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Abstract

ELECTROMAGNETIC BACKSCATTERING FROM A LAYER OF DISC 
SCATTERERS USING DISCRETE APPROACH AND RADIATIVE

TRANSFER THEORY

by

Jagjeet Singh Sidhu 

Adviaor: Professor George Eichmann

Electromagnetic backscattering from a vegetation layer 
over a flat lossy ground is studied. The vegetated region is 
composed of leaves which are modelled by lossy dielectric 
discs. The vegetation components are assumed to have random 
placement and specified orientation statistics.

First, a case of single scattering from Rayleigh scat- 
terers is studied. The problem is solved by finding the mean 
field in the vegetated region by using the Foldy approxima­
tion and a two-variable technique. Simple expressions are 
given for the skin depth of the mean wave. Following this, 
the distorted Born approximation is used to calculate the 
backscattering coefficients.



V

To study the offsets of multiple scattering, the 
Radiative Transfer Theory with a Rayleigh scattering model 
is used. The radiative transfer equation and the boundary 
conditions are first formulated into the integral equations 
fora. The Fourier series expansion in the azimuth direction 
is used to eliminate the 0-dependence from the radiative 
transfer equations. Then the set of equations without the 
0-dependence are solved using the method of Gaussian 
quadrature.

Formulas for co-polarized and cross-polarized backscat­
tering coefficients are derived and numerical results for the 
backscattering coefficients as a function of the incidence 
angle are presented for different layer depths and leaf 
configurations.
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CHAPTER 1 

INTRODUCTION

The problem of wave propagation and scattering in the 
atmosphere and biological media has become increasingly 
important in recent years, particularly in the remote-sensing 
and detection area. To describe wave propagation in random 
media one has to use statistical characteristics of the media 
and a combination of simplifying assumptions regarding propa­
gation conditions. These assumptions relate to the mechanism 
of wave scattering and the properties of the statistical 
medium.

1.1 RANDOM MEDIA SINGLE SCATTERING TECHNIQUE

In the past, electromagnetic scattering from a collection 
of discrete scatterers has been modelled by continuous and 
discrete random medium techniques. In the continuous case, 
the random medium is modelled by assuming that its permit­
tivity €(x) is a random process whose moments are known. The 
average backscattering cross section is then calculated from 
the knowledge of the statistics of €(x). Usually, only the 
mean and correlation of the permittivity are required. The 
analysis of this problem can then proceed in a number of dif­
ferent ways. One method involves calculating the mean field,
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using it to define an equivalent medium and than employing 
singla acaliaring in lha aquivalani medium. In active remote 
aanaing applications from terrain, tha tachniqua has baan 
appliad by a nuabar of authors!10,11,12,14,34,503.

A typical approach in tha continuous aadia casa is to 
dataraina tha coharant(aaan) wave in the fora of Dyson'a 
aquation. Dyson's aquation axprasaas tha aaan field in teras 
of an infinite series and so must be approxiaatad. Tha aost 
coaaonly used approxiaation is tha so-called bilocal approxi- 
aation where only tha first tara in tha infinite aariaa is 
considered. Tha bilocally approxiaatad aaan field has bean 
calculated for different configurations by various authors 
Cl,21,251. Another coaaonly used approxiaation to tha Dyson's 
aquation is tha non-linaar approxiaation in which more multi­
ple scattering taras are included.

Tha Bath-Salpatar aquation is an exact aquation for the 
second aomant of tha field. However, tha intensity operator 
is in tha form of an infinite series, and most of the time it 
is approximated by the ladder-approximation. Tha ladder 
approximation accounts for multiple scattering of the mean 
field intensities by retaining only the mean fields and the 
conjugate mean fields that propagate in the same direction 
and within a correlation length of each other.

In the discrete random media technique, the individual 
objects, such as leaves, are characterized by their scatter­
ing cross sections or dipole moments. Each object is then 
given a random placement and orientation. An approximate
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•quaiion for tha aaan fiald haa baan obtainad in both tha 
acalar and vactor caaaaC9,15,30,44,47]. A acalar aquation for 
tha corralation that can ba appliad to alactroaagnatic 
particlaa having polarization praaarving propartiaa has baan 
obtainad by TwerskyC453. TwerskyC463, has found approxiaata 
aolutiona to this aquation whan tha distribution of particlas 
is sparsa. IshiaaruC16 3, has found solutions to tha corra­
lation equation by aaploying tha diffusion approxiaation.

Tha distorted Born approxiaation technique to find the 
corralation of tha fiald by viewing tha scattarars as being 
aabaddad in an equivalent aediua and than using single scat­
tering theory has been eaployad by TaylorC403 and Rosenbaum 
and BowlesC343.

For vegetation modelling, Du and PeakeC83, eaployad tha 
Born approximation to obtain tha average backscattering 
coefficients. Tha technique employed by them is limited to 
low frequencies and thin vegetation layers. Lang and 
SokolakisC263, avoided soma of the restrictions inherent in 
the Born approximation, by taking into account the decay of 
tha incident and scattered waves in the vegetated medium.
This was done by finding an equivalent dielectric constant 
for the vegetated medium and embedding the spherical scat- 
terers in it. LangC273, has extended this work for spherical 
scatterers having arbitrary shapes. The method was applied to 
half space of discs. The major advantage of this approach is 
that most of the model parameters are directly related to the 
ground condition measurements.



The single scattering part of the present work is
extension of the half-space problem to a layer problem with
vegetation thickness ’d ’. The underlying ground effects for
different types of ground are taken into considerations. The
backscattering coefficient has been studied as a summation
of separate components <r° , , »° , and <r° , where r° , ispqd pqdr pqr pqd
the direct backscattering from the acatterer, ^pqdr *s 
scattering and single reflection from the ground, and °“pqr 
the scattering and double reflection from the ground. These 
separate terms have been plotted along with the total back- 
scattering coefficient to show the relative effects of the 
underlying ground.

1.2 MULTIPLE SCATTERING - RADIATIVE TRANSPORT APPROACH

Another technique used to obtain the scattered fields 
from a continuous random medium is the radiative transport 
approach. Here, the transport equations are obtained in terms 
of the statistics of <(x) as by Tsang and KongC413. Scatter­
ing from a vegetation like half space has been studied using 
strong fluctuation random medium theory by Tsang and KongC42 3 
The radiative transfer theory is also applied within the 
Rayleigh approximation to calculate the backscattering cross 
section of a layer of randomly positioned and oriented small 
ellipsoids by Tsang et. alC433.

In the case when the medium correlation length is large



5

in comparison to wava langth, da WolfC7] and Ito and Adachi 
C17], hava davalopad a multipla-forward and single-backscat- 
tar tachniqua. Using all four Stokas parameters, Shin and 
KongC37] calculatad tha backacattaring cross sactions by 
■aans of itarativa and numerical approachas for spharical 
Raylaigh scattarars.

Tha sepond part of this work is an axtansion of this 
approach for disc scattarars. Tha itarativa approach givas 
closad form solutions that ara valid whan tha affact of 
scattaring is small (small albado). Tha radiativa transfar 
aquations and tha boundary conditions ara first cast into 
intagral equations form. Than an itarativa process is applied 
to solve tha intagral aquations. A Fouriar-saries expansion 
in tha azimuthal direction is used to eliminate the azimuthal 
0 dependence from tha radiativa transfer aquations. Than, tha 
set of equations without tha 0 dependence is solved using tha 
method of Gaussian quadrature.

The numerical solutions are compared by plotting back- 
scattering cross sactions under different configurations. The 
results are matched with experimental data collected from 
vegetation fields by Fung and UlabyCll] and Fung£123 for 
different types of vegetation. Tha comparison between the 
theory and data shows general agreements for both level and 
angular trends, indicating promise in the use of these back- 
scatter models for explaining vegetation scattering and 
ground effects.
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CHAPTER 2

2.0 SINGLE SCATTERING - A DISCRETE APPROACH

In this chapter, electromagnetic scattering from a col­
lection of discrete scatterers in a layered media is modelled 
by a discrete random media technique. In this technique, the 
individual objects, such as leaves, stems etc. are character­
ized by their scattering cross sections or dipole moments. 
Each object is then given a random placement and orientation.

Although exact solutions have been obtained for the mean 
field and Green's function by Schesser and EichmannC35], the 
complexities of these equations makes it quite impractical to 
compute the backscattering coefficients without resorting to 
some simplifying assumptions. In this work, a two-variable 
method has been used to obtain the mean field and Green's 
function. In this method, a small ordering factor 'tf' is 
introduced for the equivalent medium permittivity ?r*f+6a, 
where a is the average polarizabi1ity tensor. Since '£’ is 
dependent upon particle density, a sparse distribution, 
l£al<<l, is assumed.

An equation for the mean field is obtained by Employing 
the Foldy technique and using a two-variable perturbation 
method. In the case of sparsely distributed scatterers the 
mean field equations for a horzontally polarized incident 
wave are derived. Then results for horizontally and verti­
cally polarized incoming waves are combined into general
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expressions for the mean wave in different regions of the 
layered media.

An equivalent dielectric constant for the scattering 
region is determined by means of this mean field. Then 
Distorted Born approxiaation theory for single scattering is 
employed to find the correlation of the field by assuming 
that the scatterers are embedded in the equivalent medium.

The dyadic green's function derived in Appendix A is 
used to find the relation between the scattered field and the 
Green's function in case of a dipole scatterer. Finally, 
expressions for the backscattering coefficients are derived 
in terms of the transverse spectral density of the scattered 
field.
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2. 1 PROBLEM FORMULATION

Consider the problem of scattering of tiae haraonic 
electroaagnetic waves froa discrete scatterers and the 
calculation of the backscattering coefficients froa a slab of 
scatterers that are saall coapared to the wavelength of the 
incident field. It will be assuaed that the density of scat­
terers p is constant. The physical configuration is shown in 
Fig. 2.1 which shows a three layer aediua with free space 
above the vegetation layer of thickness ’d ’t and ground below
it. The direction of the incoaing wave vector k, polarization 

-o —ovectors h or v and incident angle O0 are as shown. The 
interface between the ground and the vegetation is assuaed to 
be saooth.

Mediua 0 is free space having peraeability and per- 
aittivity €0 . The scattering particles are all assuaed to be 
identical and each has a voluae Vp , relative dielectric 
constant €r and free space peraeability p0. Mediua 2 is the 
ground underlying the vegetation with relative dielectric 
constant €g and permeability p0 .

To compute the scattered field using the distorted Born 
approximation, we must first calculate the mean field in the 
slab containing the scattering particles. The mean wave is 
computed by replacing the particles with an equivalent medium

3having relative permittivity €e .
The equations satisfied by the mean field in a medium 

of sparsely distributed dielectric scatterers have been
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<€0 «M0 ) 0

<̂ o*e»*,o ) M«diua 1
oo

<<o€g»^o> M«diu» 2

Fig. 2.1 Slab geometry with incident plane wave
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derived by LangC271. There it was shown in ths case of dipole
scatterers that the average electric field, <E(x)>, and the
average Magnetic field, <H<x)>, obey Maxwells' equations

VX<E(x) > = iwpo<H(x)> (2.1)

V X < H  (x) > = iw€0le (z) . <E(x) > (2.2)

in an equivalent medium having relative permeability 1 and 
relative permittivity ?e (x>. Here the relative permittivity 
!e (x) is a dyadic since the scatterers are arbitrarily 
shaped. The equivalent permittivity is represented as a sum 
of two terms,

?# (z> = l (o,(z) + <f€(1)(z> (2.3)

where the first term is the permittivity of the background 
medium which is given by

T z >-d
? (o)(z) = (2.4)

z<-d

and where the second term is the contribution due to the 
dipole scatterers which is given by

a 0 >z >-d
? (1)(z) = ~ (2.5)

0 elsewhere

In eq.(2.4), 1 is the unit dyadic and in eq.(2.5) a is 
polarizability of a dipole scatterer normalized to the 
scatterer's volume Vp. The bar under a denotes the average 
over the scatterer’s angular orientation variables 9 and 0.
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Thus we have

(2.6)
o o

with P©(9) and Pg>(0) being the probability density functions 
of the orientation angles. The parameter & appearing in 
eq.(2.3) is the fractional volume occupied by the particles. 
Therefore, it is the product of the particle density p and 
the particle volume Vp such tha t * - Pvp. For the sparse 
distributions being considered, £<<1. The fractional volume S 
has been exhibited explicitly in eq.(2.3) since it will be 
employed as a perturbation parameter in the approximate cal­
culation of the mean field.

