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A b s t r a c t

STUDY OF THE INHOMOGENEOUS ELECTRON GAS AT SURFACES

Cheng-Quinn Ma

Advi se r :  P r o f e s s o r  V i r ah t  Sahni

The system o f  an i n t e r a c t i n g  n e u t r a l l y  charged e l e c t r o n  
ga s  a t  a j e l l i u m  s u r f a c e  i s  s t u d i e d  fo r  a wide r ange  o f  den­
s i t i e s  i n c lu d i n g  t hose  for  t he  m e t a l l i c  r a n ge .  Both t he  
f u l l y  c o r r e l a t e d  as wel l  as t he  inhomogeneous Ha r t r ee-Fock  
gas  i n t e r a c t i n g  only  v i a  P a u l i  c o r r e l a t i o n  a r e  examined.  In 
a d d i t i o n ,  c e r t a i n  a s p e c t s  o f  t h e  d e n s i t y  f u n c t i o n a l  fo rmal ­
ism are  i n v e s t i g a t e d  fo r  d e n s i t y  p r o f i l e s  such as t hos e  ex­
i s t i n g  a t  s u r f a c e s ,  and t he  a p p l i c a b i l i t y  o f  a new v a r i a ­
t i o n a l  formal ism fo r  t he  d e n s i t y  to  t he  inhomogeneous many- • 
body problem a t  s u r f a c e s  demo ns t r a t e d .  The v a r i o u s  p r o p e r ­
t i e s  de termined are  t he  e l e c t r o n i c  d e n s i t y  v a r i a t i o n  a t  s u r ­
f a c e s ,  s u r f a c e  d i p o l e  b a r r i e r s ,  work f u n c t i o n s ,  e l e c t r o s t a t ­
i c  p o t e n t i a l s ,  and su r f a ce  e n e r g i e s .

One o f  t he  t e c h n iq u e s  employed to s t udy t he  inhomogene­
ous e l e c t r o n  gas  i s  t he  use o f  model p o t e n t i a l s  to r e p r e s e n t  
t h e  e f f e c t i v e  p o t e n t i a l  seen by e l e c t r o n s  a t  a s u r f a c e  in 
co n ju n c t i o n  wi th t he  a p p l i c a t i o n  o f  c e r t a i n  t h e o r e t i c a l  and 
p h ys i c a l  c o n s t r a i n t s .  The use o f  such model p o t e n t i a l s  p e r ­
mit  t he  c a l c u l a t i o n s  to  be p r i m a r i l y  a n a l y t i c ,  and t he  ap­
p l i c a t i o n  o f  meaningful  c o n s t r a i n t s  l e ad  to  a c c u r a t e  
r e s u l t s .  These model p o t e n t i a l s  a l s o  permi t  t he  easy  i n c o r ­
p o r a t i o n  o f  no n - l o c a l  e f f e c t s .  Typica l  c o n t r a i n t s  app l i ed  
a re  t h e  c o n d i t i o n  o f  charge  n e u t r a l i t y ,  t h e  r equ i r emen t  o f  
t h e  s e l f - c o n s i s t e n c y  o f  t h e  s u r f a c e  d i p o l e  b a r r i e r ,  t h e  s a ­
t i s f a c t i o n  o f  t h e  c o n s t r a i n t  s e t  on t h e  e l e c t r o s t a t i c  po t en ­
t i a l  by t h e  Budd-Vannimenus theorem,  and t he  energy minimum 
c r i t e r i o n  s e t  by t h e  Ra y l e igh -R i t z  v a r i a t i o n a l  p r i n c i p l e .

The f u l l y  c o r r e l a t e d  system i s  i n v e s t i g a t e d  w i th in  t he  
f i n i t e  l i n e a r  p o t e n t i a l  approximat ion  fo r  which t h e  po t en ­
t i a l  v a r i e s  l i n e a r l y  over  a f i n i t e  r eg io n  and i s  a c o n s t a n t  
beyond some p o i n t .  Resu l t s  f o r  t he  work f u n c t i o n  a re  
de r i v e d  fo r  m e t a l l i c  and h igher  d e n s i t i e s  w i th in  t h i s  model 
e f f e c t i v e  p o t e n t i a l  by a p p l i c a t i o n  o f  a p p r o p r i a t e  con­
s t r a i n t s .  M e t a l l i c  and lower d e n s i t y  s u r f a c e  e n e r g i e s  a r e  
de te rmined  both by t h e  component Kohn-Sham method w i th in  t he  
l o c a l  d e n s i t y  approximat ion  fo r  e x c h a n g e - c o r r e l a t i o n , and by 
a p p l i c a t i o n  o f  t he  Vannimenus-Budd theorem in  c on ju n c t i o n  
wi th t he  p hy s i c a l  c r i t e r i o n  o f  t he  v an i s h in g  of  t h e  s u r f a c e  
energy in t he  low d e n s i t y  l i m i t .

The s u r f a c e  p r o p e r t i e s  o f  t he  inhomogeneous H a r t r e e -
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Fock gas  a re  s t ud i ed  w i th in  t he  l i n e a r  p o t e n t i a l  approxima­
t i o n ,  f o r  which t he  e f f e c t i v e  p o t e n t i a l  i s  l i n e a r  in t he  po­
s i t i v e  h a l f  space  and c o n s t a n t  e l s ew he re ,  and t he  n o n - l o c a l  
s u r f a c e  exchange energy de termined e x a c t l y .  The r e q u i s i t e  
convergence  o f  t he  l o c a l  d e n s i t y  approx imat ion  va lue  o f  t h i s  
p r o p e r t y  t o  t he  e xac t  va lue  as t he  d e n s i t y  i s  made s lowly  
va ry ing  i s  de mo ns t r a t ed .  The s u r f a c e  d i p o l e  b a r r i e r s  and 
work f u n c t i o n s  a r e  de te rmined  by use o f  t he  Budd-Vannimenus 
Theorem c o n s t r a i n t  f o r  t h i s  sys tem.  Rigorous upper  bounds 
to  t he  su r f ace  energy  a re  ob t a ined  by v a r i a t i o n a l  minimiza­
t i o n  o f  t he  e x a c t l y  known Kohn-Sham t o t a l  s u r f a c e  energy 
f u n c t i o n a l  with each component o f  t h i s  f u n c t i o n a l  being 
de te rmined  e x a c t l y .  F i n a l l y ,  t he  v a r i a t i o n  o f  t h e s e  s u r f a c e  
p r o p e r t i e s  o f  t h e  inhomogeneous Ha r t r ee -Fock  gas  as c o r r e l a ­
t i o n  i s  g r a d u a l l y  i n t roduced  are  a l s o  examined.

The d e n s i t y - g r a d i e n t  expansion f o r  t he  k i n e t i c  energy 
w i t h in  t he  d e n s i t y  f u n c t i o n a l  t heo r y  i s  s t ud i ed  by a p p l i c a ­
t i o n  o f  t he  expans ion to  an inhomogeneous system o f  non in ­
t e r a c t i n g  f e rmions .  The r e q u i s i t e  convergence  o f  t h i s  ex­
pansion as t he  d e n s i t y  i s  made s l owly va ry ing  i s  d e m on s t r a t ­
ed for  d e n s i t y  p r o f i l e s  genera t ed  by t h e  l i n e a r  p o t e n t i a l  
approximat ion  o f  a s u r f a c e .  I t  i s  shown t h a t  t he  o r i g i n a l  
von Weisacker c o e f f i c i e n t  o f  t he  f i r s t  d e n s i t y - g r a d i e n t  
c o r r e c t i o n  i s  i n a p p r o p r i a t e  f or  both  r a p i d l y  and s lowly 
va ry ing  d e n s i t i e s .  The quantum m ech an i ca l l y  de te rmined 
c o e f f i c i e n t ,  which i s  t he  von Weisacker  c o e f f i c i e n t  reduced 
by a f a c t o r  o f  n i n e , i s  shown to  be a p p r o p r i a t e  fo r  a l l  den­
s i t y  p r o f i l e s  p rov ided  t h a t  t h e  t he  second d e n s i t y - g r a d i n e t  
c o r r e c t i o n  i s  i nc luded  fo r  t he  r a p i d l y  va ry ing  c a s e .  The ap­
p l i c a b i l i t y  o f  t h e  expans ion to t he  met a l  su r f a c e  problem i s  
d i c u s s e d ,  and t he  i n c l u s i o n  o f  t he  second d e n s i t y - g r a d i e n t  
c o r r e c t i o n  with i t s  n o n l i n e a r  r e sponse  c o n t r i b u t i o n s  shown 
to be o f  major  s i g n i f i c a n c e  in such c a l c u l a t i o n s .

The a p p l i c a b i l i t y  o f  r e c e n t l y  developed v a r i a t i o n a l  
p r i n c i p l e s  f or  t he  d e t e r m i n a t i o n  o f  s i n g l e - p a r t i c l e  e x p e c t a ­
t i o n  v a lu e s  and d e n s i t y  m a t r i c e s  c o r r e c t  t o  second o rde r  i s  
demons t r a ted  by a p p l i c a t i o n  o f  t he  formal ism to t he  o p e r a t o r  

S ( r ^ - r )  to  de t e rmine  t he  charge  d e n s i t y  v a r i a t i o n  a t  me­
t a l l i c  s u r f a c e s .  A s i n g l e - p a r t i c l e  Hami l tonian in  t he  sense  
o f  Kohn-Sham i s  assumed,  and t he  t r i a l  wave f u n c t i o n s  em­
ployed a re  t hose  gene ra t ed  by t h e  l i n e a r  p o t e n t i a l  model .
The a u x i l i a r y  f u n c t i o n  w i th in  t h i s  formal i sm i s  de te rmined  
a n a l y t i c a l l y  and l e a d s  t o  s e m i - a n a l y t i c a l  e x p re s s io ns  f o r  
t h e  d e n s i t y  and a l l  o t h e r  s u r f a c e  r e l a t e d  p r o p e r t i e s .  The 
s t a t i o n a r y  p r o p e r t y  o f  t he  v a r i a t i o n a l  formal ism i s  f i r s t  
demons t ra ted  with r e s p e c t  to  t he  s p e c i f i c  p r op e r t y  o f  t he  
su r f a c e  d i p o l e  b a r r i e r ,  and work f u n c t i o n s  and su r f a c e  e n e r ­
g i e s  de termined by use o f  t h e s e  a c c u r a t e l y  c a l c u l a t e d  d e n s i ­
t i e s .  The ex t en s io n  o f  t h i s  formal ism to  de t e rmine  c r y s t a l  
face  dependent  d e n s i t i e s  by i n c o r p o r a t i n g  i n to  t he  Hamil­
t o n i a n  l o c a l  i on ic  p s e u d o p o t e n t i a l s  r e p r e s e n t i n g  t he  c r y s t a l  
l a t t i c e  i s  a l so  i n d i c a t e d .
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t h e  su r f a c e  d i p o l e  b a r r i e r ,  v e r su s  t h e  s l ope  parame­
t e r  yp f o r  s e l f - c o n s i s t e n t l y  de te rmined  b a r r i e r  
h e i g h t .  In t h i s  graph t he  s l ope  parameter  i s  r e l a t -



ed t o  t h e  Fermi momemtum by t h e  BVT.

F i g . 1 

F i g . 1

F i g . 1

F i g . 1

F i g .  1 

F i g . 1

F i g . 1

F i g . 1

F i g . 1

The f u l l  l i n e  i s  t h e  v a r i a t i o n  o f  t h e  cor re spondence
between r  an(j t he  s l ope  parameter  yp as  de te rmined 
by t h e  BVT f o r  s e l f - c o n s i s t e n t  b a r r i e r  h e i g h t .  The 
dashed curve  i s  t he  v a r i a t i o n  o f  t he  s e l f - c o n s i s t e n t  
b a r r i e r  h e i g h t  pa rameter  yfa v e r s u s  yp.

The f u l l  curve  i s  t h e  v a r i a t i o n  o f  t h e  u n i v e r s a l  
f u n c t i o n  A^/kp,  where A<j> i s  t h e  s u r f a c e  d i p o l e  b a r ­
r i e r ,  v e r su s  t n e  b a r r i e r  h e ig h t  pa rameter  3 f o r  the  
s t e p  p o t e n t i a l  model .  The dashed curve  i s  a p l o t  o f
r s as a f u n c t i o n  o f  t h e  s e l f - c o n s i s t e n t  b a r r i e r  
h e i g h t  pa r a m e te r .

P l o t  o f  t h e  u n i v e r s a l  f u n c t i o n s  o f  t he  ex ac t  s u r f a c e  
k i n e t i c  energy Ek/ k4 (denoted by Ek ) and t hose  o f  
t h e  Thomas-Fermi (TF) c o n t r i b u t i o n  EA1 ' ,  TF p lu s  
f i r s t  g r a d i e n t  c o r r e c t i o n  e£1)+e£2) *A =1 and 1/9)» 
and TF p lu s  f i r s t  and second g r a d i e n t  c o r r e c t i o n s  
E^1)+e£ 2 ) ( ^ =1 /9)+e£3) ( y =1) ,  as a f u nc t i on  o f  t he  
s l ope  parameter  yp.

The f u l l  l i n e  i s  a p l o t  o f  t h e  cor r e spondence  be­
tween r  and t he  s l ope  parameter  yp as de te rmined by 
t he  Buda-Vannimenus t heorem.  The clashed curve  i s  
t h e  cor re spondence  as de te rmined  by t he  v a r i a t i o n a l  
p r i n c i p l e  f o r  t he  ene rg y .

The f i g u r e  c a p t i o n  i s  t he  same as t h a t  o f  F ig .  13* 
The range  o f  t h e  s l ope  parameter  yp c o n s i d e r e d ,  how­
e v e r ,  i s  d i f f e r e n t .

V a r i a t i o n  o f  t he  c o e f f i c i e n t  A o f  t he  f i r s t  g r a ­
d i e n t  c o r r e c t i o n  which l e a d s  t o  t he  exac t  r e s u l t  f o r  
t he  k i n e t i c  energy when on ly  t he  f i r s t  two t erms  o f  
t h e  expans ion a re  c o n s i d e r e d ,  as a f u n c t i o n  o f  t he  
s l o pe  parameter  yp.

P l o t  o f  t h e  u n i v e r s a l  f u n c t i o n s  o f  t h e  e xa c t  s u r a f c e  
k i n e t i c  energy Ek/ kg (denoted by Ek ) f ancUthe energy 
as'  ob t a in ed  by t n e  g r a d i e n t  expans ion  Eku t  f o r  both  
Y =1 and 1 . 3 3 6 ,  as  a f u n c t i o n  o f  t he  s l ope  parameter
y F .

P l o t  o f  t h e  v a r i a t i o n  o f  t h e  t o t a l  su r f a c e  d i p o l e  
b a r r i e r  A<|> and t h a t  due to t he  t r i a l  system (A<j>)« 
as  a f u n c t i o n  o f  t h e  b a r r i e r  h e ig h t  parameter  y. f o r
i*s=2.5.  The h o r i z o n t a l  l i n e  r e p r e s e n t s  t he  f u l l y  
s e l f - c o n s i s t e n t  Lang-Kohn r e s u l t .

P l o t  o f  t h e  s p a t i a l  v a r i a t i o n  o f  t h e  c o r r e c t i o n



X

charge  d e n s i t y  n. , (y) f or r s =2.5.  The f u l l  curve  
co r r e sponds  to a va lue  for  the  b a r r i e r  he igh t ,  param- 
e t e r  Qf  1.82,  and the  dashed curve  to  a v a lu e  o f
yb = 1 . 2 0 .

F i g . 20 P l o t  o f  t h e  u n i v e r s a l  f u nc t i on  Ex/kj?> where E i s
t h e  su r f a c e  exchange energy as  ob t a ine d  e x a c t l y  and 
w i th in  t he  l o c a l  d e n s i t y  approx imat ion  (LDA), ve r su s  
t he  s l ope  parameter  yp#

F i g . 21 P l o t  o f  t h e  p e r c en t  e r r o r  between t he  l o c a l  d e n s i t y  
approximat ion  fo r  t he  s u r f a c e  exchange energy E ^ ^  
and t he  ex ac t  va lue  Ex ve rsu s  t he  s l ope  parameter
yF .

F i g . 22 P l o t  o f  t h e  r i g o r o u s  upper bounds t o  t he  t o t a l  su r ­
f ace  energy o f  an inhomogeneous Ha r t r ee  Fock ga s ,  
and the  bounds ob t a i ned  w i th in  t he  l o c a l  d e n s i t y  ap­
p rox imat ion  (LDA) as a f u n c t i o n  o f  t he  Wigne r -Se i t z
r a d i u s  r s> -phe c r o s s e s  r e p r e s e n t  t he  s e l f -  
c o n s i s t e n t l y  de te rmined  r e s u l t s  o f  Lang and Kohn.

F i g . 23 P l o t  o f  t h e  v a r i a t i o n  o f  t h e  work f u n c t i o n  $ as a
f u n c t i o n  o f  t h e  c o r r e l a t i o n  f a c t o r  a fo r  d i f f e r e n t
v a lu e s  o f  t h e  Wigne r -Se i t z  r a d i u s  r _ .s

F i g . 24 P l o t  o f  t h e  v a r i a t i o n  o f  t h e  s u r a f c e  d i p o l e  b a r r i e r  
A<j> as a f u n c t i o n  o f  t he  c o r r e l a t i o n  f a c t o r  a f o r  
d i f f e r e n t  v a lu e s  o f  t h e  Wigne r -Se i t z  r a d i u s  r _ .
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I .  INTRODUCTION

I t  has  long been r ecogn ized  t h a t  an unde r s t and ing  of  

t he  e l e c t r o n  charge  d i s t r i b u t i o n  near  meta l  s u r f a c e s  i s  c r u ­

c i a l  fo r  t he  d e t e r m i n a t i o n  o f  many s u r f a c e  s e n s i t i v e  p ro pe r ­

t i e s  and fo r  an un de r s t and ing  of  exper imen ts  r e l a t e d  to  

t he s e  p r o p e r t i e s .  The t a i l i n g - o f f  o f  t he  e l e c t r o n  d e n s i t y  

near  t he  s o l i d  s u r f a c e  i s  r e s p o n s i b l e  f or  t he  e x i s t e n c e  of  

an e l e c t r o s t a t i c  d i p o l e  l a y e r  which c o n t r i b u t e s  to  t he  work 

f u n c t i o n  ( 1 , 2 ) ,  t he  d i f f e r e n t  e l e c t r o n  d e n s i t y  on d i f f e r e n t  

s i n g l e  c r y s t a l  f a ce s  o f  t he  same m a t e r i a l  be ing  r e s p o n s i b l e  

f o r  t he  c r y s t a l  face  dependence o f  t he  work f u n c t i o n  (3)* 

S i m i l a r l y ,  t he  s u r f a c e  energy o f  a c r y s t a l ,  i . e . ,  t h e  energy 

r e q u i r e d  per  u n i t  a rea  o f  new c r y s t a l  formed to s p l i t  t he  

c r y s t a l  in  two along a p l ane  (4)  e v i d e n t l y  depends on t he  

energy  d e n s i t y  o f  t he  e l e c t r o n  gas  nea r  t he  r e s u l t i n g  s u r ­

f ac e  ( 5 ) .  Many exper iment s  i n c lu d in g  t hose  us ing  low energy 

e l e c t r o n  d i f f r a c t i o n  (LEED) have been performed to  i n v e s t i ­

g a t e  t he  s t r u c t u r e  o f  s o l i d  s u r f a c e s  ( 6 ) ,  and t h e o r e t i c a l  

c a l c u l a t i o n s  have been performed to  enab l e  i n t e r p r e t a t i o n  of  

t h e  d a t a  ( 7 ) .  The most  r e c e n t  t h e o r e t i c a l  models assume . 

t h a t  t he  incoming e l e c t r o n s  have a mean f r e e  pa th  o f  on ly  a 

few l a t t i c e  c o n s t a n t s .  Thus even fo r  a c l e a n  m e t a l l i c  s u r ­

f a c e ,  t he  v a r i a t i o n  of  t he  e l e c t r o n  d e n s i t y  near  t he  su r f a c e  

and t he  consequent  change in  t he  s c r ee n i ng  of  t h e s e  s u r f a c e  

atoms i s  an impor t an t  co m p l i c a t i o n  which w i l l  a f f e c t  t he



LEED i n t e n s i t y  d i s t r i b u t i o n  (8)  and must be unders tood i f  

q u a n t i t a t i v e  co n c lu s io n s  a re  to be i n f e r r e d  from LEED expe r ­

iment .  E l e c t ro n s  not  on ly  p l ay  a c r u c i a l  r o l e  in t he  b ind ­

ing of  t he  atoms in a l a t t i c e  bu t  a l so  in t he  b ind ing  o f  

f o r e i g n  m a t e r i a l s  to t he  s u r f a c e  l a y e r  o f  atoms,  e . g . ,  t h e  

format ion  of  adsorbed or chemisorbed l a y e r s .  Atomic and 

molecu l ar  p r o p e r t i e s  a re  a l t e r e d  when in t he  p r esence  o f  a 

nearby s u r f a c e  due to  t he  e x i s t e n c e  o f  t he  s u r f a c e  charge  

d i s t r i b u t i o n  and t h i s  a ccount s  f o r  t he  wel l  known c a t a l y t i c  

e f f e c t  o f  s u r f a c e s .  Any r e a l i s t i c  c a l c u l a t i o n  o f  su r f a c e  

s t a t e s  on me t a l s  must  r e cog n i ze  and take  i n t o  account  t he  

f a c t  t h a t  t he  conduct ion  band e l e c t r o n  charge  d e n s i t y ,  and 

hence,  t he  p o t e n t i a l ,  v a r i e s  near  t he  su r f a c e  i n s t e a d  o f  

s imply assuming t h a t  t h e  p e r i o d i c  c r y s t a l  p o t e n t i a l  remains  

unchanged r i g h t  up to t he  bounding s u r f a c e  (9»10) .  F i n a l l y  

a knowledge of  t he  e l e c t r o n  d i s t r i b u t i o n  near  s o l i d  s u r f a c e s  

a i d s  in  our unde rs t and ing  of  t u n n e l i n g ,  f i e l d  emi ss ion  and 

f i e l d  i o n i z a t i o n ,  and s i z e  e f f e c t  in ga lvanomagnet ic  p ro pe r ­

t i e s  o f  s o l i d s  among many o t h e r  phenomena. I t  i s  a l s o  an 

impor t an t  i npu t  f o r  t he  d e t e r m i n a t i o n  o f  both s u r f a c e  

plasmon and su r f a ce  phonon d i s p e r s i o n  r e l a t i o n s .

Unt i l  r e c e n t l y  t he  development  o f  a q u a n t i t a t i v e  t heo ry  

o f  metal  s u r f a c e s  lagged f a r  behind t h e o r e t i c a l  t r e a tm e n t s  

o f  bu lk  p r o p e r t i e s  o f  s o l i d s .  This  was due p r i m a r i l y  t o  t he  

f a c t  t h a t  t he  e l e c t r o n  charge  d e n s i t y  near  meta l  s u r f a c e s  i s  

h i gh ly  inhomogeneous as compared t o  t h a t  in t h e  bu lk  and 

t hus  t he  ex t e ns io n  of  t he  usua l  bu lk  t h e o r i e s  to  s o l i d  s u r -



f a ce s  i s  no t  e n t i r e l y  s t r a i g h t f o r w a r d  or comp le t e ly  unde r ­

s t oo d .  As e a r l y  as  1936, Bardeen (2)  d i s c us s ed  how t h e  work 

f u n c t i o n  could be obt a ined  from the  s e l f - c o n s i s t e n t  s o l u ­

t i o n s  o f  t he  Ha r t ree -Fock  (HF) e q u a t i o n .  However, due to 

t he  l a c k  o f  computing f a c i l i t i e s  a t  t h a t  t ime ,  he was unable  

to c a r r y  ou t  t h e  c a l c u l a t i o n  co mple t e ly  s e l f - c o n s i s t e n t l y  

and was forced  t o  make a cho i ce  o f  exchange p o t e n t i a l s  a t  

t he  o u t s e t  which were he ld  f i xed  t h roughout  t he  c a l c u l a t i o n .  

For a r e a l  t h r e e  d imens iona l  c r y s t a l ,  a Ha r t r ee-Fock  c a l c u ­

l a t i o n  i s  s t i l l  a f ormidab le  computa t i ona l  problem,  p a r t l y  

because  of  t he  long rang o f  t he  Coulomb p o t e n t i a l  and p a r t l y ,  

due to t he  l a c k  o f  s imple  s p h e r i c a l  symmetry as  found in 

a t oms .

Severa l  yea r s  ago,  s i g n i f i c a n t  p r og r e s s  in f o r m u la t i n g  

methods f o r  t he  t r e a tm e n t  o f  t h e  ground s t a t e  o f  an i n ­

t e r a c t i n g  e l e c t r o n  gas  in an e x t e r n a l  p o t e n t i a l  was made by 

Hohenberg and Kohn ( 1 1 ) ,  and Kohn and Sham ( 1 2 ) .  Based on 

t he  v a r i a t i o n a l  p r i n c i p l e  f or  t he  energy ,  t hey  showed t h a t  

t h e  ground s t a t e  could  be e x a c t l y  w r i t t e n  in terms o f  an i n ­

t e g r a l  o f  t he  p roduc t  o f  t he  e x t e r n a l  p o t e n t i a l  and t he  

e l e c t r o n  d e n s i t y  p lu s  a term which i s  a u n i v e r s a l  f u n c t i o n a l  

o f  t he  t r u e  d e n s i t y .  The e x a c t  form of  t h i s  f u n c t i o n a l ,  

which i n c l u d e s  bo th  exchange and c o r r e l a t i o n  e f f e c t s ,  i s  no t  

known a t  p r e s e n t  bu t  r e s u l t s  in  t h e  l i m i t  o f  high d e n s i t y  

and in t he  l i m i t  o f  s lowly va ry ing  d e n s i t y  have been ob­

t a i n e d  (11) and methods f o r  so lv i ng  t he  r e s u l t a n t  e q ua t i o ns  

d i s c u s s e d  ( 1 2 ) .  The v a r i a t i o n a l  p r i n c i p l e  e s t a b l i s h i n g  t he



minimal p r o p e r t i e s  o f  t h i s  energy f u n c t i o n a l  l e a d s  to an 

Euler  equa t i on  for  t he  d e n s i t y .  Two approaches  for  t he  

s o l u t i o n  of  t h i s  e qu a t i o n  have been fo rm u la t ed :  t h e  d e n s i t y  

g r a d i e n t  expans ion method and the  Kohn-Sham s e l f - c o n s i s t e n t  

method,  t he  former being s i m i l a r  to extended Thomas-Fermi 

and t he  l a t t e r  to t he  Ha r t r ee  method.  A b r i e f  r ev i ew o f  t he  

d e n s i t y  f u n c t i o n a l  formal ism i n c lu d i ng  r e c e n t  developments  

i s  g iven  in  Sec t i on  A o f  Chap. I I .  In Sec t i on  I I . B  we 

p r e s e n t  d e f i n i t i o n s  o f  v a r i o u s  p r o p e r t i e s  o f  t he  inhomogene­

ous e l e c t r o n  ga s  a t  s u r f a c e s  based on t h i s  formal ism t o g e t h ­

er  wi th v a r i o u s  sum r u l e s  which a r e  to  be employed in t h i s  

work.

A f u l l y  s e l f - c o n s i s t e n t  numer ica l  s o l u t i o n  o f  t he  

Kohn-Sham e q u a t i o n s  fo r  t he  one -d imens iona l  j e l l i u m  model ,  

in which t h e  p o s i t i v e  i on s  a re  r ep l a ce d  by a uniform semi­

i n f i n i t e  p o s i t i v e  charge  d e n s i t y ,  has  been performed by Lang 

and Kohn (13*14) f or  m e t a l l i c  d e n s i t i e s  w i th in  t h e  l o c a l  

d e n s i t y  approximat ion  (LDA) fo r  exchange and c o r r e l a t i o n .  

They t hen  i nc luded  t he  e f f e c t s  o f  t he  i o n i c  l a t t i c e  on t he  

work f u n c t i o n  and su r f a c e  energy p e r t u r b a t i v e l y . Although 

v a r i o u s  computer  proprams fo r  the  i t e r a t i v e  procedure  

de sc r i b e d  by Kohn and Sham e x i s t ,  t h e  e x t e ns i on  o f  t he  f u l l y  

s e l f - c o n s i s t e n t  formal ism to  a t h r e e  d imens iona l  l a t t i c e  i s  

s t i l l  a f o rmidab l e  t a s k .  There do ,  however ,  e x i s t  n o n - f u l l y  

s e l f - c o n s i s t e n t  t h r e e  d imens ional  c a l c u l a t i o n s  o f  c e r t a i n  

s e l e c t e d  f ace s  o f  a few m e t a l s  ( 1 5 - 2 2 ) .  These c a l c u l a t i o n s  . 

employ d i v e r s e  t r e a t m e n t s  o f  t he  i o n i c  p s e u d o p o t e n t i a l ,  a l ­



ways employ t h e  LDA fo r  exchange and c o r r e l a t i o n ,  and 

ach i eve  vary ing  deg re e s  o f  s e l f - c o n s i s t e n c y .  The p r i n c i p l e  

a d d i t i o n a l  app rox imat ion  beyond t he  LDA in  t he  m a j o r i t y  o f  

t h e s e  c a l c u l a t i o n s  i s  a v a r i a t i o n a l  r e s t r i c t i o n  on t he  

number d e n s i t y  a r i s i n g  from the  use o f  a f i n i t e  wave func­

t i o n  b a s i s .  Thus t h e s e  c a l c u l a t i o n s  a r e  no t  f u l l y  s e l f -  

c o n s i s t e n t  in t he  same sense  as t h e  work o f  Lang and Kohn.

Using pa r ame t r i z ed  d e n s i t i e s ,  t h e  extended Thomas-Ferrai 

approach wi th on ly  t h e  f i r s t  d e n s i t y  g r a d i e n t  c o r r e c t i o n  for  

t h e  k i n e t i c  energy f u n c t i o n a l  has  been employed by Smith 

(23)  to  s tudy  t h e  j e l l i u m  model ,  and by Paasch and H e i t s c -  

hold (24) who a l s o  cons ide r ed  t he  e f f e c t s  o f  t h e  i o n i c  l a t ­

t i c e .  A c o n s i d e r a b l e  amount o f  work has  t hus  a l r e a d y  been 

done on und e r s t an d i ng  both  t h e  j e l l i u m  model as wel l  as t he  

r e a l  met al  s u r f a c e .  The v a r i o u s  formal isms  employed in t he  

above c a l c u l a t i o n s  and t he  c o n c l u s i o n s  de r i ve d  a re  d e t a i l e d  

in s e v e r a l  r e c e n t  r ev i ew a r t i c l e s  ( 2 5 - 3 1 ) .  However, t h e r e  

a r e  many a s p e c t s  o f  both  t h e  i d e a l  as wel l  as t h e  r e a l i s t i c  

s u r f a c e  problem which a r e  as ye t  no t  wel l  unders tood  or 

which in t he  p a s t  have been de r i v e d  on t he  b a s i s  o f  a p p ro x i ­

mat ions  which t h emse lve s  have ye t  t o  be f u l l y  unde rs tood and 

proved c o n c l u s i v e l y  t o  be v a l i d .  In a d d i t i o n ,  t h e  most  ac ­

c u r a t e  o f  t h e  e x i s t i n g  methods r e q u i r e  heavy numer ica l  com­

p u t a t i o n s  and a re  d i f f i c u l t  t o  apply  t o  t he  r e a l i s t i c  t h r e e  

d imens iona l  met al  s u r f a c e  problem.

One o f  t h e  pr imary  aims o f  t h i s  work,  t h e r e f o r e ,  i s  t he  

development  and a p p l i c a t i o n  o f  s im p le r  methods f o r  t h e  s tudy



o f  t h e  inhomogeneous e l e c t r o n  gas  a t  s u r f a c e s .  These 

methods overcome,  in  s e v e r a l  ways,  some o f  t h e  d i f f i c u l t i e s  

o f  p r ev i o u s  c a l c u l a t i o n s  o f  o t h e r s ,  and t hus  a l s o  permi t  a 

s t udy  no t  on ly  o f  m e t a l l i c  s u r f a c e s  bu t  a l s o  o f  sys tems wi th 

d e n s i t i e s  both  h igh e r  and lower than t hose  e x i s t i n g  in me­

t a l s .  Fur the rmore ,  t h e s e  t e c h n iq u e s  tend in g e n e r a l  to be 

p r i m a r i l y  a n a l y t i c  and t hus  o b v i a t e  t h e  n e c e s s i t y  o f  heavy 

numer i ca l  co mpu ta t i ons .  They a l s o  pe rmi t  t h e  easy  i n c o r ­

p o r a t i o n  o f  n o n - l o c a l  e f f e c t s ,  and a re  in p r i n c i p l e  e a s i l y  

e x t e nd ab l e  to  t h r e e  d imens ions .

One o f  t h e  app roaches  t h a t  we have examined fo r  t he  

s t udy  o f  t h e  inhomogeneous e l e c t r o n  ga s  a t  s u r f a c e s  i n c l u d ­

ing m e t a l l i c  s u r f a c e s  i s  t he  use o f  a n a l y t i c  model po ten­

t i a l s  in  c o n ju n c t i o n  wi th v a r i o u s  c o n s t r a i n t s  t o  r e p r e s e n t  

t h e  e f f e c t i v e  p o t e n t i a l  a t  a j e l l i u m  s u r f a c e .  The p r i n c i p l e  

advan t age  o f  such model p o t e n t i a l  c a l c u l a t i o n s  i s  t he  e l i m i ­

n a t i o n  o f  t h e  r equ i r emen t  o f  a numer i ca l  s o l u t i o n  o f  t he  

Schrod inger  equa t i on  fo r  p a r t i c l e s  moving in a s e l f -  

c o n s i s t e n t l y  ob t a ined  e f f e c t i v e  p o t e n t i a l .  Together  wi th 

t h e  r eq u i r emen t  o f  cha rge  n e u t r a l i t y  ( 2 ) ,  t y p i c a l  con­

s t r a i n t s  a p p l i c a b l e  to such c a l c u l a t i o n s  a r e  t ho se  o f  t he  

s e l f - c o n s i s t e n c y  o f  t h e  s u r f a c e  d i p o l e  b a r r i e r ,  t he  a p p l i c a ­

t i o n  o f  t he  sum r u l e  due to  Budd and Vannimenus ( 32 ) ,  and 

t h a t  o f  t h e  Ray l e igh -R i t z  v a r i a t i o n a l  p r i n c i p l e  f or  t he  en­

ergy (33 )•  The cho i ce  and number o f  t h e s e  c o n s t r a i n t s  to  be 

s a t i s f i e d  would o f  cou r se  depend upon t h e  complex i ty  o f  t he  

model p o t e n t i a l  employed.  The use o f  t h e  Budd-Vannimenus



theorem (BVT) a l l ows  t h e  e xa c t  d e t e r m i n a t i o n  o f  t h e  c o n t r i ­

bu t i o n  to t he  s u r f a c e  d i p o l e  b a r r i e r  from charge  i n s i d e  t he  

m e t a l .  This  c o n t r i b u t i o n ,  p a r t i c u l a r l y  f o r  high d e n s i t y  me­

t a l s ,  can be as l a r g e  as 40$ o f  t he  t o t a l  d i p o l e  moment.

Thus a p p l i c a t i o n  o f  t h i s  theorem l e a d s  t o  a cc u ra t e  r e s u l t s  

f o r  t he  s u r f a c e  d i p o l e  b a r r i e r .  On t he  o t h e r  hand,  a p p l i c a ­

t i o n  o f  t h e  v a r i a t i o n a l  p r i n c i p l e  f or  t he  energy ,  l e a d s  no t  

on ly  t o  a d e t e r m i n a t i o n  o f  t h e  energy c o r r e c t  to  second o rd ­

e r  bu t  a l s o  to an upper bound fo r  t h a t  s p e c i f i c  cho i ce  o f  

energy f u n c t i o n a l  o f  t h e  d e n s i t y .  Such model p o t e n t i a l s  a r e  

a l s o  a means o f  g e n e r a t i n g  s i n g l e - p a r t i c l e  wave f u n c t i o n s  

which may then  be employed in more complex v a r i a t i o n a l  or  

p e r t u r b a t i o n a l  schemes as t h e  unpe r tu rbed  ground s t a t e  wave 

f u n c t i o n .  The use o f  a n a l y t i c  p o t e n t i a l s  with c o n s t r a i n t s  

has  p r e v i o u s l y  been s t ud i ed  (3 4 -3 7 ) ,  t he  most  a c c u r a t e  o f  

t h e s e  p o t e n t i a l s  t o  d a t e  be ing  t he  l i n e a r  p o t e n t i a l  model

(36 ,37)*  In Chap. I l l  we examine a more s o p h i s t i c a t e d  v e r ­

s ion  o f  t h e  LP model ,  one which i s  l i n e a r  over  a f i n i t e  r e ­

gion and c o n s t a n t  beyond some p o i n t  wi th i t s  va lue  be ing  

de termined s e l f - c o n s i s t e n t l y , i . e . ,  i t s  va lue  i s  t h e  sum o f  

t h e  e x c h a n g e - c o r r e l a t i o n  p o t e n t i a l  p lu s  t h e  e l e c t r o s t a t i c  

d i p o l e  b a r r i e r  t h a t  i t  g e n e r a t e s .  Since  t he  e f f e c t i v e  po­

t e n t i a l  must a s y m p t o t i c a l l y  approach a f i n i t e  va lue  o u t s i d e  

t he  s u r f a c e  ( 2 6 ) ,  t h i s  model p o t e n t i a l  i s  a f a r  more accu­

r a t e  r e p r e s e n t a t i o n  o f  t h e  a c t u a l  p o t e n t i a l  than e i t h e r  t he  

s t e p  or  l i n e a r  p o t e n t i a l  models ,  and t h i s  f a c t  i s  born ou t  

by t h e  r e s u l t s .  I t  i s  a l s o  i n t e r e s t i n g  to  note  t h a t  in com­
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pa r i s o n  wi th ex pe r im en t a l  v a lu e s  f o r  the  work f u n c t i o n  o f  

p o l y c r y s t a l l i n e  m e t a l s ,  t he  r e s u l t s  o f  t h i s  model p o t e n t i a l  

c a l c u l a t i o n s  a r e  s u p e r i o r  to t hose  o f  Lang and Kohn (14)  f o r  

t he  m a j o r i t y  o f  s imple  m e t a l s  c o n s i d e r e d .  Of c o u r s e ,  i t  i s  

i mpor t an t  to  r e c ogn i ze  t h a t  a l t hough  t he  Lang-Kohn c a l c u l a ­

t i o n s  a r e  e x a c t ,  t h e y  a r e  so on ly  w i th in  t he  LDA fo r  ex­

change and c o r r e l a t i o n .  Thus our p rocedu re  i s  a c c u r a t e  and 

j u s t i f i e d .  As in t he  l i n e a r  p o t e n t i a l  (LP) case  t he  c a l c u ­

l a t i o n  o f  a l l  p r o p e r t i e s  w i th in  t h i s  f i n i t e  l i n e a r  p o t e n t i a l  

(FLP) model a re  p r i m a r i l y  a n a l y t i c .  Since t h e  a p p l i c a t i o n  

o f  t h i s  model to  j e l l i u m  i s  easy  and proven a c c u r a t e ,  i t  i s  

p o s s i b l e  to  extend t he  c a l c u l a t i o n s  fo r  v a r i o u s  p r o p e r t i e s  

beyond t he  m e t a l l i c  d e n s i t y  range  t owards  bo th  t h e  h igh  as 

wel l  as t h e  low d e n s i t y  l i m i t s ,  t hu s  g l ea n in g  a d d i t i o n a l  i n ­

format ion  wi th r ega rd  to the  inhomogeneous e l e c t r o n  ga s  s y s ­

tem. The r e s u l t s  o f  such a c a l c u l a t i o n  w i t h in  t he  FLP model 

f o r  t he  h igh  d e n s i t y  behav io r  o f  t h e  work f u n c t i o n ,  and 

r e s u l t s  f o r  t he  su r f a c e  energy as ob t a i ned  by a p p l i c a t i o n  o f  

t h e  Vannimenus-Budd theorem (VBT) (38)  f o r  which no l o c a l  

d e n s i t y  approximat ion  need be made a r e  a l s o  g iven  in Chap. 

I I I .

In Chap. IV we p r e s e n t  a s t udy o f  t h e  d e n s i t y  g r a d i e n t  

expans ion  formal ism for  the  k i n e t i c  energy (39-43)  f u n c t i o n ­

a l  as  app l i e d  t o  t he  s u r f a c e  phys i c s  problem.  There e x i s t  a 

s u b s t a n t i a l  sum o f  l i t e r a t u r e  on both paramagnet ic  and f e r ­

romagnet ic  s u r f a c e s  (44-47*23,24)  in which t h e  extended 

Thomas-Fermi approach wi th on ly  t h e  f i r s t  d e n s i t y  g r a d i e n t



c o r r e c t i o n  has  been employed.  The accuracy  o f  t h i s  ap p ro x i ­

mat ion fo r  s u r f a c e s  h a s ,  however ,  on ly  r e c e n t l y  been t e s t e d  

in pub l i shed  work o f  o u r s  ( 4 8 , 4 9 ) .  In t h i s  work (48)  (which 

compr i ses  t he  s u b j e c t  m a t t e r  o f  Chap. IV) we have demon­

s t r a t e d  t he  convergence  o f  t h i s  g r a d i e n t  expans ion  by i n ­

c lud ing  t he  second d e n s i t y  g r a d i e n t  c o r r e c t i o n  t e rm.  In ad­

d i t i o n  we have shown t h a t  t h e  o r i g i n a l  von Weisacker  c o e f f i ­

c i e n t  (50)  o f  t h e  f i r s t  d e n s i t y  g r a d i e n t  c o r r e c t i o n  i s  i n ap ­

p r o p r i a t e  f o r  both  r a p i d l y  and s lowly  va ry ing  d e n s i t i e s .  

