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il
Abstract

STABILITY ANALYSIS OF MULTIDIMENSIONAL DIGITAL FILTERS

by

Vadim Potievsky

Adviser: Prof. L. Roytman

This thesis presents two new results concerning the stability of multidimensional digital

filters.

We considered an open problem conceming a class of N-D filters with nonessential
singularities of the second kind, described by the real rational transfer function
G(2,, 2202y )= P(Z,2 22 0s 23 )/ O(Z)3 23 Ty ), in the region U —U™

We applied transformations to reduce the transfer function to the 2-D case, and then
utilized the 2-D stability conditions to obtain necessary conditions for stability.

We considered the problem of BIBO stability of three-dimensional linear shift-invariant

filters, in the presence of nonessential singularities of the second kind. We derived

necessary and sufficient conditions for boundedness, /;and /, stabilities of a function

—3
G=P/Q", where P/Q has simple NSSK of the second kind in the region U —-U 3
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Chapter 1.

Introduction.

Multidimensional digital filters find applications in geophysics, image processing, gravity
and magnetic data as well as biomedical, sonar and radar data. The problem of bounded-
input bounded-output (BIBO) stability is important to the design of practically useful

rryrreepman e A sdal L6 S S 1~ £+ < 11 o+ +
recursive digital filters, since in an unstable filter any noisc will propagate through to th

[

output and be amplified.

This thesis presents two new fundamental results conceming the stability of
multidimensional digital filters. In Chapter 2 we give an overview of the most important
developments in the field over the last several decades.

One of the open problems is introduced in Chapter 3, where we apply a transformation of
variables to obtain a necessary condition for the stability of N-dimensional filters in the
presence of nonessential singularities of the second kind.

In Chapter 4 we consider the problem of finding necessary and sufficient conditions for
the 7, -stability of 3-dimensional filters with nonessential singularities. These conditions
are then used in Chapter 5 to establish a necessary condition for the boundedness.

In Chapter 6 we derive two sufficient conditions for the /, -stability, one of which is also
a necessary condition.

Finally, in Chapter 7 we present a sufficient condition for boundedness.

Throughout this thesis we use numerical examples to illustrate the computational aspect

of the introduced methodology.
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Chapter 2.

Stability of Multidimensional Digital Filters: An Overview.

2.1. Preliminaries and Definitions.

Consider the class of quarter-plane causal filters whose impulse responses have the first
quadrant as their region of support. An N-dimensional (N-D) filter of such a class can be
described by its real rational z-iransform transfer function:

P(z,,25,.2y)

G(z),25,002y) =
i 0(z,,25502x)

(2.1.1)

where P and Q are mutually prime polynomials in N complex variables.

An N-tuple o = (a,,@,,a;,...,a y ) Where P(a) = 0and O(«) =0 is called a pole, or
nonessential  singularity of a first kind, of G=P/Q. An N-tuple
B=(B,,8+.83,---, 5y ) where P(f)= Q(fF) =0 is called a nonessential singularity of
a second kind (NSSK) of G. If an N-tuple f is a nonessential singularity of a second

kind of G, then in any neighborhood of £ there is a pole of G(3).
We call a nonessential singularity of the second kind (¢,,a,,....a,) simple if

(/&g ay....ay 20 fOri=1,..N.

Assuming that Q(z,,z,,...,z,)# 0 at the origin, by the continuity argument we can
derive that O(z,,z,,...,zy) # 0 in some neighborhood around the origin. Therefore, G

can be expanded into a power series in this neighborhood as

o

n o ) . .
G(2),295meerZy ) = ZZ...Zg(i,,iz,...,iN 227 e 2y (2.1.2)

Q=0 =0  iy=0

where g(i,, 1,,...,1, ) is the impulse response of G.
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The filter is [, - stable, or BIBO stable, if and only if

D 18sky ey < 0 (2.1.3)

iy dy =0

The filter is /, - stable, or the impulse response is square summable, if and only if

o0

D & (hiyseensiy) < (2.1.4)

iz iy =0
We define

U" ={(z,,25 2y )|zl < Li=12,...,N}
to be the open unit polydisk,

U" = (2,290 2y )ilz]€ Li=12....,N}
to be the closed unit polydisk, and

TV ={(2,,Z55e-r 2y )i Zi]= Li=12.... N}
to be the distinguished boundary of the unit polydisk.

We denote by A(z,,z,,...z,) the discrete paraconjugate of A(z,,z,,...,zy):

Z, 25 N

411 1
A(z,25 2y )= 2] 20 2R A(—,——-,...,— ,
where y,,¥,,...7y are the highest degrees of =z .z,,.,z,, respectively, in

A(z,,z5,...,2) as defined in [1].

Throughout this thesis we will use the definition and properties of resultants as described
below [2]-[4].
The resultant of two polynomials in one variable

f(x)=a,x" +a,_x"" +---+a,, and
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g(x)=b,x"+b, x"" +---+b,
where m,n >1 is denoted by R(f,g) or R, ,(f,8). If a, #0 and b, # 0 and the zeros

of f(x) and g(x) are a;, i =1,....m and B;, j =1,...,n, respectively, then

i=m

R(f.8)=(a,) &) [ [ (@~ 8)) 2.15)

=l

The resultant. therefore. is a polynomial in coefficients of f(x) and g(x). We note that
according to (2.1.5) resultant R(f,g)=0 when polynomials f(x) and g(x) have a
common root or a, =b, =0 (the latter means that the common root is at infinity).

The following are important properties of the resultants:
R,.(f.8)=(-D™R,,(gf) (2.1.6)

Rm+p.n (fh’g) = Rm.n (f’g)Rp.n (h’ g) (2'1'7)

The Sylvester formula shows how to create a determinant for computing the

resultant R(f, g):
a, a, a, .. a,, a, O 0 0
0 a, a, a,, a,, a, O 0
0 0 0 a, a, a, a, a,
b, b, b, b, b, 0 0 0
0 b, b, b_, b, b, 0 0
0 0 0 b, b, b, b, b,
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First m rows reflect coefficients «, the next n rows reflect coefficients & ; the order of the
determinant is m+n. It can be shown that this Sylvester’s determinant and resultant
R(f,g) are identical polynomials.
In a case of two-variable polynomials f(z,,z,) and g(z,,z,) we can think of z, as a
constant, and then fand g may be considered one-variable polynomials in z,:
f(z,2,)=a,(z)z," +a,_(z)z,"" +-+a,(z,)z, +a,(z,),and
g(z,.2,) =b,(z,)z," +b,,(2,)z,"" +---+b,(2,)z, +b,(z,)
The resultant of these polynomials R.[f(z.z,).g(z;,2,)] is a function of z,.
(Similarly, R_[f(z,,2.),8(z,.2,)] is defined as z,-resultant of f(z,,z,) and g(z,,2,)
and is a polynomial in z,).
In this case R_[f(z,,z,).g(z,,2,)] can be also computed by the above Sylvester’s

determinant where a; =a,(z,) and b; =b,(z,).

The Cauchy-Schwartz’s inequality

n n n 12
> apb, < (Z abef) (2.1.8)
i=1 i=1 i=]

can be obtained by noting that for any set of real numbers a;,i =1...n and b,,i =1..n the

expression

i(aix+b,.)z =2”:afx2 +22”:a,.b,..7c+i:b,.2
i=1 i=1 i=1 i=]
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is always non-negative. Therefore, it cannot have real different roots, and its

discriminant is non-negative:

ia,zibf —(Z":aib,.)- >20,o0r
i=1 i=l i=1

iafzn:bf > (2":a,.b,)— (2.1.9)
i=l i=l i=l

2.2. Recent Research.

The problem of bounded-input bounded-output (BIBO) stability, related to the design of
practically useful recursive digital filters, has been the subject of intensive research over
the past three decades.

Stability of digital filters depends on the existence of poles inside the unit polydisk and
nonessential singularities of the second kind on its boundary. In the one-dimensional
case, the filter is stable if all the roots of the denominator polynomial are outside the unit
disk [5].

Shanks theorem [6], [7] (independently proven by C. Farmer) states that a causal

recursive filter with the z-transform H(z,,z,) = B(—I; , is stable if and only if there
Jofppart

are no values of z, and z, such that B(z,,z,)=0 and |7,|<1|z,|<1.

It was shown several years later by Goodman [8] that Shanks’ earlier theorem [9],

_Azy,z,)

considering the case H(z,,z,)= B( )
21252

, where A(z,,z,)and B(z,,z,) are mutually
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prime two-dimensional polynomials, has an important exception (special case). We will

describe that case later in the chapter.

Huang [10] has derived a simplified version of Shanks’ stability theorem and proved its

equivalency to Ansell’s [11] theorem.

It states that a 2-D polynomial B(z,,z,)#0 in U’ ifand only if the following holds:

1.B(z,,0) = 0 EAES

2.B(z,,z,) #0 l=|=1,

Anderson and Jury [12] considered a multidimensional case where

P(z.z5,...2y)
O(z2,,255aZy

H(z,,25500Zy) = and P(z,,z,,....zy) and O(z,,z,,....,zy) do not have
common zeros, and proved the following stability condition:

O(z),23seszy ) # 0 R .2.1)
They also showed that (2.2.1) is equivalent to

O(2,,Z45ee02y ) 2 0 [ﬂ|2i|=lJﬂ(ijlsl)

O(Z,2Z50rn 2y 0) 20 REES!

which, in turn, is equivalent to

O(2,5Z450es2y ) %0 [ -|zi|=ljﬂ(jz,v|sl)

021,230 2310) # 0 (ﬁlzil =1)ﬂ(lz~-nl <1)
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N=3
02,2300 Zy-2,0,0) # 0 ( ]z,|=ljﬂ(]z,v_2 <1)
i=1
0(z2,,22,0,---,0) % 0 (=.|=1D)N(z,|<1)
0(z,,0,0,....0) # 0 2| <1

Goodman [8] considered the 2-D transfer function

P(z,,z,
c;(zl’:;"2 =M
0(z,,z,)

where P(z,,z,) and Q(z,,z,) are mutuaily prime and Q(0,0) # 0,

and has proved that Shanks’ direct extension of the 1-D criterion to the 2-D case [6] is
sufficient for stability. It also has been shown in [8] that a 2-D digital filter can be BIBO
stable even in the presence of a nonessential singularity of the second kind on the

distinguished boundary of the unit bidisk. The results obtained in [8] can be summarized

as follows:
{gmn}e"lor {gmn}e[fZ = limgmn=0
| n| S M <0,Ym,n =  0(z,7,)#0in U’
IG(z,,z,)|SN<win U? = {gntet,
0(z,.0) # 0in U = Ylgn|<ovn

m=0
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{gmn}EZZ
]
0(z,,z,)#0inU =  BIBOstability < {g, }e¢,

y

(B}

cl
|
~|

0(z,,z,)#0in

O’Connor and Huang [13] proved that if S,[(M,,N,),(M,,N,)] and
S,[(R,0,),(P,,0,)] are two sectors with D =M ,N, -M,N, #0 and E = R0, -P,0,,
then there exists many linear mappings of the form m =k m'+k,n', n=km'+k,n',
k; e Z. This mapping helps to prove that if b(m,n)is a recursive filter array with
support 3, then b(m,n) is stable if and only if for any &, € Z with K =k k, —k,k; %0,

the array g(m,n) = g(k,m'+k,n' . k,m'+kn') =b(m',n') with (m',n') € B 1s stable.

Alexander and Woods [15] presented two important results, the first is a necessary
condition expressed in terms of tangents to the algebraic curve at a zero of the
denominator polynomial on the distinguished boundary of the unit disk. The second
result is a sufficient condition for the stability that is considerably weaker than the one

proposed by Goodman in [8].
The difference between 2-D and higher dimensional cases as well as analyzing stability

properties of 3-D filters, considered by Roytman et al in recent papers [15], [16], presents

additional complexity, because, as shown in [16], a transfer function may have
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10

nonessential singularities of the second kind in the region U’ -U®and still be BIBO
stable.

In a very important result, necessary and sufficient conditions for stability and
boundedness of 2-D systems with nonessential singularities of the second kind on T~

were later derived in [17]. Instead of computing Parseval’s double integral, the residue
approach was used to find whether it has a finite limit. The stability conditions were
expressed in terms of the multiplicity of zeros of resultants of certain poiynomiais. The
results were extended to the case when the transfer function has more then one pair of
simple second kind singularities on the unit disk’s boundary.

Fettweis and Basu in [18] presented various definitions and properties of discrete
scattering Hurwitz polynomials that are important in the theory of multidimensional
systems.

In [19] the same authors described and proved some stability-related properties of
multidimensional polynomials. The paper formulated the continuity property of the zeros
of a multivariable polynomial as function of its coefficients and presented simplified
proofs of results of Strintzis [20], DeCarlo [21], Anderson and Jury [12], and Rudin {22].

This continuity property has been used to derive conditions for a polynomial f{z) in
z=(z,.2,,-.,Z; ) to be devoid of zeroes in |:| <1. The paper also shows how most of the

related results can be proved in similar manner.

Other important results concerning the stability of multidimensional digital filters were

presented in [23]-[27].
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11

In this thesis, we consider open problems of BIBO stability of multidimensional digital

filters with nonessential singularity of the second kind in the region U"-U" and derive

sufficient and necessary conditions for stability and boundedness.
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Chapter 3.

Necessary Conditions for the Stability of N-D Digital Filters with Nonessential

Singularities of the Second Kind

We consider the open problem concerning the BIBO stability of N-D digital filters with

nonessential singularities of the second kind in the region U -U". We will apply
transformations of variables to reduce the transfer function to the 2-D case, and then
apply the 2-D stability theorems. We will illustrate this approach with several examples.

