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ABSTRACT
String Topology & Compactified Moduli Spaces
by

Katherine Poirier

Advisor: Dennis Sullivan

The motivation behind this work is to solve the master equation 0X = X *X in
DreHom(PE*, PEY) where P, is a chain complex computing HS' (LM, M), the
St-equivariant homology of the free loop space LM of a manifold M, relative

to constant loops. Here, we solve a modification of this equation:
0X=XxX+A

and suggest an avenue for modifying the solution of the second equation to ob-
tain a solution of the master equation. The solution of the second equation
is constructed by building a pseudomanifold of string diagrams which has pre-
scribed boundary. The string topology construction describes the action of
cellular chains of the pseudomanifold on P.. Further, the pseudomanifold is
homeomorphic to a compactification of the moduli space of Riemann surfaces.
A second smaller compactification is defined over which string topology opera-

tions conjecturally extend.
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Chapter 1

Background & Introduction

In 1999 Chas and Sullivan defined algebraic operations on the homology of the
free loop space LM of an oriented manifold M [CSg9]. They found relations
among these operations which determined algebraic structures. The results of
this thesis relate in particular to the involutive Lie bialgebra structure they dis-
covered on H' (LM, M;Q), the S'-equivariant homology of LM, relative to

constant loops, with rational coefficients.

Chas and Sullivan defined these string topology operations by intersecting fam-
ilies of loops in M. For example, if two parametrized families of loops in M
intersect transversally then at each point along the intersection locus two loops-
one from each family-share a common point. The two loops can be cut at this

point and reconnected to form one loop. See figure 1. This defines a two-to-one
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operation on transversally intersecting chains. Because it is not true that any
two chains of loops intersect one another transversally, the operation on chains
is only partially defined. However, Chas and Sullivan chose representative cy-
cles that intersect transversally to obtain a fully-defined operation on homology.
The operation is called the string bracket and it satisfies the Jacobi identity. The
Chas-Sullivan bracket is similar to Goldman’s bracket for homotopy classes of
curves on surfaces [Golgs]. There is an analogous one-to-two operation called
the string cobracket satisfying the coJacobi identity, which is similar to Turaev’s
cobracket [Turg1]. Together, the bracket and cobracket satisfy the relations of

an involutive Lie bialgebra [CSo4].

= (&=

Figure 1.1: String bracket of two loops

Cohen and Jones subsequently defined the string bracket differently, using ho-
motopy theory, and showed it was equivalent to Chas and Sullivan’s [CJo2].

Many results since have used their homotopy-theoretic methods.

Cohen and Godin used the homotopy theoretic methods to define k-to-¢ op-
erations on H.(LM) [CGo4]. These operations agree with those previously
defined by Chas and Sullivan. Let ¥ be an oriented surface of genus ¢ and with
two types of boundary components; k of them labeled as inputs and the re-

maining ¢ as outputs. A map p : ¥ — M may be restricted to either inputs or
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outputs. The restriction to inputs is a map from k circles to M, i.e., a point in

the cartesian product LM*, while the restriction to outputs is a point in LM?.

D A ‘
p inputs
0 M
Pl oupuss

Figure 1.2: Restrictions to inputs and outputs

The maps in and out LM* <™~ Maps(X, M) 2% LMY, restricting to inputs

and outputs respectively, induce maps on homology
H (LM*) & 1 (Maps(S, M)) 2% H, (LM").

The problem of string topology is the following: given a map of k circles to M,
when is it possible to map a surface ¥ to M with the given map as its restriction
to inputs? Both the Chas-Sullivan and Cohen-Godin constructions reverse the
first arrow on homology. A string topology operation on homology is the

composition out, o in:
H(LM*) 2 H,(Maps(S, M)) 2 H,(LMY).
The Chas-Sullivan and Cohen-Godin constructions use a special class of graphs

called string diagrams (sometimes called generalized chord diagrams or Sullivan

chord diagrams). Briefly, a chord diagram is a graph constructed from a circle
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and intervals whose endpoints lie on the circle. A string diagram is a graph
constructed from many circles and intervals whose endpoints lie on any of the
circles. If, in a string diagram, the two endpoints of a single interval coincide on
a circle, then the diagram is called degenerate. The Cohen-Godin construction
uses only nondegenerate string diagrams while the Chas-Sullivan construction

includes some degenerate string diagrams.

It seemed possible at first that the space SD of nondegenerate string diagrams
was homotopy equivalent to the moduli space .# of Riemann surfaces. This
turned out not to be the case. There is an inclusion of SD in .#, but Godin
proved that SD is too small-its dimension is smaller than the homological di-
mension of .#. She later constructed a larger space of graphs which contains
SD, gives string topology operations and has the homotopy type of the full
moduli space .# [Godo7, Godog]. This construction showed that the homol-
ogy of .4 acts on the homology of the loop space LM. It has been unknown
for some time whether this structure is an invariant of the homotopy type of
the manifold or whether it is sensitive to some finer structure. Based on work

of Costello [Coso7], Godin conjectured that it is a homotopy invariant.

Graphs and ribbon surfaces have been used to study moduli spaces of Rie-
mann surfaces, independent of string topology for some time [Strg4, Penog4].
Bodigheimer’s harmonic compactification of moduli space is of particular inter-
est for string topology [Bédo6, Bod]. Harmonic functions on Riemann surfaces

are used to construct a decomposition of the moduli space of Riemann surfaces
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into open cells. The harmonic compactification is defined by including all faces

of the open cells.

This thesis is devoted to the equivariant setting for string topology. We present
a fully-defined chain-level analogue of the action of the homology of the space
of string diagrams SD on homology of the loop space, where SD is completed
to SD. This is the string topology construction. We make use of Sullivan’s tool
in outlining a chain-level string topology construction in [Sulo7]. It is a repre-
sentative of the Thom class of the diagonal which is local. The construction
takes a family of & loops in M and describes how to extend it to a family of
maps of string diagrams to M. The output of the construction is the restriction

to the ¢ outputs.

We also present a fully-defined chain-level analogue of the extension of the ac-
tion to the homology of moduli space .#, where .# is compactified. In fact, #
is enlarged to a slightly larger homeomorphic space and then compactified. The
string topology construction is extended to to this new compact space, called
LD/ ~. We also propose a smaller compactification .# over which we expect

the string topology construction to extend.

For all (g, k,¢), LD(g,k, )/ ~ is a pseudomanifold with boundary. The string
topology construction for the boundary of LD(g, k,¢)// ~ reduces to compo-

sitions of operations arising from the string topology construction applied to

lower-dimensional spaces LD (¢, k', ')/ ~ and LD(g", k", ¢")/ ~, along with
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a second term we call the anomaly, A. Therefore, if X is the sum over all
(g, k, £) of operations arising from fundamental chains of LD(g, k, () ~, then
X satisfies

0X =X x X+ A.

We expect the solution X to the equation with anomaly may be modified to
one satisfying the master equation X = X % X. In this setting, the induced
operation on homology would satisfy X X = 0. Again, X would be an infinite
family of operations and X % X = 0 would describe an infinite list of quadratic
relations in one package. The list of operations includes Chas and Sullivan’s
string bracket and cobracket and the list of operations includes the relations
among the bracket and cobracket which would give H5" (LM, M) the structure
of an involutive Lie bialgebra structure. The algebraic structure provided by
the master equation here would be some infinity version of the involutive Lie
bialgebra structure. This kind of properad structure [Valo7] has been studied

independent of string topology, for example, as in [DCTTog].

In chapter 2 we discuss the spaces of string diagrams SD(g, k, £) and the space
of string diagrams with levels LD(g, k, (), together with their respective cell
decompositions. We also define an equivalence relation on each space ~ called

slide equivalence.

The string topology construction for SD(g, k, ¢) is defined in chapter 3. The
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specific chains on SD(g, k, ) which govern the action are introduced in section
3.1. An equivariant chain model P, of the free loop space LM of a manifold M
is introduced in section 3.2. Sections 3.3 and 3.4 describe further elements of

the string topology construction, which is itself defined in section 3.5.

In chapter 4 we extend the string topology construction and build the solution
to the equation with anomaly. In section 4.1, the pseudomanifolds LD(g, k, £) ] ~
are defined. The long proof of proposition 4.3 of section 4.2 gives a step-by-step
extension of the string topology construction to the top chain of LD(g, k, () ) ~.

In section 4.3, its image is shown to solve the equation with anomaly.

In appendix A we describe how the solution to the equation with anomaly may
be modified to solve the master equation and present an example where the

solution is modified.

Appendix B describes the relationship between string diagrams and moduli
spaces ./ (g, k, () of Riemann surfaces. A compactification .# (g, k, () is de-
fined in section B.1 and LD(g, k, )/ ~ is used in the proof of theorem B.1 in
section B.2 that .# (g, k, £) is a pseudomanifold with boundary. Conjecture B.r
in section B.3 proposes the extension of string topology operations to the top

chain of .# (g, k, ) or, rather, a space homeomorphic to it.



Chapter 2

String diagrams & string diagrams

with levels

2.1 String diagrams

Definition 2.1. Let ¢ > 0 and k and ¢ > 0. A pre-string diagram of type

(g,k,0) is a connected graph I satisfying the following:

e The Euler characteristic y of I'is 2 — 29 — k — /.

e Let V be the set of vertices of I'. The set of edges of I is partitioned into

Ey and E. Elements e of Ey are called input edges and elements ch of E
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are called chords.

There are exactly two input pieces adjacent to each vertex such that the

realization of V' U Ej is k disjoint labeled circles called input circles.
There is at most one bivalent vertex on each input circle.

There is one distinguished vertex on each input circle. If there is a bivalent

vertex on an input circle, it is the distinguished vertex on that circle.

An input edge ¢y € Ey has length L; such that 0 < L; < 1 and if
ep, €1 ... e, form the edges of an input circle then 327 je; = 1. A chord

ch has length 1.

There exists a cyclic order of the half-edges adjacent to each vertex such
that the & input circles form & of the boundary cycles of the resulting
ribbon surface. The remaining ¢ boundary cycles are labeled and called

output circles and the ribbon surface has genus g.

TRERIE

Figure 2.1: A pre-string diagram of type (1, 3, 3).

Two pre-string diagrams of type (g, k, ¢) are isomorphic if there is an isomor-

phism of graphs which preserves lengths, distinguished vertices and cyclic or-

ders.



Chapter 2. String diagrams & string diagrams with levels 10

In order not to have edges of length 0, we impose the following: Let I" and I”
be pre-string diagrams. Let e be an input edge of I" such that one half-edge, h
is adjacent to the vertex v and its other half-edge %/ is adjacent to the vertex
v" and such that its length L = 0. Then I' and I"” are declared to be isomor-
phic, where I" is obtained from I' by deleting the edge e and replacing v and
v' by a vertex w. A remaining half-edge of I" is adjacent to w if it was adja-
cent to v or v/ in I'. If the cyclic order of half-edges of T adjacent to v was
given by {he, hy,- -+ , h,} and the cyclic order of half-edges of adjacent to v/ was
{h., b, k. }, then the cyclic order of half-edges of I adjacent to w is given

by {h1,- -, hn, Ry, -+, hl,}. See figure 2.2.

14

e has length L=0

%Dqg

Figure 2.2: An input edge of length 0

Definition 2.2. A string diagram of type (g, k, {) is an isomorphism class of

pre-string diagrams.

Remark. A string diagram of type (g, k, ¢) may be constructed from k disjoint
(input) circles, each with total length 1 and a distinguished vertex, and a set
of 2g — 2 + k + ¢ intervals (chords), each of length 1. The string diagram is
constructed by attaching chord endpoints anywhere on the input circles and

prescribing cyclic orders of half-edges at vertices such that the resulting ribbon
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surface has genus ¢ and k + ¢ boundary components, & of which are isotopic to

the k input circles. See figure 2.3.

QQQ
//

R

Figure 2.3: Input circles and intervals, attached to form a string diagram of type
(1,3,3).

Definition 2.3. An orientation of a string digram is an orientation of the cor-

responding ribbon surface.

Remark. An orientation of a string diagram induces an orientation on the
boundary cycles of the corresponding ribbon surface. Such an orientation may
be represented as a direction of each input edge which is compatible with the
induced orientation on input circles. If input circles of an oriented string dia-
gram are ordered, there is a canonical ordering of input edges. The first edge of
the first input circle is the one directed away from the distinguished vertex. The
edges of the first circle are then ordered by its cyclic order until the last edge,
the one directed toward the input circle, is reached. The next edge is the first

edge of the second input circle, and so on.
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2.2 The space of string diagrams

Definition 2.4. Let SD(g,k,¢) be the set of string diagrams of type (g, k, ()
and let SD(g,k,¢) C SD(g,k,!) be the subset of diagrams whose subgraphs

consisting of vertices and chords V' U E form a disjoint union of trees.

Two string diagrams I' and I' have the same combinatorial type if they have the

same underlying cyclically ordered graphs with distinguished vertices.

The set SD(g, k, £) is given the following topology. First, string diagrams of the
same combinatorial type lie in the same connected component G of SD(g, k, ().
Second, if I' and I € G, then their sets of edges are in bijective correspondence
and an ordering of input edges {e1,es,...,¢e,} of ' induces such an order of

input edges {€}, €, ..., e} of I". Let fo : G — R" be defined as
f(0)=(Ly, Lo, ..., Ly).

Open sets in G are preimages of open sets in R", where R" has the usual topol-
ogy.
Lemma 2.1. The space SD(g, k, () is a cell complex of dimension

49 — 4 + 2k + 20. The space SD(g,k,¢) C SD(g,k, ) is a union of open cells

whose faces may not be included.
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Proof. Consider the subspace G of SD(g, k, ) consisting of all string diagrams
I" of a fixed combinatorial type. That is, all string diagrams in G have the same
underlying graph and their distinguished vertices and cyclic orders correspond

to one another. We show that G is a closed cell.

A string diagram I' € G 1s completely determined by the lengths L; of its input
pieces ¢;. Therefore, the parameters in G are the L,. Again, for any two I and
IV € G, the set of edges of I is in bijective correspondence with the set of edges

of I".

The input edges e; in Ej are partitioned into k subsets. Two input edges are in

the same subset if they are part of the same input circle. Recall that

€;€ an input circle

so the parameter space for the lengths of the input pieces comprising a single
input circle is a simplex. The dimension of the simplex is equal to the number of
input edges making up the input circle. Let {ey, e, . .., e, } be an ordering of the
edges making up the jth input circle and let A; = A™"! be the corresponding

simplex. Then

G:A1XA2X"'XAk.

A string diagram I is at the boundary of a cell if the length L of one of its input

edges e is 0. We picture moving from the interior to the boundary of a cell as
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collapsing an input edge. Here, either two chord endpoints come together or a

chord endpoint and a distinguished vertex come together on an input circle.

A string diagram I is in the interior of a top-dimensional cell if it has the max-
imal number of input edges, that is, every vertex is trivalent except for the dis-
tinguished vertices, which are bivalent. AsT" has 2g — 2 + k + ¢ chords attached
to k input circles, the maximum number of input edges is 49 — 4 + 2k + 2 and

SD(g,k, () is a cell complex of dimension 4g — 4 + 2k + 2¢.

IfT € SD(g,k,?) is in the interior of a cell G, then all T in the interior of G are
in SD(g, k, ). This is because all " in G have the same combinatorial type and
no input edges have length 0. Therefore, for any string diagram in the interior

of G, its subgraph of vertices and chords V' U E is a disjoint union of trees.

A face F of G contains all string diagrams I" of a given combinatorial type. The
combinatorial type labeling F' is obtained from the combinatorial type labeling
G by the collapsing of an input edge. In collapsing such an edge, subgraphs
V' U E] of string diagrams I in F' consisting of vertices and chords are either
all disjoint unions of trees or they all contain a cycle. If they are disjoint unions

of trees, then F' is in SD(g, k, ¢). If they contain a cycle, then F is in

If G is a cell of dimension 49 — 4 + 2k + 2/ (i.e., G is top dimensional), then
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for all T in the interior of G, the subgraphs V' U E consist of disjoint chords
and distinguished vertices. In particular, SD(g, k, £) contains the interiors of all

top-dimensional cells G.

Therefore, SD(g, k, {) is a cell complex of dimension 4g — 4 + 2k + 2¢ where a
cell may not include all its faces. The space SD(g, k, £) is the natural completion

of SD(g, k, ), that 1s, all faces are included. O

By abuse of notation, we will sometimes refer to the combinatorial type labeling

a cell G by G as well.

Remark. There is a canonical orientation of a cell G given by compatible ori-

entations of all string diagrams I' in G. We will use this orientation later.

A

Figure 2.4: SD(0,2,1)

Remark. The connected components of SD(g, k, ) are the closed
4g — 4 + 2k + 2(-cells that are labeled by combinatorial types that are identical,

except for the placement of their distinguished vertices. We can picture a path
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that goes from T' in the interior of one top-dimensional cell, through a codi-
mension 1 face and into the interior of another top-dimensional cell as follows.
Let v be a bivalent distinguished vertex of I" and fix all chord endpoints of T
Collapse one edge by sliding v along the input circle toward a second vertex w.
When v and w coincide, the string diagram is in a codimension 1 face. Then

slide v past w so it is again bivalent. See figure 2.5.

Example. The space SD(0,2,1) is the 2-dimensional torus, 72. All string di-
agrams of type (0,2, 1) each have two input circles and one chord connecting
them. The space of such diagrams is given by the configuration space of two
points (the chord endpoints) one on each of two standard circles. This space,
St x S, is decomposed into one 2-dimensional cell (a square), two 1-cells and

one O-cell. See figure 2.4.

Figure 2.5: SD(0,1,2)

Example. The space SD(0,1,2) is a closed cylinder. All string diagrams of

type (0,1,2) each have one input circle and one chord. This space, S' x I,
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is decomposed into two 2-dimensional cells (each a 2-simplex), four 1-cells and

two 0-cells. The space SD(0, 1,2) is the open cylinder. See figure 2.5.

T3 —5D(0,3,1)

S
Figure 2.6: SD(0,3,1)

Example. The space SD(0,3,1) is a 3-torus bundle over a space formed by
three disjoint intervals. See figure 2.9. Over the interval endpoints, each S*
factor in each T3-fiber is decomposed into one 1-cell and one 0-cell. Over points
in the interior, one S* factor in each T%-fiber is decomposed into two 1-cells and
two O-cells while the other two S factors are each decomposed into one 1-cell
and one 0O-cell. Figure 2.7 shows a selection of points in the base, as well as the

decomposition of T°-fibers over these points.

Remark. SD(0,k,1) = SD(0, k, 1), though this is not true otherwise.
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@

X

Figure 2.7: Fibers of SD(0,3,1)

2.3 Slide equivalence

Definition 2.5. Two string diagrams of type (g, k, ) I and I’ differ by a chord
slide if they are identical except for the placement of one endpoint of a single
chord: chin T and ch/ in T". In T if ch follows ch in the cyclic order at a vertex
v, then in I”, the corresponding chord ch’ follows ch in the cyclic order at the
other endpoint w of ch. Chord slides generate an equivalence relation ~ called

slide equivalence. See figure 2.g.



Chapter 2. String diagrams & string diagrams with levels 19

Figure 2.8: Two slide-equivalence classes of string diagrams of type (0,3,1)

Example. The space SD(0,3,1)/ ~ is a 3-torus bundle over a space formed by
three intervals and two vertices as in figure 2.9. The slide equivalence classes

shown in figure 2.8 describe how fibers over interval endpoints in the base are

identified.

T3 —5D(0,3,1)/~

Figure 2.9: SD(0,3,1)/ ~

2.4 String diagrams with levels

We make the following modifications to the definition of string diagrams:
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Definition 2.6. A pre-string diagram of type (g, k,¢) with levels is a string

diagram T’ of type (g, k, ¢) satisfying the following:

e The set of chords E of I is partitioned into subsets £ = Fy LUFE,U---UE,
and the set of subsets {E1, Fs, ..., E,} is ordered. Chords in F; are said

to be at the ith level.

e To each pair of consecutive subsets of chords (E;, E; 1) a spacing param-

eter s; € [0, 1] is assigned, i = 1,2,...n — 1.

e Instead of all chords having length 1, chords in E; have length 1, chords

in E; have length 1 + 251 + 259 + - -+ 4 2s;_1, for i > 2.

