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PREFACE

This work is composed of two parts, the first 
of which has been published in the Journal of 
Mathematical Physics J>, 73 (1968), under the dual 
authorship of this author and his thesis advisor, 
Professor S. Schlrainovich. In PART I we consider 
general theory and possible applications. In 
PART II one of these applications of the general 
theory is further developed.
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GAUGE FIELDS WITH NONINVARIANT INTERACTIONS

1. INTRODUCTION
This paper deals with the physical content of 

theories in which a gauge field, such as the electro­
magnetic, Yang-Mills or gravitational field, is coupled 
in a gauge-noninvarlant way to a source field. Customarily, 
such theories are excluded by the requirement of global 
gauge covariance. This requirement is imposed either to 
assure the existence of conserved quantities or for 
heuristic reasons. Such motivations are questionable. 
Although gauge covariance and the existence of a conserved 
current are inseparably Joined in single-field theories by 
Noether's procedures, we show that, for interacting fields, 
conserved currents can follow as a result of the existence 
of Bianchi identities satisfied by the gauge-field 
variables.

In proposing a study of the gauge-noninvariant inter­
actions of gauge fields, our point of departure is opposite 
that taken by Utiyama,1 who generates interactions using 
the requirements of global gauge covariance. Such an in­
variant theoretical approach to interactions has proven

1. R. Utiyama, Phys. Rev. 101, 1597 (1956).
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sterile up to the present and Is subject to criticism.2 In 
Utiyama's procedure, the source field, invariant under its 
constant-parameter gauge group, is the all-important initial 
element; in our procedure the gauge field invariant under 
its coordinate-dependent gauge group, is the basis upon 
which new theories are constructed.

In order to give meaning to the solutions of a gauge- 
invariant theory, one has to supplement the theory with 
coordinate conditions. These can be given at the level of 
the action principle with the aid of auxiliary Lagrange 
multiplier fields coupled through gauge-noninvariant terms. 
The multiplier field can be made a dynamical field by in­
troducing its free Lagrangian into the action. It is hoped 
that such dynamical multiplier fields may describe 
properties of gauge-field sources known to exist in nature.

Because the theory is now gauge noninvariant, all the 
components of the original gauge field have physical 
meaning. This means that properties of the sources are 
described not only by the new Lagrange multiplier fields 
but also by the components of the gauge field. In this 
way our work will provide, when applied to the electromag­
netic field, an extension to Dirac's classical theory of

2. V. I, Ogievetski and I. V. Polubarinov, Nuovo Cimento 23, 173 (1962); V. Fock, The Theory of Space Time and 
Gravitation (The Macmillan Company, Mew York, (1964).
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electrons.3
The existence of physically meaningful gauge-field 

components is further related to the discussion and work 
on the physical meaning of potentials by Aharanov and 
Bohm. The interpretation of the physical meaning of 
potentials is bound to the determination of the role played 
by the phase variables; for, as we shall see, the 
potentials acquire physical meaning when the phase vari­
ables have been completely eliminated from the formulation. 
Additional points of contact exist with the work of 
Aharanov and Wisniveski.5

There are occasions when the Lagrange multiplier field 
can be omitted and the original gauge invariance broken 
merely by the Introduction of noninvariant terms into the 
free gauge-field Lagranglan. In such a case the properties 
of the source fields are described solely by the gauge 
field. Thus our study, when applied to the gravitational 
field, will exhibit a relationship with the work of Wheeler, 
Rainlch, and Misner expressed in a particular coordinate 
frame.

3. P. A. M. Dirac, Proc. Roy. Soc. (London) 209A, 291 
(1951; 212A, 330 (1952); 223A, 438 (1954).
4. Y.Aharanov and D. Bohm, Phys. Rev. 115, 485 (1959);
123, 1 5 U  (1961).5. Y. Aharanov and D. Wlsniveski (to be published).
6. See, for example, Louis Witten, in Gravitation: An 
Introduction To Current Research, L. Witten, Ed. (John 
Wiley & Sons, Inc., New York, 1962).
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For the present we limit our attention to theories 
that can be derived from an Utlyama-type theory. It Is 
clear that any such theory can be cast In a frame that Is 
manifestly noninvariant by choosing a particular gauge.
This procedure Is not trivial as a result of the following:

(a) We require that the particular gange chosen 
leaves' the theory written explicitly and solely In terms 
of physically meaningful fields (I.e., In terms of fields 
not subject to any remaining gauge conditions).

(b) We require that the choice of gauge reduces the 
number of dynamical variables. The possibility of de­
creasing the number of variables Indicates that the orig­
inal Utlyama-type theory contains an element of 
arbitrariness: Gauge covariance Is accomplished by the
Introduction of fictitious fields and by the subsequent 
redefinition of the observable fields In a manner which 
compensates for these fictitious fields.

In general It Is possible to formally choose the 
gauge which reduces the number of explicit variables In 
the Lagranglan. For particular solutions, however, this 
may require discontinuous or singular gauge transforma­
tions, especially when the solutions are defined In non­
simple connected demains. The physical content of the new 
and old theories may then be different.

To begin with we show how we can use the gauge 
freedom In the Utlyama-type theories to formally reduce 
the number of explicit dynamical variables and yet



guarantee the existence of conserved quantities by reason 
of the Bianchl identities satisfied by the gauge-field 
variables. We then consider the example of the electro­
magnetic field coupled to a Klein-Gordon field and show 
this formulation provides an extension to Dirac's consider­
ations. Beams of classical charges described by this 
theory enjoy some of the properties of quantized charges.
In particular, static distributions of charge in a Coulomb 
field are possible with the same multiplicity of solutions 
and energies as the stationary states of a hydrogen atom, 
provided self-energies are neglected. We then briefly 
consider the cases of the gravitational and Yang-Mills 
fields.

2. GENERAL THEORY 
We first consider the properties of theories of the 

Utiyama type and how in such theories the gauge degrees of 
freedom can be used to reduce the number of explicit 
dynamical variables. These theories can be generally 
characterized by actions of the form

Action = , <2.1)
where and + IntJ) are scalar densities
under a group of global gauge transformations (i.e. , co­
ordinate-dependent transformations whose parameters vary 
arbitrarily in space-time), £dc^) is the free gauge-field 
Lagrangian, |M (̂ ) is the free source-fleld Lagrangian, 
and JLiUj.J,) is the coupling term. The gauge
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Invariance properties can be expressed as
=° . (2.2)

{ ia =c> . (2-3)
where &* means that the variables and are varied by 
an infinitesimal amount determined by an arbitrary infini­
tesimal transformation &t the global gauge group. The 
variables ^ are the gauge-field variables and the vari­
ables ^  are the source-field variables.

In Utiyama'.s procedure one starts with an action 
JLm <J>) which is Invariant only under the group of gauge 
transformations depending on n constant parameters.
Imposing the requirement that the theory be invariant under 
the more general group of global gauge transformations, for 
which the h parameters may be arbitrary functions of space­
time, forces the introduction of a set of gauge-field 
variables ^ through the term . The theory is
then completed by adding a free gauge-field Lagrangian 
which is restricted in form by the requirement of global 
gauge covariance.

We denote the change Induced in the field variable f> 
by an infinitesimal global gauge transformation as 
and write

O t 5$ f (2 .̂ )
where Oj, is an operator which may depend on the ^  , We 
assume that is a differential matrix operator applied 
on which stands for the set of n infinitesimal
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parameters of the global gauge group. Thus ̂
is arbitrary. Similarly we have

5 * 3  - 0 , 5 $  . (2.5)
We now take advantage of the arbitrary variability of 

6^ over space-tlme to make It vanish over the boundaries 
of the volume of Integration JX . This restriction sim­
plifies the calculation without Impairing the generality 
of the conclusions provided we keepXI arbitrary. Assuming 
locality for Eqs. (2.4) and (2.5)* it follows that <5*̂  and 
<§*j> also vanish at the boundaries ofil .

Prom (2.2) we have

or

O JL& fwhere Is the variational derivative of i-q and
OlJ is the Hermltlan conjugate of . In the same way,
where

from (2.3) we have

which, because of the arbitrariness of , gives

(2.9)

where . The equations of motion that follow
from the action (2.1) are

(2.10)
and
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<5/3 Aj» + s W${>=c> (2.11)
Thus when Eq. (2.11) Is satisfied, Eq. (2.8) Implies

which is traditionally called the "conservation law" of the 
theory. Equation (2.12), being a consequence of the 
equations of motion (2.11) and the global gauge-lnvariance 
property (2.3)* le identically satisfied in .