Let us begin this discussion by considering the real rational transfer function:

P(z),2550052y)

G(z,,2y50s2y) =
: 0(z;,255052y)

where P and Q are relatively prime and G(z,z,,...,zy) has no polar singularities in u"
nor any nonessential singularities of the second kind anywhere except in the region
U' —U" . We further assume that these are simple.
Consider the following transformation of variables:

Z, = 0,25 k=3...N 3.1
where n, is a large positive integer. The values of the coefficients @, depend on the
particular nonessential singularity and for (z,,z,,z;,....2,) = (@,,a,,a,,....;a )
will be determined from the following relationships:

a, =w,a; k=3....N

Substituting (3.1) into the expression for G (2.1.2)

o

o o ) ) .
.. . i, i
G(z,,255.0052y) = ZZ...Zg(z,,zz,...,zN ) A -

=0 iy=0 iy=0
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13

we obtain
o0 -] o
. e i
G(z,,215002y) = ZZ z (U z,\,)zl z, (@,23) (@,25° )" @y 2y )™
§=0iy=0 iy=0
2 2 ki i :+Vnm X
=Zz zo(ll,l,, lN)zx z, o Ha)"
§=0i,=0 iy=0
= ZZ hi, ,l)z,":,
iy=0 /=0
=H(z,,z,)
where
H(z,z,)= G (2,2Z5,02y) k=3...N
n, —>»
o =it
and

2.2 "Tn‘ik N R
H(z,z,) ZZ Zg(z,,z,, tN)::,‘:, na);f
0iy=0 iy= )

fy

iih(ll’l)“l z HG)

i,=0 1=0

Generally, this N-D to 2-D transformation does not preserve the form of G(z).

Specifically, as a result of the simplifications, the number of terms in (3.2) may be less

than the one in (2.1.2).

N
Consider the expression [ =1, + anik that determines which terms will be simplified.
k=3

We observe that terms of G in which the highest degree i, of z, is less than », will not

o mining -1
be affected by the simplifications. These terms can be described as Z Z (i, D)z} z} .

y=0 I=0
In addition, as all n, grow larger, the number of these form-preserving terms increases.

As all n, approach infinity, the transformation becomes form-preserving.
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This transformation will result in a 2-D series for which the following holds:

S1aGDIE D18l byyeresiy )

i I=0 iy sy iy =0

2AGDF < Y8ty nin))

i d=0 i daenndy=0

If G(z) is [, - stable then according to (2.1.3)

o
D18l baseenniy Y| < 0
§p =0

and therefore

ilh(i,,l)koo

i\ 1=0

which implies that H(z,,z,) is also [/, - stable, and we can apply the 2-D stability
condition (b) stated in [27]:

The same argument can be repeated for /,- stability. If the filter is /,- stable, then

according to (2.1.4)

n
> & (iyiysenaiy ) <0

iy iy =0

and therefore

i[h(i,,l)]z <

iy d=0
which means that H(z,,z,) is also /, - stable, and the 2-D stability condition (a) from
[27] can be applied.
Using the methodology introduced in [17], which involves resultants and multiplicities,

we can now restate it as the following necessary condition for stability.
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Theorem 3.1.

(i) If G(z,,z,,...,zy) is BIBO stable filter defined by (2.1.3), then
m, (R (9,01 <m,(R.[R,Q))

(i) If G(z,,z,,...,zy) 1s I, - stable, then
m,(R. (9,0 <2m, (R [R,Q))

where

P(z,z,) = P(2,,2,,0,23 , @ ,23* ..., 0 yZ3* )

0,(2),2,) = 0(z2,,2,, 0,2 , 0,25 ..., 0 yZ3~)
and m denotes the multiplicity and R the resultant.
The above property provides us with a tool for analyzing N-D digital filters. To

illustrate this result consider the following examples.

Example 3.1.

+ =27

(3
t

G(z,,2,,2;) =

This function has nonessential singularity of a second kind at (z,z,,z;)=(,1.),

therefore, w,=j. We obtain:

The corresponding resultants are:
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R [Ol,O] (10._7"1 _ ~:n-. 2_3_ 3~7n‘+" +22 _3-4n-. 4,,}_2)2

"“)

R.[P,0]=12+62"" =18z, —4z] +18z; —4z;"" —10z3" — 23" -4 jz3""

-

+ 2J-Sn,+l + 4j~3n,+1 laj.—"m‘” +6...4"‘ _2-’ + ::nw-t ~Am+2 _lsj_n,

<s

_ 4:‘, +z =8 + 1 8_]... ) + 6_]-3"‘ 4J_n1+4 _121~ n+3 +1 8_].."’” + 2J-n1+5
After lengthy calculations (the details shown in the Appendix A), we see that
m(R.[0,0])=4 and m(R_ [R,0]D=1.

Therefore, the system is unstable.

Example 3.2. In this example we show how the above theorem can be applied to higher

order cases.

G(-p—‘n-:,s—-.;)_ 2.3 3
5232 ==z

This function has a nonessential singularity of a second kind at (z,, z,,z;,z,)=(1,1,1,1),

therefore, @,=w, =1, and

n 2 _2+nyen 2m+n;42 ny+3n, L3me2ng+l
P o=—zizh 432323z (2220 med 4 5oy g g indnet 13
2 _m+ng+3 3 _2m+ng+) - M+ 2ng+] L3n42n,+1 T |
O, =z, 2" 2]z 4 22 2N # 2230 w2 =T
- L3malng+l 2ny 2ng o 2myng-2 n +n,
0 =z (2-7= )+ 2723 (2+ 23 ) + 2,73 + zihrm

After calculating the resultants and multiplicities of the root (see Appendix B for details)

we obtain
m(R.[0.0D=2 and m(R [R.Q]=]
and therefore the system is unstable.

Finally, let us consider the 3-D transfer function with a nonessential singularity in the

s T 3_a3
region U -U"-T".
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Example 3.3 [16].

G(zlazz’z:;): (l—zl)(l_zz)(l_z?s)
Az * (-2 7,7)

This function has nonessential singularity of the second kind at z, = z, =1 and any z,.
We will choose the point (1, 1, 0.5) to illustrate how our approach works in the case when
function possesses nonessential singularity of the second kind in the region
U - -1,

We have (see Appendix C for details):

w,=0.5

P =(1-z)(1-z,)(1-0.523")

0 =(1-z)1-2,)+(1-0.5z")1-2zz,)

Q =(2z,-1Dzp" -7z =055z, +05

R.[0.,0]=05-z,+ 0.5z =221 +0.522™ +4z0%1 2202 _zIm* 40,5232

R.[R.0]=-0251-z,)'Q~ ') -
The corresponding multiplicities are:

m(R,[Q.0])=2 and m,(R.[R.0]=2.
which means that the system is unstable.

The system diagram is presented on the next page.
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System diagram
for Example 3.3
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In this chapter we have derived the necessary conditions for stability of N-D digital filters

5 oy .\ sy . =N
in the presence of nonessential singularities of the second kind in the region U - U".

We have demonstrated how the presented property is applied to several numerical

examples.
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Chapter 4.

[, - Stability Theorems.

Consider the real rational transfer function:

P(z,z,,z,)
G(2,,25,2;) = T\ <2r43)
] ’ 0(z,,2,,2,)

where P and Q are relatively prime and ((z,,2,,25) has no polar singularities in U
nor any nonessential singularities of the second kind anywhere except for the pair at

(a,,05,0) and (—1- 1 —l—j in the region U -U3.
a a, a,

We assume that these are simple.

In order to find whether Gel,, or §= Z g2 (i;,i5,i3) <0, we consider the following

il .iz ,i3 =0

integral to evaluate it:

L ) 4 Cj‘ 4F(~1’Z7,Z3)F(~ - ]%ﬁ
Rl Z| 2, 212524

Since G(z;,2,,23) has a NSSK on T, the Parseval’s integral cannot be used for

deriving S. Therefore, we will use a different function obtained from G(z,,z,,2z;) asa

linear transform:

G(zy,25,23) = Glkz,,kz, ,kzy).

—3
For k<1, G(kz,,kz,,kz;)has no singularities in U , and the Parseval’s integral can be

applied to computing S:
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3
k k
S(k) =(_l_j { d { Flz kzs bz )F[— L3 __)dz_,d_zﬁzi
279 ) pzimtimtizge Z) Zy Z3) Z)Z3Z3
It can be shown that S = l‘nrll S(k), and now the problem of /, stability is reduced to the

one of finding if S(k) has a finite limit for £ — 1.

We introduce the following transformations:
Pk (21922723) = P(kzlskzzslaj)

0, (21s72,7,) = Okz, e sy

= ~mo_m_p

2 5 %3) 3 5 5

of L1111 11, )

=2k - ’7 ’7 _..’"2 S Zr “19=29<3
122 %3/ A1 22 A

and rewrite the integral as

P(Z 925,23)P (Z ’27’23) m_n
S(k) = ( ) z/'z,z1dz,dz,dz
:ju-c‘i{-nil- (~|9~”-’~)0 ("l"" ") l ’ 3

1 m
=— qz;"J,(z,)dz,
2 I2,1=1

where

J1(51)=(Lj- 4 4 i)ln(zla"'"’“3)Pl\("]’~‘7s-3) n de—,dZ
27g Jz5l=l]z5l=t = OA (21""”"’3) (“’19"2""3)

Further, rewrite J,(z;)as

1 n
Jl(-’-'n):T z3J5(21,2,)dz,
T |e,=

where
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J‘)(Zl,z-,)_ })k(z‘]az‘)923)})lt (“17477"‘3) 3
7 e i (21:22,23)0, (Zl,z,,z_,,)

(4.1)

We recognize that Py (z;,2,,23) and Q . (2y,z5,23) are discrete paraconjugates of
P.(z,,25,23) and O, (z,,2,,2;), respectively [1], [18], [19].

.o=3
We further note that 0, (z,,2,.2,) %0 in U, and therefore only zeros of O (21,25 »23)
are important in evaluating J .
These zeros can be obtained from the equation Qk(z,,zz,z3)=0 by expressing

Zy as

function of z; and z, ina form

0, (2117223 = (2 2] 1123~ Bu(G1s )]

[_

In order to determine whether J, is finite by computing it we would need to find
residues at zy =@, (z,,2Z,). That would require substituting @, (z,,z,) for z; into

the polynomials Q, and P, P, :

PP PP
J.(z,z,)=ress —=z' +resl —z?¢ 4.2
2(21,2,) S[QQ'} J[QQ 1} (4.2)
= Q=0.55s1 = =3=0,p<0

We note that substituting zeros of Q into PP and Q (first term in (4.2)) is the same as

computing the resultants R_ [Q, PP] and R_.‘ [0.0]

R Q,P
res Ezsp ]¢ (e
QQ Q=0.z,s1 Q Q
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Using the properties of a resultant [4] and following the reasoning in [17] we can show
2
that R, [Q,PP]=(R.,[P,0]).

Let us denote T(z,,z,) =R_,.3 [0,0] and M(z,,z,) =R’_,_3 [P,O].

-

Obviously the integral J,(z,,z,)is finite if the term M? is finite, and consequently,

2

J\(z,) is finite if the term  §

-

1

z,dz, is finite.

1221=1

Applying the residue approach to evaluate this term, we obtain

M- zydz, = res|:K z } + re.<>'|iK ::’] (4.3)
lz21=1 T r T=0z,|s1 T 2;=0.1<0

Again, only the first term in (4.3) is important for the stability. Note that since O and

Q are reciprocal to each other, therefore their resultant is a product of two reciprocal
polynomials in two variables:

T(z,,z,)=V(z,,2, )V (z,,2,) (4.9)
In practice, however, this polynomial is generally not factorizable, therefore we cannot

obtain the expression for T(z,,z,) in closed form (4.4).
As it was shown in the 2-D case [17], only zeros of ¥V (z,,z,) are located within the unit
bidisk, therefore zeros of V' (z,,z,) do not affect the stability.

Let the order of zero z, =, of the function 7(z,,z,) be ¢, and the order of the same

zero of the function M *(z,,2,) be r. Obviously (4.3) is finite if and only if £ < 7.
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We can interpret orders of zero z, =, ¢ and r to be the multiplicities of the factor
(z; — ;) in the resultants R_ [V,V'] and R, [V, M?], respectively:

t=m R, IV.VD;

r=m,(R,[V,M?])
Since we typically do not know expressions for V(z,,2z,) and V' (z,,z,), we will need

to represent multiplicities involving these functions in terms of T'(z,,z,). Indeed, the

following holds:
r=m,(R_ Ww.M*)) = 2m, (R [M,V])=m, (R [M.VV]) =m,(R [M,T])

In order to calculate ¢ we observe that

=

2

R. [T,gZ—T] =R Vv vv+vvi=C[[Vr+vv]_[Vv+vvl,

=c[ryl lrvl.=cel Tl . =GR IZVIR V.11
=GR, V.V
| where C,,C,,C; are constants,

& and thus

I

y t=m, (R [V.V])= %m(k [T, ) D

622
Therefore, for /, -stability:

mo (R, [V VD) < m, (R, [V,M*]), or

ma,(R:2 [T, S_T D <2m,(R. [M,T])

LY
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We can now formulate the following /, - stability theorem.

Theorem 4.1.

P(z,z,,z,) . e . 773 .
Let G(z,,z,,z;) = ———*2=3~ have no polar singularities in /' and no nonessential

0(z,,z,,2;)
singularities of the second kind anywhere except for the pair at (2,,2,,2;) and
1 1 1]). . 733 3 . : )
—,—,— | intheregion U —U~. Let P and Q be relatively prime. Then G is /,
a a a
stable if and only if

ma(R:: l:T, Z: :D <2m,(R. [M.T])

Consider the following example.

Example 4.1.

P(z,,z,,z;)=1-z,
0(z,,2,,5,)=3-2,~z, -2
O(2,25,2,) = 32,252 = 2,5, — 5,5, — 2,2
T(z,z)=R. [O, Q]=3zz; +3zz, —10z,z, - z; — 23 + 3z, + 3z,
M(z,z,)=R, [P.Q]=z +z,-2
R. [M.T]=2(z, -1y’

m. (R, [M,T])=2
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7
-

Therefore, maLR:: [T R

R, [T, aT] =-3(3z, -1)*(z, -3)(z, - 1)°

oT

L)

D <2m,(R. [M,T]), and the system is stable.

The system diagram for this example is presented on the next page.
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-1
X . ? Wan) P 31
=7 -* = T =T
Z; v v Ji
2 I b I 4
] = -1
— 7' z; —>§9
-1 -1
Z; 2
System diagram .

for Example 4.1
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We will now consider the £, stability of the function

P(z,,2,,2,)

G(z,,2,,2,) =
G2 3) = )T

where the function g is as defined in Theorem 4.1, and » is a positive integer. We will

P-4

use the result in the discussion of / stability. In this case expression (4.1) becomes

. -\ 1 £ PI;_I.)F: z.3
Jz(zl,éz)—zig. 0”0 nZ3 dZ3,
EXS RS/ O

and in a process of evaluating it we need to compute the residue res

0" Q"
would require differentiating the function (n-1) times before substitution.

