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Abstract
Finite Fourier Transform Approximation and Riemann Sum

Approximation for Functions that Decay in Time and Frequency

by

Jeffrey Litwin

Adviser: Professor Louis Auslander

For functions with finite time and frequency energy moments, we find
upper bounds for the error of finite Fourier transform approximation to the
Fourier transform. The error can be measured as the maximum error over
all of the points of the FFT, or using a discrete L? distance, or using a
continuous L? distance.

Using the machinery developed, we also find an upper bound for the error
of approximating the L? norm of a function by a Riemann sum. From this
result, an upper bound is also derived for the error of approximating the L2
inner product, as well as the error of approximating the integral of an L!

function, by a Riemann sum.

v



As an application of the L? norm approximation theorem, we prove an
analog of the Landau-Pollak-Slepian approximate dimension theorems for a
certain set of functions that is approximately time-and-bandlimited for large
duration NV and bandwidth M. This set can be approximately parameterized
with N M parameters, with the error approaching zero as NM approaches '

infinity.
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0 Introduction

One of the most important operations in the signal processing industry is taking
the Fourier transform éf a function. With digital signal processing, the finite
Fourier transform (FFT) is used instead. A question of great practical importance
immediately arises: How good an approximation is the FFT?

The Fourier transform at a particular frequency is nothing more than an in-
tegral. And, the FFT at a particular frequency is a special case of numerical
integration using Riemann sum approximation. It would not be surprising if the
theory of Riemann sum approximation allows us to derive an error bound for the
FFT. In fact, we will do just the opposite. We will use an error bound for the FFT
to derive an error bound for more general Riemann sum approximation.

To obtain any results, it is clear that the class of functions must be restricted
somehow. For example, if there are no restrictions on the oscillations, knowing the
function at a finite set of points tells us nothing about the function anywhere else.
We will consider functions that decay sufficiently fast in time and frequency (in the
sense that will be described below). For this class of functions, we will derive an
error bound for FFT approximation to the Fourier transform and an error bound

for more general Riemann approximation.



0.1 Background
Previous Results

All previous error bounds that I am aware of come out of the observation that
we can rearrange the terms of the Poisson summation formula and the formula
becomes the desired error bound. It is not clear who first discovered this. See
Butzer-Stens [BS] and Briggs-Henson [BH, Chapter 6].

Assume that f satisfies whatever conditions are necessary so that the Pois-
son summation formula is valid. Consider the case of approximating the Fourier

transform, denoted f (7), by the FFT at v = 0. That is, we will approximate
R 1 MM/
fO=[1wa vy - > fk/m).
k=—NM/2
N and M will be assumed throughout this introduction to be even positive num-
bers. N is the timelength of the approximation and M is the sampling rate.

Note 1: By focusing on what seems to be just the special case of FFT approxi-
mation where 4 = 0, we are actually considering the general case of Riemann sum
approximation.

Note 2: For the case of ¥ # 0, we can apply the following method to fe—27i",

In fact, by the same method, we can obtain an upper bound for the maximum

error over all the points upon which the FFT is defined. (See Section 5.1.)



One form of the Poisson summation formula is

S J(kM) = 22 3 f(k/M).

kez kez

A rearrangement of the terms yields the following error bound:

1 iNM-1

JO) -3p X fEM|<|( X+ X k) +

k=-L1NM k<—3NM k>INM-1

3 f(kM)).

k#£0

The error bound can be interpreted as follows. Discretization results in two
types of error. Truncation error comes from the fact that the FFT only utilizes
function values over a finite duration. Aliasing error comes from the fact that
the FFT is limited to a finite sampling rate. The first term of the error bound is
primarily caused by the truncation error. The second term is primarily caused by
the aliasing error.

The form of the error bound provides practical information about how the error
can be reduced. Let’s say the first term of the error bound is much greater than
the second. Then increasing N will be much more effective in reducing the error
than increasing M.

At this point, we can impose various conditions on f to obtain many different
theorems. One possibility is as follows. Let j be an integer greater than 1. Let’s
assume that f(-1) is absolutely continuous (which implies that f) exists almost

everywhere) and that f(*) ¢ L!(R) for all & < j.



Then, using integration by parts j times,

f(7) __./f(t)e—znit'rdt )’/f“)(t) ~2mity gy

2m7

We will show in the next paragraph that the boundary terms from all of the
integrations by parts are zero.
Consider the following two typical terms involved in one of the the above j

integrations by parts:

1 k/B (K) {4\ o—2ity : 1 k+1/B (K+1) [\ —2rity
27ri7) _Af (t)e dt and hm (27”7) _Af (t)e di.

lim (

A,B=00

Because of our L! assumption, these limits exist for any fixed 4 and all 0 < k <
7 — 1. Therefore, the boundary term from each of the integrations by parts must

also approach a limit as A, B approaches infinity. The boundary term is

lim (—( ! —— )k fB(B)e2mBY 4 (—

k+1 (k) 2miAy
A,B—oo 2wy oy A )

27rz7

Because of the exponential factors, the only way that this limit can exist is if
limy—,o0 f)(t) = 0. Therefore, the boundary term also equals zero.

From the expression for f in terms of fU), we see that f is O(|v|~7). Now, let’s
estimate the second error term in the rearrangement of the Poisson summation
formula. The decay of f tells us that the second error term is bounded by a

constant times 3_(kM)~7, which is O(M 7).



We can also make the same assumptions for f that we did for f. Assume that
fU=Y is absolutely continuous and that f*) € LY(R) for all £ < j. By similar
reasoning, we see that f is O([t|~7). Therefore, the first error term is bounded by

a constant times [37, t~7dt, which is O(N-U-1),

L? Approach

The prior results show that if the derivatives of f and f are absolutely continuous
and in L}(R), then we can obtain error bounds for both FFT approximation and
Riemann sum approximation. What happens if we replace the hypothesis that the
derivatives are in L! with the hypothesis that the derivatives are in L?? That is
the question that we will address.

Note that we are weakening the hypothesis (on the first j — 1 derivatives).
We saw above that if f*) is absolutely continuous and f*) f+1) e L1 then
limjjoo f*)(2) = 0. This implies that |f(¥)(2)|? < |f(*)(t)| for sufficiently large ¢
which implies that f() € L2. Since our hypothesis is weaker, we should expect
weaker results.

There is a simpler way to describe the conditions in our hypothesis. The as-
sumption that fU=1) is absolutely continuous and that f*) ¢ L3(R) for all k& < j is

equivalent to the assumption that the j** frequency moment is finite. This moment



is defined by
D} = [4%)fPdy.
This result is essentially the content of Lemmas 1.3 and 1.4.
The dual of this result is also true. The assumption that f(~1) is absolutely

continuous and that f(®) ¢ L?(R) for all ¥ £ j is equivalent to the assumption

that the j*» time moment is finite. This moment is defined by
2 _ [ 42412
ok —/t i\ f|2dt.

This equivalence may make our results more practical than the results obtained
with the L! hypothesis. With the L! hypothesis, the error bound depends on the
L? norms of the j** derivatives. This information is usually difficult to calculate.

Our approach uses energy moments, which may be easier to calculate.

0.2 Notation and Definitions

The version of the Fourier transform that we use is
- A .
f(9) = Jim (in L?) / e dr,

The limit refers to convergence in L?*(R).

||fI| denotes the norm of f in L*(R). The L%([-N/2,N/2]) norm is denoted

by | flli-ny2,n72)-



The following norm is described in more detail in Section 2.2. Let %ZN be
the set of points {k/M},—_1nas,...nm—1- This notation is supposed to remind the
reader of the set of points {k/M} modulo N. The L? norm for functions defined

on %ZN is defined to be

I
S
™

1A army

Our version of the FFT is an operator from L?(%Zy) onto L(%Zys) defined
by

N

N

1

f(n/N)‘—‘jw—
k

M-1 - 1 1
f(k/M)e 2mikn/NM - — _~NM,..., SNM ~1.
=-iNM 2
The FFT of f will be denoted by f.
Note: The nonstandard scaling in the definitions of the FFT and the discrete

norm are used to make the FFT is a unitary operator. With these definitions,

A loovany = | llpes,my-

(See Section 2.2 for proof.)
The FFT can easily be extended to all of R so that it is a periodic function

with period M. The eztended FFT, denoted by f is

NM

w=

1

il —2riky /M
", Fk/M)e .

My =

-1
=—1NM
2



Note: The extended FFT is also a unitary operator. By Parseval’s equality for
periodic functions,

”fu||[—M/2.M/2] = ”f”D(M,N)-

The periodization operator Py is defined by

(Pnf)(t) =) f(t+kN), f€L*R)and decays sufficiently fast.
keZ

See Section 2.2 for a more precise definition.
T means the the complex conjugate of z.

|z] means the greatest integer less than or equal to z.

0.3 Executive Summary
FFT Approximation

From now on, throughout this paper, all functions are assumed to be in L?(R),
unless stated otherwise. We also assume that f and f are continuous. (In fact,
most of our results depend on the existence of time and frequency energy moments,
which is a stronger condition than the continuity of f and f .)

Because of our assumptions, both the Fourier transform and the FFT exist.
We would like to measure the error in approximating the Fourier transform by the

FFT.



The error in the FFT approximation can be measured in many ways. One way
is to measure the maximum difference over all of the points upon which the FFT
is defined.

Since f is assumed continuous, we can evaluate f at ~Znm. Therefore, we can
also measure the error by calculating the discrete L? distance, ||f — f Hpv,m)-
We can also measure the error by calculating the continuous L? distance, ||f* —
Flli=mp2.m721

With the L! hypothesis, a key step in deriving an error bound was to show
that f and f decay at a sufficiently fast rate. We obtain a similar result easily in

Lemma 1.5. If C; and D, are finite, then
12l < Alt)~,

where A is a constant. Unfortunately, this lemma doesn’t give us any information
about what the constant is.
However, a different approach yields an even stronger result. Define the discrete

tail energy to be
1

> |f(k/M).

[k|>LNM

E}m

In Lemma 2.3, we show that if C; and D, are finite, then the discrete tail energy
is O(N~7), and we also have an upper bound for the constant involved.

Notice that this implies that f2(t) is O(jt|~7). At this point, we could plug this

9



information into the rearrangement of the Poisson summation formula as we did
with the L! hypothesis to obtain a bound for the maximum error. This approach
results in the first FFT approximation theorem (Theorem 5.1).