This property of global gauge covariance is by no 
means necessary, however, for (2.12) to be true when ^  
fields interact with ^ fields; for from (2.7) we also have

identically i n . These are the "Bianchi identities" 6f 
the theory and from them and (2.10) we have that, for any 
solution of the dynamical problem, (2.12) has to be 
satisfied as a consistency requirement of (2.10). The 
"conservation laws" follow for any theory in which fields 
are coupled to a gauge field whose equations of motion 
satisfy a set of "Bianchi identities," whether or not the 
total theory is globally gauge covariant. Relations (2.12) 
are true conservation laws only when 0 ^ = ^  . A suffi­
cient condition for the existence of a Bianchi Identity

(2.12)

(2.13)

with such that there exists a term in the
Lagrangian that is a function only of Fp.o’Z-

This same condition assures the existence of a conserved
current
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Coming back to the Utiyama-type theories, we assume 
that a transformation among the ̂  dynamical variables can 
be found which splits them into two groups, and jp* ,
such that Of, becomes

for . (2.14)

* -  t n .

with a suitable definition for . With such a redefini­
tion the dynamical variables are split into two groups: 
the p  are invariants of the constant parameter gauge 
group and the remaining alone are affected by the
transformations of the group. We now choose the to
be the very descriptors of the gauge group and we shall 
call them "phase" variables. As the descriptors of the 
gauge group, the joH- can be reduced to zero by a suitable 
finite global gauge transformation. This means that, with 
a suitable choice of gauge, and that this set of
dynamical variables drops out of the description of the 
system.

If one wonders how the information in the equations of 
motion of the phase variables is to be preserved, it is 
sufficient to inspect Eq. (2.9) and notice that, by virtue 
of (2.14), we have

= •+ sWsj.f*1 . (2.15)
This tells us that the "conservation laws" of the theory

14



are Just the equations of motion obtained by variation of 
the phase variables. In the gauge-noninvarlant formulation

content of the equations of motion (2.15) Is a consequence 
of the Bianchi identities of the free gauge field.

Even though the reduction in the explicit number of 
dynamical variables is in principle the result of a partic­
ular choice of gauge, one cannot be certain that the 
physical content of the covariant Utiyama-type theory is 
the same as that of the corresponding non-6ovariant theory, 
if one requires that in both cases the solutions to the 
equations of motion be single-valued and continuous. This 
problem arises whenever the transformation of variables

Assume that the freedom allowed by covariance can be 
used to remove the explicit appearance of the "phase 
variables" at least in some approximation. The noncovari­
ant theory which results has such desirable properties as: 
(a) all variables are physically meaningful; (b) the 
number of variables is fewer than in the corresponding 
covariant theory; (c) the gauge field can in certain cases 
carry all the information previously carried by the source 
field.

If the noncovariant theory is exactly equivalent to 
the corresponding covariant theory, a reinterpretation of 
the covariant theory is in order. If the noncovariant

written-in terms of the variables ^ and h , the physical 

from ̂  and U to ^  and
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theory is only an approximation to the covariant theory, 
then the noncovariant theory with its desirable properties 
can be used as the basis upon which new theories are con­
structed. In particular, the classical noncovariant theory 
to be presented in Sec. 3» which exhibits certain "Quantum•• 
properties and which does not require the introduction of 
the charge , can be made the basis for a quantized theory 
of interactions.

The elimination of phase variables from covariant 
theories leads to a class of gauge-invariant theories of 
the type studied in this paper, Still open is the question 
whether any noncovariant theory can be made covariant by 
the introduction of enough phase variables with suitable 
gauge-group transformation properties.

3. MAXWELL-SCHRODINGER THEORY.
Instead of systematically reviewing all the possible 

gauge-noninvarlant interactions for the Maxwell field A^. > 
we consider only the theory determined by the action,

A  .ii«n= + i R ’l'R.Kl
J J , (3.1)

which is one of the simplest Lorentz-covariant possibil­
ities. We have chosen the Lorentz metric to be = \ ,

V|_rr = - 1 , and F|to- Ajt.t* . This theory is re­
lated to the Utiyama-type theory In which the electromag­
netic field Is in minimal coupling with a complex scalar 
Kleln-Gordon field. In such a theory the global gauge
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group of transformations Is
p  = / * L^ (7C) f 

Al> = An'dn'p .
(3.2)
(3.3)

The transition from variables (/> , </* to the new variables 
R , S through

4  — R  ■&4j9 ^ » (3.4)
is a transition to a phase variable S and a field R 
invariant under the group of gauge transformations. If we 
formally set S ~c> in the complex Klein-Gordon theory, we 
recover the form of the action expressed in Eq. (3.1).
This can be achieved by a gauge transformation whenever 
is a continuous and single-valued function of position.
The continuity and single valuedness of (j > however, do not 
imply the same for R and S . Thus, for the theory describ­
ed by Eq. (3.1)» a physical content different from that of 
the original Utiyama theory may be expected.

We have written the action (3.1) in a completely 
nondlmensional form. If one Introduces a unit of length 
'fi. . Eq. (3.1) can be reexpressed in terms of

We could further introduce the more customary definitions 
for the fields

(3.5)
as

A'/t * k An , , (3.7)

17



and set '/t = m/e » the ratio of mass to charge. Then
(3.6) becomes

Action- JcJiAX {- 4 F 1*0!'*0

+ + , (3.8)
•where we have dropped all primes. This is a clear exten­
sion of Dirac's work.3 Here the Lagrange multiplier field 
V.z has been given a dynamics of its own by including the 
i R ,|1I?ih term in the Lagrangian. Thus, our theory describes 
all the features of classical charges, as does Dirac's 
theory, in the limit of negligible fluctuations of the R 
field. On the other hand, the connection with the complex 
Klein-Gordon theory and, in the nonrelatlvistic limit, the 
Schrodinger theory makes it apparent that such fluctuations 
will incorporate some quantum features into the description 
of the classical clouds of charge. We present some of 
these features by studying the static configurations that 
such clouds may assume in the presence of an external 
Coulomb field.

The equations of motion derived from (3.1) are
F*"m - , (3.9)
a  (? = R (A M , - 1) . (3 .1 0 )

According to Eq. (3.9)> the electric charge and current 
densities are

. 0 .1 1 )
They are conserved because the Bianchi identities require

C I? "• AM,. = b o  . (3.12)

18



In the nonrelatlvistic limit, the complex Klein-G-ordon 
theory is equivalent to the Schrodinger theory. In such a 
limit, Eq. (3.10) is the real part and Eq. (3«H) Is the 
imaginary part of the Schrodinger equation written in the 
gauge S=o . This nonrelatlvistic limit is obtained by 
setting

A . -  i + 4 , 4 « i  . (3.i3)
where <f> is a first-order field, and by neglecting 4 v and 
second time derivatives.

To determine the observables in this classical field 
theory we compute the energy tensor as well as the 
current . This task may prove delicate in our gauge- 
noninvariant theory because the integrals over infinite 
surfaces which are usually dropped now may become Important. 
Indeed, constant terms in the potentials are of physical 
significance because of the lack of gauge invariance. We 
compute the 7/^ tensor by writing (3.1) in a system of 
curvilinear coordinates with the help of the metric 
and then finding

TfiV — ) . (3.1^)

By this procedure we obtain
3 - F 4 ̂  F®-* Fr>. -v Rw - P»ir1?A

+ z R* C i Ak A c - v  <3 htt) . (3.15)
Setting 0 - ̂ *u (the Lorentr, metric) , we obtain the 
energy of the system as the positive-definite quantity

19



E =  JdVT°« * j ̂ 3X j » ̂ E‘+l-|t ♦ <?!• ̂ ’O + (?>r(?>i-
4 R ! AoA. + E'ArAf t E M  ̂  . (3.16)

In order to study the static configurations that the 
clouds of charge may assume in the presence of external 
fields, we proceed in the same manner after modifying the 
original Lagrangian by introducing the static external 
contravariant current vector (o, o, f ***) and
the fixed external field generated by such a
current. For static solutions the energy is

Iz — \  A o ,r A Oif + R i/4«Aô  1 (3 *17)
where A„ =? + A o ^  * ani we ^ave ®ade use of
the equations of motion after integrating the R variable by 
parts.

Truly static situations will arise when the electric 
currents J are zero. We therefore look for solutions in 
which

A ah’ = (C.,0,0, I 4 C 4 4 ‘M)  , (3.18)

where we allow for a constant I+ C that may be significant 
and where <p£- is the potential generated by the cloud of 
charge:

= £ 2/lo , (3>19)

which is one of the equations of motion. The other
equation of motion

-  = £ CA.Ao-l )  , (3.20)
reduces to the nonrelatlvistic time-independent Schrodinger
equation in the limit in which Ao= 1 + ̂  , 4 <K 1

20



and squares of <j> are neglected. Indeed, Eq. (3.20) under 
these conditions becomes

- -JL p , 4 , d R -  c ^ R  = C R  , (3.21)
so that C Is the eigenvalue Cc”> of the Schrodinger 
equation.

