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FOREWORD

T h i s  d i s s e r t a t i o n  s t u d i e s  t h e  r e l a t i o n  o f  b a l a n c e d  i n c o m p l e t e  

b l o c k  d e s i g n s  t o  two d i s t i n c t  a r e a s  o f  c o m b i n a t o r i a l  m a t h e m a t i c s ,  

game t h e o r y  and g r a p h  t h e o r y .  I n  i t s  r e l a t i o n  t o  game t h e o r y ,  t h i s  

s t u d y  i s  d e v o t e d  t o  an u n s o l v e d  p ro b le m  s t a t e d  i n  r e f e r e n c e  [ 2 1 ]  

by R i c h a r d s o n  and a g a i n  i n  [ 1 4 ]  by Hoffman and R i c h a r d s o n .  The 

p ro b le m  s e e k s  t h e  minimum number o f  e l e m e n t s  i n  a b l o c k i n g  c o a l i t i o n  

o f  a b l o c k  d e s i g n  game. A s o l u t i o n  i s  found  f o r  b l o c k  d e s i g n  games 

w h ich  a r e  d u a l  t o  S t e i n e r  t r i p l e  s y s t e m s .  I n  t h e  c o u r s e  o f  s o l v i n g  

t h i s  p ro b le m  f o r  t h i s  r e s t r i c t e d  c l a s s  o f  b l o c k  d e s i g n  games a 

number o f  p r o p e r t i e s  o f  S t e i n e r  t r i p l e  s y s t e m  a r e  d e v e l o p e d .

I n  c o n s i d e r i n g  t h e  r e l a t i o n  o f  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  

t o  g r a p h  t h e o r y ,  t h e  w r i t e r  h a s  I n t r o d u c e d  a p a r t i c u l a r  k i n d  o f  

g r a p h  c a l l e d  h e r e  a g r a p h  on t h e  b i n o m i a l  c o e f f i c i e n t  \ k /  w i t h  

a d j a c e n c y  p a r a m e t e r  X .  I t  i s  shown t h a t  f o r  X = 1 t h i s  g r a p h  

h a s  t h e  p r o p e r t y  t h a t  i f  t h e r e  e x i s t s  a b a l a n c e d  i n c o m p l e t e  b l o c k  

d e s i g n  w i t h  p a r a m e t e r s  t h e  g i v e n  v,  k ,  and w i t h  X = 1 t h e n  e v e r y  

maximum i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  i s  s u c h  a d e s i g n  and ,  

m o r e o v e r ,  e v e r y  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  X = 1 i s  

a maximum i n t e r n a l l y  s t a b l e  s e t  f o r  some s u i t a b l y  d e f i n e d  g r a p h .

The i n t r o d u c t i o n  o f  t h i s  p a r t i c u l a r  g r a p h  i s  a  f o r m a l i z a t i o n  o f  a  

s u g g e s t i o n  made by B erge  i n  h i s  i n f o r m a l  d i s c u s s i o n  o f  t h e  Kirkman 

s c h o o l g i r l  p ro b le m  i n  [ 2 ] .  As a  r e s u l t  o f  t h i s  i n n o v a t i o n  i t  

becomes p o s s i b l e  t o  f o r m u l a t e  i n  g r a p h  t h e o r e t i c  t e r m s  some o f  t h e



u n s o l v e d  p r o b le m s  a r i s i n g  i n  b l o c k  d e s i g n  t h e o r y .  As an I n t e r e s t i n g  

b y - p r o d u c t  we n o t e  t h a t  t h e  l o n g  known p r o o f  o f  t h e  n o n - e x i s t e n c e  

o f  a  f i n i t e  a f f i n e  p l a n e  on 36 p o i n t s  s o l v e s  one p r o b le m  a n d  r a i s e s  

a n o t h e r .  We a r e  now f a c e d  w i t h  a  new p ro b le m :  What i s  t h e  i n t e r n a l

X = 1? I t  i s  s u r p r i s i n g  t h a t  t h e  a n s w e r  i s  unknown. (See  Example 1 

p a r t  I I  o f  t h i s  d i s s e r t a t i o n . )  T h i s  i s  an  i n s t a n c e  o f  a g e n e r a l  

p ro b le m  w hich  i s  n o t  s o l v e d  h e r e :  What i s  t h e  n a t u r e  o f  maximum

i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s  i n  g r a p h s  on  b i n o m i a l  c o e f f i c i e n t  

f o r  w h ich  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  do n o t  e x i s t ?

I n  a r e l a t e d  c o n t e x t ,  a b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  

X = 1 i s  shown t o  be a s o l u t i o n  o f  a s u i t a b l y  d e f i n e d  i r r e f l e x i v e  

r e l a t i o n .  T h i s  c h a r a c t e r i z a t i o n  o f  b a l a n c e d  i n c o m p l e t e  b l o c k  

d e s i g n s  w i t h  X = 1 e n a b l e s  u s  t o  g e n e r a t e  an i n f i n i t e  s e t  o f  

n o n - t r l v l a l  e x a m p le s  o f  r e l a t i v i z a t l o n s  and e x t e n s i o n s  o f  s o l u t i o n s  

o f  i r r e f l e x i v e  r e l a t i o n s .  We t h u s  h a v e  an a p p l i c a t i o n  o f  some o f  

t h e  r e s u l t s  d e v e l o p e d  by R i c h a r d s o n  i n  [ l 8 ] ,  [ 1 9 ] ,  and [ 2 0 ] ,

s t a b i l i t y  number o f  t h e  g r a p h  on t h e  b i n o m i a l  c o e f f i c i e n t w i t h
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CHAPTER I .  ON A RESTRICTED CLASS OF BLOCK DESIGN GAMES

1. INTRODUCTION

B lo c k  d e s i g n  games h a v e  b e e n  d e v e l o p e d  by R i c h a r d s o n  [21 ] 

and by Hoffman and  R i c h a r d s o n  [1 4 ] ,  who p r o v e d  a number o f  t h e o r e m s  

c o n c e r n i n g  such  games by s t u d y i n g  t h e  number  o f  e l e m e n t s  i n  a  

b l o c k i n g  c o a l i t i o n .  Hoffman and R i c h a r d s o n  l i s t e d  a s  u n s o l v e d  

( e x c e p t  f o r  P G ( 2 , 3 ) )  t h e  f o l l o w i n g  p ro b le m :  What i s  t h e  minimum

number o f  e l e m e n t s  i n  a b l o c k i n g  c o a l i t i o n  o f  a b l o c k  d e s i g n  game?

In  t h i s  s e c t i o n  we c o n s i d e r  b l o c k i n g  c o a l i t i o n s  i n  t h o s e  games 

t h a t  a r e  d u a l  t o  b l o c k  d e s i g n s  h a v i n g  \  = 1 and r  -  k > 0 .  F o r

s u c h  games c e r t a i n  b l o c k i n g  c o a l i t i o n s  a r e  shown t o  be r e l a t e d  t o

s e t s  o f  m u t u a l l y  d i s j o i n t  b l o c k s  i n  t h e  d e s i g n  t o  w h ich  t h e  game 

i s  d u a l .  I n  p a r t i c u l a r ,  f o r  S t e i n e r  t r i p l e  s y s t e m s  t h e  l a r g e s t  

o d d -n u m b ere d  s e t  o f  m u t u a l l y  d i s j o i n t  t r i p l e s  i s  shown t o  y i e l d  a

minimum b l o c k i n g  c o a l i t i o n  i n  t h e  d u a l .  A l o w e r  bound f o r  t h e

number o f  e l e m e n t s  i n  t h e  l a r g e s t  s e t  o f  m u t u a l l y  d i s j o i n t  t r i p l e s  

i s  f o u n d ,  w h ich  r e s u l t s  i n  a s m a l l e r  u p p e r  bound f o r  a minimum 

b l o c k i n g  c o a l i t i o n  t h a n  t h a t  h e r e t o f o r e  known f o r  t h e  d u a l s  o f  

S t e i n e r  t r i p l e  s y s t e m s .

Some e x t e n s i o n s  o f  t h e s e  r e s u l t s  show t h a t  some o f  t h e  games 

t h a t  a r e  d u a l  t o  d e s i g n s  h a v i n g  X = 1,  r - k > 0 ,  and  k > 3 

h ave  e a s i l y  o b t a i n e d  minimum b l o c k i n g  c o a l i t i o n s  and h ave  no e q u i t a b l e  

main s i m p l e  s o l u t i o n s .
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2.  NOTATION

I n  g e n e r a l ,  we u s e  v,  b ,  k ,  r ,  X a s  p a r a m e t e r s  o f  t h e  b a l a n c e d  

i n c o m p l e t e  b l o c k  d e s i g n  ( w r i t t e n  BIBD) c o n s i s t i n g  o f  v e l e m e n t s  

a r r a n g e d  I n  b b l o c k s  o f  k e l e m e n t s  e a c h  w i t h  e a c h  e l e m e n t  

o c c u r l n g  r  t i m e s  I n  t h e  d e s i g n  and  any p a i r  o f  d i s t i n c t  e l e m e n t s  

a p p e a r i n g  t o g e t h e r  i n  t h e  same b l o c k  e x a c t l y  X t i m e s .  F o l l o w i n g  

Hoffman and  R i c h a r d s o n  [14 } we u s e  v* ,  b* ,  e t c .  a s  p a r a m e t e r s  o f  

t h e  b l o c k  d e s i g n  and  u n s t a r r e d  p a r a m e t e r s  i n  t h e  d u a l .  | b |  w i l l  

d e n o t e  t h e  number o f  e l e m e n t s  i n  a b l o c k i n g  c o a l i t i o n .  E l e m e n t s  

b e l o n g i n g  t o  t h e  same b l o c k  w i l l  be c a l l e d  c o l l i n e a r .  The u s u a l  

s e t - t h e o r e t i c  n o t a t i o n  w i l l  be u s e d .

3.  PRELIMINARY RESULTS

The p a r a m e t e r s  o f  a BIBD s a t i s f y

(1 )  v r  = bk,

(2 )  r ( k  -  1) = X(v -  1 ) .

I f  we p o s t u l a t e  t h e  e x i s t e n c e  o f  a t  l e a s t  two d i s t i n c t  b l o c k s  so  

t h a t  v > k ,  t h e n

( 3 )  r  2: k .

T h i s  i s  e q u i v a l e n t  t o  F i s h e r ' s  i n e q u a l i t y :

(4 )  b * v;

c f .  [7, 15,  o r  2 2 ] ,  The d e s i g n s  h a v i n g  r  = k a r e  c a l l e d  sy m m e tr ic  

d e s i g n s .  F i n i t e  p r o j e c t i v e  p l a n e s  o f  o r d e r  n a r e  s y m m e t r i c ,  

b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  w i t h  k = n + 1 and X = 1.

F i n i t e  E u c l i d e a n  p l a n e s  a r e  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  w i t h  

X = 1,  k = n ,  r = n + l  so t h a t  r  -  k = 1 .  I t  h a s  l o n g  b een  known



i n  c o n n e c t i o n  w i t h  t h e  s e a r c h  f o r  f i n i t e  m o d e l s  o f  a B o l y a i -

L o b a c h e v s k y  p l a n e  t h a t  d e s i g n s  a r e  I m p o s s i b l e  f o r  X = 1 and

r  -  k = 2 .  A g e n e r a l  n e c e s s a r y  r e l a t i o n  b e t w e e n  r  and  k i s

m
g i v e n  by t h e  f o l l o w i n g :  A BIBD w i t h  X = 1 ,  and k  = p q ,

w h e re  p i s  a p r i m e ,  ( p , q )  = 1,  s a t i s f i e s  r  = 0 ,  1 (mod p™).

T h i s  f o l l o w s  f rom  ( 1 )  and  ( 2 ) .  The n e c e s s a r y  c o n d i t i o n s  f o r  t h e  

e x i s t e n c e  o f  a BIBD a r e  s o m e t im e s  s t a t e d  i n  t h e  form [ l l ] ;

( 5 )  X(v -  1)  s  0 (mod(k  -  1 ) ) ,

( 6 )  Xv(v -  1)  s  0 (mod k ( k  -  1 ) ) .

I f  k i s  a pow er  o f  a p r i m e ,  t h e n  a  BIBD w i t h  X = 1 h a s  one  o f  

t h e  f o l l o w i n g  s e t s  o f  p a r a m e t e r s :

( 7 )  C ase  I :  v = (k -  l ) k t  + 1 ,  b = t g k  -  l ) k t  + 1 ) ,  r  = k t .

( 8 )  C ase  I I :  v = (k  -  l ) k t  + k ,  b = <(k -  l ) t  + l ) ( k t  + 1 ) ,  r  = k t + 1 .

I f  k i s  c o m p o s i t e ,  v , b , k , r ,  w i t h  X = 1,  c a n  s o m e t im e s  be fo u n d

so a s  t o  s a t i s f y  ( 1 )  and  ( 2 )  w i t h  r  = 0 ,  1 (mod p m) and r  p  0 ,

1 (mod k ) ;  b u t  s u c h  d e s i g n s  h a v e  n o t  b e e n  c o n s t r u c t e d  [ l 5 , p , 1 2 7 ] .

I n  g e n e r a l  ( 1 )  and  ( 2 )  and  c o n s e q u e n t l y  ( 5 )  and  ( 6 )  a r e  n o t  s u f f i c i e n t  

f o r  t h e  e x i s t e n c e  o f  a BIBD.

BIBD w i t h  X = 1 and k = 3 a r e  known a s  S t e i n e r  t r i p l e  

s y s t e m s  ( w r i t t e n  STS) .  Owing t o  t h e  work  o f  R e i s s  [ l7  ] and  Moore [lGO, 

i t  i s  p o s s i b l e  t o  o o n s t r u c t  an  STS f o r  e v e r y  t  ^  1 i n  C a s e s  I  

and  I I  a b o v e .  H an an i  [ 1 1 ]  and [ 1 2 ]  h a s  shown t h a t  f o r  X = 1 and 

k = 4,  and f o r  X = 1 and k = 5 ,  ( 5 )  and ( 6 )  a r e  s u f f i c i e n t

c o n d i t i o n s .
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*  *  *  *  *
The d u a l  o f  a  BIBD w i t h  X = 1 and p a r a m e t e r s  v , b , k , r

* *
I s  a  p a r t i a l l y  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  v = b , b = v ,

k = r * ,  r  = k* ,  and  XI = 0 , 1 .  I f  we t a k e  t h e  v e l e m e n t s  a s

p l a y e r s  and  t h e  b b l o c k s  a s  t h e  m i n im a l  w i n n i n g  c o a l i t i o n s ,  we h a v e

a b l o c k  d e s i g n  game a s  shown i n  [14 }  I n  non-gam e t h e o r e t i c  t e r m s

we c a n  d e f i n e  a  b l o c k i n g  c o a l i t i o n  a s  a s e t  o f  e l e m e n t s  t h a t  i n t e r s e c t s

e v e r y  b l o c k  b u t  c o n t a i n s  no c o m p l e t e  b l o c k .  I n  o r d e r  t o  show t h a t  a

b l o c k  d e s i g n  game h a s  no e q u i t a b l e  m a in  s i m p l e  s o l u t i o n ,  i t  i s

s u f f i c i e n t  t o  show t h a t  t h e r e  e x i s t s  a  b l o c k i n g  c o a l i t i o n ,  B, s u c h

t h a t  |B |  k [ l 4  > Hoffman and R i c h a r d s o n  0 . 4 ]  show t h a t  t h e  d u a l

o f  e v e r y  n o n - t r i v i a l  STS h a s  | b | = k .  The  n o n - t r i v i a l  STS a r e

t h o s e  t h a t  h a v e  r*  -  k > 0 .  I n  t h e  f o l l o w i n g  we s e e k  | b | < k

and some i n f o r m a t i o n  c o n c e r n i n g  minimum b l o c k i n g  c o a l i t i o n s .

4 .  SOME PROPERTIES OF STEINER TRIPLE SYSTEMS

*
Lemma 1.  I n  a n o n - t r i v i a l  STS, D , any b l o c k  b e l o n g s  t o  a s e t  o f

a t  l e a s t  t h r e e  b l o c k s ,  no  p a i r  o f  w h ic h  h a v e  an e l e m e n t  i n  common.

