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Abstract

Non-linear Response of 2D Electron Systems at Low

Temperatures to Electric and Magnetic fields

by

Natalia Romero Kalmanovitz

Adviser: Profesor Sergey A. Vitkalov

The nonlinear behavior of low-dimensional electron systems has attracted a great

deal of attention for its fundamental interest as well as for potentially impor-

tant applications in nanoelectronics. This work focuses on experimental results

related to the nonlinear behavior of two dimensional electron systems. We first

observed the non-linear zero-differential resistance state (ZDRS) that occurs for

highly mobile two dimensional electron systems in response to a dc bias in the

presence of a strong magnetic field applied perpendicular to the electron plane

is suppressed. We found that it disappears gradually as the magnetic field is

tilted away from the perpendicular at fixed filling factor. Good agreement is

found with a model that considers the effect of the Zeeman splitting of Landau

levels enhanced by the in-plane component of the magnetic field. Furthermore,

we observed that when an electric field is applied to conductors, it heats electric

charge carriers. It is demonstrated that an electric field applied to a conductor

with a discrete electron spectrum produces a non-equilibrium electron distri-

bution, which cannot be described by temperature. Such electron distribution

changes significantly the conductivity of the electrons in a magnetic field, and

forces them into a state with a zero differential resistance. Most importantly,

the results demonstrate that in general, the effective overheating in the systems

with discrete spectrum is significantly stronger than the one in systems with

continuous and homogeneous distribution of the energy levels at the same input

power. In the last part we observed non-linear behavior in a silicon MOSFET.
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Measurements of the rectification of microwave radiation at the boundary be-

tween two-dimensional electron systems separated by a narrow gap on a silicon

surface for different temperatures, electron densities and microwave power, were

performed. A theory is proposed that attributes the rectification to the ther-

moelectric response due to strong local overheating by the microwave radiation

at the boundary between two dissimilar 2D metals.
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1 Introduction

In this work experimental results of the non-linear properties of two dimensional elec-

tron systems are presented. Results for the non-linear zero-differential resistance state

(ZDRS) that occurs for a GaAs quantum well [1] are shown. It is found that in response

to a dc bias and in the presence of a strong magnetic field applied perpendicular to

the electron plane, this ZDRS is suppressed and disappears gradually as the magnetic

field is tilted away from the perpendicular at fixed filling factor ν. The experimental

results were explained with the use of a theoretical model [2] that considers spectral

diffusion of the electrons, as well as the effect of the Zeeman splitting of Landau levels

enhanced by the in-plane component of the magnetic field.

Furthermore, the different results obtained when the electric field applied to a conduc-

tor is swept while maintaining a constant temperature, versus varying the temperature

while keeping the electric field constant, are presented [3]. It is shown that the electric

field applied produces a non-equilibrium electron distribution, very different to the

effect obtained when the temperature is varied. This electron distribution changes

significantly the conductivity of highly mobile two dimensional electron systems in

the presence of a magnetic field, and it forces them into a state with a zero differential

resistance. Moreover, the results demonstrate that in general, the effective overheat-

ing in systems with a discrete spectrum is much stronger than the one in systems

with continuous and homogeneous distribution of the energy levels at the same input

power.

Another non-linear effect is studied in a silicon MOSFET [4]. In this case we measured

the effect of the rectification of microwave radiation (0.7 − 20 GHz) at the boundary

between two two-dimensional electron systems separated by a narrow gap on a silicon

surface for different temperatures, electron densities and microwave powers. It was
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found that for frequencies above 4 GHz and different temperatures, the rectified voltage

Vdc as a function of microwave power P can be scaled onto a single universal curve V ∗
dc =

f ∗(P ∗). The scaled voltage is a linear function of power, V ∗
dc ∝ P ∗ for small power and

proportional to (P )1/2 at higher power. A theory that attributes the rectification to

the thermoelectric response due to strong local overheating by the microwave radiation

at the boundary between these two dissimilar 2D metals was proposed.

In the following, we review the physical properties of a two dimensional electron gas

(2DEG) at low temperatures and in the presence of electric and magnetic fields, as

well as theoretical models which explain our experimental observations.

1.1 Modulation Doping and the 2D Electron Gas

The recent advances in the fabrication of tiny electronic devices has raised much inter-

est in the quantum-mechanical aspects of their transport properties. These systems

are patterned in a two-dimensional electron gas, which is formed in the planar interface

between a semiconductor and an insulator, with a metallic layer under the insulator

[5, 6]. Most popular is the two-dimensional electron gas formed in an AlGaAs/GaAs

heterostructure, where it is located several tens of nanometers below the surface. Fig-

ure 1 shows a schematic view of the structure. The sheet carrier density, n, is typically

of the order of 1012 cm−2, and the carrier mobility, µ, is about 105−107 cm2/V s. The

Fermi wavelength of the electrons, λF = 2π/kF , is typically tens of nm, and the mean-

free-path, ℓe, of an electron at the Fermi level (the distance it travels before its initial

momentum is destroyed) is of the order of a few microns.

The versatility of the fabrication techniques, such as molecular beam epitaxy (MBE)

[7] and metal-organic vapor phase epitaxy (MOVPE) has made it possible to produce

semiconductor ’quantum well’ structures, where the composition changes on the scale

of an atomic layer, with the band edge energies and carrier effective masses, conse-
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Figure 1: GaAs/AlGaAs heterostructure
.

quently, changing on the same length scale. The ability to physically separate dopant

atoms from the layers where conduction occurs, so-called modulation doping, led to

faster electronic devices, with improved transport characteristics. New physical effects

were also found in low dimensional structures, including the quantum Hall effect and

the fractional quantum Hall effect.

The conductivity [7] σ in a bulk semiconductor is given by

σ = neµ, (1)

where n is the carrier density per unit volume and µ is the carrier mobility. The

conductivity can be increased by increasing the doping density Nd. However, this will

also increase the the number of ionized impurity scattering centers (= Nd), which will

reduce the mobility. By contrast, the carrier density, ns can be increased in a low

dimensional system without significantly reducing the mobility through modulation

doping. In this case, the dopant atoms are placed in a different layer to that in

3



Figure 2: (a) When donor atoms are placed in the barrier layers adjacent to a quantum
well, the excess donor electrons (-) can transferred into the quantum well, leaving
the positively ionized impurity centers (⊕) in the barrier. (b) A modulation doped
heterojunction formed by doping a thin region of a wide-gap semiconductor close to
the interface with a narrower gap material. (c) It is energetically favorable for the
electrons to transfer into the narrower gap material. The electrons become confined
due to the positively ionized impurity sites.

which the conduction is occurring. An example of modulation doping is depicted in

Fig. 2(a) in a quantum well. A quantum well is often realized with a thin layer of a

semiconductor medium, embedded between other semiconductor layers of wider band

gap (for example, a GaAs quantum well embedded in AlGaAs, or InGaAs embedded in

GaAs). The thickness of such a quantum well is typically ≈ 5−20 nm. Both electrons

and holes can be confined in these semiconductor quantum wells. In Fig. 2(a) donor

atoms are placed in the barrier layers adjacent to a quantum well. The excess donor

electrons are transferred into the quantum well, leaving the ionized impurity centers

in the barrier.
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By modulation doping one can also achieve two dimensional conduction at the het-

erojunction between two layers with different band gaps. For example, a thin layer

of AlGaAs can be doped with an areal doping density Ns with the doping layer sepa-

rated by an undoped spacer layer of width w from a neighboring GaAs region. (Fig.

2(b)). It is energetically favorable for the doping electrons to transfer into the narrower

band gap GaAs layer, leaving behind positively charged donors. This space charge

creates an electrostatic potential which makes the bands bend as shown in Fig. 2(c),

where the thin conducting layer of confined electrons is called the two dimensional

electron gas (2DEG). The carrier concentrations in a 2DEG range from 2× 1011/cm2

to 2×1012/cm2, and can be depleted by applying a negative voltage to a metallic gate

deposited on the surface.

The above structure is similar to that of a silicon MOSFET (metal-oxide-semiconductor

field-effect transistor). In this case there is Si instead of GaAs, and AlGaAs is replaced

by a thermally grown oxide layer (SiOx).

1.2 Behavior of the resistance in the presence of electric and

magnetic fields

Figure 3 shows [6] the longitudinal and transverse voltages as a function of magnetic

field as measured by [8], for a modulation doped GaAs film at T= 2.1 K. At low

magnetic fields, the longitudinal voltage is nearly constant while the Hall voltage

increases linearly in agreement with the semi-classical Drude model. However, at

high fields, the longitudinal resistance exhibits oscillatory behavior, while the Hall

resistance exhibits plateaus corresponding to minima in the longitudinal resistance.

These features are evident at low temperatures below 4 K.

In order to understand these features, we present the Drude model and continue with

5



Figure 3: Measured longitudinal and transverse voltages for a modulation-doped GaAs
film at T = 1.2 K (I = 25.5µA. E. Cage, R. F. Dziuba and B. F. Field (1985), IEEE
Trans. Instrum. Meas. IM-34, 301.[6]
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a discussion of the formation of Landau levels, a quantum mechanical effect which

explains the behavior of the magnetoresistance at high magnetic fields.

1.2.1 The Drude model

The Drude model is a theory of metallic conduction [9] composed by Paul Drude. In

this model the kinetic theory of gases is applied to a metal, considered as an electron

gas, in order to deal with the electrical and thermal conductivity of the metal. Kinetic

theory treats the molecules of a gas as identical solid spheres which move in straight

lines until they collide with one another. The time taken by each collision is assumed

to be negligible, and only the forces that act in each collision play a role. In the

simplest gases there is only one kind of particle present. In a metal we must assume

at least two kinds of particles because a metal is electrically neutral and the electrons

have a negative charge.

The Drude model assumes a compensating positive charge attached to much heavier

immobile particles. When atoms of a metallic element are brought together to form

a metal, the valence electrons become detached and move freely through the metal,

while the metallic ions remain intact and immobile. In an isolated atom the nucleus

is surrounded by Zα electrons of total charge −eZα, where Zα is the atomic number, e

is the electronic charge. There are a few Z relatively weakly bound valence electrons.

There are Zα −Z electrons tightly bound to the nucleus, these are the core electrons.

When these isolated atoms condense to form a metal, the core electrons remain tightly

bound to the nucleus, while the valence electrons are free to move away from the core,

these are the conduction electrons. The Drude model treats the dense metallic electron

gas using the following basic assumptions:

1. Between collisions, each electron moves in a straight line in the absence of an exter-

nally applied electromagnetic field and electron-electron interactions and electron-ion

7



interactions are neglected.

2. Collisions in the Drude model are instantaneous events that abruptly alter the ve-

locity of an electron. These collisions occur when electrons bounce off the impenetrable

ion cores.

3. It is assumed that the electron experiences a collision (i.e. suffers an abrupt change

in its velocity) with a probability per unit time 1/τtr, where τtr is called the momentum

relaxation time, the collision time or the mean free time.

4. It is assumed that electrons achieve thermal equilibrium with their surroundings

only through collisions. After each collision an electron is taken to emerge with a

velocity that is not related to its velocity prior to the collision, but randomly directed.

The resistance in the presence of both electric and magnetic fields, according to the

Drude model, is calculated in the following way: At steady state,[6] the rate at which

electrons receive momentum from the external field is equal to the rate at which they

lose momentum due to scattering forces,

[

dp

dt

]

scattering

=

[

dp

dt

]

field

. (2)

We may therefore write,

mv

τtr

= e (E + v × B) (3)

where τtr is the momentum relaxation time, m is the electron mass, v is the average

electron velocity and E and B are the electric and magnetic fields. This leads to,







m/eτtr −B

B m/eτtr













vx

vy






=







Ex

Ey






(4)
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The current j can be expressed as

j = −nev, (5)

where n is the electron density and e is the electron charge.

Combining Eq.(4) using Eq.(5),







m/eτtr −B

B m/eτtr













Jx/en

Jy/en






=







Ex

Ey






(6)

rearranging, we obtain







Ex

Ey






= σ−1







1 −µB

µB 1













Jx

Jy






(7)

where the conductivity is given by σ = enµ and the mobility is given by µ = eτtr/m,

so that σ = ne2τtr/m.