We compute the energy (3.17) corresponding to a 
solution R tn) for a cloud with total charge equal to -1, 
so that

b (3.22)
We have, from Eq. (3.17),

E ‘" '=  i ^ r * ‘i + 4 ,i 4 ^ r

-tPM. (i + C 1*'+ 4 ̂ ) \ , (3.23)
or, by virtue of Eqs. (3.19) and (3.22),

E.1"’ = i + C‘"> -  i  J d ’x 4 i 4 f r • (3’2W
This result, of general validity for static solutions, 
shows that the energy Is equal to a constant term, the 
rest-mass energy, plus C , the usual energy eigenvalue 
for a stationary state. This eigenvalue reflects the dis­
tortion of the cloud due to Coulomb self-interaction. The 
next term in Eq. (3.2*0 subtracts the Coulomb self-energy 
of the cloud.

In the case of Ac, = ‘/for , a complete set of 
solutions for R In the nonrelatlvistic case is given by the
complete set of real solutions to the hydrogen atom

r 1" Cr.B,*)-- . (3>25)
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Thus our extension of Dirac's theory of classical electrons 
allows the clouds of charge some quantum features explain­
able in the framework of a classical and consistent theory 
of electromagnetism. At the same time, the difficulties 
encountered In Dirac's theory are removed. For example, 
charges at rest In a constant magnetic field are described 
as satisfactorily by this theory as by the Schrodinger 
theory. In addition, one realizes that a large constant 
term In the Ao component of the gauge field Is Important 
for the inertial properties of the cloud and that a rota­
tional motion proportional to the external magnetic field 
Intensity Is related to the diamagnetic properties of the 
cloud.

The full extent to which quantum features can be 
explained In purely classical terms is outside the scope of 
this paper. We wish to point out, however, that the 
essential quantum properties seem to be particle number, 
spin, and statistics rather than the features for which the 
quantum formalism was originally developed. It is further 
possible that other ideas,? developed in a different 
context, may prove fruitful when applied to the topological 
properties of such classical field solutions.

7. D. Finkelstein, J. Math. Phys. 7, 1218 (1966).
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k. GRAVITATIONAL FIELD 
Einstein's theory of gravitation is a theory of the 

Utiyama type considered in Sec. 2. It is covariant under 
the group of general coordinate transformations and has the 
metric field as the associated gauge field. We consider 
two cases in which the gravitational field is coupled to a 
source characterized by a vector field: A^ (the electro­
magnetic field) and

f I C

ji j a z

(the field of matter-point singularities). Because all 
components of these fields are phase variables, their 
dynamical meaning, short of coordinate conditions, is com­
pletely arbitrary. The metric field is capable of 
absorbing all the information usually carried by such 
source-field variables.

A. Gravitational-Electromagnetic Field 
We assume that the A* vector field is timelike in 

character. This may seem an arbitrary restriction 
especially if gauge transformations Af* - Aft + arc 
allowed. We have in mind, however, the gauge-noncovariant 
theory of electromagnetism developed in the last section, 
for which it can be seen that A^ Is a timelike vector 
field, at least in the nonrelatlvistic limit in which 
/V1 - <5 o •+ ‘P  > 4 ^ ^  I • A 1 1 components of the'A^fleld

are phase variables, since they can be reduced to constant 
values and eliminated as dynamical variables. We call such 
a set of constant values a "standard form." The only re-

23



striction Imposed on such a standard form is that it has
the timelike character of . We choose

^  (.saWari) =  _ (J>>1)

It should he noted that in general a timelike vector 
field can be brought to a standard form only in its 
contravariant components. Indeed, one chooses the field 
to be the time-coordinate field.

If a covariant vector field could be brought to such 
a form, it would obviously have a vanishing ordinary curl 
in the new system of coordinates. Because the ordinary 
curl of a covariant vector is a tensor, it follows that 
only rotatlonless covariant vector fields can be brought 
to standard form.

Condition (4.1) can,“equivalently, be Imposed as a 
coordinate condition on the

"  u - z )

We conclude then that the theory determined by
A  = .foK (g  (f* <f

+ -LR1 (.(?,„ \ , (4.3)
describes the gravitational plus electromagnetic properties 
of the classical clouds of charge found in the last 
section. The expression (4.3) for the action was obtained 
from the expression for the action (3 .1 )* made generally 
covariant through the introduction of the , supple­
mented with the Einstein free Lagrangian , and with
coordinate condition (4.2) taken into account. The content 
of the theory of Sec. 2 is a consequence here of the
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Bianchi identities satisfied by the Einstein equations.
The coordinates are, of course, no longer arbitrary 

but are restricted by the theory. Their physical meaning 
is disclosed by (*K2 ), which allows us to interpret the 
physical meaning of the components of the metric. The 
meaning of the coordinate frame can be made clearer by 
noting that the electric chargecurrent ^-vector is now

= R ZA H = . (k.k)
Thus we are in the frame of reference in which all electric
charges are at rest.

We do not claim to have a theory of gravitation- 
electromagnetism in the sense of unified theories. The 
inclusion of electromagnetism is unsatisfactory to the 
extent to which the addition to the Lagrangian of the gauge 
noninvariant term

< r T x - r ' ,y x') -
is ad hoc. The situation is no worse, however, than the 
inclusion of the ordinary Maxwell Lagrangian in the usual 
theory in terms of the Af< . The advantage of the formula­
tion in terms only of the metric is that the phase
variables Ap are eliminated and physical meaning is 
imparted to the components of the metric field. In the 
following simple case of chargeless-point singularities, we
have an example of how the metric components can oarry the 
information usually shared between the metric field and the 
jahase variables'.
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B. Gravitational Field Interacting with Matter- 
Poirit Singularities 

It Is conceivable that this theory may arise as an 
idealized limit of the one considered in the previous 
section. An analogous coordinate condition results from 
choosing a frame such that the timelike A-vector o 
is

, U.5)
or

J t f ’/ j *  •* , (*.6)
namely the particles remain always at rest. The only non­
vanishing contravariant component of the energy-momentum 
tensor Is the constant

T o e = m  , (4 .7 )
defined over the world line of the particle. The covariant 
tensor for the matter-point sources is then

T/.. = . <*.8)
The dynamical variables of the particles are now fixed 
constants which determine the constant position of the 
particles. The physical content usually associated with 
the ^  is now carried by the values of the at the
position of the particles and the dynamical development is 
determined solely by the Bianchl identities'associated with 
Einstein's equations.

In this formulation, in which the particle coordinates
are no longer dynamical variables, the problem of motion is
most easily approached through

26



t 1*"}./ = t 1"!* + r ^ u T |,'3+ r ^ \  t'5A= °  • u '9)
or, remembering that -y/10 = m  £S

. r 4 o  , (4.10)
r:. + r;f = o  , (iK11)

or

i  $ rf1 =° > (4*12)
1l $°ft(:L? 0/t>e> " 350 * (4.13)

for X^ = ̂ ,,L) • Because the d ^ / d z  are not Independ­
ent , we can Impose the further coordinate condition

- f<joo- i t (4.14)
which satisfies (4.11) identically by virtue of (4.12) and 
gives, from (4.12),

ôr,o - -t $00,? “ i  *}or (.Mi %oo),o , (4.15)
for /< , as the equations of motion for the
point particles. This equation can be roughly interpreted 
as giving the acceleration on the left-hand side equal to a 
force derivable from a potential and a velocity-dependent 
force. In the nonrelativistic limit it gives Newton’s law 
of gravitation when ̂ oo is evaluated from the Einstein 
equations of the same order. This formulation may be 
derived from the noninvariant action,

A d i * * -  jjd4x j ^ & + j j z r n u,ffa t (4.16)
which results from the usual action when the coordinate 
conditions (4.5) and (4.14) are used.

The above formulation of the motion of gravitating
singularities makes it clear that the motion of a point 
particle cannot be an absolute attribute. One can speak
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only of locations in space where there Is or Is not such a 
particle. If we label positions by means of the point 
particles, what Is usually called their equation of motion 
becomes the condition (if. 1 5 ) > "which Is satisfied by the 
along the world lines of the particles. This Is In accord 
with the Identification of (4.6), which gives the physical 
meaning of such flop. .

A noncovariant tneory, which could not be made 
generally cqvariant by the Introduction of new dynamical 
variables, might prove even more interesting than the case 
considered. Whether such theories exist and whether the 
existence of a limit of the form of (4.7) for the vanishing 
of some length parameter assures all the verifiable content 
of a theory of space, time, and gravitation, remain open 
questions.

5. YANG-MILLS FIELD
In the gauge noninvariant theory of Sec. 3, the 

electromagnetic field is coupled to a real scalar field R ; 
yet, the theory describes charged particles of both signs. 
It might be thought that the introduction of more compli­
cated internal symmetries or, equivalently, the description 
of higher multiplets will necessarily require that the R 
field be generalized to a multi-component field. To show 
that this is not the case, we briefly consider the Yang- 
Mills field -
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The action,
Aei»«= p 4ic{-i

. (5.1)
where

IF/iu = IBv- H3U B/t] ,
and R  is a scalar real field, describes the charge- 
independent interaction of a Yang-Mills field with an 
isospinor soalar meson. This action results from the 
ordinary expression when the prescription of Sec. 2 is 
used. We have written the usual isospinor scalar field«/’

— ̂
where Z are the three isospinor matrices and K  is the 
isospinor invariant

Substitution into the usual action with S =o , which can 
always be accomplished by a gauge transformation if 5 is 
a single-valued function of position, leads to expression 
(5.1).

