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Abstract

MULTISCALE FEATURE EXTRACTION AND MATCHING WITH APPLICATIONS

TO 3D FACE RECOGNITION AND 2D SHAPE WARPING

by

Hadi Fadaifard

Advisor: Professor George Wolberg

Shape matching is defined as the process of computing a dissimilarity measure between

shapes. Partial 3D shape matching refers to a more difficult subproblem that deals with

measuring the dissimilarity between partial regions of 3D objects. Despite a great deal

of attention drawn to 3D shape matching in the fields of computer vision and computer

graphics, partial shape matching applied to objects of arbitrary scale remains a difficult

problem.

This work addresses the problem of partial 3D shape matching with no assumptions

about the scale factors of the input objects. We introduce a multiscale feature extraction

and matching technique that employs a new scale-space based representation for 3D sur-

faces. The representation is shown to be insensitive to noise, computationally efficient,

and capable of automatic scale selection. Applications of the proposed representation are

presented for automatic 3D surface registration, face detection, and face recognition. Test

results involving two well-known 3D face datasets consisting of several thousand scanned

human faces demonstrate that the performance of our recognition system is superior over

competing methods.

Estimating differential surface attributes, such as normals and curvatures, plays an im-

portant role in the performance of 3D matching systems. Noise in the data, however, poses

the main challenge in estimating these attributes. Surface reconstruction methods, such as
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Moving Least Squares (MLS), help in minimizing the effects of noise. In this work, we

also review the MLS approach for surface reconstruction, and show how the input noise

affects the estimated differential attributes of the surface. We demonstrate how these re-

sults, together with statistical hypothesis testing, may be used to determine the smallest

neighborhood size needed to estimate surface attributes.

MLS reconstruction and the discrete Laplace-Beltrami operator are well-known geo-

metric tools that have a wide range of applications. In addition to their prominent use in

our 3D work, we describe a novel use of these tools in a 2D shape deformation system for

retargeting garments among arbitrary poses.
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Chapter 1

Introduction

“The beginning is the most important
part of the work.”

–Plato

The widespread use of 3D data in medicine, engineering, and entertainment has drawn

great interest in novel methods to represent, store, search, and process 3D data efficiently.

The data represents models obtained from real-world objects using 3D acquisition devices,

as well as models created manually with 3D modeling tools. Automating the processing

and searching of this data gives rise to a need for 3D shape matching techniques. 3D shape

matching is defined as the process of determining the amount of dissimilarity between 3D

shapes [124]. In this work, we study the problem of 3D shape matching and some of its

applications. The main applications of 3D shape matching are:

• 3D shape retrieval. The explosive growth of 3D data has led to the creation of

various 3D libraries. For example, Google’s 3D warehouse [41] is a large database,

which contains 3D models of buildings created by users of Google SketchUp. One

of the main difficulties with maintaining such a library is having an efficient way

of searching it. The most common ways of searching 3D databases are query by

keywords and query by example. In query by keywords, the user enters a set of

words and the system returns the models most relevant to the keywords. In query by

1



CHAPTER 1. INTRODUCTION 2

example, the user uploads a 3D model and the system returns similar models in the

database; e.g., Princeton’s 3D Model search engine [104] allows users to search their

database by uploading 3D models or drawing 2D sketches of the model they seek.

The need for a good 3D matching technique is clear in query by example, as the

query is done entirely using shape information. However, it has also been shown that

keyword-based retrieval systems can be augmented with 3D shape matching methods

to improve the performance of the search engine [40].

• 3D shape registration. In order to create precise 3D models from physical objects,

active acquisition devices such as 3D laser scanners are generally employed. Due to

the limited field of view of these devices, multiple scans of the same object from dif-

ferent views are needed to obtain a complete model. The task of bringing these scans

into the same coordinate system and aligning them is known as 3D shape registra-

tion. Automatic 3D registration systems make use of shape matching techniques to

automatically establish correspondences between different surfaces in order to align

them. An interesting application, which employs surface registration is the automatic

reassembling of broken objects [45].

• 3D shape recognition. Shape recognition refers to the task of identifying the loca-

tions and orientations of all instances of a set of previously-known shapes (objects)

in a scene. The scenes, which are generally obtained using 3D scanners, are clut-

tered and contain holes due to occlusions. An automated recognition system needs

to employ shape matching techniques to establish correspondences between parts of

the scene and a set of models in a known database. One of the applications of shape

recognition is in surveillance.

• 3D shape classification. Given a 3D database containing disjoint sets of models with

known classes, the problem of determining to which class a query model belongs is

known as shape (object) classification. Shape classification may be required on its
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own or it may be used as an initial step in a recognition or retrieval system [30].

Again, the need for 3D shape matching arises in automatic shape classification, since

the only information provided to the system is in the form of 3D models.

In this work, we address three shape matching problems: automatic surface registration,

3D face detection, and 3D face recognition. In automatic face detection, the objective is

to detect the location, orientation, and scale of the human face region on an input 3D

model. Such a system needs be versatile enough to handle variations between different

faces it may encounter (e.g., compare the models in Fig. 1.1). In 3D face recognition, given

a database of 3D human faces with known identities (classes) and a query face model,

the objective is to find the individual (class) in the database whose face matches the query

model (e.g., see Fig. 1.2). In such a problem, the system must be able to distinguish between

minor differences in the surfaces, while at the same time be robust against the presence of

expressions in the faces. Note that based on the definitions given above, the problem of

automatic face detection falls in the category of shape recognition, while face recognition

falls in the category of shape classification.

The only 3D shapes studied in this work are 3D surfaces. In Sec. 3.2, we provide a list

of most common surface representations used in computer graphics and vision. However,

in this thesis, we only consider the two main representations produced by 3D acquisition

devices, namely, point clouds and polygonal meshes. Point clouds and polygonal meshes

(a) (b) (c)

Figure 1.1: Possible inputs to a 3D face detection system; the models may have arbitrary
scale.
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(a) training set (gallery) (b) query (probe)

Figure 1.2: Examples of 3D faces used in our 3D face recognition system; the boxed face
in (a) indicates the correct match for the query model shown in (b)

are formally defined and used in Chapter 4 and Chapter 5, respectively. In shape matching,

input surface representations such as polygonal meshes are generally converted into inter-

mediate representations, which are more suitable for the intended matching applications.

This intermediate representation must be discriminative enough to be able to distinguish

between different surface types the system may encounter. At the same time, the repre-

sentation must be stable against surface perturbations and differences in surface topology

(e.g., due to holes in the surfaces). These somewhat contracting requirements make design

of shape matching systems challenging and application-dependent. We refer to surface rep-

resentations specifically used for shape matching as shape descriptors. In addition, if these

shape descriptors are represented numerically and can be stored in the form of a vector,

they are referred to as feature vectors.

In Chapter 2, we present and compare a large number of feature-based shape represen-

tations and matching approaches, which may be used in the abovementioned problems. As

we will see, the majority of the approaches can be categorized into different classes, based

on the following criteria:

• Shape descriptor type. Shape descriptors may be defined using various surface

properties. The main examples are:

– Surface frequency content; e.g., Spherical harmonics [56] and 3D Zernike mo-

ments [95].

– Statistical surface properties; e.g., shape distributions [97], where histograms

of surface properties such as angles and distances between arbitrary points on
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surfaces are computed.

– Differential surface attributes; e.g., surface mean or Gaussian curvatures, Lapla-

cian of curvature, etc.

• Method used to compute shape descriptor. Surface properties may be computed

using various techniques. For example, when surface descriptors are defined in terms

of differential surface attributes such normals, and mean/Gaussian curvatures, the

performance of the system is heavily influenced by how these entities are estimated;

as the differential order of these attributes increases, the sensitivity of the estimated

values to noise increases.

• Dissimilarity measure used to compare shapes. The similarity/dissimilarity mea-

sure used to compare shapes also influences the performance of the matching sys-

tems. For example, in Chapter 6, we show that the performance of our proposed face

recognition system is improved when the L1 norm is used instead the L2 norm.

The choice of the approach used in a shape matching problem is heavily dependent on

the target application. For example, in 3D face detection, the shape matching system must

be able to distinguish between different classes of surfaces, while in 3D face recognition,

the system must be able to distinguish between different surfaces from the same class,

namely human faces. In the latter problem, the employed surface representation must have

a high discriminative power. This means the representation should be capable of differenti-

ating between minor differences in the input surfaces; higher discriminative power, in turn,

means higher sensitivity to noise in the input data. Therefore, in such an application, the

shape matching algorithm must employ a multiscale representation that is capable of ad-

justing its discriminative power based on the input to the system. This issue is investigated

in depth in Chapter 6.

As previously mentioned, one of the main problems faced by matching algorithms is the

noise in the input data. This noise may be topological (e.g., due to missing or extraneous
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data) or non-topological, which generally presents itself in the form of uncertainties in the

observed values. Only non-topological noise is considered in this work and, unless stated

otherwise, it is simply referred to as noise. The noise in the input data is propagated to the

later stages of computations in the matching algorithms. The two most common approaches

for dealing with noise are: 1. smoothing the data and 2. making the computations robust to

noise. We discuss both approaches in more detail in Chapters 3, 4, and 5.

In Chapter 4, we review the Moving Least Squares (MLS) surface reconstruction tech-

nique, and show how the noise in the input data is propagated in the various stages of the

computation, up to the surface mean and Gaussian curvatures estimations. We employ sta-

tistical hypothesis testing to use the results in deciding on the minimum neighborhood size

needed when estimating surface normals and curvatures.

In Chapter 5, we propose a new scale-space based surface representation, which we

refer to as the Curvature Scale-Space 3D (CS3). We show that our representation is insen-

sitive to surface noise, computationally efficient, and capable of automatic scale selection.

The concept of automatic scale selection, which enables our systems to handle input sur-

faces with arbitrary scale, is explained in Chapters 3 and 5. We show applications of our

multiscale representation in automatic surface registration, 3D face detection and recog-

nition. In Chapter 6, we compare the performance of our face recognition system with

state-of-the-art recognition systems, and show its superior performance.

Two main tools used throughout this work are the MLS reconstruction technique and

the discrete Laplace-Beltrami operator. Their use, however, is not limited to 3D surface

reconstruction and matching applications. In Chapter 7, we show an additional application

for these in a 2D shape deformation system for warping garments among arbitrary poses.

One of the stages of the approach discussed in Chapter 7 requires automatic extraction of

control points on the boundaries of 2D shapes. Again, we employ a scale-space based

method for this task.
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1.1 Overview of Thesis

1.1.1 Contributions

In this dissertation, we study the problem of 3D shape matching and the main difficulties

associated with it. We explore how noise and other variations in the input affect the per-

formance of matching algorithms, and show how their effects can be minimized. The main

contributions of this work are as follows:

• We provide a thorough survey and comparison of recent work on feature-based geo-

metric shape matching, with an emphasis on partial shape matching techniques.

• We investigate how noise in the input surfaces is propagated when estimating differ-

ential surface attributes. Additionally, we show how statistical hypothesis testing can

be used to determine the scale associated with various differential surface operators.

• We present an efficient extension of the scale-space representation of signals in Rn

to 3D surfaces. Our representation is capable of automatic scale selection, and can

be used to efficiently and robustly extract feature points/lines on 3D surfaces.

• We show how our proposed scale-space based representation for 3D surfaces can be

used in automatic surface registration and face detection. In addition, we demonstrate

the discriminative power of our representation by employing it in a 3D face recogni-

tion system, which outperforms other state-of-the-art 3D face recognition systems.

• Finally, using some of the tools used for 3D shape matching, we present a new 2D

deformation system for warping 2D garments among new target poses.

1.1.2 Outline

The remainder of this thesis is organized as follows:
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• In Chapter 2, we review and compare the current literature on feature-based partial

and global shape matching techniques.

• In Chapter 3, we briefly describe the scale-space theory for signals in Rn. We then

review the current extensions of the theory for 3D surfaces and discuss the pros and

cons of each approach.

• In Chapter 4, we discuss surface reconstruction and error propagation on point-

sampled surfaces. Additionally, we show how statistical hypothesis testing may be

used to determine the scale (neighborhood size) of differential operators on the re-

constructed surfaces.

• In Chapter 5, we present our proposed scale-space based representation for 3D sur-

faces. We show how the representation can be used to extract the locations of geomet-

rically meaningful feature points and lines in an efficient manner. We demonstrate

the automatic scale selection capabilities of our representation and apply the results

to 3D surface registration.

• In Chapter 6, we employ our scale-space representation for 3D surfaces to automati-

cally identify the location, orientation, and scale of human faces on 3D models with

arbitrary scale. We use the results from our automatic face detection procedure in

a 3D face recognition system, which again employs our multiscale representation to

construct the feature vectors used for recognition. We compare the performance of

our 3D face recognition system with other competing methods by running extensive

tests on two well-known 3D face databases.

• In Chapter 7, we present a 2D deformation system for retargeting garments among

arbitrary poses.

• In Chapter 8, we present a summary of our work and directions for future research.



Chapter 2

Survey of Feature-Based 3D Shape

Matching Methods

“If I have seen a little further, it is by standing
on the shoulders of giants.”

–Isaac Newton

2.1 Overview

In this chapter, we provide a survey and comparison of feature-based 3D shape matching

techniques in computer vision and computer graphics. Specifically, we focus on local shape

descriptors and their applications in partial shape matching. We also investigate the notions

of feature saliency and distinctiveness and show how they can be used to reduce a surface

to a set of representative points or regions that best describe the main properties of the

underlying surface.

As mentioned in the introduction, 3D shape matching refers to the process of deter-

mining the amount of dissimilarity between 3D shapes [124]. Shape retrieval remains the

most common use for shape matching and several surveys have been written on the subject

[124, 48, 143, 22]. A large class of 3D matching techniques use feature-based geometric

9
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descriptors that represent 3D shapes in a canonical form, which is invariant under different

3D transformations. This representation allows the 3D matching techniques to be appli-

cable to a large class of tasks such as shape retrieval, registration, object recognition and

classification. Another advantage of using these descriptors is their applicability to partial

shape matching. Non-feature-based 3D matching techniques such as skeleton and graph-

based methods [123, 14] are generally unable to handle partial matching, and are therefore

only applicable to global shape matching. In this chapter, we only review feature-based

shape matching techniques.

Partial 3D shape matching is a more difficult problem than global shape matching,

since the location, orientation, size or overlap of the regions that need to be matched are

not known [38]. The main examples where the need for partial shape matching arises

are registration of partial 3D scans [38, 39, 50, 49] and 3D object recognition in cluttered

scenes [51, 36]. The general approach to matching shapes with partial overlaps involves

a combinatorial search for similar regions over the surfaces of the objects that need to be

matched. In most cases, the efficiency of partial shape matching is improved by performing

the search on a set of representative points on the surfaces, which are generally referred to

as feature points or keypoints.

In the next subsections we briefly describe how feature-based shape descriptors and

feature points are used in 3D shape retrieval, registration, object recognition, and object

classification. In Table 2.1, we provide a simplified definition for each of these shape

matching problems.

2.1.1 3D Shape Retrieval

Given a query model and a database of 3D models, 3D shape retrieval refers to the process

of finding similar objects in the database. The general framework for a 3D shape retrieval

system using shape descriptors is given in Figure 2.1. The 3D retrieval system allows the

user to search the database of 3D models using a query model. The system, in an offline
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Problem Input Output/Objective
3D Shape Retrieval Query model m and a

database db of 3D mod-
els.

Find models most similar to m in
db.

3D Shape Registration Set of 3D models,
m1,m2, ...,mn.

Bring all models into the same
coordinate frame and align them.

3D Shape Recognition 3D scene S and 3D model
m.

Find all instances of m in S.

3D Shape Classification 3D model m and
a set of classes
C = {c0, c1, ..., cn}.

Determine to which class m be-
longs.

Table 2.1: Applications of 3D shape matching

stage, extracts global shape descriptors for each model in the database. The descriptors are

either invariant to geometric transformations or all models are first brought into a canonical

frame before the descriptors are computed. The descriptors are generally represented in

the form of a high-dimensional vector. Hence, the descriptor extraction stage essentially

maps each 3D shape to a point in a high-dimensional space, known as the feature space. In

the online stage, where the user queries the system using a 3D model, the global shape de-

scriptor for that model is computed. The system then returns all the models in the database

whose descriptors are close to the query model’s in the feature space.

2.1.2 3D Shape Registration

The task of bringing a set of 3D shapes into a common coordinate frame and aligning them

is referred to as 3D registration. By far, the most popular technique for pairwise registration

of 3D surfaces is the Iterative Closest Point (ICP) algorithm [13]. ICP registers two scans

by minimizing the sum of the squared distances between the points in one scan (scene) and

their closest points in the other scan (model). At the end of the registration process, the

rigid 3D transformation that aligns the scene with the model is obtained.

The main drawback of the ICP algorithm is its requirement for the two scans to be

initially close to each other with respect to translation and orientation. In most cases,
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database of 3D models

query model

feature vector computation
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1 23
sorted list of returned items
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Figure 2.1: Framework for 3D shape retrieval using feature-based descriptor vectors

however, this requirement is not met. As a result, many proposed techniques first try to

recover the initial 3D transformation parameters that align the two scans by establishing

a set of pairwise correspondence between them [112, 50, 39]. Once this correspondence

is established, the two scans can be registered and the initial transformation matrix can be

obtained [6, 137]. The registered result can then be used as the input into the ICP algorithm.

Figure 2.2 shows the conceptual steps for registering two partial 3D models using local

descriptors. In the first step, a set of feature points (or keypoints) are extracted on each

3D surface. The feature point extraction could be done in different ways. The simplest

form of feature point extraction is uniformly sampling the 3D surface. We discuss different

criteria for picking feature points on surfaces in Sec. 2.4.1. In the next step of registration

process, transformation invariant local descriptors are extracted at each feature point. These

descriptors are used to establish the initial point-point correspondences between the two

surfaces. The correspondences are then used to recover the 3D transformation that brings

one of the surfaces into alignment with the other one. A verification step usually follows to

ensure the recovered transformation is correct. The output of this process is generally fed
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into a local registration algorithm such as the ICP.

3-D feature point 
extraction

3-D feature point 
extraction

n-D feature vector 
computations

Feature Space

3-D
 feature 

correspondence

3-D alignment

inliner

outlier

Figure 2.2: Registration pipeline using feature points and local shape descriptor vectors

2.1.3 3D Shape Recognition

In shape (object) recognition, the objective is to find all instances of a set of shapes (ob-

jects), which are known from before, in a 3D scene. The 3D approaches to shape recogni-

tion are generally similar to the 2D ones: local descriptors are computed at various locations

of on the objects in the database and stored. Given a 3D scene, feature points and local de-

scriptors are extracted from it are then used to establish correspondence between points in

the scene and the object in the database. A voting scheme such as geometric hashing [62]

or RANSAC [16] is generally used to verify the point correspondences by checking that

they vote for a consistent pose.

2.1.4 3D Shape Classification

In shape classification, the objective is to identify the class or category of an input shape.

Both local and global shape descriptors have been used by matching techniques for auto-
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matic shape classification. For example, in [30], the authors employ local descriptors to

automatically assign a class to a query model. Figure 2.3 outlines the steps for classifying

a query model, q, given a database of models, M , and a set of classes C = {c1, c2, ...},

which partitions the database into disjoint sets of models.

Each model mi ∈ M is associated with a single class C(mi). In an offline stage, mi is

uniformly sampled and semi-local descriptors are computed at each sample point, pj ∈ mi.

These points are then labeled with class C(mi). In the online stage, semi-local descriptors

are computed at various points rk on the query model q. Each point rk is then assigned a

class using its associated shape descriptor and its nearest descriptors in the feature space

with known classes (which were computed in the offline stage). Finally, a class is assigned

to the query model q by identifying the dominant (most common) class associated with its

local descriptors, which were computed at sample points rk ∈ q.

database of 3D models with 
known classes

feature point 
extraction

offline

online

C1
each feature point is assigned 
the same class as the model to 

which it belongs

C1

C1
C1

C1

C2

C2

C2 C2

n-D feature 
vector 
computations

n-D feature space

feature point 
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query model to be 
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n-D feature space
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C2
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C2
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Figure 2.3: Classification pipeline using feature points and local shape descriptor vectors

The remainder of this chapter is organized as follows: in the next section, a definition

for feature-based shape descriptors is given and the main considerations for the computa-
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tion of these descriptors are discussed. In Sec. 2.3, we classify and review the different

shape descriptors employed in the computer graphics and computer vision literature. In

Sec. 2.4, we discuss partial shape matching and feature point extraction techniques in more

detail. Finally in Sec. 2.5, we provide a summary of this chapter.

2.2 3D Shape Descriptors

As mentioned previously, 3D surfaces are the only 3D shapes discussed in this work. Sur-

faces can be represented using a variety of techniques. Examples of popular surface rep-

resentations are polygonal meshes [19], point-set surfaces [3], subdivision surfaces, and

Nonuniform Rational B-spline (NURBS) surfaces. Triangular meshes are the most com-

mon surface representations used in 3D shape matching applications. Most surface match-

ing algorithms either directly work with or can be modified to work with meshes.

Shape representations and shape descriptors are closely related [81, 75, 140]. Loncaric

[75] differentiates between the two by stating that a shape representation produces a non-

numeric representation of the original shape, such as a graph, which preserves important

characteristics of the shape. Whereas, a shape descriptor produces a numeric representa-

tion of the shape and is generally obtained/computed from shape representations. Bearing

in mind that in this work the only shapes that we are concerned with are 3D surfaces,

we distinguish between a shape representation and a shape descriptor as follows: a shape

representation provides a way of encoding the geometry of the shape. From this repre-

sentation different geometric properties (or attributed) of the shape can be derived. On

the other hand, a shape descriptor encodes one or more geometric properties of the shape.

In general, these properties cannot be used to recover the original geometry of the shape.

Shape descriptors are numeric and represented in the form of a vector of scalar values. In

Tangelder et al., these are referred to as feature-based descriptors. In the computer vision

and pattern recognition literature, terms such as feature vectors and descriptor vectors are
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also used to refer to shape descriptors. We use these terms interchangeably.

3D shape descriptors need to satisfy a few criteria to be useful in shape matching. Since

shape representations and descriptors are closely related, the criteria given for the two are

very similar. The following lists the main criteria for shape representations:

• Scope: The shape representation should be able to handle all classes of shapes. For

example, a 3D surface representation cannot be limited to handling only planar or

cylindrical surfaces.

• Uniqueness: Different shapes should have different representations.

• Sensitivity: Small (large) differences in shapes should result in small (large) differ-

ences in representations.

• Stability: Small fraction of the data perturbed by large amount of noise should pro-

duce small changes in the representation.

The above criteria also apply to shape descriptors. An ideal shape descriptor satisfies all

of the above criteria. Additionally, shape representations and descriptors should satisfy the

following practicality criteria [88]:

• Efficiency: The representation/descriptor should be computationally and storage-

wise efficient.

• Ease of Implementation: The representation/descriptor should be relatively easy to

implement.

• Multiscale support: Most successful shape registration and matching algorithms pro-

cess the data in a multiscale fashion; for example, by processing the data in a coarse-

to-fine manner or vice versa. Therefore, the support for multiscale shape representa-

tion/descriptor is always desirable.
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• Computation of shape properties (representation-specific): It is useful to be able to

obtain information about geometric properties of the shape from the representation.

• Local support (representation-specific): The shape representation should not depend

on global properties of the shape.

A shape descriptor should additionally satisfy the following property [124]:

• Transformation invariance: The shape descriptor should be invariant under rigid

body transformations, and sometimes scale and reflection.

Satisfying the transformation invariance criterion is very important as the performance

of the descriptors is highly affected by it. Translation and scale invariance are generally

easier to achieve, compared to rotation invariance. Slight variations in orientations of 3D

shapes could result in very different descriptors. However, not all descriptors are inher-

ently transformation invariant. In such cases, an initial pose normalization step needs to

be performed before computing the descriptors. Pose normalization brings all 3D shapes

into a canonical frame, which is invariant under geometric transformations. For example,

pose normalization can be achieved by translating each model so that its center of mass is

at the origin (translation invariance) and rotating the model so that its principal axes are

aligned with the x, y and z axes (rotation invariance). However, it has been shown that

transformation invariant descriptors that do not require pose normalization, perform better

than other descriptors in 3D model retrieval systems [131].

2.2.1 Locality and Dimensionality

Descriptors, depending on their domain of influence, can be classified as global or local.

Global descriptors describe the 3D shape as a whole and are not affected by small changes

in the object and, are therefore, stable against noise. These descriptors are also generally

computationally efficient to extract and match, making them ideal for 3D shape retrieval

and classification tasks.
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Local descriptors on the other hand are computed at various locations on the model

and their domain of influence is limited to local regions of the model. These descriptors

are more distinctive and more sensitive to noise or surface perturbations and are generally

more expensive to compute, store, and match. Local descriptors are mainly used in partial

matching tasks such as registration of incomplete 3D scans or object recognition in clut-

tered scenes. The domain of some local descriptors includes large portions of the model

(and sometimes the whole model) [50, 142]. We refer to these descriptors as semi-local

descriptors.

Feature-based descriptors are represented as vectors of scalar values. This way, each

local or global shape represented by the descriptor is mapped (or transformed) to a point

in the feature space of the descriptor. Due to transformation invariance, uniqueness, and

invariance properties of the descriptors, determining the similarity between these feature

vectors amounts to computing the distance between points in the feature space. Therefore,

the more similar two points are on a surface, the closer their descriptor vectors are in the

feature space. The similarity between two shapes increases as their feature vectors become

closer in the feature space and decreases as the feature vectors become farther away. How-

ever, a function, which defines the distance between two descriptor vectors is generally

referred to as a dissimilarity measure, rather than a similarity measure. This notation is

used since the dissimilarity between two shapes increases as the distance between the their

corresponding feature vectors increases in the feature space.

Depending on the descriptor vector, distance metrics more complex than the Euclidean

distance may also be used to measure the dissimilarity. The descriptor and the application

at hand dictate which distance metric to use (see section 2.2.2).

Depending on the dimensionality of the descriptor vectors, these vectors can be clas-

sified as high-dimensional or low-dimensional. As one would expect, high-dimensional

descriptors tend to be more distinctive as they encode more information about the shape

of the object. The domain of applications for each class is different. For example, low-
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dimensional descriptors are generally used in local registration [39], while, high-dimensional

descriptors are mainly used in global registration [50].

2.2.2 Shape Similarity Measures

Feature-based 3D shape matching techniques reduce the 3D shapes to a generally high-

dimensional feature vector. That is, a 3D shape is transformed to a point in a high dimen-

sional space known as the feature space. The advantage of this approach is that the problem

of measuring the similarity between two 3D shapes is reduced to defining a distance func-

tion that defines the distance between points in the high-dimensional feature space. A

function d(x, y) measuring the distance between two points x, y ∈ RN can be classified as

a metric, a pseudo-metric or a semi-metric depending on which of the following properties

it satisfies [124, 130]:

i. Positivity: d(x, y) ≥ 0

ii. Identity: d(x, y) = 0↔ x = y

iii. Symmetry: d(x, y) = d(y, x)

iv. Triangle Inequality: d(x, y) + d(y, z) ≥ d(x, z)

v. Transformation Invariance: d(x, y) = d(g(x), g(y)), for g ∈ G, whereG is a chosen

group of transformations.

A distance function is a metric if it satisfies properties i, ii, iii, iv, a pseudo-metric

if satisfies i, iii, iv, and a semi-metric if it satisfies i, ii, iii. The following are the most

commonly used distance functions in the literature:

• Lp (Minkowski) Distance: Lp or the Minkowski distance between two points x, y ∈

RN is defined as:

Lp(x, y) =

(
N−1∑
i=0

|xi − yi|p
) 1

p

. (2.1)
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L1 is called the Manhattan or City-block distance, L2 is the Euclidean distance and

L∞ is the max metric: L∞(x, y) = maxi(|xi − yi|). Lp is a metric for all p ≥ 1 and

a semi-metric for p < 1, as the triangle inequality does not hold. The Minkowski

distance is the most commonly used similarity measure for feature vectors.

• Correlation Metric: The correlation metric gives a measure of the angle between

two points x, y ∈ RN as follows:

C(x, y) =

∑N−1
i=0 (xi − x̄)(yi − ȳ)√∑N−1

i=0 (xi − x̄)2
∑N−1

i=0 (yi − ȳ)2

, (2.2)

where x̄ =
∑N−1

i=0 xi/N and ȳ =
∑N−1

i=0 yi/N .

• Quadratic Form Distance Function: If the components of the feature space are not

independent and the relationship between the components is known, a quadratic dis-

tance function Q may be used to measure the similarity between two feature vectors

x, y ∈ RN :

Q(x, y) = (x− y) · A · (x− y)T =
N−1∑
i=0

N−1∑
j=0

aij(xi − yi)(xj − yj) , (2.3)

where A is a similarity matrix and its components, aij , represent the similarity be-

tween components i and j in the feature space. When A is the identity matrix, Q

becomes the Euclidean distance.

Additionally, when the feature vectors correspond to probability distributions or his-

tograms, the following distance measures may also be used:

• Bhattacharyya Distance: The Bhattacharyya distance measures the similarity be-

tween two discrete probability distributions x and y. It is defined as:

B(x, y) = 1−
N−1∑
i=0

√
xi · yi , (2.4)
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where N is the number of bins in the discrete probability distributions.

• χ2 Statistic: χ2 statistic measures the similarity between two discrete distributions x

and y as:

χ2(x, y) =
N−1∑
i=0

(xi − yi)2

xi + yi
, (2.5)

where N is the number of bins in the discrete probability distributions.

In many cases, the distance between two sets of feature vectors needs to be computed

to measure similarity between two objects. Two examples of such distance functions are:

• Hausdorff Distance: The Hausdorff distance between two point setsA = {a0, a1, a2, ...}

and B = {b0, b1, b2, ...} is defined as:

H(A,B) = max
ai∈A

min
bi∈B

D(ai, bi) , (2.6)

where D(., .) can be any distance function between two points (e.g., the Euclidean

distance).

• Bottleneck Distance: The bottleneck distance between two point setsA = {a0, a1, a2, ...}

and B = {b0, b1, b2, ...} is defined as the minimum of the maximum distance of all

one-to-one correspondences between A and B. Let F correspond to the set of all

one-to-one correspondences between point sets A and B. A function f ∈ F maps a

point in A to B: f : A→ B. The bottleneck distance is then defined as:

Bot(A,B) = min
fj∈F

max
ai∈A

D(ai, fj(ai)) , (2.7)

where D(·, ·) can be any distance function between two points.
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2.3 Classes of 3D Surface Descriptors

All descriptor vectors can be classified as being global, local, and sometimes semi-local.

Global descriptors represent the 3D shape of the whole model in the form of a single de-

scriptor. Whereas, using local descriptors to represent a model, amounts to breaking the

model into local patches and representing each patch with a local descriptor. The tech-

niques used to represent 3D shapes using global descriptors can be classified into the fol-

lowing categories:

• Global Shape Properties: These descriptors encode global shape properties such as

volume, surface area, volume to surface area ratio, k-fold symmetry, etc.

• Maps: Map-based descriptors encode the geometry of the surface or the occupancy

volume of the model by storing the positions or orientations of sampled vertices on

the surface in the form of maps. These descriptors tend to be more distinctive and

intuitive than other descriptors as they encode more information and are generally

easier to implement. A major drawback of these methods is that most require a pose

normalization of the shape prior to computing the descriptors.

• Projections: Projection-based descriptors represent a 3D shape by projecting a func-

tion on the model, such as its characteristic function, onto a set of orthogonal basis

functions. 3D-DFT, Spherical Harmonics, 3D Zernike Moments are examples of

such descriptors. One advantage of using this class of methods is that they can be

used to derive inherently geometric invariant descriptors.

• Feature Distributions and Histograms: These descriptors are created using his-

tograms of local geometric properties of the shape such as mean or Gaussian cur-

vature sampled over the surface of the object [117]. Other types of histograms that

sample relational properties such as distances between sampled points on the surface

have also been proposed [97].
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Local descriptors are, in general, localized maps. Table 2.2 shows a classification of the 3D

descriptor techniques. The following subsections describe each method in more detail.

2.3.1 Global Shape Properties

Global shape properties of 3D objects such as hull packing, hull compactness, and global

symmetry have been used to describe 3D shapes. This class of low-dimensional descriptors,

as one would expect, tend to be very coarse and less discriminative compared to other shape

descriptors. However, the main advantage of these descriptors is their stability against

noise. The descriptors have also been used to improve the performance of other shape

descriptors [58, 57].

In [144], the authors propose a method for computing global shape features such as

volume, moments, and Fourier transform coefficients directly on meshes. The global fea-

tures are determined by computing the features on elementary shapes such as triangles or

tetrahedrons and then summing the values over the surface. The computational cost is

proportional to the number of triangles.

The authors of [27], propose and compare different volume and convex-hull based de-

scriptors for use in a 3D search engine. The following dimensionless ratios were used for

comparing objects:

• Bounding-box aspect ratio: the ratio of the longest to the shortest edges of the bound-

ing box.

• Hull Crumpliness: the ratio of the object’s surface area to the area of its convex hull.

• Hull packing: the percentage of volume of the convex hull of the object not occupied

by the object.

• Hull Compactness: the ratio of the cubed surface area of the convex hull of the object

to the squared volume of the convex hull.
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(a) Visualization of the symmetry descriptor of [58]. The
rotational symmetry visualization for each model is cre-
ated by scaling unit vectors on the spheres proportional to
the symmetry of the model about that vector. The reflec-
tive symmetry visualization is computed by scaling the unit
vectors proportional to reflective symmetry of each model
about the plane passing through the center of the model and
normal to the vector.

(b) In [57], the anisotropy influenced similarity is com-
puted by first scaling the models so that they are isotropic.
The similarity is then defined as the outer product of the
differences between the isotropic models and their initial
anisotropic scale.

Figure 2.4: Visualizations of (a) the symmetry descriptor [58] and (b) the anisotropy simi-
larity measure [57]. (Images courtesy of Michael Kazhdan)

In [58], the authors introduce the Symmetry Descriptors, which measure the reflective

and rotational symmetry of a model with respect to every axis passing through the center

of the model. Given a function, f , on the sphere, the k-fold anti-symmetry distance of the

function with respect to axis p is defined as the average of the correlation of the function

with the k different rotations of itself around p. That is,

SDistk(f, p) =

√√√√ 1

|Gk
p|
∑
γ∈Gkp

< f, γ(f) > , (2.8)

where Gk
p denotes the k−fold rotational symmetry group with respect to p. Figure 2.4 (a)

shows a visualization of the 2, 3, 4-fold, and reflective symmetries of two different objects.

To efficiently compute the spherical auto-correlation, f is expressed in terms of its spherical

harmonic decomposition and the correlation is done in the spherical harmonic domain. The

k−fold symmetry descriptor is defined as the symmetry and anti-symmetry distance of f

with respect to pi, in which SDistk is maximal:

Symk(f) = (sk(f),
√
‖f‖2 − sk(f)2), where sk(f) = max

pi∈S2
SDistk(f, pi) . (2.9)
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The authors use the symmetry descriptor to augment their spherical harmonic descriptors

[56]. They show that the augmented descriptors perform better in a 3D retrieval system.

In [57], the authors propose a method for augmenting existing shape descriptors by

incorporating the anisotropic information about the models into the descriptors. In the

proposed method, the model is first scaled so that it becomes isotropic. This is done by

scaling the model by multiplying it by the square root of the inverse of the covariance

matrix, C−1/2, where C is the covariance matrix of the model. The shape descriptors are

then computed on the isotropic versions of the models. The similarity, S, between two

models, M and N , is defined in terms of the distance between the computed descriptors

and their anisotropic difference:

Sγ(M,N) = ‖vM̃‖
2 + ‖vÑ‖

2 − 2 〈vM̃ , vÑ〉 〈λM , λN〉
γ , (2.10)

where M̃ and Ñ are the anisotropically scaled versions of M and N , vM̃ and vÑ are de-

scriptor vectors of M̃ and Ñ . λM and λN are sorted triplets of eigenvalues of the covariance

matrices of M and N . γ controls how much influence the anisotropy of the models should

have on the similarity measure. Figure 2.4 (b) shows a visualization of the above similarity

formulation. The authors show that the proposed method improves the performance of the

existing descriptors in 3D retrieval systems.

2.3.2 Maps

Maps provide the largest class of shape descriptors and have been used as both local and

global descriptors. The main attraction of this class of descriptors is their intuitive way of

representing shapes, which can also be easily visualized.

Maps discretize the space around the model and store geometric information about the

surface such as positions of sampled points, their associated normals or curvatures in the

discretized space. Most maps are not rotationally invariant and the object needs to be pose-
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Figure 2.5: Harmonic Shape Image: example of planar parameterization of a 3D surface
patch [145]. (Image courtesy of Martial Hebert)

normalized prior to the computation of the descriptor.

The mapping of the discretized space to 1, 2, 3-D domains is generally done using one

of the following methods:

• Voxelization: the 3D space is discretized by directly voxelizing the space in either

Cartesian or Spherical coordinates.

• Spherical maps: the 3D positions or orientations are mapped to positions on the

sphere.

• Planar maps: the 3D positions are mapped or projected onto a 2D domain by either

parameterizing the surface or simply projecting points onto a plane.

• Curves: the local neighborhood is parameterized along geodesic or Euclidean rings

around a point of interest.

Figure 2.5 shows an example of a Harmonic Shape Image.

The maps can encode different geometric properties of the surface. For example, each

bin could simply contain the number of vertices on the surface that fall into it (encoding

positions). The bins could also contain higher order surface properties such as local curva-

tures or normal orientations.
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Voxelization

3D shape contexts and shape histograms[60, 11] constitute a popular set of map-based de-

scriptors. They are extensions of shape contexts from 2D images. Shape contexts discretize

the 3D space around each point of interest and count the number of neighboring points that

fall into each bin. The 3D space around the point of interest is generally discretized in one

of the following three forms:

• Shells: space is discretized in the form of concentric shells.