The resistivity tensor is defined by the relation







Ex

Ey






=







ρxx ρxy

ρyx ρyy













Jx

Jy






(8)

so that

ρxx = σ−1 (9)

ρyx = −ρxy = µB/σ = B/en. (10)

Thus, the Drude model predicts a constant longitudinal resistance and a Hall resistance

that increases linearly with magnetic field.
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Figure 4: A schematic magnetoresistance and Hall effect measurement in a typical
Hall bar. A current I is supplied from source to drain. VH is supplied across the
current, Vx along it.

1.2.2 High-field magnetoresistance

The Drude result for the resistivity tensor is given by [5]

ρ̂ =







σ−1 −B/en

B/en σ−1






(11)

The resistivity tensor is measured in a Hall bar, shown in Fig. 4. A current flows

in the x direction and the longitudinal voltage drop Vx = V1 − V2 and the transverse

voltage drop VH = V2 − V3, are measured. Therefore,

Ey = ρxyjx = − B

en
jx, VH = − B

en
Ix, (12)

Ex = ρxxjx = jx/σ, VL =
L

W

Ix

σ
, (13)
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for a sample with width W and length L, as in Fig. 4. B is perpendicular to the

plane of the figure in the positive z direction, and assuming homogeneity, Ix = jxW ,

VH = WEy, and Vx = LEx.

The carrier density n and the mobility µ can be obtained from the measured low-field

resistivities ρxx and ρxy, using Eq.(9) and Eq.(10),

n = (|e|dρyx/dB)−1 =
I/|e|

dVH/dB
(14)

µ =
1

|e|nρxx

=
I/|e|

nVxW/L
(15)

The Shubnikov de Haas (SdH) oscillations

The oscillations in the longitudinal component of the resistivity ρxx in Fig. 3 are

called Shubnikov de Haas (SdH) oscillations. These oscillations arise because at high

magnetic fields, the step like density of states in a 2DEG

νs(E, B) =
m

π~2
Θ(E − Es) (16)

will break-up into a sequence of peaks spaced by ~ωc (neglecting the Zeeman effect),

where ωc = eB/m is the cyclotron frequency.

νs(E, B) ≈ 2eB

h

∞
∑

n=0

δ(E − Es − (n +
1

2
)~ωc). (17)

In Fig. 5 the DOS is plotted as a function of energy. Ideally, the spikes should be

delta functions, but in practice scattering processes spread them out in energy. This

spread in energy is governed by τq, the single particle relaxation time due to scattering

( mostly impurity scattering at low temperatures) at zero magnetic field, so that the

Landau levels broaden into narrow bands with approximate width ~/τq.

As the magnetic field B is changed, the energies of the Landau levels change. The

11



Figure 5: The density of states ν(ǫ) as a function of energy ǫ for a 2DEG in a magnetic
field. ǫn = ǫs + (n + 1/2)~ωc.
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resistivity ρxx goes through one cycle of oscillations as the Landau levels move and

the Fermi energy goes through the center of one Landau level to the center of the next

Landau level.

It can be seen from Eq.(17) that the electron density n can be calculated from the

Shubnikov de-Haas oscillations. For a given electron density n, the number of occupied

Landau levels can be calculated by dividing the electron density n by 2eB/h. The

ratio n/(2eB/h) is the called the filling factor. As the magnetic field B is changed the

number of occupied Landau levels changes. ρxx goes through a maximum every time

this number is a half integer and the Fermi energy lies at the center of a Landau level.

Therefore, the magnetic field values B1 and B2 corresponding to two successive peaks

must be related by,

n/2eB1/h − n/2eB2/h = 1 (18)

n = 2e/h
1

(1/B1) − (1/B2)
(19)

1.2.3 The formation of Landau levels

In order to explain why the DOS develops peaks at high magnetic fields, we start from

the Schrödinger equation including a vector potential representing the magnetic field

and calculate its eigenfunctions and eigenvalues.

The motion of electrons in a conductor in the presence of a constant magnetic field is

given by the effective mass equation, Eq.(20). The lattice potential, which is periodic

on an atomic scale, does not appear explicitly in Eq.(20), its effect is incorporated

through the effective mass m which we assume to be spatially constant:

(

Es +
(i~∇ + eA)2

2m

)

Ψ(x, y) = EΨ(x, y), (20)

where Es = Ec + ǫ1, Ec is the conduction band energy, and ǫ1 is the cut-off energy in

13



the z-direction, m is the effective mass, and A is the vector potential derived from B,

a constant magnetic field in the z-direction which may be represented by A = −x̂By,

so that Ax = −By and Ay = 0.

Therefore, we may write

(

Es +
(px + eBy)2

2m
+

p2
y

2m

)

Ψ(x, y) = EΨ(x, y), (21)

where px = −i~∂x, py = −i~∂y. The solutions may be expressed as plane waves

Ψ(x, y) = 1/
√

L exp [ikx] χ(y). The function χ(y) satisfies the equation

(

Es +
(~k + eBy)2

2m
+

p2
y

2m

)

χ(y) = Eχ(y). (22)

This may be rewritten in the form

(

Es +
1

2
mω2

c (y + yk)
2 +

p2
y

2m

)

χ(y) = Eχ(y) (23)

where yk = ~k/eB and wc = eB/m.

χn,k = un(q + qk) (24)

where

un(q) = exp[−q2/2]Hn(q) (25)

Hn(q) are the Hermite polynomials, q =
√

mwc/~y and qk =
√

mwc/~yk.

The energies are given by

E(n, k) = Es + (n +
1

2
)~ωc, n = 0, 1, 2..., (26)
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where the Landau levels (or magnetic subbands) are indexed by n.

1.3 The Boltzmann equation

The Boltzmann equation provides a more complete and consistent description of the

electron transport for overheated and spatially non-uniform electron systems. The

motion of electrons in metals and semiconductors is affected by temperature gradients

and external fields, as well as by the scattering of these electrons with lattice waves and

impurities [10]. In this treatment we consider a case where an electron is accelerated by

a field, therefore gaining extra energy and momentum, and then loses this extra energy

and momentum in scattering processes. The Boltzmann equation gives a general

solution to this problem.

We look at the quantity fk(r), where fk(r) gives us the local concentration of carriers

in the state k, in the neighborhood of a point r in space.

This analysis accounts for three types of effects which cause changes in fk(r) with

time:

1. Carriers moving in and out of the region r. If we denote the velocity of a carrier in a

state k by vk, then in a time interval t, the carriers in this state move a distance t ·vk.

Assuming the invariance of volume occupied in phase space (Liouville’s theorem), then

the number of carriers in the neighborhood of r at time t is equal to the number of

carriers in the neighborhood of r − tvk at time zero,

fk(r, t) = fk(r − tvk, 0). (27)

The rate of change of fk(r) due to diffusion is

∂fk

∂t diff.
= −vk∇fk. (28)
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2. External fields change the k-vector of each carrier, at a rate

k̇ = − e

~
(E +

1

c
vk × H) (29)

this may viewed as the velocity of the carriers in k-space, so that according to Liou-

ville’s theorem,

fk(r, t) = f
k−k̇t(r, 0) (30)

so that due to the fields the distribution changes at a rate:

∂fk

∂t field
= −k̇

∂fk

∂k
= − e

~
(E +

1

c
vk × H)

∂fk

∂k
(31)

3. Electron scattering will give rise to a rate of change of fk. In order to calculate

this term we often make the phenomenological assumption

∂fk

∂t

]

scatt

= −fk − f 0
k

τ
(32)

where f0
k is the Fermi distribution function. We have introduced a relaxation time τ .

This approximation is called the relaxation time approximation.

The Boltzmann equation says that at any point, and for any value of k, the net rate

of change of fk(r) is given by

∂fk

∂t
=

∂fk

∂t

]

scatt.

+
∂fk

∂t

]

field

+
∂fk

∂t

]

diff.

(33)

The term in the left hand side of the equation, ∂fk/∂t represents the net rate of change

of the distribution function, and will be zero at steady state. The equilibrium state f0
k

holds when the net rate of change of the distribution function, fields and temperature

gradients are zero.

Inserting Eq.(32) into Eq.(33) yields,
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∂fk

∂t
+

·

k · ∂fk

∂k
+ vk · ∇fk = −fk − f0

k

τ
(34)

1.3.1 Calculation of the electrical conductivity

The electron current density is given by [10]

J = 2

∫

evfdk = σ · E. (35)

In a stationary state and in the presence of an electric field we get from Eq.(29) and

Eq.(34) (note that the subscript k has been omitted in the following treatment for

simplicity)

f − f 0

τ
= − e

~
E · ∂f

∂k
= − e

~
E · ∂f

∂ǫ

∂ǫ

∂k
(36)

where f is the non-equilibrium distribution function and f 0 is the equilibrium dis-

tribution function (the Fermi distribution function). With the use of the relation

v = (1/~)∂ǫ/∂k, we obtain

f = −eτ
∂f

∂ǫ
E · v + f 0 (37)

inserting this result into Eq.(35) yields

J = σ · E = −2e2

∫

τ
∂f

∂ǫ
v(E · v)νdk + 2e

∫

f0vdk (38)

the second term on the right hand side of Eq.(38) is zero. The integral Eq.(35) in

ǫ-space is

J = −
∫

e2τm

π~2

∂f

∂ǫ
v(E · v)dǫ (39)

For an electric field directed along the x-direction E = Ex, < v2
x >= v2/2 (in 2D),
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therefore

σxx = −
∫

(
e2τmv2

2π~2
)
∂f

∂ǫ
dǫ. (40)

We note that when ǫ = ǫF , v = vF and ν0 = m/π~
2. We also have the relations

n = ǫF ν0 and v2
F = 2ǫF /m, so that the term in the parenthesis is just the Drude

conductivity, σD = ne2τ/m. We therefore denote the term in the parenthesis as σ(ǫ),

namely, the conductivity as a function of energy. Thus, we may rewrite Eq.(40) as

σxx =

∫

σ(ǫ)(−∂f

∂ǫ
)dǫ. (41)

1.4 Non-linear resistance induced by a dc electric field

In highly mobile electron systems strong oscillations of the longitudinal resistance in-

duced by microwave radiation have been observed [11, 12] at magnetic fields satisfying

the condition w = nwc, where w is the microwave frequency and wc is the cyclotron

frequency (n = 1, 2, ...). At high levels of microwave excitation the minima of the os-

cillations can reach a value close to zero [13, 14, 15, 16]. This so-called zero resistance

state (ZRS) has stimulated extensive theoretical attention [2, 17, 18, 19, 20, 21, 22].

Interesting nonlinear phenomena have also been found in response to a dc electric field

[23, 24, 25, 26]. Periodic oscillations of the longitudinal resistance, as a function of

the inverse magnetic field, have been observed at relatively high dc bias satisfying the

condition n~wc = 2RcEH ; here Rc is the cyclotron radius of electrons at the Fermi

level and EH is the Hall electric field induced by the dc bias in the magnetic field.

This effect has been attributed to horizontal Landau-Zener tunneling between Landau

levels, tilted by the Hall electric field EH [23].

Another notable nonlinear effect is a strong reduction of the longitudinal resistance by
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dc electric fields [24, 25, 26]. This effect has been attributed [25] to spectral diffusion

of electrons in a dc electric field [22]. This effect also accounts for a nonlinear electron

state with zero differential resistance (ZDRS) which has been recently observed [27, 28].

The ZDRS exhibits strong dependences on both temperature and magnetic field [27]

through the strong dependence of the electron spectral diffusion on these parameters

[22, 25, 29]. In the following, a theoretical treatment of the effect of a dc electric field

on the resistance in a magnetic field, is presented.

1.5 Theory of the dc electric field induced non-linear

resistance

In this treatment, we look at the effect of a dc electric field on the electron distribution

function with the use of the Boltzmann equation. The effect that the magnetic field has

on the electron distribution function is introduced through the change in the density

of states due to Landau quantization. We start by analyzing the relationship between

the conductivity and resistivity tensors, and it will be shown that at high magnetic

fields the longitudinal conductivity and the longitudinal resistivity are proportional to

one another.