Although the action (5.1) is not invariant under 
isospinor transformations, the symmetry implied by charge 
independence is assured by the symmetric way in which 0  ̂
appears. Conservation of the isospin current $ ft= 
where T »  is the isospin current contributed solely by 
the Yang-Mills field, is a consequence of the Bianchi

29



identities. The contribution of the meson field to the 
isospin current is as.

The action (5.1) la the simplest and most obvious 
generalization of the electromagnetic theory of Sec. 3. 
it shows how internal symmetries of the particles and 
multlplet structure can be described solely by an enrich­
ment of the properties of the gauge field. In addition, 
the breaking of the symmetry and the appearance of an 
electromagnetic axis in the theory can be accomplished for 
both source and gauge fields by modifying only the gauge- 
field action in a way previously proposed.®

8 . D. Flnkelstein, J. Jauch, S. Schimlnovich, and 
D. Speiser, J. Math, Phvs. 4, 7 8 8 (1 9 6 3 )



CLASSICAL GAUGE NONCOVARIANT ELECTROMAGNETISM
1. INTRODUCTION 

In Part I of this work we discussed gauge noninvariant 
interactions for gauge fields and showed, among other things, 
how Dirac's classical theory of the electron is related to 
the theory of the Schrodinger field in interaction with a 
Maxwell field. In particular the theory allowed for the 
existence of static configurations of charge density in the 
presence of an external centrally symmetric Coulomb field 
with classical energies closely paralleling the energy 
levels of the quantized hydrogen atom.

The question arises naturally of how far this 
classical picture can be pursued without giving up classical 
concepts, by which we mean, without introducing the 
quantum concept of the state of a system and the probabil­
istic Interpretation.

One of the obstacles we met with was the self energy 
problem. Even though self energies are finite, they shift 
the energy levels from the correct values and the self 
fields distort the configurations of the clouds, as noted 
In our first paper. It is not clear to our minds whether 
this problem is solved consistently or is Just ignored in 
the conventional quantum theory. It is clear, however, 
that we cannot ignore it for a consistent classical formu­
lation. This problem was the more vexing In our gauge 
noninvariant formulation in terms of real electrom fields 
because there the self interaction assures the continuity

31



equation and the equivalence with the Schrodinger theory.
We were not allowed to switch on and off the interaction.

In Part II of this work we review the status of the 
gauge noncovariant classical theory of distributed charge.
We then show how the unphysical self Interaction correc­
tions can be removed by employing a formalism in which a 
particle field Interacts only with those gauge fields with 
sources in the other particle fields. Then by indicating 
a modification for this classical theory which enables it 
to account for such phenomena as the Zeeman effect we 
clarify the relation which exists among the existence of 
states with integral nonzero values of Lz , the single­
valuedness requirement for quantum mechanical wave 
functions, and Dirac's quantization condition for magnetic 
monopoles. Whereas in the quantum formalism the quantisa­
tion of magnetic monopoles is taken to be a result of the 
quantum properties of matter, in the classical formalism 
with which we are concerned the "quantum" property of 
matter exhibited by the Zeeman effect is accounted for by 
allowing for such magnetic fields as are produced by Dirac 
magnetic monopoles. We next apply the newly modified 
theory to obtain a complete solution for the static con­
figurations of the classical hydrogen-like atom in the 
presence of a uniform external magnetic field.

In our considerations we have left out spin, statistics, 
and particle number for the matter field which properties,
we feel, may be the essential quantum features.
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2. THE GAUGE COVARIANT AND GAUGE NONCOVARIANT THEORIES 
To illustrate the relation between them the gauge 

noncovariant Lagrangian is derived from the gauge covariant 
Klein-Gordon-Marwell Lagrangian. The Lagrangian density 
for a Klein-Gordon field ^ Interacting with its Maxwell 
field Aj* can be written as-*-

1 + , (2.1)
where is a reciprocal length, cc is the fine
structure constant, and F ^ -  • Writing the wave
function as

<(/= RexfciS , (2.2)
where R and S are respectively the real amplitude and 
phase of ^ * (2.1) becomes

I = V R* (A*-B>*S)(AH-avS)-XaR ^ £ F K%  . (2.3)
Defining the new variable

Ap. = — , (2.4)
we can rewrite (2 .3 ) in the form

I = + R H A ^  -XM - i  F*"'' Fh'v . (2.5)
where FH« = A u^ - A hid and we have assumed that ifl
integrable. Hereafter we drop the primes in referring to 
(2 .5 ) which is the desired generalization of the gauge
noncovariant classical Lagrangian for distributed charge

2which Dirac gives as
L  = R ' C A ^ - V )  - F ^ F ku . (2.6)

1 The metric signature (----+) is used throughout this
paper. Greek (Latin) indices refer to the space-time 
(spatial) coordinates and components.
2 P. A. M. Dirac, Proc. Roy. Soc. (London) 209A, 291 (1951)
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Equation (2.5) Is a generalization of (2 .6 ) In ae much as 
It contains the dynamics of the source as well as the 
dynamics of the Maxwell field. Although (2.5) Is gauge 
noncovariant, It Is Lorentz covariant.

The Lagrangian (2.5) is equivalent to that of (2.1) 
only under the circumstance that the~gradient of the phase 
of the wave function is integrable. It Is because this 
condition is not satisfied in general that a more detailed 
examination of the theory (2 .5 ) and of Its relation to the 
quantum theory becomes necessary. We begin with a 
comparison of the equations of motion obtained in the two 
theories.

The Euler-Lagrange Equations 
Independent variation of the six variables ^  , Ap 

in the Klein-Gordon-Maxwell Lagrangian (1.1) leads to the 
six Euler-Lagrange equations

+ > ^ = g , (2.7)
, (2.8)

J-ĵ  = ^  , (2.9)
where S is the variational derivative. From the Maxwell 
equations (2.9) and the Bianchi identity

= o , (2.10)
or by the combination of the Lagrange equations (2.7) and 
(2.8)

^  fi* - ^ ti -=° • <2-i:L)
we obtain the continuity equation

cy I -t x • (2.12)



Independent variation of the five variables R , Aj*. in 
the generalized Dirac theory (2.5) leads to the five Euler- 
Lagrange equations

=,a a R  + aR(/VA„-X*Wo ( (2.3.3)
= = 0  . (2.U)

From the Maxwell equations (2 .140 and the Bianchi Identity 
(2 .1 0 ) we obtain the continuity equation

. (2.15)
Although the gauge covariant quantum theory (2.1) 

depends on six variables tp , ip* , Ap and leads to six 
Euler equations, whereas the five variables/? ,A(a. of the 
gauge noncovariant classical theory (2 .5 ) yield but five 
Euler equations, this does not of itself require that the 
physical content of the two theories be essentially 
different. The covariance property of the quantum theory 
indicates that not all six of the equations of motion are 
independent. That the number of independent equations of 
motion is less than six is seen from the fact that the 
Lagrange equation obtained in the quantum theory (2.3) by 
variation of the phase is Just the continuity equation

|| = 3 < R H A ' - W r t - . o  , (2.16)63 *
which is a consequence of the Bianchi identity and the 
Maxwell equations according to

i a p t r i A ' - M V - I F V i o  . (2.17)
Nonrelativistic Theory 

The nonrelativistic limit of the generalized Dirac 
theory (2 .5 ) oan be obtained either by applying the
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transformations (2.2) and (2.4) to the Schrodinger-Maxwell 
Lagrangian given by
l  = , (2 .1 8 )
where the signs ± are determined by the sign of the 
particle's charge, or directly from the relativistic 
classical Lagrangian (2.5) as follows.

Setting
Ao = A? ±>> . (2 .1 9 )

In (2 .5 ) < where It Is the positive oonetant previously 
defined, we obtain

1  = arRavR± 4y,A^Ra + A,,ArRt-icF‘t% v 4 R ,Att+a0R ^  (2.20) 
The nonrelativistic approximation consists of taking

!Aol << * , (2 .2 1)
d°Rd>oR = c*- R,t <<: l^rRc>rRl . (2.22)

The first of these conditions requires that changes in 
time be relatively slow and the second indloates that the 
largest term in the energy is the macs term. The 
nonrelativistic Lagrangian for the generalized Dirac theory 
then becomes

X -  d rfta>rR ± * \ A p R * - t A r A f f l - F^Ffu. (2 .2 3 )
06 *

where we have dropped the star on the Ac, variable.
The relativistic action (2.5) describes a self 

interacting single-particle distribution for either sign 
of charge and is invariant under the transformation

A n  =$> - A  n . (2.24)
Having removed the constant £ X from Ao with the intention 
of imposing the condition (2 .2 2 ), we find that the theory
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(2 .2 3 ) is invariant under the simultaneous replacement of 
A|* by-A^ and of positive (negative) charge by negative 
(positive) charge.