By proceding somewhat differently, we can obtain bounds for the discrete and
continuous L? error. The following briefly describes how we derive an upper bound
for the discrete L? error. |

Since the discrete energy in the tail is bounded, one would expect that we
can find an upper bound for the discrete L? distance between a function and its
periodization. In fact, we prove the following periodization comparison lemma

(Lemma 2.8). If C; and D, are finite, where j > 2, then
|Pn f — fllogany < KN7/2,

where K depends only on C; and Dy (and inversely on N and M).

This lemma allows us to replace f and f in the definition of the discrete L2
distance between the FFT and the Fourier transform with periodizations (using
the triangle inequality). Of course, replacing f with (Pyf)~ introduces an error
of K3 N~#/2 and replacing f with Py f introduces an error of K,M=3/2,

Now we must calculate ||(Pxnf)~ = Parf]| p(n,m)- For this, we use the generalized
Poisson summation formula (Theorem 4.1). The generalized Poisson summation

formula says that under the hypotheses of the Poisson summation formula, (Pn f)~

10



is equal to the sampled Py f. Therefore, in our case, where the hypotheses are met
because of energy moment conditions, the norm of the difference is zero.
We have just derived the desired upper bound for the discrete L? error (Theorem

5.2). If C; and D; are finite, where j > 2, then
tf — Flipaany < KaN-32 + Ko M~312,

K; depends only on C; and D; (and inversely on IV and M). K, depends only on
D; and C) (and inversely on N and M).
We also obtain an upper bound for the continuous L? error (Theorem 5.3, see

Section 5.3 for the proof). If C; and D; are finite, where j > 2, then
1F* = Flli=pmsznera < KaN~32 4 KoM~

K; depends only on C; and D; (and inversely on NV and M). K, depends only on
D;. Notice that the second error term is better than the corresponding term in

the previous result.

Riemann Sum Approximation

Since we are focusing on the L? norm error, our approach does not automaticall
4
provide an error bound for more general Riemann sum approximation. However,

from the third FFT approximation theorem, we derive the L2 norm approximation

11



theorem (Theorem 6.1). Then, we bootstrap our way to derive error bounds for
more general Riemann sum approximation.
From the third FFT approximation theorem and the triangle inequality, we

have
|12 e parzatrn = Flli-payeaya| < KuN=2 4 KoM,
As mentioned above, the first term of this inequality, || f||i-rr/2,m/2), is equal
to [|f|Ip(m,n) by Parseval’s equality for periodic functions.
The second term, ||f'||[_M/2,M/2], can be replaced by ||f|| = ||f|| at the expense
of increasing K,. This is a consequence of Chebyshev’s inequality.
Making these two substitutions proves the L? norm approximation theorem. If

C; and D; are finite, where j > 2, then
| 1711 = 1 llpgam| < KaN=32 4 KoM,
K, depends only on C; and D; (and inversely on N and M). K, depends only on
D;.
From the L? norm approximation theorem, we derive an upper bound for the
error of approximating the inner product of two L? functions by a Riemann sum

approximation (Theorem 7.2). The key observation is that the inner product can

be expressed as a linear combination of L? norms by the polarization identity:

(,9) = 301F + Il = IS = ol +41Lf — il — Il + igl)

12



This yields the inner product approximation theorem. Let f,g € L?(R). If the
7** energy moments are finite, where j > 2, then the error in discretizing the inner

product is bounded by

K,N7i? 4 K,M—.

The K; depend on the energy moments and [|f}| 4 ||g|| (and inversely on N and
M in the case of K3).

The next step is to note that any L! function can be expressed as the product of
two L? functions. If the two factors decay sufficiently fast in time and frequency,
then we can also derive an upper bound for this general case of Riemann sum

approximation (Theorem 7.3).

Approximate Parameterization

Section 8 contains another application of the L% norm approximation theorem. We
derive an analog of the Landau-Pollak-Slepian approximate dimension theorem for
a set of functions with bounded energy moments. This set is approximately time-
and-bandlimited for sufficiently large N and M. We show that this set can be
approximately parameterized with the number of parameters equal to NM. As
N M approaches infinity, the error of the approximate parameterization approaches

Zero.

13



1 Energy and Energy Moments

Subsection 1 contains some definitions about energy and energy moments. Various
results about energy moments that we will need are then given in Subsections 2

and 3.

1.1 Background

S |f|?dt is referred to as the (continuous) energy of f between a and b. We will
present several other definitions that describe how the energy of a function is dis-
tributed. N and M represent arbitrary positive numbers, unless stated otherwise.

The continuous tail energy of a function f, denoted by E%(f) or E%, is defined

By =E}(f)=[ , IfPdt

[t]>iN
Where the function is understood, we will write E§ for E%(f). The square root
of E% will be denoted by Ey.
We also define an analogous concept for the discrete energy in the tail. This
definition will depend on two parameters. The discrete tail energy of a function f,

denoted E% ,y, is defined as

Biw =By =g = 1S(R/M.
|kl>INM

14



This expression can be considered a Riemann sum approximation to the integral
defining E%. The square root of Efv, v will be denoted by En ar.
Gabor [G] introduced the idea of energy moments. The k** time energy moment,

denoted C}, is defined as

00

Ci=Cif) = [ 7Pt kezt.

(Technically, we should call this the 2k** moment, but we opt for the simpler
definition that corresponds to the subscript on C.) The square root of C? will be
denoted by Ck. One may also think of Cy as the L%(R) norm of t*f.

Similarly, the k™ frequency energy moment, denoted D?, is defined as
D} = Di(f) = [ +™|fltdy, kezt.
The square root of D? will be denoted by Dj.
Note that all of our results except those of Section 1.2 can be extended to the
case where k is not an integer.

The following simple lemma will be needed in later sections. Note that for any

statement about Cj, there is a dual statement about Dy, and vice versa.

Lemma 1.1 The finiteness of Cy implies the finiteness of C;, j < k.

Proof: This can be seen from
Ci= [ #igPat+ [ lfPde < |||+ CF.
ltj<1 jtI>1

15



1.2 Frequency Energy Moments as Time Integrals

This section derives a time integral expression for Di;. Though not explicitly dis-
cussed, for any statement about D, there is a dual statement about Ck. The case
of k£ = 1 is the only case that we will use in later sections.

‘For functions in the Schwartz class of C* rapidly decreasing functions, it is
easy to see that D? can be expressed as an integral in time space. Integrating by

parts k times, we have

1

')'kf - ’)’k /f(t)e-%n't’ydt — (21rz

)k j f(k) (t)e—2m't'rdt'

This gives us the fact that v*f and (5L;)* f*) are a Fourier transform pair in L*(R).
Now, apply Parseval’s equality. Parseval’s equality states that for functions in

LXR), [fo=] f§. This yields the alternative expression for D?: -
2 [k 22 = [k BYE VI = (202 [0 BN TN — (L\2k [ p(R)2
D} = [v*1ffdy = [(+ P Pdv = (1 [(FO)FP)dt = () [ 159 Fa.

It turns out that we can extend these results to all functions in L?(R). Along

the way, we prove some lemmas that are of interest in their own right.
Lemma 1.2 If D(f) is finite, then v*-1f € L}(R).

16



Proof: We will break this into two steps. Let [—A, A] be any interval containing
the origin. First, we show that v*~1f € L([-A, A]). Since by assumption 7*f €
L?(R), Lemma 1 tells us that v*'f € LZ(R). Then +v*"1f € L*([-A4,A)) C
Li([-A4, A]).

The second step is to prove that v*~1f € L}({|y] > A}). Write v*~1f as
L(y*f). Since by assumption v*f € L*(R), v*f € L*({|7] > A}). Also  is in
L2({|y] > A}). Then, v~} f € L}({|y| > A}) by the Cauchy-Schwarz inequality.

Since v*~1 f € L1([—A4, A]) U LY ({|y| > A}), the lemma is proven. O
The following lemma is essentially due to Titchmarsh [T, page 92].

Lemma 1.3 The finiteness of Dy is implies that f*=1) is absolutely continuous.
(Since f, as an L? function, is technically an equivalence class of functions, this
means that one element of the equivalence class has the desired continuity.) Then,
by a standard theorem from real analysis [R, page 53], since f(*~1) is absolutely

continuous, f(*) exists almost everywhere.

Proof: Let ¢ be the L? inverse Fourier transform of v* f . Then

/ot #(s)ds = /Ot /_: ~* fe* SV dryds
= [_: ./Ot ¥ fe?m Y dsdy

Lplmity __ 1
k e_____d
.[-oo‘y f 2wy v

17



0 5 A621n‘11_1

= f P dy
—-00 e

1 o]

— 1 e k-1 £ 2mity k-1 ¢
= 2m'/.°o7 fertdy — o= | T fd.

The above changing of the order of integration is valid under Fubini’s theorem
since the exponential factor (which is continuous) is in L!([0, z], ds) for all 4 and
~*=1f is in L)(R, dv) by the prior lemma.

The first integral on the last line of the above equation is the L! inverse Fourier
transform of 21? k-1 f . By the next lemma (even though later we use this lemma
to prove the next lemma, this is not circular reasoning since we are only using the

next lemma here in the case k — 1), the L? inverse Fourier transform of ﬁ'y""l f

is (52:)¥f(-1). Since both the L? inverse Fourier transform and the L! inverse

27

Fourier transform exist, they are equal. Therefore, from the above equation, we

see that

[ #(s)ds = af&D(2) s,

where a and b are constants, and thus f*=1) is absolutely continuous. O

Lemma 1.4 If Di(f) is finite, then
o f® e L¥R),

o f) and (27ri'y)kf' are a Fourier transform pair in L%(R), and

18



o DE = (&) [, |f®dt.

Conversely, if f*~1) is absolutely continuous and f(*¥) € L*(R), then Dy is

finite.

Proof: We show the proof for the case £ = 1. By the previous lemma, if D; exists,
then f is absolutely continuous. By results from real analysis [R, pages 53-54], the

absolute continuity of f allows the following integration by parts.

A . 1 L 14 1
=2mity g _ _ —2mity il
7/_4 f(t)e dt = 27rz'f(t)e ]—A + 27

/ * fl(@)e " "dt,
-4

Now let A — co. The left hand side converges to vf in L3(R).