In order not to have spacing parameters s; = 0, we impose the following:

Let T' be a pre-string diagram of type (g, k, ¢) with levels and set of chords
E = E; U Ey U --- U E, such that for some ¢ the spacing parameter s; = 0.
Let I be a pre-string diagram of type (g, k, ¢) with levels and set of chords
E' = E{UE,U---UE/_,. Let I be such that upon forgetting levels and

spacing parameters, I' = I and such that

o i=Fjforj=12,...i-1,
[ E;:ElUEZ+1,

[ ] E.;:E]+1f0r]:’&+1,2+27777/_1)
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o si=sforj=1,2,...,i—1and

, S
o si=sjforj=di+1,...,n—2

Then T" and I” are declared to be isomorphic.

Definition 2.7. A string diagram of type (g, k, ¢) with levels is an isomorphism

class of pre-string diagrams of type (g, k, ¢) with levels.

Remark. A string diagram of type (g, k, £) with one level (equivalently, a string

diagram with levels and all spacing parameters s; = 0) is a string diagram of

type (g, k, ).

Remark. A string diagram with levels of type (g, k, ) may be constructed from
k disjoint (input) circles, each with total length 1 and a distinguished vertex,
and a set of 29 — 2 + k + ¢ intervals (chords). The set of chords is partitioned
E = E,UE,U---UE,. Chordsin E; have length 1, chords in E; have
length 1 + 2s1 + 259 + « -+ + 2s;_1, for ¢ > 2. As before, the string diagram
is constructed by attaching chord endpoints anywhere on the input circles and
prescribing cyclic orders of half-edges at vertices such that the resulting ribbon
surface has genus ¢ and k + ¢ boundary components, k of which are isotopic
to the k input circles. We imagine attaching chords in stages. Chords in E; are
attached first, chords in Ey are attached second second and so on. See figure

2.10.
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Figure 2.10: Construction of a string diagram with levels of type (1, 3, 3)

2.5 The space of string diagrams with levels

Definition 2.8. Let LD(g, k,¢) be the set of string diagrams of type (g, k, )

with levels.

The topology on the set LD(g, k,{) is analogous to the topology on the set
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SD(g,k,?0).

Two string diagrams with levels I' and I have the same combinatorial type
if they have the same underlying cyclically ordered graphs with distinguished
vertices and if the partitions £ = E UE, - --UE, and E' = E{UESU---UE!

of their sets of chords agree.

Lemma 2.2. The space LD(g, k, () is a cell complex of dimension 6g+ 3k +3( —1.

Proof. Again, a cell is labeled by a combinatorial type. The parameters within
a cell are input edge lengths L; and spacing parameters s;. Therefore, a cell is a

cartesian product of k simplices with a cube.

A string diagram with levels T" is at the boundary of a cell if the length L of one
of its input edges e is 0 or if one of its spacing parameters s; is 0 or 1. We picture
moving from the interior to the boundary of a cell as collapsing an input edge
(L = 0) or as two chord levels coming together (s; = 0) or being split apart

(Si = 1)

The maximum number of parameters is achieved when all nondistinguished
vertices are trivalent and when each level E; contains one chord. In this case,
there are 4g — 4 + 2k + 2 input edge lengths L; and || -1 =2g—2+k+(—1
spacing parameters S;, where x = 2 — 2g — k — { is the Euler characteristic of
all graphs ' € LD(g, k, ). Thus, LD(g, k, ) is a cell complex of dimension

6g + 3k + 30 —T.
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If G is a cell of dimension 6g + 3k + 3¢ — 7 (i.e, G is top dimensional), then
for all T in the interior of G, all nondistinguished vertices are trivalent, all dis-
tinguished vertices are bivalent and each E; contains just one chord. Therefore,
each subgraph V' U E; consists of disjoint vertices and a single edge with distinct

endpoints.

Therefore, LD(g, k, () is a cell complex of dimension 6g + 3k + 3¢ — 7. O

2.6 Slide equivalence

We make the following modification to slide equivalence for string diagrams

with levels:

Definition 2.9. Two string diagrams of type (g, k, () with levels I" and T" differ
by a chord slide if they are identical except for the placement of one endpoint of
asingle chord: chinT and ¢h/ in I". In T, let ch € E; and ch € E; where j < i.
Similarly, in IV, let ch’ € E! and ch € E’ where j <. In T if ch follows ch in
the cyclic order at a vertex v, then in I, the corresponding chord ch’ follows ch
in the cyclic order at the other endpoint w of ch. Let chord slides generate an

equivalence relation ~ called slide equivalence.

Proposition 2.1. The space LD(g, k, )/ ~ is a pseudomanifold with boundary.

Proof- We begin by showing that LD(g, k, ¢) is a (possibly disconnected) pseu-
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domanifold with boundary. We show that every cell is the face of a top-dimensional
cell and that a codimension 1 cell is the face of exactly 1 or 2 top-dimensional

cells.

Recall that a cell of LD(g, k, £) is a cartesian product of k simplices with a cube.
Any cell F of LD(g, k, ¢) is the face of some 6g+ 3k + 3¢ — 7-dimensional cell G.
We imagine moving from G to F by collapsing input edges and setting spacing

parameters to 0 or 1.
Let C be a connected component of LD(g, k, £).

A codimension 1 face F of a top-dimensional cell G in LD(g, k,¢)/ ~ contains
string diagrams with levels I" which either have a single input edge e of length

L = 0 or have a spacing parameter s; which is 0 or 1. There are four cases.

Case 1. If s; = 1, then there is no other G’ with I as its face, so F' is at the

boundary of C.

Case 2. If s; = 0, then F is the face of exactly one other G'. As G is a top-
dimensional cell, each T" in the interior of G has one chord at each level. In par-
ticular, the combinatorial type labeling G has E; = {ch;} and E; ;1 = {chi11}.
Since s; = 0 in the combinatorial type labeling F, E; = {ch;, ch;+1}. Let G be
labeled by the same combinatorial type as G except the chords ch; and ch; 1 are
interchanged, so E = Ej it j # 4,7+ 1, B} = {chi;1} and £, = {ch;}. The

top-dimensional cells G and G’ are the only two containing F’ as a face.
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Case 3. If e is an input edge joining a distinguished vertex v and a nondistin-
guished vertex w in the combinatorial type labeling G and e is collapsed in the
combinatorial type labeling F', then F' is the face of a second top-dimensional
cell G. The combinatorial type labeling G’ is the same as that labeling G, except
the vertices v and w are interchanged. Again, when the input edge joining v
and w in the combinatorial type labeling G is collapsed, the combinatorial type
labeling F' is obtained. The top-dimensional cells G and G’ are the only two

containing F' as a face.

Case 4. If e is an input edge joining two nondistinguished vertices in the com-
binatorial type labeling G and e is collapsed in the combinatorial type labeling

F, then there is no other G with F as its face, so F is at the boundary of C.

We now examine the quotient by slide equivalence.

Since G is a top-dimensional cell, no two chord endpoints in the combinatorial

type labeling G' may coincide, so G is the only cell in its slide-equivalence class.

In the first 3 cases, F' is the only cell in its slide-equivalence class. In case 4, there
are two sub-cases depending on whether the edge e that is being collapsed joins

endpoints of distinct chords or the two endpoints of a single chord.

Case 4a. Let e be an input edge of the combinatorial type labeling G that is
collapsed in the combinatorial type labeling ' and assume e joins endpoints

v; and v; of two distinct chords ch; and ch;. In the combinatorial type F, v;
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and v; come together. There is one other codimension 1 face F" which is slide-
equivalent to F. Assume that j > 4. Then a string diagram with levels I' in
the interior of F' is slide-equivalent to exactly one I''. The string diagram with
levels I" is exactly the same as I, except v; coincides with the other endpoint v
of ch;. Since before identification, F is a face only of G and F” is a face only of
G’ and since F' and F” are the only two cell in their slide-equivalence class, the

codimension 1 cell F' ~ F” is the face of only G and G after identification.

Case 4b. Let e be an input edge of the combinatorial type labeling G that
is collapsed in the combinatorial type labeling F' and assume e joins the two
endpoints of a single chord. Then F' is the only cell in its slide-equivalence

class, so F remains at the boundary of LD(g, k,£)/ ~.

Remark. We will see later that LD(g, k,¢)/ ~ is orientable.

Proposition 2.2. A slide-equivalence class of string diagrams with levels is at the
boundary of LD(g,k, )/ ~ if and only if a spacing parameter s; = 1 or T has an

output circle that is made up only of chords.

Proof. In the proof of Proposition 2.1, we see that codimension 1 faces F' in

cases 1 and 4b are faces of only one top-dimensional cell G. Therefore, they are

at the boundary of LD(g, k, )/ ~.

Clearly, if I" has a spacing parameter s; = 1, then I' is in the closure of a face F
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as in case 1, so its slide equivalence class is at the boundary of LD(g, k, )/ ~.

If T' is a string diagram with levels that has an output circle that is made up
only of chords, then there exists a slide-equivalent I that has a chord whose
endpoints coincide on an input circle. Then the slide-equivalence class of T is

in the closure of a codimension 1 face F as in case 4b and is therefore at the

boundary of LD(g, k, )/ ~.

If the slide-equivalence class of T is at the boundary of LD(g, k,¢)/ ~, then T is
contained in the closure of a codimension 1 face F' of the boundary. Again, by

the proof of Proposition 2.1 I is as in case 1 or 4b.

]

Proposition 2.3. The space LD(g, k,()/ ~ contains SD(g, k,()/ ~ as a deforma-

tion retract.

Proof- Leti: SD(g,k,l)/ ~— LD(g,k,l)/ ~ be the inclusion map of slide-
equivalence classes of string diagrams as slide-equivalence classes of string dia-
grams with one level. Let r : LD(g,k,¢)/ ~— SD(g,k,{)/ ~ be the map

that forgets levels and spacing parameters or, equivalently, sets them all to 0.

Then r o i = id and i o r is homotopic to id. The homotopy
v : LD(g,k,¢)/ ~ xI — LD(g,k,)/ ~ is given by the following. Let T’

be a slide-equivalence class of string diagram of type (g, k, ¢) with levels and
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with spacing parameters sq, So, . .., S,. Then v(I',t) is identical to I" except its
spacing parameters are given by (1 — ¢)sy, (1 — t)sa,..., (1 — t)s,. We have
¥(T,0) = T'and v(I',1) = i(r(T")). I T is a slide-equivalence class of string

diagrams with levels such that all s; = 0 then v(T',¢) =T for all ¢.
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Figure 2.11: Base spaces for T3-bundles LD(0,3,1) and LD(0,3,1)/ ~.

30



Chapter 3

The string topology construction

We begin by describing a chain complex CT*(SD(g, k, £)) and a chain complex
P,(LM*) computing the T*-equivariant homology of the k-loop space of a man-
ifold M. We then describe the string topology construction, which provides a

chain map
ST, : CT"(SD(g, k, 0)) — Hom(P,(kLM), P.((LM)).

Given ¢ € CT"(§D(g,k,()), ST,(c) € Hom(P.,(kLM), P,({LM)) factors
through Hom(P,(kLM), P.(Maps(X., M))), where X, is a family of string
diagrams of type (g, k, £). The map P.(Maps(X., M)) — P.(¢LM) is given by

the restriction to output circles.

31



Chapter 3. The string topology construction 32

3.1 Saturated chains

When input circles are ordered and oriented compatibly for all string diagrams
I' € SD(g,k,¢), we obtain an ordering of input edges for each I or each com-
binatorial type G. Such an ordering induces a canonical identification of G
with [0,1,...n9] x [0,1,...n9] X -+ x [0,1,...n,] where [0,1,...n,] is the
standard n;-simplex A" representing the parameter space for the n; + 1 edges
comprising the jth input circle. So for example, if the first edge ey of the sec-
ond input circle has length Ly, this codimension 1 face of G corresponds to

0,1,...n1] X [1,...n9] X --- x [0,1,...n4].

Definition 3.1. The chain complex C.(SD(g, k,()) is generated by oriented
cells G of SD(g, k, £). The boundary map

d:C.(SD(g,k,0)) — Ci_1(SD(g, k, 1))
is induced by the boundary map on simplices,

0[0,1,...,n] = Z(—l)i[o,L...,z‘,...,n
and the Leibniz rule.

Remark. Let T% be the k-dimensional torus. There is a free T*-action on
SD(g,k, ) given by rotating the distinguished vertices on the k input circles.

The orbit of the T"-action is contained in a connected component of SD(g, k, £).
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The following definition is motivated by the notion of the T*-orbit of a cell.

Definition 3.2. Fix an oriented cell G; labeled by a combinatorial type with all
distinguished vertices bivalent. The cell G; gives rise to a chain ¢ = Y~ a,;G}, as
follows. For all j, the combinatorial type labeling G; has bivalent distinguished
vertices. If the combinatorial type labeling G; is not the same as that labeling
G, when distinguished vertices are forgotten, then a; = 0. Otherwise, a; = £1.
If the combinatorial type labeling G; may be obtained from the combinatorial
type labeling G; by moving the distinguished vertex on the nth input circle past
one chord endpoint, then a; = 1 if the number of nondistinguished vertices on
the jth circle is odd and a; = —1 if the number of nondistinguished vertices on
the jth circle is even. Given aj, the other coefficients are generated analogously.
Such a chain ¢ is called a minimally saturated chain. A linear combination of

minimally saturated chains is called a saturated chain.

Lemma 3.1. The boundary of a saturated chain is a saturated chain.

Proof. Let ¢ = Y, a;G; be a minimally saturated chain. It suffices to show that

d(c) 1s a saturated chain.

Let 0(G;) = X;(—=1)% F}. For all F}, in the combinatorial type labeling F7,
either the distinguished vertex coincides with a nondistinguished vertex or two
nondistinguished vertices coincide. We first show that if in a combinatorial type
labeling F} where a distinguished vertex coincides with a nondistinguished ver-

tex, then the coefficient of F in the expression for d(c) is 0. We then show that
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if the combinatorial type labeling F/ has bivalent distinguished vertices, and the
combinatorial type labeling F differs from that of F! except for placement of
distinguished vertices on input circles, then the coefficients of F; and F}! in the

expression for d(c) satisty the conditions of a minimally saturated chain.

If in the combinatorial type labeling F a distinguished vertex and nondistin-
guished vertex coincide, then F} appears from collapsing either the first or last
edge of an input circle in the combinatorial type labeling G;. Assume that in
combinatorial type labeling F the distinguished vertex v on the nth input circle
coincides with the first nondistinguished vertex w, that is, the first edge e” of
the nth input circle of the combinatorial type labeling G; is collapsed to obtain
the combinatorial type labeling F. Then the coefficient of F} in the expression
for (G;) is (—1)° = 1. Similarly, let the combinatorial type labeling Gy be ob-
tained from the combinatorial type labeling G; by interchanging the placement
of the distinguished vertex v and the first nondistinguished vertex w on the nth
input circle. Therefore, w becomes the last nondistinguished vertex on the nth
input circle in the combinatorial type labeled by G;,. The combinatorial type
labeling F7 is again present in the expression for 9(Gy ), obtained by collapsing

the last edge of the nth input circle in the combinatorial type labeling G

Let m,, + 1 be the number of edges making up the nth input circle in the com-
binatorial type labeling G;. Then there are also m,, + 1 edges making up the
nth input circle in the combinatorial type labeling G. If m,, is even, then the

cells G; and G have opposite signs in the expression for ¢. The coefficient for
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F! in the expression for (Gy) is (—1)™ = 1 so the coefficient on F} in the
expression for d(c) is 0. If m,, is odd then the cells G; and G have the same
sign in the expression for ¢. The coefficient for F} in the expression for 9(Gy)

is (—1)™» = —1 so again the coefficient on F} in the expression for 9(c) is 0.

Now assume the combinatorial type labeling F/ has bivalent distinguished ver-
tices. That is, it is obtained by collapsing an input edge joining nondistinguished
vertices in the nth input circle of the combinatorial type labeling G;. Again, let
the combinatorial type labeling G be obtained from that labeling G; by inter-
changing the distinguished vertex and the first nondistinguished vertex. Simi-
larly, let F?/ be obtained from F} by interchanging the distinguished vertex and
the first nondistinguished vertex. And let F; be obtained from G; by collapsing
the m,th edge on the nth input circle. Then F7; is obtained from G; by col-
lapsing the (m, — 1)st edge on the nth input circle. Therefore, the coefficient
of F! in the expression for 0(G;) is (—1)™ while the coefficient of F/jin the

mp—1

expression for 9(Gy) is (—1)

Again, let m,, + 1 be the number of edges making up the nth input circle of G;
and G;. If m,, + 1 is even, then G; and G have opposite signs in the expression
for ¢ and then F! and F};, which have an odd number of edges making up the
nth input circle, have the same sign in the expression for d(c). If m, + 1 is
odd, then G; and Gy have the same sign in the expression for ¢ and then F and
F;, which have an even number of edges making up the nth input circle, have

opposite signs in the expression for 9(c). In either case, the coefficient condition
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for d(c) to be saturated is satisfied.

]

Definition 3.3. Let CT"(SD(g, k, ¢)) be the chain complex generated by mini-
plex g y

mally saturated chains with induced differential 0.

Remark. We expect that the homology of CT*(SD(g, k,()) is the shifted T*-
equivariant homology HZ!,(SD(g, k,()) of SD(g, k, ¢). The space SD(g, k, ()
is also a T*-equivariant cell complex and there is a bijection between the set of

generators ¢ CT" (SD(g, k, ¢)) and equivariant cells.

Definition 3.4. Let ¢ be a generator of C7" (SD(g, k, ()), that is, ¢ is a min-
imally saturated n-chain. Let X. be the full sub-cell complex of SD(g,k,¢)
whose top-dimensional cells are the n-cells appearing as terms with nonzero co-
efficients in the expression for c¢. The space X. is called the sub-cell complex

associated to the minimally saturated chain c.

Remark. Let X, be the sub-cell complex of SD(g, k, ¢) associated to a mini-
mally saturated chain c. The k-torus T* acts freely on X, by rotating each of

the marked points in the k input circles.

Definition 3.5. The definitions for the complex of saturated chains
CT"(LD(g, k,/)) and the sub-cell complex X, of LD(g, k,!) associated to a

generator ¢ are analogous to those for SD(g, k, ¢).
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3.2 Equivariant chain model of the loop space

The following two definitions are similar to those appearing in [RS72] and

[Sul77] respectively.

Definition 3.6. 1. A linear n-cell C is a subset of R" which is a convex
combination of points vy, ..., vy in RY which span an n-dimensional
subspace. A face of C' consists of points on the boundary of C' which are

a convex combination of some subset of {vy, ..., vy}

2. A compact n-dimensional polyhedron B is a finite union of linear n-cells
C identified along faces such that each point @ € B has a neighborhood

N which is a cone on a compact subspace L C B and a is the cone point.

Definition 3.7. 1. Let 21, 29, ... xn be the usual coordinates for R and let
C C RY be a linear n-cell. A Q-polynomial form of degree m on C is a

differential form

wzth ----- i7rL(x17"'7xN)dxi1/\"'Ad«rim

on R¥, restricted to B such that each f;, ;. isa polynomial in

-----

{x;,...,xy} with rational (Q) coefficients.

2. Let B be a compact n-dimensional polyhedron. A Q-polynomial form on

B is a collection of Q-polynomial forms we, one for each linear n-cell C
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such that if F — C'is aface, i*(w¢) and wr agree on multi-vectors tangent

to F.

Definition 3.8. Let B be a compact polyhedron and let « be a Q-polynomial
form on B. The support of o supp(«v) is the smallest closed subspace of B such

that

a|stupp(o¢) =0.

Definition 3.9. Let X and Y be topological spaces and G be a topological group
which acts on X. A quadruple (B, a, E, f) consists of:

1. B = B", a compact polyhedron with orientations of linear n-cells;
2. @, a Q-polynomial m-form on B;

3. Uy, an open set of B containing supp(a) and E, the total space of an

X-bundle over U,;

4. [ E — M, acontinuous map;

s. an action of G on E such that for all ¢ € G the map induced by the action

restricted to the element g on E is a bundle map over the identity on U,



Chapter 3. The string topology construction 39

and there exists a map f, : E — Y such that the diagram commutes.

