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A b s tra c t

MEASUREMENTS OF LOW AND ULTRALOW INTERFACIAL TENSION 
BY MEANS OF THE BLADE, SPINNING DROP, PENDANT DROP AND 

LASER LIGHT SCATTERING METHODS

by

D om ingo Inocencio Jon

Mentor: Professor Henri L. Rosano

M easurements of low and ullralow  interfacial tension, y jP ranging from 0.3 

to 3 m N/M . on w ater/to luene interfaces containing various amount of 1-pro­

panol and from  10*1 to 10 '3 mN/M  on to luene/ SDS/ 1-butanol/ Saline NaCl 

interfaces containing various concentration of NaCl has been undertaken with 

laser light scattering, spinning drop, pendant drop and W ilhelmy blade 

m ethods. The instrum ent contribution to the spectrum  obtained frorn the laser 

light scattering m ethod was found to be represented by a Lorentzian-squared 

function. The interfacial viscosity is then calculated from the spectral 

linew idth using this instrum ental function and compared to the bulk viscosily. 

M easurements of phase volume and interfacial tension on w ater/to luene/1- 

propanol system s indicate thal a requirement for form ation of O /W  dispersion 

is low y bui for overall stability , y jP although sm all, m ust be positive. From 

extrapolation of the measured y i values on w ater/to luene/1-propanol systems, 

it has been found th a t a residual positive value of 0.2 m N/M  is still observed at 

cosolubilization.
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CHAPTER 1

l

INTRODUCTION

It is experim entally difficult to  m easure low (below 1 m N /M ), and 

u ltra lo w  Interfacial tension, y L. Presently, the  spinning drop m ethod is used 

w idely in determ ining low and ultralow  values. In the last few  years, a laser 

light scattering m ethod has been developed th a t could determ ine both y i and the 

interfacial viscosity. This technique has the advantage th a t it does not perturbe 

the  interfacial therm al equilibrium  and may be used to  measure low and 

u ltra low  y r

It has been know n, since V. Smoluchowski (1) remarked in 1908, tha t the 

surface of a liquid is constantly  d istorted  by therm al motions and, therefore,
o

should  present certain roughness. This roughness has a height of about 10 A 

and it can be expressed, at a given instan t, as a sum of Fourier components. Each 

of the components, 4^, can act like a sinusoidal diffraction grating which scatters 

light incident at the interface, the zero order (regular reflection) and the first 

order diffraction being the only im portant ones due to the size o f the asperities. 

From the Bragg condition, the angle of measurement o f the scattered light is 

related linearly to the wavevector of the fluctuations. These surface fluctuations 

can be studied by either Homodyne or H eterodyne Optical In tensity  Fluctuation 

Spectroscopy w hich measures the photocurrent produced in a photom ultiplier 

by the scattered light and analyzes it sta tistica lly  in either the frequency or 

tim e dom ain. In the analysis, one has to  relate the tem poral sta tistics of the 

scattered light to th e  statistics of the  surface. One then has to  relate the statis­

tics of the  electric field to  the detected photocurrenl.

The statistics o f the surface Fourier components, corresponding to  a single

1
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wavevector, have been com puted fo r both a clean surface and fo r a surface con­

taining m onolayer (2,3). From the s tu d y  of these surface waves it  Is possible to 

obtain  inform ation about the interfacial tension and the viscosity of the system  

a t the  interface. Presently, there is a considerable am ount of published work, 

both theoretical and experim ental, concerning the propagation and evolution of 

these waves (4 -8). However, un til recently, most of the reported studies were 

on a ir/liq u id  interfaces (y i >  15 m N /M ) and on microemulsion system s, where 

y. is u ltralow  (1 0 ‘4 <  y. <  10~2 m N /M ) and the capillary waves are over- 

dam ped (9-12). Recently, Lofgren and Newman (13) reported a study  on 

liqu id /liqu id  interfaces w here the interfacial tension was high and the capillary 

w aves w ere sligh tly  damped. These researchers found a good agreement of the 

interfacial tension and the  viscosity between the light scattering method and 

o ther more conventional form s of measurement ( W ilhelm y blade, spinning 

drop, du Nouy ring methods for the interfacial tension and O stw ald viscometer 

fo r the bulk viscosity).

Here, Laser Light Scattering measurements, in the frequency domain, have 

been perform ed w ith  tw o system s

1) to luene/ w ater /  1-propanol

2) to luene/ sodium  dodecyl su lfa te / 1-butanol/ NaCl solution

Values of interfacial tension ranging from a few m N/M  to 1 0 3 m N /M  were 

obtained from  these system s and were correlated w ith  m easurem ents taken w ith 

the blade m ethod, spinning drop method and pendant drop method.

The dual purpose of this s tu d y  w as to show fu rth er the applicability of 

the  light scattering technique to  liquid/liquid  interfaces a t low and  ultralow  

interfacial tension and m oderate viscosity and to determ ine y t values of a 

to luene/w ater interface ju st before cosolubilization upon the addition of 1-pro-
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panol, where the o il/w ater interface disappears.

Due to  the  finite resolution of the experim ental apparatus, the measured 

pow er spectrum  is an overlap of several power spectra corresponding to  different 

wavevectors w ith  an intensity d istribution th a t depends on the instrum ental 

param eters. An equation has been found which adequately represents this 

in tensity  d istribution , or instrum ental broadening, of the measured spectrum . 

This equation fo r the power spectrum was used to calculate the interfacial ten­

sion and the viscosity of the solution from the experimental spectrum . The cal­

culated viscosity was compared w ith  th a t of the bulk viscosity, and the Interfa­

cial tension w as compared w ith  the values obtained w ith  o ther techniques. It is 

hoped th a t th is  s tu d y  w ill fu rther advance the application of the light scatter­

ing technique to  liquid/liquid  interfaces at low and u ltra-low  interfacial tension 

and  m oderate viscosity.



CHAPTER 2

CONVENTIONAL METHODS OF MEASURING 
LOW AND ULTRALOW INTERFACIAL TENSION

2.1 INTRODUCTION

It is know n th a t short range van der W aals forces of a ttraction  exist 

between molecules and that they are responsible for the existence of a liquid 

state. The phenomenon of surface and interfacial tension can be explained in 

term s of these forces. Molecules located w ithin the bulk of a liquid are, on the 

average, subjected to equal forces of attraction  in all directions, w hereas those 

located at an interface experience an unbalance cohesive force resulting in a net 

inw ard  pu ll. As m any molecules as possible w ill leave the liquid surface for 

the in terior of the liquid; the surface w ill therefore tend to contract spontane­

ously. The interfacial tension, y jt of a liquid is th u s  defined as the force tangen­

tia l to the surface on a line of 1 cm length on the  boundary of the interface, and 

has the units of m N/M  (or dynes/cm ). An equivalent way of looking at the 

phenomenon is in term s of the surface free energy of the liquid. The surface 

free energy (and thus the surface tension) could be ascribed to  a very narrow  

region, of infinitesimal thickness, in the immediate neighborhood of the physical 

surface of separation between any tw o phases. It has long been recognized, 

however, th a t there exists no sharp  separation between phases. As the  interface 

is approached from w ithin the bulk of the  phase, in a direction normal to  the 

plane of separation, there is a gradual change in properties from one phase to  the 

o ther (14,15). It should not, then, be correct to  assume th a t the excess free 

energy resides in the  plane of the  interface. In fact, the  "excess" free energy for 

elem ents inside the bulk of any particular phase, due to the interaction between

4
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these phases, is zero. As the interface is approached, in a direction norma] to  it, 

there w ill be a gradual change in excess free energy, until the  m aximum is 

reached in the outerm ost layer, where there exists a rapid alteration of the field 

of force.

The above picture implies a static sta te  of affairs. However th is apparent 

quiescent liquid interface is in a sta te  of great turbulence on the molecular scale 

as a resu lt of tw o  way traffic between the bulk of the liquid and the interface.

In this research, the interfacial tension of liquid/liquid  Interfaces was 

measured w ith  the laser light scattering method and the values are correlated 

w ith  conventional methods of measuring interfacial tension, such as the  blade 

m ethod, spinning drop method, pendant drop method. The present chapter 

explains the theory and the experim ental proceadure followed in determining 

the interfacial tension w ith the blade, spinning drop and pendant drop methods.



b

2J2 THE BLADE METHOD

2.2.1 THEORY

In the determ ination of the interfacial tension (or surface tension ) a w e tt-  

able blade is brought to the surface until it ju st touches the surface (figure 2.1). 

A force is then exerted on the blade, and measured. The interfacial tension is 

obtained from  the follow ing equation.

y, cosB -  y  [2.1]

where

y, = Interfacial or surface tension in mN/M.

F=  Force exerted on the blade by the liquid.

P=  perim eter of the blade in cm,

0=  angle of contact between the blade and interface

W hen the m aterial of the blade is completely w ettab le  by the solution, the 

angle of contact, 0 , becomes 0 and the measured value becomes the tension of a 

flat interface. Thus a blade is selected for its w ettab ility  by the liquid (aqueous 

or oil).

2.2.2 EXPERIMENTAL

The apparatus consisted essentially of

1) Rosano Surface Tensiometer, model LG (Arenberg-Sage)

2) 5 cm sandblasted platinum  blade

3) 5 cm sandblasted teflon blade



F ig u re2.1 Piofile of ihe  W ilhelm y blade.
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Surface tension measurements were taken w ith  a platinum  blade, whereas 

in terfaclal tension measurements were taken w ith  a teflon blade. The perim eter 

of the  platinum  blade was determ ined by measuring the force exerted on the 

blade by an air-w ater interface using A 250 ml crystallizing dish cleaned w ith  

fresh sulfochrom ic acid m ixture (Sodium dichrom ate/H 2S 0 4 concentrated) as 

the container. A platinum  blade, cleaned by flaming in a non-carbon producing 

flame, w as brought down to the level of the liquid until it contacted its surface. 

The force exerted on the blade was recorded w ith a Rosano Surface Tensiometer. 

and  the tem perature of the solution was recorded w ith a glass therm om eter. 

Taking the  values for the surface tension of w ater as those given in The CRC 

Handbook, where it is tabulated as a function of tem perature, the perimeter of 

the blade was calculated using equation 2.1.

The perimeter of the teflon blade was determ ined w ith the following rela­

tion

P {teflon  ) = F (tef lo n '>*P (.ptainum ) [2 2]
F  (platinum )

w here :

Piplatinum )= perimeter of the p latinum  blade 

P {teflon )= perimeter of the teflon blade 

F  {teflon )= force exerted on the teflon blade by the liquid

F{platinum )= force exerted on the platinum  blade by the liquid

The p latinum  blade was brought to an air-benzene interface, and the force 

exerted on the blade was measured. On the same solution, a teflon blade was 

also brought to  the interface and the force exerted on the teflon blade was deter­

m ined. The perimeter was then calculated from  equation 2.2.

The interfacial tension of the system s studied were measured w ith the
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teflon blade immersed in the w ater phase and brought slow ly tow ard the in ter­

face u n til it contacted th a t interface. Due to  the w ettab ility  o f the blade by the  

oil, a foroe, exerted in the direction of the oil phase, was measured w ith  a ten- 

siometer, and the inlerfacial tension was calculated f  rom equation 2.1.
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2 3  THE SPINNING DROP METHOD

2 3 .1  THEORY

W hen a drop of liquid is introduced in another liquid of higher density 

contained in a cylindrical tube and the whole mass allow ed to  rotate, as shown 

in figure 2.2, the drop w ill move to  the center forming a drop astride the axis of 

revolution. W ith increasing frequency of rotation the drop w ill elongate from a 

sphere to a prolate ellipsoid to an elongated cylinder. The centripetal force, due 

to  the rotation, opposes the interfacial tension-drive tow ard m inim um  interfa­

cial area. The interfacial tension is determ ined from the balance of these forces. 

The general analysis is treated in appendix A. Here it is considered the case of a 

very elongated, cylindrical drop.

Consider a section of the elongated drop of volume V (figure 2.3), where 

the centrifugal force on the volum e element is ii>2rAp, and where to is the speed 

of revolution in radians and Ap is the difference in density. The potential 

energy at a distance r from the axis of revolution is

and the to ta l potential energy from a cylinder of length I is

iru2Ap r *  l
4 12.4]

The lnterfacfal energy is 2 irr0i>, The to ta l energy is th u s

[2.5]

since V -  t r r f l . Setting dE/dro -  0, we obtain the equation
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F ig u re  2.2 Profile o f  a sp in n in g  drop

F igure  2.3 S p in n in g  d ro p  elongated  to  a c y lin d r ic a l shape.
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*>2ApV(2rD )

Q
[2.6]

2Vy  m a>2&pV(2rc )
[2.7]

4

w2Ap r 3 [2 .8]

Equation [2.8] is referred to as the lim iting case equation; it is applicable only 

w hen the drop is elongated and cylindrical in shape.

This lim iting case is also referred as Vonnegut's equation 116), w ho first 

suggested this method of measuring interfacial tension. According to Silberberg 

(1 7 ) V onnegut's equation is applicable when the axis ratio, r/ I, of the drop is 

greater than 3.5, although the choice of this critical value is a rb itrary  and 

depends on the accuracy being sought. Values around 0.001 dynes/ cm can be 

measured readily and accurately w ith  this method. This limiting case equation 

w as selected to measure the interfacial tension w ith the spinning drop technique. 

The size of the drop was selected such that the ratio of r! I is greater than 3.5.

2.3.2 EXPERIMENTAL

The apparatus consisted of

1) 2 mm bore x  95 mm long tubes

2) A G aertner filar eyepiece m icrom eter microscope.

3) A spinning drop interfacial tensiom eter model 500 from the

U niversity of Texas, Austin.
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In measuring the interfacial tension, a horizontal tube was soaked overnight 

in fresh sulfuric acid /  potassium dichromate solution. The tube was filled w ith  

liquid from  the low er phase, and a sm all drop of the upper phase was then 

Introduced into the tube w ith  a sm all syringe. The tube was made to  spin w ith 

a sufficient centrifugal force to elongate the sm all drop to  a cylindrical shape 

un til the drops were on the order of 1/2 to  1 cm in length depending on its 

w id th . The diam eter of the drop was read by bringing the hairline of the 

microscope to  the bottom  edge of the drop and then moving it uniform ly 

upw ard  to the upper edge of the drop. The radius of the drop was read at half 

hour in tervals u n til three consecutive readings agreed to w ithin ± 0.001 cm. 

The measured radius of the drop was corrected by the refractive index. The 

interfacial tension was calculated from equation 2.8. The experimental setup is 

show n in figure 2.4
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F ig u re 2.4 Equipm ent setup of the sp inn ing  d rop  m ethod.



2.4 THE PENDANT DROP METHOD

2*4.1 THEORY

Imagine a droplet hanging from the extrem ity o f a vertical cylinder hor­

izontally  cut (figure 2.5). Let define Rj and R2 as the tw o principal orthogonal 

radii of curvatu re  at any point P on the surface of a droplet. W hen going across 

th e  surface from  the outside to the inside, the Laplace pressure a t any point of 

the  drop equals

From the shape of such pendant drop, the surface (or interfacial) tension 

could be determ ine. The general analysis of the pendant drop method is treated 

in appendix B. Here a brief version is given. Taking the pendant drop as a figure 

of revolution, both radii of curvature m ust be equal at the  apex (point 0). 

Defining b as th e  radius of curvature a t the apex. The Laplace pressure equals 

2 y j/b. Therefore.

W here is th e  hydrostatic pressure term . Equation (2.10) m ay be rearranged 

so as to involve only dimensionless param eters

[2.9]

= fipgz + - r [2 . 10]

= /3Z + 2 [2.11]

where:
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X -  x /b

Z -  z /b

and the dim ension less param eter 0 is given by

[2.12]

From analytical geometry the curvature of a line may be expressed as

1 Z " [2.13]

r  |i + (z*)2 | 7

w here Z’ and Z" denote the first and second derivative w ith  respect of X. Sub­

stitu tin g  into equation 2.11 yields a second order differential equation.

This equation may be reduced to  tw o first order differential equations w ith 

the follow ing tw o initial conditions.

This equation w as solved using the fourth  order Runge-Kutta method (18).

The param eter 0. negative in the case of a pendant drop, is not measured 

d irectly , but as a shape determ ining variable it is related to  others whose deter­

m ination m ay be easier. In the pendant drop case, Andreas et. al (19) suggested 

the relation S—d s/d e  as th e  best measurable, shape determ ining quantity . As 

Indicated in figure 2.5, de is the equatorial diam eter and ds is the diameter meas­

ured a t a distance de up from the bottom of the drop. Andreas et. al also defined

[2.14]

X -  0 Z -  0

X -  0 Z' -  dX /dZ  -  0
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a new  q u an tity  H as

' | r f [2.15]

Thus from  equation 2.12

*  = =, i e g t l  [2.16]

The relationship between the shape dependent quantity  H and the experi­

m entally  m easurable q u an tity  S was determ ined originally using pendant drops 

of w ater; the error w as as much as 1%. Presently, a set of accurate values of

1/H versus S obtained w ith  a numerical integration procedure using the Bash-

ford and A dam s tables (2 0 ) exists and was based on the fundam ental equation 

2 . 11.

2.4.2 EXPERIMENTAL

The apparatus consisted of

1) Rame-Hart NRL t\A . Goniometer model #A -100 stand;

2) a light source;

3) a variety of different sized glass tips;

4) a Polaroid land camera.

The drops were form ed vertically from  a glass tip w ith  the aid of a 

m icrom eter. The system s studied were placed in a rectangular glass cuvette and 

allowed to reach physical equilibrium  before the  drop was formed. The systems 

were to ta lly  enclosed to  prevent liquid evaporation.
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The droplet was photographed a t a sh u tte r speed of 1/125 sec, and the 

optical magnification of 10 to  15 was used to  photograph the pendant drop in 

the system s studied.

The micrometer, w ith  the syringe and glass tip, was m ounted on a separate 

s tand  w ith  the  capability of being moved in all directions sm oothly so as to 

m aintain physical equilibrium  w ith  m inim um  vibrations and ease of experimen­

tation . The experim ental setup is shown in figure 2.6

In our determ ination of low interfacial tension, a program has been w ritten  

(appendix D) that, for a given value of de, ds, Ap, and optical magnification, 

w ill calculate the shape of the pendant drop from the above derived equation 

2.14. The procedure used to determ ine the interfacial tension is as follows.

1.- The drop is formed and photographed.

2.- de, ds. and Ap and the optical magnification are measured as precisely 

as possible.

?>.- y i is calculated from equation 2.16, using these data and a polynomial 

function of 1/H vs S that has been incorporated in the com puter pro­

gram (appendix B).

4.- ^ w as obtained as a function of S using a numerical expression sim ilar 

to  that of Huh and Reed (21) (appendix B). Once /3 has been calculated 

from  the experim entally determ ined S, b can then be determ ined from 

equation 2.12.

5.- The com puter calculates the shape of the drop and the results of the 

num erical solution are then plotted.

6.- Tw o possible cases have to be considered:



m icro m eter
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Figure 2 .6  Equipm ent setup of a pendant d rop  m ethod.
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6.1- The p lo tted  curve fits the photograph of the droplet. Therefore, 

the calculated value in step 3 of y* Is acceptable.

6 .2- The p lo tted  curve does not fit the photograph exactly. Therefore, 

de, ds and Ap or the optical magnification were not measured 

accurately and the m easurem ents are then repeated un til the 

curve fits the  photograph (case 6.1).

2.4.3 THE GLASS TIP

W hen measuring the surface or interfacia] tension of a particu lar system  by 

the pendant drop method, it is necessary for higher accuracy th a t S be near 

un ity  (the  drop should be cylindrical as opposed to spherical). It is therefore 

convenient to be able to estim ate the diam eter of the tip of the syringe to be 

used to produce an S as close to unity  as possible.

For a particu lar system  withAp and g known along w ith a range of y , , one 

can estim ate the diam eter of the tip  (DT). yielding a nearly cylindrical drop. 

Referring to figure 2.5, the following may be deduced.

DT = de - 2 r (2.17)

[2.18]

-rr = 0.30586 [2.19]

Substitu tion  of the above equation into equation 2.10 yields

y, = ^  (2r >3(0.30586) [2 .20]

rearranging



22

2 2 >i2 >i [2 .21]r = Apg (s)CO 30586) “  2.447

w here a  is the square root of the capillary constant. Therefore,

r = a  (0.64) 12.22]

Experience has also shown that when

r ^  a (0 .6 4 ) [2.23]

the drop form ed is nearly cylindrical. Note th a t in the case of a solution w ett- 

able to the  tip, r includes the outer glass perimeter of the tip.

For the system  of CC14 and air at 25*C

and the diam eter of the tip  should be 0.24 cm or less.

Glass tips were made by taking various capillary tubes and heating them 

w hile rotating them . Once the tube began to  m elt it was pulled to various sizes 

ranging from  0.1 to  20 mm. The tips were then cut perpendicularly and meas­

ured. If the tip  is not nearly perpendicular, the forces acting along the circular 

perim eter of the tip are not equally d istribu ted  due to the excess liquid volume. 

This produces the drop to  fall (as has been observed), making it difficult to

The difference in density

Density of CC14 

Density of air

1.585 g/cm 3 

0.001 g/cm 3 

1.584 g/cm 3

Surface tension y 26.0 dynes/cm

Therefore

"7261
1.584(980.4)2.447
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obtain static equilibrium  and also difficult to photograph. If the drop achieves 

static  equilibrium  and the tip  is not nearly perpendicular the resulting drop 

sometimes is not axisym m etric.

It should be carefully noted th a t 1) the glassware has to be cleaned w ith  a fresh 

sulfochromic acid solution; and 2) a t low interfacial tension the droplet has a 

tendency to  detach itself, so vibrations should be avoided.
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LIGHT SCATTERING METHOD OF MEASURING 
LOW AND ULTRALOW INTERFACIAL TENSION

3.1 INTRODUCTION

The mechanism of light scattering may be described as follows: liquid 

interfaces are constantly  d istorted  by therm al motion in the form  of waves. 

These waves have a sm all am plitude compared to their wavelength ( about 10 

A high), and are subjected to capillary and gravitational restoring forces and 

their motion is dam ped by viscosity. The spatial and tem poral evolution of this 

capillary waves can be described, on a macroscopic scale, by hydrodynam ic 

laws.

At a given instant, the vertical displacement of the surface fluctuations can 

be expressed as a sum of Fourier components w ith  each component, behaving 

as a sinusoidal diffraction grating. Thus, light incident a t the interface is scat­

tered by a moving grating and experiences frequency changes due to  the Doppler 

effect. Because of the sm all am plitude, the zeroth order (regular reflection) and 

the first order scattering are the only im portant ones. Thus selecting a single 

scattering angle is equivalent to  selecting one wavevector from the continuous 

d istribution  of surface waves. In the far held, a single angle of measurement 

corresponds to  each wavevector on the grating.

The scattering process is considered as an inelastic collision between the 

incident photon and a surface phonon (a quantum  of the capillary w ave) which 

is either annihilated or created. A surface vibration mode, or surface phonon, 

w ith  a given wavevector q scatters light by the process

24
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Incident photon ±  surface phonon —* scattered photon

The scattered light is, therefore, concentrated in a well dehned direction related 

to  q through m om entum  conservation on the surface plane during the scattering 

process (figure 3.1)

q - k ' - k  [3.1]

where:

k ' -  the projection of the wave vector of the scattered beam on the su r­

face plane

k -  the projection of the wave vector of the  reflected beam on the surface

plane.

To create a surface vibration mode of wavevector q, it is necessary to work 

against gravitational and capillary forces. In cases where the gravitational force 

is negligible, the capillary force energy is proportional to  the increase in surface 

area, i>. to  q2 tim es the square of the am plitude I t I2- From the equipartition 

theorem for the surface mode, < l4 q 12> "  + (22). Consequently

the scattered intensity  is inversely proportional to both q 2, and to the surface 

tension

Since capillary waves are damped by viscosity, their am plitude decrease 

w ith  tim e either exponentially, at hight viscosity, or as a damped oscillator, at 

low viscosity. At high viscosity, the spectrum of the scattered light is a 

Lorentzian centered a t , whereas at low vicosity, the spectrum  consists of tw o 

Lorentzian components located sym m etrically w ith respect to But in the 

interm ediate case, the spectrum becomes very complex and the analysis of the 

experim ental spectrum  requires a prior knowledge of the exact spectral shape.



re flo a t'd  beam

scattered beam

incident beam

Fi(mir e 3.1 G eom etry oi a ligh t sca tte rin g  experim ent
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The in tensity  of the light scattered by the  surface w aves w as first calcu­

lated by M andelstam  (22), and Andronov, Leontovich and Gans (23). In the 

early investigations of liquid surfaces the studies were lim ited to the scattered 

intensity . W ith the  appearance of the laser it became possible to define accu­

rately the surface wavevector q: also the in tensity  per spectral range is much 

higher than for classical sources. This allow s the  perform ance of very high reso­

lution spectral analysis by means of the In tensity  F luctuation Spectroscopic 

Technique. The angular s tu d y  of the scattered in tensity  reflects the spatial dis­

tribu tion  of the fluctuations, 4 . while the  spectral analysis reflects their tem ­

poral evolution.

The scattered intensity  w ith  wavevector k ' and frequency ca is given by 

(24) :

/ ( k ‘,w’) -  F *5(q,u) a -  tn '— <d0 [3.2]

Where w0 is the frequency of the incident light, F depends only on the proper­

ties of the incident beam and on the geometrical factors such as the size of the 

collection aperture, etc.. and S only on those of the scattering system ; S is the 

space-time Fourier transform  of the correlation function of 4 (r,t). The vertical 

displacement of the surface point, { (r , t ), due to a single wavevector whose pro­

jection on the horizontal plane has the coordinates r(x ,y ,0 ) can be expressed as 

4 ( r j  ) -  {qe 'q r. W here q is the wavevector of the surface fluctuation.

These surface fluctuations scatter a monochromatic incident light beam 

w ith  a small frequency sh ift (tens to thousands of H ertz) which can be detected 

and studied by measuring the statistical properties of light scattered from the 

fluctuating interface by either homodyne or heterodyne light scattering spectros­

copy (25). One measures the photocurrent of the scattered light and processes it
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s ta tis tica lly  either in the  frequency or tim e dom ain. The spectrum  or autocorre­

lation function of the photocurrent is then used to  infer the dynam ic properties 

o f the liquid interface.

In th e  analysis o f the  experim ent, the tem poral statistics of the scattered 

electric field has to be related to the sta tistics of the surface. The statistics of 

the electric field are then related to the detected photocurrent.

In a heterodyne experim ent the scattered electric field is mixed w ith  

unsh ifted  light from  the same source; which serves as a local oscillator or refer­

ence signal. In early studies using heterodyne spectroscopy, the reference field 

was generated by dust particles or from rough optical elem ents causing parasitic 

scattering of light. In more recent experim ents, the reference field is generated 

from  the  reflected beam by means of a diffraction grating (26, 27, 28).

In general, one cannot select just one surface wave w ith  a perfectly defined 

w avevector. The detected signal, instead, contains overlapping signals from the 

nearby wavevectors causing an increase in the w id th  of the spectrum  over tha t 

expected from a single w ave vector. The contribution of these overlapping sig­

nals to the w idth  of the experim ental spectrum  is instrum ent dependent. 

Therefore, to  calculate the w id th  from  a single wavevector, the overlap from the 

nearby wavevectors has to  be substracted.

The present derivation of the surface waves and light scattering properties 

fo llow s that given by Meunier (29). In deriving the properties of the  surface 

fluctuations we s ta rt from  an in tu itive  sim ple description of the hydrodynam ic 

problem ; the param eters which play a basic role are introduced (3.2.1). S tatisti­

cal properties of the surface fluctuation is discussed (3.2.2). A m ethod for cal­

culating the surface correlation function is presented (3.2.3) and it is show n to
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be consistent by deriving the response function at the interface when acted on 

by an external sinusoidal force (3.2.4). The expression obtained is show n to  be 

equivalent to a harm onic oscillator in one dimension in the case of low damping 

and high damping conditions (3.2.5). The mean square am plitude of the  surface 

fluctuations is calculated in (3.2.6) and finally the absence of correlation 

between the vertical displacement of the interface and the the velocity of the 

fluid underneath th is interface is dem onstrated in (3.2.7).

In relating the scattered light to the fluctuations at the surface, some gen­

eral characteristics of the scattered light are explained (3.3.1). This is follow ed 

by a s tu d y  of the in tensity  of scattered light (3.3.2), and a comparison of the 

intensity  of the light scattered from  reflected and refracted beam (3.3.3). The 

relation of the spectrum  of the scattered light to  the fluctuations at the interface 

is then given in (3.3.4).

F inally the broadening of the detected photocurrent pow er spectrum due to 

the finite resolution of the experimental apparatus is explained in (3 .4 ) followed 

by a description of the experiment (3.5)
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3 J  THEORY OF THE THERMAL FLUCTUATIONS AT THE INTERFACE

The equilibrium  position of the interface between tw o fluids is given by the 

coordinates X,Y,0. The am plitude of the therm al undulations are assum ed to  be 

sm all compared to  wavelength, £ ( r , t ) is a vertical displacement a t tim e t  of an 

elem ent of surface w ith  its projection on the surface defined by the vector r. 

For a liquid a t equilibrium , £ ( r , / ) is a macroscopic variable, such th a t the aver­

age of the surface displacement, { ( r , r ), is equal to  0. The choice of the initial 

conditions, £ (r,0 ), and boundary conditions of the surface waves a t the in ter­

face, together w ith the hydrodynam ic equations determ ine the  probability of 

subsequent values of the fluctuations at any point on the surface, { (r + R ,r). 

The surface correlation function is, therefore, obtained by constructing 

{ ( r ,o)£(r + R ,r ) and applying therm odynam ic and hydrodynam ic theories.

3*2.1 QUALITATIVE DESCRIPTION OF THE HYDRODYNAMIC PROBLEM

Because of therm al agitation, the  surface of a liquid is constantly  displaced 

from its point of equilibrium  and shows, as a consequence, asperities whose am ­

plitudes are sm all compared to their wavelength. This surface disturbance is 

dam ped completely at a distance of 1/q w ithin the bulk (30). Figure 3.2 shows 

a typical surface wave,  ̂ ( * . /  ), displaced vertically from its equilibrium point 

(X ,Y ,0) w ith  dimensions AX.X. . and q~x (AX ■ «?“*) in the direction of OX, 0Y 

and 0Z respectively. The deform ation of the surface is brought back tow ard 

equilibrium  by capillary and gravitational forces.

i y ,q 2 + A p*){  a x  L  [3.3]
where

y, is the surface tension



I
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F ig u re3.2 Plane section of a su rface  w ave displaced v e rtic a lly  from  its 
equ ilb rium  point.
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&p Is the difference in density  of the fluids

and

°  -  — q 2i  is the cu rvatu re  of the surface waves.

The frictional forces of the fluid layer, F(X) and F(X +  AX), act against neigh­

boring layers in the opposite direction.

[3-4]

17 -  viscosity of the fluid

Vz -  the velocity of the fluid

/ 0
, — l~dZ  [3.5)

- I f  ? flX 2

Taking the velocity of the fluid, d £ /d t, at the interface to be near 0 a t the depth 

of 1/q , w e have

/ ■ ( X + A X )  -  F i x )  = S T 7 ? A X  L  [ 3 . 6 ]
at

This reasoning leads to  an equation of motion of a layer of fluid projected over

OZ that is qualitatively  correct at high and low viscosities. Following Newton's

law.

PAX A  -  ly 1?2 + Apgl  A X £ { A X L  [3.7]
(j at l l at

This is a differential equation of an harmonic oscillator. The form of the tem ­

poral evolution which this equation describes depends on the dimensionless 

p aram eter

y  ^ V< P ( Force o f  capiUary ) x ( Force o f  inertia ) gj
4*r)2g ( Force o f  viscosity )2
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W hen y  «  1 , The surface wave is dam ped exponentially as e ~ w ith  the 

dam ping coefficient

This corresponds to the surface w ave being dam ped w ithou t propagating. The 

second coefficient,

corresponds to a motion which is dam ped too rap id ly  to  be observed.

W hen y  »  1 the surface wave propagates as capillary waves in the form  

e < - *)» Xhe dispersion characteristic of this w ave is

The role of the viscosity is to dampen the propagation of the waves, therefore 

the dam ping coefficient is related to the viscosity by

The damping coefficient not only includes the viscosity, but also the wavevector 

q. Therefore, in the case of large wavevectors the undulations are damped 

quickly. Those of sm all wavevectors, the damping coefficient is relatively sm all 

even in the case of a highly viscous fluid.

A complete derivation of the dynam ics of the therm al waves shows that 

the  dispersion equation is not an harm onic oscillator, but this approxim ation is 

an excellent one when y  »  1 and y  «  1. For y  — 1, the evolution of the 

fluctuations deviate from  th a t of the harm onic oscillator.

[3.10]

[3.11]

[3.12]

[3.13]
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The gravitational and  capillary forces acting on the surface waves are weak 

forces in comparison to  the  elastic forces which occur in sound waves. There­

fore, the frequency of the surface wave is very sm all compared to th a t of the 

sound w ave of equal wavevector ( approxim atedly 1000 tim es). This results in 

the tw o types of waves being to ta lly  decoupled from each other,

3.2.2 GENERAL PROPERTIES OF THE SURFACE CORRELATION FUNC­

TION.

The correlation function of surface fluctuations in general is

{ (r ,r  ') { ( r  + R ,r + t ’). Since the therm al fluctuations at the interface are s ta tion­

ary. the correlation function is independent of t'. Since the surface wave is 

translationally  invariant, it is independent of r. It depends, instead, on |R|, the 

distance between tw o points at the interface. Therefore,

{ ( r , t  ’) { ( r  + R,( + / ‘) -  { (0 ,0 )£(R, / ) 13.14]

-  { ( r .0 ){ ( r  + R,r )

Furtherm ore, by the linear regression hypothesis, the initial value { ( r ,0 ) 

evolves in time according to the hydrodynam ic equations:

{Cr + R,r ) -  {(r, 0 ) / ( r , r )  13.15]

Thus,

{(r, 0) {(r + R, r  ) -  {(r. 0) {(r, 0 ) /  ( r ,f  ) [3.16]

And the correlation function separates into an equilibrium  (equal tim e) correla­

tion  function m ultiplied by the tim e-dependent solution to  the hydrodynam ic 

equation. Therefore,
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/ ( *  .f ) - { ( r , 0 ){ (r  + R, / )  [3.17]

expressing £(r, 0 ) in term s of wavevector q.

/ t f r  ,0)exp( i q r ) d 2r  [3.18]

w here A  is the area of the interface.