To model the vegetative layer, only the effect of the 
leaves is considered. These are represented by lossy circular 
dielectric discs of radius 'a’ and thickness ’h ’. Since the 
leaves are usually distributed uniformly about the stem of 
the plant, we assume P0<0) = 1/2 tt, 0 50 <2 tt. If the average 
indicated in eq.(2.6) is performed over 0, the average norm­
alized polarizabi1ity a becomes diagonal when expressed in 
Cartesian coordinates. Therefore,

a (2.7)

where

axx ayy * (arsin^0 + agcos^O +ag) (2.8)

and

arcos2© agsin^e (2.9)
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The underbar expresses angular averaging with respect to 
0. For circular discs,

ar * / (1 + A  ) (2.10)
and

a$ s bq * (2. 11)

where * €r - 1 is the difference between the dielectric
constant of the disc and free space, and V^sna^h. Because all 
the off diagonal terms have averaged to zero and two of the 
on diagonal terms axx and ayy are equal, the equivalent 
dielectric constant is uniaxial. This means that TE and TM 
waves do not couple at the level of the mean wave. Now know­
ing the equivalent dielectric constant in all regions, we can 
solve eqs.(2.1) and (2.2) with the proper boundary conditions 
to find the mean field in the equivalent medium. This mean 
field is determined in section 2.2.

The next step in determining the backscattering coeffi­
cients from the slab is to find the correlation function of 
the scattered field. The scattered field, Es (x), is deter­
mined by TaylorC40], using the distorted Born approximation. 
Basically, this technique embeds the scatterers in the equi­
valent medium and then uses a single scattering approximation 
to determine the scattered field. It differs from the regular 
Born approximation in that the attenuation in the equivalent 
medium of the incident and scattered waves is taken into 
account. It is valid when the scattering albedo of an 
individual particle is small. Leaves in the frequency regime
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below several GHz satisfy this criterion.
Following LangC27], and employing the distorted Born 

approximation, we find that the correlation of the fluctuat­
ing component of the scattered field, Ef(x ) ( x )-<EB (x)>, 
is

where a* denotes the complex conjugate of o<, V is the volume 
of the slab of vegetation and es£x,s) is the scattered field 
at x due to a scatterer at s. Thus we see that eq. (2.12) is 
just an incoherent addition of the contributions from indivi­
dual scatterers. The overbar is the average over all scat­
terer orientations.

For the case of dipole scatterers, the expression for 
• s#ia particularly simple. It is given by

Here <E(s)> is the total mean field incident on the 
dipole scatterer located at s and having polarizabi1ity a. 
The function G(x,s) is the Green's function that gives the 
scattered field at x in response to a unit dipole located at 
s. The Green's function is calculated in the equivalent 
medium and thus is an averaged quantity. The correlation of 
the fluctuation field Ef(x) is calculated instead of the 
correlation of Es (x) so that effects of specular reflection 
are eliminated from the backscatter coefficient expressions.

The backscattering coefficients are directly related

(2 .1 2)

e-(x,s) = k^VnG(x,s).a.<E(s)> 9 o P <2.13)
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to the transverse Fourier transform of eq.(2.12) with respectA
to x. and x. evaluated at the upper interface (z*0). Here the^ ^ A A A
transverse vectors sre defined as x * x^+zz0 and x * x^+**Q 
with x^.zQ = x^.z0 » 0. If we use the fact that the equival­
ent aediun is translationally invariant in directions para­
llel to the slab interface, we have

* — _ * _ _G(x,s) * G(x^-s^,z,s) (2.14)
and

e (x,s> ■ e (x^-s^,z,s) (2.15)
e e

with s * s^ sz°.
Performing the indicated Fourier transform of eq.(2.12)t

integrating out s^ and evaluating the results at z=z=0 , we
obtain

<Ef (kt ,0)Ef*(kt ,0)> = §(ict ,q)<ff(kt-kt) (2.16)

where A(k^,z) is the transverse Fourier transform of A(x^,z) 
and'

O A
l(jct ,q) = (2TT)2tfVpJds es (itt ,0,s)e*(kt ,0 fs) (2.17)

-d S®
as defined by LangC27], and

_ _  2 =  -  -  -•s^H,0,s) * kQVpG(k^,0 , s ) . a. <E (s, q) > (2.18)

In eq.(2.16), §(k^,q) is the transverse spectral density of 
Ef(x) at the interface and <f(k^) is the Dirac delta function.
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If the M a n  fiald <E(s,q)> used in eq.(2.18) is the 
response due to a plane wave of polarization q€{h,v) incident

S
on the slab, then it is shown by LangC271 that S is directly 
related to the backscattering coefficients by

k2cos2© ---------
'pq = ° 3 ° pO.S(-kto>q).;o (2.19)

4 ff

where 0O is the angle of incidence of the plane wave with 
respect to the slab noraal and p°. p€{h,v) is a unit vector 
indicating the polarization of the backscattered wave. We 
also have

kt * k0 Sin©0.x° (2.20)o

Therefore, the knowledge of-the mean field due to an 
incident plane wave and the Green's function in the equi­
valent medium can be used in conjunction with eqs. (2. 17) ,
(2. 18) and (2. 19) to determine the four backscattering cross

. . o o o . osections <r. . , <r, , (r . and vhh ’ hv ' vh vv
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2.2 THE MEAN FIELD

In this section, w* will find the M a n  wav* in ih* 
equivalent medium for horizontal and vertical polarization 
caaea. A plan* wave is assumed to be incident at an angle 0o
as shown in Fig.2.2. Since the wave equation decomposes into 
horizontal and vertical modes, we will solve the horizontal 
case in detail and give the results for the vertical case. A 
two-variable perturbation procedure that takes advantage of 
the small parameter 6 will be used to obtain approximate 
expressions for the mean field in both polarization cases.

The mean field is excited by a plane wave

Because of the special dependence of the incident wave on x 
and the invariance of the mean equations in the x and y 
directions, we can write

<E (x,q)> q € {h,v_) (2.21)

having polarization q. Here the wave vector is

(2.22)

where kXo * kosin0o and (2.23)
and the polarization vectors are

h° = y° horizontal (2.24)

v°± ± COS0O x° + Sin60 z° vertical (2.25)

<E(x,q)> = <E(z,q) >e^**xox (2.26)

<H(x,q)> * <H(z,q)>eik*ox (2.27)



< 1  
t O  o

3-1

V -
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Substituting eqs.(2.26) and (2.27) into •qs.(2.1) and (2.2) 
and separating tha V  operator into its longitudinal and 
transverse components, we can write,

Taking the cross products in eq.(2.28) and eq.(2.29), and 
assuming no variation in the y direction, we can decompose 
these equations into horizontal (<Ey>,<Hx>,<Hz >) and vertical 
(<EX >,<EZ >,<Hy>) polarization modes.

2.2.1 Horizontal Polarization

In this case, we will consider the incoming wave to be 
horizontally polarized. Eliminating <HX> and <HZ> from eqs.
(2.28) and (2.29), we obtain a single scalar wave equation 
for <Ey>,

The above differential equation can be solved along with 
the appropriate boundary conditions by using exact or approx­
imate methods. If the exact solution is found, the presence 
of the small parameter S will allow us to simplify it subst­
antially. Physically, this results from the fact that for

(2.28)

(2.29)

+ k2 ^o ) (z) - k2 ♦ <Tk2 ^ n (z) <E (z,h)> = o (2.30) H 2 o yy x0 o yy y

where €
y y

y °  . ! (1) (z) .y° i = 0,1.
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•mall fractional voluma S, tha alab of vegetation haa a dia- 
lactrlc conatant cloaa to that of fraa apaca. Thua intarfaca 
affacta at z*0 will ba ralativaly unimportant. Tha most 
important affact will ba tha dacay of naan wava dua to tha 
loaa in tha acattarara and tha raflaction from tha ground.

Tha two-variabla parturbation procadura will allow ua to 
datarmina tha approxiaata aolution diractly without having to 
find tha mora complicatad axact solution first. A rigorous 
mathamatical proof of this mathod is givan in SmithC521. 
Kavorkian and ColeCSl] hava appliad this mathod undar similar 
conditions. Tha idaa of multi-variabla mathod is to introduce 
savaral scaled variables directly into tha intended approxi­
mation and than choose tha dependence of tha approximate 
solution on tha variables so as to obtain a uniformaly valid 
approximation to tha axact solution. In two-variabla mathod 
wa assume a fast variable z and a slow variable z* 6z and 
consider <E > to ba a function of z and z. Wa hava

y

_ ® (n) _ n
<E (z ) > sVy <z,z,$> - E Vy (z,z)$ (2.31)

y y n=0 y

and total derivative with respect to z can ba written as a 
sum of partial derivatives,

d  = x Jb_ (2.32)
dz - ■*-OZ oz

Substituting aqs.(2.31) and (2.32) into eq.(2.30) we gat,

^ 2 2 <o) 2 2 (1) • (n) -C<—  +* ---> +k € (z) -k + 6  k € (z)3 E H* (z,z)<y=o (2.33)^ o yy xQ o yy n-oT y
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By equating coefficients of 6, we find

(2.34)

(2.35)

The coefficients in the forcing function of eq.(2.35) 
will be selected such that no resonant terms will exist as 
explained later on, resulting in eqs. (2. 43)-(2. 45) .

The solution to eq.(2.34) is considered first. The 
continuity of the electric and magnetic fields requires that 
V o) and^v^/0 * /^z be continuous at z*0 and z=-d. The solution

i = 0,1 are assuaed to be functions of the slow variable z 
and will be determined froa the £* equation. By using the 
continuity conditions at the z=0 and z=-d interface, we 
obtain

wi11 be

-ikz z >0 (2.36A)

0>z>-d (2.36B)

z<-d (2.36C)

where The coefficients rjh ) (z) , t {H > (z)
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r (Mo> - 1 (2.37)o
r  <hlo) ■ r  <h>(0) (2.38)0 1
,. . ... -21k d

T (-d) » R e *° rj <-d) (2.39)o g  l
... ... ik d -Ik d

T, (-3) « T e ° • z8 (2.40)1 8
where d * Sd

C  = k*°. y *  (2-'")*o *g
T <h) * 1+R(h) (2.42)8 8

Now consider the next term in the perturbation series, 
v^^(z,z). It satisfies eq.(2.35). The left hand side of 
this equation is the same as eq.(2.34), while the right hand 
side of the equation is a forcing term that depends on •
If any of the terms in the forcing function are resonant then 
the particular solution for will grow linearly in z
and thus will not be bounded. The two-variable procedure 
eliminates these terms by choosing (z) , T̂ *1> (z) so the
coefficients of the resonant terms are zero. We find

d_ r<h*r 
o z) = 0 , z >0 (2.43)

dz

2ik —  rf<hiz> + k2a r.(h> (z) = 0 (2.44A)z0 di 1 o yy 1
, 0>z>-d

-2ik —  T^hU) ♦ k?a... T^h> (z) = 0 (2.44B)

and
zo dz ° o yy o

~ T j hlz) = 0 , z<-d (2.45)
dz
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The above art first ordar diffarantial aquations 
involving raflaction and tranaaiaaion factors (*) ,
r jh> (a) , (z) and Using aqa. (2. 37) - (2.40) as tha
boundary valuaa and solving aqa.(2.43)-(2.45), wa gat tha 
following solution for tha naan fiald,

<E(z,h)>~ y°*(z,z)y°*'

whara

-ik z ik z
f(e ° ♦r e *° )h° ,z>0 (2.46A)

