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ABSTRACT

MICROWAVE METAL-INSULATOR-SEMICONDUCTOR VARACTORS
By
Raymond L. Camisa

Advisor: Professor Morris Ettenberg

In this dissertation the characteristics of Metal-Insulator-
Semiconductor (MIS) varactors are studied theoretically and experimen-
tally. A numerical model for the small signal impedance of a one
dimensional MIS structure is developed. The solution is valid for non-
degenerate semiconductors with arbitrary impurity profiles. The solution
proceeds by first solving for the steady state electrostatic potential
everywhere in the structure. Laplace's equation is specified in the
insulator, Poisson's equation in the semiconductor, and boundary con-
ditions at the ends and interface point. The resulting mathematical
formulation is a mixed linear - nonlinear boundary value problem and a
quasilinearization algorithm is used to obtain a numerical solution.
Once the electrostatic problem is solved the microwave impedance may
be calculated by perturbing the d.c. solution with a small sinusoidal
signal. The basic equations are linearized about the d.c. operating
point resulting in three coupled linear second order differential
equations. The sinusoidal steady state problem is set up as a linear

boundary value problem which may be solved for without iteration.

iv



The numerical program developed is then used to study MIS varactors
made on epitaxial substrates. Silicon MIS varactors are fabricated and
compared to theoretical calculations. It is shown that high Q varactors
are possible using this technology but also MIS varactors have unique
characteristics which may be exploited in certain microwave applicatioms.
The use of MIS varactors in microwave digital phase shifters and low
nolse parametric amplifiers is further investigated. Microwave cir-

cuits using silicon MIS varactors are developed and studied.
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CHAPTER 1

INTRODUCTION TO METAL INSULATOR SEMICONDUCTOR VARACTORS

1.1 Basic Structure

Figure 1.1 shows a metal-insulator-semiconductor (MIS) varactor
one dimensional cross section. Embodied in this sketch are two similar
but distinctive varactors described in the literature:

(a) surface varactor

(b) space charge varactor
The surface varactor operates in a depletion mode and corresponds to the
case of a low resistivity epitaxial layer. When a d.c. reverse bias is
applied, the surface of the semiconductor at the insulator-semiconductor
(I-S) interface is depleted of majority carriers forming a series con-
nection of a fixed insulator capacitance and variable depletion capaci-
tance. The space charge varactor operates in an accumulation or carrier
injection mode, corresponding to the case of a high resistivity epi-
taxial layer. The capacitance of this device is varied by forward bias-
ing and injecting carriers from the substrate into the epitaxial (semi~
insulating region). In both modes of operation, very little direct
current flows because of the insulating barrier.

The physical picture for both structures is actually more compli-
cated because for no d.c. current the product of holes and electrons
at every point in the semiconductor must equal a constant (niz). There-
fore, when the surface of a semiconductor is depleted of majority carriers,
there will be a build-up of minority carriers. For a strong reverse bias
the minority carriers will dominate and the resulting charge layer is
called an inversion layer. For the N type semiconductor shown in

Figure 1.1 the inversion layer would be a thin layer of holes at the
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Figure 1.1 Metal insulator semiconductor varactor - one dimensional
cross section:
(a) surface varactor p ~ low resistivity.
(b) space charge varactor p - high resistivity.



S-1 interface. Once the inversion layer forms, any further reverse
bias increases the density of minority carriers in the inversion layer
and the depletion thickness no longer increases. The inversion layer
response to applied signals is important in that it determines MIS
terminal characteristics. Figure 1.2 describes MIS capacitance versus
voltage characteristics. At zero bias there is no depletion layer and
the total capacitance is the insulator capacitance. When a depletion
layer is formed the capacitance decreases until a maximum depletion
depth is reached due to inversion. For further reverse bias the path
that the capacitance characteristic takes depends on the type of measur-
ing signal. For a very low frequency small signal (<100 Hz) the inver-
sion layer responds to variations in the small signal and, since it
appears at the S-I interface, the capacitance curve relaxes to the
insulator value (CH)' For a high frequency small signal the inversion
layer cannot follow since the minority carriers are generated thermally,
which is a very slow process. But, the d.c. inversion layer 1is still
there preventing further depletion into the semiconductor and therefore

the capacitance stays at C For a large high frequency signal the

L
inversion layer is never formed because the instantaneous value of
potential required to generate the minority carriers is not present long
enough. Therefore, as reverse bias is applied, the semiconductor depletes
further and further, similar to a conventional varactor. The resistance
characteristics for MIS structures are similar to the capacitance curves.
The resistance corresponds to olmic losses from the edge of the depletion

layer to the substrate. Losses in the substrate should be negligible

because of its low resistivity (3 .005 Q-cm).



Figure 1.2 MIS capacitance characteristics:
(a) 1low frequency small signal
(b) high frequency small signal
(¢) 1large high frequency signal



1.2 Pertinent Literature

In 1959 J. L. Moll[1l] and Pfann and Garrett[2] proposed an MIS
varactor structure. The device was called a surface varactor because
it used surface space charge layers to vary the capacitance. The dif-
ferential capacitance versus voltage characteristic was derived, based
upon the depletion approximation, and was compared favorably with the
abrupt P+N junction varactor. Frankl[3] and Lindner{4] investigated
material parameter effects on the design of surface varactors. Lindner
also compared the MIS varactor and junction varactors on the basis of
cutoff frequency and total capacity change. Feursanger and Frankl(5]
built surface varactors consisting of epitaxially grown silicon and
germanium wafers with titanium dioxide films as a dielectric. Measure-
ments were made up to 9 GHz and were in good agreement with existing
theories[3,4]. High quality devices with zero bias cutoff frequencies
above 100 GHz were described. Grove[6] did a detailed investigation
of thermally oxidized silicon surfaces consolidating many of the ideas
of previous researches. He modeled and measured in detail the effects
of measurement frequency, illumination and temperature on the space
charge capacitance of an inverted surface. This capacitance was shown
to follow one of three simple models depending on the measurement fre-
quency and rate of generation of minority carriers.

In 1965 Howson, Owen and Wright[7] described the space charge
varactor, which consisted of a high resistivity epitaxial structure,
This device was analyzed by characterizing the epitaxial layer as a
semi-insulator (no thermally generated carriers). The differential
capacitance was derived and shown to be more abrupt than the surface

varactor. Silicon space charge varactors were built and measurements



confirmed their low frequency theory. 1In 1970 Nigrin[9] presented a
small signal theory for the space charge varactor. His theory again
neglects thermally generated carriers and predicts transit time effects.
UHF measurements carried out on structures using high resistivity silicon
epitaxial layers for the semi-insulator and a silicon dioxide insulator
qualitatively verified the theory. Good high frequency devices could
not be made. The thin high resistivity layers required on an N+ sub-
strate could not be fabricated because it was found that significant
out-diffusion or autodoping effects predominated.

Numerical simulation of semiconductor devices has progressed with
the development of large high speed digital computers and with the need
for more detailed device performance models. A one-dimension computer
simulation of a semiconductor device proceeds by first solving the d.c.
steady state problem for the electrostatic potential throughout the
structure and then using pertubation techniques to solve the sinusoidal
steady state problem. Previously, the d.c. electrostatic problem has
been treated as an initial value problem{1l] by making simplifying
assumptions at the boundaries. It has also been treated as a boundary
value problem by dynamic programming methods ("shooting" methods)([12,14].
A regional approach[13] may also be used where closed form solutions are
joined by numerical solutions. The small signal steady state problem has
been solved by developing small signal equivalent circuits [11,13] and
using matrix analyses [13,22]) to solve for the impedance of the device.
These models have never been tested at microwave frequencies.

Both the surface varactor and the space charge varactor theoretically
have performance advantages in microwave circuit applications(4,7,8].

None of these advantages were ever realized at microwave frequencies



because high Q varactors were never available. Recently, a high Q
surface varactor was reported[2,3] and potential new microwave appli-
cations explored. With this success, many researchers are reinvestigat-
ing their potential advantages. In 1971 Muller[23] built an MIS Upper-
Sideband Upconverter and compared its performance to a charge storage
diode. Marquart and Schick[8] showed how one could achieve decreased
pump sensitivity by using MIS varactors. Other authors[24,25,26] showed
how MIS varactors may be used in unique computer-controlled microwave
networks such as digitally tuned oscillators and digital phase shifters.
MIS varactors in such applications are voltage-controlled devices which
require very low steady state drive power. This makes them attractive
for electronically scanned antennas which require a large number of
phase shifters and must be controlled by a computer.

1.3 Dissertation Research Summary

This research studies the possible use of metal-insulator-semi-
conductor varactors as a microwave voltage variable circuit element.
A unified theory for MIS varactors using thin epitaxially grown semicon-
ductors is developed. Silicon MIS varactors are built using silicon
dioxide insulators.* These devices were mounted in ceramic pill pack-
ages and characterized at microwave frequencies. Selected devices were
then used to build a four-bit digital phase shifter at 3.5 GHz and a
microwave (2 GHz signal circuit) low noise parametric amplifier. Both
circuits were built using a microwave integrated circuit format. The

phase shifter showed potential for filling low power drain phase shifter

*Later in the research, mixtures of silicon dioxide, silicon nitride,
and aluminum oxide were used as insulators successfully.



needs. The paramp was the first of its kind built at microwave fre-
quencies, and showed decrease pump sensitivity over conventional para-
metric amplifiers. Both applications require further study in order to
realize optimized devices.

In Chapter 2 the solution for the d.c. electrostatic potential in
a one~dimensional MIS structure is treated as a two-point boundary value
problem which is solved iteratively by the "n"[15] or quasilineariza-
tion{16] procedure. This method is a generalized Newton-Raphson ap-
proach for nonlinear boundary value problems and, therefore, converges
quadradically when it converges at all. This method has been used in
the study of bipolar transistors [17]. Once the electrostatic potential
is solved for, it is shown that the differential capacitance may be
determined by storing the potential at the I-S interface for a given
externally applied potential. The low frequency characteristics of
MIS varactors are then studied for a wide range of material parameters
and device dimensions. The low frequency computer simulation is
performed by fitting a capacitance curve to an experimentally measured
device. The two curves were fitted by varying impurity profiles and
surface state charge density.

In Chapter 3 a small signal theory valid at microwave frequencies
is developed. The solution proceeds by superimposing small signal
sinusoidal terms on the d.c. solution. The exact equations are linearized
and combined into three coupled second order linear differential equa-
tions., The coefficients of the linearized equations are terms involving
the previously derived d.c. solution. All derivatives are expanded using
finite difference approximations resulting in a seven~band matrix. This

system of equations 1s solved for by a specialized Gauss-elimination



routine for band matrices. In this procedure, the small signal
sinusoidal electrostatic potential (Vl) and quasipotentials (an,Vpl)
are solved for at every point in the semiconductor knowing the ex-
ternally applied electrostatic potential, The small signal current is
solved for and the current and voltage may then be used to determine

the small signal impedance. The surface varactor is simulated at micro-
wave frequencies and compared with experiments. It should be noted that
the small signal problem is solved without iteration once the d.c. coef-
ficients are known.

Chapter 4 is an applications chapter in which a digital phase
shifter and a parametric amplifier are designed and tested. The phase
shifter is of the reflection type and uses a Lange[31] hybrid to separate
input and output. Phase stretching techniques are developed for realiza-
tion of large phase shifts using varactors with limited capacitance
ratio. These networks are simulated on COSMIC (Computer Simulation of
Microwave Integrated Circuit), an RCA analysis program. A four-bit
phase shifter is fabricated and tested. It is shown that switching
speed and phase shift are power sensitive. The MIS parametric amplifier
is shown to be less sensitive to pump power variations than conventional
varactor paramps.

Chapter 5 summarizes the work performed. It also outlines further
research which could be performed in this area.

1.4 Basic Equations

In general, the following set of equations must be satisfied in a

semiconductor([27,28].
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Transport Model

Jp = T PV, (1-1)
R U (1-2)
P = niexp(Vp-V )/vT (1-3)
N = niexp(v -Vn)/VT (1-4)

where P,N correspond to hole and electron densities, u is particle

mobility, n, is the intrinsic carrier concentration, VT is thermal

i
potential (KT/q), Vp and Vn are the hole and electron quasi-Fermi

potentials, and J is the particle current density.

Continuity
V-3 +q g—: +qu =0 } (1-5)
- oN
V-Jn “ 4355 - qu = 0 (1-6)

where, in general, the recombination model (Un,Up) is of the Schottky-

Hall-Read type[29,30].

P'N - ni2
U - U = - (1"7)
P n Tn(P+Pr) + Fp(N+Nr)
NP =n 2 (1-8)
rr i
Vr-V
Pr = njexp —y— (1-9)

T
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I ,I_ are carrier lifetimes for holes and electrons, V is the electro-

r
static potential, and Vr is the trap potential.

Poissons' Equations
VD = q[P-N+G(X)] (1-10)

where G(X) 1is the impurity concentration profile and D is the electric

flux density.
D may be related to the electrostatic potential by

D = ~eW (1-11)

And, finally, the total current may be expressed as the sum of dis-

placement current and individual particle currents

(1-12)

(29 ]

N
tvlw
t |9

+
(3]

+
(3]
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CHAPTER 2
D, C. SIMULATION OF METAL INSULATOR SEMICONDUCTOR VARACTORS

In order to characterize the performance of MIS varactors at micro-
wave frequencies one must first solve for the d.c. steady state electro-
static potential everywhere in the structure. Once this is done the
microwave impedance may be calculated by perturbing the d.c. solution
with a small sinusoidal signal. In addition to being necessary for high
frequency calculations, the d.c. solution, especially near the insulator-
semiconductor interface, may be used to calculate differential capaci-
tance (cd = 3Q/3V). This quantity may be measured experimentally and
used to check the d.c. solution. Also, differential capacitance versus
voltage curves may be used to study interface properties of semiconduc-
tors and impurity profile effects. The differential capacitance is also
calculated here so as to compare it later with the imaginary part of the
impedance solved for directly. This 18 of particular interest since they
are commonly used interchangeably in the literature.

The problem is approached by specifying Laplace's equation in the
insulator, Poisson's equation in the semiconductor and boundary condi-
tions at the ends and interface point. The resulting mathematical
formulation is a mixed linear and nonlinear boundary value problem. A
closed form solution for this problem is not possible for arbitrary
doping profiles and this chapter is confined to a computer solution.

The solution proceeds by linearizing the system about a present guess,
Vi(X). The linearized system is then solved for the error [8§(1),5(2)...6(n)]
at every grid point. The solution of the linear problem involves the

inversion of a tridiagonal matrix of the band type. The maximum error
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DMAX is then found and compared with an allowable bound (.01*VT). 1I1f

the error is not small enough, the initial guess is updated by the

error and the linearization process is continued. The program stops
iterating when the maximum error is within the error bound. The analysis
program (MIS) using this procedure is then used to analyze MIS struc-

tures with various doping profiles.

2.1 Mathematical Formulation (D.C.)

2.1.1 D.C. Equations

Since only a one dimension solution is considered, all vector quan-
tities will be understood to have a single component in the X direction.
Therefore, vector equations may be written as scalar equations and sub-
script, o, will be used to denote a d.c. quantity.

A sketch of a one-dimensional MIS structure is shown in Figure 2.1.
In the insulator, Laplace's equation is assumed to hold for the d.c.

potential, Vo.
d2V

de

a0 (2-1)

The above equation implies an ideal insulator with no injected carriers
or distributed ionic contamination. In the semiconductor the basic
equations (1-1) to (1-12) may be further simplified with the assump-

tion of no d.c. convection current (Jno’ Jpo ) flow.

Jno = Jpo =0 (2-2)



1 S
2
Region I: iV =0
dX2
2
a‘v v
Region S: 2= -1 o) - 20 stnn T
dx s T

Boundary Conditions:

vaw - w
V(XR) = V. Sinh 1 (9-9“‘—))
o T 2n1
V(0 = vxoh
dv dv Q
(] o 88
Ke Ex"] - K Ex_] e
8 1 o

Figure 2.1 Summary of one dimensional D.C. boundary value problem.
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From Eq. (1-1), (1-2), and (2-2) it is seen that the d.c. quasipotentials
(vno’ Vpo) must be constants independent of distance and, in fact, by

definition, must be equal to the equilibrium Fermi potential, VF'

vno = Vp° = VF = constant (2-3)

Since V., 18 a constant independent of distance, it is chosen as

F

the reference or ground potential.

Vio=Vo=Vp=0 (2-4)

Substituting Eq. (1-3), (1-4), (1~11), and (2-4) into (1-10) a

specialized form of Poisson's equation results:

d2Vo a { v, }
= - G(X) - 2n,Sinh — (2-5)
dx2 Kseo i VT

2,1.2 Boundary Conditions

The contact at the metal-insulator boundary is considered an ideal
metal maintained with respect to the Fermi potential in the semicon-
ductor at an electrostatic potential, VL. The metal semiconductor
contact is considered ohmic[17) which implies the following two assump-
tions:

(A) - infinite surface recombination velocity
(B) - space charge neutrality

An infinite surface recombination velocity implies for finite hole

and electron current densities at the contacts that hole and electron

densities must be equal to the d.c. quantities; i.e.,

P=P and N= N (2-6)
o o
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This may be deduced from the definition of surface recombination

velocity.
q(P-P ) | = 1im - _
o’ 'ohmic contact S o (Jp/sRP) 0 (2-7a)
RP
q(N-N ) = Um (Jy/Sp) = 0 (2-7b)
SRN*c

The second assumption (B) may be expressed using Eq. (2-6) as
P° - N+ G(XR) = 0 (2-8)

which may be solved for VO(XR) assuming Boltzmann's statistics,
Eq. (1-3), (1-4), and (2-4).

V_(R) =V, sinh~! (99-‘—1‘1) (2-9a)

2ni

This equation may be rewritten in the following form, which is easier

to handle on the computer.

! 1/2
G(XR G(XR)\2
Vo(}m) = VT n -é-tq)- + <(—Szn—12) + 1) (2-9b)

Note that n, is a function of temperature and the type of material

i
used. For silicon[18]

n (M = (3.73 x 10%%) * 1%/ 47014) (e (2-10)

At the semiconductor insulator interface the normal component of

electric flux density is discontinuous.

DS - DI = st (2-11)
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st is any surface state or interface charge which may exist. The
electric flux densities may be expressed in terms of electrostatic
potential:

dav

D=¢E=-c¢ Eig (2-12)

A summary of the mathematical formulation is presented in Figure

2.1, including structure, d.c. equations and boundary conditions.

2.2 Numerical Solution of the D.C. Steady State Problem

2.2.1 Quasilinearization

First, the structure is divided into three section in each of which
a uniform grid is set up as described in Figure 2.2. The mesh sizes
(XH1, XH2, XH3) need not be the same size and, in general, they are not.
At each point it is assumed that the electrostatic potential consists

of a present value (Vi) plus an error (6).

=yl -
Vo=V +5 (2-13)

Substituting Eq. (2-13) into Eq. (2-1)

2 i
a (s + Vo)

dXz

=0 (2-14)

Solving for the error term, a second order linear differential

equation results where the right side is known since V: 18 known.

25 v
a2 (2-15)
o &

Substituting Eq. (2-13) into (2-5), and similarly separating error terms,

a second order nonlinear differential equation in § results.
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0 8(1)eeececenassa8(P) §(K) S (M1) 0
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X(1) X(N) X(N1) X(P) X(L) X(M) X(K) X(M1) X(K1)
XL X0 XR
N1 = Number of Increments in Insulator
N2,N3 = Number of Increments in Grid 1 and Grid 2 in the Semiconductor
X(1I) = Mesh Coordinate
8§,V = Error and Exact Value of Electrostatic Potential
K = N1 + N2

K1 = N1 + N2 + N3

Figure 2.2 Finite difference grid and associated variables.
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i
a2 (v +6) (V>45)
o [+)
— - %— G(X) - 2n, sinh — (2-16)
dX 8 T
i vi vi
sinhc;—o + s— = ginh Vo_ cosh -3—- + cosh v_o_ sinh %— (2-17)
T T T T T T

It is assumed here that Vi is close to the exact solution such that
6/\1,r << 1. This may be justified on the grounds that this problem is a
physical one to which under certain conditions a good approximation
is known. Therefore, under these assumptions, the nonlinear boundary
value problem in V° may be converted to a linear problem in 6§, which
may be solved directly without iteration. Expanding the terms
cosh G/VT and sinh G/VT and keeping only first order terms, Eq. (2-17)

may be expressed as

v, 5 v v,
sinh -‘-,-9- + v % sinh -‘-,2 + v cosh v (2-18)
T T T T T
Substituting Eq. (2-18) into (2-16) and collecting error terms
2
42 as+8=0 (2-19)
X
q 2ni Vi
a= = cosh +— (2-20)
€ VT VT
dzv‘i) q ( v
g = + G(X) + 2n, sinh — (2-21)
dxz € i VT

At the interface point between insulator and semiconductor, the boundary
condition on the error may be determined by substituting Eq. (2-13) into

(2-11) and (2-12)
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dd dé dvo dvo
Kg E] - K Ix‘] "r -k x| R X (2-22)
S 1 S 1
The subscripts S and I denote derivatives evaluated from the semicon-
ductor or insulator sides, respectively. At the metal contacts, the
electrostatic potential is assumed known, and therefore error at these

points 1s always zero.