The conductivity and resistivity tensors are related by

σxx =
ρxx

ρ2
xx + ρ2

xy

, σxy =
ρxy

ρ2
xx + ρ2

xy

(42)

in the high magnetic field limit, ωcτtr >> 1 and ρxx << ρxy, where τtr is the transport

scattering time, or relaxation time, this is scattering with impurities, lattice vibra-

tions (phonons), or other electrons which lead to a change in momentum. We may

therefore neglect the terms ρxx in both denominators and obtain for the longitudinal

conductivity
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σxx = ρxx/ρ
2
xy. (43)

Thus, according to Eq.(43), the classical magnetoresistance is given by σD = r0/ρ
2
xy,

where r0 is the resistance at zero field (this is because in the classical regime the

longitudinal resistance is constant). We get

σxx/σD = ρxx/r0, (44)

we therefore obtain that the longitudinal conductivity and the longitudinal resistivity

are proportional to one another.

Consequently, the longitudinal resistance ρxx can be obtained by using a simplified

expression for the longitudinal conductivity in strong magnetic fields (ωcτtr ≫ 1): [22]

(see Eq.(41))

σxx =

∫

σdc(ǫ)(−df/dǫ)dǫ, (45)

f(ǫ) is the electron distribution function, and σdc(ǫ) determines the contribution of

electrons with energy ǫ to the transport. σxx determines the longitudinal current that

flows in response to a dc electric field.

In order to calculate σdc(ǫ), we start from the Drude results for the resistivities ρxx =

m/ne2τtr,B and ρxy = B/en. We then obtain,

σdc(ǫ) =
ρxx

ρ2
xx + ρ2

xy

=
e2ν(ǫ)v2

F

2

τ−1
tr,B(ǫ)

ω2
c + τ−2

tr,B(ǫ)
, (46)

τtr was replaced with the scattering time in a quantizing magnetic field τtr,B(ǫ) =

τtrν0/ν(ǫ), and ν0 = m/2π is the DOS per spin at zero magnetic field (here we use

~ = 1 and c = 1), and ωc = eB/m.
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For strong magnetic fields ωcτtr >> 1,

σdc(ǫ) = σD
dcν̃

2(ǫ) (47)

σD
dc = e2ν0v

2
F /2ω2

cτtr is the Drude conductivity per spin in strong B and ν̃(ǫ) is the

dimensionless DOS, ν̃(ǫ) = ν(ǫ)/ν0.

We can calculate the non-equilibrium distribution function f(ǫ) in Eq.(45) by solving

the stationary kinetic Boltzmann equation (see Eq.(29) and Eq.(34)) [22]

∂f

∂t
+ eEdc ·

∂f

∂p
= −f − f0(ǫ)

τin

(48)

The right hand side of Eq.(48) denotes the term of inelastic scattering. f 0(ǫ) is the

Fermi distribution function and Edc is the bias-induced electric field, τin is the inelastic

scattering time and at low temperatures it is mainly due to e-e scattering or e-phonon

scattering.

Impurity scattering in a quantizing magnetic field leads to spatial diffusion with a

diffusion coefficient DB(ǫ) = v2
F ν(ǫ)/2w2

cτtrν0 = v2
F /2w2

cτtr,B(ǫ) (this comes from the

Einstein relation σdc(ǫ) = e2ν(ǫ)DB(ǫ) together with Eq.(47)), so that DB(ǫ) ∝ ν(ǫ).

In a dc field directed along the x-axis the total energy ǫ + eEdcx is conserved, so

that the spatial diffusion is translated into diffusion in energy space with a diffusion

coefficient Dǫ(ǫ) = e(Edc)
2DB(ǫ) ∝ ν(ǫ). By making the expansion

f(ǫ) = f0(ǫ) − (eEdc · vτtr)
∂f

∂ǫ
+

1

2
(eEdc · vτtr)

2∂2f

∂ǫ2
+ ... (49)

together with Eq.(48), and after some algebraic manipulations, we obtain the equation

for the electron diffusion in energy space (spectral diffusion) at steady state
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−∂f(ǫ)

∂t
+ E2

dc

σD
dc

ν0ν̃(ǫ)
∂ǫ

[

ν̃2(ǫ)∂ǫf(ǫ)
]

=
f(ǫ) − f0(ǫ)

τin

, (50)

Eq.(50) can be explained as follows: spectral diffusion is a result of elastic scattering

between electrons and impurities in the presence of a bias-induced electric field Edc; it

is limited by inelastic processes, which force the distribution function back to thermal

equilibrium.

Spectral diffusion generates an electron spectral flow Jǫ from low energy regions (occu-

pied levels) to high energies (empty levels). The spectral flow is proportional to Dǫ(ǫ)

and to the gradient of the distribution function df/dǫ: Jǫ = Dǫ ·df/dǫ. In a stationary

state the spectral electron flow Jǫ is constant. Because Dǫ(ǫ) = e(Edc)
2DB(ǫ) ∝ ν(ǫ),

the spectral (and spacial) diffusion is most effective in the center of the Landau levels,

where the density of states is high, gradually decreases away from the center and is

suppressed considerably between Landau levels, where the density of states is low. As

a result, the gradient of the distribution function df(ǫ)/dǫ is strong in the regions of

weak spectral diffusion (between Landau levels) and is small in the regions with strong

spectral diffusion (centers of the Landau levels).
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2 Experimental Techniques

In this section the experimental techniques and devices used in our experiments are

presented in detail.

2.1 The Lock-in Amplifier

We used a Standford Research System model SR-830 Lock-In amplifier in our mea-

surements. Lock-in amplifiers are used to detect and measure AC signals as small

as a few nanovolts. Accurate measurements may be made even when the signal is

obscured by noise sources many thousands of times larger. Lock-in amplifiers use a

technique known as phase-sensitive detection to single out the component of the signal

at a specific reference frequency and phase. Noise signals at frequencies other than

the reference frequency are rejected and do not affect the measurement.

According to Fourier’s theorem, any input signal can be represented as the sum of

many sine waves of differing amplitudes, frequencies and phases. The SR830 multiplies

the signal by a pure sine wave at the reference frequency. All components of the input

signal are multiplied by the reference simultaneously. Due to the orthogonality of sine

waves of different frequencies, the product of this multiplication yields a DC output

signal proportional to the component of the signal whose frequency is exactly locked

to the reference frequency. The low pass filter which follows the multiplier provides

the averaging which removes the products of the reference with components at all

other frequencies.

Typically a sample is excited at a fixed frequency and the lock-in detects the response

from the sample at the reference frequency. For example, the reference signal may be

a square wave at frequency ωr. If the sine output from a function generator is used to

excite the sample, the signal is Vsigsin(ωrt + θsig) where Vsig is the signal amplitude.
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The SR830 generates its own sine wave. The lock-in reference is VLsin(ωLt + θref ).

The SR830 amplifies the signal and then multiplies it by the lock-in reference using a

phase-sensitive detector or multiplier. The output of the PSD is simply the product

of two sine waves:

Vpsd = VsigVLsin(ωrt + θsig)sin(wLt + θref ) = 1/2VsigVLcos([ωr − ωL]t + θsig − θref ) −

1/2VsigVLcos([ωr + ωL]t + θsig + θref )

The PSD output is then passed through a low pass filter, the AC signals are removed.

If ωr = ωL, the difference frequency component will be a DC signal. In this case,

the filtered PSD output will be Vpsd = 1/2VsigVLcos(θsig − θref ). This is a signal

proportional to the signal amplitude.

Therefore, we need to make the lock-in reference the same as the signal frequency, i.e.

ωr = ωL. Not only do the frequencies have to be the same, the phase between the

signals can not change with time, otherwise cos(θsig − θref ) will change and Vpsd will

not be a DC signal. In other words, the lock-in reference needs to be phase-locked to

the signal reference.

2.2 The Low Temperature Refrigerator

He3 System

In our experiments we often performed measurements for temperatures below 1 K. The

simplest way for reaching temperatures below 1K [30] is by using a 3He evaporation

cryostat. Whereas by pumping on a liquid bath of 4He a temperature of approximately

1 K can normally be obtained, the lower limit with 3He is slightly below 0.3 K.

The rule of cooling is directly described by thermal dynamics. At low temperatures

the molar volume of a liquid, for example 3He, may be neglected in comparison with

the molar volume of the vapor, which approximately obeys the ideal gas law. The

Clausius-Clayperon equation then becomes
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dPv3/dT = L3 (T ) Pv3/RT 2 (51)

where L3 (T ) is the latent heat of evaporation per mole and R is the gas constant.

Furthermore, at low temperatures L3 (T ) ∼= L3 (0) =constant. Eq.(51) may then be

integrated to yield

Pv3 ∝ exp [−L3 (0) /RT ] (52)

The vapor pressure thus decreases exponentially as a function of T . As the evaporation

pressure is reduced by pumping, the bath temperature decreases.

This type of relation is valid for all substances. When a liquid bath is pumped, the

cooling produced per unit mass crossing the liquid-vapor phase boundary is approxi-

mately constant, which is L (0) per mole. However, the mass flow across the boundary

and through the pump per unit time is proportional to the vapor pressure, hence the

cooling power decreases exponentially with T . When equilibrium is reached, the va-

por pressure becomes so low that the external heat leak will compensate the produced

cooling. Thus, the practical low temperature limit of cooling by evaporation is reached.

Two advantages of 3He material result in the lower temperature limit of refrigerators.

Firstly, because of its smaller mass, the 3He atom has larger zero point motion than

4He. Consequently Pv3, the vapor pressure of 3He, is at all temperatures higher than

the vapor pressure of 4He. The ratio Pv3/Pv4 is 74 at 1 K, 610 at 0.7 K, and 9800

at 0.5 K. Secondly, the critical temperature of the 3He super fluid is much lower

than the temperature of 4He. That means there is no 3He liquid film at rather low

temperatures (lower than 1 mK). As a result, there is no extra heat leak due to heat

transfer along, or evaporation of, the film. A 3He system may thus be pumped via a

wide tube at the low temperature end, without the need for a narrow constriction to
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suppress the film flow. For 3He, the practical low temperature limit is usually 0.3 K

or slightly below.

The following table gives us the main properties of 3He:

The main properties of 3He

boiling point 3.19K Tcritical 3.32K

molar volume 37 cm3 (1K) latent heat 21J/mol (0.3K)

2.3 The Super Conducting Magnet

In our cryostat, a custom designed 90 kilogausss magnet at 4.2 K is installed. The

super conducting magnet was built using a twisted multi filamentary NbTi wire in a

copper matrix. The copper matrix in the wire acts as a form of quench protection

along with the diodes.

Superconducting Magnets and Cryogenic Systems

Superconducting magnets must operate below both the critical temperature and the

critical field of the material from which they are constructed.

For a superconducting magnet manufactured using NbTi, operation in the supercon-

ducting state is only possible below the surface indicated in Fig. 6. As long as a

superconducting magnet operates beneath the surface shown in Fig. 6, the supercon-

ducting state is maintained and the magnet operates properly. However, if one tries

to operate the magnet above this surface, a quench will occur, that is, there will be a

transition back to the normal (resistive) state. This resistive region will quickly heat

up due to a high current through it and the resistive region (called a normal zone)

will propagate until a) all of the energy stored in the magnet is dissipated or b) the

entire magnet becomes resistive or c) sufficient cooling is provided to stop propagation.

Usually either (a) or (b) occurs resulting in a complete quench of the magnet.
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Figure 6: Niobium-Titanium superconducting properties

Stored Energy

The amount of energy stored in a magnet is a direct function of its geometry and

operating conditions. The amount of energy is

W =
1

2
LI2 (53)

where L is the magnet’s inductance, I is the operating current, and W is the energy.

Most laboratory magnets have maximum stored energies on the order of 1000−100000

Joules. Larger magnets are capable of storing several million Joules.

Superconducting magnets must always be designed with the amount of stored energy

capability in mind. This is because when a quench occurs, this energy is converted

to heat (usually in the windings) over a period of about a few seconds at most. This

rapid conversion can induce not only high temperatures in the windings, but also high
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voltages if they are not properly controlled. External devices are frequently used to

help distribute the heat generated in a quench over the entire magnet windings. A

rapid normal zone propagation is usually the key to distributing the heat generated

and thus preventing it from becoming localized and damaging the superconductor.

Forces within magnets

When a superconducting magnet is charged, there are many forces which begin acting

upon it. The force on a current-carrying wire in a magnetic field is given by F = I×B,

where F is the force, and B is the field. Since there is usually a considerable current

in a superconducting magnet’s windings and it is generating high magnetic fields, it

follows that the forces between the windings can become extreme. These forces try to

force the wires within a superconducting magnet to move. This movement must be

completely restrained because even the smallest wire movement will generate heat due

to friction and can quench the magnet. In order to restrain the wire movements most

superconducting magnets are potted using epoxy, ceramic, or some other material.

