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Abstract

STUDY OF THE INHOMOGENEOUS ELECTRON GAS AT SURFACES

Cheng—Quinn Ma
Adviser: Professor Viraht Sahni

The system of an interacting neutrally charged electron
gas at a jellium surface is studied for a wide range of den-
sities including those for the metallic range. Both the
fully correlated as well as the inhomogeneous Hartree-Fock
gas interacting only via Pauli correlation are examined. In
addition, certain aspects of the density functional formal-
ism are investigated for density profiles such as those ex-
isting at surfaces, and the applicability of a new varia-
tional formalism for the density to the inhomogeneous many-
body problem at surfaces demonstrated. The various proper-
ties determined are the electronic density variation at sur-
faces, surface dipole barriers, work functions, electrostat-
ic potentials, and surface energies.

One of the techniques employed to study the inhomogene-
ous electron gas is the use of model potentials to represent
the effective potential seen by electrons at a surface in
conjunction with the application of certain theoretical and
physical constraints. The use of such model potentials per-
mit the calculations to be primarily analytiec, and the ap-
plication of meaningful constraints lead to accurate
results. These model potentials also permit the easy incor-
‘poration of non-local effects. Typical contraints applied
are the condition of charge neutrality, the requirement of
the self-consistency of the surface dipole barrier, the sa-
tisfaction of the constraint set on the electrostatic poten-
tial by the Budd-Vannimenus theorem, and the energy minimum
criterion set by the Rayleigh-Ritz variational principle.

The fully correlated system is investigated within the
finite linear potential approximation for which the poten-
tial varies linearly over a finite region and is a constant
beyond some point. -Results for the work function are
derived for metallic and higher densities within this model
effective potential by application of appropriate con-
straints. Metallic and lower density surface energies are
determined both by the component Kohn-Sham method within the
local density approximation for exchange-correlation, and by
application of the Vannimenus-Budd theorem in conjunction
with the physical ecriterion of the vanishing of the surface .
energy in the low density limit.

The surface properties of the inhomogeneous Hartree-
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Fock gas are studied within the linear potential approxima-
tion, for which the effective potential is linear in the po-
sitive half space and constant elsewhere, and the non-local
surface exchange energy determined exactly. The requisite
convergence of the local density approximation value of this
property to the exact value as the density is made slowly
varying is demonstrated. The surface dipole barriers and
work functions are determined by use of the Budd-Vannimenus
Theorem constraint for this system. Rigorous upper bounds
to the surface energy are obtained by variational minimiza-
tion of the exactly known Kohn-Sham total surface energy
functional with each component of this functional being
determined exactly. Finally, the variation of these surface
properties of the inhomogeneous Hartree-Fock gas as correla-
tion is gradually introduced are also examined.

The density-gradient expansion for the kinetic energy
within the density functional theory is studied by applica-
tion of the expansion to an inhomogeneous system of nonin-
teracting fermions. The requisite convergence of this ex-
pansion as the density is made slowly varying is demonstrat-
ed for density profiles generated by the linear potential
approximation of a surface. It is shown that the original
von Weisacker coefficient of the first density-gradient
correction is inappropriate for both rapidly and slowly
varying densities. The quantum mechanically determined
coefficient, which is the von Weisacker coefficient reduced
by a factor of nine,is shown to be appropriate for all den-
sity profiles provided that the the second density-gradinet
correction is included for the rapidly varying case. The ap-
plicability of the expansion to the metal surface problem is
dicussed, and the inclusion of the second density-gradient
correction with its nonlinear response contributions shown
to be of major significance in such calculations.

The applicability of recently developed variational
principles for the determination of single-particle expecta-
‘tion values and density matrices correct to second order is
demonstrated by application of the formalism to the operator

S (1 -r) to determine the charge density variation at me-
talilc surfaces. A single-particle Hamiltonian in the sense
of Kohn-Sham is assumed, and the trial wave functions em-
ployed are those generated by the linear potential model.
The auxiliary function within this formalism is determined
analytically and leads to semi-analytical expressions for
the density and all other surface related properties. The
stationary property of the variational formalism is first
demonstrated with respect to the specific property of the
surface dipole barrier, and work functions and surface ener-
gies determined by use of these accurately calculated densi-
ties. The extension of this formalism to determine crystal
face dependent densities by incorporating into the Hamil-
tonian local ionic pseudopotentials representing the crystal
lattice is also indicated. - :
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I. INTRODUCTION

It has long been recognized that an understanding of

the electron charge distribution near metal surfaces is cru-

cial for the determination of many surface sensitive proper-

ties and for an understanding of experiments related to
these properties. Thé tailing-off of the electron density
near the solid surface is responsible for the existence of
an electrostatic dipole layer which conkributes to the work
function (1,2), the different electron density on different
single crystal faces of the same material being responsible
for the crystal face dependence of the work function (3).
Similarly, the surface energy of a crystal, i.e., the energy
required per unit area of new crystal formed to split the
crystal in two along a plane (4) evidently depends on the
energy density of the electron gas near the resulting sur-
face (5). Many experiments including those using low energy
electron diffraction (LEED) have been performed to investi-
gate the structure of solid surfaces (6), and theoretical
calculations have been performed to enable interpretation of
the data (7). The most recent theoretical modelé assume
that the incoming electrons have a mean free path of only a
few lattice constants. Thus even for a clean metallic sur-
face, the variation of the electron density near the surface
and the consequent change in the screening of these surface

atoms is an important complication which will affect the



LEED intensity distribution (8) and must be understood if
quantitative conclusions are to be inferred from LEED exper-
iment. Electrons not only piay a crucial role in the bind-
ing of the atoms in a lattice but also in the binding of
foreign materials to the surface layer of atoms, e.g., the
formation of adsorbed or chemisorbed layers. Atomic and
molecular properties are altered when in the presence of a
nearby surface due to the existence of the surface charge
distribution and this accounts for the well known catalytic
effect of surfaces. Any realistic calculation of surface
states on metals must recognize and take into account the
fact that the conduction band electron charge density, and
henqe, the potential, varies near the surface instead of
simply assuming that the periodic crystal potential remains
unchanged right up to the bounding surface (9,10). Finally
a knowledge of the electron distribution near solid surfaces
aids in our understanding of tunneling, field emission and
field ionization, and size effect in galvanomagnetic proper-
ties of solids among many other phenomena. It is also an
important‘input for the determination of both surface
plasmon and surface phonon dispersion relations. .

Until recently the development of a quantitative theofy
of metal surfaces lagged far behind theoretical treatments
of bulk properties of solids. This was due primarily to the
fact that the electron charge density near metal surfaces is
highly inhomogeneous as compared to that in the bulk and

thus the extension of the usual bulk theories to solid sur-



faces is not entirely straightforward or completely under-
stood. As early as 1936, Bardeen (2) discussed how the work
function could be obtained from the self-consistent solu-
tions of the Hartree-Fock (HF) equation. However, due to
the lack of computing facilities at that time, he was unable
to carry out the calculation completely self-consistently
and was forced to make a choice of exchange potentials at
the outset which were held fixed throughout the calculation.
For a real three dimensional crystal, a Hartree-Fock calcu-
lation is still a formidable computational problem, partly
because of the long rang of the Coulomb potential and partly,
due to the lack of simple spherical symmetry as found in
atoms.

Several years ago, significant progress in formulating
methods for the treatment of the ground state of an in-
teracting electron gas in an external potential was made by
Hohenberg and Kohn (11), and Kohn and Sham (12). Based on
the variational principle for the energy, they showed that
the ground state could be exactly written in terms of an in-
tegral of the product of the external potential and the
electron density plus a term which is a universal functional
of the true density. The exact form of this functional,
which includes both exchange and correlation effects, is not
known at present but results in the limit of high density
and in the limit of slowly varying density have been ob-
tained (11) and methods for solving the resultant equations

discussed (12). The variational principle establishing the



minimal properties of this energy functional leads to an
Euler equation for the density. Two approaches for the
solution of this equation hévé been formulated: the density
gradient expansion method and the Kohn-Sham self-consistent
method, the former being similar to extended Thomas-Fermi
and the latter to the Hartree method. A brief review of the
density functional formalism including recent deVelopments
is given in Section A of Chap. II. In Section II.B we
present definitions of various properties of the inhomogene-
ous electron gas at surfaces based on this formalism togeth-
er with various sum rules which are to be employed in this
work.

A fully self-consistent numerical solution of the
Kohn-Sham equations for the one-dimensional jellium model,
in which the positive ions are replaced by a uniform semi-
infinite positive charge density, has been performed by Lang
and Kohn (13,14) for metallic densities within the local
density approximation (LDA) for exchange and correlation.
They then included the effects of the ionic lattice on the
work function and surface energy perturbatively. Although
various computer proprams for the iterative procedure
described by Kohn and Sham exist, the extension of the fully
self-consistent formalism to a three dimensional lattice is
still a formidable task. There do, however, exist non-fully
self-consistent three dimensional calculations of certain
selected faces of a few metals (15-22). These calculations

employ diverse treatments of the ionic pseudopotential, al-



ways employ the LDA for exchange and correlation, and
achieve varying degrees of self-consistency. The principlé
additional approximation beyond the LDA in the majority of
these calculations is a variational restriction on the |
number density arising from the use of a finite wave func-
tion basis. Thus these calculations are not fully self-
consistent in the same sense as the work of Lang and Kohn.
Using parametrized densities, the extended Thomas-Fermi
approach with only the first density gradient correction for
the kinetic energy functional has been employed by Smith
(23) to study the jellium model, and by Paasch and Heitsc-
hold (24) who also considered the effects of the ionic lat-
tice.. A considerable amount of work has thus already been
done on understanding both the jellium model as well as the .
real metal surface. The various formalisms employed in the
above calculations and the conclusions derived are detailed
in several recent review articles (25-31). However, there
are many aspects of both the ideal as well as the realistic
sur face problem which are as yet not well understood or
which in the past have been derived on the basis of approxi-
‘mations which themselves have yet to be fully understood and
proved conclusively to be valid. 1In addition, the most ac-
curate of the existing methods require heavy numerical com-
putations and are difficult to apply to the realistic three
dimensional metal surface problenm. |
One of the primary aims of this work, therefore, is the

development and application of simpler methods for the study



of the inhomogeneous electron gas at surfaces. These
methods overcome, in severa; ways, some of the difficultie§
of previous calculations of'others, and thus also permit a
study not only of metallic surfaces but also of systems with
densities both higher and lower than those existing in me-
tals. Furthermore, these techniques tend in generél to be
primarily analytic and thus obviate the necessity of heavy
numerical computations. They also permit the easy incor-
poration of non-local effects, and are in principle easily
extendable to three dimensions.

One of the approaches that we have examined for the
study of the inhomogeneous electron gas at surfaces includ-
ing mgtallic surfaces is the use of analytic model poten-
tials in conjunction with various constraints to represent
the effective potential at a jellium surface. The principle
advantage of such model potential calculationsvis the elimi-
nation of the requirement of a numerical solution of the
Schrodinger equation for particles moving in a self-
consistently obtained effective potential. Together with
the requirement of charge neutrality (2), typical con-
straints applicable to such calculations are those of the
self-consistency of the surface dipole barrier, the applica-
tion of the sum rule due to Budd and Vannimenus (32), and
that of the Rayleigh-Ritz variational principle for the en-
ergy (33). The choice and number of these constraints to be
satisfied would of course depend upon the complexity of the

model potential employed. The use of the Budd-Vannimenus



theorem (BVT) allows the exact determination of the contri-
bution to ‘the surface dipole barrier from charge inside the
metal. This contribution, particularly for high density me-
tals, caﬁ be as large as 40% of the total dipole moment.
Thus application of this theorem leads to accurate results
for the surface dipole barrier. On the other hand, applica-
tion of the variational principle for the energy, leads not
only to a determination of the energy correct to second ord-
er but also to an upper bound for that specific choice of
energy functional of the density. Such model potentials are
also a means of generating single-particle wave functions
which may then be employed in more complex variational or
perturbational schemes as the unperturbed ground state wave
function. The use of analytic potentials with constraints
has previously been studied (34-37), the most accurate of
these potentials to date being the linear potential model
(36,37). In Chap. III we examine a more sophisticated ver-
sion of the LP model, one which is linear over a finite re-
gion and Eonstant beyond some point with its value being
determined self-consistently, i.e., its value is the sum of
the exchange-correlation potential plus the electrost;tic
dipole barrier ﬁhat it generates. Since the effective po-
tential must asymptotically approach a finite value outside
the surface (26), this model potential is a far more accu-
rate representation of the actual potential than either the
step 6r linear potential mbdels; and this fact is born out

by the results. It is also interesting to note that in com-



parison with experimental values for the work function of
polycrystalline metals, the results of this model potential
calculations are superior to those of Lang and Kohn (14) for
the majority of simple metals considered. Of course, it is
important to recognize that although the Lang-Kohn calcula-
tions are exact, they are so only within the LDA for ex-
change and correlation. Thus our procedure is accurate and
justified. As in the linear potential (LP) case the calcu-~
~ation of all properties within this finite linear potential
(FLP) model are primarily analytic. Since the application
of this model to jellium is easy and proven accurate, it is
possible to extend the calculations for various properties
beyond the metallic density range towards both the high as
well as the low density limits, thus gleaning additional in-
formation with regard to the inhomogeneous electron gas sys-
tem. The results of such a calculation within the FLP model
for the high density behavior of the work function, and
results for the surface energy as obtained by application of
the Vannimenus-Budd theorem (VBT) (38) for which no local
density approximation need be made are also given in Chap.
III. |

In Chap. IV we present a study of the density gradiept
expansion formalism for the kinetic energy (39-43) function-
al as applied to the surface physics problem. There exist a
substantial sum of literature on both paramagnetic and fer-
romagnetic surfaces (44-47,23,24) in which the extended
Thomas-Fermi approach with only the first density gradient



correction has been employed. The accuracy of this approxi-
mation for surfaces has, however, only recently been tested
in published work of ours (48,49). 1In this work (48) (which
comprises the subject matter of Chap. IV) we have demon-
strated the convergence of this gradient expansion by in-
cluding the second density gradient correction term. In ad-
dition we have shown that the original von Weisacker coeffi-
cient (50) of the first density gradient correction is inap-
propriate for both rapidly and slowly varying densities.
However, the coefficient reduced by a factor of nine (a
-result obtained on the basis of quantum mechanical con-
siderations) is appropriate for all density profiles provid-
ed the second density gradient correction is included for
the rapidly varying case. We have also examined the appli-
cability of the expanéion to the metal surface problem and
shown that the inclusion of the second density gradient
correction with its non-linear response contribution is of
major significance is such calculations. These conclusions
have thus enabled a better understanding of the statistical
results of Smith, Paasch and Heitschold, and others.

The determination of quantum mechanical properties
without an accurate knowledge of the wave function of the
interacting system is a problem of considerable interest. A
second approach to the surface physics problem which we have
investigated, and which achieves this end, is the use of
variational principles for obtaining highly accurate

single-particle expectation values (51-55) and density ma-
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trices (56,57) as developed by Sahni and Krieger. Emplbying
only crude approximations to the exact wave function, these
variational principles lead'to results for the density and
all the other single-particle expectation values correct to
second order, as-is the case for the energy on application
of the Rayleigh-Ritz variational principle (33). A general-
ization of these variational principles to the reduced |
single-particle density matrix (56,57) leads to accurate
results not only for the density but also the momentum den-
sity. When applied to atomic systems, these variational |
principles have led to results which in all cases have been
as accurate as numerical Hartree-Fock calculations even
though the technique is entirely analytic. For example, the
single-parameter analytic expression for the coherent atomic
Scattering factor (the Fourier transform of the density)
derived (53,54) for the highly inhomogeneous ground. state of
the helium isoelectronic sequence and valid for all momentum
transfer, leads to results which are within 1.2% of a 120-
parameter configuration-interaction wave function treatment
(58), and are equivalent to those of a 6-parameter analytic
Hartree-Fock calculation (59). The least accurate of the
analytic results for the expectations <r™>, n=2,1,-1,-2 and
<6(r)> for the helium ground state is the expectation <rd>
which is within 0.66% (60) of a 1078-parameter Hylleraas
wave function calculation (61) due to Pekeris. The
corresponding error in the results obtained by Toﬁg and Sham

(62) for the same quantity using the density functional
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method in the LDA is 9%. A similar local density functional
calculation by Shore et al. (63) for the negative ion of
atomic hydrogen, H~, leads to an unbound state and thus to
erroneous values for other expectations, whereas the varia-
tional results for the interior of the ion are in error by
only 3.5%, 1.35%, and 0.6% respectively for <§(r)>, <r‘2>,
and <r-1> in comparison with the results of Pekeris. The
results (57) of the ahalytic expressions derived for the
momentum density of the helium ground state isoelectronic

© sequence together with the expectations of the operators pu,
p2, Ipl and Ipl=1, and the Compton profile in the impulse
approximation (64) are highly accurate and closely approxi-
mate those of analytic Hartree-Fock and many-parameter
correlated wave.function calculations. Other applications
of these variational principles have been to the 233 and 21s
isoelectronic sequences of the helium atom and the results
of various expectations are again observed to closely ap-
proximate the results of a 2300-parameter correlated wave
function calculation (65). We note, however, that in all
the above applications, the trial wave functions employed in
these variational calculations have always been appropriate-
ly antisymmeterized product by hydrogenic functions. The
successful application of these variational principles to
few particle atomic systems thus motivated their application
to the many-body system. However, since the many-electron
system at a surface is considerably more complex, we deemed

it necessary to first demonstrate its applicability to the
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simplest model of a surface viz. that of jellium, by deﬁer-
mining the electron density variation at the surface. |
Furthermore, as this is the.first application of the Sahni-
Krieger formalism to the many-body problem, we assume as in
the work of Kohn and Sham, that the electrons at thg surface
move in some single-particle effective potential. This sim-
plification was made strictly for purposes of analytical
simplicity. The use of the exact non-relativistic Hamil-
tonian is not precluded in this method. 1In Section V.A we
give a description of this Variational principle with ap-
propriate modifications to incorporate the fact that a
semi-infinite lattice is being considered and that a
singlg-particle effective potential is being assumed. The
trial wave functions in these variational calculations were
chosen to be those generatéd by the linear potential model
(36,37). In Section V.B we apply the variational formalism
to the inhomogeneous gas at a surface to determine the elec-
tron density and from it properties such as the surface di-
pole barrier, work function, and surface‘energy. In Section
V.C and V.D we demonstrate both the stationary property'of
the variational formalism and discuss the accuracy of the
results obtained. Since in this work it is the density
rather than the single-particle wave functions which aré
determined accurately, the kinetic energy contribution to
the sdrface energy is obtained via the density gradient ex-
pansion as discussed in Chap. IV. We conclude Chap. V by

indicating how the crystal lattice may be incorporated into
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the variat;onal scheme by employing local ionic pseudopoten-
tials in order to determine accurately the electronié densi-
ty at real metal surfaces.

A simple example of two fundamental properties which
have yet to be derived accurately for the realistic inhomo-~
geneous electron gas at a surface are the exchange and
correlation energy coniributions to the surface energy.
Calculations for these properties employing the infinite
barrier model (IBM) densities have, however, been performed
(66,67), with the surface exchange energy determined exactly
and the surface correlation energy being obtained within the
random phase approximation (RPA). These results, as dis-
cussed in Chap. VI, are physically unrealistic and should be
considered with care. On the other hand, the attempt by
Bardeen (2) at a self-consistent solution of the Hartree-
Fock (HF) equations is fraught with approximations. In
Chap. VI we present a study of the surface properties. of the
inhomogeneous HF gas within the realistic linear potential
approximation. Employing these wave functions we have
determined the non-local surface exchange energy exactly and
demonstrated the convergence of the LDA result for this pro-

perty. We have also derived rigorous upper bounds for the

total surface energy of a HF gas which we believe to be
essentially exact since not only are we employing very accu-
rate wave functions but in addition are doing so in conjunec-
tion with the Rayleigh-Ritz variational principle for the

energy. Accurate results for the work function are also
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derived by application of the Budd-Vannimenus theorem con-
straint. Finally, in the last section of this chapter, we
investigate the effects of introducing correlation on the

surface properties of a HF gas.
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II. DENSITY FUNCTIONAL FORMALISM

A. General Theory and Recent Developments

In the density functional formalism of Hohenberg and
Kohn (HK) (11), and Kohn and Sham (KS) (12), the ground
state Y of a system of electrons moving under the influence
of their mutual Coulomb interaction in a given static exter-
nal potential v(;) is a unique functional of the electron
density p(;). The ground state energy of this interacting
inhomogeneous eiectron gas is then a universal functional of

the density defined as

| > -+ > +') > >y
z;[p] = J;(r)p(r)dr + 1/2 Qifﬁiéfr—drdr
r-r

> >
+ Ek[p(l")] + Eyelr(r)l, (2.1)

where the first term corresponds to the interaction between
the external potential and the electrons and the second to
the Coulomb self-energy of the electrons. Ek[p] in the
above expression is the kinetic energy of a system of non-
>

interacting electrons having the same density P(r), and
Exc[b] the exchange-correlation energy of the interacting
system. It has been shown (11,12) that this energy func-
tional is stationary and a minimum for the correct density,

subject to the constraint that all the densities considered
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conserve the total number of electrons. Employing a
.Lag?ange multiplier ¥ (which can be shown to corresp.nd to
the chemical potential of the system) to incorporate the
constraint that the total number of particles be conserved,
this variational principle implies that for the correct den-

sity

p = 8¢l - vy (;) . §Exlp] . Exclp]

i (2.2)
so(r)  ©S 86 (r) so(ry

where Ves(—;) is the total electrostatic potential of the

system due to all the charges i.e.