• Sectors: space is discretized in the form of sectors originating from the point of

interest.

• Spiderweb: space is discretized using both shells and sectors.

Only the shells method is rotation invariant. The other two forms of the 3D shape

contexts require some of form of pose normalization prior to the descriptor computation.

3D shape contexts have been used both as local [11] and global [5] descriptors.

In [132], the authors voxelize the space around the model by first translating the model

so that its center of gravity is as the original (translation invariance) and then rotating and

aligning it with its principal axes (rotation invariance). The authors also, attempt to obtain

reflection invariance by reflecting the model around each plane (xy, yz, zx) so that the

majority of the points of the object lie on the positive side of each plane. Scale invariance

is obtained by scaling the model by s =
√

(s2
x + s2

y + s2
z)/3, where sx, sy, and sz represent

the average distances of object points from the origin along each axis. Once the model is

in this canonical frame, the bounding cube of the object is computed and voxelized into

an N × N × N grid. Each cell in the grid contains the portion of the surface area of the

object that lies inside the cell. The authors do not directly use the occupancy grid as a

descriptor for the object. Instead, the 3D Fourier transform of the object is computed and

the frequency coefficients are used as the descriptors.
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The authors of [95] use similar steps to create a voxelization of the model before com-

puting the 3D Zernike descriptors. The model, however, is not aligned with its princi-

pal axes as the proposed 3D Zernike descriptors are rotation invariant and prior rotation

normalization is not required (see section 2.3.3 for more information on projection-based

techniques such as 3DDFT, spherical harmonics, and 3D Zernike descriptors).

Spherical maps

The main advantage of using a function on the sphere to describe a 3D shape is that the

function can be decomposed using spherical harmonics and represented in terms of its fre-

quency components. Representing a function in terms of its frequency components has

many advantages; the main advantages are: 1) The function can be low-pass filtered by

simply dropping the high-frequency components. 2) Rotation invariant descriptors can be

derived by using the frequency energies as descriptor components. 3) Even if the func-

tion is not decomposed in terms of its spherical harmonics, and a descriptor is derived in

the spatial domain, the descriptor matching process can be sped up by performing the dis-

tance computations, such as correlation, in the frequency domain. These properties are the

reasons for the success and generally superior performance of most spherical descriptors.

Extended Gaussian Images (EGI) [54] are computed by mapping the normal directions

of the vertics on the surface to points on the sphere. The obtained function on the sphere

effectively becomes a histogram of normal directions. Matching can be done using gen-

eral template matching techniques. However, methods such as [79] speed up the template

matching process by decomposing the function into its spherical harmonics and performing

the template matching in the harmonics domain, which can be performed much faster (in

the form of a multiplication).

Spherical Extent Function [106] is another example of spherical functions used to de-

scribe 3D shapes. The spherical extent function is computed by centering the object inside

a bounding sphere and extending rays from the center of the object to sampled points on
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the sphere. The value at each sampled point on the sphere is the maximum distance of the

surface of the object from the origin along the ray connecting the origin to the point on

the sphere. If a ray does not intersect any points on the surface, the sampled value along

that direction is set to zero. Mathematically, spherical extent function, f , describing a 3D

surface, M , is defined as:

f : S2 → R

f(û) = max{r ≥ 0|rû ∈M ∪ {0}} ,
(2.11)

where S2 denotes the unit 2-sphere, û ∈ S2 is a point on the unit sphere and 0 is the origin.

The authors use spherical harmonic decomposition and geometric moments of the func-

tion to derive two different descriptors. They show that the descriptors using the harmonic

decomposition of the function perform better in their 3D model retrieval system. The de-

scriptors, however, are not rotation invariant and the approach requires a pose normalization

of the model prior to the descriptor computations.

The same authors, in [131], try to improve the performance of the descriptors by using

more than one spherical extent function to represent a model. A set of spherical extent

functions are used by creating a set of concentric spheres sampling the inside of the model

as well (instead of just using one bounding sphere). Their approach is very similar to that

of [56]. The object is first voxelized into an N × N × N binary grid. A cell has value

1 if it intersects the surface of the model and 0, otherwise. Finally, concentric spheres of

varying radii are created inside the voxel space, each sphere containing the spherical extent

function of the portion of the voxelized model that falls inside it. The authors use the same

technique as [56] to derive rotation invariant descriptors for each spherical extent function

(see section 2.3.3 for more details on the invariant descriptors).
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Planar maps

One of the earliest examples of map-based techniques and by far the most popular are spin

images [50]. Spin images are local descriptors that are computed at various locations on

the surfaces of 3D models. The point where a spin image is constructed is referred to as

the central point. Assuming the normal direction at the central point is known, a map of

the neighboring surface points is computed by rotating a discrete compact plane that passes

through the central point and is parallel to the point’s normal, around the normal. The

plane is represented in the form of a w × h image. Each bin in the spin image contains the

number of neighboring points that fall into it when the plane is rotated around the normal

(see Figure 2.6(b)). Spin images are inherently rotation invariant and do not require any

pose normalization prior to their computations. Different variations of spin images have

been proposed. For example, in [29], the authors propose multi-resolution spin images,

where at each central point, spin images of different resolutions and sizes are computed.

The authors report improved performance over traditional spin images.

Harmonic Shape Images (HSI) [145] are another example of planar maps. Each HSI is

computed at a local patch, D, around a central point, pc on the surface of the input model.

The descriptors use harmonic maps [31] to obtain a planar parameterization of D. This is

done by first mapping the boundary vertices of D to the boundary of the unit disk. A map

φ : D → R2, which maps the interior points in D to locations inside the unit disk is then

obtained by minimizing the error functional

E(φ) =
1

2

∑
(i,j)∈Edges(D)

kij‖φ(i)− φ(j)‖2 , (2.12)

where φ(i) and φ(j) are the images of the interior vertices i, j ∈ D. This parameteriza-

tion can then be used to create a 2D map of different surface properties at the vertices; the

authors use surface curvatures in their implementation. Harmonic shape images are not

rotation invariant. Therefore, the similarity between two descriptors is measured by com-
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(a) (b)

Figure 2.6: Examples of (a) surface signatures [142] and (b) spin images [50] computed at
different locations on 3D models. (Images courtesy of (a) Sameh Yamany, and (b) Andrew
E. Johnson)

puting the normalized correlations between one of the descriptors and rotated versions of

the other one. The rotation which yields the maximum correlation is used as the distance

between the two descriptors.

Surface Signatures [142] encode the geometry of the surface by creating images of

the curvature values on the surface seen from a point on the surface. These images are

calculated at various locations on the surface. The method is similar to spin images in that

it creates rotation invariant descriptor images at various points on the surface by mapping

vertices in 3D to a bin in a 2D image. Signature images, however, encode surface curvatures

instead of point densities and also use polar coordinates instead of cylindrical coordinates

for mapping 3D points to 2D. To create a surface signature at point, pc, the 2D coordinates

of each point, pi, on the surface is computed using:

yi = ‖pc − pi‖

xi = cos−1
(
〈npc ,pc−pi〉
‖pc−pi‖

) (2.13)

where npc is the normal at pc (Figure 2.6(a) shows examples of surface signatures com-

puted at different locations on a 3D model). To improve the efficiency of the descriptor

computations and matching process, the authors only compute the descriptors at points



CHAPTER 2. FEATURE-BASED 3D SHAPE MATCHING METHODS: SURVEY 32

with absolute mean curvature value greater than a threshold, λ.

Li et al. [70] propose a multiscale approach for feature point extraction (section 2.4.1)

and descriptor computation for the purpose of 3D registration. The descriptors are local

maps of normal directions around each feature point, pi. The normal map at position pi

is computed by projecting the normal directions of its neighboring points onto the tangent

disk, defined by its normal, npi
, and radius, r. More specifically, each map consists of an

N ×M array of 3D points, C = {ckl}, sampled on the tangent disk around pi:

ckl = pi +
2lr

M

(
cos

(
2πk

N

)
u + sin

(
2πk

N

)
v

)
, (2.14)

where u ⊥ v ⊥ npi
, and (u,v,npi

) forms an orthogonal frame at pi. Array of 3D points,

C, is then used to create an array of scalars, S = {sjk}, by projecting the normal, ncjk
, at

each cjk onto the direction connecting cjk to pi:

sjk =

〈
cjk − pi,ncjk

〉
‖cjk − pi‖

. (2.15)

ncjk
is computed by taking the weighted average of the normal directions of points on the

surface neighboring cjk. Frequency components of S are then obtained by computing the

Discrete Cosine Transform of S in the l-direction, followed by the Discrete Fourier Trans-

form in the k-direction. The final descriptors are the magnitudes of the lower frequency

components of S.

Curves

Point signature [26] of the local neighborhood at a point pc on the surface is computed

by creating a 1D distance map of all points in the r−radius of pc. The set of neighboring

points is obtained by intersecting a sphere of radius r centered at pc with the surface. A local

plane is then fitted through the neighboring points and a normal direction, N , is obtained.

A 1D distance map of the neighbors is then computed by measuring the distance of the
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neighboring points from the plane with normal N centered at pc. In order to obtain rotation

invariance, the distance map is rotated so that the angle with the maximum distance is at

the origin (0). The signature points are extracted at every vertex on the model.

The point fingerprint [121, 122] of a point pc on the surface is defined using the geodesic

circles around pc. The geodesic circles of different radii are then used to parameterize

the local neighborhood of pc and encode different structural information about the local

surface. The authors use the fingerprints to encode normal and radius variations along

each geodesic ring around pc. Other types of information such as curvature, color and

other surface properties can also be encoded using the fingerprints. The authors show the

application of their local descriptors in a surface registration problem. The drawback of

using the geodesic rings to parameterize the local neighborhood of a point is the sensitivity

of the geodesic computations to noise. The authors propose to perform a surface smoothing

step prior to the descriptor computations.

2.3.3 Projections

Projection-based descriptors represent a 3D shape by projecting a function defining the

shape onto a set of orthogonal basis functions. The functions defining the shape of the

object are in most cases represented in the form of maps (see section 2.3.2). The main

attraction of projection-based methods is that they can be constructed so that they are in-

variant under rotations. This is generally attained by forming descriptors using the energies

of the lower-frequency components of the function. This property makes them ideal for rep-

resenting general, complete 3D models, which are represented coarsely using a function in

a voxelized space. However, the discretization and voxelization of the boundary function

of the 3D shapes in this manner makes them less descriptive, hence less ideal, for local

matching. 3D Zernike moments [95], Spherical harmonics [56], 3D Fourier Transforms

[132] and spherical wavelets [61] are examples of the basis functions that have been used

in the literature.
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In [95], the proposed 3D Zernike method of [24] is extended for use in 3D shape re-

trieval. The 3D Zernike moments are computed by projecting the indicator function of the

object onto a set of orthonormal functions within the unit sphere. Moments of orders up

to 20 are needed to provide a good descriptor for the voxelized 3D shapes. The retrieval

performance of these descriptors is comparable to that of Spherical Harmonic descriptors.

Spherical Harmonics [56, 131, 36, 94] provide another popular class of descriptors.

These descriptors generally require a large local support and in most applications they are

used as global descriptors.

In [56], the authors propose a rotation invariant representation of a function on the

sphere using Spherical harmonics. The authors also show how the method can be extended

to voxel representations of 3D models and how the descriptors can be used to augment

some of the existing non-rotation invariant descriptors.

The spherical harmonic descriptors of [56] represent a spherical function in terms its en-

ergies at different frequencies. As shown in the paper, this representation is invariant under

rotations. A spherical function, f , can be represented in terms of its spherical harmonics

as:

f(θ, φ) =
∞∑
l=0

m=l∑
m=−l

almY
m
l (θ, φ) (2.16)

The proposed Spherical Harmonic descriptor of f is then defined as:

SH(f) = {‖f0(θ, φ)‖, ‖f1(θ, φ)‖, ...} (2.17)

where fl(θ, φ) =
∑m=l

m=−l almY
m
l (θ, φ).

It can be shown that SH(f) is invariant under rotations. Using this approach any ex-

isting shape descriptor represented as a spherical function can be augmented so that it

becomes rotation invariant. The authors show how the spherical harmonic descriptors im-

prove the retrieval performance of existing descriptors such as the Spherical Extent Func-

tion and Shape Histograms.
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Authors of [132] propose a descriptor based on 3D Fourier Transform of a voxelized

model. Their descriptors, however, are not rotation invariant, and a pose normalization

step needs to be performed prior to computation of the descriptors. The 3D models are

pose normalized by moving the center of mass of the objects to the origin and rotating and

aligning each object with its principal axes. A scale normalization step is also performed

by scaling each model using the average distances of model points from the origin along X,

Y, and Z axes. After the pose and scale normalization, a voxel representation of the model

is computed. Each voxel cell is weighed using the portion of the mesh surface area that

lies in that cell. Finally, discrete 3D Fourier transform of the model is computed. The final

descriptor is represented in terms of the absolute values of the Fourier coefficients.

2.3.4 Feature Distributions and Histograms

Distribution-based methods represent 3D shapes in form of histograms of local or global

geometric properties of the surface. Examples of local properties include the mean or Gaus-

sian curvatures at sampled points on the surface. Global geometric properties may include

Euclidean distances between random points, or angles between edges formed by connect-

ing three random points on the surface. The histograms in most cases are represented in

the form of high-dimensional feature vectors.

In [98, 99], a content-based 3D shape retrieval system is introduced. The system allows

the user to perform queries using different 3D model properties such as geometry, color

and texture. The system performs geometry analysis and similarity search using two types

of histograms and a multi-resolution wavelet descriptor. The first type of histogram is

computed by creating histograms of the angles between surface normals and the principal

axes. The second type of histogram is formed by computing the angles between cords and

the principal axes. Cords are defined as the vectors connecting the center of the object to

the center of mass of each mesh triangle on the surface. A histogram of cord lengths are

also used as another shape descriptor. The system allowed the user to search the system
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Figure 2.7: Illustration of the three types of histograms used in [129]. From left to right:
curvature index, distance and volume histograms of the cow model. (Image courtesy of
Jean-Philippe Vandeborre)

using each type of the descriptor.

In [129], three different types of histogram-based descriptors are introduced for describ-

ing 3D shapes in a retrieval system. The first histogram is the distribution of the curvature

index [59] over the surface. The curvature index at a point, P , on the surface is defined in

terms of its principal curvatures as follows:

IP =
2

π
tan−1 κ

1
P + κ2

P

κ1
P − κ2

P

, with |κ1
P | ≥ |κ2

P | . (2.18)

The second descriptor is similar to that of [97]. The surface of the model is sampled by

taking two random points on each of its faces. To compute the histogram, two random

faces are picked and the distances between the sampled points on the faces are computed.

The process is iterated N times and a histogram of these distances is obtained. The third

descriptor is the histogram of the volume of the tetrahedrons obtained by connecting the

center of the object to each triangular face on the model. Figure 2.7 shows illustrations of

each type of histogram.

Shape distributions of [97] are computed by sampling the surface of the model with V

equally spaced vertices and computing histograms of different shape functions defined in

terms of distances between these samples. The following shape functions were introduced:

• A3: The angle between three random points on the surface.
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• D1: The distance of a random point on the surface from a fixed point; the center of

the object was used as the fixed point, in their implementation.

• D2: The distance between two random points on the surface.

• D3: The square root of the area of the triangle defined by three random points on the

surface.

• D4: The cube root of the volume of the tetrahedron defined by four random points

on the surface.

The D2 function performed better than the other functions, in their experiments. The

D2 function was extended in [47] by defining three additional types of distances between

two sample points:

• IN distance: The line connecting the two sample points lies completely inside the

model.

• OUT distance: The line connecting the two sample points lies completely outside

the model.

• MIXED distance: The line connecting the two sample points passes both inside and

outside of the model.

Using the new distances, three new histograms (besides the D2 histogram) were created.

Similar to [97], the histograms were used to define a similarity measure between two 3D

shapes in a retrieval system.

2.4 Partial Shape Matching Using Feature Points

Partial matching is generally required in applications such as partial 3D surface registration

and object recognition in cluttered scenes. Partial shape matching is a more difficult prob-
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lem than global shape matching since no prior knowledge about the orientation, scale, ex-

tent or location of the overlapping regions is given. Given two 3D surfaces, partial matching

involves detecting the overlapping regions between the two surfaces and also determining

the amount of similarity between these regions.

For example, in the case of registering partial 3D scans of a model taken from different

views, no prior knowledge is given about the extent or locations of overlap between the

scans. Global shape matching techniques cannot be used here as the two shapes are not

the same. Therefore, a search for similar region needs to be performed. In such cases, a

preferred way to find matching regions is to use local shape descriptors. Local descriptors

are extracted at specific locations on the surfaces and a combinatorial search is performed

to find correspondences between points on the surface. This is the technique employed by

many registration algorithms, which use local descriptors [50, 145, 142, 121].

Therefore, the majority of techniques in the literature perform partial matching in two

steps. In the first step, “interesting” features on the surfaces are extracted. Then shape

matching is performed between the extracted features using local descriptors. The feature

selection step is generally referred to as feature point extraction, since in most cases, the

features are points or regions represented by points on the surface.

In this section we provide a brief survey of the feature point extraction techniques.

The matching process generally uses the same local descriptors discussed in the previous

sections. However, since the local descriptors are not distinctive enough, many of the

matches are incorrect. Therefore, an additional step is required to verify the consistency

of the matches and discard false matches. This step is applied iteratively to improve the

matching results. Depending on the application, different methods are used to detect or

improve the initial set of matches [39, 51].
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2.4.1 Feature Point Selection

The feature point extraction process samples a 3D model by picking points at various lo-

cations on, and sometimes around, the model’s surface. The general objective is to reduce

the geometry of the surface to a set of representative points, in an effort to reduce the com-

putational complexity of the subsequent steps in the matching algorithm. The simplest

way to extract feature points is to uniformly sample points over the surface of the model.

However, most techniques attempt to pick points at locations, which are geometrically in-

teresting, such as corners, singularities, or regions with high-frequency information. The

performance of the feature point extraction process is usually evaluated using the following

criteria:

• Repeatability: the feature point extraction process should be able to pick a consistent

set of points on the same surface under different transformations. That is, it should

be stable against noise, small surface perturbations, and different surface resolutions

or triangulations. It should also be invariant under geometric transformations.

• Coverage: the feature point extraction process should be able to pick points that ap-

proximately cover the whole surface. Even though it is desired to pick geometrically

interesting feature points, these points should not be only be concentrated at a few

locations on the surface.

The repeatability criterion ensures the robustness of the feature extraction process to

variations that may be present in different scans of the same surface due to noise, occlu-

sions, and other factors. The coverage criterion ensures that even in cases of small overlap

between scans, the extractor picks features, which are present in both scans.

The surface features used in the matching process may be points, lines, curves, or prim-

itive 3D shapes such as spheres and cylinders. The higher the dimension of the feature, the

more difficult it will be to use it in later stages of the matching process. This is generally

why points are used in most matching applications. Indeed, even in cases when a region
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is picked as a feature, it is represented by a point [38]. Therefore, most matching algo-

rithms are interested in feature point extraction. Another advantage of point features is that

they can be used in a broader range of matching tasks as compared to higher dimensional

features.

Feature point extraction techniques can generally be classified into three categories,

based on the type of features they use:

• Geometric features: the extrema of geometric surface attributes, such as mean and

Gaussian curvatures are used as features.

• Perceptual features: approaches similar to the scale-space based techniques for 2D

images are used to select the surface features.

• Statistical features: local shape descriptors are computed at various locations on

the model surface, and points with statistically rare descriptors are selected as the

features.

In the following subsections, we describe each class of techniques in more detail.

Geometry-Based Feature Extraction Methods

Geometry-based feature extraction techniques select features on 3D surfaces by first com-

puting various geometric surface attributes (e.g., differential surface attributes) over the

surface. Subsequently, surface points where these attributes satisfy certain conditions (e.g.,

are locally maximum) are selected as the surface features. For example, Thirion et al.

[128] define extremal points as the extrema of the crest lines on 3D surfaces. They argue

that these points are the equivalents of corners in 2D images. They show an application of

their proposed technique for registering 3D medical data.

Yamany et al. [142], in an attempt to improve the computational efficiency of their

partial shape matching algorithm, subsample the surface prior to the descriptor computa-

tions. They achieve this by first estimating the Gaussian curvatures over the input surface.
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The surface is subsequently subsampled by selecting points on it where the Gaussian cur-

vature is higher than a preselected threshold. Gains in computation times are achieved by

performing descriptor computations and matching at these sample points.

In [38], salient geometric features are used to detect and represent important regions on

3D surfaces. The salient regions are defined as clusters of local descriptors that correspond

to more interesting (or important) surface regions. The importance measure is based on the

surface curvature and its variance in the local region around each point. First, the Gaussian

curvature at each vertex on the mesh is computed by fitting a quadratic patch to the local

neighborhood and computing the curvature analytically. A region growing technique is

then used to create local patches on the surface using the computed curvature values. The

center of mass of each patch is then picked as the representative point for that patch. The

local patches are then clustered together using a saliency grade defined over the cluster of

patches. Initially, each patch constitutes one cluster. Clusters are then grown by iteratively

adding the neighboring patches that maximize the saliency grade of the cluster. Finally, the

clusters with the highest saliency grade are picked as the salient geometric features of the

surface. The saliency grade, S, of a cluster, F , is defined in terms of the Gaussian curvature

and its variance in the cluster as

S =
∑
d∈F

W1Area(d)Curv(d)3 +W2N(F )V ar(F ) (2.19)

where Area(d) is the area of a patch, Curv(d) is the curvature associated with the patch,

N(F ) is the number of local curvature extrema in the cluster, and V ar(F ) is the curvature

variance in the cluster.

Perception-Based Methods

Perception-based feature point extraction techniques aim at selection interesting features on

3D surfaces in a manner similar to the human visual system. As discussed in Chapter 3, this
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can be achieved by analyzing the surface structures using scale-space based methods. These

techniques allow for the recovery of both the location and an associated neighborhood size

(scale) of the surface features.

Pauly et al. [100] and later, Li et al. [70] use the MLS projection operator [3] in a

multiscale fashion to extract salient features on point set surfaces. In both cases, the MLS

operator is used to obtain a stack of increasingly smoothed versions of the input surface.

The amount smoothing at each level is control by the size of the neighborhood size used

to compute the MLS projection operator. At each level, the saliency value of each point

is then measured by the amount it moves along its normal direction, between the current

level and the next. The points whose saliency value is minimum or maximum among their

neighbors at the current, previous and next levels are picked as feature points. The level at

which each feature point is extracted is used as the scale associated with that point. It is

shown that the recovered scales correspond to the size of the underlying structures on the

surface. Additionally, the extracted features are shown to be stable in the presence of noise

or variations in surface resolutions.

Statistical Methods

Statistical methods first compute local shape descriptors at various locations on surfaces.

Surface features are then selected as the points where corresponding descriptors are sta-

tistically rare. For example, Johnson et al. [50, 49] compute the distribution of their pro-

posed descriptors (Spin Images) and only use points with rare descriptors for 3D matching.

Gelfand et al. [39] use their proposed Integral Volume Descriptor to only select and use a

representative set of points on surfaces when registering 3D scans.

Shilane et al. [115, 116] define distinctive regions on an object as regions which are

unique to object’s class and are not found in other object classes, in a given database. The

authors argue that feature extraction methods, which take into account geometric surface

properties only on a per-object basis, are not guaranteed to produce discriminative feature
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points among different object classes. As a result, it is argued that their proposed distinction

measure will perform better in 3D model retrieval or classification systems, which deal with

a large number of object classes. A database of 3D models partitioned into disjoint sets of

classes is used to compute the distinction measure at points on each model as follows:

1. Each model in the database is sampled by uniformly distributing points on its surface.

2. At each sample point, a semi-local shape descriptor is computed.

3. Each descriptor at a sample point is used as a query key to retrieve similar models

in the database. The distinction measure at the sample point is then computed in

terms of the percentage of returned models that belong to the same class as the query

model. The Discounted Cumulative Gain (DCG) [65] of the returned list is used to

compute the distinction measure.

4. A continuous distinction measure over the entire surface of each model is then ob-

tained by assigning each vertex a weighted average of the distinction measures of the

neighboring sampled points extracted in step 1.

The authors show applications of the distinction measure to shape matching, mesh simpli-

fication, and icon generation.

2.5 Summary

In this chapter, we provided an overview of feature-based shape descriptors used for shape

matching. The surveyed descriptors were classified into the following four classes:

• Global shape properties

• Histogram

• Maps
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Figure 2.8: Trade-offs of feature-based descriptors

• Projections

Table 2.3 summarizes the major advantages and disadvantages of each class of methods.

Figure 2.8 provides a visualization of the relative trade-offs of the feature-based descriptors.

Global shape properties provide a crude description of a shape as a whole. The match-

ing methods employing these descriptors are able to measure similarity between two shapes

without gaining any additional information about the relative pose or degree of similarity

between sub-parts of the shapes. These methods are robust to noise and shape variations

and, in most cases, do not require any pose normalization.

Histograms and shape distributions are able to encode more information than global

shape properties and are, therefore, more discriminative. These descriptors perform well in

classification applications and retrieval of objects in databases with large number of classes.

However, they are not discriminative enough to be used in shape matching applications

involving objects of the same class.

Maps, on the other hand, are very discriminative and can be used in shape matching ap-

plications involving similar shapes such as 3D registration and recognition. Another advan-

tage of maps is their support for partial matching. Almost all local descriptors, in one way
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or another, employ localized maps. Most maps can also be used in a multiscale manner and,

hence, can improve the efficiency of the matching process. The major drawback of maps is

their sensitivity to noise and, in many cases, their reliance on prior pose-normalization of

the objects.

Projection-based methods overcome the main problems with maps, i.e., sensitivity to

noise and dependence of pose-normalization. The robustness to noise is achieved by using

only low-frequency shape information to form the descriptors. The rotation invariance

is achieved by using only information about the energy content of the shape. However,

projection-based methods are not as discriminative as maps as they filter out high-frequency

information. These methods also suffer from numerical instabilities.

In section 2.4.1, we provided a brief overview of feature point extraction techniques for

use in partial shape matching. The two main criteria used for evaluating the performance of

a feature point extraction technique were repeatability and coverage of the extracted points

on the surface. Feature point extraction techniques were categorized into three classes,

based on how feature points were selected on surfaces.

The first class of feature point extraction techniques consist of the approaches, which

use local geometric properties of the surface, such as mean and Gaussian curvatures to

select the feature points. The main drawback of these approaches is their dependence of

curvature computations, which are generally sensitive to noise.

Perceptual-based feature point extraction techniques process the surface is a multiscale

manner and recover information about both the location and scale of the feature points. The

multiscale nature of these approaches also makes them stable against noise.

Statistical feature point extraction techniques use local shape descriptors to only select

points, which are statistically rare. The domain on which this statistical rarity is defined can

be limited to just one model or include an entire database of models. The latter approach

has been shown to perform better in retrieval systems.
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Class Subclass References Local Global Rot.
Inv.

Global Symmetry [58] No Yes Yes
shape Anisotropy [57] No Yes Yes
properties Convex Hull-based [27] No Yes Yes

Maps

Voxelization

3D DFT [132] No Yes No
3D Zernike Moments
[95]

No Yes No

3D Shape Histograms
[5]

Yes Yes No

3D Shape Contexts [11] Yes Yes No

Spherical maps
EGI [54] No Yes No
Spherical Extent Func-
tion [106, 131]

No Yes No

Concentric Spheres
[131, 37]

No Yes No

Planar maps

Spin Images[50] Yes Yes Yes
Projection onto tangent
disk [70]

Yes No No

Surface Signatures
[142]

Yes Yes Yes

Harmonic Shape Im-
ages [145]

Yes No No

Curves
Point Fingerprints [122] Yes No No
Point Signatures [26] Yes No No

Projections

Spherical Harmonics [94, 106, 131, 37, 133] No Yes Yes
3D Zernike Moments [95] No Yes Yes

3D DFT
[70] No Yes Yes
[132] No Yes Yes

Histograms

Local properties Curvature and Volume
Index[129]

No Yes Yes

Global feature Parameterized Statistics
[96]

No Yes No

distributions Shape Distributions [97,
47]

No Yes Yes

Cords [98, 99] No Yes Yes

Table 2.2: Classification of methods for computing 3D shape descriptors.
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Class Pros Cons
Global • Robust to noise and shape deformations • Not very discriminative
shape • Invariance to geometric transformations
properties •Can be used to augment existing descrip-

tors

Histograms

• More discriminative than global shape
properties

•Not discriminative enough for
measuring similarity between
objects in the same class

• Robust against noise
• Generally, rotation invariant
• Very discriminative • Not robust against noise

Maps • Local control • Generally, not rotation invari-
ant

•Multiscale support
• Partial matching capabilities
• Robust against noise • Not as discriminative as maps

Projections • Built-in low-pass filtering support • Could suffer from numerical
instabilities

• Generally, rotation invariant

Table 2.3: Comparison of different classes of feature-based descriptors



Chapter 3

Survey of Scale-Space Based 3D

Matching Techniques

“I decided that if I could paint that flower in a
huge scale, you could not ignore its beauty.”

–Georgia O’Keeffe

As mentioned in the previous chapters, in this work we study the problem of partial shape

matching on sampled surfaces obtained from 3D acquisition devices. One of the main ar-

tifacts of the data obtained from these devices is the noise in the positions of the surface

vertices. Depending on the task at hand, the noise in the data may be dealt with using

various approaches. For example, in the case of local descriptor computations or feature

extraction, the corresponding surface may be smoothed prior to any computations. Alter-

natively, the feature extraction process may be designed in a manner which is insensitive to

noise. For example, integral invariants [80, 39] estimate surface curvatures with the help of

integration over a finite region on and around the surface; integration, unlike differentiation,

is well-posed and less sensitive to surface noise.

In Chapter 4, we discuss the Moving Least Squares (MLS) approach [67, 3] for re-

constructing 3D surfaces and handling the noise in the data by fitting smooth functions to

local neighborhoods around surface points. We also show how the noise affects the normal

48
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and curvature computations in the fitting procedure. In this chapter, we review scale-space

based representations for 3D surfaces, which serve as another way of dealing with noise in

the data. We also study the problem of feature selection on 3D surfaces for use in matching

applications.

It is not possible to discuss feature selection (or identification) without addressing the

issue of scale selection, which refers to the task of deciding the size of a feature on the

surface. This size may vary or be constant across the surface. For example, when com-

puting differential attributes of the surface, such as normals or curvatures, the size of the

neighborhood used to compute the entities defines the scale of the operator. The operator

size required to compute these entities defines the size of the structures on the surface.

The problems of dealing with noise and scale are not unique to surfaces. They appear

in the data obtained from any measurement device. The scale-space theory of images and

signals has been developed in an attempt to address these issues. The theory has become

quite mature over the past few decades and its applications have been shown in many

real-world problems with some impressive results. The main advantages of using such

a representation are:

1. Robustness: the multiscale nature of the representation ensures the robustness of the

approach to noise.

2. Regularization property: the use of the Gaussian kernel and its derivatives to gener-

ate the representation allows differentiation operations on the signal to be performed

in a well-defined manner.

3. Automatic scale selection: besides allowing for robust extraction of different dif-

ferential structures that may be present in the signal, the automatic scale selection

principle of the scale-space theory enables one to obtain information about the size

of the extracted structures.

The scale-space theory has been extensively studied in the case of images (signals) in
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(a) (b)

Figure 3.1: Blob detection with automatic scale selection [71]: (a) input image, and (b)
detected locations and sizes of blob-like structures in the image.

Rn. It has been shown that besides having nice theoretical properties, it can be imple-

mented efficiently [77, 73, 21]. However, there is a lack of extensions of the scale-space

representation to 3D surfaces. This work attempts to fill this gap by proposing a new, simple

scale-space representation for surfaces which can in turn be used in matching applications.

3.1 Scale-Space Theory for Signals in Rn

In this section, we provide a brief overview of the scale-space theory for signals in Rn.

Sec. 3.1.1 and Sec. 3.1.2 provide motivation and background for scale-space theory of

signals. A formal definition of the scale-space representation of signals in Rn and some of

its properties are given in Sec. 3.1.3.

3.1.1 Why Scale-Space?

The scale-space approach to analyzing images is biologically-inspired by the multiscale

nature of the human visual system. Given the superior performance of vision in humans

and mammals, it is sensible to mimic the same process for analyzing images in computer

vision applications. The front-end vision in humans processes images formed in the retina

in a multiscale fashion. This is necessary since the size of the real-world structures present

in images are not known a priori. As a result, front-end vision, as an uncommitted system,

needs to consider all possible scales.
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Observations in the physical world are measurements done by way of integration. For

example, in order to see, one needs to measure the intensity of light received from all

sources by the receptor fields in the eye. The same comments apply to the formation of a

picture in a camera, which is formed by the integration of photons on a CCD array. The

measurements are performed by integrating the perceived light intensity over a finite area.

Therefore, the intensities are averaged (blurred) over these finite areas. Larger areas result

in smoother perceived signals (images). That is, the receptor fields, in their simplest form,

act like low-pass filters. It has been shown that the profile of the receptor fields in the retina

resemble Gaussian filters of various sizes and differential orders. The size of a receptor

field determines the standard deviation of the Gaussian used to filter the image. In his book

[127], Romeny makes the following statement: “we blur by looking”. However, we feel an

even stronger statement can be made here: we see by blurring.

The inner and outer scales of a measurement device, respectively, correspond to the

sizes of the smallest and largest structures it can measure. For example, the inner scale

of a camera is determined by the size of each of its CCD elements, and its outer scale is

determined by its field of view. The range of structure sizes a measurement device can

capture is therefore, limited by its inner and outer scales.

Consider the sunflower field in Fig. 3.1(a). The image contains sunflowers of various

sizes. When we look at the image, we are able to immediately extract some crucial infor-

mation about its contents. For example, at first glance we realize that the image contains

many similar blob-like features of varying size. A question that arises is how much of this

information is extracted in the earliest stage of our vision system – our front-end vision

system [127]. It has been shown that the human front-end vision system is able to extract

the information mentioned above by representing the image in a multiscale manner and

performing hierarchical feature extraction. This is contrary to earlier beliefs that a priori

information/experience is needed in order for us to reduce the image to its most elementary

components (features). As mentioned earlier, the human visual system obtains this multi-
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Figure 3.2: Scale-space representation of an image [127]. (Image courtesy of Bart M. ter
Haar Romeny)

scale hierarchical representation of images by using receptor fields in the retina of various

sizes and shapes.

The individual sunflowers in Fig. 3.1(a) can be extracted using a second order differ-

ential operator such as the Laplacian. The main difficulty with using such an operator,

however, is choosing the right scale –the finite neighborhood size on which the operator

acts. If the scale is too small, small features corresponding to noise may be selected. If

the scale is too large, small flowers may fail to be detected. One solution to this problem

is to consider all scales simultaneously, and then decide which features to pick. Fig. 3.1(b)

shows the result of the application of a multiscale feature detector with automatic scale

selection applied to the sunflower field (Sec. 3.1.2).

As the need for multiscale analysis of images becomes apparent, the next question that

arises is which smoothing operator to use to build the stack of the increasingly smoothed

images. Keeping in mind that the resulting representation should correspond to an “un-

committed” front-end vision system, the representation should satisfy a few axioms. The

following scale-space axioms have been proposed for signals [127]:
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• Invariance: the representation should be invariant under various transformations that

the signal might undergo; e.g., rotation, translation, scaling.

• Linearity: the smoothing process should be independent of any structures that may

be present in the signal.

• Non-spurious detail generation: no new features should appear at the coarser levels

in the stack. Additionally, the local extrema should not be enhanced; the value at

local maxima should continuously decrease and the value at local minima should

continuously increase.

It has been shown that the Gaussian is the unique kernel that can be used to generate

a representation which satisfies these axioms [33, 127]. In fact, the profile of the recep-

tor fields in humans and other mammals resemble Gaussian kernels of various sizes and

differential orders.

The scale-space representation of an image adds an additional dimension to the repre-

sentation, referred to as the scale dimension. As the scale increases, the image becomes

coarser (smoother). The smoothing is done by convolving the original image with Gaussian

kernels of increasing size. Fig. 3.2 shows an example of the scale-space representation of

an image.

3.1.2 Scale-Space Theory, Feature Extraction, and Automatic Scale

Selection

Dealing with scale changes in images is an important issue in computer vision. Automatic

scale recovery enables design of scale-invariant descriptors. These descriptors, in turn,

make the matching process invariant to scale changes in images.

Simultaneously looking at all possible scales of an image has many advantages. The

main advantage is the elimination of the need to know the size of the structures we seek in

the image. For example, the Laplacian operator may be used to find blob-like structures in
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Figure 3.3: Automatic scale selection at an interest point [71].

images. The main problem with using such an operator, however, is choosing its size. If the

neighborhood size on which the operator acts is too small, many of the extracted features

will correspond to the noise in the image. On the other hand, if an operator is used that is

too large, many small features will be missed in the extraction process. However, by using

all possible operator sizes at each point and selecting the scale, which yields the largest

operator response, a scale (neighborhood size) can be associated to each extracted feature

point in the image. Consequently, ignoring all features with small associated scales, will

not only yield stable features, but also provide the extra information about the size of the

features.

Fig. 3.3 shows an example of the automatic scale selection principle. The graphs plot

the magnitude of the scale-normalized Laplacian at the image centers as a function of scale.

As the scale is increased, the magnitude of the scale-normalized Laplacian first increases

and then decreases. The scale at which the maximum magnitude is reached corresponds

to the associated scale at the point of interest. Fig. 3.1 demonstrates the application of the

approach to blob detection with automatic scale selection [71] on an image of a sunflower

field.