6(XL) = 0 (2-23)

6(XR) = 0 (2-24)

A summary of the linearized boundary value problem is shown in Figure
2.3. It should be noted that the coefficients of the linearized second
order problem are in terms of the presently known V: and other known
constants,

The solution proceeds now by approximating all derivatives by
finite difference approximations and obtaining a system of equations

of the form

J.8=D (2-25)

The matrix J is a tridiagonal band matrix as shown in Figure 2.4.
The matrices 6 and D are column vectors. The elements (a,b,c) of J may
be derived in the insulator by using centered difference approximations

to second derivatives of 6 and Vi. Therefore, if we let

avt via-n - vl + vias
—2°(1)- D2V(I) = s o (2-26)
dx (XH1)

and if the second derivative of § with respect to X is expressed

similarly, the following set of equations result in the insulator.



Region I: — =-—

Region S: da ¢

Boundary Conditions:

§(XL) = 0

S(XR) = 0

At X=X0,

Figure 2.3 Linearized boundary value problem.
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a(M1) b(Ml)

Figure 2.4 Tridiagonal system of equations.
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At X = X(1)  -26(1) + 6(2) = -(xH1)2D2V(1) (2-27)
X = X(I) §(I-1) - 26(I) + 6(I+1) = -(XH1)ZD2V(T),
I =2 (2-28)

At the interface point X=X0=X(N1), Equation (2-22) must be satisfied.
At this point, derivatives evaluated from the right are determined

using the forward difference approximation

ds| _ 8@ - s(m) }
des D) (2-29)

Similarly, derivatives evaluated from the left are determined by back-

ward difference approximations

ds| _ s(1) - sV -
dx]I XH1 (2-30)

Collecting similar terms, the following 18 valid at the interface point.

K K
S XHl S Xl
§(N) -(1 + K xn2> S(N1) + KI X2 §(P)

XH1Q K

Kleo o KI XH2

K
S Xl i
- E;- Xz VO(P) (2-31)

In the semiconducting region of grid 2, centered difference ap-

proximations are again used yielding

s(1-1) -( 2 + 2)? a(m)s(D) + s(1+1) = -Cai2)? 8(D) (2-32)
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i
2n vV (1)
o(1) = L L cosh -2 (2-33)
€ VT VT
vim
B(I) = D2w(1) + 2 (G(I) - 2n, sinh — (2-34)
€ i VT
I=7P,M (2-35)

At the interface point between two grids (point K), the centered dif-
ference approximation for second derivative (Appendix Al) 1is used re-

sulting in Eq. (2-36).

XH2 (XH2) (XH2+XH3) XH2
s - {1 + 35+ o® 5 }c(x) + 455 S

= - g(K) &2_&%2*“_’“*_31 (2-36)

Note that Ea. (2-36) feduces to (2-32) for XHZEXH3. Similarly, in
§(1-1) - (2+(x113) )6(1) + 8(I+1) = ~(XH3)"B(I)

grid 5o;: 1 = ra, .

s(1-1) - (2+cm3)?) 6(n) + s(141) = -(xu3) 60 (2-37)

Comparing Eq. (2-27) to (2-37) with the elements of J, a,b,c at every

point may be determined and is summarized in Figure 2.5. Figure 2.6 is

a flow diagram of the program (MIS) pertinent to this chapter.

2.2,2 Inversion Algorithm for a Tridiagonal Band Matrix

The M1 system of equations may be solved for the M1 unknown 6's by

a Gauss elimination routine[19,20}. Expanding Eq. (2-25) into

component form, the system may be written as

b(1)6(1)4c(1)6(2) = d(1) (2-38)

a(2)8(1)+b(2)8(2)+c(2)5(3) = d(2) (2-39)

a(3)6(2)+b(3)6(3)+c(3)6(4) = d(3) (2-40)

. . .



a(l) = 1,

b(I) = -2

c(l) = 1

d(1) = -(xu1)? p2v(1)
K

b(N1) = -(1 +-2 ’“’1)
R, XH2

e = 2 B

I

I=2,M

I=1,N

Q
d(N1) = —ny—l -e-s—s-- Vi(N) + <1 +
o

1

-

b(D = - @ + (u2)’a(D)
c(I) =1

d(1) = - (xu2)2s(n)

-
a(l) .

8(1) = D2V(I) +-‘1— G(I)-2n; sinh

é P22 xuzgx;;z»«m»)}

= P1,M1

b(K) =
- XH2
c(K) = 33
d(K) = B(K) §§ZS§§%i§§§l
b(D = - (2+can)?) a(D)
«D) = - (32D
c(I) =1, I = P1,L1 where L1 = Ml-1.

Figure 2.5 Summary of matrix elements abced.

I

K K,
s XHl
E’I' xuz)v (N1) - i("
I=~P,M
2n vin
i cosh 9
Vr Ve
v (1))
Vo

XHl .1
XH2 vo(P)
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Figure 2.6 MIS flow diagram.
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a(M1-1) §(M1-2)+b(M1-1)§ (M1-1)+c(M1-1) §(M1) = d(M1-1) (2-41)
a(M1-1)§ (M1-1)+b(M1)6(M1) = d(M1) (2-42)

Multiplying Eq. (2-38) by a(2)/b(l), and using the resulting equation

to eliminate 6(1) from Eq. (2-39)

b'(2)6(2)+c(2)6(3) = d'(2) (2-43)

b'(2) = b(2) - a—(z—%‘-’i)- (2-44)
(1)

d'(2) = d(2) - 9—‘—‘2)—2‘-1‘7(31 (2-45)

Multiplying Eq. (2-39) by a(3)/b'(2) and subtracting the resulting

equation from Eq. (2-40)

b'(3)8(3)+c(3)8(4) = d'(3) (2-46)

where

b'(3) = b(3) - 2P (2-47)

4'(3) = 4(3) - 3%%%§§531 (2-48)

Also, eliminating 8(M1-2) from Eq. (2-41)

b' (M1-1) 6(M1-1) + c(M1-1)5(M1) = d'(M1-1) (2-49)
' . 4y _ a(M1-1)c(M1-2) )
b'(Ml-1) = b(M1-1) BT D) (2-50)

d'(M1-1) = d(M1-1) - 35!%;%%§§%%231 (2-51)

Similarly, eliminating §(M1-1) from Eq. (2~42)
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b'(M1)S§(M1) = d4'(M1) (2-52)

b'(MI) = b(M1) - 1‘%}—2%%—;—1-1 (2-53)

d'(M1) = d(M1) - 39;—})(—;—10.%—11 (2-54)

Solving Eq. (2-52) for 6(M1)

d'(M1)

S(M1) = {red (2-55)
Back substituting into Eq. (2-49)
5(M1-1) = d'im'l%ﬁrifﬁ)émn (2-56)
or
s(r) = 4R - ;f‘(‘;)‘s(”ﬁ (2-57)
R=M-1toR=1 (2-58)

Algorithm Summary

1. If b(1) % 0, then calculate Ratio

a(2)
b(1)

2., Ratio =
Then for I = 2, M1, do steps 3,4,5,6.

3. b(I) = b(I) -~ Ratio * c(I~1)

4, d(I) = d(I) - Ratio * d(I-1)

5. If b(I) ¥ 0, calculate Ratio.

- aSI+12
6. Ratio b (D)

Note that the array f,'ﬁ is destroyed in the process of solving the

system. This feature reduces the numbers of arrays required by two. The
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algorithm now proceeds by back substituting and solving for the solu-

tion vector 6.

d(M1)

7. 6(M1) = b(M1)

d(R) = c(R) *§(R)

8. &(R) = b(R)

R=M-1toR=1

2,.2.3 Calculation of Low Frequency Capacitance

By definition the differential capacitance of a semiconductor
structure 1is

d
c(v) = ;?; (2-59)

where
V = voltage variation across the structure.
VL = applied electrostatic potential relative to the Fermi
potential within the semiconductor.
VR = contact potential relative to the Fermi potential.
Q = charge per unit area at the interface between metal and
insulator.
The surface charge (Q) may be related to the electric field (EI)
in the insulator by knowing that the electric flux density (D) 1s dis-~

continuous across the boundary and that the electric field in the metal

is zero.
DI - DM = Q (2-60)
DM =0 (2-61)
Q= eoKIEI (2-62)
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permittivity of free space.

™
)

~
]

relative permittivity of the insulator.

<]
L]

electric field in the insulator.

The electric field may be related to the electrostatic potential by

E. = _VL_"_!SX_OL (2-63)

I X0

Substituting Eq. (2-63) into (2-62) a relationship between Q and electro-

static potentials results.

Q= (VL - V(XO)) (2-64)
where
EoKI
c, =2 (2-65)
o]
aQ = ¢ (&VL - dV(xoi) (2-66)
dv = dVL (2-67)

Substituting Eq. (2-66) and (2-67) in the capacitance definition (2-59)

. _ dv(x0) )
c=c (1 d(VL)) (2-68)

Approximating the first derivative by a forward difference

dV(Xo) - v(xo)l'f-l B v(xo)I (2-69)
dvL (VL) 1, - (VL)
If increments in applied voltage are defined as DV where
DV = (VL) ., - (VL) (2-70)

then the final expression for differential capacitance may be expressed
in terms of DV and the change in voltage at the semiconductor insulator

interface.
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V(X)) - V(X ),
(D = ¢, (1 -2 I+lnv o I‘) (2-71)
VL= VR + DV * I (2-72)
I =1, NP (2-73)

NP - number of points of interest.

2.2.4 Assumed Impurity Profile for Ideal Epitaxial Material

The impurity profile most used in calculations will be that of a

hyperbolic tangent function of the following form:

G(X) = Atanh (X-Xl)/BX + C (2-74)
where
A = (NS-NE)/2 (2-75)
BX = slope parameter
C = (NSHNE)/2 (2-76)
NS and NE are substrate and epitaxial layer densities, respectively.
Xl = break point of the abrupt junction
The function can simulate an abrupt junction if the slope parameter is
made small enough. This function is also continuous everywhere and is
bounded, which makes numerical computation simple. Figure 2.7 plots
Eq. (2-74) for two epi layer densities and two different slope parameters.
In general, we will be interested in doping profiles corresponding to
the surface varactor and the space charge varactor.
The parameters of the impurity profile [Eq. (2-74)] for the sur-
face varactor are assumed to be
NS = 1.0 x 1020 (1/cm3)

NE = 0.5 x 1020 (1/cm®)
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Figure 2.7 G(x) versus distance x.
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X1 = 0.7 (microns)
BX = 1.0 x 10™> (microns)
In addition to the above parameters referring to Figure 2.1, the rest
of the dimensions are:
XL =0
X0 = 0.1 (microns)
XR = 101.3 (microns)
For the space charge varactor all dimensions and densities are the
same except for NE. For the space charge varactor an intrinsic material

is assumed

NE = 0

2.3 Solution for Electrostatic Potential

Figure 2.8 is a plot of electrostatic potential at the insulator

semiconductor interface. As is shown in the plot:

VL = -=2.47 volts

VR = 0,53 volts

Qgg = 0.34 x 10-3 coul/m2
The doping profile corresponds to that of the surface varactor. In the
insulator, since there is no charge density, the electrostatic potential
is a linear function versus distance. At the insulator-semiconductor
interface (X = X0 = 0.1 um) there is a change in slope due to the change
in relative dielectric constant and also due to the surface charge
density. The potential decays into the semiconductor, approximately
0.3 micron until charge neutrality (p = 0) is valid and the electro-
static potential is independent of distance. It should be noted that
there is a region near the interface where Vo = 0. At this point

(X = 0.18 um) according to Eq. (1-3), (1-4), and (2-4)
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P =n exp - VO/VT (2-77)
N, = n, exp VOIVT (2-78)
Po = N0 =n, (2-79)
and p = q(Po-No+G(X) = qG(X) (2-80)

At approximately X = 0.18 um there is essentially a depletion region
where there 1s a positive background charge density. At the I-S inter-
face there is a large negative potential which, according to Eq. (2-77) and
(2-78) corresponds to a large hole concentration and a small electron
concentration. Since holes are minority carriers, this is called an
inversion layer.

Figure 2.9 shows a plot of the N/N+ interface (X = 0.7 um). To
the left and right of this interface are charge neutral regions where
no electric fields exist. But, right at the interface an electric
field exists corresponding to an electron accumulation. This charge is
an out-diffusion of electrons from the more heavily doped substrate in-
to the lower impurity epitaxial region. This charge accumulation or
injection becomes important in the space charge varactor which works on

a charge injection principle.

2.4 MIS Differential Capacitance Simulation

Using equation (2-71) differential capacitance versus voltage,
plots may be used to study MIS properties. It should be noted that the
capacitance characteristic resulting will be the low frequency curve.
This is because the total charge including minority carriers is used to
calculate capacitance. Figure 2.10 shows a Cc(v) plot for an abrupt

surface varactor with surface charge as a parameter. As the surface
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Figure 2.10 Differential capacitance versus voltage with Qg 38

a parameter.
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charge is increased the C(V) curve is displaced along the voltage axis.
Grove[6] shows that a reasonable number for surface state charge density
is Qgg Vv 10'4 coul/m2 for an annealed silicon-silicon dioxide interface.
Figure 2.11 shows the effect of varying the epitaxial layer density.
The lower the density the larger the maximum depletion depth and the
greater the maximum to minimum capacitance ratio. The curve DNE=0 cor-
responds to the space charge varactor case. Also, changing the slope BX
affects the capacitance plot as shown in Figure 2.12. A slope parameter
is necessary because in thin epitaxial material there is an autodoping
effect in which it takes a finite distance to go from a high density to
a low density of impurities. Autodoping is a function of temperature
and occurs within a micron of the substrate surface. Material for micro-
wave varactors will have effective epitaxial layer thicknesses less
than one micron.

Figure 2.13 shows an experimental curve and a computer simulation
plotted on the same set of coordinates. The purchased material used
had the following given parameters:

epl thickness = 0.6 micron DNE = 1.0x1016 cm™3

substrate thickness = 100 microns oNs = 1x1019 cm™3

In matching the experimental curve to the computer predicted curve DNE,
Qqg and BX were perturbed slightly about initial guesses based on manu-
facturers' data and information supplied by other authors[6]. The final
values used are listed in Figure 2.13 and are not very different from
the initial data. Also, the experimental curve is a high frequency plot
because the lowest measurement frequency available out of the Boonton
bridge was 100 kHz. In order to see the low frequency plot, a measure-

ment below 100 Hz is necessary.
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CHAPTER 3

MICROWAVE SMALL SIGNAL SIMULATION OF MIS VARACTORS

3.1 Derivation of a Small Signal Mathematical Model

In this section a small signal sinusoidal steady state model of an
MIS varactor is developed. This involves the linearization and manipula-
tion of the basic equations (1-1 to 1-12) into three coupled second order
linear differential equations. The basic equations are linearized about
a d.c. operating point (Vo) previously determined at every point in the
semiconductor by the quasilinearization procedure described in Chapter 2.
The coefficients of the microwave differential equations are terms
involving only the d.c. solution. Boundary conditions are derived at
the I-S interface and at an ohmic contact. The problem is set up as a
linear boundary value problem and it is shown in later sections how

these equations may be solved directly without iterationm.

3.1.1 Small Signal Microwave Equations Valid in the Semiconductor

Combining Eq. (1-3), (1-4), (1-10) and (1-11), Poisson's equation

may be written again in the form

vV = - 581-— (P-N+G(X)) (3-1)
S

Also neglecting bulk recombination the continuity equations (1-5) and

(1-6) may be rewritten as

- 3P

. — R -2
v Jp +aq ¢ 0 (3-2)
v:Iy - q Noo | (3-3)

ot
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It has been shown by others[13] that neglecting bulk recombination will
predominantly have an effect on the minority carrier low frequency
response., At microwaves neglecting recombination will increase cal-
culated device Q. The current expressions (1-1) and (1-2) and the
definitions of particle densities in terms of quasi-potentials are re-

peated here for completeness.

J_ = -qu_PWV 3-4
p qu PV, (3-4)
J = -qu NV (3-5)
vV -V
P = nexp (3-6)
T
v-v
N = n, exp VT (3-7)

It should be noted that the three equations (3-1) to (3-3) form a set of
nonlinear equations.in V, Vp and v, when the expressions (3-4) to (3-7)
are used.

In the analysis that follows it is assumed that all terms are of
the form

H= ﬁb + ﬁi expjwt (3-8)

where the subscripts 0 and 1 correspond to the d.c. small signal sinusoidal
amplitudes, respectively. It is again assumed, as in the d.c. chapter,

that no d.c. hole and electron current can flow.

Jno = Jp° =0 (3-9)
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This assumption is made since the insulator acts as a barrier to hole
and electron movement. Starting with Eq. (3-4), the linearization

process may begin.

Jp = Jpo+Jp1expjwt = -qup(Po+P1expjwt) v (Vp°+Vp1expjwt) (3-10)

Expanding Eq. (3-10)

Jp = -qupPOV (Vp°+vp1expjmt) - qupPlexpjwt w °+Vplexpjwt) (3-11)

p

Equating like terms on either side of the equation, and neglecting

higher order terms

3;0 = -au P W (3-12)
3;1 = ‘q“pPoVVpl ik 2L N (3-13)
Using assumption (3-9)
vvpo =0 (3-14)
and therefore
3;1 = -qu P W, (3-15)

Similarly, for electrons it may be shown that

3, = -au NIV (3-16)

o nl

As in Chapter 2, if the Fermi potential is chosen as a reference,

then

Vno = Vpo - VF =0 (3-17)

Expanding the hole density equation (3-6)
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(VP°+YP1expjwt)-(V°+V1expjwt)

P _+P expjut = n exp v, (3-18)
vV _-~v (V_.-V.)expjut
P +P.expjut = n, exp P2 o exp Pl 1 (3-19)
o1 i \'/ v
T T
Expanding and neglecting higher order terms
" Voo Vo Vp1 ™1
P +P.expjwt = n exp 229 Jy 4+ B = expjwt (3-20)
o1 i VT VT
Equating like terms and using Eq. (3-17)
vo
PO = n,exp - & (3-21)
T
v l-V1
P, =P (—P-———) (3-22)
1 o VT
Similarly, it may be shown for electrons
vo
No = njexp + v (3-23)
T
V.-V -
- 1 'nl -
Nl No ( VT ) (3-24)

Poisson's equation and the two continuity equations may also be linearized

in a like manner.

2 q - -
vy, + : (P,-N;) = 0 (3-25)
V'Jpl + JugP, = 0 (3-26)
Vg - JuaN, =0 (3-27)

Note that %E-has been replaced by jw since the assumed form of the

solution is sinusoidal.
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Substituting Eq. (3-22) and (3-24) into (3-25)

P N
2 q /.o V) - -2 (v - - -
vy, + A (vpl v) . (Vy=V,y) 0 (3-28)

Collecting like terms

2 q - -
v Vl + ESVT {Povpl-Povl-Novl‘l—Noan} 0 (3-29)
2 a4 - -
v Vl + ESVT Povpl - (PO+N°)V1+N°Vn1} 0 (3-30)
or
q(P 4N ) qN qP
v2v1 - 3 9 v+ 3 Vot 3 v.=0 (3-31)
€' T Es'T st P
Substituting Eq. (3-15), (3-22) into (3-26)
Vo1 Yy
Ve -qupPOVVp + jquo( v'r =0 (3-32)
but
2
V(POVVpl) = POV Vp1 + VPo VVpl (3-33)
and
vo
VP =V (nexp - 5 (3-34)
T
vo
VPo = 0,V {exp - v (3-35)
T
vo 1
VPO = niexp -y (— Tf-) WO (3-36)
P
o
but also

Eo = -VVo (3-37)
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. oo
VP v (3-38)

Substituting Eq. (3-38) and (3-33) into (3-32)

2 POE; JuP_
PV Vpl + v VVpl - V—;— (Vpl-vl) =0 (3-39)
T Tp
and dividing through by Po
2 E; jw
vVt V; AT (vpl-vl) =0 (3-40)
Tp
or
2 E; jw
v vp1 + V,; . vvpl + v'r“p (vl-vpl) =0 (3-41)

A similar equation may be derived using Eq. (3-27), (3-24) and (3-16).

2
v an -

<l°m|

. w - = -
. Van + Eiv; (Vl an) 0 (3-42)

Therefore, in order to solve the small signal r.f. problem, three coupled
linear equations must be solved self-consistently for Vl, an, and Vpl
at every point in the semiconductor. The three pertinent equations are

repeated here in summary.

2 q(P_+N ) qN qP

VY, - —2%=2 vy + -2y +—2-y =0 (3-31)
1 esVT 1 eBVT nl eSVT pl
v . - % CWV 4+ vy ) =0 (3-41)
nl V nl  V_u 1 'nl
T Tn
2 E; jw
v vpl + v; . VVp1 + vTup (vl-vpl) =0 (3-42)
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Note that the coefficients involve d.c. solutions for hole and electron
densities and electric field, which have previously been solved for in

the d.c. problem:

E = - W (3-37)
Vo

P = nexp - y— (3-21)
T
Vo

No = nexp + - (3-23)
T

3.1.2 Boundary Conditions at the Insulator-Semiconductor

Interface (Ideal Surface)

Boundary conditions, at the I-S interface, will be derived for the
variables Vl, an, and vpl' An ideal surface will be assumed with no
fast surface states. This assumption is justified since this work deals
exclusively with the silicon-silicon dioxide interface and annealing
techniques have been worked out(6, othérs] for the minimization of fast
states, Also, in a sufficlently high frequency range below the dielectric
relaxation frequency of the majority carriers, but above the relaxation
or characteristic frequencies of the surface states, the surface state
impedance may be neglected{11,13].