The Euler equations which follow from (2.23) are
± x \ A„ R + ArAr R * (2.25)

£  For,r = + \ R l » (2.26)
A  r ^ 1|t = R* • (2.27)

The continuity equation now reads
± X b c R  4 + 3 r ( ) = 0  . (2.28)

The Maxwell equation (2.26 ) obtained by variation of the 
potential A 0 contains no time derivatives of Ao and can 
therefore be considered as a constraint equation on this 
variable. Similarly (2.25) is a constraint equation for 
R. . The dynamical development of the R  field is 
determined by the continuity equation (2 .2 8 ).

3. INITIAL VALUES AND CONTINUITY CONDITIONS 
Specification of a theory is not complete with the 

determination of the Lagrangian. Among the other necessary 
information are the conditions to be imposed on the field 
variables. Although in the Klein-G-ordon theory one 
customarily requires for problems that do not involve 
singular model-potentlals that the wave function be 
analytic in each of the cartesian coordinates, this 
restriction cannot be applied to R and S if one hopes 
to obtain all the solutions that are found in the quantum 
theory. In particular, the analytic quantum mechanioal 
eigenstates of Lz, which are proportional to e where
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la the azimuthal angle, have a real phaae which
la not analytic along the z axle when m la different from 
zero. On the z axle neither S nor ita derivatives are 
defined.

What we can aay la that
= ‘f4'/' , (3.1)

and
> (3.2)

are analytic where $ la analytic. Furthermore, In any 
region throughout which R la nonzero, <3/cS la analytic 
and we can define an analytic R  field. The R field 
cannot vanish over any finite apatial volume; for, If it 
were to do so, then by analytic continuation we could show 
that it vanished everywhere. Because R  can vanish only 
over spatial surfaces, lines, and at points we see that 
space is divided into regions inside each of which R  and 

are analytic. The extent to which these fields oan be 
analytically continued across the boundaries separating the 
regions of analytlcity is discussed in a later section.

The Cauchy Problem 
In the Kleln-G-ordon-Maxwell theory (2.1) it is not 

possible to independently specify the values of all the 
field variables and their first time derivatives over a 
space-like hypersurface. This will be clear from the Euler 
equation (3.5) below, which is first order in time. If one 
restricts the variables by a gauge condition on , then
it is possible to give as the Initial data the values of
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ifj » A ?  > over all space at the time t, where^^**?
and Ar* refer respectively to the longitudinal and trans­
verse components of Ar . With this Initial data and with 
the aid of the Lagrange equations we show that one can 
determine the values of the Independently specified 
quantities on the hypersurface Infiniteslmally displaced 
In time from the Initial surface.

From the Lagrange equations, which we write as
+ A *4 , (3.3)

= o , (3 .Xf)
-  g, i A r-°-A°T)fr + x + a A a ^<f = 0  > (3.5)

|  {Ar‘0-A°'r)IQ -  £  (As,r-Ar‘s ).,3 +i4>iTr4 +  *Ar4'+'l'̂  o  , (3.6)
and from the values of </ , tdoAr' over all space at
the time t we require the values of 4 > A ^  t etc. over all
space at the time t+St . We assume that the Initial values 
have been given for the variables In the Coulomb gauge

br A r =o , (3.7)
This gauge condition requires that the longitudinal 
component of Ar be Identically zero so that

Ar = A £  k  . (3-8)
bo Ar = Ar  ̂ (3.9)

Equation (3*5) Is a constraint equation for Ao In 
that the values of the Independent variables over the 
space-like hypersurface determine ho on that surface.
Thus, with A r>r=° in (3.5) we find Aol* from the 
Initial data. From (3 .6 ) we obtain (Ar,°-A°,r’)>© 1 and 
hence (. A r,0 - A o,r' i # Taking the divergence of this last
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and noting that A r>r-° we have A°,rr\* from which we 
can determine Ao\t+at . We can now find Ae,« \t and use
it in (3.3) to obtain 3* + I* and in (3.6) to obtain d* A r\*
From these second time derivatives we can find de.1!' |t+<sfc 
and ^oAr\t+St thereby completing the determination of the 
Independent variables on the time displaced hypersurface.

Because it is not gauge covariant the generalized 
Dirac theory (2.5) avoids the complication of dealing with 
a gauge condition. From the Lagrange equations

d ^ R  + R  =o , (3.10)
■3 a  ( As,r- A,,sKa + R * A r=o , ( 3 .1 1 )

- %  + v?*A“ = o  , (3 .1 2 )
and from the values of the Independent variables R , Ar , 
doR , over all space at the time t we require the
values of R , Ar » etc. at the timet+St . Equation
(3.12) is the constraint equation for Ad e termining its 
value on the space-like surface in terms of the values of 
the independent variables on that surface. Thus, from

j. it
(3.12) we have Ao I . Using this in (3*10) we obtaind«R| . 
From R anddoR , d^R andd„*R , Arand^„AT at t we determine 
respectively R ,d,R andAr at t-tS* . From (3.H) we 
find (Ar'0-A0,r )io I* which in turn gives (Ar‘°- . 
Together with R \ tHS this yields Ao\t<8t from (3.12) 
Knowing Aol* and Ac.t "* we can determine do Ad* and use it 
in (3.11) to calculate do Arl* . Finally, from do At I11 and
do Ar we obtain doArj*"1̂  .
- Each of the independent variables */* , A r  chosen for
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the quantum theory Is composed of two components. These 
four independent components and their first time deriva­
tives are eight functions which when specified over an 
initial space-like plane form a complete set of initial 
data in some gauge. In the generalized Dirac theory we 
choose as Initial data the four variables R , hr and 
their first time derivatives , £>oAr or again a total of 
eight independent functions on the initial surface.

In the gauge covariant quantum theory one speaks of 
the values of the variables with reference to a gauge. If 
a gauge is not chosen, then only the values of the gauge 
invariants -^Ap) tf* t etc. are meaningful.
Although in the classical gauge noncovariant theory all the 
variables are physically meaningful in the sense that all 
have definite values, yet they are not all independent; 
for one variable /4o is still related to the others not 
by a dynamical equation but through an equation of con­
straint (3 .1 2 ).

The Nonrelativistic Cauchy Problem 
In passing from the relativistic case (2.13) to the 

nonrelativistic limit (2.25) the Lagrange equation for R 
goes from second order to zeroth order in the time 
derivative. As a result the number of independent 
functions which form a complete set of initial data over a 
space-like hypersurface goes from eight to six.

Thus for example one might choose as the initial data 
the values of A r , ̂ >okr over all space at time t. The
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values of these independent functions over the infinltesi-
mally time displaced hypersurface can be calculated from
the Lagrange equations as follows. Equation (2.26) can be
solved for At, as a function of R and the result used in
(2.25) to find . Equation (2.25) then gives Aal* •
From the continuity equation (2.28) we can now determine
R|*f<St . Again employing (2.25) we find Aol**** from which
we obtain 3eAe\t . This in (2.2?) gives do A*1 which in
turn yields 2>oAr\t4tSt completing the program.

Another possible choice of initial data is ,A h - ,
2)o A J1 , R  over all space at time t. This set of data
differs from that Just discussed in that the single
independent function has been replaced by R  I

\tFrom this new set of data we can recover <3)0/1 r- * in the 
following manner. From (2.25) one can determine ho I with 
which (2.26) gives 1̂  or B>rAr̂ fr’̂  \ . From this
last we can find /At 1 and hence \ .

4. SIMPLE APPLICATIONS 
To illustrate the utility and the limitations of the 

classical gauge noncovariant theory thus far developed we 
apply the Euler equations to several simple problems.

Hydrogen-like Atom 
We consider a single distributed classical charge in 

the presence of an external point source Coulomb field.
This is the analog of the hydrogen atom problem in the 
usual quantum theory. We solve only for the static 
configurations.
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With the external source
^ & f o t a t £cr* ̂  , (4.1)

the nonrelatlvlstlo Euler equations (2.25)> (2.26), (2.27) 
become respectively

-3v<3>rR + ArA,<R ± iXAoR=o , (4.2)
- k  (Ae'r-i\ri°)Jf = 1 \ R 4+ 2  &Cr) , (4.3)
A = R*Ar . (4.4)

The continuity equation (2 .2 8 ) Is
(R4^ ) ^  . (4.5)

For the static solutions which we seek one expects the 
spatial currents to vanish

f  R lA T = o . (4.6)
This condition on the current can be satisfied by taking

A r=o , (4.7)
which then requires by reason of the continuity equation 
that

c>0R = o , (4.8)
The Euler-Lagrange equations therefore become

-c)rarR i  i\AoR = o , (4.9)
- t=6 r^Ao = . (4.10)

Solving (4.10) we obtain
A. I *  - - i n  * -If V  - G , (4.11)

where £ is a constant. Upon entering this solution for 
Ao into the Schrodinger equation for R  (4.9) we have

< R ^ M T̂ l\R«'>>R = ± ^ E R .
In which the constant £ appears as the eigenvalue.
This equation Is nonlinear in R  and therefore depends
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upon the normalization of the ^  field. This is 
determined by requiring that the atom be electrically 
neutral; that is, we take

j p r  C V * =° • 13)
Integrating the right hand side of (4.3) we obtain

^ i » (4.14)
or

. (if.15)
That cloud and external source be charges of opposite sign
requires then that the lower sign in (4.15) and elsewhere
be chosen in our equations. Changing the normalization of 
&  from (4.15) to

§ J 3r fcJcr) s. , (4.16)
(4.12) becomes

? - jSr. <R->\ = - a i E R  . (*.17)
If we neglect the nonlinear self interaction term in (4.17) 
we find that R has the complete set of real time 
independent solutions

R " lm ir,B,^= p ‘"(8) . (U-18>
where (R* are the hydrogen atom radial functions and
P*** are the associated Legendre polynomials with nn
integral. Still neglecting the self Interaction term we
find that the energy eigenvalue ratios E* / £*»' for the
solutions (4.18) agree with those of the quantum mechanical
hydrogen atom solutions.

