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ABSTRACT

This research is concerned with time optimal control 
of linear systems with control and output constraints. 
Although this class of problems has been treated by other 
researchers the approach taken in this dissertation, which 
employs results from functional analysis, yields an effi­
cient means for obtaining numerical solutions. Approxima­
tions for the optimal solution are obtained directly from 
the results of a finite dimensional minimization of a 
convex function. These approximations may be successively 
improved and furthermore are shown to converge in a speci­
fied sense to an optimal solution. Upper and lower bounds 
for the optimal time are also obtained. A method is pre­
sented which, in many cases, reduces the dimension of the 
minimization necessary to obtain an acceptable approxima­
tion .

It is also shown how these methods are modified so 
that discrete systems may be treated. For this case, the 
optimal solution is obtained.

viii



CHAPTER 1. INTRODUCTION

The classical time-optimaI control problem may be 
stated as follows: Find the control variables, constrained
in some manner, which bring the output of the controlled 
plant from some initial value to a desired final one in 
the shortest time.*- This problem received much attention 
in the past two decades and presently there are a variety 
of methods one can use to obtain its solution.

In this decade much research has been devoted to the 
time-optimal control problem with constraints on the output 
variables in addition to those on the control variables.
A precise statement of this problem will be given in the 
next section. This problem may arise, for example, in the 
control of chemical processes which require constraints on 
pressures and temperatures at critical points in a chemical 
plant or in flight control problems where an aircraft may 
be required to stay within a specified flight envelope to 
prevent excessive heating rates. It is interesting to 
note that the bounded output problem can arise even though 
the motion of a controlled object itself is not restricted.'' 
For example, if one wants to change the course of a ship 
as rapidly as possible by positioning its rudder then one 
must take into account not only the limit on the displace-
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ment of Che rudder but also Che limit on ics race of change 
due Co inercia. One way Co remove Chis multiple limit on 
the movements on the control is to consider the velocity 
of the rudder as a control of the original system augmented 
by an integrator as shown in Figure 1-1.

The rudder displacement is now considered as an output 
variable of the augmented system and the original problem 
with multiple saturation limits reduces to one of time optimal 
control with control and output constraints.

We remark that the problem of time optimal control with 
control and output constraints subsumes the problem of time 
optimal control with control and state constraints (which 
is the problem generally considered in the literature) as 
can be seen from Eq. (1-1) with C(t) taken as the identity 
ma tr ix.

1.1 Mathematical Statement of the Problem
The linear system to be controlled, which we shall call 

the plant, can be described by the superposition integral
t

H(t,T)u(T)dT (1“1)

C0

where x(t) is an nrvector representing the output of 
the system, u(t) is a p-vector representing the system

x(t) ■ +
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fi(t)

‘AUGMENTED SYSTEM

OUTP
ORIGINAL

u (t)“RUDDER DISPLACEMENT 
u (t)-RUDDER VELOCITY

OUTPUT OF 
. AUGMENTED SYSTEM
■j— o

Fig. 1-1 Forma lation of a Problem with Hiltiple Saturation 
Limits as a Problem of Control with Output 
Constraints
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input, xQ (t) i-s an m-vector expressing the effect of
initial conditions in the plant at t ■ t and is assumed
to be known and continuous and H(t,T) is an m x p  matrix
whose elements are bounded piecewise continuous functions of
their arguments.

Equation (1-1) results if x(t) is the output of a sys-
3tern satisfying the linear vector differential equation 

w(t) - A(t)w(t) + B(t)u(t)
( 1- 2)

x(t) - C(t)w(t)

where w(t) is an n-vector representing the state of the 
system and A(t), B(t), and C(t) are matrices of appro­
priate dimensions which are piecewise continuous functions 
of t. In this case 2£Q (t) an<* H(t,x) are given by

x (t) - C(t)<P(t,t )x(t ) , H(t,T) - C(t)9(t,T)B(T)o o o

and t p( t , T )  is the state transition matrix of (1“2) .
The class of admissible control functions consists of 

all functions in some Banach space satisfying

H u l l  <  c x
where is some fixed positive constant and the Banach
space and its norm are determined by physical considerations. 
For a single input system the Banach space will be taken as
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the function space L [t ,T] with the norm of a functionp o
u(t) in this space given by

rT
lull - (

1/p
u (t) |Pdt) 1 < p <

C0

where T is the terminal time.
The problem is to steer the output x(t) from some given 

initial point to a desired terminal point x^ by an
admissible controller in the least time subject to amplitude 
constraints on some or all of the components of the output 
vector, i.e.,

i-T
ix L(t)| < C[ 1 < t l < ... < ir < m ri < m: : 1 1ir
x 1 (t)| < C' C[ , ... C' > 0

i 1 r
rl 1

1 .2 Historical Background of the Development of 
Problems with State Constraints

The early investigators were primarily concerned with
the theoretical aspects of the problem and developed neces*
sary conditions which an optimal pair (the control and its
trajectory) must satisfy. Necessary conditions have been

4 5 9 ioderived using both the calculus of variations * * * and
2 6 7 8 11by modifications of the maximum principle. * * * * If we
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denote by A the admissible region in the state space, then
* *the basic assumption is that if u (t), 0 < t < t , is an

optimal control and x (t) is the corresponding trajectory
joining xo (tQ) and x^ both interior to A with x (t) C A

*for each t on 0 < t < t , then there exists a finite sub­
division into subintervals

*
0 fco < C1 - C2 < c3 - c4 * "  t2k+l " C 

such that

x (t) C interior A on t^ < t < t^+  ̂ even i

★x (t) C_ boundary A on t^ < t < t^+  ̂ odd 1

*On each interior segment (even i) the trajectory x (t)
* *joins x (t^) to x (t^+ )̂ without the state constraint

and thus satisfies the usual maximum principle. On the
boundary segments (odd i) it is found that the trajectory 
satisfies a modified maximum principle. Since, by assump­

tion, the trajectory is on the boundary in ti+l^  ̂odd*
there exists no other admissible control which transfers 
x (t^) to x (ti+ )̂ in less time than u (t) and has its 
corresponding trajectory on the boundary in £t^, t^+ ^], 
otherwise this would contradict the optimality of the pair 
u (t), x (t). Therefore the modification comes about by
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writing the system equations in terms of suitable coordi­
nates on the boundary (since the trajectory must lie on the 
boundary in this interval), forming the Hamiltonian in the 
usual way for this reduced set of equations and maximizing 
the Hamiltonian with respect to all admissible controls 
having their corresponding trajectories on the boundary.

This still leaves unresolved the determination of the 
times t^ and if this were not bad enough, we might add 
that there are certain junction conditions that must be 
satisfied when an interior segment meets a boundary segment.^

Essentially the same results are obtained from the cal­
culus of variations where the modifications occur in the 
Euler-Lagrange equations during the period when the trajec­
tory is on the boundary.

Recently, researchers have been interested in trying
to generate a computational solution for the bounded state

12problem. Denham and Bryson have devised a direct method 
of solution for this problem by assuming a nominal solution 
which need not satisfy the state or terminal constraints 
and then incrementing the nominal control so as to both re­
duce the transfer time and satisfy the constraints more 
closely. This process of incrementing is continued until 
suitable error bounds are met. However, if there is a simul­
taneous control and state constraint or if the trajectory is
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on the boundary for more than one segment, the computational 
time is greatly increased.

There are two other types of approaches used to obtain 
computational solutions for this problem. One is an approach 
using penalty functions, the other is to transform the prob­
lem into a discrete one by assuming a piecewise constant con­
trol law.

The penalty method in the calculus of variations was in-
13troduced by Courant. It was applied to optimal control

problems by Kelley,^ McGill,^ Kirin,^ Lee,^ and
18Lasdon et al., and rigorous mathematical justifications

19 20for the procedure were given by Russell, and Okamura.
2 7Chang * used this method to derive necessary conditions

for an optimal control and its corresponding trajectory.
The basic idea behind the penalty method is the fol- 

19lowing: instead of attempting a direct solution of the
constrained state optimal control problem, an unconstrained 
problem is considered wherein the original cost functional 
is augmented by a nonnegative penalty function which sharply 
increases the cost associated with the trajectories which 
violate the state constraints. By using sequences of cost 
functionals involving more and more severe penalty functions, 
it is to be expected in many cases that the desired con­
strained state solution of the original optimization problem
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may be approximated to any desired degree of accuracy by 
solutions to these unconstrained problems.

For the time-optimal bounded state problem the perfor­
mance functional we wish to minimize is

where the corresponding trajectories must 1ie in A (A is 
the admissible region in the state space). Let F(x) be a 
continuous piecewise differentiable function such that

The problem is now put into penalty function form by mini­
mizing the augmented performance functional,

where K is a suitably large positive constant, and ignor­
ing the actual state constraint. By increasing K the pen­
alty for leaving A becomes more severe and it appears 
reasonable that if K is large enough the optimal path is 
completely in A.

J - dt
t0

F(x) - 0 x e A

F(x) > 0  x 4 A

J -a



10

The above is an example of an exterior penalty con­
straint. We can also construct interior penalty constraints, 
that is, constraints for which the function F is defined 
only on A and is 0 in A except for x sufficiently 
close to its boundary. We do not discuss this type of pen­
alty for in the class of problems dealt with in this research 
(problems with simultaneous constraints on the control and 
state variables), the generation of a starting point needed 
for this method is, in many cases, as difficult as solving 
the original problem.

The other approach of discretizing the system has been
21 22 23employed by Ho and Brentani, Nagata et al., and Fath.

The basic assumption is that the control is piecewise con­
stant over each subinterval of a suitable subdivision of 
some fixed interval ^ ^  performance functional is
chosen such that by maximizing (or minimizing) this function, 
which is now a function of the finite number of variables

or not an admissible control exists which transfers the ini­
tial state to the terminal state in the interval [t , t,].o l
The maximization is performed subject to the constraints on 
the state variables which is carried out by Fath using lin­
ear programming techniques and by Ho and Brentani using a 
modified gradient procedure. A search is then made for

k(t^ - t } 
N k - 0 , 1 N - 1 we can deduce whether



11

various values of t^ to find the first value of time for
which an admissible transfer can be made.

The techniques of functional analysis were first applied
to time optimal bounded state problems in 1962-63 when Gabasov 

24 25and Kirillova * obtained solutions to the regulator prob­
lem with magnitude constraints on the control for a class of 
systems known as linked discrete systems. In 1964 they used 
the properties of adjoint operators to obtain solutions for
continuous time systems with an output constraint at dis-

26 2 7crete instants of time. Recently, Katz and Kranc ex­
ploited the "multinorm" formulation developed by Sarachik 

28and Kranc to obtain results for the continuous time prob­
lem treated by Gabosov and Kirillova with more general con­
straints .

1 .3 Scope of the Dissertation

In this thesis, we utilize the product space approach 
of Katz and Kranc to obtain a number of different methods 
of obtaining an approximation for the time optimal problem 
with amplitude constraints on the outputs at every Instant 
of time during the transition period. In the next chapter, 
this approach is presented in a form which is convenient for 
our purposes. We also present some elements of real variable 
theory which are necessary for Chapter 5.
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Presented in Chapter 3 is the discrete point approxima­
tion to the problem. The basic idea is to replace the 
original problem by a problem in which the output constraint 
is enforced only at a finite number of discrete instants of 
time, solve this latter problem exactly and use its solution 
as an approximate solution for the original problem. The 
main result is Theorem 3.2 which states that by using enough 
points we can obtain as good an approximation to the original 
problem as desired in a sense made precise in that theorem.

One problem that may be encountered when using the dis­
crete point approximation is that, in some cases, the approach 
may lead to performing minimizations of large dimension. If 
the dimension is large enough this could lead to computational 
difficulties. In Chapter 4 we present the solution to the 
terminal control problem with output constraints and show 
how it may be used to circumvent the difficulty of performing 
large dimensional minimizations.

A different means of obtaining an approximation to the 
time optimal bounded output problem is demonstrated in Chap­
ter 5. It is shown that at the optimal time there exists a

*function of finite variation ^ (t) which minimizes (5-31). 
Moreover, the function related to (t) by (5-35) is an

•koptimal control. We discuss a method of approximating (t) 
and thereby obtain an approximation to the optimal control.
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Whereas the discrete point approximation can be considered 
a means of approximating the problem the present approach 
differs in the sense that we are obtaining an approximation
to the optimal control of the original problem.

In Chapter 6 we consider the time optimal bounded out­
put problem for discrete systems. Although the theoretical 
development is essentially the same as for continuous time 
systems, certain difficulties arise which we can manage to 
avoid in the continuous case. TWo schemes are presented for 
overcoming these difficulties.

A general discussion of the numerical procedures used
in the preceding chapters is given in Chapter 7. In addi­
tion, we prove the applicability of minimization schemes 
which require gradient calculations to the minimization 
problems considered in this thesis.
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CHAPTER 2. MATHEMATICAL BACKGROUND

2.1 Plants with Bounded Outputs

This chapter contains the mathematical background upon
which most of the work in the succeeding chapters is based.
Much of this material can be found in the paper by Katz and 

27Kranc but is included here for completeness.
We begin by considering a specific problem and the mathe' 

matical concepts are introduced as needed in developing its 
solution. It is emphasized that the following development 
applies only to linear systems, although the systems may be 
t ime - vary Ing.

The linear system to be controlled, which we shall call 
the plant, can be described by the following input-output 
relations

X

h1(t,T>u(x)dTx1 (t) - x*(t) +
0

(2 - 1)

x2 (t) - x2 (t) +
t

h 2 (t,T>u(T>dT

1 2where x (t), x (t) are outputs of the plant which are to
be controlled by the single variable u(t) - the control.

1 2  1 The terms x (t) and x (t) express the effect on x (t) o o
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2and x (t) respectively, of initial conditions in the plant 
at t “ 0 and are assumed to be known and continuous. The 
initial time is assumed to be t ■ 0 without loss of gen­
erality. The functions h^(t,x) and l^CtjT) are assumed 
to be piecewise continuous functions of t on the interval 
[0 ,t] and equal 0 for t > t for all finite values of t.

The problem considered is that of finding the smallest 
T, called the optimal time, and the corresponding control 
function u(t), called the optimal control, such that

x L (T) - x*(T) +

.T

0

h^ (T,t ) u (t ) dx - x*j (2-2)

where Xj is some desired final value. We have a constraint a
on the control u(t) which we take in the form

pT

( 1/p
Iu(t) |Pdt) < (2-3)

0

where is a positive constant and p is an integer satis­
fying 1 < p < «>. For p - oo, this represents a constraint

29on the essential upper bound of u(t).
2In addition, we have a constraint on the output x (t) 

at n instants of time, t^ ■ r^T, i * 1, ..., n where 
r^ is some real number, 0 < r^ < 1



16

|x2 (ti)| - + h2 (t1,T)u(T)dT j < C2 (2-4)
^0

where C2 is some positive constant.
This problem can be reformulated to postpone the determi­

nation of the smallest T by tentatively fixing T and ask­
ing for the control function u(t) which makes

The smallest T for which the minimum in (2-5) is unity 
then solves the original problem with constraints (2-2 - 2-4). 
If there is no T for which the minimum in (2-5) is unity 
then the problem posed has no solution.

As will be seen, the technique developed for the solu­
tion to this problem can be directly extended to handle the 
case of multiple terminal and/or output constraints.

Our approach involves the construction of a particular 
Banach space (complete normed linear space) such that the

■T
minimum (2-5)

0

while keeping

h1(T,r)u(T)dr - x* - x*(T) ( 2 - 6)

0
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variational problem (2-5 - 2-6) may be viewed in abstract 
terms as one of finding a bounded linear functional of mini­
mum norm which maps certain elements of the space into given
fixed scalars. This abstract problem which is sometimes

30known as the L-problem in the theory of moments is 
solved in two stages. The first stage is an existence proof 
for the desired functional which employs the Hahn-Banach 
theorem and the second stage consists of finding the actual 
form of the linear functional (which directly yields the 
optimal control) from the equality conditions for Holder's 
inequality.

2 .2 Product Spaces and Functionals

We now proceed with the construction of the Banach 
space mentioned in the preceding section. The parameter q 
conjugate to p is defined by

porarily fixed, and n-tuples a * £aj/ a 2* •••* an J

(2-7)p q

and for functions y(t) in L^[0,T], where T is tem-

, define composite vectors y by pairing a function 
y(t) with an n-tuple a:

(2-8)
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Using the definitions of the norm of a function in L^[0,T]

and the norm of a vector in

n

T
a \1/qly(t)|qdt) (2-9)

0 

(n)

M U  (n) - I  l-il (2 -10)
h  i-1

a norm (|| || ) can be introduced for composite vectors
Ei

y of the form (2-8) by defining

11 yll_ “ ci_llyllq + C2H^1I (n) (2-ii)
Li h

It can be shown that with this norm (and of course defining 
the operations of addition and scalar multiplication in the 
natural way) that the composite vectors y form a Banach 
space (this follows from the fact that L^[0,T] and 
are Banach spaces, is the product space of L^[0,T]
and and the product of a finite number of Banach

31spaces is a Banach space for a suitably constructed norm). 
Also, the following can be shown:
1. Any bounded linear functional f on L^, has a repre­
sentation
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f(y)
n

y(t)u(t)dt + £  aibi (2-12)
1-10

with u(t) in L [0,T] and b,, 1 - 1 ,  n, finiteP
scalars.
2. The norm of the functional f of (2-12) defined as

llfll - sup (2-13)
y ^ 0 M i ,

is given by

f i i i (2-14)fII “ max (t7-||u|! , 7T- max |b
1C 1 P C2 i 1

The proofs of the preceding statements are given in Appen­
dix I.

To apply these developments to the problem (2-5 - 2-6) 
we recognize that the functions h^(T,t) and h2 (t^,T), 
being piecewise continuous in [0,T] are in L^[0,TJ for 
every T so that we may construct from them composite 
vectors of the form (2-8):

5 - |hx (T,t ), 0 } 0 - [0,0,...,0]
(2-15)

0^ —  ̂ ’ ~ ®k ™ k — 1 , . . . ,n
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where the one occurring in £k is the k ^  column. If 
now« we require that a functional f of the form (2-12) 
satisfy

£(») - xj - x*(T) (2-16)a o
we are requiring that the u(t) component of f satisfy 
(2-6) . If further, we require that f satisfy

f(6k) - - Xg(tk) k - 1, n (2-17)

we are requiring that the component of f be given by

r.1
b, - x2 (t. ) + k o k h 2 ^tk ,T^U ^T^dT " x2 ^tk̂  (2-18)

0

where the last of the equalities in (2-18) follows from 
(2-1) and the fact that - 0 for x > t^. The
norm of f, as given by (2-14), then becomes

||f|| - max j£“||u||p , ^  max |x2 (tk)|| (2-19)

which is the left side of Eq. (2-5).
It is now clear that the abstract problem of finding

the bounded linear functional of minimum norm on L^, which
maps the given elements <p, 0^, k ■ 1, . n of this space
into the given fixed scalars specified by (2-16 - 2-17) is
equivalent to solving the variational problem (2-5 - 2-6)
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and the first value of T for which this functional has 
its norm equal to unity is the optimal time.

