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PREFACE

This work is composed of two parts, the first
of which has been publlshed in the Journal of
Mathematical Physics 9, 73 (1968), under the dual
authorship of this author and his thesls advisor,
Profesgor S. Schiminovich. In PART I we conslder
general theory and possible applications. In
PART II one of these applications of the general
theory 1s further developed.
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GAUGE FIELDS WITH NONINVARIANT INTERACTIONS

1. INTRODUCTION

This paper deals with the physical content of
theories in which a gauge fleld, such as the electro-
magnetic, Yang-Mills or gravitational field, 1is coupled
Ain a gauge-noninvariant way to a source field. Customarily,
such theories are excluded by the requirement of global
gauge covarlance. Thisg requirement is imposed elther to
assure the existence of conserved quantities or for
heuristic reasons. Such motivations are queationgble.
Although gauge covarlance and the exlstence of a conserved
current are inseparably Joined in single-fleld theorles by
Noether's procedures, we show that, for interacting flelds,
conserved currents can follow as a result of the existence
of Bianchl l1dentitles satisfled by the gauge-field
variables.

In proposing a study of the gauge-noninvariant inter-
actions of gauge fields, our point of departure 1ls opposite
that taken by Utlyama,l who generates interactions using
the requlrements of global gauge covarlance, Such an in-

variant theoretical approach to interactions has proven

1. R. Utiyama, Phys. Rev. 101, 1597 (1956).



sterlle up to the present and is subject to criticism.2 1In
Utlyama's procedure, the source fileld, invarlant under 1its
constant-parameter gauge group, is the all-important initial
element; in our procedure the gauge field invariant under
1ts coordinate-dependent gauge group, 1s the basis upon
which new theorles are constructed.

In order to give meaning to the solutione of a gauge-
“invarlant theory, one has to supplement the theory with
coordinate conditions. These can be given at the level of
the action principle with the ald of auxiliary Lagrange
multiplier fields coupled through gauge-noninvariant terms,
The multiplier field can be made a dynamical field by in-
troducing its free Lagrangilan into the action. It is hoped
that such dynamical multiplier flelds may describe
properties of gauge-field sources known to exist in nature,

Because the theory is now gauge noninvariant, all the
components of the orlginal gauge field have physical
meaning. Thls means that propertles of the sources are
described not only by the new Lagrange multipllier flelds
but also by the components of the gauge field. In this
way our work will provide, when appllied to the electromag-

netic field, an extension to Dirac's classical theory of

2, V. 1 Ogieveteki and I. V. Polubarinov, Nuovo Cimento
23, 173 (1962); V. Fock, The Theory of Space Time and
Gravitation (The Macmillan Company, New York, (1964).



electrons.’

The existence of physically meaningful gauge-fleld
components 1s further related to the discussion and work
on the physlcal meaning of potentials by Aharanov and
Bohm, The interpretation of the phyeical meaning of
potentials 1s bound to the determination of the role played
by the phase varlables; for, as we shall see, the
potentials acquire physical meaning when the phase vari-
ables have been completely eliminated from the formulation.
Additional points of contact exist with the work of
Aharanov and Wisniveskl,’

There are occasions when the Lagrange multipllier fleld
can be omitted and the original gauge'invariance broken
merely by the introduction of nonlinvariant terms into the
free gauge-fleld Lagranglan. In such a case the propertiles
of the source flelds are described solely by the gauge
field. Thus our study, when applied to the gravitational
field, will exhibit a relationship with the work of Wheeler,
Rainich, and Misner expressed in a particular coordinate

“frame,

3. P. A. M. Dirac, Proc. Roy. Soc. éLondon) 209A, 291
(1951; 212A, 330 (1952); 2234, 438 (1954).

4, Y.Aharanov and D, Bohm, Phys. Rev. 115, 485 (1959);
123, 1511 (1961).

5. Y. Aharanov and D. Wisniveski (to be published).

6. See, for example, Louis Witten, in Gravitation: An
Introduction To Current Research, L. Witten, Ed. (John

Wiley & Sons, Inc., New York, 1962).



For the present we 1limlt our attention to theorles
that can be derived from an Utiyama~-type theory. It is
clear that any such theory can be cast in a frame that 1is
manifestly nonlinvariant by choosing a particular gauge.
This procedure is not trivial as a result of the following:

(a) We require that the particular gauge chosen
leaves the theory written explicitly and solely in terms
of physically meaningful fields (i.e., in terms of fields
not subject to any remaining gauge conditions).

(b) We require that the cholce of gauge reduces the
number of dynamical variables. The possibllity of de-
creasing the number of variables 1ndicate§ fhat the orig-
inal Utiyama-type theory contalns an element of
arbitrariness: Gauge covarlance 1s accomplished by the
introductlon of fictitlous flelds and by the subsequent
redefinition of the observable flields in a manner which
compensates for these fictitious flelds.

In general it is possible to formally choose the
gauge which reduces the number of explicit varilables in
the Lagrangian. For particular solutions, however, this
may require discontinuous or singular gauge transforma-
tionsa, especlally when the solutions are defined in non-
simple connected demains. The physical content of the new
and o0ld theories may then be different.

To begin with we show how we can use the gauge
freedom in the Utlyama-type theories to formally reduce
the number of explicit dynamical variables and yet

9



guarantee the existence of congerved quantities by reason
of the Bianchi identitiese satisfied by the gauge-field
variables. We then consider the example of the electro-
magnetic field coupled to a Klein-Gordon field and show
this formulation provides an extension to Dirac's consider-
ations, Beams of classical charges described by this
theory enjoy some of the properties of quantized charges.
In particular, static distributions of charge in a Coulomb
field are possible with the same multiplicity of solutions
and energies as the statlonary states of a hydrogen atom,
provided self-energles are neglected. We then briefly
conslder the cases of the gravitational and Yang-Mills
flelds.
2. GENERAL THEORY

We first consider the propefties of theories of the
Utlyama type and how in such theories the gauge degrees of
freedom can be used to reduce the number of explicit
dynamical varlables. These theories can be generally
characterized by actions of the form

Action = LLJ‘K{ Le )+ [1eq.p) flh(f)x , (2.1)

where l&l@) and Lt(qr%)+.Lﬂ(‘) are scalar densities
under a group of global gauge transformations (i.e., co-
ordinate-dependent transformations whose parameters vary
arbitrarily in space-time), Lc;(%) is the free gauge-field
Lagranglan, IM(#) 1s the free source-fleld Lagrangilan,
and llll1;¥) is the coupling term. The gauge

10



invariance properties can be expressed as
8 [nd% Lacg) =0 , (2.2)
5% Lol*x {[1 U}'?)'ffu(‘b)g =0 (2.3)
where & means that the variables 4 and 4 ere varied by
an infinitesimal amount determined by an arbltrary infini-
tesimal transformation 6f the global gauge group. The
variables Q, are the gauge-field varliables and the varl-
ables ?, are the source-field variables.
In Utiyama's procedure one starts with an action
LM‘@) vwhich 1s invariant only under the grbup of gauge
transformations depending on n constant parameters.,
Imposing the requirement that the theory be invariant under
the more general group of global gauge transformations, for
which the h parameters may be arbiltrary functions of space-
time, forces the introduction of a set of gauge-field
variables ¢ through the term chg,f) . The theory 1s
then completed by adding a free gauge-fleld Lagrangién
which 1s restricted in form by the requirement of global
gauge covarlance,
We denote the change induced in the field varilable f
by an infinitesimal global gauge transformation as S*f
and write
&%p= O 8 (2.4)
where <>P is an operator which may depend on the:k ., Ve
assume that C% 1s a differential matrix operator applied
on 8% which stands for the set of n infinltesimal

11



parameters 5?;(7() of the global gauge group. Thus 5§
is arbitrary. Similarly we have '
5*? =O«35§ . (2.5)

We now take advantage of the arbitrary variablility of
5é over gpace-time to make it vanish over the boundaries
of the volume of integration L . Thig restriction sim-
plifies the calculation without impairing the generallity
of the concluslons provided we keep.) arbitrary. Assuming
locality for Eqs. (2.4) and (2.5), it follows that 53 and
é*f also vanish at the boundaries of Q .

From (2.2) we have

jnd4x 815&%(2) 5*% - Sd‘ 51&(2) O‘*&g -6

39 =, (2.6)
or
SL(. (a)
4 H t
&L,
where 39 is the variational derivative of Lq and

O% is the Hermitian conjugate of 01 . In the same way,

from (2.3) we have

6L ol
ja?*x{oﬂ ( C;) +0p (M,I M'H)} §s=c (2.8)
which, because of the arbitrariness of 5% , Zlves
Sl
oy 7 =-% (%7 “"5 , (2.9)

where 1= 8l1/89 | The equations of motion that follow
from the action (2.1) are

51'.&/5% + 511/5% =0 (2.10)
and

12



51 [sf + 3iulsp=o (2.11)

Thus when Eq. (2.11) is satisfied, Eq. (2.8) implies .

Q;T:Q ’ (2.12)
which is traditionally called the "conservation law" of the
theory. Equation (2,12), being a consequence of the
equations 6f motion (2.11) and the global gauge-invarlance
property (2.3), is 1dentically satisfied in g .

