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FOREWORD

This dissertation studies the relation of balanced incomplete
block designs to two distinct areas of combinatorial mathematics,
game theory and graph theory. 1In its relation to game theory, this
study 1s devoted to an unsoived problem stated in reference £21]
by Richardson and again in [14] by Hoffman and Richardson, The
problem seeks the minimum number of elements in a blocking coalition
of a block design game. A solution is found for block design games
which are dual to Steiner triple systems. In the course of solving
this problem for this restricted class of block design games a
number of properties of Steiner triple system are developed.

In considering the relation of balanced incomplete block designs
to graph theory, the writer has introduced a particular kind of
graph called here a graph on the bhinomial coefficient (:) with
adjacency parameter A. It is shown that for X = 1 this graph
has the property that 1f there exists a balanced incomplete block
design with parameters the given v, k, and with % =1 then every
maximum internally stable set of vertices is such a design and,
moreover, every balanced incomplete block design with A =1 1is
a maximum internally stable set for some suitably defined graph,

The introduction of this particular graph is A formalization of a
suggestion made by Berge in his informal discussion of the Kirkman
schoolgirl problem in [2]. As a result of this innovation it

becomes possible to formulate in graph theoretic terms some of the



unsolved problems arising in block design theory. As an interesting
by-product we note that the long known proof of the non-existence
of a finite affine plane on 36 points solves one problem and raises
another. We are now faced with a new problem: What is the internal
stability number of the graph on the binomial coefficlent (32) with
A =17 It is surprising that the answer is unknown. (See Example 1,
part II of this dissertation.) This is an instance of a general
problem which is not solved here: What is the nature of maximum
internally stable sets of vertices in graphs on binomial coefficients
for which balanced incomplete block designs do not exist?

In a related context, a balanced incomplete block design with
A =1 1ts shown to be a soclution of a suitably defined irreflexive
relation, This characterization of balanced incomplete block
designs with X = 1 enables us to generate an infinite set of
non-trivial examples of relativizations and extensions of solutions

of irreflexive relations, We thus have an application of some of

the results developed by Richardson in [187, (19], and [20].
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CHAPTER 1, ON A RESTRICTED CLASS OF BLOCK DESIGN GAMES

1. INTRODUCTION

Block design games have been developed by Richardson [21 ]
and by Hoffman and Richardson [14], who proved a number of theorems
concerning such games by studying the number of elements in a
blocking coalition. Hoffman and Richardson listed as unsolved
(except for PG(2,3)) the following problem: What is the minimum
number of elements in a blocking coalition of a block design game?

In this section we consider blocking coalitions in those games
that are dual to block designs having A =1 and r - k > 0, For
such games certain blocking coalitions are shown to be related to
sets of mutually disjoint blocks in the design to which the game
is dual, In particular, for Steiner triple systems the largest
odd~numbered set of mutually disjoint triples is shown to yield a
minimum blocking coalition in the dual, A lower bound for the
number of elements in the largest set of mutually disjoint triples
is found, which results in a smaller upper bound for a minimum
blocking coalition than that heretofore known for the duals of
Steiner triple systems.

Some extensions of these results show that some of the games
that are dual to designs having A =1, r- k>0, and k > 3
have easily obtained minimum blocking coalitions and have no equitable

main simple solutions.



2. NOTATION

In general, we use v, b, k, r, A as parameters of the balanced
incomplete block design (written BIBD) consisting of v elements
arranged in b blocks of k elements each with each element
occuring r times in the design and any pair of distinct elements
appearing together in the same block exactly A times, Following
Hoffman and Richardson [14 } we use v*, b., etc, as parameters of
the block design and unstarred parameters in the dual, |B| will
denote the number of elements in a blocking coalition. Elements
belonging to the same block will be called collinear, The usual
set-theoretic notation will be used,
3. PRELIMINARY RESULTS

The parameters of a BIBD satisfy
(1) vr = bk,
(2) rk - 1) = A(v -~ 1).
If we postulate the existence of at least two distinct blocks so
that v > k, then
(3) r = k.
This is equivalent to Fisher's inequality:
(4) b2 v;
cf, {7, 15, or 22], The designs having r = k are called symmetric
designa, Finite projective planes of order n are symmetric,
balanced incomplete block designs with k =n + 1 and A = 1,
Finite Euclidean planes are balanced incomplete block designs with

A=1,k=n, r=n+1 so that r - k = 1. It has long been known



in connection with the search for finite models of a Bolyai-
Lobachevsky plane that designs are impossible for A =1 and

r - k = 2. A general necessary relation between r and k |is
given by the following: A BIBD with A =1, and k = p'q,
where p 1is a prime, (p,q) = 1, satisfies r = 0, 1 (mod pm).
This follows from (1) and (2). The necessary conditions for the
existence of a BIBD are sometimes stated in the form [11];

(5) A(v - 1) =0 (mod(k - 1)),

(6) Aviv - 1)

0 (mod kik - 1)).
If k 1is a power of a prime, then a BIBD with A = 1 has one of
the following sets of parameters:

(7) Case I: v = (k- 1)kt +1, b

tk - 1)kt + 1), r = kt,

(B8) Case 1I: v

(k - 1)kt + k, b

1

((k - 1)t + 1)(kt + 1), r = Kt+1,
If k is composite, v,b,k,r, with A = 1, can sometimes be found
so as to satisfy (1) and (2) with r = 0, 1(mod pm) and r # O,
1 (mod k); but such designs have not been constructed [15,p.127].
In general (1) and (2) and consequently (5) and (6) are not sufficient
for the existence of a BIBD.

BIBD with X =1 and k = 3 are known as Steiner triple
systems (written STS). Owing to the work of Relss [17 ] and Moore [14],
it is possible to construct an STS for every t 2 1 1in Cases 1
and II above. Hanani [11] and [12] has shown that for A =1 and

k=4, and for A =1 and k =5, (5) and (6) are sufficient

conditions,



» * ¥ x
The dual of a BIBD with A =1 and parameters v ,b ,k ,r

is a partially balanced incomplete block design with v =Db , b=v ,

kK = r*, r = k*, and Al = 0,1, If we take the v elements as
players and the b blocks as the minimal winning coalitions, we have
a block design game as shown in (14 ] In non-game theoretic terms

we can define a blocking coalition as a set of elements that intersects
every block but contains no complete block, In order to show that a
block design game has no equitable main simple solution, it is
sufficient to show that there exists a blocking coalition, B, such
that |B] < k [14] Hoffman and Richardson {14 ] show that the dual
of every non-trivial STS has |B| = k, The non-trivial 8STS are
those that have r* - k* > 0. In the following we seek IBI < k

and some information concerning minimum blocking coalitions,

4, SOME PROPERTIES OF STEINER TRIPLE SYSTEMS

3
Iemma 1, In a non-trivial S8TS, D, any block belongs to a set of

at least three blocks, no pair of which have an element in common.

*®
Proof, Form the incidence matrix of D, as follows, Call the
elements vl,vz,...,vv* and the blocks bl'b2""’bb*' Let row |1

show which blocks contain vi by entering 1 in the ith row and jth

column 1f bJ contains v1 and 0 1if bj does not contain v

i
Let the elements of b1 be labelled vl,vz,vs. Since any element
*
is contained in r blocks, let bl’b2""’b . contain vl.
r
Similarly, let bl,b . ! b * rese, b - contain v2 and let

r +1 r +2 2r -1
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*
bl'b .’ b * P contain v_. These b, j =1,2,,..,3r - 2,

»
2r 2r+1l 3r -2 3 ]

are all distinct since A

1. We note now that for Case I,
* 2
3r - 2=9t - 2<6t +t=05> for all t 2 2,
For Case 11,
»
3r - 2=9t - 1< (3t + 1)(2t + 1) = b for all t = 1.

