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Abstract

X-RAY ORTHONORMAL ORBITAL MODEL OF
CRYSTALLOGRAPHY

by

-

Lulu S. Huang

Adviser: Professor Lou Massa

We discuss how the results of quantum mechanics can be
brought to bear on the problem of crystallography. Quantum
conditions are used to describe a crystal so that quantum
mechanically valid properties may be extracted from X-Ray
diffraction experiments. Such quantum properties are not now
routinely available to a crystallographer, even though the
information is inherent to crystallographic data.

Our goal is to obtain both quantum electronic and atomic
structure results. We use three types of observational equations and
their derivatives, and derive a least squares procedure to treat
electronic and atomic structure parameters. We designed a

computer program to execute a least squares procedure. For testing



our formalism and program. some simulated results using a
Hydrogen atom, Hydrogen molecule, nitrogen molecule. and
methane molecule are shown. Also a molecule of maleic anhydride
is tested based on real X-Ray diffraction experimental data. In the
latter case we obtain a better x2 value than had previously been
obtained with the same experimental data.

For simplicity we implcment our method to obtain only the
electronic structure of valence electrons. Therefore the scattering
factor of core electrons is assumed known. In fact the core
scattering factors for most atoms has been supplied in numerical
form by the International Tables of Crystallography. Using a Icast
squares procedure we convert the numeric core scattering factors
to an analytical form for the first row atoms B. C, N, O, and F. In
analytical form the core scattering factors are much more
convenient to use in our overall program and will be of use to
others.

Our least squares procedure converges to solution more
efficiently if a good initial guess is used for the elements of the
molecular density matrix P corresponding to either (a) a sum of
spherical atoms or (b) an extended Hiickel molecular

wavefunction.
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Chapter one
Introduction:
Image of Structure and

Density Matrix Applied to
X-Ray Crystallography




Crystallography is a science of structure. At first it
concerned structure at the macroscopic level but X-Rays provide a
tool for exposing structure at the atomic level, and macroscopic
properties reflect structure regularity associated with atoms. At
one level deeper the structure of electronic orbitals underlies that
of the atoms. " X-Ray experiments provide the data, and quantum
theory the language. ideas and mathematics required to expose the

detailed structure associated with electronic orbitals" [1).

I.An Experimental Image of Structure at the Atomic Level

The classic problem in crystallography is that of the
Cartesian coordinates of atoms in the unit cell [2). Consider as
shown in Figure | (3], X-Ray scattering by the electron density of
a crystal, as counted by a photon detector. The experimental
intensities, which are observed at values of the scattering vector

H. are the square of the wave amplitude. i.e..

I(H) = |F(H)|? = F(H) F'(H) (1)
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Figure 1. X-Ray Diffraction
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Figure 2. Sketch of the Geometry of Scattering



As in Figure 2, an X-Ray beam of wavelength, A, impinges
upon the electron distribution of charge density p(r), where the

position vector r is measured from an arbitrary point o taken as the
origin, from the initial direction indicated by the unit vector Ij and

is scattered into the final direction indicated by the unit vector If.

Then the path difference for wave scattering is:

Py = Irl (cosy - coso) (2)
The phase difference is:

2n

3 = Ir] (cosy - coso) (3)

Irlcos¢/A is the scalar product of r and a vector Ij of modulus 1/A in
the direction of the incident beam and Iricosy/A is the scalar
product of r and a vector If of modulus 1/A in the direction of
the diffracted beam. 2n/A =Irl(cosy-cosd) is written 2xr-(If - [j).

Defining the wave vector H=2r(I¢ - I;), the phase difference gives
for the scattered wave [ p(r)d3r] [€H7]. Now the amplitude of the
total wave scattered is obtained by integrating over the whole

electron distribution to get,

F(H)= JeMrpnd®r (@)



This Fourier transform (FT) relationship connecting the
structure factor F(H) to the electron density p(r) is the fundamental
equation describing the coherent diffraction experiment {4).

The structure factor from a so-called ideal intensity is
affected in actual scattering by experimental factors such as
absorption, polarization. extinction etc. The temperature effect
associated with the thermal motion of the atomic nuclei will smear
the static electron distribution in a time averaged manner [5].
However, these experimental factors may be modeled within
known magnitudes of error. The molecular structure is solved
from the peaks in the density map. The information obtained from
the experimental data, includes the geometry of the molecule: the
fractional atomic coordinates. x y z. for each atom, the space
group, and atomic and molecular motions as represented by

thermal factors.

I1.An_Enhanced Image of Structure at the Electronic Level

Crystallographers may use the models in this study to
understand a molecule at a level which gives the electronic charge
distribution (6). The density functional theory displays a relation



between the quantum mechanics and X-Ray crystallography.
Density functional theory is based on the theorem of Hohenberg
and Kohn (HK) 7).

1. Hohenberg and Kohn Theorem

The Hohenberg and Kohn theorem gives a certain basic
character to the X-ray diffraction experiment. The density is the
fundamental information in an electronic system by the HK
theorem. The Hohenberg and Kohn theorem indicates that

electron density shows all electronic properties, i.e..

P — V[P - H[p] - Y[p] - 0[p] )

The dcnsity is a functional of the external potential, the
Hamiltonian, its eigenfunction, and every electronic operator
property. The density is a simple wavefunction, and it carries all
the information required to determine every property. But HK
theorem only connects the density and electronic properties in
principal, it did not solve the problem in practice. This remains a
subject of active research. For example of importance to the total
energy is the outstanding problem of evaluating the universal HK

functional.



2. Kohn - Sham Equation

In actual practise, the Kohn-Sham equation applies the result
of the Hohenberg and Kohn theorem. Orbitals and its energies are
obtained from the Kohn-Sham equation (8]. The total energy of the
system as a functional of the density is obtained by solving the
Kohn-Sham equation (9). Also the Kohn-sham orbitals deliver in

principle the exact electron density through

pm=§<hm%u> (6)

They define a particular Slater determinant Y, (1.....N),
where in this notation N is the number of doubly occupied

orbitals.

3. The Density Formalism and its Quantum Mechanical
Meaning

It's useful to analyze the X-Ray experiment along the lines

O - p(r) - F(H) (7)
i.e. a set of orbitals imply a density which by Von laue-Bragg
scattering of X-Rays gives rise to structure factor FH) (H is the

scattering direction and F is related to measured intensities in the



above discussion). But we wish to emphasize that the arrows of

expression (7) may be turned back as follows:
F(H) = p(n - O (8)

i.e. given crystallographic structure factor FH) delivers a density,
and a set of orbitals. It exists truly by the Fourier transform
connecting the FH) and density p(r) [10]. i.e..

F(H)=JeMp(nd’r (9)

The density is described in an orbital formalism. Hence expand
the orbitals @ in an orthonormal basis Y according to

0-c v (10)

with the definition

P=C'C (11)
the density matrix

p(rr)=Tr 0w ¢ (r) (12)

becomes

P,y =Tr P Y(r) W*(r) (13)



the density, i.e., the diagonal clements of P, inserted into the

Fourier transform relation gives

F(H) = Tr Pf(H) (14)

where the elements of f are Fourier transforms of basis orbital
products. Now the quantum orbitals of crystallography are
obtained by treating the elements of Lowdin's [11] charge-bond
order matrix P as experimental parameters varied to fix the
measured X-Ray structure factors Fy. The variation of P must be
consistent with the quantum restriction of N-representability [11-13)

illustrated in Figure 3.

Figure 3. N - Representability Mapping



From any antisymmetric wavefunction, Y(1...N), the one body
density matrices p(1,1’) are obtained by averaging the square of

the wavefunction.

p(1,19=N I Y*(1..N) Y(1...N) d2....dNds (15)

The set of arbitrary functions in the coordinates of one particle.
f(11'), is wider than that of p (1), so that from an arbitrary
element in the set there exists no mapping back to any possible
wavefunction. The N-representable one-body density matrix
p a1y is simply characterized by the restriction on the its
eigenvalues. As the eigenvalues carry the physical interpretation
of occupation numbers of orbitals, one has here the Pauli principle
in its general form, that no spin orbital ought be occupied in
excess of one electron. The particular case of eigenvalues 0 or |
corresponds to Slater determinants and to P matrices which are

projectors (idempotent) normalized and Hermitian. That is

P2=P (16)
P*=P (17)
TrP=N (18)

Mathematically the problem of obtaining an idempotent matrix is

equivalent to the variation condition:
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({Tr (P*>-P)*} =0 (19)

Adding the requirement that structure factors are satisfied leads to
Clinton's equations [14] which in the context of the X-Ray

experiment take the form:
2 3
Pnat = 3PN - 2PN + Af(H) + Ayt (20)

Lagrangian multipliers ), and )y are determined by constraints

satisfying structure factors and normalization. The equation (20)
completely determine the solution P as a functional of the density.
The quantum description of the X-Ray scattering experiment
explicated in Clinton's equations has been applied to a variaty of
physical systems [15-19]), including H. H;. L;. Be. and a one-
dimensional crystal of Hydrogen atoms [20-24]. Figure 4 shows the
Be valence difference density, and a comparison to two ab initio
calculations [18]. (A) is the valence density map from Dovesi et
al., (B) is the one of Massa et al., and (C) is from Chon. Lam. and
Cohn. The contour intervals show the formalisms of X-Ray
orthonormal orbital model of crystallography fit well to the best

theoretical calculation available.



(a)

(b)

Figure 4. Be Valence Electron Density Difference Maps
(A, B, and C are described in the text, and in
reference [18].)
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4. Independent Number of Elements of the Idempotent
Density Matrix

Imposing the idempotency property on a Hermitian density
matrix decreases the number of elements in the matrix. and the

numbers of data required to fix an idempotent matrix is [25) given

by

K,m.N) = N(m-N) (21)

where N is the normalizations of the density matrix and m is the
dimension of the basis used. If idempotency is not imposed on the
density matrix. the number of independent conditions required to

fix its elements will be
Kn(m) = 5 (22)

It may be noticed that K, is a number smaller than Ky(m).

II1. A_General Image of Structure Combining Atomic
L El ic Inf .

1. Summary of the Previous Work
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Structure provides a fundamental line of attack on physical
problems. X-Ray crystallography gives structural information at
the atomic level. A remarkably good model. the sum of spherical
atoms structural model. has been used by crystallographers.
Development of techniques such as those of accelerator X-Ray
sources. accurate quantum modeling., computer programs
controlling diffractometry. and other systematic improvements
have supported new possibilities of research at the electronic
level. Experiments have given electronic density maps containing
details which are accurately reproducible. The natural evolution of
X-Ray structural information suggests the use of a quantum model

to interpret the X-Ray experiment.

2. The Problems of Structure

A. At the Atomic Level
If a model of electronic structure exists, i.e.. a density
map, it can be used to determine atomic structure. Therc are

several methods to solve this problem.

A.1) Direct Methods
It is an analytical technique for deriving an
approximate set of phases from which a first

approximation to the electron density map can be



calculated. An interpretation of this map supplies a

suitable trial structure.

A.2) The Patterson Map

For a patterson map no phase information is
needed. because the map is computed with amplitudes
IFI2 . The peaks in the patterson map occur at points
which yield the distances between two atoms in the
crystal. Essentially the map gives a vectorial
representation of the atom separations in the unit cell.
This leads to the crystal structure.

A.3) The Heavy-Atom Method

A high atomic weight atom will dominate the
scattering. Thercfore if one or a few heavy atoms are
located on the patterson map. a trial structure may be

approximated by the phases of the heavy atoms.

A.4) Isomorphous Replacement Method

For solving very large structures. i.e. proteins.
atoms may be replaced in a molecule to produce a new
crystal isomorphous with the parent molecule. but is
more easily solved using phases associated with the

new atoms.
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All of these methods are now incorporated in computer

programs in wide use.

B. At the Electronic Level

If a model of atomic structure exists, i.e., the positions
of the atoms are known, they can be used to help get the
electronic structure of a crystal. Electronic models typically

put basis functions at known atomic positions.

B.1) Massa and his collaborators saw that a problem
with simple least squares models of fitting X-Ray
data, is that wave functions derived from fitted data

violate N-representability.

B.2) Massa and his collaborators adapted a method of
mapping wave functions and an electron density
distribution which gives quantum mechanically valid
results. Computer programs that would handle both X-
Ray data and the mathematics of mapping between
electron density and wave functions were written, but

were restricted to specific atoms and molecules [27).
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3. Combining Atomic and Electronic Structure
determination

Our goal is to combine two types of results. viz, quantum
electronic and atomic structure results, as in Figure 5. We solve
the problem of getting simultancously both the atomic and the
electronic structure of a crystal. and make possible a wide study
of crystals. To carry out these ideas, a formalism, mathematics,
and a general program are nceded which can be applied to any
crystal system.

Our program includes consideration of the

i) Space group.

ii) Point group.

iii) Thermal motion.

iv) Transformation from crystal fractional coordinates to
Cartesian coordinates.

v) General least squares program which handle all the atomic

and electronic parameters Kgcaje: Sscale: Bscale- P matrix. and

position coordinates, xyz (defined explicitly later).



Figure §. Combining Two Types of Information.

18



Chapter two

Formalism



I. Least Squares Method

20

Equations of a least squares (LS) method may be developed

as follows [28-30):

G (H)-G_ ., (H)=0

obs calc

4 2 2
ZWH [Gobs(H) ) Gcalc(H)] =X
H=1

n
2
0 Y Wy (G (-G (H)]

H=1
oA

=0

A are LS parameters.

n
ZWH 2 [Gobs(H) - Gcalc(H)] (-)

H=1

using a Taylor expansion:
G

calc

H=1.2.... Nd

a&;alc(H)

oA

(23)

(24)

(25)

(26)

(27)
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calc(H)

n
ZWH [Gobs(H)-Giealc(H)} oA
H=1

k oG |(H)aG 1c(H)
EApZ Wy —Se——SE—20  (28)

If we define the matrices:

n G q1c(H)
Ay = ;WH [Gops(H) - Gealc(H)] %axc (29)
=i
< calc(H) aGcalc(H)
Z H Su (30)
C, =AU (31)

where AU is the improvement of the parameters, then the above

equation has the simple form:
A-BC=0 (32)
so that:

c=8B'A (33)
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These are the least squares equations, whose solutions we
seck. In the definitions of A, B. and C. the symbols A, p are used
in two ways. On the right side of the equations, they symbolize
the parameter values, with respect to which we are minimizing.
On the left side of the equations, they are used as subscripts
indicating matrix elements corresponding to parameter values. To
solve for C. we need A and B. To get A and B we only need:

i) Wy ----- the statistical weight.

iii) Gggio(H)----- calculated quantities. for all H.
G .. 1(H)
iv) _c;ic— ----- derivative of Gcalc(H)' for all H, and all A.

We discuss these in our situation. Figure 6 gives us a rough

picture of each term.