+, >
Vog(r) = v(r) +f_E¥T)[dr" (2.3)
' r—-r '

Thus the density may be obtained by solution of Eq. 2.2 in
conjunction with Eq. 2.3.

However, since the kinetic energy Ek[p] within this
formalism corresponds to a system of non-interacting elec-
trons, solution of Eq. 2.2 is equivalent to soiving self-
consistently a set of single-particle Schrodinger-like equa-
tions for non-interacting electrons moving in an effective
potential Veff(:) whose solution gives the exact ground
state density, and hence the energy, of the system. The

single-particle equations to be solved self-consistently are
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>
[-1/2 92 & v_.o(F)] ¥5(r) = ®5¥i(r) (2.4)
with

p(+. Vo2
r) = 3| 1(r)12 (2.5)
i

and where the effective potential is defined as

6Eyolr]

. (2.6)
Gp(;)

> >
Verr(r) = Veg(r) +

The kinetic energy within this self-consistent scheme is

then given exactly as

Elo(F)] = 5o - Jveff(?mt?)d?. (2.7)

Thus all the many-body complexity is contained in the func-
tional Exc[P] and since, at present, the exact form of this
functional is unknown, it must be approximated.

For the case in which the density is slowly varying,
Kohn-Sham expand E,.[rP] in the series of density gradients.
Within linear response theory to terms of 0 v4) this expan-

sion may be expressed as (68,11)

- A > + >
Eyolp] = ‘(dr{exc[p(r—r)]p(:).r e{2)P(r)11 vo(r)2
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+ {0 F)1 Vo () .TIv2e (P11, - (2.8)

where €xo=€x+€c is the sum of the average exchange €, and

correlation e, energy per particle of a uniform electron gas
with density p(r), and eﬁg) and sﬁg) are the coefficients of
the first and second density gradient correctiohs respéc-
tively. 1In terms of fhe Wigner-Seitz radius rg

(Mnr§/3=1/5), the average exchange energy per particle (69)

for the uniform gas is
Ex(P) = -0.&58/rs(6),

whereas for metallic densities, the average correlation en-
ergy is usually assumed to be that given by the Wigner (W)

(70) interpolation formula
eg(ﬁ) = -O.MN/(rs(5)+7.8). (2.9)

If all the gradient terms in Eq. 2.8 are neglected, the
exchange-correlation energy is said to be determined within

the so-called local density approximation (LDA):

EXDALe] = jd? Exe(p)p(r). (2.10)

It has been shown (71-T4) that this approximation is mean-
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ingful provided it is made for the combined exchénge‘and
correlation contributions."In Eq. 2.8, the coefficients-
e§§) of the firsﬁ gradient term have recently been derived
for the metallic range of densities from a calculation of
the energy within the random phase approximation (RPA) by
Geldart and Rasolt (75). Both the coefficients

egg) and 8§g) of the first and second density gradient
corrections have also been derived by Gupta and Singwi (68)
using a slightly modified version of the theory of Vashista
and Singwi (76) and based on an expansion of the dielectric
function. The coefficients thus obtained are therefore very
sensitive to the choice of dielectric function employed
(77). Lau and Kohn (78) have also obtained s§§) by equating
the surface energy of two adjacent jellium metals as deter-
mined in terms of the static electronic polarizability of
Vashista and Singwi (76) and that obtained using the density
functional formalism. A discussion of the probable sources
of error in theée coefficients is given in Ref. 68.

Another approach to the use of the Hohenberg-Kohn-Sham
theorem has been to perform variational calculations by em-
ploying parametrized trial densities in the energy function-
al of Eq. 2.1 (23,24). If the energy functionals E,[p] and
Eyo[ el were known, the results of such calculations would
constitute rigorous upper bounds to the exact ground state
energy. However, both these functionals of the density are
as yet undefined and musp Be approximated. One approxima-

tion to the kinetic energy functional for the non-
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interacting inhomogeneous electron gas is that determined
within a density gradient expansion formalism similar to the
one discussed with respect to Exc[p]- The density gradient
expansion for the kinetic energy to terms of 0( V4) may be

written as

ECELp(F) 1=E{ D p(F) 1+E{2) [p (M 1+E{B) p (D)1, @1
where

E{V (A1 = 3710 (372)2/3 Sp(?)é'?/s(?)d? (2..12)
and

El({?)fp(?)] = A/8 X | Vo () 12/p (T dr (2.13)
and

-+ ! > 2,
E(3)0p(D)] = LA Sdi’{(ﬁ)/s{ V“\"’") (2. 14)

(3% )% 540 &
2., ¥ - > 2 > 2 4
,i(Vf(ﬂ))(W(M),r_L(_Yﬁg‘_’_)

AT ANET AN A (L

In the above e eqﬁations Eﬁ" is the Thomas-Fermi (TF) con-
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bution (26) to the kinetic energy. With the coefficient
A =1, E£2) is the first gradient correction originally pro-
posed by von Weisacker (50). Subsequent rigorous deriva-
tions (39-42) of this first gradient correction valid for
slowly varying densities have led to a value of the coeffi-
cient A reduced by a factor of nine. Eé3) with the coeffi-
cient Y =1 is the second density gradient correction vélid
for slowly varying dehsities as obtained originally by Kir-
zhnits (40) and modified by Hodges (43). The first term of
E£3) is the linear response thepry contribution to fourth
order in the gradient operator. The last two terms arise
from non-linear response theory and their inclusion should
shed light on the importance of such contributions to the
metal surface problenm.

The criterion for the validity of these density gra-

>
dient expansions is that |V p/p] is smaller than both the

Fermi wave number K. and the Thomas-Fermi screening wave
number kTF=(8kF/3“)1/2‘ However, for metallic surfaces the
density variation is fairly rapid over a distance of approx-
imately half a Fermi wavelength, and thus an investigation
of these expansions for metallic systems together with a
study of their applicability to highef and more slowly vary-
ing density systems is particularly meaningful. The results
of such a study (48) for the kinetic energy density gradienf
expansion are discussed in Chap. IV.

Recently, a different approach to the determination of

the correction to the LDA value of exchange-correlation has
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been performed by Langreth and Perdew (72,73). In their
wave-vector decomposition-interpolation scheme they analyze
the exchange-correlation energy of a metal surface in terms
of the wavelength of the fluctuations which contribute to it
and interpolate between the exact plasmon dominated behavior
at large wavelengths and the LDA which is exact at short
wavelengths. Studies and comparisons of the wave-vector
analysis method and the various density gradient expansion
schemes for the exchange-correlation energy have also re-
cently been performed by Perdew, Langreth and Sahni (79),
and Sahni and Gruenebaum (80).

More recently a non-local approximation to the exchange
energy and potential of an inhomogeneous electron gas has |
been proposed by Alonso and Girifalco (81) and Gunnarsson et
al. (82). This approximation is based on an expression for
the exchange charge density that conserves total exchange
charge, satisfies the limiting conditfons at the center of
and far from the exchange hole, and reduces to the free-
electron form for the homogeneous electron gas. Employing
the same correlation factor as in their non-local approxima-

tion to the exchange energy, Alonoso and Girifalco (8i) have

‘also proposed a new kinetic energy functional within the

Hartree-Fock (HF) approximation, and both these approximate
exchange and kinetic energy functionals fested on atoms. Iﬁ
Chap. VI of this work we present an exact non-local calcula-
tion of the exchange energ& within the linear poténtial

model of a metal surface (36), and also determine rigorous
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upper bounds to the surface energy of‘an inhomogeneous HF
gas. On the basis of the accuracy of the wave functions em-
ployed (36,37), and the fact that in these calculations the
variational principle for the energy is applied, we conclude
that the bounds obtained are very close approximations to

those that might be determined by a fully self-consistent HF

calculation.
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B. Definitions of Jellium Surface Properties and Sum Rules
| In this section we present definitions and discuss
various properties of interest as applied to the jellium
model in which the positive ions are assumed to be replaced
by a uniform semi-infinite positive charge background. Be-~
cause of the reduction in symmetry in the surface physiecs
problem, the Hamiltonian of the system is different inéide
and outside the surfaée and the momentum perpendicular to
the surface is no longer a good quantum number. Further-
more, since jellium has no structure parallel to the sur-

face, the electronic wave function can be written as

3. > >
p(r) =¥ p(x)explik-x ),

-+ >

where k“ and x” are respectively the projections of the

> >
momentum k and position r of the electron on the surface

plane and k and x are measured along the surface normal.
The translational invariance in the direction parallel to
the surface thus reduces the complex three-dimensional cal-
culation to one which is one-dimensional. Away from the
surface region in the bulk, the wave function must have the

asymptotie form
Y(x) = sin[kx-8(k)],

where 6(k), the asymptotic phase shift, is a continuous
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function of k.

The fundamental quantipies from which all other surface
properties may be obtained are the electronic p(x) and total
charge densities pT(X) defined as

k
F
= L 2_k2 24k .
p(x) 53 jo(kF k )Itbk(x)| . (2.15)

and
pr(x) = p(x) - p,(x), (2.16)

where 9+=kg/3"29(X) is the jellium background density which
ends abruptly at the surface position and where

kp=(9n/8)1/3/r_ (83) is the Fermi momentum.
F s

Total charge neutrality for the system requires that

+o

.( pr(x)dx = 0. | (2.17)

-]

It has been shown (84) that for arbitrary effective poten-~
tial this charge neutrality condition is equivalent to a
phase shift sum rule due to Sugiyama (85,5), according to
which the weighted Fermi surface average of the asymptotiec
phase shift g(k) of the electronic wave function must equal |
-w/4

k ke

F ) .
S ké(k)dk/S kdk = -y, (2.18) .
0 0
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In our work we do not treat the jellium edge position as
fixed at the origin.but rather treat it as a variable quan-
tity ending abruptly at some arbitrary position 'a'. This
position is then determined by either ensuring charge neu-
trality via Eq. 2.17 or equivalently by employing the Sugi-
yama sum rule. Application of the latter condition leads to
a simple expression for the jellium edge position in terms

of the asymptotic phase shift §(k) whiech is

k
a = - 3u/(8Kkp) - 3/k} SFk5(k)dk. (2.19)
0

Symmetry does not require that the electron charge dis-
tribution be symmetric along the direction normai to the
surface plane. Furthermore, based on quantum mechanical
considerations, this electron charge distribution does not
end abruptly at the surface position but spreads out beyond
the jellium edge background in order to lower its kinetie
energy. This density decays exponentially well outside the
jellium edge and exhibits Friedel oscillations at and inside
the surface as it approaches its bulkvvalue. A double layer
is thus formed in the region about the surface and an elec-
tron trying to escape from the metal will experience a di-

pole barrier of height

4+
ab - "w.f_ X pr(x)dx. (2.20)
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The corresponding electrostatic potential Ves(x) due to the
total charge distribution of the system is then the solution

to Poisson's equation
Clgves/dx2 = U7 DT(x), . . (2.21)

. N s L s | :
With the choice of boundary conditions V  (-= )zVgg(~= )=0,
together with the charge neutrality condition, the solution
to the Poisson's equation may be written as

x x'

Vos(x) = A¢ - Hnj. dx'fdx" o r(x") | (2.22)

©

The most important electronic properties of a surface
that may be derived from the density are the work function
and surface energy. The work function ¢ is defined as the
minimum amount of work required to remove an electron from
the metal at 09K (14) and is given by an expression reminis-
cent of Koopmans' theorem for the removal energy of an elec-

tron from an atom:

where u is the highest occupied eigenvalue of the Kohn-Sham

self-consistent single-particle equations. This leads to
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the separation of ¢ into its surface aA¢ and bulk contri-

butions such that

o
1]

Ad = (2.23)

where F’ the bulk chemical potential relative to the mean

interior electrostatic potential, is defined as

Wz 1/2 kg + n,., (2.24)

In the above equation ¥ . is just the exchange-correlation
part of the chemical potential of a uniform electron gas

i.e.
Mye = d(PEy,)/dP : , (2.25)

where 3=ké/3n2 is the mean interior electronié density. A
generalization of the Koopmans' theorem expression of Eq.
2.23 for the work function to real metals ipqorporating ap-
propriate local ionic pseudopotentials and including band
structure effects has recently been derived by Sahni and
Gruenebaum (80).
Yet another expression for the work function of jellium

metal has also been derived by Mahan and Schaich (86), ac-

cording to whiech
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$ = Ves(w ) - Ves(a) - €7, (2.26)

where ST:3RE/1O+EXC(3) is the sum of the kinetic, exchange
and correlation energies per particle for a uniform electron
gas of densiiy re For a fully self-consistent calculation
within the LDA, these two definitions for the work function
lead to the same result (86). The generalization of Eq.
2.26 for the case when the ions are replaced by local pseu-
dopotentials is straightforward (87). Both this generalized
expression for the work function, and thus Eq. 2.26, have
also been derived by Monnier et al. (88) by considering the
difference in surface energies between the neutral and in-
finitesimally charged surface, the latter surface charge
density occurring due to the removal of one or more elec-
trons from the metal. However, more importantly, it has
been shown that these expressions, althbugh as simple to use
as Koopmans' theorem, are much more accurate when the densi-
ty is obtained from variational calculations of the surface
energy. The variational accuracy of Eq. 2.26 has recently
been demonstrated by Perdew and Sahni (89).

The surface energy of a metal Es: which is the energy
required per unit area formed to split the crystal in two-
along a plane, may be determined by two completely different
methods. The component method requires knowledge of the in-
dividual kinetic, electrostatic, and exchange-correlation

energy contributions. The kinetic energy contribution to

the surface energy E, in terms of the asymptotic phase shift
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8(k) is given within the Kohn-Sham scheme via Eq. 2.7 as

(5,26,36)

Y kF kg
E (0] = -1%%,?—{” 80 [3/5 kg JkG(k)dk-J. k38 (k)dk]}
kg _ o
+w .
-5 {veff[p;X]-Veff[p;-m 1lp (x)dx. (2.27)

Implicit in this definition for Ek[e] is the fact that one
is here dealing with single-particle wave functions from
which the density is obtained. 1If on the other hand, we had
knowledge only of the density (see Chap. V), then one choice »
for the surface kinetic energy functional would be to
represent it by its density gradient expansion. The elec=-
trostatic contribution to the surface energy E

es 1S

+W
Easlpl = 172 [ op(x)Veg(x)dx, (2.28)
and the sum of the surface exchange-correlation contribu-
tions E, . which must be taken together within the LDA (T1-

74) is given as (26)

+* |
ELDALp] = | [ey (o(x))-ego(P)Tp(x)dx. (2.29)

In this work we will restrict ourselves to determining the

exchange-correlation energy strictly within the LDA and
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néglect all density gradient terms. The total surface ener-
gy functidnal is then the sum of the individual components

discussed above i.e.
Eslp] = Exlp] + Eeglo] + ELDALP]. (2.30)

A second method for the determination of surface energy
is to employ an exact sum rule due to Vannimenus and Budd
(38). The Vannimenus-Budd theorem (VBT) relates the deriva-
tive of the surface energy E  with respect to the density to
an integral of the electrostatic potential inside the metal.

In terms of the Wigner-Seitz radius rs, the BVT states that

. a
dEg/drg = ~9/(lqrd) j [Vog(-= )-Vog(x)1dx, (2.31)

-

Thus it is possible to obtain the sﬁrface energy of jellium
metal directly by a simple integration over ry together with
a suitable choice for the constant of integration. The ac-
curacy of the method thus depends on the accuracy of the
electrostatic potential inside the metal and on the reason-
ableness of the criterion for the determination of thé con-
stant of integration. The principle advantage of the method
is that no approximations with regard to any component ener-
gy functional have to be made.

Another'fundamentél sum rule (to be used extensively in

this work) derived by Budd and Vannimenus (32) relates the



difference in electrostatic potential between that zt the
surface and in the bulk, to the total energy per particlee-r'
of a uniform electron gas. According to the Budd-Vannimenus

theorem (BVT)
AV = Vog(a) - Ves(-» ) = pdeq/dy - . (2.32)

The significance of this theorem lies in the fact that it
relates a surface property to those of the more well under-
stood bulk. In model potential calculations, this theorem
can thus be used as a constraint on the electrostatic poten-
tial.

Mahan and Schaich (86) have also recently derived an
integral condition, which can be shown to be equivalent to
the differential sum rule of the BVT within the LDA. For an
arbitrary effective potential, the Mahan-Schaich theorem

(MST) states that

+o :
1/9—‘( Veff(x)(-dpldx)dx = 2/5 Egp + Vopp(~= ). (2.33)

For a fully self-consistent or model potential calculation
this condition is always satisfied. For fully self-
consistent calculation within the LDA, this thus implies
that the BVT must always be satisfied (86). However, for

non-self-consistently obtained densities such as those

determined by variational principles for the density itself
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(see Chap. V) this theorem can be used as an additional con-
straint. Since in such variational calculations, the densi--
‘ty ié obtained correct to second order, the use of the MST
in this manner precludes the determination of any higher
order terms in the series for the density.

Throughout this work we employ the Wigher interpolation
formula (Eq. 2.9) for the average correlation enérgy per

particle for all rg 21 and the Gell Mann-Brueckner (GB) ex-

pression (90) for rg <1;

egB = 0.0311 1nr _g.048. (2.34)

The justification for the above choice is that at rs=1 the
difference Eg-engo.OS eV only, and the fact that the GB ex-
pression becomes more accurate for higher densities whereas
the Wigner expression is appropriate for both metallie and

lower densities. Employing the Wigner and Gell Mann-

Brueckner expressions for €. we have AV in units of the

free-electron Fermi energy EF=kF2/2 to be

AVW = 0.4 - 0.0829r _ 0.0796r3/(rg+7.8)2 » (2.35)

and

AVGB = 0.4 - 0.0829rs - 0.0056291.3 , (2,36).

respectively.
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III. USE.OF MODEL POTENTIALS WITH THEORETICAL AND PHYSICAL -
CONSTRAINTS FOR THE STUDY OF A NEUTRALLY CHARGED
ELECTRON GAS WITH A SURFACE

In this chapter we present the results of a study over
a wide range of densities, including the metallic range, of

a charge neutral electron gas system with a surface. The

"inhomogeneity in the electronic density at the surface is

created by assuming the electrons move in a model effective
potential in the presence of a positive uniform charge (jel-
lium) background which ends abruptly at a well defined
point. The properties derived from these calculations are
metallic surface dipole barriers, work functions and surface
energies, the behavior of the work function for densities
higher than those existing in meta;s, and low density sur-
face energies. The appropriate use of various theoretical
énd physical constraints coupled with the fact that the
choice of effective potential employed here leads to results
which are primarily analytic permits the study of such an
inhomogeneous electron system over a substantial range of
densities. The model potential considered is one which
varies linearly over a finite region and is constant beyond
some point (see Fig. 1), and we refer to it as the finite
linear potential (FLP) model. The parameters in this model
potential system are the edge of the neutralizing positive

charge background, the field strength and the barrier
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height. 1In all the calculations presented here, the jeilium
edge and barrier height parameters are always determined by
the requirements of charge neutrality (2) and self-
consistency respectively. It is the field strength parame-
ter which is adjusted so as to either satisfy the BVT or
varied until the energy is minimized. Thus not only is this
_model effective potential a realistic approximation to that
which exists at such a surface, it has more physically mean-
ingful constraints applied simultaneously than any other '
analytic potentials studied (34-37) previously. The effec-

tive potential V_ ,r(x) at the surface of the electron gas is

assumed to be (see Fig. 1)

Vers = Fx[0(x)-0(x-b)] + VO(x-b), (3.1)

whére the field strength F is defined in terms of the bar-

- rier height and slope parameters b and Xg as F=V/b=EF/xFr
and where V is the barrier height, Eszg/Z is the Fermi en-
ergy and O(x) the step function. We also specify the varia-
tion of the barrier height in terms of the parameter B where
82=EF/V=XF/b. For the effective potential of Eq. 3.1, the
solution of the Schrodinger equation for the electronic wave

function is

A sinlkx+6 (k)] for x<0
V(%) = § BAi(E)+CyBi(z)  for  0<x<b (3.2)

Dpexp(- xx) for b<x
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where k=(2E)1/2, ¢ =(2(V-E))1/2, T =(x-E/F)(2F)1/3, E is the

enefgy, and where Ai(g) and Bi(%) are the linearly indepen-

dent solutions of the Airy differential equation (91). The

constant A in the above equation is obtained by the normali-
zation condition whereas the phase factor 8(k) and the coef-
ficients B, C, and Dk.are determined by the requirement of

the continuity of the wave function and its logérithmic

derivative at both x=0 and x=b. Thus

A= -(2/1)1/2 s By o= (2/L)1/2(C°/A (-zo)) 172

~
1]

By M(zp)expl (Zy+5)5 3 2]

=~
"

cot 8(k) = N(-t,)/(z}/2M(-17))

where ,
X(zp) = 81" () + (g) V2810 g)
Y(zp) = Bi'(gp) + (5p)1/2BiCg)
M(t) = Ai(g) = Bi( £)X(5,)/Y (&)
N(z) = Ai'Cz) - Bi'(z)X(gp)/¥(Ty)
ACE) = N2(g) - gMP(g)
Ty = k2(6/2V)2/3 = (k2/KkB) (kpxp)2/3
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and where Ai'(z) and Bi'(z) are the derivatives (91) of the
Air§ functions.