The relevant calculations are shown in Appendix D.

: : _ P
The most singular term in the resulting expressionis ————; we shall analyze that

—

term for stability.

Evaluating integral J; for stability, and noting that

R=3@’P£] - (R:_,[P’Q])2 M
0.0 (R Jo. 0" T

-

we arrive at expression res[ oy ] that determines the stability of integral J;.
T=0z,|sl
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Therefore, in this case we will need to multiply the multiplicity ¢z, which we calculated for

the case of G = —S, by (2n-1); the multiplicity r remains the same. We can now state the

following theorem regarding the /, stability of G = 5 .

=

Theorem 4.2.

P(z,,z,,2;)

Let G(z,,2,,2;) = -
U106, 2,,2)]

where the function P(z,, z,,25)/ Q(2;,2,,23) is as defined in Theorem 4.1, and nis a
positive integer.

Then G is /; stable if and only if

oT

7
Ly

@n- l)ma[R:: [T D <2m,(R,[M,T))

We note that Theorem 4.2 reduces to Theorem 4.1 when n=1.

Corollarvy:

P(z,z,,z)

Let G(z,,z,,2,) =
v [Q(-"-'n»z:’zs)

} , where the function P(z,,2,,2;)/0(z,2,,23) isas

defined in Theorem 4.1, and » is a positive integer. Then G is /; stable if and only if

2n—- l)ma(R:: ‘:T, ZT

-~y

D < 2nma(R:: [M.,T)).

This result can be obtained directly from Theorem 4.2 considering that

m (R, [M*",T})=2nm, (R [M,T]).
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Consider another example.
Example4.2.

Let G(z,,2,,2z,)=(—2,)/(3—z —2,-2;)". Note that P and Q are the same as in

Example 4.1.

Then

(.'Zn—l)m:l:,(R:,er,aT-n=4n—2 and
\ L S22y

2m_ (R, [M,T]) =4

Therefore, the system is /, stable when 4n—-2<4,or n=1

Example 4.3.

3 = } , where P(z,,z,,z;) and 0(z,,2,,2;) are the same
-z, —-z,~1,

Let G(z,,2,,2;) =[

as in Example 4.1.

Then

2n~-Dm, =,(R:, [T, o1 D =4n-2 and
1 2 522

2nm__ (R, [M,T])=4n
Therefore, the system is /, stable when 4n—2<4n, or for all n.

In this chapter, we have derived necessary and sufficient conditions for the /, stability of

3-D digital filters with simple nonessential singularities of the second kind in the region

3 3 . . .
U -U’. We have illustrated the results with numerical examples.
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Chapter 5.

Necessary Conditions for Boundedness

Consider the function

where G(» = =\ dafined in Thegrem 4.1 Assum;nn tha
VLT U< pepys3 ) Mol g ~ cde SAAOGALILLLL Wik

show that G" is also bounded in U? for any positive integer n, and, therefore, G" is [ 2

stable for any n. Thus, from the corollary of Theorem 4.2, we have

2n- l)ma(R-, I:T . or
cloz

i

D <2nm,(R_[M.T))

for all n.

This condition will be satisfied for all » if and only if

)

ma[R:z[T,g-—TD <m,(R._[M,T]) (5.1)

Therefore, if G is bounded, then condition (5.1) is satisfied. By the same argument,

using Theorem 4.2, we can show that if

P(z,,z,,z;)

G(z),z,,5,) = n
[0(z,,2,,25)]

is bounded, then

nma(R=: |:T, g_T D <m,(R_[M.T]) (5.2)

-~

P(z,,z,,2,

Q(Zl,22,33)

Finally, if G(z,,z,,z;) = l: ] 1s bounded, then
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m, (R:z [T, ZT D <m, (R, [M,T]) (5.3)

Example 5.1.

Let G(z,,2,,2,) = (ﬁ(l ~ 52 M= 2,7)

2,2, = 2,2, - 5;)

Then (see Appendix E for details) n=3, m__ (R:: [T ,EJLD =2, and

m__ (R, [M,T))=4

Condition (5.2) does not hold, and we can conclude that G is not bounded.

We will later prove that conditions (5.1)-(5.3) are also sufficient for boundedness.
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Chapter 6.
£, - Stability Theorems.

P(z,,2,,2;)

Consider the function G(z,,z,,2,) =
. 0(z),2,,2,)

where G defined in Theorem 4.1. We

will be considering the function G, the radial limit of G, and using the fact that its

Fourier coefficients are the same as those of G [17]. Assuming that

a3

G, =——(z,z,2,G ) e, 6.1
1 62,822623("") 2 (6.1)
we find
. oG” oG” oG o°G’ o°G’
G, =G +z +z, + 2, +z,2, +2z,z,
oz, =~ oz, oz, " 0z,0z, 0z,0z, 62)
T o,0z, T oz,02,02,

Recall the Z-transform properties:
If G (2,52,523) => glisia0l3)

then

4 &, —> i, g(t,1,,13)

3 -

z,2, 0 = 0,i,g(i,,1,,1;) (6.3)

0z,0z,
. o’G C e
5232y T > i85 1h,15)

0z,0z,0z,
Therefore, from (6.2) and (6.3), the impulse response of G,(z,,z,,2;) 1s

g\(i,0,1) =g +i g +ihg+i,g+il,g +ii,g +ii,g +i,ihg

= G, + DG +DG, +1g0,i00) 64)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




34

Combining (6.1) with the /, stability condition (2.1.4),

we obtain:

i22(11+1) G, + D3, +1)7 22 (i) < 0. 6.5)

§=0i,=0i3=0

Recall the Cauchy-Schwartz’s inequality (2.9):
n " n /2
Zaib,. < (z abeiz)
i=! i={ i={

and apply it to the expression ZZZ|g(z‘,,i2,i3)|. Considering (6.5), after

§,=0 iy=0 i3=0

transformations we obtain:

SR Ak _ | G, +1)(E, +1)(E +1) | ..

ARILLEEEI NI el
w o o 1 172

{355 1

S G D) (G + 1) + 1)

A

©

.[iZi(z +1)7 (i, +1)° (G, +1)° | (i,,i:,i3)|::|<oo

=0 l:=0t3=0
or Gel,

and therefore

3
if ———a;( G)el,, thenGel,. (6.6)
02,0250z,

To make sure that (6.1) holds, we will first find the term that exhibits the most singular

behavior around the singularity and then test that term for the stability. We substitute

G= g into (6.2) and after lengthy calculations we find that the term
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z,2,23P 0Q 00 80
0* 0z 0z, 0z,

(6.7)

is the most singular term. The calculation details are shown in the Appendix F.
We will now test (6.7) for £, by applying Theorem 4.2. Since the singularity at

(@ ,,,03) is simple, we find that (6.1) holds if and only if

7ma( R, [T, ?T _D <2m,(R. [M I 6.8)
\ L “2])

Condition (6.8) is not a necessary condition for stability, and we will now derive another

sufficient condition and then show that it is also necessary.
Consider the function [G(z,,2,,25)]", and determine if there exists a positive integer n,
for which [G(z,,2,,23)]" €4,. From (6.6) we can see that G" e/, if

63

—[2,2,2, (G)']e? ,. In order to test for this condition, we will first find the
02,025,024

most singular term and then test that term for £, stability. We will need to apply

z,z,z3P" 0Q 0Q 00

Theorem 4.2 to the term —3 . We obtain:
) 0z, 0z, Oz,
oT
2n+ 5)ma(R:: [T ) —aT:D <2nm, (R:: [M,TY) 6.9)

since the singularity is simple. The condition (6.9) will hold for some 7 if and only if

oT

<

m, (R _[T,—]) <m,(R_[M,T]) (6.10)
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Therefore, if (6.10) holds, there exists some # for which G” € £,. Thus, G  converges

—3
uniformly everywhere in U, and therefore, G € £, , making (6.6) a sufficient condition

for £, stability. Consider the following example.

Example 6.1.

-
7

71 -
Let G(z,,zz,z3)=3—‘i—i—

Then mzl=,[R::[T,-a—T:D=2 and nm__ (R [M,T])=2n

-
~

(The details of calculations are presented in the Appendix G.)

Therefore, (6.10) holds when 2<2n, or for n>1, while (6.8) which is a stricter

condition holds when 7-2 < 2n, or for n>7.

We will now derive a necessary condition for £ stability of G(z,,2,5,23). It can be

n n

—3
el, inU Vn. Hence,
1 ) 0z,

shown that satisfies the condition of Theorem 4.2

for all n. It is sufficient to verify that the condition is satisfied for the term that exhibits

P”
o™ g:— . Applying Theorem 4.2
<)

-

the most singular behavior around the singularity:

oT

=2

resultsin (2n+ l)ma(R:: I:T . D <2nm,(R. [M.T]), and therefore
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-

m‘,,[R:2 [T , ZZT :ﬂ <m,(R, [M,T]). This necessary condition is the same as sufficiency

condition (6.9). Now we can state the following theorem regarding the £, stability.

Theorem 6.1.

oo . 773
Let G(z,,2,,2,)=P(z,,2,,2,)/ O(2,,2,,2;,) have no polar singularities in U and no
nonessential singularities of the second kind anywhere except for the pair of simple ones

=3
(a,,a,,05) and (—I—L—l—] in the region U —U?. Further, let P and O be
Q a, o

relatively prime. Then G is /| stable if and only if

ma(R:: l:T, ;T D <m,(R.[M,T])

Ch]

We will illustrate Theorem 6.1 by the following example.

Example 6.2.

3—z,z,—2,2,=2,2
Let G(z,,z2,,2;) = 193 T <253 T 4122
(1 2 3) (3_21_22_7 n

Then m:l=,(R:: [T,;—TD =2 and m, (R [M,T])=6

Therefore, the system is /; stable when 2n <6, or for n<3; it’s [, stable when

(2n—-1)2<12,0r n<3. The calculations are presented in Appendix H.
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Using similar arguments, we can prove the following:

Theorem 6.2.

Let G(2y,2,,23) = P(2,2,,2,) [Q(2,,25,2;)]" where the function P/Q is as
defined in Theorem 6.1, and 7 is a positive integer.

Then G is /; stable if and only if

[ 27,2\ <mcr_ 1.1

\ L %))

We note that Theorem 6.2 reduces to Theorem 6.1 when n=1.

Corollary:

Let G(z2,2,,23)=[P(2),2,,23)/ O(2),25,2;)]" where the function P/Q is as
defined in Theorem 6.1, and # is a positive integer.

Then G is /; stable if and only if

ma[R_.: l:T,Z-_—TD <m,(R._[M.T]).

<2

This follows from Theorem 6.2 and the fact that m, (R, [M",T])=nm,(R.[M,T]).

Example 6.3.

Consider a generic function of the form:

(I-z)"A-z,)(A=-z,)

G(z,,z,,z,) =
(21, 25.%5) (1-az, =bz, —cz,)"

where a+b+c=1, a>0,b>0,c>0, k+r+s>0
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Then (see Appendix I for details) m. _, [R:: [T, :T D =2 and

m, (R [M,T])=2(k +r+5)

Thus, this system is /; stable when 2n <2(k+r+s),orfor n<k+r+s; it’s [, stable

when 2(2n-1)<2-2(k+r+s),or n<2(k+r+s)+1.

In this chapter, we have determined necessary and sufficient conditions for /; stability of

3-D digital filters with simple nonessential singularities of the second kind in the region

_3 .
U™ -U?. These conditions are illustrated with several examples.
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Chapter 7.

Sufficient Conditions for Boundedness.

It can be proven that conditions (5.1)-(5.3) are also sufficient [17]. Indeed, if we consider
a function

I

Alz,,z,,2,) =(z,-)G"(z,,2,,2;)=(z, ~« =
(21524,2;) = (2, —2)G"(z,,2,,2;) = (2, )Q" 0"

(7.1)

For (7.1)

M, =R, [P,0] =R, [(z,~),0]R,[P",0] = BM"

m(R.,[M,,T]) = m(R, [BM",T]) = m(R_[B,T]) + m(R_[M",T]) = m(R_[B.T]) + nm(R_[M.T])
o D <m,(R. [M.T])

<2

Combining this with (5.1) ma[R:: [T ,

we obtain:
m(R,[M,.T]) = nma(k:: [T, = DM(R:’ [B,T).
or
m(R_[M,,T]) >nm, [R:: [T, (‘Z D (7.2)

The expression (7.2) is ¢, -stability condition for (7.1). Thus, 4 is £, -stable for any n.

Therefore, A4 is also bounded. Consequently, G is also bounded.

-z D <m, (R, [M,T])

L

We proved that G is bounded provided (5.1) holds: ma(R:: ‘:T
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Summary and Conclusions.

This thesis presents two new results concerning the stability of multidimensional digital

filters.

We considered an open problem concerning a class of N-D filters with nonessential

singularities of the second kind, described by the real rational transfer function
G(Zy3Zy9erZy ) = P(Z)3Z5500s 2y ) O(Z)5 255, 2 ) , int the region U -U".

We applied transformations z, = @,z;*, k¥=3,..,N to reduce the transfer function to the

2-D case, and then utilized the 2-D stability conditions to obtain the necessary conditions

for stability in N-D case.
We considered the problem of BIBO stability of three-dimensional linear shift-invariant

filters, in the presence of nonessential singularities of the second kind. We derived

necessary and sufficient conditions for boundedness, /;and /, stabilities of a function

—3
G=P/Q", where P/Q has simple NSSK of the second kind in theregion U —U 3,
The results of Chapter 3 have been published in [28].

The results of Chapters 4-7 were recently accepted for publication [29].