Fob- - K-uk Fcll<=(]

a(Fobu - Kunle Fculc)

JdK,S,B,P, xyz

a Fcalc
2K

|Tr(PZ-P) =0

v

23

3 Tr(P*-P)*

JdTrP

dK,S, B, P, xyz

dK,S,B, P, xyz

salc F calc

S B

cak

d

Fculc

o Tr(P
dP

-P)*

oTrP
JP

Figure 6. Three Observational Equations Flow Chart
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II. Three Observational Least Squares Equations

The statistical weight W are "chosen” according to the

"importance” attached to satisfaction of each equation in the

original equation list. Hence if we attach equal importance to
each. then Wy = 1. for all H.

For us Gobs(H) have the values:

i) Structure factors: GobsH = FopgtH) H=12,....Nd  (34)
1) ldempotency: Gopg(Na+1) =0 (35)
iii) Normalization: Gopg(Nd+2) =N (36)

Fops(H) are measured structure factors from X-Ray

experiment.
N is the number of doubly occupied orbitals, or hall the

number of electrons.

Gaic(H) are defined as following:
i) Structure factors: Geale(H) = FaiclH)  H=12,.... Nd (37)
1) ldempotency: Gealc(Nd +1) = Tr (P2 - r-’)2 (38)

iii) Normalization: Gealc(Nd +2) = Tr P (39)
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Therefore we have the three observational least squares equations:

i) Fobs(H) ) Kscale F:calc(H) =0 H1.2,........ Nd (40)
i) Tr (P?-P)? =0 (a1)
iii) Tr P = N (42)

II1. Five Types of Refinement Parameters

1. Kscale adjusts the magnitude of the structure factor, Fcalc(H).

one Kgcale for all H.

2. Sscale adjusts the magnitude of all O's. the exponent parameters

of an orbital.

3. Bscale is a thermal scale parameter. which controls the

magnitude of each atomic orbital's thermal motion. 1t multiplies

all B.

4. P is a population matrix. It reproduces the molecular density.
Also P is a projector, which "purifies” to idempotency (31} subject

only to normalization, according to
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PN+1 = 3Pfj - 2P:] + A'N S (43)

with

M -- La Grangian Multiplier

S -- overlap matrix Sy = | Vv, d’r

the normalization constant: TrPS=N

To determine A, we use

Tr(3p§ -2P§ +AnyS)S=N (44)

hence:

\ N (3P% - 2PX) S
N = TrSS

(45)

notice:

P2P, Tr PS = N

putting AN back into the iterative equation, gives
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2 3
N-Tr (3PN - 2PN) S
Prot = 3PN - 2PN + [ ( Trg_é v ]s (486)

The solution P of this equation would be a normalized
projector obtained from an initial guess. If the "projector
purification” disturbs the "least squares elements”, the whole
projector P would be inserted again into the least squares

equations. The overall cycle would be as follows:

yes
P LS "best"P purification stop

no

Figure 7. Least Squares Purification Chart

How many P elements are used for least squares equation
refinement is discussed briefly in chapter 1. There we bring
more details. There are two choices:

i) All the elements in the P matrix are used as least squares

parameters. The advantage of this is that the improvement of
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P(i,j) covers all the P matrix and forces Fcalc(H) to quickly
approach the Fobs(H). It takes fewer steps of refinement. but the
computing time will be longer because more P elements are
used. Once we get the new P matrix from improving all the
elements, the new P feeds into a projector purification program
to obtain P2= P .and TrP = N.

Notice, if the least squares equation matrix B has a zero
determinant, it causes non existence of the inverse B matrix,

which is needed in the least squares equation C = B'! A.

ii) Only some of the P elements are used as least squares
parameters. A projector P has K<m? independent elements,
where K=N(m-N): m is the number of basis function, N is the
number of doubly occupied orbitals. Therefore when we solve
the least squares equation for the best elements P(i,j), K in

number, the following problem arises.

ii.1) How to pick these K P(,j). If the P is N by N and
symmetric, we take diagonal P elements as first choice.
P(i.1),i=1....N, then we pick the P(i,j) from far column,
P(i.N).i=1...N, next in P(i,13), i=1...N-1, each time row and

column subtract one until get K number of P(i,j).
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ii.2) How shall we fix the remaining m2-K elements. A
possible solution which presents itself is to take the K
elements and get K new elements Pij from adding the
improvement from least squares. keeping the rest of the
previous P elements, then feeding the whole P matrix,
which mixes the new Pjj and previous Pijj. in to a projector
purification procedure, and find a total new P matrix with
P2=P, TrP=N.

5. XYZ are the position of an atom. They are the crystal

coordinates from experiment.

IV. Calculation of the Structure Factor. Fcalcun
We define the Fcalc(H) as follows:
Fcalc(H)= Fval(H) + FCOTG(H) H= 1,2, ........ Nd (47)

the structure factor is broken in two parts, a valence part, F, (H).

and a core part, F_, .(H).



30

1. Structure Factor of Valence, Fygl(H)

A. Gaussian Basis Functions
Gaussian type orbitals have been used for atomic and
molecular calculations. Our formula with a fixed center is

written [32]:
Vn=e %) Ym0 (48)

here O is an orbital exponent, the index i referring to its

position in an independently specified ordered list of O. The r

is the magnitude of the vector from a given fixed point A to the
variable point P(x.y.z). Yim(8,¢) = | for s type orbital. Also
we choose different types of gaussian basis function by

choosing appropriately parameters m.n,p in the expression [33):
V= (xxa)" (yya)" (z-z8)" @ trra)® (49)

s type m=0,n=0, p=0 VW (ra)=ge" oy(r-ra)?

Py type m=1, n=0, p=0 W (ra)= (x-xa)g" %irra)®
Py type m=0, n=1, p=0 \Ili(ra) = (y-ya)e- oy(r-rg)?
Pz type m=0, n=0, p=1 V¥ (ra)= (z-z8)@" 0y(r-rq)®
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We need to find reasonable starting values for the

exponent parameter . . Paper which give such values are:

i) J. L. Whitten, J. Chem. phys. 39. No 2. 349 (1963) [34).

The best approximations for hydrogenlike orbitals with

effective nuclear charge (Zeff) are given below.

1s:
N '[(2a/m)¥* @-ar? 4 0.490(2b/m)¥* @P"?

+6.70(2c/m)¥* @¢r? 4 0.156(2d/m)¥* @9% ]  (50)
2 2 2
a=2.83994 Zo¢, b= 0578897 Zgg, C= 0.139452 Zgy,
d= 17.4990 szf' N= 11.26155
2s:
N '[(2a/mn)¥* @-3% 4 13.0(2b/n)%* @-P"?
+19.02c/m) @2 - 04g]  (51)
a=1.4 Z:ff, b= 0.0.032 ngf, c= 0.016 szf,
N= 27.7760, ¢1s= 1s (unnormalized)
2p:
N'(9- 03
2 2
dw= [(2a/n)*¥* @37 + 9.0(2b/n)*"* @°P",
2
+17.32cim)* @]  (52)
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2 2 2
a=0.305649 Zg¢, b= 0.0733556 Zgg, C= 0.0244519 Z gy,
N= 3.59557

The p-function above is a sum of two gaussian

functions "lobes” on either side of the origin as shown [35] in

z position of
. gaussian lobes
R used to repesent
1 p-type function
R

Figure 8.

-

2Pz

figure 8. Two Gaussian Functions "Lobes"
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ii) S. Huzinaga. J. Chem. Phys. Vol 42, No 4. (1965) [36).
This paper concerns the representation of Slater
functions by sums of gaussians. The normalized Slater-type

orbital are:

\I’3=Rns(r) Ylm(ev¢) (53)

R, (0 = [(2ns)!]"2 (22Z/ng)"s*!/2ms™ glr(2/nel] (54)

Here, the parameter Z is not restricted to integer values. The

normalized gaussian-type orbitals are:

Xg.| = Rng(r) Ylm(9'¢) -
R, (1 = Nir"e'@s ) - Nz (g p "ot g Cer?) (56)
9
2no4+3/2
2°9 1/2 . )
Ni= [(2ng-1)|| 1!1/2] (Zzai) ( g 1)/4 (57)
-2
0(,=Z gi .

If we seek the best single gaussian approximation to a
Slater orbital, the exponents required are given in the

following table
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Veiater = Xg(a) (59)
n, =1 2 3 4 5 6

| 0.2829

2 0.02105 0.05016 0.04527

3 0.003493 0.01478 0.01842 0.01060 0.01714

0.000979 0.005202 0.007587 0.003367 0.06570 0.00834]
0.0003696 0.002187 0.003475 0.001346 0.02889 0.003963

L7 N 4

Table 1. Expansion of STO's in GTO

For an expansion of the sort

n22

Vsiater= EC' Xg,l(ai) (60)

We have the following tables: (2s)q - (ls)g

M aj Ci
2 0.026725 1.0078
0.10456 —0.04872

3 0.01466 0.44492
0.037634 0.60335
0.98413 —0. 05385

4 0. 01650 0.54627
0.042726 0.50899
0.582740 -0.05708

4.69350 —0. 00843



s

(Is), - (Is), (2p), - (2p),
M aj Ci M o Cy
2 0201527  0.82123 2 0.032392  0.78541
1.33248 0.27441 0.139276  0.32565
3 0151373 0.64767 3 0.024684  0.57860
0.681277  0.40789 0.079830  0.47406
4.50038  0.07048 0.337072  0.09205
4 0.123317  0.50907 4 0.020185  0.41444
0.453757  0.47449 0.055713  0.53151
2.01330  0.13424 0.174211  0.1829%
13.3615 0.01906 0.733825  0.02639
S 0.101309  0.37602 s 0.017023  0.28504
0.321144  0.50822 0.042163  0.52969
1. 14680 0.20872 0.111912  0.27049
503796  0.04575 0.346270  0.06550
33.6444  0.00612 1.458369  0.00R33
6  0.082217  0.24260 6  0.015442  0.2170%
0.224660  0.49221 0.038652  0.49334
0.67332  0.29430 0.08%676  0.32224
2.34648  0.09280 0.227763  0.10429
10.2465  0.01938 0.710128 0. 02085
68.1600 0.00255 3.009711  0.00241

Table 2. Parameters of GTO Expansion

iii) The simplest way to calculate exponential factors, is by
the definition:

Jiunt 11
*=a, (61)

Zoy is the effective charge. a,= m—) = 0.529A
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Zy=2-S (62)

Z is the nucleic charge.

S is the shielding constant.

To calculate the shielding constant for an electron in an
np or ns orbital, J.E.Huhecey has written in his book.
Inorganic Chemistry (37). as follows:

a. Write out the electronic configuration of the element in
the following order and groupings: (1s) (2s.2p)3s.3p) (3d)
(4s.4p). etc.

b. Electrons in any group to the right of the (ns.np) group
contribute nothing to the shielding constant.

c. All of the other electrons in the (ns.np) group shield the
valence electrons to an extent of 0.35 each.

d. All electrons in the n-1 shell shicld to an extent of (.85
each.

e. All electrons n-2 or lower are shielded completely, i.e..
their contribution is 1.00 each.

When the electron being shielded is in an nd or nf
group, rules 2 and 3 are the same but rule 4 and S become:
f. All electrons in a group lying to the left of the nd or nf
group contribute 1.00.
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Examples 1:

Consider 2p the valence electron in the atom N = Is2 2s2 2p?
grouping of the orbitals gives (15)? (25.2p)>.
S=4x1+2x0.35=47

Zeff=7-47=23

o = 2.3/0.529 = 4.3478261

Example 2:

Consider 2p electron in the atom C = Is? 2s2 2p2.grouping
of the orbital gives (1s)? (2s.2p)%.
S=4x1+1x0.35+4.35

Zeff =6 -4.35=1.65

o = 1.65/0.529 = 3.11909

Example 3:
For Hydrogen atom Zeff = 1.00
o = 1.00/0.529 = 1.8903592.

Once O's are fixed. we use Sscale to control the
magnitude of alpha. Sscale is a least squares parameter and it

multiplies all alphas. So we have the gaussian basis function as

follows:

V(1) = (xxa)" (y-ya)" (z-23)° @~ Sscate ilrra)’ (59)



18

B. Transformations Affecting Fyaj)
FuatH) = Tr P f (64)

This simple expression for F,, (H). when used in the

context of crystallography., must be transformed in several
ways, as listed below:

Fual(H)=TrPf |
F1| ———— non orthonormal basis
F2| ———— point group
F3 | — —— - crystal coordinates
F4] ————— space group
FS | ———— thermalization
F6 | ——— symmetric P matrix

figure 9. Flow Chart of Transformations

We discuss each transformation below:
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B.1) Non Orthonormal Basis Functions

Figure 10. Non Orthonormal Basis Function

Because our basis is an atomic basis, it will in
general be non orthonormal. So W (r) is non

orthonormal basis functions. Suppose:

pP(n=2TrC*'C Yy (65)
R=C'C (66)
p(N=2Tr R YY" (r (67)

When we add S. the overlap of molecular symmetry

orbitals, to the density expression:

P(N=2TrRS Sy (68)
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RS =P (69)
pN=2TrP S Yny*m (70)
Now we have a valence structure factor:

FyaiH) = 2Tr P s'f (71)

B.2) Point Group Transformation

Figure 11. Point Group Operator of A Molecule
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Vv =T, ¥ (68)
V. IS a symmetry basis
VY is non symmetry basis

Ts is a matrix transformating atomic gaussians into
symmetry orbitals belonging to the point group of a
molecule (not the point group of a crystal), an element
of the Ts matrix may be "plucked” out of the definition
of the symmetry orbitals [38).

¢r= Cr Vo (73)

p(r) = zr Tr Or(ndr(r)

Cl:‘1 Cl‘1 O
=2 Tr Cr2Cr IORME (74)
0 CraCra
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If we take advantage of point group symmetry. it will

result in fewer parameters in the P matrix.
z -1 +
p(n= - 2 Tr P- S WY () Yr(n (75)
So the P matrix becomes block diagonal matrices.
FeatH=2 Tr P S f (76)

Now, how shall we find the Ts transformation matrix:

d
V. = Gr ; Xr(R RV (77)

X irreducible representation character.
R : generic symbol. operation in the group.
dr: | for irreducible representation A or B, 2 for E, 3 for T.

G : the number of R operators in the group.

First, find the symmetry operator for the molecule,
then use the character table for its symmetry group.
We can find % and R in the character tables and use
them to get symmetry orbital Y.

For example: a molecule belonging to point group Cs.

and has character table
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Cs E o
A 1 1
A" 1 -1

Table 3. Cs Character Table

If we have basis functions Y, and ,. then

YA=12(1-Ey, + 1.0y, (78)
Ya=12(1.Ey, - 1.0.y,) (79)
Wa=1/2(1.EY, + 1.0-Y,) (80)
ya=1/2(1Ey, - 1.0-y,) (81)

because the molecule has a plane of symmetry,
V=V, (62)

CWp=V, (83)



finally only two symmetry orbitals remain.

