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ABSTRACT
A new method for obtaining a lower bound to the smallest 

eigenvalue of a real, finite, linear system is developed. The 
computation of this lower bound involves only elementary opera­
tions on the elements of the coefficient matrix of the system.
The method is used for finding a lower bound to the fundamental 
frequency of structural systems.

Matrix formulation of dynamic analysis has been carried 
out for structural systems composed of one dimensional elements. 
The formulation is valid for both lumped parameter and distributed 
parameter analyses.

The free vibrations of a dome-type frame structure are 
studied. The analysis assumes that the masses of the member 
elements of the dome are lumped at the joints of the dome.
Both natural frequencies and mode shapes of a 60 degrees-of- 
freedom dome are studied.

A dynamic experiment of the framed dome is designed 
and performed in order to study the accuracy of natural fre­
quencies obtained from lumped parameter analysis. Within the 
limitation of the experimental accuracy, the analytical and 
experimental results are in good agreement.



ACKNOWLEDGEMENTS

* The author wishes to thank Professor M. L. Pei, 
his advisor, for his help and advice to prepare this 
dissertation.

He also wishes to thank Professors H. Appelgate,
J. E. Benveniste, N. C. Jen and S. B. Menkes, members of 
his doctoral guidance committee, for their many suggestions 
at critical junctures of this work.



PREFACE
Natural frequency is the most basic information in 

time domain dynamic analysis of an elastic structural system. 
Its primary importance has long been recognized. It is known 
that to study this type of problem one has to derive the equa­
tions of motion of the system and seek the characteristic 
values which yield homogeneous solutions for the equations. 
Generally, the natural frequencies of the system can not be 
obtained directly from that of member elements in the system. 
Karnopp^^ divided a vibrating system into subsystems 
and hoped to learn the behavior of the complex system from 
the behavior of the simpler subsystem* He found that even 
when the natural frequencies of all the subsystems were the 
same, it was not always possible to derive the natural fre­
quencies of the coupled system. I

In the case of a linearstructural system composed 
of one-dimensional member elements, the equations of motion 
consist of a set of simultaneous differential equations. 
Depending upon the mass distribution of member elements, 
these may be ordinary or partial differential equations, or 
a combination of both. By specifying unknown displacements

£ 5 14at a finite number of discrete points in the system ; J . r,
19 21)' , one obtains a set of finite simultaneous homogeneous
algebraic equations in terms.of unknown displacements* .The

• ■ ' *

free vibration : frequency equation of the system can be"



obtained by setting the determinant of coefficient matrix to 
zero. Many aspects of this characteristic-value problem have 
been very extensively studied and reported. If the frequency 
equation is given in an explicit form, the roots of the equa­
tion can be obtained by existing methods. However, in most
of the cases this is not possible, and various iterative 

(7 9 16)techniques ' ' must be used to locate the roots of the 
coefficient matrix. The amount of computation required is 
quite large when the order of the matrix is fairly large.
In this dissertation a new method to obtain a lower bound to' 
the root of the characteristic equation is presented. The 
method involves only elementary operations on the elements 
of the coefficient matrix of the system.

Bazley^2'\ G o u l d W e i n b e ‘rger ̂28 ̂ ' WingV29  ̂ and 
many other authors discussed the bounds to eigenvalue^ of

Ian integral or a differential equation in great detail,
(18)A great number of results are reviewed by Marcus' m

B e l l m a n ^ a n d  Taussky^2*^ also gave summaries on this sub-
(72.)ject. Schneider' / edited the more .-recent work by Brauer,

fa)Householder^..and Taussk^c. Fan and Hoffman extended the
study to find lower bounds for the rank of a matrix.' 

f in )Hoffman established the conditions for the determinant 
of a real matrix to be positive or negative. He also ob­
tained both lower and upper bounds to the roots of the real

f 23)matrix. Shih and Wang gave bounds for both determinant
(77)and roots for certain matrices. Washizu'- discussed



bounds to roots of a :real symmetric matrix and gave a geometric
interpretation to several theorems which provide bounds for
eigenvalues. Literatures on the bounds for determinants 
(4 11 20)' ' are also very extensive. However, a review of
all these methods shows that in most cases the matrix must 
have very dominant main diagonal elements and the bounds so 
obtained are either trivial or very far away from the exact 
values.

This dissertation consists of four chapters. In 
chapter one, a method of obtaining a lower bound to the 
smallest eigenvalue of a real, finite, linear system is 
developed. Matrix formulation of dynamic analysis has 
been carried out in chapter two for structural systems 
composed of one dimensional elements. The study of free 
vibrations of a dome-type frame structure is included in' 
chapter three. In chapter four, a dynamic experiment 
of the framed dome is designed and performed. The ex­
perimental results are used for verifying the analytical 
solution.
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CHAPTER 1 LOWER BOUND TO THE FUNDAMENTAL FREQUENCY

1,0 INTRODUCTION

The exact eigenvalue* of the eigenvalue problem 
■ associated with physical . systems are frequently not easily 
obtainable * It is therefore useful to have a procedure for 
finding upper and lower bound to the eigenvalues. Based on 
localization theorems and matrix inequalities, a new method 
for obtaining a lower bound to the smallest eigenvalue of 
linear discrete systems is developed in this chapter. The 
computation of this lower bound involves only elementary ■ 
operations on the elements of the coefficient matrix of the 
system.
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X.l LOWER BOUND CRITERION
Consider a real, finite, linear, homogeneous system of 

parameter 03 and unknown vector

^L(CO) jf x |  = 0 (1.1-1)

with the following assumptions:
1. The parameter CO is real, continuous and positive. 

CJ >  0.

2. L(CjJ) is an n-square real, symmetric matrix
3. L(0), the matrix L(CO) evaluated atoJ = 0, is 

positive definite.
The characteristic equation of the system is

det j L ( G O  ) = 0. (1.1-2)
Let the smallest root of the characteristic equation 
(1.1-2) fee (jO N ‘ characteristic roots of the matrix
L { OJ ) and the matrix L (0) be X  ̂ 0 0  £ X 2 (GJ )^'*’ > \ N (C0 ) 
and X-^0).^ K 2(0) >  .... ^ . X N (0) respectively.
Because the matrix L(0) is positive definite and CO ^ is 
a root of equation (1.1-2), we have

- \  N ( 0 ) > 0  (1.1-3)

0 (1.1-4)
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The function \  N (C0) is continuous for all CO ^  0 .
Consequently, if CO is continuously increased from GJ = 0 
and the function Cd ) is such that x N <"> >  0 for
o <  O J  <  j Q  N , then the value of ĵ is hounded above,

o < 1 2  < co—  ^  N N*
This is a criterion for obtaining a lower bound, X 2  N ,

to the smallest root, C O  N , of equation (1.1-2). A graphic 
representation of this criterion is shown in Fig. 1.1.

det| L(CJ) GJvs
det

GJ
G J

GO

X N<o), X N(.Q „)> o

   [>
C O  jji Smallest root of the matrix L(CO). 

N : 'A lower bound to CO N -

Fig.1.1 Graphic Representation of Lower Bound 
Criterion.



In the above discussion, it is assumed that the value

of A n { CO } is ne9ative ^  0JN <  CO <  C0n-1 (see
Fig. 1.1). If is a single root, this is assured. If

A n ( CO ) >  0 for GOn <  GJ <  G J N-i' then
criterion for obtaining a lower bound to the smallest root of 
equation (1.1-2) is modified as follows.

Continuously increase CO from CO =0. If 
A n < C 0  ) - Q  >  0 ,^where ^  is a small positive 

number^ for 0 <  to <■ & - W  then the value of ^ is 
bounded above, 0 < Q  N<  C0N<  G0„.

A n (W)

i

A ^ (co )  v s  GO

e> " 1 1
' I 0

Q WN WN -

In the following discussions, A „ ( C o  ) is assumed to 

be less than zero in .the Interval coN <  co <  coN_x.
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(1

L,2 DEVELOPMENT OF THE METHOD.
Consider the system of equations (1.1-1)

(L(«)){x| = O. a
Let the real, positive parameter CO he expressed as 
duct of two positive real numbers C[ and £  ■*

co = £  . t1

The values of CJ and are restricted.

Q ^ o, 
o  <  €  <  1 .

Define a new matrix as follows

Ete'£) =(i - U « ) + -g-LOie). ci,

The coefficient matrix may he rewritten as
L(oj) = e [ 0 - | ) U o )  +  +

= € Et *̂ ̂ 0 * 0*  ̂)Lc®).

Let the characteristic roots he:
AtCco)^ * • • > X̂ Ccjo,) for matrix
\ {{o )> X^(o - ^ X M(o) for matrix

and e , C ^ € ) >  e*(q,G •• > e N(q , G ) for matrix

.1-1) 

the pro-

2-1 )

.2-2)

.2-3)

,2-4)

L (t*j)L(o)
E(q / € 1
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The characteristic roots ©*^Cc^€) are’functions of ' CJ_ and ©  .
1*2-1 Using Pan's theorem (Appendix 1, Theorem 2), we have
K^cco) + X n .(coj) + * • * '+ X'^coj) ^

£  Ce N+ + • * * + ^  Qi j[XnC° ) +  • • - + \ k ^°

K =  . (1,2-5)
Since (i « 1,..*,N) are arranged in descendingt

order, it follows immediately that

(N-k+i) A k (<̂ ) ^  < v ^ w < |
+ (i-C) [~AN<o>+...+ A k(oi]

Jc=l, *.* #N# (1*2-6)
(1*2-6) yields the following inequality:

A k (.«̂ o ) >  0 if

[fN+eN-l+'*"+S)cl^> ~  Q sm( O ) + A n-i(

k=l,,O a,N, (1.2-7)

Let lc=N in (1,2-7). We have

\ N(̂ 0 > o
e N( q / e; >  - <t|£> \ N(o j, < i. 2-a >
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Let C<(q,€) be a lower bound to e^. We have

eN > OC )/
(1.2-9)

Substitute (1.2-9) into (1.2-8)

(1.2-10)

or

^  o  if 

a ^ /G) +  < t | e i  \ N ( o ) >  o  (1.2-iD

Consider the case where O  ̂  GJ t*ie in^ualitY
(1.2~11) is valid, then the criterion described in section 1.1 
is satisfied and is proved to be alower bound.

(1.2-12)
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1.2-2 Let G  be a real number and
i

i
O  >  T  , n < (1.2-13)

^ n (°'

Multiplying (1.2-4) b y G  and adding an identity matrix I 
to both sides of the equation, we have

[I + C  l _ M = [i + C  6 E«l,e)]+ C O -  €) L (  o  ). (1.2-14)

Note that both ^1 and|jc (l-£ )L(Q}j are
symmetric matrices. The application of Theqrem 3 (Appendix 1) 
to (1.2-14) yields the following result.t

If the matrix jjL + C€E(q,£)J is positive 
definite then,

1 Hr G  AyXtiJ) >  C ( l - - € ) X ^ O )  (1.2-15)
i • • » • \

For k^N we have

c \ N <0J) >  -I ■+ c(i-e) ?VN C0) , if
the matrix |”l+ c€E(q,G )̂J is positive definite.

(1.2-16)
The condition of + c€£(q, ^ 3  ^ein5 positive 

definite can be obtained from the following?
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Let CX* (q, € ;C) be a'.low^r bound-.to the smallest root 
of the real symmetric matrix £l + C8E(q, e)J

o f ^ e j c  ) <  I +  C e e N (q,€ ). d.2-17)

Obviously, if ©i*(q, € ?C) ̂  0 then, the matrix .
|je + C6E(q, £ )TJ is positive definite. Therefore, from 
(1.2-16) and (1.2-17) we obtain

A n C 0 0 ) >  O  ' if C x \ c j / € ; G ) > 0  (1.2-18a)

q >  O  (1. 2-18b)

° <  e  < l _  c w / 1*2-180'
Note that if the smallest root of L(0) is greater 

than one:

K N ( 0  ) >  1 (1.2-19)

then, we can choose Qj~ 1 and obtain the following inequali­
ties:

<*->)> O  . if ■rt,*(q,e;>0 (1.2-20a)
q > O (1.2-20b)

° <  e < ' - T ^ ) a M



id

whereCX*(q,€ ) is a lower bound to the smallest root of the 
matrix + £ E ( q , £  )J and is a function of q and £  only.

Thus we may conclude that if the values of CJ t 6  and C 
are such that the inequalities (1.2-18a) through (1.2-1SC)
(or, (1.2-20a) through (1.2*-20G) in the case of I )
are satisfied, then the product is a lower bound to the Smallest 
root of 1/ (■€*>).



11

1.2 - 3

Let X t(OJ) >  X ^ C C U )  >  ' * • >  K m Cc o ) be N
characteristic roots of the coefficient matrix L(CO) in 
(1.1-1) and Cri(Oo) be a lower bound to the smallest charac­
teristic root We have

c x ( o j ) <  X n  Ccu) (1.2-21)
<u> >  O .

The lower bound OC(U)) can be obtained from (1.2-22) (Appendix 1, 
Theorem 1)

cUco) =  ^  1 1..tco>J

3*1CO j> o
I - I / 4 * • / M  . (1.2-22)

if co —  O  /
N

O t ( o ) = MJN ( l 5i( 0 ) -  S l l l3<0 )|

0 * 1

(1.2-23)
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The lower hound oWO) for roots of the matrix L(0) can 
he positive, negative, or equal to zero. It can he shown
from the following discussion that if G<(0) ^  0, that a
lower hound for CO N (the smallest root of the characteristic 
equation (1.1-2)) can he obtained.

Since CO  ̂  is the smallest root of (1.1-2)

det | L(COn ) | =0 (1.2-24)

But
det I L(iON ) |= NjjjtUJfj). N  n -JL^n ) *. * ̂ l ^ V

we obtain
= 0 U.2-25)

From (1.2-21), we have
O((C0N ) <  0. (1.2-26)

If Ci (0) ^ > 0  (1.2-27)

then, from (1.2-26) and (1.2-27) we conclude that there 
must exist at least a value in the interval O  CO K GJfcj,

N'say o. M, such that

C/(Qn ) = 0 (1.2-28)



Therefore, in order to find a lpw^r bound tgCON , we can 
compute CX(0J ) , for values of OJ increasing continuously 
frcanCO=0, We pepeat this computation so long as the value 
of cWCO) >  0. If we find such that

° 1 ( Q n  ■‘“ A') -^> O  (1.2-29)

c * C Q m +  a  ) <  o  

I A l «  1
then, the number£JN is e lower bound toCO^.

Note that ifO((0)s:0, we obtain a trivial lower bound 
for CO N , i.e. 0 < C 0 N .

If C((0) < 0 ,  we can not use this method for obtaining 
a lower bound to<O ĵ f
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1 . 2 - 4  Special Case:
Assume that the po^fflglent matrix L(CO) in 

(1,1-1) can he expressed as

L(CO) - A - COB (1,2-30)
CO > 0

where A and B are real symmetric matriqes end A is positive 
definite. Let us, as we did befpre, exprpsp the parameter 
CO as the product of a pair of; real numbers q end € # q >  °/ 
0 <  Q  < 1 ,  We obtain

L(LO) - A - (qfe)B. • (1.2-31)

Define a new matrix D(q|, q ]J> 0

D(q̂ ) = A -qB, (1.2-32)

and rewrite (1,2-31)

L(OJ) -  e [W] + (1-€)A
- €P(q) + (l-e)A. (1.2-33)
0 <  6  <  1
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Let the characteristic roots be

X ^ G J ) ^  \ 2«U) ]> . ^ X n C:<°) for
^  a2 ^ . • » m ^  3jj for A

dl >  d2 >  —  >  V  f“  D(ql

the characteristic roots dj. = d^q) are functions of q. 
Using Fan's theorem (Appendix 1, Theprem 2) it can be shown 
that

N  jjtU)) + X  + £ [^N'^N—l"*"a * '
+ (1~€) p N+aN-1+...+aJ

k=l,.. • ,Nf (1.2-34)
or

(N-k+i). K k(co) >  €£aB*JN_1+...+ak]
+ (l-€) [}K»aH-l+f  *+ak 3
k-l,...,N, (1.2-35)

and
\ k(CO) » \ K(q€) > 0  if

tdk+dN-l+" - • +dk̂  ^ *■ ( aN+aN-l+’ ' ,+ak̂
(1.2-36)

Let k=N in (1.2-36). We have 
X  N (q 6) >  0 if

dH> -  U.2-37)
o< € < l



Let 0((q) be a lower bound to d^ and we obtain the following 
inequalities

i .

K  N Cq e) >  o if

Ct(q)> - <aN ) (1.2-38)

o< € < i
or

&(q) _|_ -1" ^  ~ aN >  0  (1.2-39)

o <  G  <  l

Using the similar argument, if the value of q' and £ are 
such that the second inequality in (1.2-39)holds, then, the 
product (q £  ) is a lower bound of the smallest root of the 
coefficient matrix L(GJ).
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1.3 DISCUSSION OF THE METHOD
In the previous section we developed a method of obtain­

ing a lower bound to the smallest toot.of the characteristic equa­
tion (1.1-2). Four versions of the method are given in this sec­
tion. Step by step descriptions, the applications, restrictions 
and extensions of the method are also given.
1.3-1 Description of the method (Version 1)

Step 1: Given an n-square matrix 
L( CO ) L(CO)=lij(U>)

Step 2: -Properly choose two real 
numbers q and £

q ; G
q >  0; 0 <  £  < 1

Step 3: Evaluate the matrix L(CJ) 
at CO =0

L( 0 )

Step 4: Compute; the smallest root 
of the matrix L(0)

X N ( o )

Step 5: Formulate a new matrix

E <q, G  )
E(q, 6 )

See (1.2-3)

Step 6: Compute, a lower bound to 
the smallest root of the 
matrix E ( q t £  )

cx(q, e)

Step 7: Compute:: a lower bound 
, to the smallest root 
of the given matrix ^ j

So long as the following 
inequality holds
|c*(q.€)|<|^-KK1(.o)|
the product of q and G- 
is a lower bound of the 
smallest root of the 
given matrix L ( OJ ).
i.e.