The various properties of interest determined with the
above wave functions are the electronic density p(x), the
jellium edge position at x=za, the total charge density
pr(x), the surface dipole barrier Ad , the work function ¢,
the electrostatic potential V,_(x), the kinetic E, (26),
electrostatic E and.exchange—correlation (13) Ey, com-
ponents of the surface'energy Eg as obtained within the LDA,
and the derivative of the surface energy with respect to the
Wigner-Seitz radius dE_/drg as stated by VBT. The mathemat-
ical definitions of these properties are all given in Chap.
II.

For the present choice of effective potential, all the
spatial integrals of the above defined properties, with the
sole exception of the exchange-correlation contribution to
the surface energy, can be performed analytically, since it
has been possible to derive analytic expressions for inde-
finite integrals involving prodﬁcts of Airy functions, pro-
ducts of their derivatives and various moments of these pro-
ducts. These integral expressions are given in Appendix A.
With a change of variables to y:xkF and q:k/kF, such that
the jellium edge, slope and barrier height parameters are
now defined to be y_-akp, yp=xpkp and yp=bkp, the determina-
tion of all these properties thus reduces to simple numeri-
cal computations of momentum space integrals from 0 to 1;

With the density normalized with respect to its bulk value,
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we have n(y)=P(y)/p, ;°=q2y§/3, 5b=ybYE1/3’co’ and
czyy§1/3—c°. The resulting semi-analytic expressions for
the various properties in terms of these variables are given

below.

Phase Shift

With the definition

»K(q) = yg/3 M(-go)/N(-co), | (3.3)
soAthét
o) = y1/3 Ai(0)-B{k0)x(yby§1/3)/Y(yby§1/3) 5.1
| AL (0)-Bi' (0)X(ypyr'/3) /¥ (yyy51/3)
the phase shift is
§(q) = cot=1[1/qK(q)]. (3.5)

Electronic Density

For yZyb
1
n(y) = 3j dq(1-q2)z, M2(g, )
0 .

. expl2@y -t ) 51721/ A=) (3.6)
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For 0<y<y,
1
n(y) = 3§ da(1-a2)g w2027 a (=g, (3.7
For y<0
1 .
n(y) = 3 jgdq(1-q2)sin2[qy+6(q)]. (3.8)

Jellium Edge Position

The jellium edge position as determined by the phase

shift rule of Sugiyama (Eq. 2.19) may be written as
1
va = -37/8 - 3 f qs@da, (3.9)

whereas the charge neutrality condition of Eq. 2.17 leads to

the expression
1
Yo = 2/5 yp-37/8+3/2 yp/3 fodq(1—q2)[coM2(cb)/cb1/2
- M=z IN(-55) 17 A(-34). (3.10)

The specific analytic equivalence of the charge neutrality
condition to that of the phase shift rule for the FLP model

is proved in Appendix B.
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Surface Dipole Barrier

Ad kg = 1/m + K(0)/2 - 2y2/(3n) + 16y3/(105r)

+ YB/3 3Cyg,yp) (3.11)

where

M( $0)
T U ) = So\‘t“ e * S&%U %)Ms,{ (M) Nes)

| _ - 1____ 9
‘ - M( 'S,)N( 50)] ¥ M (’gb) _'Sb + ,ng; ]}

Electrostatic Potential

For y>yy
ks 2 ?.,B-b(‘gb'ﬂ)
VesOf _ 22 He 'aosu—"{)ﬁ MG o
e | ke ) S5 N3 (3.12)
F
For 0<y<y,

2
Ves(‘ﬂ)s l K()'f \6 “5\‘ (

3 Y (3.13)
he ) %

= {m (24 -40) 0 -0 + 1 © %—*a)}
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The above equation for the kinetic energy is derived from

Eq. 2.27 by using the equivalence of the charge neutrality
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condition to the Sugiyama phase shift rule.

Electrostatic Energy

Ees/kf = PUYp,yp) + R(yF,¥p)

. |
+1/(672) fodyn(y)ves(y)/kF, ' (3.16)

where

P e ) = fﬂf—g 440- &4 LT

4/3
4 0 8 MG 1
i Sd%( Viesrs, 5405

NS

M ('Sﬂ{A(p—L—
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In the above expressions all the primed quantities are func-

tions of the variable q', and q_=q_q', q+=q+q', 6_=5;5 ’
and 6+=6+6'.

Derivative of Surface'Energy

FOf Ya<0
(3.17)
T 4 ‘
%“ﬂs%—-r— S(‘ép ‘éb)'i' Sdaﬁ(l Du) {‘60« 2%”28
,%%Mz(wa!rﬁ)}
; Fo} Y520
AT 24 _ 4Me .2 16 e (3.18)
q SUe bt 45 Gwr‘d“ 57 !
» v
4o ﬂF S §Q- %)Té:; %M(—S,HLJG*J:N(--&)}

=

+ 3 [ M) - W] - (B8 MEBINES)

AC s){ 5 [5: YCAREA I\(—S.)]

. l Co vivre \\(RY 0 M(- -Q\k\(—-g,)]
t% [s MBI NG + S MESINES)
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where ca=y3y§1/3-co, ACT5)=N2(E) T M2(L,), and where

2
$0k A = 4ot (ar KO (G epka).

\ _
I I P LES T ’)_‘f_(i)___ - K(0)

We note that the VBT expression of Eq. 2.31 is derived
on the assdmption that for a slab of leﬁgth L, the electros~
tatic potential at the center (relative to the value at the
surface) differs from the value in the L goes to ® limit by
terms of higher order than L=1. This assumption can be
shown to be equivalent to the requirement that the electros-
tatic potential approaches its value at the center faster
than L=1. 1In Appendix C we prove this to be the case and
demonstrate that for the electrostatic potential generated )
by the FLP model this condition is satisfied.

It may be observed from these expressions that the
quantities n(y), y,, YA¢/kF, Ek/kés Ees/ké and rg dEg/drg
are functions of the barrier height and slope parameters.
Since in our calculations, the barrier height is always
determined by the requirement of the self-consistency of the
surface dipole barrier, each of these quantities is a
universal function of the slope parameter for a given densi- .

ty. Note that in order to determine the barrier height the
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density mugt be specified. 1In Figs. 2-6 we plot the univer-
sal functions of y_,  a¢/kg, (160w/k§)Ek, Ees/ké’ and
(47/9)rd dE/dr_ versus the slope parameter yp for.rg=2,4 and
6 with the barrier height determined self-consistently for
each point on the graphs. 1In Fig. 7 we plot the variation
of the self-consistently obtained barrier height parameter
Yp versus the slope parameter yp for the same values of re.
Thus, if for a given density, the slope parameter is known
by application of some constraint, these five properties may
be determined directly from Figs. 2-6 and the corresponding
self-consistent value of the barﬁier height parameter from
Fig. 7. In Section A we present the values for metal sur-
face dipole barriers and work functions as obtained by ap-
plication of BVT, and extend these calculations to plot the
variation of the work function for higher densities. The
results of a variational self-consistent calculation of me-
tal surface energies within the LDA are given in Section B.
In Section C we determine the surface energy for metallic
and lower densities via the VBT (Eq. 2.31) without having to
determine any individual kinetic, electrostatic and
exchange-correlation components of the energy. The constant
of integration in the application of VBT is determined by
the physical criterion of the vanishing of the surface ener-
gy in the low density limit. For purposes of comparison,
the results of a LDA calculation err the same range of den-
sities with the same choice of effective potential are also

included. Finally we conclude this last section by indicat-
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ing further use of such model potentials in the study of
other aspects of the inhomogeneous electron gas problem and
in the determination of more realistic metal surfaces pro-

perties.
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|

Surface Dipole Barriers and Work Functions for Metallie
and Higher Densities by Application of the Budd-
" Vannimenus Theorem

.

_The model potential employed in the present calcula-
tions is'a two-parameter one, the parameters being the bar-
rier height and field strength. In addition, a third param-
eter, the jelliﬁm edge position must be introduced in order
that the electronic system under consideration be charge
neutral. The surface of the system is defined to be at the
jellium edge. In all the calculations to follow, the bar-
rier height is always determined by the requirement of the
self-consistency of the surface dipole barrier. In this
section the results for metallic and higher density surface
dipole barriers and work functions are presented, with the
field strength adjusted so as to satisfy the BVT (Eq. 2.32);
The principle advantage of this constraint is that it leads
to accurate results for the work function since AV consiti-
tues a substantial fraction of the surface dipole barrier.
In particular for high densities this contribution can be as
large as U40%. For densities such that rs<4.3 all three con-
straints, viz. that of the BVT, self-consistency of A¢ and
charge neutrality are satisfied exactly whereas for rso>hu.3
only those of the self;consistency of the surface dipole
barrier and charge neutrality can be satisfied. Further de-
tails are given in Appendix D.

In Table I we present results for the surface dipole
barrier and work function 'in the density range rg= -6 em-

ploying the Wigner expression for the correlation energy.



TABLE Y

Results for metallic and higher density (rg=1-6) surface dipole. barriers 54 and vork functions . The
slope, barrier height and jellium edge parameters Yg» ¥y and 3, quoted are determined by application of
the BVT, self-consistency of A¢ and charge neutrality respectively employing the Wigner function for ths

correlation energy. The results for the barrier height written in terms of the paraceter B are given in
parenthesis in the 7, columa.

i Ypekrxp Fp=kgb p A Dipole barrier ¢ (eV) Work Function #(eV) IOu-Ol
(8=kp//TD) Present Work  Lang-Koho® Present Work Llang-Kohn® (oW
1.0 6.60 7.31(0.55)  2.64 37.51 5.43
1.5 4.91 5.97(0.91) 1.95 .15.66 4.82
2.0 3.74 4.99(0.87) 1.48 7.10 6.80 4.19 3.89 0.30
2.5 2.79 4.07(0.83) 1.10 .82 3.83 3.71 3. 72 0.01
3.0 1.94 3.11(0.79) 0.76 2;15 2.32 3.3% 3.50 0.16
3.5 1.16 2.02(0.76) 0.39 1.2} 1.43 3.04 3.26 0.22
4.0 0.13 0.25(0.73) -0.28 0.64 0.91 2.7% 3.06 0.27
4.5 0.00 0.00(0.68) ~0.46 0.50 0.56 2,81 2.87 0.06
5.0 0.00 0.00(0.65) -0.50 0.42 0.33 2.80 2,73 0.07
5.5 0.00 0.00(0.57) -0.54 0.35 0.16 2,73 2.54 0.1
6.0 0.00 0.00(0.55) -0.57 0.30 0.04 2.67 2.41 0.26

a. see Ref. 14.
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Included for purposes of comparison are the completely
self-consistent LDA values of Lang and Kohn (LK) (13,14).
Note that the FLP model gives rise to approximately the same
results for both medium and high metallic densities, in par-
ticular reproducing the large values of A¢ required for
higher densities. The corresponding charge densities are
also very similar to those of Lang-Kohn. For example, for
rs=2.5 the FLP electronic density differs by 0.2% at the
surface and is within 1.8% inside the metal, and within 4%
up to half a Fermi wavelength outside where the density has
fallen to a fortieth of its bulk value. For low metallie
densities (for which the dipole barriers are of considerably
less significance) our work functions differ by at most a
quarter of an electron volt from those of LK. Although for
these densities the LK results also do not satisfy the BVT,
the values of our electrostatic potentials at the surface
are more in error than those of LK. 1In the last column of
Table I we give the magnitude of the difference between LK
and our results for the work function and note that over the
entire metallic range these values lie within three tenths
of an electron volt.

A comparison of these results and those of LK with ex-
perimental values (26) for polycrystalline metals is made.in
Fig. 8. Note that for the majority of the simple metals
considered, the results of our model potential calculation
more closely approximate the experimental results than do

those of LK.
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It has been conjectured by Lang and Kohn (14) that in
the high density limit the work function in the jellium
model tepds to a finite value in the vicinity of 4 eV as the
leading terms of both the dipole barrier and bulk chemical
potential relative to the mean electrostatic potential in
the interior diverge as the Fermi energy and thus cancel
each other. More recently a Green's function analysis by
Peuckert (92) has yielded a value of 1.2 eV for the work
function in the high density limit. This result suggests
that the work function must decrease from its metallic value
as the density is increased saturating at the above value
for infinite density.

In order to determine the continuous behavior of the
work function as the density is increased beyond the metal-
lic range, we have extended the calculations of the dipole
barrier and work function to higher densities employing the
same constraints as discussed above. :-The results using both
the Gell Mann-Brueckner and Wigner expressions for the
correlation energy are given in Table II. In Fig. 9 we plot
the variation of the high density work functions with‘the
density. A study of the graph indicates that initially the

work function increases as the density is increased, reaches

a maximum at about rg=1, and then répidly diminishes vanish-
ing at approximately r =0.4 in contrast to the conclusions
of both Peuckert and Lang and Kohn. The results for the di-
pole barrier for the two different correlation functions

differ by at most 0.7 eV, the work functions being within



TABLE II

Results for high density (x <1) surface dipole barriers ¢ and work functions ®. The slope, barrier height
and jellium edge parameters ¥Fs Yb a0d ya quoted are determined by application of the BVT, self-consistency
of 4¢ and charge neutrality respecrively employing the Gell Mann-Brueckner (GB) expression for the correla-
tion energy. The results for 84 and ¢ employing the Wigner (W) expression are also quoted.
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r, YFkpXp  y*kyb Y~k Dipole barrier A¢(eV)  kkgZ(eV) ~Byc(eV)  vork Function #(eV)

GB G3 GB Gs v GB [~ ] v
0.43 10.99 11.04 4.42 231.3 232.0 271.0 &1.0 1.23 1.09
Q.46 10.85 10.91 4.36 220.3 221.0 258.8 40.1 1.55 1.4
0.45 10.71 10.79 4.30 210.1 210.8 247.5 39.2 1.85 .72
0.50 10.09 10.24 4.05 168.0 168.7 200.4 5.4 3.01 2.92
Q.55 9.54 9.76 3.83 137.1 137.7 165.7 32,3 3.78 3.7%
0.60 9.06 9.34 3.64 113.8 114.3 139.2 29.7 4.31 4.30
0.65 8.64 8.98 3.46 95.7 96.3 113.'6 27.5 4.65 4.69
0.70 8.25 8.65 3. 81.5 82.1 102.3 25.6 4.89 4.97
0.80 7.59 8.09 3.04 60.9 61.4 78.3 22.6 5.14 5.30
0.90 7.02 7.62 2.82 46.0 47.4 61.9 20.1 5.20 5.43

1.00 6.55 7.22 2.62 37.0 31.5 50.1 18.2 5.14 5.43
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three tenths of an electron volt of each other. The vanish-
ing of the work function occurs due to the fact that for the
densities concerned, the surface dipole barrier is not a
large enough fraction of the Fermi energy (A¢ /E=0.85 for
s=0.43) and thus the cancellation referred to by Lang and
Kohn does not occur (93). Furthermore, there is no substan-
tial increase in the magnitude of the exchange and correla-
tion contribution to the chemical potential although the
density ét which the work function vanishes is three orders
of magnitude greater than those which occur in metals. 1In
the range from r =2.0.4, u,, changes by a factor of approxi-
mately 4 in sharp contrast to A¢ which changes by a factor
of over 30. Thus, as the density is increased, the Fermi
energy approaches the barrier height with the net result

that the work function vanishes.
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B. Variational Self-Consistent Calculation of Metal Sur-
face Energies in the Local Densifty Approximation

In this section we present the results of a variational
self-consistent calculation of metal surface energies as
determined within the LDA. The barrier height parameter is
determined as usual by the self-consistency requirement set
for the dipole barrier. It is the field strength or the
slope parameter which is varied till the total energy'is
minimized. The values obtained thus constitute an upper
bound to the surface energy for this choice of energy func-
tional of the density. The results for the surface energy
Eg, together with its individual kinetic Ep, electrostatie
Eeg, and LDA exchangé-correlation'E%EA components are given
in Table III. Since Lang and Kohn employed the same energy
functional, a comparison with their work is meaningful and
we include their results in the table. Note that for r322-5
our values for ES are within 5§ ergs/cm2 of those of LK, the
result for r_=2 differing by less than 3%. Thus with the
same local density approximation for the surface energy our
model potential results are equivalent to those of a com-
pletely self-consistent calculation. We héve also included
in this table the values of the dipole barrier obtainedlus-
ing these energy minimized wave functions. As may be ob~
served, these results though good are in general not as ac-
curate as those of the previous section. This is consistent
with the fact that this property is determined only to the

same order of accuracy as that of the wave function employed
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TABLE 111

Regults for metallic density (r‘-2-6) surface energies E; as obtained wvithin the local denaity approximation.
The barrier height and jelliun edge parameters y, and y, quoted are determined by the self-consistency of the
surface dipole barrier and charge neutrality conditions respectively, whereas the slope parameter yp 4s obtained
by variational minimizaticn of the total energy. The Wigner expressicn for the correlation energy is employed.

E ypkypxy yy=kpd ya=kpa 1Y) Surface Energy Components Surface Enargies B, ]!.(m-!.l

C) (ergs/ca?) (ergs/ca?) (erge/ca?)
W Ees Eye Present Work  Lang-Kohn®

2.0 3.34 4.21 1.33 6.17 -5416 1265 3171 -980 -1008 28

2.5 2.66 3.84 1.06 3.64  -1809 420 1430 L3 36 ]

3.0 2.13 3.48 0.84 2.35 - 720 172 749 201 199 2

3.5 1.70 3.13 0.65 1.61 - 321 82 435 196 194 2

4.0 1.37 2.82 0.49 1.16 - 156 &4 274 162 158 4

4.5 1.11 2.54 0.36 0.87 - 81 26 183 128 124 &

5.0 0.91 2.30 0.26  0.68 - & 7 18 101 58 ]

5.5 0.76 2.10 0.15 0.55 - 24 n 94 81 77 1)

6.0 0.66 1.92 0.06 0.45 - 14 8 I 65 60 ]

s, #ee Refs. 13 and 37,
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and not correct to second order as is the energy.

c. Surface Energies for Metallic and Lower Densities by
Application of the Vannimenus-Budd Theorem

We present here results for the surface energy for me-
tallic and lower densities as obtained by application of the
VBT. According to this theorem, the derivative of the sur-
face energy with resbect to the Wigner-Seitz radius rg can
be determined exactly by integration of the electrostatie
potential over the interior of the system. The surface en-
ergy is thus obtained to within a constant. For the deter-
mination of this constant of integration we apply the physi-
cal condition that the surface energy vanishes in the limit
of vanishing density. Thus for a specific value of the

Wigner-Seitz radius the surface energy is given by

Ts

dES ]
Es(r‘s) :j‘ -dr—' drs,
b S

where dE;/drg is obtained from the sum rule of Eq. 2.31.