If the scalars specified by (2-16 - 2-17) are arbitrary 
then the above problem is well posed only If the vectors 
9 and k - 1, . n, are linearly independent and
although this is obviously true in the present case for any 
nontrivial h^(T,r), suitable restrictions (such as total 
controllability)^ must be placed on the plant when there 
are multiple terminal constraints to ensure this condition.

Since the vectors 9 and 0^, k - 1, n, are
linearly independent, they span an n + 1 dimensional lin­
ear space contained in and we can define a linear func­
tional f^ on this space satisfying (2-16 - 2-17) by

n n n
fL(ai + £ Tk0k)-otfi(»)+ ^ V (V "  ac+ I V k  (2'20)

k-1 k-1 k-1
where

c " *d ■ xi (T> - “k - - *o(tk> <2-2i>
The norm of f^ on this n + 1 dimensional space is found 
from (2-13)
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II fi sup
a,Yk

not all

lfl(<M>+ I  V j l
____________kPl

n

sup
a ,Yk

not all -

- 0 ll“» + I Vk“r
k-1 L :

n|ac + I VhJ
_________ lsl_________

n
0 || a? + I  - y ^ l L

(2-22)

n
or, since ac + Z 'Ykdk “ 0 clearly does not give the

k-1
largest value of the ratio,

inf
a,7,

n (2-23)

| a < p  +  1  V J l
n k-1

ac + I Vic ' 1
k-1

or using the explicit form of the norm in L, given by 
(2-9 - 2-11)

fill inf 
a,7.

hac+l Vk-1
k-1

B(t)|^dT

i/q (2-24)
n+ C2 I '7
k-1

where
n

B(t ) - ah^TfT) + £  Ykh2 (tk #T)
k— 1
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and the infimum is evaluated over all real values of a
n

and y, , k ■ 1, ...» n, satisfying ac + 2 'Y.d, * 1.
K k^l K K

We now make use of the Hahn-Banach theorem which is
29stated below. For a proof, see Liusternik and Sabolev.

Hahn Banach Theorem - Let M be a linear subspace of a 
nor me d 1inear space N , and le t f be a 1Inear func tIona1 
defined on M. Then f can be extended to a linear func­
tional defined on the whole space N without increase in 
norm.

Now, identifying the n + 1 dimensional linear space 
spanned by <P and and the space with M and N
of the above theorem, respectively, the Hahn-Banach theorem 
asserts that the linear functional f^ defined by (2-20) 
can be extended to a linear functional f over L^ such 
that || f || ■ IlfjJI. Since any extension of f^ over 
must have its norm equal or greater than that of f^ we 
therefore infer the existence of a functional of minimum 
norm satisfying (2-16 - 2-17) which has its norm equal to 
(2-24). The first value of T for which (2-24) equals 
unity is the optimal time hereafter called Tq .

2 .3 Form of the Optimal Control

The existence of a solution to the problem (2-16 - 2-17) 
and therefore to (2-5 - 2-6) at time Tq has just been es-
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tabllshed and we now turn to a derivation of the actual
form of the optimal control. Let the infimum in the expres-

★sion (2-24) (T - T ) be attained at the values a - a ,
* * n ★- 7. , k - 1 ,  ..., n with a c + Z "Y^k " 1 • Also,

k-1
let f be any functional of minimum norm satisfying 
(2-16 - 2-17). By what has just preceded, there exists at 
least one, its norm equals unity and the u(t) component 
of the functional is the optimal control. From the defini­
tion of the norm of a functional, (2-13),

f (y) I < IIflliiylL (2-25)
L,

But

n n
* —

1 - |f(a 9 + £ ^ 9 + I V k 11- “ 1 (2_26)
k-1 k-1 L1

where the last equality is obtained from (2-24) using the
*fact that the Infimum is attained at the values a - a ,

7^ * 7^» k-1, n and that iif̂ ll - Ilf 11. Therefore

n n
|f(a*9+ £  ' V j l  - ||f|l||a*i + £  ^ kH- (2-27)

k - 1  k - 1  L 1

or more explicitly, using (2-9 - 2-12) and letting 
*  . % n *

a h l < V T> + 2 “ 0  (T) we havek-1
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TO n
<**(T)u(T)dT +  £  Y kb lcl "

k-1
(2-28)

max
f e llu"p ’ s  T |bk'}

n
Cill-X + Cj X  W j l

k-1

Since |a + b| < |a| + |b|, it follows that

0

n
u  ' k k 1 2 
k-1

Tn °
a (r)u(T)dT |

0 (2-29)
n
V' *I Vi
k-1

Using various forms of the Holder inequality which is de­
rived in Appendix II,

T

I o (T)u(T)dx| < II o ILIIulL “ a Ilq tH m i
c i p

(2-30)

n1Z V k 1 <
k-1

nI I*
k-1

max |b.
(2-31)

n
C2 Z

k-1
4 " max |b, | 
2 k K
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Adding the above two inequalities

n
o*(r)u(T)dT| +  [ £  -  C l^a

k-1

s  i  ^
k-1

max | b, | 
2 k k

(2-32)

From

f,ab + cd < r̂aax  ̂

it follows that

jb,djj[a + c] a, b, c, d > 0 (2-33)

Cola'll JHiuL
c i p <2 I 1̂ 1

k-1
7̂ " max | b, | 
2 k K

max
lc

H|u||p , ^  max |bk l}
n

(2-34)

c1ll«*llq + c2 X  I *
k-1

Comparing (2-28) and (2-29 - 2-34) , one finds that all in­
equalities in (2-29 - 2-34) must be satisfied by equality. 
A necessary condition for equality in (2-30) is

★ * u(t) - K|o (t) I Sgn a  (t) (2-35)

where sgn a - 1  if a > 0 , sgn a - - l  if a < 0  and we
assume a (t) vanishes only on a set of Isolated points. K is
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an arbitrary nonzero constant. A necessary condition for 
equality in (2-33) is b - d, so for equality in (2-34)

F- 1|u|l»cl p
“  max |b,| 
2 k R

(2-36)

n ★(2-36) is true provided T. It, 1 > 0 and this condition
k-1 K

holds whenever the output constraints are active, i.e., the 
constrained output solution differs from the unconstrained 
output solution. Therefore

u - max
1C '2 k

f - 1 (2-37)

or ||ulip - and the control operates on the boundary of 
its constraint. From (2-35), (2-37)

N i p  - K

Tr, O
( I o*(t> |q_1)

0

1/p

- K

To
o*(t> lq

1/P
*  q / p  *  q - i

K||a || - K|lo || - C.

(2-38)

or

* 1"*1Cjl 0*11 (2-39)
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and

u(t) - I o*(t) | sgn a*(t)
q-1

(2-40)

(2-40) is the explicit form of the optimal control.

2 .4 Concepts from Real Variable Theory

Some concepts from real variable theory which will be
useful in the next two chapters will now be presented.

32Standard references for this material are Natanson and
33Riesz and Nagy.

Let a function f(t) be defined and finite on the in­
terval (a,bj. Subdivide [a,b] into parts by means of the 
points

and form the sum

n-1
v -  I  i * < w  -  “ ' k ? 1 (2'42)

k-0

Definition: The least upper bound of the set of all possible
sums V is called the total variation of the function f(t)

b bon [a,b] and is designated by V(f) . If V(f) < <», then
a a

f(t) is said to be a function of finite variation on [a,b].

< tn - b (2-41)
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Theorem 1 : Let an infinite family of functions F » (fn (t)}
be defined on the segment [a,b]. If all functions of the 
family and the total variation of all functions of the family 
are bounded by a single number K, i.e.,

|fn (t)| < K V(fn) < K (2-43)
a

then there exists a sequence t fn/(t) J in the family F 
which converges at every point of [a,bj to some function 
f(t) of finite variation.

The proof of the above theorem, which is known as Helly's 
first theorem can be found in Natanson.

Functions of finite variation are important when working 
with a generalization of the Riemann integral known as the 
Stieltjes integral. Let f(t) and g(t) be finite func­
tions defined on the closed interval [a,bj. Subdivide 
[a,b] into parts by means of the points

a - t < t. < . . . < t - b (2-44)o i n

and choose a point ^  in tlcH ̂ ^or ^ 0 , 1 , n - 1 ,
and form the sum

n-1
° " X  f(\>[s(tfcn) " 8 ^tk ^  (2-45)

k-0
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If the sum tends to a finite limit I as max(t^_^ - t^) -* 0 
independently of both the method of subdivision and the 
choice of the points this limit is called the Stieltjes
Integral of the function f(t) with respect to the function 
g(t) and is designated by f(t)dg(t).

The exact meaning of the definition is this: The number
I is the Stieltjes integral of the function f(t) with re­
spect to the function g(t) if, for every e > 0 there ex­
ists a 5 > 0 such that for an arbitrary method of subdivi­
sion for which max(tk+  ̂ “ t^) < B, the inequality |o- l| < e 
holds, for all choices of the points The Riemann inte­
gral is a special case of the Stieltjes integral, obtained by 
setting g(t) - t.

A sufficient condition for the existence of f(t)dg(t)
is that the function f(t) be continuous on [a,b] and g(t)
have finite variation on [a,b]. Furthermore, if g(t) has 
a Riemann integrable derivative g*(t) at every point of 
[a,b ], then

,b
f(t) dg(t) -

r*b
f(t)g'(t)dt (2-46)

a

where the right side of (2-46) is an ordinary Riemann inte­
gral.
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An Important theorem which gives sufficient conditions 
for Jie passage to the limit under the Stieltjes Integral 
sign Is Helly's second theorem which is stated below. Again, 
for a proof see Natanson.

Theorem 2 : Let f(t) be a continuous function defined on
the interval [a,b] and let (gn (t)J be a sequence of func­
tions which converges to a finite function g(t) at every 
point of [a,b]. If, for some positive constant K,

b
V<gn) < K. <2-47)
a

for all n, then

r,b „b
lim

n —> oo
f(t)dgn <t) - f(t)dg(t) (2-48)

We conclude with the following two lemmas.

Lemma 1: Let [fn <t)) be a sequence of functions which
converges to a finite function f(t) of finite variation at

bevery point of [a,bj. If V(f ) < K for all n, where K
a n ~

is some positive constant, then an infinite subsequence
{f /J can be chosen such that n

b b
lim V(f /) > V(f) (2-49)

n' a, a n ~ a
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Proof: >V(f )la n . Is a sequence of real numbers bounded by K

f
with
and therefore contains a convergent subsequence

lira V(fn ,) - M < K (2-50)
n / —> oo a

bIt is now shown that M > V(f). In fact, since f has finite— a
variation, there exists a finite subdivision of [a,b] such 
that for arbitrary e > 0

b m -1
V(f) > y |£(tkrt.1) - f(tk)| > V(f) - | (2-51)

k-0

Obviously [fn /(t)j converges pointwise to f(t) on [a,bj, 
therefore there exists some N such that

m-1 m-1
Z  ' Z  ^n'^k+l^ ‘ fn'^Ck ^  < 2 <2*52>
kp*0 k-0

for all n' > N and it then follows that

m-l b

I |fn'(W  - fn'(tk>l > V(£> ‘ £ <2-53)
k-0 a

But

b m-l b

V(V >  > I  lfn'(tW-l> * fn'(tk)l > V(£> " £
3 k-0 a
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for all n' > N. Therefore, taking limits as n' -» <»

lim V(f /) ■ M > V(f) - e (2-55)/ n —n —> oo a a

and since e is arbitrary, the lemma is proved.

Lemma 2: If f(t) is any function of finite variation
on [a,b], there exists a sequence of step functions [f^Ct)]
converging pointwise to f(t) on [a,bj, such that 
b bV(f ) < V(f) for all n anda n ~ a

lim V(f ) - V(f) (2-56)nn — * oo a a

Proof: Since f(t) has finite variation on [a,b], it has
32a countable number of points of discontinuity and at every 

discontinuity point tQ , the limits

f(tQ + 0) - lim f(t) f(tQ - C)- lim f(t) (2-57)
t —> t t -> to o
t > o o

exist.
If at a discontinuity point of f(t) we define f(t) 

as being equal to its right hand limit, then this function 
is now defined on [a,b].

Define the sequence of step functions {f^(t)} as fol­
lows: let the n *"*1 subdivision of [a,b] be
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a, a + b ~ a , a + — — -— — , b (2-58)

and define

, / . k(b ~ a)x ^  k(b - a)x
n(a +  n ) “ f(a +  n )

(2-59)

f (t) - f(a + / + ( V J J l b T .a) fl + k(b^a)xn V n / \  n n /

We let n “ 2, 4, 8 ,.. and show that converges
everywhere to f(t) on [a,b]. Let t^ be any point of 
[a,b]. If t^ Is one of the denumerable points of the sub­
division scheme then there exists an N and a k < N such

k (b - a)that t^ ■ a + — — “--. It is clear from the way the
sequence tf (t)) was defined that f (t,) " f(t,) forn n i l
all n > N and therefore 11m fn (fci) " f(t^).

— n —> <»
Let t^ be a point not In the subdivision scheme.

Then t^ Is either a continuity point or a discontinuity
point. If t^ is a continuity point then corresponding to
any e > 0 , there exists a & > 0 such that |f(tg) “ f(t^)| < e
for all t£ such that |t^ - < 6 . If N Is chosen

b - alarge enough so that — —  < 6, then for all n > N,
|fn (t^) - f(t^)| < e, which is exactly what we mean when 
we say ^(i^) converges to f(t^).

If t^ is a discontinuity point which is not a point 
of the subdivision scheme, then it is always contained in
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the interior of any subdivision. Since the right hand limit 
of f(t^) exists, then for any e > 0 , there exists a 
5 > 0 such that |f(^2) “ I < & for all t£ such that
0 < t£ - t^ < 5. If N is chosen large enough so that

k- —  ® < 5, then for all n > N, < e an<*
therefore converges to f(t) on [a,b].

b bAlso, lim V(f^) - V(f) . In fact
n — * <» a n a

V(£n> - I  |f(a + (k+1)n(t>- a)) - f(a + - (--n~ a))l (2-60)
3 k-0

- , v / k(b " a) (k+l)(b-a)\because f (t) Is constant in (a + ---------, a +   ‘-in \ n n /
Employing the inequality |a - c| < | a - b| + |b - c| it Is 

?■
numbers and therefore has a well defined lim* t which may be

b bfinite or infinite. But by inspection of (2-60), V(f) > V(f )

seen that iv(fn)j is a monotone Increasing sequence of real

a n
for all n and therefore

lim V(fn) < V(f) (2-61)
n —> 00 a a

Utilizing Lemna 1, the reverse inequality also holds and it
follows that *

b b
lim V(f ) - V(f) Q.E.D. (2-62)

n —> 00 a a
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CHAPTER 3. AN APPROXIMATION TO THE PROBUSM FOR 
PLANTS WITH CONTINUOUSLY BOUNDED OUTPUTS

The preceding chapter suggests a natural way of obtain- 
ing an approximate solution for problems with constraints on 
some or all of the outputs at every Instant of time during 
the transition period. This method of approximation which 
we term "an approximation to the problem" is developed in 
this chapter.

3 .1 Formulation of an Equivalent Problem

For ease of presentation, we consider a double output- 
single input plant with a terminal constraint on one output 
and a magnitude constraint imposed at every Instant of time 
during the transition period on the other. The results ob­
tained extend directly to the case with multiple terminal 
and/or output constraints and multi-input systems as shown 
in 3.6.

The plant input-output relations are

x I(t) • x^(t) + ĥ Ctj-rJuOOdx

(3-1)

x2 (t) - +

,t
h 2 (t,T>u(T>dT
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1 2where x ( t )  and x (t) are outputs of the plant and
1 2  1 2  xQ (t) and XjjCt) express the effect on x (t) and x (t)

respectively, of initial conditions in the plant at t » 0 
and are assumed to be known and continuous. The initial 
time is assumed to be t - 0 without loss of generality.
The functions h^(t,x) and h2 (t,x) are assumed to be 
bounded piecewise continuous functions of t on the inter­
val [0 ,t] and equal 0 for t > t for all finite values 
of t.

The problem considered is that of finding the smallest 
T, the optimal time, and the corresponding control function 
u(t), the optimal control, such that

x 1 (T) - x L(T) + o h 1 (T,T>u(T)dx - x̂ j (3-2)

0

where x \  is some desired final value. We have a constraint o
on the control u(t) of the form

pT
D \1/P|u(t) lPdt) < C L < ^ > 0  l < p < ~  (3-3)

0
2and a constraint on the output x (t) of the form

|x2 ( t ) l < C 2 C2 > 0  0 < t < T (3-4)
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A problem equivalent to (3-1) through 0-4) which 13
amenable to solution by the product space approach of Katz

2and Kranc Is now formulated. The output x (t) Is defined
by an (Lebesgue) Integral and Is, therefore, a continuous

2function of t. If the magnitude of x (t) Is constrained
to be equal or less than C2 on any countable dense set of
times [t^] in [0,T], it follows from the continuity of 
2x (t) that its magnitude is equal or less than C2 at all 

instants of time in [0,Tj. Therefore, for any T, any 
control satisfying (3-1) through 0-4) must also satisfy 
(3-1) through 0-3) and

|x2 Cti> I < C2 i - 1, 2, ... (3-5)

and conversely. If we now ask for the smallest T and the 
corresponding control u(t) such that (3-1) through (3-3), 
(3-5) are satisfied, then this control must also be the op­
timal control satisfying (3-1) through (3-4). In fact if 
we assume the existence of a control u^(t) satisfying (3-1) 
through (3-4) which yields a transition time less than that 
obtained when u(t) is applied, then from what has preceded 
u^(t) satisfies (3-1) through (3-3), (3“5) and this con­
tradicts the fact that u(t) is the optimal control satis­
fying these relationships.



We note that any countable dense set of times tt^) in 
[0,T] has the form t^ - r^T where (r^J is a countable 
dense set of real numbers (e.g., the rationals) in [0 ,1 J.