However, t he  c o e f f i c i e n t  reduced by a f a c t o r  o f  n in e  ( a  

r e s u l t  ob t a ined  on t he  b a s i s  o f  quantum mechani ca l  con­

s i d e r a t i o n s )  i s  a p p r o p r i a t e  f o r  a l l  d e n s i t y  p r o f i l e s  p ro v i d ­

ed t he  second d e n s i t y  g r a d i e n t  c o r r e c t i o n  i s  i nc luded  for  

t he  r a p i d l y  va ry i ng  c a s e .  We have a l s o  examined t he  a p p l i ­

c a b i l i t y  o f  t h e  expans ion  to t he  met a l  s u r f a c e  problem and 

shown t h a t  t h e  i n c l u s i o n  o f  t h e  second d e n s i t y  g r a d i e n t  

c o r r e c t i o n  wi th i t s  n o n - l i n e a r  r e s po nse  c o n t r i b u t i o n  i s  o f  

major  s i g n i f i c a n c e  i s  such c a l c u l a t i o n s .  These c o n c l u s i o n s  

have t hu s  enabled a b e t t e r  u n de r s t and in g  o f  t h e  s t a t i s t i c a l  

r e s u l t s  o f  Smi th,  Paasch and H e i t s c h o l d ,  and o t h e r s .

The d e t e r m i n a t i o n  o f  quantum mechani ca l  p r o p e r t i e s  

wi thou t  an a c c u r a t e  knowledge o f  t h e  wave f u n c t i o n  o f  t he  

i n t e r a c t i n g  system i s  a problem o f  c o n s i d e r a b l e  i n t e r e s t .  A 

second approach to  t he  s u r f a c e  ph y s i c s  problem which we have 

i n v e s t i g a t e d ,  and which a ch i ev e s  t h i s  end,  i s  t h e  use o f  

v a r i a t i o n a l  p r i n c i p l e s  f o r  o b t a i n i n g  h i g h ly  a c c u r a t e  

s i n g l e - p a r t i c l e  e x p e c t a t i o n  v a l u e s  (51-55)  and d e n s i t y  ma-



t r i c e s  ( 56 ,57 )  as developed by Sahni and K r i e g e r .  Employing 

only  c rude  app rox ima t ions  to  t he  e xa c t  wave f u n c t i o n ,  t h e s e  

v a r i a t i o n a l  p r i n c i p l e s  l ead  to r e s u l t s  f o r  t he  d e n s i t y  and 

a l l  t he  o t h e r  s i n g l e - p a r t i c l e  e x p e c t a t i o n  v a lu e s  c o r r e c t  t o  

second o r d e r ,  as  i s  t he  c ase  fo r  t he  energy  on a p p l i c a t i o n  

o f  t h e  Ray l e igh -R i t z  v a r i a t i o n a l  p r i n c i p l e  ( 3 3 ) .  A g e n e r a l ­

i z a t i o n  o f  t h e s e  v a r i a t i o n a l  p r i n c i p l e s  t o  t he  reduced 

s i n g l e - p a r t i c l e  d e n s i t y  mat r ix  ( 56 ,57 )  l e a d s  t o  a c c u r a t e  

r e s u l t s  no t  on ly  f o r  t he  d e n s i t y  bu t  a l s o  t he  momentum den­

s i t y .  When app l i ed  to  atomic sys tems ,  t h e s e  v a r i a t i o n a l  

p r i n c i p l e s  have l ed  to  r e s u l t s  which in  a l l  c a s e s  have been 

as a c c u r a t e  as  numer ica l  Ha r t r ee-Fock  c a l c u l a t i o n s  even 

though t he  t e ch n iqu e  i s  e n t i r e l y  a n a l y t i c .  For example,  t he  

s i n g l e - p a r a m e t e r  a n a l y t i c  e xp re s s io n  fo r  t he  c o h e re n t  atomic 

s c a t t e r i n g  f a c t o r  ( t h e  Fou r i e r  t r an s fo rm  o f  t he  d e n s i t y )  

de r i ve d  (53 ,54)  f or  t he  h i g h l y  inhomogeneous ground, s t a t e  o f  

t h e  hel ium i s o e l e c t r o n i c  sequence and v a l i d  f or  a l l  momentum 

t r a n s f e r ,  l e a d s  t o  r e s u l t s  which a r e  w i t h in  1.2? o f  a 120- 

pa rameter  c o n f i g u r a t i o n - i n t e r a c t i o n  wave f u n c t i o n  t r e a t m e n t  

( 5 8 ) ,  and a re  e q u i v a l e n t  to t hose  o f  a 6 -pa r ame te r  a n a l y t i c  

Ha r t r ee -Fock  c a l c u l a t i o n  ( 5 9 ) .  The l e a s t  a c c u r a t e  o f  t he  

a n a l y t i c  r e s u l t s  f o r  t he  e x p e c t a t i o n s  < rn>, n = 2 , 1 , - 1 , - 2  and 

<6( r )> for  t he  hel ium ground s t a t e  i s  t h e  e x p e c t a t i o n  <r^> 

which i s  w i th in  0 .66?  (60) o f  a 1078-parameter  H y l l e r a a s  

wave fu nc t i o n  c a l c u l a t i o n  (61) due t o  P e k e r i s .  The 

c o r r e spond ing  e r r o r  in t he  r e s u l t s  o b t a in ed  by Tong and Sham 

(62)  f or  t he  same q u a n t i t y  u s ing  t he  d e n s i t y  f u n c t i o n a l



method in t h e  LDA i s  9%• A s i m i l a r  l o c a l  d e n s i t y  f u n c t i o n a l  

c a l c u l a t i o n  by Shore e t  a l . (63)  f or  t he  n e g a t i v e  ion o f  

a tomic hydrogen,  H- , l e a d s  t o  an unbound s t a t e  and t hus  to  

e r roneous  v a l u e s  f o r  o t h e r  e x p e c t a t i o n s ,  whereas t h e  v a r i a ­

t i o n a l  r e s u l t s  f o r  t he  i n t e r i o r  o f  t h e  ion a r e  in e r r o r  by 

on ly  3.5%, 1.35%, and 0.6% r e s p e c t i v e l y  f o r  <6 ( r ) > ,  < r“ 2>, 

and <r~1> in compar ison wi th t h e  r e s u l t s  o f  P e k e r i s .  The 

r e s u l t s  (57) o f  t h e  a n a l y t i c  e x p r e s s i o n s  de r i ve d  fo r  t he  

momentum d e n s i t y  o f  t h e  hel ium ground s t a t e  i s o e l e c t r o n i c  

sequence t o g e t h e r  wi th  t he  e x p e c t a t i o n s  o f  t h e  o p e r a t o r s  p \  

p 2 , | p |  and | p | ~ ^ , and t he  Compton p r o f i l e  in  t he  impulse  

approx ima t ion  (64) a re  h i gh ly  a c c u r a t e  and c l o s e l y  ap p ro x i ­

mate t hose  o f  a n a l y t i c  Ha r t r ee -Fock  and many-parameter  

c o r r e l a t e d  wave f u n c t i o n  c a l c u l a t i o n s .  Other a p p l i c a t i o n s  

o f  t h e s e  v a r i a t i o n a l  p r i n c i p l e s  have been to t he  2^S and 2^S 

i s o e l e c t r o n i c  sequences  o f  t h e  hel ium atom and t he  r e s u l t s  

o f  v a r i o u s  e x p e c t a t i o n s  a r e  aga in observed to  c l o s e l y  ap­

proximate  t he  r e s u l t s  o f  a 2300-parameter  c o r r e l a t e d  wave 

f u n c t i o n  c a l c u l a t i o n  ( 6 5 ) .  We n o t e ,  however ,  t h a t  in a l l  

t he  above a p p l i c a t i o n s ,  t h e  t r i a l  wave f u n c t i o n s  employed in 

t h e s e  v a r i a t i o n a l  c a l c u l a t i o n s  have always been a p p r o p r i a t e ­

l y  an t i symmete r i z ed  p roduc t  by hydrogeni c  f u n c t i o n s .  The 

s u c c e s s f u l  a p p l i c a t i o n  o f  t h e s e  v a r i a t i o n a l  p r i n c i p l e s  to  

few p a r t i c l e  atomic sys tems t hu s  mot iva ted  t h e i r  a p p l i c a t i o n  

t o  t he  many-body sys tem.  However, s i n c e  t he  many -e l ec t ron  

system a t  a s u r f a c e  i s  c o n s i d e r a b l y  more complex,  we deemed 

i t  n e c e s s a r y  t o  f i r s t  demons t r a t e  i t s  a p p l i c a b i l i t y  t o  t he



s i m p le s t  model o f  a su r f a c e  v i z .  t h a t  o f  j e l l i u m ,  by d e t e r ­

mining t he  e l e c t r o n  d e n s i t y  v a r i a t i o n  a t  t he  s u r f a c e .  

Fur the rmore ,  as  t h i s  i s  t he  f i r s t  a p p l i c a t i o n  o f  t he  Sahni -  

Kr i ege r  formal ism to  t he  many-body problem,  we assume as  in  

t he  work o f  Kohn and Sham, t h a t  t he  e l e c t r o n s  a t  t he  su r f a c e  

move in some s i n g l e - p a r t i c l e  e f f e c t i v e  p o t e n t i a l .  This  sim­

p l i f i c a t i o n  was made s t r i c t l y  f o r  purpose s  o f  a n a l y t i c a l  

s i m p l i c i t y .  The use o f  t h e  e x ac t  n o n - r e l a t i v i s t i c  Hamil­

t on i an  i s  no t  p rec luded  in t h i s  method.  In Se c t i on  V.A we 

g iv e  a d e s c r i p t i o n  o f  t h i s  v a r i a t i o n a l  p r i n c i p l e  wi th ap­

p r o p r i a t e  m o d i f i c a t i o n s  to  i n c o r p o r a t e  t he  f a c t  t h a t  a 

s e m i - i n f i n i t e  l a t t i c e  i s  be ing  cons ide r ed  and t h a t  a 

s i n g l e - p a r t i c l e  e f f e c t i v e  p o t e n t i a l  i s  be ing  assumed.  The 

t r i a l  wave f u n c t i o n s  in t h e s e  v a r i a t i o n a l  c a l c u l a t i o n s  were 

chosen to be t hose  ge ne ra t ed  by t h e  l i n e a r  p o t e n t i a l  model

( 3 6 , 3 7 ) .  In Sec t i on  V.B we apply  t h e  v a r i a t i o n a l  formal ism 

to t he  inhomogeneous gas  a t  a s u r f a c e  to de t e rmine  t he  e l e c ­

t r on  d e n s i t y  and from i t  p r o p e r t i e s  such as  t h e  s u r f a c e  d i ­

po l e  b a r r i e r ,  work f u n c t i o n ,  and s u r f a c e  energy .  In Sec t ion  

V.C and V.D we demons t r a t e  both t he  s t a t i o n a r y  p r o p e r t y  o f  

t he  v a r i a t i o n a l  formal ism and d i s c u s s  t he  accu racy  o f  t he  

r e s u l t s  o b t a i n e d .  Since in t h i s  work i t  i s  t h e  d e n s i t y  

r a t h e r  than t he  s i n g l e - p a r t i c l e  wave f u n c t i o n s  which a r e  

de te rmined a c c u r a t e l y ,  t h e  k i n e t i c  energy c o n t r i b u t i o n  to 

t he  s u r f a c e  energy i s  o b t a in ed  v i a  t he  d e n s i t y  g r a d i e n t  ex­

pans ion  as d i s c u s s e d  in Chap. IV. We conc lude  Chap. V by 

i n d i c a t i n g  how t h e  c r y s t a l  l a t t i c e  may be i n c o r p o r a t e d  i n to
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t h e  v a r i a t i o n a l  scheme by employing l o c a l  i on i c  pseudopot en­

t i a l s  in o rd e r  to de t e rmine  a c c u r a t e l y  t he  e l e c t r o n i c  d e n s i ­

t y  a t  r e a l  meta l  s u r f a c e s .

A s imple  example o f  two fundamental  p r o p e r t i e s  which 

have  ye t  to be de r i v e d  a c c u r a t e l y  f o r  t he  r e a l i s t i c  inhomo- 

geneous e l e c t r o n  gas  a t  a s u r f a c e  a r e  t he  exchange and 

c o r r e l a t i o n  energy c o n t r i b u t i o n s  to  the  s u r f a c e  ene rgy .  

C a l c u l a t i o n s  f o r  t he s e  p r o p e r t i e s  employing t he  i n f i n i t e  

b a r r i e r  model (IBM) d e n s i t i e s  have ,  however ,  been performed 

( 6 6 , 6 7 ) ,  wi th  t he  s u r f a c e  exchange energy de te rmined e x a c t l y  

and t he  su r f a c e  c o r r e l a t i o n  energy be ing ob t a ined  w i th in  t he  

random phase app roximat ion  (RPA). These r e s u l t s ,  a s  d i s ­

cussed in Chap. VI, a r e  p h y s i c a l l y  u n r e a l i s t i c  and should be 

con s ide r ed  with c a r e .  On t he  o t h e r  hand,  t he  a t t e m p t  by 

Bardeen (2)  a t  a s e l f - c o n s i s t e n t  s o l u t i o n  o f  t he  H a r t r e e -  

Fock (HF) e q u a t i o n s  i s  f r a u g h t  wi th app ro x i ma t io ns .  In 

Chap. VI we p r e s e n t  a s t udy  o f  t h e  s u r f a c e  p r o p e r t i e s ,  o f  t he  

inhomogeneous HF gas  w i th in  t he  r e a l i s t i c  l i n e a r  p o t e n t i a l  

approx ima t ion .  Employing t he s e  wave f u n c t i o n s  we have 

de te rmined  t he  non- l o c a l  s u r f a c e  exchange energy e x a c t l y  and 

demons t ra ted  t h e  convergence  o f  t h e  LDA r e s u l t  f o r  t h i s  p ro ­

p e r t y .  We have a l s o  de r i ved  r i g o r o u s  upper  bounds fo r  the  

t o t a l  s u r f a c e  energy o f  a HF gas  which we b e l i e v e  to be 

e s s e n t i a l l y  e x ac t  s i n c e  no t  on ly  a r e  we employing ve ry  accu­

r a t e  wave f u n c t i o n s  bu t  in a d d i t i o n  a r e  doing so in con junc­

t i o n  wi th  t h e  Rayle igh-Ri t ' z  v a r i a t i o n a l  p r i n c i p l e  f o r  t he  

en e rgy .  Accura te  r e s u l t s  f o r  t he  work f u n c t i o n  a r e  a l s o



der ived  by a p p l i c a t i o n  o f  t he  Budd-Vannimenus theorem con­

s t r a i n t .  F i n a l l y ,  in t he  l a s t  s e c t i o n  o f  t h i s  c h a p t e r ,  we 

i n v e s t i g a t e  t he  e f f e c t s  o f  i n t r o d u c i n g  c o r r e l a t i o n  on the  

s u r f a c e  p r o p e r t i e s  o f  a HF g a s .
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I I .  DENSITY FUNCTIONAL FORMALISM

A. General  Theory and Recent  Developments

In t he  d e n s i t y  f u n c t i o n a l  formal ism o f  Hohenberg and

Kohn (HK) ( 1 1 ) ,  and Kohn and Sham (KS) ( 12 ) ,  t he  ground

s t a t e  f  o f  a system o f  e l e c t r o n s  moving under t he  i n f l u e n c e

o f  t h e i r  mutual  Coulomb i n t e r a c t i o n  in a given s t a t i c  exter-*
-)■

nal  p o t e n t i a l  v ( r )  i s  a unique f u n c t i o n a l  o f  t he  e l e c t r o n

d e n s i t y  p ( r ) .  The ground s t a t e  energy  o f  t h i s  i n t e r a c t i n g  

inhomogeneous e l e c t r o n  gas  i s  t hen  a u n i v e r s a l  f u n c t i o n a l  o f  

t h e  d e n s i t y  de f i ne d  as

where t he  f i r s t  term co r r e sponds  t o  t he  i n t e r a c t i o n  between 

t he  e x t e r n a l  p o t e n t i a l  and t he  e l e c t r o n s  and t he  second to 

t he  Coulomb s e l f - e n e r g y  o f  t he  e l e c t r o n s ,  ^ [ p ]  i n t he  

above e x p r e s s io n  i s  t h e  k i n e t i c  energy o f  a system of  non­

i n t e r a c t i n g  e l e c t r o n s  having t he  same d e n s i t y  P ( r ) ,  and

ExcCp] fche e x c h a n g e - c o r r e l a t i o n  energy o f  t he  i n t e r a c t i n g  

sys tem.  I t  has  been shown (11 ,12)  t h a t  t h i s  energy  func ­

t i o n a l  i s  s t a t i o n a r y  and a minimum for  t he  c o r r e c t  d e n s i t y ,  

s u b j e c t  t o  t he  c o n s t r a i n t  t h a t  a l l  t he  d e n s i t i e s  co ns ide r ed

P ( r )  P(r—-drd r  
I r - r  |

+ Ek [ P ( r ) ]  + Ex c [P(r)3 ( 2 . 1)
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conserve  t he  t o t a l  number o f  e l e c t r o n s .  Employing a 

Lagrange m u l t i p l i e r  y (which can be shown to c o r r e s p  nd to 

the  chemical  p o t e n t i a l  o f  t he  system) to  i n c o r p o r a t e  the  

c o n s t r a i n t  t h a t  t he  t o t a l  number o f  p a r t i c l e s  be conse rved ,

where Ve s ( r ) i S t h e  t o t a l  e l e c t r o s t a t i c  p o t e n t i a l  o f  t he  

system due to  a l l  the  c h a rg e s  i . e .

Thus t h e  d e n s i t y  may be ob t a i ned  by s o l u t i o n  o f  Eq. 2 . 2  in 

c o n j u n c t i o n  wi th Eq. 2.3*

However, s i n c e  t he  k i n e t i c  energy Ek [p]  w i th in  t h i s  

formal ism co r r e sponds  t o  a system o f  n o n - i n t e r a c t i n g  e l e c ­

t r o n s ,  s o l u t i o n  o f  Eq. 2 . 2  i s  e q u i v a l e n t  t o  s o l v i n g  s e l f -  

c o n s i s t e n t l y  a s e t  o f  s i n g l e - p a r t i c l e  S c h r o d i n g e r - l i k e  equa­

t i o n s  fo r  n o n - i n t e r a c t i n g  e l e c t r o n s  moving in an e f f e c t i v e

p o t e n t i a l  Ve f f ( r )  whose s o l u t i o n  g i v e s  t he  e xac t  ground 

s t a t e  d e n s i t y ,  and hence t he  ene rgy ,  o f  t h e  sys tem.  The 

s i n g l e - p a r t i c l e  e q u a t i o n s  .to be so lved  s e l f - c o n s i s t e n t l y  a r e

t h i s  v a r i a t i o n a l  p r i n c i p l e  i m p l i e s  t h a t  f o r  t he  c o r r e c t  den­

s i t y

( 2 . 2 )

( 2 . 3 )
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[ - 1 / 2  v2 + ve f f ( r ) ]  ^ ( r )  = e i ’,' i ( r )  ( 2 . 4 )

with

P(r )  = S I ^ i ( r ) | 2 , ( 2 . 5 )
i

and where t he  e f f e c t i v e  p o t e n t i a l  i s  d e f i n ed  as

Ve f f ( r )  = Ve s ( r )  ♦ • ( 2 - 6 )
6p(r)

The k i n e t i c  energy w i t h in  t h i s  s e l f - c o n s i s t e n t  scheme i s  

t hen  given  e x a c t l y  a s

Ek[ p ( r ) ]  = -  J v e f f ( r ) ^ ( r ) d r .  ( 2 . 7 )

Thus a l l  t he  raany-body complex i ty  i s  con t a ined  in t he  func­

t i o n a l  EXC[P] and s i n c e ,  a t  p r e s e n t ,  t h e  exac t  form o f  t h i s  

f u n c t i o n a l  i s  unknown, i t  must  be approximated .

For t he  ca se  in which t he  d e n s i t y  i s  s l owly  v a ry i n g ,  

Kohn-Sham expand EXC[P] in t he  s e r i e s  o f  d e n s i t y  g r a d i e n t s .  

Within l i n e a r  r e sponse  t h eo ry  t o  terms o f  0( V^) t h i s  expan­

s ion may be expre ssed  as ( 68 ,11 )

E x c ( p }  =  J d r {  exc[ P( r ) ] P ( r ) +  e (§)  [ P( r )  ] I V p ( r )  |2
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+ e£3>[p ( ? ) ]  Vp (r) .V[V2P ( r ) ) } ,  ( 2 . 8 )

where exc=e x+e c i s  the sum o f  the  average exchange ex and 

c o rr e l a t i o n  e c energy per p a r t i c l e  o f  a uniform e l ec t r on  gas  

with de ns i ty  P ( r ) ,  and and e£3)  are the c o e f f i c i e n t s  o f
X C X u

t he  f i r s t  and second d e n s i t y  g r a d i e n t  c o r r e c t i o n s  r e s p e c ­

t i v e l y .  In t e rms o f  t h e  Wigne r -Se i t z  r a d i u s  r_s
(4TTr|/3 = l / p )  » t h e  aver age  exchange energy per  p a r t i c l e  ( 6 9 ) 

for  t he  uni form gas  i s

ex (p) = - 0 . 4 5 8 / r s ( p ) ,

whereas  f o r  m e t a l l i c  d e n s i t i e s ,  t h e  aver age  c o r r e l a t i o n  en­

ergy i s  u s u a l l y  assumed t o  be t h a t  given by t h e  Wigner (W) 

( 7 0 ) i n t e r p o l a t i o n  formula

eg (p )  = - 0 .  W ( r s ( p ) + 7 . 8 ) .  ( 2 . 9 )

I f  a l l  t h e  g r a d i e n t  terms in Eq. 2 .8  a re  n e g l e c t e d ,  t h e

e x c h a n g e - c o r r e l a t i o n  energy i s  s a i d  to  be de te rmined  w i th in

the  s o - c a l l e d  l o c a l  d e n s i t y  approx imat ion  (LDA):

ExcA[p] = J  e x c (P ) P ( r > .  ( 2 . 1 0 )

I t  ha s  been shown (71-7*0 t h a t  t h i s  approximat ion  i s  mean-
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i n g f u l  provided i t  i s  made for  t he  combined exchange and 

c o r r e l a t i o n  c o n t r i b u t i o n s .  In Eq. 2 . 8 ,  t he  c o e f f i c i e n t s  

Exc^ g r a d i e n t  term have r e c e n t l y  been de r i ve d

fo r  t he  m e t a l l i c  range  o f  d e n s i t i e s  from a c a l c u l a t i o n  o f  

t he  energy  w i t h i n  t he  random phase approximat ion  (RPA) by 

Ge ld a r t  and Raso l t  ( 7 5 ) .  Both t h e  c o e f f i c i e n t s  

e ( 2 ) and e(3)  o f  t he  f i r s t  and second d e n s i t y  g r a d i e n t
A C A V

c o r r e c t i o n s  have a l s o  been de r i ve d  by Gupta and Singwi ( 6 8 ) 

us ing  a s l i g h t l y  modi f i ed  v e r s i o n  o f  t h e  t he o r y  o f  Va sh i s t a  

and Singwi (76) and based on an expans ion  o f  t he  d i e l e c t r i c  

f u n c t i o n .  The c o e f f i c i e n t s  t hu s  o b t a in ed  a re  t h e r e f o r e  ve ry  

s e n s i t i v e  to t he  cho i ce  o f  d i e l e c t r i c  f u n c t i o n  employed 

( 7 7 ) .  Lau and Kohn (78)  have a l s o  ob t a ined  e (2 )  by equa t i ng
X V

the  s u r f a c e  energy o f  two a d j a c e n t  j e l l i u m  m e t a l s  as d e t e r ­

mined in terms o f  t he  s t a t i c  e l e c t r o n i c  p o l a r i z a b i l i t y  o f  

Va sh i s t a  and Singwi (76)  and t h a t  o b t a in ed  us ing  t he  d e n s i t y  

f u n c t i o n a l  f ormal i sm.  A d i s c u s s i o n  o f  t he  p robab l e  sou rc e s  

o f  e r r o r  in t h e s e  c o e f f i c i e n t s  i s  g iven  in Ref.  6 8 .

Another approach t o  t he  use o f  t h e  Hohenberg-Kohn-Shara 

theorem has been to perform v a r i a t i o n a l  c a l c u l a t i o n s  by em­

p loy ing  pa r ame t r i z ed  t r i a l  d e n s i t i e s  in  t he  energy f u n c t i o n ­

a l  o f  Eq. 2.1 ( 2 3 , 2 4 ) .  I f  t he  energy  f u n c t i o n a l s  p] and 

Exc [p]  were known, t h e  r e s u l t s  o f  such c a l c u l a t i o n s  would 

c o n s t i t u t e  r i g o r o u s  upper  bounds t o  t he  ex ac t  ground s t a t e  

ene rg y .  However, bo th  t h e s e  f u n c t i o n a l s  o f  t he  d e n s i t y  a r e  

a s  ye t  undef ined and must  be approx imated .  One approxima­

t i o n  t o  the  k i n e t i c  energy f u n c t i o n a l  f o r  t he  non-
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i n t e r a c t i n g  inhomogeneous e l e c t r o n  gas  i s  t h a t  de termined 

w i th in  a d e n s i t y  g r a d i e n t  expans ion formal ism s i m i l a r  to the  

one d i s c us se d  wi th  r e s p e c t  to  Exc [ p ] .  The d e n s i t y  g r a d i e n t  

expans ion  for  t he  k i n e t i c  energy to  terms o f  0 ( V^) may be 

w r i t t e n  as

EgE[ p ( r ) ] = E £ 1 > [ p ( r ) ] + E £ 2 ) [ p ( ? ) ] +E p > [ p ( r ) ] , ‘ . ( 2 . 1 1 )

where

P ( r ) p 2 / 3 ( r ) d r  ( 2 . 1 2 )E<1 ) [ p ( r ) ]  = 3 / 1 0  (3t t2 ) 2 / 3  \

and

E<2 ) [ p ( r ) ] = A/ 8  j* I Vp ( r )  | 2 / p ( r ) d r ( 2 . 1 3 )

and

e£ 3 ) Cp ( ? ) 3
T  \

. q ( c?) \  f _ i l ( M  n1 x  1
% \  f i f e  A  - ( ( ^ y  3  I

In t h e  above e e q u a t i o n s  E ^ ^  i s  t h e  Thomas-Fermi (TF) con-
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bu t ion  (26) to t he  k i n e t i c  energy .  With t he  c o e f f i c i e n t  

1 =1 , i s  t he  f i r s t  g r a d i e n t  c o r r e c t i o n  o r i g i n a l l y  p r o ­

posed by von Weisacker  ( 5 0 ) .  Subsequent  r i g o r o u s  d e r i v a ­

t i o n s  ( 3 9 - ^ 2 ) o f  t h i s  f i r s t  g r a d i e n t  c o r r e c t i o n  v a l i d  f or  

s lowly va ry ing  d e n s i t i e s  have l ed  to a va lue  o f  t he  c o e f f i ­

c i e n t  X reduced by a f a c t o r  o f  n i n e .  wi th t h e  c o e f f i ­

c i e n t  Y =1 i s  t h e  second d e n s i t y  g r a d i e n t  c o r r e c t i o n  v a l i d  

f or  s l owly va ry ing  d e n s i t i e s  as ob t a ined  o r i g i n a l l y  by Ki r -  

z h n i t s  (40) and mod i f ied  by Hodges (43) -  The f i r s t  term of  

e£ 3) i S t h e  l i n e a r  r e sponse  t h eo ry  c o n t r i b u t i o n  t o  f o u r t h  

o r d e r  in t he  g r a d i e n t  o p e r a t o r .  The l a s t  two terms a r i s e  

from n o n - l i n e a r  r e sponse  t h eo ry  and t h e i r  i n c l u s i o n  should 

shed l i g h t  on t he  impor tance  o f  such c o n t r i b u t i o n s  t o  the  

metal  s u r f a c e  problem.

The c r i t e r i o n  fo r  t he  v a l i d i t y  o f  t h e s e  d e n s i t y  g r a -  

d i e n t  expans ions  i s  t h a t  |V p /  p| i s  sm a l l e r  than bo th  t he  

Fermi wave number kp and t he  Thomas-Fermi s c r e e n in g  wave 

number k.j,p= (8k p / 3n ) • However, f o r  m e t a l l i c  s u r f a c e s  t he

d e n s i t y  v a r i a t i o n  i s  f a i r l y  r a p i d  over  a d i s t a n c e  o f  approx­

ima te ly  h a l f  a Fermi wavel ength ,  and t hus  an i n v e s t i g a t i o n  

o f  t h e s e  expans ions  f o r  m e t a l l i c  sys tems t o g e t h e r  wi th a 

s tudy  o f  t h e i r  a p p l i c a b i l i t y  t o  h igher  and more s lowly v a ry ­

ing d e n s i t y  sys tems i s  p a r t i c u l a r l y  mean ing fu l .  The r e s u l t s  

o f  such a s tudy  (48) f o r  t he  k i n e t i c  energy d e n s i t y  g r a d i e n t  

expans ion  a r e  d i s c u s s e d  in Chap. IV.

Recen t ly ,  a d i f f e r e n t  approach t o  t he  d e t e r m i n a t i o n  o f  

t he  c o r r e c t i o n  t o  t he  LDA va lue  o f  e x c h a n g e - c o r r e l a t i o n  has
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been performed by Langre th  and Perdew (72 ,73)* In t h e i r  

wave-vector  d e c o m p o s i t i o n - i n t e r p o l a t i o n  scheme they  ana lyze  

t he  e x c h a n g e - c o r r e l a t i o n  energy o f  a met a l  s u r f a c e  in terms 

o f  t he  wavelength o f  t he  f l u c t u a t i o n s  which c o n t r i b u t e  to i t  

and i n t e r p o l a t e  between t he  e xa c t  plasmon dominated behavior  

a t  l a r g e  wavelengths  and the  LDA which i s  e x a c t  a t  s h o r t  

wave l eng ths .  S tud i e s  and compar isons  o f  t he  wave-vector  

a n a l y s i s  method and t he  v a r i o u s  d e n s i t y  g r a d i e n t  expans ion  

schemes fo r  t he  e x c h a n g e - c o r r e l a t i o n  energy have a l s o  r e ­

c e n t l y  been performed by Perdew, Langre th  and Sahni  (79)» 

and Sahni  and Gruenebaum ( 8 0 ) .

More r e c e n t l y  a n o n - l o c a l  approximat ion  to t he  exchange 

energy and p o t e n t i a l  o f  an inhomogeneous e l e c t r o n  gas  has  

been proposed by Alonso and G i r i f a l c o  (81)  and Gunnarsson e t  

a l . ( 8 2 ) .  This  approximat ion  i s  based on an e x p re s s io n  fo r  

t he  exchange cha rge  d e n s i t y  t h a t  c on se r v e s  t o t a l  exchange 

c h a r ge ,  s a t i s f i e s  t he  l i m i t i n g  c o n d i t i o n s  a t  t he  c e n t e r  o f  

and f a r  from the  exchange h o l e ,  and r educes  t o  t he  f r e e -  

e l e c t r o n  form for  the  homogeneous e l e c t r o n  g a s .  Employing 

the  same c o r r e l a t i o n  f a c t o r  as in t h e i r  n o n - lo ca l  approxima­

t i o n  to t he  exchange energy ,  Alonoso and G i r i f a l c o  (8.1) have 

a l s o  proposed a new k i n e t i c  energy f u n c t i o n a l  w i th in  the  

Ha r t r ee-Fock  (HF) approx imat ion ,  and both  t h e s e  approximate  

exchange and k i n e t i c  energy f u n c t i o n a l s  t e s t e d  on atoms.  In 

Chap. VI o f  t h i s  work we p r e s e n t  an ex ac t  n o n - l o ca l  c a l c u l a ­

t i o n  o f  t he  exchange energy  w i th in  t he  l i n e a r  p o t e n t i a l  

model o f  a met al  su r f a c e  ( 3 6 ) ,  and a l so  de t e rmine  r i g o r o u s
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upper  bounds t o  t he  s u r f a c e  energy o f  an inhomogeneous HF 

g a s .  On t he  b a s i s  o f  t h e  accuracy  o f  t he  wave f u n c t i o n s  em­

ployed ( 3 6 *3 7 ) ,  and t he  f a c t  t h a t  i n  t h e s e  c a l c u l a t i o n s  t he  

v a r i a t i o n a l  p r i n c i p l e  f o r  the  energy i s  a p p l i e d ,  we conc lude  

t h a t  t he  bounds o b t a in ed  a re  very  c l o s e  app rox imat ions  t o  

t hose  t h a t  might  be de te rmined  by a f u l l y  s e l f - c o n s i s t e n t  HF 

c a l c u l a t i o n .
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B. D e f i n i t i o n s  of  J e l l i u m  Su r f ace  P r o p e r t i e s  and Sum Rules 

In t h i s  s e c t i o n  we p r e s e n t  d e f i n i t i o n s  and d i s c u s s  

v a r i o us  p r o p e r t i e s  o f  i n t e r e s t  a s  app l i ed  to t he  j e l l i u m  

model in which t he  p o s i t i v e  i on s  a r e  assumed to be r ep l a ce d  

by a uniform s e m i - i n f i n i t e  p o s i t i v e  charge  background.  Be­

cause o f  t he  r e d u c t i o n  in symmetry in  t he  su r f a c e  phys i c s  

problem,  t he  Hamil tonian o f  t he  system i s  d i f f e r e n t  i n s i d e  

and o u t s i d e  t he  s u r f a c e  and t he  momentum p e r p e n d i c u l a r  to 

t he  s u r f a c e  i s  no l onger  a good quantum number.  F u r t h e r ­

more,  s i n c e  j e l l i u m  has no s t r u c t u r e  p a r a l l e l  to t he  s u r ­

f a c e ,  t h e  e l e c t r o n i c  wave f u n c t i o n  can be w r i t t e n  as

^ r )  = * k( x ) e x p ( i k (1- x( | ) ,

where and x(| a re  r e s p e c t i v e l y  t h e  p r o j e c t i o n s  o f  t he
*> ->• 

momentum k and p o s i t i o n  r o f  t h e  e l e c t r o n  on t he  s u r f a c e

p lane  and k and x a re  measured a long the  s u r f a c e  normal .

The t r a n s l a t i o n a l  i n v a r i a n c e  in t he  d i r e c t i o n  p a r a l l e l  to 

t he  s u r f a c e  t hu s  r educes  t he  complex t h r e e - d i m e n s i o n a l  c a l ­

c u l a t i o n  to one which i s  one -d im en s io n a l .  Away from the  

s u r f a c e  r eg io n  in t he  b u l k ,  t he  wave f u n c t i o n  must  have t he  

a sympto t ic  form

i^(x)  = sinCkx - 6  (k) ] ,

where 6 ( k ) ,  t h e  a symptot i c  phase s h i f t ,  i s  a con t i nuous



f u n c t i o n  o f  k.

The fundamental  q u a n t i t i e s  from which a l l  o t h e r  s u r f a c e  

p r o p e r t i e s  may be ob t a i ned  a re  t he  e l e c t r o n i c  p(x)  and t o t a l  

charge  d e n s i t i e s  PT( X) de f i ned  as

where P+=k ^ / 3 ir̂ Q(x) i s  t h e  j e l l i u m  background d e n s i t y  which 

ends a b r u p t l y  a t  t h e  su r f a c e  p o s i t i o n  and where

To ta l  charge  n e u t r a l i t y  f o r  t he  system r e q u i r e s  t h a t

I t  has  been shown (84)  t h a t  f o r  a r b i t r a r y  e f f e c t i v e  po t en ­

t i a l  t h i s  charge  n e u t r a l i t y  c o n d i t i o n  i s  e q u i v a l e n t  t o  a 

phase s h i f t  sum r u l e  due to  Sugiyama ( 8 5 , 5 ) ,  a cco rd ing  to 

which t h e  weighted Fermi su r f a c e  aver age  o f  t he  a symptot i c  

phase s h i f t  $(k) o f  t he  e l e c t r o n i c  wave f u nc t i on  must equal

(2 .15 )

and

pT(x) = p ( x) -  p+( x ) , ( 2 . 1 6 )

kp= ( 9 ^ / 4 ) ^ ^ / r s (83)  i s  t h e  Fermi momentum.

+i
( 2 . 17)

CO

- i r /4  :

k 6 ( k) dk/ ( 2 . 1 8 )
0 0
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In our  work we do no t  t r e a t  t h e  j e l l i u m  edge p o s i t i o n  as 

f i xed  a t  t he  o r i g i n  bu t  r a t h e r  t r e a t  i t '  as  a v a r i a b l e  quan­

t i t y  ending a b r u p t l y  a t  some a r b i t r a r y  p o s i t i o n  ' a 1 . This  

p o s i t i o n  i s  t hen  de te rmined  by e i t h e r  en su r ing  charge  neu-

yama sum r u l e .  A pp l i c a t i o n  o f  t h e  l a t t e r  c o n d i t i o n  l e a d s  to  

a s imple  e xp re s s io n  fo r  t he  j e l l i u m  edge p o s i t i o n  in terms 

o f  t he  asympto t i c  phase s h i f t  5 (k)  which i s

Symmetry does  n o t  r e q u i r e  t h a t  t he  e l e c t r o n  cha rge  d i s ­

t r i b u t i o n  be symmetric a long t he  d i r e c t i o n  normal to t he  

s u r f a c e  p l an e .  Fur the rmore ,  based on quantum mechanica l  

c o n s i d e r a t i o n s ,  t h i s  e l e c t r o n  charge  d i s t r i b u t i o n  does  no t  

end a b r u p t l y  a t  t h e  s u r f a c e  p o s i t i o n  bu t  sp r e ads  ou t  beyond 

t he  j e l l i u m  edge background in o r de r  t o  lower i t s  k i n e t i c  

energy .  This  d e n s i t y  decays  e x p o n e n t i a l l y  wel l  o u t s i d e  t he  

j e l l i u m  edge and e x h i b i t s  F r i e d e l  o s c i l l a t i o n s  a t  and i n s i d e  

t he  su r f a c e  as i t  approaches  i t s  bu lk  v a l u e .  A doubl e  l a y e r  

i s  t hu s  formed in t he  r eg io n  about  t he  su r f a c e  and an e l e c ­

t r on  t r y i n g  to  escape  from the  metal  w i l l  e xp e r i enc e  a d i ­

po le  b a r r i e r  o f  h e i g h t

t r a l i t y  v i a  Eq. 2 .17 or e q u i v a l e n t l y  by employing t he  Sugi -

(2 .1 9 )
0

(2 . 20)



The co r r e spond ing  e l e c t r o s t a t i c  p o t e n t i a l  Ve s ( x) due t o  t he  

t o t a l  charge  d i s t r i b u t i o n  o f  t he  system i s  t hen  t he  s o l u t i o n  

t o  P o i s s o n ' s  e qua t i o n

d2ve s / dx2  = PT<X> ( 2 . 2 1 )

With t he  cho i ce  o f  boundary c o n d i t i o n s  VQ„(_co )=v'  (-«> )=0,e s '  “ s
t o g e t h e r  wi th t he  charge  n e u t r a l i t y  c o n d i t i o n ,  t he  s o l u t i o n  

t o  t he  Po i s so n ’ s eq u a t i o n  may be w r i t t e n  as

The most  impor t an t  e l e c t r o n i c  p r o p e r t i e s  o f  a su r f a c e  

t h a t  may be de r i ve d  from the  d e n s i t y  a r e  t he  work f u n c t i o n  

and s u r f a c e  ene rgy .  The work f u n c t i o n  S> i s  de f i n e d  as t he  

minimum amount o f  work r e q u i r e d  to remove an e l e c t r o n  from 

the  meta l  a t  0 °K (14) and i s  g iven  by an e x p re s s io n  r e m i n i s ­

cen t  o f  Koopmans’ theorem fo r  t he  removal  energy o f  an e l e c ­

t r o n  from an atom:

( 2 . 2 2 )
00 00

$ = -  y >

where y i s  t he  h i g h e s t  occupied e ig enva lue  o f  t h e  Kohn-Sham 

s e l f - c o n s i s t e n t  s i n g l e - p a r t i c l e  e q u a t i o n s .  This  l e a d s  t o
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the  s e p a r a t i o n  o f  $ i n t o  i t s  s u r f a c e  a<f> and bulk  ^  c o n t r i ­

b u t i o n s  such t h a t

$ = A<|> “ y f ( 2 . 23 )

where jz,  t h e  bu lk  chemical  p o t e n t i a l  r e l a t i v e  to t he  mean 

i n t e r i o r  e l e c t r o s t a t i c  p o t e n t i a l ,  i s  de f i ne d  as

H = 1/2 k |  + yxc< (2 .2 4 )

In t he  above e q ua t i on  yxc i S j u s t  t he  e x c h a n g e - c o r r e l a t i o n  

p a r t  o f  t he  chemical  p o t e n t i a l  o f  a uni form e l e c t r o n  gas 

i . e .

yxc = dCPexc>/dT? * (2 .25 )

where ’p = k ^ / 3 1r2 i s  t he  mean i n t e r i o r  e l e c t r o n i c  d e n s i t y .  A 

g e n e r a l i z a t i o n  o f  t he  Koopmans' theorem ex p r e s s io n  o f  Eq. 