Future research will be focused on extending the latter result to an N-D case.
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2 9 2
0, =3+z —-z;-z3"

Ql(.]71) =0 Ql(_.]’I) =0

=0
2=l

diff 1= 0.0

2 2n)
diffl = 4 (9 (222) 22243226 - 228 60 (222)( " 024 (224) 22249 (z22)( ”

118225 (222) (229 - 66 (222) 22% (22%) +3322% (222) n+-99 (226) 22% »
9228 (%) ne 66 (229) 522227228 (228) n+12(228) 222 - 19226 (222)
_57(225) 2220 - 138(22%) 224 n 466 (229) 228 n+3228(222) =9 (222) 222
_18(228) 2% n+38 (222) 22 (22%) =9 (2% 249 (226) n-2(228) &

+93 (22 228 46228 (222) +3(228) 222 - 27226 (225) — 9 (228) 22

_118 (2% 2% - 19 (222) 228 + 66 (225) 22% - 19 (226) 222 - 18228 (22%)
_s<222)”(224)”+<224)(2”)+ug(zzzf g0 (22 8

27 2n (27)
+9228(222)( +9(224)( ) 4_s(2 " 2 )/225

diffl(z, =1)=0

diff 2 = 2R ..o
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diff? =4 (-66 222 (222) 12 - 264 (22%) #22224148 (228) w2224+ 18(22) n2222
6228 (222) 2264 (22%) #2226 4552 (22%) n222%+ 342 (225) #2222
+38228 (222)" 12— 96 (228) #2222+ 162226 (226) #2 436228 (22%)" n2
— 504 (225)" n222% 4 27 (222) 222 - 3226 - 30 (225) +3228+.5(228)"
—99 (22%) 222425 (%) +36 (22%) w2 - 52 (225) n2+ 16 (228)" 22
+33224(222) w99 (225) 224 0+ 63228 (229) 4330 (224) 222

6) 222

-
et

121226 (26 ;0 (228) 22224 57226 (222)” - 2es (
138 (%) 22% 2 - 198 (22%) 226 1 - 21228 (222) n— 45(222) 222
—18(228) 2% n—81 (2% n+81(225) n—18(228) n-33 (%) 226

~ 18228 (222) — 9(228) 22249228 (225) +19 (222) 226+ 57 (225) 222

2128 (24Y) fz25
diff 2z, =1)=0

83
=r.Jo.0l

diff 3=

diff3 =8 (99 224 (222)" n24 1188 (22%) #2222~ 216 (228) #2224 - 81(222)" #2222
— 27228 (222)" 22— 396 (22%)" #2226 — 828 (224) #2229 — 1539 (225) #2222
+57225 (222)" 12 +432 (228) #2222+ 243226 (226) w2 + 162228 (224) 2
+891 (226) n222% = 54 (222) 222 190 (226) + 3228 - 15 (228) +72 (222} »3
— 1782 (226)" #3229+ 576 (228) #322% = 162 (226) #3 = 528 (22%) w3222
+1026 (226) #3222+ 1104 (222) #3229 — 528 (22%) #3226 + 64 (228)" #3
— 6228 (222) 53+ 18 (222) w3222 4 486226 (225) w3 - 384 (228) #3222
+38226 (222) 23 — 66 224 (222) n3 472228 (22%) 13+ 198 (224)” 222
—135(22%)" = 270 (222) 22 + 405 (225)" 52 — 120 (228)" 2= 33224 (222) " »

— 99 (225)" 22% 5+ 117 228 (22%) n=858(22%) nz22 +27226 (225} n

— 156 (228) 222 5 + 19226 (222) n+741 (226) 222 4138 (224) 224 »
— 66 (22%) 226 = 39228 (222)" 4+ 117(222) " #2224+ 18 (228) 22 »
+333 (229) 5= 333(226) w474 (228) » - 18228 (222) +18 (228)" 222
—114(226)" 222 4 27228 (224)”) /=27
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diff3(z, =1)=0

. o
diff 4 = ‘aT;R:, @,sQl]

difft = -8 (353 22 (222) 2249372 (22) #2222 792 (228) 222
_ 639 (222) 12222 + 105228 (222)" 12 132 (22%) w2225 - 3036 (22%) n2 22

_ 12141 (226) #2222+ 19226 ( 22)’2 2243408 (228) #2222 +.81225 (226) 2
n . f ” 2

-

630228 (224 2+ 3267 (225 n222% = 230 {222) 222+ 630 (225 - 322%
—105(228) + 1584 (22%) 23— 10692 (226) n322% + 3456 (228) 3229

_ 3564 (225)" w3 - 7392 (224) w3222 + 14364 (226) 3222+ 6624 (22%) 03 223
+1056 (229) #3225 + 1408 (228) n3 460228 (222) #3 4252 (222)" #3222
972228 (225) 23— 5376 (228)" 322276226 (:22)" n3 = 396 22% (222} 7
720228 (22%) w3+ 990 (224 222 - 288 (22%) % = 512 (228) % - 945 (2%}
+972(228) w% = 3222 (22%) n2 42833 (226) w2 1432 (228) w2

99224 (222) 297 (226} 22% n- 225228 (224" = 5082 (22%) 222

+ 27225 (228) n- 924 (228) 222 0+ 19226 (222) n+ 4389 (225) 222
+214(22%) 2% n= 66 (22%) 226w 475228 (222) w693 (222) m22
+54(228) 2% ms 2871 (22%) 2871 (225) w638 (225) n+ 18228 (222)
+90 (228 222 - 570 (225) 222 - 27228 (2% - 4416 (22%) n4 2%

6156 (225) w4222+ 2112 (22%) #8222+ 3072 (228) % 222

— 2916225 (225) %= 36 (222) #8222 412228 (222) % + 2112 (22%) 2% 226

_ 4608 (225) n? 22% + 10692 (225) w? 22% - 288228 (22%) wt +13222% (222)
~ 76226 (22) n4) f228

diff 4z, =1y= 30727 +3072 7> +4608 72 + 1536 17 + 1536
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Therefore, the multiplicity m__, (R:' LQ_I .0, ]) =4
Zy = jz,
P =3+1zlz, + jziz] +z, - 223
R.[7.0]=

422214228131, 050+

G+n) 182

1222837 003 1800 18223 462283,

(2+n)j_22(4n+2)+12_1222(3+n)j_422(4+n)j_422(3+2n)_22(6n)
(2n+1) 4n)

+222

2 2
—222%-4229+22%+622 —18522" 182210223 M 204 T2 622

difpl =R, [P.0,]=
oz, ™
1845022241822 T 5 82020 F ) 4 1n 9B 40 2R g (8D g 5017,
—622087 D) aa ) g B3R 1n B 5 ) 503 15,003,
23622, 12087+ 0 0GR 180T 1102208 i 122287,
—1222%H 18,2222 T 362283 1 16228 T 10224 T s 23 F M)
42220540 00,08 46225 12223 ) 003D 1800 _ 8204 62203

Therefore, the multiplicity m__, (R__I [P, O, ])= 1.
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Appendix B.

Q = ]2 22324 + 272344 +221~7—324 +22-,Z3Z4 + Z 2.' <3 "‘7
z, =25

> =7

Z4 25

; 3 2 .
01 =22 BH3 RN 3 (14203404, ) (14n34208) , (14303404) ) o(1+03)

-7
23421 7237 2 (5 R 3 enty)

“R.ol-

83222(77134—3’14-1-1)

(2 7,91+3 n3+n4))

429204 g\ TIP3 TR _ oo (1 +8RI) L (4ns+2nd)
_11130022(4+12’13+4”4)+,9,,0422(54- 15 n3 + 5 né)
_,,422(3+4n3+2n4)_3222(3+14n3)

NP
+3024 202609

_ 1652 (10n3+4ns+2)

3 4 - 3+2n4
_662822(-"*‘9-’13"'5” ) (-1 +6n3+2n4)

4 2

7Rt 10n3+2nd) o (2+11n3+504)
-2 R a

+2822( -+7R3+’14)+2 2(3+13n3+9ﬂ4)

(-1+6n3)

+294 22

3 A
Coq {1 +8A3+2nE) oo (5+15n3+3n4)

2 249
- 11130022(-+6”-’ +~’14)_422(3+14n3+6n4)

5 +4n4
— 6628 22 _1682(4+3n9+3n4)+302422(2+6n3 né)

+5622('2+7”3+3”4)+22422(2+11'23—’14)_ (4+12n3+224)

2744 + 3024 z2
(3+973+3n4) (1323 +5n4) (-1+10n73+41r4)

u 4
+588272 (31‘9)23+'l )

+17891222 +56z2
- 2
_10722( 1+10n3+-n4)+822(5+6n3+6n4)

4
-21422 +2822(13n3+3n )

7 4
_39222(5+15n3+ né)_&zz(4+3n3+n )

s 3024 4 12R3H6R4)  (9+5n3+3nd) ., (3+4n3+6n4) (4n3)

3222 - 2822
(3+5n3+3n4) (3+5n3-n4)

-2 £
+9822 (1+8n3-2n4)

+39222 (1+8n3+4n4)

-39222 -49z2

-1 9 (10)23 6’14"'—) ‘7}‘3+5n4+|,
65"22 +83..,ZZ
+‘78—2 (10’7-’4‘-)4‘-”14’

nd _41342

+20g 2 M3 +nd)_ o (10+8n3+4nd)
(6+5n3+3n4)

+2822 +5622(6+5n3+n4)_39222(5+10n3+8n4) 9,,_‘_2(3-4-13n3+7tz4)
(5+10n3+2n6) oo (3+13n3+3nd)_ o, (4+8n3) .o (3+5n3+ns)
+83222(5+11n3+rz4)_11222(6+14n3+2n4) 41,,_7(4+8n3+4n4)+20822(5+11,,34.5”4)
_2822(6+14n3+6n4)+422(5+6n3)_123222(9n3+3n 4)

-2744 22
Ing 3n3-nd
_39222(1+3n3+:r )_39222(1+.‘>n:) n4)

(5+6n3+4n4)

(3+4n3+4ns) (4 +Tn3+7né)

-48z2 +22422

(4+Tn3+nd)

-4922

(6 +18 n3 +6n4)
11222 (4n3+4ns) 4z (3+4n3) _242222(9n3+n4)
o426+ 9RI+5nd) (1+12n3+4n4)

+ 62222
(1+12n3+2n4) (7T+12n3+6n4)

e S HEn3+2 n4)+123222

123222 {6+9n3+3n4)

g4 ;21573 +504)

+12322z22
(2+15n3+3n4)

2
+588z2 +29422(7+1-n3+4n4)

3 4 +7né
-16822 _1422(9’13*'5'2 )_422(3+9n3 né)

2
_3822(6+9'23+7’14)+422(1+l-n3+6n4)

3—n4 —né
"2822(9'1: n )_422(3“‘9’23 n )
’ -

(6+9n3+n4)+8 (1+12n3)

- 1422 +16822(2+11n3+3n4)+33622(2+11n3+n4)

Cag o 3FMNSR2R L (Bln3tans) oo (4+Tn345n0) o (4+7n3+3n4)
_10722(7+8n3+4n4)_21422(7+8n3+2n4)+5622(8+lln3+3n4)+2822(8+11n3+5n4)
_sgg 510N H6RE) o (5+10n3+4nd) o (3+13n3+508) | ooy (84803 +2n4)
pan g (SFIIR3 43R, (6+14n3+4ne)
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difl =205822

0

df1=2-R, 2.0l

(6+12n3 +4n4)+83222(7n3+3 n4)

(8n3)

(1+11n3+n4) (3173 +n4)

+67222
(10n3+4n2+1)

+ 29204 22

(2+14n3+2n4) (4+15n3+5n4)

-144 22 - 58822

(3+12n3+4n4)_7222
(2+4n3+2n4)

-330422
(2+14 3 +4 né)

+ 14602022

+60as 201 H679)
(12 n3+2n4)

— 44520022 (6+12n3+6n4)

(2+141n3)

+411622

(-2+6n3+2n4)

-9622 -7222

(3+7n3+5n4)

+123222
(2+9n3+5n¢)

-294z2

(6+8n3+2n4) (6+8n3+4n4)

+1344 22
(3+7n3+3n4)

- 19884 z2
(1+11n3+3n4¢)

- 149822
(3n3+3n4)

- 74922

1+11n3-n4
( n n)n3

+67222 +33622 -1176=2

(2+1373+3n4)

n3+2464z2

(1+1173-n4) (2+1373+3n4)

(3+8n3)

- 22422 nd+1274 22

(13n3+5n4-1)

n3+294 z2

-~ 1321622 n3+ 72822 (13n3+5rz4-1)n4

(2+4n3+6n4)

n3+280z2

(2+4n3+6n4) (3+Tn3+nd) .