At any point in the semiconductor or insulator the total current
density 18 continuous. In the insulator, since no charged particles

are allowed to exist the total current consists only of displacement

current, In the insulator:
J1 = ijl (3-43)
since

=3 . =0 (3-44)
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Taking the hole continuity equation (3-14) and integrating over

the volume of the pillbox shown in Figure 3.1, a boundary condition on

J_. may be obtained.

pl -
Insulator Semiconductor
a,)
AX/2 1’s
— N ‘/‘M/
(Jl) “<+— !
I ) |
]
Y_ S I,
sl\
e—
Figure 3.1 Insulator-semiconductor Interface.
s(v . Jpl + ijl) dv = 0
I\Y
where

VW =yvs - VX

j VT, dve jwqj PdV = 0
av AV

(3-45)

(3-46)

(3-47)

Using the divergence theorem on the first integral of Eq. (3-47)

I=] v.J dv=} T, °nds
pl pl
av AV

where sVv = gurface of the volume VV.

n = unit vector normal to the I-S interface.

(3-48)
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If we assume the pillbox is small enough so that the hole current may be
consideree constant over the surface of the pillbox, then Eq. (3-47) may

be written as

Jpl(X0+AX/2)As - Jpl(XO-AX/Z)As + jqulAsAx =0 (3-49)

where all magnitudes are in the normal (n) direction. Using Eq. (3-44)

and dividing by As

Jpl(x0+Ax/2) + juqP,AX = 0 (3-50)
The r.f. hold current may be defined by Eq. (3-50) in the limit as the

pillbox volume goes to zero.

Jpl (X0) = 1im Jpl(X0+AX/2) = lim (-jqulAX) (3-51)

AX+0 AX+0

. . Jpl (xX0) = 0 (3-52)
But, if the hole current is zero at the surface, the gradient of the
quasi-hole potential must be zero by Eq. (3-15).

. VsVp1 = O (3-53)

where it is understood that the gradient is in the normal direction.

Similarly, it may be shown that

Jnl(XO) = 1lim Jnl(X0+AX/2) = 1lim jqulAX (3-54)
AX+0 AX~+0
. . Jnl (surface) = 0 : (3-55)

and by Eq. (3-26)

VeV ™ 4] (3-56)
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Now all that is required is a boundary condition on V This may be ob-

1.
tained from the r.f. divergence equation
V-Dl = q(Pl-Nl) (3-57)

Integrating again over the pillbox of Figure 3.1:
f v-D, dV = qs (P;-N)) av (3-58)
Av AV

Again using the divergence theorem

J‘ V’Bl dv =j (Bl.;{ds) (3-59)
AV Sav
. (D, (X0+4X/2) - D, (X0-4X/2)8s = q(P,-N,)s8ssX (3-60)
(D1-D1 1) g urface = 1im Q(Py-N)AX = 0 (3-61)
AX~+0

Therefore, at the surface, in the normal direction

(Dsl—Dll) =0 (3-62)

Note this boundary condition may be written in terms of r.f. electro-
static potentials since

D,= €E .= —eVV (3-63)

1 1 1

esstl - &:IVIV1 =0 (3-64)

It should also be noted that the boundary condition (3-64) may be ob-
tained once results (3-52) and (3-55) have been established by realizing

that the total current in the insulator is displacement current,
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JI = jweIEI = -jweIVIV1 (3-65)

The total current at the semiconductor surface is displacement current

by Eq. (3-52) and (3-55).

Zfs - jwesfs = Jue (-9 V)) (3-66)

But the total current must be continuous. Therefore,

jwss(-VSVI) = jweI(—VIVI) (3-67)

ESVSV1 - eIVIV1 =0 (3-64)

In summary, an ideal insulator-semiconductor interface has three
boundary conditions which must be satisfied on the three unknowns: Vl,

vpl’ and an.

Summary of R.F. Boundary Conditions at I-S Interface

esvsvl - eIVIV1 =0 (3-64)
stnl =0 (3-56)
Vszl =0 (3-53)

3.1.3 Boundary Conditions at an Ohmic Contact

At an ohmic contact the definition of surface recombination

velocity is used.

Jpl = SRP(P-PO) = S P (3-68)

RP'1
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or

(3-69)

au:fzm

At an ohmic contact an infinite surface recombination velocity

J 1
§P—) =0 (3-70)
RP

lim
SRP*w

is often assumed[17].

P1 =

But by equation (3-22), Eq. (3-70) implies that

Vo1 Vi
P |\ B=—=) =0 (3-71)
o \
T
which in turn implies
Vpl = Vl (3-72)

Similarly, for electrons at an ohmic contact,

Jnl
Nl = lim T = 0 (3-73)
RN

which by Eq. (3-24) implies that

v, = an (3-74)

Therefore, by Eq. (3-71) and (3-73), at an ohmic contact,

vnl = vpl =V (3-75)

and if the ohmic contact is r.f. grounded

an = Vpl = V1 =0 (3-76)
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3.2 Finite Difference Approximation of MIS Small Signal Equations

Figure 3.2 summarizes the small signal, sinusoidal steady state
mathematical model. As is shown by this figure, in this formulation a
linear boundary value problem results in which three coupled linear
equations in three unknowns must be solved. In the insulator Laplace's
equation must be solved since no charge distribution is allowed to exist
(fixed or mobile). The sinusoidal steady state solution requires first
the solution for the d.c. electrostatic potential (Vo) throughout the
semiconductor. The d.c. electrostatic potential is then used to calculate
the coefficients of the linearized sinusoidal steady state differential
equations. Once these coefficients are known, the system differential
equations may be approximated by a system of algebraic equations which
may be solved for uniquely.

The solution proceeds by setting up within the insulator and semi-
conductor a nonuniform grid of points. Figure 3.3 depicts a one-
dimensional MIS structure with a uniform grid for the insulator, epi-
taxial layer, and substrate. Each grid step size may be varied by vary-
ing the number of points (N1,N2,N3) in each region. At each grid point
the first and second derivatives are approximate by finite differences.
The form of the expressions depends upon whether the region of interest
is a uniform or nonuniform grid. In general, for a uniform grid the
following two approximations may be used for first and second deriva-

tives:

aY 7 | Y(I#D) - Y(I-1) )
& ] . (3-77)
1
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' e
|
|
M 1 = S .M
l .
XL X0 X1 X2 XR
2
1. 1Insulator d vl =0
de

2. Semiconductor

2 q_
v, + A -(P4n )V +n V .+ Vo1 0
vy —E‘l-vv + A% (v.-v_ ) =0
nl VT nl V. .u 1 nl
Tn
vy +:E-‘-’--vv + A% (v-v ) =0
pl VT pl VTup 1 pl
3. Boundary Conditions
(3-a) Vl(XL) = VL at X = XL
(3-b) I-S Interface (X = Xo)
esvsvl - eIVIV1 =0
V‘an =0
stpl =0

(3-¢) OHMIC CONTACT (Assuming infinite surface recombination)
V1 = an = Vpl =0 at X = XR

Figure 3.2 Summary of small signal sinusoidal steady state mathe-~
matical model of an MIS varactor.
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M I S M
(1) NMLP . LMKP1 L1 Ml K1
XL X0 X1 X2 XR
XL, X0, XR - Are Metal-Insulator, Insulator-Semiconductor, and

ohmic contacts, respectively.

X1 - Corresponds to transition point between N/NT

X2 - Corresponds to transition point between two uniform grids.
N1, N2, N3 - Are the number of increments in the insulator, semicon-

ductor and substrate, respectively.

"K = N1 + N2

K1 = N1 + N2 + N3

XHl = (X0-XL) /N1

XH2 = (X2-X0)/N2

XH3 = (XR-X2)/N3

Figure 3.3 Grid point locations for numerical model.
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(3-78)

At point K in the semiconductor, special expressions for the first and

second derivatives must be derived (Appendix I) since that point is the

junction between two regions with different grid sizes. Therefore, at

point K
¥ _ YD, (Rs-1) ) RS
E] Trrsyxas T x TR - sz YW
K
a1 2v_ | _2¥E) , __ 2Y(P1)
dxz] H2(1+RS) (H2)(RS) =~ (H2)(RS) (1+RS)

K

(3-79)

(3-80)

where XH2 and XH3 are the grid sizes in the epitaxial layer and substrate,

respectively, and are defined in Figure 3.3.
2
H2 = (XH2)

RS = (XH3)/(XH2)

Note that when the grid is uniform

XH2 = XH3 = AX

RS =1
Eq. (3-79) and (3-80) reduce to Eq. (3-77) and (3-78) where

I =K
I+l = P1

I-1 = M

(3-81)

(3-82)

(3-83)

(3-84)

(3-85)

(3-86)

(3-87)
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3.2.1 Einite Difference Approximation of Boundarv Conditions at the

I-S Interface

In one dimension, the boundary conditions at the I-S interface

may be expressed as:

dvl dV1
s X " rx)"° (3-88)
S )
dv_ ]
nl
= =0 (3-89)
J
S
dv 1?
___P_.dx =0 (3-90)
°s

where again the subscripts S and I refer to derivatives evaluated
from the semiconductor or insulator side of the interface. Using
forward and backward approximations to the derivatives in Eq. (3-88)

we get

. (vup)x;lzvmin) - <&(£‘_1.}l‘_:ﬂlz). 0 (3-91)
o

Dividing Eq. (3-91) by eI/X° and noting that

DKS

8
E; ~ 3KI (3-92)

where DKS and DKI are relative permittivity of S and I

DKS
e %193 61(1’) - v1(n1> - (v1(Nl) - Vll-) -0 (3-93)

Collecting like terms

XS | DKS X0 _ L )
( * or1 xnz) Vi(NY) + oF op Vi(P) = -VIL (3-94)
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Multiplying Eq. (3-94) by (-1)

X

X
DKS "o DKS o
(1 + BET'T‘%) VI(N1) - KT 53 V1(P) = V1L (3-95)

Again using a forward difference approximation to Eq. (3-89), (3-90)

and multiplying by XH2

an(P) - an(Nl) =0 (3-96)
vpl(P) - vpl(Nl) =0 (3-97)
or
an(Nl) - an(P) =0 (3-98)
= 0 (3-99)

Vpl(Nl) - Vpl(P)

Therefore, at the interface point, X(N1), three algebraic equations may

be derived approximating the three boundary conditions on V1, vpl’ and an
The equations are (3-95), (3-98) and (3-99). The equations may also be
written in matrix form if the ordering of variables takes the following

form.

X = [v1(u1),VN1(N1),VP1(N1),v1(p),vul(r),vpl(p).....] (3-100)

For this ordering Eq. (3-95), (3-98) and (3-99) may be written in the

following form:



_ - -
é + DS ;"7) o o -X o o offviow
0 1 o0 0 -1 of]wim
0 o 1 0 o -1f|veren
. . . . Anae
. . N I BT )
. . . L vewe

P-
V1L

o O © o o

A summary of the boundary conditions at the I-S interface is

given in Figure 3.4.

3.2,2 VFinite Difference Approximations within the Epitaxial Layer

In one dimension, Eq. (3-31), (3-41), and (3-42) may be written

as:

dzv1 qPo
—_— - (N +P V. + 4 N + V.,=0
de ESVT o’ ’'1 esvT onl esVT pl
v, E av
nl o nl + fw V. - w V. =0

dxz VT dx VTun 1 vT“n nl

d2V E dav
—Bl, o _pL,_Ju , __J0 y

dxz VT dX VTup 1 VTup pl
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(3-101)

(3-102)

(3-103)

(3-104)

The first point after the insulator for which Eq. (3-102), (3-103)

and (3-104) are valid is a point, P = N1+1,
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V1X0=V1(N1) V1i(P)

VN1(N1) VN1(P)

V1L VP1(N1) VP1(P)
L o - -
& X, —e |t XH2 >

N1 PaNi+1
0=XL X0
— - P - - -
X X
DKS "o DKS o
1+ DRI XHZ) 0 0 DKI XHZ 0 0 VL(N1) V1L)
0 1 0 0 -1 0 VN1(N1) 0
0 0o 1 0 0 -1 vi(ND)| | ©
viee) |71 o
VN1(P) 0
VP1(P) 0
\/ d
NEATE ll.) -0
8 \ dX I \dX
S 1

dv
(3), -
S
dv
(__Ll) -0
dx S

Figure 3.4 Summary of approximate and exact boundary conditions at
the insulator-semiconductor gurface.
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XH2 XH2

N1 P=N1+1 N1+2

Figure 3.5 Three grid points within the epitaxial layer.
At Point P (Figure 3.5) the uniform finite difference approximations to
first and second derivatives are valid. Substituting Eq. (3-76) and

(3-77) into (3-102) we get one algebraic equation in three unknowns.

V,(N1) - 2V_.(P) + V_(N1+2)
1 1 1 q
) eV (NO(P)+P0) v;(®
s T
qPo(P)
+ _LESVT NO(P)an(P) + —e-s—v;— vpl(P) (3-105)

Multiplying through by H2 = (XH2)?2

H2
Vi (N1) - 2V, (P) + V, (NI+2) - E;V; N (P) + P°(%E> v, (P)
H2qP _(P)
qH2_ - -
+ eV, N (P)V_, (P) + =V, Vv (® =0 (3~106)

Collecting like terms

- H2 qH2
v, (N1) ( 2 + gs-‘;T- ( NO(P)+P°(P))> v, (P) + o N_(P)V_, (P)

qP (P)H2

+ "—E—B"TT—— Vpl(P) + Vl (N1+2) = 0 (3-107)
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Similarly, for Eq. (3-~103)

U D - 2V, (B) + v, (N142)  E(P) (an(m*” - an(“l)) + A9 v ()
Vou 1

H2 VT 2XH2 ™n
I - _
A an(P) 0 (3-108)
n
Multiplying by H2
EO(P)XHZ E _(P)XH2
an(Nl) - Zan(P) + an(N1+2) - T an(N1+2) + —-——2—‘,?— an(Nl)
By -y @) -0 (3-109)
Tn T™n
Collecting terms
E (P)xnz>
o jw jw
1+ —— ) v_(N1) + V(P)-(2+ v ,(P)
( ZVT nl u an 1 vTun nl
EO(P)XHZ
+{1 - —ﬁ?_ an(Nl-f-Z) = 0 (3-110)
Similarly expanding Eq. (3-~104)
Xpl(Nl) - ZVPI(P) + VJI(N1+2) ' XHZEO(P) Vpl(N1+2)-Vp1(N1)
H2 \'/ 2XH2
T
+ 482y gy -y (p) -0 (3-111)
Tup Tup P
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Collecting like terms

XH2E (P)
_ o jwH2 _ juwH2
1 -——————5>Vpl(Nl) t v vl(P) (% Vo Vpl(P)

2V, ™p ™p
XHZE_(P)
+(1+ —— v, (N142) = 0 (3-112)

Equations (3-112), (3-110) and (3-107) may be represented in matrix
form and is summarized in Figure 3.6. Also in this figure the matrix
elements corresponding to the next point, I=N1+2, are listed by inspec-
tion. It can be seen from this figure that the matrix can be considered
a very sparse matrix of the band type. Specifically, the band width
is 7 diagonals and within these bands there are many zeros. The form
of the matrix elements continues at every point in the semiconductor
in the first uniform grid region (I=P,M). At point K a nonuniform grid

situation exists and, therefore, special matrix elements must be derived.

3.2.3 Finite Difference Approximations at the Nonuniform Grid Point, I=K

At the grid point I=K the finite difference approximations for a
nonuniform grid previously derives {Eq. (3-79) and (3-80)] may be used.

Substituting Eq. (3-79) and (3-78) into (3-102)

2v1(u) 2V1(K) zvl(rl) q
H2(14RS) ~ H2-RS T (H2)(RS) (14RS) €y (N, (K)+P (K)V, (K)
9 ¥y
+ TR NV + = V@) =0 (3-113)

s T s T



7 2 3 4 5 6 7 8 S 10 17 12 J I
|
1
. - 7
o o |-gsk| o o | |
0 ! 0 0 -1 0 2| N
0 0 ! 0 0 -1 3
-(2+
qH2 H2R,(P,
R 2l = I I ‘
» G2 w2 | g iw y 2
0 1o b 0 i A -(2,%7) 0 0 - B2 0 5 e
0 0o |raewe| wH2 | o |pedws2)| o o |.EaEx2 |
2% | % o’ 2y | 6
-(2¢ [
! 0 0 qH2 1942 opge. 7
ﬂe:’—fr(m 6% " (G
.W ) ..'.Q).ﬁZ_ 0& -W
! 2V 0 I iny, 2 Vr,“n) 0 0 ! 2% 8 IN1+2
1 EolNIPIXH? , ;> H2 0 Lo, dipH2 0 0 EofNTe2IXHA
2% | aym Ry s Tl

Figure 3.6 Summary of first nine rows of the R.F. matrix.

g9
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Collecting like terms

2 (2 _, 9 i
<;2(1+RS)) v, 0 (;2ns AR (No(x)+Po(K)i) Vi + € Vy N, (KIV 4 (K)

qP 2v, (P1)
e " my sy O (3-114)

esvT

Multiplying by H2

2 2 . qH2 H2
s L - {Rs * (Nouowo(x))} V(0 + F N OV, (0

qH2 I — - -
t e POV, () + gorimey Vo (B =0 (3-115)

Similarly discretizing Eq. (3-103) with the nonuniform finite difference

formulae for the first and second derivative Eq. (3-79) and (3-80).

zvnl(u) zvnl(x) 2vn1(P1) EO(K)HZ an(Pl)

RS-1
s~ Tws T Baws v, e s m®
RS jwH2 _ juH2 . _
- oy Myt Vo v, (K Vo vV,,(K =0 (3-116)

Collecting terms and multiplying
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E_(K)XH2
[ 2 o RS juli2
\1+ns) Vp (1+ns)} Var® * iy T

RS \/ RS

E (K)XH2
- {%— + -2 (RS-1) , J“L-{}\r (K)
T T n

E (K)H2
+I&S(1+Rs) - v (1+RS)XH3 V(B =0 (3-117)

Note that RS = %%% so that Eq. (3-117) may be rewritten as

E (K)XH2 )
2 o RS \
{ + - (1+ns}} v, ™ +Ji:—v (K)

E_(K)XH2
-%—; + 2 (Rsngl) + 423y )
T Tn nl

j ) E_(K)XH2
+TS(1+RS) TV ((1+RS)RS) Va1 (B = 0

(3-118)

Similarly, for Eq. (3-104)

2
RS(1+4RS)

_2

2
s p1™® ~xs V(0

Vpl(Pl)

B OX2 [V ®) gy
(1+RS)RS RS 'pl ?I;igy pl(M

juwH2 _ JuH2 - _
+ vTup Vl(K) VTu vpl(K) 0 (3-119)

Collecting terms
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E (K)XH2
2 _E RS JuH2
{1+ns v (1+ns)} Vo @+ v

E (K)XH2
-{2'_5 _ o 5 (R:;l} %muz v ®
T Tup P
2 E_(K)XH2 1
+\RS(1+RS) + VT (1+RS)RS} vpl(Pl) =0 (3~-120)

In summary, at point (K) Equations (3-115), (3-118) and (3-120)
are the valid algebraic equations. These equations are somewhat complex

because the points M, K and Pl constitute a nonuniform grid.

3.2.4 Finite Difference Approximations in the Substrate

After point K the grid size (XH3) becomes relatively large as
compared to the grid size in the epitaxial layer. The first point which
uses such a grid size is point I=Pl. The three points K, Pl and Pl+1

of Figure 3.3 are redrawn below for clarity in Figure 3.7.

K Pl P1+1

Figure 3.7 Three points within the substrate.
At point Pl the uniform grid formulas previously derived [Eq. (3-107),

(3-110) and (3-112)] with the exception that



69
XH2 + XH3
N1 -+ K
P -+ Pl
N1+2> P1l+1
Making the above substitutions the three algebraic equations valid at
point I=P1 are

- gHi3 qH3
v, () G + (NO(P1)+P°(P1)) v (e + Wy v (P1)

esvT s T

qP (P1)H3
+ > Vpl(Pl) + V,(P1+1) = 0 (3-121)

esvT

and corresponding to Eq. (3-110)

E (P1)XH3
o JwH3 _ JwH3
(1 ¥ 2V, )an(x) * HnVp YD (2 ¥ Voekn ) Yo PV

Eo(Pl)XHB'
( - sz )an(P1+1) = 0 (3-122)

and also corresponding to Eq. (3-112)

E_(P1)XH3
( - —-°—-———-> V(R + -‘1,-‘-‘1“—3 v, (PD) - 2 + M—) v_,(PD)

2V, ™p
XH3E (P1)
+ (1 + T) Vpl(P1+1) =0 (3-123)

A set of algebraic equations similar to Eq. (3-121), (3-122) and (3-123)
must be written up to and including the point I=M1l., At the point I=M1

the boundary condition [Eq. (3~75)] is used.
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Therefore, at the point I=Ml the following three equations are valid.