2 . 2 3  f o r  t he  work f u n c t i o n  to r e a l  me t a l s  i n c o r p o r a t i n g  ap­

p r o p r i a t e  l o c a l  i on i c  p s e u d o p o t e n t i a l s  and i n c lu d i ng  band 

s t r u c t u r e  e f f e c t s  has  r e c e n t l y  been de r i ve d  by Sahni  and 

Gruenebaum ( 8 0 ) .

Yet ano the r  exp re s s ion  fo r  t he  work f u n c t i o n  o f  j e l l i u m

metal  has  a l s o  been d e r i v ed  by Mahan and Schaich ( 8 6 ) ,  ac ­

cord ing  to  which



29

* = Ve s (» ) -  Ve s (a)  -  e x , ( 2 . 2 6 )

where e'j-=3kjr/'”' 0 +ex c Cp) sum o f  t he  k i n e t i c ,  exchange

and c o r r e l a t i o n  e n e r g i e s  per  p a r t i c l e  for  a uni form e l e c t r o n  

gas  o f  d e n s i t y  —. For a f u l l y  s e l f - c o n s i s t e n t  c a l c u l a t i o n  

w i th in  t he  LDA, t h e s e  two d e f i n i t i o n s  for  t he  work fu n c t i o n  

l e ad  to  t he  same r e s u l t  ( 8 6 ) .  The g e n e r a l i z a t i o n  o f  Eq.

2 .26 fo r  t he  case  when t he  i ons  a r e  r ep l a ce d  by l o c a l  pseu­

d o p o t e n t i a l s  i s  s t r a i g h t f o r w a r d  ( 8 7 ) .  Both t h i s  g e n e r a l i z e d  

ex p re s s io n  fo r  the  work f u n c t i o n ,  and t hus  Eq. 2 .26 ,  have 

a l s o  been de r i ve d  by Monnier e t  a l . ( 8 8 ) by c o n s i d e r i n g  t he  

d i f f e r e n c e  in s u r f a c e  e n e r g i e s  between t he  n e u t r a l  and i n -  

f i n i t e s i m a l l y  charged s u r f a c e ,  t he  l a t t e r  s u r f a c e  charge  

d e n s i t y  oc cu r r i n g  due to  t he  removal  o f  one or  more e l e c ­

t r o n s  from the  m e t a l .  However, more i m p o r t a n t l y ,  i t  has  

been shown t h a t  t h e s e  e x p r e s s i o n s ,  a l t hou gh  as  s imple  to use 

as  Koopmans’ theorem,  a r e  much more a c c u ra t e  when t he  d e n s i ­

t y  i s  ob t a in ed  from v a r i a t i o n a l  c a l c u l a t i o n s  o f  t he  s u r f a c e  

energy .  The v a r i a t i o n a l  a ccuracy  o f  Eq. 2 .26 has  r e c e n t l y  

been demons t r a ted  by Perdew and Sahni  (89)  •

The s u r f a c e  energy o f  a meta l  Egf which i s  t he  energy 

r e q u i r e d  per  u n i t  a r ea  formed to s p l i t  t h e  c r y s t a l  in two 

along a p l an e ,  may be dete rmined  by two co mple t e ly  d i f f e r e n t  

methods.  The component method r e q u i r e s  knowledge o f  t h e  i n ­

d i v i d u a l  k i n e t i c ,  e l e c t r o s t a t i c ,  and e x c h a n g e - c o r r e l a t i o n  

energy c o n t r i b u t i o n s .  The k i n e t i c  energy c o n t r i b u t i o n  t o  

t he  s u r f a c e  energy Ek i n terms o f  t h e  a symptot i c  phase s h i f t
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S(k) i s  given w i th in  t he  Kohn-Sham scheme v i a  Eq. 2 . 7  as 

( 5 , 2 6 , 3 6 )

I m p l i c i t  in t h i s  d e f i n i t i o n  for  Ek [£] i s  t he  f a c t  t h a t  one 

i s  he r e  d e a l i n g  wi th  s i n g l e - p a r t i c l e  wave f u n c t i o n s  from 

which t he  d e n s i t y  i s  o b t a i n e d .  I f  on the  o t h e r  hand,  we had 

knowledge only  o f  t he  d e n s i t y  ( see  Chap. V),  then one cho i ce  

fo r  t he  s u r f a c e  k i n e t i c  energy f u n c t i o n a l  would be to 

r e p r e s e n t  i t  by i t s  d e n s i t y  g r a d i e n t  expans ion .  The e l e c ­

t r o s t a t i c  c o n t r i b u t i o n  to t he  s u r f a c e  energy  E._ i s6 5

and t he  sum o f  t h e  s u r f a c e  e x c h a n g e - c o r r e l a t i o n  c o n t r i b u ­

t i o n s  Exc which must  be t aken  t o g e t h e r  w i th in  t he  LDA (71 -  

74) i s  g iven  as (26)

(2 .2 7 )
00

( 2 . 2 8 )

(2 .2 9 )

In t h i s  work we w i l l  r e s t r i c t  o u r s e l v e s  t o  de t e r mi n i ng  t he  

e x c h a n g e - c o r r e l a t i o n  energy s t r i c t l y  w i th in  t he  LDA and
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n e g l e c t  a l l  d e n s i t y  g r a d i e n t  t e rm s .  The t o t a l  s u r f a c e  e n e r ­

gy f u n c t i o n a l  i s  t hen  t he  sum o f  t h e  i n d i v i d u a l  components 

d i s c u s s e d  above i . e .

Es Cp] = Ek [p]  + Ee s tp]  + E^gA[ p3 . ( 2 . 3 0 )

A second method fo r  t he  d e t e r m i n a t i o n  o f  s u r f a c e  energy 

i s  to employ an ex ac t  sum r u l e  due to  Vannimenus and Budd 

( 3 8 ) .  The Vannimenus-Budd theorem (VBT) r e l a t e s  t h e  d e r i v a ­

t i v e  o f  t he  s u r f a c e  energy Eg wi th r e s p e c t  to  t he  d e n s i t y  t o  

an i n t e g r a l  of  t h e  e l e c t r o s t a t i c  p o t e n t i a l  i n s i d e  t he  m e t a l .  

In terms o f  t h e  Wigne r -Se i t z  r a d i u s  r s> t h e  BVT s t a t e s  t h a t

a
dEs / d r s = -9/ (4Trr^)  j  t v e s ( - “ )-Ve s ( x ) ] d x , ( 2 . 31 )

•"CO

Thus i t  i s  p o s s i b l e  to  o b t a i n  t he  s u r f a c e  energy o f  j e l l i u m  

metal  d i r e c t l y  by a s imple  i n t e g r a t i o n  over  r g t o g e t h e r  wi th  

a s u i t a b l e  cho i ce  for  t he  c o n s t a n t  o f  i n t e g r a t i o n .  The ac­

cu racy  o f  t h e  method t hus  depends on t he  accuracy  o f  t he  

e l e c t r o s t a t i c  p o t e n t i a l  i n s i d e  t he  metal  and on t he  r e a s o n ­

ab l enes s  o f  t he  c r i t e r i o n  fo r  t he  d e t e r m i n a t i o n  o f  t he  con­

s t a n t  o f  i n t e g r a t i o n .  The p r i n c i p l e  advant age  o f  t he  method 

i s  t h a t  no app rox imat ions  wi th  r ega r d  to any component e n e r ­

gy f u n c t i o n a l  have to  be made.

Another  fundamental  sum r u l e  ( t o  be used e x t e n s i v e l y  i n  

t h i s  work) de r i ve d  by Budd and Vannimenus (32) r e l a t e s  t he
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d i f f e r e n c e  in e l e c t r o s t a t i c  p o t e n t i a l  between t h a t  a t  t he  

s u r f a c e  and in t he  b u l k ,  to  the  t o t a l  energy per  p a r t i c l e  

o f  a uni form e l e c t r o n  g a s .  According to t he  Budd-Vannimenus 

theorem (BVT)

AV = Ve s ( a ) _ VQg( —oo ) = p de T/dp • ( 2 . 32 )

The s i g n i f i c a n c e  o f  t h i s  theorem l i e s  in t he  f a c t  t h a t  i t  

r e l a t e s  a s u r f a c e  p ro p e r t y  t o  t hose  o f  t he  more wel l  under ­

s tood b u l k .  In model p o t e n t i a l  c a l c u l a t i o n s ,  t h i s  theorem 

can t hus  be used as a c o n s t r a i n t  on t he  e l e c t r o s t a t i c  po t en­

t i a l .

Mahan and Schaich ( 8 6 ) have a l s o  r e c e n t l y  de r i v e d  an 

i n t e g r a l  c o n d i t i o n ,  which can be shown to  be e q u i v a l e n t  to  

t he  d i f f e r e n t i a l  sum r u l e  o f  t he  BVT w i t h i n  t he  LDA. For an 

a r b i t r a r y  e f f e c t i v e  p o t e n t i a l ,  t he  Mahan-Schaich theorem 

(MST) s t a t e s  t h a t

+ 00

1/p f  Ve f f ( x) ( - dP / d x ) dx  = 2/5 EF + Ve f f ( -» ) .  ( 2 . 3 3 )
* 0 0

For a f u l l y  s e l f - c o n s i s t e n t  or  model p o t e n t i a l  c a l c u l a t i o n  

t h i s  c o n d i t i o n  i s  always s a t i s f i e d .  For f u l l y  s e l f -  

c o n s i s t e n t  c a l c u l a t i o n  w i th in  t he  LDA, t h i s  t hus  im p l i e s  

t h a t  t h e  BVT must always be s a t i s f i e d  ( 8 6 ) .  However,  f o r  

n o n - s e l f - c o n s i s t e n t l y  ob t a i ned  d e n s i t i e s  such as  t hos e  

de te rmined  by v a r i a t i o n a l  p r i n c i p l e s  f o r  t he  d e n s i t y  i t s e l f
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( see  Chap. V) t h i s  theorem can be used as an a d d i t i o n a l  con­

s t r a i n t .  Since in such v a r i a t i o n a l  c a l c u l a t i o n s ,  t he  d e n s i ­

t y  i s  o b t a in ed  c o r r e c t  t o  second o r d e r ,  t h e  use o f  t h e  MST
*

in  t h i s  manner p r ec l u d es  t he  d e t e r m i n a t i o n  o f  any h igh e r  

o rd e r  terms in  t he  s e r i e s  f o r  t he  d e n s i t y .

Throughout  t h i s  work we employ t h e  Wigner i n t e r p o l a t i o n  

formula  (Eq.  2 . 9 )  f or  t he  average  c o r r e l a t i o n  energy per  

p a r t i c l e  f o r  a l l  r g >1 an(j t he  Gel l  Mann-Brueckner (GB) ex­

p r e s s i o n  ( 9 0 ) for  r  < i ;
S  M. '

eGB _ 0.0311 lnrs_o.048. (2.34)

The j u s t i f i c a t i o n  fo r  t he  above cho i ce  i s  t h a t  a t  r  -1  t hes
d i f f e r e n c e  eW_eGB_Q.05 eV o n l y ,  and t he  f a c t  t h a t  t he  GB ex­

p re s s i o n  becomes more a c c u ra t e  f or  h igher  d e n s i t i e s  whereas 

t h e  Wigner e xp re s s io n  i s  a p p r o p r i a t e  f or  bo th  m e t a l l i c  and 

lower d e n s i t i e s .  Employing the  Wigner and Gel l  Mann- 

Brueckner  e x p re s s io n s  f o r  e c we have L V in  u n i t s  o f  t h e  

f r e e - e l e c t r o n  Fermi energy  Ep=kp2/2  t o  be

AVW = 0 . 4  -  0 . 0 8 2 9 r s  .  0 . 0796r l / ( r s + 7 . 8 ) 2 , ( 2 . 3 5 )

and

AVgb = 0 . 4  -  0 . 0 8 2 9 r s _ o . 0 0 5 6 2 9 r f  » 

r e s p e c t i v e l y .

(2 .3 6 )
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I I I .  USE OF MODEL POTENTIALS WITH THEORETICAL AND PHYSICAL 

CONSTRAINTS FOR THE STUDY OF A NEUTRALLY CHARGED 

ELECTRON GAS WITH A SURFACE

In t h i s  c h a p t e r  we p r e s e n t  t h e  r e s u l t s  o f  a s t udy  over  

a wide range  o f  d e n s i t i e s ,  i n c lu d i n g  t he  m e t a l l i c  r ange ,  o f  

a charge  n e u t r a l  e l e c t r o n  gas system wi th  a s u r f a c e .  The 

inhomogenei ty  i n  t he  e l e c t r o n i c  d e n s i t y  a t  t he  s u r f a c e  i s  

c r e a t e d  by assuming t he  e l e c t r o n s  move in a model e f f e c t i v e  

p o t e n t i a l  in t he  p r esence  o f  a p o s i t i v e  uniform charge  ( j e l ­

l ium) background which ends a b r u p t l y  a t  a wel l  de f i ned  

p o i n t .  The p r o p e r t i e s  de r i ve d  from th e s e  c a l c u l a t i o n s  a r e  

m e t a l l i c  s u r f a c e  d i p o l e  b a r r i e r s ,  work f u n c t i o n s  and s u r f a c e  

e n e r g i e s ,  t he  behav io r  o f  t he  work f u n c t i o n  fo r  d e n s i t i e s  

h i gh e r  than t hose  e x i s t i n g  in m e t a l s ,  and low d e n s i t y  s u r ­

f ace  e n e r g i e s .  The a p p r o p r i a t e  use o f  v a r i o u s  t h e o r e t i c a l  

and p h ys i c a l  c o n s t r a i n t s  coupled wi th t he  f a c t  t h a t  t he  

c ho i c e  o f  e f f e c t i v e  p o t e n t i a l  employed he re  l e a d s  t o  r e s u l t s  

which a r e  p r i m a r i l y  a n a l y t i c  pe rmi t s  t he  s tudy o f  such an 

inhomogeneous e l e c t r o n  system over a s u b s t a n t i a l  range  o f  

d e n s i t i e s .  The model p o t e n t i a l  cons ide r ed  i s  one which 

v a r i e s  l i n e a r l y  over  a f i n i t e  r eg io n  and i s  c o n s t a n t  beyond 

some p o i n t  ( see  F ig .  1) ,  and we r e f e r  to i t  as  t he  f i n i t e  

l i n e a r  p o t e n t i a l  (FLP) model .  The pa r amete r s  in  t h i s  model 

p o t e n t i a l  system a re  t he  edge o f  t he  n e u t r a l i z i n g  p o s i t i v e  

charge  background,  t he  f i e l d  s t r e n g t h  and t he  b a r r i e r
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h e i g h t .  In a l l  t he  c a l c u l a t i o n s  p r e sen t ed  h e r e ,  t he  j e l l i u m  

edge and b a r r i e r  h e ig h t  pa r ame te r s  a r e  always de te rmined  by 

t h e  r e qu i r em en t s  o f  charge  n e u t r a l i t y  ( 2 ) and s e l f -  

c o n s i s t e n c y  r e s p e c t i v e l y .  I t  i s  t he  f i e l d  s t r e n g t h  parame­

t e r  which i s  a d ju s t e d  so as  t o  e i t h e r  s a t i s f y  t he  BVT or  

v a r i e d  u n t i l  the  energy i s  minimized.  Thus no t  on ly  i s  t h i s  

model e f f e c t i v e  p o t e n t i a l  a r e a l i s t i c  approximat ion  to  t h a t  

which e x i s t s  a t  such a s u r f a c e ,  i t  has  more p h y s i c a l l y  mean­

i n g f u l  c o n s t r a i n t s  app l i e d  s i m u l t a n eo u s ly  t han  any o t h e r  

a n a l y t i c  p o t e n t i a l s  s t u d i ed  (3^-37)  p r e v i o u s l y .  The e f f e c ­

t i v e  p o t e n t i a l  Ve f f ( x )  a t  t he  s u r f a c e  o f  t h e  e l e c t r o n  gas  i s  

assumed to be ( see  F ig .  1)

where t he  f i e l d  s t r e n g t h  F i s  de f i ne d  in t erms o f  t h e  b a r ­

r i e r  h e ig h t  and s l ope  par amete r s  b and xp a s  F=V/b=Ep/xp, 

and where V i s  t h e  b a r r i e r  h e i g h t ,  Ep=k | / 2  i s  t h e  Fermi en­

e rgy  and 0 ( x) the s t e p  f u n c t i o n .  We a l s o  s p e c i f y  t h e  v a r i a ­

t i o n  o f  t he  b a r r i e r  h e ig h t  in terms o f  t he  parameter  g where 
2

3 =^p/V=xp/b.  For t he  e f f e c t i v e  p o t e n t i a l  o f  Eq. 3-1# t he  

s o l u t i o n  o f  t he  Schrodinger  equa t i on  f o r  t he  e l e c t r o n i c  wave 

f u n c t i o n  i s

Ve f f  = FxCO(x)-OCx-b)] + V9(x-b) ( 3 . 1 )

r A s in [kx+6 ( k ) ]  f o r  x<0

i|ik (x) = BkAi(C)+Ck Bi(C) 

b \ e x p ( -  kx)

f o r  0 <x<b ( 3 . 2 )

fo r  b<x



• 36

where k=(2E)1 / 2 , K =(2(V-E)) 1 / 2 f C=( x - E / F ) ( 2 F ) 1^ , E i s  t he  

energy ,  and where A i ( c )  and Bi ( C)  a re  t he  l i n e a r l y  i ndepen­

dent  s o l u t i o n s  o f  t h e  Airy d i f f e r e n t i a l  equa t i on  ( 9 1 ) .  The 

c o n s t a n t  A in t h e  above e qua t i o n  i s  ob t a in ed  by t h e  no rm a l i ­

z a t i o n  c o n d i t i o n  whereas t he  phase f a c t o r  S(k)  and t he  c o e f ­

f i c i e n t s  B^, c k and Dk a r e  de te rmined  by t h e  r eq u i r emen t  o f  

t h e  c o n t i n u i t y  o f  t h e  wave f u n c t i o n  and i t s  l o g a r i t h m i c  

d e r i v a t i v e  a t  both x=0 and x = b.  Thus

A = - ( 2 / L ) 1 / 2  , Bk = ( 2 / L ) 1/ 2 ( c 0/ A  ( - C 0 >>1 / 2

Ck = “Bk X(Cb ) / Y ( 5 b )

Dk = Bk M(cb )exp[ (Cb+C0 ) c j j /2 ] 

c o t  « (k)  = N ( - C 0 ) / ( C j / 2 M(-C0 ) )

where

X ( c b ) = A i ' ( c b ) + (Cb ) 1 / 2 A i (  cb )

Y ( ? b ) = B i ’ ( ? b ) + (Cb ) 1 / 2 B i ( C b )

M( ? ) = Ai (  ? ) -  B i (  ? ) X ( c b ) / Y ( C b )

N( C ) = Ai 1 ( C ) -  B i '  ( c ) X ( c b ) / Y ( C b )

A ( C ) = N2 ( C ) -  CM2 ( c )

CQ = k 2 ( b / 2 V ) 2 / 3 = ( k 2 / k 2 ) ( k FXF) 2 / 3

Cb = b(2V/b ) 173 - c 0 = bkF(kFxF) " 1 / 3  “C0

%
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and where Ai ' (C)  and B i ' ( c )  a re  t he  d e r i v a t i v e s  (91)  o f  t he  

Airy f u n c t i o n s .

The v a r i o u s  p r o p e r t i e s  o f  i n t e r e s t  de te rmined  wi th t he  

above wave f u n c t i o n s  a r e  t he  e l e c t r o n i c  d e n s i t y  p ( x ) ,  t h e  

j e l l i u m  edge p o s i t i o n  a t  x=a,  t h e  t o t a l  cha rge  d e n s i t y  

Pp(x), t h e  s u r f a c e  d i p o l e  b a r r i e r  A<f> t t h e  work f u n c t i o n  # , 

t h e  e l e c t r o s t a t i c  p o t e n t i a l  Ve s ( x) ,  t he  k i n e t i c  Ek ( 2 6 ) ,  

e l e c t r o s t a t i c  Egs and e x c h a n g e - c o r r e l a t i o n  (13)  Exc com­

ponents  o f  t h e  s u r f a c e  energy Es as ob t a ine d  w i th in  t he  LDA, 

and t he  d e r i v a t i v e  o f  t h e  s u r f a c e  energy wi th  r e s p e c t  t o  t he  

Wigne r -Se i t z  r a d i u s  dEs / d r s as s t a t e d  by VBT. The mathemat­

i c a l  d e f i n i t i o n s  o f  t h e s e  p r o p e r t i e s  a r e  a l l  g iven  in Chap. 

I I .

For t he  p r e s e n t  ch o i c e  o f  e f f e c t i v e  p o t e n t i a l ,  a l l  t he  

s p a t i a l  i n t e g r a l s  o f  t h e  above de f i n e d  p r o p e r t i e s ,  w i th  t he  

s o l e  e xc e p t i o n  o f  t h e  e x c h a n g e - c o r r e l a t i o n  c o n t r i b u t i o n  to 

t he  s u r f a c e  ene rgy ,  can be performed a n a l y t i c a l l y ,  s i n c e  i t  

has  been p o s s i b l e  to d e r i v e  a n a l y t i c  e x p re s s i o n s  fo r  i nde ­

f i n i t e  i n t e g r a l s  i n v o l v in g  p ro du c t s  o f  Airy f u n c t i o n s ,  p ro ­

d uc t s  o f  t h e i r  d e r i v a t i v e s  and v a r i o u s  moments o f  t h e s e  p ro ­

d u c t s .  These i n t e g r a l  e x p r e s s i o n s  a r e  g iven  in Appendix A. 

With a change o f  v a r i a b l e s  t o  y=xkp and q=k/kp,  such t h a t ,  

t h e  j e l l i u m  edge,  s l o pe  and b a r r i e r  h e ig h t  pa r a m e t e r s  a r e

now de f i ne d  t o  be ya=akp, yp=xpkp and yb=bkp, t h e  d e t e r m in a ­

t i o n  o f  a l l  t h e s e  p r o p e r t i e s  t hu s  r edu ces  to  s imple  numeri ­

ca l  computa t i ons  o f  momentum space  i n t e g r a l s  from 0 t o  1 . 

With t h e  d e n s i t y  normal ized  wi th r e s p e c t  t o  i t s  b u l k  v a l u e ,
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we have n ( y ) = P ( y ) / £ ,  C0 =q2y | / 3 , cb =yb yp1 / 3 ~C0 ’ and 

? = y y p ^ ^ - C 0 * The r e s u l t i n g  s e m i - a n a l y t i c  e x p r e s s i o n s  f o r  

the  v a r i o u s  p r o p e r t i e s  in terms o f  t h e s e  v a r i a b l e s  a r e  g iven 

below.

Phase S h i f t

With t he  d e f i n i t i o n

K(q) = yJ /3  m( - c ) /N( -5  ) ,  ( 3 -3 )r o o

so t h a t

K(0> = v " 3  A i ( Q ) - B i ( 0 ) x ( y b yF1 / 3 ) / H y b y p1^ )

F A i , ( 0 ) - B i ' ( o ) X ( y b yj;1 / 3 ) /Y(yby p ' / 3 )

t he  phase s h i f t  i s

6 ( q) = c o t ~ 1 [ 1/ q K ( q ) ] .  ( 3 . 5 )

E l e c t r o n i c  Dens i t y

For y>yb

1

n(y)  = 3 J  d q ( 1 - q 2 )C0 M2 (?b ) 
0

e xp [ 2 (Cb - C ) c b1 / 2 ] /  A(-Cq ) ( 3 . 6 )
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For CKy<yb

r1
n ( y )  = 3 J Q d q ( 1 - q 2 ) ?oM2 ( c ) / A ( _ Cq)# ( 3 > 7 )

For y<0

r1
n(y) = 3 J dq( 1 - q 2 ) s i n 2 [qy+ 6(q) ] .  ( 3 . 8 )

0

J e l l i u m  Edge P o s i t i o n

The j e l l i u m  edge p o s i t i o n  as de te rmined  by t h e  phase 

s h i f t  r u l e  o f  Sugiyama (Eq.  2 .19)  may be w r i t t e n  as

ya = - 3 " / 8  -  3 J* q5 (q )d q ,  ( 3 -9 )d 0

whereas t h e  cha rge  n e u t r a l i t y  c o n d i t i o n  o f  Eq. 2 . 17  l e a d s  t o  

t he  ex p re s s io n

1
ya = 2/5 yF- 3 * / 8 +3 / 2  yF/ 3  ^ d q ( 1 - q 2 )Cc0 M2 ( c b ) /C b 1 / 2

-  M(-c0 ) N ( - ?0) ] /  A(-Cq ) .  ( 3 . 10 )

The s p e c i f i c  a n a l y t i c  eq u iv a l e nc e  o f  t h e  cha rge  n e u t r a l i t y  

c o n d i t i o n  to t h a t  o f  t h e  phase s h i f t  r u l e  f o r  t he  FLP model 

i s  proved in Appendix B.
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Sur face  Dipole  B a r r i e r

A4 / k F = 1/tt + K(0) /2  -  2yf / (3 i r )  + 1 6yg/C 1 05tt )

+ v§/3 J(yF,yh)/K ( 3 . 11)

where

S W  -  + **>

-  )4 <r3 ,)\'S (r« ] +  M ^  +  2 - ^  b ]  j

E l e c t r o s t a t i c  P o t e n t i a l

( 3 . 12)

For y>yb

^  if  I  ^  •

For CKy£yb

V«H> 1 .  I |/M  +  I t  +  ( I _ l . i t )  « . <3->3)
■ ^ ^ ^ T . +  T K ( ,  +  w 5 i T  +  ' ' T  i S f ' ^
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+  ±jt£ ^  c \-  f  \ l i  M -S )+ l^ « ) t< « ) 'H H ,)M H .) |

For y<0

^ W = J r + ^ lc w + ^ 1i - | 5 ^ - - l J 0 ( V V  ( 3 - u >

Up

0

K i n e t i c  Energy

t£ c  +  ' 3 . 1 5 )
• $ * £ ( ,  j a . +  3 f  | 0 + j  Jt  0 U  » V H , ) | 4Sb 11 k

V3 *11
+ y i P

The above e qu a t i o n  fo r  the- k i n e t i c  energy i s  de r i ved  from 

Eq. 2 .27 by u s ing  t he  e qu iva l en ce  o f  t h e  cha rge  n e u t r a l i t y
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c o n d i t i o n  to  t h e  Sugiyama p h a s e  s h i f t  r u l e .

E l e c t r o s t a t i c  Energy

Ee s /kj3 = p (yp ,yb)  + R(yF»yb>

.*b
+ 1 / ( 6 t t 2 ) J  dyn(y)Ve s ( y ) / k Ff ( 3 . 1 6 )

where

$  I

,*/3
(aaVi cL%\^L -   -____I

R C W 4* ’

t

-  T 9 H J

4-ir

+



In t he  above e x p r e s s i o n s  a l l  t he  primed q u a n t i t i e s  a r e  func­

t i o n s  o f  t h e  v a r i a b l e  q ' ,  and q_=q - q ' ,  q+ = q+q'  , <S_=S- 5  *,

and =

D e r i v a t i v e  of  Su r f ace  Energy 

For ya<0

4 f  ( 3

For ya>o

*\ dHtT *" ^  ^  15 i r  io5 'if
{/j J

+ 1 ^ -  ^  0 - f ;  7 f £ r | M c - « + f l / ?  N H . ) j

+JT h \ i  i< A W  -  £ A(- " ]
0 »

+  -jy  [  H ^ b ) -  M V « ]  "  t *  + H ('*•) N W

| -  [ 4  MW.) W W  + 1 . M j  

.17)

.18)
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where Sa =ya yp1 / 3 ~ ? 0 , A( ?a )=N2 ( Sa ) - S aM2 ( ?a ) , and where

i u f c . w  =  J * i £ .  + ( •

We no t e  t h a t  t h e  VBT e x p r e s s io n  o f  Eq. 2.31 i s  de r i ve d  

on t h e  assumpt ion t h a t  f o r  a s l a b  o f  l e n g t h  L, t h e  e l e c t r o s ­

t a t i c  p o t e n t i a l  a t  t he  c e n t e r  ( r e l a t i v e  t o  t he  va lue  a t  t h e  

s u r f a c e )  d i f f e r s  from the  v a lu e  in t he  L goes  t o  00 l i m i t  by 

t erms  o f  h igh e r  o r d e r  than L~^. This  assumpt ion can be 

shown to  be e q u i v a l e n t  to  t he  r equ i r eme n t  t h a t  t h e  e l e c t r o s ­

t a t i c  p o t e n t i a l  approaches  i t s  va lue  a t  t h e  c e n t e r  f a s t e r  

than  L“ ^ . In Appendix C we prove t h i s  t o  be t he  case  and 

demons t r a t e  t h a t  f o r  t he  e l e c t r o s t a t i c  p o t e n t i a l  gene r a t e d  • 

by t h e  FLP model t h i s  c o n d i t i o n  i s  s a t i s f i e d .

I t  may be observed from th e s e  e x p r e s s i o n s  t h a t  t h e  

q u a n t i t i e s  n ( y ) ,  y.a |  A* / k Fl Ek/ k£ ,  Ze s /k% and r j  dEs / drg 

a r e  f u n c t i o n s  o f  t h e  b a r r i e r  h e i g h t  and s lope  pa r a m e t e r s .  

Since  in our c a l c u l a t i o n s ,  t he  b a r r i e r  h e i g h t  i s  always 

de te rmined  by t h e  r equ i r emen t  o f  t h e  s e l f - c o n s i s t e n c y  o f  t h e  

s u r f a c e  d i p o l e  b a r r i e r ,  each o f  t h e s e  q u a n t i t i e s  i s  a 

u n i v e r s a l  f u n c t i o n  o f  t h e  s l ope  parameter  f or  a g iven  d e n s l -  • 

t y .  Note t h a t  in  o r d e r  to de t e rmine  t he  b a r r i e r  h e ig h t  t h e
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d e n s i t y  must  be s p e c i f i e d .  In F i g s .  2-6 we p l o t  t h e  u n i v e r ­

s a l  f u n c t i o n s  o f  ya f A<j,/kF , ( 1 60ir /kJ)Ek , Ee s /kj?» and 

(4i r /9) r | j  d E / d r s v e r s u s  t h e  s l ope  parameter  yF f o r  r s =2,4 and 

6 wi th  t h e  b a r r i e r  h e i g h t  de te rmined  s e l f - c o n s i s t e n t l y  f o r  

each p o i n t  on t he  g r a p h s .  In F ig .  7 we p l o t  t he  v a r i a t i o n  

o f  t h e  s e l f - c o n s i s t e n t l y  o b t a in ed  b a r r i e r  h e ig h t  parameter

yb v e r s u s  t h e  s l ope  pa rameter  yF f o r  t he  same v a l u e s  o f  r g . 

Thus,  i f  f o r  a g iven  d e n s i t y ,  t h e  s l ope  parameter  i s  known 

by a p p l i c a t i o n  o f  some c o n s t r a i n t ,  t h e s e  f i v e  p r o p e r t i e s  may 

be de te rmined  d i r e c t l y  from F i g s .  2-6 and the  co r r e spond ing  

s e l f - c o n s i s t e n t  va lu e  o f  t h e  b a r r i e r  h e i g h t  pa rameter  from 

F ig .  7. In Sec t i on  A we p r e s e n t  t he  v a l u e s  f o r  met al  s u r ­

f ac e  d i p o l e  b a r r i e r s  and work f u n c t i o n s  as  ob t a in ed  by ap­

p l i c a t i o n  o f  BVT, and extend t h e s e  c a l c u l a t i o n s  t o  p l o t  t he  

v a r i a t i o n  o f  t h e  work f u n c t i o n  fo r  h ighe r  d e n s i t i e s .  The 

r e s u l t s  o f  a v a r i a t i o n a l  s e l f - c o n s i s t e n t  c a l c u l a t i o n  o f  me­

t a l  s u r f a c e  e n e r g i e s  w i th in  t he  LDA a re  g iven  in Sec t i on  B. 

In Sec t i on  C we de t e rmine  t he  s u r f a c e  energy f o r  m e t a l l i c  

and lower  d e n s i t i e s  v i a  t he  VBT (Eq. 2 . 31)  wi thout  having to 

de t e rmine  any i n d i v i d u a l  k i n e t i c ,  e l e c t r o s t a t i c  and 

e x c h a n g e - c o r r e l a t i o n  components o f  t h e  ene rgy .  The c o n s t a n t  

o f  i n t e g r a t i o n  in t he  a p p l i c a t i o n  o f  VBT i s  de te rmined  by 

t h e  p h y s i c a l  c r i t e r i o n  o f  t h e  va n i s h in g  o f  t he  s u r f a c e  e n e r ­

gy i n  t he  low d e n s i t y  l i m i t .  For purpose s  o f  compar ison ,  

t h e  r e s u l t s  o f  a LDA c a l c u l a t i o n  over  t he  same range  o f  den­

s i t i e s  wi th  t h e  same ch o i c e  o f  e f f e c t i v e  p o t e n t i a l  a re  a l s o  

i n c l u d e d .  F i n a l l y  we conc lude  t h i s  l a s t  s e c t i o n  by i n d i c a t -



• 46

ing f u r t h e r  use o f  such model p o t e n t i a l s  in  t he  s t udy  o f  

o t h e r  a s p e c t s  o f  t h e  inhomogeneous e l e c t r o n  gas  problem and 

in t he  d e t e r m i n a t i o n  o f  more r e a l i s t i c  meta l  s u r f a c e s  p ro­

p e r t i e s .

i
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A. Sur f ace  Dipole  B a r r i e r s  and Work Fun c t i ons  fo r  M e t a l l i c  
and Higher D e n s i t i e s  by A p p l i c a t i o n  of  t he  Budd- 
Vannimenus Theorem

The model p o t e n t i a l  employed in t he  p r e s e n t  c a l c u l a ­

t i o n s  i s  a two-parameter  one,  t he  pa r amete r s  be ing  t he  b a r ­

r i e r  h e i g h t  and f i e l d  s t r e n g t h .  In a d d i t i o n ,  a t h i r d  param­

e t e r  , t h e  j e l l i u m  edge p o s i t i o n  must  be i n t roduced  in o rd e r  

t h a t  t he  e l e c t r o n i c  system under c o n s i d e r a t i o n  be charge  

n e u t r a l .  The s u r f a c e  o f  t he  system i s  de f i n e d  to  be a t  t he  

j e l l i u m  edge.  In a l l  t he  c a l c u l a t i o n s  t o  f o l l o w ,  t h e  b a r ­

r i e r  h e i g h t  i s  always dete rmined  by t h e  r equ i r eme n t  o f  t he  

s e l f - c o n s i s t e n c y  o f  t he  s u r f a c e  d i p o l e  b a r r i e r .  In t h i s  

s e c t i o n  t he  r e s u l t s  f o r  m e t a l l i c  and h ighe r  d e n s i t y  s u r f a c e  

d i p o l e  b a r r i e r s  and work f u n c t i o n s  a r e  p r e s e n t e d ,  wi th  t he  

f i e l d  s t r e n g t h  a d ju s t e d  so as t o  s a t i s f y  t he  BVT (Eq.  2 . 3 2 ) .  

The p r i n c i p l e  advantage  o f  t h i s  c o n s t r a i n t  i s  t h a t  i t  l e a d s  

t o  a c c u r a t e  r e s u l t s  f o r  t he  work f u n c t i o n  s i nc e  A V c o n s i t i -  

t u e s  a s u b s t a n t i a l  f r a c t i o n  o f  t he  s u r f a c e  d i p o l e  b a r r i e r .

In p a r t i c u l a r  f o r  high d e n s i t i e s  t h i s  c o n t r i b u t i o n  can be as  

l a r g e  as  UOJ. For d e n s i t i e s  such t h a t  r R<4 . 3 a l l  t h r e e  con­

s t r a i n t s ,  v i z .  t h a t  o f  t he  BVT, s e l f - c o n s i s t e n c y  o f  A<J> and

charge  n e u t r a l i t y  a r e  s a t i s f i e d  e x a c t l y  whereas f o r  r  >4 . 3.s
only  t h os e  o f  t he  s e l f - c o n s i s t e n c y  o f  t h e  s u r f a c e  d i p o l e  

b a r r i e r  and charge  n e u t r a l i t y  can be s a t i s f i e d .  Fu r t he r  de­

t a i l s  a r e  g iven  in Appendix D.

In Table  I we p r e s e n t  r e s u l t s  f o r  t he  s u r f a c e  d i p o l e  

b a r r i e r  and work f u n c t i o n  in t he  d e n s i t y  r ange  r  - 1_6 em- 

p loy ing  t he  Wigner e x p re s s ion  fo r  t he  c o r r e l a t i o n  ene rgy .
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TABLE 1

R esults fo r  m e ta llic  and higher density  ( r t **l-6) su rface  dipole, b a r r ie rs  A+ and work functions t« The 
slope , b a r r ie r  height and Jellium  edge parameters yF, y^ and yB quoted are  determined by ap p lica tio n  of 
the BVT, se lf-co n sis ten cy  of and charge n e u tra l i ty  resp ec tiv e ly  employing the Wigner function  fo r  the 
c o rre la tio n  energy. The r e su lts  fo r th e  b a r rie r  he igh t w ritte n  In terms of the parameter 0 a re  given in  
paren thesis in  the  y^ column.

r . jf-kjFX, 7b- V

(B - ty if a )

v v Slpolc b a r r ie r  64 (eV) 

P resen t Uork Lang-Kobn*

Uork Function 6(eV) 

P resen t Uork Lang-Kobn*

I*lT*

(eV)

1.0 6.60 7.31(0.95) 2.64 37.51 5.43

1.5 4.91 5.97(0.91) 1.95 14.66 4.82

2.0 3.74 4.99(0.87) 1.48 7.10 6.80 4.19 3.89 0.30

2.5 2.79 4.07(0.83) 1.10 3.82 3.83 3.71 3.72 0.01

3 .0 1.94 3.11(0.79) 0.76 2.16 2.32 3.34 3.50 0.16

3.5 1.16 2.02(0.76) 0.39 1.21 1.43 3.04 3.26 0.22

4.0 0.13 0.25(0.73) -0.28 0.64 0.91 2.79 3.06 0.27

4.5 0.00 0.00(0.68) -0 .46 0.50 0.56 2.81 2.87 0.06

5.0 0.00 0.00(0.65) -0 .50 0.42 0.35 2.80 2.73 0.07

5.5 0.00 0.00(0.57) -0.54 0.35 0.16 2.73 2.54 0.19

6.0 0.00 0.00(0.55) -0.57 0.30 0.04 2.67 2.41 0.26

s .  see R ef. 14.
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I ncluded for  purpose s  o f  compar ison a r e  t he  co mple t e ly  

s e l f - c o n s i s t e n t  LDA v a lu e s  o f  Lang and Kohn (LK) (13»14) .  

Note t h a t  t he  FLP model g i v e s  r i s e  to approx ima te ly  t he  same 

r e s u l t s  f o r  bo th  medium and h igh  m e t a l l i c  d e n s i t i e s ,  i n  pa r ­

t i c u l a r  r ep roduc ing  t he  l a r g e  v a l u e s  o f  A<}> r e q u i r e d  fo r  

h ighe r  d e n s i t i e s .  The co r r e spo nd i ng  cha rge  d e n s i t i e s  a r e  

a l s o  ve ry  s i m i l a r  to  t hose  o f  Lang-Kohn. For example,  f o r  

rg=2.5 t h e  FLP e l e c t r o n i c  d e n s i t y  d i f f e r s  by 0 .2?  a t  t he  

s u r f a c e  and i s  w i t h in  1 . 8 ? i n s i d e  t he  m e t a l ,  and w i t h in  4? 

up to  h a l f  a Fermi wavelength  o u t s i d e  where t he  d e n s i t y  has  

f a l l e n  t o  a f o r t i e t h  o f  i t s  bu lk  v a l u e .  For low m e t a l l i c  

d e n s i t i e s  ( f o r  which t he  d i p o l e  b a r r i e r s  a r e  o f  c o n s i d e r a b l y  

l e s s  s i g n i f i c a n c e )  our work f u n c t i o n s  d i f f e r  by a t  most  a 

q u a r t e r  o f  an e l e c t r o n  v o l t  from those  o f  LK. Al though fo r  

t he s e  d e n s i t i e s  t he  LK r e s u l t s  a l s o  do no t  s a t i s f y  t he  BVT, 

t he  va lu e s  o f  our e l e c t r o s t a t i c  p o t e n t i a l s  a t  t he  s u r f a c e  

a r e  more in e r r o r  t han  t hose  o f  LK. In t he  l a s t  column o f  

Table I  we g i v e  t he  magni tude  o f  t h e  d i f f e r e n c e  between LK 

and our r e s u l t s  f o r  t he  work f u n c t i o n  and note  t h a t  over  t he  

e n t i r e  m e t a l l i c  r ange  t h e s e  v a l u e s  l i e  w i th in  t h r e e  t e n t h s  

o f  an e l e c t r o n  v o l t .

A compar ison o f  t h e s e  r e s u l t s  and t hose  o f  LK wi th  ex­

p e r i m en t a l  v a l u e s  (26)  f o r  p o l y c r y s t a l l i n e  m e t a l s  i s  made in  

F i g . ' 8 . Note t h a t  f o r  t he  m a j o r i t y  o f  t h e  s imple  m e t a l s  

c o n s i d e r e d ,  t h e  r e s u l t s  o f  our  model p o t e n t i a l  c a l c u l a t i o n  

more c l o s e l y  approximate  t he  e xp e r i me n t a l  r e s u l t s  t han  do 

t hose  o f  LK.