- 12822
4 2g (373 +n4)

n3-19222
(3+8n3+4n4)

n4 +196z2

nd - 1652 22 (2+5n3+n4)

(4+11n3+n4)

né +1960 22
(4+11n3+ne)

n3+392z2

n3-39272(873+474) 5
(2+4 n3+4n4)n4

-
+915222 (8n3~2n4)

(8n3+4n4)

n3+832z2
{(2+4n3+4n4)

4£4-313622
-196z2 né-192z2
(2+9n3+n4)

n3-192z2

(-4 +13n3+3n¢) (3+12n3+6n4)nl

- 5965222
(8+5n3+3n4

n3+26z2

) s eg8F5n3+309)

{(2+5n3=-nd)
n3

n3+ 18144 z2

‘,- -
+1022 (2+5n3+3n4)

+ 196022

né+490z2

~3022203 33724 L 3628822

(7n3+nd) (7n3+n4)

n3 +294 22
(B+12n3+6n4)
no

3 -2n4
(3n3+3n4) (8n3-2n )n4

-1176z2 nd + 1456 z2

(3+7n3+7n8)

n3 + 208 z2
(10n3+6n4+1)

nd + 784 z2
) - 4
n3—991222(10m +6n +l)rz4

(1+6n3+4n4)n3

+ 156822 3-1652022

4
rss2a8 T3 oL g0 T3 HI4)

(1+6n3+4ns)

n4+18144 22

(9n3+5ns- (9n3+5n4—1)n4

1)n3—70:/:2
(-4+13n3+an4)n4

+ 12096 =2
{(3+3n3+3n4)

n4-126z2

50422 (3+3n3+3n4)

- 667800 22
2 4
-247.2( +14n3+6n4)

n3 - 504 z2
(1+6n3+2n4)

né+6z2

(1+6n3+2n4) (2+14n3+6rz4)n3

n3— 222600 z2
(1+1573+3n4)

nd—56z2

A
nd — 2520 22 (l+15n3+3n~')n4

(3+7n3+7n4)

n3-504z2

2 2 2 3
(..+l3n:)+5n4)n (-+13n9+5n4)n4

+1568 22 né + 5096 22

3+8n3+2n4
(3+8n3+2n )n3

3 +1960z2

(3+8n3+2n4) (2+9n3+nd)

- 1321622
(-3+7n3+3n4)

-3304 22
(-3+7n3+3n4)

nd - 6628 z2

(10n3+4n4+1)n4

+392z2 n3+168z2

(3+12n3+4n4)

né - 6608z2

2 4 2 +5ne
(3+12n3+4n )rz (2+9n3+5n )n3

- 133560022
(2+9n3+5n4)n

n3 - 445200 22
(2+14n3)

4-59652 22

2+4n3+2ns
~3314022 4-44822 (2+423+2ns)

423522237330 o 168022

el 4
+58822( 2+6n3+2nd)

n3-96z2
(3+7n3+5n4)

”
13- ag\2Tan3T2ne)

el 2
nt+1764 2202673+ 204) o

né +438060 228 T35 s 14602022

(3n3+n4¢) (2+14n3+2n4)n3

(4+15n3+5rz4)n4

2 na
+1204 24 TOM3 T2 sr612 2 n3 - 67222

4 - 2 2 nd
+44822(7+11n3+3n )+28:2(5+10n3+ né) (6+8n3+2n )’2

-42822

-171222
(7+11n3+3n4)n3+16822

3
3 T+ 3 4
(6+8n:+2n4)n4+61622 (7+11n3+3n )n.4

7 7 + 3+ns
+117622(3+'n3+3n4)n3+50422(3+ n3+ 3 n4) (1+11 23 +n4)

néd+336z2

nd - 4704 228873 3
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(1073 +4n¢+1) (5+9n3+3n4) (5+9n3’+3»‘n-’l)mz

- 1652022
5+9n3+7n4)

n3-11088z2
(5+9n3+7n4)

(On3-né=1) -i4822
(5+14 n3+6n4)

n3 -~ 3696 z2
nd— 156822(5+14n3+2n4)n3

(12 23 + 6 n4)

—25225¢ n3 - 19622
_ang St 1en3+20e)
-39222
-1176 22

—14z25 9348 96z
_2822(2+9n3+7n4)

(12n3+6n4)n4

4 —25222 n3+2422

(5+14n3+6n4) (2+9n3+7n4) .

n3 - 168 z2
(4+10n3+4 n¢)

né-362z2
n4+22422(7+11n3+5n4)+422(2+9n3—n4)

(12n3)

4
nd-126 2205 +9n3+n4) g

(7n3+3 nd) (Tn3+3n4)

n3+ 5824 22
(-2+10n3+4 n¢)

n3+ 2496 z2

(-2+10n3+4n4)n4

n4-21402z2 n3-3856z2

(12 n3+4 n4) (4+6n3+4n4)n4

+7464 22 n3+ 2488 z2{ 123 T 474)

(4n3+4n4-~1)

n4 +4928z2

(4n3+4n4-1)

-44822 n3—448z2

(6+12n3+4n4)

n4+352822(6+ 12n3+4n4)n3
(9n3-n¢-1) (2+9n3—n4)n3

+1176 22 nd+28z2 né-36z2

(4 +1ln3+35nd) i+ 11n3+5ns) {(Z+13n3+Tn)
+2288 20° +ilns+ n»;n3+104022(4+un;~4- n )n4+509622\ +1303+7 Y n3

(2+13n3+7nd) (2+4n3) (5+1823+6n4)

+2744 22 né-162z2

(5+18n3+6n4)

n3 - 49392 z2

na+24228 7673 3117622
(2+14 n3+4 n4)

16464 22 (3 n3-na)

(2+14n3+4n4)

n3-96z2
(5+9n3+5n4)n3

2+14 4
(2+14n3+2n4)

-336z2 n3-9622

(5+9n3+5ns)

né - 21798 z2

(3n3-n4) (9n3+n4—1)n3

-12110z2
(9n3+ns-1)

né+392z2 nd -21798 z2

, -
~242222 n+ 7392 22( 4 63+ 4n4) (2+9n3+3n4) .

(3+8n3+4n4)

n3+1610208 z2
4 2ns
(4+10n3+2n )n3_9822(4+10rz3+ n )n4

2nd
(10n3+1+2n )n3

-330422
(3+7n3+n4)

n3-490z2

(3+7n3+n4)

+196z2 n3+2822

(1013 + 1 +2 n4)

n4-4130z2

9
_ 82622 (3+12n3+2n4)

(9+8n3+4n4)

F8n3+4nd
né +6048 22 (9+8n3+4nd) ;

(5+5n3+3n4)

nd-56z2

(5+5n3+3ns) (5+5n3+n4)n3

-2822 4+ 14022 n3+84z2

(4 +10n3+8n4)

né+280z2

4 -
+562205F3m3+08) 4 39900 n3- 11088220 #3374 1)
4
_369622(9n3+3n 1)n4+53673622(2+9n3+3n4)n

_16822(1+15n3+5n4) (4+15n3+3n4)n4

4040 234 ¥ 1073 +604)

- 117622 (4+10n;+8n4)n4

(1+1123+3 n4)

-3136z2

(1+1123+3n4) (1+11n3+n4)n3

+ 184822 n3+504 22

(3+12n3+2n4)

nd + 3696 z2

3 - 3+2nd
(1+6n3) (-5+1023 n )rz3

+18144 z2 n3+36288:=2 n3-70z2

- ~ ~
_1422( 5+10"3+'n4)n4+705622(6+1'n3+6n4)

_ g5 {6 tERITARY) . (6+8n3+4nd)

2 ‘
n3+3528 218 T 123+ 6R4)

Snd
-42822 na+308220  F11n3+Ind)
(T+11n3 +5nd) (4 + 1013 +61n4)

4
+14022 (4+10n3+6n )rzd

nd4 - 5880 z2
(4+10723+4 n¢)

n3-3528z2

(-2+6n3) (4+11n3+3n4) .

-29402z2 n3+352822

(4+11n3+3n4)n4+30822
{(1+11n3+5n4)

n3+9152z22

- y . ‘
+2496 22 {(1+11n3+5n )n3+14032(1+11n;+5n )n4

4 ‘ )
—sgg (3t 15A3+3n )n3+5622 +a160 24 T 1IR3 +3nd) (8n3+2n4)

(4+10n3+4nd) _

-29422

(3+8n3+2n4) (2+13n3+5n4) (5+14n3+4n4)

- 660822 + 1176 22
(4+1573+3n4) (4 +6n3+6n4)

-147022
(<2 +10n3+2n4)

67222

(-3+7n3+n4)

- 196022 +4022

(3+12n3+6n4)

+107z2 -5622

- 2 4
+12096 22 ~112228 7D 3 amepp 2l 1 HOR3 2R _334,y(3 #3340l
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_ {4 +13n3+304)
(2+4n3+6n4)

(4+15n34+Tn4e) (1+1523+3n4) (2+14n3+6n4)

- 196022
(8+5n3+3n4)

-33622
(8n3-2n4)

-1222
+u7622(2+5n3-n4)
(-2+6n3)_11222(-3+7n3+3n4)
(2+4n3+4n8)_ ., (3+3n3+3n4)
(9+8n3+4n4)

-9622 +1822

(2+5n3+3n4)_1988422
(1+6n3+4n4)+89622
(Tr3+n4)

-39222

(2+9n3+n4)

+294 22 - 58822

+ 604822 (3+7n3+7nd)

(873 +4nd)

- 14422

4922 (10723 +1+2n4)

+112z2

+2082z2
(3+7n3+n4)

-82622
(1+11n3-n4)

-7022

(Tn3+5n4) (10n3+6n4+1)

+44822
(4+10n3+2n4)

+83222
(4+10173+8n4)

-330422

9
24522 196022 (2+13n3+Tn4) (5+5n3+n4)

(2+9n3+3n4)

+1176 22 +33622

54120342 )
+536736 22 (5+5n3+3n4) (3+12n3+2n4) (5+14n3 +6n4)

(3+8n3+4n4)

+1682z2
(5+14n3+2n4)

+ 12096 22
(4 +11n3+n4)

- 16822

24 4
— 165222 (2+5n3+n4)

- 660822
(4+6n3)

-67222
(2+13n3+3n4)

+4160 22
(2+4n3)

+1176 22

(3+8n3) (5+18n3+6n4)

+294 22
(4+11 n3+5n4)

-1222 - 16464 22

2 2
+2022 +1040 22 (4+6n3+2n4¢) (2+9n3+7n4)

(-2+ 1023 +4 nd)

+311022
(3n3-n4¢)

-1222
_739222(5+9n3+3n4)

2
(5+9n3+5n4)+4ﬂ(1-n3+6n4)

(3n3+3n&)

+214 22 -39222 -39222

e
(12n3+4n4) _ 16822(5-4-9113+7r14)

(3n3+n4)

+622z2 -14532 22

(1273 +2n4) (12 n3+2ne)

+ 29204 22 né +14784 z2 n3+2464 22
(4n3+2n4—1)n4 (4+6n3+6nd)

né—448z2
(5+14n3+4n4)

(4n3+2n4- 1)713

-22422 +482z2 n3-448z2
g 3 nd -
(13n3+3n4 1)n3+84z2(13n3+an 1)

(4+15n3+7rz4)n3

+ +6n4
+36422 (4+6n3+6n )n4

n4+482z2

A 2 A
(4+15n3+7n-)n4 (:+3n3+rzv)n3

- 588022
_gaj3+3n3+nd)

~-2744 22
(4+6n3+2n4)n3

-25222

né +373222 (5+l4n3+4n4)n3

(1+15n3+5n4)

- 156822

(1+15n3+35n4) (-:'.+10723‘+Z’.rz4)n3

- 126022 n3-42022
(2+10n3+2n4)

né-1070z2
n3—588:f:2(8m +2nd)
(4+6n3+4ns)

+2n4 24913 -nd
-21422 4- 23521873 +2n4) (2+9n3-né)

_8422(5+9n3+n4)+822(12n3)

néd—-1222
+ 616022

difI(z, =1)=0
ar2=Z:x.[0,.0]

oz;
. (3+6n3) -
&if2 = -214 %84 + 80 22 - 2016 %75 — 144 %26 + 6048 %87 — 222600 %8 — 3360 %32 — 24 %17

-324 22(1 +9n3=né) 732 - 3304 %41 - 288 %54 — 1335600 %15 + 588 %9 + 4032 %29 — 39768 %4

el -
(12n3-1) .

+ 584080 %28 + 96 22 — 288 %60 — 8988 %38 + 16640 %50 + 2016 %37 — 19824 %78

3+nd
— 1008 %88 + 24 %74 + 672 22( 1113 +nd) + 336 %10 + 36288 %21 + 3136 %61 + 588 %76

-4704 22(8 n3- l)n3 +124409%27 + 12348 %13 - 37632 22(8 n3- 1)n32 —~ 5880 %71 — 24 %57 - 840 %70
(1+9n3-né)

+336 %2 — 420 %86 — 24 22 + 1568 %3 + 4160 %69 + 24640 %62 — 428 %64

2 -
+115222(1-n3 1) 3'7 (1+4n3)

n3= — 82320 %20 - 36960 %82 - 24 22 + 2352 %66 + 336 %22 - 980 %79

+ 1073472 %19 + 36288 %77 — 826 %47 + 24696 %46 + 6048 22( 673) + 1680 %43 - 960 %65 ns — 840 %59

A
~ 630 %31 — 11760 %24 — 7840 %35 — 144 %45 — 144 %17 n4% - 19824 2202 ¥ 373
(-3 +6n3)

- 168 %39 — 7840 %11

+9n3+n4
~ 3304 %40 + 56 %33 — 3360 %6 + 16640 %7 + 1176 22 (1+9n3+nd)

39768 22 + 160 %52
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— 7840 %49 + 2352 221 27 T8 | 2688 9423 + 2352 %68 + 588 %67 - 192 %65 + 144 %80

+44822 1179 _ 3360018 - 4494 %5 + 840 %42 + 23522281 T 1) _ 72660 9448 - 4956 %55
+168 %34 — 23128 %55 13 — 4410 %79 n3 — 882 %79 14 + 1372 %22 13 — 40656 %82 nd — 2772 %59 n3
+2022(1 +9n3-nd)

+22422 142 + 28 %34 nd? — 428 %84 n4? - 1176 %30 n4> — 18900 %39 n3% — 768 %54 nd®
+20800 %83 742 — 350 %25 142 + 6776 %61 n3% — 445200 %8 nd> - 756 %88 n3% — 3424 %64 nd*
+9952 %63 742 — 384 %26 742 - 25088 %35 n4Z - 1512 %18 nd> ~ 165200 %41 n3% — 99792 %82 n3%
— 18816 %30 n32 - 3022283 3 71 2

n4 - 1386 %86 n3 + 22392 %27 n3% — 11088 %85 ndZ — 99792 %85 n3%
(11 n3 - n4)

- 196182 %81 132 — 2422 %81 742 + 44352 %62 n3°

- 3528 %36 732 — 1792 %32 n4% + 50 %80 132 + 4928 %44 n4> + 177408 %44 n3% — 26432 %S5 n3%

-n4
— 196%79 na2 + 1372 %22 n32 - 11088 %82 na? - 2268%59 n32 - 422 T3 74 2 1134 04g6 n3?

+ 252942 42 + 66248 %66 n3° - 41300 %47 13> — 1652 %47 nd> ~ 448 %31 n3° - 6608 %78 nsZ

+ 21168 %46 142 + 435456 %77 n32 + 84672 %46 n3% - 112 %31 na® + 108864 2208 ) 32

_6422(1+4n3) (l+9n3+n4)n42

n3% - 6628 22 +2784 %10 n3° ~ 14 %86 nd> + 1400 %43 n3>

+56 %43 naZ + 882 %76 42 — 1512 %75 nd? + 18 %74 nd” + 144 %73 nd> — 23128 %78 nd — 92512 %78 n3

+254016%77n3 — 33140220 T3 ) 4 1960910 13 - 154 %86 nd + 1470 %76 nd — 3528 %75 n3

~ 3528%75 n4 - 42 %74 n¢ — 180 %57 n3 + 24 %73 nd + 48 %73 n3 + 42336 %77 n4 - 728 %72 n3
— 10584 %71 nd — 4312 %70 23 - 26460 %71 n3 — 10584 %11 n4 + 630 %1 n3 + 2450 %76 n3 + 20592 %69 n3

+ 9360 %69 14 — 1848 %70 24 + 102 %80 24 — 280 %72 nd + 5824 %56 n3 — 182 %74 n3 + 12096 %77 né>
A ;

~ 1057282282 T 8730 152 1 04649472 n32 - 62722281 147D 152 _ 3849645 n3% - 4704 %71 ne?

