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Abstract

Homotopy Batalin-Vilkovisky algebras,
trivializing circle actions,

and moduli space

by

Gabriel C. Drummond-Cole

Advisor: John Terilla

This thesis comprises two main results, one topological, one algebraic. The

topological result is that an action of the framed little disks operad and a trivial-

ization of the circle action within it determine an action of the Deligne-Mumford

compactification of the moduli space of genus zero curves. The algebraic result

is a description of the structure of minimal homotopy Batalin-Vilkovisky alge-

bras and the the theorem that in the case that the Batalin-Vilkovisky operator and

its higher homotopies are trivial, the remaining algebraic structure is a minimal

homotopy hypercommutative algebra. These results are related to one another

because the algebraic structures involved are representations of the homology of,

respectively, the framed little disks and the Deligne-Mumford compactification.
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Chapter 1

Introduction

1.1 Overview

This dissertation is an investigation of the homotopy theory of operads arising

from the moduli space of genus zero Riemann surfaces and their representations.

It comprises two principal results, one topological, one algebraic, characterizing

those representations where a particular suboperad acts trivially.

In the topological setting, the configuration space of multiple disks in the stan-

dard disk, each with a marked point on its boundary, forms a topological operad

known as the framed little disks operad. In many representations of this operad

which arise in geometry and physics, the suboperad corresponding to the configu-

ration space of just one disk, the framed little annuli, acts trivially. The first result

of this dissertation is the statement that any representation of the framed little

disks operad satisfying this triviality condition has an induced representation of

1



CHAPTER 1. INTRODUCTION 2

another well-known topological operad, namely the Deligne-Mumford compacti-

fication of the moduli space of genus zero surfaces with marked points. The proof

involves simple categorical notions and combinatorics of trees. Specifically, the

Deligne-Mumford operad is proved to be weakly homotopy equivalent as a topo-

logical operad to a categorical pushout in the category of topological operads of

the framed little disks operad and a particular trivial operad along the framed little

annuli.

On the algebraic side, the second main result of this dissertation is the homotopy-

algebraic clarification and extension of a construction of Barannikov and Kont-

sevich. Their construction begins with a representation of the homology of the

framed little disks operad, called a Batalin-Vilkovisky algebra structure, on a

chain complex, which satisfies special conditions which form an example of what

might be called a homotopy trivialization, and ends with a representation of the

homology of the Deligne-Mumford operad, called a hypercommutative algebra

structure, on the homology of the chain complex. The results herein explain this

construction as follows: there is a well-understood procedure to transfer a repre-

sentation of any operad on a chain complex to a representation of the homotopy

version of that operad on its homology. So in the context of the Barannikov-

Kontsevich construction, there is a transferred homotopy Batalin-Vilkovisky al-

gebra structure on the homology of the chain complex. In the case where the
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original Batalin-Vilkovisky algebra satisfies their special conditions, this homo-

topy Batalin-Vilkovisky algebra structure induces a homotopy hypercommutative

algebra structure, which can be truncated to the hypercommutative algebra of the

original Barannikov-Kontsevich construction.

This result accomplishes three main things. First, it refines the results of

Barannikov and Kontsevich by weakening their special conditions. Second, it

brings their construction into the realm of homotopy operadic algebra, thus clar-

ifying it. Third, it generalizes the construction by allowing it to stop at the level

of the homotopy hypercommutative algebra structure, keeping data which is de-

stroyed by the truncation to the hypercommutative algebra structure. The result is

a consequence of a theorem which constructs an explicit map of operads from the

homotopy Batalin-Vilkovisky operad to the homotopy hypercommutative operad

and identifies its kernel.

This dissertation is organized into two main body chapters, one topological,

one algebraic, followed by two appendices. The first appendix gives some back-

ground on operads, trees, and related concepts, and the second is a brief primer on

the Deligne-Mumford compactification of the genus zero moduli space.
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1.2 Connections to Other Work

The work in the topological section is a rigorous presentation of one version of

an idea of Kontsevich. In lectures at Max Planck [18], he suggested that a picture

like this should be possible, that is, that a version of the Deligne-Mumford operad

would be some sort of pushout in the category of topological operads. To the

author’s knowledge, this was never described in more detail.

The motivation for the algebraic section, again, goes back to the paper of

Barannikov and Kontsevich [3] in which they studied the Dolbeaut resolution of

the exterior powers of the holomorphic tangent sheaf of a Calabi-Yau manifold.

In the paper, they described a Frobenius manifold structure on the homology of

this complex. One of the multiple ways to describe a Frobenius manifold is as a

hypercommutative algebra with a compatible metric. They viewed the Dolbeaut

complex as a differential graded Lie algebra, proved its formality, and then used a

particular choice of universal solution of the master equation to construct the hy-

percommutative structure on the homology of the Lie algebra. This construction

was accomplished “by hand” and is arguably opaque.

Barannikov and Kontsevich very briefly described their construction in gen-

eral terms. This discussion was expanded and made explicit by Manin [20]. In

particular, the algebraic structure used in the Barannikov-Kontsevich construction
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was that of a Batalin-Vilkovisky algebra satisfying several other special condi-

tions. Some of the conditions were used for the formality argument, while other,

independent conditions were used to obtain the metric. Park [26] and Terilla [28]

further generalized this construction by successively weakening the “homotopy

triviality” conditions necessary to achieve the formality and construct the special

solution of the master equation.

One way to view a universal solution of the master equation in a differential

graded Lie algebra is as at isomorphism from the transferred L∞ structure on its

homology (see, for example, [17]). This indicates that the Barannikov-Kontsevich

construction “belongs to” the realm of homotopy algebra, and that it should be

viewed in some way as a transfer of an algebraic structure.

The algebraic results presented here do precisely that. We identify the trans-

ferred structure on the homology of any Batalin-Vilkovisky algebra, not neces-

sarily one satisfying Barannikov and Kontsevich’s special conditions, and show

that this structure can be truncated to a hypercommutative algebra whenever the

weakest homotopy triviality conditions hold. It is clear from the algebra that one

could even construct examples where the homotopy triviality conditions did not

hold but the transferred structure had the hypercommutative truncation.

These results accomplish several useful generalizations to previous work. First,

they generalize and extend the conditions of Barannikov-Kontsevich, Manin, Park,
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and Terilla. In particular, one can transfer a Batalin-Vilkovisky algebra to its ho-

mology without any triviality conditions. This is because these results describe the

construction as an example of a transfer of structure, a captured part of homotopy

algebra. Another consequence is that the hypercommutative algebra constructed

by Barannikov and Kontsevich is a truncation of a richer homotopy hypercommu-

tative algebra structure. That is, forgetting the higher operations in the transferred

structure actually loses information. Further, because these results are part of ho-

motopy algebra, they indicate precisely how one can recover that lost information

and how it can be organized in a meaningful and coherent way.

Sergei Merkulov, motivated by the construction of Barannikov and Kontse-

vich, considered a kind of generalization of the notion of Frobenius manifold

which he called an F∞ manifold [24, 25]. He showed how to obtain an F∞ mani-

fold from a homotopy Gerstenhaber algebra. Batalin-Vilkovisky algebras are Ger-

stenhaber algebras with extra structure; similarly, a homotopy hypercommutative

algebra (with compatible metric) induces a special kind of F∞ manifold. There-

fore, the algebraic results of this thesis can be viewed as a further refinement of

Merkulov’s work as well as that of Barannikov and Kontsevich.

The calculations in the algebraic section rely on a particular model of the ho-

motopy Batalin-Vilkovisky operad due to Gálvez-Carrillo, Tonks, and Vallette [9].

We use their construction to calculate the minimal model for the homotopy Batalin-
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Vilkovisky operad. There is not a logical reliance on their results, because the

same calculation could be applied to a different model, but there is a psycholog-

ical reliance, because their presentation, by virtue of its parsimony, made certain

features of the algebra more apparent. There is a good discussion in Section 2.4

of that reference of the relationship of algebras over a cofibrant replacement for

the Batalin-Vilkovisky operad with various other notions of homotopy Batalin-

Vilkovisky algebra that exist in the literature.

Finally, many of the explicit calculations in the algebraic section were per-

formed by Getzler in two papers [11, 12]. He described the homotopy hypercom-

mutative operad and in so doing analyzed the behavior of a differential on the

Gerstenhaber operad. That same differential, in a twisted dual guise, is at the core

of the description of the minimal Batalin-Vilkovisky operad.



Chapter 2

Trivializing topological circle actions

2.1 Overview

The purpose of this chapter is to provide a picture, in the realm of topological oper-

ads, of the trivialization of the circle action in an representation of the framed little

disks operad. This is a topological model for the algebraic passage from Batalin-

Vilkovisky to hypercommutative algebras discussed in the next chapter. These

species of algebra are algebras over operads which are the homology groups of

topological spaces, the framed little disks operad D for Batalin-Vilkovisky and

the genus zero Deligne-Mumford compactification of the moduli space of genus

zero surfaces M for hypercommutative. The idea here is to describe the topolog-

ical operad which is the pushout of the following diagram:

A //

��

D

��
At

// Dt

8
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Here At is a trivial operad and A is the operad of framed annuli. This means

that whenever you have an action of the framed little disks where the annuli act

trivially (this could be called “filling in the circle action” or “triviality of the BV

operator”), you have an action of Dt.

We will show, as our main theorem, that this pushout is homotopy equivalent

to M, with an inclusion map M→Dt which is a map of topological operads.

Once one has this, one can apply various functors. By passing to homology

one obtains the regular passage from BV algebras to hypercommutative algebras.

However, one can apply instead the singular cubical chain functor and obtain a

different statement that contains some homotopy information. In the next chapter,

we shall take an algebraic approach to isolate all of the homotopy information and

strip out everything extraneous. It would be nice to present this pushout operad

with a cellular model which had nice compatibility with the minimal algebraic

formulae of Chapter 3.

This chapter begins in Section 2.2 with a review of the affine group of C,

which is intimately involved in the operad compositions for most of the operads

involved in this pushout, then describes, in Section 2.3, all of these operads ex-

plicitly. Sections 2.4 and 2.5 establish the pushout operad, first in the category of

sets and then in the category of spaces. Finally, Section 2.6 shows that the pushout

is homotopy equivalent to M.
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2.2 Aff C and friends

Most of the operads in this chapter can be viewed as configuration spaces of disks,

possibly of zero radius, with marked points on their boundary. The composition

laws are all similar to one another in flavor, and both the configuration spaces and

their composition laws are descended directly from the group Aff C of conformal

automorphisms of the complex plane.

Definition 2.2.1. The group Aff C is C n GL1C ∼= C n C∗, which acts on the

complex plane C by translation, dilation, and rotation.

In coordinates, if the action is taken to be rotation and dilation first, followed

by translation, then then the group action is

(c1, r1)� (c2, r2) = (c1 + r1c2, r1r2).

The inverse of (c, r) is (− c
r
, 1
r
) and the identity is (0, 1).

Aff C can also be identified with the configuration space of a disk with a

marked point on its boundary in the plane; The element (c, r) in this presenta-

tion corresponds to the disk centered at c with a marked point on its boundary at

c+ r. In this context, the composition map involves scaling a disk up or down and

rotating it. This will become clearer in a slightly more restricted setting soon.

We immediately generalize this definition to deal with both degenerate disks

of radius zero and their degenerate actions. As in Aff C, we will represent a disk
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c

c + r

r

Figure 2.1: An element of Aff C

in the plane as two points in C; the first will be the center point of the disk and

the second a radius vector to the marked point. In this general situation, we will

allow the center and radius to be any points in the complex plane.

Definition 2.2.2. 1. Let S be a finite set. The configuration space of S disks

in the plane is:

C(S) = {(cs, rs)s∈S ∈ (C× C)S : |cs − cs′| > |rs|+ |rs′|}.

The condition ensures that every two disks in the plane are disjoint.

2. Let � be the composition map

(C× C)× (C× C) → (C× C)

given by

(c1, r1)� (c2, r2) = (c1 + r1c2, r1r2).
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In particular cases below, we will use � to denote as well its restriction to

various subspaces of C× C, such as Aff C.

Lemma 2.2.3. � is an open map.

Proof. First, let (cAff , rAff) ∈ Aff C ⊂ C× C. Then

Aff C× (cAff , rAff)
�→ Aff C ⊂ C× C

is a homeomorphism onto its open image so an open map. Then on a product of

open sets, the image is a union of open sets, so we can conclude� is an open map

at least on Aff C× Aff C.

Now fix c0 ∈ C and ε > 0 and let

U c0
ε = {(c, r) ∈ C× C : |c− c0|, |r| < ε}.

Such sets, for arbitrarily small choices of ε, form a basis for the topology of C×C

around (c0, 0). Composing (cAff , rAff) ∈ Aff C with U c0
ε gives directly

(cAff , rAff)� U c0
ε = U c

δ

where δ = rAffε and c = cAff + rAffc0.

Composing in the other direction gives

U c0
ε � (cAff , rAff) = {(c+ rcAff , rrAff) ∈ C× C : |c− c0|, |r| < ε}.
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Reparameterizing this set by the homeomorphism (z, w) 7→ (z − cAff

rAff
w,w), we

get the open set

{(z, w) ∈ C× C : |z − c0| < ε, |w| < ε

rAff

}.

Finally, we would like to see that we get an open set by composing two neigh-

borhoods of radius zero disks. For fixed c1 and δ, define

V c1
δ = {(c1, r) ∈ C× C : |r| < δ}.

Then

U c0
ε =

⋃
|c1−c0|<ε

V c1
ε .

So it suffices to show that for any c0, c1, ε, and δ, U c0
ε � V c1

δ is an open set. We

can write V c1
δ as (c1, 1)� V 0

δ , and then by the associativity of �, we have

U c0
ε � V c1

δ = (U c0
ε � (c1, 1))� V 0

δ .

We know from the previous argument that U c0
ε � (c1, 1) is open, so we can restrict

to a basic open set inside of it. Now we have reduced the problem to verifying

that U c′0
ε′ � V 0

δ is open. But this set is precisely

{(c, r) ∈ C× C : |c− c′0| < ε′, r < ε′δ}

which is open.
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2.3 Operads of configuration spaces

The operads in this section are versions of the little disks operad described by

Boardman and Vogt [5]. Our presentation, which has useful features for our anal-

ysis, is similar to the presentation of the little disks operad used by Getzler [12].

Definition 2.3.1. The topological operad A of framed little annuli consists of the

following spaces: A(1) is the subset of C(1) = C× C such that:

1. |r| > 0,

2. |c|+ |r| ≤ 1, and

3. this inequality is strict unless c = 0.

A(n) is empty for n 6= 1. A point in the space A(1) describes an annulus of outer

radius one and inner radius |r| centered at c with a marked point on the inner

boundary circle at c + r. There are also the special annuli allowed of form (0, r)

with r ∈ S1.

The composition maps ◦1 or � are just�. In pictures, this composition is given

by scaling down the second annulus so that its outer radius is the same as the inner

radius |r1| of the first annulus, and then gluing them together, rotating the second

annulus so that the fixed point at 1 on its boundary is mapped to c1 + r1. The

identity is (0, 1).
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Figure 2.2: Composition in A

Remark. There is some awkwardness to the inclusion of the identity, which shall

be repeated multiple times. There are several ways to address this awkwardness,

all equivalent up to homotopy. One can deal with operads without the identity, one

can deal more generally with degenerate annuli where the two boundary circles

can intersect, or one can include the identity as a special case. We have chosen

this particular approach because it streamlines certain proofs—at the expense of
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the simplicity of some definitions, including this one.

Definition 2.3.2. The topological operad At of trivialized annuli consists of the

following spaces: At(1) is the subset of C(1) such that:

1. |c|+ |r| ≤ 1, and

2. this inequality is strict unless c = 0.

At(n) is empty for n 6= 1.

A point in At(1) describes an annulus of outer radius one and inner radius

|r| (which can degenerate to zero) centered at c with a marked point on the inner

boundary circle at c+ r. Composition is again �; the space is contractible by the

homotopy H(t, (c, r)) = (tc, tr).

Definition 2.3.3. The topological operad D of framed little disks consists of the

following spaces: for n 6= 0, D(n) is the subset of C(n) such that:

1. 0 < |ri|,

2. |ci|+ |ri| ≤ 1, and

3. this inequality is strict unless ci = 0.

D(0) is empty. Note that for n > 1, the second and third condition together imply

rather that |ci|+ |ri| < 1.
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Geometrically, the ci correspond to the centers of disjoint little disks in the

large disk of radius one in the plane, each having radius |ri| and with a marked

point at ci + ri.

The Sn action is on the factors of C(n), and the composition map ◦j is derived

from �; explicitly, using the shorthand di to refer to the pair (ci, ri):

(d1, . . . , dm) ◦i (d′1, . . . , d′n) = (d1, . . . , di−1, di � d′1, . . . , di � d′n, di+1, . . . , dm).

So we compose ((ci, ri)) into the factor (c, r) by replacing (c, r) with the factors

(c, r)� (ci, ri).

ClearlyA injects intoAt andD; let us describe the pushout of these two maps.

This can be done quite concretely because of some features of these operads. We

will need a few intermediate definitions.

2.4 The pushout in sets

Definition 2.4.1. Let D and P be finite sets at least one of which is nonempty.

The root set R(D,P ) is a right SD × SP -module in the category of sets. It is the

subset of C(D t P ) such that:

1. 0 < |rd| if rd is in a factor (cd, rd) indexed by D,

2. rp = 0 if rp is in a factor indexed by P ,
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1
4

1
3

2 
2 

1 

2
3

Figure 2.3: Composition in D

3. |c|+ |r| ≤ 1 for every factor in the product, and

4. this inequality is strict unless c = 0.

This is the configuration space of disjoint little disks indexed by the set D in the

disk centered at cd of radius |rd| with one marked point on the boundary circle at

cd + rd along with additional disjoint marked “disks” of radius zero at cp indexed
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by P .

1
3

2
45

Figure 2.4: A configuration in R({1, 2, 3}, {4, 5})

Definition 2.4.2. Let D and P be finite sets such that either D is nonempty or P

contains at least two elements. The branch setB(D,P ) is a right SD×SP -module

in the category of sets. It is the subset of C(D t P )/Aff C such that:

1. 0 < |rd| if rd is in a factor (cd, rd) indexed by D, and

2. rp = 0 if rp is in a factor indexed by P .

Here, the Aff C action is on all factors of C(D t P ) by left multiplication with �.

The two conditions are stable up to the action of Aff C, so it makes sense to talk

about them as defining a subset of the quotient.

So this is the configuration space of D-indexed disjoint little disks with a

marked point on each little boundary circle and P -indexed additional disjoint



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 20

marked points in the plane up to conformal equivalence. The limitations of at

least one disk or at least two points should be viewed as a stability requirement,

so that the affine group action is free. If D is empty and P contains fewer than

two elements, let B(D,P ) be the empty set.

1
3

2
45

Figure 2.5: A configuration in B({1, 2, 3}, {4, 5})

Definition 2.4.3. A vertex of a tree T = (L, V,N) is called nearly stable (see

Appendix A for the notation used for trees) if it is either:

1. the root vertex,

2. a leaf vertex, or

3. at least trivalent.

A vertex is called stable if it is at least trivalent. A vertex which is not nearly

stable is called unstable.



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 21

A tree is called nearly stable (or stable) if it is not trivial and every vertex is

nearly stable (or stable).

Definition 2.4.4. Let T = (L, V,N) be a nontrivial tree. For v ∈ V , Rv denotes

R(ine(v), ini(v)); similarly, Bv denotes B(ine(v), ini(v)). To make this uniform,

if v is the root of the tree,Mv denotesRv; if it is any other vertex, thenMv denotes

Bv. We call Mv the marking of v.

Definition 2.4.5. The trivialized little disks operad Dt is an operad of decorated

trees where the decorations on the vertex v of an underlying tree T is Mv. For

now we will consider it as an operad in the category of sets; it will be topologized

in Section 2.5. We will specify a tree-like composition as part of the proof of

Proposition 2.4.6.

Remark. In words, the root vertex of a nontrivial tree is decorated by a configura-

tion space of disjoint points (corresponding to internal incoming edges) and disks

with marked point (corresponding to external incoming edges) in the complex

disk, with no equivalence relation. The other vertices are decorated by a config-

uration space of disjoint points (internal incoming edges) and disks with marked

point (external incoming edges) in the complex plane up to conformal automor-

phism. Since there is no B(D,P ) for D empty and P of order less than two, we

only use nearly stable trees as underlying trees in our operad. We omit the trivial
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Figure 2.6: An element of Dt(4)

tree as well; we will get the unit for our operad composition elsewhere.

The proof of the following two propositions occupies the rest of this section:

Proposition 2.4.6. Dt carries a well-defined operad structure in the category of

sets which accepts operad embeddings from the operads of trivialized annuli and

framed little disks which agree on the images of the operad of framed little annuli

in each.
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Proposition 2.4.7. The trivialized little disks operadDt is the categorical pushout

of the framed little disks and the trivialized annuli along the framed little annuli

as operads in the category of sets; that is, for every operad O which fits into this

diagram there is a unique induced map from Dt:

A //

��

D

��0
00

00
00

00
00

00
00

��
At

((PPPPPPPPPPPPPPP // Dt

  
O

Remark. Before beginning the proof of Proposition 2.4.6, let us describe the basic

idea of the composition maps of Dt. To glue a disk into a little disk in the plane

up to conformal automorphism, scale the disk and glue it in using�. This is inde-

pendent of the conformal representative. The other vertices of the tree involved do

not change any decorations. If the resulting configuration in the plane is unstable

(a single point) then forget the corresponding vertex of the tree.

Proof of Proposition 2.4.6. We will specify a tree-like operad structure onDt (see

the remark at the end of section A.3). The operadic composition maps are not ex-

actly the grafting operation on trees, but descend from grafting by edge contrac-

tion. To be precise, let xm ∈ Dt(m) have underlying tree Tm and let xn ∈ Dt(n)

have underlying tree Tn. Then the underlying tree of xm ◦Ti xn is obtained by

first grafting Tn to Tm along the vertex i, as expected, but then contracting the
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grafting edge to obtain the tree T̃ . If the new vertex created by contracting the

grafting edge is unstable, we will forget it. This gives the underlying tree T of the

composition.

Specifically, if the leaf vertex of the leaf i in Tm and the root of Tn are both

bivalent, then the contraction vertex is bivalent. Such a vertex is unstable if it is

not the root or a leaf vertex of T̃ . No other vertex in the graph has its valence

changed by the grafting and contraction; nor does any other leaf or root vertex

lose its status, so after possibly forgetting this vertex, the resultant tree is in fact

nearly stable.

Figure 2.7: Forgetting an unstable contraction vertex

Let us describe the decorations on the vertices of the composition tree T =

(m+ n− 1, V,N). Most of the vertices are vertices of either Tm or Tn; these ver-
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tices will preserve their decoration up to the standard permutation of their inputs

coming from the construction of T out of Tm and Tn. Let ω be the contraction

vertex of T̃ . It is the equivalence class of the leaf vertex of i in Tm and the root of

Tn; call these two vertices µ and ν respectively for brevity.

Note the following characterization of the incoming edges of ω:

ini(ω) = ini(µ) t ini(ν); ine(ω) = ine(µ)\{i} t ine(ν).

The following describes how to construct a decoration for ω. The basic plan is to

use � to combine the decorations Mµ and Mν to get the decoration Mω. Here are

the options:

1. ω may be unstable. In this case, T is obtained from T̃ by forgetting ω so we

need not supply a decoration. This is the only case where T and T̃ differ.

2. ω may be the root vertex of T . For this to happen, µ must be the root vertex

of Tm. In this case, Mµ = Rµ and Mν = Rν . The incoming external edge

(i, µ) of µ corresponds to a factor (c, r) of the decoration of µ; we can use

� to left multiply this by the decorations of Rν to give us a decoration of

Rω, following the same pattern as in the equation defining ◦i in the framed

little disks operad (see Definition 2.3.3).

3. ω may be any stable vertex other than the root vertex. In this case, µ is not

the root vertex of Tm. In this case, because µ and ω are not the root vertices
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of their respective trees, the map will be of the form Bµ × Rν → Bω. It

is also given by left multiplying the factor (c, r) of the decoration of µ by

the decorations of Rν to give a decoration in Bω, but a little care must be

taken because the factor (c, r) in Bµ is taken only up to the Aff C action.

However, Bω is also only taken up to the Aff C action; then the associativity

of� shows that this is independent of choice of representative. For instance,

if (z, w) ∈ Aff C, (c, r) is the factor of the decoration of µ corresponding to

its edge (i, µ), and (c′, r′) is a factor of the decoration of ν, then

((z, w)� (c, r))� (c′, r′) = (z, w)� ((c, r)� (c′, r′))

so that a different representative of the same class in Bµ just leads to a

different representative of the same class in Bω. This works on each factor

of the composition simultaneously.