Persistent Mode

Our magnet is equipped with a Persistent Switch, which is a piece of superconducting

wire with heater shorts its input power terminals. Superconducting magnets have

one capability over resistive magnets. Once a current has been placed inside the

magnets, virtually no power is need to maintain that current. When the magnet is

being charged, the persistent switch heater is turned on so the short across the magnet

terminals is driven above its critical temperature and effectively becomes a resistor

across the magnet terminals. When the appropriate operating current in the magnetic

is reached, the heater can be shut off and the persistent switch could be allowed to

cool until it becomes superconducting. At this point the power source to the magnet

is no longer needed.

Persistent mode operation has many advantages, mainly that the heat load on the
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cryostat can be reduced by turning off the power supply, and that the stability of the

magnetic field is very good in the persistent mode.

2.4 Microwave Transmission

In part of our experiments we used microwave signals in order do measure the effect

of AC electric fields on our sample. Microwaves are electromagnetic waves with wave-

lengths ranging from 1 mm to 30 cm and frequencies between 0.3 GHz and 300 GHz.

We used in our experiments a coaxial line and a waveguide in order to transmit the

microwave field.

Coaxial Lines

In the coaxial structure, the outer conductor shields the inner conductor and prevents

disturbances from the outside. In our experimental setup, 0.15” coaxial lines are used,

suitable to transmit microwave frequencies of up to 40 Ghz.

Waveguides

The rectangular waveguide is a hollow conducting tube of rectangular cross section in

which electromagnetic waves propagate.

The modes of propagation of the rectangular waveguide are the TE (Transverse Elec-

tric) and the TM (Transverse Magnetic) modes. The most commonly used mode is

the TE10 mode since it has the lowest attenuation of all modes. Figure 7 shows the

field distribution of the mode TE10.

2.5 The Electronic System

The measurement system is composed of several parts: AC Lock-In amplifiers, driving

current circuits and a four-point probe measurement circuit. A current is applied

through the source and drain of samples and the potential difference of the sample

29



Figure 7: The TE10 mode in a rectangular waveguide
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Figure 8: The electrical connections in our experiments.

area is measured.

The measurement system used in our experiments is depicted in Fig. 8 [30]. A

Standford Research Systerm model SR-830 Lock-In amplifier provides the weak and

low frequency AC current that flows through the source and drain in the sample

by placing a big resistor in series with the sample. In order to regulate the driving

current accurately, the resistor must be much bigger than the resistance variation in

the experiments. Usually, we selected 10 MΩ or 400 MΩ resistors. The strength of

the driving current is carefully selected by keeping in mind that the driving current

should not heat-up the sample significantly while providing the highest signal-to-noise

ratio attainable. In our measurements we selected a driving current frequency that

minimizes the outphase signal created by the capacitor in the transmission line.

The CS-4 Cryomagnetics power supply provides the necessary current for super con-

ducting magnets, which is a four-quadrant power supply and able to generate a smooth
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field sweep. An Anritsu 68369A/NV microwave generator provides the AC signal from

100 Mhz to 40 Ghz with a 100 kHz resolution.

A SRS SIM 921 AC bridge was used to measure the temperature in the 3He pot and

a SRS SIM 9600 PID controller was used to control the temperature of the 3He pot.

This system provides a 1% precision in temperature measurements and control. In

order to monitor the temperature of the sorbtion pump we used a BTI potentiometric

conductance bridge/controller model 1000. The temperature of other parts of the

system was monitored by Agilent 34401A multimeters.

2.5.1 Data Acquisition Software

The data acquisition software was written in Labview. All instruments were accessed

through the GPIB interface. The block diagram of the software is depicted in Fig. 9

[30].
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Figure 9: Flow chart of the data acquisition software
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3 Effect of a parallel magnetic field on the Zero

Differential Resistance State

3.1 Introduction

In section 1.4 we reviewed the non-linear zero-differential resistance state (ZDRS)

which occurs for highly mobile two-dimensional electron systems in response to a

dc bias and in the presence of a strong magnetic field applied perpendicular to the

electron plane. Below [1] we demonstrate that the ZDRS is suppressed and disappears

gradually as the magnetic field is tilted away from the perpendicular,while keeping the

perpendicular component of the magnetic field, B⊥, fixed (i.e. at a fixed filling factor

ν).

In this work we studied the effect of an in-plane magnetic field on the ZDRS and

the nonlinearity of the 2D electron system induced by a dc bias. We used a model

that takes into account the effect of Zeeman splitting on the Landau levels. Zeeman

splitting depends on the total magnetic field through ∆Z = gµBB. In order to keep

the perpendicular component of the magnetic field constant, we increased the total

magnetic field. Therefore, the effect of Zeeman splitting was enhanced with the mag-

netic field tilt. This effect was incorporated into our theoretical model through the

formulation of the density of states. As discussed in the introduction section, the den-

sity of states is modulated due to the applied magnetic field. In our model, we used a

gaussian approximation for the density of states. We inserted our result for the DOS

into the spectral diffusion equation in order to find the non-equilibrium electron dis-

tribution function. This allowed us to find the resistivity as a function of the applied

electric dc field. We then found the resistance by simple integration. Our results of

the resistance as a function of the dc field were calculated for different magnetic field
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angles. We found good agreement between theory and experiment.

3.2 Experimental Setup

The sample used in this experiment was cleaved from a wafer of a high-mobility GaAs

quantum well grown by molecular beam epitaxy on a semi-insulating (001) GaAs

substrate. The quantum well was 13 nm wide, the electron density n= 9.2×1015 m−2,

and the mobility µ=85 m2/Vs at T= 1.7 K. Measurements were carried out at T= 1.7

K in magnetic fields up to 9 T . We used 50µm-wide Hall bars with a distance of 250

µm between potential contacts. The differential longitudinal resistance was measured

at a frequency of 77 Hz in the linear regime. Direct electric current (dc bias) was

applied simultaneously with an ac excitation through the same current leads as shown

in the inset of Fig. 10.

3.3 Experimental Results

Figure 10 shows quantum oscillations of the resistance at T= 1.7 K as a function of

a magnetic field applied perpendicular to the electron plane (φ =90o). The arrow

denotes a Shubnikov de Haas maximum at B⊥ = 0.772 T.

In Fig. 11 the resistance Rxx is plotted as a function of the perpendicular component

B⊥ for a magnetic field applied at different angles with respect to the plane. While

all curves display a maximum at B⊥ = 0.772 T, as expected, the magnitude of the

resistance peaks at B⊥ = 0.772 T decreases as the angle φ decreases from 90o and the

total magnetic field increases.

For the measurements reported below, we rotated the sample and simultaneously

varied the magnitude of the total magnetic field in order to fix the perpendicular

magnetic field component at 0.772 T while changing the in-plane magnetic field. The
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Figure 10: Quantum oscillations of the resistance at T= 1.7 K and zero dc bias for a
magnetic field applied perpendicular to the electron plane(φ =90o); the arrow denotes
the field of the Shubnikov de Haas maximum for which subsequent data were obtained.
The inset shows a schematic of the experimental set-up.
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to the electron plane. The legend lists the angle φ and the total magnetic field at the
maxima. Data were taken at T= 1.7 K with zero dc bias.
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maximum and is fixed for all curves. Measurements were performed at a temperature
T= 1.7 K.
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filling factor ν is thus fixed for all curves in Fig. 11, while the Zeeman splitting

∆Z = gµBB is different for different curves due to its dependence on the total magnetic

field B.

Figure 12 shows the differential resistance rxx = dVxx/dI as a function of the dc bias

at T = 1.7 K for different angles φ and fixed perpendicular magnetic field B⊥ = 0.772

T corresponding to the Shubnikov de Haas (SdH) oscillation maximum indicated by

the arrow in Fig. 10. Note that the total magnetic field (denoted in the legend of

Fig. 12) and its in-plane component both increase as the angle φ decreases. The

differential resistance rxx initially decreases with increasing bias Idc for all angles. For

a perpendicular magnetic field (φ = 90o) rxx exhibits a reproducible negative spike

at Idc = 7.9µA and then stabilizes near zero. This is the zero differential resistance

state. As the angle φ between the magnetic field and the plane is decreased, the

spike gradually disappears and is no longer observable at φ = 21o. For smaller angels

the differential resistance rxx is increasingly positive as the angle φ decreases, and a

shallow minimum develops at large bias.

3.4 Discussion

It is interesting to compare our results for the zero differential resistance state (ZDRS)

with those reported in Ref. [31] and Ref. [32] for the effect of in-plane field on the

zero resistance (ZRS) state. Both experiments were performed in magnetic fields

smaller than those used in our experiments. Mani [32] tilted the sample at an angle

θ with respect to the magnet axis and microwave propagation direction. The ZRS

was observable with the oscillatory pattern unchanged at a tilt angle of θ = 80o

(φ = 90o − θ = 10o), and vanished only at θ ≈ 90o. The disappearance of the ZRS at

θ ≈ 90o was attributed to the vanishing of the photon flux through the two dimensional

electron system rather than to the in-plane magnetic field. Yang et al. [31] employed a
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two axis system to provide perpendicular and parallel field components. They report

the gradual reduction of the microwave induced ZRS and its disappearance when a

parallel magnetic field (B|| ≈ 0.5T) is applied. Our results are qualitatively similar to

those of Yang et al. [31]: we find that the ZDRS decreases and disappears gradually

with increasing in-plane magnetic field component, while Mani [32] reported quenching

of the ZRS only at θ ≈ 90o. It is possible, however, that stronger magnetic fields,

comparable to those applied in our experiments, are required to reduce the dc induced

nonlinearity for θ < 90o.

We suggest that the suppression of the nonlinear response of the system and the

disappearance of the zero differential resistance at small angles φ are due to the change

of the bias-stimulated spectral diffusion of the electrons [22, 25, 27] caused by the

increase of the in-plane magnetic field component. We consider Zeeman splitting of

the Landau levels as the main mechanism leading to a decrease of the variations of the

spectral diffusion with energy and, thus, to the reduction of the nonlinearity. Below

we compare numerical simulations of the spectral diffusion with the experiment. We

found good agreement between this theory and the experimental results.

To estimate quantitatively the effect of Zeeman splitting on the spectral diffusion we

begin by analyzing the change in the electron spectrum induced by the Zeeman effect.

As the angle of the applied magnetic field is tilted away from the perpendicular and

the total magnetic field is increased, the oscillations of the density of states (DOS),

ν(ǫ), split into spin up and spin down components, as seen in Eq.(54). This leads to

a reduction in the modulation of the DOS amplitude [33]. In order to calculate the

DOS we use a gaussian approximation given by [34]
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Figure 13: The density of electron states (normalized to its value at zero magnetic
field) as a function of energy in a fixed perpendicular magnetic field B⊥ = 0.772 T
and different total magnetic fields, B = 0.772 T at 90o, and B = 5.4 T at 8o.

ν̃(ǫ) =
ν(ǫ)

ν0

=

√
ωcτq

2

(

exp

(

−(ǫ/~ + ∆z/~ − nωc)
2

ωc/πτq

)

+ exp

(

−(ǫ/~ − ∆z/~ − nωc)
2

ωc/πτq

))

, (54)

where ν̃(ǫ) is the dimensionless DOS normalized by the value of the DOS at zero

magnetic field, n is an integer, τq is the quantum or single particle relaxation time

and ωc is the cyclotron frequency. The parameter ~/τq determines the width of the

Landau levels and is obtained from comparison with experiment (shown below). A

similar value of ~/τq is also found by comparison of the experiment with the self

consistent Born approximation of the density of states [35].
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Figure 14: The differential resistance rMAX of the quantum oscillation maximum at
B⊥ = 0.772 T plotted as a function of the angle φ between the total magnetic field and
the electron plane. The squares are the experimental results and the circles represent
the numerical simulation.

The inset to Fig. 13 shows the results of the numerical simulation of the effect of

Zeeman splitting on the density of electron states (DOS) in our sample. It can be seen

that the modulation of the DOS is weaker for smaller angles (φ = 8o) corresponding

to stronger Zeeman spin splitting.

Figure 14 presents the angular dependence of the maximum value of the differential

resistance rxx = dVxx/dI at B⊥ = 0.772 T obtained from the curves presented in Fig.