— 5488 %70 732 — 29400 %71 723 - 165700 %d nd~ - 96 %45 74> — 3528 %11 n4Z — 700 %1 232

+2450 %76 132 + 25168 %69 13> + 5200 %69 n42 — 1008 %70 24> — 2100 %39 242 + 18 %80 né>

-n4
+1400%72 242 + 40768 %56 3% — 10700 %84 n3% + 338 %74 n3% + 3922201 T 33752 105 0460 na?
- 3+nd-
+98002281 373 774) 32 L 10seea 0421 na? 42082282 T4 1) 42 196182 %48 032
— 3528 %36 n4> + 14491872 %19 132 — 165200 %40 132 - 21952 %32 13 — 784 %17 n3% + 10976 %23 3%

(Tn3+nd-1)

+ 40768 %83 132 + 28 %22 ndZ + 1019222 n3> + 435456 %21 73" - 889056 %20 n3°

— 98784 %20 n42 — 59472 %40 n4> + 1610208 %19 24> + 20328 %2 13° — 37800 %18 n3° + 576 %73 n3°

- 4
+ 25480 %68 13 + 9800 %68 4 + 126 %1 nd + 6370 %67 n3 + 1470 %67 nd + 29204 220 L H 33T 4)

- 298260 22( 1+9n3+nd) 73 - 640 %65 n3 + 6420 %64 n3 + 7464 %63 n3 + 44352 %62 n4 + 448 %14 n3

+ 2520 %61 nd — 3360 %60 723 — 2156 %59 n4 — 364 %58 n3 — 84 %58 n4 ~ 140 %357 n4 + 2496 %56 né

+1008228 1B+ 74) L A5864.%13 n3 + 82368 %50 n3 + 1960 2201 T3 )

+ 980022(1 *+3 n3+rz4)n3_ 11564 %55 n4 - 960 %54 n3 - 196 %51 n4 — 28 %53 né - 392 %51 n3

(3+6n3)

— 3136 %16 13 + 7488 %50 n4 + 48384 %87 nd> + 144 22 n3% + 108864 %87 n3°

(4n3-2)
{(6n3)

- 448 z2 n3% - 248 %12 142 + 25480 %66 n3 + 13720 %66 nd — 239778 %48 n3 - 133210 %48 n4

+ 5443222 n3 +5824 %383 n3 + 4160 %83 n¢ + 10976 %23 n4% + 66248 %68 n3% + 9800 %68 nd>

. 4
— 28%1 nd2 + 16562 %67 13 + 882 %67 naZ + 19208 %66 neZ + 700 %642 n32 + 29204 21 T3+ 2

— 6848%5 n32 — 53686822 T3 T 132 15 0065 132 - 1152 %65 ne® + 1372 %34 n32

— 21400 %64 732 + 89568 %63 n3Z + 19712 %62 na2 + 7488 %7 nd> — 13696 %38 n3> + 700 %33 n4>
+288%52 232 — 1792 %14 13> + 504 %61 714> ~ 9408 %60 13> — 856 %38 n4% — 1372 %59 nd>
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+4732 %58 132 + 252 %58 nd% — 196 %57 nd? + 7488 %56 nd? + 336 22 11 A3 +74)

+9800ﬁ(1+5n3—n4)

n4? - 39200 %35 n3%

73 + 6570900 %28 132 — 21952 %6 3% — 1568 %16 ndZ + 8232 %37 n32

+262836 22 1 H3M3H19) 02 o430 0041 na? - 17248 %6 13 +2100%3 nd — 11762200 1) 3

(11 n3—n4)n32_196022(1 +5 n3-n4)n4

— 11128 %S5 73 — 105728 %78 132 — 324 %57 13 + 3388 %33 732 ~ 2268 %53 n32 -+ 36288 %87 nd
+21622C3 T 673) 34 1512 %2 na® - 16027200 %15 132 — 1780800 %15 742 — 1680 %26 n3 + 126 %25 13

— 980 %34 73 +3210%84 n3 + 642 %84 n4 ~ 1764 %88 n3 — 588 %88 nd + 432 %52 n3 + 432 %52 n4
(4n3-2)

- 84988 n4% - 4900 %79 n32 -~ 1512 %75 n32 +27104 z2

- 52920 %49 n3 — 24696 %49 nd — 480 %60 nd + 54432 %87 n3 + 11222 n3 +224 %12 nd
(1173 - né)

+ 33588 %27 n3 + 3696 %85 n4 + 11088 %85 n3 — 672 22 né — 960 %54 n4 + 70 %25 n4
+252 %353 n3 + 9240 %61 n3 — 667800 %8 n4 + 3942540 %28 n3 + 2568 %64 n4 + 2488 %63 n4 — 480 %26 né

- 1512 %18 n4 — 121968 %82 n3 +39222(3 n3—nd-1)
+739222(11 n3—nd)

n4+ 21798 %81 n3 + 2422 %81 n4 + 66528 %62 n3

(3n3-n¢-1)

n3 + 170 %80 n3 — 504 %88 n4 n3 + 21952 %23 nd n3 + 235222 n3n4

+ 145152 %87 n4 n3 - 1260 %25 73 nd — 2671200 %8 n3 né — 2688 %26 n3 n4 - 3920 22(1 +5n3-nd)

(11 n3 - n4)

né n3

= 252 %86 n3 né¢ — 1792 %12 n4 n3 — 66528 %85 nd n3 - 4928 z2 nén3—4280 %84 n4 n3
— 9408 %30 74 13 — 12600 %39 73 4 + 58240 %83 n4 n3 — 6272 %6 n3 né — 62720 %35 né n3

- 15120 %18 74 23 — 132160 %41 23 nd — 66528 %82 n3 n4 — 43596 %81 n3 n4 — 7056 %36 n3 n4

- 12544 %32 n4 n3 + 60 %80 n3 nd + 59136 %44 n4 n3 — 1960 %79 n3 n4 + 392 %22 n3 né

+72 22(1 *9n3-né) n4n3 - 16520 %47 n3 né — 448 %31 n3 nd — 52864 %78 n4 n3 + 84672 %46 n4 n3

+ 145152 %77 n3 nd + 2352 %10 23 né + 560 %43 73 né + 2940 %76 rn n3 - 3024 %75 n3 né + 156 %74 né n3
+ 576 %73 n4 n3 + 7280 %72 n3 nd — 384 %45 n3 ns — 23520 %71 n4 n3 ~ 4704 %70 23 nd ~ 596520 %4 né n3
— 35280 %11 né n3 + 22880 %69 73 n4 + 50960 %68 13 né — 280 %1 n4 n3 + 7644 %67 n3 nd

(-1 +3n3 +n4)

+ 71344 %66 n4 n3 + 840 %42 n3 nd + 175224 z2 né n3 - 6848 %5 n3 n4
(1+9n3+nt)

- 119304 22 n3 né — 1536 %65 n3 nd + 392 %34 n3 n4 — 17120 %64 n3 nd + 59712 %63 n3 n4é
+ 59136 %62 n4 n3 + 54912 %7 n4 n3 — 6848 %38 n3 nd + 3080 %33 n4 n3 + 576 %52 n3 né — 3584 %14 n3 nd
+ 3696 %61 14 n3 — 2688 %60 n3 74 - 3528 %59 n4d n3 + 2184 %58 n3 nd — 504 %57 nd n3 + 34944 %56 né n3

+ 7392 22( 1173+ né) né n3 + 7056 %37 nd n3 + 28224 %13 13 n4 + 18304 %50 n3 nd

+ 392022(1 +5n3+né) nén3 - 26432 %55 néd n3 — 1536 %54 n3 n4 - 3136 %51 n4 n3 + 504 %53 né n3

— 82320 %49 73 n4 + 12544 %16 n3 né — 217980 %48 n4 n3 + 23520 %29 n4 n3 - 70560 %24 n3 né

Tn3+nd -
+ 4380600 %28 n4 n3 + 14928 %27 n4 n3 + 435456 %21 n4 n3 + 2912 22( n3+né=-1) nd n3

+ 9661248 %19 n3 nd — 198240 %40 n3 nd ~ 672 %17 n3 n4 ~ 592704 %20 n3 né + 11088 %2 n3 né

+ 7056 %9 né n3 — 10684800 %15 n3 né + 3080 %3 13 né + 1512 %37 n4* + 42336 %13 n3° + 100672 %50 n3*

+3022201 733478 2 00002 FIPITAE) 32 608 %55 na® - 768 %54 3% - 784 %51 ne’

— 28953 ne? + 288 %52 n4> — 88200 %49 132 ~ 3136 %51 n3> — 25088 %16 n3> + 832 %50 nd”

— 19208 %49 142 — 60550 %48 4> — 12390 %47 n3 - 2478 %47 nd + 91728 %46 n3 + 45864 %46 nd

- 2240 22(1 +14n3) n3—480%45 n3 - 240 %45 nd + 14784 %44 13 + 2464 %44 nd - 5292 %9 n3

- 1764 %9 né + 3080 %643 13 + 616 %43 nd + 1540 %42 n3 + 924 %42 nt + 8400 %29 4% - 58800 %24 n3°
+16464 %29 n3° + T30100 %28 247 + 2488 %27 24> - 31752 %24 n4 - 49560 %41 n3 - 19824 %41 nd

3+
— 49560 %40 13 - 29736 %40 n4 ~ 3780 %39 n3 - 1260 %39 n¢ — 10584 22( 3+6n3) n3 - 298260 %4 n3
- 165700 %4 né — 22256 %38 n3 — 5564 %38 nd — 5564 %5 n4 + 8232 %37 n3 + 3528 %37 n4 + 1512 %2 n4

(2+8n3)

- 1176 %36 n3 - 1176 %36 n4 — 9251222 n3 — 35280 %35 n3 - 28224 %35 nd - 140 %34 n4
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— 2464 %6 nd + 82368 %7 n3 + 22464 %7 n4 + 924 %33 n3 + 420 %33 n4 - 17248 %32 n3 - 4928 %32 n4

- 80 22( 1+4n3) n3— 1064 %31 23 — 532 %31 n4 - 2352 %30 n3 — 588 %30 24 + 11760 %29 nd

— 52920 %24 n3 + 16464 %29 13 + 1314180 %28 nd + 11196 %27 nd + 10976 %23 nd — 4006800 %8 n3%

— 4708 %26 732 — 1134 %25 132 = 35282283 7 77 1) 132 1200 0014 na? + 4704 %13 ne?

— 1792 %12 732 — 88200 %11 n32 + 10584 %09 132 — 21168 %24 ne2 + 21168 228> * 6730 32
(Tn3+nd-1)

+ 127008 %21 nd + 208 22 nd + 8051040 %19 n3 — 280 %17 13 + 10976 %23 n3 + 196 %22 nd
+1a5622 7B 7DD 2 | 254016 %21 n3 - 543312 %20 n3 — 181104 %20 né + 2683680 %19 s
— 7560%18 n3 - 120 %17 nd - 180221 T2 ) 3 _ 0409410 e + 784 %16 e
+87612 220 ¥ 33419 5 9349200 %615 73 - 3116400 %15 né + 110882281 P ) 13 L ag20 %3 3
+448 %14 24 + 15288 %13 nd + 448 %12 n3 — 52920 %11 23 + 504 %10 n42 + 1176 %9 247 — 2003400 %8 n3
+100672 %7 n3 - 448 %6 n¢> + 40656 22° 1 7 ¥ 7% 132 1912 %5 na® — 536868 %4 13 + 3386 %43 n3
+700%3 ne® + 5544 %2 n3 — 1922280 T 14 140041
6+10n3+2n4 _
51 =2 S 107 ) s S HI2AIHARD g (9n3+5nd-2)
+3n4
0 = gl 1113 +3 74) voig g4 13 T4R4=2) 0426 = gl L T 1473 +414)
6+11n3+5n4
w3 = STUAITINE) (en2mdeans) oo (34623+2n4)
1+9n3+5n4 a
oot =\ HIMIHI4) vil6 mpg 813 21E=1)  gng . (3 +1523+504)
5+8n3+4n4
vy = o0+ 813+ 4n4) oy 17— g L3 H6RE)  gng (24T n3+5nd)
4+14n3+2n4 349 pd—
%46 = 22 ) g (1573 4388) g0 (873 +2n4-1)
+ +3n4
01 mpg T IBEIRG (1493 43n) gy (8483 +ARd)
6n3+2n4
%8 = 813 +214) virp e AT IBIIHERE) gy (44 14n3+4R4)
3+6n3+2n4
049 =\ 3 TE3+274) vur] =BT 1213608 gan (1123 +5nd)
4+7n3+3n4
910 =l A7 n3+30d) PNC 2 PRV Y BN C R
+ 3+3n4
%11;=22(3 157 né) %23:=22(2+7n3+7n4) %35 :=22(3+10n3+8n4)
4n3+2nd-2 _
%12:=22( n3+2n ) %24:=22(3+10n3+6n4) %36 :=22(3n3+3n4 1)
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4
%37:=22(2+7rz3+3n4) __=22(1+4rz3+4;z4) %71 :=Z2(3+10f23+4f2,)

%54 -
%38 =z2(3 +873+2n4) %55 = (2+ 813+ 4 4 %72 = 751323+ 5 nq - 2)
%39 = ;{15 73+ 5 nq) %56 := 7713 +3nd~ 1) %73 :=22(1273+ 64— 1)
%40 :=55{1073 + 6 n) %57 =21 +943 + 7 gy %74 =125+ 1313 43 ng)
%41 = (107344 ng) %58 = 25(1373+3 ns _ 2 %75 =522 +3 23+ 3 ng)

fa 713 o D5y e ‘a, 2. PES /1 2242 mAY
0/042:=z2(4-r5rla~r.>129; %59:=22\4-r-9f29'1- P} %76:=22\4.+5u..»+.un,

%43 = ,p{4 + 313+ ng) %60 = 27{1 + 14213+ 2 ) %77 :=72(2+ 121342 ng)
%44:=22(12rz3+2n«£—1) %61 :___22(6+11n3+.>n4) %78:=22(2+8n3+2n4)

+
%45:=22(1+4iz3+2n4) %62 :=22(3+6fz3+4n4) ___22(3-!-10;23 2 n4)

%679 -

=22(5+12n3+6n4) =22(12n3+4n4-1) =22(7'+5rz5’+3’rz4)

%46 : %63 : %80 :

. Sn3+ns—z
%47:___22(10n3+2n4) %64:=22(3+10n3+4n4) =22( n3+n }

%81 :

+9 73+ 3 ng
948 = ;{4 + 973+ 5 ng) %65 =57 {1+413+6 ng) =2(4+973+3 54y

%82 .

