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THE CITY UNIVERSITY OF NEW YORK

Abstract

Generalized Differential Galois Theory
by

Peter Landesman

Advisor: Professor Richard C. Churchill

A Galois theory of differential fields with parameters is devel-
oped in a manner that generalizes Kolchin’s theory. It is shown
that all connected differential algebraic groups are Galois groups
of some appropriate differential field extension. Additionally, the
functor of points on the category of differential schemes is shown

to take differential group schemes to differential algebraic groups.
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Preface

This thesis generalizes E. R. Kolchin’s approach to the Galois Theory of
differential fields. as presented in Chapter VI of his book Differential Algebra
and Algebraic Groups [24]. Here differential algebraic groups, as developed
in his book Differential Algebraic Groups [25], are shown to be Galois groups
of certain types of differential field extensions. Elementary, but non-trivial,
examples of this generalized Galois theory are discussed in the final Chapter.

Parts of this thesis are merely a straightforward generalization of Kolchin’s
work. When this is so, not only are the ideas of the proof that of Kolchin, but
also many of the words. This is a testimony both to the quality of Kolchin’s
work and to the limitations of this author’s ability to find a clearer means
of expression. Although the words may be similar, the interpretations of the
sentences are more general, and in that sense different.

Several other people have developed Galois theories of differential fields:
Drach [8]. Vessiot [38]. Pommerat [33], Umemura [36] [37]. Pillay [30] [31] [32]
and Kovacic [21]. Although the Galois groups of Pillay’s theory are differen-
tial groups, they are only algebraically finite dimensional. In general, a dif-
ferential algebraic group may have infinite algebraic dimension even thought
its differential dimension is finite. In this thesis, a Galois theory is developed
in which any connected differential algebraic group is the Galois group of
some differential field extension (Theorem 5.239).

To see how Kolchin’s theory can be enriched, consider two commuting

derivations D; and D, acting on a field F. Let U be a universal differential
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extension field of F with respect to both D; and D,. Let § be a subfield
of U containing F which is closed under the operation D.. If G over JF is
a strongly normal extension of D,-fields, in the sense of Kolchin, the set
of D.-isomorphisms of § into U over F, when U is viewed as a universal
differential extension of F with respect to D,, has the structure of a C-group
(algebraic group defined over C), where C' is the field of D, -constants of
F. All the D, -isomorphisms are obtained by sending the D, -generators of
G to rational expressions in the D, -generators of § and their D, -derivatives,
with D, -constants in U as coeflicients. These constants are not necessarily
constants with respect to D;. The generators of § may satisfy differential
equations in D, as well as D,. A D, -isomorphism of G into U will extend to
a Dy-isomorphism of the D, and D, field H generated by Dy-derivatives of G
if and only if it maps solutions of the system of differential equations in Dy
and D, to other solutions of the same system. The D, -isomorphisms of §
into U which are D, and D, isomorphisms form a subgroup H of G defined
by differential equations with respect to D;. If the D, -constants of F equal
the D,-constants of D,-extension H generated by G. then it will be shown
that H will be a Galois group for J{ over F. That is: subfields of H closed
under both D; and D, are in bijection with subgroups of H defined over C'
by D;~equations.

An example will serve to clucidate the naturc of the generalization hercin.
Let C' be the complex numbers and C|t, z] be a polynomial ring in two vari-

ables with standard derivations Dy and D,. Consider F = C(t,x, cost.sint)

vi
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and § = F(logxsint) = F(log x) as differential fields with respect to D, and
D,. Let € = C(t,cost,sint) be the field of D,-constants of F and let UP=
be the same of U. Note that in this example the D;-field generated by G is
G, and the field of D,-constants of § equals that of F.

Let n = loguwsint, and ¢ = sint/x € F. Then 7 satisfies the equation
D.n = (and G as a D,-extension over F is a strongly normal extension in the
sense of Kolchin. The Galois group Isom®™ (G/F) = Aut?(GUP=/FUP+) is
isomorphic to the additive group U”=, is defined over €, and will be denoted
by G, via this identification. More explicitly, consider o € Aut”*(G/J).
Then, in order for o to commute with D,., on must again be a solution
to this differential equation, and therefore on must equal n 4+ p(o), where
p(o) € UP+. There being no other algebraic conditions on p(c). the map
p o p(o) defines a group isomorphism between Isom”” (G/F) and the full
algebraic group G,,.

Let v = cost/sint € F. Then n also satisfies the differential equation
Din — ~n = 0. Indeed, in the (D,, D;)-differential polynomial ring F{y },
it is easy to verify that the two differential polynomials A(y) = D,y — ¢
and B(y) = Dy — vy form a characteristic set of a linear differential ideal
T = [A(y), B(y)] (relative to any ranking) with n as a generic zero over F.
Consider & in the subgroup H = Isom™ "+ (G/F) = Aut?*P=(GUP=/FUP+) of
Isom®”*(G/F) = G,. Then o must map 7 to a generic solution of PB. Thus 0 =
B(o(n)) = B(n+p(o)) = B(p(o)), which implies that p(o) = ¢(o) sin ¢, where

c(o) is a constant with respect to D;. But p(o) is a D,-constant. and so ¢(o)

vii
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must be one, too. Conversely, it is clear that given any D, constant k& € U=,
the map o where o(n) = n+k sin ¢ is the unique isomorphism of G over & with
c(c) = k. Therefore, p(H) is a differential algebraic subgroup of G, defined
over the D,-constant field D = C(t, cost, sint) of F by the prime differential
ideal [B(y)| in the D;-differential polynomial ring D{ vy }. or equivalently, the
prime differential ideal [D,y, B(y)] in the (D,, D;)-differential polyvnomial
ring F{y }.

In 1967 I had the good fortune to take Professor Ellis R. Kolchin’s Differ-
ential Algebra course at Columbia College. The following year, in Kolchin’s
Differential Algebra Seminar, I gave four two-hour lectures on the initial part
of his Differential Galois Theory. I generalized the material from those lec-
ture in this thesis. I wish I could thank Professor Kolchin for teaching me
his special ficld of expertise.

I wish to acknowledge the assistance of Professors Phyllis Cassidy, Richard
C. Churchill, Jerold Kovacic and William Sit, who sat through a series lec-
tures spanning several vears during which I explained my thesis. Theyv gave
me much advice and encouragement. 1 wish to thank Phyllis Cassidy for
many discussions and for pointing out that there should be a functor from
differential group schemes to Kolchin’s differential algebraic groups, rather
than from another category I was trving to use. William Sit and Jerold J.
Kovacic read many rough drafts of various scctions of my thesis, and sug-
gested significant ways to improve it. Richard Churchill was my official thesis

advisor. Because he is in the process of becoming an expert in differential
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algebra, he worked patiently with me every week and offered suggestions
to help me solve mathematical problems and encouraged the development
of topological pre-orders. which clarified the exposition of the first chapter.
He also guided me through the administrative steps for the approval of my
thesis.

