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Abstract

BRILLOUIN SCATTERING IN XENON
NEAR THE CRITICAL POINT
BY
DENNIS WONICA

The behavior of sound in xenon was investigated along
the critical isochore and for temperatures .05°9-10°C above
a critical temperature of 16.62°C. A laser Brillouin scatter-
ing experiment was assembled which used optical heterodyne
detection combined with spectrum analysis and signal averag-
ing. New sound velocity and sound attenuation data were
obtained for frequencies in the region 1 - 15 MHz. Scattering
angles were 0.369, 0.720, 1.449, and 2.69°.

Electronic and optical instrumental effects were very
carefully measured and deconvolved from observed spectra. A
nonlinear least squares optimization algorithm was implemented
using Fortran and used in a curve fitting procedure to
accurately extract the Brillouin shift and Brillouin linewidth,
from which the sound velocity and attenuation were determined,
respectively.

The mode-mode coupling theory of Kawasaki(l), which uses
a complex frequency dependent bulk viscosity, ¥(w), to account
for the sgund dispersion and attenuation, and the theory of
Mistura(Z2), which uses a complex frequency dependent specific
heat, A(w), were examined. Both theories predict a dimension-
less dispersion, D, and dimensionless attenuation, A, are
given by the integral expressions, J(w*) and I(«w*), respec-
tively. W* =/ (2¢R), and Wy (=A/(fC E?), A is the thermal
conductivity, F the correlation lengEh) is, from mode coupling
calculations, the lowest relaxation frrquency which describes
the sound mode.

In contrast to most previous analyses, an absolute com-
parison of data with theory was made: no thermodynamic para-
meters were adjusted. J and I were computed to lowest order,
for a background A of zero, and for three density correlation
functions: Ornstein-Zernike, Fisher-Burford, and the Fourier
transform of exp(-rLF)/r””7 D agreed with J@?*) up to w*~10,
but thereafter D increased monotonically away from J being
2-3 times larger for 100<@* <1000. A agreed fairly well with
I(@*) up tow*~2, then A increased markedly, being 5-10 )
times larger for 100{ @¢*< 1000. Most importantly, these results
were nearly independent of the form of the correlation function.



Additionally, the ratio J/I was separately compared to
the ratios Im((4/3 W) + jg(w))//o)/Re((A/B @) + ¥ (w))/r)
and - Re(4@))/Im(A(w)), as suggested by Sarid & Cannell (3),
When analyzed in this manner, the data were not described by
either theory over the entire range of w* for any form of the
correlation function.

It is concluded that the Kawasaki-Mistura theory does
not describe sound behavior in xenon for w* 2 10, and - the
discrepancies cannot be attributed to either inaccurate
knowledge of thermodyanmic quantities or departures from the
Ornstein-Zernike form for the density correlation function.

1. K. Kawasaki, Phys. Rev. A 1, 1750 (1970).

2. L. Mistura, in Critical Phenomena, ed. by M. Green
(Academic, New York, 1971), p. 563.

3. D. Sarid and D. Cannell, Phys. Rev. A 15, 735 (1977).
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INTRODUCTION

A primary reason for studying a critical point is the
fact that it is a singularity exhibiting non-analytic
mathematical behavior. As the critical temperature is
approached, the singular nature manifests itself in the
divergence (or convergence to zero) of the macroscopic obser-
vables, the transport and thermodynamic coefficients. These
are accompanied by dramatic changes in the symmetry of the
state (phase). A second motivation is the existence of coope-
rative effects near phase transitions. A group of atoms or
molecules exhibits a collective property that is not simply
the sum of the properties of the individual molecules.

The liquid-gas transition is the oldest known and most
extensively studied example of a critical point. The isotropic
symmetry of the fluid simplifies theoretical calculations.
Theory is now highly developed and a detailed comparison with
a growing body of experimental data is possible. For fluids,
the cooperative effect is the space-time behavior of the
density-density correlation function. Through a phenomenolo-
gical argument, Ornstein and Zernike obtained a form for the
long range behavior of the net correlation function in 1914.
Their derivation has still not been rigorously proved, and
experimental data suggest a breakdown in their results very
near the critical temperature. However, there has been no experi-
ment which definitively disproves the Ornstein-Zernike resultl

The primary goal of the present work was to test the

validity of the Ornstein-Zernike function through measurements



of sound propagation in a simple fluid near the critical point.
It has been shown that both the sound velocity and attenuation
depend on the temperature derivative of the correlation func-
tion. Thus, sound measurements provide a sensitive test of the cor-
relation function The detailed theories of Kawasaki and Mistura
provide explicit equations relating the velocity and attenuation
to integrals containg the correlation function derivative.
However, auxiliary thermodynamic quantities are needed to make
the detailed comparison. Thus, xenon was chosen for study since
the auxiliary quantities had been measured and it is the best
characterized critical fluid to date. An absolute test of

theory could be performed with no parameters adjusted. Secon-
dary goals were to obtain data complementary to exisiting
ultrasonic and interferometric data by use of a light beating
technique, and to search for possible differences between the
Kawasaki and Mistura formalisms.

The first chapter outlines light scattering from a fluid
and presents the Rayleigh-Brillouin spectrum. The sound
propagation theory of Kawasaki, Mistura, and the recent
renormalization group calculations are presented. The second
chapter explains why ultrasonic and light scattering
experiments are expected to give different results, and details
the method of optical heterodyne spectroscopy used in the
present work. The actual equipment used to obtain the Brillouin
spectrum is described in Chapter III. The following chapter
describes measurements performed to determine instrumental
effects. These were carefully deconvolved from the observed

-spectrum. by a curve fitting procedure, which ultimately



extracted the velocity and attenuation. The nuﬁerical methods,
algorithms, and their implementation are detailed in this daﬁa
treatment chapter. In the last chapter, the data are compared
to theory and conclusions concerning the Ornstein-Zernike

function and general validity of the theory are drawn.



CHAPTER T

THEORY OF LIGHT SCATTERING FROM NORMAL & CRITICAL FLUIDS

A concise explanation of the theory relevant to scat-
tering of light by fluids is presented. An expression for
the electromagnetic field scattered by gases and liquids
away from the critical point is given, then related to the
optical spectrum by Fourier transformation of the scattered
field correlation function. It is shown that the structure
factor depends on the correlations of the particle density,
which in turn are related to macroscopic observables.

The density-density correlation function is obtained from
classical hydrodynamics, and the features of the normal
fluid spectrum are displayed.

Next, the changes in the spectrum for a fluid
approaching the critical temperature are discussed. A de-
tailed explanation of the Brillouin portion of the spectrum
is given in light of the highly developed critical point
theories of Kawasaki-Mistura, and the renormalization group
calculations. It is shown that the experimentally measurable
quantities, the sound Vélocity, and sound attenuation, can
be compared to explicit expressions in the Kawasaki and
Mistura approaches, but that the renormalization group
approach cannot provide as detailed a comparison. Though
Kawasaki considered complex transport coefficients and
developed his theory from mode-coupling calculations, and
Mistura considered a complex specific heat and energy

exchanges between sound waves and density fluctuations, they



(971

arrived at identical expressions, to lowest order.

Finally, consideration is given to the density correla-
tion function as the critical point is approached. The
influence of its long range behavior on sound propagation is
discussed, from which the motivation for the present experi-

ment follows.

A Normal Fluid
1. General Scattered Field for Dielectric

The theory of scattering from dielectrics is highly
developed; only the relevant quantities necessary to describe
the present experiment will be assembled here. No attempt is
made to be exhaustive or complete.

Consider the electromagnetic plane wave described by,

E(74) = Eo exp(((K-F-wt)

of polarization a (EO = ﬁEO), amplitude EO, wavelength A,
frequency @, and wavevector_ﬁ = QU/C)Q. A and ﬁ are unit
vectors specifying the direction of the electric field and the
direction of propagation, respectively. This wave incident on
a dielectric of polarizability (i(f,t) produces an oscillating
dipole moment ?(?,t) =<§(f,t)-§(?,t) which in turn precduces

a 1
at a point r the scattered field( >:

R A A =8, -
O]E (? t) = ne-rx(ﬂe-rXP(ﬁt) Idfl) l IR
o ¢t IR-rl teim T
Writing the polarizability as the sum of a space-time

averaged part, and a fluctuating part,

(7 t) = <>+ dRUR L)

and integrating over the illuminated volume, obtain the total



scattered field within the medium of refractive index n:

£ (ae)e [ WL AuX(henn (@ daee) )™
N c[R-r
For ﬁ far from the illuminated volume,
l§-7= ;bAR
FRR—rﬁyrf\REE ﬁff
K'= ﬁ,((wm/c)
muffr| 2 (R7) R

Therefore, the total scattered field is: oy
(RR-wt) = dRK)T

ERt)= *('%’)Z £ hex(Ag x [ |dF]| (O HE(E L)) £,
v

= = -
Note that if fd = 0,<oC>°Ea integrated over the scattering

volume is zero if V2>)P except in the forward direction,
—» —
k =k . Thus, only fluctuations in the polarizability

tensor give rise to scattering. For a static polarizability,
éi (?’t),= constantéii(?), the scattered field has the same
time dependence as the incident field. A general scattering
experiment measures the intensity, polarization, frequency,

and wave vector of the scattered field. These quantities

reflect the cross section, symmetry, temporal, and spatial

—

behavior of o, respectively. The scattered field then

fluctuates in the same way as the fluctuating medium.

Consider now scattering by gases and liquids. The
fluctuations of interest here are due solely to the trans-
lational and pure rotational degrees of freedom of the mole-

cule. Thus, vibration-rotation, and purely vibrational



degrees of freedom are excluded, i.e. the Raman active
modes. Collision induced scattering is also excluded. For
fluids, this means that the phenomena are described by
hydrodynamics, kinetic theory is not applicable. Thus,
the region of interest is for times long compared to colli-
sion times (~ 0.1 ps) and for probe wavelengths long
compared to the mean free path (this excludes essentially
rarefied gases). Finally, it is assumed that the probe
frequency is not coincident with electronic transitions,
i.e., the medium does not absorb any radiation. The scat-
tering of interest is referred to as Rayleigh-Brillouin
scattering. |

For a pure fluid having spatial isotropy,-ﬁ =d§.
Thus, the polarizability is scalar and the induced dipole

moment is always parallel to the electric field. Therefore,

ﬁKX(?\Kx(Ji-E‘;)) = A x(NexE) dot

Further, ﬁK.x(ﬁKxﬁo) = sing ﬁﬁ where ¢ is the angle between
N and SK , and Fh=8e/brw. € is the dielectric constant.

Therefore,

| [(RiR-wt) E,smp i Jfe-7)-F
B - - C() 2 o ﬂ . 6
E,(R.t)° (—;) ¢ T e e .

2 Measurable Quantities

-
From the scattered field expression, ES , the quantities

2)

accessible to measurement are



1.2 a I - <(Egiz> Average intensity

YA p%z)~ <ts@9 E'&+qﬂ> field correlation function

1.2 ¢ T (LU) = 21r G(')('C)(.’WTJ/C optical spectrum

1ad Gm(’f):<ES"(£)-ES¢)E;EHT)'E,&+?)> intensity correlation function
|2z Plw) > é?r /6(2)@ 9T s - power spectrum

For the present, the field correlation function will
be used to determine the optical spectrum. In the following
chapter, it will be shown how a power spectrum measurement
can yield the optical spectrum when the scattered field is
mixed with a coherent local oscillator field (heterodyne

method) . .

The integral over the dielectric constant fluctuations

may be written as
§ (3.t f[dr} e 07 felr)
where q k - k' is the scattered wavevector.
The optical spectrum is, from [ 2 ¢:
e B [ cotyosans &
or,

TGw= 2 (7 g sgdde 13

- 22
Ey Sing Ks
/o —
w=o, H~(6‘M )

Now the dielectric constant of a pure fluid is in

general a function of density and temperature, so that there

exists a dielectric equation of state: € = ((f T), and to

first order in Jf , &1?(3)



Z -[9€ =2 95 = L
nt) = =— rt) H — r,t
defor(Z2) Spre o(35) S T(7e).
It is found experimentally that € is only weakly tempera-

ture dependent, but is a strong function of demnsity. Then

the terms involving (fT are neglected and,

T(3,¢)= A /0) $p(7.0) K

Where

S/olo/‘?.) w) =z 2’;7 //ebl(?'?-w?)(f/*(ﬂ/ﬂ)f/ﬂ(f’/’f»/&F/J”C L5

(4
is the structure factor or dynamic form factor. )

From the definition of the Van Hove correlation

() G(f,c):
GlR )= P39 AT /P
SGw: & [T (cire)p)larlde

The total intensity is obtained by integrating over :
2 2y /26 \*
Is(7) A S(5) (575)1*
$(3) = 1+pflel €77 (00-)

(6
and g(r) is the radial distribution function.

function,

1]

) g(r) is
related to G(f,t) by:<7)

G(70) = dlF) + p g(7)
For normal fluids, g(r) is short ranged, perhaps

10 or 20 X, so that if visible light is used as the probe,



10

exp(iﬁ.f)= 1 and

S(3)= 1pfidl (g00-1)° PhsTH: /L
from the compressibility theorem 8 (note that from
translational invariance, the vector dependence of g may be
dropped) .

To proceed further, the density-density correlation
function must be calculated, and this depends on the particu-
lar system investigated and particular model used. There
are three means of obtaining correlation functions: use

(9)

of Onsager's hypothesis , the generalized linear response

(10) (12)

theory of Zwanzig or Mori's generalized Langevin

11 v
equation< ). In the next section use of Onsager's hypo-
thesis will be used to obtain the linearized hydrodynamic
equations from which the density-~density correlation function

is obtained.

3 Density-Density Correlation Function from Hydrodynamics
One procedure used to derive %?(ﬁ,w) for a simple,
pure fluid is outlined here. It follows the concise,

(13). Starting with

complete treatment of Berne & Pecora
the relevant conservation equations, and adding the consti-
tutive relations, the basic fluid dynamic equations are
derived. Then, Onsager's hypothesis applied to these
relaxation equations enables the calculation of correlation
functions. Onsager's hypothesis states that spontaneous

fluctuations in some macroscopic observable regress to

equilibrium according to the same equation that describes the
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macroscopic variable in its equilibrium state. Assuming
small fluctuations in the thermodynamic variables for the
fluid, linearized equations of fluid dynamics are derived.

The hydrodynamic approach was first described by Landau &
(14) (15)

Placzek and then developed by Mountain Modern
16
theoretical treatments are given by Lallemand( ), using
17
the generalized Langevin equation, and Pike( ), using many

body theory and thermodynamic Green's functions.

The variables of fluid menchanics are the
conserved densities: number density f’(?,t), momentum
density é(?,t), and energy density e(?,t). The conservation
equations are the following continuity equations:

—bf = =/ _
LIS v J(Ft) = 0O
ot
> JN - -
93("'6) + V- /C(f)t) =0
ot
. . . - -
9€(ﬁf) + V’ Te(r:t) 0
ot

The constitutive relations are:
J(Re)= pltt) W ()
/Cca‘/m(of.raw P&? - b(vt-caﬁ; 7 La—%j-a &é)q; o U &.?.
Je(F,t)—"(’/A/M/JuZw‘ VUt U-T-AVT
e'(Ft) local internal enerqy density
G}'t'"Pygﬂﬂ'Oza R .
TG VUV Jij)18V-Udey
a(ﬁt)t Vefoc.ty ?:bvf/(vlfcamfy 7]’S}lea,r Viscosity

M= mass per partice
There are five nonlinear partial differential equations

in the seven unknowns, ('0,§,e,P,T). Expressing two of
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(p,e,P,T) in terms of the remaining two closes the equations,
under the assumption of local thermodynamic equilibrium,
and using the equations of state. Because the fluctuations

about equilibrium are small, a linear expansion,

prpetp

€= €,t+%,
T To‘/‘T,
L —_— -
9 - 90+ 3.'

can be used to obtain the fluid dynamic equations in lineari-
zed form. These become:
aﬁ' + /% E;-Za =0
‘af —> —_— - P N
mpo 2T./39¢7 =V PtV IE, 4(5+ V) V (V- U)
T. 98/9t= AV*T,

where the energy equation was transformed to fluctuations
in entropy, s, (13). There are still seven wvariables,
( p,{ﬁ,,P,,T,,S,), and only five equations. Choosing
number density and temperature as independent, the pres-
sure and entropy can be eliminated (the choice (s, ,P, ) is

(18) (1)

equally valid, see e.g. Chu , or Benedek , or Landau &

(3)

Lifshitz ). Then

53:{%-;)T<f/0+/§§)/057"= \y
&P:%E)-r ‘W*(%)/XT: P
§T=T,

f= e (@) 5 -
To df’a

The final form of the 1linearized equations is:

9’ o‘ﬁ.—“:
5/% t o VU= 0

|
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2 (5.0 1 ok VD,V (5-2)= 0
9t ' Po

T .

SN Gl NPT N SV A
(s dpo 3t

where the various quantities are:
K= 15othermal Compress) bility

A therma | comducflwt'y

G = bulk viscosity
= Shear viscosity

L=(9P/9/0>T= )So khermal Sovnd ¢peed
Ve = @P/a(”)s = adiabatic sound speed

oLz = Up (9p/o7)p = thermal expananty

7’“ CF/CV = S‘Fec;ﬂc heat ratioe
D, (5+ ¥ 7;)/(/m/og): longitudinal Kinematic Viscostby

Dr= )\///m/oodf)= therma J,Mus;wty

13

The equations in the three unknowns (f,,T,,fiﬁ,)'are
to be solved subject to the initial conditions: f%(?,O),
T,(%,0), V-4 (%,0). Since this is an initial value problem,

Laplace-Fourier transforms are convenient. The density-

density correlation function is desired, which is found to
be:
X3, g,t) _g*ot - 4Tt
(f*(? 0)/0'(_? >:(/—’/7‘)€ T e T s wipt
<f9'(%;0) F;(9’0)> _ 1,77_{_,
Y7 blgle LY gyt

b= g(3T-Du)/fve) T =Ya((#1) D.+D,)

|/
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Fourier transforming this, the structure factor is, finally:

Sip(§0)= o= VE4TK; [(-) —P=%

C()Z'i’ ?DT 6z)Z

+ '/g" T'Céz

2 Nl R

The structure factor was derived under the assumption that
the spectral widths are small compared to the frequency
shifts.
There are five features to the spectrum:
- Rayleigh line, Lorentzian, unshifted, of width
) Tz =Drq”
- Brillouin doublet, Lorentzian, symmetrically
shifted by + wg(q)
and of width Té (q)

+vgq from the Rayleigh line,
E[e+4/3%) + A (7-1)/cp
zZm

- two peaks, non-Lorentzian, at the same shift as

fl

the Brillouin lines, which when added to them gives
an asymmetric shape; b(q) usually too small to observe.
Physically, the pure fluid has five hydrodynamic modes,
three longitudinal and two transverse. The transverse modes
are purely diffusive and do not contribute to the light
scattering spectrum. This is equivalent to assuming that
there is negligible heat conduction by the fluid in the

transverse direction to the sound wave propagation direction.



15

Of the three longitudinal modes, the Rayleigh line repre-
sents a purely diffusive mode; hence, it does not propagate.
It is the decay of entropy fluctuations at constant pressure.
The two Brillouin modes propagate giving rise to frequency
shifts. They are the decay of pressure fluctuations at
constant entropy. The interpretation follows from choosing
the entropy and pressure as independent variables. The two
antisymmetric components exist as a consequence of the
particular model: a damped harmonic oscillator sound wave

driven by thermal fluctuations.

B Critical Fluid
1 Changes in Spectrum

As stated above, the scattered field is a random vari-
able reflecting the space-time fluctuations of the scattering
medium. In particular, as the critical point is approached,
the spectrum changes in accordance with the changes occurring
in the thermodynamic quantities. The changes in the fluid
spectrum as T, (critical temperature) is approached are as
well known as the normal fluid spectrum. Again, only a brief
summary is presented here. For a complete account of general

(19)

critical theory, Stanley -should be cited.

As T -» T, , the major thermodynamic variables change
with temperature along the critical isochore ({0 =/%) as

follows:(zo)

€=(T-7c)/ Te
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where } is the correlation length, the fundamental scale of

-7 = 0.67%

the critical system. As T - T, , the spectrum is expected
to change as follows. The Rayleigh linewidth goes to zero
L)

‘Ed/a , while the linewidth diverges as ¢

The Brillouin shift approaches zero as

a(;//,x)

as
The
total cross section, proportional to the compressibility,
diverges as 6—?1

The xenon Rayleigh spectrum has been studied by many

(22) : . @D
researchers and has been reviewed extensively by Swinney

and Swinney & Henry(23).

Nothing further will be said about
it in this investigation.

The behavior of the xenon Brillouin spectrum is the
subject of this investigation. A review of all experiments
to date is presented in the following chapter. For now,

the formalism of the theories to account for the sound pro-

pagation is presented.

2 Brillouin Spectrum
a Kawasaki'Theory
In the mode-mode coupling calculations of Kawasaki,
the behavior of the sound velocity and sound attenuation is

determined by an anomalous bulk viscosity. Kadanoff & Swift(24)
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used mode coupling theory to determine the divergences
of the transport coefficients at the transition. The heat
diffusion mode (entropy fluctuation) was found to dominate
the dynamics of the transition. 1In particular, by consider-
ing all possible couplings of the five modes, they found
that, on the critical isochore, and for low wvalues of the
relaxation frequency ak(=.k/fCF§1'),A/Vg”3,'bfb‘éwy (perhaps
weakly divergent) and ¥~ €2 Building on these results,
Kawasaki considered contributions to the attenuation and
dispersion of a sound wave arising from the couplings of
two heat modes, two sound waves, two viscous modes (shear
viscosity), and a viscous mode-heat mode. The transport
coefficients were all considered to be complex, frequency
dependent quantities, .

D)= Y+ 4/3%(w), A = Aw)
which are related to the attenuation « (w) and dispersion

v(w) - v, as follows:

Nk ¢<,\a(&)) * 0(,16(5()) 1.9 a

A (w)= T ‘ 19 b
) (@ -—’/)—;;— Re ©(w)
4;”@)=%5[¢/377+>;3+A(-;V--g)] /9 ¢

V@-% o & T ey /.9 4

VD Al (P Vo

where v, is the zero frequendy‘soﬁnd velocity; the super-

scripts B & C refer to the background and critical parts of
a quantity, respectively. He found the two heat mode
contribution to the sound mode to be the dominant contri-

bution. The results were expressed as (29),
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oly () 7 QTF(T)f Hebt) 0 X I .

(+%2)° (¥ + K5 &)

v(w)~w - F) /0" w* X* dx
Vo (LT , (+%2) (w** + K)) /11

K, ) = 3y (1% (X°- /x) TAN"IX) /.12

P = 6T o o) R /13
;zvrl/ocv}’ (/ ¢ ) 3T )
A

S .-
w Z&(/,e l? IOCFEZ //lf

Note the integralsare functions only of ¢y*, i.e., they are
independent of q,®w , and the thermodynamic path followed,
and good for any pure fluid system.

The relaxation frequency &g has the following physical
interpretation. 1/tg is the time necessary for heat to
diffuse the distance of one correlation length. As T2 T,,
; becomesl exceedingly long while the heat diffusion rate
decreases. For a frequency &, there exists a temperature
where heat does not have enough time to diffuse over Ec‘
(critical slowing down) and the entropy mode exchanges energy
with the sound mode, resulting in dispersion.

The use of a complex frequency dependent bulk visco-
sity is not new. Compressible fluids must be described by ?)”
and for processes slow in restoring equilibrium (long relaxa-

tion times) ;’ can become large. For sound, \g depends



on the frequency of the sound wave i.e., there is disper-

(26)

sion. A discussion is found in Landau & Lifshitz

b Miétura Theory

Mistura has considered a complex, frequency dependent
heat capacity, A (w), to describe the energy transfer
mechanism to the sound wave near T,. Physically, the
attenuation and dispersion are similar to structural rela-
xations. The excess specific heat is related to the sound

speed by:

VARERRYA (M@L} /15

Cy +4 (w)

The attenuation and dispersion are related toA (@) as

follows:
o<§(w>:(_<c‘ﬂan/)’—g—; T Atw) 116
Vv
W:-(é i ,)»L Re a(w) /16 &
Vs Cy ZCp
The original Mistura derivation(27) and subsequent work by

Eden, et a1(28), give results identical to 1.10 and 1.11.

It should be noted that the first use of a complex,

(29)

frequency dependent heat capacity was by Fixman . He
showed that density fluctuation contributions to the heat
capacity gave rise to an anomaly in the dispersion and

(16)

attenuation. More recently, Lallemand has used a

frequency dependent heat capacity to model light scattering

19
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from a diatomic gas,

¢ Renormalization Group Theory

The current approaches to critical phenomena use the
critical exponents and scaling functions assumed in the direct
solutions of models and then consider how symmetry transfor-
mations affect parameters in the model. The set of symmetry
transformations is the renormalization group (RG). The
direct solution approach is usually very difficult to carry
out and RG may considerably simplify the detailed calcula-
tions. However, to date the RG is not a substitute for the
complete analytical solution. RG applied to critical pheno-

(30) (31)

mena is found in Ma and Hohenberg & Halperin

(32)used RG methods to re-analyze the sound

Nolan
propagation problem. The motivation for this calculation is
that there exist perturbative expansion techniques in RG
which are non-existant in mode coupling schemes. Higher
order terms in the expansions in RG are equivalent to
adding more modes and coupling more modes together, and are
easier to perform since their origins are rooted in the
calculations ab initio. Thus, to lowest order in ''¢" of RG,
Nolan reproduced the earlier mode coupling results of
Kawasaki(33) (the RG calculations are carried out for the
expansion parameter d - € where d is the dimensionality of
the system; d > 4, € > 0). However, the temperature dependence
of';‘was too strong and did not agree with the later Kawasaki-

Mistura results of the preceding sections. The calculation

was improved by using a 1/n expansion (n is the dimensionality
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of the spin vector), but then-scaling properties were lost.
In order to make a comparison with experiments, and avoid
higher order calculations, several ad hoc assumptions were
made. Nolan's results for d = 3 were:
c — — —
oAy (W)= TaTy e 7I7)
~—— - 2 ..__I_
|+ Muﬁﬂ(é‘w:Q%J+ fﬁ}
NVw)-Vo = v Ity)
=S¢ Im S —
Vs It Um((TTI6)+ )

Iﬁ):\/"Jil 1 ’

Q1?0+ ¥E) - T Oy

. . - 2
S is a constant set by experiment, u = 87 € /9, and n

was set equal to unity. The important point is that the
scaled frequency ¥ is given by:
_ cwi?
- — e ———
\Z/ 12¢//9
T
per

which for £ = 1 gives a E dependence known to disagree
with ultrasonic and Brillouin experiments on xenon(27’28’43)
(compare'i7with6d*).

