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Abstract

Homotopy Batalin-Vilkovisky algebras,
trivializing circle actions,
and moduli space

by
Gabriel C. Drummond-Cole

Advisor: John Terilla

This thesis comprises two main results, one topological, one algebraic. The
topological result is that an action of the framed little disks operad and a trivial-
ization of the circle action within it determine an action of the Deligne-Mumford
compactification of the moduli space of genus zero curves. The algebraic result
is a description of the structure of minimal homotopy Batalin-Vilkovisky alge-
bras and the the theorem that in the case that the Batalin-Vilkovisky operator and
its higher homotopies are trivial, the remaining algebraic structure is a minimal
homotopy hypercommutative algebra. These results are related to one another
because the algebraic structures involved are representations of the homology of,

respectively, the framed little disks and the Deligne-Mumford compactification.
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Chapter 1

Introduction

1.1 Overview

This dissertation is an investigation of the homotopy theory of operads arising
from the moduli space of genus zero Riemann surfaces and their representations.
It comprises two principal results, one topological, one algebraic, characterizing
those representations where a particular suboperad acts trivially.

In the topological setting, the configuration space of multiple disks in the stan-
dard disk, each with a marked point on its boundary, forms a topological operad
known as the framed little disks operad. In many representations of this operad
which arise in geometry and physics, the suboperad corresponding to the configu-
ration space of just one disk, the framed little annuli, acts trivially. The first result
of this dissertation is the statement that any representation of the framed little

disks operad satisfying this triviality condition has an induced representation of
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another well-known topological operad, namely the Deligne-Mumford compacti-
fication of the moduli space of genus zero surfaces with marked points. The proof
involves simple categorical notions and combinatorics of trees. Specifically, the
Deligne-Mumford operad is proved to be weakly homotopy equivalent as a topo-
logical operad to a categorical pushout in the category of topological operads of
the framed little disks operad and a particular trivial operad along the framed little
annuli.

On the algebraic side, the second main result of this dissertation is the homotopy-
algebraic clarification and extension of a construction of Barannikov and Kont-
sevich. Their construction begins with a representation of the homology of the
framed little disks operad, called a Batalin-Vilkovisky algebra structure, on a
chain complex, which satisfies special conditions which form an example of what
might be called a homotopy trivialization, and ends with a representation of the
homology of the Deligne-Mumford operad, called a hypercommutative algebra
structure, on the homology of the chain complex. The results herein explain this
construction as follows: there is a well-understood procedure to transfer a repre-
sentation of any operad on a chain complex to a representation of the homotopy
version of that operad on its homology. So in the context of the Barannikov-
Kontsevich construction, there is a transferred homotopy Batalin-Vilkovisky al-

gebra structure on the homology of the chain complex. In the case where the
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original Batalin-Vilkovisky algebra satisfies their special conditions, this homo-
topy Batalin-Vilkovisky algebra structure induces a homotopy hypercommutative
algebra structure, which can be truncated to the hypercommutative algebra of the
original Barannikov-Kontsevich construction.

This result accomplishes three main things. First, it refines the results of
Barannikov and Kontsevich by weakening their special conditions. Second, it
brings their construction into the realm of homotopy operadic algebra, thus clar-
ifying it. Third, it generalizes the construction by allowing it to stop at the level
of the homotopy hypercommutative algebra structure, keeping data which is de-
stroyed by the truncation to the hypercommutative algebra structure. The result is
a consequence of a theorem which constructs an explicit map of operads from the
homotopy Batalin-Vilkovisky operad to the homotopy hypercommutative operad
and identifies its kernel.

This dissertation is organized into two main body chapters, one topological,
one algebraic, followed by two appendices. The first appendix gives some back-
ground on operads, trees, and related concepts, and the second is a brief primer on

the Deligne-Mumford compactification of the genus zero moduli space.
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1.2 Connections to Other Work

The work in the topological section is a rigorous presentation of one version of
an idea of Kontsevich. In lectures at Max Planck [18], he suggested that a picture
like this should be possible, that is, that a version of the Deligne-Mumford operad
would be some sort of pushout in the category of topological operads. To the
author’s knowledge, this was never described in more detail.

The motivation for the algebraic section, again, goes back to the paper of
Barannikov and Kontsevich [3] in which they studied the Dolbeaut resolution of
the exterior powers of the holomorphic tangent sheaf of a Calabi-Yau manifold.
In the paper, they described a Frobenius manifold structure on the homology of
this complex. One of the multiple ways to describe a Frobenius manifold is as a
hypercommutative algebra with a compatible metric. They viewed the Dolbeaut
complex as a differential graded Lie algebra, proved its formality, and then used a
particular choice of universal solution of the master equation to construct the hy-
percommutative structure on the homology of the Lie algebra. This construction
was accomplished “by hand” and is arguably opaque.

Barannikov and Kontsevich very briefly described their construction in gen-
eral terms. This discussion was expanded and made explicit by Manin [20]. In

particular, the algebraic structure used in the Barannikov-Kontsevich construction
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was that of a Batalin-Vilkovisky algebra satisfying several other special condi-
tions. Some of the conditions were used for the formality argument, while other,
independent conditions were used to obtain the metric. Park [26] and Terilla [28]
further generalized this construction by successively weakening the “homotopy
triviality” conditions necessary to achieve the formality and construct the special
solution of the master equation.

One way to view a universal solution of the master equation in a differential
graded Lie algebra is as at isomorphism from the transferred L, structure on its
homology (see, for example, [17]). This indicates that the Barannikov-Kontsevich
construction “belongs to” the realm of homotopy algebra, and that it should be
viewed in some way as a transfer of an algebraic structure.

The algebraic results presented here do precisely that. We identify the trans-
ferred structure on the homology of any Batalin-Vilkovisky algebra, not neces-
sarily one satisfying Barannikov and Kontsevich’s special conditions, and show
that this structure can be truncated to a hypercommutative algebra whenever the
weakest homotopy triviality conditions hold. It is clear from the algebra that one
could even construct examples where the homotopy triviality conditions did not
hold but the transferred structure had the hypercommutative truncation.

These results accomplish several useful generalizations to previous work. First,

they generalize and extend the conditions of Barannikov-Kontsevich, Manin, Park,
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and Terilla. In particular, one can transfer a Batalin-Vilkovisky algebra to its ho-
mology without any triviality conditions. This is because these results describe the
construction as an example of a transfer of structure, a captured part of homotopy
algebra. Another consequence is that the hypercommutative algebra constructed
by Barannikov and Kontsevich is a truncation of a richer homotopy hypercommu-
tative algebra structure. That is, forgetting the higher operations in the transferred
structure actually loses information. Further, because these results are part of ho-
motopy algebra, they indicate precisely how one can recover that lost information
and how it can be organized in a meaningful and coherent way.

Sergei Merkulov, motivated by the construction of Barannikov and Kontse-
vich, considered a kind of generalization of the notion of Frobenius manifold
which he called an F,, manifold [24, 25]. He showed how to obtain an F,, mani-
fold from a homotopy Gerstenhaber algebra. Batalin-Vilkovisky algebras are Ger-
stenhaber algebras with extra structure; similarly, a homotopy hypercommutative
algebra (with compatible metric) induces a special kind of F,, manifold. There-
fore, the algebraic results of this thesis can be viewed as a further refinement of
Merkulov’s work as well as that of Barannikov and Kontsevich.

The calculations in the algebraic section rely on a particular model of the ho-
motopy Batalin-Vilkovisky operad due to Gdlvez-Carrillo, Tonks, and Vallette [9].

We use their construction to calculate the minimal model for the homotopy Batalin-
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Vilkovisky operad. There is not a logical reliance on their results, because the
same calculation could be applied to a different model, but there is a psycholog-
ical reliance, because their presentation, by virtue of its parsimony, made certain
features of the algebra more apparent. There is a good discussion in Section 2.4
of that reference of the relationship of algebras over a cofibrant replacement for
the Batalin-Vilkovisky operad with various other notions of homotopy Batalin-
Vilkovisky algebra that exist in the literature.

Finally, many of the explicit calculations in the algebraic section were per-
formed by Getzler in two papers [11, 12]. He described the homotopy hypercom-
mutative operad and in so doing analyzed the behavior of a differential on the
Gerstenhaber operad. That same differential, in a twisted dual guise, is at the core

of the description of the minimal Batalin-Vilkovisky operad.



Chapter 2

Trivializing topological circle actions

2.1 Overview

The purpose of this chapter is to provide a picture, in the realm of topological oper-
ads, of the trivialization of the circle action in an representation of the framed little
disks operad. This is a topological model for the algebraic passage from Batalin-
Vilkovisky to hypercommutative algebras discussed in the next chapter. These
species of algebra are algebras over operads which are the homology groups of
topological spaces, the framed little disks operad D for Batalin-Vilkovisky and
the genus zero Deligne-Mumford compactification of the moduli space of genus
zero surfaces M for hypercommutative. The idea here is to describe the topolog-

ical operad which is the pushout of the following diagram:

A——D
|
A ooo=Dy
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Here A; is a trivial operad and A is the operad of framed annuli. This means
that whenever you have an action of the framed little disks where the annuli act
trivially (this could be called “filling in the circle action” or “triviality of the BV
operator”), you have an action of D;.

We will show, as our main theorem, that this pushout is homotopy equivalent
to M, with an inclusion map M — D, which is a map of topological operads.

Once one has this, one can apply various functors. By passing to homology
one obtains the regular passage from BV algebras to hypercommutative algebras.
However, one can apply instead the singular cubical chain functor and obtain a
different statement that contains some homotopy information. In the next chapter,
we shall take an algebraic approach to isolate all of the homotopy information and
strip out everything extraneous. It would be nice to present this pushout operad
with a cellular model which had nice compatibility with the minimal algebraic
formulae of Chapter 3.

This chapter begins in Section 2.2 with a review of the affine group of C,
which is intimately involved in the operad compositions for most of the operads
involved in this pushout, then describes, in Section 2.3, all of these operads ex-
plicitly. Sections 2.4 and 2.5 establish the pushout operad, first in the category of
sets and then in the category of spaces. Finally, Section 2.6 shows that the pushout

is homotopy equivalent to M.
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2.2 Aff C and friends

Most of the operads in this chapter can be viewed as configuration spaces of disks,
possibly of zero radius, with marked points on their boundary. The composition
laws are all similar to one another in flavor, and both the configuration spaces and
their composition laws are descended directly from the group Aff C of conformal

automorphisms of the complex plane.

Definition 2.2.1. The group Aff C is C x GL;C = C x C*, which acts on the
complex plane C by translation, dilation, and rotation.
In coordinates, if the action is taken to be rotation and dilation first, followed

by translation, then then the group action is
(c1,71) © (ca,7m2) = (c1 + 1162, 7172).

The inverse of (¢, r) is (—<, 1) and the identity is (0, 1).

Aff C can also be identified with the configuration space of a disk with a
marked point on its boundary in the plane; The element (c,r) in this presenta-
tion corresponds to the disk centered at ¢ with a marked point on its boundary at

c+ r. In this context, the composition map involves scaling a disk up or down and

rotating it. This will become clearer in a slightly more restricted setting soon.

We immediately generalize this definition to deal with both degenerate disks

of radius zero and their degenerate actions. As in Aff C, we will represent a disk
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c+r

Figure 2.1: An element of Aff C

in the plane as two points in C; the first will be the center point of the disk and
the second a radius vector to the marked point. In this general situation, we will

allow the center and radius to be any points in the complex plane.

Definition 2.2.2. 1. Let S be a finite set. The configuration space of S disks

in the plane is:
E(S) = {(cs,7s)ses € (Cx C)¥ :|cs — co| > |rs| + |re|}-
The condition ensures that every two disks in the plane are disjoint.
2. Let ® be the composition map
(CxC)x(CxC)— (CxC)

given by

(c1,71) ® (€a,1m3) = (€1 + 1162, 7172).
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In particular cases below, we will use ® to denote as well its restriction to

various subspaces of C x C, such as Aff C.
Lemma 2.2.3. © is an open map.
Proof. First, let (cag,rag) € Aff C C C x C. Then

Aff C x (CAH,TAﬁr) 9) AfCcCxC

is a homeomorphism onto its open image so an open map. Then on a product of
open sets, the image is a union of open sets, so we can conclude © is an open map
at least on Aff C x Aff C.

Now fix ¢ € C and € > 0 and let
U ={(c,r) e CxC:|c—col,|r| <€}

Such sets, for arbitrarily small choices of €, form a basis for the topology of C x C

around (cg, 0). Composing (cag, rag) € Aff C with U gives directly
(cam,rag) © UZ = Us

where § = rage and ¢ = cag + rAgCo.

Composing in the other direction gives

UL O (camsrag) = {(c+ reag, rrag) € Cx C: e —col, |r| < €}
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Reparameterizing this set by the homeomorphism (z,w) — (z — x—gw, w), we

get the open set
{(z,w) EC X C: |z —co| < e, w| < —1.
TAff

Finally, we would like to see that we get an open set by composing two neigh-

borhoods of radius zero disks. For fixed ¢; and 9, define
Vit ={(c1,7) e Cx C:|r| < 6}

Then

U = U Ve

le1—col|<e

So it suffices to show that for any ¢y, ci, €, and 6, U ® V™ is an open set. We

can write V5" as (c1, 1) © V, and then by the associativity of ®, we have
UL oVt = (U0 (e, 1) 0 V5.

We know from the previous argument that U® ® (cq, 1) is open, so we can restrict
to a basic open set inside of it. Now we have reduced the problem to verifying

that U :,6 © V7§ is open. But this set is precisely
{(e;7) eCXC:le—cyl <€,r <o}

which is open. O
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2.3 Operads of configuration spaces

The operads in this section are versions of the little disks operad described by
Boardman and Vogt [5]. Our presentation, which has useful features for our anal-

ysis, is similar to the presentation of the little disks operad used by Getzler [12].

Definition 2.3.1. The topological operad A of framed little annuli consists of the

following spaces: .A(1) is the subset of €(1) = C x C such that:
L. |r] >0,
2. ||+ |r] <1,and
3. this inequality is strict unless ¢ = 0.

A(n) is empty for n # 1. A point in the space .A(1) describes an annulus of outer
radius one and inner radius |r| centered at ¢ with a marked point on the inner
boundary circle at ¢ + r. There are also the special annuli allowed of form (0, )
with r € S*.

The composition maps o; or ¢ are just ©. In pictures, this composition is given
by scaling down the second annulus so that its outer radius is the same as the inner
radius |rq]| of the first annulus, and then gluing them together, rotating the second
annulus so that the fixed point at 1 on its boundary is mapped to ¢; + r;. The

identity is (0, 1).
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Figure 2.2: Composition in A

Remark. There is some awkwardness to the inclusion of the identity, which shall
be repeated multiple times. There are several ways to address this awkwardness,
all equivalent up to homotopy. One can deal with operads without the identity, one
can deal more generally with degenerate annuli where the two boundary circles
can intersect, or one can include the identity as a special case. We have chosen

this particular approach because it streamlines certain proofs—at the expense of
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the simplicity of some definitions, including this one.

Definition 2.3.2. The topological operad A; of trivialized annuli consists of the

following spaces: .4;(1) is the subset of €(1) such that:

L. |e|+|r] <1, and

2. this inequality is strict unless ¢ = 0.

Ay(n) is empty for n # 1.

A point in A;(1) describes an annulus of outer radius one and inner radius
|r| (which can degenerate to zero) centered at ¢ with a marked point on the inner
boundary circle at ¢ 4+ r. Composition is again ©; the space is contractible by the

homotopy H (t, (c,r)) = (tc,tr).

Definition 2.3.3. The topological operad D of framed little disks consists of the

following spaces: for n # 0, D(n) is the subset of €(n) such that:

1. 0< ’7’1",

2. leil +|ril <1, and

3. this inequality is strict unless ¢; = 0.

D(0) is empty. Note that for n > 1, the second and third condition together imply

rather that |¢;| + |r;| < 1.
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Geometrically, the ¢; correspond to the centers of disjoint little disks in the
large disk of radius one in the plane, each having radius |r;| and with a marked
point at ¢; + 7;.

The S,, action is on the factors of €(n), and the composition map o; is derived

from ©; explicitly, using the shorthand d; to refer to the pair (¢;, 7;):
(d17-"7dm> O; (dlh,dfn) = (dla'--adi—ladi @dll,,dedfn,dH_l,,dm)

So we compose ((c;, 7;)) into the factor (¢, r) by replacing (c, r) with the factors

(c,7) ® (¢i,714).

Clearly A injects into .A; and D; let us describe the pushout of these two maps.
This can be done quite concretely because of some features of these operads. We

will need a few intermediate definitions.
2.4 The pushout in sets

Definition 2.4.1. Let D and P be finite sets at least one of which is nonempty.
The root set R(D, P) is aright Sp x Sp-module in the category of sets. It is the

subset of €(D LI P) such that:
1. 0 < |rq|if rqis in a factor (¢4, r4) indexed by D,

2. r, = 01if r,, 1s in a factor indexed by P,
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Figure 2.3: Composition in D

3. |¢| + |r| <1 for every factor in the product, and

4. this inequality is strict unless ¢ = 0.

This is the configuration space of disjoint little disks indexed by the set D in the
disk centered at ¢, of radius |ry| with one marked point on the boundary circle at

cq + rq along with additional disjoint marked “disks” of radius zero at ¢, indexed
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by P.

Figure 2.4: A configuration in R({1,2,3},{4,5})

Definition 2.4.2. Let D and P be finite sets such that either D is nonempty or P
contains at least two elements. The branch set B(D, P) is aright Sp X Sp-module

in the category of sets. It is the subset of €(D U P)/ Aff C such that:

1. 0 < |rg|if rqis in a factor (cq4, 74) indexed by D, and

2. rp = 0if rp, is in a factor indexed by P.

Here, the Aff C action is on all factors of €(D L P) by left multiplication with ©.
The two conditions are stable up to the action of Aff C, so it makes sense to talk
about them as defining a subset of the quotient.

So this is the configuration space of D-indexed disjoint little disks with a

marked point on each little boundary circle and P-indexed additional disjoint



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 20

marked points in the plane up to conformal equivalence. The limitations of at
least one disk or at least two points should be viewed as a stability requirement,
so that the affine group action is free. If D is empty and P contains fewer than

two elements, let B(D, P) be the empty set.

@ .

®

Figure 2.5: A configuration in B({1,2,3},{4,5})

Definition 2.4.3. A vertex of a tree 7' = (L,V, N) is called nearly stable (see

Appendix A for the notation used for trees) if it is either:
1. the root vertex,
2. aleaf vertex, or

3. at least trivalent.

A vertex is called stable if it is at least trivalent. A vertex which is not nearly

stable is called unstable.
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A tree is called nearly stable (or stable) if it is not trivial and every vertex is

nearly stable (or stable).

Definition 2.4.4. Let 7" = (L, V, N) be a nontrivial tree. For v € V, R, denotes
R(in®(v),in'(v)); similarly, B, denotes B(in®(v),in’(v)). To make this uniform,
if v is the root of the tree, M, denotes R, ; if it is any other vertex, then M, denotes

B,. We call M, the marking of v.

Definition 2.4.5. The trivialized little disks operad D, is an operad of decorated
trees where the decorations on the vertex v of an underlying tree 1" is M,. For
now we will consider it as an operad in the category of sets; it will be topologized
in Section 2.5. We will specify a tree-like composition as part of the proof of

Proposition 2.4.6.

Remark. In words, the root vertex of a nontrivial tree is decorated by a configura-
tion space of disjoint points (corresponding to internal incoming edges) and disks
with marked point (corresponding to external incoming edges) in the complex
disk, with no equivalence relation. The other vertices are decorated by a config-
uration space of disjoint points (internal incoming edges) and disks with marked
point (external incoming edges) in the complex plane up to conformal automor-
phism. Since there is no B(D, P) for D empty and P of order less than two, we

only use nearly stable trees as underlying trees in our operad. We omit the trivial
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Figure 2.6: An element of D;(4)

tree as well; we will get the unit for our operad composition elsewhere.

The proof of the following two propositions occupies the rest of this section:

Proposition 2.4.6. D, carries a well-defined operad structure in the category of
sets which accepts operad embeddings from the operads of trivialized annuli and
framed little disks which agree on the images of the operad of framed little annuli

in each.
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Proposition 2.4.7. The trivialized little disks operad D, is the categorical pushout
of the framed little disks and the trivialized annuli along the framed little annuli
as operads in the category of sets; that is, for every operad O which fits into this

diagram there is a unique induced map from D;:

A——D

Remark. Before beginning the proof of Proposition 2.4.6, let us describe the basic
idea of the composition maps of D;. To glue a disk into a little disk in the plane
up to conformal automorphism, scale the disk and glue it in using ®. This is inde-
pendent of the conformal representative. The other vertices of the tree involved do
not change any decorations. If the resulting configuration in the plane is unstable

(a single point) then forget the corresponding vertex of the tree.

Proof of Proposition 2.4.6. We will specify a tree-like operad structure on D; (see
the remark at the end of section A.3). The operadic composition maps are not ex-
actly the grafting operation on trees, but descend from grafting by edge contrac-
tion. To be precise, let x,, € D;(m) have underlying tree T,, and let x,, € D;(n)
have underlying tree 7},. Then the underlying tree of x,, ol x,, is obtained by

first grafting 7;, to 7,, along the vertex 7, as expected, but then contracting the
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grafting edge to obtain the tree 7. If the new vertex created by contracting the
grafting edge is unstable, we will forget it. This gives the underlying tree 7" of the
composition.

Specifically, if the leaf vertex of the leaf ¢ in 7}, and the root of 7;, are both
bivalent, then the contraction vertex is bivalent. Such a vertex is unstable if it is
not the root or a leaf vertex of 7. No other vertex in the graph has its valence
changed by the grafting and contraction; nor does any other leaf or root vertex
lose its status, so after possibly forgetting this vertex, the resultant tree is in fact

nearly stable.

-,
~
-

-,
~

’

Figure 2.7: Forgetting an unstable contraction vertex

Let us describe the decorations on the vertices of the composition tree 1" =

(m-+n—1,V,N). Most of the vertices are vertices of either 7}, or T,,; these ver-
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tices will preserve their decoration up to the standard permutation of their inputs
coming from the construction of 7" out of 7}, and 7;,. Let w be the contraction
vertex of T'. It is the equivalence class of the leaf vertex of 7 in 7}, and the root of
T,,; call these two vertices p and v respectively for brevity.

Note the following characterization of the incoming edges of w:
in'(w) = in'(p) Uin'(v); in®(w) = in®(u)\{i} Uin®(v).
The following describes how to construct a decoration for w. The basic plan is to

use © to combine the decorations M, and M,, to get the decoration M,,. Here are

the options:

1. w may be unstable. In this case, 7' is obtained from T by forgetting w so we

need not supply a decoration. This is the only case where T and 7T differ.

2. w may be the root vertex of 7. For this to happen, 1 must be the root vertex
of T,,. In this case, M,, = R, and M, = R,. The incoming external edge
(7, ) of u corresponds to a factor (c, ) of the decoration of y; we can use
® to left multiply this by the decorations of R, to give us a decoration of
R, following the same pattern as in the equation defining o; in the framed

little disks operad (see Definition 2.3.3).