..(h) ..(h)-ik, z tto lk, z (a +r a z )h ,0>z>-d (2.46B)o

... -ik z 
l<Tj a )h°

(h) (h) 2ik <h)

tz<-d (2.46C)

(2.47)

and

(h)

(h)

(h) ikzh)d -ikz d

2 -  S k*ak + o yy*o + 2k, _

( 2 . 4 8 )

( 2 . 4 9 )

The Frasnel reflection and transmission coefficients for
(h) (h)horizontal polarization Rg and Tg are defined in aquations 

(2.41) and (2.42) respectively.
The first term in eq.(2.46A) is the incoming wave and 

the second term represents the reflected wave after travel­
ling through the equivalent medium and having been reflected 
from underlying ground. The same is true inside the equi­
valent medium except that the propagation constant now is 
(h)kz , as defined by eq.(2.49). The original wave after decay­

ing through the equivalent medium is partially transmitted



23

into the ground where it travels with a propagation constant

kv
2.2.2 Vertical Polarization

Proceeding in a siailar manner as in the case of
horizontal polarization, and taking the incident wave to be
-o _ _v_exp(ik.x), we again apply the two-variable procedure. The 
result is

<E (z , v_) >

-o v e
-ik z ik z-o_(v) z

. . < v) | * (v)-ik z . , ik z-o z -o_(v) zv_ e +• v-t-rQ ®

-o T <v) 
v« T1 • *

, z >0

,0>z>-d 

, z<-d

(2.50A)

(2.50B)

(2.50C)

where

.(v) _<v> 2ikiv)d* R e z o g
r(v) . T (v) .lk^v ’d ,-ikIgd

(2.51)

(2.52)

{<v)
g

. (v)

€ k - k * *o zj
€ k k 
8 *o zj

= 1 + R (v)

(2.53)

(2.54)

(v) Sk‘
2k, (a cos © a sin 6 ) (2.55)

and

-o v = 8
(€ - sin^G ) * ^  x°+ sin© z°g o____  o

(€ ) g
1/2 (2.56)
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Finally, wa will coabina tha vartical and horizontal 
polarization caaaa into a general axpraaaion:

r -ik z*o -o (q) a q ♦ r M i— o

<E(z,q)> *

ik z -oq+ ,z>0 (2.57A)

- i k ^ V -o „<q> + r  ̂<
n.(q> ik ^ z_ z -oq- + a q+

<q) -ik za® -o 
* **

, 0>z>-d (2.57B)

, z<-d (2.57C)

whara q € (h,v>.

Hara tha unit polarization vactors in tha horizontal casa ara
-o 
’gin tha sana direction h° = h° = h~ = y°.



CHAPTER 3

3.0 ELCTROHAGNETIC BACKSCATTERING COEFFICIENTS FROM A 
LAYER OF VEGETATION - SINGLE SCATTERING

Whan an electromagnetic wav® travels in a medium 
containing many particles, the scattering behavior can be 
divided into two extreme cases: sparse and dense distribu­
tions. When the particle density is sparse, we can use a 
single scattering approximation. In this approximation, we 
assume that the incident wave froa the source reaches the 
destination after encountering very few particles. The scat 
tered wave is assumed to be due to a single scattering by a 
particle, and multiple scattering is assuaed to be negligi­
ble. The dipole discrete scatterer technique is used to 
determine the backscattering coefficients in single scatter 
ing cases in this chapter. Multiple scattering effects are 
studied in Chapter 4 and Chapter 5 using Radiative Transfer 
approach.
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3. 1 BACKSCATTERING COEFFICIENTS

In this section, wa calculate the horizontal, vertical 
and cross-polarized backscatterin* cross-sections froa the 
layer of vegetation. To do this, we will employ the distorted 
Born approximation as discussed in section 2.1.

3.1.1 Calculation of w°vv

By using eq.(2.19) with p = v_ and q = v_, we
obtain

2 2 k cos © o o o .-o«r Cv°.§(-ic^ ,v_).v°] (3.1)
4 it 3

where the dyadic spectral density 1 is given in terms of the 
mean field and the mean Green's function by eqs.(2.17) and 
(2.18). The mean field has been evaluated in section 2.2 and 
the Green's function is computed in Appendix A. In this 
appendix, the dyadic Green's function is computed by employ­
ing a procedure similar to the one used for the mean wave. In 
particular, the two-variable method is again used resulting 
in a zeroth-order solution for the Green's function. For the 
calculation of the backscattering coefficients, we require
the Green's function with the observation point at z=0 and
the source point at z q s s . From eq.(A18) of Appendix A,

, j i (h ) ■ i i * a (h )5 . r „ 1 -. ik. s _(h) -ik. s . -ro-o(-kto,o,s> = - cos0 C(e * + ro e * )Dh h
o o

.. (v) . . .. (v)
+ eikz 8 - v V  , r (v,e“ik* 8 v°v°] (3.2)“  ft “  '
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He proceed by dotting both sides of eq.(2.17) with v° 
to obtain

v°.5(-kto, v_) . v° «= (2n)2*VpJdslv°.eB#(-kto,o,s> I2 (3.3)

Tha axprasaion undar tha intagral sign in aq.(3.3) can ba 
avaluatad by using aq.(2.57) with q=v and aq.(3.2) in 
aq.(2.18). Therefore,

( V )-o - . - 1 ,-o = -o 2ik. S _(v).-O a -ov .a. (-k*. ,o,s) * - oj " Lv .a.v a * ♦r w+.a.v - *e lo ’ ' 2ik_ — — o —zo
(v)-o * -O. , I V ) . Z~0 -o - C 1 k_ S, . T ..v_.a.v + ) ♦ <ro ) v+.a. e z 3 (3.4)(v),2-o -o -2ik■+ v_.a.v + j t ir

whara

__ a 2 — 2 v..a.v. a a a * cos 6 a ♦ cos© sin© (a +a )+sin © a ± ±  v + V + O X X  o  o  x z  z x  o  zz

(3.5)

-o * -o _ -o = -o _ 2a . 2^v .a.v s a a =* v . a.v. = a a -cos 6 a +sin 6 a♦ - v+ v_ - +• V_V + O XX o zz
(3.6)

Now substituting aq.(3.4) into eq.(3.3), we see that 
there will be sixteen exponential integral terms to evaluate. 
Upon integration, nine of the terms are of lower order in 6 
due to phase cancellation and can be neglected. The remaining 
terms when averaged over all particle orientations give,

«r° a <r° , +• (r° (3.7)vv vvd vvdr vvr

where
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(3.8)

vvdr
k4*V_2 E. (3.9)

vvr (3.10)

Here represents the direct backscattering contribution
as shown in Fig. 3.la. The incoming wave propagates into the 
vegetation and it is scattered directly back to the observer. 
When summed over all scatterers, eq.(3.8) results. The back-

from two different but similar mechanisms as shown in Fig.
3.1b. In one case, the wave is scattered and then reflected
towards the observer, where as in the second case, the wave
is first reflected from ground Interface and then scattered
towards the observer. Since both these mechanisms result in
the same path length, both of these terms will interfere
coherently, leading to a factor of 4 in eq.(3.9) instead of

(v) 22 (for incoherent interference). The !r I term represents 
single reflection from the ground interface.

The third term given by eq.(3.10) represents the sum of 
all waves which are first reflected from the ground, then 
scattered and then finally again reflected by the ground
towards the observer as shown in Fig. 3.1c. The reflection

(v) 4coefficient lr ! appears in the equation since the wave in

scattering coefficient <r° , as given by eq.(3.9) resultsvvdr



(O)

(b)

(c)

Fig. 3.1 Scattering Meehanlaaa
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this casf has been reflected by lha ground twica.

Tha coafficianis la I2 , la I2 and la I2v_v_ v_v^ v+v+
raprasants tha avaraga ovar 6 and can ba calculatad froa 
aqs.(3.5) and (3.6).

3.1.2 Calculation of

Following tha same procadura as in the case of ir°v ,
wa gat

where
"hh * "hhd ^ "hhdr + "hhr (3.11)

k4*V -----   . -4Imk*h)d
"hhd = - f ^ ^ h h 1 .(h) > <3‘12)4Imk2

k4tfVo o d .. .2 ._(v).2 . ... .~.<r.. . 3 ._ r 4I«.. I lr I d (3.13)hhdr 4ir hh o

k4*v *------o 4I«kih)d .o o D._(h).4. .2. a * -1. ... ...it. . = ■ e lr I la.. I (-------- 7t~7---) (3.14)hhr 4 tt o hh 4Imk z

where a^h ® ay y

3.1.3 Calculation of <rv^ , <r̂ v

In this case, inconing and reflected waves have different 
polarizations, thus the equation for <r°hdr cannot be reduced 
to a simple term as in the previous two cases. But otherwise 
following a similar procedure we obtain
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where

where,

and !a 
over 0 .

o o o o o<r, * r <r. . ♦ a,hv vh hvd hvdr hvr

.4... _...(v) (h)
ro . V ! *  — 2 C 1-e * +kz
vhd 4n av_h 2I«(k‘v,.k <h),

o _ ko*Vp 2 <v> 2 Cl-e~2In(k*h k*V>)d3
vhdr 4n <'-v+h' ,ro 2 I. <k"»-k <v >)

2 (h) 2 Cl-e 2In<kz kz )d]la . I IT I --- — r rr—r--------------------------v-h ° 2I.(kiv>-kih>)
1-id /i* v > , <h) . .-12Re(k_ -k- )d

(a .a* . ) 2ReC lr <V> M r  (h> I* — ---------  — --  3)
V+h V-h ° ° 12R.(kiv)-k<h))

(3.16)

o kotfVD 2 (v) 2 (h),2re2Im<k* +k** >d-l,«r . * . r la . I lr I lr I C--------- ;— ----— — -]
4" v*h ° ° 2I»(kiv,-kih’)

<3.17)

a . = cosO a + sin© a (3.18)v_h o xy o zy

a , = -cos6 a sin® a (3. 19)v+h o xy o zy

2 2 * lv , !av , (a^ ^a^ ^) represents the average
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3.2 SKIN DEPTH

An examination of the expressions for the propagation
constsnis k end k s h o w s  ihsl since €r is complex, the z z
Is k̂ *** , q€{h,v> will be positive. Thus the seen wsve decsys z
ss it propsgstes through the vegetstion. Since the skin depth 
is given by the depth of penetrstion st which the wave's 
smplitude decresses to e-1 of its initisl vslue, therefore,

Skin Depth * ---- ^ — j—  q < {h,v) (3.20)
Is k q

A knowledge of the skin depth will give us s better 
understanding of the seen wave's behavior inside the vegeta­
tion layer. We can see that if the vegetation depth is large 
compared to the skin depth, the effect of ground reflections 
will be negligible; whereas, when the skin depth is large 
compared to the layer thickness, the characteristics of the 
underlying ground become important in interpreting radar 
backscatter information.

Explicit expressions for the skin depth can be obtained 
by utilizing eqs.(2.49) and (2.55) in eq.(3.20) as follows,

2 Cos© . _ ._______ o  , h Polarization
tfkQ Im ayy

Skin Depth = < “ (3.21)
^ Cos0_o  ,v Polarization

2 2 £k0 (Im axxCos ©o ♦ Im azzSin ©G)

where the average polarizabi1ity components, axx , ayy and 
azz are given in eqs.(2.8) and (2.9). Before computing the
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akin dapth, the dielectric conalanl of a leaf auai be deter­
mined ao that ar , a$ and a0 can be determined from eqa. (2.10) 
and (2.11)t and the diatribution of leavea with reapect to 6 
muat be given. From Fung and UlabyClll, who conaidered the 
leaf to be a mixture of water and aolid material, the dielec­
tric conatant of a leaf can be calculated. For illuatrative 
purpoaea, a mixture of 50X water and SOX aolid material ia 
choaen. At a frequency of 400 MHz thia reaulta in a dielec­
tric conatant of €r = 30.8+10.62. The following two angular 
diatributiona of leavea are conaidered,

f i/^e„ , o < e < A e xx
* ? (3.22)

I o , < © * n

11/2 681. , n/2 S © S ti/2 +6©^
(3.23)

0 , elaewhere

The firat diatribution repreaenta leaves that are app­
roximately parallel to the vegetation interface when £>©\\ is 
small and the leaves represented by the second distribution 
will be approximately perpendicular to the interface when ^ © ^  

is small.
In Figs.3.2 and 3.3, the skin depth as given in eq.(3.21) 

has been plotted as a function of the incident angle for both 
horizontal and vertical polarization at a frequency of 400 
MHz. Fig. 3.2 is for a parallel distribution of leaves with

po>. <e>

and

pex<©> -
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^ 8 u*30° while Fig. 3.3 is for a perpendicular distribution 
w i t h A 6^ *30°. An examination of eq.(3.2) shows that skin 
depth for both polarizations contains a factor of cos80 in 
the numerator. This forces the skin depth to zero as the 
angle of incidence approaches grazing. This factor results 
froa the fact that with increasing angle of incidence, the 
effective depth of propagation keeps decreasing for the saae 
length of wave penetration.