I t  has  been c o n j e c t u r e d  by Lang and Kohn (14)  t h a t  in 

t he  high d e n s i t y  l i m i t  t he  work f u n c t i o n  in t he  j e l l i u m  

model t ends  t o  a f i n i t e  va lue  in t he  v i c i n i t y  o f  4 eV a s  t he  

l e a d in g  terms o f  bo th  t he  d i p o l e  b a r r i e r  and bulk chemical  

p o t e n t i a l  r e l a t i v e  to t he  mean e l e c t r o s t a t i c  p o t e n t i a l  in 

t he  i n t e r i o r  d i v e r g e  as t he  Fermi energy and t hus  cance l  

each o t h e r .  More r e c e n t l y  a Gr een ' s  f u n c t i o n  a n a l y s i s  by 

Peuckert .  (92)  has  y i e l d ed  a va lue  o f  1.2 eV f o r  t he  work 

f u n c t i o n  in the  h igh  d e n s i t y  l i m i t .  This  r e s u l t  su g g e s t s  

t h a t  t he  work f u n c t i o n  must de c r ea se  from i t s  m e t a l l i c  va lue  

as t he  d e n s i t y  i s  i n c r e a s ed  s a t u r a t i n g  a t  t he  above va lue  

f o r  i n f i n i t e  d e n s i t y .

In o r d e r  t o  de t e rmine  t he  con t i nu ou s  behav io r  o f  t h e  

work f u n c t i o n  as t he  d e n s i t y  i s  i n c r e a s e d  beyond t he  m e t a l ­

l i c  r ang e ,  we have extended the  c a l c u l a t i o n s  o f  t he  d i p o l e  

b a r r i e r  and work f u n c t i o n  to h ighe r  d e n s i t i e s  employing t he  

same c o n s t r a i n t s  as  d i s c u s s e d  above.  The r e s u l t s  us ing  both  

t h e  Gel l  Mann-Brueckner and Wigner e x p re s s io n s  f o r  t he  

c o r r e l a t i o n  energy a r e  g iven  in Table  I I .  In F ig .  9 we p l o t  

t h e  v a r i a t i o n  o f  t h e  h igh  d e n s i t y  work f u n c t i o n s  wi th  t he  

d e n s i t y .  A s t udy  o f  t he  graph i n d i c a t e s  t h a t  i n i t i a l l y  t he  

work f u n c t i o n  i n c r e a s e s  as  t he  d e n s i t y  i s  i n c r e a s e d ,  r e a ch e s  

a maximum a t  about  r s= i ,  and then r a p i d l y  d i m i n i sh e s  v a n i s h ­

ing a t  app rox ima te ly  r s=o . 4  in  c o n t r a s t  to t he  c o n c l u s i o n s  

o f  bo th  Peucker t  and Lang and Kohn. The r e s u l t s  f o r  t he  d i ­

po l e  b a r r i e r  f o r  t he  two d i f f e r e n t  c o r r e l a t i o n  f u n c t i o n s  

d i f f e r  by a t  most  0 .7  eV, t he  work f u n c t i o n s  be ing  w i th in
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TABLE I I

R esults fo r  high d en s ity  (*6S1) surface d ipo le  b a r r ie r s  At and work functions ♦ . The s lo p e , b a r r ie r  height 
and je lliu m  edge param eters yp, y^ and ya quoted are determined by app lica tio n  o f  the BVT, se lf-co n sis ten cy  
of At and charge n e u tr a l i ty  respec tive ly  employing the C e ll Mann-Brueckner (GB) expression  fo r  th e  c o rre la ­
tio n  energy. The r e s u l ts  fo r  At and * employing the Wigner (V) expression are  a lso  quoted.

r s yy-kyXj. yb-k Fb y^-kyS Dipole b a r r ie r  At(eV) *ak^(eV) -U^CeV) Work Function *(eV)

CB GB GB GB V CB GB V

0.43 10.99 11.04 4.42 231.3 232.0 271.0 41.0 1.23 1.09

0.44 10.85 10.91 4.36 220.3 221.0 258.8 40.1 1.55 1.41

0.43 10.71 10.79 4.30 210.1 210.8 247.5 39.2 1.85 1.72

0.50 10.09 10.24 4.05 168.0 168.7 200.4 35.4 3.01 2.92

0.55 9.54 9.76 3.83 137.1 137.7 165.7 32.3 3.78 3.74

0.60 9.06 9.34 3.64 113.8 114.3 139.2 29.7 4.31 4.30

0.65 8.64 8.98 3.46 95.7 96.3 118.6 27.5 4.65 4.69

0.70 8.25 8.63 3.31 81.5 82.1 102.3 25.6 4.89 4.97

0.80 7.59 8.09 3.04 60.9 61.4 78.3 22.6 5.14 5.30

0.90 7.02 7.62 2.82 46.0 47.4 61.9 20.1 5.20 5.43

1.00 6.55 7.22 2.62 37.0 37.5 50.1 18.2 5.14 5.43



t h r e e  t e n t h s  o f  an e l e c t r o n  v o l t  o f  each o t h e r .  The v a n i s h ­

ing of  t h e  work f u n c t i o n  occu r s  due to t he  f a c t  t h a t  f o r  t he  

d e n s i t i e s  conce rned ,  t he  s u r f a c e  d i p o l e  b a r r i e r  i s  no t  a 

l a r g e  enough f r a c t i o n  o f  t he  Fermi energy  (A<J> / Ep=0.85 f o r

r s=0.43)  and t hus  t he  c a n c e l l a t i o n  r e f e r r e d  to by Lang and 

Kohn does  no t  occur  (93)  • Fu r the rmore ,  t h e r e  i s  no s u bs t a n ­

t i a l  i n c r e a s e  in t he  magni tude  o f  t h e  exchange and c o r r e l a ­

t i o n  c o n t r i b u t i o n  to t he  chemical  p o t e n t i a l  a l t hough  t he  

d e n s i t y  a t  which t h e  work f u n c t i o n  v a n i s h e s  i s  t h r e e  o r d e r s  

o f  magni tude  g r e a t e r  than t hose  which occur  in m e t a l s .  In 

t he  r ange  from r ^ a - O . 1!, y xc changes  by a f a c t o r  o f  a p p r ox i ­

mately  4 i n  sha rp  c o n t r a s t  to  A<J> which changes  by a f a c t o r  

o f  over  30.  Thus,  a s  t he  d e n s i t y  i s  i n c r e a s e d ,  t h e  Fermi 

energy approaches  t he  b a r r i e r  h e i g h t  wi th  t he  n e t  r e s u l t  

t h a t  t he  work f u n c t i o n  v a n i s h e s .
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B. V a r i a t i o n a l  S e l f - C o n s i s t e n t  C a l c u l a t i o n  of  Metal  Su r -
f'ace Energies in the Local Densi ty Approximation

In t h i s  s e c t i o n  we p r e s e n t  t he  r e s u l t s  o f  a v a r i a t i o n a l  

s e l f - c o n s i s t e n t  c a l c u l a t i o n  o f  metal  s u r f a c e  e n e r g i e s  as  

de te rmined w i th in  the  LDA. The b a r r i e r  h e ig h t  parameter  i s  

de te rmined as u sua l  by t h e  s e l f - c o n s i s t e n c y  r eq u i r e me n t  s e t  

f o r  t he  d i p o l e  b a r r i e r .  I t  i s  t he  f i e l d  s t r e n g t h  or  the  

s l ope  parameter  which i s  v a r i ed  t i l l  the  t o t a l  energy i s  

minimized .  The v a lu e s  ob t a ined  t hus  c o n s t i t u t e  an upper 

bound to  t he  s u r f a c e  energy f o r  t h i s  cho i ce  o f  energy func ­

t i o n a l  o f  t h e  d e n s i t y .  The r e s u l t s  f o r  t he  s u r f a c e  energy 

Es> t o g e t h e r  wi th  i t s  i n d i v i d u a l  k i n e t i c  Ek , e l e c t r o s t a t i c  

EgS , and LDA e x c h a n g e - c o r r e l a t i o n  components a r e  given

in Table  I I I .  Since  Lang and Kohn employed the  same energy 

f u n c t i o n a l ,  a compar ison wi th t h e i r  work i s  meaningful  and 

we i nc lud e  t h e i r  r e s u l t s  i n  t he  t a b l e .  Note t h a t  f o r  r _>2 .5  

our v a lu e s  f o r  Eg a r e  w i th in  5 ergs/cm^ o f  t h os e  o f  LK, t he  

r e s u l t  f o r  r s = 2 d i f f e r i n g  by l e s s  than  3%« Thus wi th  t he  

same l o c a l  d e n s i t y  approximat ion  fo r  t he  s u r f a c e  energy  our 

model p o t e n t i a l  r e s u l t s  a r e  e q u i v a l e n t  to  t hose  o f  a com­

p l e t e l y  s e l f - c o n s i s t e n t  c a l c u l a t i o n .  We have a l s o  i nc luded  

in t h i s  t a b l e  t he  v a lu e s  o f  t he  d i p o l e  b a r r i e r  ob t a i ned  u s ­

ing t h e s e  energy minimized wave f u n c t i o n s .  As may be ob­

se rv ed ,  t he s e  r e s u l t s  though good a r e  in g e n e r a l  no t  as  a c ­

c u r a t e  as t hose  o f  t he  p r ev ious  s e c t i o n .  This i s  c o n s i s t e n t  

wi th t he  f a c t  t h a t  t h i s  p r o p e r t y  i s  de te rmined  on ly  t o  t he  

same o r de r  o f  a ccu racy  a s  t h a t  o f  t h e  wave f u n c t i o n  employed
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TABLE XIX

R esults fo r m e ta llic  d ensity  ( r e**2-6) surface energies Efl as obtained v lth ln  the lo c a l density  approxim ation.
The b a r r ie r  height and Je llium  edge paraaeters y^ and ya quoted are determined by the se lf-co n sis ten cy  of tba 
surface d ipole b a r r ie r  and charge n e u tra lity  conditions re sp e c tiv e ly , whereas the slope parameter yp I s  obtained 
by v a r ia tio n a l m inim isation of the to ta l  energy. The Vlgner expression for the c o r re la tio n  energy la  employed.

7 r-kF*T 7b"kl* y«-kF» A*

(eV)

Surface Energy Components 

(ergs/a*^)

*k l u  *xe

Surface Energlea Eg 

(erga/ca*)

Present Uork Lang-Kohn*

i m l k > -* .i

(e rg e /ca l)

2 .0 3.34 4.21 1.33 6.17 -5416 1265 3171 -9 8 0  -1 0 0 8 28

2 .5 2.66 3.84 1.06 3.64 -1809 420 1430 41 36 5

3.0 2.13 3.48 0.84 2.35 -  720 172 749 201 199 2

3.5 1.70 3.13 0.65 1.61 -  321 82 435 196 194 2

4.0 1.37 2.82 0.49 1.16 -  156 44 274 162 158 4

4 .5 1.11 2.54 0.36 0.87 -  81 26 183 128 124 4

5 .0 0.91 2.30 0.24 0.68 -  44 17 128 101 98 3

s . s 0.76 2.10 0.15 0.55 -  24 11 94 81 77 4

6 .0 0.64 1.92 0.06 0.45 -  14 8 71 65 60 5

a. see Refs. 13 and 37.
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and not  c o r r e c t  to  second o rde r  as  i s  t he  energy .

C. Sur f ace  Ene rg i e s  f o r  M e t a l l i c  and Lower D e n s i t i e s  by 
Ap p l i ca t i o n  of  t he  Vannimenus- Budd Theorem

We p r e s e n t  he r e  r e s u l t s  f o r  the s u r f a c e  energy f o r  me­

t a l l i c  and lower d e n s i t i e s  as ob t a i ned  by a p p l i c a t i o n  o f  t h e  

VBT. According to  t h i s  theorem,  t he  d e r i v a t i v e  o f  t h e  s u r ­

f ace  energy wi th  r e s p e c t  to  t he  Wigne r -Se i t z  r a d i u s  r_  canO
be de te rmined  e x a c t l y  by i n t e g r a t i o n  o f  t he  e l e c t r o s t a t i c  

p o t e n t i a l  over  t he  i n t e r i o r  o f  t h e  sys tem.  The s u r f a c e  en­

ergy i s  t h u s  o b t a in ed  to  w i th in  a c o n s t a n t .  For t he  d e t e r ­

mina t i on  o f  t h i s  c o n s t a n t  o f  i n t e g r a t i o n  we apply  t h e  ph y s i ­

ca l  c o n d i t i o n  t h a t  t he  s u r f a c e  energy va n i s he s  in t he  l i m i t  

o f  va n i s h i n g  d e n s i t y .  Thus f o r  a s p e c i f i c  va lue  o f  t he  

Wigne r -Se i t z  r a d i u s  t he  s u r f a c e  energy i s  g iven  by

where dEs / d r s i s  o b t a in ed  from the  sum r u l e  o f  Eq. 2.31*

The pa rame te r s  in  t h i s  model c a l c u l a t i o n  a re  aga in  d e t e r ­

mined by a p p l i c a t i o n  o f  t he  BVT, s e l f - c o n s i s t e n c y  o f  A<j> and 

charge  n e u t r a l i t y  f o r  r ^ n . 3  and by s a t i s f a c t i o n  o f  t he  

l a t t e r  two c o n s t r a i n t s  f o r  a l l  r g>j j .3 . For r s = l4 ,  t he  

s e l f - c o n s i s t e n t  b a r r i e r  h e i g h t  i s  so l a r g e  t h a t  t h e r e  i s  

n e g l i g i b l e  d i f f e r e n c e  between t he  va lue  f o r  d E _ / d r c t h us  ob-S  5

t a i ne d  and t he  va lu e  f o r  t he  i n f i n i t e  b a r r i e r  p o t e n t i a l .



T h e r e fo r e  f o r  r s >̂ i 14 t he  a n a l y t i c  ex p re s s io n  fo r  dEs / d r s 

d e r i v e d  in Ref.  35 i s  v a l i d ,  t he  s u r f a c e  e n e r g i e s  f o r  t h e s e  

d e n s i t i e s  be ing  g iven as  E - 4 .689 x 10^ / r   ̂ e r g s /cm^ .  The
5  5

r e s u l t s  f o r  r s=2 - m  a r e  g iven  in Table IV. For purpose s  o f  

compar ison we i n c l u d e  in  t he  t a b l e  r e s u l t s  f o r  t he  su r f a c e  

energy a s  ob t a i ned  in t he  LDA wi th  t he  same cho i ce  o f  param­

e t e r s .  Thus t he  s i n g l e - p a r t i c l e  Hamil tonian i s  t he  same fo r  

t he  two d i f f e r e n t  c a l c u l a t i o n s  o f  t he  s u r f a c e  ene rgy .  We 

f i r s t  obse rve  t h a t  t h e s e  LDA r e s u l t s  c l o s e l y  approximate  t he  

v a r i a t i o n a l  s e l f - c o n s i s t e n t  c a l c u l a t i o n s  o f  t he  p r ev io us  

s e c t i o n  (and hence o f  LK). This  i s  due to  the  f a c t  t h a t  t he  

energy v a r i a t i o n  near  i t s  minimum i s  f a i r l y  f l a t  and v a r i a ­

t i o n s  in  t he  pa rame te r s  l ead  to only  smal l  changes  in  t he  

ene rgy .  Fur the rmore ,  we no t e  t h a t  over  t he  e n t i r e  r ange  o f  

d e n s i t i e s  con s id e r e d  ( exc ep t  a t  r s=2 ) ,  t he  VBT r e s u l t s  l i e  

c o n s i d e r a b l y  below t h o s e  o f  t h e  LDA. Al though both  formal ­

isms have t h e i r  o r i g i n  in t he  energy f u n c t i o n a l  theorem o f  

Hohenberg and Kohn ( 1 1 ) ,  t h e  VBT invokes  no approximat ion  

excep t  t h a t  i t  r e q u i r e s  t he  e l e c t r o s t a t i c  p o t e n t i a l  to ap­

proach i t s  a symp to t i c  v a lu e  i n s i d e  t he  system f a s t e r  than 

x"^ ,  a c o n d i t i o n  which i s  s a t i s f i e d  f o r  t h i s  model c a l c u l a ­

t i o n  ( s ee  Appendix C) . Thus t he  VBT r e s u l t s  a r e  e x a c t  f o r  

a l l  d e n s i t i e s  and we do no t  exp ec t  t h e s e  r e s u l t s  t o  d i f f e r  

s i g n i f i c a n t l y  f o r  any o t h e r  ch o i c e  o f  c r i t e r i o n  employed fo r  

t he  d e t e r m i n a t i o n  o f  t h e  c o n s t a n t  o f  i n t e g r a t i o n .

On t he  o t h e r  hand,  i t  has  been shown (67»73) t h a t  f o r  

t he  i n f i n i t e  p o t e n t i a l  b a r r i e r  t he  sum o f  t h e  exchange and



57

TABLE IV

Results for metallic and lower density (rg=2-14) surface energies Eg as 
obtained by application of the Vannimenus-Budd theorem (VBT) and within 
the local density approximation (LDA). The parameters of the model system 
are determined by the constraints set by the BVT, self-consistency of the 
surface dipole barrier and charge neutrality, and are the same for both 
sets of calculations. The Wigner expression for the correlation energy 
is used.

rs dEs/drs Surface Energies 
(erg/cm2)

VBT LDA

2.0 3356 -950 -950

2.5 666 -113 42

3.0 117 53 202

3.5 -9.8 72 203

4.0 -37 59 183

4.5 -26 43 141

5.0 -18 33 109

5.5 -13 25 85

6.0 -9.2 20 67

7.0 -5.2 13 44

8.0 -3.1 8.7 31

10.0 -1.3 4.5
12.0 -0.65 2.7 10

14.0 -0.35 1.7 6.2



c o r r e l a t i o n  c o n t r i b u t i o n s  to  t he  s u r f a c e  energy f o r  r  - 2 - 6s
as ob t a ine d  w i th in  the random phase approximat ion  (RPA) i s  

about  105S l a r g e r  than t h a t  ob t a ined  in t he  LDA even though 

t he  r e s u l t s  f o r  t he  exchange and c o r r e l a t i o n  e n e r g i e s  t aken 

s e p a r a t e l y  a r e  s i g n i f i c a n t l y  d i f f e r e n t .  The RPA i s ,  howev­

e r ,  l e s s  a c c u r a t e  a t  lower  d e n s i t i e s .  Fu r the rmore ,  i n  com­

p a r i s o n  wi th t he  wavevector  d e c o m p o s i t i o n - i n t e r p o l a t i o n  

scheme ( 7 2 , 7 3 ) f o r  the e x c h a n g e - c o r r e l a t i o n  energy o f  an i n -  

homogeneous e l e c t r o n  g a s ,  t he  LDA r e s u l t s  f o r  r _=6 f o r  a 

s e l f - c o n s i s t e n t  c a l c u l a t i o n  a r e  again  observed to  be 1056 too  

smal l  a l t hough  t h ey  improve s l i g h t l y  f o r  h igher  d e n s i t i e s .
1

These r e s u l t s  imply t h a t  any more a c c u r a t e  c a l c u l a t i o n  o f  

t he  e x c h a n g e - c o r r e l a t i o n  c o n t r i b u t i o n  would l e ad  t o  l a r g e r  

v a lu e s  f o r  t he  t o t a l  s u r f a c e  energy s i n c e  t he  pa r ame te r s  o f  

t he  p r e s e n t  model p o t e n t i a l  remain f i xed  having been d e t e r ­

mined by c r i t e r i a  i ndependen t  o f  t h i s  p r o p e r t y .  Thus,  f o r  

m e t a l l i c  d e n s i t i e s ,  t h e  d i f f e r e n c e  in t he  VBT and LDA 

r e s u l t s  a r e  p a r t i c u l a r l y  s u r p r i s i n g .  The d i s c r e p a n c y  f o r  

lower d e n s i t i e s  can c e r t a i n l y  be a t t r i b u t e d  to  the  l a c k  o f  

v a l i d i t y  o f  t he  LDA s i n c e  the  app rox imat ion  i s  c o r r e c t  to  

terms o f  o rd e r  o f  t h e  square  o f  t he  g r a d i e n t s  o f  t h e  e l e c ­

t r o n  d e n s i t y  ( 1 2 ) .  I t  i s  i n t e r e s t i n g  to  no t e  t h a t  even f o r  

r s =4, in the  work o f  Lang and Kohn ( 1 3 ) ,  t he  d e n s i t y  changes  

by a f a c t o r  o f  a 1000 over a d i s t a n c e  o f  a Fermi wavelength

about  t he  s u r f a c e ,  changing even more r a p i d l y  f o r  l a r g e r  r _ .s
However, one way t o  a r r i v e  a t  more d e f i n i t i v e  c o n c l u s i o n s  

r eg a rd in g  t he  accuracy  o f  t he  v a r i o u s  r e s u l t s  i s  t o  perform
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c a l c u l a t i o n s  f o r  t he  exchange and c o r r e l a t i o n  energy  f o r  po­

t e n t i a l s  more r e a l i s t i c  than t he  i n f i n i t e  b a r r i e r ,  such as  

t h e  l i n e a r  p o t e n t i a l  or  FLP models which enab l e  a s t udy  over  

a wide range  o f  d e n s i t y  p r o f i l e s .  Such a c a l c u l a t i o n  fo r  

t he  s u r f a c e  exchange energy  i s  p r e sen t ed  in Chap. VI.

In c o n c l u s i o n  we no t e  t h a t  t he  use o f  model p o t e n t i a l s  

t o g e t h e r  wi th  c e r t a i n  t h e o r e t i c a l  c o n s t r a i n t s  p r ov id e s  an 

ac c u ra t e  means o f  s t udy ing  t he  inhomogeneous e l e c t r o n  gas  

sys tem.  I t  n o t  on ly  o b v i a t e s  t he  n e c e s s i t y  o f  s e l f -  

c o n s i s t e n t  numer i ca l  s o l u t i o n s  o f  t he  Schrodinger  equa t i on  

fo r  each p a r t i c l e ,  bu t  a l s o  e n ab l e s  c a l c u l a t i o n s  f o r  most 

p r o p e r t i e s  to  be p r i m a r i l y  a n a l y t i c .  Yet ano the r  advantage  

o f  such model p o t e n t i a l  c a l c u l a t i o n s  i s  t h a t  t he  cho i ce  o f  

c o n s t r a i n t s  can be t a i l o r e d  to  the  s p e c i f i c  p r o p e r t y  o f  i n ­

t e r e s t .  The v a r i o u s  p r o p e r t i e s  o f  t h e  inhomogeneous system 

de termined a re  t he  s u r f a c e  d i p o l e  b a r r i e r ,  work f u n c t i o n  and 

s u r f a c e  energy ,  t he  l a s t  q u a n t i t y  be ing  ob t a ined  bo th  w i th in  

t he  LDA and v i a  t he  VBT. The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  

i n d i c a t e  t h a t  a l t ho ugh  t he  work f u n c t i o n  d e c r e a s e s  wi th i n ­

c r e a s i n g  d e n s i t y  i t  does  no t  s a t u r a t e  a t  some f i n i t e  va lue  

in t he  h igh  d e n s i t y  l i m i t  bu t  r a t h e r  v a n i s h e s  a t  a d e n s i t y  

co r r e spo nd ing  t o  approx ima te ly  r s=o.i{. Fu r the rmore ,  t he  use 

o f  t h e  Gel l  Mann-Brueckner and Wigner e x p re s s i o n s  fo r  t he  

c o r r e l a t i o n  energy lead  to  i n s i g n i f i c a n t  d i f f e r e n c e s  in t he  

v a l u e s  o f  t h e  h igh  d e n s i t y  work f u n c t i o n s .  For m e t a l l i c  

d e n s i t i e s ,  t h e  r e s u l t s  f o r  t he  s u r f a c e  d i p o l e
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b a r r i e r  and work f u n c t i o n  de te rmined a re  w i th in  0 . 3  eV o f  

t hos e  o f  t h e  f u l l y  s e l f - c o n s i s t e n t  c a l c u l a t i o n s  o f  Lang and 

Kohn. The upper bounds ob t a ined  fo r  meta l  s u r f a c e  e n e r g i e s  

in  t he  LDA l i e  w i t h in  5 ergs /cm^ o f  t he  LK r e s u l t s  f o r

r s>2.5  and d i f f e r  by l e s s  than 3$ fo r  r s =2. F i n a l l y ,  s u r ­

f ace  e n e r g i e s  f o r  m e t a l l i c  and lower d e n s i t i e s  have been 

c a l c u l a t e d  by a p p l i c a t i o n  o f  t he  VBT. For the  same cho i ce  

o f  s i n g l e - p a r t i c l e  Hami l ton ian ,  t h e s e  r e s u l t s  l i e  s i g n i f i ­

c a n t l y  below t h os e  o f  a LDA c a l c u l a t i o n  over  t he  e n t i r e  

range  o f  d e n s i t i e s  c o n s i d e r e d .  Due to  t he  s u b s t a n t i a l  v a r i ­

a t i o n  in t he  d e n s i t y  p r o f i l e s  t h a t  can be ach i eve d ,  such 

model p o t e n t i a l s  a l s o  p rov ide  a means by which to  s tudy  t h e  

convergence  p r o p e r t i e s  o f  v a r i o u s  e x c h a n g e - c o r r e l a t i o n  

( 6 8 , 7 5 , 7 9 ) and k i n e t i c  energy (40 -43 ,48 )  d e n s i t y  g r a d i e n t  

ex pan s i on s .  The s i n g l e - p a r t i c l e  wave f u n c t i o n s  ge n e ra t e d  

can fu r t hermore  be employed in v a r i a t i o n a l  c a l c u l a t i o n s  i n ­

volving  more r e a l i s t i c  s u r f a c e  e n e r g y  f u n c t i o n a l s  which i n ­

c lu de  t he  e f f e c t s  o f  t he  p e r i o d i c  l a t t i c e .  We n o t e ,  howev­

e r ,  t h a t  t he  c o n s t r a i n t  o f  t h e  BVT and t he  sum r u l e  f o r  t he  

s u r f a c e  energy as  g iven  by t he  VBT a r e  v a l i d  only w i th in  the  

j e l l i u m  approx ima t ion .  The g e n e r a l i z a t i o n  o f  t h e s e  theorems 

t o  i nc l ud e  band s t r u c t u r e  e f f e c t s  and t he  p e r i o d i c  p o t e n t i a l  

o f  t h e  l a t t i c e  would t hus  enab l e  a s tudy  o f  t h ose  s o l i d s  f o r  

which t he  f r e e  e l e c t r o n  approximat ion  i s  n o t  v a l i d ,  such as  

i n s u l a t o r s ,  s e miconduc to r s ,  s em ime ta l s ,  and some m e t a l s .
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IV. STUDY OF THE DENSITY GRADIENT EXPANSION FOR THE 

KINETIC ENERGY AS APPLIED TO SURFACE PHYSICS

According to t he  v a r i a t i o n a l  formal isms  fo r  s i n g l e ­

p a r t i c l e  e x p e c t a t i o n  v a lu e s  to  be d i s c us se d  in Chap. V, t h e  

d e n s i t y  o f  an inhomogeneous i n t e r a c t i n g  e l e c t r o n  gas  may be 

ob t a in ed  a c c u r a t e l y  wi thou t  having to r e s o r t  to t he  s o l u t i o n  

o f  t h e  S c h r o d i n g e r - l i k e  Kohn-Sham e q u a t i o n s .  Employing only 

c rude  app rox imat ions  to  t he  ex ac t  wave f u n c t i o n ,  t h e s e  v a r i ­

a t i o n a l  p r i n c i p l e s  l ead  t o  r e s u l t s  f or  t he  d e n s i t y  c o r r e c t  

to  second o rder  as i s  t he  case  for  t he  energy  on a p p l i c a t i o n  

o f  t he  Ra y l e igh -R i t z  v a r i a t i o n a l  p r i n c i p l e .  Thus w i th in  

such a formal ism one o b t a i n s  d i r e c t l y  t h e  d e n s i t y  r a t h e r  

than s i n g l e - p a r t i c l e  wave f u n c t i o n s  from which t he  d e n s i t y  

i s  o b t a i n e d .  In o r d e r  to de t e rmine  t he  s u r f a c e  k i n e t i c  en­

ergy o f  t h e  i n t e r a c t i n g  system one t h e r e f o r e  has  t o  r e s o r t  

t o  t he  d e n s i t y  g r a d i e n t  expans ion  formal ism for  t h i s  p r o p e r ­

t y .  This  expans ion  i s  a l s o  a key i n g r e d i e n t  o f  a l l  s t a t i s t ­

i c a l  c a l c u l a t i o n s  on s u r f a c e s  ( 9 4 , 2 3 , 2 4 ) .  The convergence  

p r o p e r t i e s  o f  such an expans ion a r e  t hus  o f  c o n s i d e r a b l e  im­

p o r t a n c e .  In t h i s  c h a p t e r  we p r e s e n t  a s tudy  o f  t h e  k i n e t i c  

energy d e n s i t y  g r a d i e n t  expans ion  as a pp l i ed  to s u r f a c e s  and 

a r r i v e d  a t  impor t an t  c o n c l u s i o n s  wi th r ega r d  to i t s  a ccu racy  

f o r  t he  metal  su r f a c e  problem.  In s t udy ing  t he  convergence  

p r o p e r t i e s  o f  t h i s  expans ion we t h e r e f o r e  r e s t r i c t  o u r s e l v e s  

t o  d e n s i t y  p r o f i l e s  o f  t h e  form t h a t  e x i s t  a t  s u r f a c e s ,  bu t
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which can be made to  va ry  e i t h e r  r a p i d l y  ( co r r e spo nd i ng  to  

low b u l k  d e n s i t i e s )  or ve ry  s l owly  ( co r r e sp o nd in g  to  high 

bu lk  d e n s i t i e s )  in compar ison wi th  t h e  l o c a l  Fermi 

wavelength  and s c r ee n i ng  l e n g t h ,  wi th  t h e  i n t e r m e d i a t e  den­

s i t i e s  co r r e spond ing  to t hose  e x i s t i n g  a t  m e t a l l i c  s u r f a c e s .

The d e n s i t y  g r a d i e n t  expans ion  fo r  t he  k i n e t i c  energy 

c o n t r i b u t i o n  to  t he  s u r f a c e  energy  o f  an inhomogeneous e l e c ­

t r o n  gas  may be o b t a in ed  from Eqs.  2 . 1 1 - 2 .1 4  wi th  t h e  ap­

p r o p r i a t e  s u b t r a c t i o n  o f  a bu lk  term from Eq. 2 .12 .  With 

t h e  t o t a l  k i n e t i c  energy d e n s i t y  f u n c t i o n a l  w r i t t e n  as t he  

sum o f  on ly  t h e  TF p lu s  t h e  f i r s t  g r a d i e n t  c o r r e c t i o n ,  t h e  

co r r e sp on d in g  Euler  equa t i on  fo r  t he  d e n s i t y  as  de f i ne d  from 

Eq. 2 . 2  i s

ut/%AL li^ \ = £ (4.D
X  ̂ S V ? ) /  4- - f i t )

where V(r) i s  t h e  p o t e n t i a l  in which t h e  n o n - i n t e r a c t i n g  

p a r t i c l e s  move and E t h e  Langrange m u l t i p l i e r  en su r ing  t he  

c o n s e r v a t i o n  o f  t h e  t o t a l  number o f  p a r t i c l e s .  For t he  ex­

ample o f  a weakly pe r t u rb e d  uni form system o f  non­

i n t e r a c t i n g  fe rmions  i t  has  been shown (95 ,96 )  from the  

above e qua t i o n  t h a t  t h e  o r i g i n a l  von Weisacker  c o e f f i c i e n t  

g i v e s  a s y m p t o t i c a l l y  e x a c t  r e s u l t s  f o r  s h o r t  wavelength p e r ­

t u r b a t i o n s  co r r e spond ing  t o  r a p i d l y  v a ry in g  d e n s i t i e s ,  

whereas  X=1 / 9  g i v e s  a s y m p t o t i c a l l y  e x a c t  r e s u l t s  f o r  t he
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case  o f  s l owly  va ry ing  d e n s i t i e s .  The von Weisacker  d e n s i t y  

doe s ,  however ,  l ead  to  an upper bound fo r  t he  energy ( 9 7 )-  

For atomic systems (98) t he  von Weisacker  c o e f f i c i e n t  l e a d s  

t o  good d e n s i t i e s  f o r  t he  o u t e r  p a r t  o f  atoms as  compared to  

t h os e  ob t a in ed  quantum mec han i ca l l y  whereas a c o e f f i c i e n t  o f  

X=1/5 appea rs  t o  be a p p r o p r i a t e  fo r  i n t e r i o r  d e n s i t i e s .

The model e f f e c t i v e  p o t e n t i a l  we use for  t he  s t udy o f  

t h e  k i n e t i c  energy d e n s i t y  g r a d i e n t  expans ion  i s  t he  l i n e a r  

p o t e n t i a l  model ( 3 6 , 3 7 ) which ha s  a l s o  r e c e n t l y  been em­

ployed (79 ,80 )  to  s t udy  t h e  g r a d i e n t  expans ion  f o r  the  

e x c h a n g e - c o r r e l a t i o n  energy o f  t h e  inhomogeneous e l e c t r o n  

g a s .  The e l e c t r o n  d e n s i t y  i s  t h us  a f u nc t i on  on ly  o f  t he  

c o - o r d i n a t e s  o f  t h e  d i r e c t i o n  o f  t h e  i nhomogenei ty .  This 

p o t e n t i a l  i s  s i m i l a r  to t he  FLP model o f  Chap. I l l  except  

t h a t  t he  p o t e n t i a l  i s  no l onge r  a c o n s t a n t  beyond a s p e c i f i c  

p o i n t  in  space .  The s e m i - a n a l y t i c  e x p r e s s i o n s  o f  a l l  t he  

s u r f a c e  p r o p e r t i e s  f o r  t h i s  model a re  g iven  in Ref .  36.

They may a l s o  be ob t a ine d  from the  e x p r e s s i o n s  o f  t he  FLP 

model by l e t t i n g  t he  b a r r i e r  h e ig h t  tend t o  i n f i n i t y .  This 

i s  a much s imp le r  model p o t e n t i a l  s i n c e  i t  i n v o lv e s  on ly  one 

v a r i a b l e  pa r ame te r .  Fu r the rmore ,  t h e  r eq u i r emen t  o f  s e l f -  

c o n s i s t e n c y  o f  t h e  s u r f a c e  d i p o l e  b a r r i e r  does no t  have to  

be s a t i s f i e d .  As wi th  t he  FLP model ,  t h e  pr imary advant age  

o f  t h i s  model p o t e n t i a l  i s  t h a t  by a d j u s t i n g  t he  f i e l d  

s t r e n g t h  i t  i s  p o s s i b l e  to  change t h e  d e n s i t y  from one which 

i s  ex t r eme ly  r a p i d l y  va ry ing  to  one which i s  ve ry  s l owly  

v a r y i n g ,  so t h a t  t h e  g r a d i e n t  o f  t h e  d e n s i t y  can be ph ys i ­
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c a l l y  changed fo r  each p o i n t  in space .  This  model p o t e n t i a l  

a l s o  l e a d s  t o  e l e c t r o n i c  d e n s i t i e s  in t he  m e t a l l i c  range  

(and hence to a l l  met al  su r f a c e  p r o p e r t i e s )  which ve ry  

c l o s e l y  approximate  ( 3 6 , 3 7 ) t he  s e l f - c o n s i s t e n t l y  o b t a i ned  

v a l u e s  o f  Lang and Kohn (13)» p a r t i c u l a r l y  f o r  medium and 

high d e n s i t y  m e t a l s .  Thus meaningful  c o n c l u s i o n s  r e g a r d i n g  

t he  d e n s i t y  g r a d i e n t  expans ion  for  t he  k i n e t i c  energy can be 

a r r i v e d  a t  f o r  t he  met al  su r f a c e  problem.  A c a l c u l a t i o n  em­

ploy ing  t h e  s t e p  p o t e n t i a l  model has  r e c e n t l y  been performed 

(99)  but  due to t he  l i m i t a t i o n s  o f  t h i s  model ( 34 ,35 )  only  

t r e n d s  wi th  r e s p e c t  t o  t he  convergence  o f  t h e  g r a d i e n t  ex­

pans ion  can be ob se rved .  In a d d i t i o n  t h i s  r e p r e s e n t a t i o n  o f  

t h e  e f f e c t i v e  p o t e n t i a l  a t  a met al  s u r f a c e  does no t  l e ad  to  

a c c u r a t e  d e n s i t i e s .

The p o t e n t i a l  which g i v e s  r i s e  to  t h e  inhomogeneous 

d e n s i t y  p r o f i l e  i s  assumed t o  be

where F i s  t he  f i e l d  s t r e n g t h  de f i n ed  in t erms  o f  t he  s l ope

parameter  x^ a s F=Ep/xp,  &F Fermi en e rgy ,  and 9 i s

t h e  s t e p  f u n c t i o n .  The s o l u t i o n  o f  t h e  Schrod inger  e qu a t i o n  

fo r  t h i s  p o t e n t i a l  i s

V(x) = FxO(x) ( 4 . 2 )

CkAi(C)

B s i n [ k x + 6 ( k ) ]  f o r  x<0

fo r  x>0
( 4 . 3 )
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where

B = - ( 2 / L ) 1 / 2

Ck = B s i n f i ( k ) /A i ( - C 0 )

and

6 <k) = c o t “ 1[C“ 1 / 2  A i ’ ( - ? 0 ) / Ai ( - 5 0 ) ] .

In t h e  above e q u a t i o n s  t h e  arguments  Z and ZQ o f  t h e  Airy 

f u n c t i o n  Ai and i t s  d e r i v a t i v e  Ai '  a r e  de f i n e d  as in  Chap. 

I I I .  With a change o f  v a r i a b l e s  t o  y=xkp and q=k/kp,  t h e  • 

d e n s i t y  and i t s  f i r s t  and second d e r i v a t i v e s  no rmal ized  wi th 

r e s p e c t  t o  t he  b u l k  d e n s i t y  a r e

I -

AC-5.)
A*c^)

CH.4)

d ' j -

3 0

( 4 . 5 )
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:

‘i i o
o

[^«,+sa5w3 F°
( 4 . 6 )

AH.)

where t he  s l ope  parameter  yF=xpkp and

A(-C0 ) = A i ' 2 (-C0 ) + CQAi2 ( -C0 ) .  ( 4 . 7 )

Note t h a t  t h e  d e n s i t y  and i t s  d e r i v a t i v e s  as  w r i t t e n  in Eqs.  

4 . 4 - 4 . 6  a re  u n i v e r s a l  f u n c t i o n s  o f  t he  s l ope  parameter  yp.  

Large v a l u e s  o f  t h e  s l ope  parameter  cor r espond  to s lowly  

va ry ing  d e n s i t i e s  whereas t h e  yF=o l i m i t  r e p r e s e n t s  t h e  i n ­

f i n i t e  p o t e n t i a l  b a r r i e r  model co r r e spond ing  t o  a ve ry  r a ­

p i d l y  va ry ing  d e n s i t y .  With t h e s e  e x p r e s s i o n s  f o r  t he  den­

s i t y  and i t s  d e r i v a t i v e s ,  we t hen  o b t a i n  t he  v a r i o u s  com­

ponents  o f  t h e  d e n s i t y  g r a d i e n t  expans ion  Ejp f o r  t he  k i n e t ­

i c  energy a s  d i s c u s s e d  above.  For p a r t i c l e s  moving in t he  

l i n e a r  p o t e n t i a l  V(x) o f  Eq. 4 . 2 ,  t h e  e x p r e s s i o n s  (Eq.  2 .27)  

f o r  t he  e xa c t  k i n e t i c  energy c o n t r i b u t i o n  to t he  s u r f a c e  en­

e rgy  may be s i m p l i f i e d  by e x p l o i t i n g  t he  e q u a l i t y  o f  t he  

phase s h i f t  r u l e  o f  Sugiyama (5 ,8 5 )  to t he  cha rge  n e u t r a l i t y  

c o n d i t i o n .  This r e l a t i o n  can a l s o  be ob t a ine d  from Eq. B.4 

i n  t h e  l i m i t  t h a t  t h e  b a r r i e r  h e i g h t  goes to  i n f i n i t y .  Thus 

t h e  ex ac t  s u r f a c e  k i n e t i c  energy as a u n i v e r s a l  f u n c t i o n  o f  

t h e  s lope  parameter  may be' w r i t t e n  as
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5 A C -5 . )

In F ig .  13 we p l o t  t h e  v a r i a t i o n  o f  t h e  u n i v e r s a l  f unc-

as a f u n c t i o n  o f  t h e  s l ope  parameter  yF . v/e a l s o  p l o t  t he  

u n i v e r s a l  f u n c t i o n  o f  t h e  sum o f  a l l  t h r e e  t erms o f  t h e  g r a ­

d i e n t  expans ion  wi th  X = 1 / 9  and y = 1. Note t h a t  t h e

o r i g i n  o f  t h e  a b s c i s s a  in t he  f i g u r e  i s  a t  yF=o . 5 .  The 

graph demons t r a t e s  d e f i n i t i v e l y  t h e  convergence  o f  t h e  g r a ­

d i e n t  expans ion a_s t he  d e n s i t y  becomes more s lowly va ry ­

ing . The pe r ce n t ag e  e r r o r s  in  t h e  r e s u l t s  f o r  t he  TF, TF 

p lu s  f i r s t  g r a d i e n t  c o r r e c t i o n  and TF p lu s  f i r s t  and second 

g r a d i e n t  c o r r e c t i o n s  over  t h i s  r ange  o f  s l op e  parameter  a re  

l i s t e d  in Table V. Over t he  e n t i r e  r ange  o f  s l o pe  parameter  

c o n s i d e r e d ,  t he  Thomas-Fermi term may.be observed to  be a 

very  poor  approximat ion  to t he  e x a c t  r e s u l t  even fo r  s lowly 

vary ing  d e n s i t i e s .  At yF=6 , t h i s  e r r o r  i s  s t i l l  *»* whereas 

Ejp ha s  converged to w i t h in  0.2% o f  t h e  ex ac t  r e s u l t .  For 

r a p i d l y  va ry ing  d e n s i t i e s ,  TF f a i l s  as  a n t i c i p a t e d  be ing  in 

e r r o r  by 273* a t  yF=o.5.  The a d d i t i o n  o f  t h e  f i r s t  d e n s i t y  

g r a d i e n t  c o r r e c t i o n  improves r e s u l t s  c o n s i d e r a b l y  becoming 

a b e t t e r  and b e t t e r  approx imat ion  as  t h e  d e n s i t y  becomes 

more s l owly  v a r y i n g .  For example a t  yF=i ,  t h e  a d d i t i o n  o f

t i o n s  o f  t he  e xa c t  k i n e t i c  energy E^/kp t o g e t h e r  wi th  t h ose  

o f  t h e  Thomas-Fermi (TF) term E ^   ̂ and t he  sum o f  E ^ ^  p lu s

th e  f i r s t  g r a d i e n t  c o r r e c t i o n  E ^ )  f or  bo th  A = 1 and A = 1 / 9
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TABLE V

Percentage e r ro r s  In  ( i )  th e  Thomas-Fermi (TF) c o n tr ib u tio n  E^^.

to  the  su rfa ce  k in e tic  energy, ( i i )  the  sum of TF and f i r s t

g ra d ie n t c o rre c tio n  e £ ^  + E j ^  > and ( i i i )  in  th e  sum of TF and f i r s t  and

second g rad ien t c o rre c tio n s  = e5 ^ +  E ,^ +  E , ^ .k k k  k

s lo p e  4 °  4 : ) + 4 2) 4 s
PARAMETER (THOMAS-FERMI) (X=l/9) (X=l/9;y =1) (X=l/9;y =1.336)

0.5 273 161 41 0
1.0 86 44 16 6
1.5 46 20 7 3
2.0 30 11 4 1
3.0 15 4 1 0.1
4.0 9 2 0.4 0.2
5.0 6 1 0.3 0.05
6.0 4 0.8 0.2 0.01



e£2) r educes  an e r r o r  o f  86% in t he  TF r e s u l t s  t o  44%, and

a t  Yp=6 g i v e s  r i s e  to a r e s u l t  w i t h in  0.8% o f  t h e  exac t  

v a l u e .  As may be observed  from column 4 o f  Table V, t h e  i n ­

c l u s i o n  o f  t he  second d e n s i t y  g r a d i e n t  term to  t he  s e r i e s  

removes p r a c t i c a l l y  a l l  e r r o r  f o r  yF>2.0 .  However,  even fo r  

r a p i d l y  va ry ing  d e n s i t i e s ,  t h i s  form o f  t h e  second g r a d i e n t  

term g i v e s  r i s e  to s u b s t a n t i a l  c o r r e c t i o n s  in  t he  a p p r o p r i ­

a t e  d i r e c t i o n .  At yp=i ,  i s  in  e r r o r  by on ly  16%.