Properties of the scale-space representation of signals has been used in practical ap-
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Figure 3.4: Mesh saliency computation [63]. (Image courtesy of Chang Ha Lee)

plication in computer vision with some impressive results [77, 9, 21]. For example, [77]

introduces the Scale Invariant Feature Transform (SIFT), which can be used to extract sta-

ble feature points and local descriptors on images in an efficient manner. [21] shows an

application of SIFT features in automatic stitching of panoramic images.

Feature points can generally be defined in terms of some combination of the derivatives

of the input signal. The scale-space representation of signals allows for robust computations

of these differential operators. Additionally, these operators can be used for orientation

assignment and local descriptor construction.

Applications and extensions of the scale-space theory to 3D surfaces have also produced

interesting results. One may find different definitions for the notions of saliency, salient

regions and points [134, 38, 35, 63, 111]. Here, we are interested in the perceptual notion

of saliency in humans. That is, the regions or points in images (or surfaces) that stand out

or attract the attention of the human observer.

In [63], the authors introduce the notion of mesh saliency. They propose that local vari-

ations in mean curvature values on surfaces correspond to regions with interesting features.

Mesh saliency is then defined in terms of a non-linear sum of the approximate Laplacian
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Figure 3.5: Feature extraction on a 3D model using the estimated Laplacian of curvatures.

of vertex curvatures at various scales. The saliency measure is computed by first estimat-

ing the surface mean curvatures at mesh vertices. The estimated curvature values are then

repeatedly smoothed by computing the Gaussian weighted average in neighborhoods of

increasing sizes. This yields a stack of meshes with increasingly smoothed curvatures.

The absolute value of the difference between consecutive levels in the stack is then com-

puted to obtain a second stack. Saliency at each vertex on the mesh is defined in terms

of a non-linear sum of the values on the second stack (difference of Gaussian) across the

scales (Fig. 3.4). The authors show applications of the proposed mesh saliency to mesh

simplification and automatic view point selection.

It is noteworthy to mention that since the absolute values of the difference of the Gaus-

sian smoothed curvatures estimate the scale-normalized Laplacian of curvatures, the max-

ima of these values can be expected to correspond to blob-like structures on the surface.

This is confirmed in Fig. 3.5. Additionally, the principle of automatic scale selection may

be extended to 3D surfaces to associate a scale to the extracted features on the surface

(Fig. 3.6).
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(a) (b)

Figure 3.6: Automatic scale selection on 3D surfaces. (a) The radius of the spheres on
the model correspond to the associated scale at the feature point. (b) Plot of the estimated
scale-normalized Laplacian of mean curvatures at 4 vertices on the mesh. The peaks in the
plots correspond to the detected scales at the corresponding vertices.

3.1.3 Scale-Space Representation of Signals in Rn

The linear scale-space representation of a continuous signal f : Rn → R is defined as the

solution to the heat (diffusion) equation [71]

∂tF = ∆F =
n∑
i=1

∂xixiF , (3.1)

where F : Rn × R→ R, with the initial condition F (x; 0) = f(x); x ∈ Rn and ∆ denotes

the Laplacian. It can be shown that the Gaussian is the fundamental solution to the above

diffusion equation [71]. That is, the scale-space representation of f can equivalently be

defined as

F (x;σ) = g(x;σ) ∗ f(x) (3.2)

where ∗ denotes convolution, g : Rn → R is the n-dimensional normalized Gaussian with

standard deviation σ: g(x;σ) = 1
(2πσ2)n/2

e−‖x‖
2/2σ2 . The Gaussian is generally reparametrized
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in terms of the scale parameter t = 2σ2. Eq. (3.2) then becomes:

F (x; t) = g(x; t) ∗ f(x), (3.3)

with, g(x; t) = 1
(πt)n/2

e−‖x‖
2/t.

The above Gaussian kernel has the following properties:

• Isotropy: the kernel acts the same in all spatial directions.

• Separability: an nD Gaussian kernel can be obtained from n multiplications of 1D

Gaussians:

g(x1, . . . , xn; t) = g(x1; t)g(x2; t) . . . g(xn; t) . (3.4)

• Normalization: the area under a Gaussian with any width (scale) is one:

∫ ∞
−∞

g(x; t)dx = 1 . (3.5)

• The Fourier transform of a Gaussian is a Gaussian: G(ω; t) = tn/2

(2π)n/2
e−‖ω‖

2t, where

G denotes the Fourier transform of g.

• Self-similarity: convolving two Gaussians with scales t1 and t2, yields another Gaus-

sian with scale t1 + t2: g(x; t1) ∗ g(x; t2) = g(x; t1 + t2)

• Central limit theorem: the kernel resulting from the repeated convolutions of any

kernel with itself, on the limit, approaches a Gaussian.

Additionally, convolution with the Gaussian derivatives has the nice property of reg-

ularizing the differentiation operation. Regularization refers to the process of making an

ill-posed operation well-posed. A problem is said to be ill-posed if it does not have a stable

solution. For example, the task of differentiating discrete data (or any data with disconti-

nuities) is ill-posed. The differentiation operation can become well-behaved by filling the

discontinuities in the data; i.e., smoothing the data.
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Using the properties of convolution, spatial derivatives of F at scale t can be robustly

computed by convolving the signal with Gaussian derivatives at scale t,

∂x1
α1 ... xnαnF (x; t) = ∂x1

α1 ... xnαnF (x; t)

= ∂x1
α1 ... xnαn (g(x; t) ∗ f(x))

= (∂x1
α1 ... xnαng(x; t)) ∗ f(x) .

(3.6)

The convolution with Gaussian derivatives regularizes the differential operator rather than

the data. This is a desirable behavior as the process does not change the data (e.g., by

smoothing it), and instead modifies the operator.

Two additional properties of the scale-space representation of signals are:

1. The local extrema of the signal are not enhanced at coarser levels. That is, in general,

the values of the local maxima of the signal (and its derivatives) decrease, while the

values of the local minima increase.

2. No new structures are created at the coarser levels. That is, no new local extrema

appear at the coarser levels.

The two properties always hold for 1D signals but may not always be true for higher di-

mensional signals (for more information, refer to [127]).

The non-enhancement property of the scale-space representation of signals, in general,

guarantees that the value of the local maxima (minima) decrease (increase) as the signal is

smoothed. This is expected since, convolution with a Gaussian attenuates the magnitude

of high frequency contents of the signal. However, the amplitude of the spatial deriva-

tives of the signal may be scale normalized using the change of variable v = x
tγ/2

, in the

original scale-space formulation. With this change of variable, the Gaussian kernel be-

comes: g(v; t) = 1
(πt)n/2

e−‖vt
γ/2‖2/t. With γ = 1, we have g(v; t) = 1

(πt)n/2
e−‖v‖

2 . That

is, this reparametrization of the spatial domain in terms of the scale parameter results in a

Gaussian kernel with constant width across scales. Note that the amplitude of the Gaus-
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sian still decreases as the scale increases. Intuitively speaking, at each level, the Gaussian

kernel smoothes the signal by attenuation the magnitude of the high frequency content of

the signal and distributing it among the lower frequencies. That is, in the spatial domain,

the information contained near each point is dissipated to a larger neighborhood. With the

change of variable, we take larger steps at the coarser scales to contain (keep) the same

amount of information that was dissipated by the smoothing operation at the finer scales.

This change of variable yields the following scale normalized spatial derivatives of the

signal:

∂vmFv(v; t) = tmγ/2∂xmF (x; t) , (3.7)

m denotes the order of differentiation.

Fig. 3.1.3(a) plots the amplitude of the maximum value of the first derivative of the

scale-space representations of sinusoidal signals with frequencies ω = 0.5, 1, 2: f(x, ω) =

sin(ωx) as functions of scale. As expected, in all cases, the amplitude of the maximum

decreases as the scale increases. Fig. 3.1.3(b) shows the plots of the scale-normalized first

derivatives of the signals as a functions of scale. Note how the amplitudes of the scale-

normalized derivatives first increase and then decrease. The scale at which the maximum

amplitude is reached is proportional to the frequency of the signal. The principle for scale

selection states [71]:

“In the absence of other evidence, assume that a scale level, at which some

(possibly non-linear) combination of normalized derivatives assumes a local

maximum over scales, can be treated as reflecting a characteristic length of a

corresponding structure in the data.”
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Figure 3.7: (a) plots of the amplitudes of the first spatial derivative of a sinusoidal signal
as a function of scale; with frequencies ω = 0.5, 1, 2 (b) plots of the amplitudes of the
scale-normalized derivatives of the same functions [71].

3.2 Scale-space based approaches to 3D surface process-

ing and feature extraction

In this section, we review the current scale-space extensions to 3D surfaces in the literature,

which have been proposed for feature extraction and matching. Extending the definition

of the scale-space theory to surfaces has proven to be difficult. The main difficulties with

such an extension are:

1. Representation issues: there are multiple ways of representing 3D surfaces. But no

one representation is as simple as the regular grid representation of nD images and

none allow efficient ways of developing tools/techniques for frequency analysis on

the surface.

2. Geometric degeneracies: it is well-known that smoothing the 3D geometry of curves

and surfaces, except in special cases, results in degeneracies such as singularities,

self-intersections, and shrinkage of the original surface.

The evolution scheme corresponding to the scale-space representation of the surface

will depend on the representation of the input surface. Computation and storage constraints
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dictated by most 3D matching problems, generally allow these surface representations to

be used:

• Point clouds: only the 3D coordinates of a set of sampled points on the original

surface is provided with no connectivity information.

• Polygonal meshes: both vertex positions and connectivity information between neigh-

boring vertices (i.e., faces and edges) is provided.

• Parametrized surfaces: position, connectivity information, and also a global parametriza-

tion of the surface is provided.

• Voxelization: the 3-space around the surface is voxelized, and the surface is repre-

sented as a 3D image.

• Implicit surfaces: the zero level set of a local or global implicit function is used to

represent the surface; e.g., Radial Basis Functions (RBFs).

Over the past decade, different approaches have been proposed, which try to mimic the

scale-space representation for 3D surfaces. Depending on how the surface is represented,

the scale-space representation may be defined differently. The proposed techniques aim at

satisfying some of the properties present in scale-space representation of signals. However,

no one technique has been able to successfully extend the scale-space theory of images to

surfaces.

The most straightforward approach, as proposed by [94], is to obtain a 3-D image from

the original surface by voxelizing the space inside the bounding box of the surface. Each

voxel will then have value 1, if the surface passes through it and 0, otherwise. Another

alternative is to give each voxel a value in the range [0, 1], depending on its distance from

the surface. The voxelized model can then be processed as a 3D image. That is, the scale-

space representation of this voxel space is obtained by repeatedly convolving the original

image with 3 dimensional Gaussian kernels of increasing sizes. The main drawbacks of this



CHAPTER 3. SCALE-SPACE BASED 3D MATCHING TECHNIQUES: SURVEY 63

approach, however, are: 1. loss of precision due to the voxelization. 2. The requirement

for the surface to be closed prior to the voxelization. 3. If the method is used for feature

point extraction, the extracted points generally do not lie on the surface.

Another approach is to first parametrize the original surface. The parametrization yields

a function, f(u, v) = (x, y, z), which maps 2D positions on the plane to 3D points on the

surface. f can then be treated as a multi-channel image. Here, each channel corresponds

to the positions of the surface vertices along each of the X, Y, and Z axes. Each channel

can then be smoothed separately by convolving f with a 2D Gaussian. The problem with

this approach, however, is the introduced distortions resulting from the parametrization. To

reduce the effects of the parametrization distortion, the authors of [93] propose to use a dis-

tortion map which allows estimating the distance between two points (u1, v1) and (u2, v2),

as the geodesic distance between the corresponding 3D points on the surface, f(u1, v1) and

f(u2, v2). In order to incorporate the distortion map in the scale-space representation, the

definition of the Gaussian kernel is modified so that it makes use of the distortion map.

However, the estimate of the geodesic distance between two points using the distortion

map is very rough and inaccurate—the cost of properly computing such a distortion map is

O(n!).

The Laplace-Beltrami operator can be used to estimate the Laplacian of a discrete signal

of a surface. The scale-space representation of a signal is defined as the solution to the

diffusion equation

∂tF = λ∆F (0 < λ ≤ 1) . (3.8)

Treating the 3D positions of the mesh vertices as the surface signal, the Laplace-Beltrami

operator at each vertex gives the positional gradient at the vertex at time t, in the geomet-

ric evolution process. Moving the vertices in this manner is the equivalent of Gaussian

smoothing for 3D surfaces. Mean curvature flow, which is closely related to surface dif-

fusion, may also be used to smooth the surface. Under mean curvature flow, each vertex

is moved along its normal proportional to estimated mean curvature at the vertex. [109]
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uses a modification of this approach to obtain a scale-space representation of the original

surface and shows how it can be used to perform feature extraction and automatic scale

selection on closed 3D models. A major problem with this approach, however, is the ge-

ometric degeneracies that generally arise when the smoothing operation is iterated many

times. The first type of degeneracy is the convergence of the surface to a point (shrinkage).

The second type arises at sharp edges or thin and elongated structures on the surface. Few

approaches have been suggested [28, 126, 109] that deal with the shrinkage problem. The

modifications result in representations which no longer approximate the linear diffusion

process. The degeneracies produced at sharp edges and elongated structures seem to be

present in all smoothing algorithms that directly smooth the geometry of the surface. We

are not aware of any solutions to this problem.

Instead of smoothing the geometry, functions (signals) defined on the surface may be

smoothed. For example, in [63], surface mean curvatures are repeatedly smoothed by com-

puting the Gaussian weighted average of the neighboring vertices. This yields a stack of

increasingly smoothed curvatures. The absolute value of the difference between smoothed

curvatures at consecutive scales is then computed to obtain a second stack of values. The

authors define mesh saliency at a vertex, as a non-linear combination of these differences

along the scale axis of the stack. They show applications of mesh saliency to mesh simpli-

fication and viewpoint selection.

In [100], the authors define surface variation at a point on a 3D surface as the ratio of

the smallest eigenvalue to the sum of all eigenvalues of the covariance matrix of the 3D

positions of the local neighborhood:

σn(pi) =
λ0

λ0 + λ1 + λ2

, (3.9)

where λ0 ≤ λ1 ≤ λ2 are the eigenvalues of the covariance matrix, C, at point pi. n cor-

responds to the number of nearest neighbors to pi used to compute C. A stack of surface



CHAPTER 3. SCALE-SPACE BASED 3D MATCHING TECHNIQUES: SURVEY 65

Figure 3.8: Surface variations computed on the Max Planck model at two different scales
[100]; the surface variations on the rightmost figure were computed at a coarser level.
(Image courtesy of Mark Pauly)

variations can be obtained by increasing ni. The authors define the local maxima of the sur-

face variations as their features. Larger neighborhood sizes correspond to coarser features.

Fig. 3.8 shows an example of the computed surface variations on the Max Planck model at

two different scales.

In [101], the authors use the MLS projection operator to repeatedly smooth a point-

set surface. In their proposed method, the projection operator is used to project surface

points onto the underlying MLS surface. This result is a new set of points whose under-

lying MLS surface is smoother than the original point set. Repeating this process with

increasing neighborhood sizes used to define the projection operator, a series of smoother

surfaces is obtained. The set of smoothed point-sets together with the length of the dis-

placement vectors connecting consecutive levels defines the scale-space representation for

the surface. The authors show applications of their representation to 3D morphing, surface

deformation, and emulated frequency filtering on point-set surfaces. Because of the cost of

computing the MLS fit at each vertex, the authors propose the surface be subsampled after

each smoothing operation. Despite this, however, the computational cost of this approach

is reported to be rather high.

More recently, the Heat Kernel Signature (HKS) [120] has been used in global shape

matching tasks involving 3D models that may have undergone isometric deformations. In
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this approach, the heat operator or the heat kernel of a surface is studied to infer information

about the geometry of the surface. A scale-invariant version of HKS was also introduced

in [20] and used for non-rigid 3D shape retrieval. The main drawbacks of the approach

are the computation times and their inability to perform automatic scale selection, which

is required in partial shape matching tasks. In [120], it is reported that the overall time

required to compute the HKS on a surface with 100K vertices is approximately 90 minutes.

This computation time puts major constraints on the practical applications of the technique.

3.3 Summary

In this chapter, we provided motivation for use of the scale-space theory for feature extrac-

tion on 3D surfaces. In Sec. 3.1.3, we briefly reviewed the scale-space theory for signals

in Rn. In Sec. 3.2, we reviewed related work on the extensions of the scale-space repre-

sentation to 3D surfaces. In this section, we summarize the shortcomings of the current

scale-space representations for 3D surfaces in terms of efficiency, geometric distortions,

and scale-space axiom violations.

Efficiency: In order to obtain a complete scale-space stack, the input models need to be

smoothed to very coarse levels. Therefore, the efficiency of the representation is heavily

influenced by the cost of the smoothing operation used at each level.

The techniques that employ the MLS projection operator as the smoothing operator

(e.g., [101, 70]) are very slow since, at each level, a local surface fit needs to be computed

at each vertex. The efficiency is improved by subsampling the surface after each smoothing

operation. However, despite these improvements, these techniques are generally much

slower than the other approaches.

The approaches where the surface is first parametrized [93] or voxelized [94] are the

fastest among the mentioned approaches. However, the parametrization approach distorts

the initial surface (even though an approximate distortion map is used). The voxelization
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(a) (b)

Figure 3.9: Geometric degeneracies developed after smoothing surfaces using a diffusion
flow approach. (a) curvatures are increased in the ears regions after smoothing [100] (b)
elongated structures becoming too thin (collapsing) [109]. (Images courtesy of (a) Mark
Pauly, and (b) Markus Schlattmann)

approach simplifies the surface too much and the approach results in a much fewer features

compared to the other techniques.

The limitation on the maximum step size used in each iteration of the Laplacian smooth-

ing of [109] makes the approach slow on large surfaces. This is due the fact that at coarser

scales, a large number of smoothing iterations are needed to get any noticeable smoothing

effect. The authors report computation times of more than 2 hours for meshes with 10K+

vertices.

Mesh saliency approach of [63] and surface variation approach of [100] both use 3D

query data structures such as kD-trees and Octrees to perform nearest neighbor queries.

The queries need to be performed at each vertex on the surface, and at each level of the

stack. These operations at coarser levels become computationally involved and make the

application of these approaches to large surfaces nearly infeasible. Note that the original

approaches do not propose to (neither need to) build a complete and densely sampled scale-

space stack. The stack is either very coarsely sampled or only a few levels are constructed

at the finer scales. However, the intended applications of the approaches are different than

ours (feature extraction and matching).

Geometric distortions: When surfaces are evolved in a manner consistent with the diffu-



CHAPTER 3. SCALE-SPACE BASED 3D MATCHING TECHNIQUES: SURVEY 68

sion process, the “flow” of the vertices shrinks the area or volume of the surface. Therefore,

any linear scale-space based approach which directly manipulates the vertex positions will

result in shrinkage and/or other types of geometric degeneracies (e.g., see Fig. 3.9). Among

the approaches, the mesh saliency [63] and surface variation [100] approaches do not di-

rectly smooth the vertex positions and are immune to such problems.

Scale-space axiom violations: The approaches may also be evaluated in terms of which

scale-space axioms they violate:

• non-spurious detail generation: the geometric degeneracies and creation of new

high-frequency content which are present in all geometric surface evolution approaches

are in violation of the non-spurious detail generation axiom.

• linearity: the MLS projection operator of [101] and volume preserving approach of

[109] violate the linearity requirement of the scale-space representation; i.e., they do

not approximate the linear diffusion equation.

• invariance: the smoothing operations in all the proposed approaches are spatially

symmetric—they are not biased towards any specific orientation, position, or scale

on the input models.

For a comparison of the different scale-space representations for 3D surfaces, see Ta-

ble 5.1.



Chapter 4

Error Propagation on Reconstructed 3D

Surfaces

“I don’t particularly like Husserl’s way—long
and difficult. He tells us no detailed way about
how to do it.”

–Kurt Gödel

One may find different definitions for surface reconstruction in the computer graphics lit-

erature. Even polygonal meshes are sometimes considered to represent reconstructed sur-

faces; approaches such as discrete differential geometry [15] are applied directly to polyg-

onal meshes to estimate differential surface attributes without any need for obtaining a

continuous representation of the surface. In this work, however, by reconstruction we refer

to the task of obtaining a Ck smooth representation of the surface, for some order k. Given

such a representation, local surface attributes such as normals and curvature values can be

estimated directly.

A crucial question that arises is how the estimated surface properties (attributes) are

affected by the noise in the input surface. In this chapter, we study how the noise in the

input surface is propagated to the estimated surface normals and curvatures. Additionally,

we use this information to verify the implementation of the reconstruction algorithm using

69
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statistical hypothesis testing. Moreover, we show how the hypothesis testing procedure may

be used to obtain information about the minimum neighborhood size needed to estimate the

differential surface attributes.

We assume the input surface is given in the form of a point cloud. We use the Moving

Least Squares (MLS) approach of [67, 3] to obtain a smooth approximation to the under-

lying surface represented by the input point-set. The main two advantages of using MLS

are

• The inherent robustness of the least squares approach to noise

• The ability to easily track the noise in the data across different stages of computation;

the term error propagation is used to refer to this process.

This chapter is organized as follows. In Sec. 4.1, we review the MLS surface recon-

struction and discuss normal and curvature estimation. In Sec. 4.2, we show how the error

in the input surface is propagated to the estimated normals and curvature values. Finally, in

Sec. 4.3, we discuss how the information we obtain about the propagated error can be used

to determine the required neighborhood sizes when reconstructing the surface.

4.1 Moving Least Squares Surfaces

Let P = {p1, · · · ,pN} denote the input point-set. Under the assumption that the underly-

ing 3D surface represented by the point-set is a 2D manifold, small neighborhoods around

each point pi ∈ R3 on the surface can be parametrized and represented in Monge’s form,

z = g(x, y); i.e., in the form of a height map. g : R2 → R is a smooth function whose

domain is the tangent plane at pi. Function g is estimated in two steps:

1. A local reference frame is constructed at pi by minimizing an error functional EH in

the least squares sense.
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r

H

q

n

t

Figure 4.1: Estimated projection plane near interest point, r. n is a normal vector to H
passing through r, t is the signed distance of r from H , and q is the projection of r onto H
along n.

2. Using the constructed reference frame, the local neighborhood around pi is parametrized

such that the coordinates of all the neighboring points are represented in the form of

a height map. A bi-variate polynomial of degreem is then fitted to the discrete height

map to obtain the smooth map g.

In the following sections, we review each step in more detail.

4.1.1 Constructing the Local Reference Frame

The objective of this step is to find a reference frame at an interest point r ∈ R3 in which

the coordinates of all the neighboring points on the surface can be represented. Infinitely

many such frames exist at each point. However, since the eventual goal is to use the frame

to define a height map of the local neighborhood of r, one of the basis vectors must be

parallel to the surface normal at the point of interest. This guarantees that the resulting

height values have the smallest variance among all possible bases; small variance in the

height values, in turn, means that the resulting discrete height map can be more accurately

estimated by a smooth function.

The reference frame is constructed by first finding plane H , with unit normal n, near

the interest point r. Let the associated neighborhood of vertices near r be denoted by set

N (r) ⊆ P. Let n be the unit normal to H passing through r, t be the signed distance of r
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from H , and q be the projection of r onto H along n (Fig. 4.1). The unknown parameters

of H (unit normal vector n and center q) are found by minimizing

EH =
∑

pi∈N (r)

〈n,pi − q〉2 φ(‖pi − q‖) , (4.1)

where φ(·) is a non-negative, monotonically decreasing weight function. Note that the ob-

jective function depends on projection of the interest point ontoH , q, which is an unknown.

This makes the above formulation a non-linear optimization problem. The reasoning for

why the projection of the interest point is used in Eq. (4.1) rather than the interest point

itself is given in [67].

By substituting q = r− tn in Eq. (4.1), we obtain

EH =
∑

pi∈N (r)

〈n,pi − (r− tn)〉2 φ(‖pi − (r− tn)‖) . (4.2)

The solution to the above minimization problem is estimated by first assuming t = 0

(i.e., assuming the plane is centered at r), and solving for the normal direction, n. Once n

is found, it is placed back in Eq. (4.2) and t is found using a gradient descent method.

When t = 0, Eq. (4.2) becomes

EH =
∑

pi∈N (r)

〈n,pi − r〉2 φ(‖pi − r‖) . (4.3)

Let k = |N (r)|, Q3×k =


p1 − r

...

pk − r


>

, and W = (wi,j)k×k be a diagonal matrix with

wi,i = φ(‖pi − r‖). Eq. (4.3) is then given in matrix form as

EH = (n>Q)W(n>Q)> = n>QWQ>n . (4.4)
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Figure 4.2: Fitting a bi-variate polynomial, g, to the discrete height values in the neigh-
borhood of interest point, r, which were obtained in the local reference frame construction
step.

We are looking for n minimizing EH , subject to n>n = 1. Taking the partial derivative of

EH with respect to n and setting the result to zero yields

∂E

∂n
= 2QWQ>n = 0 . (4.5)

Therefore, the n minimizing Eq. (4.3) is the eigenvector corresponding to the smallest

eigenvalue of the symmetric matrix C = QWQ. Note that C is the weighted scatter matrix

of the points in N (r); i.e., we used Principal Component Analysis (PCA) of the positions

of the points on the surface near the interest point to estimate the normal direction for H .

Let u1,u2,u3 denote the eigenvectors of C, with corresponding eigenvalues λ1 ≥

λ2 ≥ λ3, respectively. This orthonormal vector set defines the local reference frame at the

interest point, with n = u3. The coordinates of each point pi ∈ N (r) in this frame are

given as 
xi

yi

hi

 =


〈pi − q,u1〉

〈pi − q,u2〉

〈pi − q,u3〉

 . (4.6)
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4.1.2 Smooth Local Map Construction

The procedure described in Sec. 4.1.1 enables us to represent the neighborhood around

each interest point r ∈ R3 in the form of a discrete height map. In this section, we describe

how to obtain a smooth height map of the neighborhood by fitting a bi-variate polynomial

of degree m. Different choices of m will have different consequences. If the degree of the

fitted polynomial is too low, the resulting reconstructed surface will be over smoothed. On

the other hand, polynomials with high degrees will suffer from overfitting and the resulting

reconstructed surface generally tends to be ripply. Empirically, polynomial degrees ofm =

2 and m = 3 seem to provide the best results [3]; we use m = 3.

Therefore, the smooth local map of the neighborhood around r is defined by the 3rd

degree bi-variate polynomial

g(x, y) = β1x
3 + β2x

2y+ β3xy
2 + β4y

3 + β5x
2 + β6xy+ β7y

2 + β8x+ β9y+ β10 , (4.7)

whose weights β1, ..., β10 need to be determined. The unknown weights are found by min-

imizing

Eg =
∑

pi∈N (r)(g(xi, yi)− hi)2φ(‖pi − q‖)

=
∑

pi
(g(xi, yi)− hi)2wi ,

(4.8)

where xi, yi, hi are given as in Eq. (4.6). In matrix form, the above equation becomes

Eg = (Aβ − h)>W(Aβ − h) , (4.9)

where

β =


β1

...

β10

 , h =


h1

...

hk

 , W =


w1 0

. . .

0 wk

 , (4.10)
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and

A =



x3
1 x2

1y1 x1y
2
1 y3

1 x2
1 x1y1 y2

1 x1 y1 1

...
...

...
...

...
...

...
...

...
...

x3
i x2

i yi xiy
2
i y3

i x2
i xiyi y2

i xi yi 1

...
...

...
...

...
...

...
...

...
...

x3
k x2

kyk xky
2
k y3

k x2
k xkyk y2

k xk yk 1


. (4.11)

The system of linear equations is generally overdetermined and the unknown coefficients

in β are estimated in the least-squares sense. Setting ∂E
∂β

to 0 results in the following system

of normal equations

A>WAβ̂ = A>Wh . (4.12)

The solution vector β̂ contains the coefficients of the polynomial we seek.

4.1.3 The MLS Projection Operator

Let the (noisy) point-set P = {p1, · · · ,pN} correspond to observations from an underly-

ing smooth manifold, M. For any point, r ∈ R3 near M, the reconstruction procedure

described in the previous sections can be used to locally estimateM near r. In our formu-

lation the reconstructed surface patch at r is represented by a reference plane Hr, with unit

normal n and center q = r − tn, and a bi-variate polynomial gr : R2 → R (t denotes the

signed distance of r from Hr; see Fig. 4.2).

Define Ψ : R3 → R3 as the operator that projects 3D points in the vicinity ofM, onto

M. In our case, the projection, r′, of a point r ∈ R3 ontoM is given as

r′ = Ψ(r) = q + ngr(0, 0) . (4.13)

Using the above projection operator, we can define the reconstructed Moving Least Squares

(MLS) surfaceM′, approximating the true underlying surfaceM, as the set of points in
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(a) (b) (c)
↓ ↓ ↓

(d) (e) (f)

Figure 4.3: Results of MLS smoothing the unit sphere, with∼40K vertices, perturbed with
zero-mean Gaussian noise with varying standard deviations, σ; (a) σ = 0.5l̄, (b) σ = 1.0l̄,
(c) σ = 1.5l̄. l̄ denotes the average edge length on the original noise-free sphere mesh.
Neighborhood size of 100 nearest neighbors was used when computing the MLS projection
operator. Flat shading was used when rendering the smoothed surfaces.

R3 that project onto themselves under Ψ [3]:

M′ = {p ∈ R3|p = Ψ(p)} . (4.14)

The MLS projection procedure may be used as a method of denoising (or smoothing)

an input point-set. This is done by projecting the original points in P onto the reconstructed

surface. Fig. 4.3 and Fig. 4.4 show the results of MLS smoothing of various surfaces with

different levels of noise. In the figures, the original surfaces were given as noisy meshes;

l̄ denotes the average edge length on the original noise-free mesh surfaces. Note that the

connectivity information in the meshes was not used when reconstructing the surfaces.
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(a) (b)

Figure 4.4: MLS smoothing of a surface with 100% Gaussian noise (σ = 1.0l̄); neighbor-
hood of 150 nearest neighbors was used; (a) is the noisy surface, and (b) is the smoothed
surface. Flat shading was used in (b) to highlight surface variation on the smoothed surface.

4.1.4 Curvature Estimation on MLS Surfaces

The MLS reconstruction procedure described in the previous section results in a locally

parametrized representation of the surface at each interest point near the surface. The

representation can be used to compute differential surfaces attributes, such as (improved)

normals and curvatures. Let X : R2 → R3,

X(x, y) =


x

y

g(x, y)

 , (4.15)

denote the parametrized surface at point r ∈ R3; g is given as in Eq. (4.7). The mean

curvature, Hr, and Gaussian curvature, Kr, at r are given as the trace and determinant of
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the shape operator, S, respectively:

Hr = 1
2
tr(S) ,

Kr = det(S) .
(4.16)

Let TrM denote be the tangent plane of surface M at r. The shape operator at r is

the linear map S : TrM → TrM , which maps each direction v ∈ TrM to the negative

derivative of the surface normal at r: S(v) = −Dvn(r). The shape operator on surfaceM

parametrized by X is given as

S = I−1II =

 〈Xx,Xx〉 〈Xx,Xy〉

〈Xx,Xy〉 〈Xy,Xy〉


−1 〈n,Xxx〉 〈n,Xxy〉

〈n,Xxy〉 〈n,Xyy〉

 . (4.17)

I and II are the first and second fundamental forms, respectively. The normal at r is given

as n = (Xx ×Xy)/‖Xx ×Xy‖.

As a result, to estimate the surface curvatures at a point r ∈ R3 near the surface, first

the MLS surface patch at that point is estimated. Then, the determinant and trace of the

shape operator are computed as above to estimate the surface curvature at r. The local

coordinates of r in the parametrized surface are given as (0, 0, g(0, 0)). The first and second

fundamental forms, the shape operator and the mean and Gaussian curvatures at r are then
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variables x3 x2y xy2 y3 x2 xy y2 x y 1
coefficient β1 β2 β3 β4 β5 β6 β7 β8 β9 β10

Ideal .0000 .0000 .0000 .0000 -.5000 .0000 -.5000 .0000 .0000 .0000
σ = 0.5l̄ .0204 .0190 .0009 -.0059 -.4814 .0003 -.4750 -.0004 .0000 -.0008
σ = 1.0l̄ .0246 .0517 .0961 .0035 -.3938 -.0076 -.3823 -.0011 -.0002 -.0034
σ = 1.5l̄ -.0511 .0290 .0658 .0428 -.2674 -.0022 -.2720 .0008 -.0009 -.0071

Table 4.1: Average of the computed polynomial coefficients on the ideal (noise-free) and
noisy spheres of Fig. 4.3. Neighborhood size of N = 100 was used.

given as

I(0,0) =

β8
2 + 1 β8 β9

β8 β9 β9
2 + 1

 ,

II(0,0) = 1

(β9
2+β8

2+1)
1
2

2 β5 β6

β6 2 β7

 ,

S(0,0) = 1

(β9
2+β8

2+1)
3
2

 2 β5 β9
2 − β6 β8 β9 + 2 β5 β6 β9

2 − 2 β7 β8 β9 + β6

−(2 β5 β8 β9 − β6 β8
2 − β6) −(β6 β8 β9 − 2 β7 β8

2 − 2 β7)

 ,

K(0,0) = det(S(0,0)) = 4β5 β7−β6
2

(β9
2+β8

2+1)
2 ,

H(0,0) = 1
2
tr(S(0,0)) = β5 β9

2−β6 β8 β9+β7 β8
2+β7+β5

(β9
2+β8

2+1)
3
2

.

(4.18)

Table 4.1 shows the average of the estimated polynomial coefficients on the noise-free

unit sphere and three noisy spheres with different levels of additive Gaussian noise. In each

case, the average was computed over the whole surface. Table 4.2 shows the estimated

mean and Gaussian curvature values computed on the noise-free and the noisy spheres. In

all cases, the same neighborhood size of 100 nearest neighbors was used to compute the

values. As one would expect, the deviation from the ideal (true) values increases as the

noise level increases. The main question that arises here is how the noise in the input data

affects the estimated shape parameters. We answer this question in Sec. 4.2.



CHAPTER 4. ERROR PROPAGATION ON RECONSTRUCTED 3D SURFACES 80

K H
Ideal 1.0000 -1.0000
σ = 0.5l̄ 0.9011 -0.9521
σ = 1.0l̄ 0.6358 -0.7645
σ = 1.5l̄ 0.8217 -0.5261

Table 4.2: Average of the computed mean curvature, H , and Gaussian curvature, K, on the
ideal and noisy spheres. Neighborhood size of N = 100 was used.

4.2 Error Propagation on Reconstructed Surfaces

In the previous section, we saw how the underlying surface corresponding to a (noisy)

point-set can be constructed using the Moving Least Squares (MLS) approach. Addition-

ally, it was shown how the shape operator, the mean and Gaussian curvatures at each point

on the surface may be estimated using the reconstructed surface. As expected, in the ex-

perimental results, we saw that the error in the estimated differential attributes increases as

the noise level in the input positions increases.

Assuming the noise is additive and uncorrelated with the data, its effects on the es-

timated values can be tracked across various stages of the computation. Let point-set

P = {p1, · · · ,pN} contain the 3D positions of the sample points on the ideal (noise-

free) surface. The observed point-set, however, is P′ = {p′1, · · · ,p′N}, with p′i = pi + εi,

and εi ∈ R3 denoting the noise added to the data when the observation is made. Each εi is

taken to be random variable, and consequently, so is each p′i. In the following subsections

we show how the noise in the positions of the sample points induces error in the estima-

tion of the normal direction, n, of the reference plane, the fitted polynomial coefficients,

(β1, · · · , β10), and the mean and Gaussian curvatures.

4.2.1 Error Propagation in Local Map Construction

As before, let r ∈ R3 denote the interest point, and N (r) be the neighborhood point-set

associated with r. The local coordinates of each pi ∈ N (r) in the constructed reference
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frame at r is given by (xi, yi, hi). Throughout, we make the assumption that the noise is

only present in the height values; this is a valid assumption [103]. Additionally, to keep the

calculations simple, we do not treat the weights used in the weighted least squares fitting

as random variables.

Let vector h contain the ideal (noise-free) height values, and ĥ = h + ε contain the

observed (noisy) values. We seek to determine how the noise is propagated to the estimated

polynomial coefficients in the calculations. Let β denote the polynomial coefficients we

obtain when the ideal height values are used, and let β̂ = β+ δ be the coefficients obtained

when the noisy height values are used; δ is the induced noise arising from the noise in input

data, ε.

The unknown polynomial coefficients and the height values are related by the following

system of linear equations

β = (A>WA)−1A>Wh . (4.19)

Therefore, the covariance matrix of the coefficients is related to the covariance matrix of

the height values by

Σβ̂ = E[β̂β̂>]− E[β̂]E[β̂]>

= (A>WA)−1A>WE[ĥĥ>]W>A(A>WA)−1

−(A>WA)−1A>WE[ĥ]E[ĥ]>W>A(A>WA)−1

= (A>WA)−1A>W(E[ĥĥ>]− E[ĥ]E[ĥ]>)W>A(A>WA)−1

= (A>WA)−1A>WΣĥW>A(A>WA)−1 ,

(4.20)

where Σĥ denotes the covariance matrix of ĥ.

Similarly, the expected covariance matrix of the noise in the computations, Σδ, is given

by

Σδ = (A>WA)−1A>WΣεW
>A(A>WA)−1 , (4.21)

with Σε denoting the covariance matrix of ε. Also, note that since ĥ = h + ε, and h is not
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a random variable, Σĥ = Σε. Therefore, Σβ̂ = Σδ.

