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ABSTRACT

On the Structure of the Space of Lattices
in a Class of Simply Connected, 2-Step
Solvable Real Lie Groups and Genus Sets
of Certain Spaces

by

Huale Huang

Advisors: Professor Martin Moskowitz and Professor Joseph Roitberg

We classify all the lattices for a class of 2-step solvable simply connected
Lie groups GG. These are semi-direct products of R acting on R™ via a
I-parameter subgroup whose infinitesimal generator, A. is real upper tri-
angular and of trace zero. We show that the lattices of ¢ are all of the
forms £(A.a). where A € SL(1.Z). o € GL(n,R) and 0~ Aa equals exp tA
for some real t # 0. The lattice £(A.a) is then given by a~1Z" x tZ.
Furthermore. two such lattices £(A. o) and £( B.t) differ by a smooth au-

tomorphism of (7 if and only if A and B are eztendedly conjugate. We then

iii
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turn to some questions concerning the decomposition of the quasi-regular
representation for such groups. We show that when n = 2 the representa-
tion decomposes into a direct sum of indecomposable subrepresentations in
such a way that although each of these subrepresentation occurs with finite
times, the multiplicity function itself is always unbounded. Then we turn to
compute genus sets for quaternion projective spaces and wedges of finitely
many spheres of the same dimension. In fact, we prove that both the Mislin
genus set G(HP™ < 4 >) and the genus set 9;0(5" VS? < n >) (where

n > 2) are uncountably large.

iv
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On the Structure of the Space of Lattices
in a Class of Simply Connected, 2-Step
Solvable Real Lie Groups and Genus Sets

of Certain Spaces

Huale Huang

May 8, 1997

§1. Introduction

Given a Lie group, it is often useful to have a parametrization of the set of
all its lattices. In Euclidean space R", for example, each lattice corresponds
to a basis, and any lattice is equivalent to the standard integer lattice under
an automorphism in GL(n,R). In the nilpotent case, the lattices of the
Heisenberg groups are classified, up to automorphisms, by certain sequences

1
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of positive integers with divisibility conditions (see [1]). In [7], R. Mosak
and M. Moskowitz studied the set of lattices in a class of simply connected,
solvable, but not nilpotent Lie groups G. Their construction of G depends
on a diagonal n x n matrix A with distinct non-zero eigenvalues, of trace
0. In this environment they define the l-parameter subgroup n(t) = €2 in
GL(n,R) and G is the semi-direct product R" x,, R. The Lie group G is
connected and simply connected, solvable, but not nilpotent. Because no
d; is 0, G has trivial center. Here, among other things, we shall consider a
more general setting. Let A be an n x n upper triangular matrix of trace
0 in gl(n,R), the full Lie algebra of real n x n matrices, with at least one
non-zero element on the diagonal. As in [7] we can define a l-parameter
subgroup n(t) = exp(tA) in GL(n,R) and construct a similar Lie group G.
We define in G a class of distinguished lattices £(A, &), for A in SL(n,Z), and
for certain o in GL(n,R). In [7] it was proven that up to commensurability,
every lattice in G differs from one of these by an automorphism of G, and
two such lattices, £(A,o) and £(B, ), are equivalent by an automorphism
of G if and only if A and B (or A and B™!) are conjugate in GL(n, Z).

We will prove generalizations as well as strengthenings of the results of
[7]. In fact, we shall prove that up to isomorphism, those lattices comprise all

2
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the lattices in G(whereas in (7] this was done only up to commensurability).
Another result which we have strengthened is Corollary 5 in [7] in which a
trichotomy of possibilities is significantly reduced. Here we also mention a
conjecture which we have proven in case n = 2, but not in general.

We then turn to some related questions concerning the decomposition
of the quasi-regular representation for such groups; that is where the group
operates by right translation on the space of C* functions on the homo-
geneous space G/T', I' a lattice in G. Here we show that when n = 2 the
quasi-regular representation decomposes into a direct sum of indecomposable
subrepresentations in such a way that although each of these indecomposable
subrepresentations occur with finite multiplicity, the multiplicity function it-
self is always unbounded.

Finally, the author would like to thank Prof. M. Moskowitz for proposing
the problem and for various suggestions and advice given in the course of the

preparation of this paper.

Then we turn to compute genus sets for quaternion projective spaces and
wedges of finitely many spheres of the same dimension.

First let’s recall various genus notions.
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DEFINITION. Let X be a simply connected finite-type CW-complex.

1. Q(X ) is the set of homotopy equivalence classes of finite type Y such
that the profinite completion Y is equivalent to that of X.

2. Go(X) is the subset of G(X) for which X(g) = Y(q). (Here X(o) and Yo,
are the rationalizations of X and Y.)

3. G(X) is the subset of G(X) for which Y(p) = X(p) for any prime p.(Here
X(p) and Y(,) are the p-localizations of X and Y.)

It is clear that G(X) C Go(X) C G(X). G(X) is called the completion
genus, and G(X) is called the localization genus or Mislin genus. In [17],
Wilkerson proves that the completion genus set(hence all 3 genus sets) of
a simply connected finite CW-complex is always finite,while in [13], C. A.
McGibbon and J. M. Moller surprisingly prove that the genus set G(S** <
2n >)(n > 1) is uncountably large, where X < m > denotes the m-
connective covering of X. Here we are going to prove that the genus set
G(HP"™ < 4 >) is uncountably large also. And we shall also prove that the
genus set Go(S*V S™ <n >) (where n > 2) is uncountably large.

