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Abstract

ELECTROMAGNETIC BACKSCATTERING FROM A LAYER OF DISC
SCATTERERS USING DISCRETE APPROACH AND RADIATIVE
TRANSFER THEORY

by

Jagjeet Singh Sidhu

Advisor: Professor George Eichmann

Electromagnetic backscattering from a vegetation layer
over a flat lossy éround is atudied. The vegetated region is
composed of leaves which are modelled by lossy dielectric
discs. The vegetation components are assumed to have random
placement and specified orientation statistics.

First, a case of single scattering from Rayleigh scat-
terers is studied. The problem is solved by finding the mean
field in the vegetated region by using the Foldy approxima-
tibn and a two-variable technique. Simple expressions are
given for the skin depth of the mean wave. Following this,
the distorted Born approximation is used to calculate the

backscattering coefficients.



To study the effects of multiple scattering, the
Radiative Transfer Theory with a Rayleigh scattering model
is used. The radiative transfer equation and the boundary
conditions are first formulated into the integral equations
form. The Fourier series expansion in the azimuth direction
is used to eliminate the B-dependence from the radiative
transfer equationa. Then the set of equations without the
#-dependence are solved using the method of Gaussian
quadrature.

Formulas for co-polarized and cross-polarized backscat-
tering coefficients are derived and numerical results for the
backscattering coefficients as a function of the incidence
angle are presented for different layer depths and leaf

configurations.
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CHAPTER 1

INTRODUCTION

The problem of wave propagation and scattering in the
atmosphere and biological media has become increasingly
important in recent years, particularly in the remote-sensing
and detection area. To describe wave propagation in randon
media one has to use statistical characteristics of the media
and a combination of simplifying assumptions regarding propa-
gation conditions. These assumptions relate to the mechanism
of wave scattering and the properties of the atatistical

medium.

1.1 RANDOM MEDIA SINGLE SCATTERING TECHNIQUE

In the past, electromagnetic scattering from a collection
of discrete scatterers has been modelled by continuous and
discrete random medium techniques. In the continuous case,
the random medium is modelled by assuming that its permit-
tivity €(x) is a random process whose moments are known. The
average backscattering cross section is then calculated from
the knowledge of the statistics of €(x). Usually, only the
mean and correlation of the permittivity are required. The
analysis of this problem can then proceed in a number of dif-

ferent ways. One method involves calculating the mean field,




using it to define an equivalent medium and then employing
single scattering in the equivalent medium. In active remote
sensing applications froam terrain, the technique has been
applied by a number of authors(10,11,12,14,34,50).

A typical approach in the continuous media case is to
determine the coherent (mean) wave in the form of Dyson’s
equation. Dyson’s equation expresses the mean field in teras
of an infinite series and so must be approximated. The most
commonly used approximation is the so-called bilocal approxi-
mation where only the first term in the infinite series is
considered. The bilocally approximated mean field has been
calculated for different configurations by various authors
(1,21,25]. Another commonly used approximation to the Dyson’s
equation is the non-linear approximation in which more multi-
ple scattering terms are included.

The Beth-Salpeter equation is an exact equation for the
second moment of the field. However, the intensity operator
is in the form of an infinite series, and most of the time it
is approximated by the laddor-approximation. The ladder
approximation accounts for multiple scattering of the mean
field intensities by retaining only the mean fields and the
conjugate mean fields that propagate in the same direction
and within a correlation length of each other.

In the discrete random media technique, the individual
objects, such as leaves, are characterized by their scatter-—
ing cross sections or dipole moments. Each object is then

given a random placement and orientation. An approximate



equation for the mean field has been obtained in both the
scalar and vector cases(9,15,30,44,47). A scalar equation for
the correlation that can be applied to electromagnetic
particles having polarization preserving properties has been
obtained by Twersky{45]. Twerasky[(46), has found approximate
solutions to this equation when the distribution of particles
is sparse. Ishimaru{16], has found solutions to the corre-
lation equation by employing the diffusion approximation.

The distorted Born approximation technique to find the
correlation of the field by viewing the scatterers as being
enbedded in an equivalent medium and then using single scat-
tering theory has been employed by Taylor(40] and Rosenbaum
and Bowles(34].

For vegetation modelling, Du and Peakel(8), employed the
Born approximation to obtain the average backscattering
coefficients. The technique employed by them is limited to
low frequencies and thin vegetation layers. Lang and
Sokolakis{26]), avoided some of the restrictions inherent in
the Born approximation, by taking into account the decay of
the incident and scattered waves in the vegetated medium.
This was done by finding an equivalent dielectric constant
for the vegetated medium and embedding the spherical scat-
terers in it. Lang(27], has extended this work for spherical
scatterers having arbitrary shapes. The method was applied to
half space of discs. The major advantage of this approach is
that most of the model parameters are directly related to the

ground condition measurements.



The single scattering part of the present work is
extension of the half-space problem to a layer problem with
vegetation thickness 'd’. The underlying ground effects for
different types of ground are taken into considerations. The

backscattering coefficient has been studied as a summation

o

of separate components vo c and vo , Where vo is
pqdr pqr

pqd pqd
the direct backsacattering from the acatterer, rqur is the

scattering and single reflection from the ground, and fgqr is
the scattering and double reflection from the ground. These
separate terms have been plotted along with the total back-

scattering coefficient to show the relative effects of the

underlying ground.

1.2 MULTIPLE SCATTERING - RADIATIVE TRANSPORT APPROACH

Another technique used to obtain the scattered fields
from a continuous random medium is the radiative transport
approach. Here, the transport equations are obtained in terms
of the statistics of €(x) as by Tsang and Kongl(41]1, Scatter-
ing from a vegetation like half space has been studied using
strong fluctuation random medium theory by Tsang and Kongl42]
The radiative transfer theory is also applied within the
Rayleigh approximation to calculate the backscattering cross
section of a layer of randomly positioned and oriented small
ellipsoids by Tsang et. all431].

In the case when the medium correlation length is large




in comparison to wave length, de Wolf(7] and Ito and Adachi
(17), have developed a multiple-forward and single-backscat-
ter technique. Using all four Stokes parameters, Shin and
Kong(37] calculated the backscattering cross sections by
means of iterative and numerical approaches for spherical
Rayleigh scatterers,

The second part of this work is an extension of this
approach for disc scatterers. The iterative approach gives
closed form solutions that are valid when the effect of
scattering is small (small albedo). The radiative transfer
equations and the boundary conditions are first cast into
integral equations form. Then an iterative process is applied
to solve the integral equations. A Fourier-series expansion
in the azimuthal direction is used to eliminate the azimuthal
@ dependence from the radiative transfer equations. Then, the
set of equations without the & dependence is solved using the
method of Gaussian quadrature.

The numerical solutions are compared by plotting back-
scattering cross sections under different configurations. The
results are matched with experimental data collected from
vegetation fields by Fung and Ulaby{11]) and Fung(12] for
different types of vegetation. The‘comparison between the
theory and data shows general agreements for both level and
angular trends, indicating promise in the use of these back-
scatter models for explaining vegetation scattering and

ground effects.




CHAPTER 2

2.0 SINGLE SCATTERING - A DISCRETE APPROACH

In this chapter, electromagnetic scattering from a col-
lection of discrete scatterers in a layered media is modelled
by a discrete random media technique. In this technique, the
individual objects, such as leaves, stems etc. are character-
ized by their scattering cross sections or dipole moments.
Each object is then given a random placement and orientation.

Although exact solutions have been obtained for the mean
field and Green’s function by Schesser and Eichmann{35], the
complexities of these equations makes it quite impractical to
compute the backscattering coefficients without resorting to
some simplifying assumptions. In this work, a two-varjable
method has been used to obtain the mean field and Green’s
function. In this method, a small ordering factor 'S’ is
introduced for the equivalent medium permittivity €r=?+s;,
where a is the average polarizability tensor. Since '§’ is
dependent upon particle density, a sparse distribution,
t8§l<<l, is assumed.

An equation for the mean field is obtained by employing
the Foldy technique and using a two-variable perturbation
method. In the case of sparsely distributed scatterers the
mean field equations for a horzontally polarized incident
vwave are derived. Then results for horizontally and verti-

cally polarized incoming waves are combined into general



expressions for the mean wave in different regions of the
layered media.

An equivalent dielectric constant for the scattering
region is determined by means of this mean field. Then
Distorted Born approximation theory for single scattering is
employed to find the correlation of the field by assuming
that the scatterers are embedded in the equivalent medium.

The dyadic green’s function derived in Appendix A is
used to find the relation between the scattered field and the
Green’'s function in case of a dipole scatterer. Finally,
expressions for the backscattering coefficients are derived
in terms of the tranasverse spectral density of the scattered

field.




2.1 PROBLEM FORMULATION

Consider the problem of scattering of time harmonic
electromagnetic waves from discrete scatterers and the
calculation of the backscattering coefficients from a slab of
scatterers that are small compared to the wavelength of the
incident field. It will be assumed that the density of scat-
terers P is constant. The physical configuration is shown in
Fig. 2.1 which shows a three layer medium with free space
above the vegetation layer of thickness ’'d’, and ground below
it. The direction of the incoming wave vector ;, polarization
vectors ;o or C° and incident angle ©, are as shown. The
interface between the ground and the vegetation is assumed to
be smooth.

Medium O is free space having permeability p, and per-
mittivity €,. The scattering particles are all assumed to be
identical and each has a volume Vp, relative dielectric
constant €. and free space permeability p,. Medium 2 is the
ground underlying the vegciation with relative dielectric
constant €2 and permeability pg.

To compute the scattered field using the distorted Born
approximation, we must first calculate the mean field in the
slab containing the scattering particles. The mean wave is
computed by replacing the particles with an equivalent medium
having relative permittivity ?,,

The equations satisfied by the mean field in a medium

of sparsely distributed dielectric scatterers have been
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Fig. 2.1 Slab geometry with incident plane wave




derived by Lang(27]. There it was shown in the case of dipole
scatterers that the average electric field, <E(;)>, and the

average magnetic field, <ﬁ(;)>, obey Maxwells'’ equations
TX<E(x)> = iwp°<ﬁ(;)> (2.1
IX<H(X) > = 1w€ € (2) . <E(X)> (2.2)

in an equivalent medium having relative permeability i1 and
relative permittivity 2,(§). Here the relative permittivity
29(;) is a dyadic since the scatterers are arbitrarily

shaped. The equivalent permittivity is represented as a sum

of two terms,
E(z) = €0 (z) + s€1)(z) (2.3)

where the first term is the permfttivity of the background

medium which is given by

_ 1 2>-d
€ (o) (2) = (2.4)

Ggi z<~d

and where the second term is the contribution due to the

dipole scatterers which is given by

0>z>~-d

E(1)(z) (2.5)

o

elsewhere

In eq.(2.4), 1 is the unit dyadic and in eq.(2.5) a is
polarizability of a dipole scatterer normalized to the
scatterer’s volume Vp. The bar under a denotes the average

over the sacatterer’s angular orientation variables © and 9.
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Thus we have

2w o -
Ido Ide Pg (©) Pg (@) a (0,8) (2.6)
o o

with Pg(©®) and Pg(@) being the probability density functions
of the orientation anglea. The parameter 8§ appearing in

eq. (2.3) is the fractional volume occupied by the particles.
Therefore, it is the product of the particle density p and
the particle volume Vp such that § = Pvp‘ For the sparse
distributions being conasidered, 8<<1. The fractional volume §&§
has been exhibited explicitly in eq.(2.3) since it will be
employed as a perturbation parameter in the approximate cal-
culation of the mean field.