Note that, given this composition structure, the 1-corolla decorated by (0, 1) is a

unit for composition.

The composition product and the unit together suffice to define the operad

structure. We must ensure that it is associative. Composition of trees is associa-

tive. Unstable vertices are a phenomenon that occurs within trees, not near the

leaves or root, so a composition of trees is unstable at the composition vertex if

and only if it is unstable when another tree is grafted on elsewhere. Then the two
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Figure 2.8: Stable composition in Dt
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compositions (x ◦i y) ◦j z and x ◦i (y ◦j′ z) are equal if the decorations on the

various vertices are equal. But all of these decorations are images under�, which

is associative.

At this point, we are basically done with the proof. The space D(n) embeds

as the decorations of the n-corollas; in fact, the configuration space in Dt for an

n-corolla is in canonical bijection with D(n).

Trivialized annuli of positive radius embed in the same manner as framed lit-

tle disks; annuli of radius zero embed along the unique 1-tree with two bivalent

vertices. The root vertex is decorated by a configuration of a single point in the

disk (the center of the trivial annulus) and the other vertex is decorated by a single

little disk (c, r) in the plane up to Aff C. Note that this is Aff C acting on itself

by left multiplication; then it is transitive so the quotient space is a point and the

decoration is unique.

These are set injections that agree on the annuli of positive radius. Let us see

that they are operad maps. For the framed little disks, if we compose two elements

of Dt with corollas as underlying trees, we obtain a corolla as the underlying

tree of the composition. The composition map for the decoration of this new

corolla agrees exactly with that ofD. This includes annuli of positive radius so all

that remains to be seen is that composition agrees when annuli of radius zero are

involved. There are three cases corresponding to the three cases above:
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1. We compose two annuli of radius zero: (c, 0) � (c′, 0). In the trivialized

annuli this yields (c, 0); in Dt, this corresponds to a grafting and edge con-

traction which has an unstable vertex that is contracted away. We obtain the

same tree. The remaining markings are (c, 0) for the root and the unique

marking for the other vertex.

Figure 2.9: Composition of the images of (c, 0) and (c′, 0) in Dt. In each tree, the
top vertex is decorated with a configuration of one disk in the plane up to Aff C.
Every such disk is conformally equivalent to the standard disk. The bottom vertex
is decorated with a configuration of one point in the standard disk.

2. We compose a positive radius annulus with a zero radius annulus: (c, r) �

(c′, 0) = (c+rc′, 0). InDt, composing with an element with underlying tree

a 1-corolla will never change the underlying tree; in terms of decorations,
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we are grafting our tree onto the 1-corolla and contracting. This is a grafting

at the root vertex and so we use � with no quotient, which yields the same

result.

3. We compose a zero radius annulus with a positive radius annulus: (c, 0) �

(c′, r′) = (c, 0). In Dt, the trees again match up, and the decoration modifi-

cation will be along the map Bµ ×Rν → Bω. However, since ω is bivalent,

Bω is Aff C/Aff C, so is just a point, so there is a unique map to it. The

decorations in the composite in Dt are then the unchanged decoration (c, 0)

on the root and the single point of Bω on the second vertex.

Now we begin to build the background we will need to prove Proposition 2.4.7.

Definition 2.4.8. Let x = ((c1, r1), . . . , (cn, rn)) be a point in D(n). The annular

image of x is the set of little disks of the form

(cout, rout) � x � ((0, r′1), . . . , (0, r
′
n))

for (cout, rout) and (0, r′i) in A(1). This composes x with annuli centered at 0 on

the right and an arbitrary annulus on the left. If S is a subset of {1, . . . , n, out},

the annular image corresponding to S is the subset of the annular image so that
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(ci, ri) = (0, 1) for indices not in the subset. That is, it is the composition with

annuli only at the specified leaves (and possibly the root).

Lemma 2.4.9. The image of D and the single trivial annulus (0, 0) ∈ At(1)

generate Dt under operadic composition. In particular, every element of Dt(n)

can be written as a composition of these generators along a tree T = (n, V,N)

with the following characteristics:

1. The root and leaf vertices are labeled with framed little disks,

2. if two vertices are adjacent in T , one is labeled with a framed little disk and

the other is decorated with (0, 0), and

3. if all vertices labeled with (0, 0) are forgotten, then the resultant tree is

nearly stable.

Moreover, this decomposition is unique up to annuli. That is, any two such de-

compositions have the same underlying tree. If there are two decompositions with

vertex labels xv and yv for v ∈ V , then xv = (0, 0) if and only if yv = (0, 0); if

xv is a label from the framed little disks, then yv is as well and xv and yv share a

configuration in their annular images corresponding to the internal edges of the

vertex v.

On the other hand, if yv is in the annular image of xv corresponding to the

internal edges of v for each vertex v decorated with a framed little disk configura-
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tion, then the composition of the xv along T and yv along T is the same element

of Dt.

Proof. For brevity, we will not distinguish between the generators and their preim-

ages in D and At. Recall, however, that in Dt the image of (0, 0) is a tree with

two vertices, not just one. The bottom vertex is decorated with (0, 0) and the top

one with the unique marking in B(1, 0).

Consider an element x of Dt with underlying tree T . That is, x is a product

over v ∈ V of Mv. Let T ′ be the tree obtained by inserting a vertex on every

internal edge of T ; we will describe x as a composition of the generators along

T ′. To do this, for each vertex in T ′, we must supply a label from our generating

set. Each newly inserted vertex is bivalent; let these vertices be labeled with (0, 0).

The base vertex of T in x is decorated by an configuration {(ce, re)}e∈in(v)

from the configuration set Rv. This configuration would be in D(in(v)) if all

the radii were nonzero. Replace every zero radius with an arbitrary nonzero one;

because the conditions defining Rv are open, this is possible for sufficiently small

|re|. Let the resultant element of D be the element labeling the corresponding

vertex of T ′.

For the other vertices of T , which are decorated with configurations from Bv,

perform a similar procedure. First fix a representative under the Aff C action

which is contained in the interior of the unit disk; then again replace all zero radii
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with arbitrary nonzero radii which are sufficiently small to give the label for the

corresponding vertex of T ′.

Composing T ′ with the given labels, beginning upward from the root, the fol-

lowing occurs: at each step, we have a decorated tree Tk. When we compose (0, 0)

on the right, whether we are composing it into a decoration from Rv or Bv, the

result is to shrink the corresponding radius to zero, keeping the center fixed, and

to add a bivalent vertex to the appropriate leaf of the tree Tk. When composing

the unique marking in B(1, 0) on the left with an element y ofD(m), this bivalent

vertex is contracted away, and the resultant contraction vertex is marked with the

class of y, included in the plane, under the Aff C action. The entirety of this com-

position, then, results in the graph T ′ with the extra bivalent vertices forgotten.

Because T was nearly stable to begin with, there are no unstable vertices created

by the composition, and so this tree is just T . The radii of the appropriate little

disks are zero, and every decoration is in the correct Aff C class.

This argument shows more: if yv is in the annular image of xv corresponding

to the appropriate edges, then yv and xv differ only by a choice of representative

under Aff C and choice of nonzero radii. Also, by the description of the compo-

sition it is clear that the tree T ′ is determined by the underlying nearly stable tree

T .

The only thing remaining is to show uniqueness up to annuli. The vertices
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decorated with (0, 0) are uniquely determined by the first and second conditions

on the decomposition; it remains to show that any two labels from the framed little

disks are equivalent up to annuli. We consider the decorations on the root vertex

and all other vertices separately.

For the purposes of this calculation, let v be a vertex of T ′ and for convenience

identify the internal incoming edges with the finite set m and external incoming

edges with n. Let two possible labels for v be

(c1, r1), . . . , (cm, rm), (d1, s1), . . . , (dn, sn)

and

(c1
′, r1

′), . . . , (cm
′, rm

′), (d1
′, s1

′), . . . , (dn
′, sn

′)

where (ci, ri) and (ci
′, ri

′) correspond to internal incoming edges of the underlying

tree while (di, si) and (di
′, si

′) correspond to external incoming edges.

1. Composing the decoration on the root vertex in the appropriate places with

(0, 0) yields the decoration (in the first case)

(c1, 0), . . . , (cm, 0), (d1, s1), . . . , (dn, sn)

on the root of T . For the two decorations on the root of T ′ to yield the same

decoration on the root of T , the only thing that can differ between them

is that ri and ri′ need not be equal. Let ρi = min{ri, ri′}. Consider the
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decoration

(c1, ρ1), . . . (cm, ρm), (d1, s1), . . . , (dn, sn).

It is in the annular image of both decorations of the root of T ′ corresponding

to the appropriate edges, by the annuli (0, ρi

ri
) and (0, ρi

ri′
).

2. If the vertex v is not the root vertex, then we get a similar equation, but only

up to Aff C. That is, for some element (c, r) of Aff C, we have

(c, r)� ((c1, 0), . . . , (cm, 0), (d1, s1), . . . , (dn, sn))

= (c1
′, 0), . . . , (cm

′, 0), (d1
′, s′1), . . . , (dn

′, sn
′).

If it were not for the element of Aff C, we could use the same annuli as

before. Pick a real number z such that z < 1, z < 1
2r

, and z < 1
2c

if c 6= 0.

Then (0, z)� (c, r) = (cz, rz); both cz and rz are less than 1
2

so (cz, rz) is

an annulus; also (0, z) is an annulus. Then if we compose (cz, rz) on the

left of

((c1, r1), . . . , (cm, rm), (d1, s1), . . . , (dn, sn))

and compose each factor (ci, ri) with (0, ρi

ri
) on the right, this gives the same

configuration as the composition of (0, z) on the left of

(c1
′, r1

′), . . . , (cm
′, rm

′), (d1
′, s1

′), . . . , (dn
′, sn

′)
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along with the composition of each (ci
′, ri

′) with (0, ρi

ri′
) on the right. Thus

the two decorations share a common point in their annular images corre-

sponding to internal edges, as desired.

Proof of Proposition 2.4.7. Let x be a point in Dt, which by Lemma 2.4.9 can be

written as a composition along a tree T of (0, 0) and framed little disks. Such

a composition must be taken by an operad map to a composition; because the

induced map f : Dt → O is supposed to commute with the maps D → O and

At → O, this uniquely specifies where such a composition must be taken by

the induced map, as long as it is well defined. That is, take the point x to the

composition along T of the images of the appropriate points in D and the trivial

annulus (0, 0) in At.

To see that this is well-defined, recall that the decomposition is unique up to

composition of framed little disk components with annuli: composition of com-

ponents other than the root by all annuli on the left and composition of inputs to

be composed with (0, 0) by annuli centered at zero on the right. We will consider

making these two changes and show that the result in O is unchanged.

First, suppose that at some vertex other than the root, we make two different

choices of framed little disk, xv and a � xv, where a is an annulus. Because this
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is not the root, it will be composed in the composition with (0, 0) on the left. If by

abuse of notation we denote all the given maps intoO by f , then we are comparing

f((0, 0)) ◦1 f(xv) with f((0, 0)) ◦1 f(a � xv) Because f : D → O is a map of

operads, the latter is equal to f((0, 0))◦1f(a)◦1f(xv); because the maps commute

over annuli, this is the same as f((0, 0) ◦1 a) ◦1 f(xv) = f((0, 0)) ◦1 f(xv), as

desired.

Similarly for the other type of ambiguity,

f(xv � (0, r)) ◦j f((0, 0)) = f(xv) ◦j f((0, r)) ◦1 f((0, 0))

= f(xv) ◦j f((0, r)� (0, 0)) = f(xv) ◦j f((0, 0)).

It is necessary to verify that the induced map behaves well with respect to

composition. Consider a pair of points x and y in Dt. Write them as composi-

tions of (0, 0) and framed little disks along trees Tx and Ty. Consider a particular

composition x ◦k y. We would like to verify:

f(x ◦k y) = f(x) ◦k f(y).

One of the following situations holds. The first through fourth are different kinds

of stable composition, and are very easy to verify. The fifth case, of unstable

composition, is still straightforward.

1. Tx and Ty each have one vertex so that x and y are in the image of D. Then

the condition holds because f : D → O is an operad map by assumption.
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2. Ty has a single bivalent vertex, so that y ∈ Dt is the image of an annulus

ay of A(1), Tx has more than one vertex, and the leaf vertex of k in Tx is

bivalent, labeled with an annulus ax of A(1) = D(1) ⊂ Dt(1). In this case,

we have

x ◦k y = (x̂ ◦k ((0, 0) ◦1 ax)) ◦k ay

and

f(x) ◦k f(y) = f(x̂ ◦k ((0, 0) ◦1 ax)) ◦k f(ax)

for some x̂. Because the maps f are defined in terms of the compositions

involved in this decomposition of x and Dt and O are operads, these equa-

tions yield

x ◦k y = x̂ ◦k ((0, 0) ◦1 (ax � ay))

and

f(x) ◦k f(y) = f(x̂) ◦k f((0, 0) ◦1 (ax � ay)).

Now let us consider f(x ◦k y). To do so, we must write x ◦k y as a composi-

tion as in Lemma 2.4.9. This composition is along the tree Tx with all labels

the same except that ax�ay labels the vertex previously labeled by ax. This

composition satisfies all of the conditions of the lemma and presents x ◦k y;

its image under f gives the same result we got for f(x) ◦k f(y).

3. Tx has a single bivalent vertex labeled by the annulus ax, Ty has more than
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one vertex, and the root of Ty is bivalent and labeled by the annulus ay. Just

as in the last case, we can write y as ay ◦1 (0, 0) ◦1 ŷ, and the composition

of x and y in Dt is

(ax � ay) ◦1 (0, 0) ◦1 ŷ

(k must be 1). We can decompose this as in the lemma by using the tree Ty

but changing the root label from ay to ax� ay. The image of this decompo-

sition under f is then f(ax � ay) ◦1 f((0, 0)) ◦1 f(ŷ).

On the other hand, f(x) ◦1 f(y) is

f(ax) ◦1 f(ay) ◦1 f((0, 0)) ◦1 f(ŷ) = f(ax � ay) ◦1 f((0, 0)) ◦1 f(ŷ).

These match up perfectly.

4. Both Tx and Ty have more than one vertex, and either the leaf k of Tx or the

root of Ty has valence greater than two, so that its label is in D but not in

D(1). Call the labels of these vertices dx and dy. As before, we can write

x ◦k y = (x̂ ◦k ((0, 0) ◦1 dx)) ◦k ((dy ◦i (0, 0)) ◦j ŷ)

= x̂ ◦k (((0, 0) ◦1 (dx ◦` dy) ◦m (0, 0)) ◦n ŷ)

for some indices i, j, `,m, n depending on dx and dy. As in the previous

two examples, this indicates an easy presentation for x ◦k y in terms of

Lemma 2.4.9. Namely, graft Ty to Tx along the leaf k and then contract
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the grafting edge. All vertices are labeled with the induced label of Ty or

Tx except the vertex involved in the contraction; that vertex is the image of

the leaf vertex in Tx and the root of Ty, and is labeled by the composition

dx ◦` dy of their labels in D.

As before, the same calculation can be done in O, writing f(x) and f(y) as

compositions, composing them, and then changing the order of the compo-

sition to compose f(dx) and f(dy) first; this is f(dx ◦` dy) since D → O is

an operad map. So both calculations give the same thing.

5. Both Tx and Ty have more than one vertex and both the leaf vertex for the

leaf k in Tx and the root of Ty are bivalent, labeled with annuli ax and ay of

A(1). Again, we have:

x ◦k y = (x̂ ◦k ((0, 0) ◦1 ax)) ◦k ((ay ◦1 (0, 0)) ◦1 ŷ)

= x̂ ◦k (((0, 0) ◦1 (ax � ay) ◦1 (0, 0)) ◦1 ŷ).

In this case, we cannot proceed precisely as before because the underly-

ing tree of this composition, forgetting the vertices marked by (0, 0), is not

nearly stable. To satisfy the conditions of Lemma 2.4.9, we need to con-

dense a little further. Since ax � ay ∈ A(1), it is also in At(1), so it can be

composed there and we can continue:

x ◦k y = x̂ ◦k (((0, 0)� ax � ay � (0, 0)) ◦1 ŷ) = x̂ ◦k ((0, 0) ◦1 ŷ)
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since (0, 0)� (c, r) = (0, 0).

This indicates a suitable underlying tree for the composition: graft Ty to Tx

along the kth leaf, preserving the decorations. Then forget the two bivalent

vertices involved in the grafting: the leaf vertex of k in Tx and the root

vertex of Ty. This leaves two adjacent vertices marked with (0, 0). Contract

the edge between them, and decorate the contracted vertex with (0, 0). So

f(x ◦k y) = f(x̂) ◦k (f((0, 0)) ◦1 f(ŷ)).

On the other hand,

f(x) ◦k f(y) = f(x̂ ◦k ((0, 0) ◦1 ax)) ◦k f((ay ◦1 (0, 0)) ◦1 ŷ)

= f(x̂) ◦k ((f((0, 0)) ◦1 f(ax � ay) ◦1 f((0, 0))) ◦1 f(ŷ))

and by the same logic, since the map At → O is an operad map, this is

f(x̂) ◦k (f((0, 0)� ax � ay � (0, 0)) ◦1 f(ŷ))

= f(x̂) ◦k (f((0, 0)) ◦1 f(ŷ))

as desired.
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2.5 The pushout in spaces

Proposition 2.5.1. There are topologies on the spaces Dt(n), described below,

which make Dt a topological operad and the embeddings of the trivialized annuli

and the framed little disks continuous.

Proposition 2.5.2. Given these topologies, Dt is the pushout in the category of

topological operads. That is, for every topological operad O which fits into this

diagram there is a unique induced map from Dt:

A //

��

D

��0
00

00
00

00
00

00
00

��
At

((PPPPPPPPPPPPPPP // Dt

  
O

Description of the topology of Proposition 2.5.1. We begin by describing a local

basis for the topology on Dt(n), using the underlying topologies of each compo-

nent and the composition maps just defined. To begin with, we shall contain the

root set R(D,P ) and branch set B(D,P ) into larger ambient spaces.

Definition 2.5.3. Let D and P be finite sets, one of which is nonempty. The

augmented root space R̂(D,P ) is a right SD × SP -module in the category of

spaces. It is the subset of C(D t P ) such that:

1. 0 < |rd| if rd is in a factor (cd, rd) indexed by D,
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2. |c|+ |r| ≤ 1 for every factor in the product, and

3. this inequality is strict unless c = 0.

The augmented root space contains the root set R(D,P ) as the subspace with

rp = 0 for each (cp, rp) indexed by P .

Definition 2.5.4. Let D and P be finite sets such that either D is nonempty or

P has at least two elements. The augmented branch space B̂(D,P ) is a right

SD × SP -module in the category of spaces. It is the subset of C(D t P )/Aff C

such that 0 < |rd| if rd is in a factor (cd, rd) indexed by D.

The augmented branch space contains the branch set B(D,P ) as the subspace

with rp = 0 for each (cp, rp) indexed by P .

Remark. In both cases there are two changes: allowing the points (cp, 0) to (pos-

sibly) expand into marked disks (cp, rp), and working in the category of spaces

rather than sets.

Definition 2.5.5. For v a vertex of a tree T , let R̂v and B̂v denote, respectively,

R̂(ine(v), ini(v)) and B̂(ine(v), ini(v)), as before. Let M̂v denote R̂v if v is the

root of T and B̂v if it is not.

Now fix a point x ∈ Dt(n) with underlying tree T = (n, V,N); this is a

product over v ∈ V of points xv in Mv. We will describe open sets containing x
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in terms of basic open sets containing x in the product space

∏
v∈V

M̂v.

Our basic open sets will be products of open sets. So fix an open neighborhood

Uv of xv in M̂v. We will define a set map from
∏
Uv to Dt(n) mapping x to x;

we will define its image to be an open set in Dt(n). When we need to refer to this

basic open set of Dt(n), we will use the notation N {Uv}
x .

For a fixed tree T = (n, V,N), the map
∏
M̂v → Dt(n) is given by the

following. Let y =
∏
yv be a point in

∏
M̂v with underlying tree T . For a given

vertex v, the space M̂v is a subspace of a product indexed by the incoming edges

of v. Therefore, every internal edge of T appears as an index somewhere in the

product
∏
yv. Let E0 be the set of internal edges e of T so that the pair (ce, re)

indexed by e has nonzero radius vector re. The image of y will land in the part of

Dt(n) with underlying tree TE0 , the edge contraction of T along the edges in E0.

The decorations of a point in the image of the map will then be unchanged on

vertices not involved in any edge contraction; on other vertices, we must provide

maps from a product of M̂v to a single Mv. For each yv ∈ B̂v, there is a unique

representative ỹv in the Aff C orbit of yv with c1 = 0, c2 on the positive real line,

and the Euclidean diameter of the union of the disks of center ci and radius |ri| in

the plane equal to 1
2
. There is a unique marking with center 0 and radius vector
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to 1 if v has only one incoming edge (which must then be external and have a

nonzero radius). We can view ỹv as a configuration in the disk, rather than the

plane. If yv ∈ R̂v, then yv is already a configuration in the disk; for consistency

of notation, let ỹv denote yv in this case. So the map from a product of M̂v to

Mv is just iterated � of the ỹv along the factors of the product specified by the

contraction edges. The associativity of � ensures that this is independent of the

order of contraction.

The point y has radius vector zero for all internal edges, so is taken to itself,

as promised.

Lemma 2.5.6. The set {N {Uv}
x } forms the basis for a topology.

Proof of Lemma 2.5.6. To show this, it is necessary to show that the set covers

Dt(n) and has the appropriate intersection property. Since x is contained in any

N {Uv}
x , the set covers Dt(n). Now, N {Uv}

x ∩ N {Uv
′}

x will contain N {Uv∩Uv
′}

x , so to

show that this candidate for a basis satisfies the intersection property, it suffices

to show that for any y ∈ N {Uv}
x there exists a basis element N {Uw}

y centered at y

contained therein. We use the index w instead of v to emphasize that y and x have

different underlying trees.

To see this containment property, letN {Uv}
x and y be as above. Then x lives in

a product over the tree T = (n, V,N) and Y lives in the product over the tree TE0 ,
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where E0 is some set of internal edges of T . We will denote TE0 by (n,W,N∗).

For each Uv ∈ M̂v, consider the open subset Uv ′ specified to be those points of

Uv so that factors (c, r) indexed by edges in E0 have nonzero radius. We want to

meaningfully collapse
∏
Uv along the edges in E0, so in order to do so, we first

prepare by getting rid of all the points where disks indexed by edges in E0 have 0

radius.

Now we must define open sets Uw ∈ M̂w for each w ∈ W . Such a w is

an equivalence classes of vertices in T , so the set U{ve1 ,...,vek
} (for vi vertices of

T ) corresponds to the composition of U ′
v by � along the factors indexed by con-

traction edges. As before, we pick a unique normalized representative ỹv for the

factors in B̂v involved in a composition. This composition is well-defined because

of the associativity of �.

It is an easy exercise to pass from � being an open map on C × C (see

Lemma 2.2.3) to being an open map on the sets B̂(S, T ) and Q̂(S, T ); more-

over, by the rationale of the proof of that lemma, if we are talking about a subset

where certain radii are fixed at zero and all other radii are never zero, it is much

better than an open map: the image of an open set times any other set is still open.

There are easy special cases corresponding to M̂(D, ∅) where D is a singleton.

Because � has this openness property the resultant sets Uw are open, and a

point in N {Uw}
y contained in the image of a point z in

∏
Uw is also in N {Uv}

x ,
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corresponding to the preimage of z under the identification along the edges of

E0.

Proof of Proposition 2.5.1. Now that the topology is defined, it should be shown

that the structure maps of the operad are continuous. Let x be a point in the open

set N {Uv}
x with underlying tree Tx = (nx, Vx, Nx). So x is of the form

∏
xv, with

the product taken over v ∈ Vx. Each xv is a product over the incoming edges e of

v of pairs (ce, re). There is no loss of generality to assume that Uv is of the form

{(ce′, re′) : |ce − ce
′| + |re − re

′| < ε} for some uniform ε > 0. This, of course,

should be taken up to Aff C around a fixed representative in the appropriate cases.

This forms a basis of the configuration spaces M̂v.