Finally the author would like to thank Prof. Joseph Roitberg for suggest-

ing to study these questions and for various advice.
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§2. The Structure of Lattices
In order to construct these lattices in G, we make the following

DEFINITION. Let A be a matrix in SL(n,Z), and o a matrix in GL(n,R).
We shall say that the pair (A, o) is A-compatible if 0~! Ao is upper triangular

and there exists a number g € R such that

o~ 'Ao = exp(gA)

To construct our lattice, let the pair (A, o) be A-compatible. We denote
by L(A4,0) the semi-direct product 612" x, Zg, which is a lattice in G.

Indeed, n(g) = exp(g9A) = 0~' Ao leaves L = o~'Z" stable, since

ng)L=0"'AcL =0"'AZ" =6"'2Z" = L.

Consequently £(A, o) is a subgroup in G, and is obviously discrete and co-
compact. Qur first result is that up to isomophism, the lattices £(A, o) are
all the lattices in G. In order to prove this fact, we begin with the definition
of the roots of a solvable Lie algebra. Let g be a solvable Lie algebra over the
complex number field. By Lie’s Theorem, there exists a decreasing sequence

5
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80, 81, * , @n of ideals of g, such that go = g,8, = {0},dimg;_; —dimg; = 1.
The representation of g on g;—; /g:; induced by the adjoint representation
of g gives rise to linear forms A; over g. These n forms are called the roots
of g. Now suppose g is a real Lie algebra; the roots of g are by definition
the restriction to g of the roots of its complexification g°. Hence the values
of A1, -, A, for X of g are the eigenvalues of ad(X). Let G be a simply
connected solvable real Lie group, and g its Lie algebra. We call G of real
type, if for any i, all values of A; are real. For such Lie groups, Saito proved

the following: (see also Corollary 11 of [6] for a generalization)

THEOREM. Let G be a simply connected solvable real Lie group of real
type, and I'y and T'; be two lattices in G. If they are isomorphic, then this

isomorphism extends to an automorphism of G.

Now we can state our results. From now on, we let G = R" x, R, where
n(t) = exp(tA), and A is an upper triangular matrix in sl(n, R) with at least
one nonzero element on the diagonal. Note that G is solvable of real type
but not nilpotent, since the roots of its Lie algebra g are those elements on
the diagonal of A together with 0. Hence all the roots of G are real and at

least one root is nonzero, therefore G is not nilpotent.
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THEOREM 1. Every lattice £ in G is isomorphic to L(A,o), for some A-

compatible pair (A,o).

PROOF. Suppose L is a lattice in G. Since R" is the nilradical of G, LNR™ is
a lattice L in R™ (see [9]), and £/LNR"™ ~ LR"/R" is a lattice of G/R™ ~ R.
Hence £/L£ NR" is isomorphic to Z. Let g € L/L NR™ C R be a generator

of the group. Then we have a split short exact sequence

{1} —CnR"*— L Z>Zg— {1}

For any (zo,9) € L, choose s(g) = (z0,9), then s(g)™! = (—n(—g)zo,—g)-

For any (z,0) € £, we have

S(g)(l‘, 0)5(9)‘1 = (.‘L‘o, g)(:t, 0)(_77(-9)1'(% _g)
= (zo + 1(9)z, 9)(—n(—g)Z0, —g) = (1(g)z,0).

Hence (n(g)z,0) € L. Similarly (p(—g)z,0) € L. Thus n(g)L = L. Since
L is a lattice in R", we can write L = o~'Z", for some o € GL(n,R). So
A = on(g)o~"! preserves Z". Since A is upper triangular and trA = 0,

det(A) = det(n(g)) = 1, so A is in SL(n,Z), and by construction, (4, ) is

-1
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compatible with A. Thus £ ~ L(A, o). By Saito’s rigidity theorem, these

lattices must differ by an automorphism of G. O

The construction of the lattice £( A, o) obviously depends on the choice of
A, as well as the choice of diagonalizing matrix . However, if B in SL(n,Z)
is conjugate to A or A™! in GL(n,Z), and 7 diagonalizes B, we shall show
that the lattice £(B, ) differs from £(A, o) by an automorphism of G. More

precisely, we state:

DEFINITION. Let A and B be elements of SL(n,Z). We say that A and B

are ertendedly conjugate if B is conjugate to A or A~! in GL(n,Z).

THEOREM 2. Let (A,0) and (B.7) be A-compatible pairs, where

cAc~! = exp(gA), TBt! = exp(hA)

Then the lattices L(A,o) and L(B,r) differ by an automorphism of G iff A

is extendedly conjugate to B in GL(n,Z).

PROOF. Suppose ¢ € Aut(G), and ¢(L(A,0)) = L(B, ). Since ¢ maps the
nilradical R" to itself, it takes 0~'Z" = L(A,o)NR" to r~1Z" = L(B,7)NR"
and the inverse ¢! of ¢ takes 7~!Z" to o-'Z". Let a = ¢|,-1z, then

8
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a™! = ¢7!,-1z.. Hence a is an isomorphism and we have the following

commutative diagram

{1} —> 012" —=~L(A,0) Z=—=Zg— {1} .