From Lemma 2, we know that f € L}(R). Therefore, the L! inverse Fourier
transform of f exists and is the same as the L? inverse Fourier transform of f ,
which is f. Since f is an L! inverse Fourier transform, by the Riemann-Lebesgue
lemma, f(t) — 0 as t — oo. This implies that the first term on the right hand side
converges to zero uniformly in v, and therefore also converges in LZ(R.).

Due to the convergence of the other terms in L?(R), the second term on the
right hand side must converge to vf in L2(R). This means that vf and s f" are

a Fourier transform pair in LZ(R). This proves the first two items of the lemma.

(This argument was taken from [T, page 92].)

19



The converse is proven in a similar way. Here, the convergence in L%(R) of the
two terms on the right hand side force the convergence of the term on the left hand
side.

To derive the desired expression for D, apply Parseval’s equality:
o A = 1 —_ 1
2 __ 2 2 — — )2 I/ 7 = 2 112
D} = [Iifdr= [y = () [Pt = (o) [ 171t
By similar methods, which involve integrating by parts & times and applying

Parseval’s equality, we get

1 o0
2 _ (22 ()2
Dk (27T) ‘/_oo |f l dt'

Remark: The converse without the continuity condition is not true. Even though

[ 1f®)? is finite, Dy may be infinite. An example is the characteristic function of

[—-1/2,1/2]. Its Fourier transform is Si:;'". D, is infinite, even though f’ is zero
almost everywhere and thus in L?. (The problem with f not being continuous is

that the integration by parts in the above proof is not valid.) Q

1.3 Convergence to Zero at Infinity

For the generalized Poisson summation fromula, we will need the hypothesis that

fis O(Itl_ll“:) The following lemma shows that we can use moment conditions to

20



guarantee sufficiently fast convergence to zero at infinity.

Lemma 1.5 Let f be a function with Cx and D, finite. Then, f is o(ﬁ;).

Proof: Let g(t) = t*f?(t). From Lemma 1.3, we know that g is absolutely contin-
uous on any finite interval. Therefore, from a standard result in real analysis ([R,

page 53)), g(t) = J§ ¢'(s)ds. Assume for the moment that ¢’ € L'(R). Then,

4
JYim j, 9'(s)ds = Jim o(t) = Jim ¢*”

exists.

Since by assumption t*f € L2(R), t*/2f € L?(R). (For k even, this statement
is just a special case of Lemma 1.1. For %k odd, the proof of Lemma 1.1 proves
this statement just as easily.) Therefore, the only possible value for lim;_.o t* f2 is
zero. A similar argument shows that lim,_,_, t*f2 = 0. These limits being equal
to zero is equivalent to the conclusion of the lemma that f is of ﬁ;)

The only fact left to prove is that ¢’ € L!(R). This can be seen from
(tku)I = ktk—le + 2tkff'.

Since t*~1f and f are both in L2, the first term on the right hand side is in L!
by the Cauchy-Schwarz inequality. Similarly, the second term is in L because t* f

and f’ are both in L2, !
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2 Discrete Tail Energy and Periodization Com-

parison

This section discusses several key inequalities that will be used in later secions.
Subsection 1 derives upper bounds for the decay of the continuous and discrete

tail energy.

Subsection 2 derives upper bounds for the continuous and discrete L? distances

between a function and its periodization.

2.1 Bounds on the Discrete Tail Energy

Recall that E% and Efv' um are the continuous and discrete tail energy, respectively.
The following lemma provides a bound for E}ZV_M. Unfortunately, this bound does
not decay sufficiently fast as N, M — oo. However, at the cost of additional

assumptions, this is remedied in Lemma 3.

Lemma 2.1 Let N and M be positive integers, with N or M even. Assume f is
absolutely continuous. (By Lemma 1.3, this condition will be met if Dy is finite.)
Then,

E} < EY +2nENDy /M.
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Proof: The idea behind this proof is to use Euler’s summation formula to change
the discrete sum to integrals. A similar method was used by Landau-Pollak to
prove a different result in [LP].

First, consider the case M = 1. In this case, N is even.

Euler’s summation formula [I, Volume II, page 1109] states that

-1
> o)) +3(s(@) +9(8) = [ g+ [t~ 1t] - )00,

k=a+1

where g is absolutely continuous and « and S integers. The proof of this formula
consists of applying integration by parts to the second integral. (Note that the ab-
solute continuity of g implies that ¢’ exists almost everywhere and that integration
by parts is valid [R, pages 53-54].)

Assume that ¢ is a positive function. Then letting 8 — oo, we have the
inequality
% 00 0o 1 ,
> ok < [Towdt+ [ lt- L4 - 5g @t (1)
k=a+1 « o

Now, apply (1) to g(t) = |f(#)]? and g(t) = |f(—t)|* with & = N/2, and add

the results. In this case, the inequality becomes

(¢~ 1t) - 3) GO |a

> swF < [ ke[

[kl>3iN
= £)[2dt /
/M>%N|f( Wit [

(t - 1t] - ) 2 Real(S()FTD)| at.
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The first integral on the right hand side of the inequality is E%. To find an
upper bound for the second integral, first note that |2(¢ — |¢] — 3)| < 1. Applying
the Cauchy-Schwarz inequality, we have the following upper bound for the second
integral:

(, g TP J. i 1PtV < En2rDy,
where we have used the fact that [ |f/|?dt = D3.
This proves the lemma for M = 1.
For M > 1, let k(z) = f(2/M) and apply the lemma to h(z) with M’ =1 and

N' = NM. Then

> f(k/M)P < ERpg(h) + 2mEnpe(h) Dy (R)

(k>3 NM
= sy TP £ ([ TIPS ([ 17/ M) s
= [y OPMaE([ A My [ 15 ) g
= MER(f) + (M2 En(f))(2r M~/ Dsy(f))
= ME}(f) +2nEx(f)Dy()-
Dividing both sides by M proves the lemma. a

Remark: One may ask whether a similar bound would hold if we use different

sampled values in the tail with the same sampling rate. We will show that a similar
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bound holds for the following modified discrete tail energy:

1 k+ A,
= 2 (=5 AL
M [kI>1NM M

To see this, apply the inequality (1) to g(t) = |f(1+A)|? and g(t) = |f(—t+A)|?
with @ = N/2, and add the results.
As in the proof of the previous lemma, we obtain
S NS [ ASRP [ A= 18 = 3) (£ DT DY e
lkl>3iN 2 2

The right hand side is bounded by

(t~ 4] - 3) FOTDY |t

)|2dt + /
-/Itl>%(N—1) 7l [t|>3(N-1)

By proceding in the same way as the previous lemma, we see that the modified

discrete tail energy is bounded by

E]2V-1 + 27!'EN._1D1/M.

The next lemma gives us a bound for the continuous tail energy.

Lemma 2.2 Let N be a positive number and let k be a positive integer. Then,

02
E} < —f
N = (AN)%
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Proof: The lemma is just Chebyshev’s inequality. The one-line proof is shown for

the sake of completeness.

] b an i < I PRSP
/It|>%N F@&)dt < -/It|>%N(GF)) P < (F V)% .

The following lemma follows immediately from Lemmas 1 and 2.

Lemma 2.3 Assume f is absolutely continuous. Let N and M be positive integers,

with N or M even, Let k be a positive integer. Then,

P2 L 2 le CiDy

[m]>3NM

If Dy and Cy are finite, then B}y = 47 Djinn [f(E/M)[? is bounded by
ﬁ“‘%; + ﬁ"};?ﬁ-. A; varies proportionately with C} and A, varies proportionately with
Ci and D,. A simpler but less precise bound is ﬁ;. A varies directly with Cy and

D;, and inversely with N and M.

Since the Fourier transform is an isometry of L?(R) onto L2(R), we have anal-

ogous propostions for f. For example —

Lemma 2.4 Assume f is absolutely continuous. Let N and M be positive integers,

with N or M even. Then,

1 ) D? D, Cs
— f(n/N)|? < k__ L or .
N 2 OPOF S TN
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IfCy and Dy, are finite, then the discrete tail energy of f, % Zlkl>§NM |f(k/N)|2,
is bounded by 4k + 372y A1 varies proportionately with D} and Az varies pro-
portionately with Dy and C;. A simpler but less precise bound is ﬁ-;- A varies

directly with Dy and C,, and inversely with N and M.

2.2 Distance Between a Function and Its Periodization

We derive the continuous and discrete periodization comparison lemmas, which will
be used to prove subsequent theorems. Lemmas 5 and 6 are essentially due to Frank
Geshwind (unpublished). They provide an upper bound for the L*([—3N,1N])
distance between a truncated function and a periodized function. In Lemmas 7
and 8, Geshwind’s methodology is used to obtain the analogous results in the
discrete case.

The following definitions will be used. Let -]:;I-ZN be the set of points m/M,
where m = —1NM,...,3NM —1. (The notation should remind the reader of the
set of fractions k/M mod N.) We will be mostly be concerned with the case where
N and M are even integers, but the definitions in this section also make sense
when N and M are arbitrary positive numbers. L?(3;Z ) is the space of functions

defined on %ZN.
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The (scaled) discrete norm on L*(3;Zx), which will be denoted || - ||pm,n), is

1 INM-1
LI Daany = i Y f(m/M)]P.
: m=—%NM

As usual, the discrete L*(5;Zy) distance between two functions, f and g, is defined

as the norm of their difference, ||f ~ gl|p(as,n).

Remark 1: Though it is sometimes convenient to have the points of %ZN ar-
ranged symmetrically around the origin, at other times it will be convenient to
use a nonsymmetric definition. This alternative definition of 4 Zx is the set of
points m/M, where m = 0,...,NM — 1. We will note when we are using the
nonsymmetric definition.

In general, changing the definition of 37Zx changes the values of f (see Section
0.2 for the definition of the FFT). However, if f is a periodic function with period
N, then this alternative definition does not change f. Similarly, since f is a
periodic function with period M, applying the alternative definition of the inverse
FFT yields the original function.