Ya= 1/72(Y, + Yp)= 12y, + 172y, (84)

WA" 1/2(".’a - Wb)= 1/2W8 - 1/2“’.) (85)

these are the symmetry orbitals we seek. and

\V. Wb

Wao 1/2 1/2
W |1/2 1/2

Table 4. Tg Table

B.3) Crystal Coordinates converted to Cartesian
Coordinates

The quantum chemical formula for fuses
Cartesian coordinates. but the natural coordinates for
our problem are crystal coordinates. So when we
calculate f, we have to convert crystal coordinates to
Cartesian coordinates in both position (x.y.z) and
scattering vector (H!.HZ,H?).
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Notice: crystal coordinates for position are
dimensionless, and Cartesian components have

dimension of length of vector r.

X
y
z

.| crystal

L (86)

Cartesian™

N < X

a bcosy ccosp
L - 0 bsiny cW (87)

0O O cV/siny

cosa-cosfcosy
siny

W= c (88)

V =abc(1- cos2a-cos?p -cos?y +2cosa COSPp cosy) (89)

For the transformation from triclinic axes a.b.c. (o
orthonormal axes A.B.C. we choose A as unit vector
along a, B as unit vector normal to a in the ab plane.

and C normal to A and B.
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b/bl 48
c/cl

m3

5 ¥ Awn

n3

Figure 12. Coordinates Transformation

H1 ’l

-1
H, Cartesian™ L 2'| crystal (90)
H3 3!

S i

H,,H,,H, are integers, defining the scattering vector H
in crystal coordinates. H,,H,. H, are the Cartesian

components of H

[ 1 -cosy COSycosa-COSP
a asiny aVsiny
1 COSycosfB-cOsa
-1 Y
L™= | O isiny bVsiny (91)
0 0 siny
i eV i

V =abc(1-cos?a-cos?p-cos?y + 2coso cosp cosy)
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B.4) Space Group Transformation

A smaller set of parameters belong to one
molecule, but the X-Ray scattering is due to several
molecules per unit cell [40]. According to equation (92).

R transformation affects Fcalc(H)' and operates on

coordinates finally.
RFcalc(H) - ; Fﬁalc(H)—) ; fliz(H) - fij(H.nyz) (92)

First use the space group obtained from X-Ray
diffraction. and get all the molecule's information in a
unit cell, then find out the position for all the
molecules in a unit cell. For example. if the molecular
space group is P2,p. checking the International Tables
of Crystallography. we will see that there are four
molecules in the unit ccll, and the coordinates are

related as follows:
X.y.Z, -X,-y.-Z. X.1/2-y.12+z2; X,1/2+y.1/2-2
So we have four molecular positions written in

xyz coordinates, and we are able to calculate the

structure factor over the unit cell.
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B.5) Thermalization
FvalH). above, is for stationary atoms, but due to

the temperature and the uncertainty principal. the
atoms are moving. There are six thermal parameter.
B's. which describe an atom's motion. The atom

density is no longer necessarily spherical 41).

Figure 13. Thermal Motion
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The general formalisms used are given below:

82 LN ,a2
o(r-R‘)=exp{-(xx) lyy)t (zoz)
By P22 Bas

_ (x-x) (y-y*?) - (x-x*) (z-2*%) ] (y-y®) (z-2°) }

(93)
B2 Bya B.s

Flo] = Ta €(H"a) (94)
Ta= eXp{Bscale(-B“H H Bzz 2 2B33 33

2B12 1H2 °2B13 1H 2st 2 3)} (95)

Here, once the PB's are fixed, By ,j. controls the
magnitude of the B. By, is a least squares parameter.
One Bscale multiples all the B's. The B we talk about
above are thermal parameters for the atom, but we also
need thermal parameter's Bjj for the orbitals when we
calculate F,,,H). The definition we use here is a simple
form, and a good starting choice.

For the orbitals :

B, i= 172[ B, (ica) + B, fica)] (96)
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So the thermal transformation in F, ,(H) is
Tii= exp{Bscale('[311(ij)'-{1H1'Bzz(ii)HzH2'[333(ij)H3H3

2B, (i H H,-2B (iH H -2, (i)H H )} (97)

C. Fourier Transforms of the Product of Two Basis
Functions

Gaussian type orbitals have been used for atomic and
molecular calculations as we mentioned above. The Fourier
transform of a product of two gaussians is an element of fjjH).

a basic matrix of the structure factor.

C.1) A New Gaussian Function from the Product
of Two Gaussian Functions

The product of two gaussians having different
centers A and B is itself a gaussian with a center some

where on the line segment AB (42], specifically (43).

Vi (r-ROW(r-R) = py(r-Re)

=D glj(rc) =D e)(p[’sscale e rgl (98)
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i
D=€Xp |- Sscate — —— (F,-T,) (99)
O(l + (1,
Q=0 + Q (100)
or.+ o,r
ro=——-"° Lo (101)
o, + o,
g(ra) g(rb)
P(x,y,z)
Iy L,
g(rc)
a Ng b
A C B A C B

Figure 14. Two Gaussian Functions Product
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a
a= ———R (102)
a, + o
}
o
b= —""R (103)
Qa, + (Xj
using the cosing law:
2 2 2
rs =a%+r:+2ar.cos6 (104)
r? = b2 +r2+2pbr.cos6 (105)
br2 + arg = a’b+ab®+(a+b)r? = R(ab+r?) (106)
substituting for a and b. and multiplying throughout by
(ai+aj)/R we get:
o o
2 2 7 2 2
of, + oy = R™+ (0 + 0y I (107)

o, + O

| J

therefore:
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exp[-Sgcale @ 5 18XP[-Secale o ]

=exp[-Sgcale (0 I3+ 0 TP )] (108)
a, o
~6xp{-S¢calel ———J—a ' " R®+ (0 + 0 ) r2)) (109)
+

| J

o, A
=0xp[-Sgcale —  R°] 0XP[-Sgcaie(0 + &) Il (110)

a.+ a,

2
=D exp(-Sgcqie % e ] (111)

Now the Fourier transform of two gaussian function’s

product is simplified.
fijh) = Je'>™" "D g (r) dr (112)
C.2) Gaussian function shifted from origin

If the gaussian basis function is shifted from its

origin [44], then the Fourier transform expression is:
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JP(ry explami(rsr,)-H] d* (113)
={IP(r) expl2nir-H] d°r}) exp(2nir H) (114)
=torigin(H) exp(2mir -H) (115)

C.3) Formula for Fourier Transform of a

gaussian product
The FT. fijH), for a gaussian basis function

product is given by E.D.Stevens' paper (33,45-47}.

2
Yo (0= (x-x )" (y-y,)"(z-z )P@" ©alrra) (116)
f (HLHSHY =N.N, 2 expj- ———AB?
aa+ab (18-0- ab
2 x
H | ; H
exp exp (iH-r,) Fab 1/2
4(0 + O) 2(0L,+ OLp)
y z
H H
(117
FZb 1/2 FZ 1/2 )
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where:
X m m
H o m | ¢ M, (mg-
)
F:b 172 | < z ® 2 Y, (xc' Xa) y
2(0L,+ O) u=0 | H [va0

(Mp- V) i (H+v) H ]
(Xc' Xp) H+v
’ (2(0%* ab)”zj " [2(0(.+ ()‘b)”2

(118)
where:
m m.)!
al _ (Mg (119)
I (mg-p)!

Hm) is Hermite polynomials of oder m.

HX
H = 1 (120)
*l2(o,+ o)
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X X
H H
H1 172 |7 1/2 (121)
2(QL,+ Q) (OL+ Oy)
x x 2
H (H)
H = — . (122)
220+ )] 0+ o)

C.4) The Fourier Transform Formula with All
Relevant Transforms Included

When we use Sscale in the orbital for a and
define K=2niH. the various transformation affect fjjH):
the gaussian basis function and the complete form of

fij(H) is as follows:

Y, (ry)= (X-xa)""(y-ya)"'(Z-za)"'e' Sscale®(r-ra)? (123)
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oy C OO~ 00O~ O 0O+~ OOO
8|l oc0co0co0cococoo0cocococorr-~-+
| ocorococoorococo-~o00co0~o0
E|looocoooocoorrr-rr-ro0oo0o0o0
€E|loroocorooor~oooroo
Eloococorrr-roooo0o0o00oo0
m PEELPAEEPLCEEPERL
iy _ — -

m 7y a & a

Table 5. Two Gaussian Functions with Defining m,n,p
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R - 3/2
Lf;j(H) =N N [ ]
o scale(Q + Ot])

3 3

S o0 2
exp { scale 3 Y [La®rX- RXN] }
o, + O(] Q=1 A=t

3 3 A A

o,RX;+ O0,RX

expi| 2 2nH? 2 L~
Q=1 re1 9 o, + O

3 Hc 2 3 c
exp {-Z lats }l—[ RF’I‘F (s uar] )1/2J
:

a=1  SgcalelQ; + o) scale(Ct) + @

(124)
where:

a  _q
q n Hy 2‘: mi| | m;
RF,XI"( 1/2) - 2 Y
Sscale(®; + ) u=0 v=0 I}

A A
Y [ SRXir 0RX) o aym-n)
A o, + 0(j
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3L RX+ QURX]

x -9 o, + o,

i (n+v) nHg
73 v 172
2[Sscale(ai + 0(,)] " [Sscale(al + 0(‘)]

(125)
where:
m? —"m?—'— (126)
Pl (mipy
Hermite Polynomials:
H a H% J 1 (127)
12 |=
’ [Sscale(ai + a])]
, [ n HS ] 2n HY 128)
1 /2= 172
[Sscale(al + a])] [Sscala(al + 0(])]

2
2
. n HS J CLINLT S
2 172 |= -
[Sccate(@; + a])] Sscale(Q®; + Q)




C.5) Normalization Factor

The formula given above for the Fourier
transform of the basis product WY,y is for a basis

which is not normalized. We can achieve

normalization using the rule.

1 1
V0,000 VI 0.0.0

f,j(H‘,H"’,H3) is normalized.

f(H . H2H3) > f;l(H',Hz,H:’) (130)

Ra A= :
" 0,0,0) and f '(0,0,0) are not normalized.

f;j(H‘,Hz,H") is not normalized.

One indicator for correct normalization is

f.0,0,0) = 1 all i
f0.0,0) < 1 alli, all j.
let:
1
= N, (131)




1

\/f?,"(o,o,O)

Njand N j are named normalization factor.

D. Symmetric Projector P Matrix
Suppose
pin=2TrcC*C Y, Ve

C* and C are LCAO coefficients.

+ . .
Y and VY are symmetry basis functions.

Y, =Ta ¥

v, and W are not orthonormal.

let
R=C'C
now R is symmetric, but not a projector.

P=RS

61

(132)

(133)

(134)

(135)

(136)
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S =y, (137)
P2_P (138)

P is not symmetric. thus

p(N=2TrP Sy (139)

but we want to refine a symmetric Projector, so we must

reformulate pP(r). Let's orthonormalize the symmetry basis.
here,

Vo0 =812y (140)
notice

Wo Wo =Sy, Yy 8% = 1 (141)
go back to
pn=2TrC*C y, vy, (142)

and introduce a new basis, i.e.,
p(n=2Trc*C 8 sy, .y s "2 g"?2

=2 Tr [s"/ZC#C S1/2] [5-1/2 Ws . w: s-1/2 ] (143)
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now

PiN=2TrP Y, Y

(144)
where projector P is symmetric and
P = s'2c*c s'2 (145)
( Py=Pp
also
TrP =N (146)

N is the number of doubly occupied orbitals. Of course the

basic integrals are written in terms of the guassian basis
function. . Let's look at p(r) in terms of Y. Recall that,

V. =T,V (147)

8

pin=2Tr (S PS '3 T y, vy, T.) (148)

or rearranging

pPin=2Tr (PS'?T y ys T s"?) (149)



using

FyaltH) = f e'f” p(r) d’r (150)
we get

Foaf) = 2 TH{(S7P 7% [T, ) 7. 1) (151)

f(H) is the Fourier transform of two gaussain basis products.
When we add the thermalization transformation and take a

count of the whole unit cell.

Fealth =2 2Tr{(S7/%Pe &) [T, (2 Rt @ T)T5)

(152)

S =T, f(0,0,0) T,fr (153)

f(0,0,0) = R f(0.0,0) Ao (154)
The "ring -product” (®) is defined according to the rule:

C=A®B (155)
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2. Structure Factor of Core, F¢ore(H)

Fcore(H) is the entire core structure factor from all atoms.

Feore(H) =za: F core.a™ 2 exp{ l(g 2nHIRXY ) T (157)
where
1
Xa=X,
Xa xf:y (158)
Xa=Z,
Foore a(H) is either given in the International Table of

Crystallography or calculated by least squares procedures. we will
discuss this in a later chapter.

R is the space group operator, and is exactly the same as the
R used in F,(H).

T - T,= exp{escale(B,,H H,-B2.H_H B33H3H3 2B,2HH

-2B%s H,H_-2B% HH )} (159)

a . .
B is given.



Now the structure factor of calculation is

FeaicH) = Foore(H) + Fqi(H) (160)

FoactM)= 22 Tr{(§ /%P r& AT, (X REGmeT)TE )

3
. Ay 9
+§, Fcore'a(H)ZR oxp| .:/:; 2rHRX T (161)

V. The Derivative of the Defining Equati

1. The Derivatives of the Structure Factor Equations
Recall the structure factor equation,
F F

(H) - K (H=0 H=12,.... Nd

obs scale * calc

To solve the least squares equation, and to get improvements
of all the parameters, one more term we need is F ;qic(HV/AA, for

all the H, and all A; the A include Kscale. Sscale, Bscael, P matrix
and, xyz position parameters. We display all the derivatives in

order.



