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ABSTRACT

A new method for obtaining a lower bound to the smallest
eigenvalue of a real, finite, linear system 1is déveloped. The
computation of this lower bound involves only elementary opera-—
tions on the elements of the coefficient matrix of the system,
The method is used for finding a lower bound to the fundamental
frequency of structural systems.

Matrix formulation of dynamic analysis has been carried
out for structural systems composed of one dimensional elements.
The formulation is valid for both lumped parameter and distributed
parameter analyses.

The free vibrations of a dome-type frame structure are
studied., The analysis assumes that the masses of the member
elements of the dome are lumped at the joints of the dome.

Both natural frequencies and mode shapes of a 60 degrees-of-
f&eedom dome are studied,

A dynamic experiment of the framed dome is degigned
and performed in order to study the accuracy of natural fre-
guencies obtained from lumped parameter analysis, Within the
limitation of the experimental accuracy, the analytical and

experimental results are in good agreement,
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PREFACE

Natural fregquency is the most basic information in
time domain dynamic analysis'of an elastic structural system,
Its primary importance has long been recoegnized, It is-knowh
that to study this type of problem one has to derive the -equa-
tions of motion of the system and seek the characterisgtic
values which yield homeogeneous solutions for the equations,
Generally, the natural frequencies of the system can not be
ocbtained directly from that of member elements in the system.'

(15) divided - a- vibrating system into subsystems

Karnopp
and hoped to learn the behavior of the complex system from
the behavior of the simpler subsystem, He found that even
when the natural frequencies of all the subsystems were the
same, it was not always possible to derive the natural fre-
quencies of the coupled system, |

In the case of ‘a linearstruectuiral system CO&IPBSEd
of one-dimensional member elgménts, the equations of motion
consist of a set of simultaneous differential equations,
Depending upon the mass distribution of member elements,
these may be ordinary or partlal differential equations, or
a combination of both. By specifying unknown displacements
at a finite number of dispfgte points in,the;system 553%4:
19'21), one obtains a set of finite simuLtaneous ﬁomogeneousf
algebraic equatibné'in'terms.of unknown.displéééments. The |

free vihratibn'Hfreguency.equation of the system can be’



obtained by setting the determinant of coefficient matrix to
zero. Many aspects of this characteriétid—value-problem have
been very extensively studied and reportéd. If the frequendf
egquation is given in an explicit form, the roots of the equa-
tion can be obtained by existing methods. However, in most
of the cases this is ﬁot possible, and various iterative

(7,9,16)

techniques must be used to locate the roots of the

céeffiﬁient matfik;' The amount of computation required ié
quiﬁe large when the order of the matrix is fairly large,

" In this dissertation a new method to cbtain a lower bound to'
the root of the characteristic eguation is presented. The
method involves only elementary operations on the elements

of the coefficient matrix of the system.

Bazley(zo, Gould(lo), Weinbéfger(ze)}'Wing(?gJ and

many othér authors discussed the bounds to eigénvéluep of

an integral or a differential equation in great detail,

A great number of results are reviewed by Marcus{la),

(3) (24)

- Bellman - and Taussky

(22)

also gave summaries on this sub-

ject. Schneider edited the more 'recerit work by Brauer,

(8)

Householder;, and Taussky. Fan and Hoffman extended the

study to find lower bounds for the rank of a matrix,

Hoffman(lZ) established the conditions for the determinant

of a real matrix to be positive or negative. He also ob~

tained beoth lower and upper bounds to the roots of the real

(23)

matrix, Shih and Wang gave bounds for both determinant

(27}

and roots for certain matrices, Washizu discussed



bounds to footscfa;reélaymmetric matrix and gave a geometric
iﬁterpratation'ta seﬁgkal thecrems'which'p:dviae'ﬁoungs“for'
_éigenVaiues;' Literatures-éﬁ the bounds for ﬁgterminénté |
‘(4:11.2°)fare also very extensive. However, a review of
all thesé methods shows that in most cases the matrix must
have very dominant main-diagonal elements and the bounds so

obtained are either trivial or very far away from the exact

values.

This disserﬁation consists offburéﬂmpters. In
chapfer one, a method of;obtaining a iower bound to the
smallest eigehvalue of a real, finite, lihear system is
developed, Matrix formulation of dynamic analysis hés |
been carried out in chapter two for structurgl systems
composed of one dimensional elements. The study of free
ﬁibrations of a2 dome-type frame structure is included in
chapter three. In'chapter four, a dyﬁamicrexperiment
of the framed domg is designedland performed., The ex-
perimental‘results are used for verifying the analytical

solution,
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CHAPTER 1 LOWER BOUND TO THE FUNDAMENTAL FREQUENCY

1,0 INTRODUCTION

The exact eigenValue of the eigenvalue prohlem
-associated with physical systems are- frequently not easily
obtainablaa It is thereforxe useful to have a procedure for
f inding upper and lower bound to the eigenvalues, Based-en

localization theorems and matrix inequalities, a new method
| for obtaining 'a lowexr bound to_the smallest elgenvalue of
linear discrete systems 1s develeped in this chapter, 'Ihe
_computation of this lower bound involves anly elementary -
0peratione'on the elements of the coefficlent matrix‘qf'the‘

system,



l.)l LOWER BOUND CRITERION

Consider a real, finite, linear, homogeneous system of

Pparameter (GJ and unknown vector {}(}

(14C0) X9y = 0 - (1.1-1)
with the following assumptions:
1. The parameter(J is real continuous and positive.
& 2o, |

2. L{wW) is an n-square real, symmetric matrix

3. L(0), the matrix L(cJ) evaluated étchi= O,Iis
positive definite,
The characteristic egquation of the system is
det ] L(G) )| =o. (L.1-2)

Let the smallest root of the characteristic eguation
(1.1-2) e (Vg

: the chafacteristic roots of the matrix

L ( o) } and the matrix L (0) beP\l((JL)P?\ () RXeer >7\ (W)
and. N;(0).2 N,(0) 2 ... 2 N[(0)

respectively.
Because the matrix L(0) is positive definite and QJ Ny i
a root of equation (1.1-2), we have

ANgy(o) > o

(1,1-3)

Nywyg) = o, (1.1-4)



The function N\ () is continuous for all WV Z 0.,
Consequently, if 'GJ is continuously increased from W = 0
and the function A _(QJ) is such that N {QJ)) :> 0 for
: N N
0o < ck):S.CZ Ny + then the value of Q2 yis bounded above,
o £, KW . |
This is a criterion for obtainiﬁg a lower bound, L2 n,

to the smallest root, ) of equation (1.1-2). A graphic

N F
representation of this criterion is shown in Fig. 1.1.

detlL(GJ)l vs w
det |L(cu_)| : '

(@) n: Smallest root of the matrix L{GY).
(O nt A lower bound to %) N - '

Fig.l.l Graphic Representation of Lower - Bound
Criterion,



In the above discussgion, it is assumed that the wvalue

of Ax{W) is negative for (JYy < W < Wy, (see

Fig. 1.1). If Wy is a single root, this is agsured. If
Anl @) > 0 for Wy < W < Wiyyi then the
criterion for oktaining a lower bound to the smallest root of

equation (1.1-2) is modified as follows.

Continuously increase () from () =0, If

)\N(Q) ) - @ > 0 :,(where @ is a small positive

number) for 0 <K
0

then the value of Q 2N is

W< Dy
<Q < Gy Wy

bounded above,

Ante) AN fw) vs W

— 1

%jr 0 — l\' " G

L) ]
S 0 :
1w | NI Q)N w_N wN—I
In the following discugsions, '/\N( () ) is assumed to

be less than zero in .the interval Wy < Q)< Wy_1-



l,2 DEVELOPMENT OF THE METHOD. .

Consider the system of equations (l.,1-1)

(Lieor) {x} - 0. (1.1-1)

Let the real, positive parameter (L) be expressed as the pro-

duct of two positive real numbers (] and € -
w = Qg & . (1,2-1)

The values of (J and € are restricted.

a =2 o,

o £Le< 1,

o

(1.2-2)

Define a new matrix E(C_{; €) as follows

E@e=(1-DHle) + Ll (qe), (23

The coefficient matrix L_(w) may be rewiitten as
L) = e[t-5Le0) + FLiw)]+a-alo)
= € E(a.€) + (- e)L(o), (%,2-4)

Let the characteristic roots be:
MDY 2 Nty > o o o 2 M (w) for matrix | (w)
WAoo )2 Mfei2 o o o 2N, (0) for matrix I_(O)

and €,(q,€)2> €,(q,€)2: 2€y(q, €) for matrix = (q, € ),



The characteristic roots eL(q.-e') are’ functions of q and €
l,2-1 Using Fan's theorem'(Appendix l,'Theofem 2);'we have

Ngl@d + N Lot e a Nl 2 2

e[eN+ S - ..+e] + (...e)[h...(on.. : +}\K(o)]

K=t -, N. . (1,2-5)
Since ).\,(IQ.')) (i = 1....,N) are arranged in descendn.ng

order, it follows inmadiately that

(mokel) - Ay (@) > e[ et ...+e——|
+ (.1.-€) [)\ (0)+oeet A (m]

k=l'.ot'N' . . (l 2"‘6)

(1L.2-6) yields the following inequality:
Aglw) >o if
| -— Sl—-e ) 7\ ) .
EN+3N 1 .to+ek e N(o +hN-|(o)+'. .+}\k(°)
k=1,,00,N, : A (Le2-7)
Let k=N in (l.2-7). We have
Nn) > o

if eN(q, e).>-'.£.!:é..§.l_)\N(o), ~ (L.z2-8)



Let ©{(q,€) be a lower bound to e We have

N-

eN>0((q,é),

(1.2-9)
Substitute (1.2-9) into (1.2-8)
Ng(@) >0 e
o, €y >~ =81\ (0}]
' (1.2-10)

or
Agled > 0 it
(1— €) | :
O(Qq_,e) +T KN(O)>O (1.2-~11)
Consider the case where 0 < U ﬁQN . If the inequality

(k.2~11) is valid, then the criterioh described in section 1.1

' is satisfie'd and QN is proved to be alower bound.

QR < (_,\_)N‘ o (1.2-12)



1.2-2 Let (( e a real number and

|
G >W - | (1,2-13)

Multiplying (1.2-4) by((, and adding an identity matrix I

to both gides of the equation, we have

[I +C I_(CU): =[1+C eE(q,G):|+C(|f G)L(C ). (1.2-14)

Note that both L.I +CGE(q,€ )] and[-cl(‘l—e)i.(oz] are
symmetric matrices, The application of Theorem 3 (Appendix 1)
to (l,2-14) yields the following result:

If the matrix'_ I + CGE(q,_e_)] is pogitive

definite then,

1+C7\K(QJ)>C(I-€)7\K(0) (1.2-15)

k=l' L N ‘N -
For k=N we have

c )\N(w) > -1+ c(i-€) 7\N(0) , if
the matrix [_I+ CE€E(q,€ ):I is pos'it.:L-ve définite.
" | (1.2-16)
- The condition of I:I + CEE(q, e)] being positive

definite can be obtained from the followings:



- Let CA* (g, € 1C) be a.lower bound-to the smallest root -
of the real symmetric matrix E + CGE(q, € ):I-

O‘*CQ:é;C )< |+ c_e'_e,.,(q,e ). . (L.2-17)

Obviously, if Gi*(q, € :C) > 0 _then, the matrixz .
EE + CEE(q, € )] is posgitive definite. Therefore, from
(1.2-16) and (1.2-17) we obtain
. o .
7\N(cu) > Q . if o (.q;e;c,_)>.o (1.2-18a)
| a> o0 (1.2-18b)

0L € <l —'K—)lZlSC)

Note that if the smallest root of L(0) is greater

than one:
)\N(O) >1 (1.2-19)

then, we can choose {,= 1 and obtain the following ineguali-

ties:

)\N(Q))> O . if -o\*(q,‘e)>o- (1.2-20a)
q > o (1.27-201:)

O<6<I N( (1.2-20c)



whereQOl*(¢q,€ ) is a lower bound to the smallest root of the

matrix l—__I + &E(q,€ )J and is a function of g and € only.

- Thus we may conclude that 1f the values of q r € and C
are such that the inequalities (1,2-18a) through (1.2-18C)
(or, (l.2-20a) through (1.2<20C) in the case of )\N(O)>I )
are satisfied, then the product is a lower bourid to the gmallest

root of L('w Ye
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1.2 — 3

Let 7\.((&))2 )\‘Z(w) 2 "'?_AN(C\J) be N
characteristic roots of the coefficient matrix L(W) in
(1.1-1) and (W)} be a lower bound to the smallest charac-

teristic root N (@) « We have

() £ An (W) (1.2-21)
@ > 0.

The lower bound &4(w)) can be obtained from (1,2-22) (Appendix 1,
Theorem 1) :

N

v _ MIN [ SO ek
otlw) =V | 1o z.]l;jtw)l_
3 J--"
SEY]
w20
1= s N (1.2-22)

if Q_):.—..O,
N
@t(o)_ : .lii(O)“;“ij(o’l

J%)

i = 'l,'."NI ) (102"23)
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The lower bound QA(0) for roots of the matrix L(0) can
be positive, negative, or equal to zero, It can be shown
from the following discussion that if d(lO) > 0, that a
lower bound for(AJN {(the smallest root of the characteristic
equation (1.,1-2)) can be obtained,

Since C.ON is the smallest root of (1l.1-2)
det | L(Wy ) I =0 (1.2-24)

But
get |Leay |= Ngewg)e N g j o) N @)
we obtain
Ny@) = 0 (1.2-25)
From (1.2-21), we have
(W) < o, | (1.2-26)

1f cl(o) > o (1.2-27)

then, from (l1.2-26) and (1,2~27) we conclude that there
must exist at least a value in the interval O S w < mn,

say QN' such that

o((QN) = 0 (1L,2-28)



13-

Therefore, in order to £ind a lowar bound teWy, we can
compute OX(G)), for values of () increasing dontinuously
framG) =0, We yepeat this computation so long as the value
of ok ) > 0, If we 'find'am=QN,- such that
A(Qy =4) > O
AR,+2) < ©
AL §

o {l.2-29)

then, the numberQN is a iomﬁ bound too.)N.-

Note that if Q{(0)=0, we obtain a i:rivial lower bound
for(_QN, i,e. 0O <QJN.

£ c4(0) < 0, we can nbt; use this n_\ethod for obtaining

a lower bound todu .



1.2 ~ 4 Sgecial Case:

Assume that the coeffi¢i¢nt matrix L(QJ) in

(L,1~1) can be expressed as

L{L) = A - w'_B - - (J}.L-BO)
w0 .

where A and B are real symmetric matrices and A is positive

definite., Let us, as we did before, express the parameter

GJ as the product of a pair of real numbers g and € ; qg >0,

o< e S 1, We obtain
L(w) a- (g€)B. | _ . (le2-31)
- Define a newlmateix D(q? q :> Q

D(q) - a -gB, - | | (1.2-32)
ane rew;iee (1,2-31)

L(W) = EEA-qBJ + c1-e)A-

= €Dlq) + (1-€)A, | (L.2-33)
0< € <1

14



Let the characteristic roots -be

ANp(w) 2> Nyl 2 oo 2N y(w) for L{w)

al 2 az > : calq > aN - for A
d; 2 d, _>_ .es ?_ dN'- - for D(q)

the characteristic roots d; = d (q) are functions of q.
Using Fan's theorem (Appendix 1, Theqram 2) it can be shown

that

A N(w) +NN—1(N)+‘..+hk(w)2 e[du+dn_l+u.-+dk]
+ (1-€) L-amN-i»aN__l-t-...-t-a,J

k=1,,.,,N, | | (L.2-34)
or | | |
(N-k+1). N () > E[dN N- 1+---+dk]
+ (1-€) En'an Lreatay |
k=L, eee,N, - (1,2-35)
and |
A lw) = NJ(a€) > o if

(d +d-N l+-uo+dk) >"""" “‘L-'g—l (EN i l+’..+ak)
R:l]f‘..‘N ' ) (102“36)

Let k=N in (1.2-36). We have
Nyla€) > 0 | |
Ay - -U'—‘—g—’- 3y - (1,2~37)
0 € _<_J. - ‘



Let X(g) be a lower bound to dy and we obtain the following

inequalities
N (a€) > 0 Af
Cla) > - Lké&), (aN) | © (L.2-38)
0L € g 1
or .
N fae)r> O if |
Chla) —(-4—"7;—)— aN> O ; (1.2-39)

0 € <1

Using the similar argument, if the value of g and € are
such that the second inequality in (1.2-3%)holds, then, the
product (g &€ ) is a lower bound of the smallest root of the

coefficient matrix L(OJ).
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1.3 DISCUSSION OF THE METHOD

In the previous section we developed a method of obtain-
ing a lower bound to the smallest root of the characteristic equa-
tion (1,1-2). Four versions of the mathba are-giv'eri in this sec-
tion, Step by step descriptions, t‘he' applications, restrictions
and extensions of the method are also given,

1.3-1 Description of the method (Version 1)

———

B
Step 1: Given an n-square matrix L((.n.))"—‘li (L) -
L(Ww) 3
Step 2: .Properly choose two real q e ‘
numbers q and € a>0;,0< € <1
Step 3: Evaluate the matrix gy () ]I L( 0 )
at oJ =0
Step 4: Compute":: the smallest root 7\1;1( 0 )
of the matrix L{0) |
Step 5: Formulate a new matrix E(qg, € )}
E(q, €) ‘ See (1.,2~3)
Step 6: Compute: a lower bound to Ol(q, &)

the smallest root of the

Compute:: a lower bound,(J. || So long as the following
, to the smallest root I inequality holds

of the given matrix L) lox(q-e)l'<|£‘—g-?-’-)\N(o)|
the product of g and &

ig a lower bound of the
smallest root of the
given matrix L(CQ)).
16, Qy=9e€

———
— > e - s

]

Step




{Given Matrix:

L{W)= 11J(uo)

\/

Compute: L(0) = 1ij(o
N/

Compute: N n(0)

|

)[Re.al 'Numbér-. e

,0< € L1

W
,..>| Real Number g , g >0
W
Compute: ‘E(g,E& ) See (1.2-3)
Compute: Rla, €)

Stop

Ci(q, €) |< (—'-'(_—:_-6—)-)\,\}0)‘

No

[ A s rera——

:.I,' Yes

The product
of @ and €
is a lower
bound +to the
smallest root
of the given
matrix L(wW),

ie e,

5:2BC=C1-G

4, 9 »0<4—— g+ Ag

s

I——— e , 0< e _<_l '(]—-—-

€ +aE

I I —

Fig.l.2 %‘é}bwehart Diagram of the Method (Version i)

-

Y

A




1.3 -~ 2 Description of the method (version 2}

- ——
Step 1l: Given an n-square matrix L{)= 1”((0)
(W) . .
Step 23 Evaluate the matrix L{W) L(0)
at (J =0
Step 3: Compute the smallest root " )\ N(O)
of the matrix L(O0)
Step 4: Choose a proper real number
C and compute:@ CA (o) | c AN(O)
NOTE: if A (0) < 1 , the ’
value of C is such that
CN(0) >1
if )\N(o) > 1, the
value of C is 1.
Step 53 Prdperly choose two real qa , € : 1
“numbers q and € qa > 97 O(TE(]""C?\'N(O)-
Step 63 Fomulate' a new matrix E(q, € )}
E (q, ©) See (Lle2-~3)
Step 7: Compute:r the matrices
. . [I + C&E(q, € )]
addition I + CEE(qg,€E ) S : B
s : :
tep 8 Compute a lower bhound to the O*(q, € :C)
smallest root of the matrix
I + C E€E(q,€)
Step 9: Compute" a lower boundQ If O*(q,€ ; C) > 0

to the smallest root of t‘he
given matrix L {C) )

the product of q and €
is a lower bound of the
emallest root of the
givern matrix L (W)

i,e, _QN::q €




';iReal Number g, gq > 0
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Given Matrdix: L(Q) )= lij((o)
Compute: L(0) = lij(o)
N/
Computes 7\ N(O)
Ng0) € 1 X
\L Yes
Real Number C, ¢ 7\N(0} >1

———>|3g§1 Numbere ,0< €E<1-1/(C Ny(0))

W -

Vi

Compute: See (1.2-3)

E(q, €)

Va

Compute: I + C€E(q,€&)See (l42~14)

Compute:

A*(q,e:¢) >0 12

Stop -

The product
of g and €
is a lower .
bound to the
smallest root
of the given
matrixy

L{w).

i)

Yes

49, 9 >0 ¢— g+ Ag

€ . 0<€<1-1/(CRul0)) o= € *aE K-

c , c7\N(o) >1'4_c + AC

r__—.