*
P r o o f . Form t h e  i n c i d e n c e  m a t r i x  o f  D , a s  f o l l o w s .  C a l l  t h e

e l e m e n t s  v , v , . . . , v  and  t h e  b l o c k s  b , b , . . . , b  . L e t  row i1 « ™ 1 z . ^v b

show w h ic h  b l o c k s  c o n t a i n  v^ by e n t e r i n g  1 i n  t h e  i t h  row and  j t h

column i f  b j  c o n t a i n s  v^ and  0 i f  b^ d o e s  n o t  c o n t a i n  v ^ .

L e t  t h e  e l e m e n t s  o f  b be l a b e l l e d  v 1 i v o ' v -*- S i n c e  any e l e m e n t1 1 Z J

i s  c o n t a i n e d  i n  r *  b l o c k s ,  l e t  b , b  , . . . , b  c o n t a i n  v .
1  Z  "  1r

S i m i l a r l y ,  l e t  b , b  ^ , b , . . . , b  c o n t a i n  v and l e t
r  +1 r  +2 2 r  - 1



5

♦
b i ' b * '  b  * . • • ■ » b * c o n t a i n  v . T h e s e  b , j  = 1 , 2 , . . . , 3 r  -  2,

2 r  2 r + l  3 r  - 2  J

a r e  a l l  d i s t i n c t  s i n c e  X = 1 .  We n o t e  now t h a t  f o r  Case  I ,

3 r*  -  2 = 9 t  -  2 < 6 t 2 + t  = b f o r  a l l  t  *  2.

F o r  Case  I I ,

3 r*  -  2 = 9 t  -  1 < ( 3 t  + l ) ( 2 t  + 1 )  = b f o r  a l l  t i l .

I t  f o l l o w s  t h a t  f o r  a l l  n o n - t r i v i a l  STS t h e r e  i s  a b l o c k  n o t

a c c o u n t e d  f o r  a b o v e ,  s a y  b , w h ich  c o n t a i n s  t h r e e  new e l e m e n t s ,
3 r  - 1

s a y  v . , v _ , v _ .  S i n c e  X = 1,  t h e  4 t h  row o f  t h e  i n c i d e n c e  m a t r i x  4 5 6
*

w i l l  c o n t a i n  1 i n  o n e  and o n l y  one  o f  co lum ns  2 , 3  r  and 1 i n

*  *  *
one  and o n l y  one o f  co lum ns  r  + 1 ,  r  + 2 , . . . , 2 r  - 1  and 1 i n

*  *
one and o n l y  one  o f  co lum ns  2 r  , . . . , 3 r  -  2.  The same r e s u l t  h o l d s

f o r  t h e  5 t h  row and t h e  6 t h  row. I n  o t h e r  w o rd s ,  i n  t h e  i n c i d e n c e

m a t r i x ,  e a c h  o f  rows 4 , 5 , 6  i s  i n c i d e n t  w i t h  f o u r  p r e v i o u s l y  n o t e d  

*
b l o c k s  and r  -  4 o t h e r s .  Hence t o  accommodate a l l  t h e  b l o c k s

t h a t  c o n t a i n  v .  o r  v_ o r  v , we add  3 ( r *  -  4) t o  t h e  4 5 b

* *
3 r  -  1 b l o c k s  g i v e n  above  f o r  a t o t a l  o f  6 r  -  13 b l o c k s .

*  2
I n  Case  I ,  6 r  -  13 = 1 8 t  -  13 < 6 t  + t  = b f o r  t  i  2.

*  2I n  Case  I I ,  6 r  -  13 = 1 8 t  - 7 < 6 t  + 5 t  + 1 = b f o r  t i l .

*  *
T h e s e  c o n d i t i o n s  upon t  t a k e  c a r e  o f  a l l  STS h a v i n g  r  -  k > 0 .

T h e r e f o r e  i n  any n o n - t r i v i a l  STS t h e  number o f  b l o c k s  c o n t a i n i n g

e l e m e n t s  o f  two d i s j o i n t  b l o c k s  i s  l e s s  t h a n  t h e  t o t a l  number o f

b l o c k s .  I t  f o l l o w s  t h a t  D* c o n t a i n s  f o r  any p a i r  o f  d i s j o i n t

b l o c k s  a  t h i r d  b l o c k  f o r m i n g  w i t h  t h e  p a i r  a  s e t  o f  t h r e e  m u t u a l l y

a a
d i s j o i n t  b l o c k s .  The c o n d i t i o n  r  -  k > 0  e n s u r e s  t h e  e x i s t e n c e
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o f  a t  l e a s t  one b l o c k  t h a t  I s  d i s j o i n t  t o  any g i v e n  b l o c k .

*
Lemma 2.  I n  a  n o n - t r i v i a l  S t e i n e r  t r i p l e  s y s t e m  D , q m u t u a l l y

d i s j o i n t  b l o c k s ,  q a  3,  h ave  e l e m e n t s  i n  common w i t h  a t  most

*
3 q ( r  -  q )  a d d i t i o n a l  b l o c k s .

*
P r o o f .  L e t  p r e p r e s e n t  t h e  number o f  b l o c k s  o f  D t h a t

c o n t a i n  e l e m e n t s  o f ,  and a r e  d i s t i n c t  f rom ,  t h e  q m u t u a l l y  d i s ­

j o i n t  b l o c k s .  T h e s e  b l o c k s  w i l l  be c a l l e d  p - b l o c k s  and  q - b l o c k s  

r e s p e c t i v e l y .  We form a s u b m a t r i x  o f  t h e  a d j a c e n c y  m a t r i x  f o r  t h e  

b l o c k s  o f  D* a s  f o l l o w s .  L e t  any p a i r  o f  b l o c k s  h a v i n g  e x a c t l y

one  e l e m e n t  i n  common be c a l l e d  a d j a c e n t .  Form a q X p s u b m a t r i x

by e n t e r i n g  1 i n  t h e  i t h  row, j t h  co lumn i f  t h e  i t h  q - b l o c k  and t h e

j t h  p - b l o c k  a r e  a d j a c e n t .  E n t e r  0 i n  t h e  i t h  row, j t h  column i f

t h e  i t h  q - b l o c k  and t h e  J t h  p - b l o c k  a r e  n o t  a d j a c e n t .  L e t  t h i s

m a t r i x  be d e s i g n a t e d  by A.

I f  t h e  j t h  p - b l o c k  m e e t s  u o f  t h e  q m u t u a l l y  d i s j o i n t  b l o c k s ,

u = 1 , 2 , 3 ,  t h e n  t h e  J t h  co lumn o f  A w i l l  c o n t a i n  u o n e s .  L e t

p^ d e s i g n a t e  t h e  number o f  co lum ns  c o n t a i n i n g  u o n e s  and  we s h a l l

r e f e r  t o  su ch  co lum ns  a s  p - c o l u m n s .  Thenu

( 9 )  P = P ,  + P 2 + P3 .

We n o t e  t h a t  t h e  q m u t u a l l y  d i s j o i n t  b l o c k s  c o n t a i n  3q d i s t i n c t

*  *
e l e m e n t s  e a c h  o f  w h ich  i s  r e p l i c a t e d  r  t i m e s  i n  D , w h ic h  means

*
r  -  1 t i m e s  i n  t h e  s e t  o f  p - b l o c k s .  T h e r e f o r e ,  t h e  t o t a l  number  

o f  o n e s  i n  A i s

(10 )  3 q ( r *  -  1) = 3 p 3 + 2 p g + p .

By e l i m i n a t i n g  p^ i n  ( 9 )  and (1 0 )  and s o l v i n g  f o r  p ,  we o b t a i n

(11? P = 3q(r* - 1) -  (2p3 + p2>.

Ws s e e k  a minimum v a l u e  f o r  ( 2 p g + P 2) ,  g i v e n  t h a t  p p ;> 0 ,
* 3 *



and a f u r t h e r  c o n d i t i o n  t h a t  we now d e r i v e .  From A we o b t a i n  a 

r e l a t i o n  i n v o l v i n g  p and p by c o n s i d e r i n g  t h e  2 X 2  s u b m a t r i c e s
« J

c o n s i s t i n g  e n t i r e l y  o f  o n e s .  Any p a i r  o f  t h e  q m u t u a l l y  d i s j o i n t  

b l o c k s  w i l l  g e n e r a t e  i n  A n i n e  2 X 1  s u b m a t r i c e s  c o n s i s t i n g  

e n t i r e l y  o f  o n e s ,  and any ( u n o r d e r e d )  p a i r  o f  t h e s e  n i n e  s u b m a t r i c e s  

w i l l  form a 2 X 2  s u b m a t r i x  o f  t h e  r e q u i r e d  form; c o n v e r s e l y ,  i t  

i s  c l e a r  t h a t  any 2 X 2  s u b m a t r i x  c o n s i s t i n g  e n t i r e l y  o f  o n e s  

o c c u r s  i n  t h i s  way.  C o n s e q u e n t l y  t h e  number o f  s u c h  m a t r i c e s  i s

( 1 2 )  C2 • g C 2 = 1 8 q ( q  -  1 ) .

We now c o u n t  i n  two ways t h e  number  o f  I n c i d e n c e s  o f  o n e s  w i t h

2 X 2  s u b m a t r i c e s  c o n s i s t i n g  e n t i r e l y  o f  o n e s .  F i r s t  o f  a l l ,  t h e

t o t a l  number  o f  such  I n c i d e n c e s  i s  f o u r  t i m e s  t h e  number o f  2 x 2

s u b r a a t r i c e s  c o n s i s t i n g  e n t i r e l y  o f  o n e s .  S e c o n d l y ,  we n o t e  t h a t  i f

a 1 a p p e a r s  i n  a p - c o lu m n ,  i t  i s  i n  e i g h t  o f  t h e  s p e c i f i e d  2 x 2

s u b m a t r i c e s ;  and i f  a 1 i s  i n  a p column i t  i s  i n  s i x t e e n  o f  t h e
o

s p e c i f i e d  2 X 2  s u b m a t r i c e s .  By e q u a t i n g  t h e s e  two v a l u e s  f o r  t h e  

number  o f  I n c i d e n c e s  o f  o n e s  w i t h  t h e  s p e c i f i e d  2 X 2  s u b m a t r i c e s ,  

we o b t a i n :

(1 3 )  4 • 18q(q  -  1) = ( 2 p 2)8  + ( 3 p 3 )1 6

o r

( 1 4 )  2 p 2 + 3 ( 2 p 3 ) = 9q(q  -  1 ) .

I n  (14 )  we h a v e  2 < 3,  p ^ 0 ,  2p £ 0 ,  and 9 q ( q  -  1)  a p o s i t i v e
m J

c o n s t a n t .  T h e r e f o r e ,  p + 2p w i l l  be a minimum when p = 0 .a «3 £t

But p = 0 i m p l i e s  f rom (14 )  t h a t

(15 )  2p3 = 3 q (q  -  1 ) .

We may now c o n c l u d e  t h a t

( 1 6 )  m i n ( 2 p 3 + p g) = 3q (q  -  1 ) .
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By s u b s t i t u t i n g  3q(q  -  1)  f o r  r a in (2 p 3 + Pg)» we o b t a i n ,  f rom

( 1 1 ) ,

( 1 7 )  p ^  3 q ( r *  -  q ) ,  

a s  r e q u i r e d .

Lemma 3 .  Any b l o c k  o f  a n o n - t r i v i a l  S t e i n e r  t r i p l e  s y s t e m  b e l o n g s

t o  a s e t  o f  t  m u t u a l l y  d i s j o i n t  b l o c k s  and any b l o c k  o f  a non-

*
t r i v i a l  S t e i n e r  t r i p l e  s y s t e m  w i t h  r  = 3 t  + 1 b e l o n g s  t o  a s e t  

o f  t  + 1 m u t u a l l y  d i s j o i n t  b l o c k s .

P r o o f .  From Lemma 2,  q m u t u a l l y  d i s j o i n t  b l o c k s  h ave  e l e m e n t s

a
i n  common w i t h  a t  most  3 q ( r  -  q )  a d d i t i o n a l  b l o c k s .  T h e r e f o r e ,

a s e t  o f  q m u t u a l l y  d i s j o i n t  b l o c k s  can  be e x t e n d e d  t o  a s e t  o f

q + 1 m u t u a l l y  d i s j o i n t  b l o c k s  w h e n e v e r

* a
(18 )  q + 3 q ( r  -  q )  < b .

We now show t h a t  t h i s  i n e q u a l i t y  h o l d s  f o r  any q < t .  I n

*
p a r t i c u l a r ,  when r  = 3 t  + 1,  t h e  i n e q u a l i t y  h o l d s  f o r  any 

q < t .  By s u b s t i t u t i n g  k = 3 i n  ( 7 )  and ( 8 ) ,  we have

(19 )  Case  I :  v* = 6 t  + 1,  b* = 6 t 2 + t ,  r*  = 3 t ,

and

(2 0 )  Case  I I :  v = 6 t  + 3,  b = 6 t 2 + 5 t  + 1, r  = 3 t  + 1.

We now s e e k  q s u c h  t h a t

2
( 2 1 )  Case  I :  q + 3 q ( 3 t - q ) < 6 t  + t

and
2

(2 2 )  Case  I I :  q + 3 q ( 3 t  + 1 -  q)  < 6 t  + 5 t  + 1.

The i n e q u a l i t y  (2 1 )  above  may be r e w r i t t e n  i n  t h e  form o f  a q u a d r a t i c  

i n e q u a l i t y :

( 2 3 )  3 q 2 -  q ( 9 t  + 1)  + ( 6 t 2 + t )  >  0,  t  > 0,



w hich  h a s  f o r  i t s  s o l u t i o n  s e t  a l l  r e a l  numbers  q s u c h  t h a t

(2 4 )  q < t  o r  q > 2 t +  1 / 3 .

* a
We n o t e  t h a t  v / k  r e p r e s e n t s  an u p p e r  bound f o r  t h e  number  o f  

m u t u a l l y  d i s j o i n t  b l o c k s  i n  a BIBD so t h a t  q > 2 t  + 1 / 3  i s  

i m p o s s i b l e .

S i m i l a r l y ,  t h e  i n e q u a l i t y  ( 2 2 )  c a n  be r e w r i t t e n  a s

( 2 5 )  3 q 2 -  q ( 9 t  + 4)  + ( 6 t 2 + 5 t  + 1) > 0 ,  t  > 0,

w h ich  h a s  f o r  i t s  s o l u t i o n  s e t  a l l  r e a l  num bers  q s u c h  t h a t

(2 6 )  q < t  + 1 / 3  o r  q > 2t  + 1.

A g a in  q > 2t  + 1 i s  i m p o s s i b l e .

We h ave  now shown t h a t  g i v e n  a s e t  o f  q m u t u a l l y  d i s j o i n t

b l o c k s ,  q £ 3; we may add a b l o c k  so  a s  t o  form a s e t  o f  q + 1

m u t u a l l y  d i s j o i n t  b l o c k s  w h e n e v e r ,  f o r  Case  I ,  q < t  and ,  f o r  

Case I I ,  q ^ t .  From Lemma 1, q = 3 f o r  a l l  n o n - t r i v i a l  STS. 

Lemma 3 now f o l l o w s  by I n d u c t i o n .

5 .  SOME GAME-THEORETIC RESULTS

The f o l l o w i n g  t h e o re m  i s  f u n d a m e n t a l .

