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ABSTRACT

MICROWAVE METAL-INSULATOR-SEMICONDUCTOR VARACTORS

By
Raymond L. Camisa 

Advisor: Professor Morris Ettenberg

In this dissertation the characteristics of Metal-Insulator- 

Semiconductor (MIS) varactors are studied theoretically and experimen­

tally. A numerical model for the small signal impedance of a one 

dimensional MIS structure is developed. The solution is valid for non­

degenerate semiconductors with arbitrary impurity profiles. The solution 

proceeds by first solving for the steady state electrostatic potential 

everywhere in the structure. Laplace's equation is specified in the 

insulator, Poisson's equation in the semiconductor, and boundary con­

ditions at the ends and Interface point. The resulting mathematical 

formulation is a mixed linear - nonlinear boundary value problem and a 

quasilinearization algorithm is used to obtain a numerical solution.

Once the electrostatic problem is solved the microwave impedance may 

be calculated by perturbing the d.c. solution with a small sinusoidal 

signal. The basic equations are linearized about the d.c. operating 

point resulting in three coupled linear second order differential 

equations. The sinusoidal steady state problem is set up as a linear 

boundary value problem which may be solved for without iteration.

iv



The numerical program developed is then used to study MIS varactors 

made on epitaxial substrates. Silicon MIS varactors are fabricated and 

compared to theoretical calculations. It is shown that high Q varactors 

are possible using this technology but also MIS varactors have unique 

characteristics which may be exploited in certain microwave applications. 

The use of MIS varactors in microwave digital phase shifters and low 

noise parametric amplifiers is further investigated. Microwave cir­

cuits using silicon MIS varactors are developed and studied.
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CHAPTER 1

INTRODUCTION TO METAL INSULATOR SEMICONDUCTOR VARACTORS

1.1 Basic Structure

Figure 1.1 shows a metal-insulator-semiconductor (MIS) varactor 

one dimensional cross section. Embodied in this sketch are two similar 

but distinctive varactors described in the literature:

(a) surface varactor

(b) space charge varactor

The surface varactor operates in a depletion mode and corresponds to the 

case of a low resistivity epitaxial layer. When a d.c. reverse bias is 

applied, the surface of the semiconductor at the insulator-semiconductor 

(I-S) interface is depleted of majority carriers forming a series con­

nection of a fixed Insulator capacitance and variable depletion capaci­

tance. The space charge varactor operates in an accumulation or carrier 

injection mode, corresponding to the case of a high resistivity epi­

taxial layer. The capacitance of this device is varied by forward bias­

ing and injecting carriers from the substrate into the epitaxial (semi- 

insulating region). In both modes of operation, very little direct 

current flows because of the insulating barrier.

The physical picture for both structures is actually more compli­

cated because for no d.c. current the product of holes and electrons
2at every point in the semiconductor must equal a constant (n^ ). There­

fore, when the surface of a semiconductor is depleted of majority carriers, 

there will be a build-up of minority carriers. For a strong reverse bias 

the minority carriers will dominate and the resulting charge layer is 

called an inversion layer. For the N type semiconductor shown in 

Figure 1.1 the inversion layer would be a thin layer of holes at the
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Figure 1.1 Metal Insulator semiconductor varactor - one dimensional 

cross section:
(a) surface varactor p - low resistivity.
(b) space charge varactor p - high resistivity.



S-I interface. Once the inversion layer forms, any further reverse 

bias increases the density of minority carriers in the Inversion layer 

and the depletion thickness no longer increases. The inversion layer 

response to applied signals is Important in that it determines MIS 

terminal characteristics. Figure 1.2 describes MIS capacitance versus 

voltage characteristics. At zero bias there is no depletion layer and 

the total capacitance is the insulator capacitance. When a depletion 

layer is formed the capacitance decreases until a maximum depletion 

depth is reached due to inversion. For further reverse bias the path 

that the capacitance characteristic takes depends on the type of measur­

ing signal. For a very low frequency small signal (<100 Hz) the inver­

sion layer responds to variations in the small signal and, since it 
appears at the S-I interface, the capacitance curve relaxes to the 

insulator value (C^). For a high frequency small signal the inversion 

layer cannot follow since the minority carriers are generated thermally, 

which is a very slow process. But, the d.c. inversion layer is still 

there preventing further depletion into the semiconductor and therefore 

the capacitance stays at CT . For a large high frequency signal theLj
inversion layer is never formed because the Instantaneous value of 

potential required to generate the minority carriers is not present long 

enough. Therefore, as reverse bias is applied, the semiconductor depletes 

further and further, similar to a conventional varactor. The resistance 

characteristics for MIS structures are similar to the capacitance curves. 

The resistance corresponds to ohmic losses from the edge of the depletion 

layer to the substrate. Losses in the substrate should be negligible 

because of its low resistivity (£ .005 Q-cm).
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(a)

(b)

- ■ I ------

(c)

Figure 1.2 MIS capacitance characteristics: 
(a) low frequency small signal
(b) high frequency small signal
(c) large high frequency signal



1.2 Pertinent Literature

In 1959 J. L. Moll[l] and Pfann and Garrett[2] proposed an MIS 

varactor structure. The device was called a surface varactor because 

it used surface space charge layers to vary the capacitance. The dif­

ferential capacitance versus voltage characteristic was derived, based 

upon the depletion approximation, and was compared favorably with the 

abrupt P+N junction varactor. Frankl[3] and Lindner[4] investigated 

material parameter effects on the design of surface varactors. Lindner 

also compared the MIS varactor and junction varactors on the basis of 

cutoff frequency and total capacity change. Feursanger and Frankl[5] 

built surface varactors consisting of epitaxially grown silicon and 

germanium wafers with titanium dioxide films as a dielectric. Measure­

ments were made up to 9 GHz and were in good agreement with existing 

theories[3,4]. High quality devices with zero bias cutoff frequencies 
above 100 GHz were described. Grove[6] did a detailed investigation 

of thermally oxidized silicon surfaces consolidating many of the ideas 

of previous researches. He modeled and measured in detail the effects 

of measurement frequency, illumination and temperature on the space 

charge capacitance of an inverted surface. This capacitance was shown 

to follow one of three simple models depending on the measurement fre­

quency and rate of generation of minority carriers.

In 1965 Howson, Owen and Wright[7] described the space charge 

varactor, which consisted of a high resistivity epitaxial structure. 

This device was analyzed by characterizing the epitaxial layer as a 

semi-insulator (no thermally generated carriers). The differential 

capacitance was derived and shown to be more abrupt than the surface 

varactor. Silicon space charge varactors were built and measurements



confirmed their low frequency theory. In 1970 Nigrin[9] presented a 

small signal theory for the space charge varactor. His theory again 

neglects thermally generated carriers and predicts transit time effects. 

UHFmeasurements carried out on structures using high resistivity silicon 

epitaxial layers for the semi-insulator and a silicon dioxide Insulator 

qualitatively verified the theory. Good high frequency devices could 

not be made. The thin high resistivity layers required on an N+ sub­

strate could not be fabricated because it was found that significant 

out-diffusion or autodoping effects predominated.
Numerical simulation of semiconductor devices has progressed with 

the development of large high speed digital computers and with the need 

for more detailed device performance models. A one-dimension computer 

simulation of a semiconductor device proceeds by first solving the d.c. 

steady state problem for the electrostatic potential throughout the 
structure and then using pertubation techniques to solve the sinusoidal 
steady state problem. Previously, the d.c. electrostatic problem has 

been treated as an initial value problem[ll] by making simplifying 

assumptions at the boundaries. It has also been treated as a boundary 

value problem by dynamic programming methods ("shooting" methods)[12,14].

A regional approach!13] may also be used where closed form solutions are 

joined by numerical solutions. The small signal steady state problem has 

been solved by developing small signal equivalent circuits [11,13] and 
using matrix analyses [13,22] to solve for the impedance of the device. 

These models have never been tested at microwave frequencies.

Both the surface varactor and the space charge varactor theoretically 

have performance advantages in microwave circuit applicatlons[4,7,8].

None of these advantages were ever realized at microwave frequencies
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because high Q varactors were never available. Recently, a high Q 

surface varactor was reported[2,3] and potential new microwave appli­

cations explored. With this success, many researchers are reinvestigat­

ing their potential advantages. In 1971 Muller[23] built an MIS Upper- 

Sldeband Upconverter and compared Its performance to a charge storage 

diode. Marquart and Schick[8] showed how one could achieve decreased 

pump sensitivity by using MIS varactors. Other authors[24,25,26] showed 

how MIS varactors may be used in unique computer-controlled microwave 

networks such as digitally tuned oscillators and digital phase shifters. 
MIS varactors in such applications are voltage-controlled devices which 

require very low steady state drive power. This makes them attractive 

for electronically scanned antennas which require a large number of 

phase shifters and must be controlled by a computer.

1.3 Dissertation Research Summary
This research studies the possible use of metal-insulator-semi- 

conductor varactors as a microwave voltage variable circuit element.

A unified theory for MIS varactors using thin epitaxially grown semicon­

ductors is developed. Silicon MIS varactors are built using silicon 

dioxide insulators.* These devices were mounted in ceramic pill pack­

ages and characterized at microwave frequencies. Selected devices were 

then used to build a four-bit digital phase shifter at 3.5 GHz and a 

microwave (2 GHz signal circuit) low noise parametric amplifier. Both 

circuits were built using a microwave integrated circuit format. The 

phase shifter showed potential for filling low power drain phase shifter

*Later in the research, mixtures of silicon dioxide, silicon nitride, 
and aluminum oxide were used as insulators successfully.



needs. The paramp vas the first of its kind built at microwave fre­

quencies, and showed decrease pump sensitivity over conventional para­

metric amplifiers. Both applications require further study in order to 

realize optimized devices.

In Chapter 2 the solution for the d.c. electrostatic potential in 

a one-dimensional MIS structure is treated as a two-point boundary value 

problem which is solved iteratively by the "n"[15] or quasilineariza- 

tion[16] procedure. This method is a generalized Newton-Raphson ap­

proach for nonlinear boundary value problems and, therefore, converges 

quadradically when it converges at all. This method has been used in 

the study of bipolar transistors [17]. Once the electrostatic potential 

is solved for, it is shown that the differential capacitance may be 

determined by storing the potential at the I-S Interface for a given 

externally applied potential. The low frequency characteristics of 

MIS varactors are then studied for a wide range of material parameters 

and device dimensions. The low frequency computer simulation is 

performed by fitting a capacitance curve to an experimentally measured 

device. The two curves were fitted by varying impurity profiles and 

surface state charge density.

In Chapter 3 a small signal theory valid at microwave frequencies 

is developed. The solution proceeds by superimposing small signal 

sinusoidal terms on the d.c. solution. The exact equations are linearized 

and combined into three coupled second order linear differential equa­

tions. The coefficients of the linearized equations are terms involving 

the previously derived d.c. solution. All derivatives are expanded using 

finite difference approximations resulting in a seven-band matrix. This 

system of equations is solved for by a specialized Gauss-elimination



routine for band matrices. In this procedure, the small signal 

sinusoidal electrostatic potential (V^) and quasipotentials 

are solved for at every point in the semiconductor knowing the ex­

ternally applied electrostatic potential. The small signal current Is 

solved for and the current and voltage may then be used to determine 

the small signal impedance. The surface varactor is simulated at micro­

wave frequencies and compared with experiments. It should be noted that 

the small signal problem is solved without iteration once the d.c. coef­

ficients are known.
Chapter 4 is an applications chapter in which a digital phase 

shifter and a parametric amplifier are designed and tested. The phase 

shifter is of the reflection type and uses a Lange[31] hybrid to separate 

input and output. Phase stretching techniques are developed for realiza­

tion of large phase shifts using varactors with limited capacitance 

ratio. These networks are simulated on COSMIC (Computer Simulation of 

Microwave Integrated Circuit), an RCA analysis program. A four-bit 

phase shifter is fabricated and tested. It is shown that switching 

speed and phase shift are power sensitive. The MIS parametric amplifier 

is shown to be less sensitive to pump power variations than conventional 

varactor paramps.
Chapter 5 sunmarlzes the work performed. It also outlines further 

research which could be performed in this area.

1.4 Basic Equations
In general, the following set of equations must be satisfied in a 

semiconductor[27,28].
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Transport Model _

Jp - - ■ v vVp (1~l)

J - -qp N W  (1-2)n M n n

P - niexp(Vp-V )/VT (1-3)

(V -Vn)/V_ (1-4)N * n^xp n T

where P,N correspond to hole and electron densities, ii is particle 

mobility, n^ is the intrinsic carrier concentration, is thermal 

potential (K,T/q) , Vp and Vn are the hole and electron quasi-Fermi

potentials, and "j is the particle current density.

Continuity

'•JP +  ’ I f  +  ’"p ■ 0 (1- 5)

5'J„ - 0 f  - 1“„ - 0 «-«)

where, in general, the recombination model (Un>Up) is of the Schottky- 

Hall-Read type[29,30].



r ,r are carrier lifetimes for holes and electrons, V is the electro- r’ p
static potential, and Vr is the trap potential.

Poissons' Equations

V-D - q[P-N+G(X)] Cl-10)

where G(X) is the Impurity concentration profile and D is the electric 

flux density.

D may be related to the electrostatic potential by

D = -eW (1-11)

And, finally, the total current may be expressed as the sum of dis­

placement current and individual particle currents
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CHAPTER 2

D. C. SIMULATION OF METAL INSULATOR SEMICONDUCTOR VARACTORS

In order to characterize the performance of MIS varactors at micro­

wave frequencies one must first solve for the d.c. steady state electro­

static potential everywhere in the structure. Once this is done the 

microwave impedance may be calculated by perturbing the d.c. solution 

with a small sinusoidal signal. In addition to being necessary for high 

frequency calculations, the d.c. solution, especially near the lnsulator- 

semiconductor interface, may be used to calculate differential capaci­

tance (C. * 9Q/3V). This quantity may be measured experimentally and a
used to check the d.c. solution. Also, differential capacitance versus 

voltage curves may be used to study interface properties of semiconduc­

tors and impurity profile effects. The differential capacitance is also 

calculated here so as to compare it later with the imaginary part of the 

Impedance solved for directly. This is of particular interest since they 

are commonly used interchangeably in the literature.

The problem is approached by specifying Laplace's equation in the 

insulator, Polsson's equation in the semiconductor and boundary condi­

tions at the ends and Interface point. The resulting mathematical 

formulation is a mixed linear and nonlinear boundary value problem. A 

closed form solution for this problem is not possible for arbitrary 

doping profiles and this chapter is confined to a computer solution.

The solution proceeds by linearizing the system about a present guess,
V*(X). The linearized system is then solved for the error [6(1),6(2)...6(n)] 

at every grid point. The solution of the linear problem Involves the 

inversion of a tridiagonal matrix of the band type. The maximum error



DMAX is then found and compared with an allowable bound (.01*VT). If 

the error is not small enough, the initial guess is updated by the 

error and the linearization process is continued. The program stops 

iterating when the maximum error is within the error bound. The analysis 

program (MIS) using this procedure is then used to analyze MIS struc­

tures with various doping profiles.

2.1 Mathematical Formulation (D.C.)

2.1.1 D.C. Equations

Since only a one dimension solution is considered, all vector quan­

tities will be understood to have a single component in the X direction. 

Therefore, vector equations may be written as scalar equations and sub­

script, o, will be used to denote a d.c. quantity.

A sketch of a one-dimensional MIS structure is shown in Figure 2.1. 

In the insulator, Laplace's equation is assumed to hold for the d.c. 

potential, Vq.

The above equation implies an ideal insulator with no injected carriers 

or distributed ionic contamination. In the semiconductor the basic 

equations (1-1) to (1-12) may be further simplified with the assump­
tion of no d.c. convection current (J , J ) flow.no po



Region I

Region S: d2V
dX E {“G(X) - 2n sinh rp s i  T}

Boundary Conditions:

Vq (XL) = VL

Vq (XR)

VQ (X0 ) - V(XO )

K
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dV 1  Q

- K  - » -I dX eJt °

Figure 2.1 Summary of one dimensional D.C. boundary value problem.
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From Eq. (1-1), (1-2), and (2-2) It is seen that the d.c. quasipotentials

definition, must be equal to the equilibrium Fermi potential, V^.

Since V_ is a constant independent of distance, it is chosen asF
the reference or ground potential.

2.1.2 Boundary Condit ions
The contact at the metal-insulator boundary is considered an ideal 

metal maintained with respect to the Fermi potential in the semicon­

ductor at an electrostatic potential, VL. The metal semiconductor 
contact is considered ohmic[17] which Implies the following two assump­

tions:

An infinite surface recombination velocity implies for finite hole 

and electron current densities at the contacts that hole and electron 

densities must be equal to the d.c. quantities; i.e.,

(V , V ) must be constants independent of distance and, in fact, by no po

(2-3)

(2-4)

Substituting Eq. (1-3), (1-4), (1-11), and (2-4) into (1-10) a 

specialized form of Poisson's equation results:

(2-5)

(A) - infinite surface recombination velocity

(B) - space charge neutrality

P - P and N - No o (2-6)
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This may be deduced from the definition of surface recombination 

velocity.

q(P ^o^lohmic contact * (J /S ) * 0 (2-7a)Sgp-H- p RF

q(N-NQ) - lim - 0 (2-7b)
s v t T

The second assumption (B) may be expressed using Eq. (2-6) as

P - N + G(XR) - 0 (2-8)o o

which may be solved for Vq (XR) assuming Boltzmann's statistics,

Eq. (1-3), (1-4), and (2-4).

•i /g (x rAv2nJVo(XR) - VT Sinh A (2-9a)

This equation may be rewritten in the following form, which is easier 

to handle on the computer.

- vt ♦  ( ^ y  +  1 ) 1/j

Note that n^ is a function of temperature and the type of material 

used. For sillcon[l8]

nA(T) - (3.73 x 1016) * T3/2 exp (cm“3) (2-10)

At the semiconductor insulator interface the normal component of 

electric flux density is discontinuous.

DS “ DI ” QSS (2-11)



17
Q Is any surface state or Interface charge which may exist. Thebd
electric flux densities may be expressed in terms of electrostatic 

potential:

dV
D - eE = - e ̂  (2-12)

A summary of the mathematical formulation is presented in Figure 

2.1, including structure, d.c. equations and boundary conditions.

2.2 Numerical Solution of the D.C. Steady State Problem

2.2.1 Quasilinearization

First, the structure is divided into three section in each of which 

a uniform grid is set up as described in Figure 2.2. The mesh sizes

(XH1, XH2, XH3) need not be the same size and, in general, they are not.

At each point it is assumed that the electrostatic potential consists 

of a present value (V*) plus an error (<5).