To model the vegetative layer, only the effect of the
leaves is considered. These are represented by lossy circular
dielectric discs of radius ’a’ and thickness ’'h’. Since the
leaves are usually distributed uniformly about the stem of
the plant, we assume Pg(@)=1/2n, 0 £@ <(2w. If the average
indicated in eq. (2.6) is performed over @, the average norm-
alized polarizability : becomes diagonal when expressed in

Cartesian coordinates. Therefore,

2, xOx° + ayy;°;° + a,,2z0z° (2.7

where

ay, = (arsinze + agcos?e +ag) (2.8)

and

a,, = arcosze + aesinze (2.9)




The underbar expresses angular averaging with respect to

©. For circular discs,

a, = D/sa + D (2.10)

and

ag = ag = D (2.11)

where A = €. - 1 is the difference between the dielectric
conatant of the diasc and free space, and Vp=na2h. Because all
the off diagonal terms have averaged to zero and two of the
on diagonal terms a,, and a,, are equal, the equivalent
dielectric constant is uniaxial. This means that TE and TM
waves do not couple at the level of the mean wave. Now know-
ing the equivalent dielectric constant in all regions, we can
solve eqs. (2.1) and (2.2) with the proper boundary conditions
to find the mean field in the eq;ivalent medium. This mean
field is determined in section 2.2.

The next step in determining the backscattering coeffi-
cients from the slab is to find the correlation function of
the scattered field. The scattered field, Es(;), is deter-
mined by Taylor(40], using the distorted Born approximation.
Basically, this technique embeds the scatterers in the equi-
valent medium and then uses a single scattering approximation
to determine the scattered field. It differs from the regular
Born approximation in that the attenuation in the equivalent
medium of the incident and scattered waves is taken into
account. It is valid when the scattering albedo of an

individual particle is small. Leaves in the frequency regime

12
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below several GHz satisfy this criterion.
Following Lang(27], and employing the distorted Born
approximation, we find that the correlation of the fluctuat-

ing component of the scattered field, Ef(;)-E.(;)-<E,(;)>,

is

~ ~

<Ep (I E*e(X)> = Jd; P eafx.s)enix,a) (2.12)

where a* denotes the complex conjugate of x, V is the volume
of the slab of vegetation and ;88;';) is the scattered field
at x due to a scatterer at s. Thus we see that eq.(2.12) is
Just an incoherent addition of the contributions from indivi-
dual scatterers. The overbar is the average over all scat-
terer orientations.

For the case of dipole scatterers, the expression for

:s.is particularly simple. It is given by
es$x,8) = k2V G(x,5).a.<E(s)> (2.13)

Here <E(s)> is the total mean field incident on the
dipole scatterer located at s and having polarizability :.
The function E(§,§> is the Green’s function that gives the
scattered field at x in response to a unit dipole located at
s. The Green's function is calculated in the equivalent
medium and thus is an averaged quantity. The correlation of
the fluctuation field Ef(;) is calculated instead of the
correlation of ES(;) so that effects of specular reflection

are eliminated from the backscatter coefficient expressions.

The backscattering coefficients are directly related
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to the transverse Fourier transform of eq. (2.12) with respect

~

to ;t and ;t evaluated at the upper interface (2=0). Here the

transverse vectors are defined as x = ;t*z;o and x = ;t*‘;o
with x4 .25 = X¢.2o = O. If we use the fact that the equival-
ent medium is translationally invariant in directions para-

llel to the slab interface, we have

G(x,s) = Glxy-8¢,2,s) (2.14)
and
e.(x,s) = cs(xt-st,z,s) (2.15)
e e

with s = ;t + 820,
Performing the indicated Fourier transform of eq. (2.12),

integrating out ;t and evaluating the results at z=z=0, we

obtain

~

<Eg(icy,00Eg* (iky ,0)> = Sticy,q) 8 (ky~ky) (2.16)

where K(it,z) is the transverse Fourier transform of K(;t,z)

and "

- o _ _ -
Stky,q) = (2n)28VpIds es(kt,o,s)e:(kt,o,s) 2.17)
-d e e

as defined by Langl(27], and

- - 2 = - = - -
es(ke,0,8) = ki VpGky,0,8).a.<E(s,q)> (2.18)

In eq.(2.16), g(ﬁt,q) is the transverse spectral density of

Ef(x) at the interface and G(Et) is the Dirac delta function.
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If the mean field <E(:,q)> used in eq.(2.18) is the

response due to a plane wave of polarization q€{h,v) incident

on the slab, then it is shown by Lang(27] that S is directly

related to the backsacattering coefficients ’gq by

° kicoszeo . T _
= —2_____9©° - o
qu 4"3 poe.S( ktorq)'P (2.19)

vwhere O, is the angle of incidence of the plane wave with
respect to the slab normal and ;°. ;G(F,;) is a unit vector
indicating the polarization of the backscattered wave. We

also have

k¢ = ko Sineg.x© (2.20)
o
Therefore, the knowledge of .the mean field due to an
incident plane wave and the Green’s function in the equi-
valent medium can be used in conjunction with eqs. (2.17),
(2.18) and (2.19) to determine the four backscattering cross

o o o ]
sections "h * “hy ' %uh and Tov *
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2.2 THE MEAN FIELD

In this section, we will find the mean wave in the
equivalent medium for horizontal and vertical polarization
cases. A plane wave is assumed to be incident at an angle Oo
as shown in Fig.2.2. Since the wave equation decomposes into
horizontal and vertical modes, w§ will solve the hprizontal
case in detail and give the results for the vertical case. A
two-variable perturbation procedure that takes advantage of
the small parameter &§ will be used to obtain approximate
expressions for the mean field in both polarization cases.

The mean field is excited by a plane wave

<E (x,q)> = qik-x q € Ch,v_}  (2.21)

having polarization q. Here the wave vector is

k = ky, x© + kg 2° (2.22)

vhere, kxo = ko8in®, and kz, = kocos®g (2.23)

and the polarization vectors are

he = y© , horizontal (2.24)

VO, = * cos®, x° + sine, z© , vertical (2.25)

Because of the special dependence of the incident wave on x
and the invariance of the mean equations in the x and y

directions, we can write
e = iky x
<E(x,q)> = <E(z,q) e o (2.26)

<A(x,q)> = <H(z,q) >etkxc* (2.27)



- . — e e ——— — - ————

Fig. 2.2 Mean Wave Propagation
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Substituting eqs. (2.26) and (2.27) into eqs.(2.1) and (2.2)
and separating the <7 operator into its longitudinal and

transverse components, we can write,

(ikx°;° + %; 29 x <E(z,q)> = iwp <H(z,q)> (2.28)

(ikxo;o + %; z2°) x <ﬁ(z,q)> = 1w€°z.<§(z,q)> (2.29)
Taking the cross products in eq. (2.28) and eq. (2.29), and

assuming no variation in the y direction, we can decompose

these equations into horizontal (<Ey>,<Hx>,<Hz>) and vertical

(<Eyx>,<E;>,<Hy,>) polarization modes.

2.2.1 Horizontal Polarization

In this case, we will consider the incoming wave to be
horizontally polarized. Eliminating <Hy> and <H,> from eqs.

(2.28) and (2.29), we obtain a single scalar wave equation

for <Ey>,
a2 2 o) 2 2 (1)
- vk 2y - k2 4 k2 V) (2) | <E (z,h)> = 0 (2.30)
" o Syy xo "o Syy y

where G;;) = yo 2“’(:).50 ’ i=0,1.

The above differential equation can be solved along with
the appropriate boundary conditions by using exact or approx-
imate methods. If the exact solution is found, the presence
of the small parameter & will allow us to simplify it subst-

antially. Physically, this results from the fact that for
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small fractional volumes &, the slab of vegetation has a die-
lectric constant close to that of free space. Thus interface
effects at 230 will be relatively unimportant. The most
important effect will be the decay of mean wave due to the
loss in the scatterers and the reflection from the ground.

The two-variable perturbation procedure will allow us to
determine the approximate solution directly without having to
find the more complicated exact solution first. A rigorous
mathematical proof of this method is given in Smith(52).
Kevorkian and Cole(51] have applied this method under similar
conditions. The idea of multi-variable method is to introduce
several scaled variables directly into the intended approxi-
mation and then choose the dependence of the approximate
solution on the variables so as to obtain a uniformaly valid
approximation to the exact solution. In two-variable method
ve assume a fast variable z and a slow variable 2= &z and
consider <Ey> to be a function of z and z. We have

- @ (n) _ n
<KE_(2)> =W (2,2,8) =T WY (2,2)8 (2.31)
y y n=0 Y

and total derivative with respect to z can be written as a

sum of partial derivatives,

:z_ = 2 L _b__ (2.32)
dz oz

Substituting eqs. (2.31) and (2.32) into eq.(2.30) we get,

L) 2 (o)
(2 45 L) w2 € 2yl .
o yy x

2 (1) ® (n) -
Sk_€_ (2)] LW (z,2)8=0 (2.33)
dz dz o o yy nso " y
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By equating coefficients of &, we find,

2
o D 2 f{o) 2 (o -
§°: [3 >+ ko é”(a) - Y, z2,2) = o (2.34)
2
2
1, 3 2 fo) 2 (1) -
st [‘az_z S éyy(z) - K, X2,z) =
22 (o), - 2 1) (o} -
2 L —wiod 5,3 - k? &) aaytiete 2 (2.35)
223z Y o “yy =Ty

The coefficients in the forcing function of eq. (2.35)
will be selected such that no resonant terms will exist as
explained later on, resulting in eqs. (2.43)-(2.45).

The solution to eq.(2.34) is considered first. The

continuity of the electric and magnetic fields requires that

W§°) andbq£°)/32 be continuous at z=0 and z=-d. The solution
will be
-ik_ =z ik =z
(e ™ +riPlie %o ,250 (2.36A)
-ik_ 2 ik_ 2z
{o) (h)(;)c 2o r(h%z). 20 ,0>2>-d (2.36B)

(z,2) = 4 To 1

(h)- ik, 2
r, (z)e 4 ,2<~-d (2.36C)
S

where kzg = jkge‘- kio . The coefficients P;h)(;), T;h)(E),

i = 0,1 are assumed to be functions of the slow variable 2z
1
and will be determined from the § equation. By using the

continuity conditions at the z=0 and z=-~d interface, we

obtain
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rhlo) = 1 (2.37)
o]
rhlg) = rih) o) (2.38)
o 1
-2ik_d
(h) - (h) LTS
T, (-d) R, e riM @ (2.39)
ik d -ik_ d
T;h)(-d) r;h’. o o Z2g (2.40)
where d = &d
ky =k
th) o £
R — (2.41)
T¢h) o gD (2.42)
g g

Now consider the next term in the perturbation series,

¥,!’(z,2). It satisfies eq.(2.35). The left hand side of

this equation is the same as eq.(2.34), while the right hand
side of the equation is a forcing term that depends on W£°).