Having demons t r a ted  t he  convergence  o f  t h e  d e n s i t y  g r a ­

d i e n t  expans ion  fo r  t he  k i n e t i c  energy ,  we nex t  wish t o  

under s t and  how meaningful  t he  a p p l i c a t i o n  o f  such an expan­

s ion  i s  f o r  t he  met al  s u r f a c e  problem.  In o r d e r  to  do t h i s  

we must  deve lop  a co r r e spondence  between a g iven bu lk  d e n s i ­

t y  and a s p e c i f i c  d e n s i t y  p r o f i l e  a t  t he  s u r f a c e  as  produced 

by t h i s  model c a l c u l a t i o n .  In o t h e r  words,  we must  r e l a t e  

t h e  s l ope  parameter  y^ which de t e rm in e s  t h e  d e n s i t y  v a r i a ­

t i o n  a t  t h e  s u r f a c e  t o  t he  bu lk  d e n s i t y  o r  e q u i v a l e n t l y  t h e  

Wign e r -Se i t z  r a d i u s  r s . As in Chap. I l l  one c r i t e r i o n  we 

use i s  t h e  BVT. A p l o t  o f  t h i s  co r r e spondence  between

yp and r s f o r  t he  LP model i s  g iven  in F ig .  14. Another 

method by which we may r e l a t e  t h e  bu lk  d e n s i t y  t o  t he  s l ope  

par ameter  i s  by a p p l i c a t i o n  o f  t h e  v a r i a t i o n a l  p r i n c i p l e  fo.r 

t h e  en e rgy .  We w r i t e  t he  s u r f a c e  energy  as  t h e  sum o f  t h e  

k i n e t i c ,  e l e c t r o s t a t i c  and t he  e x c h a n g e - c o r r e l a t i o n  energy 

a s  de te rmined  in t he  LDA, and minimize t h e  energy wi th  

r e s p e c t  t o  t he  s l ope  parameter  f o r  a s p e c i f i c  v a lu e  o f  r g . 

The r e s u l t s  (37)  o f  t h e  a p p l i c a t i o n  o f  t h i s  c r i t e r i o n  for
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t he  cor r e spondence  between r g and yF a r e  a l s o  p l o t t e d  in 

F ig .  1*1. Note t h a t  in e i t h e r  c ase  t he  s u r f a c e  d e n s i t y  o f  

m e t a l s  ( f o r  which 2 £ r s <6) may be r e p r e s e n t e d  by v a lu e s  o f  

t h e  s l ope  parameter  in t he  range  CKrs <i|. a s t udy  o f  bo th  

F i g s .  13 and 14 t hu s  i n d i c a t e s  t h a t  t he  d e n s i t y  g r a d i e n t  

s e r i e s  f o r  t he  k i n e t i c  energy (w i th  X=1/9 and y = 1) i s  an 

e x c e l l e n t  approx imat ion  fo r  high d e n s i t y  m e t a l s ,  r e a so n a b l y  

good fo r  medium d e n s i t i e s  and poor f o r  low d e n s i t y  m e t a l s .

On t h e  o t h e r  hand,  t h e  sum of  t h e  TF p lu s  f i r s t  g r a d i e n t  

c o r r e c t i o n  wi th X=1/9 l e a ds  t o  poor r e s u l t s  over  t he  e n t i r e  

m e t a l l i c  range  be ing  c o n s i s t e n t l y  wel l  below t h e  e xa c t  

r e s u l t s .  I t  i s  t hu s  p o s s i b l e  to unders t and  why t h e  s u r f a c e  

energy v a l u e s  o f  t h e  s t a t i s t i c a l  c a l c u l a t i o n s  o f  bo th  Smith 

(23)  and Paasch and He i t s cho ld  (24) l i e  c o n s i d e r a b l y  below 

th os e  o f ' t h e  s e l f - c o n s i s t e n t  c a l c u l a t i o n s  o f  Lang and Kohn 

(13)» These a u t h o r ' s  employed pa r ame t r i z ed  a n a l y t i c  forms 

f o r  t he  d e n s i t y  bu t  i nc luded  only t he  f i r s t  d e n s i t y  g r a d i e n t -  

c o r r e c t i o n  fo r  t he  k i n e t i c  energy .  They t hu s  unde re s t ima t ed  

t he  k i n e t i c  energy c o n s i d e r a b l y  which in t u r n  l ed  to  a lower  

v a lu e  fo r  t he  t o t a l  s u r f a c e  energy .  Thus i f  t he  s t a t i s t i c a l  

approach i s  to  be employed fo r  met al  s u r f a c e  c a l c u l a t i o n s  i t  

i s  i m p e r a t i v e  t h a t  t he  second d e n s i t y  g r a d i e n t  c o r r e c t i o n  as 

g iven  by Eq. 2 .14 be i n c l u d e d .  Recent l y  we have c a l c u l a t e d  

t he  s u r f a c e  e n e r g i e s  by u s ing  Sm i t h ' s  d e n s i t y  wi th  t h e  i n ­

c l u s i o n  o f  t h e  second d e n s i t y  g r a d i e n t  c o r r e c t i o n  o f  Eq.

2 .14  i n  t he  k i n e t i c  energy t e rm .  I t  i s  shown (49)  t h a t ,  

wi th  t h e  c o r r e c t  energy f u n c t i o n a l ,  v a r i a t i o n a l  m in im iza t i o n
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o f  t he  energy g i v e s  r i s e  to n e a r l y  e x a c t  r e s u l t s  f o r  t he  

s u r f a c e  e n e r g i e s  when compared wi th t h ose  o f  LK.

We have a l s o  p l o t t e d  in F ig .  13 t h e  v a r i a t i o n  o f  

e£ 1)+e£2 ) f or  t he  o r i g i n a l  von Weisacker  c o e f f i c i e n t  X = 1.

I t  i s  e v i d e n t  t h a t  t he  use o f  t h i s  c o e f f i c i e n t  l e a d s  t o  

r e s u l t s  f o r  t he  k i n e t i c  energy which a r e  in s u b s t a n t i a l  e r ­

r o r  over  t he  e n t i r e  r ange  o f  s l ope  parameter  c o n s i de r e d  in 

t he  f i g u r e ,  even having t he  wrong s i g n  fo r  yF<2.5 .  However, 

based on t he  work o f  Jones  (96) as d i s c u s s e d  e a r l i e r ,  i t  i s  

expec ted  t h a t  t h e  von Weisacker c o e f f i c i e n t  should l ead  to  

convergence  fo r  t he  ve ry  r a p i d l y  va ry ing  l i m i t .  In o r d e r  to 

see whether  t h i s  i s  t he  c a s e ,  we have extended our c a l c u l a ­

t i o n s  to  a c c u r a t e l y  de te rmine  t he  v a r i o u s  components o f  t h e  

d e n s i t y  g r a d i e n t  expans ion  in t he  range  0<yp<o.5 and t he  

r e s u l t s  a r e  p l o t t e d  in F ig .  15. Note t h a t  yp=0 co r r e sponds  

t o  t he  i n f i n i t e  b a r r i e r  p o t e n t i a l  f o r  which t h e  d e n s i t y  i s  

most  r a p i d l y  v a r y i n g .  A s tudy  o f  t he  f i g u r e  i n d i c a t e s  t h a t  • 

even fo r  r a p i d l y  va ry ing  d e n s i t i e s  t h e  use o f  t h e  von 

Weisacker  c o e f f i c i e n t  s t i l l  l e a d s  t o  s u b s t a n t i a l  e r r o r s  and 

t h a t  even in t he  i n f i n i t e  b a r r i e r  l i m i t  t h e r e  i s  no i n d i c a ­

t i o n  o f  convergence .  I t  does  however have t he  r i g h t  s i gn  

fo r  y p < o . 2 5 .  On the  o t h e r  hand,  t he  use o f  X = 1/9 i s  s t i l l  

a b e t t e r  approx imat ion  fo r  yF>o.25 and t he  a d d i t i o n  o f  t h e  

second d e n s i t y  g r a d i e n t  c o r r e c t i o n  improves  m a t t e r s  s t i l l  

f u r t h e r .  Of c o u r s e ,  f o r  yp=o, E ^ ^  d i v e r g e s .  I t  t h u s  ap­

p ea r s  t h a t  f o r  p h ys i c a l  d e n s i t y  p r o f i l e s  which a r e  r a p i d l y  

v a r y i n g ,  t h e  c o e f f i c i e n t  X = 1/9 i s  s t i l l  t h e  c o r r e c t  one
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a l t hough  one must  add in t he  c o r r e c t i o n  due to  t he  second 

d e n s i t y  g r a d i e n t  ter ra .

An i n t e r e s t i n g  q u e s t i o n  which t h u s  a r i s e s  i s  what va lue  

o f  X would l ead t o  t he  ex ac t  k i n e t i c  energy i f  on ly  t he  TF 

p lu s  f i r s t  d e n s i t y  g r a d i e n t  c o r r e c t i o n  o f  t h e  expans ion  were 

to  be employed in t he  c a l c u l a t i o n .  This  i s  impor t an t  s i n c e  

Eq. 4.1 has  been solved in many a p p l i c a t i o n s  in  a tomic and 

mo lecu l a r  phy s i c s  and fo r  t he  met a l  s u r f a c e  problem (94)

(wi th  X=1/9) .  We have t h e r e f o r e  p l o t t e d  in F ig .  16 t he  

v a r i a t i o n  o f  X = ^ k “Ek ^ ) ^ k ^  as a f unc t i o n  o f  t h e  s l ope  

pa r am e te r .  The f a c t  t h a t  t h e r e  i s  a s u b s t a n t i a l  v a r i a t i o n  

in t he  va lue  o f  X t h us  ob t a in ed  i n d i c a t e s  t h a t  no one va lue  

o f  t h e  c o e f f i c i e n t  w i l l  s u f f i c e  over  t he  e n t i r e  r ange  o f  

d e n s i t i e s  c o n s i d e r e d .  However, f o r  a s p e c i f i c  met a l  t he  

c o r r e c t  v a lu e  o f  X t o  be used in Eq. 4.1 or  in any 

p a r a m e t r i z e d  d e n s i t y ' c a l c u l a t i o n  can be o b t a i ne d  from t h i s  

graph  s i n c e  t h e r e  e x i s t  r e l i a b l e  c r i t e r i a  f o r  t he  co r r e spon- -  

dence between t he  s l ope  parameter  and t he  W ign e r -S e i t z  r a ­

d i u s .  An a l t e r n a t i v e  approach would be to  so l ve  t h e  Euler  

e q u a t i o n  (Eq.  4 .1 )  in c o n ju n c t i o n  wi th  t h e  c o n s t r a i n t  o f  t h e  

BVT.

F i n a l l y  we no t e  t h a t  a l t hough  t he  r e s u l t s  o f  t h e  d e n s i ­

t y  g r a d i e n t  wi th X=1/9 and Y=1 a r e  ve ry  a c c u r a t e  in t he  

r ange  o f  both m e t a l l i c  and h ighe r  d e n s i t i e s ,  t h ey  s t i l l  l i e  

a few p e r c e n t  below t h e  e xa c t  v a l u e s .  Thus to  improve 

m a t t e r s  f u r t h e r ,  we propose  t he  fo l lowing  s emi -empe r i ca l  

method fo r  t he  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t  Y o f  t h e
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second d e n s i t y  g r a d i e n t  c o r r e c t i o n .  We a d j u s t  t he  c o e f f i ­

c i e n t  such t h a t  t h e  r e s u l t s  o f  t h e  g r a d i e n t  expans ion  agree  

wi th t h e  e xa c t  r e s u l t  a t  yF=o . 5 . This  va lue  o f  yp 

c o r r e sp on ds  t o  a very  r a p i d l y  va ry ing  d e n s i t y  f o r  which 

t h e r e  i s  a s u b s t a n t i a l  e r r o r  between t he  e x a c t  r e s u l t  and 

t h a t  o f  t h e  o r i g i n a l  g r a d i e n t  expans ion  ( s ee  Table V).  The 

va lue  o f  y t hus  ob t a ined  i s  1.336.  The r e s u l t s  o f  us ing  

t h i s  c o e f f i c i e n t  f o r  t he  second g r a d i e n t  c o r r e c t i o n  a r e  

shown in F ig .  17, and t he  p e r c en t ag e  e r r o r s  a r e  g iven  in t he  

l a s t  column o f  Table  V. Note t h a t  t h e  energy s c a l e  has been 

c o n s i d e r a b l y  expanded in t h i s  d iagram.  As may be obse rved ,  

t h e  improvement in t he  r e s u l t s  over  t hose  shown in F ig .  13 

a r e  s u b s t a n t i a l  f or  a l l  d e n s i t i e s  be ing  in e r r o r  by l e s s  

t han  3% f or  yp_>1.5 and w i th in  0 .01?  o f  t h e  e xac t  r e s u l t  a t

yp=6.

In c o nc lu s i on  we no t e  t h a t  we have demons t r a ted  t he  

convergence  o f  t h e  d e n s i t y  g r a d i e n t  expans ion for  t he  k i n e t - .  

i c  energy f o r  a s e m i - i n f i n i t e  system of  n o n - i n t e r a c t i n g  f e r -  

mions con f ined  a t  i t s  s u r f a c e  by a l i n e a r  p o t e n t i a l .  The 

va lue  o f  1/9 for  t he  c o e f f i c i e n t  o f  t he  f i r s t  d e n s i t y  g r a ­

d i e n t  expans ion  term i s  t he  a p p r o p r i a t e  cho i ce  fo r  s lowly 

va ry ing  d e n s i t i e s  in  agreement  wi th t h e o r e t i c a l  p r e d i c t i o n s ,  

and should a l s o  be employed fo r  r a p i d l y  va ry ing  d e n s i t i e s  

such as  t ho se  e x i s t i n g  a t  met al  s u r f a c e s  provided t he  second 

g r a d i e n t  c o r r e c t i o n  i s  i n c l u d e d .  The cho i ce  o f  t h e  o r i g i n a l
i ’•

von Weisacker  c o e f f i c i e n t ,  however ,  l e a d s  t o  r e s u l t s  which 

a r e  c o n s i s t e n t l y  i n  e r r o r  f o r  bo th  r a p i d l y  and s l owly v a r y ­
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ing d e n s i t i e s .  A s e m i - e m p e r i c a l l y  de te rmined  va lue  o f  1.336 

f o r  t he  c o e f f i c i e n t  o f  t he  second d e n s i t y  g r a d i e n t  term 

l e a d s  t o  r e s u l t s  which a r e  e s s e n t i a l l y  e xac t  over  a ve ry  

wide range  o f  d e n s i t y  p r o f i l e s .  Obvious ly ,  a s  shown above,  

t h e  a d d i t i o n  o f  t h i s  second d e n s i t y  g r a d i e n t  c o n t r i b u t i o n  

wi th i t s  n o n - l i n e a r  r e sponse  t erms i s  an impor t an t  f a c t o r  

f o r  convergence  and p a r t i c u l a r l y  so fo r  met al  s u r f a c e  c a l c u ­

l a t i o n s  ( 4 9 ) .  In Ref.  79 ev idence  was p r e s en t ed  t h a t  i n d i ­

ca t ed  t h a t  t h e  f i r s t  d e n s i t y  g r a d i e n t  c o r r e c t i o n  fo r  t he  

e x c h a n g e - c o r r e l a t i o n  energy was i n a p p r o p r i a t e  f o r  j e l l i u m  

metal  s u r f a c e  d e n s i t i e s .  Thus t o g e t h e r  wi th t h e  con c lu s io n  

o f  t h i s  work we expec t  t h e  second d e n s i t y  g r a d i e n t  c o r r e c ­

t i o n  i n c l u d i n g  i t s  n o n - l i n e a r  r e sponse  terms t o  be ne ce s s a r y  

components o f  any g r a d i e n t  expans ion  c a l c u l a t i o n  o f  t he  

e x c h a n g e - c o r r e l a t i o n  energy o f  met al  s u r f a c e s .
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V. APPLICATION OF VARIATIONAL PRINCIPLES FOR SINGLE-PARTICLE 

EXPECTATION VALUES TO THE METAL SURFACE PROBLEM

An a c c u r a t e  knowledge o f  t h e  p a r t i c l e  d e n s i t y  i s  i n ­

t r i n s i c  to  t he  d e t e r m i n a t i o n  o f  a l l  s i n g l e - p a r t i c l e  p ro p e r ­

t i e s  o f  a quantum mechanica l  sys tem.  For systems c o n t a i n i n g  

r e l a t i v e l y  few p a r t i c l e s  t he  most impor t an t  t e ch n iqu e  fo r  

t he  d e t e rm i n a t i o n  o f  t h e  d e n s i t y  i s  t h e  Ra y l e ig h -R i t z  (33)  

v a r i a t i o n a l  p r i n c i p l e  (VP) for  t he  energy .  The a p p l i c a t i o n  

o f  t h i s  p r i n c i p l e  y i e l d s  an upper bound to t he  ground s t a t e  

energy  in e r r o r  by 0(6^)  i f  t he  t r i a l  wave fu nc t i on  i s  in 

e r r o r  by 0 ( 6 ) .  However, i f  t he  r e s u l t i n g  wave f u n c t i o n  i s  

employed to de te rmine  o t h e r  p r o p e r t i e s ,  such as t he  d e n s i t y ,  

which a r e  no t  r e p r e s e n t e d  by o p e r a t o r s  in t he  Hami l ton ian ,  

t h e  r e s u l t s  have in  g en e ra l  an e r r o r  o f  0(6) o f  unknown s ign  

u n l e s s  t h e  t r i a l  wave fu nc t i on  i s  t h e  s o l u t i o n  o f  t h e  

Ha r t r ee -Fock  e q u a t i o n s ,  i n c l u d i n g  no n - l o c a l  exchange,  in  

which case  t he  e r r o r  i s  o f  0(6^)  ( 1 0 0 ) .  However, v a r i a t i o n ­

a l  formal i sms fo r  t he  de t e r m i n a t i o n  o f  s i n g l e - p a r t i c l e  ex­

p e c t a t i o n  v a lu e s  and hence t he  d e n s i t y  e x i s t .  The d e n s i t y  

o f  an i n t e r a c t i n g  N - p a r t i c l e  system i s  s imply t h e  e x p e c t a ­

t i o n  va lue  o f  t h e  s i n g l e - p a r t i c l e  o p e r a t o r

N . .
W = 5 6 f ^ i - r ) .

i= 1 1
( 5 . 1 )
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Although a complete  e x p o s i t i o n  o f  t h i s  v a r i a t i o n a l  method 

has been g iven in pub l i shed  paper s  ( 5 1 - 5 5 ) ,  s o l i d  sta te* phy­

s i c i s t s  a r e  g e n e r a l l y  no t  f a m i l i a r  wi th t h e s e  t e c h n iq u e s  

s i n c e  t hus  f a r  t hey  have been app l i ed  on ly  t o  few p a r t i c l e  

atomic sys tems .

In t h i s  c h a p t e r  we wish to demons t r a t e  t he  a p p l i c a b i l i ­

t y  o f  t h i s  v a r i a t i o n a l  method to  t he  many-body problem by 

de t e rmin ing  t he  d e n s i t y  v a r i a t i o n  o f  t he  inhomogeneous e l e c ­

t r o n  gas  a t  j e l l i u m  s u r f a c e s .  The ex t e n s i o n  o f  t h i s  f o rma l ­

ism to  i n c o r p o r a t e  t h e  d i s c r e t e  i o n i c  l a t t i c e  i s  d i s c us se d  

in a l a t t e r  s e c t i o n .  This t h us  c o n s t i t u t e s  ye t  ano the r  ac ­

c u r a t e  method fo r  t he  s tudy  o f  s u r f a c e s  no t  r e q u i r i n g  t he  

heavy numer i ca l  compu ta t i ons  i nvolved in f u l l y  s e l f -  

c o n s i s t e n t  or  n e a r l y  f u l l y  s e l f - c o n s i s t e n t  c a l c u l a t i o n s .  

P r i o r  to p roceeding  wi th t h i s  a p p l i c a t i o n  o f  t he  v a r i a t i o n a l  

formal ism to  t he  metal  s u r f a c e  problem we g iv e  in t he  nex t  

s e c t i o n  a b r i e f  d e s c r i p t i o n  o f  t he  g e n e r a l  t h eo ry  i n vo lv e d ,  

and i n t r o d u c e  and d i s c u s s  s i m p l i f i c a t i o n s  (based on t he  

Kohn-Sham d e n s i t y  f u n c t i o n a l  formal ism) which a r e  p a r t i c u ­

l a r l y  meaningful  f o r  t he  easy  s o l u t i o n  o f  t h e  many-body 

problem.
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A. V a r i a t i o n a l  P r i n c i p l e

The v a r i a t i o n a l  p r i n c i p l e  (VP) which y i e l d s  r e s u l t s  

c o r r e c t  t o  second o r de r  f o r  t he  e x p e c t a t i o n  va lue  o f  an a r ­

b i t r a r y  Hermi t ian  o p e r a t o r  W i s  t h a t  due t o  Delves (101) and

Schwartz ( 1 0 2 ) .  The v a r i a t i o n a l  app rox imat ion  <W> t o  t he  

exac t  e x p e c t a t i o n  va lue  us ing  t he  Delves-Schwar tz  formal ism 

i s  g iven  as

<W> = W + 2Re<ijj i T |H-E I^ot>» ( 5 . 2 )

W = <^ q t I W I ’J' o T > * ( 5 * 3 )

where i s  t h e  system t r i a l  wave f u n c t i o n ,  i s  an a u x i ­

l i a r y  f u n c t i o n  and where H and E a r e  t h e  e xa c t  Hami l tonian 

and e igenene rgy  o f  t he  sys tem,  i . e .

H¥0 = E V  ( 5 . 4 )

The equa t i on  s a t i s f i e d  by t h e  a u x i l i a r y  f u n c t i o n  i s

(H-E)xfi 1 = (WE-W)iI»0 , ( 5 . 5 )

where Wg i s t h e  ex ac t  e x p e c t a t i o n  va lue  o f  t h e  o p e r a t o r  W. 

The above equa t i on  i s  ana logous  t o  t he  e x p re s s io n  in p e r t u r ­

ba t i o n  t h eo r y  f o r  t he  energy c o r r e c t  t o  f i r s t  o r d e r  and we 

may t hus  i n t e r p r e t  \f>  ̂ a s be ing  a p e r t u r b a t i o n a l  c o r r e c t i o n
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t 0  due t o  t he  p e r t u r b a t i o n  W ( 6 0 ) .  Delves (101) has 

shown t h a t  i f  d i f f e r s  from by 0 (6 ) and ty-ix d i f f e r s

from iJ>.j by o ( 6 1 ) ,  t hen  employing t he  H e r m i t i c i t y  o f  H, <W> 

d i f f e r s  from Wg by 0 (6 ^> 65 i ) ,  whereas W d i f f e r s  from Wg by 

0 ( 6 ) .

In t h e  a p p l i c a t i o n  o f  Eq. 5 .2  t o  any sys tem,  t h e  unk­

nown va lue  o f  t he  e xa c t  energy E may be e l i m in a t e d  provided 

t he  a u x i l i a r y  f u n c t i o n  can be o r t h o g o n a l i z e d  to t he  t r i a l  

wave f u n c t i o n .  The pa rame te r s  in a 0 f  a g iven form can 

be de te rmined  by minimiz ing  t he  energy  bu t  i t  i s  g e n e r a l l y  

no t  p o s s i b l e  t o  de te rmine  t he  pa rame te r s  in a if) ^  0 f  a g iven 

form nu m er i ca l l y  by making t he  v a r i a t i o n a l  e s t im a t e  o f  t h e  ' 

e x p e c t a t i o n  va lue  s t a t i o n a r y  wi th r e s p e c t  to  t h e i r  v a r i a ­

t i o n s .  This  i s  due t o  t he  p r o p e r t y  t h a t  t h e  e s t im a t e  <W> 

does no t  p rov ide  a bound and hence i t s  extremum i s  g e n e r a l l y  

a s a d d l e  p o i n t  which i s  d i f f i c u l t  t o  f i nd  n u m e r i c a l l y .  

Moreover ,  t h e r e  may e x i s t  s e v e r a l  such ext rema and i t  may 

no t  be c l e a r  which one i s  p h y s i c a l l y  s i g n i f i c a n t .  This 

problem has  been c i rcumvented  by c o n s t r u c t i n g  a s u b s i d i a r y  

f u n c t i o n a l  ( 103,104)  M i nvo lv i ng  t he  t r i a l  wave fu n c t i o n

iJ/q j , t h e  a u x i l i a r y  f u n c t i o n  i^ix> t he  Hamil tonian H and t he  

o p e r a t o r  W r e p r e s e n t i n g  t he  o b se r v ab l e  in q u e s t i o n ,  which 

when minimized l e a d s  t o  t he  b e s t  e s t i m a t e  o f  ^ ^  f or  a g iven

’J'OT* to  be emphasized t h a t  t h i s  s u b s i d i a r y  v a r i a t i o n ­

a l  p r i n c i p l e  i s  a minimum p r i n c i p l e .  The f u n c t i o n a l  M i s  

g iven  as
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MĈ OT.^ 1T»H,W] = 1T IH-Eq h >  + 1TlW|^OT>

+ ^ O T  I W| ^ i  t > * ( 5 . 6 )

s u b j e c t  t o  t he  o r t h o g o n a l i t y  c o n s t r a i n t

( 5 . 7 )

and where Eq i s  t h e  e ige nv a lu e  o f  t h e  approximate  Hami l t on i -

an Hq wi th  e i g e n f u n c t i o n  ^ qt i - e * Hq’J'oT^O^OT • However, t he  
cho i ce  for  t he  a u x i l i a r y  f u n c t i o n  i s  s t i l l  s t r i c t l y  a r b i ­

t r a r y  and t h e r e  i s  no sy s t e m a t i c  method t o  de t e rmine  

once t h e  t r i a l  wave f u nc t i on  i|>0T f o r  a g iven  system has been 

c h o s e n .

Such a s y s t e m a t i c  procedure  for  t he  d e t e r m i n a t i o n  o f  . 

t h e  a u x i l i a r y  f u n c t i o n  ^ 1T f or  s i n g l e - p a r t i c l e  o p e r a t o r s  o f  . 

t h e  form

has been de r i ve d  by Sahni and Kr i ege r  ( 52 ,55 )  by v a r i a t i o n a l  

m in im iza t i on  o f  t he  f u n c t i o n a l  i T ,H,W], wi th  r e s p e c t

t o  a r b i t r a r y  v a r i a t i o n s  in t he  a u x i l i a r y  f u n c t i o n ,  having

assumed \|»q^ t o  be e i t h e r  a H a r t r e e - p r o d u c t  or  S l a t e r -  

d e t e r m in a n t  t ype  t r i a l  wave f u n c t i o n .  By t h i s  method i S 

found t o  be dependent  on t he  o p e r a t o r  whose e x p e c t a t i o n

W = SWO^), ( 5 . 8 )
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va lue  i s  be ing  de termined  and independent  o f  any f u r t h e r  

pa rame te r s  o t h e r  than t h ose  i nvolved in t he  i n i t i a l  cho i ce  

for  t he  t r i a l  wave fu nc t i on  ip QT as  d i s c u s s e d  below.  In t h e  

Ha r t r ee  c ase  fo r  which t h e  t r i a l  wave f u n c t i o n  i s  a p ro ­

duc t  o f  t h e  s i n g l e - p a r t i c l e  s t a t e s  \p ;

i t  can be seen (60) from the  p e r t u r b a t i o n a l  i n t e r p r e t a t i o n  

o f  Eq. 5 . 5 ,  t h a t  t he  on ly  s t a t e s  coupled t o  ip qj  by t h e  s i n ­

g l e  p a r t i c l e  o p e r a t o r  W=S WCr^) a r e  t hos e  s t a t e s  wi th  on ly
i

one s i n g l e  p a r t i c l e  wave f u n c t i o n  d i f f e r e n t  from those  in

^ 0 x* Hence t he  a u x i l i a r y  f u n c t i o n  was chosen (105,51)  t o  be 

o f  t h e  form

For a g iven  t r i a l  wave fu n c t i o n  and a n o n - r e l a t i v i s t i c

N - p a r t i c l e  Hamil tonian o f  t h e  form

ip0T = n i ^ i ( t - i ) , ( 5 . 9 )

with

( 5 . 10)

( 5 . 1 1 )
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v a r i a t i o n a l  m in imiza t i on  (52) o f  t he  f u n c t i o n a l  M wi th

r e s p e c t  to s u b j e c t  t o  t he  o r t h o g o n a l i t y  c o n s t r a i n t  o f

Eq. 5 . 7  l e a ds  t o  a s e t  o f  coupled i n t e g r a l - d i f f e r e n t i a l  

eq u a t i o n s  fo r  t he  components f ^ r * )  o f  t h e  a u x i l i a r y  func ­

t i o n .  The r e s u l t i n g  e q ua t i o ns  can be uncoupled in d i f f e r e n t  

app rox imat ions  ( 52 ) .  In t h e  l i m i t  o f  l a r g e  N, a l l  decou­

p l i n g  app rox imat ions  l e ad  to  t he  fo l lowing  second o r de r  d i f ­

f e r e n t i a l  equa t i on  for  t he  components ^ ( r ^ )  o f  t h e  a u x i l i ­

a ry  f u n c t i o n

( 5 . 12)

with

wi  = < ^ i ( r )  |W(r) | ^ i ( r ) > ,

which i n c l u d e s  t h e  ca se  where W(r^) may be a d i f f e r e n t i a l  

o p e r a t o r .  With t h e  a u x i l i a r y  f u n c t i o n  de te rmined by s o l u ­

t i o n  o f  t h e  above d i f f e r e n t i a l  eq u a t i o n ,  t he  e x p e c t a t i o n  

v a lu e  o f  t h e  o p e r a t o r  W can then  be o b t a in ed  c o r r e c t  t o  

second o rd e r  by s u b s t i t u t i o n  i n t o  Eq. 5 . 2 .  We emphasize 

t h a t  w i th in  t he  Sahni - Kr i ege r  formal ism the  a u x i l i a r y  func ­

t i o n  i s  f u l l y  de tenn lned  once t h e  s p e c i f i c  cho i ce  o f  t h e
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t r i a l  s i n g l e - p a r t i c l e  wave f u n c t i o n s  i s  made. Fu r the rmore ,  

due to  t he  f a c t  t h a t  i t  i s  p o s s i b l e  t o  s a t i s f y  t h e  o r t h o ­

g o n a l i t y  c o n s t r a i n t  o f  Eq. 5 .7  ( say  by an a p p r o p r i a t e  cho i ce  

o f  c o n s t a n t  in  t he  s o l u t i o n  o f  Eq. 5 . 1 2 ) ,  a knowledge o f  t h e  

ground s t a t e  energy o f  t h e  system i s  n o t  n e c e s s a r y . Thus 

r e p l a c i n g  E by Eq in  Eq. 5 . 2  we have

<W> = W + 2Re<Tj;1 T 16V | , ( 5 . 1 3 )

where

6V = H -  H0 .

I t  i s ,  however ,  p o s s i b l e  t o  r e w r i t e  Eq. 5 .13 in  such a 

manner t h a t  one may employ i n s t e a d  a f u n c t i o n  ^Tp=Sf^(r i )^oT

(where t he  ^ ( n ^ )  a re  s o l u t i o n s  o f  t h e  d i f f e r e n t i a l  Eq.

5 .12)  f o r  which t h e  o r t h o g o n a l i t y  c o n s t r a i n t  o f  Eq. 5 .7  i s  

no t  s a t i s f i e d ,  i . e .

<t*'lTl^0T> * °*

To d e r i v e  t h i s  a l t e r n a t e  e x p re s s io n  f o r  <W> c o n s i d e r  t he  

o r t h o g o n a l i z e d  a u x i l i a r y  f u n c t i o n  ^ 1T t o  be o f  t h e  form

♦ 1T = f i x  -  n * 0 T ,
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where n i s  an a r b i t r a r y  c o n s t a n t  en su r ing  t he  o r t h o g o n a l i t y  

c o n s t r a i n t  o f  Eq. 5 .7-  With t h e  e x p e c t a t i o n  6 V de f ined  as

6 7  = <^0T 15 V |^0T>»

the  e x p re s s io n  f o r  t he  v a r i a t i o n a l  e s t im a t e  <W> may t hen  be 

w r i t t e n  as

<W> = VT + 2Re<if>|T-  n ^ 0T |6 V-6 V̂

= W + 2Re<!j,]T l5V-SV|i|,0T>t ( 5 . 1 4 )

where now in  Eq. 5 .14 only t h e  n on - o r th og o na l i z ed  a u x i l i a r y  

f u n c t i o n  ap pea r s .

In t he  above d i s c u s s e d  v a r i a t i o n a l  formal ism fo r  t he  

e x p e c t a t i o n  <W>, t h e  ex ac t  n o n - r e l a t i v i s t i c  Hami l tonian i s  

assumed employed in t he  d e t e r m i n a t i o n  o f  t h e  c o r r e c t i o n  term 

to  W. Thus t he  many-body system be ing  s t ud i ed  i s  r e p r e s e n t ­

ed e x a c t l y .  This  i s  in c o n t r a s t  to  t he  d e n s i t y  f u n c t i o n a l  

formal ism o f  Kohn and Sham in which a l t ho ug h  t h e  d e n s i t y  i s  

ob t a i ned  s e l f - c o n s i s t e n t l y , t h e  e x c h a n g e - c o r r e l a t i o n  energy 

f u n c t i o n a l  must  be approximated as i t s  e x ac t  form i s  as  ye t  

unknown. Thus, f o r  example,  t h e  Lang-Kohn (13)  d e n s i t y  i s  

e x a c t ,  bu t  on ly  w i th in  t he  l o c a l  d e n s i t y  app rox im a t i on .  No 

such l o c a l  app rox imat ions  a r e  i nvo lved  in t he  v a r i a t i o n a l
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formal ism s i n c e  t he  Hamil tonian employed i n c o r p o r a t e s  a l l  

Coulomb i n t e r a c t i o n s  e x p l i c i t l y .

I t  i s ,  however ,  p o s s i b l e  t o  f u r t h e r  s i m p l i f y  t h i s  v a r i ­

a t i o n a l  p rocedure  by i n c o r p o r a t i n g  t he  b a s i c  i dea  o f  . the  

Kohn-Sham th eo r y  (12) i n to  t he  formal ism.  This can be 

ach i eved  by r e p l a c i n g  t he  p o t e n t i a l  V ( r 1 >. . . , r N) o f  Eq. 5 . 1 1  

(which u s u a l l y  c o n t a i n s  bo th  s i n g l e  and t w o - p a r t i c l e  op e ra ­

t o r s )  by a sum o f  s i n g l e - p a r t i c l e  e f f e c t i v e  p o t e n t i a l s .

That  such an e f f e c t i v e  p o t e n t i a l  e x i s t s  f o r  an i n t e r a c t i n g  

inhomogeneous e l e c t r o n  gas  system has ,  o f  c o u r s e ,  been shown 

r i g o r o u s l y  t o  be t he  ca se  by Kohn and Sham. With t h i s  

ch o i c e  o f  s i n g l e - p a r t i c l e  type  Hami l t on i an ,  t h e  e x p e c t a t i o n  

<W> may now be w r i t t e n  as

where <5V(r^) t h e d i f f e r e n c e  between t he  assumed s i n g l e ­

p a r t i c l e  Hami l tonian and t h a t  o f  t he  t r i a l  system Hq, and

6Va = 6V(r i )

Thus,  i n  t h i s  form,  t h e  e x p e c t a t i o n  <W> i s  de te rmined  by 

f i r s t  c a l c u l a t i n g  t he  c o n t r i b u t i o n  o f  each p a r t i c l e  (which 

now depends on ly  on t he  p o s i t i o n  o f  t h a t  p a r t i c l e )  and then
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summing over  a l l  t he  p a r t i c l e s .  However, as in t he  Kohn- 

Sham t h e o r y ,  t he  many-body complex i ty  (and any approxima­

t i o n s )  a re  now i n c o rp o r a t e d  i n t o  t he  cho ice  o f  t he  e f f e c t i v e  

n o t e n t i a l .

The v a r i a t i o n a l  p r i n c i p l e  as w r i t t e n  in Eq. 5 .15 can be 

employed in many d i f f e r e n t  ways.  For example,  i t  can be 

most  e f f e c t i v e  in  p rov id ing  r a p i d l y  convergen t  r e s u l t s  f o r  

t he  d e n s i t y  p rov ided  t he  e f f e c t i v e  p o t e n t i a l  i s  a f u n c t i o n  

o f  t h e  d e n s i t y .  This  can be seen as f o l l o w s :  I f  pQ(r)  i s  

t h e  e l e c t r o n  d e n s i t y  o f  t h e  t r i a l  system ( co r r e sp ond ing  to  W 

in Eq. 5 . 1 5 ) ,  t h e  d e n s i t y  p(r)=<W> can be ob t a in ed  by 

i t e r a t i n g  t h i s  e q u a t i o n ,  i . e .  f i r s t  use P ( r )  to  de t e rmine  6 V 

and c a l c u l a t e  a P ( r ) ,  t h en  s u b s t i t u t e  t h i s  P ( r )  in 6 v and 

c a l c u l a t e  a new P ( r )  u n t i l  s e l f - c o n s i s t e n c y  i s  a ch i eved  i . e .  

u n t i l  t h e  va lue  o f  a p r o p e r t y  de te rmined by t h i s  d e n s i t y  

such as t he  s u r f a c e  d i p o l e  b a r r i e r  i s  unchanged by f u r t h e r  

i t e r a t i o n .  The advan t age  o f  t h i s  p rocedure  i s  i t s  r ap id  

convergence ,  i . e . ,  an e r r o r  in t h e  s i n g l e - p a r t i c l e  s t a t e  

^ j i ( r )  o f  0 ( 6 ) g i v e s  a d e n s i t y  c o r r e c t  to  0 ( 6 ^) whereas i f  we 

n u m er i ca l l y  i n t e g r a t e d  t he  Schrod inger  e qu a t i on  and i t e r a t e d  

t o  o b t a i n  t he  d e n s i t y  a t  each s t a g e ,  an e r r o r  in i j^ ( r )  o f  

0 ( 6 ) would g i ve  a d e n s i t y  c o r r e c t  on ly  t o  0 ( 6 ) .