- — + —
%49 = ;o(3 + 1513+ 7 ) <21+ 1303+ 70 =2{Tn3+5 04~ 1)

%66 : %83 :

%50:___22(a+11f13+n4) %67:=22(1+1.an3+.>}24) %84:___22(-3+10n3+2n4)

- . i
%s1:=z2(873 +4nd-1) %68 1= ;{1 + 13234 5 g —22(973 43 na 3)

%85 :

4+ +n4
%52 :=57(3+673+ 6 n4) %69 :=,2(3 + 1113 + 5 14 ={4+973+ ng)

%86 :

~né-2 +4
%53:=22(9rz3 néd~2) %70:=22(4+14n3+6}z4) %87:=22(6n3 nd4)

%33 :=Z2(2+3n3+n4)



Therefore, the multiplicity m__, (R:l @] N0 ]): 2

2

2 a2 3_2 33
P =3zz2,2z, ~2z,z;2;z, +22,2;2, —52,2,2, — 2,2, + 3

3

z 3

t
w
il

[

L]

N
i

NS

z, =2

Pl :=Szj?‘z.2(2+n3+n4)—

R.[R.0]=
(5+8n3+5n4e)

2z

3622 +105022(4+8n3+9n4)

(3+10n3+12n4)

-622

25022 (6+8n3+6n4)

(446024 n2)
+1422° ’

+7222
{(§+1023+-6n4)

+12022

120z2 -45z2
(5+6n3+3 n4)+8422(5+7n3+4n4)

(6 +5n3+8n4)

+93622 —-44122

(7+1073 +6 nd)

+175z2 -25222 -7522

(3+7n3+10n4)_ 135922(7+5n3+4n4)_
(6+6n3+9n4)_ (8+8n3+Tn4)
(4+6n3+6n4)

-150z2 15022

+352522 10z2 +12022

{(8+4n3+3n4)

-945z2 - 126 22 +5622

4
+14022(2+5n3+5n.)

(7+11n3+8n4)

-27z2

(11+11n3+6n4¢)

+24z2 -2422

(3+6n3+4 n4)+ 1822(9+ Tn3+4n4)

-1284 22
+3022

-40z2

-1222
(3+8n3+8n4)+8422(4+11n3+6n4)_63ﬁ

(4+5n3+4n4) (10 +7n3+4 ne)

- 12622
(5+8n3+3n4)

+28z22 +108z2

(3+5nr3+5n4)

+1822 + 220522

(8+7n3+Tns)

+3022

+42022
_3622(3+10n3+3n4)

—-2422

- 114 22

+10822(5+6n3+5n4)

(10 +10 23+ 8 n4)

+7222

+ 16822(3+ 1023 + 4 n4)

(5+8n3+4n¢)

-4222

(5 +9 n3+6ns)

-1622 -4222

(3+4n3+3n4)

+ 75622

(2+7n3+4+11n¢)

—-29422 +875 22 -12622

(2+7n3+2n4) (1+4n3+n4)

+25222
(6+1073+6n4)

- 441 22 +3622
3o+ 123+ 7n4)

+24222
(8+5n3+4rz4)_63022
(5+10173+8n4)
(3n3)

+5622 -1622

(5n3+3+6n4) (3+8n3+4n4)

-242z2 -108z2

(5+9n3+8n4)

-37822 -2722

+16022 -4022

(2+5n3+2n4) (9+6n3+3n4)

+34322 +18922
(4 +9n3+5n4)

~-622

(7+973+7n4)

-5422 -90z2

(6+7n3+4n4)

-60z2

(4+973+10n4)

-37822 +80z2 -80z2

2 2
122(2+ n3+n4)+zzz(1+3n3+ n4)
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+180z2 -162z2 n3-90z2

(4+1123+7n4) (4+11n3+7n4)

+ 198022
(8+9n3+4n4s)

n3+ 126022
(6+7n3+4n4)

nd = 10822(8+9n3+4n4)n3

(6+773+4n8)

-4822 né~ 12622

(4+7n3+2ns)

n3-72z2

(4+7n3+2n4) (5+8n3+6n4)n3

+21022 n3+60z2

(5+8n3+6n4)n

nd+576z2

2 7 4 7 4
+432 22 4_1522(5n3+ ) (7+8n3+8n4) (7+8n3+8n )n4

(6+11n3+6n4)n3

n3-19222
(6+11n3+6n4)n4

n3-19222

(5 +6n3+3n4)n3

+484 22 +264 22 -252z2

(5+6n3+3n4) (Z+10n3+4n4) (2+10n3+4n¢)n4

- 12622
- 36022

né + 168022
(8+10n3+5nd4)

n3+672z2
{(4+8n3+6né) (4+8n3+6ns)
ns né

(673 +né)

néd—-91222
(9+8n3+5n4¢)

-68422

(9+8n3+5n4) (6n3+n4)n4

+67222 n3+42022

+6n3+6ns
(6+6n3 n )n3

né-1764 22 n3—294z2

- 27022 —27022(6+6"3+6n4)n4—36022(8+9n3+7"4)n3

Tné
(8+9n3+7n )nd (5+15n3+9n¢)n3

- 28022 - 12022 __72022(8+10n3+5n4)n3
(9+8n3+6n4)n (5+6n3+6n4) (S+6n3+6n4) ,

-216z2 4 +1890z2

(3+9n3+8n¢)

n3+1890z2

(3+9n3+8n4)

+ 72022 n3 +64022

(3+8n3+6n4)

né-10272 23 ¥ E3T6n4)

na 4120220 T 1073+ 614) (9+10n3+6n4) ,

(2+4n3+nd)

- 7704 22
(‘.’.-1-4»13+n4)'2

n3+7222

(6+6n3+5n4) (6+6n3+5n4)n4

- 588z2 3-14722

+4ns
(S+9n3+ans) .

né —648z2
(5+9n3+4nd)

n3 - 540z2

453622 (3+8n3+8n4) .

(3+8n3+8n4)

-2016 22
(6+8n3+8n4)

néd-12822

- 12822 (6+8n3+8n4)n4

(9+9n3+7n2)

né ~ 48022
(9+973+Tn4)

n3-480z2

o
7222 n3 - 5622 (2+7n3+10n4) .

(2+7n3+10n4)

nd-1050=2

- 150022 (6-&-9)134-9;:4)'Z

(7+6n3+6n4)

nd - 1620 22 (6+9n3+9n4)n4

(7T+6n3+6n4)

3-162022

+84022 (3+8n3+9n4)n3

n3 + 84022 n4 + 840022
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(3+8n3+9n4) (9+9n3+5n4)

+9450 22
_ 64822(7+9n3+9n4)

né—-36z2

n3_2022(9+9n3+5n4)n4

(7+9n3+9n4) (1+5n3+5n4)n3

n3-64822 nd+ 70022

(L+5n3+5n4) (6+6n3+3n4)n4

+700 22 (6+6n3+3n4)

-162z2

nd- 16222
(2+6n3+3n4)

n3-81z2

(Z+6n3+3n4) (3+10n3+12n4)n4

n3-81z2
(6+12n3+9 n4)

né-1200z2

(6+12n3+9n4) (1+5n3+7n4)n3

+576 22 n3+43222

(8+7n3+5n4)n3_24022
(9+8n3+6n4)

né +70022
(6 +12 n3+10 n4) n3

2n3+2+
(12 n3 3n4)n3

ogp (1T 3n3+7n4)

-24022
(12n3+2+3n4)

né - 58822

(9+10n3+8n4)n3_28822

(10+ 1073+ 5 n4)

n3-962z2

n3-40z2
(6 +1213+1024)

-24z22

—-10002z2
(8+13 73 +8n4)

(2+6n3+8nd)

nd — 80 22 (10+10n3+5n4)n4

"
(3+10n3+1"n4)n3—20022
{(8+13n3+8n4)

g
n4-7222(" +15n3+9n4)n4

(2+6n3+8”4)n3

-104 22 n3-642z2

(3+6n3+n4)

né + 72022

(3+6n3+n4) (6+5n3+2n4)n3

+ 960 z2
_1822(6+5n3+2n4)

né+84 22 n3+14 22

T+Tn3+7né
( n+n)n3

né—45z2

;
nd + 294022 (8+Tn3+5nd) ,

(8+8n3+5n4)

-420z2

(8+8n3+5n4)

+864 22 n3+5402z2

(1+6n3+7nd)

+6n3+
na-21002 1 8B+

(2+6n3+4n4) (2+6n3+4nd)

- 245022
112678 Tn3+4nd)

- 18022

n4+180z2
(8+7n3+4n4)n

n3+120z2
4
4_24022(6+8n3+6n )n3

(6+11n3+8n4)

n3+72z2

(6+8n3+6n4) (6+11n3+8n4)n4

né+2642z2
{6+5n3+4n4)

n3+192z2

(6 +5n3+4nd) (6+12n3+5n4) .

- 679522
(6+12n3+5n4)

n3-5436z2 né +864 22

(10+11 23 + 6 n4) (10+11n3+6n4)n4

+3602z2 né-2642z2 n3-144z2

{8+8n3+6n4s) (4+9n3+2n4)n3

- 201622
_ g4+ 9n3+2n4)

n3— 151222(8+8n3+6»z~4)
(7+8n3+5n4)

n4-36z2

nd + 6048 22 (T+8n3+5nd) ,

(4+8n3+4ng)

n3+37802z2

(4+8n3+4n4) (4+9n3+6n4)n3

-33622
A
_9622(4+9n3+6n»)

+ 56022
- 56022

n3-16822 né—144 z2

(4+1273+7n8) . (4 +1213+7nd)

né-43222
(5+10 13 +6n4)

-252z22

(5+10113’+6r24)”‘\4 (5+8n3+5n4)n3

n3+33622 - 89622
3 4
(5+8n3+5n )n4+108022(6+10n3+5n4)

(4 n3 +né)

n3+54022(6+ 10n3+5n4)n4
n4_54072(6+6n3+8n4)
(5+6n3+8n4)

(4no+rzd)'2 n3_72022(6+6n3+8n4)n4

(2+9n3+10n4

-176422 3-441z2

(5+6n3+8nd) )3

(8+11n3+6n4)n4

+378022

+200022
(4 +8n3+3n4)

n3+ 504022
(2+9n3+10n4)n

né +1800z2

‘- 118822(8+11n3+6n4)

(4+8n3+3n¢)

n3 - 648 z2

+144 722 n3+5422 (4+8n3+7nd) .

(4+8n3+7ne)

né - 56022
(4 + 1013 +3 nd)

(4+10n3+3n4)n4

-49022 4-12022 n3-36z2

(741013 + 5 n4) (7+10n3+5rz4)n4

+ 56022
-6002z2 nd-192z2

| 3+4nd
| +?_7022(44-5rz;|+4n )n3

n3+2802z2
(7T+8n3+6n4)

”
_52522(-+7n3+8n4)n3
(2+7n3+8ns) n3_14422(7+8n3+6n4)n4

(4+5n3+4n4) (4+14n3+7n)

+21622 nd —336z2

(4 +14 13 +7n4) (7T+9n3+7nd)

(7+9n3+7n4)n4

-16822 n4 - 64822

(6+6n3+7ns)

n3-504z2
n4+64822(4+6n3+5n4)n3

(6 + 11 n3+4 n4)

_64822(6+6n3+7n4)

+ 54022
-504z2

n3-756z2

(4+6n3+5n4)n4+35222

n3+12822(6+ 11n3+4n4)n4
(3+4n3+3n4) (3+4n3+3n4)

n3-37822 (1+7n3+11n4)n3

néd+6125z2
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(1+7n3+11n4) (2+4n3+3n4)

+9625 22
(9+10 73 +8 nd)

né-1176 22
(4+Tn3+5n4)

n3-882z2

;
(4+7n3+5n9)

-19222 n4-5882z2

n3_6322(3+4n.3+n4)
(3+11n3+6n4)

n3-4202z2
na+924 23 T3 H6R4)
(241073 +3 nd)

55y (3 F4n3+04)

+504 22 né-36022 n3-108z2

(1+7n3+3ns) (9n3+1+2n4)n4

— 205822 (1+7n3+3n4)

+19622(9+7n3+4n4)

~-21622

n3—882z2 n4+ 16822

+7 +Tn3+6n4
n3+112 2074 (8+7Tn3+6n4)

nd - 120022
(6 +10 23 + 6 n4)

4-25222
(8+10n3+8n4)n3_96022

(6 +10 n3 + 6 n4)

(8+7n3+6n4)

- 252022
(8+5n3+4n4)

n3-151222
(4+9n3+8n4)

n4-135z2

_ 10822 (4+9n.3+8n4)”4

(2+5n3+2n¢)

né - 567022
(2+5n3+2n4)

3 — 504022

-90z2 73 -3622 nd- 36228 T 63 +3n4)

2 4
+045 A1 ¥INIH2NG) o 3og N IHINIHINE) g3 INIHING g

4-43
(3+9n3+5n4) (5+9n3+8nd)

-27022 nd - 540z2

(6+9n3+7n4)’13

4
n3-ag0z20TIMIFERE)

(6+9n3+7né)

-810z2 - 63022 nd-3300z2

(4+5n3+2n4) (4+5n3+2n4)

+1115=2 n3+44622 (7+6n3+3n4)n3

(7+6rz3+3n4)n (2+5n3+4n4)

n4+252z2

2
(2+5n3+4n4)