Ef/ij\\\ng
| .

d
Ua -

If B = |J; Bi/ ~ where B; are sub-polyhedra identified along codimension 1
faces by ~, a; = a|p,, E; = E|p, and f; = f|g, then we set

(B7Q7E7f) = Z(BHCY“E“]Q)

)

Definition 3.10. Let quadruples (B, a, E, f) generate a vector space
Q.(Maps(X,Y)) over Q. Let D : Q.(Maps(X,Y)) — Q.(Maps(X,Y)) be a

map defined on generators (B, «, E, f) by

D(B,a, E, f) = (0(B), alos), Elas), flogs) + (=1)""™(B,d(), E, [)

=> (-1)'(Fi,a F f

i

FiaE

Fz) + (_1)n—m(B7 d<a)7 E7 f)

and extended linearly, where

e O(B) = X,_;(—1)'F; where F; is the ith oriented (n — 1)-dimensional
face of B;

e d(«) is the exterior derivative of the Q-polynomial form a.
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Remark. If U, N F; = ¢ for some 4, then (F},

FHE

Fm.f

Fz) =0.
Lemma 3.2. The map D : Q.(Maps(X,Y)) — Q.(Maps(X,Y)) is a differen-

tial, that is, D* = (.

Proof- We show that D? = (0 on generators (B, o, E, f) of Q.(Maps(X,Y)).

D*(B,E, f) = D(O(B), o), Elasy, flas)) + (=1)"""D(B,d(a), E, f)
= (0*(B), alas), Ela), flos) + (=1 H(B), d(a)|as), Elas))
+ (=1)"™(O(B), d(@)|os), Elas)) + (—=1)*"™(B, d*(a), E, f)

=0

]

Definition 3.11. Let the following generate an equivalence relation. Two quadru-
ples (B,o, E, f) and (B, o/, E', f’) are equivalent if
1. there exist a polyhedron A and mapsi: B — Aandi' : B' — A;

2. there exists a Q-polynomial form /3 on A such that i*(5) = a and

3. there exists an open neighborhood U of supp(3) such that
Us Ci(Us) N (Uy);

4. there exists an X-bundle over Uz with total space E4 such that the pull-

back bundles i*(E4) = F and (i')*(E4) = F';
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5. there exists amap f4 : E4 — Y such that the diagram commutes

Z'EAiE’

I ]

«

6. the maps of total spacesi : E — E4 and 7' : E' — E 4 are G-equivariant.

Remark. In particular, (B, o, E, f), (4, 8, E4, fa) and (¢m(2), Blimi), Ealim(), falim@))

are all equivalent.

Lemma 3.3. The differential D is well-defined on equivalence classes.

Proof. Ttis enough to check that since (B, «, E, f) and (1m(2), Blim(i), Ealimi), falim@))
are equivalent, D(B, «, E, f) and D(im(2), Blim(i), Ealim(i) falim)) are equiva-

lent.

D(B,a, B, f) = > (=1)(Fj, elr;, Elr,, flr,)+

%

(=D)""™(B, d(), E, f)

D(im(), Blim()s Ealim)s falimey) = D (=17 (@(Fy), Bliry)s Balicry), falic))+

J

(=1)"""™(A,d(B), Ea, fa)
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For all j, (Fj, alr;, Elr;, flry) and (i(Fy), Blir), Ealicry), falir;)) are equiva-

lent by restricting i : B — Atoi|p, : F; — A.

Because d(«) = d(i*(0)) = i*(d(B)), (B,d(«), E, f) and (A, d(3), E4, fa) are

also equivalent.

]

Definition 3.12. Let (B, «) denote the equivalence class [(B, a, E, f)] of the
quadruple (B, «, E, f). Let D also denote the map induced on equivalence
classes by the differential D. P.(Maps(X,Y)) is the chain complex generated
by (B, ) with induced differential D.

Remark. We will use the notation D(B, a) = (9(B), a) + (—1)""™(B, d(«a)).

Definition 3.13. The homology of the chain complex (P,(Maps(X,Y)), D) is
called the G-equivariant homology of the mapping space Maps(X,Y) with Q
coefficients, HY (Maps(X,Y); Q).

Remark. We expect that HE (Maps(X,Y); Q) computes the singular homol-
ogy of H,(Maps(X,Y) x¢ EG;Q), the usual G-equivariant homology of
Maps(X,Y). In the following diagram, 7 o f determines a X-bundle over U,

up to G-equivalence and po f determines a map of the total space of this bundle
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to Y, again up to G-equivalence.

U, —= Maps(X,Y) x¢ EG
ﬂ_l \
BG Maps(X,Y)/G
Definition 3.14. Let M be a d-dimensional manifold. The free k-loop space
kLM of M is the space of continuous maps ||, S' — M. In particular,

LLM = LM, the free loop space of M and kLM = LM?, the cartesian product
of k copies of LM.

Remark. The k-dimensional torus 7% acts on kLM by rotating each of the k
loops. Let G = T*, X = |, S* and M. The total space E* of the | |,-bundle
over U, is disconnected; the k circles in each fiber have distinct labels so E*

determines k S*-bundles over U,.

Then the homology of P.(kLM) is HT* (kLM) = HS'(LM)®*. See figure 3.1.

3.3 The diagonal map

Fix a generator ¢ of CT*(SD(g, k, ()) and let X, be its associated sub-cell com-
plex of SD(g, k,¢). All string diagrams in the interiors of |c|-dimensional cells
of X, have the same combinatorial type (except for the placement of the dis-

tinguished vertices on their & input circles). All string diagrams in X, have the
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l%Slw Ek
f O
__— M

rC

Figure 3.1: (B, o, E*, f)

same combinatorial type (except for the placement of their distinguished ver-
tices and for the placement of some chords’ endpoints on input circles, which
may coincide). Therefore, for any two I', I € X, there is a canonical bijection
between their sets of chords. In particular, for any I" € X, there is a canonical
bijection between its set of chords and a fixed finite set. Similarly, for all T" € X,

there is a canonical bijection between its set of half-chords and a fixed finite set.

Notation.

1. Denote the finite set corresponding to the set of chords of T, for all " in
X., by € and the finite set corresponding to the set of half-chords of T,
forall T' € X, by . (By abuse of notation, we will sometimes refer

to a chord of a string diagram T as an element ch of € and, similarly, a
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half-chord of T" as an element h of 77.)

2. Forafixed " € X, each half-chord lies inside a unique chord. Denote the
corresponding two-to-one map of finite sets taking an element h € J to

an element ch € € by R: 5 — 6.

3. Let M be a topological space and let . be a finite set. With the dis-

crete topology, .7 is a topological space. Denote the the space of maps

Hom(.#,M) by M”.

4. Let T : A — ¥ be a map of finite sets. Denote the induced map on
spaces by MT : M”2 — M“" where MT(f) : .1 — M is defined by
MT(f)(s1) = f(T(sy)) for f € M”2 and s, € 7.

We arrive at the definition of the diagonal map.
Definition 3.15. Let ¢ be a generator of CT*(SD(g, k,¢)). The diagonal map

Ao M? — M”

is the map M* induced on spaces by the map R : # — . The diagonal is the
image of the diagonal map A.(M%) c M”.
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3.4 The Thom class representative

Let M be a closed, oriented, complete Riemannian manifold of dimension d.

Fix a generator ¢ of CT*(SD(g, k,()).

Notation.

1. Fix ch € € such that R(h) = R(h') = ch for h, ' € . By abuse of
notation, ch also denotes the map ch : M” — MM} which is the map

induced on spaces by the inclusion of finite sets {h, h'} — .

2. The map A, : M} — M1} is induced on spaces by
R\ py o {h, W'} — {ch}. The map A, corresponds to the usual diagonal
map M — M x M and we refer to it as the diagonal map corresponding

to ch.

3. Let € > 0 and let V. be a tubular e-neighborhood of
Aoy (MY c MY Let p denote a closed Q-polynomial differential
form which represents the Thom class of the diagonal corresponding to
ch and has support supp(i1) C N.. (That is, M1 =2 M and the coho-
mology class [u] of u is Poincaré dual to the image of the fundamental
class [M] under the map (Ap), : Ho (M) — H, (M"'}) induced on

homology by A.;.)
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We arrive at the representative of the Thom class of the diagonal.

Definition 3.16. Let

pe=/\ ch’(p)

che?
be a closed Q-polynomial form on M* whose support supp(pi.) lies in the

neighborhood N, = N,yce ch ™1 (N.) of the diagonal A (M?).

Remark. The closed Q-polynomial form . represents the Thom class of the

diagonal A.(M%) c M”.

3.5 The string topology construction

Let M be a d-dimensional closed, oriented, complete Riemannian manifold such
that all balls of radius less than € are contractible. In this section, we describe

the string topology construction, which gives a chain map

ST, : CT*(SD(g, k,())— Hom(P,(kLM), P.,(¢CLM)).

The map is first defined on generators ¢ of CT*(SD(g, k,¢)) and extended as a
chain map to all of CT" (SD(g, k, ()).
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Notation.

—

. Let ¢ be a generator of CT"(SD(g, k, 0)).
2. Let X, be the sub-cell complex associated to c.
3. Let ¢ and S denote the sets of chords and half-chords respectively.

4. Let p1. be the representative of the Thom class of the diagonal
At M? — M7
which is supported in the neighborhood N, of A.(M?), as described

above.

s. Let (B, a) be agenerator of B,_,,,(kLM) with representative (B, , E¥, f)
where B is an n-dimensional polyhedron and « is a Q-polynomial form

of degree m.

We construct a representative of ST),(¢)(B, «) by constructing each component

of the quadruple.
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3.5.1 The base space

We begin with the ||, S*-bundle over U,. The k-torus T* acts on ||, S* and on
X,, hence the fiber bundle
Ly S' —— EF

iﬂ

Uq

determines an associated X, -bundle. Let

XCH-EC

|

Ua

denote the associated bundle with fiber X.. See figure 3.2.
X, W E
‘7-[(‘

Figure 3.2: | J;, S*-bundle and associated X -bundle

Ek

i
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Let W, be a closed subset of U, containing supp(«a) such that under a decom-
position of B, W, is a closed regular sub-complex of dimension n and each
codimension 1 cell f of W, is the face of either 1 or 2 n-dimensional cells. As
each cell w of W, is contractible, the X -bundle over each cell is trivial and
7 (w) ~ X, x wis a cell complex. The top cells of 7! (W,,) have dimension

n+dim(X.) = n+|c|. Denote the set of these cells by { B; };c;. The B; form the

base spaces of ST),(c)(B,«). See figure 3.3. We choose a trivialization {U, ¢}

X,

Figure 3.3: Decomposition of W,

of 7 1(W,,) such that each n-cell w of W, is contained in exactly one open set
Uy and ¢, : 7, ' (w) — w x X,.. A codimension 1 face f of w that is also a face
of w' is contained in (at least) two open sets U,, and U,,. The transition map
Y © Pt Pu(T N Uy N Uy)) — @ur (7 (Uy N Uyy)) need not be cellular.
Recall that the transition map rotates distinguished vertices on input circles and

that the fiber X, is itself the total space of a T*-bundle. Each map ¢,, and ¢,
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induces a cell structure on 7 1(f). We let their common subdivision be the cell
complex structure on 7, *(f). (Each S* factor of the T* fiber is decomposed
into intervals. The transition maps rotate these circles. The common subdi-
vision of 7, 1(f) comes from the common subdivision of the circle given by
rotation and identification.) This procedure gives a well-defined cell complex
structure on all of 7 *(1,) with top-dimensional cells B; of the form e x w

where w is an n-dimensional cell of W, and e is a |¢|-dimensional cell of X..

3.5.2 The Q-polynomial form

We begin by choosing a point on each S' component of 77! (a) for all a € U,,.
The choice is made consistent by specifying & sections of the | ], S*-bundle,
each of which has its image in a different component of E*. Such a choice
determines an identification of 77'(a) with the k labeled input circles of T,
for all T € 7 !(a). Later we will see that the output of the string topology

construction is independent of this choice.

With this identification, the evaluation map
ev: E. — M”

is defined component-wise as follows:
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Let I' € 7 !(a) for a € U, and let p € T be the endpoint of the half-chord &
on an input circle of I'. Let 7, : M* — M be the projection map induced
by the inclusion of finite sets {h} — J#. Then m,(ev(I')) = f(p). That s, the
h-component of ev(T) is f(p). The components of ev(I') € M for all other
half-chords A’ of T" with endpoints p’ are defined analogously. See figures 3.4 and

3.5-

Remark. For ch € €, the map ch : M# — MM} is the same as the product

of projection maps 7, X 7y : M — M x M.

a(a)=US'
: \ £

Figure 3.4: ||, S'-bundle and associated X.-bundle

The Thom class representative 1, € QX4(M7), which has support supp(y)

in N, pulls back to ev*(u.) € QX4(E.) where x is the Euler characteristic

*
C

of all diagrams I" € X.. Hence, 7}(a) A ev*(u.) is a Q-polynomial form in

Qm+IXld(E,) whose support is contained in the open set ev ™' (N,,).
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JTC—I(a):XL\ E V0 Nﬂ,\
/ A (M)

o (fin). fp))

M

Figure 3.s5: Evaluation map

3.5.3 The |, S'-bundle

There is a universal string-diagram bundle over E.. That is, the fiber over the
point I' € E. is the diagram T itself. We will be particularly interested in the
restriction of this string-diagram bundle over E. to a string-diagram bundle over

ev™*(N,). Denote its total space by Egp. See figure 3.6.

Recall that the half-edges adjacent to each vertex of I are cyclically ordered such
that T has & input circles and ¢ output circles. Hence, the string-diagram bundle
over ev *(N,) gives rise to a | |, S'-bundle over ev™!(N,,); the fiber over I is
the disjoint union of the ¢ output cirlces of I'. Denote the total space of the

LI, S'-bundle over ev='(N,,) by E*. See figure 3.6.
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Figure 3.6: Pullback of N, universal string-diagram bundle and | |, S*-bundle

3.5.4 The mapto M

If T’ € ev }(N,), then for all chords ch in ', f maps the endpoints p and p/
of ch to points f(p) and f(p') in M which lie in a ball of radius . Therefore,
f(p) and f(p') can be joined by a unique geodesic segment of length less than
2¢ in M. This determines a map fop : Egy — M as follows. For a string
diagram T', the fiber over the point I' € 7! (a), fsp maps its k input circles via
the original map f|.-1(,) and it maps the chord joining p and p’ to the unique

geodesic segment joining f(p) and f(p’). See figure 3.7.
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Figure 3.7: fop: Egp — M

For each " € ev™!(N,) the map fsp : Fg5 — M may be restricted either to
the k input circles or £ output circles of . For all T' € 7. !(a), the restriction of
f<p to the inputs of the string diagram I' (the fiber over the point I' € 7, *(a)
in Fgp) agrees with f on 7 !(a). Restriction of to output circles yields a new

map g : B — M. See figure 3.3.
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Figure 3.8: g : E* — M

3.5.5 The output of the string topology construction

Definition 3.17. Let

STM(C)(B7 a) = [2(317 Qy, Ef’ gz>‘| € Pm—n+|c|—|x|d(€LM)

i€l

where

1. B; are the top-dimensional cells w x e of 71 (W,,);

2. a; = (w3 (@) A ev™(pe))|Bs
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3. EZ :Eé

B;»

Lemma 3.4. The output of the string topology construction is independent of the k

sections U, — E* chosen to define the evaluation map ev.

The intuition is that since ¢ is minimally saturated, X. is closed under the 7*-
action and the family of string diagrams with inputs identified with 7=!(a) does

not depend on the choices.

Proof. Let t € T* correspond to the element that rotates the first choice to the

second choice. Then
M
f/4 ‘\\f’
t
Us

determines the commutative diagram

E E

M
E/t\
Ua

That is, ev'(I') = ev(t™'T). Then Egp and Ei are universal string diagram

E.
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bundles over ev™"(N,,) and (ev')"'(N,,) respectively, with fs5 and fi the

maps to M, respectively, then

M
55 V\fép
EED t '
ev ™ (N,) L () (V)
Ua

commutes. We have t*(7*(«) A (ev')*(ue)) = 7*(a) A ev™(p.) and

t*(E5p5) = Egp- Likewise,

commutes and t*(E'*) = E*. The action of T* on Eg5 given by rotating input
marked points is trivial when restricted to outputs. As a result, ¢ : E* — E' s

T*-equivariant.
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Thus, the equivalence class of ST),(c)(B, ) does not depend on the choice of

marked points on input circles. O

Lemma 3.5. The map ST,,(c) is well-defined on equivalence classes (B, ) € P.(kLM).

Proof. 1f (A, 3, EX, fa) is a different representative of (B, «) then

commutes.

Let the k sections of E* — U, and E% — U be chosen so all diagrams com-

mute. Then
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and

M M
Is5 W / y
Esy : FEasp E* i By
v (N,) e (V) e (N) e (V)
ml lme ml img
U, i Us U, i Us
also commute. In particular, in the right-hand diagram i*(E%) = E* and

(g (B) A evia(pe)) = w5 () A ev*(pue).

Therefore, (B;, o, EY, g;) is equivalent to (B, o, 'S, ¢}) and ST, is well

(2Rt ) 7

defined on generators (B, «). O

Definition 3.1g8. The map ST),(c) : P.(kLM) — P.y|o—jyja(¢LM), where x =
2 —2g — k = ( 1s the Euler characteristic of all ' € X, is defined for generators

(B, ) as above and extended linearly to P,(kLM).

The map ST, : CT"(SD(g, k,€)) — Hom(P,(kLM), P,(¢(LM)) is defined on

generators ¢ and extended linearly to CT* (SD(g, k, ().

Lemma 3.6. The map

ST, : CT"(SD(g, k, £)) — Hom(P.(kLM), P.(¢(LM))
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is a chain map of degree (2 — 29 — k — 0)d = |x/|d.

Proof. Let ¢ be a generator of CT*(SD(g, k,)) and (B, ) be a generator of

P,(kLM). In what follows, all Q-polynomial forms are restricted appropriately.

Recall the top-dimensional cells B; of w1 (W,,) are of the form e x w where w
is an oriented n-cell of the base W, and e is an oriented |c|-cell of the fiber X..

Recall also that if f is a face of w, then 7. !(f) may be decomposed further.

We use the following formula for the boundary of any oriented cell e x w:
d(e x w) = de x w+ (—1)°e x Ow

where

5 le] if |c| 1s odd
le|] +1 if || is even

In both cases, 0% = 0.

If A isa codimension 1 cell of 7 !(W,), then it is either of the form e x z
where z is a codimension 1 face of a top-dimensional cell w of W, and e is a top-
dimensional cell of X, or it is of the form [’ x w were f’ is a codimension 1 face
of the top-dimensional cell e of X, after subdivision and w is a top-dimensional

cell of W,,.

Codimension 1 cells of the space X. are also faces of either one or two
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|c|-dimensional cells: one if two chord endpoints come together and two if a

chord endpoint and distinguished vertex come together. Let

[T (Wo)] = Sexw, [15; (W) =X f/ xwand [7;1(0W,)] = S e x 2. Then

C

Ilr* (W) = [mt(Wa)] — [771(0W,)]. We reorient all cells if necessary so

[

that

2
ﬁ\

S
I

(=) XD ([al (Wa)] = [ (OWa)))

where x =2 —2g — k — {and d = dim(M).
We use this to see that ST},(9(c))(B, &) = Dyom(ST,(c))(B, a).

With the above notation,

ST, (0(e))(B, ) = (my) (Wa), miey () A ev” (pic))
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and

Diom(STy(e)(B, a) = ST, (e)(D(B, a)) + (=1)MFD(ST, (¢)(B, a))

= (m (OWa), mi(a) Aev” (ne)) + (1) (. (Wa), mi (der) A ev” (i)
+ (=D)AL @ (] (W), i () A ev” (i)
+ (= 1) AN (T (W) d( (o) A ev® (1))}

= (m. (OWa), m(a) Aev” (ne)) + (=1)" " (. (Wa), mi (dv) A ev” (pe))
+ (=D)L (Wa)), m(a) A ev” ()
+ (=1l e G T (W), 7 (da) A ev® (ue))

= (1, H(OWa), i (o) A ev* (e)) + (= 1)1 ML @ (Wa), 72 (o) A ev” ()

= (7. (OWa), mi(a) A ev” (i)
(=)W () N (g ) (W), T (@) A ev”(ee)

— (OWa), mi(a) Aev™(ue))}

= (M) (Wa), T (@) A ev*(ue))

Therefore, ST}, © 0 = Dy, © ST}, so ST, is a chain map.