3 .2 Discrete Point Approximation to the Equivalent Problem 

As in Chapter 2, we tentatively fix T and ask for the 
control function u(t) which makes

The smallest T for which the minimum in (3-6) is equal or 
less than unity then solves the equivalent problem with con

minimum (3-6)

while keeping

rT
X^(T) + h1(T,T)u(T)dT - X^ 

0

(3-7)

straints, (3-2), (3-3), (3-5).
Our product space consists of composite vectors

y “ [y(t), a) pairing functions y(t) in L^[0,Tj with 
vectors a “ [a^, a.^* ...J in with norm

00

(3-8)

The norm in is
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and with this norm is a Banach space. Analogous to
(2-12), (2-14), we have that any bounded linear functional 
on has the representation

*  00 

f(y) ■ y(t)u(t)dt + £  a ibi_ (3-10)
1 0

with u (t) in Lp [0,T] and b - C b-̂ , . ..) an infinite
vector with a uniform bound on its components

The norm of the functional defined by (2-13) is 
*
||fil - max IIti||p , sup IbjjJ (3-11)

We now recognize that the functions h^(T,r) and 
*12 ^ti,'0 being bounded and piecewise continuous in [0 ,T ] 
are in L^[0,T] for every T so that we may construct 
from them composite vectors in

V - |hx (T,T), 0 - 0 - [0,0,...]
(3-12)

* * £jj| “ [0,0,...,1, ...,0, .. • Jk" 1,2, ...

thwhere the one occurring in is in the k. column. As
in Chapter 2, it is clear that by requiring

f(<P) - - xJ;(T)a o

f(V "  ‘  x o ( t k )  k  -  1 .  2 ,  . . .

(3-13)
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that the norm of f, (the u(t) component of f satisfies 
the terminal condition) as given by (3-11) becomes

fll - {^- llullp, sup |x2 (tk)|} (3-14)

which is the left side of (3-6).
A straightforward application of the methods of Chapter 2 

yields that the functional of minimum norm satisfying (3-13) 
(which has as its u(t) component the control satisfying 
(3-6) and (3-7)) has its norm equal to

llfll inf
a>Yk >n
nac+ I Vk_1

k-1

|B(t) |qdx
0

i / q
(3-15)

n
+ C2 I

k-1 }

where

B(t) - ah
n

k- 1

and

xi - *i<T> (3-16)

d, - - x (t, ) k o k' (3-17)

The infimum of (3-15) is not only over a and the n vari­
ables Yk, but also over n itself because of the infinite
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dimensionality of the linear space spanned by the vectors

vectors are linearly independent.
The first value of T for which the right side of (3-15) 

is equal or less than unity is the optimal time. In order 
to find the optimal time it is therefore necessary to per­
form a constrained infinite dimensional minimization, the 
minimization of the denominator of (3-15)

where n is varying and unbounded. As a means of approxi­
mating this quantity, we pick s values of t^ - 
r^e[0 ,l], i - 1, ..., s, and then assume all y ^ equal 0 

except for k corresponding to the s values of t^- The 
minimization is then performed over a and the s variables 
Yk to obtain

9 and 0 k - 1, 2 , It has been assumed that these

i / q
inf

a,7 k,n
n

k-1 (3-18)
n

+ C,2
k-1
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min
a,7i

lc
V 1

s 0
+ £  'Vih2 ^ti'T  ̂lq<iT 

i-1

i/q

ac+ I V i
i-1 (3-19)

s
+ C2 I 1*1

i-1
and we assume the finite dimensional minimization (3-19) 
equals (3-18). It is noted that we have replaced infimum 
by minimum in (3-19) as it can be shown that the infimum is 
always attained.

The nature of this approximation becomes evident upon 
comparison with the methods of Chapter 2 whereupon it is 
seen that (3-19) would result if we attempted to find the 
smallest T and the corresponding control for which the 
terminal and control constraints and output constraint at the 
s Instants of time t^ are satisfied. The control obtained 
as the solution to this problem is then used as the approxi­
mate solution to the problem with continuous output constraint, 
The net effect of this approximation then is to replace the 
problem with continuous output constraint by a problem with 
output constraints at a finite number of discrete instants 
of time, solve this latter problem exactly and use its solu­
tion as an approximate solution to the original problem.
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3.3 Convergence and Error Bounds

Two interesting features of using the above method of 
approximation are:

1. The existence of a solution to the problem 
with continuous output constraint guarantees 
the existence of an approximate solution.

2. The transfer time obtained from the approxi­
mate solution is always less than or at most 
equal to the optimal time for the problem 
with continuous output constraint.

Both of these statements are consequences of the fact
that at the optimal time Tq , expression (3-18) has a value
equal or greater than unity. Since expression (3-19) is
equal or greater than (3-18), its value at T is equal oro *

greater than unity. Furthermore, as shown in Appendix III,
expression (3-19) viewed as a function of T is continuous
and this implies the existence of a first value of T, say
T' which is equal or less than T , for which this condi-o o
tion is satisfied. It follows that T^ is the optimal time
for the approximate problem.

Any approximate solution for the time optimal problem 
with continuous output constraint has, in essence, two 
parameters of importance, the magnitude of the transfer time 
and the violation of the output constraint. From statement 2
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above, It is seen that the transfer time obtained from our 
approximate solution is certainly no larger than the true 
optimal time and therefore it is only necessary to concern 
ourselves with the output constraint violation. It will be 
shown that, assuming the existence of a solution to the 
problem with continuous output constraint, it is possible 
to limit this violation within any prespecified error. We 
first prove a theorem which yields an error bound for the 
approximate solution. The theorem is proved assuming the 
input-output relations are derived from the plant state equa* 
tions (c(t) “ identity matrix) but the results are easily 
modified for general input output relations.

Proposition 3.1: Let the input-output relations of
the plant be obtained from the plant s tate equation (1-2)
so that the output at any instant of time t is related to

3the output at any other instant of time t^ < t by

x(t) - <P(t, t1)x(t1) + H(t,T)u(T)dT (3-20)

t,

where x(t) is an n-vector, 'P(t,x) is the n x n state 

transition matrix of the plant and H(t,r) - 9(t,x)B(T) 

where B(t) is an n x 1 time-varying matrix, piecewise 

continuous on all finite values of the real line. If
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II u| V * |u(t) Ipdt

1/p

< C 1 (3-21)

and x^(t) ts the output of the system, then

n
|x1 (t) - x L(tL) | < max |<;f)ij(t>t1) " 5ij} £  |xi(t1)|

J i-1

|ht(t,T)| dr

i / q
(3-22)

where Vij (t' t^) is the component in the iĈ  row and
th column of the state transition matrix, h^(t,x) is

ththe component in the i row of the impulse response 

matrix H(t,T) ^H(t,x) has only one column since we assame 

a single controlj and

Btj - 0, j 4 i 6ij “ 1 J “ 1

th

(3-23)

Proof: From the i row of (3-20)

xl(t) - £  Vjj (t,tx)x^(tL) +
j-1

(t*t)u (t)dx (3-24)
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Subtracting x^(t^) from both sides

n
^(t) - x i(t1) - £  ['Pjj (t, t^) ” &1j]x^(t1)

ij
j-1

nt
h i (t,T)u(T)dT

Then
n

|xi(t) - xi (t1) j < 1 £  i9ij(t,t1) - e^jx^Ct^l
j-1

h t (t,T)u(T)dTI

n
< max - &±J J £  |xi(t1) I

j i-1

<£

|ht (t,T)|q dT Iu(t )|PdT

n
< max " 51j} Y  I

i-1

/.t i / q
+ c, |h1 (t,T)|q dT

(3-25)

1/P

(3-26)
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where Holder's inequality was used in (3-25) and the control 
constraint (3-21) was used in (3-26). Q.E.D.

Theorem 3.1: For the plant described in Proposition 3.1,
let t2 be some time greater than t^ > 0. If |x*"(t^) | < C2>
then

n
l x  ( t )  I <  C 2  + max 

t
4  < t < 4

i-1

+ max
t

ti < t < t2

r.t
|hi(t,t)|qdx

i / q
(3-27)

for all t satisfying t^ < t < t2 > where ||u| tl"t2

I 2 |u(t)|Pdt 
C1

1/P
< C^. Furthermore, for any e > 0 there 

exists a 5 > 0 such that the right side of inequality (3-27) 
is equal or less than C2 + e for all t satisfying
t^ < t < t2 with t2 - t^ < 6.

/* |u(t)|pdt 
C1

Proof: From (3-22) and the fact that

t l1/p
/ ^|u(t)|pdt for t. < t < t9 it follows thatC1 i - *

!/p
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max
t

ti < t < t2

[xi(t> - xi (t1)| <

n
max /max (t# t^) - 5ij ■* Z
. !! . _ j i-1

(3-28)

t l -  t  -  t 2

+ C-̂  max 
t

ti < t < t2

r*t
|hi (t,x)H dT

i / q

But

|xi(t)I < |xi(t) - xi(ti)I + |xi(t1)

therefore

max
t

tL < t < t2

|xi(C) max 
t

tL < t < t2
||x1 (t) - xi (ti>|j (3

Combining (3-28) and (3-29) and using |x^(ti)| < C2 we ob­
tain (3-27) .

To prove the second assertion, observe that hi(t,x) 
is a bounded function on finite intervals of t and t . Let 
M be a bound for h^t^x) in a suitably large region con­

taining t - t]_'T " then

Ci max Ih^t.x)|qdx

i / q

<f (3-30)

-29)
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1 / € \for |t2 - tjJ < q V2C~V * S1-nce the functions ^ ( t j t ^ )

satisfy

(t^ > t^) ■ 0 , il* - 1

it follows that

(3-31)

equals 0 at t - The continuity of expression (3-31)
as a function of t follows from the continuity of the 
9^j(t,t^). Then by the definition of continuity, corre­
sponding to any e' there exists a 6 ' such that (3-31) 
is less than e' if |t - t^| < 6 '. Letting

n finding the corresponding &' and
2 2 | x (t, )

J-1
setting

/ft' . -i- ( (3-32)

then

n
max jmax[tp^j (t,t^) - 5 ^  ] £  I x ^ t ^ l j
t J j-1h  < t ^  t2 j

+ max
tx < t < t2

|hi (t,T)| dr

1 / q
(3-33)

< €
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for all t such that t^ < t < ^  when | I < & and
the second assertion follows.

It is now a straightforward matter to prove the desired 
result stated below in Theorem 3.2.

Theorem 3.2; Assuming the existence of a solution for the
problem with continuous output constraint specified by (3-1)
through (3-4) then corresponding to any 6 > 0 there exists
a discrete point approximation to the problem as described
in Section 3.2 such that the magnitude of the constrained 

2output x (t) is equal or less than C2 + e for all In­
stants of time during the transition period. Furthermore, 
this transfer time is less than or at most equal to the
transfer time for the original problem.

Proof: Statement 1 of this section guarantees the existence
of a discrete point approximation regardless of the number

2of points t^ at which the constraint |x (tj)| < is
enforced. Statement 2 asserts that the transfer time for
any discrete point approximation is less than or at most 
equal to the transfer time of the original problem, which 
we designate by Tq .

Since ||u|| < Theorem 3.1 asserts the existence
of a & corresponding to the given e such that

|x2(t) | < C2 + € ^ t i tj (3-34)
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if

|x2 (tl)| < C2 , |tx - t2 l < 6 (3-35)

Moreover, it follows from the uniform continuity of the

regardless of the location of t^ in [0 ,Tq j.
If we now choose the number of points N used in the 

discrete point approximation so that
T

< 5N
and solve the approximate problem with constraint points at 

k - 0, 1, 2, . N-l, it follows that, since T < Tq ,

Since any value of t in the transition period [0,T] sat

by the method of construction of the approximate solution,

q>ij(t,T) on [0,To ] x [0,Tq J that one 6 can be chosen

that

for some k and

we obtain from (3-34) and (3-35)
that

|x2 (t)| < C2 + €

for all t in the transition period. Q.E.D.
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3 .4 Construction of the Approximation

The first problem that arises in attempting to con­
struct a discrete point approximation is that a particular 
approximation may not exist. If this is the case then a 
solution to the original problem does not exist and the im­
posed constraints are too severe. It is Interesting to note, 
however, that the existence of an approximate solution does 
not imply the existence of an exact solution and conceivably 
there are cases for which we can construct an approximation 
although no exact solution exists.

In general, we do not have an upper bound on the trans­
fer times of the approximate solutions and consequently the 
construction procedure is an iterative one. One possible 
method is to pick some initial number of points, say 3, and 
solve a 3-point approximation to the problem where the 
points are appropriately placed (the placement of points 
will be discussed below). If the output constraint violation 
is small enough, then the 3-point approximation is an ac­
ceptable approximate solution; if the violation is too large, 
construct a 4-point approximation, etc. and continue in this 
manner until an acceptable approximation is obtained. As­
suming the existence of a solution to the original problem 
this procedure will yield an acceptable approximation.
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When constructing an n-point approximation, it is 
desirable to have an optimal placement of the n points in 
the sense that any other placement yields a larger magnitude 
violation of the output constraint. Essentially nothing 
can be said about optimal placement for the general case, 
however, in many cases it is possible to obtain a satisfac­
tory placement by using the unconstrained output solution 
as a guide. This is illustrated in the examples, but we now 
give the motivation behind this procedure. Suppose the 
given problem is that stated in Section 3.1. We first ob­
tain the unconstrained output solution, i.e., no output con- 

2straint on x (t), by any of the standard techniques such
34as the approach given by Kranc and Sarachik. Let us

assume that when the optimal control so obtained is applied
2to the system that the plot of x versus time appears as

in Fig. 3-1 where Tq Is the optimal time without output
constraint. It can be seen from this figure that if we
tried to construct an i: point approximation which has

T T
0 < ck < ^  T ' or ^  T' < tk < T' k - 1 ,  ..., n

o o
where t^, k - 1, ..., n, are the points at which the out­
put constraint is enforced and T' Is the optimal time for 
the n point approximation, that this approximation would 
be identical to the unconstrained output solution previously
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X2(t)

C2

tT0 2T2  QT T T
3 3

Fig. 3-1 Illustration of Point Placement for Discrete 
Point Approximation
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obtained. For example, if we constructed a two-point ap-
T *proximation with the output constraint enforced at  ̂ and 

2T * then since the unconstrained output solution satisfies

the output constraint at these two points it will be the solu­
tion to the two-point approximation. The obvious remedy is
to enforce the output constraint at at least one point for

2which the trajectory x (t) associated with the unconstrained 
output solution violates the given output constraint. In

acceptable. Computational experience seems to indicate that 
best results are obtained when most of the constraint points 
are placed in the interval of violation of the output con­
straint. If the resulting approximation yields too large 
an output constraint violation, then we construct another 
discrete point approximation with more constraint points 
using the approximation previously obtained as a guide in 
establishing the placement of the additional points.

It is possible to use some of the results on error 
bounds developed in Section 3.3 to aid in the placement of 
the constraint points. If we can find certain Intervals 
for which it is impossible for the output constraint to be 
violated then any placement of constraint points in these 
Intervals will be wasted. For example, if the state of the

Fig. 3-1 any point In the interval would be
o o
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system at the initial time t - 0 is the origin then (3-22)
yields for the constrained output x (t) that

r*t

|h2 (t - t ) |q dT

i / q r>t

0

|h2 (x)|qdT

1 / q
(3-36)

where is the control constraint and we have assumed
that the system is time invariant. Let be the first
value of t such that

1/q™t
|h2 (t)|qdx

then it follows that |x2 (t)[ < C2 in [0 ,T^] and conse­
quently no constraint points need be placed in this interval.

The discrete point approximation just discussed will 
in the general case, violate the output constraint and although 
this violation can be made arbitrarily small this method re­
mains suitable only for problems with "soft" constraints, 
i.e., constraints which have error tolerances. For problems 
with "hard" constraints, the procedure must be modified. If 
the output constraint level is C2 , the modified procedure 
consists of constraining the output at discrete points to 
be equal or less than fC2 where f is a real number be­
tween zero and one. Although the existence of a solution
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Co Che original problem does noc guarantee Che existence of 
a discrete point approximation for a particular f, in 
many cases it is reasonable to expect that there exists 
some value of f such that some discrete point approxima­
tion does not violate the original output constraint level 
C2 . The particular choice of f depends upon the specific 
problem under investigation and is found by a combination 
of guessing and experimental trials. If we can construct 
an approximation which does not violate the original output 
constraint level then we obtain immediately as a by-product

an upper bound on the optimal time of the exact solution. 
This follows because the solution just obtained satisfies 
all constraints of the problem (control, terminal, and out­
put) and therefore the first value of T for which the 
problem constraints can be satisfied must be equal or less 
than the transfer time of this approximation. Using this 
upper bound and a lower bound obtained from the transfer 
time of any discrete point approximation with constraints 
placed at the original output level, it is possible to get 
an excellent idea of the output violation-transfer time 
trade off which enables us to make an Intelligent selection 
among the possible approximations.



59

3.5 Examples

Consider the following double output single input 
linear system

2 1 - x _ x

1 2where x (0) - x (0) m 0. The control u(t) is constrained
2in magnitude to be equal or less than 1 , the output x (t) 

is constrained in magnitude to be equal or less than 1 and 
it is desired that x^ - 2 in the shortest possible time. 
The input output relations are

* t
x L (t) -

x2 (t) -

(t - t )u (t )dx
0

r»t
U(t)dx

0
2If we ignore the output constraint on x (t), then by any

of the standard techniques we find that the optimal time is
T ■ 2. The optimal control is shown in Fig. 3-2 and the cor-

2responding trajectory for x (t) is shown in Fig. 3-3. We 
2see that x (t) violates the output constraint at t ■ 1 

and remains above the admissible constraint level for the



Fig. 3-2 Optimal Control for First Example without Output 
Constraint

Fig.

x
+2

+1

t21

23-3 Plot of x for First Example without Output 
Constraint
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duration of the transition period. Using expression (3~36) 
with - q * 1 we have that

|x2 (t) I < dt - t < 1 for t < 1
0

oand therefore it is impossible for x“ (t) to violate the 
constraint for t < 1 so that no constraint points are 
placed in [0 ,1 ].