Error Propagation using the Abstract Model

When estimating β, since the model relating it to the input, h, is known (and linear) the

expected covariance matrices for the parameters and the noise can be obtained easily. How-

ever, in most instances, this model is either more complex or simply unknown. In such

cases, the expected covariance of the recovered parameters and the noise may still be es-

timated using the abstract model of [42]. Instead of requiring a model, which establishes

a relation between the unknown parameters (output) and the input, the abstract model as-

sumes the unknown parameters are estimated by optimizing an objective function involving

the input. Therefore, it requires the objective function D(h, β), which effectively measures

the goodness of fit of the estimated parameters β of the fitted model to the input.

As an example, we use the abstract model to estimate the expected covariance matrix

of the recovered parameters, β̂, and the induced noise in the computations, δ. The general

approach is as follows: since, β is a minimizer for D(h, β),

g(h, β) =
∂D(h, β)

∂β
= 0 . (4.22)

Expanding g(ĥ, β̂) about (h, β) up to the first order terms, yields

g(ĥ, β̂) = g(h + ε, β + δ) ≈ g(h, β) + ε
∂g(h, β)

∂h
+ δ

∂g(h, β)

∂β
. (4.23)

Since β̂ = β + δ minimizes D(ĥ, β̂) = D(h + ε, β + δ)

g(ĥ, β̂) = g(h + ε, β + δ) = 0 . (4.24)
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Additionally, since β minimizes D(h, β), we have g(h, β) = 0, and consequently

ε
∂g(h, β)

∂h
+ δ

∂g(h, β)

∂β
= 0 , (4.25)

which yields

δ = −(
∂g(h, β)

∂β
)−1(

∂g(h, β)

∂h
)>ε . (4.26)

The above equation estimates the relation between the noise in the input data and the

estimated parameters in terms of the partial derivatives of the objective function. The co-

variance matrix of the induced noise in the computations, Σδ, is consequently given by

Σδ = E[δδ>]− E[δ]E[δ]>

= E[(∂g
∂β

)−1( ∂g
∂h

)>εε>( ∂g
∂h

)(∂g
∂β

)−>]

−E[(∂g
∂β

)−1( ∂g
∂h

)>ε]E[(∂g
∂β

)−1( ∂g
∂h

)>ε]>

= (∂g
∂β

)−1( ∂g
∂h

)>(E[εε>]− E[ε]E[ε]>)( ∂g
∂h

)(∂g
∂β

)−>

= (∂g
∂β

)−1( ∂g
∂h

)>Σε(
∂g
∂h

)(∂g
∂β

)−> .

(4.27)

Therefore, to the extent the first order approximation of g is good,

Σβ̂ = E[(β + δ)(β + δ)>]− E[β + δ]E[β + δ]> = Σδ . (4.28)

In the case of the polynomial least squares fitting problem, D and g are given by

D(h, β) = (Aβ − h)>W(Aβ − h) ,

g(h, β) = ∂D(h,β)
∂β

= 2A>W(Aβ − h) .
(4.29)

Since the derivative of the objective function is linear in terms of both β and h, its first order

Taylor expansion is an exact approximation. Therefore, using the abstract model, we are

able to obtain the covariance matrices of the induced noise and the estimated parameters,
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exactly:

Σβ̂ = Σδ = (∂g
∂β

)−1( ∂g
∂h

)>Σε(
∂g
∂h

)(∂g
∂β

)−>

= −(2A>WA)−1(−2A>W)Σε(−2W>A)(−2A>WA)−>

= (A>WA)−1A>WΣεW
>A(A>WA)−1 .

(4.30)

Additionally, the variance and covariance matrix of the residual of the fit can be esti-

mated. Let ξ denote the residual. We have

ξ = ĥ−Aβ̂

= (h + ε)−A(A>WA)−1A>W(h + ε)

= [I−A(A>WA)−1A>W](h + ε)

= [I−A(A>WA)−1A>W]h︸ ︷︷ ︸
0

+[I−A(A>WA)−1A>W]ε

= Qε ,

(4.31)

where P = A(A>WA)−1A>W and Q = I−P.

Qh is zero in the above equation since both Q and P are orthogonal projection opera-

tors, and P acts as an identity operator on the column space of A (i.e., PA = A). Since

h ∈ Col(A), Qh =
[
I−A(A>WA)−1A>W

]
h = 0.

With the assumption that E[ξ] = 0, the covariance matrix of the residual is then given

as

Σξ = E[ξξ>] = E[Qε(Qε)>] = E[Qεε>Q>] = QE[εε>]Q> . (4.32)

Assuming the components of the noise vector, ε, are uncorrelated and have the same vari-

ance, σ2, we have

Σξ = QE[εε>]Q> = Qσ2IQ> = σ2QQ> = σ2Q . (4.33)

Keeping in mind that tr(P) = K and tr(Q) = N − K, where N is the dimension of the
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square matrix P, and K is the dimension of the column space of A (since, rank(A) =

rank(P)), we can compute the expected variance of the residual as

E[ξ>ξ] = E[tr(ξ>ξ)] = E[tr(ξξ>)]

= tr(E[ξξ>]) = tr(σ2Q) = σ2(N −K) .
(4.34)

Note that tr(A) =
∑
λi, where λi are the eigenvalues of A. P and Q are projection oper-

ators, and therefore, their eigenvalues are only 1 or 0; with the corresponding eigenspaces

being the range and kernel of the operators. P has rank K, therefore, tr(P) = K and

tr(Q) = tr(I−P) = N −K.

4.2.2 Error Propagation in Curvature Estimation

In the Sec. 4.1.4, we showed how to compute the mean and Gaussian curvatures at (0, 0),

given the polynomial coefficients of the fitted surface at an interest point; (0, 0) denotes the

origin of the constructed reference plane at the interest point, and is also the location of the

projection of the interest point. Let κ(β) =

K(0,0)

H(0,0)

, with κ : R10 → R2 denoting the

non-linear mapping from the polynomial coefficients of the fitted surface to the curvature

values at the origin.

Let κ̂ = κ(β̂) = κ + λ, with β̂ = β + δ. Again, κ denotes the true curvature values

had we used the noise-free input, β, and λ denotes the induced noise in the curvature

computations arising from input noise, δ. Expanding κ̂ up to the first order terms about β

yields

κ̂ ≈ κ+ Jδ , (4.35)

where J is the Jacobian of κ̂ evaluated at β. The covariance matrix of κ̂ is then estimated

as

Σκ̂ ≈ E[(κ+ Jδ)(κ+ Jδ)>]− E[(κ+ Jδ)]E[(κ+ Jδ)>] = JΣδJ
> . (4.36)
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Consequently, we have

Σκ̂ = Σλ ≈ JΣδJ
> = JΣβ̂J

> . (4.37)

For

κ(β) =


4β5 β7−β6

2

(β9
2+β8

2+1)
2

β5 β9
2−β6 β8 β9+β7 β8

2+β7+β5

(β9
2+β8

2+1)
3
2

 , (4.38)

the Jacobian, J = ∂κ
∂β

, is given as

J =



0 0

0 0

0 0

0 0

4β7

(β9
2+β8

2+1)2
β9

2+1

(β9
2+β8

2+1)
3
2

− 2β6

(β9
2+β8

2+1)2 − β8 β9

(β9
2+β8

2+1)
3
2

4β5

(β9
2+β8

2+1)2
β8

2+1

(β9
2+β8

2+1)
3
2

−4 (4β5 β7−β6
2)β8

(β9
2+β8

2+1)3 −β6 β9
3−2β7 β8 β9

2+3β5 β8 β9
2−2β6 β8

2 β9+β6 β9+β7 β8
3+β7 β8+3β5 β8

(β9
2+β8

2+1)
5
2

−4 (4β5 β7−β6
2)β9

(β9
2+β8

2+1)3 −β5 β9
3−2β6 β8 β9

2+3β7 β8
2 β9−2β5 β8

2 β9+3β7 β9+β5 β9+β6 β8
3+β6 β8

(β9
2+β8

2+1)
5
2

0 0



>

.

(4.39)

4.2.3 Error Propagation in Normal Estimation

The unit normal, n, for the local reference plane at interest point, r, was found as the

minimizer for

EH = n>QWQ>n , (4.40)
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subject to n>n = 1, where

Q3×k =


p1 − r

...

pk − r


>

, (4.41)

W = (wi,j)k×k is a diagonal weight matrix, N (r) denotes the set of neighboring vertices

associated with r, and k = |N (r)|. Let Q′ = Q + ε be the noisy positions vector, with

ε =


ε1x · · · εkx

ε1y · · · εky

ε1z · · · εkz


3×k

, (4.42)

and let ε′3k×1 =

(
ε1x ε1y ε1z · · · εkx εky εkz

)>
.

Define
D(Q,n) = n>QWQ>n ,

g(Q,n) = ∂D
∂n

= 2QWQ>n ,

s(n) = n>n− 1 .

(4.43)

In the case of constrained optimization, the expected covariance matrix of the induced

noise, η, in the normal computation is given as [42]:

Ση = A−1BΣε′B
>A , (4.44)

where

A =

 ∂g
∂n

∂s
∂n(

∂s
∂n

)>
0


4×4

,B = −


(
∂g
∂Q

)>
0


4×3k

. (4.45)

The partial derivatives are given as

∂g
∂n

= 2QWQ> ,

∂s
∂n

= 2n .
(4.46)
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The computation of ∂g
∂Q

is a bit more involved. Let

C = QWQ> =
k∑
i=1

wi,i


(pix − rx)(pix − rx) (pix − rx)(piy − ry) (pix − rx)(piz − rz)

(piy − ry)(pix − rx) (piy − ry)(piy − ry) (piy − ry)(piz − rz)

(piz − rz)(pix − rx) (piz − rz)(piy − ry) (piz − rz)(piz − rz)

 .

(4.47)

Then,

g(Q,n) = 2QWQ>n = 2Cn =

2
∑k

i=1wi,i


nx(p

i
x − rx)(pix − rx) + ny(p

i
x − rx)(piy − ry) + nz(p

i
x − rx)(piz − rz)

nx(p
i
y − ry)(pix − rx) + ny(p

i
y − ry)(piy − ry) + nz(p

i
y − ry)(piz − rz)

nx(p
i
z − rz)(pix − rx) + ny(p

i
z − rz)(piy − ry) + nz(p

i
z − rz)(piz − rz)

 .

(4.48)

Let ∂g
∂qi,j

, denote the partial derivative of g with respect to jth dimension of the ith compo-

nent of Q, for i = 1, · · · , k, and j = 1, 2, 3. For example,

∂g

∂qi,1
= 2wi,i


2nx(p

i
x − rx) + ny(p

i
y − ry) + nz(p

i
z − rz)

nx(p
i
y − ry)

nx(p
i
z − rz)


>

. (4.49)

Then,

(
∂g

∂Q

)
3k×3

=


∂g
∂q1,1

· · · ∂g
∂qk,1

∂g
∂q1,2

· · · ∂g
∂qk,2

∂g
∂q1,3

· · · ∂g
∂qk,3


>

. (4.50)

4.2.4 Estimating Noise Level on General 3D Surfaces

Eqs. (4.31), (4.34), and (4.32) relate the residual of fit, its variance and covariance matrix to

the noise in the input surface. These equations can be used to estimate the unknown level of

noise on a general input surface. To estimate the noise level at a location on a 3D surface,
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Figure 4.5: Noisy model with 50% additive zero-mean Gaussian noise; the standard devi-
ation of the noise is σ = .5l̄ = 2.862 × 10−3, where l̄ denotes the average edge length on
the noise-free model.

a polynomial surface patch is fitted to a small neighborhood around the point of interest as

described in previous sections. The residual of the fit can then be used to estimate the noise

level on the surface; by using small neighborhoods, we are effectively fitting a model to the

surface noise rather than the surface geometry.

As an example, consider the noisy 3D model shown in Fig. 4.5, with approximately

75K vertices. Additive zero-mean Gaussian noise was added to the model by moving each

vertex on the model along its normal direction by a random amount (value) amount coming

from a Gaussian distribution with standard deviation σ = 2.862×10−3. In order to estimate

the standard deviation of the noise on the model, 1000 vertices were randomly picked on

the model and a third order bi-variate polynomial was fitted to the neighborhood around

each vertex; a neighborhood of 20 nearest neighbors was used for each vertex, when fitting

the polynomial patches. Using the unweighted residual of fit and Eq. (4.34), an estimate of

the standard deviation of the noise at each vertex was obtained. By averaging these values,

we were able to obtain an overall estimated standard deviation σ = 2.877 × 10−3 for the

surface noise, which is very close to the actual noise level.
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4.3 Automatic Scale Selection and Software Validation

In the previous sections, we showed how a smooth reconstruction of a point-set surface

could be obtained. Additionally, it was shown how the covariance of the noise in the input

could be propagated through each stage of the reconstruction. An immediate application of

the results from the previous sections are in implementation/software validation. In [42],

the authors show how the propagation scheme may be used as a validation procedure to test

the implementation of complex vision systems. The general approach consists of comput-

ing the expected mean and covariance of the output parameters of the system, analytically,

and then comparing the results with the actual mean and covariance of the parameters the

system produced, empirically. The comparison, and consequently, acceptance or rejection

of the consistency between the empirical and the expected results is done via statistical

hypothesis testing.

Another application of the error propagation results is in estimating the minimum neigh-

borhood size required when fitting a model or computing a differential property on the sur-

face. A noisy surface can be thought of as having two underlying structures: the noise and

the surface. The structure associated with the noise is considered to have a small scale and

high variance. The structure associated with the surface, on the other hand, generally has

larger scale and lower variance in a local neighborhood around each point on the surface.

Therefore, when the neighborhood used to do the model fitting and consequently compute

a differential surface attribute is too small, the recovered parameters tend to correspond to

the structure of the noise, rather than the surface. As the neighborhood size increases, the

recovered parameters begin to describe the surface rather the noise. We refer to the small-

est surface structure on the surface that can faithfully be recovered as the minimum scale

of the surface. This scale corresponds to the inner scale [127] of the observation device

that was used to scan the surface. By automatic scale selection, we refer to the process of

determining this inner scale on the noisy surface. The error propagation approach and the

statistical hypothesis testing approach, which will be discussed in this section can be used
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to obtain an estimate of the inner scale of the surface.

In this section, we first briefly describe the statistical hypothesis testing procedure used

in [42] to test our implementation of the MLS surface reconstruction procedure described

in the previous sections. We then extend the approach to automatic scale selection on 3D

surfaces.

4.3.1 Software Validation

The correct implementation of the system may be validated by comparing the expected and

estimated covariance matrices of the fitted polynomial coefficients and surface curvatures

under different levels of noise. Throughout, we use zero-mean additive Gaussian noise

with variance σ2. Let l̄ denote the average distance between immediate vertices on the

input surface, and let u denote a unit vector representing the direction along which the

noise is added to the surface. Then, we say the surface is perturbed with x% Gaussian

noise, when the position p of each vertex on the surface is modified according

p′ = p + δu , (4.51)

where δ ∼ N(0, σ2), and σ = x
100
l̄ denotes the standard deviation of the Gaussian noise.

Let P = {p1, · · · ,pN} be the original, noise-free point-set. A directional Gaussian noise

with variance σ2 and direction u is added to the point-set, as shown in Fig. 4.6 to obtain a

noisy point-set P′ = P + ∆ = {p1 + δ1u + · · · ,pn + δnu}, where δi ∼ N(0, σ2).

To test the implementation, we first analytically compute the expected mean and co-

variance matrix of the polynomial coefficients and curvature values in our surface fitting

scheme. We then estimate the polynomial coefficients and surface curvatures of the recon-

structed surface under different realizations of the same noise. Let µ0 and Σ0 correspond

to the expected mean and covariance matrix of the fitted coefficients which are computed

analytically. Let µβ and Σβ correspond to the estimated mean and covariance of the coeffi-
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cients computed empirically. Under the assumption that the implementation is correct, the

two distributions corresponding to (µ0,Σ0) and (µβ,Σβ) should be the same. Therefore,

we hypothesize that the mean and the covariance matrix of the estimated coefficients are

the same as the expected mean and covariance matrix; that is,

H0 : µβ = µ0 and Σβ = Σ0 . (4.52)

Various test statistics may be used to test the above null hypothesis. We use the follow-

ing uniformly most powerful test, T :

T = −2 log(λ) = n(tr(ΣβΣ−1
0 )+(µβ−µ0)>Σ−1

0 (µβ−µ0)−log(det(ΣβΣ−1
0 ))−p) (4.53)

where

λ = (e/n)pn/2 det(nΣβΣ−1
0 )n/2 exp(−(tr(nΣβΣ−1

0 )+n(µβ−µ0)>Σ−1
0 (µβ−µ0))) . (4.54)

p is the dimension of β (in the case of the estimated polynomial coefficients p = 10), and

n is the number of times the polynomial coefficients were estimated under different real-

izations of the noise to compute the covariance matrix, Σβ (i.e., the number of estimates).

The distribution of T under true null hypothesis is [42]:

T ∼ χ2
p(p+1)/2+p . (4.55)

The distribution of the alternative hypothesis (i.e., HA : µβ 6= µ0 or Σβ 6= Σ0) is unknown.

In the case of polynomial fitting, p = 10, and consequently, the corresponding χ2

distribution has 65 degrees of freedom. In the case of curvature estimation, p = 2 and the

corresponding distribution has 5 degrees of freedom.

The expected covariance matrices for the polynomial coefficients and curvatures, un-
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Figure 4.6: Adding Gaussian noise to a local neighborhood of an interest point.

der a known level of noise, are computed according Eqs. (4.30) and (4.37), respectively.

Let β be the expected polynomial coefficients, κ the expected curvatures, Σβ the expected

covariance matrix of the coefficients, and Σκ the expected covariance matrix of the curva-

tures (evaluated at point p). M different noisy realizations of the surface are then obtained

using the procedure outlined in Fig. 4.6. Let βi and κi denote the estimated polynomial

coefficients and mean and Gaussian curvatures at p, under the ith realization of the noisy

surface. The estimated mean and covariance matrices for the polynomial coefficients and

curvatures are then computed as

β̂ = 1
M

∑M
i=1 βi , Σ̂β = 1

M

∑M
i=1(βi − β̂)(βi − β̂)> ,

κ̂ = 1
M

∑M
i=1 κi , Σ̂κ = 1

M

∑M
i=1(κi − κ̂)(κi − κ̂)> .

(4.56)

The expected and estimated mean and covariances are then compared using the test statistic

of Eq. (4.53) to obtain Tj . This process is repeated L times to obtain T = {T1, · · · , TL}.

Finally, we use the Kolmogorov-Smirnov test to confirm that the distribution of T is

χ2
p(p+1)/2+p.
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In the following, we summarize the steps involved in validating the implementation

of the reconstruction algorithm by fitting a polynomial patch to the surface at a vertex

p, estimating the surface curvatures at p, and running the statistical hypothesis testing

procedure, which was described above:

1. Pick an interest point, p, noise direction u, noise level σ2, and neighborhood size k. Define

Nk(p) = {k nearest neighbors of p}.

2. Repeat the following steps L times to obtain

Tβ = {T1(β), · · · , TL(β)} and Tκ = {T1(κ), · · · , TL(κ)}:

(a) Repeat the following stepsM times to obtain B = {β1, · · · , βM} and K = {κ1, · · · , κM}:

i. Obtain a noisy realization of surface patch defined by the set of points in Nk(p)

with directional additive Gaussian noise (u, N(0, σ2)).

ii. Compute the polynomial coefficients, βj , on this surface patch.

iii. Compute the Mean and Gaussian curvatures, κj , from βj at p.

(b) Compute the mean and covariance matrices of B and K to obtain: β̂, κ̂, Σ̂β, Σ̂κ.

(c) Compute the expected β, κ, Σβ , and Σκ as follows:

• Compute β on the original noise-free surface.

• Obtain κ from the β computed in the previous step.

• Compute expected Σβ according Eq. (4.30).

• Compute expected Σκ according Eq. (4.37).

(d) Using the expected and estimated mean and covariance matrices of β and κ compute

the test statistics Tl(β) and Tl(κ) using Eq. (4.53).

3. The null hypothesis is that the distributions of Tβ and Tκ are χ2
65 and χ2

5, respectively; use

the Kolmogorov-Smirnov (KS) test to reject or tentatively accept the null hypothesis.

In the above procedure, tentative acceptance of the null hypothesis validates the im-

plementation of the reconstruction algorithm. The Kolmogorov-Smirnov test statistic is a
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Figure 4.7: Validating implementation using statistical hypothesis testing; the red sphere
in (a) indicates the location on the surface where the surface was reconstructed and the
curvatures estimated. The graph in (b) plots the Kolmogorov-Smirnov test statistic as a
function of the neighborhood size used to reconstruct the surface. The horizontal line
shows the critical value for significance level α = 0.05; in the experiments, 20% Gaussian
noise was used.

distance measure between the cumulative distribution functions of two sample sets, which

are being compared. In the case where the correctness of the estimated surface curvatures

is being tested, the two distributions are χ2
5 and the distribution of the samples in set Tκ.

In our experiments, we repeated step 2 in the above procedure 100 times (L = 100). For

a significance level of α = 0.05 and L = 100 experiments in the KS test, the critical (cut-

off) value is D = 0.19. In Fig. 4.7, we show how the KS test statistic for the estimated

curvature values, at a point on a torus, with 20% Gaussian noise (not shown) varies as the

neighborhood size used to reconstruct the surface is increased. As can be seen, for small

neighborhood sizes the KS test fails. However, as the neighborhood size is increased, the

value of the KS test statistic decreases and eventually falls below the critical value and

the null hypothesis is accepted. For large neighborhood sizes the value of the test statistic

increases again until the null hypothesis is continually rejected.

In our experiments, we noticed that the above procedure does not work on all surface

types or surfaces with high levels of noise. Therefore, in the experiments presented in

the remainder of this chapter, we use the following modified approach: we assume the
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probability of exceeding the critical value
.10 .05 .025 .01 .001

χ2
5 9.236 11.070 12.833 15.086 20.515

χ2
65 79.973 84.821 89.177 94.422 105.988

Table 4.3: Upper critical values of χ2
5 and χ2

65 distributions.

samples in Tβ and Tκ come from noncentral χ2 distributions with 65 and 5 degrees of

freedom (and unknown noncentrality parameters), respectively. As the neighborhood size

used to reconstruct the surface is changed, the corresponding distributions of Tβ and Tκ

are shifted and scaled. The tests in experiments where the means of sample sets in Tβ

and Tκ are smaller than a preselected critical value are accepted. In Table 4.3, we show

the critical values for χ2
65 and χ2

5 distributions for a few significant levels. In Fig. 4.8, we

show the results of running the described test procedure at a few vertices on the model

for a fixed neighborhood size of 100; the vertical lines indicate the standard deviations of

the samples in Tβ and Tκ. As can be seen, for the given neighborhood size, the tests fail

only in regions with somewhat complex structures. However, as the neighborhood size is

increased, the tests for the more complicated structures also pass. In Sec. 4.3.2, we use

these results to decide on the minimum neighborhood size needed when reconstructing

noisy surfaces.

Implementation Issues

Computing the test statistic involves computing the inverse of the expected covariance ma-

trices of the polynomial coefficients and curvatures. In many cases, however, when the

shape of the surface is simple, some of its corresponding polynomial coefficients (espe-

cially, the higher order terms) vanish. This causes the matrix inverse computations to be-

come unstable. For example, false coloring is used in Fig. 4.9 to show the distribution of

the computed test statistic over the surface of the Bimba model; red (hot) colors correspond

to large T ’s and blue (cold) colors correspond to small values of T . As can be seen, in the
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Figure 4.8: Computed test statistics for (b) the estimated polynomial coefficients and (c)
curvature values at various points on the Bimba model with 10% Gaussian noise (not
shown). The dashed green line shows the significance level α = 0.05 for (b) χ2

65 and
(c) χ2

5 distributions; a neighborhood of 100 nearest neighbors was used at each point.

areas where at least one of the principal curvatures vanishes, the computed T ’s are very

large.

Let M = QΛQ> denote the eigendecomposition of the symmetric matrix we are trying

to invert. The diagonal matrix Λ, with diagonal entries λi, contains the eigenvalues of M

is descending order. Λ′ is obtained from Λ by setting the eigenvalues smaller than some

ε to zero. Let M+ = QΛ′−1Q> denote the pseudo-inverse of M obtained in this manner.

M+ can be used in place of M−1 in Eq. (4.53) to compute T . However, the determinant of

the product of a matrix A with the pseudo-inverse is computed differently. Let K denote

the number of non-zero eigenvalues in Λ′, and J be a p× p diagonal matrix with diagonal

entries jii = 1 for i ≤ K and jii = 0 for i > K, P = QJ, and A′ = PP>APP>.
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(a) (b)

Figure 4.9: Distribution of T (κ) over the surface of the Bimba model when the test statis-
tic is naively computed; red (hot) colors correspond to large T ’s and blue (cold) colors
correspond to small T ’s.

Let ∆ be the diagonal matrix, with diagonal entries δi, containing the eigenvalues of A′ in

descending order. Then, |A′| ∼ ΠK
i=1δi, |M+| ∼ ΠK

i=1
1
λ i

, and

|A′M+| ∼ ΠK
i=1

δi
λi
. (4.57)

|A′M+| is used in place of |AM+| when computing T . Additionally, since the degrees of

freedom have been reduced to K in the above computations, p = K should be used both

when computing T and testing the null hypothesis.

4.3.2 Automatic Scale Selection

In this section, we address the problem of choosing the right neighborhood size (scale)

when reconstructing the surface or estimating a differential property on a possibly noisy

surface. As one would expect, the smallest neighborhood size needed to correctly estimate

the local geometry of the surface is directly related to the signal-to-noise ratio (SNR) of the

surface, which is being reconstructed. Additionally, as will be shown later in this section,
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k T̂ (β) std(T (β)) T̂ (κ) std(T (κ))
30 709.818216 44.851792 53.897816 35.286950
40 864.035673 53.119690 13.236161 10.596596
50 950.213714 50.130063 9.141995 11.161460
60 517.719319 44.482952 6.596001 9.981383
70 37.622512 8.247707 4.681548 5.842763
80 38.541797 9.996436 2.848392 2.451173
90 38.072085 10.612102 2.565717 2.906478

100 35.778368 8.410462 2.562647 2.219588
110 36.784341 7.723637 2.471866 2.019013
120 36.351695 7.790615 2.365497 2.757388
130 37.348674 7.727040 2.506941 2.545995
150 36.934627 8.133453 2.948145 2.518951
200 37.994565 9.159700 2.865477 3.439013
250 36.066682 7.995311 3.919198 3.244758

Table 4.4: The mean and standard deviation of the test statistics computed at a vertex on
a noisy sphere with 50% Gaussian noise; k is the neighborhood size used at the vertex to
compute T . The highlighted row shows the first neighborhood size which passed both tests
for the polynomial coefficients and the curvatures at the 5% significance level.

the neighborhood size is also dependent on the local geometry of the surface. Therefore,

each point on a general surface could have a different scale. We use the statistical hypoth-

esis testing approach discussed in the previous section to obtain an empirical link between

the SNR and the inner scale of the surface.

We start with the simple cases where the input surface is locally the same everywhere

(e.g., planar, cylindrical, and spherical surfaces) and the noise level is known. Table 4.4

shows the values of T (β) and T (κ) computed at a vertex on the unit sphere with 50%

additive Gaussian noise; the original, noise-free sphere mesh had ∼ 40K vertices with

average edge length of ∼ 0.02. The highlighted row shows the first neighborhood size

which passed both statistical tests for the polynomial coefficients and the curvatures. By

applying the same procedure to the same surface with different levels of noise we are able

to get an estimate of the minimum required neighborhood size for each surface. This is

demonstrated in the results shown in Table 4.5. As can be seen, as the noise level increases,

the required minimum neighborhood size increases.
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Noise level minimum k T̂ (β) std(T (β)) T̂ (κ) std(T (κ))
20% 30 35.433801 8.892575 8.288684 9.987461
50% 70 37.622512 8.247707 4.681548 5.842763
80% 100 39.023673 8.889890 4.084890 5.376168
100% 130 42.181347 9.881063 4.034220 4.433164
150% 210 44.718942 10.052251 8.288253 5.930069

Table 4.5: The estimated minimum neighborhood sizes required to compute the MLS patch
at a vertex; k denotes the required number of nearest neighbors.

The next question that arises is the following: assuming we are dealing with surfaces

with the same sampling rate and noise level but with different geometry, how does the

recovered inner scale vary with different surface geometry? In other words, does the local

geometry bear any weight on the associated scale at a point? Table 4.6 shows the results

for the recovered inner scales on a plane, cylinder, sphere, and multiple points on a torus

under different levels of noise. The surfaces have approximately the same sampling rate of

∼ 3200 points per unit area and average edge length of ∼ 0.02.

In the case of the torus, the selected locations correspond to three different classes of

points (see Fig. 4.10): Hyperbolic, Parabolic, and Elliptic. At a hyperbolic point, the prin-

cipal curvatures have opposite signs, or equivalently, the Gaussian curvature is negative.

At a parabolic point, exactly one of the principal curvatures is zero, or equivalently, the

Gaussian curvature is zero but the shape operator is non-zero. At an elliptic point, both

principal curvatures have the same sign, or equivalently, the Gaussian curvature is positive.

Additionally, a point is said to be planar if both principal curvatures at the point are zero,

or equivalently, both the Gaussian curvature and the shape operator are zero.

In Fig. 4.10, the bounding spheres enclosing 400 nearest neighbors to each of the points

are shown. As can be seen, the neighborhood sizes in terms of the number of nearest

neighbors have different meanings in the spatial domain. Table 4.7 shows the results of the

same set of experiments as in Table 4.6, except in terms of the radii of the bounding spheres

enclosing the minimum required number of neighbors when reconstructing the local surface
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patches at the interest points. As can be seen, the required minimum neighborhood sizes

(scales) differ for different surface types.

Additionally, we run the same tests on the torus model with quarter of the sampling

rate of the original torus; the average edge length on the new, low-resolution torus, is

l̄ =∼ 0.04, with ∼ 820 vertices per unit area. In this experiment, however, the average

edge lengths used to define and add the directional noise are taken to be from the higher

resolution torus used in the previous experiments (with l̄ = 0.02). Tables 4.8 and 4.9 show

the results. As can be seen, compared to the higher resolution surface, the recovered scales

have almost halved in terms of the number of nearest neighbors. On the other hand, the

radii of the bounding spheres have increased on the low resolution noisy torus; i.e., larger

neighborhood sizes are needed when the SNR is higher.

In summary, based on the results shown in Tables 4.6, 4.7, 4.8, and 4.9 the recovered

scale at point on a noisy surface is dependent on the SNR and surface type.

It is noteworthy to mention that using the above-mentioned automatic scale selection

process, we can also determine the maximum amount of noise that may be added to a

surface until its curvatures cannot be reliably estimated—no matter how large the size of

the used neighborhood is grown. As an example, Table 4.10 demonstrates what happens

when the noise levels become too high, when attempting to recover the scale at different

points on the low-resolution torus model. As can be seen, once the noise level exceeds a

certain threshold, larger neighborhood sizes do not pass both statistical hypothesis tests for

the polynomial coefficients and the curvature values. Fig. 4.11 shows a visualization of the

noisy torus where all the tests in Table 4.10 fail.

4.4 Summary

In this chapter, we reviewed the Moving Least Squares (MLS) surface reconstruction method.

In addition, we showed how the noise in the input surface is propagated to the estimated
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Figure 4.10: Three different types of points picked on the torus: (1) Hyperbolic point
(K(p) < 0), (2) Parabolic point (K(p) = 0), and (3) Elliptic point (K(p) > 0); K(p)
denotes the Gaussian curvature at interest point, p. In all three cases, the spheres are the
bounding spheres enclosing 400 nearest neighbors for each interest point.

Noise Level
Surface Point Type 20% 40% 60% 80% 100% 120% 140%
Plane Planar 50 60 80 110 130 160 180
Cylinder Parabolic 110 170 200 240 280 310 350
Sphere Elliptic 40 70 80 100 130 150 180
Torus Hyperbolic 70 100 130 160 200 250 260
Torus Parabolic 70 100 140 170 180 200 250
Torus Elliptic 70 100 130 160 190 190 250

Table 4.6: Automatic scale selection on simple surfaces: the table shows the estimated
minimum neighborhood sizes needed when computing the polynomial fit and estimating
curvatures on different surfaces with varying levels of noise. The average edge length on
the original noise-free surfaces were l̄ =∼ 0.02. The sampling rate on all the surfaces
was approximately the same, with ∼ 3200 points per unit area uniformly sampled on each
surface. A noise level of n% indicates a zero-mean Gaussian with standard deviation σ =
n

100
l̄. The direction of the noise was picked as the normal direction at the interest point were

the test was run.
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Noise Level
Surface Point Type 20% 40% 60% 80% 100% 120% 140%
Plane Planar .0736 .0757 .0892 .1071 .1143 .1262 .1359
Cylinder Parabolic .1070 .1298 .1437 .1535 .1683 .1784 .1896
Sphere Elliptic .0477 .0634 .0689 .0783 .0921 .1015 .1096
Torus Hyperbolic .0566 .0713 .0793 .0890 .0991 .1115 .1135
Torus Parabolic .0808 .0948 .1130 .1248 .1279 .1347 .1508
Torus Elliptic .1058 .1188 .1378 .1587 .1673 .1673 .1925

Table 4.7: The above table shows the same results as in Table 4.6, except that the neighbor-
hood sizes are given in terms of the radii of the bounding spheres of the neighbors rather
than the number of nearest neighbors.

Noise Level
Point Type 20% 40% 60% 80% 100% 120% 140%
Hyperbolic 30 40 60 80 100 120 140
Parabolic 30 50 50 70 80 90 100
Elliptic 30 50 60 70 70 90 90

Table 4.8: Automatic scale selection results on a torus with quarter of the sampling rate of
the torus used in Tables 4.6 and 4.7; the average edge length on the new, low-resolution
torus, is l̄ = 0.04, with ∼ 820 vertices per unit area. In the experiments run on this torus,
the average edge lengths used to define and add the directional noise are taken to be from
the higher resolution torus used in the previous experiments (with l̄ = 0.02).

Noise Level
Point Type 20% 40% 60% 80% 100% 120% 140%
Hyperbolic .0780 .0873 .1103 .1260 .1403 .1490 .1651
Parabolic .1034 .1343 .1343 .1591 .1683 .1770 .1870
Elliptic .1256 .1715 .1812 .2079 .2079 .2321 .2321

Table 4.9: The above table shows the same results as in Table 4.8, except that the neighbor-
hood sizes are given in terms of the radius of the bounding spheres of the neighbors rather
than the number of nearest neighbors.
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Noise Level
Point Type 40% 80% 120% 160% 200% 240% 280%
Hyperbolic 50 80 120 180 - - -
Parabolic 50 70 90 110 140 170 -
Elliptic 40 70 90 100 150 - -

Table 4.10: Automatic scale selection results on the low-resolution torus of Table 4.8. As
the noise level becomes too high, the statistical hypothesis tests for the computed polyno-
mial coefficients and the curvatures fail to pass—no matter how large the neighborhood
size is grown. As in the previous case, l̄ = 0.02 was used when adding the noise.

Figure 4.11: Mean and Gaussian curvatures on the above noisy torus can not reliably be
estimated using any neighborhood size. By “reliably” we mean: in a manner in which the
amount of uncertainty in the estimated values can be known.

surface normals and curvatures. We showed how the results can be used in a statistical hy-

pothesis testing procedure to validate the implementation of the reconstruction algorithm.

More importantly, we used the results to decide on the minimum neighborhood size needed

when reconstructing the surface. We referred to this minimum size at a point p, as the scale

of the surface structure at p; we referred to the process of finding this scale as automatic

scale selection.



Chapter 5

Curvature Scale Space 3D

“How did Biot arrive at the partial differential
equation [the heat equation]? ...
Perhaps Laplace gave Biot the equation and
left him to sink or swim for a few years in
trying to derive it.”

–Clifford Truesdell

Scale-space techniques are now widely used for signals in Rn [72], with the theory having

become quite mature over the past few decades, especially for 2D images. Beyond having

nice theoretical properties, the scale-space representation of images has been shown to

be realized efficiently with impressive practical results [77, 21]. Currently, scale-space

matching techniques, such as SIFT [77] and SURF [8], are the de facto standards in many

2D matching applications. Despite finding widespread use in 2D signal processing, scale-

space techniques have not been widely applied to 3D surfaces.

There are two major difficulties with extending scale-space representations to 3D sur-

faces. These difficulties are due to representation issues and the estimation of the scale

parameter necessary for automatic scale selection. The lack of grid-like structures that

are present in 2D images and the non-Euclidean geometry of surfaces make development

of precise and efficient representations difficult. The scale parameter, which in the case of

signals in Rn is defined in terms of the variance of the smoothing kernel, may not be readily

105
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available for 3D surfaces.

In this chapter, we extend the use of scale-space theory to 3D surfaces for the purpose of

shape matching. The main contribution is a new scale-space representation for 3D surfaces

that addresses the two major difficulties outlined above. The new representation is shown to

be insensitive to noise, computationally efficient, and capable of automatic scale selection.

The few current scale-space based surface representations (see Chapter 3) can be cate-

gorized into two classes based on how a signal is derived from the surface and consequently

evolved. First, surface positions may be treated as the signal and therefore the surface ge-

ometry is modified during the evolution process. Second, a signal may be defined and

evolved over the surface while the geometry of the surface remains unchanged. It is well-

known that the evolution of surface positions generally leads to geometric problems such

as shrinkage and foldovers [126, 28]. Therefore, we opt for the second approach whereby

we define our scale-space representation in terms of the evolution of the surface curvatures.

This chapter in organized as follows: in Sec. 5.1, we present our proposed scale-space

representation for 3D surfaces, which we refer to as Curvature Scale Space 3D (CS3).

In Sec. 5.2, we show how CS3 can be used for feature extraction with automatic scale

selection. In Sec. 5.3, we show how the noise in the input surface affects the estimated

surface curvatures at each level in our representation. In Sec. 5.4, we compare the properties

of our proposed CS3 representation with other scale-space based surface representations.