Let us examine Fig. 3.2 in more detail. For horizontal 
polarization, the electric field is approximately parallel to 
the leaves at all angles of incidence and thus the skin depth 
has only a c o s 9 q  dependence with ©q . For vertical polariza­
tion on the other hand, the electric field is approximately 
parallel to the leaves for angles of incidence that are small. 
Thus it has the same skin depth in this angular region as the 
horizontal wave. As 0O becomes larger, the electric field 
tends to become perpendicular to the leaves and thus less of 
the energy in the wave is lost in each leaf. This explains 
the increasing skin depth as a function of the angle of inci­
dence for vertical polarization. Finally, the skin depth dec­
reases in the vertical case due to the cos©0 in the numerator.

An examination of Fig. 3.3 shows that when the leaves 
have a perpendicular distribution, the horizontal skin depth 
is equal to or larger than the vertical skin depth. In this 
case, the electric field of the horizontally polarized wave 
is arbitrarily oriented with respect to a typical leaf. The 
electric field of the vertical wave has the same arbitrary
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orientation at saall angles of incidence. But aa the angle of 
incidence increaaea, it becomes aore nearly parallel to all 
leaves and thus has greater loss.
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Skin
Depth
(m)

160

140*

I20- .

100

8 0

6 0

4 0

2 0

0  10 2 0  30  4 0  50  6 0  70  80 90
* Angle of Incidence (DE6)

Fig. 3.1 Skin Deoth vs. Angle of Incidence with A0||=3O°, 
P® 500, f=400MHz, er=30.8+i0.62, a=7.5cm,
and h=0.5m m .
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Skin 
Depth 
(m )

Fig.^.a

160

140

120

100

8 0

6 0

40

2 0

>Angle of Incidence (DEG)

Skin Depth vs. Angle of Incidence with A0±*3O°, 
P*500, f-400MHz, er*30.8+iO.62, a=7.5cm,
and h*0.5mm.
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CHAPTER 4

4.0 RADIATIVE TRANSFER THEORY

Radiative Tranafar Thaory (RTT), alao called Transport 
Theory, ia capable of treating aany physical phenomena. RTT 
deals directly with the transport of energy through a medium 
containing particles. It is assumed in RTT that there is no 
correlation between fields, and therefore, the addition of 
powers rather than the addition of fields holds.

In this chapter, the radiative transfer equations which 
govern the propagation of the intensities are derived for the 
homogeneous medium containing randomly distributed scatterers. 
The modified Stokes vector, the extinction matrix and the 
scattering matrix are defined. In RTT, the polarization eff­
ect is included through the Stokes vector. The total specific 
intensity is separated into reduced specific intensity and 
the diffused intensity. This results in a simple differential 
equation in terms of reduced intensity. A second equation 
relates the diffused intensity and the forcing function, due 
to the incident wave, in the fora of a integro-differential 
equation.

The boundary condition at the upper and lower boundaries 
are derived by dividing the total intensity at any point into 
upward and downward travelling waves. A reflection coeffi­
cient matrix relating coupling between upward and downward 
travelling waves is defined.



Next, a Fouriar series axpansion in lha aziauth dirac 
tlon ia uaad to eliminate tha 0-dependence, resulting in 
indapandant radiativa tranafar aquationa. Siailarly, tha 
boundary condltiona ara alao axpandad in Fouriar aariaa in 
Thia raaulta in sata of radiativa tranafar aquationa of 
diffarant orders, with corresponding boundary conditions.
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4.1 RADIATIVE TRANSFER EQUATIONS

The problem geometry is ths taat as shown in Fig. 2.1. 
Ths radiativa tranafar aquation which govarns tha propagation 
of intansitias insida tha scattaring medium is,

For 0 < 0 < n ,

Cose gj 1(0,0,*) » - 8(0) . 1(0,0,*)

r "  r 2 n  -I dO'SinO'J d0'P(0,0,0' ,0') . I (O' ,0 ’ ,*) (4.1)
o o

whara 1(0,0,*) is a four-component vector which represents 
tha modified Stokes parameters as follows,

(4.2)

l(0’,0',z) is the incident intensity Stokes vector and 
1(0,0,*) represents the scattered intensity Stokes vector.

If all the particles are identical and oriented in the 
same direction, the scattering amplitude and therefore the 
scattering phase matrix is a deterministic function of 0 ,0 , 
O ’,0'. In general, the scatterers have size distributions and 
random orientations. Therefore, the extinction matrix and the 
phase matrix used in the radiative transfer equations should 
be the ensemble average of these quantities.

1(0 ,0 ,*)

It(0,0,*) 

12 <©,0,* > 
U(0,0,z) 
V(0,0,z)
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For a tiaa haraonic fiald givan by E * ^vv° + 
whara v *n<* h° rapraaant two orthogonal polarizationa 
(vartical and horizontal raapactivaly), which ara parpandi- 
cular to tha propagation diraction k aa ahown in Fig. 2.1 
(v°X h° * k). Tha Stokaa paraaatars ara dafinad aa:

rO

11 =
12 = 
u
V

< IE v |2>

< IEh l2 >
2Ra<Ev eJ> 

a
2 Ia<Ev Eh >

(4.3A)

(4.3B) 
(4.3C) 
(4.3D)

whara Ra and la danotas tha raal and iaaginary parts 
raapactivaly.

P(0,0,0',0') ia tha scattaring phasa aatrix and ralatas 
tha acattarad intanaitiaa in tha* 6,0 diraction with tha 
incidant intanaitiaa from ©',0' diractions. Tha P(©,0,0',0') 
aatrix alaaants ara dafinad aa follows,

p- ?

< l f v v |2> < I f v h |2>

<tfh v «2> <lfhhl2>

2Re<fvvf^v> 2Ra<fv^f hh*

2 I a < f v v f ^ v > 2 I a < f v ^f^ j1>

Ra<fvvfv^> -Ia<fvvfv^>

R®<fhv^hh> “ *m<^hv^hh*

Re<fvvfhh *
+^vh^hv*

a
Ia<fvvfhh a

+*vh*hv*

-Ia<fvvfhh 
a

~^vh^hv*

Ra<fvvfhh
a

vh^hv*

(4.4)
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in the above aquation ia tha nuaber of particlea par 
unit voluaa. If N(D) ia tha nuabar of particles having sisaa 

- between D and D + AD, than

f *  J  N(D)dD (4.5)
o

R<0) is tha extinction aatrix representing absorption and 
scattering losses, in the forward direction, and defined aa 
follows,

2Re M 1 0 Re M 12 !m M 12
0 2 Re M22 Re H21 -Im M2l

2Re M21 2Re cm
r Re(Mn -*-M22) -Im(Mn -M22)

2 Ia M21 21a M12 Ia(Mn -M22> Re(Mn +M22)

(4.6)

where M = i ~  <f (©,©')> p ,q < (h,v) (4.7)pq R pq

and fpq(©,©’) is the forward scattering aaplitude (©*©’) 
averaged over the distribution of orientation and sizes of 
the scatterers. The derivations of scattering PHASE aatrix 
and EXTINCTION matrix are described in Appendix B.

The total specific intensity I in eq.(4.1) can be 
divided into two coaponents, the reduced incident intensity 
Irl and the diffused intensity Ij. As an incident wave enters 
the scattering volume, it decreases and increases according 
to the first and second terms in eq.(4.1) respectively. The 
part of the intensity that decreases due to scattering and
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absorption, is called ths rsducsd incidsnt intsnsity and 
satisfiss ths following squation.

Cose zr I . < e , 0 , * ) « - K < e > . i . < e , 0 , * )  (4.8)az ri rl

Ths othsr part, which is crsatsd within ths scattsring 
volume bacauss of multiple scattsring, is callsd ths diffuss 
intsnsity.

Substituting I(©,0,z> * lri<e,0,z) ld (©,0,z) in 
sq. (4. 1) , ws gst

Cos© y- Cl .(©,0,z)+T .(6,0,z )3 * - R(©>.[!.(©,0,z)+T .©,0,z)] dz d ’ ri d ’ ’ ri ' ’

pn 2n♦  J  d© 'Sin© ' J  d0 ’P(e,0,O’ ,0’) . Cld (©',0' ,z)+Irl (©',0' ,z) 3
o o

(4.9)
Thsrsfors, from sq.(4.8) and sq.(4.9), ws gst

Cos© ld (©,0,z) = - R(©>.Id (©,0,z>

2 t t _
I d© 'Sin©' J d0'P(©,0,©’,0') .Id (©',0*,z)+F(©,0,©',0',z)
o o

where

rn r2n -F(©,0,©’,0’,z)«Jd©’Sin©'Jd0'P(©,0,©’,0*).I t(O',0r,z) (4.11)
o o

is the equivalent source function generated by the reduced 
incident intensity.
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4.1.1 Evaluating Source Function

In caaa of a plana wave incoming in tha diraction of
9O ,0O , wa can rapraaant it aa a dalta function. In a aphari- 
cal coordinata ayatea, wa can write tha reduced intanaity aa,

J (9,0,2) = Ca"^(0) zSec0 ].J S(Coa©-Coaeo )tf(0-0o) (4.12)ri oi « o

where lQ^ia tha intanaity at z«0 in 0O ,0O diraction.
Subatituting for I .(©,0 ,2) into aq.(4.11) and integratingr l
over 0 ’ and 0', we get

F(0,0,0o ,0o ,2) = P(©,0,©o ,0o ).Ca"R<eo>-**Sece°].Ioi (4.13)
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4.2 Boundary Condition*

As discusssd in Chapter 2, sine* tha dielectric constant 
inside the vegetation layer is close to that of the free 
space, any reflections at z ■ 0 interface will be neglected. 
Therefore, we have for 0 < 0 < tt/2 , 
at z = 0

For the downward travelling wave since their are no 
reflections at the interface,

I (TT-e,0,z=o~) = I (n-eo ,0o ,z=o + ) (4.14)

Decomposing the total intensity into reduced and 
diffused intensities, we can write,

(4.15)
Since the diffused intensity is generated inside the 

scattering material because of the multiple scattering, at 
the top interface,

I .(TT—e,0,2 = 0“) = 0 (4.16)a

Therefore, the wave entering the vegetation layer will
be the unattenuated incoming wave such that,

I (n-e, 0 , z=o~) = I ( tt-©0, 0O , z=o+) (4.17)r x oi w w

Similarly, for the wave travelling in the upward
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diraction, sines the reflections at the interface are 
unimportant, therefore the wave stays unchanged aa it 
travels through the interface. Therefore for upward 
travelling wave,

119,0,2=0*) - I(O,0,z*o") (4.18)

Again decomposing the total intensity into the reduced 
and diffused intensities, we have,

I .19,0,2=0*) * I .(O,0,z»o~)ri * » ri ’ ’
and

(0 ,0 ,2=0*) = Id (0,0,2*0")

at 2 = -d

The wave travelling downwards inside the vegetation 
layer is partially reflected at the ground interface and 
partially transmitted into the ground. Therefore,

I (©, 0, z = -d) = r(0) I (tt-O,0, z=-d) (4.21)