We now develop a 3-point approximation to the problem. 
From the remarks in the preceding paragraph it is clear 
that the constraint points should lie in the interval 
[1,Tj J where is the optimal time for the 3-point
approximation and it is decided to space them equidlstantly 
in this interval as shown in Fig. 3-4, where a *■ * 1)
and is the maximum time difference between any point vio­
lating the output constraint and a point at which the con­
straint is satisfied. Making the appropriate substitutions 
in (3-19) and performing the finite dimensional minimiza­
tions we find that the transfer time obtained for this 
3-point approximation is - 2.36 at which time x^ ■ 1.995 
The optimal control obtained from Eq.(2-40) is shown in 
Fig. 3-5, where
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2a 2a 2a

t1 t t

Fig. 3-4 Placement of Points for 3-Point Approximation

u(t)

+1

-1

Fig. 3-5 Optimal Control for 3“Point Approximation

+1.20
+1

t1
Fig. 3-6 Plot of for 3-Point Approximation
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t^ - 1.195 tL - 1.389

t^ -1.584 t2 - 1.776

- 1.973 t3 - 2.168
2The corresponding trajectory for x (t) is shown in Fig. 3-6 

where

x2 (t^) - 1.195

x2 (tp - 1.193

x2 (tp - 1.191

x2 (T3) - 1.191

Therefore a 3-point approximation yields approximately 
a 20% violation of the output constraint. If this is an 
unacceptable violation we must add more constraint points.
A five-point approximation with constraint points equidis- 
tantly placed as shown in Fig. 3-7, where a - 
and T^ is the optimal time for the 5-point approximation 
yields T^ - 2.41 for which x^(2.41) - 2.003. The optimal
control is shown in Fig. 3-8 where
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2a 2a2a 2a2a

t1 t r Tt tt. t

Fig* 3“7 Placement of Points for 5“Point Approximation
u(t)

ft % *1 *7 *7 Sk rt
T 5

Fig. 3*8 Optimal Control for 3-Point Approximation

t' t'
+1.13
+1

Fig. 3-9 Plot of x for 5-Point Approximation
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t' - 1.128 tL - 1.257

t2 - 1.386 t2 - 1.514

- 1.642 t3 - 1.770

t^ - 1.899 t4 - 2.027

t' - 2.156 t, - 2.2845 5
2The corresponding trajectory for x (t) is shown in Fig. 3-9

where
x2 (t[) - 1.128 x2 (t4) " !• 129

x2 (t2) - 1.128 x2 (t^) - 1.127

x2 (t3) - 1.128 x2 <T5> " 1 *127

We have therefore reduced the output constraint violation
to approximately 13% using a 5-point approximation.

If we now use a 5-point approximation for which the 
output is constrained to be equal or less than 0.8 at the 
five discrete points shown in Fig. 3-10, where 

a - ]^[(T 5 “ 0*®)* we obtain a transfer time (T^) of 2.70 
at which x^(2.70) - 2.003. The optimal control and trajec­
tory are similar to those shown in Figs. 3-8 and 3-9, re­
spectively, except that in the present case we have no out­
put constraint violation. Since T * 2.41 is a lower bound
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2a 2a 2a 2a 2a

.8 t. tt t

Fig. 3-10 Placement of Points for 5-Point Approximation 
when Constraint Is Enforced at 0.8 Level
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on the optimal time of the exact solution, we see that the 
only penalty for using this approximation is a maximum in­
crease of about 12%  in the transfer time. It is emphasized 
that this information is obtained without any knowledge of 
the exact optimal solution.

For the next example consider the linear system speci­
fied by the dynamical equations

We again consider the problem of driving x to the value 2 
in the least time subject to the initial conditions 
x^(0) ■ X£(0) * x3 ^) “ 0 an<* constraints as specified in 
the preceding example. The input output relations are

0. 5x2 +  0. 5x^

x 3 - u(t)

2x
1

xL (t) - {t - T + 2 (l - e‘0 -5(t‘T)) - 1.5ju(i)dT

x^(t) • u(r)dT
0
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Obtaining the solution to the same problem without output
constraint we find that the optimal time is T - 2.17, the
optimal control is as shown in Fig. 3“11 and the correspond

2ing trajectory for x (t) is shown in Fig. 3-12.
A two-point approximation to the problem with the con­

straint level set at 0.85 and constraint points at

*T " 2"*3 ^ * *"2 " 2^3 ^ yields a transfer time of 2.29 
for which x^(2.29) - 1.994. The optimal control is shown 
in Fig. 3-13, where

t' - 0.973 tx - 1.094

t2 - 1.243 t2 - 1.392

t^ - 1.463

2The corresponding trajectory for x (t) is shown in 
Fig. 3-14, where

x2 (t') - 0.973 x2 (t^) - 0.919

x2 (t') - 0.997 x2 (2.29) - 0.153

It is again noticed that there is no violation of the 
1.00 constraint level on x (t). If we run the same prob­
lem with the discrete points constrained at a 1.00 level,
the transfer time obtained is 2.22 so that by using the
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u(t)

+1
2.17

1.35

-1

Fig. 3-11 Optimal Control for Second Example without 
Output Constraint

+1.35 
+ 1.00

+0.53

t1.00 1.70
1.35 2.17

Fig- 3-12 Plot of x2 for Second Example without 
Output Constraint
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uCt)

+1 TTLOtD
M r  V * 2.29

-1

Fig- 3~13 Optimal Control for 2-Point Approximation

(t)

+ 1.00 
+0.85

+0.153
2.29

2Fig. 3-14 Plot of x for 2-Point Approximation



71

approximation with points constrained at the 0.85 level 
the only penalty is a maximum increase of about 3% in the 
transfer time.

 General Case
In this section we treat an m-output plant with termi­

nal constraints on r^ of its outputs and amplitude con­
straints on r2 of its outputs where r^ and ^  are 
both equal or less than m. Although a single input plant 
is again considered for convenience, multi-input plants can
be handled using the multi-norm procedure of Sarachik and 

29Kranc.
The input output relations of the plant are

£ ( 0  - £<,<0 + H ( t , T ) u < T ) d T

0

where x(t) is the m-component output vector, is
an m-vector expressing the effect on the output of initial 
conditions in the plant at t “ 0 and is assumed to be 
known and continuous, and H(t,x) is an n-vector whose 
components are assumed to be bounded piecewise continuous 
functions of their arguments.
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The problem Is to find the smallest T such that

h  iix (T) - xd

: 1 < ix < i2 < . . . < ir < m (3-37)
i i
rl rlx (T) - x 1

*"1 rlwhere xd , ... xd are desired final values for the out-

11 lrlputs, x (t), ... x (t) respectively. There is a con­
straint on the control which is given by

1/P

u
«T

u (t) I dt < C 1 1 < p < °° C1 > 0  (3-38)

and amplitude constraints at every instant of time on ^  

of the outputs

Ix (t) | < C.
J 1

Ix ^(t) | < C' C' ,...,C? > 0J — J1 J2 1 2
As in Sections 3.1 and 3.2 we enforce the output con­

straint only for some countable dense set of times ( *-n
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the transition period, tentatively fix T and ask for the 
control function u(t) which makes

max l|u|| , -~f-  sup |x 1 (tk)|,
tCl p k K

Jr
£T—  sup IX 2 (tk)|J - minimum

(3-40)

while maintaining

x (T) +o h  ( T , t ) u  (t ) dx - x
h  d

x (T) + o

0

0

h^ (T,T>u(T)dT - x d

(3-41)

fihwhere h^(T,T) is the k component of H(T,t) . The 
smallest T for which the minimum in (3-40) is equal or 
less than unity is the optimal time.

The product space now consists of composite vec­
tors y of the form

» - jy(t), a1, a2 , a 2|
y - 1

(3-42)
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where y(t) ts a function in L^tO.TJ and a^ - La^a^,...] 
j - 1, 2 , r2 * are vectors in with norm

00
llaJ|| - I  |.J|

1 i-1

The norm of a composite vector in is defined as

r2
tlylL " Cjlyll + V c: l|ak !| (3-43)

l1 1 q Jk h1 k-1
and with this norm is a Banach space.

Any bounded linear functional on has the repre­
sentation

r oo oo T T
f(y) ■ y(t)u(t)dt + V  a^b^ + ... + £  ai2bj.2 (3-44) 

JQ i-1 i-1

with u(t) in Lp [0,T] and bk - [bk , bk, • ..]> 
k - I, . .., r2> a vector with bounded components.

The norm of the functional defined by (2-13) is

|1 f |1 - max|“ ||u(t)|lp ,^V- sup |b*| , . . . ,̂ -r—  suplb^lj (3-45)
1 J 1 1 Jr2 1
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If we construct the following vectors in

f,

Vi " |hi ' 0
rl 1 rl

(3-46)
9 ,

U

£k - [0,0,...,1,...,0 J

°k " [j “ Skj k - 1 , 2 , ...
Jr r92 *

where the one occurring in is in the column and the
S t “vector - fe, occurs in the p + 1 column of 0. , p - l,...,r_,

and require that a functional f of the form (3-44) satisfy

*i *i £(• ) - x /  - x /  (T)

i i
rl rl f(<Pt ) - xd - x q (T)

rl

f <0 k . > - xJl(tk) o k

k  - 1, 2, (3-47)

£ ( e k  >  -  '  x l 2 < t k >
r 2
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then the norm of f (the u(t) component of f satisfies 
the terminal conditions^ as given by (3-45) becomes

f 11 - \ (lu(t)H , sup |x 1 (t,)l,
lC l p Cj L k k

(3-48)

1 2 
p —  sup |x (t. )
Cj k k

r2
which is Just the left side of (3-40).

A straightforward application of the methods of Chapter 2 
yields that the functional of minimum norm satisfying (3-47) 
(which has as its u(t) component the control satisfying 
(3-40) and (3-41)J has its norm equal to

n «ii _ -----------------------— ---- £----------------------------
inf. . , A1 rl I

1 r2 1. .,7k
1 r2

n m > ■. .n1 r2

(T, t) +
L L1

. A h . (T,t) + B| drr t i
1 rl

(3-49)

1/q

subject to 
r, n. n

y  a c +
L  p p 
p-1

Iki-i d k  +l Ki
r 2V  dkk -1 r2 r2 

r2
I

+ I



where
n

nl r 2 r
B -

k
I V W  > + ••• 1 7k hj (tk ’T),-1 1 1 1 k -1 r2 2 r2
1 r2

“ l n r 2 rD- Cj. I  l7k' + + ° ' i  I  l7k2
1 k -1 1 r 2 k -1 r 2

1 r 2

i 1
CP ■ xd ‘ xoP(T) p " L ' rl

J \
dk “ ■ x (tk )1 K1

Jr
dk ■ • x (tk > 

r 2 r 2

The first value of T for which the right side of (3-49)
is equal or less than unity is the optimal time.

As an approximation to the infinite dimensional mini
mization required in (3-49) we pick fixed values of
n, , n , and n. fixed values of t, ■ ff T,..,ni i?2 * r

r 2 1 fixed values of t^ ■ f. T where the f£ are real
r 2 r 2 p

numbers in [0 ,1 ] and then assume all 7^ equal 0 ex
P

cept for k corresponding to the chosen values of t^ .
P P
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The minimization is then performed over A,, ..., * and
j rithe appropriate 7^ to obtain
P

mln lc 
l 11 r l

l^h (T,t) + A h t (T,T)+F|qdT 
1 1 rl

1 r 2
T k1 ' ** ‘^ k  1 r,

1 / q
+ G a

subject to

n,

I  <,, d, + P p U k, k.
p-1 kx-l 1 1

n
r2V  dk

k -1 r2 r2 
r2

V

where

n
1 r2 r rF - I V j,<£i,T'T>+ ■■■ I Tk2hj (£k2T’T)

k,-l 1 1 1 k -1 r2 2 r2
1 r 2

n
n l r 2G - Cj, I + c' X Wk

1 ^ - 1  1 2 kr -i 2
2

and we then assume the finite dimensional minimization (3-50) 
equals the denominator of the right side of (3-49).

-50)
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This approximation yields the solution to the problem
of finding the smallest T and the corresponding control
for which the terminal and control constraints and output
constraints at the instants of time t^ - f~̂  T are satis-

P P
fled. The solution to this problem is then used as the 
approximate solution for the original problem.



CHAPTER 4. A SEQUENTIAL APPROXIMATION METHOD

In Che previous chapter we saw chat each additional 
point used in a discrete point approximation adds another 
dimension to the finite dimensional minimization which must 
be performed to obtain the approximate solution. This 
leads to the drawback that for some systems we may be forced 
to perform a minimization of large dimension in order to 
keep the output violation within reasonable limits. In 
this chapter we consider the terminal control problem and 
show in Section 4.4 how it may be applied in a sequential 
scheme for time Invariant systems in order to circumvent 
the problem of large dimensional minimization.

 Problem Statement —  Terminal Control Problem
We consider a double output single input plant for con­

venience and again the results extend easily to multi-input, 
multi-output plants as shown in Section 4.5. The input out­
put relations of the plant are
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1 2  1 2  where x (t) , x (t) are outputs of the plant, xQ (t), x0 (fc)
express the effect of initial conditions in the plant at
t * 0 and are assumed known, and u(t) is the control.
The functions h^(t,T) and h2 (t,x) are assumed to be
piecewise continuous functions of t on the interval [0 ,t]
and equal 0 for t > t for all finite values of t.

The problem considered is that of finding the control
on the fixed time interval [0,T] which minimizes

Ix1 (T) - x*| (4-2)

where x^ is some desired final value, subject to a con­
straint on the control of the form

lull -  (
1/p

u(t) |Pdt) < C l 1 < p <; « (4-3)

2and an amplitude constraint on the output x (t) at n 
discrete instants of time t^ “ r^T, r^ e [0 ,1 ], i - l,...,n,

|x2 (ti)| < C2 i - 1, ---  n (4-4)

where and C2 are positive constants.
This problem can be reformulated by choosing some 

fixed value 5 and asking for the control function u(t) 
which makes
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m«x|^||u||p , max|x2 (tl) |, •^|x1 (T) - x^lj mintmum (4-5)

The smallest 6 for which the minimum in (4-5) is 
unity then solves the original problem with constraints 
(4-3) and (4-4). As in Chapter 2, we construct a suitable 
Banach space so that the variational problem (4-5) may be 
formulated as an L-problem in the theory of moments.

4.2 L-Problem Formulation
Define the parameter q conjugate to p by

i + i .  i p q

and for functions y(t) in L^tO^T], n-tuples a*[a^,...an J 
in and scalars b, define a composite vector y by

(4-6)

If the norm of a function in L^[0,T] is defined as

.T

0

and the norm of a vector in by

n
(4-8)
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a norm (II IL ) can then be Introduced for composite vec- 
L 1

tors y of the form (4-6) by defining

IlylL - CL"yllq + c2"sll (n) + B[b' <4-9)
L 1 gl

where |bf is the ordinary absolute value of the scalar b. 
With the norm defined by (4-9) the composite vectors y form 
a Banach space which we denote by .

The following can now be shown:

1. Any bounded linear functional f on has a repre­
sentation

"T
f(y)

0

y(t)u(t)dt + £  aici + (4-10)
i-1

with u(t) in L [0,T], c - [c,, ..., c ] an n-tuplep i n
with finite components and d an ordinary scalar,

2. The norm of the functional f of (4-10) defined as

Hf|| - sup (4-11)
y 4 0 "yll_

L 1

is given by

||f|| - max jc"llu||p , max I c± I , ^ 1 d ) (4-12)
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To apply these developments to our problem (4-5) we 
recognize that the functions h^(T,T) and being
piecewise continuous in [0,T] are in L^[0,T], so that 
we may construct from them composite vectors of the form (4-6)

<P - jhx (T>t ), 0, - lj 0 - [0,...,0j
(4-13) 

k ■ 1 , • • • »nek - {h 2 (tk’T)’ ' £ k ’°;

thwhere the one occurring in is in the k"“ column. If
now we require that a functional f of the form (4-10) 
satisfy

f ( ¥ )  -  x i  “ xJ;(T) d o
then

(4-14)

r>T

xd ' xo (T) h^(T,T)u(T)dT - d

d - x (T) + o

r.T

0

hj(T,T)u(r)dT - X (4-15)

d - x l(T) - x*
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or the d component of the functional f is equal to
x^(T) - Xj where x^(T) is the terminal value of x* a
when the u(t) component of f is applied as the system 
input. If further we require that

f(V xo (tk) k - 1, n (4-16)

we are requiring that the c, component of f be given by

bk “ xo (tk> + h2 <tk ,T)u(T)dT-x (tk) k - 1„ n (4-17)
0

where the last of the equalities in (4-17) follows from 
(4-1) and the fact that h2 (t^,T) ■ 0 for t > t^. The 
norm of f, as given by (4-12) then becomes

lci p
1 2 —  max | x (t,)
L2 k k

■£|x L (T> - xj| (4-18)

which is the left side of (4-5).
The abstract problem of finding the bounded linear 

functional of minimum norm on which maps the given
elements «P and Q^, k ■ 1, . . ., n of the space into the 
given fixed scalars specified by (4-14), (4-16) is equiva­
lent to solving the variational problem (4-5) and the least
value of & for which this functional has its norm equal

1 
cdto unity is the smallest distance between x^(T) and x^
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that can be attained by a control satisfying the problem 
constraints (4-3) and (4-4).

On physical grounds, it seems that the stated problem 
should always be well posed and that this is indeed the 
case follows from the fact that the vectors <P and 
0^, k ■ 1, n are linearly independent. Therefore
they span an n + 1 dimensional linear space contained in 

and we can define a linear functional f^ on this space 
satisfying (4-14), (4-16) by

n n n
f - a£t (i) + £  Yfcf L (efc) Yfcdk (4-19)

k»l k“l k-1

where

c - xd ■ xo (T) dk ’ * x o ( c k) ( 4 ' 20)

The norm of f^ on this n + 1 dimensional linear space 
is found from (4-11)
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Cl
'fi(a<p + I  V k)ifli sup

a,7,
k-1

n
not all - 0 "atp + Z  Yk6k^“

k-1 ]

n
,ac + I  Vk1

s u p -----------  (4-21)

not all - 0 ^  + Z  Yk\^~
k-1 L1

Inf 
a,Tk
n

ac + ^  yt_d
k-1

n
IIa(P + £  ^k^k"- 

k-1 L]
k k

or using the explicit form of the norm in given by
(4-7) through (4-9)

fill - inf
a,7k
n

ac + £ 7kd,
lc
1 1

r.T
|B(t )|qdx

i / q (4-22)
n

+ C2 I  I V  + 6lak-1k-1
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where

n
B(t ) - ah^X^T) + £  7kh2^tk'T^

k-1

and the infiraum is evaluated over all real values of a and 
7^, k - 1 ,  ..., n. The Hahn-Banach theorem asserts that
the linear functional f^ defined by (4-19) can be extended
to a linear functional f defined over such that
Hf|| - ||f̂ ||. Since any extension of f^ over must have
its norm equal or greater than that of f^ we therefore 
infer the existence of a functional of minimum norm satisfy­
ing (4-14), (4-16) which has its norm equal to (4-22)• The 
smallest value of 5 for which (4-22) equals unity is the
smallest admissible value of (4-2) hereafter called b .