3. w may be any stable vertex other than the root vertex. In this case, x4 is not

the root vertex of 7},,. In this case, because ;1 and w are not the root vertices
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of their respective trees, the map will be of the form B, x R, — B,,. It
is also given by left multiplying the factor (c,r) of the decoration of u by
the decorations of R, to give a decoration in 5, but a little care must be
taken because the factor (c,r) in B, is taken only up to the Aff C action.
However, B,, is also only taken up to the Aff C action; then the associativity
of ® shows that this is independent of choice of representative. For instance,
if (z,w) € Aff C, (¢, ) is the factor of the decoration of i corresponding to

its edge (7, 1), and (¢, ") is a factor of the decoration of v, then

((zw) @ (e;r) ©(d,r) = (z,w) © ((¢,;7) © (7))

so that a different representative of the same class in B, just leads to a
different representative of the same class in B,,. This works on each factor

of the composition simultaneously.

Note that, given this composition structure, the 1-corolla decorated by (0,1) is a
unit for composition.

The composition product and the unit together suffice to define the operad
structure. We must ensure that it is associative. Composition of trees is associa-
tive. Unstable vertices are a phenomenon that occurs within trees, not near the
leaves or root, so a composition of trees is unstable at the composition vertex if

and only if it is unstable when another tree is grafted on elsewhere. Then the two
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_____

Figure 2.8: Stable composition in D;
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compositions (x o; y) o; z and x o; (y o, z) are equal if the decorations on the
various vertices are equal. But all of these decorations are images under ®, which
1s associative.

At this point, we are basically done with the proof. The space D(n) embeds
as the decorations of the n-corollas; in fact, the configuration space in D, for an
n-corolla is in canonical bijection with D(n).

Trivialized annuli of positive radius embed in the same manner as framed lit-
tle disks; annuli of radius zero embed along the unique 1-tree with two bivalent
vertices. The root vertex is decorated by a configuration of a single point in the
disk (the center of the trivial annulus) and the other vertex is decorated by a single
little disk (c,r) in the plane up to Aff C. Note that this is Aff C acting on itself
by left multiplication; then it is transitive so the quotient space is a point and the
decoration is unique.

These are set injections that agree on the annuli of positive radius. Let us see
that they are operad maps. For the framed little disks, if we compose two elements
of D, with corollas as underlying trees, we obtain a corolla as the underlying
tree of the composition. The composition map for the decoration of this new
corolla agrees exactly with that of D. This includes annuli of positive radius so all
that remains to be seen is that composition agrees when annuli of radius zero are

involved. There are three cases corresponding to the three cases above:
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1. We compose two annuli of radius zero: (¢,0) ® (¢/,0). In the trivialized
annuli this yields (¢, 0); in D, this corresponds to a grafting and edge con-
traction which has an unstable vertex that is contracted away. We obtain the
same tree. The remaining markings are (c,0) for the root and the unique

marking for the other vertex.

S

Figure 2.9: Composition of the images of (¢, 0) and (¢, 0) in D;. In each tree, the
top vertex is decorated with a configuration of one disk in the plane up to Aff C.
Every such disk is conformally equivalent to the standard disk. The bottom vertex
is decorated with a configuration of one point in the standard disk.

2. We compose a positive radius annulus with a zero radius annulus: (¢,r) ®
(c,0) = (c+rd,0). In D;, composing with an element with underlying tree

a 1-corolla will never change the underlying tree; in terms of decorations,
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we are grafting our tree onto the 1-corolla and contracting. This is a grafting
at the root vertex and so we use ® with no quotient, which yields the same

result.

3. We compose a zero radius annulus with a positive radius annulus: (¢, 0) ®
(c,7r") = (¢,0). In Dy, the trees again match up, and the decoration modifi-
cation will be along the map B, x R, — B,,. However, since w is bivalent,
B, is Aff C/ Aff C, so is just a point, so there is a unique map to it. The
decorations in the composite in D, are then the unchanged decoration (¢, 0)

on the root and the single point of B,, on the second vertex.
]
Now we begin to build the background we will need to prove Proposition 2.4.7.

Definition 2.4.8. Let 2 = ((¢1,71), ..., (¢y, 7)) be a point in D(n). The annular

image of x is the set of little disks of the form

(Couts Touws) © T © ((0,77), ..., (0,7)))

for (Cout, Tout) and (0,77) in A(1). This composes = with annuli centered at 0 on
the right and an arbitrary annulus on the left. If S is a subset of {1,...,n,out},

the annular image corresponding to S is the subset of the annular image so that
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(¢i,m;) = (0, 1) for indices not in the subset. That is, it is the composition with

annuli only at the specified leaves (and possibly the root).

Lemma 2.4.9. The image of D and the single trivial annulus (0,0) € A;(1)
generate D, under operadic composition. In particular, every element of Dy(n)
can be written as a composition of these generators along a tree T = (n,V, N)

with the following characteristics:

1. The root and leaf vertices are labeled with framed little disks,

2. iftwo vertices are adjacent in T, one is labeled with a framed little disk and

the other is decorated with (0,0), and

3. if all vertices labeled with (0,0) are forgotten, then the resultant tree is

nearly stable.

Moreover, this decomposition is unique up to annuli. That is, any two such de-
compositions have the same underlying tree. If there are two decompositions with
vertex labels x,, and vy, for v € V, then x, = (0,0) if and only if y, = (0,0); if
Xy is a label from the framed little disks, then v, is as well and x., and vy, share a
configuration in their annular images corresponding to the internal edges of the
vertex v.

On the other hand, if vy, is in the annular image of x, corresponding to the

internal edges of v for each vertex v decorated with a framed little disk configura-
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tion, then the composition of the x, along T' and vy, along 'T' is the same element

Of Dt.

Proof. For brevity, we will not distinguish between the generators and their preim-
ages in D and A,. Recall, however, that in D, the image of (0,0) is a tree with
two vertices, not just one. The bottom vertex is decorated with (0,0) and the top
one with the unique marking in B(1,0).

Consider an element x of D; with underlying tree 7. That is, = is a product
over v € V of M,. Let T” be the tree obtained by inserting a vertex on every
internal edge of 7T'; we will describe x as a composition of the generators along
T'. To do this, for each vertex in 7”7, we must supply a label from our generating
set. Each newly inserted vertex is bivalent; let these vertices be labeled with (0, 0).

The base vertex of 7" in x is decorated by an configuration {(c.,7c)}ecin(v)
from the configuration set R,. This configuration would be in D(in(v)) if all
the radii were nonzero. Replace every zero radius with an arbitrary nonzero one;
because the conditions defining 2, are open, this is possible for sufficiently small
|re|. Let the resultant element of D be the element labeling the corresponding
vertex of 1”.

For the other vertices of 7', which are decorated with configurations from B,,
perform a similar procedure. First fix a representative under the Aff C action

which is contained in the interior of the unit disk; then again replace all zero radii
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with arbitrary nonzero radii which are sufficiently small to give the label for the
corresponding vertex of 7”.

Composing 7" with the given labels, beginning upward from the root, the fol-
lowing occurs: at each step, we have a decorated tree 7. When we compose (0, 0)
on the right, whether we are composing it into a decoration from R, or B,, the
result is to shrink the corresponding radius to zero, keeping the center fixed, and
to add a bivalent vertex to the appropriate leaf of the tree 7). When composing
the unique marking in B(1, 0) on the left with an element y of D(m), this bivalent
vertex is contracted away, and the resultant contraction vertex is marked with the
class of y, included in the plane, under the Aff C action. The entirety of this com-
position, then, results in the graph 7" with the extra bivalent vertices forgotten.
Because 1" was nearly stable to begin with, there are no unstable vertices created
by the composition, and so this tree is just 7". The radii of the appropriate little
disks are zero, and every decoration is in the correct Aff C class.

This argument shows more: if y, is in the annular image of x, corresponding
to the appropriate edges, then y, and x, differ only by a choice of representative
under Aff C and choice of nonzero radii. Also, by the description of the compo-
sition it is clear that the tree 7" is determined by the underlying nearly stable tree
T.

The only thing remaining is to show uniqueness up to annuli. The vertices



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 34

decorated with (0, 0) are uniquely determined by the first and second conditions
on the decomposition; it remains to show that any two labels from the framed little
disks are equivalent up to annuli. We consider the decorations on the root vertex
and all other vertices separately.

For the purposes of this calculation, let v be a vertex of 7" and for convenience
identify the internal incoming edges with the finite set m and external incoming

edges with n. Let two possible labels for v be

(Cl7r1)7 SRR (Cm7rm>7 (d17 81)7 SRR (dny Sn)
and
(01/7 7,,1/)’ ey (Cm/v ,rm/>> (dlla Sll>7 R (dn,7 Sn/)

where (¢;, ;) and (¢;, r;’) correspond to internal incoming edges of the underlying

tree while (d;, s;) and (d;’, s;') correspond to external incoming edges.

1. Composing the decoration on the root vertex in the appropriate places with

(0,0) yields the decoration (in the first case)

(c1,0),...,(cm,0),(d1,81), .-, (dpn, Sn)

on the root of T'. For the two decorations on the root of 7" to yield the same
decoration on the root of 7', the only thing that can differ between them

is that r; and ;' need not be equal. Let p; = min{r;,r;'}. Consider the
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decoration
(c1,01)5 - (Comy Pm), (d1,81), -+, (diy Sn)-

It is in the annular image of both decorations of the root of 7" corresponding

to the appropriate edges, by the annuli (0, 2) and (0, £).

2. If the vertex v is not the root vertex, then we get a similar equation, but only

up to Aff C. That is, for some element (¢, r) of Aff C, we have

(c,7) ® ((¢1,0), ..., (cm,0), (d1,81), ..., (dn,sn))

= (c1,0),..., (e, 0),(dy,8)), ..., (dy,8,)).

If it were not for the element of Aff C, we could use the same annuli as
before. Pick a real number z such that z < 1, z < 2_1T and z < % if ¢ # 0.
Then (0, z) ® (¢,7) = (cz,72); both cz and rz are less than 1 so (cz,7z) is
an annulus; also (0, z) is an annulus. Then if we compose (cz,rz) on the

left of

((e1,71)y oy (CmsTm),s (d1,81)5 -+ (dny Sn))

and compose each factor (c;, ;) with (0, 2*) on the right, this gives the same

configuration as the composition of (0, z) on the left of

(Cllv rl,)7 R (C’m,7 /r.m/>7 (dlla 31/)7 BRI (dn/7 Sn/)
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along with the composition of each (c¢;’, ;") with (0, £) on the right. Thus

the two decorations share a common point in their annular images corre-

sponding to internal edges, as desired.
[

Proof of Proposition 2.4.7. Let x be a point in D;, which by Lemma 2.4.9 can be
written as a composition along a tree 7" of (0,0) and framed little disks. Such
a composition must be taken by an operad map to a composition; because the
induced map f : D; — O is supposed to commute with the maps D — O and
A; — O, this uniquely specifies where such a composition must be taken by
the induced map, as long as it is well defined. That is, take the point x to the
composition along 7" of the images of the appropriate points in D and the trivial
annulus (0,0) in A;.

To see that this is well-defined, recall that the decomposition is unique up to
composition of framed little disk components with annuli: composition of com-
ponents other than the root by all annuli on the left and composition of inputs to
be composed with (0, 0) by annuli centered at zero on the right. We will consider
making these two changes and show that the result in O is unchanged.

First, suppose that at some vertex other than the root, we make two different

choices of framed little disk, =, and a ® x,, where «a is an annulus. Because this
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is not the root, it will be composed in the composition with (0, 0) on the left. If by
abuse of notation we denote all the given maps into O by f, then we are comparing
£((0,0)) oy f(z,) with f((0,0)) oy f(a ® x,) Because f : D — O is a map of
operads, the latter is equal to f((0,0))o; f(a)o; f(z,); because the maps commute
over annuli, this is the same as f((0,0) oy a) o1 f(x,) = f((0,0)) o1 f(x,), as
desired.

Similarly for the other type of ambiguity,

f(xe ©(0,7)) 05 f((0,0)) = f(xv) 05 f((0,7)) 01 £((0,0))
= [(xy) 0; [((0,7) ©(0,0)) = f(xv) 0; ((0,0)).
It is necessary to verify that the induced map behaves well with respect to
composition. Consider a pair of points x and y in D,. Write them as composi-
tions of (0, 0) and framed little disks along trees 7, and 7. Consider a particular

composition z oy y. We would like to verify:

flzory) = f(x) ok fy)

One of the following situations holds. The first through fourth are different kinds
of stable composition, and are very easy to verify. The fifth case, of unstable

composition, is still straightforward.

1. T, and T, each have one vertex so that x and y are in the image of D. Then

the condition holds because f : D — O is an operad map by assumption.
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2. T, has a single bivalent vertex, so that y € D, is the image of an annulus
a, of A(1), T, has more than one vertex, and the leaf vertex of k in T, is
bivalent, labeled with an annulus a, of A(1) = D(1) C D;(1). In this case,
we have

zopy = (2o ((0,0) 01 a,)) ok ay

and
f(@)ox f(y) = f(2 o ((0,0) 01 az)) ok f(az)

for some . Because the maps f are defined in terms of the compositions
involved in this decomposition of x and D; and O are operads, these equa-
tions yield

zory =& ok ((0,0) 01 (az © ay))

and
f(z)or f(y) = f(2) o f((0,0) 01 (az © ay)).

Now let us consider f(z o y). To do so, we must write x o y as a composi-
tion as in Lemma 2.4.9. This composition is along the tree 7, with all labels
the same except that a, © a, labels the vertex previously labeled by a,. This
composition satisfies all of the conditions of the lemma and presents x oy, ;

its image under f gives the same result we got for f(x) ox f(y).

3. T} has a single bivalent vertex labeled by the annulus a,, 7, has more than
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one vertex, and the root of 7}, is bivalent and labeled by the annulus a,,. Just
as in the last case, we can write y as a, o1 (0,0) o; 9, and the composition
of x and y in D; is

(a:c ©) ay) 01 (07 0) 01 @

(k must be 1). We can decompose this as in the lemma by using the tree 7,
but changing the root label from a, to a, ® a,. The image of this decompo-

sition under f is then f(a, ® a,) o1 f((0,0)) o1 f(9).

On the other hand, f(z) oy f(y) is
flaz) o1 f(ay) 01 f((0,0)) 01 f(§) = flaz © ay) o1 £((0,0)) o1 (7).
These match up perfectly.

4. Both T, and T}, have more than one vertex, and either the leaf k of T, or the
root of 7T}, has valence greater than two, so that its label is in D but not in

D(1). Call the labels of these vertices d, and d,,. As before, we can write

for some indices 4, j, ¢, m,n depending on d, and d,. As in the previous
two examples, this indicates an easy presentation for x oy y in terms of

Lemma 2.4.9. Namely, graft 7}, to 7, along the leaf £ and then contract
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the grafting edge. All vertices are labeled with the induced label of 7} or
T, except the vertex involved in the contraction; that vertex is the image of
the leaf vertex in 77, and the root of 7,, and is labeled by the composition

d o¢ d,, of their labels in D.

As before, the same calculation can be done in O, writing f(z) and f(y) as
compositions, composing them, and then changing the order of the compo-
sition to compose f(d,) and f(d,) first; this is f(d, o, d,) since D — O is

an operad map. So both calculations give the same thing.

5. Both T}, and T}, have more than one vertex and both the leaf vertex for the
leaf k in T}, and the root of 7}, are bivalent, labeled with annuli a,, and a, of

A(1). Again, we have:

zory = (2 ok ((0,0) 01 az)) ok ((ay 01 (0,0)) 01 9)
= 201 (((0,0) 01 (a4, @ ay) 01 (0,0)) 01 9).

In this case, we cannot proceed precisely as before because the underly-
ing tree of this composition, forgetting the vertices marked by (0, 0), is not
nearly stable. To satisfy the conditions of Lemma 2.4.9, we need to con-
dense a little further. Since a, ® a, € A(1), itis also in .4;(1), so it can be

composed there and we can continue:

~

zopy =& ok (((0,0) ®a, ®a, ®(0,0)) o1 §) = Z oy ((0,0) o7 §)
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since (0,0) ® (¢,r) = (0,0).

This indicates a suitable underlying tree for the composition: graft 7;, to 7,
along the kth leaf, preserving the decorations. Then forget the two bivalent
vertices involved in the grafting: the leaf vertex of £ in 7}, and the root
vertex of 7. This leaves two adjacent vertices marked with (0, 0). Contract

the edge between them, and decorate the contracted vertex with (0,0). So

f(xory) = f(2) or (F((0,0)) o1 f(1)).

On the other hand,

f(@) or fy) = f(# 0k ((0,0) 01 az)) ox f((ay 01 (0,0)) 01 §)
= [(2) or ((£((0,0)) o1 f(az © ay) o1 f((0,0))) o1 f(9))

and by the same logic, since the map A; — O is an operad map, this is

f(@) o (£((0,0) © az © ay © (0,0)) o1 f(9))
= [(2) ox (£((0,0)) 01 f(9))

as desired.
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2.5 The pushout in spaces

Proposition 2.5.1. There are topologies on the spaces D;(n), described below,
which make D, a topological operad and the embeddings of the trivialized annuli

and the framed little disks continuous.

Proposition 2.5.2. Given these topologies, D; is the pushout in the category of
topological operads. That is, for every topological operad O which fits into this

diagram there is a unique induced map from D;:

A——D

Description of the topology of Proposition 2.5.1. We begin by describing a local
basis for the topology on D,(n), using the underlying topologies of each compo-
nent and the composition maps just defined. To begin with, we shall contain the

root set R(D, P) and branch set B(D, P) into larger ambient spaces.

Definition 2.5.3. Let D and P be finite sets, one of which is nonempty. The
augmented root space R(D, P) is a right Sp x Sp-module in the category of

spaces. It is the subset of €(D LI P) such that:

1. 0 < |rq|if rqis in a factor (¢4, r4) indexed by D,
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2. |e| + |r| < 1 for every factor in the product, and
3. this inequality is strict unless ¢ = 0.

The augmented root space contains the root set R(D, P) as the subspace with

r, = 0 for each (c,, r,) indexed by P.

Definition 2.5.4. Let D and P be finite sets such that either D is nonempty or
P has at least two elements. The augmented branch space B(D, P) is a right
Sp x Sp-module in the category of spaces. It is the subset of €(D U P)/ Aff C
such that 0 < |ry| if r4 is in a factor (cg4, 74) indexed by D.

The augmented branch space contains the branch set B(D, P) as the subspace

with r,, = 0 for each (c,, ,) indexed by P.

Remark. In both cases there are two changes: allowing the points (c,, 0) to (pos-
sibly) expand into marked disks (c,,r,), and working in the category of spaces

rather than sets.

Definition 2.5.5. For v a vertex of a tree T, let R, and B, denote, respectively,
R(in¢(v),in'(v)) and B(in(v),in’(v)), as before. Let M, denote R, if v is the

root of 1" and Bv if it is not.

Now fix a point z € Dy(n) with underlying tree 7' = (n,V, N); this is a

product over v € V' of points z, in M,. We will describe open sets containing x
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in terms of basic open sets containing x in the product space

I] .

veV

Our basic open sets will be products of open sets. So fix an open neighborhood
U, of , in M,. We will define a set map from [] U, to D,(n) mapping z to z;
we will define its image to be an open set in D;(n). When we need to refer to this
basic open set of D;(n), we will use the notation NAU

For a fixed tree T = (n,V, N), the map [][ M, — Dy(n) is given by the
following. Let y = [] 4, be a point in [] M, with underlying tree T". For a given
vertex v, the space M, isa subspace of a product indexed by the incoming edges
of v. Therefore, every internal edge of 7" appears as an index somewhere in the
product [ y,. Let Ey be the set of internal edges e of 7" so that the pair (¢, 1)
indexed by e has nonzero radius vector r.. The image of y will land in the part of
D, (n) with underlying tree T, , the edge contraction of 7" along the edges in Fj.

The decorations of a point in the image of the map will then be unchanged on
vertices not involved in any edge contraction; on other vertices, we must provide
maps from a product of M, toa single M. For each y, € B,, there is a unique
representative ¢, in the Aff C orbit of y, with ¢; = 0, c3 on the positive real line,
and the Euclidean diameter of the union of the disks of center ¢; and radius |r;| in

the plane equal to % There is a unique marking with center 0 and radius vector
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to 1 if v has only one incoming edge (which must then be external and have a
nonzero radius). We can view ¥, as a configuration in the disk, rather than the
plane. If y, € R,, then Yy 1s already a configuration in the disk; for consistency
of notation, let y, denote v, in this case. So the map from a product of MU to
M, is just iterated ® of the y, along the factors of the product specified by the
contraction edges. The associativity of © ensures that this is independent of the
order of contraction.

The point y has radius vector zero for all internal edges, so is taken to itself,

as promised. U
Lemma 2.5.6. The set {/\/;{U”}} forms the basis for a topology.

Proof of Lemma 2.5.6. To show this, it is necessary to show that the set covers
D;(n) and has the appropriate intersection property. Since x is contained in any
NP} the set covers D;(n). Now, N7 0 NV will contain V7™V so to
show that this candidate for a basis satisfies the intersection property, it suffices
to show that for any y € NP there exists a basis element /\/;}{U”} centered at y
contained therein. We use the index w instead of v to emphasize that y and = have
different underlying trees.

To see this containment property, let NP and y be as above. Then z lives in

a product over the tree " = (n, V, N) and Y lives in the product over the tree T,
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where £ is some set of internal edges of 7. We will denote T, by (n, W, N,).
For each U, € M,, consider the open subset U, specified to be those points of
U, so that factors (c, r) indexed by edges in Ey have nonzero radius. We want to
meaningfully collapse [ U, along the edges in Ej, so in order to do so, we first
prepare by getting rid of all the points where disks indexed by edges in F have 0
radius.

Now we must define open sets U,, € Mw for each w € W. Such a w is
an equivalence classes of vertices in 7', so the set U{vely---,vek} (for v; vertices of
T) corresponds to the composition of U by ® along the factors indexed by con-
traction edges. As before, we pick a unique normalized representative 7, for the
factors in B, involved in a composition. This composition is well-defined because
of the associativity of ©.

It is an easy exercise to pass from ©® being an open map on C x C (see
Lemma 2.2.3) to being an open map on the sets B(S,T) and Q(S,T); more-
over, by the rationale of the proof of that lemma, if we are talking about a subset
where certain radii are fixed at zero and all other radii are never zero, it is much
better than an open map: the image of an open set times any other set is still open.
There are easy special cases corresponding to M (D, D) where D is a singleton.

Because ® has this openness property the resultant sets U, are open, and a

point in Ny{U”} contained in the image of a point z in [[ U, is also in ./\/Q{U“},
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corresponding to the preimage of z under the identification along the edges of

Ey. ]

Proof of Proposition 2.5.1. Now that the topology is defined, it should be shown
that the structure maps of the operad are continuous. Let z be a point in the open
set N17} with underlying tree T, = (n,, Vi, N;). So z is of the form [] z,, with
the product taken over v € V.. Each z, is a product over the incoming edges e of
v of pairs (¢, 7). There is no loss of generality to assume that U, is of the form
{(c/yre") o |ce — | + |re — 1’| < €} for some uniform e > 0. This, of course,
should be taken up to Aff C around a fixed representative in the appropriate cases.
This forms a basis of the configuration spaces M,

Now pick a point y X z in the preimage of = via the operad composition map
oy; say y has underlying tree 7, = (n,, V,, N,) and T, = (n,, V., T,). We shall
show that the preimage of NP contains an open set around y x z. There are
three cases, corresponding to the three cases in the composition map. Recall that
1 denotes the leaf vertex of the leaf k in 7}, and v the denotes the root vertex of
T, while w refers to the contraction vertex in 7}, formed by the identification of p

and v in the nearly stable cases. Here are the options:

1. If the composition z = y oy z is unstable, then x4 and v are bivalent; the

vertices of T}, are all other vertices of 7}, and 7', and the edges are all edges
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not incident on either of the two omitted vertices along with an edge from

N1 (v) to Ny(p).