This property of global gauge covarlance 1s by no
means necessary, however, for (2.12) to be true when j’
fields interact with ¢ flelds; for from (2.7) we also have

o; $lafsqg =0 | (2.13)
identically in¢g . These are the "Blanchi identities® of '
the theory and from them and (2.10) we have that, for any
solution of the dynamical problem, (2.12) has to be
satlisfled as a consistency requirement of (2.10). The
"conservation laws" follow for any theory in which fields
are coupled to a gauge field whose equations of motion
satlsfy a set of "Bianchl identities," whether or not the
total theory is globally gauge covarlant. Relations (2.12)
are true conservation laws only when Ozzéu . A puffi-
clent condltion for the exlstence of a Blanchl ldentity
with such an C& 1s that there exists a term in the
Lagranglan that 1s a functlion only of /;J,E (ayju-ﬂaugﬂ)

This same condition assurés the exlstence of a conserved
current,

13



Coming back to the Utliyama-type theories, we assume
that a transformation among the-}: dynamical varlables can

be found which splits them into two groups, ﬁf‘ and.ff" )

(‘_(; Z) ’
for (2.14)

p= (E5)

with a sultable definitlon ford§ . With such a redefini-

such that O@ becones
O

tlon the dynamlcal varlables are split into two groups:

- the fﬁ" are invariants of the constant parameter gauge
group and the remaining }fA alone are affected by the
transformations of the group. We now choose the joM to
be the very descriptors of the gauge group and we shall
call them "phase! variables. As the descriptors of the
gauge group, the fJ* can be reduced to zero by a sultable
finite global gauge transformation. This means that, with
a sultable cholce of gauge, joﬁ‘:o_ and that this set of
dynamical variables drops out of the description of the
system.

If one wonders how the information in the equatlons of
motlion of the phase varilables is to be preserved, it 1s
sufficient to inspect Eq. (2.9) and notice that, by virtue
of (2.14), we have

Of T= 8lx fspth + 8hu [spm (2.15)

This tells us that the Yconservation laws! of the theory

14



are just the equations of motion.obtalned by variation of
the phase variables. In the gauge-noninvariant formulatlon

. 4
written-in terms of the variables ¢ and ff”, the physical

- - a 2 A = - . e . armmmam - -

°Muritten—in terms of the varlables 4 and ff", the physical
of the Blanchl lidentities of the free gauge fleld.

Even though the reduction in the expliclit number of
dynamical variables is in principle the result of a partic-
ular choice of gauge, one cannot be certain that the
physical content of the covarliant Utlyama-type theory 1is
the same as that of the corresponding non-e¢ovariant theory,
.1f one requilres that in both cases the solutions to the
equations of motion be single-valued and continuous. This
problem arises whenever the transformation of varlables
from q and}, to 3' and jo‘“‘ and /’—'ﬂ is singuiar.

Assume that the freedom allowed by covarlance can be
used to remove the explicit appearance of the "phase
variables" at least in some approximation. The noncovari-
ant theory which results has such deslrable properties as:
(a) all varlables are physically meaningful; (b) the
number of varlables is fewer than in the correeponding
covariant theory; (c) the gauge field can in certailn cases
carry all the information previously carried by the source
field.

If the noncovarlant theory is exactly equivalent to
the corresponding covarliant theory, a reinterpretation of

the covariant theory is in order. If the noncovariant
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theory 1s only an approximation to the covariant theory,
then the noncovariant theory with 1ts desirable properties
can be used as the basis upon which new theories are con-
structed. In particular, the classical noncovarlant theory
to be presented 1n Sec. 3, which exhibits certain *guantum®
'propertiée and which does not require the introduction of
the charge , can be made the basils for a quantized theory
of interactions.

The elimination of phase varilables from covariant
theories leads to a class of gauge-invariant theories of
the type studied in this paper, Still open 1s the question
whether any noncovariant theory can be made covarliant by
the introduction of enough phase variables wilth suitable
gauge-group transformation properties.

3. MAXWELL~SCHRODINGER THEORY .

Instead of systematlcally reviewlng all the possible
gauge-noninvariant interactions for the Maxwell field;ﬂﬂ_,
we conglder only the theory determined by the actlon,

Action = Sol‘x L4 P +5RE(A%A-) Ay R R,fg
»  (3.1)
which is one of the simplest Lorentz-covariant possibil-

itles. We have chosen the Lorentz metric to be Neo =1 |

Weez-1 , and Fuo= Av.y-AK.u . This theory is re-
lated to the Utlyama~-type theory in which the electromag-
netic field is in minimal coupling wilth a complex scalar
Klein-Gordon field. In such a theory the global gauge

16



group of transformations 1is
4= eV , (3.2)
A; = Ap-oxd . (3.3)
The transition from variables l/ ’ 4/* to the new variables
R, S through
¢ = 7?%1,'3 , (3.4)
is a transition to a phase variable S and a field K '
invarlant under the group of gauge transformations, If we
formally set S=c¢ in the complex Klein-Gordon theory, we
recover the form of the action expressed in Eq. (3.1).
This can be achieved by a gauge transformation whenever
is a continuous and single-valued function of position.
The continuity and single valuedness of4¥ , however, do not
imply the same for K and S . Thus, for the theory describ-
ed by Eq. (3.1), a physical content different from that of
the original Utiyama theory may be expected.
We have written the action (3.1) in a completely
nondimensional form, If one introduces a unit of length
'/ , Eq. {3.1) can be reexpressed in terms of
Xp= X/t (3.5)
a8 ‘
Aci’i,oh = j'a“mc"kz {—;‘F“‘)Fr‘,*l,-_’m"ﬂ"(AFAF._,)f-:L_R'”R,K . (3.6)

We could further introduce the more customary definitilons
for the filelds

Apz=bAp , R'=RR (3.7)

17



and set £=m/e , the ratlo of mass to charge. Then
(3.6) becomes
Action = ‘fo“x {—1" F*° Fieo

+LRY (AMAu- ) ¥ SRR, (3.8)
where we have dropped all primes. This is a clear exten-
sion of Dirac's work.3 Here the Lagrange multiplier field
R? has been given a dynamics of its own by including the
1 R'*R,, term in the Lagrangian. Thus, our theory describes
all the features of classical charges, as does Dirac's
theory, in the 1limit of negligible fluctuations of the K
fleld. On the other hand, the connection with the complex
Klein-Gordon theory and, in the nonrelativistic 1limit, the
Schrodinger theory makee 1t apparent that such fluctuatlons
will lncorporate some quantum features into the description
of the classical clouds of charge. We present gome of
these features by studylng the statlc 6onf1guratlons that
such clouds may assume in the presence of an external
Coulomb fleld.

The equations of motion derived from (3.1) are

Fl = RAF (3.9)

AR=R (AA-1) | (3.10)
According to Eq. (3.9), the electric charge and current

denslties are

TJr= R:Ar (3.11)
They are conserved because the Blanchl identlties require
(@aA#)I}« = F/w,;w Z0 . (3.12)

18



In the nonrelativistic 1limit, the complex Klein-Gordon
theory 1is eqﬁiyalent to the Schrodinger theory. In such a
1imit, Eq. (3.10) is the real part and Eq. (3.11) is the
imaginary part of the Schrodinger equation written in the
gauge 3=¢ ., This nonrelativistic 1limit is obtalned by
setting

Ao= t+d | 4 < (3.13)
where 4 is a first-order field, and by neglecting ¢ * and
second time derivatives,

To determine the observables in this classical field
theory we compute the energy tensor'Z;u as well as the
current 3"‘. This task may prove delicate in our gauge-
noninvarliant theory because the integrals over infinite
surfaces which are usually dropped now may become important.
Indeed, constant terms in the potentlals are of physical
glignificance becaugse of the lack of gauge invarlance. We
compute the Jue tensor by writing (3.1) in a system of
curvilinear coordinates with the help of the g”” metric
and then finding

Thw = ‘é—; :g%/w (L), (3.14)

By thls procedure we obtain
Tew = ~FrePo 4 qm FO P+ RicRi - 49008 >R, P
3 RQ(ZAFAU"%“’C}H‘A"A) ‘\'%{w) . (3.15)
Setting l}””zq”“ (the Lorentz metric), we obtain the
energy of the system as the positive-definite quantity

19



E = fd’x Too = fdu} L (E* 4+ + R0 1o + Ry Ror

+ R2A.A. +R*ALA, HZ‘]‘; . (3.16)
In order to study the static conflgurations that the
clouds of charge may assume 1n the presence of external
fields, we proceed in the same manner after modifying the
original Lagranglan by introducing the static external
contravariant current vector jl““““: (0,0, 0, p #¥) and
the fixed external field A generated by such a
current. For statlic solutions the energy 1s
E = [dox {4 Aorhor +R*AAL ,  (3.17)
where A.= AD + AL , and we have made use of
the equatlions of motlon after integrating theR variable by
parts. |
Truly static sltuatlons will arise when the electric
currentsff are zero, We therefore look for solutions in
which
A(;’ = (0,0,0, I+C+ ¢eP) | (3.18)
where we allow for a constant /+C <that may be significant
and where ¢“¥) is the potential generated by the cloud of
charge:
gt = R (3.19)
which 1s one of the equations of motion. The other ‘

equation of motion

_ R = R (Ado=-1) (3.20)
reduces to the nonrelativistic time-independent Schrodinger
equation in the 1limit in which A.-= |+¢ , 4«1

20



and squares of ¢ are neglected. Indeed, Egq. (3.20) under
these conditions becomes ' ”

~ 1 R - ¢dR-¢M™R =cr (3.21)
so that C 1s the eigenvalue C(") of the Schrodinger '
equation.

We compute the energy (3.17) corresponding to a
golution R™ for a cloud with total charge equal to -1,
go that

j dix R*A. =\ (3.22)
We have, from Eq. (3.17), ‘
E™ = [dow] sodedd v glgnt 1ygutysd
1% iy e ™+ gdagmiy (3.23)
or, by virtue of Egs. (3.19) and (3.22), |

EC = 14 C™ -4 [ dax ol ot [lgitgrd . Goaw
This result, of general vallidity for static solutions; )
showe that the energy 1s equal to a constant term, the
rest-mass energy, plus c ™ ,» the usual energy eilgenvalue
for a statlonary state. This elgenvalue reflects the dls-
tortion of the cloud due to Coulomb self-interaction. The
next term in Eq. (3.24) subtracts the Coulomb self-energy
of the cloud.