Now pick a point y × z in the preimage of x via the operad composition map

◦k; say y has underlying tree Ty = (ny, Vy, Ny) and Tz = (nz, Vz, Tz). We shall

show that the preimage of N {Uv}
x contains an open set around y × z. There are

three cases, corresponding to the three cases in the composition map. Recall that

µ denotes the leaf vertex of the leaf k in Ty and ν the denotes the root vertex of

Tz, while ω refers to the contraction vertex in Tx formed by the identification of µ

and ν in the nearly stable cases. Here are the options:

1. If the composition x = y ◦k z is unstable, then µ and ν are bivalent; the

vertices of Tx are all other vertices of Ty and Tz and the edges are all edges
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not incident on either of the two omitted vertices along with an edge from

N−1
z (ν) to Ny(µ).

So in such a composition, there is a determined special edge of Tx along

which the composition and collapse has occurred. The special edge must

be internal because otherwise the composition would be stable. For fixed

Tx, different Ty and Tz yield different such edges, and every choice of an

internal edge gives rise to such a pair of trees, by cutting the tree along the

given edge and then inserting a vertex on the cut edge on both trees created

by the cut.

So if x arises from an unstable composition of y and z, then the vertices

of Ty and Tz are in correspondence with the vertices of Tx, along with two

extra vertices, µ and ν. We will choose open sets in Mv for each vertex v of

Ty and Tz. If v is in T , take the open set Uv; at the vertex µ (which is not the

root by virtue of the instability of the composition) take B̂((k, µ), ∅) (which

is a point), and at the vertex ν take all of R̂(∅, (N−1
z (ν), ν)).

Now let us verify that the product of open sets N {Uv}
y and N {Uv}

z just con-

structed lands under the composition map in N {Uv}
x . So choose y′ ∈ N {Uv}

y

and z′ ∈ N {Uv}
z . We want to show that y′ ◦k z′ sits in N {Uv}

k .

For v ∈ Vx, let xv ′ be as follows:
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(a) if v = N(µ), let xv ′ = yv ◦k zν ;

(b) otherwise, let xv ′ be whichever of yv ′ or zv ′ is appropriate.

Then we claim that
∏

v xv
′ sits in N {Uv}

k and that it is equal to y′ ◦k z′.

Clearly, in the second case xv ′ is in Uv; we need to show that this is also true

for v = N(µ). But if the factor (c, r) of yN(µ) corresponding to the edge e

satisfies |c− ce|+ |r| < ε (since the original radius of this decoration in y is

zero), and if the decoration on ν is (c′, r′) ∈ Aff C, then (c, r) � (c′, r′) =

(c+ rc′, rr′) and we get

|c+ rc′ − ce|+ |rr′| ≤ |c− ce|+ |r|(|c′|+ |r′|) ≤ |c− ce|+ |r| < ε.

This shows that
∏
xv

′ is in N {Uv}
x . To see that it is the same as y′ ◦k z′,

consider that the only difference is that the unique marking of µ is missing

and the marking of ν has been shifted to the other side of the composition.

But the marking of µ is (up to Aff C) just (0, 1), the identity, and cannot

change the composition. A little checking of the cases where the radius of

the factor of the decoration of N(µ) corresponding to the edge from µ is

zero and where the radius of the decoration of ν is zero verifies that this is

in fact y′ ◦k z′.

2. In both of the stable cases, the tree Tx is obtained by grafting Ty and Tz

along the leaf k of Ty and then contracting the grafting edge. This yields
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the special vertex ω of Tx; on the other hand, for each vertex of T , one can

obtain such Ty, Tz, and k by splitting the incoming edges incident on the

vertex into two sets, the edges incident on µ and those on ν, the second of

which is nonempty. µ has one new leaf (k) and the corresponding incoming

edge. Take the preimage under the map ◦k = � from M̂µ × R̂ν → M̂ω of

Uω; this preimage is an open set so around any point we can find a basic

open set which is a product of open sets Uµ and Uν .

Keeping the open sets the same for all other vertices, the sets N {Uv}
y and

N {Uv}
z are evidently open and in the preimage of N {Uv}

x .

Finally to finish the proof of Proposition 2.5.1, we must check that the em-

beddings of the framed little disks and trivialized annuli are continuous. For the

framed little disks, there is nothing to check; the tree describing a point in the im-

age of the framed little disks has no internal edges, so the topology on the image

of D(n) is just the subspace topology in (C×C)n, just as it is in the framed little

disks. For the annuli, it must be checked that the preimage of an open set around

the image of a radius zero annulus is open in the operad of trivialized annuli. Since

such an annulus is described by a tree with one leaf and two vertices, the root ∗

and another vertex, say, v. there is only one internal edge e and one leaf edge. The

decoration on v is unique, so the space R̂∗ × B̂v is the subset of C({e}) so that
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1. |c|+ |r| ≤ 1, and

2. this inequality is strict unless c = 0.

A basis for the open sets around the trivial annulus (c, 0) in this space are formed

by the subsets

{(c+ x, y) ∈ C({e}) : |c+ x|+ |y| < 1, |x|, |y| < ε}.

Fix a point (c+ x, y) ∈ R̂∗ × B̂v. If y = 0 then the corresponding point in Dt(1)

is the image of the trivial annulus of radius zero centered at c + x; if y 6= 0 then

the corresponding point is the image of the annulus (c+ x, y). Then the preimage

is precisely

{(c+ x, y) ∈ C(1) : |c+ x|+ |y| < 1, |x|, |y| < ε}

which are open in the trivialized annuli.

Proof of Proposition 2.5.2. LetO be a topological operad that accepts topological

operad maps from At and D that agree on A. Proposition 2.4.7 indicates that

there is a unique morphism of operads of sets from Dt → O which factors both

of these maps. To prove the proposition, we must show that the induced set map

is continuous.

Let y ∈ O and x ∈ Dt in its preimage under the induced set map. Then

x has an underlying tree T = (n, V,N) and can be written as a composition
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along the tree T ′ obtained from by inserting a vertex on every internal edge of

T , where the new vertices are labeled by (0, 0) and the old vertices are labeled

with minor modifications of the decorations of the corresponding vertices of T ,

as in Lemma 2.4.9. Call the new vertices W , so that T ′ = (n, V tW,N∗). The

following diagram commutes:∏
v∈V

D(in(v))×
∏
w∈W

At(in(w)) //

��

∏
v∈V tW

O

compose along T ′

��

∏
v∈V tW

Dt

compose along {(w,v)}

��∏
v∈V

Dt

compose along T

��
Dt

// O
Let U be an open set containing y. The composition along the top and right side is

continuous by assumption, so we can come up with open sets in the preimage of

U in the product of D and At. Then we can push those maps down the left side of

the diagram. We will show that the composition of the first two vertical maps is a

product of open maps. Then we will have a collection of open sets Uv for v ∈ V
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containing xv, and N {Uv}
x will be contained in the preimage of y.

So what we want to show is that composing an open set in D with open sets

around (0, 0) inAt yields an open set inDt. Pick x ∈ D(n); pick an ε and take the

ε-neighborhood around x and around (0, 0). Take the tree T formed by inserting

vertices on some of the leaf edges of the n-corolla. Replace the factors (c, r) in

x corresponding to the inserted vertices with (c, 0); call the result x̂. The image

of the ε neighborhoods of x and (0, 0) under composition along T contains the

neighborhood of the composition of x and (0, 0) determined by unique decorations

on the leaf vertices and the ε-neighborhood of x̂ as the decoration inR∗ on the root

vertex.

2.6 The main theorem

The main theorem of this chapter connects the pushout operad Dt, topologized as

above, to the genus zero Deligne-Mumford operad, as defined in Appendix B.

Theorem 2.6.1. The constituent spaces of the genus zero Deligne-Mumford op-

erad M(n), are deformation retracts of Dt(n). The inclusion maps M(n) ↪→

Dt(n) form a map of topological operads.

The proof will follow from three propositions related to a suboperad DtDM of

the pushout operad Dt. After defining DtDM , we shall prove:
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Proposition 2.6.2. For n > 1, DtDM(n) is locally homeomorphic to R2n−4.

Proposition 2.6.3. DtDM(n) is a deformation retract of Dt(n).

Proposition 2.6.4. There is a bijective map of topological operads:

ϕ : DtDM →M.

Proof of Theorem 2.6.1. M(n) = M0,n+1 is a manifold of dimension 2(n+ 1)−

6 = 2n− 4 as well (see Appendix B). Invariance of domain says that an injective

continuous map from a space modelled locally by R2n−4 to a manifold of the same

dimension is a homeomorphism onto its image. Therefore ϕ is an isomorphism of

topological operads. This combined with Proposition 2.6.3 gives the deformation

retract. The inclusion map is a composition of operad maps, so it is an operad

map.

Definition 2.6.5. DtDM(n) is the subspace of Dt(n) characterized by the follow-

ing:

1. If n = 1, then DtDM(n) is just the identity configuration (0, 1) in Dt(1),

2. If n > 1, then every leaf vertex of the underlying tree of an element of

DtDM(n) is bivalent, and

3. If n > 1, then the root vertex of the underlying tree of an element of

DtDM(n) is bivalent, and is decorated with the fixed configuration (0, 0).
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Remark. 1. Note that for n > 1 there must be a root vertex, and specifying

that it is bivalent implies that it is distinct from any leaf vertices.

2. Recall that there is a unique decoration on a bivalent vertex other than the

root.

3. There is nothing special about the configuration (0, 0); any fixed choice

(c0, 0) would work just as well.

Lemma 2.6.6. DtDM is a suboperad of Dt.

Proof. We must prove that the composition of two elements of DtDM is again in

DtDM . If either one is the identity inDtDM(1), this is trivial. If neither is the iden-

tity, then the composition starts with a grafting of a bivalent root vertex (whose

incoming edge is not a leaf) to a bivalent leaf vertex (not the root) and then a con-

tracting of the intermediate edge. This necessarily gives an unstable tree; forget-

ting the unstable contraction vertex yields the underlying tree of the composition.

Its root is just the root of the first factor of the composition, decorated with the

same decoration (it was not involved in the contraction) and the leaf vertices of

the composition are all the leaf vertices of both factors except for the one involved

in the grafting. None of these vertices were involved in the contraction, and all of

them are still bivalent. Thus the composition is still in DtDM .



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 56

Proof of Proposition 2.6.2. Let n > 1. We will provide charts near every point of

DtDM(n). Recall that there is a base of open sets of Dt of the form N {Uv}
x ; we

will investigate their intersection with DtDM and describe one which gives a local

embedding to R2n−4.

First consider a point x ∈ DtDM(n), along with such a basic open set around

it. Let us identify which points in
∏
Uv correspond to points in DtDM . We must

preserve the bivalence of all root and leaf vertices, so these vertices could only be

involved in an edge contraction with another bivalent vertex. That other bivalent

vertex is either a root or leaf vertex, in which case the contraction would violate

the conditions defining DtDM , or it is an internal vertex, in which case the tree is

unstable, violating the conditions definingDt. Therefore, the root and leaf vertices

cannot be involved in an edge contraction. If v is a bivalent leaf vertex v, then the

radius of the factor (c, r) corresponding to (v,N(v)) in N(v), the vertex below

this bivalent one, must be zero.

As for the root, its decoration must be precisely our fixed decoration (0, 0);

changing the center or radius will change the decoration in the image or the biva-

lence of the root in N {Uv}
x .

On the other hand, as long as these two restrictions are satisfied, the image

sets will all have bivalent root and leaf vertices with the specified decoration on

the root. To state this concretely, let us consider one final modification of the
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branch space B(D,P ).

Definition 2.6.7. Let D and P be finite sets whose disjoint union contains at least

two elements. The Deligne-Mumford branch space B(D,P ) is a right SD × SP -

module in the category of spaces. It is the subset of C(D t P )/Aff C such that

rd = 0 if rd is in a factor (cd, rd) indexed by D.

Let T = (n, V,N) be an n-tree and let v be a vertex of V . Let Dv be the

incoming edges of v from bivalent vertices; let Pv be the incoming edges of v

from vertices which are not bivalent. Then let Bv denote B(Dv, Pv).

Remark. The Deligne Mumford branch space is not contained in the augmented

branch space B̂(D,P ). However, because the D and P for Bv differ from the

D and P used for B̂v and Bv, the Deligne-Mumford branch space Bv of a vertex

with no external edges is contained in B̂v, and in fact in the branch set Bv.

With this definition and the argument that came before it, we have:

Lemma 2.6.8. Let x be inDtDM(n) with n > 1, and let x have the underlying tree

(n, V,N) with decoration xv on the vertex v ∈ V . If v is at least trivalent, let Uv

be an open set inBv containing xv. If v is a bivalent root vertex, let Uv = {(0, 0)};

if v is a bivalent leaf vertex, then let Uv be the decoration space for v, which is a

point.
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Then the set ∏
v∈V

Uv

is an open neighborhood of x in DtDM(n) and sets of this form make up a basis

for the topology of DtDM(n).

We are still trying to prove Proposition 2.6.2. To do so, we will move back

and forth between two normalizations of the decorations of vertices in DtDM .

Definition 2.6.9. Consider the configuration ((c1, r1), . . . (ck, rk)) of k > 1 dis-

joint points and/or disks in the plane. There are (different) unique elements in

Aff C which:

1. take c1 to 0, c2 to the positive real line, and take the diameter of the set of

points and disks {ci + εi : εi < |ri|} to 1
2
, and

2. take c1 to 0 and c2 to 1.

Call these normalizations the R+ normalization and the 1-normalization, respec-

tively. Let T be an n-tree; let v be a vertex of T which is at least trivalent. if∏
(ce, re) (with the product taken over e ∈ in(v)) is a configuration of disjoint

points and disks, we can induce an order on in(v) from the order of the leaves.

For example, let e1 < e2 if min{` ∈ n : ` � e1} < min{` ∈ n : ` � e2}. So

we will refer to the R+ normalization and 1-normalization in this context without

further comment.
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The unique elements of Aff C can be given explicitly. If D is the diameter,

then they are, respectively:

1.

(
−c1e−i arg(c2−c1)

2D
,
e−i arg(c2−c1)

2D
) and

2.

(
−c1
c2 − c1

,
1

c2 − c1
).

Uniqueness can be verified directly by considering the stabilizer of each condition.

Then a point x in DtDM(n) with underlying tree T = (n, V,N) can be described

uniquely by 1-normalized decorations of points only on each vertex with valence

greater than two. Let the decoration on the vertex v ∈ V be xv; now consider vary-

ing its parameters in a neighborhood of xv inBv (preserving the 1-normalization).

Forget the bivalent vertices; then Dv corresponds to incoming external edges of

v and Pv to incoming internal edges, as usual. So there are 2ini(v) + ine(v) − 2

complex parameters for the decoration in a neighborhood of xv with the specified

normalization. The total number ini(v) summed over all vertices is the number of

internal edges, which is one less than the number of vertices. The total number of

ine(v) is n. So we have a total dimension of

∑
v

2ini(v) + ine(v)− 2 = n+ 2(v − 1)− 2v = n− 2.
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This has real dimension 2n − 4. If we pick a small enough neighborhood in

R2n−4, it will be contractible and parameterize an open set of DtDM(n). For

instance, let ε be the minimum Euclidean distance |c− c′| between a disjoint pair

(c, 0) and (c′, 0) in any of the 1-normalized configurations and then take the ball

of supremum radius ε
4

in R2n−4 around the product of the decorations, keeping

the factors corresponding to leaves. That is, a factor of form (c0, 0) can vary to

(c, r) where |c − c0|, |r| < ε. If the factor corresponds to an edge coming from a

bivalent leaf vertex, then its radius stays fixed at 0.

Consider the image in DtDM(n) of such a basic open set, or any basic open

set contained within it. It is automatically open.

Lemma 2.6.10. The map from the ball in R2n−4 to DtDM(n) is injective.

This gives us a bijection between any small open set U in R2n−4 around a

particular point and a corresponding open set U ′ around a particular point in

DtDM(n). The lemma also indicates that the restriction of this bijection to a

smaller open set is an open set. On the other hand, any open set in U ′ can be

built out of basic sets intersected with U ′, whose preimages are basic sets inter-

sected with U . So this is a homeomorphism, proving the proposition.

This same argument, with a modification of the counting, also shows that

Proposition 2.6.11. For n > 1, Dt(n) is locally homeomorphic to R4n.
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Proof of Lemma 2.6.10. We want to show that a configuration in DtDM coming

from the open ε-ball in R2n−4 uniquely determines the decorations on the vertices

that were identified to make it. Fix x ∈ DtDM(n) with underlying tree T =

(n, V,N). Let x̃ be a point in the ε-ball in R2n−4 around x considered with the

parameterization above. Then x̃ determines an edge contraction set E. Let S =

{v1, . . . , vm} be a vertex in the contracted tree TE , or, equivalently, an equivalence

class of vertices of T , ordered in a way compatible with the induced ordering

by �. we would like to recover the decorations on the vertices vi involved in

the contraction from the decoration on the equivalence class. We will proceed

downward through the equivalence class, starting with the topmost vertices of S.

Assume we have recovered the decoration on every vertex above the vertex v;

we wish to recover the decoration xv of v from the contraction vertex decoration

x̃S . Essentially, we know that the decoration on S is equal to a composition

xv1 ◦k1 (· · · ◦kj−1
(xvj

◦kj
(· · · ) · · · )) · · · )

for specified kj so by inverting ◦kj
= � where we can, we will be able to recover

the marking on v.

By assumption, we know all the markings above v, so we can compose the

appropriate representatives to get a configuration xev of points in the disk for each

incoming internal edge e of v coming from S. There are no little disks because
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at the top level, every disk must have radius 0. Consider each xev with the R+

normalization, which is used for composition. Because c1 in each representative

is 0, the configuration xev has a marked point at 0. It has another marked point at

c1 6= 0. In order that (c, r) � xev = (c′, r′) � xev, we must have c + 0r = c′ + 0r

so c = c′ and c + rc1 = c′ + r′c1 so r = r′. This shows that we can uniquely

factor x̃S as the composition of x̃′S with the various xev. This gives us a center

and radius vector in x̃′S for each incoming edge of v. Now we want to decompose

x̃′S = x̃′′S ◦k xv. We know which centers and radii in x′ sitting in the standard disk

came from xv, including c0 and c1, the image of 0 and a positive real. We can also

measure the Euclidean diameter D of the union of the disks involved. So setting

(c, r)� xv to be the points and distances we know, we get the equations

c+ 0r = c0; c1 ∈ c+ rR+; D =
|r|
2
.

These uniquely specify c and r 6= 0 and we can compose on the left by the inverse

to (c, r) to obtain xv.

Proof of Proposition 2.6.3. For n = 1, the map is just the map to the point, and

Dt(1) is a disk bundle over the disk, so contractible. So assume n > 1. We

first define the retraction map and homotopy, and then prove they are continuous.

Fix a point x in Dt(n) with underlying tree T = (n, V,N). To obtain a new

tree, insert a vertex on each external edge of T which does not have a bivalent
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vertex as one of its vertices. Each new vertex and each vertex with an incident

edge involved in a vertex insertion must have its decoration changed, because in

Dt, the decoration corresponding to a leaf is of form (c, r) and the decoration

corresponding to an internal edge is of form (c, 0); what is more, the root vertex

decoration is a configuration in the disk while the other vertices are decorated

with configurations in the plane up to the Aff C action. The requisite changes are

accomplished as follows:

1. Any new vertices inserted on leaf edges are not the root vertex and have a

unique decoration.

2. If there is a new root vertex, it is decorated with the fixed decoration (0, 0).

3. A vertex other than the root of T which has had vertices inserted into its

incoming edges needs a new decoration. If the previous decoration had the

factor (c, r) corresponding to an incoming external edge, this is replaced

with (c, 0) on the new incoming internal edge from the inserted vertex.

4. The root vertex of T may have had some bivalent vertices inserted into

incoming external edges. All corresponding decorations (c, r) are replaced

with (c, 0), as in the previous case.

5. If the root vertex was not already bivalent, it had a vertex inserted on its
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outgoing edge, so now the configuration of little disks in the standard disk

is taken to its image in the plane and then quotiented by the action of the

affine group. The new vertex is decorated with (0, 0).

6. If the root vertex was bivalent but decorated with (c, 0) for c 6= 0, it is

redecorated with (0, 0).

This defines the retract. Because it does not change a tree whose leaf and root ver-

tices are bivalent and whose root vertex is decorated with (0, 0), it is the identity

on DtDM(n).

The homotopy is a map H : Dt(n) × [0, 1] → Dt(n); for time t = 0 it is

defined to be the retract map; for other times, it makes the following changes to

the decorations of each vertex:

1. Away from the root, (c, r)× t 7→ (c, rt).

2. At the root, (c, r)× t 7→ (ct, rt2).

This is clearly the identity at t = 1. On a point of DtDM(n), the only nonzero

radii are at bivalent vertices, and have a unique marking, so that (c, rt)
Aff C∼ (c, t);

at the root, (c, r) = (0, 0) so that (ct, rt2) = (0, 0) as well.

It only remains to prove that the homotopy is continuous. This will imply

continuity of the retract because it is the range restriction of the composition x 7→

(x, 0) 7→ H(x, 0).
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Choose a point x in Dt(n) with underlying tree T = (n, V,N), a point (x̃, t)

in its preimage under H , and a basic open set containing x. We will find a neigh-

borhood of (x̃, t) in Dt(n) × [0, 1] whose image is contained in the basic open

set.

Focus on a particular vertex v of T . Our basic open set should have a factor

Uv ⊂ M̂v corresponding to v. If v is not the root, consider its decoration with the

1-normalization. Let ε be chosen so that each Uv contains the ε neighborhood of

the decoration xv of x on the vertex v (for vertices which are at least trivalent).

Let R be the maximum radius of any disk in any of the decorations xv, for v at

least trivalent and, if not the root vertex, in the 1-normalization.

First, let us assume that t 6= 0 (the easy part). H only changes the underlying

tree at t = 0, so x̃ and x have the same underlying tree and x can be obtained

from x̃ by shrinking radii by a factor of t throughout the decorations (with the

appropriate modification on the root vertex). That is, if a decoration on v 6= ∗ is

given by (c, r) in x, then the corresponding decoration in x̃ is (c, r
t
). There is a

similar formula for the root vertex.

By assumption, x̃ is in Dt(n), so the disks defined by the decorations are all

disjoint:

|ca − cb| > |ra
t
|+ |rb

t
|.

There are finitely many of these, so now we can pick an δ which satisfies:
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1. δ < ε
3
,

2. δ2 + (1 +R)tδ < ε,

3. δ is less than a fourth of the minimum of |ca − cb| − | rat | + | rb
t
| taken over

all pairs of decorations of each vertex, and

4. δ is also less than t.

We can now use δ to define a neighborhood of x̃. Over every vertex, we allow each

decoration (in the 1-normalization away from the root) to change by at most δ; we

also allow the time to vary by at most δ. The third condition ensures that as we

vary the decorations, we remain inDt(n). The first and second conditions together

ensure that once we map via H , all of the points in the image have decorations

differing from those on x by no more than ε. The first condition suffices for the

root vertex; a weaker version of the first condition along with the second condition

is necessary for the non-root vertices. The calculation is similar to the calculation

below for t = 0 but slightly easier.

Now we turn to the case when t = 0. Now the underlying trees of x̃ and x

may not be the same. Specifically, the tree underlying x̃ is obtained from that of

x by forgetting some bivalent vertices. The decorations on x̃ away from the root

agree with the corresponding decorations on x except that where a bivalent vertex
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has been forgotten, the decoration on x is (c, 0) and the decoration on x̃ is (c, r)

(for some arbitrary r). At the root, the decoration on x̃ is either

1. a single point (c, 0), or

2. a configuration in the disk of pairs (ce, re) for e ∈ in(∗) (only if there are at

least two incoming edges) such that the conformal class of
∏

(ce, 0) in the

plane is the decoration on the unique vertex immediately above the root of

the tree underlying x.

Let ε and R be as before; let λ = |c2− c1| if the root is at least trivalent. Now pick

a δ which satisfies:

1. δ < 1
5
,

2. δ < λ
2

(if the root is at least trivalent),

3. δ < ε
4
,

4. δ2 +Rδ < ε,

5. δ < ελ2

6+2ε
(if the root is at least trivalent),

6. δ < ελ
1+ε

(if the root is at least trivalent), and

7. δ is less than a fourth of the minimum of | ra
s
| + | rb

s
| − |ca − cb| taken over

all pairs of decorations of each vertex.
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We will show that the ε-neighborhood of x described above contains the image

of a δ-neighborhood of x̃ as described above. Parts of this calculation will be

performed explicitly. To begin, consider a time 0 < t < δ along with decorations

on the underlying tree of x̃ which differ from those of x̃ by less than δ.

