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Two-dimensions (-al)

Density of states

Landau level(s)
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Metal-Oxide-Semiconductor Field-Effect Transistor

Continuous Quantum Phase Transition
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Chapter 1

INTRODUCTION

Although extensively studied since the mid-sixties [1], two-dimensional (2D) systems
are still springing surprises on us [2]. Two dimensions are easier to visualize than
three, yet it is in this subspace that some very fundamental electronic behavior in
real systems — near absolute zero of temperature and in the absence of an external
magnetic field — remains unexplained. In one special case, when interactions between
electrons are small, a 2D system is believed to become an insulator as T — 0, no
matter how weak the disorder potential [3]. As a consequence, no metallic phase (and
no MIT) is expected in this case.

The understanding of behavior at high magnetic fields in 2D systems is better:
observations of the integer quantum Hall effect (QHE) has an explanation that rests
on the existence of extended states, separated by states localized by disorder [4]. In
cleaner systems exhibiting the fractional quantum Hall effect (FQHE), both disorder
and interactions between electrons are included in an adequate theoretical explanation
(for a recent review, see Ref.[5]).

The focus of our investigation here is the low-temperature behavior of the proto-
typical 2D system. We have studied inversion layers in Si MOSFET, clean enough to

remain mobile (below 1 K) at low electron density = 10'® cm~2. This system provides
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an experimental realization of a 2D disordered system where the interactions between
electrons are very strong. Contrary to expectations {3}, a B = 0 conducting phase
was found [6] in samples with mobility greater than 1.5 x 10* cm?/Vs at electron den-
sities on the order of 10'! cm~2. The observation of conducting behavior and a MIT
in the absence of a magnetic field in a system [6] where both disorder and electron
interactions are important, has no accepted theoretical explanation to date.

In this Thesis I present the experimental results of my work on a system that
shows such anomalous behavior. We believe that several new significant observations
that are reported here will provide clues for theorists trying to explain the H = 0
conducting behavior, and will prompt experimentalists to look for similar effects in
other strongly interacting 2D systems.

Chapter 2 sets the stage for discussing the effects near this surprising transition
in 2D: I introduce the well-known theoretical concepts for the electronic behavior
in 2D systems, provide examples of the experimental tests of localization in two
dimensions, review original measurements by Kravchenko and his collaborators, and
discuss the essential physics near quantum phase transitions (QPT). The structure
of Si MOSFETSs and measurement technicues employed are described in Chapter 3.
In Chapter 4 I present new experimental results on electronic transport near this
transition. The results of Chapter 4 are discussed and compared to the existing

theories in Chapter 5, and are followed by concluding remarks.
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Chapter 2

ELECTRONIC BEHAVIOR IN
TWO DIMENSIONS NEAR
ABSOLUTE ZERO OF
TEMPERATURE

In this Chapter [ introduce theoretical concepts that are necessary for the understand-
ing and interpretation of the experimental results: the behavior of non-interacting
electrons in two dimensions and one-parameter scaling; existing theoretical treat-
ments of the interacting problem, and quantum critical behavior. I also review two
sets of experiments in 2D systems: early work that supports the H = 0 localization
in 2D, and the original observations by Kravchenko ef al. of the B = 0 MIT in Si
MOSFETs.
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2.1 Non-interacting electrons in two dimensions.

Let us start with an electron system in a crystal lattice with some amount of imper-
fections and assume for now that the interactions between electrons are negligible.!
Later in this Chapter (see Equations 2.8, 2.9 and the discussion that follows) I pro-
vide estimates to show how realistic this assumption is. In the absence of thermal
excitations, at T = 0, the electron system in a perfect lattice would be a perfect
(p = 0) conductor (by virtue of Bloch’s Theorem). At a finite temperature and in a
real lattice, the electrons scatter off impurities, off phonons, and off each other. On
the assumption that these scattering mechanisms are independent, the frequency of

collisions is additive, hence the resistivity is a sum of all contributions:
p(T) = pg + aT? + bT™, (2.1)

where gy is a temperature-independent resistivity caused by lattice disorder, aT? is
due to electron-electron scattering, and 6T™ with mn = 3...5 is due to electron-phonon
scattering. As T — 0, the last two scattering mechanisms become ineffective as the
number of phonons and thermal excitations of the electron gas decreases at low T.
Thus, collisions with the impurities in the real lattice account for the residual (i.e. in
the limit of T — 0) resistivity, pp. Resistivity of the form of Equation 2.1 has been
observed in good metallic films.2 Systems that have finite resistivity in the limit of
T = 0 will be called metallic in the rest of this work.

At very low temperatures and in systems with a sufficient amount of disorder
(as in doped semiconductors, metal-oxide-semiconductor devices, semiconductor het-
erostructures etc.) the semiclassical description leading to Equation 2.1 becomes in-

valid. By treating non-interacting electrons semiclassically we overlook the fact that

IThe rest of this Section deals with non-interacting electron systems.
2Strictly speaking, the T = 0 limiting behavior of very pure metallic films is correctly described

by Eq.2.1 only due to finiteness of the film size.
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electron wave functions interfere with each other. As will be shown below, quantum
effects dominate the ultimate low-temperature behavior.

Multiple collisions of an electron with impurities are elastic; these collisions intro-
duce phase shifts in electron wave functions without destroying phase memory. As a
result of such events, an electron may return to its original position (making a loop
in its trajectory), or diffuse away from it. It was shown, for example, in Ref. [7] that
the probability of return is greater than the probability of diffusion, due to construc-
tive interference of two Feynman paths along the loop that differ only in direction of
the electron wave-vector (time-reversed paths). This effect reduces the diffusion of
electrons and enhances the resistivity of the system, leading to localization of carriers.

Since inelastic scattering processes (e.g. electron-electron or electron-phonon)
involve energy transfer, they destroy phase-coherence of the electron Feynman paths.
Thus, the correction Ag to the conductivity due to the interference effect should
become smaller as the temperature increases, and ultimately vanish at high T, as the
probability of inelastic scattering events increases. The authors of Ref.[7] derived the

functional forms of Ao for dimension d of a system:

(e e 1
F,f "L, if d=3, [o]=(Ohm cm)
Ao~ =4 % In (%) if d=2, [o]=Ohm™! (2.2)
\ e_'hL_‘,’ if d=1, [¢]=(Ohm/cm)~*

The units naturally follow from the dimension-dependent definitions of conductivity,
for example, in 2D o = conductance x lf-;;’.‘(%, and has the unit of Ohm~!. In the
above, [ is the elastic mean-free path and L, is the (temperature- dependent) de-
phasing length arising from inelastic scattering: Ly ox T~?/2, where p depends on the
scattering mechanism.

It can be seen from Equation 2.2 that the negative correction due to interference,

Ao, grows with increasing disorder (decreasing elastic mean-free path I) in 3D and
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2D, and with decreasing temperatures (increasing dephasing length Ly). Let us con-
sider the specific dependences of the corrections on temperature: In 3D Ac tends to
a finite value, while in 2D and 1D it diverges as T — 0. By examining Ao (T) depen-
dences in different dimensions, one can notice® that the ultimate T = 0 behavior of a
disordered system in 2D and 1D cannot be metallic, since the conductivity decreases
indefinitely with decreasing temperature (see Equation 2.2). The non-interacting dis-
ordered electron system in 2D should, therefore, be an insulator, with ¢ — 0 (o — o0)
as T — 0. Support for this result is provided by the scaling theory of localization,
discussed in Section 2.2.

So far we considered quantum corrections to the conductivity of a disordered sys-
tem at low T when no external magnetic field was applied. In the presence of a
magnetic field, the electron wave function interference gives rise to different forms of
magnetoconductance, depending on whether there are any scattering channels present
that lead to changes of electron spin direction (e.g., spin-orbit scattering). The ex-
perimentally measured response to a magnetic field is a valuable complement to the
temperature dependence of the conductivity. In Table 2.1 quantum corrections to the
conductivity in the presence of an external magnetic field H are shown for two differ-
ent scattering processes in which (otherwise non-interacting) electrons are involved.
The physics leading to these corrections is as follows.

Spinless: In this case, magnetic flux threading a closed electron trajectory intro-
duces a phase shift that suppresses constructive interference of time-reversed paths,
weakening the localizing effect of wavefunction interference: Ag > 0. 7p is the time
it takes an electron to diffuse over a distance comparabie to the magnetic length,
15 = 2,/2D = (1/2D)hc/eH. Suppression of weak localization sets in when 75 < 74,

which gives the estimate for the smallest field, H ~ 30 Oe.

3The argument is not strict, since the functional forms of corrections (2.2) are valid for small

corrections, Ao K 7.
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if 750 << 15 <<

Cu films [12]

Electron| Form of Ao = | Observed in experiments | Relevant range of H

scatter- | o(T, H) — o(T,0) on

ing is:

spinless | Ao = | e~inversion lay- | Positive correction to
e?/(2n2h)[¥ (0.5 + | ers in MOS devices with | conductivity appears for
0.578/75) + (0.5 + | p~ 10% cm?/(Vs) at den- | H > 75?-19; ~ 30 Oe at
0.578/7)] (8, 9] sities ~ 5x 1012 cm=2[10] | 0.1 K

spin- Ao ~ | Mg films covered with | Negative correction due

orbit -e*/ (27r2h)§%(1'¢/1'3), submonolayers of Au [11]; | to SO persists up to

H<5'£g;~2000efor

8 [9] 1% of atomic layer of Au

on a Mg film

Table 2.1: Quantum corrections to the conductivity in the presence of an external magnetic

field H, for the case of spinless and spin-orbit scattering mechanisms.

Spin-orbit scattering: In the presence of strong (rs¢ << 7,) spin-orbit inter-
action the low-field correction to conductivity becomes negative. The low-field con-
dition for fields at which the conductivity correction has a negative sign is: 7, << g
This effect is most clearly explained [13] by considering interfering time-reversed
Feynman paths along the loop as two actual interfering particles. These two par-
ticles can be in four states characterized by the total spin: § = 1 (three states:
|S: = —1),|S: =0), and |S; = +1)) and § =0. The § = 0 state “carries no infor-
mation about the spin” [13}], and therefore,vconstructive interference of orbital parts

of electron wavefunctions is cut off at times 7, just as in the spinless case.* However,

1Because of the condition 750 << T, << Tg, the other S # 0 states decay with a characteristic
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electrons in the S = 0 state have opposite spins. Thus, constructive interference of
orbital parts leads to the destructive interference of total wavefunctions that results
in delocalization. Application of a magnetic fields introduces a phase shift that weak-
ens this delocalizing effect of the destructive interference. Thus, the correction to
conductivity in the presence of SO, has a negative (localizing) sign, Ao < 0.

As the applied magnetic field gets larger, the time 7p decreases. Spin-orbit scat-
tering becomes unimportant when Tp << 7so, because the dominant dephasing is
caused by the magnetic field under this condition. Therefore, the effect of SO is sup-
pressed by large magnetic fields, i.e. when 75 >> 7g0. At such fields the conductivity

correction changes sign to positive, so that the field-induced delocalization takes over.

(temperature-independent) time ~ Tso, and do not have a temperature-dependent contribution.

i
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2.2 One-parameter scaling theory of localization.

Let us review the bas’c consequences of the scaling theory of localization that are
necessary for the understanding of experimental results in 2D systems. I[n the limit
of T = 0, the dephasing length becomes very large, Ly — 00, and the interference
cutoff is provided by the physical size of the sample, L. The hypothesis of scaling
invariance {14, 3] states that at T = 0 the conductance G of the system is the only
quantity that determines the change in the behavior of the system with changing
size L. If the size of the system changes by a factor of 1 + a, the scaling invariance

condition can be written in the form®
G((1 +a)L) = f(a,G(L)). (2.3)
On differentiation with respect to c we get:
L dG/dL = (8f/da)| _, (2.4)

Now if we introduce a new function of conductance G only,

B(G) =G~Yaf /0&)'n=o, Equation 2.4 will read:
dInG/dInL = 3(G). (2.5)

Consider the asymptotic behavior of the newly introduced function 8(G) at large

conductance G. In this limit Ohm’s law can be applied:

L)/L=L, d=3
S
G=oF=0{ L/L=1, d=2 (2.6)
L, d=1,

where S| is the size of the cross-section of the 3, 2, or 1-dimensional conductor. From

Equation 2.5 it follows that 3(G) = d — 2 (in the limit of large G). Now consider the

5In the following, I discuss the scaling argument following the lines of Ref. [13, p. 195; see

references therein.]
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other extreme - very small G. In this limit electrons are localized by disorder. That
means that electron wave functions have a certain characteristic extent; at T = 0
an electron is bound to a region in space characterized by the localization length €.
For small sample size L < £ the electrons “may not know” that they are localized,
however, as L increases, the finiteness of the localization length leads to the decrease

of total conductance. Formally this can be expressed as follows:
G ~ Goexp(—L/€), where Gy = €/(w?h) (2.7)

This form G is consistent with the scaling invariance idea [3]: the conductance G of
the system is, indeed, the only quantity that determines the change in the behavior
of the system with changing size L = (1 + a)L: G((1 + a)L)/Gy = el~L{1+0)/8) =
(G(L)/Gs)"*™. From Equation 2.7 we obtain the asymptotic form of 3 at small G:
B(G) ~ In(G/Go).