Again decomposing into the reduced and diffused 
intensities, we have,

I .(©,0,z=-d) = r(0)I (n-O,0,z=-d) (4.22)ri ’ ’ ri ’ ’

and

I (0,0, z=-d) = r <0)1 (TT-0,0,z = -d) (4.23)
d d

(4.19)

(4.20)
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Here we have brokan up total intanaity in tha scattering 
layar into upward going intanaity l(0,0,z) and downward going

— S
intanaity I(tt-0,0,z ). r(0) in tha abova aquation ia tha raf- 
laction coafficiant aatrix rapraaanting coupling froa down­
ward going intanaity into upward going intanaity at z > -d. 
Tha raflaction aatrix is dafinad as follows (Raf.Shin and 
KongC373):

r<e>

ISO) I' 
0 
0 
0

0 0
IR(0) I 2 0
0 RaCS<0)R?0)]
0 IaCS(0)R?O)l

0
0

-IaCS(0)R?0> 3 
RaCS(0)Rt6)3

(4.24)

Whara R(0) and S(0) are the TE and TM Frasnal raflaction 
coefficients and given as follows,

R (0)
Cos0 - « 2 /€o ~ S i n 2 e!

n 2 e}Cos0 + ^ 2 ^ o  “ ^i

/ 2

/2 (4.25)

€oCos€* - (€o/€rt - Si n2©} / 2

S(0>
€2Cose + (€2/€o " Sin2©}/2

(4.26)



4.3 FOURIER SERIES EXPANSION IN THE AZIMUTH DIRECTION

In a general caae of non-apherical particles, all Four­
ier coaponents are coupled to one another. But if the parti­
cles are spherical or if they are axially syaaetric with the 
axis pointed in the Z-direction, then the extinction aatrix
S S

K becoaes independent of 0 and the phase aatrix P becoaes a 
function of 0-0'. In these cases, all the coupling aaong the 
Fourier coaponents disappears, snd the Fourier coaponents of 
the radiative transfer equation becoae independent of one 
another. Then the equation for each component can be solved 
separately.

In case of a disc, the scattering amplitude function as 
derived in Appendix B is,

o 2(4tt) o o

♦ Sin2© Cos0 CosC0-(0s-01) 3 l2 IS(rt) I2 (4.27)

where
(4.28)

T = disc thickness

G and 0 are disc orientation angles as shown in Fig. B. 1
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For a circular disc with cross-section 'a’, tha shapa 
function ia,

S(t*) a * JI(2ttts) (4.30)v T *

whara,

k
t « 2^“ 4 «2 ♦ ft2 (4.31)

with

a-CoseCSinOjSin0+Sln©aSln{0-(0a-0i) )-SinO(Coa©1-*-Coa©a) 3
(4.32A)

and

« SineiCoa0^SineaCoa{i-(0a-01) } (4.32B)

-  -  2From aq.(4.27), wa aaa that lf^(o,i)l ia a function of ©j, 
©a and (0a-0^) only. So wa can write,

lfhh(o,i>l2 = P22(ei*es»0a_0i) (4.33)

Similarly wa can aaa that all tha other elements of the 
phase aatrix are also functions of ©£, ©a and (0a-0j) only. 
Therefore in the case of circular disc scatterers, the 
radiativa transfer eq.(4.10) becoaes,

Cos© gj- Id (O,0,z) = - R(©) .ld (©,0,z) 

rw r2ir+ [d© 'Sin©' Jd0 'P(© ,© ’ ,0-0 ') (© ' ,0 ’ ,z) + F (©, © ',0-0 ' ,z )
o o

(4.34)
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Now using ths Fourisr-ssriss expansion in the azimuth 
direction, we can write the 0 dependent terms as a summation 
aeries aa follows:

ld <e,0,z> * <4.35)

—  -  i nflI .(8,0,a) = El . <e,z)el-w (4.36)ri m rim ’

£<©,©’,0-0') * E? <©,©')ei" (0“® ,> (4.37)’ ’ m m ’
and

F<efeo ,0-0o ,z) - EF <©,©o ,z)e1“ <0_0o ) (4.38)

where

*d. ’ '-dm • Tri. * i-ri. - K  ’ P-. *"d f. * f*.

Therefore from eq.(4.34), we get.

Cos© 4 - El. <0,z)eiB0 « - R<0).eT. <0,z>elB0 dz i dm m da

J  d ©  'Sin© ' J d 0 ' E P m < © t© ' ) e i B ( 0 - 0 , )  JIdl <©',z)eil0>

+ EF <0f©o ,z)elB<0_0,) a m  ' o ’
or

Cos© 4 - El. <O,z)eiB0 = - R(©).El. <©,z)eiB0dz a dm m da

f dO'SinO' E.P <©,©’) . I .. <©' ,z)elB0 .2ir$ . J m,l a ’ dl ’ ml

-*■ EF <0,©otz)eiB(0 0o» (4.39)
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or

Co*e 3—  I , (e,*> « - Rtei.i. <e,*>dx da ’ da ’

rff♦ 2rrJ d© 'Sin© ' P- (0,©'). Id - <© ’ »*>

♦ F (e,e0,x)«1-®0 (4.40)

m * 0, ±1, ± 2 ........

and froa eq.(4.8), wa gat(for raducad intanaity)

Co*0 3-  El . (G.zJe1*0 » - R(0).EI . (0,z)ei*0dz a rim a rim

Cos0 3—  I . (0 ,z) - - R(0 ).I . (0 ,z) for all a (4.41)dz ria 1 ria ’

4.3.1 BOUNDARY CONDITIONS. FOURIER SERIES EXPANSION

Expanding tha incident intensity into a Fouriar series, 
we get

T S (Cos©-Cos0o )6 (0—0o) = I S (CosO—Cos0o)[~r--Oi Oi 1 w til

-4“  E (4.42)n m3—• aso
Substituting eqs.(4.35),(4.36) and (4.42) into the boun­

dary conditions and collecting teras with the saae aziauthal 
dependence, we obtain for 0 < 0 < v/2,
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at z = 0 ,

For tha downward travailing wava,

Td a <i»-©,*-o“)«0 for all m (4.43)

Ip **°~) * <Coa®-Coa0o ) for »«o (4.44A)

Irll>(w-e,z*o“) *IQi* <Coa©-Coa©0 )̂ - a-1-0® for a>l (4.44B)
and 

for »<-l

For tha upward travailing wava,

id m <©»*=o+) * 1 ^ ( 0 , z»o“) for all m (4.45)

and

^ri«<e,z=0+) " *ri»(e,*“0 >  for a11 * (4.46)

at z = -d

Id m <e»z = ~d) “ ?(©)Id B (n-e,z=-d) for all n (4.47)

and

Iria<©»z = -d) = r(0)Irlj>(TT-e,z=-d) for all n (4.48)
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CHAPTER 5

5.0 ELECTROMAGNETIC BACKSCATTERING COEFFICIENTS FROM A LAYER 
OF VEGETATION - MULTIPLE SCATTERING

The set of radiativa tranafar aquationa without tha 0 
dependence, as darivad in chaptar 4, ara solvad using tha 
•athod of Gaussian quadratura. In this method, tha radiation
fiald is dividad into 2N straaas in (i«±l, ±2, ........ ±N)
diractions. In Gauss's quadratura formula, tha interval 
(-1,1) corresponding to integration from 0 to tt, is dividad 
according to tha zeros (pj> of tha Lagandra polynomial,PB (p).

Tha Gauss's quadratura formula is superior to other quad­
ratura formulas because, for a given 'm', it evaluates tha 
integral exactly for all polynomials of degree lass than 2m 
and not merely those of degree lass than a. So tha Gauss's 
formula is almost twice as accurate as any other quadrature 
formula using only m values of tha function in that interval.

In the next section, the integrals in the radiative 
transfer equations are replaced by an appropriately weighted 
sum over 2N intervals. Then zero-order system of linear equa­
tions is solved by obtaining eigen-values and eigan-vectors 
and by matching tha proper boundary conditions.
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5.1 ZERO-ORDER SOLUTIONS

The zeroth-order radiative tranafar equation can be 
written froa eq.(4.40) aa followa, for a * 0,

Cose ido<eta) . - R(©).Ido(e,z>

♦ 2irJ d©'Sin© ’ (0 ,6 ') . (0 ' ,z)
o

♦ F (©,0o ,z> (5.1)

and froa eq.(4.41),

Cos© ^ - 1  . (0,z) = - R (0).T . (0,z) (5.2)dz rio ’ rio ’

The corresponding zeroth-order boundary conditions as given 
by eqs.(4.43) and (4.44A) are,

at z * 0 , for the downward travelling wave, we have

!do<n-e,z=o-) * 0 (5.3A)

I . (it-6,z*o”) = I .^(Cos0-Cos0o )-J—  (5.3B)rio oi ° 2n

and for the upward travelling wave, froa eqs.(4.45) and 
(4.46) , we get

ld o (0,z=o+) = ldo(0,z-o-) (5.3C)

I . (0 , z=o+ ) = I , (0 , z=o") (5.3D)rio ’ rio ’
Siailarly, froa eqs.(4.47) and (4.48), for the upward
travelling wave,
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at z = -d

Ido<9,**-d> » r(d) . Ido<ir-e,z»-d> (5.4A)

Irio(e,z*-d) = r<e>.Irio(w-©fz«-d) (5.4B)

Tha substitution

P * cos© (5.5A)
and p ’* Cos©' (5.5B)

such that,

dp = -Sin© d© (5.6A)

and d p ' = -Sine’dO' (5.6B)

is usad.
Substituting in eqs.(5.1) through (5.4), wa gat 

M dz Id o (p’z) a " R<v>-id o <v>2)

2 n J  dp'PQ (p,p’) .ld Q (p',z) ♦ Fo <p,po ,z) 
-1

and

Tha corresponding boundary conditions are, 

at z = 0

(5.7)

p I . (p,z) = - R(p).I . (p,z) (5.8)dz rio r rio

Id o (-p,z=o-) = 0 (5.9A)
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Irio<_M'*‘°") * Toitf<M_)‘o ,"k' <5*9B)

and

Id o (M » Id o (p,*«o ) <5.9C)

^rio<M,Z!SO+) * ^rio<M,*“°-) (5.9D)

ai z * -d

Id o <>i,* = -d) = r<p> . Id o <->*,z*-d) <5. 10A)

Irio<H»z=-d) * r(p).Irio<-p,z*-d) <5.10B)

5.1.1 EVALUATING DIFFUSED INTENSITY 1 ^

Using Gauss's Quadratura formula, wa can raplace tha 
intagral in eq.(5.7) by a summation sarias. At a finite 
number of 2N points, we get from eq.(5.7),

Mi dT *do(>li’z) = ~ R (> V  • ̂ do(Mi ,2)

N
+ 2irj=-NajP° (Ml'),J>‘,do(Pj'Z>+Fo<Pi',Jo'Z)

(5. 11)
where

V ' V ’V 1’ - 15-12)

is the forcing function and p_j = -pj (5.13)



57

and from equation <5.8), we get

<5.14)

for all i « N ,N-1..........1,-1............... -<N-1),-N.
We can write eq.(5.11) in matrix form as,

d_
dz

Ido",N'2’ 0 . . .0 *do(̂ N’2 ’

*do ***►)-1 '21 0 piN_lK(PN-1> ^o^N-l'21

ido^-N-2’ 0 0 *** jT_N^ (**-N> W ^ - N ’2’

+2n

^o^+N'^+N*

> N  g
)*N-i ° '**+N

“+N -
p_N ^V^-N'^+N*

W " . * ' 2’

I d i MN - l , * >

Ido <̂ -N’2 ’



where,

- J- C R(>»i)-2‘ira1Po (ni,)iJ) ] for i = j (5. 17A)
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In compact matrix fora, wa can writ*,

S? t Ido3 * t S It Idol - Sd (S.18.