J t .  Form of the Control
The value of & has lust been found and we now turno J

to a derivation of the form of the control which transfers
x^(T) to within 5q of x^. Let the infimum of (4-22)
(6 - &Q) be attained at the values a - a , y -

* n *k - 1 ,  n, with a c + Z 7 ,-d, - 1. Also, let f
k-1 k K

be any functional of minimum norm satisfying (4-14), (4-16). 
From the preceding section, there exists at least one, its 
norm equals unity and the u(t) component of the functional
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is Che desired control. Following the same reasoning as in 
(2-25) through (2-27) we obtain

n n
|f(a*5+ £  V*k)l " llflllla* 5 +  X  7 k®k"- (4-23)

k-1 k-1

or more explicitly using (4-7) through (4-12) and letting

n
“ \ < To'T) + I  Tk W T)

k-1
o * ( t ) (4-24)

we obtain
Tr. 0 nTUp r- ^

a (t )u(t)dT + ) ^kck + a d l “
k— 1 (4-25)

max^||u|L, 7s- max|ck l, rt J
■{̂ -lluIL> c -tcl P c2 k

n

Cl110 Hq+ C 2 i ll'kl + 6o |a’
k-1

Repeating the arguments used in (2-29) through (2-40) 
we arrive at the form of the control

u (t) - CjJIc^lMa (t) | sgn[o*(t) ] (4-26)

(4-26) is the control on [O^T] which transfers x (T) to
within 6 of x..o d
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4 .4 A Sequential Approximation Method for Time Invariant
Sys terns

A limiting factor in the use of the discrete point ap­
proximation of Chapter 3 is the dimensionality of the mini­
mization which must be performed to obtain its solution.
Large dimensionality requires large computer storage capacity, 
increases computational time, etc. Therefore, in most prac­
tical cases, there is an upper limit on the dimensionality 
of the minimization; let us denote this limit by n. In 
those cases where, in order to obtain a satisfactory dis­
crete point approximation for the time optimal problem, it 
is necessary to constrain the output at more than n dis­
crete points it may still be possible, by making use of the 
terminal control problem, to obtain an acceptable approxima­
tion without exceeding the limits on the dimensionality of 
the minimization. This may be done by decomposing the prob­
lem into two parts, first fixing the terminal time and using 
the terminal control problem to find the control which takes 
us as close as possible to the desired terminal point and 
then solving the time optimal problem from this intermediate 
point. If the allowable output constraint violation is de­
noted by £, the terminal time is fixed at a value for which 
we can guarantee that the output violation on this interval 
is no larger than e when we constrain the output at n
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discrete points. This time can be found from an examination 
of the error bounds in Section 3.3 but in general is simply 
found from a trial and error procedure. In many cases it is 
possible to transfer the system from the intermediate point 
to the terminal point using a discrete point approximation 
containing at most n points which satisfies the allowable 
output constraint violation on the transition interval. In 
these cases, since the system is time invariant, we can com* 
bine the solutions to both problems to obtain an approxima­
tion which satisfies the allowable output constraint viola­
tion and yet circumvent the problem of having to perform 
any minimizations of dimension larger than n.

It is noted that even though there is an output con­
straint violation it cannot be established, as in the previous 
chapter, that the transfer time for this approximation is 
less than or at most equal to the transfer time of the exact 
solution. However, since the terminal time of the first 
problem is less than or at most equal to the true optimal 
time, the maximum increase in transfer time using this method 
of approximation is the transfer time of the second problem. 
Then, although for some problems a decomposition technique 
of this type may not give good results, if this latter trans­
fer time is small we are assured that our approximation is 
a good one.
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As shown In the example below, even when a discrete 
point approximation can be generated It may be possible to 
use the above approach to obtain an even better approximation. 
This occurs because we are able to constrain the output at 
twice as many points as In the discrete point approximation.

It Is a straightforward matter to extend this approach 
to the case where the decomposition consists of more than 
two problems, i.e., where we have a number of Intermediate 
points. However, the larger the number of problems into 
which the original one is decomposed the less knowledge we 
have of the discrepancy between the transfer time of the 
approximate solution and the true optimal time.

We also remark that the terminal control problem can 
be considered to be a generalization of the time optimal 
problem in the sense that the first value of T for which 
the minimum value of (4-2) equals zero is the optimal time.

 Generalizations
In this section we consider the generalization of the 

work in the preceding sections to include the case of multi- 
output plants with more than one terminal and one output 
constraint. We consider a single input, m-output plant with 
input output relations given by (3-36). The transition 
period is a fixed interval [0,T], the terminal conditions
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are given by (3-37) and the control constraint by (3-28). 
There are amplitude constraints at n discrete Instants of 
time, t^, i ■ 1, . n of the form

JiIx (t.) | < C'
1 J 1

Jr *
x 2 (ti)| < Cj

i * 1, .. ., n

1 < j1 < J2 < *•• < Jr - m (4-27)

C. , . . ., C, > o 
J 1 Jr2

It is desired to find the control on the given interval 
[0,T] which, subject to the given constraints, minimizes 
the quantity

I
1

i. i. a)
x (T) - x, |

1/tu

OJ > 1 (4-28)

For different values of to, we obtain different meanings 
of the closeness of the actual terminal state and the desired 
terminal state. For example, for oi ■ » we minimize the 
maximum deviation of any component of the terminal state 
from the desired value of that component while for to - 2 
we minimize the sum of the squared deviations of the compo­
nents of the terminal state from their desired final values.

This problem may be reformulated by choosing some fixed 
value of 6 and asking for the control function which makes
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1 jlT “ max[x (t^)I,
(4-29)

l / c J D

Cj
1 max

i
minimum

k— 1

The smallest 6 for which the minimum in (4-29) equals 
unity then solves the original problem with constraints

The L-problem formulation of this variational problem 
is straightforward and its solution proceeds along the same 
lines as in the earlier sections of this chapter.

4.6 Example

Let us consider the double integrater problem of Sec­
tion 3.5 with the additional restriction that we are not 
allowed to perform any minimizations of dimension larger 
than three.

Also, let us look for an approximation which yields no
output constraint violation. If we use the discrete point

2approximation technique of Chapter 3 and constrain x to 
be equal or less than 0.7 at the discrete points

t x « 0.7 + 2a t2 - 0.7 + 4a t3 - 0.7 + 6a

(3-37) and (3-38) .
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where a - y(T - 0.7) then we obtain an approximation 
which satisfies all problem constraints but yields an in­
crease of approximately 15% in the transfer time of this 
approximation over the true optimal time. We can obtain a 
considerable improvement in this respect if we use the se­
quential approximation technique developed in the preceding 
sections.

From examination of the error bounds in Section 3.3 it
can be seen that by fixing the terminal time at T ■ 1.75

2and constraining x to be equal or less than 0.85 at 
the discrete points

tx - 1.15 t2 - 1.45 t3 - 1.75 ,
2that no violation of the 1.00 level for x can occur 

for 0 < t < 1.75 when we minimize

jx1 (1 .75) - 2.00| (4-30)

After performing the minimization (4-22) with the
appropriate substitutions, we find that the minimum value
of (4-30) is 0.81 and x^(1.75) ■ 1.19. The corresponding

2control and trajectory for x (t) are shewn in Figs. 4-1
and 4-2, respectively. We now proceed by finding the con-

1 2trol which steers the plant from x " 1.19, x - 0.85 to 
x^ - 2.00 in minimum time T subject to the control con­
straint
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u(t)

+1.0

- 1.0

t„ - 1.75

Fig. 4-1 Optimal Control for First Problem In Decomposition

2x

1.0

Fig. 4-2 Plot of x 2 for First Problem in Decomposition
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|u(t) | < 1 

2and an output constraint on x which we take as 

|x2 (ti)| < 0.85 1 - 1, 2, 3

where

Performing the minimization (3-19) with the appropriate sub­
stitutions we obtain T - 0.87 at which x^(0.87) ■ 2.00.

2The corresponding control and trajectory for x (t) for
this problem are shown in Figs. 4-3 and 4-4, respectively.

2Note that x (t) does not violate the 1.00 level on this 
transition interval.

Combining both solutions to the above problems (the sys­
tem is time invariant) we obtain a transfer time of 1.75 + 
0.87 ■ 2.62 which is less than 5 %  greater than the true

2optimal time of 2.5. The control and trajectory for x (t) 
for this sequential approximation technique are shown in 
Figs. 4-5 and 4-6, respectively.

As a somewhat contrived example of a case in which the 
sequential approximation technique can generate a solution 
satisfying the problem constraints whereas the discrete point 
approximation method fails to do so, consider the same problem 
as above where now we are not permitted to perform any
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uCt)

+1.0

.87
- 1.0 '

Fig. 4-3 Optimal Control for Second Problem in Decomposition

x2 (t)

+1.00
+0.85

t.87t tt

2Fig. 4-4 Plot of x for Second Problem in Decomposition
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uCt)

+1.0

- 1.0

A  , J tz i, 75
^  i

to

2.62

Fig. 4-5 Approximate Optimal Control Obtained from 
Sequential Approximation Method

2x Z (t)

+1.0
+0.85

1.75 2.62

2Fig. 4-6 Plot of x for Sequential Approximation Method
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minimizations of dimension larger than one. No discrete 
point approximation using one point exists which satisfies 
the terminal constraint yet yields no output constraint 
violation. However, by proceeding as in the above example 
it is a straightforward matter to generate a sequential 
approximation which satisfies all problem constraints.
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CHAPTER 5. AN "APPROXIMATION TO THE CONTROL" SCHEME

In the preceding two chapters we discussed an approxi­
mation method for continuously bounded output problems 
whereby the problem itself was approximated, the approximate 
problem solved exactly and the control obtained then used 
as the approximate optimal control for the original prob­
lem. In this chapter we develop a method for directly ob­
taining an approximation to the optimal control by deriving 
a necessary condition for optimality and then trying to sat­
isfy this condition as closely as possible in some given 
set of parameters.

5 .1 Initially Quiescent Plants

In this section we restrict ourselves for ease of 
presentation to consideration of a double output-single 
input plant which is initially in a quiescent state. The 
form of solution when the plant has nonzero initial condi­
tions is given in Section 5.5 and the extension to multi- 
input plants with multiple terminal and output constraints 
using the more general product spaces developed in Sec­
tion 3.6 is straightforward.

The precise problem considered is as follows: the
plant is described by the input output relations
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x*(t) h 1 (t,x)u(T>dT

0

ft
x2 (t) h2 (t,x)u(T)dT

1 2where x (t), x (t) are outputs of the plant which are to 
be controlled by the single variable - u(t). In order to 
ensure that all integrals are well defined, we assume that 
h^(t,x) and h2 (t,x) are bounded piecewise continuous and 
continuous functions of their arguments, respectively. The 
results can be shown to hold when h2 (t,x) has a simple 
discontinuity at t ■ t. We wish to find the smallest T 
such that

xX (T) - x*J

where x^ is some desired final value. There is an atnpli- a
tude constraint on the control which can be expressed as

Hull < C.OO _ i
2and a constraint on the output x (t) at every instant of 

time

|x2(t)| < C2 0 < t < T
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As in Section 3.1, we formulate the equivalent problem 
wherein we only enforce the output constraint for some 
countable dense set of times in [Q,T] which in this case
is taken to be the set It. - ® xl where m and n are[ i n Jarbitrary positive integers and m < n.

We consider the product space defined in Section 3.2
and the elements V and 9^, k - 1, 2, ... of defined
by (3-12) . Again by requiring a linear functional f to 
satisfy

1

(5-1)
k ■ 1 , 2 , ...

f('P) - x,

f ( e k ) -  o

it follows that the norm of f (the u(t) component of f
satisfies the terminal condition) is given by

£ ■ {ci; 1|u|L  ’ a“p i*2 <tk)|

The functional on having minimum norm of those
satisfying (5-1) has its norm given by (3-15) which for the
present case (x^(t) » x^(t) = 0 , p - °°) is

I l f  II inf rT n
7m,njc 

1 1
%

l-L hl(T,T)+ I y h^Jf T.t)
X, .

o
| dx + C2 I  K j }

mpl

(5-2)
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where the Infimam is over n as well as the variables 7 .m
The first value of T for which (5-2) is equal or less than 
unity is the optimal time, which we designate by Tq . We
now fix T - Tq and find a sequence of controls which con­
verges in some sense to the optimal control.

A word is necessary to explain the circuitous method 
of deriving the optimal control. In the discrete point ap­
proximation, the form of the optimal control was derived in 
Section 2.3 by taking the values of a and 7k, k- 1,2,...,N 
at which the infimum is attained in (2-24) and finding for 
the particular element

n
—* r-> *— .
a - a <p + ^  T k 0k (5-3)

k-1
that

I f (O*) | - llfllll o * » _  (5-4)
L1

As a consequence of (5-4), inequalities (2-29) through (2-34) 
all had to be satisfied by equality and we could then uti­
lize the equality conditions for Holder's inequality to find 
the form of the optimal control.

The reason why we cannot proceed in the same way and
find values 7 such that the infimum in (5-2) is attainedm*at 7 - 7 is that such values of 7 might not exist,m m  m
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Whereas it can be shown that the Infimum in (2-24) is at-
* 
'k
"ittained by some set of n + 1 finite real numbers a , y.

k ■ 1, 2, n, it is very possible that we can only
find values of y for which the infimum in (5-2) is ap-m
proached arbitrarily closely no matter how large we take n, 
Of course, if there exist values which minimize the denomi­
nator of (5~2) we can then proceed as before to obtain the 
form of the optimal control.

5.2 Form of the Optimal Control

At T - Tq , the minimum norm of any functional f on
satisfying (5-1) is given by (5_2) which becomes

inf T
Tk,n ,

[» o n
Jc
1 1

|B(r)IdT + C2 I  'I’.'
c0 mrl

- A < 1 (5-5)

where

n
B(t) - \  hl(T0 ,T) + I  y h 2 (® Td .t)

EDRl

Let n ■ 2, 4, 8, ... and for each n let Ym be those
n

y which minimize the denominator of (5-5), then m
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T - An (5-6)
o n

C1 Ic (t ) |dT +  c2 £  It * |
i n

0

where

n

and A^ is a monotone Increasing sequence approaching A.
This follows because the denominator of (5~6) is a monotone 
decreasing function of n for n ■ 2, 4, 8, ... which 
approaches the denominator of (5~5) for large enough values 
of n.

If we now solve the sequence of problems in which, for 
each n - 2, 4, 8, we wish to find the control which
makes

minimum (5-7)

while keeping
Tr* °

h 1 (TQ ,T)u(T)dT - x* (5-8)
0
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then by reproducing the analysis given in Chapter 2 we obtain
that the minimum value of the quantity in (5“7) is the value
A defined in (5-6). Furthermore, the control which im* n
parts the value to (5-7) is given by

u (t) • A C .  sgn a (t) (5~ 9)n n l ° n
where

n
o*(t) - h ^ T  ,t) + V  7* h2 { - f  T ,t) (5-10)

x , . nd m “ 1n
By examining (5-6) through (5-8), it is clear that we 

have created a sequence of controls un (i) defined by (5-9) 
and (5-10) such that each control satisfies the control and 
terminal constraints of the problem and as n increases, 
satisfies the output constraint at an Increasing number of 
points. We Intend to find a limiting control of some sub­
sequence of the above controls and show that it is an opti­
mal control.

Let $ (t) be a step function with ^n (0) “ 0 flnd dis-
* mIIcontinuities of magnitude Y at times t ■ T . Them n on

variation of each step function (see Section 2.4) is then

- I  ' O  <5-n >
0 m -1n
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Since is a monotone increasing sequence we obtain from
(5-6) that, for all n,

T
v° (*> < r V < h V  ( 5 ' i 2 )0 n - 2 n 2 1

Therefore, the step functions (t) have a uniform bound
on their variations and the sequence satisfies the require­
ments of Theorem 1, Section 2.4 so that we may select a sub­
sequence which converges pointwise on [0,T J to a function 

(t) of finite variation. Utilizing Lemma 1 of the same 
section we can ensure that the limit of the variations of 
the subsequence, still denoted by exists and sat­
isfies

T To o *
lim V (4> ) > V ) (5-13)

0 n “ 0
*In (5-10), °n (T  ̂ can now ^e rewritten

Tf o

“  " V  h i +n i 1 o
Xd

h-(t,T)d* (t) (5-14)z n
0

because for any t , the Stieltjes integral over a point of 
discontinuity t of ^(t) yields

h2 (t,T)[^n (t + 0) - f n (t - 0) J (5-15)
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Since Che discontinuity points t of ^(t) occur at

and

m m
if (J  T +  o) - if ( - &  T - o')rn \ n o  / rn \ n o  / mn

(5-16)

(5-10) and (5-14) are equivalent.
These controls define a sequence of functionals t8n J

on L.[0,T ] i o

gn(x(T)) x(T)un (x)dT x (t ) - L ^ O , ^ ]

0
(5-17)

where

K > |unl| - V l
00

(5-18)

We now introduce the concepts of weak convergence and weak 
compactness which are essential for deriving the form of 
the optimal control. (Note: the following definitions are

itaken from Ref. 29. Ihese concepts are usually called weak
*convergence and weak compactness, respectively, in the 

American literature.)

Definition; Let E be a normed linear space. A sequence 
[g^ of functionals from the dual space E (the space of 
bounded linear functionals on E) is called weakly convergent



110

to the functional gQ e E, if the sequence 8^00 8Q 00
for every x e E .

Definition; A set G of functionals from the dual space E
is said to be weakly compact if for every sequence
from G, we can choose a subsequence which converges weakly
to some functional g e G.o

From (5-18), since A < A < 1 for all n, it followsn — —
that Il8nll < for all n and consequently the function­
als gn lie in the sphere of radius AC^ in the dual space 
of L. [0,T ] (i.e., L [0,T ]). But from Theorem 3,1 O '  oo O /

29p. 117 of Liusternik and Sobolev, this sphere is weakly 
compact so that it is possible to pick a subsequence, again 
denoted by g^, such that

lim gn(x(t)) - g(x(t)) for all x(t) e [0 ,Tq J (5-19)

where g is a linear functional on L^[0,To ] with

II sll < ACĵ (5-20)

33The Rlesz representation theorem states that the bounded
linear functional g has the representation

x (t)u(t) dt u(t) e Lot [0,Tq ] (5-21)

0
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with Ugll ■ Ml.- It will now be shown that u(t) is an
optimal control.

First, since h^(t,x), hjCtjx) are bounded, they are
elements of L,[0,T ] for any value of t. (t is con-i o
sidered as a variable, t as a parameter.) Next, from 
(5-8), (5-17)

8n [hl(To'T)1 h. (T , t ) u (t ) dr - x. i o n  l <5-22)

for all n. Since

lim S ^ h ^ T ^ x ) ]  - g[h1 <To ,-r) J -
n — *

Tr* O

0
h, (T ,x)u(x)dx (5-23) 1 o

it follows that

Trt O
h1 (To ,T)u(x)dx - Xĵ (5-24)

and u(t) satisfies the terminal constraint. Since 
ttull̂  * llgll < AC^ u(t) also satisfies the control con­
straint. It remains to show that u(t) satisfies the out- 
pu t cons tra int.
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Let us take any instant of time t “ ~  T where n,n^ o i
is either 2, 4, 8, ... etc. and m is any positive inte­
ger equal or less than n^. Because of the method of con­
struction of the sequence un ^t) we have for all n > n^
^from (5-6) through (5-8))

x2 ( f -  T ) n \n^ of
hn (” ■ T ,t )u  (T)dx| 
J. o / n

(5-25)

lgn h„ (_3L T ,t) 2 \n^ o / < °2

where xn (t) *-s the plant output when control un (t) *-8 the 
plant input. It follows from g^ we^hly ^ that

° 2  -  lim lgnn —* <» h2( ^  To ’T) lg -2(̂ V T)

- I

Tf* o

0
h2(f- To,t)u<t)c1t| (5-26)

where n^ “ 2, 4, 8, ...Since the set of times jt^ ■ ^  t | 

and m is any positive integer equal or less than n^ is
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dense In [0,T j, the output constraint is satisfied ato
all Instants of time in [0,Tq ] when the control u(t) is 
applied and therefore u(t) is an optimal control.