So in such a composition, there is a determined special edge of 7). along
which the composition and collapse has occurred. The special edge must
be internal because otherwise the composition would be stable. For fixed
T,, different 7;, and T’ yield different such edges, and every choice of an
internal edge gives rise to such a pair of trees, by cutting the tree along the
given edge and then inserting a vertex on the cut edge on both trees created

by the cut.

So if z arises from an unstable composition of y and z, then the vertices
of T}, and T’ are in correspondence with the vertices of 7}, along with two
extra vertices, ;1 and v. We will choose open sets in M, for each vertex v of
T,and T.. If visin T, take the open set U,; at the vertex . (which is not the
root by virtue of the instability of the composition) take B((k, 1), #) (which

is a point), and at the vertex v take all of R(0, (N, (v),v)).

Now let us verify that the product of open sets J\@{U”} and N0 just con-
structed lands under the composition map in NP S0 choose y € /\/’y{U”}

and 2/ € V1", We want to show that 3/ o, ' sits in N7

For v € V, let 2,/ be as follows:
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(a) if v = N(u), letz,/ =y, o 2,;

(b) otherwise, let x,” be whichever of y,’ or 2,/ is appropriate.

Then we claim that [, «,’ sits in N,;{U“} and that it is equal to y’ oy 2.
Clearly, in the second case x,’ is in U,,; we need to show that this is also true
for v = N(p). But if the factor (c,r) of yy(,) corresponding to the edge e
satisfies |c — c.| 4 |r| < € (since the original radius of this decoration in y is
zero), and if the decoration on v is (¢, ') € Aff C, then (¢,r) ® (,r') =

(c+rd,rr') and we get
et rd —cel + [rr'] < le = co| + [r|(1] + ') < Je—ee| +|r| < e

This shows that [ [ z,’ is in N;;{U”}. To see that it is the same as y’ oy 2/,
consider that the only difference is that the unique marking of p is missing
and the marking of v has been shifted to the other side of the composition.
But the marking of 4 is (up to Aff C) just (0, 1), the identity, and cannot
change the composition. A little checking of the cases where the radius of
the factor of the decoration of N(u) corresponding to the edge from p is
zero and where the radius of the decoration of v is zero verifies that this is

in fact i/’ oy, 2.

2. In both of the stable cases, the tree T}, is obtained by grafting 7, and 7

along the leaf k of 7, and then contracting the grafting edge. This yields
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the special vertex w of T}; on the other hand, for each vertex of 7', one can
obtain such 7}, T’, and k by splitting the incoming edges incident on the
vertex into two sets, the edges incident on p and those on v, the second of
which is nonempty. p has one new leaf (k) and the corresponding incoming
edge. Take the preimage under the map o, = © from M u X R, — M, of
U,; this preimage is an open set so around any point we can find a basic

open set which is a product of open sets U,, and U,,.

Keeping the open sets the same for all other vertices, the sets ./\fy{U”} and

NV are evidently open and in the preimage of NV,

Finally to finish the proof of Proposition 2.5.1, we must check that the em-
beddings of the framed little disks and trivialized annuli are continuous. For the
framed little disks, there is nothing to check; the tree describing a point in the im-
age of the framed little disks has no internal edges, so the topology on the image
of D(n) is just the subspace topology in (C x C)", just as it is in the framed little
disks. For the annuli, it must be checked that the preimage of an open set around
the image of a radius zero annulus is open in the operad of trivialized annuli. Since
such an annulus is described by a tree with one leaf and two vertices, the root *
and another vertex, say, v. there is only one internal edge e and one leaf edge. The

decoration on v is unique, so the space R, x B, is the subset of €({e}) so that
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L. |¢|+|r| <1, and
2. this inequality is strict unless ¢ = 0.

A basis for the open sets around the trivial annulus (¢, 0) in this space are formed

by the subsets
{(c+z,y) e €{e}) : e+ [+ [yl <1,]z] |yl <e}.

Fix a point (¢ + z,y) € R, x B,. If y = 0 then the corresponding point in D;(1)
is the image of the trivial annulus of radius zero centered at ¢ 4+ x; if y # 0 then
the corresponding point is the image of the annulus (¢ + z, y). Then the preimage

is precisely
{letzy) e €):|eta|+ [yl <1,z [yl < e}
which are open in the trivialized annuli. O

Proof of Proposition 2.5.2. Let O be a topological operad that accepts topological
operad maps from A, and D that agree on .A. Proposition 2.4.7 indicates that
there is a unique morphism of operads of sets from D; — O which factors both
of these maps. To prove the proposition, we must show that the induced set map
is continuous.

Lety € O and x € D, in its preimage under the induced set map. Then

x has an underlying tree 7 = (n,V, N) and can be written as a composition
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along the tree 1" obtained from by inserting a vertex on every internal edge of
T, where the new vertices are labeled by (0,0) and the old vertices are labeled
with minor modifications of the decorations of the corresponding vertices of 7',
as in Lemma 2.4.9. Call the new vertices W, so that 77 = (n,V U W, N,). The

following diagram commutes:

[T Ptin(w) x ] Adin(w)) IT ©

veV weWw veVuUW

1l 2

veVUW

!
compose along {(w,v)} compose along 7

I~

veV

compose along T’

Dy O

Let U be an open set containing y. The composition along the top and right side is
continuous by assumption, so we can come up with open sets in the preimage of
U in the product of D and .A;. Then we can push those maps down the left side of
the diagram. We will show that the composition of the first two vertical maps is a

product of open maps. Then we will have a collection of open sets U, forv € V
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containing x,,, and NY) will be contained in the preimage of y.

So what we want to show is that composing an open set in D with open sets
around (0, 0) in A; yields an open set in D;. Pick = € D(n); pick an € and take the
e-neighborhood around x and around (0, 0). Take the tree 7" formed by inserting
vertices on some of the leaf edges of the n-corolla. Replace the factors (c,r) in
x corresponding to the inserted vertices with (¢, 0); call the result . The image
of the e neighborhoods of z and (0,0) under composition along 7" contains the
neighborhood of the composition of z and (0, 0) determined by unique decorations
on the leaf vertices and the e-neighborhood of % as the decoration in R, on the root

vertex. L]
2.6 The main theorem

The main theorem of this chapter connects the pushout operad D;, topologized as

above, to the genus zero Deligne-Mumford operad, as defined in Appendix B.

Theorem 2.6.1. The constituent spaces of the genus zero Deligne-Mumford op-
erad M(n), are deformation retracts of D,(n). The inclusion maps M(n) —

D;(n) form a map of topological operads.

The proof will follow from three propositions related to a suboperad D; p,, of

the pushout operad D;. After defining D;p,;, we shall prove:
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Proposition 2.6.2. Forn > 1, D;py(n) is locally homeomorphic to R*" 4,
Proposition 2.6.3. D, ,,(n) is a deformation retract of Dy(n).

Proposition 2.6.4. There is a bijective map of topological operads:
@ DtDM — M

Proof of Theorem 2.6.1. M(n) = M+ is a manifold of dimension 2(n + 1) —
6 = 2n — 4 as well (see Appendix B). Invariance of domain says that an injective
continuous map from a space modelled locally by R?"~4 to a manifold of the same
dimension is a homeomorphism onto its image. Therefore ¢ is an isomorphism of
topological operads. This combined with Proposition 2.6.3 gives the deformation
retract. The inclusion map is a composition of operad maps, so it is an operad

map.
Definition 2.6.5. D, ,,(n) is the subspace of D;(n) characterized by the follow-
ing:

1. If n = 1, then D, p),(n) is just the identity configuration (0, 1) in Dy(1),

2. If n > 1, then every leaf vertex of the underlying tree of an element of

D;pa(n) is bivalent, and

3. If n > 1, then the root vertex of the underlying tree of an element of

D;pa(n) is bivalent, and is decorated with the fixed configuration (0, 0).



CHAPTER 2. TRIVIALIZING TOPOLOGICAL CIRCLE ACTIONS 55

Remark. 1. Note that for n > 1 there must be a root vertex, and specifying

that it is bivalent implies that it is distinct from any leaf vertices.

2. Recall that there is a unique decoration on a bivalent vertex other than the

root.

3. There is nothing special about the configuration (0,0); any fixed choice

(o, 0) would work just as well.

Lemma 2.6.6. D, p,, is a suboperad of D;.

Proof. We must prove that the composition of two elements of D, p,, is again in
D, py- If either one is the identity in D; (1), this is trivial. If neither is the iden-
tity, then the composition starts with a grafting of a bivalent root vertex (whose
incoming edge is not a leaf) to a bivalent leaf vertex (not the root) and then a con-
tracting of the intermediate edge. This necessarily gives an unstable tree; forget-
ting the unstable contraction vertex yields the underlying tree of the composition.
Its root is just the root of the first factor of the composition, decorated with the
same decoration (it was not involved in the contraction) and the leaf vertices of
the composition are all the leaf vertices of both factors except for the one involved
in the grafting. None of these vertices were involved in the contraction, and all of

them are still bivalent. Thus the composition is still in D; . Il
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Proof of Proposition 2.6.2. Letn > 1. We will provide charts near every point of
Dipm(n). Recall that there is a base of open sets of D, of the form NAT: we
will investigate their intersection with D, ,, and describe one which gives a local
embedding to R?" 4,

First consider a point x € D, p,,(n), along with such a basic open set around
it. Let us identify which points in [ [ U, correspond to points in D; ;. We must
preserve the bivalence of all root and leaf vertices, so these vertices could only be
involved in an edge contraction with another bivalent vertex. That other bivalent
vertex is either a root or leaf vertex, in which case the contraction would violate
the conditions defining D, pp,,, or it is an internal vertex, in which case the tree is
unstable, violating the conditions defining D,. Therefore, the root and leaf vertices
cannot be involved in an edge contraction. If v is a bivalent leaf vertex v, then the
radius of the factor (¢, ) corresponding to (v, N(v)) in N(v), the vertex below
this bivalent one, must be zero.

As for the root, its decoration must be precisely our fixed decoration (0, 0);
changing the center or radius will change the decoration in the image or the biva-
lence of the root in NV}

On the other hand, as long as these two restrictions are satisfied, the image
sets will all have bivalent root and leaf vertices with the specified decoration on

the root. To state this concretely, let us consider one final modification of the
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branch space B(D, P).

Definition 2.6.7. Let D and P be finite sets whose disjoint union contains at least
two elements. The Deligne-Mumford branch space B(D, P) is a right Sp x Sp-
module in the category of spaces. It is the subset of €(D U P)/ Aff C such that
rq = 0if r4 is in a factor (¢4, 74) indexed by D.

Let T' = (n,V,N) be an n-tree and let v be a vertex of V. Let D, be the
incoming edges of v from bivalent vertices; let P, be the incoming edges of v

from vertices which are not bivalent. Then let B, denote E(Dv, P,).

Remark. The Deligne Mumford branch space is not contained in the augmented
branch space B(D, P). However, because the D and P for B, differ from the
D and P used for B, and B,, the Deligne-Mumford branch space B, of a vertex

with no external edges is contained in Bv, and in fact in the branch set B,,.

With this definition and the argument that came before it, we have:

Lemma 2.6.8. Let x be in D, py(n) withn > 1, and let x have the underlying tree
(n,V, N) with decoration x,, on the vertex v € V. If v is at least trivalent, let U,
be an open set in B, containing . If v is a bivalent root vertex, let U, = {(0,0)};
if v is a bivalent leaf vertex, then let U, be the decoration space for v, which is a

point.
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Then the set

1w

veV

is an open neighborhood of x in D;p,(n) and sets of this form make up a basis
for the topology of Dypar(n).

We are still trying to prove Proposition 2.6.2. To do so, we will move back

and forth between two normalizations of the decorations of vertices in D; ;.

Definition 2.6.9. Consider the configuration ((cy,71), ... (¢, 7)) of k& > 1 dis-

joint points and/or disks in the plane. There are (different) unique elements in

Aff C which:

1. take c; to 0, ¢, to the positive real line, and take the diameter of the set of

points and disks {¢; + ¢; : ¢; < |r;|} to 1, and
2. take ¢; to 0 and c5 to 1.

Call these normalizations the R, normalization and the 1-normalization, respec-
tively. Let 7" be an n-tree; let v be a vertex of 7" which is at least trivalent. if
[[(ce,7e) (with the product taken over e € in(v)) is a configuration of disjoint
points and disks, we can induce an order on in(v) from the order of the leaves.
For example, let e; < ex if min{l € n : £ > e;} < min{l € n : £ > es}. So
we will refer to the R normalization and 1-normalization in this context without

further comment.
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The unique elements of Aff C can be given explicitly. If D is the diameter,

then they are, respectively:

_Cle—i arg(ca—c1) e—i arg(ca—c1)

( 2D ’ 2D

) and

—C1 1

Co—Cy Cy—c1
Uniqueness can be verified directly by considering the stabilizer of each condition.
Then a point x in D;py,(n) with underlying tree T = (n, V, N) can be described
uniquely by 1-normalized decorations of points only on each vertex with valence
greater than two. Let the decoration on the vertex v € V' be x,,; now consider vary-
ing its parameters in a neighborhood of z,, in B, (preserving the 1-normalization).
Forget the bivalent vertices; then D, corresponds to incoming external edges of
v and P, to incoming internal edges, as usual. So there are 2in’(v) + in®(v) — 2
complex parameters for the decoration in a neighborhood of z,, with the specified
normalization. The total number in‘(v) summed over all vertices is the number of
internal edges, which is one less than the number of vertices. The total number of

in®(v) is n. So we have a total dimension of

ZQini(v)—l—me(U)—2:n+2(v—1)—21):n—2.
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This has real dimension 2n — 4. If we pick a small enough neighborhood in
R?"=* it will be contractible and parameterize an open set of D;py,(n). For
instance, let € be the minimum Euclidean distance |¢ — ¢/| between a disjoint pair
(¢,0) and (¢, 0) in any of the 1-normalized configurations and then take the ball
of supremum radius ¢ in R**~* around the product of the decorations, keeping
the factors corresponding to leaves. That is, a factor of form (¢, 0) can vary to
(c,r) where |c — ¢yl |r| < e. If the factor corresponds to an edge coming from a
bivalent leaf vertex, then its radius stays fixed at 0.

Consider the image in D;p,,(n) of such a basic open set, or any basic open

set contained within it. It is automatically open.
Lemma 2.6.10. The map from the ball in R*"~* to D; ) (n) is injective.

This gives us a bijection between any small open set U in R?"~* around a
particular point and a corresponding open set U’ around a particular point in
Dipa(n). The lemma also indicates that the restriction of this bijection to a
smaller open set is an open set. On the other hand, any open set in U’ can be
built out of basic sets intersected with U’, whose preimages are basic sets inter-

sected with U. So this is a homeomorphism, proving the proposition. O

This same argument, with a modification of the counting, also shows that

Proposition 2.6.11. Forn > 1, D;(n) is locally homeomorphic to R*".
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Proof of Lemma 2.6.10. We want to show that a configuration in D;p;; coming
from the open e-ball in R?*~* uniquely determines the decorations on the vertices
that were identified to make it. Fix z € D;py,(n) with underlying tree 7' =
(n,V,N). Let ¥ be a point in the e-ball in R*"~* around = considered with the
parameterization above. Then Z determines an edge contraction set F. Let S =
{v1, ..., vy} be avertex in the contracted tree T, or, equivalently, an equivalence
class of vertices of 7', ordered in a way compatible with the induced ordering
by >. we would like to recover the decorations on the vertices v; involved in
the contraction from the decoration on the equivalence class. We will proceed
downward through the equivalence class, starting with the topmost vertices of S.

Assume we have recovered the decoration on every vertex above the vertex v;
we wish to recover the decoration x, of v from the contraction vertex decoration

Zs. Essentially, we know that the decoration on S is equal to a composition

Ty Oky (- 0k, s (To; 0k, () -+))-++)

for specified k; so by inverting o, = © where we can, we will be able to recover
the marking on v.

By assumption, we know all the markings above v, so we can compose the
appropriate representatives to get a configuration z¢, of points in the disk for each

incoming internal edge e of v coming from S. There are no little disks because
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at the top level, every disk must have radius 0. Consider each z{ with the R
normalization, which is used for composition. Because ¢, in each representative
is 0, the configuration z¢ has a marked point at 0. It has another marked point at
¢1 # 0. In order that (¢, ) ® 2§ = (¢, 1") © x¢, we must have ¢ + Or = ¢ + Or
soc=c and ¢+ re; = ¢ +1'¢y sor = r’. This shows that we can uniquely
factor Tg as the composition of 7'y with the various x{. This gives us a center
and radius vector in 2 for each incoming edge of v. Now we want to decompose
T’y = T oy, x,. We know which centers and radii in 2’ sitting in the standard disk
came from z,, including ¢y and c;, the image of 0 and a positive real. We can also
measure the Euclidean diameter D of the union of the disks involved. So setting

(¢,7) ® x, to be the points and distances we know, we get the equations

c+0r=cy;cn€c+rRy; D= g
These uniquely specify c and r # 0 and we can compose on the left by the inverse

to (¢, r) to obtain x,,. O

Proof of Proposition 2.6.3. For n = 1, the map is just the map to the point, and
D,(1) is a disk bundle over the disk, so contractible. So assume n > 1. We
first define the retraction map and homotopy, and then prove they are continuous.
Fix a point z in D;(n) with underlying tree 77 = (n,V, N). To obtain a new

tree, insert a vertex on each external edge of 7" which does not have a bivalent
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vertex as one of its vertices. Each new vertex and each vertex with an incident
edge involved in a vertex insertion must have its decoration changed, because in
D;, the decoration corresponding to a leaf is of form (c,r) and the decoration
corresponding to an internal edge is of form (¢, 0); what is more, the root vertex
decoration is a configuration in the disk while the other vertices are decorated
with configurations in the plane up to the Aff C action. The requisite changes are

accomplished as follows:

1. Any new vertices inserted on leaf edges are not the root vertex and have a

unique decoration.

2. If there is a new root vertex, it is decorated with the fixed decoration (0, 0).

3. A vertex other than the root of 7" which has had vertices inserted into its
incoming edges needs a new decoration. If the previous decoration had the
factor (¢, r) corresponding to an incoming external edge, this is replaced

with (¢, 0) on the new incoming internal edge from the inserted vertex.

4. The root vertex of 7" may have had some bivalent vertices inserted into
incoming external edges. All corresponding decorations (¢, r) are replaced

with (c, 0), as in the previous case.

5. If the root vertex was not already bivalent, it had a vertex inserted on its
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outgoing edge, so now the configuration of little disks in the standard disk
is taken to its image in the plane and then quotiented by the action of the

affine group. The new vertex is decorated with (0, 0).

6. If the root vertex was bivalent but decorated with (c,0) for ¢ # 0, it is

redecorated with (0, 0).

This defines the retract. Because it does not change a tree whose leaf and root ver-
tices are bivalent and whose root vertex is decorated with (0, 0), it is the identity
on D;py(n).

The homotopy is a map H : D(n) x [0,1] — Dy(n); for time ¢t = 0 it is
defined to be the retract map; for other times, it makes the following changes to

the decorations of each vertex:

1. Away from the root, (¢, r) X t — (¢, 7).

2. Attheroot, (¢,1) X t — (ct,rt?).

This is clearly the identity at ¢ = 1. On a point of D, p,,(n), the only nonzero
radii are at bivalent vertices, and have a unique marking, so that (c, rt) AZC (c,t);
at the root, (c,r) = (0,0) so that (ct, rt*) = (0,0) as well.

It only remains to prove that the homotopy is continuous. This will imply
continuity of the retract because it is the range restriction of the composition x +—

(x,0) — H(z,0).
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Choose a point z in D;(n) with underlying tree 7' = (n, V, N), a point (Z,t)
in its preimage under H, and a basic open set containing . We will find a neigh-
borhood of (Z,t) in Dy(n) x [0,1] whose image is contained in the basic open
set.

Focus on a particular vertex v of 7". Our basic open set should have a factor
U, C M, corresponding to v. If v is not the root, consider its decoration with the
1-normalization. Let € be chosen so that each U, contains the ¢ neighborhood of
the decoration x, of x on the vertex v (for vertices which are at least trivalent).
Let R be the maximum radius of any disk in any of the decorations z,,, for v at
least trivalent and, if not the root vertex, in the 1-normalization.

First, let us assume that ¢ # 0 (the easy part). H only changes the underlying
tree at ¢ = 0, so 2 and z have the same underlying tree and = can be obtained
from x by shrinking radii by a factor of ¢ throughout the decorations (with the
appropriate modification on the root vertex). That is, if a decoration on v # * is
given by (c,7) in x, then the corresponding decoration in Z is (c, 7). There is a
similar formula for the root vertex.

By assumption, Z is in D;(n), so the disks defined by the decorations are all

disjoint:

There are finitely many of these, so now we can pick an J which satisfies:
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2. %+ (1+ R)td <e,

3. 0 is less than a fourth of the minimum of |c, — ¢, — || + || taken over

all pairs of decorations of each vertex, and
4. ¢ is also less than t.

We can now use 0 to define a neighborhood of . Over every vertex, we allow each
decoration (in the 1-normalization away from the root) to change by at most J; we
also allow the time to vary by at most . The third condition ensures that as we
vary the decorations, we remain in D;(n). The first and second conditions together
ensure that once we map via H, all of the points in the image have decorations
differing from those on x by no more than e. The first condition suffices for the
root vertex; a weaker version of the first condition along with the second condition
is necessary for the non-root vertices. The calculation is similar to the calculation
below for ¢ = 0 but slightly easier.

Now we turn to the case when ¢ = 0. Now the underlying trees of = and z
may not be the same. Specifically, the tree underlying z is obtained from that of
x by forgetting some bivalent vertices. The decorations on & away from the root

agree with the corresponding decorations on x except that where a bivalent vertex
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has been forgotten, the decoration on z is (¢, 0) and the decoration on 7 is (¢, r)
(for some arbitrary 7). At the root, the decoration on 7 is either

1. asingle point (¢, 0), or

2. aconfiguration in the disk of pairs (c., r.) for e € in(x) (only if there are at
least two incoming edges) such that the conformal class of [[(c., 0) in the
plane is the decoration on the unique vertex immediately above the root of

the tree underlying x.

Let € and R be as before; let A = |ca — ¢4 | if the root is at least trivalent. Now pick

a 0 which satisfies:

4. 52+ RS < e,

5.0 < 61\;6 (if the root is at least trivalent),

6. 0 < f—ﬁg (if the root is at least trivalent), and

7. 4§ is less than a fourth of the minimum of || + || — |c, — ¢,| taken over

all pairs of decorations of each vertex.
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We will show that the e-neighborhood of x described above contains the image
of a d-neighborhood of 7 as described above. Parts of this calculation will be
performed explicitly. To begin, consider a time 0 < ¢ < § along with decorations
on the underlying tree of & which differ from those of Z by less than 9.