If any of the terms in the forcing function are resonant then

1)

the particular solution for w& will grow linearly in 2z

and thus will not be bounded. The two-variable procedure

eliminatea these terms by choosing r;h)(;), T;h)

coefficients of the resonant terms are zero. We find

(z) so the

d_thizy 29 , 2>0 (2.43)
- (o]
dz
2ik. 0z L k% P -0 (2.44A)
20 4z | oyy 1l
’ 0>z>~-d
d .(h)- 2-  _(h) -
- d_ 'z = .44B)
21k, =T, 12 kZ2a, T" () = 0 (2.44B
and
Mz =0 , z<-d  (2.45)
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The above are first order differential equations

involving reflection and transmission factors r;h)(;),
FiP @, TN @) and TP (). Using eqs. (2.37)-(2.40) as the

boundary values and solving eqs. (2.43)-(2.45), we get the

following solution for the mean field,

-ik_ 2z ik 2
(e 20 +r;h’. 20 )/° ,2>0 (2.46A)
(h) (h)
-1k ik
<E(z,h)>= ;O)(z,z)y°-1(c z +r;h’. 2  )R%,0>2>-d (2.46B)
-1k =z
(h) _
(T, e %8 O ,2<-d (2.46C)
where
(h)
PR o) 21k d (2.47)
o g
(h) :
p gy tkgTd -1k d (2.48)
1 F'4
and
2_
k(h) = k + ftgixx_ (2.49)
z 2o * Zkg, .

The Fresnel reflection and transmission coefficients for
horizontal polarization R8 and T;h) are defined in equations
(2.41) and (2.42) respectively.

The first term in eq.(2.46A) is the incoming wave and
the second term represents the reflected wave after travel-
ling through the equivalent medium and having been reflected
from underlying ground. The same is true inside the equi-
valent medium except that the propagation constant now is
k;h), as defined by eq. (2.49). The original wave after decay-

ing through the equivalent medium is partially transmitted




into the ground where it travels with a propagation constant

kz:.

2.2.2 Vertical Polarization

Proceeding in a similar manner as in the case of
horizontal polarization, and taking the incident wave to be

v_ cxp(ii.;), we again apply the two-variable procedure. The

result is

( —o —ikz 2 —o (V) ikz 2
_ e O + wvor e o ,2>0 (2.50A)
_ _ -1k£“’z o (W) 1k;”’z
<E(z,v_)> =4° o +93r. Ve ,0>z>—d (2.50B)
-0 (v) _1kz z
vg T, @ g ,z<~d (2.50C)
~
vhere
(v)
r_(v) - R(v) .21kz d (2.51)
o g
(v) (v)  ikiV'd -1k, d
T1 = T: e 2 e zZg (2.52)
G‘kz -k,
(v) o g
R = =% (2.53)
g Zo zg
TV o 1 + gV (2.54)
g g
2
Sk
kiV 2k, o+ © (2 cos’e +a sinZe ) (2.55)
z 2o 2kz° xX o 2z o
and
-0 (€ - sinzeo)l/2 x%+ sineo z°
vo = & (2.56)
g € 172
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Finally, we will combine the vertical and horizontal

polarization cases into a general expression:

, —ikz z_ () ik =z
o °©3° . ro" e %0 §° ,2>0 (2.57A)
_ LI ORI S LY
<E(z,q)> = 4 e q- + Poq e Qs ,0>z2>-d (2.57B)
(a) -ikz z _
qu o g qg ,z<~d (2.57C)
.

vhere q € {(h,v).

Here the unit polarization vectors in the horizontal case are

in the same direction h$ = 1o = E: = ;o.



CHAPTER 3

3.0 ELCTROMAGNETIC BACKSCATTERING COEFFICIENTS FROM A
LAYER OF VEGETATION - SINGLE SCATTERING

When an electromagnetic wave travels in a medium
containing many particles, the scattering behavior can be
divided into two extreme cases: sparse and dense distribu-
tions. When the particle density is sparse, we can use a
single scattering approximation. In this approximation, we
assume that the incident wave from the source reaches the
destination after encountering very few particles. The scat-
tered wave is assumed to be due to a single scattering by a
particle, and multiple scattering is assumed to be negligi-
ble. The dipole discrete scatterer technique is used to
determine the backscattering coefficients in single scatter-
ing cases in this chapter. Multiple scattering effects are
studied in Chapter 4 and Chapter 5 using Radiative Transfer

approach.

25
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3.1 BACKSCATTERING COEFFICIENTS

In this section, we calculate the horizontal, vertical
and cross-polarized backscattering cross-sections from the
layer of vegetation. To do this, we will employ the distorted

Born approximation as discussed in section 2.1.

o
3.1.1 Calculation of L

By using eq.(2.19) with p = v_ and q = v_, we

obtain
° kicoszeo o = - -0
e = —2—2 (% 8(-ky ,v).v3 (3.1)
vV 4"3 o' - -

where the dyadic spectral dcnsity % is given in terms of the
mean field and the mean Green’s function by eqs. (2.17) and
(2.18). The mean fi;ld has been evaluated in section 2.2 and
the Green’s function is computed in Appendix A. In this
appendix, the dyadic Green’s function is computed by employ-
ing a procedure similar to the one used for the mean wave. In
particular, the two-variable method is again used resulting
in a zeroth-order solution for the Green’s function. For the
calculation of the backscattering coefficients, we require
the Green’s function with the observation point at z=0 and

the source point at z =s. From eq. (A18) of Appendix A,

(h) (h)
T - 1 ik, s (h) -ik, s, 6 .-oro
&~k ,0,8) = 7Tv_como_ (e +r Ve ) 315°%h

1RQV)5 -o-o r(v)e-ik;")s 023 (3.2)
o —
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We proceed by dotting both sides of eq.(2.17) with ;o

to obtain
3°.8(-k ). = (2m2sv g 19°. an (-k )12 (3.3)
v_.St-ky v ).v_ = (27 P d’ v_.eg (-ky ,0,s .

The expression under the integral sign in eq.(3.3) can be
evaluated by using eq. (2.57) with q=v and eq. (3.2) in

eq. (2.18). Therefore,

(v)
-0 - - 1 [-o = ;o .21kz ’*P(V) -0 = -0

V-*'s,"kt°v°v3) = - 21kz° v_.a.v_ ° (vyo.a.v_
(v)
+ vg.:.vg) + (F;V))zvg.a.vg e-ZIkz 23 (3.4)
where
;2.:.32 = o a = cosze a__+ cos® 8in® (a__+a )+sin26 a
4 + Vy V4 - o xx o 0O Xz 2X 0 22
(3.5)
-0 = -0 _ -0 = =0 _ 2 2
v, -a = a a = . a.v. E a z -co8°© a_ +8in“6 a
- v, v_ - + v_v, o XX o 2z

(3.6)

Now substituting eq.(3.4) into eq.(3.3), we see that
there will be sixteen exponential integral terms to evaluate.
Upon integration, nine of the terms are of lower order in &
due to phase cancellation and can be neglected. The remaining
terms when averaged over all particle orientations give,

o o
Vo = 0’°

vv vvd + Tyvdr M Tovr (3.7)

where
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k 6V ————  _~4Isk; d
Covg = e Cta, , 10 TR (3.8)
- 41mk,
ktsv. ———
o . 0 P 2, (v) 2
Tovdr = “4m  4ta, , 10Hr 710 (3.9)
4 (v)
k 8V ————  _4Ink,’'d_
TR - L M T LN —1 (3.10)
e 4 Imk,

Here vgvd represents the direct backscattering contribution

as shown in Fig. 3.1a. The incoming wave propagates into the
vegetation and it is scattered directly back to the observer.
When summed over all scatterers, eq. (3.8) r;sults. The back-

scattering coefficient cs as given by eq. (3.9) results

vdr
from two different but similar mechanisms as shown in Fig.
3.1b. In one case, the wave is s;attercd and then reflected
towards the observer, where as in the second case, the wvave
is first reflected from 3roun§ interface and then scattered
towvards the observer. Since both these mechanisms result in
the same path length, both of these terms will interfere
coherently, leading to a factor of 4 in eq. (3.9) instead of
2(for incoherent interference). The !rJV)lz term represents
single reflection from the ground interface.

The third term given by eq. (3.10) represents the sum of
all waves which are first reflected from the ground, then
scattered and then finally again reflected by the ground
towards the observer as shown in Fig. 3.1c. The reflection

coefficient Ir;")l4 appears in the equation since the wave in




NN

o\

(b)

\

(¢c)
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this case has been reflected by the ground twice.

The coefficients lav l2 , la 12 and la l2

. -v- V_Ve+ VeVe
representa the average over © and can be calculated from

eqs. (3.5) and (3.6).

o
3.1.2 Calculation of ¢ hh

Following the same procedure as in the case of wgv,

wve get
o o o o
%h * ®hhd * ®hhdr * Chhr (3.11)
where
4 (h)
o2y = kf:v |.hh|2("' 41.::) d) (3.12)
4Inkz
4
kisv
o o 2 (v) 2
g * o2 4ra 1%ar V)29 (3.13)
4 (h)
kiev —  a1mk!Py
o __o p..th) 4 2, e z -1
o0 = =By M tia 1% ) (3.14)
4Imk,

where app = ayy-

o
3.1.3 Calculation of rsh , Thy

In this case, incoming and reflected waves have different
polarizations, thus the equation for ’3hdr cannot be reduced
to a simple term as in the previous two cases. But otherwise

following a similar procedure we obtain



o (]

’hv = 'vh ‘hvd ‘hvdr “her
vhere
k*sv —21meiy” e i)
¢° = 2P 2 (l-e z (3.15)
vhd 4n v_h 21-(k;v)*k;h))
4 (h) (v)
© noav (ia '2|r(v)'2 (l_.—zln(k ~kg )d)
vhdr 4n v+h o ZIn(kéh)-RQV))
(v) (h)
2. (h) 2 [1-¢ 2Imtky -kz ")d,
v la, pbr gt v
- 2Im(ky, -k, )
{(v) (h)
_.-12Retk; '~k ') d
e, ab ) 2Re[lr;V)!lr;h)l* 1-e o
U= i2Retky "-ky )
(3.16)
4 (v) (h)
o ko‘gV 2, .(v) 2 (h), 2 eZIn(kz +he )d-l
“vhr = Tam 18, pt M, MM, N T N
+ 2Im(ky +kg )
(3.17)
vhere,
av_h = coseoaxy + slneo azy (3.18)
av+h = -coseo axy + sineo azy (3.19)
and !a !2 ‘a !2 (a a ) represents the average
v_h ' veh' ! vsh v_h ]

over ©O.
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3.2 SKIN DEPTH

An examination of the expressions for the propagation

constants k;h) and k;V)

shows that since €. is complex, the
Im k;q), q€{h,v} will be positive. Thus the mean wave decays
as it propagates through the vegetation. Since the skin depth
is given by the depth of penetration at which the wave's

amplitude decreases to e~l of its initial value, therefore,

1

—_— q € (h,v) (3.20)
Im k;q)

Skin Depth =
A knowledge of the skin depth will give us a better
understanding of the mean wave’'s behavior inside the vegeta-
tion layer. We can see that if the vegetation depth is large
compared to the skin depth, the effect of ground reflections
will be negligible; whereas, when the skin depth is large
compared to the layer thickness, the characteristics of the
underlying ground become important in interpreting radar
backscatter information.
Explicit expressions for the skin depth can be obtained

by utilizing eqs. (2.49) and (2.55) in eq.(3.20) as follows,

2 Cos® , h Polarization
Skin Depth = (3.2
2 Cos® ,v Polarization

Sko(Im gxxCoszeo + Im gzzSinzeo)

where the average polarizability components, a,, , ayy and

ay, are given in eqs. (2.8) and (2.9). Before computing the



skin depth, the dielectric constant of a leaf must be deter-

mined so that a,, ag and ag can be determined from eqs. (2.10)
and (2.11), and the distribution of leaves with respect to ©
must be given. From Fung and Ulaby(11]), who considered the
leaf to be a mixture of water and solid material, the dielec-
tric constant of a leaf can be calculated. For illustrative
purposes, a mixture of 507 water and 50% solid material is
chosen. At a frequency of 400 MHz this results in a dielec-
tric constant of €. = 30.8+i0.62. The following two angular

distributions of leaves are considered,

1706, , 0 20 s A6,
Pe\\(e) = (3.22)
0 ’ [;9“ < © <7
and
172 p0, , T/2 -pB, $ © S m/2 +068,
PQL(O) = (3.23)
0 , elsevhere

The first distribution represents leaves that are app-
roximately parallel to the vegetation interface when OO, is
small and the leaves represented by the second distribution
will be approximately perpendicular to the interface.when £>6L
is small.