The map of chains ST),(c) has degree |c| — (29 — 2 + k + ¢)d so ST, has degree
(2—-29—k—10)d=|x|d.
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3.5.6 Composition
Remark. If ¢ is a generator of CT*(SD(g, k, ¢)) it determines a map
ST, (c) € Hom(Py(kLM), P.({LM))
but it also determines a map
ST,(c) € Hom(P,.((k +m)LM), P.((¢ +m)LM))

were m > 0. If (B, «) is a generator of P,((k + m')LM), the fiber over a point
a € supp(a) is k + m disjoint circles. For ¢ to act, k of the k + m circles are
chosen (consistently over supp(«)) and each is identified with one of the & input
circles of string diagrams I' € X.. The generator ¢ acts as the identity on the
remaining m circles. Thatis, if ' € ev™'(N,,) is a string diagram of type (g, k, {)
and 7.(I') = a € W, then fgp maps I to M and g is the restriction of fgp to
the output circles of I'. The map g may be extended to the remaining m circles

via the initial map f; if p is a point on one of the remaining m circles, then

This allows for composition of string topology operations ST),(c) which is sim-

ilar to that in a PROP or a properad.

Definition 3.19. Let ¢ € C7*(SD(g, k,0)) and ¢ € cr” (SD(¢', k', ') with
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corresponding string topology operations ST, (c) and ST),(¢’) respectively. Se-
lect n outputs of ¢ and n inputs of ¢ and let £ be a pairing of outputs with

inputs. Then composition ST, (¢') *. ST),(c) is a map in
Hom(P,((k+k —n)LM), P,((¢+ ¢ —n)LM))

where ST),(c) acts as the identity on k' — n of the circles and ST),(¢) acts as the

identity on k&’ — n of the circles.

We will return to composition later in the proof of propositon 4.3. In par-
ticular, there we will be interested in configurations of chords that arise from
composition. For the time being, consider a single I' € ev™!(N,), a single
I" € (ev')"(NV},) and their images in M under fg5 and fi respectively. An
output circle of I' which is paired with an input circle of I' is made up of im-
ages of input edges and chords. Effectively, the string topology construction
identifies the input circle of I with this output circle in all possible ways (an S*
of ways in the figure) to produce a family of output circles of the composition.
The endpoint of a chord of I may land on the image of an input edge of I or it
may land on the image of a chord. In figure 3.9, one member of the S* family
is shown, where the image of the endpoint of a chord of I lies on the image of
a chord of T". (Parallel curves in the figure should in fact be common curves in

M.) In general, there is a 7™ family.
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Figure 3.9: Composition of string topology operations

3.5.7 Choice of Thom class representative

The following general lemma will be used in several proofs below.

Lemma 3.7. Let X be a polyhedrom and n and n' be two closed Q-polynomial
forms on X such that /' —n = d(. Let t be the I parameter for the polyhedron
X x Tandletp: X x I — X be the projection map (p,t) — p. Then

1= (1—=t)p*(n) +tp*(n') +dt A p*(¢)

is a closed form which restricts ton on X x {0} and ton' on X x {1}.
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Proof- The form 7 is closed:

d(77) = d((1 —t)p"(n)) + d(tp*(n')) + d(dt A p*(¢))
= —dt A p*(n) +dt Ap*(n) — dt A p*(dC)
=dt A (n' —n—d()

=0

The form 7 restricts to n on X x {0}. Let i : X — X x I be defined by

i(p) = (p,0). Then i§(dt) = 0and (7)) =n+0+0=n.

Similarly, 7 restricts to 7 on X x {1}. Leti; : X — X X I be defined by
i(p) = (p,1). Thenii(dt) =0and i5(7) =0+n +0 =1

In fact, there is a generalization of this lemma which will be used as well.

Lemma 3.3. Let X C Y bea sub-polybedron and polybedron, respectively and let 1)
be a closed Q-polynomial form on X. Then there exists a closed Q-polynomial form
7 on'Y that restricts to n on X if and only if the cobomology class [n] extends to a

cobomology class in H,(Y').

Remark. Given a form ¢ on X, there exist extensions of { to Y, but if ( is
closed, a given extension may not be. In what follows, we will require the

extension to be closed.
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Proof. Assume [n)] extends to a cohomology class in H.(Y) and let 77 be any
representative of the extension. Then [7]]|x = [1] so 7j|x = 1+ dC. Let € be any

extension of ¢ to Y. Then (77 — d¢)|x = n + d¢ — dC. N

Proposition 3.1. Let 1/ be a different choice of representative of the Thom class
of the diagonal with supp(1') C N.. The chain maps ST, and ST), are chain

homotopic.

Proof. We define a chain homotopy
H:CT(SD(g,k,0)) — Hom(P.(kLM), P,((LM))

first on generators ¢ of CT" (SD(g, k, () for generators (B, o) of P,(kLM) by
choosing a representative quadruple (B, a, E*, f) and constructing each com-

ponent of a quadruple representing H(c)(B, «).

The base space.
For both ST},(¢)(B, ) and ST, (c), the base space is w, * (W,). For H(c)(B, a),

the base space is I x w1 (W,).

The Q-differential form.

Let y), — pte = dv on M”. On 7;*(W,), the forms ev*(u.) and ev* () are
closed and satisty ev*(ul) — ev*(u.) = d(ev*(v)). Applying Lemma 3.7 to
ev*(ue) and ev*(pl.), i is a closed form on m;'(W,) x I which restricts to

ev*(ue) on {0} x 771 (W,) and to ev* (i) on {1} x w71 (W,).
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Therefore, p* (7} (a)) A fu restricts to m(a) A ev*(pu.) on {0} x 7 *(W,,) and to

me(@) Aev* () on {1} x 7wt (Wa).

The ||, S'-bundle.
The ||, S*-bundle over p~*(ev™*(N,)) is the pull-back of the | |, S*-bundle over
ev™! (V) by p*.

The map to M.
The support supp(p* (7% () A fi) is contained in p~!(ev ™' (N,)). Let
(p,t) € .Y (W,) x I. Then G : p*(E*) — M is defined by G(p,t) = g(p).

L l

ev H(IV,)

We set H(c)(B,a) = (7' (W,) x I, p*(m¥ () A f1).

Recall the cell decomposition above of 7' (W,,) given by the triangulation of
W, and trivialization of 7, !(T,) such that each top-dimensional cell w of W,
is contained in exactly one open set U,. The oriented top-dimensional cells
B; of w;1(W,) are given by products of oriented top-dimensional cells e x w.

Ix|d+1

Here, we reorient all the cells of X, if necessary so that ¢ = }>(—1) e and
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77 (w) = S (—1)Md+le x .

Again, codimension 1 cells of I x 7 1(W,,) are faces of either one or two top-

dimensional cells and with this orientation,

O >, H(Wa)] = (01 g (W)l = [ x o (Wa) |+ (=)Mo (OW)].

We reorient all cells if necessary so that

O xmg ' (Wa)] = (=) ([0 ey (Wa)] = [T (Wa) [+ (=DM D (0W3)]).

C

The degree of H(c) € Hom(P.(kLM), P.((LM)) is |c|4+1—]|x|d and the degree
of H € Hom(CT"(SD(g,k,0)), Hom(P.(kLM), P,((LM))) is 1 — |x|d.

Below, all Q-polynomial forms are restricted appropriately.

ST, (c)(B,a) — ST,(c)(B, a)

= (7. (Wa), mi() A ev* () — (w2 (W), mi(a) A ev” (pe))
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and

(Hod+ (=1)"M!Dy,., 0o H)(c)(B, a)

= H(9(0))(B, ) + (=1)"MI(H(e)(D(B, ) + (=1)"ND(H(c)(B, o))

= (I X Ty (Wa), " (mhey (@) A 1) + (=1) MU H(e) (0B, )
+ (=1)" " H(e)(B, da) + (=1)MID(L 5 77 (W), p" (w2 () A 1)}

= (I X oy (Wa), o (mhey (@) A ) + (1) "ML x 771 (0Wa), p" (i () A 1)
+(=1)"(I % m H(Wa), p* (w2 (da) A i)
+ (=)D x m (W), p* (i () A 1)
+ (L)AL s T (W), " (i (de) A )]}

= (I X oy (Wa), p"(mhey (@) A ) + (=ML x 771 (0Wa), p7 (i (@) A 1))
+ (1) TN e m Y (W), pf (g (da) A )
+ (NN 5 77 (W), " (w2 (@) A 1))
(= 1)Watel=dntm=Ixld( T o =1 (W), p*(r(da) A )

= (I X Ty (Wa), " (mhey (@) A 1) + (—1)NUT x m H(OWa), p* (i (@) A )
+ ()OI > 7 (W), p (w2 (a) A 1))

= (I X ooy (W), " (mhey (@) A o) + (=1)XUT x 77 (OWa), p* (w2 () A i)
+ (0 x m H(Wa), p"(me () A fi) — (I % o) (Wa), o™ (mi(a) A i)
+ (DN < 7 (OWa, p" (i () A 1)

= ({1} x 7 H(Wa), p"(ms (@) A i) — ({0} x . (Wa), p" (7 () A i)

= (7. (Wa), mi() A ev™ () — (w2 (Wa), () A ev” (pc))
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Therefore, for a generator ¢ of CT*(SD(g, k,()),
ST,(¢) — STy(c) = (Hod+ (—1)" XDy, o H)(c).
Extending H linearly over CT* (SD(g, k, 1)),
ST, — ST, = Hod+ (—1)" XDy, o H,

so ST}, and ST, are chain homotopic.

H (c) is well defined on equivalence classes (B, «) because ST, (c) and ST, (c)

are well defined.

Example (The string bracket). Let ¢ be a generator of CI”(SD(0,2,1)). The
string topology construction determines a two-to-one map called the string
bracket

ST,(c) : P.(2LM) — Pyypsa( LM).

Example (The string cobracket). Let ¢ be a generator of CI”(SD(0,1,2)). The
string topology construction determines a one-to-two map called the string co-
bracket

ST, (c) : P.(LM) — Pyyy_o(2LM).



Chapter 4

Extension of construction &

solution to equation with anomaly

4.1 The space LD(g,k, () ~

Recall the space LD(g, k, £) of string diagrams with levels and slide equivalence
~ for string diagrams with levels. In this section we build a space LD(g, k, ()} ~
and extend the string topology construction over it. The inspiration for

LD(g,k,0)) ~ is LD(g,k,£)/ ~. Modifications must be made because the
string topology construction is not well-defined on slide-equivalence classes.

However, it is well-defined up to a contractible set of homotopies.

73
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4.1.1 The slide complex of a slide-equivalence class

Let e be a cell of LD(g, k, £). Recall that a cell e is labeled by a combinatorial
type of string diagram with levels. Its parameter space X, is a product of k
simplices and a cube, given by the placement of vertices on input circles and

spacing parameters.

If Ty € eand I, € € are slide equivalent, then they have different combinato-
rial types but the placement of their vertices on input circles and their spacing
parameters are the same. Therefore, if T is any other point in e and IV € €’ has

the same such parameters, then I and I are also slide equivalent.

Definition 4.1. Two cells e and € are called slide equivalent if for all T € ¢

there is a unique IV € ¢’ such that I and I are slide equivalent.

Here we build a cell complex Pg for each slide-equivalence class & of cells e of
LD(g,k,!). Later, we describe how to adjoin Pg to LD(g, k, ). There is one

vertex v, of Pg for each representative e of €.

Slide cells

The main picture here is that if I' and I are two string diagrams with levels that
differ by a single chord slide, then there is an interval of graphs parametrizing

the slide. Let I' and I” differ by a slide of an endpoint of the chord ch over
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the chord ch which has length L. The chord ch itself parametrizes the chord
slide. We identify ch with the interval [0, L] such that I' = Ty and I” = T';.. For
t € [0, L] we construct a graph I'; whose half-edges at each vertex are cyclically
ordered (a cyclically-ordered graph) as follows. By abuse of notation, we also

refer to the sliding endpoint of ch as ¢.

p p P

SR (G
p

)

q

C

r r
L . J

¢~

Figure 4.1: Interval parametrizing a chord slide

Except for ¢, I'; is identical to I'y and I'z,. In Ty, the endpoint ¢ of ch coincides
with the point ¢ along the chord ch ~ [0, L]. If t € (0, L), the endpoint ¢ of ch
is in the interior of the chord ch. We see in figure 4.1 if ¢ = 0, then T, = T’ and
ift = L, Ty = T". The cyclic order of half-edges at this new vertex is induced by

thatin 'y and I';.

In fact, several chords chy, ..., ch, which are adjacent at one endpoint ch may
slide along ch simultaneously and there is a corresponding interval of cyclically-

ordered graphs parametrizing the slide.
Remark. If t € (0, L), then all T'; have the same combinatorial type.

Definition 4.2. Let e and ¢’ be two cells of LD(g, k, ¢) that differ either by a

single chord slide over or by a sequence of chord slides where the chords sliding
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are adjacent in the cyclic order of half-edges at one one vertex. There is a 1-cell
Se.er Of Pg for the interval associated to €’ and ¢’ described above. The 1-cells

Se.e are called slide cells. Loops s, . at vertices v, are not included.

Given €, denote the complex of slide cells by Se.

Remark. If e is a cell of LD(g, k, ¢) which is labeled by a combinatorial type
where no two chords’ endpoints coincide on an input circle, then e is the only
cell in its slide-equivalence class and S¢ is a point. If e is a codimension 1 face of
LD(g,k,¢) where two chords’ endpoints coincide on an input circle, then there

are two representatives e and ¢’ representing € and Se is an interval.

Multi-slide cells

The notion of slide cells generalizes to many chords sliding simultaneously
(though their endpoints need not coincide throughout the slide, as they do
above). For example, two chords ch and ch’ may slide over a chord ch, ch and
ch’ may slide over different chords ¢k and ¢h’ or the chord ¢h’ may slide over the
chord ch which is itself sliding over ch. In this case, there is a cell parametrizing
such a multiple chord slide and each cell is labeled by a combinatorial type. The
0-dimensional faces of such cells correspond to a collection of representatives e
of a slide-equivalence class € of cells of LD(g, k, ¢) and the 1-dimensional faces

correspond to the intervals described above.
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Definition 4.3. Let ey, . . ., e, be a collection of slide-equivalent cells of LD(g, k, £)

corresponding to vertices U, , . . ., U, of ann cell s, . ., parametrizing a simul-

77777

taneous chord slide as described above. Such n-cells are called multi-slide cells.

Faces of multi-slide cells are identified to form a cell complex as in figure 4.2.

Denote the complex of slide cells and multi-slide cells by S¢ U SSe.

\ R YR

VV
S/ A MU
W

<7< " v

Figure 4.2: Slide cells and multi-slide cells

Triangles

Given a slide-equivalence class € such that two adjacent chords are at the same
level, then there is a triangle T, ./ .» in S with vertices e, €', ¢” that is not the
boundary of a 2-cell. This is the case when the chords slide over one another.
See figure 2.8. We fill in T, . .» with a 2-simplex A, ./ .» whose points are iden-

tified with cyclically-ordered graph constructed similarly to graphs in the slide
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graph but whose edge lengths differ. The barycenter is identified with a graph
where the chords have been replaced with a tripod whose edge lengths are each
half the length of the chords. Lines joining T, ./ .» with the barycenter of A, o/ o
parametrize a deformation of the pair of chords to the tripod. A line from a ver-
tex of T¢ s o to the barycenter of describes the shrinking of each chord and the
growth of a third edge such that the rates of shrinking and growing are corre-
lated. A line from the interior of an edge of T, ./ . to the barycenter of A, o/ ¢
describes the sliding of one chord’s endpoint to the interior of the other and
its shrinking such that the rates of sliding and shrinking are correlated. Figure
4.3 shows the cyclically-ordered graph labeling the barycenter, along with the

cyclically-ordered graphs labeling two other interior points.
/\e
N
A’\
= N
JEZNN

Figure 4.3: Triangle

There may be degenerate triangles. See figure 4.10 for two examples that occur
when (g,k,¢) = (0,2,2). The triangle on the left is nondegenerate while the

triangle on the right degenerates to a bigon because there are only two slide-
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equivalent representatives.

Denote the complex of slide cells, multi-slide cells and triangles by S¢USSeUT.

Combination cells

The tripods added in T¢ replace pairs of distinct chords at the same level whose
endpoints coincide and that are adjacent at the common vertex. New graphs are
created by chord slides, parametrized by cells in S¢. The triangle parametrizes

a deformation of such a configuration to a tripod.

There are generalizations of these when more than two chords endpoints coin-
cide and the chords are at the same level, or when the endpoint of a tripod and
the endpoint of a chord at the same level coincide, or when endpoints of two
tripods coincide and the tripods are at the same level, et cetera. Corollae with
higher-valence central vertices play the role of tripods when chord endpoints

coincide.

Chord and corolla endpoints may slide over chords and corollae at the same
level or lower levels. Therefore, some combination cells are analogues of slide
cells and multi-slide cells where in addition to chord endpoints, corolla end-
points may slide. There are generalizations of triangles in this setting. A gen-
eralized triangle generalizes such a deformation when rather than two chords,

there are two corollae or one chord and one corolla.
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We stop adding cells when all chords and corollae which are at the same level,
share an endpoint and are adjacent have been deformed to one corollae. Note
that the endpoints of one corolla need not be distinct. This is the analogue of

one chord’s endpoints coinciding on an input circle.

Denote the complex of side cells, multi-slide cells, triangles and combination

cells by S@ U SS@ U T@ U SST@

Definition 4.4. Given a slide-equivalence class € of cells of LD(g, k, £), the slide
complex Pg of € is SSe U SSe UTe U SSTe.

Remark. Given €, if for all representatives e of € the subgraph consisting just

of chords has Euler characteristic x > 0, then Pg is contractible.

Lemma 4.1. Given &, a codimension 1 cell pg of Pg is the face of exactly zero, one

or two top-dimensional cells.

Proof. In what follows, “chord” is used to refer to a chord, corolla or cyclically-

ordered graph representing a deformation.

A codimension 1 face pe of a top-dimensional cell either comes from a corolla
breaking into two pieces, where one is sliding over the other (for example, a
1-dimensional face of a triangle in T¢) or it comes from two chord endpoints

coinciding.

If a corolla breaks, then p¢ is not the face of any other top-dimensional cell of
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Pg.

If two chord endpoints coincide, either two sliding endpoints come together
in the interior of the chord they are sliding across or one chord endpoint that
is sliding reaches the end of the chord it is sliding across. If the endpoints co-
inciding belong to the same chord, then pe is not the face of any other top-
dimensional cell. Likewise, if the chord endpoints coincide on an input circle,
then pe is not the face of any other top-dimensional cell. However, if two chord
endpoints coincide in the interior of another chord, then they are necessarily at
different levels. Otherwise, pe would have higher codimension. Therefore, the
chord at the higher level may continue sliding and pe¢ is the face of only these

two top-dimensional cells of Pe.

A codimension 1 cell pg need not be the face of any top-dimensional cell of Pg.
In this case, there is a vertex v, where a representative has two chords at the
same level that are not adjacent, though there is also a representative v, where
they are adjacent. Intuitively, if the two chords were adjacent, then they could
slide over one another and deform to a tripod or generalized tripod. By finding
themselves not adjacent, at either end of a chord at a lower level, for example,

they are missing out on a potential tripod.

]

Definition 4.5. Let Q¢ C Pg be the subcomplex where cells that are not faces

of top-dimensional cells are deleted.
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Corollary 4.1. Q¢ s a pseudomanifold with boundary.

Lemma 4.2. Let e bea cell of LD(g, k, ) with slide-equivalence class € and let f be

a face of e with slide-equivalence class §. Then there is a canonical map 1 : Pg — Ps.

Proof- It is enough to analyze the case where f is a codimension 1 face of e.
Recall that a codimension 1 face of a cell corresponds to one of the following

four cases:

A chord endpoint and a distinguished vertex coincide on an input circle.
e A spacing parameter s; = 1.

e A spacing parameter s; = 0.

Two chord endpoints coincide on an input circle.

If f is a face of e then chords whose endpoints coincide in slide diagrams with
levels in e also coincide in slide diagrams in f. That is, if two open cells are
slide-equivalent, their closures are slide-equivalent. This provides a map € — §

of vertices of slide complexes which extends to ¢ : Pg — Px. O

Remark. In the first two cases the map is an isomorphism of cell complexes.
Generically, in the second two cases Pg 1s either a codimension 1 subcomplex of
P; or Pg and Py are isomorphic cell complexes. However if the connected com-

ponent of the subgraph of chords consisting just of the chords that are sliding
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and the chords over which they are sliding has nonpositive Euler characteristic,
the map € — F induced by setting s; = 0 may identify two distinct represen-
tatives of €. Higher dimensional cells of P; are also identified under ¢ in this

case.

412 LD(g,k,0)) ~

The space LD(g, k, () ~ is built by adjoining cells to LD(g, k, £).