In Sec. 5.5 and Sec. 5.6, we present applications of CS3 in automatic surface registration

and crest line extraction on noisy 3D surfaces. Finally, in Sec. 5.7, we provide a summary

of this chapter.

5.1 Scale-Space Representation for 3D Surfaces

As mentioned in Chapter 3, the scale-space representation of a signal in Rn adds a new

scale dimension to the original representation of the signal. The finest scale corresponds to
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the original signal, while the coarser (higher) scales correspond to the Gaussian smoothed

versions of the signal. As the scale is increased, high frequency contents of the signal are

removed, and the signal becomes smoother until it converges to a constant value.

The majority of the extensions of the scale-space representation to 3D surfaces, that

were reviewed in Chapter 3, treat surface positions as the signal, and consequently build

the scale-space stack by smoothing the positions. The two main differentiating factors

between the approaches are: 1) the surface representation used, and 2) the method used to

define/apply the smoothing operator on the surface.

On the other hand, approaches such as the Heat Kernel Signature (HKS) [120, 20]

obtain a multiscale representation of the surface by encoding information about the heat

kernel at various scales (times). The main factor, which separates this approach from others

is the indirect inference of information about surface structures through the study of the

heat kernel. However, both scale-space and HKS based approaches are related, as the heat

equation and its fundamental solution are central in both types of representations.

We define our scale-space formulation of the surface in terms of the evolution (diffu-

sion) of signals on the surface with the help of the Laplace-Beltrami operator. We analyze

the surface structure by directly studying the signal as it evolves on the surface. More

specifically, we take the signal to be the surface curvatures, which are derived from the

surface geometry. The main advantages of this approach over HKS are gains in computa-

tion efficiency and the ability to estimate the size of the surface structures. Additionally,

our representation enables us to robustly and efficiently estimate the Laplacians of surface

curvatures, which result in a rich set of features useful in the subsequent matching tasks.

The advantage of smoothing surface curvatures, instead of positions, is that (at least for

genus 0 surfaces) the possibility of developing undesirable geometric artifacts during the

smoothing process is reduced. Additionally, all the relevant local geometric information

about the surface is encoded by the principal directions and curvatures. The surface corre-

sponding to the smoothed curvatures may also be reconstructed using techniques such as
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t

M

Figure 5.1: Scale-space representation of a surface signal

[32]. Moreover, geometric feature extraction may be performed directly in this curvature-

domain. On the other hand, the surface noise is amplified more when the curvature is used

instead of the positions. Nevertheless, assuming a zero-mean noise (with any distribution),

the effects of surface noise is expected be dramatically reduced at the higher scales in this

representation (see Sec. 5.3).

We define the scale-space representation, F : M× R → Rn, of a continuous signal

f :M→ Rn on surfaceM as the solution to the heat (diffusion) equation

∂

∂t
F (x; t) = ∆MF (x; t) , (5.1)

with the initial condition F (x; 0) = f(x); ∆M denotes the Laplace-Beltrami operator.

Fig. 5.1 shows an example of the scale-space representation of a signal. Similar to the case

of signals in Rn, the representation may equivalently be defined using convolution with

Gaussians,

F (x; t) = f(x) ∗M G(x; t) , (5.2)

where x is a point onM, G(x; t) is a Gaussian with scale t. ∗M denotes convolution on
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M, and is defined as

f(x) ∗M G(x; t) =

∫ ∞
−∞

f(τ)g(DM(x, τ); t)dτ . (5.3)

DM(a,b) measures the geodesic distance between points a and b onM, and g(r; t) cor-

responds to the 1-dimensional Gaussian with scale t.

We define the Curvature Scale Space 3D (CS3) representation of a surface as the scale-

space representation of its curvatures. The curvature function may be the mean, Gaussian,

or the curvature tensor. In majority of this work (except in Sec. 5.6), we use mean sur-

face curvatures to define the CS3 representation. In this formulation, a stack of Gaussian

smoothed surface curvatures is obtained, which can be used directly in multiscale feature

extraction and descriptor computations. CS3 is not to be confused with Curvature Scale-

Space (CSS) of Mokhtarian [88, 87], which is a multiscale representation for closed plane

curves and is used for 2D shape matching.

The CS3 representation of a surface is constructed by first estimating the curvature

tensor and computing the principal curvatures at each point on the surface. The surface

curvatures are subsequently evolved according to Eq. (5.1) to obtain a stack of increasingly

smoothed curvatures. An alternative, and more accurate, approach is to estimate the cur-

vature tensor at the finest level and then smooth the curvature tensor to build the stack.

The principal curvatures (and directions) are then obtained from the smoothed curvature

tensors at each level. Besides improving the accuracy, this approach results in principal

directions, whose orientations are more consistent between neighboring vertices. This

approach, however, is slower than the original formulation and may not be necessary in

matching applications. We use this approach in later sections, when extracting crest lines

on noisy surfaces; everywhere else in this work, the former approach is used to construct

the CS3 representation.

The curvature tensor may be estimated using a variety of approaches. The interested
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reader is referred to [102] for a survey and comparison of different methods in the literature.

In our implementation, we use Taubin’s method [125] to estimate the curvature tensors at

the finest level in CS3. This approach was selected since it provides a good balance between

accuracy and speed.

In the next subsections we describe how the CS3 representation of a discrete surface

represented by a polygonal mesh may be constructed in more detail. In Sec. 5.1.1, we first

state the relation between the scale-space representation of a surface signal and the heat

kernel and heat operator. In Sec. 5.1.2, we describe how a discrete surface signal may be

efficiently smoothed in a manner consistent with the scale-space representation of signals.

In Sec. 5.2, we show how the representation may be used for feature point extraction with

an automatic scale selection mechanism.

5.1.1 Relation of Scale-Space Representation of Surface Signals to the

Heat Kernel

The scale-space representation of a surface signal, f : M → Rn, given by Eq. (5.1) can

equivalently be defined with the help of the heat operator, Ht, which evolves any signal on

M according to the heat equation. That is,

Htf(x) = F (x, t) , (5.4)

where F denotes the scale-space representation of f .

Ht and the Laplace-Beltrami operator ∆M are related by the exponential [120]:

Ht = et∆M =
∞∑
i=0

(t∆M)i

i!
= I + t∆M +

t2

2
∆2
M + . . . , (5.5)

where I denotes the identity operator. Throughout this work, −∆M is assumed to be

constructed such that it is positive semi-definite. Let λi ≤ 0 and φi denote the ith eigenvalue
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and eigenfunction of ∆M, respectively. Then, Eq. (5.5) implies that the ith eigenfunction

of Ht is φi (i.e., the same as ∆M), and its corresponding eigenvalue is given as eλit. Ht can

be written in integral form [120]

Htf(x) =

∫
M
kt(x, y)f(y)dy , (5.6)

where x, y ∈ M and dy denotes the volume form on M. kt(x, y) is known as the heat

kernel, and is the fundamental solution to the heat equation. The main properties of the

heat kernel are

• kt is C∞ smooth inM×M× R.

• kt is positive.

• kt is symmetric:

kt(x, y) = kt(y, x) . (5.7)

• kt satisfies the heat equation:
∂

∂t
kt = ∆Mkt . (5.8)

• kt satisfies the semi-group identity:

kt+s(x, y) =

∫
M
kt(x, z)ks(z, y)dz . (5.9)

For a compact manifoldM, kt(x, y) has the following eigendecomposition

kt(x, y) =
∞∑
i=0

eλitφi(x)φi(y) . (5.10)

In Rn, the heat kernel is given as the Gaussian

kt(x, y) =
e−‖x−y‖

2/4t

(4πt)n/2
. (5.11)
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In our scale-space formulation of surface signals given in Eq. (5.3), we effectively used

kt(x, y) =
e−D

2(x,y)/4t

(4πt)n/2
, (5.12)

in place of the heat kernel; D :M×Mwas defined as the function measuring the geodesic

distance between two points onM. We extend the definition ofD to measure the Euclidean

distance when in Rn. From these observations, we can see that the heat kernel kt : M×

M× R in Eq. (5.6) can be replaced by k′t : R→ R,

k′t(r) =
e−r

2/4t

(4πt)n/2
, (5.13)

to obtain

Htf(x) =

∫
M
kt(x, y)f(y)dy =

∫
M
k′t(D(x, y))f(y)dy . (5.14)

This reveals that the right hand side of Eq. (5.6) is in fact a convolution, and confirms that

kt is the fundamental solution for the heat operator.

5.1.2 Scale-Space Representation of Discrete Surface Signals

In the previous sections, we presented the scale-space formulation for a continuous surface

signal. In this section, we show how the definition can be extended to discrete surfaces

represented by polygonal meshes. Let our discrete surface be represented by the polygonal

meshM = (V , E), where V = {v1, . . . , vN}, and E = {eij|vi is connected to vj} denote

the vertex and edge sets, respectively. The scale-space representation of a mesh signal

f : V → R can be obtained by integrating Eq. (5.1) using the forward Euler method as

F l+1 = F l + ∂tF
l = F l + λ∆MF

l , (5.15)
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with the initial condition F 0(·) = f(·), and time step 0 < λ < 1. The Laplacian, ∆M, of

the signal at vertex vi at level l, is defined as [126, 28]:

∆MF
l(vi) =

∑
j∈N (i)

wij(F
l(vj)− F l(vi)) , (5.16)

where N (i) denotes the 1-ring vertex set of vi, and wij is a positive weight associated

with the edge connecting vertices vi and vj . The edge weights are selected such that∑
j∈N (i)wij = 1. A simple choice for wij is the inverse of valence of the vertex vi; i.e.,

wij = 1
|N (i)| .

The constraint on the step size makes the application of the above scale-space for-

mulation to large meshes nearly infeasible. To overcome this limitation, we employ the

implicit surface fairing approach of Desbrun et al. [28], which is a backward Euler inte-

gration method, to construct the scale-space representation of discrete surface signals: let

F l : V → R denote the smoothed discrete surface signal at level l, and define

Fl =

(
F l(v1) · · · F l(vN)

)>
. (5.17)

The smoothed surface signal at level l + 1 (i.e., Fl+1) is obtained by solving the following

sparse system of linear equations

(I− λlL)Fl+1 = Fl , (5.18)

where λl > 0 is a time step, and L and I denote the N×N Laplacian and identity matrices,

respectively. The elements of the Laplacian matrix L = (wij)N×N are given as

wij =


−1 for i = j ,

1
|N (i)| for j ∈ N (i) ,

0 otherwise.

(5.19)
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The Laplacian matrix may also be populated with other types of weights, such as cotan

weights of [28]. The linear system in Eq. (5.18) can be solved efficiently using the Conju-

gate Gradient method. Note that in the above formulation, the limit on the maximum time

step size is lifted.

Consequently, the scale-space representation of surface signal f is given by the se-

quence (F0, . . . ,FL−1), which is obtained iteratively using

Fl =

 (I− λl−1L)−1Fl−1 if l > 0

f if l = 0 ,
(5.20)

for l = 0, . . . , L − 1; (λ0, ..., λL−2) denotes the sequence of time steps taken at each level

in the stack.

The resulting transfer function of the implicit Laplacian smoothing in Eq. (5.18) is

h(ω) = (1 + λlω
2)−1 , (5.21)

where ω denotes surface signal frequency [28]. When a stack of smoothed signals with L

levels is constructed according Eq. (5.20), with corresponding time steps (λ0, . . . , λL−2),

the transfer of the filter at level L− 1 is given by

hL−1(ω) =
L−2∏
l=0

(1 + λlω
2)−1 . (5.22)

Note that the representation needs to be defined in an iterative manner, since the transfer

function of the filter defined by Eq. (5.18) is not a Gaussian. On the other hand, the resulting

transfer functions of the iterative formulation approach Gaussians, as L grows.

In our implementation, the time steps are selected as

λl = λl−1δ = λ0δ
l , (5.23)
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(a) (b) (c) (d)

Figure 5.2: (a) original model; the CS3 representation of the model at scales (b) t = 3.0,
(c) t = 7.5, (d) t = 13.8.

where λ0 denotes an initial time step and δ > 1 is a constant. Fig. 5.2 shows a 3D model

and its corresponding CS3 representation at various scales.

Estimating the Scale Parameter in CS3

The time steps λl do not have the same meaning as the scale parameter, t, in the original

scale-space representation of signals as given by Eq. (5.1) and Eq. (5.2). To overcome

this issue, at each level l, we fit a Gaussian to the transfer function of the smoothing filter

for that level, and define the scale of the smoothed signal as the variance (scale) of the

fitted Gaussian. This is done by sampling hl over its domain and obtaining the set of pairs

Γ = {(ωj, hl(ωj))}J−1
j=0 . These pairs are then used to estimate the scale, tl, of a fitted

Gaussian gl(ω, tl) = e−ω
2tl , in the least-squares sense:

tl =
−
∑j<|Γ|

j=0 ω2
j ln(hl(ωj))∑j<|Γ|

j=0 ω4
j

=

∑j<|Γ|
j=0 ω2

j

∑k<l−1
k=0 ln(1 + λkω

2
j )∑j<|Γ|

j=0 ω4
j

. (5.24)

Alternatively, the scale parameter tl we seek for each level l could be defined in terms

of the variance of the transfer function at that level:

tl =

∫∞
−∞

(∏l−1
k=0(1 + λkω

2)−1
)
dω∫∞

−∞

(
ω2
∏l−1

k=0(1 + λkω2)−1
)
dω

. (5.25)
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(a) (b) (c) (d)

Figure 5.3: Extracted features on (a) original, and (c) noisy Bimba models at t = 21.7; the
false-colors in (b) and (d) reflect the response of the ∆si (Eq. (5.31)) at each vertex on the
original and noisy models, respectively. The models in (c) and (d) contain 80% Gaussian
noise.

Since the transfer function at each level is analytic and only depends on the known se-

quence of time steps, λl, its variance can be precomputed numerically. In this work, we use

Eq. (5.24) to estimate the scale parameter. The obtained sequence of scales, (t0, . . . , tL−1),

together with the stack of smoothed signals, (F0, . . . ,FL−1), define the CS3 representation

of the surface.

5.2 Feature Extraction with Automatic Scale Selection

The CS3 representation of a 3D surface may be used directly for feature extraction. Let

Φ(M) = (F0, . . . ,FL−1) and Ψ(M) = (t0, . . . , tL−1) correspond to the CS3 representa-

tion of surfaceM. The difference between the smoothed signals at two consecutive levels

l and l+ 1 can be used to approximate the Laplacian of the signal at level l. This difference

can be stated in terms of convolution of the original signal with Gaussian filters as

Fl+1 − Fl ≈ F0 ∗ (g(·; tl+1)− g(·; tl)) , (5.26)
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where ∗ denotes convolution defined over the surface, and g(·; tl) is a Gaussian with scale

tl. Noting that ∂g
∂t

= 0.5∆g, we have

∂g

∂t
= 0.5∆g ≈ g(·; tl+1)− g(·; tl)

tl+1 − tl
, (5.27)

and consequently,

Fl+1 − Fl ≈ 0.5(tl+1 − tl)F0 ∗∆g . (5.28)

Therefore, the estimated Laplacian of F0, at level l, which we denote by ∆Fl, is approxi-

mated by

∆Fl ≈ 2(Fl+1 − Fl)

tl+1 − tl
. (5.29)

We define the scale-normalized Laplacian of the surface signal at scale tl as

∆normFl = tl∆Fl =
2tl(F

l+1 − Fl)

tl+1 − tl
. (5.30)

Throughout this work, we assume the surface signal corresponds to the surface mean cur-

vatures. ∆normF then corresponds to the scale-normalized Laplacian of mean Curvatures

(LoC).

The local extrema of ∆normF could be used to define feature points on a 3D model. For

example, Fig. 5.3 depicts the computed scale-normalized Laplacian of mean curvatures on

a 3D model and its noisy counterpart, at level l = 20 (scale t = 21.7); the red spheres

indicate the locations where LoC is locally maximum or minimum at the displayed level.

As seen in the figure, the detected locations of the extrema of LoC, despite their high

differential order, are robust against noise and may be used for extraction of stable and

well-localized feature points. Additionally, note that the extracted features cover the entire

surface.

The plots in Fig. 5.4 show the computed LoC values at a few selected vertices on the

models in Fig. 5.3 as a function of scale. As expected, the values for both the noisy and
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Figure 5.4: Plots of LoC values of a few vertices on the surfaces in Fig. 5.3. The vertical
black lines indicate the location of the displayed scale (t = 21.7) in Fig. 5.3.

noise-free models converge at the higher scales. However, the corresponding LoC values

of the vertices at the scale shown in Fig. 5.3 are not the same between the two models due

to the noise. To alleviate this, we introduce the scale-invariant LoC as

∆siFl =
∆Fl − F̄l

σl
, (5.31)

where

F̄l =
1

N
1>∆Fl1, σl =

1√
N
‖∆Fl − F̄l‖ , (5.32)

denote the vector-form mean, and standard deviation of the LoC values at level l, respec-

tively; N is the total number of vertices in M, and 1 is an N -dimensional vector of all

1’s.

Fig. 5.5 shows the scale-invariant LoC plots of the same vertices as in Fig. 5.4. As

can be seen, the LoC curves of the two surfaces begin to converge at a much finer scale,

and look more similar. The scale-invariant LoC is resilient to changes in resolution, spatial

scaling, and additive i.i.d. noise. Additionally, Fig. 5.6 provides a comparison between

the ∆si plots on the original, scaled, and higher resolution versions of the same model as

in Fig. 5.3(a). The higher resolution version of the model was obtained by applying one

iteration of Loop’s subdivision scheme, which increases the number of mesh vertices by a



CHAPTER 5. CURVATURE SCALE SPACE 3D 119

-4

-2

 0

 2

 4

 0  10  20  30  40  50

∆
si

scale (t)

nose
right eye

right cheek
chin

-4

-2

 0

 2

 4

 0  10  20  30  40  50

∆
si

scale (t)

-4

-2

 0

 2

 4

 0  10  20  30  40  50

∆
si

scale (t)

nose
right eye

right cheek
chin

-4

-2

 0

 2

 4

 0  10  20  30  40  50

∆
si

scale (t)

(a) original (b) noisy

Figure 5.5: Plots of the scale-invariant LoC values of a few vertices on the surfaces in
Fig. 5.3.
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Figure 5.6: Comparison of scale-invariant LoC plots of the Bimba model (Fig. 5.3(a)) with
different spatial scales and sampling resolutions. Plot in (b) is identical to the plot for the
original model, shown in (a), while (c) has been shifted to the right by approximately 7
levels. Note that, unlike the plots in Figs. 5.4 and 5.5, the x-axis denotes the level in the
CS3 stack, and not the scale.
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Figure 5.7: Automatic scale selection on the Caesar model. (a) Original model. (b) Esti-
mated scales at a few locations on the model; the radii of the blue spheres are computed
using Eq. (5.33). (c) Plots of the scale-normalized Laplacian of the surface mean curva-
tures at the selected vertices as functions of scale; the locations of the filled squares on the
scale-axis indicate the detected scale for the keypoints.

factor of 4. As can be seen, spatial scaling of the model has no effect on the plotted ∆si

curves, while the increase in the resolution of the surface shifts the curves to the right.

According to the principle of automatic scale selection [72], the scale(s) where ∆normFi

becomes a local extremum across scales can be expected to correspond to the size of surface

structures at vertex vi. This is visually verified in Figures 5.7 and 5.8, where the size of

the blue spheres indicate the computed spatial scale (neighborhood size) at a few selected

keypoints. An approach similar to Lowe’s [77] was used to select the keypoints (shown as

red spheres) on the models, in the two figures. The keypoints were selected as the vertices

that were local extrema among their immediate neighbors, both on the current level and

two adjacent levels on the stack: let set Ql(i) = {Fl+k
j } ∪ {Fl−1

i ,Fl+1
i }, for k = −1, 0, 1,

and j ∈ N (i). Then, vertex vi, at level l, is selected as a keypoint if Fl
i > qj,∀qj ∈ Ql(i)

or Fl
i < qj, ∀qj ∈ Ql(i). Let tl be the scale associated with level l. tl then defines the

scale of the detected keypoint vi. The radius of each blue sphere in Figures 5.7 and 5.8 was

computed using

r = tlē , (5.33)

where ē is the average edge length in the surface mesh.
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(a) (b)

Figure 5.8: Automatic scale selection on the Bimba model. (a) Original model; (b) esti-
mated scales at a few locations on the model.

The graph in Fig. 5.7(c) shows the plots of LoC values at the few selected keypoints

(blue spheres) on the model in Fig. 5.7(a). The filled squares on the curves indicate the

location of the detected scale for each keypoint.

5.3 Error Propagation in Scale-Space Representation of

Surface Signals

In this section we attempt to determine how the error or uncertainty in the surface curvature

values is propagated during the smoothing process. Let the relation between the true and

estimated curvature values at each vertex i be given as

F̂i = Fi + AiXi , (5.34)

where Fi is the noise-free (true) curvature value at vertex i, Ai is a scale factor, and Xi is

a random variable with probability density function δi which describes the additive noise;
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i.e., Xi ∼ δi(x). δi is assumed to have zero mean and standard deviation σi.

In the explicit smoothing case, one iteration of the Laplacian smoothing at vertex i at

level l is given as

F̂ l+1
i = F̂ l

i + λ∆F̂ l
i , (5.35)

where 0 < λ < 1 is the time step size, and ∆ again denotes the discrete Laplacian computed

at i. Expanding the above equation yields

F̂ l+1
i = F l

i + AiXi + λ
(∑

j∈N (i) wj(F
l
j − F l

i + AjXj − AiXi)
)

= F l
i + λ

∑
j wj(F

l
j − F l

i ) +
[
AiXi + λ

∑
j wj(AjXj − AiXi)

]
= F l

i + λ
∑
j

wj(F
l
j − F l

i )︸ ︷︷ ︸
Gli

+

[
(1− λ)AiXi + λ

∑
j

wjAjXj

]
︸ ︷︷ ︸

Z

,
(5.36)

where Z ∼ ψ(x) is a new random variable. Note that

Gl
i = F l+1

i = F l
i + λ

∑
j

wj(F
l
j − F l

i ) . (5.37)

That is, Gl
i corresponds to the smoothed ideal signal at level l + 1.

Under the assumption that all Xi and Xj’s are independent, ψ(x) is given as

ψ(x) = λJ(1− λ)Ai
∏

j∈N (i)

wjAj︸ ︷︷ ︸
Bli

δi(x) ∗
⊗
j∈N (i)

δj(x)


︸ ︷︷ ︸

φli(x)

, (5.38)

where ∗ denotes convolution and J = |N (i)|; we define
⊗J

j=1 δj(x) = δ1(x) ∗ · · · ∗ δJ(x).

By introducing random variable Y l
i ∼ φli(x), the smoothed curvature value at vertex i is

given as

F̂ l+1
i = Gl

i +Bl
iY

l
i . (5.39)

Note that even though the convolution process that produces φli(x) results in a distribu-
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tion with a larger standard deviation, the associated scale factorBl
i is small andBl

iY
l
i is fast

decreasing as a function of l, and liml→∞B
l
iY

l
i = 0. This implies that after “large enough”

number of iterations, n, we have the expected behavior: F̂ n
i ≈ F n

i ; again, F n
i denotes the

value of the ideal smoothed curvature value at vertex i, and F̂ n
i denotes the smoothed noisy

curvature values after n iterations.

In the implicit Laplacian smoothing case, the smoothed values at level l + 1 are given

as the solution to the linear system

(I − λL)F l+1 = F l . (5.40)

The relation can equivalently be written as

F l+1 = (I − λL)−1F l

= (I + λL+ λ2L2 + λ3L3 + λ4L4 + · · · )F l

= (I + λL)F l + (λ2L2 + λ3L3 + λ4L4 + · · · )F l .

(5.41)

We note that the implicit smoothing is equivalent to the explicit smoothing plus an infi-

nite sum of higher order Laplacians of the signal. The non-zero elements in row i of the

first order Laplacian matrix correspond to vertex i and its 1-ring neighbors. The non-zero

elements in row i of matrix L2 correspond to vertex i and all its 1 and 2-ring neighbors.

As the order of the Laplacian matrix increases, the number of non-zero elements in the

matrix increases, since more neighbors are included. Therefore, one iteration of the im-

plicit Laplacian is a global smoothing operation, and the corresponding Bl
iY

l
i in Eq. (5.39)

decreases even faster than the explicit smoothing case.

By making the assumption that the probability density function of the noise at each

vertex, i, is given by a normal distribution with zero mean and variance σ2
i (i.e., Xi ∼

N(0;σ2)), the resulting probability density function of the noise at vertex i after one

smoothing iteration is given as φli(x) = N(0, σ2
i +

∑
j∈N (i) σ

2
j ). The random variable de-
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scribing the noise at the smoothed vertex i, is Y l
i ∼ φli(x) and is scaled by Bl

i as described

by Equations 5.38 and 5.39.

In a matching application, where two similar surfaces with the same resolution by dif-

ferent levels of noise are given, the above noise propagation scheme can be used to deter-

mine how much smoothing of the surface curvatures (or some other function) is needed.

Let S and T denote the two surfaces that we are processing. Let σ2
S and σ2

T (with σ2
S ≥ σ2

T )

denote the variance of the noise in the estimated curvature values, at each vertex, on sur-

faces S and T , respectively. Then both surfaces need to be smoothed up to level n, until

E[Bn
SY

n
S ] < ε, for some small ε.

5.4 Discussion

In the previous sections, we presented a scale-space representation for 3D surfaces which

was directly defined on the polygonal surface and did not require surface parametrization

or voxelization. We showed how the representation may be used for feature extraction

and automatic scale selection and that the extraction process is robust to noise. We called

the representation the Curvature Scale Space 3D (CS3). The CS3 representation has ad-

ditional properties, which are not all present in other proposed scale-space extensions (see

Chapter 3) for 3D surfaces. That is,

• the representation does not result in geometric distortions or degeneracies such as

shrinkage or self-intersections.1

• the representation is computed directly on the polygonal surface without the need for

parametrization or voxelization. Additionally, the smoothing operation is performed

in a consistent manner with the metric tensor over the surface.

• the representation provides a good estimate of the linear diffusion process.

1The representation does not directly smooth the geometry. However, if the surface corresponding to the
smoothed curvatures is reconstructed, these degeneracies will be absent or minimal for genus 0 surfaces.
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Representation Parametrization/
Voxelization
free

Efficient
(scal-
able)

Distortion
free

Auto-
scale
capable

Approximates
Linear SS

CS3 Yes Yes Yes Yes Yes
Parametrization
[93]

No Yes No Yes Yes

Voxelization
[94]

No Yes No Yes Yes

Mean cur-
vature flow
[109]

Yes No No Yes No

Multiscale
MLS
[101, 70]

Yes No No No No

Mesh
saliency
[63]

Yes No No Yes Yes

Surface vari-
ation [100]

Yes No No Yes Yes

Table 5.1: Comparison of the different scale-space representations for 3D surfaces.

• the representation is capable of automatic scale recovery.

• the representation is efficient.

• the representation is stable against noise.

Table 5.1 provides a summarized comparison of the CS3 representation with other

scale-space representations for 3D surfaces.

Applications. The CS3 representation of a surface has many applications. We have

already seen its application in robust feature extraction. Additionally, the representation

enables robust local descriptor computations based on differential attributes of the surface.

These, in turn, lead to applications in shape matching tasks such as registration, recognition,

retrieval, and classification. In the next section, we discuss such an application in 3D sur-

face registration. In Chapter 6, we show another application of our proposed representation

in 3D face recognition. CS3 also has applications outside the realm of computer vision. For
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example, using reconstruction technique of [32], CS3 may be used for multiscale surface

fairing without the artifacts that are generally present in techniques that directly smooth the

geometry. Additionally, the representation may be used to implement the mesh saliency of

[63] more efficiently. This will expand the range of applications to mesh simplification and

automatic viewpoint selection. CS3 together with curvature-domain processing technique

of [32] may also be used for 3D shape morphing.

5.5 Application: Surface Registration

The feature extraction procedure described in the previous section together with the CS3

representation of the surface can be used in 3D matching tasks such as surface registration

and 3D object recognition. Given two surfaces, A and B, with arbitrary positions and

orientations in 3D, the goal is to align the two surfaces with each other such that the total

distance between corresponding points on the two surfaces is minimized. If one knows

the correct point correspondences between the two surfaces (i.e., which point on surface B

corresponds to a given point p on surface A), then registering the two surfaces is trivial;

the surfaces can be aligned with each other with at least three correct correspondences,

but more point correspondences will yield better registration results [44, 6]. However, in

most cases, no initial point correspondence is known between surfaces and this needs to

be established automatically. In this section we describe how the CS3 representation can

be used to establish such correspondences automatically, and ultimately register the two

surfaces.

5.5.1 Outline of the Method

Given two input surfaces A and B with arbitrary position and orientation, our proposed

registration algorithm consists of the following stages:

1. CS3 Computation. The CS3 representations of the two surfaces are obtained.
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2. Feature Point Extraction. The CS3 representation of each surface is used to extract

geometric feature points on each surface.

3. Principal Frame Computation. Principal Component Analysis (PCA) is used to

assign a local coordinate system, referred to as the principal frame, to each feature

point on the two surfaces.

4. Local Descriptor Computation. Local descriptors are computed at the extracted

feature points using the estimated LoC values in the neighborhood of the feature

points.

5. Registration. Finally, correspondences are established between points on the two

surfaces using the computed local descriptors and principal frames. These corre-

spondences are then used to register the two surfaces.

In this section, we skip the description of the first step of the algorithm since it has

already been discussed in the previous sections.

5.5.2 Feature Point Extraction

After the CS3 stack is built for each input surface, the local extrema of the estimated ∆norm

of surface curvatures (cf. Eq. (5.30)) are selected as candidate feature points at each level

in the stack. The features, which are the most persistent across scales are selected as the

features that are used in the registration process. We assign a scale to each feature point

by picking the highest level i where the ∆norm of the curvature response is greater than the

response at levels i−1 and i+1. If no such level can be found, the feature point is assigned

the maximum possible scale.

Fig. 5.9 shows the extracted features and their associated scales on the Bimba model

and its noisy version. Note the robustness of the extraction and scale assignment process

to noise, despite the high differential order of the features. The associated scale at a feature
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Figure 5.9: Feature extraction and scale assignment on the Bimba model and its noisy
version. The small red spheres indicate the position of the extracted features and the size
of the transparent blue spheres are used as indicators of the detected scale at the features;
the radii of the transparent spheres were picked proportional to the detected scales at the
features.

determines the level in the CS3 stack where its descriptor is computed in step 4 of the reg-

istration algorithm. The scale assignment makes the point-point matching process robust

to noise and variations in mesh resolutions between the models.

5.5.3 Principal Frame Computation

In matching applications, having the ability to assign a transformation-invariant local co-

ordinate frame to an interest point is essential, though not always necessary. This extra

information can dramatically improve the performance (robustness and time-efficiency) of

the matching application at hand (e.g., see [62, 38, 45]).

In 2D images, the gradient of image intensities at the pixel of interest is generally used

to assign an orientation to the point. The equivalent of such an approach for 3D surfaces is

to compute the gradient of the signal at the mesh vertices. We computed the gradients of

the smoothed signal at various scales and then used a weighted averaging scheme similar

to [77] to assign a tangent orientation to the point of interest. This approach, however, was
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not robust to large levels of noise. We speculate the problem mainly lies in the way the

gradients are computed at the vertices; in the implementation, we used a simple weighted

finite difference method to compute the gradient of the signal at the vertices of the mesh.

For 2D images, however, the gradient field of the input image is generally obtained by

convolving the image with a Gaussian derivative. The CS3 representation may also be

used for robust directional derivative computations—this is left for future work.

The robustness of the LoC map to noise and its coherence to the local geometry of the

3D shape make it a good candidate for use in local shape description and consistent orien-

tation assignment. In our final implementation, we used the principal component analysis

of the local neighborhood around the feature points to recover the principal directions. The

neighborhood size was selected proportional to the detected scale at the features and the

covariance matrix was weighted using the LoC values of the neighboring vertices. This

weighting scheme dramatically improved the matching performance (as opposed to using

uniform or Gaussian weighting). The eigenvectors of the weighted covariance matrix pro-

vide a set of three orthonormal directions, which can be used to construct a local frame at

the point of interest on the surface. This local frame is referred to as the principal frame.

The principal directions, however, provide only direction and not the orientation of the vec-

tors. The information about the normal orientation at the vertex can be used to resolve the

orientation ambiguity along the normal direction. The ambiguity of the other two direc-

tions on the tangent plane, however, cannot be easily resolved. We show how to deal with

the remaining orientation ambiguity when we discuss point-point matching.

5.5.4 Local Feature Descriptors

Both the curvature and LoC maps of the local neighborhoods of the feature points on the

surface provide a relatively robust and discriminative description of the local geometry

at the points. The descriptors which use the LoC values are more distinctive than those

that use the curvature information. On the other hand, the estimated LoC values in the
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(a) (b)

Figure 5.10: Point-point matching using local shape descriptors; for each feature point on
the left models in (a) and (b), a point with the most similar descriptor was found as its
correspondence on the other model.

CS3 representation may be dependent of the mesh resolution and perform poorly when the

resolution of the two surfaces are dramatically different. This is why the scale assignment

step in the feature extraction process is crucial.

The local descriptors in our final implementation were defined in terms of the weighted

histogram of the LoC values in the neighborhoods of the feature points. Given an asso-

ciated neighborhood size with a feature point, we compute the LoC histogram of all its

neighboring vertices. Each histogram bin is then scaled by the corresponding bin’s LoC

value. The histograms are represented in the form of high-dimensional descriptor vectors.

The L2 distance of these vectors is then used to measure the similarity between the feature

points.

5.5.5 Matching and Registration

Using the extracted feature points and their corresponding descriptor vectors, we perform

point-point matching which is then used to register the models. Even if the vertex matching

process is not accurate, this enables us to build a vertex priority queue based on the descrip-

tor distances which is then used to pick points to estimate the transformation between the
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models. The extracted feature points and the their corresponding descriptors are then used

to automatically register two 3D surfaces.

Let’s assume M1 is the reference scan and M2 is the second scan that needs to be

brought into the same coordinate frame as M1. Our registration algorithm proceeds as

follows:

First, feature points are extracted on both M1 and M2. This yields the point sets P =

{p1, p2, . . . , pn} and Q = {q1, q2, . . . , qm} for M1 and M2, respectively. Let ri be the

associated neighborhood size for each feature point pi. Using PCA, a local coordinate

frame is then assigned to each feature point on both scans. We then extract local descriptor

vectors at each feature point and store them in a high-dimensional kd-tree data structure

such as the Approximate Nearest Neighbor (ANN) [91].

For each point pi ∈ P , we find the set of its K-nearest neighbors in Q. That is, for

each pi ∈ M1, we obtain a set of possible candidate matches Li = {l1, . . . , lK |li ∈ Q}. In

our implementation we used K = 5. Fig. 5.10 shows an example of point-point matching

between pairs of partial scans. For each feature point on the left model, in both (a) and

(b), the figure shows the first match in Li that was found on the right model. Note that,

even though, some of the matches are not correct, a correct match may be present in the

remaining candidates in Li.

At least three points are required to align M2 with M1. At this stage, we use the asso-

ciated local frames for each feature point pi ∈ P , to obtain two additional points on M1.

Let vi1 and vi2 be the two principal directions tangent to the surface at pi. Two intermediate

points gj = pi + vijri (with j = {1, 2}) are computed. The two additional points for pi

on M1 are then obtained as the closest feature points on the mesh to g1 and g2. For each

possible match, lj ∈ Li, for pi, we use the same procedure to obtain two other points near

lj on M2. This yields a three point-pair correspondence between M1 and M2 and is used

to recover the missing transformation, T , between the models. Notice that, since we don’t

know the orientation of vij , the process needs to be repeated with gj = pi − vijri.
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The point-point matching procedure described in the previous paragraphs is used to

obtain a set of possible transformations T = {T1, . . . , Tk} that may be used to bring M2

into alignment with M1. For each Tk ∈ T, we then compute the error functional

Ek =
∑
pi∈P

‖pi − T (qi)‖ , (5.42)

where qi is a feature point on M2 which is closest to T−1(pi). Finally, the Tk which yields

the smallest Ek is used to register M2 with M1.

We tested our proposed algorithm in a few pairwise surface registration tasks. Fig. 5.11

shows the registration results without use of a local registration algorithm such as the Iter-

ative Closes Point (ICP).

5.6 Application: Line Extraction with Automatic Scale Se-

lection

In this section, we briefly describe how the CS3 representation may be used to robustly

extract crest lines [128, 43] on 3D models. Additionally, we show preliminary results for

using the scale selection mechanism to detect the varying scales on the extracted lines.

Let κ0, κ1 (with |κ0| ≥ |κ1|) be the principal curvatures with corresponding princi-

pal directions ~t0,~t1, at a point on the surface. κ0 is referred to as the maximal principal

curvature (or simply maximal curvature). The extremality coefficient e is defined as the

directional derivative of the maximal curvature in the corresponding principal direction:

e = 〈~∇κ0,~t0〉. Depending on the sign of κ0, e is referred to as the minimal (emin, when

κ0 < 0) or maximal (emax, when κ0 > 0) extremality coefficient. The zero-crossings

of emax correspond to ridges on the surface, and the zero-crossings of emin correspond to

valleys. Here, we do not distinguish between ridges and valleys and only work with the

absolute value of κ0. Therefore, in short, crest lines are defined as the locus of points
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(a) (b)

(c) (d)

(e) (f)

Figure 5.11: Results of the proposed pairwise registration algorithm on a few sets of scans:
(a) complete Bimba model with its noisy version, (b) two partial scans of a buste model,
(c) two partial scans of the Gargoyl model, (d) different scans of the Gargoyl model, (e)
two partial facial scans, (f) partial scans of a bee model.
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(a) (b)

Figure 5.12: Extracting crest lines on (a) a cup model, and (b) its noisy version.

where:

e = 〈~∇κ0,~t0〉 = 0, and 〈~∇e,~t0〉 < 0 . (5.43)

Starting from an initial estimation of the curvature tensors at the vertices on the surface,

we proceed by first building the CS3 representation of the surface. Since, we also need

the principal directions, when computing the extremality coefficients, the CS3 stack is

obtained a bit differently from the original formulation. Instead of smoothing the principal

curvatures on the surface, we smooth the curvature tensor itself. The principal curvatures

and directions are subsequently extracted from the smoothed curvature tensors at each level.