In the case of A:dr- \fawe , a complete set of
golutions for K in the nonrelativistic case 1is glven by the
complete set of real solutions to the hydrogen atom

nlm nd in eos map
RM" (.4 = R Piv® {Ww - (5.28)
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Thus our extenslion of Dirac's theory of classical electrons
allows the clouds of charge some quantum features explain-
able in the framework of a classical and consistent theory
of electromagnetism. At the same time, the difficultiles
encountered in Dirac's theory are removed, For example,
charges at rest in a constant magnetic fleld are described
ag satlsfactorily by this theory as by the Schrodinger
theory. In addition, one reallizes that a large constant
term in the/Ao component of the gauge field 1s lmportant
for the inertial properties of the cloud and that a rota-
tlonal motion proportional to the external magnetic fleld
intensity 1s related to the diamagnetic propertlies of the
cloud. “

The full extent to which quantum features can be
explained in purely classlcal terms is outside the scope of
this paper. We wish to point out, however, that the
essential quantum properties seem to be particle number,
spin, and etatistices rather than the features for which the
quantum formalism was originally developed. It 1s rufther
possible that other 1deas,7 developed in a different
context, may prove frultful when applied to the topological

propertles of such classlcal field solutions.

7. D. Finkelstein, J. Math. Phys. 7, 1218 (1966).
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L., GRAVITATIONAL FIELD
Einstein's theory of gravitation is a theory of the
Utiyama type considered in Sec. 2. It is covariant under
the group of general coordinate transformatlions and has the
metric field as the assoclated gauge fleld. We conslder
two cases in which the gravitatlonal field 1s coupled to a
source characterized by a vector fleld: A“ (the electro-

magnetic fileld) and

Z g(__gﬂd’¢§4(x_g¢£,) al’f

Z dz ’
(the field of matter-point singularities). Because all
components of these fields are phase varlables, thelr
dynamical meanlng, short of coordinate conditlons, 1s com-
pletely arbltrary. The metric flield 1s capable of
absorbing 211l the information usually carried by such
source-field variables. |

A, Gravitational-Electromagnetic Field
We assume that the A¥ vector field is timelike in

character. This may seem an arbitrary restriction
especially if gauge trangformations A; =/4,¢+c§'¢q[ are
allowed. We have in mind, however, the gauge-noncovariant
theory of electromagnetism developed in the last eectibn,

for which 1t can be seen that,A“ is a timelike vector
field, at least in the nonrelativistic 1limit in which
A" =Sk gk, 4,n¢< \ . All components of the Afrield

are phasge variables, since they can be reduced to constant

values and eliminated as dynamical variables. We call such

a set of constant values a "standard form." The only re-
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striction imposed on such a standard form is that it has
the timelike character of AK . We choose
A/( (stindard) _ sk, (4.1)
It should be noted that in general a timelike vector
field can be brought to a standard form only in its
contravariant components. Indeed, one chooses the fileld
to be the time-coordinate fleld,
If a covariant vector field could be brought to such
a form, it would obviously have a vanishing ordinary curl
In the new system of coordinates, Because the ordinary
curl of a covarlant vector is a tensor, it follows that
only rotationless covarlant vector fields can be brought
to standard form.
Condition (4.1) can, equivalently, be imposed as a
coordlnate conditlion on the g/,,,
Jou = /1/( . T (4.2)
We conclude then that the theory determined by
A= Ko!‘x =3 { G +4 Gorie Gorw (‘}“f‘j"'\ - %vfﬁ"‘}‘\
+4R (G-t + 394" RLRw § (4.3)
describes the gravitational plus electromagnetlc properties
of the classical clouds of charge found in the last
section., The expreagsion (4.3) for the action was obtained

from the expression for the action (3.1), made generally
covariant through the introduction of the g/w , supple-
mented with the Einstein free Lagranglan (3 , and with

coordinate condition (4.2) taken into account. The content

of the theory of Sec. 2 1s a congequence here of the
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Bianchi 1dentitles satisfied by the Einsteln equations,

The coordinates are, of course, no longer arbltrary
but are restricted by the theory. Thelr physlcal meaning
1s disclosed by (4.2), which allows us to interpret the
physical meaning of the ?o-p. components of the metric. The
meaning of the coordinate frame can be made clearer by
noting that the electric chargecurrent L4-vector is now

TJH= R*AR=R25% (4.4)
Thus we are in the frame of reference in which all electric
charges are at rest.

We do not claim to have a theory of gravitation-
electromagnetism in the sense of unified theories. The
inclusion of electromagnetism is unsatisfactory to the
extent to which the addlition to the Lagrangian of the gauge
noninvarliant term

@c&f%quu (%ﬂfgvx__?v(?u)) ,
is ad hoc, The situation 1s no worse, however, than the
incluslon of the ordinary Maxwell Lagranglan in the usual
theory in terms of the.AF . The advantage of the formula-
tion in terms only of the metric is that the phase
variables.A,t are eliminated and physical meaning 1is
inmparted to the components of the metric field., In the

following simple case of chargeless-point singularitiles, we

have an example of how the metric components can carry the
information usually shared between the metric field and the
phase varlables,
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B. Gravitational Field Interacting wlth Matter-
Point Singularities
It 1s concelvable that this theory may arise as an
idealized 1limit of the one consldered in the previous
section. An analogous coordinate conditlon results from
choosing a frame such that the timelike 4—vector¢J§ﬂ“%Jz
is
Jgﬂw/&”z - 5/;14'.) , (4.5)
or |
d6L/de =Gox ot x*=§r (4.6)
namely the particles remailn always at rest. The only non-
vanishing contravariant component of the energy-momentum
tensor 1s the consgtant
Teo=m (4.7)
defined over the world line of the particle, The covariant
tensor for the matter-point sources 1s then
The = MmGop(5)9eu (§)  for wt =K (4.8)
The dynamical variables gﬂ of the particles are now flxed '
constants which determine the constant position of the
particles. The physlcal content usually asgsoclated wlth
the é” i1s now carried by the values of the 90ﬂ at the
position of the particles and the dynamical development is
determined solely by the Blanchl 1dentitles a@sociated with
Einstein's equations.
In this formulation, in which the particle coordinates

are no longer dynamical variables, the problem of motlion 1is

moet easlly approached through
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Ttw;u = THL + DauTre+ AN M=o fu.9§

or, remembering that Tr’= makd,

Flo=e yr#e (4.10)
R L T
or
4 9 (2Feps0—=Foo,u) =0, (4.12)
1“ ?oﬂfﬂ.?oﬂ,o‘?co,h) +¢ 9;0 =0 , (4.13)

for Xk=gEred) . Because the d§#/olz are not independ-
ent, we can impose the further coordinate condition

~3Ge0=1( (4.14)
which satisfies (4.11) identically by virtue of (4.12) and
gives, from (4.12), .

Qoro = % Joo,e =% Jor (bt Goodio ,  (4.15)
for xAHK =§/« ) , as the equations of motion for the '
point particles. This edﬁation can be roughly interpreted
as glving the acceleration on the left-hand side equal to a
force derivable from a potentlal and a veloclty-dependent
force. In the nonrelativistic 1limit it gives Newton's law
of gravitation when.9oo is evaluated from the Einstein
equations of the game order, This formulation may be
derived from the noninvariant action,

A ctiow = ‘fol‘x 4G+ folz m? (9., (4.16)
which results from the usual action when the coordinate |
conditions (4.5) 'and (4.14) are used.

The above formulation of the motion of gravitating

singularities makes 1t clear that the motion of a point
particle cannot be an absolute attribute. One can spesk
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only of locations in space where there 1s or is not such a
particle., If we label positions by means of the point
particles, what is usually called their equation of motion R
becomes the condition (4.15), which is satisfied by the'gqﬂ'&'
along the world lines of the particles. This i1s in accord
with the identification of (4.6), which gives the physical
meaning of such gqc .

A noncovariant taneory, which could not be made
generally covariant by the introduction of new dynamical
variables, might prove even more interesting than the case -
consldered. Whether such theorles exist and whether the
existence of a 1imlt of the form of (4.7) for the vanishing
of some length parameter assures all the verifiable content
of a theory of space, time, and gravitation, remaln open
questions,

5. YANG-MILLS FIELD

In the gauge noninvarlant theory of Sec. 3, the
electromagnetic field is coupled to a real scalar fieldi? H
yet, the theory describes charged particles of both signs.
It might be thought that the introduction of more compli-
cated internal symmetries or, equivalently, the description
of higher multiplets will necessarily requlre that the R
field be generalirzed to a multl-component field. To show

that this is not the case, we briefly conslder the Yang-
Mills field By.
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The actlion,

Acdivic = [d*x {- 4 Fuur Fu +202(By- By-1)
""g'. W’b?lh\g R (5.1)
where |

B:,w =0p By~ Bu-+ (BulBy- B, B,(,) ,

and R 1s a scalar real field, describes the charge-
independent interactlion of a Yang-Mills field with an
isospinor ecalar meson. Thig action results from the
ordinary expression when the prescription of Sec. 2 1is

used, We have written the usual 1sospinor scalar fleld‘/
.l#' (&1’417) =e'Z'9 (R)
et+id o ’

where ¢ are the three lsospinor matrices and K ° 1s the

asg

isospinor invariant

R2= (4 ¢) = at+d*+ ertd> |
Substitution into the usual action with s=o , which can
always be accomplished by a gauge transformation if S is
a single-valued function of position, leads to expression
(5.1).