Now, having the asymptotes of 3(G), B(G) = d -2 as G — 0, and 4(G) =
In(G/Gy) as G — oc, and assuming monotonic behavior of 3 for the intermediate
values of G, we arrive at the well-known 3(G) dependences in 1, 2, and 3 dimensions
shown in Figure 2.2. Tt can be seen from this figure that in one and two dimensions
B(G) is always negative, implying that the conductance decreases with increasing size
L, which means that the system is localized, as was discussed above.

What consequences does this result, obtained in the assumption that T' = 0, have
for the electronic transport at finite temperatures? At T = 0 the quantum effects
that give rise to localization are cut off by the sample size L. When T > 0 these
quantum effects are cut off at the dephasing length L, introduced in Section 2.1.
This length is much smaller than L for macroscopic samples. It takes on the role
of the physical sample size L: L, should be substituted for L at T > 0. Thus, for
finite T the consequence of (G) < 0 in 1D and 2D is: conductance G decreases

with increasing size L,, or with decreasing T. This is characteristic of an insulating
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Figure 2.1: S-function plotted versus conductance G. Metallic behavior (and the MIT) in
a non-interacting disordered system are only possible in 3D; G.. is the critical conductance
separating insulating (0(G) < 0) phase from metallic (3(G) > 0) phase. (see the text

following Eq.2.5 on page 9)

behavior. The scaling invariance hypothesis has led us to the same conclusion as was
made at the end of Section 2.1 based on examination of the quantum corrections to
the conductivity due to interference: in 1D and 2D a non-interacting electron system
must become an insulator in the limit of T = 0.5 In three dimensions, 3(G) crosses
the abscissa at a point G = G, (see fig.2.2), which separates insulating behavior,

8(G) > 0 for G < G, from metallic behavior, 3(G) > 0 for G > G. 7 We will call G,

6We stress here again that the localization can only be observed experimentally if the sample
size L 3> €. This explains why very clean metallic films appear to have a finite residual resistivity
at low enough T (1.e. appear to remain delocalized at T = 0): the enormous localization length in

very clean samples is cut off by the physical size.
It follows from 8(G > G.) > 0 that in the range G > G, the conductance increases with the

increasing size L at T = 0. At finite T, L — L4, so G increases with increasing Ly (i.e. with
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the critical conductance of the metal-to-insulator transition (MIT). In Section 2.4 we
will see what characterizes the electronic transport in the vicinity of an MIT at low
temperatures. For the understanding of the experimental results to follow, the most
important conclusion of this Section is that in two dimensions, in the absence of an
external magnetic field a non-interacting system is an insulator at T = 0, regardless
of the value of G.

This result has been tested on many 2D systems and had been regarded as a
very robust one for almost two decades. The logarithmic temperature dependence
of resistivity of the form of Equation 2.2 (leading to an insulator at T = 0) has
been found in weakly disordered metallic films with resistivity as low as 20 Ohm/O
(for example, in Cu films [15]), and in much more disordered inversion layers in Si
MOSFETs with resistivities as high as 10 kOhm/O at electron densities on the order
of ny ~ 5 x 10" cm™2 [16]. At larger resistivities, early studies have shown (e.g.,
Ref.[17]) a crossover to strongly localized behavior, characterized by an exponential
growth of p with decreasing temperature. Insulating behavior at any amount of
disorder, consistent with the assertion of the scaling theory, has been recently reported
for electrons in n-typeGaAs/AlGaAs heterostructures [18].

We have been so far deliberately overlooking the fact that electrons (or holes) in
2D layers do interact with each other. In 2D the kinetic energy of electrons near
T=0is:

er = hn,[(g,m’) X 7y, (2.8)

and the energy of the unscreened Coulomb interaction between carriers is:

L =€ ns\/—/uacns. (2.9)

-1
The ratio e./er is proportional to ny ?, and must be small for the system to be

considered non-interacting or weakly-interacting. In the experiments on (100) inver-

decreasing temperature). This is characteristic of metallic behavior.
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sion layers in Si at electron densities on the order of n, ~ 5 x 10'2 cm~2 [17, 16],
er ~ 30 meV and €. ~ 70 meV, and this ratio is on the order of 2. It is obvious,
therefore, that the non-interacting picture must be modified to include the effects of

interactions between carriers.

2.3 Interacting electrons in two dimensions

The gist of the two previous Chapters can be summarized as follows: in the zero-
temperature limit the non-interacting 2D system is an insulator, regardless of the
amount of disorder. The presence of spin-orbit scattering has a delocalizing effect on
a weakly disordered system (as was argued in the caption to Table 2.1).

Let us now consider systems in which spin-orbit interactions are unimportant (like
Si MOSFET), and summarize what is known about the modifications that interactions
between carriers may introduce.

The perturbative calculation {19, 20] for a weakly disordered (! > Ar) system
shows that exchange interactions between weakly interacting electrons result in an
increase of the electron velocity at the Fermi level by an amount on the order of
e2/h. Since the density of states is inversely proportional to the electron velacity, the
interactions lead to a negative correction for the DOS and, as a consequence, to the

conductivity. This correction has the following form in 2D:

e? " T
272k e

o(T) —o(T") = (1 - F) (2.10)

where 0 < F < 1 characterizes screening of the interactions between carriers; F — 0
for the unscreened interaction. The negative sign of this correction tells us that a
weakly localized (by disorder) electron system in 2D, is further localized by weak

electron interactions.

In the other limit (strong electron interactions), weakly disordered electrons are
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believed to crystallize in a Wigner solid. The Wigner solid is an arrangement of
electrons which is energetically more favorable than the Fermi liquid. The gain in
interaction energy in the Wigner crystal phase is a consequence of an ordered config-
uration of electrons. The crystallization thus relies on the minimization of the energy
of Coulomb interactions, and should occur at low densities, ng, at which the Coulomb
interactions dominate the kinetic energy (compare er with .. in Equations 2.9 and
2.8), or, alternatively, at high values of r, = r../ag, the inter-electron distance nor-
malized by the effective Bohr radius ag = h%/(m*e?)®. Estimates of the critical value
of r, at which the formation of the crystal occurs vary widely [1], from 5 to 5x10?,
and it is not clear how the disorder affects this value.

Several experimental observations suggest that at low T the Wigner crystal actu-
ally exists at high-magnetic fields in inversion layers in Si [21, 22], and in 2D layers in
GaAs/AlGaAs heterostructures [23, 24]; however, this question is not fully resolved.
Weak disorder pins the crystal, resulting in a strongly insulating state as T — 0. In
the limit of very high disorder, the crystal should yield to single-particle (Anderson)
localization, and the T = 0 state is an insulator again. It thus follows that, for weak
interactions (single particle localization), and in the case of strong interactions but
weak disorder (Wigner crystallization), the interacting 2D system must remain an in-
sulator. The reader must surely be convinced by now that there was little expectation
of finding a metal in a 2D system of electrons!

Before I go on to describe the experimental observations of Kravchenko and his
coworkers [6, 25], I propose to map most of the types of low-temperature electronic
behavior discussed above in 2D electron layers in semiconductors onto a convenient
empirical phase diagram. There is undoubtedly a significant amount of evidence that

disorder on the one hand, and electron interactions on the other hand, are the two im-

8r, is a dimensionless quantity, proportional to the relative strength of Coulomb interactions,

€ee / €F
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portant parameters that govern the low-temperature behavior. How to extract them
separately from the experimental data is not an obvious question. One traditionally
characterizes the disorder in a 2D sample by the maximum carrier mobility, which is

defined as a conductivity per unit charge density of carriers, and is usually specified

at liquid helium temperature, T = 4.2 K.

p™*® = mazx (u(n,)) = maz (S:Tz-) (2.11)

3
The strength of interactions can be characterized by the inverse square root of the
electron density, as seen from Equation 2.9. In Figure 2.3 (drawn for Si inversion
Peak mobility \igner
} crystal »
". Anomalous

conducting
\ state

PUUUURUIRITE WIRRTIR . Y
MIT (Kx‘i}vchenko et al 1994)

.

weakly-interacting gas:
o wL
20 em™/(Vs) 4

N Bishop et al 1982 N
. magnetoresistance experiments

-~

Popovicetal 1997 ~~~=---
canesasseasensore

2 cm 7 (Vs) L Crossover to WL (e.g., Pepper’s group 1980)

strongly disordered insulator

t — Electron density
1 2 12.2

10cm 10cm

Figure 2.2: An experimentalist’s “phase diagram” of the 2D electron system in Si MOS in
the interactions—disorder phase space. The disorder grows with decreasing sample mobility.

Relative strength of Coulomb interactions between electrons grows with decreasing density.

See text for details.

%Details concerning this definition and experimental determination of sample mobility are given

in Section 3.3 on page 29
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layers), the peak electron mobility pF%% ,4(n,) characterizes the disorder, and the
electron density characterizes the relative strength of interactions.!® Let us consider

various well-understood limits of this phase diagram.

1. In the range of high electron densities we find ourselves in the weakly-interacting
regime, because er > €. (in the case of 2DEG in Si, this condition is satisfied
for n, > 10'2 cm~2. In this limit, at moderate values of disorder (as in some of
the MOSFET samples in Ref.[10, 17]) one observes weakly insulating behavior,
with the theoretically anticipated logarithmic corrections. This corresponds to
the far-right side of the phase diagram. In the low-mobility extreme, where
i~ 2,000...5,000 cm?/(Vs)), the system is a strongly disordered insulator at

low n,, and crosses over to WL as the electron density is increased [17].

!0

In the range of low electron densities (strong interactions), the 2D system is
believed to become a Wigner solid, if the disorder is weak. This corresponds to

the upper-left corner of the diagram.

3. The most interesting region of the diagram is the region of high peak mobilities
(1 ~ 15,000...40,000 cm?/(Vs), and intermediate densities (n, = 10'! em™2).
There is no accepted theoretical treatment of the low-temperature electronic
behavior in this regime, because perturbations are not small: although the in-
teractions are the dominant energy scale in this regime, €., ~ 15¢r = 10 meV,
the Fermi energy and the disorder (the Fermi wavelength and the elastic scat-

tering length) are comparable: [ ~ Ap. It is precisely in this regime that

107¢ should be noted that electron density affects not only interactions, but also the disorder. For
example, in the non-interacting limit, the disorder potential is better screened for larger ratios of
kr[qs x (n,)%, that is, for larger electron densities. Here ¢, is the screening wavenumber, which

in a non-interacting 2D system is equal to (2re®/K)On,/dep.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17

the unexpected H = 0 conducting behavior in 2DEG in MOSFETs was ob-
served [6, 25].

b 3n/¢

P (€2)

e gy e

0.3 04 05 06 07 0809

T (K)
Figure 2.3: Ohmic resistivity measured on a high-mability sample u7%%, =
24,000 cm?2/(Vs) at several electron densities around the metal-insulator transition. The
data essentially reproduce the original results of Ref.[6]. Each data point is a result of an

IV measurement, and of I — 0 extrapolation of V/I. See text for details.
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Figure 2.3 shows the ohmic resistivity as a function of temperature of a sample
with maximum mobility ™ = 24,000 cm?/(Vs), for electron densities between
7.92 x 10! cm™? < n, < 9.57 x 10'® cm~2. These measurements were done as a
part of the scaling analysis in Section 4.2, and they essentially reproduce the first
observations of Kravchenko et al. Two distinct regimes are obvious in Figure 2.3: for
ns < nc8.47 x 10'° ¢cm~? the behavior is insulating-like: the resistivity grows with
decreasing temperature. For n, > n, the resistivity monotonically decreases with
temperature, and the behavior appears metallic. The temperature-independent value
of the resistivity for the curve that separates the two types of behaviors (at n, = n.)
is close to 3h/e* = 77.4 kOhm/0, and was shown to be insensitive to variations of
disorder in different high-mobility samples!®.