Froa aqa.(5.9) and (5.10), evaluating boundary conditiona at 
P * Pi, wa gat

*do*~Pi> 2*0) * 0 (5.19A)

ido(>4» 2*0*") * Ido()*i» *=0“ > (5.19B)

and Tdo^i* “ r<)»i> • ̂ d o<-Pi (5. 19C)

i * 1,2................ N.

Eq.(5.18) ia a linaar first ordar diffarantial aquation, 
and its ganaral solution is givan by tha s u b  of its comple- 
aantary solution Ico(z) and particular solution Ip0 (z).

5.1.1.1 PARTICULAR SOLUTION

The particular solution is obtained as,

I (z) = CS - D]“ ! B(polz) (5.20)po °

whara U is a 2N X 2N unit aatrix.
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5.1.1.2 COMPLEMENTARY SOLUTION

The coapleaentary solution satisfiss the hoaogeneous 
aquation,

CI 3 ♦ C§3C1^ 1 * 0 (5.21)az co co

“* ~ X 2Let, Ic q (z ) = (1 • ba tha solution, and substituting in 

aquation (5.21), wa gat,

C *0 ♦ 2](i = 0 (5.22)
This bacoaas a aatrix aigan-valua problaa and to obtain 

a non-zaro solution, tha datarainant of tha aatrix ♦ 2
aust vanish, so

* 0  ♦ 2 = 0 (5.23)

The datarainant is a polynoaial in ^  of degree 2N, and
therefore there are 2N values of X  - , n = ±1, ±2,..... ±N,
satisfying eq.(5.22). These are tha eigan-values and for each 
aigen-value is tha corresponding eigen-vector.

The coaplaaantary solution Ico is then given by a linear 
coabination of all eigen-vactors with arbitrary coefficients 
Cn as,

I (z) = E C fl eXZ * I C CS le_X-»z -*• E C C(3 ]e+£»z <5. 24) co un n , +n +n , —n -nn=-N n*l n=1

Let,
C+n * CCj C2 ..............  Cn DT (5.25A)

C_n = CCĵ  C_2 ............  C_n3T (5.25B)
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and

(5.26A)

P(z)*C|S ,•
- 1'

Therefore, wa can write,

I (z) * tP (z) 3. CC . 3 -► CP(z)3.CC 3 co >n -n (5.27)

Using aatrix partitioning, wa can writa,

I+ (z)CO 2
r<z>

CCA 3 ♦
P+ (z)

CC 3
I- (z)_ CO _ B"(z) ♦n P- (z) -n (5.28)

whara, I*q (z ) raprasants tha upward going (positiva z-axis) 
taras and *r® downward going (nagativa z-axis)
taras.

Now tha consists of tha following coaponants,

nUN)
ln(+N-l)

* *fiin (1) 
ftn(-l)

n(-N)

(1 _
(5.29)

whare raprasants positiva N taras and fin- raprasants
negative N taras. Therefore,

B* (z) = C (ftj>) eK'Z (ft2+) a V   (i»N+) a^z 3 (5.30A)



Similarly,

fi"(*)-C(S1_) *X'* <jl2_) 9*£ ........(jiN_) eX*3 (5.

P+ (*)*C + ) i*'Z eX*  (̂ -N+) *>*3 (5,
and

f’ (2)*[(S_r ) <ft_2_) a“X5  (̂ _N_) a ^ ]  <5.

II follows that aq.(5.28) can be saparatad into tha 
following two aquations,

I+ (z) = ct+ (z)3.CCA ] + cP+ (z)3.CC ] (5.co ♦n -n
and

I" (z) = ct“ (z)3.CC ] c P ~ ( z ) 3 . C C  3 (5,co +n -n

5.1.1.3 TOTAL SOLUTION FOR DIFFUSED INTENSITY

The total solution for the diffused intensity is,

I , (z) = I <z > -*■ I <z) (!do co po

So from eqs.(5.20) and (5.28), we get

I* (z) = CE+ (z)3.CC 3 + Cp+ <z)3.CC 3 -*■ I+ (z) (5,do +n -n p

and

iZ (z ) = c f ( z ) 3 . C C  3 ♦ C F ~ ( z ) 3 . CC 3 + l“ <z) (5do -*-n -n p

30B)

30C)

30D)

31 A) 

31B)

5. 32)

. 33A) 

. 33B)
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Using ths boundary conditions (5.19A) at z«0, and 
<5.19C) at z * -d, wa gat,

TZ <0> * Cfi_ ( 0 > 3 . C O  3-*-cE“ <0> 3. CC 3 + I ~ (0) ■ 0 (5.34A)do +n -n p

and
cE'N-d) 3. C O  3 c E * ( - d ) 3 . C C  3 I* <-d)♦n -n po

= r. < C fi— < —d > 3 . C O  3 + Cp~ <-d) 3 . CC 3 ♦ I" <-d))♦n -n po
or

c t ^ ( - d ) - r . | " < - d ) 3 0  ♦ C F " < - d ) - r . F ~ < - d ) 3 C+n -n

♦ C I + <-d)-r. f ( - d )  3 * 0 (5.34B)po p

Combining (5.34A) and (5.34B), wa gat

a —E (0) F (0) 5*n a —
I" <0)po

E+ (-d)-r.f- (-d> P+ (-d)-r.E"<-d) C-n I "■(-d)-r. I'(-d)po p

(5.35)

This results in a set of 2n equations with 2n variables 
C^. Solving this set of linear equations and substituting the 
results in eqs.(5.33A) and (5.33B) gives tha total diffused 
intensities in positive and negative going directions 
respectively.
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5.2 BACKSCATTERING COEFFICIENTS

The bistatic scattering coefficient 0,©’, 0 ') is
defined as the ratio of the scattered power of polarisation & 
per unit solid angle in the direction ©,0 and the intercepted 
incident power of polarization oi in the direction © ’,0 ’ aver­
aged over 4tt radians. Therefore,

where «,£ € (h,v>

In backscattering direction, 0 = 0 ’ and 0 * 0 ’+ it. 

Therefore the backscattering cross section per unit area is,

5.2.1 HH CASE

When incident and scattered waves are horizontally 
polarized, we have,

Tfl<x<e,0,0',0’> = 4 it
Cose. iQ« (0 ,0 )

(5.36)

O-flo(<0’> = CoS0'.Tft<x<0’ ,0'-HTT,0' ,0') (5.37)

Cos©'.I u (O',0’+TT) _______ oHs *______

or

(5.38)
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5.2.2 VV CASE

Similarly, for tha vartical polarisation caaa,

I <e',0 ’t-n>
rv v <e’> - 4 it CoaO'---^ ----------  (5.39)

XoVi

5.2.3 HV CASE

In tha caaa whare tha incident wava ia horisontally 
polarized and the scattered wava is vertically polarised, wa 
have

I <e',0'+TT)
<rm / <e'> " 4lT Cos®'--- — ----------  (5.40)IoHi

5.2.4 VH CASE

Similarly, for the case where the incident wave is 
vertically polarized and the scattered wave is horizontally 
polarized we have,

I <e',0 '-*-TT>
irU(J(e') = 4n Cos©' 2115-----------  (5.41)

IoVi

As shown in section B.6 , since the scattering phase mat­
rix has the reciprocity property, 'H' and 'V' in eqs.(5.40) 
and (5.41) are interchangable, therefore,

<rV H (0') = <th v (6 ') (5.42)
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6.0 DISCUSSION OF SINGLE AND MULTIPLE SCATTERING RESULTS AND 
COMPARISON WITH EXPERIMENTAL DATA

In this chapter, the numerical results for the backscat­
tering coefficients are computed by modelling the vegetation 
by a layer of leaves. Before computing the backscattering 
cross sections as a function of incidence angle, the dielec­
tric constant and the angular distribution of leaves is re­
quired. As discussed in Section 3.2, a dielectric constant of
€ * 30.8 +• i0.62 will be used for leaves at 400 MHz. Inr
addition, the angular distributions given by eqs.(3.22) and 
(3.23) will be used for parallel and perpendicular orienta­
tions of leaves respectively.

The numerical results for the skin depth have already 
been discussed in section 3.2, but the effects of skin depth 
on the backscattering cross sections will be examined here. 
Before examining the backscattering cross section results, 
the effects of frequency on the dielectric constant of a 
leave will be studied. From Fung and UlabyCll], the relation­
ships for the real and imaginary parts of the dielectric 
permittivity are,

4 -5.5m <6 . 1)
l + (fT>2

5.5)  i---
<f T)

(6 .2 )

where f is the frequency and *t* is the relaxation time of the 
water content. The relaxation time depends on the temperature
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and at 20° C, f T  is approximately equal to 1.85/^, whare is 
tha fraa spaca wavelength in centimeters. The permittivity,
€ , is the relative macroscopic static permittivity of a leafIII
and is given by,

* 5 + 51.56Vm (6.3)

where Vm is the volume filling factor and is selected to be 
0.5 in this model.

Examining eq.(6.1) for the real part of dielectric cons­
tant we see that at small frequencies, is approximately 
equal to ( and constant until 1GHz, but starts to decreaseIII

monotonically thereafter. The imaginary part is \ery small at 
low frequencies but start to increase linearly and reaches 
its maximum around 15 GHz. Thereafter it will decrease as an 
inverse function of the frequency. Changing the water content 
in the leaves will change € m , resulting in level change for 
real and imaginary parts, but will not change the overall 
shape of the functions.

6. 1 SINGLE SCATTERING

Using the expressions derived in eqs.(3.7) through 
(3. 19), the numerical results are presented in Fig. 6.1 
through Fig. 6.6 , where the backscattering coefficients are 
plotted as a function of the angle of incidence 80 . The 
angular distribution given by eq.(3.22) with AO|| = 10° is 
used in Fig. 6.1 through Fig. 6.5 and the angular distribu­
tion given by eq.(3.23) with A  = *s usec* in Fig. 6.6.
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6.1.1 EFFECTS OF LAYER THICKNESS ON BACKSCATTERING
COEFF1CIETS

In Fig. 6.1, °hhd' ^hhdr *nc* ^hhr ar* *hown •* function 
of 0O . In this csss, ths term ̂ h d r  I* grsstsr than ^or
all angles of incidence. This means that the energy back-
scattered from the ground is a significant part of the total 
backscattered energy and should not be neglected. Since the 
skin depth is large compared to the layer thickness for all 
angles of incidence, we are receiving scattering back from 
the same number of scatterers for each angle of incidence, 
resulting in a flat behavior for o^hd* reflected terms
^hhdr an£* ^hhr s^°Pea UP with increasing angle of incidence
since the reflection constant tHh^ increasing as shown in
the figure.

In Fig. 6.2, the backscattering coefficients are plotted 
for a layer of thickness ds 100m. The results are quite diffe­
rent in this case since the total backscattering coefficient 
is basically due to the direct term Contributions from
the other two terms are very small because the incoming wave 
gets attenuated by the time it reaches the ground interface.
A plot for skin depth vs. angle of incidence is also shown in 
Fig. 6.2, explaining the decreasing nature of ^J^dr anc* ""hhr 
terms. So it can be concluded in this case that the underly- 
ing ground is not very important.

Fig. 6.3 represents the backscattering cross section for 
different values of ’d ’. The transition that the backscatter-
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Fig. 6.1 Horizontal Copolarized Backscattering Cross Sections 
vs. Angle of Incidence with d=lm, 60,(*=10°, p=500, 

f=400MHz, e,.=30. 0+iO. 62, e^=12+i3, a=7.5cm, and h=0.5mm.
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Fig.C*X Horizontal Copolarized Backscattering Cross Section 
vs. Angle of Incidence with d=100m, A0n=lO°, p=500,

f*400MHz, g =30.8+i.0.62, e =12+i3, a=7.5cm,and h=0.5mm. r  a
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Fig.G-3 Horizontal Copolarized Backscattering Cross Section 
with AG|| =10° , p=500, f=400MHz, cr=30. 8 + iO. 62, eg= 
12+i3, a=7.5cm and h=0.5mm.
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ing curves sake from a layer that is small compared to the 
skin depth (for d*la) to a layer that is large compared to 
the skin depth (for d«100) is shown in the figure. The smal­
ler values of ’d' correspond to the regime where Born approx­
imation is valid, while the large values of ’d ’ agree with 
the half space results derived by LangC27].

