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Abstract

Smooth Convergence Away From Singular Sets and Intrinsic Flat
Continuity of Ricci Flow
by
Sajjad Lakzian

Advisor: Professor Christina Sormani

In this thesis we provide a framework for studying the smooth limits of
Riemannian metrics away from singular sets. We also provide applications
to the non-degenrate neckpinch singularities in Ricci flow. We prove that if
a family of metrics, g;, on a compact Riemannian manifold, M™, have a uni-
form lower Ricci curvature bound and converge to g, smoothly away from a
singular set, S, with Hausdorff measure, H"~1(S) = 0, and if there exists con-
nected precompact exhaustion, W, of M™\ § satistying diam,, (M™) < D,
Vol (0W;) < Ap and Vol, (M™ \ W;) < Vjwherelim;_,o V; = 0 then the
Gromov-Hausdorff limit exists and agrees with the metric completion of
(M"™\ S, gs). This is a strong improvement over prior work of the author
with Sormani that had the additional assumption that the singular set had
to be a smooth submanifold of codimension two. We have a second main the-
orem in which the Hausdorff measure condition on S is replaced by diameter
estimates on the connected components of the boundary of the exhaustion,
OW;. This second theorem allows for singular sets which are open subregions
of the manifold. In addition, we show that the uniform lower Ricci curvature

bounds in these theorems can be replaced by the existence of a uniform linear
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contractibility function. If this condition is removed altogether, then we prove
that lim; ., dx(Mj, N') = 0, in which M} and N’ are the settled completions
of (M, g;) and (Mw \ S, goo) respectively and dr is the Sormani-Wenger In-
trinsic Flat distance. We present examples demonstrating the necessity of
many of the hypotheses in our theorems.

In the second part of this thesis, we study the Angenent-Caputo-Knopf’s
Ricci Flow through neckpinch singularities. We will explain how one can see
the A-C-K’s Ricci flow through a neckpinch singularity as a flow of integral
current spaces. We then prove the continuity of this weak flow with respect

to the Sormani-Wenger Intrinsic Flat (SWIF) distance.
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Chapter 1

Introduction

Today, the study of the limit spaces that arise from the smooth convergence of
a family of metrics spaces away from a singular set (a set on which we have no
knowledge of the behavior the metrics) has broad applications in geometric
analysis. It is always useful to know that a coarse limit of a sequence of
Riemannian manifolds satisfying certain conditions in fact inherits a rich
geometric structure and regularity.

This thesis is devoted to paving the way in the study of these limits and
also to demonstrating some fruitful applications in the theory of geometric
flows and in particular, Ricci low. In fact, our motivation for considering this
framework was to provide new tools in studying the singular limits arising
in real and Kéhler Ricci flows.

In the first part of this thesis (Chapters 2, 3 and 4), we will provide
criteria that tell us when the smooth limit away from a singular set, S,
of a sequence of Riemannian metrics ¢g; on a compact manifold M coincides

with the Gromov-Hausdorff (GH) and Sormani-Wenger Intrinsic Flat (SWIF)



limits of this sequence. In the second part of this thesis (Chapters 5 and 6),
we will study the applications of our results to the Ricci flow neckpinch in
order to view the Ricci flow through neckpinch singularities as a weak flow

of integral current spaces.

1.1 Smooth Convergence away from Singular

Sets

One definition of smooth convergence away from singularities is as follows:

Definition 1.1.1. For k > 1 an integer and 0 < o < 1, will say that a
sequence of Riemannian metrics g; on a compact manifold M™ converges
smoothly away from S C M"™ to a Riemannian metric g, on M™\ S
if for every compact set K C M™\ S, g; converge C** smoothly to g, as

tensors.

Right away from the definition, it is apparent that the global geometry is
not well controlled under such convergence. It is natural to ask under what
additional conditions the original sequence of manifolds, M; = (M™, g;) have
the expected Gromov-Hausdorff (GH) and Sormani-Wenger Intrinsic
Flat (SWIF) limits [25] [45]. Recall that there are examples of sequences
of metrics on spheres which converge smoothly away from a point singularity
which have no subsequence converging in the GH or the SWIF sense, so
additional conditions are necessary (c.f. [35]).

Many results concerning GH limits of the M, have appeared in the lit-

erature. For example, Anderson in [2] studies the convergence of Einstein



metrics to orbifolds. Bando-Kasue-Nakajima in [8] study the singularities
of the Einstein ALF manifolds. Eyssidieux-Guedj-Zeriahi in [19] prove sim-
ilar results for the solutions to the complex Monge-Ampere equation. Also
Huang in [28] , Ruan-Zhong in [42] , Sesum in [43], Tian in [46] and Tosatti
in [50] study the convergence of Kéahler-Einstein metrics and Kéhler-Einstein
orbifolds. However, even in this setting, the relationship is not completely
clear and the limits need not agree (see [7]). In Tian-Viaclovsky [47], com-
pactness results for various classes Riemannian metrics in dimension four
were obtained in particular, for anti-self-dual metrics, Kahler metrics with
constant scalar curvature, and metrics with harmonic curvature. Also the
relation between different notions of convergence for Ricci flow is studied in
[31]; Rong-Zhang [41] is concerned with the convergence of Ricci-flat Kéhler
metrics. The The results proven in this thesis may be applied to all of these
settings.

Here we first study SWIF limits of sequences of manifolds which converge
away from a singular set and then prove the SWIF and GH limits agree
using techniques developed in prior work of the author with Sormani in [LS].
All necessary background on these techniques and on SWIF convergence is

reviewed in Section 2.

Theorem 1.1.2. Let M; = (M™,g;) be a sequence of compact oriented Rie-
mannian manifolds such that there is a subset, S, with H"'(S) = 0 and
connected precompact exhaustion, W;, of M\ S satisfying (1.8) with g; con-

verge smoothly to g~ on each W,
diamy,(W;) < Dy Vi > 7, (1.1)
Vol,, (0W;) < Ay, (1.2)

3



and

Voly, (M \ W;) < V; where lim V; = 0. (1.3)
j—oo
Then
lim dx(M], N") = 0. (1.4)
1—00

where M! and N’ are the settled completion of (M, g;) and (M \ S, g) Te-

spectively.
Here, diam,; (V) is the extrinsic diameter found by
diampy (W) = sup{dpy(x,y) : x,y € W} (1.5)
where dj; is the extrinsic distance measured in M rather than W:
dy(x,y) =inf{L(C): C:[0,1] = M, C(0) ==z, C(1) =y}. (1.6)

We write M; = (M, g;). The intrinsic diameter of W is then diamy (). See
Remark 4.2.3 for the necessity of the hypotheses in Theorem 1.1.2.

Under the conditions of Theorem 1.1.2, if we assume in addition that the
manifolds in the sequence have a uniform lower bound on Ricci curvature,
then the SWIF and GH limits agree. So we obtain the following new theorem
relating the GH limit to the metric completion of the smooth limit away from

the singularity:

Theorem 1.1.3. Let M; = (M, g;) be a sequence of oriented compact Rie-

mannian manifolds with uniform lower Ricci curvature bounds,

Riccig, (V,V) > (n — 1)Hgi(V,V) vV e TM; , (1.7)



which converges smoothly away from a singular set, S, with H"*(S) = 0. If

there is a connected precompact exhaustion, W, of M \ S,

W; € Wiy with | JW; = M\ S, (1.8)
j=1
satisfying

Vol (0W;) < Ay, (1.10)

and
Vol,, (M \ W;) <V, where lim V; =0, (1.11)

Jj—o0
then
j—o0

where N is the metric completion of (M \ S, goo).

See Remark 4.2.3 for the necessity of our hypotheses in Theorem 1.1.3.
We may replace the Ricci condition by a condition on contractibility (see
Theorem 4.2.6). For the necessity of the hypotheses in this theorem see [35,
Remark 6.8].

Theorems 1.1.2- 1.1.3 improve upon a prior result of the author and Sor-
mani in [LS] because we no longer require the singular set to be a smooth
submanifold of codimension 2 as was required there. In fact, we may even
allow the singular set to be an open domain as long as we have sufficiently
strong controls on the diameters of the exhaustion’s boundaries as seen in

the following theorem:

Theorem 1.1.4. Let M; = (M, g;) be a sequence of Riemannian manifolds

such that there is a closed subset, S, and a connected precompact exhaustion,
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W;, of M\ S satisfying (1.8) such that g; converge smoothly to g~ on each
W,

If each connected component of M \ W; has a connected boundary,

J

lim sup {Z diammf,gi)(ﬂf) - Q9 connected component of 8W]} < Bj,
B

17— 00

(1.13)

where lim;_, B; = 0, and if we have
dzam(Wﬁgl)(VVj) S Dint, (114)
Vol,, (0W;) < Ay, (1.15)
Vol,, (M \ W;) <V, where lim V; =0, (1.16)

Jj—0o0
then

lim d;(Mj’-,N’) =0. (1.17)

Jj—00

where N' is the settled completion of (M \ S, goo).

See Remark 4.3.2 for the necessity of our hypotheses in Theorem 1.1.4.
In presence of a uniform lower Ricci curvature bound, Theorem 1.1.4 can

be applied to prove the following theorem:

Theorem 1.1.5. Let M; = (M, g;) be a sequence of oriented Riemannian

manifolds with uniform lower Ricci curvature bounds,
Riccig, (V,V) > (n — 1)Hgi(V,V) vV e TV, (1.18)

which converges smoothly away from a closed singular set, S.



If there is a connected precompact exhaustion, W;, of M \ S, satisfying
(1.8) such that each connected component of M \ W; has a connected bound-

ary,

J

lim sup {Z dz’am(ﬂfvgi)(Qf) : Q7 connected component of 8WJ} < Bj,
B

1—00
(1.19)
where lim;_,, B; = 0, and if we have
diamq,.g.)(Wj) < Din, (1.21)
and volume controls:
Vol,, (0W;) < Ay, (1.22)
Vol,, (M \ W;) < V; such that lim V; =0, (1.23)
Jj—00
then

J—00

where N is the metric completion of (M \ S, gso)-

In Theorems 1.1.3 and 1.1.5, the diameter hypothesis diam(M;) < Dy is
not necessary when the Ricci curvature is nonnegative (see Lemma 3.3.2 ).

The Ricci curvature condition in Theorems 1.1.3 and 1.1.5 may be re-
placed by a requirement that the sequence of manifolds have a uniform lin-
ear contractibility function (see Theorem 4.3.5 and Theorem 4.2.6). See
Definition 2.2.9 for the definition of a contractibility function. Recall that
Greene-Petersen have a compactness theorem for sequences of manifolds with

uniform contractibility functions and upper bounds on their volume [23].
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In Chapter 2, we will review the background needed to study the con-
vergence of metric spaces and in particular, we will provide the rudiments
of integral current spaces [25] [45]. Chapter 3 is devoted to reviewing my
published pre-dissertation work with Professor Sormani on the smooth con-
vergence away from singular sets [35]. Chapter 4 contains the proofs of
Theorems 1.1.4, 1.1.5 and 1.1.3. In Chapters 5 and 6 we turn to the study

of Ricci flow. The theorems in these chapters are described in Section 1.2.

1.2 Applications to Ricci Flow Through Sin-
gularities

We next apply our work to study the Sormani Wenger Intrinsic Flat conti-
nuity of a weak Ricci flow through a neck pinch singularity. In particular, we
prove that the flow proposed by Angenent-Caputo-Knopf is continuous with
respect to SWIF distance when the Riemannian manifolds owing through the
neckpinch singularity and the resulting singular spaces are viewed as integral
current spaces.

There are many parallels between Hamilton’s Ricci Flow and Mean Cur-
vature Flow. While Ricci Flow with surgery was proposed by Hamilton (see
27]) and modified and developed by Perelman (see [39] and [38]), a canon-
tcal Ricei Flow through singularities which could be a gateway to a notion
of Weak Ricci Flow is only being explored and defined recently (see [3]).
There are also other approaches to weak Ricci flow using tools from optimal
transport (see [49], [22] and [34]). In contrast, weak MCF was developed

by Brakke by applying Geometric Measure Theory and viewing manifolds



as varifolds. Recently White proved that Brakke Flow is continuous with
respect to the Flat distance, when the varifolds are viewed as integral cur-
rents (see [52]). For the Ricci Flow - in contrast with MCF - there is no
apriori ambient metric space so one needs to work with intrinsic notions of
convergence; So it is natural to study a weak notion of Ricci flow as a flow of
integral current spaces as long as it is continuous with respect to the intrinsic
flat distance.

Consider the Ricci Flow on the S"*! starting from a rotationally sym-
metric metric go. Angenent-Knopf in [4] showed that if gy is pinched enough,
then the flow will develop a neckpinch singularity (see Definition 5.2.1) in
finite time T" and they computed the precise asymptotics of the profile of the
solution near the singular hypersurface and as t T

Later in [3], Angenent-Caputo-Knopf proved that one can define a smooth
forward evolution of Ricci Flow through the neckpinch singularity. They
achieved that basically by taking a limit of Ricci Flows with surgery and
hence showed that Perelman’s conjecture that a canonical Ricci Flow with
surgery exists is actually true in the case of the sphere neckpinch. Since the
smooth forward evolution performs a surgery at the singular time 7" = 0 and
on scale 0, therefore at all positive times the flow consists of two disjoint
smooth Ricci flows on a pair of manifolds.

In order to define a weak Ricci flow, we must view the pair of manifolds
M, and M, as a single integral current space. Recall that an integral
current space (X, d,T) defined in [45] is a metric space (X, d) endowed with
an integral current structure 7' using the Ambrosio-Kirchheim notion of an

integral current [1] so that X is the set of positive density of T'. Following a



suggestion of Knopf, we endow M = M; L M, with a metric restricted from
a metric space obtained by gluing the manifolds at either end of a thread of
length L(t). The resulting integral current space does not include the thread
(nor the point of singularity at time ¢ = T') because every point in an integral
current space has positive density. We will consider this approach and prove

the following continuity result:

Theorem 1.2.1. Let (X(t), D(t),T(t)) be a smooth rotationally and reflec-
tion symmetric Ricci flow on S™' for t € (—¢,0) developing a neckpinch
singularity at T = 0 and continuing for t € (0,€) as a disjoint pair of man-
ifolds joined by a thread of length L(t) > 0 with L(0) = 0 undergoing Ricci
flow as in [3]. Then, this is continuous in time with respect to the SWIF

distance.

Notice that the assumption 7" = 0 in Theorem 1.2.1 is only for the sake of
simplicity . The reflection symmetry in Theorem 1.2.1 is there to guarantee
the finite diameter at the singular time. In general, we get the following

corollary:

Corollary 1.2.2. Let (X(t), D(t),T(t)) be a smooth rotationally symmetric
Ricci flow on S™ for , t € (—¢,0) developing a neckpinch singularity at
T = 0 with finite diameter and continuing for t € (0,€) as a disjoint pair
of manifolds joined by a thread of length L(t) > 0 with L(0) = 0 undergoing
Ricci flow as in [3]. Then, X(t) is continuous in time with respect to the

SWIF distance.

In order to prove Theorem 1.2.1, in Theorem 6.1.6, we adapt a result

from the pre-dissertation work of the author with Sormani [35] to estimate
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the SWIF distance between our spaces. In Lemmas 6.2.1, 6.4.2 and 6.5.1,
we prove the continuity of the flow prior, at and post the singular time
respectively.

We will review Ricci flow and the work of Angenent-Caputo-Knopf [3] in
Chapter 5 and Chapter 6 will be devoted to the proving Theorem 1.2.1 and
Corollary 1.2.2. In Chapter 7, we will mention a few directions for possible

future research.
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Chapter 2

Background

2.1 Metric Spaces

For any metric space X, one can construct a complete metric space X , which
contains X as a dense subspace. It has the following universal property: if
Y is any complete metric space and f is any uniformly continuous function
from X to Y, then there exists a unique uniformly continuous function f
from X to Y, which extends f. The space X is determined up to isometry
by this property, and is called the completion of X.

Definition 2.1.1 (Metric Completion). The completion of (X,dx) can be
constructed as a set of equivalence classes of Cauchy sequences in X. For
any two Cauchy sequences {z,} and {x,} in X, we may define their distance

as

d(z,y) = lim d(x,, yn) (2.1)

n—oo

and two Cauchy sequences are considered equivalent if their distance is zero.

The original space is embedded in this space via the identification of an ele-

12



ment x of X with the equivalence class of constant sequence {x} This defines

an 1sometry onto a dense subspace.

Remark 2.1.2. [t is worth noting that any Lipschitz function f : X — Y
extends to a Lipschitz function f : X — Y wia f({z,}) = lim, o f(2,)

provided that'Y is a complete metric space.