- qH3
v, (L1) (2 + v (NO(MI)+P°(M1))> v, (M1)

3 qPo(Ml)HS
+ L_e v No(Ml)an(Ml) + v Vpl(Ml) =0
s T 8T

and

2V u v

E (M1)XH3
(2 JuwH3 - JwH3 =
(1 + __—'r )vnl(m) + A vl(m) (2 + vT“n) vnl(Ml) 0

and

E (M1)XH3
--‘i-i-v-——>v @) + 493 v ooy - (2 + 4983 )y 1) =0
T pl VTup 1 VTup rl

3.2,.5 Summary of Elements of the Band Matrix

(3-124)

(3-125)

(3-126)

The linearized r.f. problem reduces to a set of algebralc equations

which is shown (Figure 3.8) to be of the band type (seven bands).

Figure 3.6 depicts a full seven~band matrix in which each band has been

given a letter (Al, Bl1l, Cl, D1, El1, Fl, Gl). It should be noted that

only one element of the matrix may be located by indicating the band

letter and a row index (J). J is an integer which takes on any value

from J=1 to J=NE.

NE = number of equations

Assoclated with each element is an index, 1, which designates the grid

point within the semiconductor at which that coefficient is being

evaluated. The integer I varies from N1 to Ml. Recall also that
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Figure 3.8 Full seven-band matrix.




Ml = K1-1 = (N1+N24N3) - 1
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(3-127)

The two integers are really related since the matrix represents three

algebraic equations in the three unknowns Vl(J), an(J), and Vpl(J).

Therefore, it can be shown that

NE = 3 (number of points in the epitaxial layer and substrate
combined)

NE = 3(N2+N3)

(3-128)

Comparing Figures 3.6 and 3.7 the actual values of the band matrix may

be explicitly evaluated.

I=P=N1+1

I=N1+2

I=M

1

4 Al(4) =
5 Al(5) =

6 Al(5) =

7 A1(7) =
8 Al1(8) =

9 Al1(9) =

Al(QJ) =
Al(J+1) =

A1(J42) =

Al (3N2-2)
A1(3N2-1)

Al (3N2)

[

Starting with band Al:

+

{EO(P)XHZIZVT}

{EO(P)XHZIZVT}

+ {EO(N1+2)XH2/2VT}

{EO(N1+2)XH2/2VT}

+ {EO(I)XHZ/ZVT}

{Eo(l)xnzlsz}

[

+ {EO(M)XHZ/ZV&}

- {EO(M)XRZIZVT}

(3-129)
(3-130)
(3-131)

(3-132)
(3-133)
(3-134)

(3-135)
(3-136)
(3-137)

(3-138)
(3-139)

(3-140)



73

Note that I=K. A nonuniform grid exists and therefore the three values

of A are valid at this point change in form. Referring to Eq. (3-115),

(3-118), and (3-120), at point I=K

2
A(3N2+1) 1S
E (I)XH2
- 2 o RS
A(IN242) = 72e Vo 1+RS
E (I)XH2
- 2 o RS
A(3N2+3) 1+RS Vo 1+RS

After point K there exists a uniform grid of spacing XH3.

A(INZH4) = 1
I=P1 A(3N2+5) = 1 + {EO(I)XH3/2VT}
A(IN2+6) = 1 - {E_(D)XH3/2V,)
AQNE-2) = 1
I=M1 A(NE-1) =1 + {EO(I)XH3/2VT}
A(NE) = 1 + {EO(I)XH3/2VT}
av

Note that Eo - x’ which may be expressed as

I ¢ 15V IR 1¢ 2511
Eo(I) 24X

in a uniform grid. In a nonuniform grid such as 1=K

(3-141)

(3-142)

(3-143)

(3-144)

(3-145)

(3-146)

(3-147)

(3-148)

(3-149)

(3-150)
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v(P.)
L 1 (RS-1) B )
E, (K) {(1+RS)XH3 * s V) - Gamaamny VW) (3-151)

Using Eq. (3-150) and (3-151) it may be seen that the d.c. electro-
static potential, V, is all that is necessary to completely specify Al.
The 1list of statements which store the elements of Al on the computer
are summarized in Figure 3.9, Similarly, Figures 3.10to 3.15 summarize
the elements of each band and the method by which they are stored in

the computer.

3.3 High Frequency Simulation of MIS Varactors and Comparison with
Experiments

3.3.1 Simplified Mathematical Model

For impurity profiles of one type dopant (n/n+) minority carrier
generation rates are so low that minority carriers may be completely
neglected at high frequencies{11l]. This assumption implies that
minority carriers can be supplied only by the ohmic contact at X=XR.

Therefore, 1f the contact is far enough away from the interface

XR >> {D/w (3-152)

where D is the minority carrier diffusion coefficient. For an n-type
semiconductor the minority carriers are holes and the diffusion coef-
ficient is

=V -
Dp Tup (3-153)

At room temperature and at 3,5 GHz

XR >> .25 ym (3-154)



J =4

DO 22 I =P,M

AQJ) = 1
E (I)XH2
A(J+1) = 1 + 2 -1 - W(I+1)-V(1-1)
2V, 4v
T
E_(I)XH2
A(J+2) = 1 -.;gf_l___ - 1 4 Y(I#1)-V(I-1)
2V, 4v
T
J = J43
22 CONTINUE
2
A = T35
2
AGHL) = 2_, B XH2E_(K)
1+RS = 1+RS Vo
. _2 _ RS XH2E _(K)
A(J+2) = 1035 - T48S
v
T
J = J43

DO 23 I = P1,M1

A(J) = 1

_ V(a+1)-v(1-1)

A(J+l) = 1

4VT

V(1+1)-v(i-1)

A(J+2) = 1 +

J = J43

23 CONTINUE

4V,r

Figure 3.9 The Al diagonal
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B1(3) = O
J =4

DO 24 I =P,M

B1(J) = 0

B1(J+1) = 0

BL(J+2) = +j wH2 X 1078 - +jXP2
VTup

J = J+3

24 CONTINUE
B1(J) = 0

B1(J+1) = O

wH2

VTup

BL(J42) = +j x10°8 - +jXP2

J = J+3
DO 26 I = P1l,Ml1
B1(J) = 0

B1(J+1) = 0
XH3

VTup

-8

B1(J4+2) = +j X 10°° = +jXP3

J = J+3

26 CONTINUE

2
Units wH2  _  (micron) - Cm

Vou 1croi>

T p (cmz) cm
1 micron = 10-6m (E’:ﬂ‘ﬂ) 2 - (10“‘ 2 - 10'8

Figure 3.10 The Bl diagonal
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Cc1(2) = 0
C1(3) = 0

J =4

DO 27 I = P,M

Ci(J) =0

Cl(J+1) = + ]
vTun

C(J+2) =0
J = J+3

27 CONTINUE
Ci(J) =0

C1(J+1) H2w

Tn

C1(J+2)

]
o

J = J+3

DO 28 I = Pl,Ml

C1(J1) = 0

CL(J+L) = + § %39-
Tun

CL(J+2) = 0

J = J43

28 CONTINUE

(H2) w

x 1078 = 4yxn2

-8

+jv—'u- X 10 * = + jXN2

x108 -4 4XN3

Figure 3.11 The Cl diagonal
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X

DI(1) = 1 + g—‘é‘;i =5
D1(2) = 1

DI(3) = 1

J=4

DO 29 I =P,M

e V e V.

-6
D1(J) = - 2 - 2 (po(x)-mo(x)) - -2 - QHZ (2n1)"1° Cosh !‘%I—’

s T 8T J
™~
) cs
DI(IH1) = - 2 - § Y= x1078 = -2 - yxN2
Tun
DL(#2) = - 2 - 3 S2_ 43078 = _ 5 - yxe2
TU
p
J = 343
29 CONTINUE
- 2__ gH2 -2 _ LACIN
D1(J) 2 - 32 (uo(x)+po(1<)) 2 - €S Cosh 1
s T T
DI(J+1) = - % - E°($)XH2 Rskgl - $“2 x1078
T ™n
XN2
E (K)XH2 /
2 o RS-1 wH2 -8
DI(J42) = - 2 + ( ) - W2 490
RS VT RS V,l.up
. } )
XP2

J = J43
DO 31 I+ Pl M

D1(J) = - 2 - RS*RS*CS Cosh 1‘(751
T

DI(J+1) = - 2 - jXN3
D1(J+l) = - 2 - jXP3
J = J+3

31 CONTINUE
Figure 3.12 The D1 diagonal

T
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E(1) =0
E1(2) = O
E1(3) = 0O
J=4

DO 32 I =P,M

_ gH2 _ gH2 vy |1
E1(J) eV NO(I) .V Ni exp ~y 2 CS exp

s T s T
E1(J+1) = O
E1(J+2) = 0
J = J43
32 CONTINUE

El(J) - Sﬂg_ N (K) - l.cs exp !SEL
EsvT o 2 VT

E1(J+1) = 0
E1(J+2) = 0
J = J43

DO 33 I = P1,L1

E1(J) -1 RS*RS*CS*exp V(1)
2 v
T
E1(J+1) = O
E1(J+2) = 0
J = J+3
33 CONTINUE

E1(J) = -;— RS*RS*CS*exp (v(m) /vT)

E1(J+1) = O

T

v(I)

Vr

Figure 3.13 The E1 diagonal
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F1(1) = 0
F1(2) = O
F1(3) = 0

J =4

DO 34 1I=P,M

F1(J) -SEZ-‘P(I)'—]:-CS exp-v—(_:[l
CSVT o) 2 VT

F1(J+1) = 0
F1(J+2) = O
J = J43

34 CONTINUE

F1(3) =22 p (x) = Lcs exp -
EBVT o 2 vT

F1(J+1) = 0
F1(J+2) = 0

J = J+3

DO 36 I = P1,Ll

F1(J) '~% RS*RS*CS exp - !%ll

T
F1(J+1) = O
F1(J+2) = 0
J = J+3
36 CONTINUE

F1(J) = %-RS*RS*CS*exp - !é!ll
T

Figure 3.14 The F1l diagonal

V(K)
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LOAD THE G1 BAND

_ DKS xo
DKI XH2

Gl(1) =
G1(2) = -1
G1(3) = -1
J = 4

DO 37 I=P,M

G1(J) =1
E_(I)XH2
Gl(J+1) = 1 - ’ﬁLiﬁf"' -1+ V(1+12;V(I-1)
T T
E (I)XH2
GL(J42) = 1 + 22— = ] - W(IHD-V(I-1)
2v, 4V
T T
J = J+3
37 CONTINUE
(1+RS)RS
ClUIH) = =2 - L a2 Bt
RS (1+RS) (1+48S) RSV,
2 E_(K)XH2
G = sy * (L+RS) RSV,
J = J+3

DO 38 I = Pl,LL

Gl(J) =1

V(I+1)-V(I-1)

G1(J+1) = 1 + “v'r

G1(J+2) = 1 - V(I+1)-V(1-1)

4VT

38 CONTINUE

Figure 3.15 The Gl diagonal
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For all varactors studied here the n+ substrate is about 100 um and,
therefore, Eq. (3-154) 18 easily satisfied. With this simplificationmn,

in the small signal mathematical model we may assume
V. =V (3-155)

The simplified model is fully developed in Appendix III and is sum-
marized in Figure 3.16. This simplification is important in that 1is re-
duces the computer storage requirements. The full two-carrier case is

a seven-band matrix problem. The simplified solution reduces to a five-
band matrix. Also, at every point in the semiconductor the number of

variables is reduced by one-third because only V. and Vn must be solved

1 1

for instead of Vl, an and Vpl for the two-carrier case.

3.3.2 Comparison of Experiments with Computed One-Carrier Results

Figure 3.17 shows a plot of capacitance and resistance versus applied
voltage for an MIS varactor. The applied frequency was 3.5 GHz and the

material parameters for the epitaxial structure are summarized below.

DNE = 1x10%6 o3

19 -3

DNS = 1x10™" cm

BX = 0.1 um

Q,, - 1::10-'3 coul/m3

The insulator is SiO2 which is8 assumed to have a relative dielectric
constant of 4.0, It is assumed that the top electrode is a dot two mils

in diameter (50.8 ym). The computed insulator capacitance from the above
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Ohmic
S Contact

Mg,
',f

In Serniconductor:

dx* EsVrV’*%Vrvn

ﬂa+_7g_veﬂ’n+ _VLQLVI -JJAL%
T M0

ant W dx dx

Boundary Conditions:

dx

(A) I-S Interface [g_\g_

(B) Ohmic Contact

L]
(=

1}
(w

Y pn

i=Vh=0

Figure 3.16 Summary of the high frequency mathematical model
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(A) C(pf)

07 G

06
105
104
103
102

101

8 -7 -6 -5 -4 -3 -2 -1 V(Voits)

(8)
P R(Ohms)

0.7
0.6
10.5
104
10.3

102

10.1

8 7 -6 -5 -4 -3 -2 - V(Voits)

Figure 3.17 One carrier simulation of space charge varactor at 3.5 GHz
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data 18 Cop = 0.717 pf and C/C, = .975 in the accumulation region. It
has been found in running these programs that the denser the grid near
the Interface point the more accurate the solution becomes. For a dense
grid the accumulation capacitance ratio C/Co approaches unity, and the
accumulation resistance anomaly tends to be less pronounced. It is felt
that the resistance anomaly 1is linked to the fact that in accumulation
the small signal matrix has very large coefficients which are close to
each other. It will be shown later that this anomaly also appears in
the inversion region when minority carriers are taken into account.
Again, in inversion large exponential terms are present in the small
signal matrix.

Pigure 3.18 is a reflection coefficient plot (referenced to 50 ohms)
of an experimentally fabricated MIS varactor with material parameters
very close to those simulated in Figure 3.17. Also appearing in Fig-
ure 3.18 are the high and low computed impedance points (Zy, Zy). There
does not seem to be very good correlation but it must be remembered that
the computed results are for the semiconductor chip alone and the ex-
perimental result is for device plus package. At microwave frequencies
package parasitics must be considered and in many applications dominate
performance. A lumped element model for a microwave pill package is
shown in Figure 3.19. Assumed values for the model are also tabulated
in the figure. A plot of the experimental device is replotted in Fig-
ure 3.20. Also in this figure are plotted Zy and Z; transformed through
the parasitic circuit. A package capacitance of .35 pf was measured at
1 Mz for the microwave package with no chip in it. The additional

0.1 pf is due to stray mounting capacitance.
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Figure 3.18 Comparison of computed MIS chip and experimental performance



— Cp MIS Chip
G .C

Ly = bond wire from to the top of ceramic pill package
Cp = package capacitance

L, = any lead inductance introduced in mounting the package

Assumed values for parasitics

L, =.35nh
L2 =.5nh
Cp = 45pf

Figure 3.19 Lumped element model of microwave pill package plus
device chip.

87



Experimental Points
Computed Diode Plus fPackage

Figure 3.20 Comparison of computed and measured diode plus package.
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3.3.3 Comparison of Experiments Computed Two-Carrier Results

Figure 3.21 shows computed high (3.5 x 10%Hz) and low frequency
(350 Hz) for an M-I-N-N*-M MIS structure. It is shown here that the
inclusion of minority carriers in the analysis predicts the relaxation
of the capacitance to its insulator value in the inversion region. The
low frequency curve generated by the two-carrier R.F. program compares
well with the low frequency curve generated by the D.C. solution in
Chapter 2 (Figure 2.11). Figure 3.22 shows computed high frequency
curves for the M-I-N-Nt-M structure with the epitaxial (N) layer density
(DNE) as a parameter. As the density increases the maximum depletion
depth decreases as is predicted from Chapter 2. The two-carrier solution
may be used to analyze more general MIS structures. Figures 3.23 and
3.24 show computed normalized capacitance versus voltage curves for
M-I-P-Nt-M structures. Figure 3.23 is a plot of normalized capacitance
versus voltage, at 350 Hz, for two different P layer densities. Figure 3.24
shows a high frequency capacitance plot for the same structure and den-
sities. In this structure the capacitance versus voltage function is
very complicated and requires more detailed investigations to explain
the physical mechanisms. Figure 3.25 is a plot of high frequency re-

sistance versus voltage characteristic.



| ¢
Co
10
f= 350Hz
10.9
4.00
f= 35x10°Hz 10.7
10.6
los
DNE - 7o‘cm':
DNS = 10"cm )
BX=0.1 0.4
Xo =0 1micron
XX1:=07micron
T=300°K 10.3
Silicon
C. By 72pf
{02
tor
7 6 -5 -4 3 2 - (Volts)

Figure 3.21 Computed low and high frequency normalized capacitance

versus voltage curves for an M-I-N-Nt

-M structure.
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C
Co
10
CNE = 10"cm® -5
109
10.8
10.7
4 06
CNS = 10" 104
BX=01
T= 300°K
Silicon
Co=.72pf 103
X, = 0.1 micron
XX1 = 0. 7micron
102
101
-7 -6 -5 -4 -3 -2 (Volts)

Figure 3.22 Computed high frequency normalized capacitance versus

voltage curve with DNE as a parameter.
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08

107
1" PIN?
DNE=-10 06 DNS = 10"
f=350Hz
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DNE=-10° 54
los
lo2

101

pa—— - )

9 -8 -7 6 -5 -4 -3 -2 -1 7 2 3 4 5 6

Py

9
(Volts)

Y
[« . 2

Figure 3.23 Computed low frequency capacitance versus voltage curve for
a M-I-P-N*-M structure.
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DNE=-10%
&

PIN* 103
ONS = 10"
f=35x10"Hz 102
101
0 9 8 7 -6 5 -4 -3 2 - I 2 3 4 5 6 7 & &6 0

(Volts)

Figure 3.24 Computed high frequency capacitance versus voltage curve for
an M-I-P-Nt-M structure.



t=35%I09H2

Figure 3.25 Computed resistance versus applied voltage for
M-I-N-N+-M structure.

® DNE = |%10'6 cm~3 - .4
DNS = I 1020 cm-3
¢ XXI = O0.7micron
XO = 0.l micron -1.2
I | 1 [ I 1 1

R (ohms)
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CHAPTER 4

MIS VARACTOR APPLICATIONS

4,1.1 Principle of Operation of a Reflection Type Phase Shifter[32]

A sketch of a reflection-type phase shifter is shown in Figure 4.1.
It consists of a quadrature hybrid, two nonlinear networks terminating
the hybrid, and a bias network which is d.c. coupled to the nonlinear
element but is r.f. isolated. A signal enters port 1, splits evenly
between 3 and 4, and is isolated from 2. There is a 90° phase dif-
ference between the wave at 4 and 3. If 3 and 4 are terminated in
the same loads (equal reflection coefficients), all power for the ideal
hybrid will appear at 2. The phase of the wave at port 2 will equal
the sum of the incident phase plus the phase of the reflection coefficient.
If there are no losses in the system (hybrid, nonlinear network, bias
network) and the hybrid has infinite directivity, then all the power
incident will be recovered in port 2.

In general, the nonlinear network will consist of an MIS varactor
and a linear phase compensating as stretching network. The MIS device
is a voltage variable capacitor which has a unique two-state capacitance
characteristic. At first, a nonlinear network consisting of a two-state
capacitor (CH’CL) will be analyzed. It will be shown for a given phase
shift and frequency how to pick the capacitance values for minimum
phase variation.

The reflection coefficient for a capacitor terminating a trans-

mission line is

= JL__O (4-1)



Quadrature Hybrid
3 4
$E £ _
r D. C. r

BIAS

_I_ NETWORK ._]_.

= ) t—4
Vs

Figure 4.1 Reflection type pnhase shifter.
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which may be simplified into the form

-1 -1
[ =1 tan cho - tan cho (4-2)

Using the identity

tan~1 (-¢) = -tan¢ (4-3)

then the phase 6 of the reflection coefficient may be expressed as

0= +2tan-1(wczo) (4-4)
If the capacitor may be switched between two different values (Cl,Cz)

by some means, the net differential phase shift is
0,-0, = 2 tan-l(-wc z )-tan-l(—wc Z) (4-5)
2 1 2% 1o

Using the identity

Z. +2
-1 -1 -1 1—- "2
tan "Z, + tan Z, = tan  TF 73 (4-6)
172
the expression (4-5) may be shown to be of the form
wc,Z - we,2
86 = 8,-0. = 2 tan }(—2-2 1o 4-7
21 1+ wzc c 22
1°2%

In general, it is desired to make the phase variation as small as
possible across a given frequency band of interest. This may be done
by choosing parameters such that the differential phase shift slope is
zero at the design center frequency. Taking the derivative of Eq. (4-7)

with respect to w

(e,-c,)2
d(ae) _ 1 2 10 (%22 c,) (4-8)
du WZo(c3=¢)  (1alec,c,2z2)? 0172
1+ ——— 127
1+ow clczzo

It can be seen that the phase slope will be zero at w = w, if
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2,2
1-wZecpc,=0 (4-9)
The values of capacitance for a given differential phase shift may be

obtained by solving Eq. (4~9) and (4-7) simultaneously. From Eq. (4-~9)

1

2.2
wozocl

<y (4-10)

Substituting Eq. (4-10) into (6-7)

- wey
“’ 1
AB = 2 tan (4-11)
1+ w cl (wzzzc
ool

w

2 - wey2,
¢ AB ozocl (4-12)
an 3~ 2
1+ 2
(1]
o
2, L | 2 en 2 .1 _ . (4-13)
¢ T ez @ 2 2
o o (wozo)

At w = Wys the two values which satisfy this equation may be solved for

1 A9 AO
¢y = “’ozo {- tan 35— + sec 2—-} (4-14)

Since the capacitance cannot be a negative number

1 AD A©
¢, "’ozo {sec 3 " tan 2 } (4-15)
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is chosen as the solution. Substituting Eq. (4-15) into (4-10)

- 1 Y 1
¢ " wz X X (4-16)
00 sec i- - tan i-

and the capacitance ratio 1s found by dividing Eq. (4-16) by (4-15).