Fig. 1.3 Flowchart: Diagram of the Method [ [.:

- {Version 2)

cXx1
onlY.
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1,3 — 3 Description of the method (version 3)

Step Given an n-square matrix
L(W)
Step 2: || Evaluate the matrix L{))
Q. =0
Step 3: || Add up the absolute values N
| of row elements (excluding pi(0)= E | lij(o)l
the element on main dia- j=1 ,
Jxi
gonal) for each row of 1.(0) i=1,2,...,N

Ste 4: | Compute the differences-
P P D,(0) = 1,,(0) - P, (0)

D, (0 i
140 i=1,2,...N
| ’ . - Min
Step 5: j| Search for the minimum:'of - Ok(0) = i (Di(o))
D, (0)

NOTE: If the minimum,{(0), obtained from Step 5 is greater
than zero then, continue the fillowing steps and
compute a lower bound to the smallest root of the given
matrix L{W). If the minimum, QA(0), is less than or
equal to zero then, this method is not applicable.

- .

Step 6: || Compute.: lower bound by iterations: S:ZS
Let w :Q .
s :
. o T TN
Step 7: || Compute row sums of the‘matrix p;(fz )= EEE' Ili'<(2 )
‘ i 8 = '8
L{Qg) S . Ixd ’
i=1,2,...,N
Step 8: | Compute the differences '

P, (£2,)

i=1,2,...,N




Search for the minimum, d(Qs)

to the smallest root of the
given matrix L{Q) )

Step 9t ou€2)="" (0 Q0
of D, (L2 ) | | |
Stép 10: C;:-mpute an improved lower bound || I£ Q(Qs)>olan

improved lower bound

lto the smallest root

of the given matrix
L{()) can be obtained
by repeating the com-
putation from Step 6
and using a new value
of Q)=QS+AC&J0
1£ A )< O then,
Ck)==£:L5 is a
lower bound to the
smallest rcot of the
given matrix L(CJ ).
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Givep Matrix: L((.U) = lij (QJ)

v

Compute: I_(O) =1i5"0)

Compute: e (O ) See. .(1{2-23)27.
Stop

/ . Method not

a(e) > o 2 | applicable,

l ves

—3 w =0, L>0
J

L_(Qs) =1;j(Qs)

A

Compute:

Compute: O'\(QS) See (l.2-22) Stop

: ) : - Qs is a
c SR " Jlower bound

to the smallest

A)> O e ratrin

L{C))
LL yes

qu_;'— QS+ACL.)

_Fig. 1.4 E¥mmharg Diagram of the Method.
(Version 3}



1.3 — 4 Description of the method (Version 4)
If the given matrix L((J) can be expressed as
L(Q )=A~WB then, the computation of a lower bound to the

smallest root of the matrix L(LW) can be simplified as

follows:
Step 1: Given an n-square matrix o . a
L (w)=A -wB
L{w) '
Step 2: Properly choose a real
qQ, 9>0
number ¢
Step 3: Compute - the smallest root
of - matrix A ON

 Step 4: Fo'rmulate“ a“ new matrix D(q)=A_q B

D(q)

Step 5: Compute a lower bound to the

smallest roct of the matrix d( Q)
D(q) '
. ]
Step 6: Compute the value of < c= l""ld(q)l/q
N

Compute a lower bound,Q N',
to the smallest root of the S ? =3 q €
given matrix L(QY) '

Step 7:




Given Matrix: L((.O) =A - B

)

Computé : QN

v

Real Number q

, 4>0

L

Compute: D(q)=A - qB

\/

Compute: A ( q )

Compute: 6 -—

| + IOI(QUI/QN

25

S'TOP

The product of g and €

-—ﬁ is a lower bound to the

smallest root oﬁ_ the
given matrix L())

\/

9, 9 >0 +— g+ a9

Fig, 1.5 Fléwchart Diagram Of the Method (Vexsion 4)
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1,3 - 5 Summary of the method

(a)

(b)

(c)

(a)

The matrix L(<)) is real, symmétric and L(0) ]_:;osit:l.ve de-
finite. The matrices A and B in the special case are real,
symmetric, and positive definite,

In case yhen the matrix L((J) can be expressed as
L(¢D)=A-(B, where A and B are real symmetric and positive
définite matrices, it is possible to obtain an upper bound
to the greatest root W}, of (1.1-2) also. This can be
achieved by formulating a new matrix L'(G))}=B-@A, and
computing the lower bound to the smallest root of the
characteristic equation det I L‘{(.o)l =0, The inverse

of this lower bound is an upper bound to QU,.

Version 3 of the method is restricted to éhe case

(o) > O.

In all cases, an improved lower bound can be obtained

by iterations.



1.4 ILLUSTRATIVE EXAMPLE -- A MULTI-STORY RIGID FRAME,

Consider the multi-story rigid frame as shown

in Fig. 1,6,

For the purpose of illustrating the

method derived in section 1.2, a lower bound to

the fundamental frequency of the frame will be cal-

culated,

mass éystem with 12 degrees of freedom.

LO'EO’IOfmg‘
'y
i
y
- -/
770 %227'3"

Multi-story Frame

Ly oMy

Epely

L3:m3:

Eqelg

The structure is analysed as a distributed

.#10‘/ij 

2N

s Hs;_),x;

77

V2

12

N

,
N s,

Joint displacements

Fig. 1.6 MultiFstory'Frame

27
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1l.4.1 DEVELOPMENT OF L(CJ)

Let {x} be the joint displacement vector of the

system (see Fig, 1.6)

{x} = {3250 000 %, ) (1.4-1)
The equilibrium equations yielqd
( L(w)){x} = 0 (1.1-1)

The coefficient matrix L(Q))} = 1ij(OJ), is a 12 x 12 real,
symmetric matrix, The elements lij(().)) can be expressed as

““follows:

lij((k))':ljl(w) i:j=l:2f-00'1120

lij (C))=0, except

2 2 2
11000 = (LyiAy + A LA » L5 A,
2
1,,(0) = Qglga,
1,,() = f,1.a, - § LA, (1.4-2)
2
140 = Q134
10N = rZZLzAZ
122(@) = 111(0.))
]_23((.0) = 113((.\-))
1o(G) = 1,(0)
126<w) = 116(00)

133(00) = 2}“‘1”‘1 * 2)“21*2



o

(1,4-2)



1g,12(0) = 1, 1,(@0)
tool @) =2 gy 2 Ny | (1.4-2)
1o,10{®W) = =1y (W)
1o,12(®) = 26 42,
2 2
110’10(0«]) = O{OLOAO *+ a4L4A4
110'11(00) = 1;,(W)
110,120 = §¥ ataPy
t11,10(9) = 1y 40()
L11032(@) = 110,221

112,120 = Z)J a*a
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Where,

ui( Sinu,.Coshu,; - Cosu, .Sinhuy )

1 1l - Ccasui..Cos'hu‘,L
Qi? _ ui(Sinhui - Sinui)
. i 1l - Cosui.Coshui
u2(Sinu, .Sinhu, )
6 = i i
i 1l - Cosu,.Coshu
i i (1.4-3)

2
ui(Coshui - Cosui)

i 1l - COSui.Coshui

3 .
ui(Slnui.Coshui + Cosui.Sinhui)

}*J i 1l - Cosui.Coshui

3
) ui(s:i.nui + Sinhui)
i 1l - Cosu,.Coshu
i i
And
4 2
A= il N Al
i I, 2 / i EiIi
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For simplicity the following physical properties and the
dimensions of the member elements are assumed
m =m1=m2=m3=m4=1.0
l=L2=L3=L4=l.0
=E-ﬁE =E_. =E,=1.0 (1.4-4)

=L

IozI =T =13=I4=l.0

l1.4.2 FUNDAMENTAL FREQUENCY BY DETERMINANT EVALUATION

It is evident that the form of L{()) is quite compli-

cated and further expansion is useless, To determine the funda--

mental frequency by the present practice, the following pro-
cedure is used,

(a2) Assume a series of trial values of ().

(b) Substitute into Eq., (1.4+2)

(c) Evaluate the determinant, det I L{) I

(d) A result is obtained when det |IAOU) |= 0.

This procedure was carried out as summarized in Table 1.1,
to provide a.check value for the new method,

Substitute (l1.4-4) into (l1.4-Z) and evaluate the de-
terminant, det |L((U)I , of the coefficient matrix of equation
(1.1-1). for successive trial values of (u} . = The fundamental
frequencf of the structurél system has been found between 0,81

and 0,90 RAD/SEC., as shown in Table 1.1,
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Table 1.1 (89, vs det I L((ﬁ”'(Multi-Story Frame),
Q) det | L(w) |
0.01 5,77x10%2
0.04 5.79x10%2
0.09 5.74x10%2
0.16 5.59x10%2
0.25 - 5,29x1012
0.36 4.75x1012
0.49 3.88x10%2
0.64 2.61x10%2
0.81. 9.01x10+t
0.90 ~1.19x10tt
1,00 -1.23x10%2
1.21 -3.69x10%2

The fundamental ffequency of the multi-story frame

is:

0.81RAY/SEC & () & o0.90RRD/SEC '
_ CYC/SEC CYG/sEC
or: 0.129 < g < 0.43 (1.4-5)

l.4.3 STEP BY STEP PROCEDURE

We now outline briefly the principal gsteps of the rnew -

method.



Step 1. - COMPUTE THE VALUE OF )\ N(O)

Substitutingg) = 0 into (l.4-2) and (1.4-3) we

obtain the matrix L(O0)

12 2.0 2 0 6 0. 0 0 0 O | o |
2 12 0 0 2 6 0O O 0O ©O0 0 ©

0 O 48 -6 -6 -240 O O O 0O O

2 0O -6 12 2 0 2 0 6 0 O O

0 2 -6 2 12 0 0 2 6 0 0 O

L(0)= . }& 6 -240 O 48 -6 -6 -240 0 0 | (1,4-6)

0 ©o 0 2 0 -6 12 2 0 2 0 &

0 o 0 0 2 -6 2 12 0 O 2 6
0 0O 0 6 6 -240 O 48 -€& -6 =~24
0 ©o o 0O 0O O 2 O -6 8 2 &

0 ©o 0 0 0 0 0O 2 -6 2 8 6

0 0O 0 0o o0 0 6 6 -246 6 24

The smallest root of the matrix L(0;) is computed by

the usual method,

A (0) = 1.084 (1.4-7)



Step 2. CHOOSE INITIAL VALUES OF @) ANDG.

. The initial values of () and €_'are_choésen and q is

caiculated

Q) =0,25
(S =d.63
)
q =‘—e—- = 8.34

Since 0 is the trivial lower bound of OJN, one can
normally choose a reasonably low value which is less than the
(A-)N' (Should the chosen value be too high, the procedur:e will
indicate that it is not a lower bound, A second value can then
be chosen.) '

“The method reqﬁireé that 0 € € S ‘1. Experience has
shown that for small values of € , the cdmputations are in=

senaitive to the choice of € .

Step 3. Calculateﬂéi-)- AR

Step 4, Campute d(q.GJ

étep Se Verify whether a lower bouﬁd is obtained,

£ X >"'"1':'é‘e—" AN('O). then the trial value

chosen is proven to be a lower bound, OCne may either stop af.

this point, or repeat steps 1 - 5, with a higher trizl vélué.
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Ifd<—-ﬁl:€e AN(O), the trial value‘ has not
been proved to be a lower bound. Choose a small trial value
and repeat step 1 - 5, |
The numerical computations are summarized in Table ‘1,2,

TABLE 1.2 - LOWER BOUND:OF FUNDAMENTAI, FREQUENCY

MULTI-STORY FRAME,

€' o) a X .(-_"é'_.G._ZAN(O) Lower Bound
0.03 | 0.25 8,34 28,42 | -35.04 0.25

0.36 | 12.00 | -33.17 . 0,36

0.49 [ 16,33 - | -
0.00 1 o.36| 36,00 | -51.52 [-107.31 | 0.36

-0,49' 49,00 -75.00 - 0.49

0.56 | 56,00 | -91.22 | 0.56

0.64 | 64.00 S —_—

0.006| 0.56| 90,34 |[-136,04 |[-179.58 | 0.56
0.64 | 106.67 [-169.,07 | 0.64

0.81 [ 135,00 B —

0.002| o0.64 | 320,00 |-459.21 |-540,91 0,64

0.81 | 405,00 . —

To illustrate the effect of € on the computation,
four different values of € were used and the results given

in table 1,2, These appear to indicate that better results



37

are obtainable with small values of €. We note that the
method : does not require us to progress from large € to
small € .

1.4.4 COMPUTATION DETAILS '

As further illustration, we give some additional details

of one set of computations.

step 1. A (0) = 1.084
Step 2. Choose QW) and € ,
) = 0.64
c = 0,006
.2 106.67
: 1 "ee T
Step 3, = é A\ y(0) = - 179,58

Step 4. The matrices L(0.64) and E(106.67,0,006) are developed
as given in (1,4-8),(1.4-9).. respectively. Next we calculate
A ., which is a lower bound to the smallest idot of E(106.67,
0.006). The method described in Section 1.2¢3 1s used, The

row sums are calculated:

) 12
DIFF(1) = e, = E |eij|
j=1

: ' Jal
The twelve row sums are found as below:

DIFF(1l) = -3.-43091
DIFF(2) = -3,043091
DIFF(3) = --=111,268448
DIFF(4) = -13.646236
DIFF(5) =  -13.646236
DIFF(6) = -169,071320
DIFF(7) = ~13,646236
DIFF(8) = ~13.646236
DIFF(9) = -169,071320
DIFF(10)= -8,814468
DIFF(1ll)= -8.814468
DIFF(12)= ~89,379654



1.198829E
2.002929E
0.
2.002929E
0.
6.012690E
0.

0.

2.002929E
-6.012690E

2.002929E

1.198829E

0.

0.

2.002929E

6.012680E

0.

0.

0.

0.

0.

0.

6.012690E

6.012690E
~2+.410544E

0.

o.

4.739121E
-6.012690E
-6.012690E

. =2.410544E

L(0.64) =

01 2.002929E
00 1.198829E

0.

00 0.
2.002929E
00 6.012690E

0.

0.

0'

a.

0.

0.
6.012690E
00 6.012690E
00 -2.410544E

00 0.

(18 Q.
' 4.739121E
~6.012690E
00 -6.012690E
00 ~2.410544E

c.

0.

0.

0.

0.

0.

00 0.

00 0.
01 0. .
2.002929E

0.
01 -6.012690E
00 7.992193E
00 2.002929E
oL 5.978544E

00
01

00
00

00
00
01

0L
00
00
ol

00

00
00
00
00

0-..-

0.

4.739121E
-6.012690E
-6.012690E
-2,410544E

0.

0.

0,

0.

0.

0.

0.
0.
0.
2.002929E
0.

~6.012690E
1.198829E
2.002929E
0. |
2,002929E
0.

6.012690E

0.
2.002929E
-6.012690E
2.002929E
7.992193E
5.978532E

01
00
00

oL -

00

00
(118
00

00

00
00
00
Y
00

2,002929E

0.
~6.012690E

1.198829E

2,002929E

0.
2,002929%E
0.
6.012690E
0.
0.
OI

0.

0.

0.

0.

2.002929E
-6.012690E

2.002929E

1.198829E

0.

0,

2,002929E

6.,012690E

0.
6.012690E
~2.410544E
5.,978532E
5.,978532E
2.369560E

(1.4-8)
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1.004814F
2.488087E
Ol
2.488087E
0.
8.115059E
0.
0.
0.
0.
0.
0.

0.
" 2.488087E
-8.115059E
2.488087E
1.004814E
0.
0.
2.488087E
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0'
0.
0.

© 0.
0.
0.
8.115059E
8.115059E

-4.157275E
ol
0.

.=5.345668E

~8.115059E

~8.115059E

-4.157275E~

E{106.67,0.006) =

01 2.488087E
00 1.004814E
0.

00 0.

2.488087E

00 8.115059E

0.
0.
0.
0.
0.
0.
8.115059E

00 8.115059E

00 ~4,157275E

00 0.