First, consider the decoration on a vertex other than the root with fixed nor-
malization. Any center c is within 0 < € of its position ¢y in the tree underlying
Z. Any nonzero radius r is within ¢ of the corresponding radius 7 in the tree

underlying z; then H applied to this radius at time ¢ is ¢r which satisfies
tr| < [tr — tro| + |tro] < 6 + OR

which is less than e by condition 4.

Now consider the decoration [ [(c., r.) on the root vertex of the tree underlying
Z, assuming the root is at least trivalent (the easier case where the root is bivalent
is omitted). This is a configuration in the disk, so all the radii and centers are
bounded above by 1. We will denote the image of these decorations at time ¢ by
¢t and rt. The diameter D of the set formed by the disks and points described by
the configuration [](ct, %) is at most 24 since the original diameter was at most
2. Call e; the incoming edge with the leaf 1 somewhere above it. We also have
(ct,) < 0. So there is a disk centered at ¢, of radius 2D < 40 containing all

of the disks and points described by the various (¢!, r!). By condition 1 this disk

er’e
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is contained in the standard disk. Then we will show that the decoration we are
considering is in the part of our e-neighborhood of x in D, where the root vertex
is decorated by the pair (c ,2D). By condition 3 these coordinates are within ¢
of (0, 0), which is the decoration of the root in z.

Now consider the interior of the radius 2D disk, recentered at the origin. This
will be the model for our decoration on the vertex immediately above the root
in z; we must verify that the centers and radii of this decoration are within e
of the corresponding decorations in z, which are just the conformal class of the
decoration on the root of z.

In order to compare this decoration to that of z, we must move, stretch and
rotate them so that ¢; = 0 and ¢y = 1 to address them within our normalization.
The real factor involved in this stretching is |c¢5 — ¢}|. To recenter it is necessary

to subtract ¢}. So beginning with ¢;, we get eventually to

th — tCl . C; —C1

tco —tcy,  Co—cp

We want to compare this to the corresponding points in z, which are up to 6 away.
Since |cy — ¢1| > A — 26, a little calculating shows that the total difference is

bounded above by

60
A\ — 20)

which is less than e precisely when condition 5 holds. Condition 6 is used in a
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similar manner to show that when the radii of the root decoration of  and our
chosen point are within ¢ of each other, the image of our chosen point has radii
less than e.

There is one loose end to tie up, namely that the same conditions suffice when
t = 0. When t = 0, all radii in all decorations other than bivalent leaf vertices
are set to zero, and bivalent leaf vertices are added where appropriate. In addition,
if the root is already bivalent, the marking (c, ) is moved to (0,0). If the root is
not bivalent, then there is a new root vertex grafted in underneath with marking
(0,0), and the root marking is taken up to conformal equivalence on the vertex
immediately above the root. In every case, the fact that ) < e ensures the desired
behavior away from the root and condition 5 again ensures that the decorations on

the root play nicely after being taken up to equivalence. O

Remark. The homotopy does not respect the operad structure in any intermediate
stage. Its purpose is just to ensure that the induced map from the homology of

D, pas to that of Dy is an isomorphism.

Proof of Proposition 2.6.4. We will construct the bijective map of topological op-
erads ¢ : Dypy — M explicitly. First of all, D, (1) and M(1) are both a
single point, the identity. For n > 1, a point = in D;p),(n) is a decorated tree, as

is a point in M (n). We will describe first how to modify the underlying tree of =
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to obtain the underlying tree for its image; then we will describe how to map the
decorations.

The tree T underlying x is nearly stable, but it has bivalent root and leaf ver-
tices. Forget the bivalent root and leaf vertices, and the resulting tree 7" is stable.
This will be the tree underlying ¢ (x). Now we shall describe a map, also called
, from the possible decorations on the vertex v of 1" with valence more than 2 in
D, to the possible decorations on the vertex v in M.

Because z is in D; p,,, such a vertex is not the root vertex of 1", so its decora-
tion is a configuration of disks and points in the plane up to Aff C. Further, all of
the incoming edges of v in 7" are internal edges, so the disks are all degenerate, of
radius zero. Therefore, the decoration on v is a product of of disjoint points in the
plane up to simultaneous Aff C action indexed by e € in(v).

From such a configuration [](c., 0), consider its complement as a subset of
the plane, C\{c.}. This inherits a Riemann surface structure from C which is
invariant under the action of Aff C, so such a configuration gives a well-defined
sphere with E/(v) marked points (we mark the out(v) marked point at o). This is
precisely the kind of decoration that we would put on v in 7" to specify a point of

So we have defined ¢ on a point in D, p,,(n); it remains to show that ¢ is an

operad map, that it is bijective, and that it is continuous.
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First, to see that ¢ is an operad map, recall the composition map of D;p,,. It
grafts underlying trees, forgetting the two internal bivalent vertices so created, and
preserves all other decorations. This corresponds to merely grafting underlying
trees in M, which is how composition works there. The identity of D, p,, was is
taken to the identity in M so this demonstrates that ¢ is an operad map.

To show that ¢ is a bijection, we shall construct an inverse explicitly. Fix a
point y € M (n) with underlying tree T". Insert a vertex on each external edge to
obtain the tree T'. This gives the underlying tree of ¢~ '(y). The decorations on
the leaf vertices are unique, and the root must be decorated with (0, 0) for ¢~ (y)
to be in D;pys(n). We will define ! on a vertex, and showing it is inverse to ¢
there will show that it is inverse on all of M (n).

So consider the decoration on a particular vertex v with valence at least three.
This is an F(v)-marked sphere. Consider a representative X, of the conformal
class [%,] decorating v. The £ (v)-marked sphere can have its punctures filled, so
there exists a conformal embedding of >J,, in a Riemann surface homeomorphic to
the sphere. Every Riemann surface homeomorphic to the sphere is conformally
equivalent to the standard sphere, so there is an embedding of ¥, in C so that
the complement of its image is |E(v)| points. By composing with a conformal
automorphism of the C, there is an embedding of 2, € C where the puncture cor-

responding to the outgoing edge is completed at the point oo on the sphere. Then
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there is a conformal embedding of >, in C taking the puncture corresponding to
the outgoing edge to the puncture at co. The coordinates of the other punctures
give disjoint points in C indexed by in(v).Any other conformal representative -,
is conformally equivalent to ¥, so can also be mapped into C conformally taking
the punctures to the same points.

However, this is not a well-defined map because there may be many choices
of conformal embedding of ¥, in C. However, any two embeddings ¢ and /" are
embeddings of conformally equivalent surfaces, so there is a conformal equiva-
lence between ¢(X) and ¢/(3). This can be completed to a conformal equivalence
of their partial completions, so a conformal automorphism of C. This shows that
the embedding in C is unique up to the action of Aff C. Therefore, the conformal
class of X gives rise to a well-defined configuration of disjoint points in C indexed
by in(v) up to the simultaneous action of Aff C, precisely the necessary data for
a decoration on v in 7" to make it an element of D, ;.

Let us see that these maps are inverses. In one direction, ¢! takes the con-
formal class [%,] to the configuration of the complement of ¥, in the plane up to
Aff C, and then ¢ takes that to the conformal class of the image of its complement,
¥, which is exactly [X,]. In the other direction, if {c.} are disjoint points in the
plane indexed by in(v), then their complement, C\{c.} forms a representative of

its own conformal class, so we can choose it as ¥, and the inclusion of C\{c.} in
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the plane is a conformal embedding with out(v) at oo whose complement is again
{c.}. This concludes the proof that ¢ is bijective.

The last thing to show is that ¢ is continuous. Consider a point x € D, py,(n)
and the corresponding point ¢(x) in M(n). To show that the map is continu-
ous, we must show that each basic neighborhood of ¢ (z) contains the image of a
neighborhood of  (for details on the topology of M(n), see Appendix B). To fix
a basic open set, we must pick a representative gof(\m/’) of p(z). This entails picking
a representative of the conformal class of the decoration on each vertex. We can
use z to do this. That is, each vertex of x (other than the root and leaf vertices) is
decorated with a configuration x, of at least two points in the plane up to Aff C.
Take the R, normalization of each configuration; this gives a representative of the
marked conformal class of the corresponding vertex of p(z).

Now, to specify a neighborhood of (), we choose a neighborhood N of the
nodal points of gof(;), and an € > 0. For the marked sphere decorating the vertex
v, viewed in the completed plane as z,, in the R, normalization, let d,,;, ., be a
number less than half the minimal distance between any two marked points. Note
that A gives a neighborhood N, of each marking ¢, corresponding to an internal
edge e, and a neighborhood N, of co except on the bottommost vertex. For a

vertex v, let R, > 1 be a number so that the disk of radius R, centered at the

origin contains the complement of ./\foo,v and let . be a number so that the disk
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of radius r, centered at ¢, is contained in \,. Choose a § satisfying the following

conditions:
1. 0 < m for all v and
2. for the edge e = (a,b) between two stable vertices, let § < 5. In

particular, this implies that 0 < %

We will show that the neighborhood determined by moving the c, and expanding
radii corresponding to internal edges of 7" by amounts less than ¢ (preserving the
normalization) is contained in Uy .. To do this, we will construct a map from
a representative surface in this neighborhood which is (1 + €)-quasiconformal
outside of the preimage of N, a homeomorphism outside the preimage of the
nodes of <pA(:;), and a point or simple closed curve in the preimage of a node.

We will define the map little by little. Consider a representative surface y in
the neighborhood. We can write § as the image of a point in a product of B,.
From this point of view, a vertex has a decoration which is a configuration of pairs
(¢, r.") for incoming edges from vertices with valence three or higher and (¢,.’, 0)
for incoming edges from bivalent vertices. Call this configuration g,. We will
compare this to the corresponding surface X, in gof(\a?), which is a configuration of

pairs (c.,0). The ¢ condition means that |c, — ¢./| < 6 and |r./| < . We can cut

a disk of radius 7, around each point ¢, corresponding to an internal edge of 7”;
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then this disk completely contains the disk of radius |r.'| centered at ¢.'. Then by
Lemma B.2.4, there is a (1 + ¢)-quasiconformal map of the complement of these
disks in the plane to their complement in X5,, which takes each ¢’ correspending to
an external edge to c. corresponding to the same external edge and is the identity
outside of small disks around each such c..

This is not quite good enough for the following reason: this vertex has the out-
going edge (v, N (v)), and if the factor of the decoration of N (v) corresponding to
this edge has nonzero radius, then the actual surface we will construct will com-
pose the disk of radius 1 in ¢, into the factor corresponding to the edge (v, N(v))
in the surface decorating IV (v). Therefore we do not yet have a map that is (1+¢)-
quasiconformal on the complement of A, ,, because we are only able to use the
part of y, that is contained within the unit disk.

However, in this case we are gluing the unit disk in g, into a disk (¢/,7’) of
radius |r'| < 6, and then the disk of center ¢’ and radius |R,7'| < 7(y,n@)) — 0
(by our assumptions on ¢) is contained in the disk of radius r(, () centered at
c which we cut out. Therefore we can consider the unit disk in 7, as a subset
of the disk of radius |R,7’| centered at ¢’ in the surface decorating N (v); this is
conformally equivalent to the disk of radius R, in 7,. Now we can legitimately
use the (1 4 €)-quasiconformal map defined on ¥’ to map the interior of the disk

of radius R, centered at ¢’ with the disks of radius r. cut out around each c,
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Figure 2.10: A configuration of three points in the R, normalization, with N
indicated in grey. The disks centered at each of the three points of radius 7. (solid
circle) and ¢ (dotted circle) are shown. Also shown are the standard disk in the
plane (dashed circle) and the disk of radius r, centered at the origin (solid circle).
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corresponding to an internal edge in the decoration of v into ..

scaled circle of radius R,

circle of radius U

(v, V()

quasiconformality fails

Figure 2.11: The configuration from Figure 2.10 decorating the vertex v has been
composed with the decoration of N(v). The standard disk in the configuration
decorating v has been shrunk down and glued into the dotted disk of radius less
than § in the configuration decorating N (v). Because ¢ is so small, the shrunk disk
of radius r, fits inside the disk of radius r(, n(,)). Therefore, this configuration can

be mapped to ¢(z) by a map which is (1 + ¢)-quasiconformal away from the dark
grey regions.
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This defines a (1 + €)-quasiconformal embedding from a subsurface of § to a

subsurface of ¢(x) which contains ¢(z)\N. The complement in 7 is a disjoint
union of annuli and nodes; the complement in goA(;) is a disjoint union of nodes;
the quasiconformal part of the map gives us a unique continuous extension from
the boundary of an annulus or node in ¢ to the boundary of the corresponding node
in gp/(\yg) Then we can extend our map via a map from the annulus to the node that
collapses a medial circle to the nodal point and is elsewhere a homeomorphism,

or map the node to the node homeomorphically. This completes the construction

of the required map.



Chapter 3

Trivializing algebraic circle actions

3.1 Overview

In the previous chapter, we proved that the genus zero Deligne-Mumford operad
M was homotopy equivalent to the pushout of the framed little disks operad along
an operad that trivialized the framed little annuli. In a representation, one could
say that an action of the framed little disks along with a trivialization of the in-
duced annulus action gives an action of M. This chapter presents a minimal
homotopy-invariant algebraic version of the same theorem.

The homology functor H takes topological operads to operads in graded vector

spaces, and so we can take a homology version of the same pushout diagram:

HA——HD

.

HA, —HM

Let us switch to an algebraic notation, as each operad here is also an object

80
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of interest in the purely algebraic setting. H.A is the nilpotent algebra Nil =
k[D]/(D?), and its representations are graded vector spaces with two commuting
differentials of degree 1 and —1. H.A, is the trivial operad since A;(1) is con-
tractible. HD is the Batalin-Vilkovisky operad BV and the inclusion of Al into
it gives the BY operator. Finally, HM is the hypercommutative operad Hyc. All
of these will be defined more carefully in Section 3.3. So with our new notation,
the diagram looks like:

Nil — BV (3.1)

|

k —— Hyc

In general, the homology functor loses a lot of information. However, in this
case, each of the operads involved is formal, so we might hope that this diagram
is still a pushout. In fact, it is not. But all is not lost. After replacing each of the

operads involved with its minimal cofibrant replacement, we obtain a pushout:

Nily, — BV,

L

k — Hycw

Since the lower left corner is a trivial operad, we can rewrite this to say that

Theorem 3.1.1.

BVoo /Nilos — Hycoo

is an isomorphism.
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What’s more, because Nil,, — BV is a cofibration, the diagram is a homo-
topy pushout so it is the correct homotopy invariant concept.

Here is what this means at the level of representations. If (A, d) is a BY
algebra in the category of chain complexes, then the homotopy theory of operads
tells us that we can transfer the B structure to the homology of (A, d) as a BV,
structure. The theorem tells us what happens if it transfers in such a way that the

subrepresentation of Nl is trivial. To wit:

Corollary 3.1.2. Let A be a BY ., algebra (for example, A can be a BY algebra).
Then a strong deformation retract of A onto its homology so that the BY operator
and its higher homotopies transfer as zero induces the structure of a Hyc., alge-
bra on the homology of A. This structure can be (forgetfully) truncated to a Hyc

algebra on the homology of A.

As described in Chapter 1, this generalizes the result of Barannikov and Kont-
sevich that a BY algebra structure on A satisfying stronger conditions than these
induces the structure of a Hyc algebra on homology.

Section 3.2 will present an high level picture of the proof, and then most of

the chapter will be spent “under the hood.”
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3.2 Outline of the argument

For the statement of the theorem to have meaning, we need cofibrant replacements
BY ., — BV and Hyc,, — Hyc. Getzler [12] gave a presentation of the minimal
cofibrant replacement Hyc.,, but only recently have relatively small cofibrant re-
placements for the BY operad become available. We distill a minimal BV, using
the language of co-cooperads. Once things are minimal, they are relatively rigid,
and at this point we can construct by hand maps among generating spaces of these
cofibrant replacements which induce the map of Theorem 3.1.1.

Let us be more specific. In [6], we present a general framework for transferring
the structure of a chain cooperad to homology, where it becomes an co-cooperad.
This is modeled after the transfer of associative algebra structures on a chain com-
plex to A, algebras on homology, and is motivated by Sullivan’s theory of mini-
mal models [27]. In particular, a strict cooperad is an example of an co-cooperad,
and any oo-cooperad on a chain complex with zero differential can be truncated
to form a strict cooperad which is in general inequivalent. This truncation is the

wrong tactic, just as in the case of the algebra of cochains or differential forms:

Theorem 3.2.1. Let (C, d) be a cooperad in the category of chain complexes over
a field. There exists a transferred co-cooperad structure on the homology of C and

maps of oo-cooperads in both directions which induce the identity isomorphism
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on homology.
The other cogent result for our purposes here is:

Theorem 3.2.2. There exists a cobar functor )., from (nilpotent, coaugmented)

oo-cooperads to cofibrant operads satisfying the following conditions:

1. If C is an oo-cooperad, the underlying operad in graded vector spaces of
Qo Cis F(X'UC). This is the same as the underlying vector space operad

of the usual cobar functor,

2. if Cis a strict cooperad, the differential of (), C coincides with that of Q2C,

and

3. if C and C' satisfy sufficient connectedness conditions, and f : C — C' is
a map of co-cooperads which induces an isomorphism on homology, then

Qoo f induces an isomorphism on homology.

Remark. If O is sufficiently connected and (C,d) — (BO,d,) is a Koszul dual
to O, then we know QC — O gives a resolution of O. However, by applying
Theorems 3.2.1 and 3.2.2, we find that Q.. H(C, d) gives a minimal resolution of
O, that is, a resolution where the differential always increases the grading in terms
of the number of vertices in the underlying operad FH(C, d). Minimal resolutions

of sufficiently connected cooperads are unique up to co-cooperad isomorphism.
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Note that in the case where O is Koszul and has no internal differential,
(01,0) — (BO,d,) is a Koszul dual so the co-cooperad structure is strict and

QQO' is the minimal resolution, so this gives nothing new.

We would like to apply this machinery to our pushout square (Diagram 3.1).
Nl and Hyc are Koszul, but BY is not. In [9], a Koszul dual, called BY', for
the BV operad was constructed (since BY is not quadratic, this notation does not
directly clash with that of Definition A.5.15). It is of the form BV' = (¢BV',d,,)
for a quadratic operad ¢BV .

The main technical theorem is the following:

Theorem 3.2.3. The (truncated) strict cooperad H(qBV',d,,) is strictly isomor-

phic to the cooperad Hyc & Nil'.
Its accompanying proposition is easier:

Proposition 3.2.4. The full co-cooperad structure on the quotient of H(gBV', d,)

by Nil’ is a strict cooperad structure.

Theorem 3.1.1 now follows from the shape of the differential in €2, which
comes as a sum of derivations induced by the structure maps of the oo-cooperad.
Now, let us prove Theorem 3.2.3. Using distributive isomorphisms, we can

bigrade (¢BV', d,,). That is, there is a cooperad Ge! with differential dc g so that

(gBV',d,) = (Ge' @ Nl dep ®671).
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We can prove that Ge' is contractible, a classical result presented here with a proof
which is, so far as we know, new. This gives us a presentation of H(¢BV', d,,) as
a subset of g8V which splits into two parts: 1 ® Nill and Ge'/imdop ® 1. We
reframe work of Getzler [11, 12] in a dual context to show that this is isomorphic
to Hyci, the Koszul dual of Hyc, which concludes the proof.

The arguments can be somewhat opaque in the less familiar dual picture of
cooperads and cofree things, but the proofs themselves are no more difficult or
even longer, except in that some old results must be repackaged in a dual language.
In some cases, such as the construction of the contracting homotopy for Ge', the
cooperadic language makes the combinatorics significantly easier.

Next, in Section 3.3, we introduce the various operads and cooperads that will
be the major players in the chapter. In Section 3.4, we begin relating them to one
another by distributive isomorphisms. Nothing in these two sections is new. In
Section 3.5 we construct the contracting homotopy to compute the homology of
BV', and in the final sections we ensure that Getzler’s identifications respect the

structures involved in this different context.
3.3 BV, Hyc, and related operads and cooperads

This section consists mainly of definitions and characterizations of various oper-

ads in the category of chain complexes. The operads will be presented as quotients
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of free operads on generating spaces of operations. We will refer to sets of gener-
ators, by which we mean the k vectors space on the sets. We will call a generating
operation type (n, k) to mean that it is of arity n and degree k with a trivial S,

action.

Definition 3.3.1. The nilpotent algebra, N'il, is an operad generated by the oper-

ation D of type (1, 1) subject to the nilpotence relation:

Doy D=0

or, in trees:

D
=0
D
Definition 3.3.2. The commutative operad, Com, is generated by a product m of

type (2, 0) subject to the associativity relation:

mop1m =M oM

or, in trees:
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Definition 3.3.3. The odd symmetric Lie operad, sLie, is generated by a bracket

b of type (2, 1) subject to a Jacobi relation. Let o be of order three in S3. Then:

i:(b o1 b)o' =0

i=1

or, in trees:
1 2 3 2 3 1 3 1 2
b b b
\ + \ + \ = 0.
b b b
Definition 3.3.4. The Gerstenhaber operad, Ge, is generated by a product m of
type (2, 0) and a bracket b of type (2, 1) subject to the relations of the commutative

and odd Lie operads, along with a Leibniz relation. Let 7 € S3 interchange 2 and

3. Then:

boym=mogb+ (moyb)T

1 2 3 1 2 3 1 3
\/ / \ VARV
VA VA

or, in trees:
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Definition 3.3.5. The Batalin Vilkovisky operad, or BY operad, BV, is generated
by a product m of type (2,0), a bracket b of type (2, 1), and a BY operator D of
type (1, 1) subject to the relations of the nilpotent algebra and the Gerstenhaber
operad, along with compatibilities between the B) operator and the other two

generators. Namely:

Dojb+boy D+boy D=0

or, in trees:
b D D
o+ N/ +\/ =0
D b b
and
Doim—mo; D—moyD=5b
or, in trees:

N/ \
T -/ -\ - Y
\

The BV operad is sometimes presented instead without b as a generator and with

a “seven term relation” expressing the fact that D is a second order differential

operator with respect to m.



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 90

Remark. This agrees with the conventions of [9], and disagrees by a sign with
other conventions for the bracket in a BV algebra. This approach has the dis-
advantage of making the bracket seem unfamiliar by virtue of being symmetric
rather than skew symmetric, but is easier to describe with the operadic formalism.

The two definitions are equivalent.
Theorem 3.3.6. [10]. BY is the homology operad of D.

Definition 3.3.7. The quadratic BY operad, qBV, is generated by operations m of
type (2,0), b of type (2, 1) and a BY operator D of type (1, 1), as before, subject
to the relations of the nilpotent algebra and the Gerstenhaber operad, along with

compatibilities between the 3} operator and the other two generators. Namely:

Dojb+boy D+boy D=0

or, in trees:

and

Doom—moyD—moy D=0
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or, in trees:

m
D
This differs only in the last relation from the definition of the B) operad. There,

the relation had the linear term b on the right side; here the relations are generated

by operations which are homogeneous quadratic in the generators.

To describe the hypercommutative operad, it will be helpful to have some

notation for the necessary symmetric group elements.

Definition 3.3.8. Let i, j and & be distinct elements of n. An 4j, k-partition of n
is an ordered partition S = S} LI .S, so that 7, 7 € S} and k € S;. We denote the
set of ij, k-partitions of n by ij|k. Let p be an ij, k partition. |p| denotes |.S;|, and
the p-unshuffle o, in S,, is the unique permutation which sends S; to {1,...,[p|}

and Sy to {|p| + 1,...,n}, preserving the order of each.