First, consider the decoration on a vertex other than the root with fixed nor-

malization. Any center c is within δ < ε of its position c0 in the tree underlying

x̃. Any nonzero radius r is within δ of the corresponding radius r0 in the tree

underlying x̃; then H applied to this radius at time t is tr which satisfies

|tr| ≤ |tr − tr0|+ |tr0| < δ2 + δR

which is less than ε by condition 4.

Now consider the decoration
∏

(ce, re) on the root vertex of the tree underlying

x̃, assuming the root is at least trivalent (the easier case where the root is bivalent

is omitted). This is a configuration in the disk, so all the radii and centers are

bounded above by 1. We will denote the image of these decorations at time t by

cte and rte. The diameter D of the set formed by the disks and points described by

the configuration
∏

(cte, r
t
e) is at most 2δ since the original diameter was at most

2. Call e1 the incoming edge with the leaf 1 somewhere above it. We also have

(cte1) < δ. So there is a disk centered at cte1 of radius 2D ≤ 4δ containing all

of the disks and points described by the various (cte, r
t
e). By condition 1 this disk
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is contained in the standard disk. Then we will show that the decoration we are

considering is in the part of our ε-neighborhood of x in Dt where the root vertex

is decorated by the pair (cte1 , 2D). By condition 3 these coordinates are within ε

of (0, 0), which is the decoration of the root in x.

Now consider the interior of the radius 2D disk, recentered at the origin. This

will be the model for our decoration on the vertex immediately above the root

in x; we must verify that the centers and radii of this decoration are within ε

of the corresponding decorations in x, which are just the conformal class of the

decoration on the root of x̃.

In order to compare this decoration to that of x̃, we must move, stretch and

rotate them so that c1 = 0 and c2 = 1 to address them within our normalization.

The real factor involved in this stretching is |ct2 − ct1|. To recenter it is necessary

to subtract ct1. So beginning with cj , we get eventually to

tcj − tc1
tc2 − tc1

=
cj − c1
c2 − c1

.

We want to compare this to the corresponding points in x̃, which are up to δ away.

Since |c2 − c1| > λ − 2δ, a little calculating shows that the total difference is

bounded above by

6δ

λ(λ− 2δ)

which is less than ε precisely when condition 5 holds. Condition 6 is used in a
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similar manner to show that when the radii of the root decoration of x̃ and our

chosen point are within δ of each other, the image of our chosen point has radii

less than ε.

There is one loose end to tie up, namely that the same conditions suffice when

t = 0. When t = 0, all radii in all decorations other than bivalent leaf vertices

are set to zero, and bivalent leaf vertices are added where appropriate. In addition,

if the root is already bivalent, the marking (c, r) is moved to (0, 0). If the root is

not bivalent, then there is a new root vertex grafted in underneath with marking

(0, 0), and the root marking is taken up to conformal equivalence on the vertex

immediately above the root. In every case, the fact that δ < ε ensures the desired

behavior away from the root and condition 5 again ensures that the decorations on

the root play nicely after being taken up to equivalence.

Remark. The homotopy does not respect the operad structure in any intermediate

stage. Its purpose is just to ensure that the induced map from the homology of

DtDM to that of Dt is an isomorphism.

Proof of Proposition 2.6.4. We will construct the bijective map of topological op-

erads ϕ : DtDM → M explicitly. First of all, DtDM(1) and M(1) are both a

single point, the identity. For n > 1, a point x in DtDM(n) is a decorated tree, as

is a point in M(n). We will describe first how to modify the underlying tree of x
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to obtain the underlying tree for its image; then we will describe how to map the

decorations.

The tree T underlying x is nearly stable, but it has bivalent root and leaf ver-

tices. Forget the bivalent root and leaf vertices, and the resulting tree T ′ is stable.

This will be the tree underlying ϕ(x). Now we shall describe a map, also called

ϕ, from the possible decorations on the vertex v of T with valence more than 2 in

Dt to the possible decorations on the vertex v in M.

Because x is in DtDM , such a vertex is not the root vertex of T , so its decora-

tion is a configuration of disks and points in the plane up to Aff C. Further, all of

the incoming edges of v in T are internal edges, so the disks are all degenerate, of

radius zero. Therefore, the decoration on v is a product of of disjoint points in the

plane up to simultaneous Aff C action indexed by e ∈ in(v).

From such a configuration
∏

(ce, 0), consider its complement as a subset of

the plane, C\{ce}. This inherits a Riemann surface structure from C which is

invariant under the action of Aff C, so such a configuration gives a well-defined

sphere with E(v) marked points (we mark the out(v) marked point at ∞). This is

precisely the kind of decoration that we would put on v in T ′ to specify a point of

M(n).

So we have defined ϕ on a point in DtDM(n); it remains to show that ϕ is an

operad map, that it is bijective, and that it is continuous.



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 72

First, to see that ϕ is an operad map, recall the composition map of DtDM . It

grafts underlying trees, forgetting the two internal bivalent vertices so created, and

preserves all other decorations. This corresponds to merely grafting underlying

trees in M, which is how composition works there. The identity of DtDM was is

taken to the identity in M so this demonstrates that ϕ is an operad map.

To show that ϕ is a bijection, we shall construct an inverse explicitly. Fix a

point y ∈ M(n) with underlying tree T ′. Insert a vertex on each external edge to

obtain the tree T . This gives the underlying tree of ϕ−1(y). The decorations on

the leaf vertices are unique, and the root must be decorated with (0, 0) for ϕ−1(y)

to be in DtDM(n). We will define ϕ−1 on a vertex, and showing it is inverse to ϕ

there will show that it is inverse on all of M(n).

So consider the decoration on a particular vertex v with valence at least three.

This is an E(v)-marked sphere. Consider a representative Σv of the conformal

class [Σv] decorating v. The E(v)-marked sphere can have its punctures filled, so

there exists a conformal embedding of Σv in a Riemann surface homeomorphic to

the sphere. Every Riemann surface homeomorphic to the sphere is conformally

equivalent to the standard sphere, so there is an embedding of Σv in C so that

the complement of its image is |E(v)| points. By composing with a conformal

automorphism of the C, there is an embedding of Σv ∈ C where the puncture cor-

responding to the outgoing edge is completed at the point ∞ on the sphere. Then
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there is a conformal embedding of Σv in C taking the puncture corresponding to

the outgoing edge to the puncture at ∞. The coordinates of the other punctures

give disjoint points in C indexed by in(v).Any other conformal representative Σ′
v

is conformally equivalent to Σv so can also be mapped into C conformally taking

the punctures to the same points.

However, this is not a well-defined map because there may be many choices

of conformal embedding of Σv in C. However, any two embeddings ι and ι′ are

embeddings of conformally equivalent surfaces, so there is a conformal equiva-

lence between ι(Σ) and ι′(Σ). This can be completed to a conformal equivalence

of their partial completions, so a conformal automorphism of C. This shows that

the embedding in C is unique up to the action of Aff C. Therefore, the conformal

class of Σ gives rise to a well-defined configuration of disjoint points in C indexed

by in(v) up to the simultaneous action of Aff C, precisely the necessary data for

a decoration on v in T to make it an element of DtDM .

Let us see that these maps are inverses. In one direction, ϕ−1 takes the con-

formal class [Σv] to the configuration of the complement of Σv in the plane up to

Aff C, and then ϕ takes that to the conformal class of the image of its complement,

Σv, which is exactly [Σv]. In the other direction, if {ce} are disjoint points in the

plane indexed by in(v), then their complement, C\{ce} forms a representative of

its own conformal class, so we can choose it as Σv and the inclusion of C\{ce} in
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the plane is a conformal embedding with out(v) at∞ whose complement is again

{ce}. This concludes the proof that ϕ is bijective.

The last thing to show is that ϕ is continuous. Consider a point x ∈ DtDM(n)

and the corresponding point ϕ(x) in M(n). To show that the map is continu-

ous, we must show that each basic neighborhood of ϕ(x) contains the image of a

neighborhood of x (for details on the topology of M(n), see Appendix B). To fix

a basic open set, we must pick a representative ϕ̃(x) of ϕ(x). This entails picking

a representative of the conformal class of the decoration on each vertex. We can

use x to do this. That is, each vertex of x (other than the root and leaf vertices) is

decorated with a configuration xv of at least two points in the plane up to Aff C.

Take the R+ normalization of each configuration; this gives a representative of the

marked conformal class of the corresponding vertex of ϕ(x).

Now, to specify a neighborhood of ϕ(x), we choose a neighborhood N of the

nodal points of ϕ̃(x), and an ε > 0. For the marked sphere decorating the vertex

v, viewed in the completed plane as xv in the R+ normalization, let dmin,v be a

number less than half the minimal distance between any two marked points. Note

that N gives a neighborhood Ne of each marking ce corresponding to an internal

edge e, and a neighborhood N∞,v of ∞ except on the bottommost vertex. For a

vertex v, let Rv > 1 be a number so that the disk of radius Rv centered at the

origin contains the complement of N∞,v and let re be a number so that the disk
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of radius re centered at ce is contained in Ne. Choose a δ satisfying the following

conditions:

1. δ < ε
dmin,v(2+ε)

for all v and

2. for the edge e = (a, b) between two stable vertices, let δ < re
1+Ra

. In

particular, this implies that δ < re
2

.

We will show that the neighborhood determined by moving the ce and expanding

radii corresponding to internal edges of T ′ by amounts less than δ (preserving the

normalization) is contained in UN,ε. To do this, we will construct a map from

a representative surface in this neighborhood which is (1 + ε)-quasiconformal

outside of the preimage of N , a homeomorphism outside the preimage of the

nodes of ϕ̃(x), and a point or simple closed curve in the preimage of a node.

We will define the map little by little. Consider a representative surface ỹ in

the neighborhood. We can write ỹ as the image of a point in a product of B̃v.

From this point of view, a vertex has a decoration which is a configuration of pairs

(ce
′, re

′) for incoming edges from vertices with valence three or higher and (ce
′, 0)

for incoming edges from bivalent vertices. Call this configuration ỹv. We will

compare this to the corresponding surface Σv in ϕ̃(x), which is a configuration of

pairs (ce, 0). The δ condition means that |ce − ce
′| < δ and |re′| < δ. We can cut

a disk of radius re around each point ce corresponding to an internal edge of T ′;
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then this disk completely contains the disk of radius |re′| centered at ce′. Then by

Lemma B.2.4, there is a (1 + ε)-quasiconformal map of the complement of these

disks in the plane to their complement in Σv which takes each ce′ correspending to

an external edge to ce corresponding to the same external edge and is the identity

outside of small disks around each such ce.

This is not quite good enough for the following reason: this vertex has the out-

going edge (v,N(v)), and if the factor of the decoration ofN(v) corresponding to

this edge has nonzero radius, then the actual surface we will construct will com-

pose the disk of radius 1 in ỹv into the factor corresponding to the edge (v,N(v))

in the surface decoratingN(v). Therefore we do not yet have a map that is (1+ε)-

quasiconformal on the complement of N∞,v, because we are only able to use the

part of ỹv that is contained within the unit disk.

However, in this case we are gluing the unit disk in ỹv into a disk (c′, r′) of

radius |r′| < δ, and then the disk of center c′ and radius |Rvr
′| < r(v,N(v)) − δ

(by our assumptions on δ) is contained in the disk of radius r(v,N(v)) centered at

c which we cut out. Therefore we can consider the unit disk in ỹv as a subset

of the disk of radius |Rvr
′| centered at c′ in the surface decorating N(v); this is

conformally equivalent to the disk of radius Rv in ỹv. Now we can legitimately

use the (1 + ε)-quasiconformal map defined on Σ′ to map the interior of the disk

of radius Rv centered at c′ with the disks of radius re cut out around each ce
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Figure 2.10: A configuration of three points in the R+ normalization, with N
indicated in grey. The disks centered at each of the three points of radius re (solid
circle) and δ (dotted circle) are shown. Also shown are the standard disk in the
plane (dashed circle) and the disk of radius rv centered at the origin (solid circle).
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corresponding to an internal edge in the decoration of v into Σ.

scaled circle of radius Rv
circle of radius r(v,N(v))

quasiconformality fails

Figure 2.11: The configuration from Figure 2.10 decorating the vertex v has been
composed with the decoration of N(v). The standard disk in the configuration
decorating v has been shrunk down and glued into the dotted disk of radius less
than δ in the configuration decoratingN(v). Because δ is so small, the shrunk disk
of radius rv fits inside the disk of radius r(v,N(v)). Therefore, this configuration can
be mapped to ϕ̃(x) by a map which is (1 + ε)-quasiconformal away from the dark
grey regions.
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This defines a (1 + ε)-quasiconformal embedding from a subsurface of ỹ to a

subsurface of ϕ̃(x) which contains ϕ̃(x)\N . The complement in ỹ is a disjoint

union of annuli and nodes; the complement in ϕ̃(x) is a disjoint union of nodes;

the quasiconformal part of the map gives us a unique continuous extension from

the boundary of an annulus or node in ỹ to the boundary of the corresponding node

in ϕ̃(x). Then we can extend our map via a map from the annulus to the node that

collapses a medial circle to the nodal point and is elsewhere a homeomorphism,

or map the node to the node homeomorphically. This completes the construction

of the required map.



Chapter 3

Trivializing algebraic circle actions

3.1 Overview

In the previous chapter, we proved that the genus zero Deligne-Mumford operad

Mwas homotopy equivalent to the pushout of the framed little disks operad along

an operad that trivialized the framed little annuli. In a representation, one could

say that an action of the framed little disks along with a trivialization of the in-

duced annulus action gives an action of M. This chapter presents a minimal

homotopy-invariant algebraic version of the same theorem.

The homology functor H takes topological operads to operads in graded vector

spaces, and so we can take a homology version of the same pushout diagram:

HA //

��

HD

��
HAt

//HM

Let us switch to an algebraic notation, as each operad here is also an object

80
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of interest in the purely algebraic setting. HA is the nilpotent algebra N il =

k[D]/(D2), and its representations are graded vector spaces with two commuting

differentials of degree 1 and −1. HAt is the trivial operad since At(1) is con-

tractible. HD is the Batalin-Vilkovisky operad BV and the inclusion of N il into

it gives the BV operator. Finally, HM is the hypercommutative operad Hyc. All

of these will be defined more carefully in Section 3.3. So with our new notation,

the diagram looks like:

N il //

��

BV

��
k //Hyc

(3.1)

In general, the homology functor loses a lot of information. However, in this

case, each of the operads involved is formal, so we might hope that this diagram

is still a pushout. In fact, it is not. But all is not lost. After replacing each of the

operads involved with its minimal cofibrant replacement, we obtain a pushout:

N il∞ //

��

BV∞

��
k //Hyc∞

Since the lower left corner is a trivial operad, we can rewrite this to say that

Theorem 3.1.1.

BV∞/N il∞ → Hyc∞

is an isomorphism.
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What’s more, because N il∞ → BV∞ is a cofibration, the diagram is a homo-

topy pushout so it is the correct homotopy invariant concept.

Here is what this means at the level of representations. If (A, d) is a BV

algebra in the category of chain complexes, then the homotopy theory of operads

tells us that we can transfer the BV structure to the homology of (A, d) as a BV∞

structure. The theorem tells us what happens if it transfers in such a way that the

subrepresentation of N il∞ is trivial. To wit:

Corollary 3.1.2. Let A be a BV∞ algebra (for example, A can be a BV algebra).

Then a strong deformation retract of A onto its homology so that the BV operator

and its higher homotopies transfer as zero induces the structure of a Hyc∞ alge-

bra on the homology of A. This structure can be (forgetfully) truncated to a Hyc

algebra on the homology of A.

As described in Chapter 1, this generalizes the result of Barannikov and Kont-

sevich that a BV algebra structure on A satisfying stronger conditions than these

induces the structure of a Hyc algebra on homology.

Section 3.2 will present an high level picture of the proof, and then most of

the chapter will be spent “under the hood.”
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3.2 Outline of the argument

For the statement of the theorem to have meaning, we need cofibrant replacements

BV∞ → BV and Hyc∞ → Hyc. Getzler [12] gave a presentation of the minimal

cofibrant replacement Hyc∞, but only recently have relatively small cofibrant re-

placements for the BV operad become available. We distill a minimal BV∞ using

the language of ∞-cooperads. Once things are minimal, they are relatively rigid,

and at this point we can construct by hand maps among generating spaces of these

cofibrant replacements which induce the map of Theorem 3.1.1.

Let us be more specific. In [6], we present a general framework for transferring

the structure of a chain cooperad to homology, where it becomes an ∞-cooperad.

This is modeled after the transfer of associative algebra structures on a chain com-

plex to A∞ algebras on homology, and is motivated by Sullivan’s theory of mini-

mal models [27]. In particular, a strict cooperad is an example of an ∞-cooperad,

and any ∞-cooperad on a chain complex with zero differential can be truncated

to form a strict cooperad which is in general inequivalent. This truncation is the

wrong tactic, just as in the case of the algebra of cochains or differential forms:

Theorem 3.2.1. Let (C, d) be a cooperad in the category of chain complexes over

a field. There exists a transferred∞-cooperad structure on the homology of C and

maps of ∞-cooperads in both directions which induce the identity isomorphism
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on homology.

The other cogent result for our purposes here is:

Theorem 3.2.2. There exists a cobar functor Ω∞ from (nilpotent, coaugmented)

∞-cooperads to cofibrant operads satisfying the following conditions:

1. If C is an ∞-cooperad, the underlying operad in graded vector spaces of

Ω∞C is F(Σ−1UC). This is the same as the underlying vector space operad

of the usual cobar functor,

2. if C is a strict cooperad, the differential of Ω∞C coincides with that of ΩC,

and

3. if C and C′ satisfy sufficient connectedness conditions, and f : C → C′ is

a map of ∞-cooperads which induces an isomorphism on homology, then

Ω∞f induces an isomorphism on homology.

Remark. If O is sufficiently connected and (C, d) → (BO, d�) is a Koszul dual

to O, then we know ΩC → O gives a resolution of O. However, by applying

Theorems 3.2.1 and 3.2.2, we find that Ω∞H(C, d) gives a minimal resolution of

O, that is, a resolution where the differential always increases the grading in terms

of the number of vertices in the underlying operad FH(C, d). Minimal resolutions

of sufficiently connected cooperads are unique up to ∞-cooperad isomorphism.
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Note that in the case where O is Koszul and has no internal differential,

(O¡, 0) → (BO, d�) is a Koszul dual so the ∞-cooperad structure is strict and

ΩO¡ is the minimal resolution, so this gives nothing new.

We would like to apply this machinery to our pushout square (Diagram 3.1).

N il and Hyc are Koszul, but BV is not. In [9], a Koszul dual, called BV ¡, for

the BV operad was constructed (since BV is not quadratic, this notation does not

directly clash with that of Definition A.5.15). It is of the form BV ¡ = (qBV ¡, dϕ)

for a quadratic operad qBV .

The main technical theorem is the following:

Theorem 3.2.3. The (truncated) strict cooperad H(qBV ¡, dϕ) is strictly isomor-

phic to the cooperad Hyc¡ ⊕N il¡.

Its accompanying proposition is easier:

Proposition 3.2.4. The full∞-cooperad structure on the quotient of H(qBV ¡, dϕ)

by N il¡ is a strict cooperad structure.

Theorem 3.1.1 now follows from the shape of the differential in Ω∞, which

comes as a sum of derivations induced by the structure maps of the ∞-cooperad.

Now, let us prove Theorem 3.2.3. Using distributive isomorphisms, we can

bigrade (qBV ¡, dϕ). That is, there is a cooperad Ge¡ with differential dCE so that

(qBV ¡, dϕ) ∼= (Ge¡ ⊗N il¡, dCE ⊗ δ−1).
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We can prove that Ge¡ is contractible, a classical result presented here with a proof

which is, so far as we know, new. This gives us a presentation of H(qBV ¡, dϕ) as

a subset of qBV ¡ which splits into two parts: 1 ⊗N il¡ and Ge¡/ im dCE ⊗ 1. We

reframe work of Getzler [11, 12] in a dual context to show that this is isomorphic

to Hyc¡, the Koszul dual of Hyc, which concludes the proof.

The arguments can be somewhat opaque in the less familiar dual picture of

cooperads and cofree things, but the proofs themselves are no more difficult or

even longer, except in that some old results must be repackaged in a dual language.

In some cases, such as the construction of the contracting homotopy for Ge¡, the

cooperadic language makes the combinatorics significantly easier.

Next, in Section 3.3, we introduce the various operads and cooperads that will

be the major players in the chapter. In Section 3.4, we begin relating them to one

another by distributive isomorphisms. Nothing in these two sections is new. In

Section 3.5 we construct the contracting homotopy to compute the homology of

BV ¡, and in the final sections we ensure that Getzler’s identifications respect the

structures involved in this different context.

3.3 BV , Hyc, and related operads and cooperads

This section consists mainly of definitions and characterizations of various oper-

ads in the category of chain complexes. The operads will be presented as quotients
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of free operads on generating spaces of operations. We will refer to sets of gener-

ators, by which we mean the k vectors space on the sets. We will call a generating

operation type (n, k) to mean that it is of arity n and degree k with a trivial Sn

action.

Definition 3.3.1. The nilpotent algebra, N il, is an operad generated by the oper-

ation D of type (1, 1) subject to the nilpotence relation:

D ◦1 D = 0

or, in trees:

D

D

= 0.

Definition 3.3.2. The commutative operad, Com, is generated by a product m of

type (2, 0) subject to the associativity relation:

m ◦1 m = m ◦2 m

or, in trees:

m

m

//
//

//

��
��
��

��
��
��
��
��
��

//
//

=
m

m

��
��
��

//
//

//

//
//

//
//

//
//

��
�� .
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Definition 3.3.3. The odd symmetric Lie operad, sLie, is generated by a bracket

b of type (2, 1) subject to a Jacobi relation. Let σ be of order three in S3. Then:

3∑
i=1

(b ◦1 b)σ
i = 0

or, in trees:

1 2

b

3

b

//
//

��
��

��
��
��
��
��

//
//

+

2 3

b

1

b

//
//

��
��

��
��
��
��
��

//
//

+

3 1

b

2

b

//
//

��
��

��
��
��
��
��

//
//

= 0.

Definition 3.3.4. The Gerstenhaber operad, Ge, is generated by a product m of

type (2, 0) and a bracket b of type (2, 1) subject to the relations of the commutative

and odd Lie operads, along with a Leibniz relation. Let τ ∈ S3 interchange 2 and

3. Then:

b ◦1 m = m ◦2 b+ (m ◦1 b)τ

or, in trees:

1 2

m

3

b

//
//

��
��

��
��
��
��
��

//
//

=

2 3

b

1

m

//
//

��
��

//
//

//
//

//

��
�� +

31

b

2

m

��
��//

//

��
��
��
��
��

//
//

.
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Definition 3.3.5. The Batalin Vilkovisky operad, or BV operad, BV , is generated

by a product m of type (2, 0), a bracket b of type (2, 1), and a BV operator D of

type (1, 1) subject to the relations of the nilpotent algebra and the Gerstenhaber

operad, along with compatibilities between the BV operator and the other two

generators. Namely:

D ◦1 b+ b ◦1 D + b ◦2 D = 0

or, in trees:

b

D

//
//

/

��
��
�

+
D

b
��
��
�

//
//

+
D

b

//
//

/

��
�� = 0

and

D ◦1 m−m ◦1 D −m ◦2 D = b

or, in trees:

m

D

//
//

//

��
��
��

−
D

m
��
��
��

//
// −

D

m
//

//
//

��
�� = b

//
//

/

��
��
�

.

The BV operad is sometimes presented instead without b as a generator and with

a “seven term relation” expressing the fact that D is a second order differential

operator with respect to m.
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Remark. This agrees with the conventions of [9], and disagrees by a sign with

other conventions for the bracket in a BV algebra. This approach has the dis-

advantage of making the bracket seem unfamiliar by virtue of being symmetric

rather than skew symmetric, but is easier to describe with the operadic formalism.

The two definitions are equivalent.

Theorem 3.3.6. [10]. BV is the homology operad of D.

Definition 3.3.7. The quadratic BV operad, qBV , is generated by operationsm of

type (2, 0), b of type (2, 1) and a BV operator D of type (1, 1), as before, subject

to the relations of the nilpotent algebra and the Gerstenhaber operad, along with

compatibilities between the BV operator and the other two generators. Namely:

D ◦1 b+ b ◦1 D + b ◦2 D = 0

or, in trees:

b

D

//
//

/

��
��
�

+
D

b
��
��
�

//
//

+
D

b

//
//

/

��
�� = 0

and

D ◦1 m−m ◦1 D −m ◦2 D = 0
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or, in trees:

m

D

//
//

//

��
��
��

−
D

m
��
��
��

//
// −

D

m
//

//
//

��
�� = 0.