It follows that for all non-trivial 8STS there is a block not

accounted for above, say b . ! which contains three new elements,
3r -1

say Since X =1, the 4th row of the incidence matrix

v4,v5,v6.
*
will contain 1 in one and only one of columns 2,3,...,r and 1 in
» * *
one and only one of columns r + 1, r + 2,,..,2r -1 and 1 in
* *
one and only one of columns 2r ,,,,,3r - 2, The same result holds
for the 5th row and the 6th row, In other words, in the incidence
matrix, each of rows 4,5,6 is incident with four previously noted

®
blocks and r - 4 others, Hence to accommodate all the blocks

»
that contain v4 or v5 or vs, we add 3(r - 4) to the

* *
3r -1 blocks given above for a total of &6r - 13 blocks,

*
In Case I, 6r -~ 13 =18t ~ 13 < 6t2 + t b for t = 2,

*
In Case II, 6r - 13 = 18t - 7 < 6t2 + 5t + 1 b for t =1,

H

These conditions upon t take care of all STS having r* - k* > 0,
Therefore in any non~trivial STS the number of blocks containing
elements of two disjoint blocks is less than the total number of
blocks. It follows that D‘ contains for any pair of disjoint
blocks a third block forming with the pair a set of three mutually

L *
disjoint blocks, The condition r - k > 0 ensures the existence



of at least one block that i1s disjoint to any given block.
Lemmsa 2, In a non-trivial Steiner triple system D*. q mutually
disjoint blocks, q 2 3, have elements in common with at most
3q(r. - q) additional blocks.
Proof. let p represent the number of blocks of D‘ that
contain elements of, and are distinct from, the q mutually dis-
joint blocks. These blocks will be called p-blocks and g-blocks
respectively, We form a submatrix of the adjacency matrix for the
blocks of DI‘I as follows, Let any pair of blocks having exactly
one element in common be called adjacent. Form a q X p submatrix
by entering 1 in the ith row, jth column if the ith g-block and the
jth p-block are adjacent, Enter O in the ith row, jth column if
the ith g-block and the jth p-block are not adjacent, Let this
matrix be designated by A,

If the jth p-block meets u of the q mutually disjoint blocks,
u=1,2,3, then the jth column of A will contain u ones, let
P, designate the number of columns containing u ones and we shall
refer to such columns as pu-columns. Then
(9 P =Py + Pyt Py
We note that the q mutually disjoint blocks contain 3q distinct
elements each of which i3 replicated r* times in D*, which means
r* - 1 times in the set of p-blocks, Therefore, the total number

of ones in A 1is

*®
(10) 3q{r - 1) = 3p3 + 2p2 + pl.
By eliminating P in (9) and (10) and solving for p, we ohtain
*®
(11} P=3q(r - 1) - (2, + 92).

We seek a minimum value for (2p3 + P,), given that p2'p3 > o0,



and a further condition that we now derive. From A we obtain a

relation involving p2 and p by considering the 2 x 2 submatrices

3
consisting entirely of ones. Any pair of the q mutually disjoint
blocks will generate in A nine 2 x 1 submatrices consisting
entirely of ones, and any (unordered) palr of these nine submatrices
will form a 2 X 2 submatrix of the required form; conversely, it
18 clear that any 2 X 2 submatrix consisting entirely of ones

occurs in this way. Consequently the number of such matrices is

(12) qca " gCp = 18q(q - 1).

We now count in two ways the number of incidences of ones with
2 X 2 submatrices consisting entirely of ones, First of all, the
total number of such incidences is four times the number of 2 x 2
submatrices consisting entirely of ones. Secondly, we note that if
g 1 appears in a p-column, it is in eight of the specified 2 x 2
submatrices; and if a 1 1s in a p3 column it is 1in éixteen of the
specified 2 x 2 submatrices, By equating these two values for the

number of incidences of ones with the specified 2 X 2 submatrices,

we obtain:

(13) 4 - 18q(q - 1) = (2p2)8 + (3p3)16
or
(14) 2p, + 3(293) = 9q(q - 1).

In (14) we have 2 < 3, p_ 2 0, 2p3 2 0, and 9q(q - 1) =a positive

2
constant. Therefore, p2 + 2p3 will be a minimum when p2 = 0,
But P, = 0 implies from (14) that

(15) %p, = 3q(q ~ 1).

We may now conclude that

(16) min(2p3 + 92> = 3q(q - 1).



By substituting 3q(q - 1) for min(2p3 + p2), we obtain, from
(11),

x
Qa7) Pp< 3q(r - q),
as required.
Lemma 3, Any block of a non-trivial Steiner triple system belongs
to a set of t mutually disjoint blocks and any block of a non-

x
trivial Steiner triple system with r = 3t + 1 belongs to a set
of t + 1 mutually disjoint blocks,
Proof, From Lemma 2, q mutually disjolnt blocks have elements
|

in common with at most 3q(r - q) additional blocks, Therefore,
a set of q mutually disjoint blocks can be extended to a set of
q + 1 mutually disjoint blocks whenever

*
(18) q+ 3q(r - q) <b .

We now show that this inequality holds for any q < t. 1In
*
particular, when r = 3t + 1, the inequality holds for any
q < t. By substituting k = 3 in (7) and (8), we have
* " 2 *
(19) Case I: v =6t +1, b =6t +t, r = 3t,
and
* * 2 *

(20) Case II: v =6t + 3, b =6t + 5t + 1, r = 3t + 1.

We now seek q such that

2
(21) Case I: q + 3q{3t - gqg) < 6t + t
and
(22) Case II: q + 3q(3t + 1 - q) < 6t2 + 5t + 1,

The inequality (21) above may be rewritten in the form of a quadratic

inequality:

2 2
(23) 3g - q{9t + 1) + (6t + t) > 0, t >0,



which has for its solution set all real numbers ¢ such that
(24) q<t or q>2t + 1/3.

We note thst v‘/k* represents an upper bound for the number of
mutually disjoint blocks in a BIBD so that q > 2t + 1/3 is
impossible.

Similarly, the inequality (22) can be rewritten as
(25) 3q2 - q(9t + 4) + (6t2 + 5t +1)>0, t>0,
which has for 1its solution set all real numbers q such that
{26) q<t+1/3 or q> 2t + 1,

Again gq > 2t + 1 1is impossible.