The surface w ave correlation function can then be calculated

0 ) £(r + R. t ) expf [qr  — q' (r + R)Jrf*r d*(r + R) [3.19]

-  A 1J  /  iff ,t ) cxp[ — / (q + q’ 1 d lR f  exP [ < (q — q' Mr + )] d*(r + y )  [3.20]

Since the waves are translationally  invariant at the interface, the surface corre­

lation function becomes consequently

< ,(0 )< ‘ q Cf ) - 4 t t2A~2J  f  (R ,T )e x p [- i  (q + q ’> y ]6 ( q -  q ' ) rf2R [3.2 l]

This correlation function is nonzero only if q - q ‘. The correlation function of 

wavevector q  is then

F q U ) ~ A  {,(0) {',■(/”) [3.22]

-  4 tt2 A -I J  f  (R i  ) exp (—i q R) d 2R

Thus the translational invariance of the waves on the surface leads to the 

conclusion th a t the surface waves due to different wavevectors are not corre­

lated. The correlation function is then w ritten  as the sum of the correlation 

functions of each mode.

The correlation function of the scattered light electric field due to the 

undulations of the  surface waves of wavevector q, F q( t ), is proportional to the
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latter; its Fourier transform ation w ith  respect to tim e is:

/>,(“>) -  (27T)-1/  ) mim'at [3.23]

This is the calculated surface correlation function due to  one wavevector q.

3.2.3 CALCULATION OF THE SURFACE CORRELATION FUNCTION

The surface correlation function is calculated by taking the average value of 

( q( r ) from a large num ber of samples whose initial states are known and fixed. 

In an incompressible liquid, the surface waves are com pletely specified if the 

vertical displacement at the interface, £q( r ), and the velocity component in the Z 

direction are know n at the initial time.

Consider an ensemble of system  in therm al equilibrium . Dividing it in several 

classes, putting those system s having the same fluctuations ({(0),Vz (Z ,0)) a t a 

given time, t - 0 , in the same class, and taking the hydrodynam ic solution { ,( / )  

to  represent the average value of £q( r ) for the system s in this particular class:

<q(0){qt( r ) -  |<q(0) |V t C( ) + {q(0)V „(Z .0) h ^ Z j )  [3.24]

for t > 0

Here, f q and hv are functions of the time interval, t, and do not depend on the 

initial conditions. Consider all the different classes; from one class to another 

£v(0 ) and VZq(Z.O) vary random ly. bu1 and hq remain unchanged. Perform ­

ing the averaging on the whole ensemble, we can write:

£ , « » { / ( / ) -  [(,<0 ))J / , ( ' ) +  /  Cq(0 ) v ;q (Z .O )/i,(Z .r)rfZ  [3.25]
for t >  0

For t < 0  the above equation is also applicable since the correlation function

(OX, 1 (t ) is an even function of r  as a result of the stationarity  of the random

process.



The average value is then obtained by applying the principle of sta tistical 

mechanics to  a system  at equilibrium :

iWWF -  , , k ‘ T  13.26]
(>1? + g <P -  P )M

and

(,C0) Vf*q ( Z . 0 ) - 0  [3.27]

The first relation is justified in section 3.2.6. The second relation is calcu­

lated in section 3.2.7. The correlation function, therefore, depends on / , ( * ) .

13.28]

This is obtained by calculating the evolution of a fluctuation having its initial 

conditions, 4,(0), fixed and Viq(Z .0 ) -  0 . The solution of the hydrodynam ic 

equations having these initial conditions can be obtained through its Laplace 

transform  in the time domain and the introduction of the initial values (31).

[3.29]

The problem can also be treated through the fluctuation-dissipation 

theorem which states that if one applies to  the liquid surface a pressure force 

which is periodic, a deformation of the surface occurs. The corresponding 

change in energy on the surface is

- / t ( r  ) * ( r , /  V 2r  [3.30]

where ♦  is an oscillating exterior pressure.

The response of the surface acted on by the exterior pressure is described 

by the sum of the displacement a t different points ( r  — r ’) o f the surface, 

caused by the exterior pressure.
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or in a vector mode

<q ( ° ) -  / 0° x q<r) ( ' )  dt [3.32]

If *q is of the form of ♦ " e ' 1" ' , £q(0 ) w ill have a sim ilar form  and :

£q(w) -  Xq(w) [3.331
w ith

i q(tu) -  f  x q( f ) e ' w dt [3.341

In the classical lim it of Mo <£ka T , the fluctuation-dissipation theorem states 

the  therm al fluctuation pow er spectrum , P (o ), is related to  the response func­

tion x q (cd) by:

exterior pressure of frequency to.

3.2.4 RESPONSE OF A SYSTEM TO AN EXTERIOR PRESSURE, DERIVA­

TION OF THE SPECTRAL WAVES.

Taking p ,r \ ,X .P  as the density , viscosity, velocity and pressure of the 

low er phase fluid, respectively, and p \ t h e  same param eters in the upper 

phase fluid. ( p'.-q' is not defined if the upper phase refers to the free surface of 

a liquid ). g as the gravitational acceleration and y, as the interfacial tension at 

the interface. The hydrodynam ic equations are

1 ) The equation of conservation of mass

2) The equation of conservation of m om entum

for the low er phase and for an incompressible liquid, we have

It is therefore necessary to search for the response x q («)  of a system  due to  an

div V -  0 [3.36]
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13.37]

Let us estim ate the order of m agnitude of the term  (V .g rad )V . The fluid 

particles in the w ave travel a distance of the order of the am plitude a during the 

tim e in terval of the order of the  period r ;  the period of oscillation of the  fluid 

particles in the wave. A lthough the velocity of the particles varies considerably 

over the range of r  and the wavelength X, the average velocity is o f the order of 

a /r .  The tim e derivative and the space derivative of the velocity are then of the 

order of V /r  and V/X respectively. Obviously

(V .grad )V -  * (a /  r ) 2 [3.38]

a y
(V*grad)V is sm all in comparison to  if

[3.39]

(V  .grad )V « [3.40]

a
2

«
a l

T T T

or

[3.41]

a <K A

[3.42]

[3.43]

Thus if th e  am plitude of the surface waves is sm all in comparison w ith  the 

wavelength, the hydrodynam ic equations can be linearized.
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div V -  0 [3.44]

flV 1 «  ^  *xriL— -  — — V p  + — AV + 2
& P P *

[3.45]

Consider a w ave-vector directed tow ard  OX (figure 3.2). The hydrodynam ic 

equation becomes:

avz dvA 
~§2 ~ 0

[3.46]

6VX
&

Jl
P

6 2v'.v a 2v \
W 5” + ~ W

I  5£. 
p a * [3.47]

a v z _ t) 
a* ” p

e 2v z a !v2

a * j a z 1

i a ^  
- p a r " *

[3.48]

The boundary conditions a t the interface, Z -0 , are

8 v \ a v z 
+az a *

a^'.v j a v v  
a z  + e x

[3.49]

-p  * 2r,^ r + 4p * -  »■ $ r
QV'z- P '  + 2 * + V

Vz  -  V ‘2 
V v -  V ’,

[3.50]

[3.51]

V - 0 when Z -  -  oo [3.52]

Conditions 3.46 and 3.47 expresses the normal and tangential constraints, 

Applied on both sides of the surface and acted upon by a force of external pres­

sure. Condition 3.48 expresses the continuity of V and 3.49 refers that the 

thickness of the liquid is assumed to be large in comparison to q~l. Ap is the 

difference in density between the tw o  phases (p - p ) ,  and

It - o " 4 r- + 4 r ” 55 4 -̂ 15 an approximation of the am plitude of a waveQt q X  a t  Qt
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th a t is very sm all compared to its w avelength.

The equation of motion of the surface due to an oscillating exterior pres­

sure. , and parallel to  OX is w ritten  in the most general w ay as:

Vx  « * • * * * - “ *  A .( u  )  [ 3 . 5 3 ]

m ,

From equations 3.46, 3.47, 3.48 it can be deduced that

m j -  q

m  - V  q -  -4 -

m

[ A  ' —  ] e ^ 7  
P 9

[3,54]

m 2 -  ■>/ q 2 -  [3.55]T)

where +V is taken as the square root of a positive rational num ber 

Substitu ting m -  m 2, we have,

V v -  e *-v e " ' "  [A e ’2 + e " 12 1

V2 -  -«•** [3.56]m

— -  e ‘,A >1 — ey/
P  9

For the upper phase

V
V.v -  e~iu> IA 'e~<z + B ‘e m'2 ] [3.57]

V ' z -  + « r * ? A e - ' "  [A ‘e~iz + J - B ‘e - m Z )

The coefficients A, B. A’, B' are determ ined from  the boundary conditions satis­

fying:
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2 t\ A V -  +
19 m

B 2 t)'A n ' t *  -*7I 9 *"
S '  -  0 13.56]

+ i (  y , q 3 + £4>i A  +
IF*t i  y, i -

9 m
B — j Zrj’tuff — * IA ' — 2r)'ug B ' - —t

A 1

1 .  B
m

B -  0

This is a linear system  of 4 equations w ith  4 unknow ns and w ith  the second 

member having an unique solution. The response due to  a perturbation ^  “ is

«—  — [ A  (tu) + —  B (u) ] n  “ H cj m

X q (to ) -  - M A  ( u )  + i j » ( » ) ]  
ti> rn

[3.59]

[3.60]

In the case of a free surface the fluctuation of a fluid assumes p ' -  0  and 

n ' -  0. The system  then reduces to  tw o equations w ith  tw o  unknow ns because 

the last tw o  equations depend on the velocity on both sides of the surface 

(equation 3.51). In this case it is not a valid  condition. The solution of the set 

of equations and the application of the theorem of fluctuation-dissipation lead 

to the spectrum  of therm al fluctuation:

P9 (to )
kT lm-

where
9?  ff toTc y  + 017 0 y  — + -J \  — 2i toT„

T° " -^r~r  2V9

p (  y,  +  p g  /  g 2 )

4r)zg

[3.61]

[3.62]

[3.63]
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The param eter y  corresponds to th a t which was introduced in section 3.2.1.

_ ( P/ ¥ )*( Vj ¥2 + PR ] _ ( force o f  inertia ) x (  force o f balance )
(2 t )£2 )2 ( fo rc e  o f  friction  )2

and r 0 has a tim e dimension and is inversely related to  the viscosity of the 

liquid.

Taking x ^  as an analytical function of the complex variable w, the poles of 

th is function corresponds to the roots of the dispersion equation

y  + ( 1 — i  to t„ )* — + V  1 “  2i wr„ -  0  [ 3 . 6 5 ]

A closer look to  th is  equation shows th a t w ith  Im(to) < 0  its tw o  roots have a 

dependence on y . W hen y  »  1 , both roots are complex conjugates. The surface 

waves propagate at the frequency v and the dam ping of the wave determ ines the 

spectral linew idth centered at ±v.  W hen y  <c l ,  the surfaoe waves are dam ped 

w ithout propagating. The spectrum has a maximum value at zero frequency. 

The transition from a damped surface w ave to  a propagating surface w ave is 

continuous w ith y  -  0.145 being the critical point and w ith  equation 3.65 hav­

ing a double root.

The spectrum of an interfacial wave, between tw o liquid phases, shows 

greater complexity than that of a free surface wave. Its power spectra, Pq(w), 

includes p',-rj'.and p.rj the upper phase and lower phase density and viscosity 

respectively and the interfacial tension. The power spectrum  function is 

given as:

/^(w ) -  ( y t f  or,j 2) (k/f T ( mur) lm [£>(i c o t ) ]  [3.66]

T -  (p + p ')/ 2(tj + l)‘) j 2 or, -  y, + (p -  p ’)g i q 2

and
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y -  o ,(p  + p ')/ 4(tj + t ) ')29

D ( S )  -  y + (p — p ‘2 + 2Jtpp)  T)(m—1) — T)‘(m' — 1 ) _ 
(p + p ’)2 r)tm +1) + T)'(m’ + 1)

P

(p  + p '  ) [ r )(m  + 1 } + T)' ( m '  + 1 )]

m -  + V  1 + 2 m -  +
p  + p ‘ -  * p

p -  V  p -  P'
(v  + T)')/ Cp + p )

+ V -  positive rational num ber 

g -  gravity acceleration constant 

q -  w avev ec to r of the scattered light 

T -  tem perature 

kb -  Bolt2 man constant

3.2.5 COMPARISON OF TH E SURFACE W AVE TO A HARMONIC OSCIL­

LATOR.

W hen an oscillating perturbation of w ave-vector q is applied a t the inter­

face at tim e t' -  0 , it induces in the fluid a vertical displacement, U ^ft), at depth

z, which at time t ' >  0 . is related to ( t ) by

Uq( Z , t  ) -  f ~ K  ( Z , f - t  ) ) { ,  (t )dt 13.6 7 J

from  equation 3.56 and 3.59 Vq{ Z , t ) and {;, (r ) can be w ritten  as

[3.68]

(3.69]
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Taking the Fourier transform ation of equation 3.67 and taking into account 

equations 3.68 and 3.69, we obtain:

I  „  m  ( u ) Z  |  *

— [ /i (o>)e,z + -?—?—r—B ( w ) ] - — [>4(w)+ — K ( Z , t ) e ‘**dt  [3-701at m twj ct* m\b>) J °

For the case of a free surface (the  case of an interface between tw o fluids is 

analogous), equation 3.58 becomes

m A  (« )  + ? (  1 — *&»T0 ) ZH<u) -  0 [3.71]

and from  equation 3.70 and 3.71 :

AT(Z,6>) - ( 2 * ) - 1 /*eV ( Z .r V " 'r f r  [3.72]J c

- e * z + —L_ (e ,Z -*«"•. _  e ,z )  [ 3 73]

The first term , e , z , Is independent of ta and corresponds to a potential flow 

induced by a pressure variation. In an incompressible liquid, as the surface is

displaced, the pressure variation is transm itted  instantaneously into the bulk.

The second term is characterized by a retardation of the order of t „ and 

corresponds to the a rotational flow. In a viscous fluid (rot V ^O ) the surface 

displacem ent creates horizontal vortex lines perpendicular to  q, which diffuse 

inside the liquid w ith  a tim e constant r „ , and progressively excites a retarded 

displacem ent under the surface.

Defining as the frequencies where /^(o>) assumes significant values, in

low and high damping conditions k ( z . w )  may be simplified w ith in  the range 

In the  case of low dam ping ( « ] ,« 2» 1/  ) and AT(z .w )3***2. For the

high dam ping case t ) ,  k ( Z  ,w) sse*z (l + qZ ). In both cases k  is fre­

quency independent in the range (b>].b>2). For low damping the  rotational flow 

has no lim e to set in before the surface w ave has com pletely decayed. For high 

dam ping the rotational flow sets in faster than the wave decay. In both cases
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the surface w ave is not perturbed by the dispersion process associated w ith  the 

transm ission of a m otion from the surface to the bulk. The surface response is 

analogous to  that of a resonant system . The interface then acts like a thin 

m em brane w ith  the surface w ave behaving like a harm onic oscillator having the 

same frequencies as the roots of the calculated dispersion equation.

A dissipation process in the liquid under the surface is alw ays present but 

it modifies the spectrum  only when its characteristic tim e is of the order of the 

tim e decay of the surface waves <j| < 1 /  t 0 <<h2', the wave decay and the 

transm ission of motion under the surface take place sim ultaneously. Therefore, 

the corresponding bulk dissipation process appears on the spectrum. The transi­

tion from underdam ped to overdamped surface w ave ( y  -  0.145 J occurs near 

the critical damping.

3.2.6 AM PLITUDE OF THE SURFACE WAVES.

The mean square am plitude of the waves can be obtained w ithout resorting 

to  hydrodynam ic calculations since the am plitude of the waves does nol depend 

on their tem poral evolution (22). The calculation assumes Boltzmann statistics 

at room tem perature. T *^300”K. The region of frequency is lim ited to  0 < c i <  

101S Hz because of the requirement tha t Ku> <zkBT.

If AS is the variation in entropy in the liquid due to  the surface fluctua­

tions, sta tis tica l mechanics shows th a t the probability «  of the fluctuations is
_ y j

proportional to e *. This variation in en tropy is bounded by the minimum 

w ork  required to create a reversible fluctuation at the interface.

AS -  [3.74]
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W here T  is the absolute tem perature, Wmin is the potential energy at the 

interface. The deform ation is done infinitely slow ly. Therefore w ork done 

against the force of viscosity is neglegible. The potential energy is in tw o parts:

1- The energy of surface tension is proportional to  the increase in area, HA, of 

the interface due to deform ation (Er \ -  y, -AA , where y, is the surface ten­

sion ).

2- The energy required to  overcome gravity.

Ep 2 ~ ! / ( P - P ' ) g  i d t d A  - A { p - p ) g  f i p [3.75]

w here p ' and p are respectively the densities of the upper and lower phases, g 

the gravitational acceleration, | { | 2 is the average of the squared value of |( |  in 

the portion of the interface considered.

L A - i A ' J  >♦ \2 + I 12 ~ A [3.76]

Taking the am plitude of the waves to  be very sm all compared to the 

w avelength, the expression can be simplified to

HA - f2 J a
t )  | 2  . | .t  )

a x  1 1 a . v  1

dx dy

The potential energy of ihe waves at the interface is then

dC
ax dy + g t p dx dy

[3.77]

[3.78]

As previously stated, the surfaoe waves can be expressed as:

f  < r , t ) -  £ { , ( r V  '
<i

[3.79]

Since each mode of is not correlated w ith other modes, the potential energy of 

th e  waves is then the sum of the energy potential of each of the modes.
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Ep -  4 - Z t > * f !  +  « ( P  -  P ‘) ] | { ' ( '  ) | Z 4 2 ?  
t  q

- Z V l )  [3.80]
q

The probability u  of a w ave is obtained as the product of the probabilities rela­

tive to  each mode.

- £ , /  IT —£_(q)/ kT
p  _  c ___________ n  e   o i l

r  -E. tkT "  r  - £ . ( , ) /  i f  . .  1 3 . 0 1 1
J e '  d E P J *  '  <*Ep( q)

The average value of | ( 4( t ) | 2 can then be calculated from the probability ca(q)

7 r - v ’ ' ' ‘r ^ , q ) [3 -821

lt,(< ) |: -  . ,  " ------^ r r  [3.83]
[ y , 9  +  * ( p  -  p  ) M

Because the process is stationary the average value of |4q(r ) |2 is independent of 

time.

From the average of the square of the surfaoe waves of w ave-vector q, the 

average squared of the am plitude of the waves is calculated.

K I2 - Z I U I a [3.84]
q

If the interface is of dimension L x L ,  the wave-vector then satisfies the relation

q2 -  —y (n? + m2) [3.85]
i-t

where n and m are integers. It follow s

I t ? -  Z I  - 3 ---- — -------------  13.86)
* " (y, + m 3) + &pg )A

replacing the sum for an integral we have
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■»1 1 *5?" ^
9a 2 IT ( y 1?2 + Ap g ) ?  ?

[3.87]

[3.88]

where q„ is a very small wave-vector.

ir [3.89]q° ~ T

Because the dimension of the interface increases as qo-*0 , the lower lim it of the 

integral is determ ined by the term  Ap g . This is due to  the fact th a t the am pli­

tude of the undulations of large wavelengths is small.

If q, is the upper lim it wave-vector of the integral, when q j-^ w  the 

integral diverges. As the wave-vector q, approaches infinity, the wavelength 

approaches the lnterm olecular distance. Since only those surface waves having a 

w ave length longer than that of the wave length of light are detectable by the 

incident light beam, =*2 « 7  a. The waves which are of interest are. therefore, 

those w ith  wave-vectors th a t lies between 1/A and 0.

[3.90]
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3*2.7 CORRELATION BETWEEN TH E VERTICAL DISPLACEM ENT OF 

THE INTERFACE AND THE VELOCITY OF THE FLUID BENEATH.

It should be noted th a t for a single w ave the solution to  the hydro- 

dynam ic equations give a definite velocity field in the fluid adjacent to  the sur­

face. In fact, the  surfaoe w ave has a penetration depth of the order of 1/q  and a 

displacement a t the surfaoe cannot be dissociated from the  liquid flow under­

neath and viceversa. The present derivation applies to  the overall fluid in ther­

mal equilibrium . Here, there is no correlation between the vertical displacement 

of the interface and the velocity of the fluid below th is interface, considered at 

the same time.

V2 { X , Z , t  H (X o. r ) - 0  13.91]

W here the average is taken over an ensemble of system s in therm al equilibrium .

Expressing Vt (X ,Z ){(X0), For each system , as a function of position qj and 

mom entum  p; of the individual particles, w e have

V,( , -  A (pl 9 j ) [3,92]

W here N and N' are the num ber of particles inside sm all volume elements V and 

V' around the points X, Z and X0. Zo-0 . If N and N' are large and if the volume 

elem ents have dimensions that are sm all compared to 1 /q . the final result will 

be independent of their choice. The average quan tity  can then be w ritten  as:

Vz (X ,Z T i(X 0) -  A a  f  °° dp, ■ ■ f  dqj . . . A ( Ps .9, ) e “ m t f ' ' [3.93] 

where H is the Hamiltonian of the microscopic system . In the absence of a mag­

netic field, it is tim e reversal invariant. W hen tim e is reversed the position of 

the particle is unchanged and its m om entum  is reversed:
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H(/>, ) -  _  H ( —/>,, qj ). Using the definition of A

A (-Pi ) -  -  A ( -  />, ). [3.94]

the result is

A -  — A or A -  0. [3.95]

The result holds for any X and Xo> therefore:

J V t ( X0, Z  ) { ( Af -  X0 ) -  0 [3.96]

or taking the Fourier transform  w ith  respect to  x:

V,,f ( Z H ; - 0 .  [3.97]

A sim ilar proof could be used to show the absence of correlation between

tw o different physical quantities considered at the same time, providing their

product is an odd function of time.
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3.3 SCATTERED LIGHT CAUSED BY THERMAL WAVES A T THE

INTERFACE

3.3.1 CHARACTERISTICS OF SCATTERED LIGHT

Consider an interface between tw o liquids covered by a set of waves of 

different phase shift and am plitude and w ith  a range of w avelengths which cov­

ers a large range of the spectrum. The am plitude of the surface fluctuations, 

is assum ed to  be very small compared to the wavelength of light, K.

« 1  [3.98]

In this approximation, the surfaoe waves of wave-vector q can be treated 

independently of each other. The interface can then be treated from the 

view point of optics as a superposition of waves w ith phases of periodicity 27r/q, 

W hen a beam reaches the interface, it is reflected (spectrum  of zero order) and 

also diffracted by each of the waves at the interface. J.W. Rayleigh (33) has 

show n th a t the intensity of the spectrum of order n is scattered from  the in ter­

face proportionally to ( £ ,/ X)". Therefore only first order scattering has a non- 

neglegible intensity, thus establishing a relation between the angle of observa­

tion, and the wave-vector q. At a defined direction of observation the spectrum 

of the scattered light is associated to one and only one surface wave-vector 

whose intensity is at a maximum, corresponding to a first order scattering inten­

sity .

Assume a scattered beam in the direction of 0 ( , <b, originated from a point 

P on the  interface. v9 is the frequency of the surface wave responsible for the 

scattering at point P. The incident light beam w ith frequency vD undergoes a 

Doppler effect on its scattered beam w ith a frequency shif! of ±i> from a first
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order scattering of the light.

v0 — v, -  ±v  [3.99]

This can also be looked at as an annihilation or creation of surface phonons. 

Incident photon + surface phonon —► scattered photon 

Incident photon - surface phonon —► scattered photon

The frequency relation m ay also be treated from the energy conservation 

perspective. Taking 1/ r .  the life span of a surface phonon, the scattered beam 

shows tw o peaks w ith  frequency v t -  vn ± v 9 w ith linew idth of t / v . The wave­

vector q, and the direction of the scattered light are related through the princi­

ple of m om entum  conservation. Taking (K0)planr and (Ks)planc as the projection 

of the reflected, Ko, and scattered, Ks, beams wave-vector on the surface plane 

(figure 3.1)

<K0W e  - ( K , ) pl.ne -  ± q  [3.100]

Transform ing the relation in scalar term s

q 2 -  K 2 sin2 9 0 + JC jsin29t, —2 JC,K0 sin sin 9 t cos0 [3.101]

where

9 0 -  angle of incidence at the interface

9, -  angle between the scattered ray and the norm al

4> -  angle defined by the plane of reflection and the plane of scattering

The frequency sh ift is sm all compared to the  frequency of the scattered 

light (the frequency of the incident light is =  10 15 Hertz).

Kf *= K0 [3.102]

therefore:
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q 2 -  K 2 ( sin20„ + sin2©, — 2sin 0 , sin Ba cos <f>) [3.103]

3 3 3  INTENSITY OF THE SCATTERED LIGHT

The intensity  of scattered light due to the fluctuations at the interface of 

tw o liquids or a t a free surface of a liquid have been studied by M andel- 

stam (22). The assum ptions involved in his calculations were:

1.- {,,/ X « 1 , the am plitude of the fluctuations of the surfaoe or interfaoe 

is very sm all compared to the wavelength of the incident light. The 

interface can be taken as a superposition of waves w ith wavelength 

2 rr/q. These waves scatter light independently of each other and only 

in the first order scattering spectrum.

2.- qD "» 2 it, the diam eter of the light beam, D, on the liquid surfaoe is 

large compared to the  wavelength of the surface fluctuations. This 

allow s the assumption of light scattered from  an incident beam of 

infinite diameter.

3.- The thickness of the interface ( zone where the refractive index varies 

appreciably ) is sm all compared to the wavelength of light.

First M andelstam, then Andronov, Leontovich and Gans (2 3 ) determined 

the scattered beam intensity to  be

d l , y . lbv2 A
A '

/  ( 0 „ , [3. 104]

where

Io is the intensity of the incident beam on the surface A at the interface, A' 

is the projection of A on a plane norm al to the direction of observation, N
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-  n, /  n„ where n, and nr are the refractive index of the media of the 

reflected and refracted light respectively, and | 2 is the average of the 

squared of the am plitude of the surface fluctuations of w ave-vector q

C T  1 3 . 1 0 5 ]

V i?  + A P g

Experim entally, usually  y j? J >A pg. | 2 then varies proportional to  1/  q 2. 

Therefore the scattered light w ill have non-neglegible in tensity  in the neighbor­

hood of the reflected and refracted beam, where the m agnitude q o f is sm all. 

The geometry of a reflected and a refracted light on an interface w ith  their 

respective scattered beams is shown in figure 3.3, w here 0 O and ©t are defined as 

the angle of reflection and the angle of scattering on reflection respectively, ©' 

and © t are the angle of refraction and the angle of scattering on refraction, and 

the angles <t> and <t>' are defined between the  plane of reflection and the plane of 

scattering on reflection and the plane of scattering on refraction, respectively.

The function f  s ,4>.N ) is tabulated on table 3.1. The distinction 

between light scattered on reflection and light scattered on refraction is provided 

by the upper indices R and T respectively. The polarization of the incident 

beam is assumed to  be paralled (II) or normal (J.) to  the  plane of incidence. The 

function /  ( .N  ). on table 3.1, represents /  ) by a sm all scatter­

ing angle (^  -  0 ,©, ).
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F ig u re 3.3 G eom etry  of a reflected and  scattered  light due to reflection, a re frac ted  
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TABLE 3.1: Angular dependency of the intensity o f the scattered reflected
beam and the scattered refracted beam. The function fid . N) 
represents fa  N ) by a small scattering angle and oT

TABLE 3.1

3.106 fV ® o. 0 , . * . N  )
1 (N 2- l )  [ cosfl 0 cosfl j f  ] I2
1----------------------------------- 1 + , , .
1 5 1

3.107 N >
1 (N 2- l ) [ cosfl 0 cosfl ( COS0 J I2 

1 0  1

3 108
1 (N 2- l ) [ cosfl cosfl ’ ^  J I29 O *

N3 1 -1 + . . .
1 5 1

3.109
1 (N 2- l ) [ cosfl 0 cosflcos0 112

1 0 1

3.110
1 lan(fl_-fl' )l2,----- 0 ,cos40o
1 tan(fl0+fl '0)l

3.111 f R, ( B o . N ) 1------------ 1 cos fl0
1 sin(0o+fl ’0)(

3.112 fT, ( f l 0. N )
1 u n ( f lo-fl'e)l2

N3 1----------------- 1 cos2fl0 cos2fl0
1 sin(fl0+fl '0)l

3.113 fT, ( 0 o . N )
1 sin(fl0-fl ’p)!2

N3 |------------1 cos2fl cos2fl
1 sin(fl0+fl '0)l

where

f  -  ( co*9 ' r 00*0 ', co * e  * in 0 # s in f l ,  ) 6  -  (N  co * 0 t  + co*0 0 ) ( N c o tf t ,  + eotfl t )

-  (c o i0  B co * 0 t c o te  + * tn0 „ i i n 0 t ) 0 -  ( c o i0 a + N coiO ',, ) ( cot© , + N c o t0 '()

R -  scattered tight from a reflected beam 
T -  scattered light from a refracted beam 
H -  polarization of the beam normal to the surface 
1 -  polarization of the beam parallel to the surface
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3 3 3  COMPARISON OF THE INTENSITY OF THE LIGHT SCATTERED ON 

REFLECTION AND ON REFRACTION

In order to  compare both intensities, the solid angle of the light scattered 

on reflection, d U  in the direction of 0 B, <5, and the  light scattered on refraction, 

d 0 ‘, in the direction 0 's, <t>‘ should be such th a t the scattered light in d f l  and 

d fi' is due to  the same fluctuation a t the interface. In the range of the surface 

waves of wavevector q w ithin the interval + dq, \qy ,qy + dqy , the

wavevectors and their scattered angles are related according to

—jm  0 O + s in 0 ,  co s^  -  [3 .114]2ir

sin 0 , sin 0  [3.115]2rr

—sin 9 '0 + sin 0 cos<f>' -  [3.1 16]2w

sin 9 sin [3.117]2ir

The intensity  of the scattered light in the solid angle d f l -  sin0, d 9 , d<f> and

d flf -  sin 0 d 0 d<f>' is from to the  same wavevector q if we approxim ate ^  — 0

and <t>' ==0. The relation then becomes

cosB - 13.] is]
COS0 

1 cos0,d  o ' -  —^ —  ’ d n  
JV7  c o S fT

[3.119]

This study  of the intensity of the scattered light by surface waves w ith  a con­

stant relative index. N, and incident angle 0 O is reduced to a s tu d y  of the
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angular factors (equations 3.104 and 3.118)

cos# 0 [3.120]
due to  scattering on reflection, and

F r « f T 

due to scattering on refraction.

1

N 2cos &'
c0!* ‘ -  [ 3 . 1 2 1 ]

Table 3.2 shows the expression of F* and F r when the polarization of the 

incident beam is either parallel or normal to the incident plane. These form ulas 

is summarized into the following expressions:

lig h t sca tte red  on reflection

d ;(q )  _ 16tH |{q|

where IK is the intensity of the reflected beam, 

lig h t sca tte red  on re fra c tio n

[3.126]

d l  (q) 16*2 I t , | 2 , sin2( B0 — 0 '„) a
' '  .in’ f .  ~4"C “ 131271

IT is the intensity of the transm itted  beam.

When the coefficient N is equal to 1, equations 3.123 and 3.125 are identical. 

The intensity of the light scattered on reflection and the light scattered on 

refraction, w ith a polarization norma) or on the plane of incidence, is propor­

tional to  1/N. Thus, if N is close to 1, the intensity  of the light scattered on 

refraction is independent of the polarization of the incident beam and is practi­

cally equal to the intensity  of the light scattered on reflection, polarized norma)
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TABLE 3*2: Intensity o f the scattered light by surface fluctuation
w ith a constant relative index N, and incident angle 0 O.

TA BLE 3.2

3.122 FV  r*cos30o

u n ( 9 0- 9 ; )  I2 

’ 1 ta n (# o+0*o) 1

3.123 F -  R, cos3# 0
1 sin(# 0- # ; )  I2 

1 s in (# o+ # ’0) 1

3.124
sin2(# 0-# '0)

F T  _  ( fV T / A  \  T _________  rrtcfl
1 2 s i n # c o s #  1

0  oT ■ 1 • \
s in2# ;

(
1 s in (# o+ # 'o) co sf# ^ -# ;)  1

3.125
sin2(# -# ' )*r 0 O pi — (V /i^ T __________ rncA

1 2 s i n # c o s #  1o  o
*Y m. i _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ \

1  J  s i n 2 0  O 1 s in (#n+#V) 1 0  0

w here

Index II -  polarisation parallel to the plane of incidence 

index i  -  polarization normal to the plane of Incidence 

index R -  light scattered from  a to reflected beam 

index T -  light scattered from a refracted beam 

R -  reflection coefficient 

T -  refraction coefficient
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to  the plane of incidence.

Introducing the notation

W « n ,  /  n r •  /V-1

N’ -  n r /  n, -  N if n, < n
I

If N* and are fixed, the intensity  of the light scattered on reflection is m ax­

imized when the light is polarized norm al to the plane of incidence. In fact, the 

in tensity  of this scattered light is proportional to  the reflected light. This is at a 

m aximum when the polarization is normal to the surface because of the inequal­

ity  (equations 3.122, 3.123, 3.126, 3.127)

This presents a very pronounced maximum when the incident light is pro­

pagated in the medium of higher refractive index and around 0 o -  (0 o)crit, 

corresponding to the critical angle. In th is case, the maximum is then indepen­

dent on the direction of polarization.

s in  ( 0 O -  6 ) 2 u n  ( 0 O -  0 0 ) f
- ■ 9  ■

s in  ( 0 „  + 0 'c ) ^  U n  ( 0  u + 0 *0 )
[3.128]

Keeping N* constant, the in tensity  of the scattered light is then a function of 0 o-
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3 3 .4  SPECTRUM OF THE SCATTERED LIGHT

W e have yet to relate the therm al waves at the interface to  th e  in tensity  of 

the scattered light. The scattered light is subject to  a Doppler effect from  the 

fluctuations. The spectrum  of the scattered light then reflects the tem poral evo­

lution of the am plitudes of the waves a t the interface. The objective is to relate 

the spectrum  of the scattered light to th a t of the power spectrum , (o») of the 

fluctuations at the interface.

Defining E0 as the am plitude of the electric field of the  incident beam w ith  

frequency vo, and assuming, fo r the moment th a t the  fluctuations at the inter­

face are motionless, the electric field EstK i . t)  scattered in the direction Ks by 

the fluctuations is a function of the incident and the scattering angles, the 

relative refractive index between both phases (N -  n /n ^  and the wavelenght of 

the incident light beam.

£,(K , , r ) ~ E D H  (K D ,K, ,X ,N  ) [3.129]

The function H is zero if -  0, except in the direction of the reflection. Taking 

A<c l, H can be expanded in a polynomial series. The zero order term is 

zero, except in the direction of the regular reflection. Only the first order term 

in / A is im portant.