The parameters in this model calculation are again deter-
mined by application of the BVT, self-consistency oflA¢ ‘and
charge neutrality for r_<4.3 and by satisfaction of the
latter two constraints for all rs>4.3. For rg=z14, the
self-consistent barrier height is so large that there is\
négligible difference between the value for dEs/drs thus ob-

tained and the value for the infinite barrier potential.
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Therefore for rg>14 the analytic expression for dEg/drg

derived in Ref. 35 is valid, the surface energies for these
densities being given as E,= 4.689 x 103/rs3 ergs/cm2. The
results for r.-2u1y ére given in Table IV. For purposes of
comparison we include in the table results for the surface
energy as obtained in the LDA with the same choice of param-’
eters. Thus the single-particle Hamiltonian is the same for
the two different calculations of the surface energy. We
first observe that these LDA results closely approximate the
variational self-consistent calculations of the previous
section (and hence of LK). This is due to the fact that the
energy variation near its minimum is fairly flat and varia-
tions in the parameters lead to only small changes in the
energy. Furthermore, we note that over the entire range of
densities considered (except at r=2), the VBT results lie
considerably below those of the LDA. Although both formal-
isms have their origin in the energy functional theorem of
Hohenberg énd Kohn (11), the VBT invokes no approximation
except that it requires the electrostatic potential to ap-
proach its asymptotic value inside the system faster than
x'1, a condition which is satisfied for this model calcula-
tion (see Appendix C). Thus the VBT results are exact for
all densities and we do not expect these results to differ
significantly for any other choice of criterion employed for
the determination of the constant of integration.-

On the other hand, it has been shown (67,73) that for
the infinite potential barrier the sum of the exchange and
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TABLE IV

Results for metallic and lower density (r.=2-14) surface energiles E_ as
obtained by application of the Vannimenus-Budd theorem (VBT) and within
the local density approximation (LDA). The parameters of the model system
are determined by the constraints set by the BVIT, self-consistency of the
surface dipole barrier and charge neutrality, and are the same for both
sets of calculations. The Wigner expression for the correlation energy

is used.

Ty dEs/drs Suri:;g/ﬁ;g;gies
) VBT LDA

2.0 3356 ~950 -950
2.5 666 113 42
3.0 117 53 202
3.5 -9.8 72 203
4.0 -37 59 183
4.5 -26 - 43 141
5.0 -18 33 109
5.5 -13 25 85
6.0 ~9.2 20 67
7.0 5.2 13 44
8.0 ~3.1 8.7 31
10.0 -1.3 4.5 16
12.0 ~0.65 2.7 10

14-0 "'0035 l-7 6.2
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correlation contributions to the surface energy for’rs=2_5
as obtained within the random phase approximation (RPA) is
about 10% larger than that obtained in the LDA even though
the results for the exchange and correlation energies taken
separately are significantly different. The RPA is, howev-
er, less accurate at lower densities. Furthermore, in com-
parison with the wavevector decomposition-interpolation.
scheme (72,73) for the exchange-correlafion energy of an in-
homogeneous electron gas, the LDA results for rs,=6 for a
self-consistent calculation are again observed to be 10% too
small although they improve slightly for higher densities.
These results imply that any more accurate calculation of
the exchangegcprrelation contribution would lead to larger
‘values for the total surface énergy since the parameters of
the present model potential remain fixed having been deter-
mined by criteria ihdependent of this property. Thus, for
metallic densities, the difference in the VBT and LDA
results are particularly surprising. The discrepancy for
lower densities can certainly be attributed to the lack of
validity of the LDA since the approximation is correct to
terms of order of the square of the gradients of the elec-
tron density (12). It is interesting to note that even fpr
rs=4, in the work of Lang and Kohn (13), the density changes
by a factor of a 1000 over a distance of a Fermi wavelength
about the surface, changing even more rapidly for larger rg.
However, one way to arrive at more definitive conélusions

regarding the accuracy of the various results is to perform
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calculations for the exchange and correlation enérgy for bo-
tenéials more realistic than the infinite barrier, such as
the linear potential or FLP models which enable a study over
a wide range of density profiles. Such a calculation for
the surface exchange energy is presented in Chap. VI.

In conclusion we note that the use of model potentials
together with certain theoretical constraints provides an
accuréte means of studying the inhomogeneous electron gas
system. It not only dbviates the necessity of self-
consistent numerical solutions of the Schrodinger equation
for each particle, but also enables calculations for most
properties to be primarily analytic. Yet another advantage
of such model potential calculations is that the choice of
constraints can be tailored to the specific property of in-
terest. The various properties of the inhomogeneous systen
determined are the surface dipole barrier, work function and
sur face energy, the last quantity being obtained both within
the LDA and via the VBT. The results of these calculations
indicate that although the work function decreases with in-
creasing density it does not saturate at some finite value
in the high density limit but rather vanishes at a density
corresponding to approximately rg-0.4. Furthermore, the use
of the Gell Mann-Brueckner and Wigner expressions for the
correlation energy lead to insignificant differences in the
values of the high density work functions. For metallie

densities, the results for the surface dipole
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barrier and work function determined are within 0.3 eV of
thoée of the fully self-consistent calculations of Lang and
Kohn. The upper bounds obtained for metal surface energies
in the LDA lie within 5 ergs/cm@ of the LK results for
rs>2.5 and differ by less than 3% for rg=2. Finally, sur-
face energies for metallic and lower densities have been
calculated by application of the VBT. For the same choice
of single-particle Hamiltonian, these results lie signifi-
cantly below those of a LDA calculation over the entire
range of densities considered. Due to the substantial vari-
ation in the density profiles that cén be achieved, suchi
model potentials also provide a means by which to study the
.convergence properties of various ethange-correlation
(68,75,79) and kinetic energy (40-43,48) density gradient
expansions. The single-particle wave functions generated
can furthermore be employed in variational calculations in-
volving more realistic surface energy functionals which in-
clude the effects of the periodic lattice. We note, howev-
er, that the constraint of the BVT and the sum rule for the
surface energy as given by the VBT are valid only within the
jellium approximation. The generalization of these theorems
to include band structure effects and the periodic potential
of the lattice would thus enable a study of those solids for
which the free electron approximation is not valid, such as

insulators, semiconductors, semimetals, and some metals.
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IV. STUDY OF THE DENSiTY GRADIENT EXPANSION FOR THE
KINETIC ENERGY AS APPLIED TO SURFACE PHYSICS

Accordihg to the variational formalisms for single-
particle expectation values to be discussed in Chap. V, the
density of an inhomogeneous interacting electron gas méy be
obtained accurately without having to resort to the solution
of the Schrodinger-like Kohn-Sham equations. Employing only
crude approximations to the exact wave function, these vari-
ational principles lead to results for the density correct
to second order as is the case for'the energy on application
of the Rayleigh-Ritz variational principle. Thus within
such a formalism one obtains directly the density rather
than single-particle wave functions from which the density
is obtained. 1In order to determine the surface kinetic en-
ergy of the interacting system one therefore has to resort
to the density gradient expansion formalism for this proper-
ty. This expansion is also a key ingredient of all statist-
ical calculations on surfaces (94,23,24). The convergence
properties of such an expansion are thus of considerable im-
portance. In this chapter we present a study of the kinetie
energy density gradient expansion as applied to surfaces and
arrived at important conclusions with regard to its accuracy
for the metal surface problem. In studying the convergence
properties of this expansion we therefore restrict ourselves

to density profiles of the form that exist at surfaces, but
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which can be made to vary either rapidly (cofresbonding to
low bulk densities) or very slowly (corresponding to high
bulk densities) in comparison with the local Fermi
wavelength and screening length, with the intermediate den-
sities corresponding to those existing at metallic surfaces.
The density gradient expansion for the kinetic energy
contribution to the surface energy of an inhomogeneous elec-
tron gas may be obtained from Eqs. 2.11-2.14 with the ap-
propriate subtraction of a bulk term from Eq. 2.12. With
the total kinetic energy density functional written as the
sum of only the TF plus the first gradient correction, the
corresponding Euler equation for the density as defined from

Eq. 2.2 is

2 23
EXL .((;Z) + ( f“‘)\ ;\,Vf(”) +v<n>-— E w.n
2 Ved/ 4

where V(?) is the potential in which the non-interacting
particles move and E the Langrange multiplier ensuring the
conservation of the total number of particles. For the ex-
ample‘of a weakly perturbed uniform system of non-
interacting fermions it has been shown (95,96) from the
above equation that the original von Weisacker coefficient
gives asymptotically exact results for short wavelength per-
turbatiéns cdrresponding t6 rapidly varying densities,

whereas A=1/9 gives asymptotically exact results for the
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case of slowly varying densities. The von Weisacker denéity
does, however, lead to an upper bound for the energy (97).
For atomic systems (98) the von Weisacker coefficient leads
to good densities for the outer part of atoms as compared to
those obtained quantum mechanically whereas a coefficientvof
A=1/5 appears to be appropriafe for interior densities.

The model éffective potential we use for the study of
the kinetic energy density gradient expansion is the linear
potential model (36,37) which has also recently been em-
ployed (79,80) to study the gradient expansion for the
exchange-correlation energy of the inhomogeneous electron
gas. The electron density is thus a function only of the
co-ordinates of the direction of the inhomogeneity. This
potential is similar to the FLP model of Chap. III except
that the potential is no longer a constant beyond a specifie
point in space. The semi-analytic expressions of all the
surface properties for this model are-'given in Ref. 36.

They may also be obtained from the expressions of the FLP
model by letting the barrier height tend to infinity. This
is a much simpler model potential since it involves only one
variable parameter. Furthermore, the requirement of self-
consistency of the surface dipole barrier does not have to
be satisfied. As with the FLP model, the primary advantage
of this model potential is that by adjusting the field
strength it is possible to change the density from one which
is extremely rabidly varyiﬁg to one which is very slowly

varying, so that the gradient of the density can be physi-
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cally changed for eacﬁ point in space. This model potential
also leads to electrbnic dehsities in the metallic range
(and hence to all metal surface properties) which very
closely approximate (36,37) the self-consistently obtained
values of Lang and Kohn (13), particularly for medium and
high density metals. Thus meaningful conclusions regarding
the density gradient expansion for the kinetic energy can be
arrived at for the me£a1 surface pfoblem. A calculation em-
ploying the step potential model has recently been performed
(99) but due to the limitations of this model (34,35) only
trends with respect to the convergence of the gradient ex-
pansion can be observed. In addition this representation of
the effective potential at a metal surface does not lead to
accurate densities. |

The potential which gives rise to the inhomogeneous

density profile is assumed to be

V(x) = Fxo(x), (4.2)

where F is the field strength defined in terms of the slope
parameter Xp as F=Ep/xp, Ef is the Fermi energy, and 8 is
the step function. The solution of the Schrodinger equation
for this potential is
B sin[kx+6(k)] for  x<0
bt = {CkAi(C) for x>0 (4.3)
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where

B = -(2/L)1/2
Ck = B sin5(k)/Ai(-C°)

and

§(k) = cot=11251/2 Ai' (-2 )/a1(-8,)].

In the above equations the arguments 7 and L, of the Airy
function Ai and its derivative Ai' are defined as in Chap.
II1I. With a change of variables to y:xkF and q=k/kp, the -
density and its first and second derivatives normalized with

respect to the bulk density are

1
-5 440§ st 2 (gt 45) U0
3 SMK (-4 /\i‘:@o) Ai 3) 4zo
{ . .
aneg)_ 3id%0—%)%AW2(%%*8) L (4.5)
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where the slope parameter Yp=xpkp and
M-go) = Ai'2(-gy) + £ a12(-5,), (4.7)

Note ﬁhat the deﬁsity and its ﬁerivatives as written in Egs.
4, 4-Y4,6 are universal functions of the slope parameter Yge.
Large values of the slope parameter correspond to slowly
varying densities whereas the Yp=0 limit represents the in-
finite potential barrier model corresponding to a very ra-
pidly varying density. With these expressions for the den-
sity and its derivatives, we then obtain the various com-
ponents of the density gradient expansion EEE for the kinet-
. 1lc energy as discussed above. For particles moving in the
linear potential V(x) of Eq. 4.2, the expressions (Eq. 2.27)
for the exact kinetic energy contribution to the surface en-
ergy may be simplified by exploiting the equality of phe
phase shift rule of Sugiyama (5,85) to the charge neutrality
condition. This relation can also be obtained from Eq. B.Y4
in the 1limit that the barrier height goes to infinity. Thus
the exact surface kinetic energy as a universal function of

the slope parameter may be written as
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In Fig.b13 we plot the variation of the universal fune-
tions of the exact kinetic energy Ek/k# together with those
of the Thomas-Fermi (TF) term Eg1) and the sum of E£1) plus
the first gradient correction Eﬁ2) for both A=1 and A=1/9
as a function of the slope parameter YF. We also plot the
universal function of the sum of all three terms of the gra-
dient expansion EEE with A=1/9 and vY=1. Note that the
origin of the abscissa in the figure is at Yg=0.5. The

graph demonstrates definitively the convergence of the gra-

dient expansion EEE as the density becomes more slowly vary-
ing. The percentage errors in the results for the TF, TF
plus first gradient correction and TF plus first and second
gradient corrections over this range of slope parameter are
listed in Table V. Over the entire range of slope parameter
considered, the Thomas-Fermi term may.be observed to be a
very poor approximation to the exact résult even for slowly
varying densities. At yp=6, this error is stili 4% whereas
EEE has converged to within 0.2% of the exact result. For
rapidly varying densities, TF fails as anticipated being in
error by 273% at yp=0.5. The addition of the first density
gradient correction improves results éonsiderably becoming
a better and better approximation as the density becomes

more slowly varying. For example at Yp=1, the addition of
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Percentage errors in (i) the Thomas-Fermi (TF) contribution Ei(‘l)

to the surface kinetic energy, (ii) the sum of TF and first

gradient correction E£1)+ El(cZ)’ and (iii) in the sum of TF and first and

second gradient corrections E

k

GE _ (1), p(2), 5(3)
= E 7+ E S+ B

SLOPE El(cl) El(cl)+ El(cz) EﬁE EﬁE
PARAMETER (THOMAS-FERMI) (A=1/9) (»=1/93y =1) (x=1/9;y =1.336)
I
0.5 273 161 41 0
1.0 86 44 16 6
1.5 46 20 7 3
2,0 30 11 4 1
3.0 15 4 1 0.1
4.0 9 2 0.4 0.‘2
5.0 6 1 0.3 0.05
6.0 4 0.8 0.2 0.01
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Eﬁe) reduces an error of 86% in the TF results to 44%, and
at yp=6 gives rise to a result within 0.8% of the exact
value. As may be observed from column 4 of Table V, the in-
clusion of the second density gradient term to the series
removes practically all error for Yg>2.0. However, even for
rapidly varying densities, this form of the second gradient
term gives rise to substantial corrections in the apprdpri4
ate direction. At yF;1, EEE is in error by only 16%.

Having demonstrated the convergence of the density gra-
dient expansion for the kinetic energy, we next wish to
understand how meaningful the application of such an expan-
sion is for the metal surface problem. In order to do this
we must develop a correspondence between a given bulk densi-
ty and a specific density profile at the surface as produced
by this model calculation. In other words, we must relate
the slope parameter yp which determines the density varia-
tion at the surface to the bulk density or equivalently the
Wigner-Seitz radius rgy. As in Chap. III one criterion we
use is the BVT. A plot of this correspondence between
Yp and rg for the LP model is given in Fig. 14. Another
method by which we may relate the bulk density to the slope
parameter 'is by application of the variational principle for
the energy. We write the surface energy as the sum of the
kinetic, electrostatic and the exchange-correlation energy
as determined in the LDA, and minimize the ehergy with
respect to the slope'parameter for a specific value of r

s.
The results (37) of the application of this eriterion for
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the correspondence between rs and yp are also plotted in
Fig; 14. Note that in either case the surface density of
metals (for which 2<r_<6) may be represented by values of
the slope parameter in the range Oﬁrsiu, A study of both
Figs. 13 and 14 thus indicates that the density gradient
series for the kinetic energy (with A=1/9 and y=1) is an
excellent approximation for high density metals, reasonably
good for medium densities and poor for low density metals.
On the other hand, the.sum of the TF plus first gradient
correction with A=1/9 leads to poor results over the entire
metallic range being consistently well below the exact
results. It is thus possible to understand why the surface
energy values of the statistical calculations of both Smith
(23) and Paasch and Heitschold (24) lie considerably below
those of*the self-consistent calﬁulations of Lang and Kohn
(13). These author's employed parametrized analytic forms
for the density but included only the first density gradient:
correction for the kinetic energy. They thus underestimated
the kinetic energy considerably which in turn led to a lower
value for the total surface energy. Thus if the statistical
approach is to be employed for metal surface calculations it
is imperative that the second density gradient correction as
given by Eq. 2.14 be included. Recently we have calculated
the surface energies by using Smith's density with the in-
clusion of the second density gradient correction of Eq.
2.14 in the kinetic energy‘term. It is shown (49) that,

with the correct energy functional, variational minimization



of the energy gives rise to nearly exact results for the
surface energies when compared with those of LK.

We have also plotted in Fig. 13 the variation of
E§1)+E£2) for the original von Weisacker coefficient A=1.
It is evident that the use of this coefficient leads to
results for the kinetic energy which are in substantial er-
ror over the entire range of slope parameter considered in
the figure, even having the wrong sign for Yp<2.5. However,
based on the work of Jones (96) as discussed earlier, it is
expected that the von Weisacker coefficient should lead to
convergence for the very rapidly varying limit. In’order to
see whether this is the case, we have extended our calcula-
tions to accurately determine the various components of the
density gradient expansidn in the range OSyﬁso.5 and the
results are plotted in Fig. 15. Note that Yg=0 corresponds
to the infinite barrier potential for which the density is
most rapidly varying. A study of the figure indicates that -
even for rapidly varying densities the use of the von
Weisacker coefficient still leads to substantial errors and
that even in the infinite barrier limit there is no indica-
tion of convergence. It does however have the right sign
for yp<0.25. On the other hand, the use of A=1/9 is still

a better approximation for yg>0.25 and the addition of the

second density gradient correction improves matters still
further. Of course, for Yg=0, E£35 diverges. It thus ap-
pears that for physical density profiles which are rapidly
varying, the coefficient A=1/9 is still the correct one
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although one must add in the correction due to the second
density gradient term.

An interesting question which thus arises is what value
of X would lead to the exact kinetic energy if only the TF
plus first density gradient correction of the expansion were
to be employed in the calculation. This is important since
Eq. 4.1 has been solved in many applications in.atomic and
molecular physies and for the metal surface problem (94)
(with A=1/9). We have therefore plotted in Fig. 16 the
variation of A:(Ek_5£1))/Eé2) as a function of the slope
parameter. The fact that there is a substantial variation
in the value of A thus obtained indicates that no one value
of the coefficient will suffice over the entire range of
densities considered. Hdwever, for a specific metal the
correct value of A to be used in Eq. 4.1 or in any
parametrized density’'calculation can be obtained from this
graph since there exist reliable criteria for the correspon--
dence between the slope parameter and the Wigner-Seitz ra-
dius. An alternative approach would be to solve the Euler
equation (Eq. 4.1) in conjunction with the constraint of the
BVT.