These findings suggested to the authors of Refs. [6, 25] that they had observed a
true metal-insulator transition. They demonstrated that the resistivity near the tran-
sition scaled with the temperature, which further supported this possibility. Scaling
is one of the signatures of behavior near a phase transition. [ review the ideas of

finite-size scaling near a quantum phase transition in the following Section.

2.4 Signatures of the quantum critical behavior.

In Chapter 4 I will present new experimental data that supports the possibility that
the transition in an interacting 2DEG [6, 25] discussed in the previous Section is in
fact a continuous quantum phase transition (QPT) between one quantum-mechanical
ground state of the system (metallic state) and the other (insulating state). Since
a quantum phase transition is a transition between different ground states of the

system, it occurs in the limit of zero temperature, and is driven by a change of some

1L This value is the same, for example, for samples with the high mobilities varying by as much as

a factor of two at 4.2 K [6]
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variable in the Hamiltonian of the system [26, see also references therein]. Magnetic
field — driven (27, 28], or disorder - driven [29] superconductor-insulator transitions
in thin superconducting films, filling factor - tuned transitions between Hall plateaus
in quantum Hall samples, MITs in doped semiconductors (3D) [30, and references
therein], —are some examples of quantum phase transitions. On the other hand,
transitions driven by changes in temperature, like metal-superconductor transitions
occurring at finite T, are not.

It can be shown [26] that the behavior of a d-dimensional system at the quan-
tum critical point at T = 0 is equivalent to the behavior of a d + 1-dimensional (d
spatial directions + one time direction) system near the classical critical point. The
existence of a diverging correlation length at the classical critical point (e.g. at the
metal-superconductor transition occurring at a finite temperature) thus leads to the
existence of a spatial correlation length £, plus a correlation length in the time direc-
tion (that is, correlation time) &,. In the vicinity of a T = 0 quantum critical point,

the correlation lengths in space and time diverge as follows:

£ o |61~ (2.12)

& x &, (2.13)

where v is the correlation length exponent, = is the dynamical-scaling exponent, and
d = (K - KR,)/K. is a normalized distance to the critical point. K is some coupling
(filling factor in the case of transitions between QH plateaus [26, section [V], dopant
concentration [30] or uniaxial stress [31] in the case of MITs in bulk semiconductors,
ratio of the Josephson coupling to the charging energy of the junction in Josephson
junction arrays [32] etc.) that measures the approach to the critical point.

The effect of a non-zero temperature on the behavior of the system undergoing a
T = 0 QPT is to introduce a finite size along the time direction, which equals i/(kgT).

The interplay between the correlation time, &, and the temperature-induced finite

o
7
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size in the time direction, i/(kgT), fully describes the behavior of the system in
the vicinity the quantum critical point. Within the quantum-critical region'? [34]
the temperature response of the resistivity is described by the principles of finite-size
scaling [35, 34, which gives the following scaling form for the dc resistivity in the

ohmic regime in two dimensions:

~(h/(kT )
o) =T (/—(5"-’) y (T—,_) (2.14)

This scaling form implies that the temperature-dependent resistivity curves p(T)
corresponding to dlifferent K’’s, can be brought into coincidence when the temperature
is divided by an appropriate parameter To(K), different for each curve. The scaling
parameter can thus be determined empirically from the data, and must vary with K
according to:

3

oy A
Ko Rl o g (2.15)

K,

with the same exponent 3 = vz on both sides of the transition: for d > 0 and 4 < 0.

To x

It was first shown in Ref. [25] that the resistivities measured near the unexpected
critical point in strongly-interacting 2DEGs in Si MOSFETs do obey scaling of the
form of Equation 2.14 expected in the vicinity of a quantum critical point. The
exponent § in Equation 2.15' determined separately on both sides of the transition
yields the following values [25}: § = 1.60+0.1 on the insulating side, and g = 1.620.1
on the metallic side. It is evident, therefore, that finite-size scaling near the QPT
does indeed describe the behavior of a strongly interacting 2DEG in MOSFETs.

The scaling form of Equation 2.14 is valid for a dc (w — 0) measurement of

the resistivity in the linear regime (E — 0). Finite ac frequency w [36], or finite

2The quantum-critical region is the (temperature-dependent) neighborhood of the T = 0 critical
point within which kgT is the only energy scale in the problem. The critical region is, therefore, set
by the condition that kgT is much larger than the energy associated with the deviation from the
critical point K — K [33]

I3with the electron density n, taking on the role of K, so that 6 = (r, — n¢)/n.
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measuring voltage, Exsample length, introduce other relevant energy scales that
modify the scaling form 2.14.

At T = 0 the energy scale associated with the finite measuring field E, can
be estimated to be eELg, where Lg is the characteristic length scale, associated
with the field E [26, p.327]. If we now recall that the system is very close to the
critical point, then it follows that Lg is the only length scale present, and thus, the
characteristic time must scale according to Equation 2.13: Lg. FromeELg ~ h/(L%),
one obtains: Lg o« E-Y/+), Thus, at T = 0 electrons acquire an energy equal to
eELg = eE - E-Y/(=*1) = ¢E*/(=+1)_ We now can modify the finite-size scaling law for
the case of dc measurement of the resistivity beyond the ohmic regime at the lowest
temperature (strictly speaking, at T = 0) in the following way. The behavior of the
system in the vicinity of the quantum critical point is again fully described by the
interplay between the correlation time, & o [6]7%%, and the electric field-induced

finite size in the time direction, i/(eE3/(=*1)), so we get:

oz ﬁ/(eE:/(:-H)) - 6
oT) = F (——& ) =f ( ET_) (216)

It should be kept in mind that the scaling law ( Equation 2.16) above holds for
“strong” electric fields, i.e. at the lowest experimentally accessible temperature, and
the thermal energy kgT must be significantly lower than the energy scale associated
with the measuring field E. Two series of experiments on the same system undergoing
a QPT- measurements of ohmic resistivity as a function of 7, and nonlinear resistivity
as a function of E - allow separate determination of the scaling exponents v and z.
This analysis has been done, for example, for the case of the quantum Hall liquid-
insulator transition [37], and for the superconductor-insulator transition in disordered
thin films [28]. Experimental study of the low-T nonlinear resistivity in a high-
mobility strongly interacting gas in St MOSFETs, presented in Chapter 4 is therefore

of interest for two reasons: it will provide further evidence — if the nonlinear scaling
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of the form of Equation 2.16 proves to hold - for a true QPT in our system, and will
allow separate determination of the scaling exponents v and z.
With this I conclude the background information needed to understand the ex-

perimental results presented in Chapter 4 on page 36.
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Chapter 3

THE SYSTEM AND
MEASUREMENT TECHNIQUES.

The experiments were done on a prototypical realization of a 2D system - electrons
at the interface between oxide and semiconductor in Silicon-Oxide-Semiconductor
Field Effect Transistors (MOSFETS). In the following Chapter, I outline the devices’
structure and physical characteristics, then present the measurement techniques and
the method of characterization. The experimental challenges that one meets in the
course of investigating these devices at low densities and below 0.5K are outlined at

the end of this Chapter.

3.1 The prototypical 2D disordered system:
Si MOSFET

The Si MOSFET had been known as the work horse for experiments in two dimen-
sions [1] until the near-million mobilities were achieved in GaAs/AlGaAs heterostruc-

tures [4]. It is interesting that although such high mobilities made the observation
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Figure 3.1: Silicon MOS field-effect transistor. Application of a positive gate bias V,, charges
the capacitor formed by the gate and the surface of the p-doped Si substrate, creating a
negatively charged depletion layer. Once the gate voltage is strong enough, V;, > Vr, 1. e.

the conduction band bottom is below the Fermi level, the 30 to 100A-thick inversion layer

of 2D electrons electrons is formed at the Si—Si0, interface.

of other novel effects possible (e.g., fractional QHE), no unexpected anomalies at
H = 0 were seen in n-type GaAs/AlGaAs.! The material parameters in Si MOS
devices — comparatively low dielectric constant x = 8, high effective electron mass
m* = 0.19m,, and the presence of an additional two-fold valley degeneracy ¢, = 2,
— all contribute to increasing the relative importance of .., which make this system
unique for studying the effects caused by the strong Coulomb repulsion of the carriers.

A MOSFET is schematically shown in Figure (3.1). A 2 x 10~°cm-thick oxide

1We attributed this to smaliness of interactions-to-kinetic energy ratio in n-type GaAs/AlGaAs

as compared to Si MOSFETS, see estimates in Section 2.3 on page 13.
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layer is grown on a p -type silicon substrate, on top of which a metallic gate is
deposited. By applying a variable positive DC voltage to the gate, V;, the electrons
from the bulk can be attracted to the interface, and the bottom of the conduction
band near the surface of Si is bent downward [1]. Thus the negative charge (the
depletion layer) is formed in the region of significant band-bending (see Figure 3.1).
Once the gate voltage is high enough that the conduction band edge is below the
Fermi level ep, a 2D layer of electrons will be formed at the interface, where electrons
are spatially confined to the surface of Si by the potential well?, but are free to move
in the directions parallel to the interface. One can see that there are no states at the
Fermi level anywhere except in the region very close to the surface of Si; the actual
spatial extent (along the normal to the surface) of an electron’s wavefunction is 30
to 1004, depending on the value of V,. We can think of the gate voltage charging
a capacitor between the gate and Si—SiO, interface; thus the higher V, the more

surface electrons are induced, i.e. the higher their surface density n,:
ny = k(Vy - V1), (3.1)

where Vr is a threshold voltage which will be determined experimentally in Sec-
tion 3.3; k is the constant of proportionality in units of (V cm?)~!. Typically,
k=1.1x 10" (V cm?)~! for a 2000A-thick oxide.

In the samples studied here, the surface of silicon is a (100) surface. The six-fold
degeneracy of electron states in the conduction band of bulk Si is partially removed
by electron confinement to the (100) surface: one finds the lower-lying two-fold de-
generate sub-bands, corresponding to the in-plane electronic motion with an effective
mass m* = 0.19m,., and four-fold degenerate upper sub-bands with the in-plane effec-
tive mass m* = 0.916m, [1, p.443]. At the lowest temperatures (and in the absence

of a magnetic field) the electrons are believed to populate the lowest of the two-fold

2this layer of electrons is called inversion layer
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degenerate sub-bands.?

It was first shown in Ref.[38] that the two-fold valley degeneracy is actually lifted
in real Si MOSFET systems. The origin of this splitting is quite controversial [1]. The
value of the splitting has been measured, for example, in Ref.[39]: at the electron den-
sity ny = 2.4 x 10"2ecm™2 and in a perpendicular field B; = 4.6T, the valley splitting
E, was found to be approximately 0.7meV. It is also known from the measurements
in Ref.[40] that E, increases linearly with increasing depletion charge (which can be
varied by the application of a substrate bias ~ an electric potential between the in-
terface and the bottom surface of Si substrate). Valley splitting can be enhanced by
a perpendicular component of the magnetic field [1, p.572], but is not affected by a

parallel component [40].

3.2 Measurement technique and experimental chal-

lenges.

Almost all the experimental results in Chapter 4 were obtained by 4-terminal trans-
port measurements of samples directly immersed into a 3He-*He mixing chamber
(glass tail) of an OxrorD Model 75 Dilution Refrigerator, and positioned at the cen-
ter of the 9-Tesla superconducting magnet. The angle-dependent magnetotransport
measurements of Section 4.4 were performed in an OxFORD HeLIOXYZ Pumped 3He
System* equipped with a manual rotator and a 13-Tesla magnet.

The Si MOSFET samples® were mounted on 24-pin JADE chip headers. A 0.001"-

3which corresponds to the ground state of quantized motion along z direction: e(l?) = €, +
h*/(2m)[k2 + k2] with n = 0.
iin A. D. Kent's Laboratory at New York University

Sobtained from Dr. V. M. Pudalov (Troitsk) and from Prcf. R. W. Wheeler (Yale University)
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thick aluminum thread was bonded to the sample contact pads® using the bonding
machine in Prof. A. D. Kent's Laboratory at NYU.

For the sample and thermometer leads from the top of the cryostat down to the
still of the dilution refrigerator, 0.002"-thick constantan and 0.005"-thick Cu wires
glued with GE varnish into two 18-way strips were used. The strips were thermally
anchored at several copper heat sinks along the way down: at the upper flange of
the Inner Vacuum Can (which is at helium bath temperature, T = 4.2 K), and at
the He' Pot (T = 1.5 K). At the still (T = 0.6 ) each of the constantan (and
Cu) leads terminates and connects to 0.012”-thick Nb-Ti (in Cu-Ni alloy cladding)’
wires that extend down to the top of the mixing chamber. The hermetically sealed
feed-through provides a connection of Nb-Ti leads with Cu leads inside the mixing
chamber. Finally, the copper leads are soldered to the chip carrier socket posts. This
arrangement minimizes heat transfer from room temperature to the still (by careful
thermal anchoring), and from the still into the mixing chamber (by introducing leads
made of a poor thermal conductor - superconducting filaments in alloy cladding).
The large thermal conductivity of copper leads inside the mixing chamber establishes
thermal equilibrium along the length of the chamber.