This differs only in the last relation from the definition of the BV operad. There,

the relation had the linear term b on the right side; here the relations are generated

by operations which are homogeneous quadratic in the generators.

To describe the hypercommutative operad, it will be helpful to have some

notation for the necessary symmetric group elements.

Definition 3.3.8. Let i, j and k be distinct elements of n. An ij, k-partition of n

is an ordered partition S = S1 t S2 so that i, j ∈ S1 and k ∈ S2. We denote the

set of ij, k-partitions of n by ij|k. Let p be an ij, k partition. |p| denotes |S1|, and

the p-unshuffle σp in Sn is the unique permutation which sends S1 to {1, . . . , |p|}

and S2 to {|p|+ 1, . . . , n}, preserving the order of each.

Definition 3.3.9. The hypercommutative operad, Hyc, is generated by operations

mn of type (n, 2n− 4) for n ≥ 2. These satisfy relations that generalize associa-

tivity:

∑
p∈ij|k

(mn−|p|+1 ◦1 m|p|)σp −
∑
p∈jk|i

(mn−|p|+1 ◦1 m|p|)σp = 0
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or, in trees:

∑
ij|k

S1︷ ︸︸ ︷
i j

· · · S2︷ ︸︸ ︷
m|S1| k· · ·

m|S2|+1

,,
,,

��
��

�

((
((

��
��

�

<<
<<

<
22

22

zzzzz
<<

<<
=

∑
jk|i

S1︷ ︸︸ ︷
kj· · ·S2︷ ︸︸ ︷

m|S1|i
· · ·
m|S2|+1

��
��==

==
=

��
��<<

<<
<

��
��

��
�

DD
DD

DD

��
�� .

3.3.1 Koszul duals

Now, we will discuss some of the naive dual cooperads to the operads just defined.

Excepting BV , which is not quadratic, all of the operads of the last section are

Koszul, so each of the naive duals is a Koszul dual. The background material for

these descriptions is in Sections A.5 and A.6 of the appendix. As a quick refresher,

remember that for the presented quadratic operad O = F(X)/(R), the naive dual

O¡ is the subset of the cofree cooperad Fc(ΣX) on the shifted generators charac-

terized by being the kernel of the differential d� induced by the composition map

� of O. Because we are dealing with multiple different operads, we will refer to

d� as dO.

Fc(ΣX)/O¡ is cogenerated by its further projection to Fc(2)(ΣX)/O¡(2). This

is one of the tools we will use, so we will describe O¡(2) explicitly in terms of

shifted generators.

Our naming convention is that the generators of operads are Latin letters, while
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their shifts are corresponding Greek letters. So µ will denote an operation of

type (2, 1), β an operation of type (2, 2), δ an operation of type (1, 2), and µn an

operation of type (n, 2n− 3).

Description 3.3.10. N il¡ is the subcooperad of the cofree cooperad generated by

δ characterized by being the kernel of the differential induced by the composition

ofN il. However, the composition ofN il is zero, soN il¡ is all of Fc(δ). Because

δ is arity one, this is just a cofree coalgebra on a generator δ in degree two. It can

be identified linearly with k[δ] with decomposition map

δn 7→
∑
i+j=n

δi ⊗ δj.

Description 3.3.11. qBV ¡ is a subcooperad of the cofree cooperad generated by

µ, β, and δ. qBV ¡(2) consists of the shifted relations of qBV . These are the linear

span of:

nilpotence︷ ︸︸ ︷
δ ◦1 δ ,

associativity︷ ︸︸ ︷
µ ◦1 µ− µ ◦2 µ ,

Jacobi︷ ︸︸ ︷
3∑
i=1

(β ◦1 β)σi ,

Leibniz︷ ︸︸ ︷
β ◦1 µ+ µ ◦2 β + (µ ◦1 β)τ ,

δ ◦1 β + β ◦1 δ + β ◦2 δ, and δ ◦1 µ+ µ ◦1 δ + µ ◦2 δ︸ ︷︷ ︸
compatibilities

.

Here σ is as in Definition 3.3.3 and τ is as in Definition 3.3.4. Note that while

most of the shifted relations keep the same sign as the original relations, this is

not true for the relations involving µ and β together or µ and δ together. The

signs necessary to shift the relations coherently force the signs to change slightly
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in qBV ¡. This is convenient, as it turns most of the negative signs into positive

signs.

Because the relations are homogeneous in the number of vertices decorated

with each of µ, β, and δ, we can add additional gradings to qBV ¡, where we grade

by the number of vertices decorated by any one of these.

We will mainly be concerned with the splitting into summands qBV ¡
(k) which

have exactly k vertices decorated by δ.

Lemma 3.3.12. qBV ¡
(0) is isomorphic to Ge¡.

Proof. Ge¡ is the subcooperad of Fc(β, µ) which is the kernel of dGe. But dGe and

dqBV coincide on Fc(β, µ).

Remark. The same sort of reasoning applies to Com¡ and sLie¡; they are graded

components of qBV ¡ and of Ge¡, and there are projection maps to them.

Lemma 3.3.13. [14]. Com¡(n) is of dimension (n− 1)!

Definition 3.3.14. Let Γ denote the shifted generators of Hyc, that is,

{µn : n ≥ 2}.

Then Hyc¡(2) consists of decorated trees of the form

∑
p∈ij|k

(µn−|p|+1 ◦1 µ|p|)σp −
∑
p∈jk|i

(µn−|p|+1 ◦1 µ|p|)σp = 0.
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Theorem 3.3.15. [12]. Hyc is Koszul.

Remark. Getzler shows this by exhibiting Hyc¡(n) (rather, its linear dual) as the

shifted homology of the moduli space M0,n+1. Because the dimensions of the

homology of this space are not hard to calculate, he also obtains:

Corollary 3.3.16. The dimension of Hyc¡(n) is n!
2

.

Remark. There is a different proof of the same corollary in [11].

3.4 Presentations and distributive isomorphisms

Lemma 3.4.1. [13, 21, 9, 29]. The natural maps

qBV ¡ → qBV ¡ � qBV ¡ → N il¡ � Ge¡

and

Ge¡ → Ge¡ � Ge¡ → sLie¡ � Com¡

that come from the decomposition map and projections are isomorphisms of col-

lections. We will refer to both of these maps as ρ.

Definition 3.4.2. An element of Fc(β, µ) is a sum of decorated trees, with deco-

rations µ and β. Define a map of collections

ρ̂ : N il¡ � Fc(β, µ) → Fc(β, µ, δ)
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as follows. We will describe the image of δm � x where x has underlying tree T .

Let κ range over functions from E(T ) to N such that

∑
e∈E(T )

κ(e) = m.

Then the image of δm � x has underlying tree T ′ which is obtained from T by

inserting κ(e) vertices on each edge e. The decorations of the vertices from T

remain the same; the new bivalent vertices are decorated by κ.

Lemma 3.4.3. The restriction of ρ̂ to N il¡ � Ge¡ is the inverse to ρ : qBV ¡ →

N il¡ � Ge¡.

Proof. Consider ρρ̂(δm � x). Because ρ first decomposes and then projects, it is

zero on any tree decorated by β, δ, and µ unless all of the vertices decorated by

δ are below all of the other vertices. There is precisely one summand in the sum

defining ρ̂ which satisfies this condition. That is the summand corresponding to

κ with κ of the outgoing edge of the root equal to m and κ of every other edge

equal to zero. ρ splits this into two levels and then projects; the only way for

the projection to be nonzero is for it to split with δm as the bottom level; then

ρρ̂(δm � x) = (δm � x).

Now it is necessary to verify that ρ̂(δn � x) is in qBV ¡, which will prove that

ρ̂ = ρ−1 because Lemma 3.4.1 implies that a one-sided inverse is an inverse. To do
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this, we will postcompose with dqBV , which will give zero precisely if the image

of ρ̂ is in qBV ¡.

Consider dqBV ρ̂(δm�x). ρ̂ inserts vertices decorated by δ, and dqBV composes

pairs of adjacent vertices. The sum involved in applying dqBV includes composi-

tions involving 0, 1, and 2 vertices decorated by δ. Each of these vanishes for a

different reason.

1. The insertion of a vertex decorated with δ commutes up to sign with com-

positions that do not involve it, so inserting m vertices decorated with δ and

then contracting an edge whose vertices are decorated by µ or β is the same

as contracting the edge first and then inserting vertices decorated with δ.

But since dGe coincides with dqBV on the δ0 component of qBV ¡, and we are

starting in the kernel of dGe to begin with, this summand is zero.

2. Contracting an edge whose vertices are both decorated by δ gives a bivalent

vertex whose decoration is Σ(D ◦1 D), which is zero since D ◦1 D = 0 in

qBV .

3. Finally, consider contracting an edge between a vertex v decorated by a µ

or β and an adjacent vertex decorated by a δ. Let κ′ be a map from the

edges of T to the natural numbers so that the sum of the images adds to

m − 1. There are precisely three choices of κ with a δ adjacent to v which
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can be forgotten to yield an element whose underlying tree is T with vertices

inserted according to κ′. The sum of the three contractions with v associated

to κ′ together make up a relation of qBV . No signs are necessary because

the shifts on δ give everything the right sign.

Lemma 3.4.4. 1. The graded component sLie¡ of Ge¡ consisting of nontrivial

trees with vertices decorated only by β is isomorphic as a collection of

graded vector spaces to ΣΓ. Call the isomorphism ζ .

2. The graded component consisting of trees with precisely one vertex deco-

rated by µ is dimension
(
n
2

)
in arity n, spanned by the classes described

below.

Proof. Let Sn be the set of trivalent n-trees. Then define βn in Fc(β) ⊂ Fc(β, µ)

to be the sum of decorated trees where the trees vary over Sn and the decorations

are all β. We claim that this is closed under d� and so is in sLie¡ ⊂ Ge¡. To see

this, consider the set Ŝn of n-trees with one vertex of valence four and every other

vertex of valence three. This is the only type of tree that can be obtained from

Sn via a single edge contraction, and every tree in Ŝn is the edge contraction of

precisely three distinct trees in Sn. d�βn is a sum over Ŝn; each tree in Ŝn appears

precisely three times. The decoration on the unique 4-valent vertex varies over
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the three possible compositions of b with b in sLie, so the sum of the three is the

Jacobi relation and the composition is then zero in sLie.

The construction of βn makes it clearly Sn-invariant; its degree is 2n − 2

because it is must have n − 1 vertices to have n leaves. This is in precise corre-

spondence with Σµn ∈ ΣΓ. It remains to show that the βn exhaust sLie¡.

Suppose x is an element in sLie¡(n). Further, suppose the coefficient in x of

the decorated tree with decorations β on the underlying tree T ∈ S(n) is 1. Fix an

internal edge e of T . In d�x, the contracted tree Te with β decorating each trivalent

vertex and the appropriate coefficient of β ◦k β decorating the 4-valent vertex gets

coefficient 1 from T . For this to yield zero in the larger sum defining d�x, the two

other trees in S(n) which contract to give Te must have coefficient 1 in x (with all

vertices decorated by β, of course). Then every trivalent tree that can be obtained

from T by a sequence of moves which constitute an edge contraction followed by

the inverse image of an edge collapse of the same contraction vertex must have

the same coefficient as T in x.

On a trivalent tree, such a move takes a pair of trivalent vertices connected by

an edge v1
N→ v2 so that N(si) = N(sj) = v1 and N(sk) = v2 for some leaves

and/or vertices si, sj , and sk, and moves them around so that N(sk) = v1 and one

of si or sj is taken to v2 by N .

A standard inductive argument shows that all trivalent n-trees can be obtained
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si sj sk

v1

v2

//
//

��
��

��
��
��
��
��

//
//

sksjsi

v1

v2

��
��//

//

//
//

//
//

//

��
��

Figure 3.1: Two trivalent trees with the same edge contraction

from one another by a sequence of such moves. This shows that the coefficient of

every tree in S(n) must be the same in x, which shows it is a multiple of βn.

For the second part of the lemma, for 1 ≤ i < j ≤ n, define µijn as a sum over

the same trees. In this case, for each tree T ∈ S(n), there will be precisely one

vertex decorated by µ. In any n-tree there is a unique vertex vij with i above one

incoming edge and j above the other. That vertex is labelled by µ and all other

vertices are labelled by β. Since β is even, and there is only one vertex decorated

by µ, which is odd, again the ordering does not matter and we do not need signs.

We can make a similar argument as in the first part of the lemma to show that

µijn is closed under d�. As there, d�µijn is a sum over Ŝn, n-trees with precisely one

4-valent vertex and all other vertices trivalent. Here there are two cases, depending

on whether the 4-valent vertex has i and j above distinct incoming edges or not. If

not, then we can proceed exactly as for βn: this tree arises three times in the sum,
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corresponding to the three terms of the Jacobi identity. On the other hand, if the

4-valent vertex has i and j above distinct incoming edges, we must worry about

the order of the labels on the two trivalent vertices that were contracted together to

form that vertex in the sum. There are again three isomorphism classes of trivalent

tree which so contract; one of the three has a µ decorating the upper vertex and the

other two have µ decorating the lower vertex. The sum of these three compositions

is exactly the shifted Leibniz relation.

This shows that all of the µijn are closed under d�. To show that they are

linearly independent for different choices {i, j}, consider for a given {i, j} an

isomorphism class of tree for which the special vertex with i above one input and

j above the other has no other vertices above it, just the two leaves i and j. If this

tree occurs in the sum which defines µk`n then k must be above one input edge and

` above the other, meaning that {k, `} must be the same as {i, j}.

Finally, they form a spanning set because they are of the appropriate dimen-

sion. Lemma 3.4.1 tells us that Ge¡ is isomorphic to sLie¡�Com¡. The component

of Ge¡(n) with one µ is isomorphic to the component of sLie¡ � Com¡(n) with

one µ. This must have a sLie¡ element of arity n− 1; the first part of this lemma

shows that sLie¡(n− 1) is one dimensional, spanned by βn−1. So this component
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of Ge¡(n) is isomorphic to

βn−1 ⊗Sn−1

(µ⊗ 1⊗ · · · ⊗ 1︸ ︷︷ ︸
n−2

)⊗S2×S1×···×S1 Sn

 .
The elements of Sn−1 fixing µ on the left in this quotient are exactly Sn−2 acting

on the rightward factors. Then there are n! elements of Sn and we are quotienting

by commuting actions of Sn−2 and S2, yielding a count of n!
(n−2)!2!

=
(
n
2

)
.

We should think of these elements of sLie¡�Com¡ as having an (n−1)-corolla

from sLie¡ with a single µ from Com¡ grafted somewhere on top, with i and j the

leaves of µ.

3.4.1 Extending the isomorphisms to the differential context

Lemma 3.4.5. 1. The degree −1 map qBV ¡
(2) → qBV ¡

(1) which takes δ ◦1 µ to

β and every other decorated tree to zero can be extended to a square zero

coderivation dϕ of qBV .

2. The degree 1 map Ge¡
(1) → Ge¡

(1) given by

µ 7→ β 7→ 0

can be extended to a square zero coderivation dCE of Ge¡, and

3. ρ respects these differentials so that it is an S-equivariant isomorphism of

chain complexes between (qBV ¡, dϕ) and (N il¡ � Ge¡, δ−1dCE).
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Proof. There is a conceptual proof of the first part in [9] relying on [30]. We prove

things by brute force. For the first two parts, we can apply Lemmas A.6.6, A.6.8,

and A.6.9. In both cases, we are considering O¡ ⊂ Fc(Ξ), and Fc(Ξ)/O¡ is co-

generated by the projection onto Fc
(2)(Ξ)/O¡

(2). Therefore, it suffices to consider

the composition O¡ → Fc(Ξ) → Fc(Ξ) → Fc(Ξ)/O¡ → Fc(2)(Ξ)/O¡(2). If this

composition is zero, then the corresponding coderivations on Fc(Ξ) descend to

the subcooperad O¡. Now, because these maps are homogeneous in terms of the

number of vertices, we have only a small set to check.

To show that dϕ is well-defined on qBV ¡, we need to check that

dϕ(qBV ¡(3)) ⊂ qBV ¡(2).

In particular, since dϕ only acts on vertex pairs decorated with δ and µ, we can

restrict our attention even further, to three cases divided up by how the third vertex

is marked. In each of these, Lemma 3.4.1 tells us the dimensions involved:

1. The component of qBV ¡(3) with vertices decorated by two δ and a µ is one

dimensional, spanned by the following six term sum:

µ

δ

δ

//
//

/

��
��
�

+

δ

µ

δ

��
��
�

//
//

+

δ

µ

δ

//
//

/

��
��

+

δ

δ

µ
��
��
�

//
//

+

δ

δ

µ
//

//
/

��
��

+
δ δ

µ
//

//

��
�� .
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dϕ kills the last three terms of this sum; the first three become the shifted

Leibniz relation between δ and β.

2. The component decorated by one δ and two µ. This is two dimensional,

spanned by the cyclic permutations of the following ten term sum:

µ

µ

δ

//
//

/

��
��
�

//
//

��
��
�

+

µ

δ

µ

//
//

/

��
��
�

��
��
�

//
//

−

µ

µ

δ

��
��
�

//
//

/

��
��//

//
/

−

µ

δ

µ

��
��
�

//
//

/

//
//

/

��
��

+

δ

µ

µ

��
��
�

//
//

��
��
�

//
//

+

δ

µ

µ

//
//

/

��
��

��
��
�

//
//

+

µ δ

µ

//
//

/

��
��
�

//
//

��
��

−

δ

µ

µ

//
//

/

��
��

//
//

/

��
��

−

δ

µ

µ

��
��
�

//
//

//
//

/

��
��

−
µδ

µ

��
��
�

//
//

/

��
��//

//
.

dϕ kills the last six trees, and the remaining four terms become a difference

of two shifted Leibniz relations between β and µ.
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3. The component decorated by one δ, one µ, and one β. This is three dimen-

sional, spanned by the cyclic permutations of a similar fifteen term sum.

Just as in the last examples, only the terms with δ directly below µ con-

tribute. There are three of these, and under dϕ they yield the shifted Jacobi

relation.

A similar argument shows that dCE(Ge¡(2)) ⊂ Ge¡(2). We have a good charac-

terization of Ge¡(2) as the space of shifted generators of Ge, so it is spanned by the

shifted versions of the associators, Jacobi, and the Leibniz relation. dCE takes the

associator to a sum of Leibniz relations, the Leibniz relation to Jacobi, and Jacobi

to zero.

Now, to show that ρ respects the two differentials, we shall use the characteri-

zation of ρ−1 from Lemma 3.4.3, and check that

ρdϕρ
−1(δn � x) = δn−1 � dCEx.

Recall that ρ−1 inserts n vertices decorated by δ throughout the decorated trees

whose sum constitutes x. Then dϕ acts on one of these trees along with a µ directly

above it and ρ projects back. Since ρ kills any decorated tree which has a vertex

decorated by δ above vertices decorated by β or µ, it suffices to check that this is

true on the summands of the image under ρ−1 which have all or all but one of the

vertices decorated by δ inserted along the outgoing edge of the root, and on the
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summands of dϕ which only act on the highest of these δ-decorated vertices. This

means we have a fixed δn−1 below the rest of the tree which we will not acted on

with dϕ and then the sum over possible insertions of one vertex decorated by δ in

all possible locations in the rest of the tree. In total, this means it suffices to check

this fact for δ � x.

In this case, consider a summand xT of x with underlying tree T . In ρ−1xT ,

for each edge there is a summand with a vertex decorated by δ inserted in that

edge. By Description A.6.7, dϕ acts on this sum by edge contraction; because

of the specifics of the map defining the coderivation, it can only act on the edge

immediately above the inserted vertex. Then the composition of these two maps

acts on each vertex marked by µ by first inserting δ on the outgoing edge and then

contracting the edge between them, turning the µ into a β. This is exactly the

action of dCE .

Both coderivations square to zero for strictly formal reasons, because apply-

ing, say, dCE twice acts on two distinct vertices, and acting on the two choices of

which order to act on the vertices come with opposite signs because µ is odd.

3.5 Homology of qBV ¡

Proposition 3.5.1. The homology of (Ge¡, dCE) is one dimensional, represented

by the trivial tree.
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Corollary 3.5.2. Grading qBV ¡ by the number of δs in each cooperation, its ho-

mology is isomorphic to:

H(qBV ¡)(n) =

{
one dimensional, spanned by δn : n > 0
Ge¡/ im dCE : n = 0.

Proof. By Lemmas 3.4.1 and 3.4.5, we can decompose qBV ¡ by the grading in-

duced by the number of vertices decorated by δ, and we get the following com-

mutative diagram:

· · · dϕ // qBV ¡
(n)

dϕ // · · · dϕ // qBV ¡
(1)

dϕ // qBV ¡
(0)

// 0

· · · dCE // Ge¡ dCE // · · · dCE // Ge¡ dCE // Ge¡ dCE // 0

The homology is then one dimensional by Proposition 3.5.1 everywhere except at

qBV ¡
(0), where it everything is in the kernel so it is just the quotient by the image

of dCE .

Corollary 3.5.3.

The dimension of the n-ary component of H(qBV ¡, dϕ), for n > 1, is n!
2

.

Proof. By Corollary 3.5.2, it suffices to count the dimension of Ge¡(n)/ im dCE .

Because the homology of Ge¡(n) is 0 for n > 1, this is precisely half the rank of

Ge¡(n) itself. By Lemma 3.4.1, this is the same as the rank of sLie¡ � Com¡(n).

An element of sLie¡ � Com¡ has an arity m element of sLie¡ (the space of these

is dimension one by Lemma 3.4.4), a partition of the leaf set n into m unordered
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nonempty subsets S1, . . . , Sm, and an element of Com¡(Si) for each i. The rank

of Com¡(j) is (j − 1)! by Lemma 3.3.13, so this is:

F (n) =
∑
n=tSi

m∏
i=1

(|Si| − 1)!

We prove that this sum is n! by induction. For n = 1 there is only one partition,

S1 = {1}, and the calculation yields 1. Now assume F is the factorial for integers

up to n and consider the formula defining it for n+1. In any given partition, n+1

must appear in some Si. Suppose |Si| = k. Then there are k− 1 choices of which

other elements of {1, . . . , n} are in Si. The remainder of the numbers, which are

in bijection with (n− k + 1), run over all possible partitions of n− k + 1. So the

sum for n+ 1 becomes

n!︸︷︷︸
if k=n+1

+
n∑
k=1

F (n− k + 1)

(
n

k − 1

)
(k − 1)!︸ ︷︷ ︸

rank of Com¡(k)

= n! +
n∑
k=1

(n− k + 1)!
n!

(n− k + 1)!(k − 1)!
(k − 1)! = n! + n(n!) = (n+ 1)!

Remark. Another corollary to this proposition is the well-known fact that the

Lie and commutative operads are Koszul, and that, equivalently, the Chevalley-

Eilenberg homology of the free Lie algebra is trivial.

To prove Proposition 3.5.1, we will construct an explicit contracting homo-

topy. To do this, we will need a combinatorial factor.
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Figure 3.2: A trivalent tree with the weight ω indicated at each vertex

Definition 3.5.4. Let T = (L, V,N) be a tree with rank greater than one. The

weight of the vertex v ∈ V , ω(v), is the sum over pairs of incoming edges of v

of the product of the number of leaves above the two incoming edges (see Fig-

ure 3.2).

Lemma 3.5.5. ∑
v∈V

ω(v)

depends only on the rank of T , and in fact is
(
rk T

2

)
.

Proof. Every leaf is taken to the root vertex by some power of N ; then for every

pair of leaves ` and `′, there is a first vertex which is in both the image of ` under

powers of N and the image of `′ under powers of N . This is the only vertex for

which the pair ` and `′ are above different incoming edges of the same vertex, and

so this is the only time that they contribute to the sum. Each such pair contributes
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the product 1, so the total sum is the number of such pairs, namely
(
rk T

2

)
.

Definition 3.5.6. Let x in Fc(β, µ) be a decorated tree with underlying tree T .

Choose an order of the vertices of T ; then x can be written up to a scalar as

xv1 ⊗ · · · ⊗ xvm , where each xv is either a β or a µ. As usual, two orders on

the tensor product are equivalent up to the sign induced by the permutation of the

vertices decorated by µ (which are odd). Let εi be (−1)|xvi |, and let h act on the

vector space spanned by β and µ by taking β to µ and µ to zero.

We define a chain homotopy H of degree −1 on Fc(β, µ) by

H (xv1 ⊗ · · · ⊗ xvm) =
m∑
i=1

ε1 · · · εi−1
ω(vi)(
rk T

2

)xv1 ⊗ · · · ⊗ h(xvi
)⊗ · · · ⊗ xvm .