£, ( K, r [3.130]

Since the am plitudes of the surface waves fluctuate w ith  tim e, the  electric field 

of the scattered light, £, (K , ,t ), at any point in its line of propagation depends 

on the sta te  of the fluctuations at the time ( t-a /c ) , where a /c  is the  tim e of pro­

pagation of the scattered light between the  interface and the point of
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observation.

£ , ( K t , r  ) - £ 0 e  H  , K ,  , N  ) [3.130A)

The power spectrum  of the electromagnetic field is given by (32)

P, ( K j  , t*>) -  l i mr — 0c

\El  ( Kt , tu ) | 2 

I T
[3.131]

w ith

E l  ( K j  , w  )  -  J - f  ’ " f / t K ,  , r  )e " *  dt 
2 Tr*,OD

E l  ( K ,  ,t ) - E ,  ( K , , I )

£ir ( K j, f ) -  0

i f  \ t \ < T

i f  \ t \ > T

[3.132]

[3-133]

[3.134]

The average is a statistical average of an ensemble of system s from  a therm o­

dynam ic point of view.

From equations 3.130A, 3.131 and 3.132

Pt ( K , , o j )  -  l i m7 —co
— — w K f ‘ *  t  " )

2 T \
[3.135]

H u  ■) t n t "> dt >dt

w ith

( qr( t ) -  o

i f  \ t \ < T  

i f  I f  I >  T

[3.136]

[3.137]

from



64

21 -  f ' + r "

P, (K, ,o> ) -  limT —OD
1 E° K JC* f "  f "2j  - j f r  * 1 * 1  J  _ „ e [3.138]

<qr (f - t / 2 ) ( qr C( + r /  2 ) d r  rfr

Since the fluctuations are stationary

{JO -  r /  2 ){ qr(r + t /  2 ) - 0  [3.139]

if |r — r / 2 | and |* + r /  2 | >7'

and if |r — r /  2 1. |r + r /  2 1 < T , and r / f <c 1 when * -*«* it is equal to  F q( r ), 

where

lim A ,  - r / 2 ) { qr(( + t /  2 )</f -  {„( 0 ) {,( r  ) -  f q( T ) [3.140]

The power spectrum  becomes

— I (<!t -  U  ) T
/ V  T ) 4 r [3.141]

The spectrum  of the scattered light then reflects the spectrum  of the surface 

waves displaced from  wQ (frequency of the incident beam) in the frequency 

domain. From relation 3.101, the cross-section of the scattered light is

d 2I (fc> + to0 ,q ) 
d at d  fl - r r

[3.142]

the first term refers to the properties of the incident beam and the  refractive 

indices of both phases; the second term  represents the power spectrum  of the 

surface waves.
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3.4 BROADENING OF THE EXPERIMENTAL SPECTRUM BECAUSE OF

INSTRUMENTAL FACTORS

experim entally one can never select just one surfaoe wave so th a t the 

detected signal contains overlap of several spectra from wavevectors near the 

desired one. The sh ift in the peak frequency of the various spectra overlapping 

the detected signal causes an increase in w idth  of the measured pow er spectrum  

over tha t expected from a single wavevector. This excess broadening of the 

power spectrum  is a ttribu ted  to several instrum ental effects.

1 ) Because of convergence of the laser beam, the angle of reflection at the 

interface is not A0 , but a set of angles w ith in  the interval £& ±  6 ( A0  ). 

The finite radius of the laser beam, thus, illum inates a finite num ber 

of waves w ith different wavevectors q.

2) The w idth of the pinhole aperture at the photom ultiplier lim its the 

sets of angles, A0 ± St A0 ), of the scattered light detected by the pho­

tom ultiplier. It allow s the detection of the scattered light falling 

w ithin the aperture and truncates those falling beyond the aperture.

3) The circuitry a t the detector introduces noise w ith  a characteristic 

decay time.

The measured power spectrum  is, thus, a superpositioning of several spec- 

tras of wavevectors inside a finite range q 0 ±Aq. The portion of the instrum ent 

effect due to  the narrowing and truncation of the  beam is independent of time. 

Therefore, the experim ental pow er spectrum , Ptw), is a convolution of a 

w avenum ber dependent instrum ental function and the theoretical power spec­

trum , of a single w ave vector of the surface fluctuations (in th e  case of a

liquid/liquid  interface it refers to equation 3,66).
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A j  .  - A
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[3. 143]

where

F(A$ / tr) -  in tensity  distribution of the various spectra of different

wavevectors superimposed on the measured power spectrum .

P9 (ti», q0 + A q ) -  theoretical power spectrum of a single wavevector of the 

surface fluctuation 

N  -  spread of wavenum bers

tr « w idth  of the instrum ent function, F,to be optimized 

q0 -  m agnitude of the experim entally determ ined w ave-vector - equation 

3.103.

The instrum ental response function can be estim ated by comparing the 

power spectrum  predicted by equation 3.143 w ith  various tria l functions F w ith  

an experim entally obtained power spectrum of a fluid whose properties are w ell 

known. Such comparisons have been made w ith  a spectrum  obtained from the 

carbon tetrachloride/air interface. In our determ ination of the instrum ent func­

tion a fixed spread of wavenumbers, N, was used and o was optimized for each 

trial function F. Through fitting of several spectra of different wavenumbers, 

we found that the instrum ental response was best represented by a Lorentzian 

squared function which, when inserted in equation 3,143, gives

/*Cci>) -  £  ( 1/ [(A j/ o,) ?+ l ] 1) x Pyiui, qa + Aq ) [3.144]
d if  *  — A '

Figure 3.4 show s a calibration spectrum of carbon tetrachloride. The continuous 

line was obtained by fitting the convoluted function to the dots (data points). 

The spectrum  was obtained at q o -  1% .42 c m 1, w ith  the assumed spread of 

wavenum bers N -  50. The best fit was obtained at o -  15.62 . Although other
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Figure 3.4 Ex peri m ental spectrum  of light scattered  by the  free  su rface  of carbon 
te tra c lo rid c  recorded a t 23 C (o r a w ave vector o f 196.42 cm '.  T he solid 
lin e  is the result of a fit pcrlo rn ied  w ith  equation 3.141 having  N = 50 and 
o = 15.62.
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investigators have found th a t a Gaussian instrum ental function gives a good fit 

to  their spectra (6 , 13 ,28  ), in our analysis th e  Gaussian function gave a poor 

fit.

3*5 EXPERIMENTAL

3-5.1 THEORY OF HETERODYNE PHOTON SPECTROSCOPY

The surface wave fluctuations were studied using Heterodyne Optical Inten­

sity  F luctuation Spectroscopy. A review and detailed analysis of the technique 

is given by Cum m ins and Swinney (25). The capillary waves of the liquid 

interface act as an extrem ely weak oscillating diffraction grating. When 

illum inated by a laser beam, they give rise to  a weak, m odulated light beam 

scattered by a sm all angle from the reflected main beam. The intensity (1CT15) 

of the diffracted beam is, however, too sm all to be analyzed directly. Therefore, 

the scattered light is mixed coherently on the photocathode of the detector w ith 

a stronger light beam which acts as the local oscillator. Incident Laser 1 ight 

reflected from the interface and diffracted by a diffraction grating, as first imple­

mented by HSrd (28), acts as a local oscillator. The scattered beams mixing 

w ith  the much stronger local oscillator beam from  the  diffraction grating on the 

photocathode of the detector w ill cause a m odulation of the am plitude, I(l), of 

the detector current. The power spectrum of this m odulation depicts the am pli­

tude m odulation of the capillary waves and is recorded w ith  a spectrum 

analyzer.

Sem iquantitatively. the electric field at the photocathode surface is made up 

of tw o components. One is due to the diffraction grating and is expressed as E0 

cos«oi, where <i>0 is the incident light frequency and Eo is the tim e independent 

am plitude. The second component is due to  diffraction from  the liquid interface
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waves and is expressed as E jf t)  coso»ot and E2( t)  sint»ot, where the am plitude 

E j( t)  and  E2( t)  are related to  the Instantaneous am plitude and phase of the sur­

face waves and are functions of time.

The photocurrent I( t)  is proportional to the square o f the to tal electric 

am plitude integrated over the detector surface.

/ c + / ( f ) o r / *  [£Dcosu0r £’1cosw0r + E 2situii0i ]*4S [3.145]
^  5

- 1 / 2 /  [£ d2 + 2Ed£•,(() + £ ? U )  + £ i U ) ) d S  13.146]
"  S

+ light frequency term s which are not detected.

The "local oscillator field" Eo has a greater intensity than Ej ( t )  and E2( t )  so 

tha t the last term s in equation 3.146 can be neglected. The recorded signal is

the remaining tim e-dependent signal l( t)  of the current, f  E0E, U)dS .  Half of
^  S

the inform ation E2( t)  is th u s  lost in the detection process.

The field Eo, due to the grating, is concentrated w ith in  a diffraction spot 

which is displaced at an angle (0 Q - 0 t ) " - k /a  from the main beam, where a is 

the spacing of the grating. Thus only those liquid surface waves which form 

diffraction spots overlapping the diffraction spot due to the grating contribute 

significantly to  the signal. This condition is only fulfilled by surface waves in 

the X direction (figure 3.5) w ith  wavelength 2 n / k  "“ a/cos0.

Since Ej ( t )  is proportional to the corresponding instantaneous surface 

am plitude, the current I(t) gives the time variation of the surface waves of 

wavelength a/cos©. Thus w ith this simplified picture of the apparatus the 

power spectrum  of I(t) equals the power spectrum of the surface waves, apart 

from a constant factor. A more thorough development of the diffraction grating



Photomult ip l ier
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on the  de tecto r. • Local o sc illa to r l ight.  O scatte red  light.
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is given by Hflrd (28).

There are several practical advantages to  using a diffraction grating to  select 

a surface wave num ber.

1) It is easier to measure accurately the  grating spacing than to measure 

the sm all angle (0 Q - (>s).

2) Large-scale shaking of the  liquid surface due to  external vibrations is 

minimized and no longer becomes a major problem.

3) The well-con trolled local oscillator (the  diffracted light from the grat­

ing) makes the measurements easily reproducible.

3.5.2 INSTRUMENTAL SETTING OF THE EXPERIM ENT

The arrangement of the experimental equipm ent for the laser light scatter­

ing experiments is shown schematically in figure 3.6. The laser beam was spa­

tially filtered and expanded wi th a focusing lens of 2.9 cm focal length before 

being focused on the detector. In the experim ent, the beam was directed to  the 

sample interface at an angle of 2 2 °, measured from the horizontal in the air 

medium, by means of m irrors. The beam was directed to  the interface from the 

phase of higher refractive index to obtain to tal reflection. The cell containing 

the tw o phases was m ounted on a movable p latform  which could be moved in 

each of the three orthogonal directions.

In the experiment, light scattered in the plane of incidence, -  0, was 

selected for analysis of the power spectrum. The reflected beam was intercepted 

by a diffraction grating located about 2  cm from the poinl of reflection at the 

interface. A fter the beam traveled 275 cm in length (measured from the point 

of reflection at the interface to  the photom ultiplier), one of the diffraction
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Figure 3.6 Equipm ent setup of the  laser light sca tte rin g  experim ent.
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orders was selected by an aperture in fron t of the photom ultip lier detector. The 

diffracted light beat w ith  light scattered by capillary waves of a particular 

wavevector falling on the same area (figure 3,5). The aperture fo r the pho­

tom ultip lier was selected such th a t the size of the pinhole w ould  be th e  same as 

the diffraction spot due to the grating. The photodetector current w as amplified 

by a low-noise preamplifier which also rejected low frequency noise before the 

signal reached the spectrum  analyzer. From the spectrum  analyzer the data  was 

transferred  to a PDP 8  com puter and then to the VAX 11/780 fo r analysis. The 

analysis of the data w as performed w ith  a nonlinear Least-Squares fitting pro­

cedure (appendix E and F) w ith the theoretical equation 3.144 representing the 

power spectrum.

3 3 3  EXPERIMENTAL DETERMINATION OF W AVEVECTOR q

The magnitude of wavevector q was determ ined using equation 3.103. The 

angle of reflection, 0 Q, was determ ined as follow: the angle (figure 3.7) of the 

reflected beam was measured normal to the w all of the cell. This angle was re­

lated to </>', the angle o f incidence at the w all of the cell in the liquid phase, by 

Snell's law:

n sin <f> = n ' sin [3.147]

where

n = refractive index of the a ir medium

4>= angle of refraction in the air medium, measured 

normal to the cell wall.

n ’= refractive index of the liquid phase.

4>'= angle of incidence in the liquid phase measured 

normal to the cell wall.
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From the com plem entary angle of fr  the angle of reflection was then calculated.

In determining the angle of scattering the relation 0 S -  9 a + dO w as used. 

S tarting from Snell’s law . equation 3.147, w ith  n -1  and fr  -  90 - 9 Q (figure 

3.7).

sin0  = n 'sin^' = nsin(90—6 0) [3.148]

From the derivative of equation 3.148

cos0  dtp — n ' cos (90— )(— d $ ) [3.149]

Therefore.

- d  0 = _L d <p [3.150]
n cos<p

d<& is equivalent to  the distance from the reflected beam to  the aperture on the 

photom ultiplier over the distance the beam traveled from the cellto the  pho­

tom ultiplier.

The wavevector of the reflected light beam was taken as k o/ n ’.

3.5.4 INSTRUMENTS

In our laser light scattering investigation of the tem poral evolution of the 

capillary waves the following instrum ents were used:

1) A 35 mW, 632.8 nM Helium-Neon laser (Spectra-Physics, model 124, 

1250 W, Middlefield Road, M ountain View. CA. 94042).

2) A FFT computing Spectrum Analyze from Nicolei Scientific Co., 446B 

M ini-Ubiquitous (245 Livingston Street, N orthvale, N.J., 07647).



incident

Figure 3.7

scattered  beam

reflected beam

D efinition of the  m easured reflected and scatte red  angles a t the  cell to
o b ta in  th e  ex p erim en ta lly  de term ined  q w ave vector. »
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3) A C alibrated High Voltage Source from  Power Designs Inc., Model 2K20, 

1-202 VDC, 0 -20  mA (1700 Shames Drive, W estbury, N.Y. 11590).

4 ) A EG & G Park model 113, Low-Noise Preamplifier (P.O. Box 2565, 

Princeton, N.J. 08540).

5 ) A H am am atsu PM-R550, photom ultiplier and a PDP 8  com puter.

6 ) A focusing lens of 2.9 cm focal length.

7) A set of difiTraction gratings made by photographing a com puter gen­

erated set of parallel lines.
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SYSTEMS STUDIED IN MEASURING 
LOW AND ULTRALOW INTERFACIAL TENSION

4.1 INTRODUCTION

In the Investigation of the laser light scattering technique as a method for 

m easuring low, and u ltra low  interfacial tension, three system s w ere selected 

and studied.

1 ) Toluene /  w ater /  1-propanol

2) 46.35% toluene /  1.95% sodium dodecyl su lfate  /  3.75% 1-butanol /  

47.95% Saline NaCl

3) Carbon tetrachloride

In system s of to lu en e /w a te r/1-propanol change in the concentration of 

1-propanol provided a range of interfacial tensions of 35 m N /M  (to luene/w ater 

interface) to 0.3 mN/M. In the quaternary  system s change in the concentration 

of NaCl in saline furnished a range of interfacial tensions of 10*1 mN/M  (4% 

NaCl) to 10‘3 mN/M  (7% NaCl). The density , viscosity, and  refractive index of 

each of the phases of the system s studied were measured at various tem pera­

tures, and their values were fitted to linear equations as a function of tem pera­

tu re  w ith  a Linear Least Squares program. The density w as measured w ith  a 10 

ml picnometer and the viscosity w as determ ined w ith  an O stw ald  viscometer. 

A therm ostated  refractom eter, Fisher Scientific Co., was used to measure the 

refractive index.

77
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4.2 CHEMICALS

Toluene, propanol, butanol and NaCl were all reagent grade and d istribu ted  

by Fisher Scientific Co., P ittsburg, P.A. 15219. Sodium dodecyl su lfate w as also 

reagent grade and produced by J.T. Baker Chemical Co., Phillipsburg, P.A. 

08865. Carbon tetrachloride was also reagent grade and produced by Amend 

Drug and Chemical Co., Irvington, N.J. 07111. Freshly distilled w ater was 

used in all preparations.

4.3 T O L U E N E /W A T E R /I-P R O P A N O L  SYSTEM

1-Propanol acts as a solubilizing agent for toluene and w ater. Upon addi­

tion of sufficient 1-propanol to  a to luene/w ater system , 1-propanol is partia lly  

hydrated /so lvated  by w ater and toluene molecules and the interface eventually 

disappears. This is seen in the ternary  phase diagram of 

w a te r/to lu en e /1-propanol system a t 21.5 *C, shown in figure 4.1. M ixtures of 

equal volum es of w ater and toluene in different am ounts of 1-propanol were 

selected for the study . Because of the change in density  due to  variations in 

tem perature, the solutions were prepared by weight. The density of toluene, 

w ater and 1-propanol were selected from the CRC Hatidbook o f  Chemistry and 

Physics 38th edition and are given as follows:

Toluene -  0.86694 gm /m L 

1-Propanol -  0.8044 gm /m L 

w ater -  0.9982 gm /m L

In this investigation, solutions containing 5 ml of toluene, 5 m l of w ater and 

various volumes of 1-propanol were made. The desired volumes were converted 

in to  weights using the selected density  values. The proper am ount were then
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Figure 4.1O T e rn a ry  phase diagram  

tu rc  2 1 o  5C.
of toluene, w ater, 1-prop.vnol system  a t tem pera-
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weighed ou t and mixed. Following each addition of alcohol, the solutions were 

thoroughly shaken and left overnight in an air conditioned room. The low er 

phase volum e of the cosolubilized system s was p lo tted  against the  am ount (m L) 

of 1-propanol added. This is show n in figure 4.2. It is seen from the figure th a t 

the  to luene/w ater interface dissappears and the system  becomes solubilized after 

the addition of 15.6 ml of 1-propanol.

In addition, the density, viscosity and refractive index of each of the phases 

were measured at 5 ml of toluene and 5 m l of w ater w ith  the concentration of 

1-propanol a t 0, 3, 5, 6 , 7, 8 , 10, 12, 14 mL. The m easurem ents were per­

form ed a t various tem perature ranging from  15 to 30 °C. The interfacia] tension 

of these solutions over the same tem perature range were also m easured  Table

4.1 shows the linearlized equations representing the behavior of each physical 

property as a function of tem perature. The tem peratures m easured were in 

degrees Celsius, the densities were in gm /m l, the viscosities w ere determined in 

centipoise and  the interfacial tensions in m N/M . Figure 4.3 illustrates the 

change in interfacial tension at 21°C, as I-propanol (m L ) was added. The left 

ordinate curve show s the values of interfacial tension m easured in the region 

from 0 to 10 mL. The interfacial tension ( left hand side ordinate m N /M ) 

m easurem ents were made using a sandblasted Teflon blade. The right ordinate 

curve shows the m easurem ents obtained in the region from  8  to  18 mL of added 

1-propanol. The interfacial tension in this curve ( right hand side ordinate in 

10 3 m N /M ) was measured w ith  the  spinning drop m ethod. The apparent 

change in slope of the curves in these figures is due to a change in scale of ordi­

nate axis. E xtrapolation of the right hand curve to y  — 0  yields a 1-propanol 

volume of 17.6 mL. Note th a t th is volum e is different from  the am ount neoes- 

sary to  solubilize the system  to a monophasic sta te  ( figure 4.2).
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TABLE 4.1: Linear fit o f the bulk thermodynamic properties as a
function of temperature of 5 mL water, 5 mL toluene, at 
different volumes of 1-propanol. Temperature unit, 
degrees Celsius; viscosity, Centipoise; density, gm/mL; and 
interfacial tension, mN/M.

J
i TABLE 4.1

j y -  m T + b
i
; phase m b
i

5 water. 5 toluene. 3 1-propanol system

refractive index
1

upper
lower

-5.484 x  JO' 4 

-1.564 x  1ET4

1.4734
1.3511

density
upper
lower

-6.571 x  1CT4 

-3.549 x  10' 4

0.8661
0.9831

viscosity
upper
lower

-1.157 x icr2 
-5.096 x  10*2

1.0414
3.0166

in terfadal tension -1.986 x  10*2 2.9805 ,

5 water, 5 toluene, 5 1-propanol system

J  refractive index upper
lower

-4.797 x  10' 4 

-2 .0 0 2  x  10  4

1

1.4521 | 
1.3530

density upper
lower

-9.620 x  10 ' 4 

-4.395 x  10‘4

0.8717 | 
0.9839

viscosity
i

upper |
lower '

1

-1.831 x  10 2 

-5.372 x  1 0 2

1.4490
3,1438

interfacial tension
1
!
1
i

-1.718 x  10 ' 2 2.0788
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TABLE 4.] (continued)

y -  mT + b

phase m b

5 w ater, 5 toluene. 6  1 -propanol system

refractive index upper
lower

-4 .8 %  x JO' 4 

-2.410 x  10"4

1.4448
1.3552

j density
f

upper
lower

-3.276 x  10 4 

-5.151 x  10' 4

0.8722
0.9883

J viscosity
1

upper
lower

-2.786 x  10’ 2 

-7.018 x  10‘ 2

1.8550
3.5801

[ Interfacia] tension
i

-5.514 x  10‘ 3 1.3906

j 5 water, 5 toluene, 7 1-propanol system
1

refractive index
i

upper
low er

-4.333 x  10 4 

-2 .3 %  x  10‘4

1.4328
1,3571

i density upper
lower

-7.912 x  10' 4 

-4.425 x  10‘4

0.8705
0.9867

i
[ viscosity upper

lower
-3.313 x  10 2 

-8.633 x  10‘2

2.0663 j 
3.9549

! interfacial tension -1.158 x  10 2 1.5640 1

J 5 w ater, 5 toluene. 8  1-propanol system

| refractive index upper
lower

-4.476 x  10*4 

-2.308 x  10 ' 4

1.4281
1.3567

density upper
low er

-1.023 x  10' 3 

-7.828 x  10~4

0.8691
0.9911

viscosity upper
low er

-3.244 x  10 ' 2 

-6.574 x  10 2

2.1214
3.4725

interfacial tension -1.320 x  10 ' 2 1.4047



- 84 -

TABLE 4.1 (continued)

y -  mT + b

phase m b

5 w ater, 5 toluene, 10 1-propanol system

refractive index
upper
lower

-4.903 x  10-4 

-2.235 x  10-4

1.4182
1.3567

density upper
lower

-6.411 x  10~4 

-4.555 x  10‘4

0.8633
0.9723

viscosity
upper
lower

-3.801 x  10 2 

-6.429 x  1 0 2

2.4832
3.4592

interfacial tension -1.520 x  10 2 1.1867

5 w ater, 5 toluene, 12 1-propanol system

refractive index
upper
lower

-4.711 x  10 ' 4 

-2.573 x  10*4

1.4133 
1.3580 i

1
density

1

upper
lower

-7.458 x  10‘4 

-3.981 x  10 4

0.8689
0.9717

viscosity
1

upper
lower

-4.259 x  I O' 2 

-6.914 x  10 2

2.7391 1 

3.6431 ;
interfacial tension -1.105 x  10 2 0.7511

5 w ater, 5 toluene, 14 1-propanol system

refractive index
upper
lower

-4.524 x  10' 4 

-2.637 x  10-4

1.4118
1.3597

density
upper
lower

-7.721 X 10 4 

-5.589 x  10-4

0.8680
0.9712

viscosity
upper -4.984 x  10' 2 3.0988
low er -6.539 x  10 ' 2 3.5548

interfacial tension -7.839 x  1 0 ° 0.5665
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4.4 4635%  TOLUENE /  1.95% SODIUM DODECYL SULFATE /

3.75% 1-BUTANOL /  47.95% NACL (AQUEOUS) SYSTEM

M ixtures of w ater, oil, alcohol, and surfactant can give rise to  stable, tra n ­

sparent or translucent solutions. Figure 4.4 relates to  th is type of complicated 

em ulsion system . 1.95% Na dodecyl sulfate, 3.75% 1-butanol, 46.35% toluene 

were mixed w ith a 47.95% saline solution at different concentration of NaCl. 

The concentration of NaCl was calculated as gram s of NaCl in 100 grams of 

solution. Each NaCl system  was thoroughly shaken in a graduated cylinder and 

left in an air conditioned room at 21.5 °C for several days until the volum es of 

each phase remained constant, indicating a sta te  of equilibrium . The total 

volum e of each solution and  the to tal volume in each phase was measured. It 

can be seen th a t between 4.0% and 5.5% sodium chloride, a tw o phase system  

w as form ed w ith the upper layer clear and the low er layer m ilky indicating an 

oil in w ater dispersion. Above 5.5% and below 7.5% NaCl three phases were 

observed, an upper clear phase, a m ilky middle phase and a lower clear phase. 

Above 7.5% sodium chloride a tw o phase region again occurred. This tim e, the 

upper was m ilky and the low er phase w as clear, indicating a com plete inversion 

of w ater and oil. P lotted on the same curve are the m easurem ents of the inter­

facial tension a t the upper phase and low er phase interfaces. As the  concentra­

tion of sodium chloride increases, the  interfacial tension of the upper phase 

decreases, w hile that of the  low er phase increases. It can be seen from the 

graph, there is at least a tw o order o f m agnitude change, from 1 0 '1 to  1 0 ‘3 

m N /M , in the value of interfacial tension as the concentration of NaCl is 

increased. This system  was previously studied by Pouchelon et al (34).

The density, viscosity, refractive index in each phase w ere measured, in 

solutions containing different concentrations of NaCl, at various tem perature in
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Figure 4.4 Change in  in tc rfac ia l tension (O) and phase volum e (■) as a 

function  of w eight percent of NaCl fo r  th e  d ispersion of 
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the range of 15 to 30 "C. The interfacia] tension of m ixtures of com ponents 

sim ilar to  the previous solutions was measured w ith  the spinning drop m ethod. 

In the case of a three phase system , the interfacia I tension between the upper 

phase and the  low er phase was also measured. The calculated values were then 

fitted  to  a straight line equation, and it is shown in tab le  4.2. The tem peratures 

were measured in degrees Celsius, the densities were in gm /m l. the viscosities 

were determ ined in centipoise and the interfacial tensions were determ ined in 

mN/M .
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TABLE 4.2: Linear At as a function o f temperature of the bulk thermodynamic
properties o f 4635%  toluene/1.95% SDS/3.75% l-butaaol/47.95% 
saline NaCL systems at different concentrations of NaCl In saline. 
Temperature units, degrees Celsius; viscosity, centipoise; density, 
gm/mL; and interfacial tension, m N /M

TABLE 4.2

y -  mT + b

phase m b

4.0% NaCl brine solution

refractive index
upper
lower

5.429 X 

-1.572 X

10 4 
10 4

1.5030
1.3663

density upper
lower

-1.009 X 
-5.375 X

10 3 
10 4

0 8831
1 0168

viscosity upper
lower

-7.533 X 

-1.631 X

10 3 
1 0 '2

0.7469
2.4999

interfacial tension upper/low er -1.727 X 10 3 0.1242

4.5% NaCl brine solution

refractive index upper
lower

-5.409 X 

-2.207 x
10 '4 
10 4

1.5030
1.3712

density
upper
lower

-6.779 X 
-6.783 X

10-4 
10 4

0.8715
1.0170

viscosity upper
lower

-6.638 X 

9 352 X

10 3 
10 3

0.7276
2.5307

interfacial tension upper/low er -1.247 X 10 3 0.0806

5.0% NaCl brine solution

refractive index upper
lower

-7.931 x  
-2.467 X

10 4 
1 0  4

1.5083
1.3761

density upper
lower

-1.307 X 

-8.632 x
10 3 
10 4

0.8927
1.0267

viscosity upper
lower

-7.935 x 
7.428 X

10 3 
10 3

0.7657
3.3606

interfacial tension upper/low er -1.247 x 10 3 0.0614
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TABLE 4.2 (c o n tin u e d )

y  -  m T + b

phase m b

5.5% NaCl brine solution

upper -5.571 x  10 4 1.5029
refractive index middle -3.500 x  10’4 1.4057

lower -1 953 X 10 4 1.3501
upper -9.150 x  10 4 0.8794

density middle -4.359 x  10 4 1.0021
lower -3.228 x  10 4 1.0386
upper -7.317 x  10 * 0.7440

viscosity middle -4.491 x  10 2 3.3653
lower -2.464 X 10 2 1.7249

upper/low er -2.431 X 10 3 0.0735
interfacial tension m iddle/low er 4.604 x  10 4 0.0103

upper/m iddle -4.409 X 10 4 0.0246

6.0% NaCl brine solution

upper -5.569 X 10 '4 1.5032
refractive index middle -2.564 X 10 4 1.4119

lower -1.572 x  10 4 1.3498
upper -9.053 x  10-4 0.8777

density middle -9.028 X 10 4 0 9 8 4 2
lower -4.310 X 10 4 1.0482
upper -7.422 X 10 3 0.7486

viscosity middle -2 .410 X 10 2 3.7488
lower -2.646 X 10 2 1.7317

upper/low er -3.391 X 10 3 0.1038
interfacial tension m iddle/ lower 8 383 X 10 4 0.0204

upper/m iddle -1.251 X 10 4 0.0109
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TABLE 4.2 (c o n t in u e d )

y •  mT + b

phase m b

6.5% NaCl brine solution

upper -5.524 x  10 4 1.5029
refractive index middle -2.987 X 10 4 1.4305

lower -1.682 X 10 4 1.3508
upper -8.506 X 10 4 0.8781

density middle -7.619 X 10 4 0.9643
lower -4.431 x  10 4 1.0534
upper -6.973 x  10 3 0.7300

viscosity middle -6.612 X 10 2 4.7458
lower -2.532 x  10 2 1.7017

upper/low er -1.301 X 10 3 0.0410
interfacial tension m iddle/low er 9.908 x  10 4 0.0187

upper/m iddle -7.845 x  10 5 0.0059

7.0% NaCl brine solution

upper -5.199 X 10 4 1.5019
refractive index m iddle -3.888 X 10 4 1.4482

lower -1.382 X 10 4 1.3507
upper -8 521 X 10 4 0.8804

density middle -7.972 x 10 4 0.9484
lower -4.939 X 10 4 1.0575
upper -7.037 X  10 3 0.7446

viscosity m iddle -6.685 X 10 2 5.0218
lower -2.601 X  10 2 1.7409

upper/low er 2.611 X 10 3 -0.0553
interfacial tension m iddle/low er 1.729 X  10 3 0.0329

upper/m iddle -4.689 X  10 6 0.0019
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TABLE 4.2 (c o n tin u e d )

y -  mT + b

phase m

7.5% NaCl brine solution

refractive index

density

viscosity 

interfacial tension

upper
lower
upper
lower

upper
lower

upper/low er

8.0% NaCl brine solution

refractive index

density

viscosity 

interfacial tension

upper
lower
upper
lower
upper
lower

upper/low er

9.0% NaCl brine solution

refractive index

density

viscosity 

interfacial tension

upper
lower
upper
lower
upper
lower

upper/low er

- 9  6 2 6  x  1 0  4 

- 1 .4 1 4  X 1 0  4

- 7 .4 4 9  x  1 0  4 
- 3 .2 0 7  X 1 0  4

- 6 .9 1 1  X 1 0  3 
- 2 .5 9 6  X 1 0  2

2 .4 9 4  X 1 0  3

- 4 .6 4 5  X 1 0  4 

- 1 .2 5 7  X 1 0  4

- 8 .1 2 6  x  1 0  4 

- 3 .7 8 2  X  1 0 ‘4

- 9 . 2 7 0  x  1 0  3 

- 2 .5 5 1  X  1 0  2 

4 .0 2 4  X 1 0  3

- 4 .5 3 7  X 1 0 '4 

- 1 . 3 0 0  X 1 0  4

- 9 .6 7 3  X 1 0  4 
- 4 .2 3 2  x  1 0  4

- 1 .2 8 8  X 1 0  2 

- 2 .3 7 2  X 1 0  2

5 .0 1 9  x  1 0  3

1.4867
1.3515
0 .9 1 2 5
1 .0 4 5 7

2 .4 0 5 5

1.7402
- 0 . 0 4 6 2

1 .4 7 8 9
1 .3 5 2 0

0 . 9 1 1 0

1 .0 5 9 2

2 .0 3 5 0

1 .7 3 1 0

0 .0 6 8 3

1 .4 8 3 5

1 .3 5 3 6

0 .9 0 9 7

1 .0 6 8 5

1 .5 0 7 5  
1 .7 0 5 4

0 .0 6 5 2
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4.5 CARBON TETRACHLORIDE

The density , viscosity and refractive index were m easured as a function of 

tem perature in the range of 15 to 30 DC. The surface tension of carbon te tra ­

chloride versus air was also determ ined at various tem peratures w ith in  the same 

range. The measurements were done w ith  a sandblasted platinum  blade. The 

fitted values obtained as a function of tem perature are show n in table 4.3. The 

tem peratures were in degrees celsius, the densities in gm /m l, the viscosities in 

centipoise and the interfacial tension in mN/M .
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TABLE 4.3: Linear fit o f the bulk therm odynam ic properties o f CC14
versus a ir  system  as a function o f tem perature. Tempera­
ture unit, degrees Celsius; v iscosity , centipoise; density , 
gm/mL; and in terfacia l tension, m N/M .

TABLE 4.3

L
y -  m l + b

r
1
i m b

refractive index 
density  

viscosity 

interfacial tension

: -6.1072 x  10' 4 

I -1.9127 x  10' 3 

-1.1262 x  1 0 ‘2 

-1.1384 x  10’ 2

1.4732
1.6317

1.1932
29.179
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RESULTS OF THE MEASUREMENTS 
OF INTERFACIAL TENSION

5.1 INTRODUCTION

The interfacial tension of various system s of

1) Toluene/W ater/1-Propanol

2) 46.35% toluene/1.95%  SDS/3.75% 1-butanol/47.95%  saline NaCl

w ere measured w ith  several methods.

Solutions composed of 5 ml of w ater, 5 ml of toluene, and different 

volum es (3, 5, 7, 10, 12, 14 m L) of 1-propanol were measured w ith  the laser 

light scattering, spinning drop and pendant drop methods. These solutions were 

m ade in the m anner described in chapter 4. The measurements were taken 

w ith in  the range of 22.5 ± 1.5°C, by keeping the am bient tem perature of the 

experim ental room constant w ith  an air conditioner.

The interfacial tension of solutions made of 46.35% to lu en e /1.95% 

SDS/3.75% 1-butanol/47.95%  of different weight per cent (4, 5, 6 , 7) of Nacl 

(aqueous) were also measured w ith the laser light scattering and the spinning 

drop  m ethods.