To reduce RF heating, 7-filters (that leave the phase of the signal unchanged
because of purely imaginary impedance) were attached to the 18-way FISCHER con-
nectors at the top of the cryostat®.

The temperature was measured by two Dale 1kOhm-series RuO resistors mounted
at the top and bottom of the sample chip carrier holder. The temperature was con-

trolled with one of the thermometers (calibrated in a magnetic field) using a Bio-

8samples from Dr. Pudalov’s supply came fully processed

"This choice of superconducting wire was suggested by Prof. Eric Smith at Cornell.
8The filters obtained from SPECTRUM CONTROL INC. were connected by Mr. D. Przybylski into

a FIscHER-compatible plug-in for the signal lines
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MAGNETIC TECHNOLOGIES Bridge Controller; the other thermometer was monitored
by a standard 4-terminal method at 13 Hz using a STANFORD RESEARCH SYSTEMS
850 Lockin Amplifier, and a generic calibration was used to monitor the temperature
gradient along the length of the sample holder.

Contacts to the inversion layer in a Si MOSFET at low electron densities (. e.
on the order of 10!* cm~2) at temperatures characteristically below 1.5 K become
capacitive and diodic. This circumstance makes the ac 4-terminal method difficult,
due to uncontrolled reactive components. All the low-temperature measurements
in Chapter 4 were performed using dc. Resistivities were deduced from the dc IV
characteristics, measured for each electron density set by the gate voltage V,. The
“symmetric” variation of the 4-terminal measurement setup suggested by Dr. Pudalov
was homebuilt and is shown in Figure 3.2. The current source is completely discon-
nected from ground (leakage resistance of BURR-BROWN ISO 120 Isolation amplifier
is greater than 10" Ohm). The center lead of the sample is grounded; V+ and V-
leads are floating (see Figure 3.3). It was verified during the course of measurements
that this method is more reliable, and provides much cleaner readings at low n, and
low T than the conventional 4-terminal method in which one of the voltage leads is
grounded.

At T > 1.5 K a 4-terminal ac method at 13 Hz was employed for resistivity
measurements. The standard setup used commercially available devices: STANFORD
RESEARCH SR 850 Lockin Amplifier at 13 Hz, and VALHALLA SCIENTIFIC Current
Calibrator, capable of producing ac currents as low as 1 gA per 1 V of reference signal

of SR 850.
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3.3 Characterization of MOSFET samples.

Experimentally measured parameters of the system that are essential to us are the
density of carriers in the 2D layer n,, and the electron mobility x, which is a function of

n,. For the rest of this work, the mobility will be determined from the Equation 2.11:
ﬂ("«) = (p:m("a)cns)-l; [l‘] = cmz/(Vs). (3?.)

Here p,z(n,) is the longitudinal resistivity in ohms, electron charge e = 1.6 x 10~1? C,
and n, is the electron density in the inversion layer in cm™2. This formula can be
easily derived by noting that u is usually defined as the coefficient of proportionality
between the electron drift velocity and the electric field, and making use of the Drude
conductivity form, ¢ = e*rn,/m*. The use of Drude's form implies that Eq. 3.2 is
only meaningful when the Ioffe-Regel condition, [ 3> A, is met.  Peak mobility
™= = maz(u(n,)) at 4.2 K can be thought of as a measure of the disorder that
electrons in the inversion layer “see”. We refer to peak mobility, which occurs at
comparatively high electron densities, where the condition [ 3> A holds and the
form of Eq. 3.2 is applicable. The higher energy sub-bands are already depopulated
at 4.2 K and do not contribute to the conductivity, and the phonon scattering is
weak [1]. At the same time, the quantum effects, discussed in Section 2.1 on page 4,
are not yet dominant. The temperature dependence of the peak mobility near 4.2 K
is rather weak, which means that it largely reflects temperature-independent electron
scattering with imperfections. Of these, scattering off positive charges trapped in
the oxide of the MOS system is believed to limit the peak electron mobility at low
temperatures [1].

The carrier density of the samples was extracted from Shubnikov-de Haas minima
(Quantum Hall minima at higher H) of the longitudinal resistivity p. in a perpendic-
ular magnetic field H. The method is quite straightforward and is essentially similar

to the one outlined in Ref.[I, p.490]. p., has a minimum whenever v levels are filled.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

The Fermi level ef is then midway between the centers of the v-th and the (v +1)-th
Landau levels, where no extended states are present (see, for example, Ref.[4]). At low
enough temperatures this means that no resistive current can flow, hence, p,; — 0°.

Thus, the longitudinal resistivity minima occur if
ny = k(V, ~ Vr) = vv, (3.3)

where v = eB/hc is the orbital degeneracy, or the number of quantum states in a
level per unit of area; ¢ is the speed of light. An example of this analysis is given in
Figures 3.4 and 3.3. Even if the spin and valley minima are not resolved, Shubnikov-
de Haas oscillations of resistivity in a changing magnetic field on the one hand, and
of changing gate voltage on the other hand, allow the determination of both Vr and
k. The analysis is easier in higher-mobility samples, since spin levels (and possibly
valleys) are resolved, in which case finding the right values for the filling factors
corresponding to the minima is very straightforward, and may not require both -
and V- sweeps.

Once the electron density has been determined as a function of gate potential, the
determination of peak sample mobility is straightforward. The zero-field resistivity
is then measured as a function of V,. The electron mobility is then calculated using
Equation 3.2, and plotted versus n,. The characteristics of the samples used to obtain

the results of the next Chapter are summarized in the Table 3.3 below.

9The somewhat counterintuitive fact is that in such a case, 0.z = = %T‘:n,mg =0.

PraTPey
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Sample | Nominal oxide thick- | p%%, . (x10* | ny(V;) (cm~2)

number | ness (4) cn?/Vs)

P1 2000 25 L1-(V, - 0.6V)

P2 2000 24 1.1-(Vy —0.49V)

P3 2000 1.7 1.1-(V, - 0.01V)

wo1 600 0.8 347 - (V, — 006 £
0.003V)

Table 3.1: Characteristic of the MOSFET samples: peak mobility u™** and dependence

of electron density n, on the gate potential.
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Figure 3.2: A dc input voltage Vi, is supplied to the home-built Source Unit by KEITHLEY
dc source 236. The output of ISO 120 is completely disconnected from ground and equal to
V:a (relative to point C of the battery source). The range switch allows for sample excitation
currents ... as low as 10 pA. The Measure Unit picks up the voltage drop across the range-
setting resistor R, so that ;e = Viqeas/Rr. The difference of two electrometer-grade

BURR-BROWN OPA 128 readings is read by the ANALOG DEVICES AMP-03 differential

amplifier.

"

Reproduced with permission of the copyright owner. Further réproductio‘n prohibited without permission.



33

Keithley 226 DC vol!nge saurce

Homcbullt mmum
V HP3347A
Homebuilt DC current |
<V ; —1{z  source unit
Keithley 226 AR fow —=
DC Voltage Source

L — ffomebuilt measure

vV HP337A

meas [& unit

Figure 3.3: Stepwise input voltage Vi, in the range -V < Vi, < W, is supplied to
the home-built Source Unit by KEITHLEY dc voltage source 236 controlled by LABVIEW
program. The range switch of the Source Unit chooses the dc excitation current range
(10 pA to 1 pA). The output Vipess = [z Ry of the homebuilt measure unit shown in the
lower part of Figure 3.2 on page 32 is read by the HP voltmeter at every value of Vi,
thereby monitoring the actual output current I.;.. Another measure unit (identical to the

one shown in the lower part of Figure 3.2) inonitors the voltage drop on the sample.
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Figure 3.4: An example of sample characterization. The longitudinal resistivity of a low-
mobility sample (ui95 ~ 8,000 cm?/Vs) was measured at V, = 5 V as a function of a
magnetic field (solid curve, bottom scale of H), and at a fixed H = 50 kOe as a function
of gate voltage (opaque circles, top scale of V;). The positions of the resistivity minima
must be proportional to 1/H. This condition allows identification (see Figure 3.5) of the
minimum at H = 60 kQOe with v = 12. Each oscillation of p includes 4 levels, since neither
spins nor valleys are resolved. (Spin level is becoming vaguely resolved at H = 70 kQOe, as

indicated by a “wiggle” in p(H) curve at H ~ 70 kOe.)
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Figure 3.5: (a) Values of B~! corresponding to the resistivity minima (solid curve in
Figure 3.4) are plotted vs the number of filled Landau levels N. Neither spins or valleys are
resolved; each LL contains 4 levels, N = v/4. Adjacent minima differ by unity in N, the
“absolute” values for N are found from the condition that B~! must be proportional to N.
This allows identification of the minimum at H = 60 kQOe with N =3 (or v = 12). This
minimum is the nearest to the point (V; = 5V; H = 50kOe) on the solid curve in Figure 3.4
(if one moves towards lower filling factors along the curve). Therefore, the nearest minimum
to the same point along the V;-sweep must also correspond to v = 12. This minimum is
indicated by an arrow in plot (b). Fitting to a linear dependence, V; — Vr &< N, one finally

obtains: n,[10Mcm™2] = 3.47 x (V; — 0.060  0.003V).
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Chapter 4

EXPERIMENTAL RESULTS

In this Chapter I present several new observations near the B = 0 metal-insulator
transition in a 2D system in Si MOSFETs:

e Scaling of the resistivity p(d,) with electric field and temperature, and experimental
determination of the critical exponents = and v [41].

e Transport symmetry across the transition: p(d,)/p. = o(—0d,)/0. [42].

e Suppression of the conducting state by an external magnetic field[43]; H/T scaling
of magnetoconductivity [44]; insensitivity of this effect to the angle between magnetic
field and the plane of electrons [45].

o By the application of a magnetic field parallel to the plane of 2D system, restora-
tion of the “ordinary” properties exhibited, for example. by strongly disordered

GaAs/AlGaAs [45].

36
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4.1 Scaling of the Resistivity with Electric Field.

The original measurements of S. V. Kravchenko and his coworkers[6, 25, 46] (reviewed
in Section 2.3 on page 13) have shown clear signatures of a conductor-insulator tran-
sition in a high-quality two-dimensional electron system (2DES) in silicon in zero

magnetic field. The resistivity, p, was found to scale with temperature, so that
p (T, n,) = fi (|0a/T?) with b=1/zv. (4.1)

Here n, is the electron density. d, = (n, — n.)/n.. n. is the critical electron density at
the metal-insulator transition. = is the dynamical exponent, and v is the correlation
length exponent introduced in Section 2.4 on page 18. The resistivities reported in
Refs. [6, 25] were obtained in the linear regime, i.e., in the limit of zero electric
field, E — 0. When the electric field is strong, however, the effective temperature
of the electrons becomes higher than that of the lattice. Scaling analysis, reviewed
in Section 2.4, shows that the resistivity should also scale with the electric field, but
the scaling exponent in this case will be 1/[(z + 1)v] (instead of 1/zv in the case of

temperature scaling) so that
p(E.n,) = fo ([6al/E°) with a = 1/[(= + 1)u]. (4.2)

Knowing both :v and (z + 1)v is sufficient to determine the exponents = and v
separately.

The resistivity of samples with maximum electron mobility '35 = 17 — 24,000
cm?/Vs was determined as a function of electric field by measuring current versus
voltage (I'V curves) for many values of n, using a four-terminal dc technique outlined
in Section 3.2 on page 26. Typical curves are shown in Figure 4.1. The middle, solid
curve — approximately a straight line — separates all IV curves into two groups

exhibiting different types of nonlinear behavior. The S-shape, corresponding to lower

electron densities, is associated with insulating behavior. One can notice by looking
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at any of the S-shaped curves in Figure 4.1 that the slope of the line connecting
the origin to a point on a curve (which is the sample resistance) decreases with
the increasing current (which determines the effective electron temperature). Thus,
the resistivity decreases with increasing temperature, which is characteristic of an
insulator. Similar arguments can be made to associate Z-shape, corresponding to
higher electron densities, with metallic behavior. The middle straight line signals
current-independent resistivity, and should, therefore, be identified with the critical
curve (for which n, = n,).