In Figs.3.2 and 3.3, the skin depth as given in eq. (3.21)
has been plotted as a function of the incident angle for both
horizontal and vertical polarization at a frequency of 400

MHz. Fig. 3.2 is for a parallel distribution of leaves with
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00,2300 yhile Fig. 3.3 is for a perpendicular distribution
withAhe, 230°,. An examination of eq. (3.2) shows that skin
depth for both polarizations contains a factor of cosé, in
the numerator. This forces the skin depth to zero as the
angle of incidence approaches grazing. This factor results
from the fact that with increasing angle of incidence, the
effective depth of propagation keeps decreasing for the same
length of wave penetration.

Let us examine Fig. 3.2 in more detail. For horizontal
polarization, the electric field is approximately parallel to
the leaves at all angles of incidence and thus the skin depth
has only a coseo dependence with Oo. For vertical polariza-
tion on the other hand, the electric field is approximately
parallel to the leaves for angles of incidence that are small.
Thus it has the same skin depth in this angular region as the
horizontal wave. As 6, becomes larger, the electric field
tends to become perpendicular Lo the leaves and thus less of
the energy in the wave is lost in each leaf. This explains
the increasing skin depth as a function of the angle of inci-
dence for vertical polarization. Finally, the skin depth dec-
reases in the vertical case due to the cos®, in the numerator.

An examination of Fig. 3.3 shows that when the leaves
have a perpendicular distribution, the horizontal skin depth

is equal to or larger than the vertical skin depth. In this

case, the electric field of the horizontally polarized wave
is arbitrarily oriented with respect to a typical leaf. The

electric field of the vertical wave has the same arbitrary



orientation at small angles of incidence.
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But as the angle of

incidence increases, it becomes more nearly parallel to all

leaves and thus has greater loss.
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Fig. 3.2 Skin Depoth vs. Angle of Incidence with 46,=30°,
0=500, f=400MHz, cr=30.8+io.62, a=7,5cm,
and h=0.5mm.



Skin
Depth

(m)

Fig.33

160
140 ;

120 ;
100}

80
60 1
40 -

20 1

%6 © 20 30 40 50 60 70 80 90
———> Angle of Incidence (DEG)

Skin Depth vs. Angle of Incidence with 46,=30°,

p=500, f=400MHz, cr=30.8+io.62, a=7.5cm,
and h=0.5mm.
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CHAPTER 4

4.0 RADIATIVE TRANSFER THEORY

Radiative Transfer Theory (RTT), also called Transport
Theory, is capable of treating many phyasical phenomena. RTT
deals directly with the transport of energy through a medium
containing particles. It is assumed in RTT that there is no
correlation between fields, and therefore, the addition of
povwers rather than the addition of fields holds.

In this chapter, the radiative transfer equations which
govern the propagation of the intensities are derived for the
homogeneous medium containing randomly distributed scatterers,
The modified Stokes vector, the extinction matrix and the
scattering matrix are defined. In RTT, the polarization eff-
ect is included through the Stokes vector. The total specific
intensity is separated into reduced specific intensity and
the diffused intensity. This results in a simple differential
equation in terms of reduced intensity. A second equation
relates the diffused intensity and the forcing function, due
to the incident wave, in the form of a integro-differential
equation.

The boundary condition at the upper and lower boundaries
are derived by dividing the total intensity at any point into
upward and downward travelling waves. A reflection coeffi-
cient matrix relating coupling between upward and downward

travelling waves is defined.
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Next, a Fourier series expansion in the azimuth direc-
tion is used to eliminate the O-dependence, resulting in
independent radiative transfer equations. Similarly, the
boundary conditions are also expanded in Fourier series in 0.
This results in sets of radiative tranafer equations of

different orders, with corresponding boundary conditions.
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4.1 RADIATIVE TRANSFER EQUATIONS

The problem geometry is the same as shown in Fig. 2.1.
The radiative transfer equation which governs the propagation

of intensities inside the scattering medium is,

For 0 € 6 < w,

Cos® g—z 1te,8,2) = - K(e).1(0,0,2)
+ I de'sme'f do'P(0,2,0°,8°).1(8°,8",2) (4.1)

o o

where T(O,G,z) ia a four-component vector which represents

the modified Stokes parameters as follows,

I,(0,0,2)

_ 15(0,0,2)
1(0,8,2) = (4.2)
vu(e,o,z)

vV(©,0,z)

T(O',G',z) is the incident intensity Stokes vector and
T(O,G,z) represaents the scattered intensity Stokes vector.

If all the particles are identical and oriented in the
same direction, the scattering amplitude and therefore the
scattering phase matrix i1s a deterministic function of 6,0,
©’,0'. In general, the sacatterers have size distributions and
random orientations. Therefore, the extinction matrix and the
phase matrix used in the radiative transfer equations should

be the ensemble average of these quantities.




41

For a time harmonic field given by E = Ev;°

+ Ehﬁo,
-0 =0
where v~ and h™ represent two orthogonal polarizations
(vertical and horizontal respectively), which are perpendi-

cular to the propagation direction k as shown in Fig. 2.1

(v°X h® = k). The Stokes parameters are defined as:

If = <IE,12> (4.3A)
I =  <1ELI2> ' (4.38B)
U = 2Re<E, Ep> (4.3C)
V = 2IncE, Ep> (4.3D)

where Re and Im denotes the real and imaginary parts
respectively.

P(e,a,e',o') is the scattering phase matrix and relates
the scattered intensities in the 6,0 direction with the
incident intensities from ©’,@’ directions. The P(O,o,e',o')

matrix elements are defined as follows,

* »*
<1f,, 12> Cf 12> Re<fy fyn> —Im<f, fon>
* *
<Ufpy 12> <Ifppt2> Re<fpufhn> —Im<fp fhn
P = ? * * * »
2Re<f,,fv> 2Re<EfynfLK> Re<f,ufhh ~Im<f,,fhh
* *
+fyhfhv? “funfhv?
* »* * *
2l yfhy> 2Im<EGhfhn> In<fy,ufhh Re<f,yfhh
* »*
+fyhfhv? “fyhfhy>
o —

(4.4)
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9 in the above equation is the number of particles per
unit volume. If N(D) is the number of particles having sizes

- between D and D + AD, then

P - I.N(o)db (4.5)

=]

R(e) is the extinction matrix representing absorption and

scattering losses, in the forward direction, and defined as

follows,
[— ]
2Re Hl 0 Re le In le
R ) 0 2Re H22 Re H21 -Im H21
2Re le 2Re le RQ(H11+H22) -I.("ll-"22)
L:21- M21 2Im le In(ﬂll—ﬂzz) RQ(H11+H22)
(4.6)
2n ,
where "pq = i " <qu(9,9 » P,q € (h,v} (4.7)

and qu<e,e') isa the forward scattering amplitude (6=0’)
averaged over the distribution of orientation and sizes of
the scatterers. The derivations of scattering PHASE matrix
and EXTINCTION matrix are described in Appendix B.

The total specific intensity T in eq.(4.1) can be
divided into two components, the reduced incident intensity
I,y and the diffused intensity I4. As an incident wave enters
the scattering volume, it decreases and increases according
to the first and second terms in eq.(4.1) respectively. The

part of the intensity that decreases due to scattering and
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absorption, is called the reduced incident intensity and

satisfies the following equation,

Cose 3~ 1  (0,0,2) = - R(e).ir (,0,2) (4.8)

dz "ri i

The other part, which igs created within the scattering
volume because of multiple scattering, is called the diffuse
intensity.

Substituting T(0,0,2) = T.i(0,8,2) + 14(0,8,2) in

eq. (4.1), we get

d - - - -~ -
Cos® — £1d<e,o,z)+1ri(e,¢,z)3 = - R(e).[Id(e,a,z)+1r19,0,z)J
w 2w _ _
+ J dO'SinO'I do'ﬁ(e,c,e',o').tld(e',a',z)+1r1(e',a',z>J
o] o)
(4.9)

Therefore, from eq. (4.8) and eq.(4.9), we get

Cos® g; 1,00,8,2) = - R(®).T (0,0,2)

w 2m
+ f de’Sine’ I de'P(o,2,0’,0').7 (07,0’ ,2)+F(0,0,0’,0"’,2)

d
o )
where
_ n 2w _ _
F(e,o,e',ﬂ’,z)=jd9'Sin6'Id¢'P(6,¢,e',0').Iri(e',ﬂ',z) (4.11)
o o

is the equivalent source function generated by the reduced

incident intensity.
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4.1.1 Evaluating Source Function

In case of a plane wave incoming in the direction of

0,195+ We can represent it as a delta function. In a spheri-

cal coordinate system, we can write the reduced intensity as,

I (e,8,2) = (oK (®).2Sece

I ")
" 1.1_,8(Cos6-Cos05)6(0-2,,) (4.12)

where Toiis the intensity at 2=0 in 6,,9, direction.

Substituting for Tr (6,8,2) into eq.(4.11) and integrating

i

over ©' and 9', wve get

—R(O,:,).z.Sec:Qc,:I I
‘To

(4.13)

Fe,0,0,,8,,2z) = B(eo,0,0,,0,).(e ‘
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4.2 Boundary Conditions

As discussed in Chapter 2, since the dielectric constant
inside the vegetation layer is close to that of the free
space, any reflections at 2z = 0 interface will be neglected.
Therefore, we have for 0 ¢ 6 < w/2,

at 2z = 0

For the downward travelling wave since their are no

reflections at the interface,

I(n-0,0,2=0-) = Toi(n-eo,ﬂo,z=o*) (4.14)

Decomposing the total intensity into reduced and

diffused intensities, we can wri}e,

1., (n-0,0,2207)+1 (n1-0,,8,,2=07)=1_, (1-05,8,,220%)

ri i

(4.15)

Since the diffused intensity is generated inside the

scattering material because of the multiple scattering, at

the top interface,

id(w—e,a,z=o-) =0 (4.16)

Therefore, the wave entering the vegetation layer will

be the unattenuated incoming wave such that,

(n-0,8,2z=0") = 1 . (w-0,,8,,z=0"%) (4.17)

I ol

ri

Similarly, for the wave travelling in the upward



46

direction, since the reflections at the interface are
unimportant, therefore the wave stays unchanged as it
travels through the interface. Therefore for upward

travelling wave,
1(0,0,2=0%) = T1(0,0,2207) (4.18)

Again decomposing the total intensity into the reduced

and diffused intensities, we have,

fri(e,ﬂ,z=o*) = fr1(0,¢,z=o') (4.19)

and

Td(e,a,zao*) = Td(e,a,z=o-) (4.20)

at z = —-d

The wave travelling downwards inside the vegetation
layer {s partially reflected at the ground interface and

partially transmitted into the ground. Therefore,
Ite,8,2=-d) = r(e)T(n-90,8,z=-d) (4.21)

Again decomposing into the reduced and diffused

intensities, we have,

I (6,0,2=-d) = F(e)fri(n—o,ﬂ,z=—d) (4.22)

and

I (6,8,z=-d) = r()1 (w-6,0,2=-d) (4.23)
d d
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Here we have broken up total intensity in the scattering
layer i{nto upward going intensity T(O,b,z) and downward going
intensity f(n-o,o,z). :(0) in the above equation is the ref-
lection coefficient matrix representing coupling from down-
ward going intensity into upward going intensity at z = -d.