Because of poor precision at low values of interfacial tension, the blade 

m ethod w as not used in these measurements.
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5 .2  RESULTS OBTAINED FROM THE LASER LIGHT SCATTERING

M ETHOD

5 ^ .1  TOLUENE /  WATER /  I-PROPANOL SYSTEM

In the spectral analysis o f the scattered light, the instrum ental broadening 

w as first determ ined w ith several spectra of CC14 vs air. A series of spectra were 

obtained fo r each diffraction order under sim ilar optical conditions to  the  spec­

tru m  obtained from the liquid /liquid  system . The density, viscosity, interfacial 

tension and refractive index (needed to  calculate the experim entally determ ined 

q  value) of carbon tetrachloride were measured at 22.5 “C. Using equation 

3.144, the density, visoosity, interfacial tension, refractive index and the magni­

tu d e  of the measured wavevector qo of the spectrum of carbon tetrachloride 

were inserted into the equation. Using an assumed value for N, which w as kept 

constant for each diffraction order, o was then optimized. The result of th is cal­

culation is given in table 5.1. About 6  spectra per wave-vector were analyzed 

and  averaged. Each wave-vector represents a different diffraction order of the 

grating a t the photom ultiplier. It can be seen that, a t higher diffraction order 

the value of a increases. These values of a and N were subsequently applied to 

the spectral analysis of the liquid/liquid  system s for which the param eters y  

and  n (or q ‘) were then optimized by the same equation. The density, viscosity, 

and  refractive index of each phase were measured at 22.5 “C. Using equation 

3.144 again, the density and visoosity of the upper phase, the density  of the 

low er phase, the interfacial tension, refractive index of the upper phase and the 

m agnitude of the measured wavevector q 0 of the spectrum  were inserted into 

th e  equation, a  and N were given the values in table 5.1 according to the scat­

tered angle of the recorded spectrum . Figures 5.1 and 5.2 show typical spectra 

obtained at tw o different q values. Figure 5.1 shows a nearly sym m etric spec-
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TABLE 5.1: M easurement of the instrum ental w idth , o, from  the 
spectras of CC14 vs a ir  a t 23 “C.

TA BLE 5.1

W a v e -v e c to r  (cm ' 1) O rd er CT N

199.317 2 16.61 ±  1.26 50
294 .793 3 2 6 .6 7  ±  1.53 70
398 .633

1_

4 4 9 .2 5  ± 2 .2 5 95



FIGURE 5.1
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F ig u re 5.1 E xperim en tal spectrum  (points) of ligh t scatte red  by to lu cn c /w a te r  in tc r-  
face a t 23°C fo r q = 193.39 c m '1. The solid line represen ts the  best fit 
ob ta ined  w ith  equation 3.141 w ith  N -  50, a * 16.61. The values ob tained  
w ere  y  ** 1.72 dynes/cm  and n = 1416 cp. T he sam ple was 5 ml w a te r . 5 
ml toluene, 5 ml (-propanol.
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Figure 5 2  E xperim ental spectrum  (points) o f ligh t scattered  by a to lu en e /w a te r in te rface  
a t  22°C fo r  q * 207.18 c m 1. T he solid line represents the best fit obtained w ith  
eq u atio n  3.144 w ith  N -50 and o = \b J b \.  T he values ob tained  w ere yj -  0.699 
dy n es/cm  and tj * 2.09 cp. The sam ple w as 5 ml w a te r, 5 ml toluene, 12 ml 
1-p ropanol.
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trum  of the light scattered at the liquid/liquid  interface of a solution of 5 ml of 

w ater, 5 ml toluene, 5 ml 1—Propanol. Figure 5.2 is a strongly asym m etric 

spectrum  of the scattered light a t the interface of a solution of 5 ml w ater, 

5 ml toluene, 12 ml 1—propanol. Both spectra were analyzed using the values of 

N -  50 and a -  16.61. The agreement between the experim entally measured 

spectrum  and the com puter fitted one using equation 3.144 is seen to be good 

over the  w hole spectral range. The values o f interfacial tension found for the 

various w ater/to luene/propanol system s are show n in table 5.2. The interfacial 

tension value a t each w ave-vector q  represents the average of the analysis of 3 

spectra. The average interfacial tension was obtained by averaging all the values 

obtained w ith  different wavevectors q in th a t particu lar system . Table 5.3 

shows the calculated viscosities obtained from the spectral analysis of the set of 

w a te r/to lu en e /1-propanol system s. The th ird  column in the table shows the 

calculated viscosities obtained a fte r correcting for the instrum ental broadening. 

The next colum n shows the values obtained by fitting equation 3.66 to the 

experim ental spectrum . The bu lk  shear viscosities of the low er phase were 

measured w ith  an O stw ald viscometer.

5.2.2 46.39% TOLUENE /  1.95% SDS /  3.75% 1-BUTANOL /

47.95% SALINE NACL SYSTEM

Figures 5.3 and 5.4 show  typical spectra obtained from  1.95% SDS, 3.75% 

butanol, 46.39% toluene, 47.95% saline NaCl. Figure 5.3 show s a spectrum of 

light scattered at the liqu id /liqu id  interface of a solution containing 47.95% 

saline w ith  4.0% NaCl. Figure 5.4 shows a spectrum  of light scattered a t the 

liqu id /liquid  interface defined by the m iddle phase and low er phase of a so lu­

tion containing 47.95% saline w ith  7.0% NaCl. In the analysis of these spectra 

the density, viscosity and refractive index of each of the phases were obtained
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TABLE 5.2: Measurement* of interfacial tension by laser light scattering, 
spinning drop, pendant drop methods of 5 ml water, 5 ml toluene, 
x ml 1-propanol

T A B L E  5 .2

] .p ro p an o l 
x ml

Q
(cm 1)

laser light 
scatlering 

(dynes/cm)

spinning
d ro p

(dynes/cm)

pendant
dro p

(dynes/cm)
temperature

•c

3 ml 196.36
203.50
396.54

2.52 ±0.04
2.62 ±0.05
2.63 ±0.02

average 2.59 ±0.07 2.65 ±0.02 2.54 ± 0.09 24

5 ml 193.39 
291.S9

1.72 ±0.01 
1.79 ±0.02

average 1.76 ±0.04 1.74 ±0.01 1.71 ± 0.06 23

7 ml 206.89 
311.88
417.90

1.13 ±0.04 
1.22 ± 0 .0 1  
1.33 ±0.01

average 1.23 ±0.09 1.20 ± 0 .0 2 1.11 ± 0 .0 2 23

10 ml 207.71
313.11
419.44

0.758 ± .013 
0.757 ± .024 
0.754 ± .030

average 0.756 ± .020 .759 ± .007 .748 ± .006 22

12 ml 207.18
312.35

0.718 ± .022 
0.733 ± .028

average 0.726 ± .025 .735 ± .010 .702 ± .005 22

14 ml 203.50 0.357 ±0.026 .332 ± .004 .349 ± .003 22
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TABLE 53; Measurements of the viscosity by User light scattering, and by 
Ostwald viscometer of 5 ml water, 5 ml toluene, x ml 1-propanol

TABLE 5 3

1-propanol 
x  ml

Q
(cm 1)

Light
scattering

(cp)

Bulk Shear 
viscosity* 

(cp)
Tem perature

*C

3 ml 196.36
203.50
396.54

1.67 ± .04
1.68 ± .05  
1.67 ± 08

average 1.68 ± .05 1.69 ± 01 24

5 ml 193.39
291.59

1.89 ± .07 
1.97 ± 06

average 1.93 ±  07 1.88 ±  01 23

7 ml 206.89 
311.88
417.90

1.90 ± 01
2.11 ± 0 3
2.11 ± 1 3

average 2.04 ± .12 1.91 ± 0 1 23

10 ml 207.71
313.11
419.44

2.08 ± .05 
2.22 ± 06 
2.15 ± 1 5

average 2.14 ± 1 0 2.05 ± .01 22

12 mi 207.18
312.35

2 .15 ± 06 
2.14 ± 1 9

average 2.14 ± .13 2.06 ±  01 22

14 ml 203.50 2.08 ± . 19 2.14 ± 01 22

* Bulk shear viscosity measurements of the lower phase
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F ig u re 5.3 E xperim ental spectrum  (points) of ligh t scattered  by a to lu cn c /w a tc r  
in te rfa c e  fo r q * 166.84 c m '1. T he solid lin e  represen ts the  best b t 
ob tained  w ith  equation 3.141. The best values obtained w ere y  * 8.23 X 
1 0 ' 2 m N /M . The sam ple was 46.39% toluene. 1.95% SDS. 3.75% I-bu tanol. 
47.95% NaCI (aqueous) w ith  a 4% NaCI b rin e  system .



FIGURE 5.
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F ig u re 5.4 E xperim ental spectrum  (points) o f ligh t scatte red  by a to lu e n e /w a te r  
in te rfa c e  (m idd le /low er phases) fo r  q = 114.69 c m '1. The solid  line 
represen ts the  best fit ob tained  w ith  equation 3.141. T he best values 
o b ta ined  w ere y t 3  1.12 x  1 0 ‘2 m N /M . T he sam ple was 46-39% toluene, 
1.95% SDS, 3.75% I-bu tano l, 47.95% NaCI (aqueous) w ith  a 7% NaCI b rin e  
system .
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by interpolating from the linearized equation show n in table 4.2, at the  respec­

tive tem perature of the experim ent. Because of the low interfacial tension and 

high viscosity of these system s, the surface waves are dam ped w ith o u t pro­

pagating. Thus, the power spectrum  approxim ates a Lorentzian curve centered 

at zero frequency. The experimental power spectrum  comprises o f m any spectra 

due to single wavevectors w ithin a range of q - Aq/2 to  q + Aq/2. But in this 

case, the spectra comprising the experim ental power spectrum  are all centered at 

zero frequency. Consequently, the instrum ental broadening is no t expected to 

contribute significantly to the power spectrum  of these highly dam ped waves 

and only one param eter (the  ratio of the  interfacial tension to  the viscosity, 

y j  Tj) can be obtained from the spectrum . (3 5 ) Thus, the spectra of these sys­

tem s were analyzed by optimizing the interfacial tension, y , , w ithou t sub trac t­

ing for the instrum ental broadening contribution. This was done by setting 

N—0 and o - l  in equation 3.144. The values of interfacial tension measured at 

different concentration of NaCI in saline solution are show n in tab le 5.4. The 

interfacial tension value represents the average of the analysis of 5 spectra at 

three different q values.

5 3  RESULTS OBTAINED FROM THE SPINNING DROP METHOD 

5*3.1 TOLUENE /  W ATER /  1-PROPANOL SYSTEM

The interfacial tension m easurem ents perform ed w ith  the spinning drop 

m ethod were done on the  same solutions that were prepared fo r the  laser light 

scattering m ethod. The procedure follow ed is described in chapter 2. Equation 

2.8 was used to calculate the interfacial tension. The measurem ents were per­

form ed a t the same tem perature as the  laser light scattering experim ents. The 

measured radius of the drop was alw ays larger than the true  radius of the drop
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TABLE 5.4: Measurements of interfacial tension by laser light scattering and 
spinning drop methods o f 1.95% SDS, 3.75% butanol, 4635%  
toluene, 47.95% saline NaCI at different concentration of NaCI in 
saline

TABLE 5.4

Phases % NaCI Laser Light Spinning Drop Tem perature
Scattering *C

upper/low eT 4.0 8.09 x 10 3 ± 2 .7 8 x  10 * 8.16 x  10 3 *8 .58  x 10 4 24

u p p er/lo w er 5.0 2.98 x 10 3 a  1.51 x 10 * 3.15 x  10 1 ± 5 .73  x 10 4 24

u p p e r /lo v e r  6.0 1.51 x 10 3 ± 2 .7 2 x 10 * 1.65 x 10 3 ±1.41 x 10 4 24

u pper/m idd le  6.0 7.58 x 10 * ± 4 ,1 8 x  10 "" 7.50 X 10 * ± 1 .04  x 1 0 4 24

m iddle/low  ei 6 .0 5.23 x  10 J ± 3 .8 0 x  10 “* 2.88 x  10 J ±1.04 x 10 4 27

u p p er/lo w er 7.0 7.65 x 10 * * 3 .9 3 x  10 4 7 .40 x 10 * ± 4 .78  X 10 4 24

u pper/m idd le  7.0 1.91 x 10 1 ± 1 .24x  10 * 1.98 x 10 ’ ± 4 .24  x 10 1 24

m id d le /lo w er 7.0 1.10 x 10 ' ± 6 .2 6 x  10 4 9 .89 x 10 1 ± 1 .47  x 10 4 24



107

due to refraction. Because of the design of the spinning drop apparatus, the true 

radius of the  drop was calculated from the ratio  of the measured radius of the 

drop  to  the refractive index of the lower phase. Table 5.2 show s the calculated 

values for the various solutions of w ater/to luene / 1 -propanol.

53-2 4639%  TOLUENE /  1.95% SDS /  3.75% 1-BUTANOL /

47.95% SALINE NACL SYSTEM

The interfacial tensions were determ ined for samples w ith  sim ilar concen­

tra tion  of NaCl in saline as those prepared for the laser light scattering method. 

The measurements were performed at the same tem perature as those of the laser 

light scattering method. The procedure follow ed here in measuring the in terfa­

cial tension was sim ilar to that described above. The densities and refractive 

index of the denser phase taken were from table 4.2, interpolated to  the tem ­

perature of the experiment. Table 5.4 shows the calculated values a t the 

different concentrations of NaCl.

5.4 RESULTS OBTAINED FROM THE PENDANT DROP METHOD

5.4.1 TOLUENE /  WATER /  1-PROPANOL SYSTEM

The interfacial tension measurements were perform ed in the same room 

used for the laser light scattering method. Thus allow ing fo r the measurements 

to be taken at the same tem perature range. The solutions used were those used 

fo r the laser light scattering method. The procedure follow ed in determ ining 

the interfacial tension was described in chapter 2. Equation 2.16 w as used to 

calculate the interfacial tension. Table 5.2 show s the  calculated values for the 

interfacial tension for the various solutions of w ater and toluene containing 

different am ounts of 1-propanol.



CHAPTER 6 

DISCUSSION OF THE RESULTS

6.1 TOLUENE /  WATER /  1—PROPANOL SYSTEM

The results listed in table 5.2 indicate that the laser light scattering optical 

heterodyne technique is as accurate as the other methods show n in determining 

low interfacia] tension. This supports the conclusion of Lttfgren et al (13), w ho 

found an agreement between the interfacia] tension of various liquid/liquid 

interfaces w ith  high interfacial tension measured by the light scattering tech­

nique and by other more conventional methods. The dem onstration of the vali­

d ity  of the method was extended to low values of inlerfacial tension. It was 

also observed that the light scattering method has a higher s tandard  deviation 

than the o ther methods. This could be caused by residual vibrations which 

could not be elim inated in the experimental setup.

When the surface is not strongly damped, the experim ental spectrum is 

broadened by im portant instrum ental factors. In the spectral analysis, this 

broadening was corrected through substraction of the contributions due to 

instrum ental effects. Tables 5.1 and 5.3 show that the lorenlzian-squared func­

tion can be used to represent the instrum ental broadening. From table 5.1 a 

relatively sm all deviation is seen at each wave-vector of the optim ized parame­

te r o, and from table 5.3, it can be seen that the calculated viscosity from the 

spectrum  of the laser light scattering technique agrees well w ith  the  lower phase 

bulk viscosity w ithin experimental error. O ther au thors have reported sim ilar 

agreement between the viscosity measured by the laser light scattering technique 

and that of the bulk (6 , 13, 26, 28, 36).

1 0 8
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It has been noted and commented on in chapter 4 th a t extrapolating the 

low  measured values of in terfadal tensions to  ^ - 0  yields a 1—propanol volume 

o f 17.6 ml (figure 4.5). This volume of 1—propanol is larger than the volume 

(15.6  m L) necessary to solubilize the system  (figure 4.2). Thus, a  sm aller 

volum e than w hat is needed to obtain zero interfacial tension of cosolubilizing 

agent (1 —propanol) is required to produce a 1—phase system . From figure 4.2, 

it can be seen th a t to decrease the volum e of the bottom  aqueous phase an 

am ount greater than 3 mL of 1—propanol was needed w ith  5 mL of w ater and 5 

mL of toluene. From figure 4.3, it can be seen that alcohol lowers the interfacia] 

tension significantly well before significant reduction of the volume of the lower 

phase is observed (the  pure w ater/toluene interfacial tension is 35 m N /m ). 

Thus, even if the interfacial tension and the w ork required for the form ation of 

a one phase system  are small, the system  s till lacks stab ility . Moreover, a resi­

dual positive in terfadal tension, y., of 0-2 m N/M  seems to be needed for phase 

separation to  occur. These observations are in agreement w ith  previous reports 

(37-40) in which the work of emulsion form ation and of stab ility  are two 

independent factors. In particular, although the form ation of dispersions is 

enhanced by low y ;, its stability  is related to  the in terfadal film formed 

(w hether steric or charged) and, in fact, needs a higher y ;. In the case of 

toluene, w ater, and 1—propanol, the film form ed is weak and incapable of main­

taining a dispersed phase. For this reason, 1—propanol has alw ays been known 

as a good cosolubilizing agent, but not as an em ulsifying agent.

Some authors have suggested the analysis o f liquid/liquid  in terfadal spec­

tra  using a dispersion relation sim ilar to that of equation 3.61 (41,42). In this 

case p is taken as the sum of the densities and tj as the sum of the viscosities of 

both phases. We have analyzed some of the liquid/liquid  spectra w ith  equation
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3.61 representing the dispersion relation. The analysis was undertaken w ithout 

the utilization of the Instrum ent function. Table 6.1 shows the r s u l t  of the 

analysis. The values of the interfacial tension found were close to  those 

obtained w ith  the o ther m ethods bu t were alw ays low er in value. The sum  of 

the upper and lower phase viscosities for the 5 ml water, 5 ml toluene, 10 ml 

1—Propanol was calculated to  be 3.71 cp. The value obtained in this case was 

low er than  the calculated one.

6 3  4 6 3 9 % TOLUENE /  1.95% SDS /  3.75% 1—BUTANOL /

47.95% NACL (AQUEOUS) SYSTEM

Because the surface waves in this system are strongly damped, only one 

param eter, y it can be determ ined from the analysis. The results of the analysis 

are show n in table 5.4. They indicate that the laser light scattering method can 

be applied to measure in terfadal tension around 10‘ 3 m N /M . This agrees w ith 

Pouchelon, et. al (34). They also measured sim ilar solutions of quaternary  sys­

tem s w ith  the laser light scattering method. In their papers, they published 

values of interfacial tension which agree well w ith ihose obtained in the experi­

ments.

It is observed that the spinning drop has a greater precision than the laser 

light scattering method. The range of frequencies where the power spectra has 

significant value is very low ( from  0 to 500 Hz). The contributions of the 

v ibrations to  the power spectrum  in this frequency range are very strong. 

Therefore. In the analysis of the power spectrum , the  calculated value of inter­

facial tension is expected to  have greater scatter than that obtained from the 

spinning drop method.



I l l

TABLE 6.1: Light scattering measurements of 5 ml w ater, 5 ml 
toluene, 10 ml 1—Propanol w ith  equation 3.58 as the 
dispersion equation.

TA BLE 6.1

in te r fa d a l sum  o f th e
Q tension v isco s ity

(cm  ) (m N /M ) (cp )

207.71 0 .6 4 6  ± .0 1 1 2 .983  ±  .059
313.11 0 .657  ± .0 1 9 3 .0 4 0  ±  .047
41 9 .4 4 0 .6 7 2  ± .0 2 7 3 .102  ± .0 3 9



CHAPTER 7

CONCLUSIONS

The interfacial tension of the toluene /  w ater /  1-propanol system  and 

46.35% to lu en e /1.95% SDS/3.75% 1-butanol/47.95%  NaCl (aqueous) has been 

studied and measured w ith  the spinning drop, pendant drop, and laser light 

scattering methods. The laser light scattering method is a novel technique 

which allow s the measurement of interfacial tension and interfacial viscosity 

w ithou t perturbing the interface. U ntil recently, very little  w ork has been pub­

lished on the  valid ity  of this method in measuring interfacia] tension of 

liquid /liquid  interfaces. The purpose of this research was to evaluate the 

method on liquid /liquid  interfaces w ith low and u ltralow  interfacial tension 

values, and to correlate the results w ith conventional m ethods of measuring 

interfacial tension.

From the results of this research, it is concluded th a t the laser light scatter­

ing m ethod measures interfacial tension w ith a precision comparable to the sp in­

ning drop  and pendant drop methods. A major source of scalier of the values of 

interfacial tension calculated from the experimental spectrum  is due to vibra­

tions. These vibrations causes an imperfect definition of the  experimentally 

determ ined w ave vector q, th u s  increasing the error in the calculation. A 

diffraction grating helps define the w ave vector q w ithin one of the diffracted 

spots, th u s  minimizing the error caused by vibrations.

The low er lim it of interfacial tension which th is technique can measure is, 

theoretically, in the range of 10 ' 5 m N/M . This is the region where gravitational 

forces instead of capillary forces are the dom inant force in the surface waves
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dynam ics. It is seen, from  m easurem ents obtained for the quaternary  system , 

th a t the laser light scattering m ethod can be used to  measure in terfadal tension 

as low as 10"3 m N /M . This has also been dem onstrated in studies of interfacial 

tension of various liquids near its critical tem perature (43,44). In these studies 

m easurem ents of interfacial tension as low as 0.8x1 O' 4 m N/M  were performed 

on carbon dioxide near its critical tem perature using the laser light scattering 

technique (44). At present, the spinning drop method is the other method which 

can measure such low values w ith  great precision.

The surface waves are dam ped by viscosity. This damping is related to the 

w idth  of the power spectrum . The experim ental spectra are broadened by the 

superposition of spectra due to a spread of wavevectors centered on the experi­

m entally  determ ined wavevector due to several instrum ental factors. By sub- 

stracting th is instrum ental contribution to the observed power spectrum , the 

interfacial viscosity can be calculated. The contribution of these instrum ental 

faciors, it has been found, can be represented by a Lorentzian squared function. 

From analysis of spectra of the toluene/ w ater/ 1-propanol system , the in terfa­

cial viscosity obtained is found to  be equal to the bulk viscosity.

It is seen from the measured interfacial tensions for the various 

to lu en e /1—propanol system s that extrapolating these values to the amount of 

1—propanol needed to solubilize the system  a positive interfacial tension of 0 .2  

m N/M  was still present. Thus a residual interfacial tension of 0.2mN/M  is 

found to be needed to obiain a phase separation. This observation is explained 

from the fact that emulsification and stability  are tw o independent factors. 

Although emulsification is enhanced by a low value of interfacial tension, the 

s tab ility  between tw o phases depends on the interfacial film formed, and there­

fore requires a higher interfacial tension.
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DERIVATION OF THE SPINNING DROP METHOD

The present derivation is th a t of Princen et. al (45). The assum ption 

involved is th a t the angular velocity of rotation, w, is sufficiently high th a t 

buoyancy due to  gravity  is neglegible and the drop is aligned on the horizontal 

axis of rotation. Coordinates (x ,y ) are chosen w ith the origin at the left end of 

the drop. In a cylindrical drop, the angle between the norm al to the interface at 

(x ,y ) and the negative x direction is 0 , and the semiaxes are x0 and y o. The den­

sities of the drop and of the outerphase are d j and d 2 respectively, w ith  d 2 

greater than d r  and the interfacial tension is y. Because of sym m etry , it is only 

necessary to  consider a quarter of the drop, between (0 ,0 ) and (xo.y0), (figure 

A l) .

The pressure outside of the drop is given by

[ A l ]

and at y -  0 , the pressure inside the drop is

/>■„ = />„ + (A 2] 
Po

w here pQ is the  radius of curvature of the drop surface at the origin. At any y 

inside the drop, the pressure is

, A 3 1

p0 2

so at the su rf ace of the drop, the diff erence in pressure is
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F ig u rcA l P lane section  of a ro ta tin g  d rop  w ith  coord inate  system  to describe the 
shape.
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AP  =  P  - P =  —  ^

Pa 2
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[A4]

w here Ad is d 2 - d r

The pressure difference is balanced by the capillary pressure across the 

interface

A T  -  y J _  + _ L
a  i r 2

where the principal radius of curvature  are

i
Rx

d 2X

~ d y T

7 i
4 . d x i

d y

dsin 6
dy

and

[A5J

[A6 ]

dx
~dy sin©

1 + dx
dy

equating [A4] and (A5] yields for the equation of interface

Ad  <a2y 2dsin 9 sin#
<y y

expressed in dimension less form

Po 2y

[A7]

IA8 ]

dsin 9 , sind * ,,»
|A9J

where

y  = 2 L
Pa

IA9-1]



Q = - - f P°L = 2 C p /

C = Ad a*

Integrating equation [A9] gives

Sind = y 1 - a Y 4

In the  special case when Y -  Yo> sin 6  -  1 hence
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[A9-2]

[A9-3]

IA101

a r o3- 4 r o + 4 = 0 

one of whose roots gives Yo as a function of a  .

[A ll]

Differentiating [A 10] yields

d s in  B = 3 a  Y
d Y lA 12]

since tanO -  dX /dY , where X -  x /p G and Y -  y /a  . M ultiplication on the left 

hand side by tanO and on the right hand side by dX /dY  and integrating 

between the origin and (XQ,Y0) yields

=  x  - " L f  ■
0 A J O

3a r v zY * d X

From the relation

f A 13]

L  = 2 w f X, Y 2dXs Jo IA14]

w here V Is the  volum e of the  drop. One finds from A l 3

V  4 it [A15]



w here r  is the radius of a sphere of the  same volum e as the drop. T hus equation 

fA l5] reduces to the form

fx0- ir
pT

which is a relation between r and pQ.

A t high CD, the drop is closely approxim ated by a cylinder w ith  

ends. In th e  cylindrical part

dsin 6 
dY =  0

w ith  0 - 9 0  and Y -  Yo and equation [A9] becomes

a> \, 3 -  21 '  + 1  * 0

combining [A 18] and fA 11] yields for a long cylindrical drop

Y,. =

and the highest possible value of

a  =
\b_
2 7

combining [A9-2], [A 19] and [A20] leads to V onnegut’s equation

Y =
b d  to y,

tA16]

rounded

[A 17]

[A 18]

IA 19]

[A20]

[A21]

fo r 0  <  or <  16/27, one finds by integrating the relation



and by m aking the substitu tion
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9 = 1 -
a Y [A23]

q i  =  1  -

dq -

4

a Y  dY

th a t it gives

= - W ‘V a  V|
3 2 . 0

q - q  +  - r

r  dq  +  C [A24]

If q j >  q 2 > q 3 are the roots of the cubic term  in the denom inator then [46)

i  Of i p  2 2
9  1 1 - - j - K  =  - Y  C O S [A25]

q j  =  j  c o s
0  2 v
3 3 I A 2 6 ]

9 3  =  J  c o s
0  , TT
3 3 [A27]

w here cos -  1 - 2 7 a /8

Evaluating the integral in the interval q j ^ q  ^  1 the solution is (47)

X = ~ - ~  2---------------------------------------------------- . 0 ) - ( 9 i - 9 3 ) ^ ( * . 0 )

v o ( 9 i  - 9 3 )
(A28]

+ I91 — 93) tan^V l — A 2sin^ ] + C

w here F and E are the elliptic integrals of the first and second kind.
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2_  9 2  ~ 9 3K  =
9 i “ 93

[A29]

and <f> is defined by

9 i“  9 2  sin30
1 — sin20

At (Xo,Yo), q equals q r  <t> equals 0 and the bracketed term  vanishes so that

[A30]

C=X n

At the origin X -  0, Y -  0 and q -  1

Xn =
V 0 (9 1 "9  3̂

[ q 1 F{k  J - q s ) E ( k  .0j)

+(?i — 9s) t*n0i V 1 — X'2sin!0i ]

[A31J

[A 32]

w here d> -  and q -  1

These equations allow  the drop shape to be com puted for any value of ot using 

tables of the elliptic integral (48). Then all dimensions are known in un its  of po 

and can readily be expressed in term s of r using [A 16]. instead of a  , the more 

convenient shape determining factor, C r3, can be used by combining [A 11] and 

[A 16].

C r3 = — r
p7

-  x, - 1 [A33]

Appendix F reports the values of the m ost im portant drop param eters for 

various values of a  (49). To obtain a value of y jt take a ratio of the length to

X„
the w idth  of the drop . Calculate a value fo r r and determ ine the parame­
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te r C from appendix F. From equation A9-3 calculate A t values of a  

greater than those in appendix F (when the central p art of the drop is effectively 

cylindrical) the  follow ing equations apply w ith  sufficient accuracy:

a  = 16/ 27 [A 34]

n  -  3 /2  [A35]

X„ = Cr 3 + l [A36]

>
r /  a = 3 /  2(Cr3)^ [A37]

[A38]_ 2 C r3 + 1

r ~ ?  (Cr3)11 3

Z l = ( C r 32 l i  [A39]r 3

* . /  yc = j ( C r 3+ i)  [A40]



APPENDIX B

DERIVATION OF THE PENDANT DROP METHOD

B1 - DERIVATION OF THE LAPLACE EQUATION

Consider a curve liquid surface at equilibrium . The pressure is greater on 

the  concave than  on the convex side by an am ount which depends on the surface 

o r interfacial tension and the curvature. The pressure difference is due to  the 

fact that the displacement of a curved surface along its normal results in an 

increase in area as the surface moves tow ards the convex side (figure 2.6). W ork 

m ust be done to increase the area. The w ork done by the pressure difference in 

m oving the surface m ust be exactly equal to the w ork required to increase the 

area if the surface is in equilibrium .

The calculation is perform ed by considering the energy changes involved in 

the  displacement of the surface. In Figure B l, ABCD is a sm all element of sur­

face w ith  sides at right angles. A 'B 'C 'D ' is this area displaced a distance 8 n, 

aw ay from the concave side. The norm als to the boundaries in the displaced 

position A B C D' are the same as the norm als in the original position ABCD.

The norm als at A and B meet a t Oj , and those at B and C at 0 2* Letting 

the radius of curvature of the arc AB be Rj and that of BC be Rr  The angle 

AOjB is AB/Rj radians and B 02C is BC/R2 radians. The area of the element of 

surface after the displacement is :

BC + ~ S n  
* 2

[Bl]

Neglecting the second-order term s :

ABCD  1  +  ~ 8n [B2]

122
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H fiu rc B l Sm all section ol an  a r b i t r a r i l y  cu rv e  su rfac e  d isp laced  a d is­
tance fin
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The w ork done against the interfacial free energy or interfacial tension, yif of 

the surface is during the expansion therefore :

yABCD 1 + 1 
* T  + Tf7

IB3J

The w ork done by th e  pressure difference due to  the surface curvature is :

AP 8 n ABCD [B4]

No o ther w ork is done by any o ther forces, henoe a t equilibrium  these quantities 

m ust be equal, yielding :

AP = y _ L  + _ L
fti **

[B5]

Equation [B5] is the fundam ental equation of capillarity and is known as 

the Laplace equation. Equation [B5] perm its the calculation of the shapes of 

liquid surfaces where the weight of the liquid is neglegible. The difference in 

pressure can be expressed in term s of the height above a fixed point in the fluid, 

and the density  difference between the tw o phases on each side of the interface.

B2 - APPLICATION OF THE LAPLACE EQUATION TO  A PENDANT DROP

The Laplace equation [B5J relates the pressure difference across a liquid /  

liquid or liquid /  gas interface to the product of the surface ( or interfacial ) 

tension and the to ta l curvature  ( 1/Rj+ 1 /R 2). Note that w ith  a plane surface, 

R , -  -R2“  <»and AP therefore is nil.

Referring to  Figure B2 below, and choosing plane 1 ( perpendicular to zOx ) 

so th a t it passes through the  axis of revolution (Oz), analytic geometry leads to 

the  follow ing relationship :



SIXV 
2

FIGURE B2

PLA N E

1.00

0.00
- 2 . : o  - i . : c  i . : :  2 . : :

X AXIS

Figure B2 Radii of c u rv a tu re  Rf and  R2 show n in th e  pendant drop 
m ethod.
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  ---------- [B6](l + (rW'3

where

dz
z ~ l x  

z "  — d 7z t d x 2

The radius R2 m ust then be in the perpendicular plane zOx and is given by 

the relationship

_ sin# IB7]
* 2  x ( l  + ( z  ' )7) l f 2  X

W here #  is the angle form ed by the tangent at any point on the curvature of the 

drop  ( at the intersection of zOx plane and the drop ) and the Ox axis.

The pressure difference due to the curvature at any point on the zOx in ter­

section curve equals

where :

/  is the vertical distance from the origin O.

Ap is the density  difference of the tw o  phases, 

g is the gravitational constant, 

b is the radius of curvature at the apex of the drop, 

and y  the surface or interfacial tension.

Substitu tion of [Bb], [B7] and [B8 ] in to  equation [B5) and equating

AP  =  2Z ^  + A p g z  =   —--------+   l i ------
^  ( 1 + U ' ) 2)1' 3 x ( l + ( x ' ) J)1/?

y, [B9]

At z -  0 the Laplace pressure (AP)  equals 2 y, / b and at any other value of z the
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change in the Laplace pressure equals

Apgz + ^ [ B I O ]

Equation [B9] may be rearranged to a dimensionless form by utilizing the 

fact th a t R2-  x/sin<£ and introducing the dimensionless quantities -/3 and a 2 

defined as :

[Bin
y, a

and

2 _ 2y>a = [BI2]
A#>g

where a 2 is know n as the capillarity  constant.

The dim ensionless form  of equation [B9] becomes :

4 - + - s i n 0  = ^  + 2 tB l i l
£* I X  O

/3 is positive for oblate figures of revolution, ( i.e., meniscus in capillary tube or 

a sessile drop ) and is negative for prolate figures ( i.e., pendant drop or clinging 

bubble ).

The numerical solution of equation [B l3] using the fourth  order Runge- 

K utta  m ethod (50) is presented and explained in section B5.
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B3 - THE SHAPE DETERMINING VARIABLES FOR THE ESTIMATION OF 

SURFACE OR INTERFACIAL TENSION USING PENDANT DROP

It is generally not convenient to  measure 0  d irectly  since it is a function of 

the shape determ ining variable b. However, 0  is related to o ther variables, H 

and S, whose determ ination is easier.

For the pendant drop method Andreas ex al . (19 ) fe lt th a t the  most con­

venient shape determ ining quan tity  is :

w here de is the equational diam eter and ds is the diam eter of the droplet meas­

ured a t a vertical distance de from the x-axis parallel to the z-axis as shown in 

figure 2.6. The radius of curvature  b in equation [B ll]  is combined w ith  0 

when one defines the quan tity  :

Equation [Bib] is the relationship of Andreas et al . for the m easurement of the 

surface (or interfacial) tension using pendant drops regardless of size and com­

ponents. The relationship between the shape dependent correction factor 1/H  

and the experim entally measurable q u an tity  S was determ ined em pirically by 

Neuderhauser and Bartel! (51), Fondam (52) and Stauffer (53). Various sized

[B14]

•>
[Bl 5}

Thus from equation [Bl 1]

_ —Ap g b 2 _ —Apgb7 _  hpg ( de )"’
y> ~ 3  = 5 IJ [B16]
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w ater drops are photographed, where y v A p and g are know n and de and  ds

were measured. By rearranging equation lB15], H can be obtained.