Definition 2.1.3 (Isometric Embedding). Let (X,dx) and (Y, dy) be metric
spaces. A map ¢ : X — Y is called an isometric embedding or distance

preserving if for any a,b € X one has

dy (¢(a),d(b)) = dx(a,b). (2:2)
A metric d on a space X induces a length structure on X:

Definition 2.1.4 (The Length Induced by a Metric). Let (X, d) be a metric
space and 7 be a path in X (i.e. a continuous map 7 : [a,b] — X ). The
length of v induced by d is given by

N

La(7y) = sup Z d (v(pi-1),7(pi)) (2.3)

L
where the supremum is taken over all partitions P = {a = py < p1 < pg <

- < pn = b} of the interval [a,b]. Whenever Lqy(vy) < 00, v is called a
rectifiable path.

A component of accessibility by rectifiable paths, ' C X is a
maximal subset of the metric space X in which any two points can be joined
by a rectifiable path. The length L; when restricted to the components that

are accessible by rectifiable paths gives rise to an intrinsic metric as below:

13



Definition 2.1.5 (Induced (Intrinsic) Metric). Let Z C X be a subset of the
metric space (X, dx) and suppose any two points x,y € Z can be joined by a

rectifiable path inside Z. The intrinsic metric on Z induced by Ly is given

by:
dz(xz,y) :=1inf {Ls(7)|7 : [a,b] = Z and y(a) = x and v(b) =y}  (2.4)

Remark 2.1.6. Let M,..; denote the category of all metric spaces in which
any two points can be joined by a rectifiable path. The induction of intrinsic
metrics can be thought of as a functor Int : Mi.cee = Mot given by

Int

(X,d) — (X,dx) (2.5)

For a subset Z C X of a metric space (X, dx), one can also associate a

subspace metric which is given as

Definition 2.1.7 (Extrinsic Metric). Let Z C X be a subset of a metric
space (X, dy) then the restriction of the metric d to the subset Z which we

also denote by dx is called the extrinsic metric on Z C X.

Remark 2.1.8. [t is very crucial to notice that in general, for a component
of accessibility by rectifiable paths Z C X, the induced (intrinsic) metric dy

and the extrinsic (restricted) metric dx are different metrics.

Extrinsic and induced intrinsic metrics give rise to the notions of extrinsic

and intrinsic diameter of a subset as follows:

Definition 2.1.9. Let Z C X be a component of accessibility by rectifiable

paths of the metric space (X,dx). Then the extrinsic diameter of Z is
defined by
diamx (Z) = sup {dx(x,y)|z,y € Z} (2.6)

14



while the intrinsic diameter of Z is given by

diamyz(Z) = sup{dz(z,y)|x,y € Z} (2.7)

2.2 The Gromov-Hausdorff Convergence

2.2.1 Gromov Hausdorff Distance

Definition 2.2.1 (Hausdorff Distance). For any two subsets X,Y C M of
a metric space (M, d), the Hausdorff distance between X,Y is defined by

Ay (X,Y) =inf {e|X C T.(Y) and Y C T.(X)}, (2.8)

where T.(X) (called the e—fattening, tubular neighborhood or general-
ized ball around X ) is defined given by

T.(X) = {z € M|d(z, X) < ¢} (2.9)

The Gromov-Hausdorff (GH) distance was defined by Gromov in order
to turn the Hausdorff distance to an intrinsic distance (independent of the

ambient metric space).

Definition 2.2.2. The Gromov-Hausdorff distance between two metric

spaces (X1,dy) and (Xq,dy) is given by
den (X1, Xo) = inf {d7(p1(X1), 02(X2)) @i 1 Xi — Z} (2.10)
where the infimum is taken over all common metric spaces, Z, and all iso-

metric embeddings (distance preserving), p; : X; — Z.
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Remark 2.2.3. In [25], Gromov observed that dgy is an honest distance
when restricted to compact metric spaces; this means that for any two compact

metric spaces X, and X5, we have
dop (X1, X2) =0 iff X and X5 are isometric (2.11)

Because of this, one needs to take the metric completions of precompact spaces

when they study the Gromov-Hausdorff distance of spaces.

2.2.2 Gromov’s Compactness Theorem

The Gromov’s Compactness Theorem gives us a criteria for when a family of
metric spaces have a subsequential Gromov-Hausdorff limit. We denote the

class of all compact metric spaces by M.

Definition 2.2.4. Let (X, d) be a compact metric space and e > 0; cap(X, €)

and cov(X, €) are defined as follows:
cap(X, €) = max {n|X contains n disjoint g - balls} , (2.12)

and,

cov(X, €) = min{n|X is covered by n € — balls}, (2.13)

Theorem 2.2.5 (The Gromov’s Compactness Theorem). Let C C M be a

class of compact metric spaces. Then the following statements are equivalent

(i) C is precompact i.e. any sequence in C contains a subsequence that

Gromov-hausdorff converges in M.
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(ii) There is a function N : (0,a) — (0,00) such that for all X € C we
have cap(X,e) < N(e),

(iit) There is a function N : (0,a) — (0,00) such that for all X € C we
have cov(X,€) < N(e),

It is also useful to know that any convergence sequence of compact metric
spaces and their limit space can be embedded in a common compact metric
space. This fact is known as the Gromov’s embedding theorem and was

proven by Gromov in [24, p. 65].

Theorem 2.2.6 (Gromov’s Embedding Theorem). For a sequence of com-

Gromov—Hausdor f f
X, one can find a compact

pact metric spaces X; with X;
metric space Z and distance-preserving maps ¢; : X; — Z and ¢so : Xoo — 4
such that

6i(X:) T o (Xee) (2.14)

2.2.3 GH Convergence and Ricci Curvature

A very popular frame-work in geometry is the study the rigidity (of some sort
) of geometric structures in the presence of a lower bound on the curvature.
One well-known result in this direction is the Bishop-Gromov volume com-
parison result which gives an upper bound on the volume growth of balls. In a
nutshell, the volume of balls in an Alexandrov space with curvature bounded
below grow no faster than the volume of balls in the comparison Alexandrov

space of the same dimension. Below, we will give the more general version
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of this comparison theorem which can easily be specified to manifolds with

lower Ricci curvature > (n — 1)k.

Theorem 2.2.7 (Bishop-Gromov Comparison [10]). Let X be a locally com-
pact Alexandrov space of curvature > K and n be a positive integer, then for

every p € X the ratio

tin (By(p))
Vol (V¥)

is monincreasing in v, where p,(B,(p)) is the n — dimensional Hausdorff

(2.15)

measure of a ball of radius r and V¥ is the volume of the r—ball in the space

form, M of curvature k and dimension n.

In fact, the Theorem 2.2.7 states that if R > r > 0, then

pn (Br(p)) _ pin (B, (p))
VE T Ur

r

(2.16)

Using the Bishop-Gromov comparison result and the control on the vol-
ume growth of balls imposed by a lower curvature bound, One can modify
the Gromov’s Compactness Theorem to prove the following theorem (Also

known as Gromov’s Compactness Theorem).

Theorem 2.2.8 (Gromov’s Compactness Theorem 1T [25] ). A sequence
of compact Riemannian manifolds, (M;,g;), such that diam(M;) < D and
Ricciyg, > —H, has a subsequence converging in the Gromov-Hausdorff sense

to a metric space (X, d).

These limit spaces have been extensively studied in the work of Cheeger

and Colding [11] [12] [13].
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2.2.4 GH Convergence and Contractibility

A different way to approach compactness theorems is to assume the existence

of contractibility functions instead of a lower curvature bound.

Definition 2.2.9 (Contractibility Function). A function p : [0,7] — [0, 00)
15 a contractibility function for a manifold M with metric g if every ball

B, (r) is contractible within B,(p(r)).

Theorem 2.2.10 (Greene-Petersen [23]). A sequence of compact Rieman-
nian manifolds, (M;, g;), such that Vol(M;) < V and such that there is a
uniform contractibility function, p : [0,ro] — [0,00), for all the M;, has
a subsequence converging in the Gromov-Hausdorff sense to a metric space

(X,d).

Remark 2.2.11. Notice that in Theorem 2.2.10, a volume upper bound is
assumed together with a contractibility assumption as opposed to the diameter
and lower curvature bound assumptions in Theorem 2.2.8. Ferry-Okun [20]
showed that M, can converge to an infinite dimensional space if one removes

the upper volume bound from the assumptions.

2.3 Sormani-Wenger Intrinsic Flat Conver-
gence

Though the Gromov-Hausdorff notion of convergence has provided a very
important frame-work in the study of limit spaces, it fails to provide a limit

in cases which the assumptions of the Gromov’s compactness theorem fails
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(for example see the example of many splines [33, Example 3.11] ). One place
in which these pathological sequences of spaces come up is taking a minimizer
sequence for the Plateau’s problem. To deal with this problem, Federer and
Fleming invented the notion of integral currents and flat convergence of
integral currents. Their work deal with the integral currents in the Euclidean
space and hence applicable to smooth compact manifolds.

To wit, a k—dimensional current T is a linear functional on the space of
smooth k—forms. For example any smooth k—dimensional compact oriented

manifold M (with boundary) has a current structure T defined by

T(w) == /M w. (2.17)

A set X is called H* countably rectifiable if it can be covered by the im-
ages of a countable collection of Lipschitz maps ¢; : E; — X where, E;’s are
Borel subsets of the k—dimensional Euclidean space. A k—dimensional inte-
gral current T with multiplicity function # on an H* countably rectifiable

canonical set X is defined by

T(w):= [ ewzg / (000) 6w (2.18)

The multiplicity function @ is required to be an integer valued Borel function
on the canonical set X. An integral current and its boundary 0T given by

0T (w) := T(dw) are also required to have finite mass i.e. one needs to have:
M(T) = / 6 dH"* < (2.19)
b

and

M(JT) < oo. (2.20)
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Definition 2.3.1 (Flat Distance). The flat distance between two k—dimensional

currents Ty and To s given by

dF (T17 Tg) =

inf {M(A) +M(B) | A and B are integral currents and T; — Ty = A + 0B}

Federer and Fleming proved a compactness theorem for the flat distance
which guarantees a rectifiable subsequential limit with finite mass for a se-
quence of integral currents with a uniform upper bound on their masses and
the mass of their boundaries. This compactness result was a key step in
proving the Plateau problem in Euclidean space.

Later on, in order to study the Plateau problem in general metric spaces,
Ambrosio and Kirchheim [1] generalized integral currents machinery to ar-
bitrary metric spaces. In doing so, they employed De Giorgi’s ideas for defin-
ing k—differential forms on a metric space that is considering (k + 1)—tuples
(f,w1,ws, ... ,wy) of Lipschitz functions to resemble the k—form f dw; Adws A
-+ A dwy, satisfying some axioms. Using this new machinery, they were able
to generalize the Plateau’s problem to Banach spaces [1]. Wenger [51] gen-
eralized the Plateau’s problem to a larger class of metric spaces and defined
a flat distance between integral currents in these spaces.

Inspired by the Gromov-Hausdorff distance, Sormani-Wenger [45] intro-
duced the notion of intrinsic flat distance between integral current spaces
(X1,d1, T1) and (Xy,dy, Ty) as the infimum of dZ ((¢1)4T1, (¢2)4Ta) over

all common metric spaces Z and isometric embeddingd ¢; : X; — Z.
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2.3.1 Ambrosio-Kirccheim Integral Currents on Met-

ric Spaces

In this section, we will briefly and rather informally review the required
material for the later sections. The reader is advised to consult the original
papers by Ambrosio-Kirchheim [1]. The reader should be alert that we may

suppress the term "a.e.” (almost everywhere) in some statements.

Definition 2.3.2 (H*— Rectifiability). A metric space X is called H*—
countably rectifiable if there is a countable collection of Lipschitz maps

¢i . B; — X from Borel subsets F; C R* such that
HE (X (U2 il E)) ) = 0. (2.21)

Based on the work of Kirchheim [30], one can assume that the maps
¢; (chart maps) are in fact bi-Lipschitz hence we can talk about their
transition maps which turn out to be also bi-Lipschitz. so Similar to the
manifold setting, a collection of bi-Lipschitz charts for X is called an atlas.

Resembling the manifold theory, an oriented atlas is a a positive atlas
i.e. all the resulting transition maps have positive Jacobians (This can easily
be made rigorous using the Rademachers Theorem). The orientation in-
duced by an oriented atlas {¢;} which is denoted by [{¢;}] is the equivalence
class of all oriented atlases that are positively related to {¢;}.

Another important notion in Geometric Measure Theory is the notion of

the density of a Borel measure pu.

Definition 2.3.3. (Density) For a Borel measure p on a metric space X
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and a point p € X, the lower m—dimensional density of i at p is defined as

O (p) = lim inf 15 P) (2.22)

r—0 mem

where, Wy, s the volume of the unit ball in R™.

Roughly speaking, a current works like integration of forms and only the

portions of space with enough density would contribute in the integration.

Definition 2.3.4 (Completely Settled Space). A weighted oriented H*—
countably rectifiable metric space (X, d,[{¢:}],0)is called completely set-
tled iff

X = {p € Closure(X) | ©%(p) > 0} . (2.23)

Now we are ready to give the Ambrosio-Kirchheim’s definition of Currents
on arbitrary metric spaces. Following the ideas of De Giorgi [16], Ambrosio-
Kirchheim [1] replaced the notion of k—differential forms by the set D*(X)
which by definition is the set of all (k + 1)—tuples (f, 7y, 7o, ..., m) of real-
valued Lipschitz functions in X with f € Lip,(X) (f is a bounded Lipschitz
function). In the case of k = 0, D°(X) = Lip,(X).

Definition 2.3.5 (Currents). Let k > 0 be an integer and X a complete
metric space. The vector space of My(X) of currents in X is the set of all
real-valued multilinear functionals T on D*(X) which satisfy the following

properties.

(i) Continuity: If 7t — m; pointwise in X and Lip(r}) < Const.

then, lim; o T (f, 7t 7, ... 7)) =T (f, 71, m2,..., %) -
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(ii) Locality: If for some i € {1,2,...,k}, m; is constant on a neigh-
borhood of {f # 0} then, T (f,m,ma,...,m) = 0.

(i) Finite Mass: There exists a finite Borel measure p on X such

that .
T (f, w1, s, mi)| < [ Lin(m) / fldu (2.24)
i=1 X

for all (f, 71, m,...,m) € D¥(X). The minimal measure u satisfying 2.2
is called the mass of T and is denoted by ||T||.

Similar to differential forms, one can define an exterior differential

operator on D*(X) as follows:

Definition 2.3.6 (Exterior Differential). The exterior differentiald : D¥(X) —
D*Y(X) is given by:

dw:d(f77T177T2a"'77Tk) = (1,f,7T1,7T2,...,7Tk)- (225)

Also for a map ¢ € Lip(X,Y), one can define a pullback operator as

follows:

Definition 2.3.7 (Pullback). For complete metric spaces X,Y and for ¢ €
Lip(X,Y) the pullback operator ¢* : DF(Y) — D*(X) is given by:

¢*w = ¢% (f, 7, m9,..., 1) = (fop,mop,mod,...,mpod). (2.26)

By dualizing these two operators, one gets the boundary and pushfor-

ward operators on currents as is given in below:

24



Definition 2.3.8 (Boundary Operator). For k > 1 and T € My(X), the
boundary of T, OT is defined as follows:

0T (w) := T(0w). (2.27)
for all w € DF1(X).

It is straightforward to check that using locality property, we have d? = 0

and hence 9? = 0. One should notice that T is not necessarily a current.

Definition 2.3.9 (Normal Currents). A current T € Mg(X) (kK > 1) is
called a normal current if also OT is a current (i.e. OT € My_1(X) ).
The class of all normal currents in X is denoted by Ny (X) which is a Banach

space equipped with the norm
N(T) := [|'T]| (X) + [|]oT|| (X). (2.28)

Definition 2.3.10 (Pushforward). for the Lipschitz map ¢x — Y and T €
My (X), the pushforward ¢4 T € My(Y') is given by

¢4 T(w) = T(¢*w), (2.29)
For any w € My(Y).

By construction, the boundary and pushforward operators commute with

each other i.e.
¢#(0T) = (¢4 T). (2.30)

Another important operation is the restriction of currents to forms (sim-

ilar to contraction in differential geometry) which is defined as:
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Definition 2.3.11 (Restriction). For T € Mg (X) andw = (g, a1, az,...,q;) €
DY(X) (1 < g), the restriction TLw € My_(X) is given by:

T (f,m,me,...,mk) =T (fg,00,0,...,00, 1, T2, ..., Tk_1). (2.31)

Here, we give a key example of current which later on, will be used to

define an integer rectifiable current.

Example 2.3.12. Any L'—function g : A C R¥ — X gives rise to a
k—current [[g]] given by

o) (Gomeem) = [ o det(m) act (2.32)

:/ gf dmy Admy A -+ Admy, dLF. (2.33)
ACRk

2.3.2 Ambrosio-Kirchheim Compactness Theorem

In this section we briefly recall the compactness theorem proved by Ambrosio-
Kirchheim [1]. To do so, we need to define the notion of weak convergence

as has appeared in [1, Definition 3.6].