Definition 4.6. Given a slide-equivalence class € of cells of LD(g, k, ¢) let P be
the slide complex of & with vertices v, labeled by representatives e of € and let
X ¢ be the common parameter space for cells e € €. The space LD(g, k, () ) ~ is
constructed from LD(g, k, () by adjoining the complex X¢ X Pg to LD(g, k, ()
under the identification of X¢ x v, with e for all slide-equivalence classes €. The
adjunction is compatible with faces: if f is a face of e and ¢+ : P¢g — Pj is the
canonical map of slide complexes, then X5 C X¢ and X3 x Ps is identified with

Xg X L(P@).

Example. The space LD(0,3,1) is a three-torus bundle over a space with six
2-cells, each a square. There are three components, each formed by two squares
identified along one edge where s = 0. In step 1, slide cells are added. In step
2, triangles are added. There are no multi-slide cells and no combination cells.
The space LD(0,3,1),/ ~ is homeomorphic to a 3-torus-bundle over a 2-sphere

with three boundary components. See figure 4.4.
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LD(0,3,1)

Figure 4.4: Base space for LD(0,3,1)/ ~

Proposition 4.1. The space LD(g,k, () ~ is a pseudomanifold of dimension
6g + 3k + 3¢ — 7 with boundary. The set of codimension 1 cells at the boundary is

partitioned into:

o cells labeled by diagrams where one spacing parameter s; = 1;

o cells labeled by diagrams where a connected component of the subgraph consist-

ing of the complement of the input circle edges has Euler characteristic x = 0.
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Proof- We first check that a cell A of LD(g,k,¢))) ~ is a face of some top-
dimensional cell. Let A = X¢ X pe where pe is a cell of the slide complex Pg.
If pe 1s the face of a top-dimensional cell of Pg and X¢ x Pg is top dimensional,
then A is the face of X¢ x Pe. If X¢ X Pg is not top dimensional, then there
exists a cell d of LD(g, k, ) such that X x Ps is top-dimensional and there
exists a top-dimensional cell pp of Pg such that ¢(pp) = pe. (Such a d need not
be unique; there may be many ways to separate chords into different levels so

that Xg x Pp is top-dimensional.) Therefore, the cell A is a face of X5 x Ps.

We now examine codimension 1 cells of LD(g,k,¢)// ~. If a codimension 1

cell A is the face of exactly one top-dimensional cell, then it is at the boundary.

The space LD(g, k, () is a pseudomanifold with boundary. The codimension
1 cells e at the boundary are labeled by combinatorial types where a spacing
parameter s; = 1 or two chord endpoints coincide on an input circle. If the
endpoints coinciding do not belong to the same chord, then the slide complex
Py of the slide-equivalence class € of e is an interval s, ... New top-dimensional
cells X¢ X s, o are adjoined to LD(g, k, £) so that the slide-equivalent cells e and
¢ are then codimension 1 faces of exactly two top-dimensional cells: one from

LD(g,k,¢) and one from X¢ X S .

The space LD(g, k, {) UUe(Xe X S¢) is a pseudomanifold with boundary. How-
ever, if f is a codimension 1 face of e then there may be new codimension 1

boundary, if Sg is not contractible. Using slide complexes, we shall see that the
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new codimension 1 boundary is filled in in LD(g, k, ¢) // ~ unless it corresponds

to one of the exceptions described above.

A top-dimensional cell of Pg has maximum dimension equal to codim(e), the
codimension of the representatives e of € in LD(g, k, £). Therefore, no cells of
LD(g,k,!)/ ~ have dimension greater than 6g+3k+3(—7. A top-dimensional
cell of Pg has dimension codim(e) if and only if for all representatives e labeling
its vertices v,, the chords at each level form a connected subgraph and they are

adjacent in the cyclic orders at common vertices.

Let A be a codimension 1 cell of LD(g, k, )/ ~ that is not also a codimension

1 cell of the sub-cell complex LD(g, k, £) The cases are as follows:

1. Ais codimension 1 cell of X¢ x Pg where dim(Pg) = codim(e).

(a) A= X¢ X pe where pg is a codimension 1 cell of Pg.
1. pe is a codimension 1 cell that is the face of exactly two top-
dimensional cells of Pg.

ii. pe is the codimension 1 face of exactly one top-dimensional cell

OfP@.

iii. pe isacodimension 1 cell that is not the face of any top-dimensional

cell of Pg.

(b) A = Xz X pe where f is a codimension 1 face of e and p¢ is a top-

dimensional cell of Pg.
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1. t: Pg — P5is an isomorphism on pe.
ii. ¢ : Pg — Pj is injective but not surjective on pg.

il. ¢ : Peg — Pg is not injective on pe.
2. Ais a top-dimensional cell of X¢ x Pg and dim(Pg) = codim(e) — 1.

(a) The subgraph consisting of the complement of input circles has

x > 0.

(b) The subgraph consisting of the complement of input circles has

x = 0.

In what follows, “chord” refers either to a chord or to a corolla or to a cyclically-

ordered graph representing a deformation (minus input circles), as in 7.

Note first that if the complement of the input circles has a connected com-
ponent with Euler characteristic y < 0, then A cannot be a cell of type 1.
Intuitively, there is a potential tripod that is not possible when the endpoints

coinciding belong to the same chord; a chord’s endpoint does not slide along

the chord itself.

In case 1(a)(i), there are two top-dimensional cells of Ps with pe as a face, so

there are two top-dimensional cells of LD/ ~ with X¢ X pe as a face.

To approach a codimension 1 face pg of P as in case 1(a)(ii), either a corolla

breaks into two corollae where one is sliding over the other or a chord ch which
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is sliding over another chord ch, which is at a lower level, approaches an end-
point of ch, which is on an input circle. In either of these cases, pe = t(po) for
exactly one © where e is the codimension 1 face of some cell d such that X5 xpo
is top-dimensional. Passing from d to e either brings two chords which are ad-
jacent at some endpoint to the same level and creates a triangle, or passing from
d to e brings endpoints of two chords at different levels together on an input
circle. Thus, A is a codimension 1 face of one top-dimensional cell in X¢ x Pg

and of one top-dimensional cell in X X Pg. See case 1(b)(i1).

In case 1(a)(iii), at lest one of the vertices v, is labeled by a cell e where two
chords at the same level, ch and ch’ are not adjacent in the cyclic order at some
vertex (though they must be adjacent in another representative in order for
X¢ X Pg to be top-dimensional. Either their endpoints coincide on an input
circle, but are not adjacent or their endpoints do not coincide at all. In the case
that their endpoints do not coincide, there is a sequence of chords separating
them; that is a string of chords chy, chs, ..., chy which are all below the level
of ch and ch’, such that ch; and ch; 1 have a common endpoint and are adjacent
in the cyclic order at that vertex and such that ch and ch’ may slide over all
of them. In this case, there are two ways to pull ch and ch’ apart into two
levels. We write pe = ¢(pp) where pg is a top-dimensional cell of Py and e is
a codimension 1 face of d and pe = 1(po) where pe is a top-dimensional cell
of Py and e is a codimension 1 face of d’. The cells d and d' correspond to

ch € E;,ch' € E;11 and ch' € E;,ch € E; 4 respectively.
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Case 1(b)(i) is similar to case 1(a)(ii1) if f is obtained from e by setting a spacing
parameter s; = 0. If dim(Pg) = codim(e) for all representatives e of € and a
spacing parameter s; = 0, then the subgraph of chords in E; is connected and
chords are adjacent at their common endpoints. If Pg and Py are isomorphic,
then f is obtained from e by setting s; = 0 such that no chords in E; and E;
are adjacent at any common endpoint. This remains true when considering not
just vertices of Pg but any interior point as well. Therefore, A is the face of
exactly two top-dimensional cells: X¢ X pe and X X pe where representatives
¢’ of ¢ are obtained from representatives ¢’ of &' by interchanging F; and E;

In this case, A is the face of exactly two top-dimensional cells.

If f is obtained from e by setting a spacing parameter s; = 1 or if two endpoints
of a chord coincide on an input circle, then ¢ : Ps — P is an isomorphism.

Such a cell a is the face of exactly one top-dimensional cell, that is X¢ X Pg.

In case 1(b)(ii), X3 x P is top-dimensional in LD(g, k,()// ~. A is a codimen-
sion 1 face of X¢ X pe and a codimension 1 face of a top-dimensional cell in

Xz % Ps. See case 1(2)(1).

In case 1(b)(ii1), dim(c(pe)) < dim(pe) so in fact,

dim(A) = dim(f) + dim(i(pe)) < dim(E) + dim(Pg) — 2.

Therefore, there is no such codimension 1 cell A.



Chapter 4. Extension of construction & solution to equation with anomaly 90

Case 2(a) is virtually identical to case 1(b)(1) where the cell A is the boundary of

two chords, whose levels are interchanged.

In case 2(b), such a cell is at the boundary. If x = 0 then a top-dimensional
cell consists either of a corolla with a pair of endpoints coinciding on an input
circle, or two corollae at the same level, where two endpoints of one are sliding
over the other. A cell of the first type is the face of exactly one top-dimensional
cell where the no corolla endpoints coincide. A cell of the second type is also
the face of exactly one top-dimensional cell: one where the two corollae are at

different levels.

Note that if x < 0 then Pg has dimension at most codim(e) — 2 so can never

give rise to a codimension 1 cell A of LD(g,k,¢)/ ~.

O

Remark. All cells of LD(g,k,())) ~ are labeled by combinatorial types of
cyclically-ordered graphs with distinguished vertices on input circles. There
is a T"-action which rotates the distinguished vertices and a complex

CT"(LD(g,k,0))) ~) of saturated chains which is completely analogous to
CI*(LD(g, k. 0)).

Definition 4.7. Let SD(g, k,()/) ~C LD(g,k, )/ ~ be the complex of cells e
of SD(g, k,¢) with X, x P adjoined.

Proposition 4.2. The space LD(g,k, () ~ contains SD(g, k,l)/| ~ as a defor-
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mation retract.

Proof. The proof is analogous to the proof of proposition 2.3. Again, let

i: SD(g,k,0))) ~— LD(g,k,0)) ~
be the inclusion map and let
r:LD(g,k,0)) ~— SD(g,k,0)) ~

be the map that forgets levels and spacing parameters or, equivalently, sets them
all to 0. Again, r o7 = id and i o r is homotopic to the identity, where the

homotopy shrinks spacing parameters.

4.1.3 Slide complexes for generators of C*(LD(g, k,())

Let ¢ be a generator of C¥(LD(g, k,()) such that ¢ = Y +e; for ¢; a cell of
LD(g,k,¢). Recall that the combinatorial types labeling the e; are identical
except for the placement of the distinguished vertex. If ¢ is another generator

of C¥(LD(g,k,)) such that ¢ = Y +e¢! and such that for all i, ¢; and ¢} each

differ by a compatible chord slide then we say that ¢ and ¢ are slide-equivalent
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generators and denote their slide-equivalence class by €. The slide complexes
Pg, are canonically isomorphic to one another and the canonical isomorphism

preserves the decomposition Pg, = S¢, U SS¢, U T, U SST,.

Definition 4.8. For a generator ¢ of C*(LD(g, k, ()) the slide complex Pg is the

isomorphism class of P, .

Remark. The sub-cell complex X, of LD(g, k, {) associated to ¢ is canonically
isomorphic to X where ¢ is a slide-equivalent generator. We denote the iso-

morphism class by X¢ and note that X¢ = U; X¢,. Then

L (gv k7£)// ~= E(Q? k7€) U U(XQ X P@)

where the adjunction of X¢ X Pg is compatible with the adjunction of cells

above.

4.2 Extension of ST, to LD(g,k, () ~

Proposition 4.3. The string topology construction ST, extends to the top chain of

LD(g,k,0)) ~ and satisfies

STM(a[E<gvk7€)// N]) - DHom(STM([E(gvkvg)// N]))

Most of this section will be devoted to the proof, which is long and will be
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given in several parts. In part 1(a) the string topology construction is extended
to cells adjoined to SD(g, k, ¢) which correspond to slide cells in S¢ for cells
e of SD(g,k,¢). In part 1(b) the extension from part 1 is generalized to cells
adjoined to SD(g, k,¢) which correspond to multi-slide cells in SS¢ for cells
e of SD(g,k,¢). In part 2(a) the construction is extended to certain chains of
LD(g,k,0)) ~ called split chains. In part 2(b) the extension from part 2 is gen-
eralized to certain chains of LD(g, k,¢)// ~ called higher split chains. Finally,

in part 3, the construction is extended to all remaining cells of LD(g, k, ()] ~.

Proof- Part 1(a).

Let ¢ and ¢ be generators of CT"(SD(g,k,()) that differ by a chord slide.
Let ¢ and ¢ have corresponding evaluation maps ev : 7, (W,) — M* and
/ -1

ev T,

(W,) — M?”. By Proposition 3.1, without loss of generality, we
may assume that £ is supported in a §-tubular neighborhood of the diagonal

Aoy (MY c MimHY,

AllT € X. has a corresponding I'” € X, which differs by a chord slide. There
must be a configuration of chords as in figure 4.1 and we use the labeling of

chord endpoints provided there.

Let b.o = X¢ X S.o be the complex of cells adjoined to SD(g, k, ) corre-
sponding to slide cells s. . C S¢. We define K. € Hom(P.(kLM), P.((LM))

below. We will then set ST},(b.) = K. and extend ST}, linearly over
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CI"(SD(g, k, £) UUe(Xc X Se))-

For a generator (B, a) of P.(kLM), we choose a representative (B, a, E¥, f)

and construct each component of a quadruple representing K. (B, «).

The base space.

For ST,,(c)(B,a) the base space is 7, (W,) and for ST,/(¢’), the base space
is 7,1 (W,). As the terms of ¢ and ¢ are pairwise slide-equivalent, there is a
canonical isomorphism X, — X of complexes. This induces a canonical iso-
morphism s : E, — E. of total spaces of the corresponding X .- and X~ bun-
dles, which restricts to an isomorphism 7 *(W,) — 7,'(W,). The following

diagram commutes.

M%”
X, E. 2 E. X
Ua

Let 7' (W,) = 7,'(W,) be denoted by 7z'(W,) and have fiber denoted by
X¢. The base space for K. (B, a) is 7' (W,) X 5. where 751 (W,) x v, is
identified with 7 1(W,) and ' (W,,) x v, is identified with 7' (W,,).

A point I'; € 75" (W,) X s, corresponds to a cyclically-ordered graph as in

figure 4.1.
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The Q-polynomial form.
The Q-polynomial form on 71 (W,,) is given by 7 (a) Aev* () and Q-polynomial

form on 7 *(W,,) is given by 7 () A ev*(pe).

Let I', T, T'; be as in figure 4.1. For exposition, we choose an ordering of half-
chords so that for T € 7 (a) € 71 (W,), eo(T) = (£(a), f(r), £(p), f(q)) and
ev'(I") = (f(q), f(r), f(p), f(r)) where [ refers to the restriction of

f:E¥ — Mtor 'a). Lee N C ev '(N,,) N (ev')*(N,,). Note that the
chords of I'; may be ordered: the first chord ch is attached to input circles and
one end of the second chord ch is attached to an input circle while the other
endpoint is attached to the first chord. We define the Q-polynomial form on

7' (W,) X ¢ In two steps.

Define ev; : 75 (Wa) X Seer — M? by evy(Ty) = (f(q), f(r)). The Q-
polynomial form p on M? is the representative of the Thom class of the di-
agonal which is supported in an § neighborhood N,, of the diagonal. If T'; is in

evy '(N,,) then the points f(q) and f(r) may be joined by a unique geodesic.

The sub-chord diagram consisting of ch and the input circles it touches is mapped
to M by a map fgp as in the usual string topology construction. In particular,
the endpoint ¢ on the chord ch is mapped to a point along the geodesic segment.
The ratio between the lengths of geodesic segments joining f(¢) to f(¢) and f(t)
to f(r) corresponds to ¢t € [0, L]. If f(q) = f(r), then the geodesic segment is

just this point and fg7 also sends ¢ to this point.)
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Define evy : evy ' (N,) — M? by (f(p), fs5(1)).

The Q-polynomial form ev; (i) is defined on all of 74! (W,,) x s.». The form
evs(p) is defined on ev;'(N,) at its support is a closed subset of this open
subset, so it is extended by 0 to a form, also called ev;(p) on all of

et (Wa) X Seor.
Let p: ' (Wa) X Ser — g (Wa) be the projection map.

The Q-polynomial form on 7' (W,,) X s, is given by

o (mel@)) A evi () A evi(p).

This form restricts to forms 7 () A ev*(p.) and 75 (a) A (ev')*(ue) on

7o (W,) X v, and mgt(W,,) X ve respectively.

ev*I(Nﬂ)

ﬂcil(Wa) nél(Wa) XSC,(‘/

Figure 4.5: Base space for slide cell adjoined to SD(g, k, ¢)



Chapter 4. Extension of construction & solution to equation with anomaly 97

The | |, S*-bundle.

Recall the ||, S*-bundle with total space E* over ev='(N,) C w.!(W,) given
in the string topology construction by restricting the universal string-diagram
bundle to output circles. Likewise, there is a universal cyclically-ordered-graph
bundle over 75 (W,) X 5. whose restriction to output circles gives the | |, S'-
bundle. Denote the total space by of the universal cyclically-ordered-graph bun-
dle over evy'(N,) by Egp and the total space of the corresponding bundle of

output circles by EY .

The map to M.
As in the string topology construction, there is a map fgp : Egpy — M which
sends chords to geodesic segments. Let g : E., — M be the restriction of fgp

to output circles.

(Note, if many chords are sliding together, the construction is completely anal-
ogous to the one above, but there is more than one component for ¢ under the

evaluation maps.)

Part 1(a) Summary.

Let

Koo (B, o) = [(mg' (Wa) X see, p"(me(@)) A evi(p) A evi (1), Bz o, 9)]

= (mg (Wa) X sce, p"(me(a)) A evi (i) A evi(p))
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and extend linearly to P.(kLM).

Part 1(b).

-----

.....
77777

-----

,,,,,

sets and ordered as in part 1(a) according to where their endpoints lie. This
determines a sequence of evaluation maps ev;. The Q-polynomial form on
,,,,, e 1s given by p*(mg(a)) A evf(p) A -+ A evi(p). Again,
there is a universal cyclically-ordered-graph bundle over a neighborhood of
supp(p*(me(a)) Aevi(p) A -+ Aevi (i) and the string topology construction
defines a map of its total space into M. Again, the universal cyclically-ordered
graph bundle restricts to a | |, S*-bundle and the map to M restricts to output

circles.

The map ST),(b,,....)(B, a) is extended linearly to P,(kLM).

.....

Part 2(a).

We now extend ST, to particular chains of LD(g, k, )/ ~ called split chains.
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We use composition of string topology operations ST,(c¢) both to locate partic-

ular chains in CT"(LD(g, k, /)| ~) and form the extension.

We begin by locating a generator of CT" (LD(g, k, ()| ~) called a split genera-

tor.

Recall that slide cells and multi-slide cells in S¢ U S\S¢ parametrize chord slides
and multiple chord slides for cells of in LD(g, k, ¢) and that points " in
Se U SSe correspond to cyclically-ordered graphs where chords’ endpoints lie

in the interiors of other chords. A split generator d satisfies the following:

e For all T in the interior of a top-dimensional cell of X, the set of chords
is partitioned into two subsets E = E; LI E5 and the spacing parameter

81:1.

e For all T in the interior of a top-dimensional cell of X, the subgraph
IV consisting of chords in F, together with the input circles they touch,

forms a string diagram of type (¢, k', ().

e For all T in the interior of a top-dimensional cell of X, the subgraph I'”
consisting of all remaining input circles and chords, together with the n
output circles of I that they touch, (which are each rescaled to have length
1) is a string diagram of type (¢”,k”,¢") up to a choice of distinguished
vertices on the n output circles of IV which form n of the input circles of

.
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Note that for all " in the interior of a top-dimensional cell of X,; where d is
a split generator, endpoints of chords in I” must lie on input circles of I' and
endpoints of chords in I must lie either on an input circle of T" or on a chord
of I'". Additionally, I" determines a pairing ¢ of n output circles of IV with n

input circles of T".

Note also that the combinatorial types of IV and I do not depend on the choice
of I' in the interior of a top-dimensional cell of X,;. We say that I € X and
[ € X4 where d' is a generator of C7 ¥ (SD(g',K',¢)) and d” is a generator of
CcT . (SD(g", k", 0")). Therefore d determines d’, d” and the pairing ¢ of output

circles to input circles. We write split(d) = (d',d",¢).