If both N and M are odd (this case is mentioned once in passing at the be-
ginning of Section 4), we can use another alternative definition of 3;Zn that is
even more symmetric. We can define XIJ—ZN to be the set of points m/M, where
m=—|NM/2],...,|NM/2]. This definition changes the points at which f eval-
uated from m/M to m/M +1/(2M). Since the points used are no longer the same,
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this definition changes the values of f. a

Remark 2: With our nonstandard scaling in the definitions of the discrete norm
and the FFT (see Section 0.2 for the definition of the FFT), the FFT is a unitary

operator. To see this, consider the function f, € L?(3;Zn) defined by

_ VM at the point p € %ZN
fo= 0 elsewhere.
fp is a function with constant absolute value equal to ﬁ Easy calculations show

that ||f]loavan = ||llpasny = 1. Since the set of all f, is an orthonormal basis

of L% Zy), we have shown that ||f||pw.an = ||f]| by =]

Remark 3: Similarly, because of our nonstandard scaling in the definitions of
the discrete norm and the extended FFT (see Section 0.2 for the definition of the
extended FFT), the extended FFT is a unitary operator. By Parseval’s equality

for periodic functions,

) li-pmas2.mar2 = | Fll Dot vy

The periodization operator Py : {f € L*R) : f(t) is O(Mlﬁ),e > 0} —

L?([-N/2,N/2]) is defined by:

(Pvf)@) = Y. f(t+ EkN) for all |t| < N/2.
kez
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Remark: We can also define Py f if C; is finite. In this case, by Fubini’s theorem,

we have

oo N N
[ e =T [T+ eNPIS@+ RN)Pd = [+ kNP + kNP

keZ kez

and the sum converges for almost all ¢ € [0, N].

View (t + kEN)f(t + kN) as a function of k. The convergence of the sum for
almost all ¢ is equivalent to (¢t + kN)f(t + kN) € L*(Z) for almost all ¢. Also,
1/(t+kN) € L¥Z) for t not equal to a multiple of N. Apply the Cauchy-Schwarz
inequality to see that f(¢ + kN) € L!(Z) for almost all t. Thus, the definition of

Py f makes sense for almost all ¢. O

The following is our first result about the L?([—N/2, N/2]) distance between a

function and its periodization.

Lemma 2.5 Let N be a positive number. Assume

A
EK(= |detS;Rﬁ3

[tI>N
where A € R* and j is an integer greater than 2. Also assume f is O(ﬁ;;) (so
that f is in the domain of Py ). Then,

AB
WPnS — FIf -2z < N

where
0o 1 2
b= (kz (2k—1w2) '
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Proof:
2) 1/2

View f(¢ + kN) as k different functions of ¢ and apply the triangle inequality.

UPnf — flli-np2nya = (/|:|<1N (gf(t+kN)) - ()
2 €

k#0

1/2
= (/” 1N|Zf(t+kN)|2) :

This yields

1/2
1P S = fllonrmyn < ft+ kN)P)

1/2
t 2
/;(2k—1)N<|¢|<%(2k|1)N |f( )I )

0P "

ad -

H

-
N
=
wp-

|<zN

bl
1
-

i
M8
N

/Itl>%(2k—l)N

a
Il
-

il IN
NgEROANE
b

(2k-1)N-

a-
Il
—

Therefore, from our assumed bound on the tail energy,

0 A 1/2 A . 1
|Pnf = flli-ny2ng < ’gl (W) = (m)l/zg T

Squaring both sides proves the lemma. m]

Remark: For values of j divisible by 4, there is an explicit formula for B. Let

o= gy (2k "

k=1
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so that B = a(j/2)?. When n is an even integer, the following explicit formula is

known for a(n) ([I, Volume IV, page 1759}):

(22n -1 )ﬂ.Zn

a(2n) = G0

BZﬂ)

where B,, is the 2n** Bernoulli number.

For example, in the case j = 4, using the fact that B, = 1/6,

References to the continuous periodization comparison lemma in later sections

apply to the following lemma.

Lemma 2.6 (Continuous Periodization Comparison) Let N and M be even

positive integers. Let j be an integer greater than 2. If C; is finite, then

99C;B1/?

BN f = flli-nsamym € —5—

where

o= (Et)

k=1

Proof: It is easily seen that the required hypotheses of Lemma 5 are satisfied. We

know from Lemma 1.5 that f is of m%;) And from Lemma 2,

C?
2 3
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Therefore, from Lemma 5,

2% C?B
|Pvf — fllfnjanyz S “NTJ_.,

Taking the square root proves the lemma. a

The following lemma is the discrete analog of Lemma 5.

Lemma 2.7 Let N > 1 and M 2> 2. Assume

. 1 A
Eym=5 2 If(R/M)] <
M [k|>INM N7’

where A € R* and j is an integer greater than 2. Also assume f is O(ltlll*"‘)’ e >0,

and continuous (so that f is in the domain of Py and Py). Then

AB

where
5= (S armm)
Proof:
[1 INM-1 2\ 1/
||Pnf = fllpgany = i > (Zf(a/M'i'kN)) — f(a/M) )
a=-1NM | \k€Z

(1 INM-1 1/2
= \3,_7 > IEfG/M+kN)|2)

a=-1NM Fk#0

= |13 f(a/M + kEN)|lp@s.m).-
k#£0
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View f(a/M+kN) as k different functions of a and apply the triangle inequality.

This yields
IPnf = fllopewy =
<
<
<
<

13 f(a/M + EN)||pasw)

k30
> f(a/M + EN)||p,ny
k#£0

1 FNM-1 172
>la X (/M +kN)f
k#0 e=-iNM

( 1/2
=1
> |3 > |f(a/M)?
k=1 \ 77 L(2k-1)NM<a|<3(2k+1)INM

T

\M la|>1(2k-1)NM-1

M8

x
|
—-

1/2
|f(a/M )Iz)

N (1 1/2
> |47 > If(a/M)IQ)
k=1 \ fa]>1(2k-1)(N-1)M

> E(2k—1)(N—1),M-

k=1

Therefore, from our assumed bound on the discrete tail energy,

||Pnvf — fllpany <

i (-‘3’(221»1)(1\!—1),M)1/2

< X («%— S 1))f)m

k=1

-
-

(( - 1): 2 E . (2k — 1):/2

Squaring both sides proves the lemma. a

References to the discrete periodization comparison lemma in later sections
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apply to the following lemma.

Lemma 2.8 (Discrete Periodization Comparison) Let N and M be even pos-

itive integers. Let j be an integer greater than 2. If C; and D, are finite, then

2iC? 2xC;D, 2i/*B/?
— < I 2 .
|| P f f”D(M.N) = Ni + M (N = 1)i2

where

5= (3 o 1)1/2)2‘

Proof: It is easily seen that the required hypotheses of Lemma 7 are satisfied.
From Lemma 1.3 we know that f is absolutely continuous, and from Lemma 1.5

we know that f is o(l—ﬂ%;). From Lemma 3,

. 2C? 2zC;D,\ ¥
Elzv,M < ( NjJ + .’\; ) ]—\/.7

Therefore, from Lemma 7,

2iC%*  27C;D, 2B
_ fI2 j i
IPnSf = fllpgmmy < ( Y, ) N1

Taking the square root proves the lemma. O

Remark: The conclusion of the lemma is that ||Pnf — fllpp.n) is O(577). How-
ever, depending on how N, M — oo, the bounds given in the lemma can be im-
proved.
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If NNM — oo, with N7 approaching infinity faster than M, the first term
approaches zero faster than the second. Then, asymptotically, ||[Pxf — fl|lp.m
is O(fg7s5gi7z) — faster than claimed!

If NM — oo, with M approaching infinity faster than N7, the second term
of Lemma 3 approaches zero faster than the first. Then, asymptotically, ||Pnf —

fllp,ny is O(%) — also faster than claimed! O

3 Weil Space

The Weil transform is an important tool in the study of properties of functions that
depend on time and frequency. The Weil transform will be used later to prove the
generalized Poisson summation formula and the L? norm approximation theorem.
We give alternative proofs of these results using classical methods, but the Weil
transform adds geometric insight for a better understanding of these theorems.

Another application of Weil space is as follows. All of our approximation theo-
rems require the finiteness of certain energy moiments. A sufficient condition that
f have j** time and frequency energy moments is that @ f be C’ in Weil space.
(See part 4 of Theorem 2.)

Before discussing the properties of the Weil transform, we give a hueristic ex-

plaination of how the Weil transform might arise. We start by creating a func-
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tion of two variables out of a function of one variable. Let f € L%(R). Define
g(z, k) = f(t), where = t — |t] and k = |t]. From Fubini’s theorem, we know

that

S = [ Sise+nr= [ T lg= b1,

keZ kez

and g¢(z, k) is an L? function of k € Z for almost every z € [0,1). To change the

discrete variable to a continuous variable, define

(2,3) = S (e, M = 32 f(a + et

This defines h for almost every z. For almost every fixed z, h is the periodic
function corresponding to the Fourier coeflicients, g(z, k). & is known as the Zak
transform.

h can also be extended so that it is defined for z,y € R. However, b will
not have desirable continuity properties. Even if f and f are C*, & will not be
continuous in z. The Weil transform, described below, is a modification of the Zak
transform that, under prescribed conditions, preserves the smoothness of f and f.

The Weil transform is also important for its relation to the Dirac representation
of the Heisenberg group. This is not discussed here since we do not utilize these
properties in this paper.

Subsection 1 discusses the theory of the original Weil transform. Subsection 2
discusses a discrete analog.
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3.1 Continuous Theory

This section is a summary of basic facts about the Weil transform and Weil space.
It describes the definitions and notation that we use. For additional details, see
[A] and [Ge]. For a survey article on the related Zak transform, see [J]. For the
connections with -nilmanifold theory, see [AT]. For the relation to wavelets, see
[HW].

Let M denote the real three dimensional Heisenberg group with coordinates

(z,v,2), z,¥,z € R and multiplication defined by

(Z1,91, zl)(mz, Y2,22) = (931 + z2, 1 + Y2, 21 + 22 + T1Y2).

Let I" be its subgroup of integers. Let '\ be the left coset space. The cosets are
the equivalence classes of A determined by the orbits under left multiplication by
elements of I". T'\\ is the unit cube 0 < z,y,2z < 1 with certain identifications on
the boundary.

Assume f(t) is O(Ml%) and f(y) is O(I,V—I};;), with € > 0. The Weil transform,

©, maps f into the set of continuous functions in L%(I'\/V), as follows:

(©F)(z,y,2) = €™ S f(=z+ a)e?™ey,

a€Z
© extends to a unitary isomorphism between L?(R) and a closed subspace H

of L3(T\WV). We refer to ©f € H as the function f in Weil space.
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A function on A is T'-invariant if the function is constant on each left coset
equivalence class. {The equivalence classes are the orbits under left multiplication
by elements of I'.) Note that any function on A that is I-ipvariant can be consid-
ered a function on I'\WV. Conversely, any function defined on '\ can be extended
to A by assigning the function value of each equivalence class to all elements of
the equivalence class.