Finally we note that although the results of the densi-
ty gradient with A=1/9 and Y=1 are very accurate in the
range of both metallic and higher densities, they still 1lie
a few percent below the exact values. Thus to improve
matters further, we propose the following semi-emperical

method for the determination of the coefficient Y of the
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second density gradient correction. We adjust the coeffi-
cieﬁt such that the results of the gradient expansion agree
with the exact result at Yp=0.5. This value of ypg
corresponds to a very rapidly varying density for which
there is a substantial error between the exact result and
that of the original gradient expansion (see Table V). The
value of Y thus obtained is 1.336. The results of using
this coefficient for the second gradient correction are
shown in Fig. 17, and the pércentage errors are given in the
last column of Table V. Note that the energy scale has been
considerably expanded in this diagram. As may be observed,
the improvement in the results over those shown in Fig. 13
are substantial for all densities being in error by less
than 3% for yp>1.5 and within 0.01% of the exact result at
Yp=6. _

In conclusion we note that we haQe demonstrated the
convergence of the density gradient expansion for the kinet-.
ic energy for a semi-infinite system of non-interacting fer-
mions confined at its surface by a linear potential. - The
value of 1/9 for the coefficient of the first density gra-
dient expansion term is the appropriate choice for slowly
varying densities in agreement with theoretical predictions,
and should also be employed for rapidly varying densities
such as those existing at metal surfaces provided the second
gradient correct%on\;s included. The choice of the original
von Weisacker coeffiéient,.however, leads to results which

are consistently in error for both rapidly and slowly vary-
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ing densities. A semi-emperically determined value of 1.336
for the cdefficient of the second density gradient term
leads to results which are essentially exact over a very
wide range of density profiles. Obviously, as shown above,
the addition of this second density gradient contribution
with its non-linear response terms is an important factor
for convergence and particularly so for metal surface calcu-
lations (49). In Ref. 79 evidence was presented that indi-
cated that the first density gradient correction for the
exchange-correlation energy was inappropriate for jellium
metal surface densities. Thus together with the conclusion
of this work we expect the second density gradient correc-
tion including its non-linear response terms to be necessary
components of any gradieht éxpansion calculation of the

exchange-~correlation energy of metal surfaces.
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V. APPLICATION OF VARIATIONAL PRINCIPLES FOR SINGLE~PARTICLE

EXPECTATION VALUES TO THE METAL SURFACE PROBLEM

An accurate knowledge of the particle density is in-
trinsic to the determination of all single-particle proper-
ties of a quantum mechanical system. For systems containing
relatively few particles the most important technique for
the determination of the density is the Rayleigh-Ritz (33)
variational principle (VP) for the energy. The application
of this principle yields an upper bound to the ground state
energy in error by 0(62) if the trial wave function is in
error'by 0(§). However, if the resulting wave function is
employed to determine other properties, such as the density,
which are not represented by operators in the Hamiltonian,
the results have in general an error of 0(§) of unknown sign

unless the trial wave function is the solution of the

"Hartree-Fock equations, including non-local exchange, in

which case the error is of 0(§2) (100). However, variation-
al formalisms for the determination of single-particlemex-
pectation values and hence the density exist. The density
of an interacting N-particle system is simply the expecta-

tion value of the single-particle operator

W=

(118 V¢ B—

s (Fih). (5.1)

i=1
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Although a complete exposition of this variational method
has been given in published papers (51-55), solid state phy-
sicists are generally not familiar with these techniques
since thus far they have been applied only to few particle
atomic systems. |

In this chapter we wish to demonstrate the applicabili-
ty of this variationai method to the many-body problem by
determiﬁing the density variation of the inhomogeneous elec-
tron gas at jellium surfaces. The extension of this formal-
ism to incorporate the discrete ionic lattice is discussed
in a latter section. This thus constitutes yet another ac-
curate method for the study of surfaces not requiring the
heavy numerical computations involved in fully self-
consistent or nearly fuliy self-consistent calculatidns.
Prior to proceeding with this application of the variational
formalism to the metal surface problem we give in the next
section a brief description of the general theory involved,
and introduce and discuss simplifications (based on the
Kohn-Sham density functional formalism) which are particu-
larly meaningful for the easy solution of the many-body

problem.
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A. Variational Principle

The variational principle (VP) which yields results
correct to second order for the expectation value of an ar-
bitrary Hermitian operator W is that due to Delves (101) and
Schwartz (102). The variational approximation <W> to the
exact expectation vélue using the Delves-Schwartz formalism

is given as
<W> = W + 2Re<y 41 1H-E [¥oT>, (5.2)
W= o IWIVeT>, ' (5.3)

where V¥g; is the system trial wave function, V¥,;; is an auxi-
liary function and where H and E are the exact Hamiltonian

and eigenenergy of the system, i.e.
Hwo = Ewo. (5.4)
The equation satisfied by the auxiliary function is

(H-E)y, = (Wg-W)Yq, (5.5)

where Wé is the exact expectation value of the operator W.

The above equation is analogous to the expression in pertur-
bation theory for the energy correct to first order and we

may thus interpret ¥, as being a perturbational correction
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to ¥y due to the perturbation W (60). . Delves (161) has
shown that if VYor differs from Vg by 0(8) and ¥qT differs
from ¥, By'0(61), then employing the Hermiticity of H, <W>
differs from Wy by 0(8§2,881), whereas W differs from Wg by
0(s). |

In the application of Eq. 5.2 to any system, the unk-
nown value of the exact energy E may be eliminated provided
the auxiliary function can be orthogonalized to the trial
wave function. The parameters in a wOT of a given formiéan
be determined by minimizing the energy but it is generally
not possible to determine the parameters in a w1T of a given
form numerically by making the variational estimate of the
expectation value stationary with respect to their varia-
tions. This is due to the property that the estimate <W>
does not provide a bound and hence its extremum is generally
a saddle point which is difficult to find numerically.
Moreover, there may exist several such extrema and it may
not be clear which one is physically significant. This
problem has been circumvented by constructing a subsidiary
functional (103,104) M involving the trial wave function
YoT,» the auxiliary function ¢ q7, the Hamiltonian H and the
operator W representing the observable in question, which
when minimized leads to the best estimate of V47 for a given
¢0T. It is to be emphasized that this subsidiary variation-
al principle is a minimum principle. The functional M is

given as



79

_ M[Wor,¢1T,H,W] = €p1T|H-Eolw1T> + <¢1le1wof>
* Yoriu¥yr>, - (5.6)

subject to the orthogonality constraint
Syirlvor> = 0, _ (5.7)

and where EO is the eigenvalue of the approximate Hamiltoni-

an Hy with eigenfunction ¥gor i.e. HoVgr=Eg¥gr. However, the

‘choice for the auxiliary function is still strictly arbi-
trary and there is no systematic method to determine w1T
once the trial wave function V,r for a given system has been
chosen.

Such a systematic procedure for the determination of

the auxiliary function y,7 for single-particle operators of .

the form

W= §W(?i), | (5.8)

has been derived by Sahni and Krieger (52,55) by variational
minimization of the functional M[¢0T,¢1T,H,w], with respect
to arbitrary variations in the auxiliary function, having
assumed Yoo to be either a Hartree-product or Slater-
determinant type trial wave function. By this ﬁethod wlT is

found to be dependent on the operator whose expectation
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. value is being determined and independent of any further

parameters other than those involved in the initial choice

for the trial wave function wOT as discussed below. In the
Hartree case for which the trial wave function ¢0T is a pro-

dugt of the single-particle states y;(¥):

Yor = M¥i(Fy), G
with

Pilvy> = sij,

it can be seen (60) from .the perturbational interpretation
of Eq. 5.5, that the only states coupled to wOT by the sin-

gle particle operator W=§ W(F;) are those states with only
i

one single particle wave function different from those in

VYor. Hence the auxiliary function was chosen (105,51) to be

of the form

w1T = %fi(?i)"pOT. (5.10)

For a given trial wave function WOT, and a non-relativistie

N-particle Hamiltonian of the form

H= -

i VE V(L F, (5.11)

(18 V-

1
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variationél minimization (52) of the functional M with
respect to Y,;. subject to the orthogonality constraint of
Eq. 5.7 leads to a set of coupled integral-differential
equations for the components fi(Fi)'of the auxiliary func-
tion. The resulting equations can be uncoupled in different
approximations (52). 1In the limit of large N, all decou-
pling approximations lead to the following second 6rder dif-
ferential equation for the components fi(?i) of the auxili-

ary function

Vi ftm LTre v 3‘,(#) V,“c’ (¥ W;]*’{;Jﬁ-r

~Y

(5.12)
with '

Wi = <pi(F)IWE) v (P>,

which includes the case where W(?i) may be a differential
operator. With the auxiliary function determined by.solu-
tion of the above differential equation, the expectation
value of phe operator W can then be obtained correct to
second order by substitution into Eq. 5.2. We emphasize

that within the SahniQKrieger formalism the auxiliary func-

tion is fully determined once the specific choice of the
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trial single-particle wave functions is made. Furthermore,

due to thé fact that it is possible to satisfy the ortho-
gonality constraint of Eq. 5.7 (say by an appropriate choice

of constant in the solution of Eq. 5.12), a knowledge of the

ground state energy of the system is not necessary. Thus

replacing E by Eo in Eq. 5.2 we have

<W> = W+ 2Re<yy 7|8V Vo>, (5.13)
where

8V = H - Hg. -

It is, however, possible to rewrite Eq. 5.13 in such a

manner that one may employ instead a function w;T=Sf{(;i)¢OT
: .

-»>
(where the f{(ri) are solutions of the differential Eq.

5.12) for which the orthogonality constraint of Eq. 5.7 is

not satisfied, i.e.
<‘P1'T|¢0T> £ 0.

To derive this alternate expression for <W> consider the

orthogonalized auxiliary function ¢1T to be of the form

Y7 = Y97 = N Yor,
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where n is an arbitrary constant ensuring the orthogonality

constraint of Eq. 5.7. With the expectation §V defined as
SV = WorlsVIvor>,

the expression for the variational estimate <W> may then be

written as

<W>

W o+ 2Re<y = n¥o718V-3V ¥ op>

W+ 2Re<y ] 16V-8Vlyop>, (5.14)

where now in Eq. 5.14 only the non-orthogonalized auxiliary
function W;T appears.

In the above discussed variational formalism for the
expectation <W>, the exact non-relativistic Hamiltonian is
assumed employed in the determination of the correction term
to W.  Thus the many-body system being studied is represent-
ed exactly. This is in contrast to the density functional
formalism of Kohn and Sham in which although the density is
obtained self-consistently, the exchange-correlation energy
functional must be approximated as its exact form is as yet
unknown. Thus, for example, the Lang-Kohn (13) density is
exact, but only within the local density approximation. No .

such local approximations are involved in the variational
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formalism since the Hamiltonian employed incorpofates all
Coulomb ioteractions explicitly.

It is, however, possible to further simplify this vari-
ational procedure by incorporating the basic idea of the
Kohn-Sham theory (12) into the formalism. This can be
achieved by replacing the potential V(?1,,,,,?N) of Eq. 5.11
(which usually contains both single and two-particle opera-
tors) by a sum of single-particle effective potentials.

That such an effective potential exists for an interacting
inhomogeneous electron gas system has, of course, been shown
rigorously to be the case by Kohn and Sham. With this
choice of single-particle type Hamiltonian, the expectation

<W> may now be written as

A=t

L >
Wy=1 SWT(K;)W(':L-)\\’,- (%o o% | (5.15)

+ 2 Ke 3 f(ﬁi)"\):-(ﬁx) LSV(”L)" W;]‘\’,;UT»‘)O\RR

- 1

- -+
where 8V(r:) is the difference between the assumed single-

particle Hamiltonian and that of the trial system HO: and
8V = <Pyl sV(FD 1P,
Thus, in this form, the expectation <W> is determined by

first calculating the contribution of each particle (which

now depends only on the position of that particle) and then
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summing over all the particles. However, as in the Kohn-
Sham theory, the many-body complexity (and any approxima-
tions) are now incorporated into the choice of the effective
notential.

The vafiational principle as written in Eq. 5.15 can be
employed in many different ways. For example, it can be
most effective in prﬁviding rapidly convergent results for
the density provided the effective potential is a function
of the density. This can be seen as follows: If po(?) is
the electron density of the trial system (corresponding to W
in Eq. 5.15), the density p(¥)=<W> can be obtained by
iterating this equation, i.e. first use D(?) to determine 6V
and calculate a p(?), then substitute this P(?) in 6V and
calculate a new P(?) until self-consistency is achieved i.e.
until the value of a property determined by this density
such as the surface dipole barrier is unchanged by further
iteration. The advantage of this procedure is its rapid
noﬁvergence, i.e., an error in the single-particle state
Vi (F) of 0(8) gives a density correct to 0(§2) whereas if we
numerically integrated the Schrodinger equation and iterated
to obtain the density at each stage, an error in wi(?) of
0(6) would give a density correct only to 0(8).

A second way in which this variational principle may be
used to determine the density or any other single-particle
property is to employ a parametrized model effective poten-
tial in the correction term. The density obtained correct

to second order may then be varied to determine either the
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stationary.value of any property of interest, or adjusted to
satisfy cértain theoreticai and physical constraints. The
idea of the use of model potentials in conjunction with con-
straints has already been shown in Chap. III to lead to very
accurate results, and is sufficient juétification for the
adoption of the same procedure within this formalism. Yet
another approximation would be to determine the effective
potential (which is a sum of the electrostatic and
excﬁange-correlation contributions) within the LDA or LDA
with gradient corrections using Py as the input density.

The only parameters in the problem in this case are those
that appear in the trial density po and these could then be
adjusted to satisfy the various constraints. However, it is
to be emphasizéd, that the variational principle in its more
general form Eq. 5.13 in which the exact Hamiltonian is em-
ployed may also be used to determine the density in this
manner, in which case no approximation except that in the
¢hoice of trial wave function is made.

In order to demonstrate the applicability of the above
variational formalism to the inhomogeneous many-particle
system, we apply, in the following section, the single-
particle-effective-potential version of the formalism with a
model effective potential to determine the density at a jel-
lium surface and from it other properties such as the work

function and surface energy.
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B. Application to Jellium Surfaces

We determine the surface density P(x) of jellium metal,
correct to second order, by application of the above varia-
tional formalism for single-particle expectation values to

the operator

W= %5(xi-x). | (5-16)

As in all our previous work we will consider the crystal to
be semi-infinite. Due to the translational invariance in
the plane parallel to the surface in the jellium approxima-

tion, we choose our trial wave function to be of the form

Vor = % wk(xi)exp[i(kyyi+kzzi)], (5.17)

where k=k, , ky, and k, are the components of the electron

-
momentum k. For the semi-infinite crystal and arbitrary ef-
fective potential at the surface, Eq. 5.15 for the density

may be written as

P(X) = ppu(x) + Pq(x) . (5.18)

with

Po(x)=1/(21) 3 (KE-K2) W (x)12 , (5.19) .
k<kp :
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2 % * | * . . .
{w=12 \Qe&Z‘%wF— %) & § AN SV G ds
“Re

- (5.20)

where Po(x) is the density corresponding to the trial set
Vyp(x4) and pq(x) is the correction term. Note that in the
above expression for P1(x), the Evi term is absent since its.

contribution vanishes as x~1 in the limit as the crystal is
made semi-infinite. Similarly, the Wi term in the differen-
tial equation for the components of the auxiliary function
may also be eliminated since it too vanishes as x~1 in thé

limit as x goes to - ®, The differential equation for the

fi(xi) corresponding to the dénsity operator is then

PR, 2 AR A

= §(x;- (5.21)
Y Yy, ki dx; (i)

As our trial wave function we choose those generated by
the linear potential model (36) for which Vgg%al(x)=FQ(x),
where F is the field strength and " the step function.

Thesé wave functions are no more complex to work with than

those of the step model but far superior (36,37). Thus
V(xi) = B{sin§(k)Ai(L{)/Ai(-L4) O(-xq)
+ sinlkx;48(k)] 0(xq)}, (5.22)

where B is the normalization constant, §(k) the phase shift
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and Ai(Ci).is the Airy function. Expressions for the phase

shift and the normalization constant are given in Chap. IV.
Employing this trial wave function and appropriate boundary
conditions the differential Eq. 5.21 for the components of
the auxiliary function can be solved analytically even
though one is here dealing with Airy functions. The details
of this solution together with a discussion of the boundary
conditions employed are given in Appendix E. The analytie

solution is given below:

Cex 220 (5.23)

4, %) =—};:—F ‘é‘/: Atw){‘::‘ 3 6 (344, —_:-i&:)— 0($-8i)
:,i:; [ocs9-00s- s)]‘

“’ -0+

BNy _xj 9§ NG A»
+2&Mz(¥m+8)e( + %M

For x40

$,04,0) = —%Mz(&mﬁ)m R+ 9) [e (%~ %;) - ecx;]

A,(i)

, oy 0 (3+3,)

{Q 370 SM(%XHS)

'L&j‘Ml(‘!QXA'S) B (Li-%)
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We next have to make an assumption as to the effective
potential at the surface. For purposes of the present
demonstration of the applicability of this formalism to the
many-body problem we choose our effective potential to be
that of the finite linear potential model (Eq. 3.1) dis-

cussed in Chap. III. Thus
Vorr(x) = Fx[0(x)-0(x~-b)] + VO(x-b),

where F is the field strength and V the barrier height.

These latter quantities are described in terms of the param-

eters b and Xp respectively, defined by the relation
F=V/b=Ep/xp, where Ep is the Fermi energy. The principle
advantage of employingAthe FLP model in this case is that it
leads to a certain degree of analytical simplicity in our
calculations, in addition to the fact that the model poten-
tial itself can be solved exactly and gives rise to accurate
results. The electronic density of the system can thus be
obtained, correct to second order, by substitution of the
" above deterhined funection fk(xi) into Eq. 5.20. Further-
more, employing expressions for indefinite integrals of Airy
functions derived in Appendix A, the spatial integral in Eq.
5.20 for p,(x) as well as those for all the other surface
properties can be solved analytically.

With a change of variables to y=xkp, yj=z=xjkp and

q=k/Kp, the expression for the normalized charge density'

(n(y)=p(y)/p, where p=k3/312), as well as for all the sur=
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face properties obtained by using this corrected density can
again be described in terms of universal functions of the
slope and barrier height parameters Yp=xpkp and yp=bkp. The
results are given below:

Electronic Density

n(y)=no(y)+n1(y). (5.24)

'“o(”}) SO\%U %) P‘(_.s) P"' %) ;a;o

(5.25)

=13 S‘o\oﬁct—%’)m’c%la:fa) Y20

NnUH = SA%U 53 e s,ih’;(ﬁ)[msbmc—w—1116(59]
(5.26)

~ (8-3%) fi(S) A’;(ﬂ)} Mz Yy,

] ‘)::(83 ) { A (9 Q) -2 i () B («s)}

220

Sd%(\ %)X’:‘(i,{‘- HES,) dm2(§4 +6)
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where

pinzd P 8(-8.)
35 Mes) ez}

Q(" $) =
HE) = 8, AS) + —‘f [ WCATCH)
G =3, | MOIBIE -5, b () BA8] 4 N8 Bty

NS = ArGE) - N ()

in which ¢, and %y are defined as in Chap. III.

Jellium Edge Position

The jellium edge or metal surface position Yo -is ob-

" tained from the charge neutrality condition as

4o
4, = Y4y - S 04 a4 (5.27)

00
4, = Y4y - S 1,04 a4 (5.27)

whert

'B !
lﬁ "60, SA%U %)Ms [3/\('55)——H(“Sb)¢&¢25]

the trial system is charge neutral, i.e.

3 - abyk pna (5.28)
Af&oo\obu Rkt
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Surface Dipole Barrier

For the electronic density n(y) of Eq. 5.24, the sur-
face dipole barrier is defined as

$00

A = Bkp/(3m) _]'yndey, . (5.29)

-0

where nT(y):n(y)-e(yc-;y) is the total charge density satis-
fying Poisson's equation. By performing the spatial in-
tegral in the above equation the surface dipole barrier may
be written as

where (A¢), is the dipole barrier obtained from the total
charge density of the trial system, and (A¢)1 is the correc-

tion term which includes the contribution both due to the

corrected electronic density and to the appropriate shift of

the jellium background necessary to maintain overall charge
neutrality. The expressions for (A¢)o and (A¢)q respective-

ly are

z ' 2
(AQL 1) 16 ﬂ 240 1 S A b (5.31)
Al Ky 4 B % e N dq(u- )ES—
ke 1*2‘( T57 37 vo%( a“ 9>

¢ S‘d% (1-§) sin2b

where
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K(0)=yl/34i(0)/A1'(0), and

(A¢)| (5.32)

ke

\‘d
=-6—A H(‘ﬂb"ap)""‘"‘("& ‘da.)