18

Given Matrix: L(lO)= l^tU))

\*
Compute: l (0) - 1^(0)

\L_ _ *
Compute: K  N (0)

___ , \f
Real Number. £  # o <  6 < i
................  \t
Real Number q t ' q >  0

\f ___
Compute: -'E(q,.£ ) See (1.2-3)

___________  \/ ______

Compute: CX(q, £  )

i.—

S t o p

q, q >  o q + A  q
G  + A e

The product 
of q and G 
is a lower 
bound to the 
smallest root 
of the given 
matrix L(CO)«
i.e.
A . - * 6

L--   6 .  o <  e  < i  <

Fig.1.2 Flowchart Diagram of the Method (Version 1) =----- |,-v



1.3 - 2 Description of the method (version 2)

Step 1: Given an n-rsquare matrix 
L(U>)

Step 2: Evaluate the matrix L(CO) 
at GJ =0

L(0)

Step 3; Compute the smallest root 
of the matrix L(0)

K N<°>

Step 4: Choose a proper real number
C and compute • C O  )
NOTE: if \ n (0 ) <  1 , the

value of C is such that
C V ° > > ‘
if >sN <0) >  1 , the 

value of C is 1.

c X N (0 )

Step 5: Properly choose two real 
numbers q and G  ,

q , € i
q > 0 ,  0<6<1-.cKn(0

Step 6: Formulate a new matrix
E (q, G  )

E(q, G  ) 
See (1.2-3)

Step 7: Compute.'' the matrices 
addition I + CGE(q, £  ) [l + C6E(q, G  )]

Step 8: Compute a lower bound to the 
smallest root of the matrix

I + C G E(q/G- )

a*(q, e  ;c)

•
Step 9: Compute:: a lower bound Q  ,, .i.*' t ■ , i. ., * *.JN.to the smallest ifdot of thd

given matrix L (CO )»

(X*(q,€ 7 C) >  0
the product of q and£ 
is a lower bound of the 
smallest root of.the 
givdft matrix L (CO )
i.e.IlN  =  q e
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Given Matrix: L(CO )= l^tCO)

Compute:

Compute! K n (o )

X H (0) <  1 No

Yes
Real Number Cf c /\M (0)^>1

Real Number £  ,o< €  < 1-1/(C\N (0))

C = 1

Real Number q, q 0

Compute: E(q, £  ) See (l*2-»3)

Compute: I + C € E{q, 6-,)See £1,2*14)

Compute: Ot*(q* G ;C)

No

q/ q > o \1/Yes
q + A  q

e + £
C , c y o )  >  1< C + A C

s t o p
The product 
of q and £  
is a lower 
bound to the* 
smallest root 
of the given 
matrix|
l (g j }•

IK

Fig. 1.3 Flowchart; Diagram' of the Method
(Version 2)

only.
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1,3 - -3 Description of the method (version 3)

Step Is Given an n-square matrix 
L(CO)

L ((jj) = lij(CO)

Step 2i Evaluate the matrix L(CQ)
at GO . =0

L(0)

Step 3: Add up the absolute values 
of row elements (excluding 
the element on main dia­
gonal) for each row of t>(0)

N
pi(0)"jFl v H

J*i1 =1,2,...,N

Step 4: Compute the differences 
Di(0) D1 (0) = li±(0) - P.(0) 

i = 1, 2, . , ., N
Step 5: Search for the minimum of 

V O )
Min

CX(0) = i (D± (0))

NOTE; If the minimum,Ot(0), obtained from Step 5 is greater
than zero then, continue the following steps and 
compute a lower bound to the smallest root of the given 
matrix L(GJ). If the minimum, QUO), is less than or 
equal to zero then, this method is not applicable.

Step 6: Compute.: lower bound by iterations: *->. 
Let OJ = . Q s

Step 7: Compute'row sums of the matrix 
L (0. s )

N
p ■ (0 ) = ^  i1 s j = l 

j^ii =1,2,...,N
V Q s>

Step 8: Compute the differences
^ ( Q  s) dl(& s> = - -

pi(^ s } i = 1, 2 , , , N 1 s
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Step 9: Search for the minimum,
of Di(rja )

a < o s )=Mf  (e ± ( Q s))

Step 10: Compute an improved lower hound
to the smallest root of the 
given m&trix L(Oj )

If a ( O s) > o , an
improved lower hound
to the smallest root 
of the given matrix 
L{CO) can he obtained 
by repeating the com­
putation from Step 6 
and using a new value
of co =  Q s+ .
if then,
o j = . Q s  is a

lower hound to the 
smallest root of the 
given matrix L(Cjl) ).
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Method not 
^  applicableNo

yes

No

yes

Compute: o l C Q s ) See (1.2-22)

Compute:

Compute: c*(o) See .(:1£-2tt23):;

Compute;

Q s <  Q s + a g o

Given Matrix:

O s  is a 
lower bound 
to the smallest 
root of the 
given matrix 
L(CO)

Fig. 1.4 Kftf^hart^Sjfcagjram of the Method
(Version 3)
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1 , 3 - 4  Description of the method (Version 4)
If the given matrix L(CO) can he expressed as 

L(CO)=A-CJB then, the computation of a lower hound to the 
smallest root of the matrix L(CO ) can he simplified as 
follows:

Step 1: Given an n-square matrix 
L(OJ) L(wJ=A -cuB

Step 2: Properly choose a real 
number q Q / q>0

Step 3: Compute - the smallest root 
of matrix A

Step 4: Formulate a new matrix 
D(q')

D(q)=A-qB
Step 5: Compute a lower hound to the 

smallest root of the matrix 
D(q)

d( q)
Step 6: Compute the value of £ 16~ l+|oW.tl)l/afc,
Step 7: Compute a lower hound, 

to the smallest root of the 
given matrix L(CO) * €
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The product of q and £  
is a lower bound to the 
smallest root of the 
given matrix L(OJ)

Given Matrix

Compute:

Compute:

Compute:

Real Number

q >o

Compute: £

Fig, 1.5 Flowchart■Diagram of the Method (Version 4)
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1.3 - 5 Summary of the method
(a) The matrix L(<U) is real, symmetric and L(0) positive de­

finite. The matrices A and B in the special case are real,
symmetric, and positive definite.

(b) In case vhen the matrix L(CJ) can be expressed as 
L(GJ)-A-Ca)B, where A and B are real symmetric and positive 
definite matrices, it is possible to obtain an upper bound 
to the greatest rootOJj^ of (1.1-2) also. This can be 
achieved by formulating a new matrix L 1 (OJ>)=B-€OA, and 
computing the lower bound to the smallest root of the 
characteristic equation det |  L'(OJ) J =0. The inverse
of this lower bound is an upper bound to $0^*

(c) Version 3 of the method is restricted to the case
oiCpJ > o.

(d) In all cases, an improved lower bound can be obtained 
by iterations.



1.4 ILLUSTRATIVE EXAMPLE - A MULTI-STORY RIGID FRAME
Consider the multi-story rigid frame as shown 

in Fig. 1.6. For the purpose of illustrating the 
method derived in section 1.2, a lower hound to 
the fundamental frequency of the frame will he cal­
culated. The structure is analysed as a distributed
mass system with 12 degrees of freedom.

L

Xl° Q  x ii, ^  ; > *TV

v

* rri4 '
E. , I. 4' 4

h3,m3, 
E3,13

L 2 ' m 2'
E2 , X 2

, m^ t
V 1!

W J Z

Multi-story Frame Joint displacements
Fig. 1.6 Multi-story Frame
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1.4.1 DEVELOPMENT OF L(GJ)
Let ^x^ be the joint displacement vector of the 

system (see Fig. 1.6)

^ x ̂  * * * (̂ 12 J (1.4—1)
The equilibrium equations yield

L(OJ) ] {x } = 0 (1.1-1)

The coefficient matrix L(GJ) = l^j(GJ), is a 12 x 12 real, 
symmetric matrix. The elements l^j(OJ) can be expressed as
follows;f

f

l ^ G O ^ l j ^ G O )  i, j=l, 2, ...,12. 
lij(C0)=O/ except

+ a 2L2 A2l11(O0) - w 0F v A t> + « i l2ia i

i12(00) = % L0A 6
l13(CO) = 1L1A 1 -

114(0J) = ^  2L 2A 2
l16(CU) = ^  2L 2A 2

= 1^(0))
l23(Ct» = l13(CO>
125(CjO) = ll4 (0J)
126(C0) = l16((0)
I33((j0) = 2 J X A + 2Jlj

(1.4-2)
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134(01) - -i16(OJ)
133 (OJ) = -li6(OJ)

l36(CO) = 2 'g 2a 2
l44(OJ) =
I45(oo) = 112((0)
l46(CO) = 8 2L2A 2

II3***** Q  3L 3A 3
l49(OJ) = ^  3L 3A 3

155(0J) = I44 (co)
156«0) = l46(0J>
l^g (G.) i = I47 (CO)
l59«o) = i4 9<o>)
166(CU) = 2 }i2&2

-l49(OJ)
X68(C0) = -149(00)
IggtCU) = - 2 -S 3A :
lyy(CO) ~ « 0LoAo
l78(CO) = l12(CO)
i79(03) = ^ 3L3A3 '
1.7̂ 10 (to) " ^ 4L4A-
17/12(CU) = >2 ̂

II300CD
H l77(CO)

3L3A3

3A 3

X 4L4A4
A^A A.4 4 4

(1.4-2)
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189(C0) = 179(CO)
= i7/i0(CO)

18/12(0)J ly 12(C0)

-199(0J) = 2 ̂  3A3 t 2 / 4&4
* = * 17,12(U)}

i9/ii(o)) “17/12(<̂ )J
19/12.^^ “ -2 «  4A4

1I0,10(OJ J = °<6LJA0 * 01 4L4A4
= l12(OJ)

110,12^OJJ = * 4L4A4

= 110,10(OJ)
1ll'I2(OJ) ■ ho, 12<CO>

112 , 1 2 ^ ^ 2^ “* 4A4



Where,

0( 1

S ? .x

s i

r2,

r .
s ,
And
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u . ( Sinu..Coshu. - Cosu..Sinhu. ) l 1 x x x
1 - Cosu^.Coshu^

u^(Sinhu^ - Sinu^)

1 - Cosu^.Coshu^
2u^(Sinu^.Sinhu^)

1 - Cosu^.Coshu^

2u^(Coshu^ - Cosu^)

1 - Cosu^.Coshu^

u^fSinu^^.CoshUj^ + Cosu^.Sinhu^

1 - Cosu,.Coshti, i x

u?(Sinu. + Sinhu.) x i x

1 - Cosu..Coshu, x i

A -  ExIi 4 _ mlLi ̂
Ai- 3 ' ui “ EiIi

x

(1.4-3)

i = 0rl,2,3,4



32

For simplicity the following physical properties and the 
dimensions of the member elements are assumed

m =rtu =m»=m«=m^=l. 0 0 1 2  3 4
L0=:L,l=L2=I'3=I,4=1 * 0
E0=EinE2=E3=E4=1-° (1.4-4)
i . - W V V 1-0

1.4.2 FUHDAMEMTAL FREQUENCY BY DETERMINANT EVALUATION
It is evident that the form of L(OJ) is quite compli­

cated and further expansion is useless. To determine the funda­
mental frequency by the present practice, the following pro­
cedure is used.

(a) Assume a series of trial values of ClJ ;
(b) Substitute into Eq. (1.4r2)
(c) Evaluate the determinant, det | L(CO )
(d) A result is obtained when det j L(CO)

This procedure was carried out as summarized in Table 1.1, 
to provide a .check value for the new method.

Substitute (1.4-4) into (1.4-2) and evaluate the de­
terminant, det |l (CjJ) | , of the coefficient matrix of equation
(1.1-1). for successive trial values of CO • The fundamental 
frequency of the structural system has been found between 0.81 
and 0.90 RAD/SEC. as shown in Table 1.1.

=  0 .
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Table

is:

or:

1.4.3

method

.1 (jJ vs det | L(<jJ) j (Multi-Story Frame).

C O det | L(GU) |

0.01 5,77xl012
0.04 125 . 79x10
0.09 5.74x1012
0..16 5.59xl012
0.25 5.29xl012
0.36 4.75X1012
0.49 3.88x1012
0.64 2.61xl012
0.81. 9.01X1011
0.90 -1.19X1011
1.00 -1.23xl012
1.21 -3.69X1012

The fundamental frequency of tl̂ e multi-story frame

^ ^RA D / S E C  <  <  0-90RAD/SEC
CYC/SEC^ n 143^ / SEC0.129 <  f <  0.143 (1.4-5)

STEF BY STEP PROCEDURE
We now outline briefly the principal steps of the hew -



L(0)

Step 1. ■ COMPUTE THE VALUE OF N (0)

Substituting GJ = 0 into (1.4-2) and (1.4-3) 
obtain the matrix L(0)

12 2 . 0 2 0 6 0 , 0 0 0 0 0
2 12 0 0 2 6 0 0 0 0 0 0
0 0 48 -6 -6 -24 0 0 0 0 ,. 0 0
2 0 -6 12 2 0 2 0 6 0 0 0
0 2 -6 2 12 0 0 2 6 0 0 0
6 6 -24 0 0 48 -6 -6 -24 0 0 0
0 0 0 2 0 -6 12 2 0 2 0 6
0 0 0 0 2 -6 2 12 0 0 2 6
0 0 0 6 6 -24 0 0 43 -6 -6 -24
0 0 0 0 0 0 2 0 -6 8 2 6
0 0 0 0 0 0 0 2 -6 2 8 6
0 0 0 0 0 0 6 6 -24 6 6 24

we

(1.4-6)

The smallest root of the matrix L(0) is computed by 
the usual method.

y\ N (0) = 1.084 (1.4-7)
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Step 2. CHOOSE INITIAL VALUES OF CO AND €.
The initial values of CO and 6 are chosen and q is 

calculated
GJ =0.25
6  -0.03

COq * _  _ 8.34

Since 0 is the trivial lower bound of Cx>N # one can 
normally choose a reasonably low value which is less than the 
C O n * c Should the chosen value be too high, the procedure will 
indicate that it is not a lower bound* A second value can then 
be chosen.)

The method requires that 0 <  £  ^  1 . Experience has
shown that for small values of €  t ^ e  computations are in­
sensitive to the choice of £  .
Step 3. Calculate X / \ N (0)»

Step 4. Compute €  )

Step 5. Verify whether a lower bound is obtained.

If (X ' A n('0)( then the trial value
chosen is proven to be a lower bound* One may either stop at 
this point, or repeat steps 1 - 5 ,  with a higher trial value*
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N (0), the trial value has not
€

been proved to be a lower bound. Choose a small trial value 
and repeat step 1 - 5S

The numerical computations are summarized in Table 1.2. 
TABLE 1.2 - LOWER BOUND OF FUNDAMENTAL FREQUENCY 

MULTI-STORY FRAME.

e C O <2 a Lower Bound

0.03 0.25 8.34 -28.42 -35.04 0.25
0.36 12.00 “33.17 0; 36
0.49 16.33

0.01 ' 0.36 36.00 -51.52 -107.31 0.36
■ 0.49 49.00 -75.00 0.49

0.56 56.00 -91.22 0.56
« 0.64 64.00

0.006 0.56 90.34 -136.04 -179.58 ' 0.56
0.64 106.67 -169.07 0.64
0.81 135.00

0.002 0.64 320.00 -459.21 -540.91 0.64
0.81 405.00

To illustrate the effect of £  on the computation, 
four different values of £  were used and the .-results given 
in table 1.2. These appear to indicate that better results
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are obtainable with small values of £. We note that the 
method : does not require us to progress from large g  to 
small G  .
1.4.4 COMPUTATION DETAILS '

As further illustration* we give some additional details 
of one set of computations.
Step 1. A N(03 - 1.084
Step 2. Choose 03 and G  .

CO = 0.64
G = 0.006

CO
q = 106.67c

Step 3* = - 179.58
Step 4. The matrices L(0,64) and
as given in (1.4-8), (1.4-9)'-» respectively. Next we calculate 
cx , which is a lower bound to the smallest root of £(106.67, 
0.006). The method described in Section 1.2t3 is used. The 
row sums are calculated; 12

e.DIFF(i) = ei;L— 'ij
j=l

The twelve row sums are founcl as below:
DIFF(l) = -3.-43091
DIFF (2.) = -3.043091
DIFF(3) = --^111.268448
DIFF( 4) = -13.646236
DIFF(5) = -13.646236
DIFF(6) = -169.071320
DIFF( 7) « 
DIFF(8) = 
DIFF (9). = 
DIFF(10)= 
DIFF(11)= 
DIFF(12)=

-13.646236
-13.646236

-169.071320
-8.814468
-8.814468

-89.379654
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L(0.64) a •
1.198829E 01 2.002929E 00 o.:. 2.002929E
2.002929E 00 1.198829E 01 0. 0.
0. 0. 4.739121E 01 -6.012690E
2.002929E 00 0. -6.012690E 00 1.198829E
0. 2.002929E 00 -6.012690E 00 2.002929E
6.012690E 00 6.012690E 00 -2.410544E 01 0.0. 0. 0. 2.002929E
0. 0. 0. 0.
0. 0. 0. 6.012690E
0. 0. 0. 0.0. 0. 0. 0.
0. 0. 0. 0.

0. 6.012690E 00 0. 0.
2.002929E 00 6.012690E 00 0. 0.