01 0.
~5.346558E
-8,115059E

00  -8.115059E

00 -4,157275E

0.
0.
0.
0.
0.
0.

00 0.

00 0.

01 0.

2.488087E
0.

01 -8,115059E

00 6.698761E

00 2.488087E

a1 2.421997E

00
01

00
00

00
00
01

01
00

00 -

01

00

0o
00
00
00

0.

0.
-5.346558E
-8.115059E
-8,115059E
-4.157275E
0.

) 0-

0.

0-

0.

Q.

0.
0.
0.
2.488087E
0.
-8.115059E
1.004814E
2.488087E
0.
2,488087E
G.

. 8.115059E

0.
0.
0.
G.
0.
0.
0.
2.488087E
-8.115059E
2.488087E
6.698761E
2.421997E

0l
00
00
01

00

00
01
00

Q0
00

00
00
00
00
00

2,488087E
0.
-8.115059E
1.004814E
2,488087E
0.
2.4BB0O87E
0.
8.115059E
0.
0.
0.

0.

0.

0.

0.

2.488087E
-8,115059E

2.488087E

1.004814E

0,

0.

2.488087E

8.115059E

0.

0.

0.

0.

0.

0.

8.115059E

8.115059E
~4.,157275E

2.421997E

2.421997E
-2.673279E
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The minimum DIFF(i), is a lower bound to the smallest root of
the matrix E(106,67,0,006).

Step 5: As the criterion

(1-€) .
N (q,€) > -2 - A\ (0
is satisfied, we conclude that (1) = 0.64 is a lower bound,
A lower bound to the fundamental fregquency of the

multi-story frame structure is found,

( 2 RAD/SEC
= 0,64
N

1,5 CONCLUSION

The determination of the fundamental frequency of real
elastic structural system is a lengthy process, especially if
the structure is represented as a distributed mass sysﬁem. -In
this chapter, a new method for the lower bound is preseﬁﬁed.
The method has certain advantages:

(1) The method applies to lumped mass and distributed
mass system,

(2) The results are guaranteed to be lower bounds to
the fundamental frequency. |

- (3) The method is extremely fast, as compared to other
known methods.

There are certain.shortcomings inherentin the method
élso. Some of these are listed below:

(1) The method does not calculate higher frequencies.

(2) Although the method can be used iteratively to obtain
successiﬁely better lower 5ounds, it can not be used
to calculate the fundamental frequency exactly. Thus the
method dogs not give an indication‘bf the accuracy of

the result,'
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CHAPTER 2 MATRIX FORMUIATION OF DYNAMIC ' ANALYSIS

2.0 INTRODUCTICHN

In the time domain dynamicel la.nalysis of an ellastic struc-
tural system, natural frequencies of the system are of fundamental
"importance. In this ciaapter we discuss the matrix formulation of
this problem. The basic approach is to generate the total system
stiffness matrix and the system mass matrix by the synthes:.s of
'that of the member elements of the system, This is valid for _
both lumped. parameter and distributed parameier analjrses. s The
matrix formulation is not new, and is presented for the sake 01‘:'

convenience and completeness 0

2.1 IDEALIZED SYSTEM wvs RFAL SYSTEM

The real structural syst-em considered can be any space or

_ plane sil:ructure'composed of one dimeqsic‘mal_e;l’ements':.. We as-‘
sume that the member elements of the system are of the straight
slender-beam type and possess a doubly-symmetric cross section.
The size of the member elements need not be F:onsténﬁ aloﬁg the
‘axis of the element., It is assumed that the material ef the
structural system obeys Hooke's law. The joint connections of
member elements can be:either completely rigid er of the fric-
tionless pin-joint type. The motions of the system are _exlprre.ss'ed'
in terms of the motions of its joints and are measured from the
-positien of static equilibrium, There is no rigid-body motien

as the structural system is well supported. In the lumpe‘dlpa'ra—- :

meter analysis, the masses of the member elements of the system
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are further assumed to be lumped at discrete points (the joint

of the system).

2.2 STATE VECTORS

Let AB be the jth member of the system (See Fig. 2.1).
For this member a set of right-handed rectangular coordinates
X,¥,2 is attached as member coofdinates. The x coordinate axis
always coincides with the longitudinal axis of the member, The
principal axes of the cross section are along y and z axes, Let
vector{:u} j = (ul'u2"'°'u125 be specified as follows:
Uqsu,,Uq, and u,,ug,ug are the translational displacements of
end-point A and B of the element along %,y and z axes respective-
ly: and Uy, Ug, U and UigeB17+Y%5 -are the rotational displace-
ments at A and B. The position of the member AB is completely
defined in the space once the vector {P}j is specified. We re-
fer to{:g}j as the element displacement vector of member, AB.

At the ith

joint of the structural system a displacement vector
{g}i = (ql,qz,...,q6?i can be specified with respect to the glcbal
coordinates X,Y,%2. The components d1.95.93 and q, 95,9 are
translational and rotaticnal displacements of the joint in the
direction of X,Y,Z respectively. Let the structural system con-
sist of R member elements and N joints, we then have the dis-i ..

placement vector for the entire system as:

In element coordinate system

{u} = ({u} ll_{“}zl ...|{u}R ) (2.2-1)
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In global coordinate system

{q} = ({q}l {q}zl {q}N ) (2.2-2)

Note that the {p} is a {(12R x 1) column vector and {é} is a

(6N x 1) column vector, Since the joint movements are not re-
stricted {q} is a generalized coordinate system. On the other
hand, the u's are constrained displacements because of the equi-
librium conditions at each joint,

The force wvector of the system thus can be written as:

{F} | ({E}l {F}2| Tew {F} R ) (2.2-;;)
{Q} ({Q}ll{q}zl |{Q} N ) (2.2-4)

{F}i = (FiFpeea,Fiy)y ,{Q}J = (Ql'QZ""'QG)j

Both '{F}i and {Q}j are shown in Fig, 2.1l.

and

where
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Element displacement vector {u}j

{u}j = (ul,uz,.-.,ulz) j
Joint displacement vector‘{q i

{q}i = (ql'q2""‘q6) i

Fig.2.1

Element coordinate system X,y,z and
Global coordinate system X,Y,Z.
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2,3 DIFFERENTIAL EQUATIONS OF MOTION

Letu{q} and,{a} be the joint displacement and joint accele-

ration vectors of the structural system, respectively. Because of

. the possible existence of concentrated masses and the assumption

on distribution of the masses of the member elements of the struc-

tural system, we present the differential equations of motion in

matrix form for both distributed and lumped parameter analysis

with or without concentrated masses as follows:

Cage

Case

Case

1.

Distributed parameter analysis, Member elements of
the system have distributed masses: no concentrated
masses in the system,

K (C) {q} =0 (2.3-1)
Distributed parameter analysis, Member elements of

the system have distributed masses with concentrated
masses at nodal points.

M {q} + K () {q} -0 (2.3-2)
Lumped parameter analysis, Masses of the member
elements of the system are assumed to be lumped at
nodal points with or without additional concentrated

masses at nodal points,

(M + M) {q} + K {q} =0 ' (2.3-3)
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Note that in (2.3-1), (2.,3-2) and (2,3-3)

1., All the matrices are formulated in the i;].obal coordinate

system,

2. M = diagonal mass matrix of concentrated masses.
M = mass matrix of the system,

. 3, K = stiffness matrix of the system.,

4. The entries of stiffness matrix K () are trans-
cendental functions of the reai variable o 2= O.

5. All matrices are square, real symmetric matrices:
M, M and K are positive definite, K (W) is positive
definite at W = 0,

6, The matrices in this section are given from
(2,5-27) and (2.5-28), |

2.4 FREQUENCY EQUATICN

Let gq(t) =g el®t (2.4-1)
Substitute (2.4-1) into (2.3-1), (2.3-2) and (2.3-3)to. obtain the

frequency equation for the structural system:

case 1. aet | Kk @) J=o (2.4-2)
Case 2, det I K({w) - Q,,_)z M I =0 (2,4-3)
Case 3. det l K - 2.(31' + M) |= 0 (2.4-4)

The matrices in (2.4-2), (2.4-3) and (2.4-4) satisfy the
required conditions in section 1.l and 1,2, Therefore the methods
developed in Chapter 1 can be used to obtain the lower and upper

bounds of the natural frequencies of an elastic structural system.
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2.5 STIFFNESS MATRIX AND MASS MATRIX ASSOCIATED WITH THE SYSTEM.

(A) Stiffness matrix and mass matrix of a member element,

(1) Stiffness matrix in element coordinate system,
Let AB be the jth‘member element of the system., The asso-
ciated end force and end displacement vector are respectively
{F}j =(F ar F B)and{u}J =(u 5,u B)- The force displacement

relationship of AB Eaﬁ“ﬁehgfitten as
Fa =[k]A \
u—
B B \»\\\\ (2.5-1)
LY

. \
The stiffness matrix (ku) member AB in eigyent coordinate
\‘

system is .

(ku)': -a L] ° o o - a ° ° o o o (2.5—2)




See Appendix 2 for elements a,b,s.s.,K.

Or, if we let

(R)

(T)

Then (Ku)

(k)

K} -]

becomes

[ (R)
(s)T

-(R)

| @

a ®

]
-]
ey

(s)
(T)
-(8)
(0)

(2) Boundary conditions

(8) =

(0) =

~(R)
~(s)*
(R)

~(s)T

(s))
(U)
-(8)

(7))

(2,5-3)

If the end conditions of the member are specified then,

owing to the existence of end constraint equations the order

of the element stiffness matrix (kﬁ) is reduced,

a. Fixed end,

48-

In case the end A of the member AB is completely fixed *°

then,

(2.5-4)



thus
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{F} ~(R) () {
= u
A1 s)7 (U) B} (2.5-5)

bt
pr—

{F (R) -(s) { }
B}_ _(s)T ry | LB

Similarly if the end B “is completely fixed, then

{F (R) (s) :
= u
A} (s)T (T) { A} (2.5-6)

{F -{R} -(8)
B}z (s)T (u) {uA}

Hence,

L.

the stiffnes matrix of member AB with one end fixed is:
end A fixed

(R) -(s) (2.5-7a)

end B fixed

) (R) (s) (2.5-7b)
k =
S st (T)

Simply supported end

Let end B of the member AB be simply supported then,

(2.5-8)



Consequently,

Fl a ° o a L] o ] L3 -a -a - - ul
F2 L b ® a o g a o g ° —b o L12
F3 - - C o h o a h o - - -C u3
F4 - o a d Y - —d o o - - i u4
FS - - h o a o o j o - - —h U.5
F6 - g a s o f a L] k a "'g - u6
Frg=|_- = = @ - - %= 2l = ] |Me
0 ° - h o j - - e L . . "'h u:].l
R I . S DI D A B
F7 —a - o o - o o - o a - . 0
FB . "'b o a & _g o o _‘g - b - 0
-_Fg— _a o -C a _h a a _h » - - -C_ -9 —
r N ————
Ly %7 | T 7x 2] (v)T 7.x3
=1 5 w7 By n )T 2x 3 (2.5-9)
WMz e7] M3 x2 | R 343
Partition the stiffness matrix as shown in (2.5-9), we obtain
a 'd - r .
Fa Ya TJull
{ = (L) ¢ f + (H) (2.5-10)
F1o0 %10 Y12
. L. J .
r~ r - r
Fz up Uiy
{Fy b= (V) 4 REUR (2.5-11)
& Y10 912
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0 | uy u, 4
=(H) + (P) ) (2,5-12)
o Yo Uy 5
Premultiply -(P)~l to (2.5-12) and solve{ 11} in terms of{-A
2 Y10

{“1i}= ~(p)~L (H){uA } (2.5-13)
12 Y10 ‘

Substitute (2,5-13) into (2.5-10) and (2,5-11)

- _
{A}= (L) ~ ()T () H(x) {u‘”‘} (2.5-14)
F10 Y10
7 1 Ya
For = (V) - (W)(P) “(H) Ju, (2.5-15)
F
9 B

If the end A of AB is simply supported then,

U, = U, = 1u, = 0
r "2 73 (2.5-16)

F. = 0

Fg 6

li



The force

diaplacement relationship is

F7 a . - a . © .. . ‘- —-a
FB - b - - - "'g - a _g -
Fg - ™ c - "'h - - ""'h - -
Flo » - - d - o ""'d ™ - e
F‘ll . - ""h ™ e - - J - -
F12 - -g - - - f - '] k ]
Fap=le o = 2 - S |2
0 [ . _h . j e . e - -
0 . - -g ] ° . k I3 . £ .
Fl -a - IN ] - - - - [ 3 L] 4
F2 « ~b . . . g . -« . g .
_F3— .—. - —C a h o - h s -
Y T 74T
(Llg g | (B g n | (V)" 543
— ’ $H7T
=B 7] B 5| W75 43
7 [
M3x7] W 3.2 R 343
'We obtain '
rF
u
B ' B
(Y= @' - @t ) ta
F4 u4
1 ) PR Y “B
Fob= (0= W) @) (m)
F3 uy

e o] wg
N ug
. -C u9
. . '1.1.10J
R BT

A B
. h u5
A N e
[ ] [ ] 0
b WO
. c 0
(2.5-18)
(2.5-19)

52
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The stiffness matrix of the member AB with one.end simply sup-
portéd is | .
’ B ‘
(k) = @) - @hHT (»)t @ (2.5-20)

(3) Stiffness matrix in joint coordinate system

! T
Let the ( Q ) be transformation matrix between element
displacement vector of AB, {u} 3¢ and joint displacement vector

at joint A and joint B, {qA . qB}

'
{u}j =.(©) {qA . qB} - (2.5-21)
The stiffness matrix of AB in joint coordinate system can be.
written as
I I
(k) = (@ k) (B (2.5-22)

(4) Element mass matrix in element coordinate and in joint

coordinate system. The derivation of element mass matrix is

similar to that of element stiffness matris,

2. In the element coordinate system, the mass matrix is,
—_ —
a* - - - - > f* [ -] i . L] - -
L b* L] - - e* - g* - - - k*
- L] b* - e* L] L] - 9'* - k* L]
- - - C* L] - o L. - h* - L]
- - e* ° d* - . o —k* - j* -

(m)=fc &% - « o @& o k¥ o . J¥l (5 5 53

£* . o a © e a¥* P . . - ®
- g* o a - —K* . b* L - o -E*
- - g* - -k* - - - b* - —-e* -
- - ° h* * a - - a c* - .
6 . k* . j* ° a ° -e¥ . ax »
o k* - o e J* . ~-e% N - . ar
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Let ra* - o = . . ¢ - B £+ - . o
(ay 4. p*r .| ®=. . exl(e)=}f. g* .
| . . btj | - e*x . . g*
"o - - ] FC* - - ™ h* - M
(D) =. . k*| (E)H , ax (G)= . i* .
- k* - - - d*_ - - j*
Then (&) (B (c) (D)
(m.) = (B)  (E) (D) (G) (2.5-24)
4 () —(D) (a)  —-(B)
(D) () -(B) (B}
b. In the joint coordinate system
P !
(mg) = ()T (my ) %" (2.5-25)

(B) Stiffness matrix and mass matrix of the total structural

system

The stiffness matrix and mass matrix of an elastic struc-
tural system can be obtained from the synthesis of that of the
member elements of the system, Let R be the number of member
elements in the system and (Kﬁ), (m&) (i=11,...,R) be stiff-

th

ness matrix and mass matrix of the i~ member respectively, It

can ‘be shown that
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.........

. —_
(k) ,
2 .
() - - i
(k) =| ) : . © (2.5-26)
"R
(xR
‘and —T(-mt) o
(mﬁ) L o
(M) _— . o (2.5-27).
(my)

The matrices (Ku) and Mu) are stiffness matrix and mass
matrix of the structural system in elemént cecordinate system re-
spectively. In joint coordinate éystem they can be written as

(k) = (BT (x) (B  (2,5-28)

and

() = (BT () (B | (245-29)

Where _(% ). is the transformation matrix between {u} and {q}

{u} =..(%) {q.} | 1(2..5__.,,0.)_
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3

. CHAPTER 3 - FRAMED DOME

3.0 INTRODUCTION

In'this-chapQQr the free vibrationsoﬁf;a’dqhetﬁypef
frame strﬁcture ére studied;- The structuré is a solid-
rib type dome as'shown in Fig, 3.1. The analysié‘assumes
that-thelmasses of gﬁe member elements oﬁ the dome are lumped
at the joints of the dome, The natural‘frequencies and mode
shapes of a 60 degrees-of-freedom dome are calé&ulated, and
the numerical results are verified experimentally in chap-
ter 4, The purpose of this study is to determine whethér

the lump-mass model is a satisfactory model of the real

structure,

3.1 THE DOME

It is known that the meétallic framed -dome.:gtructire is
one of the most efficient space structural systems, It is
used for radomes, radio telescopes, roofs of auditoriums,
fieldhouses, coliseums, and other large structures where
. intermediate supports are not permitteqa The advantages
of dome structures have been long recognized, but only since
the recent development of structural analysis methods and
construction techniques.: have large'numbers of metallic
domes been constructed economically.

A number of large metallic framed domes have been
built in this country. The Astrodome in Houston, Tex. has

a clear span of 642 ft. and an outer diameter of 710 ft.
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The roof is 202 ft, above the ground level. The roof of
the General Electric Company's pavilion at the 1964-1965
New York World's Fair is a dome 200 ft. in diameter and

78 £t, in height, The roof of the New York's World's Fair
Pavilion is 176 ft., in diameter, The roof of the Pittsburgh
Auditorium has a diameter of 417 ft, and a rise of 109 ft,.
The base diameter of the Charlotte, N,C, Coliseum is

332 ft., and its crown rises 120 ft, above the street level,
All of these framed domes have an extremely large number of
member elements aﬁd Jjoints, Consequently, the dynamic be-
havior of dome structures is difficult to analyze.