V = V1 + 6 (2-13)o o

Substituting Eq. (2-13) into Eq. (2-1)

2 id  (6 + V )
 5-2- - 0 (2-14)

dX

Solving for the error term, a second order linear differential 

equation results where the right side is known since is known.

d26 d2yl
M ---- diT (2-15)dX dX

Substituting Eq. (2-13) into (2-5), and similarly separating error terms, 

a second order nonlinear differential equation in 6 results.
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0 6(1)............6(P)
VL VjJl) V^N) VJN1) ftfP) 
<L «f

XHl

V^L)

it <i * >
X(l) X(N) X(N1) X(P) X(L) X(M) X(K)

6(K)
V^K)

XH2

XL
!
xo

6 (Ml) 
VJM1)

-XH3-

X(M1) Kl)

N1 - Number of Increments in Insulator

N2,N3 ■ Number of Increments in Grid 1 and Grid 2 in the Semiconductor

X(I) ■ Mesh Coordinate
6,V » Error and Exact Value of Electrostatic Potential

K “ N1 + N2
Kl - N1 + N2 + N3

Figure 2.2 Finite difference grid and associated variables.



It is assumed here that V* is close to the exact solution such that

S/Vj, << 1. This may be justified on the grounds that this problem is a 

physical one to which under certain conditions a good approximation 

is known. Therefore, under these assumptions, the nonlinear boundary 

value problem in Vq may be converted to a linear problem in 6, which 

may be solved directly without Iteration. Expanding the terms 

cosh 6/V^ and sinh 6/V̂ , and keeping only first order terms, Eq. (2-17) 

may be expressed as

At the interface point between Insulator and semiconductor, the boundary 

condition on the error may be determined by substituting Eq. (2-13) into

(2-18)

Substituting Eq. (2-18) into (2-16) and collecting error terms

(2-19)
dX

(2-20)

+ ̂  (G(X) + 2n. sinh (2-21)



The subscripts S and I denote derivatives evaluated from the semicon­

ductor or insulator sides, respectively. At the metal contacts, the 

electrostatic potential is assumed known, and therefore error at these 

points is always zero.

A summary of the linearized boundary value problem is shown in Figure 

2.3. It should be noted that the coefficients of the linearized second 

order problem are in terms of the presently known V* and other known 

constants.

The solution proceeds now by approximating all derivatives by 

finite difference approximations and obtaining a system of equations 

of the form

The matrix J is a tridiagonal band matrix as shown in Figure 2.4.

The matrices 6 and D are column vectors. The elements (a,b,c) of J may 

be derived in the insulator by using centered difference approximations

and if the second derivative of 6 with respect to X is expressed

similarly, the following set of equations result in the insulator.

6(XL) = 0 (2-23)

6(XR) * 0 (2-24)

J • 6 * D (2-25)

to second derivatives of 6 and Vi Therefore, if we leto

(I)- D2V(I)
Vi(l-1) - 2V1(I) + V1(I+1) o o_______o____

(XH1)2
(2-26)



V - V* + 6

Region I: djS
dX2 dX2

Region S: d26
dX2

- a6 + e

a_e
2n V
— - Cosh -2WOI* y
T T

d2VA___O
d x2 {■ v

G(X) - 2 n ± Sinh ̂
T J

Boundary Conditions:

6(XL) * 0

6(XR) - 0

At X-XO,

v s dX vI dX ].
'ss
eo

- K <] ■* J, + K
dV__c

I dX

Figure 2.3 Linearized boundary value problem.



J • 6 * D

b(l) c(l)

i(2) c(2) o
\  \ \
\ \ \
\ \  \
\ \  \
\ \ \

\  \  N
\ \
a (Ml) b(Ml)

O

Figure 2.4 Tridiagonal system of equations.
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At X - X(l) -26(1) + 6(2) - -(XH1)2D2V(1) (2-27)

X - X(I) 6(1-1) - 26(1) + 6(1+1) - -(XH1)2D2V(I) ,

I = 2 ,N (2-28)

At the Interface point X-X0*X(N1), Equation (2-22) must be satisfied.

At this point, derivatives evaluated from the right are determined 

using the forward difference approximation

d6.1 _ 6(P) - 6(N1) (2_ 2 q .
dX I (XH2) '

Similarly, derivatives evaluated from the left are determined by back­

ward difference approximations

d6|
dxJi

6(N1) - 6(N) (2_30)
XH1

Collecting similar terms, the following is valid at the interface point. 

6(N) - ( 1 + ̂  } 6(N1) + |gi 6(P)m)
- i g f  - V o ( m

^  l ^ ( P )  <2-3M

In the semiconducting region of grid 2, centered difference ap­

proximations are again used yielding

6(1-1) -( 2 + (XH2)2 a(X))6(I) + 6(1+1) - -(XH2)2 8(1) (2-32)



3(1) - D2V(I) + *  (g(I) - 

I - P,M

G(I) - 2 n ± sinh -2-
V*(I)

(2-34)

(2-35)

At the interface point between two grids (point K), the centered dif­

ference approximation for second derivative (Appendix Al) is used re­

sulting in Eq. (2-36).

Note that Eq. (2-36) reduces to (2-32) for XH2-XH3. Similarly, in 

grid 3: I - PI, Ml.

Comparing Eq. (2-27) to (2-37) with the elements of J, a,b,c at every 

point may be determined and is summarized in Figure 2.5. Figure 2.6 is 

a flow diagram of the program (MIS) pertinent to this chapter.

2.2.2 Inversion Algorithm for a Tridiagonal Band Matrix

The Ml system of equations may be solved for the Ml unknown 6's by 

a Gauss elimination routine[19,20]. Expanding Eq. (2-25) into 

component form, the system may be written as

(XH2)(XH2+XH3)

g(K) XH2(XH2+XH3) (2-36)

6(1-1) - (2+(XH3)2 ) 6(1) + 6(1+1) - -(XH3)2S(I) (2-37)

b(l)6(l)+c(l)6(2) - d(l) (2-38)

a(2)6(l)+b(2)6(2)+c(2)5(3) - d(2) (2-39)

a(3)6(2)+b(3)6(3)+c(3)6(4) - d(3) (2-40)
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a(I) - 1, 
b(I) - -2 

c(I) - 1
d(I) - -(XH1)2 D2V(I) 

b(Nl)

iyi + !a ai')y  Kx XH2 )

I - 2, Ml 

I - 1,N

,M1. m 8 XH1 
c( * Kx XH2

d(N1) . . Si . V‘(N) + (l + ^  fi)vJ(Nl) - J- V‘(P) 
I o >■ I ' I

b(I) - -(2 + (XH2)2a(I)) 

c(I) - 1
d(I) - - (XH2)2B(I)

I = P,M

vjd)
a(I) - f- ■ cosh

s T T

6(1) - D2V(I) + 3- f  vi(i)'n(G(I)-2ni sinh  J

b(K)

c(K)

d(K)

b(I)

d(I)

c(I)

- A + §| + o0t) ^XH2tXH2^XH3^|
XH2
XH3
p(K) XH2(XH2+XH3)

- (2+(XH3)2) a(I) 1
- 7 > I = PI,Ml

- (XH3) 6(1) J
1, I - PI,LI where LI - Ml-1.

Figure 2.5 Summary of matrix elements abed.
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J - J+l J

>o <oJ-30

f o  (DMAX-VT) >

Failed Co 
Converge

Converged

Read Nl, N2, XL, XO, XR

Discretize

Initialize V

Call MAX DMAX

Call TRID 6 -,-1

Calculate V, VR

Calculate A, B, C, D

Calculate d V /dX

Print IMAX

ss VL, 6(X)

Figure 2.6 MIS flow diagram.
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a(Ml-l)6(Ml-2)+b(Ml-l)6(Ml-l)+c(Ml-l)6(M1) - d(Ml-l) (2-41)

a(Ml-l) 6(Ml-l)+b(Ml) 6(M1) - d(Ml) (2-42)

Multiplying Eq. (2-38) by a(2)/b(l), and using the resulting equation 

to eliminate 6(1) from Eq. (2-39)

b*(2)6(2)+c(2)6(3) * d'(2) (2-43)

b'(2) = b(2) - (2-44)

d ' (2) « d(2) - (2-45)

Multiplying Eq. (2-39) by a(3)/b'(2) and subtracting the resulting 

equation from Eq. (2-40)

b'(3)6(3)+c(3)6(4) - d*(3) (2-46)

where

b'(3) - b(3) - ab?'( 2 p ' (2_47)

d'(3) - d(3) - <2-48>

Also, eliminating 6(Ml-2) from Eq. (2-41)

b'(Ml-1)6(Ml-1) + c(Ml-l)6(M1) - d'(Ml-l) (2-49)

b'(Ml-l) - b(Ml-l) - 3(Mb~(Ml-iy~'̂ ~ (2‘50)

d'(Ml-1) - d(Ml-l) - 3 (Ml-2)~~> (2"51)

Similarly, eliminating 6(Ml-1) from Eq. (2-42)
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b'(Ml)6(Ml) - d' (Ml) (2-52)

b ’ (Ml) - b(Ml) ~ ~ ('̂ M l - iy'~)' <2~53>

d*(Ml) - d(Ml) - <2"5*>b'(Ml-1)

Solving Eq. (2-52) for 6(Ml)

6(M1) ' S M m f  <2"55)

Back substituting Into Eq. (2-49)

or

6 (Ml-1) - (2-56,

S00 . (2.57)

R = Ml-1 to R = 1 (2-58)

Algorithm Summary

1. If b(l) 4 0, then calculate Ratio

2. Ratio - fgj-

Then for I * 2, Ml, do steps 3,4,5,6.

3. b(I) - b(l) - Ratio * c(I-l)

4. d(I) =- d(I) - Ratio * d(I-l)

5. If b(I) k 0, calculate Ratio.

6. Ratio * *b(x^

Note that the array B, D is destroyed in the process of solving the 

system. This feature reduces the numbers of arrays required by two. The
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algorithm now proceeds by back substituting and solving for the solu­

tion vector 6.

2.2.3 Calculation of Low Frequency Capacitance

By definition the differential capacitance of a semiconductor 

structure is

where

V * voltage variation across the structure.

VL = applied electrostatic potential relative to the Fermi 

potential within the semiconductor.
VR * contact potential relative to the Fermi potential.

Q “ charge per unit area at the interface between metal and 
insulator.

The surface charge (Q) may be related to the electric field (Ej) 

in the insulator by knowing that the electric flux density (D) Is dis­

continuous across the boundary and that the electric field in the metal

d(Ml)
b(Ml)

d(R) - c(R) *6(R) 
S. « ( R ) --------------- ^ R -  M -l to  R *  1

(2-59)

is zero
(2-60)

D,M - 0 (2-61)

(2-62)
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where

eq « permittivity of free space.

Kj « relative permittivity of the Insulator.

Ej. = electric field in the insulator.

The electric field may be related to the electrostatic potential by

„ VL -_V(X0I 63
I xo

Substituting Eq. (2-63) into (2-62) a relationship between Q and electro­

static potentials results.

Q * CQ (VL - V(X0)j (2-64)

where
e K t

C - -2-^ (2-65)O Xo

dQ - Cq ̂dVL - dV(XO)^ (2-66)

dV - dVL (2-67)

Substituting Eq. (2-66) and (2-67) in the capacitance definition (2-59)

C * Co(i - igaj) <2-e8,

(2-69)

Approximating the first derivative by a forward difference

“V< V  V(Xo) 1*1 - T(V !
dVL " (VL)I+1 - <VL)X

If increments in applied voltage are defined as DV where

DV » <VL)I+1 - (VL)t (2-70)

then the final expression for differential capacitance may be expressed 

in terms of DV and the change in voltage at the semiconductor insulator 

Interface.



/  V(X - V(X ) \
C(I> - c o ( i -  I+1-DV—  )

VL - VR + DV * I

I = 1, NP 

NP - number of points of interest.

2.2.4 Assumed Impurity Profile for Ideal Epitaxial Material

The Impurity profile most used in calculations will be that of a 

hyperbolic tangent function of the following form:

G(X) - Atanh (X-X^/BX + C (2-74)

where
A - (NS-NE)/2 (2-75)

BX = slope parameter 

C - (NS+NE)/2 (2-76)

NS and NE are substrate and epitaxial layer densities, respectively.

X^ * break point of the abrupt junction 

The function can simulate an abrupt junction if the slope parameter is 

made small enough. This function is also continuous everywhere and is 

bounded, which makes numerical computation simple. Figure 2.7 plots 

Eq. (2-74) for two epi layer densities and two different slope parameters. 

In general, we will be interested in doping profiles corresponding to 

the surface varactor and the space charge varactor.
The parameters of the impurity profile [Eq. (2-74)] for the sur­

face varactor are assumed to be
20 3NS - 1.0 x 10 (1/cm )

NE - 0.5 x 1016 (1/cm3)
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(2-71)

(2-72)

(2-73)
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1x10*

1x10

1x101

100
X (Microns)

Figure 2.7 G(x) versus distance x.
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XI ■ 0.7 (microns)
.3BX * 1.0 x 10 (microns)

In addition to the above parameters referring to Figure 2.1, the rest 

of the dimensions are:

XL - 0

X0 * 0.1 (microns)

XR * 101.3 (microns)
For the space charge varactor all dimensions and densities are the 

same except for NE. For the space charge varactor an intrinsic material 

is assumed

NE - 0

2.3 Solution for Electrostatic Potential
Figure 2.8 is a plot of electrostatic potential at the insulator 

semiconductor interface. As is shown in the plot:

VL ■ -2.47 volts

VR *0.53 volts
-3 2Qgg ■ 0.34 x 10 coul/m

The doping profile corresponds to that of the surface varactor. In the 

insulator, since there is no charge density, the electrostatic potential 

is a linear function versus distance. At the insulator-semiconductor 

interface (X ■ XO ■ 0.1 pm) there is a change in slope due to the change 

in relative dielectric constant and also due to the surface charge 

density. The potential decays into the semiconductor, approximately 

0.3 micron until charge neutrality (p ■ 0) is valid and the electro­

static potential is independent of distance. It should be noted that 

there is a region near the interface where Vq ■ 0. At this point 

(X - 0.18 pm) according to Eq. (1-3), (1-4), and (2-4)
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V( Volts)

0.34639

0.26300
0.19560

0.10399 
004661 

- 0.01254
- 0.06006
- 0.15360
- 0.23370

-0.36561

- 0.60544

- 0.62507

- 1.04470

- 1.26433

- 1.46396

- 1.70359

- 1.92322

- 2.14265

'insulator I Semiconductor
- 2.36246  1 ♦ « * I I I I I I» I— I— I— I— I— I— i— t— !— I— f-

S m  “i « o o c> o d o c> c>
£ DistanceX-M icrons

o 6 o c i c i o 6 o 6 c i c j c j o c > d 6 c j c j c >

Figure 2.8 Computer simulation of potential at the insulator- 
semiconductor interface.
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P * n. exp - V /V_ o i v o T (2-77)

Nq « n ± exp Vq/Vt (2-78)

P - N (2-79)o o

and p = q(PQ-No+G(X) - qG(X) (2-80)

At approximately X s 0.18 pm there is essentially a depletion region 

where there is a positive background charge density. At the I-S inter­

face there is a large negative potential which, according to Eq. (2-77) and 

(2-78) corresponds to a large hole concentration and a small electron 

concentration. Since holes are minority carriers, this is called an 

inversion layer.

Figure 2.9 shows a plot of the N/N+ interface (X ■ 0.7 pm). To 

the left and right of this interface are charge neutral regions where 

no electric fields exist. But, right at the interface an electric 

field exists corresponding to an electron accumulation. This charge is 

an out-diffusion of electrons from the more heavily doped substrate in­

to the lower impurity epitaxial region. This charge accumulation or 

injection becomes important in the space charge varactor which works on 

a charge injection principle.

2.4 MIS Differential Capacitance Simulation

Using equation (2-71) differential capacitance versus voltage, 

plots may be used to study MIS properties. It should be noted that the 

capacitance characteristic resulting will be the low frequency curve.

This is because the total charge including minority carriers is used to 

calculate capacitance. Figure 2.10 shows a c(v) plot for an abrupt 

surface varactor with surface charge as a parameter. As the surface
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Figure 2.9 Computer simulation of potential at the N/N+ interface.
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C(pf)

0.7

0.6

0.5

OA

0.3

ONE - 1. Ox 10* cm'

■0.2

■ 0.1

(VOLTS)

Figure 2.10 Differential capacitance versus voltage with Qss as
a parameter.
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charge is increased the C(V) curve is displaced along the voltage axis. 

Grove[6] shows that a reasonable number for surface state charge density
A 0is Qgs ^ 10- coul/m for an annealed silicon-silicon dioxide interface. 

Figure 2.11 shows the effect of varying the epitaxial layer density.

The lower the density the larger the maximum depletion depth and the 

greater the maximum to minimum capacitance ratio. The curve DNE»0 cor­

responds to the space charge varactor case. Also, changing the slope BX 

affects the capacitance plot as shown in Figure 2.12. A slope parameter 

is necessary because in thin epitaxial material there is an autodoping 

effect in which it takes a finite distance to go from a high density to 

a low density of impurities. Autodoping is a function of temperature 

and occurs within a micron of the substrate surface. Material for micro­

wave varactors will have effective epitaxial layer thicknesses less 

than one micron.
Figure 2.13 shows an experimental curve and a computer simulation 

plotted on the same set of coordinates. The purchased material used 

had the following given parameters:
16 oepi thickness * 0.6 micron DNE ■ 1.0x10 cm

substrate thickness ■ 100 microns ONS ■ 1x10*^ cm“^

In matching the experimental curve to the computer predicted curve DNE, 

Qss and BX were perturbed slightly about initial guesses based on manu­
facturers' data and Information supplied by other authors[6]. The final 

values used are listed in Figure 2.13 and are not very different from 

the initial data. Also, the experimental curve is a high frequency plot 

because the lowest measurement frequency available out of the Boonton 

bridge was 100 kHz. In order to see the low frequency plot, a measure­

ment below 100 Hz is necessary.
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Figure 2.11 Differential capacitance versus voltage with DNE as
a parameter.



40

C (p f)

■0.7

0.6

0.5

■0.4

■0.3

0 * :  3.4x10 coul/m' 

D N E ; 10‘

DNS- 10” 0.2

■0.1

(VOLTS)

Figure 2.12 Differencial capacitance versus voltage with BX as
a parameter.
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Figure 2.13 Simulation and correlation of SO-100-1000.
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CHAPTER 3

MICROWAVE SMALL SIGNAL SIMULATION OF MIS VARACTORS

3.1 Derivation of a Small Signal Mathematical Model

In this section a small signal sinusoidal steady state model of an 

MIS varactor Is developed. This Involves the linearization and manipula­

tion of the basic equations (1-1 to 1-12) into three coupled second order 
linear differential equations. The basic equations are linearized about 

a d.c. operating point (Vq) previously determined at every point in the 

semiconductor by the quasilinearization procedure described in Chapter 2. 