Theée'results make an absolute comparison of theory
and experiment difficult. No mention is made of how to
calculate S. There is the (admittedly) erroneous ; depen-
dence, and assumptions were made (regarding the 1/n and
perturbation expansions) that are not easily interpreted.
Nolan nonetheless attempted to compare his results with the

ultrasonic data of Roe & Meyer(ga%n HéSand found his results

described the dispersion well and agreed with Fixman-Kawasaki,
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but neither his results nor the Fixman-Kawasaki results
described the attenuation. S was apparently determined by

fitting the theory to low 7/ data and attributing all depar-
tures from theory to higher frequency deviatioms,

Because of the arbitrariness in determing S, the in-
correct dependence on the correlation length, and since Nolan's
calculations still show substantial departure from the Roe &
Meyer data, this formulation of the sound propagation theory
will not be used in a detailed comparison of the data of the

present experiment with theory.

C Long Range Behavior of Correlation Function

Returning to the compressibility equation for the
normal fluid, ;

) =~ $6) = /+f/a/f/(3m-/) = pheThr /6
and with the asympftotic dependence of Kt near T, given
by, KT/V'egf it is seen that S(q) is modified near the
critical point, and that mathematically this is due to the
divergence of the integral at its upper limit. The enhanced
scatteringvnear Te 1is éritical opalescence. The divergence
implies g(r) becomes long ranged near T, . Ornstein &
Zernike<35) (36) (0Z) provided the earliest explanation of

the long range behavior of g(r). The net correlation func-

tion , Gy, , wWas determined to be:
l GJ/}
= ry-1] - S~ [ —> oP
Crer™ G071) 4R :
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f is the usual correlation length, R is a phenomenological
parameter. The basic assumption in the derivation is worth

noting. It was postulated that

Cralia) = () + /0[6(03) Gree (132) |47

where C(r,,) is a direct correlation function directly

12
dependent on the pair potential, and the integral represents

the totality of all indirect correlations via intermediate
points. Thus, all many body effects are averaged together

' 2 2 (36)
by this integration. With R =)§ /(/’kBT}G~) ,

—~ /71%6-r Kr
i) g .17

For many different critical systems, including fluids, it

is found experimentally that plots of the reciprocal scat-
tered intensity wversus q2 (Ornstein-Zernike-Debye plots) are
not strictly linear. As T —> Tc’ downward curvature is

displayed(36).

This has been interpreted to mean that the
0Z form is invalid very near Tc’ though there are a number
of equally competitive experimental difficulties, e.g.,

(48)

gravitationally induced density gradients and multiple

scattering(48’49).

From 1.18, it is seen that the critical and normal
regions for light scattering experiments in fluids depend
on q§:

q; & 1 hydrodynamic region
qF >» 1 critical region

When qz ~1, nonlocal effects must be included in a modified
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hydrodynamic theory. Forvq; 22> 1, no complete dynamical
description yet exists. Once again the fundamental scale
‘variable is the correlation length. As T — Tc’ } becomes
comparable to the wavelength of light. It is for this
reason that visible light can be used to probe g(r) in the
critical region (the short range behavior of g(x) in normal
liquids is accessible through x-ray and thermal neutron
scattering(37)).

To account for the expected departure of g(r) near TC,

Fisher(38) (F) proposed that,
- r/;
€
Gy Y —— >o /.19
Net 17 77
with % an additional critical exponent now called the Fisher
] 39
correction. Subsequent work by'Fisher—Burford( ) (FB &FT),

(40) (41)

Fisher-Langer (FL), and Ferer, et al has led to the
following forms for the scattering function S(q) near the

critical point:

(- h) Tan'(3k)
frr 7 (r7gt) A
G+ @gx) )"
J+ (14 1:58%) (3%)°

St Y

- D D
S, S . - Y _ A
FL (?;)(Z %) // (ﬂ)P W /22

[
(/+(3 L)) /2%
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The various parameters D, , Dz,gé, are defined in the res-

pective references. To date, no experiment on any critical
system has proven independently that 7 is greater than zero(aa)
(% =0 is the 0Z form). Most scattering experiments have

)

made use of the scaling relation theories of Kadanoff(é"5
(38) (46)

and Fisher , which predict that (2 -‘ﬁ V4 =2f, to
‘determine? . Measurements determine 7/ and 7, 77 is then
calculated; clearly this is not an independent determination
of %.

| Now the effects of departures from the 0Z correlation
function for Rayleigh linewidth measurements have been analy-

2
(4 ). They investigated

zed in detail by Swinney & Saleh
the forms FT, F, and FB and departures of the linewidth

from 0Z were calculated to be from 1% to 11% for 0.1 < q; < 10.
While experimental linewidths accurate to 1% are achievable
using digital correlation methods, not all measurements have
used this technique so that experimental uncertainties are

(23). Additionally, other corrections such as

generally + 6%
a vertex correction (higher order terms in the mode coupling
expressions), and a high frequency shear viscosity (nonlocal
viscosity) correction, are comparable in magnitude to the
correlation function modifications and mask their effect.
Even the accurate measurements by Chu, et a1<46) on multiple
component fluids, where the vertex and viscosity corrections
were taken into account, could still not distinguish among

the scattering functions above.

For the Brillouin spectrum, sound propagation involves
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the temperature derivative of the correlation funétion;
therefore, it should be very sensitive to the functional form
of Gud:(47)- This is the major motivation for the present
experiment: to discern departures from O0Z from Briliouin
scattering measurements in xenon. A secondary motivation
is to test the Kawasaki-Mistura theories, especially in
the high frequency region, @*>10.

In particular, the Kawasaki-Mistura integrals for the

dispersion and attenuation were displayed previously for OZ.

If the correlation function dependence is taken into account,

(43) |

: J(M*J:/; (x a))” a** d x Y

U 2
KoX) + w*

. 2 as) wr k) dx
¥) o # .
£ (w ) /o Kozé() t a/xl / 25

then

gt)= =L [ G Y
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CHAPTER II
REVIEW OF THEORETICAL/EXPERIMENTAL WORK

A. Sound Propagation Experiments in Xenon

On the basis of the frequencies that may be covered,
sound propagation measurements divide easily into ultrasonic
and light scattering methods.

Ultrasonic methods for critical xenon range from 1 kHz
to 7 MHz. At the low frequency end, sample cells or resona-
tors become physically large. At the high frequency end,
the attenuation of xenon near T, becomes so large as to
place the detector at its limit of sensitivity.

Light scattering is further divided into interfero-
metric, and light beating methods. Interferometry covers
the region from 300 MHz (near T,) well into the gigahertz
regime (far from T,). The low frequency limit is imposed
by the practical difficulty of maintaining two mirrors para-
llel to fractions of a wavelength over large separations,
and by laser frequency stability. The high frequency
measurements in xenon have stopped at a few hundred mega-
hertz. This is due to the small sound velocity of xenon,
which determines the shift, and to the low intensity signals
from gases far from T,.

The range from 1 - 100 MHz may be covered by light
beating in the form of heterodyning with spectrum analysis.
At the low frequencies, scattering angles become exceedingly
small,},O.lo, and are difficult to measure. The high fre-

quency limit is imposed by signal considerations. For



coherent detection, at least two photons per optical band-
width per measurement time are needed. The Brillouin spec-
tral density diminishes rapidly with increasing scattering
angle, since the intensity is approximately constant, but
ng o€ ¢,

These methods will be briefly reviewed in terms of
what 1s measured, advantages/disadvantages, and limitations.
Previous sound propagation experiments on critical xenon

will be discussed.

1 Ultrasonic Experiments
The probe is a sound wave of fixed frequency forced
through the fluid and generated by a piezo-elastic quartz
crystal transducer. Velocity is determined from measure-
ments of either displacement and time delay, or frequency
and wavelength. Absorption is determined from the ampli-
tude change of a known signal over a known distance, and by
comparison with an unattenuated wave derived from the same
source. Two instruments have been used, a resonant cell
and pulsed interferometer.(l)

The resonant cell is a cavity of known simple shape.

It is filled with the sample, then excited externally. The
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resonance curve for particular modes is determined, and/or the

decay of pulsed waveforms from a given source. This method has

yielded the lowest frequency sound velocity measurements, and

over a wide range of temperature and pressure. Corrections

for cavity end effects, complex calibration, difficulty in

separating losses in the walls from those in the liquid, and
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the short path lengths required for high frequencies are the
disadvantages and limitations. Near T,, high attenuation redu-
ces the strength of the resonance and broadens the resonance
peak, making it difficult to determine the center frequency.
This is the fundamental limitation.
Kline & Carome(z) used the longitudinal modes of a cylin-
drical cavity to determine the velocity from the relation,
v = 2df, where d is the acoustical length, and 6 kHz <f £ 11
kHz. Density ranged over .93<fﬂ/ PC < 1.11, temperature
-0.1° ¢ AT < 10°C. Errors in velocity were 1 - 2% near T
and the attenuation was not determined. Dispersion was evi-
dent when their data were compared with the .55 MHz data of
Mueller(3)'

Garland & Williams(a) measured the. resonant frequency of
an azimuthal mode in a horizontal annular cavity where v =
2 q rf, r being the radius. The advantages of this geometry
over that of Kline & Carome were longer path lengths (lower
ffequencies), and short vertical height so that gravitational
gradient effects were a minimum. No cavity end corrections
wére needed, and the azimuthal mode was well separated from
other modeé. Data were determined on the critical isochore
for (f)< AT < 2°C, and for frequencies over 0.6 kHz £ £ & 3
kHz. No dispersion was detected in this region. Results
for £ = 1 kHz were shown to be the zero frequency limiting va-
lues of the velocity, within experimental error. This was an
important result since comparisons of data with the Kawaski-
Mistura predictions of dispersion (v(w) - vo) and attenuation

demand accurate values for Vg -
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The original pulsed interferometer consists of a sample
placed between two transducers, one acting as source, the other
as receiver, Velocity is obtained from the time a sound pulse
takes to get from source to receiver for a known transducer
spacing. The received pulse can be compared to a similar pulse
of the same frequency emerging from a calibrated attenuator.
The change in attenuation (amplitude) as the path length is
varied gives the_absorption. Compared with older continuous
wave interferometer designs, pickup of input excitations,
transducer coupling perturbations, and the low Q of lossy sam-
ples are eliminated. However, to achieve signal separation in
successive pulses, long path lengths and high frequencies must
be used. This causes additional delay and amplitude loss in
the pulse. Also, diffration corrections are necessary.

(5)

Williamson & Eden improved the pulsed interferometer
method by phase comparison of the signal with a coherent
reference signal. Phase sensitive detection in a balanced
mixer provides linear output and high sensitivity, and boxcar
integration improves the signal to noise ratio. Corrections
for phase shifts at the transducers are avoided by differen-
tial path measurement. Diffraction effects must still be
accounted for, and the ultimate limitation is the high attenu-
ation near T,. Velocity accuracy of + 0.2%, and attenuation
accuracy of + 2.0% have been claimed.

This improved technique was used by Garland, et a1(6),“and

Mueller, et a1(3) for frequencies of 0.4, 0.55, 1, 3, 5, and
o
7 MHz, for /0//00= 1.01 and -0.8< AT < 20°C. Thoen & Garland

@)
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used the same method at frequencies of 0.6, 1 and 3 MHz, —O.lo

4T < 0.5°C in both coexisting phases, and for densities near
the critical isochore. 1In addition, dielectric constant mea-
surements were performed at each point to accurately determine
the density in the latter experiment.

It should be mentioned that the earliest investigations
of xenon were performed by Chynoweth & Schneider(S). Velocity
data were obtained for —1.450£AT £ 2.120C and for 0.25< £
< 1.25 MHz. A 6% dispersion was reported between these fre-
quencies near the transition, whilé less than 1% experimental
error was expected. Attenuation measurements were unreliable,

and only reported for .25 MHz, but it was mentioned that attenu-

ation became frequency independent near Tc.

2 Light Scattering Experiments

As presented in Chapter I, the Brillouin spectrum gives
the sound velocity from the frequency shift, and the attenu-
ation from the linewidth. The wvelocity is determined from
the relation, v = fBAO/(Zn siné8/2), where fB is the frequency
shift (Hz), ’Ko the incident laser wavelength, n.the refrac-
tive index, and @ the scattering angle. The attenuation
(per wavelength) is 06\= 27TT;kuB (T% in rad/sec). It is
seen that by wvarying the angle, a different thermal phonon
is selected for measurement.

The advantages of light scattering are the resolution
achievable with present instrumentation, the higher frequen-
cies attainable (compared to ultrasonics), and the fact that

a minimal amount of perturbation of the system is introduced
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by the measurement process. From previous determinations of

(45)

Brillouin shifts and linewidths instrumental resolving

’

+
powers of 10+5 - 1077 and 10 7 _ 10" are needed, res-

pectively. The best pfesent day Fabry-Perot interferometers

+ +
are capable of 10 8 . 10 ? resolving powers, while light beat-

ing methods are capable of ]_.O-'._14

a Interferometry
: (9
Cummins & Swinney used a piezoelectrically scanned,
confocal Fabry-Perot of 5 cm plate separation. The resolving

power was 10+6 - 10+7

, the free spectral range about 1500 Miz,
and scattering angles of 40° and 90o gave frequency shifts of
158 - 189 MHz, and 302 - 364 MHz, respectively. Only dis-
persion data were obtained as the linewidths were not resol-
vable. The temperature range was 0.59<‘4T < 1OOC, along the
critical isochore.

The free spectral range of a confocal Fabry-Perot is
AV = c/4d, where d is the plate separation, and c the velocity
of 1ight(10). The resolution (in frequency) is determined by
dividing AV by the finesse. For a confocal instrument,the
finesse is . 77/ (d(1-R)), where R is the reflectivity coeffi-

(10). A resolution in the area of

cient of the plates
10 - 30 MHz would be considered good enough to resolve the
linewidths expected. This could be achieved either by having
mirrors of high reflectivity and excellent surface quality so
that the finesse is large or by decreasing the free spectral

range. Mirrors of high reflectivity are easy to obtain, but

surface figure will ultimately limit the finesse. Very good
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finesses are 50 -~ 80, with over 100 considered to be excep-
tional, A decrease in the free spectral range means large
plate separation, but it becomes very difficult to maintain the
plétes within the required parallelism. Also, the laser line-
width enters into the intrumental response, and laser frequency
stability better than about 1 - 10 MHz is difficult to achieve
at present.

An additional limitation is imposed by the spectrum it-
self. In interferometry, the complete‘spectrum is seen, so
that the Rayleigh line overwhelms the weaker Brillouin com-
ponents, the more so as T, is approached. Instruments of
high contrast (r\1106) are required.

The only other interferometric measurement was that of

(11)

Cannell & Bendek who used two pressure swept confocal
Fabry-Perots in tandem. Their resolution was 20 MHz, and
contrast ﬂJ108. Frequency ranged over 436 <’fB‘< 576 MHz
for @ = 1700, and 0.1°< AT < 20°¢ along the critical iso-
chore.

Simultaneously sweeping the transmission functions of two
separate instruments while maintaining their relative align-
ment is very difficult. Slight temperature fluctuations or
vibrations can cause the mirrors to drift out of alignment.
The great advantages of this approach were the resolution and
ccontrast achievable. The free spectral range was that of the
smaller plate separation instrument, while the resolution was

better than either separate Fabry—Perot(lZ). The contrast was

the product of the individual contrasts. Cannell was able to

come within 125 MHz of the Rayleigh line and see an additional
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non-propagating mode centered at the Rayleigh peak, and exten-
ding between it and the Brillouin peaks. Complete Brillouin
linewidth data were obtained by accurately deconvolving the

(13)

instrumental response from the observed spectra

b  Light Beating

In light beating, no optical frequency filter is used as
in interferometry. Scattered light is imaged directly onto the
detector. It is mixed with itself, homodyning, or with a co-
‘herent reference, heterodyning. The photo-current spectrum
is then analyzed either in the time domain with a correlator,
or in the frequency domain using a spectrum analyzer. The
heterodyne method was used in this experiment; an extensive
discussion is presented in a following section. Here, a brief
discussion will be given explaining why heterodyning, as oppo-
sed to homodyning, must be used.

Present day correlators are multichannel devices with the
fastest sampling times iimited to about 10 ns. For a typical
60 channel device, assuming that at least two decay times are
spanned (twice the half width), the upper frequency limit is
0.6 MHz. This frequency response is too low for even the
lowest scattering angles of interest in Brillouin scattering.
On the other hand, spectrum analyzers are available covering

frequencies from 1 Hz to 40 Gz (14)

Heterodyning adds a
strong local oscillator (LO) to the weak Brillouin signal.
Consider an idealized case where the (Stokes only) Brillouin
signal is represented by A cos aht and whose width is a delta
function in frequency space, and the LO by B cos &,t. Then

2
the output current of the square law detector, i(t) = (A cos
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ah_t + B cosav2 tf% will contain an a.c. compounent, AB cos

@Wl - tﬂz Yt, which is the signal of interest. 1If A<LB, the

power is increased from A2/2 (the d.c. current of the signal

alone), to AB, or a factor of 2B/A. This conversion gain is

obtained with no increase in noise. If homodyning were used

under the same conditions, then the LO is the signal itself but
since it is so weak, there is no gain. The combination of re-
latively high frequency and weak Brillouin signal dictates the
use of the heterodyne technique and spectrum analysis.

The only optical heterodyne Brillouin scattering on xenon

was done by Eden & Swinney(15’33).

Spectra were obtained for
angles of 0.6°, 1.3%, 2.5%, and 5° in the vapor phase below T,
for 0.2 £ T, - T < 7°C and frequencies in the range 2 <f;< 24

MHz on the coexistance curve.

B. A Fundamental Difference between Ultrasonics & Light Scat-
tering

While the two methods above are obviously experimentally
different, it is of greater importance to note that they mea-
sure physically distinct quantities. In the case of ultra-
sonics, a travelling wave is forced through the fluid and the
wave decays in space as it propagates (spatial absorption).

For light scattering, naturally occurring thermally driven
waves (thermal fluctuation) decay in time (temporal absorption).

The reason for this dichotomy is easily seen from an exami-
nation of the dispersion equation Mountain obtained for the

spectrum by solving the hydrodynamic equations:(l6)

$+ (asp)qist + (W gt eaDrgl)s e a W g/ 0 2]



39

where s is the Laplace transform variable, q the wavevector,
Vs the zero frequency sound velocity, 74the specific heat ratio
the longi-

T
tudinal kinematic viscosity ((4/3‘@+—;)/P). Both s and q are

. (Cp/Cv), a the thermal diffusivity (,ﬁ/f>Cp), and D

in general complex, so that there are four unknowns to be deter-
mined from this equation, the real and imaginary parts of s and
q. By choosing the experiment, two of these quantities are
fixed, the remaining two are obtained from those specified. For
the ultrasonic experiment, the sound frequency is real, the
wavevector complex, and the ultrasonic velocity is:

v, = W/ (Real q) (spatial dispersion)
For light scattering, the wavevector is real, the frequency
complex, and the hypersonic velocity is:

v = (Real W) /q (temporal dispersion)

For the zero thermal diffusivity case, a = o, exact exp-

(17)

ressions for Vh and v, were determined by Mountain
(18)

, and

Fleury and Boon

+  JZ Vo (1+D2 W) " .

(1+ (14 02 w3 V7))

o= v @ =+ v, (/- 03 A e#vA)* 23

Note that the thermal diffusivity is obtained from the Rayleigh

v, = Vu (cw)

linewidth.

The form for l' is:
R 2
" = aq

R

This expression in the critical regime becomes(lg),

o~ e? Pe* ey ous

which shows the thermal diffusivity becomes very small. Thus
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taking a = o in the‘dispersion equation is a very good appro-
ximation near Tc’ The phase velocity is seen to have positive
dispersion for Vi (W), but negative dispersion for vy (@ .
Mountain identified Brillouin scattering with temporal disper-
sion and away from T, the phase velocity derived was (to q2

terms)(zo):

332+ a D273 @)
VH(Q) =Vo( 1+ 2 2(1/[/03 . DTZ‘P”')

which exhibits negatiwve dispersion.

Now near T, sound dispersion expressions were presented
in Chapter I as derived by Kawasaki and Mistura. These expres-
sions should be use& in testing scaling relations and critical
phenomena predictions. But features of the spectrum must
'still be derived from scattering theory which relates observa-
bles to the dynamics of the fluid. Predictions for the cross
section are derived from explicit models for the fluid. Even
away froﬁ T., the classical hydrodynamic model of Mountain
above is inadequate for even a simple fluid such as xenon.

The next simplest model envisions some internal degree
of freedom of the fluid that couples to the translatiénal
degrees of freedom. There will be coupling between a structu-
ral mode and the thermal modes describing the density fluctu-
ations of the fluid. The internal degree of freedom is des-
cribed by a single relaxation time process appropriate for
treating irreversible processes that are slow in restoring
equilibrium(ZI). Zwanzig(zz) showed the single relaxation
time model was equivalent to a frequency dependent bulk visco-

sity and that an explicit determination of the internal re-

laxation process was not required. One could, for example,
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describe the rotational kinetic energy of a relaxing diatomic

gas by a relaxing complex specific heat. The real part of the
specific heat determines the wvelocity, and the imaginary part
gives the damping. In view of Zwanzig's results, the complex
specific heat may be rewritten in terms of a complex bulk vis-

cosity(23).

Recall that Kawasaki's mode coupling expressions
are based on just such a relaxing complex bulk viscosity, and
Mistura's expression on a similar specific heat.

(

Mountain 24) later predicted the spectrum for such a model
and showed it consisted of the normal Rayleigh-Brillouin peaks
plus a fourth non-propagating peak, the Mountain mode. This
has a width proportional to the relaxation rate for the bulk
viscosity,’B_l, and is usually seen as a broad background cen-
tered at @ = O. It was shown that negative dispersion 1is pre-
sent in the same form as in the non-relaxing case. For values
of the wavevector appropriate to Brillouin scattering (q ~/
SOOOcm“l) in liquids, negative dispersion is not usually seeﬁ
since DTq << v, in equation 2.3. Mountain and Litovitz(zs)
calculated the velocity and separately the negative disper-
sion, for €Cl, by numerically solving the dispersion equation.

A change of less than -0.2% was expected for the dispersion.

The result was that the increase in velocity due to the relaxa-
tion in ;’ completely overwhelmed that due to temporal absorp-
tion resulting in a net positive dispersion. The internal
degrees of freedom (rotational) are seen explicitly so that

this model is expected to give correct results for CC14. In
the case of xenon there are no such internal degrees of freedom,

a primary reason for choosing it for study initially. However,
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the critical theories are built on a complex bulk viscosity

and as stated above the exact mechanism for a structural relaxa-
tion need not be known. From the analysis of Cummins and Swin-
ney(g) both light scattering and ultrasonic data exhibit posi-
tive dispersion, with the light scattering data giving at least
+(2 ~ 3)7 dispersion ((v(w) - Vo)/Vo). It is seen that the
anomalous behavior of the bulk viscosity near T, provides a
structural relaxation mechanism so large as to overwhelm the
negative dispersion due to Brillouin scattering, resulting in
net positive dispersion for the light scattering measurements
as well.

Further evidence that the relaxing bulk viscosity model

should be used to describe even a simple liquid like xenon

was provided by Cannell. D He observed the predicted Moun-
tain mode in xenon with T = .3 x 10-9 sec (for AT = lOC).
Cannell interpreted the Mountain mode as arising from a
structural relaxation. Two relaxation times are produced,one
is the thermal diffusion time discussed earlier,CdR = (A/
(f)Cp) ) ; '2, and the second is the time required for a sound
wave to cross a correlation length,CU; = V /¢§. Cannell's
high resolution measurements enabled the observation of the
regime where C%;))’ZJ>>DTq2. The structural relaxation was too
slow to affect the Brillouin line, but too rapid to affect the
- Rayleigh line. The structural rearrangements must occur at

constant pressure ( T > C();—l ) and constant entropy (T <<
- (26

(Dqu ) 1 ). )

27)

Deguent and Boon used generalized hydrodynamics and a

generalized regression of fluctuations theory (GRF) to obtain a
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more complex dispersion equation than Mountain. The GRF theory
is an extension of the single relaxation time hypothesis. How-
ever, it is more general since no assumption is made about the
duration'of the process relaxing toward equilibrium. Trans-
port coefficients become transport functions. The equivalence
of the phenomenological GRF theory to the master equation-
autocorrelation funtion formalism of Boon and Deguent(zg) for
generalized hydrodynamics was demonstrated. They also com-
pared the GRF theory with the single relaxation time model of
Mountain. The low and high frequency limits were identical,as
expected. However, in the intermediate frequency range their
expressions yielded better results when compared to data for
CClA.l Assuming that the kernel of the transport equation had
a single, simple pole (single characteristic frequency), they
derived the bulk viscosity, attenuation, and both vy and vy.

Their results were:<29) Y
2
et Ve (p g @B, el
\E{ Vo V

74
et c € (w) fe] > V72
v ]2 \c/ol (/+ wpi“ *+ V;‘)

(@5 ) &
'/‘“c'/““‘ : }:(/ U o Via)) /fvaw }]
a 2
clo) = Yo+ i s B wp

Dispersion is positive for both ultrasonic and hypersonic

velocities. The ultrasonic velocity was always found to be
. 2

greater than the hypersonic velocity, and Vh Vu T Vo (vg =

9F>/aﬂs). In the high frequency limit, Vy = Vhp = Vp and in
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the long wavelength limit, v = v, = v

u o’

As stated above, Mountain identified the Brillouin fre-
quency as temporal dispersion but it was pointed out by Mont-
rose et al(so) that the peaks were actually thermally driven
resonance lines, that is, the scattered light is modulated by
the acoustic mode driven in turn by random thermal forces (tem-
perature fluctuations). Therefore, phase velocity is not the
Brillouin frequency divided by the wavevector of a temporally
damped wave. The Brillouin lines are Lorentzian only for a
freely decaying system; the driven system is distinctly non-
Lorentzian.