The solid-rib type dome consists of concentric poly-
gonal rings at different elevations, rigidly conﬁected with
inelined ribs at each corner of the ring, Under dead load,
the uppermost ring is a compression ring and the lowest one
is a tension ring. Elements of the dome are usually straight
members composed of solid-web, rolled, or built-up sections.,
The_height between two adjqcent horizontal planes contain-
ing rings can be variedafaTha angles of inclination of the
ribs with respect to horizontal plane may be different at
different tiers., All the members of a polygonal ring are
of the same length., The central angles extended over eadh
member are equal, The dome is supported by foundation walls,

columns or buttresses,
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' Pig, 3.2a Joint Cooidinate System: V,T,W. .
B Vz,Vertical L : ‘ ‘

T Tandbntitall

W: Radial (inward)

" (s,n): A joint of the dome.where
ring s intersects rid n,

-Fi§E3E2_ i
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Translation v

Rotation

v

Fig, 3.2k Joint Displacément Vector Compoﬁents.
Joint Displacement vector {q:}(s,n)

{q} (s,n) = {qllq21q37q4lq5!q6} (s,n)

qlngyéa: Translatign in directlon of V,T,W,

d4s 95095 ¢ Rotation in direction of V,T,W;

Fig, 3.2 (cont'd)

e v i
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?f

Rotation

Fig, 3.2c

Element Displacement Vector Components,

Element Displacement Vector {u} AR
{ } ={ A B}

U pap u, u

A
{“ ) ={ g up05,u,u5, 0 }

BY _
{u } *{u7,us'u9'ulo'u11'u12}

Fig. 3.2 (cont'd)
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3.2 ELEMENT AND JOINT‘COORDINATE SYSTEMS.
As shown in Fig. 3.2, let us number the rings and ribs
of the dome respectively by the numbers s aid n (s =1,2,3,

eear n =1,2,3,...)c The joint where the s ring and nth

rib

intersectﬁ&tdésngatéd:as(s,n); At each joint of the dome we .
attach a right handed joint coofdinate system V,T,W along the
' ver£ical, tangehtial and inward radial direction respectively.

The-joint displacement vector at a joint (s,n) is specified as -

T sm) =9 aqy, 9, 450 9. 950 G
. (s,n)

where,ql, dy s qaareﬂztnslationalz;.<q4i_q5!_q6 ‘?:e rota-

tidnai displacément components at. joint (s,q) in the re-

. spective direction of V,T, and W, The coordinate systeﬁ

attached to any member element indicated as (s,n) - (s+l,n)

or AB,:1s a right handed rectangular coordinate system X,Y,Z.
The x direction is along the axis of the member; the y and

z are along two principal directions of the cross section of

the member is specified as-{ﬁA} or{ﬁB} where

n _
U = {.ul, Use Ugy Uy, Ug, Uy }

B ) L
vo= { Uyt Ugs Ygr U300 Y370 Y35 }

Notice that ?l' u,, u3.and Us, Ug, Ug are.trans;ag;onal dis-
. placements at ends A and B respectively: Uy, Ug,. @y and

“Y1or Y110 Y12
in direction of %X, y and z,

are rotational displacements at end A and B
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Let N and R be the number of joints and the number of
member elements of the dome respectively. We specify the

following notation:

| {F} i
| {u}i‘
{e},
{q}i

Tt is clear from Fig., 3.1 that the geometric configu-

End force and end displacement vector of

the i*P member element of the dome, i=1,...,R

Joint force and joint displacement vector

of the j*F joint of the dome, j = 1,...N

rationrat each joint is typical throughout the Structural
system. As a result, the coordinate transforhatipn matrix
Vbetween coordiﬁate systems F-u and Q-q can be obtained from
the study of a joint,

As shown in Fig, 3.2 and Fig, 3.3, the direcpion
cosines between system and element coordinate systems can
be expressed as | |

For vertical member at both ends

x y z
\' Sin\y —-Cos 0
0o 0 -1

W Cos\ " sin @ 0
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Fig, 3,3b  Vertical Member -
o S IR
q).: _ Angle of Inclination

‘Fig. 3.3  (cont'd)

R



66

For horizontal member at end A

X Y P

v 0 -1 b}
" Cos®/2 0 ~Sin6/2
W Sin6/2 0 Cos8/2

For horizontal member at end B

%X v z

\% o .-l 0
CosB/2 .0 8in®/2
‘w | -sine/z ) Cos8/2

Where QJ is the angle of inclination of the vertical member
with regpect to the horizontal plane and B 1is the central
angle extended by the horizontal member AB,

At a typical joint, {(s,n), of the dome (Fig.3.2}), there
are four connected members, The elemenﬁ end diSplacemeﬁt

components at this joint are respectively

’ A
{ Upe Bps VYze Yge Uge 1'16}(S,n)--(s-l-l,n)""1 (s,n)-(s+l,n)
o | . | _ L 2B ‘
{‘“7' Mgr Ygs Yygs Y30 ulz} (s-1,n)-(s,n) (5_"1"‘.)‘(5'“)
for vertical members (s,n)-(s+l,n) and (s—l,n)-(s,n),ana

A
{“1, Uze UY3s Y40 Uss u6}(,s,n)—-(s,n+l) = (s,n)-(s,n+l)

. . B
' . . =u . ,
{u'?' Ugr Ygs Y3gr Uy “12} (s,n-1)-(s,n) (S/0-l)-(s,n)

for horizontal members (s,n)-(s,n+l) and (s,n-1)~-(s,n).
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" SRATIAN S ety

Let joint displacement vector at the joint (s=,n) be

{ ql, q21q3l q4l‘ qst q6 } . (s'n) = qd (S,H)
We botain |
[ a C ] . ]
u . (S"n)‘_.'(S'l'l,n) (-t‘)'s; s+l (0)
(0) S
w® (s-1,n)-(s,n) (t)s“l's (Oi

e L ;(:0;):"-._m"_mm-(E.-)-é-;;i——;- {q( )}
L 1 +(8,n
(r) (0)

T (s,n)-(s,n+l) 6xl
' (0) (r)
u®(s,n-1)~(s,n) [24x1 | (n) (0) 24x6
Ny @ L m
. . I —
‘ (302_1)
where
Sinkp 0 - Coskpj :
(t) =|-Cos 0 sinrf. - o
0 : ' ""l 0 o -
I | Cos®/2  _Sine/2
(n) =|-1 | 0 0
0 5in6/2 Cos8/2
0 Cos8/2°  Sin8/2
(r) =|-1 0 0
0 ~Sin8/2 Cos8/2
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3.3 ELEMENT MASS MATRIX AND ELEMENT STIFFNESS MATRIX

(3.2-1) is the relation between joint displacement vector
{q(S,n)} and the components of end displa;ement vectors of all
member elements connected at the joint. The transformation
matrix is a 24x6 rectangular matrix, - If we write out the re-
lationship for all the joinﬁs of the dome, we obtain a 12Rx6N
transformation matrix for the entire system between join£ dis-

placement vector {q} and element displacement vector {u}»as

"
“(12R x 1 = (Q) 12R .x 6N DreN x 1 (3.3-1)

Under the coordinate transfcrmation in (3.3-1), we have the
expreésions for element stiffness métri# (kAB) and element
mass matrix (mAB) in joint coordinate 3ystem.as shown in
(3.3-2) through (3.3-5). Notice that the #alues of
a,b,...,k in (3.3-2) and (3.3-3), and that of a*,b*,.o.',k*"

in (3.,3-4) and (3,.,3~5) are listed in Appendix 2.



Transformed element stiffness matrix for wvertical member

[%A§:| = (kvy,) : | (3.3-2)

where . kvij = kvji‘ kvij=-0 except
kvy = aa® + bB?
kvl‘3 = (a + b)AB
kvl'7 = —-aA” -hB
kvll9 = —-{a + b)AB‘
kKVy,21 = — 9B
k.vz“2 = ¢
kv2,4 = hB
kv2‘6 = ha
kv2'8 = -
kv2,10 = hB
2,12 T PR 5
kv3’3 = aB”™ + DbA
kv3'5 = —~ gA
kv3'7 = —(a2+ b)?B
kv3'9 = —-aB -bhAa
Vi TR,
kV4‘4 = dA” + eB
kv4,6 | (a + e)AB
kv4'8 = thz )
kv4‘10 = -daA” ~jB
kv4'12 = (j - @)AB
1»:v5"5 = £
kv5'7 = gB
kv5,9 = gA
kvs,in TR
kv6,6 = @B” +dA
kv6,8 = ~ hA
kve,lo = (3 5 d)Ag
kv6,l2 = —dg +j2
kv7'7 = aA” +bB
kv = (a + b)AB



where

k
k
k

V7,11
Vg, 8
Vg, 10
kVg, 12
kvg'g
kvg 11
kv10,10
kV10, 12
kvii 11
kv12,12

]

it

gB

c

- hB

- hA

aB® + pa’
gA

dA2 + eBZ
(& + e)aB
£

aB? + ea?
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Transformed element stiffnesgs matrix for horizontal member

l:kAB] = (khijJ
kh. . = kh

jil‘ .

ij

khl,l

khl,S
: khl,6

kh

1,7
khy 13

kKhy 12
khy 5

kh
xh
kh

2,3
2,4

2,8
kh

2,9
khy 10
khy 'y
khy'
khy' g
khy o
kh3 10
Kh

4,4
khy g

kh4'9

khy 10

—
-

b

gP

gQ

- b

gP

gQ

an + P
(a + c)PQ

- hP

~a02 - cP2
~(a + ¢)PQ
~ hP

aP2 + cQ2

~ hQ

~{a + ©)PD
-—aP2 - cQ2
-~ hQ

e

hP

hQ
J

2

_khij = 0 except

(3.3-3)



kh
kh
kh
Kh

5,5
5,6
5,7
5,11

Khg 12
khe'

khg

kKhg 11
khg 12
kh,

kh; 11

kKh; 12
khy g

khy g
kKhg 10
khy o
khg 10
khyo,10
kKhyy 13
kKhiji 12
khyp 12

ao%+ £p
(a4 + £)PQ

kP?~ &Q
(k - a)PQ
apl+ £Q
- g0
(k -~ @)PQ
kQ°-~ aP

- gP

- gQ
aQ™+ cP
(a + ¢c)BQ

hP

abP“+ ¢Q
ho

aoZ+ £p?
{(a + £)PQ

ap2+ £g2

Transformed element mass matrix for vertical member

where

mvy oy

1,3
1,5
1,7
1,9
vy, 11
vy, 2

mv, 4

mva.6

myv
mv
mv
v

rnvz’ 8

s 10
w12
MUy o5

mv, . = mv
1]

ij

ji’

)

a*B

my =0

ij

a*A2+ b*B2

(a* + Db*)AB
e*B

£*a% + g*B?
(£% + g*)AB
- kK*B
b*

- e*B

- e*h

g*

k*B

k*A

2

2 + b*a

except

(3,3-4)
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where

g g
nvj 5
mv3'9
3,11
mvy 4
Wy 6
Wy o8
.mv4'l0
Wy 12
mvg g
e
mg g
mvs,ll
™e,6
e g
™We, 10
We, 12
nv,
MV -.g
wWa 11
Wa, 8
Mg 30
Wg, 12
Wy 9
Wg, 11

™10,10
™iy0,12
11,11
™V12,12

] -
‘ mhij =

mhl,l
mhl'5
mh

1,6
mhL7

(mh

e*h .

= (£* + g*)AB
f*B2 + g*A2
-k*A
c*A2 +d*B2
(c* + d*)AB
~ k*B
n#a? - j%p?

J

mh.,.

i
J

1

(h* — j*)AB
d*

k*B

K*A

— j*

c*B2 + d*Az
- k*h

(h* — j*)AB
h*B% - j%a2

a*h” + Db*B

(a¥ + b*)AB

- e*B
b*
e*B
e*A
a*B2 + b*A2
—-a*i
c*A2 + d*B2
(c* + Aa*)AB
a%
2 2

c*BY + a*h

)

b*
- e*P
- e¥*

2 2

except

Transformed element mass matrix for horizontal member

(3.3-5)'
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mhy 1

mh
mh
mh
mh
mh
mh

1,12
2,2
2,3
2,4

I

2,8

2,9
mh) 310
mh

3,3
mh

3,4
mhy g
mh

3,9
mhy 19
mh

4,4
mh4‘8
mh

4,9
mhy 10
mh5'5

mh5,6

mh5'7
s 13

mhy 45
mh

6,6
mh6‘7
th,ll
mhe 12
mh

7,7
mhy 4y
mh

7,12
mh

8,8
mhe‘9
mhg 14
mh

9,9
mhy 10
mh

10, 10
mhiy, 12
mhiy,12

mhy, 12

Note that A=Sin(), B=Cos{), P=Sin6/2, and Q=C0s6/2.

k*P

k*Q

a*Q? + brp2
(a* + b*)PQ
e*p

f*Q2 + g*P2

(£* + g*)PQ
- K*P

= d*
= K*P

a*P2 + b*Q2
e*Q
= (f£* + g*)PQ
= f*P'2 + g*Q2
= - k*Q
K*Q
j*
c*Q2 + d*P2
= (c* + a*)pPQ
— k*P
h*Q? - j*p2
(h* - j*)PQ
c*P? + g*Q?
- k*Q
= (h* —-j*}PQ

h*Pz _ J*Qz
b*

exp

e*Q

af"Q2 + b*Pp
(a* + b*)PQ
- e*Pp
a*P2
- a*Q
d*
c*Q® + a*p

2

+ b*Q2

2

(c* + a*)pQ

2 2

c*PT 4+ d#Q
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3.4 NUMERICAL APPLICATION

The numerical example presented in this section is a’
20-member 60 degrees-of-freedom framed dome model (Fig.3.4).
It has two pentagonal rings supported Bylinclined ribs, The
" angles of inclination of ribs_with respect to horizontal
plane are 60 degrees for lower tier and 45 degregs-for upper
tier. Each joint of the dome has been numbered as (1,1),c00,
(3,5). The joints (1,1),...,(1,5) are assumed to be fixed
with foundations, Components of joint displacement vector
are indicated by number 1,2,...,60, At each joint the first
three numbers are translational‘displacement components and
the last three numbers the rotational displacementcomponénts
of the joint. For instance, at joint (3,1) 31,32 and 33 are
translational and 34,35,36 are rotational displacement compon-
ents in'respéctive direction of V,T and W (Fig,3.2a}. Masses
of the member elements are assumed tolbe lumped at each joint
of the domes and indicated as small circles as shown in Fig,
3.4. The dimensions and physical properties of each member
as well as the Code Numbers for the synthesis of dome stiff-

ness and dome mass matrices are listed in the following table,



Table 3.1 Dimension and Physical

Properties of Dome Model

MEMBER LENGTH CODE NUMBERS (l)
(1,1)-(2,1) O 0 0 0 0 0 1 2 3 4 5 6

(1,2)=(2,2) 0O 00O 0O 0O 7 8 9 101112

(1,3)-(2,3) | L=5,0" 0O 0 0 0 0 O 13 14 15 16 17 18 = 60 degrees
(1,4)-(2,4) 0O 0O 0O 0 0 O 19 20 21 22 23 24

(1,5)-(2,5) 0O 0 0 0 0 0 2526 27 28 29 30

(2,1)-(3,1) 1 2 3 4 5 6 313233 34 35 36

(2,2)-(3,2) 7 8 9 10 11 12 37 38 39 40 41 42

(2,3)-(3,3) | 'L=4,949" 13 14 15 16 17 1B 43 44 45 46 47 48 = 45 degrees
(2,4)=(3,4) 19.20 21 22 23 24 49 50 51 52 53 54

(2,5)-~(3,5) 25 26 27 28 29 30 55 56 57 58 59 60

(2,1)-(2,2) 1 2 3 4 5 6 7 8 9 1011 12

(2,2)-(2,3) 7 8 9 1011 12 13 14 15 16 17 18 FOR ALL MEMBERS:
(2,3)-(2,4) | L=7.641" 13 14 15 16 17 18 19 20 21 22 23 24 ’
(2,4)-(2,5) 19 20 21 22 23 24 25 26 27 28 29 30 AREA=(9/256) in
(2,5)=(2,1) 25.26 27 28 29301 2 3 4 5 6 - 3
(3,1)=(3,2) 31 32 33 34 35 36 37 38 39 40 41 42 UNIT WT.=0.04114 #/in
(3,2)-(3,3)| 37 38 39 40 41 42 43 44 45 46 47 48 5
(3,3)~(3,4) | L=3,526" 43 44 45 46 47 48 49 50 51 52 53 54 E=4,5 x 10~ psi!
(3,4)-(3,5) o 49 50 51 52 53 54 55 56 57 58 59 60 G=l.8 x 10° psi
(2,5)-(3,1) - 55 56 57 58 59 60 31 32 33 34 35 36 sLeS X psi

8= 72 degrees

GL
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(1,1)
_ 1,2 3
(1,2) | (1,5)
(3,1) | o
O—_2,2) O 2 ()
(342) (3,5) ()
7 9 25 26 27
10 11 12 _ 28 29 30
55 56 57
58 59 60
3,3) (3,
13 14 15 . 19 20 21
16 17 18 (2,3) (2,4 22 23 24
: i —
o . )
O o
(1,37~ (1,4)
Fig, 3.4 Mass points and Joint displacement

b

vector components of the dome model,

(:): Point mass (lumped from adjacent members),

(2,1): 2 joint of the dome where ring .2 intersects
rib lc ) N ’

31,32,33 : Displacement components of the joint
34,35,36  (3,1)

31,32,33; Translation
34,35,36: Rotation

in resepctive direction of V,T, and W,
(Fig.3.2)
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3.5 NATURAL FREQUENCIES AND MODE SHAPES OF THE DOME MODEL

Both mass matrix and stiffness-matrix of the 60 degrees-
of-freedom dome model were generated numerically (see'appendik 3).
éomputer programns weré written in FORTRAN (seé appendix 4).