We have now shown that given a set of g mutually disjoint
blocks, q 2 3; we may add a block so as to form a set of q + 1
mutually disjoint blocks whenever, for Case I, q <t and, for
Case II, q< t. From Lemma 1, q = 3 {for all non-trivial STS.
Lemma 3 now follows by induction,

S. SOME GAME-THEORETIC RESULTS

The following theorem is fundamental,

Theorem 1, Let D be the dual of a balanced incomplete block design
D"l with K. =1, r* - k* > 0, If the set of blocks of D* has a
subset, Q , containing q mutually disjoint blocks, q > 1, with
the property that ‘3 {vq}, the complement of [vq}, which is the
set union of the elements contained in the blocks of Q, <can be
partitioned into subsets of k‘ - 1 collinear elements, then the

q mutually disjoint blocks together with the blocks determined in

the partitioning of C[vq} form a blocking coalition in D,



10

Proof, Denote the set of blocks determined in the partitioning

of {vq] by C and let Bq be the coalition described in the
conclusion of the theorem so that Bq =QU C . We note, first of
» » *
all, that the hypothesis r - k > 0 ensures the existence in D
of at least two mutually disjoint blocks and the hypothesis concerning
* * *
the partitioning of szvq} requires k q = v (mod(k - 1))
*
Bq blocks since any element of D is in qu] or in (E{Vq} .
We now show that Bq does not contain every block on a single element
*
by showing that any element, x , of D is contained in at least
one block not in Bq . We note that any block of Bq contains either
» ]
at least k - 1 elements of cgqu} or exactly k elements of
|
{vq} {but obviously not both since a block contains exactly k
elements,)
Suppose that x € qu]; then x € bx , some block of Q . Let
*
y be an element of D such that y £ bx and y € qu] . Such a
- * *
y exists since by hypothesis gq > 1 ., (In fact, kq ~ v (mod(k - 1))
»
requires q > 2 whenever k % 2 ,) Then the block determined by
x and y 1is not in Q since the blocks of Q form a partition
of [vq] , and the block determined by x and y 1s not in C since
="
it contains at most k - 2 elements of C{vq) . Hence for any
x € qu] there 1s a block containing x and not in B
Suppose that x € Cqu] . Then x 1is in exactly one of the
*
k - 1 subsets in the partition of Ci{vq} . The block of C con-

3
taining the (k - 1)-subset that contains x has at most one
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element of [vq}. Moreover, if there is a block of € that con-
tains x and also contains an element of {vq], there is8 only one
such block because of the partitioning of (3 {vq]. There is then an
element, w, of {vq} that is not in the same block of € as x.
The elements, w and x then determine a block of Dl'l that is not
in Q and not in C, hence not in Bq.

Since any element of D‘ is either in [vq} or in {3 {vq}, we
can conclude that Bq cannot contain every block on a single element
of D* but every element of D* is in some block of Bq and there-~
fore the blocks of Bq when taken as elements in the dual of D* form
a blocking coalition in D.

Corollary 1, If in the dual D of a BIBD, D‘. with r* =0,1
{mod k‘) and R‘: 1, there exists a blocking coalition of the type
described in the theorem with q = (k‘ - 1)n + 1, then this blocking
coalition has k - n members,
Proof. |Bq| is the sum of the number of blocks in Q and the
number of blocks in C, that is,
(27) 'Bql =q + (v' - k*Q)/(k* = 1).
By substituting for v‘ the expressions given in (7) and (8), we

-

obtain in both cases IBq' = k-n, (r =Kk) .

]
Corollary 2. Any game that is dual to a BIBD with r = 0,

1 (mod k*) and A* = 1 and has a blocking coalition of the type
described in the theorem with g = k"I has no equitable main simple
sclution,

Proof, It is sufficient to prove the existence of a blocking co-

alition such that |B| < k [14]. Corollary 2, therefore, follows from

Corollary 1.
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The preceding theorem has particular application to those games
that are dual to Steiner triple systems.

Corollary 3. Any pleyer in a game that is dual to a non-trivial

Steiner triple system belongs to a blocking coalition of k -~ 1
members.

Proof. From Lemma 1 we have q = 3 and a partition of (¢ [vq]
into pairs is always possible when q is odd. Corollary 3 then
follows from Corollary 1.

Corollary 4, Any player in a game that is dual to a non-trivial

Steiner triple system D'.t belongs to a blocking coalition of

k - n members, where n 1is any positive integer such that for t
odd, n< (t - 1)/2, and for t even n < t/2 when r. = 3t+1 and
n< (t - 2)/2 when r"'I = 3t

Proof, We take a (2n + l)-subset of the t, or t + 1, mutually
disjoint blocks which from Lemma 3 include the given block and form
the appropriate blocking coalition by partitioning e{vh} into pairs.
Since q =2n + 1, we have [B‘ = k -~ n from Corollary 1. Since

for Case I, q <t &and for Case II, q < t, n may assume the values
stated in the corollary accordingly as t is odd or even,

The last two corollaries yield also the result that any game that
is dual to a non-trivial Steiner triple system has no equitable main
simple solution. However, we do not state this explicitly here since
this result has been proved by Hoffman and Richardson [14], who give
a construction for a blocking coalition of k members.

%
Corollary 5. If a BIBD with X =1 contains a set of v /k

mutually disjoint blocks, the dual D has a minimum blocking

x %
coalition of v /k members,
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Proof. The proof of the theorem follows for e[vq} = P,
IB' = \."’.‘/k"l is obviously a minimum,

The duals of most of the block designs with r* - lﬁ:l'l > 0,

Ao=1, r* = 1 (mod k‘) that have been given by direct construction
have v*/k* mutually disjoint blocks and therefore have minimum
blocking coalitions of v‘/k‘ elements, Some of these are indicated
in a later section of this paper. We make explicit the case of the
finite Euclidean geometries in the following corollary,

.
Corollary 6, If D is the system of lines in the finite

Euclidean spsce EG(m.pn) of m dimensions over the Galois field

GF(pn) for m=2 2 and pn 2 2, the dual D has a minimum blocking
n{m-1)

coalition of p members and has no equitable main simple
solution,

n(m-1) *
Proof, A set of p mutually parallel lines in D provides

n(m1) *
the required minimum blocking coalition in D and p <r

= k;
hence D has no equitable main simple solution.

We note that the duals of the finite projective spaces are not
so readily handled since only the odd-dimensional cases satisfy
r* = 1 {(mod k*). We can, however, dispose of the problem of whether
the dual of the system of lines in a finite projective space has an
equitable main simple solution by enlarging the construction devised
by Hoffman and Richardson [14 ] to obtain a blocking coalition of k
members in the dual of a Steiner triple system,
Theorem 2, If D* i3 the system of lines in the finite projective

n
space PG{(m,p )} of m dimensions over the Galois field GF(pn) with

n
m=23 and p =2 2, then the dual D has a blocking coalition of
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1l + pn + p2n + ca. + p(m—l)n members and hence has no equitable
main simple solutions.
Proof, Let © be any point in PG(m,pn). Consider the pencil
of lines on O. Since k‘ = 1, every point of PG(m,pn) is on
some line of the pencil, Choose pn + 1 coplanar lines on O,
Call the plane containing these lines P, Let A be a point in P
such that A # O, Then on A there is in P a pencil of lines
containing every point of P. In the pencil of lines of D* on O
replace the lines that are in P by the previously noted plane pencil
on A. The resulting set of lines forms a blocking coalition of

* n 2n {(m1)n
r =1+p 4+ P + ..o +D

in the dual, Since we have
|BI = r* = k, D has no equitable main simple solution.

The method of construction of the blocking coalition in Theorem 1
enables us to solve the problem of determining the minimum number
of elements in a blocking coalition in the dual of a Steiner triple
system, at least to the extent of expressing a minimum blocking
coalition in terms of the maximum number of mutually disjoint blocks
in the system, For any given STS a minimum blocking coalition
in the dual can easily be found by application of the following theorem,
Theorem 3. Let D* denote a non-trivial Steiner triple system.
In the set of blocks {bi] in D let Mq be the largest subset
having the property that the members of Hq are mutually disjeint
blocks of D* and Mq contains q members where q 1is odd., Let
[vq] be the subset of elements of D* contained in the blocks of

Mq. In the dual D let Bq be the blocking coalition consisting of

*
the members of Mq and the blocks of D determined by a partition
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of Gi[vq] into pairs. Then Bq i1s a minimum blocking coalition in

D.