Quite a remarkable symmetry about the middle curve can be noticed in Figure 4.1.
This symmetry and its implications will be considered in detail in Chapter 5 on
page 74. A straightforward algebraic transformation of the experimentally measured
V(I) dependences yield the curves of resistivity p vs electric field E for different
electron densities that are shown in Figure 4.2 (not all curves measured are shown in
order to avoid too high a density of points). Here, the resistivity is determined from
p = (V/I)- (W/L) (W is the sample width and L is the distance between potential
contacts) and the electric field £ = V/L. Again, there is clearly a critical electron
density which separates two distinct density regions characterized by different types of
resistivity behavior as a function of electric field. At the critical point, the resistivity
(solid curve in Figure 4.1. closed circles in Figure 4.2) is virtually independent of
the electric field and close to 3k/e®. All curves below this line are characterized by
dp/dE > 0 while all curves above are characterized by dp/dE < 0. The observed
critical behavior of p as a function of E is very similar to the critical behavior of
the resistivity with temperature observed near the conductor-insulator transition in
2DES in silicon [6. 25]" It also resembles the behavior found near the superconductor-

insulator phase transition in thin metallic films [29] and the quantum Hall effect-

Lwith the only difference that the resistivity at the critical point is E-independent for the measured

range of E, but not T-independent at T > 2 K.
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insulator (QHE-I) transition in GaAs/AlGaAs heterostructures [47, 48, 49].

A remarkable property is that plotting the resistivity against the scaling variable,
|6a|/E®, causes all the curves to collapse onto two distinct branches, as shown in
Figure 4.3. Note that points for £ — 0, where p saturates due to finite temperature
of the lattice, have been omitted.? As expected, the scaling fails at electron densities
far from the critical point where the system is no longer in the critical regime, as seen
on the lower (metallic) branch in Figure 4.3. The upper branch corresponds to n, < n,
and the lower one to n, > n.. At the transition (n, = n.), the resistivity is close to
3h/e?. It is interesting to note that almost the same value was observed in Ref. [50] for
a transition between weak and strong localization in disordered metallic films. The

exponent a was varied to obtain the best visual collapse. yielding « = 0.37 £ 0.01.

4.2 Determination of the Correlation Length and
Dynamical Exponents.

Reproducing the measurements reported in Refs. [6. 25], the temperature dependences
of the resistivity of the same Si MOSFET sample (as in Section 4.1) in the linear
regime (E — 0) was measured in the temperature range 0.22 K< T <1 K in the
mixing chamber of the dilution refrigerator using the technique outlined in Section 3.2.
Resistivity curves for different electron densities are shown in Figure 2.3. These data
were used to obtain scaled curves of the resistivity as a function of the temperature-
dependent scaling variable, |4,]/T®. This is shown in Figure 4.4, where it is evident
that all curves again collapse onto two distinct branches, confirming the earlier results

of Kravchenko et al. reviewed in Section 2.3 on page 13. We note that the data scale

250 small an electric field is that it no longer determines the effective temperature of electrons.
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well only at temperatures below 1 K. presumably because at higher temperatures
the system is outside the critical regime. The best collapse was achieved for b =
0.83 £0.08. As was mentioned in Section 4.1, electric field- and temperature-scaling
analyses performed on the same sample, allow one to determine both the dynamical

exponent and the correlation length exponent. Indeed, from

b=1/zv=0.83
a=1/[(z+1)v] =0.37,

(4.3)

one derives: v = 1.5£0.1 and = = 0.84£0.1. While the correlation length exponent has
not been theoretically predicted for this system, the value of the dynamical exponent
in a strongly interacting 2D system was predicted to be = =1 [26], fairly close to what
we observe. In the majority of interacting 2D systems where it has been determined,
the exponent = has also been found to be close to 1 (see. e.g.. Ref. [28] for the case
of a superconductor-insulator transition and Ref. [37] for the transition between two
neighboring QHE plateaus). The same result for the case of hopping conductance
(on the insulating side of the transition) follows from the theory of Polyakov and
Shklovskii [51] who found the ratio of scaling exponents a/b = 1/2 (see Equations 4.1
and 4.2) which is equivalent to = =1.

The significance of the electric-field scaling analysis in which we assumed the be-
havior near the quantum critical point is discussed and compared with the alternative

picture of phonon heating in Chapter 5.
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insulator transition. T = 0.22 K.
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Figure 4.3: Demonstrating scaling with electric field, the resistivity in the non-linear regime

at 0.22 K is plotted as a function of |{§,|/E® for a = 1/[(z + 1)v] = 0.37.
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4.3 Symmetry of the Resistivity and Conductivity

Across the Transition.
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Figure 4.5: Resistivity as a function of gate voltage, V;, for temperatures between
0.3 K and 0.9 K. obtained from the linear portion of the IV curves using the appropri-

ate dimensionless geometric factor.

A remarkable property of the temperature-dependent resistivity in the linear

regime near the MIT will now be deduced empirically from the data in Figure 2.3 on
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page 17. The following recent observation has prompted this analysis. In GaAs/AlGaAs
heterostructures, Shahar et al. [52] have found a simple relation between the longitu-
dinal resistivity in the magnetic field-induced insulating phase and the neighboring
quantum Hall liquid (QHL) phase: pr.(Av) = 1/p.(-Av). Here Av = v — v, and
v, is the critical filling factor for the » = 1 QHL-insulator transition; the relation also
holds for the fractional » = 1/3 QHL-insulator transition when mapped [53] onto
the » = 1 QHL-insulator transition of composite fermions. Shahar et al. [52] point
out that this remarkable symmetry indicates a close relation between the conduction
mechanisms in the two phases.

A similar symmetry near the critical electron density for the B = (0 metal-insulator
transition in the 2D electron gas in high mobility silicon MOSFETS can be argued as
follows. Figure 4.5 shows the resistivity as a function of gate voltage (electron density)
at several different temperatures between 0.3 K and 0.9 K. The curves all intersect
at a single value of the gate voltage, V, = 1.348 V, corresponding to a critical electron
density, n. = 8.45 x 10'® cm~2. The resistivity decreases (increases) with increasing
temperature for n, < n, (n, > n.), as expected for insulating (metallic) behavior.
In agreement with earlier measurements{25., 46}, the resistivity at the critical point is
close to 3h/e2.3

Now let us normalize the resistivity by its value at the critical density, p. =
3h/e?. The normalized resistivity p*(V}) = p(V})/p. and the normalized conductivity
o*(V,) = a(V,)/o. at T = 0.35 K are shown as functions of the gate voltage in
Fig. 4.6. Note the apparent symmetry about the vertical line corresponding to the
critical electron density.

Fig. 4.7 demonstrates that the curves can be mapped onto each other by reflection,

i.e., p*(6,) is virtually identical to ¢*(—4,). Data indicate that this mapping holds

3Note that existence of a single crossing point at n, is a consequence of a temperature-independent

(between 0.3 K and 0.9 K) separatrix p(ns = n.) = 3h/e>.
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Figure 4.6: Normalized resistivity, p*, and normalized conductivity, ¢*, as functions of the
gate voltage, Vj, at T = 0.35 K. Note the symmetry about the line n; = n.. The electron

density is given by n, = (V, - 0.58V) x 1.1 x 10! cm™2.

over a range of temperature from 0.3 K to 0.9 K. The range |d,| over which it holds
decreases continuously as the temperature is decreased: for example, at T = 0.9 K, p*
and o* are symmetric for |d,| < 0.1, while at T = 0.3 K, they are symmetric only for
[04] < 0.05 (see inset to Fig. 4.7). On the other hand, the range of resistivity for which
the mapping is valid remains approximately unchanged with temperature. Thus, over
a range of temperature 0.3 K < T < 1K, the (normalized) linear conductivity on

either side of the transition is equal to its inverse on the other side:
0’ (0,,T) = a*(—6,,T). (4.4)

The implications of this symmetry will be discussed in Chapter 5.
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o*(—da) (open symbals) versus d, at T = 0.3 K and T = 0.9 K, the lowest and highest

measured temperatures.
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4.4 Suppression of the Conducting State by an Ex-
ternal In-Plane Magnetic Field

So far we have learned that the transition occurring in the absence of a magnetic field
in high-mobility, low-density MOS devices exhibits scaling behavior (expected of a
quantum phase transition) with temperature {6, 25] and with electric field [41]. It
has been also shown [42] that linear resistivity near the critical density possesses the
transport symmetry expressed formally in Equation 4.4 on page 47. The mechanism
of this transition is not understood. In this Section, I show that electrons’ spins are
central to the appearance of the anomalous conducting phase. Measurements of the
resistivity in a magnetic field applied parallel to the plane of electrons at tempera-
tures and carrier densities where the H = 0 conducting phase exists indicate that a
parallel magnetic field has a dramatic effect on the transition, entirely eliminating the
conduction mechanism responsible for the existence of the H = 0 conducting phase
above ~ 20 kQe. An in-plane magnetic field couples to the spins, but not to the
orbital motion. thereby allowing us to study the influence of strong magnetic fields
without entering the quantum Hall regime?.

The results of measurements of the linear and nonlinear DC resistivities of high-
mobility Si MOSFET samples P2 and P3 are presented below; data for other high-
mobility samples gave similar results. Let us recall that equivalent information is
obtained from the temperature-dependence of the linear resistivity (in the limit £ —
0) and the electric-field-dependence of the nonlinear resistivity in the limit T — 0, as
was demonstrated in Section 4.1 on page 37 by similar behavior near the critical point
in the two cases. Measurements as a function of electric field are easier to perform

and entail smaller errors. The resistivity was measured as a function of parallel

‘where the electronic transport is determined by the perpendicular component of a field H; , and

does not tell about the H = 0 phase.
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Figure 4.8: IV curves for a fixed electron density in a changing in-plane magnetic field.
V, = 0.82 V, which corresponds to electron density n, = 9.02 x 101° cm™%. At H =0
(circles) the sample is on the conducting side of the MIT. The localizing effect of an in-
plane field is obvious from the gradual change of the shapes of I'V's as the field is increased.

H changes from 4kQe (squares) to 16 kOe (crosses).

magnetic field, at various temperatures, and for different values of the electric field
(determined by the measuring current). No difference was found for in-plane magnetic
fields applied parallel and perpendicular to the measuring current.

In Section 4.1 we were able to identify metallic and insulating behavior of a sample
by examining characteristic shapes of the IV curves shown for the H = 0 case in

Figure 4.1 on page 41. It follows from that discussion that by decreasing electron
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Figure 4.9: Resistivity as a function of electric field on a semilogarithmic scale at Hj =5

kOe and T = 0.10 K. Electron densities are specified relative to the H = 0 critical density,

ne = 8.03x10!% cm~%; § = (n,—n.)/n.. The inset shows p(E) in the absence of a magnetic

field at T = 0.22 K, for 6=-0.065, -0.050, -0.030, 0, 0.052, 0.10, 0.16, and 0.27. The crosses

correspond to § = 0.
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Figure 4.10: Isomagnetic curves of nonlinear resistivity as a function of electric field on
a log-log scale for fixed electron density, d, = 0.3, at T = 0.10 K. Each curve corre-
sponds to a different value of parallel magnetic field, H" = 0 (bottom curve), 6,8,10,12,
15,17,19,20, 22, 24, 25,27, 30, and 34 kOe. Minima in the resistivity are clearly illustrated
in the inset, where data are shown on a linear scale for H" = 0 (bottom curve), 4,5,6, 8,9,

and 10 kQe.

density n, in the critical region (i. e. near n.) the metallic sample, associated with a
Z-shape of its IV curve, can be made insulating, with S-shaped IV.

Now, we measure the I'V characteristics of a high-mobility sample with a fixed
electron density that places it on the metallic side of the H = 0 MIT (corresponding

to a zero-field 4, = 0.3). for different fixed values of parallel magnetic field. The

3
e
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Figure 4.11: Resistivity on a logarithmic scale as a function of a magnetic field applied
parallel to the plane at T = 0.25 K for three electron densities. The inset shows the

resistivity on a linear scale in small magnetic field for § = 0.15 and T = 0.13 K.

temperature of the bath was kept at 0.1 K. These characteristics are shown in Fig-
ure 4.8. The immediate significance of this figure is that the sample, metallic at
H =0 (Z-shape), can be made quite strongly insulating (S-shape) by a parallel field
as low as 10 kQe. At first glance it may seem that the application of an in-plane

magnetic field is similar to a decrease in electron density below n.: both make the
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Figure 4.12: Linear resistivity versus temperature in five different parallel magnetic fields.

The electron density corresponds to ¢ = 0.10.

system insulating. However, as it will now become clear, the influence of the parallel
field is more dramatic and more complex.