The coefficients of the microwave differential equations are terms 

involving only the d.c. solution. Boundary conditions are derived at 

the I-S interface and at an ohmic contact. The problem is set up as a 

linear boundary value problem and it is shown in later sections how 

these equations may be solved directly without iteration.

3.1.1 Small Signal Microwave Equations Valid in the Semiconductor 

Combining Eq. (1-3), (1-4), (1-10) and (1-11), Poisson's equation

may be written again in the form

Also neglecting bulk recombination the continuity equations (1-3) and 

(1-6) may be rewritten as

(P-N-KKX)) (3-1)

(3-2)

v jn - q f£ - 0 (3-3)
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It has been shown by others[13] that neglecting bulk recombination will 

predominantly have an effect on the minority carrier low frequency 

response. At microwaves neglecting recombination will increase cal­

culated device Q. The current expressions (1-1) and (1-2) and the 

definitions of particle densities in terms of quasi-potentials are re­

peated here for completeness.

It should be noted that the three equations (3-1) to (3-3) form a set of

are used.
In the analysis that follows it is assumed that all terms are of 

the form

where the subscripts 0 and 1 correspond to the d.c. small signal sinusoidal 
amplitudes, respectively. It is again assumed, as in the d.c. chapter, 

that no d.c. hole and electron current can flow.

(3-4)

J - -qu NVV (3-5)n n n

P - ntexp -*■
V -V J> . (3-6)

T
V-V

N - n±exp — n (3-7)

nonlinear equations'in V, and when the expressions (3-4) to (3-7)

H * Hq + e x p j u t (3-8)

J - J - 0 no po (3-9)
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This assumption is made since the insulator acts as a barrier to hole 

and electron movement. Starting with Eq. (3-4), the linearization 

process may begin.

Jp “ Jpo+JplexpJ“t * -qHp^p+P^xpjwt) V (Vpo+Vplexpju>t) (3-10)

Expanding Eq. (3-10)

= ”qypPoV (Vpo+Vplexpjwt) " ^pPjexpjut (vpo+vpiexpjo»t) (3-11)

Equating like terms on either side of the equation, and neglecting 

higher order terms

J * -qn P VV (3-12)po p o po

J . - -qp P TV . - qn P.SV (3-13)pi H p o pi n p 1 po

Using assumption (3-9)

VV « 0 (3-14)po

and therefore

J .  - -qw P W  . (3-15)pi n p o pi

Similarly, for electrons it may be shown that

J„1 ■ -"u„No7V„l (3-“ >

As in Chapter 2, if the Fermi potential is chosen as a reference,

then
V - V -  V -  0 (3-17)no po F

Expanding the hole density equation (3-6)
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J(Vn +V ,expjWt)-(V 4-V.expJut)
Po+P^expjoit * n^exp ^ ^  E  -------------- ^ (3-18)

V -V (V 1-V1)expjutl
P^Pjexpjut - n1exp — -  exp / — 2 ^ f  (3-19)

Expanding and neglecting higher order terms

V -V V .-V,
Po+P^expjwt ■ n^exp -22— - /I +   expjuitS (3-20)

Equating like terms and using Eq. (3-17)

V
Pq * n^exp - ~  (3-21)

P1 - Po P ^ i-) (3-22)
Similarly, It may be shown for electrons

V
Nq * n^exp + ̂ 2. (3-23)

T

B1 ■ »o ( ^ )  <3-24>

Polsson's equation and the two continuity equations may also be linearized

In a like manner.

V2V. + 2- (P1-N1) - 0 (3-25)1 £ 1 1  S
V  Jpl + ju>qP1 - 0 (3-26)

V.Ji - juqN1 - 0 (3-27)

£Note that has been replaced by jw since the assumed form of theot
solution is sinusoidal.
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Substituting Eq. (3-22) and (3-24) into (3-25)

,2vi + f ;  < W  - ^  <vr vm)|  ■ 0 <3-28>

Collecting like terms

v V  +  - 3 —
1 £s T {P V ,-P V,-N V.+N V A  - 0 (3-29)o pi o 1 o 1 o nlf

{P V , - (P 4N )V.+N V A  - 0 (3-30)o pi o o 1 o nlfv V  + x ,
es T i ° p °

or
, q(P ) qN qP

V V  §— 2~ V. + — 0- V . + — V - 0 (3-31)
1 esVT 1 EsVT nl Es T Pl

Substituting Eq. (3-15), (3-22) into (3-26)

,-vA
0 (3-32)

but

and

7(P VV .) ■ P V2V . + VP *VV . (3-33)o pl o pl o pl

VPq - V ^^exp - (3-34)

VPq - HjV ^exp - (3-35)

v *  (‘ ^ ) 7Vo <3'36)VP - o
o

but also

E - -VV (3-37)o o



47
P E

VP - (3-38)o V_

Substituting Eq. (3-38) and (3-33) into (3-32)

9 P E  ja)P
P V^V . + ' VV , - rr— ^ (V .-Vj - 0 (3-39)o pl vT pl VTpp 'pl I'

and dividing through by Pq

’S i + ̂  • w pi • v ;  < V vi> ’ 0 <3-40>
or

9 E 1V V + —  • VV + J" (V -V ) * 0 (3-41)Vpl + vT vvPi + vTpp V̂i vPi; U U

A similar equation may be derived using Eq. (3-27), (3-24) and (3-16).

E
,2vnl - • '"'nl + ̂  <Vr Vnl> * 0 (3'42)

Therefore, in order to solve the small signal r.f. problem, three coupled 

linear equations must be solved self-consistently for V^, V^, and Vp  ̂

at every point in the semiconductor. The three pertinent equations are 

repeated here in summary.

, q(P +N ) qN qP
v vi  2 v~2 ~  v i V . - 0 (3-31)1 esVT 1 es T nl es T pl

E

T̂ 'T"n
9  E „  4V V    • VV + (V -V ) ■ 0 (3-41)nl Vm v nl V_y ' 1 nl' V *

,2vPi + ^  ■ ' V  + v ;  < W  ■ 0 (3- 42)



48
Note that the coefficients involve d.c. solutions for hole and electron 

densities and electric field, which have previously been solved for in 

the d.c. problem:

3.1.2 Boundary Conditions at the Insulator-Semiconductor 

Interface (Ideal Surface)

Boundary conditions, at the I-S interface, will be derived for the

fast surface states. This assumption is justified since this work deals 

exclusively with the silicon-silicon dioxide interface and annealing 

techniques have been worked out[6, others] for the minimization of fast 
states. Also, in a sufficiently high frequency range below the dielectric 

relaxation frequency of the majority carriers, but above the relaxation 

or characteristic frequencies of the surface states, the surface state 

impedance may be neglected[ll,13].

At any point in the semiconductor or insulator the total current 

density is continuous. In the insulator, since no charged particles 

are allowed to exist the total current consists only of displacement 

current. In the insulator:

E = - Wo o (3-37)
V

P (3-21)

V
N * n.exp + —  o i v VT (3-23)

variables V^, V^, and V ’ An ideal surface will be assumed with no

^  = jwD^ (3-43)

since

J.Pl - 0 (3-44)
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Taking the hole continuity equation (3-14) and integrating over 

the volume of the pillbox shown in Figure 3.1, a boundary condition on

may be obtained.

Insulator

M J 2  _

t

Semiconductor

As

Figure 3.1 Insulator-semiconductor Interface.

where
f(V • J + ju)P1) dV - 0 
AV

VV * Vs • VX

(3-45)

(3-46)

fV • J dV + jioq J PxdV - 01 (3-47)
J.

AV -fcV
Using the divergence theorem on the first Integral of Eq. (3-47)

f•'AVV • *• I Jpj ’ n ds (3-48)

where s ^  * surface of the volume W .

n = unit vector normal to the I-S interface.
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If we assume the pillbox Is small enough so that the hole current may be 

conslderee constant over the surface of the pillbox, then Eq. (3-47) may 

be written as

Jpl(X0+AX/2)As - Jpl(X0-AX/2)As + jwqPjAsAX * 0 (3-49)

where all magnitudes are in the normal (n) direction. Using Eq. (3-44) 

and dividing by As
Jp l (X0+AX/2) + jwqPjAX -  0 (3 -5 0 )

The r.f. hold current may be defined by Eq. (3-50) in the limit as the 

pillbox volume goes to zero.

J , (X0) * lim J .(X0+AX/2) - lim (-jwqP.AX) (3-51)Pl Pl 1
AXK) AXK)

J , (X0) * 0 (3-52)Pl
But, if the hole current is zero at the surface, the gradient of the 

quasi-hole potential must be zero by Eq. (3-15).

7 v i = 0s pl (3-53)

where it is understood that the gradient is in the normal direction.

Similarly, it may be shown that

Jni(X°) - lim Jnl(X0+AX/2) - lim j u ^ A X  (3-54)
AX-K) AX-K)

and by Eq. (3-26)

Jni (surface) - 0 (3-55)

V V .  - 0 (3-56)s nl

I
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Nov all that is required Is a boundary condition on V^. This may be ob­

tained from the r.f. divergence equation

V - ^  » qCPj-N^ (3-57)

Integrating again over the pillbox of Figure 3.1:

dV * q \ (P1-N1) dV (3-58)(V*D^ dV * q f 
AV JLJLV

Again using the divergence theorem

r v >d i dv - f (d 1-
Ja v  s a v

■nds) (3-59)
J.

■'AV '“AV

. . (D1(X0+AX/2) - D1(X0-AX/2)As - q ^ - N ^ A s A X  (3-60)

(Dl-DU )surface ‘ l l m ' 0
AX-K)

Therefore, at the surface, j.n the normal direction

(DSl‘Dll) = 0 (3‘62)

Note this boundary condition may be written in terms of r.f. electro­

static potentials since
Dj- eEj- -eVV^ (3-63)

e V V - eTVTV, - 0 (3-64)s s 1 I I 1

It should also be noted that the boundary condition (3-64) may be ob­

tained once results (3-52) and (3-55) have been established by realizing 

that the total current in the insulator is displacement current.



Jj * Ja)eIEx ■
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(3-65)

The total current at the semiconductor surface Is displacement current 

by Eq. (3-52) and (3-55).

J * jiue E = juiE (—V V.) s J s s  8 8 1

But the total current must be continuous. Therefore,

ja,eg(-V8Vi) =

(3-66)

(3-67)

e V V. - e TV V = 0 s 8 1 I I I (3-64)

In summary, an Ideal insulator-semiconductor Interface has three

boundary conditions which must be satisfied on the three unknowns: V^,

V and V .. pl’ nl

Summary of R.F. Boundary Conditions at I-S Interface

e V V. - £T V_V- - 0 s s 1 I I I (3-64)

7 V . - 0 8 nl

V V - 0 s pl

(3-56)

(3-53)

3.1.3 Boundary Conditions at an Ohmic Contact

At an ohmic contact the definition of surface recombination 

velocity Is used.

J p i  ■  W p - V  ■  W i (3-68)
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or _
J .

P, - ^  (3-69)
1 RP

At an ohmic contact an infinite surface recombination velocity 

is often assumed[17].

ft)Px - l i m ^ g ^ }  > 0  (3-70)

RP

But by equation (3-22), Eq. (3-70) implies that

T
which in turn implies

v „ / 0 (3-71)o \ V_

Vpi = Vx (3-72)

Similarly, for electrons at an ohmic contact,

RN

which by Eq. (3-24) implies that

©-N1 = lim( — ■ ) - 0 (3-73)

V1 " Vnl (3-74)

Therefore, by Eq. (3-71) and (3-73), at an ohmic contact,

v - - V - v. (3-75)nl pl 1

and if the ohmic contact is r.f. grounded

v„i ■ V  ’ vi ■ 0 (3-76)



3.2 Finite Difference Approximation of MIS Small Signal Equations

Figure 3.2 summarizes the small signal, sinusoidal steady state 

mathematical model. As is shown by this figure, in this formulation a 

linear boundary value problem results in which three coupled linear 

equations in three unknowns must be solved. In the insulator Laplace's 

equation must be solved since no charge distribution is allowed to exist 

(fixed or mobile). The sinusoidal steady state solution requires first 

the solution for the d.c. electrostatic potential (Vq) throughout the 

semiconductor. The d.c. electrostatic potential is then used to calculate 

the coefficients of the linearized sinusoidal steady state differential 

equations. Once these coefficients are known, the system differential 

equations may be approximated by a system of algebraic equations which 

may be solved for uniquely.

The solution proceeds by setting up within the insulator and semi­

conductor a nonuniform grid of points. Figure 3.3 depicts a one- 

dimensional MIS structure with a uniform grid for the insulator, epi­

taxial layer, and substrate. Each grid step size may be varied by vary­

ing the number of points (N1,N2,N3) in each region. At each grid point 

the first and second derivatives are approximate by finite differences.

The form of the expressions depends upon whether the region of interest 

is a uniform or nonuniform grid. In general, for a uniform grid the 

following two approximations may be used for first and second deriva­

tives:
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XRXO XIXL

d V1. Insulator 1 _--------  — __ = o

2. Semiconductor

V V. + - V "  -(P -hi )V. + n V . + P V . - 01 e V_ o o 1 o nl o pls T

v2v . - • W . + (V.-V .) - 0nl VT nl VTun 1 nl

v2v 1 + /  • VV . + (V.-V .) « 0pl VT pl VTMp 1 pl'

3. Boundary Conditions

(3-a) 

(3-b)

VX(XL) - V1L at X - XL

I-S Interface (X ■ X )o

e V V. - eTVxV. - 0 s s 1 I I I

V V * 0 • nl

V V  * 0  s pl

(3-c) OHMIC CONTACT (Assuming infinite surface recombination)
V - V . « V - 0 at X - XR1 nl pl

Figure 3.2 Sunmary of small signal sinusoidal steady state mathe­
matical model of an MIS varactor.
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M M

(1)
XL

N Ml P 

XO XI

L M K Pl 
X2

LI Ml K1 

XR

XL, XO, XR - Are Metal-Insulator, Insulator-Semiconductor, and 
ohmic contacts, respectively.

XI

X2

- Corresponds to transition point between N/NT

- Corresponds to transition point between two uniform grids.

Nl, N2, N3 - Are the number of increments in the insulator, semicon­
ductor and substrate, respectively.

K = Nl + N2 

K1 * Nl + N2 + N3

XH1 - (XO-XL)/Nl 

XH2 ■= (X2-X0) /N2 

XH3 - (XR-X2)/N3

Figure 3.3 Grid point locations for numerical model.
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ii ] . ni+i) - 2Y<p + Y{i-n (3_78)
dX2 AX2

I

Ac point X in the semiconductor, special expressions for the first and 

second derivatives must be derived (Appendix I) since that point is the 

junction between two regions with different grid sizes. Therefore, at 

point K

dY
dX
' 1 = Y(P1) + (RS-1) m  RS YrMx
I (1+RS)XH3 XH3 x w  (1+RS)XH2 x w

K

(3-79)

d2Y I 2Y(M) 2Y(K) 2Y(P1)
^ 2  = H2(1+RS) " (H2)(RS) (H2) (RS) (1+RS) (3-80)

K
where XH2 and XH3 are the grid sizes in the epitaxial layer and substrate,

respectively, and are defined in Figure 3.3.

H2 - (XH2)2 (3-81)

RS - (XH3)/(XH2) (3-82)

Note that when the grid is uniform

XH2 - XH3 - AX (3-83)

R S - 1  (3-84)

Eq. (3-79) and (3-80) reduce to Eq. (3-77) and (3-78) where
I - K (3-85)

1+1 - Pl (3-86)

1-1 - M (3-87)



3.2.1 Finite Difference Approximation of Boundary Conditions at the 
I-S Interface

In one dimension, the boundary conditions at the I-S Interface 

may be expressed as: 1̂ o ,dX I " eI dX LJe JX

dV , nl
dX] .0 c

dV .1 

s
where again the subscripts S and I refer to derivatives evaluated 

from the semiconductor or Insulator side of the Interface. Using 

forward and backward approximations to the derivatives In Eq. (3-88) 

we get

C

es ( B g L gBflw) 0

Dividing Eq. (3-91) by and noting that

ll. m M iCj " DKI

where DKS and DKI are relative permittivity of S and I

C

m 2  ^ 1(p) “ V1<N1>) - ^Vl(Nl) - VIL^ - 0 0

Collecting like terms

- ( x +  i f ' S i )  V 1 <N 1 > + i r  V 1 < »  ■ -m  <2

-88)

i-89)

-90)

-91)

t—92)

1-93)

-94)
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Multiplying Eq. (3-94) by (-1)

(1 + DKTXHl ) V1<N1> _ MCI XH2 V1 P̂) " V1L (3-95)

Again using a forward difference approximation to Eq. (3-89), (3-90)

and multiplying by XH2

vni(p) - vni(ND  " 0 (3-9&>

Vpl(P> " V (N1) " ° (3"9?)
or

Vnl(Nl) - Vnl(P) - 0 (3-98)

Vpl(Nl) - Vpl(P) - 0 (3-99)

Therefore, at the interface point, X(N1), three algebraic equations may

be derived approximating the three boundary conditions on VI, V ,, and V ,pi nl •
The equations are (3-95), (3-98) and (3-99). The equations may also be 

written in matrix form if the ordering of variables takes the following 

form.

X - [V1(N1) ,VN1(N1) ,VP1(N1) ,V1(P) ,VN1(P) ,VP1(P).... ] (3-100)

For this ordering Eq. (3-95), (3-98) and (3-99) may be written in the 
following form:



7  +  “ £  j l NV DKI XH2/ 0 0 DKS Xo 
’ MCI XH2 0 0 VI (Nl) V1L

0 1 0 0 -1 0 VNl(Nl) 0
0 0 1 0 0 -1 VPl(Nl) 0
• • • • VI (P) 0
• • • • • • VN1(P) 0
• • • • • VP1(P) 0
• • • • • •

c

A summary of the boundary conditions at the I-S interface is 

given in Figure 3.4.

3.2.2 Finite Difference Approximations within the Epitaxial Layer 

In one dimension, Eq. (3-31), (3-41), and (3-42) may be written

as:

d2V qp.
T "  ~ T V - (N +P0)V. + -S—  N V + - 2 -  V - 0 

dX2 s T ° ° 1 s T 0 nl s T pl
C

d V , E dV . nl _£ nl , jot v ja> y
dX2 " VT "  V n  1 ' V n  nl c

d2V , E dV ,
 Ei + —£  Ei + y __________ y  .  0

dx2 VT •“  V p  1 V p  pl
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3-101)

1-102)

1-103)

1-104)

The first point after the insulator for which Eq. (3-102), (3-103) 

and (3-104) are valid is a point, P ■ Nl+1.
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V1L

O-XL

VlXO-Vl(Nl)
VNl(Nl)
VPl(Nl)

V1(P)
VN1(P)
VP1(P)

+  oy DKI XH2J

0 1
0 0

■XH2X.o

Nl P-Nl+1
XO

0
1

DKS Xo 
DKI XH2

0
0

0 0 VL(N1) V1L)

-1 0 VNl(Nl) 0
0 -1 VPl(Nl) 0

VI (P) ” 0
VN1(P) 0
VP1(P) 0

Figure 3.4 Summary of approximate and exact boundary conditions at 
the insulator-semlconductor surface.
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-XH2- •XH2-

Nl P-Nl+1 Nl+2
Figure 3.5 Three grid points within the epitaxial layer.