{1}—»7—11;—1—1:(;:);——;);——{1}

It follows that 4 must also be an isomorphism, and the splitting can be
chosen so that this diagram is commutative also. Indeed, for any splitting
s of 7 in the first row, we define s’(y(g)) = ¢s(g). Then 7'(s'(7(g))) =
m(ps(g)) = (7'p)s(g) = (17)s(g) = ¥(7s)(g) = ¥(g). Hence s’ is indeed a
cross section to #’. From the proof of Theorem 2, we know that n(g)r =

s(g)zs(g)”"'. Hence we have

a(n(g)z) = w(s(g)zs(g)™") = v(s(g))p(z)p(s(g)) ™
= s'(v(g))a(z)s'(7(g)) ™" = n(v(g))e(z).

Thus an(g) = n(v(g))a, and since 7 is an isomorphism, 7(g) = +h. First
we suppose that 7(g) = h. Then an(g) = n(h)a and since (g) = o' Ao, and

n(k) = r~1Br, it follows that ac~'As = r~'Bra, so rac~'A = Braoc™!.
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Let p = rac™ € GL(n,R). Then pA = Bp, since p : Z® — Z" is an
isomorphism, we have p € GL(n,Z). Similarly, if v(g) = —h, we can prove
that there exists an p’ such that p’A = B~'p’, p’ € GL(n,Z).

On the other hand, if A = pBp~!, where p € GL(n,Z), then on(g)o~" =
prn(h)T1p~. Let a@ = r7'p~'o, then a : 0~'Z® — r~1Z" is an isomor-
phism, and an(g) = n(h)a. Hence for any k € Z, we have an(kg) = n(kh)a.
Thus we can define a homomorphism ¢ : ¢~1'Z" x, Zg — T-1Z" x,, Zh, by

©(z,kg) = (a(z), kh). Indeed for (z1,k1g) and (z2, k2g) in 712" x,, Zg, we

have
((z1, k1g)(x2, k2g)) = o(z1 + n(k1g)(z2), (k1 + k2)g)
= (a(z1) + an(kig)(z2), (k1 + k2)R))
= (al(z1) + n(kih)a(z2), (ky + k2)h),
and

P(z1, k19)0(22, k2g) = (a(z1), krh)(a(z2), keh)

= (a(z1) + n(kik)a(z2), (k1 + k2)k) = o((21, krg)(22, k29)).

10
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We have proven that ¢ is a homomorphism. It is easy to see that ¢ is
actually an isomorphism. Thus £(A,q) =~ L(B,7). If A = pB~1p™!, we
proceed similarly. Again, by using Saito’s rigidity theorem, these lattices

must differ by an automorphism of G. o

For a lattice £ in a Lie group G, we shall denote by C(L) the commensuralizer
of £, that is, the set of z € G such that the conjugate £ is commensurable
with £, i.e. LNL* is also a lattice of G. From now on we will assume that all
the elements on the diagonal of A are nonzero. In this more general setting,
Theorem 4 in [7] remains true. Furthermore we can use its proof verbatim

to get Theorem 3 and Corollary 4 below.

THEOREM 3. Let L be a lattice in G. Then
1. The normalizer N(L) of L is also a lattice.
2. If (Ci)i>1 denotes the increasing sequence of normalizers, £; = C;_,;,

with co = E, then

UL: C C(L).

3.IfC(L) s discrete, then G contains a lattice which is its own normalizer.

11
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PROOF. 1. We observe first that in the usual embedding of G into the affine
group of R", G becomes a linear group all of whose eigenvalues are real; thus
the conditions for the density theorem of [5] are satisfied. Now the identity
component N(L)o of the closed subgroup N(L) normalizes £, and since L is
discrete it must therefore centralize £. Hence by the density theorem of [5],
N(L)o C Z(G), the center of G. This means that N(L)o = (1) and so N(L)
is discrete. Since it contains £ it is a lattice.

2. Since N(L) is commensurable with £ it follows that C(£) = C(N(L)).
and hence that C(£) = C(L;) for all i. Because each C(L;) D L;, (2) follows.

3. If C(L) is discrete then since it contains £ it is a lattice. By (2)
the indexes [£; : L] are all bounded by [C(L) : L]. As the sequence L; is

increasing, it must stabilize at some point £;,. o

COROLLARY 4. Let L be a lattice in G, and let C = C(L) be its commensu-
ralizer. Then either C is discrete, or it is dense in G, or the closure of C in
the Euclidean topology is the semi-direct product of the nil-radical, R® of G

with a discrete subgroup of G.

PROOF. IfC is not discrete then denote its closure by H. Now £ normalizes

the identity component Ho, and so Ad(L) normalizes the Lie algebra §. Since

12
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Ad(L) is Zariski dense in Ad(G) we see that b is an ideal in g and therefore
Hy is normal in G. If C is neither discrete nor dense, then Hj is neither
trivial nor all of G, so we must have Hy = N. Since Hj is open in H, the

manifold H = N x D where D is a discrete subgroup of R. o

Actually Corollary 4 can be strengthened by eliminating one possibility,

namely the discrete case can not occur when A is digonal. In fact we have

the following

THEOREM 5. Let L be a lattice in G, and C = C(L) be its commensuralizer.
Then either C ts dense in G, or the closure of C in the Euclidean topology is
the semi-direct product of the nil-radical R™ of G with a discrete subgroup of

R. Furthermore, if n=2, C must be dense in G.

ProoF. First, by Theorem 1, we may suppose that £ = £(A, ), where the
pair (A,o) is A-compatible, i.e. 07140 = D(A,---,A.). Now L(A4,0) =
o~1Z" x,, Zg, so for any (z1,---,z,) €E¢~'Z" and k € Z,

n(kg)(zh T .‘1:,,) = (Afzh R Avli:‘:ﬂ) € a,-lzn

also. For any (z1,---,2.) € 07'Z" and k,l € Z with k # 0, we claim that

13
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, Mz, Az,
X = (I-_,\f""’I-_,\g’O) eC.