H  _ Lpide )2 _ Apg (de /  ds )2 (ds )2 [Bl 7]
y. >i

These resu lts are tabulated  on table B l.

The relation of 1/H vs S can also be represented w ith  a polynom ial w ithin  

0.01 percent error and is given by (5 4 )

^  = -1 1 8 .7 8 6 7 5 9 S 10 + 434.093599 S 9 - 432.601126 5® [BIB]

-  278132760S 7 + 910.895409 S 6 -  790.791405 S s 

+ 341.3744995 S 4 + 138 742343 S 3 -  682.868757 S 2 

+ 946.667667 S ' -  718.068036 5 °  + 324.749083 S ' 1

-  87.3071898 S ~ 7 + 13.1715235 S~3 -  0.832701805 S~*

B4 ESTIM ATION OF SHAPE VARIABLE 0  AND THE RADIUS OF CURVA­

TURE A T TH E APEX OF THE DROP b

Equation [B l3] may be solved provided 0  and b are known. The procedure 

is as follows:

1) equation (B l3] is solved for a given value of 0, where 0  is a function 

of x/b, z/b.

2) A  table of <t>, x /b , z /b  is established.



TABLE Bl

5  o  t  :  i  4

(1 30 7.098 *7 7.0*9(i6 6 981(0 ..93421 6 8(i"46 6 S i 11'
n n 6.519 *8 6.48*48 o .4 7 5 '0 6 1842 1 6.11 ■4 1 6 2811*

o i : 6 .01 l>97 5,99288 5.94639 '90(119 '.85419 '  SI 1946

0 3.1 5 .5008: 5 .54S4 ' 5 .50651 5.46501 5.4219.1' 5.38127

0 .14 5.1861 1 5.14786 5.11000 5.0*252 5 .01 '42 4 99S68

1! 15 i . s : o : i> 4,78564 4 75111 4 .'1 * 1 7 4.681*4 4 6 '0 4 1

0.16 4 .4N 8'0 4.41729 4.420 17 4 19516 4 16484 4.31461
0.17 4.18771 4 ,1 '9 1 6 4.13087 4 .102S5 4 .0 " '0 9 4.04759
O.JS 3.91184 3 88*86 J.S62I2 3.81661 1.81 111 3. *862 7

0.19 3.66427 3.64051 3.61690 i .59'-62 3.5*047 .1.54752
0 40 3.41572 1 41 >91 1.39212 1 1*089 1 1496' 3 .128'8
11.4 1 1 .225s; 1.205*6 1 IS 'S* V 1 1 ‘ 1 4 1 |4 6 '~ 3.12*17
o i : .1.01:58 3.01413 2 9 9 5 8 ' 2.97769 2.9 '9f,9 2 94184
0.41 2.854*9 2.81*81 2 S2097 2 80426 2,78*69 2.7*125
0 44 2.69110 2.6*541 2.65992 2 644*2 2 r>2')24 2.61408
0 4 ' 2.54005 ^ 5 '  > 2.51124 2 49*IH1 2.4828* 2.4688 S

0.46 2.40014 2.18695 2 17K.i. 2.10047 2.14*18 2.11419
0.47 2.27088 2.25846 2 24613 2.211**0 2 221*6 2.209*0
0.48 2.150*4 2.1.1921 2 12**6 2.11640 2. 10'11 2 O' >591
0 .4 ‘J 2 01910 2 028 '8 2 O I7*i 2 .o o 'l5 I 99(,00 1 98621
0.50 1 911;1 1 92522 1 9)51(1 | 9 0 'J* 1 89 'o* 1 SX'90

0.51 1.81840 1.82909 1 M9S4 1 SIO"1 1.SOI 51 1 7*047

0 5 : I.74S0S 1 719.18 1 . ' l o '4 1 72216 1 *1.164 1 *05 r
0.51 1.661(,9 1 , 6 ' " 6 1 64*48 I 0 ’9 If. 1. (ill 49 1 62*57
0 '4 1.584*7 1.57*16 1 '09(41 | '(,209 1 "41 ,2 1 '4721

6 7

6 *5 '8 6 6 *00* >9
6 21147 6  18411

5 76481 5 .72061

5.34101 5 .10320
4.96211 4 .9 2 6 2 9
4 61*45 4 .58479

4 10467 4.27501
4.02034 3 .99134
3.76143 3 .73682

3.524*8 3.50223
1 10769 3.28698
3.10*94 3 .08886

2.92415 2 .90659

2 .7 5 4 % 2 738SO
2.59904 2 58412

2 .4 '4 9 4 2 .44114

2 12150 2 .30870
2.19773 2 18586
2.08279 2 07175
1 97588 1.96561

1.8*632 1.86674
| .*8147 1.774 51

1 69676 1.(4*841
1.61571 1 60790
1 '1 9 8 5 1.53253

X 9

6  646*2 6 .59306
6 .1 1 '6 7 6 .0 8 * 5 6
5 .6 7 6 9 0 5 .63364
5 .263*7 5 .22474
4.89061 4 . 8 "  2*
4 .55245 4 .52042
4 .2 4 5 6 4 4.2K*54
3.96(441 3 94010
3 .71242 3.68S24
3 .47987 3 .45770
3.26643 3 .24 mm,
3 .(Mi 994 3 .0 '1 1 8
2 .88918 2 .8*192
2 .72277 2 .706S7
2.56932 2.5546.1

1 
J

4
*

1 
J 

- 
J 

4
* ' + 
* 2.4  |1S 4

2.29(410 2 .28319
2 .17407 2.1621(1
2 .06079 2.04991
1,95540 1 94527
1.85723 1 84**8
1.76565 I. *5683
1.68012 1 67188
1.60014 1.59242
1.52526 1.51804

1
3

0
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5 0 1 3 4 s 6 7 8 9

0 S ' 4S 1 f,5 4S 0I' 4 ~ 50 ' 4 ? - 1 o 4 * '6 5 47420 472*2 47120 46950 468 *4
O.Sh 460'M) 4 6 '4  5 40401 4f*2'S 4 6 i if* 459-4 45S 32 45641 45551 45411
0 87 452-2 43134 44996 445'** 44721 44 \S 5 44449 44313 44 r s 44044
OSS 43910 43” " 4 >044 4 1 '!2 4 3 'SO 43249 43! IS 429SS 42858 42"29
0.S9 4 ; wk) 4 2 4 ': 42344 422 if> 420S9 41 Of,', 4IS3T 41711 ■Il'SS
0  ‘Ml 41338 41214 4 I0 9 | 40*ii*S 405 4 0 4 0 '2 4 40602 404SI 405i, 1 40241
0 ‘>1 4012! 4IH>n| 3955 2 39 *04 39)41* 395 :  s 394! | 39244 391 *8
0 .9 : 38946 3SS3 1 38" I o tSi.02 3S4SS 355*4 38260 3814* 38055 37922
0.93 37810 77099 375SS 1 ~ 4 " 3’ 3h~ 3” '6 37147 37037 38928 36819
0 44 3f>7 11 3<>oo5 3 W i ' 36 5s* 36280 361" 5 3606* 35900 35854 35749
0 .9 ' U f J  5 3 3 ' ’-S 3 '4  ; i 35 *25 33224 35120 350 It, 34913 34809 34*06
0 .% 34004 34'01 34*'IS 342,|fi 341 '!' 34IN5 3*991 33890 3.7"59 3 3f*SS
0.9? 3 3 * 8 ' 334S? 333m * 332SO 3 31 56 33086 329SO 32887 32 *S* 32688
0.9S 32558 324vi 32 *')o 3 2 2’to 32191 32(>'>2 31992 31S93 3 1 ~9 5 31694
(IW 31'*>4 3 14'U 31 *‘14 *>1294 31194 3 |09  5 309**2 30891 30"  10 100SX
n t o 3 0 '5 6 tl I4S • 50 5 '9

TABLE Bl: N umerical Tabulation o f  1/H versus S Function fo r  Calculation o f  
In terfac ia l  Tension by Pendant Drop Method.
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3) From the table when <t> -  90” , 

diameter of the droplet and 2

corresponds to the equatorial

* L  = £  ' The value of r - x

corresponds to a value of equals to y  therefore

s  =

X

T iat — = 2 .4

b b

2
X

~s W

IB 19]

The calculations are repeated for various values of 0  , until a table of 0  vs. 

S values are established, table B2. From this relation a polynomial representa­

tion of 0  as a function of S has been determined to be (54) :

0 =  5.28180041 S8- 34.416311 0 S T +  76.773546S6 [B20]

-  73.09543325 s + 25 .4482469S 4 + 0.00805209381 S 3 

+ 0.176193444 S 2 -  0.0366337797 S -  0.0316796537

-  0.0176872732 S ’ 1 -  2.45519419 S - * + 2.39538684 S ~ 3

-  0.615602214 S ~ 4

For a given droplet S is experimentally determined, and 1/H and 0 can be 

determined. The corresponding values of b can then be determined :

b  = [B21]

and equation [B13] can be solved.



-  1 3 4  -

TABLE B2: Table of 3 versus S.

TABLE B2

0 S

-0.30 0.721953744

-0.31 0.732321225
-0.32 0.742559691
-0.33 0.752678832
-0.34 0.762687711
-0.35 0.772594641
-0.36 0.782407615
-0.37 0.792133990
-0.38 0.801780635
-0.39 0.811354196
-0.40 0.820860779
-0 4 1 0.830306445
-0.42 0.839696669
-0.43 0.849036704
-0.44 0.848331680
-0.45 0.867586218
-0.46 0.876804840
-0.47 0.885991668
-0.48 0.895150657
-0.49 0.904285197
-0.50 0.913398258
-0.51 0.922492452
-0.52 0.931569280
-0.53 0.940629488
-0.54 0.949677189
-0.55 0.958694269

-0.56 0.976643906

-0.57 0.976643906
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B5 DETERMINATION OF THE PROFILE OF THE PENDANT DROP

T h e  p ro file  o f a  p e n d a n t d ro p  is o b ta in e d  by th e  so lu tio n  o f  equ a tio n  IB13]. 

S u b s titu tin g  1 /R j  by th e  re la tio n  in IB6] it is o b ta in ed

b z " b sin0 J3z
i f1 + U ‘)2p

[B22]

le ttin g  :

//  — ^ \ r ■— ^ v — — ^ 1  u/ _ dU
T ' 1 ~ T ‘ 2 ~ ~dx ~ W  ~J m m “ dx d u

ap p ly in g  th e se  re la tio n s  to  IB22] y ie ld s

dV 2 
~d(T

d 2r,
~dU7 1 + Y 2i |T I 2

u ( 1 + Y j ) j  + + 2
IB23]

th e n .

d 2V
d Y ^

d * Y x 
dw ~dUT
dY  i dY>

dU

1 d 2Y i
Y J ~ d U r

= -  w rft/. [B24J

1 +
W ‘

- 1

W */ ( 1 + * )~3 + 0) , + 2
IT

[B25]

1 [B26]
V ( W'3 + l ) 3 -  0>r, -  2
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Now the Runge-Kutta method (50] is incorporated into a forlran  program and 

is used to  solve the above differential equation with the initial conditions

1) V ( 0 )  = 0
2 ) y ,  = 0 

r 2 = o

The program solves the differential equation

d 2z
rfT7

= f X  . 2  ,
dz
dx [B27]

by the Runge-Kutta method. When z is the independent variable, equation 

[B27] becomes

1 II 1 dx 3 d 2z _ dx
d z 2 dz dx 7 dz

f  1 |x . z . (dx t  d z )  1J [B28]

= f 2  |x . z . dx  I dz [B29]

The program operates in mode 1 when equation [B27] is solved and mode 2 

when equation [B29] is solved. It switches from one mode to the o ther when­

ever dz/ dx I ( mode 1 ) or f dx/ d z ! ( mode 2  ) exceeds an input parameter (sw), 

the switchpoint. A normal switchpoint is 1. when a switch from mode 1 to 

mode 2  occurs, ihe current value of x , z . and ( dz/ dx J"1, become the initial 

values of x , z and dz/ dx respectively. Likewise, from mode 2 to 1 (dx/ d z )-1 

becomes initial values of dz/ dx. The functions in this case are

i + r -  > IB30]
* ( 1 + V2)* + fiz + 2

T 2 \ x  . z  . 1 '  =  ±  W ' 3 +  1
U/ 7 ±1 [B31]*

x(  w 2 +  1 ) 5 -  -  2



= W*+ 1
1

, 1

* 1W2+ 1 J7

r  ±3z ±2
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[B32]

the length of the step (h) and the number of steps to be taken are input parame­

ters. Al each step in mode 1, x is incremented by h ; in mode 2, z is incre­

mented by h. Results are printed only when the step number is a multiple of 

the input parameter IFREQ, or when dz/ dx ( mode 1 ) or dx/ dz ( mode 2 ) 

exceeds 10 or is less than 10~2. Execution terminates when this derivative 

exceeds 1 0 10. <t> is the angle between the tangent to the curve z(x) or x(z) and 

the positive x-axis. It is given by

0  =  sin  1

dz
dx

1 + dz
7 7

( mode 1 ) [B33]

0  =  co s -1

dx
7 7

1 + dx
dz

t mode 2 ) [B34]

* Where the upper sign is for x > 0  and the lower for x < 0 ,



APJ ENDL\ C

TABLE OF CALCULATED SHAPE PARAMETERS 
OF THE ROTATING DROP

a r / p 0 C r J x f ro V x /  y 0 ^ 0

0 0 0 0 0 0 0 0 1 . 0 0 0 o . o n o o 1 . 0 0 0 1 . 0 0 0 0 1 . 0 0 0

0 1 0 0 0 0 0 0 1 . 0 0  3 . 0 0 5 1 1 . 0 0 2 . 9 9 9 2 1 . 0 0 3

0 2 0 0 0 0 0 0 1 . 0 0 7 . 0 1 0 2 1 . 0 0 3 . 9 9 8 3 1 . 0 0 5

0 3 0 0 0 0 0 0 1 . 0 1 0 . 0 1 5 5 1 . 0 0 5 . 9 9 7 * 1 . 0 0 8

0 * 0 0 0 0 0 0 t . 0 1 * . 0 2 0 5 1 . 0 0 7 . 9 9 6 5 1 . 0 1 0

0 5 0 0 0 0 0 0 1 . 0 1 7 . 0 2 6 3 1 . 0 0 9 . 9 9 5 6 1 . 0 1 3

0 6 0 0 0 0 0 0 1 . 0 2 1 . 0 3 1 9 1 . 0 1 1 . 9 9 * 7 1 . 0 1 6

0 7 0 0 0 0 0 0 1 . 0 2 5 . 0 1 7 7 1 . 0 1 2 . 9 9 3 ? 1 . 0 1 9

0 * 0 0 0 0 0  0 1 . 0 2 9 . 0 * 3 5 1 . 0 1 * . 9 9 2 6 1 . 0 2 2

0 9 0 0 0 0 0 0 1 . 0 3 3 . 0 * ^ 5 1 . 0 1 6 . 5 9 1  .6 i . 0 2 5

1 o s o o o o o 1 . 0 3 9 . 0 5  H ft 1 . 0 1 9 . 4 9 0 3 1 . 0 2 4

1 1 0 0 0 0 0 0 1 . 0 *  1 . 0 6 2 0 1 . 0 2 0 . 9 8 9 8 1 . 0 3 )

1 1 5 0 0 0 0 0 1 . 0 * 3 . 0 6 5 2 1 . 0 2 2 .  9 5 9 3 1 . 0 3 3

1 2 0 0 0 0 0 0 1 . 0 * 5 . 0  6 * * 1 . 0 2 3 . 98HR 1 . 0 3 *

1 2 5 0 0 0 0  0 1 . 0 * 7 . 0 7 1 7 1 . 0 2 * . 9 8 8 2 1 . 0 3 6

1 3 0 0 0 0 0 0 1 . 0 * 9 . 0 7 5 0 1 . 0 2 5 . 9 8 7 7 1 . 0 3 8

1 3 5 0 0 0 0 0 1 . 0 5 1 . 0 7 6 * 1 . 0 2 6 . 9 8 7 2 1 . 0 3 9

1 * 0 0 0 0 0 0 1 . 0 5 3 . 0 6 1 5 1 . 0 2 7 .  9 8 6 6 1 . 0 * 1

1 * 5 0 0 0 0 0 1 . 0 5 6 • 0 * 5 3 1 . 0 2 f t . 9 8 6 1 1 . 0 * 3

i s o o o o o o 1 . 0 5 5 . 0 8 8 8 1 . 0 2 9 . 9 * 5 5 1 . 0 * *

1 5 5 0 0 0 0 0 1 . 0 6 0 . 0 9 2 3 1 . 0 3 0 . 9 8 * 9 1 . 0 * 6

1 6 0 0 0 0 0 0 1 . 0 6 2 . 0 9 5 Q 1 . 0 3 2 . 9 8 * * 1 . 0 * 8

1 6 5 0 0 0 0 0 1 . 0 6 5 . 0 9 9 6 1 . 0 3 3 .  yR3R 1 . 0 5 0

1 7 0 0 0 0 0 0 1 . 0 6 7 . 1 0 3 3 1 . 0 3 * . 9 8 3 2 1 . 0 5 2

13B
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r / p . C r 3 \ / r V r x / y  
0 ■'o

1 7 5 0 0 0 0 0 1 . 0 6 9 . 1 0 7 0 1 . 0 3 5 . 9 8 2 6 1 . 0 5 4

1 flOOOOOO 1 . 0 7 2 . 1 108 1 . 0 3 6 . 9 8 2 0 1 . 0 5 5

1 8 5 0 0 0 0 0 1 . 0 7 4 .  1 147 1 . 0 3 8 . 9 8 1 4 1 . 0 5 7

1 9 0 0 0 0 0 0 1 . 0 7 7 . 1 1 8 6 1 . 0 3 9 . 9 8 0 0 1 . 0 5 9

1 9 5 0 0 0 0 0 I . 0 7 9 . 1 2 2 5 1 . 0 4 0 . 9 8 0 1 1 . 0 6 1

aooooooo 1 . 0 8 2 . 1 2 6 5 1 . 0 4 2 . 9 7 9 5 I . 0 6 3

2 0 5 0 0 0 0 0 1 . 0 8 4 . 1 3 0 6 1 . 0 4 3 . 9 7 0 9 I . 0 6 5

2 1 0 0 0 0 0 0 1 . 0 8 7 . 1 3 4 0 1 . 0 4 4 . 9 7 8 2 1 . 0 6 7

2 1 5 0 0 0 0 0 1 . 0 8 9 . 1 3 9 0 1 . 0 4 6 . 9 7 7 5 . . 0 7 0

2 2 0 0 0 0 0 0 1 . 0 9 2 . 1 4 3 2 1 . 0 4 7 . 9 7 6 9 1 . 0 7 2

2 2 5 0 0 0 0 0 1 . 0 9 5 . 1 4 7 6 I . 0 4 6 . 9 7 6 2 1 . 0 7 4

2 3 0 0 0 0 0 0 1 . 0 9 7 . 1 5 2 0 1 . 0 5 0 . 9 7 5 5 1 . 0 7 6

2 3 5 0 0 0 0 0 1 . 1 0 0 . 1 5 6 5 1 . 0 5 1 . 9 7 4 8 1 . 0 7 8

2 4 0 0 0 0 0 0 1 . 1 0 3 . 1 6 1 0 1 . 0 5 3 . 9 7 4 1 1 . 0 8 1

2 4 5 0 0 0 0 0 1 . 1 0 6 . 1 6 5 6 1 . 0 5 4 . 9 7 3 4 1 . 0 8 3

2 5 0 0 0 0 0 0 1 .  1 0 9 .  1 7 0 4 1 . 0 5 6 . 9 7 2 7 1 . 0 8 5

2 5 5 0 0 0 0 0 1 . 1 1 2 .  1 751 1 . 0 5 7 . 9 7 1 9 1 . 0 8 0

2 6 0 0 0 0 0 0 1 . 1 1 5 .  1 8 0 0 1 . 0 5 9 . 9 7 ]  2 1 . 0 9 0

2 6 5 0 0 0 0 0 1 . 1 1 8 . 1 8 4 9 1 . 0 6 0 . 9 7 0 4 1 . 0 9 3

2 7 0 0 0 0 0 0 1 . 1 2 1 . 1 9 0 0 1 . 0 6 2 . 9 6 9 6 1 . 0 9 5

2 7 5 0 0 0 0 0 1 .  124 . 1 9 5 1 1 . 0 6 4 . 9 6 8 8 1 . 0 9 8

2 8 0 0 0 0 0 0 1 . 1 2 7 . 2 0 0 3 1 . 0 6 5 . 9 6 8 0 1 . 1 0 0

2 8 5 0 0 0 0 0 1 . 130 . 2 0 5 7 1 . 0 6 7 . 9 6 7 2 1 . 1 0 3

2 9 0 0 0 0 0 0 1 . 1 33 . 2 1 1 1 1 . 0 6 9 . 9 6 6 4 1 .  106
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C r 30 0 '  0 0 ' 0

2 9 5 0 0 0 0 0 1 . 1 37 . 2 1 6 6 .1 . 0 7 0 . 9 6 5 6 1 . 1 0 9

, 3 0 0 0 0 0 0 0 1 .  140 . 2 2 2 2 1 . 0 7 2 . 9 6 4 7 1 . 1 1 1

3 0 5 0 0 0 0 0 1 . 1 4 3 . 2 2 8 0 1 . 0 7 4 . 9 6 3 8 1 . 1 1 4

3 1 0 0 0 0 0 0 1 . 1 4 7 . 2 3 3 8 1 . 0  76 , 9 6 3 0 1 . 1 1 7

3 1 5 0 0 0 0 0 1 . 1 5 0 . 2 3 9 8 1 . 0 7 8 . 9 6 2 1 1 . 1 20

, 3 2 0 0 0 0 0 0 1 . 1 5 4 . 2 4 5 9 1 . 0 8 0 . 9 6 1  1 1 . 1 2 3

3 2 5 0 0 0 0 0 1 .  1 5 6 . 2 5 2 1 1 . 0 8 2 . 9 6 0 2 1 . 1 2 6

3 3 0 0 0 0 0 0 1 . 1 6 1 . 2 5 8 5 1 . 0 8 4 . 9 5 9 3 1 . 1 3 0

3 3 5 0 0 0 0 0 1 . 1 6 5 . 2 6 5 0 1 . 0 8 6 . 9 5 8 3 1 . 1 3 3

3 4 0 0 0 0 0 0 1 . 1 6 9 . 2 7 1 6 1 . 0 8 8 . 9 5 7 3 1 * 1 3 6

3 4 5 0 0 0 0 0 1 . 1  73 . 2 7 8 4 1 . 0 9 0 . 9 5 6 3 1 . 14C

isnooooo 1 . 1 7 7 . 2 8 5 4 1 . 0 9 2 . 9 5 5 3 1 . 1 4 3

3 5 5 0 0 0 0 0 1 .  181 . 2 9 2 5 1 . 0 9 4 . 9 5 4 2 1 . 1 4 7

3 6 0 0 0 0 0 0 1 . 1  6 5 . 2 9 9 8 1 . 0 9 7 . 9 5 3 1 1 . 1 5 0

3 6 5 0 0 0 0 0 1 .  1 90 .  3 0 7 ? I . 0 9 9 , 9 5 2 0 1 .  154

3 7 0 0 0 0 0 0 1 . 1 9 4 . 3 1 4 9 1 . 1 0 1 . 9 5 0 9 1 .  158

3 7 5 0 0 0 0 0 1 . 1 98 . 3 2 2 8 1 . 1 0 4 . 9 4 9 8 1 . 1 6 2

3 6 0 0 0 0 0 0 1 . 2 0 3 . 3 3 0 8 1 . 1 0 6 . 9 4 8 6 1 . 1 6 6

3 6 5 0 0 0 0 0 1 . 2 0 8 . 3 3 9 1 1 . 1 0 9 . 9 4 7 4 1 . 1 70

3 0 0 0 0 0 0 0 1 . 2 1 2 .  3 4 7 6 1 . 1 1 1 . 9 4 6 ? 1 . 1 7 5

3 9 5 0 0 0 0 0 1 . 2 1  7 . 3 5 6 3 1 . 1 ) 4 .  9 4 4 9 1 . 1 79

4 0 0 0 0 0 0 0 1 . 2 2 2 . 3 6 5 3 1 . 1 1 7 .  94  3 6 1 . 1 0 4

4 0 5 0 0 0 0 0 1 . 2 2 8 . 3  7 4 6 1 . 1 2 0 . 9 4 2 3 1 . I 8 0

4 1 0 0 0 0 0 0 1 . 2 3 3 • 3 ^4  1 1 . 1 2 3 . 9 4 0 9 1 . 1 9 3
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a

. 4 1 5 0 0 0 0 0

. 4 ^ 0 0 0 0 0 0

. 4 2 5 0 0 0 0 0

. 4 3 0 0 0 0 0 0

. 4 3 5 0 0 0 0 0

. 4 4 0 0 0 0 0 0

. 4 4 5 0 0 0 0 0

. 4 5 0 0 0 0 0 0

. 4 5 5 0 0 0 0 0

. 4 6 0 0 0 0 0 0

. 4 6 5 0 0 0 0 0

. 4 7 0 0 0 0 0 0

. 4 7 5 0 0 0 0 0

, 4 8 0 0 0 0 0 0

. 4 6 5 0 0 0 0 0

. 4 9 0 0 0 0 0 0

. 4 9 5 0 0 0 0 0

. 5 0 0 0 0 0 0 0

. 5 0 5 0 0 0 0 0

. 5 1 0 0 0 0 0 0

. 5 1 5 0 0 0 0 0

. 5 2 0 0 0 0 0 0

. 5 2 5 0 0 0 0 0

. 5 3 0 0 0 0 0 0

r/po

1 . 2 3 6  

1 . 2 4 4  

1 . 2 5 0  

1 . 2 5 5  

1 *261  

1 . 2 6 8  

1 . 2 7 4  

1 . 2 8 1  

1 . 2 6 0  

1 . 2 9 5  

1 . 3 0 2

1 . 3 1 0

1 . 3 1 0  

I . 3 2 6  

1 . 3 3 5  

1 . 3 4 4  

1 . 3 5 3  

1 . 3 6 3  

1 . 3 7 3  

1 . 3 8 4  

1 . 3 9 6  

1 . 4 0 8  

1 . 4 2 1  

1 . 4 3 5

C r 1

.  3 9 4 0  

. 4 0 4 1  

. 4 1 4 6  

. 4 2 5 4  

. 4 3 6 6  

. 4 4 0 2  

. 4 6 0 3  

. 4 7 2 8  

. 4 8 5 8  

. 4 9 9 3  

. 5 1  34

. 5 2 8 1  

. 5 4 3 5  

. 5 5 9 6  

. 5 7 6 6  

. 5 9 4 4  

. 6 1 3 2  

. 6 3 3 0  

. 6 5 4 1  

. 6 7 6 5  

. 7 0 0 4  

.  7 2 6 0  

.  7 5 3 6  

. 7 8 3 5

1 .  126 

1 .1 2 9  

1 . 1 3 2  

1 . 1 3 5  

1 . 1 3 9  

1 . 1 4 2  

1 . 1 4 6  

1 . 1 5 0  

1 . 1 5 4  

1 .1 5 8  

1 . 162  

1 .  167 

1 .1 7 1  

1 . 1 7 6  

1 .1 8 1  

1 .  187 

1 . 1 92 

1 , 198 

1 . 2 0 4  

1*21 1 

1 .2 1 6  

1 . 2 2 6  

1 . 2 3 4  

1 . 2 4 3

V r

. 9 3 9 5  

. 9 3 8 1  

. 9 3 6 6  

. 9 3 5 1  

. 9 3 3 5  

. 9 3 1 9  

. 9 3 0 2  

. 9 2 8 5  

. 9 2 6 7  

. 9 2 4 8  

. 9 2 2 9  

. 9 2 0 9  

. 9 1 8 8  

. 9 1 6 6  

. 9 1 4 4  

. 9 1 2 0  

. 9 0 9 5  

. 9 0 6 9  

. 9 0 4 1  

. 9 0 1 2  

. 6 9 8 1  

. 6 9 4 9  

. 8 9 1 4  

. 8 8 7 6

X /y 
0 J o

1 . 198 

1 . 2 0 3  

1 . 2 0 9  

1 ,2 1 4  

1 . 2 2 0  

1 . 2 2 6  

1 . 2 3 2  

1 . 2 3 8  

1 . 2 4 5  

1 . 2 5 2  

1 . 2 5 9  

1 . 2 6 7  

1 .2 7 5  

1 . 2 8 3  

I .2 9 2  

1 .3 0 1  

1 .3 1 1  

1 .3 2 1  

1 .3 3 2  

I . 3 4 4  

1 . 356 

1 .3 7 0  

1 . 3 8 4  

1 .4 0 0
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a r / p 0 C r 3 y 0/ r 0 0

. 5 3 5 0 0 0 0 0 1 . 4 5 0 . 8 1 6 1 1 . 2 5 2 . 8 8 3 6 1 . 4 1 7

. 5 4 0 0 0 0 0 0 1 . 4 6 7 . 8 5 1 8 1 . 2 6 3 . 0 7 9 2 1 . 4 3 6

. 5 4 5 0 0 0 0 0 1 . 4 8 4 . 8 9 1  3 1 . 2 7 4 . 8 7 4 4 1 . 4 5 7

. 5 5 0 0 0 0 0 0 1 . 5 0 4 . 9 3 5 4 1 . 2 8 7 . 8 6 9 0 1 . 4 8 1

• 5SSOOOOO 1 . 5 8 6 . 9 8 5 5 1 . 3 0 1 . 8 6 3 1 1 . 5 0 8

. 5 6 0 0 0 0 0 0 1 . 5 5 0 1 . 0 4 3 0 1 . 3 1 8 . 8 5 6 4 1 . S 3 9

. 5 6 5 0 0 0 0 0 1 . 5 7 8 1 . 1 1 0 7 1 . 3 3 7 . 6 4 8 7 1 . 5 7 6

. 5 7 0 0 0 0 0 0 1 . 6 1  1 1 . 1 9 2 5 1 . 361 . 6 3 9 5 1 . 6 2 1

. 5 7 5 0 0 0 0 0 1 . 6 5 2 1 . 2 9 5 7 1 . 3 9 0 . 8 2 0 2 1 . 6 7 8

. 5 7 5 5 0 0 0 0 1 . 6 5 6 1 . 3 0 7 7 1 . 3 9 3 . 6 2 7 0 1 . 6 8 5

. 5 7 6 0 0 0 0 0 1 . 6 6 1 1 . 3 2 0 0 1 . 3 9 7 . 6 2 5 6 1 . 6 9 2

, 5 7 6 5 0 0 0 0 1 . 6 6 6 1 . 3 3 2 7 1 . 4 0 0 . 8 2 4 3 1 . 6 9 9

. 5 7 7 0 0 0 0 0 1 . 6 7 1 1 . 3 4 5 8 1 . 4 0 4 . 8 2 2 9 1 .  7 0 6

. 5 7 7 5 0 0 0 0 1 . 6 7 6 1 . 3 5 9 4 1 . 4 0 8 . 0 2 1 5 1 . 7 1 4

. 5 7 8 0 0 0 0 0 1 . 6 8 1 1 . 3 7 3 4 1 . 4 1 2 . 8 2 0 0 1 . 7 2 2

. 5 7 8 5 0 0 0 0 I . 6 8 7 I . 3 8 8 0 1 . 4 1 6 . 8 1  8 5 1 . 7 3 0

, 5 7 9 0 0 0 0 0 I . 6 9 2 1 . 4 0 3 1 1 . 4 2 0 . 8 1  6 9 1 . 7 3 8

, 5 7 9 5 0 0 0 0 I .  b9R 1 . 4 1 8 7 1 . 4 2 4 . 8 1 5 3 1 . 7 4 7

. 5 8 0 0 0 0 0 0 1 . 7 0 4 1 . 4 3 5 0 1 . 4 2 9 . 8 1 3 6 1 . 7 5 6

. 5 8 0 5 0 0 0 0 1 . 7 1 0 1 . 4 5 2 0 1 . 4 3 4 . 8 1 1 0 1 * 7 6 6

. 5 8 1 0 0 0 0 0 1 . 7 1 7 1 . 4 6 9 7 1 . 4 3 9 . 6 1 0 0 1 . 7 7 6

. 5 8 1 5 0 0 0 0 1 . 7 2 3 1 . 4 8 8 2 1 . 4 4 4 . 8 0 8 1 1 . 7 0 7

. 5 8 8 0 0 0 0 0 1 . 7 3 0 1 . 5 0 7 5 1 . 4 4 9 . 8 0 6 2 1 . 7 9 8

• 5 8 2 5 0 0 0 0 1 . 7 3 8 1 . 5 2 7 9 1 . 4 5 5 . 8 0 4 1 1 . 8 0 9
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r /P . C r x o/ r y #/ r x /y  o' ■'o