Additionally, I would like to thank my son Aaron and my wife Susan for

their support and love over many vears.
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1 Specializations of Isomorphisms

In this chapter, results and definitions from [24, Chapter 6. Section 1, p. 385]
are recalled for the convenience of the reader. Here the perspective will be
topological rather than algebraic.

Central to all that follows is the category of differential rings as developed
by Ritt and Kolchin. To define this category fix a set A = {d1,...,0m}.
The objects, called A-rings or differential rings, are rings on which the set A
acts as commuting derivations. The morphisms, called A-homomorphisms or
differential homomorphisms, are ring homomorphisms that commute with the
action of A. Many terms of algebra, such as ideal, field and extension, have
straightforward interpretations the category of A-rings and are indicated by
the modifier “A” or “differential”. However, “A-cimbeddings” arc referred to
as “A-isomorphisms”, and the now standard term “radical ideal” is used in
place of Kolchin's “perfect ideal”.

Henceforth, all rings are assumed to have characteristic zero. Throughout
this chapter, the set of commuting derivations A = {d;..... O, } s fixed. and
F is a A-field.

Standard notation will now be reviewed from [24]. The A-polynomial
algebra F{y1, ..., Un}a over F in A-indeterminates i, . . ., Yy, is the polyno-
mial ring over & having one indeterminate for each derivative of y{,...,y,
on which A operates in the expected manner. (For details see Kolchin [24,

pages 69-71].) If S is a subset of F{y1,...,yn}a, the A-ideal generated by
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S is denoted by [S]a (or [s1,....8,]a if S = {s1.....5,}), and the radical
A-ideal generated by S will be denoted by {S}a. Let G be a A-field that is
a A-extension of F, and let T be a subset of §. The A-ring generated by

T over F is denoted by F{T}a (or F{ty, ...t ja if T = {t;.....t,}), and

the A-field generated by T over F is denoted by F(T)A (or Flty.....t,)A
if T = {ty.....t,}). If T is a finite set, the A-ring F{¢y.....¢,} A and the

A-field F(ty,...,t,)a are said to be finitely A-generated by T over F, or,
for simplicity, A-F-finitely generated. If R is any A-ring, the symbol R
denotes the constants of R with respect to A, i.e. the elements « of R such
that da = 0 for every 6 € A,

A A-field U containing a A-subfield F is called A-universal over F if
the following conditions hold: for each A-field § of U finitely A-generated
over F and for cach A-field H (not necessarily contained in W) finitely A-
generated over G, there exists a A-isomorphism of H into U over G. The
existence of A-universal A-extension of any A-field is established by Kolchin
in [24, Theorem 2, page 134]. Such an extension contains all the solutions to
differential equations over F necessary in Kolchin’s work.

Let G be a A-field that is a A-extension of &F. This chapter contains a
description of a topology on the set X = Isom$(G, U) of A-isomorphisins
of G over F defined by a pre-order associated to algebraic specializations of
isomorphisms. If G is finitcly A-gencrated over &, Proposition 1.49 shows
that X is Noetherian, and the irreducible components are disjoint. If § over

F is strongly normal in the sense of Kolchin (Definition 2.128 or [24. Chapter
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6, Section 3, p. 393]), then X may be identified with the set of U=-points
of an algebraic F2-group which is the Galois group of G over F. In later

chapters these concepts will be generalized to differential algebraic groups.

1.1 The Pre-Order Topology

Let X be a non-empty set with a pre-order, i.e. a reflexive, transitive relation
R C X x X. Write p — ¢ instead of (p,q) € R. All such pre-ordered sets
form the objects of the category of pre-ordered sets. A morphism is a map
f: X — Y such that p — ¢ implies f(p) — f(q).

Any set Y C X inherits the relative pre-order RN (Y X Y'), also denoted
by arrows.

When p — ¢, the clement p is said to specialize to ¢ and ¢ is a specialization
of p. If p — q and ¢ — p, denoted by p < ¢, then ¢ will be said to be a

generic specialization of p. For each p € X, let C(p) = {r € X : p — r}.

Observation 1.1 For p € X and q € X, the following three statements are

clearly cquivalent:
1. p—gq,
2. g€ C(p), and
3. Clg) € C(p)-

The pre-order topology on a pre-ordered set X is the topology generated
by closed sets of the form C'(p) for p € X. Let Xy denote the set X with

this topology.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lemma 1.2 The closure of p € Xp is C(p).

Proof: 1If not, C'(p) has an element ¢ not contained in the closure C' of p.
Since C'is closed in the pre-order topology, C' = N;(U;C(p; ;)) such that the
intersection is of a possibly infinite number of sets and the unions are of a
finite number of sets. If ¢ ¢ C, then there exists iy such that ¢ & U;C(p;, ;).
Because p € C, for every i, p € U;C(p;;) and, in particular for i = i,
p € U;C(piy ;). Therefore there exists jo such that p;, j, — p. Since p — ¢,

by transitivity p;, j, — ¢. This contradicts ¢ € U;C(psg ;). d

A morphism f : X — Y of pre-ordered sets does not necessarily induce a
continuous morphism f : Xy — Y, as the following example illustrates. Let
Y be the pre-ordered set [0,1] C R with the pre-order: 1 — 2/ if ' =1 or
2/ €[0,1/2] and x — x for all x # 1. Note that C(1) = [0.1/2]U{1} is closed
by Lemma 1.2, Let X = [0,1) C Y be the pre-ordered set with the restricted
pre-order. Then the inclusion map f : Xo — Yy is not continuous because
the proper closed subscets of Xy consist of finite subscts and f~'(C(1)) =
[0, 1/2] does not have this property. The next lemma shows that in certain

circumstances continuity may be deduced.

Lemma 1.3 Let f: X — Y be a morphism of pre-ordered sets. Each of the

following conditions implies f : Xy — Yy is continuous.

1. The morphism f is an inclusion, and the topology of Xt s the relative

topology.
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2. The morphism [ is a bijection, and v — 2" if and only if f(x) — f(a').
3. Endow the set f(X) CY with the relative pre-order and assume that:

(a) the pre-order topology of f(X) is the relative topology, and

h) the morphism is a injection, and ¥ — 2 if and only if
b) th / tion, 1 " 1 {

fla) — f(ah).

Proof: The first item is the condition of continuity for an inclusion. The
sccond item is equivalent to f(C(x)) = C(f(x)) for all z in X. So that fr
is continuous because the closed scts C'(f(x)) generate the topology on Yr
and C(z) = f7'(C(f(x))) is closed. In the third item, the morphism f is
the composite of a bijection followed by an inclusion. So that items 1 and 2

may be applied to conclude continuity. U

Example 1.4 (Pre-orders on U") Let F be a A-field. and U be a A-exten-
ston of F that is A-universal over F. Let G be a A-extension of F in
W over which W is universal. For n = (m,...,n.) and & = (&....,&)
m U, define the pre-order by n . &, called A-specialization over § or A-

G-specialization, if there exists a A-G-homomorphism of S{m,...,n-}a to

G{&, ..., & }a over G taking n; to & for i=1,...,r.