Definition 3.3.9. The hypercommutative operad, Hyc, is generated by operations
m,, of type (n,2n — 4) for n > 2. These satisfy relations that generalize associa-
tivity:

> (Mupplar 01 My oy — Y (M1 01 My )0y = 0

pEijlk pejkli
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or, in trees:
i J - - Jk
o I
> \|\' |'// = > \\{ 1/
ijlk M8y +1 jkli M| Ss|+1

3.3.1 Koszul duals

Now, we will discuss some of the naive dual cooperads to the operads just defined.
Excepting BV, which is not quadratic, all of the operads of the last section are
Koszul, so each of the naive duals is a Koszul dual. The background material for
these descriptions is in Sections A.5 and A.6 of the appendix. As a quick refresher,
remember that for the presented quadratic operad O = F(X)/(R), the naive dual
O' is the subset of the cofree cooperad F°(X.X) on the shifted generators charac-
terized by being the kernel of the differential d,, induced by the composition map
¢ of O. Because we are dealing with multiple different operads, we will refer to
d, as dp.

F¢(XX)/O is cogenerated by its further projection to F*(£.X) /01 This
is one of the tools we will use, so we will describe O1® explicitly in terms of
shifted generators.

Our naming convention is that the generators of operads are Latin letters, while



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 93

their shifts are corresponding Greek letters. So p will denote an operation of
type (2,1), 5 an operation of type (2,2), J an operation of type (1,2), and p,, an

operation of type (n,2n — 3).

Description 3.3.10. Nl is the subcooperad of the cofree cooperad generated by
0 characterized by being the kernel of the differential induced by the composition
of Nil. However, the composition of Nl is zero, so Nil! is all of F¢(¢). Because
0 is arity one, this is just a cofree coalgebra on a generator ¢ in degree two. It can
be identified linearly with k[] with decomposition map

e > i@

1+j=n

Description 3.3.11. ¢BV' is a subcooperad of the cofree cooperad generated by
1, (3, and 9. qBV‘(Q) consists of the shifted relations of ¢8V. These are the linear

span of:

Jacobi

nilpotence associativity 3 Leibniz
/—/\ /_/% . Ve % N
0010, Loy pp—poyfi, » (Bo1B)a’, Boyp+poy B+ (o B)7,
=1
§olﬁ+ﬁol5+ﬁ025,and5olu+uol5—1—#02(2.

compatibilities

Here o is as in Definition 3.3.3 and 7 is as in Definition 3.3.4. Note that while
most of the shifted relations keep the same sign as the original relations, this is
not true for the relations involving x and (3 together or 1 and § together. The

signs necessary to shift the relations coherently force the signs to change slightly
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in ¢gBV'. This is convenient, as it turns most of the negative signs into positive
signs.

Because the relations are homogeneous in the number of vertices decorated
with each of y, 3, and 6, we can add additional gradings to g3V, where we grade
by the number of vertices decorated by any one of these.

We will mainly be concerned with the splitting into summands qBV‘(k) which

have exactly k vertices decorated by ¢.

Lemma 3.3.12. qBV’('O) is isomorphic to Ge'.

Proof. Ge' is the subcooperad of F¢(/3, i) which is the kernel of dg.. But dg. and

d,sy coincide on F°(3, 11). O

Remark. The same sort of reasoning applies to Com! and sLie'; they are graded

components of ¢BV' and of Ge!, and there are projection maps to them.
Lemma 3.3.13. [14]. Com/(n) is of dimension (n — 1)!
Definition 3.3.14. Let I' denote the shifted generators of Hyc, that is,

{ptn : n > 2}.

Then Hycl ) consists of decorated trees of the form

Z (Mn—\p|+1 01 M|p\)0p - Z (Mn—\p|+1 01 Mlpl)Up =0.

peijlk pejkli
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Theorem 3.3.15. [12]. Hyc is Koszul.

Remark. Getzler shows this by exhibiting Hyci(n) (rather, its linear dual) as the
shifted homology of the moduli space M ;. Because the dimensions of the

homology of this space are not hard to calculate, he also obtains:

Corollary 3.3.16. The dimension of Hyc/(n) is %‘

Remark. There is a different proof of the same corollary in [11].
3.4 Presentations and distributive isomorphisms
Lemma 3.4.1. [13, 21, 9, 29]. The natural maps

gBV' — BV X ¢BY' — Nil' K Ge!

and

Ge' — Ge! X Gel — sLie! K Com!

that come from the decomposition map and projections are isomorphisms of col-

lections. We will refer to both of these maps as p.

Definition 3.4.2. An element of F°(/3, ;1) is a sum of decorated trees, with deco-

rations p and (3. Define a map of collections

p: Nill RF(3, ) — F(B, u, 0)
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as follows. We will describe the image of 6™ X = where = has underlying tree 7'.
Let ~ range over functions from £(7") to N such that
Z k(e) =m.
e€E(T)
Then the image of §™ X z has underlying tree 7" which is obtained from 7" by
inserting r(e) vertices on each edge e. The decorations of the vertices from T

remain the same; the new bivalent vertices are decorated by k.

Lemma 3.4.3. The restriction of p to Nil' X Ge' is the inverse to p : gBY' —

Nili K Ge'.

Proof. Consider pp(6™ K ). Because p first decomposes and then projects, it is
zero on any tree decorated by /3, 9, and p unless all of the vertices decorated by
0 are below all of the other vertices. There is precisely one summand in the sum
defining p which satisfies this condition. That is the summand corresponding to
r with k of the outgoing edge of the root equal to m and « of every other edge
equal to zero. p splits this into two levels and then projects; the only way for
the projection to be nonzero is for it to split with 9" as the bottom level; then
pp(0" R z) = (0™ K x).

Now it is necessary to verify that p(0™ X z) is in ¢BV', which will prove that

p = p~! because Lemma 3.4.1 implies that a one-sided inverse is an inverse. To do
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this, we will postcompose with d, sy, which will give zero precisely if the image
of pisin ¢gBV'.

Consider d,gyp(6™ X x). pinserts vertices decorated by 0, and d,z, composes
pairs of adjacent vertices. The sum involved in applying d sy includes composi-
tions involving 0, 1, and 2 vertices decorated by d. Each of these vanishes for a

different reason.

1. The insertion of a vertex decorated with 6 commutes up to sign with com-
positions that do not involve it, so inserting m vertices decorated with ¢ and
then contracting an edge whose vertices are decorated by p or 3 is the same
as contracting the edge first and then inserting vertices decorated with 9.
But since dg. coincides with d, sy on the 6° component of BV, and we are

starting in the kernel of dg. to begin with, this summand is zero.

2. Contracting an edge whose vertices are both decorated by § gives a bivalent
vertex whose decoration is (D o; D), which is zero since D o; D = 0 in

qBYV.

3. Finally, consider contracting an edge between a vertex v decorated by a p
or § and an adjacent vertex decorated by a §. Let ' be a map from the
edges of T to the natural numbers so that the sum of the images adds to

m — 1. There are precisely three choices of x with a 4 adjacent to v which
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can be forgotten to yield an element whose underlying tree is 7" with vertices
inserted according to x’. The sum of the three contractions with v associated
to v’ together make up a relation of ¢BY. No signs are necessary because

the shifts on 0 give everything the right sign.
]

Lemma 3.4.4.  [. The graded component sLie’ of Ge' consisting of nontrivial
trees with vertices decorated only by 3 is isomorphic as a collection of

graded vector spaces to XI'. Call the isomorphism C.

2. The graded component consisting of trees with precisely one vertex deco-
rated by 1. is dimension (Z) in arity n, spanned by the classes described

below.

Proof. Let S, be the set of trivalent n-trees. Then define (3, in F°(3) C F¢(3, u)
to be the sum of decorated trees where the trees vary over S,, and the decorations
are all 5. We claim that this is closed under d, and so is in sLie! C Ge'. To see
this, consider the set S’n of n-trees with one vertex of valence four and every other
vertex of valence three. This is the only type of tree that can be obtained from
Sy via a single edge contraction, and every tree in S, is the edge contraction of
precisely three distinct trees in S,,. do 3, is a sum over S,; each tree in .S, appears

precisely three times. The decoration on the unique 4-valent vertex varies over
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the three possible compositions of b with b in sLie, so the sum of the three is the
Jacobi relation and the composition is then zero in sLie.

The construction of [, makes it clearly S,-invariant; its degree is 2n — 2
because it is must have n — 1 vertices to have n leaves. This is in precise corre-
spondence with ¥y, € XT'. It remains to show that the (3,, exhaust sLie'.

Suppose z is an element in sCie'(n). Further, suppose the coefficient in z of
the decorated tree with decorations /3 on the underlying tree 7' € S(n) is 1. Fix an
internal edge e of T'. In d,z, the contracted tree T, with 3 decorating each trivalent
vertex and the appropriate coefficient of 3 o, 3 decorating the 4-valent vertex gets
coefficient 1 from 7'. For this to yield zero in the larger sum defining d,,z, the two
other trees in S(n) which contract to give 7, must have coefficient 1 in x (with all
vertices decorated by /3, of course). Then every trivalent tree that can be obtained
from 7' by a sequence of moves which constitute an edge contraction followed by
the inverse image of an edge collapse of the same contraction vertex must have
the same coefficient as 7" in x.

On a trivalent tree, such a move takes a pair of trivalent vertices connected by
an edge v, X vy so that N(s;) = N(sj) = vy and N(si) = v, for some leaves
and/or vertices s;, s;, and sy, and moves them around so that N (s;) = v; and one
of s; or s; is taken to v, by N.

A standard inductive argument shows that all trivalent n-trees can be obtained
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J Sk

S Z'\U 1/8 J/S k S 2\8 \U 1/
\, /

Figure 3.1: Two trivalent trees with the same edge contraction

from one another by a sequence of such moves. This shows that the coefficient of
every tree in S(n) must be the same in x, which shows it is a multiple of (3,,.

For the second part of the lemma, for 1 < ¢ < 57 < n, define uf{ as a sum over
the same trees. In this case, for each tree T' € S(n), there will be precisely one
vertex decorated by p.. In any n-tree there is a unique vertex v;; with 7 above one
incoming edge and ;7 above the other. That vertex is labelled by p and all other
vertices are labelled by (3. Since [ is even, and there is only one vertex decorated
by u, which is odd, again the ordering does not matter and we do not need signs.

We can make a similar argument as in the first part of the lemma to show that

ﬁ{' is closed under d,,. As there, do,uif 1S a sum over Sn, n-trees with precisely one
4-valent vertex and all other vertices trivalent. Here there are two cases, depending
on whether the 4-valent vertex has ¢ and j above distinct incoming edges or not. If

not, then we can proceed exactly as for 3,: this tree arises three times in the sum,
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corresponding to the three terms of the Jacobi identity. On the other hand, if the
4-valent vertex has ¢ and j above distinct incoming edges, we must worry about
the order of the labels on the two trivalent vertices that were contracted together to
form that vertex in the sum. There are again three isomorphism classes of trivalent
tree which so contract; one of the three has a ; decorating the upper vertex and the
other two have p decorating the lower vertex. The sum of these three compositions
is exactly the shifted Leibniz relation.

This shows that all of the ;% are closed under d,. To show that they are
linearly independent for different choices {i,j}, consider for a given {7, j} an
isomorphism class of tree for which the special vertex with 7 above one input and
7 above the other has no other vertices above it, just the two leaves ¢ and j. If this
tree occurs in the sum which defines p*¢ then k& must be above one input edge and
¢ above the other, meaning that {k, ¢} must be the same as {4, j}.

Finally, they form a spanning set because they are of the appropriate dimen-
sion. Lemma 3.4.1 tells us that Ge' is isomorphic to sLie!XICom!. The component
of Gel(n) with one p is isomorphic to the component of sCiel X Comi(n) with
one p. This must have a sLie' element of arity n — 1; the first part of this lemma

shows that sCie'(n — 1) is one dimensional, spanned by (3,,_;. So this component
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of Ge'(n) is isomorphic to

6"*1 Q1 (ﬂ ® ‘1 D 1) @S5 xS1 X+ xS1 Sn

n—2
The elements of S,,_; fixing ;2 on the left in this quotient are exactly S, _, acting
on the rightward factors. Then there are n! elements of S,, and we are quotienting
by commuting actions of S,,_, and S», yielding a count of #2'),2, = (g)
We should think of these elements of sLie'®Com/ as having an (n—1)-corolla

from sLie' with a single p from Com! grafted somewhere on top, with 7 and j the

leaves of . [
3.4.1 Extending the isomorphisms to the differential context

Lemma 3.4.5. [. The degree —1 map qBV/('Q) — qBV/('l) which takes § oy ji to
0 and every other decorated tree to zero can be extended to a square zero

coderivation d,, of ¢BV .
2. The degree 1 map ge’('l) — geél) given by
pr— =0
can be extended to a square zero coderivation dog, of Ge', and

3. p respects these differentials so that it is an S-equivariant isomorphism of

chain complexes between (¢BV', d,) and (Nil' K Ge!, 6 tdcog).
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Proof. There is a conceptual proof of the first part in [9] relying on [30]. We prove
things by brute force. For the first two parts, we can apply Lemmas A.6.6, A.6.8,
and A.6.9. In both cases, we are considering O C F¢(Z), and F°¢(Z)/O is co-
generated by the projection onto F¢,)(Z)/ (9%2). Therefore, it suffices to consider
the composition O — F¢(Z) — F¢(2) — F¢(2)/0! — FP(2)/0i®) If this
composition is zero, then the corresponding coderivations on F¢(Z) descend to
the subcooperad Of. Now, because these maps are homogeneous in terms of the
number of vertices, we have only a small set to check.

To show that d,, is well-defined on ¢BV'!, we need to check that
d,(¢BVI®)) c ¢BVI®).

In particular, since d,, only acts on vertex pairs decorated with § and 1, we can
restrict our attention even further, to three cases divided up by how the third vertex

is marked. In each of these, Lemma 3.4.1 tells us the dimensions involved:

1. The component of qBV‘(g) with vertices decorated by two  and a y is one

dimensional, spanned by the following six term sum:

VoL
6 + \M/Jr\l/ + 9
| | | N/ \/ ji
R T A
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d, kills the last three terms of this sum; the first three become the shifted

Leibniz relation between ¢ and (3.

2. The component decorated by one ¢ and two p. This is two dimensional,
spanned by the cyclic permutations of the following ten term sum:

N/ NN/

“
d

- - 5
N/ \ /
| |

]
VA VAR >/
\/ \/ W

d, kills the last six trees, and the remaining four terms become a difference

of two shifted Leibniz relations between [ and .
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3. The component decorated by one ¢, one j, and one 3. This is three dimen-
sional, spanned by the cyclic permutations of a similar fifteen term sum.
Just as in the last examples, only the terms with § directly below pu con-
tribute. There are three of these, and under d,, they yield the shifted Jacobi

relation.

A similar argument shows that dop(Ge! (2)) cg ¢®. We have a good charac-
terization of Ge!® as the space of shifted generators of Ge, so it is spanned by the
shifted versions of the associators, Jacobi, and the Leibniz relation. d¢ g takes the
associator to a sum of Leibniz relations, the Leibniz relation to Jacobi, and Jacobi
to zero.

Now, to show that p respects the two differentials, we shall use the characteri-

zation of p~! from Lemma 3.4.3, and check that
pdop ' (6" R z) = 0" Kdoga.

Recall that p~! inserts n vertices decorated by § throughout the decorated trees
whose sum constitutes z. Then d, acts on one of these trees along with a y directly
above it and p projects back. Since p kills any decorated tree which has a vertex
decorated by § above vertices decorated by 3 or p, it suffices to check that this is
true on the summands of the image under p~! which have all or all but one of the

vertices decorated by 0 inserted along the outgoing edge of the root, and on the
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summands of d,, which only act on the highest of these J-decorated vertices. This
means we have a fixed 6" ! below the rest of the tree which we will not acted on
with d, and then the sum over possible insertions of one vertex decorated by ¢ in
all possible locations in the rest of the tree. In total, this means it suffices to check
this fact for o X x.

In this case, consider a summand 7 of = with underlying tree 7. In p~ 'z,
for each edge there is a summand with a vertex decorated by ¢ inserted in that
edge. By Description A.6.7, d,, acts on this sum by edge contraction; because
of the specifics of the map defining the coderivation, it can only act on the edge
immediately above the inserted vertex. Then the composition of these two maps
acts on each vertex marked by u by first inserting ¢ on the outgoing edge and then
contracting the edge between them, turning the p into a 3. This is exactly the
action of d¢g.

Both coderivations square to zero for strictly formal reasons, because apply-
ing, say, dog twice acts on two distinct vertices, and acting on the two choices of

which order to act on the vertices come with opposite signs because 4 is odd. [
3.5 Homology of ¢BV'

Proposition 3.5.1. The homology of (Ge',dcg) is one dimensional, represented

by the trivial tree.
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Corollary 3.5.2. Grading qBV' by the number of ds in each cooperation, its ho-

mology is isomorphic to:

one dimensional, spanned by 6" : n >0

H(gBV)m) = { Ge'/imdeg : n=0.
Proof. By Lemmas 3.4.1 and 3.4.5, we can decompose gBV' by the grading in-

duced by the number of vertices decorated by 9, and we get the following com-

mutative diagram:
d .d d . d ;

dck dck dck

gei . gei gei

The homology is then one dimensional by Proposition 3.5.1 everywhere except at

dck dck

0

qBVI(O), where it everything is in the kernel so it is just the quotient by the image

of dep. ]

Corollary 3.5.3.

The dimension of the n-ary component of H(gBV',d,), forn > 1, is %'

Proof. By Corollary 3.5.2, it suffices to count the dimension of Ge!(n)/im dcog.
Because the homology of Gei(n) is 0 for n > 1, this is precisely half the rank of
Gei(n) itself. By Lemma 3.4.1, this is the same as the rank of sCie! X Comi(n).
An element of sLie! X Com' has an arity m element of sCie’ (the space of these

is dimension one by Lemma 3.4.4), a partition of the leaf set n into m unordered
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nonempty subsets S, ..., S, and an element of Com!(S;) for each i. The rank

of Comi(j)is (7 — 1)! by Lemma 3.3.13, so this is:

Fn)= Y [IdsiI-1:

n=US; i=1

We prove that this sum is n! by induction. For n = 1 there is only one partition,
S1 = {1}, and the calculation yields 1. Now assume F’ is the factorial for integers
up to n and consider the formula defining it for n 4- 1. In any given partition, n+ 1
must appear in some .S;. Suppose |.S;| = k. Then there are k — 1 choices of which
other elements of {1,...,n} are in S;. The remainder of the numbers, which are
in bijection with (n — k + 1), run over all possible partitions of n — k + 1. So the

sum for n + 1 becomes

n

ii,+§:Fm—k+1W}il> (k—1)!

if k=n+1 k=1 rank of Comi (k)

n

:n!+Z(n—k+1)!

k=1

n!

(n—k+ Di(k—1)

!(k — D! =nl+n(n!) =(n+1)
0]

Remark. Another corollary to this proposition is the well-known fact that the
Lie and commutative operads are Koszul, and that, equivalently, the Chevalley-

Eilenberg homology of the free Lie algebra is trivial.

To prove Proposition 3.5.1, we will construct an explicit contracting homo-

topy. To do this, we will need a combinatorial factor.
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N/
\2\/
|

Figure 3.2: A trivalent tree with the weight w indicated at each vertex

Definition 3.5.4. Let 7' = (L, V, N) be a tree with rank greater than one. The
weight of the vertex v € V, w(v), is the sum over pairs of incoming edges of v
of the product of the number of leaves above the two incoming edges (see Fig-

ure 3.2).

Lemma 3.5.5.

> w(v)

veV

depends only on the rank of T', and in fact is (TkZT)

Proof. Every leaf is taken to the root vertex by some power of /V; then for every
pair of leaves ¢ and ¢, there is a first vertex which is in both the image of ¢ under
powers of N and the image of ¢’ under powers of N. This is the only vertex for
which the pair ¢ and ¢’ are above different incoming edges of the same vertex, and

so this is the only time that they contribute to the sum. Each such pair contributes
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the product 1, so the total sum is the number of such pairs, namely ("k2T). [

Definition 3.5.6. Let = in F°(3, ;) be a decorated tree with underlying tree 7.
Choose an order of the vertices of 7'; then x can be written up to a scalar as
Ty, ® -+ @ x,, , Where each z, is either a [ or a pu. As usual, two orders on
the tensor product are equivalent up to the sign induced by the permutation of the
vertices decorated by y (which are odd). Let ¢; be (—1)#v!, and let & act on the
vector space spanned by /3 and p by taking (3 to 4 and u to zero.

We define a chain homotopy H of degree —1 on F¢(/3, i) by

= w(v;
H(xv1®"‘®33vm)2261“'@—1%%1®"'®h(ﬂ3vi)®---®xvm.

i=1 (2)

In words, H is the sum over all ways of changing a 3 to a p, but comes with a

sign (the regular Koszul sign) and a combinatorial factor.

Lemma 3.5.7. By abuse of notation, let dcp denote the unique coderivation of
Fe(5, 1) extending the map taking 1 to 3 and [3 to zero. Then dopH + Hdcp = id

on the reduced collection F<(3, ).

Proof. Consider a proper tree in F¢(3, ). H acts on it by taking the signed and
weighted sum of replacing each 3 with a u; dog acts by taking the signed sum of
replacing each p with a 3. To act first with one and then with the other means that

either
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1. H and dog act on two distinct vertices of the tree, or

2. they act on the same vertex, changing it first from (3 to p or vice versa and
then back, ending up with the same tree, possibly with a sign and combina-

torial factor.

The first type come in pairs, one from dop H and one from Hdg g, with the same
combinatorial factors. They have the opposite sign, because the sign conventions
for H and d- g are the same, and in one of the cases, there is one more or fewer
1 than the other in a position that induces a sign. This means all of these terms
cancel.

For the second type, note first of all that the induced signs from H and d¢og
will be the same sign acting on whichever vertex we have chosen, and every vertex
will be acted on by precisely one of Hdcg and dep H nontrivially, depending on
whether it begins decorated by 3 or i, so the final result of so acting will be the

sum over all vertices of "= (L, V, N):

(v)
D Gyt © 1 ®

By Lemma 3.5.5, the sum of the coefficients over all of V' is exactly one, which

yields the desired result. [

Lemma 3.5.8. H(Ge') C Ge'.
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Proof of Proposition 3.5.1. Consider the counit map  : I — F¢(3, ) and the
coaugmentation map I — F°(/3, 1) which takes I to the trivial tree in F°(3, p).
These are chain maps with respect to the zero differential on I and do g on F€¢(3, p)
because do g kills the trivial tree, but the trivial tree is not in the image of d¢p.
H also kills the trivial tree in F¢(3, u). Then depH + Hdcg kills the trivial
tree but acts as the identity on its complement in F¢(/3, ). So H is a contracting
homotopy between (F°((, ), dcg) and (I,0). By Lemma 3.5.8, this is true in the

subcooperad (Ge', dog) as well. O

It would be nice to use something like Lemma A.6.3 or Lemma A.6.8 to prove
Lemma 3.5.8, but because H is neither a map of cooperads nor a coderivation, it is
not immediately clear that this approach will work. In essence, the combinatorial
factors involved in H are dependent on the global structure of the decorated tree
on which it acts, not just local structure, so we can’t directly prove the result by
looking at the local picture provided by the cogenerators. It will turn out that a
local calculation will suffice, but only after some careful analysis. Let us build a

little bit of terminology that we will only use for the proof.