At Point P (Figure 3.5) the uniform finite difference approximations to 

first and second derivatives are valid. Substituting Eq. (3-76) and 

(3-77) into (3-102) we get one algebraic equation in three unknowns.

VX(N1) - 2V1(P) + Vx(Nl+2)
H2 S VT ( No<P)+Po) V P)

qPo(P)+ iV V p>\i<p> + -T v T  vpi<p)S T  S T

Multiplying through by H2 - (XH2)2
uo

V (Nl) - 2V. (P) + V. (Nl+2) - - ~ -  
1 1 1 s T

^ N o(P) + PQ(P)j vx(p)

oH2 H2qP (P)
+ hr "o(p)v„i(p> + -rr- Vp) *08 T s T

(3-105)

(3-106)

Collecting like terms

'i<»» - (2 + («.<»*.<»)) vi<p) + f^:Vp)v„i(p)

qP (P)H2
+ — f-y  Vpi<P> + Vi <N1+2> " 0s T

(3-107)
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Similarly, for Eq. (3-103)

+ EQ(P) P n l < * 1+2> - Vnl(M1A.
H2 Vt \ 2XH2 /  VTun V  '

- V  Vnl(P> ‘ 0 » - 108)T n

Multiplying by H2

E (P)XH2 E (P)XH2
T»1<N1) - 2Vnl(P) + V 1+2) - -^2V—  V„l<S1+2> + V  Vnl(Nl)

4*®^ »,<p) - 4 ^ v <w
I n  1 Tun nl

(3-Z09)

Collecting terms

(1 + Eo(P)XH2\
vni(ND + JLS_u V Mn T

v x (p) |vm<P)

+
/  E (P)XH2\
( l - - 2 _  y V nl(Ml+2) - 0 (3-110)

Similarly expanding Eq. (3-104)

Vpl(Nl) - 2Vpl(P) + Vpl(Nl+2) XH2Eq (P)^Vpl(Nl+2)-Vpl(Nl)\
H2 + 2XH2 J

+ V1(P) ‘ Vol(P) “ 0 (3‘m )I p Tr p H
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Collecting like terms

+
/  XH2E (P)\

V .(Nl+2) - 0 (3-112)

Equations (3-112), (3-110) and (3-107) may be represented in matrix 

form and is summarized in Figure 3.6. Also in this figure the matrix 

elements corresponding to the next point, I-Nl+2, are listed by inspec­

tion. It can be seen from this figure that the matrix can be considered 

a very sparse matrix of the band type. Specifically, the band width 

is 7 diagonals and within these bands there are many zeros. The form 

of the matrix elements continues at every point in the semiconductor 

in the first uniform grid region (I«P,M). At point K a nonuniform grid 

situation exists and, therefore, special matrix elements must be derived.

3.2.3 Finite Difference Approximations at the Nonuniform Grid Point, I-K 

At the grid point I«K the finite difference approximations for a 

nonuniform grid previously derives [Eq. (3-79) and (3-80)] may be used. 

Substituting Eq. (3-79) and (3-78) into (3-102)

H2(1+RS) " H2*RS *  (H2)(RS)(1+RS) s i

s T s T
(3-113)



1 2 3 A 5 6 7 8 9 10 11 12 J I

0 0 -CXS.JSa- 
DKI XH2 0 0 1

0 ; 0 0 -/ 0 2 N l

0 0 1 0 0 -1 3

1 0 0
- ( 2 *

1H2 . qH2fi(P)
VT

1 0 0 A

P=
N l *  1

0
2VT

0 y <» H 2  
J /*nVr ■ ^ i S r 1ATWj

0 0 , EJP)XH2 
2 *

0 j 5

0 0 , EJPIXH2 
2Vr

i  W H 2
v r/*p

0 0 0 u &M XH 2  
2 *

1

1 6

1 0 0
- ( 2 *

QH2 „
Cs^ ^ 1 7

N l + 2
u EMt*2IXH,

}V T
f 0 * j  SOH2. 

MnVr
-G .J -s a -)

VrMn
0 0 J EJM*2)Xh

2Vr
12

8

, Et!NI*21XHj
1 *tW>

0 n . Jo>H2 1 0 0 ,,£JN1+2)XH2 9
2Vr

Figure 3.6 Summary of first nine rows of the R.F. matrix.
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Collecting like terms

(huW) V m> ' (iSSs + ̂  V K> + »0<«vnl«>
qP 2V (Pl)

+ 7 ^  Vpl(K) + (H2) (RSj (l+RS) - 0 <3-114>

Multiplying by H2

l4s V M> - { i s ( no (K)+Po(K))| vl(K) + 3B2_ »o(K)Vnl(K)

+ SS2_ Po(K)Vpl(K) + 5̂ 5555- Vl(Fl) - 0 (3-115)

Similarly discretizing Eq. (3-103) with the nonuniform finite difference 

formulae for the first and second derivative Eq. (3-79) and (3-80).

2v„i<m> 2v„i<k> + 2v n )  y K)H2 )v,,i(pi) |RS_,
(l+RS) RS RS(1+RS) VT \ (1+RS)XH3 XH3 nl' '

RS V ,(M)l + V,(K) - V ,(K) - 0 (3-116)(1+RS)XH2 nl Y  vTMn 1 nl'

Collecting terms and multiplying
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Eq Q O xhz M  ■ .u m

L+RS J VT (l+RS) j nl V n  1

iRS VT RS VTy^ nl'r^nj

jisi
2 E (K)H2

+ V(1+RS) ” Vt (1+RS)XH3^ Vnl*Pl* ” °

YU *5
Note that RS » 80 that E9* (3~117) may be rewritten as

, E (K)XH2 
2 + 0 -a+RS VT

■2 Eq(K)XH2

2 Eq(K)XH2
+< I (l+RS) vT

Similarly, for Eq. (3-104)

((l+RS)Rs}| Vnl*Pl* * °

(l+RS) Vpl(M) " RS Vpl(K) + RS(1+RS) Vpl(Pl)

J  Vpl*Pl* RS-1
j (l+RS) RS RS

E (K)XH2
+ JL̂ T~ V1̂ *8 + “  V K) ‘ teW V
+ V (K) - V . (K) - 0
V p  1 V p  Pl

(3-117)

(3-118)

(3-119)

Collecting terms



{ife - ô r) v 00 + v; V K>

(K)

f E (K)XH2
+ |RS(l+RS) + (l+RS)Rs| Vpl(Pl) " ° (3_1'

In summary, at point (K) Equations (3-115), (3-118) and (3-120) 

are the valid algebraic equations. These equations are somewhat complex 

because the points M, K and Pl constitute a nonuniform grid.

3.2.4 Finite Difference Approximations in the Substrate

After point K the grid size (XH3) becomes relatively large as 

compared to the grid size in the epitaxial layer. The first point which 

uses such a grid size is point I-Pl. The three points K, Pl and Pl+1 

of Figure 3.3 are redrawn below for clarity in Figure 3.7.

E (K)XH2 o /RS-1V 1u>H2\ 
\  R S  F  V n  fV p  r pl

XH3

K

■XH3

Pl Pl+1

Figure 3.7 Three points within the substrate.

At point Pl the uniform grid formulas previously derived [Eq. (3-107), 

(3-110) and (3-112)] with the exception that
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XH2 -*• XH3

Nl -► K

P -*• Pl

Nl+2-*- Pl+1

Making the above substitutions the three algebraic equations valid at 
point I»P1 are

VX(K) - ^2 + ^No(Pl)+Po(Pl)^ V^Pl) + No(pi)Vnl(Pl) 

qP (P1)H3
+ — b V (Pl) + V. (Pl+1) - 0 (3-121)

s T pA 1

and corresponding to Eq. (3-110)

( L +  E ° 2 v “ " ' 3 ) V n l < 1I> +  ^  V P1) -  (2  +  V l ) V n l (P1)

E (P1)XH3 \(E (P1)XH3 \
+ (1 -  )Vnl(Pl+l) - o (3-122)

and also corresponding to Eq. (3-112) 

E (P1)XH3 \
(i - - ^ - ) v pl«  + ̂  vl(PD - (2 + i ^ )  Vpl(Pl)

/ XH3E (Pl)\
+ (l + --------- \ Vpl(Pl+l) - 0 (3-123)

A set of algebraic equations similar to Eq. (3-121), (3-122) and (3-123) 

must be written up to and Including the point I»M1. At the point I-Ml 

the boundary condition [Eq. (3-75)] is used.
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Therefore, at the point I“Ml the following three equations are valid. 

V1(L1) - (2 + ( No(Ml)+Po(Ml)j^ V^Ml)

qPn(Ml)H3
+ JSb- N (M1)V (Ml) + — 2-^ V .(Ml) - 0 (3-124)

s T s T p

and

(l + - I v7 - ) Vnl(L1) +  ̂  V1<M1> ' ( 2 + Vnl(M1) ' 0 (3'125)

and

(l - E°(iv*XH- ) vpi<L1) + Ti<“ > - (2 +  ̂ r ) vpi<“»  - 0 <3'12«

3.2.5 S|<mmflry of Elements of the Band Matrix

The linearized r.f. problem reduces to a set of algebraic equations 

which is shown (Figure 3.8) to be of the band type (seven bands).

Figure 3.6 depicts a full seven-band matrix in which each band has been 

given a letter (Al, Bl, Cl, Dl, El, FI, 61). It should be noted that 

only one element of the matrix may be located by indicating the band 

letter and a row index (J). J is an integer which takes on any value 

from J«1 to J“NE.
NE ” number of equations 

Associated with each element is an index, 1, which designates the grid 

point within the semiconductor at which that coefficient is being 

evaluated. The integer I varies from Nl to Ml. Recall also that
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DKVEKDFIdi 31(1) 

C1(2)DI(2)E1(2 F1(2}G1(2)

B1(3) C1(3) 01(3 E1(3)F1(3) G1(3)

N l

Cl  01 E l F I 61

3N 2

D1 E l  F IA 1 B1 Cl

A1 B l

A t B l  C l  01 E l  F I  61
N E -4

N E -3
M l A 1 B l C l  D1 E l

A 1N E

Figure 3.8 Full seven-band matrix.



Ml - Kl-1 - (N1+N2+N3) - 1
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(3-127)

The two Integers are really related since the matrix represents three 

algebraic equations in the three unknowns V^(J), vn^(J), and V^(J). 

Therefore, it can be shown that

NE “ 3 (number of points in the epitaxial layer and substrate 
combined)

NE - 3(N2+N3) (3-128)

Comparing Figures 3.6 and 3.7 the actual values of the band matrix may 

be explicitly evaluated. Starting with band Al:

I-P-Nl+1

I-Nl+2

4 Al(4) -

5 Al(5) -

6 Al(5) -

7 Al (7) -

8 Al (8) -
9 Al(9) -

A1(J) - 
Al (J+l) - 
Al(J+2) -

+ {E (P)XH2/2V_) o T
- {E (P)XH2/2V_) o l

+ {Eq (N1+2)XH2/2Vt}

- (E (N1+2)XH2/2V_) o l

+ (E (I)XH2/2V_> o l
- (E (I)XH2/2Vt> o i

(3-129)

(3-130)

(3-131)

(3-132)

(3-133)

(3-134)

(3-135)

(3-136)

(3-137)

I-M

Al (3N2-2) - 1

A1(3N2-1) - 1 + {Eq (M)XH2/2Vt} 

A1(3N2) - 1 - {Eo (M)XH2/2Vt}

(3-138)

(3-139)

(3-140)
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Note that I»K. A nonuniform grid exists and therefore the three values 

of A are valid at this point change in form. Referring to Eq. (3-115), 
(3-118), and (3-120), at point I*K

A(3N2+1) - (3-141)

2 E (I)XH2
A(3N2+2) - - J -  + — j—  J j L  (3.142)

2 E (I)XH2
A(3"2+3) ■ d s  - i s s  < 3 - U 3 )

After point K there exists a uniform grid of spacing XH3.

A(3N2+4) - 1 (3-144)

I-Pl A(3N2+5) - 1 + {Eo(I)XH3/2Vx} (3-145)

A(3N2+6) - 1 - {E (I)XH3/2V } (3-146)o T

A(NE-2) - 1 (3-147)

I-Ml A(NE-l) - 1 + {Eo (I)XH3/2VtJ (3-148)

A(NE) - 1 + {Eo (I)XH3/2VtJ (3-149)

dVNote that Eq ■- which may be expressed as

E (I) . . W + l ) ~ov ' 2AX (3-150)

in a uniform grid. In a nonuniform grid such as I«K
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Eo(K) - (1+RS)XH3 (1+RSXXH2) (3-151)

Using Eq. (3-150) and (3-151) it may be seen that the d.c. electro­

static potential, V, is all that is necessary to completely specify Al. 

The list of statements which store the elements of Al on the computer 

are summarized in Figure 3.9. Similarly, Figures 3.10 to 3.15 summarize 

the elements of each band and the method by which they are stored in 
the computer.

3.3 High Frequency Simulation of MIS Varactors and Comparison with 
Experiments

3.3.1 Simplified Mathematical Model

For impurity profiles of one type dopant (n/n+) minority carrier

generation rates are so low that minority carriers may be completely

neglected at high frequencies[11]. This assumption implies that

minority carriers can be supplied only by the ohmic contact at X*XR.

Therefore, if the contact is far enough away from the interface

where D is the minority carrier diffusion coefficient. For an n-type 

semiconductor the minority carriers are holes and the diffusion coef­

ficient is

(3-152)

(3-153)

At room temperature and at 3.5 GHz

XR >> .25 pm (3-154)
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J - 4

DO 22 I * P,M 

A(J) - 1

E (I)XH2 „/T.,x ,,/t
A(J+1) - 1 + -2-^---- - 1 - ^

T T

E (I)XH2
A(J+2) * 1 - -2-^-  - 1 + ~

T qVT

J = J+3 
22 CONTINUE

A(J) l+RS

2 . RS ” “ o «
l+RS l+RS V„ T

2 RS XH2E (K)
A(J+2) l+RS ~ l+RS ----2---

T

J - J+3

DO 23 I - P1,M1 

A(J) - 1

A(J+2) .  ! + vjw ) -v(i-i)
T

J - J+3 

23 CONTINUE

Figure 3.9 The Al diagonal



Bl(3) - 0 

J - 4
DO 24 I * P,M 
Bl(J) - 0 

B1(J+1) = 0

Bl(J+2) = +j aiH2 X 10~® * +jXP2
V pI p

J = J+3 

24 CONTINUE 

B1(J) - 0 

B1(J+1) * 0

Bl(J+2) - +j xiO"8 - +JXP2
TUp

J - J+3

DO 26 I - P1,M1 

B1(J) - 0 

B1(J+L) - 0

Bl(J+2) - +j
XH3

RS*RS*H2u> 1q-8 +JXP3

J - J+3
26 CONTINUE

„ 4* “H2Units rr—V u  T p
(nr* '2 ■ /mlcron\

\ cm /

: }  2 • k 4) 2

2

1 micron 
1 cm

Figure 3.10 The Bl diagonal
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Cl(2) - 0 

Cl(3) * 0 

J - 4

DO 27 I - P,M

C1(J) - 0

CKJ+l) = + j ^-2-—  X 10"8 - +JXN2 
TUn

C(J+2) -= 0 

J = J+3

27 CONTINUE 

C1(J) - 0

C1(J+1) = +j x 10‘8 - + jXN2
T n

Cl(J+2) » 0 

J - J+3
DO 28 I - Pl,M1 

C1(J1) - 0

C1(J+1) = + j — - X 10-8 - + jXN3 
Tgn

Cl(J+2) - 0 

J = J+3

28 CONTINUE

Figure 3.11 The Cl diagonal
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n1„, , . DKS Xo
“ DKI XH2

Dl(2) - 1

Dl(3) - 1
J = 4

DO 29 I = P,M 

Dl( e vT vo o  f e ’s T /________>_s
CS

l(J) - - 2 - (Po(I)+No(I)j - - 2 - (2ni)xl° Cosh
8 T ^ v 3 T ________ /

Dl(J+l) =■ - 2 - j ~ ~  xlO"8 - -2 - jXN2
T^n

Dl(J+2) - - 2 - j XlO”8 * - 2 - jXP2
V p

J *> J+3 

29 CONTINUE

■ -  h  - f f ;  ( w « )  - -  is  - cs CMh ^

E (K) XH2
DlfJ+1) b - —  _ 0 ^ _ 4 ^  XlODiu+1; RS V_ RS j V j  X1°i i n

XN2

. T P
XP2

J - J+3
DO 31 I + P1,M1
D1(J) - - 2 - RS*RS*CS Cosh

T
Dl(J+l) - - 2 - jXN3 

D1(J+1) - - 2 - jXP3 
J - J+3 

31 CONTINUE
Figure 3.12 The D1 diagonal
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E(l) - 0 
El(2) - 0 

El(3) - 0 

J - 4
DO 32 I = P,M

EKJ) - fB|- *0(I) - fB§- ̂  exp ^  - ±  CS exp ^  
s T a T T T

E1(J+1) =» 0

El(J+2) - 0

J - J+3

32 CONTINUE

E1(J) - N (K) -  j  CS exp
s T T

E1(J+1) = 0
El(J+2) - 0

J - J+3

DO 33 I - P1,L1 

El(j) - j  RS*RS*CS*exp
T

E1(J+1) - 0 

El(J+2) - 0 

J - J+3
33 CONTINUE

E1(J) - j  RS*RS*CS*exp ( v ( m ) / V ^ J  

E1(J+1) - 0

Figure 3.13 The El diagonal
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Fl(l) - 0 

FI(2) - 0 

Fl(3) - 0 

J - 4

DO 34 I * P,M

FI (J) - J—  P (I) - f  CS exp -
8 T T

F1(J+1) - 0
Fl(J+2) - 0

J =* J+3

34 CONTINUE

F1(J) - fS|—  P (K) - j  CS exp - ^  
8 T T

F1(J+1) - 0
Fl(J+2) - 0

J - J+3

DO 36 I - P1,L1
F1(J) - j  RS*RS*CS exp - ^ 2 .