This difference in the Brillouin phase velocity was
emphasized by Bhatia and Tong(3l) who analyzed algebraically
the dispersion equation for a system with complex bulk visco-
sity. The Brillouin phase velocity, Vo = &% /q, must be
identified from the expression for the spectrum S(q,W) by
finding the maximum of S(q.,d). Mountain's own four peaked
spectrum was used to find the extrema. In the limit where

Vo 4 TKL,
V' g Je kg o) (v /vt 1) (Ve /Y 3)

Vs
whereas in the same limit for Vi, |

V& ~ a 2,4 a a_
v} ~ =k (gt (it 1) (Ve W= 8)

2 . .
For qﬁ/vg > 3 VB showed negative dispersion. For

3 L zz/vg <;4 . there was a range of voq’? (v, aT~.5 - .75)
where there were no Brillouin peaks. For vza/vo 2 3, there is

obviously a great difference between v_ and Vh however, no known

B
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liquid fulfills this requirement. For voq'2’= 0.5, v, dif-
fered from Va by + 13.5% and vy, differed from Va by 28%. Only
when the sound absorption per cycle was much smaller than one
(v%g /vi - 1 £ 1) were all three velocities comparable.

It is clear that the Brillouin frequency may be viewed as
a temporal dispersion process, but not simply a freely decaying
wave. The relaxing bulk viscosity model, which leads to the
additional Mountain peak, seems to be the most appropriate in
view of.Cannell's experiment. Care must be taken in determin-
ing the sound velocity from the spectrum. When comparing velo-
city and attenuation with specific models, the Brillouin shift
must be identified from the extrema in the cross séction, which
also depends on boundary conditions. If the four peak model
spectrum is to be used to fit daté, it is of dinterest to cal-
culate the changes expected due to the additional central mode
(Mountain mode) .

The effect of the Mountain mode on the Brillouin peaks

is to push them away from the Rayleigh line and introduce
additional asymmetry; the low frequency side bf the Brillouin
peak has greater spectral density than the high frequency side.
The expected shift for the Brillouin lines for a bulk viscosity

which relaxes in time 7? is: (32)

Wy = = [ 7 O~ 1 + L1 ) s v ]/‘"]

while the hypersonic frequency would be simply:CUB = V4.

Using Cannell's data for xenon atjl = l.Of)C:<ll)

b
1.18. x 10 cm/s
1.34 x 104

it

Vo

cm/s

i
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1.268 x lOZ\t cm/s

2.25 x 105 cm‘l

<4
Hi

h
q

_9‘
T = 0.35 x 10 ~ s

il

in the above expressions, obtain for CUM and (dB:

W, = 2.840 GHz

&hs = 2.835 GHz
The Brillouin line has been shifted away from its expected
positioﬁ by an additional +0.2% due to the presencé of the
Mountain mode. A similar calculation for data at AT = 0.1%
yields a shift of +0.9%. For the present experiment, these
changes are less than the experimental uncertainty.

Cannell also noted the intensity of the extra mode in-
creased near T, and for 4T =»O.1OC, its integrated intensity
was twice the integrated intensity of one Brillouin component .
This should make a difference in the ratio;IR/(ZIB), which for
low frequencies is the classical Landau Placzek ratio: CP/CV-l.

Due to the nature of the spectrum-analyzed heterodyne
experiment, the complete Rayleigh-Brillouin spectrum cannot be
seen in a single scan of the instrumentation as it can be in
interferometry. Either the Rayleigh or Brillouin line can be
scanned separately. Additionally, though the local oscillator
mixes with both the Stokes and anti-Stokes Brillouin components
in the scattering volume, spectrum analysis does not detect
"negative" frequencies. Thus, the anti-Stokes and Stokes com-
ponents are folded together by the post detection signal pro-
cessing. Typically, the experimental scan range is only six

Brillouin halfwidths. Therefore, it is not possible to detect



47

easily the presence of the Mountain mode by looking for an
increase in spectral density between the central component
and Brillouin line. It is not at all possible to obtain inte-
grated intensities., For these reasons, and the fact that the
Mountain mode induced line center shifts are so small (note
also that the Mountain mode width is about 3000 MHz), the four
peak model spectrum will not be used to fit the data of the
present experiment.

Finally, consider the spectrum presented in equation
1.8. The asymmetric terms bring the Brillouin frequency clos-
er to the Rayleigh line, compared to the original spectrum de-

(16)

rived by Mountain that did not include these terms. But

these terms are preceded by a factor,

b(q) = 4 3 TB-Dy)

(C,/C v,
Let us now examine this factor near the critical point. The
' 19
quantities in b(q) become,asymptotically near TC:< )
T. ~ - (F-o)
B
D ~v C'-y
Y ~(7-4)
C,/C,~ € with 7'~1.2, o{20.1, ¥x0.6

so that b(q)/x/(q/vb) €”5(€"1 - 1) which goes to zero near Tc'

At AT = 1° in xenon at the critical density, and for q = 6000
cm_1 (largest wavevector of the presént experiment) , v0= 106 m/s
and the factor b(q) = 1.9 x 10—3. In addition, it will be shown

in a later chapter that the instrumental effects of the present

experiment are quite difficult to deconvolve from the observed

spectra. It is not expected that the deconvolved spectra will
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be accurate enough to shéw the departures from the simple
Lorentzian lineshape when the asymmetric terms are included.

From the discussion in this section, it is concluded
that the Brillouin spectra for this experiment will be well
represented by a simple Lorentzian lineshape. The Rayleigh-
Brillouin spectrum is then that of equation 1.8 with the last
two terms discarded, since b(q) is so small. This is in fact
the original spectrum derived by Mountain from the simplest

)
hydrodynamic model.(l )

C. The Heterodyne Method

1. Power Spectrum Derivation

The heterodyne photocurrent power spectrum for Brillouin
scattering in a liquid will now be derived. Classical cohe-
rence functions can be used to describe all optical fields.(34)
The fields themselves are complex analytic signals of space and
time. Since in an isotropic monatomic liquid the fluctuations
in the polarizability tensor are mainly due to density fluctu-
ations, and these contribute no off-diagonal elements to the
tensor, the scattered fields will have the same polarization as
the incident field. Thus, vector notation will be dropped;
the scattered field has the séme polarization as the incident
laser field. Also, spatial dependence will be disregarded
since the fields will be assumed to be completely spatially
coherent. The last assumption implicit in the derivation is
that the power spectrum measurement takes an infinitely long
time so that by the ergodic hypothesis a true ensemble averaged

value of the scattered fields is obtained.
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If the instantaneous field is E(t), then the intensity
I(t) at the photocathode is JE*(t)E(t) where % is the isotro-
pic quantum efficiency. From the field, one defines the
first and second order normalized field correlation functions

as:(35)

0,0 - EM) Ebrt)) |
9 (t) (B E)) 2.7

!

?(4) f) = EXH) £R) X447 £(tr)

(B £6)H* o

Lim | T ;
where <> denotes a time average: <f(t)>::: T->o0 T[TF@JOM-
The photocurrent, i(t), is simply e E*(t)E(t), where e
is the electronic charge. Now the photocurrent correlation
function has two parts, one due to the same electron, and the
other due to two different electrons detected at times t and

36)
t+ T Thus, the photocurrent correlation function is:(

(i) i)y = €7 PEEG £ + EYPER) ) EXfra) et T)> 2.6

For this heterodyne experiment, the local oscillator
field is that of an amplitude stabilized single mode laser

(37)

that may be represented as:
Epo(t) = Epg exp(-1@p4t) . 2.7

A factor, exp(-id(t)), has been dropped, since it has been

shown that the photocurrent spectrum of the laser exhibits

no light beats due to random phase modulation§38) Now the

total field at the photocathode is the LO field plus the scat-

tered field:
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E(t) = ELO(t) + Es(t).

With this total field, the first term of 2.6 reduces to:

e 78e) 0 By = (T + Teo) e fle) = (Kie> 7 ue) €4 2.8

The second term of 2.6 reduces to:(39)

CR OO [T OB + < GG E D)
+ <E§(t) E ) ES*(H'T - (t+’l‘)>]+ 6.177’1(1.40 + o IL0<I\5'>) 2. ?

which may be rewritten using 2.4 and 2.5 as
W, T
LL0<LS>[CL wLo’EgS @)+ e -t Lo (l) @)] +<LS'> ?J’ (Zj > [’Ao + 2 040<L5'>

Thus the complete correlation function is:

Lig)iera))y = e ) (Llsy +0)+ oyt 2L,<sD
L @

i ) i, e gl e T 9 )]
2.0

Now the Wiener-Khintchine theorem(40) may be invoked to

determine the photocurrent power spectrum:

| < , .
Plew) ° Iv“rf ¢ T L)y e

0

Substituting 2.10 one obtains:
Pw)® F5(4e> + g4t +20,40) S )
+<‘“s> f ? ()g“"¢c/n | 2.1/

+ tL0<i/S>
2.7

ooédm“ [éi%o’c?g)@) ye ot O) (T)]o//c

- 00

The first term is the shot noise term and is an overall back-

ground constant. The second term is the d.c. term which will

not appear in an a.c. coupled spectrum analyzer. The third

term is the homodyne term and the last contains the heterodyne



spectrum.

It was shown in the preceding chapter that the spectrum
for a pure monatomic liquid exhibits a Rayleigh line and two
Brillouin lines. Now the Rayleigh line acts as a local oscil-
lator in relation to the Brillouin lines. The Rayleigh line

is at the same frequency as the laser field. It may be regar-

ded as having negligible width compared to the Brillouin lines.

However, its intensity changes by about three orders of magni-
tude as one approaches the critical point. This intensity
will not be small compared to the LO intensity provided by
the laser light scattered elastically from the windows of the.
cell. Thus, although the Rayleigh lineshape will not be seen
in the heterodyne power spectrum, it does mix with the Bril-
louin lines and serves as a second LO. In addition, since
(is> appears in the shot noise term, it is immediately obser-
ved that the background constant will increase dramatically
as the critical point is approached due to the divergence of
the Rayleigh intensity. The weak Brillouin intensity changes
little near the transition temperature, so it becomes increa-
singly difficult to distinguish the Brillouin signal from the
background; Ultimately, the fluctuations in the background
will limit the achievable detectivity.
The function ggl) (T) for a pure monatomic liquid was

shown by Mountain(l6) to be:

(1) -i%T(-Tt

) = - +Cy/¢c
8, () e e R (cp cV)/cp v Tp

where T% = Rayleigh linewidth

e'TTI\S cos wBT) = e—e

Ty = Brillouin linewidth

&

Brillouin frequency shift

CH T

()
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Q.
il

incident laser frequency

[¢]
il

specific heats at constant pressure,
volume, respectively

For random Gaussian fields, the second order correlation

function is related to the first order correlation function
by (32) 2

: 1
gD = 1+ g ()

Thus the third term of 2.11 becomes, with 2.12, 2.13:

(Ls>/(i7/‘)/ 6”0 ? (fc)J/C‘ 4as>/ ccuf//+/ 01{7/ )o/’é‘

o T _ A .
S y(w)df.zk/ (eTRT ¢ cv o T voo 032 e Ty
(4

Expanding the last lntegral term:

<Ls> {/ g —»Ufe/f (S‘,e_‘__c_t/.) d 2.4 a
© we -Ap7T A J,ﬂ A
7T T Pty d o 2.
~(‘”«*VB>T Cp=Cr ﬂz) oS wpT e
+2f ‘e ( ¢p )(cf 8 g
Equation 2.14 a becomes immediately:
RN _C & T T
sy (_C_{:__",) -—ffg—fl—- 2, /8 a
CF G{Tk) + &fl
. i@ -ie
Using the identity, cos @ = %(e + e ), equation 2.14
becomes 7 :
ca/’C‘ 2lg T (a4WsT  _iaalT
f (CV) e T (e ) g
- a A@QTp)/T | aTs/T
R A UL VVE SO Vi P
a1 Vel 4L (amle ot @) +@*24s)

and equation 2.14c becomes:

QQ (ﬁ/,_)( >/-°"€[w’c{-(]7k+ T’@)T(€L‘w5fc+ e_mﬂ)J@
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’\(ELC.K) {Eﬁ> (1 To)/ 7 2.5 ¢

(lﬁi'rb 1‘62)+Cdﬂ)

- The Lomplete third term of 2.11 is, from 2.15a, b, c:

LS )10 (Com Gy 27p/7
<5> () ( ) (277'?);*&)—1
2 @.TB)/7T $172,/17
4 3
+<Ls>( ) (2 T'@) (Q\/"@)A'I‘(Wil&/@)
T <Us .__L~= /6
o ) () [ ] 2
This may be 51mp11f1ed using the folloy;pg 41)
T' ~ € ¢) T,@ ~ £
(YA %cm < = 0./
‘6 >> > o

2
C’V/CF ~ € °< </ (@V/C <‘</
0= Cp\ > 37” A4=Y
(%) Te ~ € =2 O
(note: even at AT = SOC, for the largest angle of the
present experiment, 2.7° (air), T% is only 1.6% ofT%).

With these approximations, 2.16 reduces to:

<L5>5(co)+<es> (CP" () - LV —

T T A
+(Cd+&)g)

Let us now return to 2.11 and examine the last term:
l‘Lﬂ <L > ¢ WT t Weo T w 22 Lo/C\ 0%
¢ 98w +e 90 )dT

- which with 2.12 becomes: . .
L, T
f%é]cif

bmlb;7 / cw/a[eéwu’ce-za)a/cf(c)+g
(wtwLa_—CU)T
- n <b> ¢ + 0
Lo [

but(ULO= a% SO the preceding line becomes:

£ dz
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Liollsy /ao LW’C( Tk (I_._.m ( )e /ﬂCoSa)@ )dfc
— | .

. . 17 . . -
LL0<L5> c£~cl/) ,ﬁ/T -}- _CL_ (‘Ld<1’5'> )6/,/7-
¢ Te + w* ¢ i @rws)”

- Again, the term containingYE is approximately zero so that

there remains only:

v iy e/ 2,0

——

¢ TR+ (Wrws)

Putting together 2.17, 2.18 and the remaining terms of

2.11 the complete heterodyne power spectrum is:

()= 2 (0 1) v S) (¥ 26E0)
b @) G Y (g )/ T/
Ce Ty t(w*ap)”
i C (b T/

t T+ *as)”

Now the spectrum analyzer blocks d.c. and negative

frequencies are folded into positive frequency space so that:

P) = LR+ + 27"5/7 - 20
wyo " Ty +(&- &) r

e (52 ¢ i 2.

This is the final expression for the heterodyne power spectrum
(41,15)

expected for Brillouin scattering.
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2. Predetection Factors

The assumptions of the previous sectioniwill now be re-
laxed, and the influence of the measuring apparatus itself,
and the properties of the fields, will be taken into account.
The '"detection' occurs on the photocathode surface the instant
the LO and signal photons mix to produce the photoelectrons of
the beat current. Anything that influences heterodyning be-
fore detection may be grouped into a predetection efficiency
factor ,€. 1In this category are polarization, spatial cohe-
rence of the fields over the photosurface, wavevector misalign-
ment, field phase front mismatch, non-uniform quantum effi-
ciency, and aberrations of optical components. After detec-
tion, factors affecting the power spectrum measurement are usu-
ally expressed in a signal to noise ratio (SNR). These fac-
tors include inherent detector noises (shot, thermal, dark,
and background), gaiﬁ of the detector, and the effect of finite
time averages and signal enhancement .

In the following, each factor will be isolated from all
others, and its influence on the heterodyne process will be

considered assuming the remaining factors optimized.

a, Polarization

It is easy to deal with polarization effects. If the
quantum efficiency of the photodetector is isotropic,
’ﬁ = constant, then the signal may be resolved into polariza-
tion components parallel, and perpendicular to, the LO field.
Only the parallel signal component mixes.with the LO. More

generally, if the quantum efficiency is anisotropic, then the
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signal is still resolvable into components parallel, and per-
pendicular to the vector product of the quantum efficiency
tensor times the LO polarization. In such cases, it is

(42) For

possible for two orthogonal fields to beat together.
isotropic quantum efficiency, the polarization efficiency fac-
tor varies as gpol = c0s8 (2.20) (0Z §<£7/2) where & is the
angle between ELO and'E;. It is maximum for completely para-
1lel fields, and zero for orthogonal fields. For anisotropic'?,

the efficiency must be computed point by point over the detec-

tor area.

b. Spatial Coherence

| Consider now signal spatial correlation effects. Previous-
ly, the fields were taken to be completely spatially coherent,
and all position wvariables were dropped. The correlation
function expression (2.10) neglecting the shot noise and
d.c. terms, and assuming that the LO intensity is much greater
than the signal intensity so that ggz)(ﬁﬁmay also be neglected,
is:

.67\779:[,_0 (f—(;CJAoT<ES({J)E;*&-/T)> + Com/?/éx C’oﬁjujaﬁc)

Now recall that the current from the detector is the current
density integrated over the surface area of the detector, and

putting back the spatial dependences obtain:
6’2774\[f< ELD(F +(23) ﬂ‘,(l—;)[e“'WLo T(E;(F, t)Es¥(f£+F,f+’(')> ro. C] JF’J/}-”

where ;; is the position vector relative to the fixed reference
. - > 5 - EN

point T on the detector surface. Generally(ﬁs(r,t)E*s(r+f ,t+7)

cannot be factored into separate time and spatial parts. How-

ever, if the largest dimension of the photocathode surface is
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small compared to the wavelength of the beat signal, then

the small time delay between the arrival of a given signal
phase front at T and f+j5can be ignored. This condition is
satisfied for the Brillouin signal of interest. The Bril-
louin frequency shifts (beat frequencies) are in the range
‘of 1 - 100 MHz,thus wavelengths are 3 - 300.meters. The
photocathode surface is only 2 inches in diameter. With this
approximation, the two point, two time function may be fac-

V4
tored into:(FB)

<55/F)t) ES*(F\ *F) '”,C)> = %‘F}F)(FI*@ t+T) £y (F,t)> 2.2/ a
1 7) = <£*(?’+‘,a’,lt) £ 8) )
! ez ey e e, )"

| (44)

?%f,f) is the complex degree of spatial coherence; its modulus,

2.2/ 4

‘ ?ﬂ@ﬁf)’) is the degree of coherence which varies between
zero- (complete incoherence) and one (complete spatial cohe-
rence). Note that for the LO field of 2.7 the spatial cohe-
rence function is ILO?rLO(r’f) =<<Efo(r+f)ELO(r)>'

The spatial coherence efficiency factor may be defined

Cn = [[ 7, 7) 70 P) A7 7

Since T is the position vector of a point on the detector with

as :

respect to the source as origin, both the LO and signal fields
will be independent of T on the detector area, A, and:
! L _» - -
! = =~ P /
660}«\ H/A %g(r;{o)ff(’b//) J/
This expression now depends only on the (lateral) spatial
coherence of the LO and signal fields across A. For the mo-

ment, assume l7£0(?’f)’ = 1. The remaining integral was
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(45)

as the coherence area:

HCoh :“/F?AS(F:F) O/F ;?QQ

It is the equivalent area around a given point on the photo-

defined by Lastovka

surface over which the current densities produced by the beat
signal are completely in phase. It is possible that/7£0/<j@g/
in which case 7;0 should replace ?g in ACoh and /7g/= 1. The

/
limiting forms for Ecoh are:

6, _ A né‘oh ﬁ>> /)Col\
Coh A* A< Acoh

The expression for A may be difficult to evaluate.

coh
Siegman showed the heterodyne receiver could be considered
as an antenna and as such had an effective capture cross

section. He showed the integrated effective aperture to

(46) | N
| Ja@) 4T A=)

where A(D) is an expression for the geometry of the area in

be

spherical coordinates. For constant photosurface area, A
= A and if the aperture is integrated over all possible arri-
val directions from the source, then:

A N =a)\ 2.3
If'ﬁboh is taken to be the angle subtended by the source at
the heterodyne receiver, then the optimal area is AcoﬁxﬂzLﬂcoh‘

(47)

This is the same expression originally employed by Forrester

36
and used by Cummins and Swinney( ) to calculate the number of
coherence areas.

A normalized efficiency may be obtained by dividing €;oh
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by Az:
/ A LA
C-Cco/] = coh Aecoh Q’/\Q/\Qw/\
ACDLI/A ﬁ >> Acoh
2. 24
c. Angular Misalignment

Consider the LO and signal fields to be plane waves
with the LO wavevector incident normally to the detector
surface, and the signal wavevector inclined at some angle;ﬁ
to the surface normal. Then interference fringes between
the two fields are formed on the detector with phase vari-
ation of the form exp(i¢ki) at position x. The periodicity
is ,A/ﬁ and the number of fringes is about ¢EJA where L
is a characteristic detector size. Then over the detector

(48)

thé beat signal must vary in amplitude by:
e kg ] SN IL/A
€ dx| =

0 T AL/A

This function has zeroes at multiples of 7/2. A useful cri-

terion for angular misalignment is:

- T/t T L £ T/

| A
814 )/

From this requirement, the misalignment factor can be written

A5

as:
c J‘/r)(KL&/n@ 'y
Align KL $ing '
d. Wavefront Radius Mismatch
(

Lastovka 66) has analyzed this effect in detail. Even

though the LO and signal wavevectors may be exactly collinear,
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the phase fronts at the detector surface might not coincide
due to a difference in radii of curvature. The efficiency

factor again takes the form of sinx/x:

- Juin X RLo
€ﬁﬁD B X X: %/\ (Ks RLO L 2.7

where RLO’ are the radii of curvature of the LO and signal,

and L is agaln the characteristic dimension of the detector.

This function is optimal when:

X< N/(L)
/RLo" RS/Z—— /\(RLD K.r) LQ o?ozf

e. Optical Losses

It is not necessary that the receiver aperture and de-
tector sufface coincide. All analysis is the same when the
receiver aperture is imaged on the photosurface by mirrors
or lenses, provided significant wavefront distortion is not
introduced by these elements. Less obvious is the result of

Mandel & WO]F(48)

that a detector at the focal plane of an
optical system differs only by a phase factor and multipli-
cative constant from the case of the receiver and aperture
coinciding. This is due to the conjugate Fourier transform
relation between the fields at the aperture and detector
surface.

For distinct optical elements the optical efficiency
factor is again a sinx/x function. The wavefront distortion

67
introduced by any single element is given by:( )

- Jun tl-T./\J‘//\

2.2
2 A*/A 7

€DIJ‘T



61

where J* is the wavefront distortion over the detector length

L. This leads to a surface figure tolerance of:

cqiat EE L o NZA/F 250

A
(49) . , .
Becker et al found a 5 - 10 db decrease in the beat signal

of a heterodyne interferometer due to wavefront distortion
introduced by an optical attenuator. High quality optics
must be used in these and laser anemometer configurations

using many components.

f. Effect of Field Distribution

In the analysis of spatial coherence, the fields of
the LO andrsignal were assumed uniform across the detector
surface. This is achieved when the beam cross sectional
areas are infinitely large, or in practice, with beams large
compared to the detector area. For finite beam cross sec-
tions, the electric field spatial distribution functions of
the LO and signal will affect the heterodyne efficiency.

The interesting case of Gaussian LO and signal elec-

(50)

tric fields was analyzed by Lathi. The € of the photo-

current depended on the cross sections of the LO and signal
beams, their coherence areas, and of course the detector area.
Parameters called effective coherence area and effective cross

sectional area were defined as:

A A
asaLO_ s

- - B 0
eff a+ a
s

A s 1O
LO eff AS 4 ALO

a

where ag, a and AS, A are the coherence areas and beam

Lo LO
cross sections associated with the signal and LO. For imper-



62

fect spatial coherence the optimum € was obtained by making:

A
A = S = A_Q (Q <1
L.O s
(1 + 4As/aeff)

A\

and € depended on the receiver area A as:

2
€= Tor Ay (1 —exp(-A/(A.Q)))
The general criteria for best heterodyne efficiency for par-
tially coherent fields are: ALO = A_Q, aLO>>'as’ and A should
be as large as possible. It is assumed that the spatial
characteristics are known and not adjustable, but the LO
parameters are variable. If ALO) ASQ, € was found to de-
grade in general. This arises if the LO characteristics
cannot be varied, and in such cases A should be adjusted to
optimize the efficiency. For ALO:>ASQ, the best A could be
found from the numerical solution of:

exp(A/ALO) -1

A
eff

eff)?) ~ 1 Ao

exp(A/ (2A

— = . ' o
For Aoff —,AS = ALO the optimum detector area was A 2As

= 1 a4
whereas for Ao ff 5AS, optimum A ,_.S.ZAS.

These results can be understood by considering the case

of perfect spatial coherence. Then a_ = a. _—2oc0, a _7<9 and
s LO eff

the optimum ALO = AS. Thus the radial distribution functions

of the fields should match in amplitude and spatial phase.:

If A. _>A , then the portion of A outside of A adds inco-
L.O s LO S

herently to the signal, noise is greater, and the SNR degrades.



63

The partial coherence results express the conditions for
maximum overlap given As‘

Fink considered the LO and signal radial distributions
to be matched Airy. functions incident on a circular detector.
The efficiency was a monotonically increasing function of the

detector area,

€

2 2
1 - Jo(x) - Jl(x) ELO(r) = CLOZJl(x)/x

X Tr/(FA) Es(r) = C, ZJI(X)/X

where JO, J. are Bessel functions, r the field radius, and F

1
the f/# of the optical system. For a detector the same size
as the Airy spot size, € = 0.84, and the efficiency approa-
i - o0
ches unlty(§i)rdet .
Fink also considered a uniform LO and Airy func-
tion signal and,
2 2
€ =4 - JO(X)) /%
which has a maximum value for x = 2.75 corresponding to a
detector radius only 72% of the Airy spot radius (radius of
Airy spot = 1.22)AF). If the detector size increased to the
Airy spot size, € = .54,

(52)

Degnan & Klein and Cohen(53) both considered a

Gaussian LO and Airy signal:

Es(r) = CSJl(x)/X

2
ELO(r) = CLogxéxp(—z ) z =71/w
where w is the (l/e) waist radius. The efficiency is a

complicated function which must be evaluated numerically:
S(x/x3)z*

_ ;zz/xaf,,xaj'.(x)J;&FW) e dx 7%
6” 2 }: .(,~ e,QZA) ]
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with ¢ the misalignment angle. For perfect aligﬁment,

X ,2 > o0 such that xo/z remains finite:

2 a
f o3 -Xa/(QZ) &
€= 57[]-¢ ]
®
which has a maximum for w/F = .71} and for WhiCh'emax = ,82.
Mandel & Wolf(48) chose a uniform LO and spherical sig-
nal wave: P
,LK(F%LZ"‘)A1
E.(r) = Cs 2 A
S (r.a+ Z;L)/a.