Finally, the extremality coefficients and their derivatives are computed using the smoothed

curvatures. The crest lines are extracted by finding the edges on the polygonal mesh where

the zero-crossings of the coefficients occur. Fig. 5.12(a) shows the extracted crest lines

on a cup model. Fig. 5.12(b) shows the result of the same extraction procedure applied

to a noisy version of the same model. As can be seen, despite the fact that extracting the

crest lines requires up to the 4th order derivative computations, the crest line extraction

procedure is stable in the presence of noise.

The scale selection mechanism may be used to recover the scale along each of the

extracted crest lines. We define the edge strength at a point p on the surface as s(p) =
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(a) (b) (c)

Figure 5.13: Crest line extraction with automatic scale selection: (a) extracted crest lines
on the Bimba model, (b,c) recovered scales at the lines; the thickness of the lines is chosen
proportional to the recovered scales at the individual points on the lines.

|κ0(p)| − |κ1(p)|. Consequently, we use the following scale-normalized edge strength for

scale selection:

snorm(p) = t
1/2
i s(p) = t

1/2
i (|κ0(p)| − |κ1(p)|) . (5.44)

For each point on an extracted crest line, we look at the scale-normalized edge strengths,

across scales. The first level where a local maximum is found is assigned as the scale

associated with the point. Fig. 5.13 shows the extracted crest lines and their recovered

scales on a 3D model. This scale selection mechanism may be used to combine all the

extracted lines at the various scales in the stack to obtain one representative set of crest

lines for the model. This is left as future work.

5.7 Summary

In this chapter, we introduced the Curvature Scale Space 3D (CS3) representation for sur-

faces. We showed its clear advantages over the previous scale-space based methods. The

proposed representation is computationally efficient, insensitive to noise, and capable of

automatic scale recovery. We showed how the CS3 representation may be used to perform
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feature extraction on 3D models with automatic scale selection. Applications of the CS3

representation and the proposed feature extraction technique were discussed for various

shape matching tasks. We showed how CS3 may be used in an automatic surface regis-

tration system. Even though, the presented registration algorithm was crude, it produced

acceptable results due to the robustness of the CS3 representation.

In future work, we will improve the efficiency of the CS3 computation by performing

mesh decimation at the coarser levels of the CS3 stack. Additionally, we did not perform

any post-processing of the extracted features. Some of the features belonged to regions

with low surface variations or lied along surface edges. The removal of these features will

improve the performance in the shape matching tasks. We are investigating how the CS3

representation may be used for robust directional derivative computations on the surface.

Having such a capability will help in robust extraction of other types of features, such as

crest lines, on 3D surfaces.



Chapter 6

3D Face Recognition using CS3

“If I make the lashes dark
And the eyes more bright
And the lips more scarlet, ...
I’m looking for the face I had
Before the world was made.”

–William Butler Yeats

In this chapter, we present applications of our proposed CS3 representation in automatic

3D face detection and matching. In Sec. 6.1, we show an application of our approach

to a partial shape matching task involving the detection of human faces on 3D models

without any assumptions about the scale of the models. In Sec. 6.2, we use the outputs of

our face detection system in a 3D face recognition system and show how our multiscale

representation can be used to optimize performance of the recognition system.

Fig. 6.1 shows examples of input surfaces on which we seek to find the location and

Figure 6.1: Examples of possible inputs to our face detection system.

137
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(a) (b) (c) (d) (e) (f)

Figure 6.2: Multiscale 3D face detection pipeline. (a) original model; (b) extracted key-
points; (c) detected location, orientation, and scale of the face region; (d) auxiliary facial
features extracted from the face region; (e) cropped and remeshed face region; (f) reference
face.

extent of a human face. Note that these surfaces come from different sources, have arbi-

trary scale, and may also contain facial expressions. To provide an insight into our face

detection approach, we first present the general steps involved in the automatic detection

of human face on arbitrary 3D models. In Fig. 6.2, we show the general steps involved

in the detection task: first, a set of interesting keypoints are extracted on the surface of

the model (Fig. 6.2(b)). Using these extracted keypoints, the relative location, orientation,

and scale of the model (Fig. 6.2(c)) is obtained with respect to a reference face model

(Fig. 6.2(f)). Using this information, the locations of other important facial features are

identified (Fig. 6.2(d)). Finally, using the new set of facial features in Fig. 6.2(d), the face

region is extracted from the input model (Fig. 6.2(e)).

The face extraction process generates a remeshed version of the cropped face in a man-

ner consistent between all models. Therefore, the output of the face detection process can

directly be fed into a 3D face recognition algorithm. Note that unlike the majority of au-

tomatic 3D face detection systems [84, 7], the proposed detection scheme does not make

any assumptions about the relative pose or scale of the input models. In Sec. 6.2, we show

how the CS3 representation can be used to form feature vectors, which are used in the

face recognition system. We also show that due to the stability and discriminative power

of the CS3 representation, our recognition system is capable of outperforming the current

state-of-the-art 3D face recognition systems.
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6.1 Application: Automatic Face Detection

In this section, we describe how our proposed CS3 representation can be used to detect

the face region on 3D surfaces containing human faces with arbitrary scale, orientation,

and translation. The detection system consists of two main stages. In the offline (training)

stage, a classifier is trained with a set of 3D human faces, which consists of faces both with

and without expressions. The online (matching) stage involves the actual detection of the

face on an input 3D surface. Sec. 6.1.1 describes the training stage, while the matching

stage of the algorithm is described in Sec. 6.1.2.

6.1.1 Face Detection: Training

The objectives of the training phase are:

• Facial feature identification and AFM computation: special facial features (e.g., the

nose tip, eyes, chin, etc) are manually specified by a user on the 3D models in the

training set. These features are used to align the 3D face models in the training set

with each other. The aligned models are then cropped so that only the face region is

included and consequently an Average Face Model (AFM) is computed by averaging

all the cropped faces in the training set. The AFM is later used in the matching stage

of the face detection algorithm.

• Face region descriptor computations: local shape descriptors are computed on the

nose tips of the faces in the training set. These descriptors are used to define the

distance (dissimilarity) measure between 3D surfaces that is needed to detect the face

region in the matching stage. This is done by converting the descriptors into feature

vectors and estimating the class conditional probability density function (pdf) of the

face class in the feature space.
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(a) (b) (c)

(d) (e) (f)

Figure 6.3: Face mask generation steps; (a) the initial points defining the domain mesh are
selected on the input 3D model; (b) the initial domain mesh is obtained; (c) the domain
mesh after 1 butterfly subdivision; (d) projection of the subdivided domain mesh onto the
input face model; (e,f) the results of the subdivision and projection procedure applied to
the initial domain mesh after 3 and 6 iterations, respectively.
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Facial Feature Identification and AFM Computation

In this step, a user manually selects a predefined set of facial feature points on each 3D

face in the training set. Fig. 6.4(a) shows the locations of the features used by our detection

system. The facial features are used to obtain a cropped version of the input surfaces such

that only the face region is contained. We use a similar approach to [69] to obtain the

cropped and remeshed surfaces. The resulting cropped surface is referred to as the “face

mask”. In Fig. 6.3, we summarize the steps involved in creating the face mask from an

input surface. The facial feature points are additionally used to register all the face masks

with each other using the approach of [6], followed by an Iterative Closest Point (ICP) [13]

iteration to refine the alignment. The registered face masks are then averaged together to

obtain the AFM. An example of the AFM is shown in Fig. 6.4(c).

(a) (b) (c)

Figure 6.4: (a) Facial feature selection on a 3D surface; (b) cropped face region; (c) average
face model obtained by averaging a few of the cropped faces in the training set.

Face Region Descriptor Computations

Local shape descriptors are used to detect the face region on an input 3D surface. In our

implementation, the descriptors are height maps, which are in each case centered at a point

with an associated set of basis vectors. In Sec. 6.1.2, we describe how these descriptors and

their corresponding feature vectors are computed. In this section, we show how these local

descriptors are used to estimate the probability that a given point and its neighboring region
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on a 3D surface correspond to a human face; the face region is assumed to be centered at

and represented by the nose tip.

Let cf denote the “face class” in the feature space. The objective of this step in the

training phase is to estimate the class conditional pdf p(z|cf ), where z ∈ RD denotes a

point in the feature space. This information is then used to define a dissimilarity metric

in the feature space, which measures the distance of all feature points from the face class.

Throughout, it is assumed that p(z|cf ) can be estimated by a D-dimensional Gaussian with

mean µcf and covariance matrix Σcf . Under this assumption, the mean and covariance

matrix of the distribution is estimated from the feature vectors in the training set as

µcf = 1
M

∑
z∈Zcf

zm , Σcf = 1
M

∑
z∈Zcf

(zm − µcf )(zm − µcf )> , (6.1)

where Zcf = {zm}Mm=1 denotes the set of feature vectors from the face class in the training

set. In cases, where it is known that the distribution is multi-modal, and the above Gaussian

assumption does not hold, more complicated models such as mixture of Gaussians may be

used [86, 105].

Under the Gaussian assumption, the squared Mahalanobis distance,

d2
cf

(z) = (z− µcf )>Σ−1
cf

(z− µcf ) , (6.2)

is the sufficient statistic for p(z|cf ). Therefore, in the matching stage, given an input 3D

surface,M, the goal is to find a point p ∈ M, with corresponding feature vector z ∈ RD,

which minimizes Eq. (6.2).

The high dimensionality of the feature vectors generally prevents one from directly

computing Eq. (6.2). Additionally, in most cases, the number of samples in the training

set is much smaller than the dimension of the feature space (D � M ). This results in a

singular covariance matrix Σcf , and therefore, Eq. (6.2) cannot be computed reliably. Even

if the covariance matrix is non-singular, evaluating Eq. (6.2) is computationally expensive,
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as it involves two D-dimensional matrix-vector multiplications.

The most popular class of approaches for dealing with the above-mentioned problems

is to use subspace projection methods such as the Principal Component Analysis (PCA). In

these approaches, the major principal components of the data in the training set are found

and the data from both the training and test sets are projected onto the subspace defined

by these components. The main problem with this class of approaches is that too much

information is discarded. In [86], the authors propose a PCA-based probabilistic approach

that retains information about the less significant principal components of the data, which

is generally discarded in other PCA-based approaches. They show this modification, as

expected, improves the performance of the detection system. We follow a similar approach

in our detection system.

Let

Σcf = UΛU> (6.3)

denote the eigendecomposition of Σcf , where orthogonal matrix U = (u1 · · ·uD) and

diagonal matrix Λ = (λi,j)D×D contain the eigenvectors and the corresponding eigenvalues

of Σcf , respectively. The column vector ud denotes the dth eigenvector of Σcf and its

corresponding eigenvalue is given by λd = λd,d. The eigenvalues in Λ are assumed to

be ordered in the descending order; i.e., λ1 ≥ · · · ≥ λD. If Σcf is full rank, then the

eigenvectors ud span the feature space, and any point z = (z1 . . . zD)> ∈ RD in this space

can be given new coordinates

y = U>(z− x̄cf ) = U>ẑ , (6.4)

where ẑ = (z − x̄cf ), and y = (y1 . . . yD)> ∈ RD. The squared Mahalanobis distance of

Eq. (6.2) is given in terms of y as

d2
cf

(z) = ẑ>Σ−1
cf

ẑ = ẑ>UΛ−1U>ẑ = y>Λ−1y =
D∑
d=1

y2
d

λd
. (6.5)
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To reduce the dimensionality of the data, and as a result increase the computational

efficiency and stability of the detection system, the data is projected onto the subspace

spanned by the K major eigenvectors of Σcf , namely, ud for d = 1, ..., K. The squared

Mahalanobis distance, d2
cf

(z) in Eq. (6.5), can then be decoupled in the form

d2
cf

(z) = ẑ>Σ−1
cf

ẑ = y>Λ−1y =
D∑
d=1

y2
d

λd
=

K∑
d=1

y2
d

λd
+

D∑
d=K+1

y2
d

λd
. (6.6)

Since a partial eigendecomposition of Σcf with K major eigenvalues is obtained, the first

summation in the above equation can be computed in a straightforward manner. The second

summation can only be approximated since the remaining eigenvalues are not recovered.

Define ε2(z) as the squared Euclidean distance between z and its projection onto the prin-

cipal eigenspace,

ε2(z) =
∑D

d=K+1 y
2
d = ‖ẑ‖2 −

∑K
d=1 y

2
d . (6.7)

It can be shown [86] that the second summation in Eq. (6.6) is approximated as

D∑
d=K+1

y2
d

λd
≈ 1

ρ

N∑
d=K+1

y2
d =

ε2(z)

ρ
, (6.8)

where

ρ =

∑D
d=K+1 λd

D −K
. (6.9)

λd, for d = K + 1, · · · , D, are estimated by fitting a function of the form f(x) = 1/x to

the known principal eigenvalues.

Using the above observations, given a feature vector z, the dissimilarity measure of

Eq. (6.2) is approximated as

d2
cf

(z) ≈
K∑
d=1

y2
d

λd
+
ε2(z)

ρ
. (6.10)

As mentioned previously, in the matching stage, the candidate point whose feature vector
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yields the smallest dissimilarity is picked as the nose tip.

6.1.2 Face Detection: Matching

The main goal of the online stage of the algorithm is to identify the location, orientation,

and scale of the face region on an input surface. This region is centered at the nose tip

because the nose bridge helps establish orientation and symmetry, and its high curvature is

easily detected using our keypoint extraction method. This is accomplished in the following

steps:

1. Keypoint extraction: the CS3 representation of the surface with L levels is con-

structed. The keypoints at each level are selected as the mesh vertices whose LoC

values are locally maximum or minimum. Additionally, a local scale is assigned to

each extracted keypoint.

2. Scale alignment: using the extracted keypoints and their corresponding scales, the

relative scale of the input surface with respect to a reference face model in the training

set is found, and consequently adjusted.

3. Local descriptor computation: the local geometry of the surface and its CS3 repre-

sentation are used to construct multiple local coordinate systems and shape descrip-

tors at each extracted keypoint.

4. Detection: a classifier is used to determine which keypoint with its associated local

shape descriptor corresponds to the most likely location of the face region on the

input surface.

Keypoint Extraction and Local Scale Estimation

Keypoint extraction is performed by first building the CS3 representation of the surface

and consequently finding the local extrema of the estimated Laplacian of surface curvatures
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(a) (b)

Figure 6.5: Extracted keypoints on a 3D model at scale t = 21.7; the false-colors in (b)
reflect the response of the ∆si (Eq. (5.31)) at each vertex on the model.

(LoC) in the constructed stack (see Eq. (5.30)). An approach similar to Lowe’s [77] is used

to select the keypoints on the input model. See Sec. 5.2 for more details on the approach.

Note that since the signal that is being smoothed in our representation is the estimated

surface mean curvatures, the extracted keypoints correspond to locations of blob-like fea-

tures on the surface; this is visually verified in Fig. 6.5. Since we are interested in iden-

tifying the location of the nose tip, these features provide an ideal choice for this task.

Additionally, the size of each blob is estimated by the associated scale of the keypoint at

that location using Eq. (5.33).

Global Scale Adjustment

One advantage of estimating the size of the surface structures, as described in Sec. 5.2 and

Sec. 6.1.2, is that the computed values are intrinsic to the surface. By intrinsic we mean

that scaling (resizing) or changing the resolution (number of vertices per unit area) of the

surface will not significantly affect the detected radii of the structures relative to the actual

structure sizes. For example, if the surface in Fig. 6.6(a) is scaled by a factor of 10, the size

of the nose on the surface as well as the automatically detected radius of the keypoint on
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Figure 6.6: Automatic scale selection at a few locations on the surface of the Caesar model.

the nose tip as estimated by Eq. (5.33) will be scaled by the same factor.

The relative scale of an input 3D surface with respect to the 3D face models in the train-

ing set can therefore be estimated by comparing the detected sizes of the surface structures.

To do this, the median radius of the surface structures on the surfaces in the training set are

computed offline. Similarly, the median radius of the structures on the input 3D surface

are computed. The ratio of these radii are then used to estimate and then adjust the relative

scale of the input model with respect to the models in the training set.

Local Shape Descriptor Computation

Since we are interested in detecting human faces on a wide range of 3D models, instead

of using the LoC values—which are of high differential order—we choose to use the po-

sitional information of the vertices. Given a keypoint and the estimated size of the face

region (obtained from the faces in the training set), we construct a local coordinate system

at the point and represent the positions of its neighboring vertices in the form of a height

map. We use the Multilevel B-Splines Algorithm (MBA) [64], to obtain a continuous map

of the local neighborhood around the keypoint, which is then turned into an image; the

MBA helps fill the gaps in the image, which are present due to missing data in the input

surface. The resulting height image defines the local descriptor employed by our detection

system. Fig. 6.7 shows examples of the constructed height maps at two locations on a 3D
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model.

The local coordinates at the keypoints need to be constructed in a manner which is

invariant to any transformation the 3D model may undergo. We use PCA of the local

neighborhood around each point of interest to construct the local coordinate system. Let

p0 denote the keypoint where the local coordinate system is being constructed, and let

k1 ≥ k2 ≥ k3 ≥ 0, u1, u2, u3 denote the eigenvalues and unit eigenvectors of the covariance

matrix of the vertex positions in the neighborhood around p0, respectively. u3 approximates

the normal direction, while u1 and u2 span the tangent plane at p0. u3 defines the z direction

of the constructed local coordinate system, and u2 and u1 define the directions of the x and

y axes, respectively.

Since the eigenvectors provide only information about direction and not orientation, we

make the following adjustments: u3 is adjusted so that it has the same orientation as the

surface normal at p0, while the orientations of u1 and u2 are changed such that u2×u1 = u3.

u1 and u2 may still be rotated by 180 degrees. To overcome this ambiguity, we create two

height maps using the two possible orientations. In the detection stage, both maps are used,

and the one with the worst performance is discarded.

In our implementation, the covariance matrix was weighted by the LoC values at each

vertex. The weighting scheme helped the two major eigenvectors of the covariance matrix

to be better-aligned with the underlying elongated structures of the surface at each keypoint.

Detection

The goal of the detection stage is to find the location of the face region on an input 3D

surface by using the computed local descriptors at the extracted keypoints. Each local

descriptor is converted into a feature vector by concatenating the rows in its height map

image. Let zi denote the feature vector associated with keypoint i, and let Z = {zi}Ii=1

be the set of all such feature vectors extracted on the input surface. The ideal objective of

detection would then be to identify all zi’s which correspond to a face region—and as a
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(a) (b) (c)

Figure 6.7: Computed height maps at two locations of a 3D model. The large transparent
spheres in (a) show the radii of the neighborhoods used when computing the height maps.
The descriptors for the eye and nose regions are shown in (b) and (c), respectively.

result, having the ability to identify multiple faces on the same model. However, in this

work, we seek to solve a simpler problem, namely, finding the most likely keypoint that

belongs to the face region. The detection task is therefore to find z∗, minimizing d2
cf

(zi)

among all zi ∈ Z, where d2
cf

denotes the estimated squared Mahalanobis distance as defined

by Eq. (6.2).

Once the most likely location of the face region is identified on the input surface, we use

its location and associated local coordinate system to obtain an initial guess for the relative

pose of the input with respect to the AFM in the training set. The estimated position and

orientation are then iteratively improved using the ICP algorithm [13]. In each iteration,

we also improve the initial guess for the scale by finding s that minimizes

E =
∑

pi∈Mafm

min
qj∈Min

‖pi − sqj‖2 , (6.11)

where Min and Mafm denote the point-sets corresponding to the input surface and the

AFM, respectively. Both surfaces are assumed to have been translated so that the nose tip

is at the origin. This prevents the scaling operations from changing the relative positions of

the nose tips between the two surfaces.
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We iteratively minimize Eq. (6.11) by first finding

qi = arg min
q∈Min

‖pi − sq‖2 , (6.12)

for each pi ∈ Mafm, where s denotes the current guess for the scale. Eq. (6.11) then

becomes

E2 =
∑

i∈|Mafm|

‖pi − sqi‖2 , (6.13)

where |Mafm| denotes the size of the point-set corresponding to surfaceMafm. Since E2

is quadratic in s, the s∗ minimizing it can be found by taking its partial derivative with

respect to s and setting the result to zero:

s∗ =

∑
i∈|Mafm| p

>
i qi∑

i∈|Mafm| q
>
i qi

. (6.14)

The resulting s∗ then replaces the current guess for scale s in Eq. (6.11) and the above steps

are iterated K times.

Once the input surface has been aligned with the AFM, the locations of auxiliary facial

features, which were specified in the training phase, are identified on the surface. Fig. 6.8(a)

shows the locations of these features, which were automatically detected by our system on

an input model. These features are then used to crop and remesh the face region using

a subdivision scheme similar to [69] (see Fig. 6.3 for a summary of the steps involved).

Fig. 6.8(b) shows an example of the final result produced by our face detection procedure.

Note that in [69], the locations of the facial features on the input model were specified

manually, whereas our system detects them automatically.

6.1.3 3D Face Detection Results

We tested the performance of our detection system on a dataset of 1068 models, which

included artificial models with human faces and more than 1000 3D scanned human faces
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(a) (b)

Figure 6.8: (a) Automatically detected facial features, and (b) the resulting extracted face
region.

from the FRGC dataset [34]. The majority of the FRGC scans where from Spring 2003,

which included large portions of clothing. All models were randomly scaled (by a factor in

the range (0, 1000]) and rotated prior to detection. The correct detection rate of the system

was 92.13%. The required time to build the CS3 representation with 35 levels for a model

with approximately 113.5K vertices was 32secs on a 2.4GHz CPU. The overall detection

time on the same model was 180secs.

As mentioned previously, the output of the detection system, which results in normal-

ized and compatibly remeshed 3D surfaces, can directly be used in a 3D face recognition

system. Additionally, the extracted 3D faces may be used in automatic 3D processing tasks

such as swapping of facial features between 3D faces. We employed the differential coor-

dinates approach of [2] to enable a user to automatically specify and swap facial features

between various face models. For example, Fig. 6.9 shows an example of a warping task

involving three different faces. Our system allowed the user to easily specify which fa-

cial features on the source face (Fig. 6.9(c)) were to be replaced by the ones on the target

faces (Fig. 6.9(a) and Fig. 6.9(b)); Fig. 6.9(d) shows the resulting hybrid face. Since the

faces were normalized and the meshing was consistent between the surfaces, the user only

needed to specify the location and region of influence of the features on the source face.
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The resulting hybrid faces may, in turn, be used to generate new faces and extend the size

of a training set in a face recognition system.

(a) (b) (c) (d)

Figure 6.9: Automatic 3D face warping results. (a) target mouth; (b) target nose; (c) source
face; (d) resulting hybrid face.

6.2 Application: 3D Face Recognition

We tested the discriminative power of our proposed scale-invariant Laplacians of surface

curvatures in a simple PCA-based 3D face recognition system. The face regions on the

input 3D surfaces were automatically detected and cropped using the procedure described

in the previous section. In cases where the automatic face detection failed, a manual pro-

cedure was used to extract the face region from input surfaces.

As mentioned previously, the face mask extraction process results in consistently remeshed

face regions. By “consistent,” we mean that all meshes have the same number of vertices

and a one-to-one correspondence between the vertices on the meshes is known. This prop-

erty simplifies the process of converting the meshes into feature vectors, which are used for

recognition. In the previous section, we used the resulting face masks, to generate hybrid

3D faces. However, the main application in mind for the face masks, as first proposed in

[69], is 3D face recognition.

A large body of literature exists on 2D and 3D face recognition [108, 1]. For example,
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approaches such as the Bayesian face recognition of [85], or face recognition using sparse

representation [141, 69] may be used for this task. However, in our face recognition system,

we employ the most well-known approach of eigenfaces [118]. We choose this approach

due to its simplicity and ease of implementation. More importantly, this choice enables

us to attribute the superior performance of our recognition system (see Sec. 6.2.2) to its

feature extraction component, rather than the classifier it employs.

In Sec. 6.2.1, we discuss the steps involved in the training and recognition phases of

our algorithm. In Sec. 6.2.2, we present the recognition results of our system on different

datasets and compare its performance against other state-of-the-art 3D face recognition

techniques.

6.2.1 3D Face Recognition using CS3 Representation

In both the training and recognition stages of our algorithm, each face mask fm with N

vertices is converted into anN -dimensional feature vector by first constructing its CS3 rep-

resentation and computing the scale-invariant Laplacians of Curvatures (si-LoC) at some

level l in the CS3 stack (see Eq. (5.31)); the optimal choice of l is discussed in the results

section. The feature vector is then formed by arranging the si-LoC values of the mesh ver-

tices into an N -dimensional vector. Since the face masks for all faces are obtained using

the same procedure, the vertices in all meshes have the same ordering and, as a result, the

constructed feature vectors are consistent. We denote the feature vector corresponding to

face mask fm by vector xm ∈ RN .

Each vector xm corresponds to a point in the N -dimensional feature space. Under

the assumption that the feature vectors are constructed judiciously, multiple feature vectors

corresponding to different 3D scans of the same individual are expected to form a cluster in

the feature space. The objective of the training phase is then to obtain information about the

characteristics (e.g., the shapes) of these clusters. In the recognition phase, this information

is used to decide to which cluster a given input feature vector belongs. Therefore, in this
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paradigm, face recognition is treated as a feature classification problem.

In this work, the eigenfaces approach that we employ is a simple nearest neighbor clas-

sifier. As mentioned previously, we show that despite this choice, our system is capable

of outperforming most state-of-the-art 3D face recognition techniques. We argue that this

good performance is due to both the discriminative power of our feature vectors and their

resilience to noise. In this application domain, the noise may be due to surface perturba-

tions or facial expressions in the input faces.

3D Eigenfaces

Let X = {(xm, cm)}Mm=1 be the training set; xm ∈ RN and cm denote themth feature vector

and its associated class in the training set, respectively. Let

µ =
1

M

M∑
m=1

xm , Σ =
1

M

M∑
m=1

(xm − µ)(xm − µ)> (6.15)

denote the mean vector and covariance matrix of the feature vectors in X. The eigende-

composition of Σ is given as Σ = ΦΛΦ>, where the N ×N matrices

Φ =


| |

u1 . . . uN

| |

 and Λ =


λ1 0

. . .

0 λN

 (6.16)

contain the eigenvectors and eigenvalues of Σ, respectively. It is assumed that the eigen-

values are ordered in the descending order; i.e., λ1 ≥ . . . ≥ λN ≥ 0.

In the case of face recognition, where each xm is derived from a face model, the K-

major eigenvectors u1, . . . ,uK are referred to as “eigenfaces”. The eigenfaces span a K-

dimensional subspace of the feature space with the smallest total orthogonal distance from

the feature points in the training set. Therefore, the projection of the feature vectors onto

the subspace spanned by the eigenfaces results in dimensionality reduction of the feature
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vectors, with the minimal loss of variance. We refer to the subspace spanned by the eigen-

faces simply as the eigenspace. When N � K, this dimensionality reduction enables

efficient processing of the data, which would otherwise be computationally prohibitive.

In the eigenfaces approach, both the training and test sets are projected onto the eigenspace,

and the classification tasks are performed in this space. Let x′ ∈ RK denote the projection

of feature vector x ∈ RN onto the eigenspace:

x′ = U>(x− µ) , (6.17)

where

U =

(
u1 . . . uK

)
N×K

. (6.18)

Let set X′ = {(x′m, cm)}Mm=1 denote the transformed training set obtained by projecting the

feature vectors in the training set onto the eigenspace. In the recognition phase, classifi-

cation is performed by assigning each test feature vector xt ∈ RN to class c∗ of x∗ ∈ X,

which satisfies

(x∗, c∗) = arg min
(x′m,cm)∈X′

‖x′t − x′m‖p , (6.19)

where x′t = U>(xt − µ), and ‖ · ‖p denotes the Lp-norm in RK , for some p ≥ 1. The

optimum choice of p is discussed in Sec. 6.2.2.

6.2.2 3D Face Recognition Results

We tested the performance of our proposed 3D face recognition system on the publicly

available GavabDB dataset [89], which contains 3D face scans of 61 individuals. This

dataset is much noisier and of lower resolution than the FRGC dataset [34]. The scanned

faces for each individual in GavabDB contains the following poses and expressions: 1 scan

looking up, 1 scan looking down, 2 frontal scans, 1 scan with random gesture, 1 scan with

laughter, and 1 scan with smile.
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Pose Acc. Group Group acc. Overall
Looking down 95.08%

Neutral 96.31%

95.42%

Looking up 93.44%
Frontal 1 98.36%
Frontal 2 98.36%
Random gesture 88.52%

Non-neutral 94.54%Laughter 96.72%
Smile 98.36%

Table 6.1: Face recognition results on GavabDB. The pose column indicates which class of scans
was taken as the test set while the remaining scans were used as the training set. Column 3 indicates
which scans contained facial expressions. Columns 4 and 5 show the neutral/non-neutral and overall
correct recognition rates of the system, respectively. Level l = 10 of the CS3 stack was used to form
the feature vectors, and the L1-norm was as the distance metric in the feature space.

In the first set of tests, we followed the same leave-one-out cross-validation procedure

as in [69] to test the correct accuracy rate of our recognition system. In each trial, one class

of faces (e.g., scans looking up) were used as the test set and the remaining faces in the

dataset were used as the training set. The recognition accuracy was measured as the per-

centage of times the system returned the correct individual for each query face from the test

set. Table 6.1 shows the correct recognition rates of our system for each test set. In the ex-

periments, si-LoC values at level 10 of the CS3 stack were used to form the feature vectors

for both the training and test sets. Additionally, the L1-norm was used in the matching stage

of the algorithm, when searching for nearest neighbors in the eigenspace. The test sets in

Table 6.1 have been grouped together into two categories of “neutral” and “non-neutral”,

to indicate which of the sets contained facial expressions. The accuracy rates for the two

groups (column 4), and the overall accuracy of the system (column 5) were computed by

averaging their associated rows in column 2 of the table.

Since CS3 is a multiscale representation, a level l from the CS3 stack must be selected in

order to construct the feature vectors which are used for training and matching. Therefore,

l is an unknown parameter whose optimal value must be estimated using the training set.

Other parameters that will also influence the performance of the system are the initial time

step, λ0, and the factor, δ, by which the step size is increased at each level in the CS3
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Figure 6.10: Plots of the correct recognition rates of the system for different classes of test
sets as functions of the CS3 level. At each level, the si-LoC values were used to form the
feature vectors. In these experiments, the L1-norm was used to find the nearest neighbors
in the eigenspace.

stack (see Eq. (5.23)). Throughout this work, we used the following values for these two

variables: λ0 = 1.0, δ = 1.2. However, the value of l must be picked more carefully as it

has a larger influence on the performance of the system.

In Fig. 6.10, we show how the performance of our recognition system, is affected by

the choice of l, for each class of test sets. In all cases the accuracy first increases and then

decreases. Additionally, Table 6.2 uses the data from Fig. 6.10 to show how the recognition

rates for the neutral/non-neutral groups of test sets are influenced by the choice of the CS3

level. As can be seen, again level l = 10 yields the optimal performance for both classes of

tests.

We define the optimal CS3 level for recognition, as the level where the overall accuracy

of the system is maximal. Procedure FindOptimalLevel in Alg. (1) summarizes the

steps involved in finding the optimal level l∗, using only the training set. The procedure

may be iterated a number of times to obtain a set of values for l∗; the arithmetic mean or

median of these values may then be used to select the optimal level.

The choice of the distance function used by the classifier is another issue that needs to

be investigated. We tested the performance of our system using different distance metrics in

Eq. (6.19). Fig. 6.11 and Table 6.3 show the detection results of the same set of experiments
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Level Neutral Non-neutral Overall
1 0.7254 0.6174 0.6714
2 0.7622 0.6939 0.7281
3 0.8073 0.8142 0.8107
4 0.8975 0.8633 0.8804
5 0.9221 0.9016 0.9118
6 0.9426 0.9125 0.9275
7 0.9508 0.9234 0.9371
8 0.9467 0.9344 0.9405
9 0.9549 0.9344 0.9446
10 0.9631* 0.9454* 0.9542*
11 0.9631 0.9344 0.9487
12 0.9590 0.9180 0.9385
13 0.9631 0.9289 0.9460
14 0.9508 0.9071 0.9289
15 0.9467 0.9234 0.9351
16 0.9057 0.8961 0.9009
17 0.8893 0.8852 0.8872
18 0.9016 0.8907 0.8961
19 0.8606 0.8469 0.8538
20 0.8319 0.7978 0.8148
21 0.8155 0.7868 0.8012
22 0.7663 0.6939 0.7301
23 0.7172 0.6502 0.6837
24 0.6762 0.6065 0.6413
25 0.6065 0.5409 0.5737
26 0.5696 0.5573 0.5635
27 0.5163 0.4754 0.4959
28 0.4549 0.3770 0.4159
29 0.4262 0.3114 0.3688
30 0.3524 0.2459 0.2991

Table 6.2: The accuracy rates of the system for different choices of the CS3 level where the
si-LoC values are picked to form the feature vectors; the L1-norm was used for matching.
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Algorithm 1 FindOptimalLevel
Input: Training set T = {(fm, cm)}Mm=1, p ≥ 1
Output: Optimal CS3 level l∗

1: Build CS3 stack with L levels
2: for each level l ∈ {1, . . . , L} do
3: for m = 1 to M do
4: Obtain feature vector xm from fm using CS3 values at level l
5: end for
6: X← {(xm, cm)}Mm=1

7: µ← 1
M

∑M
m=1 xm

8: Σ← 1
M

∑M
m=1(xm − µ)(xm − µ)>

9: Build U from eigendecomposition of Σ (Eq. (6.18))
10: Partition X into two sets Xtrain = {(xr, cr)}Rr=1 and Xtest = {(xs, cs)}Ss=1

11: for each xr ∈ Xtrain do
12: x′r ← U>(xr − µ)
13: end for
14: X′train ← {(x′r, cr)}Rr=1

15: for each xs ∈ Xtest do
16: x′s ← U>(xs − µ)
17: end for
18: X′test ← {(x′s, cs)}Ss=1

19: correctl ← 0
20: for each (x′s, cs) ∈ X′test do
21: (x∗, c∗)← arg min

(x′r,cr)∈X′
train

‖x′s − x′r‖p

22: if cs = c∗ then
23: correctl ← correctl + 1
24: end if
25: end for
26: correctl ← correctl

S

27: end for
28: l∗ ← arg max

l∈{1,...,L}
correctl
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Figure 6.11: Plots of the correct accuracy rates of our recognition system for different
classes of test sets as functions of the level in CS3 stack. The same experiments as in
Fig. 6.10 were run, except that here the L2-norm was used for matching, instead of the
L1-norm.

as the ones shown in Fig. 6.10 and Table 6.2, except that the L2-norm (Euclidean distance)

was used by the classifier in the matching stage of the algorithm. As can be seen, the

accuracy rate is slightly lowered when the Euclidean distance is used. Our experiments

also show that the Mahalanobis distance performs worse than both the L1 and L2 norms

when used in Eq. (6.19).

In each experiment shown in Table 6.1, the training and test sets contained 366 and

61 meshes (each with 3169 vertices), respectively. The overall time required to run each

experiment was approximately 230secs on a 2.0GHz Intel CPU: 110secs to read the meshes

in the training and compute the feature vectors, 100secs to solve the resulting eigensystem,

and 20secs to read and match all the 61 faces in the test set (approximately 0.33secs to read

and match each 3D face).

In the following we compare the performance of our system on GavabDB, against com-

peting methods in the literature. Unfortunately, different methods used different testing

procedures when reporting their results. In order to provide a fair comparison, in each

case, we use the same testing procedure as the one used by the method against which we

are comparing our system.

Mahoor et al. [78] and Berretti et al. [12] use only one of the frontal scans as the train-
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Level Neutral Non-neutral Overall
1 0.7008 0.6120 0.6564
2 0.7663 0.6885 0.7274
3 0.8155 0.7650 0.7903
4 0.8688 0.8360 0.8524
5 0.8934 0.8743 0.8838
6 0.9221 0.8633 0.8927
7 0.9262 0.8961 0.9112
8 0.9385 0.8961 0.9173
9 0.9426 0.9126* 0.9275
10 0.9508 0.9016 0.9262
11 0.9590* 0.9071 0.9331*
12 0.9467 0.9071 0.9269
13 0.9303 0.9071 0.9187
14 0.9262 0.8907 0.9084
15 0.9098 0.8743 0.8920
16 0.8852 0.8415 0.8633
17 0.8606 0.8360 0.8483
18 0.8360 0.8032 0.8196
19 0.7991 0.7814 0.7903
20 0.7500 0.6994 0.7247
21 0.7090 0.6448 0.6769
22 0.6721 0.5901 0.6311
23 0.6393 0.5519 0.5956
24 0.6065 0.4972 0.5519
25 0.5655 0.4644 0.5150
26 0.5450 0.4316 0.4883
27 0.4836 0.4043 0.4439
28 0.4180 0.3224 0.3702
29 0.3606 0.2513 0.3060
30 0.3032 0.1912 0.2472

Table 6.3: The accuracy rates of the system for different choices of the CS3 level where the
si-LoC values are picked to form the feature vectors; the L2-norm was used for matching.
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Pose This Work Mahoor [78] Berretti [12]
Frontal 95.08% 95.0% 94%
Smile 93.44% 83.6% 85%
Laughter 80.33% 68.9% 81%
Random gesture 78.69% 63.4% 77%
Looking down 88.52% 85.3% 80%
Looking up 85.25% 88.6% 79%
Overall 86.89% 82.83% 84.29%

Table 6.4: Detailed comparison of the performance of our recognition system on GavabDB
with competing methods. The training set in all cases consisted of only one scan per subject
taken from the set of frontal scans not used in the test sets. Note that in [78], the faces in
test sets with expressions were cropped such that only the eyes and nose regions were used.

ing set, while using the remaining scans as test sets. In Table 6.4, we compare our results

with theirs. As can be seen, because of the reduction in the number of scans per subject in

the training set, the performance of our system has dramatically reduced when compared to

our results in Table 6.1. However, the overall recognition rate of our system is still slightly

better than the other approaches. Also, note that in [78], the faces in the test set, which

contained expressions were cropped such that only the eyes and nose regions were used in

matching. This of course, requires one to know, in advance, if an input 3D face contains

facial expressions (which is not very practical). Moreover, the two approaches do not report

on how the performance of their systems are affected when more samples per subject are

provided. Therefore, there is no indication that the performances of their systems improve

as the number of scans per subject in the training set is increased. However, we show that

the performance of our system improves greatly as more samples are provided.