Although the action (5.,1) is not invariant under
isosplinor transformatlions, the symmetry implied by charge
independence is assured by the symmetric way in which Bt‘
appears. Conservation of the 1lsospin current 3'""‘1\—‘23\“{‘8“

where '&'Lg) 1s the 1sospin current contributed solely by
the Yang-Mills fileld, 1s a consequence of the Bianchi
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identities. The contribution of the meson field to the
isospin current 1s J ‘™™ _ Rz Rk,

The action (5.1) is the simplest and most obvious
generalization of the electromagnetic theory of Sec. 3.
1t shows how internal symmetrlies of the particles and
multiplet structure can be described solely by an enrich-
ment of the properties of the gauge field., In addition,
the breaking of the symmetry and the appearance of an
electromegnetic axls in the theory can be accomplished for
both source and gauge fields by modifying only the gauge~
field action in a way previously proposed.8

8. D, Finkelstein, J. Jauch, S. Schiminovich, and
D. Speiger, J. Math, Phys. 4, 788 (1963)
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CLASSICAL GAUGE NONCOVARIANT ELECTROMAGNETISM
| 1. INTRODUCTION

In Part I of this work we discussed gauge noninvariant
interactlons for gauge fields and showed, among other things,
how Dirac's classical theory of the electron 1ls related to
the theory of the Schrodihger fleld in interaction with a
Maxwell field. In particular the theory allowed for the
existence of statlic configurations of charge density in the
presence of an external centrally symmetric Coulomb field
with classical energles closely paralleling the ‘energy
levels of the quantized hydrogen atom,

The question arises naturally of how far this
classlical picture can be pursued wlthout giving up classlcal
concepte, by which we mean, without introducing the
quantum concept of the state of a system and the probabil-
istic 1nt9rpretation.

One of the obstagles we met with was the self energy
problem. Even though self energlies are finite, they shift
the energy levels from the correct values and the gelf
Tields distort the confligurations of the clouds, as noted
in our first paper. It 18 not clear to our minds whether
this problem 1s solved conslstently or is Just ignored in
the conventional quantum theory. It 1s clear, however,
that we cannot ignore 1t for a conslastent classical formu-
lation, Thls problem was the more vexing in our gauge
noninvariant formulation in terms of real electrom flelds

because there the self interaction assures the continulty
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equation and the equivalence with the Schrodinger theory.
We were not allowed to swlitch on and off the interaction.
in Part II of thls work we review the status of the
gauge noncovarlant classical theory of distributed charge.
We then show how the unphysical self interaction correc-
tions cen be removed by employing a formalism in which a
particle fleld interacts only wlth those gauge fields wilth
sources in the other particle flelds. Then by indicating
a modification for thls classical theory which enables 1t
to account for such phenomena as the Zeeman effect we
clarify the relatlion which exists among the exlistence of

states with integral nonzero values of L the single-

79
valuedness requirement for quantum mechanical wave
functions, and Dirac's quantization condition for magnetic
monopoles. Whereas in the quantum formallism the quantiza-
tlon of magnetic monopoles 1s taken to be a result of the
quantum properties of matter, in the classical formallsm
with which we are concerned the "quantum* property of
matter exhibited by the Zeeman effect is accounted for by
allowlng for such magnetic fields ag are produced by Dirac
magnetic monopoles. We next apply the newly modified
theory to obtain a complete solutlon for the static con-
figurations of the classical hydrogen-like atom in the

presence of a uniform external magnetic fleld.

In our conslderations we have left out spin, statistics,

and particle number for the matter fileld which properties,

we feel, may be the essentlal quantum features,
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2. THE GAUGE COVARIANT AND GAUGE NONCOVARIANT THEORIES
To illustrate the relation between them the gauge
noncovariant Legrangian 1s derived from the gauge covarlant
Klein-Gordon-Maxwell Lagrangian. The Lagrangian deneity
for a Klein-Gordon field { interacting with its Maxwell
field Ap can be written ael
[ = G*+iA P (Bu-i A - N4 p-L F*¥F0 ,  (2.1)
where M= "—"E" is a reciprocal length, ¢&« 1is the fine
structure constant, and Fuv= Ay, -Au,v. Writing the wave
function as |
= Rexbib , (2.2)
where R »and S are respectively the real amplitude and
phase of § , (2.1) becomes
[ = 2"Ra.R + R* (AR-2*S)(A,-2,8)-NR-LF*F,, , (2.3)
Defining the new varliable
Ap = Ap-24S , (2.4)
we can rewrite (2.3) in the form
[ = 5*RoWR + RIAMAL -\2) - £ FFFL, . (2.5)
where F,, = A:”F" Ap,u and we have assumed that d,S 18
integrable. Hereafter we drop the primes in referring to
(2.5) which is the desired generallization of the gauge
noncovariant classical Lagrangian for dlstributed charge
which Dirac2 gives as
[ = R‘(A“AB_)\I) - F® Ftw . (2.6)

1 The metric signature (—--+) 1g used throughout thie
paper. Greek (Latin) indicee refer to the space-time
(spatial) coordinates and components.

2 P, A. M. Dirac, Proc. Roy. Soc. (London) 209A, 291 (1951)
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Equation (2.5) is a generalization of (2.6) in as much as
it contains the dynamics of the source as well as the
dynamice of the Maxwell field. Although (2.5) 1s gauge
noncovarliant, it is Lorentz covariant.

The Lagranglan (2.5) is equivalent to that of (2.1)
only under the circumstance that the gradlent of the phase
of the wave function i1s integrable. It 1s beeause this
condition 1s not satisfied in general that a more detalled
examination of the theory (2.5) and of ite relation to the
quantum theory becomes necessary. We begin with a
comparison of the equations of motion obtained in the two
theories.

The Euler-Lagrange Equations

Independent variation of the six variables ¢ , ¢, Ax

in the Klein-Gordon-Maxwell Lagrangian (1.1) leads to the

s8lx Euler-Lagrange equations

e - (@-iMNo-iAIY + B =0 (2.7)
B iAo AY T W (2.8)
B LBy A m g P (2.9)

where & 1s the variational derivative. From the Maxwell
equations (2.9) and the Bilanchi identity

F¥uw = © ) : (2.10)
or by the combination of the Lagrange equations (2.7) and
(2.8)

¢* 8, - & 3% =0 (2.11)
we obtaln the continulty equation

o Lid*d'y 42 AMYtY) =0 . (2.12)
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Independent variation of the five varlables R , A,L in
the generalized Dirac theory (2.5) leads to the five Euler-

Lagrange equations

gL =-afR+2R(AA-NY=0 | (2.13)
M = aRAL-LFM, =0 . (2.4)

From the Maxwell equations (2.14) and the Blanchl identity
(2.10) we obtain the continuity equation
= (R2AM) =0 . (2.15)
Although the gauge covariant quantum theory (2.1) |
depends on six variables ¢ , 4%, A,‘ and leads to six
Euler equations, whereas the five variables R ,AP. of the
gauge noncovariant classical theory (2.5) yleld but five
Euler equations, thls does not of 1tself require that the
physical content of the two theories be eassentlially
different. The covariance property of the quantum theory
indicates that not all six of the equations of motion are
independent. That the number of independent equations of
motion 1s less than six is seen from the fact that fhe
Lagrange equation obtained in the quantum theory (2.3) by
variation of the phase 1s Just the continulty equation
% = 2 3. | R*(Ar-2r8)}=0 (2.16)
which 13 a consequence of the Bilanchl identlty and the
Maxwell equations according to
23p{R*(Ar-243)} = £ Fwo = o . (2.17)
Nonrelativistic Theory
The nonrelativistic limit of the generalized Dirac
theory (2.5) can be obtained either by applying the
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transfdrmations (2.2) and (2.4) to the Schrodinger-Maxwell
Lagranglan given by
L = i,z)\Ao\m/ij_,\\F:g,t() + @i W - LAY - 2 F*F , (2.18)
where the signs X are determined by the sign of the '
particle's charge, or directly from the relativistic
classical Lagranglan (2.5) as follows,
Setting
Ao = Al ) , (2.19)

in (2.5), where )\ 1is the positive constant previously
defined, we obtain

[ = a"R&.RE 22 AN R 4+ ATAR2-L FHIF L +RIAE42°RAR. (2.20)
The nonrelativistic approximation consists of taking

JAX) << A , (2.21)

°ROR = & Rt Rig << |@"RArRY . (2.22)

The first of these conditions requires that changes in
fime be relatively slow and the second indicates that the
largest term in the energy 1s the maos term. The
nonrelativistic Lagranglan for the generalized Dirac theory
then becomes

f= 3"ROR TaAALR24+ATA R Ef;av, ’ (2.23)
where we have dropped the star on the A. variable,

The relati&letic action (2.5) describes a self
interacting single-particle distribution for either sign
of charge and 1s lnvariant under the transformation

Ap=>-Ag . (2.24)
Having removed the constant £\ from A, with the intention
of imposing the condition (2.22), we find that the theory
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(2.23) is Ainvariant under the simultaneous replacement of
Ay bw-AH and of positive (negative) charge by negative
(positive) charge. |

The Euler equations which follow from (2.23) are

-938"R + 2 XA R+ A"A R =0 , (2.25)

Z Fet, = + A R2 ) (2.26)

2 Eer, o= RTAY . (2.27)

The continulty equation now reads ,
FA2.R*+ 23, (R2A" ) =0 . (2.28)