Table 3.2 presents the calculated values of the natural.fre-
quencies(7). There are 21 multiplicities of order fwo. ~Each
of the multiplicity corresponds to'a symmetriq and an anti-
symaetric mode of vibration ét the same frequency. Caléulated
mode shaﬁes of the first and second mode of vibration.are.shown
in Fig, 3.5, Fig. 3,6 and Fig, 3.7. Note that the node shapes
as shown in Fig, 3.6 and Fig. 3.7 are obtained from a linear
combination of the tﬁo eigenvectors corres?oﬁding to the éame
frequency of 55.78 cps. The eigenvectors are.given'in Table
3.3é and Table 3.3e. The computations of the joint displace-

ment component a4 from the eigenvectors are given below,



(1) Decomnposition of the eigenvector component eqlJ,

~

0.048

0,063
~0.117 -0.128
0.137 ~0.128
0,033 0.048

‘ 0.158 | = 0.158
\ o0.074 { o.056
-0.136 -0.147
-0.158 -0.147
0.038 0.056

\_ o.182 L 0.182
r —-0.146 ] ~ 0.004
-0.103 -0.010
0.083 ~-0.010
0.154 0.004

{ 0.013 = { 0.013
-0.170 0.004
~0.119 -0.012
0.095 -0.012
0.178 0.004
0.015 | | 0.015

(2)

M~

-

Linear combination of

a. Symmetric Mode

"0,052 } [ 0.048
-0,138 _ -0.128
0,138 -0,128
0.052 0,048
0.171 | = ! 0.158
0.060 0.056
-0.159 -0.147
-0.159 -0.,147
0.060 0.056
. 0.197 J | 0.182
b.  Antisymumetric Mode
[ -0.135 ) [ 0.015
-0.084 0.00%
0,084 —-0.009
0.135 -0.015
0.0 = 4 0.0
-0.156 0.018
-0,096 0.011
0.096 -0.011
0.156 -0.018
0.0 J L 0.0

LN

7

-

-

W

.

sym,

the eigenvectors.,

0.015
0.009
~0,009
-0.015
{ 0.0
0.018
0.011
-0.011
-0,018
0.0

~0.150

~0.093
0.093
0.150
0.0

1 ~0.174
~0.107
0.107
0.174

L 0.0

( 0.004
—-0.010
-0.010
0.004
! 0.013
0.004
~0.012
~-0,012
0.004
0.015

[ ~0.150

-0.093
0.093
0.150
0.0

Y _o.174

-0.107
0.107
0.174

. 0.0
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TABLE 3,2 Natural Freguencies of the Dome Model

CPS

53,85
55,78
88,16
116,69
119,58
186,18
216,71
250,95
280,52
295,15
310.02
330,71
419,79
426,12
451,55
579.67
651.67
662,50
703,61
709,90
728,87
935,29
1062, 80
1160, 79
1301.90
1338,61
1445,37
1514,25
1777.29
205588
2715,99
2970.07
2973 .87
3040,93
4003,90
4070.69
4071 .86
4630,68
4644,.70

MULTIPLICITY

F—'F—‘l—'l—'!—'NHHH'NNMMHNH!—'MHMNNNHNMHMNI-'I\J!-'l\.'ll\JMI—'Nt\Ji-‘
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TASLE 3.3a
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Joint Displacement Components
(First Mode £=53.85 cps)

ql q2 q3 q.q. qS q6
r— ry T preby g gy i A Py -.J o gy —
0. 000 0.347 0.000 0.043 0.000 0.048
0.000 0.347 0.000 0.043 - | 0.000 0.048
0.000 0.347 0.000 0.043 0.000 0.048
0.000 0.347 0.000 0.043 0.000 0.048
0.000 0.260 0.000 0.083 0.000 0.006
0.000 0.260 0.000 0.083 0.000 0.006
0.000 0.260 0.000 0.083 0.000 | 0.006
0.000 0.260 0.000 0.083 0.000 0.006
0.000 0.260 0.000 0.083 0,000 - 10.006
TABLE 3.3b Joint Displacement Components .
(Second Mode £=55,78, Symmetric Mode)
Q) =) d3 94 - Ay g
0.053 Z0.283 ~0.092 0.022 0.014 -0.010
~0.139 0.175 0.241 ~0.014 -0.037 0.007
0.053 0.283 -0.092 ~0.022 0.014 0.010
0.171 ¢.000 -0.298 0.000 0.045 0.000
0.061 -0.309 -0.100 0.005 -0.012 0.055
-0.160 -0.190 0.262 0.003 0.033 0.034
-0.160 0.190 0.262 -0.003 0.033 -0.034
0.061 0.309 -0.100 -0.005 -0.012 ~0.055
0.198 0.000 -0.325 0.000 -0.040 0.000
TABLE 3.3c Joint Displacement Components
(second Mode £=55.78, Antisymmetric Mode)
9 9, d3 99" | 9 96
20,135  |=0.076 0. 234 0.006 ~0.036 =6.003
~0.083 . 0,199 0.144 ~0.016 -0.022 0.008
0.083 0.199 -0.144 -0.016 0.022 0.008
0.135 -0.076 -0.234 0,006 0.036 ~0.003
0.000 -0.246 0.000 0.019 0.000 -0.009
-0.155 -0.083 0.255 0.001 0.032 0.014
~0.096 0.217 0.157 -0.003 0.019 -0.039
0.096 0.217 -0.157 -0.003 ~0,019 -0.039
0.155 ~0.083 -0.255 0.001 -0.032 0.014
0.000 -0.268 0.000 | 0.004 0.000 0.048




TABLE 3.,3d Joint Displacemenl Compoicnts

o e e ey e . il s e
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{second Mode £=55.78, First Eigenvector)

eq, eq, €qq mﬂA mmw eq,
0.064 -0.252 -0.112 0.020 0.017 -0.010
-0.118 ~0.184 0.205 0.014 -0.031 -0.007
-0,137 0.138 0.239 -0.011 -0.036 0.005
0.033 0.270 ~0.057 ~0.021 0.008 0.010
0.158 0.028 -0.274 -0.002 0.042 0.001
0.074 -0.275 -0.122 0.047 -0.015 0.049
-0.136 -0.201 0.223 0.034 0.028 0.036
-0.158 0.150 0.260 -0.026 0.032 -0.027
0.038 0.294 -0.062 -0.051 -0.007 ~0.052
0.182 0.031 -0.299 ~-0.005 -0.037 -0.005
TABLE 3.3e Joint Displacement Components
: (Second Mode £=55,78, Second Eigenvector)
e e e e
QH mw mﬂw m@& Qm mm
~0.146 -0.107 0.254 0.008 -0.039 -0.004
~0.104 0.208 0.180 -0.016 -0.027 0.008
0.082 0.236 -0.142 ~0.019 0.022 0.009
0.155 -0.062 -0.269 0.005 0.041 -0.002
0.013 ~D.275 -0.023 0.022 0.003 -0.010
-0.169 -0.116 0.277 0.002 0.034 0.020
-0.120 0.227 0.196 ~0.003 0.024 -0.040
0.094 0.257 ~0.155 -0.004 -0.019 -0,046 .
0.178 -0.068 -0.293 0.001 -0.036 0.012
0.015 -0.300 -0.025 0.005 -0.003 0.054
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Fig.3.5 Calculated Mode Shape (lSt Mode)



q,: (Vertical, V)

me (1,1) o 4 (1,1)

(Tangential, T) dg3 (Tangential, j)

niatl,l) | ﬂiﬂ- (1,1)

Sym,
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q5: (Radial, W) (Radial W)

[t

q63

Fig, 3,6 Calculated modz Shape (2nd Mode)
s e (Symmetric Mode)
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q: (Vertical, V)

w (1,1)

Syrn.

W

g5t (Tangential, T)

T}(l,l)

(Radial, W)
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W\

- gqu3 (Vertiwal, V)

Qg (Radial, W)

. a
Fig.3,7 Calculated Mode Shape (2"° Moda)
= {(Anti-symmetric Mode)
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3.6 _LOWER_BOUND TO THE FUNDAMENTAL FREQUENCY OF THE DOME MODEL.

The method developed in Chapter 1 is used for finding a
lower bound to the fundamental frequency of the dome model.
Since the dome model is analyzed using lumped mass analysis, the

matrix L{ () ) used for computing a lower bound is

LW )= (k) - W%(m). (3.6-1)

Where (K} = stiffness matrix of the dome model,

(M) = mass matrix of the dome model,

W

The matrix D(g) is thus defined as

freduencies of the dome model.

n

bB{g) = (K) - q(M) .. (3.8-2)

The procedure described in section 1,3-4 (version 4 of the -
method) is used for the computations. The 1ower'boﬁnd to’ .
the fundamen£al frequency of the dome model is found to be
22 cps. The computational result are givén in Table 3.4 and

-

Fig, 3.8 .



TABLE 3.4 LOWER BOUND TO THE DOME FUNDAMENTAL

FREQUENCY .

q O< LowggUND(cps)
10° 7.491 x 10° 0.8
10° 7.507 x 10° 2.6
107 7.669 x 10° 8.0
10° 1.003 x 10° 22.0
10° 1.014 x 10° 22.0
1010 1.015 x 10° 22.0
10%t 1.015 x 10’ 22.0

102 1.015 x 10° 22.0
10%3 1.015 x 10° 22.0

1074 1.015 x 10%° 22.0
107 1.015 x 10%t 22.0
10%° 1.015 x 10%2 22.0 -
10t7 1.015 x 10%3 22.0
1018 1.015 x 10*4 22.0
1012 | 1.015 x 10%° 22.0
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' Fig.3.8 LOWER BOUND TO THE DOME FUNDAMENTAL FREQUENCY.
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CHAPTER 4 DYNAMIC EXPERIMENT OF THE FEAMED DOME

4.0 INTRODUCTION

In order to study the accuracy of natural frequencieé
obtained from lumped parameter analysis, an experiment was
designed and performed in the Engineering Materials Labora-
tory of the School of Engineering. A small model is built
and mounted on a dynamic shake table, The dynamic stresses
are obéerved by means of strain gages, By varying the fre-
quency of the excitation force, the natural frequency of the
model is obtained,

The instrumentation was calibrated by tests, on an
aluminum cantilever beam, The dynamic modulus of elasti-
city of lucite was obtained by tests of lucite beams, .
Finally, a dome-shaped frame, made of lucite was constructed

and tested (see Fig, 4.5a).



.
Fig., 4.la
: +
£, .- ' .- ) {3
% 3 ‘t . in
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Fig. 4.1b (enlarged scale)

Waveform on the oscillograph screen Before
and After Resonance Frequencies
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Fig. 4.2a

Fig. 4.2b (enlarged scale)

Fig., 4.2 Wave-form on the oscillograph screen

in the Neighborhood of and at Resonance
Frequencies,

90



4,1 DESCRIPTION OF THE EXPERIMENT

The experiment consisted of the excitation 6f vibra-
tion and the observation of resonance frequénciesu The vi-
bration was generated by é MB model C11-D vikration pickup
calibrator and MB model-TmllZSBl control, the resonance fre-
quéncies were observed with a Baldwin SR-4 type N portable
strain indicator and Du Mont type 304 cathode~ray oscillo-
graph. The experiment'was'designed according to the capa-
city of the vibration pickup calibrator, which had a cali-
bration raﬁge from 5 to 2000 cycles per second and a max.
exciter table load of 5 1lbs, The model tested was made of
Lucite (polymerized methylmmathaérglate), and was paéteg
with SR-4 type A~7 strain gages for dynamic strain obser-
vations, The power supply for the experimeht was 110 volts

50-60 cps single-phase current,

4,2 THE MODEL

A twenty-member framed dome-model was cdnstructed
as shown in Fig, 4.3, ‘ﬁecause of the limited exciter table
load and f&r the convenience of'fabrication, it was made
of Lucite, A square cross-section, 3/16"x3/16", was chosen
for all elements in the model. Mémbers were cut from a 3/16"
thick Lucite plate, They were sanded‘smooth, mitered at
both ends and cemented with Plexite No,1ll (a solvent tybe

cement ) .



The connecting ;pieces were cleaned and fitted properly, then

92

immersed in the cementing solution for a few minutes and pressed

firmly together. Cemented joints were left overnight under room

temperature for curing, Plexite No, 11 was brushed on it with

a swab whenever immersion was impossible, Gusset plate 1/16"
thick was placed at each joint of the horizontal members for
the purpose of increasing the rigidity of thé model as well
as making connection with inclined vertical members possible,
The model was fixed to a plfwood base which was securaly

fastened on the exciter table of vibration pickup calibrator.

SR~4 type A-7 strain gages were pasted on the members of the

dome with Duco Cement (a product of DuPont Co,}. The modulus '’

of elasticity of Lucite was found to be 405x105 psi at room
temperature {See section 4,3). Assuming a Poisson's ratio

of 0.25, the.shear modulus was calculated as'G = 1.8 x 105

psi, The unit weight is 0,04114 (1bs per cu,in.). Three
measurements of depth and width (one at each end and one at

mid-point) were taken for each member, The average was used

for the calculation of the cross-sectional area and the moment

of inertia., The length of a member was measured along its

center line,
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Fig.4.3c CORNER
DETAILS

Fig.4.3 (cont'd)
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4.3 MODULUS OF ELASTICITY OF LUCITE

The modulus of elasticity of lucite generally

5

varies from 4x10° to 5x10 psi based on static flexural

'tests.(s) These values are in agreement with the static

tests performed in the Engineering Material Laboratory,

Since a more

Added mass
.a.
N | I N
N W
N | N i +
N e 1
a I " b.
Section a-a
)
< —
L
b=1.098"
t=0.251"

I=1.446x10"> in?

L= 6" and 8"

.Unit weight of Lucite= 0,04114 #/in°
Weight of beam per inch= 0,01136 #/in
Added weight= from 0.l1# to 1,13

Fig, 4.8 LUCITE CANTILEVER REAM WITH
’ ADDED MASS AT FREE END, '



TABLE 4,3 OBSERVED FIRST MODE FREQUENCIES (CPS) OF
T LUCITE CANTILEVER BEAMS WITH ADDED MASS
AT FREE END, '
Li: Beam length ( in ) ‘
W: BAdded weight at free end ( gram )
f: Observed fundamental freguency ( cps }
W= -
50 100 150 200 250 300 500
26.7 19.3 16,0 t14.2 li2.6. l11.4 8.7
26.4 19.4 15.9 |13.7 |12.6 11.6 9.0
f = 26.6 19.2 16.3 (14,1 |12.5 11.4 9,2
‘26.4 19,3 16.3 |14.0 |i2.5 11.4 8.5
‘26.4 19,3 16.5 |14.0 Ji2.8 [11,7 9,1
Ave ‘26.5 19,3 | 16.2 |14.0 2.6 11.5 8.9
| e
W= 50 100 150 | 200 250 300 500
!16.5 12.3 10,5 8.9 8,3 7.6 6.0
17.0 |i2.8 }10.2 | 9.3 |[8,1 7.3 | 5.6
t= 16.9 12.6 10.6 8.9 .3 . 5.8
16.6 12.6 10,1 9,1 8,2 . 5,7
NlG.S 12.7 10.6 9,3 8.1 7.5 5.9
I |
Ave 16.7 12.6 10.4 9.1 8.2 7.4 5.8




TABLE 4.4 MODULUS OF ELASTICI'I;Y OF LUCITE

=6 =8
£(CPS) E(x10°) £(cPs) |EB(x10°)

26,5 . 4,44 16,7 4,35
19.3 4.42 12.6 4,49
16,2 4,57 10,4 4,53
14.0 4.50 9,1 4,56
12.6 4,53 8,2 4,59
11,5 ' 4,51 7.4 4,46
8.9 4,46 5.8 4.51

' 5 .

(E) = 4,5x10” psi

average
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accurate value of the modulus of elasticity.is needed for
verification of analytical results a series of experiments
were carried out as follpws. Two lucite cantilever beams
with added mass at free end (Fig.4.8) were tested dynamical-
ly. PFirst mode natural frequencies were recorded fbr differ-
ent added masses. The results indicate that thé lucite ma-
terial used has a modﬁlus of elasticity of 4,5x105 psi.

- The experiment is shown sc¢hematically in Fig, 4.8 and,éhe

results are summarized in Table 4.,4.

4.4 TEST EQUIPMENT

A schematic drawing (see Fig.4.,4) shows the arfangem
ment of equipment used in this experiment, The MB model C11-D
vibration pickup calibraﬁor and its associated MB hodel. |
T711253l control were manufactured by MB Electronics, a Di-
vision of Extron Electrohics, Inc., New Haven, Connecfic_utn
The model Cll-D vibration exciter consisted .of tﬁo-parts:
the body structure and the moving element assembly on which
the model was placed. Readings on the oscillator frequency
vernier setting dial mounted on the front pénel of model T~
112531 control indicated the fregquencies of the exciter table,
Baldwin SR-4 type N porﬁable strain indicator was used for the.
measuring_of strains in SR-4 type A-7 strain gages pasted on
the model. Proper connection was made between Du Mont type

304 cathode-ray oscillagraph and the Scope Jack Plug on the



_ 10" 110"__
DUMMY GAGE O
112531 CONTROL— ‘ 11 '
CONNECTION BOX — Q
/
Model PA-11G Y
e ——
. e, 0 - O '
Amplifier ,
D 1 0 o L i) < Z]
| : o 0000 \
. 777 77777 <4
Model A25 - MODEL | ' B
Oscillator i . . DuMont TYPE
. -4—SR-§A§§RAIN | PLYWOOD BASE 304 CATHODE-
. ' RAY OSCILLO-
| / G o GRAPH
Model F31C | == s S i
 Direct~Current Ex,gggig
Field Supply - — BALDWIN TYPE N
quel.gll-D PORTABLE STRAIN
Vibration- INDICATOR
. Pick-up '
Model PP-11D Calibrator
Amplifier Power _
supply —_—
110 v : | FLOOR |
7777 7777 ' 77777777

Fig. 4.4 SCHEMATIC ARRANGEMENT OF TEST APPARATUS
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Fig:l.é;Sb Test Apparatus

Fig. 4.5 Photographs
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strain indicator, so that variation of strains during vibra-
tion codld be seen from the screen of oscilleograph, Both
vibration pickup calibrator and T-11253) control were mounted
on the laboratory floor, and all other equipments were placed
on the working desk, Pictures of waveforms seen f:om tﬁe oscil-

lograph screen were taken with a polaroid camera,

4.5 PROCEDURE

The waveform of initial reading of a strain gage is
seen on the screen of oscillograph. It has a band shape as
shown in Fig.,4;1, This waveform can be focused, centered on
the screen and adjusted to a desirable amplitude (approximate-
ly 2"), Before and after resonance frequencies, this wavéform
remained in its original shape, However, in the neighborhood
‘qf'and at the résonance frequencies, its shape distorted com-
- pletely as can be seen in Fig.,4,2o Aﬁ the instant of wave-
form distortion‘on the screen the natural fregquency of'the_
model was read from T-112531 control, The equipment was not

effective at higher frequencies.,

4,6 OBSERVED NATURAL FREQUENCIES OF THE MODEL

A total of sixteen SR-4 type strain gages placed at
different locations as shown in Fig.4.6 were used for record-
ing resonance fregquencies of the model, Waveform of the strain
in each strain gage on oscillograph screen has been observed

for different frequencies, The resonance frequencies of



TABLE 4.1 NATURAL FREQUENCIES OF THE MODEL OBSERVED AT

SR~-4 TYPE STRAIN GAGES,

Gage No, || 1 2 3 4 5 5 7 g 9 l10 |31 12 j 13 | 14| 15 | 15 | avg.
Pro %% Mmoo |52 [ 22082 | 32 82 {52 |52 052 Isa | 52| 50 52 | 32 | 82 || s2.0
Eyo @RS Wl g3 | & 23 1 34 { 94 | 94 | 94 | 25 | 92 {04 |o4 32 | 55 | 95 { 33 | o8 i 94,67
: |
£q, aps 135 | « 1135 ji35 135 135 [133 (133 |p3z | ¢ ; * 1131 EEE + lizi,s
, 1
z L