Since for any m € Z, (z,0)(y, mkg)(z,0)™" = (z — n(mkg)(z) + y, mkyg), it

is easy to see that £X 5 ¢~'Z" x, Zkg. Hence

LNLX Do~ 'Z" x, Zkg,

and X € C. For any given € > 0, we can choose ! sufficiently large so that
|Alz;| < €, if A; < 1. Then we can choose k large enough, so that A% < e if
Xi > 1 and Af < eif A; < 1. It follows that (0,---,0) can be approximated
by points in C. Thus the discrete case can not occur. By Corollary 4, we
have proven the first part of this theorem.

Now we consider the case n = 2; with no loss of generality, we can suppose
that A = D(1,—1), (since A = D(d, —d) for some d € R and d # 0) and for
any matrix

a b
A= € SL(2,2Z),

c k—a

with trace(A) > 2, we have a lattice £L = £(A,0) = 07122 x,, Zg. Construct

14
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the matrices

2m(2a—k)+m2+k3 -4 4mb

mé—ki44 mi—k244

An =
_4mc m34k2 —4~2m(2a—k)
m2—k244 m2—k244

such that A,, € SL(2,Q) and A commutes with all A,,. Let A*! be the
eigenvalues of A, and A*"= the eigenvalues of A,,. We claim that the lattice
(0, hm In A)L(0, A In M)~ is commensurable with £. Since if (z, kg) € £, we

know that

(0, hm In A)(z, kg)(0, Am In A) ™! = (n(hm In Az, kg) = (6" Aoz, kg).

Therefore n(g) leaves 0~'An0(07'2?) = 01 A,Z? stable. Hence 7(g)

leaves 0='Z2N 0! A, Z2, which is isomorphic to Z?, stable also. Hence

o 'Z2No'AnZ% x, Zg

is a lattice, which is contained in both £(A, ¢) and (0, A, In A)£(0, Ay, In A) ™

. We see easily that lim,, oo Am = 0, so C is dense in G. a

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



From the above proof, it follows that the commensuralizer, C, of a lattice
L(A, o) for a compatible A-pair (A,o) depends on those matrices over Q
lying in the one parameter subgroup n(t) = exp(tA); actually we have the

following

PROPOSITION 6. Let A be a matriz in sl(n,R), with distinct nonzero ele-
ments in the diagonal, let n(t) = exp(tA), and (A,o) be a A-compatible

pair. [f o™ Aod = D(Ay,---,A,), and

H={hER:A?=a0+all\i+"'+a;/\?-l}’

where a; € Q, for 0 < i < n, then H is a subgroup of R containing Z .

PROOF. First we know that A;,---, A, are distinct. Hence the representa-
tion of the expression in our proposition is unique. Let f(z) be the char-
acteristic polynomial of A, and g(z) = ag + a1z + --- + an_1z""!, where
ai € Q, g(A\) = A} for any 1 < i < n. Since (f(z),g(z)) = 1, there ex-
ist polynomials u(z) and v(z) € Q[z] and degree of v(zr) < n such that
f(z)u(z) + g(z)v(z) = 1. So A7* = v(\;), and —h € H. If h; and h, in H,

then there exist u(z) and v(z) € Q[z] such that A} = u(\;) and A% = v())).

16
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Let g(z) be the remainder of u(z)v(z) divided by f(z). Then g(z) € Q(z)

and g(\;) = AM*%2_ Hence hy + h, € H,and His a subgroup. a

REMARK. If we can prove that for a given A, H is not a discrete subgroup

of R, then the commensurilizer C of £(A, o) would actually be dense in G.
As a consequence of our present results we now make the following:

CONJECTURE. The commensuralizer C(L) of any lattice £ in G is dense in

G.

As in (7], we have the following:

PROPOSITION 7. If the pair (A,o) is A-compatible, then N(L(A,0)) is of
the form L(B, 1) for some A-compatible pair (B, 1). More specifically, B can

be chosen so that BP = A for some integer p > 0, and T = (I — A)o.

PROOF. As above, we have £(A,0) = 0~'Z" x, Zg, so a calculation shows
that

N = N(L(A,0))

= {(v,s) € G:v —n(kg)v + n(s)o " 'w e 72"

17
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for all w € Z", k € Z. Setting w = 0 we see that v must satisfy the condition
v ~—n(kg)v € 6~'Z" for all k. But v —n(kg)v can be written as a telescoping

sum of terms of the form

n((7 — )g)v — n(Gg)v = n(gy’~*(v — n(g)v),

and n(g) = D(A) leaves 0~'Z" invariant, so it suffices for v to satisfy v —

n(g)v € 071Z", or v € (o(I — n(g)))~'Z". Since on(g) = Ao, this is true iff

v € ((I - A)g)~'Z".

Now the condition on s reduces to on(s)o~'Z" = Z", or

on(s)o~! € SL(n, Z).