A. The Derivative with Respect to Kgcale

n
2
EWH [Fobs(H) - Kscale Fcalc(H)] =0
H=1

n

2

a ZWH [Fobs(H)' Kscale Fcalc(H)]
H=1

=0
oA

A= Kscalc:

According to the least squares equation (recall)

C=B" A
M- Hiﬂw“ [Fobs(H) - Kycare FealcH)] aK“"gi"""‘”’
ZWH scale calc(H) oK, als Fcate(H)
m
C, =4au

}"El’l EKscale

&7

(162)

(163)

(164)

(165)



AU = AK

scale

SO

n
A= Hz;WH [Fobs(H) " Kscale Fcalc(H)] Fcalc(H)

n n
2
B= HE.WH Fcalc(H) Fcalc(H) = ZWH Fcalc(H)
=1 He1

C=4AK

scale

n
HZ;WH [Fobs(H) ) Kscale Fcalc(H)] Fcalc(H)

Akﬁcuc=: n 2
ZWH Fcalc(H)
Het

B. The Derivative with Respect to Sgcale

al:calc(H) aFcore(H) ar:vaI(H)

aSscale ) aSscale ¥ aSscale
9F core(H)
3S =0

scale
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(166)

(167)

(168)

(169)

(170)

(171)

(172)



az 2Tr(S

%P g [T,r<2 RE(H)®T)T]

aFval(H)
0S¢cale 9Sscale
1/2 1/2
i dSr
_ oT 1/2 1/2P
2 f{ [ scale S‘ S‘ rasscale ]
2 f + -1/2 -1/2
[ Tor( -~ RIH)®T)T, 1+ [§ “Pr& 7]
oRf(H) .
T‘r(§ 9Sgcale °TTar )}
-1/2
9Sr _1 3/2_9Sr _ sr1/2sr1 _9Sr
aSscale 2 aSscale 2 asscale
dF,,q(H)
aSscale

Z 27T¢{ - 2 [§° 55—
dSr

+ 3:1/2 Pr 3_-3/2 55

SESLITSOIE )

dSr p.§'"?

scale

J[ Tyr ZRﬂH)@T) or )

scale

oRf(H)
R aSscale

®T)T,y 1}
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(173)

(174)

(175)
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_of(o0)

=T )
9Sscale 8 0Sgcale "
oRf(H) S 1 AT
aSscale g y=1 AT 9 scale
let
. 3/2
A'= N Nj{ }
Sscale(®; + Q)
Sscale® 0. & 2
A2= exp { ey Z )y
(X, + X q=1 A=1

J

(w

2
Hg)

A3 = exp { }
a=1  Sgcalel(®; + )

3
A‘=expi[z

q=1

2xH® D Ly,

> ORX'+ o RX}

A=1

o}
an

(1,+

(Sscale

(o, + o

1/2
) J

)

2
[La®r- RXY] }

|
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(176)

(177)

(178)

(179)

(180)

(181)

(182)



A’ 3 &

- =-N N =z A
asscale Y ZS:cale(al + a]) 2 Sscale
3 3 2
dA? oo
S L L Y [ Y LR RXY] A2

9Sscale Oy + O a=1 " pay

A3 S (T HS
S . ) W
scale  a=1 S .ge(0; + Ot])

oA* 0
asscale

q q

my m q
dA® y i mi(mi '
L FyF,FqF,+F.F
aSscale =0 va0 |H { I i

F3F4+ F1 F2F3F4+F1 F2F3F4}

A A
Ot,RX|+ alej ) ka](m?'u)
o, + OL‘ '

3
F1 = Z:l [qu
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(183)

(184)

(185)

(186)

(187)

(188)




3 A A
z [qua,RX, + (XIRXj_ RX;‘](m;lV)

—Azl ai+a,

i (H+v)
1/2
2[Sscale (0 + a])]

F H ial
4= + 1/2
H [Sscale(al + a,)]

. 1.4
v=1-4 " 0Sgcqale
F,= 0
F, =0

-I(U+v) [
Fa= a2

453cale(a|+0‘ Q[Sscale |+0L])

]1/2

(H+v-1)
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(189)

(190)

(191)

(192)

(193)

(194)

(195)



Fo:
if p+ v =0
JoH
Ho=1, 55*9— =0
scale
if u+ v =1
2n HY dH, n HY

Hy= 172 = _3/2 1/2
[Sscala(al+a|)] , 9Sscale Sscale(0+0L)

if p+v =2
2 2
(2m)? HY H, - (2rn)" HY
Hz = S - 9S = 2
scale(al“‘aj) , scale Sscale(al‘*a])

C. The Derivative with Respect to Bgscale

aFcalc _ aFcore . aFval
aBscale aBscale aBscale
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(196)

(197)

(198)

(199)



q
Fore aza core. a(mz oxp{ .z 2rnHIRXY } T,
B, " 3B

scale

scale

T
S F (H>Z oxp| uZ 2rHRX} 35—
a

core.a q=1 scale

recall:
a a a
Ta=Bscale exp {'B“ H1H1'B22 ""z"'z'B33 HaHa
-2B72 H,H,-2B%; H H,-2B2 H,H,}

aT,
B

= [-B51 HH,-B HH, -Bas HH, -2BT, HH,

scale

2Bis HH,-2B2 HH, ] T,

o 0. 2Tr(s¢ P & AT, (X REHSTIT)
38

scale aBscaalle

-2 2Tr(s: P & AT, (X R @
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(200)

(201)

(202)

(203)

(204)
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recall:

Ti=Bacale ©XP {-B,,iH,H B, GiH,H, B Gi)H H,

'2B12(ij)H 1 H2-2B13(ij)H 1 Ha'Qst(ij)HzHa}

1
B = 5 Bylica + B, lca]

oT;;
éBscal; ) {-B‘1(iJ)H1H1BZZ(”)H2H2833(”)H3H3

—2B12(ij)H1H2-2B13(ij)H1H3-2B23(ij)H2H3} T (205)

D.The Derivative with Respect to Position Coordinates

dF cal oF oF |
c:c _ czre N v: (2086)
0Xq X, 0Xq
= Xa
recall:

Py
i
N <



3
I F (M exp{ iX 2rH®RXY ) T
daF R q=-1 a

core a core,a

axd oXq

3
= Ea: Fcore,a(H)zR" exp{iq;1 2an'RX2} Ta

3 q
.0RX

2, 2nHY =2

q‘-' aXa

RXg
q Is given in table 6 as a sample .

76

(207)

(208)
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la2d (we have from the International Tables)

10
11
12
13
14
1s

16

Table 6.

xﬁ-

‘x—

X x4,

>

>,

N

x—

Ix—

12X
17X
12-x!
12-x"
X2+l/2
12-x*
l/2+)(l

12-x!

1-x°

Parameter of I42d

xu

k., %, %,

1/4-X

1 /4-X3
1/4-X
1/4-X
X3 +1/2
12+X
12-x>
lf2-)(3
3/4-X
3/4-)(3
3/4-X

3/4-X

Derivative with Respect to Position
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32 2Tr(S ”2 rS‘Uz T, (Z Rf(H)yeT)T )T or]

aFval r
q = 209
oX3 ox§ (209)
83_1/2 a$-1/2
_Z 2Te{ | X P, §'2, g1"2p IX
xa S‘ r axg ]
[Tor( 2 REHSTITS ]+ (§72P §772)
T }Z oRf(H) .
P~ o ®T)T,r 1} (210)
ast'® 1 ,.,08 1 9Sr
= s 1229 1 a-1/2 o-199r
ox3 2 ox3 2 5" Sr ax3 (211)
oSy of0) _,
T-"q Tar (212)

axI T er gxd

aFvaI(H) S,-
Txg— 22-“{ 2[5.-3/2 rswz

L g2 p, g2 as“; T, ( z RE(H)®T)T, |

E LT R TR 0 a%‘? °T)Tr 1} (213)
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aRf(H) - 1 ok

X3 =6"C°(Rf“)z (RHY, o e

let

3
(Rf),}=exp{ scan®i® 3y [L . (RX- RX )]} (215)

o, + 0(] q'=1 Ami

3 3 A A
' aRX; + o0, RX
(RF)2= exp i PIPTITAEDY Lgp—t———1 (216)
qQ'=1 Aw o, + 0(‘
3 q’ n H
(Rf3= [T Rexe [ SRIE (217)
=1 I \Sscale(® + a])
B(Rf)' scaleal
— =R L][Z ) La(RX-RX)]
aXa a ()] Q'=1 A=
3 A
oRX; aRXL
[é LQ'k(slcza axg ]c:a 8Xq (218)
IRX;

—_q Isgiven in table 7.8.9 (use a sample Table 6).
a

ica



q
QB—X,—' I42d
X,

R\q 1 2 3
1 1 0 0
2 -1 0 0
3 0 | 0
4 0 -1 0
5 - 0 0
6 I 0 0
7 0 - 0
8 0 - 0
9 i 0 0
10 -1 0 0
11 0 I 0
12 0 -1 0
13 -1 0 0
14 | 0 0
15 0 -1 0
16 0 -1 0

Table 7. Derivative with Respect to X
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dRX,

5 I42d
X,

R\g 1 2 K]
1 0 1 0
2 0 -1 0
3 -1 0 0
4 | 0 0
5 0 -1 0
6 0 -1 0
7 l 0 0
8 -1 0 0
9 0 | 0
10 0 -1 0
11 -1 0 0
12 1 0 0
13 0 -1 0
14 0 -1 0
15 1 0 0
16 -1 0 0

Table 8. Derivative with Respect to Y




q
(?B%’ I42d
aX,

R\q 1 2 K)
1 0 0 |
2 ) 0 I
3 0 0 -1
4 0 0 -1
5 0 ) -1
6 0 0 -1
7 0 0 -1
8 0 0 -1
9 0 4 ]
10 0 0 ]
11 0 0 -1
12 0 0 -1
13 0 0 -1
14 0 0 -1
15 0 0 -1
16 0 0 -1

Table 9. Derivative with Respect to Z
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( !
0V+0
] b |
XY - | (M- pw)
(L-“-,M[Y xeo +Ixg'o ] Mo }

(Z/l[(lngn)emosS]]Mm )(Z“[([D*'D)B'BOSS]Z]
(A+1

R !
[‘\ Mo oiﬁwhg =T;£
{
s || pld %, o Lx4He
b b ’

e O [ pue 1 yoq |
e > [ 10 1 oy j |y =%Mg

e O [ Jou 1 1apau Ji g
I L

B DO 1 J1 0
e ot 1mb Exe
(022) 2 = I ) = 2
pdge b2 cljule
X€ | oo X€, oo 0 +'D oxe
(612) [—l0"%g- _tn®Mg] — T lyu)= 2
xge xye ! 2(34)

t8
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aRX|
[Lq'l(slc a &z -8

a

aRxL 1 aRx,

jca ] axq )(1,+(1] lca | ]

o,RX +(XRX ,
; [L‘“ (x: + oy - ] +(m?'v)

A A .
Z [L | O(,RX,+ OthXJ- RXA](mr-v.1)
xR o+ Q, ‘

IRX; aRxl 1 aRxL
L, (O, O -9
[ qk( ica ™"i axg jca j aX<:| )a'+a] ] axq]

[ O RX[+ ORX] RX,‘](m?'-u)}

A ' (x,+ (Xl !

(221)

E. The Derivative with Respect to P Matrix Elements

aFcalc _ aFcore N aFval
aPr” aPrll aPrlj

(222)



8S

core .

=0 allij, allrT 223
oPr, j (223)
S a2 2Tr(sr‘”zprs'”2)[7,r(z Rf(H)®T)T.]
oval T 3 (224)

= 2 2Tr(s "2 oo 51:1/2)[T,r(znt Rt) e T)TS]  (225)

aPr”
0 0
éQEL = 1 (226)
F’rll
0 0

a"l1" at element ij, O elsewhere.

for example:

P . L
——I— js a matrix with only element P(2,3) =1, other elements

8Pr23
are 0.
or
Foal_ 2 "% Z RfH) e T)T? 577 227
P or { I (227)

i



2.The Derivative of the ldempotency Equation
2 2

> T (P2-pP)=0

r

A. The Derivative with Respect to Kscale

a; T (P2- Py

oK

=0
scale

B. The Derivative with Respect to Sscale

a; Tr (P2 - Pr)2
dS

=0
scale

C. The Derivative with Respect to Bgcale

a; Tr (P2 - P’

aB

=0
scale
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(228)

(229)

(230)

(231)
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D. The Derivative with Respect to Position
Coordinates, xyz

2
a; Tr (P2 - Py
30 =0 (232)
a
1
Xa= X,
recall: X3 Xa=Y, for all a, all q.
3
Xa=2Z,

E. The Derivative with Respect to P Matrix Elements

2
a2 Tr (P2 - P 5 .
r
=2 Tr (Pr-P,-) (2 P- -1)
dPrlj dPrll
or
=2 [ z Tr (Pr Pr 2 Pr - ]jl (233)
0 0
dpr " " e
where: = 1 a"l" at element ij, 0 elsewhere.
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3. The Derivative of the Normalization Equation

Z Tr Pr =N (234)
r

A. The Derivative with Respect to Kgcale

a; Tr Pr
9K

=0 (235)
scale

B. The Derivative with Respect to Sscale

8; Tr Py
- aS

=0 (236)
scale

C. The Derivative with Respect to Bscale

a; Tr Pr
B

=0 (237)
scale
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D. The Derivative with Respect to Position
Coordinates, xyz

82 Tr Pr
r
-- - =0 (238)
Xy
1
recall: Xg Xf= Y, for all a. all q.
3

E. The Derivative with Respect to P Matrix Elements

dz Tr Py Z dP
r
= Tr —L (239)
where:
0 0
dPp = ] a"l" at element ij, O elsewhere.
dF‘rll



Chapter Three

Program
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I. Design of A Computer Program

A computer program has been designed to execute the least

squares procedure.

1. Solving Least Squares Equation Iteratively

We designed a computer program. in FORTRAN language.
to execute a least squares procedure. It allows us to obtain a
solution of the least squares equation, and solves the least squares
equation iteratively. Thus "current” values of the least squares
parameters are assumed, structure factor (Fga)c(H)) and its
derivatives are evaluated for the "current” values. Once the least
squares equations are solved, the parameter "improvements” are
obtained. To get the parameter for successive iterations one adds

the "improvement” to the parameter's "current” values.
"new, better" parameter = "current” parameter + "improvement”
For example, an initial guess of P is used in the least squares

equation and the result of solving the equation is a AP,
improvements of the P elements, the new P'=P + AP, then the
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new P’ is used as the input of the least squares program. One
repeats the least squares procedure until the calculated structure
factor and experimental structure factor, yield a difference

approaching a reasonably, small number close to zero.

2. Definition of x2 and R Factors
A. A x? is defined to judge optimum results of the least

squares procedure [29).

n
2 2
X = ZWH [Fops(H) - KocareFealcH)] (240)
H=1

x2 is a continuous function of all parameters A. The
choice of the functional behavior of the calculated function
Fcalc(H) as an approximation to the "true” function FgpgH) will
influence the range of possible values for x2.
The procedure of the minimum X2 search is as follows:
i) One parameter A; is incremented by a quantity AA;. where
the magnitude of this quantity is specified and the sign is
chosen such that x? decreases.

ii) The parameter A; is repeatedly incremented by the an
amount AA;j until 2 starts to increase.
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iii) Assuming the variation of 2 near the minimum can be

described in terms of a parabolic function of the parameter

Aj. we can use the values of x2 for the last three values of A;

to determine the minimum of the parabola in Figure 15.

X,y [
3
X 1
2. B¥
x S
min
x2
mif 1.5 *Akj’
' -1, ; A 1'r 2.

@ hm M2

2 .l
PRy

Figure 15. Search of Minimum xz

When we get a AAjand add to 7»1-1.

A= Ay +ah

(241)
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then we find )(§> xf. therefore we know the minimum must
be between xf and X%. and the AAj is larger than an
optimum improvement. So we "cut” the AA; in half, and add
to )»jl . Now We have .

kf = xj‘ +1/2 AL (242)

and get a related X§~ compare xf. x%, and x%. Obviously,
xg is nearest the minimum. We keep repeating the "cutting”
procedure.

iv) The above procedure is repeated until the last iteration
yields a negligibly small decrease in 2 (48].

B. The R-value factor also is a reference value to find an

optimum result by least squares procedures.