It is possible to find a more explicit characterization 
of the optimal control. For any element x (t ) in L^[0,Tq ]

x (x )u (t ) dT - lim
n —> *

0
x (t )u  (x)dx n

0
(5-27)

“ lim
n — * oo

x(T)Anci sgn[an (T)]dT

From (5-14), the fact that ^n (t) converges pointwise to 
*

Tp (t) and making use of Theorem 2 of Section 2.4

°*<T) 1 hl<To'T) + 
xd

Tr» o

0

Tr. o

h2 (t,x)d^n (t) ±  hl(To ,T) 
xd

(5-28)

h2(t,x)d^ (t) *
C (t)

0

If a (t) “ 0 only on a set of measure zero, then by using
32the dominated convergence theorem
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lim 
n —► *

Tn O

0
x ( t ) A  sgnttrn (T> ]dT

Tr» O

0

yc
x (t )AC^ sgn[a (t)JdT

(5-29)

and by comparing (5-27) and (5-29), we see that

u (t ) - AC^ sgn a (t )

- AC^ sgn -  hx (T ,t) + 
xd

h2 (t,x)d^ (t)
0

(5-30)

is an optimal control. It also follows from the additivity 
of the Integral that (5-30) holds even If the argument of
the sgn function equals zero on some set W of positive
measure a1though, of course, (5-30) does not yield the ac­
tual value of u(t) on W.

It Is now shown that the function ip (t) minimizes

1- ^  V V t )  + h2 (t,r)d^(t)|dx + C
To

2 V (ip) 
Z 0

(5-31)
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in the class of measurable functions. It is clear that we 
need only consider functions with variations equal or less 
than

Tr> o
\  hl(T0 .T)|dT (5-32)

since the function V'(t) = 0 yields the above value for 
expression (5-31). From the proof of Lemma 2 in Section 2.4, 
it follows that the infimum of (5*31) over the class of 
functions of finite variation equals its infimum over the 
class of step functions with discontinuities at points 
®  T, m < n. Now the functions ^(t) defined previously 
form a sequence of functions such that

lim
n —*■ « I

0

i X
1 “l Vio

xd
I 1 hi (T »T) + h_ (t,x)d Tp (t) j dr 2 n

0
(5-33)

+ C, V° ( V } - B

where B is the infimum of (5-31) over the aforementioned 
class of step functions and thus over the class of functions 
of finite variation. From (5-13), (5-28), and (5-33)
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Ic
1C1

Tf. °

it hi<VT) +
xd

h2(t,r)d̂  (t) (dT

(5-34)

+ C, ° * 'IV (* ) <
0 J “

B

But the definition of B implies that inequality (5-34) is
Asatisfied by equality and therefore ^ (t) minimizes (5-31) 

over the class of functions of finite variation.
We have now shown that at the optimal time T - Tq , 

there exists a function of finite variation V' (t) which 
minimizes (5-31). Moreover, the optimal control is given 
by

u (t ) - AC^ sgn ^  M T o ’T) +
xd

h2 (t, t) dV' (t)
0

(5-35)

if the argument of the sgn function in (5-35) equals zero 
over some finite subinterval in [0,Tq J, then the control 
is undefined over the same subinterval. In some cases the 
control does not operate on the boundary of its constraint 
because such action would cause a violation of the output 
constraint. Specifically, the control might be determined 
by the fact that certain portions of the optimal trajectory
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lie on the boundary of the output constraint and It Is 
worthwhile to Investigate If this Is the case for those 
sublntervals for which the argument equals zero.

Since h2 (t,x) - 0 for t < x, expressions (5-31) and 
(5-35) may be written as

0

Tn O

i W T> - h2 (t,T)d^(t)Jdx + C V (^) 
* 0

(5-36)

u (t ) ■ AC. sgn - r  h . ( T  ,t ) +
x 1 1 °d

h2 (t,x)d^ (t)

respectively. The above expressions are the ones that must 
be used if h2 (t,x) has a simple discontinuity at t - t 

with

h2 (t,x)
t«T

lim h2 (t,x) 
t -* T
t > T

in order that the Stieltjes integrals appearing in these 
expressions be well defined.

5.3 Approximation Method

In the preceding section, we established a relationship

between the optimal control and a function V' (t) of finite
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variation minimizing (5-31). Since, in general, one cannot 
minimize (5_31) over the class of functions of finite vari- 
ation to find $ (t), we assume ^ (t) lies in some 
smaller class of functions, for example, those functions 
having a parametric representation of the form

n
f * (t) - ®n ( 0  + £  a itl (5-37)

i-*l

kn
sn (t) - £  - tt) 61(t) - 1 t > 0, B1(t) - 0 t < 0

i-1

This representation is chosen because it is known that any 
function of finite variation can be represented as the sum 
of a saltus function and a continuous function, where a 
saltus function is a step function that may possess a de- 
numerable number of continuities. The function sn (t) can 
then be considered as an approximation to the saltus func­
tion while the polynomial expansion is an approximation for

*the continuous part. If Tp (t) has the representation 
(5-37), we can then find it by minimizing (5-31) over the 
class of functions with this representation. Substituting 
the right side of (5-37) into (5-31) we obtain
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T
o

0

n
\  hl(V T> + X 7ih2(tl'T)

1-1

T
P ° n

+ h2 (t,T) dt | dT (5
0 .1-1

+ C, I IV 
1-1

Tn O

1 1 *v
1-1

( 1- 1) dx

and perform a finite dimensional minimization over the
parameters y ^ , 1 - 1, . .., kn and a^, 1 - 1 ,  n.
It Is noted that in (5-38) the Stieltjes Integration has
been replaced by a finite summation and a Riemann integra-

32tion (see Natanson for Justification).
A priori, it is not known how large the values of

and n should be chosen. In addition, the constraint of
computational feasibility places a limit on how large they
can be chosen. Even after the value of k is selected,n
one oust determine where to place the points t^ which are 
the locations of the discontinuities in the step function
sn (t). These points are discussed below.
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If In (5-37) we set n - 0 and kR - p, then (5-38) 
reduces to (3-19) and therefore the present method of ap­
proximation can be considered a generalization of the scheme 
proposed in Chapter 3. It seems likely that even if n 5* 0 
the parameters y ^  associated with the points t^ will 
mainly be associated with satisfying the output constraint 
at time t^. Therefore we should choose the number and 
location of the points t^ to correspond with those places 
(in time) at which it is essential for the output constraint 
to be satisfied. If there are no such points we can set 
kn - 0 and then choose a larger value of n in the poly­
nomial expansion to obtain a greater measure of constraint 
dispersed over every instant of time in the transition
period. In either case one should choose values of kn
and n such that the finite dimensional minimization of

n

X
J hL(T,t) + £  7ih2 (t1,x)
d i-1

rT n
+ h2 (t,t ) l dt | dt

c.0 i-1
(5-39)

+ C,
n
I +
i-1

Tr> n
| £  iait(i-1)Jdt
i-1
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which is of order k^ + n, can be performed in a reasonable 
computation time. The actual values depend on the computing 
facilities available, the form of the impulse response func­
tions h^(t,x), h2 (t,T) and the method of minimization.
Some comments on the types of minimization schemes which 
may be employed appear in Chapter 7.

The first value of T for which the minimum of (5~39) 
is equal to or greater than unity is taken as the optimal 
time T . The approximation to the optimal control is given 
by

u (t ) - sgn
n

X
x1 W T) + I  T ' i W * )
d i-1

(5-40)

H O n
+ h2 (t,T) 1 1 * * 1-1*

I 0 i-1
dt

where is the minimum of expression (5-39) at T - T q

and i " 1 > k^, *ai, i
values of Y^, a^

1, . .., n are those 
at which the minimum is attained. The 

effectiveness of the approximation is ascertained by apply­
ing the control given by (5-40) to the plant and examining 
how well the constraints are satisfied.
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We remark that the same approximation scheme and the 
same expressions ( (5~39) and (5“40)) are used even if 
t^CtjT) has a simple discontinuity at t ■ t . The inte­
grals in these expressions are Riemann integrals and there­
fore are still well defined.

It is possible to see, by examining the preceding deri-
★vation, that the function (t) is constant over those

2intervals for which x (t) cannot lie on the boundary of
★its constraint. Since ^ (0) “ 0, if we can determine

2some interval of time [0,T^] such that x (t) cannot
*exceed Its constraint, then ^ (t) = 0 on this same in­

terval. We make use of this fact in the example.

5.4 Example

In order to Illustrate the above procedure we consider
the double integrator problem treated in Chapter 3. We
first look at the solution to the problem with unconstrained

2outputs and note that the given output constraint on x (t) 
is violated for t > 1 second. As pointed out in Section 3.5 
it is impossible for the output constraint to be violated 
for t < 1 second. The statement in the preceding para- 
graph then implies that ^ (t) = 0 for 0 < t < 1 seconds.

•Hf
Instead of choosing an approximation for ^ (t) of the 
form (5-37), we choose
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n
1rn (t) ” sn (t) + 1  a l(t ‘ L> 6 <e ‘ l>

i-1

n
Sn (t) “ 1  7 ibl(t " tl)

i-1
2To be specific, let n - 2, k ^ - 1 ,  ti * 3 T * As stated

previously, this will place heavy emphasis on the output 
constraint being satisfied at t^ - ^ T where T is the 
optimal time. Expression (5*39) becomes

r»T

| A ( X  - t ) +  T  - t )

T

61(t - t ) taL+  2a2(t- 1) ]dt|dx +  l'V1 l ( 5

|ax + 2a2 (t - 1)|dt

For x < 1

-41)

&1 (t - t ) [ax + 2a2(t - 1) ]dt - a ^ T  - 1) + a2 (T2 - T) (5-42)
**1
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For t > 1

rT
61(t - t ) [ax +  2a2 (t - 1) ]dt- a ^ T  - t ) +  a2 [(T2 - t 2 ) - (T - t ) ] (5-43

** 1

Using (5-42) and (5-43) we find chat the first value of T 
for which the minimum of (5-41) with respect to y ^ t a^, a2 
is equal or greater than unity is T - 2.5 for which the 
minimum equals unity. The values of the parameters which 
yield this minimum are

The control specified by (5-40) is

u (t) - sgn [£(1 - t) J - 1 ° < t < 1
(5-44)

u (t) - sgn [0] - ? 1 < t < 2.5

2 2At t - l , x ( l ) - l  which places x on the boundary of
its constraint. In accordance with the discussion follow-

2ing (5-35) we investigate the possibility of x (t) re­
maining on the boundary for the interval for which the 
argument of the signum function is zero. This requires

u(t) - 0 1 < t < 2.5 (5-45)

so that the control is now completely determined.
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It happens that in this case the approximate optimal 
control given by (5-44) and (5"45) turns out to be the exact 
optimal control. The plant outputs and optimal control are 
shown in Fig. 5-1.

 Plants with Nonzero Initial Conditions
If the plant is in a nonquiescent state at the initial 

time then the modification of expression (5-2) to take ac­
count of initial conditions is

inf rT n
+ c2 I  l*J;

a,7m,n J
n 1D ( t ) | dx

ac + ) y d “ 1 t 0 idfI

(5-46)

where

n
D(t) - ah^T.x) + £  y j x 2 (= T,t)

m-1

c - x* - x*<T)

2 /e
m - x (?*)

and x^(t)j i • 1, 2, expresses the effect of nonzero ini'
thtial conditions on the i plant output at time t. By 

repeating the steps in Section 5.2 it is found that at the
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Fig. 5-1 Plant Outputs and Optimal Control for Example
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optimal time Tq there exists some constant a and c 
tion of finite variation f (t) which minimizes

T

|ahl <To ,T) +

Tr. O

0
h 2 (t,T>d^(t)JdT + C9 V if) 

* 0

subject to the constraint

a (xd ' xo (To>) '
0

x q (t) d^ (t)

The optimal control is given by

u (t ) ■ AC^ sgn a h. (T ,t ) + 1 o h2 (t,T>d^ (t)
0

func-

(5-47)

(5-48)

where A is the inverse of the mininum of expression (5-47).
Applying the method of Section 5.3 to approximate the 

optimal control (5-48), we first minimize
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r,T

0

n
|cth^ (T, t ) +  £  'Yjh^t^'r) 

i-1

rT n ]
+ h2 (t,x) i dt | dx

0 i-1
(5-A9)

+ C,
nI i-Vi1 +

T

l£ iait(i'1)|dt
i-1 o 1“ 1

where kn and n are fixed, subject to the constraint

a (xd ' xo (T)) + !  y L (' xo (ti))
i-1

(5-50)

rT n
Xo (t> I  *V(1'1}dt - 1

0 .i-1 J

The first value of T for which the minimum of (5-49) (de­
noted by A^) is equal or greater than unity is taken as
the op t ima 1 t ime T .o
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The approximation to the optimal control is given by

u (t ) - A ici sSn
n

a *h l (To ’T) +  I  ■V1h 2 (t1 ,T) +
i-1

T
P °

h2 (t,t )
I ^ (i_1)dt

0 i-1

★  ★ *where a . y . , i « 1, k and a., i - 1, n arei n i
the parameters which minimize (5-49) subject to (5-50) at
time T . o
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CHAPTER 6. TIME OPTIMAL CONTROL OF DISCRETE SYSTEMS
WITH BOUNDED OUTPUTS

In this chapter we consider discrete systems with
bounds on the outputs as well as the inputs. Difficulties
arise from the fact that for systems with control amplitude

tilconstraints the value of the control at the i step is 
proportional to sgn[f(i)] where f(i) is some known 
function of i. In many cases f(i) is equal to zero for 
several values of 1 and at these steps the control is 
undefined. A procedure is given for finding the value of 
the control at these steps. We remark that in this chapter 
the product space approach yields the exact optimal solu- 
tlons.

6it £rablem Statement
Consider a double output-single input plant whose 

dynamic behavior is described by the discrete operator equa­
tion

N
y(N) - ^ (N) + £  H(N, i)u(i) (6-1)

i-0

where y(N) is a two dimensional vector representing the 
output of the plant at the N**1 step, u(i) is the scalar 
input at the ith step and the 2 x 1  matrix H(N,i) is
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an "impulse response" matrix whose element h^(N,i), £-1,2
threpresents the £ output response observed at step N 

when all initial conditions and Inputs are zero except for 

u(i) - 1.
The vector yo (̂ ) represents the contribution to the 

output vector at time N due to nonzero initial conditions
in the plant at time zero. This is assumed to be known for
all N > 0.

Equation (6~1) may be obtained when a discrete plant 
is considered which is described by the linear difference 
equations

x(N + 1) - <P(N)x(N) + A (N)u (N)

y (N) - M(N)x(N) + P(N)u(N)

35For the particular case when 9(N) - <p is constant

y^N) - M(N)<PNS (0)

H(N,i) - P(N) N - i

H(N,i) - M(N)9N~1”iA(i) N > i

The problem considered is that of finding the smallest 
N and the corresponding control such that

y^N) - y* (6-2)
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where is the first component of the output vector y
and y^ is some desired terminal value. We have a con­
straint on the input sequence u(i) of the form

1/P
lu(i) II

N
X M D I
i-0

< ci p > i (6-3)

where is a positive constant. For p - 1, 2, we have
area, energy and amplitude constraints on the input sequence, 
respectively.

We also have a constraint on the second output compo­

nent y2(*-) °i

ly2 (i) " y2 (i)lt
p'

N
£  ly2 (i)-y2 (i)
i-0

i /p

< °2 p' > 1 (6-4)

where C2 is some positive constant and y2 (i) is some 
desired trajectory. For p ■ we constrain the maximum
deviation of the actual trajectory from the desired one, if 
y^(i) “ 0 this becomes an amplitude constraint on y2 (i)* 
For p ■ 2, we constrain the squared error of the devia­
tion.

It is remarked that the following development directly 
extends to multi-input systems with nultiple control, termi­
nal and output constraints and that it is also possible, by
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using Che multi"norm procedure of Sarachik and Kranc, Co 
handle differenc Cypes of consCrainCs (e.g., amplicude and 
energy) on discincC components of Che input and/or output 
vector.

This problem may be reformulated by tentatively fixing 
N and asking for the control which makes

max IrJ" ||u(i)|| » 4" II y, (i-) - y?(OII } “ min (6-5)
1C1 P c2 2 2 p'J

while maintaining 

N
£  H1(N,i)u(i) " y j “ yoi(N) (6-6)
i-0

where H^(N,1) is the first row of the impulse response 
matrix H(N,1) and yoi(^) is the first component of the 
initial condition vector. The first value of N for which 
the minimum is (6-5) is equal or less than unity then solves 
the original problem specified by (6-1) through (6-4).