23 '
*3 &
¢ Soo\%(\ %)P‘ 3 {H(ﬁb)[gmwzﬁ MIS]

£ 2N (35,-8) 2 AN (s.)}

Electrostatic Potential

The electrostatic potential Vos defined in Eq. 2.22 may

be written as

Ves(y) = viP () + v{l(y), ‘ - (5.33)

where Vég)(y) is due to the total charge density of the tri-
al system and Vé;)(y) due to the correction charge distribu-

tion and shift of the jellium background.

For y>0
) ‘
Ves (4) (A¢), (5.34)

iaPye pinB :
37t S“‘%( %’A(5,[23A(s)+As(s)A.cs)]
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For y<0

“h
ch.;F =%—+%K(o)+%—_‘é’—_—(‘é J.j.m) 0 (4-4,) (5.35)

| ! 2.1 -2
+;FS dg (1-G )7,67}\»« (44+5)

. For y2yp>o0
w
Ves ("‘6') (A‘?), + . 9'9( ) )— 0. (5.36)
‘?ZF &F Exl (L& ‘32) }j"' t (‘3 "é'a.) (‘j'a. “4)

13 1
e So\%(l %) oo 3,{ 2[Hesp0e5- 2763,

- [23A) BRI ] + 2 Ascrhied 4 (498,) /\m}

For 0<y<yy,

w (5.37)
v “};”F’ o (4-4) 00k~ 4) - w, 4. 00k 4)

2/3

jym 8 . .. ‘
‘JF So\%(l §)% et {wwbm( sa[23060+ icorpies]

- Jr sy [ 23 M @B - 2 8 AOBO) L AIBE)

+—'7:AZ-(4>B.~(£)] + 3 ACEI A +3 ($,433) /\wn}

For y<0
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w
Ve;z (‘é” 2? "‘A(Aé(b;al‘ ) 32_;‘ (‘3}:_ Aj'a_) [2% - (43,°+ ‘ﬂ'a)} | (5.38)
F A

AL R AL A R CE AR IS R)

T

%F Sdoﬁ“ 05)5‘3/1 mi)H“b’MZ(cwd)

In the above equations A(z)=Ai'2(z)-zAi2(%).

Electrostatic Energy

The universal function for the electrostatic energy may

be written as

Jov
Eqg/kg = 1/(6m2){ f dyn(yIV o (y) kg - T(yp,yp)}. (5.39)
- 00

For y,20

~

Tlhetly) =1 3KO [agke] + Lo [Fagre]

Sd%% {K(o)-ﬂ)’m—-(l %)[MzSJrjupmzs]}

For y,<0



97

Tl = 5+ 4, Gregpth) +5 KO e+ Q3
v 30 (A e ko]

S |
o Soa%-%}- {K(o) + (-9 4, - 7 bi 9.(%;8)]}

=

+E|_ S‘d%-%—;b(o) (-4 TG w2 (44 4§ )}

and

-3

EIRRTEN : B H(HHe )
(4) = (0 =
T4 Y J b 3 A0

Kinetic Energy

The use of this variational formalism determines the
density directly instead of the single-particle wave funec-
tions. It is thus not possible to obtain the kinetic energy
contribution to the surface energy exactly as given in the
Kohn-Sham scheme, since that requires knowledge of the
single-particle wave function and its asymptotic phase
shift. 1In order to determine the surface energy one there-
fore must resort to the density gradient expansion formalism
and include terms of 0(V 4y as discussed in Chap. IV. The
surface kinetic energy in its gradient expansion form can be

expressed as

EEE[n] = E£1) + g£2) + E£3), (5.40) .
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where E£1), E£2) and E£3) are the components of ﬁhe gradient
expansion'as defined in Egs. 2.12-2.14., For the coeffi--

cients A and y of Egs. 2.13 and 2.14 we employ A=1/9 and
Y =1.336 as discussed in Chap. IV.



i _ 99

C. Demonstration of Stationary Property of Variational
Formalism

Prior to discussing any results, we wish to demonstrate
in this section the mechanics of the variational formalism
as applied to the many-body problem by which a property of
interest is made insensitive to variations about ité saddle
point (and in fact that such a saddle point exists), and the
corresponding changes that occur in the correction deﬁsity
in order to achieve this insensitivity. We restrict our-
selves to a one-dimensional variation by plotting in Fig. 18
the surface dipole barrier A¢p as obtained by employing the
density determined correct to second order, as a function of
the barrier height parameter. The field strength and jelli-
um edée parameters are adjusted so as to satisfy the con-
straints set by the BVT and charge neutrality respectively.

The corresponding variation of (A¢)O is also plotted togeth-
er with the value obtained by Lang and Kohn (14). Note how

the variational principle corrects an approximately linear
variation of (A¢)y to one in which A¢ is essentially hor-
izontal about the correct answer. Thus for any choice of
the variational parametef in the substantial range shown ih
the figure, the result obtained is nearly exact. An obvious
choice of the parameter is that which extremizes the result.
Another choice, as discussed in Chap. III, is that for which
the barrier height is obtained self-consistently. Although
the value of the parameter obtained by application of the

two constraints are different, the results for the surface
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dipole barrier are nearly the same, the extremum'value of
Ad being.3.92ev whereas the self-consistent value is

3.82eV. .In order to see how the correction term of the

charge density n,(y) changes as one varies the variational

parameter y,, we plot nq(y) in Fig. 19 for two values of yp

in Fig. 18. One (yy,=1.20) corresponds to a value for which

there is a large correction (A¢)1 to (A¢)y and the other

(¥p=1.82) for which the total surface dipole barrier is an

extremum. As may be observed from the figure, the amplitude

variation of n,(y) is considerably different for the two
values of the parameters employed thus demonstrating how the
correction to the trial density changes in order to elim-
inate practically all error in the result for the dipole
barrier over the very substantial range of variational
parameter considered.

Although the value of barrier height parameter for
which the surface dipole barrier is an extremum leads to an
accurate result, such a choice would be even more meaningful
if in fact we had employed the

culations.

exact Hamiltonian in our cal-

In the application
to atomic systems (51-57), the
tonian has always been used to
term. The extremum value of a

tained has always proved to be

of this variational formalism
exact non-relativistiec. Hamil-
determine the correction
specific property thus ob-

more accurate than that ob-

tained by employing a predetermined value of the variational

parameter. However, since in our work we have employed a

model-potential single-particle type Hamiltonian it is more
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appropriate to determine the parameters in the density by A
ensuring that they all satisfy various theoretical and phy-~
sical constraints. Of course, it is tb be emphasized that
either choice should lead to meaningful results since the
.property of interest is considerably insensitive to.varia-

tions near and about its extremum value.
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D.  Results and Discussion

In this section we present results for metallic surface
dipole barriers, work functions, and surface energies by em-
ploying the parametrized density determined correct to
second order with the parameters adjusted so as to satisfy
appropriate constraints tailored to specifié properties of
interest. 1In the calculations for both the work function
and surface energy, the jellium edge parameter y, is fixed
to ensure overall charge neutrality and the barrier'height,
parameter ¥, by the requirement of self-consistency of the
dipole barrier. For the determination of surface dipole
barriers and work functions, the field strength parameter Y
is adjusted as in Chap. III to satisfy the constraint set on
the electrostatic potential by the BVT. This condition can
be satisfied exactly only for r. <4.3. For the surface ener-
gy, the parameter yp is varied till the energy is a minimum.
All the parameters in the expression for the density are
thus fully determined. It is, however, possible to improve
" the accuracy of the density still further in this jellium
model problem by incorporating the integral sum rule of the
Mahan-Schaich theorem (MST) (see Eq. 2.33). Note that the
MST is satisfied for arbitrary effective potential. The
electronic density n(y) can thus be improved By introducing

a parameter o such that

l’l(Y) = no(y) + an.l(y)’
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and by adjusting o till n(y) satisfies the integral rela-
tionship of the MST. This procedure in effect corresponds
to incorporating the contribution of the higher order terms
in the series for the density, thus improving it. It turns
out that the iteration procedure for the determination of a
unique value of a for each density converges quite satisfac-
torily, the values for a ranging from 2.55 for rs=2.5 to
3.10 at rg=y.0.

In Table VI we present the results for the surface di-
pole barrier and work function in the density range re=1.0-
4.0. For the results in parenthesis all constraints except
the MST are satisfied. Since the exact solution of the as-
sumed Hamiltonian employing the same constraints is known
(see Chap. III), a comparison between the variational and
exact results is meaningful and we include the latter
results in the table. Note that for rs>1.5, the results ob-
tained by the variational fromalism are essentially the same
as the exact values, differing by at most 0.04eV. The
results for which the MST is not satisfied are only slightly
less accurate although for r 52 they are still within 0.04eV
of the exact result.

As discussed earlier the kinetic energy contribution to
the surface energy must be obtained by its density gradient
expansion, since within this formalism it is the density
rather than the single-particle wave function that is being

determined. With the exchange-correlation contribution



TABLE VI

Results for the surface dipole barrler A¢ and work function ¢ by employing densities determined via the
variational principle (VP) for the denslty. The slope, barrier height, and jelllum edge parameters

YE» Vi and Y. Quoted are determined by application of the BVT, self-conslstency of Ad and charge
neutrality respectively, employing the Wigner function for the correlatlon energy. The Integral con-
stralnt of the Mahan-Schaich theorem (MST) Is also satisfled by these densities. The results in par-
enthesis are determined by denslitlies which do not satisfy the additional constraint of the MST.

re Ye Yy, Y. Dipole Barrier 4¢(eV) Work Function ¢(eV)
VP Exact® VP Exact®

1.0 6.60 7.30 2.64 37.36 37.51 5.28 5.43
(37.05) (4.97)

1.5 4,91 5.97 1.95 14.62 14.66 4,78 4,82
(14.53) (4.69)

2.0 3.74 k.99 1.48 7.09 7.10 4,17 4,18
(7.06) (h.14)

2.5 2.79 4.07 1.10 3.82 3.82 3.70 3.70
(3.81) (3.69)

3.0 1.94 3.1 0.76 2.16 2.16 3.34 3.34
(2.14) (3.32)

3.5 1.16 2,03 0.39 1.20) 1.21 3.03 3.04

4.0 0.36 0.67 -0.11 0.60 0.64 2.75 2.79
(0.60) (2.75)

a. see Chap. Ill,

%01



105

treated within the LDA, the total surface energy'functional

Es is

Es[n] = Ees[n] + EEE[H] + EkgA[n]) (5-"1)

where the electrostatic E__ and kinetic EEE energy contribu-
tions are given Egs. 5.39 and 5.40. With the density'satis-
fying the MST, and the jellium edge and barrier height
parameters determined by charge neutrality and self-
consistency of the dipole barrier respectively, the surface
energy functional Ej[n] is then minimized with respect to
the field. strength parameter. The results over the metallie
density range of this variational self-consistent calcula-
tions are given in Table VII. For purposes of comparison of
two distinctly different methods for determining the densi-
ty, we also include the results of Lang and Kohn in the
table. Note that for r_ =2.5-6.0 our éesults and those of LK
are within 8 ergs/cm2 of each other and differ in many cases
by only 1 erg/em?. For ry=2.0, the result differs by less
than 4%. The accuracy of our results arise in part due to
our use of the VP for the energy. However, these results
are also indicative not only of the accuracy of the density
determined but also of the energy functional employed. The
latter conclusion reiterates our earlier contention of the
importance of including the second density gradient correc-
tion in the gradient expansion for the kinetic energy fune-<

tional.
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TABLE Vi1

Results for metallic density surface energies Eg by application of the
Rayleigh-Ritz variational principle (VP) for the energy., The barrier
height and jellium edge parameters y, and y quoted are determined by
the self-conslistency of the surface Elpole arrier and the requlrement
of charged neutrality respectively, whereas the slope parameter Y Is
fixed by variational minimization of the total LDA surface energy
functional. The Wigner expression for the correlation energy per par-
title is employed. The parametrized densities employed are those ob-
tained by the VP for the density.

re '3 Yp ' Surface Energies res(LK)'Esl

(ergs/cm?) (ergs/cmz)
VP Lang~Kohn?

2.0 3.h40 L.28 1.35 =971 -1008 37

2.5 2.60 3.70 1.03 35 6 |

3.0 1.98 3.18 0.77 192 199 7

3.5 1.53 2.76  0.57 186 194 8

5,0 1.21 2.4 o1 154 158 4

5.5 1.02  2.31 0.3 123 124 1

5.0 0.85 2.13 0.21 97 98 .

5.5 0.75 2.08 0.4 78 77 1

6.0 0.70 2.13 0.11 63 60 . 3

a. see Ref. 13.
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In concluding this section, we note that we have demon-
strated the utility and accuracy of the variational formal-
ism for the density to the case of the inhomogeneous elec-
tron gas system at a surface. The results for the surface
dipole barrier and work function are observed to be as accu-
rate as those of an exact calculation. The surface energies.
obtained by these variational densities are essentially
equivalent to those determined by a fully self-consistent
calculation of the density. We believe that the above ap-
.plication to the jellium case is an important step in demon-
strating the power and usefulness of this variational tech-
nique, since it is imperative that any new formalism be
first proved accurate with regard to simple and ideal sys-
tems for which a few answers eiist, prior to its use fo;
more complex systems. Further work is required not only in
developing formal connections between this variational for-
malism and the density functional theory, but also in com-
pleting calculations in which a moré realistic Hamiltonian
is employed. We conclude this chapter by indicating in the
following section how the crystal lattice may be incorporat-
ed into the variational scheme in order to determine accu-
rately the electroniec density variation at a real metal sur-

.

face,



108

E. Inclusion of Ionic pseudopotentials

The above procedure for the determination of the densi-
ty correct to second order can be extended to a more realis-
tic metal surface system by adding a local ionic pseudopo-
tential Vps(r) to the Hamiltonian. This local pseudopoten-
tial treatment is appropriate for metals with s- and p-band
electrons. It must be modified for noble and transition me-
tals where d-band electrons are important (106-108). It can
easily be shown that the inclusion of a local ionic pseudo-
potential to the Hamiltonian is equivalent to adding a term

§Vhs(x) to the Vepp(x) of the jellium model approximation,

where

‘
811,',5(1) = '\)’,‘,S(oc) + SM dx’ (5.42)
1x-%\

is the difference between the ionic pseudopotential averaged
over the plane parallel to the metal éurface and the elec-
trostatic potential of the positive jellium background
p+(x)=§0(-x)-

Thus within our variational formalism the density may

be written as

{0= W+ d@s2R Y G- (5.43)
fthe

¥ ¥ AU () A
: S fy ks ~J(& LA «\'%u.) d:
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where p5 (x) and Pq(x) are defined in Eqs. 5.19 and 5.20
respectively and where the last term corresponds to the con-

tribution to the density variation at the surface due to the

presence of the ionic lattice. Note that the above expres-

sion for the density is now dependent on the specific cry-

stal face of interest. In our calculation we propose to em-

ploy the Ashcroft pseudopotential (109) for which

Vps(r) = -z/r + z/r O(rqe-r), (5.44)

where r, is the Asheroft core radius. - The values for r, for
various metals (Al,Pb,Zn,Mg,Li,Na,K,Rb,Cs) are given in the
work of Lang and Kohn (13) and for Ca, Sr, and Ba by Paasch
and Heitschold (24). For all metals with the exception of
Li, Zn, and Ba, the use of this pseudopotential leads to
theoretical binding energies which agree well with experi-
mental values (110,80). For Ca and S} the magnitude of this
difference is 0.5 and 0.6 eV respectively (80), the differ-
ence for the remaining metals (110) being less than 0.4 eV.
This is particularly important since the first order pseudo-
potential energy, which as shown by Monnier and Perdew (110)
and Sahni and Grueneﬁaum (80) is a term contributing to the
work function, is then in error by at most 0.6 eV for all
metals except Li, Zn, and Ba. The use of these pseudopoten-
tials is thus most appropriate.

Since our choice of trial wave function of Section C is

godd and the corresponding auxiliary function analytically
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well-defined, it is possible and meaningful to eﬁploy these
functions in Eq. 5.43 in order to determine the density ac-
curately. For the work function the parameters can again be
obtained by various constraints such as the self-consistency
of the surface dipole barrier, or by the determination of
its stationary value.

The inclusion of the ionic pseudopotential leads, as
described by LK, to the classical cleavage Eél[p] and pseu-
dopotential E  [p] energy contributions to the surface ener-

gy functional. The expressions for these terms are respec-

tively
Eoi1lpl = BZ 7 (5.45)
and
+0
Epsted = [ ovpstte cFot-nlax, (5.46)
. =00

where B is the cleavage energy constant (111,13) and Z the
ioniec charge. Employing these crystal face dependent densi-
ties (which are correct to second order), the Surface'energy
can then be determined by variational minimization of the-

total surface energy functional

Eglp] = EGELR)+E, [p1+ELDRIOI+E (o eEp o], (5.47)
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We can also easily include, in the ébove energy functiqnal,v
a correction to the LDA exchange-correlation contribution as
determined either by the wave-vector analysis (72,73,79) or
gradient expansion (80) methods.

With the inclusion of the ionic pseudopotential the ex-

pression for the work function is given as (80)
¢ = (M) -1 - <5V, - (5.48)

where (A¢). is the electronic relaxation dipole barrier

evaluated using the variational density and is defined as

+00

(86) p=Vog(w )-Vgg(~m dalim S x[p(x)-50 (-x) 1dx,

00

and where <§v> is the average value of vas(r) over the
volume of the semi-infinite crystal. |

Finally, as we mentioned in the introduction, non-fully
self—éonsistent three dimensional calculations do exist for
a few metals and for a few crystal faces (see Refs. 15-22).
They do, however, require heavy numerical computations. The
principle additional approximation beyond the LDA in the ma-
Jority of these calculations is a variational restriction on
the number density arising from the use of a finite wave
function basis. The above described variational formalism
not only obviates the necessity of heavy numerical computa- a

tions, but also offers an accurate and easy method for the
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determination of the crystal face dependence of the surface
energy and work function. A further advantage of the varia-
tional method over the fully self-consistent method is that
the former may be employed with any explicit density func-
tional for the energy including non-local treatments of ex-
change and correlation whereas the latter usually requires a
local approximation. The determination of crystal face
dependent work functions and surface energies of twelve sim-

ple metals is presently in progress.
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VI. STUDY OF THE INHOMOGENEOUS HARTREE-FOCK GAS AT SURFACES

In this last chapter we study the surface properties of
an inhomogeneous Hartree-Fock (HF) gas interacting only via
Pauli correlation. It is interesting to note that although
there is such substantial interest in surface physics, a
fully self-consistent calculation (including non-local ex-
change) of the surface properties of an inhomogeneous HF gas
does not exist. Such a self-consistent calculation was ori-
ginally considered by Bardeen (2). However, due to the com-
putational difficultiés at that time, some of which still
exist today, he was unable to solve the HF equation self-
consistently. Instead, the exchange potentials were ob-
tained by evaluating them a% two points in space, one using
the step-model wave function and the qther using the infin-
ite barrier model (IBM) wave function, and then drawing
smooth curves through these points. These potentials were
then held fixed throughout the calculation, and it was only
the electrostatic potential which was obtained self-
consistently. Bardeen also made yet another approxidabion.
In calculating the exchange potential he set the components
of the electron momentum parallel to the surface to zero and
then replaced the momentum in the perpendicular direction in
the final result by the magnitude of the total momentum.
Such a procedure is entirely valid for the ﬁomogeneous case

(112) but its validity for the inhomogeneous case is un-
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clear. We, however, adopt a different approach in order to
solve this problem and determine the total non-local and:
hence the non-localnsurface exchange energy contribution by
employing accurate wave functions in conjunction with the
Rayleigh-Ritz variational principle for the energy.

‘The total exchange energy of an interacting system of
particles is defined in terms of the single-particle density

matrix p(¥,r') as

E :_..LSJ"SA'*I ‘{(;"—Z"‘L (6.1)
< TF )N TR -

where

and where ¢k(F) is the electronic wave function. It can be
shown (see Appendix F) that the above expression for the ex-
change energy may be written as
~pix-%1
2 55 ! SS 5o JF ¥
E=-25%—5\\atdi e Y, 0.
TR hey
f (6.2)
[/ 2,
.n\l*ut)q:'&'u-)
where ¥, (x) is the component of the wave function in the
direction of the inhomogeneity and P2=[(ky_k;)2+(kz_k;)2].
The surface contribution to the exchange energy can then be

determined following the method of Harris and Jones (66).
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The exact total surface energy functional of the density

Eslpl for fhis inhomogeneous HF gas within the Kohn-Sham

scheme can be written as
Eslpl = Exlp] + Eeslp) + Exlpl, (6.3)

which is a sum of the‘kinetic Ey, electrostatic Epg, and ex-
change Ex energy components respectively. Since each of
these energy functionals is known exactly, rigorous upper
bounds for the surface energy can be obtained on application
of the Rayleigh-Ritz variational principle provided the
variational wave function is a plane wave in the bulk.