The definitions of several R-values are as follows:

Ri

Unweighted R-value:

% | IFobs(H)| - [Feale(H)] |
_ (243)

2. [Fobs(H)]
H
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Weighted R-value:

EH: WH| |Fobs(H)| - [Fcalc(H)] Iz

(244)

%‘. WH“"'obs(H)l2

Goodness-of Fit (error in an observation of unit weight):

)H: WH| [Fobs(H)| - [Feate(H)] |2

degree of freedom

Goodness-of Fit =

(245)

where:

degree of freedom = number of reflections - number of variables

R and R are used often by crystallographers.



I1. The Components of the Program

There are five independent programs to treat five types of
Icast squares parameters. A control card runs these five programs
cyclically, starting with the Kscale refinement, then Sscale. Bscale.
P matrix elements, and position coordinates. xyz: after one goes
through all the parameters. all the new parameters are used for
input. the program goes back to Kscale. and starts another cycle
and repeats the whole procedure until all commands on the control
card are finished. Each independent program consists of eight
main subroutines. They do the following:
1. Space group calculation.
2. Crystal coordinates convert to Cartesian coordinates.
3. Fourier transform of two gaussian functions product.
4. Thermal motion of orbitals calculation.
5. Structure factor of core.
6. Structure factor of valence electrons.
7. Derivative of the refinement parameter.(this subroutine is
different in each independent program. it is related to the
parameter type.)
8. Solve least squares equations. and get the improvements of
parameters.

A do loop handles subroutines which run iteratively from I
to 8. until x2 is satisfied.
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Specially. we must indicate here, when we calculate the S™/2
matrix, we use the Jacobi method to diagonalize the matrix. and
get the inverse of the square root of S. This part of the program
we copy from NUMERICAL RECIPES (49): also the inverse of
the B matrix in the least squares program is copied from
"DESIGN OF FORTRAN 77 PROCEDURE, SAMPLES" [50).

The FORTRAN program executes on the microvax. So far
we can handle a largest matrix which is 50 by 50, and a 5000

iterative loop solves the least squares equation.

I11. Program Input

The program needs some basic input and special input, we
discuss these as follows:
1. Basic Input

These inputs we get either from experiment or from pre-
calculation.

A. Input From X-Ray Diffraction Experiment

i) Unit cell size: a. b, ¢. (A).

ii) Angle of unit cell: a, b, g.

iii) Scattering directions: Hy. Hz H3 or h, k.| integers.

iv) Observed structure factor Fobs(H).
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v) Space group: NR. e.g..P212121 . No.14

B. Molecular and Atomic Information Input
i) Number of atoms belonging to one molecule. Na.
ii) Types of atom: Carbon, Oxygen. Hydrogen, etc.
iii) Fixed thermal motion parameter of atom, P.
iv) Structure factor of the core for each atom and each

scattering direction.

C. Orbital Information Input
i) Number of the orbitals: NO.
ii) Type of the orbital: p type or s type.
iii) Fixed orbital component parameter: o .
iv) Point group transformation: Ts.
v) Number of double occupied orbitals: ND.
vi) Total number of refined parameters in least squares
procedure: NG.
vii) Indicating elements in P as least squares paramelter: a
control card to tell each P element either "yes", symbol "0".
or "no”, symbol "1". All the P elements with symbol "0" are
refined parameters in the least squares procedure.
viii) Number of diagonal blocks: NM.
ix) Size of each block: NU(NM).



2. Initial Guess of Refined Parameters Input

a) Kscale: usually take as | at beginning.

b) Sscale: usually take as | at beginning.

¢) Bscale: usually take as 1 at beginning.

d) P matrix: a good initial guess P is very important. We will
discuss how to get a good initial P in a later chapter.

e) XYZ: the X-Ray diffraction experimental position of the

atoms.

IV. Qutput of the Program

1. we have as output new and better parameters. Kscale. Sscale.
Bscale greater than zero, all the elements of P between zero and
one on the diagonal, and between one and negative one otherwise.
Usually xyz coordinates just shift a little bit, some of the atoms
even do not be move, because the xyz from experiment are pretty
good.

2. We also have output Fcalc(H) with Kscale, and we can use them
to compare to Fobs(H) directly. This output can be graphed. We
can observe the two structure factors, Fcalc(H) and FobsH). for

their convergence.
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3. Values of x? are output. Ry and R, values are given as output

too. For the P matrix refinement. we have output indicating
if P2 =P, and TrP = N. We can not accept an output P if P2 P
or TrP # N .even if the x? is small.

V. Elow Chart of the Program

Figure 16. Flow Chart of the Program
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Chapter Four

Testing the Program and Results
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For testing the FORTRAN program. and proving the
formalism, we tried two different ways. using simulated data and
experimental data. Both types of test results indicated that the

formalism is correct and the program executed properly.

I. Simulation Tests

The simulation tests start with the simplest case of the
Hydrogen atom, and then we move to the Hydrogen molecule, to
a case with p type orbitals the Nitrogen molecule, and Methane.
Finally we set more than one molecule in an unit cell by using
space group transformations. For all these tests. we chose
reasonable input parameters, and used as basic input calculated
structure factors for 46 scattering directions. The simulations used
Fcalc(H) as Fobs(H). then shifted the refinement parameters from
known "exact” values to obtain new initial guesses for the five
types of parameters. We ran the program iteratively to get final
results for the parameters Kscale. Sscale. Bscale. P matrix.and
position coordinates- xyz, and also we obtain the x2and R values.
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We judge the results by comparing the final parameters with
parameter exact values, and by smallness of the x2 and R values.
Let's a take look at all the simulation results in order of increasing

complexity.

1. Hydrogen Atom, H

We put a Hydrogen atom at the origin, x =y =z = 0, the
Hydrogen atom only has one electron, so the TrP = |. We test the
program with no thermal motion, i.e., all the B = 0, and use
different numbers of gaussian basis functions. We only refine the
P matrix. The structure factors Fobs(H) are from our calculation
with a given P matrix, Pexact. We use scattering directions and
structure factors from the International Tables as Fops(H). First,
we refine the P matrix. When the R factor goes below 2%. then

we consider the resulting P matrix to be good enough.
A. Four Basis Functions for the Hydrogen Atom
Four gaussian basis functions are used with exponent
parameters as follows.

o: 3.343090, 0.3344579, 0.2000, 0.1000



0.3915530 0.3307027 0.2891873 0.2115080
0.3154970 0.2664663 0.2301490 0.1704248
0.3229180 0.2347274 0.2052604 0.1501254
0.2531019 0.2137679 0.1869321 0.1367203

we took as initial P :

0.65 0.36 0.25 0.18
0.36 0.20 0.14 0.10
0.25 0.14 0.10 0.07
0.18 0.10 0.07 0.05

Tr(P? - P)2 = 9.6le-4, TrP = 1.000,
x2 =0.4473

after 223 cycles, we have as

the final P matrix:

0.3954 0.3296 0.28810 0.2177
0.3296 0.2748 0.2402 0.1815
0.2881 0.2402 0.2199 0.1586
0.2177 0.1825 0.1586 0.1199

Tr(P? - P)2 = 4.44e-16, TrP = 1.000

x2 = 0.0000347

108
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B. Five Basis Functions for the Hydrogen Atom

The orbital exponent s are fixed as follows.
o: 3.343090, 0.3344579, 0.2000, 0.1000, 0.0500

Peyact for Fobs(H):

0.3795 0.3163 0.2744 0.2009 0.1407
0.3162 0.2635 0.2287 0.1674 0.1172
0.2744 0.2287 0.1984 0.1453 0.1017
0.2009 0.1674 0.1453 0.1064 0.0745
0.1407 0.1172 0.1017 0.0745 0.0522

we made an initial P ;

(0.400 0.316 0.283 0.200 0.141
0.316 0.250 0.224 0.158 0.112
0.283 0.224 0.200 0.141 0.100
0.200 0.158 0.141 0.100 0.007
\ 0.141 0.112 0.100 0.007 0.050

Tr(P? - P)2 = 5.70e-4, TrP = 1.000,

x2 =0.1330
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after 150 cycles. we obtain a final P matrix:

0.3887 0.3160 0.2759 0.2078 0.1358
0.3160 0.2569 0.2242 0.1690 0.1104
0.2759 0.2243 0.1958 0.1475 0.0964
0.2079 0.1690 0.1475 0.1111 0.0726
L 0.1357 0.1104 0.0964 0.0726 0.0474

Tr(P? - P)2 = 1.05e-13. TrP = 1.000.

x2 =0.00012

2. Hydrogen Molecule, H,

We treat the molecule H,. in a unit cell havinga=b =c¢ =1,
o =3 =y=90° and one molecule in the unit cell, so the number
of space group operations NR = 1. The point group is Ci. There
are 2 blocks in the matrix P, one is the bonding block. another is
the antibonding block, but the total electron number in the
Hydrogen molecule is two, so the antibonding block has all zero
elements. So we only refine the first block, the orbital bonding
block. We use 46 scattering directions, i.e., a total of 46 sin6/A..

We tried different numbers of gaussian basis function for

each atom.



108

A. Two Basis Functions for the Hydrogen molecule
The two hydrogens are equal. The orbital exponent
parameters are o :3.223083, 0.3653260 and the six thermal

parameters, [}, are zero. The exact data we used for

"calculation” of Fobg(H) are as follows:
Kscalc = 1.000, Sscalc = 1.000, Bscale = 1.000, the pOSiliOI]

crystal coordinates are:

the P matrix is 2 by 2 (first block):

0.4788 0.4996
0.4996 0.5212

we only refine the P matrix:

i) the initial P; [0'6 0'5)

0.5 0.4

Tr(P? - P)? = 1.59¢-6, 2 TrP = 2.000.

x2 =0.0873
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. 0.4788 0.4996
after 150 cycles, the final P: ( )

0.4996 0.5212
Tr(P2 - P)2 =8.89e-16, 2 TeP = 2.000.

X2 =2.37e-13

0.9 0.3
ii) the initial P: ( )

0.3 0.1
Tr(P2 - P)2 =5.08e-4, 2 TrP = 2.000,

x2 =0.9170

0.4788 0.4996
after 150 cycles. the final P: ( % )

0.4996 0.5212
Tr(P?2 - P)2=8.89¢-16. 2 TrP = 2.000.

x2 = 1.48e-13

B. Three Basis Functions for the Hydrogen molecule
Two hydrogens are equal. The orbital exponents are,

o : 3.223083, 0.3653260.0.2, and the six thermal parameters,

B, are zero. The exact data we used for calculation of Fobs(H)

as follows:

Kscale = 1.000. Sscale = 1.000, Bgcale = 1.000,
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the position coordinates are:

1.0 0.0 0.0
-1.0 0.0 0.0

0.4174 0.3696 0.3265

the P matrix is 3 by 3 (first block): | 0.3696 0.3272 0.2891
0.3264 0.2891 0.2554

we refined four types of parameters.
i) Refined P Matrix

0.700 0.374 0.265
the initial P: [ 0.374 0.200 0.141
0.265 0.141 0.100

Tr(P2 - P)2 =4.13¢-4, 2 TrP = 2.000.

x2 =0.1606

0.4174 0.3696 0.3265

after 150 cycles, the final P: | 0.3696 0.3272 0.2891
0.3265 0.2891 0.2554

Tr(P2 - P)2 = 9.77e-15, 2 TrP = 2.000,

x2 =1.66e-11
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ii) Refined Sscalc

Initial Sscale: 0.5 x2 =0.1518

after 100 cycles,

Final Sscale: 0.9998 x2 =1.38e-8

iii) refined B (Bscale = 1.000)

Initial B: atom 1: 0.1, 0.2, 0.21. 0.30, 0.11. 0.15
atom 2: 0.5, 0.23, 0.4, 0.36, 0.17. 0.02
x2 = 7.9¢-2
after 100 cycles, final P are zero, and are exactly the same

as chact
x2 =4.18e-12

iv) Refined Position Coordinates

Initial X y z
..................... x? = 0.4743
1.5 0.0 0.0
-1.0 0.0 0.0
after 20 cycles
final X y 2z
..................... X2 = 3.16e-38
1.0 0.0 0.0
-1.0 0.0 0.0
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3. Nitrogen Molecule, N,
The molecular formula is N,. with unit cell a=b=c¢ =1,
o = =7 =90° Nitrogen has s type and p type orbitals. the

bond length is 1.10 A. The point group is Cj, the structure looks
like Na = Nb.

The energy level diagram for the molecular orbitals of
Nitrogen is shown below (51]:

Na Nb

Figure 17. Energy Level Diagram of N,
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Linear combinations of atomic orbital may be taken as

follows:

Q
9
7

2Sa + 2Sb
same symmetry

2Pza + 2pzb

Q
o
B>,

n 2p: 2Pxa + 2Pxb
same symmetry

n 2p: 2Pya + 2pyb

o* 2s: 2Sa - 2Sb
G+ 2p: 2Pza - 2pzb same symmetry
* 2p: 2Pxa - 2be}

same symmetr
n* 2p: 2Pya - 2pyb y Y

There are eight symmetry orbitals belonging to 4 blocks and
each block is 2 by 2 in size. Out of a total of 14 electrons, 10 of
them are valence electrons in the Nitrogen molecule, and 5 give
doubly occupied orbitals. Block 1 and block 2 are completely
occupied by electrons, so they are simply unit matrices. Block 3
has only 2 electrons, so TrP of this block is 1. Block 4 is

unoccupied, so it is a zero matrix.
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Here is the T matrix:

Sa Pza Pxa PyaSb Pzb Pxb Pyb

(1000 1 0 0 0)
01000 1 0 0
00100 0 1 0
0001 0 0 0 1
1 000-10 0 O
01000 -1 0 0
00100 0 -1 0
0001 0 0 0 -1

The orbital exponents parameters, o are fixed.
2s:7.247637 2p: 4.347826

the thermal parameters of atom, [3 are fixed. (Ba = Bb)
0.0151, 0.0086. 0.0034, 0.0000. 0.0000, 0.0000

A. One Nitrogen Molecule in the Unit Cell

The exact data we used for calculation of Fops(H) are as
follows:
Kscale = 1.000, Sgcale = 1.000, Bgcale = 1.000, with the
position crystal coordinates:

0.55 0.00 0.00
-0.55 0.00 0.00
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0.600 0.490
and the P matrix is 2 by 2 (third block): ( )

0.490 0.400

We refined four types of parameters. Sscale. Bscale. P. and
xyz. As we refine one type of parameter, the other parameters

are fixed.

i) Refinement of Sgcale:
initial Sscale: 1.3000 x2: 2.760

after 50 cycles,
final Sscale: 1.000016 x2: 2.810e-8

ii) Refinement of Bgcale:

initial Bscale: 1.4000 x2: 3.223e-2
after 50 cycles,
final Bscale: 1.0000 x2: 1.421e-14

ili) Rfinement of xyz:
initial position: x y z

0.80 0.00 0.00
-0.55 0.00 0.00

after 17 cycles,
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final position: X y z
---------------------- x2: 5.385€-12

0.55 0.00 0.00
-0.55 0.00 0.00

iv) Refinement of P Matrix (third block):

0.5 0.5

0.5 0.5
the inmtal P: ( )

Tr(P2 - P)2 =8.88e-16. 2 TrP = 10.000.