Example 1.5 (The pre-order on diffspec R) Let R be a A-ring. Let
diffspec R be the set of prime A-ideals of R. For B and Q in diffspec R
define the pre-order by P — Q if Q O BV.
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When A is empty, these two examples are well-known in commutative alge-

bra.

1.2 NG-Spaces

In this section, two axioms on a topological space are introduced to ensure
that an associated pre-order topology has a finite number of points of which
any point in the space is a specialization. The first is the Noetherian condi-
tion which insures that a topological spacc has a finite number of irreducible
components. The second is the agsumption that every irreducible closed set
has a generic point, which implies that each point of the space is a special-
ization of one of finitely many generic points. Initially, some lemmas which
are useful for verifying these axioms are presented.

Recall that a topological space X is called Noetherian if it satisfies the
descending chain condition on closed sets and irreducible if it is not cipty
and the union of two closed sets distinct from X is always distinet from X
[3, page 94]. A closed set Woof X has a generic point ¢ € X if the closure of

¢ in X, denoted by m, is equal to W.

Lemma 1.6 Let X have a pre-order. Consider the topological space X,
i.e., the set X with the pre-order topology. Let W be a closed set of X,

and let p be a point in W. Then the following are equivalent:
1. p is a generic point of W,

2. C(p) =W and
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3. p—q foral g W.

Proof: If p is a generic point of W, then by the definition of generic point
W equals the closure {p}. By Lemma 1.2, C'(p) = {p}. Therefore, by the

definition of C'(p), p — ¢ for all ¢ € W. This argument is reversible. O

Lemma 1.7 Let f: X — Y be a continuous map between topological spaces.
Let E be an irreducible closed set of X. Then f(E) and f(E) are irreducible.

If p is a generic point of E. then f(p) is a generic point of f(F).

Proof: By [3, Proposition 4, page 95], f(E) is irreducible. By [3, Proposition
2, page 95], f(E) is also irreducible. Let p be a generic point of E so that
E = {p}. By the continuity of f, the set f~*({f(p)}) is closed. Since
p € ')} the closure {p} C f~({f(p)}). By applying f. f(p) €
Fdp}) € {F(p)}. Since f({p}) = F(E), F(E) C {f(p)}, and f(E) C {f(p)}.
Since f(p) € f(£), clearly f(E) D {f(p)}. Thus f(E£) = {f(p)}. which

shows that f(p) is a generic point of f(E). O

Definition 1.8 A topological space has property G (resp. Gy) if each irre-

ducible closed set has a (resp. unique) generic point.

The following example shows that a Noetherian topology defined by a pre-

order need not satisfy property G.

Example 1.9 Let X be the sct of positive integers with the pre-order m — n

if m=>mn. For m e X. C(m) is the set of positive integers less than or equal

7
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to m. Each C(m) is closed and irreducible by Lemma 1.10 below. The whole
space X is clearly closed and irreducible, but there is no generic point for

X.

After a hrief review of some properties of irreducible closed subsets, a lemma,

about properties GG and Gy will be established.

Lemma 1.10 Let X be a topological space, and let ¢ be a point of X. Then
W = {C{} @s an irreducible closed set of X with generic point . If U is an
open subset of X such that U N'W is non-empty, the generic point ( is

contained in U (as well as in W).

Proof: By definition, W is closed. Since the singleton set {(} is irreducible
and the closure of an irreducible subset is irreducible by [3. Proposition 2,
page 95|, W is irreducible. If the generic point ¢ ¢ U, then X \ U would be
a closed set that contains both ¢ and the minimal closed set W containing

¢. Thercfore, U N W would be empty. O
The following Proposition is from Bourbaki [3, Proposition 7. page 96].

Proposition 1.11 Let U be an open subset of a topological space X. The
mapping V +— V (closure in X ) is a bijection of the set of irreducible subsets
of U which are closed in U onto the set of irreducible subsets of X which are
closed in X and meet U; the inverse bigection is Z — Z N U. In particular,
this bijection maps the sct of irreducible components of U onto the set of

wrreducible components of X which meet U.

8
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The next lemma shows that, if property G (resp. Gy) is true for all open
sets in a cover of the topological space X, then property G (resp. Gy) is

true for X.

Lemma 1.12 Let X be a topological space. A sufficient condition for any
open subset U of X to have property G (resp. Gqg) (in the relative topology)
is for X to have property G (resp. Go). Let {U;}ier be an open cover of
X. Then X has property G (resp. Gyg) if and only if each of the U; has

property G (resp. Go).

Proof: To show the sufficiency, let U be any open subset of X, and let W
be an irreducible closed set of U (non-empty). The closure W of W in X is

irreducible, and W N U = W (Proposition 1.11). Because X is assumed to

have property G, there exists a point ¢ in X such that W = {(}. By Lemma
1.10. ¢ € U, and the closure of ¢ in U is W. If ¢ and {’ are two generic points
of W in U. then they are also generic points of W in X. If X has property
Gg. then ( = .

Let {U;},c; be an open cover of X. Assume each U; has property G.
Let W be a closed irreducible subset of X. Since an irreducible subset is
non-empty there is a point 3 € W, and 3 is contained in some U;. Then
W N U; is non-empty and irreducible in U; by Proposition 1.11. Becausc U;
satisfies property (&, therc is a point ¢ € U; such that the closure of { in U;
is WNU;. The closure of ¢ in X is the closure of W NU; in X which is W by

Proposition 1.11. Therefore, ¢ is a generic point of ¥ in X. If ( and (' are
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two generic points of W, then by Lemma 1.10 both points are in U; and are
generic points of U; MW in U;. Thus, if U; satisfies property Gg, then ¢ = .
If X has property G (resp. Gg), each open U; of the cover has property G

(resp. Gg) by the first part of the Lemma. OJ

This Lemma will be applied to E-schemes in the sense of Kovacice (Propo-

sition 2.63) and to Isomz(G.U) (Corollary 2.60).

Definition 1.13 A topological space X will be called an NG-space if it is

Noetherian and satisfies hypothesis G (De finition 1.8).

Examples of NG-spaces include algebraic varieties in the sense of Weil with
the Zaiski topology and Noetherian schemes. Further examples will be given
in later sections.

Now some properties of NG-spaces are assembled for future reference.

Proposition 1.14 Let X be an NG-space. For any closed subset W C
X, there exists a finite subset ® C W such that ecach of the rreducible

components of W has a generic point in ®.

Proof: Any closed subsct W C X is the union of a finite number of ir-

reducible closed components Wy, ..., W, by the Noetherian hypothesis |3,

Proposition b, page 95|, and each W; = {(;} for some (; € W by hypothesis
G. Take ® = {¢4,..., ¢ }- OJ

Proposition 1.15 Let X be a topological space, and let {U;}ier be a finite

open cover. Then X is an NG-space if and only if cach U; is an NG-space.