* Readings were note obtainable,

NOTE: See Fig.4,6 for lowvation cf strain gages,

Z0T
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The Model

BSR4 Strain
.GageINool

Gage pasted
on orie side
of the member, B
(Ne.2,3,4,5,9 _

- I

13,15,16)

SR--4 TYPE STRAIN
GAGE

SR~4 Strain Cage pasted on the
Gage top of the memker,

Ve j (i,6,7,8,10,11,12,14)

Fig, 4.6 LOCATION OF SR-4 STRAIN GAGES ON
' THE MODEL
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the model were recorded at each gage, The readings were
very consistant as can be seen in Table 4;10

'Comparison of the observed values with the first
five calculated frequencies (see Table 4,2) show good agree--
ments, The calculated second and fifth.mode frequencies are.
very close to that of the first and fourth mode respectively.
These small differences can not be observed on thé oscillator
frequency vernier of model T-112531 control., It appears rea-
sonable to assume that the observed second and fifth frequen-

cies of the model are 52 and 133,80 CPS respectively,

TABLE 4,2 OBSERVED AND CALCULATED FIRST FIVE
MODE NATURAL FREQUENCIES OF THE. MODEL

Mode Natural Frequency (CPS)
Observed | Calculated
1 52,00 53,85
2 55,78
.3 94,67 | 88,16
4 133,80 116,692
.5 119,58

|

A plot of the observed frequencies versus calcu-

lated freguencies is given in Fig., 4.7,
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4,7 CONCLUSION

The simple instrumentation employed in the experiment
appeared to give good results in the measurements of natural
frequencies of model structures, When the frequencies of
two normal modes are nearly equal; as in the first and second
mode of the model, the instrument can not distinguish the
.two,

Due to the small excitation force of the dynaﬁic
shaker, high frequency vibrations can not be observedo

| Within the limitation of the experimental accuracy,

the results of lumped-mass analysis ére in good agreement.
Whether the lumped mass analysis is sufficiently accurate
for framed domes in general must await more extensive ex-

perimental investigation,
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CHAPTER 5 CONCILUSION

A new method of finding a lower bound to the smallest
eigenvalue of a linear system is aeveloped. The results
are guaranteed to be lower bounds to the smallest eigen-
value of the system. Since the computational effort re-
guired for finding this lower bound is much less than that
for existing methods, the method developed in-this dig—
sertation is a very useful tool to the engineer who wishes
to obtain some information about the smallest eigenvalue
of a linear system, The new method is developed on the'
basis of the study of locations of eigenvalues and matrix

inequalities,

Further research in this area, in the opinion of
the author, will be benificial to the engineering
profession, Topics which are open for further study
may include the following:

(1) Improvement and refinement of numerical methods,

(2) Lower bound to the smallest eigenvalue of
unsymmetric matrices.

(3) Lower bound to the smallest eigenvalue of complex
matrices,

(4) Loer bounds to higher eigenvalues,
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APPENDIX 1 THEOREM OF GERSGORIN AND FAN

We state without proof three theorems which are used

in the dissertation,

THEOREM 1. (Gersgorin)(ls)'

The characteristic roots of an N-square complex.
matrix C=(cij) lie in the closed region of the complex

plane consisting of all the disks

|Z - Cy4 l = B
.
P = :E- I c |
. 1
i =i ]
j#i
i=1l,....,N,

THEOREM 2. (Fan) (3)

Define the matrix function ]
Se(R) = )\_N S coo * A x
for a real symmetric matrix A, Then
s;{ [eA + (1,—-6)13]2@ 5,(a) + (1~ &)s, (B)
for 0< € <1, k=1,2,...,N.

Note that )\l __>_ )\22 oon_.)_)\N, and

)\i i=l,...,N are roots of A,
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THEOREM 3.  (Fan)'3)

Let A and B be symmetric matrices, with B non—

negative definite, Then

A (BHB) > ) (3) K =1,2,000,N,

If B is positive definite, then

A (B+B) 2> X\, (8) K=1,2,00.,N

Note that )\i(A) i=l,.0.,N are roots

~of A ana A1 (3) > A2 (B) > o”_>_)\N(A)°_
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APPENDIX 2 MATRIX ELEMENTS OF ELEMENT STIFFNESS AND ELEMENT

MASS MATRIX'

The elements a,b,;oo,k in matrix (205—2) are the

following:

a = AE/L
_ 3
b _}1 ZEIZ /L
3
= EI I
¢ = M yFL, /7
a = GI /L
e =0 VL, /L
f =0 zEIZ /L
o 2
g =—HZEIZ /L
2
h ——ByEIy /L
= E i
J @ v Iy /
k =€)ZEIZ /L
where A: Area of the member,

L: Length of the member,

Ix'I ’Iz : Moment of inertia about res-
Y pective x,y, and z axis,

E: Modulus of elasticity,
G: ©Shear Modulus.

and



The elements in {(2,5-23)can ke expressed as

follows:

e*
£*
g*
h*
g#*
K*

where m:

Q

(1)

I

Mass per unit length of the member,
The radius of gyration of mass m (Ax)

about the inertial axis.

mL/3

1s6mL / 420
Q{sz / 3
4mL3 / 420

~22mL2 / 420

mL / 6

S4mL / 420
QZ?EL‘/ 6
~3mt / 420
13mLe / 420,

111
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APPENDIX 3 STIFFNESS MATRIX AND MASS MATRIX OF

THE DOME MODEL,

The partilal stiffness matrix and mass matrix of the
dome model are presented herein, These matrices were
generated by computer programs from basic data which are

given in Table 3.1, Thé programs are listed in Appendix 4.
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APPENDIX 4 COMPUTER PROGRAMS.

A number of computer programs used for analytical
solutions are presented herein, These were w:s:itten in
FORTRAN, The program consists of a main program which
controls a series.of subroutine programs. The‘iistihga
of some less important programs have been omitted from.:
the Appendix. All programs have been executed oh the

IBM 360 at the City College Computation Center,
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'

€ s it e sl sl ol s s sfe i aft it s i e s e el e et ot Beslesfesle Skl sie e sl s sl st e et e e el B g e SR AR
CH . ne
= LOWER BOUND TO TiHE FUMbDAMENTAL FREOUENCY OF STRUCTURAL *
& SYSTEM - ' g
e ne ey Fimnrnan ez s oo nesh e e e s nee e e na e e g sE A s N s sle A S e el s st e ne e s e A aR e e e s sl e e el s e e
s MOA TN TR OR DG OROA M ek
H =L 0wER BUOuUND

LUMPED AND DISTRIBUTED  MASS  SYSTEM

MBERP=0 PHYSICAL PRUPERTIES OF ALL MEMBERS ARE DIFFERENT
MBERP=1 PHYSICAL PRUPERTIES OF ALL MEMBERS ARE IDENTICAL
IPRINT=0 NO  UUTPUT PRINT , :
IPRINT=1 (UTPUT PRIMT REQUIRED '

LaMP = 0 DISTRIBUTED mASS SYSTEM _

LUMP = 1  LUMPED MASS SYSTEM ;
METRHOD = 2 F=-LUWER BOUND (ONE)

METHDD = 3 H=LUWER BUUND (TWQ)

METHOD = 4 EXACT FREQUENCY

i

OO0 OOCOOO0OO0O0CcCOCOOnCoO0

¥

CUMMUN ZAA/ RRL{ 50),RREL 50 4RRIY( 50),RRMASS{ 50),CUDE( 50,4)

DIMENSION  SYSK{3,3),$YSMi{3,3),P({3,3) i
thFNSIUN T1T(20) | | : :
C : ' 5 : :
9999 CUNTINUE - | ' 1 !
CALL., TIME{ITIME) ' . :

TSTART = IT1IME E

READ {1,800) {TIT(1),1=1,20)" -
WRITE(3,801) {(TiT(1),1=1,20) -
BOO FURMAT {(2044) :
801 FURMAT (LHY $2044) A
READ: {1,101} NBDOF, NUDELHT  MBERP » IPRINT 5 LUMP
101 FORMAT (515)
c i | L
MRITE (3,208) NBUUF,NU“LMT,MHERP§IPRINT,LUMP
208 FURMAT (/77 :
1 1x,%mo OF DEGREES-0F- PRtFDUM =1110/
2 P I NOLOF ELEMENTS ; =1110/
3 1%,{Mkﬁirk PRUPERTIES =t110/ -
& 11Xy OUT—PUT PRINT =1110/ !
5 TXy'MASS SYSTEL =1110) :

Oy

I¥ thERP.LU 0) ‘
1READ (1,202) (N,RRL(N),Hkt(m),RRIv(N),RRMASS(Ni,N l,NUtLMT)
202 FORMAT (15,4F10.0)
: TF  (TPRINTLEQ.L <AND. MBERP, eo 0} GO TO 16
. GO TN 1%

LSS



OO0

CCOoOOO0

16
204

11

102
21
22

103

206

‘ : i : : . ) . 117
:-_ . | : .
j i

MHITE(ﬁ;Hné} (r,nm'{ﬂ},ch{N),RRIY(N},RRMASS(N),N“L,NHELMT}~

FHRHAT {1HO sy ¥ NUatL Lo 3 E Iy Mo s/
11I5+4F10.2)) - L
(‘n.\lur\m{;
Eail (14203)  ((CODE(NyT)yI=1434)yN=LyNUELMT)
FUHHAT (1615) '
WRITE (3,2059) ((CODE(NST) 151,34),N=]4NUOELMT)
FEREAT (1HO, ¢ CUDE. NU. *//{415))
I ‘(LUMP) 12412511
CONT.INUE ;
i _ ; :
LUMMED MASS SYSTEM, H-LOWER: BUUND
SYSK = STIFFNESS MATKIX, ;SYSM = MASS MATRIX i
, , ‘ ;
KEAD (1,102) FETHUD ‘ 5
FORMAT (T15) - i
IF J METHUD.EQ.4 ) GU  TO :24 ! ;
TR JIMETHUD~2) 21422423 ' , i
CHN”INUEE |
CUNTIINUE | ; i . \
METHOD = 2 H-LUWER BOUMD (ONE) i
READ (1,103)  AMIN,AINC,NBINC : :
FORMAT (2F10.0,110)
WRITE (3,206) AMIN,AINC,NBINC
FORMAT (1MH0,' OMIN=!'F10.2,2X+'QINC='F10.2, zx,'NBINC 1110}
CALL  SYSTHMX(SYSM,SYSK,NBDUF 4 NUELﬂ1,MBERP,IPRIN1,1,0 0}
REWIND 4 .
BRITE (&) ((SYSK{I4J),d= I,MhUUF)gI 1+NBDOF) : :
CiALL: EIGSYMISYSKsNBDUF ,AN,P) . i
KEWIND 4 . :
RtAU (4}  ((SYSK{I,J),J=1,NBDOF),I=1,NBDOF)
uﬂLL LMPBDLISYSIs SYSK,NBDOF s AMINsAINCyNBINC s AN,y P )
G0 IO 99 ‘ ‘
LuuTINU&, :
METHUOD = 3 H-LOWER ®BUOUND { TWO)
READ (1,103} AMIN,AINC,NBINC
WRITE (3,206) AMIN,AINC,NBINC
CALLL SYSTMXUSYSMsSYSK,NBDUF yNUELMT JMBERP 1IPRINT,140.0)
REWIND &
wRITE {4)  ({SYSKUIsJ)ed= ],NBUUF),InlghBDUFl
CALL ETGSYM(SYSK s NBDUF y AN P ]
REWING 4

KEAD  (4)  ((SYSK(I,d)yd=1,NBDOF) =1, NBDOF)



OO0 O0O aNel

's¥aksXsX3 N

! I ? - 118

CALL LMPRD2 R | .
GO {To 99 | i ' |

1
H

! .
12 CONTINUE b

|

DISTRIBUTED MASS SYSTEM, H-LOWER BOUND
SYSM = STATIC STIFFNESS MATRIX
SYSK = DYNAMIC STIFFNESS MATRIX

READ (1,102} "METHUD : §
IF IMETHOD.ER.&) GO TO 34
IF | (METHUD-2) 31,32,33 |
31 CONT INUE o

s

|

i .

f .
t

!
1

m——

]

32 CONTINUE ! P

WETHOD = 2 H-LOWER BOUND ONE )

READ t1,303) AMINAINC +NHINC

READ (14103) EMIN,EINC,MBINC

_ WRITE (3,209) AMIN,AINC,NBINC

_ WRITE (34207) EMIN,EINC,MBINC : .

207 FORHAT (LHO+! EMIN='F10.242Xy'EINC="F104242X, 'MBINC=' 1101

209" FORMAT (LHO,'a UMGMIN='F10.2,2Xs "OMGINC="'F10.2+2X, 'MBINC=I'110)
CALL SYSTMX{SYSK,SYSM,NBDURyNOELMT ¢MBERP » IPRINT 1,515 0)
REWIND &
WRITE (4) ((SYSM(I43)4d= I,NBDDF)vI l,NBDOF) |
CALL EIGSYM (SYSMyNBDOF,AN,H) _ 5
REWIND . 4 ' i
READ (4) ((SYSM{I,J)sJ=1,NBDOF),I=1,NBDOF) :
CALY DISBDI(SYSM,SYSK,NBDDF,NUELMT MBERP s IPRINT,
¥ i Amrw AINC yNBINC s EMING EINC o MBIINCy AN P)

6o |To. 99 . | i :
33 CONTINUE; : B L :
. WETHOD = 3  H-LOWER BOUND  {TWO)
READ (14003} AMIN3yAINC,NBINC
WRITE (3p209) AMIN,AINC,NBINC |
CALL  SYSTMX(SYSK,SYSH,NBDOF yNOELHT s MBERP 1 IPRINT, 1v1l, o)
REWIND &
WRITE (4) ((SYSM(I,J),d= l,NHDUFJ;I 1,NBDOF)
CALL EIGEYM (SYSM,NBDOF,AN,P) -

. REWJIND !
READ  (4) ((SYSM(I;J),J 1, NBDDF);I lyNBDDF)

cAaLf Dpisenz- ¥
6o Ivo % . i ; ; |
8 - e o foL
© METHOD = 4 sxACT'FREQUéch'!'

. 24 CONJ INUE: e .

-
.
[
i

1
!
!

!

e ———_

e ——— e —— Aanatpa’

- e i ——
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4l

401

CALL

DN
130

41
41

P(I[J)

CALL

1
i

WRITE |

CALL

GO

FRQLMP

T0

LUMPED MASS SYSTEM

SYSTMX(SYSMgSYSK,NBDUF NDFLMT MBERP+ IPRINT, ]

1 = 1,NHDOF

=;0

0 .

4 = 1,NBDOF

INV {SYSKsNBDOF 4FLAG)

3,401} - FLAG
FORMAT {1H1l4//7

99

|
34 CONTINUE- '
ISTRIBUTED MASS SYSTEM

99 CONTINUE]
TIME(ITIME)

301

OOOOOO00000

,103)  AMIN,AINGCyNBINC
FRODIS(SYSM,SYSK,NBDUF NOE

REAW (1
caL

1 NBINC,P)
GO {70

CAL
TEN

T.TOE
WRITE

GO
ENO

SUBROUTINE

-—

hL

JOMEGAZ)

COM
DIM
INT

bo
Do

— -

3
&

- ————

14
&4

BER
BER
PRI
PRI

UMP

umMp

GER-

99

ITIME

INVERSION OF STIFFNESS MATRIX

|
|
i
l
!

={TEND = TSTART)/60. |
3,301) TTOTAL o
FORMAT (/772777
(To

9999

P50 PHYSICAL PROPERTIES OF ALL MEMBERS ARE DIFFERENT
DENTICAL

TOTAL TIME

t
H

|
i

(SYSM,SYSK,NBDOF)

l
IN MIN = ' F10.5}

Pzl PHYSICAL PROFERTIES OF ALL MEMBERS ARE 1

Nf=0 'ND

OUTPUT PRINT

NT=1  OUTPUT PRiNT REQUIRED-

=
i
!
i

0 DISTRIBUTED MASS SYSTEM
1 “LUMPED MASS svsﬁem i

i
'
. |
i
i

CDDE;CUDENU(#);CDUNT.

“1=1,NBDOF
J=1 {NBDOF :

I

;

’

y1la0)

FLAG

J
i
|
)
l
i
i

i
i

|

T119

' F10.2)

| .
ﬁMT MBERP, IPRINT, 0,AMIN,AINC,

|
|

i
l
|

i

SYSTMX(SYSMySYSK,NBDOF s NOELMT s MBERP  IPRINT y LUMP ,

e ]

: -
MON. /AA/ RRL( 50} yRRE( 50)sRRIY( 50) RRMASS( 50),;00&(;5074)
NSION SYSK(NBDOF,NBDUF)ySYSM(NBDDF,NBDOF)!ELK(4 ﬁ),ELM(4y4)



T eoo

@]

OO0 000

NeX3X3lg!

11

10

17

16

206
207
15

"RRE(I

BL= 1 0 : - | !

=
! . ,
SYSK({I1+J)=0.0 : X !