Theorem 1.  L e t  D be t h e  d u a l  o f  a b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n

*  ,  *  *  ♦  *
D w i t h  X = 1, r  - k  > 0 .  I f  t h e  s e t  o f  b l o c k s  o f  D h a s  a

s u b s e t ,  Q , c o n t a i n i n g  q m u t u a l l y  d i s j o i n t  b l o c k s ,  q > 1 ,  w i t h

t h e  p r o p e r t y  t h a t  C  f v  } ,  t h e  complement o f  {v } ,  w h ic h  i s  t h e
Q q

s e t  u n i o n  o f  t h e  e l e m e n t s  c o n t a i n e d  i n  t h e  b l o c k s  o f  Q, c a n  be

a
p a r t i t i o n e d  i n t o  s u b s e t s  o f  k -  1 c o l l i n e a r  e l e m e n t s ,  t h e n  t h e  

q m u t u a l l y  d i s j o i n t  b l o c k s  t o g e t h e r  w i t h  t h e  b l o c k s  d e t e r m i n e d  i n  

t h e  p a r t i t i o n i n g  o f  C f v  } form a b l o c k i n g  c o a l i t i o n  i n  D.
v  q
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P r o o f . D e n o te  t h e  s e t  o f  b l o c k s  d e t e r m i n e d  i n  t h e  p a r t i t i o n i n g  

o f  f v  } by C and l e t  B be  t h e  c o a l i t i o n  d e s c r i b e d  i n  t h e
q q

c o n c l u s i o n  o f  t h e  th e o re m  so t h a t  B = Q U C . We n o t e ,  f i r s t  o f
q

*  *  *
a l l ,  t h a t  t h e  h y p o t h e s i s  r  -  k > 0 e n s u r e s  t h e  e x i s t e n c e  i n  D

o f  a t  l e a s t  two m u t u a l l y  d i s j o i n t  b l o c k s  and t h e  h y p o t h e s i s  c o n c e r n i n g  

t h e  p a r t i t i o n i n g  o f  C f v  ) r e q u i r e s  k q = v (mod(k -  1 ) )  .
q

B b l o c k s  s i n c e  any e l e m e n t  o f  D i s  i n  f v  } o r  i n  ( \  { v } .
q q q

We now show t h a t  B d o e s  n o t  c o n t a i n  e v e r y  b l o c k  on a s i n g l e  e l e m e n t
q

*
by showing  t h a t  any e l e m e n t ,  x , o f  D i s  c o n t a i n e d  i n  a t  l e a s t  

one b l o c k  n o t  i n  B . We n o t e  t h a t  any b l o c k  o f  B c o n t a i n s  e i t h e r
q q

a t  l e a s t  k -  1 e l e m e n t s  o f  ( \ f v  ) o r  e x a c t l y  k e l e m e n t s  o f
^  q

r 1 *I v  j ( b u t  o b v i o u s l y  n o t  b o t h  s i n c e  a b l o c k  c o n t a i n s  e x a c t l y  k
q

e l e m e n t s . )

Suppose  t h a t  x 6 f v ^ } ; t h e n  x € b^ , some b l o c k  o f  Q , L e t

y be an e l e m e n t  o f  D such  t h a t  y £ b and y 6 f v } . Such ax q
*  *  *

y e x i s t s  s i n c e  by h y p o t h e s i s  q > 1 . ( I n  f a c t ,  k q  ̂ v (mod(k -  1 ) )

*
r e q u i r e s  q > 2 w h e n e v e r  k * 2 . )  Then t h e  b lo c k  d e t e r m i n e d  by 

x and y i s  n o t  i n  Q s i n c e  t h e  b l o c k s  o f  Q form a p a r t i t i o n  

o f  f v  } , and t h e  b l o c k  d e t e r m i n e d  by x and y i s  n o t  i n  C s i n c e
q

i t  c o n t a i n s  a t  most  k -  2 e l e m e n t s  o f  ( ^ f Vq)  • Hence f o r  any

x € f v  } t h e r e  i s  a b l o c k  c o n t a i n i n g  x and n o t  i n  B
q q

Suppose  t h a t  x 6 • Then x i s  i n  e x a c t l y  one  o f  t h e

k -  1 s u b s e t s  i n  t h e  p a r t i t i o n  o f  C , f v  } . The b l o c k  o f  C con-
q

*
t a l n l n g  t h e  (k -  l ) - s u b s e t  t h a t  c o n t a i n s  x h a s  a t  mos t  one
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e l e m e n t  o f  f v  ] .  M o re o v e r ,  i f  t h e r e  i s  a b l o c k  o f  C t h a t  c o n -
q

t a i n s  x and a l s o  c o n t a i n s  an e l e m e n t  o f  { v ^ } , t h e r e  i s  o n l y  one

s u c h  b l o c k  b e c a u s e  o f  t h e  p a r t i t i o n i n g  o f  Q, f v  ] .  T h e r e  i s  t h e n  an
q

e l e m e n t ,  w. o f  f v  } t h a t  i s  n o t  i n  t h e  same b l o c k  o f  C a s  x.q
*

The e l e m e n t s ,  w and  x t h e n  d e t e r m i n e  a b l o c k  o f  D t h a t  i s  n o t

i n  Q and n o t  i n  C, h e n c e  n o t  i n  B .
q

S in c e  any e l e m e n t  o f  D i s  e i t h e r  i n  f v  ] o r  i n  Q, f v  ) ,  we
q q

c a n  c o n c l u d e  t h a t  B c a n n o t  c o n t a i n  e v e r y  b l o c k  on a s i n g l e  e l e m e n t
q

*  *
o f  D b u t  e v e r y  e l e m e n t  o f  D i s  i n  some b l o c k  o f  B and t h e r e -

q
f o r e  t h e  b l o c k s  o f  B when t a k e n  a s  e l e m e n t s  i n  t h e  d u a l  o f  D form

q
a b l o c k i n g  c o a l i t i o n  i n  D.

* *
C o r o l l a r y  1 . I f  i n  t h e  d u a l  D o f  a BIBD, D , w i t h  r  “  0 ,  1

* *
(mod k ) and X = 1,  t h e r e  e x i s t s  a b l o c k i n g  c o a l i t i o n  o f  t h e  t y p e

*
d e s c r i b e d  i n  t h e  t h e o r e m  w i t h  q = (k -  l ) n  + 1,  t h e n  t h i s  b l o c k i n g

c o a l i t i o n  h a s  k -  n members.

P r o o f .  |B | i s  t h e  sum o f  t h e  number o f  b l o c k s  i n  Q and t h e

number o f  b l o c k s  i n  C, t h a t  i s ,

(2 7 )  | b | = q + (v* -  k * q ) / ( k *  -  1 ) .

By s u b s t i t u t i n g  f o r  v t h e  e x p r e s s i o n s  g i v e n  i n  ( 7 )  and ( 8 ) ,  we

o b t a i n  i n  b o t h  c a s e s  | b I = k -  n .  ( r  = k )  .
q

*
C o r o l l a r y  2. Any game t h a t  i s  d u a l  t o  a  BIBD w i t h  r  -  0 ,

*  *
l (mod  k ) and  X = 1  and h a s  a b l o c k i n g  c o a l i t i o n  o f  t h e  t y p e  

d e s c r i b e d  i n  t h e  t h e o r e m  w i t h  q = k* h a s  no e q u i t a b l e  main  s i m p l e  

s o l u t i o n .

P r o o f . I t  i s  s u f f i c i e n t  t o  p r o v e  t h e  e x i s t e n c e  o f  a b l o c k i n g  c o ­

a l i t i o n  s u c h  t h a t  fB| £ k [ 1 4 ] .  C o r o l l a r y  2, t h e r e f o r e ,  f o l l o w s  f rom 

C o r o l l a r y  1.
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The p r e c e d i n g  t h e o r e m  h a s  p a r t i c u l a r  a p p l i c a t i o n  t o  t h o s e  games 

t h a t  a r e  d u a l  t o  S t e i n e r  t r i p l e  s y s t e m s .

C o r o l l a r y  3.  Any p l a y e r  i n  a game t h a t  i s  d u a l  t o  a n o n - t r i v i a l

S t e i n e r  t r i p l e  s y s t e m  b e l o n g s  t o  a b l o c k i n g  c o a l i t i o n  o f  k -  1 

members .

P r o o f .  From Lemma 1 we have  q = 3 and a p a r t i t i o n  o f  £  { v^}

i n t o  p a i r s  i s  a l w a y s  p o s s i b l e  when q i s  o d d .  C o r o l l a r y  3 t h e n

f o l l o w s  f rom C o r o l l a r y  1.

C o r o l l a r y  4. Any p l a y e r  i n  a game t h a t  i s  d u a l  t o  a  n o n - t r i v i a l

*
S t e i n e r  t r i p l e  s y s t e m  D b e l o n g s  t o  a b l o c k i n g  c o a l i t i o n  o f

k -  n members,  w h e re  n i s  any p o s i t i v e  i n t e g e r  s u c h  t h a t  f o r  t

*
odd .  n < ( t  -  l ) / 2 ,  and f o r  t  e v e n  n ^ t / 2  when r  = 3 t + l  and

*
n < ( t  -  2 ) / 2  when r  = 3 t  .

P r o o f .  We t a k e  a (2n  + l ) - s u b s e t  o f  t h e  t ,  o r  t  + 1,  m u t u a l l y

d i s j o i n t  b l o c k s  w h ich  f rom Lemma 3 i n c l u d e  t h e  g i v e n  b l o c k  and fo rm 

t h e  a p p r o p r i a t e  M o c k i n g  c o a l i t i o n  by p a r t i t i o n i n g  C f v q ) I n t o  p a l r a .  

S in c e  q = 2n + 1,  we h a v e  | b | = k -  n f rom C o r o l l a r y  1 .  S i n c e  

f o r  Case  I ,  q <  t  and f o r  Case  I I ,  q ■£ t , n may assume t h e  v a l u e s  

s t a t e d  i n  t h e  c o r o l l a r y  a c c o r d i n g l y  a s  t  i s  odd o r  e v e n .

The l a s t  two c o r o l l a r i e s  y i e l d  a l s o  t h e  r e s u l t  t h a t  any game t h a t  

i s  d u a l  t o  a n o n - t r i v i a l  S t e i n e r  t r i p l e  s y s t e m  h a s  no e q u i t a b l e  m a in  

s i m p l e  s o l u t i o n .  However,  we do n o t  s t a t e  t h i s  e x p l i c i t l y  h e r e  s i n c e  

t h i s  r e s u l t  h a s  b e e n  p r o v e d  by Hoffman and  R i c h a r d s o n  [ l 4 ] ,  who g i v e  

a c o n s t r u c t i o n  f o r  a b l o c k i n g  c o a l i t i o n  o f  k members .

*  *
C o r o l l a r y  5 .  I f  a BIBD w i t h  X = 1 c o n t a i n s  a s e t  o f  v / k

m u t u a l l y  d i s j o i n t  b l o c k s ,  t h e  d u a l  D h a s  a minimum b l o c k i n g  

a *
c o a l i t i o n  o f  v / k  members.
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P r o o f .  The p r o o f  o f  t h e  t h e o re m  f o l l o w s  f o r  (S f v } = Jfl.
-----------  q
• I *  *
|B |  = v / k  I s  o b v i o u s l y  a minimum.

* *
The d u a l s  o f  m os t  o f  t h e  b l o c k  d e s i g n s  w i t h  r  -  k > 0 ,

*  *  *
X = 1,  r  = 1  (mod k ) t h a t  h ave  b e e n  g i v e n  by  d i r e c t  c o n s t r u c t i o n

* *
h a v e  v / k  m u t u a l l y  d i s j o i n t  b l o c k s  and  t h e r e f o r e  h ave  minimum

a a
b l o c k i n g  c o a l i t i o n s  o f  v / k  e l e m e n t s .  Some o f  t h e s e  a r e  i n d i c a t e d

i n  a l a t e r  s e c t i o n  o f  t h i s  p a p e r .  We make e x p l i c i t  t h e  c a s e  o f  t h e

f i n i t e  E u c l i d e a n  g e o m e t r i e s  i n  t h e  f o l l o w i n g  c o r o l l a r y .

*
C o r o l l a r y  6 ,  I f  D i s  t h e  s y s t e m  o f  l i n e s  i n  t h e  f i n i t e  

E u c l i d e a n  s p a c e  EG(m,pn ) o f  ra d i m e n s i o n s  o v e r  t h e  G a l o i s  f i e l d

GF(pn ) f o r  m 2- 2 and pn ^ 2 ,  t h e  d u a l  D h a s  a minimum b l o c k i n g  

c o a l i t i o n  o f  pn ^m members and h a s  no e q u i t a b l e  m a in  s i m p l e  

s o l u t i o n .

n ( m - l )  *P r o o f ,  A s e t  o f  p m u t u a l l y  p a r a l l e l  l i n e s  i n  D p r o v i d e s

n ( m - l )  *
t h e  r e q u i r e d  minimum b l o c k i n g  c o a l i t i o n  i n  D and p < r  = k;

h e n c e  D h a s  no e q u i t a b l e  main  s i m p l e  s o l u t i o n .

We n o t e  t h a t  t h e  d u a l s  o f  t h e  f i n i t e  p r o j e c t i v e  s p a c e s  a r e  n o t

so r e a d i l y  h a n d l e d  s i n c e  o n l y  t h e  o d d - d i m e n s i o n a l  c a s e s  s a t i s f y  

* *
r  “ 1 (mod k ) .  We c a n ,  h o w ev e r ,  d i s p o s e  o f  t h e  p ro b le m  o f  w h e t h e r

t h e  d u a l  o f  t h e  s y s t e m  o f  l i n e s  i n  a f i n i t e  p r o j e c t i v e  s p a c e  h a s  an

e q u i t a b l e  m a in  s i m p l e  s o l u t i o n  by e n l a r g i n g  t h e  c o n s t r u c t i o n  d e v i s e d

by Hoffman and R i c h a r d s o n  [14 J t o  o b t a i n  a b l o c k i n g  c o a l i t i o n  o f  k

members i n  t h e  d u a l  o f  a S t e i n e r  t r i p l e  s y s t e m .

*
Theorem 2. I f  D i s  t h e  s y s t e m  o f  l i n e s  i n  t h e  f i n i t e  p r o j e c t i v e

s p a c e  PG(m,pn ) o f  m d i m e n s i o n s  o v e r  t h e  G a l o i s  f i e l d  GF(pn ) w i t h

n
m 3 and p £ 2,  t h e n  t h e  d u a l  D h a s  a  b l o c k i n g  c o a l i t i o n  o f
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n 2n ( m - l ) n  . . . . . .1 + p  + p + . . . + p  members and h e n c e  h a s  no e q u i t a b l e

main  s i m p l e  s o l u t i o n s .

P r o o f . L e t  0  be any p o i n t  i n  PG(m,pn ) .  C o n s i d e r  t h e  p e n c i l

o f  l i n e s  on 0 .  S i n c e  X* = 1,  e v e r y  p o i n t  o f  PG(m,pn ) i s  on

some l i n e  o f  t h e  p e n c i l .  Choose pn + 1 c o p l a n a r  l i n e s  on O.

C a l l  t h e  p l a n e  c o n t a i n i n g  t h e s e  l i n e s  P .  L e t  A be a  p o i n t  i n  P

s u c h  t h a t  A /  0 .  Then  on  A t h e r e  i s  i n  P a p e n c i l  o f  l i n e s

%
c o n t a i n i n g  e v e r y  p o i n t  o f  P.  I n  t h e  p e n c i l  o f  l i n e s  o f  D on 0  

r e p l a c e  t h e  l i n e s  t h a t  a r e  i n  P by t h e  p r e v i o u s l y  n o t e d  p l a n e  p e n c i l

on A. The r e s u l t i n g  s e t  o f  l i n e s  fo rm s  a b l o c k i n g  c o a l i t i o n  o f

* n 2 n ( m - l ) n  ,r = l + p + p + . . . + p  i n  t h e  d u a l .  S in c e  we have

| b | = r*  = k ,  D h a s  no e q u i t a b l e  main  s i m p l e  s o l u t i o n .

The method o f  c o n s t r u c t i o n  o f  t h e  b l o c k i n g  c o a l i t i o n  i n  Theorem 1

e n a b l e s  us  t o  s o l v e  t h e  p ro b le m  o f  d e t e r m i n i n g  t h e  minimum number

o f  e l e m e n t s  i n  a  b l o c k i n g  c o a l i t i o n  i n  t h e  d u a l  o f  a S t e i n e r  t r i p l e

s y s t e m ,  a t  l e a s t  t o  t h e  e x t e n t  o f  e x p r e s s i n g  a minimum b l o c k i n g

c o a l i t i o n  i n  t e r m s  o f  t h e  maximum number  o f  m u t u a l l y  d i s j o i n t  b l o c k s

i n  t h e  s y s t e m .  F o r  any g i v e n  STS a minimum b l o c k i n g  c o a l i t i o n

I n  t h e  d u a l  can  e a s i l y  be found  by a p p l i c a t i o n  o f  t h e  f o l l o w i n g  th e o r e m .

*
Theorem 3 .  L e t  D d e n o t e  a n o n - t r i v i a l  S t e i n e r  t r i p l e  s y s t e m .

I n  t h e  s e t  o f  b l o c k s  f b , } i n  D l e t  M be t h e  l a r g e s t  s u b s e t
i  q

h a v i n g  t h e  p r o p e r t y  t h a t  t h e  members o f  M a r e  m u t u a l l y  d i s j o i n t
q

*
b l o c k s  o f  D and M c o n t a i n s  q members w he re  q i s  o d d .  L e t

q

f v } be  t h e  s u b s e t  o f  e l e m e n t s  o f  D c o n t a i n e d  i n  t h e  b l o c k s  o f
q

Mq. I n  t h e  d u a l  D l e t  be t h e  b l o c k i n g  c o a l i t i o n  c o n s i s t i n g  o f

t h e  members o f  M and  t h e  b l o c k s  o f  D d e t e r m i n e d  by a p a r t i t i o n
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o f  ^  f v  } i n t o  p a i r s .  Then B i s  a minimum b l o c k i n g  c o a l i t i o n  i n  
q Q

D.