With the set of solutions (4.18), however, the self
interaction term is not negligible. Equation (4.17) i* the
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Schrodinger equation for a real density of charge ft4 
distributed about a point charge at the origin. On the 
average the potential energy arising from the self 
interaction among the parts of the cloud is of the same 
order as that arising from the Interaction with the 
nucleon; that is,

< R »  <RcvARcr'>\ I • (^.19)
For example, with the normalization (4.16) and for the 
ground state

&  U r T ' e " * *  . (4.20)
we have that
< R lt,b\ -Jr I R ,oc,> = ■§ R lPô ') l- r ibTT|\R '0c’c r ' ) \ R n r ) > . ( 4 . 2 l )

The solutions obtained (^n’lvv' are just the real and 
Imaginary components of the quantum mechanical wave 
functions ^ n*m

To show that the Schrodinger eigenvalues in
(4.17) are indeed the nonrelativistic energies we rewrite 
the action (2.5) in a system of curvilinear coordinates 
with the help of the metric and calculate

~ C 1  ̂ • (4.22)
Having done this we restrict the metric to the Lorentz form 
and use the Euler equations to obtain 
Too* c>oRS>„R- ForF;r /r«frrs-ar(R^R^ #(4.23)

For a static localized system this becomes
a R li A . -  i F o r F o  . (4.24)

Assuming the presence of an external source we write the 
Maxwell potential as
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A . =
where 4°* and 4 ^  are respectively the spatially

(4.25)

dependent components of the potential with sources in the 
distributed charge and in the external source. The 
constant term E is the relativistic energy which is 
computed from the Kleln-Gordon equation for R  . Thus we 
have

where and are the internal and external current
sources respectively, (4.26) becomes after partial 
integrations

Normalizing the Internal charge to — 1 we obtain after 
integrating over space

The second term on the right hand side subtracts the self 
energy of the distributed charge while the third term is 
the self energy of the external source. In the nonrelativ­
istic limit and neglecting self effects the energy reduces 
to the mass term plus the Schrodinger eigenvalue

To show the limitations of the theory (2.5) we 
consider a hydrogen-like atom in the presence of an 
external constant magnetic field whose vector potential is

With the Maxwell equations
(4.27)
(4.28)

\ r ^ (4.29)

Zeeman Effect



given by
(4.31)

The static Klein-G-ordon equation for R becomes
V lR + R  (A*A0 - J -X'-) =o (A.32)

Again writing
(4.33)

we find that (A.3 2 ) is aside from self effects the usual 
Klein-Gordon equation less the linear Zeeman terra. The 
energies calculated from (A.32) will therefore not show 
the linear Zeeman splittings.

In another example of the application of the gauge 
noncovariant classical theory we consider the nonrelativ­
istic time development of the minimum wave packet in the 
absence of external fields.

The Euler equations are given by (2.25)> (2.26), and
(2.27) and the conservation law is (2.28). As in the 
hydrogen atom a finite self interaction arises because we 
have allowed the R  field to act as a source term in the 
Maxwell equations. Disregarding this source term in order 
to eliminate the self interactions the Lagrange equations 
become

Minimum Wave Packet

± * A r A ^ R ^ O
ri*u» )T) =• O

(4.34)
(4.35)

The conservation law we keep as
— Ac>o R* ■+ 3r ( RlAr) -o (4.36)

We choose the Initial data to be
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Rcr,o> = UtvV * &~3h 4Sl"i , (4.37)
ĵbti

do 'ft**- * O
X 1* = o , 38)

' (if.39)
(if.40)

where and are the transverse and longitudinal
components of X  respectively.

The Maxwell equations (4.35) are in three dimensional 
notation

V 44> *v V- a>0~ k ^  = o f (4.41)
+ ^ . < | ) ^ : ^ 4 a 6lJ H = o . (4.42)

Equation (4.41) requires that
+V<f> =o , (4.43)

which with (4.42) leads to
7 * 7 *  X * 1 -v- 2»o X"fa' = c, , (4.44)

By repeated differentiation with respect to time of (4.44) 
and by the use of the initial conditions for we find
that all the time derivatives of vanish and hence

= T f ^ l r . M  =o . (if.if5)
The Maxwell equation (4.43) determines the dynamical 

development of ; the continuity equation (4.36)
determines the dynamics of the ^  field; and the 
Schrodinger equation for R (4.34) is a constraint 
equation which determines Ao .

These equations can be solved in a Taylor expansion in 
time as follows. From (4.34) and the initial data we 
obtain 4 lto . This and (4.43) yield (to"v<st . Using
(4.36) and the initial data we obtain R lto*st , in this
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way we determine the necessary independent variables at the 
displaced time t0+ht . _

The complete solution, which can be checked by 
substitution in the dynamical equations, is given by

* ■ (-skt ■ ifi I*--:*) K r f T  ,

, <*.<*>

where Xo refers to the time coordinate <*t . The usual
solution obtained from the Schrodinger wave theory is 
identical with the above solutions under the transforma­
tions (2.2) and (2.4).

5. THE SELF ENERGY PROBLEM 
Both the usual quantum theory (2.1) and the classical

(2.5) suffer from an unphysically large self Interaction. 
When applying the quantum theory one alternative is to 
neglect the self interaction completely by dropping that 
part, P1*0 Fjto , of the Lagrangian which depends solely 
upon the Maxwell field and, having thus eliminated the 
Maxwell equations which indicate what are the sources of 
the Maxwell field, to reinterpret the remaining variables,

» as external fields. This procedure is not possible 
in the gauge noncovariant theory, because the continuity 
equation which is a dynamical equation for the R field 
follows from the Bianchi identity and the Maxwell
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equations. If one neglects the Maxwell equations, one 
loses the continuity equation and the conservation of 
charge. The classical theory differs in this respect from 
the quantum theory for which charge conservation is still 
guaranteed "by reason of the covariance under the constant 
parameter gauge group even if the free Maxwell Lagrangian 
is dropped. The other alternative for the quantum theory 
lies in the procedures of quantum electrodynamics which in 
spite of its practical successes is not without its own 
difficulties.

In accord with our attempt to treat the fields 
classically and to interpret the current density as a real 
charge density rather than as a probability density we are 
led next to a formalism in which a particle field interacts 
only with the gauge fields whose sources lie in other 
particles. Such a program eliminates the self interactions 
except in so far as a particle influences the sources of 
the gauge fields with which it interacts. The situation is 
quite similar to the manner in which one introduces the 
Coulomb interaction between point charges while neglecting 
the infinite self interaction of a point charge with the 
singular field it produces at its own position.

We assume that Coulomb’s law is applicable between the 
continuous concentrations of distributed charges with the 
restriction that a particle's charge density at any point 
does not interact with the Maxwell potentials produced by 
the other parts of that particle's distribution. For a

50



system of interacting distributed charges we then have

J j ’rZt'Zf , (5.1)
* X u*f)

where is the rate at which work is done, is the
current of the charge distribution, Ei is the 
eleotric field produced by the ^ ^  charge distribution, 
and the integral extends over all apace. Assuming further 
that Maxwell's equations relate the fields produced by the 

charge distribution to the four current of that 
distribution we have

V * H r *

(5.2)
V-

Using the Maxwell equations to eliminate the sources from 
(5.1) we can write

4 r — i H  • (5.3)
di ‘4 p

This suggests defining the Poynting vector and the energy 
density respectively as

- (EixH* t-Ej.Wi) ( (5^j
U*i}

♦For point charges the Lorentz force on particle 4, due 
to the fields produced by the other charges is given by
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F; =  ( E j +  . (J-5)

Generalizing we obtain the rate of change of mechanical 
momentum for an interacting system of distributed charges 
as

. (5.6)

Using the Maxwell equations to eliminate the sources from 
(5.6) we can write

dy5™ui =

- 1  fit'ffl+Ej-Ej) - £|j { Gi K Uj 4 Ej* .
<—>

where X  is the unit dyadic. This suggests defining the 
stress tensor as

T  == OT Xi jiliHitHjHit'f,i(t £,£;If (K.-HjtE.-.(5.8)

Combining the results of (5.3) and (5.8) we obtain the 
energy momentum tensor

{ Fr U' ̂ ' - i V  FA a ' Frf? \ , (5.9)

which can be obtained from the Lagrangian

I  - P < *  Jj^ F ^ '  F<w‘“ , (5.1 0)
where the extra indices on the gauge fields refer them to 
their sources. Equations (5*9) and (5.10) are of course 
the same equations that are usually obtained less those 
terms which result from self interactions.
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The distributed sources can be coupled to the gauge 
fields through the currents by taking the interaction term 
in the Lagranglan to be

I**4* A*'* • (5-n )
city

Recalling the continuity equation (2.15) we expect the 
currents to be of the form

j r u) = t (5>12)

where self interaction has been avoided by not allowing the 
current to depend on .