6 .2 Formulation as an L-Problem in the Theory of Moments

Using the method employed by Katz and Kranc, suitable
Banach spaces are constructed so that the problem specified
by (6-5) and (6-6) may be reformulated as an L-problem in

30the theory of moments.
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Consider the space of N + 1 dimensional sequences 
a(i), i - 0 ,  1,..Nwhere a(i) is a real number for each i, 
having

NI la(i) |r
i-0

1/r
r > 1 (6-7)

Defining an addition operation between two sequences a^(i) 

and a2 (̂ -) ^y

(6 - 8)(al + a2)(i) - a^(i) + a2 (i) i

an operation of multiplication between sequences a(i) and 
rea 1 sea lar s a. by

(aa) (i) - aa(i) (6-9)

and designating (6-7) as the norm of any element a(i) in 
this space, it is clear that the space of such sequences

/ H | 1 \
is a Banach space which we denote by I

Define the indices q, q' conjugate to p, p', re­
spectively by

1 + 1 -  1 ,p  q + A  - 1p q (6 - 10)

and consider the product space consisting of composite
_ (N+l)vectors a(i) formed by pairing sequences b(i) in

(N+l)with sequences c(i) in £ #
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Jkm\ h ( i \ p . c (t) ( c (i) e (6-11)a(i) - |b(i) , b(l) e £q
i

If we define addition of 2 composite vectors a^(i)
jb^i), Cl(i) and a2 (i) - |b2 (i), c2 ^ }  by

(Bl + a2)(i) - jbj/D + b2 (l) , Cl(i) + c2 (l) (6-12)

multiplication between composite vectors a(l) and real
scalars a by

(aa)(i) - |ab(i) , ac(i)| (6-13)

and the norm of a composite vector a(i) as

ll«(i)ll_
4

- CjJIbd)!^ + C2ltc(i)||q/ C;L, c2 > 0 (6-14)

where

N 1/q N 1/q
llb(i)|tq - £  lb(i)lq

i-0
> l|c(i)||q / - X  lc(l)lq ' 

i-0
(6

then it easily follows that is a Banach space.
a) Any bounded linear functional f on has a repre-
sentation

£ (a(i)) - I  

i-0

N
b(l)u(i) + £  c (1) v (i) 

1-0
(6-16)

with u(i) in t U * 1) and v(l) in *<■«>. P P
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b) The norm of the functional f of (6-16) defined as

if [a(l) ] |
I lf  II sup 

a(i) * 0 lla(i)IL
(6-17)

is given by

I lf  II

where

max IIuCi) II > TT" llv(i)|| ,p C2 p (6-18)

N 1/P N 1/P#
M O I L  - y iu(Dip , IIv (i) |1 / - 2  W(i)lP ' (6-19)

tf
i-0 r i-0

To apply these developments to the problem specified by 
(6-3) and (6-6) we assume that the elements of H(N,i) are 
finite for all N and i. We may then construct from them 
composite vector of the form (6-11)

<p(i) - |h  ̂(N, i) ; 0 (i) G(i) = 0 i - 0, 1, N

ek (i) - |h 2 (k, i) ; - ek (i)j ek (i) - 1, i - k, ek (i) - 0, (6-20)

i ^ k ,  k - 0, 1, .. ., N

where and 1^ are the first and second rows of the im­
pulse response matrix respectively. From the definition of
the impulse response matrix ^(k,!) “ 0 for i > k.
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By requiring that a functional f of the form (6-16) 
satisfy

f(?(i)) “ yj “ yoi<N) (6-21)

we are requiring that the sequence u(i) satisfy (6-6) .
If we further require that f satisfy

f(®k(t>) " V2(k> ' yo2(k) k ■ °* 1’ •••' N (6_22)
we are simply requiring that

N
v (k) - yo2(k) + X  H2 k̂ »i^u ^1) " y2 <k>

i-0
(6-23)

- y2 (k) - y^(k) k - 0, 1, . N

where the last equality in (6-23) follows from (6-1) and 
the fact that H2 (k,i) - 0 for i > k. The norm of f, 
as given by (6-18) then becomes

!lfll - Uu (i)lip » ily2 (i> - y2 (i)"p'} (6-24)

which is the left side of expression (6-5).
It is now clear that the abstract problem of finding 

the bounded linear functional of mininum norm on which
maps the given elements <J>(i) and @^(i)# k - 0, 1, . N 
of this space into the given fixed scalars specified by
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(6-21) and (6-22) is equivalent to solving the variational 
problem (6-5) and (6-6) and the first value of N for which
this functional has its norm equal or less than unity is the
optimal step number. This abstract problem is what is 
known as an L-problem in the theory of moments

6.3 Existence of an Optimal Solution

If the scalars in (6-21) and (6-22) are to be arbitrary,
then the vectors <P(i) and £^(i), k ■ 0, 1, N, must
be linearly independent and although this is obviously true
in the present case for any nontrivial H^(N,i), we must
impose suitable restrictions (such as complete output con- 

35trollability) on the plant when there is more than one 
terminal constraint to ensure this condition.

The vectors 9(1) and t?̂ (i) , k ■ 0, 1, ...* N being
linearly independent, span an N + 2 dimensional space and 
a linear functional f^ satisfying (6-21) and (6-22) can 
be defined on this space by

N N N
£i(ai+ 1 Vk)"a£i(q,> + I  Vi<V ■ ac + I  Vk (6_25)

k-0 k-0 k-i

where

c " yl " yolW  ' dk “ y2 (k) ' yo2(k) (6-26)
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and 9(1), have been replaced by cp, 0^ for con­
venience. The norm of f^ on this N + 2 dimensional 
space is found from (6-17)

ifi(a 9 +
sup
a 'Yk 

not all - 0

I V k )
k-Q_______

N
II otcp + I  V k 11 r

k-0

N
(6-27)

|ac + I  Vk1
sup
a,7k

not all - 0

Jsr.tLN

la* + I Vkl!r
k-0

N
or since ac + z 7idi, “ 0 clearly does not give the

k-0
largest value of this ratio,

Inf
v , 7]
N

N (6-28)

II019 + £  7k0k^-

Qc + I Vk'1
k-0

k-0
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Using the explicit form of the norm in given by (6-14)
and (6-15)

(6inf
a '^k !
n  I n

ac I  Vk-1
k-0

N
I  i»<«
i-0

1 / q
+ C,

N
I ' V
k-0

i / q '

where

N
B(i) - aH1(N,i) + £  ykH2 (k,i)

k-0

The Hahn-Banach theorem asserts that the functional de- 
fined by (6-25) can be extended to a linear functional f 
over without increase in norm. Since any extension
of f^ over must have its norm equal or greater than
that of f^, we therefore infer that the functional of 
minimum norm on satisfying (6-21) and (6-22) has its
norm equal to (6-29). The first value of N for which 
(6-29) is equal or less than unity is the optimal step num­
ber hereafter called N .o

6.4 Form of the Optimal Solution

The existence of an optimal control for the original
problem specified by (6-1) through (6-4) at step Nq has

-29)
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just been established and we now turn to a derivation of the
actual form of an optimal input sequence.

It can be shown that the inflmum in expression (6-29)
(N - N ) is attained at some values of a and y.,O K
k - 0, 1, ..., N and let a - a , " y k - 0, 1, . .., N

* N *with a c + Z Y.d, “ 1 be such values. Also let f be
k-0

any functional of minimum norm satisfying (6-21) and (6-22). 
From what has just preceded, the norm of f is equal or
less than unity and the u(i) component of f specifies
an optimal input sequence. Let the norm of f equal A
where A < 1. From the definition of the norm of a func­
tional, (6-17)

|f(a(i))l < llf||l|a(i)IL (6-30)
L1

But

N N
1 -  |f(a*<p + £  V j l  < llflllla*<P +  £  V k L  " 1 <6 ‘ 31)

k.0 k^O L1

where the last equality is obtained from (6-29) using the
4cfact that the inflmum is attained at the values a - a ,

k - 0 ,  1, ..., N and that “ llfll* Therefore

N N
|f(a*5 + £  V j l  - llf|llla*9 + £  V kIL (6-32)

lp-0 k-0 L1
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or, more explicitly, using (6-14) through (6-19) and letting 

a*H1(NQ ,i) + 7kH2(k,i) - a*(i) , g2 (k) " Y2 <k) " y2 k̂) *

we have

N N
£ a*(L)u(l) + £ Tkg2(k)| -
i-0 k-0

(6-33)

max|̂ H|u(i)||p, l̂lg2 (DIIp / j[c1!l a*(i)||q + C2l|y*(i) ||q, ]

where
*7 (i) i-0, 1, N

Since | a + b |  < |a| + |bj

N0 N0 N0
| £ a (i)u(i) + £ 7 (k)g2(k)| < | £ o*(i)u(i) |
i-0 k-0 i-0

+ I £ 7 (k)g2(k) | 
k-0

From Holder's inequality

(6-34)

N
I
i-0

a*(i)u(i)| < lla*(i)ll llu(i)|| - C L!|a*(i)||( ■||u(i)||, (6-35)
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N
I £  'V*(k)g2(k ) |  < \\y ( i ) | |  /IlgjCOll / ■ C2j|7 * ( i)
k-0

r ugo (1) II2 p j
(6-36

Adding Che above two inequalities

N No o
* . r- *| £  a (i)u(i) | + j £  'YfcgjOOl < CjJIo (i) 

i-0 k-0
C nu (i) lip

+ C2 ||7 (Dll /
p

(6-37)

From

ab + cd < |max 

it follows chat

jb, djj [a + cj a, b, c, d > 0 (6-38)

C 1H o*(i) ^Hlu(i)||u. p +  C2i l T * ( i ) ! l q / [^ " l lg2( i ) l l

maxj^-||u(i)|lp , ^ttg2 (i)H #]’[ c1l l ° * ( O l l q +

(6-39)

Comparing (6-33) and (6-34) through (6-39) one finds that 
all inequalities in (6-34) through (6-39) must be satisfied 
by equality. A necessary condition for equality in (6-33) 
is

u(i) - K|cr*(i)|q 1 sgn cr*(i) (6-40)
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where egn [a ] - 1 tf a > 0, sgrv [a ] - - 1 If a < 0 and 
sgn[a] is arbitrary with its magnitude less than 1 when 
a - 0. K is an arbitrary nonzero constant.

A necessary condition for equality in (6-38) is b - d 
so for equality in (6-39)

||u ( i) |l -  ^  llg2 U ) ‘l (6 -41)
C1 p C2 2 p'

(6-41) is true provided ||y (i)|| / > 0 and this condition 
holds whenever the output constraints are active, i.e., the 
constrained output solution differs from the unconstrained 
output solution. Therefore

4"llu(i)|l - max {fHlu(i)|| , r “l|g2 (i)lt } - ||f|l - A (6-42)
CI P tCl P C2 2 p'J

At this point we see that, if A < 1, we are driving the 
system to the desired terminal condition while satisfying 
the constraints,

Hu (i) IIp < AC2 , IIy2 (i) - y2 (t)||p , < AC2

From (6-40) and (6-42)

lN° p]
1/P [No

1/p

llu(l)llp - K l ( \ o \  1 ) 0 "
i-0

- K I  Ia*(l)|q
i-0

(6-43)
- K||a*(i)||p - ACr
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or

K - AC1l|o*(i)||^'q (6-44)

and

u(i) - ACjJI o*(t) ||̂  q |a (i)|q 1 sgn[a (1)] (6-45)

The above expression is the explicit form of the optimal 
inpu t sequence.

6.5 Special Considerations for Amplitude Constraints

In the case when there is an amplitude constraint on
the control sequence (p “ q “ 1) , the control sequence

* ✓is not defined whenever o (i) - 0.
However, the existence of an optimal control at N - Nq 

has already been established and the following procedure 
can be used to obtain the control at those steps where 
o (i) “ 0 provided the number of such steps is not exces­
sively large. The control is determined (and equals ± AC^)

"ft Tfrwhen o (i) j* 0 and for those points at which a (i) - 0 
we form a suitable grid for the interval [-AC^, +AC^ ]. A 
search is performed over the grid to find the values of the 
control which satisfy both the terminal and output constraints 
by finding the outputs of the system when the determined 
part of the input sequence and the chosen grid point are
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applied as the system input. Each step at which o (1) * 0 
adds another dimension to the search and consequently if 
there are many such steps, the suggested procedure may be­
come too time-consuming.

For the case when there is a limitation on the maximum 
deviation of the output from some desired trajectory it is 
frequently possible to reduce the search time. Suppose 
that at the j ̂  step y (j) 1*0. The fact that y (j) ** 0 
Implies that the output is on the boundary of its constraint 
a t the jth s tep, i.e.,

Iy2 (j) * y2 (J) I " a c 2 (6-46)
ic

Therefore, for all i < j for which c (i) - 0 we 
need only consider values of the input which satisfy (6-46).
If for a particular selection of input values at the steps

a thwhere a (i) - 0, i < j, we reach the j step and find
that (6-46) is not satisfied, then the chosen input values 
are not part of an optimal input sequence. It is clear 
that the reduction in search time is obtained by eliminating 
input sequences which merely satisfy the output constraint 
at the step and examining only those input sequences
which force the output to the boundary of its constraint.
In some cases (as shown in the example below) the values of 
the control at certain steps of the input sequence are de­
termined directly from (6-46).
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6.6 Special Considerations for Area Constraints

In the case when the input sequence has a constraint 
on its area (p ■ 1, q " °°) expression (6-45) must be 
given a proper interpretation. This can be accomplished

35by using a limiting process as done by Sarachik and Kranc 
in their paper considering discrete systems without output 
constraints, but here we revert directly back to the Holder 
equality conditions. Inequality (6-35) still must be sat­
isfied by equality and if i^, ±2 > •••> 1 > are those 
values of i for which a (1) attains its maximum magni­
tude , i.e.,

|0*(1 )| - m m  | a*(l) I j - 1, .... p (6-47)
0 < 1 < No

then any assignment of values to u(i) such that
u(i) - 0 i * iL, ..., i

★u(ij) " aj sgn[a (ij)] j - 1, ..., p > 0
(6-48)

meets this condition. Since (6-42) remains true the only 
remaining requirement on the input sequence is that

P
£  I a j | ■ AC^ (6-49)

J - l

Therefore any input sequence satisfying (6-48) and (6-49) 

is an optimal input sequence.
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6.7 Example

As an illustration of the above procedure, consider 
the system described by the following difference equations

xx (n + 1) l 1 0 X

x2 (n + 1) - 0 1
2 0 X

x^(n + 1) 0 0 1
2 . X

yL Cn) 1 0 0

y2 <n) 0 0 1

1

"2

:3

14
12

u (n) (6 - 50)

(6-51)
Xj^(n)

x2 (n)

x3 (n)

Where u(n) is a scalar input. Let x^(0) - *2 (0) ■
x^CO) - 0 and it is required that y^ return to the origin 
in the least number of steps with the constraint that in 
the transition process the following inequalities remain 
valid:

|u(n)| < ^ , y2 (n) < 3 n * 0 j 1 j * * • 

The Input-output relations for this system are

y l (n) xL (0) N-l I [2 _ 2-W142J

y2 W
m

2‘Nx 2 (0) + I
i-0

1 «-N+i+1
2

u(i)
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The first value of N for which expression (6-29)
^y^(i) s o) is equal or less than unity is N - 3 for
which it equals unity. One set of minimizing parameters

1 3
are a - - 3, ^ 2 * 2 *  ^3 " w îen the8e parame-

2ters are substituted in (6-45) we find that u(0) “ “ 3 
* */and a (1) - a (2) “ 0 so that this formula does not de­

termine u(l) and u(2). However, y ^ ,  y ^ are not zero 
so that

y2 (!) - ± 3 y2<2) " 1 3

By examining (6-50) and (6-51) we see that the input at the 
i ^  step, u(i) has no effect on y^(i) or y2 (i). Ap­

plication of u(0) “ “ 3 yields y2 (l) “ ~ 3 * Since

y2 <2) - \  y2 (l) + \  u(l) - t \

we obtain

u(l) - 2 (* - \  (- *)) - 1

or

u (1) “ 2 (” 3 ” 2 3^) " ' 3

Since the first value violates the control constraint, we 
must have u(l) ■ - The value of u(2) is determined
by a search to be equal to zero. The value of u(3) need
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not be determined since it does not affect the output at 
the third step. The output sequence y^(i) is given by

yi<°) - yj/1) - -J, yt (2) - yt (3) - 0

while the output sequence y2 (i) is 

y2 (0) - 0 , y2 (l) " " 3 * y2 (2) “ " v  y2 ^  “ " 6
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CHAPTER 7. NUMERICAL CONSIDERATIONS

We now discuss the numerical procedures used In the 
preceding chapters. First, some theoretical properties of 
the functions we are trying to minimize are derived and 
then we examine some of the practical aspects of performing 
the minimization. No new algorithms are presented.

7.1 Convexity

For the discrete point approximation method of Chapter 
3, the approximate solution is obtained from the minimization 
of expression (3-19) which is repeated below for convenience

This is a constrained minimization problem however, since 
there Is only a single equality constraint, we can eliminate 
the variable a (assuming c 4 0) to reduce the above ex­
pression to

1 / q
min

P

1-1
P

+ C'2
1-1
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minic^
-v. '

0
!c h i<T ’T) +

i-l
h 2 (tk ,T) - h ^ (T, t ) dT

i / q

(7-1)

+  c . I  î1}
i-l

which is an unconstrained problem. Therefore, in the fol­
lowing, we restrict our discussion to minimization problems 
of the type (7-1). The basic property of the term in the 
braces of (7-1) is that it is a convex function of its argu­
ments as we prove in the next theorem.

Theorem 7„«1
Consider the function of the variables 7 ., ... y1 P

defined by

|f(t ) +  ^  Y ig i (x)|qdT
i-l

i / q
p
I
i-i

+ c2 £  ,Ti l q > 1 ( 7 ' 2 )

where the functions f(x), (t ) , ..., gp(^) are bounded
piecewise continuous functions of their arguments. Then 
(7-2) is a convex function of the variables y ..., 7p*

Proof: A function y •••> 7 ) Is convex if it is
never underestimated by a linear interpolation between any



153

two points, that Is, If (y^ •••» 7 ) and (y^j ...> Yp) 
represent any two points and if for every number a. satis 

fying

0 < a < 1

then it is true that

_  A —  A —  —
y < a 7 x +  (1 - a ) Y L > aY p +  (1 “ a)Y > < a y < Y 1> Y p >

+  (1 - a ) y < y 1 , ..., Yp >

From the definition of the norm in L^[0,T]

rT i/q rT
|a(T) + b(-r) |qdT < |a(T>|qdT

*0 t0

i/q

(7-3)
i/q

Ib(x)|qdx
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Therefore

tr

|f(T) + £  [ci'Y1 + (1 - a ) ^  gi(x)|qdT
i-l

i/q

Also

| af (t) +  £  a'Vigi(x) + (1 - a)f(x)
i-l

+ £  (1 - a)Yig 1(T)|qdx
i-l

i/q

(7-4)

< aCx |f(x) + £  (t) | qdr
i-l

i/q

+ (1 -«)
r»T

|f (t ) + £  Yjgd) I
i-l dx

1/q

°2 Z  la7t + (1 - aL>Yt l < aC2 £  h j ^ l + d - a ) ^  £  Iy J  (7-5) 
i-l i-l i-l

Adding inequalities (7-4) and (7-5) we obtain the statement 
of the theorem.
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The importance of the convexity of (7*2) is that it
assures us that any point which is a local minimum of (7*2)

37is also a global minimum. Since practically all of the 
minimization schemes in present use converge only to a local 
minimum, the convexity property yields that this local mini­
mum is indeed a global mininum and therefore may be used to 
generate the optimal control by (2*40).

7 .2 Minimization Schemes Requiring Defined Gradients

There are many techniques one can use to perform the 
minimization required in (7*1); the two that were used in

38this dissertation were the methods of Fletcher and Powell
39and Fletcher and Reeves. It is convenient to group func­

tions into two main classes according to whether the gradient 
vector is defined analytically at each point or must be es­
timated from the differences of values of the function.
The two schemes mentioned above require an analytically de­
fined gradient and we now show with the aid of the proposi­
tion below that under suitable restrictions these schemes
can be applied to the minimization (7-1). The proof of the

40proposition is essentially one given by Neustadt.