10
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Proof: This is true by Lemma 1.12 and the fact that X is Noetherian if and

only if each of the U; is Noetherian space [3, Proposition 8, page 97]. O

Any closed subscet Voof an NG-space X is an NG-space because V' ois
Noetherian and any irreducible closed subset W of V' is also irreducible in X
with a generic point contained in W C V. In the next Lemma, it is observed

that certain other subsets of X are also NG-spaces.

Lemma 1.16 Let X be an NG-space. Let Y be a subset of X such that

{x}NY is empty for © € X notin Y. Then Y with the relative topology is

an NG-space.

Proof: As a subspace of a Noctherian space, Y is also Noetherian [3, Propo-
sition 8(i), page 97]. Let W be an irreducible closed set of Y in the relative
topology. Then W < X is an irreducible closed set of X [3. Proposition

2, page 95]. Because X is an NG-space, there is a point w € X which

is a generic point of . Since W is closed in the relative topology of Y,
W =WnY = {w}nY. If w were not in Y, this intersection would be
empty by the assumption of the Lemma. But, by definition of irreducibility,
W is non-empty. Therefore w € Y. Hence w € W, and w is a generic point

of W. Thus Y is an NG-space. O

1.3 The Pre-Order Topology of a Topological Space

Let X be a topological space. Define the topological pre-order associated

to (the topological space) X to be the set X with the pre-order p - 4 if

11
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{¢} € {p}.

Proposition 1.17 Let f : X — Y be a continuous map of topological
spaces. Endow X and Y with their topological pre-orders (Section 1.3). For

x, o' e X.if v — 2/, then f(x) — f(2').

Proof: By the definition of topological pre-order, {x'} C m Then f({27}) C

f({z}) and f({z'}) € f({z}). By Lemma 1.10, {z'} and {z} are irreducible

with generic points z and z/. By Lemma 1.7, f({z'}) and f({z}) are ir-
reducible with generic points f(2') and f(z). Therefore, f(z') C f(z) and

f@) — f(a). O
Corollary 1.18 Let f: X — Y be a homeomorphism of topological spaces.
Then f induces an isomorphism of topological pre-orders.

Lemma 1.19 Endow a pre-ordered set X with the pre-order topology. Then

the topological pre-order is the given pre-order.

Proof: Let p — ¢ be the given pre-order on X. By Lemma 1.2 and Observa-

tion1.1,p?q<!>m§@¢>0(q)QC(p)@pﬁq. O

Let X be a topological space. The pre-order topology on X associated
to the topological pre-order will be called the pre-order topology (associated
to the topological space) X. Since pre-order topology on X is generated by

the closed sets C'(p) = {p} for p € X and, since each C'(p) is closed in

12
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the topology of X, the pre-order topology on X is contained in the given
topology.

For an example in which the two topologies are different, let X be an
infinite set with the discrete topology (every subsct is closed). Then p — ¢
is equivalent to p = ¢. Because proper closed sets in the pre-order topology
are arbitrary intersections of finite unions of sets of the form C(p) for p € X,
the proper closed sets of X in the pre-order topology are the finite subsets.

The purpose of the next lemma is to present a condition that ensures that

the two topologies on X are the same.

Lemma 1.20 Let X be an NG-space. Then the pre-order topology is the

given topology on X.

Proof: As noted above, the topology of X containg the pre-order topology.
Each closed set 7 of X is the finite union of irreducible closed sets Vi, and

each V; has a generic point p;. Since V; = V({p;}). Vi and W = U_ |V} are

closed in the pre-order topology associated to X. ]

Let X be a pre-ordered set. An element p € X will be called isolated if
g — p implies g <= p. This is equivalent to C(p) being maximal among all

closed subsets in X of the form C(g).

Proposition 1.21 Let X be an NG-space, and let ® = {(i,...,Ca} be a
finite subset of X such that each of the irreducible components of X has

a generic point in ®. Then the (; are isolated points with respect to the

13
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pre-order associated to the topology of X, and each point of X is the spe-
cialization of at least one of the ;. Conversely, each isolated point ( € X is

a generic point of one of the irreducible components of X.
The existence of the finite set ® C X was shown in Proposition 1.14.

Proof: By Lemma 1.20. the topology of X is the pre-order topology associated
to X. By Lemma 1.6, C'({;) = m Assume £ — ( for some £ € X
and for some 7. Then C(£) D C(¢) = {{}. Since {(;} is an irreducible
component and C'(§) is a closed sct (Lemma 1.2) and irreducible (Lemma
1.7) , C(&) = C({). This implies that £ < (;. and (; is therefore isolated.
Because each point z in X is in one of the components C(¢;) = {¢}, there
exists at least one 7 such that (; — .

For the converse, let ( € X be an isolated point. Then (; — (¢ for one 1.

Since ( is isolated (; «» ¢, and ( is a generic point of C'((;). O

Proposition 1.22 Let Y be a pre-ordered set. Suppose X C Yo with the
relative topology is an NG-space. Then the relative topology on X is the

pre-order topology of the relative pre-order.

Proof: For any pre-ordered set Z with pre-order p — ¢ and for any p € 7,
let Cz(p) = {q € Z | p — ¢q}. Since the topology of Yz is generated by
the irreducible closed sets Cy (p) for p € Y, the relative topology on X is
generated by the closed sets Cy (p) N X for p € Y. Each closed set of X of

the form C'x(g) for ¢ € X satisfies Cx(q) = Cy(g) N X because the pre-order

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



on X is relative pre-order. Since the relative topology of X4 is generated by
Cx(q) for all ¢ € X, the closed sets of X are a subset of the closed sets of
the relative topology on X.

It will now be shown that the closed sets of the relative topology on X
are a subset of the closed sets of Xp. Because X is assumed to be an NG-
space, the closed subset Cy(p)NX for p € Y of the relative topology on X is
equal to U,_, , Vx(p:) for p; € X (Proposition 1.14) where Vx(p;) denotes
the closure of p; in the relative topology of X. Since the closed subsets
Cy(r)NX for r € Y generate the relative topology, it is enough to show that
Vx(r) = Cx(r) for each r € X. This follows from the sequence of equivalent

statements below in which p and ¢ are elements of X.
L. g € Vx(p).

2. Vx(q) € Vi (p) where Vx(p) is the closure of p in the induced topology
on X. This is the definition of p — ¢ for the topological pre-order

associated to the relative topology on X.

3. Wyg) € Vy(p) where Vi-(p) is the closure of p in Y,. This is the

definition of p — ¢ for the topological pre-order associated to Yr.
4. p — ¢ in the pre-order associated to Y by Lemma 1.19.

5. p — q in the pre-order on X because p — ¢ on X is the restriction of

the original p — q on Y.
6. ¢ € C'x(p) by Obscrvation 1.1.

15
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O

Corollary 1.23 Let f : X — Y be an injective morphism of pre-ordered
sets such that, for v,x’' € X, x — 2’ if and only f(x) — f(x') and such that

F(X) Y7 with relative topology is an NG-space. Then [ is continuous.