However from d’, d” and € we cannot reconstruct d. This information alone
does not determine exactly how output circles and input circles are identified.
In general there are several split generators d; such that split(d;) = (d',d",e). A

split chain d = }° d; such that split(d;) = (d',d", ¢) for fixed d’ and d".

We denote such a split chain by d” *. d’ and its corresponding sub cell complex
of LD(g,k,0)/) ~by X4, which is a union of sub cell complexes X, of split

generators.

Let r : LD(g,k,l)) ~— SD(g,k,l)/ ~ be the map which sets all spacing
parameters to 0. Let r, be the map induced on CT*(ZD(g,k, ()} ~) and let
r (X d;) = S (dy) = X d;.
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Generators d; and d; appear in the expression for d(d;) € CT"(LD(g,k, () ) ~);

d; when s; = 1 and d; when s; = 0.

Set ST,,(>-d;) = ST, (d")*.ST,,(d') where *. is composition of string topology

operations corresponding to the pairing .
We defne Ly gn € Hom(P,(kLM), P.((LM)) and then set ST},(> d;) = Laar.

For a generator (B, a) of P,(kLM), we choose a representative (B, a, E¥, f)

and construct each component of a quadruple representing Ly 4+ (B, ).

The base space.
We construct a map o from the base space of ST,,(3 d;)(B, @) to the base space
of ST,,(3 d;) below. The base space of Ly 4»( B, o) will be the mapping cylinder

of o.

The base spaces for ST,(d;)(B, @) are 7 '(W,). Let d = Y d;. We identify

codimension 1 faces of the fibers X7 with one another appropriately to form

the fiber X3 for a bundle 73 : E5 — U,. The base space for

ST, (> d;)(B,«) = ST, (d)(B, a) is then Wil(Wa).

The base space for ST,(d')(B, ) is m' (W,) and evy : w,' (W,) — M”72, The

base space for ST},(d)(B,a) = ST, (d")(ST,(d')(B,)) is ' (evy (N,,)). A

Ha
point I' in 7,/ (evy' (N,,,,)) is a string diagram of type (¢”, k", ¢") and

7 (I") = T is a string diagram of type (¢, k', ().
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For the evaluation map evgr : my/' (evy'(N,,)) — M7, one marked point
must be chosen on each S* component of 7,/ (I"). If an S' component is the

restriction of E the choice of marked point amounts to

’S—D to outputs [ € Eg—D,
the choice of a marked point on an output circle of IV which is identified with
an input circle of T € 7,/ (I").

The map o : 7,/ (evy' (N,)) — T '(W,) is given by the identification. That is,
if g (mar(I'")) = a € W, and the and the identification of outputs of I with

inputs of I'” prescribed by the map 74 yields a graph I, then
oI”y=T € Wg’l(a).

The base space for Ly 4(B, «) is the mapping cylinder for o:

M (o) = (mgr (evg' (N,)) x I Umz (Wa))/ (I, 1) ~ o(I")).

The Q-polynomial form.
The Q-polynomial form on 7,/ (evy' (N,.)) is ma (7 () Aev’ (par) ) Aevar (prar).

The Q-polynomial form on 7= Y(W,) restricts to i (o) Aev* (g, ) on T Y(W,).

Note that supp(ms(a) A evi(pg)) C im(o) C mz(Wa).
The chains d’ and d” determine a partition of the set of half-chords .77 of all

graphs I' € 7 Y(W,); if a chord ch is a chord of the string diagram I”, then its
half-chords are in 5% and if a chord ch is a chord of the string diagram I'”, then
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its half-chords are in 7. The inclusions of sets /¢ — 4 and o — 76

induce maps chy : M — M and chy : M”a — M7 respectively.
With this notation, uz = chi (ptar) A chy (par) so

() A evi(pg) = m5(a) A evl(chy (par)) A evs(chy (par)).

The following diagram commutes.

Tt (evg' (Ny,)) :

%\

T Mﬁf;l//

-1 €vqr , chy ;
Vg (Nyy) —— M7 ~——— M"a

Therefore,

o (mg(@)) = mau(my (@)
o" (evg(chy (nar))) = min(eva (piar))

o (evg(char (par))) = evgn(par)
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and

o* (mg(a) A evt(tig)) = mh (ma (@) A et (1)) A et (piar).

That is, the pullback of the Q-polynomial form on one space is the Q-form on
the other.

Letp: M(o) — WE_I(WQ) be given by (I'”, s) — o(I'”"). Then the Q-polynomial

form on M (o) is

*

o (w3(a) A vl ().

The restriction of this form to either end of the mapping cylinder is the form

already defined there:

P (T5(0) A €03 113)) e vy = © (730 A 05 113)
= m(m (@) A evi (1)) A evar (i)

and

*

p*(m(a) A ﬁ%(/@))hrg—l(wa) = (@) A evy(pg)

The | |, S*-bundle.

Recall there is a universal cyclically-ordered-graph bundle Egp over 77t (W,,)
such that the fiber over the point I" is the cyclically-ordered graph I' in
SD(g,k,0) UUg(Se U SSe). Recall also that the fibers of the | |, S'-bundle

are given by restrictions to output circles of I'. Denote the total space of this
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LI, St-bundle by E*.

Letp: M(o) — Wa_l(Wa) be the map above. The | |, S*-bundle over

supp(p*(7(ar)) A fi) is the pullback bundle p*(Ez)|Supp(p*(ﬂ2(a))/\ﬂ).

Note that the restriction of p*(E*) to evy' (N,) agrees with the | ], S'-bundle

defined there by ST),(d") x (ST, (d')(B, «)).

The map to M.
The string topology construction for d defines a map g : E* — M which is the
restriction of fz55 : F55 — M to output circles. Let p : p*(E*) — E* be the

map of total spaces of bundles induced by p : M(0) — 7 YW,).

The map G+ p*(E*) |supp(p* (w2 (0) nev (7)) — M s given by g o p (where here o

means the usual composition of maps, not to be confused with

o gt (evg' (N,)) — 7T3_1<Wa>

above).

Note that the restriction of G to o*(E*) agrees with the map defined there by

ST, (d") * (ST, (d')(B, a)).

Part 2(a) Summary.
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Let

Lo, (B, o) = [(M(o), p*(my(@) A evi(uz)), p*(E7), G)]

= (M (o), p*(mg(a) A evi(pz)))-

Set ST,,(> d;)(B, ) = La 4v(B, a) and extend linearly to all of P,(kLM).
Part 2(b).

Here, we locate higher order split chains and inductively extend ST, as in part

2(a).

Given pairings € and €’ of outputs with inputs, composition of string topology

operations ST,,(d") . ST, (d") *. ST,(d’) is associative by definition.

A split generator of order m is a generator d of C¥(LD(g, k, )/ ~) with asso-

ciated sub-cell complex X, and satisfies the following:

e Forall T in the interior of a top-dimensional cell of X, the set of chords is
partitioned into m subsets E = E; Ll - - - U E,, and the spacing parameters

51,89, ...,8m = 1.

e For all T in the interior of a top-dimensional cell of X;, the subgraph '
consisting of chords in F1, together with the input circles they touch, is a

string diagram of type (g1, k1, £1).
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e For all T in the interior of a top-dimensional cell of X, the subgraph
['? consisting of chords in Fs, together with the input circles they touch
and the n; output circles of T'! that they touch (which are each rescaled
to have length 1) is a string diagram of type (ga, k2, £2) up to a choice of
distinguished vertices on the n; output circles of I'* which form n; of the

input circles of T'2.

e Analogously, for j > 2, for all T' in the interior of a top-dimensional
cell of X, the subgraph IV consisting of chords in E;, together with the
input circles they touch and the output circles of T'', % ... TY~! that
they touch (which are each rescaled to have length 1) is a string diagram
of type (g, k;,¢;) up to a choice of distinguished vertices on the output

circles of T', T2, ... T9~! which form input circles of V.

We say that IV € X,; where d/ is a generator of CT7 (SD(g;, k;, {;)). Therefore,
d determines d',d?,...,d™ and pairings ¢; of output circles of IV with input

circles of TV, We write split(d) = (d*,...,d™ e1,...,Em_1)-

Again, from d',...,d™ ey, ... ,&,_1 We cannot reconstruct d. In general, sev-
eral split generators d; satisfy split(d;) = (d',...,d™ e1,...,em_1). Again, a
split chain of order mis d = Y_ d; such that split(d;) = (d*,...,d™, 1, ..., Em—1)-

Denote the associated sub-cell complex by Xgm., .. a1

Let d; be the generator of CT*(LD(g, k, )/ ~) that has 0 < s; < 1 for



Chapter 4. Extension of construction & solution to equation with anomaly 108

j =1,2,...,m and such that the sub-cell complex X, consists of codimension

m faces of the sub-cell complex X .

Assume by induction that S7),(d)) has been defined for order m — 1 split chains

d. We define Ly gm € Hom(P,(kLM), P.(¢(LM)) such that

.....

We will then set ST, (X di) = Lar.._gm-
We demonstrate the inductive step for m = 3.

The base space.

Let ST,(>d;)(B,a) = ST, (d*)(ST,(d*)(ST,(d")(B,«))). There is now a
square I? of compositions o. See figure 4.6. Place the base space 7' (€vg2 (N, , )
of ST, (d*)(ST,(d*)(ST,(d")(B,a))) at the vertex (1,1) and place the base

space FE_I(WQ) at the vertex (0,0).

The other two vertices correspond to two different splittings of cyclically-ordered
graphs in 75 into two levels. The maps from the base spaces at (0, 1) and (1,0)
to the base space at (0,0) and the maps from the base space at (1, 1) to the base
spaces at (0, 1) and (1, 0) are each analogous to the map o described in part 1(a).

In particular, the diagram commutes: 0301 = 0405.

For the moment, we refer to the base space at a vertex just by its coordinates.
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ll
' M

l T
%
) o,
a—— (1,1
(0,0)

(1 0)

Figure 4.6: Cube of compositions
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Let M (o Uoy) = M (o) UM (os) where (I'*,0) € M(oy) ~ (I'*,0) € M(oy) be

the union of mapping cylinders of o; and o5 along their domains (1, 1). Define

O : M(oy Uog) — (0,0)

by
03(01(T%)) = 04(0o(I3)) if0<s <1
O(?,s) = 03(T'%) if T3 € (0,1)
04 (T3) if T3 € (1,0)

See figure 4.7.

Then the base space for L1 42 4s(B, ) is the mapping cylinder M (O).
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(1,0)

Figure 4.7: The map O

The Q-polynomial form, | |, S'-bundle and map to M.

Let p: M(O) — Wg_l(Wa) be the map (I, s) — (O(I"), analogous to the map p

in part 1(a). Then as in part 1(a), the Q-polynomial form and the | |, S*-bundle

over its support are the pull-backs of those over 7-*(W,,). The map to M factors

through 7~ Y(W,) as in part 1(a).

In general, there is a cube I of compositions and we extend the definition of

Ly gm inductively. At each stage, the map O goes from faces of the cube that

.....

have (1,1,...,1) as a vertex to (0,0,...0).

Set ST,,(> d;)(B, ) = Lgi,._ g (B, @) and extend linearly to all of P,(kLM).

-----
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Before moving to part 3 we remark that a generator ¢ of C7*(LD(g, k, £)) may
be a term in more than one chain d of LD(g,k, () ~. However, if X, has
codimension 0, then it is a term in exactly one chain d. The same is true of
all codimension 0 cells adjoined to LD(g, k, ¢) corresponding to slide cells and
multi-slide cells in Py where f is a codimension 1 face of acell e € X, and f is

obtained from e where chord endpoints coincide on an input circle.
Part 3(a).

Let T, .» o be a triangle cell of the slide complex of slide-equivalent generators
cof CT*(SD(g, k,¢)). Assume for the moment that for all string diagrams T" in
the sub-cell complexes X, X! and X of SD(g, k, () the subgraph consisting of

chords has Euler characteristic xy > 0.

The extension of the string topology construction to generators of C7* (LD(g, k, ¢))

corresponding to triangle cells in T¢ generalizes to all remaining generators.

Let acpor = X¢ X T, o o be the complex of cells corresponding to the interior

triangle T, o/ o

For a generator (B, ) of P.(kLM), we choose a representative (B, o, E*, f)

and construct each component of a quadruple representing ST}, (ac. o) (B, ).
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The base space.
The base space for ST}, (ac o) (B, @) is

71'51 (Wa) X Tc,c’,c” .

The Q-polynomial form.
For convenience, we choose an ordering of the endpoints of chords that coincide

labeled as in figure 4.3. The evaluation map

EV . Wél(Wa) X Tc,c’,c” — M3

is defined similarly as ev in the string topology construction:

e
— W
4N\ ‘e
s g
97\ o

Figure 4.g: Triangle
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Let ua € Q*(M?3) be a form representing the Thom class of the diagonal
A:M — MxMxM,z+— (x,z,r) which is supported in an §-neighborhood
N, of the diagonal.

Let p: mg' (Wa) X Tow or — 75 (W) be the projection map.

The Q-polynomial form on 7z (W) X Ty o i

p*(me(a)) A EV* (pa).

The ||, S'-bundle.
As usual, there is a universal cyclically-ordered graph bundle over
7t (W) X Ty o with total space Ej5. Restricting to output circles gives a

L, S*-bundle with total space E*.

The map to M.

IfI' € EV-Y(N,,) then f(p), f(q) and f(r) all lie in an € ball in M. We use
this to map the total space of the universal cyclically-ordered graph bundle over
EV~YN,,) analogously to the map in the string topology construction. We

examine four cases separately.

1. T €ng'(Wa) X v

2. I € g (W,) X s Where s, corresponds to the face of T, s .» which is



Chapter 4. Extension of construction & solution to equation with anomaly 114
the slide cell joining v. to v/;

3. T € 7g'(W,) X Wew o where W, o is the barycenter of the triangle

Tc,c’,c”; and

4. all other T

Recall that ;' describes the configuration of points p, ¢, 7 on input circles while

T, o describes how they are connected.

T € 7y (Wa) X v. then fg5 maps the chords to geodesic segments exactly as

in ST,(c)(B, @), the usual string topology construction.

T € ng'(W,) X S then fg maps the chords to geodesic segments exactly

asin ST),(b.)(B, @), the string topology construction extended as in part 1(a).

KT € 7mg'(Wa) X Wew o, then fsp maps we o to the barycenter of the tri-
angle in M with vertices f(p), f(q) and f(r) and the edges of the tripod to the

geodesic segments joining f(p), f(¢) and f(r) to fap(we,e o).

We have defined the map fgp over

EV = (Npuy) N (e (Wa) X O(Teren)) U BV Ny ) 0 (g (Wa) X weeren)-

Any other I has its 7, .» component on a line segment I, C T, » . joining a

point on w the boundary to the barycenter. The line segment I,, is identified
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with the interval [0, 1] such that 0 ~ w and 1 ~ we s .

Fix a point w € (T, ). Let Ty € EV=!(N,,) be a cyclically-ordered graph
with T, . component w. Let I'y € EV~YN,,) with T, . component
We e o such that p(I'g) = p(T'y). Then if s € [0,1], let T's be the point corre-
sponding to s € [,,. Let s, be the central vertex of the tripod in I';. We describe
fsp(sw). Let t € T’y be the endpoint of the chord ch which in the interior of the
chord ch as in figure 4.8 and let fg75(f) be its image in M. Let v : [0,1] — M
be path whose image is the geodesic segment such that v(0) = fg5(t) and v(1)
is the barycenter of the triangle with vertices f(p), f(¢) and f(r) and that is
parametrized by arc length. Then fgp(s), = v(s). The edges of I'; joining p, ¢

and 7 to s are mapped by fgp to geodesic segments joining f(p), f(q) and f(r)
to fgp(s).

Now we have defined fg5 over all EV (N, ) the map

ot
9+ Elsupp(pr (rg(pnBv(ua)) = M
is again the restriction of fgp to output circles.

However, the definition of ST),(a. «)(B, @) is not yet complete. In order for
this extension of ST, to commute with differentials, we must modify the defi-
nition above. The issue is that the Q-polynomial forms on

Tt (W) X S defined in part 1(a) and in part 3(a), where s, is a slide cell
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which is a face of the trianlge 7, .» ., need not agree. However, they are coho-

mologous so we may again apply lemma 3.7.

Let T, .+ on be a triangle cell of the slide complex of slide-equivalent generators
¢ of CT"(LD(g,k, ¢)). Adjoin &(T, e on) X I to T, on by identifying

T o) x {0} to (T o). We will refer to the complex of new cells as
the collar. By abuse of notation, we call this new space T . . as well. Points
in this modified T . . still correspond to cyclically-ordered graphs I". If T
is in (T e en), then (Iyt) = T for (I',t) € O(Teeren) x 1. With T, o o
representing the new triangles, the adjunction of X¢ x T, v wn to LD(g, k, () is

unchanged in the construction of LD(g, k,¢)/ ~.

Figure 4.9: Triangle and collar

Assume I' € EV (N, ) N 7g'(Wa) X Sewr C g (Wa) X Tiw e, so that
f(p), f(q) and f(r) all lie in an e-ball in M. Then construction of part 1(a)
is defined and the construction of part 3(a) restricts to the face s, C 1. 0.
In both cases, the base space is 74 (W,) X s... The cyclically-ordered graphs

[ € mg'(Wa) X e are the same in both cases and so their | ], S* bundles are
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also the same. Where they are both defined, the maps from the total spaces of

these bundles to M also agree, by definition.

However, the closed Q-polynomial forms defined in the different parts need
not agree. They are, however, cohomologous and we again apply lemma 3.7 to

extend the form over the new cells.

First recall the evaluation maps

ev:m, (Wo) — M* eo(T) = (f(p), f(q), f(r), f(p))

used in the string topology construction for ST, (¢)(B, &) and

EV 7 (Wo) X Towor — MP EV(L) = (f(p), f(q), f(r))

used in the extension to ST),(ac ¢ )(B, @). In particular EV restricts to

et (W,) x v, ~ 771 (W,) and we compare forms here.

The map ev factors through M3. Let i : M® — M* be defined by

<x7 y? 'Z) — (‘7;7 y7 Z? x)‘

Let chy : M* — M? be defined by (z,y, z,w) — (z,y) and chy : M* — M?
be defined by (x,y, z,w) + (z,w). Then recall the form p. = chi(p) A chi(p).

The form i*(u.) represents the Thom class of the diagonal A : M — M? and
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we have that ev*(u.) and EV*(ua) are cohomologous forms on 71 (W,). Let

fi be the form guaranteed by lemma 3.7 on 7' (W) x 1.

Let p : g (W,) x I — 75! (W,,) be the projection map. Then p*(7e(a)) A i
restricts to the forms on 7 *(W,,) and wg ' (W,,) x v in defined for ST},(c)(B, a)

and ST),(a. o )(B, a) respectively.

On EVY(N, )N 7ot (Wy) X ¢, the maps evy, evy : g (W) % Sew — M?
are both defined. Let év(T") = (ev1(T), evq(T')) € M*. The map év need not
factor through M? but it is homotopic to one that does, namely ev or ev'.
Therefore, evi(u) A evi(u) and EV*(ua) are cohomologous on EV (N, )
and they extend by 0 to 7z ' (W) X s.. Let

pr g (W) X Ser X I — w5 (Wy) X See

and

P ng(Wa) X Seer ng(Wa)

be projection maps. Then the Q polynomial form on 7g'(W,) X see x [

corresponding to the cell s.» x I in the collar is

pi(p" (rel))) A

The operation ST),(a,, ) generalizes to generators ¢ of CT*(SD(g,k, £) ~)
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where more than two chord endpoints coincide on an input circle if the sub-

graph of chords has positive Euler characteristic x.

If the generator ¢ of CT"(SD(g,k, () ~) is labeled by a combinatorial type
such that the sub-graph obtained by deleting input circle edges and isolated dis-
tinguished vertices has many components, then the appropriate operation is
applied to each component. In X, there is a face corresponding to endpoints
coming together on input circles such that disjoint components are now con-
nected, then a collar is added to such cells and the construction of part 3(a) using
lemma 3.7 is applied provided the subgraphs consisting of chords continue to

have x > 0.
Part 3(b).