-6.012690E 00 -2.410344E 01 0. 0.
2.002929E 00 0. 2.002929E 00 0.
1.198829E 01 0. 0. 2.002929E
0. * 4.739121E 01 -6.Q12690E 00 -6.012690E
0. -6,012690E 00 ' 1.198829E 01 2.002929E
2.002929E 00 -6.012690E 00 2.002929E 00 1,198829E
6.012690E 00 -2.410544E 01 0. 0.0. 0. 2.002929E 00 • 0.0. 0. 0. 2.002929E
0. 0. 6.012690E 00 6.012690E

0. 0. 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
6.012690E 00 0. 0. 0.
6.01269QE 00 0. 0. 0.

~2.410544E 01 o. 0. 0.
0. 2.002929E 00 0. 0.
0. .0. 2.002929E 00 6.012690E
4.739121E 01 -6.012690E 00 -6.012690E 00 -2.410544E

-6.012690E 00 7.992193E 00 2.002929E 00 5.978532E
-6.012690E 00 2.002929E 00 7.992193E 00 5.978532E
-2.410544E 01 5.978544E 00 5.978532E 00 2.369560E

00
00
01
00
00
00

00
00
00
01

00
00

00
01
00
00
01

(1.4-8)
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E(106.67,0.006) -
1.004814E 01 2.488087E 00 0. 2.488087E 00
2.488087E 00 1.004814E 01 0. 0.
0. 0. -5.346558E 01 -8.115059E 00
2.488087E 00 0. -8.115059E 00 1.004814E 01
0. 2.488087E 00 -8.11S059E 00 2.488087E 00
8.115059E 00 8.115059E 00 -4.157275E 01 0.
0. 0. 0. 2.488087E 00
0. 0. 0. 0.
0. 0. 0. 8.115059E 00
0. 0. 0. 0.
0. 0. 0, 0.
0. 0. 0. 0.

0. 8.115 059E 00 0. • 0.
■2.488087E 00 8.115059E 00 0. 0.
-8.115059E 00 -4.157275E 01 0. 0.
2.488087E 00 0. 2.488087E 00 0.
1.004814E 01 0. 0. 2.488087E 00
0. -5.346558E 01 -8.115059E 00 -8.115059E 00
0. -8.115059E 00 1.004814E 01 2.488087E 00
2.488087E 00 -8.115059E oo • 2.488087E 00 1.004814E 01
8.115059E 00 -4.157275E 01 0. 0.
0. 0. 2.488087E 00 0.
0. 0. 0. 2.488087E 00
0. 0. 8.115059E 00 8.115059E 00

0. 0. 0. 0.
9- 0. 0. 0.
0. 0. 0. 0.
8.115059E 00 0. 0. 0.
8.115059E 00 0. 0. 0.

-4.157275E 01 0. 0. 0.
0. 2.488087E 00 0. 8.115059E 00
0. 0. 2.488087E 00 8.115059E 00
-5.345668E 01 -8.115059E 00 -8.115059E 00 -4.157275E 01
-8.115059E 00 6.698761E 00 2.488087E 00 2.421997E 00
-8.115059E 00 2.488087E 00 6.698761E 00 2.421997E 00
-4.157275E-01 2.421997E 00 2.421997E 00 -2.673279E 01

(1.4-9)
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The minimum DIFF(i), is a lower hound to the smallest root of 
the matrix E(106.67,0.006).
Step 5: As the criterion

Ot (q,e) >  —  • A n (0)
is satisfied, we conclude thatCi). = 0.64 is a lower hound..

A lower hound to the fundamental frequency of the 
multi-story frame structure is found.

_C> = 0.64N
= 0.101 c p s ,

1.5 CONCLUSION
The determination of the fundamental frequency of real 

elastic structural system is a lengthy process, especially if 
the structure is represented as a distributed mass system. In 
this chapter, a new method for the lower hound is presented.
The method has certain advantages:
(1) The method applies to lumped mass and distributed

mass system.
(2) The results are guaranteed to he lower bounds to

the fundamental frequency.
(3) The method is extremely fast, as compared to other

known methods.
There are certain shortcomings inherent in the method 

also. Some of these are listed below:
(1) The method does not calculate higher frequencies.
(2) Although the method can he used iteratively to obtain 

successively better lower hounds, it can not he used
to calculate the fundamental frequency exactly. Thus the 
method does not give an indication of the accuracy of . 
the result.

I
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CHAPTER 2 MATRIX FORMULATION OF DYNAMIC ■ ANALYSIS

2.0 INTRODUCTION
In the time domain dynamical analysis of an elastic struc­

tural system, natural frequencies of the system are of fundamental 
importance. In this chapter we discuss the matrix formulation of 
this problem,, The basic approach is to generate the total system 
stiffness matrix and the system mass matrix by the synthesis of 
that of the member elements ,of the system.. This is valid for ‘ 
both lumped parameter and distributed parameter analyses.  ̂The 
matrix formulation is not new, and is presented for the sake o^ • 
convenience and completeness. '

2.1 IDEALIZED SYSTEM vs REAL SYSTEM
The real structural system considered can be any space or 

plane structure composed of one dimensional sieihfenfcs,*. We as­
sume that the member elements of the system are of the straight 
slender-beam type and possess a doubly-symmetric cross section.
The size of the member elements need not be constant along the 
axis of the element. It is assumed that the material of the 
structural system obeys Hooke's law. The joint connections of 
member elements can be neither completely rigid or of the fric- 
tionless pin-joint type. The motions of the system are expressed 
in terms of the motions of its joints and are measured from the 
position of static equilibrium. There is no rigid-body motion 
as the structural system is well supported. In the lumped para- . 
meter analysis, the masses of the member elements of the system
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are further assumed to he lumped at discrete points (the joint 
of the system^.

2.2 STATE VECTORS
Let AB be the j" member of the system (See Fig. 2.1).

For this member a set of right-handed rectangular coordinates 
x,y,z is attached as member coordinates. The x coordinate axis 
always coincides with the longitudinal axis of the member. The 
principal axes of the cross section are along y and z axes. Let 
vector ̂ u ^   ̂ = (u^,U2>... as follows:
U1/U2'U3' an(̂  u7,u8'u9 are t*ie translat^onal displacements of 
end-point A and B of the element along x,y and z axes respective­
ly; and and uio,ull'u12 are t*10 rotational displace­
ments at A and B. The position of the member AB is completely 
defined in the space once the vector specified. We re­
fer to ( u\ . as the element displacement vector of member,AB.

4* V iAt the i joint of the structural system a displacement vector

t o = (qj_/q2# • • •/‘Ig)^ can ke specified with respect to the global 
coordinates X,Y,Z. The components qj,q2#q3 ar*d q ^ q ^ q g  are 
translational and rotational displacements of the joint in the 
direction of X,Y,Z respectively. Let the structural system con­
sist of R member elements and N joints, we then have the dis-:. 
placement vector for the entire system as:

In element coordinate system

{u} = < {u} l| 2 | | {U} R J (2.2-1)
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In global coordinate system
(qj = { ̂ X |  21 > (2.2-2)

Note that the is a (12R x 1) column vector and jq^ is a
(6N x 1) column vector. Since the joint movements are not re­
stricted is a generalized coordinate system. On the other
hand, the u's are constrained displacements because of the equi­
librium conditions at each joint.

The force vector of the system thus can be written as:

{F} = ({E}l|{F}2| IW R > (2-2-3)
and

{q | -  ̂{Q̂  1 1 ̂ 21 "°0 |{Q} N  ̂ (2.2-4)
where

{̂ F}i ~  ̂ F1'F2' *•“/F12^i '{°}j (Qi/Q2/ j
Both F^i an<̂  f^}j are s*lown in 2.1.
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t
i*" joint

jfc member

x

Element displacement vector

{u}j = (u1/U2,,* " U12) j 
Joint displacement vector
{q|i = i

Fig.2.1 Element coordinate system x,y,z and 
Global coordinate system X,Y,Z.
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2.3 DIFFERENTIAL EQUATIONS OF MOTION
Let | qj and |q*| be the joint displacement and joint accele­

ration vectors of the structural system, respectively. Because of 
the possible existence of concentrated masses and the assumption 
on distribution of the masses of the member elements of the struc­
tural system, we present the differential equations of motion in 
matrix form for both distributed and lumped parameter analysis 
with or without concentrated masses as follows:
Case 1. Distributed parameter analysis. Member elements of 

the system have distributed masses? no concentrated 
masses in the system.

K (CO) {qj = 0 (2.3-1)
Case 2. Distributed parameter analysis. Member elements of

the system have distributed masses with concentrated 
masses at nodal points.

M |q*| + K (CO) |qj = 0 (2.3-2)
Case 3. Lumped parameter analysis. Masses of the member

elements of the system are assumed to be lumped at 
nodal points with or without additional concentrated 
masses at nodal points.

( M  + M ) | * q |  + K = 0 (2.3-3)
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Note that in (2.3-1), (2.3-2) and (2.3-3)
1. All the matrices are formulated in the global coordinate 

system.
2. M = diagonal mass matrix of concentrated masses.

M = mass matrix of the system.
. 3. K = stiffness matrix of the system.
4. The entries of stiffness matrix K (CO) are trans­

cendental functions of the real variable CO >  0.
5. All matrices are square, real symmetric matrices?

M, M and K are positive definite, K (CO ) is positive 
definite at CO = 0.

6. The matrices in this section are given from 
(2.5-27) and (2.5-28).

2.4 FREQUENCY EQUATION
Let q(t) = q e1COt (2.4-1)

Substitute (2.4-1) into (2.3-1), (2.3-2) and (2.3-3 ) to. obtain the 
frequency equation for the structural system:
Case 1. det | K (CJ ) | = 0 (2.4-2)
Case 2. det | K (co) - CO 2 M | = 0 (2.4-3)
Case 3. det | K - CJ 2(M + M) | = 0  (2.4-4)

The matrices in (2.4-2), (2.4-3) and (2.4-4) satisfy the 
required conditions in section 1.1 and 1.2. Therefore the methods 
developed in Chapter 1 can be used to obtain the lower and upper 
bounds of the natural frequencies of an elastic structural system.
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2.5 STIFFNESS MATRIX AND MASS MATRIX ASSOCIATED WITH THE SYSTEM 
(A) Stiffness matrix and mass matrix of a member element.

(1) Stiffness matrix in element coordinate system.
j.1.Let AB be the j member element of the system^ The assp- 

ciated end force and end displacement vector are respectively 
{F}j =(F A' F B)ana{U)j = ( u A#u The force displacement 
relationship of AB carT’ioev.written as

’B (2.5-1)
The stiffness matrix (ky ) member AB in element coordinate

xsystem is

o o -a
-b

-c
-d

h -h

(k } = u
g

■a .
-b -g -g

(2.5-2)

-c -h
-d

-h
-g
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See Appendix 2 for elements a,b,.„.,k0 
Or, if we let

— — MW
a o o • • * .

CR) = o b o (s) = 6 D g
e • c a h •

d e 0 . -d • 0
(T) = • e (U) = • j 9

o f • • k
Then C ) becomes

(R) (S) -(R) (S)
(S)T (T) -(s)T (u)
(R) -(s) (R) -(S)
<S)T (u) -(s)T (T)

(2) Boundary conditions
If the end conditions of the member are specified then, 

owing to the existence of end constraint equations the order 
of the element stiffness matrix (ku ) is reduced, 
a. Fixed end.

In case the end A of the member AB is completely fixed
then.

Ui = u 2 «. o. = Ug = 0
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thus

{'*}-

{'4-

-(R)
-(s)'

(R) 
- Cs)'

(S)
( u )

(S) 
(T)

{ ub}

W
(2.5-5)

Similarly if the end B is completely fixed, then

{**)■

{'•}=

(R)
<s)‘

•(R)
(s)'

(S)
(T)

(S)
(U)

w
{"*}

(2.5-6)

Hence, the stiffnes matrix of member AB with one end fixed is 
-u' . end A fixed

(R)
-(s)'

-(s)
(T)

(2.5-7a)

end B fixed

(k ) = u

b.

(R) (S)
(S)T (T)

Simply supported end

(2.5-7b)

Let end B of the member AB be simply supported then,

(2.5-8)U 7 = U 8 = Ug = 0

F = F = 0  *11 12
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Consequently,
H

1 a a o o o a 0 | a o |-a a a U1
F2 - a b © o o g o o g o -b a U2
P 3 • a c o h a a ' h a a a -c U 3

P4 a a o d e w -d a a a a ■ * a U 4
P 5 a a h a e * Q o j 0 a a -h u 5
p6 a g a a a f a a k a -g a U6
F10 a a a -d • a d o a a a a u^o
0 © a h o j a a e © a a -h U11
0 a g o a a k o o f a -g a U12I 

f" 
[ 
fe -a a o o a a 0 a a a a a

1 “r 1 •
o'

P 8 a -b o a a -g a a -g a b a 0

_P 9. a a -c a -h o a -h a a a c 0

(L)
CH)

(V)

7 x 7

2 x 7

3 x 7

(H)T 7 x 2 | fy)T 7 x 3
(P) 2 x 2
(W)

fW)T 2 x 3

3 x 2 (R) 3 x 3

(2.5-9)

j

fa UA
► — (L) { • + (h )t <

H o U10
%t* K V*

F*7 UA

00 II < ► + (w) <

P9 U10

u11
(2.5-10)

u12

ulb

U12J

(2.5-11)
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0
> — (h) i

r  ^
UA

► + (P)<
U11

0 «- id

oH3 
, „U12>

(2.5-12)

Premultiply -(P)~^ to (2.5-12) and solve^lll in terms o f^A
12 ‘10

Ul l U  -(P)"1 (H ){ UA
u.*12j ^10-

Suhstitute (2.5-13) into (2.5-10) and (2.5-11)

(2.5-13)

10j

S8

(L) - (H)T (P)_1(H)

(V) - (W)(P)“1(H) <

u.
u10-

u
u
A 
101

(2.5-14)

(2.5-15)

If the end A of AB is simply supported then.

U1 = u2 = u3 = 0
0

(2.5-16)

v



52

The force displacement relationship is 

F_

8

10
F
F
F

0
0

xl
12

b
c

* »

. -h
-g

-g
-h

-d

-a
-g

-h

-d

. -h 
'9

±

j

• n *

-h
. -c h

-b
-c

h

h

u8

*10
u11
u12

0
0
0

<L >7 x 7 tH } 7 x 2 <V ')T 7 x 3
^ 2  x 7 2 x 2 (W')T 2 X 3 (2.5-17)
(V,3 X 7 3 x 2 3 x 3

We obtain

'b

r*l
U,

u
i = (V)'- (W)' (P)_1 (H)'

B

u.

(2.5-18)

(2.5-19)
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The stiffness matrix of the member AB with one end simply sup­
ported is *

(ku ) = (l / -  (h ')T (P)"1 (H)# (2.5-20)
(3) Stiffness matrix in joint coordinate system

oJLet the ( Q  ) be transformation matrix between element 
displacement vector of AB, j/ and joint displacement vector 
at joint A and. joint B, £qA ,

{ " )  j = { qA  ' qB } (2.5-21)
The stiffness matrix of AB in joint coordinate system can be. 
written as

(kq ) = (£* )T (JCU ) <$') (2.5-22)
(4) Element mass matrix in element coordinate and in joint 
coordinate system. The derivation of element mass- matrix is 
similar to that of element stiffness matrix.
a. In the element coordinate system, the mass matrix is.

(mu) =

f*

f*

b* .
b* 

« *
e*

e*

. e* 
e* . 

c* . .
d* .
. d*

e »t> m

rr*

• •

-k*

k*
g* k*

h* .
-k* . j* .

j*
♦ e a

g* . -k*
. . g* . -k* .
• a h* . .

k* . j*

b*
b*

. -e*
-e*

• o c*
-e* d*

k* . o © j* . -e* . d*

(2.5-23)
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See Appendix 2 for elements a*., b*,..*,k**

Then (A) (B) (c) (D)
(m ) = (B) (E) -(D) (G) (2. 5-24)u (c) -(D) (A) -(B)

(D) (G) -(B) (E)

b. In the joint coordinate system
<mq ) = ( )T (m ) u (2. 5-25)

Let r-a* a a ■*“ rv • 0  — ft _ f * a a m

(A) = • b* • (B) = a * ! e* (c) = a g* ‘ a

• • b* • e* a a a g*

• • • -c* • m ™ «-h* a a •

(D) = a * k* (E) = a d* • (G) = a J* a

_ a k* • « • • d*_ a a

(B) Stiffness matrix and mass matrix of the total structural
system

The stiffness matrix and mass matrix of an elastic struc­
tural system can he obtained from the synthesis of that of the 
member elements of the system* Let R be the number of member 
elements in the system and (l^), ^  = ! / • • • / ke stiff-
ness matrix and mass matrix of the i member respectively. It 
can -be shown that
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(K ) u

1( V
(3C2-)u

(kR )u

(2.5-26)

and

(M ) u

(m2)

t R ^tmu )

(2.5-27)

The matrices (Ku ) and My) are stiffness matrix and mass 
matrix of the structural system in element coordinate system re­
spectively. In joint coordinate system they can he written as 

<Kq ) = (Q) )T (Ku ) ( §  ) (2.5-28)
and

Where
<Mg > = ( 6  )T (Mu ) ( ̂ > ) (2.5-29)

. is the transformation matrix between

{■} ■*?’ I*.
{u} and [j}
(2.5-30)



CHAPTER 3 FRAMED SOME
3.0 INTRODUCTION

In this chaptier the free vibrationscdf^.a'domettypex 
frame structure are studied,, The structure is a solid- 
rib type dome as shown in Fig0 3.1. The analysis assumes 
that the masses of the member elements of the dome are lumpedf
at the joints of the dome. The natural frequencies and mode 
shapes of a 60 degrees-of-freedom dome are calculated, and 
the numerical results are verified experimentally in chap­
ter 4. The purpose of this study is to determine whether 
the lump-mass model is a satisfactory model of the real 
structure.

3.1. THE DOME
It is known that the metallic framed dome, structiife is 

one of the most efficient space structural systems-. It is 
used for radomes, radio telescopes, roofs of auditoriums, 
fieldhouses, coliseums, and other large structures where 
intermediate supports are not permitted. The advantages 
of dome structures have been long recognized, but only since 
the recent development of structural analysis methods and 
construction techniques, j have large numbers of metallic 
domes been constructed economically.