SYSM(1,J1=0.0 - S
CONT INUE

IF | (MBERP-1110,11510 = .
DO 11 I=1.NOELMT ° : b

)
)
RRIY({1
S

CONT INUE

D0 |2 COUNT=1,NOELMT
RL=RRL { COUNT)

RE=RRE { COUNT)

S — e

RIYSRRIY(COUNT)
qufs=RRMAsstcoumTl
pa 13 y=1,4 \

CDD%ND(J) CUDE(CDUNT Ji

T " : 1

IF | (LUMP-1) 18,17,18
. -

LUMPED MASS SYSTEM, STJF%NESS%AND MASS MATRIX

. : i
CONT INUE - | ; b

CALt ELMTMK .(ELKyRL yRE yRIY,RMASS 4BL,0)
CALL ELMTMK (ELM,RL,RE,RIYy/RMASSyBLy1)

1, 5
IF {IPRINT) 16415416

WRITE (3,206) ‘ !
CALL PRNTMF{ELK y4y4) : i
WRITE (3,207), , o
CALL  PRNTME{ELM+&444) :

FORMAT (1H1,*ELEMENT STIFFNESS MATRIX')

FORMAT (lHly‘hLEMENT MASS MATRIX ')
CONT INUE .

CALU  ASMBLE (SYSK,ELK,NBDOF ,CODENO) |
caLl ASMBLE (SYSM,ELM,NBDOF,CODENO)
6o ito 2 - - o

B s e

, _QISTRIBUTED MASS SYSTEM,DYNAMIC. STIFFNESS MATRIX

120



elaNael

T
1
. ! ;
18 CONJINUE ’ D
CAL DYNMCK - (ELK ,RL,RF,RIY,RMASS,BL,UM#GA&) F
~ IF | (IPRINT)  21,22,21 y i
21 WRITE (3,206)
CALL . PRNTMF (ELK1444)
22 CALL ASMBLE (SYSK,ELK,N8DOF,CODEND)
2 CONTINUE .

. IF  {IPRINT) 13,14,13
13 WRITE {3,204) ' |
CALL PRNTMF (SYSK,NBDDF ,NBDOF)
WRITE {3,205) :
CALL PRNTMF (SYSM,NBDDF yNBDUF )
204 FORMAT (1H1,*SYSTEM STIFFNESS MATRIX')
205 FORMAT (1H1,'SYSTEM MASS MATRIX') :
14 CONTINUE | |

RETHRN | w i |

END] oo ' = ;
SUB OUTINE  DISBD1{SYSM,SYSKsNBDOF, NUELMT,MBERP,IPRINT.,
1 \INyAINC yNBINCyEMINJEINC,MBINC,AN,STOR) . ; i

e gt 4

DIMENSION SYSM(NBDOF NBDUF ) 5 SYSK ( NBDOF  NBDOF ) 5 STOR { NBDUF y N8DOF )
COMUON /AA/ RRL{ 50)4RRE( 50)sRRIY:L 50) RRMASS{ 50),LUDE( 50,4)

o o o

1

WRITE (3,103} ; a
'EPSLON = EMIN ' N | ; -

DO |1 . ICOUNT = 1,MBINC . - | . . . .- . ; ,
AAAD = 1. - 1./EPSLON - . j B P
BBBE = 14 /EPSLON : i

HBOND = (1.—EPSLDNI*AN/EPSLQN ; :
CUMEGA2 ={ AMIN . - : i
DO {2 i JCOUNT = 1,NBINC . | o | | i
OMEGA = SORT(UMEGAZ) i !
CALL SYSTMX({STOR,SYSK, NBDGF » NOELMT,MBERP IPRINT,0 4 UMEGAZ)
0O P11 I = 1,NBDUF . :
DO {11 U = 1,NBOOF

| ,
11 STOR(IJ) = AAAA%SYSM(I,J) + BBBB®SYSK(I,J) :
CALL HLBOND (STUR,NBDUF , BOND) _ '
IF | (BOND .GT. 0.0) 6O TUu 21 o :
IF | (ABS(BOND)~ABS (HBOND)) [21+21,22 o i
22 B =!ABS{BOND) . . - o -
- =| ABS (HBOND) | P
WRIFE (34101} ByH - e e |
101 FORMAT (1HO,% BOND GREATER 'THAN HBOND,. BOND =!£13.5,10X,
1'HBOND =1E13,5) - ' L o ' -
Go |10 1 -

B =| ABS (BOND]
H o= ABS(PBDND)

."'21




O

aoa o0

101 FO

162 FURMAT {1Xy4E13.5,E25.5) i

- DD

122

T_m_"*uﬁJ“ e pmmmp s e s g e

FRQ SORTIUMEGA2) /(2.0%3.14159) | )
0 % OMEGA /EPSLUN I | :
WREITE (3,102) EPSLDN.Q,B,H,FRQ 3 i

(IMEGAZ + AINC
EPSLON + EINC

2 OMEGAZ
‘1 EPSLON

103 FORMAT (1H1,! EPSLON Q - BOND HBUND
1LOWER BOND FUNDAMENTAL FREQUENCY CYC/SEC?'//)

RETURN

END e

SU%RDUTINE ; LMPBDl(SYSM,SYBK,NEDDF,AMIN,AINC,NBINC,AN,STDR)
| | |
DINENSIHN SYSM(NBUUF NBDOF ) 4 SYSK (NBDOF 5 NBDUF),STUR(NBDUF NBDOF)
! ' i

I 1
Azl
e
pot 2 1 = 1,NBDOF ! o
ool 2 J = 1,MBOOF | |

2 STOR(I,d) = SYSKUI,J) - OMEGA2%SYSMIT,JT - _ :

MIN |
UNT = 1y NBINC |

“OMEG
0o

= e — = 4

] IIDD

calL HLBOND(STOR,NBDUF,BUND) ' ' o

EPS = 1,/{1. +ABS(BUND)/AN}. - - 7 »
WRITE (3+104) OMEGA2,EPS |~ o T
HR]TE {3,103) BOND,EPS i o
103 FORMAT{1HO,10X, *BOND=tE13.5), 1ox,-EPs—-513 5)
104 FORMAT{1HO410Xs' Q@ ='E13.5,10Xy'EPS='EL3,5)
OMGA = OMEGA2#EPS o - |
FRI = SQRT(OMGA) ' o ¢ i .

WRITE (3,101) ICOUNT,FROQ . . .
MAT (1HO, 10Xy *TRIAL NO. =' I110,10X,'LOWER BUUND FREQUENCY RAL/
1SEQ ='E13.5/) \ - S | i
FRQ = FRQ/(2.0%3,14159) o L ‘ I
WRITE (3+102) FRQ . o ‘ S o
102 FORMAT IIH y 10X, "4 10XyLlOXy'LOWER BOUND' FREQUENCY CYC/
1SE¢ ='E13.5////) S C S .
1 UMEGA2 sOMEGAZ + AINC .
}

RETURN .
EN o R
SUBROUTINE . FROLMP(SYSM,SYSK, NBDOF) .
DI}ENSION SYSM{NBDOF »NBDOF ) SYSK(NBDOF NBDOF);P(B 3)
DUr 1 1 = 1,NBDOF -

1. J = 1sNBDOF .

o

nou

| S a1 v — ro—
———
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1 P(T,J) = 0.0 | .
C : l ‘
o — .
C ;
C * .
C 1 I
ool 21 = 1L.ABDUF
DU 2 J = 1.NBDOF
) O 2 L o= 14NBDOF
C2 Pl = PLLIY A SYSKUT, L)*SYSW(L J)
c .
PO 5 1 = 1,NBDOF
DO 5 J = L,NBDOF
5 SYSK(I.J) = PLI.d)
LALL ETGENU (SYSK,NBDUF,ZO 0.001, SYSM.II) .
C g ) : S ;
C (I . ’ . ) C . I
bg 3 I = I,NBDUF — - 7 i'
3 SYSK(I,I} = SORTU{L./SYSK(I,I}) R | o
WRITE (3,102) (SYSK(I,I})y I = 1,NBDOF) ,
102 FORMAT tlHqﬂ//' NATURAL FREQUENCIES 1IN, RAD/SEC'//(ZOX,lElB 5))
" DOi 4 1 = 1,NBDOE
4 SYSKUI,1) = SYSK(I,I)/(2.0%3. 141591 S o
. WRiTE (3,103) (SYSK(I,I), 1 = 1,NBDOF) 1
103 FO&MAT [1HO,//° NATURAL FREOUENCIES IN cvcxsec //(zoxrlela .5))
c . o - ] .
C S BT R O & -i
c b, - ! R T
.. REFURN | a ! R o
LoV END | ) i P
. SUBROUTINE FRODIS(SYSM SYSK,NBDDF,NUELMT,MBERP IPRINT:LUMPs
1 AMIN.A -INC,NBINC;P) ! . .
C i ‘ _ ;
o capMoN /AA/ RRL( SOI,RRE( 503 +RRIY{ 50)4RRMASS{ 50),CODE( 50,4)
©  DIMENSION SYSM(NBDUF,NBDOF),SYSK{NBDUF,NBDUF),P [NBOUF ,NBDOF)
: WRIITE (3,102) . S S P S
OMEGAZ = AMIN ' oot e o
DO 1 ICOUNT =14NBINC SRR ;- :
OMEGA = SORT(DMEGAZ) “ R ST b
CALL  SYSTMX(SYSM,SYSK, NBDDF,RUELMT MBERPy FPRINT, 0 +OMEGAZ )
CALL DETM{SYSK,NBDUF,DET,SYSM, P) - o o -

_FRD = SORT{OMEGA2}/({2.0%3.14159) S i
WRITE (3,101) ICOUNT,DET,FRO T PR

101 FORMAT (120,10X,E13.5,10%X,E13.5)
1 OMEGAZ = OMEGAZ + AINC .

102 FORMAT .(1Hls' NO. OF  CUMPUTATION . VALUE OF DET.
| !fFUﬁDAWENTAL FREQUENCY CYC/SEC *) -
4 S
. S -.} L .
o N Lo : H Ceoad 4 <

e T T L e

—— m— . - e sy
-



ooo

C

- RETPRN |

S

|l AV

MTYPE=D

i

REﬁURN

EN . | . -
SU&ROUTINE " HLBOND (A, N,BDND)'
DIMENQIDN AiNvN)

DIMENSIDN T&MP(lOO);DIFF(lOOJ
DO 8  I=1,.N' "

TEMP{1)=0.0

DO 1 ,I=1,N

DD 1 J=1,N _
TEMP{I)=TEMP{I)+ABS{A(I+J))

CONT INUE

DD 2 I=1.'N . .
IF | (A(I»I%)- 11411410
DIﬁF(I) S2¢%A(141) - TEMPtI}
GO, TO 2 .
DIFF{1)=-TEMP(I} b
CONIT INUE SR ot

BOND =DIFF(1)

DO 1 3 I=1N

CONTINUE e
| . .

END | i
SUBROUTIPE "~ ASMBLE (A, AR SN, CDDfND)
|
)

|.
INTEGER RAT,HEN;DUG,CAT,CUDENU(l
DIMENSION A(NsN)}sAAA{4+4) f

DO {1 RAT=144 . : !
D0 LZ HEN=Ll,4 b
iF
GO jTO 2 \
DOGERAT. . 3
CAT#HEN B
1=CDDENO(RAT}
J=CPDENO (HEN) -
Al J)*A(I,J)+AAA(DOG,CAT)
CONJ INUE .
CON f INUE| v

i S
RETURN | S ,
END; - : |

|
N

B

1F | {BOND .GT. DIFF(I))  BOND=DIFF(I)

CODENO(RAT) .NE- O.AND, dODENO(HEN) NE 0) GO TO.

SUBFDUTINE -ELMTMK (AAA,RLQRE,RiYiRMASS;BL,ITYPE}

: ELEMENT STIFFNESS MATRIX

A o b
; '-'._j e H O

i, = St n
ot

11

e e——
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' _ | P LA 126

i i . ; =
} AAA (443 )=AAAL3+4) b o .
! AAA(444) =4 %RL¥RL¥RED *LO¥LO ,

i ; - R

i

CONT INUE

RETEURN

END _ |

SUBROUTINE  "DYNMCK (AAA ,RLsRE,RIY,RMASS,BL,OMEGAZ)

DIMENSION AAA(4,.4)

- REAL MUEY,LO

"1

IF  {OMEGA2.E0.0.,0) OMEGAZ=0.1

' Lo=BL , _
UYO:SORT (OMEGAZ) ' }
UYD=,_SORT (UYOD) !
UY4=RMASS#RL*RL*RL*RL/ (RE#RIY)
UY=SQRT {SORT (UY4) ) *UYO o
SINWY=SIN (UY)

COoSuUY=COS (UY)

SHUY=SINH (UY)

1 CHUY=COSH (UY) ;

| UYUY=1.~COS (UY)#COSH (UY)

-

ALPHAY=UY* (S INUY*CHUY- CDSUY*SHUY)/UYUY
BATAY=UY#(SHUY=SINUY) /ZUYUY . - - -~ , :
GAMAY=UY*UY#{SINUY*SHUY )} /UYYY R . o
' EATAY=UYXUY* {CHUY-COSUY } /UYUY
| MUEY=UY*UY#UY% (S INUY*CHUY+COSUY%SHUY) ZUYUY
- ROWY= UY*UY*UY*{SINUY+SHUY)/UYUY SR
|
! BLUESRE#*RIY/(RL*RL#RL) | |
i AAA(1,1)=MUEY*BLUE : ;
AAA(12)=~GAMAY%BLUE#RL *LO @~
" AAA(1,3)=-ROWY#*BLUE . '
{ AAA{] 4 )=~EATAY*BLUE*RL, *LO ;.
'} AAA(241)5AAA(L,2)
© AAA{242)=ALPHAY*BLUE*RL#%RL *LO*LO
. AAA{243)sEATAY*BLUE®RL *LO :
\ AAA{244)=BATAY#*BLUE*RL¥RL *LO%LO o
: AnA(3,1);AAA(L,3) . ' L \
t AAA(3,2)=AAA{2,3 - - -
j AAA(3v3)rMUtY¥BLUE : ' -
' AAA(3,4)=GAMAY*®BLUE*RL *LO ! _ ' -
| AAA (491} =AAALL 44 ) T : f

f’]M\A(lnuﬁr)"ALPHAYc-ESLUE-rF(L’@“Rl. *LO*LO
AAA( 443 )=AAA(3,4)
" AAA(442)=AAA(244)
RETURN
END
SUB&DUTINE DISBDZ(SYSM SYSK+NBDOF, NUELMT MBERP’IPRINT?
AMIN’AINC;NBINC;EMIN;EINC MBINC AN;STUR]

i_ [

O S T S
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C

32

-

3]
33

"127

H

DIMENSTION SYSH{NBDOF ¢NBUOF) ¢ SYSK(NBDOF 4NBDUF ) s STOR {NEDLUE » NBUUF)
COMMUON fAA/Z RRL{ 50)4RRET 501 :;RRIY( 50) sRRMASS( 50),Cubir( 50,4)

EMIN=0L0

tINC=0.0

WRITE (3,103}

IF {(AN-1.0) 31,31,32

C =1.0

GO TO 33

C = 1.0/AN + 0.2

ERPSMAX = 1.0 — 1.0/[C=AN)
MBINC = 10

EPSLUN = EPSMAX

4 1 ICUUNT = 1,MBINC

AAMAA = 1o = 1./EPSLUN

RHEB = 1./EPSLUN

UmEGAZ = AMIN

po 2 JCUUNT = 1 4NBINC '

CALL  SYSTMXISTURySYSKyNpDUF yNUELMT sMBERP,IPRINT L0 y JNEGAZ)
Ui 11 1 = 14NBOUOF

1Y J o= 1 SNBIOF

11

102
2
1

103

STOR(I4d) = AAAARSYSM(I,J) + BBBB*SYSK(IsJ)
LU 4 1=1,NBDOF : -
13 5 J=1,.NBUOF

STORCT»Jd)=STUR (1 ,J)=EPSLUNC

CUNTINUE

STURGI,I)=STORGI,I) + 1.0

CuiNT INUE

CALL HLBUND{STUR,NBDOF , BONG)

IF  (BUND)  14,14,15

WRITE (3,104} EPSLOUN,UMEGAZ ,

FURMAT (///% TRIAL FAILED'10X,EPSLON='E13.5,10%, 'UMEGA2="E13,5)
G0 TO 1

FRO = SORT(OMEGA2)/({2.0%3.14159)

0 = UMEGA2/EPSLUN

WRITE (3,102) EPSLON,O,FRO

FURMAT (1X,2E13.5,26X,625.5)

OMEGAZ + AINC
EPSLON/2.0

OMEGAZ2
EPSLON

FORMAT (1HL,! EPSLON 0
1LOWER BONU FUNDAMENTAL FREQUENCY CYC/SEC'//)

RETURN
END
SUBROUT INE LMPBD2 (SYSMySYSK yNBDOF y AMIN, AINC + NBINC,AM, STUR)



OO

OO0

‘ . * ' -

DIMFNSIDN SYSM{NBDUF,NBUOF ) 4 SYSKINBDOF ¢NBDOF ) o STURINBUUF 3 BLOF )

IF (AN~1.,0) 11,11.12

12 C =1.0
GO TO 13

11 C = 1.0/AN + 0.2

13 EPSMAX = 1.0 = 1.0/(C*AN)
MBINC=10 :
EPS=EPSMAX
Q=AMIN

DO+ 3 JCOUNT=1,MBINC
DU 1 ICUUNT = 1, NBINC

b ;2 I = 1,NBDOF
Do 2. 4 = 1.NS8DOF _ ;

2 STOR(I4J} = SYSK(I,d) = QFSYSM(I,J)
DO 4 I=1,NBDUF

DG .5 J=1,NBODOF

STOR(T4J)=STOR( I+ JIREPSHC
5 CONJ INUE

STOR(T+1)=STOR(I,I} + 1.0
4 CONT INUE|

o i
CALL HLBOND {STUR , MBDUF 4 BOND)

WRITE (3,104) £PS,0 -
104 FORMAT (1HO y10X, 'EPS='E13.5,10X,10=1E13.5)
WRITE {3,103) BOND,EPS
103 FORMAT (1H0,10X, 'BOND=E13.5,10X, 'EPS=1E13.5)
IF  (BOND) 1441%4,15 .
14 WRITE (3,105)
Go . To 3 .
105 FGRMAT (///7% TRIAL  FAILED')
15 ONMGA=Q*EPS -
FRO = SORT{UMGA)
WRITE (3,101) ICOUNT,FRQ
101 FORMAT (1HO, 10X,*'TRIAL NUO. =! 110510X,'LOWER BUUND FREQUENCY RAD/
1SEC =1E13.5/) .
FRO = FRO/(2.0%3.14159)
WRTTE (3,102) ICOUNT,FRO - : :
102 FORMAT (1HO, 10X,'TRIAL NU. =' 110,10X,'LUWER BOUND FREQUENCY CYC/ |
LSEC; ='E13.5////) o -
1 0=0+ AINC :
3 EPS = EPS/2.0
; ! . !

v RETURN
END

[ S

i
i
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C**$$$*$$$*****$*$$$$$$$$$$***$*ﬁ$$*$*$$*##*#$*$*$**$#$*#$***$$$$?#$##$*
1 N I U
[ . i . P

1] .
¢« lenrmamen ovomE *
¢ ISYSTEM STIFFNESS AND SYSTEM MASS MATRIX 4
Cae } ‘ : 3%
C******$$**********#******$$*$**#*#***#***#***##**$****#**$#*#***#$***$#

IDENTI
IDENTI

0 HUORIZUNTAL MEMBER
1 VERTICAL MEMBER

j ¢

NAMFLIST/Al/ NUDOF s THETA , :

NAMELIST/A2/ DEMU,L CSI,IDENTI

REAL K{60, 60) yM(60,60) yKEVERT(12,12) ,KEHORI(12, 12)rMVtRT(l£y12)g
IMHORI(12,12) 4 1XsIY41Z,MUEY, MUEZ;LvJJ KK o MMM 3 JJJ s KKK

INKEGER DOG 4 CAT yRAT ¢y HEN » DUMMY ,CODENO(12) ,DENO (12}

OO0 00O

-

oo
oo

Sconn

-

-
o
B BN P
-
LI [ S
OO

\D (14A1)
TE (3,1015) NODOF, THETA I
MAT 11H11'NU «OF DEGREES- UF F%EEDUM'“'IIO/’ THETA “'FZD 10///)

}
i

1015 Fo
o
E#450000. ]

G#180000. ; ' ,
IX*HI-/(é.*lb.**4) . ; : :
IY=81e/ (12.%16,%%4)

TZ#1Y : |
' AREA#9./256. ! '

I OUNIWT#0.04114 <

. P=SIN{THETA/2.]