The Maxwell equation (2.26) obtained by variation of the
potential Ao containe no time derivatives of A, and can
therefore be consldered as a constraint equation on this
variable, Similarly (2.25) is a constrailnt equation for
R . The dynamlicsal development of the R field 1s
determined by the continulty equation (2.28).
3. INITIAL VALUES AND CONTINUITY CONDITIONS

Specilfication of a theory is not complete with the
determination of the Lagranglan. Among the other necessary
information are the conditions to be imposed on the fileld
variables., Although in the Klein-Gordon theory one
customarilly requires for problems that do not involve
singular model-potentials that the wave function 4’ be
analytic in each of the carteslan coordinates, this
restriction cannot be applied to R and S 1if one hopes
to obtaln all the solutions that are found in the quantum
theory. In particular, the analytic quantum mechanical

m¢

eigenstates of L,, which are proportional to e” where
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& 1s the azimuthal angle, have a real phase S=m¢ which
is not analytic along the z axls when m isg different from

zero, On the z axie nelther S nor its derivatives are

defined.
What we can say is that
R= *¢ , (3.1)
and
2iR*®u8 = Y150 ¢ , (3.2)

are analytic where t// is analytic. Furthermore, in any
reglon throughout which R 1s nonzero, a/cg 1s analytic
and we can define an analytic /X field. The R field
cannot vanlish over any finite spatial volume; for, if it
were to do so, then by analytic continuation we could show
that i1t vanished everywhere., Because R can vanish only
over spatial surfaces, lines, and at points we see that
space 1s divided into reglons inside each of which R and
@FS are analytic. The extent to which these fields can be
analytically continued across the boundarles separating the
reglions of analyticity is discussed in a later section.
The Cauchy Problem

In the Klein-Gordon-Maxwell theory (2.1) it is not
posslble to independently specify the values of all the
field varlables and thelr first time derivatives over a
space-lilke hypersurface. This will be clear from the Euler
equation (3.5) below, which is first order in time. If one
restricts the variables by a gauge condition on A{”T , then
it 1s possible to give ag the initial data the values of

38



" Af‘ , &ﬂf ,boA?over all space at the time ¢, whereA,I.‘"‘i
and A? refer respectively to the longlitudinal and trans-
verse components of Ar . With thie inltial data and with
the ald of the Lagrange equations we show that one can
determine the values of the independently specified
quantities on the hypersurface infinitesimally displaced
in time from the initial surface,

From the Lagrange equations, which we write as

Dpd" Y- 2L ARG - AMAL - L 3 AR 4 A% =0 , (3.3)
Quot Yt + 2L AR ft-Ab A fF 40 L1 AF 4 A 4t = o , (3.4)
_%(AP.O_AO,r)'r+i¢f§;’4 +2A°‘{/*¢ =0 ’ (3.5)

& (AN-A2T) o & (A5 pnsy, i SR+ Ao, (3.6)
and from the values of Y , AP ) Dot ,3.A% over all space at
the time t we require the values of ¢ ,AZ, ete. over all
space at the_time t+5¢ , We assume that the initial values
have been given for the variables in the Coulomb gauge

dr AT =0 ’ (3.7)
This gauge condition requires that the longitudinal
component of Ar Dbe identicelly zero so that

c= AR , (3.8
AA QTAX" o
DoAr = OaAr (3-9) :

Equation (3.5) is a constraint equation for Ao in
that the values of the independent variables over the
space~-like hypersurface determine Ao on that surface.

Thus, with A%5-=0 1n (3.5) we fina A.® from the
\nitiel data. From (3.6) we obtain (A%-A""),o|"  ana
hence (A% -A®"Y\¥*¥  maring the divergence of this last
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rr\tﬁst

and noting that Afr=o we have A™ from which we

t t
can determine Ao\ +at . We can now find Ao,o\ and use
t
1t 1n (3.3) to obtain 2% |® and in (3.6) to obtainazA,\".

. . £
From these second time derivatives we can find 304' ‘t 6

and aoAr \ teSt

thereby completing the determinatlion of the

independent variables on the time dilsplaced hypersurface.
Because 1t 1s not gauge covariant the generallzed

Dirac theory (2.5) avoids the complication of dealing with

a gauge condltion, From the Lagrange equations

3:3"R + R (N -A¥A,) =0 : (3.10)
L (A™-pon), - & (R Ao 4 R*A=0 (3.12)
=% (Ame_por) £ R2A° =0 ; (3.12)

and from the values of the independent variables R , A ’
d.R ,9,A« over all space at the time t we require the
values of R , A. , etc. at the time t+5t . Equation
(3.12) is the constraint equation for Ao determining 1its
value on the space-like surface in terms of the vé.lues of
the independent variliables on that surface. Thus, from
(3.12) we have Aalt . Using this in (3.10) we obtainaith.
From R andd.R , 2,R and®;R , A,andd,A, at t we determine
respectively R ,2.R and Ar at t+5t ., From (3.11) we

™o 't
£and (A"-A*) |* which in turn gives (A%“- Aow | E+é
\tist

5t
Together with R this yilelde Aot from (3.12)

t45t t
| ! we can determine 80Ao| and use it

Knowing A% and Ao
A1 “Ael®

in (3.11) to calculate 9. A+l ., Finally, from @, Arl and

ao Af"t

)/
— Each of the independent variables '-/’ ,A.- chosen for

we obtain boAr\twt .
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the quantum theory 1is composed of two components. These
four independent componente and their first time deriva-
tives are eight functions which when apecified over an |
initlal space-llke plane form a complete set of initial
data in some gauge., In the generallzed Dirac theory we
choose as initial data the four variables K ’ Ar and
their first time derivatives 2.R ,boAr or again a total of
elght independent functions on the initial surface.

In the gauge covariant quantum theory one speaks of
the values of the variables with reference to a gauge., If
a gauge 1s not chosen, then only the values of the gauge
invariants l/’*% ’ Wfaﬂ —«074/«) 1/ » etc. are meaningful.
Although in the classical gauge noncovariant theory all the
varlables are physically meaningful in the sense that all
'have‘definlte values, yet they are not all independent;
for one variable /40 1s 8till related to the others not
by a dynamical equation but through an equation of con-
straint (3.12).

The Nonrelativistic Cauchy Problem

In passing from the relativistic case (2.13) to the
nonrelativistic 1imit (2.25) the Lagrange equation for R
goes from second order to zeroth order in the time
derivative. As a result the number of independent
Tunetions which form a complete set of initlal data over a
gpace-llke hypersurface goes from elght to slx.

Thus for example one might choose as the initial data
the values of A, , Do Ar over all gpace at time t, The
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values of these independent functions over the infinlitesl-
mally time displaced hypersurface can be calculated from
the iﬁgrange equations as follows. Equation (2.26) can be
golved for Ao as a function of R and the result used in
(2.25) to find R\t . Equation (2.25) then gives Aolt.
From the contindity equation (2.28) we can now determine

ttét L
RI 4

. Again employing (2.25) we find A, from which

t t
we obtaln dA.l . This in (2.27) gives 2%Ael” which in

Ata &t
turn ylelds DoAr

completing the progran.

Another possible choice of initial data is Aﬁ? ,A%m%':
aoAi‘ ,R over all space at time t. Thls set of data
differs from that just discussed in that the single
independent functlon aoAéwﬂt hag been replaced by th .

t
From thls new set of data we can recover amAP ‘ in the

t
following manner. From (2.25) one can determine.Ao' with

t r t48t
which (2.26) gives a.,apA"“”“’l or DA i"“’*\ . From this

A Al

L., SIMPLE APPLICATIONS

last we can find A%M& and hence 2

To 1llustrate the utility and the limitations of the
classlcal gauge noncovariant theory thus far developed we
apply the Euler equations to several simple problems.

Hydrogen-like Atom

We conslder a single distributed classical charge in
the presence of an external point source Coulomb field.
This 1s the analog of the hydrogen atom problem in the

usual quantum theory. We solve only for the static

configurations.
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With the external source
j""w)g (0,0, 0,8@ ) (4.1)
the nonrelativistic Euler equations (2.25), (2.26), (2.27)

become respectively

=" R+ATAR £ 20A.R=0 , (4.2)
~Z (A= A"), 0 = AR+ 2 800, (4.3)
L E, = RAAT R A
The continulty equation (2,28) is
FA3.R*+ 3. (R*A™)=0 ., (4.5)

For the static solutions which we seek one expects the

gspatial currents to vanish

47 % R*A" =0 . | (4.6)
This condition on the current can be satlsfied by taking
Af=o (4.7)

which then requires by reason of the contlnulty equation

that

dR=0 (4.8)
The Euler-Lagrange equatlions therefore become "
~ D3R * aXNAR=0 (4.9)
~ 230"A. = £ AR 4 25, (4.10)

Solving (4.10) we obtain

XU | — XOC S 7.1 Rz(-r"

(4.11)
where E 1g a constant. Upon entering this solution for
A, into the Schrodinger equation for R  (4.9) we have

1
VRT3 % -2 RelpmRey R=taNER, (K.12)

in which the constant © appears as the eigenvalue,

This equation 1s nonlinear in ¥ and therefore depends
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upon the normalization of the < field., This 1s
determined by requiring that the atom be electrically

neutral; that 1s, we take

Tdse (e g = . (8.13)

Integrating the right hand side of (4.3) we obtain
Sc\sr {.;\_ YR & %c Sﬁ-‘)\ =0 , (4.14)
or '
7 drRIG = 2 (4.15)

That cloud and external source be charges of opposite sign
requires then that the lower sign in (4.15) and elsewhere
be chosen in our equations. Changing the normalization of
R from (4.15) to

foor RP) = 41 (4.16)
(4.12) becomes

|

V?-R-\-?}ﬁ —%-1_1 <RL\-.)\ \".—rl\\R"T')>R =—2¢\ER . (uo].?)
If we neglect the nonlinear self interaction term in (4.17)
we £ind that K  has the complete set of real time

independent solutlions

nlm n ™ Cosm ¢
Q X (r,d,%) = Q 1(,r\ PR (0) {S‘Mﬂm« , (4.18)

where ®R™  are the hydrogen atom radial functions and
p*“ are the associated Legendre polynomials with ™
Integral. 8St111 neglecting the self interaction term we
£ind that the energy eigenvalue ratlos Ex/Ew for the
solutions (4,18) agree with those of the quantum mechanical
hydrogen atom solutions.