A number of large metallic framed domes have been 
built in this country. The Astrodome in Houston, Tex. has 
a clear span of 642 ft. and an outer diameter of 710 ft.



Rib

Ring

Plan

Fig. 3.1 SOLXD-RIB DOME
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The roof is 202 ft. above the ground level. The roof of 
the General Electric Company's pavilion at the 1964-1965 
New York World's Fair is a dome 200 ft. in diameter and 
78 ft. in height. The roof of the New York's World's Fair 
Pavilion is 176 ft. in diameter. The roof of the Pittsburgh 
Auditorium has a diameter of 417 ft. and a rise of 109 ft. 
The base diameter of the Charlotte, N.c. Coliseum is 
332 ft.# and its crown rises 120 ft. above the street level. 
All of these framed domes have an extremely large number of 
member elements and joints«, Consequently, the dynamic be­
havior of dome structures is difficult to analyze.

The solid-rib type dome consists of concentric poly­
gonal rings at different elevations, rigidly connected with 
inclined ribs at each corner of the ring. Under dead load, 
the uppermost ring is a compression ring and the lowest one 
is a tension ring. Elements of the dome are usually straight 
members composed of solid-web, rolled, or built-up sections. 
The height between two adjacent horizontal planes contain­
ing rings can be varied.■ The. angles of inclination of the 
ribs with respect to horizontal plane may be different at 
different tiers. All the members of a polygonal ring are 
of the same length. The central angles extended over each 
member are equal. The dome is supported by foundation walls, 
columns or buttresses.
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ring

(n-1) rib

(s-ljth ring

th ~(n+1) ribrib

Flg^ 3„2a Joint Coordinate System: V (-T,W.
V: Vertical " . ■
T : $an«j&rit3£i&lL W: Radial (inward)
(s.# n): A jo int of the dome . where 

ring a intersects rib n#
•gig* 3»2

• - r i f i i — M aw tf i
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^  ; Translation

: Rotation

Ficr. 3.2b Joint Displacement Vector Components,
Joint Displacement vector

{ q } (s,n) = {ql'q2'q3'q4'q5'q6} (s,n) 
ql'q2,q3 : Trans^at ôn direction of V#T,W, 
q4'q5'q6: Rotat^on direction of V,T,W;

Fin. 3.2 (cont1d)
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ur
: Translation

Rotation

Fig„ 3.2c Element Displacement. Vector Components,, 
Element Displacement Vector

{ u } a b  = (  u A ' u B }

{ U } “ { ̂ 1#U2'U3'U4/U5/U6 }
{ U } U7,U8'U9fU10"Ull'U12 }

Fig-. 302 (cont1 d)
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3.2 ELEMENT AND JOINT COORDINATE SYSTEMS
As shown in Flg0 3„2, let us number the rings and ribs 

of the dome* respectively by the numbers s and n (s = 1,2,3, 
...j n = 1,2,3,..,), The joint where the s ring and n rib 
intersect IS:designated,as(s,n)„ At each joint of the dome we 
attach a right handed joint coordinate system V,T,W along the 
vertical, tangential and inward radial direction respectively,, 
The- joint displacement vector at a joint (s,n) is specified as

(S,n) = q2, q3, q4 , q5, qg
(s,n)

where q^, q2, q3 are.'translational-.; *- q4, qg, qg -are rota­
tional displacement components at- joint (s,n) in the re­
spective direction of V,T, and W„ The coordinate system
attached to any member element indicated as (s,n) - (s+l,n)
or AB,:\is a right handed rectangular coordinate system x,y,z. 
The x direction is along the axis of the member? the y and 
z are along two principal directions of the aross section of 
the member is specified as o r w h e r e

uA = { ur  u2, u3, u4, u5, ue

U = | Uy, Ug, Ug, Uj^ , U^ j ^

Notice that u-̂ , u2, u3 and Uy, Ug, Ug are translational dis­
placements at ends A and B respectively; u4, ug, ug and 
ul0, ui2 are rotational displacements at end A and B
in direction of x, y and za

}
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Let N and R be the number of joints and the number of 
member elements of the dome respectively,, We specif# the 
following notation:

^ : End force and end displacement vector of
* ' * i.'Uthe i member element of the dome, i=l,,..,R

( u ) i  !

( Q }j : Joint force and joint displacement vector
4* Viof the j joint of the dome, j = 1,....N

{ q } i  !

It is clear from Fig* 3*1 that the geometric configu­
ration at each joint is typical throughout the structural 
system* As a result, the coordinate transformation matrix 
between coordinate systems F-u and Q-q can be obtained from 
the study of a joint*

As shown in Fig* 3*2 and Fig* 3*3, the direction 
cbsines between system and element coordinate systems can 
be expressed as

For vertical member at both ends
X y z

V SinM^ -Cos vp 0
T 0 0 -1
W Cosvp Sin 0



301i&d*1
it>©r
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3 0 ^  m 
SV®te

and £}.©**©©*•
coo at©

COOr.Bleta©^ o r  ditv^e
jo*^

di^s^et©^
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(s,n)

Fig. 3n3b Vertical Member.
• ' '• i

'■ ’Angle of Inclination 

Flq„ 3»3 (cont'd)
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For horizontal member at end A
X y z

V 0 -1. 0
T Cos0/2 0 -Sine/2
W Sine/2 0 Cos e/2

For horizontal member at end B
•

X y z
V 0 -1 0
T cose/2 0 Sin0/2
W -Sine/2 0 Cos6/2

Where tp is the angle of inclination of the vertical member 
with respect to the horizontal plane and 0  is the central 
angle extended by the horizontal member AB„

At a typical joint, {s,n), of the dome (Fig.,3,2), there 
are four connected members,, The element end displacement 
components at this joint are respectively

{ ul' u2' u3' u4' u5' U6 } (s,n)-(s+l,n)=U (s,n)-(s+l,n)

{ u7' u8' u9' u10' ull' u12J (s-l#n)-(s,n) (s-l,n)-(s#n)
for vertical members (s,n)-(s+l#n) and (s-l^nJ-Cs^)/and

{ ul, u2' u3' u4' u5' u6̂ }(,s,n )-(s,n+1) =u (s,n)-(s,n+l)
f 1 =uBI u?, u8, Ugf u1Qr u11; u12| (S/n_i)_(s/n) (s;n*r*l)-(.s#n)

for horizontal members (s,n)~(s,n+l) and (s,n-l)-(s,n).
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-'iirWjfi’WWr-
I

Let joint displacement vector at the joint (s,n) be

ql' q2' q3' q4# q5# q6 | (s,n) = q (s,n)
We botain

A , 
u (s#n)'-(s+l,n) (t*s,s+l

CO)
(0)

(t)s.s+l

uB (s-l,n)-(s,n)
i ► =

(t}s-l,s
‘CDO..

(0)

^ s - l , s

uA (s,n)-(s,n+l) ■
(r)
(0)

(0)
(r)

uB (s,n-l)-(s,n) 24x1 (n) (0)

CO) .(a) ......

where

(t) =

(n) -

Sin
-Cos vp

0
-1
0

0
0
-1

Cos
Sinvp ;

(r) =
0

-1
0

Cos©/2 -Sine/2
0 0 
Sin9/2 Cos®/2

Cose/2 Sine/2
0 0

-Sin&/2 Cos9/2

{q (s,n) 
6x1

24x6

(3.2-1)
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3,3 ELEMENT MASS MATRIX AND ELEMENT STIFFNESS MATRIX
(3.2-1) is the relation between joint displacement vector 

q (s and the components of, end displacement vectors of all
member elements connected at the joint. The transformation 
matrix is a 24x6 rectangular matrix. ■ If we write out the re­
lationship for all the joints of the dome, we obtain a 12Rx6N 
transformation matrix for the entire system between joint dis­
placement vector <q> and element displacement vector as

(3.3-1)

Under the coordinate transformation in (3.3-1), we have the 
expressions for element stiffness matrix (^AB) an<̂ element
mass matrix in joint coordinate system as shown in
(3.3-2) through (3.3-5). Notice that the values of 
a,b,...,k in (3.3-2) and (3.3-3), and that of a*,b*,...,k* 
in (3.3-4) and (3.3-5) are listed in Appendix 2.



Transformed element stiffness matrix for vertical member

[kABj  = (kv.j (3.3-2)

where kv. . = kv. kv. ,= 0 exceptJ-J jx ij

bB2kvl,l = aA2
kvl,3 = (a +
kvl,5 = - gB 2
kvl, 7 -aA
kvl,9 -(a
kVl,ll = - gB
kV2, 2 = c
kv2,4 hB
kv2,6 = hA
kv2,a — -c
kv2,10 — hB
kv2,12 — hA
kV3,3 = aB •
kV3,S - gA
kV3,7 = -(a •2
kv3, 9 -aB
kv3,11 - gA
kv4,4 =3 dA -
kv4,6 = (d +
kv4,8 — -hB
kv4,10 = -dA2

* < * H1 to = . (j -
kV5,5 f
kvc _S, 7 = gB
kV5,9 - gA
kv5,ll = k
kv6,6 — dB H
kv6, a = - hA
kv6,10 = (j -
kV6,12 -dBn
kv7,7 — aA h

kV7, 9 — (a +

-bB2

+ bA^

+jA2
,_„2
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where

kv7,ll = gB
kV8,8 = C
kVB, 10 = - hB
kV8,12 = - f' 2
kv9,9 " aB +
kvQ 11 ~*? I X JL ^  ^

kV10,10 = ^  + eB
kV10,12 = (d + ® ,AB
kvll,ll = f , ,
kv12,12 = « 2 + ea

Transformed element stiffness matrix for horizontal member

[kAB]  = <khij )

khl,l = b
khl,5 = gP
khl,6 = gQ
khl/7 = - b
khl,11 = gP
khl#12 - gQ
kh2,2 = aQ2
kh2, 3 = (a +
kh2,4
kh2,8

= - hP 
= -aQ2

kh2, 9 = -(a •
kh2,10 = - hP
kh3, 3 = aP2 h

kh3/ 4 = - hQ
kh3, 8 = -{a h

kh3,9 = -aP2
kh3,10 = - hQ
kh4(4 = e
.kh4,8 = hP
kh4, 9 = hQ
kh4,l0 = J

+ CP2

(3.3-3)

k^ij “ k^ji' k^i j = 0 except



where

kh5,5 = dQ2 + fP2
kh5,6 (d + f )PQ
kh5, 7 
kh5,ll

- gP 
kP2~ dQ2

kh5,12 
kh6,6 =

(k -
2dP +

d)PQ
fQ2

kh6, 7 = - gQ
kh6,11 = (K - d)PQ
kh6,12 =S kQ2- dp2
kh7,7 b
kh7,ll - gp
kh7,12 “ - gQ 2
kh8, 8 aQ + cP
kh8, 9 (a + c)PQ
kh8,10 hP

9
kh9, 9 = aP + cQ2
kh9,10 = hQ
kh10,10 = e 9
khll,ll dQ + fP2
khii,i2 (d +9 f )PQ 2
kh12,12 dP + fQ

71

Transformed element mass matrix for vertical member

= (mv. .) (3.3-4 )xj'
mv . . = mv .., mv. . - 0 except xj jx' ij

mvl,l = a*A2+ b*B2
mvl,3 = (a* + b*)AB
mvl,5
mvl,7

e*B
f*A2 + g*B2

mVl,9 = (f* + g*)AB
mvl, 11 = - k*B
mV2,2 = b*
mv2/ 4 - e*B
mV2,6 - e*A
mV2,8 g*
mv2,10 — k*B

12 = k*A9 9
mv3,3 = a*B + b*A



72mv_ c = e*AJ t D
mv, , = (f* + g*)AB

' 2 2mv3 g = f*B + g*A
mv, , =  -k*A3 1 XJ.  ̂ «
mv4 4 = C*A +d*B
mv. e =(c* + <3* )AB4, 6
mv. = - k*B

' 2 2
mv4,10 = h*A "■ J*B
mv4 12 = (h* - j*)AB
mvv’c = «a*
mvs' 7 = k*B
mv5 g = k*A
mv*/ll = - j*5/ o 2mv, - = c*B + a*Ao, O
m V 6 8 = " k *A
mV6^10 = (h* - J*)A!
mv, = h*B - j*AO, ±Z „ ~
mv? ? = a*Az + b*B*
mv_-,Q = (a* + b* )AB/, y
mv_ ,, = - e*B
< 8  = b*
“va,io = e*B
mvfl , _ = e*A
mvg g = a*B + b*A
mvg ,, = -e*A
mV10,10 = c*A2 + d*B2
mv10 12 = (c* + d*)AB
" u i u  = a*. ,
mv12,12 = °*B + d*A

Transformed element mass matrix for horizontal member

[■"] (mh..) (3.3-5)ij
where mh, . = m h ,. , mh. . = 0 exceptxj JX xj

mhi, i = b*
mh, c = - e*PJ., D
mh, , = - e*Q1, 6
mhl,7 = 9*



mhl,ll =7 k*P
mhl,12 — k*Q9
mh2, 2 a*Q H
mh^ 3 (a* +
rah2,4 = e*P
mh2, 8 = f *Q 4
mh2, 9 - (f* +
mh2,10 = - k*P•ymh3(3 a*P -*
mh3,4 = e*Q
mh3,8 
mh3, 9

(f* + 
f*P2 4

mh3,10 — - k*Q
"*4,4 a*
”h4,S k*P
mh4,9 =r k*Q
mh4,10 j*•y
mh5(5 c*Q +
mh5, 6 (C* 4-
mhc _ 5, 7 =; - k*P

*y

'^5,11 = h*Q -
mh5,12 = (h* -
mh6/6 c*P +
mh6/7 - k*Q
mh6,11 = (h* -jn
mh6(12 h*P -
mh7, 7 = b*
mh7,ll — e*P
mh7#12 =: e*Q
"*8,8 = a*Q 4-
“*8,9 =: (a* 4-
mh8,10 - e*P
mh9, 9 = a*P 4-
mh9,10 - - e*Q
mhio, 10 d*
mhll,ll C*Q 4-
mhll, 12 = Cc* 4- i
mh12,12 ss C*P 4-

73

2b*P

2g*P

b*Q2

g*)PQ 
• g*Q2

2d*Pz
d*)PQ

j*P^
j*)PQ
d*Q2

b*P2

b*Q2

d*P2
d* )PQ 

2d*Q

Note that A=Sin<p , B=Cos([) , P=Sin0/2, and Q=COs0/2,



3.4 NUMERICAL APPLICATION
The numerical example presented in this section is a 

20-memher 60 degrees-of-freedom framed dome model (Fig.3.4).
It has two pentagonal rings supported by inclined ribs. The 
angles of inclination of ribs with respect to horizontal 
plane are 60 degrees for lower tier and 45 degrees for upper 
tier. Each joint of the dome has Ipeen numbered as (l,!),..., 
(3*5). The joints (1,1),...,(1,5) are assumed to be fixed 
with foundations. Components of joint displacement vector 
are indicated by number 1,2,...,60. At each joint the first 
three numbers are translational displacement components and 
the last three numbers the rotational displacement components 
of the joint. For instance, at joint (3,1) 31,32 and 33 are 
translational and 34,35,36 are rotational displacement compon 
ents in respective direction of V,T and W (Fig.3.2a). Masses 
of the member elements are assumed to be lumped at each joint 
of the domes and indicated as small circles as shown in Fig. 
3.4. The dimensions and physical properties of each member 
as well as the Code Numbers for the synthesis of dome stiff­
ness and dome mass matrices are listed in the following table



Table 3.1 Dimension and Physical Properties of Dome Model

MEMBER LENGTH CODE NUMBERS U
X j r 1 — 2,1) 0 0 0 0 0 0 1 2 3 4 5 6
1,2 - 2,2) 0 0 0 0 0 0 7 8 9 10 11 12
1,3 2,3) L=5.0» 0 0 0 0 0 0 13 14 15 16 17 18
1,4 — 2,4) 0 0 0 0 0 0 19 20 21 22 23 24
1,5 - 2,5) 0 0 0 0 0 0 25 26 27 28 29 30
2/1 — 3,1) 1 2 3 4 5 6 31 32 33 34 35 36
2,2 — 3,2) 7 8 9 10 11 12 37 38 39 40 41 42
2,3 - 3,3) L=4,949" 13 14 15 16 17 18 43 44 45 46 47 48
2,4 — 3,4) 19 20 21 22 23 24 49 50 51 52 53 54
2,5 - 3,5) 25 26 27 28 29 30 55 56 57 58 59 60
2,1 2,2) 1 2 3 4 5 6 7 8 9 10 11 12
2,-2 — 2,3) 7 8 9 10 11 12 13 14 15 16 17 18
2,3 - 2,4) L=7.641" 13 14 15 16 17 18 19 20 21 22 23 24
2,4 — 2,5) 19 20 21 22 23 24 25 26 27 28 29 30
2,5 - 2,1) 25 26 27 28 29 30 1 2 3 4 5 6
3,1 _ 3,2) 31 32 33 34 35 36 37 38 39 40 41 42
3,2 — 3,3) 37 38 39 40 41 42 43 44 45 46 47 48
3,3 — 3,4) L=3,526" 43 44 45 46 47 48 49 50 51 52 53 54
3,4 — 3,5) 49 50 51 52 53 54 55 56 57 58 59 60
3,5 - 3,1) 55 56 57 58 59 60 31 32 33 34 35 36

= 6 0  degrees

= 45 degrees

FOR ALL MEMBERS: 
AREA=(9/256) in2 
UNIT WT.=0*04114 #/in'

E=4.5 x 10 psi1 
G=1.8 x 105 psi
0= 72 degrees
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(1,1)

(2,1

(1,5)

(3,2)
25 26 27 
28 29 3031 32 33 

34 35 36
10 11 12

55 56 57 
58 59 60 j37 38 3<H 

40 41 42

|49 50 51 
,52 53 5

43 44 4 
6 47 48

19 20 21 
22 23 24

13 14 15 
16 17 18 (2,4

Fig,, 3„4 Mass points and Joint displacement
vector components of the dome model„o = Point mass (lumped from adjacent members)D

(2,1): A joint of the dome where ring -2 intersects 
rib 10

31,32,33 : Displacement components of the joint 
34,35,36 (3,1)
31,32,33: Translation
34,35,36: Rotation

in resepctive direction of V,T, and W„ 
(Fig,3 0 2)
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3.5 NATURAL FREQUENCIES AND MODE SHAPES OF THE DOME MODEL

Both mass matrix and stiffness matrix of the 60 degrees-
of-freedom dome model were generated numerically (see appendix 3).
Computer programs were written in FORTRAN (see appendix 4).
Table 3.2 presents the calculated values of the natural fre- 

(n\quencies . There are 21 multiplicities of order two. Each 
of the multiplicity corresponds to a symmetric and an anti­
symmetric mode of vibration at the same frequency. Calculated 
mode shapes of the first and second mode.of vibration are shown 
in Fig. 3.5, Fig. 3.6 and Fig. 3.7. Note that the mode shapes 
as shown in Fig. 3.6 and Fig. 3.7 are obtained from a linear 
combination of the two eigenvectors corresponding to the same 
frequency of 55.78 cps. The eigenvectors are given in Table 
3.3d and Table 3.3e. The computations of. the joint displace­
ment component q^ from the eigenvectors are given below.