P r o o f .  T h a t  B i s  a b l o c k i n g  c o a l i t i o n  i n  D f o l l o w s  f rom
  q

Theorem 1.  We now show t h a t  |B ^ |  i s  a  minimum. S uppose  t h e

c o n t r a r y .  Then  t h e r e  e x i s t s  a b l o c k i n g  c o a l i t i o n  B^ s u c h  t h a t

| b I < | b I .  L e t  f b ,  , b „ . . . , b  ) be t h e  l a r g e s t  m u t u a l l y  d i s j o i n t  
' x q 1 2  x

s u b s e t  o f  B and l e t  B 1 = z .  Then x ' x 1

(28)............. bx * ( V » 2....... b<' V l .......bzJ-
B b l o c k s ,  t h e r e f o r e ,  x

( 2 9 )  f v vJ  = [ b 1 U  b 2 U  . . .  U  bx U  bx + 1 - - *- *U b j ,

r i *
w here  f v  J  i s  t h e  s e t  o f  a l l  t h e  e l e m e n t s  o f  D . 

v*

S i n c e ,  i n  t h e  e x p r e s s i o n  f o r  f v v<1} a b o v e ,  t h e  f i r s t  x b l o c k s  

a r e  m u t u a l l y  d i s j o i n t  and s i n c e  t h e r e  a r e  n o t  x + 1 m u t u a l l y  d i s ­

j o i n t  b l o c k s  i n  B , i t  f o l l o w s  t h a t
x

(3 0 )  | ( b  U  b U  . . .  U  b ) n b | * l  f o r  j  ;> x.
1 A J  J +  1

In  c o m p u t in g  | b  | ,  t h e r e f o r e ,  any b , J  >  x ,  ad d s  a t  mos t  two new 
^  J

e l e m e n t s  t o  t h e  s e t  u n i o n .  Su p p o s e ,  now, t h a t  x i s  odd .  Then  z

I s  a t  l e a s t  so  l a r g e  a s  t o  s a t i s f y

( 3 1 )  v* = 3x + 2 ( z  -  x )

and (3 1 )  i m p l i e s  t h a t  z S (v  -  x ) / 2 .  But  by a s s u m p t i o n  z < | b^ | ; 

h e n c e

(3 2 )  (v*  -  x ) / 2  < q + (v* -  3 q ) / 2  = (v* -  q ) / 2 .

By ( 3 2 ) ,  x £ q .  T h i s  i s  i m p o s s i b l e  s i n c e  q I s  t h e  l a r g e s t  od d -

numbered m u t u a l l y  d i s j o i n t  s u b s e t  o f  t h e  s e t  o f  b l o c k s  i n  D*.

Suppose  x i s  e v e n .  Then a t  l e a s t  one b l o c k ,  say  b  , f o r  some
J

j  > x ,  adds  o n l y  one  new e l e m e n t  t o  t h e  s e t  u n i o n  so t h a t  z i s  a t
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l e a s t  l a r g e  en o u g h  t o  s a t i s f y

( 3 3 )  v* = 3x + 2 (z  -  1)  -  x )  + 1,

w h ich  i m p l i e s  t h a t  z 2  ( v * -  (x  -  l ) ) / 2 .  But  z < |B | ; h e n c e

( 3 4 )  (v*  -  (x -  1 ) ) / 2  <  (v*  -  q ) / 2 f

w h ich  i m p l i e s  t h a t  x -  1 > q .  However ,  any  s u b s e t  o f  a s e t  o f

m u t u a l l y  d i s j o i n t  b l o c k s  i s  a s e t  o f  m u t u a l l y  d i s j o i n t  b l o c k s .

S i n c e  x i s  e v e n ,  any (x  -  1 ) - s u b s e t  o f  t h e  x m u t u a l l y  d i s j o i n t

b l o c k s  o f  B w i l l  be an o d d -n u m b e re d  s e t  o f  m u t u a l l y  d i s j o i n t  b l o c k s  
x

i n  D*. The i n e q u a l i t y  x -  1 > q ,  t h e r e f o r e ,  c o n t r a d i c t s  t h e  

a s s u m p t i o n  t h a t  i s  t h e  l a r g e s t  o d d -n u m b e re d  s e t  o f  m u t u a l l y  d i s ­

j o i n t  b l o c k s  i n  D . Hence | |  i s  a minimum.

6 .  EXAMPLES

We c o n c l u d e  t h i s  d i s c u s s i o n  o f  b l o c k  d e s i g n  games by p r e s e n t i n g  

a number o f  e x a m p le s  i l l u s t r a t i n g  t h e  p r e c e d i n g  r e s u l t s .

*
Example 1 .  The d u a l  o f  a K irkman t r i p l e  s y s t e m  o f  o r d e r  v = 6 t  + 3 

h a s  a minimum b l o c k i n g  c o a l i t i o n  o f  2 t  + 1 members .  By d e f i n i t i o n ,  

a  K irkman t r i p l e  s y s t e m  o f  o r d e r  6 t  + 3 i s  a S t e i n e r  t r i p l e  s y s t e m  

w i t h  t h e  a d d i t i o n a l  s t i p u l a t i o n  t h a t  t h e  s e t  o f  b* = ( 2 t  + l ) ( 3 t  + 1)

t r i p l e s  be p a r t i t i o n e d  i n t o  3 t  + 1 c o m p o n e n t s ,  e a c h  o f  w h ich  i s  a

( 2 t  + l ) - s u b s e t  o f  t r i p l e s  w i t h  e a c h  e l e m e n t  o f  t h e  t r i p l e  s y s t e m  

a p p e a r i n g  e x a c t l y  once  i n  a com ponent  [ 2 2 .  p .  101 ] .  Each  com ponent  

i s  t h u s  a s e t  o f  2t  + 1 m u t u a l l y  d i s j o i n t  b l o c k s  and C o r o l l a r y  5 

a p p l i e s .

Example 2.  The  "m ethod  o f  s y m m e t r i c a l l y  r e p e a t e d  d i f f e r e n c e s , "  due

t o  Bose [ 4 ], f o r  t h e  c o n s t r u c t i o n  o f  a  BIBD y i e l d s ,  when a p p l i e d  t o

* + * a a a
d e s i g n s  w i t h  v = (k  -  l ) k  t  + k and X = 1, k t  + 1 t r a n s i t i v e

c o n s t i t u e n t s  ( w i t h  r e s p e c t  t o  b l o c k s )  o f  (k*  -  l ) t  + 1 b l o c k s  e a c h ,
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and  h a s  an  au to m o rp h i s m  o f  o r d e r  (k  -  l ) t  + 1; and one  o f  t h e

t r a n s i t i v e  c o n s t i t u e n t s  c o n s i s t s  o f  a s e t  o f  (k* -  l ) t  + 1 m u t u a l l y

d i s j o i n t  b l o c k s  t h a t  c o n s t i t u t e  a minimum b l o c k i n g  c o a l i t i o n  I n  t h e  

d u a l .  F o r  e x a m p le ,  a  S t e i n e r  t r i p l e  s y s t e m  on 15 l e t t e r s  c a n  be  c o n ­

s t r u c t e d  by a p p l y i n g  t h e  t r a n s f o r m a t i o n

T = (1 2 3 4 5 ) ( 6  7 8 9 1 0 ) ( 1 1  12 13 14 15) 

t<- t h e  b a s i s  b l o c k s :

B 1 = ( 1 , 4 , 1 0 ) ,  B6 = ( 2 , 3 , 1 0 ) ,  Bn  = ( 6 , 9 , 1 5 ) ,

B16 = <7 ’ 8 ’ 15>’ B21 = ( 1 1 , 1 4 , 5 ) ,  B26 = ( 1 2 , 1 3 , 5 ) ,

B31 = <5 >1 0 *1 5 )-

The l a s t  f i v e  b l o c k s ;  ( 5 , 1 0 , 1 5 ) ,  ( 1 , 6 , 1 1 ) ,  ( 2 , 7 , 1 2 ) ,  ( 3 , 8 , 1 3 ) ,  and 

( 4 , 9 , 1 4 ) ,  w h ich  a r e  b a s e d  on  B _ . , a r e  a  s e t  o f  f i v e  m u t u a l l y  d i s -J  1

J o i n t  b l o c k s  ( 9 , p .  1 1 7 ] ,

Example 3 .  T h e r e  i s  a n o t h e r  c o n s t r u c t i o n  due t o  Bose [ 4 ]  f o r  BIBD

a a a , ♦ *
w i t h  (k -  l ) k  t  + k e l e m e n t s  and X = 1 ,  w h e r e  t h e  k t  non-

*
z e r o  e l e m e n t s  o f  a f i n i t e  f i e l d  w i t h  k t  + 1 e l e m e n t s  a r e  u s e d

a a
k -  1 t i m e s  t o  o b t a i n  (k  -  l ) t  b a s i s  b l o c k s  t o  w h ich  i s  added  a

a
s i n g l e  b a s i s  b l o c k  c o n t a i n i n g  an  e l e m e n t  and  k -  1 r e p l i c a t i o n s

o f  t h e  z e r o  e l e m e n t  o f  t h e  f i e l d  i n  t h e  form

a (v *  -  l ) / ( k *  -  1 ) ,  

a
w here  s =  1 , 2 , . . . , k  -  1,  so  t h a t  when t h e  t r a n s f o r m a t i o n

a a
T = (1 2 . . . m ) ( m  + 1 . . . 2 m ) ( 2 m  + 1 . . . 3 m )  . . .  ( ( k  -  2 ) m . . . v  -  1 ) ,  w here

m = (v* -  l ) / ( k  -  1 ) ,  i s  a p p l i e d  t o  t h e  (k  -  l ) t  + 1 b a s i s  b l o c k s ,

e a c h  e l e m e n t  a p p e a r s  o n c e  w i t h  e v e r y  o t h e r  e l e m e n t  and  e a c h  e l e m e n t  

a
o c c u r s  k t  + 1 t i m e s  i n  a l l .  H e re  t h e  b a s i s  b l o c k s  a r e  m u t u a l l y  d i s ­

j o i n t  and  form i n  t h e  d u a l  a  minimum b l o c k i n g  c o a l i t i o n  a s  n o t e d  i n  

Theorem 1,  C o r o l l a r y  5 .
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*  *  *  *  *
F o r  e x a m p le ,  when v = 40 ,  b = 130,  r  = 13 ,  k = 4,  A = 1 ,

t h e  t e n  b a s i s  b l o c k s  a r e :

B1 =
( 1 , 1 2 , 1 8 , 2 1 ) , B14 =

( 4 , 9 , 2 0 , 1 9 ) ,

B27 = ( 3 , 1 0 , 1 5 , 2 4 ) , w o
II ( 1 4 , 2 5 , 3 1 , 3 4 ) ,

B53 =
( 1 7 , 2 2 , 3 3 , 3 2 ) , B66 =

( 1 6 , 2 3 , 2 8 , 3 7 ) ,

B79
( 2 7 , 3 8 , 5 , 8 ) , B92  = ( 3 0 , 3 5 , 7 , 6 ) ,

*105
( 2 9 , 3 6 , 2 , 1 1 ) , B118 (“ , 1 3 , 2 6 , 3 9 ) ,

and  t h e  r e m a i n i n g  b l o c k s  a r e  o b t a i n e d  by a p p l y i n g

T = (1 2 3 . . . 1 3 ) ( 1 4  1 5 . . . 2 6 ) ( 2 7  2 8 . . . 3 9 )

[ 7 , p .  89 J. The t e n  b a s i s  b l o c k s ,  when t a k e n  a s  p l a y e r s  i n  t h e  d u a l ,  

form a minimum b l o c k i n g  c o a l i t i o n ,

Eaample  4.  I t  i s  w e l l  known t h a t  a  n o n - s y m m e t r i c  BIBD w i t h

*  *  *
r  ~ l(mod k ) and A = 1  can  be c o n s t r u c t e d  w h e n e v e r  an a p p r o p r i a t e

* a
d i f f e r e n c e  s e t  c an  be fo u n d .  F o r  e x a m p le ,  t a k e  v = 21, b = 3 ( 2 1 )+  7,

*  *  *
k = 3, r  = 10, A = 1 .  An a p p r o p r i a t e  d i f f e r e n c e  s e t  i s  g i v e n  by

S = ( 0 , 3 , 9 | 0 , 1 , 5 | 0 , 2 , 1 0 | 0 , 7 , 1 4 ) ,  

so t h a t  t h e  d e s i g n  i s  c o n s t r u c t e d  by t a k i n g  a s  b l o c k s :

( x , x  + 3,  x + 9 ) ,  ( x , x  + 1,  x + 5 ) ,  ( x , x  + 2, x + 1 0 ) ,  ( x , x  + 7,  x + 1 4 ) ,  

w he re  x = 0 , 1 , 2 , . . . , 2 0  and sums a r e  t a k e n  (mod 2 1 ) .  The l a s t  

b a s i s  b l o c k  p r o v i d e s  a s e t  o f  s e v e n  m u t u a l l y  d i s j o i n t  b l o c k s  w h ic h  

fo rm a minimum b l o c k i n g  c o a l i t i o n  i n  t h e  d u a l .

A number o f  n o n - i s o m o r p h i c  S t e i n e r  t r i p l e  s y s t e m s  on  15 l e t t e r s  

may be c o n s t r u c t e d  by t h i s  m e th o d .  We g i v e  two e x a m p le s :

S T S ^ : ( x , x  + l , x  + 4 ) ,  ( x , x  + 2 , x  + 8 ) ,  ( x , x  + 5 , x  + 1 0 ) ;

S T S _ : ( x , x  + l , x  + 4 ) ,  ( x , x  + 6 , x  + 1 3 ) ,  ( x , x  + 5 , x  + 1 0 ) ;
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We n o t e  t h a t  STSj^ above  I s  P G ( 3 , 2 )  [ 2 4 , p .  2 0 3 ] .  The d u a l  o f  

a
any BIBD w i t h  X = 1  and c o n s t r u c t e d  by t h i s  method  h a s  a  m i n i -

a a
mum b l o c k i n g  c o a l i t i o n  o f  v / k  members and h e n c e  no e q u i t a b l e  

ma in  s i m p l e  s o l u t i o n  s i n c e

a , a a
v / k  < r  = k .

Example  5 .  We p r e s e n t ,  f i n a l l y ,  an e x am p le  o f  a b l o c k  d e s i g n  t h a t

a a a a
h a s  l e s s  t h a n  v / k  m u t u a l l y  d i s j o i n t  b l o c k s .  L e t  v = 1 5 , b = 3 5 ,

k* = 3,  r*  = 7,  X* = 1,  and l e t  t h e  f i r s t  15 l e t t e r s  o f  t h e  a l p h a b e t  

r e p r e s e n t  t h e  e l e m e n t s .  Then t h e  b l o c k s  o f  a BIBD w i t h  t h e s e  p a r a ­

m e t e r s  may be r e p r e s e n t e d  by 

B1 = ABC,

B2 -  ADE, ii00
CQ BDF, B14 = CDG,

B3 = AFG, B9 = BEG, B15 “ CHK,

B4 = AH I , B10 = BHJ, B16 = C I J , B20 DHL, b 24 = EPH,

B5
= AJK, B11 =

BIK, B17 =
CLO

B21 = DIN, B ^  = EJM,

B6 = ALM, B12 = BLN, B18 = CNE, B22 = DKM, B26 = EKO,

B7 = ANO, B13 = BMO
B19

CFM,
B23

DJO, B27 = * 1 U

B28 = F O I , B30 = FKN, B32
= GHO,

B34
= GJN,

8 29 FJL, B31 = HMN,
B33 = GIM, B35 = GKL.