11. At fixed filling factor the resistance decreases with decreasing angle φ (with a

consequent increase of the total magnetic field applied). Based on the evolution of the

density of states displayed in Fig. 13, the theoretically expected values of resistance are

denoted in Fig. 14 for comparison. The resistance was estimated using the simplified

expression for the longitudinal conductivity in strong magnetic fields (ωcτtr ≫ 1) (see
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Eq.(45)): [22]

σxx = A ×
∫

σ(ǫ)(−df/dǫ)dǫ, (55)

where σ(ǫ) = σDν̃(ǫ)2, σD = e2ν0v
2
F /2ω2

cτtr is the Drude conductivity in a perpendic-

ular magnetic field B⊥. The free parameter A accounts for possible memory effects

[29] and other deviations from Drude behavior in the presence of strong magnetic

fields [36]. The parameters A and τq (the quantum scattering time), were chosen to

provide a good fit between experiment and theory for the angular dependence of the

resistance at B⊥ = 0.772 T. From the comparison above, we obtain the electron g-

factor, g = −0.475, which is very close to values obtained in other experiments [37].

From the results obtained from this comparison (see Fig. 14) we find good agreement

between experiment and theory. Thus, we are able to attribute the decrease of the

SdH maxima with increasing in-plane magnetic field component to the Zeeman effect.

In order to estimate how the electron spectral diffusion and the nonlinearity of the 2D

electron system in the presence of a magnetic field is affected by the Zeeman effect, we

solve numerically the spectral diffusion equation for the electron distribution function

f(ǫ) (see Eq.(50)): [22]

−∂f(ǫ)

∂t
+ E2

dc

σD
dc

ν0ν̃(ǫ)
∂ǫ

[

ν̃2(ǫ)∂ǫf(ǫ)
]

=
f(ǫ) − f0(ǫ)

τin

, (56)

where f0(ǫ) is the Fermi distribution and Edc is the bias-induced electric field. For

the normalized DOS, ν̃(ǫ), we use the DOS obtained above from a comparison with

the linear response (see Eq.(54), Eq.(55) and Fig. 14). We use the inelastic relaxation

time τin as a fitting parameter. The solution of the diffusion equation f(ǫ) at t ≫ τin

is then inserted into Eq.(55) in order to obtain the resistivity at different dc biases.

Figure 19 shows experimental and numerical results for the longitudinal resistance
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Figure 15: The solid curves show the measured resistance Rxx = Vxx/Idc as a function
of dc bias in fixed perpendicular magnetic field for two different total magnetic fields
(angles φ), as labeled; T= 1.7 K. The symbols denote the numerical solution of the
spectral diffusion equation; τq = 5.1 ps; τin = 2.6 ns at φ = 90o and τin = 2.7 ns at
φ = 8o.
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Rxx=Vxx/I as a function of the dc bias plotted for two different angles, φ = 90o and

φ = 8o. The vertical scale is fixed by the comparison with the linear response (by the

choice of the two parameters A an τq in Eq.(54) and Eq.(55)). The horizontal scale

is chosen to provide the best fit between theory and experiment. The best result is

obtained for the inelastic time τin = 2.6× 10−9 sec at φ = 90o and for τin = 2.7× 10−9

sec at φ = 8o. There is good agreement between theory and experiment at small dc

bias. At higher dc bias deviations become evident that are larger for smaller angles

φ. We suggest that these deviations are due to additional nonlinear mechanisms that

occur at higher dc bias [29, 38] which have not been treated in our work.

3.5 Summary

The effect of a dc electric field on the longitudinal resistance of a highly mobile two-

dimensional (2D) electron system in GaAs quantum wells was studied. In our exper-

iment we observed a zero-differential resistance state in response to a direct current

when the magnetic field is perpendicular to the electron plane. At fixed filling factor

the nonlinearity of the 2D electron system decreases and the zero differential resistance

state disappears gradually as the total magnetic field is increased and tilted toward the

2D plane. Numerical simulations of the spectral diffusion in the presence of Zeeman

splitting of the DOS in a high magnetic field provide a good fit to our experimental

observations.
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4 Warming in systems with a discrete spectrum:

spectral diffusion in two dimensional electron

systems in the presence of a magnetic field

4.1 Introduction

It is well known that application of an electric field to conductors heats electric charge

carriers. Often an elevated electron temperature results from the heating of the car-

riers. When an electric field is applied to a conductor with a discrete electron energy

spectrum, a non-equilibrium electron distribution is created. In this work [3], it is

demonstrated that this non-equilibrium electron distribution cannot be described by

an elevated temperature. Such electron distribution changes significantly the conduc-

tivity of highly mobile two dimensional electron systems in a magnetic field, forcing

them into a state with a zero differential resistance. Most importantly the results

demonstrate that, in general, the effective overheating in systems with a discrete

spectrum is much stronger than the overheating in systems with continuous and ho-

mogeneous distribution of the energy levels at the same input power.

The energy distribution of hot electrons in response to an electric field is a long-

standing, interesting problem in condensed matter and plasma physics [39]. Despite

the simplicity of the experiments, interpretation of results is based significantly on

theoretical suggestions. It is widely accepted that the behavior of overheated, de-

generate electron systems is well described by an elevated electron temperature Te.

This approach is based on an analysis of the Fokker-Plank type equation with almost

elastic scattering [40]. The temperature broadening of the electron distribution func-

tion affects the kinetic properties of electron systems with a discrete energy spectrum,

in particular, electrons in a magnetic field. It was shown by L.D. Landau [41] that
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a quantization of the electron motion in a magnetic field results in a discrete energy

spectrum of the electrons (see section 1.2.3). Direct consequences of this Landau quan-

tization are quantum magnetic oscillations in metals: the Shubnikov de Haas effect

(see section 1.2.2) and the de Haas-van Alphen effect [42, 43]. At thermal equilib-

rium the amplitude of the quantum oscillations depends exponentially on the electron

temperature Te, and often these oscillations are used as an electron thermometer.

4.2 Experimental Setup

Our samples are cleaved from a wafer of a high-mobility GaAs quantum well grown

by molecular beam epitaxy on semi-insulating (001) GaAs substrates. The width

of the GaAs quantum well is 13 nm. Three samples (N1,N2,N3) are studied with

electron density n1=8.2 ×1015 m−2, n2=8.4×1015 m−2, n3=8.1×1015 m−2 and mobility

µ1=85 m2/Vs, µ2=70 m2/Vs and µ3=82 m2/Vs at T = 2 K. Measurements were

carried out between T = 0.3 K and T = 10 K in magnetic fields of up to 1.5 T. The

measurements were performed on d=50 µm wide Hall bars with a distance of 250 µm

between potential contacts. The differential longitudinal resistance was measured at

a frequency of 77 Hz in the linear regime. Direct electric current (dc bias) was applied

simultaneously with ac excitation through the same current leads (see inset to Fig.

16). All samples demonstrate similar behavior. Below we present data for sample N1.

4.3 Experimental Results

Figure 16(a) shows the longitudinal resistance rxx = dVxx/dI [44] as a function of the

magnetic field B at zero DC bias and at different temperatures as labeled. At B >0.4

T the resistance exhibits the Shubnikov de Haas oscillations. The amplitude of the

oscillations decreases significantly with the increase in temperature. The decrease of
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Figure 16: (a) Dependence of the longitudinal resistance rxx on magnetic field B with
no dc bias Idc applied at different temperatures as labeled. The inset presents the
experimental setup. (b) Dependence of the longitudinal resistance rxx on magnetic
field B at different dc bias Idc as labeled. The inset presents the bias dependence at
fixed magnetic field B=0.797 T. Measurements were taken at T = 2.1 K.
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the SdH amplitude with temperature increase is a result of an effective (exponential)

cancellation of the periodic oscillations of the electron conductivity σ(ǫ) with energy ǫ

weighted with the first derivative of the equilibrium (Fermi-Dirac) distribution func-

tion df/dǫ and averaged over all possible energies [43] (see Eq.(45)):

σ =

∫

σ(ǫ)(−df/dǫ)dǫ (57)

Figure 16(b) shows the longitudinal resistance rxx = dVxx/dI as a function of the

magnetic field B taken at three different dc biases as labeled at a lattice temperature

T = 2.1 K. The dc electric field changes significantly the longitudinal resistance in

magnetic fields above 0.15 T. At B > 0.15 T the disorder broadening ~/τq of the

Landau levels is less than the Landau level separation ~ωc and the electron energy

spectrum (density of states) becomes modulated. The modulation increases with the

magnetic field. At B ∼ 1 T the Landau levels are completely separated from each

other and the electron spectrum is discrete.

The inset of Fig. 16(b) demonstrates a typical dependence of the longitudinal re-

sistance rxx on the dc bias in a magnetic field (B = 0.797 T), corresponding to an

oscillation maximum. For small dc biases the resistance decreases approaching zero.

As the dc bias is raised further, the resistance exhibits a reproducible sharp negative

spike at Ith=8.4 µA and, then, stabilizes near zero at higher biases. This is the zero

differential resistance state, and it was observed in a broad range of magnetic fields

and at temperatures below a few Kelvins[27, 28].

4.4 Discussion

The curves presented in Fig. 16(b) reveal an unexpected evolution of the SdH oscil-

lations with the dc bias. The behavior is significantly different from the temperature
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evolution shown in Fig. 16(a). Both oscillating and smooth parts of the dependences

in Fig. 16(b) exhibit substantial changes. The smooth part of the resistance displays

a strong reduction with the dc bias in magnetic fields B > 0.15 T, at which the density

of electron states oscillates with energy. The oscillating part of the resistance reveals

a rather complicated behavior with the dc bias.

Figure 17 presents the bias induced evolution of the quantum oscillations in greater

detail. The oscillations are periodic when plotted as a function of the inverse magnetic

field 1/B [42]. Although the fundamental periodicity is the same for all biases, the

form of the oscillations and the harmonic content change significantly with the dc

bias. The most visible changes occur at maxima of the oscillations. With the increas-

ing bias the maxima evolve gradually into minima with essentially zero differential

resistance. On the other hand the minima tend to form maxima and, finally, separate

the zero resistance regions at the end of the evolution. For further discussion it is

important to realize that the high frequency content of the oscillations with respect

to the fundamental periodicity increases when the dc bias is increased.

Figure 18(a) demonstrates quantitatively the evolution of the first and second har-

monics of the quantum oscillations with temperature at zero dc bias. At thermal

equilibrium the distribution function f does not oscillate with energy and, therefore,

the harmonic content of the quantum oscillations is determined only by the harmonic

content of the conductivity σ(ǫ) oscillating with energy ǫ due to Landau quantization.

The amplitudes of the first Aω(T ) and the second A2ω(T ) harmonics exhibit expo-

nential decrease with the temperature due to the spectral average of the oscillations

of the conductivity σ(ǫ) over the range of energies ∆ǫ corresponding to the thermal

broadening of the distribution function ∆ǫ ∼ kT . At higher frequency the spectral

cancellation is more effective and, as a result, the higher harmonics of the quantum

oscillations (A2ω(T )) are exponentially smaller than the amplitude of the fundamental
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periodicity Aω(T ). The inset of Fig. 18(a) demonstrates that the amplitudes of the

first Aω and the second A2ω harmonics as well as their ratio R = A2ω/Aω decrease

significantly with the temperature and approach the zero value asymptotically.

Figure 18(b) demonstrates the effect of the dc bias on the spectrum of the quantum

oscillations. Notably different behavior of the first and especially the second harmonics

with dc bias is observed. The first (fundamental) harmonic does not approach the zero

value asymptotically. Instead, as it is shown on the inset of Fig. 18(b), the amplitude

crosses the zero value and becomes negative at Idc = 7.5 µA. In other words, the phase

of the fundamental oscillations changes by 1800. This corresponds to the evolution

presented in Fig. 17(b), where maxima become minima with the bias increase. Even

more unusual is the behavior of the second harmonic of the oscillations. One can

see that the magnitude of second harmonics does not exponentially decrease with

the dc bias contrary to the usual expectation. Instead the second harmonic crosses

the zero and reaches a value, which is even bigger than the amplitude A2ω(0) at

zero bias. At the same time, the ratio R between the amplitudes of the second and

first harmonics is on the order of unity, which, again, cannot be explained by the

temperature broadening of the distribution function. Thus the results indicate that

the effect of the direct current on the resistance of a 2D electron system with a discrete

energy spectrum cannot be explained by an increase of the electron temperature.