T

F1(J+1) - 0 
Fl(J+2) - 0 

J - J+3 
36 CONTINUE

F1(J) - j  RS*RS*CS*exp -

Figure 3.14 The FI diagonal
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LOAD THE G1 BAND

dksciu; - - DKI xn2 

Gl(2) - -1 

Gl(3) - -1 
J - 4
DO 37 I - P,M 

G1(J) - 1
E ( I)X H 2  xt/T i \

G K J + U  - 1  -  -  1 +  ' ' ( w - y a - .u
T T

G1(J+2). !  + t
T T

J - J+3 

37 CONTINUE

2G1(J) (1+RS)RS

G1(J+1) - RSd+RS) " (l+RS) RS~ ~ V
XH2 Eo(K)

Gl(J+2) - poVTT-poC + °

T
E (K)XH2

RS(1+RS) (1+RS)RSVt

J - J+3

DO 38 I - Pl,L1 
G1(J) - 1
G1(J+1).  x + v<i+i)-y (i-D

T
G1(J+2). x „ m i l r V O ^ l l

T
38 CONTINUE

Figure 3.15 The G1 diagonal
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For all varactors studied here the n+ substrate is about 100 ym and, 

therefore, Eq. (3-154) is easily satisfied. With this simp11fication, 

in the small signal mathematical model we may assume

V1 ■ V  <3-155)

J - 0 (3-156)P
The simplified model is fully developed in Appendix III snd is sum­

marized in Figure 3.16. This simplification is important in that is re­

duces the computer storage requirements. The full two-carrier case is 

a seven-band matrix problem. The simplified solution reduces to a five-

band matrix. Also, at every point in the semiconductor the number of

variables is reduced by one-third because only V, and V , must be solvedx nx
for instead of V,, V , and V . for the two-carrier case,x nx px

3.3.2 Comparison of Experiments with Computed One-Carrier Results

Figure 3.17 shows a plot of capacitance and resistance versus applied 

voltage for an MIS varactor. The applied frequency was 3.5 GHz and the 

material parameters for the epitaxial structure are summarized below.

DNE - lxlO16 cm-3
19 -3DNS - 1x10 cm

EX • 0.1 pm

Q „ ■ 1x10 3 coul/m388
The insulator is S ^  which is assumed to have a relative dielectric 

constant of 4.0. It is assumed that the top electrode is a dot two mils

in dlsmeter (50.8 ym). The computed insulator capacitance from the above
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6  Ohmic 
6 Contact

In Semiconductor:

. Sjlku. + SLtki, 
dx1 Vl e.Vr Vn --0

tfVn + _L lt& d\̂  + J j a _ u ZitL i/ -o
dx- VT dx dx Vr A l Vl

B o u n ^ r^ ^ id itio n ^

(A) I-S hHrtbce U --0

(B ) Ohmic Contact V, = Vn = 0

Figure 3.16 Summary of the high frequency mathematical model
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C (p f)

0.6

0.5

0.3

0.2

V( Volts)

(B )

R(Ohm s)

0.7

0.6

■0.5

0.3

0.2

V( Volts)

Figure 3.17 One carrier simulation of space charge varactor at 3.5 GHz
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data is C0 ■ 0.717 pf and C/CQ ■ .975 In the accumulation region. It 

has been found in running these programs that the denser the grid near 

the interface point the more accurate the solution becomes. For a dense 

grid the accumulation capacitance ratio C/CQ approaches unity, and the 

accumulation resistance anomaly tends to be less pronounced. It is felt 

that the resistance anomaly is linked to the fact that in accumulation 

the small signal matrix has very large coefficients which are close to 

each other. It will be shown later that this anomaly also appears in 

the inversion region when minority carriers are taken into account.

Again, in inversion large exponential terms are present in the small 

signal matrix.
Figure 3.18 is a reflection coefficient plot (referenced to 50 ohms) 

of an experimentally fabricated MIS varactor with material parameters 

very close to those simulated in Figure 3.17. Also appearing in Fig­

ure 3.18 are the high and low computed impedance points (Zjj, ZL). There 

does not seem to be very good correlation but it must be remembered that 

the computed results are for the semiconductor chip alone and the ex­

perimental result is for device plus package. At microwave frequencies 

package parasitica must be considered and in many applications dominate 

performance. A lumped element model for a microwave pill package is 

shown in Figure 3.19. Assumed values for the model are also tabulated 
in the figure. A plot of the experimental device is replotted in Fig­

ure 3.20. Also in this figure are plotted Zfl and transformed through

the parasitic circuit. A package capacitance of .35 pf was measured at

1 MHz for the microwave package with no chip in it. The additional

0.1 pf is due to stray mounting capacitance.
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&C.

1

Figure 3.18 Comparison of computed MIS chip and experimental performance
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M IS  Chip 
C h . Q.

L, - bond wire from to the top of ceram ic p ill package  

Cp - package capacitance

L2 = any lead inductance introduced in mounting the package

Assum ed values for parasitics

Lf = .3 5  nh 
L2 - 5nh  
CP -- 4 5 p f

Figure 3.19 Lumped element model of microwave pill package plus 
device chip.
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S.C.

Experimental Points /

Computed Diode P lus  / Package

1

Figure 3.20 Comparison of computed and measured diode plus package.
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3.3.3 Comparison of Experiments Computed Two-Carrier Results

Figure 3.21 shows computed high (3.5 x lO^Hz) and low frequency 

(350 Hz) for an M-I-N-N+-M MIS structure. It is shown here that the 

inclusion of minority carriers in the analysis predicts the relaxation 

of the capacitance to its insulator value in the inversion region. The 

low frequency curve generated by the two-carrier R.F. program compares 

well with the low frequency curve generated by the D.C. solution in 

Chapter 2 (Figure 2.11). Figure 3.22 shows computed high frequency 

curves for the M-I-N-N+-M structure with the epitaxial (N) layer density 

(DNE) as a parameter. As the density increases the maximum depletion 

depth decreases as is predicted from Chapter 2. The two-carrier solution 

may be used to analyze more general MIS structures. Figures 3.23 and 

3.24 show computed normalized capacitance versus voltage curves for 

M-I-P-N+-M structures. Figure 3.23 is a plot of normalized capacitance 
versus voltage, at 350 Hz, for two different P layer densities. Figure 3.24 

shows a high frequency capacitance plot for the same structure and den­

sities. In this structure the capacitance versus voltage function is 

very complicated and requires more detailed investigations to explain 

the physical mechanisms. Figure 3.25 is a plot of high frequency re­

sistance versus voltage characteristic.



90

L .
Co

f= 350Hz

fz 3.5x10'H z

10

0.9

■0.8

- 0 .7

0.6

0.5

O N E  z 1 0 \m "  
DNS  = 10"cm' 
BX = 0.1 
X» z 0.1 micron 
X X I z 0 .7 micron 
T = 3 0 0 *  K  
Silicon  
C ,z ,7 2 p f

■0.4

■ 0 .3

0.2

■01

-6 -5 -4 -3 -2 -1 (Volts)

Figure 3.21 Computed low and high frequency normalized capacitance 
versus voltage curves for an M-I-N-N+-M structure.
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C N E  -- 10Tcm%

0.9

0.6

0.7

0.6

■0.5

CNS -* 10 
B X = 0.1 
T-- 300°K  
Silicon 
C0 : . 7 2 p f  
X , :  0.1 micron 
X X I - 0. 7micron

■0.4

■ 0.3

0.2

(Volts)

Figure 3.22 Computed high frequency normalized capacitance versus
voltage curve with DNG as a parameter.
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■ 1.0

0.9

0.8

0.7

0.6

as

0.4

0 3

0.2

(Volts)

Figure 3.23 Computed low frequency capacitance versus voltage curve for 
a M-I-P-N+-M structure.
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. M

■0.9

0.6

0.7

0.6

0.5

■0.4

0 .3

0.2

(Volts)

Figure 3.24 Computed high frequency capacitance versus voltage curve for 
an M-I-P-N+-M structure.
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1.2

1.0

.8

.6
i
iii

.4

.2

-6  -5  -4  -3  -2  - I 0 
VOLTS

Figure 3.25 Computed resistance versus applied voltage for 
M-I-N-N+-M structure.

f > 3.5 x 10* Hi 
ONE ■ I x 10* cm-3
DNS ■ l x i O M ciir3 
XXI ■ 0.7micron 
XO ■ 0.1 micron

R 
(o

hm
s)



CHAPTER 4

MIS VARACTOR APPLICATIONS

4.1.1 Principle of Operation of a Reflection Type Phase Shifter[32]

A sketch of a reflection-type phase shifter Is shown In Figure 4.1.

It consists of a quadrature hybrid, two nonlinear networks terminating 

the hybrid, and a bias network which Is d.c. coupled to the nonlinear 

element but is r.f. isolated. A signal enters port 1, splits evenly 
between 3 and 4, and is isolated from 2. There is a 90s phase dif­

ference between the wave at 4 and 3. If 3 and 4 are terminated in 

the same loads (equal reflection coefficients), all power for the ideal 

hybrid will appear at 2. The phase of the wave at port 2 will equal 

the sum of the incident phase plus the phase of the reflection coefficient. 

If there are no losses in the system (hybrid, nonlinear network, bias 

network) and the hybrid has infinite directivity, then all the power 

incident will be recovered in port 2.
In general, the nonlinear network will consist of an MIS varactor 

and a linear phase compensating as stretching network. The MIS device 

is a voltage variable capacitor which has a unique two-state capacitance 

characteristic. At first, a nonlinear network consisting of a two-state 

capacitor (Cg,C^) will be analyzed. It will be shown for a given phase 

shift and frequency how to pick the capacitance values for minimum 

phase variation.
The reflection coefficient for a capacitor terminating a trans­

mission line is



Quadrature Hybrid

r D. C.
BIAS

r

1 NETWORK 1T
'B

Er - —  -  p |e
Ei

Ex * |E1 | |*

e2 - Ie2I i±ti
|e 2| - |e 1|

|E±| " |EX/ 2

Figure 4.1 Reflection type phase shifter.
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which may be simplified into the form

■ o n (4-2)„ , I tan ^ucZ - tan ^wcZi “ l I________o___________c

Using the identity

tan 1 (-<J>) - -tan$ (4-3)

then the phase 6 of the reflection coefficient may be expressed as

0 ■ +2tan ^(wcZo) (4-4)
If the capacitor may be switched between two different values (C^,C2) 

by some means, the net differential phase shift is

0,-0, » 2 tan ^(-wc,Z )-tan 1(-uc.Z ) (4-5)£ ± i o l o

Using the identity
-1 -1 -1 Z1 —  Z2 tan Zx + tan Z2 - tan ^  *  z z

the expression (4-5) may be shown to be of the form

■1 / mc2Zo - MClZo\
\1 + «2c1c2zJ /

40 - 02-01 - 2 tan A ) (4-7)

In general, it is desired to make the phase variation as small as 

possible across a given frequency band of interest. This may be done 

by choosing parameters such that the differential phase shift slope is 

zero at the design center frequency. Taking the derivative of Eq. (4-7) 

with respect to w

d(A0)  1____  (c2~cl)Zo 2 2 . ....
du> " uZ (c,-c.) n  2 -2.2 (1_“ ZoClc2* <4_8)

1 +  ° I ■ 1
1 + “ clc2Zo

It can be seen that the phase slope will be zero at u ■ <i>o if



The values of capacitance for a given differential phase shift may be 

obtained by solving Eq. (4-9) and (4-7) simultaneously. From Eq. (4-9)

'2 2 ,2  
hi Z c. o o 1

Substituting Eq. (4-10) into (4-7)

(4-10)

Z - wc,Z o 1 o. U Z  c./^-1 \ o o 1 / ________

!l C “ o 2 o ° l )
A0 - 2 tan —  ■■ ■ ■ ■ ■-■■■■ -■--- — T  (4-11)

1 2 f  9 9 V1 + o> c, I 2_2 ) o

<» ™ - wc,Z_
Ae -2*c, 1 0tan |£ . _oJ L l  --- (4.12)

1 +  A-uo

At u> ■ 0)̂ , the two values which satisfy this equation may be solved for

ci - rr f tan r ±8ec r} (4'14)O O V. '

Since the capacitance cannot be a negative number
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is chosen as the solution. Substituting Eq. (4-15) into (4-10)

c2 * w Z * 40 “ 40 (4-16)o o sec 2~  - tan

and the capacitance ratio is found by dividing Eq. (4-16) by (4-15).

c " 46 40 2 <4-17)1 sec 2 tan j ~

Table 4-1 sumnarizes capacitance ratios and values at a design center 

frequency of 3.5 GHz, in a 50-ohm system.

46 c2/cl cx(pf) c2(pf)

22.5° 1.48 .739 1.09

45.0* 2.06 .627 1.29

90.0° 5.79 .372 2.15

180.0* 00 0 OO

TABLE 4-1 SUMMARY OF CAPACITANCE RATIOS AND VALUES f - 3.5 GHz
Z - 50 SI o

It should be noted that the 180° differential phase shift cannot prac­

tically be achieved using two capacitors alone. Either an ideal switch 

Is required or additional elements are required in addition to a non­

linear capacitor with a finite capacitance ratio in order to achieve 

180° of phase shift. It should also be noted that the values of 

capacitance obtained have a graphical significance on a reflection 

chart. Figure 4.2 shows that the optimal reactance values (X^.Xg)* 

for a given phase shift 46, fall symmetrically about the -90°
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;

o

-9 0

Figure 4.2 Optimal phase shift for two capacitors Cj_, C£.
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phase coordinate. For two small capacitance values near the open cir­

cuit point, the reactance curves tend to bunch together yielding a small 

phase shift. For two large capacitors with reactances near the short 

circuit point, the differential phase shift is small this time because 

the change in reactance is small. The optimum, therefore, lies halfway 

between the open circuit and short circuit point.

In order to determine the phase shifter's useful bandwidth, one 

could plot equation (4-11) and determine phase flatness over the band of 

interest. Instead, an RCA circuit analysis program (COSMIC) was used 

to determine phase performance including parasitic series resistance 

(Figure 4.3). The program allows circuit simulation of the MIS varactor, 

including chip, parasitics and external tuning elements.

R c<v>8
Q

O
r - l.o ns
Cx - 1.35 pF
C2 * 0.6 pF

Figure 4.3 Simulation of 45° BIT including parasitic series resistance. 

The capacitance values are very close to those previously derived for 

the 45° BIT summarized in Table 4-1. The program is a linear analysis 
program so that a value of capacitance is assumed and reflection gain 

in dB and reflection phase (degrees) is plotted versus frequency.

Then, another capacitance value is assumed and the phase shift and gain 

are calculated. The differential phase shift is obtained by subtracting 

the phase of reflection coefficient for the two values of capacitance.
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Table 4-2 summarizes the results from 3.0 to 4.0 GHz.

Freq.
(GHz)

c - c2 
Reflection Gain (dB)

c " C1 
Reflection Gain A6 (degrees)

3.0 -0.215 -0.084 44.685

3.2 -0.225 -0.093 45.028

3.4 -0.235 -0.101 45.200

3.6 -0.243 -0.110 45.225

3.8 -0.251 -0.118 45.128

4.0 -0.258 -0.126 44.927

TABLE 4-2 45a BIT SIMULATION: R - 1.0 fis
Cj « 0.6 pf
C2 ■ 1.35 pf

Similar calculations may be done for the 22.5, 90° BITS.

4.1.2 Quadrature Hybrids

One of the most important parts of a reflection type phase shifter 

is the quadrature hybrid. In order for a hybrid to be useful, its two- 
way loss should be as low as possible (i.e., loss from 1 to 2 when 3 and 
4 are terminated in equal reactances). Also, the phase difference 

between ports 3 and 4 should be constant over the design bandwidth. Two 

types of hybrids were investigated:
(1) Branch line[35]

(2) Interdlgltated[33]

Branch line hybrids are simple to make, requiring only a one mask photo­

etch process. The Lange hybrid also requires a one mask process, but 

in addition needs bonding straps to Interconnect digits. This makes 

the Lange hybrid less reproducible and more expensive to fabricate.



103

Both types of hybrid were evaluated.

The branch line hybrid was evaluated for a reflection type phase 

shifter applications by simulating a phase shift bit using this type 

hybrid and by building and testing the hybrid itself. A circuit with 

the topology shown in Figure 4.A was fed into the COSMIC computer pro­
gram.

Input 1 1 1

1//2 1//2

1I
Output

1
Figure 4.4 Branch line hybrid topology.

All lines were microstrip with a source as reference impedance of 

50 ohms. The lengths of all lines were Ag/4 at the design center fre­

quency of 3.5 GHz. The capacitors were designed to yield approximately 

the optimum values for a 22.5° bit (c^ - 1.1, C£ ■ .745). The dif­
ferential phase variation for the capacitors alone can be shown to be 

less than 0.5° over a ten-percent bandwidth. The differential phase 

shift for the total circuit above over the same ten percent bandwidth 
is shown in Table 4.3.

f (GHz) 40°

3.325 27.260
3.500 22.488

3.675 17.45

TABLE 4-3 PHASE SHIFT THROUGH BRANCH LINE HYBRID
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The maximum insertion loss occurring In either state is 0.37 dB, which 

includes microstrip copper losses and mismatch loss. A phase variation 

of ten degrees is too large, especially for the 22.5° bit. Simultaneous 

to the hybrid stimulation studies, two 3-dB branch line hybrids were 

designed, built and tested. Both circuits were fabricated on alumina 

substrates with chrome-gold metallizations. One substrate was 25 mil 

thick and the second was 50 mil thick. Theoretically, the thicker sub­

strates should have lower insertion losses. Figures 4.5 to 4.8 sum­

marize the test results. In both hybrids, the designed center frequency 

is not exactly correct. This is clearly demonstrated in plots of re­

turn loss versus frequency (Figures 4.6 and 4.8). This misalignment 

affects coefficients of coupling and loss variation. The shift of the 

design center frequency may be explained because the design did not 

take into account reactances at the Junction of the hybrid. A recent 
paper by Vogel[36] describes how to take into account junction discon­

tinuities and may be used to improve the hybrid performance. When 

these hybrids were used with varactors to form phase shift bits, the 
phase variation predicted by simulation was verified. All work on future 

phase shifters using branch line hybrids stopped at this point. Atten­

tion was turned to the Lange type hybrid with the hope of achieving 

lower loss and smaller phase shift variation.

A photograph and schematic of an experimental Lange hybrid that 

was designed, fabricated and tested at City College is shown in Fig­
ure 4.9.
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Reference

GHz
3.5

Insertion Loss

-1C -

- 20-

-3 0  -

-40

-5 0

dB

Figure 4.5 Insertion loss and coupling for a 25 mil 
branch line hybrid.
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4.0 GHz3.53.0

Reference

-10

Return Loss

-20

- 3 0 \

dB

Figure 4.6 Return loss (isolation) for a 25 mil 
branch line hybrid.
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Reference GHz
3.5

Insertion Loss

-10

-20

-3 0 4

d B

Figure 4.7 Insertion loss and coupling for a 50 mil 
branch line hybrid.