Proof: Condition 3a of Lemma 1.3 follows by considering f(X) as a subset
of Y and applying Proposition 1.22, and condition 3b is satisfied by that

assumption in the proposition. [l

1.4 The A-Zariski Topology on Affine Space

Let U be A-universal over F, and let § be a A-extension of F contained in
U. Now recall the definition of the A-G-Zariski topology on U™ [24, Sections
3 and 4 of Chapter 4, pages 147-150]. For any subset X of S{yi.....yn}a
define 34(X) to be the A-zeros of ¥ in U”. The subsets of U" of the form
35(X), for a subsct X of G{y1, ..., Ynta, are all the closed sets of a Noctherian
topology called the A-G-Zariski topology [24, page 149]. These closed sets of
U™ are called G-closed sets.

For any subset M of U™, define 2Ag(M) to be the radical A-ideal of all
A-polynomials G{y1,...,yn}a that vanish at every element of M. The map
M — Ag(M) from G-closed sets of U to radical A-ideals of G{y1, ..., yn}a is
an order reversing bijection with inverse X — 34(X) [24, page 150]. Under
this map irreducible G-closed sets correspond to prime A-ideals. If A is any

A-ideal of G{yy..... Un}ta, then this correspondence restricts to a bijective
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mapping from G-closed sets of 3g(A) to radical A-ideals of G{y1,...,yr}a
containing 2A, and irreducible G-closed subsets of 34(2() correspond to prime
A-ideals containing .

If ¢ € W, then trivially Ag({¢}) is a prime A-ideal. The converse is the

following proposition. (See also [24, Proposition 1, page 146].)

Proposition 1.24 Let G C U be a finitely A-generated extension of &F. For
each prime A-ideal P in S{yi, ..., y.}a, there exists an element ( € U"

such that P = Ag({{}) -

Proof: Let € be the quotient field of G{uy1, ...,y }a/PB. Because € is finitely

A-generated over G and U is A-universal over &, there exists a A-G-isomor-

phism o : &€ — U. Take ¢ = (o(y; +B),...,o0(y. +P)) € U". Since ( is
a Aczero of B, P C Ae({C}). T f € Ag({C)), then o(f + F) = £(C) = 0.
Therefore f € 3. O

Corollary 1.25 The topological space W* with the A-S-Zariski topology is

an NG-space.

Proof: It has already been noted that U" is Noetherian. Also, each irreducible
G-closed set W of U™ in the A-G-Zariski topology is the set of A-zeros of a
prime A-ideal B of G{y1,....yn}a. Since P has a A-G-generic A-zero (, by

the lemma, ¢ is a generic point of W. U

For each ¢ € U”, definc Peg = Ag({¢}) € G{w1,...,yn}. This is called

the defining A-G-ideal of (. Because P g is a prime A-ideal. 35(B¢) is an

17
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irreducible G-closed set of W* containing (. The following observation relates

the concept of A-G-specialization to that of defining A-G-ideal.

Observation 1.26 For elements ¢ and & of U" following statements are

equivalent.
1. { — & in the pre-order associated to the A-G-Zariski topology on U™.

2. {CY D {&} where the closure operation refers to the A-G-Zariski topol-

ogy on U™.
3. Peg © Peg as prime A-ideals of G{y1,. .., yn}ta.

4. There is a A-G-homomorphism pec: S{C1, - Mta — G{&, .., &nta

over G taking (; to & for i=1,...,n.

Definition 1.27 When any of these conditions holds, & will be called a A-
S-specialization of (. This relation is a pre-order on W'. If W is o subset
of U™, this pre-order restricted to W will be called the pre-order of A-G-

spectalization on W.

Corollary 1.28 For ¢ and & in W*, the following are equivalent:

18
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taking C; to & fori=1,...,n is a A-isomorphism,

5. Be.g is the defining A-ideal of € in G{y1, ... . Yn}A.

Suppose a prime A-ideal B < G{y1, ..., Yn}a is given. An element ( € U"
such that P = P, ¢ is called a generic A-zero over G or a G-generic A-
zero of the prime A-ideal PB. By Proposition 1.24, each prime A-ideal 3 in

S{y1, ..., Un}ta has a G-generic A-zero.

Lemma 1.29 Consider W with the A-G-Zariski topology. Let B be a prime
A-ideal of G{wy1,..., Ynta. An element ¢ € W' is a G-generic A-zero of P

if and only if ¢ is a generic point of 34(B).
Proof: Let ¢ be a G-generic A-zero of B, ie. P = Prg. Then 34(P) =
35(Peo) = {C} by [24. page 149]. Therefore ¢ is a gencric point of T,
Conversely. let ¢ be a generic point of 36(B), i.c. {¢} = 35(R). Applying
A gives Ag({C}) = As(35(P)), which equals P since Ag(36(P)) = B ([24,
page 149]). Therefore A5({C}) = P. Also, As({¢}) = N e Bes = Bes
because, by Observation 1.26, B¢ g 2 P¢ g if and only if ¢ — &. Therefore
P =P¢g, and ¢ is a G-generic A-zero of P. J

Let W be a G-closed set of U" in the A-G-Zariski topology. Then the

relative topology on W is called the A-G-Zariski topology on W.

Lemma 1.30 Let W be a G-closed set of W*. The relative pre-order on W

of the topological pre-order on U is the topological pre-order on V.
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Proof:  Because TV is closed, the closure of a point of TV is the same with
respect to the A-G-Zariski topology on U™ and with respect the A-G-Zariski
topology on W. Since the associated topological pre-orders are determined
by the closures of points (Observation 1.26(2)), the topological pre-orders on

W associated to both topologies are the same. J

The following proposition follows immediately from the observation that
a closed subset of an NG-space is an NG-space and the application of Lemma

1.20.

Proposition 1.31 Let W be a G-closed set of U". Then W 1s an NG-
space. Also, the pre-order topology on W associated to A-G-Zariski topology
on W is the A-G-Zariski topology on W.

Corollary 1.32 Let W be a G-closed set of U™. The A-G-Zariski topology
on W is the pre-order topology associated to A-G-specialization on V.
Proof: By Obscrvation 1.26, the topological pre-order on U™ associated to
the A-G-Zariski topology is that of A-G-specializations (Definition 1.27). By
Lemma 1.30, the topological pre-order on W associated to the A-G-Zariski
topology is A-G-specializations on W. Since W is an NG-space (Proposition
1.31), the A-G-Zariski topology on W is the pre-order topology associated to

A-G-specialization on W (Lemma 1.20). d

Corollary 1.33 Let W be a G-closed set of UW". The closure of any ¢ € W,
with respect to the A-G-Zariski topology, is the set of all A-G-specializations
of C.
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Proof: By Corollary 1.32, the closure of ¢ € T3 with respect to the A-
G-Zariski topology is the closure of ¢ in the pre-order topology of A-G-
specializations on V. By Lemma 1.2, this is the set C'({) of all A-G-

specializations of ¢ in the pre-order of A-G-specializations on W, J

1.5 The Space of Isomorphisms

In this section, the topological spacc of isomorphisms X = Isom$ (G, U) is
shown to be an NG-space. Kolchin descibes some other properties of X
in [25, Secction 1, pages 157—-159]. In later chapters, X will be the set of
elements of a generalized Galois group.