The enhancement of the higher harmonics of the quantum oscillations with the dc

bias follows directly from Eq.(57) assuming additional, bias induced oscillations of

the non-equilibrium distribution function with the energy. Such oscillations have been

found theoretically in dc biased 2D electron systems recently[22].

The spectral diffusion equation [22] is solved numerically:

−∂f(ǫ)

∂t
+ E2

dc

σD
dc

ν0ν̃(ǫ)
∂ǫ

[

ν̃2(ǫ)∂ǫf(ǫ)
]

=
f(ǫ) − f0(ǫ)

τin

, (58)
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Results of the numerical simulation of the spectral diffusion are shown in Fig. 19(a).

As expected the spectral diffusion produces periodic variations of the distribution

function f(ǫ) with energy.

4.5 Summary

It is clear, that an elevated temperature Te cannot describe this oscillating behavior.

The additional oscillations of the distribution function enrich significantly the har-

monic content of the product σ(ǫ)(−df/dǫ) and, therefore, in accordance with Eq.(57),

the spectrum of the quantum oscillations. Furthermore, as shown in Fig. 19(b), the

considerable decrease of the value df/dǫ at the maxima of the conductivity σ(ǫ) (and

the maxima of the density of states) makes the net conductivity σ significantly smaller

than the unbiased value. This explains the strong reduction of the conductivity (and

resistivity rxx [44]) with the DC bias at magnetic fields B > 0.15 T shown in Fig.

16(b).

The strong reduction of the gradient of the electron distribution function df(ǫ)/dǫ near

the maxima of the conductivity σ(ǫ) and the density of states imitates strong over-

heating in these energy regions. Indeed, Fig. 19(b) demonstrates that at a maximum

of the density of states located at the Fermi level µ: ǫ − µ = 0, the gradient of the

DC biased distribution function df(ǫ)/dǫ is equal to the gradient of the distribution

function corresponding to thermal equilibrium at a temperature of 32 K. Thus, at the

conductivity maximum σ(ǫ = µ) the effective overheating of the 2D electron system

(32 K) is significantly stronger than the actual additional broadening of the distribu-

tion function (∼ 1− 2K) induced by the dc bias. This provides the significant change

in the transport properties of the system (see Fig. 16(b)).

The strong reduction of the df/dǫ is a result not only of the high spectral diffusion

near the spectral maxima, but mostly a result of the weak spectral diffusion between

54



-6 -4 -2 0 2 4 6
0

1

-6 -4 -2 0 2 4 6
0.0

0.5

1.0

0

1

2

(b)

T=16 K-d
f/d

meV

T=32K

T=8 K
DC biased at T=8K

(a)

di
st

rib
ut

io
n 

fu
nc

tio
n 

f(

 
N

or
m

al
iz

ed
 D

en
si

ty
 o

f S
ta

te
s

Figure 19: (a) right axes: density of states of the electrons in a magnetic field
B = 0.797 T as a function of energy; left axes: numerical calculations of the elec-
tron distribution function modified by the electron spectral diffusion. The following
parameters are used in the simulation: magnetic field B = 0.797 T, temperature T = 8
K, dc electric field Edc = 1003 V/m, disorder broadening of Landau levels ~/τq=~/1.9
1/ps and inelastic scattering time τin = 150 ps. The times are obtained by comparison
with experimental results; (b) The gradient df/dǫ of the distribution function modi-
fied by the spectral diffusion shown above and the gradient of the thermal equilibrium
function corresponding to different temperatures as labeled.
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them. In fact, the weak diffusion between the spectral maxima controls the overall

spectral flow Jǫ. In some sense, the regions of phase space with weak spectral diffusion

provide ”thermal” isolation from the regions with strong spectral diffusion. This dc

bias induced, thermal stratification of phase space facilitates strong overheating in the

regions essential for the net electron transport.

Spectral diffusion and thermal stratification are also expected in 2D electron systems

in the presence of electromagnetic radiation. In this case spectral diffusion is a result

of quantum transitions between energy levels induced by the external radiation. This

points toward a generic nature of the phenomena. The presented results suggest

that in systems with a discrete or strongly modulated energy spectrum the effective

overheating is significantly stronger than the one in systems with a weakly modulated

homogeneous spectrum at the same input power.
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5 Two-parameter scaling of microwave rectification

vs microwave power at the boundary between

two-dimensional electron systems

5.1 Introduction

In two-dimensional systems of electrons, at high magnetic fields, and in response to

microwave radiation and DC bias, strongly nonlinear transport [2, 11, 12, 15, 16, 17,

18, 20, 21, 22, 23, 24, 25, 26, 38, 45, 46, 47, 48, 49] that gives rise to unusual states

[13, 14, 27] has been reported. There has also been great interest in the nonlinear

response of quantum ballistic constrictions, where the effects of quantum interference,

spatial dispersion and electron-electron interactions play crucial roles [50, 51, 52, 53,

54, 55, 56, 57, 58, 59, 60, 61].

In this work [4] we report a new type of nonlinearity of thermoelectric origin

in a two-dimensional system of electrons. We have investigated the rectified (DC)

voltage induced by microwave radiation applied locally to the boundary between two-

dimensional electron systems with different electron densities n1 and n2. A simple

experimental geometry is used in which closely spaced, electrically isolated gates give

rise to a very large microwave field localized at the narrow slit between the gates,

thereby enhancing the nonlinear response in the immediate vicinity of the gap. The

gates are used to vary the electron densities separately and independently, providing a

convenient and effective tool to control the strength of the nonlinearity. The rectified

voltage Vdc is found to be an odd function of the difference ∆n = n2 − n1 between

the electron densities n1 and n2 of the two systems. Using two scaling parameters, all

the data above 4 GHz taken at different temperatures can be collapsed onto a single

universal curve.
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Excellent quantitative agreement is obtained with a theory that considers the local

overheating of the electrons by microwaves near the narrow boundary between the

2D systems, which gives rise to a voltage through the thermoelectric effect between

two dissimilar two-dimensional metals. A fit of the experimental data to this theory

yields an electron-phonon coupling constant that is in reasonable agreement with the

coupling constant obtained by a recent theory [62] as well as other experiments [63].

This experimental protocol provides an effective method for studying the thermo-

electric properties of low dimensional systems. An important advantage relative to

other approaches [63] is that the electron system is heated directly by the microwaves

with negligible heating of the phonon system, thereby reducing the contribution of

phonon drag to the thermoelectricity. This work is a continuation and expansion of

research reported earlier [65, 66].

5.2 Theory of microwave rectification in two 2D electron

systems

In this section we present a quantitative theory for the microwave rectification in two

2D electron systems. In this theory the DC voltage results from the thermoelectric

effect induced by local microwave overheating of the area near the boundary between

two dissimilar 2D electron metals. First we present a system of electrodynamic equa-

tions, which allows us to find the distribution of microwave electric potential across

the sample. We will show that at high frequency the microwave field is localized near

the narrow gap between the metals. Then we solve the thermoconductivity equation

assuming fast thermalisation of hot 2D electrons and find the temperature profile in-

side the electron system. Deviations from the isotropic Fermi distribution should not

significantly affect the spatial relaxation. The thermoelectric voltage Vdc is found by
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Figure 20: Circuit for measuring the difference in the thermoelectric voltages which
develop in two different metals, where in each of them the temperature varies from T0

to T1.

direct integration of the thermoelectric field across the sample.

5.2.1 The Thermoelectric effect

When a temperature gradient [9] is maintained in a metal and no electric current is

allowed to flow, there will be a steady-state electrostatic potential difference between

the high and low temperature regions of the specimen. Such a circuit is depicted in Fig.

20. The voltmeter in Fig. 20 connects points of the specimen at the same temperature,

otherwise there would be a temperature gradient in the circuit of the meter itself, which

would create an additional thermoelectric voltage. Since no thermoelectric voltage

develops between points of a single metal at the same temperature, the circuit used is

of two different metals connected such that one is at temperature T1 and the other at

a temperature T0 6= T1. This measurement yields the difference in the thermoelectric

voltages developed in the two metals.

The electric field that we measure is directed opposite to the temperature gradient.
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This field is the thermoelectric field, and it is given by

E′ = Q(T )∇T (59)

The current is driven not just by the electric field E, but by E′ = E + ∇µ
e

, where µ

is the chemical potential. This is because the chemical potential gradient leads to a

diffusion current. Q(T ) is the thermopower coefficient of a metal. We may obtain

Q(T ) is by considering the current density given by

J = 2

∫

evfdk (60)

the electron distribution function f in the presence of a uniform static electric field

and a temperature gradient is given by

f = τ
∂f

∂ǫ
v ·

[

−eE′ +
ǫ − µ

T
(−∇T )

]

+ f0 (61)

we may therefore write the electrical current density as

j = L1E
′ + L2 (−∇T ). (62)

Since negligible current flows when the thermoelectric voltage is measured, we obtain

Q(T ) =
L1

L2

. (63)

In the treatment below, the thermopower coefficient is given by Q(T ) = 1
3
π2T/(eEF ).

60



5.2.2 Derivation of the dependence of the rectified voltage Vdc on the

microwave power P

In the derivation of the microwave (ac) current distribution, we take into account

(i) that the microwave wavelength (0.7 − 30 cm) is much larger than the device size

(∼ 0.05 cm) and, therefore, we can omit the term ∂B/∂t in Maxwell’s equations; and

(ii) that the scale at which the electric potential varies lac is much larger than the

effective distance of the 2D conducting layer from the gates d. Together with the law

of electric charge conservation, the full set of equations for the time-dependent current

distribution j(x, t), density δn(x, t), and the electric potential at the 2D conducting

plane reads:

j(x, t) = σ(x)∇φ(x, t). (64)

∂t[eδn(x, t)] = −∇j(x) (65)

φ(x, t) = φ0(x, t) +
ed

ǫǫ0

δn(x, t), (66)

where σ(x) is the local conductivity, ǫ is the dielectric constant of SiO2 and φ0(x, t) =

1
π
Vac arctan(x/d) cos(ωt) [67].

At high frequencies, ω/2π >10 GHz, the major part of the microwave power is ab-

sorbed by the 2DEG in the narrow strip under the slit between the two gates. The

size of the narrow region (hot strip) is

lac =

(

2σd

ωǫǫ0

)1/2

. (67)

Figure 21 shows the distribution of microwave power (solid line) obtained by a numer-

ical solution of Eqs. (64-66). The microwave power is found to be localized near the
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Figure 21: Joule input (solid line) and electron temperature (dashed line) vs distance
x from the center of the hot strip

slit.

The electron temperature distribution obeys the thermoconductivity equation:

∇(κ∇T (x)) = F (T (x)) − Wac(x) (68)

where κ is thermoconductivity coefficient, Wac(x) is Joule heat and F (T ) stands for

the power losses. The result of numerical integration of Eq.(68) together with Eqs.

(64-66), gives a temperature distribution shown schematically in Fig. 21 by the dashed

line. We use F (T ) = R(T ) − R(TL) for the power losses due to phonons [63], where

R(T ) is the electron-phonon relaxation rate and TL is the lattice temperature, which

we assume to be unaffected by the microwaves. Fig. 21 shows that the Joule heat

decreases exponentially from the slit as exp[−2x/lac] , while the electron temperature

relaxes much more slowly as (x/LT )−1/2.

At zero dc current the temperature gradient and electric field are related by (see

Eq.(59))

E(x) = Q(T )∇T (x), (69)
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where the thermopower coefficient Q = 1
3
π2βT/(eEF ) with numerical coefficient β ∼ 1

[64]. The electric potential difference between the two contacts is found by integrating

the left and right sides of equation (69) over the distance x:

Vdc = A(TL) · (y(0) − 1) (70)

A(TL) =
π2T 2

L

6e

(

βL

EFL

− βR

EFR

)

, (71)

where we have introduced a dimensionless parameter y(x) = (T (x)/TL)2. The indexes

L and R correspond to the left and right sides of the 2DEG and T (x) is the temperature

of the hot electrons along the sample. The coefficient A is antisymmetric with respect

to the difference between Fermi energies in the left and right regions and is thus

antisymmetric with respect to the difference of electron densities ∆n = nR −nL. This

behavior is consistent with the experimental observations (see Fig. 24).