C

2 1
P ) X (4-17)
1l sec 3 - tan 7

Table 4-1 summarizes capacitance ratios and values at a design center

frequency of 3.5 GHz, in a 50-ohm system.

AB /ey c, (pf) c, (pf)
22,5° 1.48 .739 1.09
45.0° 2,06 .627 1.29
90.0° 5.79 .372 2.15

180.0° ® 0 ©

TABLE 4-1 SUMMARY OF CAPACITANCE RATIOS AND VALUES fo = 3.5 GHz
Zo =50 Q

It should be noted that the 180° differential phase shift cannot prac-
tically be achieved using two capacitors alone. Either an ideal switch
is required or additional elements are required in addition to a non-
linear capacitor with a finite capacitance ratio in order to achieve
180° of phase shift. It should also be noted that the values of
capacitance obtained have a graphical significance on a reflection
chart. Figure 4.2 shows that the optimal reactance values (xl,xz),

for a given phase shift A9, fall symmetrically about the -90°
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Figure 4.2 Optimal phase shift for two capacitors C;, Cj.
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phase coordinate. For two small capacitance values near the open cir-
cuit point, the reactance curves tend to bunch together yielding a small
phase shift. For two large capacitors with reactances near the short
circuit point, the differential phase shift is small this time because
the change in reactance is small. The optimum, therefore, lies halfway
between the open circuit and short circuit point.

In order to determine the phase shifter's useful bandwidth, one
could plot equation (4-11) and determine phase flatness over the band of
interest. Instead, an RCA circuit analysis program (COSMIC) was used
to determine phase performance including parasitic series resistance
(Figure 4.3). The program allows circuit simulation of the MIS varactor,

including chip, parasitics and external tuning elements.

R . C(V)
s ]
c ————————
1
€156,
[

Rs =1.0Q

Cy = 1.35 pF

Cyr = 0.6 pF

Figure 4.3 Simulation of 45° BIT including parasitic series resistance.
The capacitance values are very close to those previously derived for

the 45° BIT summarized in Table 4-1. The program is a linear analysis
program so that a value of capacitance is assumed and reflection gain

in dB and reflection phase (degrees) is plotted versus frequency.
Then, another capacitance value is assumed and the phase shift and gain
are calculated. The differential phase shift is obtained by subtracting

the phase of reflection coefficient for the two values of capacitance.
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Table 4~2 summarizes the results from 3.0 to 4.0 GHz.

Freq. R ) S|

(GHz) Reflection Gain (dB) Reflection Gain A0 (degrees)
3.0 -0.215 -0.084 44,685
3.2 ~0.225 ~0.093 45.028
3.4 -0,235 -0.101- 45,200
3.6 -0.243 -0.110 45,225
3.8 -0.251 -0.118 45.128
4.0 -0.258 -0.126 44,927

TABLE 4~2 45° BIT SIMULATION: R8 =109
¢, = 0.6 pf

c, = 1.35 pf

Similar calculations may be done for the 22.5, 90° BITS.

4,1,2 Quadrgture Hybrids

One of the most important parts of a reflection type phase shifter
is the quadrature hybrid. In order for a hybrid to be useful, its two-
way loss should be as low as possible (i.e., loss from 1 to 2 when 3 and
4 are terminated in equal reactances). Also, the phase difference
between ports 3 and 4 should be constant over the design bandwidth. Two
types of hybrids were investigated:

(1) Branch line[35]

(2) Intexdigitated[33]

Branch line hybrids are simple to make, requiring only a one mask photo-
etch process. The Lange hybrid also requires a one mask process, but
in addition needs bonding straps to interconnect digits. This makes

the Lange hybrid less reproducible and more expensive to fabricate.
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Both types of hybrid were evaluated.

The branch line hybrid was evaluated for a reflection type phase
shifter applications by simulating a phase shift bit using this type
hybrid and by building and testing the hybrid itself. A circuit with
the topology shown in Figure 4.4 was fed into the COSMIC computer pro-

gram.

Input Cutput

1/,/2 1//2

I 1

Figure 4.4 Branch line hybrid topology.
All lines were microstrip with a source as reference impedance of
50 ohms. The lengths of all lines were Ag/4 at the design center fre-
quency of 3.5 GHz. The capacitors were designed to yield approximately
the optimum values for a 22.5° bit (cy = 1.1, c, = .745). The dif-
ferential phase variation for the capacitors alone can be shown to be
less than 0.5° over a ten-percent bandwidth. The differential phase
shift for the total circuit above over the same ten percent bandwidth

is shown in Table 4.3.

f (GHz) A0°
3.325 27.260
3.500 22.488
3.675 17.45

TABLE 4-3 PHASE SHIFT THROUGH BRANCH LINE HYBRID
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The maximum insertion loss occurring in either state is 0.37 dB, which
includes microstrip copper losses and mismatch loss. A phase variation
of ten degrees is too large, especially for the 22.5° bit. Simultaneous
to the hybrid stimulation studies, two 3-dB branch line hybrids were
designed, built and tested. Both circuits were fabricated on alumina
substrates with chrome-gold metallizations. One substrate was 25 mil
thick and the second was 50 mil thick. Theoretically, the thicker sub-
strates should have lower insertion losses. Figures 4.5 to 4.8 sum-
marize the test results. In both hybrids, the designed center frequency
is not exactly correct. This is clearly demonstrated in plots of re-
turn loss versus frequency (Figures 4.6 and 4.8). This misalignment
affects coefficients of coupling and loss variation. The shift of the
design center frequency may be explained because the design did not
take into account reactances at the junction of the hybrid. A recent
paper by Vogel[36] describes how to take into account junction discon-
tinuities and may be used to improve the hybrid performance. When
thegse hybrids were used with varactors to form phase shift bits, the
phase variation predicted by simulation was verified. All work on future
phase shifters using branch line hybrids stopped at this point. Atten-
tion was turned to the Lange type hybrid with the hope of achieving
lower loss and smaller phase shift variation.

A photograph and schematic of an experimental Lange hybrid that
was designed, fabricated and tested at City College is shown in Fig-

ure 4.9.
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Figure 4.6 Return loss (isolation) for a 25 mil
branch line hybrid.
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Figure 4.9 Interdigitated (Lange) hybrid.
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It consists of five coupled microstrip lines with four air crossovers.
All input and output lines are 50 ohm impedances. The longest line
length is a quarter wavelength and the shorter line is an eighth wave-
length. The topology shown in Figure 4.4 was simulated by the COSMIC
computer program. In Lange's original paper[33] no theory is given,
only that the coupling required was determined by an unpublished com-
puter program. Also, Lange's original design was on 40-mil alumina
substrates, The widths of the lines are 4.5 mil wide and 3.0 mil
spacings. The one-way insertion loss reported was 0.13 dB. We wanted
to use thicker substrates (at least 50 mil thick) to try to minimize
the losses and also to make dimensions easy to fabricate. Lange's 40~
mil alumina design was scaled to determine a design on 50-mil alumina.
In this approach, the even and odd mode impedances are kept constant
between designs. For microstrip lines, with tight coupling, the even
and odd mode impedances have been determined in closed form by
Wheeler[34]. Definitions of terms and the closed form expreasions are

summarized in Figure 4.10.

Scaling the O0dd Mode:

Assuming the subscript X denotes an unknown design parameter, then

keeping the odd mode constant from Figure 4.10 requires:

4e" b4e"
r“ e x
K, In == = JK o Z;_ (4-18)

(4-19)
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|
' 11 11
Formula's correct for e/e <1/4; e " /b<1/2; |K b/R<1/8

4200 1

R 41l
° JK_ 2n
(o]

zoen . In 4b/e11

R, T K

Ko,e =1+ qo,e(K-l)

z ,2 - 0dd and even mode impedances
00" oe
Ko,Ke - Effective dielectric constants in odd and even modes
Ro ~ Wave resistance of free space = 120 = 377 Q
9 e - 0dd and even mode filling fraction
14

Figure 4.10 0dd and even mode impedances for tightly coupled
microstrip lines.
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where

Ko ) 1+ qo(K-l)
Kox 1+ qox(xx-l)

(4-20)
Assuming the even and odd mode velocities are approximately the same

- q - -;; (4-21)

and, therefore, the ratio of effective dielectric constants [Eq. (4-20)]

may be expressed as

K Kl
o 2 K+l
"K+ K+ (4-22)
ox x b
2
Substituting Eq. (4-22) into (4-19)
" ) (x+1 ) 1/2
et ()&
x

Similarly, scaling the even mode it may be shown

@)
31— -1 "" ) (4-24)

EXAMPLE: Suppose we wish to scale Lange's reported dimensions to a
50-mil alumina substrate. The pertinent data from Lange's paper are

summarized below.
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b = 40 mil bx'50m11
e=1.,5 mil e " ?

e =6.0mi1 T e =2

K =9.5 K= 9.5

For a scale to a substrate of the same dielectric constant

equations (4-23) and (4-24) reduce down to

1
- (4-25)
x
b
.S b
P o (4-26)
x

. e" 6 0
X .
. L] e I._S' 4'0 [ al‘ld
X
b
40
B—,’f—- - & =~ 6.68
X
* 50
. . e; " 568 7.5 mil
e =12 21,875 mil.
x 4

On experimental models of the Lange hybrid actual dimensions are slightly
smaller than theoretical ones due to undercutting in the etching process.
Dimensions may be adjusted by plating up or allowing for undercutting

in photomask. Typical dimensions in experimental models are
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e" = 6,9 mil

e =1,5mil

Typical performance for a Lange hybrid is shown in Figures 4,11 and
4,12, Typical phase difference between ports 3 and 4 is less than 3°
over the 3 to 4 GHz band, which 18 much less than the branchline
hybrid. The best two-way insertion loss measured with ports 3 and 4
terminated in shorts is 0.35 dB.

4.1.3 Phase Stretching Network and Design of 90° and 180° Phase
Shift Bits |

It was shown in Section 4.1.1 that the 180° Bit could not be
realized with only a nonlinear capacitor. In this section it will be
shown how one can increase the phase shift capability of a two-
state capacitor using two lumped inductors. The price paid for the
increased phase shift is phase variation. But, with a number of itera-
tions on the circuit elements phase variations may be minimized. It
should be stressed that the approach presented here is not a direct
synthesis and, therefore, optimal solutions cannot be guaranteed.

Figure 4.13(a) shows the phase stretching network which consists
of a shunt and series ladder network. A sketch of the effects of each
element of the ladder network is shown on a reflection coefficient chart
in Figure 4.13(b). The starting point of the design is point a(2) and
a(l), which correspond to the points on the chart for the nonlinear
capacitor. For a ratio c2/c1 = 2,25 optimally centered, it was shown
in Section 4.1.1 that 0 = 45°., A series inductor moves both points
toward the short circuit point to b(2), b(l). Because ¢, is a lower
value of capacitance the point a(l) is not displaced much by the series

L.. The shunt L., moves b(2) to c(2) and b(1) to c(l). Because b(2) is

2 1
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Figure 4.11 50 mil Lange hybrid two-way insertion loss
and coupling versus frequency.
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Figure 4.13 Phase shift stretching network and impedance motion on
a reflection chart.
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closer to the short circuit point a shunt L1 does not affect it very

much in moving it to c(2). But, L. 's effect on the point b(1l) is

1
very great, moving it to c(1l). The overall effect is to stretch the
phase shift from 6 to ¢. Figure 4.14 shows how this technique was
used to stretch a 45° phase shift using optimally centered capacitors
of ratio c2/c1 = 2,25 into a 90° phase shift. This network including
1.0 Q@ diode series resistance was simulated using COSMIC and the re-
sults are tabulated in Figure 4.14. Over the band of interest, 3.3
to 3.7 GHz, the phase variation is 3.5°. Figure 4.15 shows element
values and calculated performance of a 180° phase shift Bit using
optimally centered capacitors with a ratio c2/c1 = 2,25. The phase
variation over a design 10Z bandwidth is approximately 35°. In
general, as the ratio c2/°1 increases, the phase variation over the
band decreases.

4.1,4 Experimental Phagse Shifter Performance

Phase shift bits were fabricated in a microwave integrated circuit
format. Alumina ceramic substrates with chrome-gold or chrome-copper-gold
metallizations were used. A photograph of an early assembly is shown
in Pigure 4.16. A Lange type hybrid is terminated in two packaged MIS
varactors. The varactors are mounted across the alumina substrate.

Holes are drilled into the bottom base plate and are fitted with

beryllia copper fixtures. The diodes are soldered to the hybrid con-
ductors and the bottom portion of the diode is press-fit into the fixture.
In order to test a set of diodes in this fixture, external bias tees

are required. Figure 4.17 shows a complete phase shift bit including
molybdenum blocking capacitors and d.c. bias network. The d.c. bias

network consists of a series high impedance length of line and a shunt
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0.9 1.0 Q
5.8 ¢pre,
¢ = .6 pf c, = 1.35 pf

f (GHz) Refl. Loss (dB) Refl. Loss (dB) A6°
3.1 .175 .418 94,2
3.2 .184 .409 94.0
3.3 .193 . 409 » 93.6
3.4 .211 .400 93.0
3.5 .220 . 400 92,2
3.6 .229 .391 91.2
3.7 .247 .391 90.1
3.8 .256 .382 88.9
3.9 .265 .382 87.6

Figure 4.14 Calculated performance of a 90° bit with c2/c1 = 2,25,
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1.5 1.0
1 A A
21.9 ¢ysc,
c, = .6 pf c, - 1.35 pf
f (GHz) Refl. Loss (dB) Refl. Loss (dB) ae°

3.1 .225 .568 203.85
3.2 .276 .497 201.4
3.3 .336 441 196.7
3.4 .402 .396 190.11
3.5 474 .359 181.77
3.6 .545 .329 169.302
3.7 .610 .303 161.1
3.8 .662 .382 159.518
3.9 .697 .264 137.69

Figure 4.15 Calculated performance of

180° bit with czlc1 = 2.25.
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Figure 4.16 Phase shift bit assembly.
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Figure 4.17 Complete phase shift bit.
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low impedance line such that the diode over the band of interest sees an
open circuit, but at d.c. there is a direct connection. Connections to

the outside world are made through coax to microstrip transitions which

are commercially available. Bits are made so that it may be cascaded by
removing connectors and bolting them together in series.

All phase shifters were measured on an H.P. microwave network
analyzer and a typical test setup is shown in Figure 4.18. Small signal
performance of 22.5°, 45°, 90° and 180° phase shifters is shown in
Figures 4.19, 4.20, 4.21, and 4.22. The insertion loss in each of these
figures includes approximately 0.35 to 0.5 dB two-way loss of the Lange
hybrid. The loss of the 180° bit is much larger than the other bits be-
cause two diodes in series were used which doubles the loss. This was
done in order to reduce the phase variation by shifting the diode impe-
ance to a more optimal portion of the chart. The performance of each

bit corresponds well with predicted performance.

4.1.5 Large Signal Phase Shifter Effects

In this section, large signal measurements on MIS varactor phase
shifters are presented and discussed qualitatively. Specifically,
measurements of differential phase shift and switching speed variations
versus applied microwave power level will be presented. These effects
may be directly attributed to the presence or absence of a minority car-
rier inversion layer. These effects ultimately limit the usefulness of
MIS varactors in accurate, high speed, phase shifting applications. Or
at best what may be said, at this point in their development, is that
these effects must be minimized in order to make MIS varactors useful
phase shifting elements.

Figure 4.23 shows a plot of phase shift versus input applied micro-

wave power, for two different sets of bias. There is a 5° differential
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Figure 4.18 Small signal transmission and reflection measurement
setup.
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Figure 4.23 Phase shift versus power level.
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phase shift variation when the power level is varied from small signals
to about 1/2 watt. This variation could be attributed to variation of
maximum depth with power. The same effect is shown in Figure 4.24 by
plotting phase shift versus applied bias for two different power levels.
The large signal transmission phase measurements were made with a setup
similar to that of Figure 4.18, The only difference between tests is
that in the large signal case the input to the phase shifter was
amplified with a TWT and the output was padded so as not to destroy the
HP 8411A sampling head.

Another important parameter is the phase shifter switching speed.
That 1s, the time required for the phase to be varied from one state to
another. A test setup to measure switching speed is shown in Figure 4.25.
In this test setup, the microwave source (3.5 GHz) is split by a 3 dB
hybrid. One arm of the hybrid is fed directly into a doubly balanced
mixer. The other arm i8 fed into the mixer through the phase shifter.
When the two inputs to a mixer are of the same amplitude and frequency
the output is proportional to the phase difference between arms. The
output of the mixer is observed on a scope. The bias waveform and phase
shift versus time is sketched in Figure 4.26. The rise time (Tn) is of
the order of nanoseconds. The settling time depends upon the microwave
power level. There is such a thing as a settling time in an MIS varactor,
again because of the formation of an inversion layer. The inversion layer
is minority carriers which must be thermally generated from within the
semiconductor. This generation is a thermal process which is a long
process. When the bias voltage is switched suddenly, the surface de-
pletes to a depth Xa in Tn. But then the surface starts to invert and

when this occurs, the depletion depth is limited to a maximum value xd_.
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If X <X

The time that it takes to go from xd to xdm

Figure 4.27 shows switching speed versus applied power level for various

is the settling time Ts.

bias voltages. For small signals, the switching speed is of the order
of msec. For +25 dBm the speed is of the order of 0.6 usec. In general,
the larger the bias voltage the faster the switching speed.

4,2 MIS Varactor Parametric Amplifier

In this section important paramp relationships will be briefly
reviewed. It will be shown that an important paramp parameter is the
nonlinearity ratio cllc° as the dynamic quality factor (M = £, cllco).
Estimates will be made of cllc° for an MIS varactor using
linear approximations. It will be shown that the nonlinearity ratio
for an MIS varactor has regions which are relatively insensitive to
pump amplitude variations. A rule of thumb for conventional Schottky
barriers or pn junction varactor paramps is that for a 0.1 dB change
in pump power, the midband gain changes by 0.5 dB. An MIS varactor
paramp has been designed, built and tested. The design is in a
microwave integrated circuit format similar to that of Bura et al[37].

4.2.1 Parametric Amplifier Reviewf37]

A typical parametric amplifier system is shown in Figure 4.28. It
consists of a circulator, varactor filter and transforming networks,
pump source and amplitude leveling loop. The r.f. source is generally
a very high microwave frequency (35 to 100 GHz). The value of the
pump depends upon the signal frequency fs and the idler (fi) required for
minimum noise and maximum bandwidth.

fp = f1 + fs
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Figure 4.27 Switching time versus power into phase shifter.
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Figure 4.28 Reflection type paramp system.
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The pump leveling loop may be fabricated using PIN diodes as ferrite
attenuators. Elimination of this loop, without sacrifice to paramp
performance, would be desirable in low cost or tactical systems. The
filtering and transforming networks are necessary to separate the three
frequencies and to establish proper gain and noise conditions.

The hub of the paramp 1s the varactor itself. Varactors in
general must be tailored for each low noise application. Therefore,
diode characterization in paramps is extremely important. A varactor
is characterized statically and dynamically for parapm's Static (fc)
in the sense that it may be defined in the absence of a large high
frequency source (pump). Similarly, dynamic qgality factor (M) means
that it is defined only when a pump amplitude is present. The static

quality factor is the cut off frequency, fc’ and is defined by:

f w1

cv 20 R‘c(v)
where R, = varactor series resistance

c(v) = varactor capacitance at bias v.

Usually, the cutoff frequency 1s defined as a zero bias which is its
lowest value since the capacitance is a maximum. A conventional
varactor is never operated in forward bias for fear of drawing current
and, therefore, degrading noise performance. Other important varactor
parameters are series and parallel resonances which are a function of
diode parasitics. The series resonance is generally pushed as high
in frequency as possible so that it may be used as the idler resonator.

A summary of static diode quality factors is given in Figure 4.29.
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The dynamic quality factor, M, is defined as the nonlinearity
ratio multiplied by the diode cutoff frequency (i.e., M = c1/c° fc).
¢, and c, are the first two terms of a Fourier series expansion of c(t).

When no pump is present, c, = 0 and, therefore, M = 0. The ratio

1
c1/co is called the nonlinearity ratio since the more nonlinear the
capacitance versus voltage characteristic the greater the ratio be-

comes. It may be shown that the dynamic quality factor may be used to
characterize a pumped varactor (Figure 4.30) which in turn may be used

to determine midband gain (Figure 4.31), bandwidth and gain-~bandwidth
product (Figure 4.32), and effective input noise temperature (Figure 4.33).
Each of these important performance parameters may be expressed in terms
of fs’ fi’ M and cl/co. The nonlinearity ratio depends upon the varactor
capacitance law, and how hard it is driven by the pump amplitude. For
conventional varactors, cllc° is in the range of 1/3 to 1/4. Expressions
for effective input noise temperature and gain bandwidth have been

plotted by Albrecht([38]. These plots are reproduced for reference in
Figures 4.34 and 4.35. They show that there is an optimum idler for
minimum noise and for maximum gain bandwidth. The optimum idler for
minimum noise does not correspond to the optimum idler for maximum
gain-bandwidth. It can also be shown the optimum idler for minimum

noise is

2
fi opt Hz + fs - fs

4,2,2 Estimates of MIS Nonlinearity Ratio

Figure 4.36 is a sketch of a piecewise continuous approximation
of an MIS varactor. Also shown 18 the capacitance versus time wave-

form resulting from the presence of a large high frequency pump Ssource.
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C, G
[ i
! — K iy
Z z!