Decomposition of the eigenvector component <eq^1J'
70

r *
0.063 0.048 0.015

-0.117 -0.128 0.009
0.137 -0.128 -0.009
0.033 0.048 -0.015
0.158 > — i 0.158 ► + < 0.0
0.074 0.056 0.018

-0.136 -0.147 - 0.011
-0.158 -0.147 -0.011
0.038 0.056 -0.018
0.182 0.182 . sym. I o.o J

f -0.146 ' " 0.004 " "-0.150
-0.103 -0.010 -0.093
0.083 -0.010 0.093
0.154 0.004 0.150
0.013 > = i 0.013 * .+ \ 0.0

-0.170 0.004 -0.174
-0.119 -0.012 -0.107
0.095 -0.012 0.107
0.178 0.004 0.174
0.015 „ 0.015 sym. 0.0 J;

antisym.

antisym.

Linear combination of the eigenvectors, 
a. Symmetric Mode

b . ' Antisymmetric Mode

" 0.052 ' 0.048 " ' 0.004 ^
-0.138 -0.128 -0.010
-0.138 -0.128 -0.010
0.052 0.048 0.004
0.171 ► “ i 0.158 ► + i 0.013
0.060 0.056 0.004 f

-0.159 -0.147 -0.012
-0.159 -0.147 -0.012
0.0^0 0.056 * 0.004
0.197 . 0.182 J _ 0.015 ;

' -0.135 ' " 0.015 v ' -0.150 '
-0.084 0.009 -0.093
0. 034 -0.009 0.093
0.135 -0.015 0.150
0.0 > - < 0.0 ► + '■ 1 0.0 I

-0.156 0.018 -0.174
-0.096 0.011 -0.107
0.096 -0.011 0.107
0.156 -0.018 0.174

^ 0.0 J . 0.0 . 0.0 J



TABLE 3.2 Natural Frequencies of the Dome Model
CPS
53.85
55.78
88.16

116.69
119.58
186.18
216.71 
250.95 
280.52 
295.15 
310.02
330.71 
419.79 
426.12 
451.55
579.67
651.67 
662.50 
703.61 
709.90 
728.87 
935.29

1062.80
1160.79
1301.90 
1338.61 
1445.37 
1514.25 
1777.29 
2055.88 
2715.99 
2970.07 
2973.87 
3040.93
4003.90 
4070.69 
4071.86 
4630.68 
4644„70

MULTIPLICITY
1
2
2
1
2
2
2
1
2
1
2
2
1
2
2
1
2
2
2
2
1
2
1
1
2
1
2
2
2
2
1
1
1
2
1
1
1
1
1
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TABLE 3.3a Joint Displacement Components 
(First Mode f=53.85 cps)

* 1 q 2

1 i 
u

! 
1 

! 
i

1 
1

q 4 * 5 q 6

0 .0 0 0 0 .347 0 .0 0 0 0.043 DVooo 0.048
0 .0 0 0 0 .3 4 7 0 .000 0.043 0.000 0.048
0 .0 0 0 0 .3 4 7 0 .000 0.043 0 .000 0 .048
0 . 0 0 0 0 .347 0 .000 0 .043 0 .000 0 .048
0 . 0 0 0 0 .347 0 .0 0 0 0.043 0.000 0.048
0 . 0 0 0 0 .2 6 0 0 .0 0 0 0.083 0 .000 0.006
0 .0 0 0 0 .2 6 0 0 .0 0 0 0.083 0.000 0.006
0 . 0 0 0 0 .2 6 0 0 .000 0.083 0 .000 0 .006
0 .0 0 0 0 .2 6 0 0 .000 0.083 0 .000 0.006
0 .0 0 0 0 .2 6 0 0 .0 0 0 0.083 0.000 0.006

TABLE 3.3b Joint Displacement Components
(Second Mode £=55.78, Symmetric Mode)

q l q 2 . q 3 q4. ' q 5 q 6

0 .0 5 3 - 0 . 2 8 3 - 0 . 0 9 2 0 .022 0.014 -0 .0 1 0
- 0 . 1 3 9 - 0 . 1 7 5 0 .2 4 1 0.014 -0 .0 3 7 -0 .0 0 7
- 0 . 1 3 9 0 .175 0 .2 4 1 -0 .0 1 4 -0 .0 3 7 0.007

0 .0 5 3 0 .283 - 0 . 0 9 2 - 0 .0 2 2 0.014 o i o i o
0 . 1 7 1 0 .0 0 0 - 0 .2 9 8 0 .000 0.045 0 .000
0 .0 6 1 - 0 . 3 0 9 - 0 . 1 0 0 0 .005 - 0 .0 1 2 0.055

- 0 . 1 6 0 - 0 . 1 9 0 0 .2 6 2 0.003 0.033 0.034
- 0 . 1 6 0 0 .1 9 0 0 .262 -0 .0 0 3 0.033 -0 .0 3 4

0 .0 6 1 0 .309 - 0 . 1 0 0 -0 .0 0 5 -0 .0 1 2 - 0 .0 5 5
0 .1 9 8 0 .0 0 0 - 0 .3 2 5 0.000 -0 .0 4 0 0 .000

TABLE 3.3c Joint Displacement Components
(Second Mode f=55.78, Antisymmetric Mode)

q i  • q 2 q 3 q 4

------------

q 5 q 6
- 0 . 1 3 5 -£>,076 0 .234 0.006 -0 .0 3 6 - 0 .0 0 3
- 0 . 0 8 3 ■ 0 .199 0 .144 -0 .0 1 6 -0 .0 2 2 0 .008

0 .0 8 3 0 .199 -0 .1 4 4 -0 .0 1 6 0 .022 0 .008
0 . 1 3 5 - 0 . 0 7 6 -0 .2 3 4 0.006 0.036 - 0 .0 0 3
0 . 0 0 0 - 0 . 2 4 6 0 .000 0.019 0.000 - 0 .0 0 9

- 0 . 1 5 5 - 0 . 0 8 3 0 .255 0.001 0.032 0.014
- 0 . 0 9 6 0 .2 1 7 0.157 -0 .0 0 3 0.019 -0 .0 3 9

0 .0 9 6 0 .217 -0 .1 5 7 -0 .0 0 3 -0 .0 1 9 -0 .0 3 9
0 .1 5 5 - 0 . 0 8 3 -0 .2 5 5 0.001 - 0 .0 3 2 0.014
0 .0 0 0 - 0 . 2 6 8 0 .000 0.004 0 .000 0.048

I'— — — -T-- ---------------- ____________ -— —  - —“ .■ ■ _ * r— ---- .ẑzr—
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(1,1)

q4: (Vertical,V)(Vertical,V)

mtill

q2 : (Tangential, T) q^: (Tangential,T) •

ILIL (1,1)

q * (Radial,W)

Fig.3.5 Calculated Mode Shape (1st Mode)



: (Vert leal , V ) q4 § (Vertical, V)

Sym.

q^s (Tangential, T)q«: (Tangential, T)
aî MI, 1)

Sym.

q3 : (Radial, W)

4

qgs (Radial W)

„ jFig. 3.6 Calculated mode Shape (2 Mode) 
- - - (Symmetric Mode)
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q^: (Vertical, V)

^  (1,1

Sym.

q4 s (Vertical, V)

Sym.

q * (Tangential, T)

Sym.

q5 ; (Tangent ial, T )

Sym.

q3 : (Radial, W)

^  (1,1

q6; (Radial, W)

,ndFicr.3 .7 Calculated Mode Shape (2 Mode) . (Anti-symmetric Mode)
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3.6 LOWER BOUND TO THE FUNDAMENTAL FREQUENCY OF THE DOME MODEL.

The method developed in Chapter 1 is used for finding a 
lower bound to the fundamental frequency of the dome model.
Since the dome model is analyzed using lumped mass analysis, the 
matrix L( OJ ) used for computing a lower bound is

L( GO ) = (K) - C02(M). (3.6-1)

Where (K) = stiffness matrix of the dome model,
(M) = mass matrix of the dome model,C O  = frequencies of the dome model.

The matrix . D(q) is thus defined as

D(q) = (K) - q(M) . (3.6-2)

The procedure described in section 1.3-4 (version 4 of the 
method) is used for the computations. The lower bound to' . 
the fundamental frequency of the dome model is found to be 
22 cps. The computational result are given in Table 3.4 and 
Fig. 3.8 .

v
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TABLE 3.4 LOWER BOUND TO THE DOME FUNDAMENTAL 
FREQUENCY.

q c x
LOWER

BOUND(cps)

io5 7.491 x 103 0.8
io6 7.507 X IO3 2.6
io7 7.669 X IO3 8.0
io8 1.003 x 104 22.0
109 1.014 x IO5 22.0
io10 1.015 x 106 22.0
io11 1.015 x IO7 22.0
IO12 1.015 x 108 22.0
io13 1.015 x 109 22. 0
io14 101.015 x.10^ 22.0
io15 1.015 x IO11 22.0
io16 1.015 x IO12 22.0
io17 1.015 x 1013 22.0

•• 1018 1.015 x 1014 22.0
io19 1.015 x 1015 22.0



10 ! 0 !0 10 IO IOIO IO

Fig-.3.8 LOWER BOUND TO THE DOME FUNDAMENTAL FREQUENCY.



CHAPTER 4 DYNAMIC EXPERIMENT OP THE FRAMED DOME

4.0 INTRODUCTION
In order to study the accuracy of natural frequencies 

obtained from lumped parameter analysis, an experiment was 
designed and performed in the Engineering Materials Labora- 
tory of the School of Engineering. A small model is built 
and mounted on a dynamic shake table. The dynamic stresses 
are observed by means of strain gages. By varying the fre­
quency of the excitation force, the natural frequency of the 
model is obtained.

The instrumentation was calibrated by tests, on an 
aluminum cantilever beam. The dynamic modulus of elasti­
city of lucite was obtained by tests of lucite beams. 
Finally, a dome-shaped frame, made of lucite was constructed 
and tested (see Fig. 4.5a).



Ficr. 4.1a

Fig. 4.1b (enlarged scale)

Ficr. 4.1 Waveform on the oscillograph screen Before 
—  and After Resonance Frequencies



Fig. 4.2b (enlarged scale)

£*£Lv 4-2. Wave-form on the oscillograph screen
in the Neighborhood of and at Resonance Frequencies.



4„ 1 DESCRIPTION OF THE EXPERIMENT
The experiment consisted of the excitation of vibra­

tion and the observation of resonance frequencies0 The vi- 
bration was generated by a MB model C.11-D vibration pickup 
calibrator and MB model T-112531 control, the resonance fre­
quencies were observed with a Baldwin SR-4 type N portable 
strain indicator and Du Mont type 304 cathode-ray oscillo­
graph,, The experiment was designed according to the capa­
city of the vibration pickup calibrator, which had a cali­
bration range from 5 to 2000 cycles per second and a max,
exciter table load of 5 lbs0 The model tested was made of
Lucite (polymerized methyl-mathacrylate), and was pasted 
with SR-4 type A-7 strain gages for dynamic strain obser­
vations 0 The power supply for the experiment was 110 volts 
50-60 cps single-phase current,

4„ 2 THE MODEL
A twenty-member framed dome-model was constructed 

as shown in Figc 4030 Because of the limited exciter table 
load and for the convenience of fabrication, it was made 
of Lucitea A square cross-section, 3/16ux3/1611, was chosen 
for all elements in the model0 Members were cut from a 3/16" 
thick Lucite plate0 They were sanded smooth, mitered at 
both ends and cemented with Plexite Noall (a solvent type 
cement)0
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The connecting,^pieces were cleaned and fibted properly, then
immersed in the cementing solution for a few minutes and pressed
firmly together. Cemented joints were left overnight under room
temperature for curing, Plexite No, 11 was brushed on it with
a swab whenever immersion was impossible. Gusset plate 1/16"
thick was placed at each joint of the horizontal members for
the purpose of increasing the rigidity of the model as well
as making connection with inclined vertical members possible.
The model was fixed to a plywood base which was securely
fastened on the exciter table of vibration pickup calibrator,
SR-4 type A-7 strain gages were pasted on the members of the
dome with Duco Cement (a product of DuPont Co.). The modulus

5of elasticity of Lucite was found to be 4,5x10 psr at room 
temperature (See section 4.3). Assuming a Poisson's ratio

5of 0.25, the.shear modulus was calculated as G = 1.8 x 10 
psi. The unit weight is 0,04114 (lbs per cu.in.). Three 
measurements of depth and width (one at each end and one at 
mid-point) were taken for each member. The average was used 
for the calculation of the cross-sectional area and the moment 
of inertia. The length of a member was measured along its 
center line.



2

Fjg04 03a PLAN

DET.E

Fig«.4„3b ELEVATION

Fig.4.3 Model
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G.P

DET.CPET. A DET.B

NOTE; G.P. indicates 1/16" thick 
gusset plate

G.P

DET.E

45' G.P

G.P
DET.F

60
G.P

I-=X

DET.G

*~7F 3"
A  ^

>■ s3"
16

TYPICAL CROSS SECTION 
OF MODEL ELEMENT 

Fig04„3d

Fig.4.3c. CORNER 
DETAILS

Ficr.4.3 (cont'd)
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4.3 MODULUS OF ELASTICITY OF LUCITE
The modulus of elasticity of lucite generally
:rc 
(6)

5 5varies from 4x10 to 5x10 psi based on static flexural
tests.'"' These values are in agreement with the static 
tests performed in the Engineering Material Laboratory. 
Since a more

Added mass

b=l.098" 
t=0.251" 
1=1.446x10 
L= 6 " and 8 "

m

}'

b
Section a-a

.Unit weight of Lucite= 0.04114 #/in 
Weight of beam per inch= 0.01136 #/in 
Added weight= from 0 .11# to 1 .1#

Fig. 4.8 LUCITE CANTILEVER REAM WITH 
ADDED MASS AT FREE END.



TABLE 4.3 OBSERVED FIRST MODE FREQUENCIES (CPS) OF 
LUCITE CANTILEVER BEAMS WITH ADDED MASS 
AT FREE END.
L: Beam length ( in )
W: Added weight at free end ( gram )
£: Observed fundamental frequency { cps )

w =
]| • c*

50 100 150 200 250 300 500
26.7 . 19.3 16.0 14.2 12.6 11.4 8.7
26.4 19.4 15.9 13.7 12.6 11.6 9.0

f = 26 . 6 19.2 16.3 14.1 12.5 11.4 9.2
26.4 19.3 16.3 14.0 12.5 11.4 8.5
26.4 19.3 16.5 14.0 12.8 11.7 9.1

Ave 26 * 5 19.3 16.2 14.0 12.6 11.5 8.9

i00 n:hi

W = 50 100 150 200 250 300 500
16.5 12.3 10.5 8.9 8.3 7.6 6.0

f =
17.0 12.8 10.2 9.3 8.1 7.3 5. 6
16.9 12.6 10.6 8.9 8.3 7.1 5.8
16.6 12.6 10.1 9.1 . 8.2 7.5 5.7
16.5 12.7 10.6 9.3 8.1 7.5 .5,9 _

Ave 16.7 12.6 10.4 9.1 8.2 J 7.4 5.8
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TABLE 4.4 MODULUS OF ELASTICITY OF LUCITE

L=6 L=8

f(CPS) E(xl05) f(CPS) E(xl05)
26.5 4.44 16. 7 4.35
19.3 4.42 12.6 4.49
16.2 4.57 10.4 4.53
14.0 4.50 9.1 4.56
12.6 4.53 . 8.2 4.59
11.5 4,51 7.4 4.46
8.9 4.46 5.. 8 4.51

(E) = 4.5xl05 psiaverage r
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accurate value of the modulus of elasticity is needed for 
verification of analytical results a series of experiments 
were carried out as follows. Two lucite cantilever beams 
with added mass at free end (Fig.4.8) were tested dynamical­
ly. First mode natural frequencies were recorded for differ­
ent added masses. The results indicate that the lucite ma-

5terial used has a modulus of elasticity of 4o5xl0 psi.
The experiment is shown schematically in Fig. 4.8 and the 
results are summarized in Table 4.4.