T h i s  d e s i g n  d o e s  n o t  c o n t a i n  a s e t  o f  f i v e  m u t u a l l y  d i s j o i n t  

b l o c k s .  However ,  by Lemma 1 any b l o c k  b e l o n g s  t o  a s e t  o f  t h r e e  

m u t u a l l y  d i s j o i n t  b l o c k s .  C o n s i d e r  B , . The  b l o c k s  B ,B ,B„„
1 1 £ \J  d o

form a s e t  o f  t h r e e  m u t u a l l y  d i s j o i n t  b l o c k s  c o n t a i n i n g  e l e m e n t s  

A, B, C, D, H, L, F,  0 ,  I .  By p a r t i t i o n i n g  t h e  r e m a i n i n g  e l e m e n t s  

i n t o  p a i r s ,  we o b t a i n  EG, JK, MN, w h ich  d e t e r m i n e  B ,B ,B r e -
if 0 *31

s p e c t i v e l y .  A b l o c k i n g  c o a l i t i o n  o f  k -  1 e l e m e n t s  i n  t h e  d u a l  i s



g i v e n  by ,B ,B ,B . T h i s  i s  a  minimum b l o c k i n g  c o -
1 20 2o 9 5 31

a l l t i o n  s i n c e  t h e  l a r g e s t  o d d - n u m b e r e d  s e t  o f  m u t u a l l y  d i s j o i n t  

b l o c k s  i n  D* c o n t a i n s  t h r e e  b l o c k s .

The d e s i g n  u s e d  i n  t h i s  e x a m p le  was c o n s t r u c t e d  by t r i a l  and  

e r r o r .  We n o t e ,  h o w e v e r ,  t h a t  a l l  t h e  80  n o n - i s o m o r p h i c  t r i p l e  

s y s t e m s  on  15 l e t t e r s  h a v e  b e e n  e n u m e r a t e d  by C o l e ,  W h i t e ,  and  

Cummings [5 J and  I n d e p e n d e n t l y  by  H a l l  and S w i f t  [lO ]. No  a t t e m p t  

h a s  b e e n  made t o  c l a s s i f y  e i t h e r  t h e  p r e c e d i n g  d e s i g n  o r  t h o s e  

o f  E x a m p le s  2 and  4 i n  t h e  c o n t e x t  o f  t h e s e  two r e f e r e n c e s .
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CHAPTER I I .  BLOCK DESIGNS AND GRAPH THEORY*

1. INTRODUCTION

The p u r p o s e  o f  t h e  f o l l o w i n g  d i s c u s s i o n  i s  t o  d e m o n s t r a t e  

t h e  r e l a t i o n  o f  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  t o  c e r t a i n  c o n ­

c e p t s  o f  g r a p h  t h e o r y .  The s e t  o f  b l o c k s  o f  a b a l a n c e d  i n c o m p l e t e  

b l o c k  d e s i g n  w i t h  X = 1 i s  shown t o  be r e l a t e d  t o  a maximum i n ­

t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  a s u i t a b l y  d e f i n e d  g r a p h .  The 

d e v e l o p m e n t  y i e l d s  a l s o  an u p p e r  bound f o r  t h e  i n t e r n a l  s t a b i l i t y  

number o f  a l a r g e  s u b c l a s s  o f  a c l a s s  o f  g r a p h s  w h ich  we c a l l  

" g r a p h s  on b i n o m i a l  c o e f f i c i e n t s . "  In  a d i f f e r e n t  b u t  r e l a t e d  

c o n t e x t  e v e r y  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  X = 1 i s  

shown t o  be a s o l u t i o n  o f  a s u i t a b l y  d e f i n e d  i r r e f l e x i v e  r e l a t i o n .  

Some e x a m p le s  o f  r e l a t i v i z a t i o n s  and e x t e n s i o n s  o f  s o l u t i o n s  o f  

i r r e f l e x i v e  r e l a t i o n s  ( a s  d e v e l o p e d  by R i c h a r d s o n  [ l 8 - 2 0 ] ) a r e  

g e n e r a t e d  a s  a r e s u l t  o f  t h e  c o n c e p t s  d e r i v e d .

F o l l o w i n g  a s u g g e s t i o n  I m p l i e d  by B erge  [ 2 ]  we i n t r o d u c e  t h e

X

f  v \^ y p o s s i b l e  k - t u p l e s  w hich  c a n  be formed f rom  v e l e m e n t s  and 

h a v i n g  a s  a d j a c e n t  v e r t i c e s  t h o s e  p a i r s  o f  v e r t i c e s  w h ich  have  more

D e f i n i t i o n .  A g r a p h  on  t h e  b i n o m i a l  c o e f f i c i e n t w i t h  edge

p a r a m e t e r  X, w r i t t e n i s  a g r a p h  whose v e r t i c e s  a r e  t h e

♦ R e s e a r c h  on w h ich  t h i s  s e c t i o n  i s  b a s e d  s u p p o r t e d  by t h e  U .S .  
Army R e s e a r c h  O f f i c e - D u r h a m  u n d e r  C o n t r a c t  No. DA-31-124-ARO-D-366.



22

t h a n  X and l e s s  t h a n  k e l e m e n t s  I n  common.

O b v i o u s l y  t h e  d e f i n i t i o n  r e q u i r e s  k -  X > 1 and v >  k .

An I n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  any g r a p h  G i s  a  s e t  

o f  v e r t i c e s  no p a i r  o f  w h ich  a r e  a d j a c e n t .  A maximum i n t e r n a l l y  

s t a b l e  s e t  o f  v e r t i c e s  i s  an I n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  t h e  

number  o f  w h ich  i s  g r e a t e r  t h a n  o r  e q u a l  t o  t h e  number  o f  v e r t i c e s  

i n  any o t h e r  i n t e r n a l l y  s t a b l e  s e t .  A g r a p h  may h a v e  s e v e r a l  maximum 

i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s .  The number  o f  v e r t i c e s  i n  a 

maximum i n t e r n a l l y  s t a b l e  s e t  i s  t h e  i n t e r n a l  s t a b i l i t y  number o f  G 

and i s  s y m b o l i z e d  by o (G )  Cc f * B e r g e  [ 2 , p . 4 7 2 ] ^

B e rg e  [ 2 ] i n d i c a t e s  t h a t  any maximim i n t e r n a l l y  s t a b l e  s e t  o f

( v ,  b ,  r ,  k ,  X) = ( 1 5 , 3 5 , 7 , 3 , 1 ) .  We n o t e ,  how eve r ,  t h a t  t h e r e  a r e  

some b i n o m i a l  c o e f f i c i e n t s  f o r  w h ich  maximum i n t e r n a l l y  s t a b l e  s e t s  

o f  v e r t i c e s  a r e  n o t  BIBD a t  a l l  o r ,  i f  t h e y  a r e  BIBD, t h e  p a r a ­

m e t e r  v o f  t h e  g r a p h  i s  n o t  t h e  same a s  t h e  v o f  t h e  b l o c k  d e s i g n .  

The  o b s e r v a t i o n  we h a v e  J u s t  made c a n  be s e e n  more c l e a r l y  f rom t h e  

f o l l o w i n g  r e m a r k s .

v i d e d  k -  X > 1 and v > k .  However ,  f o r  a BIBD i t  i s  n e c e s s a r y  

t h a t  t h e  p a r a m e t e r s  s a t i s f y

v e r t i c e s  o f  t h e  p a r t i c u l a r  g r a p h i s  a BIBD w i t h

To b e g i n ,  we c a n  d e f i n e f o r  any i n t e g e r s  v ,  k ,  X p r o -

f l ) v r  = bk ,

( 2) r ( k  -  1)  = X(v -  1)
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T h e r e f o r e ,  w h i l e  g ( ^ )  e x i s t s  f o r  any v , k ,X  w i t h  v > k ,  k-X > 1
X

and a l t h o u g h  s u c h  g r a p h s  h a v e  maximum i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i ­

c e s ,  t h e s e  w i l l  c e r t a i n l y  n o t  be BIBD h a v i n g  t h e  v o f  0 ( 3 )  ®s\ k / x

a p a r a m e t e r  f o r  t h o s e  v a l u e s  o f  v , k ,X  f o r  w h ich  We c a n n o t  f i n d  

I n t e g e r s  b and  r  so  a s  t o  s a t i s f y  E q s , ( 1 )  and ( 2 ) .  M o reo v e r ,  

t h e r e  a r e  q u i n t u p l e s  o f  p a r a m e t e r s  v , b , r , k , X  w h ich  s a t i s f y  E Q s . ( l )  

and  ( 2 )  b u t  f o r  w h ic h  a BIBD d o e s  n o t  e x i s t .  A n o t a b l e  e x a m p le  

i s  t h e  c a s e

( v , b , r , k , X) = ^ 3 6 , 4 2 , 7 , 6 , 1 ) .

A BIBD w i t h  t h e s e  p a r a m e t e r s ,  i f  i t  e x i s t e d ,  wou ld  be a f i n i t e  

a f f i n e  p l a n e  w i t h  36 p o i n t s  and 42 l i n e s .  Such a p l a n e  h a s  l o n g  been  

known n o t  t o  e x i s t .  We s e e k ,  t h e r e f o r e ,  t o  e s t a b l i s h  a c h a r a c t e r i z a t i o n  

o f  t h o s e  maximum i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s  w h ic h  a r e  b a l a n c e d  

i n c o m p l e t e  b l o c k  d e s i g n s .

2. THE INTERNAL STABILITY NUMBER FOR

Our f i r s t  t h e o r e m  i n t r o d u c e s  an u p p e r  bound f o r  t h e  i n t e r n a l  

s t a b i l i t y  number  o f  a g r a p h  on a b i n o m i a l  c o e f f i c i e n t  and h a v i n g  edge  

p a r a m e t e r  X = 1.

Theorem 4.  The i n t e r n a l  s t a b i l i t y  number  o f  a g r a p h  G on t h e  b i -

/  v''n o m i a l  c o e f f i c i e n t  w i t h  e d g e  p a r a m e t e r  X = 1 i s  l e s s  t h a n  o r

e q u a l  t o  Xv(v -  l ) / k ( k  -  1 ) .  ( I n  s y m b o ls ,  {y(G(^J ) = Xv(v -  l ) / k ( k - l ) . )
k / X=l

X = 1



24

P r o o f .  L e t  S be an i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f

Gl
o . x = i

so  t h a t

(3 )

L e t  x be an e l e m e n t  a p p e a r i n g  i n  some v e r t e x  s x c a n  a p p e a r

o n l y  o n c e  i n  a g i v e n  v e r t e x  s i n c e  by d e f i n i t i o n  a k - t u p l e  c o n t a i n s  

k d i s t i n c t  e l e m e n t s .  Any k - t u p l e  i n  w h ich  x a p p e a r s  c o n t a i n s  

k -  1 d i s t i n c t  e l e m e n t s  w h ich  a r e  a l s o  d i s t i n c t  f rom x.  M oreove r ,  

t h e  e l e m e n t  x c a n n o t  a p p e a r  w i t h  t h e  same e l e m e n t  i n  more t h a n  one

j a c e n t  s i n c e  t h e y  have  more t h a n  X = 1 e l e m e n t s  i n  common, t h u s  

v i o l a t i n g  t h e  a s s u m p t i o n  t h a t  S i s  i n t e r n a l l y  s t a b l e .  Each o f  t h e  

v e l e m e n t s ,  t h e n ,  c a n  a p p e a r  i n  a t  most  X(v -  l ) / ( k  -  1 ) ,  f o r  

X = 1, b l o c k s  i n  an i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s .  The p r o d u c t  

o f  t h e  number  o f  e l e m e n t s  by t h e  number o f  t i m e s  e a c h  e l e m e n t  may 

a p p e a r  i n  S w i t h o u t  v i o l a t i n g  t h e  i n t e r n a l  s t a b i l i t y  o f  S, t h a t  i s ,  

Xv(v -  l ) / ( k  -  1 ) ,  c o u n t s  e a c h  p o s s i b l e  a p p e a r a n c e  o f  t h e  same 

e l e m e n t  k t i m e s .  T h e r e f o r e ,  t h e  t o t a l  number o f  k - t u p l e s  w h ic h  can  

accommodate a maximum number o f  a p p e a r a n c e s  o f  e a c h  e l e m e n t  and  s t i l l  

form an  i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  i s  Xv(v -  l ) / k ( k  -  1 ) ,  

whe r e  X = 1.

t e m a l l y  s t a b l e  s e t  o f  v e r t i c e s  i s  a b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  

w i t h  t h e  g i v e n  v , k ,X  a s  p a r a m e t e r s .

k - t u p l e ,  f o r  s u p p o s e  t h e  v e r t i c e s  s  , and  a , i  4  j ,  e a
• J

t h e  p a i r  o f  e l e m e n t s  x , y  w i t h  x ^ y .  Then s^ and s^

e a c h  c o n t a i n

a r e  ad -

Theorem 5 .  I f
X=1

) = Xv(v -  l ) / k ( k  -  1) t h e n  a maximum i n -
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P r o o f . From t h e  p r o o f  o f  Theorem  1 i t  f o l l o w s  t h a t ,  i f

N X=1

t h e n  i n  a  maximum i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  e a c h  o f  t h e  v 

e l e m e n t s  a p p e a r s  e x a c t l y  ( v  -  l ) / ( k  -  1 )  t i m e s .  T h i s  means  t h a t  

e a c h  o f  t h e  v e l e m e n t s  a p p e a r s  o n c e  w i t h  e v e r y  o t h e r  e l e m e n t  so  

t h a t  a  maximum i n t e r n a l l y  s t a b l e  s e t  w i t h  Xv(v -  l ) / k ( k  -  1)  

members ,  X = I ,  f o r m s  a BIBD w i t h  p a r a m e t e r s

( 4 )  ( v , b , r , k , X ) = ( v . o f G ) ,  (v  -  l ) / ( k  -  1 ) ,  k ,  1 ) .

Theorem 6 . A b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  X = 1 and

p a r a m e t e r s  v , k  i s  a maximum i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f

C L -

P r o o f .  I f  D i s  a BIBD w i t h  v , k  g i v e n  and X=l,  we c a n

assume v > k and k -  X >  1; o t h e r w i s e  t h e  d e s i g n  i s  t r i v i a l .

Then from Eqs. (1 )  and (2 )

( 5 )  r  = X(v -  1 ) / (k -  1)  and b = Xv(v -  l ) / k ( k  -  1 ) ,  X = 1.

M o r e o v e r ,  e a c h  p a i r  o f  b l o c k s  h a v e  a t  mos t  one  e l e m e n t  i n  common s i n c e ,  

f rom t h e  d e f i n i t i o n  o f  BIBD when X = 1,  e a c h  p a i r  o f  d i s t i n c t  

e l e m e n t s  d e t e r m i n e s  a u n i q u e  b l o c k .  T h e r e f o r e ,  t h e  s e t  o f  b l o c k s  i s

an i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  g ( ^ )  . T h i s  s e t  i s  a max-
X=1

imum s i n c e  t h e  num ber  o f  b l o c k s  i s  e q u a l  t o  t h e  u p p e r  bound  e s t a b l i s h e d  

i n  Theorem  4 f o r  t h e  i n t e r n a l  s t a b i l i t y  number o f  a g r a p h  on  a  b i ­

n o m i a l  c o e f f i c i e n t  and h a v i n g  X = 1.
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3.  I NOEQUALITIES AMONG INTERNAL STABILITY NUMBERS

We c o n s i d e r  now f a m i l i e s  o f  g r a p h s  on b i n o m i a l  c o e f f i c i e n t s .

Two g r a p h s  w h ic h  h a v e  t h e  same k and t h e  same X w i l l  be  c o n ­

s i d e r e d  t o  be members o f  t h e  same f a m i l y .  We e s t a b l i s h  some i n ­

e q u a l i t i e s  f o r  t h e  i n t e r n a l  s t a b i l i t y  num bers  o f  d i s t i n c t  g r a p h s  o f  

t h e  same f a m i l y  o f  g r a p h s  on  b i n o m i a l  c o e f f i c i e n t s .

Theorem 7 .  I f  v ,  > v n t h e n  f o r  a f i x e d  k and a f i x e d  X
'  *■ X A

P r o o f .  The r e s u l t  f o l l o w s  i m m e d i a t e l y  f rom t h e  o b s e r v a t i o n  t h a t ,

i f  X and k a r e  f i x e d  and v > v , t h e  k - t u p l e s  w h ic h  fo rm  a

/ V 2 \
maximum i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  01 ) fo rm  an i n -\ k  / x

y

t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  G ^ * )  *
A

Theorem 8 ,  I f  v,  -  v rt = n ( k  -  1)  f o r  some i n t e g e r  n > 0 t h e n1 i  &

v v
“ ( o f . 1 )  ) s  a < o ( „ 2 ) )  + n .