Two exact calculations of the surface exchange energy
have been performed recently, one for the IBM (66,67) and
the other for the step model by Mahan (113). For the IBM
case the correlation energy contribution to the surface en-
ergy has also been determined exactly within the RPA (67).
The results indicate that for any density, the exchange and
correlation contributions are approximately the same.
Furthermore, the use of these densities leads to the conclu--
sion that the error between the exact and the local density
approximation (LDA) calculations for exchange remains pre-
cisely the same as the density is made more slowly varying
by changing the value of the Wigner-Seitz radius. As a
consequence, the percent error between the 'exact' RPA (67)
and the local values of the correlation energy increases

with increasing density. These conclusions are obviously .
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unphysical since the LDA value of a property should approach
the exact value as the density becomes more slowly varying.
Although the step model wave functions are an improvement
over those of the IBM, they are still poor representations
(34,35) of the wave functions that exist at surfaces. For
example, the use of the step model led Mahan to the conclu-
sion that the universal functions of both the sﬁrface elec-
trostatic and exchange energies remain essentially the same
as the density is méde more slowly varying. The use of the
far superior and more realistic LP and FLP models indicate
this not to be the case (see Chap. III and Ref. 36) for the
electrostatic energy and, as will be shown in Section A
below), neither to be the case for the surface exchange en-
ergy. The‘accurate determination of the exchange energy is
also very important for the determination of the correlation
energy since this latter quantity is usually obtained by
subtracting the exchange energy from the exchange-
correlation energy which is usually obtained within various
formalism such as the RPA (67), the wave-vector analysis
(72,73,79), and gradient expansion (80) methods. in order
to determine the surface exchange energy accurately we em-
ploy the realistic and physically meaningful wave functions
generated by the linear potential model for which the effec-

tive potential is assumed to be

v9ff(x) = Fo(x), (6.4)
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where F the field strength is defined in terms of the slope

parameter Xp and the Fermi energy Ep as F=Ep/xf. The solu-

tion of the Schrodinger equation for this potential is
¥y (x) = B{siné(k)Ai(Z)/AL(-L,) O(-x)
+ sinlkx+8(k)] 0(x)}, (6.5)

where B is the normalization constant, §(k) the phase shift,
Ai(g) the Airy function, and where';o=(kFxF)2/3k2/kE,
£=x(2F)1/3-z . The expressions for the phase shift and nor-
malization constant are given in Chap. IV, Eq. 4.3. As men-
tioned in Chap. IV, all surface properties within this model
potential can be written in terms of universal functions of
the slope parameter (36). This is also the case for surface
exchange energy. For the HF gas, the Wigner-Seitz radius rg
may again be related to the field strength parameter via ei-
ther the Budd-Vannimenus theorem (32) constraint or that set
by the variational minimization of the energy.

With a change of variables to y=xKp, q=k/kf, q'=k'/kF’
and p=P/Kp, where kf is the Fermi momentum, the expressions
for the electronic density (normalized with respect to its
bulk value) n(y), metal surface position y,, surface dipole
barrier A¢ and electrostatic potential V,  (y) within this LP

model effective potential as a universal function of the

slope parameter yp-ypkp are given in Egqs. 5.25, 5.28, 5.31,

»
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and 5.34-35 respectively (see also Ref. 36). The results
for various components of the surface energy, which may also
be written in terms of universal functions of Yg, are given

below.

Exchange Energy

We have derived the surface contribution td.the ex-
change energy following the method of Harris and Jones (66)
and Mahan (113). However, in our calculations, we have con-
sidered ; semi-infinite lattice and not a finite box as have
these other authors (66,113). The expression for the

universal function Ex/ké is given below. A detailed deriva-

tion of this result is given in Appendix F.

o (6.6
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where z;°=q2y§/3, and 1\(-z;o)zAi'2(—co)+;oA12(-c°).

Electrostatic Energy

Ves(‘ﬂ) (6.8)
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where K(O):yl]./3Ai(0)/Ai'(0).

Since by adjusting the field strength parameter the
density can be made to vary as rapidly or slowly as desired,
and as the exact surface exchange energy as a function of
this parameter is known, it is possible to study the conver-
gence properties of the LDA value .for this property. This

study is presented in Section A where for the first time the

local density value _o_f_ the surface exchange energy j._s_ shown
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Eg converge to the exact value as the density becomes slowly

varying; In Section B we present rigorous upper bounds for

the surface energy of a HF gas and results for the work
function employing these energy minimized densities. Final=-

ly in Section C we study the effects of introducing'correla-

"tion on various surface properties such as the work fune-

tion, surface dipole barrier, and surface energy.
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A.  Comparison between the Exact and Local Density
Approximation for the Surface Exchange Energy

In Fig. 20 we plot the variation of the universal func-
tion Ex/#ﬁ as a function of the slope parameter Yp for the
exact surface exchange energy. The explicit nuéerical
values (114) are given in Table VIII. The point Yg=0
corresponds to the infinite barrier model (IBM) for which
the density is most rapidly varying. The density becomes
more slowly varying as the value of Yp increases. A study
of the graph indicates that over the entire range of YF con-
sidered, the universal function Ex/yé increases by approxi-
mately a factor of six, a result which is substantially dif-
ferent from the conclusions arrived at by Mahan (113). Now’
in order to determine the variation in the surface exchange
ehergy as a function of the bulk density we must relate the
slope parameter to the Wigner-Seitz radius rs. Such a
Acorrespondence,'és determined by the constraint set by the
BVT for a HF gas is given at the top of Fig. 20. Note that
over this range of density (1§r5§5), the exchange energy
changes by three orders of magnitude being 63 ergs/cm2 at
re=4.75 and 39068 ergs/cm® at ro=1. For the IBM densities,
on the other hand, the results for the surface exchanée en-
~ergy differ by only two orders of magnitude between rg=1 and
€. Thus we note that the use of our more accurate densities
leads to considerably different conclusions with regard to
the magnitude of the éurface exchange energy.

In order to demonstrate the convergence characteristics
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TABLE V111

Values of the universal function for the local density
approximation (LDA) and exact surface exchange energies
as a function of the slope parameter yp. The percent
error between the LDA and the exact results is quoted
in the last column.

Slope Parameter (Surface Exchange Energy/kF3) Percent
Yp ' » (10“3 a.u.) Error
LDA Exact
0.0 0,90 0.58 56
0.5 | 1.08 0.71 52
1.0 1.25 0.87 Ly
1.5 1.43 . 1.04 38
2.0 1.6 1.23 | 31
2.5 1.80 1.42 27
3.0 2.00 1.63 23
3.5 | 2.21 1.86 | 19
4.0 | 2.44 2.09 17
L5 2.68 2.36 1Y
5.0 2.92 2.63 1
5.5 3.18 2.90 9.7
6.0 3.44 3.18 8.2

6.5 3.69 3.46 6.6
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of the LDA value for the surface exchange energy EkDA, we
have also plotted in Fig. 20 the variation of the universal
function E%DA/ké versus the slope parameter yp, The precise
numerical values are again quoted in Table VIII. The per-
cent error betweén the LDA and exact values is plotted in
Fig. 21. This error monotonically decreases from a maximum
of 56% for the rapidly varying IBM density to an error of
only 6.6% for the very slowly varying density at YF=6.65.
Thus although the LDA value is an overestimate over the en-
tire range of the variational parameter considered it does,
as must be the case, asymptotically approach the correct

result as the density is made more slowly varying.
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B. Rigorous Upper Bounds to the Surface Energy and Calcu-
lation of Work Functions.

In this section we present rigorous upper bounds to the
surface energy of an inhomogeneous HF gas, and results for
the work function as obtained by employing these energy
minimized densities and by application of the BVT. The
mathematical argument and constraints for the existence of
such a bound are discussed below.

The exact total ground state energy ET of a system of
interacting particles with a surface may be written as a sdm
of the bulk E, and surface Eg contributions. Now in any
Rayleigh-Ritz variational calculation of this energy, the
variationally determined value E%ar must be greater than the

exact.value ET, i.e.
EYar > Eq, (6.9)
or

EYar 4+ g¥ar > g, 4 g5, (6.10)

where Ega' and Egar are simply the variationally determined
values of E; and Eg respectively.

For a neutrally charged HF gas with a surface, the com-
ponents of the bulk and surface energy functionals of the
density are known exactly within the Kohn-Sham formalism,

Thus
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o
n

Ek,b + Ex,b (6.11)

and

E = Ek's + Ex’s + Ees,s (6012)

7]
]

where Ek,b and Ey p are the bulk contributions to the kinet-
ic and exchange energies, and Ek,s: Ex,s, and Eeg s the sur-
face kinetic, exchange, and electrostatic contributions.
Since the HF wave functions for the homogeneous system are
plane waves, the use (in the calculation of the total bulk
plus surface energy) of any variational wave functions which

are plane waves in the bulk will ensure that
Egar = Eu, : (6.13)
Therefore, with such a choice of variational wave function
EYar > Eg, ' : - (6.14)

which proves our contention that variational minimization of
the exact energy functional E; will provide a rigorous upper
bound to the surface energy of a HF gas. Furthermore, since
it is the variational principle for the energy which is ap-

plied, the result for the surface energy will be correct to
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0(6?) if trial wave functions or densities correct to 0(8)
are emplo&ed. The above arguments of course fail for the
case of a fully correlated system since the exact wave func- -
tion for the homogeneous fully interacting system is unk-
nown. The use of plane waves in the bulk is thus inadequate
since the equality of Eq. 6.13 no longer holds.

In Table IX we present rigorous upper bounds to the
surface energy of a HF'gas over the metallic range (rs=2_5)
by variational minimization of the surface energy functional
of Eq. 6.3 with respect to the field strength or slope
parameter yp, The kinetic, electrostatic, and exchange en-
ergy components as well as the surface dipole barrier are
also quoted in the table. A graph of this HF surface energy
as a function of the Wigﬁer-Seitz radius rs is plotted as
curve I in Fig. 22. On the basis of the accuracy of this
variational procedure (37) together with that of the wave
functions employed, we believe our results for the surface
energy to be essentially those that would be obtained by a
fully self-cohsistent non-local calculation such as that
originally attempted by Bardeen. 1In this manner we have
thus obviated the necessity of performing that complex nu-
merical calculation. The exact results should lie at most a
few ergs/cm2 below the rigorous bounds quoted in Table IX.
Note again, that over the range of densities considered,
there is a substantial change in the surface exchange energy
component as must be the cése. In Fig. 22 we have also

plotted (curve II) the bounds obtained by treating the ex-



TABLE IX

Rigorous upper bounds for the surface energy E; of a Hartree~Fock gas. The slope para-
meter Ye Is determined by minimization of the surface energy functional of Eq. 6.3

and the je?llum surface position y, by the requirement of charge neutrality. The results
for the surface dipole barrier A¢ quoted are determined by employing the energy minimized
densities, '

rs Yg Ya Ad Surface Energy Components Surface Energles
(ev) (ergs/cmz) (ergs/cmz)
Ek | Ees Ex ' Es
2.0 3.59 1.42 6.58 ~5650 1414 2593 -1643
2.5 2.79 1.10 3.77 -1853 bbb 1077 -332
3.0 2.12 0.83 2,30 -708 168 514 -26
3.5 1.65 0.62- 1.54 =309 78 280 L9
k.o 1.33 0.47 1.12° =150 43 164 57
4.5 1.10 0.35 0.85 =79 26 108 55
5.0 0.89 0.23 0.66 -42 16 73 | 47
5.5 0.82 0.19 0.57 | -26 12 53 39

- 6.0 0.64 0.07 0.45 -14 8 39 33

8e1
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change energy component within the LDA. The fact that thesg
bounds are far inferior is simply a reflection of the poor-
ness of the LDA surface exchange energy functional as dis-
cussed in the previous section (see Fig. 20). Meaningful
results are obtained only when both exchange as well as
correlation are treated locally.

The results for the surface dipole barrier.determined
by employing the densities obtained by minimizing the exact
HF surface energy functional are of course correct only to
the same order as that of the wéve function employed and not
as accurate as the energy. However, as shown in Chap. III,
the best method for obtaining accurate dipole barriers in
such model potential calculations is by use of the BVT con-
straint on the electrostatic potential. The results of ap-
plication of this constraint for the HF gas (i.e. by consid-
ering only the kinetic and exchange energies pe;‘particle in
Eq. 2.32 for the total energy of the homogeneous system) are
given in Table X for r.-q.4.75. For rg>4.75 the BVT can no
longer be satisfied by these wave functions. Bésed on the
proven accuracy of the use of this constraint for this
specific property (see Chap. III), we believe our results
for the work function of the inhomogeneous HF gas to be most
accurate. In this section we have thus presented accurate
values for both the surface energy and work function of a HF

gas without having solved the problem seif—consistently.
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TABLE X

Results for metallic and higher density (rg = 1.00 - 4.75)
surface dipole barriers A¢ and work functions ¢ of the
Hartree-Fock gas. The jellium edge and slope parameters
Ya and Yg quoted are determined by application of charge
neutrality and the BVT constraint respectively.

re Y Ya Dipole Barrier A¢ Work Function ¢
(ev) , (ev)

1.00 6.65 2.65 36.98 3.43

1.50 4.96 1.97 14.63 3.44

2.00 3.83 1.51 7.21 3.00

2.50 2.92 1.16 3.99 2.62

3.00 2.17 0.85 2.35 2.33

3.50 1.51 0.56 1.42 2.08

%.00 0.93 0.25 0.85 1.87

4.50 0.4 -0.12 0.47 1.69

k.75 0.16 -0.42 0.33 1.61-
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L. Effect of Introducing Correlation on the Surface
Progertles of a Hartree-Fock gas

In this final section we study the.effects of introduc-
ing correlation on the surface properties of a HF'gas. For
the surface dipole barrier and work function we do this by
introducing a correlation factor o into the general expres-

sion of the BVT. Thus we write
AV = VYV, (ya) - Veg(- =) = pd€q/dps (6.15)
where
Er = € + €4 4+ @ €4,

and all the other terms are as defined in Chap. II. The
value a=0 corresponds to the HF gas and d=1 to the fully
correlated system. The change in the-dipole barrier and
work function as correlation is introduced can thus be moni-
tored by ensuring that the BVT constraint is satisfied for
each value of a as it is varied from 0 to 1. In Fig. 23 we
plot the variation of the work function $ versus the corre-
lation factor a for r.=2,2.5,3 and 4. As may be observed
from the figure, the work function for each value of rg jp.
creases by approximately 1 eV aé the system changes from a
Pauli correlated to a fully correlated one. This increase
in work function can be explained by the fact that'the total

energy of the system is reduced as correlation is intro-
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duced. The energy of the Fermi electrons is thus also re-
duced and therefore the energy required for an electron to
escape must increase. The variation of the surface dipole
barrier A¢ versus the correlation factor is plotted in Fig.
24. Note that A¢ decreases as correlation effects are
enhanced. This decrease, which is about 0.2 éV, is a conse-
quence of the fact that the work function has increased.
There is thus less electronic spillover and therefore a de-
crease in the value of the double layer. The decrease in

Ap may also be explained on the basis of the mathematical
statement of the BVT. As more and more correlation is in-
troduced, AV decreases, and since AV can be a large frac-
tion of the surface dipole barrier, A¢ too must decrease.

The effect of introducing correlation on the surface
energy may be best understood by considering the LDA results
of Lang and Kohn. These values are also plotted in Fig. 22.
As may be observed from the figure, the introduction of
correlation increases the surface energy. This is so be-
cause correlation lowers the total energy of the crystal,
and thus the work required to split it into two must in-
crease.,

In conclusioh we note that we have studied the surface
proberties of an inhomogeneous HF gas. We have derived
results for the exact surface exchange energy for the accu-
rate set of single-particle wave functions generated by the
linear potential model, and demonstrated the convergence of

the LDA value of this property as the density profile is
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made more slowly varying. Furthermore, we have shown that .

the surface exchange energy changes by many orders of magni-

tude as the density profile is changed from one which is
slowly varying to one which is rapidly varying; We have
also derived rigbrous upper bounds for the total su}face en-
ergy of a HF gas and obtained accurate results for the work
function by applicatidn of the BVT. In addition, we have
plotted the variation of the surface properties of a HF sys-
tem as correlation is gradually introduced. We have shown -
that, as must be the case, the introduction of correlation
has the effect of increasing the work function, decreasing
the surface dipole barrier, and increasing the total surface

energy.
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APPENDIX A

In this appendix we present the integral expressions

involving the Airy functions.
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APPENDIX B

In order to prove the equivalence of the Sugiyama sum
rule to the charge neutrality condition, we consider the in-

tegral [sq6§(q)dq of Eq. 3.9. Partial integration yields

i ]
S q 8(q)dq = 1/2 S dq(1-q2)8"'(q)

° [

1]

1
1/4 j dq(1-q2)sin26(q)/q
[ ]

+ 172 S'dq(1-q2)qK'(q)/[1+q2K2(q)] (B.1)

where we have used the fact that 6(0)=0. From the defini-

tion of K(q) (Eq. 3.3), and the identities

Mgp) = Wr(AL,Bi)/Y(%p) = 1/[7 Y(%,)] (B.2)

d/[XCLy) /Y(8p)1/dq = Lo/l m Gp¥2(E)] (B.3)

where Wr(Ai,Bi) is the Wronskian of the Airy functioné (91),
the derivative K'(q)=dK(q)/dq may be determined so that

{}
j q8(q)dq = -2yg/15 + 1/4 S'dq(1-q2)5in26(Q)/q
(] . °

- Yp/2 j'dq<1-q2)q2M2<¢b>/[c 172 Mgy, (B.4)
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Using the identity
sin28 (@) /2q = y1/3 M(-g yN(-T()/ A(-Zo), (B.5)

in Eq. B.4 leads to an expression for Y5 of Eq. 3.9 which is
precisely the same as that of Eq. 3.10, thereby demonstrat-
ing that the sum rule and charge neutrality condition are

indeed indentical for the FLP model.
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APPENDIX C

Consider a jellium of length 2L centered about the ori-

gin. The VBT approximation may then be stated as
lim [V (0)-Ves(L)1-[Ves(0)-Ves(L)T = 0CLT)-

Next consider this slab to be bounded by infinite potential
barriers at * L' at which points the density vanishes and
where L' differs from L by 3n/8Kg, For this model poten-
tial, the surface electronic density obtained by a summation
over the discrete allowed momenta normal to the surface
.differs from the value obtained in the continuous case by a
term of 0(L'=2) . g(L~=2). On substitution of this density
into Eq. 2,22.for the electrostatic potential one obtains

that
. -2

Thus the VBT condition is reduced to requiring that the
electrostatic potential approaches its bulk value faster
than L-1 as L += . The same arguments may be extended to.
the case of arbitrary effective potential at the surface if
the length L' is considered as the point at which the densi-
ty is negligible. Since‘the overall system must be charge
neutral, this length can differ from the jellium edge poéi-

tion by only a small amount, and thus the difference between
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the electrostatic potential at the surface and its asymptot-
ic value is of 0(L-2).