4.4 TEST EQUIPMENT
A schematic drawing (see Fig.4.4) shows the arrange­

ment of equipment used in this experiment. The MB.model Cll-D 
vibration pickup calibrator and its associated MB model 
T-112531 control were manufactured by MB Electronics, a Di- 
vision of Extron Electronics, Inc., New Haven, Connecticut.
The model Cll-D vibration exciter consisted of two parts: 
the body structure and the moving element assembly on which 
the model was placed. Readings on the oscillator frequency 
vernier setting dial mounted on the front panel of model T~ 
112531 control indicated the frequencies of the exciter table. 
Baldwin SR-4 type N portable strain indicator was used for the. 
measuring of strains in SR-4 type A-7 strain gages pasted on 
the model. Proper connection was made between Du Mont type 
304 cathode-ray oscillagraph and the Scope Jack Plug on the
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strain indicator, so that variation of strains during vibra­
tion could be seen from the screen of oscillograph,, Both 
vibration pickup calibrator and T--11.2531 control were mounted 
on the laboratory floor, and all other equipments were placed 
on the working desk9 Pictures of waveforms seen from the oscil­
lograph screen were taken with a polaroid camera,,

4.5 PROCEDURE
The waveform of initial reading of a strain gage is 

seen on the screen of oscillograph,, It has a band shape as 
shown in Fig04»l„ This waveform can be focused, centered on 
the screen and adjusted to a desirable amplitude (approximate­
ly 2"). Before and after resonance frequencies, this waveform 
•remained in its original shape. However, in the neighborhood 
of and at the resonance frequencies, its shape distorted com­
pletely as can be seen in Fig.4.2. At the instant of wave­
form distortion on the screen the natural frequency of the 
model was read from T-112531, control,, The equipment was not 
effective at higher frequencies.

4.6 OBSERVED NATURAL FREQUENCIES OF THE MODEL
A total of sixteen SR-4 type strain gages placed at 

different locations as shown in Fig.4.6 were used for record­
ing resonance frequencies of the model. Waveform of the strain 
in each strain gage on oscillograph screen has been observed 
for different frequencies. The resonance frequencies of



TABLE 4,1 NATURAL FREQUENCIES OF THE MODEL OBSERVED AT
SR-4 TYPE STRAIN GAGES0

Gage No. -ci 2 3 4 5 5 7 8 9 3.0 11 12 13 14 is 15 Avg„
CDS 52 * 52 52 52 32 52 52 52 52 52 52 52 52 52 52 52 „0

f2 , ops 93 93 34 94 94 94 95 93 94 94 92 ‘55 Jo JO 98 34*67

f3, ops 135 * 135 135I[
t

135 135 133 1.5 3 133 ** ■a* *: 131 k * -3 •AT 13.3*6

* Readings were not4' obtainable*
NOTE* See Fig0406 for location of strain gages.

102
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ie Model

16 .1.0

15 14

SK4 Strain 
. Gage No0l

12

SR-4 Strain 
Gage  --

Gage pasted 
on one side 
of the member„
(No.2,3,4,5,9,

13,15,1.6) SR-4 TYPE STRAIN 
GAGE

SR-4 Strain 
Gage Gage pasted on the 

top of the member0 
(1,6,7,8,10,11,12,14)

Fig„ 4b6 LOCATION OF SR-4 STRAIN GAGES ON 
THE MODEL
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the model were recorded at each gage. The readings were 
very consistant as can he seen in Table 4.1.

Comparison of the observed values with the first 
five calculated frequencies (see Table 4.2) show good agree­
ments. The calculated second and fifth mode frequencies are. 
very close to that of the first and fourth mode respectively. 
These small differences can not be observed on the oscillator 
frequency vernier of model T-112531 control. It appears rea­
sonable to assume that the observed second and fifth frequen­
cies of the model are 52 and 133.80 CPS respectively.

TABLE 4.2 OBSERVED AND CALCULATED FIRST FIVE
MODE NATURAL FREQUENCIES OF THE . MODEL

Mode Natural Frequency (CPS)
Observed Calculated

1 ■ 52*00 53.85
2 55.78
3 94.67 88.16
4 133.80 116.69
5 119.58

A plot of the observed frequencies versus calcu­
lated frequencies is given in Fig. 4.7.
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4a 7 CONCLUSION
The simple instrumentation employed in the experiment 

appeared to give good results in the measurements of natural 
frequencies of model structures,, When the frequencies of 
two normal modes are nearly equal, as in the first and second 
mode of the model, the instrument can not distinguish the 
. two„

Due to the small excitation force of the dynamic 
shaker, high frequency vibrations can not he observed„

Within the limitation of the experimental accuracy, 
the results of lumped-mass analysis are in good agreementQ 
Whether the lumped mass analysis is sufficiently accurate1 
for framed domes in general must await more extensive ex­
perimental investigation,,
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A new method of finding a lower bound to the smallest 
eigenvalue of a linear system is developed. The results 
are guaranteed to be lower bounds to the smallest eigen­
value of the system. Since the computational effort re­
quired for finding this lower bound is much less than that 
for existing methods, the method developed in this dis­
sertation is a very useful tool to the engineer who wishes 
to obtain some information about the smallest eigenvalue 
of a linear system. The new method is developed on the 
basis of the study of locations of eigenvalues and matrix 
inequalities.

Further research in this area, in the opinion of 
the author, will be benificial to the engineering 
profession. Topics which are open for further study 
may include the following:

(1) Improvement and refinement of numerical methods.
(2) Lower bound to the smallest eigenvalue of 

unsymmetric matrices.
(3) Lower bound to the smallest eigenvalue of complex 

matrices.
(4) Loer bounds to higher eigenvalues.
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APPENDIX 1 THEOREM OF GER.SGORIN AND FAN
We state without proof three theorems which are used 

in the dissertationQ

THEOREM Mg)lo (Gersgorin)
The characteristic roots of an N-square complex 

matrix C ^ c ^ )  lie'.in the closed region of the complex 
plane consisting of all the disks

z " cii I = Pi
N

P, = ^  c. .

i=l N/ O O O / *■ D

THEOREM 2„ (Fan)*3^
Define the matrix function

S k ^  =  A n  +  A  N-l + 000 +  A  k
for a real symmetric matrix A„ Then

sk jjcA+ (1-e)B^|> e Sk(A) + (l.-e)Sk(B) 
for 0 <C £  <Cl, k-1 , 2, „ D 0 ,N0

Note thar ^  >  ^\2 >  ° ° ° >  An, and
i=l/000,N are roots of A 0



109

THEOREM 3 „ (Fan)^3*
Let A and B be symmetric matrices, with B non- 

negative definite„ Then

A k ( A + B )  >  A k ( A )  k  =
If B is positive definite, then

^ k (A+B) >  X k (A) K  =

Note that A i ^ A  ̂ i=l/ 0 0 0 ,N are roots 
of A and >  ^ 2(A) >  0 „ 0
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APPENDIX 2 MATRIX ELEMENTS OF ELEMENT STIFFNESS AND ELEMENT 

MASS MATRIX'

The elements a,b,000,k in matrix: (2„5-2) are the 
following:

a = AE/L
b =JS ZEIZ A 3
C = II El /L3J* y y
d = GIx/L

e = c X yEIy /L 
f =CX zeiz A
9=-!!zeiz A 2 

h = - K yEIy /L2 
J = §  yEIy A
k = £  ZEIZ a

where A: Area of the member„
L: Length of the member 0
I , I ,1 : Moment of inertia about res-
x y z pective x,y, and z axis0
E: Modulus of elasticity,,
G: Shear Modulus0

and 0( - Ov =4y z

5 y= I z=6
Ji- y=̂ *z=12"



The elements in (205-23)can he expressed as 
follows:

a* - mL/3
b* 156mL / 420
c* ^  2mL / 3
d* = 4mL3 / 420
e* - -22mL2 / 420
f * — mL / 6
g* = 54mL / 420
h* D  2mL / 6
j* = 3—3mL / 420
k* — 13mL2 / 4200

where m: Mass per unit length of the member,,
: The radius of gyration of mass m (Ax) 
about the inertial axis0



APPENDIX 3 STIFFNESS MATRIX AND MASS MATRIX OF
THE DOME MODEL.

The partial stiffness matrix and mass matrix of the 
dome model are presented herein,, These matrices were 
generated by computer programs from basic data which are 
given in Table 3„10 The programs are listed in Appendix 4„
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APPENDIX 4 COMPUTER PROGRAMS.

A number of computer programs used for analytical 
solutions are presented herein. These were written in 
FORTRAN. The program consists of a main program which 
controls a series.'of subroutine programs. The listings 
of some less Important programs have been omitted from-.’. = 
the Appendix. All programs have been executed on the 
IBM 360 at the City College Computation Center.
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M A I N  P R 11 G R A M 5': s‘:
H - L 0 U  E K h 0 U N I)
LUMPED AND DISTRIBUTED MASS SYSTEM

MR ER P = 0 PHYSICAL PROPERTIES OF ALL MEMBERS ARE DIFFERENT 
MBERP = 1 PHYSICAL PROPERTIES OF ALL MEMBERS ARE IDENTICAL 
IPRI NT = 0 NO OUTPUT PRINT 
I'.PR 1MT = 1 OUTPUT PR INI REQUIRED 
LUMP = 0 DISTRIBUTED MASS SYSTEM
LUMP = 1 LUMPED MASS SYSTEM ;
ME 1 PiOU = 2 H-LUWER BOUND (ONE) ‘ !
METHOD = 3 H-LUWER BOUND (TWO)
METHOD = 4 EXACT FREQUENCY ;

COMMON /AA/ H R L ( 50),RRE( 50),RRIY( 50),RRMASS( 50),CU0E( 50 
DIMENSION SYSKt3,3 ) ,SYSM(3,3),P (3 ,3) j
rJIMEj'J$.IOl\i; TIT (20) j , j

C ‘ ■ -
C , : ' I  ; !
9999 CONTINUE = \ \

CALL. TIME(IT IMF) ■
TSTART = 1T1ME I
READ' ( 1 , B O O ) (T IT{I) ,1=1,20) i , -
WRITE(3 , 801 ) (TIT ( 1 ) ,1 = 1,20)

800 FORMAT { 2 0 A 4 )
801 FORMAT ( 1H 1 ,20A4 ) . |

READ- (1,101) NBDGF,NUELHT,MBEV p ,I PRINT,LUMP i
101 FORMAT (515)

C \ . -
WRITE (3,208) NBLHJF,NUELMT,M BERP,I PRINT,LUMP 

208 FORMAT (///
1 IX,* N 0.0 F DEGREES-OF-FREEDUM
2 IX,(NO.OF ELEMENTS ‘ !
3 IX , f MEMBER PROPERTIES
4 1X ,|OUT-PUT PRINT
5 TX,'MASS SYSTEM

c
IF iMBERP.EO.0)

1KFAU ( 1,202) (N,RRL(N) , KRE ( W ) , RR I Y ( N ) , RRMASS ( N i , N=1, NlJELMT ) 
202 FORMAT (I 5,4FI0.0) ' :

IF (IPRINT.EQ.l .AND. MHERP.EO.O) GU TO 16 
- GO fll 15

= 'I 10/ 
='110/ 
= 1 I 10/ 
= ' 1 1 0 / 
=•110)



16 wk ITF ( 3 , 2 0 4 ) (N, R K L f N) , KHfc (jM ) ,RKIY( N ) ,RKMASS(N) , N = I , n(IELMT)
204 t- UK HAT (1H0, 1 NO.uL L ’ j E IY M *

1 t I5,.4F10 .2 ) ) ! ■

1: j Ci J 6 i T I N11E
KE a D (1,203) ( (CODE IN, I ) , 1 = 1,4) ,N=1,NUELMT )

20 3 FOR ('j A T ( I M S )
WRITE (3,205) (( C O D E (N,I),1=1,4),N=1,NUELMT)

203 FtJKHA T (1H0, » CODE. NlJ. 1 / / ( 4 1 5 ) )

II- (LUMP) 12,12,11

11 C GMT-1 (VUE

ijfJMPEO MASS SYSTEM, H-Ld WER; BUUfMD
SjYSK = STIFFNESS MATRIX, ; SYSM' = MASS MATRIX

k E A1) (1,102) METHUD
102 FORMAT "( T1 5 )

IE j( MET.HCJD. E0.4 ) GU TU : 24 1
IE ]( MET HUD-2 ) 21,22,23

21 CONTINUE i i
: . !22 CONTINUE j i j

EETHGD = 2 H-LUWER HOUND (ONE)
REAlJ ( 1 , 1*0 3 ) AMIN, AINC,N3INC

103 FORMAT ( 2 F 10.0,110)
WRITE (3,206) AM IN,A INC,NHINC 

206 FORMAT (1H0,‘ D M I N = •E 10.2,2X , 10 INC='F 10.2,2X , 'NBINC 
C ALL| S YSTMX ( S YSM , S YS K , fMBDUP , NU6 LMT , MBERP , I PR I NT , 1, 0 
REWIND 4 j
WRITE (4) ( ( SYSK ( I , J ) , J = 1 ,M(JDUF ) , 1=1,NBDOE)
CALL- £ IGSYM(SYSK,NBDUF,Al\),P) .
REWIND 4 ! ■
READ; (4) ( ( S YSK < I , J ) , J= 1, NBDOF ) , I = 1 , NBDOr )
CALL- LMPBD1 ( S YSk, S YSK , NblJGF , AM IN , AI NC , NB I NC , AN , P )
GU iTO 99

= 1 110) .0)

CUNT;INUE ■
METHOD = 3 H-LOWER ROUND (TWO)

READ: (1,103) AMIN , A I NC , NB I NC 
1-Ir 'ITIE (3,206) AMIN,A INC,NBINC
CALL! SYS,TMX ISYSM,SYSK ,NBOUE ,NOELMT,MBERP , 1 PRINT, 1 ,0
R E W I jN D 4
WRITE (4) ( (SYSK( I,J ),J = 1,n B DOF),1 = 1,NBDOF )
CALL E I G S Y M (SYSK,N B D O E ,AN , P )
REWIND 4
RL-AD (4) ( (SYSK ( I , J) ,J = 1 tNBODF ) , 1 = 1, NBDOF)

.0)
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C
C

CALL GU

12 CON

LMPBD2 
TO 99

]
INUE

118

0 1STRIBUTED MASS SYSTEM, H-LDWER BOUND
SYSM = STATIC STIFFNESS MATRIX 
SYSK = DYNAMIC STIFFNESS MATRIX

RE A j) (1,102) -METHOD 
IF (METHOD.£0.4) GO TO 34
IF

31 'CON
32 CON

READ 
RE Alp 
WRI 
WRI 

207 FOR 
209 FORfo 

CAL REW 
WRI 
CAL 
REW 
REAf) 
CAL
1
GO 

33 CON

(METHOD-2)
INUE
INUE 

METHOD = 2 
( 1 ,|L03)
(1 !r 103 )

E (3,209)
E (3fc207)

WRI
REW
WRI

31 ,32,33

iONE)H-LOWER BOUl'iD 
AMIN,AINC,NHINC 
EM IN,EINC »MBINC 
AM IN, AI NC , NB I-NC 
EMIN,£INC,MBINC 
EMIN='F10.2,^X,,EJNC=,F10.2,2X,,MBINCh 1110)

B I NC=i' 110) 
.0) !

1AT ( 1H0 , *
AT (1H0, OMGMIN='F10.2’,2X, ‘QMGINC= 1 F10.2,2X, 'Ml 

SYSTMX ( SYSK ,SYSM ,NBDOF) ,NO£LMT,MBERP , I PRINT , 1., 1 
NO 4
E (A) < <SYSM( I,J) ,.J=1,NBDOF) ,1=1,NBDOF)
£ IGSYM (SYSM,NBDOF,AN,Fj)

ND 4  '
( 4 )  ((SYSM( I ,J), J = 1,NBDOF),1 = 1,NBDGF)
DISBD1 (SYSM,SYSK,NBDOfj, NO EUMT,MBERP, I PRINT

; AMIN, AINC,NBINC, EMIN, E INC ,MBilNC, AN, P) 
TQ 99 I I • | I
INUE 
1ETH0 

REA) (1,-
E (3

jJd) =.■ 3 H-LOWER BOUf 
L03) AMIN", A INC , NBINC 
209) AMIN,AINC,NBrNC

CAL. SY^TMXtSYSK,SYSM,NBDOF,NOEl^T,MBERP, IPRINT,!,1.0) i
ND k
E (4|) ( ( S YSM ( I , J ) , J= 1 , NBDOF

TWO)

,1=1,NBDOF)
CALL EIGSYM (SYSM,NBDOF,AN,P)
KEWjlND fr |READ (4') ( (SYSM( I,J) ,J = 1,NBDOF) ,1 = 1,NBDOF) 
CALL DISBD2’ i
GO I TO ,99 i

I ' i . ■ ' •

METHOD 
^4 CONTINUE^

= 4 EXACT FREQUENCY
i

y j ■ !
t
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.UMPED MASS SYSTEM

DD 
DO 41 PCI

CAL|. SYSTMXtSYSM,SYSK,NBDOF,NOELMT,MBERP,I PRINT, It 1*0)
41 I - 1,NBDOE 
41 J = 1,NBDOF J) = 0.0

CALL INV (SYSK,NBDOF,FLAG) 
WRITE. (3,401) FLAG 

401 FORMAT <1H1,//' INVERSION OF STIFFNESS MATRIX FLAG = ' F10.2)
CALL FRQLMP (SYSM,SYSK,NBDOF)
GO TO 99 (

: i '34-CONTINUE- j j[Di s t r i b u t e d mas s s y s t e m , ;
' I  ■REAED (1,103) AMIN, AINC,NBINC ; ' j

CALll FRODIStSYSM, SYSK, NBDOF,NOELMT,MBERP,I PR INT,0, AMIN, AINC 
NC,P) I ;
TO ^9 ; y | . *

i
1 NB 
GO

99 CON INUE
CALI. TUflEt ITIME) \
TEND, » ITIME
T.TOfAL = (TEND - TSTART)/60. } 

E (3,301) TTOTAL 1

I

WRI
301 FORMAT (//////• 

GO TO 9999 
END
SUBROUTINE 
1QMEGA2)