It is sensible to ask at this stage whether one could “compensate” for the insu-
lating effect of a paraliel field by increasing the electron density of a MOSFET. In
other words, is it possible that the parallel magnetic field simply “shifts” the critical

density n. to a higher value? Figure 4.9 shows the nonlinear resistivity in units of

B
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h/e? as a function of electric field in a fixed parallel magnetic field of 5 kOe at a
temperature of 0.1 K. The curves in Figure 4.9 are obtained from corresponding I'V
curves by finding the value of resistivity at each measuring current I. Each curve
corresponds to a different electron density (gate voltage). For comparison, the inset
shows the resistivity as a function of electric field in the absence of a magnetic field
for comparable electron densities. In zero magnetic field, as discussed in Section 4.1
on page 37, the curves clearly separate into two groups: for low electron densities
the resistivity increases with decreasing temperature (insulating behavior), while for
higher electron densities the resistivity decreases with decreasing temperature (con-
ducting behavior); the resistivity at the transition (n, = n.) is independent of electric
field and approximately equal to 3h/e®. As also demonstrated in Section 4.1, a single
(horizontal) multiplicative factor can be used to obtain scaling. The effect of a paral-
lel magnetic field is clearly shown in the main part of Figure 4.9: a magnetic field as
small as 5 kOe drives all curves toward more insulating behavior. However, there is a
qualitative change: for some electron densities the resistivity exhibits non-monotonic
behavior, developing a shallow minimum. It is no longer possible to apply a hori-
zontal multiplicative factor to each curve to obtain scaling. It is evident, therefore,
that one cannot strictly “compensate” for the insulating effect of a parallel field by
increasing the electron density of a MOSFET: the temperature dependences in H =0
and H # 0 cases are qualitatively different.

We now consider whether one can identify a critical parallel magnetic field below
which the system is a conductor, and above which it is an insulator. In Fig. 4.10, we
plot the nonlinear resistivity, p(E), for a fixed electron density (corresponding to a
zero-field 4 = 0.3) at 0.1 K. Here each curve corresponds to a different value of Hj.
As noted above, the curves are qualitatively different from those in zero field shown

in the inset to Fig. 4.9: the curves for 4 > 0 display a shallow minimum in finite
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magnetic field, and it is no longer possible to use a single parameter to collapse them
onto two separate branches, insulating and conducting, as was done at H = 0 in
Section 4.1. Moreover, there is no universal “critical” value of the resistivity, p( H)).
This suggests that any finite magnetic field (at T = 0) drives the system into the
insulating phase®.

The resistivity is shown on a logarithmic scale as a function of magnetic field
at a fixed temperature of 0.25 K in Fig. 4.11 for three different electron densities
on the conducting side of the H = 0 transition (n, > n.). The resistivity initially
changes quite gradually up to M} = 4 kOe; data at low fields are shown on an
expanded scale in the inset to Fig. 4.11 for an electron density corresponding to
6 = (n, — n.)/n. = 0.15. The resistivity then increases sharply as the magnetic field
is raised further, changing by almost three orders of magnitude. Above Hj ~ 20 kQe,
it saturates and stays approximately constant up to the highest measured field, Hy =
70 kOe. A parallel magnetic field has dramatically altered the system, apparently
suppressing the conduction mechanism in the anomalous conducting phase entirely
in fields above 20 kOe®. The high-field saturation suggests, and it will be shown
explicitly in Section 4.6, that above saturation, #.e. on having destroyed the H — 0
conduction mechanism, the in-plane magnetic field ceases to affect the system. The
behavior is strongly reminiscent of the quenching of superconductivity by a magnetic
field (except that the zero-field resistivity in our case is finite rather than zero).
The Zeeman energy. gpgH). at 20 kOe corresponds to a thermal energy kgTy with

Ty = 2.7 K. Note that Ty ~ T* = 2 K where T* marks the onset of the low-

51 should note, however, that this question is not fully resolved up to date, see Chapter 5 for

discussions.
6As has been first shown by Pudalov et ol [54], the saturation field is a function of electron

density n,. Here we give the characteristic value of H,.: in the close proximity to the transition,

0 = 0.1.
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temperature conducting phase in zero field (see the H = 0 curve in Figure 4.12).

Finally, I show in Figure 4.12 the lineer resistivity (at E — 0) as a function
of temperature for a fixed electron density on the conducting side of the H = 0
transition (§ = 0.1) in several parallel magnetic fields between 0 and 14 kOe. The
zero-field curve is typical of a conductor, with resistance dropping sharply as the
temperature is decreased below = 2 K, while at & = 14 kOe it is strongly insulating.
The magnetic field has almost no effect on the resistivity above T* ~ 2 K, while
below T the effect of H} is enormous (as discussed in the previons paragraph, T* is
the characteristic temperature below which the conducting phase exists in zero field).
The presence of non-monotonic behavior of resistivity at intermediate magnetic fields
can be noted, although it is not as obvious as for the non-linear resistivity data.
Again, one-parameter scaling with temperature breaks down in a parallel field, as did
one-parameter scaling with electric field.

The main qualitative conclusion of this Section is that an in-plane magnetic field
suppresses the anomalous conducting phase found at H = 0 in the 2D electron system
in Si MOSFETs. The resistivity increases by several orders of magnitude at low
temperatures, saturating above ~ 20 kQe. The fact that a parallel magnetic field has
such a dramatic effect indicates that the electrons’ spins play a central role. The fact
that the Zeeman energy gugH and thermal energy kgT that destroy the conducting
phase are roughly comparable further supports this possibility. One-parameter scaling
with temperature and electric field, found to hold when H = 0, breaks down even
in a weak magnetic field, suggesting the elimination of the conducting phase by an
arbitrarily small H. More quantitative analysis of the suppression by Hjj of the H =0

conduction mechanism is presented in the next Section.

Y
=
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4.5 H, /T scaling of magnetoconductance Ao(H),T).

The application of an in-plane magnetic field considered in the previous Section affects
the spins of the electrons only, and has no effect on their orbital motion. As I noted
above, the quenching of the conducting phase by a magnetic field applied parallel to
the plane of the electrons thus provides strong indication that the electrons’ spins play
a central role in the anomalous conducting phase in these two-dimensional systems.
The fact that the Zeeman energy gugH and thermal energy kgT* that suppress
the conducting phase are roughly comparable was already mentioned. This led us
to explore the possibility that the energy scales of H) and T may be equivalent
in determining the magnetotransport, namely, that the magnetoconductance should
scale with Hy/T."

In this Section [ show that the positive magnetoconductance of a MOSFET with
electron density on the conducting side in the immediate vicinity of the / = 0 MIT

can indeed be adequately described by the following scaling relation:
Aa(Hy.T) =0o(H).T) - 0(0.T) = f(H)/T). (4.5)

Here f is an empirically deduced scaling function.

The maximum mobility of the sample P1 used in this experiment was (7%, =~
25,000 cm?/Vs). The conductivity was measured in magnetic fields up to 15 kOe
applied parallel to the plane of the electrons. Measurements were taken between
0.25 and 0.9 K with the sample immersed in the 3He - *He mixing chamber of a
dilution refrigerator. The electron density was set by the gate voltage at n, = 9.43 x
10%m~2, placing the sample on the conducting side and near the conductor-to-

insulator transition (n. = 8.57 x 10'%m™2). In the absence of a magnetic field, the

I am grateful to Lenny Tevlin for suggesting the one-parameter scaling form of Ag(H),T) in
two dimensions derived by Lee and Ramakrishnan [55] for a disordered (albeit weakly interacting)

electron gas.
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Figure 4.13: Magnetoconductivity Asg(H);,T) = o(H),T) — 0(0,T) versus temperature
T for several magnetic fields Hj; applied parallel to the plane of the electrons. In zero
field the sample is in the conducting phase with an electron density § = (ny — n.)/n. =
0.10. The dashed lines are guides to the eye. The inset shows the absolute value of the
magnetoconductivity |Ac(H)j, T)| versus Hj at the lowest measured temperature, T' =0.25

K. Note the rapid increase of |Ac(H);, T)| followed by saturation above = 13 kOe.

resistance was 13.9 kOhm/O at the lowest measured temperature, T = 0.25 K.

The magnetoconductivity, Ac(H).T) = o(H),T) — 0(0.T), is shown in Fig-
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Figure 4.14: The magnetoconductance Ac as a function of T/Tp. The inset shows the
scaling parameter Ty plotted as a function of gupH) /kg. (Symboals for different fields, H, I
are the same as in Fig. 4.13). A power-law fit, shown by the solid curve, yields Ty o H"l'
with @ = 0.88 £0.03. The dotted straight line corresponds to Tp = gipH)j/kp; deviations

from straight-line behavior are attributed to saturation at high fields (see text).

ure 4.13 as a function of temperature for various fixed values of parallel magnetic
field. The magnetoconductance is negative, its absolute value increasing with applied

field and with decreasing temperature. The noise for small H); derives from the sub-
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Figure 4.15: The magnetoconductance Ag(Hj;,T') as a function of H;/T for Hy =3 to 12

kOe (see text).

traction of two large (and comparable) quantities. o(H), T) and (0,T). The inset
to Figure 4.13 shows the absolute value of the magnetoconductivity as a function of
Hj at a temperature of 0.25 K. The absolute value of the magnetoconductance rises
rapidly and begins to saturate above ~ 13 kQe.

The data for Ao can be collapsed onto a single curve by applying a different

multiplicative factor to the abscissa for each curve, as illustrated in Figure 4.14.

-
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The scaling parameter Ty is plotted in the inset as a function of the Zeeman energy,
gusH)/ks (in Kelvin). A power-law fit (shown by the solid curve) yields To < Hff,
with & = (0.88 + 0.03). Note that H/T scaling of the form Equation (4.5) requires
that & = 1, corresponding to Ty = gnegHy/kg (indicated in the inset by the dotted
line). The deviation of « from unity may be associated with the saturation of the
magnetoconductance at Hj > 13kOe shown in the inset to Fig. 4.13, where one might
well expect the scaling to break down.® Therefore, the data sets at the three largest
fields ~ for which the proximity of the scaling parameter Tj to saturation is apparent -
are excluded from the direct test of the H/T scaling presented in Figure 4.15. For in-
plane fields in the range H}=3...12 kOe, the magnetoconductance Ac(H,|) is plotted
as a function of the scaling variable H[/T. For this range of magnetic fields and for
an electron density fairly close to the critical density, the magnetoconductance scales
well with H/T.

It should be noted in closing this Section that various scaling analyses were at-
tempted for magnetotransport in a parallel magnetic field, and the magnetoconductiv-
ity scaling of Equation 4.5 is the only one-parameter scaling form consistent with the
data. For example, the magnetoresistance Ap(Hjj, T) does not obey one-parameter
scaling. The implications of the particular form of Equation 4.5 will be discussed in

Chapter 5.

81t may also be associated with the possibility that H/T scaling does not strictly hold; for

example, a weakly temperature-dependent prefactor may prececle the scaling function f.

Reproduced with permission of the copyright owner. Further reproduction brohibited without permission.



63

4.6 Suppression of the Conducting Phase by a Tilted
Magnetic Field. Restoration of the “Ordinary”
Magnetoresistance in a Perpendicular Field by
Application of a Large In-Plane Magnetic Field

The results of the previous sections prompted the conjecture that the existence of
the anomalous metallic-like behavior of a low-density 2D system is associated with
electron spins, since this behavior disappears with the application of an in-plane
magnetic field which only couples to spins. The perpendicular field, in turn, couples
both to spins and to the orbital motion of electrons. Therefore, if electron spin
coupling to a magnetic field is responsible for the quenching of the H = 0 conduction
mechanism, then the latter should also be apparent in perpendicular field experiments.
One may expect that orbital dynamics of electrons (that give rise to the quantum
Hall effect) will also influence the magnetoresistance if the field is tilted from the
in-plane direction.

These considerations stimulated the experiment which I am about to describe.
Two Si MOSFET samples (a high-mobility sample P2 (4% = 24,000 cm®/Vs) and
a lower-mobility sample W01 (u%E = 8,000 cm?/Vs) (see Table 3.3 on page 31) were
mounted on a rotating sample holder on the cold finger of the *He refrigerator.” The
thermal contact between the cooling source — *He pot and the sample was provided by
very thick copper wires which were coiled into springs to allow unimpeded rotation
of the sample. With this arrangement, the lowest temperature of the sample was

T = 340 mK.!°

9The measurements of this Section were taken in A. D. Kent's iab at New York University.
10This temperature was read by the Dale [kQ RuO thermometer placed directly onto the sample

chip.
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Four-terminal dc transport measurements were taken as a function of magnetic
field applied at different angles with respect to the plane of the electrons. The field
was swept at a rate of 0.4 Tesla/min, and the voltage drop on the sample was recorded
twice (on the way down and up) for both directions of current I = I, using the
setup described in Section 3.2 on page 26 (see also Figure 3.3). The resistance was
then calculated as the difference of voltage readings divided by 2I....!! Excitation
currents were between 0.1 nA and 10 nA, and care was taken to ensure measurements
were in the linear [ — V regime by recording full IV curves at the base temperature
at the beginning of the experiment.