108

GHz
L3.0
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-10
Return Loss

-20

-30

dB

Figure 4.8 Return loss (Isolation) for a 50 mil branch 
line hybrid.
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bond wires

4

(b)

Figure 4.9 Interdigitated (Lange) hybrid.
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It consists of five coupled microstrip lines with four air crossovers. 

All input and output lines are 50 ohm impedances. The longest line 

length is a quarter wavelength and the shorter line is an eighth wave­

length. The topology shown in Figure 4.4 was simulated by the COSMIC 

computer program. In Lange's original paper[33] no theory is given, 

only that the coupling required was determined by an unpublished com­

puter program. Also, Lange's original design was on 40-mil alumina 

substrates. The widths of the lines are 4.5 mil wide and 3.0 mil 

spacings. The one-way insertion loss reported was 0.13 dB. We wanted 

to use thicker substrates (at least 50 mil thick) to try to minimize 

the losses and also to make dimensions easy to fabricate. Lange's 40- 

mil alumina design was scaled to determine a design on 50-mil alumina. 

In this approach, the even and odd mode impedances are kept constant 

between designs. For microstrip lines, with tight coupling, the even 

and odd mode impedances have been determined in closed form by 
Wheeler[34]. Definitions of terms and the closed form expressions are 

summarized in Figure 4.10.

Scaling the Odd Mode:

Assuming the subscript X denotes an unknown design parameter, then 

keeping the odd mode constant from Figure 4.10 requires:

(4-18)
x

Solving Eq. (4-18) for e"/e,x

(4-19)



Formula'8 correct for e/e**<l/4; e^/b<l/2; |K b/R<l/8

4Zoo
r  no JK In  ̂ o

4e11

^oeU In 4b/e^~
Ro JK,e

C - 1 + q (K-l) o,e o,e'

Z ,Z - Odd and even mode Impedancesoo' oe r
K ,K - Effective dielectric constants In odd and even modeso’ e
Rq - Wave resistance of free space ■ 12011 ” 377 0

o,e - Odd and even mode filling fraction

Figure 4.10 Odd and even mode Impedances for tightly coupled 
microstrip lines.
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where

K 1 + q (K-l)
r- ■ ■>/« -i) (4-20)ox ’ox X

Assuming the even and odd mode velocities are approximately the same

qo " qe " I (4_21)
and, therefore, the ratio of effective dielectric constants [Eq. (4-20)] 

may be expressed as

v ££1
o _ _2___ K+l

K " K +1 “ K +1
OX X  X

2

Substituting Eq. (4-22) into (4-19)

(4-22)

1/2
(4-23)

Similarly, scaling the even mode it may be shown

11 /2
bx 1 /4b M + T )  
ex “ 4

(4-24)

EXAMPLE: Suppose we wish to scale Lange's reported dimensions to a

50-mil alumina substrate. The pertinent data from Lange's paper are 
summarized below.
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For a scale to a substrate o£ the same dielectric constant 

equations (4-23) and (4-24) reduce down to

_b_
Jl

(4-25)

(4-26)

6.0
1.5 4.0 and

x _ 40
6^ 6>68x

... -_50_x 6.68 - 7.5 mil

e - . 1.875 mu.x 4

On experimental models of the Lange hybrid actual dimensions are slightly 

smaller than theoretical ones due to undercutting in the etching process. 

Dimensions may be adjusted by plating up or allowing for undercutting 

in photomask. Typical dimensions in experimental models are
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e” - 6.9 mil 

e >1.5 mil

Typical performance for a Lange hybrid is shown in Figures 4. 11 and 

4.12. Typical phase difference between ports 3 and 4 is less than 3° 

over the 3 to 4 GHz band, which is much less than the branchline 

hybrid. The best two-way insertion loss measured with ports 3 and 4 

terminated in shorts is 0.35 dB.
4.1.3 Phase Stretching Network and Design of 90* and 180° Phase 

Shift Bits

It was shown in Section 4.1.1 that the 180° Bit could not be 

realized with only a nonlinear capacitor. In this section it will be 

shown how one can increase the phase shift capability of a two- 
state capacitor using two lumped inductors. The price paid for the 

Increased phase shift is phase variation. But, with a number of itera­

tions on the circuit elements phase variations may be minimized. It 

should be stressed that the approach presented here is not a direct 

synthesis and, therefore, optimal solutions cannot be guaranteed.

Figure 4.13(a) shows the phase stretching network which consists 

of a shunt and series ladder network. A sketch of the effects of each 

element of the ladder network is shown on a reflection coefficient chart 

in Figure 4.13(b). The starting point of the design is point a(2) and 

a(l), which correspond to the points on the chart for the nonlinear 

capacitor. For a ratio " 2.25 optimally centered, it was shown

in Section 4.1.1 that 8 ■ 45°. A series Inductor moves both points 

toward the short circuit point to b(2), b(l). Because c^ is a lower 

value of capacitance the point a(l) is not displaced much by the series 

1*2. The shunt moves b(2) to c(2) and b(l) to c(l). Because b(2) is
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G Hz
4.03.5

Reference

Two-Way Insertion Loss

Coupling Term 4

-3- Coupling Term 3

dB

Figure 4.11 50 mil Lange hybrid two-way insertion loss
and coupling versus frequency.
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GHz
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-10 +

-20
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-30 4
Return Loss

-35

dB

Figure A.12 50 mil Lange hybrid isolation and input
return loss.
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0(1)
Series U

t > 9

Figure 4.13 Phase shift stretching network and impedance motion on 
a reflection chart.
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closer to the short circuit point a shunt does not affect it very 

much in moving it to c(2). But, L^'s effect on the point b(l) is 

very great, moving it to c(l). The overall effect is to stretch the 

phase shift from 8 to Figure 4.14 shows how this technique was 

used to stretch a 45° phase shift using optimally centered capacitors 

of ratio * 2*25 into a 90° phase shift. This network including

1.0 0 diode series resistance was simulated using COSMIC and the re­
sults are tabulated in Figure 4.14. Over the band of interest, 3.3 

to 3.7 GHz, the phase variation is 3.3°. Figure 4.15 shows element 

values and calculated performance of a 180° phase shift Bit using 

optimally centered capacitors with a ratio “ 2*25. The phase
variation over a design 10Z bandwidth is approximately 35°. In 

general, as the ratio increase8» the phase variation over the

band decreases.

4.1.4 Experimental Phase Shifter Performance

Phase shift bits were fabricated in a microwave integrated circuit 

format. Alumina ceramic substrates with chrome-gold or chrome-copper-gold 

metallizations were used. A photograph of an early assembly is shown 

in Figure 4.16. A Lange type hybrid is terminated in two packaged MIS 

varactors. The varactors are mounted across the alumina substrate.

Holes are drilled into the bottom base plate and are fitted with 

beryllia copper fixtures. The diodes are soldered to the hybrid con­

ductors and the bottom portion of the diode is press-fit into the fixture. 
In order to test a set of diodes in this fixture, external bias tees 

are required. Figure 4.17 shews a complete phase shift bit including 

molybdenum blocking capacitors and d.c. bias network. The d.c. bias 

network consists of a series high Impedance length of line and a shunt
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0.9 i . o  n
IT f W T

5,8 i  i i L . i  c x , c2

cx - .6 pf c2 ■ 1.35 pf

f (GHz) Refl. Loss (dB) Refl. Los8 (dB) A6°

3.1 .175 .418 94.2

3.2 .184 .409 94.0

3.3 .193 .409 93.6

3.4 .211 .400 93.0

3.5 .220 .400 92.2

3.6 .229 .391 91.2

3.7 .247 .391 90.1

3.8 .256 .382 88.9

3.9 .265 .382 87.6

Figure 4.14 Calculated performance of a 90° bit with ^ c \ - 2.25.



120

1.9

c^ ■ .6 pf c2 - 1.35 pf

f (GHz) Refl. Loss (dB) Refl. Loss (dB) A0°

3.1 .225 .568 203.85

3.2 .276 .497 201.4

3.3 .336 .441 196.7

3.4 .402 .396 190.11

3.5 .474 .359 181.77

3.6 .545 .329 169.302

3.7 .610 .303 161.1

3.8 .662 .382 159.518

3.9 .697 .264 137.69

Figure 4.15 Calculated performance of 180° bit with Cj/c^ “ 2.25.
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Figure 4.16 Phase shift bit assembly.
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Figure 4.17 Complete phase shift bit.
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low impedance line such that the diode over the band of interest sees an 

open circuit, but at d.c. there is a direct connection. Connections to 

the outside world are made through coax to microstrip transitions which 

are commercially available. Bits are made so that it may be cascaded by 

removing connectors and bolting them together in series.

All phase shifters were measured on an H.P. microwave network 

analyzer and a typical test setup is shown in Figure 4.18. Small signal 

performance of 22.5°, 45°, 90° and 180° phase shifters is shown in 

Figures 4.19, 4.20, 4.21, and 4.22. The insertion loss in each of these 

figures includes approximately 0.35 to 0.5 dB two-way loss of the Lange 

hybrid. The loss of the 180° bit is much larger than the other bits be­

cause two diodes in series were used which doubles the loss. This was 

done in order to reduce the phase variation by shifting the diode lmpe- 

ance to a more optimal portion of the chart. The performance of each 

bit corresponds well with predicted performance.

4.1.5 Large Signal Phase Shifter Effects

In this section, large signal measurements on MIS varactor phase 

shifters are presented and discussed qualitatively. Specifically, 

measurements of differential phase shift and switching speed variations 

versus applied microwave power level will be presented. These effects 

may be directly attributed to the presence or absence of a minority car­

rier inversion layer. These effects ultimately limit the usefulness of 

MIS varactors in accurate, high speed, phase shifting applications. Or 

at best what may be said, at this point in their development, is that 

these effects must be minimized in order to make MIS varactors useful 
phase shifting elements.

Figure 4.23 shows a plot of phase shift versus input applied micro­

wave power, for two different sets of bias. There is a 5° differential
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Figure 4.18 Small signal transmission and reflection measurement 
setup.
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phase shift variation when the power level is varied from small signals 

to about 1/2 watt. This variation could be attributed to variation of 

maximum depth with power. The same effect is shown in Figure 4.24 by 

plotting phase shift versus applied bias for two different power levels. 

The large signal transmission phase measurements were made with a setup 

similar to that of Figure 4.18. The only difference between tests is 

that in the large signal case the input to the phase shifter was 

amplified with a TWT and the output was padded so as not to destroy the 

HP 8411A sampling head.

Another lnq>ortant parameter is the phase shifter switching speed.

That is, the time required for the phase to be varied from one state to 

another. A test setup to measure switching speed is shown in Figure 4.25. 

In this test setup, the microwave source (3.5 GHz) is split by a 3 dB 

hybrid. One arm of the hybrid is fed directly into a doubly balanced 

mixer. The other arm is fed into the mixer through the phase shifter.

When the two Inputs to a mixer are of the same amplitude and frequency 

the output is proportional to the phase difference between arms. The 

output of the mixer is observed on a scope. The bias waveform and phase 

shift versus time is sketched in Figure 4.26. The rise time (Tn) is of 

the order of nanoseconds. The settling time depends upon the microwave 

power level. There is such a thing as a settling time in an MIS varactor, 

again because of the formation of an inversion layer. The inversion layer 

is minority carriers which must be thermally generated from within the 

semiconductor. This generation is a thermal process which is a long 

process. When the bias voltage is switched suddenly, the surface de­

pletes to a depth in Tn > But then the surface starts to Invert and 

when this occurs, the depletion depth is limited to a maximum value X^.
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Figure 4.24 Differential phase shift for two different 
power levels.
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Figure 4.25 Switching time test setup.
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Figure 4.26 Instantaneous phase shift and bias waveforms.



The time that It takes to go from to X^m is the settling time Tg.

Figure 4.27 shows switching speed versus applied power level for various

bias voltages. For small signals, the switching speed is of the order

of msec. For +25 dBm the speed is of the order of 0.6 usee. In general,

the larger the bias voltage the faster the switching speed.

4.2 MIS Varactor Parametric Amplifier
In this section important paramp relationships will be briefly

reviewed. It will be shown that an important paramp parameter is the

nonlinearity ratio c,/c as the dynamic quality factor (M - f c./c ).l o  co x o
Estimates will be made of c,/c for an MIS varactor usingl o
linear approximations. It will be shown that the nonlinearity ratio 

for an MIS varactor has regions which are relatively insensitive to 

pump amplitude variations. A rule of thumb for conventional Schottky 

barriers or pn junction varactor paramps is that for a 0.1 dB change 

in pump power, the midband gain changes by 0.5 dB. An MIS varactor 

paramp has been designed, built and tested. The design is in a 

microwave integrated circuit format similar to that of Bura et al[37].
4.2.1 Parametric Amplifier Reviewf37l

A typical parametric amplifier system is shown in Figure 4.28. It 

consists of a circulator, varactor filter and transforming networks, 

pump source and amplitude leveling loop. The r.f. source is generally 

a very high microwave frequency (35 to 100 GHz). The value of the 

pump depends upon the signal frequency fg and the idler (f j) required for 

minimum noise and maximum bandwidth.
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Figure 4.28 Reflection type paramp system
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The pump leveling loop may be fabricated using PIN diodes as ferrite

attenuators. Elimination of this loop, without sacrifice to paramp

performance, would be desirable in lew cost or tactical systems. The

filtering and transforming networks are necessary to separate the three

frequencies and to establish proper gain and noise conditions.

The hub of the paramp is the varactor itself. Varactors in

general must be tailored for each lew noise application. Therefore,

diode characterization in paramps is extremely important. A varactor

is characterized statically and dynamically for parapm's Static (f )c
in the sense that it may be defined in the absence of a large high 

frequency source (pump). Similarly, dynamic quality factor (M) means 

that it is defined only when a pump amplitude is present. The static 

quality factor is the cut off frequency, f£, and is defined by:

f - ____1 ...cv 2JI R c(v)
0

where R ” varactor series resistance s
c(v) - varactor capacitance at bias v.

Usually, the cutoff frequency is defined as a zero bias which is its 

lowest value since the capacitance is a maximum. A conventional 

varactor is never operated in forward bias for fear of drawing current 

and, therefore, degrading noise performance. Other important varactor 

parameters are series and parallel resonances which are a function of 

diode parasitica. The series resonance is generally pushed as high 

in frequency as possible so that it may be used as the idler resonator. 

A summary of static diode quality factors is given in Figure 4.29.
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C (V ) -- Conventional Varactor

% graded junction 

^  abrupt junction
M IS  Varactor

cftjzCo+̂ CCSw*

Varactor Chip
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C(V) Junction Capacitance 
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L Lead Inductance

Cp Package Capacitance

fc =
2TT R3 Cq

= Cutoff Frequency

Figure 4.29 Staclc diode characterization.
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The dynamic quality factor, M, Is defined as the nonllnearlty 

ratio multiplied by the diode cutoff frequency (I.e., M - cj/c0 • 

and cq are the first two terms of a Fourier series expansion of c(t). 

When no pump Is present, c^ ■ 0 and, therefore, M - 0. The ratio 

c^/cq Is called the nonllnearlty ratio since the more nonlinear the 

capacitance versus voltage characteristic the greater the ratio be­

comes. It may be shown that the dynamic quality factor may be used to 

characterize a pumped varactor (Figure 4.30) which in turn may be used 

to determine midband gain (Figure 4.31), bandwidth and gain-bandwidth 

product (Figure 4.32), and effective input noise temperature (Figure 4.33). 

Each of these Important performance parameters may be expressed in terms 

of f , f ., M and c1/c . The nonllnearlty ratio depends upon the varactor8 1 X O
capacitance law, and how hard It is driven by the pump amplitude. For

conventional varactors, c^/cQ Is in the range of 1/3 to 1/4. Expressions

for effective Input noise temperature and gain bandwidth have been

plotted by Albrecht[38]. These plots are reproduced for reference in

Figures 4.34 and 4.35. They show that there is an optimum idler for
minimum noise and for maximum gain bandwidth. The optimum idler for

minimum noise does not correspond to the optimum idler for maximum

gain-bandwidth. It can also be shown the optimum idler for minimum

noise is

f . opt “ + f ^ - fi r s s

4.2.2 Estimates of MIS Nonllnearlty Ratio

Figure 4.36 is a sketch of a piecewise continuous approximation 

of an MIS varactor. Also shown is the capacitance versus time wave­

form resulting from the presence of a large high frequency pump source.
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Is = -j-f*X

h

where: M  = fc = QUALITY FACTOR
Co

Co ,Ct are first two terms o f Fourier Series

Cl -- C0 ( l  -  ( g f )

f t , U Signal and Idler Frequencies

Figure 4.30 Dynamic characterization.
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Vm Zm *

A t Midband R  + R  ^  R ,

jy Z?| f f $  f* ft R$
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/-> r  n -  ij -  g  ^  . J <
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G -- r*-- P01V£7? G/4//V

Figure 4.31 Amplifier equivalent and midband gain.



Q, , Q,, —— Unloaded Signal and Idler Circuit Q

Assuming R, = R z - 0  
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Figure 4.32 Bandwidth and voltage-gain bandwidth product.
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Assum ing R, :  Rz =0

efrWToBR,.

R>

r O R*- W W - AVWNA-

T' -* A/r
GffB

A/r -  Total available noise output power due to thermal 
noise in the signal and idler circuits.

To ■ fi

SW L) z 0: (fl U  'ft

Figure 4.33 Noise equivalent circuit.
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Figure 4.34 Noise ratio (Te/T0) versus f8/fi with M'/fs
as a parameter.
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A = t - ’}2  I -t*-

M

Figure 4.35 Gain bandwidth product versus f8/fi for a given 
diode quality factor.



If c(t) is expanded Into a Fourier series, it may be shewn that

co " cl + n *ch“cl* *  n vH-vL (8in e2“sin V

and

' i  -  V 1 8 i n  6 i +  i f  v±rL < W

+ In <sln 292 -  - ln 261>H L

taking the ratio and manipulating

V V
sin ex + j  + y  v„-v7 (8ln2e2_8ln2ei1 n L n L

Co ’ „ °L . . .  V Pn — — - + 0. + 7T - y -  (sin 9 - sin 0 )
°H CL H L

Note that 0^ and 02 may be found by

VL + VP C°8 92 * Vo
VH + Vp cos 0 - VQ

An interesting limiting value of nonlinearity ratio is for the abrupt 

junction case. Letting

Vu ■ V. - V+ , therefore n L
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cose
Vh - VL

C(V)

vL *vP coset--v0 
vH *vP cose1--16

L -----
vP cose

r. sV(» -«Yt  viSri51"™' ̂  
c° 'A '* 's rV (s/'v*-swa)

Figure 4.36 Nonllnearlty ratio for a piecewise linear model.
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The nonllnearlty ratio for this case Is

co
cl + n (ch “cl)

which may be manipulated Into the following form by defining 9 ■ Ilq 

and rearranging terms.

q may be defined as that fraction of the r.f. cycle when the device is 

In the high capacitance state. A summary of the abrupt transition two- 

state capacitor is shown in Figure 4.37. A plot of nonllnearlty ratio 

versus q for various capacitance ratios Is shown In Figure 4.38. In 

this figure it may be seen that there is an optimum value of q for 

maximum nonlinearity ratio for a given capacitance ratio. This optimum 

always passes through the curve c^/cq * cosllq. This optimum is broad, 

especially for capacitance ratios less than 10. This effect does not 

occur in conventional varactors and can have a profound effect on 

parametric amplifier stability.