Definition 2.3.13 (Weak Convergence of Currents). A sequence T; € My(X)
is said to weakly converge to T € My (X) if T; converge to T pointwise (as
functionals on D*(X)) i.e. if we have
lim T, (f,my,...,7) =T (f,m1,...,7%), (2.34)
1—r 00

for all (f,m,...,m) € D*(X).

The Ambrosio-Kirchheim’s compactness theorem states that:
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Theorem 2.3.14 (Ambrosio-Kirchheim’s Compactness Theorem). For a
given complete metric space X, let T; € Ng(X) be a sequence of normal

currents with
N(Ts) = [|'Ti[| (X) + [[0Ti]| (X) < Const; (2.35)
If for any integer m > 1, there exists a compact set K,, C X such that
[Tl (XN Kip) + JOT || (X \ Kr) < % (2.36)

then, there exits a subsequence {T;n)} that converges to a current T € N (X)

satisfying
T (X\ U Km> + o) (X\ U Km) —0. (23

2.3.3 Integral Current Spaces

In this section we will review the integer rectifiable currents defined by
Ambrosio-Kirchheim [1] and integral current spaces defined by Sormani-
Wenger [45].

We first need to know what a rectifiable current is;

Definition 2.3.15 (Rectifiable Current). A current T € My (X) (k> 1) is

called a rectifiable current if

(i) The mass measure | T|| is concentrated on a countably H*—rectifiable
set;
(it) The mass measure ||T|| vanishes on Borel sets N with HF(N) = 0
(H*—negligible sets).
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Definition 2.3.16 (Integer Rectifiable Current). A rectifiable current T is

called integer rectifiable if for any ¢ € Lip(X,R*) and any open set A C
X, one has ¢4 (TLA) = [[0]] for some 0 € L'(X).

Notation. The set of rectifiable currents in X is denoted by Ry(X) and

the set of integer rectifiable currents on X is denoted by Zy(X).

Definition 2.3.17 (Integer Rectifiable Current Structure). A k-dimensional
integer rectifibale current structure on a metric space (X,d) is an integer
rectifiable current T € T,(X) on the completion, X, of X such that set(T) =

X. Such a space is called an integer rectifiable current space and is

denoted by (X,d,T).

Definition 2.3.18 (Integral Current [1]). An integral current is an integer

rectifiable curent which is also a normal current i.e. OT is also a current.
Finally, we define the notion of integral current space;

Definition 2.3.19 (Integral Current Space [45]). A k—dimensional integral
current space is an integer rectifiable current space, (X,d, T), whose current
structure, T is an integral current (that OT is an integer rectifiable current

in X ). The boundary of (X, d,T) is then the integral current space:
J(X,dx,T) := (set(0T),dx,0T) (2.38)

Remark 2.3.20. By the definition, integral current spaces are metric mea-
sure spaces with bi-Lipschitz charts and integer valued Borel weight functions.

Integral currrent spaces are also completely settled.

Remark 2.3.21. Though set(OT) might not be a subset of set(T) = X, we
always have set(0T) C X.
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Here we give two basic examples of integral current spaces. Notice that
Example 2.3.23 demonstrates that while an integral current space is com-

pletely settled, it is not necessarily compact.

Example 2.3.22 (Cone). There are metrics g; on the sphere M? such that
(M3, g;) converge smoothly away from a point singularity S = {po} and the
metrics g; form a conical singularity at py. The Gromov-Hausdorff and in-
trinsic flat limits agree with the metric completion of (M \ S, go) which is

the sphere including the conical tip.

Proof. More precisely the metrics g; are defined by
gj = dr* + f3(r)gs: for r € [0, 7] (2.39)

where f;(r) = (1/j) sin(r)+(1 — 1/4) f(r) in which, f(r) is a smooth function
such that:
f(r) =sin(r) for r € [0,7/2], (2.40)

and,

F) = —2 (r — ) forr € [3/4,7]. (2.41)

™

For any 0 > 0, f; converge to f smoothly on [0,7 — d]. Thus g; converge

smoothly on compact subsets of M \ S to
goo = dr? + F2(r)gse. (2.42)

The metric completion of (M \ S, g) then adds in a single point py at r = 7.
Since
16

. 4
llrgélfu(Bpo (r))/r = %UOZ(SQ) =37 0, (2.43)

the point, pg, is also included in the settled completion of (M \ S, g..). To
complete the proof of the claim we could apply Theorem 1.1.2. ]
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Example 2.3.23 (Cusp). There are metrics g; on the sphere M?* such that
(M?,g;) converge smoothly away from a point singularity S = {po} and the
metrics g; form a cusp singularity at py. The Gromov-Hausdorff agree with
the metric completion of (M \ S, goo) which is the sphere including the cusped
tip. However the intrinsic flat limit of (M \ S, goo) does not include the cusped
tip because it has 0 density. So the intrinsic flat limit is the settled completion

of (M '\ S, goo) which in this case is (M \ S, goo)
Proof. More precisely the metrics g; are defined by
gj = dr* + f7(r)gs: for r € [0, 7] (2.44)

where f;(r) = (1/j) sin(r)+(1 — 1/4) f(r) in which, f(r) is a smooth function
such that:
f(r) = sin(r) for r € [0,7/2], (2.45)

and,

4

fr) == (r—m)? forr € [3n/4, 7). (2.46)
T

For any § > 0, f; converge to f smoothly on [0,7 — §]. Thus g; converge

smoothly on compact subsets of M \ S to
Joo = dr? + f3(r)gse. (2.47)

The metric completion of (M \ S, g ) then adds in a single point py at r = 7.

Since

4
liminf yu(B,, (r))/r® = lim inf 5—7“21)01(52) =0, (2.48)

r—0 r—0 2

the point, pg, is not included in the settled completion of (M \ S, goo)-
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This Gromov-Hausdorff and Intrinsic Flat limits in this example were
proven to be as claimed in the Appendix of [45]. One may also apply Theo-
rem 3.1.1 to reprove this. O

As we will see in chapter 6, the Ricci flow neckpinch is a cusp and hence
when we think of Ricci flow (and the weak solutions of Ricci flow past the
singular time ) as integral current spaces, at the singular time, the cusp point
will not be included (since the density is zero) and therefore the space splits

into two disjoint parts.

2.3.4 Sormani-Wenger Intrinsic Flat Distance

Definition 2.3.24 (Sormani-Wenger’s Intrinsic Flat Distance [45]). The in-
trinsic flat distance between two integral current spaces (X1,dy, T1) and

(X, dy, To) is defined as

dr (X1, dy, Ty), (Xp, dp, T2)) = inf {df: ((61)4T1, (¢2)T2) | ¢ : Xi = 2},
(2.49)
where the infimum is taken over all common complete metric spaces, Z, and

all 1sometric embeddings ¢; : X; — Z.

The Sormani-Wenger’s intrinsic flat distance (SWIF') enjoys many nice
properties for example as is proven in Sormani-Wenger [45], for two pre-

compact integral current spaces (X, d;, T1) and (X;,d;, Ty), we have
d]:((thl’Tl)J(X27d27T2>> =0 (250)

iff there is a current-preserving isometry between X; and Xs.
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Riemannian Setting. As we explained in the beginning of this chapter,
one can think of Riemannian manifolds as integral current spaces in which
the current structure is given by integration of top dimensional differential
forms.

The SWIF distance, dz(Mj, M,), is estimated by explicitly constructing
a filling manifold, B™*!, between the two given manifolds, finding the excess

boundary manifold A™ satisfying

/ w—/ w:/dw+/w, (2.51)
1(M1) p2(Mz) B A

and summing their volumes

dr(M™, M) < Vol (A™) + Vol (B™ ). (2.52)

2.3.5 Intrinsic Flat Convergence

Now that we have gotten familiar with the rudiments of the theory of current
structures and integral current spaces, it is time to mention a few compact-

ness theorem for sequences of integral current spaces.

Theorem 2.3.25 (Sormani-Wenger’s Compactness Theorem [45]). Let (X;,d;, T;)
be a sequence of k—diemsnional integgral current spaces wuch that the un-
derlying spaces, X; are equicompact and equibounded furtheremore, assume

that N(T;) are uniformly bounded above, then there ezists a subsequence

Gromov-Hausdorff
(Xitn, diw) > (Y, dy) (2.53)
and,
SWIF
(Xitny» dinys Tigny) —— (X, d, T) (2.54)
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where either (X,d, T) is a k—dimensional integral current space with X C'Y

or it is the O current space.

Here, we also mention two resulting compactness theorems which deal

with sequences of Riemannian manifolds.

Theorem 2.3.26 (Sormani-Wenger [45]). If a sequence of oriented com-
pact Riemannian manifolds, (M;,g;), with a uniform linear contractibil-
ity function, p : [0,00) — [0,00) and a uniform upper bound on volume,
Vol(M;) <V, converges in the Gromov-Hausdorff sense to (X,d), then it
converges in the intrinsic flat Sense to (X, d,T) (see Theorem 4.14 of [45]).

Theorem 2.3.27 (Sormani-Wenger). If a sequence of oriented compact Rie-
mannian manifolds, (Mj, g;), such that diam(M;) < D and Ricciy;, > 0 and
vol(M;) > Vi converges in the Gromov-Hausdorff sense to (X,d), then it
converges in the intrinsic flat Sense to (X,d,T) (see Theorem 4.16 of [45]).
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Chapter 3

Review of Smooth Convergence

Away from Singular Sets

This chapter is devoted to a brief review of my pre-dissertation work with my
doctoral advisor Professor Christina Sormani. For more details, the reader

is gested to consult Lakzian-Sormani [35].

3.1 Estimating the GH and SWIF Distances

We can estimate both of these distances by applying the following theorem
which was proven in prior work of the author with Sormani [35] by con-
structing an explicit space Z and isometric embeddings ;. Here we have cut
and pasted the exact theorem statement along with the corresponding figure

from that paper:

Theorem 3.1.1. Suppose My = (M,q) and My = (M, g2) are oriented

precompact Riemannian manifolds with diffeomorphic subregions U; C M,
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and diffeomorphisms 1; : U — U; such that
Vi (V, V) < (1 +e)*Ps9(V, V)  VV eTU, (3.1)

and

Us02(V.V) < (L+Wig(VV) YV e TU. (3-2)

Taking the extrinsic diameters,

Dy, = sup{diamy, (W) : W is a connected component of U;} < diam(M;).

(3.3)
we define a hemispherical width,
a> arccos(; T ax{ Dy D} (3.4)
Taking the difference in distances with respect to the outside manifolds,
A= Sup, |dar, (V1(%), ¥1(y)) — dan (V2(2), ¥2(y))] (3.5)
we define heights,
h = /A(max{Dy,, Dy,} + \/4), (3.6)
and
h = max{h, Ve + 2¢ Dy,, Ve + 2¢ Dy, }. (3.7)

Then the Gromov-Hausdorff distance between the metric completions is bounded,
de(My, Ms) < a+ 2h + max {dy* (Uy, My), di?(Us, Ma) } (3.8)
and the intrinsic flat distance between the settled completions is bounded,

d]:(M{, Mé) S (QB + CL) (VOlm(Ul) + VOlm(UQ) -+ VOlm_1<8U1) + VOlm_1(8U2)>
+Vol,,(M; \ Uy) + Vol,,(Ms \ Uy),
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Figure 3.1: Creating Z for Theorem 3.1.1.

Note that permission to reprint this figure along with the statement of
Theorem 3.1.1 has been granted by the author and Christina Sormani who

own the copyright to this figure that first appeared in [35].

3.2 Uniform Well Embeddedness

Definition 3.2.1. Given a sequence of Riemannian manifolds M; = (M, g;)
and an open subset, U C M, a connected precompact exhaustion, W;, of U

satisfying (1.8) is uniformly well embedded if there exist a Ay such that

lim sup lim sup lim sup A; j 1 < Ao, (3.9)
Jj—o0 k—o0 1—>00
and
limsup A; jx = Aij where limsup A;; = A; and lim \; = 0. (3.10)
k—o0 i—00 J—00
where,
Ai,j,k = Sup |d(Wk,g,‘)($a ?J) - d(M,gi)(’I? y)‘ (3-11)
z,yeW;

The author and Sormani in [35] have proven:
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Theorem 3.2.2. Let M; = (M, g;) be a sequence of Riemannian manifolds
such that there is a closed subset, S, and a uniformly well embedded connected
precompact exhaustion, W;, of M \ S satisfying (1.8) such that g; converge
smoothly to goo on each W; with

diamyg,(W;) < Dy Vi > g, (3.12)
Vol (0W;) < Ay, (3.13)
and
Vol (M \ W;) < V; where JIL%OW =0, (3.14)
Then
jli_)rgo dr(Mj, N') = 0. (3.15)

where N' is the settled completion of (M \ S, gso)-

Remark 3.2.3. Example 4.1.6 demonstrates the necessity of well-embeddedness

condition in Theorem 3.2.2.

3.3 Lemmas on Volume and Diameter

Lemma 3.3.1. Let M; = (M, g;) be a sequence of Riemannian manifolds
such that there is a closed subset, S, and a connected precompact exhaustion,
W;, of M\ S satisfying (1.8) such that g; converge smoothly to g, on each
W;. If Vol, (M \ S) < oo and
Vol,, (M \ W;) <V, where lim V; =0, (3.16)
j—o0

then there exists a uniform Vo > 0 such that

Vol,, (M) < Vp. (3.17)
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Lemma 3.3.2. Suppose we have a sequence of manifolds, M; = (M, g;) with

nonnegative Ricci curvature and
Vol(Mj) < Vi, (3.13)
converging smoothly away from a singular set to (M \ S, goo) then

diamyg,(W;) < diam(M;) < Dy Vi > j. (3.19)

3.4 Ricci Curvature

Proposition 3.4.1. Suppose we have a sequence of manifolds, M; = (M, g;)

with a uniform lower bound on Ricci curvature and
Vol(M;) < Vp, (3.20)

converging smoothly away from a singular set to (M \ S, goo). Suppose also
that (M, gj) converge in the intrinsic flat sense to N’ where N' is the settled
completion of (M \ S, go). Then

deu(M;, N) — 0, (3.21)

and N = N'.

3.5 Contractibility

Theorem 3.5.1. Let M; = (M, g;) be a sequence of compact oriented Rie-
mannian manifolds with a uniform linear contractibility function, p, which

converges smoothly away from a singular set, S. If there is a uniformly well
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embedded connected precompact ezhaustion of M \ S as in (1.8) satisfying
the volume conditions (4.140) and (4.141) then

lim deg(M;, N) =0, (3.22)

j—o0
where N is the settled and metric completion of (M \ S, geo)-

Proof. By Lemma 3.3.1, we have
Vol(M;) < V. (3.23)

This combined with the uniform contractibility function allows us to apply
the Greene-Petersen Compactness Theorem. In particular, we have a uniform

upper bound on diameter:
diam(M;) < Do, (3.24)
We may now apply Theorem 3.2.2 to obtain

jli_)rgo dr(M;,N') =0 (3.25)
We then apply Theorem 2.3.26 to see that the flat limit and Gromov-Hausdorft
limits agree due to the existence of the uniform linear contractibility func-
tion and the fact that the volume is bounded below uniformly by the smooth
limit. In particular, the metric completion and the settled completion agree.

]
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Chapter 4

Diameter Controls and Smooth
Convergence Away From

Singular Sets

4.1 Examples

In this section we present some examples which helps in understanding the
notions we have mentioned so far. Some examples will prove the necessity of

some conditions in Theorem 1.1.5.

4.1.1 Unbounded Limits

The following examples show why some sort of bounded geometry is necessary

in this context.

Example 4.1.1. There are metrics g; on the sphere M?® with a uniform
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upper bound on volume such that (M3, g;) converge smoothly away from a
point singularity S = {po} to a complete noncompact manifold. There is no

Gromov-Hausdorff limit in this case. The intrinsic flat limit is (M \ S, goo)-

Proof. Let
go = h*(r)dr® + f*(r)gse, (4.1)

be defined on M?\ S as a complete metric such that

/Oﬂh(r)dr = o0, (4.2)

and
/ woh(r) f2(r)dr < oo, (4.3)
0
so that diam(M \ S, go) = oo and Vol(M \ S, go) < 0.
We set
g5 = h5(r)dr? + f3(r)gs2, (4.4)
such that
hi(r) = h(r) re 0,7 —1/4], (4.5)
fitr) = f(r)  rel0m-1/j], (4.6)

and extend smoothly so that g; is a metric on S3.