The evaluation of the efficiency for points far from the

detector, Z7»> L showed that:

€ = sinx/x X = %kLz/Z

with the first maximum occurring for kL = 0.68 when Z = 109/k.

It is clear that there is no simple expression for the
heterodyne efficiency when the LO and signal radial field
distribution functions ére not the same; each case must be
examined separately. These mixed field results are particu-
larly important in Laser Doppler Anemometry, heterodyne
interferometry, and heterodyning in astronomy where the LO
and signal fields are definitely known to be different but
where one or both cannot be varied to maximize the efficiency.

An interesting theoretical result for an active hetero-
dyne receiver was derived by Fink and Vodopia<54). They
considered an array detector where individual detectors were
small enough such that the fields of the LO and signal and

their spatial phase difference § , were effectively constant

across each detector. If each detector had its own IF
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amplification Gj = GE, and phase shift ?% which could be va-

ried, then the efficiency could be maximized if:

.

2

E
LO

- Advantages include matching the LO field distribution to the

= Ej and ?g = constant - ég

signal, compensation for misalignment, optical distortions,
wavefront radius mismatch, and provision for a variable de-
tector area. The efficiency could be optimized for each sig-

nal.

g. Nonuniform ?

(53)

Only Cohen has considered the effect of nonuniform

quantum efficiency. The form,

D)= 7o (4= pE/))
where r is a reference point on a circular detector, and d,ﬁ
are constants was considered. Varyingcﬁﬁ for Airy signal
and uniform LO, the best value for the detector radius va-
ried as much as 30% from a detector with‘% constant. For
uniform signal and Gaussian LO, € was always higher for
o = ﬁ = 1 than for constant?. Generally, nonuniform
should be avoided unless each field distribution is known and
the detector geometry is simple. When both fields are uni-

form, € is just the geometrically averaged/&.

h. Overall Heterodyne Efficiency
The total efficiency is the product of the individual

efficiencies:

6
Etot: =i=‘”—l €i
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and includes:l)vpolarization, 2) coherence area, 3) misalign-
ment, 4) wavefront radius mismatch, 5) optical losses, and
6) field distributions., If‘@ is nonuniform, then the fields
must be. averaged over the detector geometry, with 7 (x,y) a
weighting factor.

The signal term in the power spectrum expression should

be multiplied by this total factor. Thus, for the Brillouin

beating power spectrum, eqn 2.19 : CQ,g/
~ ' . c 'r c _C ‘S' 6/ ;-0
P(w) - %/<L5> ‘f‘LLo)‘f 23»7_9’/77— , EZ_ &g P y Ls)€ t 4o,
w0 TR +(w-g)* G 7

Since there are effectively two local oscillators, there

should be two efficiencies,

3. Postdetection Factors
a Shot Noise Domination

The detector used in the present experiment was a
photomultiplier tube (PMT) and its inherent noise sources
are dark current, radiation background noise, internal ther-
mal noise, and the shot noises from the signal and local
oscillator. Dark current, background, and shot noise are all
Poisson distributed events. They are all due to fluctuation
in the photoelectron rate, in the thermionic emission from
the photocathode. These four noise sources all follow the

shot noise formula:(SS)

.2 .
i~ = 2 Bie
noise

where e is the electronic charge, B is the bandwidth of the

2
detector, i the current, and inoise the mean square noise

current. Thermal noise follows Nyquist's mean square mnoise
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56)
voltage expression; the power is:( )

= kTB
thermal
where k is Boltzmann's constant, and T the absolute tempera-

ture.

The ratio of signal power to signal plus noise power

(SNR) becomes:

i2 R
SNR = 5 >
kTB + 2eBR(i_  + i, + i + i + i R
e (1d lb ls lLO) ls
where i , 1, i , 1 are the signal, dark, background, and
S d b LO

LO currents. This SNR is for the case of no internal gain.
2 2

For a power gain of G, one has i = G(i') where the prime

indicates the quantum efficiency limited photoelectron emis-

sion. For gain G,

(i')2 R

SNR = 5

kTB/G + 2eBR(i' + 1i' + k' + 1i' ) + (i')2 R
d b S LO s

The gain does not affect the thermal noise current. Since gains
of order of 106 are typical in a PMT, the thermal noise contri-
bution becomes negligible compared to the shot noises, and
greater sensitivity is achieved.

Now in light mixing, the addition of the LO to the signal
achieves correlation within the detector. Since the LO ampli-
tude can be made quite large (usually), it provides suffici-
cient conversion gain so that the shot noise from it domina-
tes all other noise sources. However, because of the shot

noise generated by the LO, the LO power should be the minimum
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necessary to achieve this dominaﬁion. Since thermal noise is
already negligible for the PMT with power gain, the require-
ment on the LO power is that it be large enough so that its
shot noise is greater than either dark current or background
noise.

Consider the signal to background ratio only:

L?/Z? = Qé Le . e fl, ts,/(h 2) . e Cro (;y/(’”ﬂ/)

4 Qe b Lé L e 67/6Pb/(}’17)
N (ﬁo/f’b) 54‘/@6@)
which, since i = 2eB at least, gives

s
-2 '-L_
Ls/(’é_ ﬁo/fb
If the output signal power is to be considerably greater than

the background power, then for example:

ey = fro /Py > 100

Note that‘% does not enter because the LO and background input
powers influence the LO and background output powers in a
square root dependence.

The thermal background noise power for a receiver of area

A and collection angle.flis:(57)

(LA
P =
A
exp (h/kT) - 1 )
where B is again the bandwidth, and which for A{]®A and

h¥ >> kT, becomes:

Pb h7B exp(-h7/kT)

14
3OOOK, and optical frequencies (10 Hz),

I

For B = 500 kHz, T
-21
Py = 3.9%x10 "W, a condition easily fulfilled using a laser

source. The SNR for LO powers that cannot fulfill this
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(58)

condition has been considered by Abbas et al for use in
IR heterodyne detection of astronomical sources,

Now consider the signal to dark current ratio only:
[

' , > 00
d aeb L td

Thus, PLO Zhw/(ﬁe) 100 i and the required power depends on

d’
the quantum efficiency. For optical frequencies,’% = 0.1,
and id = 3X1O_9A (typical values for actual PMT used) ,

P, > 1.2x107%u,

Thus, the dark, background, and thermal noise can all be
neglected compared to the LO shot noise provided the LO power
is greater than about l/xw. In the discussion to follow, only
the signal and LO shot noises will be included.

b. Effects of Signal Processing
The SNR neglecting all noise sources other than the shot
noise from the LO and signal itself is:
7 _ ((i)* R _ P ()
MR 20B8REALIGCTR 2wt e

where now the frequency dependence of the signal is displayed

explicitly To proceed further, one must describe the signal
processing electronics following the PMT. Briefly these were
a spectrum analyzer with variable IF filter and detector, an
RC integrating filter, anaiog—to—digital converter (A-D conv.),
multi-channel scaler (MCA), and finally computer. A block
diagram is shown in figure 2.1.

(45,36)

Detailed analyses of similar processing electro-

nics showed that the most important quantities were the IF



Figure 2.1: Block diagram of signal processing electronics.
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filter width, and the width of the RC filter, but not their
lineshapes. The basic reason for this is the fact that
measurements are performed in finite time intervals, not in
the infinitely long (ensemble) averages of theoretical pre-
dictions. Since the observed spectrum always exhibits fluc-
tuations, limitations in the precision with which the signal
can be determined are imposed. Only the filter time constants
influence the SNR. The lineshapes of the filters will in-
fluence the determination of the signal linewidth, however.

For the configuration of figure 2.1 the following points
should be noted. The spectrum analyzer has a number of IF
filters. A detailed analysis of the lineshapes of these
filters showed them to be well fitted by Voigt functions
(Chapter IV). However, this Voigt function is, in each case,
mostly Gaussian in character. To good approximation, the
total width can be taken to be the Gaussian width. In addi-
tion, one should note that at this stage of processing, one
is making a random noise measurement. Noise is usually
specified by the noise power bandwidth. It is defined as
the ideal rectangular filter bandwidth with the same power
response as the actual IF filter.(sg) For Gaussian shaped
filters, the noise power bandwidth is approximately 1.2
times the 3db bandwidth. Thus, the noise power bandwidth
can be used to simplify calculations since it is a rectangular
function; the actual numerical value used for the width will
be 1.2 times the Gaussian width (FWHM).

The detector in the spectrum analyzer produces a vol-

tage (not voltage squared) versus frequency. However, a
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‘computer is used to square the voltage digitally to give the
power spectrum. Though the squaring takes place at a later
stage, the result is equivalent to detection and squaring to-
gether. The stages of processing described here are convolu-
tion operations, and'convolution is a distributive operation.
Thus, the configuration described here is equivalent to the

(36,45)

other analyses, except for the addition of signal avera-

ging.

The A/D converter makes the averaging and numerical squaring
possible. The’digitizing noise introduced will be neglected,
since this was only 0.2% (9 bits), which is much less than
other noise sources. Squaring in the computer is noise free.

Signal averaging is easy to -account for. In view of the
statistics of the measurement, the SNR will be enhanced by the
square root of the number of sweep cycles.

c. IF Filter
In circuit analysis, the passage of a signal through a

linear element is described by:(60>

a
PMT(C‘)): IH(@)/ Pu() 432
where P() is the power spectral density and H(w)is the trans-

fer function. The impulse response h(7) is related to H{)

61
by Fourier transformation:( )

hee) = ggl;f /j He) e ““da  2.33

If the output for the PMT is represented simply as P(w) =

PSQQ) + P then for the noise power bandwidth 4 of the

shot’

spectrum analyzer:

F&@XD + Pspor "57&\5 6Uf137&
P ) = 1 o 2.34

de\erle’e
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d. Detector and Squarer
The detector in the spectrum analyzer is usually a

diode whose instantaneous voltage is given by VD(t) = Kii(t),
where K is a transfer constant. For a square law device, the
output power spectrum, P Qﬂ) for an input power spectrum P av)
can be shown to be: (62) Q. 3.5

P @)= [ P 0) (P04 @) 1 Fr @) dw ot oy ¢ St
where the convolution 1ntegral is the a.c. term, and the re-
maining terms are the d.c. and shot noise terms, respectively.
Using 2.34 and neglecting the d.c. and shot noise, obtain from

2.35:

Plw) = 2K*(Po@) + Proyr) (8- ) 2.3

e. RC Filter
Passing this power spectrum (2.36) through a simple RC
63
filter which has a transfer function:( )

2 _ _ﬁ]/qr!l .
ch(w)/ - w0t 1 et T RC

and using 2.32, we obtain:

Plew) = 2K (Pslt) t Poyor) (£~ ) y;fiw; 2.37

One can now obtain the SNR at the output of the integ-

rating filter, but before signal averaging. At this point the

signal is still analog so that:

Ve =) = VD[t
SNR = I, TS Ty M) = 7
(64)

Further, using Parseval's theorem , we obtain:
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[ Pw do =Mb>  aa

which relates the power spectral density to the mean square

fluctuations in the total voltage output. With 2.36, 2.37

becomes:

<[fo)/ l> =4 K&(Ps(@) t o r)g/f/f) TAN €7) 'éfj{ﬂ)a//)ﬂ* ¢<))

For 1/T <K §

VP A2 KA (B) + Poser) (8/)
VB = k(R Fnr) & VY, P KRGS

KB E __ n) (f—l)m
THK (Pe@)+ Pusr (e Pt P

SNR =

Now PSQD)/P was found earlier. Examining 2.19 find,

shot

@) (QF><L >M) (<cs>e oy )/,(<>

- Ty +(w- we

which includes the overall heterodyne efficiency factors,

. 3 - - 3 - N
61, 6&. This may be simplified, since (Cp CV)/Cp.x/l, and

if€, =€, = € to:
P (W= g Ly <Ls)
(7 g g€

Ponor ¢ els
Therefore,

M)Vl 2¢ Cp b _qz g€ 4s
SR (57) 262 /(0 ) .37
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since the maximum value of PS(Q) occurs at & = wB'

f. Signal Averaging

Signal averaging consists of sampling a repetitive sig-
nal at fixed time intervals, A/D conversidn, and storing the
sampled values in separate locations of memory. Signals which
are not repetitive or are continuous, can be made repetitive
by using an accurate synchronizing signal to start each
sampling period. This is usually provided by the averager

(65)

itself. The sampling theorem requires that the sampling
rate be at least greater than twice the highest frequency of
interest. During a sampling sweep, each value is stored in
memory with each location corresvonding to a definite sample
time. After a given number of sweeps, the sum stored in
each location is equal to the number of repetitions times the
average of the samples at that point of the signal waveform.
The averager passes all frequencies in phase so that the
original waveform is extracted. Noise adds randomly at each
sample point, but the signal adds constantly. The SNR is en-
hanced since after M sweeps, the signal content is M times
the single sweep signal, but the noise is only Ml/2 times the
single sweep noise. Thus, a gain of M% in SNR is achieved.
The signal averager is a digital device where M = 2" with
0 {n £ 19 typically.

Thus the last expression for the SNR Z.39 should be

1
multiplied by M~:
C

[T | e o e)
SN Ry V5 2 B Im- 240
r
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I

overall he%eradync eﬁﬁcMWCy
TFf Filter bandwedth
RC Filter time constant
T‘CS: Brillovin Linew:dth
¢ = ¢leectronie ckﬂrge
LisH> = mean photocorrent dveto total signal From sample

N o™
it

1

M = wnumber Sweeps of signal averager
The total average current is iLO plus (is> . In fluids
far from T, i;, > <is>-, while near T, {i)becomes compara-

ble to or even greater than i because of the enhanced Ray-

LO
leigh scattering. Note further that the specific heat ratio

becomes much greater than unity near T, so that:

Ps (CU’CJB) Cv) Lesd

= A€ (——

C‘f € T’@

F%HOT

becomes small and SNR_maX is approximately,

§eo QELLs) (o 24/

may gii ¢ T CP

An estimate of € and SNR for the present experiment will be

given in the next chapter.
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CHAPTER III

EXPERIMENTAL INSTRUMENTATION

A block diagram of the entire laser Brillouin scatter-
ing experiment is shown in figure 3.1. Briefly, the xenon
cell was placed in a precisely regulated heat bath and the
temperature decreased from 10°K above the critical tempera-
ture to 0.05°K above the transition. A laser beam was
sent through the single, gaseous-like phase which was
scattered by the xenon and elastically scattered from the
cell -windows. Both the elastically scattered light and the
Rayleigh liné served as local oscillators for heterodyning.
All the scattered light was collected by a lens and focussed
‘on a photomultiplier. The photoelectric current was Fourier
analyzed by a spectrum analyzer and accumulated in a signal

averager.



Figure 3.1: Block diagram of experimental apparatus.
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A Sample And Cell

A cell was constructed from a sfainless steel block
of 2%" square cross section, 3" long. A 3/4" diameter hole,
bored through the length, was polished to insure good reflec-
tivity. Two 1.5" diameter optical quality flats were held
on opposite sides of the bore by gasketed rings. Stainless
steel tubing connected the cell to a five degree of freedom
manipulator. Elastically scattered light from these flats
served as a local oscillator in the light beating process.
The cell could be translated in the plane perpendicular to
the optic axis; the remaining three movements were angular.
Thus, the cell was easily aligned to the optic axis, which
shifted slightly from day to day. It was necessary at
times to purposely misalign the cell to eliminate intra-
cavity reflections that modulated the Brillouin beating
signal.(l)

Research grade xenon gas from Matheson Co. containing
less than 25 PPM total impurities filled the cell to within

+(.08-.61)% of the critical density of 1.11 gm/cmB.(z)

The
critical temperatureCB) was determined to be (16.620 + O.OOZS)OC
from visual observation of the appearance of the meniscus
that separates the two distinct phases.
B Bath, Temperature Control, Monitor

The samplé cell was immersed in a dual bath thermostat.
The outer bath consisted of coils of copper tubing connected

to a Forma bath and circulator (model 2095), pumping water at

about 1 gal/min. The water temperature was regulated to
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+ O.OZOC. Bronze wool, packed among the coils, and in contact
with the inner bath, improved thermal ponduction. The entire
coil assembly and inner bath was insulated from room environ-
ment by a wood andvstyrofoam box.

The inner bath was a glass battery jar filled with two
gallons of ethanol that was filtered once through a 0.6umilli-
porebpolyvic filter to eliminate large dust particles. The
cell Qas in direct contact with the ethanol. Two optical
flats of the same glass as used on the cell were held in
3-point contact, O-ring mounts which were expoxied to the
glass jar 180° apart. The mounts allowed the windows to be
rendered parallel to one another and perpendicular to the
incident laser beam. No index matching of bath fluid to
glass was needed; Snell's law was used to correct the
refractive index mismatch between xenon and air.

The alcohol bath was finely regulated by a Tronac
model 40 precision temperature controller. It has a sensi-
tivitylof 0.05 mK, drifts less than + 0.2 mK/hr, and less‘
than + 0.3 mK/week. 1Its regulated 100V output was stepped
down by a 5:1 transformer and put through a heater in
direct contact with the ethanol. The heater was one con-
tinuous length of 31 AWG nichrome wire (total resistance
~100f£l) wrapped a number of times around four insulating
posts. This assembly sat on the bottom of the battery
jar around the cell. Response was very rapid and heating
efficiency very high with this configuration. A Fenwal

glass bead thermistor was used as a sensor for the Tronac's
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bridge.

Convective temperature gradients in the alcohol were
eliminated using an impeller stirrer driven by a 1/100 HP
600 RPM hysteresis synchronous motor. The impeller eliminates
splashing at the air-alcohol interface. The synchronous
motor operates with minimal frequency variation which could
otherwise impose temperature variations in the alcohol via
Joule heating.

Temperature was determined to an absolute accuracy of

10 mK using two mercury thermometers to cover the range of
9°%¢ - 31%¢ (Brooklyn Thermometer Co.). Fluctuations were
monitored with a second thermistor probe of 1 K (L. (@ room
_temperaturé) resistance. Calibration of the thermistor
againét the mercury thermometers ovér‘the fange 16°¢c - 26OC
yielded a coefficient of AOil/oC. Continuous monitoring

of the temperature fluctuations in the ethanol was effected
using a Wheatstone bridge, null detector, power supply and
strip chart recorder. The bridge could detect changes in
the resistance of the thermistor as small as 0.01Sl. The
null detector had 40 nV sensitivity and drifted less than
O.Z#V/day. Only 50 mV was used in the bridge circuit,Ato

() of the thermistor (12 mK/mW). Using

avoid self heating
this monitoring system it was determined that maximum
temperature fluctuations were +.25 mK/hr and drifts about
2 mK/day.

C Laser

The source was a Spectra-Physics model 165-00 argon
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ion laser mounted on a shelf suspended below a Modern
Optics air suspension table. Two experimental considerations
dictated its mode of operation. Since the Brillouin cross

5 -1 . .
cm ), maximum output power is de-

section is so low (~/ 10~
sired. The second consideration is that the spatial distri-
bution of the intensity of the output beam be known exactly,
since the intrinsic beam divergence broadens the linewidth.
Thus, the laser was operated at 4880A at maximum power
achieveable in TEMoo mode, which had a Gaussian radial
intensity distribution.(S)
No attempt was made to achieve single longitudinal
mode operation since this generally reduced the power by
half. However, this was unimportant for two reasons.
The longitudinal intermode beats were 143 MHz apart, out
of the range of the spectrum analyzer. Secondly, the phase
fluctuations of any mode, which are responsible for the
linewidth of the laser in the optical spectrum, are absent
in the light beating spectrum.(6)
The laser was operated half an hour before the output
power was maximized through tuning of the rear reflector.
Next, a check was made for TEMoo operation by expanding
the output beam with a simple lens and visually examining
the projected image for the well known circular intensity

(7)

pattern for this mode. The intra-cavity aperture was
then reduced until a drop in output power was noted on a
solar cell detector. Decreasing the aperture decreases

the Fresnel number.(g) Higher order transverse modes are
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eliminated because diffraction losses are too large for the
resonator to overcome.

Lastly, the laser had built in intensity stabilization.
A portion of the output beam was sampled, and a feedback
loop controlled the current supplied to the plasma tube to
compensate for any intensity wvariation. In this mode in-
tensity fluctuations were at most +.3% per hour. WNow small
amplitude fluctuations can contribute additional terms to

(9)

the photocurrent power spectrum. But, these terms are
of the order of the intensity fluctuation squared, which
were too small to be a factor for this stability.

In the intensity stabilized mode, at 31 amps of cur-
rent (less than maximum possible) the magnetic field was
increased to its maximum value (~v1 kG) and generally 1.2
watts of power was delivered at 4880A for TEMoo into the sample.
D Optics

The focussing optics consisted of dielectric mirrors
to route the laser beam, and a spatial filter to provide a
well defined incident wavevector.

The collection optics consisted of a wide angle,
large diameter lens for gathering scattered and unscattered
light, optical railing for collinear mounting of components,
a photo-aperture glass plate, and a simple rectangular slit
over the photomultiplier tube. A Wood's horn intercepted
the focussed, direct laser beam before it reached the

photo-aperture. All components were on the air suspension

table.
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1  Focussing Optics
A Coherent Optics model 827 spatial filter was used to

eliminate off-axis wavevectors that arose from reflections
from mirrors and scattering in air as the laser beam was
routed to the cell. It was placed as close as possible

to the input window of the ethanol bath. The filter con-
sisted of a diffraction limited 12 mm focal length, F/4

lens followed by a 10p diameter pinhole, followed by a
second diffraction limited F/4 lens of 8 mm focal length.
The pinhole was at the focal point of the input lens and
was slightly larger than the spot sizg,6fu(l/e2). It blocked
wavevectors that were at some angle to the optic axis and
preferentially passed wavevectors parallel to the optic
axis. The second lens recollimated the focussed beam.

The brightness (etendue) of the instrument is inva-

riant(lo); thus, the power per area per solid angle is

constant, If DIN’ é&N are the diameter and divergence

of the input beam respectively, and FIN’ (FOUT) are the
(11)

input (output) lens local length then:

Doyr = Py Four/Fn = 2/3 Din

Oour = Gin F1n /Foyr= 3/2 Oy
Thus, the incident beam was shrunk to 2/3 its diameter
with corresponding increase in intensity, but the diver-
gence increased by 3/2. The Gaussian radial intensity
distribution was preserved, and the beam incident on the

sample had a very well defined unit wavevector.



The intrinsic beam divergence is difficult to measure,
but for a Gaussian beam may be determined from a measure-

12
- ment of the beam waist radius, w, from:( )

€

DIV = )\/wa) (half angle)

A éeparate experiment yielded a beam waist radius of
(1.23 + .05) mm ( 52)at the output of the spatial filter
so that QDIV = 0.126 mrad.
2 Collection Optics

The sample scattered light, elastically scattered-ligh
and direct laser beam were collected by a lens placed 14 cm
from the exit window of the ethanol bath. This lens was a
Zenith Optical F/6.0, aerial camera Tessar type I of 613 mm
EFL. The direct laser beam defined the 2 axis in this
cylindrical geometfy. At the focal plane of the lens was
placed a photographic méchined glass plate (3" x 3" x .064")
that had been exposed through a mask and developed and fixed
as a negative. This plate served as a precision aperture
and directly determined the scattering angle. The mask
consisted of five annuli concentric about a square pinhole
ZQP on a side. The radii of the annuli were precisely
known and all five were 39p wide. The current from a tiny
photodiode positioned behind the pinhole was fed into a
Keithley 153 Nanoammeter. The photo-aperture was mounted
on an X-Y stage so that the diode could locate the position
of the intensity maximum of the focussed, direct laser beam.
Having set the photo-aperture concentrically about, and

perpendicular to, the direct beam, and since the radii of
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the annuli and focal length of the lens were known, the
scattering geometry was established. Appendix A gives the
scattering angles used in the experiment. This arrangement
allowed one to realign quickly should the laser beam move
so that the scattering geometry was precisely the same from
experiment to experiment.

The collection lens was chosen for its large field
of view (44° total), long focal length, and triplet design.
Since scattering angles as large as 10° were considered, the
lens had to be free of off axis aberrations. The Tessar(13)
is an anastigmat, with flat field, small spherical abbera-
tion, and little field curvature. The depth of focus had
to be large, to allow positioning the photomultiplier tube
(PMT) behind the photo-aperture. The depth of focus for
a point source at infinity is:(la)

depth of focus &~ ZFZ)\

where F is the ratio of focal length to aperture diameter.
Now the effective diameter is that of the laser beam, which
was 2.4 mm. Thus, the depth of focus was about 2%".

The PMT was mounted on a micrometer translation
stage whose motion was perpendicular to the 2 axis so that
precise positioning behind each annulus was possible. A
coarse motion was allowed in the second perpendicular
direction. To limit further the collection aperture, two
orthogonal slits were fixed to the PMT housing, ahead of

the photocathode. This means that the same portion of the

large photocathode surface (14.2 cmz) was always used, so
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that the quantum efficiency had no spatial dependence.

The annuli determined the slit width (39u) and the height

was determined by one of the slits on the PMT (635P or BOSP).

3  Heterodyne Efficiency |
The two factors most important in optical heterodyn-

ing are phase front alignment between signal and local

oscillator fields, and the coherence solid angle% )It can

be shown(ls)

that the beating term in the photocurrent
spectrum will be reduced to half, if the misalignment is
only .15° -.2°. Now the local oscillator was provided by
both the Rayleigh peak and the elastically scattered light
from the cell wall. Since these originate from the same
scattering vblume as the Brillouin signal, the phase fronts
were aligned, and their radii of curvature matched also.
Both local oscillators were pélarized parallel to the
Brillouin signal. Thus, the remaining factors affecting
the heterodyne efficiency to be considered are the quantum
efficiency of the PMT, which was .135 at 4880 K, the optical
losses, the field distributions, and the coherence area
requirement.