Clearly this condition defines a closed subgroup H of R. Both the subgroup
and its image in SL(n,Z) are nontrivial, since on(g)c~! = A. But the dis-
creteness of SL(n,Z) then implies that H can’t be all of R, so H must be

of the form Zh, and since g € H we may choose k so that g = ph for some

18
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p = 1. It follows that

N =112 x, Zh,

with 7 = (I — A)o. Now define
L L
B =1D(\,...,A2)r7 L,

so that B is in SL(n,R) with distinct positive eigenvalues, T diagonalizes B,
and the A-compatibility condition on the eigenvalues of B is satisfied. But
from the fact that ' = r~!Z" x, Zh is a subgroup of G, it follows that
D(/\,%, ... ,/\é) = n(h) stabilizes 77'1Z", so B must actually be in SL(n,Z).

This proves that A" = £(B, 7). Finally,
B? = tD(A,.... A)r7 = (I - A)A(I - A)™' = 4,

which completes the proof. a

By Theorem 2, it would be interesting to find when two matrices are
conjugate by a matrix of GL(n,Z). First they must be similar. We consider
the case n = 2. Here two such matrices are similar if and only if they have
the same trace. It is natural to ask if they are also conjugate by a matrix in

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



GL(2,Z). Unfortunately the answer to this question is no. For let

a b 0 1
A= B:

c k—-—a -1 &k

be two matrices in SL(2,Z) with £ > 2. Then we have the following result.
THEOREM 8. Let A and B be as above. If b = +1 or c= £1, then A and B
are conjugate by a matriz in GL(2,Z).

PROOF. First we suppose that b = £1. It is easy to check that

z 2y
X =
ar +2cy br+2(k—a)y

satisfies XA = BX, and

_ (bz + (k —2a)y)® — (K? — 4)y*
= ; :

det(X) = br? + 2(k — 2a)zy — 4cy?

We know that the Pell equation z? — (k? — 4)y? = 1 always has infinitely
many integer solutions (see [8]). Hence there is a X € GL(2,Z) such that
XA = BX,ie. A and B are conjugate by a matrix in GL(2,Z). For the
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case ¢ = 1, we proceed similarly, we only need to replace x by 2x and 2y

by y. m)

On the other hand, we can find two matrices with the same trace, which

are not conjugate by any matrix in GL(2,Z). Let

o

2m+1 2m 0 1
A= B= ,

2m+2 2m+1 -1 4m+2
where m € Z and m > 0. We have the following:
PROPOSITION 9. A and B are not ertendedly conjugate.

PROOF. Suppose that A and B are conjugate by a matrix

y
X = € GL(2,Z),

z w
ie. AX = XB. One see easily that y = —(2m + 1)z — 2mz and w =
—(2m+2)z —(2m + 1)z, so det(X) = —(2m +2)z? 4+ 2m=z? is an even integer.

Hence X is not in GL(2,Z). But
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and by Theorem 8, we know that B and B~! are conjugate in GL(2,Z).

Hence A and B~! are not conjugate in GL(2, Z) either. a
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§3. The Quasi-regular Representations

We now turn to some related questions of representation theory for such
groups. The representations R we shall consider are the so called quasi-
regular representations. These are the ones where the group operates by right
translation on some space of functions on the homogeneous space G/T, for a
lattice I' in G, as above. Thus Ry(f)(z) = f(zg), where g € G, z € G/T and
f is a real or complex function on G/T'. In the case that the function space
is L(G/T) such representations for nilpotent Lie groups were first studied
by C.C. Moore in [4] and also by L. Corwin and F. Greenleaf in [3], where
the latter two authors got a formula to compute the multiplicity of every
irreducible subrepresentation. In the case the function space is C*(G/T)
the problem of decomposition and calculation of multiplicity of the right
regular representation was done for certain solvable groups by J. Brezin in
[2]. Actually, there the author proves the multiplicity function (see below)
is unbounded in certain cases by looking at its average. In what follows we
shall extend this result of Brezin, but without averages, to all the groups
we have been considering when n = 2 by estimating the multiplicity of an

indecomposable representation.
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On pg. 27 of [2] the author conjectures that the multiplicity function
will be unbounded whenever the solvmanifold is non-degenerate, in the sense
that its fundamental group does not contain any normal abelian subgroup
of finite index. Since, if our lattice contains such an abelian subgroup, then
this subgroup is also a lattice of G, in view of the density theorem of Mosak
and Moskowitz see [5], G would be abelian. Therefore this non-degeneracy
condition is always satisfied for the groups we consider. Hence, in our Theo-
rem below, we are proving special cases of this conjecture. See below for the

relevant definitions.
THEOREM 10. mult(w) is an unbounded function on Q.

Actually, our Theorem 10 is likely to be true for arbitrary n. The proof
of such a result would depend, among other things, on generalizing Theorem
5 to higher n. This would, if true, yield a proof of the conjecture of Brezin
in additional cases.

As a consequence of Theorem 1 above we can now replace our upper
triangular matrix A by any matrix of trace 0 in sl(k,R) with only real roots
and henceforth we shall assume this has been done. Actually, a refinement

of this statement can be made. It is the following
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PROPOSITION 11. Let £L(A, o) be a lattice of G = R* x, R, then there ezists
an isomorphism of G to G’ such that G' has a lattice of Z* x,. Z, where

n'(1) = A.