! Q=COSI{THETA/2.)

ALPHAY 4, : |

ALPHAZ#4 . . '

-} BATAYR2. : :

boBATAZHE2. . L 1

 GAMAY#6. : ’ - '

| GAMAZ#6. e :
© MUEY#12. . . ‘

A mugzei2,. i ‘ t

L' pumMMy=0 .

X
: A
N » S T -

i

. I

J i
ICOUNT = 0
Y10 READ (1,A2)

OO0
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31

l 1
i '
N i
10 i? Ii=1412
Cfn)Eerll) = DENDILT)
b 1?. \1"1712
KEVERT(1,41=0.0
WEHIRI{T,J)=0.0
MVERT(T4,301=0.0
MHORT (T 4J3=0.0

CUNTINUE

{3,1020) (CODENU(T) 4 I=01412)+L,C8IT1DENTI

1020 FORMAT {1IHOL'CUDE ='11215),/" L

1 =t]110) '
ICOUNT = ICUUNT + 1

HRITE

IF (ICOUNT JEQ. 20} DUMMY = 100
20

S e s mAma e e

IF (DUMMY.EQ.L00) GU TO
A=SIN(CST)
R=CNDS(CST)}
AARAREA=E /L
BRUMUIEZSTZwE /AL L w13
CopmUEYSIY*E/SL%L =L
DD#GHIX/L
EE#ALIFHAY S TY%E/L
FR#ALPHAZSTZ*E/L
GGEH#—~GCGAMAZ I ZE/BL»L O
HH#-GAMAY=TY=E/4L%LDO
JJIHEBATAYS:JYRE/L
KK#BATAZ=TZ2%E/L

ROW=SQRT({IX/AREA)}
WHUNIWT *AREA%12.
MMMHE /41245312 4 %32, 23
AAAGMMMRL /3,

BBE#156 #MMM%L /420.
CCC#MMMHROW=ROW*L /3 .
DDD#& o ¥ MMMRLELRL /420,
EEE#22 . %MMM*L%L /420,
FEF#MMMEL/ 64
GGGH#54 « =MMM*L /420,
HHH#AMMMAROWHRUWRL /6 .
JUJ#3 MMMl L kL /420«
KKK#13 . kMMMEL%L /420,

IF (IDENTI-1) 30,31,30
CONT INUE

KEVERT%L , 1O# AAHARAEBRER%B
KEVERTH#1,30#%5AA-BBO%A%Y
KEVERT%1 , 508~ GG*B

KEVERT%1,7mfi= FAARAXAERB®BN®

KEVERTAL, 904~ %AA-BRORA%B
KEVERT%1,11m#— GG*B
KEVERT%2,2a#CC
KEVERT %2 408 HH*

KEVERT%Z 6T#— HH*A

=0 E10e6:5X, 051

BE
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KEVERT%2,80# = CC “

KEVERT#%2,100# HH
KEVERT#2,120%#= HH*A

KEVERT%3,30#AARB*BERRRAXA
KEVERT%3,50#86 GG*A «

KEVERT®3, TO#~%AA—BBO¥ A%
KEVERT%3,904~%AA%BABEBB*A%AD
KEVERTH#3,110# 99¥D

KEVERTR4 y40# DDRAXAEEEXBRB
KEVERT %4, 60# 3DD~EE A
KEVERT %4 ,80#~ HH#*B
KEVERT %4 o LOOR=-DD#AZAL JJ%BRB
KEVERT#%4,12B#%-DD=J JO¥A%B
KEVERT®5, 5a#FF~
KEVERT%5,70# GG* ; |
KEVERT%5,90#~GG*A : ! _
KEVERT%5,118# KK . ‘ n
KEVERT%6, 60#DD%B*BEEE*A%A |
KEVERT%6,8a#% HHEA u
KEVERT%6,100#%~DD—JJa%A%B
KEVERT %6+ 120#~DO#B%BEJIRARA
KEVERT%7y TH#AARAXALBB#B*B
KEVERTYT,90#4AA~BBO%*A%E
KEVERT%7,110# GG*B
KEVERT%8,8a# CC
KEVERTZH,100#~ HH*B
KEVERT%8,120# HH*A : S
KEVERT%9,90#AA%B#BEBB*AXA | - o | |
KEVIERT%9, 1 10#-GG*A m o . .
KEVIERT%10,100# DD*A%ACEE*B*B S . o
KEVERT%10, 1 20#%DD~EET*A*B _ D ” .
KEVERT%11,1lo% FF

xm<wzaxwm.Hmnuoo$m*mmmm*>*p

e A e s

zcmmﬁ&wnwnﬁbbbﬁbﬂb & m B*B%*8

CMVERTZ1,3D#%A0A—BBBOXARB

MVERT%1550#~-EEE%*B
MVERT %1, 70f-FFFRA%A— om&*m*m

MVERT %15 90#%GGG= Tfmnap%m

3<quxvapu¢axxx*m

MVERT%2,20#B88

3<ﬁw4xm yauft  EEE*B

MYERT#%2 3604 =-EEE*A

3<mquw.muu GGG

MVERT%2,100# KKK*B . ‘ .
MVERT®2 3 1 20#~KKK*A | o - w
3<wx4hm.wa#>>>w:am & BBBHAXA o . :
MVERT%3;50# EEE%A

MVERTZ3y TO#4GGG— CFEFoAk
MVERT%3)9m#—FFF#B%B-GGG*A%A |

MVERT%3y110# KKK*A .

MVERT %4 ,40#CCCHA%A & DDD%B%XB
MVERT%4,60#%¥CCC-DDDR%A%R AR
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KEHUR T Aby 1207 DS E EKKRQ%E0
KEHOR LT, 70 BB

KEHORLIA 7412l as — GERP
KEHIM T W7 « 124 — (5500

KEHOR § %8 RUZAASQROEC( wPap

B HOR PR g n O —ARLLS P L)
KFEFOR a8 T0MN Ry

KEHMR T guiiitAAR PP RCC %1050
KEHIR T w9 108 RHH=0 :
KEHIN il 100 £
REHDRERLT 11 oaDDanQb Frsbap
KEFOR 11 ¢ T Z20u %k~ L)
KEHMRTALIZ 12030105 P %R A FE#05(0)

MHUK T %1 o L bR

PMHITE T3E 1 o 9 ~p Rl

MR T Y y LI R W

fard IR T ] ¢ T =000

MU AL s ] it KigiKsy
MR T3 T . T 200 Kk )
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PR T2 90 s FiFr i GGELaspP
MERUR T2 ,10W8 KKKSp
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MHUR 143 g 4Op—f i '
MEAEUR 143 y Bhig—grb e GG TP 20
MHORIS3 y90nFrFwp®p - GGERQHQ
MHORI %3, 1008 —KKK*Q
MHOR IS4 .40 DD

MHUR I %4, 8O0 KIKKR
MHIR T &4, 908 KKKHRQ

MHOR IS4, 10T JJdJ

MEGR T4D ¢ 50#CCCH0%Q & Uul¥p=xp
FMHUK T %9  GURRCCE =D P ()
MHRORT®S 708 KRE#=p

MHORT 25 ¢ L 18 =HHHA=O2 G-~ J g JxpPp
MHURTHRS 12078 5HHH-JJJRHPEQ

MHOR [ A6, 62 CCC==P & DUD®QHQ

MHUR T%6 y fOn KKK

MHOR T A6 . 1 11385~ HHHSRGRP
MHOR [ %G l20iiHHHS PP LI JIRQ%Q,
MHUORTRT, 7087 Bl

MHUOR IS Tyl lai—ERERP

MHUOKT®7, 120 —EEE={Q) _
MHOR I A8, 8HBAAASDRD & HHH*PﬁP
MHUR T %B s Qs ~AAALDDLP
MHUORTZE 100%# EFEE=P
MHORT 49+ QUi AAAS =P § HBRB=EO0
MHORIW9 y10L8 Sl

133



. | ; A - 134
MHORT%10,1034% ODO
MHORI%L11 .1 1O#CCC=RQ%0 & DDD=P:P
MHORI%I1,120#%D0DD-CCCuxpPHQ
. MHORIX12,120#CCC#*PXP & DDD#Q*Q
40 i CONTINUE

DO 11 DUG = 1412

IA = DUG + 1

D04 11 CAT = TA,12 ’

# KEVERTACAT ,DUGO#KEVERTADUG,CATH
KEHURTACAT » DOGU#KEHURIADUG,CATD
MVERTHCAT s DUGD#MVERT2DUG+CATO
MHURIéCATyUUbDﬂMHURIAUUb CATO
11 CONTINUE

DO 13 RAT 1,12

DU 14 HEN = 1,12 | _
IF | (CODENO(RAT).NE.O .AND. CODENU(HEN).NE.O) GO TO 12 |

GO! TD 14 | i
12 DOG = RAT | %

CAT = HEN ;
I = COVENDIRAT) '
J = CODENO(HEN) ¥
IF: (IDENTI) 15,16,15 |
15 CONTINUE
K$I,JO# K%I,J8 & KEVERTXDOG,CATH
b MBI, Jm#NZL, 0 & MVERT%DOG,CATE
GO' TO 14 . - '
16 CONTINUE . y a
, M%I,Jo#M%l,Jo & MHURI%DOG,CATH
| KBI,da% K%, JREKEHORTZ0UG,CATH
14 CONT INUE |
13 CONTINUE
G0. TO 10

[ o
20 CONTINUE - ' _ {

: _
50 WRITE (3,1008)((K(NByI)yI=1,6),NB=1,60)
55 WRITE (3,1010) ({M(NR,1)s1=1,6)4NB=1,60)
1005 FORMAT (LH1,'STIFENESS MATRIX'//{1X,6E13.5))
1010 FORMAT {1H1,'MASS  MATRIX'//(1X46E13.5))

END

P e e =
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$$$%;4*%%*«%****44m*¥4*F%****%**“ **#****##***#********#******#******

c* 2
I MASS~-SPRINGEG SYSTEM 5
. Cx : : X
c$*#¢»$ax%¢*¢**u**m $%*k"**¥**k*b‘ﬁvﬁ**%*******#****** #*****¢$*¢#**¢¢*;
C H .
c SPRING MASS SYSTEM EXACT SULUTION
o
. REAL M(ZOOO),K(ZOOO},P{ZOOOJ,VA(ZOOO),VB(ZOOOJ,SPG(IO),ELMAS(IO)
- INTEGER DEL,DUMYsI3JdsRsSsWoRUWPCOUNT ¢ MAXITR
o
99 CONT INUE
: WRITE (3,705)
705 FORMAT (LHL g ¢ senestesino sieofe s e e e s e defe e 3 4**#»** START *m***?##r$*4*$**k$‘]
C "
CALL " TIME (ITIME)
TSTART = ITIME
o
INDEX'= 1
WRITE, (3,303) INDEX ;
. 303 FORMAT (//{' EIGEN VALUE COMPUTATION RUN NO. ¢ 110) !
READ {1,1011 NBDOF,DUMY,DEL MAXITR;(SPG(L)yL l;lOJy(hLMAS(L)fL ly
\ 110}
101 FDRMAT {415,/10F5.0/10F5.0)
DO 123 1=1,NBDOF : o
123 VA(I) = 1.0
o : f :
D0 133 1I=1,DEL
LL2=14+1%DEL ;
LL3=I42%DEL f
LLa= [43%DEL
LLBE=I+4%DEL
" LLe=I+5%DEL
LL7=I+6%DEL
LLB= [+T*DEL
LL9=1+8%*DEL
LL10=1+9%DEL
K{I) = SPGf1)
KitL2] )|= SPG(2) - ,
K{LL3] )= SPGI(3) .
K{LL%, yi= SPGI4) : :
_ KiLL5| }i= SHG(5)
K(LLG: ) = SRG{(6)
KILL7! ) = SPGIT)
K(LL8" } = SPG(8)
© K(LL9: } = SPG(9)
133 K(LL1O ) = SPGI10)
¢ ! |
C I *
88 CONTINUE
COUNT{= O
IF  (pUMY)" 11,10,11
10°00- 143 1=1,DEL



LL2=1#1%DEL
LL3=1#2%DEL
LL4=I#3%DEL
LL5=1#4%DEL
LL6=T#5%DEL
LL7=1+6%DEL
LL8=I+7%DEL
LL9=I+8%DEL
LL10=1+9%DEL
M(I) = ELMAS(1)

M(LL2 ) =ELMAS(2)
M{LL3 -~ ) =ELMAS{3)

MLL4 ) =ELMAS(4)

M{LLS ) =ELMAS(5)

M(LLE; ) =ELMAS(6) :

MILL7! ) =ELMAS(7)

M{LLS ) =ELMAS{8) ;
CMILLY: ) =ELMAS(9)

M{LL1Y ) =ELMAS(10)

143
11

153

1000

12
1020
13
1011
1030
1010
301

1040

14

1050

1060

GO T8 1000
DO 153 I=1,NBDOF

“VA{I) =1.0

M(I)=1.0

CONT INUE

DO 1 L=1,2000
VB({L) = 0.0
CUOUNT i= COYNT +1 :
1F . t¢DUNT .GT. MAXITR) GO TU 2000
DO iOIO ROWP = 1,NBDOF 4

DO 011 {I = 1,NBDOF ,
IF ({1 — RUWP) 12,12,13 g
STIF = 0.0/ = ;

DO 1920 J=1,I

STIF = STIF + 1.0/K{J) _
P(I) 5 M{I)%STIF : SR
CONT INUE y

DO 1030 R=1,NBDOF

VB(ROWP) = VB(ROWP) +P{R)*VA(R)

CONT INUE | :

EIGEN = VB(1)

136

FORMAT{10X,s "NO.OF ITERATIONS =']5,5X,'EIGEN VALUE ='E13.5)

DO 1040 S=1,NBDOF

VB(S) .= VB{S)/EIGEN

Lo 1660 S=1,NBDOF G
IF((ABS{VB{(S)) = ABS(VA(S))) .6T. 0.001) GO TO 14
GO T 1060 ' ' I .
DO 1950 W = 1,NBDOF S

VA(W) 1= VB{W)

CONTINUVE !

GO TO! 1000

CONT INUE

4

1
1-
i
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c .
2000 COUNTINUE
IF "(INDEX.EQ.2) GU TO 31 :
FRONCY = SORT{ABSI1.0/EIGEN))/(2.0%3,14159}
WRITE (3,302) COUNT, EIGEN, FRONCY
302 FORMAT (///' NU.UF ITERATIUMS ='15,2X,'EIGEN VALUE =1E13,5,2X,'FUN
1DAMENTAL FREQUENCY IN CYC/SEC =!'E13.5) .
IF  (INDEX = 2) 30:31,30
30 DUMY = 1

COOOOnO00

INDEX = 2
CWRITE (3,303) INDEX
GO TO 88
31 CONTINUE
H—%OHER BOUND, MASS~SPRING ‘SYSTEM
DIMENSION |[TEMP(2000),STUR(2000) ~ - ’ g
EQUIVALENCE (TEMP,VA),{STUR,vE) . | :
DO 891 Is1,DEL : . i :
-LL2=141%DE : ; : ; :
LL3=I42%DE ’
LL4=I-+3%DE
LL5=1+4%DE -
LL6=T+5%DEL ;
LL7=146%DE i
. LLd=147xDEL
LLO=1£8%DEL
LL10=1+9%DFL
M{I) 3 ELMAS(1) ;
©MILL2 JI=ELMAS (2} ‘ ; '
M{LL3 ) | =ELMAS(3) . - ‘
S MILL4G ) {=ELMAS (&) : . :
MILLSG | }I=ELMAS(S) ;
MILLGE ) |=ELMAS (6]
MILLT ) | =ELMAS(7) t
m{LL8 }ISELMAS(8) ! ) .
M{LLY ) =ELMAS(9) : -
801 MILLL ) =ELMAS(10) ) i :
C i i ! i ;
06 541 I'= 1,2000 ‘
501 TEMP(]) = 0.0
UMEGAZ = 1000000.0
DO 502 T:= 1,NpDOF ] | '
DG 503 11=1,2000 : ; i
503 P{I1)|= 0.0 ] ' - [
(J.EQ.1} GO TO 601 , ;

{f«GTsl «AND. I.LT.NBDOF) GO . TU 602
1F (T.EQ.N}  GU TO 603
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