X2 =2.98e-2

0.59998 0.48990
after 50 cycles, the final P: ( J

0.48990 0.40002

Tr(P?-P)2=17.11e-15. 2 TP = 10.000,

x2 =107e-9

B. Two Nitrogen Molecules in the Unit Cell

The space group has NR = 2, The exact data we used for
calculation of Fobs(H) are as follows:
Kscale = 1.000, Sscale = 1.000, Bscale = 1.000, the position

coordinates;
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Ny»h 0.5 0.00 0.00
1.6 0.00 0.00
Ny -0.5 0.00 0.00
1.6 0.00 0.00

0.600 0.490
and the P matrix is 2 by 2 (third block): ( )

0.490 0.400

We refine four types of parameters, Sscale. Bscale. P. and xyz.
As we refine one type of parameter. the other parameters are
fixed.

i) Refinement of Sscale:

initial Sscale: 1.2000 x2: 5.277
after 50 cycles,
final Sscale: 1.00003 x2: 2.18¢-8

ii) Refinement of Bgcale:

initial Bscale: 1.2000 x2: 3.28e-2
after 5 cycles,

final Bscale: 1.0000 x2: 3.55e-15



iii) Rfinement of xyz:

initial position:

Nyhy 0.7 0.00 0.00
1.6 0.00 0.00
N, -0.5 0.00 0.00
1.6 0.00 0.00

x2: 145.57
after 10 cycles.

final position:

N 0.5 0.00 0.00

1.6 0.00 0.00
Ny» -0.5 0.00 0.00
1.6 0.00 0.00

x2: 7.89¢-29
iv) Refinement of P Matrix (third block):

. 0.700 0.458
the initial P: ( )

0.458 0.300

Tr(P? - P)2 =2.4¢-14, 2 TrP = 10.000,

x2 =0.11423

118
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0.6050 0.4888
after 50 cycles. the final P: (
0.4888 0.3950

Tr(P? - P)2 = 2.5¢-13. 2 TrP =9.9999.

x2 =3.35¢-4

4. Methane Molecule
Molecular formula : CH, (tertrahedral).
[, o =B =v=90° The point group is Ty.

Unitcelba=b=c¢c=
Carbon has s and p type orbitals, but they form hybrid sp3

orbitals. The carbon hybrid orbitals are as follows (52].

l(2s+Px-Py+Pz)

0=

(O]

1
¢l='2'(2S-Px+Py+Pz)

! 9/
q)l:i(..S'Px'Py'Pz)

1
$ =35 (2s +Px - Py - Py)
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using the Tg character table, we get for Tj.

1/2 1/2 -1/2 1/2 1 0 0 0)
1/2 -1/2 1/2 1/2 01 0 O
1/2 -1/2 -1/2 -1/2 0 0 1 O
1/2 1/2 1/2 -1/2 0 0 O 1
0 0 0 0 00 00O
0 0 0 0 0 0 0O
0 0 0 0 0 00O
0 0 0 0 0 0 0O

There are a total of eight symmetry orbitals belonging to 2
blocks, and each block size is 4 by 4. Out of a total of 10
electrons, 8 of them are valence electrons, and all the electrons
are in bonding orbitals; no electrons occupy antibonding orbitals.
So the first block is fully occupied, with TrP = 4. The second
block is empty. Therefore the P matrix is simply a unit matrix in
block 1 and a zero matrix at block 2. The P matrix is fixed. we do
not have to refine it. The orbital exponent parameters, o ,are
fixed by
Carbon: 2s 5.9281664, 2p 2.9640832
Hydrogen: Is 1.8903592
the thermal parameter of atoms, B's are fixed by
Carbon: 0.015964, 0.009148, 0.003731, 0.00, 0.00, 0.00
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Hydrogen: 0.020008. 0.011465. 0.004677. 0.00. 0.00. 0.00
We have only one molecule in the unit cell.
The exact data for Fobs(H) are as follows:
Kscale = 1.000, Sscale = 1.000, Bscale = 1.000. with position

coordinates:

X y z
Carbon O 0 0

H, 1.1174 0 0.8435
H, -1.1174 0 0.8435
H,4 0 1.1174  -0.8435
H, 0 -1.1174  -0.8435

and P matnix :

O O O O © © O ©
S O O o o o o <O
o O O O o o C

OO O O O O -
©C O © © © O = O
© O O O O = O O
©C O o o = O O @
©C O O © © O © <

only three types of parameters are refined:



i) Refinement of Sscale:
initial Sscale: 1.3000
after 50 cycles,

final Sscale: 1.000502

ii) Refinement of Bgcale:
initial Bgcale: 1.2000

after 50 cycles,
final Bscalc: 1.0000

iii) Rfinement of xyz:

initial position:

X
Carbon 0
H, 1.30
H, -1.1174
H, 0
H, 0

x2: 0.4353

after 15 cycles.
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x2: 9.531372

x2: 3.911e-5

x2: 1.073e-2

x2: 1.42e-14

y z
0 0
0 0.8435
0 0.8435
1.1174  -0.8435
-1.1174  -0.8435



123

the final position is:

X y z
Carbon 0 0 0
H, 1.1174 0 0.8435
H, -1.1174 0 0.8435
H, 0 1.1174  -0.8435
H, 0 -1.1174  -0.8435
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I1.Testing Maleic Anhydride from Experimental Dat

A molecule of Maleic anhydride is taken as a test using real
X-Ray diffraction experimental data. The structure of Maleic
anhydride has been determined by a single-crystal X-Ray analysis.
A perspective drawing of a molecule of Maleic anhydride is
shown in the Figure 18. The intensity data were measured on an
Enraf-Nonius CAD4 diffractometer (graphite monochromated Cu
Ka radiation. ®-20 scans) by Louis J. Todaro.

Figure 18. Maleic Anhydride
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1. Basic Information Input for Maleic Anhydride

The crystal data are summarized in Table 10.

Table 10. Crystal Data for Maleic Anhydride

Formula C4H203
Crystal System orthorhombic
Space Group P212121

a 5322 (A

b 7.009(1) A

¢ 10.787(1) A

o 90°

B 90°

Y 90°

Z 4

The point group of Maleic anhydride is Cs with character
table as shown:

Cs E 0)

A" 1 -1
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We have a total of 30 atomic orbitals with 36 valence
electrons. There are two diagonal blocks in the P matrix. The first
is 16 by 16 belong to A'. another is 14 by 14 belong to A". Using
the point group character table and projection formula

] =9“'§ Xr(R) Ry

We obtain 30 symmetry molecular orbitals:

A' A"

01 1/2(2S01+2S01) = Soy 1/2(2501-2S01) =0
1/2(Px01+Px01) = Px0y 1/2(Px01-Px0y) =0
1/2(Pyo1-Pyo;) =0 1/2(Pyo1+Pyo1) = Pyoy
1/2(Pz01+Pzo1) = Pzo) 1/2(Pz0)-Pzoy) =0

C,-Cq 1/2(2Sc2+42Sce) 1/2(2Sc¢2-2S¢¢)
1/2(Pxc2+Pxce) 1/2(Pxcy1-Pxce)
1/2(Pyc2-Pyce) 1/2(Pyc+Pyce)
1/2(Pzca+Pzce) 1/2(Pzc1-Pzce)

03-O7 1/2(250342S507) 1/2(2S03-2S07)
1/2(Px03+Px07) 1/2(Px03-Pxo7)
1/2(Pyo3-Pyo7) 1/2(Pyo3+Pyo7)
1/2(Pz03+Pz07) 1/2(Pzo3-Pz07)

C4-Cs 1/2(2Sc4+2Scs) 1/2(2Sc4-2Scs)
1/2(Pxcq4+Pxcs) 1/2(Pxca-Pxcs)
1/2(Pycs-Pycs) 1/2(Pyca+Pycs)
1/2(Pzcq+Pzcs) 1/2(Pzcs-Pzcs)

Hg-Ho 1/2(1Sg+1S9) 1/2(1Sg-1S9)



The T matrix is listed in Table 11,
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Table 11. Point G Transf . { Maleic Anhydrid

100000000000000000000000000000
010000000000000000000000000000
000 100000000000000000000000000
0000.50000000000000005000000000
000005000000000000000500000000
0000005000000000000000-50000000
000000050000000000000005000000
000000005000000000000000.500000
0000000005000000000000000.50000
0000000000.5000000000000000-5000
000000000005000000000000000500
000000000000500050000000000000
0000000000000.50005000000000000
00000000000000.5000-500000000000
000000000000000500050000000000
0000000000000000000000000000.5 5
001000000000000000000000000000
00005000000000000000-5000000000
000005000000000000000-500000000
0000005000000000000000.50000000
0000000.5000000000000000-5000000
000000005000000000000000-500000
0000000005000000000000000-50000
0000000000.50000000000000005000
000000000005000000000000000-500
000000000000.5000-50000000000000
00000000000005000-5000000000000
00000000000000.5000.500000000000
000000000000000.5000-50000000000
0000000000000000000000000000.5-5
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The orbital exponent parameters, o. and the thermal

parameters, B.are listed in Table 12 and 13 respectively.

2s 2p
Carbon: 5.9281664 2.9640832
Oxygen: 8.4177694 4.2088847
Hydrogen: 1.8903592 (1s)

Table 13. Ti LP { Maleic Anhvdrid
Atom  Ba. Baan Boaw B Bam Bas
0. 0.0116 0.0065 0.0037 -0.0030 0.0006 -0.0010
C: 0.0119 0.0060 0.0033 0.0003 0.0018 -0.0008
O, 0.0209 0.0089 0.0039 -0.0015 0.0031 0.0027
C. 0.0120 0.0070 0.0034 -0.0033 0.0009 -0.0015
Cs 0.0135 0.0058 0.0037 -0.0049 0.0017 -0.0007
Cs 0.0143 0.0054 0.0033 0.0015 0.0003 -0.0005
0. 0.0202 0.0104 0.0038 0.0025 -0.0046 -0.0000
Hs 0.0222 0.0127 0.0052 0.0000 0.0000 0.0000
H., 0.0200 0.01147 0.0047 0.0000 0.0000 0.0000
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We calculated Fcore,a(H) by a least squares procedure
discussed in a later chapter. Our test used 100 pieces of data and a

weighting factor constant for all the scattering directions.

2. Initial Guess used for Five Types of Refinement
Parameters

Initial Kscalc: 1.0000
Initial Ssca]eI 1.0000
Initial Bscale: 1.0000

Initial atom positions are shown in Table 14.

Table 14. Crystal Coordinates of Maleic Anhydrid

Atom X Y Z
0. 0.4733 0.3256 0.6175
C 0.6610 0.3179 0.7054
0O, 0.6364 0.2243 0.7957
C. 0.8718 0.4395 0.6651
Cs 0.8093 0.5173 0.5593
C. 0.5547 0.4498 0.5268
O- 0.4237 0.4844 0.4409
H. 1.033 0.460 0.710

H, 0.916 0.606 0.510
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The initial P matrix has two diagonal blocks. a 16 by 16 unit
matrix, and 14 by 14 block shown in Table 15.

Table 15. Initial P i\ of Malcic Anhydride (4 by 14

0.01644
0.01277
0.01490
0.01178
0.01287
0.01032
0.01349
0.01103
0.10602
0.07255
0.05495
0.06087
0.01287
0.01066
0.01277
0.01035
0.01354
0.01096
0.01131
0.00938
0.01374
0.01054
0.01750
0.01409
0.01241
0.01001

0.01490
0.01354
0.01361
0.01249
0.01183
0.01094
0.01250
0.01168
0.09132
0.07728
0.05870
0.06399
0.01199
0.01128
0.01178
0.01096
0.01249
0.01161
0.01054
0.00993
0.01239
0.01119
0.01611
0.01493
0.01143
0.01060

0.01287 0.01349
0.01131 0.01374
0.01183 0.01250
0.01054 0.01239
0.01033 0.01098
0.00931 0.01066
0.01098 0.01178
0.01004 0.01111
0.07553 0.07448
0.05962 0.09140
0.05691 0.06836
0.06265 0.04071
0.01058 0.01141
0.00976 0.01057
0.01032 0.01103
0.00938 0.01054
0.01094 0.01168
0.00993 0.01119
0.00931 0.01004
0.00859 0.00928
0.01066 0.01111
0.00928 0.01152
0.01408 0.01500
0.01273 0.01448
0.01000 0.01065
0.00904 0.01027

0.10602
0.01750
0.09132
0.01611
0.07553
0.01408
0.07448
0.01500
0.90187
0.10148
-0.05303
0.07967
0.06811
0.01447
0.07255
0.01409
0.07728
0.01493
0.05962
0.01273
0.09140
0.01448
0.10148
0.01921
0.07171
0.01364

0.05495 0.01287
0.01241 -0.00734
0.05870 0.01199
0.01143 -0.00533
0.05691 0.01058
0.01000 -0.00368
0.06836 0.01141
0.01065 -0.00257
-0.05303 0.06811
0.07171 -0.10785
0.94387 0.07075
0.05699 0.08837
0.07075 0.01109
0.01028 -0.00163
0.06087 0.01066
0.01001 -0.00300
0.06399 0.01128
0.01060 -0.00327
0.06265 0.00976
0.00904 -0.00136
0.04071 0.01057
0.01027 -0.00691
0.07967 0.01447
0.01364 -0.00467
0.05699 0.01028
0.00968 -0.00324

-0.00734 -0.00533 -0.00368 -0.00257 -0.10785 0.08837 -0.00163
-0.00300 -0.00327 -0.00136 -0.00691 -0.00467 -0.00324 0.02005
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For this initial P matrix. Tr(P2 - P)2 =1.26e-9. 2 TrP = 36.000.

3. Final results
A. The Output Parameters
All the parameters were improved iteratively with a least
squares procedure, Fcalc(H) is fit to the experimental Fobs(H).

Final parameters are listed here:

Final Kgcale: 0.7349104
Final Sgcale: 0.8396328
Final Bgcale: 0.9535905

The refinement of position coordinates shows us that all
the atoms shift negligibly except for the Hydrogens. Table 16

gives the final coordinates of Hydrogen atoms.

Table 16. Final Coordi for Hyd
{ Maleic Anhvdrid
Atom X Y Z
Hs 1.047059 0.456964 0.709999
H, 0.916000 0.606000 0.509999

The P matrix was refined in more than 5000 iterations.
Finally we got a symmetric P matrix with Tr(P2 - P)2 = 5.46e-13,
and 2 TrP = 36.000. The final P matrix is shown in table 17.