1,=-1$}R,|4'
Ii. = /%Rs A

Z,2 - ks MR
fs fi

where: M= gl—fc = QUALITY FACTOR
0

Co, C, are first two terms of Fourier Series
3 3
G = G (1- (&)

.., Signal and Idler Frequencies

Figure 4.30 Dynamic characterization.



141

- Co P A Cs
] $ £3
| W | —wWiv—]
Ry iE | K R: =R,
l L *Ln L "Ln
|
r

W La-Fe :
n = TR Voltage Gain

Af Mldbdnd R *R ) _BL ) -L?. R
R. Rs fl ,6 R’ *Rg
———.—LR' R + _RJ. - _N,_i ___.’
R‘ R«D ,s f( R‘ "'R;
Re

G = ™= POWER GAIN

Figure 4.31 Amplifier equivalent and midband gain.
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Figure 4.32 Bandwidth and voltage=-gain bandwidth product.

142



Assuming R, = R,=0

n

t
0

-4KT,BR,

L ¢ ___i__
GKB
N, = Total available noise output power due to thermal

noise in the signal and idler circuits.

Fop e E
R

LR - 0; (f); -tV

(fe )opl.= VM"’ f:

Figure 4.33 Noise equivalent circuit.
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Figure 4.34 Noise ratio (To/T,) versus fg/f; with M'/fg
as a parameter.
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Figure 4.35 Gain bandwidth product versus fs/fi for a given

diode quality factor.
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If c¢(t) is expanded into a Fourier series, it may be shown that

0 \'/ -C
1 P SHCL
Tt T ey T g, (oln fpreln o)
and
“a"°L M
¢ = T sin 91 + W V=V (92-61)
H L
\'/ c,~C
) H-"L
- — (sin 28, - sin 20.)
41 VH VL 2 1l
taking the ratio and manipulating
v v
1 P 1 P
c sin 91 +5 Vv (02-61) + i Vv (sin262-s:ln291
e O 'L H
c v
° f—L 4o +—P (sin 6. = sin 6.)
u L 1 VH-VL 2 1

Note that 91 and 62 may be found by

VL + vP cos 92 = Vo

VH+VP cos 6 -Vo
An interesting limiting value of nonlinearity ratio is for the abrupt

junction case. Letting

V,=V =V |, therefore

co = c2 + m (cﬂ-cL)
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o +Vp COSG,:VO
W +¥ COS6 =1

_L_.Vr__ 1 Vo
P (9, e,)+ L e (swze, swze)

C
© M G a Wl{rvT(swea-swe.)

Cu-C

Figure 4.36 Nonlinearity ratio for a piecewise linear model.
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The nonlinearity ratio for this case is

i~
c1 . T sin 91
c 0
o

which may be manipulated into the following form by defining 6 = Iiq

and rearranging terms.

(5"* )
“ _ ‘"1 sin Miq

Tiq

vi-v
o

where cos lilg =
P
q may be defined as that fraction of the r.f. cycle when the device is
in the high capacitance state. A summary of the abrupt transition two-
state capacitor is shown in Pigure 4.37. A plot of nonlinearity ratio
versus q for various capacitance ratios is shown in Figure 4.38. 1In
this figure it may be seen that there is an optimum value of q for
maximum nonlinearity ratio for a given capacitance ratio. This optimum
always passes through the curve cllco = cosllg. This optimum is broad,
especially for capacitance ratios less than 10. This effect does not
occur in conventional varactors and can have a profound effect on
parametric amplifier stability.

4.2.3 Experimental MIS Parametric Amplifier

A microwave parametric amplifier has been designed, built, and

tested using a metal insulator semiconductor varactor as the nonlinear
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Figure 4.37 Fourier analysis of an ideal two-state
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1 2 3 4 5 6

Figure 4.38 Nonlinearity ratio versus q for an ideal
two-state capacitor.
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capacitor. The amplifier is a microwave hybrid circuit using micro-
strip as the transmission element. The amplifier was built on an
alumina substrate. The transmission lines are formed by thin films of
chrome, copper and gold. The chrome promotes adhesion of the copper to
the substrate, and the gold prevents the copper from tarnishing. Re-
ferring to Figure 4.39, the pump is fed to the diode through a band-
pass filter. The idler is formed by the diode parasitics and the last
element of the pump filter. Stubs in the signal circuit transform the
source impedance to establish the correct gain and also act as a pump
reject filter. A commercially available circulator is used to separate

input and output signals. Typical paramp performance data is shown

below.
fp = 7.92 GHz
fs = 2,07 GHz
Pp = 65 mW
VB = 3,2 volts
Gain = 16 dB

3 dB bandwidth = 38 MHz

NF

2.8 dB
Also, measurements of gain variaticn with pump amplitude change are

shown below.

Pump Attenuation Change Gain (dB)
6.0 15.00
5.9 15.25
5.8 15.50
5.7 15.75

For this amplifier the gain sensitivity was approximately .25 dB better

than a conventional parametric amplifier.
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Figure 4.39 Photograph of MIS paramp.
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CHAPTER 5

CONCLUSIONS

The purpose of this chapter is to summarize the contributions of
this dissertation and to suggest unsolved problem areas for possible
future investigation.

In this dissertation high quality MIS varactors have been designed,
fabricated and tested. Small signal models valid at microwave frequen-
cies have been developed suitable for high speed digital computation.
The devices and models developed were used in two important microwave
circuit applications:

(a) low power drain digital phase shifter

(b) low noise parametric amplifier.

The motivation for this work was the need for a low power drain switch-
ing device for computer-controlled microwave networks. The major
application of such a device is in an electronically scanned phased
array antenna. This dissertation shows that the MIS varactor can ful-
f111 this need if minority carrier effects can be overcome. This work
also shows that the unique capacitance versus voltage characteristic may
be exploited in a low noise parametric amplifier application. MIS
varactors are shown to have less gain variation due to pump power
fluxuations than conventional varactors.

In Chapter 2 an efficient algorithm for the solution of the d.c.
electrostatic potential throughout the semiconductor is given. This
problem is solved as a mixed linear-nonlinear boundary value problem.
The solution is valid for an arbitrary doping profile and specifically

epitaxial profiles were studied extensively. An expression was derived
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for the low frequency differential capacitance which requires only
the storage of the interface potential. A comparison of experimental
results and computer simulation showed good correlation. This is
limited in that Boltzmann's statistics are assumed. This assumption
excluded exact solusions for degenerate semiconductors. Since, in
this work n/n+ structures are always considered, the solution presented
here could be considered approximate by purists. Further work should
be done to take into account Fermi statistics simply. It should also
be done since in accumulation and inversion majority and minority car-
rier densities, respectively, obey full Fermi statistics. For the
purpose of modeling the MIS structure at microwave frequencies,
Boltzmann's statistics were quite adequate,

In Chapter 3 a small signal model suitable for digital computa-
tion is described. This model involves the small signal electrostatic
potential (Vl) and quasi-potentials (an, vpl)' Others[11,13] have
used these variables to solve MIS small signal problems. Their solu-
tion is different from mine in that they first construct a distributed
equivalent circuit from the basic equations. Then, the circuit is
solved by cascading subsections of the network. Gokhale[27] has used

the variables (Vl, 1) to solve for the small signal response of

an, Vp
bipolar transistors. His solution results in a nine-band matrix which
is solved by a spécial Gauss elimination routine. In this work, the
basic equatiéns are manipulated into three coupled linear equations in
three unknowns. It is'shown here that these equations reduce to a

seven-band matrix solution. This system of equations is solved directly

using a Gauss elimination routine. Further investigations are required
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in this solution to improve computed accuracy in the inversion and
accumulation regions. Further work should be done to reduce the amount
of computer memory required. It is felt that some type of iterative
improvement of the solution using a relaxation technique could solve
both problems.

In Chapter 4, 360° digital phase shifter was build at 3.5 GHz.
It was found that if these devices are to become practical diode
circuit losses must be reduced. Also, a major problem area 18 the
presence and response of minority carriers to large signals and to
switching pulses. It was shown that differential phase shift and
switching speed were dependent upon microwave signal amplitude. In
order to solve these problems, the fabrication of silicon devices on
thinner epitaxial layers should be investigated. Layers 0.3 um thick
for 1016<:m-3 densities are suggested. A more forward looking approach
to improvement of MIS performance, it is felt, is in the area of new
materials. Gallium arsenide for a given density or resistivity has
a much larger maximum depletion depth (de) than silicon. An ap-

proximate expression for xdm is

- anb
de ap
where for silicon a = .44 um
B = ,465
GaAs a=1.3 um

B = .477
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One way of eliminating power sensitivity of phase shift and
switching speed is by making the device so that it pushes through
the n+ substrate. Another way of saying that is that maximum deple-

tion depth should be greater than the epitaxial layer thickness (Xl).

de > Xl

This can be achieved easier for GaAs than for Si since the a for GaAs
is larger.

The problem with this solution is that very little is understood
about insulator-GaAs interfaces. The problem then would be how to
put down a high quality insulator on GaAs with a minimum number of

surface states.
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APPENDIX 1

DERIVATION OF FINITE DIFFERENCE APPROXIMATIONS FOR A NONUNIFORM GRID

1 h,
A

Xo Xl Xz

f(Xo) f(xl) f(XZ)

Let us approximate the function f(X) over the interval (xo,xl,xz)
by a second order polynomial.*
¥ - - - -
£(X) ¥ £(X)) + £IX X, J(X-X ) + £[X ,X,,X,](X~X ) (X-X,) (1-1)

where f(xo), f(Xl) and f(Xz) are the values of the function in the

interval of interest. Also, f[xo,xll and f[xo,xll are the first and

second divided differences defined as follows:

£(x)) - £(X))

£IX ,X,] = T, - X, (1-2)
£(X,) - £(X,)
£1X,,X,] = X - X, (1-3)
1
£Ix ,X.] - £[X,,X,]
0’1 1°72
£IX ,X,,X,] = X - %, (1-4)

Equation (I-1) may be rewritten by expanding terms into the form

£ ¥ £(X) + £IX X 1(X-X ) + £IX X ,%,] (- (x +%)) x+x°x1) (1-5)

*S. D. Conte and C. DeBoor, "Elementary Numerical Analysis," Second
Edition, McGraw Hill, 1972, pp. 195.
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Taking the first derivative and second derivative of (I-5)

£'(X) = £[X,X,] + £[X ,X;,X,1(2X = (X +X))) (1-6)
”" v
£' (X) = 2f[xo,x1,x2] (1-7)
At point X-Xl both (I-6) and (I-7) may now be evaluated
£'(X,) = £1X_.X;1 + f[xo,xl,le (X,-X) (1-8)

£ (xl) ] 2f[xo,x1,x (1-9)

51

Now, f'(xl) and f" (Xl) may be expanded in terms of the definitions

of divided differences.

f(:(n; :xf)(XI) ) f(xl)(x-_;(:)c2>

£ x) =2 —21 Y L 2 (1-10)
£ (%)) = ‘(hi*“z) f(x°i;i(x1) - f(xli;:(xz) (1-11)
£ (%)) - EI%E; fffél%;ff;l - fff;l%éffal (1-12)

£(X ) h,+h £(X,)
1] 2 o) 1 2 2
U - '(h > fx) +5— (1-14)

i



11 2 2 2
£5(X,) = f(X) - —— fX,) + 7 (X))
1 (h #h,)h, o " hh, 1 (h #h,)h, 2
fn(xl) iy i - ZZ(:l) * %h (lih Ty (X))
hS (1+h,/h,) 172 172 2’'™M
1 2/™M
or
1 2£(X ) 2£(X)) 2£(X,)
f (xl) == - 3 + =5
h] (+hy/h,) hy hy/hy  h] hy/hy (L+hy/h))
2 2
If we let H2 = h1 = (XH2)" and hZ/hl = RS = XH3/XH2
X, — M, X, — K, X, — Pl, and f —> Y
then

2£(M) 2£(K) + 2f(P1)

”n - -
') = G3Q+Rs)y " HZRs T H2RS(1+RS)

Similarly, starting with equation (I-8) and expanding the

divided differences

£(x)-£(X,) ) £(X,)-£(X,)
1 £(x )-£(X,) X -X, X,-X,

£ (Xl) = + (xl-x )

Xo-Xl Xo - X2

f(xo)-f(xl) ) f(xl)-f(xz)

) - £(X -£(X,) s -h, -h,
1 -h, =(h,+h,)
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(1-15)

(1-16)

(I-17)

(1-18)

(1-19)

(1-20)



£(X))-£(X)) £(Xy)-£(X,) 160

£(X,)-£(X ) h - h
1 1 o 1 2
£ (X)) = b + ) hy (1-21)
(XD-£(X)  £XD-£(X)
£(X,)-£(X ) h - h
1 1 o 2 1
£ (X)) = ——Tl—— + W, hy (1-22)
£(X)-f(X )  h {f(X,)-£(X.) £(X,)-£(X )
fl(xl) - lh < 4 ) (1?; +h )1 - (h ) (1-23)
1 210 h,
£(X,) £(X) £(x,) £(X.) £(X.,) f(x )
A e T R =l il C D)
1 1 21 +h.) 24y L2 12
B"l'( 1772 h 12

1 1 1 1
f (Xl) -<%I;E; - HI' f(X ) - b+, f(xl) (1-25)
—(h +h,)

£(X,)
LX)
R,
(h h,)
A, ("1*"2
But note that
I U W i . and
hth, ~ h; (h1+l12)h (h #h, ),
h, h,?
Z(h +h,)-h -h 2 _4
1 1 U 2 _n 1
h T ho+h B b, (ho+h,)
R e hy G (hythy) 2oL
1 1

and, therefore, (I-25) may be simplified to (I-26).
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ol £(X,)

1
h (h f(x ) + hz (1-26)
EI (h1+! )

£(X,) () h,/h
2 £(x,) 271
1 +

(h2>< 22 ) ~ by T+, /h)) EXg) (1-27)
hof == V(14 2 2
by hl) h1 Ry

Let, as before, H2 = hi = (XB2)2

-hz

Taon (&) +
(h1+h2)h

' (X)) =
1 2)

Rs-h_zn_m—g.
h1 XH2

X —m M
o
X, — K

X, — P1

Then

£(e1)__, _(8s)°-1

XHZRS (1+RS) T XHZRs(i+Rs) X

£'(K) = f(M) (1-28)

- B
(1+Rs) xH2

When h1 = hz

known uniform grid formula.

= h, the nonuniform grid formula corresponds to the well-

f(Xz) £(X)

% - T2h (1-29)

f'(xl) =
f(xz) - f(xo)

T (1-30)
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Note equation (I-28) may be rewritten in the form

£(P1) RS-1 RS

+1m K - Tmeyme

£'() = m3eRs) W

£(M) (I-31)

Therefore, the derivative of electrostatic potential with respect to

distance at point K is

av]l _ vy | (Rs-1) ___®S
dx] x3Rs) T s VR T Gesymz '
K
av
EO(K) = - x - EOK

and the electric field is

___&S _ (Rs-1) (L
EOK = rogsyxz ' xi3 ' X) - 3H3I(14RS)
If XBS = 14RS
XRT = RS-1

then

RS XRT v(rl
EK = mmsyamz) '™ -3 VR - 33) s)
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APPENDIX II

DIRECT INVERSION BY GAUSS ELIMINATION - A 7-BAND DIAGONAL MATRIX
We wish to solve the linear system of equations of the form:
A'X =h
n

where A is a 7-band matrix of the form:

-dl e f1 & —_
:E;‘: d, e, f,|sg O
l"s: E3ilds 3] f3 ] 8
ifg_: 4! A EARY RN
° B ! bolles) a5 Jes | &5 &
0o 0 E:-i'bﬁi s dg | fo %
X X X X X X X X
8h-3 bn-3 ®n-3
— 8h-2 bn--2
O

Figure II.1 Seven-band matrix.
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The first step in a Gauss elimination routine 1is to convert the
existing matrix into an upper triangularized matrix. This corresponds
to eliminating the elements dotted in Figure II.1. It should be noted
that because of the band nature of the matrix below the main diagonal
three eliminations in each column are necessary except the last three
columns which correspond to elements below dn—2 (two eliminations),
dn-l (one elimination), and dn (no elimination).

The set of equations of interest may be written as:

d1X1+e1X2+f1X3+31X4 = hl (11-1)
c X, Xote Kot X, 48, X, = h, (11-2)
b3X1+c3X2+dax3+e3X4+f3X5+g3X6 - h3 (11-3)
a,X #b X te, Xotd X e X+ X g X, = h, (1I-4)
0 agX,+boXitcoX +d X te X +E X +g.Xg = hg (11-5)
an-ZianG"'bn-3}{11-.':3"":n-Zixn-lo';'dn-3xn-3"";u--3":1-2"""11—3xn-1+8n--3xn - t.111-3
an-ZXu-S'H’n—an-lo-"cn-2xt1-3"’dn-2xu-2+en-an-l"'fn-zxn = b2 *
8n-1%n-4"n-1%0-3%n-1%0-2"0-1%0-1"®0-1%0 * Pn-2 )
axX . +bX , +cX , X =h (II-n)
Let .
R1 - 22 -2 mag
1 1 1
Multiplying Eq. (II-1) by R1
cle + Rl"elx2 + Rl*f1X3 + R1*31X4 = Rl*h1 (11-2')
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Subtracting Eq. (II-2') from (II-2), an equation (II-2") results, and the

coefficients of (II-2") may be considered to replace the coefficients of

(11-2).
(d,-R1%e )X, + (e,-RI*f.)X3 + (£,-R,*g.)X4 + g.X. = h -R1*h (11-2")
2-Rl%e )X, 2"RI*,) 2 7R *8; 2%5 = hy 1
d) ) £, 2

Multiplying Eq. (II-1) by R2 we get (II-3').

* * -2t
b X, + R2 elx2 + R2 flx (11-3")

* =
3% + R2 31X4 R2*h

3 1

Subtracting Eq. (II-3') from (II-3), Eq. (II-3") results.

-R2% -R2% - - ~R2% -3"
(c3 R2 e])x2 + (d3 R2 f])x3 + (e,-R2*g )X4 + f3X5+gcx6 (h,-R2%h.) (II-3")
c d e h
3 3 3 3
Similarly, multiplying Eq. (II-1) by R3 we get Eq. (II-4').

- *) <h?
aaxl + R3*e1x2 + R3*f1X3 + R3*81X4 R3 h1 (11-4')

Subtracting Eq. (II-4') from (I1-4), Eq. (II-4") results.