First, the diagonal resistivity p,. of sample P2 was measured in a perpendicular
field (¢ = m/2) for a gate voltage thai placed this sample in the conducting state
at H = 0 (with a resistivity of =~ 10 k2 at 360 mK). Next, the resistivity p,; of
the relatively low-mobility sample W01 was measured in a perpendicular field. Both
curves are shown on Figure 4.16 for comparison.

The electron density of the lower-mobility sample W01 was set at n, = 2.1 x
10! cm~2 by a gate voltage V, = 0.65 V. Using the characterization technique de-
scribed in Section 3.2. it was found that n, = 3.47x (V,—Vr) with V- = 0.06:0.003V.
The sample is insulating at this electron density (as determined from the S-shaped
IV characteristics measured at 0.36 K, and also from the resistivity change monitored
during cooldown). No sign of conducting behavior was observed in sample W01 for
any gate voltage in the range 0.5 V< V, <10V, so that disorder dominates (because
the sample mobility is low) despite the fact that electron interactions are appreciable.

Let us first examine the magnetoresistance of sample W01. Khmelnitskii [56,

57] showed within the framework of scaling hypothesis for electron localization in

117 should note that this method is less accurate than deriving p from linear parts of IV charac-
teristics employed in the previous sections. However, it was found adequate at *He temperatures,

where contact problems discussed at the end of Section 3.2 were still manageable.
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a magnetic field, that delocalized states located at the centers of Landau levels at
high H, float up in energy as is H, decreased. As was also proposed by Laughlin in

Ref. [59], the energy of delocalized states E, changes with H, as follows:
E, =hQn +1/2)(1 + (Q71)7Y), (4.6)

where Q = eH/mc. At high H,,E, — hQ(n + 3), which is equivalent to the
statement that delocalized states are at the centers of Landau levels. At low H,

Equation 4.6 gives:
E, - QY (n+1/2)7"% < HT". (4.7)

and as H, — 0. the energies E, of all delocalized states (i. e. for all n) tend to infin-
ity and the system becomes an insulator. A sketch of E,, curves versus f, is shown
in Figure 4.17. In accord with these considerations, the resistance of our insulating
sample W01 grows as H; — 0 - the extended states float upwards and away from
the Fermi level. This results in the negative magnetoresistance (p..(H) — pzz(0) < 0)
exhibited by sample W01 (see Figure 4.16). As H, is increased, the extended states
descend in energy. The Fermi level finds itself midway between centers of the 2nd
and the 3rd Landau levels (so that 2 LL are filled) at approximately 32 kOe (where
pzz has a minimum). At 64 kOe only one LL is filled. At even higher magnetic
fields the last extended state exits through the Fermi level, and we have an insulator
again.!? In strongly disordered GaAs/AlGaAs heterostructures (that are insulating
at H, = 0) similar behavior of resistivity with magnetic field - large negative mag-
netoresistance. transitions to quantum Hall conductor phases. and a transition to an

insulator at high fields - has been observed by different groups (60, 47. 61. 62]. In

21t is clear that at different electron densities (hence, different positions of the Fermi level) one
can end up seeing different numbers of resistivity minima (and different number of field-induced
transitions). If Ef < min(E,). where E, is from Equation 4.6, the sample will be an insulator at

any H, . See Figure 4.17.
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contrast, the high-mobility sample P2 (see lower curve in Figure 4.16), which is in the
anomalous conducting phase at A = 0, displays an anomalous magnetoconductance
in a perpendicular magnetic field H;. We notice that the large negative low-field
magnetoresistance is absent in this case, and there is a substantial enhancement of
the resistivity as H, is increased (around = 15 kOe) which is overwhelmed by the
orbital dynamics leading to ¥ = 1 and 2 quantum Hall minima at higher . The
“anomalous peak” of the resistivity grows with decreasing temperature, as shown
in earlier measurements of Pudalov et al. [58] on similar samples at similar electron
densities at T = 35 mK. This enhancement of p. is in stark disagreement the “float-
ing up” of extended states (see discussion preceding Equation 4.6), and has been a
puzzle for several years. This anomaly has only been seen in systems undergoing the
unexpected H = 0 MIT - high-mobility SIMOS devices [58]. However, the dramatic
increase of resistivity that high-mobility MOSFETs exhibit in a parallel field (see
Section 4.4 and Ref.[43]), suggests strongly that both effects are of the same origin.
This can be tested bv varying the angle between the field and the 2D electron layer
and measuring the resistivity p., of high-mobility sample P2.

The result of this experiment is shown in Figure 4.18. For all angles between
the applied field and the plane of the electrons, p..(H) follows approximately the
same curve up to some value of magnetic field, above which orbital effects leading to
QH oscillations become dominant. The resistivity deviates from the “main” curve at
smaller magnetic fields as the angle between the field and the plane is increased. This
occurs simply because at a given total field, the larger ¢ the larger the perpendicular
component, which causes stronger orbital effects. We note that small differences
in p(H) at H ~ 10 kOe are associated with the emergence of a QHE minimum at
filling factor » = 6[58], which deepens as the perpendicular component of the field gets

larger. Also, the minimum at v = 4, masked by the resistivity peak in a perpendicular
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field, becomes resolved in a tilted field at ¢ = 16.5° (notice a local resistivity minimum
at about 40 kOe in Figure 4.18) due to the widening of spin splitting produced by a
parallel magnetic field component. The most important feature of these dependences,
however, is that the magnetoresistance is the same at all angles up to some field above
which it is overwhelmed by orbital effects. The anomalous H = 0 conducting phase
is thus suppressed in the same manner by a magnetic field applied at any angle.

It was already noted in Section 4.4 that magnetic field suppression of the anoma-
lous conducting state cannot be attributed to a simple shift of the critical electron
density. With the added capability to rotate the sample in a magnetic field in the
3He system, thereby controlling both directions of the field independently, we verified
explicitly that a magnetic field does not drive the sample into the insulating phase by
simply reducing the electron mobility'3, or by reducing the electron density below its
critical value. Figure 4.19 shows pir=4.2 x of high-mobility sample P2 as a function of
electron density in A = 0 and in the presence of a parallel magnetic field, =30 kOe.
These data establish that the mobility is essentially unaltered by a magnetic field.
In the inset to Figure 4.19 I replot the resistance as a function of the perpendicular
magnetic field component. f[; = Hsing, for four different fixed angles with respect
to the electron plane!*. The QHE minima occur at the same A for all angles, cor-
responding to different values of the total field. This observation establishes that the
magnetic field does not change the density of 2D electrons. The dramatic growth with
angle of the p,, maximum at H; ~ 15 kQOe can be understood by recalling that the
H =0 conducting state is quenched independently of the field orientation: at a fixed

H; = 15 kQe, the total field increases with decreasing ¢, H = H, /sin ¢, driving the

13The disappearance of the conducting phase with increasing disorder was first shown by

Kravchenko et al. [6]
Note that the parallel field. Hy = Hcose, varies along each curve and is different for different

angles ¢.
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sample closer to the insulating state.

It is very interesting to note that, in fact, the only role of the parallel field is to
quench the conducting phase in the vicinity of H = 0. The parallel field component
as large as 30 kOe produces no effect on transport in the quantum Hall regime, which
is evident from the fact that all data collapse onto a single curve at sufficiently strong
H, in the inset to Figure 4.19. Not only are the positions of the QHE minima
unaltered by the in-plane field, but the overall behavior (once the A = 0 conducting
mechanism has been quenched) is also insensitive to it.

Lastly, using the angle-dependent data, it becomes possible to map out the low-
H, magnetoresistance in the “quenched” state. This can be done in the following
way. The quenching of the anomalous phase, as we have shown above in this Section,
is produced by the total magnetic field. We can therefore construct the resistivity

quenched( [T ) in the “quenched” state by simply noting the p..(H ) dependence in
a large, fived total field F. This dependence is marked in Figure 4.16 by closed
diamonds. We can immediately see that the magnetoresistivity has become neg-
ative at low H;. and that the anomalous peak of the resistivity in Hy = 0 case
has been removed. In the “quenched” state, high-mobility Si MOSFETs display the
familiar reentrant behavior found in disordered, weakly interacting GaAs/AlGaAs
heterostructures (see, e.g.. Figure 2 in Ref. [60]): the system has an initial large nega-
tive magnetoresistance. exhibits the quantum Hall effect at » = 2 and 1, and becomes
again insulating above H =~ 42 kQe'®.

To conclude this section. I summarize the main qualitative results of the tilted-field
experiments: A magnetic field suppresses the anomalous H = 0 conducting phase in
high-mobility silicon MOSFETSs independently of the angle between the field and the

plane of the electrons, thereby firmly establishing that the suppression of this phase is

I5However, the initial decrease in resistivity is considerably less sharp than in disordered

GaAs/AlGaAs.
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associated only with the electrons’ spins. In the presence of a parallel field sufficiently
large to quench the anomalous conducting phase in high-mobility silicon samples, the
resistivity exhibits as a function of perpendicular field all the familiar features found
in disordered, low-mobility GaAs/AlGaAs heterostructures [60, 47, 61, 62]: a giant
negative magnetoresistance at low H, the quantum Hall effect (QHE) at low Landau
level filling factors, and insulating behavior at higher H,. The suppression of the
anomalous conducting phase is not associated with a simple change in mobility or
electron density, both of which are essentially unaltered by the magnetic field.

This concludes the Chapter in which I reported the main experimental findings
of this work. In the next Chapter, these findings will be discussed and compared to
existing theoretical models, and to very recent results by other groups on the A =0

MITs in other strongly interacting 2D systems.
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Figure 4.16: Resistivity of two samples with electron densities n, = 2.1 x 10! cm™2 (W01
— dashed line), and n, = 1.0 x 10!* cm~2 (P2 - solid line) measured in a perpendicular field
at T = 0.36 K, plotted as a function of an inverse filling factor »~! (which is proportional to
H,). The lower-mobility sample has an appreciable negative magnetoresistance consistent
with the model of Ref. [56, 57]: extended states descend from infinity as the magnetic field
increases from zero (see Equation 4.6). On the other hand, the higher-mobility sample
(dashed line) behaves anomalously below ~ 15 kOe: contrary to the expected insulating
behavior, the resistivity drops by almost a factor of 4 at T = 0.36 K (a factor of 500 at

30 mK [58]), and approaches a finite value at H =0.

e
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Figure 4.17: The extended electronic states follow the centers of LLs at large magnetic
fields. At small fields, the extended states float up in energy with decreasing field. De-
pending on the position of the Fermi level, one observes different series of field-induced

transitions in a 2D system with increasing H .

m
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Figure 4.18: Resistivity as a function of the total magnetic field for a high-mobility sam-
ple P2, at T = 0.36 K and n, = 1.0 x 10'! cm™2 for nine angles ¢ between the magnetic
field and the inversion layer. p,. deviates from the “main” curve at smaller magnetic fields

as ¢ is increased.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

r v v
i
r 1
c—3 H=0
. — H,=30kOe
- 10 1
%) I Y ]
2 S
g 120 ;o ¢=46. A 9
S coY ---- ¢=544
x g | PNV e el
=::! ‘ g 80 i‘ '[ " l‘\ —_— °=90.0" -ll
= 40 r ’
0 [
| 0
10° | '
0 4 8 12

n, (10" cm®)

Figure 4.19: Mobility vs electron density for sample P2 at T’ = 4.2 K in zero magnetic field
(open symbols) and Hy = 30 kOe (closed symbols). The inset shows R., as a function of
H, for four angles between the field and 2D plane; T = 0.36 K and n, = 1.0 x 10! cm™2.
The positions of the minima do not change with the parallel field component, implying that

the actual electron density is constant.
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Chapter 5

THE SIGNIFICANCE OF
EXPERIMENTAL FINDINGS
AND COMPARISON WITH
THEORY.

In this Chapter [ compare — where possible - the experimental results with existing
theoretical models. Unresolved issues and further experimental work that may clarify

them are also discussed.