Table 17. Final P_matrix of Maleic Anhvdride (14 by 14

0.00854
-0.06185
0.00061
-0.01352
0.00187
-0.02183
0.00235
-0.01457
0.00382
-0.02785
0.02790
-0.05331
0.05573
-0.03802
-0.06185
097717
-0.02710
-0.10640
-0.00026
-0.01215
-0.00026
-0.00938
-0.00021
-0.01974
-0.00076
-0.02243
-0.00018
-0.00995

0.00061
-0.02710
0.00020
0.00330
0.00028
-0.00122
0.00012
-0.00889
0.00027
-0.01200
-0.00058
-0.17355
-0.00235
-0.38578
-0.01352
-0.10640
0.00330
0.25900
0.00022
0.00886
0.00018
0.00724
0.00035
0.01284
0.00043
0.01842
0.00018
0.00700

0.00187
-0.00026
0.00028
0.00022
0.00054
0.00016
0.00048
-0.00014
0.00084
-0.00011
0.00380
-0.00480
0.00652
-0.01141
-0.02183
-0.01215
-0.00122
0.00886
0.00016
0.00038
0.00012
0.00031
0.00029
0.00057
0.00027
0.00077
0.00014
0.00030

0.00235
-0.00026
0.00012
0.00018
0.00048
0.00012
0.00066
-0.00012
0.00105
-0.00011
0.00839
-0.00400
0.01707
-0.00944
-0.01457
-0.00938
-0.00889
0.00724
-0.00014
0.00031
-0.00012
0.00025
-0.00016
0.00046
-0.00034
0.00062
-0.00010
0.00024

0.00382 0.02790
-0.00021 -0.00076
0.00027 -0.00058
0.00035 0.00043
0.00084 0.00380
0.00029 0.00027
0.00105 0.00839
-0.00016 -0.00034
0.00171 0.01241
-0.00009 -0.00033
0.01241 0.13293
-0.00667 -0.01036
0.02477 0.28473
-0.01608 -0.02430
-0.02785 -0.05331
-0.01974 -0.02243
-0.01200 -0.17355
0.01284 0.01842
-0.00011 -0.00480
0.00057  0.00077
-0.00011 -0.00400
0.00046 0.00062
-0.00009 -0.00667
0.00086 0.00114
-0.00033 -0.01036
0.00114 0.00155
-0.00008 -0.00375
0.00046 0.00061

0.05573
-0.00018
-0.00235
0.00018
0.00652
0.00014
0.01707
-0.00010
0.02477
-0.00008
0.28473
-0.00375
0.61598
-0.00894
-0.03802
-0.00995
-0.38578
0.00700
-0.01141
0.00030
-0.00944
0.00024
-0.01608
0.00046
-0.02430
0.00061
-0.00894
0.00024

132
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B. The x? Value and R Factor

The initial parameters carry a x2 value of 5681.80 and
the R, factor is 40.2%. The final parameters brought x2down
to 109.86. This is much lower than the previous experimental

value, 183.54. Also we have a lowered the R, value. 4.79%.

close to the previous experimental value. 4.65%.

C. Charges of atoms in Maleic anhydride

When we got the final P matrix, we calculated the
density, and compared it with the density of an Extended
Hiickel calculation (EH).

The calculation formula of density for X-Ray and EH are

follows
Px-ray= 2 Tr [T;S2 P S2T 1y y* (246)
with P2=P, and TrP=N
Pegy=2Tr[C’Cly y°* (247)
compare:

TS PS V2T Jij & [C*C)j forall i,
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s
. Px
if \yo= Py z\‘la (248)
Pz
then
CaCyCaCy wn | [ VaVa VaWy
Pen=2Tr | coC, GoCp ... Vo, YoWb - (249)
. C;;Cc \yg\yc
Va¥a VaVh
S=| w, W - (250)
. WeVe
so for the charge:
q,, =] pgy dr=2Trc*cs (251)

for each atom's charge:
qa = 2 TI’ [C*C]aa Saa + 1/2 { 2 Tr [C+C]ab Sba
+2Tr[C'ClaeSca + 2 Tr[C'ClygSgq + }  (252)

to get all the charges of atoms from X-Ray case, we replaced
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[C*C Jij with [T:S'”2 ps'? T, lij- The charges comparing
X-Ray and EH are shown below in Table 18.

Table 18. The C ison Cl in Malcic Anhydrid

Atom X - Ray EH
(o} 6.02 6.69
C, 3.99 2.70
O 5.98 7.04
C. 4.01 3.97
C, 3.99 3.97
C. 4.01 2.69
0, 5.99 7.05
H. 1.00 0.94
H. 1.00 0.94

D. Eigenvalues and Eigenfuctions of P Matrix

The eigenvalues and eigenfunctions of the 14 by 14 P
matrix have been calculated by the Jacobi Method (49). The
eigenvalues are below:

diagonal No. 1 2 3456 78 9 1011 12 13 14
eigenvalue 000000711 000 O 0 O
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Only the occupied eigenvectors. #7 and #8. are shown
below:

NUMBER 7

0.084898 0.001066 0.014135 0.024748 0.037838
0.358102 0.752439 -0.327215 -0.433738 -0.010233
-0.008661 -0.013670 -0.022794 -0.007896

NUMBER 8

-0.036525 -0.014121 -0.018444 -0.006938 -0.016583
0.068468 0.223190 0.932792 -0.266218 -0.016615
-0.013094 -0.025958 -0.032043 -0.013436

These occupied eigenvectors have large weights with
coefficients #6, #7, #8 #9 .

#0 #7 #8 #9
#7 0.35 0.72 -0.32 -0.43
#3 0.22 0.93 -0.26

which weight the symmetry orbitals:
Vsym6= 1/2(2S03-2S07)
Yeym7= 1/2(Px03-Px07)
Weyms= 1/2(Pyo3+Pyo7)

Vsymg= 1/2(Pz03-Pzo7)
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which are superpositions of basis functions from only the two

atoms O3 and O17.

A picture with defines the directions of Px and Py

follows as Figure 19:

Px On Px

Figure 19. Px,Py Orbital Direction of 03-07 in Maleic
Anhydide
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E. Testing the Final P matrix

When we got th¢ final P matrix, Pfinal. we tested the
"uniqueness” of the programs solutions by shifting Pfipal a little
bit. to see if the Pshift goes back to Pfinal. We used Pfinal

calculated structure factor as Fobs(H). We did three tests:

i) The initial guess for the P matrix was Pfinal. We force the
program to run 10 cycles. The resulting 10 x?2 are all zero.

and the P matrix did not move at all.

ii) We shifted the P(1,1) of Pfinal from 0.00854 to 0.00900,
and keep the other P elements the same as in Pfinal. After 5
cycles. the %2 value equals 0.000, Tr(P2 - P)? =4.99e-14, 2

TrP = 36.000. P(1.1) shifted back to Pfinal(1,1).

iii) We shifted all the diagonal elements of Pfinal. and used
them in an initial matrix. We only ran 4 cycles. the
diagonal P elements shifted back to the diagonals of Pfinal.
and the off diagonal elements have no change. The x? value
equals 0.000, with Tr(P2- P)2= 6.33e-15, and 2TrP =36.000
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Chapter Five

Calculation of fcorea sinorn)
by a Least Squares Procedure
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The coherent scattering of X-Rays from an atom is described

by the atomic scattering factor, fcore,a(sin@/A). It is a convenience

to use an analytical expression [53-54]:
(5 = { X 1, exp(-b, 51 } +C (253)

For fitting the scattering factor in the range of sin8/A from 0.00 to
2.00, the International Tables of Crystallography (Volume V),
table 2.2B gives coefficients for an analytical approximation to
the mean atomic scattering factor for free atoms and chemically
significant ions. In application of quantum mechanics to
crystallography, the scattering factor for the core is often to used.
The International Tables (Volume 1V), table 2.2D gives scattering
factors for atoms and ions for 56 sinf/A (from 0.00 to 2.00). We
calculated coefficients for the analytical scattering factor for the
atomic core by a least squares method. Once we obtain the
coefficients, fcore,a(sin@/A) is calculateable by the analytical

expression for arbitrary sin6/A.
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I. Formalism and Parameters

There are three types of parameters. ai. bi. and C. and a
total of nine parameters including 4 4's. 4 b's. and 1 C. The least

squares method for these calculation is as follows:

2

2 W[fcore sme)' fcal(u—gg)] = X2 (254)
8ine/x

Where the fcorc )are from the International Tables of

Crystallography. table 2.2D. and the f_ ( {'9) are calculated by

calc

the analytical expression. Recall:

ax’
o =9

where A stands for all the parameters, Q, b, C.

d z W[fcore sme calc smo)]

sing/
I =0 (255)
af (slne)
sing calc\ A
sszmW [fcore i calc( r) oA =0 (256)



sin®

sin sin af ( )
fcal(%»—e)"' cal 'e)lo*’ “z Caé;‘k lo

So we have the least squares equation:

C=B'A
where
(slne)
Ine ing cal A
= slnzelkw [fcore = cal sn )]
B —afcal(slne) afcal(slge)
Ap~ oA au
Cu = Al

The three types of derivative required are shown below:

sin®, 2
)af At 9 (2 (8, exp(-b; (5O 1+ C

aa d4a;j

. afcal(s?e)
if jci, then = 57 = exp(-b, (%
j

392
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(257)

(258)

(259)

(260)

(261)

(262)
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oo 91X 3, exp(-b, (5N 1+ €
“ob T 263
ab; ab; (263)

af (gn(_)) in® 2 .
ificithen — 55" =-a, (1) explb, (77) (264)
j

o af e 21X, exp(-b, (TH)] 1+ C

oc, = 3C; =1 (265)

J

We used T (™). f (™). and its derivatives substituted
corer A calct A

into A, B, andsolved the least squares equation to get AU .the

improvements of all the parameters, Aa, Ab, AC. Each least

sin®

squares parameter is added to its corrections until fcalc(—,;)

erfectly matches f ®) The final ai. bi. and C, are the best
p A

core
coefficients for the analytical expression. We indicate a few

details of the calculation here.

a) We used a total 56 (sin8/A) from 0.00 to 2.000, for
calculation of the analytical approximation to the scattering
factor of the core of atoms. But at the beginning we only used
10 sinB/A, the top 10 of 56 , and the least squares equation

f sin@

was solved iteratively until I, (57) pretty much matched
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f sin®

coret 2 )+ then we added the next 4 pieces to the original 10

and using the 14 pieces together, we repeated the procedure.

continuing this way finally all 56 data were used together.

b) The initial guess at the di. bi. and C must be reasonable.
The Boron core is similar to Be*2, and we can find the Be*%'s

coefficients for the analytical form in the International Tables
of Crystallography. table 2.2B. So, we used the Be*2. Qi. bi.

and C.which coefficients are

a: 6.26030 0.884900 0.799300 0.164700
b: 0.002700 0.831300 2.27580 5.1146
C. -6.1092

as an initial guess for Boron. Then we used the resulting
Boron coefficients for Carbon's initial input, and the Carbon

results for Nitrogen's initial input, and so on.

¢) The weighting factor W affects the solution of the least

squares equation.

sin@

afcal(s—%?g) af A )

(
recall B, =—"2) cal

oL
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If the weighting factor is too small, it makes the determinant
of the B matrix equal to zero. and then no inverse of the B
matrix exists, and the least squares equation can not be solved.
Also the weighting factor effects the magnitude of the iterated
improvements. If the weighting factor is too big. the
improvements would be very little, requiring more iterations of
the procedure and longer computing time. What's the best
weighting factor value? According to our tests and experience.

the weighting factors should lie between 10 and 1000.

I1. Results and Applications

1. Results

The coefficients are tabulated for Boron, B, Carbon. C,
Nitrogen. N. Oxygen. O, and Fluorine, F. atoms obtained by the
least squares procedure. Table 19 lists the scattering factor for the
atomic cores of B, C, N, O, and F. These data are compared with
scattering factors from the International Tables of
Crystallography. table 2.2D, and give an excellent match. We
used %2 to indicate the error. X2 for B, C. N, O, and F are lower
than 2.5e-5. The maximum errors are lower than 0.002. The mean
errors are lower than 0.0006. Table 20 shows the errors. The table

21 lists the coefficients of the analytical expression.



Element
z
sin 8

A

0.0000
0.0100
0.0200
0.0300
0.0400
0.0500
0.0600
0.0700
0.0800
0.0900
.1000
.1100
.1200
.1300
.1400
.1500
.1600
.1700
.1800
.1800
.2000
0.2200
0.2400
0.2500
0.2600
0.2800
0.3000
0.3200
0.3400
0.3500
0.3600
0.3800
0.4000
0.4200
0.4400
0.4500
0.4600
0.4800

COO0O0OO0O0O00O00O0
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F

He Core

-

9

.98987
.98986
.9995
.99892
.9987
.9982
.9975
.9967
.9958
.9948
.0938
.9924
.9910
.9895
.9878
.9861
.9842
.9823
.9802
.9779
.9756
.9708
.9851
.96822
.9592
.9529
.94861
.8388
.9312
.9272
.9231
.9147
.9058
.89686
.88869
.8820
.8769
.88866

Table 19. fcore for First Row of the Atoms
B C N 0O
He Core He Core He Core He Core
s 6 7 8
P R R e e ey e S AR AT LR A AT DR R DR R L TR 2 R D R A A 2 R R A A2 R 2 122222 ] 2]

2.0000 1.9999 1.9995 1.99908
1.9098 1.9997 1.9904 1.99986
1.9991 1.9993 1.9991 1.9993
1.9981 1.9986 1.9986 1.9989
1.9966 1.9976 1.9979 1.9984
1.9947 1.9963 1.9969 1.9877
1.9924 1.9947 1.9958 1.9968
1.9897 1.9929 1.9945 1.0958
1.9865 1.9908 1.9930 1.9947
1.9830 1.9884 1.9912 1.9934
1.9790 1.9857 1.9893 1.8919
1.9747 1.9827 1.8872 1.8903
1.9699 1.9795 1.8849 1.9885
1.9648 1.9760 1.8823 1.0888
1.9592 1.9722 1.9796 1.9845
1.9533 1.9681 1.9767 1.9823
1.8470 1.9638 1.9736 1.9799
1.9404 1.9593 1.9703 1.9774
1.9333 1.9544 1.9668 1.9747
1.9259 1.9493 1.8631 1.8719
1.9182 1.8440 1.9592 1.8690
1.8017 1.83286 1.9509 1.86828
1.8838 1.9202 1.9418 1.9557
1.8745 1.91386 1.8370 1.0820
1.8648 1.9068 1.9321 1.9482
1.8445 1.89286 1.9218 1.9402
1.8231 1.8775 1.9104 1.8318
1.80086 1.8615 1.8986 1.9228
1.7772 1.8448 1.8882 1.9128
1.7651 1.8361 1.8797 1.9078
1.7529 1.8272 1.8731 1.9027
1.7277 1.8080 1.8594 1.8921
1.7018 1.7901 1.8451 1.8810
1.6752 1.7705 1.8303 1.8694
1.6480 1.7504 1.8149 1.8574
1.6342 1.7401 1.8071 1.8512
1.6202 1.7296 1.7991 1.8449
1.5920 1.7084 1.7827 1.8321
1 1 1 1