4.2.3 Experimental MIS Parametric Amplifier

A microwave parametric amplifier has been designed, built, and 
tested using a metal insulator semiconductor varactor as the nonlinear

sin ITq
nq

where
Vt-V

cos Hq - ~ — !o
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T

c(t) -- Co ♦ Z  2 C n COS noopt ♦ 2  C'n S IN n a #
n«i

£ l  . q ( c ?  '  ^  SlNnTrg 

a  " f *

CO SnJq  ft <7 = ^

Figure 4.37 Fourier analysis of an Ideal two-state 
capacitor.
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-  00
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Figure 4.38 Nonllnearlty ratio versus q for an Ideal 
two-state capacitor.
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capacitor. The amplifier is a microwave hybrid circuit using micro- 

strip as the transmission element. The amplifier was built on an 

alumina substrate. The transmission lines are formed by thin films of 

chrome, copper and gold. The chrome promotes adhesion of the copper to 

the substrate, and the gold prevents the copper from tarnishing. Re­

ferring to Figure 4.39, the pump is fed to the diode through a band­

pass filter. The idler is formed by the diode parasitics and the last 

element of the pump filter. Stubs in the signal circuit transform the 

source impedance to establish the correct gain and also act as a pump 

reject filter. A commercially available circulator is used to separate 

input and output signals. Typical paramp performance data is shown 

below.
fp - 7.92 GHz
fs - 2.07 GHz
pp - 65 mW

VB m 3.2 volts
Gain - 16 dB

3 dB bandwidth - 38 MHz

NF 2.8 dB

Also, measurements of gain variation with pump amplitude change are 

shown below.
Pump Attenuation Change Gain (dB)

6.0 15.00

5.9 15.25

5.8 15.50

5.7 15.75

For this amplifier the gain sensitivity was approximately .25 dB better 

than a conventional parametric amplifier.



Figure 4.39 Photograph of MIS paramp
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CHAPTER 5 

CONCLUSIONS

The purpose of this chapter is to summarize the contributions of 

this dissertation and to suggest unsolved problem areas for possible 

future investigation.

In this dissertation high quality MIS varactors have been designed, 

fabricated and tested. Small signal models valid at microwave frequen­

cies have been developed suitable for high speed digital computation.

The devices and models developed were used in two important microwave 

circuit applications:
(a) low power drain digital phase shifter
(b) low noise parametric amplifier.

The motivation for this work was the need for a law power drain switch­

ing device for computer-controlled microwave networks. The major 

application of such a device is in an electronically scanned phased 

array antenna. This dissertation shows that the MIS varactor can ful­

fill this need if minority carrier effects can be overcome. This work 

also shows that the unique capacitance versus voltage characteristic may 

be exploited in a low noise parametric amplifier application. MIS 

varactors are shown to have less gain variation due to pump power 

fluxuations than conventional varactors.

In Chapter 2 an efficient algorithm for the solution of the d.c. 

electrostatic potential throughout the semiconductor is given. This 
problem is solved as a mixed linear-nonlinear boundary value problem.

The solution is valid for an arbitrary doping profile and specifically 

epitaxial profiles were studied extensively. An expression was derived
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for the low frequency differential capacitance which requires only 

the storage of the Interface potential. A comparison of experimental 

results and computer simulation showed good correlation. This is 

limited in that Boltzmann's statistics are assumed. This assumption 

excluded exact soluslons for degenerate semiconductors. Since, in 

this work n/n+ structures are always considered, the solution presented 

here could be considered approximate by purists. Further work should 

be done to take into account Fermi statistics simply. It should also 

be done since in accumulation and inversion majority and minority car­

rier densities, respectively, obey full Fermi statistics. For the 
purpose of modeling the MIS structure at microwave frequencies, 

Boltzmann's statistics were quite adequate.

In Chapter 3 a small signal model suitable for digital computa­

tion is described. This model involves the small signal electrostatic 

potential (Vj) and quasi-potentials (Vn^, V^) . 0thers[ll,13] have 

used these variables to solve MIS small signal problems. Their solu­

tion is different from mine in that they first construct a distributed 

equivalent circuit from the basic equations. Then, the circuit is 

solved by cascading subsections of the network. Gokhale[27] has used 

the variables (V^ Vq1> Vpl) to solve for the small signal response of 

bipolar transistors. His solution results in a nine-band matrix which 

is solved by a special Gauss elimination routine. In this work, the 

basic equations are manipulated into three coupled linear equations in 

three unknowns. It is1 shown here that these equations reduce to a 
seven-band matrix solution. This system of equations is solved directly 

using a Gauss elimination routine. Further investigations are required
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in this solution to Improve computed accuracy in the inversion and 

accumulation regions. Further work should be done to reduce the amount 

of computer memory required. It is felt that some type of iterative 

Improvement of the solution using a relaxation technique could solve 

both problems.

In Chapter 4, 360* digital phase shifter was build at 3.5 GHz.

It was found that if these devices are to become practical diode

circuit losses must be reduced. Also, a major problem area is the

presence and response of minority carriers to large signals and to

switching pulses. It was shown that differential phase shift and

switching speed were dependent upon microwave signal amplitude. In

order to solve these problems, the fabrication of silicon devices on

thinner epitaxial layers should be Investigated. Layers 0.3 pm thick 
16 “3for 10 cm densities are suggested. A more forward looking approach 

to improvement of MIS performance, it is felt, is in the area of new 

materials. Gallium arsenide for a given density or resistivity has 

a much larger maximum depletion depth (X^) than silicon. An ap­

proximate expression for is

Xdm

where for silicon a ■

0 -

- op0

.44 pm 

.465

GaAs o * 1.3 pm 

0 - .477
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One way of eliminating power sensitivity of phase shift and 

switching speed Is by making the device so that It pushes through 

the n+ substrate. Another way of saying that Is that maximum deple­

tion depth should be greater than the epitaxial layer thickness (Xj).

Xd m > X l

This can be achieved easier for GaAs than for Si since the o for GaAs 

is larger.
The problem with this solution is that very little Is understood 

about insulator-GaAs interfaces. The problem then would be how to 

put down a high quality insulator on GaAs with a minimum number of 

surface states.
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APPENDIX I

DERIVATION OF FINITE DIFFERENCE APPROXIMATIONS FOR A NONUNIFORM GRID

XX X.1 '2o
f(xo) f(xx) f(x2)

Let us approximate the function f(X) over the interval (Xq ,X^,X2) 

by a second order polynomial.*

f(x) * f(xo) + f[xo,x1](x-xo) + f[xo,x1,x2](x-xo)(x-x1) (i-ii
where f(X ), f(X,) and f(X0) are the values of the function in the 0 1 i.

interval of interest. Also, f[XQ,X^J and f[XQ ,X^] are the first and 

second divided differences defined as follows:

f[xo.Xi]

f[xr x2]

f ( X ) - f(X.)o_______1
X - X,o 1

f(xx) - f(x2)

f[X .X.] - f[x.,x2] 
* —  k—O &

(1-2)

(1-3)

(1-4)

Equation (1-1) may be rewritten by expanding terms into the form

f(x) f(xo) + f[xo,x1](x-xo) + f[xo,x1,x2](x2-(xo+x1) X+XoX ^  (1-5)

*S. D. Conte and C. DeBoor, "Elementary Numerical Analysis," Second 
Edition, McGraw Hill, 1972, pp. 195.



Taking the first derivative and second derivative of (1-5)

f'(X) - + f[Xo,XlfX2](2X - (Xo+Xj)) (1-6)

f" (X) - 2f[Xo,X1,X2] (1-7)

At point X“X^ both (1-6) and (1-7) may now be evaluated

f'(X.) * f[Xo ,X.] + f[X ,X.,X,] (X--X ) (1-8)1 o l  o i l  l o

f" (Xx) * 2f[XQ,X1,X2] (1-9)

Now, f' (X^) and f" (X^) may be expanded In terms of the definitions 

of divided differences.

f(XQ - f(Xx) f(xx) - f(x2)
(X -X ) " (X.-X„)

f" (X.) - 2 ----------   L_t--- (I_io)
1 o " X2

y I f (X ) -f (X, ) f(X.)-f(X2)
f" « 1> • r f h k r )  <! - h . ---------------------> n-w
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■ (i,-i --)h7  f«»> - f(xi> + ( V v f a - f<x2)

11 2 f (Xn> 2f(X,) ,fli(X.) “ -*    - + u h /ilh~ 7 h f<X2)1 h2 (l-H^/t^) 1 2  ! 2 2 !

or
„  2f(X ) 2f(X.) 2f(X )

f (X ) *     - _____-—  4. --------- --------
1 h2 (l-Hij/h^ h2 h2/h1 h2 h2/h1 (l+h2/h1)

If we let H2 - h2 - (XH2)2 and - RS - XH3/XH2

Xq --- ► M, Xa  ► K, X2  ► PI, and f

then

- 2f(M) 2f(K) 2f(PI)
V * H2(1+RS) H2RS H2RS(1+RS)

Similarly, starting with equation (1-8) and expanding the 

divided differences

f(X )-f(X.) f(X.)-f(XjO 1̂ _ 1_____£_. f(X )-f(X,) X-X, ' X -X,
£ V  ■ ■ x -x - -  ♦ X - X. * —  < V Vo 1 o 2

f(xo)-f(x1) f(x1)-f(x2)
. f(x-f (x ) lir -hi£ <V - - - +---  -oŷ )    hi

(1-15)

(1-16)

(1-17)

(1-18)

(1-19)

(1-20)



But note that

1 hl ” (hi+h2* “h2
hl'Hl2 hl (hj*^)!^ (h1+h2)h1 , and

2
**2 2̂T̂ -(h +h,)-h -h, r= h-

1 1 1 _ hl 1 2 1 2 _ hj_____1
h- +ti» h« h«(h-+h*))

K7< W  " i h f w

and, therefore, (1-25) may be simplified to (1-26).



f'(X

Let,

Then

(xx) (h1+h2)h1 f(XQ) + h2(h1+h2) f(Xl) + h, (1-26)

f(x2) .(5) - 1
V hi

• ■ © R )  f i X R ) f(xi> - h ^ 7 h ^  f(V  (I-27)

as before, H2 - h2 » (XH2)2

h2 XH3 
hj “ XH2

X --- ► Mo
Xx --- ► K

x2  ► PI

f'(K) “ XH2RS(1+RS) + XH2RS(1+RS) f(K) " (1+RS)XH2 f(M) (1-28)

When h^ *■ h2 - h, the nonunlform grid formula corresponds to the well- 
known uniform grid formula.
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Note equation (1-28) may be rewritten In the form

f'(K) " XH3(1+RS) + XH3 f W  “ (1+RS)XH2 f(M)

Therefore, the derivative of electrostatic potential with respect to 

distance at point K is

dV
dX . _ m .  + (Rs-i) V(K)______M ___V(M)XH3(1+RS) XH3 v w  (1+RS)XH2 v'>rv

K

Eo(K)

and the electric field is

EOK - -RS y(M') - <RS~1) V(K) - V(P1)EOK (1+RS)XH2 V W  XH3 V W  XH3(1+RS)

If XRS - 1+RS

XRT - RS-1

then

EOK - vtM) - ^  y(K) - V(P1>(XRS) (XH2) W  XH3 W  (XH3) (XRS)

-31)
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APPENDIX 11

DIRECT INVERSION BY GAUSS ELIMINATION - A 7-BAND DIAGONAL MATRIX 

We wish to solve the linear system of equations of the form:

A*X - h n

where A Is a 7-band matrix of the form:

1
I c H  
I 2 I

0
0

el fl ®i

b e2 f2 g2

ri d3 e3 f3 g3

H R d4 e4 f4l5i
l 5j
0
hi p5| d5 e5

k!u-i Iv 1
c*> °6 d6

o
f6 *6

O
X

n-3

X X X X X X

bn-3 cn-3 dn-3 en-3 fn-3 *n-3

an-2 bn-2 f^n-2”] dn-2 en-2 fn-2
I 1

an-l lbn-lj

1 n 11____ i

1—
r - i  
!» ! 
L " « j

dn-l ®n-l

Figure 11.1 Seven-band matrix.
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The first step In a Gauss elimination routine is to convert the

existing matrix Into an upper triangularized matrix. This corresponds

to eliminating the elements dotted In Figure II. 1. It should be noted

that because of the band nature of the matrix below the main diagonal

three eliminations in each column are necessary except the last three

columns which correspond to elements below dn_2 (two eliminations),
d , (one elimination) , and d (no elimination) . n—l n

The set of equations of interest may be written as:

dlXl+elX2+flX3+glX4 ‘ hl (II-l)

c2Xl+d2X2+e2X3+f 2X4+82X5 - h2 (H-2)

b3Xl+c3X2+d3X3+e3X4+f3X5+83X6 “ h3 (H-3)

a4Xl+b4X2+c4X3+d4X4+e4X5+f4X6+g4X7 h4 (II-4)

0 a5X2-H,5X3+c5X4+d5X5+e5X6+f5X7+g5X8 " h5 (II-5)

a ,X„ ,+b ,Xn .+C ,Xn .+d Xn -+e _Xn ,+f ,Xn - hn-3 n-o n-3 n-5 n-3 n-4 n-3 n-3 n—3 n-Z n—3 n-1 n—3 n n—3

a .X _+b „X ,+c ,X ~+d -X _+e _X ,+f 0X - h 0n-2 n-5 n-2 n-4 n-2 n-3 n-2 n-2 n-2 n-1 n-2 n n-2

a ,X ,+b .X «+c ,X „+d -X ,+e .X - h -n-1 n-4 n-1 n-3 n-1 n-2 n-1 n-1 n-1 n n-1

a X  , +b X 0 +c X . +d X - h  (H-n) n n-3 n n-2 n n-1 n n n

Let
c2 b3 a4R1 “ ~  R2 - R3 -
dl dl dl

Multiplying Eq. (II-l) by R1

c2Xx + Rl*eiX2 + R l * ^  + Rl*g1X̂  - Rl*hx <11-2')



Subtracting Eq. (II-2') from (11-2), an equation (II-2") results, and the 

coefficients of (11-2") may be considered to replace the coefficients of 
(H-2).

(d2-Rl»ei)X2 + (e?-Rl*f1)X3 + (f2-R1*g1)XA + g2X5 - h„-Rl*h, 
d2 e 2 f 2 “ 2 

Multiplying Eq. (II-l) by R2 we get (II-3').

b,X + R2*e.X9 + R2*f.X, + R2*g.X. - R2*h,

(II-2")

'3“1 ' 1 2  1 “ ■"'■1*3 ' '“ "*1*4 1

Subtracting Eq. (II-3') from (II-3), Eq. (II-3") results.

(II-3')

(c3-R2*ei)X2 + (d3-R2»f1)X3 + (e3-H2«g1)X4 + f ^ + g ^  - (h^-R^*^) (II-3") 

C3 d3 e3

Similarly, multiplying Eq. (II-l) by R3 we get Eq. (II-4').

a4Xx + R3*e1X2 + R3*fxX3 + R3*g1XA - R3*hx (II-4')
Subtracting Eq. (II-4') from (II-4), Eq. (II-4") results.

(b^~R3*ei)X2 + (c4-R3*f1)X3 + (d4-R3*gx)X4

+ eAX5+f4X6+84X7 " (V R3* V (II-A")

That completes the first column of eliminations.

For Eq. (II-l) the above procedure may be generalized to
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Then calculate

Then calculate

Then calculate

di+l ” di+l “ M,*el

*1+1 " *1+1 ~ R1*fl

fl+l “ fl+l " ^**1

hi+l " hl+l • R1*hi

cl+2 " ci+2 " R2**i

dl+2 ” di+2 ” R2*f1

*1+2 ” *1+2 ” ^**1

hl+2 “ hl+2 ~ ^ ^ l

bi+3 ” bl+3 - R3*e

ci+3 " ci+3 - R3*f

di+3 ” dl+3 - R3*g

hl+3 “ hl+3 - R3*h

At this point It should be noted that when eliminating the first 

column (c2> b^, a^) then a 3x3 block Is changed or affected.

d2 «2 f2

c3 d3 e3 
b4 c4 d4

This procedure may be continued until i«n-3, which corresponds to the 

last 3x3 block available.

After the i-n-3 elimination procedure, the following situation 

should exist:
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• • • • • • •
• • • • • • •
. • • • • • •

. . .  0 n-3 *n-3 fn-3 8n-3 Xn-3 hn-3

. . .  0 0 CM1 *n-2 fn-2 Xn-2 hn-2

. . .  0 0 Cn-1 dn-l *n-l x  in-1 hn-l

. . .  0 0 bn cn dn Xn

---
1c 

* 
.