The éamera collection lens was flat to at least 1/8
wave so that from egqn. 2.29, the efficiency of this component
is about 0.9.

Regarding the fields, the Rayleigh local oscillator
and Brillouin signal have the same distribution (spherically
scattered wave). The elastically scattered beam is Gaussian.
In the far field zone, the difference between the Gaussian

and spherical waves will be small, and both approximately
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plane. Thus, the field distributions for both local oscil-
lators will be taken to be the same, resulting in both effi-
ciencies near unity.

Only the coherence area requirement remains, Now

(A = area),
Eﬁoh= Acoh - ={)coh
' Acollection Leo
Q. . 2
COh_—/\ /Asource
{Lcol= Adetector/f2
f = focal length of lens
. = 32 £2 |
. ecoh £ (Asource Aget)

For the small angles of the present experiment, the
-source is roughly circular, Asource==Wr2/n2, where r is the

incident beam radius, n the refractive index of xenon. With

£ =61.3 cm
Ao = 4880 A

r = .12 cm

n = 1.13 (@ 4880 A)

Az 39 x 107% x305%x10™" cm?

the cohereﬁce heterodyne efficiency is about 2.15. The

complete heterodyne efficiency is:

total ==€K*16;ptical € e. = (2.15 (.9 (.135) = 0.26

all other efficiencies being unity.

E Electronics

The photomultiplier tube used was an RCA 7326 head-on
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type, having S-20 spectral response and a quantum efficiency
of 13.5% at 4880K.(17) Its risetime leads to an infrinsic
cutoff frequency of 72 MHz. However, the effective cutoff
frequency is determined by the transfer function of the

RC components in the socket, load and coaxial cable. The
transfer function .was accurately determined over the range
of 1-100 MHz using the spectrum analyzer-frequency syn-
thesiZer—signal averager. Assuming a simple RC low pass
filter, the cutoff frequency was 52.5 MHz, still well above
the maximum Brillouin frequency examined, 25 MHz.

In spectrum analysis of light beating spectra, the
photocurrent should be maximized. The current is responsi-
ble for the power spectrum; as much gain as possible should
be developed at the detector stage (rather than post;
amplification of signal voltage). The dynode chain resis-
tance was chosen as small as possible to develop a large
current gain per stage. Typical currents drawn from the
PMT were 4OQPA (1 m A is maximum rating). Attempts to
develop a larger current using smaller dynode resistances
caused overheating of the tube, operated at ambient tem-~
perature. A high current supply (Hamner N-4035) was neces-
sary; operating voltage was -1750 VDC. The tube had a
focussing grid and the voltage to it could be varied using
a potentiometer. The pot was fixed to maximize typical
currents and thereafter left alone. Now with AOQFA currents,
and since the spectrum analyzer had O.%pV sensitivity, no

amplication was necessary. A 47X\ 10ad resistor was used
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to match the 50 {\L.input resistance of the spectrum analyzer,
‘The tube was in an RF shielded héusing (Pacific Photometric)
but was not cooled. Since the shot noise was about 750 times
greater than the thermal noise, no significant gain in over-
all noise reduction would have been obtained thrdugh cooling.
An Exact (model 801) frequency synthesizer having 10
PPM frequency accuracy was used to calibrate frequencies
measured with a Hewlett-Packard 8552A/8553L spectrum analyzer.
This combination allowed precise frequency calibration and
ease in adjusting the spectrum analyzer for each experi-
ment. The spectrum analyzer's range was effectively .1-100
MHz. Five IF bandpass filters having nominal widthsr(FWHM)
of 3, 10, 30, 100, and 300 kHz were used. Exact determina-
tion of the transfer functions of these filters was made,
since these contribute to the instrumental linewidth. The
spectrum analyzer was operated in a linear amplitude mode,
so that a voltage vs. frequency spectrum was obtained.
These spectra were later normalized by the transfer func-
tion of the circuitry then squared to give the power spectrum
(done in a digital computer). The center frequency was set
using the frequency synthesizer; sweep widths were set by
the spectrum analyzer. The scan time was fixed at 2 seconds/
sweep and allowed to free run but was triggered by the signal
averager at the start of the averager's measurement cycle.
The signal averager was a Nicolet model 1072 Fabritek
having 1K of magnétic memory and 18 bits per channel capacity.

The swept output of the spectrum analyzer was DC coupled to
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a 9 bit A/D converter plug-in module (SD—72/2A) of the
Fabritek. The module allowed DC offset to be nulled for
each experiment, and provided switch selectable RC filter-

ing of the input. The filter time constant was chosen in

accordance with the rule: (18)
BW
/\/= IF . .
éRC (L/4) S T where BwIF is the bandwidth of the

IF section of the spectrum analyZer, SW is the sweep width,
and T the sweep time of the spectrum analyzer. The factor
of 4 allows the filter to respond to abrupt changes in
signal level (high frequency components). A second plug-in
module (SW-71A) controlled the Fabritek sweep time, set at
2.56 seconds. Because of the difference in sweep times
between the spectrum analyzer and Fabritek, 195 channels
comprised a spectrum. The Fabritek provided a gated output
at the start of each measurement cycle to trigger the
spectrum analyzér. The number of sweeps (averaging time)
was selectable on the Fabritek. Depending on the noise in
- the beating signal, total averaging times ranged from
11-175 minutes.

The Fabritek supported an X-Y plotter and scope, the
latter providing a continuous view of the updated signal.
Lastly, the Fabritek was interfaced to a PDP8/E minicomputer
which could control operation of the averager and accept
data for storage.

F  Computer Interface
A Digital Equipment Corp. PDP8/E (8) minicomputer

controlled data transfer from the Fabritek. It also served
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as a timeshared link to a DEC PDP - 10. The Fabritek was
used in a stand alone mode without computer control. At
the end of anvexperiment, it was linked to the 8 for data
transfer via programmed control. Generally, data were not
stored in the 8 but immediately transferred to the 10. All
data reduction, analysis, and ultimate storage was done on
the 10 which supported a line printer, Calcomp plotter,
magnetic tape, and high level (Fortran) languages. The 8
supported a scope and‘X—Y plotter and was accessed through
a switch register, or via Decwriter (TTY).

A block diagram of the interface between the Fabritek
and the PDP-8/E is shown in figs.3.2,3.3. Threé bits of the
12 memory data (MD) lines were converted into positive
I/0 pulses (BIOP) by a DEC KA8-E Positive I/0 Bus Interface.
An additional six bits were converted (BMB03-08) to carry
the device selection code. This interface also linked the
accumulator (AC) to the Fabritek on one set of lines, and
the memory buffer register of the Fabritek to the AC on
another set of lines.

The Fabritek interface had a flag flip flop. A prog-
rammed I/0 transfer (IOT) instruction from the 8 was used
to check its status. The program waited in a loop until the
device was ready. When the flag was set, an I0OT asserted the
SKIP bus. Program control was then transferred to a sub-
routine which then communicated with the device (data
transfer, etc.). The Fabritek interface contained a device

selector which monitored the BMB lines, and an IOT generator.



Figure 3.2: Data flow between PDP - 8 minicomputer and
Nicolet 1072 Fabritek signal averager. INST
REG is the instruction register of the PDP - 8.
The interface is detailed in Fig. 3.3.
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Figure 3.3: DEC KA8 - E positive input - output bus
interface used to link Fabritek to PDP - 8.
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When an I0T instruction was given, BMB03-08 carried the
operatioh code which was decoded, sent to the IOT generator
and used with the BIOP pulses to carry out the operations
indicated by the instructions. The BIOP pulses were applied
to the IOT generator where they were regenerated as 10T pul-
ses. Specific pulses performed specific operations such
as clearing the AC, reading, loading, and clearing buffers,
and sampling, skipping, and setting flags.

In this programmed I/0 transfer mode of operation,
all 1024 channels of the Fabritek could be transferred to
"the 8 in a few hundred microseconds.
G SNR

The maximum value of the signal to noise ratio, SNRmax

»

may be estimated from eqn. 2.41:
SHR ey = (£2 m)’ﬁ E.Lé.(i_.) s
T e \7 Ta
The SNR will be calculated using real data obtained at a
scattering angle of 0.7O (air), af the extremes of tempera-
ture, AT = 10°K and 0.05°K.

The specific heat ratio is obtained from Appendix C.

The mean photocurrent can be estimated as follows,

Llgy = € % _d_g‘_,) V Qo on oL )

vV 4o Tt
where j% %ET = R = Rayleigh Ratio = 1 x 1076 cm71
e = 1.6x10"17 coulomb
. 2
V = scattering volume = r 1
P1 = incident laser power = 2.5x10

photons/s
@ 48804
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r = incident beam radius = .12 cm

1 = length of scattering volume = 5 cm

-SLcah: )‘:/(”\L A&Jur‘e): /\:/@"27”‘7'

<(;S'> = 2 R/Z/\D P[_ - Rl{)(/a_/"{ ﬂmr
/Y\?'-W FL

The remaining parameters needed are:

AT = 10%K AT = 0.05°K
V7 = 907 W = sx107Y
Ts = 1.1 x 10% Hz T = 9 x 10% 1z
§ = 3x10° Hz § = 10° Hz
T = 107%g T = 4x107%s
M = 512 M = 1024
and‘ftotal was found to be 0.26 in this chapter.

If the single sweep (M=1) SNR is calculated, then:

SNR = 68 AT = 10°K
max

SNR = .05 AT = 0.05°k
max

It is seen that about 1.8 x 106 sweeps at .05°K are needed
' (o]
to achieve the same SNR as a single sweep at 10 K, empha-

sizing the difficulty of measurements as T, is approached.
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CHAPTER IV

DATA REDUCTION & ANALYSIS/RESULTS

The analytical methods used to separate instrumental
effects from the observed spectra are detailed in this chap-
ter. First the overall problem is defined and mathematically
specifiéd as a convolution operation.

Instrumental effects are divided into two categories,
electronic and optical. Electronic effects influence spec-
tral lineshapes due to the frequency response of the overall
processing instrumentation, and due to the IF filters of the
spectrum analyzer. The overall frequency response is mea-
sured independently of the scattering experiments, standardi-
zed, and represented mathematically as a series of inter-
polation polynomials. The IF filters directly broaden any
spectral feature, thus their lineshape must be known exactly.
It is shown that a Voigt function represents the filter
shapes very well. The general curve fitting procedure is
outlined, a specific optimization algorithm detailed, then
applied to the determination of the Voigt parameters.

The optical effects are diffraction limited broadening
due to the intrinsic beam divergence, and aperture broadening.
These are represented mathematically by a Gaussian and a
rectangular function, respectively. A separate measurement
is described, by which a parameter needed to characterize the
diffraction broadening was determined.

Next, the function used to describe the complete obser-

ved spectrum is built up from its five component parts. It is
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the convolution of a Voigt and a rectangular function, with a
multiplicative constant and an additive constant. A very
general nonlinear optimization algorithm is described, then
used to fit the expected functional form to the observed
spectra, from which the two quantities of interest, the sound
velocity and attenuation, are extracted.

Results of the deconvolution process are displayed step
by step in a series of graphs for a single spectrum, and a plot
of three spectra at the same scattering angle for three tem-
peratures summarizes the whole experiment. The Brillouin

sound velocity and attenuation data are given in Appendix B.

A. The Total Spectrum-General

The predicted Brillouin power spectrum was shown to be
Lorentzian in chapter II. This lineshape sits on a back-
ground determined by the average shot noise. However, the
spectrum is modified by the measurement process which mathe-
matically consists of the convolution of the instrumental

response with the Brillouin Lorentzian shape:

Iops @)= [Tg(#)* T gysrl?)] + BACKGROUND

IOBS () = observed power spectrum
]lB(7/) = Brillouin lineshape (Lorentzian)
IIMST(ld = instrumental response

Background = shot noise
* = convolution operation
The instrumental response is itself the convolution of

the optical, IOPT(W) and electronic IELEc(wv instrumental
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responses so that:

Iogs O = Ig D ¥Tope (¥ Teeel?)]+ B F 1

Now‘the optical instrumental response consists of two effects:
diffraction broadening and aperture broadening. Diffraction
broadening arises from the finite divergence of the laser beam.
Though the divergence is typically only of the order of a
milliradian, it introduces uncertainty in the wvalue of the
momentum transfer vector which in turn implicitly influences
the power spectrum. Aﬁ the smallest scattering angle of this
- experiment, diffraction broadening is as much as 887% of the
total observed half width. Aperture broadening, due to the
finite width of the collection aperture, also influences the
determination of the momentum transfer vector since it spa-
tially averages the collected scattered iight o&er a small
but finite range of scattering angle. The equation,
w =\§|¥V\ , provides the scaling relation between the
spatial uncertainty in a and frequency uncertainty in the
power spectrum for both diffraction and aperture broadening.

The electronic response influences the overall spectrum
shape since the transfer function of the PMT and following
electronics will modify the shape of any spectral line. Also,
the IF filters of the spectrum analyzer directly broaden the
Brillouin Lorentzian function.

Note that the RC filter of the signal averager acts as
an integrator which smoothes the noisy spectrum by not pass-
ing rapidly varying high frequencies. By suitable choice

of the time constant (T = RC) in accordance with the sampling
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theorem, the broadening of the observed lineshape due to the
transfer function of this filter can be made negligible.

It should be noted that, in light beating spectroscopy,
thére is no simple means of determining instrumental response
as there is using an interferometer or a grating spectrometer.
In these optical filter methods, a source whose linewidth is
known to be much less than the linewidth of the sample to be
studied is observed, and the resulting lineshape function is
taken to be the instrumental response. The linewidth is taken
to be the limit of resolution of the overall instrumentation.
In light beating, there is in principle no limit to the reso-
lution achievable, so that each experiment must be analyzed
for the specific instrumental effects on the particular scat-
tering sample.

B. Electronic Instrumental Response

1. Measurement of Transfer Function of Circuitry

The constant shot noise level in each spectrum is modi-
fied by the transfer function of the electronics preceding
the spectrum analyzer. This circuitry was simply the PMT
itself, the resistance and capacitance of the PMT load cir-
cuit, and the resistance, capacitance of the BNC cable. No
preamp or amp was used; the signal was delivered directly
into the spectrum analyzer. Now the intrinsic risetime of the
RCA 7326 is 2.2 ns, which implies a minimum cutoff frequency
(assuming simple filtering) of

fcufo.p.)(’ =’/(2WT) = 72 MHz.
The actual frequency response was determined using the spec-

trum analyzer - signal averager and a white light source.
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Cummins and Swinne§l) point out that the signal spectrum of
such a source is entirely negligible compared to the shot

noise it generates so that the white light serves as a shot
noise generator for the PMT. The intensity of the source

was adjusted to produce the same average photocurrent as that
produced by the Brillouin signal (to assure the electronics
operated in the same regime), and the frequency response was
accurately calibrated. Assuming the transfer function is that

of an RC filter,(z)

pe 3
[H(w)]” = 1/ (1+(@TP  T=RC
then when ¢ = 1/T, [H(w)| has fallen to 1/J2 .of its
maximum value. The cutoff frequency over a measurement

range of 0-100 MHz was determined to be 52.5 MHz at 1/Ja
of lHQwNmmusing the EXACT frequency synthesizer and a
10 MHz frequency comb generator for precise calibration.
2 Reduction of Background To A Constant - Quadratic
Interpolation
The background is present in every spectrum and cannot
be taken to be a simple additive constant. Bevingtoﬂ3)
suggests a quadratic or higher order polynomial should be
used to account for the background, and that the lineshape
function and background should be fitted simultaneously over
the entire region of the spectrum. However, the total number
of free parameters to be determined would then be large, seven
or eight. To‘reduce the number of parameters, thereby saving
much computing time in analyzing each spectrum, the electronic

response was measured over the range of interest using the
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same procedure as in chapter III, then fitted piecewise to a
series of quadratic collocation polynomials. The response
at any given frequency could be compufed from these polynomials,
then divided into the observed spectrum to reduce this part of
the electronic transfer function to a single additive constant.

Since the transfer function was smoothly varying, a
rather coarse mesh of equally spaced 0.5 MHz points over the
range 0.5 - 24.0 MHz was used. Numbers of precise determina-
tions of the transfer function were averaged together so thét
the response at any given 0.5 MHz point was in error by no
more than 0.2%. The results were arbitrarily normalized to
a response of unity at 6.000 MHz. Every three successive
points were then fitted to a quadratic to obtain the inter-
polation polynomial. Now the interpolating polynomial is uni-
Que no matter how determined. The most direct method for
finding it is that of undetermined coefficientsgs) For points
(x;{ ,y; ) the condition that the collocation polynomial F, (x;)
pass exactly through each point is:

Py (xy) =Yy = % 9.3',)(7.
s

Thus, a quadratic having three undetermined coefficients
requires three equations to uniquely determine these coefficients.
The determinant of the unknown coefficients, a? , 1s the Van-

6 . e .
dermonde determinant( ) whose matrix satisfies the equation:

Y, | X, Xt 4,

YQ_ : l )(Z. X’L a.z

73 J X3 Xs e

This matrix equation was solved for the aj; using the matrix
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inversion Fortran subroutine of the IBM Scientific Subroutine
Paékage§7) A quadratic polynomial was now assigned to every
0.5 MHz reférence point, so that the response at an inter-
mediate frequency was computed from the collocation polynomial
whose reference frequency was closest to the érbitrary fre-
quency. The range of each reference frequency, g , was taken
to be [ Vg - 0.249999< 7 £ Th+ 0.25000(ﬂMHz. There were 46
such polynomials to cover the range of 0.5 - 24.0 MHz.

Figure 4.1 shows the averaged transfer function over
the range 0.5 - 24.0 MHz normalized to unity at 6.00 MHz.
3 Partial Reduction of Spectrum

For every spectrum, three calibration frequencies were
experimentally determined as follows. After the completion
of a spectrum, the settings of the spectrum analyzer and
signal averager were left alone, and a precise calibration
signal from the frequency synthesizer was fed into the
spectrum analyzer and averaged in a separate portion of the
FABRITEK'S memory. After a few sweeps, the location of the
maximum of this frequency (one is reproducing the IF bandpass
filter shape of the spectrum analyzer under given conditions)
was determined using the FABRITEK'S address selection mode
which gave the address and decimal content of any channel.
The three frequencies were chosen to be left, right, and near
the center of the Brillouin signal. With the calibration
frequencies, the entire spectrum could be assessed a frequency
value (MHz) per point. This was done using linear inter-
polation with two scales derived from the three reference

frequencies (the spectrum analyzer is quite linear; the
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Figure 4.1: Transfer function of PMT electronics. The
range 0.5 - 24.0 MHz has been arbitrarily
normalized to a response of unity at 6 MHz.
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frequency response is rated at + 0.5 dB over the range 1 kHz

- 100 MHz, with fine grain flatness better than + 0.1 dB per
MHz). The calibration point nearest a given point was selected
for the interpolation. Since the spectral range of any spec-
trum was generally only six halfwidths, linear interpolation
over this small a range was very accurate (~v/0.1% of any fre-
quency value).

For every frequency, the nearest 0.5 MHz reference
frequency for the electronic response was determined by
comparison with a table. The response at the particular
frequency was computed from the coefficients of the colloca-
tion polynomial, then divided into the observed response and
the result squared. The result was the power spectrum
normalized to thelPMT electronic transfer function response,
with the background effectively reduced to the additive
constént associated with the shot noise level.

Figures 4.2, 4.3 show two spectra. Figure 4.2 is a
"raw' spectrum showing the voltage spectrum versus channel
number as it comes out of the signal averager., Figure 4.3
shows the same spectrum after calibration of the frequency
axis, normalization to the electronic response, and squaring,
to give the power spectrum. Note how the severe background
slope is levelled off by the normalization.

4 IF Filters

a Transfer Function Measurement

Sincé the IF bandpass filters of the spectrum analyzer
directly broaden the

observed lineshape function, the transfer functions of these
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Figure 4.2: Raw data - voltage spectrum. Typical spectrum
as it appears in signal averager after 34
minutes of averaging. AT = .059K 0 = 0.7°,
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Figure 4.3: Normalized power spectrum. The data of fig. 4.2
after division by the transfer function of fig.
4.1, squaring to obtain power, and scaling to
obtain frequency. Note how the severe background

slope has been leveled off to effectively a
simple constant.
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. filters had to be determined precisely.
A linear, stationary filter transforms an input signal,

(8)

Sy (t), via its impulse response function h{p):

- o]

SOUT(t) = uf.hC@)S,N (t - z ) d7
-0
The transfer function is:

[
H(w) =]h(/(;) exp(iw?) d<T

- 00
Thus; if 8,y = éJadt , then Sy, = H (@) e'“wtwhich shows
that the filter's response is specified by its sinusoidal
steady state behavior.

For each of five filters used, the transfer function
was determined by inputting a pure sinewave to the spectrum
analyzer, using again the EXACT synthesizer. The transfer
functions were determined under the same operating conditions
(sweep speed, etc.) as used to determine spectra, then
averaged and stored in the FABRITEK. The background level
was electronically nulled so only the filter lineshape itself
needed to be fitted. It was found, contrary to the manufac-
turer's specifications, that the lineshapes were not strictly
Gaussian buf had a small Lorentzian component, which gave
overall a Voigt transfer function.

The general curve fitting procedure will next be des-
cribed, then applied to these bandpass filter lineshapes.

b Curve Fitting-General

The goodness of fit of a functional form y (y;) to

. . . z
measured data points (xi ,y; ) is obtained from the 7{
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(9

characteristic
2 N 2
> W; (Ve = Yix)) 4 2
=/

where W{ = weighting factor per point, i

= 1/5;" = gstandard deviation per point
Y. = measured depéndent variable
Xi = measured independent wvariable
Y(X) = fitting function

In general, Y( Xi) will depend on a number of parameters,

Pj' According to the least sqﬁares method, the optimum values
of paraﬁeters Rf used to characterize the function Y (x;) are
obtained by minimizing 7ﬁzwith respect to each parameter

simultaneously:

v ;
X = S Wiy =0
QP,)_ 9 Pﬂ, (=)

It is seen that the general procedure has three main
features: proper choice of fitting function, choice of
weighting factor, and an algorithm to effect the minimization.
There are two large classes into which algorithms fall, de-
pending on whether ¥ (X) 1is linear or nonlinear in its depen-
dence on the parameters. In all curve fitting for this

experiment, the dependence is nonlinear.
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c Fitting Function
For the IF filters, both Gaussian and Lorentzian
lineshapes were assumed for the fitting function, and attempts
at fitting these forms (by a method to be described) to the
data showed them both to be inadequate. Next, a Voigt line-
shape was assumed. This function is defined as the convolution

10)

of a Gaussian and Lorentzian:

\/( (> (() ) e /@@LZ[____ C*ﬂyﬂ@})zd

L, 7 7/ —= _— e~ /

S wrosF g e

~ o0
where - fﬁy/ @))2 is a Gaussian lineshape

e PP PEY:
[ (pe))
l?éL)/-nh is a Lorentzian lineshape
pL+(VV) 43¢
B(L) = HWHM of Lorentzian -
/5(&) = (Ye) width of Gaussian

The constant factors normalize V to unit area. This has no
closed form analytic expression; it must be approximated or
numerically generated. A good approximation to this function

' 10
was found by Kielkopf:( )

U, x)= V/T =(1-%) G +% Lx)+ Hl- »)EK) (60 - L&)

X> (V- )/P

¢l exr(~lnz)x’)

Lb(): l/(/'f‘ )(Z)

/}7 = pure number 29/ B 44
Fp) = 9029 - . 4207 X°

14+ .203%0%X° + .07335)("’
I ° constant Fropaftmna/ to 1ntens;ty

ﬁ = V%Lg% HW HmM
—Vo: center frequency
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U(%,X) as defined is a normalized (to unity) dimensionless
lineshape function. It approximates the Voigt function by
taking a linear combination of Gaussian and Lorentzian compo-
nent parts, with 7 the weighting factor of the Lorentzian
component. The function E(X) is a rational fraction cor-
rection. The accuracy claimed by using this approximant to
the Voigt is .0001 of the peak value of the function.

The fitting function was then taken to beY =IU(%,X),
with U(? ,X) as given above. The number of free parameters
that describes this function is four: I,7 ,/@ and 7, which
are the peak intensity, weighting fraction, Voigt HWHM, and
center frequency, respectively.

Once these four parameters were determined, the two
quantities of interest,/3 (L) and %B(G), could be derived from
relations given by Kielkopf as follows. From?% , a quantity u

was determined from:

/“‘(77): 1+.a¥2077—/.é0;z?2+.44/3773—./?75 7/ N "
P H101TH ~ .31 57 5266 Y - szt Y

Next,/u and /4’ were used to determine /g (+) and /5(&) from:

- 28
ﬁ(L) l+.0‘i?1na+((/~.0‘7?,Zn2)2+4%2//f)l/2 #e

and ﬂ((’) = ﬁ(L)//(,L 47
Finally, ﬂ (¢) was converted to the HWHM from the
(11) |

relation
y _ 354
TIHWHM) = () ﬁ—ﬁi— = ) (325)  #F

d Weighting Factor

The data for the transfer functions were accumulated
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with almost no electronic noise. However, there is digitizing
noise associated with the ADC of the FABRITEK. All data were
accumulated at 9 bits resolution. ‘The FABRITEK allows posi-
tive and negative inputs, while the data were all positive.
Thus, the resolution per sweep was \/256, with the amplitude
adjusted to be full scale.