PROOF. let 7(t) = on(gt)o~!, then we have the following commutative

diagram

Rn__",Rn

ln(ty) ln'(t)

R" 7. R"
and n’(1) = A. Let G’ = R*x, R, then G' is isomorphisic to G, and Z* x . Z

is a lattice of G'. o

By Propositon 11, we can assume without loss of generality that [ is the
lattice, Z* x, Z. Thus, from now on, we shall always consider I' to be the
integer points of our linear Lie group. We shall take for the space of functions
C*(G/T'), with the Frechet semi-norm topology. This means that a sequence
of functions converges if all derivatives of all orders converge uniformly on
the compact space G/T.

Since the group G = R* x, R, if f € C®(G/T), then for each fixed ¢t € R,
the function u — f(u,t) on R¥ is periodic with respect to Z*. This is because
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u € R¥, n € ZF, and t € R imply
f(u+n,t) = f((»,0) - (u,t) = flu,t).

Hence, for each fixed t € R, we can expand f(-,t) in a Fourier series

flw,t) = )" an(t)e(< r,u>),

ne€zk

in which < n,u >= nju; + nauz + --- + nzu; and e is the function ¢t —

exp(2mit) on R. For the functions a,(t), we have the following

PROPOSITION 12. The function a, on R is a bounded C* function. Fur-
thermore,

@pn(m)(t) = an(t + m)
forallme Z andt € R.

PROOF. We write a, in termsof f as an integral over a fundamental domain,

aa®)= [ - [ flu,t)elm, ~u)dus - d.

It follows that a, is C* and that |[@a]loc < [|f]leo-
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The relation between a, and auy(m)(t) follows from the periodicity of f

with respect to the elements (0,m) of I. Because of left invariance we have

f(u,t) = f((Q,m)(u,t)) = f(n(m)u,t +m),

which in turn implies that

Y ag(t + m)e(< n,n(m)u>) = 3 aq(t)e(n, u). (1)

Since < n,n(m)u >=< nn(m),u >, we get our formula, by comparing

the coefficients of both sides of (1). a

As a consequence of Proposition 12, if a, = 0, then an = 0, whenever
m is in the n(Z)-orbit of n. Let Q denote the family of all the n(Z) orbits
of points of Z*. For each S C , let Z(S) denote those f € C=(G/T) for

which a, = 0 whenever m is not in S. As in [2], we have the following
PROPOSITION 13. Z(S) is an R—invariant subspace of C*(G/T).

PROOF. Let f € Z(S), and g = (v, t), then

(Ryf)(u,s) = f(u+n(s)v,s +1t).

27
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By the Fourier expansion, we have

(Rof)(u,8) =Y ag(s+tle<mu+n(slg>= Y bu(s) < n,u>,
nes nes

where b, = au(s +t)e < n,n(s)u >. Henceif n is not in S, then b, = 0.

Hence R, f € Z(S). m]

Now among the subspaces Z(S), those of the form Z(w) for some w € Q
are minimal. These minimal subspaces also span C*°(G/T) in the sense that
their closed linear span in the C* topology gives everything.

In the following proposition f, will denote the partial sum

Za.’!.(t)e(<.ri’.l£ >). (2)
nEw

PROPOSITION 14. The quasi regular representation decomposes uniquely as

a direct sum

C®(G/T) = 3_ BuenZ(w),
in the sense that every f € C®(G/T) can be written in precisely one way as
a convergent sum 3_ eq f, with f, € Z(w)-

PROOF. It is obvious that the summands f, are unique, if they exist. The
@
28
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main point is to check that the function f, is in Z(w) and that the series
3. fu converges to f (with any ordering of ). Now f, is in Z(w) because w
is a 7(Z)-orbit in Z*. Since, for each fixed t € R, f(.,t) is a C* function on
the k-torus T*, the sum in (2) converges in the C* topology on C*°(T*) and
therefore, can be differentiated term by term with respect to the variables
u,,---,ur as often as desired.

Recall that a, is gotten by integrating:

as(®) = [ - [ flutle < nu> du - dus. @)

Let A denote the Laplacian 53:2‘- R 5%. Integrating by parts, we see
that (3) implies that the /-th derivative ag)(t) of a, with respect to ¢t must

satisfy
1 1
a@(0)] < (4m*(nf +--- 4 nd)™ [ o [ (BA (Ol due, (4)

for all integers A > 0. If we set Cy; = supos,,h_,,'ukg(41r2)"‘|afA" fu, t)],

then (4) can be rewritten as
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sup [a(t)| < Chys <n,n>*. (5)
0<t<1

Using (5) with h = a; + a2 + --- + ar + k, we see that the mixed partial
8{6:11 --- 3% of the sum in (2) can be evaluated by term by term differenti-
ation. Hence (2) defines a C* function on G/T. If we let f, denote that

function, then from (5) we have for some C > 0,

ajfw(u,t) .
su —% <C <n,n >7- ; 6
OSux.---BagSI Iag: .. au:a;l < g (6)

where j =i +ay +--- + ax. Taking h — j > 2 and summing (6) over
all w € (), we see that, independent of the order of summation, the series

> wea fu converges in the C*-topology to f. O

Since the representation we are considering is on a Frechet space, not
on a Hilbert space, we can only decompose the representation as a direct
sum of indecomposable sub-representations. Let’s recall that an R-invariant
subspace V of the space C*°(G/T) is indecomposable if it can not be de-
composed into two nontrival R-invariant subspaces. This is a weaker notion

of irreducible. (An irreducible subspace does not have any nontrivial R-
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invariant subspaces.) By Corollary 1.39 in [2], Z2(w) is an indecomposable

R-invariant subspace, when n = 2.