• 5 8 3 0 0 0 0 0 1 . 7 4 5 1 . 5 4 9 2 1 . 4 6 1 . 8 0 2 0 1 . 9 2 1

. 5 8 3 5 0 0 0 0 1 . 7 5 3 1 . 5 7 1 8 1 . 4 6 7 . 7 9 9 7 1 . 0 3 4

. 5 8 4 0 0 0 0 0 1 . 7 6 1 1 . 5 9 5 6 1 . 4 7 4 . 7 9 7 4 1 . 8 4 8

. 5 8 4 5 0 0 0 0 1 . 7 7 0 1 . 6 2 1 0 1 . 4 6 1 . 7 9 4 9 1 . 8 6 3

. 5 8 5 0 0 0 0 0 1 . 7 7 9 1 . 6 4 7 9 1 . 4 8 8 . 7 9 2 3 1 . 8 7 8

. 5 8 5 5 0 0 0 0 1 . 7 8 9 1 . 6 7 6 8 1 . 4 9 6 . 7 0 9 5 1 . 8 9 5

. 5 8 6 0 0 0 0 0 1 . 8 0 0 1 . 7 0 7 7 1 . 5 0 5 . 7 8 6 5 1 . 9 1 3

, 5 8 6 5 0 0 0 0 1 . 8 1 1 1 . 7 4 1 2 1 . 5 1 4 . 7 8 3 4 1 . 9 3 2

. 5 8 7 0 0 0 0 0 1 . 8 2 3 1 . 7 7 7 6 1 . 5 2 4 . 7 7 9 9 1 . 9 5 4

. 5 8 7 5 0 0 0 0 1 . 8 3 6 1 . 8 1 7 4 1 . 5 3 5 . 7 7 6 ? 1 . 9 7 7

. 5 8 8 0 0 0 0 0 1 . 8 5 0 1 . 8 6 1 4 1 . 5 4 7 . 7 7 2 2 2 . 0 0 3

. 5 8 8 5 0 0 0 0 1 . 8 6 6 1 . 9 1 0 6 1 . 5 6 0 . 7 6 7 8 2 . 0 3 2

. 5 8 9 0 0 0 0 0 1 . 8 8 3 1 . 9 6 6 2 1 . 5 7 5 . 7 6 2 9 2 . 0 6 5

. 5 8 9 5 0 0 0 0 1 . 9 0 3 2 . 0 3 0 3 1 . 5 9 3 . 7 5 7 2 2 .  103

. 5 9 0 0 0 0 0 0 1 . 9 2 5 2 . 1 0 5 9 1 . 6 1 3 . 7 5 0 7 2 .  1 4 9

. 5 9 0 1 0 0 0 0 1 . 9 3 0 2 . 1 2 2 7 1 . 6 1 8 . 7 4 . 9 3 2 . 1 5 9

. 5 9 0 2 0 0 0 0 1 . 9 3 6 2 .  1 4 0 3 1 . 6 2 2 . 7 4 7 8 2 .  1 6 9

, 5 9 0 3 0 0 0 0 1 . 9 4 1 2 . 1 5 8 6 1 . 6 2 7 .  7 4 6 3 2 .  180

. 5 9 0 4 0 0 0 0 1 . 9 4  7 2 . 1 7 7 0 1 . 6 3 2 . 7 4 4 7 2 .  1 9 2

. 5 9 0 5 0 0 0 0 I . 9 5 3 2 . 1 9 7 8 1 . 6 3 8 . 7 4 3 0 2 . 2 0 4

, 5 9 0 6 0 0 0 0 1 . 9 5 9 2 . 2 1 8 8 1 . 6 4 3 . 7 4 1 3 2 . 2 1 7

. 5 9 0 7 0 0 0 0 1 . 9 6 5 2 . 2 4 0 9 1 . 6 4 9 . 7 3 9 5 2 . 2 3 0

, 5 9 0 8 0 0 0 0 1 . 9 7 2 2 . 2 6 4 3 1 . 6 5 6 . 7 3 7 6 2 . 2 4 5

. 5 9 0 9 0 0 0 0 1 . 9 7 9 2 . 2 5 8 9 1 . 6 6 2 . 7 3 5 6 2 . 2 6 0
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a r / p o C r 1 \ / r V r x / y  0 ^ 0

. 5 9 1 0 0 0 0 0 1 . 9 8 6 2 . 3 1 5 1 1 . 6 6 9 . 7  3 3 5 2 . 2 7 6

. 5 9 ) 1 0 0 0 0 1 . 9 9 4 2 . 3 4 3 0 1 . 6 7 7 . 7 3 1 3 2 . 2 9 3

. 5 9 1 2 0 0 0 0 2 . 0 0 2 2 . 3 7 2 9 1 . 6 0 5 . 7 2 8 9 2 . 3 1  1

. 5 9 1 3 0 0 0 0 2 . 0 1 1 2 . 4 0 4 9 1 . 6 9 3 . 7 2 6 4 2 . 3 3 1

. 5 9 1 4 0 0 0 0 2 . 0 2 1 2 . 4 3 9 6 1 . 7 0 2 . 7 2 3 8 2 . 3 5 2

. 5 9 1 5 0 0 0 0 2 . 0 3 1 2 . 4 7 7 3 1 . 7 1 2 . 7 2 0 9 2 . 3 7 5

. 5 9 1 6 0 0 0 0 2 . 0 4 2 2 . 5 1 8 7 1 . 7 2 3 . 7 1 7 7 2 . 4 0 1

. 5 9 1 7 0 0 0 0 2 . 0 5 4 2 . S 6 4 5 1 . 7 3 5 . 7 1 4 3 2 . 4 2 9

. 5 9 1 8 0 0 0 0 2 . 0 6 0 2 . 6 1 5 7 1 . 7 4 9 . 7 1 0 6 2 . 4 6 1

. 5 9 1 9 0 0 0 0 2 . 0 8 3 2 . 6 7 3 9 1 . 7 6 4 . 7 0 6 3 2 . 4 9 7

. 5 9 2 0 0 0 0 0 2 .  100 2 . 7 4  12 1 . 7 8 2 . 7 0 1 6 2 . 5 3 9

. 5 9 2 0 1 0 0 0 2 . 1 0 2 2 . 7 4 0 6 1 . 7 8 3 . 7 0 1 0 2 . 5 4 4

. 5 9 2 0 2 0 0 0 2 . 1  04 2 . 7 5 6 1 1 . 7 8 5 . 7 0 0 5 2 . 5 0 9

. 5 9 2 0 3 0 0 0 2 . 1 0 6 2 . 7 6 3 7 1 . 7 8 7 .  7 0 0 0 2 . 5 5 3

. 5 9 2 0 4 0 0 0 2 . 1 0 0 2 . 7 7 1 4 1 . 7 0 9 . 6 9 9 4 2 . 5 5 8

. 5 9 2 0 5 0 0 0 2 . 1 1 0 2 . 7 7 9 3 1 . 7 9 1 . 6 9 8 9 2 . 5 6 3

. 5 9 2 0 6 0 0 0 2 . 1  12 2 . 7 0 7 3 1 . 7 9 4 . 6 9 8 3 2 . 5 6 8

. 5 9 2 0 7 0 0 0 2 . 1  14 2 . 7 9 5 5 1 . 7 9 6 . 6 9 7 8 2 . 5 7 3

, 5 9 2 0 8 0 0 0 2 . 1 1 6 2 . 8 0 3 9 1 . 7 9 8 . 6 9 7 2 2 . 5 7 9

. 5 9 2 0 9 0 0 0 2 . 1 1 0 2 . 8 1 2 4 1 . 8 0 0 . 6 9 6 6 2 . 5 8 4

. 5 9 2 1 0 0 0 0 2 . 1 2 0 2 . 0 2 1 0 1 . 0 0 2 . 6 9 6 0 2 . 5 9 0

. 5 9 2 1 1 0 0 0 2 . 1 2 2 2 . 8 2 9 9 1 . 8 0 5 . 6 9 5 4 2 . 5 9 5

. 5 9 2 1 2 0 0 0 2 .  1 2 5 2 . 0 3 8 9 1 . 8 0 7 . 6 9 4 0 2 . 6 0 1

. 5 9 2 1 3 0 0 0 2 . 1  2 7 2 . 8 4 8 2 1 . 8 0 9 . 6 9 4 1 2 . 6 0 7



a r/po C r 3 \ / r y ( r  J 0 x /y 0 J 0

5 9 2 1 4 0 0 0 2 . 1 2 9 2 . 8 5 7 6 1 . 8 1 2 . 6 9 3 5 2 . 6 1 3

5 9 ? 1 5 0 0 0 2 . 1 3 2 2 . 8 6 7 3 1 . 8 1 4 . 6 9 2 6 2 . 6 1 9

5 9 2 1 6 0 0 0 2 . 1  34 2 . 8 7 7 1 1 . 8 1 7 . 6 9 2 2 2 . 6 2 5

5 9 2 1 7 0 0 0 2 . 1 3 6 2 . 8 8 7 3 1 . 8 2 0 . 6 9 1 5 2 . 6 3 1

5 9 2 1 8 0 0 0 2 . 1  3 9 2 . 6 9 7 6 1 . 8 2 2 . 6 9 0 8 2 . 6 3 8

5 9 2 1 9 0 0 0 2 . 1 4 2 2 . 9 0 8 2 1 . 8 2 5 . 6 9 0 1 2 . 6 4 4

5 9 2 2 0 0 0 0 2 .  144 2 . 9 1 9 1 1 . 8 2 8 . 6 8 9 4 2 . 6 5 1

5 9 2 2 1 0 0 0 2 . 1 4 7 2 . 9 3 0 2 1 . 8 3 1 . 6 8 8 6 2 . 6 5 8

5 9 2 2 2 0 0 0 2 .  150 2 . 9 4  17 1 . 6 3 4 . 6 8 7 9 2 . 6 6 6

5 9 2 2 3 0 0 0 2 . 1 5 3 2 . 9 5 3 4 I . 8 3 7 . 6 8 7 1 2 . 6 7 3

5 9 2 2 4 0 0 0 2 .  155 2 . 9 6 5 5 1 . 8 4 0 . 6 8 6 3 2 . 6 8 1

5 9 2 2 5 0 0 0 2 .  1 5 8 2 . 9 7 7 9 1 . 8 4 3 . 6 8 5 5 2 . 6 6 9

5 9 2 2 6 0 0 0 2 . 1 6 2 2 . 9 9 0 7 1 . 8 4 6 . 6 8 4 6 2 . 6 9 7

5 9 2 2 7 0 0 0 2 . 1 6 5 3 . 0 0 3 9 1 . 8 5 0 . 6 8 3 8 2 . 7 0 5

5 9 2 2 8 0 0 0 2 .  1 6 8 3 . 0  1 7 6 1 . 8 5 3 . 6 8 2 9 2 . 7 1 4

5 9 2 2 9 0 0 0 2 . 1 7 1 3 . 0 3 1 6 1 . 8 5 7 . 6 8 2 0 2 . 7 2 3

5 9 2 3 0 0 0 0 2 . 1  75 3 . 0 4 6 1 I . 8 6 0 .6810 2 . 7 3 2

5 9 2 3 1 0 0 0 2 . 1 7 8 3 . 0 6 1 2 1 . 8 6 4 . 6 8 0 1 2 .  741

5 9 2 3 2 0 0 0 2 .  1 8 2 3 . 0 7 6 7 1 . 8 6 8 . 6 7 9 1 2 . 7 5 1

5 9 2 3 3 0 0 0 2 . 1  8 6 3 . 0 9 2 9 1 . 8 7 2 . 6 7 8 0 2 . 7 6 2

5 9 2 3 4 0 0 0 2 .  1 90 3 . 1 0 9 7 1 . 8 7 7 . 6 7 7 0 2 . 7 7 2

5 9 2 3 5 0 0 0 2 . 1 9 4 3 .  1 2 7 2 1 . 8 8 1 . 6 7 5 9 2 . 7 8 3

5 9 2 3 6 0 0 0 2 . 1 9 8 3 . 1 4 5 4 1 . 8 8 6 . 6 7 4 7 2 . 7 9 5

5 9 2 3 7 0 0 0 2.202 3 . 1 6 4  4 1 . 8 9 1 . 6 7 3 5 2 . 8 0 7
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r / p . C r x / r  
0 V

5 9 2 3 8 0 0 0 2 . 2 0 7 3 . 1 8 4 2 1 . 8 9 6 . 6 7 2 3 2 . 8 2 0

5 9 2 3 9 0 0 0 2 . 2 1 2 3 . 2 0 5 1 1 . 9 0 1 . 6 7 1 0 2 . * 3 3

5 9 2 4 0 0 0 0 2 . 2 1 7 3 . 2 2 7 0 1 . 9 0 7 . 6 6 9 7 2 . 8 4 7

5 9 2 4 1 0 0 0 2 . 2 2 2 3 . 2 5 0 0 1 . 9 1 3 . 6 6 8 3 2 . 8 6 2

5 9 2 4 2 0 0 0 2 . 2 2  8 3 . 2 7 4 4 1 . 9 1 9 . 6 6 6 8 2 . 8 7 8

5 9 2 4 3 0 0 0 2 . 2 3 3 3 . 3 0 0 2 1 . 9 2 5 . 6 6 5 3 2 . 8 9 4

5 9 2 4 4 0 0 0 2 . 2 4 0 3 . 3 2 7 7 1 . 9 3 2 . 6 6 3 6 2 . 9 1 2

5 9 2 4 5 0 0 0 2 . 2 4 6 3 . 3 5 7 0 1 . 9 4 0 . 6 6 1 9 2 . 9 3 1

5 9 2 4 6 0 0 0 2 . 2 5 3 3 . 3 R R S 1 . 9 4 8 . 6 6 0 0 2 . 9 5 1

5 9 2 4 7 0 0 0 2 . 2 6 1 3 . 4 2 2 4 1 . 9 5 6 . 6 5 8 1 2 . 9 7 3

5 9 2 4 8 0 0 0 2 . 2 6 9 3 . 4 5 9 2 1 • 9 6 6 . 6 5 6 0 2 . 9 9 6

5 9 2 4 9 0 0 0 2 . 2 7 7 3 . 4 Q 9 4 1 . 9 7 6 . 6 5 3 7 3 . 0 2 2

5 9 2 5 0 0 0 0 2 . 2 8 7 3 . 5 4 3 8 1 . 9 8 7 . 6 5 1 2 3 .  051

5 9 2 5 0 1 0 0 2 . 2 8 8 3 . 5 4 8 5 1 . 9 6 8 . 6 5 0 9 3 . 0 5 4

5 9 2 5 0 2 0 0 2 . 2 8 9 3 . 5 5 3 3 1 . 9 8 9 . 6 5 0 7 3 . 0 5 7

5 9 2 5 0 3 0 0 2 . 2 9 0 3 . 5 5 8 1 1 . 9 9 0 . 6 5 0 4 3 . 0 6 0

5 9 2 5 0 4 0 0 2 . 2 9 1 3 . 5 6 2 9 1 . 9 9 2 . 6 5 0 1 3 . 0 6 3

5 9 2 5 0 5 0 0 2 . 2 9 2 3 . 5 6 7 9 I . 9 9 3 . 6 4 9 8 3 . 0 6 7

5 9 2 5 0 6 0 0 2 . 2 9 3 3 . 5 7 2 8 1 . 9 9 4 . 6 4 9 6 3 . 0 7 0

5 9 2 5 0 7 0 0 2 . 2 9 4 3 . 5 7 7 8 1 . 9 9 5 . 6 4 9 3 3 . 0 7 3

5 9 2 5 0 8 0 0 2 . 2 9 5 3 . 5 8 2 9 1 . 9 9 7 . 6 4 9 0 3 . 0 7 6

5 9 2 5 0 9 0 0 2 . 2 9 6 3 . 5 8 8 1 1 . 9 9 8 . 6 4 8 7 3 . 0 8 0

5 9 2 5 1 0 0 0 2 . 2 9 8 3 . 5 9 3 3 I . 9 9 9 . 6 4 8 4 3 . 0 8 3

5 9 2 5 1 1 0 0 2 . 2 9 9 3 . 5 9 8 6 2 . 0 0 0 . 6 4 8 2 3 . 0 8 6
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a
r ">.

C r 1 x o/ r y #/ r x / y  0 J 0

5 9 2 5 1 2 0  0 2 . 3 0 0 3 . 6 0 3 9 2 . 0 0 2 . 6 4 7 9 3 . 0 9 0

, 5 9 2 5 1 3 0 0 2 . 3 0 1 3 . 6 0 9 3 2 . 0 0 3 . 6 4 7 6 3 . 0 9 3

, 5 9 2 5 1 * 0 0 2 . 3 0 2 3 . 6 1 4 6 2 . 0 0 5 . 6 4 7 3 3 . 0 9 7

5 9 2 5 1 5 0 0 2 . 3 0 3 3 . 6 2 0 3 2 . 0 0 6 . 6 4 7 0 3 . 1 0 1

5 9 2 5 1 6 0 0 2 . 3 0 5 3 . 6 2 5 9 2 . 0 0 7 . 6 4 6 7 3 .  1 0 4

, 5 9 2 5 1 7 0 0 2 . 3 0 6 3 . 6 3 1 6 2 . 0 0 9 . 6 4 6 3 3 .  108

, 5 9 2 5 1 8 0 0 2 . 3 0 7 3 . 6 3 7 4 2 . 0 1 0 . 6 4 6 0 3 . 1 1 2

, 5 9 2 5 1 9 0 0 2 . 3 0 6 3 . 6 0 2 2 . 0 1 2 . 6 4 5 7 3 . 1 1 5

, 5 9 2 5 2 0 0 0 2 . 3 0 9 3 . 6 4 9 1 2 . 0 1 3 . 6 4 5 4 3 . 1 1 9

, 5 9 2 5 2 1 0 0 2 . 3 1 1 3 . 6 5 5 1 2 . 0 1 5 . 6 4 5 1 3 . 1 2 3

5 9 2 5 2 2 0 0 2 . 3 1 2 3 . 6 6 1 2 2 . 0 1 6 . 6 4 4 7 3 . 1 2 7

5 9 2 5 2 3 0 0 2 . 3 1 3 3 . 6 6 7 4 2 . 0 1 8 . 6 4 4 4 3 . 1 3 1

5 9 2 5 2 4 0 0 2 . 3 1 5 3 . 6 7 3 7 2 . 0 1 9 . 6 4 4 1 3 . 1 3 5

5 9 2 5 2 5 0 0 2 . 3 1 6 3 . 6 8 0 0 2 . 0 2 1 . 6 4 3 7 3 . 1 3 9

5 9 2 5 2 6 0 0 2 . 3 1 7 3 . 6 8 6 5 2 . 0 2 2 . 6 4 3 4 3 .  1 4 3

5 9 2 5 2 7 0 0 2 . 3 1 9 3 . 6 9 3 0 2 . 0 2 4 . 6 4 3 0 3 . 1 4 8

5 9 2 5 2 6 0 0 2 . 3 2 0 3 . 6 9 9 7 2 . 0 2 6 . 6 4 2 7 3 .  1 5 2

5 9 2 5 2 9 0 0 2 . 3 2 1 3 . 7 0 6 4 2 . 0 2 7 . 6 4 2 3 3 .  1 5 6

5 9 2 5 3 0 0 0 2 . 3 2 3 3 . 7 1 3 3 2 . 0 2 9 . 6 4 1 9 3 .  161

5 9 2 5 3 1 0 0 2 . 3 2 4 3 . 7 2 0 3 2 . 0 3 1 . 6 4 1 6 3 .  1 6 5

5 9 2 5 3 2 0 0 2 . 3 2 6 3 . 7 2 7 4 2 . 0 3 3 . 6 4 1 2 3 .  170

5 9 2 5 3 3 0 0 2 . 3 2 7 3 . 7 3 4 6 2 . 0 3 4 . 6 4 0 6 3 . 1 7 5

5 9 2 5 3 4 0 0 2 . 3 2 9 3 . 7 1 . 1 9 2 . 0 3 6 . 6 4 0 4 3 .  1 7 9

5 9 2 5 3 5 0 0 2 . 3 3 0 3 . 7 ^ 9 3 2 . 0 3 9 . 6 4 0 0 3 . 1 8 4
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a r / p 0 C r 1 V V r x / y  o' J 0

5 9 2 5 3 6 0 0 2 . 3 3 2 3 . 7 5 6 9 2 . 0 4 0 . 6 3 9 6 3 .  1 0 9

5 9 2 5 3 7 0 0 2 . 3 3 4 3 . 7 6 4 6 2 . 0 4  2 . 6 3 9 2 3 .  194

5 9 2 5 3 8 0 0 2 . 3 3 5 3 . 7 7 2 5 2 . 0 4 4 . 6 3 8 8 3 .  1 9 9

5 9 2 5 3 9 0 0 2 . 3 3 7 3 . 7 0 0 5 2 . 0 4 6 . 6 3 8 4 3 . 2 0 4

5 9 2 5 4 0 0 0 2 . 3 3 8 3 . 7 0 R 6 2 . 0 4 8 . 6 3 8 0 3 . 2 1 0

5 9 2 5 4  1 0 0 2 . 3 4 0 3 . 7 9 7 0 2 . 0 5 0 . 6 3 7 5 3 . 2 1 5

5 9 2 5 4 2 0 0 2 . 3 4 2 3 , 8 0 5 4 2 . 0 5 2 . 6 3 7 1 3 . 2 2 1

5 9 2 5 4 3 0 0 2 . 3 4 4 3 . 0 1 4 1 2 . 0 5 4 . 6 3 6 7 3 . 2 2 6

5 9 2 5 4 4 0 0 2 . 3 4 5 3 . 8 2 2 9 2 . 0 5 6 . 6 3 6 2 3 . 2 3 2

5 9 2 5 4 5 0 0 2 .  3 4 7 3 . 8 3 1 9 2 . 0 5 8 . 6 3 5 7 3 . 2 3 8

5 9 2 5 4 6 0 0 2 . 3 4 9 3 . 8 4 1 1 2 . 0 6 1 . 6 3 5 3 3 . 2 4 4

5 9 2 5 4 7 0 0 2 . 3 5 1 3 . 0 5 0 5 2 . 0 6 3 . 6 3 4 0 3 . 2 5 0

5 9 2 5 4 8 0 0 2 . 3 5 3 3 . B 6 0 1 2 . 0 6 5 . 6 3 4 3 3 . 2 5 6

5 9 2 5 4 9 0 0 2 . 3 5 5 3 . 8 6 9 9 2 . 0 6 8 . 6 3 3 4 3 . 2 6 3

5 9 2 5 5 0 0 0 2 . 3 5 7 3 . 8 7 9 9 2 . 0 7 0 . 6 3 3 3 3 . 2 6 9

5 9 2 5 5 1 0 0 2 . 3 5 9 3 . 8 9 0 2 2 . 0 7 3 . 6 3 2 8 3 , 2 7 6

5 9 2 5 5 2 0 0 2 . 3 6 1 3 . 9 0 0 7 2 . 0 7 5 . 6 3 2 2 3 . 2 8 3

5 9 2 5 5 3 0 0 2 . 3 6 3 3 . 9 1 1 5 2 . 0 7 8 . 6 3 1 7 3 . 2 9 0

59255** 00 2 .  3 6 6 3 . 9 ? 2 6 2 . 0 8 1 . 6 3 1  1 3 . 2 9 7

5 9 2 5 5 5 0 0 2 .  3 6 8 3 . 9 3 4 0 2 . 0 8 4 . 6 3 0 6 3 . 3 0 4

5 9 2 5 5 6 0 0 2 . 3 7 0 3 . 9 4 5 7 2 . 0 0 6 . 6 3 0 0 3 . 3 1 2

5 9 2 5 5 7 0 0 2 . 3 7 3 3 . 9 5 7 7 2 . 0 8 9 . 629* . 3 . 3 2 0

5 9 2 S 5 0 OO 2 . 3 7 5 3 . 9 7 0 0 2 .  0 9 2 . 6 2 8 0 3 .  3 2 8

5 9 2 5 5 9 0 0 2 . 3 7 8 3 . 9 0 2 7 2 . 0 9 6 . 6 2 8 1 3 .  3 3 6
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a r / P 0 C r 1 \ / r V r x / y  a J o

, 5 9 2 5 6 0 0 0 2 . 3 0 0 3 . 9 9 5 0 2 . 0 9 9 . 6 2 7 5 3 .  3 4 5

, 5 9 2 5 6 1 0 0 2 . 3 0 3 4 . 0 0 9 3 2 .  1 0 2 . 6 2 6 8 3 . 3 5 4

, 5 9 2 5 6 2 0 0 2 . 3 0 6 4 . 0 2 3 2 2 .  1 0 6 . 6 2 6 1 3 . 3 6 3

5 9 2 5 6 3 0 0 2 . 3 0 9 4 . 0 3 7 6 2 . 1 0 9 . 6 2 5 4 3 . 3 7 2

5 9 2 5 6 4 0 0 2 . 3 9 2 4 . 0 5 2 5 2 . 1 1 3 . 6 2 4 7 3 .  3 8 2

, 5 9 2 5 6 5 0 0 2 . 3 9 5 4 . 0 6 7 9 2 . 1 1 6 . 6 2 4 0 3 . 3 9 2

, 5 9 2 5 6 6 0 0 2 . 3 9 8 4 . 0 8 3 0 2 . 1 2 0 . 6 2 3 2 3 , 4 0 2

, 5 9 2 5 6 7 0 0 2 . 4 0 1 4 .  1 0 0 4 2 . 1 2 4 . 6 2 2 4 3 . 4 1 3

, 5 9 2 5 6 6 0 0 2 . 4 0 4 4 . 1 1 7 7 2 .  1 2 9 . 6 2 1 6 3 . 4 2 4

, 5 9 2 5 6 9 0 0 2 . 4 0 B 4 . 1 3 5 7 2 . 1 3 3 . 6 2 0 7 3 . 4 3 6

5 9 2 5 7 0 0 0 2 . 4 1 1 4 . 1 5 4 4 2 . 1  38 . 6 1 9 6 3 . 4 4 9

5 9 2 5 7 1 0 0 2 . 4 1 5 4 . 1 7 4 0 2 . 1 4 2 . 6 1 8 9 3 . 4 6 1

5 9 2 5 7 2 0 0 2 . 4 1 9 4 . 1 9 4 6 2 . 1 4 7 . 6 1 8 0 3 . 4 7 5

5 9 2 5 7 3 0 0 2 . 4 2 3 4 . 2 1 6 1 2 . 1 5 3 . 6 1  70 3 . 4 8 9

5 9 2 5 7 4 0 0 2 . 4 2 8 4 . 2 3 8 8 2 .  1 5 8 . 6 1 5 9 3 . 5 0 4

5 9 2 5 7 5 0 0 2 . 4 3 2 4 . 2 6 2 7 2 .  1 6 4 . 6 1 4 0 3 . 5 2 0

5 9 2 5 7 6 0 0 2 . 4 3 7 4 , 2 0 8 1 2 . 1 7 0 . 6 1  3 6 3 . 5 3 6

5 9 2 5 7 7 0 0 2 . 4 4 2 4 . 3 1 8 0 2 . 1  76 . 6 1 2 4 3 . 5 5 4

5 9 2 5 7 0 0 0 2 . 4 4 7 4 . 3 4 3 7 2 . 1 8 3 . 6 1  1 1 1 . 5 7 3

5 9 2 5 7 9 0 0 2 . 4 5 3 4 . 3 7 4 4 2 . 1 9 1 . 6 0 9 8 3 . 5 9 3

5 9 2 5 0 0 0 0 2 . 4 5 9 4 . 4 0 7 5 2 .  199 . 6 0 0 3 3 . 6 1 5

5 9 2 5 0 1 0 0 2 . 4 6 6 4 . 4 4 3 3 2 . 2 0 7 . 6 0 6 7 3 . 6 3 8

5 9 2 5 0 2 0 0 2 . 4 7 3 4 . 4 0 2 4 2 . 2 1 7 . 6 0 5 0 3 . 6 6 4

5 9 2 5 0 0 0 0 2 . 4 6 5 4 . 4 3 5 9 2 . 2 0 6 . 6 0 7 0 3 . 6 3 3
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a r / p 0 C r J x o/ r y 0/ r x / y  0 J 0

5 9 2 5 8 1 0 0 2 . 4 6 6 4 . 4 4 3 3 2 . 2 0 7 . 6 0 6 7 3 . 6 3 8

5 9 2 5 0 1 2 0 2 . 4 6 7 4 , 4 5 0 8 2 . 2 0 9 . 6 0 6 4 3 . 6 4 3

5 9 2 5 0 1 4 0 2 . 4 6 9 4 . 4 5 0 5 2 . 2 1 1 . 6 0 6 1 3 . 6 4 8

5 9 2 5 0 1 6 0 2 . 4 7 0 4 . 4 6 6 3 2 . 2 1 3 . 6 0 5 7 3 . 6 5 3

5 9 2 5 0 1 0 0 2 . 4 7 2 4 . 4 7 4 3 2 . 2 1 5 . 6 0 5 4 3 . 6 5 9

5 9 2 5 8 2 0 0 2 . 4 7 3 4 . 4 0 ? 4 2 . 2 1 7 . 6 0 5 0 3 . 6 6 4

5 9 2 5 0 2 2 0 2 . 4 7 5 4 . 4 9 0 6 2 . 2 1 9 . 6 0 4 7 3 . 6 6 9

5 9 2 5 0 2 4 0 2 . 4 7 6 4 . 4 9 9 0 2 . 2 2 1 . 6 0 4 3 3 . 6 7 5

5 9 2 5 6 2 6 0 2 . 4 7 8 *♦. 50 76 2 . 2 2 3 . 6 0 3 9 3 . * 0 0

5 9 2 5 9 2 0 0 2 . 4 7 9 4 . 5 1 6 4 2 . 2 2 5 . 6 0 3 6 3 . 6 8 6

5 9 2 5 0 3 0 0 2 . 4 8 1 4 . 5 2 5 3 2 . 2 2 7 . 6 0 3 2 3 . 6 9 2

5 9 2 5 0 3 2 0 2 . 4 0 3 4 . 5 3 4 4 2 . 2 2 9 . 6 0 2 8 3 . 6 9 8

5 9 2 5 8 3 4 0 2 . 4 8 4 4 . 5 4  30 2 . 2 3 1 . 6 0 2 4 3 . 7 0 4

5 9 2 5 8 3 6 0 2 . 4 8 6 4 . 5 5 3 3 2 . 2 3 4 . 6 0 2 0 3 . 7 1 1

5 9 2 5 8 3 8 0 2 . 4 6 8 4 . 5 6 3 0 2 . 2 3 6 . 6 0 1 6 3 . 7 1 7

5 9 2 5 6 4 0 0 2 . 4 9 0 4 . 5 7 3 0 2 . 2 3 6 . 6 0  1 1 3 . 7 2 3

5 9 2 5 8 4 2 0 2 . 4 9 2 4 . 5 0 3 2 2 . 2 4 1 . 6 0 0 7 3 . 7 3 0

5 9 2 5 0 4 4 0 2 . 4 9 4 4 . 5 9 3 6 2 . 2 4 3 . 6 0 0 3 3 .  7 37

5 9 2 5 0 4 6 0 2 . 4 9 5 4 . 6 0 4 3 2 . 2 4 6 . 5 9 9 0 3 . 7 4 4

5 9 2 5 8 4 8 0 2 . 4 9 7 4 . 6 1 5 3 2 . 2 4 8 . 5 9 9 * . 3 . 7 5 1

5 9 2 5 0 5 0 0 2 . 4 9 9 4 . 6 2 6 5 2 . 2 5 1 . 5 9 8 9 3 .  7 5 9

5 9 2 5 8 5 2 0 2 . 5 0 2 4 . 6 3 0 1 2 . 2 5 4 . 5 9 8 4 3 . 7 6 6

5 9 2 5 8 5 4 0 2 . 5 0 4 4 , 6 5 0 0 2 . 2 5 7 . 5 9 7 9 3 . 7 7 4

5 9 2 5 0 5 6 0 2 . 5 0 6 4 . 6 6 2 2 2 . 2 6 0 . 5 9 7 4 3 . 7 8 2
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a r / p o C r 1 Xo/ r V r x /  y 
0 J 0

5 9 2 5 8 5 8 0 2 . 5 0 8 * • 6  7*6 2 . 2 6 3 .5 9 6 9 3 .7 9 1

5 9 2 5 8 6 0 0 2 .5 1 0 * . 6 8 7 7 2 . 2 6 6 .5 9 6 * 3 . 7 9 9

5 9 2 5 8 6 2 0 2 .5 1 3 * . 7 0 1 0 2 . 2 6 9 .5 9 5 8 3 . 8 0 8

5 9 2 5 8 6 * 0 2 .5 1 5 * . 7 l * f l 2 . 2 7 2 .5 9 5 3 3 . 8 1 7

5 9 2 5 8 6 6 0 2 . 5 1 8 * . 7 ? 9 0 2 . 2 7 5 .5 9 * 7 3 . 0 2 6

5 9 2 5 8 6 8 0 2 . 5 2 0 * . 7 * 3 7 2 . 2 7 9 .5 9 * 1 3 . 8 3 6

5 9 2 5 8 7 0 0 2 . 5 2 3 * . 7 5 0 9 2 .2 8 3 .5 9 3 5 3 .8 * 6

5 9 2 5 8 7 2 0 2 . 5 2 6 * . 7 7 * 7 2 . 2 8 6 .5 9 2 8 3 . 8 5 6

5 9 2 5 8 7 * 0 2 . 5 2 9 * .7 9 1 1 2 .2 9 0 .5 9 2 2 3 . 8 6 7

5 9 2 5 8 7 6 0 2 . 5 3 2 * .8 0 8 1 2 . 2 9 * .5 9 1 5 3 . 0 7 9

5 9 2 5 8 7 8 0 2 . 5 3 5 * . 8 2 5 8 2 . 2 9 8 ,5 9 0 8 3 .8 9 0

5 9 2 5 8 8 0 0 2 . 5 3 8 * . 8 * * 2 2 . 3 0 3 .5 9 0 1 3 . 9 0 2

,5 9 2 5 8 8 2 0 2 .5 * 1 * . 8 6 3 5 2 .3 0 7 .5 8 9 3 3 .9 1 5

,5 9 2 5 8 8 * 0 2 . 5 * 5 * . 8 8 3 7 2 . 3 1 2 .5 8 8 5 3 . 9 2 8

,5 9 2 5 8 8 6 0 2 . 5 * 9 * . 9 0 * 8 2 . 3 1 7 .5 8 7 7 3 .9 * 2

S 9 2 5 8 8 8 0 2 . 5 5 2 *.<5271 2 . 3 2 2 . 5 8 6 8 3 . 9 5 7

,5 9 2 5 8 9 0 0 2 . 5 5 6 * . 9 5 0 6 2 . 3 2 8 .5 0 5 9 3 .9 7 3

,5 9 2 5 8 9 0 5 2 . 5 5 8 * . 9 5 6 6 2 . 3 2 9 .5 8 5 7 3 . 9 7 7

,5 9 2 5 8 9 1 0 2 . 5 5 9 * . 9 6 2 8 2 . 3 3 0 .5 8 5 * 3 .9 8 1

,5 9 2 5 8 9 1 5 2 .5 6 0 * .9 6 9 0 2 . 3 3 2 . 5 8 5 ? 3 . 9 8 5

,5 9 2 5 8 9 2 0 2 .5 6 1 * . 9  75* 2 .3 3 3 ,5 8 5 n 3 .9 8 9

,5 9 2 5 8 9 2 5 2 . 5 6 2 * . 9 0 1 8 2 . 3 3 5 .5 8 * 7 3 . 9 9 3

,5 9 2 5 8 9 3 0 2 . 5 6 3 * . 9 8 0 3 2 . 3 3 6 .5 8 * 5 3 . 9 9 8

,5 9 2 5 8 9 3 3 2 . 5 6 * * . 9 9 2 3 2 .3 3 7 . 5 8 * 3 * . 0 0 0



APPENDIX D

FORTRAN PROGRAM TO CALCULATE 
THE PROFILE OF THE PENDANT DROP.

implicit real*8(a-h.m,o-z) 
dimension c(2 .4).y t2),z t2).w (2) 
dimension xval(l500).yval(1500) 
character*5 ii
character*15 filename.blank
data con /57 .29577951308232d0/.l/ l/ .ns tep /6000/ 
data b lank/ ' ' /

110 xi« O.OdO
y ( l ) -  O.OdO 
y(2)»  O.OdO 
h -l .O d-3  
s w -  1 .OdO 
ifreq - 20
call bulKm.v.b,filename.blank)
if(filename.eq.blank)siop
x«xi
ir-0
kcount- 0

w r ite(6 .10) v .h .nstep 
10 formatC//.' beta«'.d13.6.' in terval- '.d l2-5,i7 ,6h steps)

i i - ’d z /d x ’ 
if(I.eq .2)ii- 'dx/dz ' 

ck w rite (6114)x,y(l ).ii.y(2)
14 fo rm a t t / . ’ initial values x - ' , l p d l 5 . 8.' z - \ d l 5 . 8 ,lx,a5.