Throughout this section, let n = (n;....,1,) be a finite family of A-
generators for G over F. Also let P = B, 7, and let P = P g for £ € 35(9P).

Definition 1.34 (A-G-Specialization of A-F-Isomorphisms) On the set

X" = X X --- x X define a pre-order ? (or. for simplicity, —) called
A-G-specialization (of elements of X7) as follows: for o = (o1,...,0,)
and 7 = (7.....7,) € X", o ? 7 if there exists a A-G-homomorphism

¢ G{o1GU...U00,.G}a — S{TJS U...U7.G}a such that ¢(a) = o and

(o) = Ty for all v in G and i =1,...,7.

Henceforth, if X is considered as a topological space, it will be with
the pre-order topology associated to A-G-specialization (Definition 1.34 with

r=1).
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In the above definition, note that the A-rings G{o1GU ... U0} C U
and G{mGuU...Un.G}An C U are the same as the rings Glo1GU ... U 0,.9]
and GG U ... U7.G]. So that ¢ is in fact a A-G-homomorphism from
Glo1GU. . .Ue,.G] to G[r GU. . .UT.G]. Also, since 7,00, ! is a A-F-isomorphism
for all 7. ¢ is a A-G-homomorphism if and only if it is a G-homomorphism(See

[24. Lemma 1. page 385]).

Lemma 1.35 for o,7 € X', o ? 7 as in Definition 1.84 if and only if

(..,omy,...) Y (...,mnj,...) as in Evample 1.4 or Definition 1.27.

Proof: (See [24, Lemma 2, page 386] for a statement of the same lemma with-
out a proof.) If o ? 7, the A-G-homomorphism ¢ : §{o1GU ... U0, G}a —
G{nSU...U7.G}A of Definition 1.34 restricts to a A-G-homomorphism p :
G{....omj....ba — S{...,mnj . Fa, and (.., om0, ) o (cocoming ).
On the other hand, if (..., om;,...) P (...,mmj....), then there is a A-G-
homomorphism p : G{....om;,...}a — G{...,7n;....}a. Let J be the ker-
nel of p. Since the image of p is in U and, therefore, an integral domain, J is a
prime A-ideal. Let G{...,0;n;,...}a 5 be the localization of G{...,o;1;,...}a
at J, and let the induced A-G-homomorphism of §{...,o;n;,...}a 5 into the

quotient field of G{...,77;....}a be

p S{...,omj,.. . tas— QF(G{. ...,Tinj, ... }a)-

The A-G-homomorphism 7 restricted to F{o;(m),...,0:(nn)}a is the A-F-

isomorphism 7; 0 07" : 0:(G) — 7(G) restricted to F{oi(m).. ... ai(n) a.
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Therefore, 7 restricted to F{o;(m),...,0:(n.)}a is an A-F-isomorphism.

Consequently, F{o;(m),...,0:(m)}a NT = {0}, and the nonzero elements
of F{o;(m)..... oi(n,)}a arve invertible in G{....om;....}as. Le. 0,(G) C
G{....0m;....}a5 for all i. Since  A-generates G over &, 7 and 7300, ¢ co-

incide on 0;(G) € G{....0:m;,...}a3. Therefore p restricted to G{o GU... U
0,5} A 18 a A-G-homomorphism ¢ : §{o1:9U.. . Uc,G}A — G{nGU...UT.G}A
such that ¢(a) = a and ¢(o;0) = ma for all o in Gand i =1,...,7. Thus,
p may be extended to the A-G-homomorphism ¢. By the definition of A-G-

specialization of elements of X" (Definition 1.34), o rea ]

There is a bijective correspondence between X and F-generic A-zeros of P
in U™ which associates to cach A-F-isomorphism o of G the F-generic A-zero
on = (on,.... o) of P in U™ and to each F-generic A-zero & = (&1,....&,)
in U” of P the A-F-isomorphism o¢ of G defined by og¢(1) = &.

Note that the A-ideal B = G{y1,...,yn AP is the A-ideal generated
by B in G{y..... Yn ta. Since each F-generic A-zero £ of P is also a A-zero
of the ideal B C G{y1....,¥Un}a, such a & can be regarded as an element
of the G-closed subset 35(G), the A-zeros of G in U". Combining this
observation with that of the last paragraph, one obtains a map ¢, : X —
35(9B) such that ¢,(c) = o(n) for every 0 € X. This map is clearly
injective since, for o, 7 € X, o(n) = 7(n) implics that ¢ = 7 because G over

F is A-generated by 7.
Corollary 1.36 For o,7 € X, 0 — 7 if and only if ¢,(0) — ¢,(7). Also,
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if 1, 0 0,(X) — X is the inverse of ¢,, then ¢ — ' if and only if 4, ({) —

fl//)’r/(cl) .fOT C C/ € (jr/(,"Y>'

Proof: For the first part, take r=1 in the Lemma 1.35. For the sccond part,

apply the definition of inverse to the first part. ]

The next two lemmas establish a characterization of ¢, (X) as a subset

of 35(9PB).

Lemma 1.37 Let & € 35(SB). Then B C Pe N F{y1, ..., Ym}ta, and there
exists a A-F-homomorphism pe, : F{m,....nmta — F{&, ..., & ta taking

each n; to &;.

Proof: Because & € 3¢(99), it follows that P < P.. Consequently,

PBCEBNFH ... cumta S BeNF{y1,...,Ym}ta. and therefore the A-F-
homomorphism pe, : F{n1, ..., Mmta — F{&, ... & ba taking each n; to &
exists. O

Lemma 1.38 Let € € 35(SB). The following assertions are equivalent:

2. € is an F-generic A-zero of B,

Lo

. Pen 15 a A-F-isomorphism of rings,

4' SB = ip& M g{yla <= 7?/7!L}A'
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Proof: Ttems 1 and 2 are equivalent by the definition of &,, which maps
elements o of X = Isom3(G, U) to the F-generic A-zeros of P in Zg(GP). In
general the defining A-ideal of € in F{y1, ..., Um}a is Be N F{y1.. ... Un}a.

Thercefore 2 is equivalent to 3 or 4 by Lemma 1.37. OJ

Proposition 1.39 The subset ¢, (X) of 35(GP) with the induced topology

1s an NG-space.

Proof: By Lemma 1.16, since 3g(G) is an NG-space (Proposition 1.31), it
suffices to prove {£}N¢,(X) is empty for all € € 35(GP) not in ¢,(X). Since
£ ¢ pp(X), BeNF{y1, ..., Yn}a properly contains P by Proposition 1.38. By
Corollary 1.33, the closure m of ¢ with respect to the A-G-Zariski topology
of 3g(GP) is the set C(C) of all A-G-specializations of (. Let & be a A-G-

specialization of &, Then P O Pe by Observation 1.26(3). Therefore Per N

contains P also. So & is not in ¢, (X). O

The proof of the last proposition shows that the complement of o, (X) in
35(9P) is the union of a possibly infinite number of closed subsets. However,

Example 2.150 shows that, in general, ¢, (.X) is not an open subset of 35($'B).