Any function in H satisfies the following relations: |

1. F(z,y,2) = F(z,y+ 1,2) (due to I'-invariance)

2. F(z,y,z)= F(z+1,y,z + y) (due to I'-invariance)

3. F(z,y,z+u) = e F(z,y, z) (an additional requirement)

The L3(T\N) inner product is

[ lF Gl dzdydz, F,G e L*T\W
[ [ [ FewBe. . dedydz, F,GeLXT\W).

When F,G € H, from the third relation above, we see that FG does not depend

on z. Therefore, the L? inner product in H is

/01 /01 /01 F(z,y,0)G(z,y,0)dzdydz

1 lF _
= /0 fo (z,9,0)G(z,y,0)dzdy.

/ol /01 /(,1 F(z,y,2)G(z,y, z)dzdydz
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From this, we see that when only L? properties are involved, we can set z = 0
and view ©f as a function of two variables in the unit square. This special case of
the Weil transform when z = 0 is the Zak transform discussed above.

The L? norm for H is
: [ [ ,
1FIy = [ [ 1F(z,y,0)dady.
The inverse Weil transform is
1
O IF(t) = .
(@' F)(1) = [ Fit,y,0)dy

The following theorem is intimately connected with the Poisson summation
formula. It can be proven using the Poisson summation formula and will be used

later to prove the generalized Poisson summation formula.

Theorem 3.1 Let f € L*(R). Let F = Of and ' = ©F. Then
ﬁ’(:c, v,2) = F(y,—z,z — zy) = e'z"i“yF(y, —z,z).

In words, ezcept for a phase factor, F is F with a 90° rotation of the z-y coordi-

nates.

From part 4 of the following theorem, we see that smoothness properties of the
Weil transform imply finiteness conditions on the energy moments. The theorem
is proven in [Ge] by Frank Geshwind.
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Theorem 3.2 Let S be the Schwartz class of C°(R) rapidly decreasing functions.

Let &' be the distributions on S (i.e. the tempered distributions). Let W = HnN

C>(T\WN). (Note that only the function itself and not its derivatives are required

to be I'-invariant.) Let W' be the distributions on T'\N.

by

. We can extend the Weil transform to be an isometry from S’ to W'.

Let m,ne Z*. LetT € §'. Then,

O (2 T) = (2 + s Ly 2y (0T).
ot 2710y’ ‘0z

If the first j time and energy moments are finite, then O(t'f) and O(y f)

are in L2(T\W).

If Of € CI{(T\N), then the first j time and energy moments are finite.

3.2 Discrete Theory

In this section, we discuss a discrete analog of the continuous Weil transform. Since

continuity considerations do not apply, the third variable of the continuous Weil

transform is ignored.

Let (Z, Zn) be the points {(&, %) : 0<n < N, 0 < m < M}), where N and

M are positive integers. (We are forced to use this nonsymmetric definition of Zys
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and Zy for purposes of the Weil transform. This is because the Weil transform is
not periodic in the z variable, as discussed below.)
Define a Weil space sampling operator Syn : HN C(T\N) — L*(Zyr, Zy)
by:
(SMNF)(M ﬁ —F(M N’ 0), 0<Sn<N,0<m<M.
Assume f(2) is O(FP]_*_‘) and f(y) is O(h'l++‘) Then F = Of is continuous.

Expressing Sy, v F in terms of f, we have

Zf(m/M'*‘ ) wian/N.

a€Z

(SwunF) (37 M’ N

Comparing this equation with the definition of O, we note that Sy, N F' is a discrete
analog of the Weil transform (with z = 0). Thus, it would appear that Sy nyF is
the desired finite Weil transform of f.

However, let’s simplify the expression for Sy nF as follows:

E f(m/M + a)CZm'an/N
a€EZ

N-1
= Z (2 f(m/M + kN + a'))eZm'a'-n/N

a'=0 ke€Z

= % (P ) /M + ),

a'=0

m n
(SmnF )(—ﬁ, i

The second line in the equation above is obtained by writing a = kN + &/,
where k € Z and 0 £ @’ £ N — 1, and reordering the sum. The reordering is valid

since f is O(gye), and thus the sum is absolutely convergent.
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We see from the last line of the equation above that the finite Weil transform
of f only depends on the sampled values of Py f. Therefore, we define the finite
(M, N) Weil transform as the operator from L?(3;Zn) — L*(Z s, Zn) that takes
Py f to Sy nF.

The last line of the equation tells us even more about the finite Weil transform.
Let (Pvf)(m/M + .) denote Pyf as a function in L?(Zy) with m fixed. Let
(SmnF)(m/M,-) denote Sy F as a function in L2(%Z;) with m fixed. Then,
from the last line of the above equation, we see that (Say,nF)(m/M,+) is the inverse
FFT of (Pnf)(m/M + ). (The fact that the index runs from 0 to N — 1 instead
of from —N/2 to N/2 — 1 makes no difference because of the periodicity of Py f.)

In fact, Sy, v F can be extended by the equation above so thaJ;' it defined on all
of the points of {({, %) : m,n € Z}. Sy nF is periodic in n/N with period 1 and

also satisfies
—27iy m n.,
SunF(z+1,y) =e ™Sy nF(z,y), (z,y)€ {(-ﬁ, §)imnE Z}.

For F € L*(Zp,2Zy), define a Weil space discrete norm by

1 m n
2 _ 2

meZy mEZy

Note that this norm is well-defined for any functior in H N C(T'\WV).
Using the fact that discrete norm of a function and its FFT are equal and the

definitions of the discrete norms, we see below that the finite Weil transform of
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Pxf (as a function in Lz(hl—{ZN)) is unitary.
T IR TR = 5 & SR TP
MNZz" "M’ N M4 N4 M’'N
[|F(m/M, )|Dw.y

2
STPN /M + b,

4 Generalized Poisson Summation Formula

In this section, we state and prove the generalized Poisson summation formula.
This generalization will be used to prove the second FFT approximation theorem.

The Poisson summation formula

> fn) =Y f(n)

n€z nezZ

is known to hold when f() is O(MI%) and f(v) is O(M}“), with € > 0. (See for
example [SW, page 252]. They prove the Poisson summation formula under the
decay condition that f(¢) be O(W), which is equivalent to the decay condition
being used here when f and f are bounded. f (and similarly f) is bounded since
our decay condition ensures that f € L! and the L* norm of f is bounded by the
L! norm of f [SW, page 2). The additional condition mentioned there that the
Fourier inversion formula hold pointwise for f and f is satisfied when, as in our
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case, f and f are in L! [SW, page 11].)
A second form of the Poisson summation formula can be derived as follows.

Apply the Poisson summation formula to f(¢N). This yields

S f(nN) = 5 3 fin/ ).

nezZ necZ
A third form of the Poisson summation formula can also be derived. Apply the
second form of Poisson summation formula to f(t + t) as a function of ¢. Since

the Fourier transform of f(t + t') is f(y)e?*", we have

(Puf)) = T St + nN) = 5 3 fln/N)emine/N.

nez nezZ
This form of the Poisson summation formula states that the Fourier coeffients of
Py f are -]17 times the sampled values of f . Let’s apply periodization and sampling
in both the time and frequency domains. One may then expect that there would
be some Fourier-type relation between the sampled (Pyf)~ and the sampled f.

This is in fact true in the following sense.

Theorem 4.1 (Generalized Poisson Summation Formula) Assume f(t) is O(j+)

and f(v) is O(jiiw<)s with € > 0. Let N and M be positive integers. Then
(Pvf)™(n/N) = Puf(n/N), n= —%NM, oo %NM -1

Note that we get the first form of the Poisson Summation Formulaif M = N =1
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(using the alternative definition of the FFT for N, M odd in Section 2.2, Remark
1).

The first mention of this result, without discussing specific conditions that f
must satisfy or the Poisson summation formula, was apparently in the engineering
literature in an article by Cooley-Lewis-Welch [CLW]. Briggs-Henson derive the
generalized Poisson summation formula, with an elementary proof based on the
classical Poisson summation formula, in a book that was published this year [BH,
page 196]. This proof is shown in Subsection 2. Louis Auslander found a proof using
ideas based on nilmanifolds and the Weil transform (unpublished). A shortened

version of this proof is shown in Subsection 1.

4.1 Proof Using Weil Space

This proof is based on the Weil space interpretation of the Cooley-Tukey algorithm
given in [AGT]. A summary of properties of the Weil transform is contained in
Section 3.

Py f exists and is continuous because of our assumption about the decay of f

and f. Now, apply the Cooley-Tukey algorithm to Py f:

i

'
1 { [J '
(PNf)N(% +m') i > E(Pnf)(;—;' + n)e~2milmtnM)(n'+m'N)/NM
1 . 1 . ' . ’
= —]\7 Z ([Z(PNf)(_E_ + n)e-21rmn /N] e—?mmn /NM) e—21rsmm /M’
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where 0 < n,n’ < N and 0 < m,m’' < M. (Here, we use the nonsymmetric version
of 7:Zx, which is equivalent to the symmetric definition in this case because of the
periodicity of Py f.)

Let’s break this calculation down into steps. The first step is to do the N-point
FFT in brackets M times, once for each m. By our remarks in Section 3.2, the
inverse FFT of Py f(35 +*) is SM~F(%,*), where F = O f. Therefore, the forward
FFT is the inversion, Sap,nv F(37, —*)- Doing the FFT for each m yields the function
of two variables, Sam,~F (37, —"ﬁ')

The second step is to multiply by the phase factor. By Theorem 3.1, we have

—2mimn’/INM 2 ___f'_i —_ 7 n_, E
€ SMINF(M, N SNvMF( ? M)'

The third step is to take the M-point FFT of .S'N,Mﬁ' ( "ﬁl, -} N times, once for
each n’. We know from section 3.2 that the FFT of SN,MF(I;V', -) is equal to the
sample values of PMf("ﬁ' + -). Doing the FFT for each n yields PMf("ﬁ' +m').

This proves that (P f)~ is equal to the sampled values of Py f.