Definition 3.5.9. Let S be a finite set; for convenience, let us assume that S is
ordered. Then let A(S) be the set of decorated trees in F¢(3, u)(S). If Ais a

decorated tree from A(S), let 7'(\) denote the underlying tree of A. Every vertex
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Figure 3.3: A picture of (2})

of T'(\) must be trivalent. An element A of A(S) has a degree induced by the

degrees of 3 and p in F(3, ).

Description 3.5.10. We shall want to discuss A(3) in more detail. A trivalent 3-
tree must have two vertices, v and *, with N (v) = *. One of the three leaves also
shares a edge with the root; this gives us precisely three trivalent 3-trees. Then
because there are two possible decorations for each vertex, there are twelve ele-
ments of A(3). We will refer to them with a number indicating which leaf shares
an edge with the root and upper and lower indices indicating their decorations as
in Figure 3.3. If A is in A(3), then let A, be the decorated 3-corolla whose deco-
ration is the shifted composition of the two decorations of ) in Ge along the tree

T(\).

Proof of Lemma 3.5.8. Recall that Ge' is characterized as the kernel of d, on
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Fe(8, i). A typical element of F°(3, 1) (.S) looks like

for structure constants a(\). When we apply d,, this is a sum over contractions

along internal edges, with a decoration assigned by composition. Then

dx= > ald) > A

AEA(S) e€B(T(\))

where ), is the decorated tree obtained from A by contracting e. The decoration
on the arity 3 contraction vertex comes from Ge(3) and is induced via composition
in Ge of the decorations on the two vertices of the contraction edge.

So we can see that the image of F°(/3, 1) (.S) under d, is spanned by decorated
S-trees whose underlying trees have precisely one 4-valent vertex, v, and all other
vertices trivalent and decorated by either i or 5. By cutting at all the edges of
v, we can recover four trivalent trees with vertices decorated by p or 3. The leaf
set of all four trees together is S L {v}. Together, this gives us most, but not all,
of the information about \. That is, if 7" is such a contracted tree, then there are
precisely three trivalent trees that could give rise to 7" by an edge contraction.
Therefore, we can rewrite the sum according to the possibilities for a two-vertex
trivalent tree.

Let {\o, A1, A2, A3} range over decorated trees in various A so that the total

disjoint union of their leaf sets is S L {v}. We can assume that {v} is a leaf of A
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and that the other three are ordered in some way descending from the ordering of
S. Call P the set of all such sets of decorated trees.

Let A be a decorated 3-tree. If we have a fixed p € P, then \ will indicate the
decorated n-tree obtained by grafting A to \q along the leaf v and grafting \; to
this tree along the leaf 7 of A\. Then we can rewrite the above sum as:

dox = Z Z a(X))/\;
)

pEP )\gA(g

What this means concretely is that for this sum to be zero, it must be zero for each
p € P. Since we have an enumeration of A(3), and know the relations of Ge, we
can say even more. Let {7, j, k} = {1, 2, 3}. Then for any fixed p we must have:

—_

a((15)) = a((25)) = a((35)) (Facobi), (3.2)
a((i)) = a((72)) + a((k)) (Leibniz), and (3.3)
a((/l\ﬁ)) + a((/2\ﬁ)) + a((?)/ﬁ\)) = ( (associative). (3.4)

Now let us assume that d,x = 0, so that it satisfies these conditions. We will
show that d,Hx = 0 as well. Beginning as before, we have
dHr= > a(}) > (H\,
AEA(S) e€E(T(N))
We can rewrite H as the sum of h over vertices in 7'(A\)We want to rewrite this

sum as we did in the analysis of d,x, in terms of a sum over P. We have two
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options, depending on whether v is in one of the trees \; in our partition P, or if
it is in the tree A € A(3) where the contraction happens.

If v is in one of the \;, then (h,\), and h,\. differ only by a sign which does
not change as we change )\ in a homogeneous component of A(3). Our assumption
that = began in ker d,, implies that these terms vanish, as we are performing the
same contractions as before (yielding all zero coefficients) and then modifying
some vertex or other elsewhere in the tree.

Therefore we can disregard these terms and assume, instead, that we will sum
over h acting only on the vertices of the contraction edge. Let us apply h to such
vertices. We began with an x that satisfied the conditions 3.2-3.4. We will see
that we will end up satisfying the same conditions.

We need to apply & not to the vertices of A € A(3), but to ) for fixed p € P.
This matters because the combinatorial factors of ~ depend on p. So, in X, let n;
be the rank of the underlying tree T'()\;). For i > 0, this is the number of leaves in
\ above the grafting edge of \; to the leaf i of \. Then the if A is the symbol (i)
then its lower vertex has weight n;(n; +ny;) and its upper vertex has weight n;ny.

Then applying h to vertices decorated with two (3 is as follows:
(i5) > ni(ny + ng) (i) + nyng(if).

So assume that we begin with a system of coefficients satisfying condition 3.2.
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g nj ng

—_—— N —

/
|

Figure 3.4: The part of X which comes from A

Then after applying h we will get a symmetrized system of coefficients that satis-
fies condition 3.3, since n;(n; + ny) = n;n; + nny.

Applying h to vertices decorated with one 3 and one p takes
(i) = na(ny +m)(i); (i) = —ngma(ily).

We get an overall sign of —1 on the right because 2 must pass over the bottom
vertex, which is decorated by p. Again, applying this to a system of coefficients
satisfying condition 3.3, we get exactly condition 3.4.

Of course, applying h to vertices decorated only with y gives zero.

This shows, then, that H preserves the kernel of d,,, as desired.

Proposition 3.2.4 now follows from the shape of .



CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 118

Proof of Proposition 3.2.4. The formulas that define all of the higher oo cooper-
ations on H(¢BV', d,,) involve applying a contracting homotopy for the strong

deformation retract

H(QBVK> dw) <~ (QBVi, dsO)

We can choose for our homotopy a version of H which also increases the ¢ grading
by one. Then in the image of any higher cooperation, there will be an operation
involving a ¢. If we quotient by Aili, killing all the 9, then all of these higher

operations collapse. O
3.6 The explicit isomorphism

In [11], Getzler introduced the gravity operad and identified it as the kernel of the
derivation on Ge extending the map on generators defined by m — b — 0. Later,
he showed that the gravity operad had a dual relationship with Hyc [12]. We are
working with cooperads instead of operads, but the calculations are similar. We
have a derivation, d¢og, on Ge', extending the map on cogenerators defined by
i — 3 +— 0; we will show that the kernel of this coderivation is isomorphic to
Hycl, the dual cooperad to Hyc. Many of the calculations of this section are a
translation of Getzler’s calculations into cooperadic language. Therefore, the rest

of this section will be devoted to showing that:
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Theorem 3.6.1. The cooperad Ge' / im d¢g is isomorphic to Hyc!.

Remark. The main theorem, theorem 3.2.3, follows directly, after a verification

that the cooperation on NVl splits in H(¢BV', d,).

Definition 3.6.2. Define a map ) : ¢BV' — I as follows: project to Ge', apply
dcg, project to sLiel, and then identify sCie! with T' via the identification of
Lemma 3.4.4. That is:

»-1¢

qBY Gel — > Gel sCicl I.

Lemma 3.6.3. ¢ is a map of collections of chain complexes from q3V’ to T.

Proof. 1 is certainly S,,-equivariant. The degree of d¢p is 1 while the degree of
=1 is —1, so it is degree preserving. Since I' has no differential, to see that this
is a map of differential S-modules, we must show that the image of d,, is killed by
Y. Butd, = (67! X deg) and so ¢d,, begins with a composition of dog?, which

is zero. 0
Proposition 3.6.4. The induced map of differential cooperads

Fe(y) - (¢BV, dy;) — F(T)
can be range restricted to Hyc' C F°(T).

Lemma 3.6.5. The restriction of the induced map from H(gBV',d,) — Hyc' to

Ge' [ imdop is injective.
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Proof of Theorem 3.6.1. Since the induced map Ge'/imdcrp — Hyc' is an in-
jective map between spaces of the same finite dimension (these were calculated
in Corollaries 3.3.16 and 3.5.2), the induced map is a bijective map of cooper-

ads. ]

Proof of Proposition 3.6.4. For F°(1)) to range restrict to Hyc' = ker d, means
that ¢BV' — F¢(T") — F°(T")/Hyc is zero. By Lemma A.6.3 and Lemma A.6.9,

it suffices to show that the further projection to the cogenerators is zero:
BV —= F*(T') —= F*(T) /Hyc — F*)(T')/Hycy).

1 is only nonzero on elements of ¢BY' made up of trees with exactly one vertex
decorated by p (and none by §). By homogeneity arguments, only the component
of F°(1)) made up of decorated trees with two vertices decorated by y lands in
F¢(9)(T"). For this proof, let a superscript [k| denote the total number of vertices

decorated by .. Then we are looking at the map:
Geld —= Gl K Gel —>T KT e F¢2)(T)

where the second factor in Ge! Mz Ge' has precisely one nontrivial factor. We can
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factor the first part of this map:

gex[2] - gei[l} X Gel

W‘\E

der gea[Ol X gez[O}

%:

Gell — Gell¥ } Gl
It is necessary to verify that this pentagon commutes. Applying dog to Gell?
and then splitting it with A is the same as splitting with A and then applying
idXdcg + dog W id. Projecting the former onto Gel ) Gei corresponds, in the

latter, to only considering splittings into
1. Gel'! ) Gel, acted on in the first factor by dor X id, and
2. splittings into Ge'”) X Gel, acted on in the second factor by id Kd¢.

Further composition with id Mdsp kills all of the summands of the second type.
Then this total composition corresponds to first splitting into Geil'l ) Gel, then
acting by dog X id, and finally acting by id Xd¢ .

Now, applying d¢ g to Ge! Il Jands us in the kernel of d¢z and also in GelYl. We
have a description, from Lemma 3.4.4, of Ge! 1 (n); it is spanned by ,u;f From the
description of 7, it is clear that its image under d¢ is (3,. Therefore, differences

119 — 1k span the kernel of d¢ in Gell'). In fact, differences p% — ;7% span the
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kernel, since
il =t = Gl — ) + () — ).

Let us now look to what happens when we split ¢, project into Ge' O Gel, and
then apply id Xdop. We will get zero on summands where the vertex decorated
by  is in the lower component of the splitting. On the other components, we will
get some sort of composition (3, o, 3, _,1; in these components, since the vertex
marked by ;4 had to be in the upper component of the splitting, the leaves ¢ and j
will both share their edges with the upper vertex of the splitting. Depending on the
particulars of the tree, any other combination of leaves is possible. Then if S(ij)
varies over subsets of n containing ¢ and j, and o;; is the unshuffle corresponding
to the partition n = S(ij) U n\S(ij), then we get the total sum

> (Busistpir 01 Bisti))ois-

S(ig)
In looking at the difference between this sum and the corresponding sum for
S(jk), we see that the terms where S contains 4, j, and k cancel, and so yields

precisely

> Bacipi+1 01 Bp)0p = > (Bacipl+1 01 Bp))0p-

pEijlk pEjkli

Changing the /3, to p, completes the map into FC(Q)(I‘). Further projection to the

cogenerators kills this difference, since it is a shifted relation from Hyc. O]
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Proof of Lemma 3.6.5. We shall show that the following square commutes for

n > 1:
Ge'/im dep _dem Gel
o |
Hyci sLiet K F°(pu)
dcg is injective on Ge'/imdgg since imdop = kerdcp, and the map going

down the right side is an isomorphism followed by an inclusion. Therefore the
map going along the left and bottom is injective. Then at least the map going
along the left, namely ),, must be injective.

Let us verify that the square commutes. We will replace Ge'/ im d¢ g with Ge';

since the former is a quotient of the latter, the commutativity of the diagram

Gel —>dCE Ge

y |

Hyct —— sLiel K Fe(p)
will suffice.

Now, because y is not in the image of d¢ g, we can commute the application

of dcp with the splitting map and know that d¢ g must act on the first factor:

dop

Gel Ge! Gel K Gel
Gel X Gel
dCEIXidi
Gel X Ge sLiet K F(pu)




CHAPTER 3. TRIVIALIZING ALGEBRAIC CIRCLE ACTIONS 124

In the second factor here, we are merely projecting Ge! — Comi C F¢(u). Equiv-
alently, we could do the following thing: we could apply dcg not as a derivation,
but on every vertex; this would kill any summand that was not entirely decorated
with p and turn every p to a 3. Then we could use X7!¢ to turn every 3 to a o
and include the tree decorated by 1o into F¢(p).

On the other hand, let us follow the map Ge' — Hyct — sLie’ X F¢(u). This
map begins by splitting x in Ge' into many levels and applies d¢ to all of them
before turning them into pu,,. However, because we are eventually projecting on
the right into F°(x) which is the image of F°(u») , the only important summands
in the splittings are those where every factor but the leftmost are just trivalent
vertices in Ge!'Y). Further, because we are applying dcg to these vertices, they
should be decorated by .

Then the map is given by application of dog to each factor in the splitting,
followed by some relabelling: on the right, 3 becomes 5 becomes 1 and on the
left 11/ becomes (3, becomes /i, becomes (3,,.

These two processes are thus the same. [
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Appendix A
Operadic algebra

The purpose of this appendix is to give a concise, general, overview of the basics
of operadic algebra from the ground up. Section A.1 describes the structure in a
background category which is used to build a category of operads. This is fol-
lowed by section A.2 which deals with categorical group actions in a monoidal
category, and defines operads and cooperads. The historical thread, and more de-
tailed exposition, can be found in the references [23, 22, 19]. Section A.3 defines
trees and shows how they form an operad in the category of sets. Section A.4
describes some sufficient conditions on functors between background categories
for them to carry operads to operads. The last two sections focus on operads in the
category of chain complexes. Section A.5 recalls Koszul duality in operads and
section A.6 gives some algebraic propositions in the world of cooperads. These
propositions are dual to familiar propositions about operads and algebras, but the

“co” versions may seem quite alien. Notationally, throughout, if n is a natural
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number, the set n will refer to {1,...,n} (0 refers to the empty set). This should

cause no confusion.
A.1 Monoidal categories

Definition A.1.1. A monoidal category is given by the data (C, e, I, v, \, p) where
1. C is a category,
2. eisafunctor fromC x Cto C,
3. I is an object of C,
4. «is an natural isomorphism e o (e x id) — e o (id xe),
5. \is a natural isomorphism e o (I x id) — id, and
6. p is a natural isomorphism e o (id xI) — id.

These must satisfy coherence axioms which serve to ensure that there is at most
one morphism between an object built out of monoidal products via compositions

of products of «, A, p, and the identity.

Definition A.1.2. A monoid in a monoidal category is a triple (X, ¢, 1) where:
1. X is an object of C,

2. The product ¢ is a morphism X ¢ X — X, and
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3. The unit 1 is a morphism / — X

so that the following diagrams commute:

XeoeX

101d 1d ol
o]

(XoX)e

Thus a monoid has a unital associative product defined on it.

Definition A.1.3. Dually, a comonoid in a monoidal category is a triple (X, A, )

where:
1. X is an object of C,
2. The coproduct A is a morphism X — X e X, and
3. The counit 7 is a morphism X — [

so that the following diagrams commute:

X A
AT
e (XeX)
k / [eX< - XeX i =Xel
o X

Thus a comonoid has a counital coassociative coproduct defined on it.
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Definition A.1.4. A distributive symmetric monoidal category is given by the data

(C,e, I, x, \, p, m) where

1. (C,e,1,a, ), p)isamonoidal category with finite limits, including

2. achoice of functorial coproduct U : C x C — C,

3. 7 is a natural isomorphism e — e o ¢ where ¢ acts on C x C by permuting

factors, and

4. the canonical distributivity map

(AeB)U(Ae(C) — Ae (BLC(C)

1s an isomorphism.

These must satisfy even more coherence conditions, which serve to ensure that
there is at most one way to get between one object built out of monoidal products
and coproducts to another such object via compositions of products of «, A, p, 7,
o, canonical distributivity maps (and their inverses) and the identity.

In the following examples, we will specify the data (C, e, I,L!) and suppress
the natural isomorphisms. When we use e without parenthesization, we mean, for
concreteness, the parenthesization from left to right; in fact, any choice would be

uniquely isomorphic to this one via a.
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Lemma A.1.5. The following are distributive symmetric monoidal categories:
1. (Set, x, {x},L)).

2. (Top, x,{*},U). Here Top could be any of a number of topological cat-
egories containing the singleton which is closed under finite colimits and

Cartesian products.

3. (grVect,, ®, ko, ®), Z-graded vector spaces over a field k of characteris-
tic zero, with tensor product and direct sum. Here K is the one dimensional

vector space concentrated in degree (.
4. (Chainy, ®, ko, ®), Z-graded chain complexes over k.

Remark (Koszul signs). The permutation isomorphism 7 in graded vector spaces
and chain complexes is not + ® y — y ® x, but rather the signed permutation

@y (=1)#Wy @ 2, where |z| and |y| denote the grading of = and y.
A.2 Groups

Definition A.2.1. Let C be a category and GG a group, viewed as a category with
one element and morphisms G. A left G-module in C is a functor G — C. That
is, the data is given by an object X in C and a homomorphism from G into the

automorphism group of X. A right G-module is a left G-module over the group
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G°P; a G-H-bimodule is a left G-module over the group G x HP. Often we will

suppress the homomorphism and refer to a G-module by the object X.
(G-modules form a category whose morphisms are natural transformations.

In this context, a natural transformation between GG-modules X and Y is a C-

morphism X — Y which is equivariant with respect to G.

Definition A.2.2. If C is a category with finite colimits, G is a finite group, and
X is the object of the left G-module G — C, then the quotient X /G is the colimit
of the functor G — C. In practice, this object is a model for the quotient of X
by the action of GG. It accepts a morphism X — X/G so that the compostion

X % X — X/G is the same morphism for all g € G.

Example. 1f C is one of the categories of Lemma A.1.5, then a G-module is a set,
space, vector space, or chain complex with a group action, and X /G is modeled

by the ordinary quotient by that group action.

Example. Let (C,e,1,L]) be a distributive symmetric monoidal category. Then
X o-..0 X isaleft S,,-module in C. The structure morphisms are given by com-
—_—

binations of 7 and « that permute the factors of the monoidal product according

to the permutations of S,,.

For the rest of this section, let (C, e, I, L) be a distributive symmetric monoidal

category, and let S be a finite set.
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Definition A.2.3. Suppose S is a G-H-bimodule in the category of finite sets.

Then the object S of C defined as
S=|]1
s
is a G-H-bimodule in C. The structure is provided by a homomorphism from
G x H°P to the automorphisms of S. Let g, h, and s be elements of G, H, and S,
respectively. This homomorphism takes (g, h) € G x H° to the automorphism
which takes the factor I, in the coproduct to the factor /., via the identity map

on /. In particular, the group G is a G-G-bimodule in the category of sets, so G is

a G-G-bimodule in C.

Definition A.2.4. Let X be a right G-module and Y be a left G-module in C.
Then X e Y is a left G-module; the action is given by acting on X by g~' and V'

by g. Define

XegY =(Xe;Y)/G.

If X is a H-G-bimodule and Y a G-K-bimodule in C, then X o5 Y is an H-K-

bimodule in C.

Example. In the categories of Lemma A.1.5, G corresponds to the discrete group
G or the group algebra k[G]. The notion of e corresponds with the ordinary

notion of the product over a group or the tensor product over the group algebra.
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Definition A.2.5. The symmetric group of S, Sg, is the group of automorphisms
of S; Sg is noncanonically isomorphic to S|g|. Sg acts on the left by permutation
on tuples {z,}scs indexed by S. Let o € Sig); then the element indexed by s in

o{xs} iS x,-1,. In particular, S,, acts on (x1,...,z,) by

o(x1, .o &) = (Tg=11, -+, Tg—1p).

Lemma A.2.6. Let S’ be of the same order as S. The set of isomorphisms from

S’ to S is an Sg-Sg/-bimodule in the category of sets. We call this bimodule

Iso(S", 9).

Definition A.2.7. The category of collections in C, Cs, has as objects collections
{X(n)}nen where X (n) is aright S,,-module in C. A morphism is a collection of

morphisms of S,,-modules.

Definition A.2.8. Let X = {X(n)} be a collection. Then X (S) is the quotient
X(|81) o5 s0(|], 9).

There is a similar construction on left S,, modules which is useful enough that

we will record it explicitly:

Definition A.2.9. Let X be an object of C. We define X *° as the left Sg-module

—_—

ISO(S, |S|) .SIS\ (X ®---0 X) /S|S|.
S|
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Remark. 1. X*°is noncanonically isomorphic to X *!%!. This construction thus

lets us take monoidal products over arbitrary finite sets.

2. If FF : S — C is a functor, we could consider a twisted version of this

construction F*%; in this case, we quotient

|| (FoleFo2e-.-eFq|S))
o€lso(|S|,S)

by a similar antidiagonal Ss) action.
Definition A.2.10. Let P, (n) be the set of ordered partitions p = (p1, ..., pg) of

n of length k. Define the functor X : Cs x Cs — Cs as

(XRY)0) = || X e | L] (YooY (on) 05,000, 50) |

k>0 pEPy(n)

Let I be the object of Cs with (1) = I and I(n) = 0 otherwise.

For this definition to make sense, we need to discuss a few of the module
structures involved. The right S,,-module structures on Y (p;) induce the right
Sp, X -+ x S, -module structure on their monoidal product.

We can map p; LI - - - U py to n bijectively. This induces an inclusion of groups
Sp, X -+ xS, — Sp; this inclusion gives S, the structure of a left Sp, X =+ XS, -
module (via left multiplication).

Finally, we need to describe the left S;-module structure. This will be built out

of constituent pieces. One is given by taking the induced map that comes from
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Figure A.1: A picture of a summand of X XY

S acting on the partition (p1, . . ., px) by permuting its factors and on the product
Y (p1) e --- @ Y(pi) by permuting its factors in the same manner. The other is
given by using a map Sy — S,, and then acting on S,, by left multiplication. The

map is given by acting on blocks of size p; through pj, in n.
Proposition A.2.11. (Cs,X, I) is a monoidal category.

Definition A.2.12. An operad O in the category C is a monoid in the monoidal

category Cs. A cooperad C is a comonoid in Cs.

Proposition A.2.13. The data of an operad O can be specified by giving

1. The operation objects O(n) with their right S,-module structures,

2. The morphism 1, which is specified by a C-morphism I — O(1), and

3. Partial composition maps o; : O(m)eO(n) — O(m+n—1)for1 <i<m



APPENDIX A. OPERADIC ALGEBRA 136

which should satisfy well-known associativity, equivariance, and identity con-

straints [22].

In practice, we will specify these data rather than the full structure maps ¢ and

1 of the monoid.

A.3 Trees

Trees are a useful device in understanding operads and operad compositions.
Compositions are indexed by trees and the free operad and cofree cooperad are
modelled by operads of trees. There is a lot of vivid horticultural vocabulary in-
volved in this section of the appendix, along with a few lemmas near the end made

use of in the earlier chapters.