5.1 The scaling exponents: diverging correlation
time versus phonons.

Let us discuss the significance of the elecric-field scaling analysis in Section 4.2. One

important assumption of the scaling equation 2.16 is that the electron “temperature”,
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Tt ~ eELg, associated with the field is set by the diverging correlation length and
time in the vicinity of the critical point. An alternative mechanism that gives rise to
an electron temperature higher than the lattice temperature is phonon heating. At
low T, phonons are capable of carrying away the Joule power of the electric field at a
rate P,y oc T* with 8 = 4...5 [63] for the case of phonon radiation in GaAs/AlGaAs,
and @ = 6 in 2D layers in Si MOSFETs [63]; T* is the effective electron temperature
set by the phonon radiation rate. Thus, our measurements beyond the ohmic regime
give information about the response to the electric field near the quantum critical
point only if [26}:

Te>T* (5.1)

At the critical point the resistivity is scale-independent, and therefore, from the
equilibrium condition Pjou, = E%/p = Py, we obtain: E? o< T*?. Thus the con-
dition 5.1 may not be satisfied at low electric fields: T* o« E*® =~ E'3, while
Tg o< E+/(:+1) = EY2 if = = 1. The influence of phonon heating could be reflected in
the somewhat low value of = = 0.8 [41] determined experimentally in Section 4.2.
Since the crossover between the two regimes discussed above has not been studied
near the B = 0 transition in Si MOS devices, the following experiment could be
proposed to distinguish between phonon heating effects and the quantum-critical
response to an electric field. The power-law dependences of the effective electron
temperature (7 for phonons: Tg for quantum-critical response) should be obeyed
in the immediate vicinity of the transition, i.e. where the resistivity has no electric-
field dependence. For the same reason, measurements of resistivity dependences on
T and E at the transition are not capable of yielding parametric T(E) dependences,
which could be used to distinguish between the two regimes. In other words, at
the transition, the resistivity itself is not a good thermometer. On the other hand,

the derivative dp/dn, evaluated at n, = n. is extremely sensitive to temperature or
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electric field'. Fitting the parametric T(E) dependence — in which T is defined as
the temperature for which the value of dp/dn, measured in the ohmic regime is equal
to the value of dp/dn, measured as a function of E at low bath temperature — to a
power law with exponent z/(z + 1), should allow the identification of the range of £

within which the response to electric field is not affected by phonon heating.

5.2 Implications of the symmetry near the critical
density.

The symmetry shown in Fig. 4.7 bears some resemblance to the behavior found for the
resistivity near the quantum Hall liquid (QHL)-to-insulator transition in high mobility
GaAs/AlGaAs heterostructures, where it has been attributed to charge-flux duality in
the composite boson description [64]. The symmetry was shown in this case to hold for
the entire nonlinear I'V curve [65]. Approximate reflection symmetry of the IV curves
was noted by van der Zant et al.[32] at the magnetic-field-induced superconductor-
insulator transition in aluminum Josephson junction arrays; it has been suggested
that this duality can be related to the symmetry between single charges in the super-
conducting phase and vortices in the insulating phase [66]. Approximate symmetry of
the IV curves near the A = 0 transition in Si MOSFETSs (apparent from Figure 4.1)
suggested the possibility of superconducting mechanism [67] in the anomalous con-
ducting phase.

However, the transport symmetry across the transition has been also interpreted

within the phenomenological model of 2 “perfect metal” [68]. The assumption of the

1\Wei et al. [37] used a similar quantity — dp/dH as an thermometer to investigate the dependence
of T* on E at the transition between the quantum Hall plateans in GaAs/AlGaAs heterostructure.

Here H is a perpendicular magnetic field chat tunes the transition.
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model is that the one-parameter A-function introduced in Equation 2.5 on page 9 can
be constructed in the vicinity of the H = 0 transition, even though the disorder is not
the only parameter in a strongly-interacting disordered system. It is shown in Ref. [68]
that the symmetry of the form of Equation 4.4 is a straightforward consequence of
the linearization of 8(G) near the critical point G., where G(L) changes sign.

It was noted in Section 4.3 that the range near the transition over which the
reflection symmetry of the form of Equation 4.4 holds, decreases with decreasing
temperature. The change in resistivity near the transition over which the symmetry
holds remains approximately the same. If the H = 0 transition is a QPT, the shrink-
age of the range of validity, [d] = |n, — n.|/n., with decreasing temperature can be
interpreted in terms of the dependence of the breadth of the quantum-critical region
on temperature [68, 33| (see the definition in the footnote 12 on page 20). Indeed, the
lower the temperature, the narrower the critical region, since the energy scale that
measures the deviation from the critical point must be much smaller than kgT. The
question of the origin of the temperature dependence of the range near the transition
over which the reflection symmetry holds is related to the low-T saturation of the
resistivity on the conducting side of the transition. The data in Figure 2.3 were not
taken to low enough T (or large enough electron density n,) to reveal the saturation.
Figure 5.1 illustrates this saturation. Below a certain characteristic temperature (dif-
ferent for different d's). the resistivity dependence on temperature flattens out. It is
not known what mechanism is responsible for the saturation. It is obvious, however,
that the effect is not related to the experimental difficulty in cooling the 2D gas,
since it occurs at much too high T’s. It is plausible that the saturation is related i
crossing the boundary of the critical region at low temperatures, which should occur
at higher T for higher n, — in qualitative agreement with the data in Figure 5.1.

It is interesting to note that in another 2D system that has been recently found to
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exhibit the metallic-like behavior — the hole gas in GaAs/AlGaAs — similar satu-
ration of resistivity on the conducting side of the transition has been observed [69).
The question whether this saturation is quantitatively consistent with the limits of
the critical region, or whether it is governed by entirely different physics is open and

needs further study.

5.3 Magnetic-field suppression of the anomalous
conducting phase.

It has been shown in Chapter 4 that the conducting phase can be suppressed by the
application of a magnetic field, and that the suppression is independent of the field
direction. The tilted-field experiment described in Section 4.6 showed that, together
with the restoration of the “normal” (that is. strongly insulating) temperature de-
pendence in the “quenched” state. the low-field anomaly in the magnetoresistance
pz=(H,) is suppressed by the application of a sufficiently strong in-plane magnetic
field. We have shown, therefore, that the existence of the anomalous conducting state
is intimately related to the existence of the anomalous magnetoresistance, inconsis-
tent with the floating-up of the extended states. It is interesting that even before the
observation of the A = 0 conducting state in high-mobility Si MOS devices, Shashkin
et al. [70] constructed the low-temperature phase diagram of density and perpendic-
ular magnetic field, and observed in the same system above a certain electron density
that the extended states do not float up in energy indefinitely upon lowering the
magnetic field.

The important consequence of the angle-independent suppression of the conduct-

ing phase is that the valleys peculiar to the inversion layers in Si probably do not
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play an important role. According to Ref.[40}, a field applied parallel to the plane
of the 2DES in silicon MOSFETs does not affect the splitting of the two conduction
band valleys. This splitting is enhanced in a perpendicular field due to exchange
interaction, and is therefore expected to be a function of field orientation. The ab-
sence of any angular dependence implies that valley-splitting is not responsible for
the suppression of the low-temperature conducting phase by a magnetic field. Since
the valley spiting is thus an unlikely factor in the existence of the H = 0 phase, we
arrive at the important conclusion that it is the electrons’ spin that plays a crucial
role.

The latter is further indicated by the observation of the H/T scaling of the magne-
toconductance at the transition. Let us consider the scaling with the field in greater
detail. For a weakly interacting 2D system, Lee and Ramakrishnan expect [55] a neg-
ative |S:] =1 triplet channel contribution to the conductance that is only a function

of H/T in two dimensions:
o(H.T) - a(0.T) = —¢*/(4n*h)FG(1egH/kpT). (5.2)

where F is related to screening (see Equation 2.10 on page 13), and G(z) = 0.084z? for
r << 1. For the case of an in-plane magnetic-field the equation above gives the total
conductivity dependence on the magnetic field, since the localization contribution
(that depends on H,) is absent. This result should not be applicable to our case
of strong electron-electron interactions; however, Sachdev showed [33] that, quite
generally, in the vicinity of the quantum critical point of a system with a conserved
spin the change of conductivity in response to a magnetic field ), is only a function
of Hy/T. It has also been pointed out [71] that one should expect one-parameter
scaling at the transition, since the energy scale that measures the deviation from the
critical point is infinitesimal. and the conductivity should be described fully by the

interplay between the field energy and the temperature.
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Extending earlier work (72, 73], Castellani et al. [74] demonstrated that in the
presence of strong Coulomb interactions, at low disorder, a 2D system can be metallic
at the lowest temperatures, and that the low-field magnetoresistance can be written

in the form:
o(H,T) - o(0,T) = —0.084¢*/(wh)y2(1 + 72) (g H/ksT)?, (5.3)

where 7, is a coupling parameter that may depend on temperature. This result may
not be strictly valid near the transition, since it has been derived for the case of low
disorder (i.e. resistivity small compared to h/e?). It is consistent with H/T scaling
in the case of weakly temperature-dependent coupling ..

The observation of the comparability of Zeeman energy and thermal energy that
destroy the low-temperature H = 0 conducting phase points to the fact that spin-orbit
interactions are not important in driving the transition. A spin-orbit mechanism in
a 2D system with broken symmetry produced by the confining potential well [75] has
been proposed. Our estimate of the characteristic magnetic field that is associated
with the electric field of the confining potential E. H ~ vegE/c. gives a very small
value incompatible with the characteristic field that destroys the conducting phase
~ 2 Tesla.

How small 2 magnetic field is needed to drive the system insulating is a question
that is not fully resolved. The resistivity curves in a small magnetic field (which
partially quenches the H = 0 conducting mechanism) H) = 5 kQOe in Figure 4.9
on page 51, change the behavior to that characteristic of an insulator only below a
certain electron temperature. There is some evidence [6] that qualitatively similar
increase in p with decreasing T (and the breakdown of scaling) at sufficiently small
temperatures is observed in zero field in lower-mobility samples, in which the con-
ducting state is not fully developed. Since the parallel magnetic field can be thought

of as a means to partially “turn off” the interactions that are presumably responsible
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for the conducting behavior, this question is related to whether there is 2 minimum
interactions-to-disorder ratio that is sufficient for the system to scale to a metal in
the limit of T — 0. The latter has been studied in some detail by tuning the disorder
by the application of a substrate bias in Ref. [76], but needs a more systematic ap-
proach: the conducting phase should be studied as a function of decreasing Coulomb
interactions at a fixed amount of disorder. The experimental difficulty of separating

the two accounts for the unsatisfactory understanding of this problem.

5.4 Concluding remarks

The existence of a conducting phase in strongly-interacting two-dimensional systems
has been confirmed in p-GaAs/AlGaAs [69, 77] and in holes gases in Si/SiGe het-
erostructures [78]. In these systems, the in_teractions between carriers are very strong:
the conducting phase in p-GaAs/AlGaAs was found at hole densities on the order of
10%cm=2, at which ex =~ 0.5...3.7 K. and the ratio of the interactions to Fermi
energy, €p/er = 24...9 [69]; in p-Si/SiGe heterostructures the transition occurs at
hole densities on the order of 10''cm™2, and er = 0.5 meV, ¢,, =~ 6.5 meV [78]. The
interactions, therefore, provide the dominant energy scale in all systems in which
the unexpected H = 0 conducting phase has been seen. Our experiments in mag-
netic field support the possibility that the spin-dependent part of the interactions
between carriers is the key ingredient necessary for the conducting state. Similar
observations of the suppression by an in-plane magnetic field has been recently made
in p-GaAs/AlGaAs [77]. This suggests a quite general mechanism, independent of
details peculiar to these two-dimensional systems (such as holes or electrons, presence
of multiple valleys, the form of the confining potential).

The most important question that has no accepted answer up to now is the mi-
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croscopic nature of the state. Transport measurements which are reported in this
Thesis give many properties of the conducting state and the conductor-to-insulator
transition, but do not elucidate the microscopic physics. There is no doubt that other
experiments will be performed in the near future by different groups, of which the
measurements that probe the density of states seem to be poten. 'y very interesting:
capacitance measirements at zero-field. similar to that of Ref. [79]; experiments on
strongly interacting double 2D layers, similar to Ref. [80]; and measurements of the

tunneling density of states.
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Figure 5.1: Resistivity of a high-mobility sample P2 as a function of temperature. Each

curve corresponds to a different electron density n, set by the gate voltage (V; =1.33 V

is very close to critical. Note the apparent low-temperature saturation of p(T") on the

conducting side of the transition. which occurs at higher temperatures for higher values of

V,.
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