Vk X=1 Vk '*=1

P r o o f ,  L e t  M r e p r e s e n t  a maximum i n t e r n a l l y  s t a b l e  s e t  o f—---------  a
,v

v e r t i c e s  o f  g( .  ^J  . Then  M i s  an i n t e r n a l l y  s t a b l e  s e t  o f
Vk \ = i
( v .

v e r t i c e s  o f  G ^  J w h ich  u s e s  a t  mos t  o n l y  v^ -  n ( k  -  1)  o f
X = 1

t h e  v^ e l e m e n t s  f rom w h ich  t h e  k - t u p l e s  f o r m i n g  t h e  v e r t i c e s  o f
y

GL * ) a r e  c h o s e n .  To t h e  s e t  M we add n a d d i t i o n a l  k - t u p l e s  
Vk \ = i

i n  t h e  f o l l o w i n g  manner :  P a r t i t i o n  n ( k  -  1)  e l e m e n t s  w h i c h  a r e  i n
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t h e  s e t  o f  v e l e m e n t s  and n o t  I n  t h e  s e t  o f  v e l e m e n t s  I n t o  
1 •

n m u t u a l l y  d i s j o i n t  s u b s e t s  o f  k -  1 e l e m e n t s  e a c h .  To e a c h  o f

t h e s e  (k -  l ) - t u p l e s  add  an e l e m e n t  w h ic h  a p p e a r s  i n  M t o  y i e l da

n k - t u p l e s  w h i c h ,  when com bined  w i t h  t h e  k - t u p l e s  i n  If , fo rm  an^ & 

i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  g (.  M  . E i t h e r  t h i s  s e t
\=1

f 2)w hich  c o n t a i n s  o,(G \k  / .  ) + n v e r t i c e s  o r  some l a r g e r  s e t  i s  aA.^1

maximum.

The p r e c e d i n g  t h e o r e m s  h ave  some i n t e r e s t i n g  a p p l i c a t i o n s .  

Example 1 . S i n c e  t h e r e  i s  no BIBD f o r  v = 3 6 ,  k = 6,  X = l ,  we 

know f rom T heo re m s  4 and 5 t h a t  c y (G ^ g ^  ) < 42 .  From t h e  e x i s t ­

e n c e  o f  a p r o j e c t i v e  p l a n e  o f  o r d e r  5 we h ave  f rom Theorem 6 t h a t

1

i t  f o l l o w s  t h a t  ofGl ) -  32 .
1

a ( G ^ g ^  ) = 31 .  Hence f rom Theorem 8,  s i n c e  36 -  31 = 1 ( 6  -  1 ) ,

Example 2.  S i n c e  t h e  e x i s t e n c e  o f  a f i n i t e  a f f i n e  p l a n e  o f  o r d e r

10 i s  an u n s o l v e d  p r o b le m ,  orCG^^g^  ) i s  unknown. However ,  f rom

t h e  e x i s t e n c e  o f  a f i n i t e  p r o j e c t i v e  p l a n e  o f  o r d e r  9 ,  we know from 

Theorem 6 t h a t  ck <e(") > = s i .  > .  c a n  c o n c l u d e  from Theorem 8 t h a t

) -  9 2 - We Know a l s o  f rom Theorem 4 t h a t   ̂ ~ 110,
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4 .  BLOCK DESIGNS AS INTERNALLY STABLE SETS

From t h e  s e t  o f  k - t u p l e s  w h i c h  fo rm  t h e  v e r t i c e s  o f
Kk/X=l

we c a n  s e l e c t  an i n t e r n a l l y  s t a b l e  s e t  w h ich  u s e s  o n l y  u e l e m e n t s  

f o r  some u = v .  We I n q u i r e  w h ic h  s u c h  i n t e r n a l l y  s t a b l e  s e t s  a r e  

b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n s ,  we p r e s e n t  two t h e o r e m s  t h a t  a r e  

g e n e r a l i z a t i o n s  o f  t h e  p r e v i o u s  d e v e l o p m e n t .

We e s t a b l i s h  by d e f i n i t i o n  a s e t  o f  p a r a m e t e r s  f o r  I n t e r n a l l y  

s t a b l e  s e t s  o f  v e r t i c e s  o f  g r a p h s  on  b i n o m i a l  c o e f f i c i e n t s  and h a v i n g

X = 1 .  L e t  S be an  i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f  G
^  A=1

and  l e t  b r e p r e s e n t  t h e  number  o f  v e r t i c e s  i n  S. L e t  v. be
s i

t h e  number  o f  e l e m e n t s  w h ich  a p p e a r  r^ t i m e s  i n  S. I f  t h e  s e t  

u n i o n  o f  t h e  v e r t i c e s  b e l o n g i n g  t o  S c o n t a i n s  u d i s t i n c t  e l e m e n t s  

t h e n ,  o b v i o u s l y ,  E v = u .  S i n c e  t h e  u e l e m e n t s  i n  S a r e  a  s u b ­

s e t  o f  t h e  v e l e m e n t s  i n  t h e  v e r t i c e s  o f  g( ^ )  , t h e n  S i n -
A=1

t e m a l l y  s t a b l e  i n  G i m p l i e s  t h a t  S i s  an i n t e r n a l l y  s t a b l e  s e t

^ u \
o f  v e r t i c e s  o f  Gi ' ; b , t h e n ,  h a s  an u p p e r  bound e s t a b l i s h e d

v k / x = i  5

i n  Theorem 1 .  R e p r e s e n t  t h i s  u p p e r  bound by b so  t h a t

( 6 )  b 5 b = Xu(u -  l ) / k ( k  -  1 ) ,  X = 1.s

We c a l l  u , k , b  , r  , X = 1, t h e  p a r a m e t e r s  o f  t h e  i n t e r n a l l y  s t a b l e  s i

s e t  o f  v e r t i c e s  and we e s t a b l i s h  t h e  f o l l o w i n g  r e l a t i o n s .

Theorem 9 . I f  S i s  an i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f

g ( ^ )  t h e n  t h e  p a r a m e t e r s  o f  S s a t i s f y  r  (k -  1)  = A(u -  1 ) ,
Xk/x=i 1

X = 1,  and  £  v r  = b k I  bk .
i  i  s
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P r o o f .  S i n c e  X = 1 t h e  maximum number  o f  t i m e s  w h ic h  any e l e m e n t

c a n  a p p e a r  i n  S i s  (u  -  l ) / ( k  -  1 ) ,  o t h e r w i s e  two v e r t i c e s  o f  S 

w ou ld  h a v e  more  t h a n  X = 1 e l e m e n t s  i n  common, w h ic h  c o n t r a d i c t s  

t h e  a s s u m p t i o n  t h a t  S i s  i n t e r n a l l y  s t a b l e .  T h i s  means  t h a t

( 7 )  r t  5  X ( u  -  l ) / ( k  -  1 ) ,  X =  1.

The f i r s t  i n e q u a l i t y  s t a t e d  i n  t h e  t h e o r e m  now f o l l o w s  f rom ( 7 ) .

To p r o v e  t h e  s e c o n d  i n e q u a l i t y  we n o t e  t h a t  t h e  p r o d u c t

bk g i v e s  t h e  maximum number  o f  p o s s i b l e  e l e m e n t  a p p e a r e n c e s  s i n c e  

i t  c o u n t s  t h e  number o f  p l a c e s  t o  be f i l l e d  i n  f o r m i n g  an i n t e r n a l l y

s t a b l e  s e t  o f  v e r t i c e s  i n  w h ich  e a c h  e l e m e n t  a p p e a r s  a maximum number

o f  t i m e s  and w here  t h e r e  a r e  u e l e m e n t s  and X = 1 .  E v^ c o u n t s

t h e  t o t a l  number  o f  a c t u a l  e l e m e n t  a p p e a r a n c e s  i n  S so t h a t

( 8 )  E v r  = b k 5 bk .
i t s

Theorem 10.  I f  S, an i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s  o f

G [ V ] , h a s  u f u  -  l ) / k ( k  -  1) v e r t i c e s  and  c o n t a i n s  u d i s t i n c t  
W A=1

e l e m e n t s ,  t h e n  S i s  a b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n  w i t h  p a r a m e t e r s

( v , b , r , k , X )  = ( u , u ( u  -  l ) / k ( k  -  1 ) ,  (u  -  l ) / ( k  -  l ) * k , l ) .

P r o o f .  As n o t e d  ab o v e ,  S i s  i n t e r n a l l y  s t a b l e  i n  g ( ) /  and ,
X=1

t h e r e f o r e ,  TheoremlO  f o l l o w s  from Theorem 5 .

5 .  BLOCK DESIGNS AS SOLUTIONS OF IRREFLEXIVE RELATIONS

We h a v e  s o u g h t  i n  t h e  f o r e g o i n g  d e v e l o p m e n t  t o  c h a r a c t e r i z e  from 

among i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s  o f  g r a p h s  on b i n o m i a l  c o e f f i ­

c i e n t s  t h o s e  9 e t s  w h ic h  a r e  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s .  The
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c o n c e p t s  i n v o l v e d  and e v e n  t h e  p o s s i b i l i t y  o f  such  a c h a r a c t e r i z a t i o n  

i s  r e l a t e d  t o  a s tu d y  made i n  a  d i f f e r e n t  t e r m i n o l o g y  and i n  a v a s t l y  

more g e n e r a l  c o n t e x t  by R i c h a r d s o n  [ 1 8 - 2 0 ]  i n  an i n v e s t i g a t i o n  o f  s o l ­

u t i o n s  o f  I r r e f l e x i v e  r e l a t i o n s ,  (S ee  a l s o  H a r a r y  and  R i c h a r d s o n  [ 1 3 ] ) .  

We p r o c e e d  now t o  show t h a t  e v e r y  b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n  

w i t h  X = 1 i s  a s o l u t i o n  o f  t h e  i r r e f l e x i v e  r e l a t i o n  e s t a b l i s h e d  by 

e a c h  o f  s e v e r a l  s u i t a b l y  d e f i n e d  g r a p h s  f rom t h e  same f a m i l y  o f  g r a p h s .

We n o t e ,  f i r s t  o f  a l l ,  t h a t  t h e  r e l a t i o n  o f  a d j a c e n c y  o f  v e r t i c e s

t h i s  r e l a t i o n  by >  and x y -  y means " x  and y a r e  a d j a c e n t . ”

i f  x and y have  more t h a n  X and l e s s  t h a n  k e l e m e n t s  i n  

common. The  r e l a t i o n  > i s  i r r e f l e x i v e  s i n c e  x ^  x w ou ld  im ply  

t h a t  t h e  k - t u p l e  d e n o t e d  by x h a s  l e s s  t h a n  k e l e m e n t s  i n  common 

w i t h  I t s e l f ,  w h ich  i s  i m p o s s i b l e .  The mos t  g e n e r a l  i r r e f l e x i v e  r e ­

l a t i o n s  make no a s s u m p t i o n  c o n c e r n i n g  e i t h e r  symmetry o r  t r a n s i t i v i t y .  

However,  t h e  r e l a t i o n  we h ave  c a l l e d  " a d j a c e n c y "  i m p l i e s  symmetry  and 

i s  i n d i f f e r e n t  t o  t r a n s i t i v i t y .  The  i m p l i c a t i o n  o f  symmetry may be 

a r r i v e d  a t  i n  two w ays .  We may c o n s i d e r  t h e  g r a p h  t o  be u n o r i e n t e d .

I n  t h i s  c a s e ,  s i n c e  no o r i e n t a t i o n  h a s  b e e n  a s s i g n e d ,  x ^  y i m p l i e s  

y y  x .  We may, on  t h e  o t h e r  h a n d ,  c o n s i d e r  t h e  g r a p h  t o  be a sy m m e tr ic  

d i r e c t e d  g r a p h ,  w h ich  means t h a t  i f  y i s  a d j a c e n t  from x t h e n  x 

i s  a d j a c e n t  f rom y and ,  a g a i n ,  x >  y i m p l i e s  y >• x .  The f a c t  

t h a t  t h e  i r r e f l e x i v e  r e l a t i o n  we a r e  c o n s i d e r i n g  h e r e  i s  s y m m e t r i c  i s

i s  a b i n a r y  r e l a t i o n  on  t h e  domain o f  v e r t i c e s  o f We s y m b o l i z e

I f  x and y a r e  v e r t i c e s  o f  some
X

t h e n  x >  y i f  and o n l y



n o t  c a t a s t r o p h i c .  A g r e a t  d e a l  o f  work h a s  b e e n  done  w i t h  i r r e f l e x i v e  

r e l a t i o n s  i n  w h ic h  asymm etry  i s  i m p l i e d  a s ,  f o r  e x a m p le ,  i n  t h e  so -  

c a l l e d  a n c e s t o r  r e l a t i o n s .  A n a l o g o u s l y  t h e  p r e s e n c e  o f  symmetry d o e s  

n o t  p r e c l u d e  an i n v e s t i g a t i o n  o f  t h e  n a t u r e  o f  s o l u t i o n s .

A s o l u t i o n  o f  an i r r e f l e x i v e  r e l a t i o n  i s  d e f i n e d  a s  f o l l o w s :

L e t  P be t h e  s e t  o f  a l l  v e r t i c e s  f o r  w h ic h  t h e  r e l a t i o n  y  h a s  b e e n

d e f i n e d .  A s u b s e t  S o f  P i s  a s o l u t i o n  o f  t h e  i r r e f l e x i v e  r e l a t i o n

i f  t h e  f o l l o w i n g  two c o n d i t i o n s  h o l d :

(1 )  F o r  any two v e r t i c e s  a ,  b e S i t  i s  n o t  t r u e  t h a t  a >  b .

( 2 )  F o r  any a e P -  S, t h e r e  e x i s t s  b e S s u c h  t h a t  b >  a .

( T h i s  d e f i n i t i o n  i s  t h e  same a s  t h a t  u s e d  i n  R i c h a r d s o n  [ l 8 ]  e x c e p t  

t h a t  we h a v e  c a l l e d  t h e  members o f  t h e  s e t  P " v e r t i c e s "  r a t h e r  t h a n  

" e l e m e n t s "  s i n c e  we h ave  r e s e r v e d  t h e  word  " e l e m e n t s "  f o r  t h e  v 

e n t i t i e s  f rom  w h ich  t h e  k - t u p l e s  a r e  c h o s e n  t o  fo rm t h e  v e r t i c e s  o f  

t h e  g r a p h . )  We a r e  now i n  a p o s i t i o n  t o  e x p l o r e  t h e  r e l a t i o n  o f  

b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  t o  s o l u t i o n s  o f  c e r t a i n  i r r e f l e x i v e  

r e l a t i o n s .  We do t h i s  f o r  d e s i g n s  h a v i n g  X = 1.

Theorem 1 1 . E very  b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n  w i t h  p a r a m e t e r s

( v , b , r , k , X  = 1 )  i s  a  s o l u t i o n  o f  an i r r e f l e x i v e  r e l a t i o n  d e f i n e d  by a

t h e  g i v e n  BIBD. Then  S i s  a s u b s e t  o f  t h e  s e t  o f  v e r t i c e s  d e f i n e d

/  v \
by . L e t  >  be t h e  i r r e f l e x i v e  r e l a t i o n  d e f i n e d  by G,  t h a t

i s ,  f o r  any two v e r t i c e s  x , y , x  y  y i f  and o n l y  i f  x and  y h ave

g r a p h  on t h e  b i n o m i a l  c o e f f i c i e n t and h a v i n g  e d g e  p a r a m e t e r

X =  1 .

P r o o f L e t  S be  t h e  s e t  o f  k - t u p l e s  w h ic h  a r e  t h e  b l o c k s  o f

X = 1



32

more  t h a n  X and l e s s  t h a n  k e l e m e n t s  i n  common. I f  a e S and 

b e  S t h e n  a ^  b  s i n c e  no two b l o c k s  o f  a BIBD h a v i n g  X = 1 

h a v e  more t h a n  one  e l e m e n t  i n  common.

(  v \
L e t  P  be t h e  s e t  o f  v e r t i c e s  o f  ) . I f  a e P -  S

X—1

c o n s i d e r  any p a i r  o f  e l e m e n t s  i n  a ,  s a y  v ^ , v^ .  S i n c e  X = 1 t h e

p a i r  v^ ,  d e t e r m i n e s  a  u n i q u e  b l o c k  i n  t h e  BIBD and  t h i s  b l o c k

w i l l  have  two e l e m e n t s  i n  common w i t h  a .  T h i s  means  t h a t  f o r  any

a € P -  S t h e r e  i s  b e I s u c h  t h a t  b a .  The BIBD i s ,  t h e r e ­

f o r e ,  a s o l u t i o n ,  s i n c e  i t  s a t i s f i e s  b o t h  r e l a t i o n s  r e q u i r e d  i n  t h e  

d e f i n i t i o n  o f  s o l u t i o n .