Corollary 1.40 The induced topology on ¢,(X) as a subset of 35(GB) is

the pre-order topology associated to A-G-specialization on ¢, (X).

Proof: Since the A-G-Zariski topology on 35(G) is the pre-order topol-

ogy associated to A-G-specialization (Corollary 1.32) and the subset ¢, (X)
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of 34(9P) with the induced topology is an NG-space (Proposition 1.39),

Proposition 1.22 implies the corollary. O

Corollary 1.41 Let W, ..., Wy be the (distinct) irreducible components of
35(9B). Then WiN o,(X),....Wan ¢,(X) are the (distinct) irreducible
components of ©,(X). Furthermore, for every i. each generic element of
W; N ¢,(X) is a generic element of W;, and each generic element of W; is

a generic element of Wy N ¢, (X).

Proof: The prime A-ideals By, .... By C G{v1,...,Yn}a that are the prime
components of GB C G{y1,....unta satisty B, N F{y1, ..., ynta = P [24,
Proposition 3(b), page 131]. The closed irreducible components of 3g(G93)
are W; = 34(B;) for i = 1,...,d [24, page 148]. Let ¢; be a generic point of
W for cach ¢ (Proposition 1.14), and let &; be a generic point of the distinct
irreducible components V; (j = 1, ..., e) of the NG-space ¢,,(X) (Proposition
1.39 and Proposition 1.21). The generic point ¢; of W}, is also a G-generic A-
zero of P; (Lemma 1.29) and a F-generic A-zero of P, NF{y1... ..y} =B.
Lemma 1.38 then implies that {; € ¢,(X).

Since & € V; C ¢,(X) C 35(SB). ¢ . &; for some k (Proposition 1.21).
Because &; is isolated in ¢, (X) (Propositkion 1.21), ¢ <= &;. Since ; is not
a A-G-specialization of (; for i # [, the samc is true for the &; and d = c.
Renumber the V; and the &; so that (; ? &. Then clearly V; = W; N ¢,(X).

To prove the last statement, let { be a generic point of V; for some i.

Then ( <« (; <= ( < &;. And ( is a generic point of W;. This argument is
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reversible. O

Because the generic points of each irreducible component of 3g(GR) are
contained in ¢, (X), the closure of ¢,(X) in 3g(9P) is 35(GP), and &, (X)
is dense in 35(GB).

Proposition 1.42 The map ¢, : X — 3g($B) is a homeomorphism onto
its image ¢,(X)

Proof: Since, for 0,7 € X, 0 — 7 if and ouly if ¢,(c) — ¢,(7) by Corollary
1.36 and the subset ¢,(X) of 35(9%) with the induced topology is an NG-
space by Lemma 1.39, ¢, is continuous (Lemma 1.3(3)).

Restrict the range of the injective map ¢, to ¢,(X), and let ¢, : ¢, (X) —
X Dbe its inverse. For ¢.{" € ¢,(X), again by Corollary 1.36. ( — (' if and

only if ¢, () — ¢,,(¢"). and 1, is continuous by Lemma 1.3(2). U
Corollary 1.43 The space of A-F-isomorphisms X is an NG-space.

Proof: By the proposition, ¢, is a homeomorphism of X onto its image ¢, (X),

which is an NG-space by Proposition 1.39. J

Corollary 1.44 There exists ® = {(1, ..., s} be a finite subset of X such
that each of the irreducible components of X has one generic point in ®.
Then the (; are isolated points with respect to the pre-order associated to the
topology of X, and each point of X 1is the specialization of at least one of

the (;. Conversely, each isolated point ( € X is a generic point of one of

the irreducible components of X.
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Proof:  Since X is an NG-space (Corollary 1.43). the proof follows from

Proposition 1.21. O
The purpose of the next three results is to establish a result about alge-
braic disjointness®.

Lemma 1.45 Let I be a field, and let G = F'(n) be a finitely generated field
extension of F where n= (m,....n.) € U™ and U is universal over F (A-
universal over F for A empty). Let P, C Flyi, ...,y be the defining ideal
of n. Let Q be a prime component of the radical ideal GP, C Glyi, ..., y.],
and let ¢ = (C1,...,¢) € U™ be a G-generic zero of Q. Then G = F(n) is

algebraically disjoint from F(() over F.
Proof: By [24. Proposition 7(a), page 25],

trdeg o G(¢) = trdegp I'(n).
Since n and ¢ are both F-generic zeros of P,

tr deg » F(n) = tr deg p F().

So that
tr deg ; G(¢) = tr deg p F(Q).
Assume that F'(¢) is not algebraically disjoint from G = F(n) over F.

Let xy,...,x, be elements of F(() algebraically independent over F and

Let L and M be two fields containing the field K and contained within some
larger field. Define M to be algebraically disjoint from L over K if any family
of clements of M algebraically dependent over L is algehraically dependent over K
[4. Proposition 13, page 112].

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



algebraically dependent over F'(n). Extend xzi,...,2, to a transcendence
basis a1..... 2. Y1, ..., y, of F(¢) over F. Since xy,....x, is algebraically

dependent over G = F(7),

tr deg p F(z1,...,2p) > trdegqa Gluy.....x,).
and
trdeg p F(Z1, .. Tp, Yo, Yy) > trdege G(zy, ..., Zp, Y1, -+, Yq)-
Because F(() is algebraic over F'(x1, ..., 2. 01, - .-, Yq), G({) is also algebraic

over G(z1,...,Tp,Y1,...,Yy), and
tr deg » F(¢) > tr deg o G(().

This contradiction shows that F'(¢) is algebraically disjoint from G = F'(n)

over F. O

Lemma 1.46 Let F be a A-field, and let § = F(pa C W be a finitely
A-generated field A-catension of F where n = (... .. n.) € W and U is
A-universal over F. Let B, C F{yi,...,y, ta be the defining A-ideal of 7.

>

Let Q be a prime component of the radical A-ideal §B, C G{v1,.. .,y - }ta.

Andlet ¢ = (C1,...,¢) € U be a G-generic A-zero of Q. Then G = F(n)a

is algebraically disjoint from F{(()a over F.