TOTAL TIMB IN MIN = ' F10.5)

SYSTMX(SYSM,SY$K,NBDOF,NOELMT,MBERP,I PRINT,LUMP,
I

ljlBERP = 0 PHYSICAL PROPERTIES QF ALL MEMBERS ARE D (l FFERENT 
fjlBERP̂ l PHYSICAL PROPERTIES OF ALL MEMBERS -ARE IDENTICAL 
PRlNf-0 NO OUTPUT PRINjT j j
PR INJ = 1 OUTPUT PRINT REjOUIRED' i

l|UMP,= 0 DISTRIBUTED MAS'S SYSTEM 1
LUMP = 1 LUMPED MASS SYSTEM ! 1

I ; i. . |
COMMON /£A/ RRL‘( 50 ) ,RRE ( 50l),RRIY( 50),RRMASS( 50 ) , CODE (i 50 ,4 ) 
DIMENSION SYSK(NBDOF,NBDOF),SYSM(NBDOF,NBDOF>,ELK(4, ft),ELM(4,4) 
INTEGER CODE ,CODENQ (4-j) ,COUNT .*.■ ! i

DO .}4 1 = 1,NBDOF
** DO 4 J = l,NBDOF
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SYSKtI,J)=0.0 
SYSkl( I , J ) =0.0 
CONTINUE

120

(MBERP-1)10,11,10 
1 1=1tNOELMT ‘

IF 
11 00

RRL( I)=l.0 
RRE(I)=1.0 
RRIY{I)=1.0 

1 RRMASS( I ) = 1.0

10 c o n!tINUE00 | 2 C0UNT = 1,NOELMT
RL=RRL(COUNT)
RE=RRE(COUNT)
RIY^RRIY(COUNT) 
RMA5S=RRMASS(COUNT)
DO ! 3 J = l,4 '

3 C0D£NQ(J)=C0DE(COUNT,J)
BL=1 • 0 '

IF < LUM 5-1) 18,17,18
lj.UMPEp MASS SYSTEM, ST-I Ff|nE SS AND MASS MATRIX

17 CONfINUE ‘CALL ELMTMK :( ELK,RL,RE ,RIY/RMASS,BL,0) 
C*ALl[ ELMTMK ( ELM, RL , RE , R IY , RMASS, BL , 1)

IF (IPRINT) 16,15,16 
16 WRIJE (3,206) 1 '

CALU PRNTMF(ELK,4,4) i
WRltE (3,2071
CALL* PRNTMF('eLM.4,4> • :

206 FORMAT (1H1,•ELEMENT STIFFNESS MATRIX')
207 FORMAT (1H1,'ELEMENT MASS MATRIX')
15 CONTINUE '•

CALU ASMBLE (SYSK,ELK,NBDOF,CODENO) 
CALlj ASMBLE (SYSM,ELM,NBDOF,CODENO) 
GO 'TO 2

(JISTRIBUTED MASS SYSTEM,DYNAMIC STIFFNESS MATRIX



o
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18 CONTINUE
CALL DYNMCK (ELK
I'F (IPRINT) 21,22*21

21 WRITE (3,206)CALL .PRNTMF (ELK,4,4)22 CALt ASMBLE (SYSK,ELK,NBDOF,CODENO) 
2 CONTINUE

,RL,RE,RIY,RMASS,BL,UMEGA2)

13

204
205 
14

IF (IPRINT) 
WRITE (3,204) 
CALL PRNTMF 
WRITE (3,205) 
CALL PRNTMF

13,14,13

FORMAT
FORMAT (1H1, 
CONTINUE

(SYSK,NBDDF,NBDOF) 
(SYSM,NBDOF,NBDOF)

(1H1,'SYSTEM 
•SYSTEM

STIFFNESS MATRIX*) 
MASS MATRIX*)

RETlJi 
END 
SUB 
1 A

RN
ROUTINE DISBD1 (SYSM, SYSK,NBDOF, NOELMT, MBERP, IPR:INT, 
/iIN,AINC,NBINC,EMIN,EINC,MBINC,AN,STDR):IN,AINC,NBINC,EMIN,EINC,MBINC,AN,STDR) . * j
NS ION SYSM(NBDOF,NBDOF),SYSK(NBDOF,NBDOF),STOR(NBDOF,NBDOF) 
ON /AA/ RRL ( 50) , RRE ( 50),RRIY-( 50),RRMASS( 50),C0Dfc( 50,4)

■ l i i :
DIM ENSION 
COMM

WRITE 
EPS(.ON 
DO | 1 
AAAA = 
BBBp =

DO
OME

11

22

101

(3,103) ; ■ i
= EMIN ■ .1 -
, ICOUNT = 1 ,MBINC j

1. - l./EPSLON . i
 lu/EPSLON *
HBOND = (l.-EPSLONJ^AN/EPSLpN 
UMEGA2 =| AMIN

* 2 i JCOUNT = 1,NBINC 
GA = jsQRT ( 0MEGA2 ) i

CAL(- SY£TMX(STOR,SYSK,NBDOF,NOELMT,MBERP,I PR INT,0 
.00 11 ,1 - 1, NBDOF
DO 11 U = 1,NBDOF i

UI,J) = AAA A*S YSM ( I , J ) + BBBB*SYSK ( I , J )
HLBOND(STOR,NBDOF,BOND)

(BOND .GT. 0.0) GO TO 21

I1
i 0MEGA2 )

STO 
CALL IF 
IF 
B =

,■21,21,22(ABS(BOND)-ASS(HBOND))
ABS(BOND j 

H =!ABS(HBOND) ‘ -
WRlfrE (3,101^ .B,H . !
FORMAT (1H0,*| BOND GREATER'THAN 
1 * HBOND =’• E13 .5 )GO TO 1

HBOND, BOND -!E13.5,i0X,



o 
n 
o 

no
 

on
FRQ = SORT (0MEGA2)/ (2.0*3.14159) 
0 =1 OMEGA /EPSLON 
WRITE (3,102) 6PSL0N,Q,B»H,FRQ 

102 FORMAT ( 1X, 4,E 13 . 5 , E2 5 . 5 )j
2 0MSGA2 = 0MEGA2 + AINC 
■1 EPSLON = EPSLON + EINC

103 FORMAT (1H1,' EPSLON 0 BOND HBOND
1 LOWER BOND FUNDAMENTAL FREQUENCY1 CYC/SEC'//)

RETURN
END
SUBROUTINE LMPBD1 (SYSM,SY»SK,NBDOF, AMIN, A INC, NBINC, AN, STOR)

DIMENSION SYSM(NBDOF,NBDOF),SYSK(NBDOF,NBDOF),STUR(NBDOF,NBDOF)

'TTME GAH
DO
DO
DO

C
c

AMflN
1 ICOUNT = 1,
2 I = 1,NBDOF 
2 J - ItNBDGF

NBINC

2 ST(&R(I,J) = 'SYSK(I,J) - 0MEGA2*SYSM(I,J)’
*

CAU.L HLBONDtSTOR,NBDOF,B'UND) l
EP$ = 1 • / ( 1,+ABS(BOND)/AN} I • ' , 1
WRITE (3,104) 0MEGA2,EPS ' } \
WRITE (3,103) BOND, EPS j. | .'j

103 FORMAT (1H0,10X, 1BOND = *E13.5i,10X» '£PS='E13.5.) * J !
104 FORMAT(1H0»10X»' 0 = 1E13.5,10X,1EP5=*E13.5) |

OM(fA = 0MEGA2*EPS
FRO = SORT(OMGA) i . i ,
WRITE (3,101) ICOUNT,FRO -

101 FORMAT (1H0,! 10X,'TRIAL NO. = ' I10,10X,'LOWER BOUND FREQUENCY RAD/ 
1SER ='613.5/)
FR$ = FR0/(2.0*3.14159)
WRJTE (3,102) FRO

102 FORMAT 1H , 10X,'
IS E(t ='E13.5////)

1 UMEGA2 t0MEGA2 + AINC
' 10X,10X,'LOWER BOUND1 FREQUENCY CYC/:

C
C

!

URNRE’
END
SUBROUTINE FRGLMPISYSM,SYSK,NBDOF)
DIMENSION SYSM(NBDOF,NBDOF),SYSK(NBDOF,NBDOF),P(3,3)
DO
DO*

1 I = 1,NBDOF 
1 J = 1,NBDOF

i
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C
C
c
c
c

i p< i , j ) = o . oi

c
c

00 J 2 I -  1, <\*ri00F
DO• 2 J = 1,MBDDF
00' 2 L = 1,NBDOF '

■ 2 Pll.d) = Ptl'fJ) + SYSKtI,L)*SYSM(L,J)
DO 5 I = 1 * NBDOF
DO 5 J = 1,NBDOF

S SYSK ( I * J ) = P ( I , J )i ■
CAliL EIGENU (SYSK,NBDOF,20,0.001,SYSM, I I)i ■ _ .  : . . . .
00 3 I = 1,NBDOF

3 SYSK(I,I) = SORT (1 ./SYSKtl , I ) )
WRITE <3,102) (SYSK(I,n, I = 1, NBDOF )

102 FORMAT (lH^,//' NATURAL FREQUENCIES IN. R A D / S E C / / ( 2 0 X , 1 E 1 3 . 5 ))

' DO i 4 I = 1,NBDOF 
4 S Y^K (1*1) - SYSKt 1,1 )/(2.0*3. 14159) ■: ,

WR
103 FOU

C
c
c

TE (3,103) C S Y S K (1,1), . I = 1,NBDOF)
MAT 1H0,// 1 NATURAL FREQUENCIES IN CYC/SEC'.//( 20X|, 1E13 - 5 ) )

C
C

C
C

r e V u r n
EN 1 ■ ,

' SU 1R0UTINE
1 A
.

-11N , Ail NC ,
I

CO W O N  /AA/
DI PENSION

FRODIS<SYSM,SYSK,NBDOF,NOELMT,MBERP,IPRINT,LUMP

WRjITE (3,102) i ' ■
OMEGA2 = AMIN ' !
D OJ 1 ICOUNT =1,NBINC 
OMfGA “ SORT(0MEGA2 )
CA(LL SjYSTMX (SYSM, SYSK, NBDOF, NOELMT, MBERP, I PR I NT, 0 ! 
CALL DETM(S Y S K ,NBDUF »DET,SYSM,P ) '
FR'Q - SORT ( 0MEGA2 ) / (2.0*3 . 14159)
WR;ITE (3,101) ICOUNT ,DET ,FRO ’ ;

101 FORMAT (I20,10X,E13.5,10X,E13.5) '
1 0NEGA2 = 0 M E G A 2 +  AINC

i . ■ 
,0MEGA2)

t

102 FQ RMAT (1H1.., 1 NO. OF COMPUTATION 
1 j FUNDAMENTAL FREQUENCY CYC/SEC ')
•f

VALUE OF DET.

1 i
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R E T U R N
E N D  i
SUBROUTINE HLBOND ( A,N, BOND) 
DIMENSION A t N , N )
DIMENSION TEMP(IOO),DIFF(100) 
DO 5 1 = 1, N * .

5 TEMP(IJ =0•0 
DO 1 ,1 = 1,N
DO 1 J = 1 ,N
TEMPI I)=TEMP( I.) +ABS ( A ( I »J ) )

1 CONTINUE
DO 2 1=1>N
IF ( A ( I * I'1 ) ■ 11,11,10

10 DIFF(I)«2.*A(ItI> “ TEMP II)1 
GO JO 2 I

11 D I F|F ( I)=-TEMP( I I !
2 CONTINUE ■ ■

BON 1 =DIFF(1)
DO 3 1*1,19
IF (BOND .GT

3 CONTINUE

RET
END
SUB

INT
DIM

DIFF( I ) } BOND = DIFFI I)

JRN j
' IROUTINE[|ME ASMBLE (A,AAA,N,CODtNO)

EGER RAT,HEN,DOG,CAT,CODENO!1 
:NS ION A (N ,N ) , AAA 1.4 ,4) |

DO 1 RAT=1,A 
DO 2 HEN=1,4
IF H CODENO t RAT J .NE. 0 . AND.dODENQ(HEN).NE.0) GO TO • 
GO j TO 2 

11 DOGpRAT ]
CATfHEN 
I=CpDENO(RATt 
J=CpDENO(HEN)
At lLj)*Ai( I,J ) +AAA (DOG,CAT )

2 CONTINUE 
1 CONTINUE

11

RETURN * 
END; ‘ • 
SUBROUTINE ELMTMK (AAA,RL^RE,RJY,RMASS,BL,ITYPEI

*'ITYPE = D ELEMENT STIFFNESS MATRIX
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AAA(4,3)=AAA(3,4)
‘ AAA(4,4)=4.*RL«RL^R£D ❖LO^LO
i , ■ .
i

i CONTINUE 
RETURN 
END
SUBROUTINE 'DYNMCK (AAA ,R L »RE ,RIY»RMASS,BL ,OMEGA2)

DIMENSION AAA(4,4)
REAL MUEY,LO

IE ,(0MEGA2.EQ.0.0) UMEGA2=0.1 
LO = BL 

| UYO*=SORT (OMEGA2 )
U Y O ^ S O R T  (UYO) ;

. ! UY4=RMASS*RL«RL^RL^RL/(RE^RIY) 
j UY=SGRT(SORT(UY4))❖UYO i '
! S INUY=S IiN (UY)
! COSUY=CUS (UY)
1 SHUY=SINH (UY) !
•: CHUY=COSH (UY) 
j UYUY.= 1 .-COS ( UY ) ❖COSH (iUY )

ALPHAY=UY^ ( S INUY^CHUY-C:OSUY#SHUY ) /UYUY 
BAT AY=UY^ (SHUY-S INUY ) /UlYUY !
GAMAY=UY^UY#( SINUY^SHUY)/UYLjY 

* EATAY = IJY^UY* (CHUY-COSUY ) /UYliY 
! MUEY=UY^UY^UY^(SlNUY*CHUY+COSUY#SHUY)/UYUY 
ROWY=UY^UY*UY*(SINUY+SHUY)/UYUY

| - ’ j: BLUE=RE*RIY/(RL^RL^RL) i I 
j A A A (111 )-MUEY*BLUE i
| AAA(1,2)=-GAMAY«BLUE4RL ❖LO !
; A A A ( 1 »3)=-ROWY^BLUE 
, AAA{1,4)=-EATAY*BLUE*RL. *LO |
' A A A (2,1)=AAA(1,2)
: AAA(2 ,2 )t=ALPHAY*BLUE^RL*RL ❖LO^LO 
| AAA(2,3),= EATAY«BLUE*RL ❖LO 
i AAA(2,4)=BATAY*BLUE❖RL^RL ❖LO^LO 
' A A A ( 3 , 1).-A A A ( 1,3) ^
i AAA(3,2)=AAA(2,3) 
j AAA(3,3)pMUEY*BLUE I
' AAA(3,4 J =GAMAY^BLUE^RL *LO' : 
j AAA(4,1)=AAA(1,4) i

j A A A ( 4 , 4 ) = A L P H A Y ^ B L U E * R L ^ R L  ❖ L O ^ L O  
p  A A A ( i 4 T3 ) = A A A ( 3 » 4 )
' AAA(4,2)=AAA(2,4)

RETURN
END
SUBRjOUT I NE DISBD2 ( SYSM , SYSK, NBDOF , NOELMT , MBERP, I PR

1 AMIN,AINC,NBINC,EMIN,EINC,MBINC,AN,STOR)
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C

01 MENS ION SYSM(NBDOF,NBDOF ) t SYSK ( NBDOF,NBDOF ) , ST UR ( NRhOE , NBuUF ) 
COMMON /AA/ RRLi 50),RREi 50),RRIY( 50),RRHASS( 50),CUUr( 50,4)

C

HMIN=0.0 
EINC = 0 .0 
KIR I T E (3,103)
IF (AN-1.0) 31,31,32

32 C = 1 . 0
GO TO 33 

31 C = 1.0/AN + 0.2
33 EPSMAX = 1.0 - 1.0/(C*AN) 

MR INC = 10
EPSLON = EPSMAX

00 1 ICOUNT = 1,MB INC
AAAA = 1. - l./tPSLUN 
BHBB = 1./EPSLON 
(j f‘i E G A 2 = A M 1 N
00 2 JCUUNT = 1,NbINC
CALL SYSTMX (STUK, SYSK, IMd Du F , NOELMT , MBERP, I PRINT, 0 , 0M.fcGA2 >
00 11 I = 1,NBDOF
00 11 J = 1 , Nitl)Or

11 STOk(I,J ) = AAAA#SYSM(I,J ) + BBBB*SYSK(I,J )
DO A i =1 , NBDO r 
DO 5 J=l,NBDOF 
STORtI,J)=STUR(T ,J )*EPSLUN*C 

5 c o n t i n u e
STUBlI ,I )= S T 0 R ( I ,1 ) + 1.0 

A CONTINUE
CALL HLBUND(STUR,NBDOF,BONO)
IF (BONO) 14,14,15

14 WRITE (3,104) EPSLON,UKEGA2
104 FORMAT (///* TRIAL FAILED1 10X, 1 EPSLGN= * E13.5, 10X, 1UMEGA2=1 El3.5 ) 

GO <T0 1
15 FRO i= SORT ( UMEGA2 ) / ( 2 . 0*3 .14159 )

0 =.-UMEGA2/ EPSLON
WRITE (3,102) EPSLON,0,FRO

102 FORMAT (1X ,2E13 .5,26X,E25.3)

2 0MEGA2 = 0MEGA2 + AINC
1 EPSLON = EPSLON/2.0

103 FORMAT (1H 1,• EPSLON 0
1L0WER BONO FUNDAMENTAL FREQUENCY CYC/SEC//)

RETURN
END

" SUBROUTINE LMPBD2(SYSM,SYSK,NBDGF,AMIN,AINC,NBINC,AN,STOR)