6.1.2 EFFECTS OF GROUND MOISTURE ON BACKSCATTERING 
COEFFICIENTS

To see the effects of moisture in the underlying ground,
the following two different dielectric constants have been
selected,

€g = 12.0 ♦ 13.0 for dry ground
and

€g = 80.0 il.5 for wet ground

Fig.6.4 shows total backscattering coefficient <r^ plot­
ted for the above two different ground conditions and for two 
different layer thicknesses. For the case when d^lm, it is 
seen that there is a large difference in the backscattering 
coefficients for different ground moistures because the gro­
und reflected terms are dominant. But when the layer thick­
ness d*100m, the ground reflected terms are very small and 
their effect is masked when compared to the total backscat­
tering coefficients. Therefore the ground condition becomes 
unimportant.
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Fig. 6-4 Comparison of Horizontal Copolarized Backscattering 
Cross Sections for Different Ground Wetnesses and 
Different Vegetation Depths. A0irlO°, P=500, 
f=400MHz, er=30.8+i0.62, a=7.5cm and h=0.5mm.
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6.1.3 BACKSCATTERING COEFFICIENTS WITH PARALLEL DISTRIBUTION 
OF LEAVES

Fig. 6.5 shows the totsl backscattering coefficients 
«r°v end <r°̂  plotted for s parallel distribution of leaves. In 
this esse, since the leaves sre parallel to the horizontal 
polarization at all angles of incidence, backscattering coef­
ficient does not show any dependence on incidence angle.

6.1.4 BACKSCATTERING COEFFICIENTS WITH PERPENDICULAR 
DISTRIBUTION OF LEAVES

Fig. 6.6 shows the totsl backscsttering coefficients
«r°v and plotted for a perpendicular distribution of
leaves. At small angles of incidence. <r° and <r° are equal,• ’ vv hh  ̂ ’
but as the angle of incidence Increases, 0*° decreases “ ' vv
because the vertically polarized wave is becoming parallel to 
the leaves and thus getting more absorbed. On the other hand, 
<rĵ  has a flat response because a changing angle of incidence 
does not affect the polarization orientation with respect to 
the leaves.

The backscattering cross section is higher in the 
parallel distribution case compared to the perpendicular 
distribution at small angles of incidence. Comparing °”vh *n 
Fig. 6.5 and Fig. 6.6 , it can be concluded that the verti­
cally inclined leaves give rise to more depolarization as 
compared to the horizontally inclined leaves.
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Fig. fc.S Backscattering Coefficients vs. Angle of Incidence 
with d-10m, Ae„-10#, p-500, fMOOMHz,
tr*30.8+i0.62, c «12*i3, a*7.5 cm and h*0.5mm.
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Fig. 6.6 Backscattering Coefficients vs. Angle of Incidence 
with d*10m, A6X=10°, p=500, f«400MHz,
er“30.8+i0.62, eg*12+i3, a=7.5cm and h=0.5mm.
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6.2 MULTIPLE SCATTERING

A numerical Method has been used to compute the back- 
scattering coefficients as given in eqs.(5.38)-(5.41). Only 
zero-order equations have been solved, resulting in single 
scattering only. To determine the effect of multiple scatter­
ing, the zero-order result has to be used to solve the first- 
order equations in an iterative approach. Fig. 6.7 compares 
the results of the discrete method and the RTT method for 
single scattering. There is no significant difference in the 
backscattering coefficients. The copolarized coefficients are 
slightly less for RTT method than for the discrete method, 
but the cross polarized coefficient is greater for the RTT 
method above an incidence angle of about 20 degrees.

6.3 COMPARISON WITH OTHER PUBLISHED RESULTS

Similar results as shown in Fig. 6.5 and Fig. 6.6 have 
been observed by Tsang et alC43 3. They have derived the back- 
scattering cross sections using the vector radiative trans­
port equations. In their backscattering equations results, 
only incoherent terms have been included. But in section 3.1, 
ff'pqdr as given in eqs. (3.9) , (3. 13) and (3.16) also include 
the coherent terms, where p,q € (h,v). According to the com­
putations, the coherent effects are as important as the inco­
herent effects.This could be one of the reasons why backscat­
tering cross sections in the present case are higher than 
Tsang et. a!C433.
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Fig 6.7 Backacattaring coafficianta va. Angla of lncldanca with 
d-lOa, - 10°, f -500, f-400 MHs, €r-30.8*10.62, €g-12*i3.0,
a*7.5 ci, and h>0.5 ■■.



6.4 CONCLUSIONS AND COMPARISON WITH EXPERIMENTAL DATA

A comparison with the experimental data is shown in 
Fig. 6.8. Backscattering data from Soybeans at 1.8 Ghz by 
Oliver and PeakeC321 has been used. The data were taken when 
the Soybeans were 30 to 36 inches high. The parameters in the 
mcdel have been adjusted to give a reasonable agreement bet­
ween experimental data and the theory as shown in Fig. 6 .8. 
Since Rayleigh scatterers are being used to represent leaves 
at frequencies somewhat higher than the Rayleigh region, the 
model does not follow the data as closely for large angles of 
i ncidence.

These models work reasonably well when the wavelength is 
very large compared to the scatterers. This limits their use 
to frequencies around 1 GHz. An advantage of using the lower 
frequencies is that the electromagnetic wave will penetrate 
the vegetation more deeply, resulting in information about 
the lower vegetation layers and the ground underneath this 
vegetation.
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Fit* 6.8 Copolarltad Backscattar1ng coafflclanla vs. angla of 
lncldanca for &«L-60°, f-4000, f*J.8 GHs, €r-35.8*i3.54, 
(g*l.2»10.3, a*2.25 ci, h«0.5 aa, and d*l a.
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APPENDIX ~ A 

DERIVATION OF GREEN'S FUNCTION

To compute tha backscattering coefficients we have to 
evaluate the integral of §(k^,q). To evaluate this, we will 
need the transformed Green's function in the equivalent 
medium. The procedure followed in this case will be similar 
to the one used to calculate mean field. The governing 
equation for Green's function as given by LangC27D is,

C7 x(vxl)-k2! (z) ].5(x,x') = T<S (x-x ’) (Al)o e

Since the Green's function is homogeneous in the trans­
verse direction, by taking the transverse Fourier transform 
of both sides of the above equation and simplifying, we 
obtain

2
-.2 ,-0-0 -0-0. , . ,-0-0 -0-0, Jb_, -0-0 -0-0,Ck <y y +z z ) + ik —  (z x +x z ) - — x +y y )X X iZ bO O QZ

-k2t (z)3.5(k. ,z,z') = Ttf(z-z ) (A2)o e t ’ ' o

where k^ = kx x° and ie (z) is given by eq.(2.3). 
o

Since eq.(A2) is a dyadic equation, it is equivalent to 
nine scalar equations. Four of these equations involve only 
the dependent variables Gxy, Gzy, Gyx and Gyz. Since these 
equations have no forcing function and satisfy homogeneous 
boundary conditions (radiation condition), their solution
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must be

G « G * G * G * 0 ,  ! z ! < ® (A3)xy zy yx yz

The remaining five equations are

^2 2 o
( — r" ♦ k € ( z ) - k  )G 3 -S(z-z ) (A4)
3z ° yy xo yy

3 2 2 Itr- k € (z) ) G - ik G = -Siz-z ) (A5)q z2 o xx xx xq dz zx o
Tk ty a

-ik G + <k € (z) - k )G = 0  <A6>x dz xx o zz x zxo o

-ik G + <k2€ (z) - k2 )G = -S(z-z ) (A7)X dz XZ O ZZ X zz oo o

A2 2 ■>♦ k € (z))G - ik £- G = 0 (A8)i 2 o xx xz x 3z zz0Z o

where G. . * G..(k.,z,z ). i J i J t ’ o

Since Gyy given in eq.(A4) is the simplest equation, 
so let us examine it first. We will solve this equation 
approximately by utilizing the two variable method. The 
boundary conditions to be used are that Gyy(k^,z,z0 ) and 
^Gyy(kt,z ,z0) /dz must be continuous at z = 0 and z*-d. In 

addition, Gyy must be continuous at the source and satisfy 
the jump condition.

Proceeding in the same manner as for the mean wave case, 
and assuming that the unit source is inside the slab, i.e. 
0>zo >-d, we find that solution for Gyy(k^,z ,zQ) has the 
following form,
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Q (k. , z , z > yy t ’ ’ o

_ ik (cos© z+sinO x) T • o o ooy
_ i k ^ ^ z  ik sin0 x T • z e o o oy
_ -ik<h>z ik *in0 x T • z • o o oy

, z>0 <A9>

_ “ ik» z ik zi T, • *g B O  ly
n0 x o

, 0>z>z (A10)' o

, z >z>-d (All) o

, z<-d (A12)

where T * - oy 2ik
-21k(h). lk,h). 

(l.r • 1 °>. * °O (A13)

T, =iy 2ik k +k z z o g

-ik d . z) e g
ik<h> (d-z ) 

e * ° < A14)

and whara r**1* and k ̂  ara dafined in eqs.(2.47) and (2.49) o z
V 2 2~raapactivaly, and k * 4k 6 -kZ O Xg ■ o

Following a similar procadure, wa can find solutions for
6xxi Gzx> ®xz an(* *>zz from aqs. (A5) - (A8) . We are interested 
in the solution for the Green's function only in the region 
0>z>zo . Thus by collecting all the solutions in this regi on, 
we find

.. (w) ik z ik z
G(kt,z,zo) r •** Z —O—O. T Z —0—0C T e  x x + T e y yox oy * *

i k z ik_ z _
-tan© T e z z°x + T a x zo ox oz

ik z ik sin6 x
-tan© T a z z°z° l.e ° °o oz

0>z>z (A15)o
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where
2* . (v* .. (v)cos © . . -2ik z ik z

Tox - - 2l k - ^  ” -ro • ‘ "»• * °zo
. _ _ ... (v) , . <V>sin© cos© . , -2ik z ik z» _ o o ..._(v) z o. z o

To. ■ ----- 2lk----  “ *ro • '• ,AI7’so

and TQy is as given by aq.(Ald).

Rearranging aq.(A15) and writing results in terms of h°,v° 
and v? we can write

..(h) ..(h) ..(h), ik z ... -ik z ik z= . 1 z o _(h) z o. z -o.-oG(k.,z.z ) » t t t  L (e r e )e h ht O clK Ozo
.. (v) (v) ■ . (V )ik z . . -ik z ik z. . z o -o-o . „< v ) z o -o-o. z ,+ (e v v r e v v ) . e  J-  -  o  -  +

0>z>z (A18)o

where h° and v° are given by eqs.(2.24) and (2.25)
respectively.
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APPENDIX ~ B

PHASE MATRIX »P' AND EXTINCTION MATRIX >K > EVALUATION IN 
A THIN DISC

In order to determine the 16 alaaania of iha phasa mat­
rix, wa hava to firat calculata tha fialda acattarad by a 
plana wava of arbitrary polarization incidant on an arbitra­
rily oriantad diak. Tha oriantation of tha diak ia daacribad 
by tha Eularian angles (0 ,0,t) aa shown in Fig. B.1. In taraa 
of thaaa anglaa, normal to tha diak n° ia,

n° = SinG(Sin® X° - Coa0 Y°) Coa© Z° (B.l)

Fig. B.2 ahowa tha problaa gaoaatry, whara an incidant 
wava io (©^,0£> haa baan acattarad by tha diak into a acat­
tarad wava o°(©i,0i). Wa will aaauma that tha fialda inaida 
tha diak are tha same as thoaa that would exiat in a dielec­
tric slab of the same thickness and oriantation as the disk. 
This approximation is good when tha edge affects are small, 
such as in the case when tha edge cross section of tha disk 
is large compared to the wavelength and large compared to the 
thickness of the disk.