Metrics g; converge smoothly to gy away from S = {po} = r~!(7) and,
since (M \ S, go) is noncompact, (M, g;) has no Gromov-Hausdorff limit.
The intrinsic flat limit of (M, g;) is the settled completion of (M \ S, go) by
Theorem 1.1.2, taking W; = r~![0,7 — 1/5) since

/7r woh (1) f2(r)dr = 0, (4.7)

~1/k
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by the finiteness of (4.3) and we also have Vol,, ((W;)) < f2(r). In this case
the settled completion is just (M \ S, go) because it is already a complete

metric space with positive density. O

Example 4.1.2. There are metrics g; on M? = S* converging smoothly away
from a singular set S = {po} to a complete noncompact manifold of infinite
volume. (M, g;) have no intrinsic flat or Gromov-Hausdorff limit since, if
such a limit existed it would have to contain the smooth limit and the smooth

limit has infinite diameter and volume.

Proof. We define a metric gy on M \ S exactly as in Example 4.1.1 except
that we replace (4.3) with

/07T woh(r) f2(r)dr = oo, (4.8)

so that diam(M \ S, go) = oo and Vol(M \ S, go) = oo.

Selecting g; also as in that example, we have (M, g;) converge smoothly
away from S to (M \ S,go). However there is no Gromov-Hausdorff limit
because the diameter diverges to infinity [25] and there is no intrinsic flat

limit because the volume diverges to infinity [45]. O

One may define pointed Gromov-Hausdorff and pointed intrinsic flat lim-
its to deal with unboundedness. However even assuming boundedness, we

see in [35, Example 3.11] that the Gromov-Hausdorff limit need not exist.

4.1.2 Ricci Example

This example shows that the mere uniform lower bound for Ricci curvature

does not imply the existence of the Gromov-Hausdorff limit.
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Example 4.1.3. There are metrics g; on M> = S with negative uniform
lower bound on Ricci curvature, converging smoothly away from a singular

set S ={po} to a complete noncompact manifold of finite volume.

Proof. Consider the metric go on S\ {py} = R x S? given by

g(t) = dt* + (f(t))’gs2, (4.9)

where, f is a nonzero smooth function such that

f(t) =sin(t) for t €[0,7/2], (4.10)
f(t) =exp—t for t € [n/2+1,00), (4.11)
with f”(t) < f(t) elsewhere. hence, g has Ricci curvature bounded below by

£

—-AN=-2 max? > —00. (4.12)
We can extract warped metrics g; on [0,7 4 1] x S?
g(t) = dt* + f;(t)°gs>, (4.13)

where f; is a nonzero smooth function satisfying

fit) = f(t) for t€[0,j - 1], (4.14)
fi(t) = exp —jsin(expj(r +t —j — 1)) for t € [j,j+1], (4.15)

and N
—2 maxf—i > —A. (4.16)

Note that in fact we are cutting off a part of f and replacing it with a less
concave function which closes up like a sin function hence obtaining a metric

on S3, with lower bound on Ricci curvature.
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It is clear that
Vol(M, go) < 0. (4.17)

Let ¢ : [0, 7] — [0,00) be a smooth increasing function such that

o(r)=r for r € 0,7/2], (4.18)
with
}gr;r o(r) = oo. (4.19)

For j > 2, let ¢;(r) : [0, 7] = [0, L; = j+ /24 1] be a smooth increasing

function such that

¢;(r) = ¢(r) for v €[0,¢7'(j +7/2)], (4.20)

and

¢j(r)=7+r—m/241 for r near 7. (4.21)

we construct metrics
gi(r) = 95 (95) » (4.22)
with Ricci bounded below by —A converging smoothly away from {py} to
¢*(g). Taking W; = r~([0,7 — 1/5)) we observe that W; satisfies all the
hypotheses in Theorem 1.1.5 except that diam,,, (W;) is not bounded. The
Gromov-Hausdorff limit does not exist because (M \ 5, go) is complete non-
compact. Both intrinsic flat limit and the metric completion coincide with

the complete noncompact manifold (M \ S, go). O

Remark 4.1.4. From [53], we know that any complete noncompact manifold
with nonnegative Ricci curvature has infinite volume, so Example 4.1.3 can

not be constructed with the sequence having nonnegative Ricci curvature.
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4.1.3 Pinching a torus

Example 4.1.5. There are (M?,g;) all diffeomorphic to the torus, S* x S*

which converge smoothly away from a singular set, S = {0} x S, to
t
(M\'S, gs) = ((0, 2m) x St dt* + sin2(§) dsQ) . (4.23)

So the metric completion and the settled completions are both homeomorphic
to
My, =[0,27] x S*/ ~, (4.24)

where
(0,81) ~ (0,52) and (2m,s1) ~ (27, s2) Vsi, 80 € ST (4.25)

However the Gromov-Hausdorff and Intrinsic Flat limits identify these two

end points.

Proof. Let g; on M be defined by
gj = dt® + f7(t)ds®, (4.26)

where f; : St — (0,1] are smooth with |fj'(t)‘ < 1 that decrease uniformly
to sin(%) and f;(t) =sin(3) for t € [1/j,2m — 1/4]. O

4.1.4 Examples of Slit Tori

Example 4.1.6. Let (M?, g) be the standard flat 2 torus S* x S* and S C M?
a vertical geodesic segment of length < 7, then if g; are a constant sequence of
the standard flat metric, we see that (M?, g;) converges smoothly to itself and

thus the intrinsic flat and Gromov-Hausdorff limits are both the flat torus.
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However, the metric completion of (M \ S, goo) has two copies of the slit, S
(with end points identified hence the limit has fundamental group = 7Z.) one
found taking limits of Cauchy sequences from the right and the other found
taking limits of Cauchy sequences from the left. This example shows necessity

of uniform well embeddedness condition in our Theorems.

Proof. Let M? = S x S' = [0,27] x [0, 27]/ ~ such that (z,0) ~ (z,27) and
(0,y) ~ (2m,y). Without loss of generality, we can assume S = {(m,y) : y €

[7/2,37/2]}. Then the metric completion of M?\ S is
St x St {0pu St x ST x {1}

~Y

Moo

(4.27)
where,
(2,y,0) ~ (z,y.1) for (z,y) € S, (4.28)
with the distance d., given by
oo ([, 1, [/, 9/, V) = Jim dyers (0 4+ (15, )., (27 + (-1)"6.1/))
—
(4.29)
for [,I’ =0,1. In particular,
doo ([, 7, 0], [m, 7, 1]) = 7. (4.30)
Notice that M, is not a manifold (not even Hausdorff as B,.([r,7,0]) N
B, ([r,m,1]) # 0 for all r,7’. ) Taking the connected precompact exhaustion
Wj =M\ ([r/2—1/j4,37/2+1/5] x [x = 1/j, 7+ 1/3]), (4.31)
we observe that
diamy, (W;) < diam(M?)
Vol(M;) = Vol(M?) (4.32)
Vol,, (0W;) < 2w + 4,
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are uniformly bounded, also

lim Vol,, (N \ W;) = lim (2/j)(7 +2/5) =0, (4.33)
Jj—00 Jj—o0
but,
Nijk = sup |dw, g%, y) = darg) (2, 9)] (4.34)
z,yeW;
> |d(kagi) ((W - 1/j7 ﬂ-)? (ﬂ- + 1/j7 7-‘-)) - d(M,gi) ((ﬂ- - 1/]? 71—)? <7T + 1/j7 W))‘
> w+2/j+2/k,
Therefore,

lim limsup limsup A; j x > hm lim sup lim sup(w + 2/j + 2/k) =7, (4.35)

J=00 00 k—o00 i—00 k—o0

]

Example 4.1.7. Let (M?, go) be the standard flat torus with S as in Exam-
ple 4.1.6. Let W; = T,;(S) with respect to the flat norm. Let g; be the flat
metric on M?\ W;. There exists smooth metrics g; on M?* which agree with
go on M?*\ W; such that the Gromov-Hausdorff and Intrinsic Flat limits are
the metric space created by taking the flat torus and identifying all points in
S with each other. Then, g; converges smoothly away from S to g = go.
The metric completion of (M \ S, geo) 1S the slit torus as described in ex-
ample 4.1.6. These metrics demonstrate that the diameter condition may
not be replaced by an extrinsic diameter condition in Theorem 1.1.4 and in

Theorem 4.3.5 but not the Ricci theorem since they have negative curvature.

Proof. Let g; = dt* + f;(s,t)?ds* where f;(s,t) =1 on W; and f;(s,t) =1/
on S, and smooth with values in [1/j,1] everywhere. Let ~ be defined as

follows:

x~y iff z,ye S (4.36)
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To estimate the GH and SWIF distance between (M?,g;) and (A2 dy)
we use the Theorem 3.1.1. First we need to find an estimate on the distortion
A; , which is defined by

Aj= sup |du,(7,y) — du(z,y)]|. (4.37)

z,yeW;

Now let P : M? — MT2 be the quotient map and Suppose z;,y; € V[_/]
achieve the maximum in the definition of A; . Since MTZ is flat outside 2,
any shortest path, Cf’zjﬁyj , joining x;,y; has to be a straight line. As a result,
P*I(C‘%yj) is either the straight line , Cy,, , in M? joining z;,y; or the
same straight line union the singular set S. And since the metric in (M?, g;)
is smaller than the flat metric on outside W; and coincide with the flat metric

in W;, we get

Aj

IN

L(C_'ijyj) — L(ij,yj) (4.38)
M) o (4.39)

< diam(szgj)(M2 \ Wj> + diam<M72 d) (
Any two points in M? \ W, can be joined by a few horizontal segments,
whose lengths add up to at most 2/5 and a segment in S with length less

than 7/j and vertical segments, whose lengths add up to 2/; therefore,

T+

diam sz 4y (M? \ W;) < i (4.40)
and projecting these segments by P we get
diam<%27d> (M) <4/3, (4.41)
hence,
Aj<”;r8—>0 as j — oo. (4.42)



Now letting € = 0 in Theorem 3.1.1, we have a = 0 and

hj=h; = \/)\j (max {diam(Wj),diam (%)} + )\j/4> — 0 as j — oo.

(4.43)
So we conclude that
M? -
don (02.9). (2-d) ) <0+ 20 (1.44)
u2 (W M?
+ max {d%Q(Wj, M?),d; (—j, —) }
— 0,
as j — oo and also, it is easy to see that
M2
AERE) (4.45)
_ - oW,
< (h+a) (VOIQ(W]-) + Vol, (%> + Vol, (W) + Vol; ( J))
M? ;
+ Voly(M?\ W;) + Vol, (— \ %> — 0 as j — oo. (4.46)
As we observed,
4
lim diamye,,,)(OW;) < lim = 0, (4.47)
j—00 Jjooo ]
but,
lim diamyy, g,y (OW;) > 7. (4.48)
j—o0
[

4.1.5 Splines with Positive Scalar Curvature.

In this section, we will present two examples that demonstrate that in our

Theorems, the uniform lower Ricci curvature bound condition can not be
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replaced by a uniform scalar curvature bound. In the first example we con-
struct a sequence of metrics on the 3 - sphere which converge to the canonical
sphere away from a singular point and also in the intrinsic flat sense but con-
verges to a sphere with an interval attached to it in the Gromov-hausdorff
sense. In the second example of this section, we will construct a sequence
of metrics with positive scalar curvature which converge to the 3 - sphere
away from a singular point and also in the intrinsic flat sense while having
no Gromov-hausdorff limit. The second example was in fact presented by
Tom Ilmannen in a talk in 2004 at Columbia without details. Both examples
play an important role in [45] however the fact that they have positive scalar

curvature was never presented in detail in that paper.

Lemma 4.1.8. Forany L > 0 and 0 < § < 1, there exists a smooth Rieman-
nian metric on the 3-sphere with positive scalar curvature which is obtained
by properly gluing a spline of length L + 0(5%) and width < § to the unit 3 -

sphere.

Example 4.1.9. There are metrics g; on the sphere M? with positive scalar
curvature such that M; = (S®,g;) converge smoothly away from a point sin-
gularity S = {po} to the sphere, S*, with diam(M;) < 7+ L + 2 and such
that

dr (M;,S%) , dor (M;,57) =0, (4.49)

and,

dGH (Mj, Mo) — 0, (450)

where My = S2U[0, L] (the round sphere with an interval of length L attached
to it).
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Remark 4.1.10. Example 4.1.9 demonstrates that the uniform lower Ricci
curvature bound condition in Theorem 1.1.3 and 1.1.5 can not be replaced by

a uniform lower bound on the scalar curvature.

Example 4.1.11. There are metrics g; on the sphere M? with positive scalar
curvature such that M; = (53, g;) converge smoothly away from a point sin-
gularity S = {po} to the sphere, S*, with diam(M;) < 7+ L + 2 and such
that

dr (M;,S%) | dor (M;,5%) — 0, (4.51)

and there is no Gromov-Hausdorff limat.

Proof. of Lemma 4.1.8. The goal here is to attach a spline of finite length and
arbitrary small width to a sphere whith positive scalar curvature. For this,
we need to employ some ideas related to the Mass of rotationally symmetric
manifolds. (c.f. [36]). The construction goes as follows; we first find an
admissible Hawking mass function (c.f. [36] ) which will provide us with
a three manifold embedded in E* which is a hemisphere to which spline of
finite length and small width is attached; we then, attach a hemisphere along
its boundary.

Let 6 < 1 (this later will become the width of the spline). and let r,,,;, = 0.
Now we take an admissible Hawking mass function, mg(r) (which has to be

smooth and increasing) that satisfies (e to be determined later)
my(r) =r(1 —€?)/2 for r € [0,5%], (4.52)

and,

mg(r) =r®/2 for r € [0,1]. (4.53)
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As in [36], define the function z(r) via

/ ZmH
_— r — 2mpg(r) H

Note that z depend on §.

(4.54)

z(r) is unique up to a constant and gives our desired three manifold as a

graph over E3. By our choice of my(r) we get,

1_ 2
Z(r) = 26 for r € [0, 6°],
€

and,
2
2Z(r)= T3 for r € [9, 1],

and, since
3
%(1 — %) <mpy(r) <6 /2forr € [6°, 6],

one obtains

r—03

3(1 — ¢2 3
\/m <2(r)< i for r € [6°,4].

r—o63(1—e€?) —
Now, choose the € that solves

1 — €2
EZL

2 )

53

€

For some fixed L. From (4.55), we have,

§3
[:((5) _ _ Z 53 / /r_53 _ 253/2 5 — 53)1/2 2,

which goes to 0 as d goes to 0.
We also get

2(6%) — 2(0) = 6°
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The metric in terms of the distance from the pole, can be written as
Gs = ds + f2(s)gs = (1+ [ (0)P)dr® + rgea. (4.62)

In the virtue of the Theorem 5.4 in [36], we know that when r € [4, 1],

we are on a unit sphere, and since

lim 2'(r) = oo, (4.63)
r—1-
we have
1
li ! =1 ! = lim — =0. 4.64
Jim f(s) = lim ri(s) = lim —Ammmres = 0 (4.64)

Therefore, the boundary r = 1 is in fact a great 2-sphere along which we
can smoothly attach a 3 - hemisphere. as follows

So far we have got the metric
Gs = (1 + [Z(r))H)dr* + rgs> for r € [0, 1]. (4.65)

Letting r = sin(p), one sees that

gs = (1 + [z5(sin(p))]?) cos*(p)dp® + sin®(p)gs for p € [0,7/2].  (4.66)
Therefore, on the sphere we define gs to be
(1 + [z5(sin(p))]?) cos*(p)dp® + sin®(p)gsz for p € [0,7/2], (4.67)
and,
dp® + sin?(p)gg for p € [7/2, 7], (4.68)

which has positive scalar curvature when p < 7/2 because it is isometric to
gs and has positive scalar curvature when p > 7/2 because it is isometric to

a round hemisphere. g5 is smooth at p = 7/2 because by 4.56 near p = 7/2,

sin®(p)

Z:S(Sln(p)) = 1 — sin2(p) = tan(p). (469>
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So,

(1+ [25(sin(p))]?) cos*(p)dp® + sin®(p)gs> = (14 tan®(p)) cos®(p) + sin*(p)gs>

= dp* +sin®(p)gse. (4.70)

The key idea is that, using this method, one can attach symmetric spline
of length L+ L(§) and arbitrary small width § < 1 to a sphere while keeping
the scalar curvature positive and diam(M;) < 7=+ L 4+ 2. And the metric
found can actually be written as a warped metric.

]

Proof. of Example 4.1.9. Now let 0; — 0 and take the sequence M, =
(53, gs;) , Where g5, is given by the above construction for §;. we are going
to prove that M; converges to My in Gromov-Hausdorff sense where M, is
the unit three sphere to which an interval of length L is attached; and M;
converges to S in intrinsic flat sense.