The reflection matrix is defined as follows (Ref.Shin and

Kongl37):
2
1S(e) 1 0 0 0
) 0 IR(©) 12 0 0
F(O) =
0 0 Rets)R%e)1 -Iars(e)R%e)2
0 0 Iats(@)RY0)1 ReLs(e)RTe) 3
e pa—

(4.24)

Where R(©®) and S(6) are the TE and TM Fresnal reflection

coefficients and given as follows,

Cos® - (€/€, - stn2e} /2

R(O) = o (4.25)
Cos® + (€5/€, - 51n2e}
€,Cos6 - (€5/€, - Sin2e}/?

S(@) = (4.26)

€,Cos6 + (€5/€, - Sin2e}/?
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4.3 FOURIER SERIES EXPANSION IN THE AZIMUTH DIRECTION

In a general case of non-spherical particles, all Four-
ier components are coupled to one another. But if the parti-
cles are spherical or if they are axially symmetric with the
axis pointed in the Z-direction, then the extinction matrix
; becomes independent of @ and the phase matrix ; becomes a
function of @-9’, In these cases, all the coupling among the
Fourier components disappears, and the Fourier components of
the radiative transfer equation become independent of one
another. Then the equation for each component can be solved
separately.

In case of a disc, the scattering amplitude function as

derived in Appendix B is,

——  kxi?r? 2m

fpfe, 1)1 = ————— fde p(@) f —y 99 1-Cos(95-04)
(4m)
o
+ ;§T Sin20 Cosd Cos[i—(ﬂs—ai)]lzlS(vt)lz (4.27)
where

x = €4igc ! (4.28)
T = disc thickness

© and @ are disc orientation angles as shown in Fig. B.1

and

=0 - 9 (4.29)
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For a circular disc with cross-section ‘a’, the shape

function is,

Stry) = ——Jy(2nra) (4.30)
vhere,

- ;g— Fa2 a2 (4.31)
with

a=CosOtS£n9151ni+Stn9,Sin(a-(05-01))-SinO(Cosei+Coses)]
(4.32A)

and

B = Sin®;CosP+Sin6,Cos(F—(Da-0¢)) (4.32B)

From eq. (4.27), we see that lfhh(s,f)lz is a function of 9y,

O, and (@4-0;) only. So we can write,

1epn (o, D112 = P22(0;,0,,8,-0;) (4.33)

Similarly we can see that all the other elements of the

phase matrix are also

Therefore in the case

radiative transfer eq.

d_ i

Cos® dz

d

nw 2% _
+ IdO'SInO'IdD’P(e,O',9-0’)I

[+} o

0,0,2) = - R(®).1

functions of 65y, 65 and (8g-@y) only.
of circular disc scatterers, the
(4.10) becomes,

4(©,9,2)

4(® .2 ,2) + F(o,0’,8-2',2)

(4.34)
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Now using the Fourier-series expanaion in the azimuth

direction, we can write the @ dependent. terms as a summation

series as follows:

1 0,0, = 3T, (0,210!"® (4.35)

1,000, = giri_(e,z)."“ (4.36)

Be,67,0-8') = £B_(0,07)4!" % %" (4.37)
and

F(6,0,,0-8,,2) = LF_(0,0,,z)e!™ P %) (4.38)
where

= =# = = = * *

Idn = I—dn ' Irin -rim ' P. = p- and F_ = F—u

Therefore from eq. (4.34), ve get.

ind ing

(0,2)e a - R(e).gid_(e,z)e

|ﬂ.

Cos® r1
n

o

2z dm

w 2" »
. f de’Sine’ Ido't§ (e,e').“‘°'°"fi 0',z)e} 1P
nn dl
(o] (o]
+ 2F _(0,0,,2)etR!02")

or

Cosb dz

w
’ » B ’ I » i-o
+ f do’Sin® nflpn(e,e ) JI4,(0%,2)e .2wsnl

o

+ IF (0,8,,z)oi?!? %) (4.39)
nm




or

d - -
Cose I— 1, te,2) = - R(e).xd_(e,z)

”
. ZwI de’sine’ P_(e.e').x

’
d_(e »2)
o
= im®
+ F_(0,0,,2)e "0 (4.40)
m=0, 1, 22, ..... .
and from eq.(4.8), we get(for reduced intensity)
d .= ing _ _ < im0
Cose T— LI, (0,2)e = R(e).grr1_(e,z)e

d - -
Cose S= 1 . (0,2) = - R(e).lrin(e,z) for all m (4.41)

4.3.1 BOUNDARY CONDITIONS, FOURIER SERIES EXPANSION

Expanding the incident intensity into a Fourier series,
we get

1
2n

Ioic(Cose—Coseo)J(O—ﬁo) = 1016(C039—Cqseo)[

@
+ L 5 1m(07%), (4.42)
Ric"
Substituting eqs. (4.35),(4.36) and (4.42) into the boun-

dary conditions and collecting terms with the same azimuthal

dependence, we obtain for 0 < ©® < n/2,
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at z = 0,
For the downward travelling wave,

Id-(n—o,z-o‘)so

= - = 1
Irio(" e,z=0 )-1016(C030—Coseo)2"

= - _7F 1
Irin(" 9,z=0 )-IO‘S(ConO-CosOO)"

For the upward travelling wave,

I, (8,2=0%) = T
m

d -(e,zto )

d

and

at z = ~d

id.(e,z=—d) = F(T o (M=0,2=-d)

d

and

.—inﬂo

for

for

for

for
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for all m (4.43)

for m=0 (4.44A)

for m>1 (4.44B)
and
for m<~1

all m (4.45)

all m (4.46)
all m (4.47)
all m (4.48)
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CHAPTER S

5.0 ELECTROMAGNETIC BACKSCATTERING COEFFICIENTS FROM A LAYER

OF _VEGETATION - MULTIPLE SCATTERING

The set of radiative transfer equations without the 9
dependence, as derived in chapter 4, are solved using the
method of Gaussian quadrature. In this method, the radiation
field is divided into 2N streams in p; (i=21, 22, ........2N)
directions. In Gauss'’'s quadrature formula, the interval
(-1,1) corresponding to integration from 0 to w, is divided
according to the zeros (y;) of the Legendre polynomial ,P,(p).

The Gauss’s quadrature formula is superior to other quad-

'm’, it evaluates the

rature formulas because, for a éivon
integral exactly for all polynomials of degree less than 2m
and not merely those of degree less than m. So the Gauss's
formula is almost twice as accurate as any other quadrature
formula using only m values of the function in that interval.
In the next section, the integrals in the radiative

transfer equations are replaced by an appropriately weighted
sum over 2N intervals. Then zero-order system of linear equa-

tions is solved by obtaining eigen-values and eigen-vectors

and by matching the proper boundary conditions.
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5.1 Z2ERO-ORDER SOLUTIONS

The zeroth-order radiative transfer equation can be

written from eq. (4.40) as follows, for m = 0,

Cos6 d_ 1

il ALY = - Rtey. T

do(e,z)

o
- ZWI do’sine’ B_(0,0").1

do(e »2)
o
+ F_(0,0,,2) (5.1)
and from eq. (4.41),
Coso T . (e,2) = - Re.1_, (0,2) (5.2)
dz "rio ' *“rio ! '

The corresponding zeroth-order bbundary conditions as given

by eqs. (4.43) and (4.44A) are,

at z = 0, for the downward travelling wave, we have

Ido(n—e,z=o') =0 (5.3A)

S(Cose—Coseo)—L- (5.3B)

1 °(tr-e,z=o ) = Io on

ri i

and for the upward travelling wave, from eqs. (4.45) and

(4.46), wve get

Tdo(e,z=o+) = Tdo(e,z=o-) (5.3C)

1 =0*) = 1 =0"
Irio(e'z—o ) Irio(e,z o) (5.3D)

Similarly, from eqs.(4.47) and (4.48), for the upward

travelling wave,



at z = -d
Ido(e,zs—d) = r(e).Ido(w—e,z--d)
- = -
Irlo(e'zg-d) = r<e).xri°(w-e,z--d)

The substitution

¥ = cos®

and p’= Coa®’

such that,

dp = -Sin6 d©

and dp’'= -Sin0’'de’

is used.

Substituting in eqs. (5.1) through (5.4),

d = = -
¥ gz lgo¥r2) = - R(p).ldo(y,z)
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(5.4A)

(5.48B)

(5.5A)

(5.58B)

(5.6A)

(5.6B)

ve get

+1
+ ZNI dp'Po(p,p').Ido(u’,z) + Fo(p,yo,z)

-1

and

d -
y dz Irio(”'Z)

The corresponding boundary conditions are,

at z = 0

Ido(-p,z=o-)

0

= - R(p).Irio(p,z)

(5.7)

(5.8)

(5.9A)
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= - = 1

Irio( p,2=0") = Iol‘(”_’o) T (5.98B)
and

1 =0 I Y3l

Ido(p,z o’) = Ido(p,z o7) (5.9C)

1 =0*) = T =0

Irio(”'z o") Ir1°(u,z o”) (5.9D)

at z = -d
Tdo(p,z=—d) = F(p).fdo(-y,za—d) (5.10A)

T (mz==d) = rFap).T

" 1o (~piz==d) (5.10B)

r

5.1.1 EVALUATING DIFFUSED INTENSITY Ty,

Using Gauss’s Quadrature formula, we can replace the
integral in eq.(5.7) by a summation series. At a finite

number of 2N points, we get from eq. (5.7),

d - -
By G5 TaoMyr2) = - R(pi).ldo(pi,z)
N - - -
+ 2wJ=ENaJP°(pi,pJ).Ido(pJ,z)+Fo(y1,po,z)
(5.11)
where
B 1
= - B -Rp rz.=- . =

F s on,02) Po(pi,po).te o pol.Ioin (5.12)

is the forcing function and p_j; = -pj (5.13)



and from equation (5.8), we get
d 7 K 1
P{ dz ‘rio‘Pyr2) = - Kpp.d

for all i = N,N-1

We can write eq. (5.11)

_ 1 =
Ido(pN,z) pNK(pN) 0
- 1 =
1, (py_412) 0 = K(p
do "N-1 N-1 N
d_ . = - .
dz .
ido(”-N’Z) 0 0
a a
+N B -N
— ( ) ..
a a
+N = -N
- P p - ,“ ) aaaaa —
wom PN-1 © N-1'"+N BN-1
a a
+ = -
;:;-Po(p-N'”+N) . .”-N

in matrix form as,

-..0

—— P _(p_yip_y

(5.14)
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1 - 1
;+NF°‘pN o"ooz)
v l'-.o(”N--l'”c:")
. PN-1 (5.15)
1 F (p B _,2)
V_y © -N'""o’
B— -—j
or
[~ 1 [« 1= ]
Ido(pN,z) g(vN,pN) ceeeenaans §(pN,y_N) Ido(pN,z)
Ido(pN_l,z) . §(”N-l'”N-l) ceaes Ido(uN_l,z)
d
dz : * : : : :
1, y2) S yopy) cevenenns Ban_gm 9| [T480 g2
TT —
E;NFo‘”N 'B_,2)
1 -
= F_(py 4B _,2)
- PN-1© N-1770 (5.16)
1 -
jl_NFO()‘-N'»O'Z)
where,
§(p1,pJ) = &}( ﬁ(pi)—Zwaiﬁo(ui,uJ)] for 1 = § (5.17A)
and

1 -
§(p1,uJ) = - p12wnJP°(p1,pJ) for 1 #J§ (5.17B)
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In compact matrix form, we can write,

] =B (5.18)

d - -
R P I ¢ § It 1, o

From eqs. (5.9) and (5.10), evaluating boundary conditions at

p = Py, vwe get

Tgo(-pg, 2=0) = 0 (5.19A)

TgotBy, 2=0%) = T4 (pg, 2=07) (5.19B)

and Tyo(py, 2z=-d) = rip). Ty t-py,za-d) (5.19C)
1= 1,2,00000... ceeeaaN,

Eq.(5.18) is a linear first'ordor differential equation,
and its general solution is given by the sum of its comple-

mentary solution fco(z) and particular solution fpo(z).