Proof. That Bq is a blocking coalition in D follows from
Theorem 1., We now show that |Bq| is a minimum. Suppose the
contrary, Then there exists a blocking coalition Bx such that

|Bx| < |Bql. et (b ,b,...,b ] be the largest mutually disjoint

2
subset of Bx and let 'Bxl = z. Then
(28) B, = {b,by,.uusb, b_,yre-eeb .

Bx blocks, therefore,

(29) fv,d ={bjUb,U...UDB UDb

l'..lU bz]’

where {vv‘] is the set of all the elements of D..

Since, in the expression for [vv*} above, the first x blocks
are mutually disjoint and since there are not x + 1 mutually dis-
joint blocks in Bx' it follows that

(30) I(b1 UbU ...Ub)nNb | 21 for 3= x.

J+1

In computing IBxI’ therefore, any bJ,J > x, adds at most two new

elements to the set union. Suppose, now, that x 1s odd. Then =z

is at least so large as to satisfy

(31) v* = 3x + 2(z - x)

snd (31) implies that =z 2 (\ar'.I - x)/2. But by assumption z < thl;

hence

(32) - xz<qr - 3q2 = o - Q)2

By (32), x 2 q. This is impossible since q 1s the largest odd-

numbered mutually disjoint subset of the set of blocks in D‘.
Suppose x 1is even. Then at least one block, say b, , for some

J

J » x, adds only one new element to the set union so that 2z 1is at
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least large enough to satisfy
(33) v.r,.I =3x + 2(z - 1) - x) + 1,
which implies that z 2 (v. - {(x-1))/2., But z < Iaql; hence
(34) v - - D2 < v - Q)/e,
which implies that x - 1 > q. However, any subset of a set of
mutually disjoint blocks is a set of mutually disjoint blocks,
Since x 1is even, any (x - l)-subset of the x mutually disjoint
blocks of Bx will be an odd-numbered set of mutually disjoint blocks
in D*. The inequality x - 1 > q, therefore, contradicts the
assumption that Mq is the largest odd-numbered set of mutually dis-

*
Joint blocks in D ., Hence IBql is a minimum,

6. EXAMPLES

We conclude this discussion of block design games by presenting
a2 number of examples tllustrating the preceding results,
Example 1. The dual of a Kirkman triple system of order vl‘l = 6t + 3
has a minimum blocking coalition of 2t + 1 members. By definition,
a Kirkman triple system of order 6t + 3 1s a Steiner triple system
with the additional stipulation that the set of b* = (2t + 1)(3t + 1)
triples be partitioned into 3t + 1 components, each of which is a
(2t + 1)-subset of triples with each element of the triple system
appearing exactly once in a component [22. p. 101]. Each component
is thus a set of 2t + 1 mutually disjoint blocks and Corollary 5
applies.

Example 2. The "method of symmetrically repeated differences,’ due

to Bose [4], for the construction of a BIBD yields, when applied to
* * * * » »
designs with v = (k - 1)k t + k and A =1, k t + 1 transitive

x
constituents (with respect to blocks) of (k - 1)t + 1 blocks each,
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and has an automorphism of order (k* - 1)t + 1; and one of the
transitive constituents consists of a set of (k‘ - 1)t + 1 mutually
disjoint blocks that constitute a minimum blocking coalition in the
dual, For example, a Steiner triple system on 15 letters can be con-
structed by applying the transformation

T =¢1 23 45)(67 89 10)(11 12 13 14 15)

t« the basis blocks:

Bl = (1,4,10), B6 = (2,3,10), B11 = (6,9,15),
B16 = (7,8,15), 821 = (11,14,5), B26 = (12,13,5),
831 = (5,10,15).

The last five blocks; (5,10,15), (1,6,11), (2,7,12), (3,8,13), and

(4,9,14), which are based on B are a set of five mutually dis-

31’
joint blocks (9,p. 117 1.
Example 3. There is another construction due to Bose (4] for BIBD

* ® * * "
with (k - 1)k t + k elements and A = 1, where the k t non-

-
zero elements of a finite field with k t + 1 elements are used
* *
k -1 times to obtain (k =~ 1)t basis blocks to which is added a
*®

single basis block containing an element o and k - 1 replications

of the zero element of the field in the form

s(v' - 1/ - 1),
x

where s =1,2,...,k -1, 8o that when the transformation
* &
T =(1 2...m)(m + 1...2m){(2m + 1...3m) .., {((k - 2)m,...v - 1), where
* * *
m= (v - 1¥(k - 1), 1is applied to the (k =~ 1)t + 1 basis blocks,

each element appears once with every other element and each element
*
occurs k t + 1 times in all. Here the basis blocks are mutually dis-

joint and form in the dual a minimum blocking coalition as noted in

Theorem 1, Corollary 5.
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* * ] * *
For example, when v = 40, b = 130, r 13, k =4, X =1,

i

the ten basis blocks are:

~-}
H

= (1,12,18,21), B (4,9,20,19),

1 14

B,, = (3,10,15,24), B, = (14,25,31,34),
B, = (17,22,33,32), Bgg = (16,23,28,37),
B,o = (27,38,5,8), By, = (30,35,7,6),
Blos = (29,36,2,11), Blig = (=,13, 26, 39),

and the remaining blocks are obtained by applying

T =(1 2 3...13)(14 15...26)(27 28..,.39)
ﬁ.p. BQ:L The ten basis blocks, when taken as players in the dual,
form a minimum blocking coalition,
Example 4, It is well known that a non-symmetric BIBD with
r"r T 1(mod k*) and k* = 1 can be constructed whenever an appropriate
difference set can be found. PFor example, take v' = 21, b. = 321)+ 7,
k =3, r =10, A* = 1. An appropriate difference set is given by

s = (0,3,9|0,1,5/0,2,10|0,7,14),
80 that the design is constructed by taking as blocks:
(x,x + 3, x+9), (x,x+ 1, x+5), (x,x + 2, x+ 10), (x,x + 7, x + 14),
where x = 0,1,2,...,20 and sums are taken (mod 21), The last
basis block provides a set of seven mutually disjoint blocks which
form a minimum blocking coalition in the dual.

A number of non~isomorphic Stelner triple systems on 15 letters

may be constructed by this method. We give two examples:

STSl:(x,x +1,x+4), (x,x+ 2,x + 8), (x,x+ 5,x + 10);

Srsz:(x,x + 1,x + 4), (x,x + 6,x + 13), (x,x + 5,x + 10);
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We note that STS, above is PG(3,2) [24,p.203]. The dual of