.4
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DIM^NS ION SYSMTNBDOF,NBDOF ) t SYSK ( NBDOF ,NBDOF ) , STUR ( NWOUF ,NBDOF 1

IF (AN-1.0) 11,11,12
12 C = 1.0

GO TO 13 
11 C = 1.0/AN + 0.2
13 EPSMAX = 1.0 - 1.0/(C*AN) 

MB INC= 10
EPS=EPSMAX 
0=AM IN

DO : 3 JCOUNT = 1 tMBINC 
DO 1 ICOUNT = 1, NBINC

DO ; 2 I = 1,NBDOF 
DO ! 2- J = 1 »NBDOF

2 STOR ( I T J ) = SYSK(I,J) - 0*SYSM(I,J)
DO 4 1 = 1,NBDOF
DO -5 J = 1 ,NBDOF 
STOK I I , J )=ST UR( I, J ) *E PS^C 

5 CON!INUE
S T O R (ITI)= STOR(1,1) + 1.0 

4 CONfT INUEj
■ * iCAL). iHLBOND (STOR, NBDOF , BOND)

WRIiTE (3!,104) EPS,0
104 FORMAT (1H0 ,10X ,'EPS='£13.5,10X,'Q='E13.5)

WRITE (3,103) BOND,EPS
103 FORMAT(1H0,10X,*B0ND=,E13.5,10X,'EPS='E13.5)

IF (BOND) 14,14,15
14 WRITE (3,105)

GO TO 3
105 FORMAT (///' TRIAL FAILED')
15 0MG1A = Q4EPS

FRO = SORT(O M G A )
WRITE. (3,101) ICOUNT, FKO

101 FURiMAT (1 H0, 10X,‘ TRIAL NO. =' 110,10X , 1 LOWER BOUND FREQUENCY RAD/ 
1SEC: =' E13.5/ )
FROi = FRO / (2.0^3.14159)
WRITE (3,102) ICOUNT,FRO

102 FORMAT (1H0, 10X,'TRIAL NO. =' M O ,1 0 X L O W E R  BOUND FREQUENCY CYC/ 
1 SEC/ ='E13.5////)

1 0=0+ AINC
3 EPS; = EPS/2.Q

* RETURN 
END
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* {SYSTEM STIFFNESS AND SYSTEM MASS MATRIX
*  I '

^  ^  -v =1' - r  i  =!< ^  'A: -r  ^  ■'{ :[< #  :|s J|t >;c ^  3js :\i >Jj >^3^ ^  3j( #  iji i'f. i‘f  £  J|< &  3|< >;< 3̂  I'r A r - f - f  - f A '  =|< ■'/.;

IDENTI = 0 HORIZONTAL MEMBER 
I DENT I = 1 VERTICAL MEMBER

n a ^ e l i s t /a i / n u d g f ,t h e t a  ' ;
NAMELIST/A2/ OEMCJ, L tCS I , IDENTI
REAL K(60,60) ,M(60,60),KEVE^T<12,12),KEHGRI(12,12),MVEKT(12,12), 

1MHGR1(12,12) , IX, IY,IZ,MUEY,toUEZ,L,JJ,KK,MMM,JJJ,KKK 
INtEGER DOG,CAT,RAT,HEN,DUMMY,CGDENO(12) ,OE(MO(12)

~lJO 
DO 
K t I

i mi r

1 I = 1,60 
1 J = 1,60 
,J) = 0.0 
,JJ - 0.0

read ti ,ai )
WRITE (3,1015) 

1015 POf-
NUDOF , THET A. |

MAT j 1H1 , »IM(J.0F DEGREES-OF-FRjEEDOM =>110/' THETA ='F20.10///)

]
E#450000.
G#180000.
1X481./16.*16.**4) 
IY*81./(12.*16.**4) 
IZ#IY
AREA?i9./256. 
IJNIWT#0.04114 
P=SIN(THETA/2.) 
0=C0S(THETA/2.) 
ALPHAY#4.
ALPHAZ #4.
BAT AY#2.
BATAZ#*2.
GAMAY*6.gamaz^6 .
MU6Y#12.
MUEZ#12.
DUfylMY = 0

J ,ICOUNT = 0 
v10 READ (1, A2 )
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I

DO j 2 I! =1 »12 
ennpNf.) (I) = DFNU ( I )
DO ; 2 J=l »12 
K E V E k T ( 1 ,J )=0.0 
KEHUK I ( I , J ) =0.0 
MVfrR.T ( I ,J )=0 .0
MH(.)K I ( I , J > =0 . 0 

2 CONTINUEURITE (3,1020) (CUDENU ( I ) , I = 1-, 12 ) , L , CSI » IDENT I 
1020 FORNAT (lHOt'CUDE -'11213),/' L = 1F10.6,5X , *CSI = ' F10 . £>, 3 X ,'] DENT 1 

1 =*110)
ICOUNT = ICOUNT + 1
IF (ICOUNT .EC), 20) IJUMKY = 100

IF (DUMMY.EO.100) GU TO 20 
A=SIN(CSI)
R =COS(C S I )

: A A # A R E A * E / L
s BB^MUFZ-IZ^F/^.L^L^Ln 
i CCffMlJEY*! Y*E/*L*L*La 
j DDAG»MX/L

EEftALPHAY*]Y*E/L 
FF#ALPHAZ*IZ*E/L 

t GG#— GAMAZ*! Z^E/SSL^Ln 
’: HF)#“GAMAY*I Y*E/%L*Ln 

JJ#BATAY*IY*E/L 
KK#BATAZ*IZ*E/L

:

, ROW=SQRT(IX/AREA)
: WaUNIWT #AREA*12.

■ , MMM#W/*12.*12#*32.2a 
AAA£MMf1*L/3.

, BBB#156.*MMM*L/420.
' CCC#MMM*R0W*R0W*L/3.
! D0D#4. /420 . . :
I EEE#22.*MMM*L*L/420. 1
. FFF#MMM*L/fc.
: GGGff54.*MMh*L/420.
f HHHf)MMM^RO W^KUW^L/6 .
; JJJi#3.*MMrt*L#L*L/420.
.j KKK#13,*MMM*L*L/420.

IF (I DENT I-1) 30,31,30 
31 CONTINUE

 ̂ KEVERT&l , 1a#AA*A*ACBB^B^B 
KEVERTtfl,3a*aAA-BBO*A*6 
K EVERT £ 1 GG-B

, KEVERT&l , 7 u i t -  XAA*A*A£B8*B*Bp 
■f KEVERT^L,9P#- 3!AA-BBa*A*B 
: KEVkRTSl,lin#- GG*B 
’ KEVERT22,2n#CC 
- KEVERT^3t4o# HH*B 
: KEVERT22,6a#- HH*A

!

$
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MHijK I 'A 1 » 1 UU? HKli 
MHI' lk I A 1 ♦ i-J ir - F F  F P  
M H !) K ] -it I  * /'• i.i it b  P F  ( j  
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MHUK I V',7 ,  R H A - p p p * O * (J A (>GG *H^P
F.HUK I ,  9 n ,v F I-r  A GikjuAP ;;=(J
F . h U K  \'& 2 . T l O u - i  K K K v F
M H 0 k 1 V, 3 T 3 a * A A A * F*P 6 B B rt * CO ❖ CO
F’i HUP I X  3 t FQ(i —E Ft fJ
MHLlk I >3 , 8 i-iii ~'A r r r A GGG a p P-(J
MHOR I ‘-h3 * 9o ;i pr P v-̂  -V-p - GGG '--O-O
MHORI 5S3 t 1 Oaj/ -KKK-0
MH G K  I w A  , ^ O i i  DDi J
PinUK I 2CA , 8 m /  K K K ^ P
MHCJK r ^ 4 TS»CiA KKK*CO
biHGK i ̂ 4 , 1 Orj?i jjj
hrlOR V4i> t5n r ; C C C * 0 * 0  8 O U D ^ P ^ P
MHLJk I T (SiJi.'^CCC-DOIjn^p^O
F i H t ) k  i  t  7 ui?f K K K !- H

M hi G k  I 7 , 8  t ]. 1 111 — H H Fi -i; (0 Ul — J  J  J  *  P *  p

FlFIUR I t 13ui7±RHHH-J J J d *P*0
MHGK I i?;6, 60,‘fCCC^P-P 8 OiJDbRO^O,
P i H U k  I ^  6  i ? n ? f  - K R K - C O
Ft PI OK I -Ah , 1 J J-HHPin*0*P
MHIJK 1 ^ 6  T 12nAHHHil;P;l;PFlJ JJ*CJ*0.
M H U k  1 % 7  i Vajt B t i l i

fvi H (J K 1 %  { t 1 1 ui A — P P P p
MH(JK T % 1  , 1 7 u ?! - b P P - (J
M H 0  K I ^  8  ,  9  a  ^ A A A *  □ O F. H 8 K - P  -F p
MHO R  I X 8  ,  y n i ' r ^ B r t B - A A A u ^ P ^ O
MHOKIkCbtlOn^ PPP^P
MHIJK I -t V u a AAA^P^P & BBB*0*0
M HU R 1^ 9 110 u A FPP^O
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MHOk1*10,1OnA ODD 
MHURI*11 ,1 in#CCC#CW> £ ODD*P*P 
MHORItfll , 12'n#SSDUU-CCCn*P*Q 
MH0RIK12 ,12D#CCC*P*P £ DDD*Q*Q

40 i CONTINUE

DO 11 DUG a 1,12
IA a DUG + 1
UO^f 11 CAT = I A , 12

KEVERTJSCAT , DUGn#KEVERT*DOG,CATn 
KEHURI*CAT,DOG□#KEHURI *0UG,CAT□ 
MVERTiSCATtDUGqtfrtVERTSSDCJGtCATn 
MHOR I/SCAT ,OOGn#*Mt-lUR IS!DDG,CATo 

11 CUNTINUE

DO 13 RAT = 1,.12
00 14 HEN = 1,12
IF! ICODENO(R A T ).NE,0 .AND. C O D E N O (H E N ).N E .0) GO TO 12 
GO I TO 14 j

12 DOG = RAT
CAT = HEN i !
1 = CODENO!RAT) ■ !
J a COOENO(HEN ) = ■
IF; (IDENTI) 15,16,1b ;

15 CONTINUE
K*I,Jn# K iS I , J n & KE VERTi&DGG , C ATd 
M*I , Jn#M*I, Jn fi MVERT*DOG,CATn 

GO i TO 14 ! :
16 CONTINUE j.

, M S I , , JP £ MHURI*bOG,CATn 
1 KJSI,Jn# KiS I , JaGKEHOR I *OUG , C'ATn 

14 CONTINUE ; 1
13 CONTINUE 

GO. TO 10

20 CONTINUE ‘ i

ii *
50 WRITE (4,1005) ! (K(NB,I) , I»1,6),NB=1,60)
55 WHITE (3,1010) ( (HtNH,I ), 1 = 1,6) ,NB = 1,60)

1005 FORMAT (1H I ,»STIFFNESS MAIK I X 1//(1X ,6 E 13.5))
1010 FORMAT <1H1,'MAS5 MATRIX'//(1X,6E13.5))

C
END

J *)
)
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M A S S - S P R I N G  S Y S T E M  *t■ jf:
Q  &  $  #  #  >r %  *  & *e ❖ ft *  *  #  4  *  *  $  #  #  & *  *  *  4  4  #  4  X« #  #  *  #  #  V # ’I* -I* 4  4  #  4  *  #  #  #  #  #  # # #  #  #  #  #  #  <e <t jjs #  3^1  #  sfs $  #  *  #  $  ̂

SPRING m a s s  s y s t e m  e x a c t  s o l u t i o n

REAL M<2000),K<2000),P{2000),V A (2000),VBC2000),S PG(10),ELMAS(10) 
INTEGER DEL,DUMY, I , J ,R,S ,W ,RUWP,COUNT,MAXITR

99 CONTINUE
WRITE (3 t 705)

705 FORMAT (1H1,' ̂  ̂ *1® 'J' ̂Jc )[? 5(ft ijt 5|i Jjfi Jjc Jjl SjC ̂ 3jC 2fOX JjS 5jC START

CALL ■TIME (ITIME)
TSTART = ITIME
INDEX 1 -  1 ■'* !
WRITEL (3,303) INDEX •' ;

303 FORMAT (//j'1 EIGEN VALUE COMPUTATION RUN NO. ' 110) !
READ 1,101) NBDOF,DUMY,DEL,MAXITR,(SPG(L),L=1,10),(ELMASIL),L = 1,
110) J = ;

101 FDRMAJ (4I5,/10F5.0/10F5.0)
DO 123 1=1,NBDOF 

,123 VA(I) I = 1.0
f  ,

DO 133 1=1,DEL
L L 2 = l 4 - l * D E L  ; :
LL3=I+2*DEL
LL4=;I+3*DEL ;
LL5=I+4#DEL
LL6=I+5*DEL 1
LL7 = I+6*DEL
LL8=I+7*DEL
LL9=I+8*DEL
LL10=t+9*D

K(LL2 J 
MLL3 
MLL4 
K(LL 5 j 
K ( L L 6 > M L L 7 ‘ 
K(LL8' 
MLL9;

MI) T SPG
SRG (3) 
SPG(4) 
SPG I 5 ) 
SPGf6) 
SPG(7) 
SPG{8)
S FJ G (9 ) 
SPG I 10)133 MLL1©

88 CONTINUE COUNT I- 0
IF <puMY) 11,10,11 

10' DO lft3 1 = 1,DEL

r •
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LL2=If1*DEL 
LL3=It2*DEL 
LL-4=If-3*D£L 
LL5=If-4*DEL 
LL 6=I f5*DEL 
LL7=I+6*DEL 
LL8=I+7*DEL 
LL9=I+8#DEL 
LL10=I+9*DEL
M( I ) = ELMAS( 1 )
M (LL2 ) = ELMAS(2 )
M ( LL3 ) =ELMAS{3)
M;{ LL4 ) =ELMAS(4)
M( LL5 ) -ELMAS(5)
M (L L6; ) =ELMAS(6)
M ( LL7; ) = E LMAS(7)
M (LL8 ) =ELMAS(8)
M(LL9: ) =ELMAS(9)

143 M(LL19 ) =ELMAS t10)
GO TO 1000

11 DO 153 1=1,NBDOF
V A (I) =] • 0

153 M (I)=1 .0
C
1000 CONTINUE ■ '

DO 1 L=l,2000
1 VB(L) i = 0 .0

.010
INT +1
.GT. MAXITR) GO Tti 2000 
ROWF> = 1 , NBDOF ’
I = 1, NBDOF J
tUWPl 12,12,13 1

COUNT = CO^
IF . (COUNT 
DO 
DO 
IF

12 STIF ± 0,
DO 1-920 j = 1 T I 

1020 STIF * STIF + 1.0/K(J)
' 13 P <I) = M (I)#STIF 

1011 CONTINUE
DO 1030 R=l,NBDOF 

1030 VB(ROWP) = VB(ROWP) + P (R )* VA{R ) 
1010 CONTINUE

EIGEN = VB (1)
301 FORMAf UOX,'NO.-OF ITERATIONS = 'I 5,5X ,'EI GEN VALUE ='E13.5) 

DO 1040 S = 1 * NBDOF ;
1040 VB(S)'= VB(S>/EIGEN 

DO 1060 S=l,NBDOF
IF( (Afj$(VB(S) ) - ABS(VA(S) )■> .GT. 0.001)
GO TO 1060 

14 DO iq50 W = 1,NBDOF
V A { W) VB < W )

1050 CONTINUE 1 
GO T0 * 1000 

1060’-CONTINUE

GO TO ‘14



o
o
n
n
n
o
o
o

137

2000 CONTINUE
IF ( INDEX.E0.2) GO TO 31
FRONCY = S0RT(AhS(1.0/EIGEN))/(2.0*3.141591.
WRITE . (3,302) COUNT, EIGEN, FRGNCY 

302 FORMAt ( / / / * NO.OF ITERATIONS = ' I 5,2 X , 'El GEN VALUE = <E 13.5,2X , 'FUN 
1DAMENTAL FREQUENCY IN CYC/SEC = '613..5)
IF (INDEX - 2) 30,31,30

30 DUMY = 1
INDEX = 2 
WRITE (3,303) 
GO TO 88 

31 CONTINUE

INDEX

DIMENSION

H-liOWER BOUND, MASS-SPRING ;SYSTEM 
1

TEMP (2000) , ST OR I 2 00t0 )
E OU1V4L ENC i (TEMP,VA),(STOR,VB)
DO 801 I r 1, DE|L 
LL2=lfl*DEl.
LL3=I42*DE1.
LL4=l43*DEI.
LL5=I+4*DEl.
LL6=I+5*DEl.
LL7=I46*DEI.
LLH= l47*DEl.
LL9 = Hj8*DEU

f
do sq

501 T E M P (

DO
DO 5$3 

503 P ( 11)
IF (
i ;r •

' if (

L L 10=] + 9 * 0 $ L
Mill = e l m A s i d
M ( L L 2 ) = E L M A S ( 2 )
M(  L L 3 =  E L M A S ( 3  )
M ( L L 4  j ) = E L M A S ( 4 )
M £ LL 5 ) =  E L M A S ( 5 ) '
M ( L L 6 = E L M A S ( 6 )  j
M ( L L 7 ) = E L M A S ( 7 ) !
M ( L L 8 ) =  E L M A S  ( 8  ) j
M ( LL 9 = E L M A S ( 9 )
M(LL1C ) = E L M A S ( 1 0 )

1 I 1 = 1,2000 
) =  0.0 •

UMEGA2 = 1000000.0
5u>2 I»= 1 , N b 0 0 F

1=1,2000 
= 0.0
•EO.l) GO TO 601 
GT.l .AND. I.LT.NBDOF) 
EO.N) GU TO 603

GO TO 602

• i

I
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