Definition A.3.1. A rooted tree T = (L,V, N) (all trees will be rooted and the

adjective rooted will be omitted) consists of the following data:
1. Finite sets L of leaves and V' of vertices.

2. A surjective trunk or successor map N : LUV — V L {out} satisfying the

following:

(a) for every vertex v there exists a height h(v) so that N**)(v) = out

(b) N~(out) is a singleton, which will be called * or the root.
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O(n) O(n)
W4 N/
O(m) = O(m)

o) o)
| |

Figure A.2: Illustrations of both types of associativity relation for o;
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Trees with leaf set L are called L-trees.

Remark. Every L-tree is uniquely isomorphic to an L-tree where the set of vertices
Viixed 18 @ subset of p(L) x N constructed in the following manner. Let (L, V, N)
be an L-tree. Let v = (L,,h(v)), where L(v) is the set of leaves ¢ € L such
that N*(¢) = v for some k and h(v) is the height of v. This turns out to give a
unique pair to each vertex, and the bijection v < v induces a trunk map N. This
convention allows us to avoid set theory problems. Modifying a tree or changing
L may cause us to leave the universe we have constructed, but there is always a
unique representative tree of this form uniquely isomorphic to the one we have
created. Therefore, we will perform our constructions with impunity, suppressing

the isomorphisms to our representatives.

Remark. Note that surjectivity of N implies that L is nonempty. Note also that
there exist trees, called trivial trees, with one leaf and no vertices. All other trees
are called proper, and * is a vertex in a proper tree. Note also that the sets L and
V' can be recovered from S = LUV and N : S — S U {out}; L are the elements

of S not in the image of N and V' are the image of .S with the point out removed.

Definition A.3.2. 1. An edge of a tree T is a pair (a, b) with N(a) = b. Here
a and b are elements of L LI V U {out}. The set of edges of T" is denoted

E(T). If e is an edge, then in(e) = a and out(e) = b.
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2. Aninternal edge of a tree is an edge such that a and b are both vertices. All

other edges are external edges.

3. Anincoming edge of a vertex v is an edge (a, v); the (unique) outgoing edge
is the edge (v, N(v)). The set of incoming (respectively incoming internal
or external) edges is denoted in(v) (respectively in’(v) or in®(v)). The set

of all incoming and outgoing edges of v is E(v).

4. A leaf vertex is a vertex with at least one incoming external edge, that is, a

vertex in the image of L under N. The leaf vertex of the leaf ¢ is N (¢).
5. The rank of a tree rk(T") is the number of vertices.
6. The arity of a tree, |T, is the number of leaves.

7. The valence val(v) of a vertex v of a tree is |E(v)|, the number of edges
of v. The arity |v| of v is |in(v)|, the number of incoming edges of v. The

arity is always one less than the valence.

Remark. We will often draw pictures to describe trees, which will be something

like the pictures of Figure A.3.

Definition A.3.3. 1. If £ = {(a.,b.)} is a set of internal edges of the tree
T = (L,V, Nr) then the edge contraction is the tree T with leaf set L,

vertex set V'\{a.}, and trunk map Np,(v) = Nﬁ(”)(v) where k(v) is the
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Figure A.3: Pictoral representations of five trees, including the trivial tree, the
2-corolla, and the 5-corolla. The trunk map N is indicated by the downward flow

along line segments.

minimal positive integer such that N;(”) (v) is not in {a.}. Alternatively,

the vertices can be taken to be equivalence classes of vertices of 7', where

v ~ v if there is a sequence of edges in £ connecting them. The vertices

that are proper equivalence classes are called contraction vertices.

2. If W is a set of bivalent vertices of the tree 7" = (L, V, Nr) which does not

include the root, then the tree Ty = (L, Viy, Ny ) obtained by forgetting

the vertices W is the edge contraction T where £ = {(w, T (w))} for all

w e W. If W, = W U {x} is a set of bivalent vertices including the root

vertex then the tree 7y, obtained by forgetting the vertices W, has leaf set
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L, vertices Viy\ {*}, and Ny, = Ny except that Ny, (Ny,* (%)) = out. If v

is a bivalent vertex, then 7, means T7,;.

Definition A.3.4. To avoid confusion, we describe three partial orders having to
do with trees. We will extensively use the first one, never use the second, and

occasionally use the third.

1. For a fixed tree (L, V, N), there is a partial order on vertices and leaves
induced by N, where v > u if N*(v) = u for some k > 0. Comparisons

9% ¢

for this partial order will use words like “higher,” “lower,” “above,” and

“below,” even though it is not the same as:

2. The partial order on vertices (which can be extended to leaves) induced by
the height function h, which is defined so that i(v) is the number so that

N () = out.

3. For a fixed set L, there is a partial order on trees (L, V, N) given by edge
contraction. That is, (L, U, M) > (L, V, N) if there is a finite sequence of

edge contractions from (L, U, M) to (L, V, N).

Remark. Note that the order > has a least element, the vertex (or leaf) x. For
the third order, there is a least tree with leaf set L for > up to isomorphism,

represented by (L, *, L — x +— out), called the L-corolla. If |L| = 1 then this is
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only true if we ignore the trivial tree with leaf set L, which is incomparable with

all other trees.

Definition A.3.5. Let the stock and scion be trees Tiiock = (Lstocks Vatocks Nstock )
and Tscion - (LSCiOIU ‘/;ciona NSCiOn)- The tree Tgraft = T'stock ié Ecion obtained by

grafting the scion to the stock at the leaf ¢ of T, has:

1. The leaves of Tyrate are Lgtock U Liscion \{¢}-

2. The vertices of Tiyag are Vigock U Vicion-

3. The trunk map of Ty, takes the root of Tycion t0 Nyock(£); On every other

vertex and leaf, it is given by whichever of Ny and Ny, 1S appropriate.

The edge from the root of Tyion t0 Nyoek (£) is called the grafting edge.

Definition A.3.6. There is a cutting operation on trees. Let 7' = (L,V, N) be a
tree and E = {(a., b.)} be a set of edges of T such that the a, are pairwise incom-
parable under the partial order >>. The stock tree Tyiock = (Lstocks Vatock, Vstock)

1 e —
and scion trees 1%, = (

LS., V.., N, ) obtained by cutting 7" along E are

scion? Y scion’ * ‘scion

as follows:

1. The leaves of T

< .on are all the leaves above a. in 7, including a. if it is a

leaf.
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2. The vertices of T

and

are all the vertices above a. in T, including a. if it is

scion

a vertex.

The trunk map of 7}

scion

coincides with the trunk map of 7" except that

Nscion(ae> = out.

. The leaves of T}, are:

Lstock = L\ (U L:cion> U |_|{a'6}'
The a. are called the cut leaves.
The vertices of Tyoc are V\ |J Viion-

The trunk map of Ty coincides with the trunk map of 7' except that

Nstock (ae) - be .

Lemma A.3.7. Grafting and cutting are basically inverse operations:

1. If T is a tree with edge (a,b), then cutting at the single edge (a,b) and

grafting the resulting scion to the resulting stock along the cut leaf yields T'.

2. If Tyoac and Tiion are trees, with { a leaf of Tyoc., then grafting Tycion to

Tiock along € and then cutting along the grafting edge gives Ty, as the
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scion of the cutting and a tree T, . as the stock which differs from Tyocx
only in that the leaf { has been renamed ( Lgcion, h(£)) by our vertex naming

conventions.

Definition A.3.8. Let 7" be a tree. A set of edges F = {a., b} is called a pollard

set if

1. The a. are pairwise incomparable under >, and

2. Every leaf is above or equal to some a,. under >>.

Cutting allong a pollard set is called pollarding.

Definition A.3.9. The tree obtained by inserting & vertices on the edge (a, b) of

the tree 7' = (L, V, N) has:

1. Leaf set L

2. Vertex set V U {vy,..., v}

3. Trunk map which takes a to vy, v; to v;11, v to b, and acts as N otherwise.

This can also be described by cutting 7" along (a, b), and then grafting the scion

to k& copies of the 1-corolla and thence to the stock along the cut leaf.
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Definition A.3.10. Let O be an operad and 7" = (n, V, N) be an n-tree. Compo-

sition along 'T" is a map

[T o(in(w)) — O(n)

veV

defined by iterated compositions in a pattern governed by 7.

To be precise, let M = max{h(i) : ¢ € n} be the maximum height of any
leaf of 7. Let 7" be the tree constructed by inserting M — h(i) vertices on
each leaf edge (i, N(7)). Recursively, beginning at height one, choose an order
(Uk.1y- -+, Vkm,) for the vertices of 7" of height k. Choose this order so that a
comes before b if N(a) comes before N(b). Extend this order to the leaves of
T’, which has been constructed so that all the leaves are at height M. This or-
der induces an isomorphism of in(v) with |in(v)|, which we can use to identify
O(in(v)) with O(]in(v)|). Now we can use the composition map ¢ of the operad

to compute the product in O of

O<|’Ul71|) .S\Ul,ﬂ O<|'UQ71|) ®---0 O(|U27m2|) .3\v2,1\><"'><s\v2,2\ id| .

Recursively, we can continue up 7", composing the resultant element of O
with the vertices of the next height, until at the leaves we finally compose with
the permutation of S; induced by comparing the leaves n, which have an intrinsic
ordering, to the ordering they inherit from the ordering on the vertices.

Typically, C will be a concrete category, so O(in(v)) will be a set with addi-
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tional structure. In this case, if z, € O(in(v)) for v € V, then the composition
of {x,} along T is the image of [ [ x,, under composition along 7". We call z,, the

label of v in the composition.
Lemma A.3.11. Composition along T' is independent of the choice of order.

Definition A.3.12. The operad of trees T in the category of sets is given by the

following data:

1. 7 (n) is the set of n-trees. Our vertex-naming convention makes this a set,
rather than a proper class. The right S,,-module structure is given as follows.
Leto € S,. Then o takes the tree (n, V, N) to the tree with leaves n, vertices

V, and trunk map NV on vertices and No on leaves.

2. The composition map 7 X 7 — 7 is given by grafting: The image of
T} o5, 1), ®--- o1, isan n-tree isomorphic to the tree formed by grafting
each of T}, to T}, at the leaf ¢. The leaves of the grafted tree are identified
with n by mapping p; to {1,...,p;} in an order-preserving way, mapping

peto {p1 +1,...,p1 + p2} in an order preserving way, and so on.

3. the image of 1 is the trivial 1-tree.

This definition respects the various quotients and products involved in X. As a

simpler alternative to the second datum, we can define just the partial composi-
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tions o;. Let T,, € 7(m), T, € T(n). Then T, o; T,, is an (m + n — 1)-tree
isomorphic to T, I; T,,. The leaves (m + n — 1) are associated with the leaves
of the grafted tree by identifying n with {i,...,i+n—1}and {1,...,7,...,m}

with {1,...,i—1,i+n,...,m +n — 1} in an order preserving manner.

There is not a cooperad of trees in the category of sets, but there is a version

in the categories of graded vector spaces or chain complexes over k:

Definition A.3.13. The cooperad of trees T in the category of graded vector

spaces or chain complexes is given by the following data:

1. T(n) is the free vector space on the set of all n-trees. The right S,,-module

structure is induced by the one on 7 (n).

2. The decomposition map can be described in terms of the pollarding opera-
tion. Let T € T(m+n—1), and let E be a pollard set of 7". Cutting along £/
yields a stock tree and some number of scion trees. We make a choice to put
the scion trees in some order. For instance, we can build an order iteratively
by choosing whichever scion contains the lowest numbered remaining leaf

L LE

scion?

of (m +n — 1). Now we can refer to the scion trees as L.

scion’ * *
where £ is the number of edges in . Rename the corresponding leaves of

J
scion*

the stock, so that the edge j is the cut leaf corresponding to L

Next, we can make another choice to identify the leaves of the scion tree
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J
scion

Lj

scion

with their order |77, |. For instance, the leaves of L/ are a subset

C
of (m+n—1) and we can map them in the unique order-preserving manner.

Build an isomorphism o of (m + n — 1) as follows. If the leaf ¢ of 7" has

been pollarded and renamed into leaf ¢; of the scion j;, then

UE(Z> = g’l + Z ‘jjsjcion"

J<Jji

Then we can describe one summand of AT as
1 k
TStOCk ®Sk |:(TSCi01'1 ® DR ® TSCiOII) ®S|T1. \X".XS\T’CA | JE] .
sclon scilon

We made choices of the ordering of the scion trees and the reordering of
their leaves. Having made a different choice would have led to a different
construction of oz and would give a different representative for the same

element of T X T.

Now the full decomposition map is given by summing this formula over all

pollard sets. That is, A(7') is given by:

Z T‘StOCk ®Sk |:(T:slcion Q- ® Tskcion) ®S‘T1 ‘><"'><S|Tk 9E| -

scion scion‘

E apollard set

3. The counit map 7 is projection onto the trivial 1-tree.
Definition A.3.14. Let C be a category. A C-decorated tree is either

1. apair (T, {X,}) where T" = (L, V, N) and X, is a right S;,(,y-module in C

forveV.
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2. apair (T,{X,}) where " = (L,V, N) is a tree and X, is a right S;;c(,) X

Sini(v)-module in C forv € V.

The first type is an example of the second type, since every right Sg s/ action

induces a right Sg x Sy action. In either case, T is the underlying tree of the pair.

Lemma A.3.15. Let C be a distributive symmetric monoidal category. Let S +—
Xs (or (S,8") — Xsg) be an assignment from finite sets to right Sg-modules
(right Sg X Sgr-modules) in C which is functorial with respect to isomorphisms of
finite sets (or pairs of finite sets). Then decorated trees as described above can be

given an operad structure that descends from the operad structure on trees.

Proof. Let Tp(n) consist of decorated n-trees as described above. For ease, we
will work with Sg modules; the case for Sg x Sg modules is similar. More pre-

cisely,

TD (TL) = |_| H Xm(v).

n-trees (n,V,N) veV

where Hv cv Xin(v) 18 the monoidal product over the finite set V.

We can define an S,, action on 7p(n) by extending the S,, action on 7 (n).
Namely, if o € S,,, then ¢ induces an isomorphism oy, of vertices (remember our
vertex naming convention) as well as leaves, and thus induces an isomorphism
o, : in(v) — in(oyv). By functoriality, this induces a morphism X,y —

Xin(avv) . O
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Lemma A.3.16. Let C is the category of graded vector spaces or graded chain
complexes. Let S — Xg be an assignment as in Lemma A.3.15. Then decorated
trees as described above can be given a cooperad stucture that descends from the

cooperad Structure on trees.

Proof. Just as in the previous lemma,

TD(n) = @ ®Xm(v).

n-trees (n,V,N) ve€V
with the same S,, action. Decomposition is by sums of pollardings, and the counit

is projection onto the trivial 1-tree. O

Remark. In the category of graded vector spaces or graded chain complexes, there
are signs involved in operads and cooperads of decorated trees. Technically, they
have been dealt with by our Koszul sign rule on the permutation isomorphism and
our definition of the product over an arbitrary finite set. In practice, one often
chooses an arbitrary ordering of the vertices of a tree as a representative and then
performs explicit sign calculations using the Koszul sign rule on an ordered tensor
product.

Remark. In the linear categories, since the underlying vector spaces or chain com-

plexes of the cooperad of decorated trees are the same as those of the operad of

decorated trees, we can unambiguously refer to elements of the cooperad of dec-
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orated trees in terms of the composition map and partial composition maps of the

operad of decorated trees.

Remark. Sometimes one wants to consider operad structures that modify the op-
erad structure on trees in some way, for instance by restricting the isomorphism
classes of trees allowed, weakening the functoriality of the assignment of decora-
tions, or by changing the particulars of the composition map. To specify a tree-like
operad structure on a collection whose underlying space X (n) is a coproduct of
decorated n-trees means to give a pseudo-composition map o! so that the com-
position of decorated trees with underlying trees 7,,, € 7 (m) and T,, € 7 (n)
has leaves in bijection with the leaves of T}, i; T,,. To define the actual operad
composition map o;, this should be relabeled to make it an (m +n — 1)-tree by the
bijection used in 7. It is assumed that the S,, action and the monoidal unit will be

as in the category 7p unless otherwise specified.
A.4 Functors of operads

Definition A.4.1. A monoidal functor between two distributive symmetric monoidal

categories C and D is a pair (F, 1), where

1. F'is a functor C — D which respects finite coproducts and the monoidal

unit, and
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2. 1) is a natural transformation ep o (F' X F') — F o ec.

Example. Let C be the functor from Top to Chainy which assigns to a space
its singular cubical chain complex over k. That is, a space X is taken by C' to,
in degree n, the free k-module on maps from the standard n-cube [0, 1] into
X which have some dependence on the final factor. A map X — Y of spaces
composes with maps of [0,1]" — X to give maps [0, 1] — Y. This respects
coproducts because of basic properties of connectedness. Finally, C,,(X)®C,,(Y)

maps naturally into C,,, (X X Y) by

f®g—fxg
Example. Let H be the homology functor on chain complexes. This respects &
and H(C ® D) = H(C) ® H(D) naturally over k.
Any functor between two distributive symmetric monoidal categories induces
a functor between their categories of collections. More is true.

Proposition A.4.2. The induced functor respects X and 1.

This means that the singular cubical chain complex of a topological operad is
an operad in the category of chain complexes, and that the homology of a chain

operad is an operad in the category of graded vector spaces.
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A.5 Resolutions and Koszul duality

Koszul duality is a method for getting relatively small resolutions of “nice enough”
operads. References for this section include [14, 13, 8, 19]. For this section and

the next, let C be the category of chain complexes over k.

Definition A.5.1. An augmentation of an operad O in C is a splitting 7 : O — I of
the monoidal unit 1. A coaugmentation of a cooperad C is a splitting 1 : I — C

of the counit 7.

For this section and the next, unless otherwise remarked, all operads will be
augmented and all cooperads will be coaugmented, and morphisms will preserve

the augmentation or coaugmentation.

Remark. This technical condition ensures that we cannot discuss operads which
govern unital algebras of any kind. The restriction to the augmented and coaug-

mented case can be avoided [16] but assuming it streamlines the presentation.

Definition A.5.2. A pointed collection X is a collection {X (0), X (1), X(2),...}
equipped with the usual S,, action on X,, along with maps

I/"”IW““S‘X(l)

n

so that 11 is the identity.

The reduced collection X is the kernel of 1.
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Definition A.5.3. Let C be a cooperad. The reduced coproduct is

A= (ideid —neid —iden+nen)o A.

A cooperad is conilpotent if every element in it is killed by some iterated power

of A.

Lemma A.5.4. There is a forgetful functor U from the category of augmented op-
erads (coaugmented conilpotent cooperads) to the category of pointed collections
of graded vector spaces, which has a left adjoint ¥ (right adjoint F°) We will abuse
notation, using the notation O and C to refer to both operads and cooperads and

their underlying collections UO and UC.

Lemma A.5.5. Let X be a pointed collection with X (0) = 0. Then the operad
of decorated trees described in Lemma A.3.15 where the decoration on the vertex
v is X(|v]) es,,, Iso(in(v), |v]) is a free operad on X. Similarly, the cooperad of
decorated trees from Lemma A.3.16 with the same decoration is a cofree cooperad

on X.

This lemma gives an internal grading to the free operad and cofree cooperad on
X by the rank of the underlying tree. This is clearly respected by the composition

map. So linearly,

FX = éF(”)X; FeX = éFC(”)X.
n=0

n=0
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Definition A.5.6. An operad in the category of chain complexes is called quasifree
if it is a free operad in the category of graded vector spaces after forgetting the

differential.

Definition A.5.7. Let O be an operad in the category of chain complexes. A
quasifree resolution of O is a quasifree operad O, with a surjective map O, —

O which induces an isomorphism on homology.

Remark. There is a model category structure on the category of operads in chain
complexes (with certain restrictions) so that the quasifree resolutions are cofibrant

replacements.

Let X denote the shift operator on chain complexes, so that (XV),, = V,,_.

Proposition A.5.8. There are adjoint functors €) (cobar, the left adjoint) and B
(bar, the right adjoint) between augmented operads and conilpotent coaugmented
cooperads. The underlying vector space of BO is F°SO and the differential is
d = do +d,. That is, it is the sum of a differential induced by the differential of O
and a differential induced by the monoidal product of O. Dually, the underlying
vector space of QC is FX~'C and the differential is d = dc + d, the sum of
a differential induced by the differential of C and a differential induced by the

monoidal coproduct of C.
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Definition A.5.9. A cooperad C is weakly 1-connected if C(1) is concentrated in

degrees 2 and higher and C(n) is concentrated in degrees 1 and higher.

Proposition A.5.10. The bar functor on operads preserves weak equivalences of
chain complexes, that is, maps which induce an isomorphism on homology. The
cobar functor does not preserve weak equivalences in general, but it does preserve

weak equivalences between weakly 1-connected cooperads.

Remark. There are known counterexamples to this proposition in the case of co-

operads which are not weakly 1-connected.

Proposition A.5.11. Let O be an operad. The natural map induced by the ad-

Junction QBO — QO is a quasifree resolution.

Definition A.5.12. We will describe the induced differential d,, on the cofree co-
operad F*XO using the model of the cooperad of decorated trees with decorations
from X O. Pick a decorated tree with underlying tree 7. Fix an internal edge
(a,b) of T; then we will build a decorated tree whose underlying tree is 7' with
the edge (a, b) contracted. Using the various group actions and cutting operations,
we can describe 1" as some set of trees grafted to a tree with vertices a and b and
leaf set £, grafted to some tree below b. We can further suppose that the tree with
vertices a and b is given by grafting two corollas together along the leaf /. We

will replace the tree with vertices a and b with a k-corolla. Let the decorations on
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a and b be Xz, and Yx;; then the decoration on the new vertex of the k-corolla
is (—1)®/%xy oy z,. All other decorations will be the same. Then d,, is the map
obtained by summing this operation over every edge. The associativity of ¢ and

the signs of > make d,, square to zero.

other trees grafted above same trees grafted above
% N
\ Y%, \
Z[E b l’ b Ot Ly )
another tree grafted below same tree grafted below

Definition A.5.13. A Koszul dual cooperad for the operad O is a map of coaug-

mented conilpotent cooperads

C—BO

which induces an isomorphism on homology.

Remark. If the grading on C and O are suitably constrained, then QC — QBO
induces an isomorphism on homology. If the composition QC — QBO — O is

surjective, this realizes (2C as a quasifree resolution of O.

Let us highlight a particular candidate for a Koszul dual cooperad in a re-

stricted setting.
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Definition A.5.14. A (presented) quadratic operad is the quotient of a free operad

O = FX by a relation ideal (R) generated by a subspace R in F(®) X.

Definition A.5.15. Let O = FX/(R) be a quadratic operad. Then the map of
collections ¥X < Y UQ induces an inclusion of cooperads in graded vector
spaces F°Y X « FeSUQ. The range of this map is the underlying graded vector
space of BO. There is also an inclusion of collections of graded vector spaces
ker d, — BQO. The naive dual O' to O (given the presentation (X, R)) is F°XX N

ker d,,.
Proposition A.5.16. O is a subcooperad of BO.

Lemma A.5.17. O/® = N2R.

Proof. O'® are those sums of rank two trees decorated with XX which when
composed along their unique internal edges using the composition of O yield
zero. So they are in the ideal (R) (up to shift), but R is the only part of (R) which

is contained in F(?) (X). O

Definition A.5.18. An presented quadratic operad O is Koszul if the inclusion

(01, dp) — (BO,dp + d,) is a Koszul dual.