In most real-world applications, more than one sample per subject is provided in the

training set. In fact, the majority of face recognition approaches (e.g., Fisherfaces [10],

SVM [90, 92], Bayesian face recognition [85], sparse representation [69, 141]) require

more than one sample per subject, in order to estimate information about the distribution

of the class associated with each subject in the feature space.

Moreno et al. [90] use two types of experiments to evaluate the performance of their

PCA and SVM-based 3D face recognition systems. In the “controlled” setting, the test set
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Approach Controlled Non-controlled
This work 98.36% 96.02%
Moreno (PCA) 82.00% 76.20%
Moreno (SVM) 90.16% 77.90%

Table 6.5: Comparison of the recognition accuracies of our system with those of Moreno
et al. [90]

consists of one frontal scan per subject, while the training set consists of the remaining

scans in the dataset. Therefore, the sizes of the test and training sets are 61 and 366,

respectively. In the “non-controlled” setting, they create the test set by randomly selecting

two (out of 7) scans for each subject, and using the remaining scans for the subjects in the

training set. As a result, the test and training sets contain 122 and 305 scans, respectively.

We use the same procedure to compare the performance of our system with theirs, and

show the results in Table 6.5. In the non-controlled setting, we repeated the experiment 7

times and the results in Table 6.5 show the average of the experiments; the best and worst

performances were 99.18% and 92.62%, respectively. As can be seen, in all cases, our

system outperforms the method of [90].

In [69], the authors test the performance of their 3D face recognition system on Gav-

abDB. However, in their experiments, they extend the size of the dataset by adding 59

additional 3D faces from the FRGC dataset, while omitting the “looking up” and “look-

ing down” scans from the Gavab dataset. The performance of the system was then tested

by running 5 different sets of experiments. In each experiment, the test set consisted of

61 scans (1 scan per subject) from the 5 different groups of scans (two sets of frontal

scans, 1 set with random gestures, 1 set with laughter and another set with smile), while

the training set consisted of the remaining scans in the dataset. The recognition results

were then grouped into two classes. The frontal scans formed the “neutral” class, while the

other scans (with random gesture, laughter, and smile) formed the “non-neutral” class. The

recognition accuracy for each class was then computed as the average of the recognition

results of its members. In Table 6.6, we compare the performance of our system with [69].
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Approach Search space: # scans (Gavab) # scans (FRGC) Total # scans Neutral acc. Non-neutral acc. Overall acc.
This work 120 subjs 61 subjs (4 s/s) 59 subjs (6 s/s) 598 97.54% 95.08% 96.07%
This work 614 subjs 61 subjs (4 s/s) 553 subjs (1-30 s/s) 5032 98.36% 92.90% 95.08%
Li [69] 120 subjs 61 subjs (4 s/s) 59 subjs (4 s/s) 480 96.67% 93.33% 94.68%

Table 6.6: Comparison of the correct accuracy rate of our system with the approach of [69];
s/s stands for scans per subject.
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Figure 6.12: (a) Histogram of the number scans per subject for the set of 3D faces from
FRGC dataset, which were used in our experiments; (b) dataset size as a function of the
minimum number of scans per subject; (c) unique subject count in the dataset as a function
of the minimum number of scans per subject.

Note that we conducted two sets of experiments. In the first set of experiments, we fol-

lowed the same procedure as in [69], but added two additional scans for each subject from

the FRGC dataset. This increased the size of the search space by 118 scans from faces

not in the test set, and hence made the recognition task even more difficult. The first row

of Table 6.6 shows the results for this set of experiments. As can be seen, our approach

outperforms the approach of [69]. To make the recognition task even more challenging,

we added 4788 scans from the FRGC dataset to the training set, while keeping the number

of scans from the Gavab dataset the same as before, and followed the same procedure as

before to measure the correct recognition rate of our system. The second row of Table 6.6

shows the results of this experiment. As can be seen, the overall correct accuracy rate of

our system is still higher than that of [69].

We also tested our recognition system on 4788 3D faces from the FRGC dataset, which

corresponded to 553 unique individuals. Unlike GavabDB, in the FRGC dataset, the num-

ber of scans for all individuals (subjects) was not the same. In Fig. 6.12(a), we plot the

histogram of the number of scans per subject in the dataset, which we used. For example,
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Figure 6.13: Finding the optimal CS3 level for the FRGC dataset: the curves plot the
accuracy rate of the system for different number of CS3 levels used to construct the feature
vectors.
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Figure 6.14: (a) The average accuracy rate of the system as a function of the minimum
number of scans per subject in the training set; the red bars show the standard deviation
of the results in the experiments. (b) Cumulative Match Characteristic curves for different
minimum numbers of scans per subject.
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Figure 6.15: (a) Accuracy rate of the system as a function of the number of scans per subject
in the training set; (b) Cumulative Match Characteristic curves for different numbers of
scans per subject.

72 subjects had only 1 scan, and 43 subjects had 2 scans. In Fig. 6.12(b), we show how

the size of the dataset decreases as we increase the required minimum number of scans per

subject. For example, the total number of scans in the dataset decreases to 4716, when only

subjects with at least two scans are considered, while the dataset size becomes 3286, when

only subjects with at least 10 scans are kept. In Fig. 6.12(c), we show how the number

of unique subjects in the dataset decreases as the required minimum number of scans per

subject is increased. For example, the number of unique subjects decreases to 481 and 200,

when the minimum required number of scans are set to 2 and 10, respectively. As is shown

in the following experiments, the minimum number of scans per subject used in the training

set affects the performance of our recognition system, even though our PCA-based system

does not explicitly attempt to recover information about the class conditional probability

density function of each face class in the feature space.

In Fig. 6.13, we show how the accuracy of the system for the FRGC dataset is influenced

by the choice of the CS3 level used when constructing the feature vectors. As can be seen,

again the optimal performance is achieved approximately at level l = 10 (with average

accuracy rate of 89.05%). Therefore, throughout all our experiments, we used 10 CS3

levels to construct the required feature vectors. In the 6 experiments conducted to obtain
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the plots in Fig. 6.13, we used a subset of the scans in the dataset, which contained at

least two scans per subject. This enabled us to partition the dataset into two disjoint sets

to obtain the training and test sets. In each experiment, the test set was constructed by

randomly selecting one scan for each individual in the dataset, and the remaining scans

were used as the training set.

We argue that the decreased accuracy of the system for the FRGC dataset (compared to

GavabDB) is due to the large number of subjects in the training set with small number of

scans, and that the increased size of the search space has a smaller influence on the perfor-

mance of the system. All (100%) of the subjects in the GavabDB experiments had 6 scans

in the training set, whereas in FRGC only 287 out of 553 (51.9%) of the subjects had at least

that many scans. In Fig. 6.14(a), we show how the performance of the system is improves

as the minimum number of scans per subject is increased. The graph plots the average and

standard deviation of the accuracy rate of the system for a set of 11 experiments where dis-

joint training and test sets were randomly constructed. As can be seen, the accuracy of the

system increases as the minimum required number of scans per subject is increased. The

average accuracy rate of the system on a subset of the FRGC dataset where each subject has

at least 6 scans in the training set is 94.30%. The training set for this subset contains 287

unique subjects, and a total of 3683 scans. The performance of system is further increased

to 96.00% when all subjects in the training set have at least 9 scans (200 unique subjects,

and a total of 3086 scans in the training set). Fig. 6.14(b) shows the averaged Cumulative

Match Characteristic (CMC) curves of our system for different minimum number of scans

per subject in the dataset.

In Fig. 6.15, we plot the average accuracy rates and CMC curves of our system for a

set of 35 experiments. However, for these experiments, a fixed number of scans per subject

was used in each experiment—instead of a minimum number of scans; e.g., the red curve

in Fig. 6.15(b), plots the average CMC curve of 35 experiments, where in each experiment,

the training set was constructed by randomly selecting only one scan from each subject in
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the FRGC dataset and using the remaining scans in the test set. As the graphs show, the

performance the system improves dramatically as the number of scans per subject increases

in the training set. For example, increasing the number of scans for each subject in the

training set from 1 to 3, improves the accuracy rate of the system by approximately 20%.

6.3 Summary

In this chapter, we presented an application of our proposed CS3 representation for 3D

surfaces in a partial 3D shape matching task involving detection of 3D faces on input sur-

faces with arbitrary scale, orientation, and translation. The output of our detection system

could directly be fed into a 3D face recognition system. We showed other applications

involving automatic processing of 3D faces, such as the generation of hybrid faces. More-

over, we presented a new face recognition system, which employed our proposed scale-

invariant Laplacian of surface curvatures to form the feature vectors used for recognition.

We tested the performance of the recognition system on two well-known 3D face datasets,

and showed its superior performance over state-of-the-art 3D face recognition systems.



Chapter 7

2D Warping for Retargeting Garment

Poses

“Art is significant deformity.”
–Roger Fry

7.1 Introduction

The online experience in shopping for garments has remained largely unchanged over the

years. Consumers are typically presented with a myriad of clothing images, with each im-

age displayed on a mannequin or flat surface. The ability to drag and drop clothing onto

a single mannequin to configure and visualize outfits is considered to be highly useful. A

few companies, such as looklet R© [76] and schway R© [110], already help users design custom

looks by allowing them to virtually dress model mannequins with clothing items available

on their websites. To facilitate this capability, all clothing items must either be placed on

the mannequins when obtaining their pictures, or be deformed from different poses to fit the

target mannequins. The former approach is generally more expensive and involves more

manual labor than the latter. Additionally, the second approach allows showcasing any

169
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clothing item, which may have been previously photographed for other purposes. There-

fore, having a system which allows designers to manipulate images of clothing items to fit

a target shape is desirable. Retargeting of images of garments among arbitrary poses, how-

ever, is a challenging problem, since the images come from disparate sources, including

mannequins and human models in many poses, sizes, and shapes.

This chapter describes a deformation system to warp images of garments from any

pose onto a target mannequin upon which a fashion ensemble can be created by the user.

We shall treat this problem as an exercise in 2D shape deformation that is governed by

user-specified control points. Various image deformation techniques exist in the graphics

literature. However, to the best of our knowledge, none provide a general framework ca-

pable of handling the challenges that arise when designing a system for this problem. The

main difficulties faced by the system are allowing the user to perform the deformations with

as few operations as possible, while providing fine control over the shapes of the deformed

images. Additionally, allowing the user to assign depth values to different parts of the items

is another crucial feature needed in such a deformation system.

We build upon recent advances in Moving Least Squares (MLS) and As-Rigid-As-

Possible (ARAP) shape manipulation [4, 46, 119, 107]. We extend MLS from image-space

domain to the object-space domain to handle the concave shapes that are prevalent in this

application. We also exploit ARAP deformations to yield more natural warps that improve

the MLS results.

Fig. 7.1 shows the deformation pipeline of our system. We treat the garment to be a

textured triangulated 2D mesh that is derived from the input image. If the image contains

an alpha channel, the outer contour of the largest connected component of non-zero alpha

values is taken to be the garment contour that defines the mesh boundary. Otherwise, the

user must manually trace a closed polyline in the image to define the garment contour. The

closed region defined by the contour is then triangulated to form a mesh. This is achieved

by applying a constrained conforming Delaunay triangulation [114] to the boundary points
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(a) (b) (c) (d)

Figure 7.1: Deformation pipeline: (a) the user traces the contour of the garment to define
a closed region; (b) the triangulated mesh of the region with user-specified interior (red)
and exterior (blue) control points; (c) the user deforms the mesh to align it with a target
mannequin by inserting, deleting, and moving the control points; (d) the final result of the
garment retargeted onto the desired mannequin.

and a uniform sampling of the interior. The resulting triangles are constrained in terms of

their minimum angle to prevent undesirable thin triangles. The quality of the triangulation

is further improved by smoothing the resulting mesh using Laplacian smoothing [28].

The deformation system operates in two modes: coarse and fine. The coarse mode

makes use of interior control points to adjust the overall shape of the object’s mesh, while

the fine mode uses exterior control points to enable the user to make finer adjustments to

the mesh boundary. The interior control points may be placed by the user anywhere inside

the mesh. The exterior control points consist of user-drawn polyline vertices or critical

points that lie on the contour extracted from the alpha channel of the garment image. Both

sets of control points are moved to deform the mesh. When operating in coarse mode, the

exterior control points are treated as an additional set of points that moves alongside the

deformed object. When operating in fine deformation mode, the converse happens. That

is, the scattered set of interior control points are treated to be a part of the object and move

as the boundaries of the shape are deformed.

The contributions of this work include the extension of the image-space MLS defor-

mation approach of [107] to object-space. This enables our system to correctly deform
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objects with concave boundaries and overlapping regions. Additionally, we show that even

though the resulting deformation is not “as-rigid-as-possible” in the sense of [4, 119], it

can be used as a good initial estimate to an iterative scheme that improves the rigidity of

the deformation at interactive rates.

Another contribution of this work includes a more direct derivation for the rigid MLS

formulation than originally given in [107]. By using Lagrange multipliers, we avoid the

need to derive a solution for the similarity MLS deformation prior to solving for the rotation

matrix in the rigid deformation.

An additional feature of our 2D deformation system is the capability of assigning ar-

bitrary depth values to the control points, which can then be used to determine the depth

values at all mesh vertices. This feature is required when rendering deformed objects with

overlapping parts. To interpolate these depth values across the mesh requires us to solve

a scattered data interpolation problem. We again employ Moving Least Squares for this

purpose and efficiently incorporate the geodesic distance as the default metric in the com-

putations to accommodate arbitrary shapes.

Finally, we show how the interior and exterior control points enable the system to fur-

nish intuitive local-global control over the shape of the deformed mesh. As mentioned

earlier, exterior points accommodate the fine local detail along the boundary, while interior

points perform coarser global shape adjustments.

The proposed deformation system was designed to be easy to use and operate at inter-

active rates. The behavior of the system adheres to the following criteria:

• Ease of use: an iterative ARAP procedure is used to require minimal user input in

creating natural deformations.

• Fast response time: our object-space MLS deformation algorithm furnishes a good

initial estimate for the ARAP procedure so that only a few iterations are required,

thereby achieving deformations at interactive rates.
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• Fine control: exterior control points provide the user with fine control over the de-

formations.

• Global control: interior control points provide the user with global control over the

deformations.

• Scalability: the linear complexity and parallelism of ARAP facilitates efficient han-

dling of large meshes.

7.2 Related Work

Various 2D deformation approaches exist in the graphics literature. These approaches can

be categorized into two classes:

• Image-space techniques: space warping techniques in which all points in the 2D

Euclidean space are affected by the deformation. Historically, this class of techniques

comes from the image morphing literature [18, 138, 64, 139].

• Object-space techniques: the domain of the warp function does not extend to the

whole 2D Euclidean space. Instead, the warp function is defined over a closed region

in the space, where an object resides. Additionally, a metric other than the Euclidean

distance is generally used in the deformation to cope with the general, non-convex

shape of the object. These techniques have their roots in the 3D modeling literature

[4, 46, 119].

The origins of image-space 2D deformations can be traced back to the early days of

image morphing. Image morphing refers to the fluid transformation between two images.

The development of morphing techniques gained widespread attention mainly due to their

applications in the film industry. The most important element in image morphing is the

warp function, which maps the 2D positions in the image domain into new ones. The

process of performing this mapping on the image is referred to as image warping. The
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applications of image warping techniques, however, are not limited to image morphing.

For example, one of the early uses of warping techniques was to correct the effects of lens

distortion in images. The main disadvantage of an image-space deformation technique is

that it does not respect the boundaries of the objects in the scene; deforming one object may

influence other objects in the scene. Additionally, these techniques are unable to handle the

cases, where parts of the deformed objects overlap.

Object-space deformation techniques, on the other hand, are capable of deforming ob-

jects with complex shapes, and independently of other objects that may be present in the

scene. These techniques may be classified as a generalization/extension of space warp-

ing techniques to non-Euclidean or non-convex spaces. The main drawback of these ap-

proaches is the need to first define the shape of the object or the deformation space. This is

generally done by specifying the object boundary and tessellating the closed region inside.

In this work, we are mainly interested in modeling garments which tend to be heavily tex-

tured, non-convex, and may develop overlapping elements as a result of the deformation.

In such cases, an object-space deformation approach seems like the logical choice.

A large number of image deformation techniques exist in the graphics literature. How-

ever, starting with the works of Alexa et al. [4], a considerable attention has been given to

deformation techniques which are “as-rigid-as-possible” (ARAP). Even though the rigidity

requirement for the deformation may not be suitable for all applications, it is argued that

ARAP deformations are more “natural” when manipulating physical objects. These tech-

niques have the additional benefit of requiring only few set of handles or control points to

guide the deformation.

The original work in [4] is intended for morphing between two (compatibly) triangu-

lated 2D objects by deciding on the most natural paths for the mesh vertices from the source

to target shapes. Igarashi et al. [46] use the ARAP criterion as the main constraint in de-

signing a deformation system, which enables manipulating 2D objects in real-time. How-

ever, they report slow performances for meshes with more than 300 vertices on a 1GHz
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system. In [107], Shaffer et al. propose an MLS-based image-space deformation system

which is capable to deforming images with thousands of pixels in real-time. They derive

closed-form solutions for affine, similarity and rigid control points and lines, which are

used to guide the deformation.

In [119], Sorkine et al. propose an ARAP system for deforming 3D triangular surfaces.

Starting with an initial guess for the deformation, their approach iteratively improves the

deformation by minimizing the non-rigidity of the deformation in vertex cells over the

whole mesh. In [55], the authors propose a more general deformation scheme for deforming

images using a similar “local-global” scheme to the one used in [119]. Their method is

more general as it allows incorporating information about the image content (energy) in

the set of allowable transformations the deformation may employ. They show applications

of their system in content-aware image resizing and 2D image deformations.

The main shortcomings of the MLS-based deformation approach of [107] are lack of

support for non-convex objects and not being truly “as-rigid-as-possible” as defined in

[4]. We show how their MLS approach can be extended to handle non-convex objects.

In recent work [55, 135, 136], the shortcomings of the MLS approach compared to other

approaches have been solely attributed to it use of Euclidean distance as the driving metric

in the formation. However, empirically, we show that, besides the issues arising from

the employed metric, the MLS approach enforces a weaker rigidity constraint and that its

deformation results can be improved.

7.3 Deformation Framework

The main goal of the shape manipulation system described in this work is to easily deform

2D objects with minimal user interaction. The system is designed to produce intuitive

deformations using only a small number of control points, or handles. The deformation

is governed by the movement and rotation of these control points. We desire to realize a
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deformation that meets user expectations of a “natural” warp. It has been argued in [4, 46,

119, 107, 55] that such deformations should be “as rigid as possible.” This facilitates the

decoupling of underlying rigid transformations from the more elastic local transformations.

First, an initial guess for the most rigid deformation is derived using the changes in control

point positions and orientations. The final mesh is obtained by iteratively minimizing the

non-rigidity energy of the deformed mesh.

To enforce the rigidity constraint, we follow the local-global approach of recent works

by Sorkine et al. and Karni et al. [119, 55]. Their algorithms alternate between local

and global energy minimization stages. The local stage operates at each vertex v and its

associated vertex cell, which consists of all triangles incident with v. A small optimization

problem is solved at each vertex cell c to derive an unknown rigid transformation between

c in the source and deformed mesh. This maintains rigidity at each cell. However, no con-

sistency is maintained between cells, which leads to conflicting demands on the positions

of each vertex. Therefore, a global optimization is needed to evaluate the final positions of

the vertices while minimizing the total non-rigidity energy of the deformation. The global

stage minimizes an error functional by solving a large sparse linear system of equations,

which yields new positions for all vertices on the updated mesh.

The above procedure may be iterated a number of times until convergence is reached.

A good initial guess for the rigid deformation is important because it reduces the number of

required iterations, thereby facilitating deformations at interactive rates, and decreases the

possibility of converging to a local minimum. We obtain the initial guess for the deforma-

tion by using a modification of the Moving Least Squares approach in [107]. We address a

key shortcoming of that work in which an image-space deformation technique was limited

to deforming convex objects. Our simple modification, which modifies the metric used

in the deformation, is capable of handling objects with arbitrary geometry. We refer to

this new approach as the object-space MLS. Our iterative local-global optimization stage is

motivated by the 3D deformation approach of [119]. However, we achieve computational
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savings by exploiting a closed-form result for our 2D case that was originally presented in

[107].

Additionally, although the overall shape of the deformed object may look correct, one

generally needs to make finer adjustments to the contour of the shape. To enable this

task, our system allows the user to manipulate a set of additional control points which are

automatically placed near the boundaries of the shape.

In Sec. 7.3.1, we describe our object-space MLS deformation scheme, which yields an

initial guess for the deformation. In Sec. 7.3.2, we describe the ARAP procedure, which

improves the initial deformation. In Sec. 7.3.3, describe the user may rotate parts of the

mesh by assigning rotation angles to each control point. To handle overlapping parts in the

deformed mesh, we enable the user to assign depth values to each interior control point on

the mesh. In Sec. 7.3.4, we describe how the assigned depth values may be interpolated

across the whole mesh. Finally, in Sec. 7.3.5, we describe the process used to automatically

extract exterior control points and show how to they can be used to make fine adjustments

to the shape of the mesh boundary.

7.3.1 The Initial Deformation

The input to our deformation system is a 2D object represented by triangular mesh

M = (V , E), where V = {vn}Nn=1 is the set of mesh vertices, and E = {eij ∈ V ×

V|vi is connected to vj} is the set of edges that connect the vertices. We will assume that

the topology of the shape remains the same during the deformation and only the geometry

is changed. Let ordered sets P = {pn}Nn=1 and Q = {qn}Nn=1 contain the 2D positions of

the vertices in the original and deformed meshes, respectively. Similarly, let ordered sets

A = {am}Mm=1 and B = {bm}Mm=1 respectively contain the source and target positions of

the interior control points. The goal is to determine a warp function ψ : R2 → R2 that

yields a natural deformation based on the movements of the control points from am to bm.

In order to achieve a desirable deformation, ψ must satisfy the following properties [107]:
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• Smoothness: The warp function must be smooth to guarantee that the deformation

process does not introduce discontinuities in the geometry or texture of the deformed

object; i.e., ψ ∈ Ck, for k ≥ 1.

• Interpolation: The warp function must be interpolating; i.e., ψ(am) = bm,∀am ∈ A.

This guarantees that each control point am ∈ A is mapped to the user-specified

location bm ∈ B as a result of the deformation.

• Identity: When none of the control points are moved, the function must leave all

the points in the original mesh unchanged; i.e., if bm = am, ∀am ∈ A, then qn =

ψ(pn) = pn, ∀pn ∈ P .

• Rigidity: The warp function should satisfy an “as-rigid-as-possible” property to re-

duce the burden of the user in specifying the deformation. This means, locally,

∀x ∈ R2, the Jacobian of the warp function, J(x) = ψ′(x), should be a rotation

matrix; i.e., J(x) ≈ R, where R denotes a 2D rotation matrix.

Globally, satisfying the rigidity constraint for all arbitrary configurations of source and

target control points is not feasible. Instead, the constraint is enforced on small, local

neighborhoods near each point in the domain of ψ. Therefore, we seek to reconstruct the

warp function at each mesh vertex based only on the movement of the control points by

minimizing an error functional in the least-squares sense. In particular, for each vertex vn

we find a separate local warp function ψn : R2 → R2 that minimizes the error functional

En =
M∑
m=1

θ(d(am, vn))‖bm − ψn(am)‖2 , (7.1)

where d : R2 × V → R is a function measuring the geodesic distance between a point in

R2 and a mesh vertex, and θ : R → R is a non-negative monotonically decreasing weight

function. This approach for deforming 2D shapes using Moving Least Squares is based on

the work in [107]. One important difference is that the work in [107] was limited to convex
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shapes, whereas our use of geodesic distance extends our technique to arbitrary shapes.

The geodesic distance between any two vertices on the mesh is defined as the length of

the shortest path that runs along the edges between the two vertices. Let g : V × V → R

be a function that returns the geodesic distance between two mesh vertices. Then, the

geodesic distance between a mesh vertex vn and an arbitrary point p ∈ R2 is computed

as d(p, vn) = ‖p′ − p‖ + g(v′, vn), where v′ denotes the mesh vertex nearest to p, and p′

refers to that vertex position. In our case, p refers to the source position of a control point

am ∈ A. As a result, the geodesic distance only needs to be computed from each control

point am ∈ A to all mesh vertices. Note that this computation can be performed offline,

as shown in Alg. (2), since it is specified in terms of the anchored source positions, and

not the varying target locations. We use Dijkstra’s shortest paths algorithm to efficiently

compute these distances.

In order for ψ to be local and interpolating at the control points, the following respec-

tive conditions must hold: θ(r) must be rapidly decreasing as r → ∞ and θ(0) = ∞[66].

These two conditions reduce the set of possible choices for θ to asymptotic functions

whose asymptotes coincide with the x and y axes. The hyperbolic cosecant function

θ(r) = csch(r/α), and the rational function θ(r) = r−α, for some α > 0, are two ex-

amples of good candidates for the weight function. In our experiments, we noticed that

weight functions with a faster rate of decay result in more desirable (i.e., rigid) deforma-

tions. For any α1, α2 > 0, csch(r/α1) decreases more rapidly than r−α2 as r → ∞. This,

theoretically, makes csch(r/α1) a more suitable choice as the weight function for the defor-

mation. However, the fast rate of decay of csch introduces numerical instabilities. There-

fore, θ(r) = r−α is used as the weight function in all calculations that follow. The same

choice of weights was also used in the original MLS formation of [82] and MLS-based

deformation scheme of [107].
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Since we are looking for a rigid deformation, ψn is restricted to belong to the class of

rigid transformations. Therefore, the warp function at each vertex vn is given as

ψn(x) = Rnx+ Tn , (7.2)

where Rn is a rotation matrix, and Tn is a vector representing translation. Consequently,

the error functional of Eq. (7.1) becomes

En =
M∑
m=1

θnm‖bm −Rnam − Tn‖2 , (7.3)

where θnm = d(am, vn)−α for some α > 0. It is important to note that the MLS formulation

in Eq. (7.3) attempts to derive a rigid transformation based exclusively on the source and

target positions of the control points. This is considered to impose a weaker rigidity con-

straint because it does not explicitly incorporate the local neighborhood about each mesh

vertex vn.

It is shown in Appendix A that the Tn minimizing Eq. (7.3) is given as

Tn = b̄−Rnā , (7.4)

where

ā =

∑M
m=1 θ

n
mam∑M

m=1 θ
n
m

, b̄ =

∑M
m=1 θ

n
mbm∑M

m=1 θ
n
m

, (7.5)

denote the weighted centroids of the original and new positions of the control points, re-

spectively. Substituting the recovered Tn back into Eq. (7.3), we obtain

En =
M∑
m=1

θnm‖b̂m −Rnâm‖2 , (7.6)



CHAPTER 7. 2D WARPING FOR RETARGETING GARMENT POSES 181

where b̂m = bm − b̄ and âm = am − ā. The Rn minimizing Eq. (7.6) is given as

Rn =
1

µ

∑
m

θnm

(
b̂m −b̂⊥m

)(
âm −â⊥m

)
, (7.7)

where µ =

√(∑
m θ

n
mb̂
>
mâm

)2

+
(∑

m θ
n
mb̂
>
mâ
⊥
m

)2

. ⊥ is an operator, which rotates 2D

vectors by 90 degrees counterclockwise:

v⊥ =

v1

v2


⊥

=

−v2

v1

 . (7.8)

See Appendix A for the full derivation of Rn.

Therefore, the warp function at vertex vn is given by

ψn(x) = Rnx+ Tn

= Rnx+ (b̄−Rnā)

= 1
µ

∑
m θ

n
m

(
b̂m −b̂⊥m

)(
âm −â⊥m

)
(x− ā) + b̄ .

(7.9)

However, for each warp function ψn we are only interested in evaluating it at pn, which

corresponds to the position of mesh vertex vn. Therefore, ψn(pn) becomes

ψn(pn) =
1

µ

∑
m

Anmb̂m + b̄ , (7.10)

where

Anm = θnm

(
(pn − ā) −(pn − ā)⊥

)(
âm −â⊥m

)
. (7.11)

See Appendix B for the full derivation of Eq. (7.10).

Since each matrix Anm only depends on mesh vertex position pn and the source posi-

tions of all the control points, Anm may be precomputed. On the other hand, µ, cannot be

precomputed as it depends on bm. The computation of µ, however, can be circumvented by
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(a) original image (b) image-space MLS (c) object-space MLS

Figure 7.2: Comparison of image-space and object-space MLS deformations. The object-
space deformation results are preferred since the movement of control points on one sleeve
does not induce extreme foldover.

exploiting the fact that rotation preserves lengths, as suggested in [107]. Indeed, the vector

pn − ā is rotated by Rn in Eq. (7.10). Therefore, its rotated length must be preserved:

‖pn − ā‖ =
1

µ
‖
∑
m

θnm

(
b̂m −b̂⊥m

)(
âm −â⊥m

)
(pn − ā)‖ =

1

µ
‖
∑
m

Anmb̂m‖ . (7.12)

From this we obtain µ =
‖

P
m Anmb̂m‖
‖pn−ā‖ . Therefore, ψn(pn) can be computed more efficiently

as

ψn(pn) = ‖pn − ā‖
∑

mA
n
mb̂m

‖
∑

mA
n
mb̂m‖

+ b̄ . (7.13)

Note that both Anm and ‖pn − ā‖ can be precomputed, as shown in Alg. (2). The new

positions of the vertices in the deformed mesh are given as qn = ψn(pn).

Fig. 7.2 compares the results for image-space and object-space MLS deformations. No-

tice that the object-space MLS deformation results are superior to the image-space results

because the movement of control points in one part of the shape does not affect unrelated

mesh vertices that may lie nearby. For instance, the movement of control points on the

sleeve only affects the sleeve region and does not affect the position of mesh vertices on

the nearby torso.
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7.3.2 As-Rigid-As-Possible Deformation

As noted earlier, the object-space MLS deformation procedure described in Sec. 7.3.1 is not

really “as rigid as possible” in the sense of [4, 119]. The downfall of the approach is due to

the fact that a different rotation matrix is obtained for each vertex in the input mesh and no

attempt is made to ensure the matrices are locally the same. However, the approach results

in a good approximation and can be used as an initial guess for an iterative ARAP procedure

that refines the deformation. In this section, we adapt the ARAP 3D deformation method of

[119] to iteratively improve the 2D results of Sec. 7.3.1. Again, to achieve deformations at

interactive rates, special care is taken to ensure that computations that can be done offline

are decoupled from those needed online.

The ARAP procedure iteratively minimizes the total non-rigidity energy of our initial

MLS deformation. This energy is defined as the sum of the local non-rigidity energies in

the vertex cells covering the whole mesh. Each vertex cell Cn is defined using vertex n and

its 1-ring neighbors, given by set N (n) = {k|enk ∈ E}.

Each iteration of the minimization in the ARAP procedure consists of two steps. In the

first step, for each vertex cellCn in the original mesh, we solve for a rotation matrix that best

maps, in a least-squares sense, the positions of the vertices in Cn onto their corresponding

positions in the deformed mesh. The sum of squared differences in these positions defines

the local non-rigidity in the cell. In the second step, the recovered rotation matrices are

used to construct and solve a sparse linear system to recover vertex positions that minimize

the total non-rigidity energy of the deformation over the whole mesh. The two steps can be

iterated to improve the deformation results. It has been shown that this iterative algorithm

is guaranteed to converge to a local minimum [55]. In the following sections, we describe

each step of the ARAP procedure in more detail.
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Step 1: Recovery of Local Non-Rigidity Energy

Let P = {pn}Nn=1, Q = {qn}Nn=1 denote the positions of the mesh vertices before and after

the initial MLS deformation. If the deformation is locally rigid in cell Cn, as shown in top

row of Fig. 7.3 for n = 0, then a rotation matrix Rn exists such that

q̂k = Rnp̂k , ∀k ∈ N (n) , (7.14)

where p̂k = pk − pn, q̂k = qk − qn, and n denotes the central vertex of the cell. If the

deformation is not rigid, as shown in the bottom row of Fig. 7.3, a rotation matrix Rn can

be found that minimizes the following non-rigidity energy for cell Cn,

En =
∑

k∈N (n)

wnk‖q̂k −Rnp̂k‖2 , (7.15)

where wnk are edge weights associated with each edge enk. These weights may be defined

in any manner. But in the derivations that follow, it has been assumed that the edge weights

are symmetric; i.e., wkn = wnk. We shall discuss several possibilities for the edge weights

and show that uniform weights work best.

Note that the above minimization problem, which is required in the ARAP procedure, is

exactly the same as the one given in Eq. (7.6) that was used for the MLS case. This means

that the closed-form solution for the rotation matrix that we derived earlier in Eq. (7.7), can

be used for this case. Therefore, the minimizing Rn is similarly given as

Rn =
1

µ

∑
k∈N (n)

wnk

(
q̂k −q̂⊥k

)>(
p̂k −p̂⊥k

)
, (7.16)

where µ =
√(∑

k wnkq̂
>
k p̂k
)2

+
(∑

k wnkq̂
>
k p̂
⊥
k

)2.
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Figure 7.3: Rigid and non-rigid deformations in vertex cell C0.

Step 2: Improving the Deformation by Minimizing Total Non-Rigidity

In Step 1, Eq. (7.15) defined the non-rigidity of the deformation in each vertex cell. We

obtained a best-fit rotation matrix for each vertex cell by minimizing that energy. Since

each vertex is subject to multiple rotations due to its membership in several cells, the final

position of the vertex is computed by minimizing the total non-rigid energy of the deforma-

tion over the whole mesh. This total energy can be defined, using the result in Eq. (7.15),

as the weighted sum of the local energies

E =
∑N

n=1 wnEn

=
∑N

n=1 wn
∑

k∈N (n) wnk‖(q̂k −Rnp̂k‖2

=
∑N

n=1 wn
∑

k∈N (n) wnk‖(qk − qn)−Rn(pk − pn)‖2 ,

(7.17)

where wn are vertex weights, wnk are edge weights, and Rn is given by Eq. (7.16).

Whereas our ARAP procedure began with an initial MLS deformation to warp the im-

age, the subsequent iterations attempt to improve the deformation by further modifying the

positions of the mesh vertices. We therefore seek to find these unknown positions qn, for
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all n, by minimizing E. The partial derivative of E with respect to qn is given as

∂E
∂qn

= ∂
∂qn

(
∑

k wnwnk‖(qk − qn)−Rn(pk − pn)‖2

+
∑

k wkwnk‖(qn − qk)−Rn(pn − pk)‖2)

= 2
∑

k wnk (−wn(qk − qn) + wnRn(pk − pn)

+ wk(qn − qk)− wkRk(pn − pk))

= 2
∑

k wnk (−(wk + wn)(qk − qn)

+ (wkRk + wnRn)(pk − pn)) .

(7.18)

Note that the first (second) term in the first line of Eq. (7.18) refers to the non-rigidity

energy measured across the edges emanating from (towards) qn. Setting the derivative to

zero yields ∑
k∈N (n)wnk(wk + wn)(qk − qn) =∑
k∈N (n)wnk(wnRn + wkRk)(pk − pn) .

(7.19)

The left hand side of the above equation corresponds to computing the weighted discrete

Laplacian of the unknown positions at qn. The corresponding system of equations for the

unknown positions can be written in matrix form as

Lq = h , (7.20)

where L is the discrete Laplace operator [83], q is a vector containing the unknown posi-

tions qn, and vector h contains the corresponding equalities for each qn on the right hand

size of Eq. (7.19). Each element of L is given as

Lnk =


−
∑

j∈N (n) wnj(wj + wn), if k = n ,

wnk(wk + wn), if k ∈ N (n) ,

0 , otherwise.

(7.21)
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Vector h contains the corresponding equalities for each qn on the right hand size of Eq. (7.19)

hn =
∑

k∈N (n)

wnk(wnRn + wkRk)(pk − pn) . (7.22)

The system of equations in Eq. (7.20) is sparse and can be solved efficiently using the

preconditioned conjugate gradient method. We use the Jacobi preconditioner in this work.

It is important to note that the N ×N matrix L is only of rank N − 1. This implies that

the system of equations is underdetermined and yields a solution that is unique up to trans-

lation. This ambiguity is easily resolved by fixing the position of one vertex. Fortunately,

the control points impose their own constraints by fixing the positions of some deformed

mesh vertices: qc = bc. This serves to guarantee that the control points are mapped to their

user-specified target positions, as well as resolving the rank deficiency problem.