5.1.1.1 PARTICULAR SOLUTION

The particular solution is obtained as,

1 = (8- 017! Bopg,2 (5.20)

where ﬁ is a 2N X 2N unit matrix.
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5.1.1.2 COMPLEMENTARY SOLUTION

The complementary solution satisfies the homogeneous

equation,

d_ (1 i -
LS PR I t§Jt1coJ 0 (5.21)

Let, I o(z) = f chz

c be the solution, and substituting in

equation (5.21), we get,

c 0+« %@=0 (5.22)
This becomes a matrix eigen-value problem and to obtain
a non-zero solution, the determinant of the matrix )\ﬁ + 8

must vanish, so
N+ 8 =0 : (5.23)

The determinant is a polynomial in )\ of degree 2N, and
therefore there are 2N values of N\ -= Ny D = X1, 22,.....2N,
satisfying eq.(5.22). These are the eigen-values and for each
eigen-value X\.., En is the corresponding eigen-vector.

The complementary solution fco is then given by a linear

combination of all eigen-vectors with arbitrary coefficients

Ch as,
N N N
= _ 3 A2 = -A\Z a Az
Iz =EcCihe T c, (R, 1e™™ + 1 c_ (A 1e"™M(s.24)
n=~-N n=1 n=1
Let,
T =1¢tC, C c. 1T (5.25A)
o | g eeeeeeeneens N i
¢ =¢(Cc, C c .17 (5.25B)
_n -l -2 . 8 O L ] —N [ ]
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and
Em-tﬁlo"-’ 8. &rF ... 8. o3 (5.26A)

Foo=td_ o™ B eh* ..l oo B_y@ ™1 (5.26B)

Therefore, we can write,

I (2) = (B3, 1+ (Ftz)2.0C_ 2 (5.27)

Using matrix partitioning, we can write,

B* ()| _ Fay| _
=[__ |tC, 1+ _ (C__3 (5.28)
B (2) n F ) n

where, T;o(z) represents the upward going (positive z-axis)
terms and T;o(z) are the downward going (negative z-axis)

terns.

Now the En consists of the following components,

6n(#N)
Bn(+N-1)
_ a . : ﬁn*
a = n(1) = (5.29)
n 8 &
n(-1) n-
6n2-N)

where §n+ represents positive N terms and ﬁn- represents

negative N terms. Therefore,

B z2)=0@ ™z (Bpe) ™ L. . (Bya) e (5.30A)



Similarly,

B =t ) M @, ML (By-) ©¥1  (5.308)

Fran=t@ o o™ @_a o ... (B_y*) «¥1 (5.300)
and

Frao=td_ o o™ @, oM ..., (A_y-) %1 (5.30D)

It follows that eq. (5.28) can be separated into the

following two equations,

Lol

N

~
]

(B 2)3.0C, 1 + (P 2)2.0C_ 3

and

-
-
N
~
[}

(B z)3.0C, 1 + tF (213.0C_ 2
n -n

5.1.1.3 TOTAL SOLUTION FOR DIFFUSED INTENSITY

The total solution for the diffused intensity is,

(z) =1 (z) + 1 (2)

Ido co po

So from eqs. (5.20) and (5.28), we get

L ]]
Qo+
o

N

0

tE*(z)1.6C,_ 31 + tF (2)3.0C__ 1 + T ()
n -n
and

Ido(z)

(B (z)3.6C 3 + (F (2)3.tC 1 + 1 _(2)
+n -n p

(5.310)

(5.31B)

(5.32)

(5.33A)

(5.33B)



Using the boundary conditions (5.19A) at z2=0, and

(5.19C) at 2z = -d, we get,

1,0 = (BT 1.cC, 1+cF (031.0€_ 3+ ¢0) = 0 (5.34)

and
(B*-ar3.c€,_ 1 + (P -3 0C_ 3 + TT (-
n -n po
= ?.([E_(-d)J.té* I+ (R (-d)3.CC 3 + T~ (-d))
n -n po
or

tE‘(-d)-F.E‘(—d)JE+ + (M (-O)-F.F (-d)3C
n -Nn

+ (T* (-d)-F.
po

I (-d)) = 0 (5.34B)

o

Combining (5.34A) and (5.34B), we get
B F c

B* - -F.BE -y FT-a)-F.F -0 C__

This results in a set of 2n equations with 2n variables
Cn. Solving this set of linear equations and substituting the
results in eqs. (5.33A) and (5.33B) gives the total diffused
intensities in positive and negative going directions

respectively.
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5.2 BACKSCATTERING COEFFICIENTS

The bistatic scattering coefficient vg4(6,8,06’,08’) is
defined as the ratio of the scattered power of polarization 8
per unit solid angle in the direction ©,0 and the intercepted
incident power of polarization « in the direction 6’,8’ aver-

aged over 4w radians. Therefore,

Cose.lo ’(9,0)

B8

Cose'.lcm1

(5.36)

T a(e,o,e',o') = 4w

(]

where a,8 € (h,v)

In backscattering direction, 6 = 6" and @ = 8’'+ w,

Therefore the backscattering cross section per unit area is,

Caa(8’) = Cos@’.vy(0°,8°+W,0’,8") (5.37)

5.2.1 HH CASE

When incident and scattered waves are horizontally

polarized, we have,

Cose'.foH (6’,8"+mw)
Ty @’) = Cose’. am e
14
Cos® ‘IoHi
or
ToHa(e"¢'+")
Ty (®’) = 4w Cose’ = (5.38)

IoHi
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$.2.2 VV CASE

Similarly, for the vertical polarization case,

fov.‘e""*"’
eyy(@°) = 4m Cose’ = (5.39)

IoVi

$.2.3 HV CASE

In the case where the incident wave is horizontally
polarized and the scattered wave is vertically polarized, we
have

IoVs(e',awm

VHV(O') = 4nw Cos®’ I (5.40)
oHi{

5.2.4 VH CASE

Similarly, for the case where the incident wave is
vertically polarized and the scattered wave is horizontally

polarized we have,

T0H3<e',¢'+n)
oyy(®’) = 4n Coso’ — (5.41)
I
oVi

As shown in section B.6, since the scattering phase mat-
rix has the reciprocity property, 'H’ and 'V’ in eqs. (5.40)

and (5.41) are interchangable, therefore,

0,y (07) = e’) (5.42)

VH Hv
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6.0 DISCUSSION OF SINGLE AND MULTIPLE SCATTERING RESULTS AND

COMPARISON WITH EXPERIMENTAL DATA

In this chapter, the numerical results for the backscat-
tering coefficients are computed by modelling the vegetation
by a layer of leaves. Before computing the backscattering
cross sections as a function of incidence angle, the dielec-
tric constant and the angular distribution of leaves is re-
quired. As discussed in Section 3.2, a dielectric constant of
Gr = 30.8 + 10,62 will be used for leaves at 400 MHz. In
addition, the angular distributions given by eqs. (3.22) and
(3.23) will be used for parallel and perpendicular orienta-
tions of leaves respectively.

The numerical results for the skin depth have already
been discussed in section 3.2, bgt the effects of skin depth
on the backscattering cross sections will be examined here.
Before examining the backscattering cross section results,
the effects of frequency on the dielectric constant of a
leave will be studied. From Fung and Ulaby[11), the relation-
ships for the real and imaginary parts of the dielectric

permittivity are,

€ -5.5

e'=5.5+-—"'t—2 (6.1)

r 1+(£7)

€'’ = (€ 5.5) £ (6.2)

r m O 2 *
1+(£7)

wvhere f is the frequency and ‘T is the relaxation time of the

water content. The relaxation time depends on the temperature



and at 20° C, fT is approximately equal to 1.85/), where X\ is
the free space wvavelength in centimeters. The permittivity,
G., is the relative macroscopic static permittivity of a leaf

and is given by,

€n = 5 + 51,56V, 6.3)

where V, is the volume filling factor and is selected to be
0.5 in this model.

Examining eq.(6.1) for the real part of dielectric cons-
tant we see that at amall frequencies, G; is approximately
equal to Gm and constant until 1GHz, but starts to decrease
monotonically thereafter. The imaginary part is very small at
low frequencies but start to increase linearly and reaches
its maximum around 15 GHz. Thereafter it will decrease as an
inverse function of the frequency: Changing the water content
in the leaves will change €,, resulting in level change for
real and imaginary parts, but will not change the overall

shape of the functions.

6.1 SINGLE SCATTERING

Using the expressions derived in eqs. (3.7) through
(3.19), the numerical results are presented in Fig. 6.1
through Fig. 6.6, where the backscattering coefficients are
plotted as a function of the angle of incidence 8,. The
angular distribution given by eq. (3.22) with [&0“ = 10° is
used in Fig. 6.1 through Fig. 6.5 and the angular distribu-

tion given by eq. (3.23) wlthAe_L = 10° is used in Fig. 6.6.
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6.1.1 EFFECTS OF LAYER THICKNESS ON BACKSCATTERING

COEFFICIETS

o o
In Fig. 6.1, nhd’ “hhdr

of ©6,. In this case, the term ’ﬁhdr is greater than ’:hd for

and ’:hr are shown as function

all angles of incidence. This means that the energy back-
scattered from the ground is a significant part of the total
backscattered energy and should not be neglected. Since the
skin depth is large compared to the layer thickness for all
angles of incidence, we are receiving scattering back from
the same number of scatterers for each angle of incidence,
resulting in a flat behavior for c:hd' The reflected terms
':hdr and w:hr slopes up with increasing angle of incidence
since the reflection constant Ir,! is increasing as shown in
the figure.

In Fig. 6.2, the backscattering coefficients are plotted
for a layer of thickness d=100m. The results are quite diffe-
rent in this case since the total backscattering coefficient
is baaically due to the direct term ’ghd' Contributions from
the other two terms are very small because the incoming wave
gets attenuated by the time it reaches the ground interface.
A plot for skin depth vas. angle of incidence is also shown in
Fig. 6.2, explaining the decreasing nature of ':hdr and ‘shr
terms. So it can be concluded in this case that the underly-
ing ground is not very important.