With the set of solutions (4.18), however, the self
interaction term 1s not negligible. Equation (4.17) ir the
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Schrodinger equation for a real density of charge R*
distributed about a point charge at the origin, On the
average the potential energy arising from the self
interaction among the parts of the cloud is of the same
order as that arising from the interaction with the
nucleon; that 1is,

CRYEIRD> = (R\Rw e | ReevlRem)y . (4.19)
For example, with the normalization (4,16) and for the
ground state

>
als

R¥ = = (%—,;)3" e” , (4.20)
we have that ' '
CR¥™AFARID = B LR >\ Q""wwl.r-m\ﬁ“’ ro\ Qo9 ) (4.21)
The solutions obtained (2 are Just the real and
imaginary components of the quantum mechanical wave
functions Q‘"!m .

To show that the Schrodinger eigenvalues Ew 1in
(4,17) are indeed the nonrelativistic energiles we rewrite
the action (2.5) in a eystem"ot curvilinear coordinates
with the help of the $%#v metric and calculate

Too = ;._(.fg—,,,(ir@\ . (4.22)
Having done this we restrict the metric to the Lorentz form
and use the Euler equations to obtain
Too= 2eR3.R — RIAR +2R%AcAc -2 FTF,, 42 FUF, -2, (ROTR) (4.23)
For a statlic locallzed system this becomes
Teo= 2 R*AA - 2 RU°F,, (4.24)
Assuming the presence of an external source we write the

Maxwell potentlial as
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Ao = d’d + 4’M~E
(4.25)

where ¢% ana ¢  are respectively the spatially
where 9% and ¢ are respectively the spatially

dependent componenta of the potential with sources in the
distributed charge and in the external source. The
constant term £ 1s the relativistic energy which is
computed from the Klein-Gordon equation for [ . Thus we
have
Too= 2RA, (G E) vz (&8¢ sl Mt 4) (4. 26)
With the Maxwell equations
2 vedd cavpALz g (&.27)
4 vzqwt go ety (4.28)
where 4° and 3“””’are the internal and external current
sources respectively, (4,26) becomes after partial
integrations
Too= —4e B = 2 4% &% & 2 gt gt (4.29)

Normalizing the internal charge to —1 we obtaln after

integrating over space

'jdzr T. = E- % Sc]-"r&?‘r ¢ *%&S et 4’1\4: . (4.30)
The second term on the right hand side subtracts the self
energy of the distributed charge while the third term 1s
the self energy of the external source. In the nonrelativ-
istic 1limit and neglecting self effects the energy reduces
to the masa term plus the Schrodinger elgenvalue MEn .

Zeeman Effect
To show the limitations of the theory (2.5) we

consider a hydrogen-like atom in the presence of an

external constant magnetic field whose vector potential 1is
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given by

—

A =LWxr (4.31)
The static Kleln-Gordon equation for R becomes
V'R + R (AcA, -4 H2residd -\Y) = (4.32)
Again writing
Ao=qt + 4™ _E (4.33)

we £ind that (4.32) is aside from self effects the usual
Klein-Gordon equation legs the linear Zeeman term, The
energies calculated from (4.32) will therefore not show
the linear Zeeman splittings.

Minimum Wave Packet

In another example of the application of the gauge
noncovariant classical theory we conslider the nonrelativ-
igtic time development of the minimum wave packet in the
absence of external flelds.

The Euler equations are given by (2.25), (2.26), and
(2.27) and the conservation law is (2.28). As in the
hydrogen atom a finlite self interactlon arises because we
have allowed the W field to act as a source term in the
Maxwell equations. Disregarding this source term in order

to eliminate the self interactlions the Lagrange equatlons

becone
-3 'R * z:\QR*ArAVR=o (4.34)
Ft‘u)u o) (l‘..35)
The conservation law we keep as
p A.ao R‘ + O (RzAV‘) =o ('4036)

We choose the initial data to be
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ReFio) = (amy ™ 87 yp {—v2/4ssl | (4.37)

—A-\: = O » (’4‘.38)

DoA™ =0 ]

i YN (4.39)
’ (4.40)

where 75:}1 and XL’”* are the transverse and longltudmal
components of K regpectively.
The Maxwell equations (4.35) are in three dimensional

notation
V2d 4 V- 2. AL Z o (b.41)

vx VX Al +v2.4 % aijf" 4+ 3,* Kﬁ“‘? =o | (4.42)

Equation (4.41) requires that

2. A% +vb =0 (4.43)
which with (4.42) leads to -
VavxAB 4 a2 AF=0 | TR

By repeated differentiation with respect to time of (4.44)

and by the use of the initial conditions for -A)h we find

that all the time derivatives of -A\Ju vanish and hence
AM Rt = AP (Rt so L (4.45)

The Maxwell equation (4.43) determines the dynamical
development of _A‘W, the continulty equation (4,36)
determines the dynamics of the R field; and the
Schrodinger equation for R  (4.34) is a constraint
equation which determines A. .

These equations can be solved in a Taylor expansioﬁ in
time as follows. From (4.34) and the inltial data we
obtain @ ™. This and (4.43) yrera Al (*¥e*
(4.36) and the initial data we obtain RI**** | 1In thie

. Using
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way we determine the necessary independent varlables at the
displaced time Z.+8% .

The complete solution, which can be checked by
gsubstitution in the dynamical equations, 1ls glven by

_ A va \" L
e gy} e
_ —_3_ z 1 o _._:_. -L'
d’ = *4X (b 4”5" gb‘) (& 4\‘5") ( 4»5‘ \ ’ (4.47)
P + an L4 __)Q__)-\
A. = * et (8 T A Ns , (4.48)

where ¥Xo refers to the time coordinate et . The usual
solution obtained from the Schrodinger wave theory is
identical with the above solutions under the transforma-
tions (2.2) and (2.4).
5. THE SELF ENERGY PROBLEM
Both the usual quantum theory (2.1) and the classical

(2.5) suffer from an unphysically large self interaction.
When applying the quantum theory one alternative 1s to
neglect the self interaction completely by dropping that
part, Fr°F}o , of the Lagranglan which depends solely
upon the Maxwell fleld and, having thus eliminated the
Maxwell equations which indicate what are the sources of
the Maxwell field, to reinterpret the remaining variables,
Atl » a8 external filelds. This procedure ig not possible
in the gauge noncovariant theory, because the continulty
equation which is a dynamical equation for the R rield
follows from the Blanchl identity and the Maxwell
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equations. If one neglects the Maxwell equations, one
loses the continulty equation and the conservation of
charge. The classical theory differs in this respect from
the quantum theory for which charge conservation 1is still
guaranteed by reason of the covarlance under the constant
parameter gauge group even if the free Maxwell Lagrangilan
is dropped. The other alternative for the quantum theory
lies in the procedures of quantum electrodynamlcs which in
sepite of i1te practical successes l1ls not without ite own
difficulties.

In accord with our attempt to treat the fields
classically and to interpret the current density as a real
charge density rather than as a probabllity density we are
led next to a formalism in which a particle field interacts
only with the gauge flelds whose sources lle in other
particles. Such a program elimlinates the self interactions
except in so far as a particle influences the sources of
the gauge flelds with which 1t interacts. The situation 1is
quite similar to the manner in which one introduces the
Coulomb interaction between point charges while neglecting
fhe infinite self interaction of a point charge with the
singular fleld it produces at its own position,

We assume that Coulomb's law is applicable between the

continuous concentrations of distributed charges with the

restriction that a particle's charge density at any point
does not interact with the Maxwell potentials produced by
the other parts of that particle's distribution. For a
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system of interacting distributed charges we then have

‘j—t\#/ J"” T , (5.1)

‘41‘f)
where ‘%’/ is the rate at which work is done, -3-: is the
current of the i%* charge distribution, E; 1s the
electric fileld produced by the 1”‘ charge distribution,
and the integral extends over all gpace. Assuming further
that Maxwell's equations relate the fields produced by the
;/1% charge distribhtion to the four current of that

distribution we have

V.T—Tj:o ’—)
= 1 -
v Ert SR (
- 5.2)
V-E1=4“‘Yé ,
Vxﬁs—lé%%= AT Ty

Using the Maxwell equations to eliminate the sources from

(5.1) we can write

%ﬁl“"i 41 S&ar {cV-(E xHﬁt,xH;) +g (F_ E“-lrh QS (5.3)
§

This suggests defining the Poynting vector and the energy
denslty respectively as

- & Z) (Eixbly +E4a i)
(41

. ( _Esj,'-é“ ‘l"ﬁi‘ﬁ«’,»

’ (5.4)

For point charges the Lorentz force on particle 4  due

to the fields produced by the other charges is given by
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(B Bix W)
=¥, T T (5.5)

Generalizing we obtain the rate of change of mechanical
momentum for an interacting system of distributed charges

as

giml ‘J’-,f,> j"” (BB T Ry L e

Using the Maxwell equations to eliminate the sources from

(5.6) we can write
P Jd ____g\ﬁ_% Sol-’r[\?'{ﬁ;ﬁyﬂ'\‘ﬂl-bEAE}\'EQE&.
U4
% Lo Lo (5.7)
-1 (ﬁ;'HﬁEg-Eﬂ-é'g}{El Xy 4 E*xﬁz",\x ’
&>

where 1 1s the unit dyadic. This suggests defining the

stregs tensor as

—>
< -t

MR Ry o B B T RA E. (5.8)
“”{ ytHgH Ey+ ‘E I( i r.ﬂ.& 5.