A d!5 .8) 
ck w rite(6 ,l  7)ii
17 fo rm a t t / '  step'.IOx.'x '.lfix.'z '.lSx.aS.Sx.'phitdeg) mode'/)

hh«.5d0*h 
xx«x/2.54 
y y -v (  1 )/2.54 

cf writet20.300)xx.yy
kcoun t-  kcount + 1 
xval(kcount)-xx  
yval(kcount)«yy  

cp xx—xx
cf wrile{21.300)xx.yy
cp xvaKkcount + 500 )-  xx
cp yvaltkcount + 500 )-  yy
300 form att Ix .lpe l6 .& ,lx .e l6 .8)

h6*h /6 .d0  
do 70 i-1.nstep 
x h -x  + h 
x hh -x+ hh  
do 23 j-1 .2
c tj . l ) - fC x .y ( l) .y (2 ) .j .v , l)

152



1 5 3

23 z(j)-y (j)+hh*c(j.l)
do 26 j-1,2
c(j .2 )-f(xhh ,z(l) .z(2).j .v .l)

26 w(j)«y(j)+hh*c(j,2)
do 29 j-1.2
c(j ,3 )-f(xhh .w (l) ,w (2 ) . j .v , l)

29 z(j)-v(j)+h*c(j.3)
do 32 j-1.2
c(j .4 )-f(xh .z(l  ).z(2).j,v.l)

32 y(j)«y(j)+h6*(c(j.1)+c(j.4)+2.dO*(c(j.2)+c{j.3)))
x-xi+h*dfloat( i-ir) 
a -dabs(y (2 ))
if(m od(i.ifreq)ne.0.and.a.lt.l .dl .and.a.gt.l.d-2)go to 49
d -d sq r t(  l.dO+y(2)**2)
s -y (2 V d
if().eq.2)goto43
t-con*asin(sngl(s))
xp-x*b*m
y p - y ( l  )*b*m
goto46

43 t-con*acos(sngl(s))
yp-x*b*m 
xp-y(l)*b*m

46 continue
ck write(6.47)i.xp.yp.y(2).l.]
47 format(i7.1p3dl7.8,Opf 11,5.i4) 

xx-xp/2 .54
y y -y p /2 .5 4  

cf write{20,300)xx.yy
k coun t-  kcount+1 
xval(kcount)-  xx 
yval(kcoun i)-  yy 

cp XX—- XX

cf write(21.300)xx.yy
cp xvaKkcount + 500) » xx
cp yval(kcount + 500) -  yy

xp—xp
if(a.gt,l.dlO)go to 71 

49 if(a.le.sw.or.sw.le.0.d0)go to 70
1-3-1
x i - y ( l )  
y ( 1)—x 
x-xi 
ir-i
if{y(2).ll.0 .d0)h— h 
hh-.5d0*h 
h6 -h /6 .d 0  
y (2)« l.dO /y(2) 
if(l.eq.2)goto64 
i t- 'd z /dx ' 
xp-x  
y p - y ( l )  
golo67 

64 ii—’d x /dz ’



1 5 4

x p - y t l )
yp-x

67 xp-xp*b*m
yp-yp*b*m

ck write(6.14)xp.yp.ii.yC2)
ck write(6.17)ii
70 continue
71 continue
cf closet 2 0 )
cf c)ose(2 1 )

call ordertxval.yval.kcount.filename)
goto 110
end

c
function f(y.u .w .k.v.l) 
implicit real*8(a-h.o-z) 
f - w
iff k .ll.2)return 
l-w *  w +1 dO
s -d sq r l ( t )  
if(].gt.l)go to 90 
q - l .d O
if(dabs(y).g t.l .d -30)q«w /(y*s) 
f-t*s*( v*u-q+2.d0) 
return  

90 q -1 .d 3 0
if (d ab s tu ) .g i . l .d -3 0 )q - l .d 0 / tu * s )
g-v*y+2.d0
if(u.lt.0 .d0)g—g
f«t*s*(q-g)
re tu rn
end

c
subroutine bulltm.betab.filename,blank) 
implicit real*8(a-h.m.o-z) 
character*! 5 filename,blank 
write(0.102)

102 fo rm a t t / . / . '  enter the name of output file ')
readt 5.103 .e n d -109)fi lename
if( filename.eq. blank )goto 109 
wrile(O.lOl)

101 form att enter P. M. De, Ds. DELRHO. TEMP )
readt 5 .* )p. m ,de.d s.de lro .t

103 fo rm at(a l5 )  
s -d s /d e
h - ( ( t ( ( ( ( t  ( ( ( ( ( - 1.46968303d+02*s +4.51063013d+02)*s 

& - 2.32103942d+02)*s - 4.42314089d+02)*s + 1.12175064d+02)*s
&  + 8.23897542d+02)*s - 2.82 708 556d+02)*s - 1.10855392d+03)*s
& + 1.1584025 7d+03)*s - 1.21414986d+02)*s - 4.62509224d+02)*s
&  + 3.50813741d+02)*s - 1.18301201d+02)*s + 2 02196936d+01 )*s
&  - 1.39155241d+00

h-h/s**4 
g-980.4d0
beta—dexpt-6.70905 + 15.3002*s - 16.4479*ts**2)
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120

122

124

126

128

130

132

134

136

138

140

142

144

146

109

c

9
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& + 9.92425*s*(s**2) - 2.58503*(s**2)*(s**2)) 
gamai-de]ro*g*((de/m)**2)*h 
e-((de/m )**2) 
c-(2*gamat)/(delro*g) 
b -dsq  rtC (dabst beta )*c ) /2 ) 
write(6.119)filename 
formaiC/./' NAME OF FIEF. -  '.a 15) 
write(6.120)p
fo rm a tt / ’ PHOTO # -  .f 10,6) 
write(6.122)m
formatC MAGNITUDE - \ f9 .5 )
write(6,124)de
formatC De - \ f 8 .4 )
write(6.126)ds
formatC Ds - \ f 8 .4 )
write(6.12S)s
formatC S - \ f l 0 . 6 )
write(6.130)h
formatC 1/H - \ f l 0 . 6 )
write(6.132)t
formatC TEMPERATURE - \ f6 .2 )  
w r ite(6 ,134 )delro
formatC DENSITY DIFFERENCE « \ f 9 .5) 
write(6.136)g 
formatC G - \ f 6 .2 )  
write(6.138)e
formatC (D e/M )M2 - \ f l 0 . 6 )
write(6,140)garoai
form att TENSION - \ l p e l 2 . 5 )
writet6.142)c
formatC CAPILLARY CONSTANT - \ f l 0 . 6 )
write(6,144)beta
formatC BETA - \ f l 0 . 6 )
write(6,146)b
formatC RADIUS b « ',f l0 .6 )  
return
filename-blank
return
end

subroutine order(x.y.kcount.filename)
implicit real*8(a-h.m,o-z)
dimension x( 1500).y( 1500)
character* 15 filename
kct-kcount/2
do 9 k k - l .k c t
a t tem p lx -x (k k )
a t te m p ty -y (k k )
x (k k V x (k co u n t+ l-k k )
y( kk ) -y t  kcount+1 -kk )
x( kcount+1 -kk )-a ttem ptx
y(kcount+l -k k ) -a t te m p ly
continue
do 10 kk -1  .kcount
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y(kcount + kk)- y(kcount-kk)
x(kcounl + kk)* -xtkcouni-kk) 

1 0  continue
n2 -  2*kcount - 1 
openC 1 .file-fi lename) 
write(l,3)(x(i),y(i).i-l ,n2)

3 form att lx . lp e l6 .8 ,lx .e l6 .8 )
closet 1) 
return 
end



APPENDIX E

OPTIMIZATION PROGRAM TO CALCULATE 
THE INTERFACIAL TENSION AND VISCOSITY 

FOR THE LIGHT SCATTERING METHOD

c si2 e of array  x(400.3) was changed to x (400 .l)  to save space
c on 6/22/84
c channel 19.18,17.16 are being used at the present 6 /15 /84
cmain main - calling program for nonlinear least squares fit. 
c main program for utilizing the nonlinear least squares fitting
c procedure from bell labs, this program will read in the data and
c relevant program constants, determine the appropriate statistical 
c constants ff and t. call nllsq. and determine the nonlinear
c condidence limits with phi minimized if final printout option
c narray(6) -3 .  narray(3) contains the # o f  parameters and b(2) 
c contains the value of the parameters 

double precision a.sa 
character*]5 filnam.blank.fitfil 
character*l iansdbl.chkopen 16 
com m on/blkl/b(20),p(20),re.n ,m .k 
common/blk2/a( 40.20).sa(20).k2 ,ik 
common/blk4/a],delia,e.ff,gamcr.l.lau,zeia,phi,se.phicr 
common/sblk 1 /temp.nf 21 .kend .chkopen 16 ,clbi 
common/sblk2/filfil.filnam. blank
dimension x(400.1 ).y(400).narray(8),array(8).res(400).ib(20)
character*4 ichadumt 16).ichary(2060)
dimension idum( 16),iy(2060),bres{20),sdb(20,4)
equivalence (idum( 1).ichadumt 1)),(iy( 1 ).ichary( 1))
data b lank/' 7 ,k en d /999/
data ichadum ' ( ) T .  ^YS .^Y S '.bV T Y fi’. ^YaYb'.

1 V , dVeVfV 
cntflg=0 
u rite(6.26)

26 lormatf write the number of parameters C1/2): *.$)
read (5,* )narri
w nie(6 ,27)narri

27 format(i3) 
write(6.29)

29 fo rm at( / '  printout of selected data points (y /n ):  ,S)
read(5.*)ians
write(6,30)ians

30 form at(a2)
if( ians ne. 'y‘)ians»'n'
narri-narri+2
ikk -6
if ( narri.ne.3)narri«4
call redatlCclbt.ichn5.ikk.cniflg)

157
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32 continue
goto 36 

36 narray (3 )-narr i
narray(2)« l 
narray(4)«0  
n a rray (5 )-0  
n a rray (6 )-0  

c the narray(7) stores the ou tpu t channel 6 
narray(7)« ikk  
n a rray (8 )-30  
do 44 j«1.8 

44 array (j)-0 .0
m -narray (2 )  
k -n a rray (3 )  
ip-narray(4) 
ik-narray(7) 
iflag-0 
do 51 j - l .k  

51 ib (i)-0
if(narray{6).ne.3)goto 55
narray (6 )-2
iflag-1

55 continue
call redai2(filnam.blank) 
iftfilnarone. blank )go to 57 

58 write(6,56)
56 fortnatO 

if(chkopenl6.eq.'y')c]ose( 16) 
stop

57 open( 19,file-filnam) 
rewind 19
read(19.60)(ichary(j). j - 1,2050)

60 fo rm at(70a l)
close( 19) 
do 71 j - 1.2050 
do 67 k-1 ,16
if(isign(iy(j),idum(k)).ne.iy(j))goto 66 
if ( iy ( j)- idum (k ))66 ,70.66

66 continue
67 continue 

wrile(6,69)j
69 formatC error\i5 )
70 iy ( j)»k -l
71 continue

do 90 j-50 , 2045. 5
ichar-iy(j+ l)*4
le m p -0 . 1+fioa I ( i y( j+2 ) ) /4 ,0
i iem p l- in t( tem p )
itemp2-iy(j+2)-4*itempl
ichar-ichar+itempl
if( ichar.gt.3l)ichar-ichar-64
char«2.0**ichar
ilemp2-iiemp2 * 128
ilemp2-8*iy(j+3)+itemp2
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temp-fl oa t( i y ( j+4 ) ) /2 .0+0.1 
iterop3-inl(lemp) 
itemp2-ilerop2+iteinp3 
if(itemps2.gt.255)itemp2-itemp2-512 
amanl-floal{ itemp2 )/256.0 
k-int(float( j)/5.0-8.9) 
if(iy(j+5).eq.4)goto 90 
write(6.69)j 

90 y(k)-am ant*char
j -0
tem p-0 . l+float(iy( 7 ))/4 .0  
i tem p l- in t( tem p) 
itemp2-iy{ 7)-4*itempl 
i lem p l- i tem p l +4*naod(iy(6),2) 
if(ilemp2.eq.0)freq-1.0 
if(ilemp2.eq.l )freq-2 .0  
if(itemp2.eq.2)freq-5.0 
if(itemp2.eq.3)write(6.69)j 
f req -f  req*( 10.0** i te m p l) 
irange-int(freq)
call redat3(irange.nstart.nstop.ichn5) 
narrayf 1 ) -ns iop-ns tart+ l 
n - n a r r a y t l ) 
n f2 1 -n  
do 108 j - 1 .n 

108 y ( j ) -y (n s ta r t+ j- l )  
yminpw«9.0e20 
y m axpw -0  
do 117 j - l ,n
xCj.l )-f loat(nstari+ j-l )*freq/400.0
ym inpw -am in l(ym inpw .y (i))
if(ymaxpw.ge.y{j))goto 117
ym axpw -y(j)
x m a x p w -x t j . l )
in d - j
ichnn-nstart+j-1 

117 continue
w riie(ik ,l 19)xmaxpw.ymaxpw.ichnn 

119 formatC/.’ peak f r e q -  18.2.3x,'max.power- ' . lpel4 .7 .3x.
1 ‘channel # -  ’.Opi4)

b( 1 )-ymaxpw 
b(2)-99.9e30 
b(4 )«99.9e30 
b(3 )»ymaxpw-yminpw 
call scaltr(xmaxpw.power.b(4).b(2),x,ind) 
if(filnam.eq.blank)goto 58 

c compute statistical constants IT and t 
d f  l -n a rra y (3 )-n a rra y (4 )  
d f2 -n a r ra y ( l  )-narray( 3)+narray(4) 
if(array(4).ne.0.0)golo 135 
array{4)-qfdis( ,6826 .dfl,d f2)

135 if(array(6).ne.0.0)goto 138 
array(6)-q td is( .8413,df2) 

c call nllsq fitting procedure
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138 call nllsqCy.x.b.res.narray .array .ib)
c final printout 

jp -4
w rite ( ik .l42 )

142 f o r m a l ( / ' ----------------final values---------------- ')
rph i-ph i/(n -k+ ip) 
dev -0 .0
filnara-'exp.dat'
call redat4(filnam.ichn5)
fitfil- 'fit.dat'
call redat4(fitfil.ichn5)
open( 18.file-filnam)
open( 17,file-fitfil)

152 do 164 i«l,n
call mode 1( f.y.x.res.i.jp) 
if(fi Inameq.blank )goto 58 
xx-100.0*{y(i)-f ) / f  
dev-dev+xx*xx 
xx-float( i+ ns ta r t-1) 
writeC 18,163 )x( i. 1 ).yCi) 
w rile ( l7 .163 )x (i . l) . f

163 format(2( lx ,e l3 .5 ))
164 continue 

close( 18) 
close( 17)

168 dev-sqrtCdev/n)
writeC ik. 170)rphi.dev 

170 formatC/' reduced chi squared- 'f  12.7.5x.'rms %  deviation- 'f  11.6)
kend-2
call scattrC free.power,b(4 ),b( 2) .x ,ind) 
if(filnam.eq.blank)goto 58 
kend»0 
x m in - x ( l . l )  
xroax-xCn.l) 

c write(6,183)
cl83  formatC/' do you wish a printout for selected

& data points? (y /d ) ')  
c read(5,185)ians
185 fo rm a t ia l )

ifCians.ne.’y')goto 204 
writeC6,l88)

188 formatC/,’ every',5h n 'th . ' data point will be printed. n« ',$)
readC5 *)hold 
ilemp-ifix(hold) 
writeC ikk.*)i temp 
w rite ( ik .l93)

193 f o rm a l( / . l  Ox.'residual-(dau-fil)*sqrtC weight) ',/)
write(ik,195)

195 formatC/.3x,'i‘.7x,'x(i,l ) ',10x.'x(i.2)M 0x,'x( i.3)’,
& 1 Ox,'data Ci)',10x.'fit(i)'.7x.'residual(i)',5x,
& 100C d-f)/f)  

n k -0
do 202 i- l .n . i tem p  
call modeK f.y.x .res.i.jp)
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if(filnam.eq.blank)goto 58 
xx-100.0*(yO )-f)/f

202 writeGk.203)i,xG.l).xG.2).xG,3).yG).f.re.xx
203 formatf Ix.i3.1p7el6.5)
204 continue 

ifGflag.ne.Ogoto 260
c determination of nonlinear confidence limits with phi minimized 

nariayf 4 )-narray (  4)+1 
ip«narray(4) 
if(ip.ne.k)goto 213 
writeGk .211)

211 fo rm at(// .2x ,‘no further confidence limits possible )
goto 260

213 continue
do 220 i«l.k 
do 217 j“ l . ip  
if(ib(j).eq.i)goto 220

217 continue
ibGp)*i
goto 221

220 continue
221 n arrav (5 )-0  

narray(6)»-l 
do 224 j-1 ,k

224 bres(j)-b(j)
ihold-ib(ip) 
ste-sa(ihold)*se 
fkw-k-ip+1 
h jld «sq rt( fT*f k w )* sle 
e p s2 -h j ld /2 .0 
writeGk .231 )ib(ip)

231 form at(// .2x . nonlinear confidence limits, phi minimized'.
& //.2x.'parameter to be incremented - ',i4 .// ,2x .5h  para.6x.
& 8h lower b.Sx.lOh lower phi.10x.8h upper b.Sx.lOh upper phi) 

do 259 1-1.4
b( ihold )-bres( ihold)+eps2 
do 245 l a - 1.3.2
call nllsqt v.x.b.res.narray.array,ib) 
do 241 lb-1 .k 
sdb(lb.la)-bClb) 
sdb(lb.la+l )-phi

241 continue
do 243 lc - l .k

243 bOc)-bres(lc)
bGhold)-bresGhold)-eps2

245 continue
eps2-eps2+hjtd/2.0 
do 255 i- l . l t
if(sdbG.l ).le.sdtu.3))goto 255
save-sdb(i. l)
sdbG.l )-sdb(i,3)
sdb{i.3)-save
save-sdbG.2)
sdbG,2)-sdb( i,4)



sdb(i,4 )-save
255 continue

do 257 j-1  ,k
257 w rite(ik .258)j.(sdb(j,i). i-1 .4 )
258 form at(4x.i3 .1p4el6 .5)
259 continue
260 continue 

w rite(6,262)
262 form atC  ---------------------------------------------------')

goto 32 
end

c com putation of the statistical constants ff and t 
function q fd is(p rob .d fl.d f2 ) 
external fdens 
com m on/blk6/vf .wf.bf 
b f-b f  eta{ df 1 /2 ,0 ,df 2 /2 .0) 
q f-1 .0  
p fo ld-0 .99  
a -0 .0
v f -d f l
w f-d f2
del-0.001
ao ld-0 .0
n-1000
ep s l-0 .0005
ep s2 -l .0

281 area-sfim ps(a.qf.n .fdens) 
pf-aold+area
if(p f-p rob .g tepsl )goto 287 
if(prob-pf.gt.epsl )goto 293 
q fd is-q f 
return

287 if(pfo ld .lt.p rob)eps2-eps2/2 .0
qf-qf-eps2  
n -(q f-a )/d e l 
if (n .lt . l0 )n -1 0  
p fo ld -p f 
goto 2 6 1

293 if(pfold.gt.prob)eps2«eps2/2.0
a -q f 
ao ld -p f 
qf-qf+eps2 
n -(q f-a )/d e l 
if(n .U .1 0 )n -10 
p fo ld -p f 
goto 281 
end
function fdens(x)
com m on/blk6/vf ,wf .bf
if(x.le.0.0)goto 314
v h -v f/2 .0
w h -w f/2 .0
r-vT /w f
fdens-(r**vh)/b f
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e-(v f-2 .0 )/2 .0
fdens-fdens*(x**e) 
e—(v f+ w f)/2 .0  
fdens-fdens/(( 1,0+r*x)**e) 
retu rn

314 fdens-0 .0  
return  
end
function sfim ps(a.b.n.f) 
external f 
tw o h -(b -a )/n  
h -tw o h /2 .0  
sum f 1 -0 .0  
sum f2 -0 .0  
do 326 k - l ,n
i-a+ float( k-1 )*twoh 
sum f 1-su m f 1+f(x) 
sum f 2 -su m f 2+f(x+h)

326 continue
sfim ps-(2.0*sum fl+4.0*sum f2+f( b))*h/3.0
return
end
function b fe ta (v l,v 2 ) 
num b-1000 
as ta r t-0 .0  
bend-1 .0
tw o hb-(bend -astart)/num b
binc-tw ohb/2 .0
sum e-0.0
sum m -0 .0
u l - v l
u 2 -v 2 -1.0
do 350 ld o -l.n u m b
varl-astart+floatC  Ido-1 )*twohb
var2 -varl+ h inc
eta-( 1,0 -varl )**u2
eta-eia*C v arl **ul)
sum e-sum e+eta
e ta-( 1,0-var2 )**u2
eta-eta*( var2**u 1)

c ---------------k —  6 /13 /83  included.
if(eta.lt.3.0e-37)goto 351

350 sum m -sum m +eta
351 bfeia-(2.0*sum e+4.0*sum m )*hinc/3.0 

b fe ta -b fe ia* (v l+ v 2 )/v l
return
end
function qldis(om a.df2)
com m on/blk 7 /v t.lb
external tdens
prob-1,0-2.0*(1.0-om a)
q t-1 .0
plo ld-0 .99
a-0 .0
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v i-d f2
epsl-0 .0005  
eps2-0.2 
n - 100
lb -b te ta (d f  2 /2 .0 )
lb-1  b*0.5641896/sq r t(d f  2 )

368 p t-2 .0*stim ps(a.q t.n .tdens)
if(p t-prob .g l.epsl)goto  373 
if(prob-pt.g l.epsl)goto  377 
q ld is -q t 
re tu rn

373 if(p to ld .lt.p rob)eps2-eps2/2 .0
q t-q t-eps2  
p io ld -p t 
goto 368

377 if(ptold .g l.prob)eps2-eps2/2 .0
qt«qt+eps2 
p lo ld -p l 
goto 368 
end
function tdens(z)
com m on/b lk7 /v t.tb
b2-v t/2 .0+ 0 .5
tdens-tb /((1 .0+z*z/vt)**h2)
re tu rn
end
function stim ps(a.b .n .f)
externa] f
tw o h -(b -a )/n
h -tw o h /2 .0
su m tl-0 .0
su m t2 -0  0
do 397 k - l .n
x-a+ floal(k -l )*lwoh
su m tl- s u m tl  + fCx)
su m t2 -su m t2 + f(i+ h )

397 continue
stunps-(2 .0*sum t l+ 4 .0*sum t2-f(a)+ f(b))*h/3 ,0
return
end
function bteta(arg)
bteta-0.6065307*sqrt(arg)
bteia-bieia*( ((arg+0,5)/arg )**arg)
bieia«alog(bteia)-1.0/(24.0*arg*arg+12.0*arg)
bteta«exp( bteta)
return
end

cmodel model - computes value of the function and its partials 
subroutine m odeK f,yjt.res.i.jp) 
com mon/blk 1 /b( 20).p( 20),re,n.rn.k
com m on/m odonly/pw (400.10).slrb4C 10).strb2( 10),indclm.ncl 
dimension v( l) .x (400,1).rest 1) 
dimension pw (400,10,).strb4(10).strb2( 10)

c determ ine appropriate weight of i'th  data point
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c w eight is equal to the inverse of th e  rm s deviations in y (i) 
sigm a-0.03*y(i) 
w t«  1.0/sigma 

c com pute the function 
om ega-x (i.l) 
do 400 k p -l.n c l
if(strb2(kp).eq .b(2).and .strb4(kp).eq .b(4))goio  420 

400 continue
call scau r (omega, power ,b(4),b(2).x.i) 
kp-indclm  

420 continue
f-b (  l)*pw (t,kp)+b(3) 

c k f »b( 1 )*power+b(3)
c com pute the weighted residual 
422 re -(y (i)-f)* w t
c if(b (4 ).lt.0 .0 )re-re* (l ,0-b(4)+b(4)*b(4))

goto( 428.42 7.428.430), jp 
c re tu rn  jp -3  and the weighted function 
c for com putation of the partials by nllsq
427 jp -3
428 f - f 'w t

re tu rn
430 re s ti)-  re

re tu rn
end

PROGRAM SUBROUTINE TO INITIALIZE THE APPROPRIATE 
PARAMETERS AND TO CALL THE THEORETICAL POWER SPECTRUM OF 
THE SCATTERED LIGHT.

subroutine scaur(om ega.pow er.b4.b2.x.indrow ) 
character* 15 fitfi 1 .fiInam.blank.card.an 
ch arac te r^  clbl.chkopenlb
dimension w t(400).x( 400.1 ).pw (400.10).strb4( 10).strb2( 10) 
com mon/pass/ichn]
com m on/sb lk l/tem p,m nt.kend.chkopenl 6,clbt 
com m on/sblk2/fitfil.filnam .blank 
com m on/instr/ahw ins.ndellq .istepq
common/mod on ly /pw (400,10).strb4(10).sirb2(10).indclm .ncl 
data ztw opi/6.2831853e0/.2/0.e0/.istepq/l/.w t/40O * 1 .0 /.ncl/10 /

c
30 if(c lb t.ne .'y ‘.and.kend.eq.2)goto 129 

if(clbt.eq.’y '.and.kend.eq.2)goto 112 
tf(b4.1t.99.9e30.and.b2.1t.99.9e30)goto 61

c
c-----reading sequence is first line data filenam e--------------
c-----second line is lem p.denl .viscl.den2,visc2,inlerf. tension.ID  #----------
c-----th ird  line refractive index, incident angle, d value, 1 v a lu e -------
c-----(see below in subroutine qvalue for belter definition) ---
c
c ichnl refers to the output channel 6, the same channel as nnlsq 
c and the mam program ou tpu t channel 
c record.dat is a file which ou tpu ts in channel 1



c --------------------  initialization procedure ------------
w rite(ichnl,15) 
call system ("date") 
writeCichnl.15)

15 fo rm a lf/./)
ichn5-5 
w rite(ichnl.25)

25 fo rm at(/,' input values fo r : ',/ , ' temp., den.1. vise.1,
& den.2. vise.2. interfacial tension and an '. / )  

read(ichn5 *)temp.den 1 .vise 1 ,den 2 ,visc2 .tenson ,an 
writeC icbnl.27)an,tem p .d e n i. vise I.den2,visc2,ten son 

27 form at(/* data # -  ' .a 15,/,3x ,'tem pera tu re- ',f7 .2 ,3x .density  
& phase one- '.f7 .4 ,/.' viscosity phase one- ' . l p e l l  4,3x.
& ‘density phase tw o - ',Opf7.4,3x,/.' viscosity phase tw o -  * 
& 1 p e ll .  4.3x .'tension- \ e l l .4 )  

zscale-1.0e20 
b4-visc2 
b2-tenson 
do 39 ii—1.10 
strb4(ii)-999999.0  

39 strb2( ii )-999999.0 
n j-0  
n k -0  
icount-0  
an-filnam
if(clb i.eq .'T )ndeltq -0  
irngeq-2*iabs(ndeltq)+l 

c In the initialization of the parameters:
c If the second density is 0. The calculation assumes the conditions 
c a t a critical point (w here the kinematic viscosity of both 
c phases are equal).
c If the first density is 0. the calculation assumes an air-liquid 
c surface (assuming the kinematic viscosity of both phases are 
c equal and the upper phase viscosity is neglegible). the zero 
c entries m ust be the first density and viscosity 
c the following conditions w ill result in an error in input data 
c for subroutine interf. 
c 1 both densities have a 0.0
c 2 the second viscosity have 0.0
c 3 the first viscosity and the second density have 0.0

ca rd - 'o k ’
if(den2 .eq .0 .0kard -'c rit' 
if (deni ,eq.0.0)card-'air' 
if(den2 eq.z.and .den 1 .eq z )card - erro r' 
if(visc2.eq.z)card-'error' 
if(den2 .eq.z.and. viscl .e q .z k a rd -’error' 
if(card.eq.'error' )w rite(6 ,52 )den2 .deni ,visc2.vise 1 

52 fo rm a t(/‘ the value of den2 is \f6 .4 ,' of d en i is ’.f6.4.
& / '  of visc2 is .f6.5,' and of viscl is \f6 .5 )  

call qvalue(centeq.ichnl.ichn5)
if((den2.1e.z.and.deni.le.z).or.visc21e.z.or.(viscl le.z.and.

& den2.1e.z).or.tenson.le.z.or.centeq,le.z)goto 141
c
c ------------- the instrum entations! w idth is b4 -------------
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if(ahwins.ne.O.O,and.clbt.eq,'y )b4-ahw ins
goto 67

c
continuation process » » - - - - - - - - - -

ck61 do 62 indclm -1 .10
ck62 if(b4.eq.strb4(indclm ).and.b2.eq.strb2(indclm ))gotol07
c
c   spectral linew idth calibration p ro c e s s -------------
61 continue

if(clbt.ne.’y')goto 70
ahw ins-b4
tenson-b2

67 if(ahwins.ne.O .O)hwins-ahwins
goto 72

c
c —  interfacial tension and viscosity optim ization process —
70 tenson-b2

visc2-b4 
72 if(icount.eq .l0 )icount-0

icount-icount+1
strb4(icoun t)-b4
strb2(icoun l)-b2
indclm -icount
if(b4.ge.0.0.or.b2.ge.0.0)goto 74 
pow er-1 .Oel 2 
do 73 k k - l ,n in t 
pw (kk .icount)-0 .0

73 continue 
return

74 if(clbt.eq.Y )goto 81
c
c —  the instrum ent function of the spectrum is a --
c —  lorentzian squared function ----
c — ndeltq is the range of q values taken for ca lcu la tio n ---------
c — centered at centeq.

do 80 in-1 .irngeq.istepq 
d q l-flo a tf  in -1-ndeltq ) 
d q l-a b s (d q l)
w ti-1 .0 /(d q  l*dq 1 /{hwins*b w ins)+1) 
w t i-w ti*w ti

80 w t(in)-w ti*zscale
81 continue 

nk-nk+1
if(nk.ne.25)goto 86
n k -0
nj-nj+1
w rite(6.85)nj

85 form at(2x ,i3)
86 continue

call interffw t.pw .x.icount. irngeq.istepq .ndeltq .centeq.
Sl tem pi .tenson.deni ,den2 ,visc 1 .v isc2 ,ichn 1 .yk .tau .card)

107 pow er-pw ( indrow .indclm )
if ( omega.ne. x( ind ro w. 1 ))w rite(6 ,109 )omega,x( in d ro w .l)

109 form atC frequency of \lp e1 2 .5 .’ does not m atch \e l2 .5 . ' stop
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A the program ’) 
re tu rn

112 if(chkopenl6 .eq .‘y')goto 250
call ioinil(.false...false.,.true..” ,.false.)
openC l6,file-'record.dat’)
ch k o p en !6 - 'y ‘

250 w riie( 16,120 )fitfil.tem pi .den 1 .viscl ,den2.visc2,tenson .centeq.
A b 4 .n d e liq .x (l,l) .x (n in t,l) .a n  

w r i teC ichn 1.120 )fi t fil.tem p 1 ,d en 1, v isc 1 ,den2. visc2 .tenson .cen teq . 
& b 4 .n d e ltq .x (l.l) .x (n in t,l) .a n

zm inwgt -  w t(im geq)/zscale * 100.0 
w rite(ichnl.l 19)yk,tau,clbt 
w rite(ichnl.l30)zm inw gt 
writeC 16.119)yk.lau,clbt 
w rite(16.130)zm inw gt

119 formatC3x‘y v a lu e- ‘.el3  6.3x. tau value- \e I3 .6 .3 x ‘clbt« '.a l)
130 form atC  percent of the lowest inst. weight contribut. -  '.lp e l3 .6 )
120 fo rm atC //lx .a l5 .3 x .‘tem p- '.f7 .2 .3x.‘d e n l -  ,f7.4.3x.‘v isc l-  

& lp e l0 .4 ,/ ,‘ den2- ',0pf6.4.‘ v isc2- ‘.lp e l 1.4,3x.’tension-
A lp e ll .4 .3 x ./ . ' q -  ‘.OpfS.S,' instrum ent function -  ’.lp e l 1.4,
& 'q spread- ‘.0pi3./,’ inti f req .-  ‘,lpel0 -4 .‘ final freq .-  ‘.
A el0.4.2x.'file« \a l5 )  

kend -0  
return

129 if(chkopenl6 .eq.’y')goto 260
call ioinit(.false...false...true..“ ..false.) 
open (16 ,fi le - ‘ record .dat *) 
ch k o p en l6 -‘y ‘

260 w r iteC 16.120)fitfi 1 .tem pi .den 1 .vise 1 ,den2 ,b4 ,b2 .centeq .h w ins.
A ndeltq.x( 1,1),x (n in t.l),an  

writeC ichnl. 120 )fit fi 1 .temp 1 .den 1, v isc 1 ,den2 ,b4 ,b2 .centeq ,h w ins.
& n d e ltq .x (l.l) .x (n in t.l) .a n  

writeCichnl.l 19) yk.tau.clbt 
w rite(l6 .119)yk .tau .c lb t 
k end -0  
retu rn

141 writeC ichnl, 142 )
142 form atC/' error in the scattering subroutine input ) 

filnam -blank
retu rn
end

c ccc ****** ***** ***** ***** ***** ***** *****
subroutine interfCwt.pw.x.icount.irngeq.istepq.ndeltq,centeq.