First notice that M; contains a subdomain U; which is isometric to U} =
5%\ By(arcsin(d;)) also letting V; = M; \ U; and V] = S*\ Uj one observes

that since

Vol(V)) < /0 (4mr2)(1 + [ (r)]2) 2 dr

IN

5
| amta e (4.71)
0
< (4m0%) (6 + L+ L(9)),
one gets Vol(V;) — 0 as §; — 0. Also it is obvious that Vol(V}) — 0 as
(Sj — 0.

Now, to be able to use Theorem 3.1.1, we need an estimate on

A= sup |du,(z,y) — dss(z,y)]. (4.72)

x,yEUj
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Let 2,y € U; and let v and ¢, , be the minimizing geodesic connecting x
and y in (M;, g;) and S® (resp.). If 4 lies completely in U;, then, so does ¢,
and 7y = ¢,y hence, dyy, (7, y) = dgs(z,y). If v ¢ Uj, therefore v = v +724+73
where x € 71, y € 3 and 1,73 C U; and v C V; . We are in either of the
following cases

Case I: ¢,y C Uj

Obviously L(vy2) < 27d;, also we have
|dgs(x,p) — L(m1)| < arcsin o, (4.73)

and

|dss(y, p) — L(73)| < arcsin 6. (4.74)

Since d; — 0, for j large enough,

L(v) = dgs(x,p) + dss(y,p) > L(csy), (4.75)

which is a contradiction.
Case II: ¢,  U;.
Let ¢y = ¢1 + ca + c3 where € ¢1, y € ¢z and ¢1,¢3 C U; and ¢ C Vj/,

Then, L(cy) < 2arcsin(d;) and also
L) — L(es)| < 2arcsin(3;). (476)
Therefore,
|dar, (#,y) — dss (2, y)| = |L(7) — L(cay)| < 4arcsin(é;) + 2m6;.  (4.77)

This argument shows that A\; — 0 as j — co. Since the intrinsic diameter

Dy, < m (both in M; and S3), h; in Theorem 3.1.1 goes to 0 as j — oo.
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Letting ¢ = 0 in Theorem 3.1.1 we get a = 0 and Bj = h; therefore,
dr(M;, 5%) < hyj (2Vol(U;) + 2Vol(dU;)) + Vol(V;) + Vol(V)).  (4.78)
which gives
dr(M;,5%) — 0 as j — oco. (4.79)
To prove that M; converges to My in Gromov-hausdorff sense, we will
estimate dgp(M;, M) using the fact that

1
denn(Mj, My) = 5 inf (dis %) (4.80)

where, the infimum is over all correspondences R between M; and M, and

disfR is the distortion of R given by
dist = sup {|dus, (2, )| — [dan ()] - (), (&', 0/) € R}, (481)

For details see [10, p. 257].
We need to find correspondences $R; between M; and M, such that

dis?R; — 0 as j — oo. Consider W; C E* given by

In fact, we can picture W; as the union of sphere, an interval of length

L and a spline of length L + L(4;) around the spline. Then we have, M; C

W, and My C W; define the following surjective maps f : W; — M; and
g:W; — M

fla, =id. (4.83)

f(w) = (r(2(w)),0,0,2(y)) € V; for w € (Mo \ Uj) . (4.84)
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Note that when w € (Mg \ U;), f(w) is the point in V; Nz z— plane closest
tow .

Similarly let
gln, =1id. (4.85)

g(w) = the point in (M, \ U;) closest to w for w € V. (4.86)

Let 2R, be the following correspondence between M; and M,

R; = {(f(w), g(w)) : w e W;}. (4.87)

Claim: disR; — 0 as j — oo.

Pick wy,we € W;, and suppose 7 + A is the minimal geodesic in M,
connecting f(w;) and f(wy) where v C U; and A C V;. and let 7/ + X be
the (possibly) broken minimal geodesic connecting g(w;) and g(ws) where,
v C Uj and N C (My\U;). Without loss of generality we assume that
z(wy) < z(ws) . Next we need estimates on the lengths of v, A, 7', \'. Let ¢

and ¢’ be starting points on A and X respectively, then
f(w2) f(wa) f(w2)
/ dz < / J(2) ds < L(Y) < / J(2) dz+ 2705, (4.88)
q q q

where, the term 274; is the maximum perimeter of the well and note that
any two point on the we can be joined by a radial geodesic followed by a
curve of length less than 2.

Since ds? = (1 + [r/(2)]?) d2* we get

f(ws) f(ws) fw2)
/ s'(z)dz < / dz + / |7 (2)| dz (4.89)
q q q

J(w2) _
q
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We also have
g(wz) g(w2)
/ dz < L(\N) < / dz + 2arcsin(d;). (4.90)
y ¢
The last inequality comes from the fact that any two points in M \ U;
can be joined by a (broken) geodesic which is a straight line followed by a
curve of length at most diam(V}) = 2arcsin(d;) .

On the other hand by our construction

!

q )
/ dz| < L(5,), (4.91)
q
and,
g(w2) B
/ dz| < L(5,). (4.92)
f(w2)
Therefore,

< 2L(5). (4.93)

f(w2) g(w2)
/ dz — / dz
q q’

From 4.88 - 4.93, we get

|L(X\) — L(X)| < 6; (L + L(3;) + 2) + 2L(;) + 2 arcsin(d;). (4.94)

Also one observes that when w, € Uj, then v and 7 are geodesics on the

sphere starting from the same point and ending up in V; which means that
|L(y) — L(7)| < diam(V}) = 2arcsin(d;). (4.95)

From (4.94) and (4.95),

IN

1L(y) = LY + [L(A) = LX)
< 6; (L + L(6;) + 2m) (4.96)

|das; (f(wr), f(w2)) = dagy (9(wn), g(ws))]

+2L(8;) + 4arcsin(d;).
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Therefore,
disR; < 6; (L + L(0;) + 2m) + 2L(;) + 4 arcsin(d;), (4.97)

which shows that dis9i; — 0 as j — oo . This completes the proof of the
claim.

To prove that the convergence off the singular set S = {po}, which is the
bottom of the well, let py > 0, then

g5, = gss on p~ ' ([po, 7)), (4.98)

because for j sufficiently large, ; < po, which by our construction means

that gs; = ggs on p~" ([po, 7). O

Proof. of Example 4.1.11. Let g(po, s) denote a symmetric spline of length
L centered at the point py with width s (as constructed in the previous
examples). Also fix a great circle and a point 0 in S?  so now, when we

say a point given by the angle 6, it means a point on this great circle given

by the angle . On the round sphere, r = 7 — 2% is a 2-sphere with radius

sin(m — 5), Therefore, balls with radius s; = %Sin(w — 5)4/2 — 2 cos(%)

centered at points py given by the angle 6 = 22’“—;7 are disjoint. Now for each j,

we can glue metrics g(py, s;) which agree with the metric on the spline given

in Example 4.1.9. Outside of each B, (s;), we set g; = go. It is easy to see

that by our construction, g; agrees with the round metric for r < 7 — 2% —5;

and has 27 splines of length L and width s; and also the volume of the non
spherical part is going to 0 as j — oo. So by taking U; = r~1([0, 7 — 5 — s;]),
we see that again all conditions in Theorem 3.2.2 are satisfied therefore we

have the flat convergence to the settled completion. O]
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4.2 Hausdorff Measure Estimates —> Well-
Embeddedness.

We now prove Theorems 1.1.2, 1.1.3 and its counterpart (with Ricci condition
replaced by contractibility condition) stated in the introduction. First we

must prove the following two lemmas:

Lemma 4.2.1. Let M™ be compact Riemannian manifold, S a subset of M
with H"*(S) = 0, and let v : [0, L] — M be a shortest geodesic parametrized
by arclength with endpoints x,y € M\ S. Then, for any small enough € > 0,
there exists a path v, joining x,y such that v. NS = and

L(v) < L(v) + e (4.99)

Proof. Let T : [—0,0]" ! x [0,L] C R® — M be the (n — 1)—th variation of

v given by
F(tl, tQ, ....tnfl, S) = expv(s) F(tl, tg, ....tn,h S) (4100)

where
F(ty,t9,....tn_1,8) = sin (%) (Z tiei(s)), (4.101)

in which {e;(s)} is a parallel orthonormal frame along v and ey(s) is the unit
tangent to .
For any ¢ = (t1,..t,_1), the curve v¢(s) := T'(t1,t2,....tn_1,5) is a curve

from x to y. If we choose o sufficiently small then,

L(v) < L(w) < L(y) + e, (4.102)
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therefore, to prove the lemma, we need to find a ¢ such that
NS =0. (4.103)

Claim: There exists some o > 0 such that after restricting the domain of I'

accordingly, for any small 6 > 0, I' is bi-Lipschitz on
As = [—o,0]" P x [6, L — 4] (4.104)

To see this, we need to compute the derivative of I'. Let

(U, 8, b1,y tno1) = €XPyy) (uF(s, ti,... ,tn_l)), (4.105)
for fixed s,t1,...,t,_1, as u ranges from 0 to 1, the curve z(u, s,t1,...,t,_1)
is a geodesic segment from ~y(s) to I'(s,t1,...,t,_1). As s varies, = is a

variation through geodesics therefore,

D(D) (%) (8,t1,- . tut) = J(1), (4.106)

where, J is the Jacobi field along this geodesic segment, with the initial
conditions J(0) = ey(s) , V%J(O) = Zcos (22) Y, ties(s) since,

ox
V%J(O) = V%%(O,S,tl,...,tnfl)
ox
= V%%(O,S,tl,...,tnfl) (4107)

= V%F(O,S,tl,...,tn_l)
= %COS (%)Ztiei(s).

Also for any 1 <i <n — 1 we have:

0 :
D(I) <%) (51, tum1) = (€xXDs(0), [pesy.s,) S0 (%) e;(s5)(4.108)
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For t; = ..., t,-1 = 0, and V = a2 + Zio‘ia%- with [|[V| = 1 we

compute:
0 0
pmyV| = |bpr ( g i—)
DO = 0o + o)
. (TS
= ||aoeo(s) + sin (f) Z aei(s)|, (4.109)
Therefore, for any § > 0 , there exist ¢(d) > 0 such that on 7,
0<c() <DV < 1. (4.110)
By continuity, for a small enough o, we will have
5
0< Y < by <32, (4.111)
on [—o,0]" 1t x [§, L — 4].
Also by making ¢ smaller, we can assume that
o < Hocal (4.112)

n

in which, 7¢,cq is the focal radius of the geodesic . This guarantees that I'
is injective on [—a, o]"~! x [§, L — 6] which is compact, therefore I is a home-
omorphism with the derivative bounded away from zero on its domain. By
applying the inverse function theorem, we deduce that I' is a diffeomorphism
on [—o,0]" ! x [§, L — §] onto its image. As a result, " is bi-Lipschitz on As.

It is rather straightforward to see that for a Lipschitz function f : R" —

R™, any subset A C R™ and 0 < s < 0o, we have

H* (£(A)) < [Lip f]*H*(A) (4.113)
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(see [37, Theorem 3.1.2]). Therefore, bi-Lipschitz preimages of sets of 0
Hausdorff measure, have 0 Hausdorff measure. Since I' is bi-Lipschitz on Ay,
we get:

H" 1 (T7H(S) N As) = 0. (4.114)

Now we can compute:

) < o (Y )

+H"! (}_1(5) N[—o,0" " x {0}) (4.115)
+H" ' (TH(S) N [=0,0]" " x {L})

=0.

Since any orthogonal projection Pr : R® — R¥ is distance dicreasing, we
have Lip (Pr) < 1. By (4.113) (see [37, Theorem 3.1.2]), for any A C R™ and
any 0 < s < oo, we get

H?® (Pr(A)) < H*(A) (4.116)

Thus for any orthogonal projection Pr onto an (n — 1)—dimensional face
of [—o,c]" ! x [0, L] we have

H" ' (Pr(I71(9))) = 0. (4.117)

Let Pr; and Pry be the projections onto the faces [—o,0]" ! x {0} and
[—o, o]t x{L} respectively. Setting £y = Pry (I'"1(S)) and Ey = Pry (T71(95)),
then,

H" Y E) =0 for i=1,2 (4.118)

and so,

H" Y [~0,0]" '\ E) = (20)"" for i=1,2 (4.119)
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Any countable union of null sets is a null set (see [21, p. 26]) hence,

FE; U By is a null set. This means that
H" ' ([—o,0]" "\ Ey U [—0,0]" '\ Ea) = (20)" . (4.120)

Let £ = (1, s, ., tur) € (([=0,0]" 1\ Eo) N ([—0, 0]\ E.), then the
path
’7{(8) :F(tl,tg,tg,...,s), (4121)

is a path joining x,y and ;N S = () which also satisfies
IL(ve) = L(y)[ < e. (4.122)
O

Lemma 4.2.2. Let M"™ be a compact Riemannian manifold, S a set with
H"Y(S) = 0 and diam, (M \ S) < oo then, any connected precompact
ezhaustion, W;, of M™\ S is uniformly well embedded.

Proof. Suppose not.

Let @k, ik C V_V] achieve to supremum in the definition of A, ;.

Since W is compact, a subsequence as k — oo converges to z; j, yi j C W;.
Let «; ; be a minimizing geodesic between these points in M with respect to
g;. Since S is a set of codimension strictly larger than than 1, by applying
Lemma 4.2.1, we can find a curve C;; : [0,1] — M \ S between these points
such that

Ly (Cig) < darg, (i, Yig) + Aig /5, (4.123)
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Let k be chosen from the subsequence sufficiently large that
Ci;(10,1]) € Wy,
A, g0 (Tijbs Tig) < Aij /10, (4.124)

A, g0 Wi Yig) < Aig/10,

Thus

Ay g0) Tigiis Vi) < Ao @igires Tig) + A g0 (@igs Yig) + dwyg0) Yigs Yigik)
< dw, ) (Tijr Tij) + L(Cij) + dow, g (Yij» Yijik)
< N /104 dagg (25, yi i) + Nig /5 + Ai /10 (4.125)
< 205/ darg (@i g, i) + darg (Tijies Yijk) + Aang (Yi gk, Ying)
< 2X0i/5 4 dwy g, (T g, Wi k) + dig (ks Yigik) + dwy g (Yigiks Vi)
< 3Ny /5 4 darg (Tigk, Yigk)
< 3N /5 dwig, (Tigigs Yigik) — Nk

by the choice of z; ;, and y; ;. This is a contradiction.

Next we must show

lim sup lim sup limsup A; j x < Ao. (4.126)
j—oo k—oo i—00
Observe that
)\i,j,k; S S\i,j,k; = diam(Whgi)(VVj). (4.127)

Since g; — goo on W, we know

limsup A; j, < diamgy, 4.y (W). (4.128)
1—00
Claim:
lim sup diamyy, 4.y (W;) < diamn s,9.0)(W;)- (4.129)

k—o0
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Suppose not; then, there exists s > 0 and a subsequence k& — oo such

that

lim sup diamy, 4..y(W;) = L > diamp g,6..)(W;) + 50.

k—00

Pick xy,y, € W; so that

diamy, g.0)(W;) < dw, go0) (Ths Yr) + 0.

W, is compact therefore, after passing to a subsequence,
T — T € Wj
Y — Y € I/T/]

Therefore, there exists a curve ¢ : [0,1] — M \ S such that,

Ly (c) < dansg.)(®,y)+0

< diam(M\S,goo)(Wj)—i—(S
< diamasg.) (W) +0

< L —46.
For k sufficiently large, we have
c([0,1]) € Wy,
SO

L —46 > Lgoo (C) > d(Wk,goo)(xvy)

> d(kagoo)(mk7 Z/k) —20
Z diam(wk,goo)(Wj) — 35.
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Taking the limit as k — oo, we get:
L—46> L. (4.137)

which is a contradiction hence, the claim is proved and we have

limsup limsup A; j, < diamn g,.0) (W), (4.138)
k—ro0 1—00
and so
lim sup lim sup lim sup A, j , < diam,_ (M \ S). (4.139)
Jj—00 k—o0 1—>00
O

Proof of Theorem 1.1.2:

Proof. The lemmas 4.2.1 and 4.2.2 prove the well-embeddedness and then
applying the Theorem 3.2.2 completes the proof of Theorem 1.1.2. O]

Remark 4.2.3. Ezample 4.1.5 demonstrates that the connectivity of the ex-
haustion in Theorems 1.1.2 hence, in Theorems 1.1.3 and 4.2.6 is a necessary
condition. The excess volume bound in (1.23) is shown to be necessary in [35,
Ezample 3.7]. All these examples satisfy the uniform embeddedness hypoth-
esis of Theorem 3.2.2 and demonstrate the necessity of these conditions in
that theorem as well. By Lemma 3.3.2, the diameter hypothesis is not neces-
sary when the Ricci curvature is nonnegative although the volume condition
is still necessary as seen in  [35, Example 3.8]. Otherwise we see this is a
necessary condition in Example 4.1.3. We were unable to find an example
proving the necessity of the uniform bound on the boundary volumes, (1.22),

and suggest this as an open question in [35, Remark 3.15]. The Hausdorff
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measure condition H"1(S) = 0 of Theorem 1.1.2 and the uniform embedded-
ness hypothesis of Theorem 3.2.2 are seen to be necessary for their respective

theorems in 4.1.6.
Proof of Theorem 1.1.3:

Proof. The assumption H"~!(S) = 0 along with the hypotheses (3.19), (1.22)
and (1.23), allows us to apply Theorem 1.1.2. Therefore, (M;, g;) has an
intrinsic flat limit and this limit coincides with the settled completion of
(M \ 'S, g). Now by proposition 3.4.1, the Gromov-Hausdorff and Intrinsic
Flat limits agree. []

Remark 4.2.4. Fxample 4.1.3 proves the necessity of the the condition
(3.19) in Theorem 1.1.3.