A second way in  which t h i s  v a r i a t i o n a l  p r i n c i p l e  may be 

used t o  de t e rmine  t he  d e n s i t y  o r  any o t h e r  s i n g l e - p a r t i c l e  

p r o p e r t y  i s  t o  employ a pa r ame t r i z ed  model e f f e c t i v e  po t en ­

t i a l  in t he  c o r r e c t i o n  t e rm.  The d e n s i t y  ob t a i ned  c o r r e c t  

t o  second o r de r  may t hen  be v a r i e d  t o  de t e rmine  e i t h e r  t he
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s t a t i o n a r y . va lue  o f  any p r o p e r t y  o f  i n t e r e s t ,  or  a d ju s t e d  to  

s a t i s f y  c e r t a i n  t h e o r e t i c a l  and ph ys i c a l  c o n s t r a i n t s .  The 

i d ea  o f  t he  use o f  model p o t e n t i a l s  in co n j u n c t i o n  wi th con­

s t r a i n t s  has  a l r e a d y  been shown in Chap. I l l  t o  l ead  to  very  

a c c u r a t e  r e s u l t s ,  and i s  s u f f i c i e n t  j u s t i f i c a t i o n  fo r  t he  

adopt i on  o f  t h e  same p rocedure  w i th in  t h i s  f ormal ism.  Yet 

ano the r  approximat ion  would be t o  de t e rmine  t he  e f f e c t i v e  

p o t e n t i a l  (which i s  a sum o f  t h e  e l e c t r o s t a t i c  and 

e x c h a n g e - c o r r e l a t i o n  c o n t r i b u t i o n s )  w i th in  t he  LDA or  LDA 

wi th  g r a d i e n t  c o r r e c t i o n s  u s ing  P 0 as t h e  i np u t  d e n s i t y .

The on ly  pa r ame te r s  in t he  problem in t h i s  case  a r e  t hose  

t h a t  appear  in t he  t r i a l  d e n s i t y  p Q ancj t h e s e  could  then be 

a d ju s t e d  to  s a t i s f y  t h e  v a r i o u s  c o n s t r a i n t s .  However, i t  i s  

to  be emphasized,  t h a t  t he  v a r i a t i o n a l  p r i n c i p l e  in i t s  more 

g e n e r a l  form Eq. 5 .13 i n  which t h e  ex ac t  Hamil tonian i s  em­

ployed may a l s o  be used to de te rmine  t he  d e n s i t y  in  t h i s  

manner,  in which case  no approximat ion  excep t  t h a t  in t he  

cho i ce  o f  t r i a l  wave f u n c t i o n  i s  made.

In o r de r  to demons t r a te  t he  a p p l i c a b i l i t y  o f  t he  above 

v a r i a t i o n a l  formal ism to  t he  inhomogeneous m a n y - p a r t i c l e  

sys tem,  we app ly ,  in  t h e  fo l l owing  s e c t i o n ,  t he  s i n g l e -  

p a r t i c l e - e f f e c t i v e - p o t e n t i a l  v e r s i o n  o f  t h e  formal ism wi th a 

model e f f e c t i v e  p o t e n t i a l  to de te rmine  t he  d e n s i t y  a t  a j e l -  

l ium su r f a c e  and from i t  o t h e r  p r o p e r t i e s  such as  t h e  work 

f u n c t i o n  and su r f a c e  energy .
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B. A p p l i c a t i o n  t o  J e l l i u m  S u r f a c e s

We de te rmine  t he  s u r f a c e  d e n s i t y  P(x)  o f  j e l l i u m  m e t a l ,  

c o r r e c t  to  second o r d e r ,  by a p p l i c a t i o n  o f  t he  above v a r i a ­

t i o n a l  formal ism for  s i n g l e - p a r t i c l e  e x p e c t a t i o n  v a lu e s  to  

t he  o p e r a t o r

As i n  a l l  our p r ev ious  work we w i l l  c o n s i d e r  t he  c r y s t a l  to  

be s e m i - i n f i n i t e .  Due t o  t he  t r a n s l a t i o n a l  i n v a r i a n c e  in 

t h e  p l ane  p a r a l l e l  to t he  s u r f a c e  in t h e  j e l l i u m  approxima­

t i o n ,  we choose our t r i a l  wave f u n c t i o n  to  be o f  t h e  form

where k=kx t ^ ancj kz a re  t he  components o f  t h e  e l e c t r o n  

momentum k.  For t he  s e m i - i n f i n i t e  c r y s t a l  and a r b i t r a r y  e f ­

f e c t i v e  p o t e n t i a l  a t  t h e  s u r f a c e ,  Eq. 5 .15 f o r  t he  d e n s i t y  

may be w r i t t e n  as

W = S S U i - x ) .  
i

( 5 . 1 6 )

V OT = n ^ j (̂ x^) exp[ i (  kyy^+kzZi> ] , ( 5 . 1 7 )

P ( x) = p 0 ( x ) + p 1 (x) ( 5 . 18 )

with

P0 (x) = 1/(2tf) 2 (kf-k2) | i j /k( x ) | 2 ( 5 . 1 9 )  .
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where P0 (x) i s  t h e  d e n s i t y  co r r e spond ing  to  t he  t r i a l  s e t

^ k ^ xi^ anc* P i ( x )  i s  t h e  c o r r e c t i o n  t e rm.  Note t h a t  in t he  

above e xp re s s io n  for  p - | ( x ) ,  t h e  <5 term i s  ab s en t  s i n c e  i t s

made s e m i - i n f i n i t e .  S i m i l a r l y ,  t he  Wi  term in t h e  d i f f e r e n ­

t i a l  equa t i on  fo r  t he  components o f  t he  a u x i l i a r y  fu n c t i o n

l i m i t  as x goes  t o  -  00 . The d i f f e r e n t i a l  equa t ion  for  t he  

^ i ( x i )  co r re spond ing  to  t he  d e n s i t y  o p e r a t o r  i s  t hen

As our  t r i a l  wave f u n c t i o n  we choose t hose  gene ra t ed  by 

t h e  l i n e a r  p o t e n t i a l  model (36) fo r  which v | £ £ a* ( x) =F0( x ) , 

where F i s  t h e  f i e l d  s t r e n g t h  and t he  s t e p  f u n c t i o n .

These wave f u n c t i o n s  a re  no more complex to work wi th  than 

t h o se  o f  t h e  s t e p  model bu t  f a r  su p e r i o r  ( 3 6 , 3 7 ) .  Thus

c o n t r i b u t i o n  v a n i s h e s  as x”  ̂ i n  t he  l i m i t  as t h e  c r y s t a l  i s

may a l s o  be e l i m in a t e d  s i n c e  i t  too v a n i s h e s  as x“  ̂ i n  t he

( 5 . 2 1 )

Yk (xj.) = B{sin6 ( k ) A i ( ? i ) / A i ( - C 0 ) ©(-Xi)

+ s i n [ k x i+ 6 ( k ) ] 0 ( Xi>}, (5 .2 2 )

where B i s  t h e  n o r m a l i z a t i o n  c o n s t a n t ,  6 (k)  t he  phase s h i f t
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and A i C ^ )  i s  t h e  Airy f u n c t i o n .  Exp res s ions  f o r  t he  phase 

s h i f t  and t he  n o r m a l i z a t i o n  c o n s t a n t  a re  g iven in Chap. IV. 

Employing t h i s  t r i a l  wave f u nc t i o n  and a p p r o p r i a t e  boundary 

c o n d i t i o n s  t h e  d i f f e r e n t i a l  Eq. 5.21 fo r  t he  components o f  

t h e  a u x i l i a r y  f u n c t i o n  can be so lved  a n a l y t i c a l l y  even 

though one i s  he re  d e a l i n g  with Airy f u n c t i o n s .  The d e t a i l s  

o f  t h i s  s o l u t i o n  t o g e t h e r  wi th a d i s c u s s i o n  o f  t h e  boundary 

c o n d i t i o n s  employed are  g iven  in Appendix E. The a n a l y t i c  

s o l u t i o n  i s  g iven  below:

%i . 2- 0
( 5 . 23 )

0C-S+*.)

pon %j . ±o

+ 4 - j w  e « + « . )
-ft A*
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We nex t  have t o  make an assumpt ion  as  to  t he  e f f e c t i v e  

p o t e n t i a l  a t  t h e  s u r f a c e .  For pu rposes  o f  t h e  p r e s e n t  

de mo ns t r a t i o n  o f  t h e  a p p l i c a b i l i t y  o f  t h i s  formal ism to  t he  

many-body problem we choose our e f f e c t i v e  p o t e n t i a l  to  be 

t h a t  o f  t h e  f i n i t e  l i n e a r  p o t e n t i a l  model (Eq.  3 .1 )  d i s ­

cussed in Chap. I I I .  Thus

Ve f f (x)  = F x [ 0 ( x ) - 0 ( x - b ) ] + V 0 ( x - b ) ,

where F i s  t h e  f i e l d  s t r e n g t h  and V th e  b a r r i e r  h e i g h t .

These l a t t e r  q u a n t i t i e s  a re  d e s c r i b e d  in t erms  o f  t h e  param­

e t e r s  b and Xp r e s p e c t i v e l y ,  de f i n e d  by t h e  r e l a t i o n  

F=V/b=Ep/Xp, where Ep i s  t h e  Fermi en e rgy .  The p r i n c i p l e  

advan t age  o f  employing t he  FLP model in t h i s  c ase  i s  t h a t  i t  

l e a d s  t o  a c e r t a i n  deg ree  o f  a n a l y t i c a l  s i m p l i c i t y  i n  our 

c a l c u l a t i o n s ,  i n  a d d i t i o n  to t he  f a c t  t h a t  t h e  model po ten­

t i a l  i t s e l f  can be solved e x a c t l y  and g i v e s  r i s e  to  a c c u ra t e  

r e s u l t s .  The e l e c t r o n i c  d e n s i t y  o f  t h e  system can t hus  be 

o b t a i n e d ,  c o r r e c t  t o  second o r d e r ,  by s u b s t i t u t i o n  o f  t h e  

above de te rmined  f u nc t i on  f k ( x i )  i n t o  Eq. 5 . 20 .  F u r t h e r ­

more,  employing e x p re s s io n s  f o r  i n d e f i n i t e  i n t e g r a l s  o f  Airy 

f u n c t i o n s  d e r i v e d  in Appendix A, t h e  s p a t i a l  i n t e g r a l  in Eq.

5 . 2 0  f o r  p. | (x) as  wel l  as t h ose  f o r  a l l  t he  o t h e r  su r f a c e  

p r o p e r t i e s  can be solved a n a l y t i c a l l y .

With a change o f  v a r i a b l e s  t o  y=xkpf y i  = Xj_kp and

q=k/kp,  t he  e x p r e s s io n  fo r  t he  no rmal ized  cha rge  d e n s i t y  

( n ( y ) s p ( y ) / p ,  where p = k | / 3Tr2 ) ,  a s  wel l  as  f o r  a l l  t h e  s u r -
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f ace  p r o p e r t i e s  ob t a i ned  by u s ing  t h i s  c o r r e c t e d  d e n s i t y  can 

again  be d e sc r i b e d  in t erms o f  u n i v e r s a l  f u n c t i o n s  o f  t he  

s l ope  and b a r r i e r  h e i g h t  pa r ame te r s  yf=xpkp and yb=bkp. The 

r e s u l t s  a r e  g iven  below:

E l e c t r o n i c  Dens i ty

n( y) =n0 ( y )+ n 1 (y) (5.2*1)

Jini-fl S »^ i

*  3 W"C^+SJ >^o

71 , ^ )  *  a i r s c v ]

® H w l  A > « ) f t c - w - Z K A i W ) B / « ) |

( 5 . 2 5 )

(5 .2 6 )

1

*}40
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where

G r « b) =  3 t  T p i A ) B ; i - V - i b - v - j - A ' - « v) B i « k> 

/ U i k) =

i n  which sQ an(j 5^ a re  de f i ne d  as in  Chap. I I I .

J e l l i u m  Edge P o s i t i o n

The j e l l i u m  edge or  met al  su r f a c e  p o s i t i o n  y i S ob-
v

t a i n e d  from the  charge  n e u t r a l i t y  c o n d i t i o n  as

where ya c o r r e spo nds  t o  t he  j e l l i u m  edge p o s i t i o n  fo r  which 

t h e  t r i a l  system i s  charge  n e u t r a l ,  i . e .

J i ' . W ( 5 - 2 '

-0*

v - f  ( 5 ' 2 8 >

0
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Sur f ace  Dipole B a r r i e r

For the '  e l e c t r o n i c  d e n s i t y  n(y)  o f  Eq. 5 . 24 ,  t h e  s u r ­

f ace  d i p o l e  b a r r i e r  i s  de f i n e d  as

+ 0*

where n T (y )= n ( y ) - 0 (yc -y)  i S t he  t o t a l  cha rge  d e n s i t y  s a t i s ­

fying  P o i s s o n ’ s e q u a t i o n .  By per forming t he  s p a t i a l  i n ­

t e g r a l  in t he  above e qu a t i o n  t he  s u r f a c e  d i p o l e  b a r r i e r  may 

be w r i t t e n  as

where (A<}>)q i s t h e  d i p o l e  b a r r i e r  ob t a ine d  from the  t o t a l  

charge  d e n s i t y  o f  t h e  t r i a l  sys tem,  and (A<j>)  ̂ i s  t h e  c o r r e c ­

t i o n  term which i n c l u d e s  t h e  c o n t r i b u t i o n  bo th  due t o  t he  

c o r r e c t e d  e l e c t r o n i c  d e n s i t y  and t o  t he  a p p r o p r i a t e  s h i f t  o f  ' 

t h e  j e l l i u m  background ne ce s sa ry  t o  ma i n t a i n  o v e r a l l  charge  

n e u t r a l i t y .  The e x p r e s s i o n s  f o r  (A<J>) Q and (A<j)) 1 r e s p e c t i v e ­

l y  a r e

ynT(y)dy , (5 .2 9 )

A<|> = ( A<J>)q + ( A<J»>i, ( 5 . 30 )

o

where
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K ( 0 ) s y ^ 3 A i ( 0 ) / A i ' ( 0 ) , and

l& k  • &  ( 5 - 3 2 >

E l e c t r o s t a t i c  P o t e n t i a l

The e l e c t r o s t a t i c  p o t e n t i a l  Ves de f i ned  in Eq. 2 .22 may 

be w r i t t e n  as

ves<y> = v i i 5ty> + v ( p t y ) ,  ( 5 . 3 3 )

where v£Q)(y) i s  due to t he  t o t a l  charge  d e n s i t y  o f  t h e  t r i -
6  S

a l  system and v ( p ( y )  due t o  t he  c o r r e c t i o n  cha rge  d i s t r i b u -
6  S

t i o n  and s h i f t  o f  t he  j e l l i u m  background.

For y>0

i k T  C 5 ' 3 4 >

4- */3

3ir %  j  < V '  \} i>  M*>+ A*«> A ;«> ]
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For y<0

(o)
V«s

e t i - V  <5 - 35)

For  y>yb >o

V Z 'W  _  M ) .  . _ £
(5 .36)

| ^ + 3 7 ^ ' t )  e  v f e - % t  0  ( V  ^

.  *̂/3 ^

' • ^ P  P ° ' ^  2-[H«t.JQC-^S.)- 2 tt^ (^ b)]

-  [2-SAW)-PM-S>A'j«)] + 2A ;«>A iM )+ ( - i + H y M f l

For 0<y<yb

,(i)
V« <•»> ( 5 . 37 )

2/3 f* .

% IHWQC-W^AWH/UW^w]

+ ^ A J « > & « j]  +  3 A i« b)A /« b) +  3 ( V 3 * >  A ( ^ ) |

For y<0
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T T - *  i r -  ^ '  l V v ]  . (5  ‘ 3 8 )

3 1

In t he  above e q u a t i o n s  A(5 ) =Ai12 (5 ) - £ A i 2 ( C ) .

E l e c t r o s t a t i c  Energy

The u n i v e r s a l  f u n c t i o n  for  t he  e l e c t r o s t a t i c  energy may 

be w r i t t e n  as

+0*

Ee s / k J  = 1 / ( 6 tt2 ){ J  dyn(y)Ve s ( y ) / k F -  T(yF ,yb ) } .  ( 5 . 3 9 )

For y^>0 c — rJ

TWf.V = y+yK^i tjr+z^”] + t f +Tlct“>]

+ j \  V“ C1»’

For yc<0
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+ i l w  [ v ? + H

+ | kw + O'V a(Wc+5)]j

2-t f ' t ' H * ®  '  b ' f l T cV  ^ t V * ’ }
A »

and

7c<k’ s ^ ’ ^ u T  ■' 7 w  ” ^  T a'S t3 A H . )  3 A.* (0)

K i ne t i c  Energy

The use o f  t h i s  v a r i a t i o n a l  formal ism de t e rm in e s  t h e  

d e n s i t y  d i r e c t l y  i n s t e a d  o f  t h e  s i n g l e - p a r t i c l e  wave func­

t i o n s .  I t  i s  t hu s  no t  p o s s i b l e  t o  o b t a i n  t h e  k i n e t i c  energy 

c o n t r i b u t i o n  to t he  s u r f a c e  energy e x a c t l y  as  g iven  in  t he  

Kohn-Sham scheme, s i n c e  t h a t  r e q u i r e s  knowledge o f  t h e  

s i n g l e - p a r t i c l e  wave f u n c t i o n  and i t s  a symp to t ic  phase 

s h i f t .  In o r d e r  to de te rmine  t he  s u r f a c e  energy one t h e r e ­

fo r e  must  r e s o r t  t o  t he  d e n s i t y  g r a d i e n t  expans ion  formal ism 

and i n c l u d e  t erms  o f  0(V **) as d i s c us se d  in Chap. IV. The 

s u r f a c e  k i n e t i c  energy in  i t s  g r a d i e n t  expans ion  form can be 

exp re ssed  as

EpE[n] = + E<2> + e£3>, ( 5 . 4 0 )
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where and e£3) a re  t he  components o f  t he  g r a d i e n t

expans ion  as de f i n e d  in Eqs.  2 . 1 2 - 2 . 1 4 .  For t he  c o e f f i ­

c i e n t s  X.and y o f  Eqs.  2 .13  and 2 .14  we employ X=1/9 and 

Y *1*336 as d i s c u s s e d  in Chap. IV.
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£ .  Demonst ra t ion o f  S t a t i o n a r y  P rope r ty  o f  V a r i a t i o n a l
Formalism

P r i o r  to  d i s c u s s i n g  any r e s u l t s ,  we wish to  demons t r a te  

in t h i s  s e c t i o n  t he  mechanics  o f  t h e  v a r i a t i o n a l  formal ism 

as app l i e d  to t he  many-body problem by which a p r o p e r t y  o f  

i n t e r e s t  i s  made i n s e n s i t i v e  t o  v a r i a t i o n s  about  i t s  s add l e  

p o i n t  (and in f a c t  t h a t  such a s a dd l e  p o i n t  e x i s t s ) ,  and t he  

c o r r e spond ing  changes  t h a t  occur  in t he  c o r r e c t i o n  d e n s i t y  

in  o rd e r  to a ch i eve  t h i s  i n s e n s i t i v i t y .  We r e s t r i c t  ou r ­

s e l v e s  t o  a one -d imens iona l  v a r i a t i o n  by p l o t t i n g  in F ig .  18 

t he  s u r f a c e  d i p o l e  b a r r i e r  A<j> as o b t a in ed  by employing t he  

d e n s i t y  de te rmined c o r r e c t  to  second o r d e r ,  as  a f u n c t i o n  o f  

t h e  b a r r i e r  h e i g h t  pa r am e te r .  The f i e l d  s t r e n g t h  and j e l l i ­

um edge pa r ame te r s  a re  a d ju s t e d  so as t o  s a t i s f y  t h e  con­

s t r a i n t s  s e t  by t h e  BVT and charge  n e u t r a l i t y  r e s p e c t i v e l y .  

The co r r e spond ing  v a r i a t i o n  o f  (A(f»)Q i s  a l s o  p l o t t e d  t o g e t h ­

e r  wi th  t h e  va lue  ob t a ined  by Lang and Kohn (1M). Note how 

th e  v a r i a t i o n a l  p r i n c i p l e  c o r r e c t s  an approx ima te ly  l i n e a r

v a r i a t i o n  o f  (A$)q t o  one in which A<j> i s  e s s e n t i a l l y  h o r ­

i z o n t a l  about  t he  c o r r e c t  answer .  Thus fo r  any cho i ce  o f  

t h e  v a r i a t i o n a l  parameter  in t he  s u b s t a n t i a l  range  shown in 

t h e  f i g u r e ,  t he  r e s u l t  ob t a ined  i s  n e a r l y  e x a c t .  An obvious  

c ho i c e  o f  t h e  parameter  i s  t h a t  which e x t r e m i z e s  t h e  r e s u l t .  

Another c h o i c e ,  a s  d i s c u s s e d  in Chap. I l l ,  i s  t h a t  f o r  which 

t h e  b a r r i e r  h e ig h t  i s  ob t a ined  s e l f - c o n s i s t e n t l y . Al though 

t h e  v a lu e  o f  t h e  parameter  ob t a ined  by a p p l i c a t i o n  o f  t h e  

two c o n s t r a i n t s  a r e  d i f f e r e n t ,  t h e  r e s u l t s  f o r  t he  su r f a c e



d i p o l e  b a r r i e r  a r e  n e a r l y  t he  same, t he  extremum v a lu e  o f  

A.<}> being 3*92eV whereas t he  s e l f - c o n s i s t e n t  va lue  i s  

3.82eV. In o r d e r  to see  how t h e  c o r r e c t i o n  term o f  t h e  

cha rge  d e n s i t y  n^(y)  changes as  one v a r i e s  t h e  v a r i a t i o n a l  

parameter  ybf we p l o t  n-jCy) in F ig .  19 for  two v a l u e s  o f  y*, 

in F ig .  18. One ( y ^ s l . 2 0 )  co r r e sponds  t o  a va lue  fo r  which 

t h e r e  i s  a l a r g e  c o r r e c t i o n  (Atj))1 t o  ( ) Q and t he  o t h e r

(yb=1.82)  f or  which t h e  t o t a l  s u r f a c e  d i p o l e  b a r r i e r  i s  an 

extremum. As may be observed from the  f i g u r e ,  t h e  amp l i t ude

v a r i a t i o n  o f  n^(y)  i s c o n s i d e r a b l y  d i f f e r e n t  f o r  t he  two 

v a l u e s  o f  t h e  pa r ame te r s  employed t hus  de mons t r a t i ng  how the  

c o r r e c t i o n  to  t he  t r i a l  d e n s i t y  changes  in o rd e r  to  e l im­

i n a t e  p r a c t i c a l l y  a l l  e r r o r  in t he  r e s u l t  f o r  t he  d i p o l e  

b a r r i e r  over  t he  very  s u b s t a n t i a l  range  o f  v a r i a t i o n a l  

parameter  c o n s i d e r e d .

Although t h e  va lue  o f  b a r r i e r  h e i g h t  parameter  f o r  

which t h e  s u r f a c e  d i p o l e  b a r r i e r  i s  ah extremum l e a d s  t o  an 

a c c u r a t e  r e s u l t ,  such a cho ice  would be even more meaningful  

i f  in f a c t  we had employed t he  e xac t  Hamil tonian in our  c a l ­

c u l a t i o n s .  In t he  a p p l i c a t i o n  o f  t h i s  v a r i a t i o n a l  formal ism 

to  atomic systems (51—57)» t he  e xac t  n o n - r e l a t i v i s t i c .  Hamil­

t o n i a n  has always been used t o  de t e rmine  t he  c o r r e c t i o n  

t e rm .  The extremum va lue  o f  a s p e c i f i c  p r o p e r t y  t h u s  ob­

t a i n e d  has always proved to  be more a c c u r a t e  than  t h a t  ob­

t a i n e d  by employing a p r ede t ermined  va lue  o f  t h e  v a r i a t i o n a l  

pa r am e te r .  However, s i n c e  in our work we have employed a 

m o d e l - p o t e n t i a l  s i n g l e - p a r t i c l e  t ype  Hamil tonian i t  i s  more



a p p r o p r i a t e  to  de t e rmine  t he  pa rame te r s  in t h e  d e n s i t y  by 

ensu r ing  t h a t  t hey  a l l  s a t i s f y  v a r i o u s  t h e o r e t i c a l  and phy­

s i c a l  c o n s t r a i n t s .  Of c o u r s e ,  i t  i s  t o  be emphasized t h a t  

e i t h e r  cho ice  should l ead  to  meaningful  r e s u l t s  s i n c e  t he  

p r o p e r t y  o f  i n t e r e s t  i s  c o n s i d e r a b l y  i n s e n s i t i v e  t o - v a r i a ­

t i o n s  near  and about  i t s  extremum v a l u e .
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D. Resu l t s  and Di scuss ion

In t h i s  s e c t i o n  we p r e s e n t  r e s u l t s  f o r  m e t a l l i c  s u r f a c e  

d i p o l e  b a r r i e r s ,  work f u n c t i o n s ,  and s u r f a c e  e n e r g i e s  by em­

ploying  t he  pa rame t r i z ed  d e n s i t y  de te rmined  c o r r e c t  t o  

second o rde r  wi th t h e  pa rame te rs  a d ju s t e d  so as t o  s a t i s f y  

a p p r o p r i a t e  c o n s t r a i n t s  t a i l o r e d  to  s p e c i f i c  p r o p e r t i e s  o f  

i n t e r e s t .  In t he  c a l c u l a t i o n s  fo r  bo th  t he  work f u n c t i o n  

and s u r f a c e  energy ,  t he  j e l l i u m  edge parameter  yc i S f i xed  

to  en su re  o v e r a l l  charge  n e u t r a l i t y  and t he  b a r r i e r  h e i g h t

parameter  y^ by t h e  r equ i remen t  o f  s e l f - c o n s i s t e n c y  o f  t h e  

d i p o l e  b a r r i e r .  For t he  d e t e r m i n a t i o n  o f  s u r f a c e  d i p o l e  

b a r r i e r s  and work f u n c t i o n s ,  t he  f i e l d  s t r e n g t h  parameter  yp 

i s  a d ju s t e d  as in Chap. I l l  t o  s a t i s f y  t h e  c o n s t r a i n t  s e t  on 

t h e  e l e c t r o s t a t i c  p o t e n t i a l  by t h e  BVT. This  c o n d i t i o n  can 

be s a t i s f i e d  e x a c t l y  only  f o r  r s <4 . 3 . For t he  s u r f a c e  e n e r ­

gy, t he  parameter  y^ i s  v a r i ed  t i l l  t he  energy i s  a minimum. 

Al l  t he  pa r ame te r s  i n  t he  ex p re s s io n  fo r  t he  d e n s i t y  a r e  

t hus  f u l l y  de t e rmi ne d .  I t  i s ,  however ,  p o s s i b l e  t o  improve 

t he  accuracy  o f  t h e  d e n s i t y  s t i l l  f u r t h e r  in t h i s  j e l l i u m  

model problem by i n c o r p o r a t i n g  t he  i n t e g r a l  sum r u l e  o f  the  

Mahan-Schaich theorem (MST) ( s ee  Eq. 2 . 3 3 ) • Note t h a t  the  

MST i s  s a t i s f i e d  for  a r b i t r a r y  e f f e c t i v e  p o t e n t i a l .  The 

e l e c t r o n i c  d e n s i t y  n(y)  can t hus  be improved by i n t r o d u c i n g  

a pa rameter  a such th a t

n(y) = n0 (y) + an-j(y) ,
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and by a d j u s t i n g  a t i l l  n(y)  s a t i s f i e s  t he  i n t e g r a l  r e l a ­

t i o n s h i p  o f  t h e  MST. This p rocedure  in e f f e c t  co r r e sponds  

to  i n c o r p o r a t i n g  t he  c o n t r i b u t i o n  o f  t h e  h ighe r  o r d e r  terms 

i n  t h e  s e r i e s  f o r  t he  d e n s i t y ,  t hu s  improving i t .  I t  t u r n s  

ou t  t h a t  t h e  i t e r a t i o n  procedure  for  t he  d e t e r m i n a t i o n  o f  a 

unique va lue  o f  a f o r  each d e n s i t y  converges  q u i t e  s a t i s f a c ­

t o r i l y ,  t he  v a l u e s  f o r  a r ang ing  from 2 . 5 5  f o r  r  - 2 . 5  t os
3 . 1 0  a t  r s=4 .o .

In Table VI we p r e s e n t  t h e  r e s u l t s  f o r  t he  su r f a c e  d i ­

po l e  b a r r i e r  and work f u n c t i o n  in t he  d e n s i t y  r ange  r s=i . o -  

M.O. For t he  r e s u l t s  in  p a r e n t h e s i s  a l l  c o n s t r a i n t s  except  

t h e  MST a r e  s a t i s f i e d .  Since t h e  e xac t  s o l u t i o n  o f  t h e  a s ­

sumed Hamil tonian employing t he  same c o n s t r a i n t s  i s  known 

(see  Chap. I l l ) ,  a comparison between t he  v a r i a t i o n a l  and 

exac t  r e s u l t s  i s  meaningful  and we i n c l u d e  t h e  l a t t e r  

r e s u l t s  in  t h e  t a b l e .  Note t h a t  f o r  r  >1 . 5  ̂ t h e  r e s u l t s  ob­

t a i n e d  by t h e  v a r i a t i o n a l  f romal ism are  e s s e n t i a l l y  t h e  same 

as t h e  e x ac t  v a l u e s ,  d i f f e r i n g  by a t  most  O.O^eV. The 

r e s u l t s  f o r  which t h e  MST i s  no t  s a t i s f i e d  a re  on ly  s l i g h t l y  

l e s s  a c c u r a t e  a l t hough  f o r  r g>2 t h ey  a r e  s t i l l  w i t h in  O.OMeV 

o f  t h e  e xa c t  r e s u l t .

As d i s c u s s e d  e a r l i e r  t he  k i n e t i c  energy c o n t r i b u t i o n  t o  

t he  s u r f a c e  energy must  be ob t a ined  by i t s  d e n s i t y  g r a d i e n t  

expan s io n ,  s i n c e  w i th in  t h i s  formal ism i t  i s  t he  d e n s i t y  

r a t h e r  t han  t he  s i n g l e - p a r t i c l e  wave f u n c t i o n  t h a t  i s  be ing  

d e t e rm in ed .  With t he  e x c h a n g e - c o r r e l a t i o n  c o n t r i b u t i o n



TABLE VI

Results for the surface dipole barrier A$ and work function $ by employing densities determined via the 
variational principle (VP) for the density. The slope, barrier height, and Jellium edge parameters 
yp, y^, and yc quoted are determined by application of the BVT, self-consistency of A<{> and charge 
neutrality respectively, employing the Wigner function for the correlation energy. The Integral con­
straint of the Mahan-Schalch theorem (MST) Is also satisfied by these densities. The results In par­
enthesis are determined by densities which do not satisfy the additional constraint of the MST.

r s yF yb yc Dipole Barrier A<j>(eV) 

VP Exact3

Work Function 4>(eV) 

VP Exact3

1.0 6.60 7.30 2.64 37.36 37.51 5.28 5.43
(37.05) (4.97)

1.5 4.91 5.97 1.95 14.62 14.66 4.78 4.82
(14.53) (4.69)

2.0 3.74 4.99 1.48 7.09 7.10 4.17 4.18
(7.06) (4.14)

2.5 2.79 4.07 1.10 3.82 3.82 3.70 3.70
(3.81) (3.69)

3.0 1.94 3.11 0.76 2.16 2.16 3.34 3.34
(2.14) (3.32)

3.5 1.16 2.03 0.39 1.20) 1.21 '3.03 .3.04
(1.19) (3.02)

4.0 0.36 0.67 -0.11 0.60 0.64 2.75 2.79
(0 . 60) (2.75)

a .  see Chap. I I I .
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t r e a t e d  w i th in  t he  LDA, t he  t o t a l  s u r f a c e  energy  f u n c t i o n a l  

Es i s

Es Cn] = Ee s [n]  + EgEtn]  + E ^ H n l , ( 5 . HI)

where t he  e l e c t r o s t a t i c  Egs an(j k i n e t i c  E^E energy c o n t r i b u ­

t i o n s  a r e  g iven  Eqs.  5 .39  and 5 .40 .  With t h e  d e n s i t y  s a t i s ­

fy ing  t he  MST, and t he  j e l l i u m  edge and b a r r i e r  h e ig h t  

pa r am e te r s  de te rmined  by charge  n e u t r a l i t y  and s e l f -  

c o n s i s t e n c y  o f  t h e  d i p o l e  b a r r i e r  r e s p e c t i v e l y ,  t h e  s u r f a c e  

energy f u n c t i o n a l  Es [n] i s  t hen  minimized wi th  r e s p e c t  to  

t he  f i e l d ,  s t r e n g t h  p a r a m e t e r .  The r e s u l t s  over  t he  m e t a l l i c  

d e n s i t y  r ange  o f  t h i s  v a r i a t i o n a l  s e l f - c o n s i s t e n t  c a l c u l a ­

t i o n s  a r e  g iven  in Table VII .  For pu rposes  o f  comparison o f  

two d i s t i n c t l y  d i f f e r e n t  methods f o r  de t e r mi n i ng  t he  d e n s i ­

t y ,  we a l s o  i n c l u d e  t he  r e s u l t s  o f  Lang and Kohn in t he  

t a b l e .  Note t h a t  f o r  r s=2 . 5 - 6 . 0  our r e s u l t s  and t hose  o f  LK 

a r e  w i t h in  8 e rgs / cm2 o f  each o t h e r  and d i f f e r  in many c a s e s  

by on ly  1 e rg / cm2 . For r s=2 . o ,  t h e  r e s u l t  d i f f e r s  by l e s s  

t han  4%. The accuracy  o f  our  r e s u l t s  a r i s e  in p a r t  due t o  

our  use o f  t h e  VP f o r  t he  energy .  However, t h e s e  r e s u l t s  

a r e  a l s o  i n d i c a t i v e  no t  on ly  o f  t h e  accu racy  o f  t h e  d e n s i t y  

de te rmined  bu t  a l s o  o f  t h e  energy f u n c t i o n a l  employed.  The 

l a t t e r  conc l u s i on  r e i t e r a t e s  our  e a r l i e r  c o n t e n t i o n  o f  t h e  

impor t ance  o f  i n c l u d i n g  the  second d e n s i t y  g r a d i e n t  c o r r e c ­

t i o n  in t he  g r a d i e n t  expans ion fo r  t he  k i n e t i c  energy func ­

t i o n a l  .
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TABLE VII

Results for metallic density surface energies Es by application of the 
Rayleigh-Ritz variational principle (VP) for the energy. The barrier 
height and jellium edge parameters y. and y quoted are determined by 
the self-consistency of the surface dipole Barrier and the requirement 
of charged neutrality respectively, whereas the slope parameter yF is 
fixed by variational minimization of the total LDA surface energy 
functional. The Wigner expression for the correlation energy per par­
tible is employed. The parametrized densities employed are those ob­
tained by the VP for the density.

rs yF yb yc Surface Energies lEs (LK)"Eŝ

(ergs/cm^) (ergs/cm^)

VP Lang-Kohna

2.0 3.40 4.28 1.35 -971 -1008 37

2.5 2.60 3.70 1.03 35 36 1

3.0 1.98 3.18 0.77 192 199 7

3.5 1.53 2.76 0.57 186 194 8

4.0 1.21 2.44 0.41 154 158 4

4.5 1.02 2.31 0.31 123 124 1

5.0 0.85 2.13 0.21 97 98 1

5.5 0.75 2.08 0.14 78 77 1

6.0 0.70 2.13 0.11 63 60 3

a. see Ref. 13.



107

In conclud ing  t h i s  s e c t i o n ,  we no t e  t h a t  we have demon­

s t r a t e d  t he  u t i l i t y  and accuracy  o f  t he  v a r i a t i o n a l  fo rmal ­

ism for  t he  d e n s i t y  t o  t he  case  o f  t h e  inhomogeneous e l e c ­

t r o n  gas  system a t  a s u r f a c e .  The r e s u l t s  f o r  t he  su r f a c e  

d i p o l e  b a r r i e r  and work f u n c t i o n  a re  observed to be as accu­

r a t e  as t h o s e  o f  an ex ac t  c a l c u l a t i o n .  The s u r f a c e  e n e r g i e s  

obt a ined  by t h e s e  v a r i a t i o n a l  d e n s i t i e s  a r e  e s s e n t i a l l y  

e q u i v a l e n t  t o  t h ose  de te rmined by a f u l l y  s e l f - c o n s i s t e n t  

c a l c u l a t i o n  o f  t h e  d e n s i t y .  We b e l i e v e  t h a t  t h e  above ap­

p l i c a t i o n  to t he  j e l l i u m  case  i s  an impo r t an t  s t e p  in demon­

s t r a t i n g  t he  power and u s e f u l n e s s  o f  t h i s  v a r i a t i o n a l  t e c h ­

n ique ,  s i n c e  i t  i s  im p e ra t i ve  t h a t  any new formal i sm be 

f i r s t  proved a cc u ra t e  wi th r ega rd  to s imple  and i d e a l  sy s -
9

terns f o r  which a few answers  e x i s t ,  p r i o r  t o  i t s  use fo r  

more complex sys tems .  Fu r t he r  work i s  r e q u i r e d  no t  on ly  i n  

deve lop ing  formal  c onn ec t i o ns  between t h i s  v a r i a t i o n a l  f o r ­

malism and t he  d e n s i t y  f u n c t i o n a l  t h e o r y ,  bu t  a l s o  in com­

p l e t i n g  c a l c u l a t i o n s  in which a more r e a l i s t i c  Hamil tonian 

i s  employed.  We conc lude  t h i s  c h a p t e r  by i n d i c a t i n g  in t he  

fo l lowing  s e c t i o n  how th e  c r y s t a l  l a t t i c e  may be i n c o r p o r a t ­

ed i n t o  t he  v a r i a t i o n a l  scheme in  o r d e r  to de t e rmine  accu­

r a t e l y  t h e  e l e c t r o n i c  d e n s i t y  v a r i a t i o n  a t  a r e a l  met al  s u r -
«

f a c e .
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_E. I n c l u s io n  o f  I on ic  p s e u d o p o t e n t i a l s

The above procedu re  for  t he  d e t e r m i n a t i o n  o f  t h e  d e n s i ­

t y  c o r r e c t  to  second o rde r  can be extended to  a more r e a l i s ­

t i c  met a l  su r f a c e  system by adding a l o c a l  i o n i c  pseudopo­

t e n t i a l  VpS( r )  to  t he  Hami l t on i an .  This  l o c a l  pseudopot en­

t i a l  t r e a tm e n t  i s  a p p r o p r i a t e  f o r  m e t a l s  wi th s -  and p-band 

e l e c t r o n s .  I t  must be modi f i ed  fo r  nob le  and t r a n s i t i o n  me­

t a l s  where d-band e l e c t r o n s  a r e  impor t an t  ( 106 -108 ) .  I t  can 

e a s i l y  be shown t h a t  t h e  i n c l u s i o n  o f  a l o c a l  i o n i c  pseudo­

p o t e n t i a l  to  t he  Hamil tonian i s  e q u i v a l e n t  t o  adding a term

Svps (x )  t o  t he  Ve f f ( x )  o f  t h e  j e l l i u m  model app rox ima t ion ,  

where

& V * )  =  + ^ M  ( 5 . 4 2 )

i s  t h e  d i f f e r e n c e  between t he  i o n i c  p s e u d o p o t e n t i a l  averaged 

over  t he  pl ane  p a r a l l e l  to t he  met al  s u r f a c e  and t he  e l e c ­

t r o s t a t i c  p o t e n t i a l  o f  t he  p o s i t i v e  j e l l i u m  background 

p + (x)=p0 ( - x )  •

Thus w i th in  our  v a r i a t i o n a l  formal ism the  d e n s i t y  may 

be w r i t t e n  as

- ( W  = + ■{,W  + 2  &  £  ( , £ - # ■)  ' ( 5 . 0 3 )
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where Pq ( x ) and P-|(x) a r e  de f i ned  in Eqs.  5 .19 and 5 .20  

r e s p e c t i v e l y  and where t he  l a s t  term co r r e sponds  t o  t he  con­

t r i b u t i o n  to  t he  d e n s i t y  v a r i a t i o n  a t  t h e  s u r f a c e  due to  t he  

p r esence  o f  t he  i o n i c  l a t t i c e .  Note t h a t  t h e  above e x p r e s ­

s ion fo r  t he  d e n s i t y  i s  now dependent  on t he  s p e c i f i c  c r y ­

s t a l  f ace  o f  i n t e r e s t . In our  c a l c u l a t i o n  we propose to  em­

ploy t h e  Ashcrof t  p s e u d o p o t e n t i a l  (109)  for  which

vp s ( r ) = - z / r  + z / r  0 ( r c - r ) ,  ( 5 . 44)

where r Q i S t h e  Ashcro f t  cor e  r a d i u s .  The v a l u e s  f o r  r c f o r  

v a r i o u s  m e t a l s  ( A1, Pb , Zn ,Mg ,,Li ,Na ,K, Rb , Cs) a re  g iven  in  t he  

work o f  Lang and Kohn (13) and fo r  Ca, S r , and Ba by Paasch 

and He i t s cho ld  ( 2 4 ) .  For a l l  m e t a l s  wi th  t h e  exce p t i on  o f  

L i ,  Zn, and Ba, t he  use o f  t h i s  p s e u d o p o t e n t i a l  l e a d s  t o  

t h e o r e t i c a l  b ind ing  e n e r g i e s  which agree  wel l  wi th e x p e r i ­

mental  v a l u e s  ( 1 1 0 ,8 0 ) .  For Ca and Sr t h e  magni tude  o f  t h i s  

d i f f e r e n c e  i s  0 .5  and 0 .6  eV r e s p e c t i v e l y  ( 8 0 ) ,  t h e  d i f f e r ­

ence fo r  t he  r emaining me t a l s  (110)  being l e s s  t han  0 .4  eV. 