1
»
any BIBD with A =1 and constructed by this method has a mini-
* »
mum blocking coalition of v /k members and hence no equitable
main simple solution since

o *
v/kK <r =

K.
Example 5. We present, finally, an example of a block design that
* * » *
has less than v /k mutually disjoint blocks, let v = 15,b = 335,
» * *
k =3, r =17, A =1, and let the first 15 letters of the alphabet

represent the elements. Then the blocks of a BIBD with these para-

meters may be represented by

B1 = ABC,
52 = ADE, B8 = BDF, 314 = CDG,
B3 = AFG, B9 = BEG, B15 = CHK,
AHI, B10 = BHJ, B16 ClJ, B20 = DHL, 824 = EFH,
AJK, 811 = BIK, 817 CLo 821 = DIN, 325 = EJM,
ALM, B12 = BLN, B18 CNE, 322 = DKM, 326 = EKO,
ANO, 813 = BMO 819 CFPM, 823 = DJO, 327 = EIL,
828 = FOI, 330 FKN, 832 = GHO, 834 = GJN,
B29 = FJL, 831 = HMN, 333 = GIM, 335 = GKL.
This design does not contain a set of five mutually disjoint

blocks, However, by Lemma 1 any block belongs to a set of three

mutually disjoint blocks,

Consider Bl. The blocks B

1'B2O'828

form a set of three mutually disjoint blocks containing elements

A, B, C,D, H L, F, O, I, By partitioning the remaining elements

into pairs, we obtain EG, JK, MN, which detemmine Bg'Bs'B re-

31

spectively. A blocking coalition of k - 1 elements in the duasl is
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glven by Bl,B This is8 a minimum blocking co-

20°B28'Bg:B5 1By -
alition since the largest odd-numbered set of mutually disjoint
blocks in D‘ contains three blocks,

The design used in this example was constructed by trial and
error. We note, however, that all the 80 non-isomorphic triple
systems on 15 letters have been enumerated by Cole, White, and
Cummings [5 ] and independently by Hall and Swift [10]. No attempt

has been made to classify either the preceding design or those

of Examples 2 and 4 in the context of these two references,
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CHAPTER II, BLOCK DESIGNS AND GRAPH THEORY*

1. INTRODUCTION

The purpose of the following discussion is to demonstrate
the relation of balanced incomplete block designs to certain con-
cepts of graph theory. The set of blocks of a balanced incomplete
block design with A =1 1s shown to be related to a maximum in-
ternally stable set of vertices of a suitably defined graph. The
development yields also an upper bound for the internal stability
number of a large subclass of a class of graphs which we call
"graphs on binomial coefficients." In a different but related
context @very balanced incomplete block design with A =1 1is
shown to be a solution of a suitably defined irreflexive relation,
Some examples of relativizations and extensions of solutions of
irreflexive relations (as developed by Richardson [18-20])are
generated as a result of the concepts derived.

Following a suggestion implied by Berge [2] we introduce the
Definition, A graph on the binomial coefficient (:) with edge

parameter A, written 0(:) , 1is a graph whose vertices are the
A

A
(:) possible k-tuples which can be formed from v elements and

having as adjacent vertices those pairs of vertices which have more

*Research on which this section is based supported by the U.S.
Army Research Office-Durham under Contract No. DA-31-124-ARO-D-366.
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than A and less than k elements in common,

Obviously the definition requires k - A > 1 and v > k,

An internally stable set of vertices of any graph G 1is a set
of vertices no pair of which are adjacent. A maximum internally
stable set of vertices is an internally stable set of vertices the
number of which is greater than or equal to the number of vertices
in any other internally stable set. A graph may have several maximum
internally stable sets of vertices. The number of vertices in a
maximum internally stable set 13 the internal stability number of G
and is symbolized by o(G) {cf.Berge [2,p.472])

Berge [ 2] indicates that any maximim internally stable set of

15

3) is a BIBD with

vertices of the particular graph G(
1

(v, b, r, k, X)) = (15,35,7,3,1). We note, however, that there are

some binomial coefficients for which maximum internally stable sets

of vertices are not BIBD at all or, if they are BIBD, the para-

meter v of the graph is not the same as the v of the block design.

The observation we have just made can be sSeen more clearly from the

following remarks.

To begin, we can define G(:) for any integers v, k, A pro-
A

vided k- A >1 and v > k, However, for a BIBD it is necessary
that the parameters satisfy
(1) vr = bk,

(2) rik - 1) = A(v - 1)
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Therefore, while G(:) exists for any v,k,A with v >k, k-A > 1
A

and although such graphs have maximum internally stable sets of verti-

ces, these will certainly not be BIBD having the v of o(:) as
Y

a parameter for those values of v,k,\ for which w%e cannot find
integers b and r so as to satisfy Eqs,(l) and (2). Moreover,
there are quintuples of parameters v,b,r,k,A which satisfy Egs, (1)
and (2) but for which a BIBD does not exist, A notable example
is the case

(v,b,r,k,\) = 696,42,7,6,1).
A BIBD with these parameters, if it existed, would be a finite
affine plane with 36 points and 42 lines, Such a plane has long been
known not to exist. We seek, therefore, to establish a characterization
of those maximum internally stable sets of vertices which are balanced

incomplete block destigns,

2. THE INTERNAL STABILITY NUMBER FOR G(:)
A=1

Our first theorem introduces an upper bound for the internal
stability number of a graph on a binomial coefficient and having edge
parameter A = 1,

Theorem 4. The internal stability number of a graph G on the bi-
nomial coefficient (;) with edge parameter A = 1 1is8 less than or

v

k) Y = Av(v - 1)/ k(k-1).)

equal to Av(v - 1)/k(k - 1). (In symbols, a(G(
A=1
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Proof, let S8 be an internally stable set of vertices of
G(:) so that

A=1
(3) S=[51!52|---|sn}c

Let x be an element appearing in some vertex SJ' X can appear
only once in a given vertex since by definition a k-tuple contains

k distinct elements. Any k-tuple in which x appears contains

k - 1 distinct elements which are also distinct from x. Moreover,
the element x cannot appear with the same element in more than one
k-tuple, for suppose the vertices s

and ‘8 i # j), each contain

1! 3’
the pair of elements x,y with x # y. Then s1 and SJ are ad-
jacent since they have more than A = 1 elements in common, thus
violating the assumption that § 1is internally stable. Each of the

v elements, then, can appear in at most A{v - 1)/(k - 1), for

A =1, blocks in an internally stable set of vertices. The product
of the number of elements by the number of times each element may
appear in S without violating the internal stability of S, that is,
Av(v - 1)Y/(k - 1), counts each possible appearance of the same
element k times. Therefore, the total number of k-tuples which can
accommodate a maximum number of appearances of each element and still
form an internally stable set of vertices 1s Av(v - 1)/k(k - 1),

where X = 1.

Theorem 5. 1f a(G(:) Y = Av(v - 1)¥/k(k - 1) then a maximum in-
A=1

ternally stable set of vertices is a balanced incomplete block design

with the given v,k,\ as parameters,



Prool. From the proof of Theorem 1 it follows that, if

v

k) ) = Av(v -1)/k(k - 1),

a(G(
A=1

then in a maximum internally stable set of vertices each of the v
elements appears exactly (v -~ 1)/(k - 1) times. This means that
each of the v elements appears once with every other element so
that a maximum internally stable set with Av(v - 1)/k(k - 1)
members, i = 1, forms a BIBD with parameters

(4) (v,b,r,k,A) = (v,a(G), (v - 1)/¢(k - 1), k, 1).

Theorem 6. A balanced incomplete block design with A =1 and

parameters v,k 1is a maximum internally stable get of vertices of
v
k)

Proof, If D is a BIBD with v,k given and A=1, we can

A=1

assume v >k and k - A > 1; otherwise the design is trivial.

Then from Eqs. (1) and (2)

(5) r=A({v - 1)/(k - 1) and b = Av{v - 1)/k(k - 1), A = 1.
Moreover, each pair of blocks have at most one element in common since,
from the definition of BIBD when A =1, each pair of distinct
elements determines a unique block, Therefore, the set of blocks is

an internally stable set of vertices of G(:) . This set is a max-
A=1

imum since the number of blocks is equal to the upper bound established
in Theorem 4 for the internal stability number of a graph on a bi-

nomial coefficient and having X = 1.