Proposition 7.1: Consider the function of the variables

Y u  . y defined by i p
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2 (Yj) • » • » "̂ p̂
J

0

|f(t) + £  Y ^ O O  IdT
i-l

(7-6)

where the functions f(x), g^(T), ...» gp (T) are bounded 
piecewise continuous functions of their arguments. If, for 
any values of the variables y »̂ ...» Yp »

f(x) + £  Yjg^x) - 0
i-l

(7-7)

only on a set of measure 0 in [0,T]f then the function 
z(y l» ...» Y ) has continuous partial derivations with re-

.... yPspect to Y^» ...» Y

Proof: Let

. .., Yp) - f (t ) + £  Y181 (t )
i-l

then

A.z (y  . » • • » » Y ) " 2 (y  -i » ...» Y. +  AY . » ...» Y ) " 2 (y  i » ...» Y ) J I P 1 J J P I  P

|Io (y x, ...» Yp »T> +AYjgj(T)
0

(7-8)

- Io (y 1» ...» Yp »T)IJ dx



From assumption (7“7) the set (x: 0(7 ,̂ . y  , x) - 0}
has measure zero for any y ^ t . 7 . Hence, for any
e > 0, there exists a B > 0 such that the set 
Aq - (t: |a(7j, •••> y j t)| < 5) has measure less than
e . Let

V* " |T! 0(7^, Tp » x) > bJ

- jx: o(7 l, . 7pl t) < - 6|

Also, let

M - max ]g, (t ) 
0 < t < T J

If we choose A7  ̂ such that l^j! < m*

lATjgj(x)| < 6

and we obtain on Â _ that

(0(7 ^  Yp , x) + A 7jgj(x)| - IoCYĵ , Yp > x)

and on A that
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Rewriting (7-8), we have

gj(T)sgn[a(71 , 7 t) ]dT

A+ U A

Jo (y 1, • •, Y , t ) +  ATjgj (t )|

A

- |a(r1# . . 7p > x) | j dx

The second integral is less in absolute value than |ATj|Me 
Hence

 V .
at .

r,T

0
gj(x)sgn[a(T1, y , x)Jdx|

fgj(x)|dx + Me < 2Me

Letting ATj -*■ 0

d z ( y lf . . Tp)
5t 4

J

gj(xJsgntaCTj^ Tp, x) ]dx (7-9)
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for j - 1, p. The continuity of (7-9) follows from
assumption (7-7). Similar arguments suffice to prove the 
continuity of the other partial derivatives and the proposl1 
tlon is obtained

This proposition shows that for a magnitude constraint 
on the control (q - 1), the expression

0
ic + i

i-l
„ b,(T,x) c 1 | dr

1 / q
( 7- 10)

has continuous partial derivatives with respect to

r 1 *   p
on the control (q - 2). We restrict ourselves to these 
two cases. Since

, 7 - This is also true for an energy constraint

d“ la| “ sgn[a] a 0

and the derivative is undefined when a - 0 , it follows 
that (7-1) has an analytically defined gradient everywhere 
except for those points where at least one 7 ^ equals zero. 
If we define

- 1
q-0

then (7-1) has an everywhere defined although discontinuous 
gradient. The minimization schemes of Fletcher and Powell



160

and Fletcher and Reeves both converged to the global minimum 
of (7*1) for all examples of Chapters 3 and 4. Even for 
some test problems for which some of the constraints were 
not active, and hence - 0 for some i, convergence 
was obtained although the computational time was somewhat 
greater.

When solving time optimal bounded output problems for 
discrete systems with magnitude constraints on the control 
the expression analogous to (7*1) from which the solution 
is obtained is found from (6-29) to be

min ic^
'V . (.

N N d
I  'c + I ^k H2 (k, 1)

u 
- —c 1

. i-0 k-0

N 1/q'

+ C2 I i v q ' ■
k-0

(7-11)

In contrast to the situation for continuous systems, the 
first part of this expression

N N
C1 I lc + I Tk H2 (k,i) - (N,i) 1

i-0 k-0
(7-12)

does not possess continuous derivatives. Specifically (7*12) 
does not have its derivative defined at those values of

y l* ***' for w h l c h
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N a4
0 for some t (7-13)k 

k-0
H2 (k,I) - (N,i)

However, the expression in braces in (7-11) is still a con­
vex function of the variables 7 ,̂ •••* 7N and it seems
that a finite difference method such as the one proposed by 

41Powell should converge reasonably well for problems of 
this type.

7.3 Practical Aspects of the Search

The methods of Fletcher and Powell and Fletcher and 
Reeves are both available in the IBM supplied Scientific 
Subroutine Package so that the programming required for 
the search procedure is relatively simple. The user must 
only supply a subroutine which yields function and gradient 
information for given values of the arguments.

One point to be noted is that the Integrands appearing 
in the function and gradient evaluations are discontinuous. 
Since most of the standard integration procedures are com­
putationally accurate only when the integrand is continuous, 
we should first locate the integrand discontinuities, then 
subdivide the interval of integration such that the inte­
grand is continuous on each subdivision and then sum the 
results of the integrations on the subIntervals to obtain 
the total integral. The method used for locating discon­
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tinuities was an initial rough search followed by three 
refinement searches. The initial search is used to isolate 
the discontinuities and the number of subintervals into 
which the original interval is divided should be as small 
as possible consistent with this objective. For the ex­
amples worked out in this thesis, two hundred subintervals 
were found to be sufficient. Once a discontinuity was lo­
cated in a certain subinterval, a series of three searches 
of five increments each was employed to narrow the interval 
o f uncer ta in ty.

The optimal time was also located by a search proce­
dure. A value of T was chosen, the minimization (7-1) 
was performed and if its value was less than one T was 
increased, if its value was greater than one T was de­
creased. Once the optimal time was bracketed by values of 
T for which (7-1) was less than and greater than one re­
spectively, a bisection method was used to find the optimal 
time to the desired degree of accuracy. This method was 
used because the initial guess for T was taken as slightly 
greater than the optimal time for the problem without out­
put constraints. This latter time provides a lower bound 
on the optimal time for the constrained output problem.
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The computational time for the examples in this thesis 
which were worked out on the computer was approximately two 
minutes.
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APPENDIX I

Given two Banach spaces X and Y, we form the set 
X x Y of all pairs (x,y) (x e X, y e Y). When linearized 
in the natural way, the set X x Y becomes a Banach space 
on introducing the norm

ll(x,y)|| - ||xl| + Hyll (Al-1)
42As shown in Kantorovich every linear functional f on 

X x Y has a representation

f[(x,y)] - f 0 0  + f (y) (Al-2)x y

where ^x (fy) is a linear functional on X(Y).
Let the norm of f be defined as

II r II I f t(x,y) J1
llf!l SUP II (x,y) || (A1'3)

Then since

f x ( x ) l  < II f x llllxll f f y ( y ) l  < II fy llIIyl! (A 1-4)

we obtain

| f x (x )  +  f v (y )  I I f  ( x ) |  +  | f y (y)11 £11 ’ 9UP II fr,'y)f  < * ll(x,-y)ir
IlfJIIIxll + HfJIIyll 

* “ p *  llfr,y)f  (A1’5)

< sup
{max(11 f x l| f I l f y ||) ■{llxll +  IIyll 'j'

II ( x , y) [ max(]| f  J l ,  Ilf II) 
y
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We now assume il fxl| > il f || . The arguments to follow are
easily modified if ||f || < ||f || . From the definition ofx y
the norm of a functional, for any e there exists an ele* 
ment e X such that

l£x 0ci>l > II fxl! 11x̂ 1 - e llxjJI

If we now consider the element (x^,Oy) (0^ is the zero
element of the space Y) then

I f U x , y) J | U K x ^ O y ) ] ]fl1 ■ sup iiT y fr   ̂"iruTtrfn K r

Since e is arbitrary

(Al-6)||f|l > max j | | f  ||, | l f  II - t x y

Inequalities (Al-5) and (Al-6) yield that

||f|l - max j l l f x ll» I l f  yll 1

Equations (2-15) and (2-17) follow by associating the space
Lq[0,T] with X and with Y and making use of the

29representation of functionals on these particular spaces.
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APPENDIX II

In this appendix we derive various forms of the Holder 
inequality needed in the main body of the thesis. Depending 
upon the form, this inequality can be considered a general­
ization of the Cauchy and Schwartz inequalities.

D * 1Consider the function y ■ x , p > 1

or x - yp - yq ^P-1

a
Clearly, area S + area T > afi with equality if and only 
if b « ap ^. Now

Area S

Area T -

ra

p

xp-1dx a*

yq ldy

(A2-1)

Therefore

ap bqctp < —  + —-  p  q (A2-2)
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Let

1/p

a lx ^ ll
llxl Ix(t) Ipdt

e - W 1 ’ lly".

r-T i / q
(A2-3)

ly(t)|qdt

Then, substituting (A2-3) into (A2-2) integrating both sides 
and using |x(t)y(t)| - |x<t)y(t)|

rT rT rT1 x(t) y(t) |dt 
J * t

|x(t)Ipdt
n *

1y(t)!qdt
pllxl

- - + - - 1 (A2-4)
q l l y ! i q  p  q

or

|x(t)y(t)dt < llxllp q (A2 - 5)

with equality if and only if

II yll q D. L (A2-6)
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Moreover, if

(A2-7)

for any positive constant K, then y(t) in (A2*7) satis­
fies condition (A2-6). Since

J
x(t)y(t)dt| < x(t)y(t) 1 dt (A2-8)

with equality if and only if

sgn y(t) - ± sgn x(t) (A2-9)

one obtains, combining (A2-5), (A2-7), (A2-9) , that

r-T
x(t)y<t)dt| < llx|lpllyllq (A2-10)

with equality if and only if

y(t) - K|x(t) |q 1 sgn x(t) (A2-11)

where K is a nonzero constant.
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Letting

 ̂ PN1/Pjy“ , a " [aj_, a2, ...], ||a|lp - ( £  ! I ) ,

(A2-12)

a « in. P i-1

lb,| " 1/q
^ " Hill ' ~ " b̂l' b2 * M q ( J  Ibi 0

q i-1

then one obtains, by going through a similar analysis

I £  ajbjj < ||a||pl|b||q (A2-13)
i-1

with equality if and only if

b^ - K|a^|q * sgn a^ for all i (A2-14)

with K a nonzero constant.
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APPENDIX III

Consider the function f(T) defined by

^ x 1 ^) + a.d, (T) 
f (T) • max -=-----------------------    0 < r1 < 1

h ’a l f
' Alh l^T,T  ̂+ a lh2^rlT,T^  dT+

*̂ 0

where x^(T) and d^(T) are continuous functions of T 
and h^(t,T> and l^Ct^T) are continuous functions of 
their arguments in [0,A] x [0,A] for all finite values of 
A except that considered as a function of t

with t fixed at any finite value may have a simple dis­
continuity at t » t, that Is

lim h (t,T> » a , lim h (t,r) • b
T —» t-0 T — * t+O

both exist where a is not necessarily equal to b. Also, 
assume that for any fixed T and r^, there do not exist 
values of ^  and such that

\ h f  (t *t) + a ^ C r ^ r )  = 0 

in the Interval [0,T]. This implies

rT
+ a ^ C r ^ . T )  |dx > 0

*̂ 0

for any value of T.
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Theorem: Under the above assumptions f(T) is a continuous
function of T.

Proof: We fix T at any arbitrary value and shew that cor­
responding to any e > 0 there exists a 5' > 0 such that

if(T + 5) - f(T)| < e for all |5| < 6'

We can assume that the values of A^ and an<* a )̂
at which the maximum of f(T) is attained (by dividing
both numerator and denominator of f(T) by the same con-

\ * 2 * 2stant multiplier if necessaryj satisfies \ \ \  + !cx1 l ■ i-
If h«(t,T) _ is defined to be equal to its left hand2 t- t

limit, i.e.,

h« (t,t)| - lim h (t,T>
L T C T —> t“0

then h2 (t,T) can be considered a continuous function of 
t on the interval [0,t] and a continuous function of 
both its arguments on the compact set + 'Y J x
for any finite t^, y . Let 6 > 0 .  Then

f L (T + 5) max
V Q1

^ X  (T + 6) + a1d1<T + 6>
,14-6

| A ^  (T + 5, t) + a1h2(r1 <T + 6) , t) | dr + | |
(A3-1)

max ----
Atx (T + 6) + cXjd^T + 5)

r. (T+6) T
«  A

T+6

+  \a i\

r, (T+6)
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where the Integrated in the above expressions Is

|*lhl(T + + a 1h2(r1 (T + 5), T)|dT

Let A be some positive number and assume T + 6 < A. h^ 
is continuous on the compact set [0,A J x [0,A] and there* 
fore is uniformly continuous on the same set. Similarly 
h2 Is uniformly continuous on [r^T, AJ x [0, r^T]. There­
fore corresponding to any > 0j there exists a > 0
such tha t

for all 0 < b < 5^. It now follows that for all 0 < 6 < 6^

Iht(T + 6,t) - hL(T,t)| < r e  [0,T]
(A3-2)

Î î i<T + 5>t) + aih2(rl̂ T + 5)'T) ldT >1 2\ 1
0

1 \h^ (T,t) + a1h2 (r^T, t) | dt - €1r1T
0
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r>T

r 1 (TH-6)
[ A ^ C T  +  5, t ) + a^h2(rL (T + 5),T)|dT -

'jh^T + 6,t) | dr
r^T+6)

(A3-3)

'lhi(T,T)|dT - e1(T(l - rL) + r ^ )
rx (T+b)

(Ajh^T,*) + djhjCrjTjT) IdT - £1(t (1 - r ^ r ^ )

r^T+b)

Also, it follows from the assumptions on h2 that

(Ajh^T + 6,t) + a 1h2(r1 (T + 5),r)|dT < M ^ b
r- (Tf6)i -4-

r iT

„T+6

lh l^T + + a 1^2 (rl ^  + 6^,T)ldT £ M25 (A3**4)

r. (T+6) 
>

riT

)'1h1 (T,T) * ajhjfrjT.T)|dr < M3rl5
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where M^, are positive constants bounding the re­
spective integrands in the above inequalities (remember we

2 2need only consider cl̂  such that i^ i + hjj - 1).
From (A3-1) through (A3-4) for all 0 < b <

max
\ x l(T + b) + a1d1(T + 5>

„ V  / l (T+6> „T
> £(T + 6) >

rlT

+ B
r^T+b)

(A3-5)

x (T + 6) + a1d1(T + 6)
max  rr"------tztttt---  --------

x n r i T r i (T+6)
1 1  n n

rLT
+ c

rx (T+b)

where

B - - ejT jT - - €1(t (1 - rx) + r ^ )  + laj

elrlT + ^l1*!6 + e(T ^  " r î  + rl&) + M2

and the Integrand in the above expressions is

l*lhl(T ,T> + a 1h2 (r1T fr)JdT
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From the continuity of x*"(T), (T) we have that for any
> 0 there exists a 6^ > 0 such that for all 0 < 5 < &2

| x1 (T + 6) - x^T) | < e2

d L (T +  5) - d ^ T )  | < € 2
(A3-6)

Therefore

AjX^T) + axdL(T) + | A1 U 2 + la1 le2 > A j X ^ T *  6)

(A3-7)
+ a1d1(T + 6) > A1x1(T) + a1d1(T) - fA1 U 2 “ la1 U 2

Now, given any fixed e' > 0 ,  choose e2 , such
that

e1(r1T + T(1 - r ^  + ^  (A - T)) < y

e2(! \  I + \a11) < e '

®3(rL ”“ {«!• M3} + Mj) <

find 6^, &2 corresponding to and choose

&' - min (5^, &2 , 5^)

Then from (A3“4) through (A3-7)
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max
V ai

V 2+|ai|2_1

^ x ^ T )  + a1d1(T) + e'_________

| Ajh^T.-r) + a1h2 (r1T,T) | dr + jc^l - e'

> f (T + B)

(A3-8)

> max
V “i

i ^ i 2+|a i2-i

^ x 1(T) + (T) - e'

I \ h x(T,T) + a ^ C r ^ T , ? )  | dT + \ a ^ | + £ '
0

for all 0 < & < 6' since f(T + 6) is attained at values
A^# for which |A^|^ + lax l̂  " 1.

Define

Axx (T) + a ^ O T )  - p(^1»a1)

nT

0
(Ajh^T,!-) + a1h2 (r1T,T> |dx + |cî  | - qCA^c^)

P (Ax ,a^) is clearly a continuous function of A^ and ct̂ 
and from Proposition 7.1 in Chapter 7 it follows that 
q(A^,a^) is continuous in * Since

P<A1»a1)
’ *“  5<W

l)'1 l2+l“1 |2-l
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we need only show that if

P 1 ( \ , a 1 ) ’ P ^ , ^ )  + e' P2 (?ki^a1) " p C ^ * 0̂ ) " e '

q l<Al,al) - q ^ , ^ )  - e' q2 (A1>a1) “ q (A1»a1) + e'

that corresponding to any e > 0 there exists an e' > 0
such that

P<Aw a,)
max — r , \  + e > max /\ —  \ (A3-9), q(A_ ,aj , q. x JA a 1' ]/ l'ai 1 1 L
2.,„ ,2 , î  |2 I ,2

‘i 1 + i°iA1 r + | a 1 r-i i a, r+ia, ifc-i

max ---7T— ~ r  > max — ,. \  - e (A3-10]
x1,a1 q2 ( V ai> xlj0l q ( \ . V

l''i|2+|ai ,2_1 \ \ \ 2 + \ - l \2- i

By assumption q(A^,ci^) > 0  for all aru* therefore
from the compactness of the unit circle q attains a mini­
mum and

min q(A ,a ) - C > 0
V “i

|xi |2+|ai|2_1

Then s ince

£i P q<Pi - p) + p<q - V  j , t  g)e'
q  q q 1  ^  c ( c  -  e ' )
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Again from the compactness of the unit circle p + q 
attains a maximum on the unit circle and let

max p + q - D
V “i 

1 V 2+|ai|2_1
Choosing e' such that

C(C - e')

We have

< €

and therefore

M W  Pmax / \   v < max + e
M V M  •>

^  t 2+|a1 12-1 I ̂  I 2+l aL | 2-l

which is inequality (A3-9). Similar arguments yield in­
equality (A3-10).

We have now shown that corresponding to any e > 0 
there exists a 6' > 0 such that

|f(T + 6) - f(T)| < e for all 0 < 6 < 6'



Again similar reasoning allows us to conclude

|f(T + 5) - f(T)| < e for all < 5 < 0

and the theorem is obtained.
The extension of the theorem to prove the continuity 

of expression (3-19) is straightforward.
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