0.5000

.5634

.6867

.7659

.8188

[T QI O i S e . T I I Y Y W Qi Gy S S S S Qi i i e T T T T T " QI S i e Qe §

.8558
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0.5500 1.4907 1.6306 1.7220 1.7839 1.8276
0.6000 1.4168 1.5724 1.6758 1.7468 1.7974
0.6500 1.3429 1.5127 1.6276 1.7078 1.7654
0.7000 1.2695 1.4522 1.5779 1.8672 1.7318
0.8000 1.1272 1.3303 1.4754 1.5820 1.6605
0.9000 0.9937 1.2104 1.3711 1.4932 1.5850
1.0000 0.8713 1.0951 1.2675% 1.4027 1.5087
1.1000 0.7612 0.9864 1.1666 1.3123 1.4268
1.2000 0.6633 0.8853 1.0699 1.2234 1.3467
1.3000 0.5773 0.7924 0.9784 1.1370 1.2673
1.4000 0.5023 0.7078 0.8928 1.0540 1.1895
1.5000 0.4372 0.6313 0.8132 0.9749 1.1139
1.6000 0.3810 0.5626 0.7395 0.9001 1.0411
1.7000 0.3325 0.5011 0.6715 0.8297 0.9714
1.8000 0.2908 0.4461 0.6089 0.7636 0.9050
1.9000 0.2548 0.3970 0.5511 0.7017 0.8419
2.0000 0.2239 0.3532 0.4978 0.6437 0.7821
(continue of the Table 19)

Atom x? Maximum §i;1—° Mean
Error Error
Boron 3.1e-6 0.0009  2.000 0.0001
Carbon 2.2e-5 0.0020 2.000 0.0004
Nitrogen 2.5e-5 0.0016 2.000 0.0006
Oxygen 1.0e-5 0.0010 1.800 0.0004
Fluorine 6.0e-6 0.0007 1.400 0.0003




Figure 21. Coefficients for Analytiacl Approximation to the Scattering Factors

ai bi a: b2 as bs a4 ba C

B (He Core)  6.260585 0.001637 0.887678 0.522327 0.797078 1.400067 0.163403 3.198460 -6.10875

114
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2. Application

We used our coefficients @i. Di. and C for Carbon. and
Oxygen to get fcore.a(sin/A) for a Maleic Anhydride calculation.
sin@/A range from 0.000 to 2.000 in a total of 50 data. The
fcore.a(sin/A) used to calculate Fcore(H) for the whole molecule
are very good. and allow Fcalc(H) to fit Fobs(H) very well giving a

x2 which is reasonably small.
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Chapter Six

An Initial Guess P Matrix
for the Molecular Density
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I._P Matrix for A Sum of Spherical Atoms

A Sum of spherical atoms is a pretty good guess for the
molecular density, and a good initial guess at the density will
enhance the effectiveness of least squares.

Therefore we want Pg, . the free atom P matrix. We get it as

follows:

. Write down the P matrix for the free atoms.

o

. Write down the density expression used in our least squares

program.
. Compare | and 2. and deduce Py, .

)

Note- the full density is p = Pcore + Pval

Here we only treat the valence density. We find the core density

as listed in the International Tables of Crystallography.
1. Free Atom Density and Coefficients

The valence basis for H is Y = I1sl, (266)
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s

for first row atoms Y = E: (267)
PZ

We take the density in the form

Pa=2TrC'C y y* (268)

C*C contains the linear combination of atomic orbital

coefficients. Just as a typical case consider the free atom

configuration for carbon, C: 2s2, 2p2. Let

Paom = 2053 + 2[1/3(P% + P2 4+ P)] (269)

notice this gives the correct number of electrons, since:

J Patom Fr=2(H+2[1301+1+ 1)) =4 (270)

Collecting coefficients of p__in matrix form gives:

1 0

N 0.33
[C c]carbon atom — 0.33 (271)

0 0.33

So the density may be written as,
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1 0 SS Spx Spy Spz
0.33 Pxpx Pxpy pxpz

Patom = 2 Tr 0.33 PYPy Pypz (272)
0 0.33 pzpz

The first matrix in p_ - is a matrix of LCAO coefficient

products, and the second matrix contains basis function products.
The matrix [C*C] for a single atom is the only thing of

interest here, since if we had two atoms. we could write [C* C]

for that case just from the information for one atom, e.g..

Two carbon atoms:

1 0
( 0.33 0 )
0.33

[c*C]=|\o 0.33 1033 0 (273)

0 0.33
\ 0 0.33 /)

If we had 3 carbon atoms, we would have 3 block diagonals. and
so forth. So all we need is the [C*C] matrix for one atom of each

type.
The atom types of interest, for this discussion, are
H
Li Be BCNOF

For each of these, we write an electron configuration and the
corresponding [C*C].



154

: 1s! [ [C*C) = 0.5, Yy = I1sl (274)

17 0 PS
: . 0 x
: 25! [C cl=[ 0 ].w= P (275)
0 0 Pz
1 0 PS
+ 0 X
: 252 [C*C] = [ 0 J V=|p, (276)
U Pz
1 0 :
. 1/6 X
:2s2,2pl . [C*C] = [ / 1/6 ) V=|p, (277)
0 1/6 P,
1 0 :
. 173 X
: 252. 2p2. [C C] = [ / 1/3 J. Y = Py (278)
0 1/3 P,
1 0 :
+ 1 X
252. 2p3 . [C C] = [ 2 172 J. W = Py (279)
0 12 Py
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1 0 PS
Ch2 And [erter | 283 _ |
7. O: 2s%, 2p . [C C] = [ 2/3 . ‘I’ = | Py (280)
0 2/3 =
1 0 Ff’
- 2 5 + _ 5/6 _ X
8. F: 254, 2p° ., [C C]_[ 5/6 YYo= Py (281)
0 5/6 P,

2. The Density Form in the Least Squares Program
Let's recall the formula in our program,

Px-ray= 2 Tr (T;S"2PSV2T |y y* (282)

P is a symmetric matrix.
T, transforms Y to a symmetry basis.

S'2 orthonormalizes the symmetry basis.

3. Comparison of Densities to Deduce Free Atom's P
Now comparing Px-ray (Px-ray) and pfa(Pfa) we see that:

[T:s-1/2 P S-1/2 T,] = [C"'C] (283)
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The only unknown is the P matrix. "Uncover” the P matrix

to get:
P= sYT T1'T,[C*C)T;(T,T;1's"? (284)

where [C*C] is from the free atom. This is the solution we seek.

Il. B I [] t [w I I I Il. I I Q I oI I C [[- N I
According to above P expression:
P= S" [T, T T,[C'Clta T[T, T)'S"2 (285)

We also can use Extended Hiickel orbital coefficients, [C*C JgH to

replace free atom coefficients,[C*C Jta.

the expression becomes :

P= sT, 11" T,[C'Clen T, [T, T,]'S"? (286)
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[C*Clen is taken from the data of an Extended Hiickel
calculation. We use maleic anhydride as an example: the P matrix
is 30 by 30 containing 2 blocks. an A’ block is 16 by 16 [C* C]eR.
and an A" block is 14 by 14. Lets look at the 16 by 16 block . The
total number of orbitals is 30, in the Extended Hiickel
calculation, so the coefficient matrix, [C*CJeH is 30 by 30. but the
occupied orbitals number 18. We take the coefficients of the
lowest 18 energy orbitals, and find 11 of the 18 orbitals belong to

the A" block. Now we use the coefficient of type A'. to make a
matrix C”, which is 30 by 11, as follows:

+ + +
C1.1 C1,3 C‘|,18
+ + +
C2.1 02.3 02,18
Cr=| - T : (287)
+ + +
C30,1 C30.3 C30,18

having a total of 11 columns.

Now we multiply C3.. 30 by 11, with C 5., 11 by 30, and get

[C*Cla', 30 by 30. Then we use the expression:

1/2

1/2 + q- + + + -
: [TeaTsal 1 Tea [CTC Ja Toa [ToaTgal] 1 Sa (288)

PA'= SA'
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s'?is 16 by 16.
[T aToal"is 16 by 16.

T, 1s 16 by 30.

[C*C Ja is 30 by 30.

T.a is 30 by 16.

In the finally we geta 16 by 16 P,..
In the same way we get P,.of size 14 by 14 of symmetry type A",

Now we have a P matrix from Extended Hiickel coefficients.

. [P,.16 by 16] 0

’ 0 [PA.. 14 by 14]

(289)
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Chapter Seven

Conclusions
and Future Work
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I. Conclusions

1. The formalism developed above gives for the first time a
general method of combining atomic and electronic structure

results, and it works.

2. A tested FORTRAN program executes our formalism and

obtains reasonable results.

3. So far we tested with simulated data the Hydrogen atom,
Hydrogen molecule, Nitrogen molecule. Methane, and with real
X-Ray diffraction experimental data Maleic Anhydride . All the

results from our tests are satisfactory.

I1. Future Work

1. At present for all the five types of parameter refined, we treat
each type separately and then recycle. In future, we will refine all
types of parameter simultaneously. so least squares iteration

improves all the parameters at once.
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2. We will try to refine all the different orbital's as at once, thus
negating the use of Sscale, which is one over all multiplier of all
the a's. This will give a better orbital fit to the structure factors

(Appendix ).

3. Bscale is used as one overall multiplier of all the Bs. Although
this simplifies the calculation, it just gives a rough match to the
thermal motion. In future, we will directly refine all the PBa's to

obtain better results (Appendix II).

4. We only used one gaussian function for each atomic orbital. In
future, we will use Slater functions as a basis. It causes the
calculations to be more complicated, but will give a better

density.

5. We also can use a larger gaussian basis. The advantage is both
that gaussians are casy to calculate with and fit the density better

as the basis size increases.

6. We shall apply our program to more experimental cases, e.g..
Citrate acid, Oxalic acid. and Fullerenes. Data from experiments
are available for these cases. Also we seek to make particular

applications to some other biological compounds.
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Appendix
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Appendix I

Formalism for the Derivatives with Respect to the
a's

ar:calc(H) aFcore(H) ar:val(H)
- = +

290
o0, o0, aq, (299)
oF H
: ‘;‘i;?L) =0 (291)
i
92, 2Tr(S;"%P & VAT, (X RE(H)T)TS
aFval(H) r R
o, oL (292)
§ i
s "2 172 172 0§ "2
= 2Tr P Pr———
; { [ aai r& + & r aa' ]
[ Tor( 2 REHOTITS ]+ [§72Prg ")
oRf(H .
[T,,@ —a(; ) oT)T,- ]} (293)
i
ast'® 1 _ .90 1 St
et ' -3/2YV T S -1/2 -1Y~T
JaL, =25 0, =25 Sraa, (294)



IF yai(H)
o,

_ zr: 2Tr 2 [3-3/2 sr rs-wz

Q
32 95r
d

+ &P [Ty ( §Rf<H>®T>T:r1

oRf(H .
Y —a#’ °T)Tr 1) (295)

+ &P T

1 (296)

(297)

exp{ i Z [ Lan(RX}- Rx}‘)]z}

o, + Oth.1 A=1



([D + ND)
(00€) l N NN =My
z/¢e
1]
(o + o) o +"0)z
(662) 2/ “*’h (Z/l ]
o)
CHY (a+1) [
[ b
( N+ "0 b X
XY - 1
(apw)l¥ XH0 +ixy'o 1%
| ]
0 + "0 )\
b b
XY - 1
Mk Ixd'o +¥xu™o 1<
0=A o-ﬂ ('n +10)) (y
:w " ;{ Mo
('D +1p) t=b ([x) + 1) 1=b
(862) (3“ . ol:;iH []1——— T ldxe
OHu b £ Z(OH 11) €

v +'p W =X L=b 4
1 H2Z | dxa
Txd'o +Ixy*o K b Z

$91




oo 3 2 2
Afl-_-exp . —L Z Z [qu(RXsk- RX?)]

O+ O g=1 A=t

3 Hc 2
Ag= exp {Z " ) }

3 3 A A
o, RX, + O,RX
A =expi[z 2rH? D L AL JJ

5
Ay

1
9A] |

oQ,

AL,
aq,

(o a0 0+ ad,) - 0,0 (6, + )

A

3

2,

q=1

3 c
1 mrext | —"Ha
j (ak 1/2

q=1 k

+(Xl)

3 NN
Al =17} (Slk+6i])

UM 20+ )

A

3

1

(O + O))2

2
A A
(RX{- RXf) }AZ
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(301)

(302)

(303)

(304)

(305)

(306)



JA3
AL,

4
A

a0,

kl

>

A=1

>
C

[,

[qu

2
L (rHY)
(8 B, >{ ) :

q=1 ((Xk+ (Xl)

|

q-1

kj
q
m
5 |m
v=0 | H

A A
akak+ (leXJ )

. a,+a,
aka+ aij

(Xl+(1

Rx*]

R A

X ]('"

k

4

q
qu Fk] Fk] Fr z;

T-u)

22n q (RX- RX})(at,8,,- 0, 8,)
(O, + (1,)

15
Fﬂ
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(307)

(308)

(309)

(310)

(311)

(312)
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3 i (H+V)
Fyj = 172 (313)
2[(ot; + a))]
an
(314)
FLW (o, + 0(,) e

a(li A=1 axr (ak + a,)Z

dRFy [i | (RXae RXG)(a3,, akﬁ,,)]

3 A A
o, RX+ O,RX m9
miw) & L= ]

1
o, + (X] 219)
2 3 A A
oRFy | ) [ (RXck- RXg) (0 D, - akau)]
oL, = (O + )2
3 A A
o, RX+ O,RX 9.
a kI Akt URA) AJ(mj-v-1)
(mj v) ; [Lq,\ %+ 0 - Rx]] I (316)

J

= 1/2

oo, a(o+a)’® (2(0 40

JRF3 y : (L+v-1)
K| i(L+v) ' [ i J (8,+ 5") (317)
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ORFy|
oo,
|f u+ \Y =O’
H.,=1 oH, 0
o Yo (318)
° L,
|f p,+ \Y) =1'
2n HY 3H, HO
H1=(—a:&j)c”2 s, = (o ])3,2(8,k+ o) (319)
2m)° WY M, - (2m)°HY
T - I
H2 = AR A 2 —a—a = 2c (5|k+ 8u> (320)
(Ol|+0£]) (a'+al)
0 if ke i {0 RPN
5|k'"{1 if ke i Sy =11  ifjc i
82 Tr Pr
) =0 all o (321)
daL,
a2 Tr (P2 - Pp)?
) =0 all o, (322)
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Appendix 1l

Formalism for the Derivatives with Respect to the

B's

aFcalc(H) aFcore(H) aFval(H)

_ . (323)
aB:I BBL aBz'
0F corelH) 3
?ig:—’(zsm)HkHchore a(H)exp{i‘Z{ ZRHQRXZ}Ta (324)
ki ' v
P yai(H)

-1/2 -1/2
) - -(2:8,) 2 2Tr{(s:"*Pr& ")

aT _.,
(T2 Rt @ o0 Tl

(325)
ki

3B
a-: = - HKH'T, Bd:”) (326)
kil d ki

0O if 1 and j @ a

9B (i) e .
——=41/2 if 1 or jJ C a (327)
P



all Biu

all B
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(328)

(329)
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