Now from Eq. 3.14, the expression for the electrostatie

potential V . (y) for large negative y is

Vos(y) /¥ = 1/7 + K(0)/2 + y/2 + I/m .y

-
1"

l where

: .
S dq(1-q2)sin2[qy+6(q)1/q2
) 0

I1 + Ip + I3 + Iy. (c.2)

The asymptotic forms of the integrals I1, I and I3 as

y #~® are

]

I, = S dq(1-q2)sin2qy/q2 = =1 -w y/2 + 0(y-2), (c.3)
]

I, = S'dq(1_q2)sin26(q)0052qy/q2 ~ 0y~2), (c.4)
X v

and
'
13 = =-1/2 S dq sin2 é(q)sin2qy

1/4 sin2 &1)cos2y/y + 0(y=2). (c.5)
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The asymptotic forms of the integrals I, and I3 are obtained
by integrating twice by parts and employing the fact that
[(1-92)sin26(q)1/q2 and sin28(q) and their first derivatives
are continuous aﬁd finite for 0 < q £ 1, and that their
second derivatives can thus have, at worst, integrable
singularities. We write the integral Iu as a sum of in-

tegrals over two intervals as follows:

{ ’ .
I = qu sin26(q) /2q sin2qy/q

I = S'dq sin26(q) /2q sin2qy/q
° . - (C.6)
J, Je 4 4z

where e=|y|'1/“ with a>2. Thus as y +-= , g0,
leylso , 1e=2y=2] < 1y=-11, and {e=ty=21 < |y=1l. Since

sin28(q)/2q is continuous we can then write Iu1 as

Iyq = sin28(e)/(2e)l.,, Si(2ey)

!

in25(e T edrelf ”}
bing ()/(ze)\e%{ 3 ouh) (c.7)
where Si(x) = J(sin p/p)dp is the sine integral. To solve

for Iug we integrate by parts and expand the sine integral
to obtain

j §
Lo ® { »::::) - Mzswﬁ) —'Z—SL ]x
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_ {mzsm cmw}‘ FL+T

% %% (c.8)

where L and J are defined below. The first term of Eq. C.8
has the asymptotic form . o(y‘2)+0(e-1y'2)+0(6'1y‘2) which

from our choice of a goes as O(<y‘1). The integral L is

(C.9)

o ; 2 28(%)
= u*s)lg g 220 Z\\ (5

so that

Ll £ Sdoﬁ\m W (22| (c.10)

wz
from the triangle inequality or since E'1Zq'1. The in-
tegrand of inequality Eq. C.10 has, at worst, integrable
singularities so that |L| ~‘o(e‘1y‘2)=0(<y'1) as y »=o ,
The last term of Eq. C.8 is

S bin 294 o\ ().mz&q;_) (c.11)
€ % '
so that
1
A Mo __?_591’_\ 4q A
\71= 14 {r_m] "\05( ) Se %"o"
. o(e~1y=2) - 0(y=2) = o(<y-1). - (C.12)

y+—@
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Thus
Iy = - w/2 Sin25(s)/(2€)|e+o - s5in28(1)/2 cos2y/2y (C.13)

= K(0) we have, on combining

and since [sin2§(e)/2el,,

(C.3), (C.5) and (C.13), that

I = -1 -Ty/2 - TK(0)/2 + 0(<y-1) (C.14)

.‘. .
i
-

Ja -

Further substitution of Eq. C.14 into Eq. C.1 yields, as

y goes to - =,
Ves(¥/kp ~ 0 + 0(<y™1)y  ~ - cas)

thus demonstrating that the elqurostatic potential generat-
ed by the FLP model conforms toV%he VBT requirement that 1£
tends to its asymptotic value 1n51de the medium faster than
y‘1 We note, however, that although this property of the
electrostatic potential has been derlved for the FLP model,
it also holds true for the step and linear potential models
since only the phase shifts are d;fferent and factors in-

volVing them either vanish or ar% pancelled out.
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APPENDIX D
FOor -thé modél éfféctivé poténtialr of Eq. 3.1 thé thréé

posSifiGA ¥; 1§ déférminéd by theé dhargé néutraiify
’ﬁé‘

i
§éif=

<<
[ 2
Q)
=3
[~ %
s 2d
1

- - g wam - A e

tion,; thé barriér neight parameétér ¥y by ¢
' é

........

justéd €6 satisfy thé BVT and thé fiéld stréngth variéd £ill
1

thé dipélé BarFiér is sélf=céndistént. In Fig. 10 wé piet

thé variaticn of thé uAiVérsal fuiction A§ /Kg vérsus the
£

P e T S S UG

sal curvés of Fig. 3 in that Aow a speécificé constraint,

the BVT, iS béing appiiéd to rélaté thé slopé paramétér to

theé densify. Thé nori=1inéar relaticnship bétwéen ry and yg

self=consistent yy vérsus yF aré plottéd in Fig. 1. Thus,

for a given density, it ié_possrﬁié to determiné from thésé

A . m . =

é
thé BVT; the sélf-consisténtly deétérminéd barriér héight
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parameter Yp, and the corresponding value of the surface di-

pole barrier for this choice of YE.

For r.s4.3 no choice of parameters can satisfy all
three constraints simultaneously. However, it is possible
to satisfy the two requirements of self-consistency of the
barrier height and charge neutrality exactly for all lower
densities since at ry-4.3 the model effective potential em-
ployed changes continuously to the step potential model.

The self-consistency procedure for this potential is partie-
ularly straightforward since analytic expressions for both
ﬁhe surface dipole barrier and jellium edge position as
functions of the barrier height parameter B:kF/(gv)”2 have
been derived (34). As the density is decreased, the self-
consistently obtained barrier height increases till in the
limit of vanishing density the potential reduces to the in-
finite barrier model. 1In Fig. 12 we plot the variation of
the universal function A¢/kp for the step model versus the
barrier height parameter 8 . The corresponding non-linear
relationship between the density and self-consistent barrier
height is also given in the same graph. It is evident from
this figure that one méy substitute infinite barrier model
results for very low densities withouf giving rise to any.

significant error.
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APPENDIX E

As indicated in Chap. V, the single-particle wave func-
tion constituting the trial wave function wOT are of the

form
2(F) = k(xg) explilkyyj+kyzg)l, (E.1)

where the ¥, (x;) are chosen to be those generated by the LP

model. Thus

(2/L)1/2 sinlkx;+8 (k)1 for x40

\I)k(xi)= (E.Z)

(2/L)1/2 sinsAilg)/ai(-T,)  for %330

1/3

where L;=xikpyF /3= Tg, Lo=v8/ k2/kZ, ¥p is the slope param-

eter and §(k) the phase shift as defined is Chap. IV.
Defining 8i(x3)=df(x;)/dxj, the differential equation
5.21 for the components of the auxiliary function reduces to

a first order differential equation

dg; 2gj(x3) dby
o
dxs Yy (xg) dxy

= s(xi-x),‘ "(E.3)

We label the regions coresponding to x;>0 and x;<0 as I and
II respectively. Since Eq. 5.21 is a second order differen-
tial equation and as there are two regions of space to be

cbnsidered, we apply the folowing boundary conditions for
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its solution :
(a) the functions g%(xi) and g%I(xi) be continuous
at x4=0
(b) the functions f%(xi) and f%I(xi) be continuous
at x;=0
(c) the auxiliary function and thus each component of it
vanish far outside the surface so that these is no

contribution to the correction term from there i.e.

lim fI(xy¥, (x4) = 0

(d) that £II(x;)¥@(X;) oscillate and vanish about zero as
X;j goes to - @,

This last condition ensures that the contribution of
fi(xi)wﬁ(xi) to the correction term P,(x) is mereliha con-
stant, thus permitting the elimination of the 571 term in
Eq. 5.15 since the latter vanishes as.x"1 as x goes to - w.

Consider first region I. Substituting wk(xi) from Eq.
E.1 into Eq. E.3 we have '

4% 42 g0
%Li

, .
Ai(gﬁ) 8 .
= (5'— ~(E.u)
Ai($:) i~ 3)

The integral factor (IF) of the above differential equation
is

£ TUE
v, As(3i) 2
Ry e R YIS

THED)

IF = e (E.5)
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Multiplying both side of Eq. E.4 by the IF and integratiﬁg

we obtain

g sy
_malos) PYI ALL i-2)
9. o Ss o 68i-3) +

2
() .
_%37((—_5_;) 0 (3:-4) + CI (E.6)
so that
%’.(s-)— pi ) -3) + ( s (E.T)
TN TTAY (8

The function fI(xl) may be determined by substituting gI(xi).

into the expression

A ,
S':L(i;) = S %f(’ihdg(.:: ¥y €y (E.8)
0

and noting that

(83) Y Ai B; !
L - = ABP‘B S wikBy 1 (E.9)

48 L pilds TN TN

where W{Ai,Bi} is the Wronskian of the Airy functions Ai and
Bi. Thus

> R B Bas)
5.0 = 14 4, {A‘(ﬁ)[mw»' E:iw:.‘l e (8-8) (E.10)
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- 2 e [ B3 _ B30 !
¥ g hilh Pil3i) Ai(".‘a)]} t (s

For the solution -of Eq. E.3 in region' II we make a change of

variables to y;-kpx; and k=kpq. Thus Eq. E.3 may be writteén

as

. |
%%’T* 26 WL (44 5) %]:(%7 = b Wy-4) (E'”.)

and its solution is

L - (4445) w5
NURIEPR S v s LU WO RO P R [ VU I ¢ SR PY'
(F A (04 45) L c1 bl (9% 4 §)

Integrating Eq. E.12 we obtain

1T -3
o= ﬂ%ﬁl{m(%”sy 0 ()] O (£.13)
¢

.5

¢, 8 s\ ¢

- (g WL (G4; 0 8)- &R 8Y + (g
ek ¥ x

where Cr; is the constant of intrgration. We next apply thé

boundary conditions (BC) in order to determine the various

constants in the above expressions. On application of BC

(c¢) we have

C; = -a12(g) /M0y, . (Esin)
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where the continuity of the €; functions leads to

2 3
= Nn (G4 - AW
Cp= e oW e @ (343, (B

Next the application of BC (d) yields

’

| ,____ _ (E.16)
¢y = %{ch%m Cy »ns} ,

and finally, the requirement of the continuity of the f1

functions gives rise to

(. = M;%‘M) {w’-ﬁ W(%”)} o (4 (E.17)
e¥
B _ B\ g g,
- hde B { 5 A,-M e
rCyg

Substitution of Eqs. E.14-E.17 into Eqs. E.10 and E.13
yields Eq. 5.23.
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APPENDIX F

In the determination of the surface exchange energy
within the LP approximation we follow the method of Harris
and Jones (66), and Mahan (113). However, in our calcula-
tions we consider a semi-infinite lattice and not a finite .
box as have these other authors. The normalization con-
stants are thus the same as in Chap. IV. Another conse-
quence of considering a semi-infinite lattice is that we no
longer require to make an Euler-Maclaurin expansion in our
calculations in order to obtain the various surface contri-
butions to the energy.

The exchange energy is defined as
1 > e i > 0% )
z -0 =12 (X, 1 (F.1)
where p(?,?'):ZE\P—i(’F)‘P—E(?') is the single-particle density
k

matrix. The general form of the single-particle wave func-

tion within the jellium approximation is
VE(P) = Ve(x) expli(k, %,1, (F.2)

where i" and ;u are the electronic momentum and position
vectors in a plane parallei to the surface, and k and x the

corresponding quantities perpendicular to the surface. With
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->
a change of variables to ?:ﬁu—ﬁ;, ﬁzzl-xJ, and X:x-x', sub-

stitution of Eq. F.2 into F.1 leads to

> >
E =—-'—dede’ *{/*u)w*w\\lu')\\' U‘"Sﬁcngdi', e e
A DR N et
We first consider the integral
>
ip-R @ 4 i PRese®
1= [i-& = (ran oS (5.

o0
= 27 Swdn_géfil_
o ,XXI»r R

where J, is the zeroth order Bessel function of the first

kind. With a change of variable to s=[1+(R“2/X2)]1/2 we have

o0 )
I=21rXSds‘5,(px,r§ET)=21rer (px) (F.5)
i ' W
P

where K1/2=(n/2z)1/2exp(-z) is the half integer modified

Bessel function of the second kind. The integral of Eq. F.5

is given in Gradshteyn and.Ryzhik'(115). Thus, with the de-
PR 2_ 12 '2 '_I

finition P _[(ky_ky) +(kz-kz) ]}, and kx:k, kx—k we have

(F.6)

2T
L  Be-¢€, e(é - €., (P&i
B AL Z—, F &“,*) {tu,i) § )
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where
400 o0 .
Glp2¥) = —l—So\%So\# e_ " \V*(i)\\)*u')w\i @Y ) (F.T)
S B ) Eoh oW W |

Now it can be shown that (66,113)

p> ke
5 ) e(eF_ez) ecep-éj}‘;’;):@;ﬁ&o\?f H(p. 4, %) (F.8)
L4 “ ;
where

(F.9)

T A fr V2 & oud Y70

HEAX) = | T84 d5-1) v viz42- 4 ond Y €0

2 (A et VI -7 L)
R
Aor ¥* A4

\ 2 LR 1z

2 ,'- -
Y=7p(B+d-4)
Thus Eq. F.6 can be expressed as

?-'&p

Ey = -a/(2m)? 33 S PH(P,k,k")G(P,k,k")dP. .  (F.10)

For the determination of G(P,k,k') of Eq. F.T we employ the
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sing;e-particle wave functions generated by the linear po-

tential model (Eq. 6.5). Defining

g(P,k,k") = G(P,k,k')/BY , (F.11)

where B is the normalization constant, we rewrite Eq. F.10

as
24,
E, = -A/(2r)2 3B23B2 S PH(P,k,k"')g(P,k,k')dP. (F.12)
k kI _
Since
L&F
s = L/"S dk, . (F.13)
k 0
we have
Y
$B2 = 2/nS dk, (F.14)
k
0
so that we now have
e ke ke
E, = -A/ﬂuSdPS dkS dK'PH(P, K,k )g(P,k, k'), (F.15)
] [} 0

In order to determine g(P,k,k') we split this integral into
three parts corresponding to the contributions for x>0 (re-

gion 1), x<0 (region2), and the cross terms, thus
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g(P,k, k" )=g(M) (P, k, k"N +g(2)(P,k,k")+g(12)(P,k,k"), (F.16)

where the superseripts (1), (2), and (3) correspond to con-
tributions from the different regions and the cross term

respectively. For the calculation of region 1 we have

(F.17)
¢ L -pixl "

o) . o
%‘ Rkt = JP_ —éf,; Sdac So\ad ¢ | N\/&Ut)wy&,w*{)&m«y%m.

o 0

For the LP model wave functions the indefinite integrals in
g(1) cénnot be done analytically since they involve products
of Airy functions of different arguments and hence must be
performed numerically. Thus the contribution to Ex from re-
gion 1 requires a five fold numerical computation. However,
g(1) can be obtained entirely analytically for the wave

functions of the step potential model. Next we have

L2 -pixXl

}(Z)W’%,&,) _ _P_ _B;_ S‘“-S ax e “V;“’"\’,;"‘" . (F.18)

'09 "v
. «)((9‘-')"\)( ).
2 %

In perfqrming the the above integrals we replace the lower
limit by -L and then take the limlt as L goes to » at a

later stage of the calculation. Thus we obtain
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(F.19)

@ L ‘ i
TR R T v {3, (o]
——J};[mhmum—sﬂ——}‘;{_wﬁwwzc%—s';]§+

|

i ; Ll
+W{&-[MZ&+M2()&,L—S_)] X [ am2b +

¥ bin2(hr-6)] ——Lﬂm:s% im 2. (KL §7] \ ¥

0 &_}WS-__ ey Mindy z,__f_ sdd- _oady 2
kP L EES o S 1% [Y”f&f P‘Hzi]

where k_zk=# k', 6+=615', §=8(k), and §'=6(k'). This expres-
sion is of course—the same for the step, linear, and finite
linear potential models since in region 2 the wave functions
are in all cases simply oscillatory fﬁnctions. Only the ex-

plicit values for the phase shift are different. Finally we

have
®  _px o Qﬂ
(12) , 2 | AV (0. ! - (F.20)
( &, )= d# e' Y( ’\}/' d¢ e .
Y (Y ()
KR

The contribution from region 2 to the above integral is
.easily obtained and is the same for all the model poten-

tials. Thus
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0 ’

4
! @) m
'E?rgnii ¢ °¥

-00

» b ) - (F.21)

gy &2 (pAstd, &, hindy)

For the LP model wave functions, the contribution from re-
gion 1 to Eq. F.20 cannot be done analytically. The in-

tegral can be performed for the step model. Thus the con-

tribution of g{12) to E, for the former set of wave func-

tions reduces to a four fold integral. Corresponding to re-
gions 1, and 2, and the cross term contributions, we then

write

E, = E{1) + E(2) + E(12), - - (F.22)

W 0 A 2he ke H¢

EctEy = Sdf SA%SA& PH(PAE) - (F.23)

m ) (12) ,
Lo+ g tpas]
Eq. F.23 cannot be simplif@ed any further. However,

ohe ke e . . -
E:)‘ "‘%@‘S AES A%SA&' P HIpL %) %m(p,&,y) (F.24)
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can be further simplified. Substituting Eq. F.19 into Eq.
F.24 we have |

E2) = K +J 41, . (F.25)

where

Q%F '&f &F, , \ | |
K= -‘-i‘“%-godpgoa& SOA% EH(R&,&){P%% +P1*ﬁf} (F.26)

rhe ke pimaly  pimzd pinz’
s~£;,:,—g dggd%go\&PH(%%)h*k( 2 )
\ (}»M').S— pinad AA‘M.S | (& _Minb. &*m&)
Y*%ﬁ k- 2k 2% E Y*%— 1*&+
b8 A»LS* (F.27)
P (22 _&2— P*%L } - -
2%e
A Ml(%q'l-‘sﬂ
I‘-’ SdPSA&SMI PH(E&&>{T&1[ ,

bin2ChL-8)  pm2(FL-8 )] [Mz(% -5
Y 2k P 2%

_ Mz(%L—G) mz({u. 8)'}} (F.28)
2% | :
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The expression for the integrals K and J cannot be simpli-
fied any further and thus three fold integrals have té be
performed to determine their contribution to Ex- However,
the last integral I can be simplified in the limit as L goes

to » . We consider here only a typical term of I such as

| HPAK) Min2(KL-8)
1 Snd‘Yz Ef*&f | 2%’

(F.29)

For k#0, and L very large, k'L>>§', and sin2(k'L-§"') is a
very rapidly oscillating functions. Thus the integral van-
ishes for all k'#0 and the only contribution occurs when k'

goes to 0. Thus we may write

%
1, ~ Sfd% H(mo) Min2 gL

g

(F.30)

. ko ¢

2
2(p% 4 et

Note that in the sbove expression we have dropped the &'
term. This is reasonable since 1lim §(k)=0. Thus

hro

Mn2 (BL-8) ~vr M2 L {1-24%) - f 42281 (F.31)
h>o

which with a change of variable to 2kL=x 1is

M2 (hL-8) ~o b (| ———)———m,c ~~ ppx (Fe32)

ko X>0
B Scdy Lyoo.
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Therefore

~s H@ko)
Ly (PR T (F.33)

Performing the integrals for the remaining terms in a simi-
‘liar manner and employing the conditions H(P,k,-k)=H(P,k,k)

and H(P,kp,kp)=0 we have

1

1= ’é_ﬂ% So 8 ak Eisz PH’”EZ %1{H<9%°)+H(f,o,&)]}<b‘ -34)

With the jellium edge defined at 'a', the volume of the

crystal is

Q = (L+a)A = AL + Aa. (F.35)

Now it can be shown that the total exchange energy per unit

volume for the uniform electron gas system is (66)

\

%e
S 3he 7 (F.36)
E%,b— ATt S PSA%S A%PH(P%%){P%&V"F } {
where § is the number of electrons per unit volume. The

above integral is the same as that which appears in Eq. F.26
for K. Thus Eq. F.26 for K is

K = QEx’b - AaEx’b ’ (F037)
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and

Therefore the total (bulk + surface) exchange energy (Eq.
F.22) is

2]
|

RE, p - AaEy p + J + 1 + g{1) + £{12)

L4

= QEx,b + AEy 5. (F.39)

The surface contribution'to the exchange energy per unit

area of the surface is then

Ex,s = -aEy p + [J+I+E§1)+E§12)]/A.
E 3he 54! Ae e (b H | (F.40)
= e o {ap i prcea :
hn2by  pin28 _ pinzg’ An28 hin2§  pima§’
{2’*%’( 2k 2 eyl 2‘+&‘( %2k of )

hbinb- _ B, pinBe Antd- m&y
( Prek:  pR+ 4 v ) P(B"r&, D%+ }

Sz&; S%F { H( I[:,j,%)_ H (f;{: :zfz H( p,o,ﬁ)}
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Substituting
equation and
variables to

sal function

4 0 @
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So\f&id&g&o\& H(PH){P‘“‘S‘ _paaby

PZ _&1. 1 %"

%*.NM5+

E+&‘§ S‘*“— BN

o\&S AW AN S S"‘" ée‘M'

: «\J%u)«y{ﬂu’) i .

the LP wave functions of Eq. 6.5 into the above
factoring out the k. dependence by changing the

y=xKp, q=kkp, and q'=k'kF we obtain the univer-
Eq. 6.8 of Chap. VI.
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