(b,-R3*e_ )X, + (c,-RI*€.)X, + (d,-RI*g )X
4 DX + (g4 X3 + (4,-R3*g,)X,
b, 4 a
= - 4"
+ e XH X obg Xo = (h,-RI*h,) (1I-4")
"
4

That completes the first column of eliminations.
For Eq. (II-1) the above procedure may be generalized to

1f di =0

c
Rl = i+l



Then calculate

1#+1 ~ Y44 1
€41 " ©g41 ~ R,
fi41 = f14q - Ri*8y
Bi41 = Byyq ~ RI*hy
Then calculate
142 = Cy4p = R2%ey
dygp = d4p — R,
€142 = 142 T R2%8y
hia = Byyp ~ B2y
Then calculate
bie3 = Piyy ~ R3%e
€143 T C143 T By
dis3 = dy43 ~ R3%gy
hj43 = Byy3 - BRIy

At this point it should be noted that when eliminating the first

column (cz, b3, 84) then a 3x3 block is changed or affected.

d, e

2 f

2
¢3 43 5
b4 ¢4 44
This procedure may be continued until isn-3, which corresponds to the
last 3x3 block available.
After the i=»n-3 elimination procedure, the following situation

should exist:
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The algorithm

Then let

0 d 3 €3 f,3 83
0 0 dn-2 €n-2 fn-2
0 0 cn-l dn-l en-l
0 0 b c d

continues by letting

i =n-2

d =4d

- ®
141 = G147 ~ Rl%ey

- *!
i+l i+1 Rl hi
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After the above procedure the original matrix is converted to one which

has all zero's below the main diagonal.

r - o - -
4 & £ 8 X [,
0 d2 e, f2 g, xz h2
0 0 d3 e3 f3 33 X3 h3
0 0 0 d4 e, f4 g, X4 h6

dn-3 ®n-3 fn-3 g,-3 xn-3 - hn-J
0 dn-2 ®n-2 fn-2 xn--2 hn-2
0 0 n-1 en-l xn--1 hn-l
0 0 0 dn Xn hn
- ol b J b -
Back substituting
hn
i
n
X - hn-l-en-lxn
n-1 d

I e
n-2 d
n-2

Then for
i=3, n-1
let

K= n-1i
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R Y i e I e Y
& %

for instance, for i = n-1, k=1 and

- - * -
I Tl b Tl M e W
1 a




10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

25

7-DIAGONAL BAND MATRIX ALGORITHM SUMMARY

D0 16 I=1,

IF D,(I) = 0  continue
R, = C,(1+1) /D, (D)

R, = B, (I+2) /D, (1)

Ry = A1(1+3)/D1(I)

D, (I+1) = D, (I+1) - R *E, (D)
E(I+1) = E(I+1) = R *F(D)
F(I+l1) = F(I+l) -~ Rl*G(I)
H(I+1) = H(I+l) - R *H(I)
C(I+2) = C(I+2) - R,*E(I)
D(I+2) = D(I+2) - R,*F(I)
E(I+2) = E(I+2) - Ry*G(I)
H(I+2) = H(I+2) -~ RZ*H(I)
B(I+3) = B(I+3) - Ry*E(I)
C(I+3) = C(I+3) = Ry*F(I)
D(I+3) = D(I+3) - R3*G(I)
H(I+3) = H(I+3) -~ R3*H(I)
I = N-2

R, = C(I+1)/D(I)

R, = B(I+2)/D(I)

D(I+1) = D(I+1) - R *E(I)
E(I+1) = E(I+1) - R *F(D)
H(I+1) = H(I#1) - R *H(D)
C(I+2) = C(I+2) - R,*E(I)
D(I+2) = D(I+2) - R,*F(I)
H(I+2) = H(I+2) - Ry*H(I)

N-3
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27
28

29
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I=N-1
R, ~ C(I+1)/D(D)
D(I+1) = D(I+1) - R *E(T)

H(I+1l) = H(I+1) - Rl*H(I)

Now we solve for X(N) by back substitution

29

30

31

32

33

34

RETURN

END

X(N) = H(N)/D(N)

X(¥-1) = (H(N-1)-E(N-1)*H(N)) /D(N-l)

X(8-2) = (BON-2)-F(N-2) "R (N) -E(N-2) 4K (N-1)) /D(N-2)
D0 — I =3, N-1

K = N-I

H(K) ~G(K) *X (K+3) =F (K) *X (K+2) -E (K) *X (K+1)

X(K) = DE)
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APPENDIX III

HIGH FREQUENCY SIMPLIFICATION FOR ONE TYPE CARRIER[11]

The valid linearized equations assuming no surface states and no

doped deep level impurities are:

qP . .
-y [
Vv Jp + T, (vp - vi) =0 (II1-1)
_ qNo . .
VeI o+ VT—- (vtl - vi) =0 (1I1I-2)
J = -quP WV III-
p qup o"'p (111-3)
J, = - au N W (I11-4)
2 qPo qNo
eV, =y (vi-vp) +5 (vi—vn) (1I11-5)
T T
Jp = Jp +J - esvvi (1I1-6)

The above authors have also shown that for high frequencies
minority carriers need not be considered and, therefore, for an n-
type semiconductor

Vv, =V (I11-7)
=0 (I11-8)

Using Eq. (III-7) and (III-8) in (I1I-1 through III-6) and
assuming sinusoidal steady state d/dt + jw
qN

o o L ] [ ]
v Jn + jw V;- (Vn-Vi) 0 (II;-?)
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Jn = - qunNOVVh (1I1I-10)

€7 2 —(v1 V) (11I-11)

Substituting Eq. (I1I-10) into (III-9)

qN
-qu v (N w ) + jw (V -V ) (111-12)
T
No
VN V) + Ju s (V-V)) = 0 (111-13)
nT
It may be shown that
N, =n, exp VO/VT (I11-14)
2
v (NOVVn) = NOV Vn + VNO an (I1I-15)
vo 1
VNo = n, exp V—(-V—) Wo (111I-16)
T\'T
o o
VNo .v;__. (111-17)

Substituting Eq. (III-17 and 15) into (I1II-13)

N V2V %o w % (V-v) = (I11-18)
v + . + —— V -
n VT n VTun
) W
vV +52 W+ (VY ) = 0 (11I-19)
VT VT n

Equations (II1-11) and (III-19) may be written in one dimension.

d2Vi qNo
— - —=— (V,-V ) = 0 (I11-20)
dx2 (»:sV,r i n
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dzvrl L v av
+ = e —— 4+ (v v)-o (I11-21)
w2 Vp & & V'r“n

The boundary conditions are:

at X = xo (Insulator~Semiconductor Interface)

Ds - DI =0 (111-22)
Jn =0 (111-23)

But dv
D=¢cE= - €3X (I11-24)

. . substituting Eq. (III-24) into (III-22)

dV
) ( =0 (I11-25)
I
dv
€ I ] ( ) (III-26)

Also using the definition of hole r.f. current [Eq. (III-10)]} in

(111-23)

V =0 (111-27)

At the ohmic contact:

Vi = Vn =0 (I11-28)

Equations (I1I-20, 21, 26, 27, 28) may be solved by replacing
derivatives by finite difference approximations. Starting at the inter-

face between the insulator and semiconductor Eq. (III-26) is reduced to
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XH2

4 :

0 X N1l+l=P

an algebraic equationm.

dv V,(P) ~ V,(N1)
i i i
dx‘]s - =7 (111-29)
dvi vi(Nl) - V1L
e - —— (111-30)
o]
v, (P) - vV (N1) v, (N1) - yig
€g ) - € xo =0 (111-31)

or

DKS xo v 0 2
DKI XHZ Vi(P) - Vi(Nl) - i(Nl) - Vi, )= (111-32)

% s Xo
{1 * Bl?f 7 0 V4D + 7 mm VP = - v (111-33)

Multiplying by (-1)

X X
XS DKS )
1+ KT xaz}v (N - 5T XHZ vV, (P) = V1L (111-34)
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Expanding Eq. (III-27)

Vn(P) - Vn(Nl) =0 (111-35)

or
Vn(Nl) - Vn(P) =0 (111-36)

Next, since point P is the first point within the semiconductor,

Eq. (I1I-20) and (I1I-21) are the valid expressions to expand.

——-XH2 >t XH2 ——»>
N1 P P+l
Vi(Nl)-ZVi(P)+V1(P+1) qNo(P) qNo(P)
5 -V Vi(P) +—v Vn(P) =0 (111-37)
(xH2) s T s T
Multiplying through by HZ-(XHZ)2
H2 qH2N _(P)
Vi(Nl)-Zvi(P)+Vi(P+1) - %;v; NO(P)VI(P) +'—E:v;——— Vn(P) =0 (III-38)

Collecting terms

) qH2 qH2
v, (N1) {2 eV no(p)} v (P) + Vs N_(P)V_(P)

+ Vi(P+1) =0 (111-39)
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Similarly, expanding Eq. (III-21)

V_(N1)-2V_(P)4+V_(P+1) +(%_ dv > n(P+1)-vn(N1):>+ 1y
H2 VT dx 2XH2 vTun i
[}
- gV () =0 (I11-40)

Tn

Multiplying through by H2
KH2 av
Vn(Nl)-ZVn(P)+Vn(P+1) + V. ) V (P+1)-V (N1) +j uH2_ V (P)

wH2
-3 Von Vn(P) =0 (II11-41)

Tn

Collecting terms

av_
XH2 wH2 wH2
1 - V_(N1) + 4 v, () - (2 +392\y (p)
ZVT dX VTun i ( VTun) n
av
XHZ
+ {1 + 5 2V dx V (P+l) = 0 (I1I-42)

At Point K we have a nonuniform grid and therefore

XH2 XH3

M K Pl

nonuniform grid formulas must be used (Appendix I).



(dy] _ __Y(P1)  (Rs-1) RS
dg]K xaams) T o3 YK - Tmeymz Y™

e

a%y] | 2ven  _2v) , _ 2¥(m1
2| T R2QS) T @RSt )RS (1485
K
where
o5 o X3
XH2
H2 = (uH2)

Substituting the expression (III-44) into (I1I-20)

2v, (M) 2V, (K) 2v,(P) H2N (K
T T 1 _ W ® o ®
(14+RS) RS RS(1+RS) egVe i

qNo(K)HZ
+ ——=—— V (K) =0
e V n
s T

Multiplying by H2 and collecting terms

2 2 qHZNo(K) qH2N°(K)
(1+RS) vi(n) - i'g'" EBVT vi(K) + . v' ~ Vn(K)

s T

+ 537%1557 V,(P1) = 0
Substituting Eq. (III-43) and (I1I-44) into (III-21)

ZVn(M) 2Vn(K) 2vn(91)

(1+RS) (RS) * RS(1+RS)

avl. [V (P1)
xm2 Yo a RS-1 RS
v, dx]K waws) t R a® - (1+as)vn(“)>
wH2V, (K) wH2V_(K)

———-——_j__—___
vfun vf"n

+

+3 =0
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(I11-43)

(I11-44)

(I11-45)

(I11-46)

(111-47)

(I11-48)

(111-49)
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Collecting terms

av
2 XH2 o RS wh2
{(1+ns) V., & ]x 1+RS} Va + 3 Voho Vi

dav
2 XH2 ?] RS-1 wH2
- —_— 4 + vV_(K)
<és VT dx k RS VTN;}' n

dv
2 XH2 0 1
* @suﬂm TV, X ]K Rs(1+Rs)} Vo(p1) = 0 (111-50)

After point K, P1 + L1, M1 replace XH2 by XH3 and the form of

the coefficients should be the same.



LOAD THE Al DIAGONAL

J=3

DO 22 I =P,M
Al1(J) = (0., 0.)
A1(J+1) = (0.,0.)
J = J+2

2 2 CONTINUE
A1(J) = (0., 0.)
A1(J+1) = (0., 0.)
J = J+2

D0 23 I + P1,Ml
Al(J) = (0., 0.)
A1(J+1) = (0., 0.)
J = J+2

23 CONTINUE
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LOAD THE Bl DIAGONAL

J=3
DO 24 I =P,M

B1(J) = (1., 0.)

| av V (I+l) - V (I-1)
XH2 o o )
Bl“‘””'ﬁ;[a‘r]l' 1'( W )

~ T e

T

RV
J = J42
24 CONTINUE
B1(J) = —=— = (2./XRS, 0)

1+RS . ’
BL(I4L) = o - 22 To| ms_ | (2, M2y &S 0'
1+RS A dX |, 14RS 14+RS vT 14RS * °°

J = J4+2

DO 26 I + P1, Ml

B1(J) = (1., 0.)

av V (I+1)-vV_(I-1)
XH3 o 0 0
B1(J+1) = 1. -W; [-d—x-—]I = ] -( W )

(% T >
~—
RV
J = J+2
26 CONTINUE
dvo] i v°(1+1)-v°(1-1)
ax ], 24X
where

XH2
AX *{)m } , depending upon if we are in region 2 or 3.
3



LOAD THE C1 DIAGONAL

C1(2) = 0
J=3
DO 27 I =P,M
Cl(J) = 1.
wH2 -8
CLOML) = +] §— X 107 = +)XN2
T n
J = J42
27 CONTINUE
cl(J) = 0
Cl(J+1) = j = + JXN2
T n
J = J+2
D) 28 I = P1,M1
Cl(J) =0
C1(J+1) = j = + §XN3
T n
J = J+2
28 CONTINUE
XN2 = -“‘,ﬁ- x 1078
Tun
XH3 | -
RS = &5 5 H2 = (xH2) (XH2)
XN3 = RS * RS * XN2
Units
wH2 (1/sec) (micron) micro
Vou - (10 )
T'n  (volt) (cm /volt- sec) 10 m

= 10
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LOAD THE D1 DIAGONAL

X
DKS
D1(2) = 1.
J =13

DO 29 I =P,M

v (I)
D1(J) = -{:2 +3——N (I)} {2 + 5 c8 exp }
D1(J+1)= —{2 + 3 3“2 = - é + 3 xnz}

J = J+2

29 CONTINUE

,  QH2Nj (R)} v (®
D1(J) = - {—- { + —- cs exp }
T

D1(J+1)= -{2— + M2 pog RS-1 ) wH2

RS VT RS VT My

J = J+2 XN2

DO 31 I = P1,M1

Vv (1)
D1(J)= -{2 + 3—-—- N (1)} { + RS*RS*-fcs exp g }

T
D1(J+1)= —{ 2, + jXN3}

J = J+2

31 CONTINUE
vO
No = N 1exp VT-

av
0]
EOK = - —
X |y
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LOAD THE E1 DIAGONAL

El1(1) = O
E1(2) = 0
J=3

D) 32 1=P,M

v (1)
E1(J) = qH2_ N (I) = 1 cs exp
e V o 2 V.
s T T
E1(J+1l) = 0O
J = J42
32 CONTINUE
VvV (K)
E1(J) = qu2_ N (K) -1 cs exp 2
eV, o 2 '/
s T T
E1(J+l) = O
J = J+2

DO 33 I = P1,L1

v (1)
E1(3) =3 § (1) = RS * RS * L * cs * exp
eV o 2 Vv
s T T
EL(J+1) = 0
J = J42
33 CONTINUE
v (M1)
= g‘.‘—?—— - ® * l * o
EL() = 35— N (M1) = RS # RS * 3 * cs exp 5

s T T
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LOAD THE F1 COEFFICIENT

X
DKS (]

F1(1) = - g1 ¥m2

FL(2) =-1

J=3

DO 34 I =P,M

F1(J) = 1
dav

XH2 o
F1(J+1) = 1. +2—v; [a—x—-:L = ] + RV
34 CONTINUE

RS (1+RS)
L) = o X2 v, 1
RS (1+RS) VT dx RS(1+4RS)

J = J+2

DO 36 I = Pl1,L1

F1(J) = 1
dv
XH3 0
F1(J41) = 1. + 2V [Ei%] = ] 4+ RV
T
I
36 CONTINUE

VO(I+1) - VO(I-l)

4VT

RF =

185



LOAD THE G1 DIAGONAL

G1(1) = 0
Gl1(2) = 0
J=3

DO 37 I =P,M
G1(J) = 0
G1(J+1) = 0

J = J+2

37 CONTINUE
G1(J) =0
GL(J+1) = 0

J = J+1

DO 38 I = P1,Ll
Gl(J) = 0
Gl(J+1) = 0

J = J42

38 CONTINUE
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FORTRAN 1V

2021
0032
iR
nn G
VIS
3016
0017
p DR
00)9

2012
2011
2012
0013
0014
2015
DY
2017
NJI1A
0019
no/2n
0021

LIVP
noz2s
M24
IN2H
0926
3027
ov2P
0029
2030
23131
0o 2
033
N0 36
3335
90136
09137
9048
00139

2040
0%
042
3043

G

LEVEL

fe Bl B N R L B I S |
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APPENDIX 1V

MIS TWO-CARRIER PROGRAM

21 MAIN DATE = 74277 15731764

COMPLEX ALELI500),K1L15)I01,0101507),01(1590)

COYOLEX FLETADNFLE1SYI),5001500) ,v1 (150D} 4H1(1%3))
COMPLEX R]1422,23,24,R5,XIMPEN,VIX](26) LMPLX,VILN
DIMENSTON A(SAI),H(602D,C(599),01500)
DIMENSTDN VIS X 15001, L0501 DELTALSED) 4 N2VISI0)
DIMENSTIN VX1E2A),VX2(26)4VRIL26) ,VR4i26)

DIMENS TN CAPI20) ,“FSI26) VAI2A) ,EXLL26) 4FX2(26)
TNPERE? P1,P2,03,P4,P5

COMMON ALa41,00eD10E1eb Lol oM14AN,C,W0

DAFA REDQUIRFD Y FORMATC INTFGERS 1S5, ALL OTHERS (10,2
DATA LINE V91482013, Ney NS

DATA LIVE 2 WXL oMl gX29 K3y XbyXR {MICRNONS)

DATA LINE 371PH, M (Cuse2/VALT/SEL) JEGAP(EV) 4DUTIMILS)
DATA LINE GICNE CNSLL/Cveed) ,XX] 4 AX(MICRONS)

DATA LINE SOTIDEGL K3 aDKL 4NDKSHCASSICHUL/ves2)

NATA LINE HIONC,CViL/CMeed)

DATA LINE T0VIN,DV NV

DATA LINE RYFPELGFN2WFP2UMORTILITY RENUCTICN FACTORS)

70
91

ml
n9

703
3o

Mne?

N3
74

917

939

322

SFVERAL CASES ™AY 4F RUM ON ONE JOR AUT &LL !5 NATA LINES
MUST BF LISTFD FOR FACH CASF
CONT INUE
READES, 911 N1oN2,V3,N& NS
FORMAT{SIS)
1F IN1=D) IN1,701,7)3
WRITFLS,909)
FOIMAT(* L")
STan
COMT ENF
WRITF(H, 1)
FOXMAT(EP L' DATA FOR MIS S=RTGINN 2-CAWIER FORTRAN PROGPANG )
WREIFFUNe 1D21HL N2V 3 NGNS
FORMATEN e VLl =0T Ge® N2 =,16,° NY 2',14,¢ & =14,
Y NS at,14)
REAN (549040 (ML 4 XM 4 X424 XM, XMG 4 XMR
WHITFL&A, 104} XML KM] 4 XM2
FOvHaAT (AS10,2)
FORMATE PO, ' XL =9, 010.24% X1 =2 ,€1%.2,*% X2 =%,E1%.2)
W2ITELHsIITIAM Y XV o LMK
FNRVATL *) 003 =0,E81C,2,° X& =%,E]10,2,* XR =',F]2,2}
XO=AMLE] F~h
Xl=XM]*],E-6
A2=XM2&] F-h
Y3i=xM3Is) E~6
X&=XML | F-K
XSxXMRE] F-h
XL=X)
XQ=xS
READIS s IRJIUPM L LINM, FGAP NOT
FNIMAT(4ELDN.2)
WRITE(A, Q82)UPM, UNU,=GAPDOT
FOUMAT(® 30,048 20, £10.,24" WUN =9 ,E1Je2+' FGAP=? ,£10.2,
*DDT =0,510.2)
UNzUNME] E=&
UP=yPMs] E~4
DIA=25,48D01T%] ,F=6
AYFA 23, 141598 1A%8 274



29/1v /41

881

AR SN

Ge-*Tei1 021120

Y3 Tal(ienbad ) /dvuI=dRaelARIe I D)LL0OG]ND
NETUIUAF YRRV

S84 L=550

tc*Cl3d ) ivnrnig

AN URLITu6 SOV e
G=9¢9° Bz XN

(el ) ivnmng

SSGAYS A IR gL 60ChUVaY
XZo{XU/7CIxX=¢1x)Innhvianr=(])33
A Ix=l 901 U
CC/UINGASEGIENY

2/t ALG =S GY =Ry

(P80 WAL LRl +

(ax el at s SAT a2t ldtes N te a b IVACUY
Kb TAUXSOSAL  aA L9t *Y) Ll am
Yt TaShosSNG

P2V 2ah D= 4N
G=4°leXailzxy
9=5*lslanx=lax

12° 139 Mivaang

Xag® IrwX*SHDPSNL(GULS) Ovida
GHXs(oN=F)eon=1])X
O¥iea=z] 401 i
SHXslt -l )et xz{|)n

"atedz] 9Ll Lo
EHxwlen=]delxe( )y

tutte=l bl LG
CHawlin=l)elxsl])x

2atca=l ol U
Threl o lY=(])x

Ix*Ta=1 Tl Ou
te{IM=tnlet =01

1=GnhTGhWh

[ BN T

B TN

T-2%uz9n

1=t W=t

l=¢nsdm

1-1u=1w

Terxnzo4y

Ley n=9a

Vel a=g¢

lel =2y

1214

Glemb ettt ol ¢IN=G0

LIRS R YA RN TER 3
tNelhelNzEN

CNeIN=2 N

In=Tn

GrenLegE N o1t ah
CRVAR 2 EF BEINZS )
VAIF L2 SEL T}
VAT IS S ETRTIY
ICTARS IS S ETA Y

/(0 x=tx)=1Ha

LicaL = z4NG Nlva 12

the

b

RELEN

‘
)

wt 0C
1¢00
9¢00
6t GO
%00
t¢00
£t 00
1600
0t 00
6600
4800
tv0C
9400

“H00
%800
$ 400
2400
1600
0800
6400
4200
1100
920C
%100
%100
€200
2L 00
1100
0100
690C
H900
1900
9900
%900
%00
£900
2900
1500
VY00
64500
86 0L
L9100
9900
4400
"4 0C
LSOV
2560
1400
0500
6%00
RY00
1400
9%00
$%00
290C