We have Introduced the formalism of attached fields 
for the purpose of eliminating the unphyslcal self 
interactions from the static configurations for which we 
solved earlier in this paper. The effect on the Lagranglan 
has been to remove the self effects from both the current 
and the gauge field terms. In particular, although they 
are usually considered to be significant as energy-momentum 
carriers in radiative processes, we have' eliminated the 
squared quantities E'f and H* from the Lagranglan and 
thus from the energy.

In the ordinary treatment of radiation from an 
Isolated emitter the squared fields appear to carry off 
energy in the expanding wave. The subsequent collapse of 
this wave and the appearance of the entire quantum of 
energy at some localized absorber then lead to the 
interpretation of the quantity Ei +• H/* as a photon
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probability density. In the attached field formalism the 
phenomenon of radiation and absorbtion between two systems 
would appear to be interpretable in terms of the trans-

—a - ^
mission of an energy density E*'Ei+ from one
system to the other, where the subscripts 1, 2 on the 
fields refer them to their respective sources in the 
radiating system and in the absorbing system. The form­
alism is in this way related to the other absorber theories 
of radiation. Thus, although the attached fields have been 
introduced merely as an aid in the attempt at a consistent 
classical nonprobabillstic interpretation of the current 
densities, we find that they suggest a similar olassical 
interpretation for the Maxwell radiation fields. The 
extent to which the formalism of attached fields is validly 
applicable to radiative phenomena is outside the scope of 
this work.

Euler Equations and Energy 
In order to show that the formalism of attached fields 

accomplishes the task for which it was introduced we 
determine the equations of motion and the energy for the 
static configurations of a distributed charge in the 
presence of an external point charge. We take the 
Lagranglan density to be

_£ = a 1'R<5„R + ft’ (AlM |l - X 1) - ±  R H M j r V )  ,  ( 5 . 1 3 )
where the quantities under the bars refer to the external 
source and its attached Maxwell potential. The Internal 
and external sources appear symmetrically in the Lagranglan
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but the fluctuations of the external source have been 
neglected. The Euler equations which follow from this 
Lagranglan are given by

Q R =  R C A ^ k - X 1) ,

P( A"A.-TM=o ,
4  = * fl'J* s J* .

= t P » A “ = p  .
The continuity equations are

(5.1*0
(5.15)
(5.16) 
(5.17)

(5.18)
(5.19)a K U P 4 AK) = o .

After writing (5.13) In curvilinear coordinates by
introducing the metric we compute Too from

T«,3 , (5.20)
where S is the variational derivative operator. In this
way we obtain after restricting the metric to the Lorentz
form

Too= doRBoR - Rc£ R - (RdrR) * aR*AoAo 
- |  + a P*AoAa .

For static configurations in which only the time components

(5.21)

of the Maxwell potentials are nonzero this becomes
M u (5.22)Too - Ao + Jc Ao - ̂  For \ror 

We write the external Maxwell potential A<* as
Ao - 5 -  e , __ (5.23)

where contains only the spatial dependence of Ao and
E  is a constant. In this way we obtain after
integrating the term

■xbiitu.

For I-oc by parts

T>o = jo Ao 'tfoAo ( 4  For),r - $0 <t> (5.2*0
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When integrated over all apace the divergence term vanishes 
and the remaining terms can be written

\i3x - ^ x E J o + j j ' x A . ^ .  . <5 -25)
With the external current given by

, (5.26)
the Euler equation (5.15) gives

A o  Cr*°^ - V  . (5.27)
Requiring that the atom be electrically neutral we obtain
the condition

. J = -  t . (5.28)

Thus, we obtain the energy as
} A*x T . ^  - E  + X , (5.29)

where E  is the relativistic energy eigenvalue, as can be
seen from (5.1*0 > and X  is the mass energy of the
external particle.

The Cauchy Problem 
To complete the introduction of the attached fields we 

treat the Cauchy problem as it appears in this formalism 
for a distributed charge in the presence of a localized 
external charge whose fluctions we neglect. The Euler 
equations can be written as

-a .” R-SrSTR + -Xs) = o  , (5.30)
= 1 R l A„ , (5.31)

f t  (  A3*T -  A £ ? V s  ^ f t C A ^ - A ^ U  = ’■V-T.* , ( 5 - 3 2)
R U kA,.-5;*)-o , (5.33)
f t  ( A r' ° - A <''‘' ' ) . r  = , (5.3if)
ft  ̂*  a ‘‘r-~P'°),0 , 1 R lA r , (5.35)
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where the quantities A  r and a H  refer respectively 
to the transverse and longitudinal components of A r  .
This division of Ar into components is necessitated by the 
fact that wherever the R  field vanishes the theory is 
covariant under the group of gauge transformations

=> A^t-vd^ {joe*) , (5.36)
where is a single valued and continuous function of
the space time coordinates. In addition to the Euler 
equations we employ the continuity equations

A»S.R*+ R13»A« + CR’-S4)^ = o > (5.37)
So CR'-A”) + , (5.38)

which follow from the Bianchi identities satisfied by the 
attached gauge fields. As the Initial data we assume that 
at time £ the values of R  , <5)wR , Ar , doAr1, R  , Ar , 
doAr are given over all space while the values of A h  
and 3 o A H  are given where R 4 is nonzero. From the 
initial data we obtain at t+$t the values of R  , jfe ,

Ar over all space and the values of A h  where R 4’ is 
nonzero. From (5.33) we determine Aol* and A d *  where 
R4 is nonzero. This gives us R*A© \ which with (5.38) 
yields R*A0\t4&t . Knowing Ao lt4S,fr where R 4 is nonzero we 
obtain R  Next we compute AoV6 from (5.3^) and use
it in (5 .3 0 ) to determine ̂ oR\* which then giveso>0R 
From (5.37) we now obtain doAc. I** and use it to find A © I** 
Next we compute (A©,r-Ar,o\© I from (5.32). From (5.31) we 
then calculate (ArvT*- A«,r) I and (. A h "  A..r) Y * St .

. .1©^ \t^t
Using the latter we can determine \ where
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R *  Is nonzero. From what we hare thus far we can extract 
and then obtain do . From this last we

compute . Finally we determine (Ao(r-Ar|0)to\t from
(5.35) and fro® it find do Arf and in turn from this 
compute 3>eAr 1**** . This then completes the determination
at the time tf&t of the quantities given initially at the 
time t .

6. MAGNETIC MONOPOLES AND Lz EIGENSTATES 
As we saw in Sec. 4 the hydrogen-like atom in the 

classical gauge noncovariant theory suffered from two 
significant defects. The first of these, the appearance of 
an unphysically large self energy perturbation in the 
Schrodlnger equation is removed in the attached-field 
formalism presented in Sec. 5. The second difficulty, the 
absence of the linear Zeeman effect, is considered here.

In Sec. 2 we derived the form of the classical theory
(2.5) from that of the quantum theory (2.1). The quantum 
Lagranglan (2.3) written in terms of the phase and 
amplitude of the wave function can be divided into three 
gauge invariant parts:

the free amplitude terms
B'Rd.R- , (6-D

the interaction term
R2( A'-d'SUA.-SnS) , (6.2)

and the free Maxwell term
F e" F,.* . (6.3)

The first two of these, (6.1) and (6.2), are invariant
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under the group of gauge transformations
Au. A a  + 2>/<£cxtf)

^ , (6.4)S => S -v k ^ u)
where ^tx°) is a completely arbitrary function of the space 
time coordinates. The last term (6.3) is invariant only 
under the restricted gauge group of transformations for 
which d ^ t x 0) is an integrable function of the coordinates. 
A transformation with nonintegrable would Introduce
into Ffio a physical electromagnetic field which was not 
present beforehand. The Maxwell equations, which read

|  W C A ^ - d ' S )  . (6.5)
— i . iwould then have the same source but different f  and H  

fields before and after the gauge transformation with 
nonintegrable .