B.1 SCATTERED FIELD

A plane wave of unit amplitude and polarization q is 
incident upon the disk, such that
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Fig. B.1 Eulerian angles <9,0,t ) which describe the disk 
orientation
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Fig. B.2 Problem Geometry
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-o i k . x
EQ <x,q) ■ q • q€{h,v) (B.2)

where k is ihs asauatd direction of propagation.
Ths disk is assussd to hava a cross sactional shapa 'S’, 

a ihicknasa 'T' and ralaiiva dialaclric permittivity €r. II 
will ba assunad that tha parmittivity €r is constant across 
tha disk.

Tha solution for tha scattarad fialda can ba obtainad in 
tarma of tha fialds insida the disk by solving tha radiation 
from induced polarization and conduction currants following 
standard procedures as described by Ito and AdachiC171 and 
JonasC181. Tha scattered field will be given by,

E (x, q) * k2 f (€ -1).G(—  ) . E (x ', q ) dx ’ (B.3)s o j r — ,
diak x

where the integration is over the volume of the disk and
8 (“3—  ) is the free space dyadic Green's function given by 

x '
KellerC221 as,

_ - _ i _ _ ,JknR5 <—  . = c! ♦ L ,  VJ (B.„,
x ' ko

where R = x - x ' and I is the unit dyadic. Using an 
asymptotic expression that the fields inside the disk are the 
same as those that would exist in a dielectric slab of the 
same thickness and orientation as the disk, from Levine et 
alC311, we get



where ?(o,i> is the dyadic scattering amplitude.

B.2 VECTOR SCATTERING AMPLITUDE

The vector scattering amplitudes are related to the 
dyadic scattering amplitude as,

?(o,i) = ?(o,i;h)h° + ?(o,i;v)v° (B.6)

and in thin disc case,

k2xT
f(o,i;q) * (I-o. o) Cq°- ^~-(n°. q°) n°3S (t )̂ (B.7)

where S(t^) *» Jj(2wTa) (B.8)

x = € -1 (B.9)r

k
and r = tS  i«2 + ft2 (B. 10)ZTf

where,
<XsCoseCSin6 . Sin (0-0. > +Sin6 Sin (0-0 ) 3-Sin9CCos0. -*-Cos© 1 i i a s  i s

(B.11 A)

and ft = Sin©.Cos(0-0.>+Sin© Cos(0-0 ) (B.11B)l 1 s s
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B.3 DYADIC SCATTERING AMPLITUDES

From eq.<B.6), the Dyadic scattering aaplitude ia givan
as

f <o°,I°)*q?? <o ,i ).i°= q?Cf(o°,1°;h)h°* f(o°,i°;v)v°].q° 
qq qq

(B.12)

B.3.1 HH CASE

In the case when the incident and scattered waves are 
horizontally polarized,

k2xT
f.. <o,i> * -7—  Ch°. h°- -tt <n°.h®> (n°.h°) DS(t . )hh ’ 4tt s i x+1 i s t

or

2k x T
f.. <o,i>“ ? C-Cos(0 -0.)+-T7Sin©Cos(0-0.)SinGCos(0-0 )3S(t .) nn s 1 x+i 1 s t

(B.13)

Therefore,

4 2 22 k Ixl T pw 2tt
<lfh h (o,i)l > = — ----2—  J dOp (O) J* d0 I-Co slOgHJj!

(4ir ) o o

+ Sin2OCos(0-01)Cos(0-0a ) l2 IS(rt ) I2 (B. 14)

Using a Fourier series expansion and equating, we get
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4 2 2k I x I T 2 tt it 2 tt

< ,fhh-(S*S,> ,2> " — ------- 9-----*“T  fd0 /i fd©p<©> [d® I -Corfh h m  (4l?)Z ( 2 n ) Z J d J J
o o

♦ ~ r  Sin2© Cos© Cos<0-0 . x + 1  d ) I2 e~i-0d. ( T T S 2 ) 2  (B. 15)

where 0 . * 0 -0 .d s i
Integrating and simplifying, we get

„TT

(B.16)

< Ifuw <©,©')l2> * hhm ’

c a  J d § p ( S ) C 2 + J j J Y j 2 S i n 4 5 - 2 R e ( j J y ) S i n 2 S D
o

for m * 0

C a  J d © p ( © ) C l  + J ^ T |2.i-Sin4©-Ra(^j-)Sin2eD 
o

for a « 12 
(B.17)

where
„4, .2T2 4 K Ix I T a o

64 (B.17a)

B.3.2 VV CASE

Similarly, when incident and scattered waves are 
vertically polarized, we have

k 4 I x l2T2 2 tt tt

<»fVv m <§»5 ') 1 > " 64n
T 2 tt tt p 2 t t -

j -  Jd0d Jd©p<©) J d0 |{CoseCose’Cos0
o  o

♦SinGSin© ’)- {-Sin6 Cos©'Sin0 + Cos©Sin©'}

. {-Sin0CoseSin(0-0d >+Cos©Sine> I? (ira2 )2 . e - i m 0 d

(B.18)
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Therefore integrating and siaplifying, wa gat

<lf <e,©')l2 >= w a

Ca Jd0p(0) C-2Ra(^->Coa2OCoa2e'Sin20D 
o

for a * 0

Ca J d®P(S)C4Cos©Cos©'Sin©Sin©' 
o

2
♦ | ( S i n 4©Coa2e'Cos2©

♦Sin2©Cos©'Cos20Sin©’CosOSin©}

-2Ra(^Jj-) {Sin2©Coa©'Cos©SinOSin©'

+2Cos0Cos©'Cos2©Sin©Sin©’)D
for a * ±1

C. j i p *  )CCos^©Cos^©'

|~j-|Sin40Cos2© 'Cos2©. £

-2Re(-tt).Cos2©Cos2©'Sin2©D x+1
for a s ±2

(B.19)
where C# is as given in eq. <B.17a) .

B.3.3 HV and VH CASES

When one of the incident or scattered waves is vertically
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polarized, wa hava

<,fhv.<®'S,) ,2> * <lfvh«(§’§,),2>
k4 lxl2T2a4 2it n

64tt

T a 2n n 2ir
—  J d 0 d  J d 9 p ( 0 ) J d d

o o

I-Cos©'Sin® ,---rr (“Sin§ CosO'Sini ♦ CosdSin©’)a x***i

. (SindCoa(0-0d ) } I2 (ira2 )2 e~im0d

Parforming lha integration and simplifying, wa gat

(B.20)

< If. <©,©’> l2 > = hvm ’

l*W 1 1 4Ca Cos2©'Jd©p<©> C-[^j-|Sin ©

♦ 2Ra(^j-)Sin©D

for a =0

2-m Ca Cos © ’ I dSp(9)

for m = ±1

fw - 4Ca C-|x$r| j- Cos2© ’J d©p (©) Sin ©

A
-Re (.ttt) Cos2© ' jd©p<©> Sin©3

x *  1

whara is as given in eq.(B.17).

for m = ±2
(B.21A)
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and

<if . <e, e ' ) i2> « <if. (0, e ’) i 2>vha hva (B.21B)

Siailarly,

<Cf <0,0')f .<0,0’)D >= vv vh ’ a

pTT_
-*-iCa Sin0Sin0’Jd0p(0) C2Cos0’

+ (~-)2Coa20Coa0 ’-<^Jj-)*Sin20Cos0

♦ Sin20Cos20CoaO’]
for a = ±1

2 — x 2-Cos 0Cos0'J d0p (0) C 1-Ra <^y) Sin 0
o

*  *  I s S r l 2 * - 4 * ’
  for m = ±2

(B.22)

<Cfhv<O,0')f[Jh<0,0') 3a> = iCa2Cos0'Jd0p<§) C 1 + Im<^y)Sin2©

i  l ^ r l  S1”4sj

(B.23)
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and

<[fvv<e,e’)fhh<e,e') 
±fvh (e,e’>fhv<e,e'n >

caCos©cos©’Jd©p(d) c <-2±2)

♦2Ra(^Jj-) (Sin2§-Sin2©)+|-|^Y-]sin4©]

for a = 0

pn _
C SindSin©' fd©p(©) C-2+-^r(2Coi 0) a J r x+1

x+ y)Sin2©) - \^jj\ Cos2©Sin2©D

for m*±l

Ca Cos©Co*©’Jd8p<5>C(-1* 1)

♦Ra(-rr> (Sin2©±Sin2©) x+1

-  r l ^ r l , S 1 " 4 ®  ?  f S m 4 e ) 3
for m*±2

(B.24)
where C& is as given in eq.(B.17a).

B. 4 ZERO ORDER PHASE MATRIX

Elements of the phase matrix can be expanded into a 
Fourier series as follows,

£<©,©’, 0-0') = i j  (©,©') } (B. 25)tt* "tt tt
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a n d  c o m p a r i n g  e l e m e n t s  o f  t h e  s a m e  o r d e r ,  w e  g e t

0 < e , * ’ i •

< i r « e , o * i i 2 > < i f < « , e ' » i 2 > « . < f « e . e  • >r*o. •• >> - i * « r t e . e * i r * e , e *•>
W O  vho w o  vho W O  vho

2 2 " • < i n e . e ' i i  > < i r < « , o - > i ‘ > n« « r  < e , e ' *r te.e* i > - i«.f t e . e - i r  i « . e >  >
hvo hho hvo hho Kvo hho

2 R o < n e , e * i  2 R o < r < e , e * »  • • < r < e , e * i r  i e , e #» - i o < r < e , e * » r

. r K . r i  >
hvo

vho 

. r <#,#* • >
hho

hho

• n e , # ' i r i e , e * i  > 
vho hvo

2 t o < r « e , e ' i  2 ! > < r < e , e * i  i * < r < e , e ' i r < e (e * i

. r < o , e •1 > 
hvo

vho 
*

r « e , e  • • >
hho

wo hho

* r < e , e ' i r < e , e * i >  
vho hvo

hho

-r < e , e * > f  <e, e* i  > 
vho hvo

t e < r < e , o ’> f « e , e * i
wo hho 

•
- f t e . t ' i f « e , e * i >

vho hvo

S u b s t i t u t i n g  f r o m  s e c t i o n  B . 3  r e s u l t s ,  w e  g e t

< i r < e . e ' M 2 > < i r < o , * * i i 2 >
wo vho

< i f « e , e ' i i 2 > < i f i e , e * i i 2 >
hvo hho

P «e,••i«
« • ( < ( < e , e * > r < e . e ‘>

w hh

* f < e , e * i f i e . e ’1 >>
vh hv

o « • ( « ( i0 .9 • ir <e. e  • i
w hh

-f(9,9* I f (0,0*1 >i 
vh hv °

IB.271
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B.5 ZERO ORDER EXTINCTION MATRIX R0 (©>

Sine* the extinction matrix raprasants absorption and 
scattering losses in tha forward direction (9*0'), using 
results from section B.3 and B.4, we get

Re(fhvo<G)) = R* (fvho(e)) - 0

Therefore,

R (0) o

2Re(Mhho> 0

0

0

2Re(M ) w o

Re(M.. M ) 0hho w o

Re(M.. + M ) hho w o

(B.28)

where

and

<fhho(G)>
k2xT(wa2 ) o________

4tt Ci- 2 (x+1)Jd9>p(e*}Si"2e'3 (B.30)

k2xT <na2 ) ,
<fw o (e>> *   C1- 2 ( ^ ) {2Sin 6

+ (Coa20-2Sin20)Jd© 'p(0 *)Cos2© ')D (B.31)
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B.6 RECIPROCITY PROPERTY OF THE PHASE MATRIX

If the directions of ths incident and scattered beaas 
are interchanged, then it follows that 0 is to be replaced by 
0 ’ and 0 by 0-mt. The zero order phase aatrix, a a given by 
eq.(B.27), is independent of the 0 variable, and froa 
eq.(B.21B) it can be seen that 'h' and 'v’ teras are inter­
changeable. Therefore we see that interchanging the incident 
and scattered beaas results in a phase natrix which is the 
transpose of the original phase matrix,

P<0’,0) = tr P (0,0 ') (B.32)

This shows that this phase aatrix has the reciprocity 
property.
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