The error should be the same for any single point.
However, the averager has the effect of increasing the verti-
cal resolutioﬁ above that of the ADC. Since the noise after
M sweeps is:

noise (M sweeps) = noise (1 sweep)  m then( (m)
= Jm (1) = Jm mnmell/256) where nygsy is the maximum counts
in any channel. Further, the desired quantity was the power,
not the voltage; so that the voltage count data, n, should be

transformed as(lz):

£(n) = n®

which induces the transformation on ¢ :

Power = Fvoltage -99-—;: Qoltaje N
Therefore,
s
- z - kR
Power 0.hPau/er Wvoltage @n)

The relative weighting factors are expected to be equal, so

that Wppy, should be a constant for all channels. Thus,

l

: @j;e;ge (an mnx)L
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\A/?..: | l z ,

L \)‘M {3,904,15)( o’ V)m,qx) (Q nmﬂx)z
_ | |
4 m (5,7ouas’x/o‘3)Lﬂzﬁx

where M is the number of sweeps.

e Optimization Algorithm

For a function of a single variable, Powell(lB)
suggested fitting a quadratic polynomial to the function by
interpolation, then using the polynomial to predict the mini-
mum. The advantage is that a possibly complex function is
replaced by a very simple one, the minimum of which is known
analytically. Implicit is the assumption that the approxi-
mated function is smooth and unimodal (single maximum/minimum)
over the range of the pérameter;

Powell's original algorithm has two bad features:

the predicted minimum could be a maximum, and the iterative

stepsize to the minimum could be too long, so that convergence

is slow. A modification of the algorithm suggested by Box,

et a1(14) was found to be more reliable and will be presented
15

here. An implementation is found in Bevington.( )

To use this univariate method to optimize ;fa a
multivariate function, it is assumed that the variation of ;{z
with a single parameter is independent of the optimization of
the remaining parameters, so that the optimum values are

. e LI
found by minimizing X with respect to each parameter separately.
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The algorithm proceeds as follows: The parameters

are designated pY (i =1,2,3,4) while different values of a

v

particular parameter are labelled P? (i =1,2,3).
1. initial estimates for PL , and the increment size 4 P
3
are made; XDL_D is computed from the initial estimates
of all parameters P,L
. , ; . ¢
2. Compute PzL, = P,° + AP, ; compute _X (P; )
2 N 2 ’
3. if A (P,) = X (P;), repeat step 2

if %z(Pi ) £ 7(Z(P,L), continue to step 4
if X'(P4 ) D> ANPY), take X'(B)) = X(P)
@l = X'ehH
reverse direction of search,AFb= ~AP¢

compute XL(P,L + 4P then go to step 2

4. compute Py = Fpi +4P'= P,i"QA P’ compute XZ( F;)
5. if X(PL) £ X(P ) take X'(R}) = X(PL)
X'Py ) = X(®y)
go to step 4
if )(z(P;') _Z)(L(P;) continue to step 6
2 L L .
6. using the last three points obtained, ('X (P7 )) Py) /V‘-— /2,3

anere A< ALKy pAPE=(R R [P B
the predicted minimum is:
st art (VTG )
e )-2006)- X0 2
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7. the error associated with determining the parameters P’

,is€2 2pi)?
P 2 ob 2.0 Z/o 4
W) =2 )X )

I

8. steps 2 - 7 are repeated for each parameter P in turn

9. from the estimates of P&id for all parameters, compute
z .z _ . .
;K/VEW—X (me/) 1= ]-_, - /\/
z (2
if Xonew ~ Xord convergence
z =
;K 0ld

. " L P
if >’ € use Py &s mew initial

estimates, decrease ‘APfgo to step 1
f Discussion of Algorithm
The disadvantages of this method are that if the

parameters are not all independent, convergence may be slow
or not at all. The convergence criterion used in step 9
seeks a small relative percentage error in successive changes
of ){{ As the requirement for accuracy increases, the compu-
tational cost of repeated polynomial calculation becomes
larger, and for three or more parameters, this method is not
recommended. If the initial estimates for the parameters
are far from the true minima, convergence to reasonable accu-
racy (% 5%) in the parameters will be very difficult to achieve.
Noisy data can only increase computation time, and in many cases,
the parameters assume unreasonable values. Note that the me-

thod implicitly assumes unconstrained conditions, so that all

parameters range from - oO to + o0, If the parameters are
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definitely known to lie within certain bounds, this informa-
tion should be used to keep the parameters from wandering far
from their respective minima.(16)
The error calculated in step 7 follows directly from
the expression for the error matrix given by Bevington.(17)
g. Results Of Fitting IF Filteré To Voigt Function

The preceding algorithm was applied to the transfer
function data to determine the optimum values of the para-
meters in the Voigt function approximant, &4.4. It was
expected that the method would work well in spite of the
number of parameters involved since the data were smooth and
noise free and excellent guesses for I and 2/0 were known.
Also, ’h'was a simple constant that varied from zero to one
so an initial value of 0.5 was readily assumed.

All four parameters were allowed to vary since this
gave a better fit (smaller X ) than fixing I and Vo and
allowing 77 and F? to vary. Since errors could be obtained
for ﬂ and 7 via step 7 of the algorithm, andléﬂ)and/ﬁg)depen—
ded on them through equations 4.6, 4.7, errors in)ﬂ@)and/&év
could be determined from a standard propagation of error
analysis. However, since a number of transfer functions for
each filter was obtained (at different frequencies), the
results for ﬁ@)and P@”for each determination were simply

averaged and an error assigned according to standard defini-

tions:

o
X = E Xi /N mean

=1 N s %A C7
o= (1/(N-1) 2K~ T)

=1

deviation
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Table 4.1 1lists the results of the optimization
algorithm which gave the best fit Voigt function with para-
meters ﬂ(L) and /B(G)to the IF filter transfer functions of the
Hewlett-Packard 8553L IF section of the spectrum analyzer.

Figure 4.4 shows the nominal 100 kHz IF filter trans-
fer function. The points were experimentally determined
according to the procedure in section B.4a. The curve shows
that best fit Voigt function. Note that the actual FWHM was
98 kHz, which is greater than either the Gaussian (92 kHz) or
Lorentzian (11 kHz) component, but less than the sum of these
components. This is a useful general rule for a function
which is the result of a convolution of two other functions.
There is no simple or analytic means of determining the total
linewidth from known values of the component'widthsl The con-
volution must be done explicitly and the linewidth of the
resultant determined graphically or by numerical methods.
Stated for the Voigt function, the rule for the linewidths is€18)

T'(GAUSSIAN) } £ Tvorer) < T (GAUSSIAN) + | (LORENTZIAN)

or
T'(LORENTZIAN)
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TABLE 4.1

GAUSSTIAN AND LORENTZIAN COMPONENTS OF VOIGT FUNCTION FIT TO
IF BAND PASS FILTERS OF SPECTRUM ANALYZER.

NOMINAL GAUSSIAN LORENTZIAN

BANDWIDTH - FWHM (kHz) FWHM  (kHz)
3 2.645 + .036 0.622 + .016

10 8.871 + .006 2.008 + .011

30 27.862 + .146 5.784 + .036
100 | 92.327 + .269 10.980 + .011
300 247.331 + .719 19.628 + .148
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Figure 4.4: 100 kHz IF filter. The circles are the
measured transfer function - normalized
power vs. frequency. The solid curve is
the best Voigt function fit - eqn. 4.3a.
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C. Optical Instrumental Response
1. Aperture Broadening
Yeh considered the effect of a finite collection aperture
on the spectrum of Brillouin scattered light. In rectangular

. 19)
coordinates, the momentum transfer vector'? becomes: '

A
g = ko[(rme ~end cosB) R ~ o sing Y + oso- CNf)Z]

where k, 1is the incident wavevector.
The spectral function S(%a)) must then be modified according

to:

d
5(7)60):]%[ (6, 8¢ w 8y

and was shown by Yeh to be distinctly non-Lorentzian. For

a circular aperture, 0 £ % < 27T and { (half angular field of
view) was fixed at 3°. The ratio of the calculated linewidth
to the ideal Lorentzian width (§ = 0) for several scattering
angles 6 was determined for typical parameter values. Even
for @ = 90°, the error introduced was over 50% of the Lorent-
zian width.

For the geometry of the present experiment, there is

an uncertainty in q due to the finite width of the slit (in &
direction) over the PMT, which was 3Q/L. The slit

may be taken to be a rectangular function to good approximation:

1 [‘V{ < constant

RCY) = 410

0 otherwise

The constant was determined from the simple geometry as
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follows. The position of the detector is determined from :

tan 0 = £ T o 71/
where r = radial distance from £
f = focal length of lens
Then, simply, AO@= Ar /f = W/f where W is the slit

width. Now fromw= q v obtain:

Yy = @A) Sin o
A7V =((Vcoser)/Sin oe) 46/2 2% VAo/e

AY = Y W/FO) = Y W/r 412

The constant in 4.10 is 7 W/r where 7/ is the Brillouin
line center frequency.

The convolution integral for this part of the instrumen-
tal response was done explicitly through numerical integration,
and will be displayed in the final result for the observed
spectrum.

2. Diffraction Broadening

The finite divergence of the laser beam itself intro-

3 3 A 3
duces an uncertainty in the momentum transfer vector q, which
in turn induces an uncertainty in the determination of the
Brillouin frequency. The importance of this effect has

. (20) . (21)
been discussed by Chu and Swinney.

For transverse modes of circular geometry, the electric

22
field distribution of the TEMqu mode iss )

E(r ,$) = E, (N2 r/w(z))® Lp 2'/w") exp(-r*/w’(2))

Sinké
or
Cos A¢
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I

where L Laguerre polynomial

beam waist radius

it

w(z)
Thus, for_TEM007, the electric field becomes:
E(r ,¢) =E, exp(-rl /WL(Z))
and
I(r) = /Eolz exp(—ZrL/wL) = I, exp(-Zrz/wa) é{/;
The intensity radial distribution function I(r) of such a

23
beam is Gaussian. The divergence of a Gaussian beam is:( )

Opiv = M (wm) (half angle) ‘%:/6[

Now the distribution function in frequency space may
be determined as follows. The Fourier transform of the
intensity distribution function to the scattered wavevector
‘space, q,1is

© . o0 z .

-t9r 20/ =g
v = ven] TEe ! desn [ e dr
"0 zr T

)

= 1' exp(-q*w?/ 8) ‘/‘,/5~

This is another Gaussian distribution, as expected. 1In
general, W =2T7Y = qv; but, v will be determined from the
Brillouin frequency which for fixed q is v = 27T Z3/q.
Further, q = %F.sin /2,X 2T/ for small angles. The
beam waist radius is obtained from 4.14. Substituting these
expressions into 4.15, obtain

1) = T' exp(L/8200/ (&, Vs ))’) /b

The HWHM of this distribution is:

vVHme: W (‘9011//(9) W 717
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To determine 6%W» a number of experiments were perfor-
med under conditions to maximize this diffraction broadening
effect. To minimize the Lorentzian contribution to the
observed width, data were taken at AT = 10°K where the intrin-
sic Brillouin component was expected to be only 0.54 kHz (HWHM).
Using an electronic bandwidth of ~ 3 kHz, which had only a 0.3
kHz Lorentzian component, the total expected Lorentzian HWHM
was 0.84 kHz. This same electronic filter had a Gaussian
HWHM of 1.82 kHz. From 4.17, the diffraction broadening is
greatest at low &, so data were collected at the smallest
angle. Finally, an 18/w slit was used over the PMT to mini-
mize aperture broadening. It was expected that the total
observed width would be due to Gaussian diffraction broadening
and the small Gaussian electronic component.

The mean HWHM of the diffraction broadening effect was
determined to be 46.16 kHz at a frequency of 1.847 MHz. Solv-
ing 4.14 for &, , the half angle beam divergence was:

Qow' = 1.237 x 10"4 radian 6{//
which corresponds to a scattering column of 1.26 mm in dia-
meter from 4.14. This number was then taken to be constant
for all subsequent experiments. The amount of diffraction
broadening under other conditions was determined from the
Brillouin frequency through 4.17.

3. Misalignment

Errors due to misalignment could be‘accounted for by
taking spectra on opposite sides of the optic axis on the same
annulus, under identical conditions (temperature, bandwidth,

etc.). Note that the light scattered into the entire annulus
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could not be collected and analyzed at once since this would
destroy the coherence area requirement. The individual spec-
tra were analyzed separately and the results for the linewidth
and frequency shift averaged together.
D. Reduction Of Observed Spectrum

1. Convolution Integral

The complete observed spectrum may now be put together
from the separate instrumental effects using equation 4.1.
Recall that the spectra were partially reduced by normalizing
them to the PMT electronic transfer function in section B.3.

Briefly, the remaining instrumental effects took on

the following functional forms:

I(optical) = I (Aperture) * I(Diffraction)
I(Aperture) = rectangular 410
I(Diffraction) = Gaussian o, /b
I(Electronic) = Voigt 43

and I(Brillouin) = Lorentzian 4 3¢

Three useful convolution properties can simplify the analysis.

First, the convolution operation is distributive: (24)

F % (Gv':H) = (F:‘:G) * H
Second, the convolution of any number of Gaussians is an-

10
other Gaussian whose total linewidth (HWHM) s:( )

I/z
Gw@ = Z(pE.)
total i
Last, the convolution of any number of Lorentzians is an-

10
other Lorentzian whose total linewidth (HWHM) s:( )

/ L = Z BEO

total i
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It was shown in 4c that the convolution of a Gaussian and
Lorentzian was a Voigt function. Using these results, it

is readily seen that the observed spectrum should be a Voigt
function convolved with a rectangular function multiplied

by an overall factor, Io, plus a background constant, B:

419 a

I(Observed) = I,(I(Voigt)*I(Rectangular)) + B

where I(Voigt) = I(Brillouin)*I(Electronic)*I(Diffraction)

(L) =/5<L> +/6(L> 419 4

total Elec. Brillouin
ﬂ (G) =@(G) - f(c)z)y‘ $19e
total Elec. Diffraction

The total observed width is that of the function which is
the convolution of the Voigt and rectangular functions, and
for which there is no simple expression.

By definition, the convolution of the Voigt function,

25
V, with the rectangular function, R is:( )

o0

C(» =fV(7/')R(7—7/3—V)CJ7/
~ 0
where R(¥-73-7') = {'1 |V-Va- V'] < %W/”: A
0 otherwise 420

V(') = normalized Voigt lineshape

Rearranging the argument of R, it is seen that:

CV-Vs 4 Al2
C(v) :f V@) dv'
V-Vn- A2 |



Then the observed spectrum is, from 4.19 a:

Io 65(7) -

V- Vst Al

L[ vondv+ B 42

V-V - Al

This function has five free parameters:

/3 (©)

/5 (L)

Vs

Lo

B
Note that A is

per experiment.

so that:

it

total Gaussian HWHM

total Lorentzian HWHM

Brillouin center frequency

il

overall multiplicative constant

I

overall additive constant

determined from /p and the constants W and r

V) is the lineshape function normalized

[T vedv= |

and was represented earlier by 4.3a.
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If these parameters are determined through some fitting

procedure, then the velocity is determined from:

V=27

7/@/? ) 7:47,Sm(9/z//\ 422

and the total amplitude attenuation (per unit wavelength) is:

oy (B AL )27/ 7, 423

ELEc

where /3(L) = total Lorentzian width.

2. Generating The Fitting Function

a. Voigt function algorithm

Kielkopf's approximant to the Voigt function was
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found inadequate when used in the convolution expression for
thé fitting function, eqn 4.21. The range of the linewidth
parameters which makes this an adequate approximant was not
clearly defined by Kielkopf. It is known that the Voigt
function is more easily and accurately generated for certain
values of the ratio ﬂ(L)/ ?(G) than for otherg%6) In parti-
cular, in the limit that the Lorentzian linewidth approaches
zero, the Lorentzian lineshape becomes a representation of

(27)

the Dirac delta function. Thus, for small/g(L), the Voigt
function will be difficult to compute since one is attempting
té déconvolve two functions near a singularity of one of the
functions. Analytic continuation can be used to avoid this
problem. These and other numerical problems were carefully

(26)

considered by Armstrong ‘who gave an explicit algorithm for

generating the Voigt function for all possible ranges of the
parameters/3(L) and/@(G) and accurate to 1 part in 106. His
Fortran progrém was used exactly as given for generation of
the Voigt function for the convolution integral.

(26)

Armstrong's dimensionless Voigt function is given as:

Ly [ ety

¥Z + X-¢)°

L KY) = |

T
Y= (PO /FE) A2

X* V-Vag
e Vo

ﬂ(@): HWHM (not Ve wioTH)
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The algorithm calculates K(x,y) by three different numerical
methods depeunding on relative values of x and y. These are

as follows:

VYLD X<H awD Y <L/ ) X> 4
K,Y) = Re [W(Z)]
M= ¢+ = e
KM—- Re[e® ]+ & Im[Fe)
Fe) - 6"270%6# dt DAwSoN's EyneTioy

where

T [fé?{lz AI‘Y'"cJB >ﬁ3f'45'7/€; *

and the Taylor series coefficients dn are given by the

relation

b= T

A, I—QQD(AO

In® -2 (ot des)
it V< or YL LY/(X+) byt X> 8,

then a Chebyshev expansion of Dawson's function, due to

M

Clenshaw, is used.

2 1.0 4 y<425 XY

K&, Y) = ”‘f ¢ (z/t g[({,—)() v~ -) Z foql +@-x))]Jt
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this effects a smoothing of the delta function like behavior

for small y. The factors in the expan51on give a form which
28

is integrable using a 20 term Gauss-Hermite quadrature %be

quadrature points are the roots of the Hermite polynomial.
3) Y225, X4 or Y LV/&t) | X>¥
K §,Y)

is integrated directly using a 20 term Gauss Hermite quadra-

ture

KouY)= [ e rye) de

.Y |
where F (X)\/; t) T \/z T+ @'@ z
x,y are constants for this integration; F(x,y,t) is the kernal
of the Hermite integral where eﬂflis the weighting factor;
the same coefficients (roots and weights) of . region 2
are used here.
b. Trapezoidal Rule Integration

The integral over 7/ in 4.21

translates into an integral over x in Armstrong's notation

as follows: CZA}Z@*fVZ)JZ;Z//in)
Toos )= Lol Kitwydx  +B 425
(7A:}6"7W%>J}5:%/4ﬁ%;)
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A simple trapezoidal rule approximation for this integral was
adequategzgh.test program was run using 10 and‘lOO points in

the trapezoidal expansion. Assuming that the 100 point
expansion gave greater accuracy, the 10 point expansion

integral differed from the 100 point expansion by only 2 x 10—3%.
Thereafter, the 10 point expansion was used. Equation 4.25 be-

comes, using the trapezoidal rule:

Tops (7) 2 A x [ koY) KXY 00+ KX, Y) He K(X,O,Y)]

[&)(: %}ﬂ/éhél
n A

Xn® (V- 75~ A/a)JAnz A+ nax
yag,

Y\ — 6% s e D
3. Weighting Factor

The proper weighting factor must be obtained from a
detailed consideration of all noise sources. Now the detec-
tion process is photo-electric and any discussion of error
in the process must necessarily involve the probability
distribution, p(n,T), of emission of n photoelectrons (from
the photocéthode) in a time T. Mandel(3oéetermined what
p(n,T) should be, given the intensity I(t) = E*(t)E(t),

where E(t) is the complex analytic signal. His result was:
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?(n,T):f:O (¢ U') € (éU)P@ du 4.27

n‘

T
U= [, Ty d¢
fjaj): P"Oé&b/ﬂfy distribution %brlntfn“€7 T#)

£z overall P\&eraolyne efficiency

A consequence of this was (by consideration of factorial

(31

moments) }
Gl = (ny + € BV)D .28

This is the expression for the variance of the photoelectron
count and is the quantity of interest. This shows that the
error in the counting_of photoelectrons depends on the
statistics of the field (<(AU)Z>) as well as the classical
Poisson distribution result, {n) .

The field incident on the photocathode consists of
the Brillouin scattered light and two local oscillators:
the elastically scattered laser light and the Rayleigh
scattering from xenon. Now the laser is amplitude stabi-
lized to 0.3%, so that the fluctuations for this source
may be neglected. TFor the Rayleigh and Brillouin scatter-
ing, care must be given to the statistics of the physical
process. For a liquid far from T., the light scattered
follows the statistics of a Gaussian source (i.e. a Gaussian
distributed random variable; a consequence of the central
limit theorem§?2) Near T, however, the statistics are expec-
ted to be non;GaussiaS%3) However, there is no clearly deve-
loped theory for the form of these statistics, and one would

presumingly have to observe no more than a single coherence
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length in the fluid to detect any departure from Gaussian.
Therefore, Gaussian statistics will prevail for the fluid as
a whole both near and far from T,.

For a stationary Gaussian process€34)

p(D) =<%>eXP(—I/<I>)

where p(I) is a probability function. The probability of
interest is p(U), where U is the integrated intensity, and
in general no simple expression for this exists. However,
asymptotic relations for p(U) may be derived if the averaging
time T is very large or very small compared to the coherence
time of the source. For the present experiment, the cohe-
rence time of the source is approximately the reciprocal of

the Rayleigh linewidth:

ooh //

Now the Rayleigh linewidth changes as a function of the

(35)

temperature. From the work of D. Henry R
Tk = 2.2x10° /sec for AT = 5.00°
Te = 34x10° /sec for AT = 0.05°

The averaging time (per channel) T, was 10 ms so that,
T(=10 ms)>> T ~ U/Fk): é{é/%g AT= 5°

J\Ci/“s AT= 08"

When T Y57 , p(U) may be represented approximately as<36)

p(U) =§( U -<U>)
and from eqn. 4.27 p(n,T) is given as:
| p(n,T) = @eXP(-<n> )

and 0;3 = dnd>
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Thus, one has the result that the statistics of the field
results in a Poisson photoelectron emission probability
where the error in the number of photoelectrons is simply

,)<ﬁ1> .

| Next, consider the statistics of the PMT. The number

of photoelectrons ejected from the photocathode, <ha>, is:(37>

{n.y = €app
where € is the heterodyne efficiency (which includes the
quantum efficiency) and {np> is the average number of pho-
tons incident. For the PMT as a whole, the average number

37
of electrons collected at the anode, <nj), is:( )

<{nyy =€<lnp> G

where G is the average gain of a k stage PMT having a gain

per stage of 8‘. The variance is:(37)
Ty = € o S+
. assuming equal gain per stage. Now the current out of the
anode 1is:
i, =<{ng>e/T = ece<n,y /T
e = electronic charge
Therefore,
Z

O, = iy 851+ 1/¢8 -1))e/t
The photocurrent is developed as a voltage for the
spectrum analyzer, so that the input voltage is simply i;R, R
the resistance. The output of the spectrum analyzer is swept
into the FABRITEK as a voltage with some voltage gain g, so
that the signal averager sees a voltage of:

Vi =g8(ia); R
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per channel i. Note that the error in this voltage is simply:
Now the quantity that is needed in the chi-squared
minimization is the power, not the voltage, so that if y{ is

the power, then:
z
y. = VC /R
The weighting factor in the expression for chi-squared must
be modified as:

& (5] % @ uRm

U yilR) O = 4o g* RO%);

Since V; = (y;R)Vi , then:
| ¥
G2 = 4gR /1) 85 (1 Y/ E)) Ve
[%
This is the desired result. The variance is expressed in

terms of the quantity measured (y; ) and known constants.
Finally, since the signal is averaged, the absolute value of
the noise is increased above that of the single sweep noise
by QTE where M is the number of sweeps. The final
weighting factor expression is:

)’j wagR" L 11/ (£-1)) Yc (6/7/ 5/027

where M

il

number of sweeps

voltage gain of spectrum analyzer

S 0
]

current gain per stage, PMT

10 stages
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R = 25 ohms
T = .01 sec
-19
e = 1.67x10 Coulombs

y; = total number counts in channel i (after

squaring) and Wy, = l/O‘zL

4. Reduction Of Parameter Number

The method is now described by which the number of
parameters left free to vary was reduced from five to three.
Note that the Gaussian contribution to the observed width
is entirely instrumental. The IF filter linewidths were
measured accurately; the diffraction broadening effect could
be calculated from the value assumed by the Brillouin fre-
quency from equation 4.17. Thus, the parameter,g(G) was
always determined from known constants and 73. This left -
four parameters free to vary. The frequency 7écou1d be
determined readily as follows.
An accurate plot of every power spectrum was made on a
CALCOMP 565 plotter. From this, a good first estimate of
the Brillouin frequency was made, accurate to ~v/3%. Values
for the remaining parameters, the intensity and background,
were then assumed and the value for}{zfor the particular
choice of parameters'calculated. A plot of the fitting
function was made over the power spectrum using a Hewlett
Packard 7202A XY plotter on line to the PDP 10. Using this
plotter in conjunction with the calculated values of,)f% the

parameters were varied until a reasonably close fit was
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obtained. The Brillouin frequency was then varied with the
remaining parameters fixed until 7 was determined to v 0.1%
by searching the changes in ?(Zfor a minimum. Thereafter,
Vo was held fixed, and only the Lorentzian 1inewidth/?(L),
background, and intensity left to vary.

As a check on the determination of 73, the initial
guesses arrived at above were put into the fitting program
that follows below. The predicted values for the intensity,
background, and Lorentzian width were then used (to three
significant figures) in the plotting program again and
was then stepped off at increments of 1 kHz (~~ 0.1%) and the
changes in ;Xm noted. If a lower minimum value of ;ZZ was
obtained than previously, this value of 7 was taken as the
correct Brillouin shift. Generally, only one such correc-
tive step was needed.

5. Mafquardt's Algorithm - Optimization of Other Parameters

a. Mathematical Basis Of Algorithm

Marquardt's algorithm interpolates between a Newton-
Raphson (or analytical) method and a gradient method and
is more efficient than either. Consider for the moment any
function F(§5, which may be nonlinear, and expand it in a
Taylor series to first order terms. The quantity-i contains
both variables x | and parameters, Ré . The extrema in the
parameters are found by taking the partial derivatives of

= . (38)
F(X) and setting the result equal to zero:
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2 HX/ +Z§

?} ﬁ; %= P of

—
where P o, are the glven initial values of the parameters

25, FiO_ 7+ 007 =0
g o 7.30

of F(i). This equation may be written in matrix form as:
g+ 6P+ O@Y =0 43|

where | g = ﬁb F@)l (gradient) 4 3 2

a 9 ” a)((j (}U} (curvature) 73 3

Solving for the changes in the parameters J’P
- -~/ = 2
$F=-~c'(grog))

th

-—
so that the n iteration for the parameters P should

be given by: | | -
plen) = pé G—/g(m L 34

Now this scheme of successive iteration of the parameters

?, based on a Taylor series expansion of the function to
first order about the current approximation, is called a
Newton-Raphson method. Ifs advantages are that convergence
is ultimately quadratic, and that it is invariant under
linear transformation of its wvariables. The disadvantages
are that convergence cannot be forced from a poor initial
approximation, the second derivatives of the function must
exist and must be computed, and if G is singular, the scheme
breaks down.