Remark. The surjectivity of the map Q20" — O is automatic, so this rests only on

the inclusion 0" — BQO inducing an isomorphism on homology.
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A.6 Cooperadic algebra

Here we collect several technical definitions and lemmas about cooperads that are
almost obvious in the dual category of operads. For the remainder of this section,
let C be a cooperad in the category of chain complexes. Recall that the structure

maps of a cooperad are the decomposition map A and counit 7.

Definition A.6.1. A C-comodule is a collection M with structure map
Ay M —-CXMXC

which satisfy the following associativity and unit constraints:

Apny
M CXMKXC
A\[\[ AIXII&A
CRMRC— g 5 ~CRCRMRCERC
and
Ay
M CXMKXC

(A~ Xlid)op~? nXid Xn

IXMKXIT

When the meaning is clear from context, we will refer to A ;; without the subscript

as A.
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Remark. C is a C-comodule with the decomposition map A, or more precisely,
(A Xid) o A. Henceforth, we will abuse the notation A even further, using it to

refer to thismap C — CX C X C.

Definition A.6.2. Let M be a C-comodule. A map of collections 7 : M — () is

said to cogenerate M if the composition

M—25 “CRMRC— ~CRQKC
is injective.

Lemma A.6.3. Let D be cooperad, f a cooperad map D — C, M a C-comodule

cogenerated by ), and g : C — M be a map of C-comodules. If mgf = 0 then

gf =0.
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Proof. By diagram.

D = DXDXD
f CXDKC
A 0
C CXCXC
g
M——F>CRMRC—>CRQRC

The rectangle commutes because f is a map of cooperads, the square commutes
because g is a map of comodules, and the triangle commutes by assumption. Then
the composition that runs down the left side and across the bottom is equal to zero.
By the definition of cogeneration, the composition along the bottom is injective,

so the composition down the left side is zero, as desired. O]

Remark. The dual of this lemma is used so often it is beneath notice; namely to
check that an ideal is killed by a map, it is enough to check that its generators are

killed.

Lemma A.6.4. Let D be a subcooperad of C. The quotient C/D has an induced

C-comodule structure.
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Proof. For z € C, define A(x + D) as the class in C X C/D X C of A(x). This
is well defined because if s € D then A(z + s) € A(z) + CX D X C. The

coassociativity and counit properties for C easily give coassociativity and counit

for C/D. O

Definition A.6.5. A coderivation of C is an operator 0 on the underlying collec-

tion of C which satisfies the dual Leibniz condition that the following diagram

commutes:
A
C CXCKXC
OXid Kid +
d id MoXid +
id Xid Ko
C—x - CKRCRC

Lemma A.6.6. Let = be a collection and let F¢(Z) be the cofree cooperad on it.

—
—

Let o be a morphism of collections UF°(Z) — = between them. Then there exists

a unique coderivation O, extending p; that is, the following diagram commutes:

—_
~ =
= -

where the vertical arrow is the projection of F¢(Z) onto F°V(Z)
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Description A.6.7. If ¢ factors through the projection

FC(E) . Fc(l) (E)
\ l

then J,, acts on { with underlying tree 7' = (n,V, N) as the sum over v € V of
&, where &, has the same underlying tree 7" and the same decorations as & except
the decoration on v is given by ¢(v).

If ¢ factors through the projection

then J,, acts on { with underlying tree 7' = (n,V, N) as a sum over the internal
edges e of T' of &. Let us define &.. It will have the contraction tree 7, as its
underlying tree 7" and the same decorations as £ except for the decoration on the
contraction vertex.

Let the contraction vertex be {a, b} where e is the edge (a, b) of T'. Then there
is a rank two tree T, given by (N~!(a) U N1 (b)\{a}, {a, b}, N.). We can make
this a decorated tree by giving a and b their decorations from 7". Then ¢ acts on
this decorated tree, and gives an element of = that we choose as the decoration of

the contraction vertex {a, b}.
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In both of these cases, because we are taking graded factors out of a tree to
act on and then putting them back, we must choose a vertex ordering and use the

Koszul sign rule.

—_
—

Lemma A.6.8. Let C be a subcooperad of the cofree cooperad F°(=Z) such that
F¢(Z)/C is cogenerated by m : F°(Z)/C — Q. Let O be a coderivation of

F¢(Z). Then O restricts to be a coderivation of C if and only if the composition

C —F(E) L F(E) = F(2)/C — Q is zero.

Proof. For this proof, let F denote F¢(=). If 0 linearly restricts to C, it automat-
ically satisfies the coderivation property. For O to restrict to C, the kernel of the
map F — F/C, it is necessary and sufficient for C — F L F - F/C to be
zero. This proves one direction of the implication.

Now assume that the composition C — F LF S F /C — @ is zero. We
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can follow a slightly modified version of the diagram used in Lemma A.6.3:

C CXCKC
F
F
F/C—~FNF/CXF— ~FXQKXF

By assumption, the triangle commutes. If we can show the rectangle commutes,
then the composition down the left side and along the bottom is zero. The compo-
sition along the bottom is injective, so this would mean that the composition down

the left side yields zero, which would imply 0C C C. To show commutativity of



APPENDIX A. OPERADIC ALGEBRA 166

the rectangle, we introduce a couple more terms in the middle of it.

C CXCKC
F FRCXF
P FRFKF FRXFXF

agld®1d+

id XoXid + id KoXid

id Xid Xo

\

F— 2 >FRFXF FRNFXF
F/C - FXF/CXF

The upper pentagon commutes because C is a subcooperad of F. The middle left
quadrilateral commutes because 0 is a coderivation. The right pentagon commutes
because C is killed by quotienting it out, and the bottom quadrilateral commutes

because the quotient is a comodule. 0

Lemma A.6.9. Let O = F(X)/(R) be a quadratic operad. Denote by = the
shifted generators 3 X. The F°(Z)-comodule F¢(Z)/O' is cogenerated by its pro-

jection onto F¢?(2) /01
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Proof. The comodule property and a diamond isomorphism show that the follow-

ing diagram commutes:

Fe(E) Fe(2) /O
A

2) K F(E) ——F(2) W (F°(2)/0") K F°(2)

P D —

FO(2) RF®(Z) R F(E) —F(2) K (F°P(2)/01?P) K F(2)

The statement of the lemma is that the vertical composition on the right is injec-
tive. Let £ + O € F¢(Z)/Oi. Assume that the vertical composition on the right
takes & + OF to zero. Because the map across the top is surjective, £ + OF can be
lifted to £ € F¢(2).

There is a direct summand of F¢(Z) X F°*®)(Z) X F°(Z) in which there is
exactly one nontrivial tree of Fe® (Z). Taking the projection onto this summand
gives a picture which has many trees above, one tree below, and several trivial

trees along with one rank two tree in the middle.

many trees above
N

vV
one tree below
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This is precisely the decomposition one uses to apply d.

Conducting this further projection also commutes with quotienting by ©i%):

FO(Z) KM F®(Z) R F(E) ——F(2) K (F°P(2)/01?) K Fe(2)

| |

F(E)R  FO(E) KF(E)— F(2) K (FP(2)/0?)KF(2)
—— ~ ~ “

one nontrivial factor one nontrivial factor

Soif £ + O' is taken to zero by the vertical composition on the right in the first
diagram, then when we apply d, to &, every place where we apply a composition
is in 01, By Lemma A.5.17, every place where we apply a composition is in
Y2 R, so composes to 0 in O. Then £ is in the kernel of d,, which implies that £ is

in O!, so that £ + O is 0 in F°(Z)/O'. This shows injectivity. N



Appendix B

The Deligne-Mumford
compactification

In this appendix, we recall the necessary details of the moduli spaces of n-marked
Riemann surfaces of genus zero and the Deligne-Mumford compactification of
these moduli spaces. We begin in Section B.1 with a quick review of the spaces,
viewed as sets. In Section B.2 we recall quasiconformal maps to the extent nec-
essary to define the topology on the Deligne-Mumford compactification in sec-
tion B.3. None of this material is original and the more important parts are pre-

sented without proof. The references for this appendix include [2, 4, 1, 12, 15, 7].
B.1 Riemann surfaces and their moduli

This background section is intended to fix notation and present the Deligne-Mumford
compactification of the moduli space of genus zero Riemann surfaces with marked

points as a set.

169
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Definition B.1.1. A Riemann surface is a connected Hausdorff space equipped
with an open covering of homeomorphic charts z; from open sets U; to domains

in C so that the transition functions z; o zj’l are conformal maps where defined.

We will consider only Riemann surfaces with finitely presented fundamental
group.
Definition B.1.2. A neighborhood of a puncture in a Riemann surface X is a
conformal embedding ¢ of the standard punctured disk {z € C: 0 < |z| < 1} in
Y which cannot be completed to an embedding of the disk. Two neighborhoods
of punctures in Y are equivalent if their intersection contains a neighborhood of a

puncture. A puncture of 3 is the equivalence class of a neighborhood of a puncture

in 2.
Lemma B.1.3. A puncture can be uniquely filled.

Proof. To be more precise, consider a neighborhood of a puncture ¢ in .. We can
consider the topological surface made by gluing the the standard disk to > along
the image of ¢. This surface, >, is topologically independent of the representative
neighborhood we have chosen. As a set, it is the disjoint union of > and a point
*. We can add a chart z, to the conformal charts of > given by taking the inverse
image of the inclusion of the disk into >’. Because ¢ was a conformal embedding,

transition functions involving this chart will be conformal. [
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Definition B.1.4. Let S be a finite set. A Riemann surface with S marked points
is a Riemann surface ¥ along with an injective set map from S to the punctures of
Y. A conformal (continuous) map of S-marked Riemann surfaces is a conformal
(continuous) map of Riemann surfaces that respects the S-marking, that is, so
that for s in S, a representative of the image puncture of s contains a smaller

representative which is taken to a representative of the image puncture of s.

Definition B.1.5. A sphere with S marked points is a S-marked Riemann surface
so that when the marked punctures are filled, the resultant surface is homeomor-

phic to a sphere.

Remark. An S-marked sphere is the same thing as a Riemann surface homeomor-
phic to the sphere along with an injective set map S to it. In this point of view, a

map of S-marked spheres is a map of spheres that respects the image of S.

Remark. If S has more than two elements, then the conformal automorphism

group of the S-marked sphere is trivial.

Definition B.1.6. For a finite set S of order greater than two, the set of moduli of
S-marked spheres, M, g, consists of conformal isomorphism classes of S-marked

spheres. We will consider M, 5 to be empty for sets of order two or less.

Definition B.1.7. The operad of stable nodal spheres (in the category of sets), M,

is the operad of decorated trees in the category of sets where the decoration on a
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vertex v is Mg g(.). So precisely:
Mmn)= ||  JI[Morw
n-trees (n,V,N) veV
Definition B.1.8. For n > 2, the set of moduli of stable n-marked nodal spheres,

Mo, is M(n —1).

Definition B.1.9. Let z € M(n) be in the summand of the disjoint union corre-
sponding to the tree 7' = (n,V, N). Write x as the product over v € V of the
conformal classes [%,]. A realization & of x is the quotient of the topological dis-
joint union [ [ ¥, by the relation that for an internal edge (a,b) of T, the marked
points on ¥, and ¥, corresponding to the edge (a, b) are identified. A realization
is an example of a nodal surface, and any two realizations are connected by a

unique homeomorphism which is conformal on each >, C 7.

Definition B.1.10. A node is a neighborhood of an identified point homeomorphic
to two standard disks glued together at the origin, with conformal embeddings of

the standard disk into each of the two disks taking the origin to the nodal point.

We will confuse M (n) with the set of isomorphism classes of realizations.

Remark. Notice that M(n) contains Mo q1,...n+1} naturally as the set decorating

.....

the n-corolla.
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B.2 Quasiconformal maps

This section includes the definition of a quasiconformal map and a lemma about
them. The definition is used to define the topology on the moduli space, and the

lemma is used in the proof of Proposition 2.6.4.

Definition B.2.1. [2, 4]. Let f be a continuous map of S-marked Riemann sur-
faces which has locally square integrable distributional derivatives. Then f has
partial derivatives almost everywhere. Let K > 1. We say f is K-quasiconformal
if, almost everywhere,

<

K+1
Some simple properties of quasiconformal maps are:
Lemma B.2.2. 1. If f is K-quasiconformal, and K < K’, then f is K'-
quasiconformal,
2. a l-quasiconformal map is conformal and vice versa, and
3. a composition of a K -quasiconformal map with an K'-quasiconformal map
is K K'-quasiconformal.

Proofs can be found in, for example, [2].

Lemma B.2.3. Let |z| < 55..There is a (1 + ¢)-quasiconformal homeomorphism

from the plane to itself which takes 0 to z and fixes the unit circle pointwise.
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Proof. Itis easier to see a statement of this kind using the half-plane instead of the
disk. The map f : z — (1 + §)z — $Z on the sphere (taking oo to itself) fixes the

extended real line. f takes i to (1 + ¢)i and is a C'' homeomorphism. It satisfies:

This shows that f is K quasiconformal for X' > 1+e¢. f can obviously be extended
to the sphere as well.

So to construct the map of the lemma, we choose a conformal equivalence
of the sphere ¢ taking the unit circle to the extended real line and the center of
the circle to i. We apply ¢, apply f, and then apply ¢~'. We can choose ¢
so that ¢! f¢ moves 0 in any direction, that is, there is not a unique direction
corresponding to the positive imaginary direction in the upper half-plane.

Explicitly, a map on the disk is given by, for example,

212 +€(]z|> = 1) + 22
2—€(]z]2—=1) + 22

(with —1 +— —1). When |z| = 1, this immediately simplifies to

2242 x4+1—iy 22—y’ +20+1-2(x+1)y
2:+2 x+1+iy 24 y?+ 2z +1

and using the fact that 2% + y? = 1, this is

222 + 2x — 2(x + 1)iy
2+ 2x

=+ 1y.
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Also, 0 is taken by this map to 5==. A calculation verifies that the partial deriva-

tives of the function satisfy

Iz
Iz

= 57, except where both partials are zero. Again,

0

by conjugating this map by rotations z — €*z, we can cause the point to move in

any direction, not just along the real axis. O

Lemma B.2.4. Let (c¢y,...,c;) be points in the plane. Choose a number dy;y,
which is at most half the smallest distance between any pair c; and c;. Let § =
dmin€

@5 and let (¢} ..., cL) be points in the plane so that |c; — ;| < d. Then there is

a (1 + €)-quasiconformal map of the plane to itself fixing oo and taking c; to c..

Proof. We build this map by patching together maps modelled on the one used
in Lemma B.2.3. That is, divide the plane into the disks of radius d,,;, centered
at each ¢; (these are disjoint because d,,;, is small) and the complement of the
union of all these disks. The disk centered at ¢; is conformally equivalent to the
standard disk, and using the restriction of a map from Lemma B.2.3, we can define
a (1+ €)-quasiconformal map on the disk of radius d,,,;, centered at c¢; which takes
¢; to ¢, and fixes the boundary of the disk pointwise. We can extend this map on
the complement of all the disks by the identity. Away from the boundary circles
(a set of measure zero), this homeomorphism is (1 + €)-quasiconformal, so it is

(1 + €)-quasiconformal. O
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B.3 The topology of moduli space

Theorem B.3.1. The construction described below gives Mo,n the structure of a

topological space, and in fact a compact manifold of real dimension 2n — 6.

Description of the topology of Theorem B.3.1. We describe a local basis of neigh-
borhoods around a decorated tree z € My, with underlying tree T = (n,V, N),
whose vertex v € V' is decorated by the £(v)-marked sphere class [3,]. Choose
a representative z, and a neighborhood in Y, of each marked point corresponding
to an internal edge of the tree; call the union of these neighborhoods N. Also
choose € > 0.

Now, the neighborhood U/ . of x consists of points y with a realization y so

that there exists a topological map y —  satisfying the following conditions:

1. The map respects the punctures corresponding to leaves and the root edge,

2. the preimage of the identified point corresponding to the edge (a, b) of 7" is

a point or a simple closed curve,
3. outside the preimage of identified points, the map is a homeomorphism, and

4. outside of the closure of A/, the map is (1 + €)-quasiconformal.

If we choose a different representative 7’ then A is mapped uniquely to a neigh-

borhood N’ and Uy . and Uy are the same set. This lets us modify this slightly
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so that these neighborhoods form a set, rather than a proper class.

Proposition B.3.2. The operad composition maps are continuous.

Proof. The partial composition maps are of the form

0; : M(m) x M(n) — M(m+n—1)

and are given by relabeled grafting. Choose a point z X y in the preimage of z,
and choose a neighborhood Uy of z (with realization Z). Cutting z along the
composition edge yields realizations = and y of x and y.

Now N contains a neighborhood of each of the marked points of decorations
of z and y corresponding to internal edges of their underlying trees; let the unions
of these be N, and N, respectively. Then consider the product neighborhood
Un,.e X U, . Take a point 2’ X 3’ in the neighborhood, and consider the compo-
sition 2’

The definition of the neighbohood Uy, . guarantees a map v, : ¥ — T satis-
fying the various conditions, but in particular taking the leaf puncture i of Z’ to the
leaf puncture ¢ of Z. Similarly, there is a map v, : ¥’ — ¢ which taking the root
puncture of ' to the root puncture of . These two maps can be patched together
to get a map 2’ — Z. This map must respect all the punctures corresponding to

leaves of z because these were also leaves of x or y. An identified point could
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be in x or y, in which case its preimage is a point or simple closed curve because
it was so in Z’ or ¢'. It could also be the gluing point, in which case its preim-
age is the glued point of Z’. Outside of the identified points, the map agrees with
¥ — % and §/ — ¢ so is a homeomorphism, and outside of the union of A,
N, and the gluing point, the map is (1 + ¢)-quasiconformal. Then certainly it is

(1 + €)-quasiconformal away from the larger set \V. [

Definition B.3.3. By abuse of notation, the genus zero Deligne-Mumford operad

M is the operad of stable nodal spheres with the topology described above.



Bibliography

[1]

(2]

[3]

[4]

[5]

William Abikoff. The Real Analytic Theory of Teichmiiller Space, volume
820 of Lecture Notes in Math. Springer-Verlag, Berlin Heidelberg, Germany,

1980.

Lars V. Ahlfors. Lectures on Quasiconformal Mappings. Van Nostrand,

Princeton, New Jersey, 1966.

Sergey Barannikov and Maxim Kontsevich. Frobenius manifolds and for-
mality of Lie algebras of polyvector fields. Int. Math. Res. Not., 4:201-215,

1998.

Lipman Bers. Spaces of degenerating Riemann surfaces. In Discontinuous
Groups and Riemann Surfaces, volume 79 of Ann. of Math. Stud., pages

43-55. Princeton University Press, Princeton, New Jersey, 1974.

John M. Boardman and Rainer M. Vogt. Homotopy Invariant Algebraic

Structures on Topological Spaces, volume 347 of Lecture Notes in Mathe-

179



BIBLIOGRAPHY 180

matics. Springer-Verlag, Berlin, Germany, 1973.

[6] Gabriel C. Drummond-Cole and Bruno Vallette. Minimal homotopy BV. In

preparation.

[7] Benson Farb and Howard Masur. Teichmiiller geometry of moduli space,
I: distance minimizing rays and the Deligne-Mumford compactification. J.

Diff. Geom., to appear, 2008.

[8] Benoit Fresse. Koszul duality of operads and homology of partition posets.
In Homotopy theory: Relations with Algebraic Geometry, Group Cohomol-
0gy, and Algebraic K-theory, volume 346 of Contemp. Math., pages 115-

215. American Mathematical Society, Providence, Rhode Island, 2004.

[9] Imma Galvez-Carrillo, Andy Tonks, and Bruno Vallette. Homotopy Batalin-

Vilkovisky algebras. on the ArXiv, 2009.

[10] Ezra Getzler. Batalin-Vilkovisky algebras and two-dimensional topological

field theories. Comm. Math. Phys., 159:265-285, 1994.

[11] Ezra Getzler. Two-dimensional topological gravity and equivariant coho-

mology. Comm. Math. Phys, 163:473-489, 1994.



BIBLIOGRAPHY 181

[12] Ezra Getzler. Operads and moduli spaces of genus O Riemann surfaces. In
The Moduli Space of Curves, volume 129 of Progr. Math., pages 199-230.

Birkhduser Boston, Boston, Massachusetts, 1995.

[13] Ezra Getzler and John D. S. Jones. Operads, homotopy algebra and iterated

integrals for double loop spaces. on the ArXiv, 1994.

[14] Victor Ginzburg and Mikhail M. Kapranov. Koszul duality for operads. Duke

Math. J., 76:203-272, 1994.

[15] Vladimir Hinich and Arkady Vaintrob. Augmented Teichmiiller spaces and

orbifolds. Selecta Math. (N.S.), to appear, 2007.

[16] Joseph Hirsh and Joan Milles. Curved Koszul duality theory. In preparation,

2010.

[17] Maxim Kontsevich. Deformation quantization of Poisson manifolds, I. Lett.

Math. Phys., 66:157-216, 2003.

[18] Maxim Kontsevich. On pre-Frobenius manifolds and TQFT in positive

genus. Lecture given at Max Planck Institute, Bonn, Germany, January 2005.

[19] Jean-Louis Loday and Bruno Vallette. Algebraic operads. Unpublished

manuscript, 2010.



BIBLIOGRAPHY 182

[20] Yuri I. Manin. Frobenius Manifolds, Quantum Cohomology, and Moduli
Spaces, volume 47 of Amer. Math. Soc. Collog. Publ. American Mathemat-

ical Society, Providence, Rhode Island, 1999.

[21] Martin Markl. Distributive laws and Koszulness. Ann. Inst. Fourier (Greno-

ble), 46(2):307-323, 1996.

[22] Martin Markl, Steve Shnider, and Jim Stasheff. Operads in Algebra, Topol-
ogy and Physics, volume 96 of Math. Surveys Monogr. American Mathe-

matical Society, Providence, Rhode Island, 2002.

[23] J. Peter May. The Geometry of Iterated Loop Spaces, volume 271 of Lecture

Notes in Mathematics. Springer-Verlag, Berlin, Germany, 1972.

[24] Sergei Merkulov. Frobenius,, invariants of homotopy Gerstenhaber algebras

I. Duke Math. J., 105:411-461, 2000.

[25] Sergei Merkulov. Operads, deformation theory and F-manifolds. In Frobe-
nius Manifolds (Festschrift for Yu. I. Manin), volume E36 of Aspects Math.,

pages 213-251. Vieweg, Wiesbaden, Germany, 2004.

[26] Jae-Suk Park. Semi-classical quantum fields theories and Frobenius mani-

folds. Lett. Math. Phys., 81:41-59, 2007.



BIBLIOGRAPHY 183

[27] Dennis Sullivan. Infinitesimal computations in topology. Publ. Math. Inst.

Hautes Etudes Sci., 47:269-331, 1977.

[28] John Terilla. Smoothness theorem for differential BV algebras. J. Topol.,

1:693-702, 2008.

[29] Bruno Vallette. A Koszul duality for props. Trans. Amer. Math. Soc.,

359:4865-4943, 2007.

[30] Bruno Vallette. Manin products, Koszul duality, Loday algebras and Deligne

conjecture. J. Reine Angew. Math., 620:105-164, 2008.