The algorithm continues by letting

1 - n-2

R1 '1+1
d. R2 1+2

d,

di+l " dl+l - “ **1

ei+l " *1+1 " R1*fl

hi+l " hi+l '

ci+2 “ cl+2 “ ****1

dl+2 ” di+2 " R2*fl

hi+2 “ hl+2 “ 112 *hi
Then let

1 - n-1
c

R1 1+1
d.

dl+l " di+l “ R1**i

hl+l " hl+l " R1*hi



168

After the above procedure the o rlginal matrix la converted to one which 

has all zero'8 below the main diagonal.

dl el fl gl

0 d2 *2 f2 g2
0 0 d3 *3 f3
0 0 0 d4 e4 f4 g4

n-3 n-3 n-3 n-3
1 . G A f nn-2 n-2 n-2

0
0

0
0

d . e . n-1 n-1

l
iH
X1

hl
X2 h2
X3 h3

X4

M.

h4

Xn-3 - hn-3

Xn-2 hn-2
x in-1 h in-1
Xn hn

Back substituting
h

n dn

Xn-1
V i ' V A

V i

Then for

X“n-2
hn-2~fn-2Xn~en-2Xn-l

dn-2

1 - 3 ,  n-1
let

K - n-1
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hk"8k*Xfcf3"fk*Xkf2"*k*Xkfl
\  " ‘k

for Instance, for i ■ n-1, k*l and

h t - 8l«x4 - ft*x3 - ^ . x 2 
1 " d.
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7-DIAGONAL BAND MATRIX ALGORITHM SUMMARY 

DO 16 1-1, N-3

IF D^(I) ■ 0 continue

R1 " c!<i+1)/di(i)
R2 - B1(I+2)/D1(I) 
R3 - A1(I+3)/D1(I)
D1(I+1) - D^I+1) - R1*E1(I)
E(I+1) - E (1+1) - Rj*F(I)

F(I+1) - F(I+1) - R ^ G d )

H(I+1) - H(I+1) - R1*H(I)
C(I+2) - C(I+2) - R2*E(I)
D(I+2) - D(I+2) - R2*F(I)
E(I+2) - E(I+2) - R2*G(I)
H(I+2) - H(I+2) - r2*h(i)
B(I+3) - B(I+3) - r3*e(i)
C(I+3) - C(I+3) - r3*f(i)
D(I+3) - D(I+3) - r3*g(i)
H(I+3) - H(I+3) - r3*h(i)
I - N--2
Rx - C(I+1)/D(I)

Rj - B(I+2)/D(I)

D(I+1) - D(I+1) - R ^ E d )

E(I+1) - E(I+1) - Rj*Fd)
H(I+1) - H(I+1) - R ^ H d )
C(I+2) - C(I+2) - R2*E(I)
D(I+2) - D(I+2) - R2*F(I)
H(I+2) - H(I+2) - R2*H(I)
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26 I - N-1
27 Rx - C(I+1)/D(1)

28 D(I+1) - D(I+1) - RX*E(I)

29 H(I+1) - H(I+1) - Rj*H(I)

Now we solve for X(N) by back substitution

29 X(N) - H(N)/D(N)

30 X(N-l) - (H(N-l)-E(N-l)*H(N))/b(N-l)

31 X(N-2) - (H(N-2)-F(N-2)*X(N)-E(N-2)*X(N-1))/d (N-2)

32 DO --- 1 - 3 ,  N-1

33 K - N-I

,, , . H (K) -G(K) *X(K+3) -F(K) *X(K+2) -E(K) *X(K+ 1)x w  D(K)

RETURN

END



APPENDIX III
HIGH FREQUENCY SIMPLIFICATION FOR ONE TYPE CARRIER[11]

The valid linearized equations assuming no surface states and no 

doped deep level impurities are:

v,Jp+vj2, ■ v ■ ° (iii_i)
_  qNV*J« + - V  “ 0 (in-2)n VT n i

J - - q p P T V  (III-3)p p o p

J - - q p N  W  (III-4)n n o n

ESV vi - vf <VVp> + vf < W  (III“5)
J_ - J + j - E W .  (III-6)T p n s i

The above authors have also shown that for high frequencies 

minority carriers need not be considered and, therefore, for an n- 

type semiconductor

- Vp (HI-7)

J - 0 (III-8)P
Using Eq. (III-7) and (III-8) in (III-l through H I - 6) and 

assuming sinusoidal steady state d/dt -*■ ju



Substituting Eq. (111-10) into (III-9)

qN
-qy V* (N W  ) + ju r—  (V -V.) - 0 (111-12)^ n o n  J VT n i

N
V* (N V ) + ju> - 2 -  (V.-V ) - 0 (111-13)' o n  J unVT i n

It may be shown that

N - n. exp V /V_ (111-14)O 1 o x

V*(N W  ) - N V2V + VN - W  (111-15)o n  o n o n

VNo

N W3_
fT

Substituting Eq. (111-17 and 15) into (111-13)

VN - -2— ^  (111-17)o V-

9 N W  jwN
N V V + - • W  + rr— 2 (V.-V ) - 0 (111-18)o n VT n VxMn i n7

A. + vf • + J vSr <VV ■0 (III-19>T T n

Equations (III-ll) and (111-19) may be written in one dimension.
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d2V t dV dV
— x—  + —  — — — 2- + 1 — —  (y -V ) ■ 0 (111-21),v2 V_ dX dX V_p vvi n '■ AA A'ax. t x n

The boundary conditions are:

at X ■ X (Insulator-Seiniconductor Interface) o

D - DT - 0 (111-22)s i

Jn - 0 (111-23)

But D - eE - - (111-24)

. . substituting Eq. (111-24) into (111-22)

es

es

(- sr). - £i (- 5r) t ' 0 <m-25>

Also using the definition of hole r.f. current [Eq. (111-10)] in 

(111-23)

S v„ - 0 (111-27)

At the ohmic contact:

V, - V - 0 (111-28)i n

Equations (111-20, 21, 26, 27, 28) may be solved by replacing 

derivatives by finite difference approximations. Starting at the inter­

face between the insulator and semiconductor Eq. (111-26) is reduced to
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I

XH2

o
N1

Nl+l-P

an algebraic equation.

Vt(P) - V±(N1) 
XH2 (111-29)

or

V.(N1) - viLd y  1

5ti xiu ^ 1®  " " ^ vt W D  - Vttj

h) v»» ♦ m ̂  v».DKI XH2 

Multiplying by (-1)

- VIL

VIL

(111-30)

(111-31)

(111-32)

(111-33)

(111-34)



Expanding Eq. (111-27)

V„(P) ~ V (Nl) - 0 (111-35)n n
or

V (Nl) - V (P) - 0 (111-36)n n

Next, since point P Is the first point within the semiconductor,

Eq. (111-20) and (111-21) are the valid expressions to expand.

-XH2- -XH2-

N1 P+l

V.(N1)-2V.(P)+V.(P+l) qN (P) qN (P)
_______i_____1_____ _ — 2 w (p) + — — —  V (P) ■ 0,2 e V„ 1 e_V„ u(XH2) s T 's T

(111-37)

Multiplying through by H2»(XH2)

oH2 q«2N (P)
V1(N1)-2V1(P)+V1(P+1) - No(P)Vi(P) + — ---Vn(P) - 0 (111-38)

8 T 8 X

Collecting terms
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Similarly, expanding Eq. (111-21)

V (Nl)-2V (P)+V (P+l) n n n
H2

/, dV \/V (P+D-V (Nl)\
fc V >

- j v (P) - 0 (111-40)
T n

Multiplying through by H2

V0(Sl)-2Vn(P)«n(P+1, + ^  ^  (Vn< m ) - V n(Nl)) + J V^P)

- j V (P) - 0 (111-41)
T n n

Collecting terms

- i| 31) V N1> + J V> - (2 + ̂  V»

(+11 + §; V m > ■0 (111-42)

At Point K we have a nonuniform grid and therefore

XH2 XH3

M PI

nonuniform grid formulas must be used (Appendix 1).
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f dll - - Yfrl)- + IIS-l) Y(R) _ _  RS . y(M) (111-43)
[dxJR XH3(1+RS) + XH3 Y W  (1+RS)XH2 *W  UI1

2"' , , 2YQ0... . 2Y(K) ___ 2Y(P1) (HI-44)
H2(1+RS) (H2)RS (H2)RS(1+RS) ^

K

Where YH1RS - § §  (111-45)

H2 - ( m 2)2 (111-46)

Substituting the expression (111-44) into (111-20)

2V.(M) 2V.(K) 2V.(P) qH2N (K) i __ _ 1 + 1 _   o. .. _. v no
(1+RS) RS RS(1+RS) e V 1 K

qN (K)H2
+ — 2=---- V (K) - 0 (111-47)

s i  n

Multiplying by H2 and collecting terms

(1+RS)
, ( . qH2N (K)"l ,H2N (K)
*5T Tiw  - (rs♦ - T ^ r )  V ®  + 177-  vn(K)

+ rscT+rsT V p1> ■ 0 (III-48>

Substituting Eq. (111-43) and (111-44) into (111-21)

2V (M) 2V (K) 2V (PI)n n + n __
(1+RS) (RS) RS(1+RS)

M l  f!ol /  Vn(P1) RS^l ( )  RS_ y (m)A
VT dxJR \  W(1+RS) + RS VnW  (1+RS) n  J

wH2V (K) u>H2V (K)
+ J I T ”  - J “v  0 (III-49)TKn T n
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Collecting terms

{(iW-f iSs}*.« + J V K>

+ ( i l T S )  + V^T dX-] K RSU+RS) I Vi/pl) ■ 0 (III-50)

After point K, PI ->- LI, Ml replace XH2 by XH3 and the form of 

the coefficients should be the same.



LOAD THE A1 DIAGONAL

J - 3
DO 22 I - P,M 

A1(J) - (0., 0.)

A1(J+l) - (0..0.)
J - J+2 

2 2 CONTINUE 

A1(J) - (0., 0.) 

A1(J+1) - (0., 0.) 

J - J+2

DO 23 I + PI,Ml 

A1(J) - (0., 0.)

A1(J+l) - (0., 0.) 

J - J+2 

23 CONTINUE



LOAD THE B1 DIAGONAL

J - 3
DO 24 I - P,M 

B1(J) - (1., 0.)

.x , xh2 rdvoiBl(J-l) - 1 - 2vt [dX J x
J - J+2 

24 CONTINUE

B1(J) " 1?RS " <2’/XRS» °>

_i t _. -* 2 XH2 fdVol RS _ /  2 . X H 2 ____ RS - A
K J  1) ” 1+RS VT |_dX JR 1+RS yl+RS VT 1+RS ' ' J

J - J+2

DO 26 I + PI, Ml 

B1(J) - (1., 0.)

BKJ+l) - 1. - S i

J - J+2 

26 CONTINUE

dV 1 V (I+D-V (1-1) O I o o
dX J 1 2 AX

■(
v <i+u-v ci-1 )o_______o_

4VT * 1 ■■ ■"
RV

- C V (1+1) - V (1-1)O O
3
RV
)

where
AX \ > , depending upon if we are In region 2 or

vXH3y



LOAD THE Cl DIAGONAL

Cl(2) - 0 

J - 3

DO 27 I - P,M 

C1(J) * 1.

C1(J+1) - +j X 10-8 - +JXN2

Cl (J+l) - j - + jXN2

Cl (J+l) - J - + JXN3

J * J+2

27 CONTINUE

C1(J) - 0

J - J+2

D) 28 I - PI,Ml

C1(J) - 0

J - J+2
28 CONTINUE

RS " XHl ; H2 " (XH2> (ffl2>

XN3 - RS * RS * XN2
Units

1

u)H2 m (l/sec) (micron)^ (micron\ ^ m  f  
cm J  " \V u 2TMn (volt)(cm /volt'sec)
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LOAD THE Dl DIAGONAL

^ DKS Xo Dl(l) m 1 +  m l  XH2

Dl(2) - 1.

J - 3

DO 29 I - P,M

D1(J) - -^2. + No(I)| - - ^2. + cs exp “§“ }

DKJ+l)- -^2. + j I p - j  - - 2̂. + i XN2^

J - J+2 

29 CONTINUE
f . qH2N (K) ) f 7 V KH

D 1 < J > m-̂ s + -^T’J - - { r s  +  i C 8 e x p  — }

- { isDU M > -  + ¥  +

J - J+2 XN2

DO 31 I - PI,Ml

D1(J)* -^2. + No(I)J - - ^2. + RS*RS*|cs exp

DKJ+l)- - ̂ 2. + j j - - ̂2. + jXN3|

J - J+2 

31 CONTINUE 

No - N^xp ^  

dV,'
EOK - - ■ 1dX JK



LOAD THE El DIAGONAL

El(l) - 0 

El(2) - 0 

J - 3

D) 32 I - P,M
119 i V (I)E1(J) - No(I) - j  ca exp -2---
8 T T

El(J+l) - 0 

J * J+2

32 CONTINUE
1 V 00E1(J) - N (K) - ) c 8 exp — ---

s T ° 2 T

El(J+l) - 0
J - J+2

DO 33 I - PI,LI

E1(J) - 2HL_ N (I) - RS * RS * j  * cs * exp 
es T

El(J+l) - 0

J - J+2

33 CONTINUE
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LOAD THE FI COEFFICIENT

DKS Xof k d  - - DKI xn2

Fl(2) --1 

J - 3

DO 34 I - P,M 

F1(J) - 1

Fi(j+i) - i. + ^ -  | ^ r |  - i  + RV

34 CONTINUE

F(J) “ RS(1+RS)

. 2 _ _ ffl2 _ 1 ____
F U  RS(1+RS) V_ I dX J „ RS(1+RS)

EOK

J “ J+2

DO 36 I - PI,LI 

F1(J) - 1

+ «  [ f . ]• + 2V |_dX JFKJ+l) - 1. + ~  \ ^ \  - 1 + RV

36 CONTINUE

V (1+1) - V (1-1) o oRF - --- 4V_T



LOAD THE G1 DIAGONAL

Gl(l) - 0 

Gl(2) - 0 

J - 3
DO 37 I « P,M 

G1(J) - 0 

G1(J+1) - 0 
J - J+2

37 CONTINUE 

G1(J) - 0 

G1(J+1) - 0 

J - J+l

DO 38 I - PI,LI 

G1(J) - 0 

GKJ+l) - 0 
J - J+2

38 CONTINUE
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APPENDIX IV 

MIS TWO-CARRIER PROGRAM

F O R M A L  I V  (. L F V F l  21 M A I N QA T F  a 7 4 / 7  7 1 6 / 3 1 / 4 4

00'-' 1 0092 
00 9 I 
00 V.00 os
00 96 
0 0 0  7 
00 >F 
00 )0

0010 0011 
001 ? 001 1 
0 0 1 4  oois 
0 0 1 6  
0 0 1  7 OOIH 
0 0 1 7  0020 
00 >1

no// 
00 ? 1 007400 /s 00/6 
0 0 / 7  
O u / P  00/M 
0 0  30 00 31 oo 3?003 3 
00 34 
9 0 3 S0036
0 0 3 7  00 3« 
0 0  39

0 0 4 0  
00 41 
0 0 4 /
0 0 4  3

700

9?1
70 1
70 9

• » l i .

703014

c o « p i  e x  m i  i s o . j i  , h i  11 s  > o i  , r . u  i s o o i  , o i  u s o o i  C0*PIFX f 1114 1 J) ,r 1 I l^-nir.m^OI . V I  (I S O O  I ,  M1 11 600 i 
C O MP L E X  M . R / » - * 1 , R 4 , R S , X l M P F 9 , v i X I  I / 6  I .  C * P l  X .  V I I N  

D I M E N S I O N  A I s o i l ,  H i  S O?  I , C I S 9 0 1  » D ( S O Q I  
D I M E N S I O N  V I  V O )  , *  | 4 0 - ) )  ,  C C I S 0  0 )  .  OF t  T A I 6 0  0 )  ,  0 ?  V I 5 j O  I 

0  | MEN S I  ' I N  V X l I ? 4 1 , V X 2 l ? 6 I . V X 3 I / 6 ) , V X 4 < / 6 !
O I MF-NS I ON C APJ 2#, )  ,°F SI 2 0  1 ,  V D I / 6 1  ,F X M 2 M  , F  X2 1 / 6  1 

n .  E O F *  P 1 3 . P 4  , P S
COMMON 4 1 ,  4 I  , C I ,  >) I  ,  F 1 » F 1 , 0 1 ,  M l  , A » H , C  , D  

DA T A  R E O U I R P O  I ' l  n i H M A K .  I N  TFf , eR s  1 6 ,  A L L  O T H h R S  F I D . /  
d a t a  L i N f  I'M I  , N 2 , N  3 , N«*» NS
D M A  L I 7 K  2 M L  ,  * 1  v X 2 ,  X 3 ,  X 4 ,  X *  ( M I C R O N S !
DA T A  L I MF 3 ' M P M , U J M ( C M * # ? / V 0 L T / S E : »  , E r . A P ( 6 V »  . 0 U T I M I L S 1  
DA T A  L I M E  4 0 C N E , C N S (  1 / C V * * 3 1  . X X U O X I M I C M O N S I  
DAT A L I ME 6 >T I DE(*  K I ,  OK I ,  OK S , C  OSS I C  0 U L / m * * 2  1 
DAT A L I N T  O D C N C . C ' I V I  l / C M * * 3 !
DAT \  L I V f  7 « ' V I N , 0 V , N V
DAT A L I M E  3 ' , r ° E :¥ , F N / , F P / (  MOK I  L I T V R E D U C T I O N  F A C T O R S !

S F V E R A L  C A S E S  mAY MF R U N  ON ONE JOH 6 U T  A L L  ! 0  D A T A  L I N E S  
MUST OP L I S T F O  F U R  FA C H  CASE 

C O \ T  I N' JE
R F A 0 ( S , 9 ; i »  N 1 , N 2 , M 3 , N 4 , N S  
F f l n M A T  < 6 1 6 !
I F  ( N l - O I  7 0 1 , 7 0 1 , 7 0 3  
MR I TP I S , 9 0 9 1
f o r m a t i  m m

S T l l °CO'iT I RUF
wr  i t f  i  s ,  o m
F f l - ' N A T I  M *  • • d a t a  TOR M I S  S - R ( T , | O N  2 - C V « M | f «  F U M T R A N  PROG0 AM* 1

9 AO
93 2

W H I T F I 4 ,  I 0 / I N 1 , M 2 * N 3 , N 4 , N S
FORMAT I • r>* ,  • ' • I I  *  • ,  1 4  ,  * N /  *  • ,  I  4  ,  • N 3  * ' , 1 4 ,
* N '  * 1 ,  I  41
MEAD ( S , 9 ' M I  < M L , X M l , X N / , X M 3 , X M 4 , X M R  
W R | T F ( 4 , * 0 4 »  X M L , X M 1 # XM2
F O w m a T I 4 E 1 0 . 2 I
F f l r f MA T l  • V  ,  • XL * ' , C 1 0 . / , »  X I  » • , E 1 7 , 2  ,  •

W° I T t  I 6 . 9  3 7 I X M  3 , X M 4 9 XMM
F D R ^ A T I  • ) » , M 3  * M E 1 C . / , *  X 4  « ' 9E I O « ? * ’

X E * X M L * 1 • F - 6 
X t  *  X M 1 • 1 , E “ 6 
X ? * X M 2 4 1  , F - 4  
X 3 * X M  3 *  I , E • 6  
X 4 « X * 4 «  1 , F - 6  
X S *  X MR •  I  .  F -  6 
X L *  X 9 
X R = X S
R F ADI  S ,  9 f l O H J P M , U U M , F r , A P , O O T  
F O R MA T !  4 F  1 * 1 . / I
MR I T E I  4 ,  < i R 2 » U P M , u N M , t G A P , n U T
F O R M A T !  • 3 » ,  M i j P  * » , £ 1 0 , 2 , »  RUN * M E 1 0 . 2 , '

* DOT *  '  ,  E 1 9  •  2  I 
U N s U M M * 1 . f c - 4  
U P = U P M * 1 . E - 4  
0 I A « / S . 4 4 | ) f l T * l . c - 6  
ARFA *  3 • 1 4  I  S 7*1)  I  A 4 4  2 / 4

04 » I 4  ,

X/ > .£ 10.21
XR * ' , F 1 0  * 2  I

**C,AP«» ,F10.2t
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