Fig. 6.3 represents the backscattering cross section for

different values of 'd’. The transition that the backscatter-
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Horizontal Copolarized Backscattering Cross Sections
. Angle of Incidence with d=1lm, 46,=10°, p=500,

f=400MHz, ¢ _=30.8+i0.62, cg=12*i3, a=7.5cm, and h=0.5mm.
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Fig. 6.4 Horizontal Copolarized Backscattering Cross Section
vs. Angle of Incidence with d=100m, A46,7/10°, p=500,

f=400MHz, cr=30.8+i.0.62, c°=12+i3, a=7.5cm, and h=0.5mm.
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Fig. 63 Horizontal Copolarized Backscattering Cross Section
with 46,=10°, =500, f=400MHz, €,=30.8+i0.62, €5~
12+i3, a=7.5cm and h=0.5mm.
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ing curves make from a layer that is small compared to the
skin depth (for d=1m) to a layer that is large compared to
the skin depth (for d=100) is shown in the figure. The smal-
ler values of ’'d’ correspond to the regime where Born approx-
imation is valid, while the large values of ’'d’ agree with

the half space results derived by Langl(27]).

6.1.2 EFFECTS OF GROUND MOISTURE ON BACKSCATTERING

COEFFICIENTS

To see the effects of moisture in the underlying ground,
the following two different dielectric constants have been

selected,

68 = 12.0 + {3.0 for dry ground
and

68 = 80.0 + i1.5 for wet ground

Fig.6.4 ahows total backscattering coefficient ’gh plot-
ted for the above two different ground conditions and for two
different layer thicknesses. For the case when d=1m, it is
seen that there is a large difference in the backscattering
coefficients for different ground moistures because the gro-
und reflected terms are dominant. But when the layer thick-
ness d=100m, the ground reflected terms are very small and
their effect is masked when compared to the total backscat-
tering coefficients. Therefore the ground condition becomes

unimportant.
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64 Comparison of Horizontal Copolarized Backscattering

Cross Sections for Different Ground Wetnesses and
Different Vegetation Depths. 48,10°, p=500,
£f=400MHz, cr=30.8+i0.62, a=7.5cm and h=0.5mm.
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6.1.3 BACKSCATTERING COEFFICIENTS WITH PARALLEL DISTRIBUTION

OF LEAVES

Fig. 6.5 shows the total backscattering coefficients rh:,

’gv and feh plotted for a parallel distribution of leaves. In

this case, since the leaves are parallel to the horizontal

polarization at all angles of incidence, backscattering coef-

ficient ¢°

hh does not show any dependence on incidence angle.

6.1.4 BACKSCATTERING COEFFICIENTS WITH PERPENDICULAR

DISTRIBUTION OF LEAVES

Fig. 6.6 shows the total backscattering coefficients ch:,
vgv and cgh plotted for a perpendicular distribution of
leaves. At small angles of incidence, csv and ’ﬁh are equal,
but as the angle of incidence increases, vgv decreases
because the vertically polarized wave is becoming parallel to
the leaves and thus getting more absorbed. On the other hand,
‘:h has a flat response because a changing angle of incidence
does not affect the polarization orientation with respect to
the leaves.

The backscattering cross section is higher in the
parallel distribution case compared to the perpendicular
distribution at small angles of incidence. Comparing V:h in
Fig. 6.5 and Fig. 6.6, it can be concluded that the verti-

cally inclined leaves give rise to more depolarization as

compared to the horizontally inclined leaves.
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Fig. 6.5 Backscattering Coefficients vs. Angle of Incidence
with d=10m, A8,=10°, p=500, f=400MHZ,
:r=30.8+10.62, c9-120i3, a=7.5 cm and h=0.5mm.
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Fig. 6.6 Backscattering Coefficients vs. Angle of Incidence
with d=10m, 46,=10°, p=500, f=400MHz,
cr-30.8+i0.62, cg=12+i3, a=7.5cm and h=0.5mm.
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6.2 MULTIPLE SCATTERING

A numerical -c}hod has been used to compute the back-
scattering coefficients as given in eqs. (5.38)-(5.41). Only
zero-order equations have been solved, resulting in single
acattering only. To determine the effect of multiple scatter-
ing, the zero-order result has to be used to solve the first-
order equations in an iterative approach. Fig. 6.7 compares
the results of the discrete method and the RTT method for
single scattering. There is no significant difference in the
backscattering coefficients. The copolarized coefficients are
slightly less for RTT method than for the discrete method,
but the cross polarized coefficient is greater for the RTT

method above an incidence angle of about 20 degrees.

6.3 COMPARISON WITH OTHER PUBLISHED RESULTS

Similar results as shown in Fig. 6.5 and Fig. 6.6 have
been observed by Tsang et all{43). They have derived the back-
scattering cross sections using the vector radiative trans-
port equationsa. In their backscattering equations results,
only incoherent terms have been included. But in section 3.1,
’qur as given in eqs. (3.9),(3.13) and (3.16) also include
the coherent terms, where p,q € {(h,v}. According to the com-
putations, the coherent effects are as important as the inco-
herent effects.This could be one of the reasons why backscat-

tering cross sections in the present case are higher than

Tsang et. all43].
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Fig 6.7 Backscattering coefficients vs. Angle of incidence with
d=10m, AO,, = 10°, f =500, =400 MHz, €,.=30.8+i0.62, €g=12+43.0,
a=7.5 cm, and h=0.5 mm.
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6.4 CONCLUSIONS AND COMPARISON WITH EXPERIMENTAL DATA

A comparison with the experimental data is shown in
Fig. 6.8. Backscattering data from Soybeans at 1.8 Ghz by
Oliver and Peakel32] has been used. The data were taken when
the Soybeans were 30 to 36 inches high. The parameters in the
mcdel have been adjusted to give a reasonable agreement bet-
ween experimental data and the theory as shown in Fig. 6.8.
Since Rayleigh scatterers are being used to represent leaves
at frequencies somewhat higher than the Rayleigh region, the
model does not follow the data as closely for large angles of
incidence.

These models work reasonably well when the wavelength is
very large compared to the scatterers. This limits their use
to frequencies around 1 GHz. An advantage of using the lower
frequencies is that the electromagnetic wave will penetrate
the vegetation more deeply, resulting in information about
the lower vegetation layers and the ground underneath this

vegetation.
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Fig. 6.8 Copolarized Backscattering coefficients vs. angle of
incidence for 60,2600, {24000, f=1.8 GHz, €.=35.8+i).54,
6‘-1.20(0.3. a%2.25 cn, h=0.5 am, and d=1 m.
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APPENDIX - A

DERIVATION OF GREEN'’S FUNCTION

To compute the backscattering coefficients we have to
evaluate the integral of g(ft,q). To evaluate this, we will
‘need the transformed Green’s function in the equivalent
medium. The procedure followed in this case will be similar
to the one used to calculate mean field. The governing
equation for Green’s function as given by Langl27] is,

[vx(vxi)-kiée(z)].a()—c,;') = 18 (x-x" (A1)

Since the Green’s function is homogeneous in the trans-

verse direction, by taking the transverse Fourier transform

of both sides of the above equation and simplifying, we

obtain
2 ,-o-o0 -o0-0o d ,-0-0 -0-0O 32 -0—-0 —-0-0
(k. (yy+z22) + ik, —(z2x +x 2 ) - —>(x x +y y )
x x 2 2
o &) dz
k%€ (2)1.8(k, ,z,2") = 18(z-2 ) (A2)
o e t o

where Et = ky ;o and ze(z) is given by eq. (2.3).
o

Since eq. (A2) is a dyadic equation, it is equivalent to
nine scalar equations. Four of these equations involve only
the dependent variables Gyxy, Gzy) Gyx and Gy,. Since these
equations have no forcing function and satisfy homogeneous

boundary conditions (radiation condition), their solution
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must be

ny = Gzy = ny = Gyz =0 , 12 < (A3)

The remaining five equations are

2
(Q—E + kiéyy(z) - ki )ny = —J(z-zo) (A4)
92 o
2
(a—5‘+ k2€ (2))G - 1k zL G = ~§(2-2 ) (AS)
%z o xx x X 0z zx o
-ik ZL'G + (k2€ (z) - k2 )G = 0 (A6)
x 0z xX o 22z x zZx
o o
-ik l— G + (k2€ (z) - k2 )G = -8(z~-2 ) (A7)
x&lz xz o 22 x, 2z o
2
@ + k%¢ 6. - 1k 2 =0 (A8)
322 x Xz X Az zz

where GiJ = GiJ(kt'z'zo)'

Since ny given in eq.(Ad4) is the simplest equation,
so let us examine {t first. We will solve this equation
approximately by utilizing the two variable method. The
boundary conditions to be used are that ayy(kt,z,zo) and

'bayy(kt,z,zo)/az must be continuous at 2=0 and z=-d. In

addition, ny must be continuous at the source and satisfy
the jump condition. .

Proceeding in the same manner as for the mean wave case,
and assuming that the unit source is inside the slab, i.e.
0>z5>-d, we find that solution for Gy,(ky,z,2o) has the

following form,
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ik (cos©® 2+8in® x)
e o o [

, 2>0 (A9)
oy
(h)
T olky 2 ik sin6 x , 052>z (A10)
. oy o
G . (k,,z,2 ) = Y
yy v "o T o 1k 2 ik sin® x o 2>-d (AID)
oy [ o)
leo—ik’gz oik $1n0 x , 2<-d (A12)
wh T = - =2 (qer'D -Zik;h)z°) 1k;h)z° (A13)
ere oy 21kz o ¢ ¢
[}
| k, -1k d ik;h)(d—zo)
Ty = - 3k R f;— ) e g e (A14)
Z 3 } A
o o g
(h) (h)
and where ro and kz are defined in eqs. (2.47) and (2.49)

S 2, _. 2
respectively, and kz = uoe‘ kx .
g o
Following a similar procedure, we can find solutions for

Gyxr» Gzxs» Gxz @and Gz, from eqs. (AS)-(A8). We are interested
in the solution for the Green’s function only in the region
0>2>2,. Thus by collecting all the solutions in this region,
we find

ik(v) ik(h)z
Glky,z,2) = [T e > x°%°+ Toye 2 ¥%°
(v) (v)
ik 2z ik z
-taneoToxo z z9x° + Toz° z x°z°
1Mz ik_sine_x
-taneofoze z 22 J.e

0>z>2 (A15)
o
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vhere

coszeo (v) -21k:v'z° 1k:V)z°

Tox = - ETE:__ (l-ro e e . (A16)
o
(v) (v)

8in® cos® -21ik z ik z

T a-—0 0 (1, oV T2 "o 2 "o (a17)
oz 21kz o
o

and Toy is as given by eq. (A13).

Rearranging eq. (A15) and writing results in terms of EO,GS

-0
and v, we can write

(h) (h) (h)
ik -ik ik
=,- 1 2 o (h) z o z =0-0
G(kt,z,zo) ® 31k ((e + ro e le h™h
o
(v) (v) (v)
ik ~ik z ik 2
+ (@ 2 ° ;SVS + P;V)e z ° vgvg).o zZ

0>z>z° (A18)

where h° and ;2 are given by eqs. (2.24) and (2.25)

respectively.
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APPENDIX - B

PHASE MATRIX °'P’ AND EXTINCTION MATRIX °'K' EVALUATION IN

A THIN DISC

In order to determine the 16 elements of the phase mat-
rix, we have to first calculate the fields scattered by a
plane wave of arbitrary polarization incident on an arbitra-
rily oriented disk. The orientation of the disk is described
by the Eulerian angles (6,8,v) as shown in Fig. B.1. In terns
of these angles, normal to the disk n° is,

n° = Sine(sind X° - Cos® Y°) + Cose Z° (B. 1)

Fig. B.2 shows the problema geometry, where an incident
wave Io(oi,ﬂi) has been scattered by the disk into a scat-
tered wave 30(91,01). We will assume that the fields inside
the disk are the same as those that would exist in a dielec-
tric slab of the same thickness and orientation as the disk.
This approximation is good when the edge effects are small,
such as in the case when the edge cross section of the disk
is large compared to the wavelength and large compared to the

thickness of the disk.