Combining the results of (5.3) and (5.8) we obtain the

energy momentum tensor

)~ u).u: l@)
Tt“"srr‘w {F 4‘}" S ) (5.9)
which can be obtained from the Lagranglan
4 2 po L) 4)

where the extra indices on the gauge flelds refer them to

their sources. Equations (5.9) and (5.10) are of courae

the same equations that are usually obtained less those

terms which result from self interactions.
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The distributed sources can be coupled to the gauge
fields through the currents by taking the interactlion term
in the Lagranglan to be

Litiats, = % SC‘Q"‘ TR (5.11)
ca#) :
Recalling the continulty equation (2.15) we expect the

currents to be of the form

C i 1)
J’}t(&) - r\)L(.b) E*'l A“'} , (5.12)
(3 F#L)
where self interaction has been avolded by not allowing the

current JMY to depend on AKY

We have introduced the formalism of attached fields
for the purpose of eliminating the unphysical self
interactions from the static configurations for which we
gsolved earlier in this paper. The effect on the Lagrangian
has been to remove the self effects from both the current
and the gauge fleld terms. In particular, although they
are usually considered to be significant as energy-momentum
carriers in radlatlive processesa, we have eliminated the
squared quantities Ef and H: from the Lagranglan and
thus from the energy.

In the ordinary treatment of radiation from an
1solated emitter the squared fields appear to carry off
energy in the expanding wave. The subsequent collapse of
this wave and the appearance of the entire quantum of

energy at some locallzed absorber then lead to the

interpretation of the quantity Ef-kkhf as a photon
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probability density. In the attached field formallism the
phenomenon of radlation and absorbtion between two eystems
would appear to be interpretable in terms of the trans-
misslion of an energy density E\'Eﬂ ﬁ'\ ‘I—‘Iz from one
syaetem to the other, where the subscripts 1, 2 on the
fields refer them to fheir respective sources 1n the
radiating system and in the absorbing system. The form-
alism is in this way related to the other absorber theoriles
of radiation, Thue, although the attached fields have been
introduced merely as an ald in the attempt at a consistent
classical nonprobabilistic interpretation of the current
densities, we find that they suggest a similar classical
interpretation for the Maxwell radlation fields. The
extent to which the formelism of attached flelds is validly
applicable to radiative phenomena 1s outslde the scope of
this work. |
7Eu1er Equations and Energy
In order to show that the formalism of attached flelds

accomplishes the task for whlch it wésnintroduoed we
determine the equations of motion and the energy for the
static configurations of a distrlibuted charge in the
presence of an external poilnt charge. We take the
Lagrangian density to be

[ = 3R R+ R (AR - %) - & F*F,, + R2(A%,"32) , (5.13)
where the quantities under the bars refer to the external
source and its attached Maxwell potentlial. The internal

and external sources appear symmetrically in the Lagranglan
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| but the fluctuations of the external source have been
neglected, The Euler equations which follow from this

Lagrangian are given by

AR = ROAKA-N) i (5.14)
P(A*AL-T) =0 (5.15)
2 pre, o 2 RAK = o, (5.16)
ZF0 = 2 PrAR=FH (5.17)

The continulty equations are
3“(2R‘—A'|‘) =0 , (5.18)
dul2PrAR) =0 (5.19)

After writing (5.13) in curvilinear coordinates by
introducing the metric we compute Tow from
=2 & -
Too= & G (L), (5.20)
where & 1s the variational derivative operator. In this
way we obtain after restricting the metric to the Lorentz

form
Too = DoRDR -~ RIZR - v (RIR) + 2R*A. A,
- % ForE;r +"é"¢ F““E;o + 2 PonAo . (5.21)

For static configurations in which only the time components

of the Maxwell potentlals are nonzero this becomes

it — _
Tvo = jvo + 3°Ao - 0%' For Fov- . (5.22)

We write the external Maxwell potential A, as |
A, = - , (5.23)

—

where $ contains only the spatial dependence of As and
E is a constant. In this way we obtain after

integrating the term Fo' For by parts

T R AT At (FEe-fF . (5
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When integrated over all space the dlvergence term vanishes

and the remaining terms can be written

‘Xo\"’x To,;m= - Sazx Eqe +Saﬂs,< A:ﬁ—“ . (5.25)

With the external current given by

{a =8¢, (5.26)
the Euler equation (5.15) gives
Ao (Froy = X, (5.27)

Requiring that the atom be electrically neutral we obtaln '
the condition

.Ser fo = -\ : (5.28)
Thugs, we obtain the energy as '
joxgx Too '= E-\'—i , (5.29)

where £ 18 the relativistic energy elgenvalue, as can be
seen from (5,14), and N 1s the mass energy of the
external particle,
The Cauchy Problem
To complete the introduction of the attached fields we
treat the Cauchy problem as 1t appears in this formallsm
for a distributed charge 1n the presence of a localized

external charge whose fluctions we neglect. The Euler

equations can be written as

-32R-2 IR + R(A*A =) =0 , (5.30)
L (A -A")e = 2R*K,  , (5.31)
& (A% - A3 )is + & (APTAT),, = s R2RT (5.32)
R C(A*A -3 =0 , (5.33)
2 CA™ A% ) e = 2 REAC , (5.34)
Z (R =AY o4 2 (R=A™), 2 2 R*A" ,  (5.35)
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Ta 2.,4.1
where the quantitles A and Av refer respectively
to the transverse and longitudinal components of Ar .

This division of Ar into components 1s necessltated by the

fact that wherever the R field vanishes the theory is

covariant under the group of gauge transformations

Ayu = A,L-ra,tgcx") ’ (5.36)
where E(x") 1s a single valued and continuous function of

the space time coordinates. In addition to the Euler

equations we employ the continulty equations
Aod.R*+ R*3oA0+ (RZA®),5 =0 (5.37)

’

Do (R*A°) + (R*A®) 5 =0 (5.38)
which follow from the Blanchl ldentitles satisfled by the
attached gauge fields. As the initial data we assume that
at time Z the values of R , 3.R , A% ,3.A%, R , A, ,
ao-A‘r are given over all space while the values of AM

and c’.‘iotb\&mi are glven where R* 1g nonzero, From the
p 7

initial data we obtailn at Z+5t the values of R , AY

_P_u over all space and the values of A% where r* is

\t+6c

. t
nonzero, From (5.33) we determine Ao\ and Ao where

— , _ t
R* is nonzero, This gives us R*Ao \ which with (5.38)

zA° \’(’AS’t

ylelds R . Knowing Ao I“*** where R* 1s nonzero we

obtain R\ . Next we compute Ao\t from (5.34) and uee

t t
it in (5.30) to determine 3o R\ which then gilvesd,. @(ﬂs

1\t
From (5,37) we now obtain Bvol and use 1t to find Ao\t‘.& .

Next we compute (Ao,r ~Arodio ‘t from (5 32). From (5.31) we

then calculate (A&n:ﬁ‘ AOr)\ and LAT‘ - Ao, ) \'t*ét
\tiSt

Using the latter we can determine oAy where
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R%* 1is nonzero. From what we have thus far we can extract
' . t
(Ahr::(-Aa.r).o(t and then obtain 2*A\" . From this last we

\t-ﬂs‘t

compute 2. A% . Finally we determine (Aur-Anodio\® from

) - it
(5.35) and from it find 3 A\ and in turn from this

compute D.Ar | o3t

. This then completes the determination
at the time t+3t of the quantities given initially at the
time T .

6. MAGNETIC MONOPOLES AND L, EIGENSTATES

As we saw in Sec. 4 the hydrogen-like atom in the
classilcal gauge noncovarlant theory suffered from two
significant defects. The first of these, the appearance of
an unphysically large self energy perturbation in the
Schrodinger equation 1s removed in the attached-field
formalism presented in Sec. 5. The second difficulty, the
absence of the linear Zeeman effect, is considered here.

In Sec. 2 we derived the form of the classical theofy
(2.5) from that of the quantum theory (2.1). The quantum
Lagranglan (2.3) written in terms of the phase and
amplitude of the wave function can be divided into three

gauge lnvarliant parts:

the free amplitude terms

O*RI, R- N\ R | (6.1)
the interaction term
RZ(A*-3*§)(Ay-2,8) (6.2)
and the free Maxwell term
F*™ Fuv (6.3)

The firast two of these, (6.1) and (6.2), are invariant
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under the group of gauge transformations

Ap=> Ap+ 2p60x0 (6.4)

S = 4+ kv
where ém) is a completely arbltrary function of the space
time coordinates. The lest term (6.3) is invariant only
under the restricted gauge group of transformations for
which O g(xU) 1s an integrable function of the coordinates.
A transformation with nonintegrable aﬂg would introduce
into /-—/w a physica:_l. electromagnetic field which was not
present beforehand. The Maxwell equations, which read

%_“ F/w“) ~ pz(A/‘__aHS) , (6.5)
would then have the same source but different E and /T\I
fields before and after the gauge transformation with
nonintegrable O£ .