This i s  p a r t i c u l a r l y  i mp or t an t  s i n c e  t h e  f i r s t  o rd e r  pseudo­

p o t e n t i a l  energy ,  which as  shown by Monnier and Perdew (110) 

and Sahni  and Gruenebaum (80) i s  a term c o n t r i b u t i n g  t o  t he  

work f u n c t i o n ,  i s  t hen  in e r r o r  by a t  most  0 .6  eV f o r  a l l  

me t a l s  excep t  L i ,  Zn, and Ba. The use o f  t h e s e  pseudopoten­

t i a l s  i s  t h u s  most  a p p r o p r i a t e .

Since  our cho i ce  o f  t r i a l  wave f u n c t i o n  o f  Sec t i on  C i s  

good and t he  co r r e spond ing  a u x i l i a r y  f u n c t i o n  a n a l y t i c a l l y
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w e l l - d e f i n e d ,  i t  i s  p o s s i b l e  and meaningful  to  employ t h e s e

f u n c t i o n s  in Eq. 5 .43 in  o r d e r  to  de te rmine  t he  d e n s i t y  a c ­

c u r a t e l y .  For the  work f u n c t i o n  t h e  pa rame te r s  can aga in  be 

ob t a ined  by v a r i o u s  c o n s t r a i n t s  such as t he  s e l f - c o n s i s t e n c y  

o f  t he  s u r f a c e  d i p o l e  b a r r i e r ,  or  by t h e  d e t e r m i n a t i o n  o f  

i t s  s t a t i o n a r y  v a l u e .

The i n c l u s i o n  o f  t he  i o n i c  p s e u d o p o t e n t i a l  l e a d s ,  as 

d e sc r i b e d  by LK, t o  t he  c l a s s i c a l  c l e a va ge  Ec ^ [ p ] and pseu­

d o p o t e n t i a l  Ep s [p]  energy c o n t r i b u t i o n s  to  t he  su r f a c e  e n e r ­

gy f u n c t i o n a l .  The e x p r e s s i o n s  fo r  t h e s e  t erms a r e  r e s p e c ­

t i v e l y

where g i s  t he  c l e ava ge  energy c o n s t a n t  (111 ,13)  and Z t h e  

i o n i c  c ha r ge .  Employing t h e s e  c r y s t a l  f a ce  dependent  d e n s i ­

t i e s  (which a re  c o r r e c t  to  second o r d e r ) ,  t h e  s u r f a c e  energy  

can t hen  be de te rmined by v a r i a t i o n a l  m in im iza t i on  o f  t h e '  

t o t a l  s u r f a c e  energy  f u n c t i o n a l

Ec l [ p ]  = gZ p ( 5 . 4 5 )

and

Es [ p ]  = EgECp]+Ee s [ p ] + ELDA[p]+Ec l [ p ] + E p s t p ] . ( 5 . 1, 7 )
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We can a l s o  e a s i l y  i n c l u d e ,  i n  t h e  above energy  f u n c t i o n a l ,  

a c o r r e c t i o n  to t he  LDA e x c h a n g e - c o r r e l a t i o n  c o n t r i b u t i o n  as  

de te rmined  e i t h e r  by t he  wave-vec tor  a n a l y s i s  ( 7 2 , 7 3 ,7 9 )  or  

g r a d i e n t  expans ion  (80)  methods.

With t he  i n c l u s i o n  o f  t he  i o n i c  p s e u d o p o t e n t i a l  t h e  ex­

p r e s s i o n  f o r  t he  work fu n c t i o n  i s  g iven  as  (80)

where (A<}>)r  i s  t h e  e l e c t r o n i c  r e l a x a t i o n  d i p o l e  b a r r i e r  

e v a lu a t e d  us ing t h e  v a r i a t i o n a l  d e n s i t y  and i s  de f i n e d  as

+<x»

volume o f  t h e  s e m i - i n f i n i t e  c r y s t a l .

F i n a l l y ,  as  we ment ioned in t he  i n t r o d u c t i o n ,  n o n - f u l l y  

s e l f - c o n s i s t e n t  t h r e e  d imens ional  c a l c u l a t i o n s  do e x i s t  f o r  

a few m e t a l s  and fo r  a few c r y s t a l  f a c e s  ( s e e  Refs .  15-22) .  

They do ,  however,  r e q u i r e  heavy numer i ca l  compu t a t i on s .  The 

p r i n c i p l e  a d d i t i o n a l  approximat ion  beyond t he  LDA in  t he  ma­

j o r i t y  o f  t h e s e  c a l c u l a t i o n s  i s  a v a r i a t i o n a l  r e s t r i c t i o n  on 

t h e  number d e n s i t y  a r i s i n g  from the  use o f  a f i n i t e  wave 

fu nc t i on  b a s i s .  The above d e sc r i b e d  v a r i a t i o n a l  formal ism 

not  on ly  o b v i a t e s  t he  n e c e s s i t y  o f  heavy numer ica l  computa­

t i o n s ,  bu t  a l s o  o f f e r s  an a c c u r a t e  and easy method fo r  t he

$ = (A<J>) r  -  p -  <6 v>, (5 .4 8 )

(A4>)r sVe s (co )-Ve s (-c° ) = 4ir x [ p ( x ) - p 0 ( - x )  Jdx,

and where <6v> i s  t h e  aver age  va lue  o f  6Vpg( r ) over  t he
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d e t e r m i n a t i o n  o f  t h e  c r y s t a l  f ace  dependence o f  t h e  s u r f a c e  

energy and work f u n c t i o n .  A f u r t h e r  advant age  o f  t he  v a r i a ­

t i o n a l  method over  t he  f u l l y  s e l f - c o n s i s t e n t  method i s  t h a t  

t h e  former may be employed wi th any e x p l i c i t  d e n s i t y  f unc ­

t i o n a l  f or  t he  energy i n c l u d i n g  no n - l o c a l  t r e a t m e n t s  o f  ex­

change and c o r r e l a t i o n  whereas t h e  l a t t e r  u s u a l l y  r e q u i r e s  a 

l o c a l  app rox ima t ion .  The d e t e r m i n a t i o n  o f  c r y s t a l  f ace  

dependent  work f u n c t i o n s  and s u r f a c e  e n e r g i e s  o f  twelve  sim­

p l e  m e t a l s  i s  p r e s e n t l y  in  p r o g r e s s .
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VI. STUDY OF THE INHOMOGENEOUS HARTREE-FOCK GAS AT SURFACES

In t h i s  l a s t  c h a p t e r  we s t udy  t h e  su r f a c e  p r o p e r t i e s  o f  

an inhomogeneous Ha r t r ee-Fock  (HF) gas  i n t e r a c t i n g  only  v i a  

Pau l i  c o r r e l a t i o n .  I t  i s  i n t e r e s t i n g  t o  no t e  t h a t  a l t hough  

t h e r e  i s  such s u b s t a n t i a l  i n t e r e s t  in s u r f a c e  p h y s i c s ,  a 

f u l l y  s e l f - c o n s i s t e n t  c a l c u l a t i o n  ( i n c l u d i n g  n o n - lo ca l  ex­

change) o f  t h e  s u r f a c e  p r o p e r t i e s  o f  an inhomogeneous HF gas  

does no t  e x i s t .  Such a s e l f - c o n s i s t e n t  c a l c u l a t i o n  was o r i ­

g i n a l l y  con s i de r ed  by Bardeen ( 2 ) .  However, due t o  t he  com­

p u t a t i o n a l  d i f f i c u l t i e s  a t  t h a t  t i m e ,  some o f  which s t i l l  

e x i s t  t o da y ,  he was unable  to  so l ve  t h e  HF equa t i on  s e l f -

c o n s i s t e n t l y . I n s t e a d ,  t h e  exchange p o t e n t i a l s  were ob-
*

t a i n e d  by e v a l u a t i n g  them a t  two p o i n t s  in space ,  one us ing 

t he  s t ep-mode l  wave f u n c t i o n  and t he  o t h e r  us ing  t he  i n f i n ­

i t e  b a r r i e r  model (IBM) wave f u n c t i o n ,  and then drawing 

smooth cu rv e s  t h rough  t h e s e  p o i n t s .  These p o t e n t i a l s  were 

t hen  he ld  f i xed  t h roughou t  t he  c a l c u l a t i o n ,  and i t  was on ly  

t he  e l e c t r o s t a t i c  p o t e n t i a l  which was o b t a in ed  s e l f -  

c o n s i s t e n t l y . Bardeen a l s o  made y e t  ano the r  app rox ima t ion .  

In c a l c u l a t i n g  t he  exchange p o t e n t i a l  he s e t  t he  components 

o f  t h e  e l e c t r o n  momentum p a r a l l e l  to  t he  s u r f a c e  t o  zero and 

then r ep l a ce d  t he  momentum in t he  p e r p e n d i c u l a r  d i r e c t i o n  in 

t h e  f i n a l  r e s u l t  by t h e  magni tude  o f  t h e  t o t a l  momentum.

Such a p rocedure  i s  e n t i r e l y  v a l i d  for  t he  homogeneous case  

( 1 1 2 ) but  i t s  v a l i d i t y  f o r  t he  inhomogeneous case  i s  un­
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c l e a r .  We, however ,  adopt  a d i f f e r e n t  approach in o rd e r  to 

so lve  t h i s  problem and de t e rmine  t he  t o t a l  n o n - l o ca l  and 

hence t h e  no n - l o c a l  s u r f a c e  exchange energy c o n t r i b u t i o n  by 

employing a c c u ra t e  wave f u n c t i o n s  in c o n ju n c t i o n  wi th t he  

R ay l e ig h -R i t z  v a r i a t i o n a l  p r i n c i p l e  f o r  t he  energy .

The t o t a l  exchange energy o f  an i n t e r a c t i n g  system o f  

p a r t i c l e s  i s  de f i ne d  in terms o f  t h e  s i n g l e - p a r t i c l e  d e n s i t y  

m a t r i x  p ( r , r ' )  as

and where ^ ( r )  i s  t h e  e l e c t r o n i c  wave f u n c t i o n .  I t  can be 

shown ( s ee  Appendix F) t h a t  t h e  above e x p re s s io n  fo r  t he  ex­

change energy may be w r i t t e n  as

The s u r f a c e  c o n t r i b u t i o n  to  t he  exchange energy can then be 

de te rmined  fo l l owing  t he  method o f  H a r r i s  and Jones  ( 6 6 ) .

( 6 . 1)

where

(6 .2 )

where ^ ( x )  i s  the component o f  the wave function in the

d ir e c t io n  o f  the inhomogeneity and P^=[(k i{')2+(k V ) 2 ] ,y y z z
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The e x ac t  t o t a l  s u r f a c e  energy f u n c t i o n a l  o f  t he  d e n s i t y

Es [Pl  f ° r t h i s  inhomogeneous HF gas  w i t h in  t he  Kohn-Shara 

scheme can be w r i t t e n  as

Es [p^ = EkEp3 + EeS C p ] + Ex [ p ] ,  ( 6 . 3 )

which i s  a sum o f  t h e  k i n e t i c  Ek> e l e c t r o s t a t i c  Ee s , and ex­

change Ex energy components r e s p e c t i v e l y .  Since each o f  

t h e s e  energy f u n c t i o n a l s  i s  known e x a c t l y ,  r i g o r o u s  upper 

bounds f o r  t he  su r f a c e  energy can be ob t a in ed  on a p p l i c a t i o n  

o f  t h e  Ra y l e ig h -R i t z  v a r i a t i o n a l  p r i n c i p l e  provided t he  

v a r i a t i o n a l  wave f u n c t i o n  i s  a p l ane  wave in t he  b u l k .

Two exac t  c a l c u l a t i o n s  o f  t h e  s u r f a c e  exchange energy 

have been performed r e c e n t l y ,  one for  t h e  IBM (66 ,67 )  and

the  o t h e r  f o r  t he  s t e p  model by Mahan (1 13 ) .  For t he  IBM

case  t h e  c o r r e l a t i o n  energy c o n t r i b u t i o n  to t he  s u r f a c e  en­

ergy has a l so  been determined  e x a c t l y  w i t h in  t he  RPA (6 7 ) .

The r e s u l t s  i n d i c a t e  t h a t  f o r  any d e n s i t y ,  t h e  exchange and 

c o r r e l a t i o n  c o n t r i b u t i o n s  a r e  approx ima te ly  t h e  same. 

Fur the rmore ,  t h e  use o f  t h e s e  d e n s i t i e s  l e a d s  t o  t he  conclu-^  

s ion  t h a t  t he  e r r o r  between t he  e xac t  and t he  l o c a l  d e n s i t y

approximat ion  (LDA) c a l c u l a t i o n s  fo r  exchange remains  p r e ­

c i s e l y  t h e  same as  t h e  d e n s i t y  i s  made more s l owly  vary ing  

by changing t he  va lue  o f  t h e  Wigne r -Se i t z  r a d i u s .  As a 

consequence ,  t he  p e r c en t  e r r o r  between t he  ’ e x a c t '  RPA (67)  

and t he  l o c a l  v a l u e s  o f  t h e  c o r r e l a t i o n  energy i n c r e a s e s  

wi th i n c r e a s i n g  d e n s i t y .  These c o n c l u s i o n s  a r e  o bv io us l y
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unp hy s i c a l  s i n c e  t h e  LDA va lu e  o f  a p r o p e r t y  should  approach 

t h e  e xac t  va lue  as  t he  d e n s i t y  becomes more s l owly v a ry i n g .  

Al though t h e  s t e p  model wave f u n c t i o n s  a r e  an improvement 

over  t hose  o f  t h e  IBM, t h e y  a re  s t i l l  poor r e p r e s e n t a t i o n s  

(3^ ,3 5 )  o f  t h e  wave f u n c t i o n s  t h a t  e x i s t  a t  s u r f a c e s .  For 

example,  t h e  use o f  t he  s t e p  model l ed  Mahan to t he  co nc l u ­

s i on  t h a t  t h e  u n i v e r s a l  f u n c t i o n s  o f  bo th  t h e  s u r f a c e  e l e c ­

t r o s t a t i c  and exchange e n e r g i e s  remain e s s e n t i a l l y  t h e  same 

as  t h e  d e n s i t y  i s  made more s l owly v a r y i n g .  The use o f  t he  

f a r  s u p e r i o r  and more r e a l i s t i c  LP and FLP models i n d i c a t e  

t h i s  no t  t o  be t he  case  ( s ee  Chap. I l l  and Ref.  36) f o r  t he  

e l e c t r o s t a t i c  energy and,  as w i l l  be shown in  Sec t i on  A 

below). ,  n e i t h e r  to be t he  ca s e  fo r  t he  s u r f a c e  exchange en­

e rg y .  The "accura te  d e t e r m i n a t i o n  o f  t h e  exchange energy is. 

a l s o  very  i mp or t an t  f o r  t he  d e t e r m i n a t i o n  o f  t h e  c o r r e l a t i o n  

energy s i n c e  t h i s  l a t t e r  q u a n t i t y  i s  u s u a l l y  ob t a i ned  by 

s u b t r a c t i n g  t he  exchange energy  from the  exchange-  

c o r r e l a t i o n  energy which i s  u s u a l l y  o b t a i n ed  w i t h in  v a r i o u s  

formal ism such as t h e  RPA ( 6 7 ) ,  t h e  wave-vec tor  a n a l y s i s  

( 7 2 , 7 3 , 7 9 ) ,  and g r a d i e n t  expans ion  (80)  methods.  In o r d e r  

to  de te rmine  t he  s u r f a c e  exchange energy  a c c u r a t e l y  we em­

ploy t h e  r e a l i s t i c  and p h y s i c a l l y  meaningful  wave f u n c t i o n s  

gen e ra t ed  by t h e  l i n e a r  p o t e n t i a l  model f o r  which t h e  e f f e c ­

t i v e  p o t e n t i a l  i s  assumed t o  be

Ve f f (x)  = F 0 ( x ) , (6.H)
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where F t h e  f i e l d  s t r e n g t h  i s  de f i ne d  in terms o f  t h e  s l ope  #

parameter  Xp an(j t he  Fermi energy Ep as  F=Ep/xp.  The s o l u ­

t i o n  o f  t h e  Schrodinger  equa t i on  fo r  t h i s  p o t e n t i a l  i s

tyk (x) = B{sin<$ (k) Ai(C ) / A i ( - S Q) ©(-x)

+ s i n [kx+6 ( k ) ]  0 ( x ) } ,  ( 6 . 5 )

where B i s  t h e  n o r m a l i z a t i o n  c o n s t a n t ,  5(k)  t he  phase s h i f t ,

Ai(e)  t he  Airy f u n c t i o n ,  and where £0 =(kpxp )2 /3k2/k£ ,

C=x(2F)1/3-Co> ^ 3 e x p r e s s i o n s  fo r  t he  phase s h i f t  and nor ­

m a l i z a t i o n  c o n s t a n t  a re  g iven  in Chap. IV, Eq. 4 . 3 .  As men­

t i oned  in Chap. IV, a l l  s u r f a c e  p r o p e r t i e s  w i th in  t h i s  model 

p o t e n t i a l  can be w r i t t e n  in t erms o f  u n i v e r s a l  f u n c t i o n s  o f  

t h e  s l ope  parameter  ( 3 6 ) .  This  i s  a l s o  t he  case  fo r  s u r f a c e  

exchange energy .  For t he  HF g a s ,  t h e  Wigne r -Se i t z  r a d i u s  r g 

may aga in be r e l a t e d  to  t he  f i e l d  s t r e n g t h  parameter  v i a  e i ­

t h e r  t he  Budd-Vannimenus theorem (32)  c o n s t r a i n t  o r  t h a t  s e t  

by t h e  v a r i a t i o n a l  m in imiza t i on  o f  t h e  energy .

With a change o f  v a r i a b l e s  t o  y=xkpf q=k/kp ,  q ' =^ ?/ ^ p ,

and p=P/kp^ where kp i s  t h e  Fermi momentum, t he  e x p r e s s i o n s  

f o r  t he  e l e c t r o n i c  d e n s i t y  ( normal ized  wi th r e s p e c t  t o  i t s

bu lk  va lue )  n ( y ) ,  meta l  s u r f a c e  p o s i t i o n  y s u r f a c e  d i p o l e  

b a r r i e r  A<}> and e l e c t r o s t a t i c  p o t e n t i a l  Ve s (y)  w i th in  t h i s  LP 

model e f f e c t i v e  p o t e n t i a l  as a u n i v e r s a l  f u nc t i on  o f  t h e  

s l ope  parameter  yp=xpkp a r e  g iven  in  Eqs.  5 .2 5 ,  5 .2 8 ,  5•31»
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and 5 .34 -35  r e s p e c t i v e l y  ( s e e  a l s o  Ref.  36 ) .  The r e s u l t s  

f o r  v a r i o u s  components o f  t h e  s u r f a c e  ene rgy ,  which may a l s o  

be w r i t t e n  in t erms o f  u n i v e r s a l  f u n c t i o n s  o f  yp^ a r e  g iven  

below.

Exchange Energy

We have d e r i v e d  t he  s u r f a c e  c o n t r i b u t i o n  to t he  ex­

change energy fo l l ow ing  t he  method o f  H a r r i s  and Jones  ( 6 6 ) 

and Mahan (113 ) .  However, in our c a l c u l a t i o n s ,  we have con-
t

s i d e r e d  a s e m i - i n f i n i t e  l a t t i c e  and no t  a f i n i t e  box as have 

t h e s e  o t h e r  a u th o r s  ( 6 6 , 1 1 3 ) .  The e x p r e s s i o n  fo r  t he  

u n i v e r s a l  f u n c t i o n  i s  g iven below.  A d e t a i l e d  d e r i v a ­

t i o n  o f  t h i s  r e s u l t  i s  g iven  in Appendix F.

( 6 . 6 )

- « * -  S M ' i f ' t '  f  l i b  ( #  -  t t  -  ? r )
0 0 o

o o o
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o 0 o \  «

■ b i < . % y k L W k m ) k i < i w

where q+=q+q » <3_=q-q » 6=6 (q)> 6 =6 ( q ) ,  6+=6 +6 '» 6 _=6 - 6  *» 

and where

^  ( i r -  ^ ^  ^  ^  ^  ^ 7 0

i f  [ U - t f V  ( . » - £ ) ]  -V51 - f z \ - i %v d  1 <0H W ' ) s

ir .0-  f ) - 1 [o -f)m 1= L = - + 1 i i - f - f ]  .

Nl'Tf

l - ' i '
/ i

K ine t i c  Energy

Hi \
16°* r  G 4 .^  4-^F  f , a f  J>-) (  r  »J A;(-&)M-&>

r F s  ^  \ v  ^  v  a h )

( 6 . 7 )

/
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where c 0 =q2y f / 3 , and A(~c0 )=Ai*2 ( - ? 0 ) +C0 Ai2 (~c0 ) .  

E l e c t r o s t a t i c  Energy

< 6 ‘ 8 >

% ( ^  V ^ V  t ? + i Wrtl  J 0 ^

+ 8 C - 1 ) - ^ 4 . K W ] j

' y j f  ^ o - 1 - t ki"l 5 ' ,W,U^ V £)] | 0 ("W  
0

where K(0) = y^ /3Ai ( 0 ) / A i 1(0)  .

Since  by a d j u s t i n g  t h e  f i e l d  s t r e n g t h  pa rameter  t he  

d e n s i t y  can be made to  va ry  as r a p i d l y  or  s lowly  as  d e s i r e d ,  

and as t h e  exac t  s u r f a c e  exchange energy as  a f u nc t i on  o f  

t h i s  pa rameter  i s  known, i t  i s  p o s s i b l e  t o  s tudy  t h e  conver ­

gence p r o p e r t i e s  o f  t h e  LDA va lue  fo r  t h i s  p r o p e r t y .  This  

s tudy  i s  p r e s en t ed  in Sec t i on  A where fo r  t he  f i r s t  t ime t h e  

l o c a l  d e n s i t y  v a lu e  o f  t h e  su r f a c e  exchange energy i s  shown
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t o  converge t o  t he  e xac t  va lue  as t h e  d e n s i t y  becomes s lowly  

v a ry i n g .  In Sec t i on  B we p r e s e n t  r i g o r o u s  upper  bounds fo r  

t he  su r f a ce  energy o f  a HF gas  and r e s u l t s  f o r  t he  work 

f u n c t i o n  employing t he s e  energy minimized d e n s i t i e s .  F i n a l ­

l y  i n  Sec t i on  C we s tudy  t he  e f f e c t s  o f  i n t r o d u c i n g  c o r r e l a ­

t i o n  on v a r i o u s  s u r f a c e  p r o p e r t i e s  such as t he  work func­

t i o n ,  s u r f a c e  d i p o l e  b a r r i e r ,  and su r f a c e  energy .
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_A. Comparison between t he  Ex ac t  and Local  Dens i ty
Approximat ion for  t he  Sur face  Exchange Energy

In F ig .  20 we p l o t  t h e  v a r i a t i o n  o f  t he  u n i v e r s a l  func­

t i o n  Ex/kf? as  3 f u nc t i on  o f  t h e  s l ope  parameter  yF f or  t he  

e xac t  s u r f a c e  exchange ene rgy .  The e x p l i c i t  numer ica l  

v a l u e s  (114)  a re  g iven i n  Table VI I I .  The p o i n t  yp=o 

co r r e sponds  t o  t he  i n f i n i t e  b a r r i e r  model (IBM) for  which 

t h e  d e n s i t y  i s  most  r a p i d l y  v a r y i n g .  The d e n s i t y  becomes 

more s l owly va ry ing  as t h e  va lue  o f  yF i n c r e a s e s .  A s t udy 

o f  t h e  graph i n d i c a t e s  t h a t  over  t he  e n t i r e  range  o f  yF con­

s i d e r e d ,  t h e  u n i v e r s a l  f u n c t i o n  Ex/ y |  i n c r e a s e s  by a p p ro x i ­

mate ly  a f a c t o r  o f  s i x ,  a r e s u l t  which i s  s u b s t a n t i a l l y  d i f ­

f e r e n t  from the  c o n c l u s i o n s  a r r i v e d  a t  by Mahan (113 ) -  Now 

in  o rd e r  to  de te rmine  t h e  v a r i a t i o n  in t h e  s u r f a c e  exchange 

energy as  a f un c t i o n  o f  t h e  bu lk  d e n s i t y  we must  r e l a t e  t he  

s lope  parameter  to t he  Wigne r -Se i t z  r a d i u s  r _ .  Such a 

co r r e spondence ,  as  de termined by t h e  c o n s t r a i n t  s e t  by t he  

BVT f o r  a HF gas i s  g iven a t  t h e  t o p  o f  F ig .  20. Note t h a t  

over  t h i s  range  o f  d e n s i t y  ( 1<rg<5 ) ,  t h e  exchange energy  

changes  by t h r e e  o r d e r s  o f  magni tude  be ing  63  ergs/cra^ a t

r s= . 7 5  and 39068 ergs /cm2 a t  r s - i .  For t he  IBM d e n s i t i e s ,  

on t he  o t h e r  hand,  t he  r e s u l t s  f o r  t he  s u r f a c e  exchange en­

ergy d i f f e r  by on ly  two o r d e r s  o f  magni tude  between r  -1  ands
6 . Thus we no t e  t h a t  t he  use o f  our  more a c c u r a t e  d e n s i t i e s  

l e a d s  t o  c o n s i d e r a b l y  d i f f e r e n t  c o n c l u s i o n s  wi th r ega rd  to  

t he  magni tude  o f  t h e  s u r f a c e  exchange ene rgy .

In o r d e r  to demons t ra te  t he  convergence  c h a r a c t e r i s t i c s
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Values o f  the un iversa l  funct ion  for the local  de ns i ty  
approximation (LDA) and exact  surface  exchange energ i es  
as a funct ion  of  the s lope  parameter yp. The percent  
error between the LDA and the exact  r e s u l t s  i s  quoted 
in the l a s t  column.

Slope Parameter (Surface Exchange Energy/k^) Percent
- 3

yF (10 a.u.) Error

LDA Exact

0.0 0,90 0.58 56

0.5 1.08 0.71 52
1.0 1.25 0.87 44

1.5 1.43 1.04 38
2.0 1.61 1.23 31
2.5 1.80 1.42 27
3.0 2.00 1.63 23
3.5 2.21 1.86 19
4.0 2.44 2.09 17
4.5 2.68 2.36 14
5.0 2.92 2.63 11

5.5 3.18 2.90 9.7
6.0 3.44 3.18 8.2

6.5 3.69 3.46 6.6
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o f  t h e  LDA va lue  fo r  t he  s u r f a c e  exchange energy  ELDAt we 

have a l s o  p l o t t e d  in F ig .  20 t he  v a r i a t i o n  o f  t h e  u n i v e r s a l  

f u n c t i o n  eLDA/j^ ve r s u s  t he  s l ope  pa rameter  yp. The p r e c i s e  

numer i ca l  v a lu e s  a r e  again  quoted in Table V I I I .  The p e r ­

cen t  e r r o r  between t he  LDA and exac t  v a l u e s  i s  p l o t t e d  in 

F ig .  21. This  e r r o r  mo no to n i c a l l y  d e c r e a s e s  from a maximum 

o f  5656 for  t he  r a p i d l y  va ry ing  IBM d e n s i t y  t o  an e r r o r  o f  

on ly  6.656 f or  t he  ve ry  s l owly  va ry ing  d e n s i t y  a t  y p =6 .6 5 .  

Thus a l t hough  t h e  LDA va lue  i s  an o v e r e s t i m a t e  over  t he  en­

t i r e  r ange  o f  t h e  v a r i a t i o n a l  pa rameter  co ns id e r e d  i t  doe s ,  

a s  must be t he  c a s e ,  a s y m p t o t i c a l l y  approach  t h e  c o r r e c t  

r e s u l t  a s  t h e  d e n s i t y  i s  made more s l owly  v a r y i n g .
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Rigorous Upper Bounds t o  t he  Sur f ace  Energy and Calcu­
l a t i o n  o f  Work F u n c t i o n s .

In t h i s  s e c t i o n  we p r e s e n t  r i g o r o u s  upper  bounds t o  t he  

s u r f a c e  energy o f  an inhomogeneous HF g a s ,  and r e s u l t s  f o r  

t h e  work f u n c t i o n  as ob t a ined  by employing t h e s e  energy 

minimized d e n s i t i e s  and by a p p l i c a t i o n  o f  t h e  BVT. The 

mathema t i ca l  argument and c o n s t r a i n t s  f o r  t he  e x i s t e n c e  o f  

such a bound a re  d i s c u s s e d  below.

The e x ac t  t o t a l  ground s t a t e  energy  ET Qf  a system o f  

i n t e r a c t i n g  p a r t i c l e s  wi th a s u r f a c e  may be w r i t t e n  as a sura

o f  t h e  bu lk  E  ̂ and s u r f a c e  Es c o n t r i b u t i o n s .  Now in  any 

R a y l e ig h - R i t z  v a r i a t i o n a l  c a l c u l a t i o n  o f  t h i s  ene rgy ,  t he  

v a r i a t i o n a l l y  de te rmined  va lue  Ê ,ar  must  be g r e a t e r  than t he  

e xac t  va lu e  Ê .. i . e .

where Ej£ar  and E^ai* a re  s imply t h e  v a r i a t i o n a l l y  de te rmined  

v a lu e s  o f  E^ and Es r e s p e c t i v e l y .

For a n e u t r a l l y  charged HF gas  wi th  a s u r f a c e ,  t h e  com­

ponents  o f  t he  bu lk  and s u r f a c e  energy  f u n c t i o n a l s  o f  t he  

d e n s i t y  a re  known e x a c t l y  w i th in  t he  Kohn-Sham formal ism.  

Thus

Ê .ar > Et , ( 6 . 9 )

or

( 6 . 10)
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Eb = Ek,b + Ex,b ( 6 . 11)

and

( 6 . 12)

where E ^ ^  and EXjb are  t h e  bu lk  c o n t r i b u t i o n s  to  t he  k i n e t -

f ace  k i n e t i c ,  exchange,  and e l e c t r o s t a t i c  c o n t r i b u t i o n s .  

Since t h e  HF wave f u n c t i o n s  fo r  t he  homogeneous system are  

p l ane  waves,  t he  use ( i n  t he  c a l c u l a t i o n  o f  t he  t o t a l  bu lk  

p lu s  s u r f a c e  energy)  o f  any v a r i a t i o n a l  wave f u n c t i o n s  which 

a r e  p l ane  waves in  t he  bu lk  w i l l  ensu re  t h a t

T h e r e f o r e ,  wi th  such a ch o i c e  o f  v a r i a t i o n a l  wave f u nc t i on

which p r oves  our  c o n t e n t i o n  t h a t  v a r i a t i o n a l  m in imiza t i on  o f  

t h e  ex a c t  energy f u n c t i o n a l  Es w i l l  p rov ide  a r  i go rous  upper 

bound t o  t he  su r f a c e  energy  o f  a HF g a s .  Fu r the rmore ,  s in c e  

i t  i s  t h e  v a r i a t i o n a l  p r i n c i p l e  f o r  t he  energy which i s  ap­

p l i e d ,  t h e  r e s u l t  f o r  t he  s u r f a c e  energy w i l l  be c o r r e c t  t o

i c  and exchange e n e r g i e s ,  and Ek>s> Ex?St and EeSfS t he  s u r -

ESar  = Eb . (6 .13 )

(6 .1H)
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0 ( 62 ) i f  t r i a l  wave f u n c t i o n s  or  d e n s i t i e s  c o r r e c t  t o  0(®) 

a re  employed.  The above arguments  o f  cou r se  f a i l  f o r  t he  

case  o f  a f u l l y  c o r r e l a t e d  system s i n c e  t he  e xac t  wave func­

t i o n  for  t he  homogeneous f u l l y  i n t e r a c t i n g  system i s  unk­

nown. The use o f  p l ane  waves in t he  bu lk  i s  t hus  i nadequa t e  

s i n c e  t he  e q u a l i t y  o f  Eq. 6.13 no l o n g e r  h o l d s .

In Table IX we p r e s e n t  r i g o r o u s  upper  bounds t o  t he  

s u r f a c e  energy o f  a HF gas  over  t he  m e t a l l i c  range  ( r g=2_6) 

by v a r i a t i o n a l  m in im iza t i on  o f  t h e  s u r f a c e  energy  f u n c t i o n a l  

o f  Eq. 6 .3  wi th  r e s p e c t  t o  t he  f i e l d  s t r e n g t h  or  s l ope

parameter  ype The k i n e t i c ,  e l e c t r o s t a t i c ,  and exchange en­

ergy components as  wel l  as  t he  s u r f a c e  d i p o l e  b a r r i e r  a r e  

a l s o  quoted in t he  t a b l e .  A graph o f  t h i s  HF s u r f a c e  energy 

as  a f u n c t i o n  o f  t h e  Wigne r -Se i t z  r a d i u s  r s i S p l o t t e d  as 

cu rve  I in  F ig .  22. On t he  b a s i s  o f  t h e  accuracy  o f  t h i s  

v a r i a t i o n a l  p rocedure  (37)  t o g e t h e r  wi th t h a t  o f  t h e  wave 

f u n c t i o n s  employed,  we b e l i e v e  our  r e s u l t s  f o r  t he  s u r f a c e  

energy t o  be e s s e n t i a l l y  t ho se  t h a t  would be ob t a ine d  by a 

f u l l y  s e l f - c o n s i s t e n t  no n - l o c a l  c a l c u l a t i o n  such as  t h a t  

o r i g i n a l l y  a t t emp ted  by Bardeen.  In t h i s  manner we have 

t h us  obv i a t ed  t he  n e c e s s i t y  o f  pe r forming t h a t  complex nu­

mer i ca l  c a l c u l a t i o n .  The e xac t  r e s u l t s  should l i e  a t  most  a 

few e rgs /cm2 below th e  r i g o r o u s  bounds quoted in Table IX . 

Note ag a i n ,  t h a t  over  t he  range  o f  d e n s i t i e s  c o n s i d e r e d ,  

t h e r e  i s  a s u b s t a n t i a l  change in t he  s u r f a c e  exchange energy 

component as must  be t he  c a s e .  In F ig .  22 we have a l s o  

p l o t t e d  ( cu rve  I I )  t he  bounds o b t a i ned  by t r e a t i n g  t he  ex-



TABLE IX

Rigorous  upper  bounds f o r  t he  s u r f a c e  energy  Es of  a H a r t r e e - F o ck  ga s .  The s l o p e  p a r a ­
meter  Ye Is de t e rmined  by m in im iz a t i o n  of  t he  s u r f a c e  energy f u n c t i o n a l  o f  Eq. 6 . 3
and t he  j e l l l u m  s u r f a c e  p o s i t i o n  ya by t he  r equ i r eme n t  o f  cha rge  n e u t r a l i t y .  The r e s u l t s  
f o r  t he  s u r f a c e  d i p o l e  b a r r i e r  A(f> quoted a r e  de te rmined  by employing t he  energy  minimized 
d e n s i t i e s .

rs ya A<J>

(eV)

Surface

Ek

Energy

(ergs/cm

Ees

Components

2 )

Ex

Surface Energies  

(ergs/cm )

Es

2.0 3.59 1 .42 6 .58 -5650 1414 2593 -1643

2.5 2.79 1.10 3 .77 -1853 444 1077 -332

3 .0 2.12 0 .83 2 .30 -708 168 514 - 2 6

3.5 1.65 0 .62 1.54 -309 78 280 49

4 .0 1.33 0.47 1.12 -150 43 164 57

4.5 1.10 0 .35 0.85 -79 26 108 55

5.0 0 .89 0 .23 0 .66 -42 16 73 47

5 .5 0 .82 0.19 0.57 - 2 6 12 53 39

6 .0 0 .64 0.07 0.45 -14 8 39 33 128
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change energy component w i th in  t he  LDA. The f a c t  t h a t  t h e s e  

bounds a r e  f a r  i n f e r i o r  i s  s imply  a r e f l e c t i o n  o f  t h e  poor­

ne ss  o f  t he  LDA s u r f a c e  exchange energy  f u n c t i o n a l  as d i s ­

cussed in t h e  p r ev io us  s e c t i o n  ( s ee  F ig .  20 ) .  Meaningful  

r e s u l t s  a re  o b t a in ed  only when bo th  exchange as  we l l  as 

c o r r e l a t i o n  a re  t r e a t e d  l o c a l l y .

The r e s u l t s  f o r  t he  su r f a c e  d i p o l e  b a r r i e r  de te rmined  

by employing t he  d e n s i t i e s  o b t a in ed  by minimizing t he  e xac t  

HF s u r f a c e  energy f u n c t i o n a l  a re  o f  cou r se  c o r r e c t  on ly  t o  

t h e  same o rd e r  as t h a t  o f  t h e  wave f u n c t i o n  employed and no t  

a s  a c c u ra t e  as  t h e  energy .  However, as  shown in Chap. I l l ,  

t h e  b e s t  method fo r  o b t a i n i n g  a c c u r a t e  d i p o l e  b a r r i e r s  in 

such model p o t e n t i a l  c a l c u l a t i o n s  i s  by use o f  t h e  BVT con­

s t r a i n t  on t he  e l e c t r o s t a t i c  p o t e n t i a l .  The r e s u l t s  o f  ap­

p l i c a t i o n  o f  t h i s  c o n s t r a i n t  f o r  t he  HF gas  ( i . e .  by co n s i d ­

e r i n g  only  t h e  k i n e t i c  and exchange e n e r g i e s  per  p a r t i c l e  in 

Eq. 2 .32 f o r  t he  t o t a l  energy o f  t h e  homogeneous system) a re  

g iven  in Table X f o r  r s=1_i}>75 . For r s >il.75 t he  BVT can no 

l o n g e r  be s a t i s f i e d  by t h e s e  wave f u n c t i o n s .  Based on t he  

proven accuracy  o f  t he  use o f  t h i s  c o n s t r a i n t  f o r  t h i s  

s p e c i f i c  p ro p e r t y  ( s ee  Chap. I l l ) ,  we b e l i e v e  our r e s u l t s  

f o r  t he  work f u n c t i o n  o f  t h e  inhomogeneous HF gas t o  be most 

a c c u r a t e .  In t h i s  s e c t i o n  we have t hu s  p r e s en t ed  a cc u ra t e  

v a l u e s  f o r  both t h e  s u r f a c e  energy and work f u n c t i o n  o f  a HF 

gas  wi thout  having solved t he  problem s e l f - c o n s i s t e n t l y .
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TABLE X

Result s  for m e t a l l i c  and higher den s i ty  ( r s = 1.00 - *1.75) 
surface  d i p o l e  barr i er s  A4> and work funct ions  $ of  the  
Hartree-Fock gas .  The j e l l i u m  edge and s l ope  parameters  
ya and yp quoted are determined by a p p l i c a t io n  of  charge  
n e u t r a l i t y  and the BVT c on s tr a i n t  r e s p e c t i v e l y .

r s yF y a Dipole Barrier A<|> 

(eV)

Work Function * 

(eV)

1.00 6.65 2.65 36.98 3.49
1.50 4.96 1.97 14.63 3.44
2.00 3-83 1.51 7.21 3.00

2.50 2.92 1.16 3.99 2.62

3.00 2.17 0.85 2.35 2.33
3.50 1.51 0.56 1.42 2.08

4.00 0.93 0.25 0.85 1.87
4.50 0.41 -0.12 0.47 1.69
4.75 0.16 -0.42 0.33 1.61
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C. E f f e c t  o f  I n t ro du c in g  C o r r e l a t i o n  on t he  Sur f ace  
P r o p e r t i e s  o f  a Ha r t ree-Fock  gas

In t h i s  f i n a l  s e c t i o n  we s tudy  t h e  e f f e c t s  o f  i n t r o d u c ­

ing c o r r e l a t i o n  on t he  s u r f a c e  p r o p e r t i e s  o f  a HF g a s .  For 

t he  s u r f a c e  d i p o l e  b a r r i e r  and work f u n c t i o n  we do t h i s  by 

i n t r o d u c i n g  a c o r r e l a t i o n  f a c t o r  a i n t o  t he  g e n e r a l  ex p r e s ­

s i on  o f  t h e  BVT. Thus we w r i t e

AV = Ve s (y a )  “ v e s ( “ 00) = p’deT/ d P* (6 .15 )

where

e T = e k + Gx + a e c»

and a l l  t he  o t h e r  terms a r e  as d e f i n e d  in Chap. I I .  The 

v a lu e  a=0 co r r e sponds  t o  t he  HF gas  and a=1 t o  t he  f u l l y  

c o r r e l a t e d  sys tem.  The change in t he  d i p o l e  b a r r i e r  and 

work f u n c t i o n  as c o r r e l a t i o n  i s  i n t ro du ced  can t hus  be moni­

t o r ed  by en su r ing  t h a t  t he  BVT c o n s t r a i n t  i s  s a t i s f i e d  for  

each va lue  o f  a as  i t  i s  v a r i e d  from 0 t o  1. In F i g .  23 we 

p l o t  t he  v a r i a t i o n  o f  t h e  work f u n c t i o n  $ v e r s u s  t h e  c o r r e ­

l a t i o n  f a c t o r  a f o r  r s = 2 f 2 . 5 , 3  and M. As may be observed  

from the  f i g u r e ,  t he  work f u n c t i o n  fo r  each va lue  o f  r s i n_ 

c r e a s e s  by app rox ima te ly  1 eV as t h e  system changes  from a 

Pau l i  c o r r e l a t e d  to  a f u l l y  c o r r e l a t e d  one .  This  i n c r e a s e  

in  work f u n c t i o n  can be exp l a ined  by t he  f a c t  t h a t  t h e  t o t a l  

energy o f  t h e  system i s  reduced as c o r r e l a t i o n  i s  i n t r o ­
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duced .  The energy  o f  t h e  Fermi e l e c t r o n s  i s  t h u s  a l s o  r e ­

duced and t h e r e f o r e  t he  ene rgy  r e q u i r e d  fo r  an e l e c t r o n  to  

e s cape  must  i n c r e a s e .  The v a r i a t i o n  o f  t h e  s u r f a c e  d i p o l e  

b a r r i e r  A<f> v e r s u s  t h e  c o r r e l a t i o n  f a c t o r  i s  p l o t t e d  in F i g .  