Remark 4.2.5. From [12], Ricci bounded below and dgg(M;, M) — 0 imply
Vol(M;) — Vol(M) (conjectured by Anderson-Cheeger) and M; are homeo-
morphic to M for i sufficiently large (later proved diffeomorphic in  [40]).

This means that (1.23) in Theorem 1.1.3 is a necessary condition.

Theorem 4.2.6. Let M; = (M, g;) be a sequence of oriented compact Rie-
mannian manifolds with a uniform linear contractibility function, p, which
converges smoothly away from a closed singular subset, S, with H"~1(S) = 0.
If there is a connected precompact exhaustion of M\ S as in (1.8) satisfying
the volume conditions

and

Vol,, (M \ W;) <V; where lim V; =0, (4.141)

j—o0
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then
lim dGH(Mj,N) =0, (4.142)

j—00

where N is the settled and metric completion of (M \ 'S, goo).

Proof. By the proof of Theorem 3.5.1, we see that
diam(M;) < Do, (4.143)

This along with H"71(S) = 0, (4.140) and (4.141), allows us to apply the
Lemma 4.2.2 to get the well-embeddedness of the exhaustion {W,}. Then,

we can fully apply Theorem 3.5.1 and that finishes the proof. m

4.3 Diameter Controls =—> Well-embeddedness.

In this section we prove Theorems 1.1.4, 1.1.5 and its counterpart (with
Ricci condition replaced with contractibility condition). In the theorems of
this section, there is no co-dimension condition on the singular set S. We

first need to prove the following lemma:

Lemma 4.3.1. Suppose W; is a connected precompact ezhaustion of M \ S
with boundaries OW; such that any connected component of M \ W, has a

connected boundary. If the intrinsic diameters satisfy
diamy, g,)(Wj) < Din, (4.144)
and

lim sup {Z diam s g_)(Q?) ; Qf connected component of 0Wj} < B;
i—00 Vs
B

(4.145)

satisfies lim;_,o, B; = 0 then W; is uniformly well embedded.

69



Proof. Recall from Definition 3.2.1 that we have
Aije = sup |dwie.g0) (2, Y) = diarg) (2, y)| < diamw, g)(W;).  (4.146)
z,yeW;
Since

diaka;%(%) < diaka,gi (Wk)> (4147>

and g; converges smoothly on W we have,
Zliglo diamw, ¢, (Wi) = diamgy, g.0)(Wi) < Dine. (4.148)

Therefore,

lim sup lim sup limsup A; j < limsup limsup lim diamw, g,)(Wi) < Ding.

j—oo koo i—oo j—oo  k—yoo 700

(4.149)

Now suppose ik, yijx € OW; give the supremum in the definition of
Nijk, Let 7% and Cjj, be shortest paths between x5, and y;j;; in W, and
M respectively. Letting & — oo and passing to a subsequence if necessary,
Tijk — Tij € VVJ and Yijr — Yij € Wj. Passing to a subsequence again if
necessary, C;;, converges to C;; which is a shortest path between x;; and y;;
in M (c.f. [10][Prop 2.5.17]). And let ~;; be the shortest path between ;;
and y;; in Wh.

We will estimate Cj; by curves in OW; with controlled increase in the
length. Denote the curve obtained in nth step by Cj; and let C’Z»Oj = Cj;.
To obtain CZ-"J-H from C7}, we proceed as follows: Suppose {€2f },cy are the
connected components met by Cj; (in more than one point). If C7; does not

intersect Q7+, then we let Ci*' = C7 . If CJ} intersects Q0" then define
ty=inf {t: CL(t) e U}, (4.150)
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and

ty =sup {t: Cj5(t) e '} (4.151)

Since Q;‘“ is connected, we can replace the segment C7[t),t;] with a
shortest path in Q;‘H. The curve obtained in this way is our C’i"jﬂ. Note
that connectivity of the boundary components of M \ W; implies that if C
enters M \ W; through Q;LH at time ¢, then it has to intersect Q}”l again at
time ¢’ > ¢ in order to enter W;.

This construction implies that for all n,
L(C}) < L(CY) + By, (4.152)

hence, the sequence {CJ}}ncny obtained in this way have uniform bounded
length and as a result, we can apply the Arzela-Ascoli’s theorem to obtain,
after possibly passing to a subsequence, a limit Cj; i.e. C}; is a curve with
end points 75, y;; and there are parametrizations of {C}} }nen and Cj; on the
same domain such that {C7}},cny uniformly converges to Cj;. We claim that
Cj; is contained in W;. For any ¢, tracing the curve C’ioj back and forth from
the point C’?j (), we reach two immediate components Qé and Q7" and this
means that for n > max{l,m}, CI(t) € W; and since CJ(t) — CL(t) we
must have C,(t) € W; . Furthermore, for i large enough (depending on j)

lim sup (L(%kj) — L(Cy)) < limsup (L(ng) — L(Cyy))

1—00 1—00

< limsup Z diamg@ (Qﬁ> (4.153)

1—00 J J
B

< B
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Also for all m,

Jim Ay = lim (dw, g (Tishs Yijk) — doar gy (T, Yin))
< lim (AW g0) (Tigs Yigh) — diargs) (Tinr yig))  (4.154)

= L0E) = L(Cy).

Therefore, combining (4.153) and (4.154) we have

Aj = limsup lim A\, < By, (4.155)
i—oo k—roo
hence,
limsup A; < lim B; = 0. (4.156)
j—00 J—0o0
]

Proof of Theorem 1.1.4:

Proof. The Lemma 4.3.1 combined with Theorem 3.2.2 completes the proof
of Theorem 1.1.4. Recall Definition 3.2.1. O]

Remark 4.3.2. Example 4.1.5 demonstrates that the connectivity of the ex-
haustion in Theorem 1.1.4, hence in Theorems 1.1.5 and 4.3.5 1s a necessary
condition. FExample 4.1.7 demonstrates that in Theorem 1.1.4, hence, in
Theorems 1.1.5 and 4.3.5, the condition on the intrinsic diameter can not be
replaced by the same condition on the extrinsic diameter. The necessity of

other conditions follow as in Remark 4.2.5.
Proof of Theorem 1.1.5:

Proof. The hypothesis diam(M;) < Dy combined with the hypothesis in-
cluding (1.22) and (1.23), allows us to apply Theorem 1.1.4. So (M;, g;) has
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an intrinsic flat limit and this intrinsic flat limit is the settled completion of
(M\'S,goo). Thus by Proposition 3.4.1, the Gromov-Hausdorff and Intrinsic
Flat limits agree. O]

Remark 4.3.3. FExample 4.1.3 proves the necessity of the the condition
(1.20) in Theorem 1.1.5.

Remark 4.3.4. From [12], Ricci bounded below and dgy(M;, M) — 0 imply
Vol(M;) — Vol(M) (conjectured by Anderson-Cheeger) and M; are homeo-
morphic to M for i sufficiently large (later proved diffeomorphic in [40] .)

This means that (1.23) in Theorem 1.1.5 is a necessary condition.

Theorem 4.3.5. Let M; = (M, g;) be a sequence of Riemannian manifolds
with a uniform linear contractibility function, p, which converges smoothly

away from a closed singular set, S, with
Vol(M;) < V. (4.157)

If there is a connected precompact exhaustion, W;, of M \ S, satisfying
(1.8) such that each connected component of M\ W; has a connected bound-
ary, satisfying (1.19)-(1.21), (1.2) and (1.16) then

lim dgx(M;, N) = 0. (4.158)
j—o0

where N is the metric completion of (M \ S, goo)-

Proof. By Lemma 3.3.1, we have

Vol(M;) < V. (4.159)
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This combined with the uniform contractibility function allows us to apply
the Greene-Petersen Compactness Theorem. In particular, we have a uniform

upper bound on diameter
diam(M;) < Dy, (4.160)
We may now apply Theorem 1.1.4 to obtain

j—o00
We then apply Theorem 2.3.26 to see that the flat limit and Gromov-
Hausdorff limits agree due to the existence of the uniform linear contractibil-

ity function and the fact that the volume is bounded below uniformly by the

smooth limit. In particular, the metric and the settled completions agree. [
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Chapter 5

Review of Ricci Flow

In many cases, singularities are unavoidable when one works with curvature
flows. A geometric way to deal with singularities is by performing a geometric
surgery thus removing the singular region (or a neighborhood of the singular
region) and gluing in a suitable nonsingular object in a smooth way and
then trying to continue the flow with this new initial condition. the famous
examples of these geometric surgeries arise in Mean Curvature Flow and
Ricci flow.

Brakke formulated a weak Mean Curvature Flow by replacing a family of
manifolds with varifolds [9] and Brian White [52] proved that the Brakke flow
is continuous with respect to the flat distance when considered as a sequence
of integral current spaces. There are a few other useful formulations of Weak
Mean Curvature Flow as well (see [9] [18] [14] [29]).

The Ricci flow with surgery was proposed by Richard Hamilton (see [27])
and was modified and made rigorous in the ground-breaking work of Grisha

Perelman (see [39] and [38]) to prove the long lasting Poincare Conjecture.
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As powerful and promising the geometric surgery in Ricci flow is, it depends
on several parameters and by no means is a canonical procedure. This means
that in contrast with Mean curvature Flow, there is no (known and complete)
formulation of weak Ricci flow i.e. an evolving family of (possibly singular)
metric spaces which decodes the Ricci flow and its formation and healing of
singularities.

Angenent-Caputo-Knopf [3] have recently constructed a canonical smooth
continuation of Ricci flow past a rotationally symmetric neckpinch which
is called the smooth forward evolution of Ricci low. The smooth forward
evolution of Ricci flow is in fact a limit of the regularized metrics off the
singular set that can be viewed as a minimally invasive (canonical) surgery
performed by Ricci flow PDE. As one might expect, the smooth forward
evolution of Ricci flow in fact breaks the evolving space into two disjoint
parts.

In the second part of this thesis (The present Chapter and its sequel), we
will study the smooth forward evolution of Ricci flow through the neckpinch
singularity at the singular time 7'. Inspired by the work of B. White [52], we
explain how one can view the resulting family of spaces (before, at and past
the singular time) as a continuous flow of Integral current spaces.

In Section 5.1, we will briefly review some about the classic smooth Ricci
flow that we will be using in the future sections. Section 5.2 is an account
of Angenent-Knopf [4] Examples of rotationally symmetric non-degenerate
neckpinch singularities on compact spheres. In Theorem 5.2.2, we have
stated Angenent-Knopf’s main theorem as has appeared in [4, Theorem 1.1].

This Theorem provides us with the asymptotic profile of the non-degenerate
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neckpinch as the flow develops a singularity. In Section 5.3, we review the
Angenent-Knopf’s result on diameter bound as has appeared in [5, Lemma
2] which will be used in Chapter 6. Section 5.4 is devoted to reviewing the
Angenent-Caputo-Knopf’s construction of the smooth forward evolution of
Ricci flow through non-degenerate neckpinch singularities(see [3]); Theorem
5.4.1 states the Angenent-Caputo-Knopf’s main Theorem as has appeared
in [3].

In Chapter 6, we will present our results regarding the continuity of Ricci
flow through neckpinch singularities with respect to Sormani-Wenger Intrin-
sic Flat Distance. In Section 6.1, we refine our estimates on the SWIF dis-
tance so that they are applicable in this new setting (see Theorem 6.1.6); In
Section 6.3, we will explain how one can view the Ricci flow through neck-
pinch singularity as a family of integral current spaces and Sections 6.2, 6.4
and 6.5 provide the proof of Theorem 1.2.1 and Corollary 1.2.2 which claim
the the continuity of the flow with respect to the SWIF distance (see Lem-
mas 6.2.1, 6.4.2 and 6.5.1).

5.1 Hamilton’s Ricci flow

Ricci flow is an evolution equation of the metric on a Riemannian mani-
fold, introduced for the first time by Richard Hamilton in [26] given by the

following weakly parabolic equation:

70(t) = —2Ric(t). (5.1)

Hamilton proved that for the initial metric gy on a closed manifold M,

the Ricci flow equation satisfies short time existence and uniqueness. [26]
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Proposition 5.1.1. Suppose M is a closed manifold and let g(t) be a solution
to the Ricci flow equation on the time interval [0,T]. If

|Rm(t)|| < K forallt € [0,T], (5.2)

where ||Rm(t)|| is with respect to a fized background metric go; then, for any

ty <ty and V € TM we have the following:
e” VIR (1) (V, V) < g(0)(V, V) < /KB g(1)(V, V), (5.3)

and therefore,

eV (t—t) < dM,g(b)(l’ay) < VK (ta—ty) (5.4)
dM,g(tl)($7 y)

Proof. c.f. [15]. O
The above result also holds locally, namely:

Proposition 5.1.2. Suppose M is a closed manifold and let g(t) be a solution
to the Ricci flow equation on the time interval [0,T] and Q@ C M an open
subset of the manifold then, if
sup |Rm(z,t)|| < K for allt € [0,T], (5.5)
e

where, ||[Rm(x,t)| is with respect to a fixed background metric go; then, for

any t; <ty and V € TQ) we have the following:
em VIR (1) (V, V) < g(t)(V, V) < eV =g () (V V) (5.6)

Proof. c.f. [15]. O
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5.2 Angenant-Knopf Neck Pinch

In this section, we will review the results about neckpinch singularity ob-
tained by Angenent-Knopf [4][5] and Angenent-Caputo-Knopf [3]. We will
repeat some of their Theorems and Lemmas from their work that we will
be using later on in this thesis. A nondegenerate neckpinch is a local type
[ singularity (except for the round sphere shrinking to a point) is arguably
the best known and simplest example of a finite-time singularity that can
develop through the Ricci flow. A nonegenerate neckpinch is a type I singu-

larity whose blow up limit is a shrinking cylinder soliton. more precisely,

Definition 5.2.1. a solution (M™, g(t)) of Ricci flow develops a neckpinch
at a time T < oo if there exists a time-dependent family of proper open
subsets U(t) C M™ and diffeomorphisms ¢(t) : R x S® — U(t) such that
g(t) remains reqular on M™\ U(t) and the pullback ¢(t)* (g(t)) on R x S™

approaches the shrinking cylinder soliton metric
ds® 4+ 2(n — 1)(T — t)Gean (5.7)

For the first time, Angenent-Knopf in [4] rigorously proved the existence
of nondegenerate neckpinch on the sphere S**! in [4]. Their main result in

4] is as follows:

Theorem 5.2.2. Ifn > 2, there exists an open subset of the family of met-
rics on S possessing SO(n+1) symmetries such that the Ricci fow starting
at any metric in this set develops a neckpinch at some time T' < 1. The sin-
gularity is rapidly-forming (Type 1), and any sequence of parabolic dilations

formed at the developing singularity converges to a shrinking cylinder soliton.
ds* +2(n — 1)(T — t)gean. (5.8)
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This convergence takes place uniformly in any ball of radius
\/ (T — 1) log — (5.9)
0 —t)lo .
ST7—1 |-

Furthermore, there exist constants 0 < 0,C' < oo such that the radius 1

centered at the neck.

of the sphere at distance ofrom the neckpinch is bounded from above by

Co?
wg\/Q(n—l)(T—t)Jr_log(T_t) — (5.10)
for lo] < 24/(T —t)log (T —t), and,
log —t \/ —(I'—t log(T—t)’ (5-11)

for 2/(T —t)1og (T —t) <o < (T—t)%_‘s

The class of initial metrics for which we establish ”neckpinching” is essen-
tially described by three conditions: (i) the initial metric should have positive
scalar curvature, (ii) the sectional curvature of the initial metric should be
positive on planes tangential to the spheres {x} x S", and (iii) the initial

7

metric should be ” sufficiently pinched”.

Lemma 5.2.3. There is a constant C' depending on the solution g(t) such

that:
C

02
Proof. See the Lemma 7.1 in [4]. O

|IRml| < — (5.12)
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5.3 Angenant-Knopf Diameter Bound

The following diameter bound argument is necessary before we can talk about
the intrinsic flat convergence. Proposition 5.3.1 in below is taken from [5].
We are also including the proof of this Proposition from [5] for completeness
of exposition because we need the estimates in the proof as well as the result

itself.