At low ac power a small electron overheating ∆T = T (0) − TL is proportional to

the microwave power P and the linear dependence of Vdc on the microwave power

follows from Eq.(70). In the high power regime the voltage Vdc is determined by the

electron temperature below the slit T (0) which, in turn, depends non-linearly on the

microwave power. The crossover from the linear to the non-linear regime occurs at

(T (0) − TL)/TL ∼ 1. Note that if lac is much less than the sample size, then Eqs.

(70),(71) holds independently of the model for the thermoconductivity and the power

loss function F (T ). Therefore, the only parameter that determines the voltage Vdc is

the temperature T (0) of the 2D electrons in the hot strip under the slit.

To find the temperature profile we solve the thermoconductivity Eq.(68). Since in our

setup the phonon system is not directly heated by the microwave radiation, the phonon

temperature is weakly affected by the microwaves. To compare theory with the exper-
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imental findings, both the phonon heat transport and the phonon drag contribution

to the thermopower are neglected. To proceed further we use the Wiedemann-Franz

law for the electron thermoconductivity κ(T ) = π2σT/(3e2). When x ≫ lac we can

reduce the order of the differential equation (68) by neglecting the second term on the

right hand side (Joule heat) yielding

(
π2σT 2

L

12e2
)

(

dy

dx

)2

= R(TL)(
1

4
y4 − y +

3

4
) (72)

Experiments [63] have shown that in the temperature range from 1 to 5 K

R(T ) = R1T
6, (73)

where R1 is a constant. For the density 8.5×1011cm−2, R1 ≈ 1.3 mW·m−2K−6. According

to the theory [62] R(T ) deviates weakly from the T 6 law and depends on electron con-

centration as n−1/2. The temperature relaxation length can be expressed in terms of

κ(T ) and R(T ) as

LT =

√

T κ(T )

R(T )
. (74)

The total Joule heat of the 2DEG W T
ac is given by

W T
ac =

∫

j(x, t)∇φ(x, t)dx = ηV 2
ac

(

σL

lLac

+
σR

lRac

)

, (75)

where the upper bar denotes average over time and η ∼ 1 is a numerical factor.

At a stationary state the input heat is partially absorbed by the phonon system and

partially drained via the electron thermal flow. When lac ≪ LT , most of the input

power generated in the hot strip, −lac < x < lac, must be drained away via the thermal
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electron flow, because the hot strip is much smaller than the total overheated area

(∼ LT ) absorbing the total heat input. In this case, neglecting the phonon absorption

in the hot strip area, a simple integration of Eq.(68) over the region −lac < x < lac

leads to:

W T
ac =

π2T 2
L

6e2

[

σL

(

dy

dx

)

L

− σR

(

dy

dx

)

R

]

(76)

Combining (72), (75), (76), (67) and (85) we obtain a relation between the microwave

input power P and the temperature of the 2D electrons under the slit as y(0) =

(T (0)/TL)2:

P = B(T ) · (y(0)4 − 4y(0) + 3)1/2 (77)

B(T ) =

√
3π

6ηG2

(

T 2
LR(TL)d

e2ωǫǫ0

)1/2

(78)

These equations, together with equation (70), determine the dependence of the rec-

tified voltage Vdc on the lattice temperature TL and microwave power P . Expanding

(77) at small P we get

y(0) = 1 +
η
√

2P

πG2

(

T 2
LR(TL)d

e2ωǫǫ0

)−1/2

(79)

and for the weakly nonlinear regime (y(0) − 1 ≪ 1)

Vdc =
A(TL)P√
6B(TL)

∼ LT

lac

eV 2
ac

EF

(80)

One can see that, expressed in normalized values of the DC voltage V ∗
dc = Vdc/A(T )

and the input microwave power P ∗ = P/B(T ), the system of equations (70) and (77)
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exhibits a universal form in the whole range of microwave power:

V ∗
dc = y(0) − 1 (81)

P ∗ = (y(0)4 − 4y(0) + 3)1/2 (82)

The universal dependence V ∗
dc vs P ∗ is plotted in Fig. 26, together with the scaled

data points. Excellent agreement is found between the experiment and the theory in

a broad range of temperature and microwave power. Random deviations between the

experiment and the theory observed at low power are mostly due to low signal/noise

ratio for signals below 1 µV.

To conclude the theory section we consider other mechanisms that may also lead to

rectification of an ac voltage. We first consider the bulk rectification associated with

the fact that σ in Eq.(64) may vary due to microwave modulation of the electron

density and/or mobility inside the 2DEG [55, 68]. To estimate this effect we assume

that the bulk rectification is due to a periodic variation of the electron density induced

by the microwave modulation of the gate voltage Vg: δn = n ·Vac/Vg [55]. The induced

dc current Ibulk
dc = σV bulk

dc = δσVac. Therefore V bulk
dc = δσ

σ
·Vac = δn

n
·Vac = V 2

ac/Vg . This

is considerably smaller than the rectification due to the thermoelectric effect: From

Eq.(80), Vdc ∼ V 2
ac/EF , as EF ≪ Vg. Comparison of V bulk

dc with result (80) shows that

V bulk
dc ∼ 2 · 10−4Vdc.

Another possible mechanism of rectification is related to the spatial variation of the

electron density across the boundary [69]. Due to this variation there is a diffusive

electron flow through the boundary. The net flow of electrons must be zero at ther-

modynamic equilibrium. An internal electric field Eb is established to compensate the

diffusive flow across the boundary creating a so-called contact potential difference.

Microwave radiation moves the electron system away from thermodynamic equilib-
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rium. The non-equilibrium (symmetric) part of the distribution function is driven by

the internal electric field Eb creating a rectified current and rectified voltage V b
dc. This

voltage is estimated to be [69]: V b
dc ∼ τ 2e/m · ln(n1/n2) ·E2

ω, where τ is the relaxation

time, assumed in [69] to be on the same order of magnitude as the transport relaxation

time, m is the band mass of the 2D electrons, and Eω ∼ Vac/lac is the ac electric field

near the boundary. Using our result for lac we get

V b
dc ∼

1

en1,(2)d
τωV 2

ac · ln(n1/n2). (83)

Comparison of V b
dc with (80) shows that V b

dc ∼ 5 · 10−4Vdc, and is inconsistent with the

significant temperature dependence observed in the experiment.

5.3 Experimental Procedure

The high-mobility Si-MOSFETs (µ = 2 m2/(Vs) at T = 4 K, n = 5 × 1015 m−2)

used in these studies are equipped with several metallic gates that can be separately

controlled. A narrow split obtained by reactive ion etching separates the different

gates. Each 2D electron system is formed below a rectangular 50 × 240µm2 gate by

the application of a positive voltage (see Fig. 22(A)). The typical slit width of 50−70

nm is less than the thickness of the Si oxide insulating layer (152 nm), providing a

smooth variation of the electron density between the two electron systems formed

below the gates, as shown in Fig. 22(B). For a slit width, w, that is much smaller

than the distance d between the gates and the 2DEG, the profile of electron density

is given by [71]:

n(x) =
n1 + n2

2
+

n1 − n2

2
tanh(

πx

d
), (84)

where x is the distance from the center of the slit. For the actual parameters of our
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Figure 22: (a) Cross-section of the sample. Two different 2D metals are formed under
the two separate gates with voltages Vg1 and Vg2 applied as shown. The rectified dc
voltage Vdc is measured between the right and left ends of the structure. The microwave
voltage is applied directly to the gates and is localized near the slit between them (see
Fig. 21); (b) the Fermi level and bottom of the conduction band are shown as a
function of position x along the sample. Energies below the Fermi level correspond to
occupied electron states of the two 2D metals with different electron densities n1 and
n2. The spatial variation of the electron density is described by Eq.(84).
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Figure 23: “Topological map” of the rectified voltage as a function of the electron
densities n1 and n2. The rectified voltage is indicated by the shading, ranging from
dark to light as the voltage varies from negative to positive. Measurements were
taken at temperature 4.2 K, frequency 20.2 GHz, and microwave power input of 26
dB (specified relative to 1 mW for 0 dB). The rectification is an odd function of the
difference between the two densities n1 and n2 (see Eq.(86)). The black dots denote
the values of n1 and n2 for which the rectified signal changes polarity (goes through
zero).
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samples, the exact solution differs from Eq.(84) by less than 3%. The six different

pairs of 2D electron systems studied displayed similar behavior.

Measurements were taken at frequencies from 0.7 GHz to 20 GHz in a vacuum chamber

of a He-3 cryostat. The microwave radiation was guided by a semi-rigid coaxial line

terminated by a loop. Two wires, anchored to a temperature controlled cold finger,

were inductively coupled to the loop without touching it. The wires were connected

directly to the two adjacent gates. The sample, with a calibrated RuO2 thermometer

attached, was thermally connected to the same cold finger. The temperature of the

electrons was monitored using the amplitude of Shubnikov de Haas (SdH) oscillations.

Without microwave power input, the electron temperature followed the temperature

of the cold finger down to the lowest temperature T = 0.27 K. The sample was thus

well isolated from heat input deriving from the coaxial line and the RF filtered DC

electrical leads.

Rather than the resistance, the dominant contribution to the output impedance Zout of

the circuit at the end of the microwave line was provided by the (substantial) capacitive

coupling between the two closely placed wires. Estimates indicated that variations of

the resistivity of the 2D electrons with temperature and gate voltage have a negligibly

small effect on Zout. We therefore neglected the consequent small changes of output

voltage Vac. In particular, we neglected the effect of overheating the 2D electrons by

the microwaves and consider the amplitude of the microwave voltage Vac applied to

the gates to be proportional to the square root of the calibrated microwave power P

applied at the input of the coaxial line:

Vac = G · P 1/2, (85)

where G is a temperature independent coefficient.
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Figure 24: The open circles denote the rectified signal as a function of the electron
density n2 with electron density n1 kept constant at 5.9 × 1011cm−2. The triangles
show the rectified signal versus the electron density n1 with the density n2 fixed at the
same value 5.9×1011cm−2. Measurements were taken at temperature 4.2 K, frequency
4 GHz, and microwave power 26 dB (specified relative to 1 mW for 0 dB). Note that
if n1 and n2 are interchanged the rectification changes sign and satisfies relation (86).
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The microwave-induced DC voltage was measured between two electrical contacts

placed on opposite sides of the sample at a distance L = 240µm from the gap between

the two electron systems (see Fig. 22(A)). To avoid thermoelectric effects related to the

electrical contacts, the distance L must be considerably longer the thermal relaxation

length LT , which is estimated to be LT ∼100 µm in Si-MOSFETs at temperatures of

∼ 1 K [62, 63, 72] (see Fig. 21). In this work we present data obtained at temperatures

above 2 K, where the contact thermoelectricity is negligibly small.

The same results for the rectification were obtained using continuous microwave ra-

diation and by modulating the microwave amplitude at frequency typically 10Hz and

using standard phase sensitive techniques. All the data reported in this work were

obtained by the second method, as it provided better detection of signals below 1µV .

5.4 Experimental Results

5.5 Dependence of the rectification on electron density

Figure 23 shows the dependence of the rectified signal on the electron densities of

the two adjacent 2D metals. The axes denote the electron densities n1 and n2, and

the shading reflects the amplitude of the rectified signal, with dark (light) shading

denoting negative (positive) values. Each horizontal scan was obtained for a fixed

density n1 (the electrons in the left-hand region of Fig. 22(A)), while the electron

density n2 in the adjacent (right-hand) region is varied. Shown by the black dots in

Fig. 23, the DC voltage changes sign when the electron densities of the two 2D metals

are nearly the same.