DEFINITION. Let w; and w; be two elements in ; if there exists an f €
Hompa(Z(w1), Z(w2)), and f is an isomorphism as linear map, then we call
Z(w1) and Z(w,) isomorphic. For any w € 2, we define the multiplicity of

Z(w), mult(w), as the number of all the subspaces Z(w’) isomorphic to Z(w).

REMARK. By Proposition 1.44 of [2], we see that mult(w) is finite when

k=2.

Our purpose now is to show that when n = 2, the multiplicities mult(w’)
in Z(w) are unbounded. A very particular case of this result was proven in

[2]. More precisely, there only the case where A = (1) is of the form

.Y = € SL(29 Z)?

where D is a square-free positive integer congruent to 2 or to 3 (mod 4) and

a’? — Db* =1 is treated. We now turn to the proof of Theorem 10.
PROOF OF THEOREM 10. Here we use the same notation as in the proof
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of Theorem 5. A =n(1),

M0 :
=on(g)e,

0 A¢

where o diagonalizes A and A,, and h,, have the same meaning as in the
proof of Theorem 5. Since h,, — 0, for any given positive integer N, there

exists an m such that

0 < |Nhn,| < gl

We claim that

(m® = K + )N, (m? — B + 4)V)n(ihm)0(Z) CZHO0 < i < N)

are disjoint orbits under the action of n(Z). Indeed, if

((m? — & + 4)™, (m® — k? + 4)™ In(ihm)n(Z)

and
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((m? — & + 4™, (m* ~ k* + 4)™))n(5hm )n(Z)

are in the same n(Z) orbit, then there exists an integer k such that

((m? — & + 4)™, (m? — k? + 4)™)(kg)n(ihm) =

((m? — & + 4)™, (m? — & + 4)™)1(jhm).

Since
A0
=on(g)o™",
0 A9
we have kg = (j —1)hn(—N < 7—1 < N). But, this is true only when k£ = 0,
and : = ;3. However, these are obviously in the same n(R) orbit. Hence, by

Corollary 1.35 of [2], the multiplicity of (m? — k2 + 4)V,(m? — k2 +4)V) is

at least vV + 1. o
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84. Genus sets
We begin with the space HP™. We have the following
THEOREM 15. The Mislin genus set G(HP™ < 4 >) is uncountably large.

REMARK. Actually we can use the same method to prove the corresponding
results for more general spaces. Indeed, let X = S Ue'"--- U e*", where
n > 2 and k > 0 be a space with truncated polynomial rational cohomology

algebra, then the genus set of X < 2n > is uncountably large also.

To prove this Theorem, we need some lemmas. Let W denote HP™ < 4 >,

then we have

LEMMA 16. The image of Aut(W,) in Aut((W,)o) is contained in the (n+1)-

power of the p-adic units.

PROOF. Considering the Sullivan’s minimal model of HP", plus Corollary
1.1 of [13], we know that the image of Aut(W,) in Aut((W,)o) is contained

in the (n + 1)-power of the p-adic units. o

Now we turn to some facts in number theory. All known results we need can

be found in Serre [16]. First we fix an odd prime number q. Then for all
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those prime numbers p = 1(mod q), we define a homomorphism x,, : F,; —
U, C C, where U, is the multiplicative group of the g-th roots of unity, like

the Legendre symbol. First we define a homomorphism ¢ from F; to F; by

=l
r—I«q

Since F} is a cyclic group of order p — 1, and g|p — 1, we have the following

lifting diagram

DN
Z/q

and we use the standard homomorphism v : Z/q :— Uy, defined by v(z) =
e?™=, Setting xp,q = v, it is obvious that x,, is a homomorphism. It is easy

to see that we have the following

LEMMA 17. x,,q ts an epimorphism and xpq(z) = 1 if and only if z = y?,

for some y € F}.
Now we turn to the proof of Theorem 15.

PROOF OF THEOREM 15. First note that W is rationally equivalent to an
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odd sphere, hence W is a rational H-space. Hence we can use Wilkerson's

double coset formula (see [17]), i.e. we have

G(W) = i. Aut(Wo)\C Aut(W)/j. Aut(W)

(Note that since W is rationally equivalent to an odd sphere, it can be
seen that G(W) = Go(W). In general, the double coset formula is valid only
for Go.)

In the formula, W is the rationalization of W, W is its profinite com-
pletion, and W is Sullivan’s formal completion. i is the standard inclusion
W — W, j first rationalizes and then identifies (W) with W, and C Aut(W)
is all those automorphisms of W whose induced homotopy group automor-
phisms are Q—module isomorphisms, where Q0=0Q82%Z.

If n is odd, then the image of

Aut(W,) — Aut((W,)o)

is contained in U;*!, which is a subgroup of UZ, hence we have the fol-

lowing surjective map
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AQNC /L4 — AQ\G /ML,

Hence the genus set G(HP™ < 4 >) is uncountably large by the result of

McGibbon and Moller.

If n is even, let ¢ be an odd prime dividing n + 1. Let Q =Q®

Io=1(modq)Zp, and Q" denote the units of Q. Then we ¢z const- t a map

®: AQNQ /M= (modtf — Myzymodq)(Z/q)

Like McGibbon and Moller, we define & by sending the p-th component to its

image under Xp.q- Then it is an epimophism and its kernel is H,,El(modq)&(g.