Proposition 5.3.1 ( [5]). Let (S**!, g(t)) be any SO(n+1) invariant solution
of the Ricci Flow such that g(0) has positive scalar curvature and positive
sectional curvature on planes tangential to the spheres x x S™, assume that
in the language of [4], each g(t) has at least two bumps for all t < T. Let
x = a(t) and y = b(t) be the locations of the left- and right- most bumps, and
assume that for all t < T, one has ¥(a(t),t) > ¢ and (b(t),t) > ¢ for some
constant ¢ > 0. If g(t) becomes singular at T < oo, then diam(S"™, g(t))

remains bounded ast /' T.

Proof. ( [5]) By Proposition 5.4 of [4], the limit profile ¢( . ,T) exists. let
a(t) — a(T) and b(t) — b(T). By lemma 5.6 of [4], the Ricci curvature
is positive (and so the distances are decreasing) on (—1,a(t)] and [b(),1).
Hence it will suffice to bound das 4()) (21, 22) for arbitrary z; < x5 in (a(T) —

e, b(T) +¢) C (—1,1).
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Equations (5) and (11) of [4] imply that

id (r1,m0) = K ngb(ast)dx
dt M,g(t)\ L1, L2 - dt . )
s(w2) ¥
= n % ds (5.13)
/s(xl) (0
x2)

S( 3(3;2) 2
- {w_ () ds}.
d} s(x1) s(z1) ,Ivb
Proposition 5.1 of [4], bounds %, uniformly, while lemma 5.5 shows that

the number of bumps and necks are non-increasing in time. It follows that:

s(z2) 2 s(z2)
/ <%) ds < C’/ @ ds
s(z1) ’QZ) s(z1) ,lvb

1 1
< C — 5.14
B [wmzn(t) wmax (t) ( )
< C

Hence lemma 6.1 of [4] lets us conclude that:

d C
‘EdM,g(t)(l’l, T7)| < s (5.15)
which is obviously integrable. O

Lemma 5.3.2. If the diameter of the solution g(t) stays bounded as t
T then ¥(s,T) > 0 for all 0 < s < D/2, where D is defined as D =
limy ~p Y(2,(t),t) in which x,(t) denotes the location of the right bump.

Proof. See the Lemma 10.1 of [4]. O
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5.4 Angenant-Caputo-Knopf Smooth Forward
evolution

In this section we will review the results obtained by Angenent, Caputo and
Knopf in [3] about the neckpinch on the sphere in any dimension and their
attempt to find a canonical way to perform surgery at the singular time (in
this case, finding a limit for surgeries whose scale of the surgery is going to
Z€ero).

Consider the degenerate metric g(7') resulted from the Ricci Flow neck-
pinch on S"! as described earlier. Angenent-Caputo-Knopf in [3] construct
the smooth forward evolution of Ricci flow by regularizing the pinched met-
ric in a small neighborhood of the pinched singularity (of scale w) and hence
producing a smooth metric g,. Notice that performing surgery at a small
scale w produces two disjoint Ricci Flows. For simplicity, we only consider
one of these resulting spheres and then we assume that the north pole is the
future of the neckpinch point singularity. By the short time existence of Ricci
flow, for any small scale w, the flow exists for a short time depending on w.
Using the asymptotics for Ricci flow neckpinch derived in Angenent-Knopf
[4], they find a lower bound for the maximal existence time T, of the Ricci
flows g,,(¢) with initial metrics g,,. Of course, as w — 0, one has g, — g(7T)
away from the point singularity. Now the question is if also the resulting
Ricci flow solutions g, (t) admit a limit as w — 0. They prove that this is
in fact the case by proving bounds on the curvature off the singularity and
then proving a compactness theorem. This limit flow is called the smooth

forward evolution of Ricci flow out of a neckpinch singularity.
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Angenent-Caputo-Knopf [3] show that a smooth forward evolution of
Ricci flow out of a neckpinch singularity comes from (via a change of variable)

a positive solution of the following quasilinear PDE:

Vp = VU — %112 + o _i — UUT + Q(nr; D (v —v?) (5.16)
with the singular initial data:
Vinit (1) = [L+ o(1)]ug(r) as r N\, 0, (5.17)
where )
vo(r) = Z_{nl—o_gi)' (5.18)

One notices that away from the point singularity, any smooth forward
evolution of (5.17) has to satisfy

11\1% v(r,t) = Vinae(r) (5.19)

They prove that the only way, a solution to this equation can be complete
is if v satisfies the smooth boundary condition v(0,¢) = 1 which is incompati-
ble with the fact that lim,\ o vin(r) = 0. Roughly speaking, this means that
for any forward evolution of Ricci flow, v immediately jumps at the singular
hypersurface {0} x S", yielding a compact forward evolution that replaces
the singularity with a smooth n-ball by performing a surgery at scale 0. See
Figure 5.1.

For given small w > 0, they split the manifold S**! into two disjoint
parts, one of which is the small neighborhood N, of the north pole in which
r(s) < pav/w (See [3] for details about this construction).
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They keep the metric unchanged on S"**\ N,,. Within A, they take g,,

to be a metric of the form

G = (ds)* + 1, (5)* Gean, (5.20)

where 17 is a monotone when 1),,(s) < p.y/w . Monotonicity of ¥ in N,
allows them to perform the change of variables r = ¢(s). In this new coor-
dinate, one sees that g, is of the form:

dr?

Uw(r)

9w = + r2gcan- (521)

Angenent-Caputo-Knopf then proceed to apply a maximum principle to
find sub- and supersolutions of this equation which bound all the positive
solutions. A detailed analysis of these bounds enables them to prove curva-
ture estimates that are required in their compactness theorem (See [3] for
further details).

The main theorem of Angenent-Caputo-Knopf’s work about the smooth

forward evolution of the Ricci flow past the singularity time is as follows:

Theorem 5.4.1 ( [3]). For n > 2, let gy denote a singular Riemannian
metric on S" arising as the limit as t 7 T of a rotationally symmetric
neckpinch forming at time T'. Then there exists a complete smooth forward

evolution

(S”+1,g(t)) for T <t < Ty, (5.22)

of g(T) by Ricci Flow. Any complete smooth forward evolution is compact
and satisfies a unique asymptotic profile as it emerges from the singularity.

In a local coordinate 0 < r < r, < 1 such that the singularity occurs at r =0
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and the metric is

+ 7% Gean (5.23)

This asymptotic profile is as follows:

Outer Region: For ci\/t —T < r < cg, one has:

n—1

v(r,t) = [1 4 o(1)] “lTogr

[1+2(n—1)E] uniformly as ¢\, T. (5.24)

r2

Parabolic Region: Let p = - and 7 = log (t —T); then for 7= <

p < ¢4, one has:

v(r,t) =1+ 0(1)]n_;7_1 ll + Q(np; 1)] uniformly as t\,T.  (5.25)

Inner Region: Let 0 = \/—7p = ,/7%r; then for 0 < o < c5, one has:

g

n —

v(r,t) =[14o0(1)|B ( 1) uniformly as t \T. (5.26)

where g(ij) + 02gean is the Bryant soliton metric.

Remark 5.4.2. In the work of Angenent-Caputo-Knopf [3], assumptions

on the singular initial metric g(T) = ds® + ¥r(5)*Gean is as follows:
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Figure 5.1: Angenent-Caputo-Knopf Ricci Flow Through Neckpinch Singu-

larity
Credits: Illustration by Penelope Chang

(M1) r(s) >0 forall seJ

(M2) 7(0) = (1) = 0

(M3) (1) = -1

1) wrte? = (S o)) = (N0

M) e (s) = (o)) s N0 6



See [4] and [3] for details.
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Chapter 6

SWIF Continuity of the ACK

Ricci flow

In this chapter we present our research work regarding the SWIF continuity
of Ricci flow through non-degenrate neckpinch singularities. We will give a

proof of Theorem 1.2.1.

6.1 Adapted estimates

Since at the post surgery times our space is an integral current space rather
than a manifold, we can not apply the Theorem 3.1.1 right away. The integral
current space we study, possesses nice properties that will allow us to apply
a refined version of the Theorem 3.1.1. This section is devoted to prove this

refined version of the estimate on the SWIF distance.

Definition 6.1.1. Let (M,g) be a Riemannian manifold (possibly discon-
nected and with boundary). Let d : M x M — R be a metric on M. We say
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that the metric d is related to the Riemannian metric g if for any smooth
curve C': (—r,r) — M, we have

9(C0,C'0) = (o dC0.COD) - (6.1

Lemma 6.1.2. Let (M, g) be a Riemannian manifold (possibly disconnected
and with boundary). Let d : M x M — R be a metric on M. If d is related

to g, then for any smooth curve C : (—r,r) — M, we have
ng(c) = Ldz<0) (62)
Proof. Consult any standard text on Metric Geometry for example [10]. [

Definition 6.1.3. Let D > 0 and M, M’ are geodesic metric spaces. We say
that ¢ : M — M’ is a D-geodesic embedding if for any smooth minimal
geodesic, v : [0,1] — M, of length < D we have

dar ((7(0)), ¢(7v(1))) = L(). (6.3)

Proposition 6.1.4. Given a manifold M with Riemannian metrics g1 and
go and D]_,DQ,tl,tQ > 0. Let M = M x [tl,tg] and let ©; - M, — M’ be
defined by @;(p) = (p,t;). If a metric ¢ on M’ satisfies
and

g =dt* +g; on M x {t;} c M’ (6.5)

then any geodesic, v : [0,1] — M;, of length < D, satisfies (6.3). If, the
diameter is bounded, diamg, (M) < D;, then p; is an isometric embedding.

Furthermore, for qi,q2 € M, we have

dar (01(q1), p2(q2)) > dar, (g1, @2)- (6.6)
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Proposition 6.1.5. Suppose My = (M, g1) and My = (M, g2) are diffeo-
morphic oriented precompact Riemannian manifolds and suppose there exists

€ > 0 such that

a(V,V) < (1+€)2q(V,V) and g2(V,V) < (1 4+ ¢€)2q1(V, V) YV eTM.

(6.7)
Then for any
1 -1
a > aICC°S<W'+'€> diam(Ms) (6.8)
and
1 -1
gy > ST ), (6.9)

T
there is a pair of isometric embeddings ©; : My — M' = M x [t1,ts] with a
metric as in Proposition 6.1.4 where to — t; > max {aq, as}.
Thus the Gromov-Hausdorff distance between the metric completions is
bounded,
dar (M, Ms) < a :=max {ai,as}, (6.10)

and the intrinsic flat and scalable intrinsic flat distances between the settled

completions are bounded,
drp(M;, My) < a(Vi+Va+ Ay + Ay), (6.11)

dy (M}, My) < (a(Vy + V2)) Y 4 (a(Ar + Az))™ (6.12)

where V; = Vol,,(M;) and A; = Vol,,,_1(0OM,).

Theorem 6.1.6. Given a pair of geodesic metric spaces (Y;,d;), i = 1,2,

containing integral current spaces (X;, d;, T;) , i = 1,2 with restricted metrics
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d;, suppose there are precompact subregions U; C set(X;) (possibly discon-
nected) that are Riemannian manifolds (possibly with boundary) with metrics

gi such that the induced integral current spaces are
(U, d;, T;), i=1,2, (6.13)
where, the metric d; on U; s restricted from d; on X; and,

T, = / , 1=1,2. (6.14)
U;

and such that the metric d; is related (see Definition 6.1.1) to the Rieman-
nian metric g; fori=1,2.

Assume there exist diffeomorphisms 1; : U — U; such that
Ui (V. V) < (1+ )50V, V) YV €TU (6.15)

and

Us02(V.V) < (L+)"Wig(VV) YV eTU. (6.16)

We take the following extrinsic diameters,

Dy, = sup {diamx,(W) : W is a connected component of U;} < diam(X;),
(6.17)
and define a hemispherical width,

1 -1
o> s E O Dy Dt (6.18)
T

Let the distance distortion with respect to the outside integral current

spaces be

A= sup |dx, (1(z), ¥1(y)) — dx, (¥2(z), ¥2(y))] (6.19)

z,yclU
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we define heights,

h = \/Amax{Dy,, Dy,} + \/4) (6.20)

and

h = max{h, V€2 + 2¢ Dy,, Ve + 2¢ Dy, }. (6.21)

Then, the SWIF distance between the settled completions are bounded

above as follows:

d]:(Xi,Xé) S <2B + Cl) (VOlm(Ul) + VOlm(Ug) + Volm_l(é?Ul) + VOlm_l(aUg))

HITll (Xo \ Ur) + || T3] (X2 \ Ua). (6.22)

Proof. The theorem begins exactly as in the proof of [35, Theorem 4.6] with
a construction of an ambient space Z.

For every pair of corresponding diffeomorphic connected components Uf
of U;, we can create a hemispherically defined filling bridge X} diffeomorphic
to U” x [0, a] with metric g5 satisfying (6.3) by applying Proposition 6.1.4
and Proposition 6.1.5 using the a; = a;(/) defined there for the particu-
lar connected component, Uf and D; = Dy,. Observe that all a; < a,
so |[t1 —t2| = a will work for all the connected components. Any minimal
geodesic 7 : [0,1] — U of length < Dy, < diamy, (U;) satisfies (6.3).

Let X’ be the disjoint unions of these bridges. X’ has a metric ¢’ satisfying

gV, V) <d*(V,V) + gi(V, V) + g2(V, V) YV eTM. (6.23)
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The boundary of X" is (U, g1) U (U, g2) U (OU x [0,al, ¢"). Therefore,
Vol (X') = ) Vol (X})
B
< > a(Voly, (UY) + Vol (U3)) (6.24)

B
< a(Vol,,(Uy) + Vol,,,(Uy)),

and
VOlm (8X/ \ (QOl(Ul) U QOQ(UQ)) S a (Volm_l(ﬁUl) + VOlm_1<aU2)) (625)

as in Proposition 6.1.5.

Since our regions are not necessarily convex, we cannot directly glue X;
to X’ in order to obtain a distance preserving embedding. We first need to
glue isometric products U? x [0, h] with cylinder metric dt? + g; to both ends
of the filling bridges, to have all the bridges extended by an equal length on
either side. This creates a Lipschitz manifold,

X" = (Uy x [0,h]) Uy, X" Uy, (Uy x [0, A]). (6.26)
We then define ¢, : U; — X" such that

o1(z) = (2,0) € Uy x [0, 4] (6.27)
wo(x) = (x,h) € Uy x [0,R] (6.28)

Then by (6.24) and (6.25), we have
Vol 1(X") = Vol 1(X') 4+ h(Vol,, (Uy) + Vol,,(Uy))

< (a+ h)(Vol,,(Uy) + Vol,,(Uy)) (6.29)
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and Vol,,, (0X" \ (p1(U1) U po(Us)) =

= Vol,, (0X"\ (¢1(U1) U p2(Us)) + h(Vol,,_1(0U;) + Vol,,_1(0Us))
< (a+ h)(Vol,,_1(0U,) + Vol,,_1(0Us)). (6.30)

Finally we glue Y; and Y5 to the far ends of X” along ¢;(U;) to create a
connected length space. This is possible since U;’s are manifolds and Y;s are
geodesic spaces.

7 = X Uy, X" Uy, X, (6.31)

As usual, distances in Z are defined by taking the infimum of lengths of
curves. See Figure 6.1. Each connected component, X of X" will be called

the filling bridge corresponding to U”.

TN
/

Figure 6.1: Creating Z for Theorem 6.1.6. Green: Regions That Are Lips-

chitz Close ; Red: Regions without Lipschitz Comparison
Credits: Illustration by Penelope Chang

In the proof of Theorem 4.6 in [35], it is proven that ¢; : Y1 — Z
mapping Y; into its copy in Z is a distance preserving embedding. The proof

there is given for manifolds but it can be easily adapted to our case since it
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only relies on the fact that our spaces are geodesic spaces and the fact that
g; and d; are related (see Definition 6.1.1 ) on U;s and both conditions are
satisfied in our case. The same argument shows that ¢, : Yo — Z is also a

distance preserving embedding.
In order to bound the SWIF distance, we take B™ = X” to be the

filling current. Then the excess boundary is
A" = e1(X1 \ U1) U p2(X2 \ U2) UOX"\ (01(U1) U p2(U3)).  (6.32)
Using appropriate orientations we have
p1(Th) — pau(To) = B™ 1+ A™. (6.33)

Notice that (6.33) is true since the set (p;4(T;)) = pi(X;).
The volumes of the Lipschitz manifold parts have been computed in (6.30)
and (6.29). So we get:

dr(X1,X2) < Vol (Uy) (h+ a) 4 Vol (Us) (h + a)
+ (h + a) Vol,—1(0U;) + (h + a) Vol,,—1(0Us) (6.34)
T (X2 \ Uh) + ([ T2 (X2 \ Uz).