In words, H is the sum over all ways of changing a β to a µ, but comes with a

sign (the regular Koszul sign) and a combinatorial factor.

Lemma 3.5.7. By abuse of notation, let dCE denote the unique coderivation of

Fc(β, µ) extending the map taking µ to β and β to zero. Then dCEH+HdCE = id

on the reduced collection Fc(β, µ).

Proof. Consider a proper tree in Fc(β, µ). H acts on it by taking the signed and

weighted sum of replacing each β with a µ; dCE acts by taking the signed sum of

replacing each µ with a β. To act first with one and then with the other means that

either



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 111

1. H and dCE act on two distinct vertices of the tree, or

2. they act on the same vertex, changing it first from β to µ or vice versa and

then back, ending up with the same tree, possibly with a sign and combina-

torial factor.

The first type come in pairs, one from dCEH and one from HdCE , with the same

combinatorial factors. They have the opposite sign, because the sign conventions

for H and dCE are the same, and in one of the cases, there is one more or fewer

µ than the other in a position that induces a sign. This means all of these terms

cancel.

For the second type, note first of all that the induced signs from H and dCE

will be the same sign acting on whichever vertex we have chosen, and every vertex

will be acted on by precisely one of HdCE and dCEH nontrivially, depending on

whether it begins decorated by β or µ, so the final result of so acting will be the

sum over all vertices of T = (L, V,N):

∑
v∈V

ω(v)(
rk T

2

)xv1 ⊗ · · · ⊗ xvn .

By Lemma 3.5.5, the sum of the coefficients over all of V is exactly one, which

yields the desired result.

Lemma 3.5.8. H(Ge¡) ⊂ Ge¡.
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Proof of Proposition 3.5.1. Consider the counit map η : I → Fc(β, µ) and the

coaugmentation map I → Fc(β, µ) which takes I to the trivial tree in Fc(β, µ).

These are chain maps with respect to the zero differential on I and dCE on Fc(β, µ)

because dCE kills the trivial tree, but the trivial tree is not in the image of dCE .

H also kills the trivial tree in Fc(β, µ). Then dCEH + HdCE kills the trivial

tree but acts as the identity on its complement in Fc(β, µ). So H is a contracting

homotopy between (Fc(β, µ), dCE) and (I, 0). By Lemma 3.5.8, this is true in the

subcooperad (Ge¡, dCE) as well.

It would be nice to use something like Lemma A.6.3 or Lemma A.6.8 to prove

Lemma 3.5.8, but becauseH is neither a map of cooperads nor a coderivation, it is

not immediately clear that this approach will work. In essence, the combinatorial

factors involved in H are dependent on the global structure of the decorated tree

on which it acts, not just local structure, so we can’t directly prove the result by

looking at the local picture provided by the cogenerators. It will turn out that a

local calculation will suffice, but only after some careful analysis. Let us build a

little bit of terminology that we will only use for the proof.

Definition 3.5.9. Let S be a finite set; for convenience, let us assume that S is

ordered. Then let Λ(S) be the set of decorated trees in Fc(β, µ)(S). If λ is a

decorated tree from Λ(S), let T (λ) denote the underlying tree of λ. Every vertex
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Figure 3.3: A picture of (2µβ)

of T (λ) must be trivalent. An element λ of Λ(S) has a degree induced by the

degrees of β and µ in Fc(β, µ).

Description 3.5.10. We shall want to discuss Λ(3) in more detail. A trivalent 3-

tree must have two vertices, v and ∗, with N(v) = ∗. One of the three leaves also

shares a edge with the root; this gives us precisely three trivalent 3-trees. Then

because there are two possible decorations for each vertex, there are twelve ele-

ments of Λ(3). We will refer to them with a number indicating which leaf shares

an edge with the root and upper and lower indices indicating their decorations as

in Figure 3.3. If λ is in Λ(3), then let λ� be the decorated 3-corolla whose deco-

ration is the shifted composition of the two decorations of λ in Ge along the tree

T (λ).

Proof of Lemma 3.5.8. Recall that Ge¡ is characterized as the kernel of d� on
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Fc(β, µ). A typical element of Fc(β, µ)(S) looks like

x =
∑

λ∈Λ(S)

a(λ)λ

for structure constants a(λ). When we apply d�, this is a sum over contractions

along internal edges, with a decoration assigned by composition. Then

d�x =
∑

λ∈Λ(S)

a(λ)
∑

e∈E(T (λ))

λe

where λe is the decorated tree obtained from λ by contracting e. The decoration

on the arity 3 contraction vertex comes from Ge(3) and is induced via composition

in Ge of the decorations on the two vertices of the contraction edge.

So we can see that the image of Fc(β, µ)(S) under d� is spanned by decorated

S-trees whose underlying trees have precisely one 4-valent vertex, v, and all other

vertices trivalent and decorated by either µ or β. By cutting at all the edges of

v, we can recover four trivalent trees with vertices decorated by µ or β. The leaf

set of all four trees together is S t {v}. Together, this gives us most, but not all,

of the information about λ. That is, if T ′ is such a contracted tree, then there are

precisely three trivalent trees that could give rise to T ′ by an edge contraction.

Therefore, we can rewrite the sum according to the possibilities for a two-vertex

trivalent tree.

Let {λ0, λ1, λ2, λ3} range over decorated trees in various Λ so that the total

disjoint union of their leaf sets is S t {v}. We can assume that {v} is a leaf of λ0
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and that the other three are ordered in some way descending from the ordering of

S. Call P the set of all such sets of decorated trees.

Let λ be a decorated 3-tree. If we have a fixed p ∈ P , then λ̂ will indicate the

decorated n-tree obtained by grafting λ to λ0 along the leaf v and grafting λi to

this tree along the leaf i of λ. Then we can rewrite the above sum as:

d�x =
∑
p∈P

∑
λ∈Λ(3)

a(λ̂)λ̂�.

What this means concretely is that for this sum to be zero, it must be zero for each

p ∈ P . Since we have an enumeration of Λ(3), and know the relations of Ge, we

can say even more. Let {i, j, k} = {1, 2, 3}. Then for any fixed p we must have:

a((̂1ββ)) = a((̂2ββ)) = a((̂3ββ)) (Jacobi), (3.2)

a((̂iβµ)) = a((̂jµβ )) + a((̂kµβ)) (Leibniz), and (3.3)

a((̂1µµ)) + a((̂2µµ)) + a((̂3µµ)) = 0 (associative). (3.4)

Now let us assume that d�x = 0, so that it satisfies these conditions. We will

show that d�Hx = 0 as well. Beginning as before, we have

d�Hx =
∑

λ∈Λ(S)

a(λ)
∑

e∈E(T (λ))

(Hλ)e.

We can rewrite H as the sum of h over vertices in T (λ)We want to rewrite this

sum as we did in the analysis of d�x, in terms of a sum over P . We have two



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 116

options, depending on whether v is in one of the trees λi in our partition P , or if

it is in the tree λ ∈ Λ(3) where the contraction happens.

If v is in one of the λi, then (hvλ)e and hvλe differ only by a sign which does

not change as we change λ in a homogeneous component of Λ(3). Our assumption

that x began in ker d� implies that these terms vanish, as we are performing the

same contractions as before (yielding all zero coefficients) and then modifying

some vertex or other elsewhere in the tree.

Therefore we can disregard these terms and assume, instead, that we will sum

over h acting only on the vertices of the contraction edge. Let us apply h to such

vertices. We began with an x that satisfied the conditions 3.2–3.4. We will see

that we will end up satisfying the same conditions.

We need to apply h not to the vertices of λ ∈ Λ(3), but to λ̂ for fixed p ∈ P .

This matters because the combinatorial factors of h depend on p. So, in λ̂, let ni

be the rank of the underlying tree T (λi). For i > 0, this is the number of leaves in

λ̂ above the grafting edge of λi to the leaf i of λ. Then the if λ is the symbol (iγα)

then its lower vertex has weight ni(nj +nk) and its upper vertex has weight njnk.

Then applying h to vertices decorated with two β is as follows:

(iββ) 7→ ni(nj + nk)(i
β
µ) + njnk(i

µ
β).

So assume that we begin with a system of coefficients satisfying condition 3.2.



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 117

ni︷ ︸︸ ︷ nj︷ ︸︸ ︷ nk︷ ︸︸ ︷
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Figure 3.4: The part of λ̂ which comes from λ

Then after applying h we will get a symmetrized system of coefficients that satis-

fies condition 3.3, since ni(nj + nk) = ninj + nink.

Applying h to vertices decorated with one β and one µ takes

(iµβ) 7→ ni(nj + nk)(i
µ
µ); (iβµ) 7→ −njnk(iµµ).

We get an overall sign of −1 on the right because h must pass over the bottom

vertex, which is decorated by µ. Again, applying this to a system of coefficients

satisfying condition 3.3, we get exactly condition 3.4.

Of course, applying h to vertices decorated only with µ gives zero.

This shows, then, that H preserves the kernel of d�, as desired.

Proposition 3.2.4 now follows from the shape of H .
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Proof of Proposition 3.2.4. The formulas that define all of the higher ∞ cooper-

ations on H(qBV ¡, dϕ) involve applying a contracting homotopy for the strong

deformation retract

H(qBV ¡, dϕ)
..
(qBV ¡, dϕ).nn

We can choose for our homotopy a version ofH which also increases the δ grading

by one. Then in the image of any higher cooperation, there will be an operation

involving a δ. If we quotient by N il¡, killing all the δ, then all of these higher

operations collapse.

3.6 The explicit isomorphism

In [11], Getzler introduced the gravity operad and identified it as the kernel of the

derivation on Ge extending the map on generators defined by m 7→ b 7→ 0. Later,

he showed that the gravity operad had a dual relationship with Hyc [12]. We are

working with cooperads instead of operads, but the calculations are similar. We

have a derivation, dCE , on Ge¡, extending the map on cogenerators defined by

µ 7→ β 7→ 0; we will show that the kernel of this coderivation is isomorphic to

Hyc¡, the dual cooperad to Hyc. Many of the calculations of this section are a

translation of Getzler’s calculations into cooperadic language. Therefore, the rest

of this section will be devoted to showing that:
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Theorem 3.6.1. The cooperad Ge¡/ im dCE is isomorphic to Hyc¡.

Remark. The main theorem, theorem 3.2.3, follows directly, after a verification

that the cooperation on N il¡ splits in H(qBV ¡, dϕ).

Definition 3.6.2. Define a map ψ : qBV ¡ → Γ as follows: project to Ge¡, apply

dCE , project to sLie¡, and then identify sLie¡ with Γ via the identification of

Lemma 3.4.4. That is:

qBV ¡ // Ge¡ dCE // Ge¡ // sLie¡
Σ−1ζ // Γ.

Lemma 3.6.3. ψ is a map of collections of chain complexes from qBV ¡ to Γ.

Proof. ψ is certainly Sn-equivariant. The degree of dCE is 1 while the degree of

Σ−1 is −1, so it is degree preserving. Since Γ has no differential, to see that this

is a map of differential S-modules, we must show that the image of dϕ is killed by

ψ. But dϕ = (δ−1 � dCE) and so ψdϕ begins with a composition of dCE2, which

is zero.

Proposition 3.6.4. The induced map of differential cooperads

Fc(ψ) : (qBV ¡, dϕ) → Fc(Γ)

can be range restricted to Hyc¡ ⊂ Fc(Γ).

Lemma 3.6.5. The restriction of the induced map from H(qBV ¡, dϕ) → Hyc¡ to

Ge¡/ im dCE is injective.
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Proof of Theorem 3.6.1. Since the induced map Ge¡/ im dCE → Hyc¡ is an in-

jective map between spaces of the same finite dimension (these were calculated

in Corollaries 3.3.16 and 3.5.2), the induced map is a bijective map of cooper-

ads.

Proof of Proposition 3.6.4. For Fc(ψ) to range restrict to Hyc¡ = ker d� means

that qBV ¡ → Fc(Γ) → Fc(Γ)/Hyc¡ is zero. By Lemma A.6.3 and Lemma A.6.9,

it suffices to show that the further projection to the cogenerators is zero:

qBV ¡ // Fc(Γ) // Fc(Γ)/Hyc¡ // Fc
(2)(Γ)/Hyc¡

(2).

ψ is only nonzero on elements of qBV ¡ made up of trees with exactly one vertex

decorated by µ (and none by δ). By homogeneity arguments, only the component

of Fc(ψ) made up of decorated trees with two vertices decorated by µ lands in

Fc
(2)(Γ). For this proof, let a superscript [k] denote the total number of vertices

decorated by µ. Then we are looking at the map:

Ge¡[2] // Ge¡[1] � Ge¡ // Γ � Γ
‡ // Fc

(2)(Γ)

where the second factor in Ge¡[1] �Ge¡ has precisely one nontrivial factor. We can
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factor the first part of this map:

Ge¡[2]

dCE

��

// Ge¡[1] � Ge¡

dCE�dCE

((PPPPPPPPPPPP

Ge¡[0] � Ge¡[0]

Ge¡[1] // Ge¡[0] � Ge¡

id �dCE

66nnnnnnnnnnnn

It is necessary to verify that this pentagon commutes. Applying dCE to Ge¡[2]

and then splitting it with ∆ is the same as splitting with ∆ and then applying

id �dCE + dCE � id. Projecting the former onto Ge¡[0] � Ge¡ corresponds, in the

latter, to only considering splittings into

1. Ge¡[1] � Ge¡, acted on in the first factor by dCE � id, and

2. splittings into Ge¡[0] � Ge¡, acted on in the second factor by id �dCE .

Further composition with id �dCE kills all of the summands of the second type.

Then this total composition corresponds to first splitting into Ge¡[1] � Ge¡, then

acting by dCE � id, and finally acting by id �dCE .

Now, applying dCE to Ge¡[2] lands us in the kernel of dCE and also in Ge¡[1]. We

have a description, from Lemma 3.4.4, of Ge¡[1](n); it is spanned by µijn . From the

description of µijn , it is clear that its image under dCE is βn. Therefore, differences

µijn − µk`n span the kernel of dCE in Ge¡[1]. In fact, differences µijn − µjkn span the
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kernel, since

µijn − µk`n = (µijn − µjkn ) + (µjkn − µk`n ).

Let us now look to what happens when we split µijn , project into Ge¡[0] � Ge¡, and

then apply id �dCE . We will get zero on summands where the vertex decorated

by µ is in the lower component of the splitting. On the other components, we will

get some sort of composition βr ◦` βn−r+1; in these components, since the vertex

marked by µ had to be in the upper component of the splitting, the leaves i and j

will both share their edges with the upper vertex of the splitting. Depending on the

particulars of the tree, any other combination of leaves is possible. Then if S(ij)

varies over subsets of n containing i and j, and σij is the unshuffle corresponding

to the partition n = S(ij) t n\S(ij), then we get the total sum

∑
S(ij)

(βn−|S(ij)|+1 ◦1 β|S(ij)|)σij.

In looking at the difference between this sum and the corresponding sum for

S(jk), we see that the terms where S contains i, j, and k cancel, and so yields

precisely ∑
p∈ij|k

(βn−|p|+1 ◦1 β|p|)σp −
∑
p∈jk|i

(βn−|p|+1 ◦1 β|p|)σp.

Changing the β` to µ` completes the map into Fc(2)(Γ). Further projection to the

cogenerators kills this difference, since it is a shifted relation from Hyc.
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Proof of Lemma 3.6.5. We shall show that the following square commutes for

n > 1:

Ge¡/ im dCE

ψ∗
��

dCE // Ge¡

��
Hyc¡ // sLie¡ � Fc(µ)

dCE is injective on Ge¡/ im dCE since im dCE = ker dCE , and the map going

down the right side is an isomorphism followed by an inclusion. Therefore the

map going along the left and bottom is injective. Then at least the map going

along the left, namely ψ∗, must be injective.

Let us verify that the square commutes. We will replace Ge¡/ im dCE with Ge¡;

since the former is a quotient of the latter, the commutativity of the diagram

Ge¡

ψ

��

dCE // Ge¡

��
Hyc¡ // sLie¡ � Fc(µ)

will suffice.

Now, because µ is not in the image of dCE , we can commute the application

of dCE with the splitting map and know that dCE must act on the first factor:

Ge¡

��

dCE // Ge¡ // Ge¡ � Ge¡

��

Ge¡ � Ge¡

dCE�id

��
Ge¡ � Ge¡ // sLie¡ � Fc(µ)
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In the second factor here, we are merely projecting Ge¡ → Com¡ ⊂ Fc(µ). Equiv-

alently, we could do the following thing: we could apply dCE not as a derivation,

but on every vertex; this would kill any summand that was not entirely decorated

with µ and turn every µ to a β. Then we could use Σ−1ζ to turn every β to a µ2

and include the tree decorated by µ2 into Fc(µ).

On the other hand, let us follow the map Ge¡ → Hyc¡ → sLie¡ � Fc(µ). This

map begins by splitting x in Ge¡ into many levels and applies dCE to all of them

before turning them into µn. However, because we are eventually projecting on

the right into Fc(µ) which is the image of Fc(µ2) , the only important summands

in the splittings are those where every factor but the leftmost are just trivalent

vertices in Ge¡(1). Further, because we are applying dCE to these vertices, they

should be decorated by µ.

Then the map is given by application of dCE to each factor in the splitting,

followed by some relabelling: on the right, β becomes µ2 becomes µ and on the

left µijn becomes βn becomes µn becomes βn.

These two processes are thus the same.
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Appendix A

Operadic algebra

The purpose of this appendix is to give a concise, general, overview of the basics

of operadic algebra from the ground up. Section A.1 describes the structure in a

background category which is used to build a category of operads. This is fol-

lowed by section A.2 which deals with categorical group actions in a monoidal

category, and defines operads and cooperads. The historical thread, and more de-

tailed exposition, can be found in the references [23, 22, 19]. Section A.3 defines

trees and shows how they form an operad in the category of sets. Section A.4

describes some sufficient conditions on functors between background categories

for them to carry operads to operads. The last two sections focus on operads in the

category of chain complexes. Section A.5 recalls Koszul duality in operads and

section A.6 gives some algebraic propositions in the world of cooperads. These

propositions are dual to familiar propositions about operads and algebras, but the

“co” versions may seem quite alien. Notationally, throughout, if n is a natural
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number, the set n will refer to {1, . . . , n} (0 refers to the empty set). This should

cause no confusion.

A.1 Monoidal categories

Definition A.1.1. A monoidal category is given by the data (C, •, I, α, λ, ρ) where

1. C is a category,

2. • is a functor from C × C to C,

3. I is an object of C,

4. α is an natural isomorphism • ◦ (• × id) → • ◦ (id×•),

5. λ is a natural isomorphism • ◦ (I × id) → id, and

6. ρ is a natural isomorphism • ◦ (id×I) → id.

These must satisfy coherence axioms which serve to ensure that there is at most

one morphism between an object built out of monoidal products via compositions

of products of α, λ, ρ, and the identity.

Definition A.1.2. A monoid in a monoidal category is a triple (X, �,1) where:

1. X is an object of C,

2. The product � is a morphism X •X → X , and
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3. The unit 1 is a morphism I → X

so that the following diagrams commute:

X • (X •X)
id •�

&&NNNNNNNNNNN

(X •X) •X

α
66mmmmmmmmmmmm

�•id ((QQQQQQQQQQQQQ X •X
�
��

X •X �
// X

I •X

λ

��;
;;

;;
;;

;;
;;

;;
;;

1•id // X •X

�

��

X • I

ρ

����
��

��
��

��
��

��
�

id •1oo

X

Thus a monoid has a unital associative product defined on it.

Definition A.1.3. Dually, a comonoid in a monoidal category is a triple (X,∆, η)

where:

1. X is an object of C,

2. The coproduct ∆ is a morphism X → X •X , and

3. The counit η is a morphism X → I

so that the following diagrams commute:

X
∆ //

∆

��

X •X
id •∆

((QQQQQQQQQQQQQ

X •X

∆•id &&NNNNNNNNNNN X • (X •X)

(X •X) •X
α

66mmmmmmmmmmmm

X

∆

��

ρ−1

��;
;;

;;
;;

;;
;;

;;
;;

λ−1

����
��

��
��

��
��

��
�

I •X X •X
id •η

//
η•id
oo X • I

Thus a comonoid has a counital coassociative coproduct defined on it.
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Definition A.1.4. A distributive symmetric monoidal category is given by the data

(C, •, I,t, α, λ, ρ, π) where

1. (C, •, I, α, λ, ρ) is a monoidal category with finite limits, including

2. a choice of functorial coproduct t : C × C → C,

3. π is a natural isomorphism • → • ◦ σ where σ acts on C × C by permuting

factors, and

4. the canonical distributivity map

(A •B) t (A • C) → A • (B t C)

is an isomorphism.

These must satisfy even more coherence conditions, which serve to ensure that

there is at most one way to get between one object built out of monoidal products

and coproducts to another such object via compositions of products of α, λ, ρ, π,

σ, canonical distributivity maps (and their inverses) and the identity.

In the following examples, we will specify the data (C, •, I,t) and suppress

the natural isomorphisms. When we use • without parenthesization, we mean, for

concreteness, the parenthesization from left to right; in fact, any choice would be

uniquely isomorphic to this one via α.
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Lemma A.1.5. The following are distributive symmetric monoidal categories:

1. (Set,×, {∗},t).

2. (Top,×, {∗},t). Here Top could be any of a number of topological cat-

egories containing the singleton which is closed under finite colimits and

Cartesian products.

3. (grVectk,⊗,k0,⊕), Z-graded vector spaces over a field k of characteris-

tic zero, with tensor product and direct sum. Here k0 is the one dimensional

vector space concentrated in degree 0.

4. (Chaink,⊗,k0,⊕), Z-graded chain complexes over k.

Remark (Koszul signs). The permutation isomorphism π in graded vector spaces

and chain complexes is not x ⊗ y 7→ y ⊗ x, but rather the signed permutation

x⊗ y 7→ (−1)|x||y|y ⊗ x, where |x| and |y| denote the grading of x and y.

A.2 Groups

Definition A.2.1. Let C be a category and G a group, viewed as a category with

one element and morphisms G. A left G-module in C is a functor G → C. That

is, the data is given by an object X in C and a homomorphism from G into the

automorphism group of X . A right G-module is a left G-module over the group
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Gop; a G-H-bimodule is a left G-module over the group G×Hop. Often we will

suppress the homomorphism and refer to a G-module by the object X .

G-modules form a category whose morphisms are natural transformations.

In this context, a natural transformation between G-modules X and Y is a C-

morphism X → Y which is equivariant with respect to G.

Definition A.2.2. If C is a category with finite colimits, G is a finite group, and

X is the object of the left G-module G→ C, then the quotient X/G is the colimit

of the functor G → C. In practice, this object is a model for the quotient of X

by the action of G. It accepts a morphism X → X/G so that the compostion

X
g∗→ X → X/G is the same morphism for all g ∈ G.

Example. If C is one of the categories of Lemma A.1.5, then a G-module is a set,

space, vector space, or chain complex with a group action, and X/G is modeled

by the ordinary quotient by that group action.

Example. Let (C, •, I,t) be a distributive symmetric monoidal category. Then

X • · · · •X︸ ︷︷ ︸
n

is a left Sn-module in C. The structure morphisms are given by com-

binations of π and α that permute the factors of the monoidal product according

to the permutations of Sn.

For the rest of this section, let (C, •, I,t) be a distributive symmetric monoidal

category, and let S be a finite set.
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Definition A.2.3. Suppose S is a G-H-bimodule in the category of finite sets.

Then the object S̃ of C defined as

S̃ =
⊔
S

I

is a G-H-bimodule in C. The structure is provided by a homomorphism from

G×Hop to the automorphisms of S̃. Let g, h, and s be elements of G, H , and S,

respectively. This homomorphism takes (g, h) ∈ G × Hop to the automorphism

which takes the factor Is in the coproduct to the factor Igsh via the identity map

on I . In particular, the group G is a G-G-bimodule in the category of sets, so G̃ is

a G-G-bimodule in C.

Definition A.2.4. Let X be a right G-module and Y be a left G-module in C.

Then X • Y is a left G-module; the action is given by acting on X by g−1 and Y

by g. Define

X •G Y = (X •G Y )/G.

If X is a H-G-bimodule and Y a G-K-bimodule in C, then X •G Y is an H-K-

bimodule in C.

Example. In the categories of Lemma A.1.5, G̃ corresponds to the discrete group

G or the group algebra k[G]. The notion of •G corresponds with the ordinary

notion of the product over a group or the tensor product over the group algebra.
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Definition A.2.5. The symmetric group of S, SS , is the group of automorphisms

of S; SS is noncanonically isomorphic to S|S|. SS acts on the left by permutation

on tuples {xs}s∈S indexed by S. Let σ ∈ S|S|; then the element indexed by s in

σ{xs} is xσ−1s. In particular, Sn acts on (x1, . . . , xn) by

σ(x1, . . . , xn) = (xσ−11, . . . , xσ−1n).