& l.tenson.denup,denlr, viscup. visclr.ichnl.realy.tau.card) 
character*! chkopenlfi.clbt 
character’s  card
dimension w t( l ).pw (400.l),xC 400.l) 
com m on/sblkl tem p.nint.kend.chkopenl6.clbt 
complex y.s.am .am u.coeffl.coeff2.slterm  
complex s2term.ds.one 
double precision ztwopi.boltz
data ztw opi/6.28318530717959d0/.boltz/1 .38066d-16/.z/0 .e0/ 
data zpi/3 .141592/
iff card.eq.‘c r it‘)denlr-denup/viscup* visclr



if(card.eq.'air‘)viscup-visclr*1.0e-15 
if(card.eq.'air‘)denup-den]r* 1 .Oe-15 
t-lem p+273.16 
g-980.0
sumden-(denup-t-denlr) 
sum vis-( viscup+visclr) 
one-cm plx( ] .0.0.0)
r-(v isc lr/d en lr  - v iscup/denup)/(sum vis/sum den) 
an-2*sum den/(sum den+r*denup) 
anu-2.0*sum den/(sum den-r*denlr) 
an2-(denlr**2-denup**2+2*r*denlr*denup)/(sumden**2) 

c & & & & & & & &  & & & .& & & &  
fm ax-0 .0  
pm ax-0 .0  
p m in -le3 0  
aq -0

60 do 100 irow -1 .nint
w -ztw opi*x( irow .1)
p2«0

c aq m ust be 2 ero if c lb t-  Y  or theoretical calculation only w ithout 
c instrum ent function.

do 99 in-1 .irngeq.istepq 
aq-float( in -1 -ndeltq ) 
q-centeq+aq 

c Theoretical equation follows from  here.
alphaq-tenson+abs(denlr-denup)*g/(q*q)
tau-sum den/(2*sum vis*q*q)
realy-alphaq*sum den/(4*sum vis*sum vis*q)
y«cm plx(realy,0.0)
reals— l*w*tau
s-cm plx(0 .0 ,reals)
am -cm plx(l.0 ,an*reals)
am -csqrt(am )

ck w rite(6.70)am
ck70 form atC  sqrt of am - M p el2 .5 ,3x .lpe l2 .5 )

am u-cm plx( 1.0.anu*reals) 
am u-csq rt(am u) 

ck w rite(6.76)am u
ck.76 form atC sq rt am u - '.e l2 .5 .2x .e l2 .5 )

coeff 1 - ( visclr*(am -one)-viscup*(am u-one))
coeff 1 -coeff 1 /(visclr*(am +one)+viscup*(am u+one))
s 1 term —an2*coeff I *s
coeff 1 -vise lr*(am*am+one)+viscup*(am-one+amu*(am+one)) 
coeff 1 -denlr*coeff 1 /(am -one)
coeff2-viscup*( amu*amu+1 )+visclr*( amu-one+am*(amu+one))
coeff2-denup*coeff2/(amu-one)
coeff 2-(coeff 2-*-coeff 1 Vsumden
coeff2-coeff2/( visclr*(am+one)+viscup*(amu+one))
s2term-coeff2*s*s
ds -y + s 11 erm+s21 erm
tests-cabs(ds)
if(lests.ge.l.d-30)goto 80
wrile(ichnl.381 )

381 form atC error imaginary absolute value too small, pow er-0  )
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om ega-w /ztw opi
w rite! ichnl,384 )omega 

384 fo rm at!' frequency- \lp e l4 .7 ,4 x .’p o w er(w )-0 ‘)
pw( iro w .icount )-0 .0  
goto 60 

80 d s - l /d s
zim -aim ag(ds) 

c coeff3-realy*boltz*t
c coeff3«coeff3/(alphaq*q*q*2pi*w)

coeff 3-realy/(alphaq*q*q*zpi*w) 
pp-coeff3*zim

p2-p2+w t( in)*pp
99 continue 

pw (irow .icount)-p2 
pm in-am in l(pm in .p2) 
pm ax-am ax 1 (pmax ,p2 )

ck if(pm ax.g t.p2)fm ax-x(irow .l)
100 continue

del lap-pm ax-pm  in 
do 106 n n - l .n in t
pw (nn .icoun l)-(pw (nn .icoun t)-pm in)/deltap  

106 continue 
re tu rn  
end

c c c c ------------------------------------------------------------
c c c c ------------------------------------------------------------
c the equation for q is q*q -  k*k[sin(refltd angle)**2 + sin(scatl 
c angle)**2 - 2sin(refltd ang)e)*sin(scatt angle)*cos(phi)] 
ck To avoid num erical roundoff error the determ ination of 
ck q wavevector is done in double precision form 8/30/84

subroutine qvalue(centeq.ichnl.ichn5) 
implicit real*8 (z) 
equivalence (centeq 1 .zcenteq) 
data zp i/3 .14159265358979/

ck  wavelength of an helium-neon laser in cm -
zwavel- 6.328d-5 
zphi-O.OdO 
writeC ichnl.172 )

172 form atC/.' refr. angle dist length q ')
174 read(ichn5.*)zrefr.zangle.zd.zal

zainang-(zangle)*zpi/180.0d0 
za-sin(zainang)/zrefr 
zreangl-asinCza) 
z lheia0-zp i/2 .0  - zreangl 

ck For values of q the reading sequence is refr-refractive  index, 
ck angle- angle of incident of the reflected beam 
ck norm al to the cell w all in the air 
ck medium, d -  distance from the pinhole to the 
ck center of the beam, al-d istance from the cell to the phototube, 
ck distance d measured from the reflected beam tow ard the normal 
ck of the reflected plane is taken as a positive distance, 
ck T hat from  the reflected beam to the incident plane is 
ck taken as negative distance. 8-12/84 

zc--zd/zal
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zd th e la - zc*cos(zainang)/{zrefr’cos(zreang 1)) 
zvectrl-2.0*zpi*zrefr/zw avel 
zsangle-zthetaO+zdtheta 
zascat«sin(zsangle)*sin(zsangle) 
zreflct-sin(zthelaO)*sin(zthetaO) 
za ph-2.0*sin( zsangle )*sin( zthetaO)*cos! zph i) 
zcenteq-zveclr]*2 vectrl*(zascat+zreflci-zaph) 
zcenteq-sqrt!zcenteq) 
centeq * centeq 1
w rite(ichn3.192) zrefr.zangle.zd.za 1 .centeq

192 form at(lx .f6 .4 .2x.f6.3.2x.f6.3,2x.f7.3,2x.f7.3)
re tu rn  
end

c s m s s  ssssss s$ss$ u s m $
subroutine redatl(clbt.ichn5,ikk,cntflg)
common/pass/ichnl
character*! clbt
if(cntflg.ne.O)goto 270
cnlflg-entflg+1
ichn l-ikk
ichn5-5

264 w rite(6,265)
265 fo rm at!/' calibrating spectrum  Cy/n/l): *.S)
257 read(ichn5.267klbt
267 fo rm at(a l)

ifCclbt.eq." 'k l b t - ’n' 
w rite(ichnl.271) clbt

271 fo rm at(a l)
if!clbt.eq.'y \or.clbt.eq.'n '.or.clbt.eq.Y )goto 270

258 w rite(6.259)clbi
259 formatC the calibration spectrum!y/n/t) w as',a2 ,

& ' type the correct sym bol '.$)
goto 257

270 continue
call instpar(ichn5.clbt)
return
end

c # # # # # # # * #  $$$$$$$$$ &&&&&&  MMMWM
c if the calculation is theoretical nde ltq -0  and a h w in s -1

subroutine instpar( ichn5.clbt) 
com m on/pass/ichnl 
common /instr/ahw ins.ndeltq .istepq 
character*1 clbt 
n s -0
w rite(6.200)

200 fo rm at!/' type spread of q value and instrum ental w idth: ')
read! ichn 5. * )ad q .ah w ins 
if(clbt.ne.Y )goto 190 
ah wins* 1.0 
ndeltq -0
w rite(ichnl,210)ndeltq  .ahwins 
retu rn

190 ndeltq-ifix(adq)
write! ichnl .210 )ndeltq .ahwins
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210 forroat!2x.i5,4x,f7.2)
209 if(m od(ndeltq.istepq).eq.O)goto 213

ndeltq-ndeltq+1 
ns-1  
goto 209

213 if(ns.eq.l )w rite(ichnl.214)istepq,ndeltq
214 fo rm at!/' q spread has to be m ultiple of selected spread

& is ',i4)
retu rn
end

c # # * * # * 0 0 *  & & & & & & ............)!!!!!!»!!!
subroutine redat2(filnam .blank)
com m on/pass/ichnl
character* 15 filnam,blank
ichn5«5
w rite(6.245)

245 fo rm a t(//, ' w rite the file name for the data pis: '.$)
read(ichn5.238,end-242)filnam  

23S fo rm at(a l5 )
239 w rite! ichnl,240)filnam
240 fo rm at(3x ,a l5 )
241 re tu rn
242 filnam *blank 

return
end

c %%%%  %%%%% %%%%%% %%%%%% %%%%%%%%%%  
subroutine redai3(irange.nstartc.nstopc.ichn5) 
common /pass/ichnl 
character* 1 slcln 
w rite! ichnl.285 )irange 

285 fo rm a t!/,‘ range of the spectrum is ',i6)
w rite! ichnl,287)

287 fo rm al!' type starting  and last frequency: \S)
c
c **** nstartc and sttop  are the minima and maxima frequency or channels 
c **** slcln is given a value of c if it refers to channels default are 
c **** frequencies
297 read(ichn5.*)start.sttop 

w rite! ichnl.298 )start.sttop
298 form at(2x .f 10.2.4x.f 10.2) 

s lc tn - 'n '
299 if(slc tn .ne.'c ')nstarlc-ifix(start*400/irange) 

iftslc tn .ne.V  )nstopc -  ifi x ( st t op*400/irange) 
if!slctn .ne.V )w rite!ichnl.302 )nstartc .nstopc

302 form atC starting channel « \i5 .' last channel- '.i5)
311 re tu rn

end

subroutine redat4!outfil.ichn5) 
cbaracter*15 outfil 
com m on/pass/ichnl 
w rite! ichnl,317)outfil 

317 fo rm at!/.' file name for \a l5 .2x .$ ) 
read!ichn5.320)outfil
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w rite( ichnl. 321 )outfil
320 fo rm al(a l5 )
321 fo rm at(2x .a l5 ) 

retu rn
end

c &&&&&,&&& &&&&&&&& Sl&SlScA A A  & & & & & &  &.&&&&&
c ib is is a line by line description or the sequence of data 
c th a t the program reads either from the term inal or from  a file, 
c line comment
c 1 num ber of param eters, 1 or 2, to be optimized
c 2 selected ou tpu t on the term inal? y or n
c 3 calculation for calibration or w ith instrum ent
c 3 function or only theoretical equation w ithout any
c 3 instrum ent function involve (y . n. t)
c 4 spread of q value and the instrum ent half w idth value
c 5 name of the data file
c 6 range in frequency which the program w ill try  to optimize
c 6 minimum frequency, maximum frequency
c 7 data needed for calculating the theoretical model these are:
c 7 temp. ,den. 1, vise. 1. dens. 2. vise. 2. interf. tension,
c 7 and few characters ( <15) for personal reference.
c 8 data needed for the calculation of the ripplon's wavevector these are
c 8 refractive indx.. measured angle from the horizontal in the
c 8 air. distance from  the main beam to the pinhole in cm..
c 8 distance from the cel) to the photom ultiplier in cm.
c 9 file name for the ou tpu t of the experimental data.
c 10 file name for the output of the theoretical data.
c 10.1 if line 2. selected output, is typed y then a value
c 10.1 m ust be inserted here to determine the output
c 10.1 at each ith interval.
c 10 go back to line 4 and so on
c the program ends when there in no other data file
c (line 4) to be read, or it reads a blank.
c
c
c
c
c 2 or 1 param eters
c n or y selected output on terminal?
c n or v or tin stru m en l function, calibration, theoretical (on ly) 
c 50 16.61 spread of q values and instrum ent function, (sigma) 
c 3pa7e21 input data file name
c 180 1 700 range of frequency to be optimized
c 23.0 .8573 .007618 .98044 .01660 2.5 pr3 data
c 1.4565 22.0 2.143 270.03 data 
c 3pa7e21b.exp exp output filename
c 3pa7e21bfit fit ou tpu t filename
c 3pa7e22
c 195 1400
c 23.0 .8573 .007618 .98044 .01666 2.5 pr3 
c 1.4565 22.0 2.143 270.03 
c 3pa7e22b.exp
c 3pa7e22b.fi t end of execution
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APPENDIX F

NONLINEAR LEAST SQUARE FITTING PROGRAM 
TO CALCULATE THE INTERFACIAL TENSION AND 
VISCOSITY FOR THE LIGHT SCATTERING METHOD

cnllsq n llsq  - non linear least squares fitting program 
subroutine nllsq{y.x.bb.res.narray.array.ibb) 

c nonlinear least squares fitting algorithm  by d w m arquard
c original program rew ritten by w  a burnelte btl July 1967
c narray contains program param eters array  contains statistical 
c constants set array  equal to O.for standard  set of constants
c m aximum num ber of param eters is 20 this may be changed by
c altering dimension statem ents and m atrix storing statem ents 

double precision a.sa.db.g.bs 
com m on/blk l/b(20),p(20),re,n ,m ,k  
com m on/blk2/a( 40.20). sa(20).k2.ik 
com m on/blk3/bs(20).db(20).g(20).k3 
com m on/blk4/al. delta, e.ff. gamer ,t,tau,zeta. phi. se.phicr 
com m on/blk5/ib(20).ip  
dimension y( 1 ).x( 1,1 ).res( 1) 
dimension bb(20).ibb(20) 
dimension narray(8).array(8) 
dimension const(8).sconst(8) 
equivalence(const( l) .a l)  
sconstl 1 )-0.1 
sco n st(2 )-l.e -5  
sconst(3)-5.e-5 
sconst(4)«4. 
sconst(5)-45. 
sconst(6 )-2 .0  
scon st ( 7)-0.001 
sconst(8)«l.e-31 
n -n a rra y  (1) 
m -n array (2 ) 
k -n a rray (3 ) 
k 2 -k  
k 3 -k
ip -n array (4 ) 
in tp -n array (5 ) 
ifp -narray (6 ) 
ik -n array (7 ) 
k ite r-narray ( 8) 
if(k iler.eq .(-l ))n a rray (8 )-0  

c which of the constants have been determ ined by user 
do 477 j-1 .8  
if(array(j).le.0.)goto 476 
co n st(j)-a rray (j) 
goto 477
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476 const(j)-sconst(j)
477 continue

if (k  iter. le.O)k iter-30  
if(ik .le .0)ik-6  

480 if(ifp .eq .(-l))go to  483
w riteG k.706)
w riteG k.679)n.k.m .delta,e.ff,gam er,t.tau.zeta.al 

483 do 486 j-1 ,k
bs( j) -b b (j)  
b (j)-b b ( j)

486 ib (j)-ib b (j)
call sum sq{phi,y,x,res)
Ij—0

489 if(lj.ge.kiler)goto 593
lj-lj+1 

c begin ljth  iteration
call new a(y.x.res)

493 if(a l.ll..ld -07 )go to  495
a l-a l/l.d + 0 1  

495 call scale
ph io ld -ph i 

c store m atrix
do 501 i - l .k  
ii-i+20 
do 501 j - l .k  

501 a(ii.j)-aG .j)
call solve

503 do 504j-1 ,k
504 b (j)-b s(j)+ d b (j) 
c com pute gamma
506 d d -0 .

dg-0 .
gg-0.
do 513 j- l  ,k
ifCsaf j).eq.0.d+00)goto 513 
gg-gg+g(j)*g(j)/(sa( j)*sa(j»  
dd -dd+d b( j )*d b( j ) *sa( j )*s a (j )

513 dg-dg+db( j)*g(j)
x l-sq rt(d d ) 
if(dd*gg.gt.O.)goto 518 

516 gam m a-0.
goto 521 

518 cgam -dg/sqrt(dd*gg)
w s-sq rt( 1 .-cgam*cgam) 
gam m a-57.2957795, alan2(ws,cgam )

521 call sum sq(phi.y.x.res)
522 if(phi.le.phiold)golo 524 

if(gam ma-gam cr)563.563.529
524 do 525j— 1 .k
525 b s(j)-b (j)  

if(gam m a.ll90.)goto  533
c gamma lambda test
526 if(al-l.d+00)533.589.589
529 al-a l* l.d+01
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call solve 
goto 503 

c epsilon test 
533 c a lle le s t( l)

goto (575,536).1 
c begin interm ediate ou tpu t routine 
536 if(inlp.eq.O)goto 489

w rite(ik  .678)
writeGk ,683 )lj.phi _al.(b(j).j»l ,k) 
w rite(ik ,685)gam m a,x l,(db (j).j-l.k ) 
if(in tp .eq .l)goio  489 
call new a(y.x.res) 

c store m atrix
do 546 i- l .k  
ii-i+20 
do 5 4 6 j-l .k 

546 a(ii,j)-a(i.j)
call gjr(m s) 
goto (549,489).m s 

549 if(intp.eq.2)goto 552
w rite(ik ,687) 
call p rin t 1 

552 call scale
write(ik,6 8 8 ) 
call print2 

c get m atrix  from  storage 
do 559 i- l .k  
ii-i+ 2 0  

do 5 5 9 j- l.k  
559 aG.j)-a(ii.j)

if(lj.ge.kiter)goto 593 
lj-lj+1 
goto 493 

563 do 565j-1 ,k
d b (j)-d b (j) '2 .d + 0 0  

565 b (j)-b s(j)+ d b (j)
c gamma epsilon test 

call eiesl(l) 
goto (579.569).l 

569 call sum sq(phi,y,x,res)
if(phio]d.lt.phi)golo 563 
do 572j—1 .k 

572 b s(j)-b (j)
goto 536 

c begin final p rin tout routine 
575 ifG fp.eq.G l ))goto 668

w rile(ik ,678) 
w rite(ik .689) 
goto 597 

579 if(ifp .eq .(-l))go lo  582
w rite(ik .678) 
writeC ik.690)

582 if(ifp.ne.(*l ).and.phio ld .lt.ph i)w rite(ik .707)
if(phiold.ge.phi)goto 587
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phi-pbio ld
do 586j-1 ,k

586 b ( j) -b s ( j)
587 if(ifp .eq .(-l))go to  668 

goto 597
589 if(ifp.eq.C-l))goto 668

w rite(ik .678) 
writeC ik ,691) 
goto 597 

593 w rite(ik .678)
wrileCik.692) 
n a r ra y (8 ) - - l  
if(ifp .eq .(-l))go to  668 

597 do 599j-1  .k
b s ( j) -b ( j)

599 bb( j)-b ( j)
writeC ik.683)1j.p h i.a l,(b (j) .j- l,k )  
writeC ik ,685)gam m a.x l.(db (j),j-l.k ) 
call new a(y,x,res) 
if(ifp .le .l)goto  618 
do 607 i-1 .k 
ii-i+20 
do 6 0 7 j- l .k 

607 aCii.jl-aCi.j)
writeC ik .693) 
call p rin tl 
call scale 
writeC ik,694) 
call print2 

c get m atrix from  storage 
do 617 i- l .k  
ii-i+20 
do 6 1 7 j- l  ,k

617 aCi.j)-a(ii.j)
618 call gjrCms)

goto (622.620).ms 
620 w rite(ik ,705)

goto 628 
622 if(ifp.eq.0)goto 625

w rjte(ik .695) 
call p rin tl 

625 call scale
writeC ik.696) 
call print2 

628 if(ifp.eq.O)goto 664
do 632 i-1 ,n 

c residual array  option satisfied here 
call m odeKf,y,x.res.i,4)

632 continue
c one param eter support plane com putations 

fn k w -n -k + ip  
if(fnkw.le.O,)golo 663 
fk w -k -ip  
se -sq rl(ph i/'fnkw )
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w rite(ik .697) 
do 634 i - l .k

c check for om itted param eters 
if(ip.eq.O)goto 645 
do 6 4 4 j- l .ip 
if(i.eq.ib(j))goto 653

644 continue
645 ste-sa(i)*se 

h jtd -sqrt(ff* fkw )*ste  
opl«bs(i)-ste*l 
opu-hs(i)+ste*l 
sp l-b s (i)-h jtd  
spu -bs(i)+ h jtd
w ritef i k ,700)i .ste .opl ,opu ,sp 1 ,sp u 
goto 654

653 w rite(ik .701)i
654 continue 

if(ifp .eq .l)goto  67]
c nonlinear confidence region calculations 

w s-fk w /fn k w  
phicr-ph  i*( 1.+ws*ff) 
w rite(ik .702)phicr 
call confrgty x.resl 
if(ifp .ge,0)w rite(ik ,706) 
re tu rn

663 w rite(ik .705)
664 if(ifp.eq.O)goto 67]
665 if(ifp.ge.0)w rite(ik.706) 

re tu rn
c retu rn ing  param eters w ith no output
668 do 669j-1 ,k
669 b b (j)-b ( j)
c residual array  option w ith no output
671 j-4

call modeKf .y.x.res.l .j) 
goto (665.665.665.674 ).j

674 do 675i=2.n
675 call model( f.y.x.res.i.j) 

if ( if p.ge.O)write( ik .706) 
re tu rn

678 fo rm at(/51h  xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx/)
679 fo rm at(/.lx .2 0 h n o  of data points is.i4,21h no of param eters is.

& i3,3x.30hno of independent variables is .i3 //.lx ,6 h d e lta -,]p e l2 .5 .
Sl 5h e-,e!5 .8 .6h  ff-.lp e l2 .5 .9 h  g am er-.Ip e l2 .5 ,/.lx .5 h  t - .
&  ]pel2 .5 .7h  tau«.1pel2.5.8h z e la - .lp e l2  5.6h a l- .lp e !2 .5  )

683 fo rm a t(lx ,//,1 9 h  no of iterations - .i3 .//.lx .5 h p h i - , lp e l2  '  4x,
& Shlam bda - .lp e l2 .5 ./ / ,lx .lO h p a ra m e te rs ,/( lx .lp 7 e l7 .5 /))

685 fo rm at(/.lx ,7hgam m a - .Ip e l2 .5 ,4 x .l4 h len g ih  of d b - .lp e l2 .5 / / ,1 x ,
& 20hdb correction v e c to r /( lx .lp 7 e l7 .5 /))

687 form atf lx / / .1 x ,l lh p tp  inverse)
688 fo rm at(lx //.lx .2 4 h co rre la tio n  coefficients)
689 form at(/.lx .27hconvergence by epsilon test)
690 form at(/.lx .33hconvergence by gamma epsilon test)
691 fo rm a tt / . lx .32hconvergence by gamma lambda lest)
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692 formatC//,!* ,1  Oh force off)
693 formatC lx / / , lx ,10hptp matrix)
694 formatC 1 x //,lx .2 8 b p tp  correlation coefficients)
695 f o r m a t ( lx / / . lx . l lh p tp  inverse)
696 fo rm at(lx //.lx .3 4 h p aram ete r correlation coefficients)
697 form alC lx//,12x.4h std ,18x .l5hone - param eter.22x,

& 13hsupport ptane/2x.4bpara.7x,5berror.l3x,
& 5hlow er, 13x ,5bupper, 13x .5blow er, 13x.
& 5hupper)

700 form at(2x,i3 .1p5el8 .5)
701 form at(2x.i3,5x.23hparam eter held constant)
702 fo rm atC lx //28h  nonlinear confidence lim its//15h  phi critical 

& 1 p e l2 .5 ,// ,5 h para,6x,8b lower b,8x,10h lower phi.
& 10x,8h upper b.Sx.lOh upper phi)

705 formatC/54h abbreviated output due to mathem atical 
& considerations)

706 formatC//)
707 form atC /.lx,49hcorrection vector for last iteration was not used) 

end
csumsq computes sum of squares 

subroutine sumsqCphi.y.x.res) 
c com putes sum of squares

dim ension y( l).x( 1.1 ).res( 1)
com m on/blk l/b(20),p(20).re ,n ,m ,k
double precision dphi.dre
dphi-O.d+OO
do 719 i - l .n
call modelCf.y.x.res.i. 1)
d re -re

719 dphi-dphi+dre*dre 
ph i-dph i 
re tu rn  
end

cnewa newa - calculates p tp  m atrix, a. and gradient vector, g. 
subroutine new a(y,x,res) 
dimension yCl ),x( 1,1 ).res( 1) 
double precision a.sa.db.g.bs 
com m on/blkl/bC20).pC20),re.n.m .k 
com m on/b lk2 /a(40.20),sa( 20).k2,ik 
com m on/blk3/bs(20) ,db(20),g(20).k3 
com m on/blk4/al,del ta.e.ff,gam er.t.lau.zeta.phi.se,phicr 
com m on/blk5/ib(20),ip  
do 736j-1  ,k 
gCj)-0.d+00
p (j)-0 . 
do 736 i - l .k  

736 a( j.i)-0.d-KX) 
do 765 ii-1 ,n 

c look for partials 
j-2
call m odeKf.y.x.res.ii.j) 
rd -re
do 761 jj-1  ,k 

c check for om itted param eters



if(ip.gt.O)goto 755 
745 goto (747.761.747).j
c com pute partials if necessary 
747 a b -b (jj)

b(jj)-ab+delta*ab
j-1
call modeKfdel.y.x.res.ii.j) 
re-rd
p(jj)-{ fde l-f)/(de lia*ab) 
b (jj)-a b  
goto 761 

755 do 757 i- l . ip
if(jj.eq.ib(i))goto 759 

757 continue
goto 745 

759 p (jj)“ 0.
c using partials a t ith data point 
761 g(jj)-g(jj>+re*p(jj)

do 764 i - l .k  
do 764j-i.k

764 a(i.j)-a(i.j)+ p(i)*p( j)
765 continue

do 768 i- l .k  
do 768j-i,k  

768 a (j.i)-a (i.j)
c a ( i.0 -1 .0  for omitted param eter i 

if(ip .eq .0)return  
do 773 i-1 .ip 
do 773j«l ,k 

773 if(j.eq .ib(i))a(j,j)-l.d+ O 0
re tu rn  
end

cscale subroutine scule
subroutine scale 

c scales according to diagonal elements 
double precision ws.a.sa 
com m on/ blk2/a( 40.20).sa(20) ,k2 .ik 
k -k 2
do 787 i - l .k
if(a(i.i).g t.0 .d-00)goto  786
sa(i)-0 .d+ 00
goto 787

786 sa (i)-d sq rt(a (i.i))
787 continue

do 796 i-1 .k 
do 7 9 5 j-l ,i 
w s-sa(i)*sa(j) 
if(w s.gt.0,d+00)goto 794 
a(i.j)-0.d+O 0 
goto 795

794 a (i.j)-a ( i.j) /w s
795 a (j.i)-a (i.j)
796 a(i,i)-1  .d+00 

re tu rn
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end
csolve solves (p tp X d b )-(g ) where ptp is stored in a(i+20.j) 

subroutine solve 
c solves a set of linear equations in db determined by matrix 
c a and vector g. uses subroutine gjr to invert matrix 

double precision a.sa.db,g,bs 
com m on/blk2/a(40,20).sa(20),k2,ik  
com m on/blk3/bs(20).db(20).g(20).k3 
com m on/blk4/al.delta ,e.ff,gamer,t.tau.zeta.phi.se.phicr 
k -k 2  
1 - 1

c get m atrix from  storage 
810 do 814 i-1 ,k

ii-i+20 
do 8 1 3 j- l ,k

813 a(i.j)«a( ii.j)
814 a(i.i)-l.d+0O +al
815 call gjr(m s)

goto (817.82 7),ms 
817 do 825 i - l .k

db(i)«0.d+00 
if(sa(i).le.0.d+00)golo 825 
do 823j-1  ,k
if(sa(j).le.0.d+00)goto 823 
db(i)-a(i.j)*g (j)/sa(j)+ db(i)

823 continue
dbG j-dbfiV saQ )

825 continue
return  

827 a l-a l* l.d+ 01
1- 1+1
if(l.ge.6)stop 
goto 810 
end

celesi subroutine etest
subroutine etest(m l)
double precision db.g.bs
com m on/blkl /b(20J.p(20).re.n .m .k
com m on/blk3/bs(20).db(20).g(20),k3
com m on/blk4/al. delta .e.ff. gamer, t .tau.zeta,phi.se,phicr
eps-e
m l - 1
do 843 i-1 ,k
w -dabs(db(i)J/(iau+ abs( b(i))) 
if(w.ge.eps)goto 845 

843 continue
goto 846

845 m l-2
846 re tu rn  

end
cgjr gjr - inverts a m atrix in a(i,j). i-1 ,20.j - 1 ,20 

subroutine gjr(m sing) 
c gauss-jordan-rutishauser matrix inversion w ith double pivoting 

double precision a.sa.eps.pivouz.b.c
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com m on/blk2/a(40.20).sa(20).k2.ik
com m on/blk4/al.delta  ,e,ff.gamcr,t.tau,zeta.phi .se.phicr 
dim ension p(20).q{20).b(20).c(20) 
integerp.q 
eps=zeta 
n -k 2  
m sin g -1 
do 8 9 7 k - l.n  

c determ ination of pivot element 
pivol-O.d+OO 
do 868i-k .n  
do 868j-k ,n
if (dabs(a( i. j))-dabs( pivot) )868,86 8,865 

865 p ivo t“ a(i.j)
p (k)« i 
q (k ) - j  

868 continue
if(dabs(pivot)-eps)915.915,871 

c exchange of pivotal row w ith  kth row 
871 if(p(k).eq.k)goio 878

do 876j—=1 ,n 
I—p<k) 
z -a (l.j)  
a ( l.j) -a (k .j)

876 a(k ,j)«z
c exchange of column 
878 if(q(k).eq.k)goto 884

do 883 i-1 ,n
l-q (k )  
z -a (i.l)  
a ( i.l)-a (i.k )

883 a (i.k )-z
884 continue 
c jordan step

do 894j-1 ,n 
if(j.eq.k)goto 891 
b ( j)—a( k .j)/p ivoi 
c (j)-a (j,k )  
goto 893 

891 b ( jM .d + 0 0 /p iv o t
c(j)-l.d+OU

893 a<k.jM>.d+00
894 a(j.k )-0 .d+ 00  

do 897 i-1 .n 
do 897J-1 ,n

897 a(i.j)«a(i.j)+c(i)*b(j)
c reordering the m atrix  

do 9 1 3 m -1 ,n 
k-n-m +1
if(p(k).eq.k)goto 907
do 906 i* l,n
l-p (k )
z -a (i.l)
a ( i,l)-a (i.k )
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906 a (i.k )-z
907 if(q(k).eq.k)golo 913 

do 912 j— 1 .n
I -q (k )  
z -a (l.j)  
a ( l,j) -a (k .j)

912 a (k .j) -z
913 continue 

re tu rn
915 w rite(ik .916)p (k ),q (k ).p ivo l
916 fo rm at(/.20h  singular m atrix i-.i3 ,4h j-.i3 .8h p iv o t-,e l6 .8 /)  

m sing-2
re tu rn
end

cp rin tl subroutine p r in tl 
subroutine p rin tl 

c prin ts a k by k single precision m atrix 
double precision &.sa 
com m on/blk2/a(40.20).sa(20).k2.ik  
k -k 2  
1-1

927 jj-7* l
II-jj-6
if(k .lt.ll)go to  939 
iffk .li.jjjgo to  936 
w rite(ik .940)ll,jj 
do 933 i - l .k  

933 w rile (ik .9 4 lH a(i,j) .j- ll.jj)
1-1+1 
goto 927 

936 w rite (ik .940)11. k
do 938 i - l .k

938 w rite (ik .9 4 1 )(a (i.j) ,j-ll.k )
939 re tu rn
940 fo rm attlx ,/.lx .7 h co lu m n s.i4 .9 h  through.i4)
941 fo rm a t( lx .lp 7 e l7 .5 )  

end
cprint2 subroutine print2 

subroutine print2 
c prin ts a k by k correlation coefficient m atrix 

double precision a.sa 
com m on/blk2/a( 40.20).sa(20).k2.ik 
1 - 1  
k -k 2  

950 jj—13*1
ll- jj-1 2
if(k.U .ll)goto 962 
if(k .lt.jj)goto  959 
w riie(ik ,963)ll.jj 
do 956 i-1 .k 

956 w riie (ik .9 6 4 )(a (i.j) ,j- llrjj)
1- 1+1 
goto 950 

959 w rite(ik .963)ll.k
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do 961 i - l .k
w rite( ik ,964)( at i ,j).)«ll ,k ) 
re tu rn
fo rm at(lx ./,lx .7hco lum ns.i4 ,9h  through.i4) 
fo rm at(lx ,1 3 f9 .4 ) 
end

confrg - non linear confidence region calculations 
subroutine confrg(y.x.res) 
dim ension y( 1 ).x( 1 .l).res( 1) 
double precision a,sa.bs.db.g 
com m on/blk 1 /b( 20),p( 20) .re.n .in .k 
com m on/blk2/a(40,20).sa(20).k2,ik  
com m on/blk3/bs(20).db(20),g{20).k3 
com m on/blk4/al.deIta.e.fr.gam cr,t,tau,zeu.phi,se.phicr 
com m on/blk5/ib(20),ip  
logicalnolo 
do 1032 j - l .k  
nolo-.false, 

c check fo r om itted param eters 
if(ip.eq.O)goto 986 
do 982 i - l , ip  
if(j.eq.ib(i))golo 984 

982 continue
goto 986 

984 w rite (ik .l033 )j
goto 1032

986 d d s— 1.
987 d -d d s  

d j-se*sa(j) 
b(j)-bs{j)+d*dj
call sum sq(ph.y.x.res) 
if(ph.ll.phicr)goto 997 

992 d -d /2 .
if(abs(d) le..001 )goto 1017 
b( j)«bs(j)+d*dj 
call sum sq(pph.y.x.res) 
if (pph-phicr) 1002,1002,992 

997 d -d + d d s
if(absCd).ge.5.0)goto 1017 
b( j)-bs(j)+ d*d j 
call sum sq(pph.y.x.res) 
if(pph.lt.phicr)goto 997 

1002 q - l . - d
x k l-p h i/d + p h /q -p p h /(d * q )
xk2—phi*( 1 .+d)/d-ph*d/q+ pph/(d*q)
X k3-phi-phicr
bc»(-xk2+sqri(xk2**2-4.*xkl*xk3))/{2.*xkl)
if(dds.gt.O.)goto 1013
b(j)-bs(j)-bc*dj
b l-b ( j)
call sum sq(pl.y.x.res)

1011 d d s -1 .
goto 987 

1013 b( j) -b s (  j)+bc*dj

961
962
963
964

cconf rg
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b u -b ( j)
call sum sqtpu.y.x.res) 
goto 1027 

1017 if(dds.gt.O.)goto 1020 
nolo*.true, 
goto 1011 

1020 if(nolo)goto 1025
c om itting upper lim its

w rite(ik ,1035)j.bl.pl 
goto 1032 

c om itting both 
1025 w rite(ik ,1037)j

goto 1032 
1027 if(nolo)goto 1031

w rite! ik , 1034 ) j.bl .pi .bu .pu 
goto 1032 

c om itting low er lim its
1031 w rite(ik ,1036)j.bu,pu
1032 b (j)-b s (j)
1033 form at(2x.i3.5x,23hparam eter held constant)
1034 fo rm at(2x ,i3 ,lp4e l8 .5 )
1035 form al(2x.i3 .1p2el8.5.1 lh  not found)
1036 form at(2x,i3.1 lh  not found .25x .lp2el8 .5 )
1037 form at(2x ,i3.18x,l 1 h not found) 

re tu rn
end
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