3. INEQUALITIES AMONG INTERNAL STABILITY NUMBERS

We consider now families of graphs on binomial coefficlents,
Two graphs which have the same k and the same A will be con-
sidered to be members of the same family. We establish some in-
equalities for the internal stability numbers of distinct graphs of
the same family of graphs on binomial coefficients,

Theorem 7. If VI > v then for a fixed k and a fixed A

26

2
v v
CWORELTCHRE
A A
Proof. The result follows immediately from the observation that,
if X and k are fixed and vl > VZ' the k-tuples which form a
V2
maximum internally stable set of vertices of o(k ) form an in-
A
Y1
ternally stable set of vertices of G(k / .
A
Theorem 8, If v1 - v2 Z n{k - 1) for some integer n > 0 then
v v
a(G(kl) = a(G(kz) ) + n,
A=1 A=1
Proof, let Ma represent a maximum internally stable set of
v
vertices of G(k2> Then Ma is an internally stable set of
A=1
/v1
vertices of G\k which uses at most only v1 - n(k - 1) of
A=1
the \f elements from which the k-tuples forming the vertices of
Y1

G(k ) are chosen. To the set Ma we add n additional k-tuples

in the following manner: Partition n(k - 1) elements which are in



the set of v1 elements and not in the set of v2 elements into

n mutually disjoint subsets of k - 1 elements each. To each of
these (k - 1)-tuples add an element which appears in "a to yield

n k-tuples which, when combined with the k-tuples in Ma, form an
v
internally stable set of vertices of G(kl) . Either this set
A=1
v

?)
which contains u(G(k ) + n vertices or some larger set is a

A=1
maximum.
The preceding theorems have some interesting applications,

Example 1, Since there is no BIBD for v = 36, k = 6, A =1, we

36

6) ) < 42, From the exist-

know from Theorems 4 and 5 that a(G(
1

ence of a projective plane of order 5 we have from Theorem 6 that

0(6(31) ) = 31, Hence from Theorem B, since 36 - 31 = 1(6 - 1),

6 1
36
it follows that o(G 6 ) = 32,
1
Example 2, Since the existence of a finite affine plane of order

100

10) ) 1is unknown. However, from

10 is an unsolved problem, a(G(
1

the existence of a finite projective plane of order 9, we know from

91

10) ) = 91. We can conclude from Theorem 8 that

Theorem 6 that Q(G(
1

0 .
a(G(lo ) ) 2 92, We know also from Theorem 4 that a(G(loo) Y £ 110,
10 1 10 1



4. BLOCK DESIGNS AS INTERNALLY STABLE SETS

v
From the set of k-tuples which form the vertices of G(k)
A=1

we can select an internally stable set which uses only u elements

-

for some u = v, We inquire which such internally stable sets are
balanced incomplete block designs. We present two theorems that are
generalizations of the previous development.

We establish by definition a set of parameters for internally
stable sets of vertices of graphs on binomial coefficients and having

A =1, Let S be an internally stable set of vertices of G(:>
A=1

and let b5 represent the number of vertices in 8, Let v, be

the number of elements which appear r1 times in §. If the set

union of the vertices belonging to S contains u distinct elements
then, obviously, I vi = u., Since the u elements in S are a sub-

set of the v elements in the vertices of G(K) , then § 1in-
A=1

ternally stable in G implies that S 1is an internally stable set

of vertices of G{u\
\k/k—l

; bS, then, has an upper bound established

in Theorem 1. Represent this upper bound by b so that

(6) b5 Zb=23Auu - 1)Wk(k - 1), A =1,

We call u,k,bs,ri, A =1, the parameters of the internally stable

set of vertices and we establish the following relations.

Theorem 9. If S8 1s an internally stable set of vertices of

——— v

G(:) then the parameters of S satisfy ri(k - 1) £Exu-1),
A=1 '

A =1, and T v,Ty = bsk < bk.
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Proof. Since X = 1 the maximum number of times which any element
can appear in S8 1is (u - 1)/(k - 1), otherwise two verticea of §
would have more than X = 1 elements in common, which contradicts
the assumption that S is internally stable, This means that
(7 r, S Aau- 1)/(k-1), A =1,
The first inequality stated in the theorem now follows from (7).

To prove the second inequality we note that the product
bk gives the maximum number of possible element appearences since
it counts the number of places to be filled in forming an internally
stable set of vertices in which each element appears a maximum number
of times and where there are u elements and X =1, T v,T counts

1

the total number of actual element appearances in S so that

= k T bk,
(8) = Vlri bS k
Theorem 10, If S, an internally stable set of vertices of
G(Z) , has ufu - 1)/k(k - 1) vertices and contains u distinct
A=1

elements, then S is a balanced incomplete block design with parameters
(v.b,r,kx,A) = (u,ufu -~ 1)/k(k - 1), (u - 1)/(kx - 1),k,1).

Proof. As noted above, S8 1is internally stable in G<:> and,
A=1

therefore, Theorem10 follows from Theorem 5.

5. BLOCK DESIGNS AS SOLUTIONS OF IRREFLEXIVE RELATIONS
We have sought in the foregoing development to characterize from
among internally stable sets of vertices of graphs on binomial coeffi-

clents those sets which are balanced incomplete block designs. The
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concepts involved and even the possibility of such a characterization
is related to a study made in a different terminology and in a vastly
more general context by Richardson [18—20] in an investigation of sol-
utions of irreflexive relations, (See also Harary and Richardson [13]).
We proceed now to show that every balanced incomplete block design
with A =1 1is a solution of the irreflexive relation established by
each of several suitably defined graphs from the same family of graphs,

We note, first of all, that the relation of adjacency of vertices

v

k) . We symbolize

i3 a binary relation on the domain of vertices of G(
A
this relation by » and x » y means 'x and y are adjacent,”

If x and y are vertices of some G(:) , then x >» y 1if and only
A

if x and y have more than A and less than k elements in
common, The relation » 1s irreflexive since x » x would imply
that the k-tuple denoted by x has less than k elements in common
with 1tself, which is impossible. The most general irreflexive re-
lations make no assumption concerning either symmetry or transitivity.
However, the relation we have called "adjacency” implies symmetry and
is indifferent to transitivity. The implication of symmetry may be
arrived at in two ways. We may consider the graph to be unoriented.
In this case, since no orientation has been assigned, x » y implies
y » x. We may, on the other hand, consider the graph to be a symmetric
directed graph, which means that 1f y 1is adjacent from x then x

is adjacent from y and, again, x 3% y implies y » x. The fact

that the irreflexive relation we are considering here is symmetric is
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not catastrophic. A great deal of work has been done with irreflexive
relations in which asymmetry is implied as, for example, in the so-
called ancestor relations. Analogously the presence of symmetry does
not preclude an investigation of the nature of solutions.

A solution of an irreflexive relation is defined as follows:
Let P be the set of all vertices for which the relation » has heen
defined. A subset S of P 1is a solution of the irreflexive relation
if the following two conditions hold:

(1) For any two vertices a, be¢ § it is not true that a » b,

(2) For any a € P~ 8, there exists b € § such that b » a.
(This definition is the same as that used in Richardson [18] except
that we have called the members of the set P 'vertices"” rather than

"elements' since we have reserved the word "elements' for the v
entities from which the k-tuples are chosen to form the vertices of
the graph.) We are now in a position to explore the relation of
balanced incomplete block designs to solutions of certain irreflexive
relations, We do this for designs having A = 1.