4.2 Proof Using Classical Techniques

From the third form of Poisson summation formula, we have

(Pui)() = T 1 +7N) = & 3 fln/ )/,

neZ neZ
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Evaluating Pyf at t' = m/M, —%NM <m< %NM — 1, we have

(Pu)m/M) = 57 3 fin/N)eerimie
ne

1 iNM-1 )
=5 X (E f(n’/N+kM)) e2min'mINM,

n'=—INM \k€Z
The last expression is obtained by writing n = ANM + n’, where £k € Z and
—NM/2 <n’ < NM/2—1, and reordering the sum. The reordering is valid since
f(7) is O(FI}T)’ and thus the sum is absolutely convergent.

The equation is saying that the FFT of Py f is Sgez f (n'/N + kM) which is

PMf(nﬁ,)'

5 FFT Approximation

The error in the FFT approximation to the Fourier transform can be measured in
many ways. In this section, we obtain upper bounds for several different ways of
defining the error.

In Subsection 1, we derive an error bound for the maximum difference between
the extended FFT and the Fourier transform at any frequency where the extended
FFT is defined. This bound is derived in the same way that we derived a bound
for the case of the L! hypothesis in Section 0.1.

In the next two subsections, we utilize methods that do not apply to the case
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of the L! hypothesis. In Subsection 2, we derive an error bound for the FFT
approximation to the Fourier transform using the discrete L? norm. In Subsection
3, we derive an error bound for the FFT approximation to the Fourier transform
using the continuous L? norm.

The following remark applies to all of the FFT approximation theorems.

Remark: Note that our values of M and N can be reduced if, instead of truncating
around zero, we truncate around the average values of |f|? and |f|2. Doing this
would replace the energy moments around zero with the lower energy moments

around the means. 0

5.1 Maximum FFT Approximation Error

We derive an upper bound for the maximum difference between the extended FFT

and the Fourier transform at any frequency where the extended FFT is defined.
Let f be a function with C; and D, finite, where j is an integer greater than

2. Let N be an even positive integer. Then, from Lemma 2.3 (and the remark

following Lemma 2.1), we know that for any real A with |A\| < 1.

A
M € =,
i S

where A depends only on C; and D, (and inversely on N and M).
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Apply this result to the special case A =t — |t] and N = 2(t — 1 — A), where

t 2 2. Then,

FOPS T 1fm+ NP S p S 5

[m|>t-~1=X
where A’ depends only on C; and D; (and inversely on N and M).
A similar argument for negative values of ¢ shows that |f|? is O(ITIIJ—), or equiv-
alently, that f is O(|¢T§ﬁ)
Now, we can proceed in the same way that we did for the case of the L!

hyi)othesis in Section 0.1.

Theorem 5.1 (FFT Approximation I) Let f be a function with C; and Dy
finite, where 3,k are integers greater than 2. Let N and M be even positive integers.

Then, for all v € [-M/2,M/2),

. K K
1740 = FN| < 335 + 3775

The K; depend only on the following parameters. K, varies directly with C;
and D, and varies inversely with N and M. K, varies directly with Dy and C,

and varies inversely with N and M.

Proof: Lemma 1.5 ensures that the f is o(i7) and fis o(if7r)- Therefore, the

hypotheses of the Poisson summation formula are met.
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A rearrangement of the terms of the Poisson summation formula (see Section

0.1) yields

X 1 iNM-1 ' .

fO-3 X fmplslaC T o+ B )f(m/M)+Ef(mM)l-
m=—§{NM m<—-NM m>iNM-1 m#£0

Let’s apply this inequality to the modulated function, f(t)e=2"*7, which corre-

sponds to a shift in frequency space, instead of f. This yields

-NM—
fo) =g X flmMe M < LS 4 S )|/l 3 flmdt 45
m=—iNM m<—iNM m>INM-1 m#0

From the discussion prior to the statement of the theorem, we see that f is
O(ﬁﬁ) Therefore, the first error term is bounded by a constant times [x5, t~7/%dt,
Similarly, since Di and C; are finite, f is O(m};ﬁ-) Therefore, the second error

term is bounded by a constant times

> ImM 44" = MR Y (A [ M|TH,

m3#0 m#0

Since |v/M| < 3, the series is well-defined. Since k > 2, the series converges. So
as claimed, the second error term is bounded by a constant times M~*/2_ where

the constant is

—k/2
a€[—1/2 1/9) Z Im + af

The maximum is obtained since the sum is a uniformly convergent sum of contin-
uous functions of a, and therefore the sum is a continuous function of a. ]
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Remark: Depending on how N, M — o0, each term of the bound given in this
theorem can be improved, but improving the rate of convergence of one term can
decrease the rate of convergence the other term.

We saw before the statement of the theorem that |f(t)| is bounded by the
square root of the discrete tail energy (with N = 2(¢ —1 — ))). In Lemma 2.3,
the discrete tail energy is bounded by a term that is O(75) plus a term that is
O3,

If NyM — oo, with N7 approaching infinity faster than M, the first term
approaches zero faster than the second. Then, asymptotically, the square root
of the discrete tail energy is O(f57zm7z). The wiir term is a sum of these
O(}Vm—lmﬁ) terms. So, in this case, the }—V—,’%_—l term actually approaches zero like
O(5757=i3775) — faster than claimed!

If N,M — oo, with M approaching infinity faster than N7, the second term of
Lemma 2.3 approaches zero faster than the first. Then, asymptotically, the square
root of the discrete tail energy is O(7;). The 3}z term is a sum of these O(75)
terms. So, in this case, the N—,},(-}: term actually approaches zero like O(F}_—J —
also faster than claimed!

Similar comments apply to K. If N,M — oo, with M7 approaching infinity
faster than N, the A—fﬁ; term approaches zero like O(srviz). If N,M — oo,

2
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with N approaching infinity faster than M7, the VK;% term approaches zero like
O(357)-

We just saw that the Tv%%—_l term is O(f5=r) if M approaches infinity faster
than N7. And, the ;535 term is O(5fx) if N approaches infinity faster than M*.
Unfortunately, these are not independent conditions. M approaching infinity faster
than N’ and N approaching infinity faster than M* are mutually exclusive.

If N7 approaches infinity faster M and M* approaches infinity faster N, then

the mj%_—l term is O(WEW) and the A’%(ﬁf term is O(Wgw;) O

5.2 FFT Approximation in L? Discrete Norm

We derive an upper bound for the Lz(%ZM) distance between the FFT and the
Fourier transform.

The idea behind the following FFT approximation theorem is to replace pe-
riodization in the generalized Poisson summation formula with truncatation. For
functions that decay in time and frequency sufficiently fast, if N and M are large

enough, the error will be small.

Theorem 5.2 (FFT Approximation II) Let f be a function with C; and Dy

finite, where j, k are integers greater than 2. Let N and M be even positive integers.

53



Then
PR K, K,
I|f = fllpavan < IR TR
The K; depends only on the following parameters. K; varies directly with C;
and D, and varies inversely with N and M. K, varies directly with Dy and C,

and varies inversely with N and M.

Proof: By the triangle inequality, the left hand side of the above inequality is less

than or equal to

I1f = (Pv )~ llpwvsy + (PN F)™ = Pufllpgan + 1Puf — Fllpav-

Lemma 1.5 ensures that the f is o(ﬁ;) and f is o(l—,ﬁ,;). Therefore, the
hypotheses of the generalized Poisson summation formula are met, and the second
term is zero.

The first term is equal to || f — Pn f|lp(s,~) since the FFT is linear an‘d unitary.
Now, apply the discrete periodization comparison lemma and see that the first
term is O(5375)-

To obtain an upper bound for the third term, apply the dual of the discrete

periodization comparison lemma and see that the third term is O(3737)- m]

Remark: Since both error terms come from the discrete periodization comparison
lemma, the remarks after that lemma apply here. Depending on how N, M — oo,
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each term of the bound given in this theorem can be improved. However, improving
the rate of convergence of one term can decrease the rate of convergence the other

term.

The 537 term is O ) if M approaches infinity faster than N7. The 347 term
is O(35%) if N approaches infinity faster than M k. Unfortunately, these are not
independent conditions. M approaching infinity faster than N’ and N approaching

infinity faster than M* are mutually exclusive.

If N7 approaches infinity faster M and M* approaches infinity faster N, then

the ﬁf%; term is O(x572577z) and the ﬁj?ﬁ term is O(g7zagz)- =

5.3 FFT Approximation in L? Continuous Norm

We derive an upper bound for the L%([-~M/2, M/2]) distance between the FFT
and the Fourier transform.
Notice that the second error term differs from the corresponding term in the

second FFT approximation theorem.

Theorem 5.3 (FFT Approximation III) Let f be a function with C; and Dy
finite, where j, k are integers greater than 2. Let N and M be even positive integers.
Then
a Kl K2
1 = Fll-myznay < N2 + 7E
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The K; depend only on the following parameters. K, varies directly with C;

and D, and varies inversely with N and M. K, varies directly with D,.

Proof: By the triangle inequality, the left hand side of the above inequality is less

than or equal to

1 = Prafll-najamaze) + 1Puaf = Flli-sarznasa

First, we calculate an upper bound for the first term. Lemma 1.5 ensures that
the f is o(ﬁ;) and f is o(h—lf;,-,-z-). Therefore, the hypotheses of the Poisson sum-
mation formula are met. By the dual of the third form of the Poisson summation

formula (beginning of Section 4),

Puf)) = 3 fy+mM) = -;7 Y f(m/M)e-2mimiM

meZ meD
Subtracting f! from Py f yields
1 .
37 Xt X )f(m/M)eimmM,
m<=3NM  m>iNM-1

Therefore, by Parseval’s equality for periodic functions,

a 1
7" — Prf - pajopayy = 7 2+ 2 Nm/M)P
m<~INM m>iNM-1
1
s
Imi>iNM-1
1
<3 X P
Im|>3(N-1)M
= E12V—1,M‘
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Since, by assumption, C; and D, are finite, we know from Lemma 2.3 that
the discrete tail energy is O(y;). Taking the square root, we see that ||f* —
Pas £ |lp-my2,m72 is O(5372)-

Next, we calculate an upper bound for the second term. From the dual of the
continuous periodization comparison lemma, we see that ||Pyf — f Hi-py2,my2) 15

O(57%)- D

Remark: If we follow the trail of constants with a little more care, we can de-
termine some more information about the K;. K, is proportional to D, since K,
comes from an application of the dual of the continuous periodization comparison
lemma.