Lemma A.2.6. Let S ′ be of the same order as S. The set of isomorphisms from

S ′ to S is an SS-SS′-bimodule in the category of sets. We call this bimodule

Iso(S ′, S).

Definition A.2.7. The category of collections in C, CS, has as objects collections

{X(n)}n∈N where X(n) is a right Sn-module in C. A morphism is a collection of

morphisms of Sn-modules.

Definition A.2.8. Let X = {X(n)} be a collection. Then X(S) is the quotient

X(|S|) •|S| Iso(|S|, S).

There is a similar construction on left Sn modules which is useful enough that

we will record it explicitly:

Definition A.2.9. Let X be an object of C. We define X•S as the left SS-module ˜Iso(S, |S|) •S|S| (X • · · · •X︸ ︷︷ ︸
|S|

)

 /S|S|.
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Remark. 1. X•S is noncanonically isomorphic toX•|S|. This construction thus

lets us take monoidal products over arbitrary finite sets.

2. If F : S → C is a functor, we could consider a twisted version of this

construction F •S; in this case, we quotient

⊔
σ∈Iso(|S|,S)

(Fσ1 • Fσ2 • · · · • Fσ|S|)

by a similar antidiagonal S|S| action.

Definition A.2.10. Let Pk(n) be the set of ordered partitions p = (p1, . . . , pk) of

n of length k. Define the functor � : CS × CS → CS as

(X � Y )(n) =
⊔
k≥0

X(k) •Sk

 ⊔
p∈Pk(n)

(
Y (p1) • · · · • Y (pn) •Sp1×···×Spk

S̃n
).

Let I be the object of CS with I(1) = I and I(n) = 0 otherwise.

For this definition to make sense, we need to discuss a few of the module

structures involved. The right Spi
-module structures on Y (pi) induce the right

Sp1 × · · · × Spk
-module structure on their monoidal product.

We can map p1 t · · · t pk to n bijectively. This induces an inclusion of groups

Sp1×· · ·×Spk
↪→ Sn; this inclusion gives S̃n the structure of a left Sp1×· · ·×Spk

-

module (via left multiplication).

Finally, we need to describe the left Sk-module structure. This will be built out

of constituent pieces. One is given by taking the induced map that comes from
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Sn

· · · · · · · · ·
Y (p1) Y (p2) Y (pk−1)· · ·
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Figure A.1: A picture of a summand of X � Y

Sk acting on the partition (p1, . . . , pk) by permuting its factors and on the product

Y (p1) • · · · • Y (pk) by permuting its factors in the same manner. The other is

given by using a map Sk → Sn and then acting on Sn by left multiplication. The

map is given by acting on blocks of size p1 through pk in n.

Proposition A.2.11. (CS,�, I) is a monoidal category.

Definition A.2.12. An operad O in the category C is a monoid in the monoidal

category CS. A cooperad C is a comonoid in CS.

Proposition A.2.13. The data of an operad O can be specified by giving

1. The operation objects O(n) with their right Sn-module structures,

2. The morphism 1, which is specified by a C-morphism I → O(1), and

3. Partial composition maps ◦i : O(m)•O(n) → O(m+n−1) for 1 ≤ i ≤ m
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which should satisfy well-known associativity, equivariance, and identity con-

straints [22].

In practice, we will specify these data rather than the full structure maps � and

1 of the monoid.

A.3 Trees

Trees are a useful device in understanding operads and operad compositions.

Compositions are indexed by trees and the free operad and cofree cooperad are

modelled by operads of trees. There is a lot of vivid horticultural vocabulary in-

volved in this section of the appendix, along with a few lemmas near the end made

use of in the earlier chapters.

Definition A.3.1. A rooted tree T = (L, V,N) (all trees will be rooted and the

adjective rooted will be omitted) consists of the following data:

1. Finite sets L of leaves and V of vertices.

2. A surjective trunk or successor map N : Lt V → V t {out} satisfying the

following:

(a) for every vertex v there exists a height h(v) so that Nh(v)(v) = out

(b) N−1(out) is a singleton, which will be called ∗ or the root.
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Figure A.2: Illustrations of both types of associativity relation for ◦i
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Trees with leaf set L are called L-trees.

Remark. EveryL-tree is uniquely isomorphic to anL-tree where the set of vertices

Vfixed is a subset of ℘(L)× N constructed in the following manner. Let (L, V,N)

be an L-tree. Let ṽ = (Lv, h(v)), where L(v) is the set of leaves ` ∈ L such

that Nk(`) = v for some k and h(v) is the height of v. This turns out to give a

unique pair to each vertex, and the bijection v ↔ ṽ induces a trunk map N . This

convention allows us to avoid set theory problems. Modifying a tree or changing

L may cause us to leave the universe we have constructed, but there is always a

unique representative tree of this form uniquely isomorphic to the one we have

created. Therefore, we will perform our constructions with impunity, suppressing

the isomorphisms to our representatives.

Remark. Note that surjectivity of N implies that L is nonempty. Note also that

there exist trees, called trivial trees, with one leaf and no vertices. All other trees

are called proper, and ∗ is a vertex in a proper tree. Note also that the sets L and

V can be recovered from S = Lt V and N : S → S t {out}; L are the elements

of S not in the image of N and V are the image of S with the point out removed.

Definition A.3.2. 1. An edge of a tree T is a pair (a, b) with N(a) = b. Here

a and b are elements of L t V t {out}. The set of edges of T is denoted

E(T ). If e is an edge, then in(e) = a and out(e) = b.
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2. An internal edge of a tree is an edge such that a and b are both vertices. All

other edges are external edges.

3. An incoming edge of a vertex v is an edge (a, v); the (unique) outgoing edge

is the edge (v,N(v)). The set of incoming (respectively incoming internal

or external) edges is denoted in(v) (respectively ini(v) or ine(v)). The set

of all incoming and outgoing edges of v is E(v).

4. A leaf vertex is a vertex with at least one incoming external edge, that is, a

vertex in the image of L under N . The leaf vertex of the leaf ` is N(`).

5. The rank of a tree rk(T ) is the number of vertices.

6. The arity of a tree, |T |, is the number of leaves.

7. The valence val(v) of a vertex v of a tree is |E(v)|, the number of edges

of v. The arity |v| of v is |in(v)|, the number of incoming edges of v. The

arity is always one less than the valence.

Remark. We will often draw pictures to describe trees, which will be something

like the pictures of Figure A.3.

Definition A.3.3. 1. If E = {(ae, be)} is a set of internal edges of the tree

T = (L, V,NT ) then the edge contraction is the tree TE with leaf set L,

vertex set V \{ae}, and trunk map NTE
(v) = N

k(v)
T (v) where k(v) is the
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Figure A.3: Pictoral representations of five trees, including the trivial tree, the
2-corolla, and the 5-corolla. The trunk map N is indicated by the downward flow
along line segments.

minimal positive integer such that Nk(v)
T (v) is not in {ae}. Alternatively,

the vertices can be taken to be equivalence classes of vertices of T , where

v ∼ v′ if there is a sequence of edges in E connecting them. The vertices

that are proper equivalence classes are called contraction vertices.

2. If W is a set of bivalent vertices of the tree T = (L, V,NT ) which does not

include the root, then the tree TW = (L, VW , NW ) obtained by forgetting

the vertices W is the edge contraction TE where E = {(w, T (w))} for all

w ∈ W . If W∗ = W t {∗} is a set of bivalent vertices including the root

vertex then the tree TW∗ obtained by forgetting the vertices W∗ has leaf set
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L, vertices VW\{∗}, and NW∗ = NW except that NW∗(N
−1
W (∗)) = out. If v

is a bivalent vertex, then Tv means T{v}.

Definition A.3.4. To avoid confusion, we describe three partial orders having to

do with trees. We will extensively use the first one, never use the second, and

occasionally use the third.

1. For a fixed tree (L, V,N), there is a partial order on vertices and leaves

induced by N , where v � u if Nk(v) = u for some k ≥ 0. Comparisons

for this partial order will use words like “higher,” “lower,” “above,” and

“below,” even though it is not the same as:

2. The partial order on vertices (which can be extended to leaves) induced by

the height function h, which is defined so that h(v) is the number so that

Nh(v)(v) = out.

3. For a fixed set L, there is a partial order on trees (L, V,N) given by edge

contraction. That is, (L,U,M) � (L, V,N) if there is a finite sequence of

edge contractions from (L,U,M) to (L, V,N).

Remark. Note that the order � has a least element, the vertex (or leaf) ∗. For

the third order, there is a least tree with leaf set L for � up to isomorphism,

represented by (L, ∗, L 7→ ∗ 7→ out), called the L-corolla. If |L| = 1 then this is
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only true if we ignore the trivial tree with leaf set L, which is incomparable with

all other trees.

Definition A.3.5. Let the stock and scion be trees Tstock = (Lstock, Vstock, Nstock)

and Tscion = (Lscion, Vscion, Nscion). The tree Tgraft = Tstock ‡` Tscion obtained by

grafting the scion to the stock at the leaf ` of Tstock has:

1. The leaves of Tgraft are Lstock t Lscion\{`}.

2. The vertices of Tgraft are Vstock t Vscion.

3. The trunk map of Tgraft takes the root of Tscion to Nstock(`); on every other

vertex and leaf, it is given by whichever of Nstock and Nscion is appropriate.

The edge from the root of Tscion to Nstock(`) is called the grafting edge.

Definition A.3.6. There is a cutting operation on trees. Let T = (L, V,N) be a

tree and E = {(ae, be)} be a set of edges of T such that the ae are pairwise incom-

parable under the partial order �. The stock tree Tstock = (Lstock, Vstock, Nstock)

and scion trees T escion = (Lescion, V
e
scion, N

e
scion) obtained by cutting T along E are

as follows:

1. The leaves of T escion are all the leaves above ae in T , including ae if it is a

leaf.
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2. The vertices of T escion are all the vertices above ae in T , including ae if it is

a vertex.

3. The trunk map of T escion coincides with the trunk map of T except that

Nscion(ae) = out.

and

1. The leaves of Tstock are:

Lstock = L\

(⋃
e

Lescion

)
t
⊔
e

{ae}.

The ae are called the cut leaves.

2. The vertices of Tstock are V \
⋃
V e

scion.

3. The trunk map of Tstock coincides with the trunk map of T except that

Nstock(ae) = be.

Lemma A.3.7. Grafting and cutting are basically inverse operations:

1. If T is a tree with edge (a, b), then cutting at the single edge (a, b) and

grafting the resulting scion to the resulting stock along the cut leaf yields T .

2. If Tstock and Tscion are trees, with ` a leaf of Tstock, then grafting Tscion to

Tstock along ` and then cutting along the grafting edge gives Tscion as the
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scion of the cutting and a tree T ′
stock as the stock which differs from Tstock

only in that the leaf ` has been renamed (Lscion, h(`)) by our vertex naming

conventions.

Definition A.3.8. Let T be a tree. A set of edges E = {ae, be} is called a pollard

set if

1. The ae are pairwise incomparable under �, and

2. Every leaf is above or equal to some ae under �.

Cutting allong a pollard set is called pollarding.

Definition A.3.9. The tree obtained by inserting k vertices on the edge (a, b) of

the tree T = (L, V,N) has:

1. Leaf set L

2. Vertex set V t {v1, . . . , vk}

3. Trunk map which takes a to v1, vi to vi+1, vk to b, and acts as N otherwise.

This can also be described by cutting T along (a, b), and then grafting the scion

to k copies of the 1-corolla and thence to the stock along the cut leaf.
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Definition A.3.10. Let O be an operad and T = (n, V,N) be an n-tree. Compo-

sition along T is a map ∏
v∈V

O(in(v)) → O(n)

defined by iterated compositions in a pattern governed by T .

To be precise, let M = max{h(i) : i ∈ n} be the maximum height of any

leaf of T . Let T ′ be the tree constructed by inserting M − h(i) vertices on

each leaf edge (i, N(i)). Recursively, beginning at height one, choose an order

(vk,1, . . . , vk,mk
) for the vertices of T ′ of height k. Choose this order so that a

comes before b if N(a) comes before N(b). Extend this order to the leaves of

T ′, which has been constructed so that all the leaves are at height M . This or-

der induces an isomorphism of in(v) with |in(v)|, which we can use to identify

O(in(v)) with O(|in(v)|). Now we can use the composition map � of the operad

to compute the product in O of

O(|v1,1|) •S|v1,1|

[
O(|v2,1|) • · · · • O(|v2,m2|) •S|v2,1|×···×S|v2,2|

ĩd
]
.

Recursively, we can continue up T ′, composing the resultant element of O

with the vertices of the next height, until at the leaves we finally compose with

the permutation of S̃n induced by comparing the leaves n, which have an intrinsic

ordering, to the ordering they inherit from the ordering on the vertices.

Typically, C will be a concrete category, so O(in(v)) will be a set with addi-
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tional structure. In this case, if xv ∈ O(in(v)) for v ∈ V , then the composition

of {xv} along T is the image of
∏
xv under composition along T . We call xv the

label of v in the composition.

Lemma A.3.11. Composition along T is independent of the choice of order.

Definition A.3.12. The operad of trees T in the category of sets is given by the

following data:

1. T (n) is the set of n-trees. Our vertex-naming convention makes this a set,

rather than a proper class. The right Sn-module structure is given as follows.

Let σ ∈ Sn. Then σ takes the tree (n, V,N) to the tree with leaves n, vertices

V , and trunk map N on vertices and Nσ on leaves.

2. The composition map T � T → T is given by grafting: The image of

Tk •Sk
Tp1 • · · · • Tpk

is an n-tree isomorphic to the tree formed by grafting

each of Tpi
to Tk at the leaf i. The leaves of the grafted tree are identified

with n by mapping p1 to {1, . . . , p1} in an order-preserving way, mapping

p2 to {p1 + 1, . . . , p1 + p2} in an order preserving way, and so on.

3. the image of 1 is the trivial 1-tree.

This definition respects the various quotients and products involved in �. As a

simpler alternative to the second datum, we can define just the partial composi-
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tions ◦i. Let Tm ∈ T (m), Tn ∈ T (n). Then Tm ◦i Tn is an (m + n − 1)-tree

isomorphic to Tm ‡i Tn. The leaves (m + n − 1) are associated with the leaves

of the grafted tree by identifying n with {i, . . . , i+ n− 1} and {1, . . . , î, . . . ,m}

with {1, . . . , i− 1, i+ n, . . . ,m+ n− 1} in an order preserving manner.

There is not a cooperad of trees in the category of sets, but there is a version

in the categories of graded vector spaces or chain complexes over k:

Definition A.3.13. The cooperad of trees T in the category of graded vector

spaces or chain complexes is given by the following data:

1. T(n) is the free vector space on the set of all n-trees. The right Sn-module

structure is induced by the one on T (n).

2. The decomposition map can be described in terms of the pollarding opera-

tion. Let T ∈ T(m+n−1), and letE be a pollard set of T . Cutting alongE

yields a stock tree and some number of scion trees. We make a choice to put

the scion trees in some order. For instance, we can build an order iteratively

by choosing whichever scion contains the lowest numbered remaining leaf

of (m + n − 1). Now we can refer to the scion trees as L1
scion, . . . , L

k
scion,

where k is the number of edges in E. Rename the corresponding leaves of

the stock, so that the edge j is the cut leaf corresponding to Ljscion.

Next, we can make another choice to identify the leaves of the scion tree



APPENDIX A. OPERADIC ALGEBRA 148

Ljscion with their order |T jscion|. For instance, the leaves of Ljscion are a subset

of (m+n−1) and we can map them in the unique order-preserving manner.

Build an isomorphism σE of (m + n − 1) as follows. If the leaf i of T has

been pollarded and renamed into leaf `i of the scion ji, then

σE(i) = `i +
∑
j<ji

|T jscion|.

Then we can describe one summand of ∆T as

Tstock ⊗Sk

[(
T 1

scion ⊗ · · · ⊗ T kscion

)
⊗S|T1

scion
|×···×S|Tk

scion
|
σE

]
.

We made choices of the ordering of the scion trees and the reordering of

their leaves. Having made a different choice would have led to a different

construction of σE and would give a different representative for the same

element of T � T.

Now the full decomposition map is given by summing this formula over all

pollard sets. That is, ∆(T ) is given by:

∑
E a pollard set

Tstock ⊗Sk

[(
T 1

scion ⊗ · · · ⊗ T kscion

)
⊗S|T1

scion
|×···×S|Tk

scion
|
σE

]
.

3. The counit map η is projection onto the trivial 1-tree.

Definition A.3.14. Let C be a category. A C-decorated tree is either

1. a pair (T, {Xv}) where T = (L, V,N) and Xv is a right Sin(v)-module in C

for v ∈ V .
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2. a pair (T, {Xv}) where T = (L, V,N) is a tree and Xv is a right Sine(v) ×

Sini(v)-module in C for v ∈ V .

The first type is an example of the second type, since every right SStS′ action

induces a right SS × SS′ action. In either case, T is the underlying tree of the pair.

Lemma A.3.15. Let C be a distributive symmetric monoidal category. Let S 7→

XS (or (S, S ′) 7→ XS,S′) be an assignment from finite sets to right SS-modules

(right SS × SS′-modules) in C which is functorial with respect to isomorphisms of

finite sets (or pairs of finite sets). Then decorated trees as described above can be

given an operad structure that descends from the operad structure on trees.

Proof. Let TD(n) consist of decorated n-trees as described above. For ease, we

will work with SS modules; the case for SS × SS′ modules is similar. More pre-

cisely,

TD(n) =
⊔

n-trees (n,V,N)

∏
v∈V

Xin(v).

where
∏

v∈V Xin(v) is the monoidal product over the finite set V .

We can define an Sn action on TD(n) by extending the Sn action on T (n).

Namely, if σ ∈ Sn, then σ induces an isomorphism σV of vertices (remember our

vertex naming convention) as well as leaves, and thus induces an isomorphism

σ∗ : in(v) → in(σV v). By functoriality, this induces a morphism Xin(v) →

Xin(σV v).
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Lemma A.3.16. Let C is the category of graded vector spaces or graded chain

complexes. Let S 7→ XS be an assignment as in Lemma A.3.15. Then decorated

trees as described above can be given a cooperad stucture that descends from the

cooperad structure on trees.

Proof. Just as in the previous lemma,

TD(n) =
⊕

n-trees (n,V,N)

⊗
v∈V

Xin(v).

with the same Sn action. Decomposition is by sums of pollardings, and the counit

is projection onto the trivial 1-tree.

Remark. In the category of graded vector spaces or graded chain complexes, there

are signs involved in operads and cooperads of decorated trees. Technically, they

have been dealt with by our Koszul sign rule on the permutation isomorphism and

our definition of the product over an arbitrary finite set. In practice, one often

chooses an arbitrary ordering of the vertices of a tree as a representative and then

performs explicit sign calculations using the Koszul sign rule on an ordered tensor

product.

Remark. In the linear categories, since the underlying vector spaces or chain com-

plexes of the cooperad of decorated trees are the same as those of the operad of

decorated trees, we can unambiguously refer to elements of the cooperad of dec-



APPENDIX A. OPERADIC ALGEBRA 151

orated trees in terms of the composition map and partial composition maps of the

operad of decorated trees.

Remark. Sometimes one wants to consider operad structures that modify the op-

erad structure on trees in some way, for instance by restricting the isomorphism

classes of trees allowed, weakening the functoriality of the assignment of decora-

tions, or by changing the particulars of the composition map. To specify a tree-like

operad structure on a collection whose underlying space X(n) is a coproduct of

decorated n-trees means to give a pseudo-composition map ◦Ti so that the com-

position of decorated trees with underlying trees Tm ∈ T (m) and Tn ∈ T (n)

has leaves in bijection with the leaves of Tm ‡i Tn. To define the actual operad

composition map ◦i, this should be relabeled to make it an (m+n−1)-tree by the

bijection used in T . It is assumed that the Sn action and the monoidal unit will be

as in the category TD unless otherwise specified.

A.4 Functors of operads

Definition A.4.1. A monoidal functor between two distributive symmetric monoidal

categories C and D is a pair (F, ψ), where

1. F is a functor C → D which respects finite coproducts and the monoidal

unit, and
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2. ψ is a natural transformation •D ◦ (F × F ) → F ◦ •C .

Example. Let C be the functor from Top to Chaink which assigns to a space

its singular cubical chain complex over k. That is, a space X is taken by C to,

in degree n, the free k-module on maps from the standard n-cube [0, 1]n into

X which have some dependence on the final factor. A map X → Y of spaces

composes with maps of [0, 1]n → X to give maps [0, 1]n → Y. This respects

coproducts because of basic properties of connectedness. Finally,Cm(X)⊗Cn(Y )

maps naturally into Cm+n(X × Y ) by

f ⊗ g 7→ f × g.

Example. Let H be the homology functor on chain complexes. This respects ⊕

and H(C ⊗D) ∼= H(C)⊗H(D) naturally over k.

Any functor between two distributive symmetric monoidal categories induces

a functor between their categories of collections. More is true.

Proposition A.4.2. The induced functor respects � and I.

This means that the singular cubical chain complex of a topological operad is

an operad in the category of chain complexes, and that the homology of a chain

operad is an operad in the category of graded vector spaces.
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A.5 Resolutions and Koszul duality

Koszul duality is a method for getting relatively small resolutions of “nice enough”

operads. References for this section include [14, 13, 8, 19]. For this section and

the next, let C be the category of chain complexes over k.

Definition A.5.1. An augmentation of an operadO in C is a splitting η : O → I of

the monoidal unit 1. A coaugmentation of a cooperad C is a splitting 1 : I → C

of the counit η.

For this section and the next, unless otherwise remarked, all operads will be

augmented and all cooperads will be coaugmented, and morphisms will preserve

the augmentation or coaugmentation.

Remark. This technical condition ensures that we cannot discuss operads which

govern unital algebras of any kind. The restriction to the augmented and coaug-

mented case can be avoided [16] but assuming it streamlines the presentation.

Definition A.5.2. A pointed collection X is a collection {X(0), X(1), X(2), . . .}

equipped with the usual Sn action on Xn along with maps

I
1 ,,

X(1)
η

kk

so that η1 is the identity.

The reduced collection X is the kernel of η.
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Definition A.5.3. Let C be a cooperad. The reduced coproduct is

∆ = (id • id−η • id− id •η + η • η) ◦∆.

A cooperad is conilpotent if every element in it is killed by some iterated power

of ∆.

Lemma A.5.4. There is a forgetful functor U from the category of augmented op-

erads (coaugmented conilpotent cooperads) to the category of pointed collections

of graded vector spaces, which has a left adjoint F (right adjoint Fc) We will abuse

notation, using the notation O and C to refer to both operads and cooperads and

their underlying collections UO and UC.

Lemma A.5.5. Let X be a pointed collection with X(0) = 0. Then the operad

of decorated trees described in Lemma A.3.15 where the decoration on the vertex

v is X(|v|) •S|v| Iso(in(v), |v|) is a free operad on X . Similarly, the cooperad of

decorated trees from Lemma A.3.16 with the same decoration is a cofree cooperad

on X .

This lemma gives an internal grading to the free operad and cofree cooperad on

X by the rank of the underlying tree. This is clearly respected by the composition

map. So linearly,

FX =
∞⊕
n=0

F(n)X; FcX =
∞⊕
n=0

Fc(n)X.
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Definition A.5.6. An operad in the category of chain complexes is called quasifree

if it is a free operad in the category of graded vector spaces after forgetting the

differential.

Definition A.5.7. Let O be an operad in the category of chain complexes. A

quasifree resolution of O is a quasifree operad O∞ with a surjective map O∞ →

O which induces an isomorphism on homology.

Remark. There is a model category structure on the category of operads in chain

complexes (with certain restrictions) so that the quasifree resolutions are cofibrant

replacements.

Let Σ denote the shift operator on chain complexes, so that (ΣV )n = Vn−1.

Proposition A.5.8. There are adjoint functors Ω (cobar, the left adjoint) and B

(bar, the right adjoint) between augmented operads and conilpotent coaugmented

cooperads. The underlying vector space of BO is FcΣO and the differential is

d = dO +d�. That is, it is the sum of a differential induced by the differential ofO

and a differential induced by the monoidal product of O. Dually, the underlying

vector space of ΩC is FΣ−1C and the differential is d = dC + d∆, the sum of

a differential induced by the differential of C and a differential induced by the

monoidal coproduct of C.
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Definition A.5.9. A cooperad C is weakly 1-connected if C(1) is concentrated in

degrees 2 and higher and C(n) is concentrated in degrees 1 and higher.