Theorem 11l. Every balanced incomplete block design with parameters

(v,b,r,k,A = 1) 1is a solution of an irreflexive relation defined by a

N
graph on the binomial coefficient (:) and having edge parameter
A= 1,
Proof. Let S be the set of k-tuples which are the blocks of

the given BIBD. Then S 1is a subset of the set of vertices defined

A
by G(k/ . Let » be the irreflexive relation defined by G, that
A=1

is, for any two vertices x,y,x » y if and only if x and y have
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more than A and less than k elements in common., If a ¢ 8 and
be S then a $ b since no two blocks of a BIBD having A =1

have more than one element in common,

4
Let P be the set of vertices of G\E) ., If aeP-§
A=1
consider any pair of elements in a, say VI' vz. Since X =1 the
pair Vl' v2 determines a unique block in the BIBD and this block

will have two elements in common with a. This means that for any
a€P~-S there is b€ 8 such that b » a. The BIBD is, there-
fore, a solution, since it satisfies both relations required in the
definition of solution,

The preceding theorem can be generalized to show that a BIBD
with A = 1 1is a solution to each of the irreflexive relations de-
fined by several graphs from the same family of graphs.

Theorem 12, If S8 1s the set of blocks of a BIBD with parameters

(v,b,r,k,A = 1) then S 1is a solution of each of the irreflexive

relations defined respectively by G(V;q> for each q such that
A=1

0%q*k=-2 and S 1is not a solution for q =2 k - 1.

Proof. The proof is the same as that for Theorem 11. Clearly
if a#b and a€ S and be S then ap b, since no two distinct
blocks of S5 have more than one element in common, and if a = b

then a % b as noted previously. Also, since q = k - 2, any k-

tuple in P, the set of all vertices of G(v;q) , ctontains a pair
A=1
of elements, say vl, v2, which belong to the set of v elements con-

tained in the blocks of 8§ considered as k-sets, It follows that if
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aeP-S there exists b e §, where b 1s determined by v v

)

such that b > a,

If qZk-1 then P - § contains a k-tuple consisting of
k -~ 1 elements not in S8 and some other element. This k-tuple is
not adjacent to any k-tuple in 8. Therefore, S 1s not a solution
when q €k - 1,

We pause now to consider the significance of Theorems 11 and )2.
It is well known that every symmetric irreflexive relation has a solu-
tion., This is merely a restatement from graph theory that every sym-
metric graph without loops has a kernel, since "kernel” is synonymous
with "solution” in the sense that "kernel” is used to designate from
the set of vertices of a graph a subset that satisfies the same con-
ditions as those needed for a solution when adjacency of vertices is
taken as the irreflexive relation (cf. Berge [1,p.47]). A graph on a
binomial coefficient, as we have defined it above, is a symmetric
graph without loops; hence 1t has a kernel and the irreflexive relation
which it defines has a solution. The significance of Theorems 11 and
121is that they provide a particular solution which, if it exists, is a
maximum internally stable set of vertices,

We consider now the number of vertices in a solution of the irre-
flexive relation determined by a graph on the binomial coefficient

v
(k) and having XA = 1, We show by example that the number is not

/
constant for a given relation, Consider G\lg) » Wwhich has for its
1

vertices all possible triples that can be formed from 15 elements,

Any one of the 80 Steiner triples systems on 15 letters (elements)



34
(see [5] and [7]), is a solution containing 35 vertices., The number

35 is A maximum since a(G(Ig) S 35 by Theorem 1 and any solution is
1

internally stable, We can find a kernel of a symmetric graph without

loops by maximizing any internally stable set of vertices. Any kernel

of G(lg) can be maximized to form & kernel of G(lg> . This is
1 1

gshown in

Example 3, There are exactly two BIBD having (v,b,r,k,\) =

(13,26,6,3,1) (cf. Hall [7]). One such design is given by taking the
following triples as blocks:

1, 2, 3

1, 4, b5 2, 4, 6 4, 3, 8 7, 8, 13 3, 5, 12

1, 6, 7 2, 5, 7 4, 7, 9 7, 10, 12 3, 6, 10

1, 8, 9 2, 8,10 3, 10, 13 8, 5, 11 3, 9, 13

1, 10, 11 2, 9, 12 4, 11, 12 8, 6, 12 5, 6, 13

1, 12, 13 2, 11, 13 7, 3, 11 6, 9, 11 5, 9, 10,

To this set of 26 triples, we add an additional triple in the manner

of Theorem 8, say the triple (1, 14,15). These 27 triples form a

15

3) . This is

gsolution of the irreflexive relation defined by G(
1

easily verified in the following way. The block design is internally

stable and the triple (1, 14, 15) is not adjacent to any of the 26

triples in the block design. Call the set of 27 triples 8. From

the preceding remarks we see that S is internally stable, Any

vertex of G contains either two elements of the first 13 elements

or only one element of the first 13 elements, If the latter, the
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vertex contains the pair 14, 15. In either case any vertex not in

S 18 adjacent to a vertex in S, It follows that § 1s a solution

for G(I:) .
1

We have, then, for the same graph on a given binomial coefficient
a solution containing 35 vertices and a solution containing 27 vertices,
The larger solution is a BIBD and the smaller is not a BIBD. It
seems logical to ask whether there can exist a graph on a binomial co-
efficient and having A = 1 which has two solutions of differing
cardinal numbers but such that both solutions are BIBD. We now show
that this 1s impossible,

We have been considering those balanced incomplete block designs
which have X = 1 and we have noted that the parameters of a BIBD
must satisfy Egs. (1) and (2). If we consider all quintuples of para-
meters that satisfy Eqs. (1) and (2) for a fixed k and for X =1,
then these equations provide a system of equations for which a solution
in integers v,b,r 1is required. The following lemma gives a general
necessary relation between r and Kk,

Lemma, A balanced incomplete block design with A = 1, k = p'q
where q 1s a positive integer and p 1is a prime such that p does
not divide q, has r = 0,1 (mod pm).

Proof, We have from Eqs. (1) and (2) that vr = bk and r(k - 1)
=A(v - 1), lLet k = pmq, and A =1 and r = x(mod pm) so that

r = pmt + x for some non-negative integers t and x. By substituting

in the basic relations (1) and {(2) and eliminating v, we obtain

(9) (pmt + x)2(pmq - 1) + (pmt + x) = bpmq-
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This implies that
(10) ("t + x) | bp'q.
We now consider the possibilities for relation (10). There are
three cases which we consider separately:

0 {(mod pm) as required.

il

Case 1: (pm,pmt + X) pm. Then r

1}

Case 2: (pm,pmt + X)

1i

1. Then Bq. (10) implies
(11) ("t + x) | bq.

We now divide each member of Eq. (9) by pmt + x and obtaln upon
simplification
(12) pla(p™t + x) - Pt - (x - 1) = (ba/(P"t + X))p",
where bq/(pmt + X) 1is an integer. Eq. (12) implies that pm | (x - 1).
This, in turn, implies r - 1l(mod pm).