Let ¢ be a generator of CT"(SD(g, k, ()) such that the slide complex Pe has
a triangle T, .. and such that a face of the sub-cell complexes X, X, and
X contains string diagrams I" whose sub-graph consisting of chords has Eu-
ler characteristic x < 0. Then the evaluation map E'V is not consistent on all
of 7' (W,) X T+ .; the number of vertices on input circles in a component of

the sub-graph of chords and corollae is not constant so we proceed as follows:

If the subgraph of chords labeling a face has x = 0, then there is either an output
circle consisting entirely of chords or there is a representative diagram with sub-

configuration of chords ch and ch’ such that endpoints coincide at either end,
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but the cyclic order does does not produce an output consisting entirely of ch
and ch/. The evaluation map EV may be extended to such cells in both cases.

See figure 4.10.

Figure 4.10: Triangles for y =0

In both of these cases, there are only 2 vertices on input circles but we define

BV : 15t (Wa) X T, or — M? (which factors through M?) by

In both cases, the map M? — M? is unambiguous. Otherwise, the construction

of ST, (ac ) proceeds as in the positive Euler characteristic case above.

There is an analogous construction if x < 0. Notice that in this case there is

a representative with a subgraph is in figure 4.11. Here, the evaluation map
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7, Y(W,) — M? factors through M?, whose dimension is 2d. However, the
Q-polynomial form g, that is pulled back to m'(W,) via ev* has degree 3d.
Since ev factors through M?, ev*(u.) is 0. This turns out to be true for all

representatives and also so for any cell in Py, the corresponding string topology

S

Figure 4.11: x <0

operation is 0.

Part 3(c).

For a slide-equivalence class € of generators ¢ of CT" (LD(g, k, £)) such that the
slide complex Py contains triangle cells T¢ and combination cells SSTg, the
extension to cells with a spacing parameter s > 0 is analogous to the extensions

in part 2(a) and 2(b).

At each stage, the extension of ST), is well-defined on equivalence classes because

ST, :SD(g,k,t) — Hom(P,(kLM), P.((LM)) is well-defined.

Let d; € C&Z3k+2€_7(ﬁ(g, k, )] ~) correspond to the split chain d; of order
29 — 2+ k+ ¢ — 1 (as in part 2) and let a; be a generator of
C&i3k+%_7(ﬁ(g, k, )/ ~) corresponding to a cell in Te U SSTe C Pg for
some generator ¢ of CT*(LD(g, k,¢)). Then the fundamental chain

LD(g.k,0)/ ~] of LD(g.k, ) ~ is 1 di + 55 a.
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Recall that base spaces for ST),(d;) and ST),(a;) are each cartesian products if
et (W,) with some cell P. Because LD(g, k,{)// ~ is a pseudomanifold with
boundary and because the canonical map ¢ : P¢ — P exists for a face f of a
cell e, the base spaces fit together for all d; and a; so that ST, ([LD(g, k,€) /| ~])
has base space - (W,) where 7755 : Bz — W, is a fiber bundle with fiber
LD(g,k,0)) ~. At each stage of the extension, the Q-polynomial forms, the

LI, S*-bundle and map of its total space to M agree on codimension 1 faces

agree. Therefore, the extension ST, of the string topology construction to

[LD(g,k, L)) ~] satisfies

STW(A[LD(g,k,0) ) ~)) = Drom(ST([LD(g, k,£) ] ~1)).

]

Corollary 4.2. Let [LD(g', k', 1)) ~] and [LD(g", k", ")) ~] be fundamental
chains of LD(g', k', ') ~ and LD(g", k", ") ~ respectively. Let € be a pairing

of N outputs of ST,,([LD(g', k', 0') )] ~]) with N inputs of

ST, ([LD(g", k", 0" ~|)sothat g +¢"+ N —1= g,k + k" — N = k and

V' + 0" — N = { so that their composition according to the pairing ¢ is *.. Then
ST.([LD(g", K", ")) ~))*.ST([LD(g', k', 0') )] ~])isin Hom(P.(kLM), P,(¢LM))

and corresponds to a term in the expression for ST,,(0([LD(g, k,0) ) ~])).

Proof. Recall that the construction as in part 2 of the proof of proposition 4.3,
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defines string topology operations for cells in LD(g, k, () /) ~ where s; = 1 as
compositions of string topology operations Recall also that such cells are at the

boundary of LD(g, k,¢)/) ~ As a direct consequence,

STULD(g", k", ")) ~]) % STLU(ILD(g', K, ) ] ~])

is a term in the expression for ST, (0([LD(g,k, )/ ~])) corresponding to a
chain in CT*(LD(g, k, )/ ~) where one spacing parameter s; = 1 and

0<s;<lforj#i.

4.3 Solution to the equation with anomaly

Lemma 4.3. Let kM C kLM be the subspace of maps | |, S* — M such that the
restriction to one S component has image in M whose image lies in a ball of radius
e. The map

ST,(c) : P.(kLM) — P,((LM)

induces a map of relative chains

ST,(c) : P.(kLM,kM) — P.(CLM, (M)
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where P, (kLM , kM) = P.(kLM)/P.(kM).

Proof. The space 1M C LM consisting of loops in M lying in a ball of radius
e (small loops) has the homotopy type of M, the space of constant loops. Let
(B, a, E*, f) represent a generator (B, a) of P,(kM) and let ¢ € CT"(SD(g, k, ()
be a generator with associated sub-cell complex X.. We describe ST),(c)(B, o)

in this setting.

We may replace the fiber | |, S* of E* by a disjoint union of circles and points;
one point for each component whose image in M is small. Denote the total

space of this fiber bundle by E*.

The k-torus T* still acts on the fiber of E¥ and we form the principal 7*-bundle
and associated X .-bundle as before. Recall that the associated bundle construc-
tion effectively identifies the input circles of all I' € X, with the fiber of E¥
in all possible ways. Now, because S! acts trivially on components which are
points, the fiber is no longer truly the sub-cell complex X, but a quotient of
such. Recall that each cell e of SD(g, k, ¢) is a cartesian product of k simplices,
one simplex for each input circle. Here, because some input circles have been
replaced by points, the cell e has the corresponding simplex factors collapsed to
points. The same simplex factors are crushed for all cells e with nonzero coetf-
cient in the expression for c. Therefore, the fiber of the associated X, bundle is

really a quotient of X,. In particular, the new fiber has dimension < |¢|.
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The rest of the string topology construction is essentially unchanged, but the
degree of ST, (¢c) < |c| — (29 — 2+ k + £)d. That is, the degree of ST),(c) is too

low and we declare its output to be the zero chain in P.(¢LM).

Therefore, there is an induced string topology operaton on relative chains

ST,(c) : P.(kLM, kM) — P,((LM, (M).

The induced string topology construction on relative chains extends to

LD(g,k,0))] ~ as before.

]

Theorem 4.1. Thereexist X (g, k,{) € Hom(P,(kLM,kM), P,((LM,{M)) such

that
Duom(X(g,k,0)) = X(g" K", 0") % X (¢, k' . ') + A(g, k., 0)

where ¢ 1s any pairing of N outputs of X (¢', k', 0') with N inputs of X (g", k", (")
suchthatg = ¢ +¢"+ N — 1.k =k + k' — N, =0 +/{0" — N and *_ 1s

composition of operations according to the pairing e.

Proof. By prop 4.1, d[LD(g,k, )/ ~] has two types of terms: cells labeled by
diagrams where one spacing parameter s; = 1 and cells labeled by diagrams

where a connected component of the subgraph consisting of the complement
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of the input circle edges has Euler characteristic x = 0. Here we separate the
case where x = 0 into two situations: one which leads to an output consisting

of chords and one which does not.

If a generator ¢ of CT*(LD(g, k, £) )| ~) corresponds to diagrams that each have
a small output then the image of ST),(c) is contained in P,(kM) and the map

induced by ST),(c) on relative chains P,(kLM, kM) is identically zero.

Therefore, the only terms ¢ of 9([LD(g, k, £]/) ~) that potentially act nontriv-
ially on relative chains are those with a spacing parameter s; = 1 or with y =0

not leading to an output of chords.

We write ([LD(g,k, () ~] = i + ;8 + Xk v where «; correspond
to x = 0 codimension 1 cells not giving an output of chords, 3; correspond to

s =1 cells and v, correspond to y = 0 cells giving an output of chords.

If
X(g,k,0) = ST,([LD(g,k,0) )] ~]),
S X (g K A" e X (g K 0) = ST,(3 8;) and

A(Q? ka 6) = STH(Z ai)'

%
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then

Dyom(X(g,k,0)) = ZX(g”, ' 0"« X (g’ K 0) + A(g, k, 0).

Let X = Zg,k,ﬁ X(g, k, E) andA == Zg,k,f A(g, ]{}, 6) in @k,ﬂHom(P*(kLM), P*(ELM))
Then
Diom(X) = X % X + A

where x is a sum of all possible compositions.



Appendix A

Conjectured solution to the master
equation
We expect that the solution X of the equation with anomaly A in the equation

Dgom(X) = X * X + A may be modified so that the modified X satisfies the

master equation Do, (X) = X x X.

A.1 Idea of proof

The proof would require a careful examination of the codimension 1 boundary

of LD(g,k,¢)/ ~ corresponding to cells where there is subgraph of chords has

128
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Euler characteristic x = 0. Recall the subcomplex Q¢ of the slide complex Py is
a pseudomanifold with boundary. If Q¢ were closed, then adjoining

Xe x cone(Qe) to LD(g, k,£) along X¢ would kill this boundary.

We could then extend the string topology construction over such cells by pro-

ceeding as follows:

If x = 0, then there is codimension 1 boundary created by X¢ X Q¢ if Q¢ is not
contractible; X¢ x Q¢ C O(LD(g,k,{)// ~). Denote the corresponding chain
in CI"(LD(g,k,¢) ~) by a.

The operation ST),(a) € Hom(P,(kLM), P,(¢(LM)) is already defined. Base
spaces, Q-polynomial forms, | |, S*-bundles and maps to M all agree along faces
so ST,,(a)(B, «) has base space 7¢ ' (W,) X Qe, Q-polynomial form p* (7 (a)) Az
(where [ restricts to the appropriate closed form on each cell), ||, S*-bundle
with total space E* and map to M g : E* — M. Recall that g is constructed
by restricting fop : EFgpy — M to output circles, where Egp is a universal
cyclically-ordered graph bundle and fz7 is the map defined by the string topol-

ogy construction which maps chords to short geodesic segments.

We construct an operation Y, (g, k,¢) € Hom(P,(kLM), P,(¢(LM)) such that
Dyom(Ya(g,k,0)) = ST, (a). We construct each component of Y, (g, k, {)(B, «).
The definition is very similar to that for the extension of ST, to cells corre-

sponding to triangles T and generalized deformations in SS7T.
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The base space.
The base space for Y, (g, k,£)(B, a) is 7y (Wa) % cone(Q¢), where cone(Q¢) is

the cone on the sub-complex Q¢ of Pe.

The Q-polynomial form.

The Q-polynomial form on 7y (W,,) x cone(Q¢) is constructed in three steps.

Fix a € W, and p € 7g'(a). Then for different cells of Q¢, the evaluation
map may be defined differently, but for all T' € {p} X Qe¢, the components
consisting only of input circles and the vertices on input circles are the same. In
particular, fgp restricted to input circles is constant. (The difference comes in

the configuration of chords.)

Let p1, pa, . .. py denote an ordering of the vertices on input circles of I" corre-
sponding to the component of the complement of I"’s input circle edges with

X = 0. The first step is the map ve : 7' x cone(Q¢) — MY, Let

ve(l') = (f(p1), f(p2),--- f(pn))-

Indeed, ve is an evaluation map, but we are not pulling back a Thom class
representative via this map. Let Na be an e-neighborhood of the image of the

diagonal A : M — M™Y.

Given I' € ve ! (Na), the points f(p1), f(p2), ... f(pxn) all lie in some e-ball in

M. Let t be the barycenter of the (possibly degenerate) simplex in the e-ball
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with vertices f(p1), f(p2), .- f(p)-

The second step is the definition of the evaluation map

ev:ve H(Np) — MYV

which is given by

ev(l) = (f(p1), f(p2),--- f(pn); 1)

Let 41 be the representative of the Thom class of the diagonal M — MN+1

which is supported in an e-neighborhood of the diagonal.
As usual, let p : 751 (W,) x cone(Q¢) — mg ' (W) be the projection map.

Consider the form p*(75()) Aev* (). This is almost the form we want, though,
it may not restrict to p*(m()) A i on g (Wa) X Qe. However,

p*(me(a)) A ev* (), restricted and p*(75(«)) A i1 are cohomologous.

The third step is the construction of a collar on Q¢ so that lemma 3.7 may be
applied as in part 3(a) of the proof of proposition 4.3. This gives a Q-polynomial
form on ¢ (W,) x cone(Qe) which restricts to the one already defined on

WEI(WQ) X QQ.
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The | |, S'-bundle and map to M.

Fixa € W, and p € gt (a) If

I'e ({p} x Q) Nve ' (Na) C mg(W,) X cone(Qe)

then fop restricted to input circles is constant. But for any such I' the im-
ages of all chords under fgp lie in a single e-ball in M. By assumption, e-balls
are contractible. Therefore, for any such I, g|r is homotopic, any two homo-
topies are homotopic and so on. The cells of Q¢ describe 6g — 8 + 3k + 3¢-fold
homotopies. We fix a 6g — 8 + 3k + 3/(-fold homotopy H,. We do this con-
sistently for all p € 7y '(a) and for all @ € W,. This gives an extension of the
LI, S*-bundle over (7z'(Wy) X Q¢) Nve ' (Na) to a ||, S'-bundle over all of
ve ' (Na) as well as a map H from its total space to M which restricts to g over

WEI(WQ) X Q¢) Nve Y (Na).

However, Q¢ need not be closed. We expect that the extra pseudomanifold
boundary arising from X¢ X cone(Q¢) should be realizable as s; = 1 boundary.
That is, the fundamental chain of LD(g, k, () /) ~ UUg X X cone(Q¢) has two
types of boundary terms: those arising from codimension 1 cells with a spacing
parameter s; = 1 or an output formed by a single chord. Then the operation

induced on relative chains by ST,,(9[LD(g,k,0)) ~ UUeXe X cone(Qe)))
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would corespond only to compositions

ST.([LD(g" K", £") ) ~ U Xexcone(Qe)])
[

ST, ([LD(¢, K, 0') ) ~ Ul Xe x cone(Qe)]).

That is, if X(g,k,¢) = ST,([LD(g,k,0))] ~UUe Xe X cone(Qe)]), then
DHomX(gv k? ‘6) - Z X(g//7 kﬁ? ‘6”) *E X(g/7 kla gl)

and

DgomX = X x X.

A.2 Example

One example where the relevant Q¢ 1s closed is (g, &, £) = (0, 2,2).

Recall that the inspiration for LD(g, k,¢)// ~ is LD(g,k,{)/ ~ which is built
from cells of LD(g, k, ¢) by identifying slide equivalent ones. The space LD(0, 2, 2)

is a T?%-bundle over a space where there are ten 3-dimensional cells as in figure

A.1.

Some of the codimension 1 identifications are shown in figure A.2 (the others
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Figure A.1: Base space for LD(0, 2, 2)

are analogous) and the result is a 7?-bundle over the space shown in figure A.3.

Note that the base space is contractible.

Sy
S\

Figure A.2: Identifications of slide-equivalent cells

Consider the slide-equivalence class € of cells e labeled by string diagrams where
s = 0, where each input circle has only one vertex. There are three slide-
equivalent representatives. There are three top-dimensional cells of the slide
complex Pg: one multi-slide cell which is a square and two triangles, each with

one edge collapsed (see figure 4.10) as in figure A.4.
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_____________________________________

Figure A.3: Base space for LD(0,2,2)/ ~

The space LD(0,2,2)// ~ has several slide cells, multi-slide cells and triangles
added to the cells of LD(0,2,2). The base space is as in figure A.s. In particu-
lar, there are two slide-equivalence classes with noncontractible slide complex,

which keep LD(0,2,2)// ~ from having the homotopy type of LD(0,2,2)/ ~.

Figure A.4: Slide complex for y =0

The space LD(0,2,2) ~ UUecone(Qe) is a pseudomanifold with boundary.
Codimension 1 cells at the boundary either have an output consisting of one

chord, or have a spacing parameter s = 1.

From the construction for cones on Q¢ described above, we obtain the follow-
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_____________________________________
_______________________

Figure A.s: LD(0,2,2)/ ~
ing:

Corollary A.1. 1. The string topology construction ST,, extends over the fun-
damental chain [LD(0,2,2) ) ~ UUg cone(Qe)] of

LD(0,2,2))) ~ UUecone(Qe).

2. Let X(0,2,2) be the operation induced on relative chains by
ST,([LD(0,2,2)) ~ UUgcone(Q¢)]). Let X(0,2,1) be the operation in-
duced on relative chains by the string bracket and X (0, 1, 2) be the operation

induced by the string cobracket. Then

DromX(0,2,2) =37 X(0,1,2) . X(0,2,1) + X(0,2,1) * X(0,1,2).

Indeed, because for codimension 1 cells where there is an output consisting
of just one chord, the operation induced on relative chains is identically zero,
we may visualize this relation by collapsing such cells as in figure A.6. The
corresponding space is a pseudomanifold with five boundary components; ST},

sends each one to a different composition of bracket and cobracket. As such,
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the new pseudomanifold itself shows the relation.

Figure A.6: LD(0,2,2)// ~ with cones

Remark. By homotopical algebra, the master equation solution passes from
chains to homology [Sulog]. On homology, where Dy, is identically zero,
we see a five-term relation among these compositions of the string bracket and
cobracket giving HS' (LM, M; Q) corresponding to the Drinfeld compatibility

of bracket and cobracket of a Lie bialgebra.
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String diagrams and moduli spaces

B.1 The compactification of the moduli space of

Riemann surfaces

Definition B.1. e Let .# (g, k+/¢) be the moduli space of Riemann surfaces

of genus g, with k + ¢ labeled punctures.

o Let .#(g,k,() be the moduli space of Riemann surfaces of genus ¢, with
k + ¢ labeled punctures, k of which (input punctures) are decorated by
real tangent directions and the remaining ¢ of which (output punctures)

are decorated by nonnegative numbers, called weights, whose sum is .

Remark. This moduli space .# (g, k, ¢) of surfaces with decorated punctures is

138
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homeomorphic to the total space of a principal T*-bundle over
Mg,k + ) x A1 where T* is the k-torus of tangent directions and A~ is

the (¢ — 1)-dimensional simplex of output weights.

Recall that stable nodal surfaces are added to .# (g, k + ¢) to obtain the Deligne-
Mumford compactification .# (g, k + ). An essential simple closed curve o
on a topological surface of genus g with k + ¢ punctures corresponds to a real
codimension 2 subspace S, C M (g, k + 0). That is, S, is the moduli space of
genus g nodal surfaces with k + ¢ punctures and where the curve o has been
shrunk to a point and replaced by a node. If o and 3 are two nonhomotopic,
nonintersecting essential simple closed curves, then S, N Ss corresponds to the
moduli space of nodal surfaces where both « and 3 have been shrunk to a point
and replaced by a node. The space S, N 53 has real codimension 2 in both S,
and Sp, so it has real codimension 4 in .#(g,k + (). In general, the subspace
S = Naea Sa of nodal surfaces corresponding to a collection A of n collapsing
curves is a codimension 2n subspace of .# (g, k 4 ¢). The subspace Sy is the

union of components of strata of .# (g, k + £).

Over each such codimension 2 subspace S, there is an S'-bundle of smooth
surfaces corresponding to the unit normal bundle of S, C .# (g, k + ¢). Points
in the total space of such a bundle correspond to smooth Riemann surfaces
where the curve « is small in the hyperbolic metric. The circle acts on the

S'-bundle by a Dehn twist about a. Such a circle action is trivial when a has
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been collapsed to a node. A Deligne-Mumford stratum corresponds to such a
trivialization of the circle action; the S*-bundle has been “filled in” to give a
D?*bundle. The Deligne-Mumford stratum is the image of the zero section of

this D?-bundle. There is a T"-bundle over S, which is filled in in .# (g, k + £).

Definition B.2. Let E4 be the total space of the 7"-bundle over
Sy C M(g,k + (). Replace Sy by E, and denote the resulting space by
M5(g,k + £). We say that .# (g, k + {) has been blown up along S, and E, is

the blow-up of S4.

Remark. Blowing up .# (g, k + () along S has the effect of carving out a tubu-
lar neighborhood of S4 from .# (g, k+¢). The resulting space has codimension
1 boundary, namely, E,4. It is analogous to compacifying the open disk with
the closed disk, rather than with its one-point compactification, the sphere. If
M (g, k + €) is blown up along all of its Deligne-Mumford stratum, a compact-
ification of .# (g, k + () is obtained that has codimension 1 boundary and the

same homotopy type as .Z (g, k + ().