Proposition A.5.10. The bar functor on operads preserves weak equivalences of

chain complexes, that is, maps which induce an isomorphism on homology. The

cobar functor does not preserve weak equivalences in general, but it does preserve

weak equivalences between weakly 1-connected cooperads.

Remark. There are known counterexamples to this proposition in the case of co-

operads which are not weakly 1-connected.

Proposition A.5.11. Let O be an operad. The natural map induced by the ad-

junction ΩBO → O is a quasifree resolution.

Definition A.5.12. We will describe the induced differential d� on the cofree co-

operad FcΣO using the model of the cooperad of decorated trees with decorations

from ΣO. Pick a decorated tree with underlying tree T . Fix an internal edge

(a, b) of T ; then we will build a decorated tree whose underlying tree is T with

the edge (a, b) contracted. Using the various group actions and cutting operations,

we can describe T as some set of trees grafted to a tree with vertices a and b and

leaf set k, grafted to some tree below b. We can further suppose that the tree with

vertices a and b is given by grafting two corollas together along the leaf `. We

will replace the tree with vertices a and b with a k-corolla. Let the decorations on
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a and b be Σxa and Σxb; then the decoration on the new vertex of the k-corolla

is (−1)|xb|Σxb ◦` xa. All other decorations will be the same. Then d� is the map

obtained by summing this operation over every edge. The associativity of � and

the signs of Σ make d� square to zero.

other trees grafted above︷ ︸︸ ︷

︸︷︷︸
another tree grafted below

· · ·
Σxa· · ·

Σxb

??
??

??
??

??
??

?

99
99

99
99

99
99

$$
$$
$$
$$
$$

??
??

?

55
55

5

��
��

�

��
�� =⇒

same trees grafted above︷ ︸︸ ︷

︸︷︷︸
same tree grafted below

· · ·· · ·

Σ(xb ◦` xa)
??

??
??

??
??

??
?

99
99

99
99

99
99

$$
$$
$$
$$
$$

��
��
��
��
��

��
��

��
��

��
��

�

Definition A.5.13. A Koszul dual cooperad for the operad O is a map of coaug-

mented conilpotent cooperads

C
∼ // BO

which induces an isomorphism on homology.

Remark. If the grading on C and O are suitably constrained, then ΩC → ΩBO

induces an isomorphism on homology. If the composition ΩC → ΩBO → O is

surjective, this realizes ΩC as a quasifree resolution of O.

Let us highlight a particular candidate for a Koszul dual cooperad in a re-

stricted setting.
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Definition A.5.14. A (presented) quadratic operad is the quotient of a free operad

O = FX by a relation ideal (R) generated by a subspace R in F(2)X .

Definition A.5.15. Let O = FX/(R) be a quadratic operad. Then the map of

collections ΣX ↪→ ΣUO induces an inclusion of cooperads in graded vector

spaces FcΣX ↪→ FcΣUO. The range of this map is the underlying graded vector

space of BO. There is also an inclusion of collections of graded vector spaces

ker d� ↪→ BO. The naive dualO¡ toO (given the presentation (X,R)) is FcΣX∩

ker d�.

Proposition A.5.16. O¡ is a subcooperad of BO.

Lemma A.5.17. O¡(2) = Σ2R.

Proof. O¡(2) are those sums of rank two trees decorated with ΣX which when

composed along their unique internal edges using the composition of O yield

zero. So they are in the ideal (R) (up to shift), but R is the only part of (R) which

is contained in F(2)(X).

Definition A.5.18. An presented quadratic operad O is Koszul if the inclusion

(O¡, dO) → (BO, dO + d�) is a Koszul dual.

Remark. The surjectivity of the map ΩO¡ → O is automatic, so this rests only on

the inclusion O¡ → BO inducing an isomorphism on homology.



APPENDIX A. OPERADIC ALGEBRA 159

A.6 Cooperadic algebra

Here we collect several technical definitions and lemmas about cooperads that are

almost obvious in the dual category of operads. For the remainder of this section,

let C be a cooperad in the category of chain complexes. Recall that the structure

maps of a cooperad are the decomposition map ∆ and counit η.

Definition A.6.1. A C-comodule is a collection M with structure map

∆M : M → C �M � C

which satisfy the following associativity and unit constraints:

M
∆M //

∆M

��

C �M � C

∆�id �∆

��
C �M � C

id �∆M�id
// C � C �M � C � C

and

M
∆M //

(λ−1�id)◦ρ−1
NNNNNNNNNNN

&&NNNNNNNNNN

C �M � C

η�id �η

��
I �M � I

When the meaning is clear from context, we will refer to ∆M without the subscript

as ∆.
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Remark. C is a C-comodule with the decomposition map ∆, or more precisely,

(∆ � id) ◦∆. Henceforth, we will abuse the notation ∆ even further, using it to

refer to this map C → C � C � C.

Definition A.6.2. Let M be a C-comodule. A map of collections π : M → Q is

said to cogenerate M if the composition

M
∆ // C �M � C

π // C �Q� C

is injective.

Lemma A.6.3. Let D be cooperad, f a cooperad map D → C, M a C-comodule

cogenerated by Q, and g : C → M be a map of C-comodules. If πgf = 0 then

gf = 0.
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Proof. By diagram.

D
∆ //

f

��

D � D � D

��
C � D � C

��
0

��4
44

44
44

44
44

44
44

44
44

44
44

44
44

44
4

C
∆ //

g

��

C � C � C

��
M

∆
// C �M � C π

// C �Q� C

The rectangle commutes because f is a map of cooperads, the square commutes

because g is a map of comodules, and the triangle commutes by assumption. Then

the composition that runs down the left side and across the bottom is equal to zero.

By the definition of cogeneration, the composition along the bottom is injective,

so the composition down the left side is zero, as desired.

Remark. The dual of this lemma is used so often it is beneath notice; namely to

check that an ideal is killed by a map, it is enough to check that its generators are

killed.

Lemma A.6.4. Let D be a subcooperad of C. The quotient C/D has an induced

C-comodule structure.
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Proof. For x ∈ C, define ∆(x+ D) as the class in C � C/D � C of ∆(x). This

is well defined because if s ∈ D then ∆(x + s) ∈ ∆(x) + C � D � C. The

coassociativity and counit properties for C easily give coassociativity and counit

for C/D.

Definition A.6.5. A coderivation of C is an operator ∂ on the underlying collec-

tion of C which satisfies the dual Leibniz condition that the following diagram

commutes:

C
∆ //

∂

��

C � C � C

∂�id � id +

id �∂�id +

id � id �∂

��
C

∆
// C � C � C

Lemma A.6.6. Let Ξ be a collection and let Fc(Ξ) be the cofree cooperad on it.

Let ϕ be a morphism of collections UFc(Ξ) → Ξ between them. Then there exists

a unique coderivation ∂ϕ extending ϕ; that is, the following diagram commutes:

Fc(Ξ)

ϕ
$$I

IIIIIIIII

∂ϕ // Fc(Ξ)

��
Ξ

where the vertical arrow is the projection of Fc(Ξ) onto Fc(1)(Ξ) ∼= Ξ.
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Description A.6.7. If ϕ factors through the projection

Fc(Ξ) //

ϕ
%%KKKKKKKKKKK Fc(1)(Ξ)

��
Ξ

then ∂ϕ acts on ξ with underlying tree T = (n, V,N) as the sum over v ∈ V of

ξv, where ξv has the same underlying tree T and the same decorations as ξ except

the decoration on v is given by ϕ(v).

If ϕ factors through the projection

Fc(Ξ) //

ϕ
%%KKKKKKKKKKK Fc(2)(Ξ)

��
Ξ

then ∂ϕ acts on ξ with underlying tree T = (n, V,N) as a sum over the internal

edges e of T of ξe. Let us define ξe. It will have the contraction tree Te as its

underlying tree T and the same decorations as ξ except for the decoration on the

contraction vertex.

Let the contraction vertex be {a, b} where e is the edge (a, b) of T . Then there

is a rank two tree Tab given by (N−1(a)tN−1(b)\{a}, {a, b}, N∗). We can make

this a decorated tree by giving a and b their decorations from T . Then ϕ acts on

this decorated tree, and gives an element of Ξ that we choose as the decoration of

the contraction vertex {a, b}.
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In both of these cases, because we are taking graded factors out of a tree to

act on and then putting them back, we must choose a vertex ordering and use the

Koszul sign rule.

Lemma A.6.8. Let C be a subcooperad of the cofree cooperad Fc(Ξ) such that

Fc(Ξ)/C is cogenerated by π : Fc(Ξ)/C → Q. Let ∂ be a coderivation of

Fc(Ξ). Then ∂ restricts to be a coderivation of C if and only if the composition

C → Fc(Ξ)
∂→ Fc(Ξ) → Fc(Ξ)/C → Q is zero.

Proof. For this proof, let F denote Fc(Ξ). If ∂ linearly restricts to C, it automat-

ically satisfies the coderivation property. For ∂ to restrict to C, the kernel of the

map F → F/C, it is necessary and sufficient for C → F
∂→ F → F/C to be

zero. This proves one direction of the implication.

Now assume that the composition C → F
∂→ F → F/C → Q is zero. We
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can follow a slightly modified version of the diagram used in Lemma A.6.3:

C
∆ //

��

C � C � C

��
F � C � F

��

0

  A
AA

AA
AA

AA
AA

AA
AA

AA
AA

AA
AA

AA
AA

AA
A

F

��

F � F � F

��
F

��

F � F � F

��
F/C

∆
// F � F/C � F π

// F �Q� F

By assumption, the triangle commutes. If we can show the rectangle commutes,

then the composition down the left side and along the bottom is zero. The compo-

sition along the bottom is injective, so this would mean that the composition down

the left side yields zero, which would imply ∂C ⊂ C. To show commutativity of
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the rectangle, we introduce a couple more terms in the middle of it.

C
∆ //

��

C � C � C

��
F

∆

��@
@@

@@
@@

@@
@@

@@
@@

@

∂

��

F � C � F

��{{wwwwwwwwwwwwwwwwwww

F � F � F

∂�id � id +

id �∂�id +

id � id �∂
��

F � F � F

id �∂�id

��
F

∆ //

��

F � F � F

##G
GGGGGGGGGGGGGGGGG F � F � F

��
F/C

∆
// F � F/C � F

The upper pentagon commutes because C is a subcooperad of F. The middle left

quadrilateral commutes because ∂ is a coderivation. The right pentagon commutes

because C is killed by quotienting it out, and the bottom quadrilateral commutes

because the quotient is a comodule.

Lemma A.6.9. Let O = F (X)/(R) be a quadratic operad. Denote by Ξ the

shifted generators ΣX . The Fc(Ξ)-comodule Fc(Ξ)/O¡ is cogenerated by its pro-

jection onto Fc(2)(Ξ)/O¡(2).
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Proof. The comodule property and a diamond isomorphism show that the follow-

ing diagram commutes:

Fc(Ξ)

∆
��

// // Fc(Ξ)/O¡

∆
��

Fc(Ξ) � Fc(Ξ) � Fc(Ξ)

��

// Fc(Ξ) � (Fc(Ξ)/O¡) � Fc(Ξ)

��

Fc(Ξ) � Fc(2)(Ξ) � Fc(Ξ) // Fc(Ξ) � (Fc(2)(Ξ)/O¡(2)) � Fc(Ξ)

The statement of the lemma is that the vertical composition on the right is injec-

tive. Let ξ + O¡ ∈ Fc(Ξ)/O¡. Assume that the vertical composition on the right

takes ξ +O¡ to zero. Because the map across the top is surjective, ξ +O¡ can be

lifted to ξ ∈ Fc(Ξ).

There is a direct summand of Fc(Ξ) � Fc(2)(Ξ) � Fc(Ξ) in which there is

exactly one nontrivial tree of Fc(2)(Ξ). Taking the projection onto this summand

gives a picture which has many trees above, one tree below, and several trivial

trees along with one rank two tree in the middle.

many trees above︷ ︸︸ ︷

︸ ︷︷ ︸
one tree below

· · ·
· · ·

· · · · · ·
??

??
??

??
??

??
??

??

99
99

99
99

99
99

99

$$
$$
$$
$$
$$
$

??
??

??
??

55
55

55
5

��
��

��
��

��
��

��
��

�
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This is precisely the decomposition one uses to apply d�.

Conducting this further projection also commutes with quotienting by O¡(2):

Fc(Ξ) � Fc(2)(Ξ) � Fc(Ξ) //

��

Fc(Ξ) � (Fc(2)(Ξ)/O¡(2)) � Fc(Ξ)

��

Fc(Ξ) � Fc(2)(Ξ)︸ ︷︷ ︸
one nontrivial factor

�Fc(Ξ) // Fc(Ξ) � (Fc(2)(Ξ)/O¡(2))︸ ︷︷ ︸
one nontrivial factor

�Fc(Ξ)

So if ξ+O¡ is taken to zero by the vertical composition on the right in the first

diagram, then when we apply d� to ξ, every place where we apply a composition

is in O¡(2). By Lemma A.5.17, every place where we apply a composition is in

Σ2R, so composes to 0 in O. Then ξ is in the kernel of d�, which implies that ξ is

in O¡, so that ξ +O¡ is 0 in Fc(Ξ)/O¡. This shows injectivity.



Appendix B

The Deligne-Mumford
compactification

In this appendix, we recall the necessary details of the moduli spaces of n-marked

Riemann surfaces of genus zero and the Deligne-Mumford compactification of

these moduli spaces. We begin in Section B.1 with a quick review of the spaces,

viewed as sets. In Section B.2 we recall quasiconformal maps to the extent nec-

essary to define the topology on the Deligne-Mumford compactification in sec-

tion B.3. None of this material is original and the more important parts are pre-

sented without proof. The references for this appendix include [2, 4, 1, 12, 15, 7].

B.1 Riemann surfaces and their moduli

This background section is intended to fix notation and present the Deligne-Mumford

compactification of the moduli space of genus zero Riemann surfaces with marked

points as a set.

169
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Definition B.1.1. A Riemann surface is a connected Hausdorff space equipped

with an open covering of homeomorphic charts zi from open sets Ui to domains

in C so that the transition functions zi ◦ z−1
j are conformal maps where defined.

We will consider only Riemann surfaces with finitely presented fundamental

group.

Definition B.1.2. A neighborhood of a puncture in a Riemann surface Σ is a

conformal embedding φ of the standard punctured disk {z ∈ C : 0 < |z| < 1} in

Σ which cannot be completed to an embedding of the disk. Two neighborhoods

of punctures in Σ are equivalent if their intersection contains a neighborhood of a

puncture. A puncture of Σ is the equivalence class of a neighborhood of a puncture

in Σ.

Lemma B.1.3. A puncture can be uniquely filled.

Proof. To be more precise, consider a neighborhood of a puncture φ in Σ. We can

consider the topological surface made by gluing the the standard disk to Σ along

the image of φ. This surface, Σ′, is topologically independent of the representative

neighborhood we have chosen. As a set, it is the disjoint union of Σ and a point

∗. We can add a chart z∗ to the conformal charts of Σ given by taking the inverse

image of the inclusion of the disk into Σ′. Because φ was a conformal embedding,

transition functions involving this chart will be conformal.
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Definition B.1.4. Let S be a finite set. A Riemann surface with S marked points

is a Riemann surface Σ along with an injective set map from S to the punctures of

Σ. A conformal (continuous) map of S-marked Riemann surfaces is a conformal

(continuous) map of Riemann surfaces that respects the S-marking, that is, so

that for s in S, a representative of the image puncture of s contains a smaller

representative which is taken to a representative of the image puncture of s.

Definition B.1.5. A sphere with S marked points is a S-marked Riemann surface

so that when the marked punctures are filled, the resultant surface is homeomor-

phic to a sphere.

Remark. An S-marked sphere is the same thing as a Riemann surface homeomor-

phic to the sphere along with an injective set map S to it. In this point of view, a

map of S-marked spheres is a map of spheres that respects the image of S.

Remark. If S has more than two elements, then the conformal automorphism

group of the S-marked sphere is trivial.

Definition B.1.6. For a finite set S of order greater than two, the set of moduli of

S-marked spheres,M0,S , consists of conformal isomorphism classes of S-marked

spheres. We will consider M0,S to be empty for sets of order two or less.

Definition B.1.7. The operad of stable nodal spheres (in the category of sets),M,

is the operad of decorated trees in the category of sets where the decoration on a
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vertex v is M0,E(v). So precisely:

M(n) =
⊔

n-trees (n,V,N)

∏
v∈V

M0,E(v).

Definition B.1.8. For n > 2, the set of moduli of stable n-marked nodal spheres,

M0,n, is M(n− 1).

Definition B.1.9. Let x ∈ M(n) be in the summand of the disjoint union corre-

sponding to the tree T = (n, V,N). Write x as the product over v ∈ V of the

conformal classes [Σv]. A realization x̃ of x is the quotient of the topological dis-

joint union
∐

Σv by the relation that for an internal edge (a, b) of T , the marked

points on Σa and Σb corresponding to the edge (a, b) are identified. A realization

is an example of a nodal surface, and any two realizations are connected by a

unique homeomorphism which is conformal on each Σv ⊂ x̃.

Definition B.1.10. A node is a neighborhood of an identified point homeomorphic

to two standard disks glued together at the origin, with conformal embeddings of

the standard disk into each of the two disks taking the origin to the nodal point.

We will confuse M(n) with the set of isomorphism classes of realizations.

Remark. Notice that M(n) contains M0,{1,...,n+1} naturally as the set decorating

the n-corolla.
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B.2 Quasiconformal maps

This section includes the definition of a quasiconformal map and a lemma about

them. The definition is used to define the topology on the moduli space, and the

lemma is used in the proof of Proposition 2.6.4.

Definition B.2.1. [2, 4]. Let f be a continuous map of S-marked Riemann sur-

faces which has locally square integrable distributional derivatives. Then f has

partial derivatives almost everywhere. Let K > 1. We say f is K-quasiconformal

if, almost everywhere,

|fz̄| ≤
K − 1

K + 1
|fz|.

Some simple properties of quasiconformal maps are:

Lemma B.2.2. 1. If f is K-quasiconformal, and K < K ′, then f is K ′-

quasiconformal,

2. a 1-quasiconformal map is conformal and vice versa, and

3. a composition of aK-quasiconformal map with anK ′-quasiconformal map

is KK ′-quasiconformal.

Proofs can be found in, for example, [2].

Lemma B.2.3. Let |z| < ε
2+ε

.There is a (1 + ε)-quasiconformal homeomorphism

from the plane to itself which takes 0 to z and fixes the unit circle pointwise.
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Proof. It is easier to see a statement of this kind using the half-plane instead of the

disk. The map f : z 7→ (1 + ε
2
)z − ε

2
z̄ on the sphere (taking ∞ to itself) fixes the

extended real line. f takes i to (1 + ε)i and is a C1 homeomorphism. It satisfies:

∣∣∣∣fz̄fz
∣∣∣∣ =

ε
2

1 + ε
2

=
ε

2 + ε
=

(1 + ε)− 1

(1 + ε) + 1
.

This shows that f isK quasiconformal forK > 1+ε. f can obviously be extended

to the sphere as well.

So to construct the map of the lemma, we choose a conformal equivalence

of the sphere φ taking the unit circle to the extended real line and the center of

the circle to i. We apply φ, apply f , and then apply φ−1. We can choose φ

so that φ−1fφ moves 0 in any direction, that is, there is not a unique direction

corresponding to the positive imaginary direction in the upper half-plane.

Explicitly, a map on the disk is given by, for example,

z 7→ 2|z|2 + ε(|z|2 − 1) + 2z̄

2− ε(|z|2 − 1) + 2z

(with −1 7→ −1). When |z| = 1, this immediately simplifies to

2z̄ + 2

2z + 2
=
x+ 1− iy

x+ 1 + iy
=
x2 − y2 + 2x+ 1− 2i(x+ 1)y

x2 + y2 + 2x+ 1

and using the fact that x2 + y2 = 1, this is

2x2 + 2x− 2(x+ 1)iy

2 + 2x
= x+ iy.



APPENDIX B. THE DELIGNE-MUMFORD COMPACTIFICATION 175

Also, 0 is taken by this map to −ε
2+ε

. A calculation verifies that the partial deriva-

tives of the function satisfy
∣∣∣fz̄

fz

∣∣∣ = ε
2+ε

except where both partials are zero. Again,

by conjugating this map by rotations z 7→ eiθz, we can cause the point to move in

any direction, not just along the real axis.

Lemma B.2.4. Let (c1, . . . , ck) be points in the plane. Choose a number dmin

which is at most half the smallest distance between any pair ci and cj . Let δ =

dminε
(2+ε)

and let (c′1, . . . , c
′
k) be points in the plane so that |ci − c′i| < δ. Then there is

a (1 + ε)-quasiconformal map of the plane to itself fixing ∞ and taking ci to c′i.

Proof. We build this map by patching together maps modelled on the one used

in Lemma B.2.3. That is, divide the plane into the disks of radius dmin centered

at each ci (these are disjoint because dmin is small) and the complement of the

union of all these disks. The disk centered at ci is conformally equivalent to the

standard disk, and using the restriction of a map from Lemma B.2.3, we can define

a (1+ε)-quasiconformal map on the disk of radius dmin centered at ci which takes

ci to c′i and fixes the boundary of the disk pointwise. We can extend this map on

the complement of all the disks by the identity. Away from the boundary circles

(a set of measure zero), this homeomorphism is (1 + ε)-quasiconformal, so it is

(1 + ε)-quasiconformal.
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B.3 The topology of moduli space

Theorem B.3.1. The construction described below gives M0,n the structure of a

topological space, and in fact a compact manifold of real dimension 2n− 6.

Description of the topology of Theorem B.3.1. We describe a local basis of neigh-

borhoods around a decorated tree x ∈ M0,n with underlying tree T = (n, V,N),

whose vertex v ∈ V is decorated by the E(v)-marked sphere class [Σv]. Choose

a representative x̃, and a neighborhood in Σv of each marked point corresponding

to an internal edge of the tree; call the union of these neighborhoods N . Also

choose ε > 0.

Now, the neighborhood UN ,ε of x consists of points y with a realization ỹ so

that there exists a topological map ỹ → x̃ satisfying the following conditions:

1. The map respects the punctures corresponding to leaves and the root edge,

2. the preimage of the identified point corresponding to the edge (a, b) of T is

a point or a simple closed curve,

3. outside the preimage of identified points, the map is a homeomorphism, and

4. outside of the closure of N , the map is (1 + ε)-quasiconformal.

If we choose a different representative x̃′ then N is mapped uniquely to a neigh-

borhood N ′ and UN ,ε and UN ′,ε are the same set. This lets us modify this slightly
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so that these neighborhoods form a set, rather than a proper class.

Proposition B.3.2. The operad composition maps are continuous.

Proof. The partial composition maps are of the form

◦i : M(m)×M(n) →M(m+ n− 1)

and are given by relabeled grafting. Choose a point x × y in the preimage of z,

and choose a neighborhood UN ,ε of z (with realization z̃). Cutting z̃ along the

composition edge yields realizations x̃ and ỹ of x and y.

Now N contains a neighborhood of each of the marked points of decorations

of x̃ and ỹ corresponding to internal edges of their underlying trees; let the unions

of these be Nx and Ny, respectively. Then consider the product neighborhood

UNx,ε ×UNy ,ε. Take a point x′ × y′ in the neighborhood, and consider the compo-

sition z′.

The definition of the neighbohood UNx,ε guarantees a map ψx : x̃′ → x̃ satis-

fying the various conditions, but in particular taking the leaf puncture i of x̃′ to the

leaf puncture i of x̃. Similarly, there is a map ψy : ỹ′ → ỹ which taking the root

puncture of ỹ′ to the root puncture of ỹ. These two maps can be patched together

to get a map z̃′ → z̃. This map must respect all the punctures corresponding to

leaves of z because these were also leaves of x or y. An identified point could
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be in x or y, in which case its preimage is a point or simple closed curve because

it was so in x̃′ or ỹ′. It could also be the gluing point, in which case its preim-

age is the glued point of z̃′. Outside of the identified points, the map agrees with

x̃′ → x̃ and ỹ′ → ỹ so is a homeomorphism, and outside of the union of Nx,

Ny, and the gluing point, the map is (1 + ε)-quasiconformal. Then certainly it is

(1 + ε)-quasiconformal away from the larger set N .

Definition B.3.3. By abuse of notation, the genus zero Deligne-Mumford operad

M is the operad of stable nodal spheres with the topology described above.
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