Depending on how N, M — oo, the first term of the error bound given in this
theorem can be improved. Ni‘;}; is bounded by the square root of the discrete tail
energy. In Lemma 2.3, the discrete tail energy is bounded by a term that is O ﬁ)
plus a term that is O(F}Tw') If N,M — oo, with N7 approaching infinity faster than
M, the first term approaches zero faster than the second. Then, asymptotically,
the discrete tail energy is bounded by J-%, where A approaches a number that is
proportional to C;D,/M. This implies that the square root of the discrete tail
energy is bounded by ﬁ%. So, in this case, the Nif-}-z- term approaches zero like

O(s75357) — faster than claimed!
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If N,M — oo, with M approaching infinity faster than N7, the second term of
Lemma 2.3 approaches zero faster than the first. Then, asymptotically, the discrete
tail energy is bounded by ﬁ“‘ﬁ, where A approaches a number that is proportional
to C?. This implies that the square root of the discrete tail energy is bounded by
3NC‘;1. So, in this case, the ]%}7 term approaches zero like O(7;) — also faster than

claimed! ]

6 L2 Norm Approximation

The machinery developed allows us to prove several related theorems. The follow-
ing theorem provides an upper bound for the error in estimating the L*(R) norm

by the discrete L? norm.

Theorem 6.1 (L? Norm Approximation) Let f be a function with C; and D,
finite, where j, k are integers greater than 2. Let N and M be even positive integers.
Then,
K, K,
| 151l = 11fllbonm)| < 3757 + 375

The K; depend only on the following parameters. Ky varies directly with C;

and Dy and varies inversely with N and M. K, varies directly with Dy,
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Subsection 1 proves a weak version of the L? norm approximation theorem
from the generalized Poisson_ summation formula using Weil space. We prove that
if 7 = k, then the error is bounded by the weaker bound, ]—g-f-}; + HKE% This proof
gives us a geometric understanding of the theorem.

Subsection 2 proves the stated version of the theorem from the third FFT

approximation theorem without using Weil space.

6.1 Proof Using Weil Space

This proof of the weak version of the L? norm approximation theorem uses the

Weil space theory summarized in Section 3.

Lemma 6.2 Assume F € H is continuous. Let N and M be positive integers. As

M, N — oo, the discrete L? norm ||F||wm,n) approaches the continuous L? norm

1F|lw-

Proof: Just note that ||F H%V( wm,n) is 2 Riemann sum approximation to the integral,

IFI = Jo Jo |F(z,y,0)*dzdy. O

Let f be O(M—}\q) and f be O(H}T;) Let F = ©Of. As noted in Section 3,
|Fllw = ||f]| and ||F|lwnsn) = ||Pnfllpm,n)- Therefore, the previous lemma
tells us that ||Pwnf||lp(m,~) converges to |[f||, as N, M approaches infinity. The
following lemma tells us how fast |[Pw f{|p(am,n) converges, as N approaches infinity.
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Lemma 6.3 Assume C;(f) and Dy(f) are finite. Let N, N’ be even positive inte-
gers, with N' > N. Then

K
| 112w f1lpas.ny = 1P fllpasn| < Nijz’

where K, only depends on C; and D,.

Proof: By the triangle inequality, the left hand side of the above equation is less

than or equal to

| 11w £llpeay = l1flloem)| + | 11 flloaewy = 1T flloas

+| 117w fllpswvn — | Pre fllogaan)

< NBwf = flloam + | 1 lp@amy — 1 Twe il

+|Twvef — Prefllipas,v-

By the discrete periodization comparison lemma, the first and third terms are
bounded by N%';, where K’ only depends on C; and D;.
The second term is bounded by the discrete tail energy. Therefore, by Lemma

2.3, the term is bounded by -I]%, where K” only depends on C; and D;. 0

Lemma 6.4 Assume f has finite j** energy moments. Let N, M be even positive
integers. Then,
K, K,
| 1711 = WPw fllponm]| < 77 + 3772
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where the K; only depend on Cy, C;, Dy and D;.

Proof: Let N’ and M’ be even integers greater than N and M, respectively.

| 1Pw £ lloe.) = 11 P Fll s
< | 11Pw fllpay = I1Pw: Sllpwans| + | 1Pwefloaaary = 1P flIpgar |

= | \Pw fllowany = 1Pw: fllpearay| + | 11Pa fllovrany = 1| P fllpgavmen | -

The last line of the above inequality uses the generalized Poisson summation for-
mula.

The first term on the last line of the inequality is bounded by N—If-}; by Lemma
3. Similarly, the second term is bounded by HI%? So we have

' K K
| 1B fl1pany = 1w flloaeravo| < 357 + 37375

Let F = Of. From Lemma 1.5, we know that f is O(Itlll"‘) and f is O(WI}T)
Recall from the discussion in Section 3 that under these decay conditions, || Px+ f||paenr) =
[|F|lwpe,nry. Now, let N, M’ — oo, and apply Lemma 2. This yields

K K
I 1P fllpoany — ”F”WI < ﬁ + M_12/2

Since ||F||w = ||f||, the lemma is proven. o

Lemma 4 is almost the L? norm approximation theorem. Since f has finite 7"

energy moments, we know from the discrete periodization comparison lemma that
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|1Pnf — fllp,ny is O(Rizz). Thus, we can replace ||Pnf||pas,n) with [|f]lpas)
(using the triangle inequality) at the expense of increasing K;. This gives us the

weak version of the L2 norm approximation theorem.

6.2 Proof from FFT Approximation Theorem

The third FFT a;pproximation theorem yields an error bound for L? norm approx-
imation quite easily.
From the third FFT approximation theorem and the triangle inequality, we
have
|1 losezzpar = W lmaanra] 2o + 5
We can replace the first term of this inequality, || f*[}-my2,m/2) With || f]|ps,n)
since both term are equal by Parseval’s equality for periodic functions.

We would like to replace the second term, ||f||[_M/2'M/2], with ||If]| = IIf]l.

From the dual of Lemma 2.2, we see that

2

A . Di
WP =W orepanar = [, TP < gy

>3 M
Now, if 22 — y%? < 6%, where z > y > 0 and 6 > 0, then
2 <Y+ 8 <yt + 298+ 6% = (y+6)%

Taking the square roots of the extreme left and the extreme right yields z < y + 6.
Therefore, we see that 0 < z — y < 6.

62



Applying this to our case, we see that ||f]|— ||f||[_M/2,M/2] is O(37%)- Thus, we
can make the desired replacement at the expense of increasing K.

Making both substitutions proves the L? norm approximation theorem.

Remark: If we follow the trail of constants with a little more care, we can deter-
mine some more information about the K;. K; is the same as the K; in the third
FFT approximation theorem. So, as remarked after that theorem, depending on
how N, M — oo, the first error term of this theorem can be improved.

K, is the sum of the constant K in the third FFT approximation theorem plus
another constant from the application of the dual of Lemma 2.2. Since both of

these constants are proportional to Dy, so is the K, of this theorem. O

7 General Riemann Sum Approximation

Both the FFT and L? norm approximation theorems provide error bounds for
special cases of Riemann sum approxi_mation. This section addresses more general
cases of Riemann sum approximation.

In Subsection 1, we use the approximation theorem for the L? norm to establish
an approximation theorem for the L? inner product.

In Subsection 2, we use the inner product approximation theorem to establish
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an approximation theorem for L! Riemann sum approximation.

7.1 L? Inner Product Approximation

The inner product on L?(R) is

(f,9) = [ 1(2)50B).

Similarly, define the discrete inner product on L*(3;Zn) by

1 NM/2-1
(fsg)D(M,N) = M Z f(m/M)g(k/M)
m=NM/2
The polarization identity [W, page 9] allows us to express a inner product in

terms of norms. The continuous version is:

(f,9) = i(llfﬂvll2 = IIf = gll* +illf —igll* = ilIf +4gll*).

The discrete version is entirely analogous.

Subtract the discrete polarization identity from the continuous polarization
identity. From the result, we see that the error of discretizing the continuous inner
product is bounded by the average of the errors of discretizing the four continuous
squares of norms in the polarization identity.

To estimate the error of discretizing || f£g||? and || f£1g]}?, we use the following

immediate consequence of the triangle inequality, stated without proof.
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Lemma 7.1 (Corollary of the Triangle Inequality) For any measure du,

(f1f £l < ([ 1Py + ([ loPdu),
and
(f 17 & iaPdu < (f 17’ +(f laPdp)".

In particular, setting du = t**dt, the square root of any energy moment of f + g
or f + 1g is bounded by the sum of the corresponding square roots of the energy

moments of f and g.
Now, we can easily prove the following theorem.

Theorem 7.2 (Inner Product Approximation) Let f, g be functions with C;
and Dy finite, where j, k are integers greater than 2. Let C; = max(C;i(f), Ci(g))

and D; = max(D;(f), Di(g9)). Let N and M be even positive integers. Then,

| (f.9) - {f9) b,y | <4 (;22 + Jgi) ((1\1’5}2 * AI?‘) i L) ’

where the K; are the same as the K; in the L? norm approzimation theorem (but

depending on the C; and D; above), and

L = max(||f + gl|, Il f — gll, If + g, |lf —2gll) L |If]| + llgll-

Proof: As discussed before the statement of the theorem, the inner product dis-
cretization error is bounded by the average of the errors in discretizing the four
continuous squares of norms in the polarization identity.
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By the L? norm approximation theorem, the error in discretizing ||f]| or ||g]|
is bounded by (757 + 3527). Now, if |z —y| < K, where z and y are positive

numbers, then
lz2? —y*| = |z — y| (z + 9) < [& — y| (|o — y| + 22) < K(K + 2x).

Applying this to our case yields

K K K K
A1 = 171 < (3 + 3) (3 + 32) +201) -

The same inequality holds for g taking the place of f.

By the corollary of the triangle inequality, we have a similar error bound for
||f £ g||?, but in this case the K; are higher. By the remarks following the L?
norm approximation theorem and the third FFT approximation theorem, we see
that K is equal to a term proportional to \/C?): plus a term proportional to C;.
Thus, doubling the the C’s and D’s will double K;. A similar result holds for K.