24.  Note t h a t  Acf> d e c r e a s e s  as  c o r r e l a t i o n  e f f e c t s  a re  

enhanced .  This  d e c r e a s e ,  which i s  about  0 . 2  eV, i s  a co ns e ­

quence o f  t h e  f a c t  t h a t  t h e  work f u n c t i o n  has  i n c r e a s e d .  

There i s  t h u s  l e s s  e l e c t r o n i c  s p i l l o v e r  and t h e r e f o r e  a de ­

c r e a s e  in  t h e  va lu e  o f  t h e  doubl e  l a y e r .  The de c r ea se  in  

A<f> may a l s o  be ex p l a ined  on t he  b a s i s  o f  t h e  mathemat ica l  

s t a t e m e n t  o f  t h e  BVT. As more and more c o r r e l a t i o n  i s  i n ­

t r o d u c e d ,  AV d e c r e a s e s ,  and s i n c e  AV can be a l a r g e  f r a c ­

t i o n  o f  t h e  s u r f a c e  d i p o l e  b a r r i e r ,  A<j> t oo  must  d e c r e a s e .

The e f f e c t  o f  i n t r o d u c i n g  c o r r e l a t i o n  on t he  s u r f a c e  

ene rgy  may be b e s t  unders tood  by c o n s i d e r i n g  t he  LDA r e s u l t s  

o f  Lang and Kohn. These v a l u e s  a r e  a l s o  p l o t t e d  in F ig .  22.  

As may be observed  from th e  f i g u r e ,  t h e  i n t r o d u c t i o n  o f  

c o r r e l a t i o n  i n c r e a s e s  t he  s u r f a c e  en e rgy .  This  i s  so be­

cause  c o r r e l a t i o n  l owers  t h e  t o t a l  energy o f  t h e  c r y s t a l ,  

and t hu s  t h e  work r e q u i r e d  t o  s p l i t  i t  i n t o  two must i n ­

c r e a s e  .

In c o n c l u s i o n  we no t e  t h a t  we have s t u d i e d  t he  s u r f a c e  

p r o p e r t i e s  o f  an inhomogeneous HF g a s .  We have de r i ved  

r e s u l t s  f o r  t he  e x ac t  s u r f a c e  exchange energy  f o r  t he  accu­

r a t e  s e t  o f  s i n g l e - p a r t i c l e  wave f u n c t i o n s  gene r a t e d  by t h e  

l i n e a r  p o t e n t i a l  model ,  and demons t ra ted  t he  convergence  o f  

t h e  LDA v a lu e  o f  t h i s  p r o p e r t y  a s  t h e  d e n s i t y  p r o f i l e  i s
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made more s l owly v a ry i n g .  Fur the rmore ,  we have shown t h a t  

t h e  s u r f a c e  exchange energy changes  by many o r d e r s  o f  magni­

t ude  as t h e  d e n s i t y  p r o f i l e  i s  changed from one which i s  

s l owly  va ry ing  to one which i s  r a p i d l y  v a r y i n g .  We have 

a l s o  de r i v e d  r i g o r o u s  upper bounds f o r  t he  t o t a l  su r f a c e  en­

ergy o f  a HF gas  and obt a ined  a c c u r a t e  r e s u l t s  f o r  t he  work 

f u n c t i o n  by a p p l i c a t i o n  o f  t h e  BVT. In a d d i t i o n ,  we have 

p l o t t e d  t he  v a r i a t i o n  o f  t h e  s u r f a c e  p r o p e r t i e s  o f  a HF s y s ­

tem as c o r r e l a t i o n  i s  g r a d u a l l y  i n t r o d u c e d .  We have shown 

t h a t ,  as  must be t h e  c a s e ,  t h e  i n t r o d u c t i o n  o f  c o r r e l a t i o n  

has  t h e  e f f e c t  o f  i n c r e a s i n g  t he  work f u n c t i o n ,  de c r e a s i n g  

t he  s u r f a c e  d i p o l e  b a r r i e r ,  and i n c r e a s i n g  t he  t o t a l  su r f a c e  

e n e rg y .
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APPENDIX A

In t h i s  appendix we p r e s e n t  t h e  i n t e g r a l  e x p r e s s io n s  

i n vo lv in g  t he  Airy f u n c t i o n s .

\  A ; -  fuVji

{ y  A i t ' J i B / w j ) '  hUy&hy

\  A ^ W  = - y  { Ai c^i -  & V V  +

*  \ 

t - j  A*t'J)B«'j) +yAit»j)fcC<J)\

^  d»j. *  y  |  2. A i ^ l  A l t '! )  +  aj A? c ^ )  - A i l ' l l !

\ A i‘* J > B U f  i ^  =  y  I A il 'l l  B ic * J )+  A i l 'J I B / l 'J )  -

-  ̂ Ail'll Bii'il + 'J Ail'jiBil'J) I
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f  h i A* i f  A* t f  -  t f  i f  |

J * i V f  & i f  * -]j-{ ^ A ; ( f  B ; ( f  -  ^ 4Ai^)B*-(^ + ^ A * '(^ li!(^  +

+ ^  A * t f  13/ i f  -  A*c^) tfc ( f  ^

J 1  A ? i f  <ty * -  y  |  ^  A; i f  -  ^ ^ ) -  3 ^  A / i f  A * ( f  +  *_ A* ( f  j

^A^fBUf = -yj^V W iif-f*A *if tf ^) -

" t I^ A *  i f  13 /^) + ^  A7* i f  13; i f  -  M f  B /if ]  |

i
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APPENDIX B

In o r d e r  to prove t h e  e qu iv a l e n ce  o f  t he  Sugiyama sura 

r u l e  to t h e  cha rge  n e u t r a l i t y  c o n d i t i o n ,  we c o n s i d e r  t he  i n ­

t e g r a l  / q S ( q ) d q  o f  Eq. 3«9. P a r t i a l  i n t e g r a t i o n  y i e l d s

.1 pi
J q 6 (q)dq  = 1/2 j  dq( 1- q 2 )6 ' (q)

= 1/4 f dq( 1 - q 2 ) s i n 2 6 ( q )  / q

+ 1/2 j '  d q ( 1 - q 2 )qK’ ( q ) / [ 1 + q 2K2 (q ) ]  (B.1)

where we have used t he  f a c t  t h a t  S(0)=0.  From the  d e f i n i ­

t i o n  o f  K(q) (Eq.  3*3)> and t he  i d e n t i t i e s

M(cb ) = Wr(Ai ,Bi ) /Y(Cb) = l / C ^ Y ^ ) ]  (B.2)

d / tX(Cb )/Y(Cb) ] / d q  = -C0/CTr ?bY2 ( ?b>3 (B.3)

where Wr(Ai,Bi)  i s  t h e  Wronskian o f  t h e  Airy f u n c t i o n s  (91)» 

t h e  d e r i v a t i v e  k ' ( q)=dK(q) /dq may be de t e rmined  so t h a t

j ' q 6 ( q ) d q  = -2 y F/ - | 5 + 1/ 1| j '  dq( 1 - q 2 ) s i n2  6 (q ) /q

-  Yf /2  j '  d q ( 1 - q 2 )q2M2 ( f y / l  ? J / 2  A(-C0 ) ] .  (B.U)
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Using t he  i d e n t i t y

S in2 6 (q ) /2q  = y^/3 M(-5o) N(_? 0 ) /  A(-C0) , (B.5)

in  Eq. B.4 l e a d s  t o  an e x p r e s s io n  fo r  ya 0 f  gq.  3 .9  which i s  

p r e c i s e l y  t h e  same as  t h a t  o f  Eq. 3 .10 ,  t h e r e b y  de mo ns t r a t ­

ing t h a t  t h e  sum r u l e  and cha rge  n e u t r a l i t y  c o n d i t i o n  a re  

indeed i n d e n t i c a l  f o r  t he  FLP model .
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APPENDIX C

Consider  a j e l l i u m  o f  l e n g t h  2L c en t e r e d  about  t h e  o r i ­

g i n .  The VBT app roximat ion  may t hen  be s t a t e d  as

l im CVe s ( o ) - V e s C L ) ] - [ V e s ( 0 ) - V e s ( L ) ]  = 0 ( < L _ 1 >-

Next c o n s i d e r  t h i s  s l a b  to  be bounded by i n f i n i t e  p o t e n t i a l  

b a r r i e r s  a t  ± L* a t  which p o i n t s  t h e  d e n s i t y  v a n i s h e s  and 

where L'  d i f f e r s  from L by 3ir/8kF . For t h i s  model po t en ­

t i a l ,  t h e  s u r f a c e  e l e c t r o n i c  d e n s i t y  ob t a i ned  by a summation 

ove r  t he  d i s c r e t e  a l lowed momenta normal  to  t he  s u r f a c e  

d i f f e r s  from the  v a lu e  o b t a in ed  in t h e  con t i nu ou s  case  by a 

term o f  OCL'"2 ) -  0 (L- 2 )* 0n s u b s t i t u t i o n  o f  t h i s  d e n s i t y  

i n t o  Eq. 2 .22 fo r  t he  e l e c t r o s t a t i c  p o t e n t i a l  one o b t a i n s  

t h a t

Ve s (L) = l im Ve s (L) + 0(L“ 2 >.

Thus t h e  VBT c o n d i t i o n  i s  reduced to r e q u i r i n g  t h a t  t h e  

e l e c t r o s t a t i c  p o t e n t i a l  approaches  i t s  bu lk  va lue  f a s t e r  

than  L -  ̂ as  L • »  . The same arguments  may be extended to  

t he  case  o f  a r b i t r a r y  e f f e c t i v e  p o t e n t i a l  a t  t he  s u r f a c e  i f  

t h e  l e n g t h  L'  i s  cons id e r e d  as t he  p o i n t  a t  which t h e  d e n s i ­

t y  i s  n e g l i g i b l e .  Since  t he  o v e r a l l  system must  be cha rge  

n e u t r a l ,  t h i s  l e n g t h  can d i f f e r  from the  j e l l i u m  edge p o s i ­

t i o n  by on ly  a smal l  amount,  and t hu s  t h e  d i f f e r e n c e  between
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t he  e l e c t r o s t a t i c  p o t e n t i a l  a t  t h e  s u r f a c e  and i t s  a symptot ­

i c  v a lu e  i s  o f  0(L“2 ) .

Now from Eq. 3 .14 ,  t h e  e x p re s s io n  f o r  t he  e l e c t r o s t a t i c  

p o t e n t i a l  Vg s (y) f o r  l a r g e  n e g a t i v e  y i s

Ve s ( y ) / y F  = 1/7r + K(0) /2  + y/2  + I / tt (C.1)  .

where

I = f d q ( 1- q 2 ) s i n 2 [qy+6 ( q ) ] / q 2
Jo

= I l + I 2 + 1 3 + 1 4 * (C.2)

The asymptot i c  forms o f  t h e  i n t e g r a l s  I ^ f and I 3 as  

y ■*-'» a re

I I = r dq( 1 - q 2 ) s i n 2 q y / q 2 = - 1  -ir y/ 2  + 0 ( y"2 ) ,  (C.3)

I 2 = ^  dq( 1 - q 2 ) s i n 2 5(q) co s2qy /q 2 -  0 ( y " 2 )» (C.4)

and

I 3 = - 1 / 2  j  dq s i n 2 6( q ) s i n 2 qy 

= 1/4 s i n 2 6(1 ) c o s 2y /y  + 0 ( y“2 ) (C.5)
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The asymptot i c  forms o f  t h e  i n t e g r a l s  Ig and I 3 a r e  o b t a in ed  

by i n t e g r a t i n g  twice  by p a r t s  and employing the  f a c t  t h a t  

[ ( 1 - q 2 ) s i n 2 s ( q ) ] / q 2  and s i n 2 6 (q) and t h e i r  f i r s t  d e r i v a t i v e s  

a r e  con t i nuous  and f i n i t e  f o r  0 < q £  1 , and t h a t  t h e i r  

second d e r i v a t i v e s  can t hus  have ,  a t  w o r s t ,  i n t e g r a b l e  

s i n g u l a r i t i e s .  We wr i t e  t he  i n t e g r a l  1^ a s a sum o f  i n ­

t e g r a l s  over  two i n t e r v a l s  as  f o l l o w s :

where e = | y | “ ^ a wi th a>2.  Thus as y -*-<» , e-*-0,

I eyl-*-°° , l e " 2y“2 l < l y _1 l ,  and l e “ 1y“2 l < Iy” 1 I - Since

s i n 2 6 ( q ) / 2 q  i s  con t i nuous  we can then w r i t e  as

III-, = s i n 2 6 ( e ) / ( 2 e ) l e^.0 S i (2ey)

where S i (x )  = / f s i n  p /p )dp  i s  t he  s i n e  i n t e g r a l .  To so lv e

fo r  I,.,- we i n t e g r a t e  by p a r t s  and expand t he  s i ne  i n t e g r a l  

t o  o b t a i n

ij = j  dq s i n 2 5 ( q ) / 2 q  s i n2 qy /q  

( C . 6 )

= a*i6 c a /a fe ) |^ o 0 c*}'1) | ( C .7 )
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( C . 8 )

where L and J a r e  de f i n e d  below.  The f i r s t  terra o f  Eq. C. 8  

has t h e  a sympto t ic  form > o ( y “ 2 )+° ( e “ 1y‘’2 ) +0 (e ""1y”2 ) which 

from our cho i ce  o f  a goes as  0(<y“ ^ ) .  The i n t e g r a l  L i s

so t h a t

< c ' 1 0 >

from the  t r i a n g l e  i n e q u a l i t y  o r  s i n c e  e - ^ q - l .  The i n ­

tegr and  of  i n e q u a l i t y  Eq. C.10 h a s ,  a t  wor s t ,  i n t e g r a b l e  

s i n g u l a r i t i e s  so t h a t  |L |  ~ o ( e” V ”2 )=0(<y“ ^) as Y **—00 •

The l a s t  term o f  Eq. C. 8  i s

so t h a t

(C.11)

-  0 ( e - 1y - 2 > -  0 ( y - 2 )  = 0 ( < y - 1 ) .  (C.12)
y+.eo
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Thus

*4 = -  ir/2 s i n 2 6 ( e ) / ( 2 e ) l e^ 0 -  s i n 2 5 ( 1 ) / 2  cos2y/2y (C.13)

and s i n c e  [ s i n 2 5 ( e ) / 2 e ] e_H) = K(0) we have ,  on combining 

( C.3 ) ,  (C.5)  and (C .13 ) ,  t h a t

I = _1 -  t ty /2 -  i rK(0)/2 + 0 ( < y - 1) .  (C.14)
fc*-

<■.
Fu r t he r  s u b s t i t u t i o n  o f  Eq. C.14 i n t o  Eq. C.1 y i e l d s ,  a s  

y goes t o  -

Ve s ( y ) / k F “ 0 + 0 (<y"1) ,  ( C. 15)

thus  dem ons t r a t i n g  t h a t  t h e  e l e c t r o s t a t i c  p o t e n t i a l  g e n e r a t ­

ed by t h e  FLP model conforms t o  t h e  VBT r eq u i r emen t  t h a t  i t  

t en d s  t o  i t s  a symptot i c  va lue  i n s i d e  t he  medium f a s t e r  than 

y l .  We n o t e ,  however ,  t h a t  a l t ho ug h  t h i s  p r o p e r t y  o f  t he  

e l e c t r o s t a t i c  p o t e n t i a l  has been'  de r i ve d  for  t he  FLP model ,  

i t  a l s o  ho lds  t r u e  fo r  t he  s t e p  and l i n e a r  p o t e n t i a l  models 

s i n c e  on ly  t h e  phase s h i f t s  a r e  d i f f e r e n t  and f a c t o r s  i n ­

vo lving  them e i t h e r  van ish  or  a re  c a n c e l l e d  o u t .
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APPEfJDlj^ §

For t he  mdddi d f f d e t i v d  p d t d r i t i a l  o f  Eq .• 3- i t h e  t h r d d  

c o n s t r a i n t s  o f  t h e  BVT, s e l f - c o n s i s t e n c y  o f  A<J> and cha rge  

n e u t r a l i t y  can be s a t i s f i e d  e x a c t l y  f o r  a i l  r g ^ . - j . .  f d r  i  

g i ven  d e n s i t y  in  t he  p r e s e n t  c a l c u l a t i o n s , t he  j e l l i u m  edge 

p o s i t i o n  y-  i s  de te rmined  by t hd  cha rge  r i d u t r a i i t y  co n d i ­

t ion , '  t h e  b a r r i e r  h e i g h t  paramdtdr  y'g gy ghd s d l f ^  

c o n s i s t e n c y  o f  A$ and t he  f i e l d  s t rd r ig th  or  si-dpd paramdtdr

Yp by t hd  c o n s t r a i n t  s e t  on thd d i d d t r d s t a t i c  p d t d n t i a l  Sjf 

t h e  BVT: Thd v a l u e s  o f  t h e  b a r r i d r  h d ig h t  and s i dpd pdfaffld=

t e r s  t hu s  de te rmined  ard,- however ,  un ique  in t h a t  p r e c i s e l y  

t h e  same va iu bs  are' ob t a i ned  when t he  b a r r i e r  h d i g h t  i s  ad-'  

j u s t e d  to  s a t i s f y  t h e  BVT and thd f i d i d  s t r e n g t h  va r i d d  t i l l  

t h e  d i p o l e  b a r r i d r  i s  s b l f - e b h s i s t d h t . -  In Fig.- 10 wd p id t  

t h e  v a r i a t i o n  o f  t hd  u n i v e r s a l  f u n c t i o n  A<J> /tip v e r s u s  t hd  

s i opd parameter  y'p ( f o r  s d i - f - c d h s i s t d n t i y  ob t a in ed  b a r r i d r  

h e i g h t  parameter '  yg) wi th  thd va iud  o f  r«j f o r  a s p e c i f i c  y’p 

de te rmined  v i a  t he  BVT. This  graph d i f f e r s  from thd  u n i v e r ­

s a l  cu rve s  o f  F ig .  3 i n  t h a t  now a s p e c i f i c  c d h s t r a i n t , -  v i z  

t hd  BVT, i s  be ing app l i ed  to  r e l a t e  t he  s l ope  paramdtdr  to 

t he  d e n s i t y .  The n o r i - l i n ea r  r e l a t i o n s h i p  between and yp 

t h r ough  t h e  siim r u l e ,  and t he  co r r e s p on d in g  v a r i a t i o n  o f  thd  

s e l f - c o n s i s t e n t  y'g v e r s u s  yp a r e  p l o t t e d  in  F ig :  11.- Thua,- 

f o r  a g iven  d e n s i t y ,  i t  i s  p o s s i b l e  t o  de t e rm in e  from fhdad 

g r aphs  t h e  v a lu e  o f  t h e  s lope  paramdtdr  y'p which s a t i s f i d a  

t h d  BVT,- t hd  s d i f - c d h s i s t d h t i y  ddtdrmihdd b a r r i d r  hdight
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parameter  f and t he  co r r e spond ing  va lue  o f  t h e  s u r f a c e  d i ­

po l e  b a r r i e r  f o r  t h i s  cho i ce  o f  yp.

For s >i| . 3  no ch o i c e  o f  pa r am e te r s  can s a t i s f y  a l l  

t h r e e  c o n s t r a i n t s  s i m u l t a n e o u s l y .  However, i t  i s  p o s s i b l e  

to  s a t i s f y  t h e  two r eq u i r e m e n t s  o f  s e l f - c o n s i s t e n c y  o f  t he  

b a r r i e r  h e i g h t  and charge  n e u t r a l i t y  e x a c t l y  f o r  a l l  lower  

d e n s i t i e s  s i n c e  a t  ^ - 4 , 3  ^he model e f f e c t i v e  p o t e n t i a l  em­

ployed changes  c o n t i n u o u s l y  t o  t he  s t e p  p o t e n t i a l  model .

The s e l f - c o n s i s t e n c y  p rocedu re  fo r  t h i s  p o t e n t i a l  i s  p a r t i c ­

u l a r l y  s t r a i g h t f o r w a r d  s i n c e  a n a l y t i c  e x p r e s s i o n s  f o r  both 

t h e  s u r f a c e  d i p o l e  b a r r i e r  and j e l l i u m  edge p o s i t i o n  as 

f u n c t i o n s  o f  t h e  b a r r i e r  h e i g h t  pa rameter  3 = k p / ( 2 V ) ^ ^  have 

been d e r i v e d  ( 3 4 ) .  As t h e  d e n s i t y  i s  d e c r e a s e d ,  t h e  s e l f -  

c o n s i s t e n t l y  ob t a in ed  b a r r i e r  h e i g h t  i n c r e a s e s  t i l l  in  t he  

l i m i t  o f  va n i s h in g  d e n s i t y  t he  p o t e n t i a l  r educes  t o  t he  i n ­

f i n i t e  b a r r i e r  model .  In F ig .  12 we p l o t  t h e  v a r i a t i o n  o f  

t h e  u n i v e r s a l  f u n c t i o n  A<j)/kp f o r  t he  s t e p  model v e r s u s  t he  

b a r r i e r  h e i g h t  pa rameter  3 . The co r r e spond ing  n o n - l i n e a r  

r e l a t i o n s h i p  between t he  d e n s i t y  and s e l f - c o n s i s t e n t  b a r r i e r  

h e i g h t  i s  a l s o  g iven  in t he  same g r aph .  I t  i s  e v i d e n t  from 

t h i s  f i g u r e  t h a t  one may s u b s t i t u t e  i n f i n i t e  b a r r i e r  model 

r e s u l t s  f o r  ve ry  low d e n s i t i e s  wi thou t  g i v in g  r i s e  t o  any 

s i g n i f i c a n t  e r r o r .
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APPENDIX E

As i n d i c a t e d  in  Chap. V, t h e  s i n g l e - p a r t i c l e  wave func­

t i o n  c o n s t i t u t i n g  t he  t r i a l  wave f u nc t i on  qj  a r e  o f  t he  

form

* $ ( r i )  = k ( xi^ e x p [ i ( k yy j+kzZ i ) ] ,  (E .1)

where t h e ^ ^ C x ^ )  a re  chosen to  be t ho se  g e ne ra t ed  by t he  LP 

model .  Thus

’M xi>=
( 2 / L ) 1 / 2  s i n [ k x i + 6 (k) ] f o r  x ^ O

, (E ’ 2) (2 /L)  s i n 6 A i ( 5 i ) / A i ( - C 0) fo r  XjM)

where 5 i=Xikpyp1 S0 , C0 = y | / ^k 2 / k F » yF i s  t h e  s l o Pe param­
e t e r  and 6 (k) t h e  phase s h i f t  as de f i ned  i s  Chap. IV.

Def in ing  g ^ ( x ^ ) = d f ( x ^ ) / d x ^ , t he  d i f f e r e n t i a l  equ a t i on  

5 . 2 1  f o r  t he  components o f  t h e  a u x i l i a r y  f u n c t i o n  r educes  to 

a f i r s t  o r d e r  d i f f e r e n t i a l  equa t i on

dg l  2g1(x1> d*k _

^  W 1 5 !  1

We l a b e l  t h e  r e g i o n s  core spond ing  t o  Xjj>0 and Xj_<b as I  and 

I I  r e s p e c t i v e l y .  Since  Eq. 5.21 i s  a second o r d e r  d i f f e r e n ­

t i a l  equa t i on  and as  t h e r e  a r e  two r e g i o n s  o f  space  t o  be 

c o n s i d e r e d ,  we apply  t h e  folowing boundary c o n d i t i o n s  fo r
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i t s  s o l u t i o n  :

(a)  t he  f u n c t i o n s  g j ( * i )  and g f I ( x i )  be co n t i nuo us  

a t  xi = o

(b) t he  f u n c t i o n s  f f C ^ )  and f i I ( x j.) be co n t i nuo us  

a t  x i=o

(c) t he  a u x i l i a r y  f u n c t i o n  and t hu s  each component o f  i t  

v an i sh  f a r  o u t s i d e  t he  s u r f a c e  so t h a t  t h e s e  i s  no 

c o n t r i b u t i o n  to t he  c o r r e c t i o n  term from t h e r e  i . e .

l im f f ^ i ^ k C x i )  = 0

(d) t h a t  o s c i l l a t e  and van i sh  about  zero as

goes t o  -  09.

This  l a s t  c o n d i t i o n  en su r e s  t h a t  t he  c o n t r i b u t i o n  o f

^ i ( x i ) ^ k ^ xi )  t0  t h e  c o r r e c t i o n  term P-j(x) i s  mere ly  a con­

s t a n t ,  t hu s  p e r m i t t i n g  t he  e l i m i n a t i o n  o f  t he  term in  

Eq. 5 .15 s i n c e  t he  l a t t e r  v a n i s h e s  as  x“  ̂ as  x goes  t o  -  » .

Consider  f i r s t  r eg io n  I .  S u b s t i t u t i n g  ^ k ^ i )  from Eq.

E.1 i n t o  Eq. E.3 we have

i + s c - S i - t )  <e.u>

The i n t e g r a l  f a c t o r  ( IF)  o f  t h e  above d i f f e r e n t i a l  equa t i on  

i s

f t /  *
T £  -  P  ^  (E 5)

'  e  '  A U - w  ( e , 5 >
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Mu l t i p ly in g  both s i d e  o f  Eq. E.H by t h e  IF and i n t e g r a t i n g  

we o b t a i n

= \  5 ( i i - 4 )  + C-t
f t c-w J j# fiU-w 1

= _ ^ 7 - )  6 W i ' ' !) +  (E - 6)flA

so t h a t

The f u n c t i o n  may be de te rmined  by s u b s t i t u t i n g

i n to  t h e  ex p re s s io n

'  \  + d i .  ' (E .8)

and no t i ng  t h a t

a r  w n  ~\ „ ^ _ J __  ■ , p o .

where W{Ai,Bi} i s  t he  Wronskian o f  t h e  Airy f u n c t i o n s  Ai and 

B i . Thus

£ ( * >  = 1 £ « > [ - & f f B  e a ' i} (E - ,0>
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For t he  s o l u t i o n  o f  Eq. E.3 in  r e g i o n - l l  we make a change o f  

v a r i a b l e s  t o  y^zkpxi  and k=kpq.  Thus Eq. E.3 may be w r i t t e n

as

*  *
i r + a ^ W t m t +5)  5 c v W  ( E . i i >

A'J

and i t s  s o l u t i o n  i s

t y  = -  e  ( ^ - ^ i  + 1 J i l l — > (e . 1 2 )
A>* t - V ^ W  % Iw’ Ofot+S)

I n t e g r a t i n g  Eq. E.12 we o b t a i n

W i) =  |  w . t < r t i + 8 )  -  e i 1

■  + t f .

where Cj j  i s  t h e  c o n s t a n t  o f  i n t r g r a t i o n .  We nex t  apply  t he  

boundary c o n d i t i o n s  (BC) in o rd e r  t o  de t e rmine  t he  v a r i o u s  

c o n s t a n t s  in t he  above e x p r e s s i o n s .  On a p p l i c a t i o n  o f  BC

(c )  we have

( E . U )
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where t h e  c o n t i n u i t y  o f  t h e  g t  f u n c t i o n s  l e a d s  t o

( .  =  — 1 e u i  -  i i i i i .  © c - s + i . )

Next t h e  a p p l i c a t i o n  o f  BC (d)  y i e l d s

(

and f i n a l l y ,  t h e  r equ i r eme n t  o f  t h e  c o n t i n u i t y  o f  t h e  f  

f u n c t i o n s  g i v e s  r i s e  to

t * £ i v i + 6 ) l  e  (
V f J  »

-  ^  Ira'If)

+  e :

E.15)

.16)

i

E. 17)

S u b s t i t u t i o n  o f  Eqs.  E.14-E.17  i n t o  Eqs.  E.10 and E.13 

y i e l d s  Eq. 5 .23 .
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APPENDIX F

In t he  d e t e r m i n a t i o n  o f  t he  s u r f a c e  exchange energy 

w i th in  t he  LP approximat ion  we fo l l ow  the  method o f  H a r r i s  

and Jones  (66 ) ,  and Mahan (11 3 ) .  However,  in  our c a l c u l a ­

t i o n s  we c o n s i d e r  a s e m i - i n f i n i t e  l a t t i c e  and not  a f i n i t e  

box as have t h e s e  o t h e r  a u t h o r s .  The n o r m a l i z a t i o n  con­

s t a n t s  a r e  t hus  t h e  same as  in Chap. IV. Another conse ­

quence o f  c o n s i d e r i n g  a s e m i - i n f i n i t e  l a t t i c e  i s  t h a t  we no 

l onge r  r e q u i r e  t o  make an Eu l e r -Mac l au r in  expans ion in  our 

c a l c u l a t i o n s  in o r d e r  to o b t a i n  t h e  v a r i o u s  s u r f a c e  c o n t r i ­

b u t i o n s  t o  t he  energy .

The exchange energy i s  de f i n ed  as

where p ( r  , r ' )=2 £ ^ ( r J ^ C r ' ) i s  t h e  s i n g l e - p a r t i c l e  d e n s i t y  
lc

m a t r i x .  The g e n e r a l  form o f  t h e  s i n g l e - p a r t i c l e  wave func­

t i o n  w i th in  t he  j e l l i u m  approximat ion  i s

v e c t o r s  in a p l ane  p a r a l l e l  to  t h e  s u r f a c e ,  and k and x t he  

co r re spond ing  q u a n t i t i e s  p e r p e n d i c u l a r  to  t he  s u r f a c e .  With

(F .1 )

^&(r)  = V'jjCx) e x p [ i ( k f|-x„ ] , (F .2 )

where and x(| a re  t he  e l e c t r o n i c  momentum and p o s i t i o n
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a change o f  v a r i a b l e s  to  "£=$ - i t , ' , R=x(| -xu* , and X = x - x ' ,  sub­

s t i t u t i o n  o f  Eq. F .2  i n t o  F.1 l e a d s  t o

i w Y ' V '  5 I ^
(F .3 )

We f i r s t  c o n s i d e r  t he  i n t e g r a l

*p-R 08 +1f XflfJO8A0
  (F.M)

J \ [ F F  o ^  J F F

~ 2-1T *KPR>
S * w

„  i x W

where Jq i s t h e  z e ro th  o r d e r  Besse l  f u n c t i o n  o f  t h e  f i r s t  

k ind .  With a change o f  v a r i a b l e  t o  s= [1+(R2/X^) ] 1 ^  we have

cfi

1  =  l i r  X \ d s  X  C p ^ i l s * - ! )  =  i f  X ^  ( f . 5 )

1 r p j T

_  M - f 2*
~  P

where (n /2z)  ^ 2 ex p ( - z )  i s  t h e  h a l f  i n t e g e r  modi f i ed

Besse l  f u n c t i o n  o f  t h e  second k in d .  The i n t e g r a l  o f  Eq. F .5  

i s  g iven  in  Gradshteyn and R y z h ik ' ( 11 5 ) .  Thus,  wi th  t he  de ­

f i n i t i o n  P2=C(ky_ky)2+(k2- k 2 ) 2 ]» and kx=k, kx=k'  we have

■ v  I  e t y  i  j  e t 6 f -  W ' * l R W >

( F .6 )
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where

+ 0o 4.00
*  % I'M

\  r  ' v

1 r  e ' P IXI » *
G r W ' ^ - p ^ j t W  e  (F -7)

ĈX? -00

Now i t  can be shown t h a t  (66 ,113)

pi- i f f

1 1  e i v 6 ? >  BC6t ' 6g*--&f7  l . * B F H ( F . f * ' )  <*••>

where

(F .9 )

I t  ( /it1-  -fc1 ) -fc* fcwl t  5-0

h c e W ) * /  + 4 - ^ ) 1  V 11

Thus Eq. F .6  can be expre ssed  as

l i p

X kk
Ex = -A/ (2 tt)2 22 J PH (P , k , k ’ ) G (P , k ,k '  )dP.  (F .10 )

0

For t he  d e t e r m i n a t i o n  o f  G ( P , k , k ' )  o f  Eq. F .7  we employ t h e
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s i n g l e - p a r t i c l e  wave f u n c t i o n s  ge ne ra t ed  by t he  l i n e a r  po­

t e n t i a l  model (Eq.  6 . 5 ) .  Def in ing

g ( P , k , k ' ) = G(P, k, k 1) /B1* , (F.  11)

where B i s  t he  n o r m a l i z a t i o n  c o n s t a n t ,  we r e w r i t e  Eq. F.10

as

Ex = -A/ (2 t t ) 2 5B2SB2 [ PH CP .k jk ' j gC P jk jk ' j dP .  (F .12)
x k k Jo

Since

S = L/tt( dk,  (F.  13)
k Jo

we h a v e

, &
SB2 = 2 / tt\  d k ,  (F .14 )
k J

so t h a t  we now have

i j if A f  i f -
Ex = - a / t t 4 j  dP j  dk j  d k ' P H C P . k ^ ^ g C P . k . k ' ) .  (F .15)

0 O 0

In o r d e r  to  de te rmine  g ( P , k , k ' )  we s p l i t  t h i s  i n t e g r a l  i n t o  

t h r e e  p a r t s  co r r e spond ing  t o  t he  c o n t r i b u t i o n s  fo r  xM) ( r e ­

gion 1) ,  x<0 ( r e g i o n 2 ) ,  and t h e  c r o s s  t e r m s ,  t hus
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g C P . k . k ' j s g ^ C P i k . k ' j + g ^ J c P . k . k ^ + g P ^ P . k . k ' ) ,  (F .16)

where t h e  s u p e r s c r i p t s  ( 1 ) ,  ( 2 ) ,  and (3)  cor respond t o  con­

t r i b u t i o n s  from the  d i f f e r e n t  r e g i o n s  and t he  c ro s s  term 

r e s p e c t i v e l y .  For t he  c a l c u l a t i o n  o f  r eg ion  1 we have

( F . 17)
0) *  * ' f l xl t  *

0 0

For t he  LP model wave f u n c t i o n s  t h e  i n d e f i n i t e  i n t e g r a l s  in  

g ^ D  cannot  be done a n a l y t i c a l l y  s i n c e  t hey  i n v o l v e  p roduc t s  

o f  Airy f u n c t i o n s  o f  d i f f e r e n t  arguments and hence must  be 

performed n u m er i c a l l y .  Thus t he  c o n t r i b u t i o n  to Ex from r e -  

gion 1 r e q u i r e s  a f i v e  fo ld  numer i ca l  computa t i on .  However, 

g d )  can be ob t a ined  e n t i r e l y  a n a l y t i c a l l y  f o r  t he  wave 

f u n c t i o n s  o f  t h e  s t e p  p o t e n t i a l  model .  Next we have

\  \  '

In per forming t he  t h e  above i n t e g r a l s  we r e p l a c e  t h e  lower  

l i m i t  by -L and then t ake  t h e  l i m i t  as  L goes  to  » a t  a 

l a t e r  s t a g e  o f  t he  c a l c u l a t i o n .  Thus we o b t a i n
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(F .19)

f t  ( P M )  =  { ^ [ a^ + ^ M ) ]

- ^ ■ [ j ^ l S  +  ^ U iZ C -f lL 'S ) ]  -  ^ U ^ L -  S ' ) ]  |  +

+ W r f )  I t  ^ l%' + ^ 1 Ĉ L' ^  ~ \  ^ * * ^  +

t  jwiZ(^U-S)]--^r^>^a5/+>w 2-(Vl-S')] |  +

+ _ L  r  $ ,A *S , jj-A w S ti1,  f r  c^S- __ cmS^-i *

* P  L E M *  ~  El + #  j  *  L f + t f  ”  P4+ W  J

where k -k±  k ’ » S ^ r f i t s ' i  5=6 (k ) ,  and 6 ' = 6 ( k ' ) .  This  e x p re s -
T  +

s ion  i s  o f  cou rse  t h e  same f o r  t he  s t e p ,  l i n e a r ,  and f i n i t e  

l i n e a r  p o t e n t i a l  models s i n c e  in r eg ion  2 t h e  wave f u n c t i o n s  

a r e  in a l l  c a s e s  s imply o s c i l l a t o r y  f u n c t i o n s .  Only t h e  ex­

p l i c i t  v a l u e s  f o r  t he  phase s h i f t  a re  d i f f e r e n t .  F i n a l l y  we 

have

“f  ( p m >  -  4 M  **■ «**  % w  v °  • \  * *  ^  ■ ( F - 2 0 >
i  0 *0®

The c o n t r i b u t i o n  from r eg ion  2 t o  t h e  above i n t e g r a l  i s  

e a s i l y  ob t a ined  and i s  t h e  same fo r  a l l  t he  model po t en ­

t i a l s .  Thus
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For t he  LP model wave f u n c t i o n s ,  t h e  c o n t r i b u t i o n  from r e ­

gion 1 t o  Eq. F.20 cannot  be done a n a l y t i c a l l y .  The i n ­

t e g r a l  can be performed fo r  t he  s t e p  model .  Thus t he  con­

t r i b u t i o n  o f  g ^ 2 )  t o  Ex f or  t he  former s e t  o f  wave func­

t i o n s  r educe s  to  a four  f old  i n t e g r a l .  Corresponding to  r e ­

g ions  1, and 2,  and t he  c ro s s  term c o n t r i b u t i o n s ,  we t hen  

w r i t e

Ex = e£ 1) + E<2 > + E(12>,  (F .22 )

where

• 0

Eq. F.23 cannot  be s i m p l i f i e d  any f u r t h e r .  However,

^  ( » >  a. f a  M

K  *  P c p a p  ( F - 2,°^  0 0 0
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can be f u r t h e r  s i m p l i f i e d .  S u b s t i t u t i n g  Eq. F .19 i n t o  Eq.

F .24 we have

e£2 > = K + J + I ,  (F .25)

where

. i f i t  ri f  1 I \
k » - & { » { * [ *  CF- 26)

4ff4-

£a^ r

(F .27)

1  -  - 4 ? $ S / »  f  * « • « ' >  f e t - ^

f j f  -1 P*+ L

_  >ii2.(^L-5) AM^C-frt-S') *| 1 (F .28)

2 1  “  I
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The ex p re s s io n  fo r  t he  i n t e g r a l s  K and J c annot  be s i m p l i ­

f i e d  any f u r t h e r  and t hu s  t h r e e  fo ld  i n t e g r a l s  have t o  be 

performed to de te rmine  t h e i r  c o n t r i b u t i o n  to  Ex . However, 

t h e  l a s t  i n t e g r a l  I  can be s i m p l i f i e d  in t he  l i m i t  as  L goes 

t o  “  . We c o n s i d e r  here  only a t y p i c a l  term o f  I such as

For k /0 ,  and L very  l a r g e ,  k , L>>61, and s i n 2 ( k , L - 6 , > i s  a 

ve ry  r a p i d l y  o s c i l l a t i n g  f u n c t i o n s .  Thus t he  i n t e g r a l  van-

( F . 2 9 )

i s h e s  f o r  a l l  k V o  and t he  only c o n t r i b u t i o n  occu r s  when k

g o e s . t o  0.  Thus we may w r i t e

Note t h a t  in t he  above e xp re s s io n  we have dropped t h e  6

t erm.  This  i s  r e a s o n a b l e  s i n c e  l im 6(k)=0 .  Thus
•&-»<> '

CF. 31)

which wi th a change o f  v a r i a b l e  t o  2kL=x i s

%

^  ( . 1 - t O - t ( f ' 3 2 >• u L*
•*•>«> tL-*o
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There fo r e

T n U  IT

6 L * -  % < F ‘ 3 3 )

Performing t h e  i n t e g r a l s  f o r  t he  remaining terms in  a s im i -  

l i a r  manner and employing t h e  c o n d i t i o n s  H (P ,k , - k )= H ( P ,k fk) 

and H(Pfk p fkp)=0 we have

With t he  j e l l i u m  edge de f i ne d  a t  ’ a 1 , t h e  volume o f  t h e  

c r y s t a l  i s

(2 = (L+a) A = AL + Aa. (F.35)

Now i t  can be shown t h a t  t h e  t o t a l  exchange energy per  u n i t

volume fo r  t he  uniform e l e c t r o n  gas  system i s  (66)
\

V ' W *  ( F - 3 6 >

where p* i s  t h e  number o f  e l e c t r o n s  per  u n i t  volume.  The 

above i n t e g r a l  i s  t he  same as  t h a t  which appea rs  in  Eq. F.26 

fo r  K. Thus Eq. F.26 f o r  K i s

K = nEx ,b  " AaEx ,b (F.37)
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and

Ex 2 > = f l E x , b  “  AaEx , b  + J + I -  (F .38 )

The r e fo r e  t h e  t o t a l  ( bu lk  + su r f a c e )  exchange energy (Eq.

F .22)  i s

Ex = SlEx>b -  AaEx , b + J + I  + E<1> * E<12>

* 0 E x,b  + *EXi S . ( F . 3 9 )

The su r f a c e  c o n t r i b u t i o n  to  t he  exchange energy per  u n i t  

a r e a  o f  t he  s u r f a c e  i s  then

| \  ( ) m l L  jMzS
I f 4+ W* H  2 f  ) 2k. ~ I t  ' “ i f ”)

. _Lf \z  p (A^l: I
£  E*+* f ) '  V + * f  e 3+ # ;  J

rzV  r^f



161

, i fc A f A f  j

S u b s t i t u t i n g  t he  LP wave f u n c t i o n s  o f  Eq. 6 . 5  i n t o  t h e  above 

equ a t i on  and f a c t o r i n g  out  t h e  kf  dependence by changing t he  

v a r i a b l e s  to  y=xkp^ q=kkp, and q ' ^ ' ^ p  we o b t a i n  t he  u n i v e r ­

s a l  f u n c t i o n  Eq. 6 .8  o f  Chap. VI.
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