+12622 4-180z2 n3-144z2

+13022(3+9n3+6n4)n3+12022(3+9n:+6n4)

(2+5n3+5n2)

~
nd+ 110252202 T3 +504) o

(8+4n3+3n2 (8+4n3+3n4)n4

)n3-27z.?
(9+ 11 n3+7n4)

+11025 22
(9+11n3+7n4)

n4—-36z2

+79222
(8+13n3 +6n4)

n3+3504 z2
(6+9n3+5n4)

né-2082z2

n3-30002z2
(5+8n3+3n4)n4

-9622 néd-252z2

(6+5n3+5n4) (5+8n3+3n4)

-75z2 n4-1344 22

{(6+8n3+9n4)

n3-504 z2

(6+8n3+9n4) (5+11n3+10n4)n3

-40022 n3-450z2

(5+1173+10n4)

nd - 880 z2

(4+/na‘+6n4)n3 (4+‘In3-*-6n-4)mz

-~ 80022 né+336z2

A
(5+7n3+4n*)n3

+288z2

Tn3+4né
— 2646 22 (5+7n3+4ns)

(3+7n3+2n4)

-15122z2
(3+9n3+10n4)

Tn3+2nd
ne+sgg 3T 73T

+168z2 né+ 72022 (3 +9no+10n4)n4

(8+6n3+5n4) (8+6n3+5n4)
n3 n

73+ 80022

7222 -60z2 4-21628TINIHER4)

(8+9n3+6n4) (7+8n3+9n4)

(7+8n3+9n4)n4

-14422 né-1602z2

(5+5n3+8n4)

n3-1802z2

(6+12 3 2nd
+1050 27 _sa0z6F12n3+8n8)_ o (3+8n3+2nd)

(3+1013+10n4)

-315022
{6+6n3+6n4) (5+8n3+4nd)

-200z2 -31522 +28822

(4+9n3+7né) (2+8n3+4n4)

4
+1890 22 (3+6n3+6n )n3

né + 96822 né - 567022

(3+6n3+6ns) (4+9n3+7n4)

- 567022 nd + 2430 22 (6+l‘2.n3+7n4)

(3+11n3+5n4)n (1+5n3+3n¢1)’z

n3+168z2

4
—36022 (1+5n3+3n )n3

-79222

4+10522
n3-360z2

4+175z2

{(3+11 n3+5nd) (9+8n3+6nd)+840:2(9+8n3+5nd)

dif I(z, =1) =

-3200 73 + 3340 »4 — 5440

The multiplicity m__, (R, [R,0,])=1
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2
(-+4n3+3n4)n4

(2+10rz.3‘+3r14)mz

(8+10n3+8n4)n4
+4n4
(8+5n3+4n )n3

n3-182z2

(4+11n3+10n4)n3

(8+13n:+6n4)n3
(4+11n3+10n4)n4

(4+9n3+8n4)

n3+144 22

60

(8+6n3+3n4)n4

(S+8n3+4n4)n4



Recalling that for stability

m. (R:, @, > Ql])< m.. (Rz, [Px >0, ])’

we see that it does not hold, and therefore the system is unstable.

To check whether (1,1,1,1) is a simple singularity:

20| _g
52, ':l=1 =y=l2y=12,=1
) o
622 n=lhiay=log=lag =l
Y ~12
623 a=laa=loy=log=l
2 _s
az" 5=lzy=lay=liog=l

Thus, (1,1,1,1) is a simple singularity.
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Appendix C.

O=(1-z)1-z,)+(Q-z;)1-z:z,)

2 2 2
R.[0,,01=0.5 -z, +0.5z3 — 225 +0.523™ + 423" -2z — 23" +0.52,"™

2

dfs = =R.[Q

&2

Q1]=

]’

—_ 2 -
4z nrazt -2 D oD (1) 2202, 20 H(2n-1)

2
+22(-n+1)n+z?(2n+1)

-2z2

difa(z, =1)=0

62
_R.10,,01]=

=2

difb =

- - - -2 -
B N I S TP TE I g N PRI L

LA ] P ] 2 2 2
(@r=2) 2 ,(27-2), 05030 2 528, L (2

—2207 D

Therefore the multiplicity m_ _, (R:1 @ | O ])= 2

P=(l-z)(1-z)1-z,)

P=(-z)1-2z,)1-05z5)
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R [R,0]1=-025(1-2z,)"(2-z5)’

R:l [P’ Ql ]:2 =1 = 0

0
. R:,[‘PUQI]=

7
-

dif 1=

(n+l)

2-222" 2224222

(27) %22(2”+1)+z.?(n-l)n—?.z.?"n—%z.?(zn_1)n+22(2n)n

1
=z2

+35

+22(n+1)n—lz2( l)n

2

difi(z, =1) =0

dif2=2- k. [P.0]

22T a3t aahe BT, 3 50m, (1 ER), Hm2) 2 i),
—222(n-l)nz—ﬁ(zn_z)n2+122(2n—2)n+222(’ _1))22+22nnz—22(2n)n2

dif2(z, =1)=-0.5
Therefore, m. _1( [P o, ])
Also, as we have seen earlier, m_,_, (R:] @x 0, ]): 2

Thus, the condition for stability m. _, (R:l [P, 0, ])> m, (Rz. @: ,Q,]) does not hold, and

the filter is unstable.
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Appendix D.

Calculate the following expression (Chapter 4):

PP 1 .. o' (PPz!
res = = lim =
00" |, (n-nre~ag ™ ¢”

We will denote L = PPz} and F = QL,.

Then

5=

g;f = (-m)LQ™

Z; = (-n)-n-DLO™"

gQF = (-m)(=n=D(=n=2)~(-n—(n-)LQ™""

_ (_1yn-l Cn=2) o
=D (n—1)! Lo

Finally,

2n-=-2)! =P
res| £ = (-1 22! i PI_”’:]
0"Q" |, (n-1(n-1)e~ O
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Appendix E.

Q=3zz,z, -z, -2, - z,2,

T(zl’zz)'__R:_, [0.0]=28z,z, -3-3z2} -z, -2,z

90

R l:T, :_T } =-12z2(3z, +1)(z, = 1)’

The multiplicity m, (R:: [T, ZT D =2

P: (l—ZlZZ )(1_2323)

R. [M,T]= ~4z7(z, - 1)*(z, +3)

Therefore, in this case multiplicity m,(R_ [M,T])=4
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Appendix F.

In order to find the most singular term of G, (6.1) we substitute G~ = P into

. G’ oG’ oG 0°G’ 8°G”
G =G +z +z, +2z, +2,2, ———+ 2,2, ——
0z, oz, 0z, 0z,0z, 0z,0z,
24" 3G
+ 2,2, +2,2,2, ——————
02,0z, 0z,02,02,

and calculate G;:

0 b3}
23| a3 T2 z2,z 23 e
P(z1, 22,23) ..3[\ 3 B( 1,..2,23)J z3P(z1,z2, 3)[ 3Q( I,zZ,z3)J

Q(zl, 22,23) Q(z1,22,z3) Q(z1, 22, 23)?
8 82
- z2z z
22( 53 P(el, 22,23 )) z2 3( 57553 P22, 3))
Q(z1,z2,z3) Q(z1,22,23)

z2z3 (% P(zl1,z2, :«:3)) (5_6—3- Q(z1, z2, z3)) z2 P(z1,22,23) (—a-i-z- Q(z1,z2, z3))
) Q(z1, 22,23)} ) Qz1,22,23)°
z2z3 (5_?} P(z1,z2, z3)) (E Q(z1,z2, z3))
- Q(z2,22,23)°
z2z3P(z1,22,23) (E Q(z1, 22, z3)) (% Q(z1,z2, z3)]
Q(zl, z2,23)?
2
2223 P(z1,22,23) (62—55_3 Qz1, 22, z3)) 21 ( 2wz, b-,~3))
B Qz1.22,23)° T O, 22, 23)
zl z3( & P(z1,z2 ;.3)] zl z3(1P(zI z2 233)(1Q(z1 z2 z3))
ozl &3 ozl TN OzZ3 i
Q(z1,22,23) Q(z1,22,23)?
zl ’7[ & P(z1,z2 23)] 312223(—LP(21 z2 :-:3))
+' “N\e20z1 VT + 0z2 0z1 623 T,
Q(z1,22,23) Q(z1,22,z3)
z1:2z3( & P(z1,z2 -3)}( 9 ozl,z2 3)}
oz2 ozl T ’
Q(z1,22,23)*
zl1z2 (—a- P(z1,z2 :;:3)) (i Q(z1,z2 z3))
%1 > 22, P »Z2,
Q(z1,z2,23)°
2
212223 L &j — P, z-,-3)) ( 2 Qe 22 As))
Q(z1,22,23)?

Gl =

+2

4
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z1z2z3 (6—‘23 p(-z,..,-s))( 55 Qe 22, bs)) ( %3 L ..,-3))

+2 Q(z1, 22,23)°
2
_ zl1z2 1.3( P(ZI,&.,&3))(&%M‘ Q(z1,z2, 23)) ) z1 P(z1,z2,23) (% Q(z1, :2,23))
Q(z1,22,23)? Q(:1,22,23)°
_ zl1z3 (&13 P(z1,z2, z3))(i Q(z1, 22, z3))
Q(z1,22,23)?
7 =3 B(=] =2 22| Lo Or=1 =2 =23 || 2 O] =3 =
vn =123 P(‘I"z"”(a-z Q=1 ‘2"3))(&3 Q(“"“z"”) _ z1z3P(z1,22,23) %1
- Q("I~ 3"3)3 Q(ZI,22,23)2
2 -2 - Loore1 =2 -
. z1z2 ( 27 Pl 22, ‘3)] ( 57 Azl 22, J))
Q(z1,22,23)"
-1:2-3( & P(zl,z2 3)}( 0 Q(zl,z2 z3))
T 23 °” “
Q(“1>Z23Z3)

zl1z2z3 (—— P(z1,z2, d))( Q(z1,z2, ;.3)) (% Q(z1,z2, z3)j
Q= _,__,,_3)3

z1z2z3 ( P(z1, .......3)J %1

Q(z2,22,z3)°
z1z2P(z1,:22,z3) (5_?—] Q(z1,z2, :3)) (% Az1,z2, 33))
Q(z2,22,23)°

z1z2z3 (% P(z1,z2, ::3))(% Q(z1,z2, z3)] (% Q(z1,z2, :3))
Q(c1,z22,23)3

z21z2z3P(z1,22,23) L&'l Q(z1,:z22 ..3)) La_, Q(z1,z22, ..3)}

Q(z1,22,23)*
212223 P(z1,22,23) %1 (5-(:} Q(zl,z2, z3)]
| Q(z1.22,23)°

+2

4

a_i Q(z1, =2, :3))

\ a

a &
212223 P(z1,22,:23) (E Q(z1,22,z3 )) [ =253 Q(z1. :2,:3))

Q(=1,22,23)°
a..
2122 P(z1.22,23) ( o QL ,.,.3))
Q(z1.22,23)°
d {2
212223 —P(z1.22.= -~ -
2122:3 ( = P(az,..,-s)) L o Q(aI,‘..,..3))
Q('I,-- -3)2
2
-] D 9 - —_— -] =2 ~
212223 P(z1,22.23) Lazz — Q. 22, ,3))[&3 Q(z1.22, -3))
Q("Is"2323)3
63
-7 =D = o] =D =~ —— z2.z
-1...3?(,1,..,-3)(&26,1 =z 22, 3))
Q(z1,22.23)°

+2

+2

2

0, =
%l : &zl éz3

Q(z1,22,z3)
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We observe that the term

2,2,2,P(z,,2,,2;) 00(z,,2,,2;) 00(z,,2,,2;) 00(z,,2,,2;)
Q(z,,zz,z3 )4 azl 0z, oz,

contains Q@ in the highest degree in the denominator, therefore it can be considered the

most singular term of the expression.
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Appendix G.

N’
1}
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]
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O
Y]
[8]
()
|
(¥S )]
|8}
~
|
W
N
|
(¥'S)
[ ]
-
N
9
+
(]
-
|
W
X
[§¥]
919
+
[
99

or

-

Then m:,=1[R:z [T, S_TD =2

M =R:J[P,Q]= R [1-2,3-z -2z, —-z,]=z,+z2z,-2

1=33z, =1)*(z, -3)z, -1)°

R_[T,

-

R, [M.T]==2(z, - 1)’

and nm__, (R, [M,T]) = 2n
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Appendix H.

T =R, [0,01=10zz, -3z, -3z, -3z0z, +z] =3z,z] +z3

o _ 10z, -3-3z] - 62,2, + 2z,
oT ) 3
R_[T, P 1=33z, -1)*(z, =3)(z, -1)*

2

Then m, =|[R_~[T,6T D
R k=

M =R, [P,Ql=3+zz, -3z, -3z, +z +z;
R [M,T]=9(z, -1)

m:l=, (R:: [M,T]) =6
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Appendix 1.

Let

(1-z)'1-2,)" 1-z,)°
(1-az, -bz, —cz;)"

G(z,,2,,25) =

where a+b+c=1, a>0,6>0,c>0, k+r+s>0

or
. - —a—az; —2bz,z, +2abz, +2az, +2bz, - 2abz,
“2

R_[T, ;—T] =ab(z, —1)’(z, — a)(az; —4bz, - 2az, + 4b°z, + 4abz, +a)

-

Then m:l=,(R:: [T, Z‘T D =2

P=(1-z)(1-z,)(0-z,) =P'P/P;

M =R_[P,Q]=R_[R'.QIR [P ,QR, [F.0]=M M M;

m:,:l (R:2 [M’T]) = m:l=l (R:: [Ml‘ ’T]) + m:,:l (R:: [MS’T]) + m:,=l (R:: [M; ’T])
=kR_[M,,T)+ R, [M,,T]+sR_[M,,T]

M, =R [P,0]=1-z
M, =R [R.0]l=1-z,

M, =R [P.,Q)=az, +bz, —a-b
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R::[MI’T] = (Zx _1)2
R [M,,T]=a(b-1)z, -1)’

R:z [MS’T] = ab(a + b)(a +b-— 1)(21 _1)2
Therefore,

m, (R, [M,T])=2(k+r+5s)
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