The p r e c e d i n g  t h e o re m  can  be g e n e r a l i z e d  t o  show t h a t  a BIBD 

w i t h  X = 1 i s  a s o l u t i o n  t o  e a c h  o f  t h e  i r r e f l e x i v e  r e l a t i o n s  de­

f i n e d  by s e v e r a l  g r a p h s  from t h e  same f a m i l y  o f  g r a p h s .

Theorem 12.  I f  S i s  t h e  s e t  o f  b l o c k s  o f  a BIBD w i t h  p a r a m e t e r s

( v , b , r , k , X  = 1)  t h e n  S i s  a s o l u t i o n  o f  e a c h  o f  t h e  i r r e f l e x i v e

r e l a t i o n s  d e f i n e d  r e s p e c t i v e l y  by o f } f o r  e a c h  q s u c h  t h a t
X=1

0 f- q S k -  2 and S i s  n o t  a s o l u t i o n  f o r  q = k -  1.

P r o o f . The p r o o f  i s  t h e  same a s  t h a t  f o r  Theorem 1 1 .  C l e a r l y

i f  a ^ b and a e S and  b e S t h e n  a ^  b ,  s i n c e  no two d i s t i n c t

b l o c k s  o f  S h a v e  more  t h a n  one  e l e m e n t  i n  common, and i f  a = b

t h e n  a ^  b a s  n o t e d  p r e v i o u s l y .  A l s o ,  s i n c e  q 5 k -  2, any k -

t u p l e  i n  P, t h e  s e t  o f  a l l  v e r t i c e s  o f  g ( V***) « c o n t a i n s  a  p a i r
\= 1

o f  e l e m e n t s ,  say  v , v , w h ich  b e l o n g  t o  t h e  s e t  o f  v e l e m e n t s  c o n -
X «

t a i n e d  i n  t h e  b l o c k s  o f  S c o n s i d e r e d  a s  k - s e t s .  I t  f o l l o w s  t h a t  i f
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a e P -  S t h e r e  e x i s t s  b e S, w he re  b I s  d e t e r m i n e d  by v , v ,X U

s u c h  t h a t  b >  a .

I f  q s= k -  1 t h e n  P -  S c o n t a i n s  a k - t u p l e  c o n s i s t i n g  o f

k -  1 e l e m e n t s  n o t  I n  S and some o t h e r  e l e m e n t .  T h i s  k - t u p l e  i s

n o t  a d j a c e n t  t o  any  k - t u p l e  i n  S. T h e r e f o r e ,  S I s  n o t  a s o l u t i o n

when q ^  k -  1.

We p a u s e  now t o  c o n s i d e r  t h e  s i g n i f i c a n c e  o f  T h eo re m s  11 and  ) 2 .

I t  i s  w e l l  known t h a t  e v e r y  sy m m e t r i c  i r r e f l e x i v e  r e l a t i o n  h a s  a s o l u ­

t i o n .  T h i s  I s  m e re ly  a  r e s t a t e m e n t  f rom g r a p h  t h e o r y  t h a t  e v e r y  sym­

m e t r i c  g r a p h  w i t h o u t  l o o p s  h a s  a k e r n e l ,  s i n c e  " k e r n e l ” i s  synonymous  

w i t h  " s o l u t i o n ” i n  t h e  s e n s e  t h a t  " k e r n e l "  i s  u s e d  t o  d e s i g n a t e  f rom 

t h e  s e t  o f  v e r t i c e s  o f  a g r a p h  a  s u b s e t  t h a t  s a t i s f i e s  t h e  same c o n ­

d i t i o n s  a s  t h o s e  n e e d e d  f o r  a s o l u t i o n  when a d j a c e n c y  o f  v e r t i c e s  i s  

t a k e n  a s  t h e  i r r e f l e x i v e  r e l a t i o n  ( c f .  B e rg e  [ l , p . 4 7 ] ) .  A g r a p h  on a 

b i n o m i a l  c o e f f i c i e n t ,  a s  we h ave  d e f i n e d  i t  a b o v e ,  i s  a s y m m e t r i c  

g r a p h  w i t h o u t  l o o p s ;  h e n c e  i t  h a s  a k e r n e l  and t h e  i r r e f l e x i v e  r e l a t i o n  

w h ic h  i t  d e f i n e s  h a s  a s o l u t i o n .  The  s i g n i f i c a n c e  o f  T heo rem s  11 and 

12 i s  t h a t  t h e y  p r o v i d e  a p a r t i c u l a r  s o l u t i o n  w h ic h ,  i f  i t  e x i s t s ,  i s  a 

maximum i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s .

We c o n s i d e r  now t h e  number  o f  v e r t i c e s  i n  a  s o l u t i o n  o f  t h e  i r r e ­

f l e x i v e  r e l a t i o n  d e t e r m i n e d  by a g r a p h  on t h e  b i n o m i a l  c o e f f i c i e n t

v e r t i c e s  a l l  p o s s i b l e  t r i p l e s  t h a t  c a n  be fo rm ed  f rom  15 e l e m e n t s .  

Any one o f  t h e  80 S t e i n e r  t r i p l e s  s y s t e m s  on  15 l e t t e r s  ( e l e m e n t s )

and h a v i n g  A = 1 .  We show by e x a m p le  t h a t  t h e  number i s  n o t

c o n s t a n t  f o r  a g i v e n  r e l a t i o n .  C o n s i d e r w h ic h  h a s  f o r  i t s
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( s e e  [ 5 ] and [ 7 ] ) ,  i s  a s o l u t i o n  c o n t a i n i n g  35 v e r t i c e s .  The  number 

35 i s  a  maximum s i n c e  O'CG^1^  ^ 3 5  by Theorem 1 and any  s o l u t i o n  i s

i n t e r n a l l y  s t a b l e .  We c a n  f i n d  a k e r n e l  o f  a sy m m e t r i c  g r a p h  w i t h o u t  

l o o p s  by m a x im i z in g  any i n t e r n a l l y  s t a b l e  s e t  o f  v e r t i c e s .  Any k e r n e l  

o f  0^ 3 )  c a n  1,6 m a x im ized  t o  form a k e r n e l  o f  0 ( ^ 3 /  * T h i s  i s

shown i n

Example 3.  T h e r e  a r e  e x a c t l y  two BIBD h a v i n g  ( v , b , r , k , \ )  =

( 1 3 , 2 6 , 6 , 3 , 1 )  ( c f .  H a l l  [ 7 ] ) .  One su ch  d e s i g n  i s  g i v e n  by t a k i n g  t h e  

f o l l o w i n g  t r i p l e s  a s  b l o c k s ;

2,

4,

3

5 2, 4, 6 4, 3, 8 7, 8, 13 3, 5 , 12

6, 7 2, 5, 7 4, 7, 9 7, 1 0 , 12 3, 6, 10

8, 9 2, 8, 10 3, 10, 13 8, 5 , 11 3, 9, 13

1 0 , 11 2, 9, 12 4, 11, 12 8, 6, 12 5 , 6 , 13

12, 13 2, 11, 13 7, 3, 11 6, 9, 11 5 , 9 , 10.

To t h i s  s e t  o f  26 t r i p l e s ,  we add  an a d d i t i o n a l  t r i p l e  i n  t h e  m anner

o f  Theorem 8 ,  say  t h e  t r i p l e  ( 1 ,  1 4 , 1 5 ) .  T h e s e  27 t r i p l e s  fo rm a

s o l u t i o n  o f  t h e  i r r e f l e x i v e  r e l a t i o n  d e f i n e d  by . T h i s  i s\  3 / 1

e a s i l y  v e r i f i e d  i n  t h e  f o l l o w i n g  way.  The b l o c k  d e s i g n  i s  i n t e r n a l l y  

s t a b l e  and t h e  t r i p l e  (1 ,  14,  15) i s  n o t  a d j a c e n t  t o  any o f  t h e  26 

t r i p l e s  i n  t h e  b l o c k  d e s i g n .  C a l l  t h e  s e t  o f  27 t r i p l e s  S.  From 

t h e  p r e c e d i n g  r e m a r k s  we s e e  t h a t  S i s  i n t e r n a l l y  s t a b l e .  Any 

v e r t e x  o f  G c o n t a i n s  e i t h e r  two e l e m e n t s  o f  t h e  f i r s t  13 e l e m e n t s  

o r  o n l y  one e l e m e n t  o f  t h e  f i r s t  13 e l e m e n t s .  I f  t h e  l a t t e r ,  t h e
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v e r t e x  c o n t a i n s  t h e  p a i r  14 ,  15 .  I n  e i t h e r  c a s e  any  v e r t e x  n o t  i n  

S I s  a d j a c e n t  t o  a v e r t e x  i n  S.  I t  f o l l o w s  t h a t  S i s  a  s o l u t i o n

We h a v e ,  t h e n ,  f o r  t h e  same g r a p h  on  a g i v e n  b i n o m i a l  c o e f f i c i e n t  

a s o l u t i o n  c o n t a i n i n g  35 v e r t i c e s  and a  s o l u t i o n  c o n t a i n i n g  27 v e r t i c e s .  

The  l a r g e r  s o l u t i o n  i s  a  BIBO and t h e  s m a l l e r  i s  n o t  a BIBD. I t  

seems l o g i c a l  t o  a s k  w h e t h e r  t h e r e  can  e x i s t  a g r a p h  on a b i n o m i a l  co­

e f f i c i e n t  and h a v i n g  X = 1 w h ich  h a s  two s o l u t i o n s  o f  d i f f e r i n g

c a r d i n a l  num bers  b u t  s u c h  t h a t  b o t h  s o l u t i o n s  a r e  BIBD. We now show 

t h a t  t h i s  i s  i m p o s s i b l e .

We have  b e e n  c o n s i d e r i n g  t h o s e  b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n s  

w h ich  h a v e  A = 1 and we h ave  n o t e d  t h a t  t h e  p a r a m e t e r s  o f  a  BIBD 

must  s a t i s f y  Eqs .  ( 1 )  and ( 2 ) .  I f  we c o n s i d e r  a l l  q u i n t u p l e s  o f  p a r a ­

m e t e r s  t h a t  s a t i s f y  E qs .  ( 1 )  and ( 2 )  f o r  a f i x e d  k and f o r  X = 1,  

t h e n  t h e s e  e q u a t i o n s  p r o v i d e  a s y s t e m  o f  e q u a t i o n s  f o r  w h ich  a s o l u t i o n  

i n  i n t e g e r s  v , b , r  i s  r e q u i r e d .  The f o l l o w i n g  lemma g i v e s  a g e n e r a l  

n e c e s s a r y  r e l a t i o n  b e tw e e n  r  and k.

Lemma. A b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n  w i t h  X = 1,  k = pmq

w here  q i s  a  p o s i t i v e  I n t e g e r  and p i s  a p r im e  s uch  t h a t  p d o e s

n o t  d i v i d e  q ,  h a s  r  ^ 0 , 1  (mod pm) .

P r o o f . We h a v e  f rom E qs .  ( 1 )  and ( 2 )  t h a t  v r  = bk and r ( k  -  1)

= X(v -  1 ) .  L e t  k = pmq ,  and  X = 1 and r  = x(mod pm) so t h a t

r  = pmt  + x f o r  some n o n - n e g a t i v e  i n t e g e r s  t  and x .  By s u b s t i t u t i n g

i n  t h e  b a s i c  r e l a t i o n s  ( 1 )  and  ( 2 )  and  e l i m i n a t i n g  v,  we o b t a i n

f o r

( 9 )
. m . 2  m m m(p  t  + x )  (p  q -  1)  + (p  t  + x )  = bp q .
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T h i s  I m p l i e s  t h a t

( 1 0 )  (p“ t  + x )  | bp“ q.

We now c o n s i d e r  t h e  p o s s i b i l i t i e s  f o r  r e l a t i o n  ( 1 0 ) .  T h e r e  a r e  

t h r e e  c a s e s  w h ic h  we c o n s i d e r  s e p a r a t e l y :

Case  1: (pm, p mt  + x )  = pm. Then  r  ̂  0 (mod p” ) a s  r e q u i r e d .

Case  2: (p”\ p mt  + x)  = 1.  Then  Bq. ( 1 0 )  i m p l i e s

(1 1 )  (pmt  + x)  | bq .

We now d i v i d e  e a c h  member o f  Eq.  ( 9 )  by pmt  + x and  o b t a i n  upon 

s i m p l i f i c a t i o n

( 1 2 )  pmq ( p mt  + x) -  pmt  -  (x  -  1) = ( b q / ( p mt  + x ) ) p m,

w here  b q / ( p mt  + x)  i s  an i n t e g e r .  E q . ( 1 2 )  i m p l i e s  t h a t  pm | (x  -  1 ) .

T h i s ,  i n  t u r n ,  i m p l i e s  r  ~ l(m od  p™).

Case  3: (pm, p mt  + x)  ^ l , p m. Then  s i n c e  p i s  a  p r im e

. m m  . m- n(1 3 )  (p  , p  t  + x)  = p , f o r  some n < m,

so t h a t  x = ap f o r  some i n t e g e r  a .  When Eq.  ( 1 3 )  i s  a p p l i e d  i n

e v a l u a t i n g  t h e  r i g h t  member o f  Eq.  ( 1 2 ) ,  t h a t  t e r m  a s s u m e s  t h e  form 

( b q / ( p n t  + x ) ) p ° ,  w here  b q / ( p ° t  + x)  i s  an i n t e g e r .  Eq.  ( 1 2 )  now 

i m p l i e s  P° | (x -  1 ) .  I t  f o l l o w s  t h a t  x -  1 = c p °  f o r  some i n t e g e r

c .  I f  c = 0 we have  t h e  r e q u i r e d  r e s u l t  t h a t  x = 1.  I f  c ^ O  t h e n

ra-n n ,( 1 4 )  x = ap = cp  + 1 ,

w h ich  i s  i m p o s s i b l e .  T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  lemma.

From Eq.  (2 )  and  t h e  lemma i t  i s  o b v i o u s  t h a t  we c a n  g e n e r a t e  a l l  

p o s s i b l e  v a l u e s  o f  v w h ich  b e l o n g  t o  q u i n t u p l e s  o f  p a r a m e t e r s  

v , b , r , k , X  h a v i n g  a g i v e n  k and  h a v i n g  X = 1 and s a t i s f y i n g  Eqs .

( 1 )  and ( 2 )  by t a k i n g  a l l  v a l u e s  o f  r  such  t h a t  r  ^ o , l ( m o d  pm) f o r

a l l  pm su ch  t h a t  k = p^q and  (pm, q )  = 1.  M o re o v e r ,  d i s t i n c t



v a l u e s  o f  r  y i e l d  d i s t i n c t  v a l u e s  o f  v and f rom  Eq.  ( 2 )  i t  f o l l o w s

t h a t ,  f o r  a f i x e d  k ,  v i s  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n  o f  r .

I n  p a r t i c u l a r ,  i f  r  > r  t h e n  r  -  r  ^  1 and ,  t h e r e f o r e ,  from1 £ 1 «

Eq.  ( 2 )  w i t h  \  = 1,

( 1 5 )  -  v 2 £ k -  1,  f o r  v x >

Eq.  (1 5 )  i m p l i e s ,  i n  v iew  o f  Theorem 1 2 , t h a t  f o r  a f i x e d  k and

X = 1 ,  a BIBD w i t h  v„  e l e m e n t s  c a n n o t  be a s o l u t i o n  o f  t h e  i r -
2 y

r e f l e x i v e  r e l a t i o n  d e f i n e d  by g (  * J f o r  any  v , v s u c h  t h a t
Xk 'x=l 1 Z

v^ > v^  and v^ ,  v 2 a r e  p o s s i b l e  p a r a m e t e r s  o f  a BIBD w i t h  t h e  

g i v e n  k and w i t h  X = 1 .  We h ave  now p r o v e d

Theorem 13,  A l l  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  w h ich  a r e  s o l u ­

t i o n s  o f  an i r r e f l e x i v e  r e l a t i o n  d e f i n e d  by a g r a p h  on  a g i v e n  b i n o m i a l

/  V ̂c o e f f i c i e n t  ^ and h a v i n g  X = 1 h ave  t h e  same p a r a m e t e r s .