Case 3: (pm,pmt + X) £ 1,pm. Then since p 1s a prime

(13) (pm,pmt + X) = pm-n' for some n < m,

so that x = apm-'n for some integer a, When Eq. (13) 1s applied in
evaluating the right member of Eq. (12), that term assumes the form
(bq/(pnt + x))pn, where bq/(pnt + Xx) 1s an integer. Eq. (12) now
implies pn | (x - 1). It follows that x - 1 = cpn for some integer
c. If c =0 we have the required result that x =1, If c £ O then
(14) X = ap = cp + 1,
which 13 impossible. This completes the prooef of the lemma.

From Eq. (2) and the lemma it is obvious that we can generate all
possible values of v which belong to quintuples of parameters
v,b,r,k,A having a given k and having A =1 and satisfying Eqs.

(1) and (2) by taking all values of r such that r = 0,1(mod pm) for

all pm such that k = pmq and (pm,q) = 1, Moreover, distinct
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values of r yield distinct values of v and from Eq. (2) it follows
that, for a fixed k, v 1is a monotonically increasing function of r.
In particular, if r1 > r2 then r1 - r2 £ 1 and, therefore, from
Eq. (2) with X =1,

(15) Vit VY, =2k -1, for i > Vo
Eq. (15) implies, in view of Theorem 12,that for a fixed k and

A =1, a BIBD with Vo elements cannot be a solution of the ir

v
reflexive relation defined by G(kl) for any v
A=1

1’ v2 such that

v1 > v2 and vl, v2 are possible parameters of a BIBD with the

given k and with X = 1, We have now proved

Theorem 13, All balanced incomplete block designs which are solu-

tions of an irreflexive relation defined by a graph on a given binomial

5
coefficient (:) and having A = 1 have the same parameters.

6. RELATIVIZATIONS AND EXTENSIONS OF SOLUTIONS

As an application of the preceding results we note that we can
now generate an infinite set of non-trivial examples of ''relativizations'
and "extensions" of solutions of irreflexive relations., 1In this
section we shall use interchangeably the terms ''solution of a graph'

and "solution of an irreflexive relation "

An extension of a sclution
of a graph has been defined by Richardson [20] as follows:

Definition. By a subsystem (150,>-) of the system (8 ,» ) 1is
meant a system where "&o C & and the relation » for the subsystem

is merely the restriction of the relation » for the supersystem

(&, >). Let G be the graph of the subsystem (490,>-) and let
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Vo be a solution of Go. A solution V of G 1s termed an ex-
tension of Vo if v ﬂADb = VO; in this case Vo 1s sald to be
relativized from V.,

We can generate an infinite class of extensions of solutions of

irreflexive relations by adding an appropriate k~tuple to any block

15
design. In Example 2, the 27 member solution of G( 3> is an ex-
1

13)
tension of the 26 member solution of G( 3 . As a generalization

of this example we can consider those values of k for which BIBD
exist for all values of v satisfying Eqs. (1) and (2) with X = 1,
If kX 1is a power of a prime we are limited by the lemma, praoved
above, to choosing either r = kt or r = kt + 1, This means that,
if k is a power of a prime, then there are exactly two cases for
the parameters for X = 1:

(16) Case I: v=k(k-1)t+ 1, b=k(k - l)t2 + t, r =kt

Case II: v k(k - 1)t + k, b

(kt + 1)((k - 1)t + 1,r = kt+l,
Due to the work of Reiss [17) and Moore [16] it is possible to

construct a BIBD with k = 3, A =1, forevery t =21 1n Cases I

and I1 above. Hanani [11,12] has shown that designs can be constructed

for every t =1 when k = 4,5 and X = 1, Results for larger

values of k are incomplete,

let Kk assume some value for which, when A = 1, a BIBD exists

kK(k=-1)t+k

for each value of t. Let G be a graph G( K

) . Let the
A=1

K(k-1)t+1

block design, V , be a solution of G (
o o k

) . To V add
A=1 ©
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a single k-tuple consisting of an element in Vo and the k - 1
elements in G - Go' The lvol + 1 k=tuples thus formed comprise a

k(k*l)t+k)
k A=1

solution V of G( which is an extension of VO. As

in Example 2, V 1s an extension of a block design but 1s not a block
design. G has, however, another solution which is a block design.
The following question arises from the preceding discussion. Is
it possible for both V and Vo to be block designs? 1In other
words, i8 it possible for a balanced incomplete block design to be an
extension of another balanced incomplete block design? The answer is
yes. Examples are to be found in the higher dimensional projective
geometries, The set of lines of any PG(ml,pn) form a block design
that is an extension of the block design formed by the set of lines

of PG(mz,pn) whenever m2 < ml.

Example 4, Consider PG(3,2), This is a BIBD with

(v,b,r,k,x) = (15,35,7,3,1).
If we take as points the 15 numerals 0,1,...,14 then the blocks are
obtained by letting x assume each of the values O0,1,...,14 1in the
following 3 triples [24,p. 203]: (x,x + 1, x + 4); (x,x + 2, x + 8);
(x,x + 5, x + 10), the sums being taken modulo 15. Let V represent
the 35 blocks obtained in this way. Let Vb be the following set

of 7 blocks:

0, 1, 4 (2, 4, 10) (4, 5, 8)
, 2, 8 (1, 8, 10) (1, 2, 5)
(6, 5, 10)

Vo is a BIBD using the numerals 0,1,2,4,5,8,10 &s elements, In

fact, Vo is obtained from PG(3,2) by considering the plane
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generated by the lines (0,1,4) and (0,2,8). Vb is isomorphic to

7
PG(2,2) and is a solution of G0(3> . Moreover, Vo is8 relativized
1

35
3 1

from a solution of G(
With reference to Example 4, we note that, for block designs, the

problem of finding extensions which are also block designs is synonymous

with the problem of embedding.

7. OCONCLUDING REMARKS

The foregoing discussion may be considered a study in equivalence
of concepts, 1t has been shown that balanced incomplete block designs
with A = 1 are internally stable sets of vertices of suitably defined
graphs and are solutions of certain suitably defined irreflexive re-
lations. These results depend heavily on the proposition that, in a
BIBD with A = 1, any pair of distinct blocks have at most A elements
in common, This property is characteristic of all symmetric BIBD
and of all BIBD with A =1 but is not generally characteristic of
BIBD with X > 1, A BIBD 1in which a pair of blocks have more than
A elements in common has been constructed by Bhattacharya [3]. In
particular, Bhattacharya's example shows that the property of con-
taining a pair of blocks with more than XA elements in common is a
property of the structure rather than of the parameters. His example
has parameters (v,b,r, k,A) = (16,24,9,6,3), which are also the
parameters of a known BIBD without this property. (cf. Hall [7,p.100]).

with the evidence provided by Bhattacharya's design it is obvious

that the relation of block designs to graph theory as developed in this
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paper cannot be extended to higher values of A. However, there is
some hope of repeating our results for A = 2, This would, of course,
depend on being able to prove that any pair of distinct blocks of a
BIBD with A = 2 have at most A elements in common., As a result
of the work of Connor and Hall [6], it can be stated that any pailr

of distinct blocks of a BIBD having parameters of the form

where the v,k,A = 2 are parameters of an existing symmetric design,
have at most A elements in common,

In spite of the limited generality of the concept of balanced
incomplete block designs as internally stable sets of vertices of
graphs on binomial coefficlents having edge parameter X, it is
nevertheless the writer’'s opinion that the Investigation of the special
case of A = 1 has provided considerable insight into the nature of
block designs, Combinatorial mathematics cannot afford to regard
block designs as isclated combinatorial phenomena and whatever con-
cepts can revitalize our view of their basic nature should receive

careful exposition.
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