe derived for both small and large values of 

the permeability parameter a  defined by a/ w h e r e  a is the radius of the disk and K p 

the Darcy permeability. In  contrast to the Stokesian motion of a disk, where the drag differs 

by only a factor of 1.5 for broadside and edgewise translational motion, and is isotropic for 

rotation about any axis through its center, there is a large difference in the drag and torque 

with increasing a. In a Brinkman medium, the drag on the disk is proportional to a  for 

edgewise motion and to a 2 for broadside motion, while the torque is proportional to a 2 

for out-of-plane rotation and to a  for in-plane rotation. For intermediate values of a, the
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integral equations are solved numerically for the  drag and torque exerted by the porous 

medium on the disk. These results are of im portance in probing the m icrostructure of the 

porous medium and thus provide a  way to test the  validity of the effective medium approach.

In chapter 3, slow viscous flow through a  circular orifice in a  plane wall bounded by a 

fibrous medium is studied also using an effective medium approach. The boundary value 

problem is again reduced to a set of dual integral equations tha t satisfy the boundary 

conditions at the orifice plane and then transformed to a Fredholm integral equation of the 

second type, which is amenable to numerical solution. Asymptotic analytical results for the 

total flux through the orifice for a  given pressure difference are obtained for both small and 

large values of the permeability param eter a  defined by a /y /K p, where a is the orifice radius 

and K p the Darcy permeability. For intermediate values of a , the integral equation is solved 

numerically for the flux and velocity profile a t the  opening. The present solution exhibits 

the transition in behavior from Sampson flow (a  =  0) to the Darcy flow limit as a  increases. 

For a  »  0(1), the velocity profile a t the opening has a minimum at the orifice center, 

rises dramatically near the edge of the orifice and  then experiences a boundary-layer-like 

correction of thickness 0 (1 /a )  to satisfy the no-slip boundary condition. The close relation 

between pressure driven flow through a circular orifice and broadside translation of the 

complementary geometry, namely a circular disk in Stokes flow, is also discussed. The 

effect of the finite thickness of the orifice is taken account using a simple model proposed 

by Dagan et a1. (1982) for Stokes flow through a  pore of finite length. The present results 

are used to estimate the hydraulic conductance of orifice like pores in fenestrated capillaries 

and fenestral pores in the internal elastic la m in a  of the arterial intima.

In chapter 4, a general numerical method using the boundary integral equation technique 

of Pozrikidis (1994) for Stokes flow in an axisymmetric domain is used to obtain the first 

solutions to the Brinkman equation for the m otion of a  particle in the presence of planar 

confining boundaries. The method is first applied to study the perpendicular and parallel 

motion of a  sphere in a  fiber-filled medium bounded by either a  solid wall or a  p lanar free 

surface which remains undeformed. By accurately evaluating the singular integrals arising
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from, the discretization of the resulting integral equation, one can efficiently and accurately 

treat flow problems with high a  defined by rs/  / K p  in which r s is the radius of the sphere and 

K p is the Darcy permeability. Convergence and accuracy of the new technique are tested  by 

comparing results for the drag w ith the  solutions of Kim & Russell (1985a) for the m otion of 

two spheres perpendicular to their line of centers in a Brinkman medium. Numerical results 

for the drag and torque exerted on the particle moving either perpendicular or parallel to 

a confining planar boundary are presented for e > 0 .1 , in which ers is the gap between the 

particle and the boundary. W hen the gap w idth is much smaller than rs, a local analysis 

using stretched variables for motion of the sphere indicates that the leading singular term  

for both the drag and torque is independent of a  provided tha t a = 0(1). These results are 

of interest in modeling the penetration of the endothelial surface glycocalyx by microvilli 

on rolling leukocytes and the motion of colloidal gold and latex particles when they are 

attached to membrane receptors and observed in nanovid (video enhanced) microscopy. 

The method is then applied to investigate the motion of a  sphere translating in a channel. 

The drag and torque exerted on the sphere are obtained for various values of a , the channel 

height H  and particle position b. These numerical results are used to describe the diffusion 

of a spherical solute molecule in a  parallel walled channel filled with a periodic array  of 

cylindrical fibers and to assess the accuracy of a  simple multiplicative formula proposed in 

Weinbaum et ai. (1992) for diffusion of a solute in the interendothelial cleft.

A new type of lubrication theory th a t is applicable to highly deformable porous layers 

is developed in chapter 5 again using an effective medium approach (Brinkman equation). 

This theory is valid in the limit where the structure is so compressible that the normal 

forces generated by elastic compression of the fibers comprising the solid phase are negligible 

compared to the pressure forces generated w ithin the porous layer and the deformation of 

the solid phase is primarily due to boundary compression as opposed to the motion of the 

fluid phase. A generalized Reynolds equation is derived in which the spatial variation of the 

Darcy permeability parameter, a  = H /y /K p, due to the m atrix compression is determ ined 

by new local hydrodynamic solutions for the flow through a  simplified periodic fiber model
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for the deformed matrix. Here H  is the undeformed layer thickness and K p the Darcy 

permeability. This simplified model assumes tha t the fibers compress linearly with the 

deformed gap height in the vertical direction, but the fiber spacing in the  horizontal plane 

remains unchanged. This model is thus able to capture the essential non-linearity that 

results from large amplitude deformations of the matrix layer.

The new theory shows tha t there is an unexpected striking similarity between the gliding 

motion of a red cell moving over the endothelial glycocalyx that lines our microvessels and 

a human skier or snow boarder skiing on fresh powder. In both cases one observes an order 

of magnitude compression of the m atrix layer when the motion is arrested and predicts 

values of a  that are of order 100. In this large a  limit one finds th a t the pressure and 

lift forces generated within the compressed m atrix are four orders of magnitude greater 

than classical lubrication theory. In the case of red celi these huge repulsive forces may 

explain why red cells do not experience constant adhesive molecular interactions with the 

endothelial plasmalemma, whereas in the case of the skier the theory explains why a 70kg 

human can glide through fresh powder without sinking to the base as would occur if the 

motion is arrested. The principle difference between the tightly fitting red cell and the skier 

is the lateral leakage of the excess pressure at the edges of the skies which greatly diminishes 

the lift force. A simplified axisymmetric model is presented for the red cell to explain the 

striking popout phenomena in which a red cell tha t starts from rest will quickly lift off the 

surface and then glide near the edge of the glycocalyx and also for the unexpectedly laxge 

apparent viscosity measured by Pries et a1. (1994) in vivo.
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