Therefore, the discretization of ||f & g||? results in an error that is bounded by

Kl Kz K1 K2
(2o +235) (2o + 2302 +20I5 £ 1)

A similar bound holds for ||f % ig|[*.

Since each term in the average is bounded by

Kl Kz Kl K?
4 (N:‘ﬂ + Mk) ((Nm + Mk) +L) )
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so is the average. m]

Remark 1: In order to utilize this error bound, an estimate for L is required.

Considering L as a constant, the error bound is O(z37z) + O{55¢)- o

Remark 2: The remark about the K; in the L? norm approximation theorem at

the end of Section 6.2 also applies to this theorem. O

7.2 L! Riemann Sum Approximation

The following theorem provides an error bound for the general case of using a

Riemann sum to approximate [°3, fdt, where f € LI(R).

Theorem 7.3 (L! Riemann Sum Approximation) Let f be a function in L*:(R).
Assume that C;(f*/?) and Di(f'?) are finite, where j, k are integers greater than

2. Let N and M be even positive integers. Then,

oo 1 NM/2-1 K K, K, K, 1/2
- < : :
L1435 IR B (e 325) (e + ) + 2007)

where the K; are the same as the K; in the L? norm approzimation theorem (but

depending on Ci(f'/?) and D;(f/?)), and ||f||; is the LY(R) norm of f.
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Proof: Apply the inner product approximation theorem to estimating [f =

[ fifz, where f; = |f['/? and f, = f/|f|/?. Note that |fi| = |f2| = |f|*/?. This

fact together with our assumptions on C;(f'/?) implies that
Ci(fi) =Ci(f2) = C;(f*?) < o.

The same result holds for Dy. Therefore, the assumptions of the L? norm approx-
imation theorem are met.

The error bound in the statement of the L! Riemann sum approximation theo-
rem now follows as a special case of the error bound for inner product approxima-
tion. In particular, the L of the inner product approximation theorem is bounded
by

(fURL+ 1570 = ([ @20 = @112 = 201713

Remark: The remark about the K; in the L? norm approximation theorem at the

end of Section 6.2 also applies to this theorem. a

8 Approximate Dimension and Parameterization

Generally, for a function f used as a communication signal, there exists N and M
such that the support of f is contained “mostly” in [-N/2, N/2] and the support of
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f is contained “mostly” in {—M/2, M/2]. Engineers had noticed that the number
of “approximately” time-and-bandlimited functions that are linearly independent
is “approximately” equal to the time-band product NM.

Landau and Pollak formalized these ideas in their seminal paper [LP]. In [S],
these ideas were further expanded by Slepian (who also played a major role in the
development of the ideas that led up to Landau-Pollak’s theorems). They define
a set of functions as having approximate dimension if any function from the set
can be approximated by a function from a finite-dimensional subspace of L?(R).
Then they prove that the set of approximately time-and-bandlimited functions has
approximate dimension NM + o(NM), as NM approaches infinity.

In Subsection 1, we outline some of their results in a more rigorous manner. We
then show that a set of functions with bounded energy moments is approximately
time-and-bandlimited. Thus, there is an approximate dimension theorem for this
set of functions.

We propose another approach in Subsection 2. Instead of approximating a set
of function with a finite dimensional subspace, we approximate the set of functions
using a finite number of parameters. Then, using the L? norm approximation
theorem, we prove that a set of functions with bounded energy moments can be

approximately parameterized with the number of parameters equal to the time-
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band product.

8.1 Approximate Dimension

We start with a few definitions. An M -bandlimited function f is a function with
Joismy2 fI2dy = 0. An (N, €)-approzimately timelimited function is a function with
Sisny2 | fIPdt < €.

Note: Our definition of an M-bandlimited function differs from the usual defi-
nition, which is a function with fi,;55 |f|2dvy = 0.

Say that a set of functions, S, has e-approzimate dimension d if there exists
a d-dimensional vector space of functions, V (not necessarily in S), such that the

following holds for any f € S:
inflif —vll<e
One of Landau-Pollak’s approximate dimension theorems is as follows.

Theorem 8.1 (Landau-Pollak) Let N, M, and ¢ be positive numbers. Let Sp =
So(M, N, €) be the set of M-bandlimited functions that are (N, ep)-approzimately
timelimited and have L*(R) norm equal to 1. For all € > €, the e-approzimate

dimension of Sy is NM + o(NM) as NM — oo.

Remark: The theorem can be extended to the set Sj = Sj(M, N, €) which will
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denote the set of M-bandlimited functions that are (V, ¢p)-approximately timelim-
ited, but do not necessarily have L?(R) norm equal to 1.
The proof is as follows. Assume that f € S{(M,N,e) and f # 0. Then

FIfll € So(M, N, e/l|f|])- By the theorem,

VfE Sy Ve> —— —-v]|Le

S
inf ||-=—
TR

This is equivalent to

VS €Sy Ve> rmms b || f = [Ifllv || < lIFle,

IlfH '
or

VI €S, Ve> o imtllf = oll < Iflle

Ilfll '

or

Vf €Sy, Ve> e ig‘f,“f—-vH <e.

This theorem as stated does not apply to functions that are only approximately

bandlimited. (An (M, ¢)-approzimately bandlimited function f is a function with

Jismpz |fIPdy S €2.)
However, at the end of their paper, they extend some of their other theorems to

include functions that are only approximately bandlimited. Slepian explicitly ex-
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tends a version of the dimension theorem to functions that are only approximately
bandlimited.

We will say that a set of functions, S, has e-approrimate dimension d in
L?([-N/2, N/2)) if there exists a d-dimensional vector space of functions, V, (not

necessarily in S) such that the following holds for any f € §:

N/2
inf If —v|® < é.
veV J_N/2

(Consistent with this definition, we can consider the prior definition of approximate

dimension as approximate dimension in L?(R).)

Theorem 8.2 (Slepian) Let N, M, and ¢q be positive numbers. Let S; = S1(M, N, €)
be the set of functions that are (N,ep)-approzimately timelimited and (M, €p)-
approzimately bandlimited (not necessarily with L*(R) norm equal to 1). For all
€ > ¢o, the e-approzimate dimension of S; in LE([—N/2,N/2)) is NM + o(NM)

as NM — oo,

By Lemma 2.2, a function with bounded first energy moments is (V,er)-

approximately timelimited and (M, g )-approximately bandlimited, where
€T = L and €g =
= 1= =21
;N

So the following is an immediate corollary of Slepian’s version of the dimension

theorem.
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Corollary 8.3 Let N and M be positive numbers. Let
S, = {f € Lz(R) :Ci<e¢,D; < d}
Let
o = max ( ¢ g )
0= T T -
N TN
For all € > €, the e-approzimate dimension of S, in LE([—-N/2,N/2]) is NM +

o(NM) as NM — oo.

8.2 Approximate Parameterization

If a set of functions has approximate dimension d, then any function of the set can
be described (within a certain error) by d parameters. To see this, let {¢;} be an
orthonormal basis for the d-dimensional subspace. Then, any function of the set
can be described (within a certain error) by the d Fourier coefficients with respect
to the {¢:}.

In this section, we introduce another type of approximate parameterization.
Then, we show that a set of functions with bounded energy moments can be ap-
proximately parameterized.

We will say that a set of functions, S, has d e-approzimate sampling parameters

if there exist d real numbers {;} such that the following holds:

fr9€ S and f(z;)=g(zi), 1<i<d=||f—g||Le
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Theorem 8.4 (Approximate Parameterization) Let j, k be integers greater

than 2. Let S3 = S3(d1, ¢;,di) be the following set:
53 = {f € L2(R) . Dl S dlscj S cjsDk S. dk}-
Let N and M be even positive integers. Assume f,g € S3 and
1 1
f(m/M) = g(m/M), —5NM<m< - NM-1

Then,
K K
Hf—=gll < NT}?-*-_A-J%
The K; depend only on the following parameters. K, varies directly with ¢; and

d; and varies inversely with N and M. K, varies directly with dj.

In other words, Sz has NM ec-approzimate sampling parameters, where ¢ =

P

B+

Proof: Let h = f — g. We will prove the theorem by finding an upper bound for
||k||, using the L? norm approximation theorem and the corollary of the triangle
inequality, Lemma 7.1.

By this corollary, the square root of a first or j** or k** energy moment of h
is bounded by two times the corresponding ¢; or d; of S3(ds, ¢;,dx). Thus, we can

apply the L? norm approximation theorem to the set S3(2d;, 2¢;, 2d}), and

K K
| k1] = lIAlloaem] < 77375 + 375
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where the K; only depend on the ¢; and d;.
Since h = 0 at all of the points of -;7Z ~, the left hand side of this inequality is

l|A]|, which gives us the conclusion of the theorem. o

Remark: The remark about the K; after the L? norm approximation theorem

also applies to this theorem. m]

This theorem raises additional questions. Note that if NM numbers are arbi-
trarily chosen, it is possible that there is no f € Ss such that f(m),m € %2y is
equal to those numbers. How can we tell whether there is such an f? If such a
function exists, how can we construct it from the sampled values?

In some cases, one might answer the first question negatively by approximating
the L? norm of t*f (which is C) and of 4* f (which is D;) by Riemann sums. The
error can be bounded by the L? norm approximation theorem, assuming that t*f
and v*f decay in time and frequency sufficiently fast. If one of the Riemann sum
approximations of the C; or D, exceed the corresponding c¢; or di plus the error
bound, then no such function can exist.

Both of the questions above could be answered if we could find an appropiate

generalization of the Heisenberg inequality. The Heisenberg inequality states that

[If]I*
1672’

Ci(f)Di(f) 2
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and that equality holds only for f = =", with a > 0 (See [DM, page 116].) Thus,
we can always find a function such that Ci(f) < ¢ and D;(f) £ d;. Our case
is much more difficult since there are 3 functionals (C;, Dy, Di) to be minimized
{(among which tradeoffs of one or two functionals decreasing at the expense of one
or two functionals increasing can occur) and there are NM constraints.

In practice though, the following procedure for contructing an interpolating
function may suffice. Set g = e~*", with a > 0. Divide the given sampled values
by g(k/M), —3NM < k < INM — 1. Interpolate the result using polynomial
interpolation or trigonometric polynomial interpolation. Then multiply the inter-
polated function by g(k/M). The result will be a function with the given sampled

values and with exponential decay in time and frequency.
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