Al hyrin0d



oytacz] €22 U 1914

COELx=Ex ) Z74Ex=L1IXD Yot tal)ZxA-(dlIEXA) et alI2IA={1)A 2¢ee LE10
tattas] ¢¢Z WU 9t 10
COOTX=CX)7CIR-(TIX D boC al B INA-(Ql I2AAT I+t i lXASLLIA 1ee st 10
(rtea=l 1¢2 LU L 10
CHECX=DX)ZEx=CLIRI IS VA=Lal JEXA LIS TIALLDA vee te10
I»*la=l L2 G 2t 10
(ol YTXA=TXAA 1¢1C
nA=L 1% XA 0t 10
A=(l )t XA 6210
A= {1 )ICXA 4210
LLEXREAS Y 1210
SAvhYaL IV JU OGN 2
rh=tol V19XA 2
tAzlol )L XA J
AMGZCZS AL/ 200l et al VIYASLALIEXA J
a3/t antuelcl IA=(dl F T XA ¥l
GG tatsel=D ol anti=dat ,X-dcCat I M0/ =C0 ]
(oo (XY /ANUZU/SAa/ Ll b eAe 2 ealuZ ) el -1=2000 J
NOTAVZEWISE D <avhadlIv o0
A=Az (Gl INA /10
J
TIPS YA NN IN] e
0
(l-al)aAtiecAeN|A=TA Y41
At L=l 102t %21C
J
IVIINIEfIG 4 LUV INDTIV) l
J
t2*C12%42 ¢ay LPAL S BT W] 'F B PAR ) S VR N TR TINS N L [T F] LaNs £210
Zad NIt Ganatnlety)ailum 2210
(KA IR IE P LISE] fle 110
¢ad*chiithardttle*y)uvan ceto
(2.4 L3 0 X9 1
fldlt ez AN 0Lt LT e AL WLl eE NTAL L MUVl 44 110
CUSANCSAUCMIALCLIE Y ) 2l ym CARES]
161%¢° T4 vmelia tie 2110
ANCAGENIALTTO S )0V AN yl1lo
EX-IX)/tv2rVvaloa)=00 4110
$d3/7=39 2110
O6l-3(9* =0 ¢110
LSS TER YT 2o
Lasslnuzlal 1ic
¢l=SYc®gstidn vitlo
CC CT3%es SXL ol 4% IxG 1
LPAIR ELEE INIASTRS FAFARVE I R tetevadlivnrng G106 6010
SHGEIALASST L *1t6lmnty )il oM TR Y
QHRAYHRESH L0 10
PHROYHX Y 9010
YHRAREANZEH sC10
CHX$CHXZCH LA "]
Trinalua=1edn t 1o
(2*nlaty= N3 AN ELE -7 R AN U I A Lhe 'y o dlvwnlid gr. ¢ ¢C10
TRIDZ AR LAt r 2629 ) L] nM <10
(LLe0AsLAY EBDSeOAIL LAV I AaL* T2 nA (¢ ¥ ¥
It37%¢/ U a)0s =1A 6t 00
w2/le/sl Leenr = J1v0 Nivia ¢ A3Y O Al NVYI¥04

68T




190

FORTRAN IV G LEVEL 21 MAIN NATE = 74277 15731764
0139 223 VETIavX3UIP e ({VRGUIP)I-VXILIPIISIIX(TII-NI)/(XG=-X3)})
D140 . DU 224 [=P5,k5
0141 2264 VDI sYXGUIP) e {VR=VXG(IP)IS({X{])-X4)/(X5=X4}))

0142 D0 2039 121,45 .
0143 2033 DELTA([}=).
[ ITERATION
0144 =1
— 0145 204 Q2VIL1)=(VL=-28V{1)eV(2))/H2]
0146 no 299 1=2,M1
0147 205 NVEL)=(VII=1)=2,8Vi1)evIlel))/H21
0148 N2VIKII=({VIP2)=VIKL))/XH2 =(VIKL)=VIMI))/7XHT) /CIXH1eXH2)/72)
0149 N0 276 12P2,M2
0150 296 P2VITI={VIL=1)=2,¢v(1)eViIe1)}/H?
9151 . D2VIK2)=((VIPI)-VIK2))I/XHI ~(V(K2)~V(M2))/XH2) /((XH2¢XH3}/2)
0152 DO 207 1=P3,M3
0153 297 D2VIEI=IVII=1)=-2.#v(1)eVIIel))/H)
0154 D2VIK )= ((VIP&)-VIKI) ) /XH& ~{VIK3I=-VIMI}I/XH3 I/ (IXHIEXHG)/2)
0155 00 208 [=P4, M4
0156 208 D2V I =(VII=1)=-2.8V(I)eViIe])) /HG
—..9151 . . D2VIK& )= LV(PS)-VIK&) I/XH5 =(VIKG)=V(P&L))/XHEG )/ {IXHG+XH5)/2)
o158 NO 209 [=P5,M5
0159 219 D2V 1) = V{I-1)=-2,8V(I)eV(]¢]1))/HS
0160 D2VIKS)=C
c
c CALCULATE ELEMENTS NF TRINTAGONAL MATRIX
I ; [+
4
0161 PO 210 I=1,M1
0162 Atl)=1,
0163 LYRRELY N
0164 cll)=1,
0365 _ ___ _ . Dil)==H21%D2V(I}
0166 210 CONT INUE
Qler EX1={DKS/DKTI*{XHL1/XH2}
0168 FX1=QSSeXMHL/EP]
... 0169 AlKL)=],
o170 B(K1)==(1eEK1)
N ) ¥ 5 CIK1)=EK]
” 0172 DIKLI==(FILeSKISVIP2)+VIMLIIIe(L4EXL)SVIK])
. 0113 GG=2 SCNISQE/VT
o174 741 FORMAT(*N® PV, 14," )3 E10,244X,"'X{1)2?,Flb,h)
Q115 N0 211 1=P2,M2
0176 2511 VITsviIy/vY
) ¥ A A IF(ABSIVITI=179,0251,252,252
o178 252  WRITE(6,941)1,VIT,X(])
| 0119 VI =VETI=0, I*DFLTA(T)
0180 GO TO 2511
0182 All)=],
0183 . ALI)=={2,¢H2EGGACUSHIVIT))
0184 ARSI
___o18% DULI)==H2e(N2VIII4CSCCUI)/FPS=2,¢CNISCESSINH(VIT))
0186 211 CONT INUE
___ o187 EX2=XH2/XH3
0188 FK2={XH2/2, )8 ( XH24XH3)

| _ . 9181 251  CONTINUE
— M09 2512 _ . VIT=V(K2)/VT
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FORTRAN 17 ‘5 LEVEL 21 VAN VATF = 76277 15731744
0195 [FLARSIVITI-1T,)2%3,2%4,256

711 254 WRITFLA 361 L VIT, Xt

0142 VI 2)=VI¥ D)= 18 L TA(XD)

N1 [STIR 13 LY

014 253 COIT I8

011 Atv231=1,

014 REC2) == 14K O2¢FU 28 (20 )R N[ ) /(+-PSeVT) ) #COSHIVINZIIVT Y
o137 i 2)=v 2

0193k MK V== b K2 L 2VIKDV @O AK2V/TOS=) #CNT#DSTNHIVITIZEPS )
0113 A 212 1=p 3,0

0237 2513 VITzvi)/ve

0211 LEFTARSEVITI=1 7 1,0255,25h425A

0232 256 WIIT (A I L oVITexi T

n273 VO =v(DI=D wrLtad

0256 GNT0 2511

9235 255 CAaTINUE

9206 Atlr=1.

0217 AN I=-(2,4432G,6COSHIVITY)

0218 ctihi=1.

02)9 NEEY==H3IR (VL) 4,800 (1) /EPS=-2. #CNISCESSINAIVITY

n21c 212 CONTINYS

o211 FK §=¥H3/ VMG

0212 FRAX(XHI/2, )08 YHISXHG)

0213 2514 VIT=vIK3I/VT

0214 TFLARSIVITI=1T7),)257,258,25P

0215 258 WUETELA, 361 T VT, XU

0216 VIR A 2VIK )=, [#DFLTA(KY)

o217 L0 TH 2514

N218 257 ConT INUyFT

0219 Al 3)=1.

N2» LKA ==t 16V KASFK 30 (2% )0 NI Z7LEPSOVEI)6COSHIVIKII/VIYY
2221 CIK3)=FK §

0222 MK AV=-FC 30 (N2VIK S) a0 IKI)/FPS=D , 4C Nl *NsSTMILVITIZ/EPS)
9223 ML 210 fxPae,Mg

02724 2519 VIT=vili/svT

02,5 TFECABSIVITI=NT 1 3209,207%,260

0226 2h) WRITECH, Y1V VT, Xt ]}

9227 VEEY=v L= 1e0FLTA L)

0228 GO TN P41%

0229 253 CONT NG~

0230 All)=1,

223 UL )zml 2 ¢ HLe N GsCOSHIVITHY

0232 =1,

n233 NEV==1ae (DIVITI 4.0 U /EPS=2 o INTSCESSTINILYIT))

3234 213 Cor e

02135 35 YA LM

02136 FKLz{XHG/2 )2 [ XHLsXHS)

0237 2516 ViT=VIKa)/vVT

023A IFCARSIVIT =11 0326142424262

0239 262 WRITELA, 611, VIT,x(1)

0240 VIK&)sV(Xa)= 1eNTLTaA(KG)

N241 5N 10 2516

N242 261 CO41 INGY=

2243 A(¥al=1,

J244 RIK&G)==( 14 K asFR Gl (28 )ENNT) /{7 PSEVYT) ) sCNSHIVINLG)/VYT))

0245 fiKG)z"K6
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FORTRAY [V G LLVEL 21 “af DATE = 74277 13731/746
Y24b NIKG) == FROACINIVIKG)4Q&CTIKG ) /EPS=2  SCN[ SIS INHIVITI/ZEPS)
J2nl M 214 [=PHeMS
N24A2 ?5117 viT=viTy/vY
D24 TECARSIVITI=1T0.)2h3,2h6,2h0
0259 264 WRITE(A, 941 )L, VIT, Xt 1)

0251 VL) =vi)= ) 1sneL Aty
N252 an 10 2911
9253 243 CONT INUZ=
0254 Atl)=1.
nzHs RETI==(2,¢H5%,8CHSHIVITY)
0256 rery=1.
Q2h1 NEIIs=h5e(D2VIT e eCCIT)/EDS-2 ,0CNIECFeSINHLIVIT))
0258 216 CONT INUF

C

r INVIRSTION OF TRINDTAGONAL MATRIX

r
0259 CALL DIAGMIIME,DMAX, ITMAX,DFLTAY
0260 TFLARSEN®AX =D, N2]1eVT) 216,216,215
J?261 21% I=1e1
n2n2 TFU(IeFN.15) DR JEQ.a))

1 IR eI FCSANINRITE(H,9001NMAX, I MAX, )

0263 979 FORMAT( V)1, 'DMAX !, 1PELD 2, AT [ =',0PIS,' FNR [TER®',]4)
0264 1F(4-52) 217,217,219
02K5 217 M) 21A [=].M5
0266 PAL.] VII)IaVI])e1.CO®NELTALT)
neet G TN 294
02h¥ 216 CONTINUF
0264 VEI{IPeld)=VIN]}
o210 VX221 IPeY)=v(F2)
021 VXA Pl )zVIK DY)
n21? VX&(IPe]I=vIKSG)
Q21 EXILIP == (V(P2)-VIKLI}/ XD
0214 FY2(IV)Iz=-(VIPII=-VIK2))/XHY

r CALCULATION OF IF PUTENTIALS
921715 NMEGN=2 %3, 14199%F2EN/VT/UN
ners NMEGP =22 ,%3,14159*FREQ/VT/IUP
0211 XN22H2SMFEGN/FN2
0218 XN $=HISPUELN
n219 INGEHLGENMENRN
0240 ANSIHSEHMENN
02R1 XP2=HIS(MEGP/FP2
N2R? XP Az HISMEGP
0?2R3 XPGrHLE(IMENP
0214 XPH2HSENUEND
0245 QS 2=XHI/XH?
0286 AGI=AHG/AH )
n2A7 RS 4L=YHS/AHG
9298 XT22RG2-1.
02139 XT32083-1,
0210 XT4sRS6x |,
021 X$2=RS0+1,
0292 XS I=RSI4 1,
N213 XS4=PS4rl,
N234 EK2=({RS28V(M2 11 /IXS2¢XHP) I-( [ XT28V(K2)}/XHI}~V(PI)/ (XS28XHI)
0295 FK3Ix((QSISVI(MIIDI/ZIXSISAHR} )~ (XTIOVIKI) ) /XHG ) ~VIPL)/ (XSIEXHL )

0296 EXG=((PS4eVIME) )/ IXSLEXHL) V= (XTHEV(KE) I/ XHS )~V (PS)}/ (XSGOXHS)
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FraRrRAY IV & LEVEL 21 valN DATE = 74277 19731744
N7 CN212¢D (& 00NT/VTZEDS
Ny CO3zN3e * e¢LNT/VT/FPS
0271 (Sezhas) & 8 4[/YT/FLS
Ny CSHxh382 ¢ 0l 41 /IYT/EPS
o LOAN THE AT DTAGUNAL
04 =1
032 AR AN LN RIS |
[OEBRY ALTSeL) =70y sa}
23,4 AL 1e2)=t" o)
PERLY IENER
nN3ae 31 1=P2,M2
HERES nlty LSRR IR P |
REPL] QY= (Y41 I=VII=11)/4./VT
N3 ALCJS LI =74P L X1 =MV, 2)
na? ALY e2)=CMPLY (] eV, ba)
2311 1=J+ %
312 31 CuaTINe
C x?
031 ALGS 1=CMPLXL2,/%852,0,)
N3l AY(J#11=CMPLY((2,/XS21o((RS2SFEK2EXH2I/(XS2%VT) 1,40
2315 AL e2)=CMPLX( L2, /XS2)~TIRS2*EK2EXH2)/ IXS2+VT )], o)
N31l6 d=1e3
317 N 372 1=03,4)
NItR ALt 1=(1.443.)
3319 QYY1 )=VIT-1))/6,7VT
niyzn ALGSe1 1Ol C(],=2Vy D)
0321 AL(Se2)=CMILN( ] eV el
nyr? J=le1
LERX] e CONT INISF
X3
1R PL AlGY bOMOLX(2,/%X53,0.)
LEYL ATCJo L )20 XU (P /XSVIO{(RSACEKIOXHI)ZIXNSIsVTI ), 0}
G324 ALEBe2)=0MPL ({2, /7YSAIs(IRSASFRIPXNII/Z(NSI2VTN),00)
327 =1e4
D324 M) 3~ 3 1=zP6,M4
N3 LYY ] 1z0leoe}
LERIM Qvz(viTel)=Vvil=1)1/4,/VT
0341 AJED e 1=CMPLY (] =2V ,)
342 ALEJe2) s MPLXtL, 09V ,0(,)
)443 Jz e
FbERY) 3113 CUNT Inrjc
f Ka
0345 LY RN} P ML X2, /K564, )
LERLY AL )=CMOLXEL2./7XSa)e{{RSGREKGEXHG) /(XSG VT) ),y e
2337 ALEJa2)arMOL XD, /XSG ({RYGEEKGOXHG )/ (XSGEVT)) )0}
J338 J=Jey
0439 N 304 [=P5,%5
LELD] Aty 1=llesrad
)36} OVI(VITs1)=VII-11)26,7VT
9342 AQUJel)=(MPLXIL, =RV, o)
DETR] A0 Je2)=CMRLY (1, 4RV,y o)
J364 J=he}
N145 174 CONTINNF
r LNAN THE A NTASONAL

1344 =1
N34 A= 00 N0
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FORTRAN IV G LEVEL

0451
0652
0653
0454
0455
0456
_...0a51
0458
0459
0460
0661
0462
- 0463

0466
0465
0466
0667
08608
0469
0470
0471
0472
0473
0476
0475

046
0a77
0ar8

Qs

0480
0681
0482
0483
0484
0405
0486
0487

0488
0489
.. 0490
0491
0492
0493
0494
0498

949 _

0497
0498
0499

0300
Q501

326
C x3

327
C ke

378

fal

335
C K2

21 MAIN NATE = 74277

CONTINUE

VIT=vIK3I/VT
DL{J)1aCMPLXL(=2,/R$3)~CSIPCOSHIVIT) 0.)
DL1(Ie1I=CMPLX{{-2,/RS3)~(XTISXHISERI/RSI/VT),-XN3)
D1(Je212CHMPLX((=2,/RSIT*(XTISXHISEKI/RSI/VT) +=XP3)
Jzjel
00 327 [=P4y M4

VIT=viT/vT
DI =CMPLX([-2,-CS4% 0SHIVIT),0,)
Cl1UJel)2CMPLX(=2,,~XN&)
DLIJ#2)=CHMPLX-2,4-XP &k}
J=Je3
CONT INUE

VITaviKe)/VT
DLJI=CMPLN((-2,/RS41-CS4eCOSHVITI v Jo )
DI(J*1I=CMPLX((~2.,/RS4)=(XTLEXHLSEKLG/RSG/VT) 4=XNG )
DI(J¢21=CMPLX{-2.7P54) + (NTAPXHLSEKL/RS/VT) o =XP&)
JaJe)

DO 328 [=P5,M5
VIT=viT)/VT
D1(J)IsCMPLX{-2.-CS5*L0SHIVIT],N.)
CH I+ LISCMPLX(=2,9~XNK)
DI(Je2)=CHPLX(=2,,~%P%)
NENLR)
CUNT INUE
LOAN THE Et NTAGONAL
Jel
€1t 1={0.40,)
EllSeld=12.,0.)
ElLIe2)=210.4D.)
Juje 3
00 335 1=P2,M2
VIiT=viTI/VY

ELLJ)=CHMPLX(D.58CS2¢EAP(VITY, I, )

EllJel)=(0.y0.)
ELLJ42)=(04,7.)
Juje3

CONT INUE

VIT=ViK2)/7VY
E11J)=CMOLXL D, 5¢CS2¢EXPIVIT), ), )
E1(J41)={0.40.)
EL{Ie2)=1D.y0.)
J2)e3
DO 346 [=P3,M)3
VITeVIT/VT
E1(J)=CMPLXLC . S0CSISEXPIVIT)0,)
EL(Je)i=slDey0?
E1(J¢2)2(0440.)
JaJe)d
CONT INVE

VIT=VIKII/VY
EL(JI=CMPLX{),5¢CSI®EXP(VIT),Q,)

15731744

196
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I
2678
539
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2%]46
NS515
0516
21907
as1n
n511
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0S4«
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0546
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0547
155)
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7%%3

v

toLFVEL

137

CK&

334

36h

346
K3

21 vaAlIN DATE = 74277

DRI B LI NP

FI0Ie2012(N09)0)

[EREX]

Y 447 1zPhyMa
yitzvili/ve
ELLI)ZOMPLXL 2 5*LS42EXPIVITE,).)

S1LAel)zINL ")

FLUJe2)2( Ve re)

1=J+3

COMT INUF

VIiTsvixail/svT

ELEIN=CMOLYL ) SeCSLFYPIY[T), ), )
FIEJe1)=10 D)
FLEJe2324Tas V)
EXNER]
CN 34# 1=2p5yMS

Vit=vity/vr

FLLII=CMPLXLED, SECSSOENPIVET) 2, )
CRENER B EN RS P
ELLSe2)1=(Dar )
IENER]
CONTINUE

LOAN THY FL OYLAGIANAL

J=
FUEBI = Gornred
FlUael =00y )4
FLOJe2) 2t N0y U0
FERER]
D' Ay | =P \MD

vitavili/sv?

FLODI=CMPLX 2 00 28 XP(-VIT) 0,
FI8ge)) =100y 00)
FLUJe2020 0.y 00)
FENER]
CUNT INUE

l
{

VIT=viK2)/VY
FIED ) zOMPLX( N SeLS20EXP(-VIT) N}
AR R LY VNI |
FllJe2)=1,,0.}
IERES]
S0 346 (=P 4,M3
VIT=viL/vT
FI1D)=CMDL X, S8CSA*EXDI~-VIT), 0.}
FllJeld=tDagired
FL100421=4N,y )0}
Jzie}
CONT INYE

VIT=vIK ) /VT
FLEDI=CMPLXLT,5%CSI*FXP(=-VIT) 2.}
Flldel)z(Nas0}
Flte2)=t0p0)
FERER)
C') 347 1=P4,Ye

18731764
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FCRFAAN v n LEVEL 2t “A LN Nave = 74277 15731744
AT

LLBT GLE)  1=zCMPLX2, /XS54,

06017 GLEJOII=C2PLC 2, /XSG AS4-XHGEERG /RS /XSG IVT T,

060R CHESA2)2OMBL LD/ XSL/HSLr ILETKG/RS6/XS6/VT ), )

0619 =0}

9610 N0 3584 [=K5,5

ohlt S50 L EN I SN

0612 WVAVETel)I=-vlI=-1Y )74/ VT

LLYK] GLEJe L) =C4P XU otV e )

0614 16021 ="MPLUX (] o=V}

N&1Y [IERER

61n [T Ot L

os117 viL=vt

osls HICL =rvoLxiviLe ).

0617 M55 9=7, 19

0620 555 HIGII=(Ney 00 )

06/t CALL OIAGMPE JO VLN K] oK 24K 3,K4)

0622 VIXLILIPI=VILN

N623 YEREAL(VIYICI2I/ZVIL)

N624 ITEAIMAGIVIXLEIYYI/VILY

0625 ARAR=],-Y

0626 CF22,83, J4lS89sF2IneC

06217 XIMPENsl Tag=1a b/CMPLXIFSR3AR,-CFe 7}

0628 WR1I=REAL(XIMPFY)

0629 CAP({ [P)=1AAR

61319 RESLIP)=2R]

0631 rdad! CUNT T NE

0632 WRITE (A, 335)

0634 35 FOUMATE O LS o VA G LR 0L/ "y TRy 20 g1 LN WL g IN G P EX] O 4 INGEXDY)

00634 M 386 P21,V

061% 3156 WRITFE (A 334 DVELIR ) CAP IR RFSEIP) VXL ITP) oF X1 LT0)HX20TD)
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