6.2 Smooth Ricci Flow

Here we estimate the Intrinsic Flat distance between two times of a compact
smooth Ricci flow defined on [0, 7") which will be easily derived from Theorem

3.1.1. Since as t — o € [0,7") we have

g9(t) — g(to) (6.35)
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uniformly in smooth norm, it is not surprising that we must also have:

dr( (M, g(1)) . (M, g(ts)) ) 0. (6.36)
as t — tg. In fact, we have

Lemma 6.2.1. Suppose (M",g(t)) is a smooth solution of Ricci flow on
a closed manifold M™ defined on the time interval [0,T). Then, for any
ti1,to € [O,T)

dr( (M. g(t)). (M, g(t2)) ) < (6.37)

arccos V evnC(ti—t2)

- max { diam(M, g(t1)), diam(M, g(t2))}

where C' is a uniform upper bound for ||Rml||.

Proof. Since the flow is smooth on [0, T), for any compact sub-interval J C
[0,T) we have
sup |[Rm| < C = C(J). (6.38)
MnxJ

with respect to the initial metric gy on M™.

By applying Theorem 5.1.1, we get
e” VPR g(1)(V,V) < g(ta)(V, V) < eVt (t,)(V, V), (6.39)
Let € = VevaClta=t) — 1 then (6.39) gives

g(t)(V.V) < (L+e) g(t2) (V. V), (6.40)

and

g(t2)(V,V) < (1 +€)* g(t)(V, V). (6.41)
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Finally using Proposition 6.1.5, we get:

dr( (M. g(t1)). (M, g(t2)) ) < (6.42)

arccos V evVnC(ti—ts)

max {diam(M, g(t)), diam(M, g(t2)) }

™

6.3 Ricci Flow Through the Singularity as an
Integral Current Space

Let (M, g(t)) be the Angenent-Knopf’s example. At any time ¢t < T', (M, g(t))

is a Riemannian manifold. As before, taking the current structure

T /M (6.43)

on M, one can think of (M, g(t)) as an integral current space.
It is well-known that any point p in any Riemmanian manifold M is

asymptotically Fuclidean hence
O.(p) =1, (6.44)

and as a result, set(M) = M.

At the singular time ¢ = T, the metric ¢g(T') is degenerate at the level
set {0} x S™ but nonetheless still gives rise to the distance metric d on the
pinched sphere by minimizing the length L(v) = f7 (g(v/(s), fy’(s))% ds along
curves as usual. The pinched sphere (M, g(T)) is again an integral current

space. One way to see this is that one observes that the pinched sphere is
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Figure 6.2: The Ambient Space for Angenent-Caputo-Knopf’s Ricci Flow

Through Neckpinch Singularity (Not Settled).
Credits: Illustration by Penelope Chang

a union of two C' - manifolds and the singular point which is of course of
measure 0. See Figure 6.2.

The caveat here is that when considering the singular (M, ¢(7")) as an
integral current space, by definition, we need to only consider the settled
completion i.e. the points with positive density (See Figure 6.3). The Lemma

6.3.1 below computes the settled completion.

Lemma 6.3.1. Let p be the singular point in the pinched sphere (M, g(T))
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then,
set(M, g(T)) = M\ {p}. (6.45)

Proof. According to [3, Table 1] ( or Remark 5.4.2 in this thesis), at the

singular time T, for the singular metric

9(T) = ds* + 1 (5) gean (6.46)

we have:

r(s) ~ s|ln s|_% as s —0 (6.47)
therefore, one computes

O.(p) = liminf Vol(B(p, 7))

r—0 prntl

fo s <s |In 3]7%>n
C'lim inf

r—0 prntl

pntl <|ln T|_%>n
C'lim inf

r—0 prn+l

IN

(6.48)

IN

= C’ligl_}glf <|ln r|_%)n

= 0,

which means that the singular point p & set(M, g(7')).
For all the regular points z € M \ {p}, we again have

O.(z) = 1. (6.49)
This concludes the proof. O

At the post surgery times ¢ > T, the Flow is a result of the smooth

forward evolution as in [3] and hence consists of two separate smooth pointed
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Figure 6.3: Angenent-Caputo-Knop’s Ricci Flow Through Neckpinch Singu-

larity Viewed as a Settled Flow of Integral Current Spaces.
Credits: Illustration by Penelope Chang

Ricci Flows (M;, g;(T), p;) @ = 1,2 obtained by regularizing the metric at the
singular time. Points p; are just the future of the singular point p. Again in
order to work in the framework of integral current spaces, we first need to
make the post surgery flow into a metric space and also define an appropriate
current structure on it. One way to make a current space out of the disjoint
union M; LI M; as suggested by Knopf is to attach them by a thread. Another
way is to define the metric using techniques from optimal transport which is

described in the work of Author with Munn [34]. Here, we will focus on the
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thread approach.
We should clarify that the added thread joins p; to po, has length L(t)

which is continuous with respect to t and satisfies

th\njlw L(t) =0. (6.50)

6.4 Continuity and Volume Convergnce ast

T

Consider the neckpinch on the sphere with bounded diameter. Our goal is to
use Theorem 6.1.6 to find an estimate on the intrinsic flat distance between

the sphere prior to the singular time and the pinched sphere.

Lemma 6.4.1. Let (M, qg(t)) be the Ricci flow on the n + 1-sphere with a
neckpinch singularity at time T. Then we have the following metric distortion

estimate:

|d(M7g(T))(ZL“1, 1‘2) — d(M,g(t))(x17 I2)| S C\/T —t. (651)

Proof. From the proof of Proposition 5.3.1, we have:

d C
— (g (1, T2) | <

(6.52)

dt T—t
Hence a simple integration shows that
|d(M7g(T))(m1,x2) — d(M7g(t))(I1,LU2)| < CVT —+t. (6.53)
[
Lemma 6.4.2. For the neckpinch on the n + 1-sphere, we have:
lim dr (M. g(1). (M. g(T))) = 0. (6.54)
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Proof. Notice that From lemma 5.3.2, we know that the pinching occurs only
at the equator given by x = 0. Let M = S"*! and S be the n + 1 sphere, the
singular set {z = 0} respectively. Let U; be the exhaustion of M \ S defined
by:

Uy = {(2,0) € M :|a] > 1/} (6.55)

Each U; consists of two connected components U f , B =1,2. Fix 7, then
from Lemma 5.2.3, There is constant C; depending on j and the solution
g(t) such that :

sup |[Rm|| < Cj. (6.56)

J

Therefore by Proposition 5.1.2, we have:
e VIOTg(ty) (V,V) < g(t1) (V. V) < eV 5 g(t)(V, V), (6.57)
and letting to /T, we get:
e VAT TV, V) < g()(V.V) < eV ST 0g(T)(V, V), (6.58)

where V € TU;.
Therefore, in the setting of the Theorem 6.1.6, we let €,; = eVnCi(T—t) _ 1
We also need to compute the distortion A, ; between these two length spaces

which is defined as:

>\tj = SU.I()] ’d(]\/ﬂg(t))(wl(fﬁ), %(y)) - d(M,dT)(I/JQ(‘T)a 1/)2(y))’ : (659>
z,ycl;
Let © € U} and y € U? then from Proposition 5.3.1, we obtain the
following estimates on the distortion of distances which is independent of j;
ie.

Ay < CVT — 1. (6.60)
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As in Theorem 6.1.6, let

htj = \/)\tj(max{DUjl, DU;} + /\t]/4) ) (661)

hy; = max{h, y /efj + 2€; DUjl, \ /efj + 2€; DU;’}- (6.62)

For fixed j, ast /T, we have:

and,

e; — 0 and A — 0. (6.63)
Therefore for all j:

lim dz (M, 9(t)), (M, dr)) < Voly() (M \ Uy) + Volyer)(M\Uj),  (6.64)

Also since the diameter stays bounded as t T, one sees that as j — oo,

Volyy (M \ U;) and Volyy(M \ U;) = 0. (6.65)

Therefore,
lim d7 (M, 9(t)), (M, 9(T))) = 0. (6.66)
O

Remark 6.4.3. Since the diameter stays bounded ast /T, (6.65) implies

the volume convergence

Vol (M, g(t)) — Vol (M, g(T)) (6.67)

6.5 Continuity and Volume Convergence as

N T

To complete the proof of the continuity of the Smooth Forward Evolution

of the Ricci Flow out of neckpinch singularity, we need to also prove the
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continuity as the time approaches the singular time from the post surgery
times. For simplicity we let 7" = 0 then, post surgery times will correspond
to positive values of t.

Our flow at the positive time ¢t > 0 consists of two pointed smooth Ricci
flows (M, g1(t), p1) and (Ma, g2(t), p2) both modeled on the n+ 1-sphere and
a thread of length L(t) joining p; to ps. As before, we let (M, g(t)) denote
the pre-surgery Ricci flow and (M, g(7T")) to be the singular space at the
singular time 7. Also we let X = (M; U My, D(t),T(t)) be the current space

associated to the post surgery time ¢, where

di(t)(z,y) x,y € M
D) (z,y) = 4 da(t)(x,) T,y € M,

L(t) + dy(t)(z,p1) + da(t)(y, p2) x € My and y € M,

\

where, d;(t) is the metric induced by the Riemannian metric g;(¢) on M;.

Lemma 6.5.1. If (M;, g;(t),p;) i = 1,2 represent the two parts of the post-
surgery Ricci flow (t > T = 0) obtained by smooth forward evolution out of
a neckpinch singularity and if L(t) is the length of the thread joining py and
po at time t with

lim L(t) = 0, (6.68)

then, letting X = My U M,y, we have:

lim df( (X, D(t),T(t)), (M, g(T))) ~0. (6.69)

N0
Proof. Similar to the proof of the continuity for pre-surgery times, we need

to find proper diffeomorphic open subsets. For fixed small w > 0 consider
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the open subsets N C M; for as defined in Section 5.4. Let U; be the open
subset of M defined by:

U =M\ (N U\ND), (6.70)

therefore,U; is comprised of two connected components UIB for  =1,2.

And let U, be the open subset of M; U L(t) U My defined as
Uz = (M \ NG U (Mo \ N . (6.71)

Then obviously, these two open sets are diffeomorphic through diffeomor-
phisms between their correspondng connected components:

Uy Wi = My \ N (6.72)

Py Wy — My \ N (6.73)

Now let €(¢) be the smallest positive number for which
GaVV) < 1+ e0)PTV,V) YV eTW,  (6.74)
and
Digit)(V,V) < (L+e(t)’g(T)(V.V) VYV eTW, (6.75)

then, by the construction of the Smooth Forward Evolution as seen in Section

5.4, ast \, 0, the metrics ¥ g;(t) smoothly converge to g(T') on W; therefore,

lim (1) = 0. (6.76)

Now let w; > 0 be a sequence for which

lim w; =0 (6.77)

j—00
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and consider the length distortions:

Mij = sup |dex,pey(¥a(2), 1Y) = dorarn (2, y)] - (6.78)

Then,
Ay < L(t) + ((1 +e(t))? — 1) (diam (Mi, g1()) + diam (Mo, gg(t))> (6.79)

As in Theorem 3.1.1, we define

hej = \/Atj (max{Dy1, Dyz} + i /4), (6.80)

he; = max{hy;, \/ €}, + 24 Dy, [€3; + 2¢ DUJ.Q}- (6.81)

For fixed j, as t (T, we have:

and,

€tj — 0 and >\tj — 0. (682)
Therefore for all j:

lim d (X, D(#)), (M, g(T)) < Voly(X \ Up) + Volyay(M\ U7),  (6.83)

T

Also since the diameter stays bounded as t \, T, one sees that as j — oo,

VOlg(T)(M \ U1) and Voly) (X \Uy) — 0. (6.84)

Therefore,
lim dx((X. D(1)). (M. g(T) ) = 0. (6.85)
O

Remark 6.5.2. Notice that since the diameter is bounded ast T, (6.84)
glves

Vol (M, g1(t)) + Vol (Ma, go(t)) — Vol (M, g(T)) (6.86)
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By applying Theorem 6.1.6, we can also find an estimate on the Intrinsic
Flat distance between two post surgery integral current spaces at times 0 <

t1 < 1.

Theorem 6.5.3. Suppose (X, D(t),T(t)) is as before, and the smooth flows
(My, ¢1(t)) and (M, g1(t)) do not encounter singularities on (0,T), then as

t—to € (0,7), we have

lim d;( (X,D(t), (X, D(t))) ~0. (6.87)

t—to
Proof. Since the post surgery flows do not encounter any other singularity

on (0,7), we have

sup |IRm| < C = C(0) (6.88)
M; X [to—6,t0+9]
with respect to a fixed background metric gy on M; U M.

Let €(t) = VevCli=tol — 1 and let w; > 0 be a sequence with

lim w; = 0. (6.89)

Jj—00
Define U; as in Lemma 6.5.1. Then, we have the following estimate on

the metric distortion

Aij = Su% }d(x,D(to))@ay)_d(XyD(t))(xv?J)‘
x,yels
< |L(t) - L(to)| (6.90)

+((1 +e(t))? — 1) (diam (M, g1 (1)) + diam (Ms, gg(t))>

We observe that as t — tg, €(t) — 0 and L(t) — L(to) due to continuity

therefore, Ayj — 0. The rest of the proof is the same as in Lemma 6.5.1.
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Chapter 7

Future Directions

Here I will briefly mention the possible future directions for my postdoctoral

research.

7.1 Reduced Distance as t \, T" and Length
of the Thread

In [32], I proved the continuity of the Ricci flow through rotationally sym-
metric neckpinch singularity (see Theorem 1.2.1). We joined the two smooth
Ricci flows at post surgery times by a thread of length L(¢). Now, one
may ask what L(t) should be? One possible candidate is to use Perelman’s
reduced distance as a measure of the space-time length. Since the scalar cur-
vature is assumed to be positive through a rotationally symmetric neckpinch
singularity, the resulting reduced distance will also be positive which is what
we expect from a proper notion of length. One issue in this approach is that

the reduced distance is defined on a regular portion of the space-time.
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Enders in [17] generalizes the notion of reduced length up to the singular
time T'. In order to use the reduced length for measuring distances through
the neckpinch singularity, we need to also define the reduced distance from
the singular time 7" to any post surgery time ¢ > 7. This is being currently

investigated by the author.

7.2 Intrinsic Flat Convergence into the Gen-
eral Neckpinch Singularity

For a general neckpinch singularity without rotational symmetry, a canonical
Ricci flow with surgery is still missing (if it exists). One can still talk about
the continuity of the flow into the singular time. One of my possible future

direction of research is to investigate the following question:

Question 1. Suppose (M, g(t)) flows into a neck pinch singularity (not nec-
essarily rotationally symmetric) that is a point or a finite interval then is
there intrinsic flat convergence into the singular time? And what happens if

we remove the diameter bound?

Although it is not clear what the weak flow at post surgery times should
be, it is natural to think that a canonical Ricci low through singularities must
be a limit of a sequence of Ricci flows with surgery at scale s; as s; — 0. One

might ask the following question:

Question 2. [s the limit of this hypothetical sequence continuous with respect

to the Intrinsic Flat distance?
We hope to provide an affirmative answer to the questions 1 and 2.
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7.3 Size of the Neckpinch Singularity and Op-
timal Transport

In [4] and [6], Angenent-Knopf prove that if (M, g(t)) is a rotationally and
reflection symmetric Ricci flow with one neck that developes a neckpinch
singularity in finite time, then the neckpinch happens at only one point.
They first prove that if the diameter stays bounded, then there is only one
point pinching and then they prove that the diameter actually stays bounded.

Currently, I am exploring the application of the Topping-McCann’s defi-
nition of weak Ricci flow to the rotationally symmetric neckpinch in order to
generalize the only one point pinching result of Angenent-Knopf to the cases

without reflection symmetry or even to a general neckpinch.

7.4 Kahler Ricci Flow and More

Understanding and finding Kéhler-Einstein metrics (when they exist) has
been the center of many important research works in the past few decades.
In many cases, Ricci flow on Kéhler manifolds (or the corresponding Kéhler-
Ricci flow) has proven to be a proper means of deforming Kéhler metrics to
a Kéhler-Einstein metric on Kéhler-Einstein manifolds (for example see [48]
and references therein). Also there is a notion of Kéhler Ricci flow through
singularities established by Song-Tian in [44]. There are many directions to
be explored in this context especially regarding the degeneration of Kahler
Ricci Flow and the geometry of the singular limit. In this setting, one general

question is to investiate the continuity of these flows with respect to different
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notions of convergence; we are hoping to be able to answer these questions

using methods similar to what has been presented in this thesis.
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