The eigenfunctions of the operator H: Lz , which
determines the linear Zeeman energy, are proportional to
e*™? where $ 1s the azimuthal angle, The phase of such
an elgenfunction 1s not defined along the z axis and the
gradient of the phase 1s nonintegrable on the z axis. The
gauge transformation which reduces to zero the phase of an
elgenfunction of L, 1s therefore not a member of the
covarlance group of (6.3). The absence of the linear
Zeeman effect 1s then a particular case of the more general
problem of explaining the handling of the gauge transfor-
mations with nonintegrable functlons O.§ . Because we

are not interested in just any gauge transformation with a

nonintegrable a,t § , but only in those which transform to
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zero the nonintegrable components of 0. S , we must
determine the possible nonintegrabilities of 8,‘3 .
If we assume that ¢ and ¢+ are analytic in each
cartesian space time coordinate, then as we saw 1in Sec. 3
R2 = ¢ty (6.6)
and ‘
2iR*O.S= oud | (6.7)
are analytic everywhere and O.S 1is analytic where R* ig’
nonzero. Wherever 9,3 1s analytic all of its derivatives
exlst and 1t 1s integrable.

Because OuS can be nonintegrable only where ﬁﬁ
vanishes and & 1is undefined, we conclude that a
nonintegrability in OxS i1s physically meaningful only in
ternms of 1ts nonlocal effects. Thus the statement that
over some region where the wave functlion vanilishes

Dvdp 8 -IuduS #o (6.8)
is sensible only in so far as ' '
P 5,8 dxt - ft’(a‘,a,‘s-a,(aﬁ)alz"“ , (6.9)
is uniquely determined, where ¥, 1is a two dimensional ‘
surface in space time at some points of which @,‘8 is
nonintegrable and C 1s a curve bounding the surface,
- The value of (6.9) will be uniquely determined only if
&S 18 well defined over the full length of the curve
¢ ; and, for this to be so, (¢ must lie completely
within a region of nonvanishing ;L . Because xS 1is
integrable wherever ¢ does not vanish, we conclude that

for (6.9) to be different from zero so that .S will be
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nonintegrable at some pointe on the surface 2. , the
reglon of nonzero 90 in which C 1lies must be multiply
connected,

Therefore, a necessary condition for the existence of
a physically significant dxS nonintegrable in a region of
vanlshing l// is that the domain over which ¢ vanishes
must be encompassed by a multiply connected domain of
nonvanlishing ¢’ .

~For the static conflgurations in which we are
particularly interested the only analytic wave functlons
which satisfy this conditlon are those which vanlsh over a
closed of infinite line in space. For these wave functions
the nonintegrable phase gradlent VS adds to the field
tensor F}u a discontinuous megnetic field on and
tangent to the line where L/' vanishes. )

Such singular lines of magnetic fleld appear 1in
Dirac'!s theory of magnetic monopolee.2 In fact Dirac
arrives at hls quantization condition for magnetic mono-
poles

€Y = 9%}9 , (6.10)
where N is an integer and.‘} 1s the magnetic pole strength
by consldering the possible nonintegrabilities of the
wave functlion's phase gradient.

Dirac began with the Schrodinger theory and 1ts single
valued wave functions and deduced from the "quantum”

2. P. A. M, Dirac, Proc. Roy. Soc. (London) 133A, 60
(1931); Phys. Rev. 74, 817 (1948)
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properties of matter that magnetic monopoles, 1f they
exist, must be quantized in terms of electric charge.- Our .
procedure has been to remove the phase from the complex
wave function, to add ite gradient 0.8 to the Ap field,
and to interpret the resulting quantity AF—EyS as a
Maxwell potential. This leads to a gauge noncovariant
theory which 1s physically equivalent to the Schrodinger
theory only if SS 1s everywhere integrable. For the
time independent solutions of the quantum theory VS will
be integrable except perhaps along a line 1n space. The
singular magnetic fleld produced by euch a nonintegrable
prhase gradlent is Jjust the magnetic filament which appears
in Dirac's theory of magnetic monopoles. Taking the
posture opposite to Dirac's we allow for the existence of
the type of singular flelds produced by quantized magnetic
monopoles and find that the time independent "quantum!
properties of matter can be explained in a consisgtent
claseical gauge noﬁcovariant fleld theory.

In the quantum theory it is the denaity f’f and not
the wave function itself that has a physical interpreta-
tion. The imposition of the single valuedness condition
on ¢‘ iteelf 1s in this regard an additional postulate to
the quantum theory. In the same way the allowance for
singular quantized magnetic strings is an added conditlon
on the classical field theory.
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7. APPLICATIONS OF THE EXTENDED THEORY
In this section we apply to the hydrogen-like atom in
the presence of a constant external magnetic field the
gauge noncovariant classical theory modified in accordance
with the formalism of attached fields of Sec. 5 and
extended to allow for magnetic-pole-like strings. We then
present a nonrelativistic static solution for the minimum
wave packet in the presence of a particular external
source,
Zeeman Effect for the Hydrogen-like Atom
In order -to maintaln the Maxwell equgtions 1in their
usual form and yet conslder the magnetic filaments produced
by point magnetic poles we consider the statlonary magnetic
gources to be located sufficlently far from the localized
system of interest that the radial field from the pole 1is
negligible and we delete from the spatial coordinate system
the line along which the fllament-i}es. In the reglon of
interest then the magnetic fleld H:D of the pole is zero
and the Maxwell equations for the fleld attached to the

pole are -

vV-H®=0
v X ﬂb =0 (701)

‘aAD
The vector potential Ar. by which we descrlibe the effects
of the pole in the reglon of interest 1s, however, not

zero. We choose 1ts covariant components to be
P ,®» 9D D
A::’ (A"; AB)AQ.Ao)-;(O,O,i'm,O\ , (7.2)

where M 1ig an integer. This potential corresponds to a
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singular magnetic field along the z axis and passing
through the origin. Thus we have

§. Alax = amm (7.3)
where C 18 a closed curve in space surrounding the
magnetic string. Equatlons (7.1) and (7.2) are compatible
because we have deleted from thé coordinate system the line
where the string lles thereby meking space multiply |
connected.

“The covarlant components of the potential for the
constant external magnetic fleld, which we choose to be in
the directlon of the gz axis, are given by

Ay = (A%, A, A A8) < (o.omruis o) (7.4)

The covarlant components of the potential from the

point charge located at the origin are
AS = (Af A, AG AS) = (e000,-2% -E),  (7.5)
where E 1s a constant, |

Because we are not interested in the interactlons
among the various external flelds, we conslider an effective
external potential which is the sum of (7.2), (7.4) and
(7.5) and obtaln

R (Reke T d) = Coggiraaoton -2 €) | (7.6)

The Lagranglan 1s now |

[ =3"Rd,R eR2 (KA -x) - & FPR, AL, - (7.7)
where 57‘ contains the sources of Z“ . With.g} nondynam-

ical the Euler equatilons are
-—!:IQ-#?(AFA,‘*-XI):"O ,

R+® LA (7.8)
%t' F‘“’w = ‘)“

’ (7.9)
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2 pw, = 2aR*AR (7.10)

Substituting the value of the external potential into
(?7.8) we obtailn
~aRr+ R (%2 riswotm) i, (&4 E)* -2 =0, (7.12)
or '
_QQ+R{(aH1‘mmi%%ﬂ+£%d%%dﬂ—yx=bxmlm
which 1s the Klein-Gordon equetion for the amplitude of
the wave function for a hydrogen atom in a constant
magnetic fleld. The relativistic energy 18 E . The
linear Zeeman term is t“_%\_t' .
We compute the energy from Toe which for the
Lagrangian (7.7) 1is
Too = 20,RIR +2R?Auhe~% R For + 29ho - L . (7.13)
With the ald of the Euler equations this can be expressed
for etatlonary configurations as
Too= 2R?Ahe + JoA.- A+ L FrSFs-2 F For . (7.14)
Writing
A= &-E | (7.15)
thies becomes after partial integrating and using the Euler
equations
Too= = Efo + 2GR )+ A= 2 (AF™)s | (7,26)
Becsause 5 Fo© goes to zero faster than '/r'- ags v goesg
to infinlty the second term on the right hand side
vanishes, Because we have treated the external sources

nondynamically the Ao potential 1s arbitrary up to a

constant which does not depend on the solution for the
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R rield. We choose this constant to be zero. The last
term on the right hand side vanishes because of the
symmetry.
Normallizing the current 19 to -1 we obtain
fare T = &, (7.17)
where E 1s the relativistic energy computed from the
Klein-Gordon equation for R (7.12).
Static Minimum Wave Packet
It is of some interest to note that there existe an
exact time-independent solution for the minimum wave
packet in the presence of a particular external field.
We take the nonrelativistic Lagranglan to be
[=0R3-R+ R*(A"Ar £ aXA)- %2 FE, WA,  (7.18)
with the nondynamlcal external source glven as
4¥ = (0,0,0,¢) , (7.19)
where § ls a constant. Thie external source ls to be
Interpreted as a uniform density of charge dlstributed
spherically symmetrically about the origin. The Euler

equations are then

~3:dR4RA"A: * 2\ AiR=e | (7.20)
For = T ahR | (7.21)
=« R*AT (7.22)
Fore = 3° , (7.23)
_\Efﬂw =0 i (7.24)
For the statlic wave packet
R _3
REe) = (B g, {-IE\ (7.25)

which is distributed symmetrically about the origin, the
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Lagrange equations have the solutlons

Ar_ = Z-r:‘.o ’ ‘ (7.26)
bN t
A, =7 %n Sd"r'%% , (7.27)
~ 2
A= T a3 £ 3 , (7.28)
o= F Fe sk (7-29)

where the external source has been evaluated in terms of

the parameters of the packet.
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