Usually, because of poor initial guesses, only a

fraction, /A , of the predicted change in the parameter is
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used for the next iteration: _
fﬁ(ﬂf') - P ) G (j(n) 435

Now if the matrix G is taken to be the identity matrix

then one obtains the gradient method:

prw = pv_ ) g 4 3

because g is the gradient vector. The direction which the
correction follows is the direction of’steepest descent,
which is opposed to the gradient. Advantages to this method
are that second deriwvatives are not needed, and that it will
converge (generally) from a poor ap?roximation. The dis-
advantages are that convergence can be extremely slow (or
not at all) and that the scheme depends on the metric
(scaling of the variables).

These two methods have been widely used for optimiza-
tion problems, including optimization of;X% But for;KZcer—
tain advantages result since it is the result of a sum of
squares. Write.QKZS follows (neglecting for the moment the

weighting factors W ):

2= 2t e P B)) = Z (e =7 (T, B D)
KT Z Fe 437

1-195

i
il

where (T, yy¢ ) data pair, k

.7/
Pé _

and F (7@,Pj) = fitting function, convolution integral

frequency, y = power spectral density

i

parameters

of eqn. 4.25,
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2
Now substituting X into eqn. 4.30 obtain:

27k Z (5 2% 24 i vl
2 5 for2(3 50 5 e )t 0050
In fhe immediate neighborhood of a minimum,

2%
9&9%

may be absorbed into 0( §%). If £,(P + £'P) # 0, then

fKﬂ(ﬁ + & P) = 0, and fo is of the order of §P and

'quadratic convergence is lost if 92f%/?P¢Z9P? is neglected,
but there is a substantial gain in computation since second
derivatives are not needed.

Rewriting terms for matrix notation:

— 2tk Tk
G"”a Q\%”&Pc T

BdT = S 27 i

K o FPe

so that

g+ &P+ 0(8) =0

and

T;‘(h-ﬂ) _ 7(“)—- ){ G*’ 9»0"‘)

1 . .
The advantages here for A are that second derivatives are

not needed, and since G is usually positive definite, the

A n 3 -
correction to P( ) is in the direction of descent in the

space of the variables.

(39)
Now Marquardt's variation of this method is:



POV B _ (G +) I)"’ ?’(m | 4 3f
Lo pBbwL _ (c«+/\1:)“”g""’ 4,59

In three theorems, Marquardt proved:
1) - for \ 70, §P is the radius vector of a

sphere in parameter space such that;}Qfﬁ) is

a minimum
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a Y
2) §P = §PO) i.e.,cyi is a continuous decreasing

function of A such that as A > /J’ Py |- 0.

3) if 7' is the angle between¢¥f obtained by
Marquardt's method and 8? obtained using the
gradient method (eqn. 4.36), then 7' is a mono-
tonically decreasing function of A such that
as ) =2, - = o.

The implications of this method are that by choosing,%
properly, one interpolates between the gradient and analyti-
cal methods. For large A , the (G + AI)matrix is dominated
by the diagonal elements, AI. Then as A=2>e0, fP —> B/A,

-
S0 that ¢ P and'g become proportional and the angle between

them approaches zero. On the other hand, if A >0, JP and 2

meet at some finite angle 7Msuch that as A2, 7' => 0 . Mar-
quardt monitored ?/ for different problems and found that,
usually, 80047ﬂ<'900. That is, the correction vectors pre-
dicted using the gradient and analytical methods are almost
always 90O apart. Thus, Marquardt's method inherits the
advantage of the other two methods while not picking up the
disadvantages. However, the choice for M is unclear, and a

change of scale is necessary because the algorithm is
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gradient-like.
Since the gradient is not scale invariant, the para-
meter space must be scaled and a suitable choice is units

of standard deviations of the derivatives:gd £y /0 Then G

]%.
is transformed into the matrix of simple correlation coeffi-
cienEf.amo?g afK;/aPé: ‘ _
Spagd? S S % ;Pa"'JPZ/"a/@

ﬁgé;idinge%%ea%hoice of gﬁiga suffiggently largLQLi
always exists such that a lower value of ;Xtcould be found.
But, one should not choose A larger than necessary since the
method would then inherit the disadvantages of the gradient
method: good initial minimization followed by progressively
slower progress. As one approaches the true minimum, the
Taylor series becomes more appropriate in describing the
behavior of the nonlinear function, and A should be made
smaller to take advantage of the analytical method of solu-
tion where the series converges nicely.
b. The Algorithm

The explicit algorithm is as follows:

1) Assume a value for ¢ and A

2) Compute ;ﬁzfrom initial guesses for parameters, ?

'3) Calculate the gradient vector'§

4) Calculate the matrix G, and scale

5) Add A to the diagonal elements: (Gscale + A I)

6) Invert (G scale + A I)

—
7) Compute the correction to the parameters, £ P,

-1
from: (Gscale + A 1) g

5 %
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8) Compute the new values of the parameters
.JQ\.") D ) ra
P P™+ §P and new value of Chi-squared, A,

- 2
9) Compare ;{Zwith-ﬂja

2 2 z

if x, 2 7{2 go to step 10

i 2oyt A 0 4 10
ig AOT Jo'° stop
if Amm b 0’ go to step 5
10) replace the parameters with the cofrected values

3
and output P, A , and current X

. 2 7
if X~ X, < € And If /\4/0"‘?

L

Xo

then convergence achieved

2 )
- -d
f XN s e or Adso
K
then #
L.
)("—;(L
Z -
S=
A= /70
go to step 3
c. Discussion of Algorithm

The algorithm is efficient. Note that if ;(;?¥;ﬂz
in step 9, a new gradient vector and new G matrix need not
be computed, only the new value of ,A added to the diagonal
eiements of G, step 5. Also, only a value of ;Xz'smaller
than the previous value is sought, not a turning point, so
that only two successive values of ;YLand not three are

needed. The derivatives for the gradient in step 3 were
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computed numerically from Sterling's central difference for-

e
mulaS*O)
o0Ff (3 +aP)- F(F- 0P
= S -
0P 2 AP
where A P = step size guessed from current value
of parameters'E. This method is more accurate than either a

forward or backward difference formula. In practice, the
step size for the derivative was a constant percentage of
the current value of the parameter: 25% of the Lorentzian
width, 207 of the intensity, and 20% of the background. The
matrix inversion for step 6 was accomplished using the prog-
ram MINV of the IBM Scientific Subroutine Packagé7) to
single precision arithmetic. |

A nominal initial value of ) = .00l was assumed.
The added test in step 9 which stops execution if A becomes
large was found to be better than having the parameters
assume unreasonable values. If A became too large, the
algorithm became too much like the gradient method, and
convergence thereafter was slow. When A exceeded 10/0,
new initial values for the parameters were guessed and the
program rerun. The change of )\ by a factor of 10 was found
to be reasonable (as suggested by Bevington), neither too
large nor too small. Finally, the convergence criterion of
step 10 sought a small relative change in successive,kjﬁalues,
but only if A4 /0—’{ For these small values of A , 1t 1is

assured that the algorithm behaved more like an analytic
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solution as it should when close to the minimum. € was
chosen rather small, 0.01%, but this was necessary to give
tﬁe precision required in determining the linewidth, as will
be discussed further.

It should be recalled that only three parameters were

varied using this algorithm: the Lorentzian width, intensity,

and background.
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d. Usage of Program

In principle, a single run of the program on any spec-
trum should determine thevoptimum values of all parameters
by finding the absolute minimum value for‘)(}. In practice,
one run is inadequate. The initial guesses for the para-
meters may be far from their respective optimum values,
the parameters may cluster about ‘a local extremum, and the
convergence criterion may be met well before the absolute
minimum for ;XZfis reached.

A method which avoids this difficulty and assures the
algorithm is functioning properly is the following.;Xz’as a
function of a single parameter will assume a parabolic form
when near the minimum€4l) This is certainly true for linear
problems, and is the basis for the algorithm used in fitting
the IF filters in section B.l4e. For nonlinear problems, in
the region where the analytic (Taylor series) method is
expected to adequately represent the fitting function,;YLas
a function of a single parameter should again assume a para-
bolic form. Of the parameters varied in the program, the
Lorentzian linewidth is the quantity of dinterest, the multi-
plicative and additive cdnstants contain no useful infor-
mation. For every spectrum, the program was rerun with
different initial guesses for the three parameters and the
changes in ;kz as a function of the Lorentzian width were
monitored. When far from the true minimum, all the para-
meters were varied erratically, i.e. there were large variations
both above and below the optimum values for each parameter.

This was the gradient-like portion of the algorithm at work.
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When these large deviations averaged out, the program acted
analytically, the parameters were optimized more uniformly,
A was reduced monotonically at each iteration, and ;{;@N ,as
a function of the Lorentzian width, was approached from only
one direction. When the wvalue for )(zfinally converged
within € , the program was again rerun, this time with an
initial guess for the Lorentzian width above or below that of
the previous guess, depending on the direction the minimiza-
tion took during the analytic part of the previous search. By
this procedure, one is attempting to generate ;{Zversus 7103
over a range large enough so that it is seen that an extremum
is reached for a reasonable value of the width.

Examples of this procedure are illustrated by figures
4.5 and 4.6. Both are plots of the percentage change 111)(%
relative to respective minimum values for ;kz, versus the
Lorentzian linewidth, in kHz. The curves were generated from
a large number of calculated ;(zvalues as the parameters were
optimized in small steps en route to their best values.
Figure 4.5 is for a spectrum having a very narrow linewidth,
.F(L) = 6.60 kHz, taken at the highest temperature AT = 10°)
and second smallest scattering angle. Figure 4.6 is for a
spectrum at the other extreme conditions, having a broad
width, (L) = 689 kHz, taken at the lowest temperature
(AT = 0.050) and largest scattering angle. The fact that
the curves are parabolic indicates the algorithm is working
properly.  Similar curves aré expected for 7Ctversus the

additive or multiplicative constant. For figure 4.6, a 2%
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Figure 4.5: Relative change in chi-squared for spectrum
at AT = 109K , 0 = 0.7°, Figs. 4.7, 4.9 refer
to the same spectrum as this figure.
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Figure 4.6: Relative change in chi-squared for spectrum
at AT = 0.059K, 0 = 2,79, Figs. 4.8, 4.10 refer
to the same spectrum as this figure.
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change in ){2results in a change oflﬂ/IS% in frequency
space, but for figure 4.5, a 27 change inA;(Zresults in A~ 697
total change in frequency. Thus, at the narrow linewidths,
;chhanges rapidly and the convergence criterion is easily
met. At the broad widths, the fitting procedure. becomes
quite tedious, requiring many runs of the program to deter-
mine the minimum.  For all spectra, guessing the value of
the multiplicative constant, given a linewidth, was very
difficult as the two were related in a nonlinear way. The
background constant could generally be estimated to three
significant figures from the CALCOMP plots, and did not
change much ({+.1%) during the optimization.

Figures 4.7 and 4.8 show deviation plots for the same

two spectra. The percentage deviation is:
% deviation; = (y, - 1 (%))
L y o3 § X /00
Ioﬁs(?&)

A datum point is (7, y¢ ) where 7}/, = frequency, y;, = power
spectral density. Ipgs(%;) is the convolution integral
expression, eqn. 421 with the best fit values for the para-
meters evaluated at the datum point 7. The goodness of
the fit is indicated by the small deviations of the data from
the theoretical function. For figure 4.8, the maximum devia-
tions are +0.4% and -0.6%, or 17 total. For figure 4.7,
the maximum deviations are +4.9% and ~-2,4%, or 7.3% total
deviation from the best fit values (0% line). The measured

~spectra are shown in figures 4.9 and 4.10 by jagged lines, and
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Figure 4.7: Deviation plot for spectrum at AT = 109K,

' © = 0.79, Spectrum is shown in fig. 4.9.
The zero per cent line is the best fit
convolution integral, eqn. 4.21.
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Figure 4.8: Deviation plot for spectrum at AT = 0.05°K,

@ = 2.79. Spectrum is shown in fig. 4.10.
The zero per cent line is the best fit
convolution integral, eqn. 4.21.
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Flgure 4.9: Power spectrum at AT = 109K, 0@ = 0.7°0. Jagged
line is measured spectrum, smooth curve is
best fit to convolution integral, eqn. 4.21. |
VvV, 1is the best fit Brillouin shift. TI';, is the
best fit Brillouin linewidth. See figs. 4.5,
4.7.
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Figure 4.10:Power spectrum at AT = 0.059K,0 = 2,79, Jagged
line is measured spectrum, smooth curve is
best fit to convolution integral, eqn. 4.21.
v, is the best fit Brillouin shift. T, is the
best fit Brillouin linewidth. The complete
data reduction procedure is given step by step
by viewing figs. 4.2, 4.3, 4.6, 4.8, and this
figure.
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the respective best fits to the assumed functional form as
smooth solid lines.
E  Results

Appendix B lists in tabular form all the data obtained
organized by scattering angle, then temperature. The best fit
Brillouin frequency shift and Brillouin HWHM linewidth are
given, along with the derived velocity and attenuation. The
tables list the critical part of the attenuation and the
background attenuation separately, the latter obtained from a
calculation to be described in the following chapter. Note
that in the theories of Kawasaki and Mistura, only the
critical part of the attenuation is used, obtained by sub-
tracting the background attenuation from the total attenu-
ation. The sound velocity and total attenuation were obtain-
ed from the frequency and linewidth respectively, according
to equations 4.22 and 4.23.

Figure 4.11 shows the spectrum taken at AT = 2° at a
scattering angle of 0.718O (in air). The jagged line is the
measured spectrum, the solid curve the best fit convolution
integral. In figure 4.12 the various effects that contribute
to the total observed spectrum of figure 4.11 are displayed.
The lineshapes have been normalized to unit amplitude. For
this example, note how the diffraction broadening is nearly
as large as the Brillouin linewidth, and is the major instru-
mental effect.

Regarding instrumental effects, the electronic band-

widths were of course constant, the aperture broadening and
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Figure 4.11: Power spectrum at AT = 2°K, 0 = 0.709. Jagged
line is measured spectrum, smooth curve is
best fit to convolution integral, eqn. 4.21.
Vg I',, are the best fit Brillouin shift and

Brillouin linewidth, respectively.
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Figure 4.12:
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Instrumental effeects. The total observed
spectrum is that of fig. 4.11. The composite
effects are as follows.

Source Lineshape HWHM (kHz)
1 IF Filter Voigt Pl(G)=4.44
Fl(L)=l.OO
2 Diffraction Gaussian FZ(G)=36.77
3 Brillouin Lorentzian T3(L)=47.44
4 Slit Rectangular 1“4 =7.06
5 Total Observed Convolution F5 =67.13
' of 1,2,3,4

Total Gaussian component=(Pi(G) + FE(G))%
= 37.03 kHz
Total Lorentzian component=Fl(L) +F3(L)

= 48.44 kHz.
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diffraction broadening varied with angle and frequency shift.
The range of variation of slit and diffraction broadening

for each angle was as follows (HWHM) :

0° (air) slit (kHz) Diffraction (kHz)
max min max min
.36 6.9 4.4 35.8 23.2
.72 8.9 4.9 46.1 25.3
1.44 8.8 6.1 45.7 31.6
2.69 8.6 6.4 45.3 33.3

Figure'4.13 sunmarizes the experiment. The three
spectra were taken at different temperatures, but at the
same scattering angle and same slit width. The spectra have
been normalized to the background constant (taken to be unity)
of the spectrum at AT = lOO. Since the background constant
is the shot noise, the spectra were adjusted for differences
in initial laser intensity and averaging time. There are
four things to note from the figure. As AT decreases, the
Brillouin line shift decreases. As AT decreases, the total
linewidth space increases, reflecting the increase in attenu-
ation. The shot noise level increases sharply asA T =0,
because the Rayleigh line intensity, acting as local oscil-
lator, increases due to the divergence of the compressibility.
At AT = 2%, the shot noise level is 21 times greater than at
AT = 100, and at AT = .050, is 32 times greater. The
Brillouin intensity increases athF;é'O; note the AT = 10o

spectrum has been expanded vertically by a factor of five.

However, the increase 1is slight compared to the Rayleigh



Figure 4.13:

Summary of Brillouin scattering experiment.
The spectra are the total observed spectra
including all instrumental effects, but
normalized to the sBot noise level of the
spectrum at AT = 10°K. Note that the vertical
scale of the spectrum at AT = 100K has been
expanded by a factor of 5. See text for
description.
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intensity change, and this is reflected in the peak Bril-
louin intensity to shot noise level. For AT = 100, this
ratio is 0.24, for AT = 2°, 0.11, and for AT = .05° it is 0.05.
There is greater difficulty in obtaining spectra as 4 T—> 0
because of the smallness of this ratio. The Brillouin

peak is harder to discern because it is spread out in fre-
quency space, and the fluctuations in the background easily
overcome the weak Brillouin line so that averaging times

must be longer.
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CHAPTER V

COMPARISON OF RESULTS WITH THEORY

A Systematic Error

After all spectra were collected, a systematic error
was found. The output lens of the spatial filter was
slightly mispositioned causing the emerging beam to be focus-
sed rather than collimated. Since the annular aperture was
positioned at the focal point of the collection lens assumihg
collimated light at the input to this lens, the focussing
caused the aperture to be positioned at a point less than the
true focal length. From the spectra at all angles at
AT = IOOK,the velocity was determined and compared to the
ultrasonic velocity of Mueller et al(%% the same temperature.
This far from T, there is no measurable dispersion, and the
Brillouin and ultrasonic measurements should all give the
same velocity. From the difference in wvelocities, a new
effective focal length was determined, and the four scatter-
ing angles were corrected. Appendix A tabulates the correc-
ted scattering angles.
B Background Attenuation

The classical, or background attenuation must be
subtracted from the total measured attenuation before compari-

(2)

son with critical fluid theories. It is:

B _ T &/ +p 8 A(l/cv_l/cPﬂ
= v”[ et

0
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where &4/ = 27T 7/8
V, = vW=0) = zero_frequency sound velocity
) = shear viscosity
? = bulk viscosity (background)
f = density
A = total thermal conductivity
Cy = constant pressure, volume specific

heats

The terms in brackets are all temperature dependent; thus,
0<§= XS(T, @). The temperature dependent terms have been
tabulated by Swinney and Henr§3%or xenon at the critical
density. For a derivation of the explicit terms used to
calculate the thermodynamic quantities, refer to Appendix C.
Note that the conductivity is the total conductivity, the
sum of the critical and background parts: )¢¢QJ== )f + AB.
One should look at the original calculations of Kawasaki and
note that the viscosity was to be determined by measurement,
so that )\ must be the total conductivity. For a discussion
of this point, see Swinney?a)

The value of the zero frequency sound velocity used
in the calculation of dgvuw determined through quadratic
interpolation of the reported values of Garland & Williams(s)
for AT < 2% . In their analysis, Garland & Williams
mention that their 1 kHz data agref with the 1 MHz results
obtained earlier by Mueller, et al( )at AT = 4.780K. There-

fore, the tabulated velocities measured at 1 MHz by Mueller
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.were used for interpolation for AT >» 29K (note: there is

no detectable dispersion ih the 1 MHz velocities compared to
the 0.55 MHz data of the same table for 2° £ AT £ 10°K). The
temperature values of the present experiment were AT = 10°,
59,29, 1°, 0.5°, 0.2°, 0.1°, 0.05°K, and the values of v,
obtained by interpolation are presented in Appendix D. The
taBles of data in Appendix B list both the critical and back-

grdund parts of the total measured attenuation.

C Velocity & Attenuation Results

All sound velocity data are plotted as a function of AT
in figure 5.1. For AT = 10° and 5°K, little or no dispersion
is evident, the dataat all angles are clustered about the
zero frequency sound velocity. The average of all the data at
AT = 10° indicates a standard deviation of + 1.2% in the
velocity (ratio of error in mean to mean).

For the range of angles studied, some dispersion is
expected starting at AT = ZOK.(6) For this experiment, the
dispersion at AT = 2°K cannot be distinguished from the
experimental error, the averaged dispersions at all angles

being less than + 1.0%.

All data for the lowest scattering angle are erratic,
showing the greatest scatter, and do not follow the expected
trend of less dispersion for lower Brillouin frequencies.
Since the error in angular alignment is approaching the
scattering angle itself at this angle 040.360) these data

are not expected to be reliable.
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Figure 5.1: Sound velocity - all data.
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For the largest scattering angles, dispersion is clearly
¢
seen for all AT £ 1, the velocities lying above the + 1.2%

error. The averaged percentage dispersions for these angles

are: Table 5.1: Average Dispersion
=127 1.4° 0.7°
AT = 1° 2.49 1.31 2.36
0.5° | 5.55 5.21 7.75
0.2° 11.09 10.00
0.1° | 28.76 17.84 20.88
0.05° | 31.12 27.09 24,90

All attenuation data are plotted as a function of AT
in figure 5.2. The smallest angle data, while showing the
trend of increased attenuation as AT —» 0, are again not
expected to be accurate. For AT < 0.5° at this angle,
the attenuations exceed those at the larger angles for the
séme temperatures. For this reason, they should be neglected.

The averaged attenuations at the other angles show the
expected trends of increased attenuation as 4T —> 0, and
increased attenuation at higher Brillouin frequencies, within
rather large experimental errors. The percentage errors in
the angle-averaged attenuations reflect the difficulties in
deconvolving instrumental effects. At the lowest temperature
AT = O.OSO, the standard deviation was actually smallest (~6%).
Here, the Brillouin widths are largest. The largest errors

were at AT = 0.10, ~ 707, then decreased to~10% near AT = 2°

Beyond AT = 20, the standard deviation increased to ~~ 26% at
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Figure 5.2: Sound attenuation - all data.
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AT = 1OOK. Here, the widths are at the limits of experimental
detection, exceedingly narrow.
D Reduced Dispersion, Reduced Attenuation

" A comparison of the experimental results with critical
liquid theories is facilitated by defining a reduced disper-
sion, D, and reduced attenuation, A, as follows:(7)
(vw) - vo )/ F(T)) 5.1
A = @)/ (2TF(T)) 5.2

R = kgT” 0— Q_V) (Bf_’)z 5.3
aTp Oy ce/ L AT /s

Then, D and A are related to the integrals J and I as follows:

D

1

D = J(w* %) 5.4
A= T(w*)7/) 5.5

where @* is the reduced frequency:
W= W/ we=MpGE') 5.6

The factor F(T) contains all the weakly temperature
dependent quantities needed for direct comparison to theory,
and if these are all known, then an analysis may be carried
out with no adjustment of parameters. A compilation of these
thermodynamic parameters for xenon on the critical isochore
is again found in the tables of Swinney & HenryﬂB)all of
which were used previously in determining df. Refer to
Appendix C for the quantities needed to compute F(T) and wk.

The Kawasaki-Mistura integrals may be written as follows,

assuming the Ornstein-Zernike form for the correlation function

(7
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J(@, /’\) /(-ITFYW(ZTR/CU)) -

T (w* X/2) / (Z/K/CU ) x* dx

(/+>< (1+GTr/w))

2T/ w = [k 407 ) [ ) - k&) 2=
K, 6= .75( 1+ x%+ (x>~ V/x) Tan'x)

These include the dependence on the background thermal con-
ductivity, AB , which is non-negligible over the temperature
range of measurements (most analyses have taken )9= 0 for
comparison of theory and experiment), and once again, the
discussion of Swinney(z%n this point should be noted.

o . . .
If ) =0, then these integrals may be written in a

: 8
form which displays the correlation function dependence:< )
J) = (7 XgW Iy 57
0 K '
T Y- f“’ x*a2) w* kok)dx 5 8
06() + ¥?

where g(x) is the (dimensionless) form for the correlation

8
function. The tabulation of Tartaglia and Thoeg )for g(x)
is as follows:

‘ ' Ornstein-Zernike

[+ x* ' 0z
5(1-7%) (1+XCOt((1—6)tan" X)) exact Fourier Transform
| + x* FT
’ _ 129 (l tVah ¢1))<2 Fisher-Burford

[+ @x) I+ (14 %ah@?) x2 FB
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F Dlx‘F-+ (Dz/%» X—(/V Fisher-Langer

2(1- D x" -1, X"W) FL
-/

The dimensionless parameter x is equal to q; in all forms.

- The second form is the exact Fourier transform of the
asymptotic limit of the net cofrelation function G(r) = g(r)
- 1 which includes the Fisher(ggrrection:
G(r) = constant exp(-r/F)/r"*?

The correction,77, in the exact as well as the FB form is
expected to be 0.056$10)¢ is expected to be O.lSSlO)The FL
form involves many adjustable parameters{ll)ln the analysis
that follows, the FL form Will not be compared to the data
of the present experiment. From the work of Tartaglia and
Thoen , it is seen that the FL form, as a function of @*,will
lie between the FT and 0OZ cases, depending on the parameter p.
Therefore, only the 0Z, FT, and FB forms will be treated.

For the calculation of these integrals, the transforma-

tion, x = tané/4, was used. Then the integrals become periodic

functions over the range [O,Zﬂ] as follows:

T(w*) = (27 Ug)Tanel sectly 9%6) d 6
( ) f,, lt (ke@©)/w*J?

T(w¥)= f“ () TaN ¥y _secely (k6E)/w*) ;f@) do

14 (Kol)/w¥)*
These are easily integrated numerically by the following quad-

(12)

rature formula: N
2 AT << . L
[ty dy 2 5 > t(arte) 5
=]
) b, N-| A= constant Offget from orgin
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Tﬁe coefficients of the quadrature sum are all constant and
simply 27/N. The nodes are a + (k-1)27/N. Assuming greater
accuracy for larger N, a 100 point summation of the J and I
integrals differed from a 1000 point summation by L PPM.

Figure 5.3 displayé’the reduced dispersion, D, as a
function of ¢¢p* for the averaged data of the present experi-
ment. The curves are J{(w*) with ,AB== 0 for the TFT, 07, and
FB forms for g(x). Ideally, D should be non-negative since
the velocity cannot be less than the zero frequency sound
velocity. Experimental error is reflected in the scatter
of the data, particularly at the lowest scattering angle, and
in the negative dispersion. If the data at the lowest angle
are ignored, the remaining data indicate a departure from
J(p*) to higher values for all ¢* greater than about 10, and
for all 3(x). In particular, at W/ *~ 900, D is about 3 times
' greater than J (for FT), and at ¢y* 100, D is about 2 times
greater.