Each constraint can be easily added to the system by removing the corresponding row

and column from the Laplacian matrix L, removing the corresponding element in vector h,

and properly updating the affected elements in h. For example, to add the constraint qm =

bm, the following term is subtracted from the mth element in vector h for all k ∈ N (m):

r = wmk(wm + wk)bm . (7.23)

Row and column m is then removed from L and element m is removed from h. Note that

since the points qn are two dimensional, the system needs to be constructed and solved

twice—once for each dimension.

Discussion

Fig. 7.4 and Fig. 7.5 compare MLS and as-rigid-as-possible MLS (ARAP MLS) deforma-

tion results. The deformation results corresponding to ARAP MLS are clearly more rigid

and desirable, particularly around the sleeve. The giraffe example in Fig. 7.5 is chosen to

show the superior performance of ARAP MLS over the object-space MLS under extreme
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MLS ARAP MLS

Figure 7.4: Comparison of MLS and ARAP MLS deformation results. Notice that the MLS
version induces excessive distortion in the sleeves. This result can be improved, however,
by using exterior control points (see Sec. 7.3.5).

original MLS ARAP MLS

Figure 7.5: Comparison of MLS and ARAP MLS deformation results. Notice that MLS
version suffers from excessive distortion along the neck near the head.
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deformations. In both Fig. 7.4 and Fig. 7.5, only one iteration of ARAP MLS procedure

was applied. Increasing the number of iterations of the ARAP MLS procedure improves

the results at the cost of slowing down the deformations. However, increasing the number

of iterations does not produce significant improvement since the initial guess was already

close to the optimal solution. This a very desirable property of ARAP MLS as it does not

require many iterations for the optimizer to converge to the local minimum. This allows

the system to perform the deformations at interactive rates.

When computing Rn and consequently building the linear system of Eq. (7.20), we

use uniform edge weights; i.e., wnk = 1,∀enk ∈ E . In [119], the authors show better

results with cotan weights [83] when rigidly deforming 3D objects. However, in our 2D

system we observed significantly better results with uniform weights. A comparison of

deformations with uniform and cotan weights is shown in Fig. 7.8. When using uniform

edge weights, variations in triangle sizes and angles in the original mesh will have an

adverse effect on the resulting deformations. To reduce these effects, when creating the

mesh, we use Laplacian smoothing [28] to refine the initial triangulation, which is obtained

using constrained Delaunay triangulation of the interior of a closed region. This step causes

each vertex in the mesh to approximately move to the centroid of its cell. Fig. 7.6 shows the

initial and the refined triangulation using Laplacian smoothing. Fig. 7.7 shows the effects

of using the two triangulations on the texture of a deformed object. As can be seen, the

refined triangulation eliminates the problematic areas in the texture of the deformed object.

Uniform vertex weights wn were used everywhere, except in the neighborhood around

the control points. The mesh vertex closest to a control point and all vertices in its 1-ring

neighborhood were given higher weights. This effectively required the 1-ring neighbor-

hood at each control point to be more rigid than the other locations of the mesh. This

prevented the local neighborhood around the control points from protruding too much. Ad-

ditionally, the vertex weights could be set such that they correspond to the magnitude of

image gradient at the vertices. However, as expected [55], this does not improve the quality
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(a) initial triangulation (b) refined triangulation

Figure 7.6: Initial and refined triangulation of the original mesh used in the deformation.

(a) (b) (c)

Figure 7.7: Comparison of the deformation results using textured meshes in Fig. 7.6: (a)
Original; deformation results using (b) non-refined mesh, and (c) refined mesh. Notice that
the excessive distortion in (b) is virtually eliminated in (c).
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(a) original (b) cotan edge weights (c) uniform edge weights.

Figure 7.8: Deformation results with cotan and uniform edge weights. Notice the undesir-
able distortion along the sleeve in (b). These artifacts are eliminated by using uniform edge
weights.

of the texture in the regions with extreme deformations.

7.3.3 Rotation About Control Points

In some instances, the user may wish to deform the input mesh by rotating sections of the

object around a control point. To allow this, we associate a rotation angle to each control

point. Rotation about the control points is performed in two steps. First, an initial guess for

the deformation is obtained. Second, the rigidity of the deformation is iteratively improved

using the same approach as in Sec. 7.3.2.

The initial deformation is obtained by rotating each mesh vertex vn by the rotation angle

associated with its nearest interior control point cm. Let pn denote the position of vn, and

Rm be the rotation matrix associated with cm. The new position qn of vn is then obtained

as

qn = Rm(pn − cm) + cm . (7.24)

The initial deformation, however, results in undesirable artifacts in the deformed mesh,

as shown in the top of Fig. 7.9. The result can be improved by applying the ARAP pro-

cedure as described in the Sec. 7.3.2. In this case, since the initial deformation is poor,

more ARAP iterations are required to improve the results. This considerably increases the

computation time. However, as seen in the top row of Fig. 7.9, the initial deformation
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generally only modifies the positions of a few vertices on the mesh. Therefore, the ARAP

deformation procedure only needs to be applied to the vertex cells where the residual of

the initial deformation is large. The modified ARAP procedure for rotations about control

points is given as follows:

1. Using the initial deformation results, for each vertex cell Cn, obtain rotation matrix

Rn as described in Sec. 7.3.2.

2. For each cell Cn, compute the residual

rn =
∑

k∈N (n)

wnk‖(qk − qn)−Rn(pk − pn)‖2 . (7.25)

3. Construct and solve the sparse linear system

Lq = h , (7.26)

as discussed in Sec. 7.3.2. In order to speed up the computation, add all vertices with

residual rn < ε, for some ε ≥ 0, as constraints to the system.

4. Repeat the above steps K times.

The bottom row of Fig. 7.9 shows the results of the above ARAP procedure applied to

the initial deformations results of rotations about control points, shown in the top row of

Fig. 7.9.

7.3.4 Handling Overlapping Elements

An important feature of the deformation system is the ability to handle shapes with over-

lapping elements (Fig. 7.10). We resolve these overlaps by considering each mesh vertex to

have a depth value, that is initialized via user-specified control points. This is an exercise in
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Figure 7.9: Rotation about control points. Top row: initial guess. Bottom row: improved
deformation after 6 ARAP iterations.
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(a) (b)

Figure 7.10: (a) incorrect and (b) correct handling of overlapping elements.

scattered data interpolation, whereby a smooth depth function is fitted through the control

point values.

LetA = {am}Mm=1 denote the sparse set of control point positions and let Z = {zm}Mm=1

denote their associated depth values. Our objective is to find a smooth function ξ : P → R

that maps the mesh vertices in P to depth values, with the following properties:

• Smoothness: the function must be smooth everywhere, i.e., be at leastC1-continuous.

• Interpolation: the depth values at the control points must be the same as the user-

specified values; i.e., ξ(am) = zm, for m = 1, ...,M .

• Identity: if all control points have the same depth value, then the mesh should remain

flat; i.e., if zm = K, ∀m ∈ |Z|, then ξ(pn) = c,∀pn ∈ P , where c is a constant

value.

Note that the desired function has exactly the same properties as the warp function we

sought in Sec. 7.3.1. Therefore, we apply the MLS technique to solve for the depth func-
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tion. At each mesh vertex vn we seek to find ξn : R2 → R, minimizing

En =
M∑
m=1

θ(d(am, vn))(zm − ξn(am))2 , (7.27)

where θ(r) = r−α for some α > 0 and r ∈ R, and d(am, vn) returns the geodesic distance

between mesh vertex vn and control point am, as defined in Sec. 7.3.1. We know the

function ξn cannot depend on the initial depth values of the control points, since they are

all initially placed on the flat mesh and, as a result, have the same values everywhere.

Therefore, the local function we are looking for is of the form ξn(x) = cn; i.e., a constant

function. The error functional becomes

En =
M∑
m=1

θnm(zm − cn)2 . (7.28)

where θnm = d(am, vn)−α. The minimizing cn for the energy functional is found by taking

the partial derivative of En with respect to cn and setting the result to zero:

∂En
∂cn

= −2
∑
m

θnm(zm − cn) = 0 , (7.29)

we obtain

cn =

∑
m θ

n
mzm∑

m θ
n
m

. (7.30)

Therefore, the depth value of mesh vertex vn can be efficiently computed as ξn(p) = cn for

all p ∈ R2. Recomputation is necessary only when the user modifies the height value of a

control point. This method enables the user to represent shapes with complex overlapping

elements, as shown in Fig. 7.11.
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Figure 7.11: Example of complex overlapping elements. Top row: original ropes; Middle
and bottom rows: interlaced ropes and their underlying mesh structure with control points
shown in red.

7.3.5 Boundary Deformation

As shown earlier, the ARAP MLS approach can be used to deform 2D shapes in a natural

manner with few control points. However, the user may still want to further refine the

deformation, particularly along the boundaries. This is achieved by enclosing the boundary

with a control polyline. The polyline vertices define the exterior control points. By allowing

the user to move these points, fine control is given over the shape of the object’s boundary.

In particular, each line segment in this polyline is an MLS control line. A closed-form

solution for deforming the object using these lines is given in [107]. Alternatively, these

control lines may be densely sampled to yield MLS control points that will govern the

deformation.

In order for the interior and exterior control points to interact with each other in a

consistent and natural manner, the system has two deformation modes: coarse and fine. In

the coarse (fine) deformation mode, the user can deform the interior (boundary) by moving

the interior (exterior) control points. When one set of points are moved, the other set of
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points are subject to the deforming forces and follow the shape in tandem.

Since the exterior control points are not part of the triangulated mesh but move with the

mesh as it deforms, their coordinates are given relative to the mesh vertices. Let p ∈ R2

denote the position of an exterior control point and let pm, pn ∈ P denote the positions of

the two closest vertices on the undeformed mesh to p, such that ‖pm − pn‖ > ε, for some

small ε > 0. Then, the relative coordinates of p with respect to the mesh are given in terms

of the following inner products:

pu = 〈(p− pn), û〉 ,

pv = 〈(p− pn), v̂〉 ,
(7.31)

where û = pm−pn
‖pm−pn‖ and v̂ = û⊥ form an orthonormal basis at pn. The global coordinates

of p can be obtained from û and v̂ by

p = puû+ pvv̂ + pn . (7.32)

Let p′m and p′n denote the new positions of pm and pn on the deformed mesh, respec-

tively. The new position of the control point on the deformed mesh is given as

p′ = puû
′ + pvv̂

′ + p′n , (7.33)

where û′ = p′m−p′n
‖p′m−p′n‖

, v̂′ = û′⊥.

When the deformation mode is changed from coarse to fine, the original mesh is set to

be the deformed mesh and the interior control points are subjected to the mesh deformation.

The exterior control points define the endpoints of control lines that can be used to adjust

the shape of the boundary. Note that as a result of the coarse deformation, the control lines

which initially enclosed the original shape may cross into the shape. This, however, does

not seem to degrade the deformation results in the fine adjustment phase.

Fig. 7.12 shows an example where a dress is deformed to fit a target model. Note that
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the deformation results of ARAP MLS (Fig. 7.12(a)), though close to the desired shape,

still require finer adjustments. This is especially evident in the regions near the wrists

and shoulders of the model. The shortcomings of the ARAP MLS in those regions are

not a result of the failure of the technique in enforcing the rigidity constraint; the shape

of the underlying mesh near the armpits prevents the arms from correctly rotating around

the shoulder joints without distorting the geometry and texture in the surrounding regions.

Figures 7.12 (b) and 7.12 (d) show the improved deformation results with the additional

help of exterior control points.

Automatic Exterior Control Point Extraction

Manual specification of the exterior control points is undesirable as it may be too tedious for

complex shapes. Instead, we would like the system to be able to pick the most appropriate

locations for these control points while keeping their numbers at a minimum. In our system,

the control points are picked at the locations on the contour curve where the unsigned

curvature is locally maximum.

In the continuous setting, the unsigned curvature at a point on an arc-length parametrized

regular curve, S(t), S : [0, 1)→ R2, is given as

κ(t) = ‖∂T̂
∂t

(t)‖ , (7.34)

where T̂ (t) = ∂S
∂t

(t) is the unit tangent vector at t. The goal is to reliably and quickly

estimate the curvature values in the discrete setting, whereby a regularly sampled 2D curve

is represented with the ordered point-setR = {ri}Ii=1, where ri ∈ R2 and I is the number of

points on the curve. Our approach is based on the curvature scale-space theory [87], where

the derivatives are computed by convolving the sample data with Gaussian derivatives. We

obtain the tangent vectors of the sample points by performing circular convolution of the
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(a) (b)

(c) (d)

Figure 7.12: Deforming a dress to match a target shape. Deformation using (a) interior
control points only, and (b) interior and exterior control points. Notice that (b) requires
exterior control points to perform finer adjustments to the shape boundary. The red and
blue dots denote the interior and exterior control points, respectively. (c) and (d) show the
original shape and the final deformation results.
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data with the first-order Gaussian derivative

T = R ∗G1
σ , (7.35)

where G1
σ denotes the discrete first-order Gaussian derivative kernel with standard devi-

ation σ and ∗ is the discrete circular convolution operator. Note that the vectors ti ∈ T

obtained this way do not necessarily have unit length and their orientations may be in-

correct. Therefore, we obtain new normalized tangent vectors t̂i with correct orientations

by

t̂i = s
ti
‖ti‖

, (7.36)

where s =
〈
ti, r(i+1)%I − ri

〉
. The vector-set T̂ = {t̂i}Ii=1 contains the normalized vectors

with correct orientations. The normal directions at the data points are then computed by

convolving T̂ with a first-order Gaussian derivative, in the same manner as before. Let

N = {ni} be the vector-set obtained in this manner. The unsigned curvature at data point

ri is given as κi = ‖ni‖.

Sample points whose unsigned curvatures are greater than their immediate neighbors’

are then picked as the exterior control points. Note that the robustness of the curvature

computations and the number of extracted control points can be adjusted by changing the

standard deviation of the Gaussian kernel, σ, used in the derivative computations. We use

a default value for σ = I
β

, for some β > 0, which produces acceptable results for all

2D shapes. However, β is a parameter which the user can adjust to alter the number of

exterior control points which are automatically extracted. Fig. 7.13 shows an example of

the automatically extracted exterior control points on the boundary of a mesh corresponding

to a jacket.
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Figure 7.13: Automatically extracted exterior control points on a mesh model of a jacket.

7.4 Implementation

In this section, we briefly discuss the implementation details of the deformation system.

The main stages involved are:

• Input shape specification and triangulation: an input 2D shape is read and trian-

gulated. The object boundary is either automatically extracted from an image with

transparencies or is specified by the user. The exterior control points are also placed

on the boundary of the object, at this stage. These exterior control points may, how-

ever, be removed or new ones may be added later.

• Insert/Delete mode: the user can add or remove interior or exterior control points.

Once the user exits this mode, deformation parameters that do not depend on the

new target positions of the control points are precomputed to reduce the required

computations during the deformation process.

• Coarse deformation mode: the user moves the interior control points and the object



CHAPTER 7. 2D WARPING FOR RETARGETING GARMENT POSES 202

is deformed using the ARAP MLS procedure described in the previous sections.

• Fine deformation mode: the user makes adjustments to the shape of the boundary of

the object by moving the exterior control points.

In the following subsections, we review the steps involved in each of the abovemen-

tioned stages of the deformation. In what follows, ordered point-set P = {pn}Nn=1 rep-

resents the original positions of the mesh vertices and Q = {qn}Nn=1 represents the posi-

tions of the vertices in the deformed mesh. A = {am}Mm=1 and B = {bm}Mm=1 represent

the source and target positions of the interior control points, respectively. D = {di}Ii=1

and H = {hi}Ii=1 represent the source and target positions of the exterior control points.

S = {sm}Mm=1 represents the depth values of the interior control points, and T = {tn}Nn=1

represents the depth values of the mesh vertices.

7.4.1 Input Specification and Triangulation

The system allows the user to manipulate 2D shapes which are defined in the form of trian-

gular meshes. The only information needed to generate these meshes is the contour of the

shape. Once the contour is defined, the interior of the closed region defined by the contour

is triangulated. The user may load an image into the system and manually define the con-

tour of the interest shape in the image using polylines. The system also allows the user to

load images with transparencies. In such cases, all the connected components in the image

with non-zero alpha values are extracted. The contour of the largest component is used as

the input. Given the object’s contour, the interior is filled with regularly spaced internal

points and a constrained conforming Delaunay triangulation [114] of the interior of the

shape is obtained. We use Triangle [113] to compute the triangulation. The triangulation

is further improved by applying Laplacian smoothing [28] to the non-boundary vertices of

the mesh.

If the shape contour was specified by the user, the locations of the vertices in the contour
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polyline are used to define the exterior control points. On the other hand, if the contour was

extracted from the alpha channel (transparency) of an image, the locations of the exterior

control points are determined automatically as described in Sec. 7.3.5.

7.4.2 Insert/Delete Mode

There are two update modes for adding/removing interior control points and for adding/removing

the exterior control points.

Insert/Delete interior control points. Each newly inserted control point is assigned

the default depth value of zero. However, these values can be changed by the user. Once

the user is done inserting/deleting interior control points, the MLS parameters θnm, ln, and

Anm, are computed as per Alg. (2). Additionally, ARAP deformation parameters and vertex

depth values are computed as per Alg. (3) and Alg. (4), respectively.

Algorithm 2 Precompute MLS parameters
Input: Mesh vertices V = {vn}Nn=1, the corresponding position set P = {pn}Nn=1, and

control points A = {am}Mm=1.
Output: MLS parameters θnm, ln, and Anm.

1: for each control point position am ∈ A do
2: vm ← the nearest vertex to am
3: pm ← position of vm
4: dE ← ‖pm − am‖
5: for each vertex vn ∈ V do
6: d← dE+ GeodesicDistance (vm, vn)
7: θnm ← d−α, for some default α > 0
8: end for
9: end for

10: for each vertex vn ∈ V do
11: ā←

PM
m=1 θ

n
mamPM

m=1 θ
n
m

12: ln ← ‖pn − ā‖
13: for each control point position am ∈ A do
14: âm ← am − ā
15: Anm ← θnm ((pn − ā) −(pn − ā)⊥)> (âm −(âm)⊥)
16: end for
17: end for
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Algorithm 3 Precompute ARAP parameters
Input: Mesh vertices V = {vn}Nn=1 and control points A = {am}Mm=1.
Output: ARAP parameters wij , wn, and L.

1: for each edge eij ∈ E do
2: wij ← 1
3: end for
4: for each vertex vn ∈ V do
5: wn ← 1
6: end for
7: for each control point position am ∈ A do
8: vm ← the nearest mesh vertex to am
9: wm ← β, for some β ≥ 2

10: for each k ∈ N (m) do
11: wk ← β/2
12: end for
13: end for
14: L← 0
15: for each vertex vn ∈ V do
16: Lnn ← −

∑
j∈N (n)wnj(wj + wn)

17: for each j ∈ N (n) do
18: Lnj ← wnj(wj + wn)
19: end for
20: end for

Algorithm 4 Compute vertex depth values
Input: Mesh vertices V = {vn}Nn=1, control points A = {am}Mm=1, depth of A: Z =
{zm}Mm=1, and weights θnm.

Output: Vertex depth values, Z ′ = {z′n}Nn=1.
1: for each vertex vn ∈ V do
2: z′n ←

PM
m=1 θ

n
mzmPM

m=1 θ
n
m

3: end for
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Insert/Delete exterior control points. Once the user is done inserting/deleting exterior

control points, the following parameters are updated:

• For each exterior control point i, compute its relative coordinates with respect to the

mesh using the procedure described in Sec. 7.3.5 and obtain piu, p
i
v.

7.4.3 Coarse Deformation Mode

In the coarse deformation mode, the user selects and drags interior control points to contin-

uously deform the underlying mesh to the desired shape. The deformation is done in two

stages. First, we use Moving Least Squares to obtain an initial deformation, as outlined in

Alg. (5). Then, the rigidity of the deformation is improved using the as-rigid-as-possible

approach described in Sec. 7.3.2 and outlined in Alg. (6).

Algorithm 5 Perform MLS Deformation
Input: Mesh vertices V = {vn}Nn=1, target control points B = {bm}Mm=1, and MLS param-

eters θnm, ln, Anm.
Output: Vertex positions Q = {qn}Nn=1 of deformed mesh.

1: for each vertex vn ∈ V do
2: b̄n ←

PM
m=1 θ

n
mbmPM

m=1 θ
n
m

3: b̂nm ← bm − b̄n

4: qn ← ln
PM
m=1 A

n
mb̂

n
m

‖
PM
m=1 A

n
mb̂

n
m‖

+ b̄n

5: end for

Algorithm 6 Perform ARAP Deformation
Input: Mesh vertices V = {vn}Nn=1, vertex positions P = {pn}Nn=1 and Q = {qn}Nn=1 of

input and output meshes, and ARAP parameters wij , wn, L.
Output: Refined vertex positions Q = {qn}Nn=1.

1: for each mesh vertex vn ∈ V do
2: µ←

√(∑
k wnkq̂

>
k p̂k
)2

+
(∑

k wnkq̂
>
k p̂
⊥
k

)2

3: Rn ← 1
µ

∑
k∈N (n) wnk

(
q̂k −q̂⊥k

)> (
p̂k −p̂⊥k

)
4: end for
5: Build the sparse linear system Lq = h with constraints qc = bc as described in

Sec. 7.3.2.
6: Solve the system to obtain the improved vertex positions qn in the deformed mesh.
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7.4.4 Fine Deformation Mode

When the deformation mode is changed from coarse to fine, the state of the deformed mesh

is saved by setting pn = qn for n = 1, ..., N . Each pair of consecutive exterior control

points define a control line on the mesh boundary. The required parameters associated with

each control line are precomputed, as described in [107]. The user can change the positions

and orientations of the control lines by moving the exterior control points. As these lines

are moved, the positions qn of the mesh vertices and the positions of the interior control

points are updated as described in [107]. Once the user is done and the deformation mode

is changed from fine to coarse, we set pn = qn for n = 1, ..., N to save the state of the mesh

after the fine deformation mode.

7.5 Results

Fig. 7.14 shows snapshots of our deformation system during various stages of the warping

process for retargeting garments among various poses. The top row of Fig. 7.14 depicts

images of two dresses that need to be warped to fit different poses. These dresses are

shown overlaid upon target models in the second row of the figure. It is clear that major

adjustments are needed. The third row of Fig. 7.14 shows the deformation results using

only interior control points. Further refinements to the shape boundary are made by adding

and moving exterior control points, as shown in the fourth row of the figure. Final results

of the deformation process are shown in the bottom row of Fig. 7.14.

The total time required for a user to warp and obtain the final result for each dress in

Fig. 7.14 was approximately three minutes. The underlying mesh in each dress consists of

approximately 1700 triangular faces, and each ARAP MLS deformation iteration, on aver-

age, took 56ms on a single 2Gz Intel R© CPU core. In each iteration, the computation time is

dominated by the ARAP deformation step, which requires solving a sparse linear system.

We use a CPU implementation of the preconditioned conjugate gradient method to solve
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the system. However, the timing results can be dramatically improved if a GPU implemen-

tation of the conjugate gradient method is used [17, 25]. This performance enhancement is

left for future work.

7.6 Summary

In this chapter, we described a deformation system for warping images of garments onto

target mannequins of arbitrary poses. The rationale for this work is that input imagery of

garments may come from varied sources. However, in order to create a compelling online

shopping experience, it is useful for a consumer to drag and drop images of clothing onto a

target mannequin to visualize a customizable fashion ensemble. This can only be achieved

if the images available to the user have already been warped to be readily aligned on the

target mannequin. This warping/alignment problem was treated as an exercise in 2D shape

deformation that is governed by user-specified control points. A balance was maintained

to allow the user to perform the deformations with as few operations as possible, while, at

the same time, providing fine control over the shapes of the deformed images.

We built upon recent advances in MLS and ARAP shape manipulation, and extended

MLS from the image-space to the object-space domain to handle the concave shapes that

are prevalent in this application. We also exploited ARAP deformations to yield more

natural warps that improve the MLS results. In addition, our system enabled the user to

correctly deform objects with overlapping elements. Finally, we showed how the interior

and exterior control points enable the system to furnish intuitive local-global control over

the shape of the deformed mesh.

The work described in this chapter has led to a deformation tool for retargeting images

of garments onto mannequins of arbitrary poses. It supercedes commercially available tools

such as the Puppet Warp module in Adobe R© Photoshop R© CS5, which enables deformations

using only interior control points. The absence of exterior control points in Puppet Warp
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Figure 7.14: Snapshots of our garment retargeting system. Each column of the five rows
respectively depicts an input dress, an overlay of the dress on a target model, partial de-
formation results using interior control points, additional refinement using exterior control
points, and the final result.
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makes it difficult to perform local shape adjustments, as required for carefully retargeting

images of garments. Our use of interior and exterior control points for coarse and fine

shape editing modes facilitates a high-speed workflow to handle vast image collections.

In future work, we will attempt to simplify making finer adjustments to the boundary

of the deformed object using fewer control points. We will experiment with cage-based

deformation techniques that use mean value coordinates [53], harmonic coordinates [52],

Green coordinates [74], and complex barycentric coordinates [135]. In future work, we

will also incorporate a GPU implementation of the conjugate gradient method to achieve

better performance gains.



Chapter 8

Conclusions and Future Work

“What we call the beginning is often the end.
And to make an end is to make a beginning.”

–T. S. Eliot

8.1 Summary

In Chapter 2, we provided an overview of feature-based geometric 3D surface matching

techniques. These techniques are defined as the set of approaches, which encode informa-

tion about the geometry of (complete or partial) 3D surfaces into numeric representations.

The resulting representations are generally stored in the form of high dimensional vectors

known as feature vectors. We categorized the feature vectors or descriptors employed by

these methods into four classes:

• Global shape properties, which provide crude description of a surface as a whole.

• Histograms and shape distributions, which encode statistical information about sur-

faces to form the feature vectors.

• Projections-based methods, which use frequency analysis tools, such as spherical

harmonics, to form the feature vectors.

210



CHAPTER 8. CONCLUSIONS AND FUTURE WORK 211

• Maps, which create (mostly local) maps of the positions, normals, curvatures and

higher order differential attributes of the surfaces to form the feature vectors.

In Chapter 2, we also briefly reviewed various feature point (keypoint) extraction tech-

niques. These techniques effectively reduce the computational cost of matching algorithms

by selecting a small number of points on (or near) the input surfaces. We saw that keypoint

extraction techniques are most heavily used in partial shape matching tasks, such as auto-

matic surface registration and recognition. These tasks also use local shape descriptors at

the selected keypoints to establish correspondences between 3D surfaces. We showed that

the majority of local descriptors are maps or histograms.

In Chapter 3, we first provided an overview of the scale-space representation and theory

for signals in Rn, and then reviewed the extensions of the theory to 3D surfaces. We argued

for the use of multiscale surface representations and descriptors for 3D shape matching.

In particular, we advocated the extension and use of scale-space theory of signals for 3D

surfaces. The motivation was based on the inherent capabilities of the scale-space represen-

tation in handling the noise in the data—especially when employing differential operators.

Another advantage of the scale-space representation is in its ability to automatically re-

cover information about the size of (differential) structures in the data, which is referred to

as “automatic scale selection.”

In Chapter 4, we reviewed the Moving Least Squares (MLS) surface reconstruction

approach. The MLS approach was used to obtain a smooth representation of the underlying

surface described by an unorganized set of 3D points. We showed how the noise in the

input is propagated in the various stages of the computation. The error propagation results

and statistical hypothesis testing was used to estimate the minimum neighborhood size

needed when reconstructing the surface and estimating surface curvatures at each point on

the surface. We used the same terminology as in the scale-space theory and referred to the

smallest neighborhood size needed to estimate the surface normals or curvatures as the local

scale of the surface structures. We showed an example where, due to high level of noise in
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the input data, the surface curvatures could not be estimated reliably. The main motivation

for discussing MLS reconstruction and error propagation was to provide another approach

for dealing with the noise in the data. However, we devoted the majority of the thesis to

discussing our proposed scale-space representation for 3D surfaces and its applications to

various shape matching tasks. One of the advantages of our representation compared to the

presented MLS approach was its computational efficiency.

In Chapter 5, we presented our proposed multiscale representation for 3D surfaces,

which we referred to as the 3D Curvature Scale Space (CS3). The representation was

obtained by Gaussian smoothing the surface curvatures in a manner consistent with the

scale-space representation of signals. This enabled us to assign a “scale” to each level in

the stack of smoothed surface curvatures, and to define the scale-normalized Laplacian of

Curvatures (LoC). We showed that the local extrema of LoC can serve as keypoints, which

are stable against noise in the input surface, and are also distributed throughout the surface.

The scale normalization enabled us to associate a scale with each extracted keypoint, which

in turn, gave an estimate of the neighborhood size associated with each keypoint. We used

these results in a crude automatic surface registration algorithm.

In Chapter 6, we employed the proposed CS3 representation for 3D face detection and

recognition. The scale selection capabilities of our representation enabled us to perform

face detection on models with arbitrary scales. We also demonstrated the discriminatory

power of the scale-invariant Laplacian of Curvatures (si-LoC) in a face recognition system,

which outperformed the current state-of-the-art 3D face recognition systems.

In Chapter 7, we described a deformation system for warping images of garments onto

target mannequins of arbitrary poses. We built upon recent advances in MLS and ARAP

shape manipulation, and extended MLS from the image-space to the object-space domain

to handle the concave shapes that are prevalent in this application. We also exploited ARAP

deformations to yield more natural warps that improve the MLS results. In addition, our

system enabled the user to correctly deform objects with overlapping elements. Finally, we
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showed how the interior and exterior control points enable the system to furnish intuitive

local-global control over the shape of the deformed mesh.

8.2 Future Work

In Chapter 5, we presented a surface registration algorithm, which employed the proposed

CS3 representation. However, no thorough error analysis was done on the performance and

results of the algorithm. This is left for future work. Additionally, our 3D face recognition

algorithm in Chapter 6 did not explicitly make use of the information provided by multiple

scans per subject in the training set. In future work, we will augment our recognition

system to use more modern recognition algorithms, such as the sparse representation of

[23, 141]. Moreover, the face recognition system together with the automatic face warping

method, which were discussed in Chapter 6, can easily be used in a system for automatic

enhancements of input 3D faces; e.g., see [68]. This is also left for future work.



Appendix A

Recovering MLS Parameters Tn and Rn

Since the error functional is quadratic in Tn, we can find a unique solution for Tn that

minimizes En. Taking the partial derivative of En with respect to Tn and setting the result

to zero yields
∂En
∂T

= 2
M∑
m=1

θnm(Tn +Rnam − bm) = 0 . (A.1)

This results in the following expression for Tn:

Tn = b̄−Rnā , (A.2)

where

ā =

∑M
m=1 θ

n
mam∑M

m=1 θ
n
m

, b̄ =

∑M
m=1 θ

n
mbm∑M

m=1 θ
n
m

, (A.3)

denote the weighted centroids of the original and new positions of the control points, re-

spectively. Substituting the recovered Tn back into Eq. (7.3), we obtain

En =
M∑
m=1

θnm‖b̂m −Rnâm‖2 , (A.4)

where b̂m = bm − b̄ and âm = am − ā.

Even though the objective function in Eq. (A.4) is quadratic in Rn, the nonlinear con-

214
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straints R−1
n = R>n and det(Rn) = 1 that guarantee Rn is a rotation matrix make the

process of finding Rn more difficult than Tn. Various approaches exist in the photogram-

metry literature for finding Rn that minimizes Eq. (A.4) [44, 6], although the majority are

formulated for the more complicated 3D case. However, as shown in [107] for the 2D case,

a closed-form solution for Rn can be obtained in a manner that allows one to precompute

as much information as possible. We adopt this solution to speed up the deformation. We

now show how to obtain Rn using Lagrange multipliers in a different derivation than given

in [107].

We find Rn by minimizing Eq. (A.4), subject to det(Rn) = 1 and R>nRn = I , where I

is the identity matrix. In 2D,

Rn =

cos θ − sin θ

sin θ cos θ

 =

R1

R2

 =

R1

R⊥1

 , (A.5)

where θ is a rotation angle and ⊥ is an operator, which rotates 2D vectors v = (v1, v2)>

by 90 degrees counterclockwise: [(v1, v2)>]⊥ = (−v2, v1)>. Note that the 2× 2 matrix Rn

can be defined by a 2D row vector R1. In addition, the constraints for Rn to be a rotation

matrix reduce to R1R
>
1 = 1. Multiplying Rn with a position vector a = (a1, a2)> yields

Rna =

cos θ − sin θ

sin θ cos θ


a1

a2

 =

a1 cos θ − a2 sin θ

a1 sin θ + a2 cos θ


=

a1 a2

a2 −a1


 cos θ

− sin θ

 =

(
a −a⊥

)
︸ ︷︷ ︸
2×2 matrix

R>1 .

(A.6)

This result allows us to express the objective function as

En =
∑
m

θnm‖b̂m −
(
âm −â⊥m

)
R>1 ‖2 , (A.7)
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subject to the constraint R1R
>
1 = 1. Using Lagrange multipliers, we include the constraint

into the objective function in Eq. (A.7) and obtain

E = λ(R1R
>
1 − 1) +

∑
m

θnm‖b̂m −
(
âm −â⊥m

)
R>1 ‖2 , (A.8)

where λ is the introduced unknown Lagrange multiplier. The partial derivative of E with

respect to R1 is given as

∂E
∂R1

= ∂
∂R1

(λ(R1R
>
1 − 1) +

∑
m θ

n
m(b̂m −

(
âm −â⊥m

)
R>1 )>(b̂m −

(
âm −â⊥m

)
R>1 ))

= ∂
∂R1

(λ(R1R
>
1 − 1) +

∑
m θ

n
m(b̂>mb̂m +R1

(
âm −â⊥m

)>(
âm −â⊥m

)
︸ ︷︷ ︸

â>mâmI

R>1

−2R1

(
âm −â⊥m

)>
b̂m))

= ∂
∂R1

(λ(R1R
>
1 − 1) +

∑
m θ

n
m(b̂>mb̂m + â>mâmR1R

>
1 − 2R1

(
âm −â⊥m

)>
b̂m))

= 2(λR>1 +
∑

m θ
n
m(â>mâmR

>
1 −

(
âm −â⊥m

)>
b̂m)) .

(A.9)

The following system of equations is obtained by setting the partial derivatives of E with

respect to the unknowns (R1 and λ) to zero:


∂E
∂R1

= 2
(
λR>1 +

∑
m θ

n
m

(
â>mâmR

>
1 −

(
âm −â⊥m

)>
b̂m

))
= 0 ,

∂E
∂λ

= R1R
>
1 − 1 = 0 .

(A.10)

The first equation yields

R1 =
1

λ+
∑

m θ
n
mâ
>
mâm

∑
m

θnmb̂
>
m

(
âm −â⊥m

)
. (A.11)

The second equation enforces the original constraint that R1 must be of unit length. Since
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the length of R1 is given as

‖R1‖ =
µ

λ+
∑

m θ
n
mâ
>
mâm

, (A.12)

where µ =

√(∑
m θ

n
mb̂
>
mâm

)2

+
(∑

m θ
n
mb̂
>
mâ
⊥
m

)2

, we obtain λ by requiring ‖R1‖ = 1:

λ = µ−
∑
m

θnmâ
>
mâm . (A.13)

Substituting the recovered λ back into Eq. (A.11), yields

R1 =
1

µ

∑
m

θnmb̂
>
m

(
âm −â⊥m

)
. (A.14)

Finally, since Rn =

R1

R⊥1

, we obtain

Rn = 1
µ

∑
m θ

n
m

(
b̂m −b̂⊥m

)>(
âm −â⊥m

)
= 1

µ

∑
m θ

n
m

(
b̂m −b̂⊥m

)(
âm −â⊥m

)
.

(A.15)



Appendix B

Evaluation of ψn(pn)

For each input position pn, the deformed output position qn is given as qn = ψn(pn), where

ψn is the warp function associated with the mesh vertex at pn. We attempt to accelerate

the computation of ψn(pn) by separating out the terms that are independent of the target

control point positions bn, and precomputing as many terms as possible. Therefore, ψn(pn)
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becomes

ψn(pn) = 1
µ

∑
m θ

n
m

(
b̂m −b̂⊥m

)(
âm −â⊥m

)
(pn − ā) + b̄

= 1
µ

∑
m θ

n
m

b̂m,1 b̂m,2

b̂m,2 −b̂m,1


âm,1 âm,2

âm,2 −âm,1


u1

u2

+ b̄

= 1
µ

∑
m θ

n
m

b̂m,1 b̂m,2

b̂m,2 −b̂m,1


 u1 u2

−u2 u1


âm,1
âm,2

+ b̄

= 1
µ

∑
m θ

n
m

u1 u2

u2 −u1


 b̂m,1 b̂m,2

−b̂m,2 b̂m,1


âm,1
âm,2

+ b̄

= 1
µ

∑
m θ

n
m

u1 u2

u2 −u1


âm,1 âm,2

âm,2 −âm,1


b̂m,1
b̂m,2

+ b̄

= 1
µ

∑
m θ

n
m

(
u −u⊥

)(
âm −â⊥m

)
b̂m + b̄

= 1
µ

∑
m θ

n
m

(
(pn − ā) −(pn − ā)⊥

)(
âm −â⊥m

)
b̂m + b̄

= 1
µ

∑
mA

n
mb̂m + b̄ ,

(B.1)

where u = (pn − ā) = (u1, u2)>, âm = (âm,1, âm,2)>, b̂m = (b̂m,1, b̂m,2)>, and

Anm = θnm

(
(pn − ā) −(pn − ā)⊥

)(
âm −â⊥m

)
. (B.2)

Note that all terms in Anm are independent of target control point positions bm and can

therefore be precomputed offline.
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