We note that similar results were obtained in our previous experiments [65], where

microwave radiation was applied by a very different method using two parallel wires

placed far from the samples. This indicates that the results are robust and do not
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Figure 25: Rectified voltage as a function of microwave power on a log-log scale. The
units of power are specified relative to 0 dB for 1 mW. Curves are shown for seven
different temperatures ranging from 2.2 K (top curve) to 12.1 K (bottom curve). The
straight lines represent linear P and square root P 1/2 dependence of the rectification
on microwave power P . The electron densities are − = 3.67 × 1011 cm−2, n2 =
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Figure 26: Normalized rectified voltage V ∗
dc versus normalized microwave power P ∗ for

frequencies 20 GHz (the data of Fig. 25), 11 GHz and 4 GHz at different temperatures.
The data for frequencies 11 GHz and 4 GHz are shifted horizontally by 10 dB and 20
dB respectively with respect to the curve at 20 GHz for clarity. The solid lines are
theoretical curves given by Eq.(81) and Eq.(82) (also shifted by 10 dB and 20 dB).
The inset is a magnification of a portion of the top curve to indicate the quality of the
scaling and/or typical deviations from the theory. A scaled curve is obtained at each
frequency for all temperatures, and an appropriate horizontal shift brings the curves
into alignment onto a single universal curve for all frequencies shown.
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depend on details of the distribution of electromagnetic fields in the vicinity of the

sample and that the dissimilarity between the two metals rather than the microwave

field distribution is responsible for the effects observed. Moreover, the absence of

rectification when n1 = n2 is strong experimental indication that bulk rectification

inside the 2D metals, associated with microwave modulation of the electron density

and/or mobility, is a minor contribution to the observed signal. This is discussed

further below.

Figure 24 provides a clear demonstration that the rectified signal is an odd function of

the difference ∆n = (n2 −n1) between the electron densities of the two systems. Here

curve (a) shows the rectification when the electron density n1 is fixed at 5.9×1011cm−2

while the electron density n2 is varied; curve (b) is for fixed density n2 = 5.9×1011cm−2

and variable density n1. Almost perfect antisymmetry is found with respect to the

horizontal axis, showing that the rectification is an odd function of the difference

between the two electron densities:

Vdc(n1 − n2) = −Vdc(n2 − n1), (86)

5.6 Dependence of the rectification on microwave power at

different temperatures

Figure 25 shows the rectified voltage as a function of microwave power on a log-log scale

for seven different temperatures ranging from 2.2 K to 12 K at microwave frequency 20

GHz [73]. At all temperatures, the rectified signal for low power input is proportional

to the microwave power (the square of the microwave electric field), Vdc ∝ P ∝ E2
ω.

We will refer to this as the weak, or perturbative, nonlinear regime. Strongly nonlinear

behavior is observed at higher levels of microwave excitation; here the rectified signal is
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proportional to the square root of the power, Vdc ∝ P 1/2 ∝ Eω. The two straight lines

drawn in Fig. 25 represent the two limits, namely, the perturbative (Vdc ∼ P ) and

the strongly nonlinear (Vdc ∼ P 1/2) regimes. The crossover between the two regimes

depends on temperature, with the crossover occurring at higher microwave power as

the temperature is increased.

By applying appropriate multiplicative scale factors (corresponding to translations on

a log-log plot) to each of the curves of Fig. 25, one can collapse all the data for rectified

voltage versus power at frequency 20 GHz onto the single universal curve:

V ∗
dc = F (P ∗), (87)

as shown in Fig. 26. Also shown in Fig. 26 are similarly scaled curves for frequencies

11 GHz and 4 GHz.

The scaled values of the rectified voltage V ∗
dc = V/A(T ) and power P ∗ = P/B(T ),

require the two scaling parameters A(T ) and B(T ) shown in Fig. 27 as a function

of temperature for different frequencies. For temperatures below 6 K the parameters

A(T ) ∝ T 2 and B(T ) ∝ T 4, with deviations toward a weaker dependence at higher

temperatures. There is no clear dependence on frequency. At a lower frequency

(0.7GHz) the scaling breaks down for high power input, with substantial deviations

from Vdc ∝ P 1/2 behavior (not shown).

In the low power regime the rectification is found to be proportional to microwave

power at all frequencies. In this weakly nonlinear regime, the rectification can be

written as:

Vdc = α(T ) × P, (88)

where α(T ) depends on the temperature. Figure 28 shows the constant of proportion-

ality α plotted as a function of temperature for different frequencies.
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The scaling behavior indicates (see Fig. 26) that V ∗
dc = γ · P ∗ in the weak nonlinear

regime with a constant, temperature-independent γ. Since the scaling parameters A

and B are given by V ∗
dc = V/A(T ) and P ∗ = P/B(T ) it follows that the coefficient

α = γ · A(T )
B(T )

. The solid line shows the behavior expected from the theory in the scaling

regime.

5.7 Discussion

In the preceding sections, we reported measurements of the rectification of microwave

radiation at the boundary between two-dimensional electron systems separated by a

narrow gap between independently controlled gates on a silicon surface. The rectified

signal is large, it is odd with respect to the interchange of the gates and, within a

broad range of temperatures and frequencies, all data for the rectified voltage ver-

sus microwave input power collapse onto a single universal curve using two scaling

parameters.

The fact that interchanging the gates gives rise to a signal that is essentially the same

in magnitude and of opposite sign indicates that bulk rectification of the incoming

microwave signal is a small contribution. Contrary to expectations for bulk rectifica-

tion, the observed signal changes sign, does not depend on the detailed geometry of

the sample and gates, and does not depend on the size of the sample. Moreover, as

shown in the section on theory, we estimate that bulk rectification would contribute

a signal that is considerably smaller than the mechanism we propose. It should be

noted further that our observations cannot be attributed to rectification by non-ohmic

contacts, as this would yield a signal that depends on the microwave field distribution

along the sample and, therefore, should not be simply antisymmetric when the gates

are interchanged.

The near-perfect antisymmetry of the rectification on interchanging gates, the fact that
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the microwave power is strongly localized near the boundary between the 2D metals

and the excellent agreement with theory, all provide strong evidence that the observed

rectification is an inherent property of the two adjacent 2D electron systems of different

densities. In particular, we attribute the observed rectification to a thermoelectric

response due to strong local overheating of the electron gas that produces a large

thermal gradient at the gap between the gates, where the electron density changes

abruptly. We now proceed to present a detailed comparison between this theory and

the experimental results.

As shown in Fig. 26, data for the rectified voltage versus input power can be collapsed

over a broad range of temperature and microwave power onto a single universal curve

using two scaling parameters. Plots of Eq.(81) and Eq.(82), are shown by the solid

line. Excellent agreement is obtained between theory and experiment in a broad range

of temperatures and the microwave power.

The scaling coefficients A(T ) and B(T ) used to obtain the data collapse vary with

temperature, as shown in Fig. 27. The temperature dependence of parameter A(T )

denoted by the solid line in Fig. 27 (A), is proportional to T 2, in agreement with

Eq.(71). At T = 3 K the scaling parameter A(3K) = 10µV, in good agreement with

the theoretical estimate obtained using the Fermi energy EF and the parameter β =0.2

for n1 = 3.67 × 1011cm−2 for Si-MOSFETs[74]. At higher temperatures (∼ 10K) the

experimental values of A tend to fall below the theory because of a noticeable part

of the heat emits in the region ±lac. We also note that for electron density n1 =

3.67× 1011cm−2 the Fermi energy in Si-MOSFETS is about 20 K so that at T ∼ 10K

the electron system is not strongly degenerate and finite temperature corrections to

the thermoelectric coefficient Q (see Eq.(69)) and the Wiedemann-Franz ratio have

to be taken into account.

Surprisingly, the theory gives much better scaling than one would expect from the
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accuracy of both the thermopower coefficient Q and the Wiedemann-Franz relation.

This may reflect the fact that acoustic phonon scattering is quasi-elastic and hot

electrons remain in the ”energy quasi-ballistic” regime [70]. A careful analysis of the

electron kinetics is required to verify this.

The scaling parameter B(T ) is shown in Fig. 27(B). The parameter B displays similar

behavior as a function of temperature for all measured frequencies above 4 GHz.

The temperature dependence is due to the strong dependence of the power losses

F (T ) = R1(T
6 − T 6

L) on the lattice temperature. The solid line shows the theoretical

expectation using an approximation of the power losses by Eq.(73) derived from recent

theory [62] and experiment [63]. At higher temperatures discrepancies between theory

and experiment are seen, which are, most likely, associated with deviations from scaling

at low frequencies, for reasons discussed below.

Fig.28 shows the temperature dependence of the parameter α, the constant of propor-

tionality that relates the rectified voltage Vdc to the microwave power P in the weakly

nonlinear regime (see Eq.(88)). In accordance with the theory (see Eq.(80)), the coef-

ficient α is proportional to the ratio between the scaling parameter A to the parameter

B: α(T ) ∝ A(T )/B(T ) ∝ 1/T 2; the theoretically expected behavior is shown in the

figure by the solid straight line. Good agreement with theory is obtained at high mi-

crowave frequencies (>10 GHz), where the microwave radiation is well localized near

the boundary between the two 2D metals. However, progressively stronger deviations

from the theory develop as the frequency is decreased. These deviations correlate with

deviations from the scaling regime observed at frequencies below 4 GHz.

In particular at frequency 0.7 GHz the power dependence of rectification at high power

does not follow the P 1/2 rule and the universality governed by Eq.(81) and Eq.(82) is

not observed. We suggest that the observed departures from theoretical expectations

are due to the fact that the experimental results are outside the range of validity

81



of the theory in its present form. Analytical and numerical estimates indicate that

at low frequency (1 GHz and below) the microwave field is barely localized near the

boundary between the two 2D metals. The corresponding size of the hot strip at

frequency 1GHz is lac ∼ 80 µ is considerably broader than the temperature relaxation

length LT , especially in the high temperature domain (several microns at T >6 K).

For these conditions, one of the central approximations of the theory (lac ≪ LT ) is no

longer valid.

5.8 Summary

We have measured the rectification of microwave radiation (0.7-20 GHz) at the bound-

ary between two-dimensional electron systems with different electron densities. For

frequencies above 4 GHz and over a broad range of temperatures and microwave

power, the rectified voltage Vdc obeys two-parameter scaling: the power dependence

obtained at different temperatures and frequencies collapse onto a single universal

curve V ∗
dc = F (P ∗). Over the range investigated in these experiments, the scaling

exhibits two different power regimes. For small power the voltage is a linear function

of power, V ∗
dc ∼ P ∗, while at higher power the rectification is proportional to (P ∗)1/2.

A theory is proposed that attributes the rectification to the thermoelectric response

caused by strong local overheating of the 2D electrons by the microwave radiation

at the boundary between two dissimilar 2D metals. Excellent agreement is obtained

between theory and experiment.
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6 Conclusions

The research presented describes three experiments which focus on the non-linear

properties of two dimensional electron systems. In the first experiment the non-linear

zero-differential resistance state (ZDRS) that occurs for a GaAs quantum well in the

presence of a magnetic field and an electric dc bias was studied. It was found that when

the magnetic field is strong and is applied perpendicular to the electron plane, this

ZDRS is suppressed and disappears gradually as the magnetic field is tilted away from

the perpendicular at a fixed filling factor ν (at a fixed perpendicular magnetic field

component). The experimental results were explained with the use of a theoretical

model that considers spectral diffusion of the electrons, as well as the effect of the

Zeeman splitting of Landau levels enhanced by the total magnetic field.

In the second experiment measurements on three GaAs quantum wells were per-

formed. Measurements of the electric dc field applied while maintaining a constant

temperature, versus varying the temperature while keeping the electric field constant,

are presented. It is shown that the electric field applied produces a non-equilibrium

electron distribution, which cannot be described by an elevated temperature. The

electron distribution changes significantly the conductivity of highly mobile two di-

mensional electron systems in the presence of a magnetic field, and it forces them into

a state with a zero differential resistance. Moreover, the results demonstrate that in

general, the effective overheating in systems with a discrete spectrum is much stronger

than the one in systems with continuous and homogeneous distribution of the energy

levels at the same input power.

In the third experiment we studied another non-linear effect on a high-mobility

Si-MOSFET. We measured the rectification of microwave radiation at the boundary

between two-dimensional electron systems with different electron densities. It was
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found that over a broad range of frequencies, temperatures and microwave powers,

the rectified voltage Vdc obeys two-parameter scaling: the power dependence obtained

at different temperatures and frequencies collapse onto a single universal curve V ∗
dc =

F (P ∗). Over the range investigated in these experiments, the scaling exhibits two

different power regimes. For small power the voltage is a linear function of power,

V ∗
dc ∼ P ∗, while at higher power the rectification is proportional to (P ∗)1/2. We

obtained excellent agreement with a theory that attributes the rectification to the

thermoelectric response caused by strong local overheating of the 2D electrons by the

microwave radiation at the boundary between two dissimilar two-dimensional metals.
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