For the reduced attenuation, A, averaged data are
plotted in figure 5.4 as a function of 4/*. The curves are
I(w*) foerT, 0Z, and FB, with Ag = 0. All values of A
are larger than I for all g(x), and over the entire range
of (p*, with marked departure starting atw*~ 2. The largest
departure is nearco* = 100, with the measured attenuation A
as much as a factor of ten greater than the closest theoreti-
cal values (for FT). For(ﬂ* > 100, A decreases again: at
Qﬁ = 900, A is only a factor of five larger than the theoreti-

cal attenuation (for FT).
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%
Figure 5.3: Reduced dispersion vs. log w" . Points are

D= (V(w) - VO)/(VOF(T)); V(w) averaged at
same 0, AT. Curves are J(w”): 0Z = Ornstein
Zernike, FB = Fisher-Burford, FT exact
Fourier transform (see text).

m-0= .70 A -0=1.40 ¢ -0 =2.90
present experiment. See Appendix E for values
of D, w” of present experiment.

O - Cannell data, © = 1709 (ref. 16)

- .55 MHz A - 1 MHz + - 3 MHz
ultrasonic data of Mueller, et al (ref. 1)
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: £
Figure 5.4: Reduced attenuation vs. log w . Points are
A = a§/(27F(T)); o§ averaged at same 0, AT.
Curves are I(w¥). Symbols same as fig. 5.3.
See Appendix E for values of A, w” of present
experiment.
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These results should be compared with the analysis of

<8). Using previously reported results(l3’14’15)

Tartaglia & Thoen
representing almost all the ultrasonic data to date, and
including the Brillouin data of Cannell(l6), a comparison was
made with the integrals I and J. The following points should
be noted. Tartaglia-Thoen's analysis of the data is similar

(15). One difference is in the calculation

to Thoen-Garland's
of J and I for different g(x). Since the present work used
the g(x) and associated parameters based on Tartaglia-Thoen,
no difference in results can be attributed to the calculation
of J and I. Regarding the data, is should be noted that the
density was measured éoncurrently with the velocity and
attenuation along the coexistence curve for the ultrasonic

(17) was used

experiments. The linear model equation of state
to calculate Vo and CV with the parameters in the model
derived from a least squares fit of the 1 kHz and MHz results.
ThuséUR (in @*) was calculated for different thermodynamic
paths, the coexistence curve and critical isochore, with para-
meters obtained by least squares fitting to a power law
dependence over the different paths. Additionally, a quantity
a(T) (= F(T)/V%) was assumed to be given by a(T) = o(é”gand
the parameters a’and‘ﬁ?were obtained from a least squares fit
of the attenuation and velocity data to the equation:

Ay /ViHe) = 2 (1) T(w*)
and then a(T) used in the comparison of dispersion results with
J(w*). All fits were carried out on data for 10—2£cu*1310, so

‘that it is not surprising that there is good agreement between

theory and experiment in this region. Since
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obtaining a(T) in this manner is equivalent to accepting

the validity of I(*), this analysis was not an absolute
comparison of data and theory as is the present work, where
no parameters were adjusted.

These comments moted, Tartaglia-Thoen found agreement
between the reduced dispersion and J up to ¢* ~ 200.
Departufe for (w* 7> 200 occurred, but the data do not
predominately follow either g(x) tested, FL or 0Z. TFor the
_ reduced attenuation, there is agreement up to w*~ 10. For
w* > 50, the data are systematically greater than I for FL
or 0Z. Since the FL form produces larger values of I, it
agrees with the data slightly better.

Regarding the only other heterodyne experiment per-
formed, Eden & Swinney<l8gxamined the vapor phase of the
coexistence curve below T, over a narrow range: .OléCU*éﬁLO,
The dispersion results agree well with J (for 0Z), and again
some negative dispersion is indicative of the experimental
error involved in measurements at small scattering angles.
For tﬁe attenuation, A agrees with I (for 0Z) up toW* ~~ 2,
thereafter, A becomes less droppiﬁg to 77% of T atw®* = 2.0.
However, it should be noted that this is also an absolute
comparison with theory with no parameter adjustment, but F(T)
for the coexistence curve is not well known. The linear
model equation of state was used to determine v, and the
compressibility. The correlation length was determined from
;z = fka TRZKT, and in view of the large uncertainties invol-

ved in these expressions, the fit is quite good.
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E Ratio Test of Critical Theories

Sarid & Cannell attempted to discriminate between
the Kawasaki and Mistura formulations using the following
approach. In Kawasaki's formulation, the real and imagi-
nary parts of the critical complex viscosity, b, W) = (4/3

77(@) + }:(w))/p , are related to I(y*) and JW*) as followsglg)

() Relbhew)] = DO) T(w¥ 5.9

W Im[bew)] = D@) T(w¥) 5.0
D) = 2V* FU) 5.1/
If the ratio,
Relb-@w)] T (w*)

is formed, then the factor D(T) drops out. D(T) contains
all the thermodynamic quantities needed for a complete com-
parison of data and theory, and it also contains a good
deal of experimental error (in particular, },and 7 in the
correlation length expreséion are difficult to determine).
Cannell and Sarid used the (approximate) solutions for

Re[ b (©)) and Im [be @) (19)

C()Im [bc(@] = Vz(a)) li-;——.::-—‘ - VDZ 6//3

oy> L BT ) Re [be W7 25 Vi) (1465 ) S#

to test Kawasaki's formulation. Thus, only quantities
directly obtainable from Brillouin scattering are used in
this test, and compared with the principal results of the
theory, the integrals J(w *) and I(w*). No other auxiliary
parameters, other than the very accurate zero frequency sound

velocity measurements, are needed.
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—

—

I(w¥) /“(@2 V, ) (H(o?f)‘)i
T w*) 2 d

/s
— ——=R, 515
View) 2d5 K
Similarly, in terms of Mistura's complex specific

heat, A(&D,(lg)
U-v#) Vi Re[A(w)] /€, =D() T(w*) &1

(-7%) ViTm[a @]/ ¢, = DO I(w¥) 5.7

the following ratio may be formed:

13

¥}

— ir_(f_‘),i)_: Re[ 4 )] 519
T(w*) Tm [ ACw)]

(19)

Using the (approximate) solutions:"

_ =¢C oz z -
-[MEA(M)] /cv 23 Vi Viw) (1- V) 5.19

(v(w) - Vi/7)?
Re [alw)] /e, Vo - Vi) . e 520

Viw) - v

4

1)

obtain:

Jw*) _ /] ﬂ__[__) V’z(w)*\/oZ/Z':R 51/
T(w*) (WW) Vo' a5 (1-V7) m=

Mistura's formulation is not quite as convenient to test

since the heat ratio is an extra parameter, but 7'is very

(3)

well known from a variety of sources. Note that for )B= 0,
different forms for the correlation function may be used
for the ratio J/I as before. |

The results of this analysis applied to the present
data are shown in figs. 5.5 and 5.6. For RM,'7Awas determined
from the quantities in Appendix C. There is little difference
between the Kawasaki and Mistura forms on the basis of this

ratio test; both are equally bad descriptions. Ry RK are

mostly between -3 and +5 (negative dispersion is responsible
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A\
«w

Figure 5.5: Ratio test - complex viscosity. RK vs. log w .
- bt 3k
Data are plotted as Ry = G YA )10+&U) )
- . ad, Ww))  ady
Curves are J(w )/I(w ). Symbols same as fig. 5.3.
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RATIO TEST:COMPLEX VISCOSITY
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oS

Figure 5.6: Ratio test - complex heat ratio. vs. log /“}4
' | Viw) - Vi
Data are plotted as = =g ) Ll 0L
p RM (V (QJ) Vs ) ozo(f (/_ V74)

* %
Curves are J(w )/I(w7). Symbols same as fig.5.3.
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RATIO TEST:COMPLEX HEAT
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for negative ratios). Overall, J/I does not agree with either
RM or RK for any g(x); all J/I monotonically increase rapidly
away from the data for @*>10. The best agreement is near ¢ *~1.
Note that three high w* points of the present experiment lie
closer to J/I for FT. For these three, the per cent differences
between J/I and (RM,RK), relative to J/I,are: @w*=228 (-4.7%,
38%), w*=466 (4.7%,42%), cw*=900 (19%,54%). Cannell's .data also
agree better for RM (FT) in the region @w*>200.

Sarid & Cannell found that neither 0Z nor FL agreed
with the data when analyzed in terms of the viscosity
ratio, but concluded from the heat ratio that the data
were well fitted by FL. On the basis of these ratio tests
compared to the present data, it must be concluded that neither
the Kawasaki nor Mistura formulations describe the data at
all well for any form of g(x). Contrary to Sarid & Cannell's
conclusion, Mistura's formulation is not noticeably better
than Kawasaki's. Though they made this conclusion on the
basis of FL, and FL is not explicitly displayed here, FL
will fall between the 0Z and FT results depending on the
many parameters involved in it.

In addition, Sarid & Cannell tested the dispersion
and attenuation data separately for both a complex viscosity
and complex heat, using for D(T) the same parameters used
in the present experiment for F(T). They concluded that
neither Kawasaki's nor Mistura's formulations described the
reduced attenuation and reduced dispersion. The results of
the present experiment agree with these conclusions,

especially if the lowest scattering angle data are ignored.
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For the reduced attenuation, all data lie above I(gp*) for
FT, 0Z, and FB even for@¥* as small as'0.0l, and great
departure is shown for ¢* 2 1. For the reduced dispersion,
the data agree with the theories up tog*~ 1 - 10 but show
systematic departure for &@/* > 10. 1In Sarid & Cannell's
analyses, even though the Kawasaki and Mistura formulations
are treated as being distinct and analyzed separately, the
same departures are shown at about the same values of g% in
the separate comparisons. They also show that there is good
agreement between ultrasonic data at 1 and 3 MHz, and
Brillouin data at 500 MHz, so that the differences in
experimental methods do not seem relevant.

One might argue the validity of the approximations
used in determining equations 5.15 and 5.21. 1In 5.15, the
thermal diffusivity a (=) /FCV) was neglected compared to

(19)

b(w) in the dispersion equation:
- . z
COZ/;Z = Vitab@y-iw(atbw) -V cbgl/fa}z)
This approximation is certainly true for the experiments

19
in question. In obtaining 5.21, the dispersion equation:( )

wt - 2 [+ A/Ce
.37 =V (I+A/CV)

was used with the assumptions of 7/# 1 and (2;:)2 < 1, also
valid. It should be noted that (13 )2 < 1, and v(w) = v,
used in the Sarid-Cannell expressions for J(w*) and I(w¥*)
reduce their equations to the same expressions given by
Kawasaki, and Mistura, Garland, et al (indeed, these same

approximations are used by the latter). Additionally, these
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approximations should become better as T, is approached,
which for this experiment means higher W*; but, the largest
departures from theory occur at high w¥*. Thus, it must be
concluded that the approximations used are self consistent
-and adequate over the range of parameters studied.

F  Summary & Conclusions

Brillouin sound propagation data in xenon on the
critical isochore were compared to the critical fluid
theories of Kawasaki and Mistura. The reduced dispersion,
D, and reduced attenuation, A, were compared to the integ-
rals J (w*) and I(w*) respectively, which included the
dependence of these expressions on the form of the density-
density correlation function, g(x). The Ornstein-Zernike,
Fisher-Burford, and exact Fourier transform forms were
considered for g(x).

It was found that the dispersion D is described well
by J(w*) for 10—3<cu*< 10l. TFor(* > 10, D is systemati-
cally larger than J for all forms of g considered. 1In the
high frequency regime, 100< @w* <1000, D is 2-3 times
larger than J. The attenuation, A, is described fairly well by

I(p*) for 10_3

LW* <2, but A is always larger than I even

at these low frequencies. Beginning at @* ~v 2, there is
marked departure, with a maximum in A occurring near ¢ * ~100
followed by a decrease in A in the region 100< g* < 1000.

A is as ﬁuch as 5 to 10 times larger than I in the high
frequency region for all g.

In all previous tests, except that of Sarid & Cannell,

departures of D and A at large * were thought to be due to
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1 experimental inaccuracies in the thermodynamic quanti-

ties in F(T) which appears as a scale factor in both J and I,

and

2) the expected failure of the Ornstein-Zernike form to
describe the correlation function near T, . These previous
tests allowed various forms for g, but the inaccuracy in

F(T) was treated by least squares fitting of low ¢* data

to adjust the parameters in F(T), and scaling the high
frequency data accordingly. This procedure implicitly
assumes the correctness of the theory in the low frequency
regime. Agreement between theory and experiment was
found, not surprisingly, in the low @* region, but the data
departed to higher values than expected in the high fre-
quency regime when the 0Z correlation function was used.
This departure was attributed to the inadequacy of 0Z and
workers found better agreement when the Fisher-Langer func-
tion was used.

The present experiment made use of the existing experi-
mental values for the quantities in F(T) without parameter
adjustment. These parameters, from a variety of sources,
are known better for xenon on the critical isochore than
for any other critical system at the present time. It is
believed here that a fair comparison with theory can be made.
It was found, in agreement with these previous tests, that
J and I described D and A well in the low frequency regime,
but that departures occur beginning at slightly lower ¢y*

and are much larger than thought previously. More importantly,
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departure is independent of the correlation function form;

no form tested was adequate. Since the data fall on a single
(unknown) curve, it must be concluded that the dependence

of sound propagation on the single relaxation frequency
Upis correct.

Two additional tests were made. The ratio J/I for
various g was compared to the ratios: Im b(g)/Re b(w) for
the Kawasaki formulation, and Re A (w)/Im 4 (w) for the
Mistura formulation. This test was used by Sarid & Cannell
and they attempted to distinguish differences between the
formulations as well as possible dependence on g. From
these tests, neither the Kawasaki nor Mistura formulation
agrees with the ratio of the respective data for any g over
the whole range 10_%(60* < 104. As a function of w¥*, the
ratios are erratic, both at high and low @*, while J/I
monotonically increases away from the data to higher values
for all g. When analyzed in this manner, it must be con-
cluded that neither formulation is correct and that the
form of g does not improve the fit. The failure of the theory
in this test is quite dramatic when it is noted that the fac-
tor F(T) is eliminated by taking the ratio J/I, and that the
data ratio involves only directly measureable quantities in
the experiment in the Kawasaki formulation, and direct
experimental values and accurately known v, and 7’ in the
Mistura formulation. These results agree with Sarid & Can-

nell with the exception that Mistura's formulation is not

substantially better than Kawasaki's for any g considered.



214

It should be noted that the ratio test alone is not a strict-
ly fair comparison. If either J or I is incorrect, then so
is their ratio. But, in conjunction with the testing of

J and I separately, the ratio test supports the view that
there is a more fundamental inadequacy of the theory than
thought previously, and that this inadequacy cannot simply
be attributed to a failure in the Ornstein Zernike formula-

tion for the correlation function.
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APPENDIX A
CORRECTED SCATTERING ANGLES

Angle (air) Angle (xenon)
.36011° - .31672°
.71851° .63193°

1.43512° | 1.26216°
2.68797° 2.36389°

217

Radius (cm)
.408305
.814704

1.627500
3.049905

angle (air) = TAN_l(Radius/EFL) EFL = 649.6 mm

angle (xenon)

[l

n(xenon) = 1.1366 @ 4880 &

SIN-l(SIN(angle, air)/n(xenon))
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APPENDIX B
DATA
0 = 0.36011°

AT(°R) | vy (MHz) | Tp(kHz) | V(w/s) ugrit ‘afaCk
.05 0.945 119.95 | 73.37 .7966 .0010
1.005 166.69 | 78.03 1.0411 20010

0.926 149.98 | 71.90 1.0167 10009

.10 1.296 . 100.62 - -

1.270 - 98.60 - -

0.928 113.09 | 72.05 . 7649 .0008
0.912 107.85 | 70.81 7423 -0008

.20 1.198 - 93.01 - -
1.120 109.81 | 86.96 6024 .0003

1.326 - 102.95 - -

1.420 - 110.25 - -

.50 - 1.701 58.76 | 132.07 2162 .0008
1.702 62.88 | 132.15 2313 10008

1.304 204.20 | 101.24 .9833 0006

1.279 160.59 | 99.30 .7883 10006

1.00 - 1.472 46.73 | 114.29 .1989 0006
1.402 32.69 | 108.85 1459 10006

2.00 “1.438 13.96 111.65 .0605 .0005
1.378 12.14 | 106.99 0549 -0005
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0 = 0.71851°

AT(PR) | v (MH2) rg(khiz) | V@n/s) agrit uEaCk
.05 2. 544 73.06 99.02 1779 .0026
2.649 83.05 103.09 1943 0027

2.625 98.48 102.15 2331 0027

.10 2.262 250.19 88.03 6931 .0019
2.031 112.17 79 .04 13453 0017

2.603 56.31 | 101.30 1338 0022

.20 2.623 239.43 102.07 5718 0017
2 515 92.01 97.87 2282 0016

2.492 198.59" 96.98 4991 0016

.50 2.773 107.22 107.91 2416 .0013
2.798 124.21 108. 89 2776 0014

2.631 195.97 102 .39 4667 0013

1.00 2.792 85.62 -| 108.65 .1916 0011
2.773 108.36 107.91 2444 0011

2. 884 79.16 112.23 1713 0011

2.859 90.05 111.26 -1904 0011

2.678 90. 80 104 .22 11994 0011

2.00 2.950 L7 .44 114.80 .1001 .0010
2.927 40.96 113.91 10870 0010

5.00 3.418 8.31 133.01 0144 .0009
3.135 13.59 122.00 0264 10008

3.257 | 16.24 126.75 10305 10008

3.274  |20.08 12741 0377 0008

10.00 3.560 6.65 138.54 0110 .0008
3.703 15.41 144 .11 0254 0008
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0 = 1.43512°
r

ATCOK) | vy(MHz) | T(kHz) | V(u/s) agrit ufaCk
.05 5.307 279.20 103. 40 .3252 0054
5.286 269 .45 102.99 3149 0053
.10 5.029 695.07 97.98 . 8642 0042
5.167 293.82 100.67 .3530 0043
5.009 884 .57 97.59 | 1.1054 0042
.20 5.210 206.73 101.51 2459 0034
5.066 318.28 9871 3915 0033
5.093 742 42 99.23 9126 10033
5.151 393.92 100.36 4772 .0033
.50 5.347 241.87 104.18 2816 0026
| 5.321 279.63 103.67 3276 0026
5.341 346.93 104.06 4056 0026
5.314 290 .88 103. 54 3414 .0026
5.324 364.50 | 103.73 4276 10026
5.342 412.98 104.08 4832 10026
1.00 5.528 216.66 107.71 2441 0022
5. 447 192.53 106.13 12200 0022
5.605 157.81 | 109.21 1747 0022
5.538 124.00 107.90 .1385 0022
2.00 5.826 119.54 113.51 1270 .0019
5.920 121.32 115.34 1269 0019
5.00 6.547 49 .61 127.56 .0460 0017
6.562 46 . 64 127.85 0422 0017
6.515 67.64 126 .94 0636 0017
6.579 75.49 128.18 0704 0017
10.00 " 7.291 | 25.49 142.06 0204 .0016
7.261 24 .63 141.47 0198 0016
7.151 31.90 139.33 .0265 0016
7.331 42 .26 14284 0340 .0016




0 = 2.68797°
AT(°K) | vy(MHz) | Tp(kHz) | V(m/s) afrit afaCk
.05 10.277 | 681.30 106.92 4062 0104
10.190 | 589.69 106.01 .3533 0103
.10 10.380 | 944.75 107.99 |  .5633 .0086
10.360 | 302.97 107.78 1751 0086
.50 10.120 | 534.30 105.28 .3269 L0048
10.041 | 421.80 104 .46 2591 0048
9.892 | 816.24 102.91 5137 0048
.00 10.494 | 407.59 | 109.18 .2399 0041
10.363 | 402.22 107.81 12398 0041
10.559 | 388.97 109.85 2273 0042
10.363 | 521.35 107.81 13120 0041
10.515 | 486.52 109.39 2866 0041
10.565 | 450.07 109.91 2635 .| .0042
.00 11.116 | 265.63 115.65 1465 .0036
11.040 | 285.34 114.85 1588 0036
11.228 | 187.74 116.81 1014 10036
11.164 | 249.15 116.15 1366 10036
11.033 | 255.89 114.78 1422 10036
.00 12.414 | 106.69 129.15 .0509 .0032
12.163 97.60 126.54 0473 0031
12.334 98.21 128.32 0469 0031
12.308 99.38 128.05 0476 10031
12.293 | 142.95 127.89 0700 0031
.00 13.588 | 70.14 141.36 .0295 .0029
13.575 | 61.80 141.23°| 0257 10029
13.595 | 43.00 141.44 | 0170 10029



APPENDIX C ‘
B N
AUXILIARY THERMODYNAMIC QUANTITIES FOR X\, F(T),c0*

0<e= T [5//37;,10; N 3!0_ e, - 1/cp)]

A A P
2 .
ery = KBTT g -/ 1972
F(T) L TP0 Y (1 - Cy/Cy) @F"/9T)g
W =) @wy) Wy =/\/({>CP3;’>

With ?Bz ’v?,,{f may be written as:
8 8 \¢
B -
Ay TL[BA AL (g -1)]
A WLTP Per
Now the terms involving the specific heats are:

pC, = fc, + TQP/aT)? Ky

with

Kp= Tpepe™” €= - 1)1,
and

(P -~ P)/P_ = ci€ + P“{éz“"+ /ocHJ2’53‘2"(’2/5 |
Therefore,

(QP/QT/)OZ-(OC = (B /T)? () + P} (2-a0eT 4 ] (3-24-2p)

v e 2(=d=p)y

Now

p.C, = (2.2922 €146 _ 1 6928) x 10° erg em™3 k71
and

Tp = 0.06778

P_ = 58.402 x 10° dyne cm™?

7=1.21
so that Ky = 1.160577 x 1077 ~1-21 cn?aymet

The constants in the pressure derivative term are:



S
==

5.925384
2.635562
-2.616886
0.08

0.35

[¢]
it

N+t

!-U
i

i

Y
i

Therefore,

(9P/2T)

and

C
cPp

= (5.925384 + 5.060279 € 2% - 5.600136

2
vite 10 -2

x 4.062081 x 10%0 dyne? em™* K

- pc, +Te 2L
,CV

3

1.14)2 K

-1

- 5.600136€ erg cm

Examining now the conductivity,
M =2, + 2

N(0,T) = (544 + 522€) erg cm~
Xy = 590.5 + 381.7p% -107p% + 50.047"

N(=p) = 1.069038 x 10° erg cm L s”1 k71
P=(e g

1 S-l K—l

Therefore,

B
A= (1.613038 x 10°

X = kgl/ (677,08 ™) Ko (@) POy
Ky(x) = .75(L + x> + (x> - 1/x)Tan"'x)
;=;,, €-7_ 2 x 1078¢ 703 o

+ 522€) erg cm s

-1

C; = 4.321016 x 10° € 121 erg em™ b K
4B 4G

o/s B 773 +773

75 = (525 +219€) x 107° Poise

3¢ = -(16.35 1ne + 68.66) x 107° Poise

kg = 1.381 x 10710 erg k7

289.77°K (measured, present experiment).

51.14)2

(47.1436) (5.925384 + 5.060279¢ " )2

1 -1 K_l.
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Pe = 1.11 gm em™3

q =(4Tn Sin@/2)) X,

Mo= 4880 x 1078 cm

n = 1.137 @ 4880 A

The values of VO are found in the following appendix.
In F(T), the correlation length derivative term is:
@F'RME = (@ GuTE"THE em™ K72,

In(D*, A =,AC +)P , and the terms are given above.
The values for the above quantities were taken from

x

Table III of the paper of Swinney and Henry.

* H.L Swinney and D.L. Henry, Phys. Rev. A 8, 2586 (1973).
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Figure C.1l: Thermodynamic factor F(T).

2
kpT

_ -1, 0my 2
F(T) = (I - C,/C,) (88 7/3T)g

2
2m pCVE
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APPENDIX D
ZERO FREQUENCY SOUND VELOCITY

The zero frequency sound velocity was determined from
ultrasonic measurements by quadratic interpolation of three
values of AT nearest to those of the present experiment. For

AT = 29, 19, 0.5, 0.2°, 0.1° and 0.05°K, the 1 kHz graphical

%

presentation of the data of Garland and Williams was used,
I ) e

and for AT = 10° and 5°K, the 1 MHz data of Mueller et al

were used.

* C. Garland and R. Williams, Phys. Rev. A 10, 1328 (1974).

*% P.E. Mueller, D. Eden, C.W. Garland and R.C. Williamson,
Phys. Rev. A 6, 2272 (1972).



Ultrasonic Data

OO Co SOO O RN W~ ~O B

(°K)

.782
.782
.282

.282
.782
.782

.23
.08
.91

.17
.10
.95

.56
.52
.45

.25
.22
.18

V(m/s)

151.
141.
136.

136.
128.
125.

116.
115.
114.

108.
107.
105.

100.
99.
97.

92.
90.
89.

48
99
15

woow O NN N0
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Interpolated Values for
Brillouin Experiment

AT (°K)

10

.1
.05

VO(m/s)
142.47
129.71
115.28
106.35
98.74

89.98

83.8
81.2



APPENDIX E

REDUCED DISPERSION, REDUCED ATTENUATION,cU

¥

229

AT (°K) O (deg.) U D A
0.72 229.2 1.904 L2456
0.05 1.44 465.8 2.072 .3896
_ 2.69 899.8 2.380 LAa622
0.72 50.56 0.481 G481
0.10 1.44 111.5 1.285 .8878
) 2.69 228.1 2.071 L4234
0.72 13.72 .6760 . 4660
0.20 1.44 27.71 .7493 .5454
0.72 2.221 4785 .3228
0.50 1.44 4,336 .3220 .3711
2.69 8.148 .3425 .3601
0.72 .5221 .1353 .1715
1.00 1.44 1.041 .0751 .1770
2.69 1.973 L1427 .2382
0.72 .1237 .0423 .0784
2.00 1.44 2484 .0389 .1064
2.69 4707 .0168 L1149
0.72 .0182 -.0865 .0202
5.00 1.44 .0372 .0743 .0411
2.69 .0698 .0616 .0389
0.72 .0042 .0334 .0120
10.00 1.44 .0089 .0305 .0167
2.69 .0167 .0328 .0160