The eigenfunctions of the operator ix , which 
determines the linear Zeeman energy, are proportional: to

where $ is the azimuthal angle. The phase of such 
an eigenfunction Is not defined along the z axis and the 
gradient of the phase Is nonintegrable on the z axis. The 
gauge transformation which reduces to zero the phase of an 
eigenfunction of Lz Is therefore not a member of the 
covariance group of (6.3). The absence of the linear 
Zeeman effect Is then a particular case of the more general 
problem of explaining the handling of the gauge transfor­
mations with nonintegrable functions <3^ . Because we
are not interested in just any gauge transformation with a 
nonintegrable , but only in those which transform to
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zero the nonintegrable components of 8>A .S > we must
determine the possible nonintegrabilities of 3 •

If we assume that ^  and are analytic in each
cartesian space time coordinate, then as we saw in Sec. 3

R* = 4’+‘f , (6.6)
and

U R  *dhS = t (6.7)
are analytic everywhere and d^-S le analytic where ^ ia 
nonzero. Wherever b^S is analytic all of its derivatives 
exist and it is integrable.

Because can be nonintegrable only where ^  
vanishes and S  is undefined, we conclude that a 
nonintegrablllty in 3/.S Is physically meaningful only in 
terms of its nonlocal effects. Thus the statement that 
over some region where the wave function vanishes

bite)/*. & - c>/4.bv S 4 °  ' 7~ (6.8)
is sensible only in so far as

£  = JE , (6.9)
is uniquely determined, where ^  is a two dimensional 
surface in space time at some points of which Q>/tS is 
nonintegrable and c is a curve bounding the surface.

The value of (6.9) will be uniquely determined only if 
c^-S is well defined over the full length of the curve 
C ; and, for this to be so, d  must lie completely 
within a region of nonvanishing ^  . Because S/tS is
integrable wherever ^  does not vanish, we conclude that 
for (6.9) to be different from zero so that will be
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nonintegrable at some points on the surface 2L , the 
region of nonzero ^  in which C lies must be multiply 
connected.

Therefore, a necessary condition for the existence of 
a physically significant fyS nonintegrable in a region of 
vanishing ^  is that the domain over which vanishes 
must be encompassed by a multiply connected domain of 
nonvanishing ^  .

For the static configurations in which we are 
particularly Interested the only analytic wave functions 
which satisfy this condition are those which vanish over a
closed of Infinite line in space. For these wave functions
the nonintegrable phase gradient V S  adds to the field 
tensor F^o a discontinuous magnetic field on and 
tangent to the line where ^  vanishes.

Such singular lines of magnetic field appear in 
Dirac's theory of magnetic monopoles.2 In fact Dirac 
arrives at his quantization condition for magnetic mono­
poles

eob = . (6.10)
where n is an integer and ^ is the magnetic pole strength
by considering the possible nonintegrabilities of the 
wave function's phase gradient.

Dirac began with the Schrodinger theory and its single 
valued wave functions and deduced from the "quantum"

2. P. A. M. Dirac, Proc. Roy. Soc. (London) 133A. 60 
(1931); Pbys. Rev. £4, 817 (1948)
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properties of matter that magnetic monopoles, if they 
exist, must he quantized in terms of electric charge. Our 
procedure has been to remove the phase from the complex 
wave function, to add its gradient bp.S to the A^t field, 
and to interpret the resulting quantity Ap-dpS as a 
Maxwell potential. This leads to a gauge noncovariant 
theory which is physically equivalent to the Schrodinger 
theory only if dpS is everywhere integrable. For the 
time independent solutions of the quantum theory VS will 
be integrable except perhaps along a line in space. The 
singular magnetic field produced by such a nonintegrable 
phase gradient 1b Just the magnetic filament which appears 
in Dirac's theory of magnetic monopoles. Taking the 
posture opposite to Dirac's we allow for the existence of 
the type of singular fields produced by quantized magnetic 
monopoles and find that the time independent "quantum" 
properties of matter can be explained in a consistent 
classical gauge noncovariant field theory.

In the quantum theory it is the d e n s i t y ^  and not 
the wave function Itself that has a physical interpreta­
tion. The imposition of the single valuedness condition 
on ^  itself is in this regard an additional postulate to 
the quantum theory. In the same way the allowance for 
singular quantized magnetic strings is an added condition 
on the classical field theory.
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7. APPLICATIONS OF THE EXTENDED THEORY 
In this section we apply to the hydrogen-like atom in 

the presence of a constant external magnetic field the 
gauge noncovariant classical theory modified in accordance 
with the formalism of attached fields of Sec. 5 and 
extended to allow for magnetic-pole-like strings. We then 
present a nonrelativistic static solution for the minimum 
wave packet in the presence of a particular external 
source.

Zeeman Effect for the Hydrogen-like Atom
In order to maintain the Maxwell equations in their

usual form and yet consider the magnetic filaments produced
by point magnetic poles we consider the stationary magnetic
sources to be located sufficiently far from the localized
system of interest that the radial field from the pole is
negligible and we delete from the spatial coordinate system
the line along which the filament lies. In the region of

■jj35interest then the magnetic field n of the pole is zero 
and the Maxwell equations for the field attached to the 
pole are

■7x = ° (7.1)

The vector potential by which we describe the effects
of the pole in the region of Interest is, however, not 
zero. We choose its covariant components to be

A j N  I Ar, Ab.A^.A*) - (°,°,±m f (7.2)
where rn is an integer. This potential corresponds to a
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singular magnetic field along the z axis and passing 
through the origin. Thus we have

where C  is a closed curve in space surrounding the 
magnetic string. Equations (7.1) and (7.2) are compatible 
because we have deleted from the coordinate system the line 
where the string lies thereby making space multiply 
connected.

The covariant components of the potential for the 
constant external magnetic field, which we choose to be in 
the direction of the z axis, are given by

The covariant components of the potential from the 
point charge located at the origin are

where E is a constant.
Because we are not interested in the Interactions 

among the various external fields, we consider an effective 
external potential which is the sum of (7.2), (7.^) and
(7.5) and obtain

£ tR4lAHAn-A4)- oiF*i,,r|tl, + , (7.7)
where ^  contains the sources of . With nondynam- 
lcal the Euler equations are

(7.3)

* (A?, 1 A ? ) = (o,oiq|iirisAM,e,o)  ̂ (7.̂ )

The Lagranglan is now

(7.8)
(7.9)



£  F l'vi« = . (7.10)
Substituting the value of the external potential into
(7.8) we obtain

-□l?+ r {
or

- Q R  + r { ^ f r W 8 t » f f i H + rf.et( 4 )5) . ^  = 6i (7ii2|

which is the Klein-G-ordon equation for the amplitude of
the wave function for a hydrogen atom in a constant
magnetic field. The relativistic energy is H  . The
linear Zeeman term is i^JUb.e

We compute the energy fromloo which for the 
Lagranglan (7.7) is

Toe = + + * 1 ° L - L  . (7.13)
With the aid of the Euler equations this can be expressed 
for stationary configurations as

T o *  a ^ J J o  + + F rs? r s - i  R,r For . ( ? . U )

Writing
Ac, - V  F , (7.15)

this becomes after partial integrating and using the Euler 
equations

T«. = - + J . A c - g ,  ( A r F rs),3 _ (7 .1 6 )

Because J R,r goes to zero faster than '/r* as r goes 
to infinity the second term on the right hand side 
vanishes. Because we have treated the external sources 
nondynamically the Ao potential is arbitrary up to a 
constant which does not depend on the solution for the
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R field. We choose this constant to be zero. The last 
term on the right hand side vanishes because of the 
symmetry.

Normalizing the current to - 1 we obtain
= e  , (7.17)

where E is the relativistic energy computed from the 
Klein-Gordon equation for R  (7.12).

Static Minimum Wave Packet
It is of some interest to note that there exists an 

exact time-independent solution for the minimum wave 
packet in the presence of a particular external field.

We take the nonrelativlstic Lagranglan to be
I=a>’'R^e+ R U A rAr ± +a">Mu , (7.18)ct

with the nondynamical external source given as
= (.0,0,0, |) , (7.19)

where % is a constant. This external source is to be 
interpreted as a uniform density of charge distributed 
spherically symmetrically about the origin. The Euler 
equations are then

±i),Aoi?=o , (7.20)
F/,r = ± « Xj?1 , (7.21)
F ' » V = « R lAr , (7.22)
F°r,r = Y  , (7.23)
"FT’'it« ~ ° • i7-zk)

For the static wave packet
RCr.tl = C 8 V s r Vl xfy , (7,25)

whloh is distributed symmetrically about the origin, the
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Lagrange equations have the solutions
A r = I r=° • (7 .2 6 )
A .  = + S *  S * v - ^ p t  , (7.27)

*. - + 5TS* +- ^  . (7-28)

Jo * + +5t&4 -  £
where the external source has been evaluated in terms of

(7.29)

the parameters of the packet.
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