6 .  RELATIVIZATIONS AND EXTENSIONS OF SOLUTIONS

As an a p p l i c a t i o n  o f  t h e  p r e c e d i n g  r e s u l t s  we n o t e  t h a t  we c a n  

now g e n e r a t e  an i n f i n i t e  s e t  o f  n o n - t r i v i a l  e x a m p le s  o f  " r e l a t i v i z a t i o n s  

and " e x t e n s i o n s "  o f  s o l u t i o n s  o f  i r r e f l e x i v e  r e l a t i o n s .  I n  t h i s  

s e c t i o n  we s h a l l  u s e  i n t e r c h a n g e a b l y  t h e  t e r m s  " s o l u t i o n  o f  a g r a p h "  

and  " s o l u t i o n  o f  an i r r e f l e x i v e  r e l a t i o n  " An e x t e n s i o n  o f  a s o l u t i o n  

o f  a g r a p h  h a s  b een  d e f i n e d  by R i c h a r d s o n  [ 2 0 ]  a s  f o l l o w s :

D e f i n i t i o n . By a s u b s y s t e m  o f  t h e  s y s t e m  ( A  , y  ) i s

meant  a s y s t e m  w here  ^  c  &nd t h e  r e l a t i o n  y  f o r  t h e  s u b s y s t e m  

i s  m e r e l y  t h e  r e s t r i c t i o n  o f  t h e  r e l a t i o n  y  f o r  t h e  s u p e r s y s t e m  

( , y -  ) .  L e t  G be t h e  g r a p h  o f  t h e  s u b s y s t e m  ( ^  , y  ) and l e t
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V be a s o l u t i o n  o f  G . A s o l u t i o n  V o f  G i s  t e rm e d  an  e x -o  o

t e n s i o n  o f  V i f  V = V ; i n  t h i s  c a s e  V i s  s a i d  t o  be
o o o o

r e l a t i v i z e d  f rom  V.

We c a n  g e n e r a t e  an i n f i n i t e  c l a s s  o f  e x t e n s i o n s  o f  s o l u t i o n s  o f  

i r r e f l e x i v e  r e l a t i o n s  by a d d i n g  an a p p r o p r i a t e  k - t u p l e  t o  any b l o c k

o f  t h i s  e x am p le  we can  c o n s i d e r  t h o s e  v a l u e s  o f  k f o r  w h ic h  BIBD 

e x i s t  f o r  a l l  v a l u e s  o f  v s a t i s f y i n g  E q s .  ( 1 )  and ( 2 )  w i t h  X = 1.  

I f  k i s  a pow er  o f  a p r im e  we a r e  l i m i t e d  by t h e  lemma, p r o v e d  

ab o v e ,  t o  c h o o s i n g  e i t h e r  r  = k t  o r  r  = k t  + 1 .  T h i s  means  t h a t ,  

i f  k i s  a power o f  a p r im e ,  t h e n  t h e r e  a r e  e x a c t l y  two c a s e s  f o r  

t h e  p a r a m e t e r s  f o r  X = 1:

(1 6 )  C ase  I :  v = k ( k  -  l ) t  + 1,  b = k ( k  -  l ) t ^  + t, r  = k t

Case  I I :  v = k ( k  -  l ) t  + k ,  b = ( k t  + l ) ( ( k  -  l ) t  + l , r  = k t + 1 .

c o n s t r u c t  a BIBD w i t h  k = 3,  X = 1,  f o r  e v e r y  t  5 1 i n  C a s e s  I  

and I I  a b o v e .  Hanan i  [ l l , 1 2 ]  h a s  shown t h a t  d e s i g n s  c a n  be  c o n s t r u c t e d  

f o r  e v e r y  t  = 1 when k = 4 , 5  and X = 1 .  R e s u l t s  f o r  l a r g e r  

v a l u e s  o f  k a r e  I n c o m p l e t e ,

L e t  k assume some v a l u e  f o r  w h ic h ,  when X = 1,  a BIBD e x i s t s

d e s i g n .  I n  Example 2,  t h e  27 member s

t e n s i o n  o f  t h e  26 member s o l u t i o n  o f As a g e n e r a l i z a t i o n

i s  an ex -

Due t o  t h e  work o f  R e i s s  [ l 7 ]  and  Moore [ l 6 ]  i t  i s  p o s s i b l e  t o

f o r  e a c h  v a l u e  o f  t .  L e t  G be a g r a p h
X = 1

L e t  t h e

b l o c k  d e s i g n ,  V , be a s o l u t i o n  o fo To V add
o
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a s i n g l e  k - t u p l e  c o n s i s t i n g  o f  an e l e m e n t  i n  Vq and t h e  k -  1

e l e m e n t s  i n  G -  G . The Iv  + 1 k - t u p l e s  t h u s  fo rm ed  c o m p r i s e  a
o 1 o
/ k ( k ~ l ) t + k \

s o l u t i o n  V o f  Gl . ) w h ich  i s  an e x t e n s i o n  o f  V . As
V k ' x = l

i n  Example  2,  V i s  an e x t e n s i o n  o f  a b l o c k  d e s i g n  b u t  i s  n o t  a b l o c k  

d e s i g n .  G h a s ,  how eve r ,  a n o t h e r  s o l u t i o n  w h ic h  i s  a b l o c k  d e s i g n .

The f o l l o w i n g  q u e s t i o n  a r i s e s  f rom t h e  p r e c e d i n g  d i s c u s s i o n .  I s

i t  p o s s i b l e  f o r  b o t h  V and V t o  be b l o c k  d e s i g n s ?  I n  o t h e ro

w o rd s ,  i s  i t  p o s s i b l e  f o r  a b a l a n c e d  I n c o m p l e t e  b l o c k  d e s i g n  t o  be an

e x t e n s i o n  o f  a n o t h e r  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n ?  The a n s w e r  i s

y e s .  Exam ples  a r e  t o  be found  i n  t h e  h i g h e r  d i m e n s i o n a l  p r o j e c t i v e

g e o m e t r i e s .  The s e t  o f  l i n e s  o f  any PGCm^p11) form a b l o c k  d e s i g n

t h a t  i s  an e x t e n s i o n  o f  t h e  b l o c k  d e s i g n  fo rmed  by t h e  s e t  o f  l i n e s

o f  PG(m , p n ) w h e n e v e r  m < m .£ « 1

Example 4. C o n s i d e r  P G ( 3 , 2 ) ,  T h i s  i s  a BIBO w i t h

( v , b , r , k , A ) = ( 1 5 , 3 5 , 7 , 3 , 1 ) .

I f  we t a k e  a s  p o i n t s  t h e  15 n u m e r a l s  0 , 1 , . . . , 1 4  t h e n  t h e  b l o c k s  a r e

o b t a i n e d  by l e t t i n g  x assume e a c h  o f  t h e  v a l u e s  0 , 1 , . . . , 1 4  i n  t h e

f o l l o w i n g  3 t r i p l e s  [ 2 4 , p .  2 03 ] :  ( x , x  + 1,  x + 4 ) ;  ( x , x  + 2, x + 8 ) ;

( x , x  + 5 ,  x + 1 0 ) ,  t h e  sums b e i n g  t a k e n  modulo  15.  L e t  V  r e p r e s e n t

t h e  35 b l o c k s  o b t a i n e d  i n  t h i s  way.  L e t  Vq be t h e  f o l l o w i n g  s e t

o f  7 b l o c k s :

( 0 ,  1,  4 )  ( 2 ,  4,  10)  ( 4 ,  5 ,  8)

(0 ,  2, 8 )  ( 1 ,  8 ,  10) ( 1 ,  2, 5)

( 0 ,  5 ,  10)

Vq i s  a BIBD u s i n g  t h e  n u m e r a l s  0 , 1 , 2 , 4 , 5 , 8 , 1 0  a s  e l e m e n t s .  In  

f a c t ,  Vq i s  o b t a i n e d  f rom P G ( 3 , 2) by c o n s i d e r i n g  t h e  p l a n e
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g e n e r a t e d  by t h e  l i n e s  ( 0 , 1 , 4 )  and ( 0 , 2 , 8 ) .  VQ i s  : 

P G ( 2 , 2 )  and i s  a  s o l u t i o n  o f  G . M o reo v e r ,  Vo

i s  i s o m o r p h i c  t o

o
i s  r e l a t i v i z e d

/3l
f rom a s o l u t i o n  o f  G(

With  r e f e r e n c e  t o  Example 4,  we n o t e  t h a t ,  f o r  b l o c k  d e s i g n s ,  t h e  

p ro b le m  o f  f i n d i n g  e x t e n s i o n s  w h ich  a r e  a l s o  b l o c k  d e s i g n s  i s  synonymous 

w i t h  t h e  p ro b le m  o f  em bedd ing .

The f o r e g o i n g  d i s c u s s i o n  may be c o n s i d e r e d  a s t u d y  i n  e q u i v a l e n c e  

o f  c o n c e p t s .  I t  h a s  b e e n  shown t h a t  b a l a n c e d  i n c o m p l e t e  b l o c k  d e s i g n s  

w i t h  X = 1 a r e  i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s  o f  s u i t a b l y  d e f i n e d  

g r a p h s  and a r e  s o l u t i o n s  o f  c e r t a i n  s u i t a b l y  d e f i n e d  i r r e f l e x i v e  r e ­

l a t i o n s .  T h e s e  r e s u l t s  depend  h e a v i l y  on t h e  p r o p o s i t i o n  t h a t ,  i n  a 

BIBD w i t h  X = 1, any p a i r  o f  d i s t i n c t  b l o c k s  have  a t  most  X e l e m e n t s  

i n  common. T h i s  p r o p e r t y  i s  c h a r a c t e r i s t i c  o f  a l l  sy m m e t r i c  BIBD 

and o f  a l l  BIBD w i t h  X = 1 b u t  i s  n o t  g e n e r a l l y  c h a r a c t e r i s t i c  o f  

BIBD w i t h  X > 1.  A BIBD i n  w hich  a p a i r  o f  b l o c k s  h ave  more t h a n  

X e l e m e n t s  In  common h a s  been  c o n s t r u c t e d  by B h a t t a c h a r y a  [ 3 ] .  In  

p a r t i c u l a r ,  B h a t t a c h a r y a ' s exam ple  shows t h a t  t h e  p r o p e r t y  o f  c o n ­

t a i n i n g  a p a i r  o f  b l o c k s  w i t h  more t h a n  X e l e m e n t s  I n  common i s  a 

p r o p e r t y  o f  t h e  s t r u c t u r e  r a t h e r  t h a n  o f  t h e  p a r a m e t e r s .  H i s  exam ple  

h a s  p a r a m e t e r s  ( v , b , r , k , X )  = ( 1 6 , 2 4 , 9 , 6 , 3 ) ,  w h ich  a r e  a l s o  t h e  

p a r a m e t e r s  o f  a known BIBD w i t h o u t  t h i s  p r o p e r t y ,  ( c f .  H a l l  [ 7 , p , 1 0 0 ] ) .

W ith  t h e  e v i d e n c e  p r o v i d e d  by B h a t t a c h a r y a ' s  d e s i g n  i t  i s  o b v i o u s  

t h a t  t h e  r e l a t i o n  o f  b l o c k  d e s i g n s  t o  g r a p h  t h e o r y  a s  d e v e l o p e d  i n  t h i s

7.  CONCLUDING REMARKS



p a p e r  c a n n o t  be e x t e n d e d  t o  h i g h e r  v a l u e s  o f  X .  However ,  t h e r e  i s  

some hope  o f  r e p e a t i n g  o u r  r e s u l t s  f o r  X =  2. T h i s  w o u ld ,  o f  c o u r s e  

d e p e n d  on  b e i n g  a b l e  t o  p ro v e  t h a t  any p a i r  o f  d i s t i n c t  b l o c k s  o f  a 

BIBD w i t h  X =  2  h a v e  a t  mos t  X e l e m e n t s  i n  common. As a  r e s u l t  

o f  t h e  work o f  Connor  and H a l l  [ 6 ] ,  i t  c a n  be s t a t e d  t h a t  any p a i r  

o f  d i s t i n c t  b l o c k s  o f  a BIBD h a v i n g  p a r a m e t e r s  o f  t h e  fo rm

v '  =  V -  k ;  b '  = v -  1 ;  r ’ = k ;  k  ’ =  k  -  X ; X' =  X =  2

w here  t h e  v , k , X  =  2 a r e  p a r a m e t e r s  o f  an e x i s t i n g  s y m m e t r i c  d e s i g n ,

have  a t  most  X e l e m e n t s  i n  common.

I n  s p i t e  o f  t h e  l i m i t e d  g e n e r a l i t y  o f  t h e  c o n c e p t  o f  b a l a n c e d

i n c o m p l e t e  b l o c k  d e s i g n s  a s  i n t e r n a l l y  s t a b l e  s e t s  o f  v e r t i c e s  o f  

g r a p h s  on b i n o m i a l  c o e f f i c i e n t s  h a v i n g  e d g e  p a r a m e t e r  X ,  i t  i s  

n e v e r t h e l e s s  t h e  w r i t e r ' s  o p i n i o n  t h a t  t h e  i n v e s t i g a t i o n  o f  t h e  s p e c i  

c a s e  o f  X = 1 h a s  p r o v i d e d  c o n s i d e r a b l e  i n s i g h t  i n t o  t h e  n a t u r e  o f  

b l o c k  d e s i g n s .  C o m b i n a t o r i a l  m a t h e m a t i c s  c a n n o t  a f f o r d  t o  r e g a r d  

b l o c k  d e s i g n s  a s  i s o l a t e d  c o m b i n a t o r i a l  phenomena and w h a t e v e r  con ­

c e p t s  c a n  r e v i t a l i z e  o u r  view o f  t h e i r  b a s i c  n a t u r e  s h o u l d  r e c e i v e  

c a r e f u l  e x p o s i t i o n .
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AUTOBIOGRAPHICAL STATEMENT

J a n e  Walsh Di P a o l a  was b o rn  S e p te m b e r  17,  1917 i n  B r o o k l y n ,

New Y ork .  She r e c e i v e d  h e r  e a r l y  e d u c a t i o n  I n  Long B e a c h ,  New York 

and was  g r a d u a t e d  w i t h  a B a c h e l o r  o f  A r t s  d e g r e e  f rom  S t . J o s e p h ' s  

C o l l e g e  f o r  Women i n  B r o o k l y n ,  New Y ork ,  i n  1939 .  She m a t r i c u l a t e d  

f o r  a M a s t e r ' s  d e g r e e  In  m a t h e m a t i c s  a t  B r o o k ly n  C o l l e g e  i n  1940 and 

t a u g h t  m a t h e m a t i c s  a t  Long Beach H igh  S choo l  d u r i n g  1941 and 1942 .

I n  1942 she  was  m a r r i e d  t o  P e t e r  Di P a o l a ,  a m a t h e m a t i c s  t e a c h e r ,  

and moved t o  B u f f a l o ,  New York w h e r e ,  u n t i l  1945,  she  was  em ployed  

i n  t h e  R e s e a r c h  L a b o r a t o r y  o f  t h e  C u r t i s s - W r i g h t  C o r p o r a t i o n .  She 

r e t u r n e d  t o  Long B each ,  New York w i t h  h e r  h u s b an d  i n  S e p te m b e r  1945 .  

T h e i r  t h r e e  c h i l d r e n  a r e  P e t e r ,  b o m  A u g u s t  22 ,  1946,  J a n e ,  b o rn  

O c t o b e r  1,  1948 and J o s e p h ,  b o m  J u l y  24 ,  1951.

Mrs.  Di P a o l a  was r e a d m i t t e d  t o  t h e  M a s t e r ' s  d e g r e e  p ro g ram  a t  

B r o o k ly n  C o l l e g e  i n  S e p te m b e r  1958 and c o m p l e t e d  t h i s  d e g r e e  i n  J u n e  

1962,  D u r in g  t h i s  t i m e  she  t a u g h t  m a th e m a t i ' c s  i n  v a r i o u s  s e c o n d a r y  

s c h o o l s  i n  t h e  New York a r e a .  I n  1963 she  t a u g h t  a t  New York  C i t y  

Community C o l l e g e .  I n  J a n u a r y  1964 ,  Mrs.  Di P a o l a  was m a t r i c u l a t e d  

i n  t h e  d o c t o r a l  p ro g ram  i n  m a t h e m a t i c s  a t  t h e  C i t y  U n i v e r s i t y  o f  

New Y ork .  She now r e s i d e s  i n  New R o c h e l l e ,  New York w h e re  h e r  h u s b a n d  

i s  A s s i s t a n t  S u p e r i n t e n d e n t  o f  S c h o o l s  o f  t h e  C i t y  o f  New R o c h e l l e .