Since there are infinitely many primes p = 1(mod q) (by Dirichlet’s Theorem),

the following set

AQNQ /M= (mod ) U2

is uncountably large. It is obvious that we have the following surjective

map
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AQ@ NG /TLU — AQND /My moa gl

Therefore, the set G(HP" < 4 >), which has the same cardinality as
AQN\GQ /T3, is uncountable also. Hence, we have proved Theorem 15.

a

Now we consider the spaces 5%V S% and S* v S*. We have the following

THEOREM 18. The genus sets Go(S3V S < 3 >) and Go(S*V S* < 4 >)

both are uncountably large.

PROOF. We prove the two cases simultaneously. Let W = S3v §3 <«
3 >(or SV §* < 4 >, respectively). Like the proof of Theorem 15, we

use Wilkerson’s double coset formula

Go(W) = i. Aut(Wo)\C Aut(W)/j. Aut(W)

where we use the same notation as in the proof of Theorem 15. By Felix
and Halperin’s mapping theorem (see [11] and also {12] for James’s elegant
proof of it). we know that the rational category cato(W) of W is 1, hence

W is a co-Hp space, i.e. W is rationally equivalent to a wedge of certain
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spheres. Suppose that Wo = (Va51S5.:)0, where S, is a wedge of spheres of
dimension 2n + 1 (or 3n + 1 respectively), let k, be the number of spheres
S2n+1 (or S3*+1) in S,. Hence k; = 1 (or k; = 3, respectively) and k3 = 2.
And also cato(W) = 1. Hence W = K(Q,5) Vv K(Q,7) vV K(Q,7) VWi (or
K (Q, TY"WVK (Q, Vv I\'(Q, 7) V V; respectively), where V; and V; are wedges
of spheres of dimension bigger than 7. Since S, is a retract of W, C Aut(S,),
which is isomorphic to GL(k.,Q), is a split subgroup of CAut(W). Let
P; be the projection of C Aut(W) to GL(k:,Q), then we have the following

surjective map

i Aut(Wo)\C Aut(W)/j. Aut(W) —

P.(i. Aut(Wo))\ P,(C Aut(W))/ P:(j. Aut(W)).

defined by the obvious map. Hence it is enough to prove the latter set is un-
countably large. Now let’s consider the group j.Aut(W). By Neisendorfer’s
Theorem, we know that any map from W, to itself comes from a self map of
(S3V S3),(or (5% V S*), respectively), whose automorphism group is exactly

GL(2,Z,). Let ¢;, ¢, be generators of m3(S3V S3) (or m4(S*V S*) respectively),
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then for any self-equivalence of (S®V S$3),(or {S*V §4), respectively), we can

determine it by

(e1)p = a(t1)p + b(e2)p, (e2)p = c(u), + d(e2),

where a,b,c,d € Zy, and § = ad — bc € Z;. We know that up to rationaliza-
tion, 77(S2 V 52) is generated by [[(c1)p, (¢2)p], (ex)phand [[(e1)ps (c2)pl: (2)s]-

hence the above map induces the following map

[[(‘l)pv (‘2)p]v (‘l)p] - 6“[[(’-1)pv ("2)?]’ (‘l)p] + <sb[[("l)tn (‘2)p]v (‘2)p]v

[[(¢1)ps (e2)p)s (‘2)p] - Jc[[(‘l)pv (LZ)x']a (t1)p] + Jd[[("l)m (‘2)9]1 (1)p)-

for (S*V §%),, it induces the following map

[(e1)py (e1)5] = ‘12[(‘-1 )os (11)p] + 2ab[(1)p, (c2)p] + bz[(%)pa (¢2)p)
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(@ )ps (¢2)p] = acf(e1 )ps (¢1)p] + (ad + bc)[(‘l)w (e2)p] + bd[(‘d)m (¢2)p]

[(e2)p. (‘2)91 - Cz[(il )ps (11 )p] + 2cd[(e1)ps (‘2)p] + dz[(‘2)pv (‘2)p]

Therefore P5( j.Aut(W)) (for the former case) consists of all such matrices

da 6b

éc od

and (for the latter case) P,(j.Aut(W)) consists of all matrices

a?  2ab b \
ac ad+bc bd
A 2d & )

where a,b,c,d € Z, and § = ad - bc € Z;. These matrices have deter-

minant §°. Hence we can construct the following obvious onto map (for the
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former case)

Ps(i. Aut(Wy))\ Ps(C Aut(W))/ Ps(j. Aut(W))

or (for the latter case)

Py(i. Aut(Wo))\ P2(C Aut(W))/ Po(j. Aut (W)

— Q\Q /I

induced by sending an element of GL(k3,Q,) (or GL(k2,Q,). respectively)
to its determinant. We know that the set Q‘\Q‘ / II,,L(: is uncountably large

by the proof of Theorem 15. Hence (jo(W) is uncountably large. a

REMARK. It is obvious that the genus set of SV S™" < n > (n > 2) is
&

uncountably large, via the above method. And also the above map induces
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a map on my(S® vV $3), can be represented by the matrix

da® dab §b? )
[ Youd ded dd&?

28ac §(ad + bc) 26bd

with respect to a suitable basis. This matrixhas determinant §%. Therefore
for any 2 < k < 9, the genus set Go(S3VS3 < k >) is uncountably large. More
generally, the genus set of S* V S® < k >(wheren —1 < k < 4(n—1) + 1),

and n is an odd number bigger than 3) is uncountably large.

CUNY Graduate Center
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