B.1 SCATTERED FIELD

A plane wave of unit amplitude and polarization ; is

incident upon the disk, such that
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Fig. B.1 Eulerian angles (0,0,r)
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which describe the disk



Fig. B.2

Problem Geometry
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- -0 ik.x
Eo(x,q) =qe q€{(h,v) (B.2)

where k is the assumed direction of propagation.

The disk is assumed to have a cross sectional shape 'S’,
a thickness 'T’ and relative dielectric permittivity €., It
will be assumed that the permittivity €. is constant across
the disk.

The solution for the scattered fields can be obtained in
terms of the fields inside the disk by solving the radiation
from induced polarization and conduction currents following
standard procedures as described by Ito and Adachi(17] and

Jones(18). The scattered field will be given by,

E (X,q) = k2 I(e -1).6(Z ). E(x’,q)dx’ (B.3)
s o r ;v
diak

where the integration is over the volume of the disk and

é(—%— ) is the free space dyadic Green’s function given.by
x'
Keller(22] as,

(B.4)

where R = x-x' and I is the unit dyadic. Using an
asymptotic expression that the fields inside the disk are the
same as those that would exist in a dielectric slab of the
same thickness and orientation as the disk, from Levine et

all(31], we get



(B.5)

vhere ?(o,i) is the dyadic scattering amplitude.

B.2 VECTOR SCATTERING AMPLITUDE

<

The vector scattering amplitudes are related to the

dyadic scattering amplitude as,

fio,) = Fo,0;mh% + Flo,T;w)v° (B.6)

and in thin disc case,

2

k" xT
=, - T o - = =0 _X_,=0 =0, =O..,=
fo,i;q) = —0= (I-0.0)0q°- ST 0.a9n%1s(r)) (B.7)
- &
where S(?t) = 5 Jl(ZnTa) (B.8)
x = € -1 (B.9)
k
= 2 }o2 2
and T = m a + fA (B.10)
where,

o=Co80(S{in®,Sin(F-0

)+8in® Sin(P-3 ) I1-SinO(CosO
i i s 8

i#CosG ]
s

(B.11A)

and 8 = SineiCos(ﬂ—ﬂi)+Sin65Cos(0—Gs) (B.11B)
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B.3 DYADIC SCATTERING AMPLITUDES

From eq. (B.6), the Dyadic scattering amplitude is given

£ 0°,1%=3F (¢ ,1).9% q%rf %, 1% hh% £(°,1°%vIv°1.5°
Qq qq
(B.12)

B.3.1 HH CASE

In the case when the incident and scattered waves are

horizontally polarized,

2
£  (o,1) = koxT th®.h%- = (%729 . 8% 31s(7,)
hh'©? e 8 4" x+1 0 oDyl in -0y t
or
__ kT 3 )
fhh(o,i)=-:;—{-Cos(Os-¢1)+;:751n9Cos(G—ﬂi)SineCos(G-Ds)JS(Tt)
(B.13)
Therefore,
PO S PILs 2m,
<lfhh(o,1)l > = (4")2 Idep(e)f —zﬁ-dﬂ I-Cos(ﬂs—ﬂi)
o
x 2 2 - 2
+ ;:T Sin OCos(D—Oi)Cos(ﬂ—ﬂs)l lS(Tt)I (B.14)

Using a Fourier series expansion and equating, we get
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k*1x1212 2

5 )2 jdod jdep(e) Idﬂ 1-Cos®
(o] [o]

112y =
<Ifhh-(§,§ ) 1€>

(4m) (2w

+ ;%T Sin%6 Cosd Cos(i—od)tz e 14 (1.2)2  (p.15)

where Gd = C.-Gi (B.16)

Integrating and simplifying, we get

c, fdép(é)t2+| | 51n‘6—2R.(-£1451n263
_ 2 for m = 0
<If, (8,87 17> =
1 2=

c, jdep(e)t1+| =12 $51n*8-Re (X5 51?62
- for m = %2
(B.17)

K;txuzrza‘
where o - A— (B.17a)

a 64

B.3.2 VV CASE

Similarly, when incident and scattered waves are

vertically polarized, we have

, k*1x1212 21w

’ = ]

fvv.(é,é 15> = —6—‘-"1— Idﬂd ‘[dep(e) I dﬂl(CosOCosO Cosﬂd
(=] =] (o] :

+Sin6S1n@')- %o (-Sind Cos@’Sind + CosBSin®’)

. {(-Sin6C0s6Sin (-2 )+Cos§Sine)l?(waz)z.e-inad

d
(B.18)
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Therefore integrating and simplifying, we get

<If
vvm

0,0°) 12>=

pr—

. 2 2 2-
C. Idep(e)[-ZRc(-—T)Cos @Cos ©0°'Sin @]

o
for a =0

C. Idép(ﬁ)[4COSGCosO'SinOS£nO'
o

2

lx+ll(51" 900329 'Cos”©

+Sin20Cose'C09295106’C03981n9}

-2Ro(;§T)(SinzeCO.e'Cosesxn951ne'

+2C086C080 'Coa2851n0Sin® ') ]

for m = %1

n
C‘ Idﬁp(é)[CoszecOSZO'
o

' 'Sin GCosze 00329 :
~2Re (=%) . Cos2@Cos20'S1n26]
x+1
for m = %2

(B.19)

vhere Ca is as given in eq. (B.17a).

B.3.3 HV and VH CASES

When one of the incident or scattered waves is vertically



93

polarized, we have

k‘!xlsza‘ 2n w

2n
Idod IdOp(O)IdG
o o o

2 2

<If -(0,5')I > = <If , (8,00)1%> = Y

hv 64n

h

1-Cos® 'Sind - §§T (-Sin® Cos©°'Sind + CosBSine’)

2 2 -1 nad

. {S1in®Cos (3-8 ) )1 (ra2)° e

d
(B.20)

Performing the integration and simplifying, we get

) " _ % 2 .
C. Cos G'Idep(e)[-l;:T’Sin e
o

x -
+ 2R0(;:T)Sin6]

n
o

for m

> "
- C_ Cos“ o’ I d8p (8)

(]

for m = #1

2

<If, _(9,0°)1%> =

hv

2 w
X 1 2 . - - 4—
Ca [-,x—_._r, T Cos“o Idep(e)Sin e
(=]

o™
-Re(;§T)00329'Id9p(6)51n63

o

for m = 2

(B.21A)
vhere Ca is as given in eq.(B.17).
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<If (0,6')l2> = <If (9,6')l2>

vha hvm (B.21B)

Similarly,

”
110. sxn951ne'fdep(e)[2Cose'

o

+(—:T)2C09290056'—(—:T) Sin29Cose

2
—ET' Sin2§C0325CosO']

for m = %1

*
<[fvv(9,9')fvh(9,9')1->=

n
c, CosZGCose'fdep(e)(l-R.(“:T)Sinze
(o]

ry |x+l| Sin 9]

L for m = %2

(B.22)

n
o ’ = ' [43 X 151028
<tf, (8,0°)1% (60,6711 > = {C_2Cose Id@p(é)[l+1m(x+l)81n 8

* % Ix+l| Sin 6]

(B.23)
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and
C_Cos6Cos0’ |dep (8) [ (-212)
o
+2Re (25) (54n?83S1n en-'—?m &)
for m =2 0
W 2=
£, (0,0°)1, (8,0") C.SinGSInO'Idep(O)(-2+Tl(2Cos 3
tfvh(e,e')fhv(e,e')l > = o
2~ x (2. 2= 2=
+(f:r)$1n e) - ——r' Cos " 0Sin" 6]
for m=%1
n
C. CosOCosB'Ide(é)((-l;l)
o
+Re (%) (S1n28251n28)
x+1
- l'—i‘-—ﬁsi 46 - 3sin*s)3
alx+1 no3gein
for m=%2
(B.24)
where Ca is as given in eq.(B.17a).
B.4 ZERO ORDER PHASE MATRIX ?o(e,e')
Elements of the phase matrix can be expanded into a
Fourier series as follows,
Bo,0’,0-8") = B 0,07 ein(298") (B.25)



and comparing elements of the same order, we get

fio.01:

vvo vho vvo vvo hho
- [ ] [ ] [
((0,0°))> (10,01 (0, 0°10(0,0°)V) -C0,0°1(¢0,0°))>
hvo hho vho hvo vho hvo
(8.26)
Substituting from section B.3 results, we get
N
<lrco,o')l2> Ci1r(e,0°11%> (] o -_T
vvo vho
(tf«Q.o'atz> <1{ O, 011" > o o
hvo hho
Peo,0°):
-
(4] (] Rel(<((0,0°)(¢(0,0°) [+
vv hh
[ ]
«((0,0°1716,0°)))
vh he ©
[ ]
o (o] (o] ‘ Rel(c((0,0°'1 (10,0
ve hh
L ]
-“-((0,0°)1(10,0°)))
vh hv o

P

10,0112

vvo

2Rec(10,0°)

vvo

[ ]
.£(0,0°))
hvo

Qlactf (@, 0"

2

> K140, 0°)4 >

vho

2

(l((...'!lz) CI17(O0,0°)1 >
hvo hho

2Re<( (0, 0°)
vho

-
.€40,0°))>
hho

2lac (O, 0°)

[ ]
Re<f (O, 0°3710,0°))
vvo vho

»
Re<(t0,0°)((0,0°))
hvo hho

.
Re<f (O, 0°1C(0,0°")
vvo hho

[
o((O0,0°)7010,0°))>
vho hvo

[ ]
lacf(9,0°10(0,0")
hho

L]
~lee(10®,0°)1010,0°))>
vvo vho

L]
~inf(0,0°10(0,0°1)>
hvo hho

[ ]
~lac((0,0°1((0,0°)
vvo hho

[ ]
-£10,0°30¢0,0°))>
vho hvo

L )
Re<f19,0°17(0,0°)

(8.27)»
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B.5 ZERO ORDER EXTINCTION MATRIX Ro(a)

Since the extinction matrix represents absorption and
scattering losses in the forward direction (6=0’), using

results from section B.3 and B.4, ve get

Re(fhvo(e)) = Ro(fvho(e)) = 0

Therefore,
— —_—
2R0(Hhho) 0 0 0
0 2Re (M ) 0 0
vvo
R (&) =
o
0 0 R.("hho* vao) 0
(o} 0 (] Re(ﬂhh°+ "vvo)
(B.28)
= (2" ’
where "pqo =1 ” <qu°(9,6 )e=9,> p,q € (h,v) (B.29)
and
kixT(waz) " n 2
(fhh°(9)> = = (1- mde'p(G')Sln e’)] (B.30)
o
kﬁxT(waz) y )
<fvvo(e)> = [1- ET;IT)(251n (-]

”
+(Cosze-281n29)Id9'p(O')Cosze')] (B.31)

(o]
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B.6 RECIPROCITY PROPERTY OF THE PHASE MATRIX

If the directions of the incident and scattered beams
are interchanged, then it follows that © is to be replaced by
6’ and & by 8+nw. The zero order phase matrix, as given by
eq.(B.27), is independent of the @ variable, and from
eq. (B.21B) it can be seen that 'h’' and 'v’ terms are inter-
changeable. Therefore we see that interchanging the incident

and scattered beams results in a phase matrix which is the

transpose of the original phase matrix,

P(6’,0) = tr P(6,0’) (B.32)

This shows that this phase matrix has the reciprocity

property.
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