Definition B.3. Let (X, wy, ws, . .., wy) € A (g, k+€) x A'=" such that ¢ of the
punctures are decorated by the w;. The complement of the subspace of nodes in
¥ consists of connected components, each of which is a smooth punctured Rie-
mann surface. If, for a given component, the sum of the weights decorating its
punctures is equal to the number of undecorated punctures not corresponding

to nodes, the component is called balanced. Otherwise it is called unbalanced.

Remark. If ¥ minus its nodes consists of exactly two connected components,
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then they are either both balanced or both unbalanced. If a component has no
punctures, then it is balanced. If a component has no undecorated punctures

and each of its decorations is weight 0, then it is balanced.

The compactification .# (g, k, £) of .# (g, k, ) is defined by first compactifying
the base of the T*-bundle over .#(g,k + ¢) x A'"! and then extending the

T*-bundle over the compact base.

Definition B.4. Let .# (g, k + ¢) x Al=! be defined by modifying Deligne-Mumford

strata of .# (g, k + €) x A" as follows:

e If, for all ¥ in a Deligne-Mumford stratum Sy in . (g, k4 /), ¥ minus its
nodes is connected then, for all (3, w1, wy, . .., w,) € AL, the S*-bundle

over S, is filled in by the usual Deligne-Mumford stratum S 4.

e If, for all ¥ of a Deligne-Mumford stratum S4, ¥ minus its nodes con-
sists of two smooth punctured Riemann surfaces ¥; and 35 then, for all
(X, w1, wa, . .., wy) such that the components ¥; and ¥ are balanced and
each ¥; has at least one decorated puncture which does not correspond to
a node, the S'-bundle over Sy is filled in by the usual Deligne-Mumford
stratum Sy = A1 (g1, k1, (1) X Mo(ga, ko, l2).

e If, for all ¥ of a Deligne-Mumford stratum S4, ¥ minus its nodes con-
sists of two smooth punctured Riemann surfaces ¥; and 3, then, for all

(X, wy,wa, . .., wy) such that the components ¥; and ¥ are balanced and
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one component, say X, has no undecorated puncture which does not
correspond to a node, the S'-bundle over Sy is filled in by collapsing the
factor .#5(ga, k2, £2) of the usual Deligne-Mumford stratum

Sa = M(g1,k1, ) X M>(ga, k2, {2) to a point.

e If, for all ¥ of a Deligne-Mumford stratum S4, ¥ minus its nodes consists
of two smooth punctured Riemann surfaces then, for all (X, wy, wo, . .., wy)
such that the components are unbalanced, the S*-bundle over Sy is not
filled in by the usual Deligne-Mumford stratum S, but instead S, is re-

placed by its blow-up E,.

() " <
’ w,=1 w,+w,=1 w,=1 w,=1 w,=0,w,=0 w,=3

Figure B.1: Elements of .# (g, k, ()

Remark. Higher codimension strata of .# (g, k) are given by intersections of

lower codimension strata. Similarly, higher codimension strata of # (g, k + £) x Al=1
are determined by intersections of strata described above. In particular, Deligne-
Mumford strata and modified Deligne-Mumford strata are included unless com-

ponents become unbalanced, in which case a blow-up stratum is inlcuded.

If a point ¥ € .#(g,k, () is on the boundary, then either ¥ is in a blow-up

stratum or X has an output puncture decorated by a weight 0.
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Lemma B.1. The T*-bundle of tangent directions over # (g, k+{) x Al=! extends

canonically over A (g, k + €) x Al=1.

Proof. We first show the T*-bundle over .# (g, k+¢) x A!~! extends canonically
over A (g, k + ) x A1,

Let S4 be a Deligne-Mumford stratum in .# (g, k + £) with tubular neighbor-
hood N 4. The T% bundle over .# (g, k + ) x A=t restricts to Ny — S x Al7L,
The space N4 — S is a punctured D*-bundle over S.4, so the T*-bundle extends
canonically (up to bundle isomorphism) over the puncture. Therefore, the T*-

bundle over .# (g, k + ) x A=! extends canonically over .# (g, k + £) x A=,

A stratum in .# (g, k + ¢) x Al=1 corresponds either a usual Deligne-Mumford
stratum Sy, a Deligne-Mumford stratum where a .# (g;, k;, ¢;) factor has been
collapsed to a point or to a blow-up stratum F,. In the first case the T*-bundle
over ./ (g,k + €) x A" is unchanged. In the second case the T*-bundle over
the collapsed factor is replaced by the unique 7%-bundle over a point. As points
in blow-up strata 4 correspond to smooth surfaces, the 7*-bundle of tangent
directions over such E is obtained from the T*-bundle .# (g, k,¢) over the

open moduli space .# (g, k + £) x A",

O]

Definition B.s. The compactification .# (g, k,£) of .# (g, k, ) is given by the

total space of the extended T"-bundle over .# (g, k + £) x Al-1.
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Example. The open moduli space .# (0, 3, 1) is a 3-torus bundle over

A (0,3 + 1), which is a sphere with three punctures. While in the Deligne-
Mumford compactification .# (0,3 + 1) these punctures would be filled in with
points, in .Z (0,3 + 1), these points are replaced with circles. Each of the three
blow-up strata is labeled by a shrinking curve which separates two input punc-

tures from the third and the output puncture. See figure B.2.

Figure B.2: .#(0,3,1)

Example. .#(0,2,2) is a 2-torus bundle over a 3-dimensional space with the
homotopy type of the figure g, while .#(0,2,2) is a 2-torus bundle over a

3-dimensional contractible space. See figure B.3.
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T°—— . 7/(0,2,2) 72— . 7/(0, 2, 2)

~<

I3

[

~< -

Figure B.3: . (0,2,2)
B.2 String diagrams with levels and moduli space

Theorem B.1. The space .4 (g, k, () is an orientable psendomanifold of dimension
69 + 3k + 30 — T with boundary.

Proof. The proof has four steps.

1. We describe a construction which produces a space C'S(g, k, ) homeo-

morphic to LD(g, k, )/ ~.

2. We define an equivalence relation =~ on CS(g, k, ¢) and use it to impose

an equivalence relation ~ on LD(g, k, )/ ~.

3. We show that (LD(g,k,¢)/ ~)/ = is an orientable pseudomanifold of

dimension 6g + 3k + 3¢ — 7 with boundary.

4. We show that LD(g,k,{)/ ~ and .# (g, k, {) are homeomorphic.
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Step 1.

This step uses ideas appearing in [Bodoé6].

LetT € LD(g,k,¢). From I" we construct a metric space.

Select a representative of the isomorphism class of I' whose nondistinguished
vertices are trivalent and with no spacing parameter s; = 0. This means that
there may be input edges e that have length L = 0 and if two chords have
the same length they are at the same level. By abuse of notation, refer to the

representative by I as well.

Augment I" by inserting a vertex at the midpoint of every chord and two infi-
nite half-edges at the vertex so that the cyclic order of half-edges at each of the
new vertex alternates between half-edges from chords and infinite half-edges.
Form the infinite ribbon surface ¥ associated to the augmented cyclically or-

dered metric graph.

Each input circle v of T gives ¥ a boundary component of length 1. For each v,

attach a half-infinite cylinder v x R<j to X by identifying v x {0} with v C X.

The remaining (infinite) boundary components of 3 each contain one input
edge e, two half-chords h and A’ corresponding to chords ch and ch’ respectively
and two half-infinite edges. Assume that & follows e in the cyclic order at the

vertex v and e follows /' in the cyclic order at the vertex v' and assume that
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ch € E; and ch’ € E;. Therefore, h has length %—1— S1+ 89+ -+-+s;_; and h has
length % +81+ 82+ -+ sj-1 Let R = e x Rxq be half-infinite rectangular strip.

R is attached to an infinite boundary component of ¥ in the following way:

The end e x {0} of R is identified with e C X. The side v X R>( of R is attached
to X by attaching v x [0, % +581+ 82+ ---+s;1]tohand

v X [3+ 51+ 82+ + 5;_1,00) to the infinite edge following % in the cyclic
order at the midpoint of ch. The side v x R>q of R is attached to ¥ by attaching
v X [0,%—}-81—}-82—}-”-—1—8]'_1] to A’ and v’ X [%+sl+s2+---+sj_1,oo)
to the infinite edge preceding /' in the cyclic order at the midpoint of ch'. See

figure B.4.

Figure B.4: Metric space construction for a string diagram with one level of
type (0,1,2).

If v 1s a bivalent distinguished vertex of T" such that input edges e and ¢’ are
adjacent to v, then the construction is performed by considering e U v U €’ as

one edge and attaching the half-infinite strip R = eUvUe¢’ x R>q to X as above.

Generically, this construction produces a metric space which is a topological
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surface S and the graph I" decomposes S into its cylindrical ends and rectangular
strips. In particular, S and I are homotopy equivalent. If S is a smooth surface,
it has a canonical Riemannian metric that is flat except at points corresponding
to midpoints of chords. If there are input edges e of length L = 0, S may or may
not be a surface. Regardless, we say that S is a cylindrical surface as it is formed
from k disjoint infinite cylinders of circumference 1 by cutting and pasting as

above.

The construction is well-defined on slide-equivalence classes. If in T, ch and ch’
are adjacent to the vertex w, the construction is performed on the isomorphism
class representative that has an edge e of length L = 0 whose endpoints v and
v’ are trivalent and coincide with endpoints of chords ch and ch’ respectively.

Assume that ch € E;and ch’ € E; and i < j.

The rectangular strip R = e X Rq is identified with a half-infinite interval
w X Rsg. According to the construction, w x [0, % + 81+ S+ + 8] 1s
identified with 4 and w x [0, % + 81+ 8o+ - -+ + ;1] 1s identified with /’. So
here, h is identified with a subinterval [0, % + 814 Sy + -+ + s;-1] of h. The
remaining subinterval [s; + s;41 +- - -+ 5;_1] of h is identified with a subinterval

of a half-infinite edge added to the midpoint of ch.

Now let I be a string diagram with levels that is obtained from I" by sliding
the endpoint v’ of ch’ to the other endpoint w’ of ch. The identifications are

analogous, except the w’ x [0, %—i— $1+ 82+ - - +5;_1] is identified with the other
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half-chord of ch. The metric space S’ is the same as S and the decomposition

into half-infinite cylinders and rectangular strips is also the same.

The construction produces a map F : LD(g,k,{)/ ~— CS(g,k, () which is
continuous and invertible by definition. If S is the output of the construction,
then a string diagram with levels I" decomposes S into half-infinite cylinders and

rectangular strips. Here, T is determined only up to slide-equivalence. There-

fore, CS(g,k,¢) and LD(g,k, )/ ~ are homeomorphic.

As LD(g, k,l)/ ~ is a pseudomanifold with boundary, so is CS(g, k, £).

Step 2.

The construction of step 1 may produce a cylindrical surface that is homeomor-
phic to a smooth or possibly nodal surface with a metric graph attached to the
surface at some of its vertices. The edges of the graph correspond to rectangular
strips R, where the length of F is 0 and its sides are identified by the construc-
tion. Figure B.s shows one string diagram with levels which produces a smooth
surface and a second nearby string diagram with levels which produces a surface

with a graph attached.

A cylindrical surface has a decomposition into connected components, each
of which is a (possibly nodal) surface or a graph, some of whose vertices are
attached to the surface components. The graph may have edges of half-infinite

length. These correspond to output circles of string diagrams with levels with
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¥
Ay

LU

Figure B.s: Smooth cylindrical surface and cylindrical surface with graph com-
ponent

outputs made entirely of chords.

Letq: CS(g,k,0) — CS(g,k, () be a map which collapses each graph compo-

nent to a point.

Two cylindrical surfaces S and S’ are equivalent under the equivalence relation

~ if

* q(5) = q(5') and

e the decompositions of S and S’ have corresponding graph and nodal sur-
face components and their corresponding graph components have the

same Euler characteristic and have the same number of half-infinite edges.
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Step 3.

There may be codimension 1 cells of LD(g, k, ¢) which give rise to cylindrical
surfaces with graph components: if two endpoints of a single chord coincide
on an input circle. In this case, the graph is a half-infinite interval with its end
attached to a smooth surface. (The other end corresponds to an output circle
that is made entirely of the chord.) Such a cylindrical surface is the only one in

its &~ equivalence class.

The induced equivalence relation ~ on LD(g, k,()/ ~ affects cells of codimen-
sion at least 2. With the exception of the case above, a slide-equivalence class
of string diagrams with levels " does not give rise to a cylindrical surface with

graph components unless it is in a cell of codimension at least 2.

A cell of high codimension may be identified with one of its faces and/or two

high codimension cells e and ¢’ with isomorphic parameter spaces X, and X/

may be identified. Therefore (LD(g,k,¢)/ ~)/ ~ remains a pseudomanifold

with boundary.
Step 4.
This step also uses ideas appearing in [B6do6].

There is a forgetful map F : C'S(g, k,€)/ ~— # (g, k,{) which ignores the de-

composition of a class of cylindrical surfaces S into rectangular strips. If ¢; is the
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circumference of the cylinder corresponding to the ith output circle, the weight

w; at the ith output puncture is equal to %. The collection of distinguished
vertices on the k input circles corresponds to the torus of tangent directions at

the k input punctures.

We construct amap H : # (g, k,l) — CS(g,k, )/ ~ and an extension of it to

M (g, k, ) which is inverse of F.

Let ¥ be a Riemann surface in .# (g, k,¢) with weights w; > 0,...w, > 0
decorating output punctures. There is a harmonic function v : ¥ — R with
singularities at punctures. The residue about an input puncture p; is —1 and the
residue about an output puncture ¢; is kw;. The function u is unique up to an

additive constant.

Let crit(u) C X be the set of critical points of w and {a; < as <--- <ay} CR
be the set of critical values of u. There is a riemannian metric on ¥ — crit(u)
such that ||grad(u)|| = 1. Let a be a regular value of u. The level set u=*(a)
is a disjoint collection of circles. In this metric, ||[u~'(a)|| = k is constant and

u'(a;,a;11) is a disjoint collection of (open) cylinders.

A component of the level set © " (a;) includes a wedge of circles, that is, a graph
together with a cyclic order of the half-edges at the vertex that describes how
cylinders in w!(a;_1, a;) are attached to cylinders in u ' (a;, a;41). This gives a

cylindrical structure on the surface . We decompose ¥ into rectangular strips
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using the gradient flow lines of .

The critical graph G, C ¥ of the function u has crit(u) as its vertices and
gradient flow lines flowing toward and away from critical points as its edges.
The edges may be half-infinite: they may flow away from input punctures or
toward output punctures. The complement ¥ — G, is a disjoint collection of

infinite rectangular strips whose sides are sequences of gradient flow lines.

From G, we construct a string diagram with levels by deleting edges flowing
toward output punctures and cutting edges flowing from input punctures by a
u '(a) where a < a;. Each component of u~!(a) gives an input circle. Let
h : (0,00) — (0,1) be given by retscaling. The spacing parameter s; is given
by h(a;y1 — a;). The tangent direction at an input puncture corresponds to a

distinguished vertex on the corresponding input circle.

So far, the image of the map H is a subset of C'S(g,k,¢)/ ~ where each ~-
equivalence class has just one representative; H(X) has no nodes and no graph

components. There are two steps of the extension of the map

M (g, k,l) — CS(g,k,0)] ~

to . (g, k,1).

First, recall that the weight w; decorating the output puncture ¢; gives a cylin-

drical end of a cylindrical surface in C'S(g, k,¢) that has circumference kw;.
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Let ¥ € .#(g,k, () be a smooth Riemann surface such that the decoration on
the output ¢; is w; = 0. Then ¥ € O(#(g,k,¢)). Let {£1,%,...} be a se-
quence of points in .# (g, k, () converging to X. We define H(X) so that H
takes convergent sequences to convergent sequences. As w; tends to 0 in X;,
the circumference of corresponding cylindrical end of S; = H(X;) tends to 0.

Therefore, the circumference of the corresponding cylindrical end of S = H(X)

is o.

Next, let ¥ € .#(g, k,¢) be a decorated surface with nodes. Then the com-
plement of the nodes in ¥ is a disjoint collection of smooth surfaces. In each
smooth component, fill in the puncture created by the deletion of a node by
a distinguished point. By definition, each component ¥’ of ¥ is balanced. If
the component ¥’ has an input puncture, then there is a harmonic function
u' ¥ — R as above. The cylindrical surface H(X) is assembled by identify-
ing cylindrical surfaces H(X') at the images of marked points corresponding to
nodes of X. If a component ¥’ has no input puncture then it has no output
puncture or its output punctures are all decorated by weight o. In the case that
¥ has no output puncture, then it corresponds to a collapsed graph component
whose Euler characteristic label is the Euler characteristic of the handle-body
with boundary ¥'. The same is true if ¥ has output punctures, but a corolla
is attached by some of its univalent vertices to images of nodes in other com-

ponents of H(X"). There is one free univalent vertex of the corolla for each

output puncture ¢; of ¥'. These correspond to cylindrical ends of H(X) that
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have circumference 0 and we extend such edges to be half-infinite accordingly.

If ¥ is in a blow-up stratum E4 of .# (g, k, ) corresponding to a collection A
of curves @ which are small in the hyperbolic metric. Consider the compo-
nents of ¥ — A. If a; is a critical value corresponding to a critical point on one
component and a;41 is a critical value corresponding to a critical point on an
adjacent component, then a;;; — a; is arbitrarily large. In this case, the spacing

parameter s; is defined to be 1.

We have not explicitly mentioned tangent directions decorating input punctures
or distinguished vertices on input circles. Here, we make an abstract identifica-
tion which depends on a choice. Indeed, for the map F, fix a cylindrical surface
S and choose an assignment of tangent directions to input punctures of F(.S).
We then declare the map F' to be T*-equivariant. For such a choice for F there
is a corresponding choice for H such that F' and H are inverse. So we have
that C'S(g,k,¢)/ ~ and .# (g, k, () are homeomorphic, though the homeomor-

phism is not necessarily canonical.

Summary.

1. CS(g,k, () and LD(g,k,() are homeomorphic.
2. CS(g,k, )/ =~ is a pseudomanifold with boundary.

3. CS(g,k,¢)/ ~and .# g, k,) are homeomorphic (the homeomorphism
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induces a cell complex structure on .Z (g, k, £)) so .# (g, k,{) is a pseudo-

manifold with boundary.

B.3 Compactified moduli spaces and string topol-

ogy operations

Recall that certain chains in C7*(ZD(g, k,())/ ~) determine string topology
operations ST, (c) € Hom(P,(kLM), P,({(LM)). Let

q:LD(g,k,0)) ~— LD(g,k,0)/ ~

be the map which collapses slide-complex factors of adjoined cells (and possi-
bly cones on x = 0 slide complexes) to points. The corresponding chains in
LD(g,k,0)/ ~ need not determine string topology operations, but they do up

to chain homotopy.

We expect that there is a space (LD(g,k,¢) ~)// =~ which has the same ho-
motopy type as (LD(g, k,{)/ ~)/ = such that certain chains on it determine

string topology operations. If the space LD(g, k, () ~ is a “thick” version of

LD(g,k,l)/ ~ then the space (LD(g,k, )/ ~)/] ~ will be a “thick” version of
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Mg,k 0).

The reason for this expectation is the following. Given ¥ € .# (g, k, £), a level
set u~!(a) for a regular value a of the harmonic function v : ¥ — R is a
disjoint union of circles. We imagine pushing these circles through a critical
point, which describes how they are cut and reconnected to form another dis-
joint union of circles corresponding to a level set for a higher regular value.
The cutting and pasting is similar to the cutting and pasting of loops in M
described by the string topology construction, when the loops intersect one an-
other transversally. In this setting, a graph component of a cylindrical surface
describes a trivial interaction of constant loops, so the string topology construc-

tion 1s insensitive to it.

Conjecture B.1. There is a space (LD(g,k,0) )| ~)/ = which is built from

LD(g,k, L)) ~ by adjoining cells such that the following hold:

1. The space (LD(g, k() ~)/ = is a pseudomanifold of dimension
6g + 3k + 30 — 7 with boundary and bas the homotopy type of M (g, k, £).

2. The string topology construction ST, may be extended to some chains in
CI"((LD(g, k, O)f) ~) [ ~)-

3. If[((LD(g,k,0)) ~)/ =] is the fundamental chain,
ST.([(LD(g,k,0))) ~)) =]) = X(g,k,{) and X =3 X(g,k,{), then X

solves the master equation.
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