Proof: Since any algebraic relation between elements of § = F(n)a and F({)a

over J involves just a finite number of elements from each field, the strategy
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of this argument is to reduce the proof of the lemma to Lemma 1.45, which
only involves finitely generated field extensions.
Define © be the free commutative multiplicative monoid generated by A,

Thus an clement of © has a unique representation in the form
0 =0o7---00m
for natural numbers eq,...,¢e,, € N. The order of 0 is
ord =ey +---+e,,

and the unique element of order 0 is denoted by 1. The subset of elements

of order no larger that v is denoted by O(v), i.e.
Ov)={0 €O |ord § <v}.
For each positive integer v, let
A, = F[(0yi)ocow)] and B, = G[(0yi)scon,)]-

Define the order of f € F{y1, ...,y - ta (resp. f € S{y1.....y-}a) to be the

least value of v such that f € A, (resp. f € B,).
Claim 1.47 G- (3N A,) =83 N DB, for any ideal 3 C F{y1,...,YrtA,-

(See [24, page 131].) The containment G- (3N A,) € §3N B, is clear. A
(u;)ier basis for G over F is also a basis for G{v1, ...,y }a over F{yr, ..., ¥ }a

because the A-derivatives of yy, ..., y, are agsumed to be linearly independent
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over § and the vector spaces G and F{y1, ...,y }a are linearly disjoint over
F. Therefore, any = € 93 C S{vy1,.-.,¥r}a may be written uniquely in
terms of this basis as ¥ = X;x,u; with z; € F{yy, .. ..y, }a. According to [24,
Lemma 9, page 18], x; € 3. If in addition x € B,, that is x € §3 N B,
the order of x is equal the maximum of the orders of x; for all i because

of the uniqueness of the coeflicients z;. Therefore, z; € A, for all ¢, and

xr = E,ZELU,L = E{U@IL‘{ c 9 . (j M A,,)

Let B, = P, C F{v1.....u-}a. Let P, for i = 1,...,s be the prime
components of the radical A-ideal §B,, = (. B < G{v1, ...,y }a [24, Propo-
sition 3(b),page 131]. By the claim, G- (B, N A,) = (§B,) N B, = (N, B:) N
B, = N;(P; N B,). For v large enough, P; N B, for ¢ = 1,...,s are dis-
tinct prime components of (B, N A,) in B, because the components are the
radicals of finitely A-generated A-ideals [24, Corollary 5, page 128].

Let ¢ = (¢1,...,¢) € U be a G-generic A-zero of one of the prime
components Q (= P; for some i) of §GP,. Then ¢ is also a F-generic A-
zero of P, because QN F{yr, ...,y ta =B, [24, Proposition 3(b).page 131].
Since the prime ideal B, N A, C A, is the defining ideal of (67;)sco() and
(HQ-)QEQ(,,) is a G-generic zero of the prime component £ N B, of the radical
ideal G- (B, N A,) C B, Lemma 1.45 may be applied to conclude the fields
F(0n:)ocow) and F(0(¢)ocon) are algebraically disjoint over F for large v.
Since any algebraic relation over F between elements of the fields G = F(n)a
and F(()a is in fact betwcen clements of (61:)ecow) and (0()scoq) for v

sufficiently large, § = F(n)a and F(()a are algebraically disjoint over F. O
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Corollary 1.48 Let G C U be a finitely A-generated A-extension of F such
that G+ F. If 0 € X = Isom% (S, W) is an isolated A-isomorphism. then G

and o(G) are algebraically disjoint over F.

Proof: Let 0 € X be isolated. By Corollary 1.44, ¢ is a generic point of the
component m For A-generators n = (11, ...,1,) € W of § over F. since ¢,
is a homeomorphism of X onto its image ¢, (X) (Proposition 1.42), ¢, (o) is
also a generic point of a component of ¢, (X) and, therefore, a generic point
of a component of 3g(GP) (Corollary 1.41). By Lemma 1.29, ¢,(0) = o(n)
is a G-generic A-zero of a prime component of the A-ideal §*3. By Lemma

1.46, § = F(n)a and o(G) = F(o(n))a are algebraically disjoint over F. [

Proposition 1.49 Let § C U be a finitely A-generated N-extension of F.
Then the finitely many irreducible components of X = Isom5 (G, W) are mu-
tually disjoint and are of the form C(o;), where oy, ....0,. are isolated A-

isomorphisms of G over F. If G is reqular® over F, r = 1.
Because the ('(o;) are disjoint, they are also the connected components.

Proof: Let o be any A-F-isomorphism of G into U. By Corollary 1.44, there
are finitely many isolated points o; such that there exists an ¢ such that
o; — o (Proposition 1.21).  To show o is the A-G-specialization of just

one o;, assume o is a A-G-specialization of o; and o; for some 7 and j.

?The field G is regular over F, or F' is algebraically closed in G, if each element of
algebraic over F'isin F.
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Let ¢; @ §{0:G}ta — G{oG}a and ¢; : G§{0,5}a — G{0G}A be the A-G-
homomorphisms of the corresponding A-G-specializations. Also let &y be
the algebraic closure of F in G. Because 0;F and 0,3, are algebraic over JF,
G{o:Fo}a is the ficld compositum G - 0,5, and G{o,;F}a is the ficld com-
positum G- 0,;F,. Therefore ¢; and ¢; restricted to G{o;Fy}a and G{o;Fo}a,

respectively, are A-G-isomorphisms onto the field G{oF} .

Diagram 1.50
S —— §-0F% —— §-0:§

| [ I

F — o5 — ;5
Because o; is isolated, ;G is algebraically disjoint from G over I by Corollary
1.48 (see Diagram 1.50 above). Since 0;F is a subfield of ¢;G containing &,
0;9 is algebraically disjoint from G- 0;F, over 0;F. Because 0;G over 0,3 is
a regular extension, it follows that G- 0,3, and 0;G are linearlv disjoint over
0:Fo [26. Theorem 3, page 57].

Let ~ be the A-G-isomorphism
v 9'0350—>9'U,7'9‘~0

that is the inverse of ¢; with its range restricted to G{oFo}a = G- oFy.
Then, after restricting the domain of ¢; to G- 0,F,,
yoyp;: G-0Fy—G 05 —G-0;F
is a A-F-isomorphism. And
1.

ogjoo; : 0§ —§—0;9
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is a A-F-isomorphism that coincides with ~ o ¢; on 0;F,. Therefore, by the

linear disjointness, v o ¢; and o, o O',L»_l extend to a A-G-homomorphism of
(9 : Cfifﬂ)){(fﬁ}g = S{Uig}A - (9 : Uj«rfro){ffjg}g = 9{0,79}A-

By definition. o, is a A-G-specialization of o;. This is impossible because the

o; and o; were chosen not to be A-G-specializations of cach other. O

For a Galois theory, it is important to know the field invariant under all
A-F-isomorphisms. For a treatment of this topic similar to what follows see

Kolchin [24, Corollary, page 388].

Lemma 1.51 Let H be a A-extension of F algebraic over F. Any field

isomorphism of H over F into U is in fact differential.

Proof: Let o be a field isomorphism (not necessarily a A-F-isomorphism) of
H over F into W. Let f(x) in Flx] be the minimal polynomial over F for an
element «v of H. Let 6 be an element of A. Also let Sy (x) be the derivative of
f with respect to r and f°(x) the polynomial obtained by applving § to the
cocfficients of f(x). Since all fields are assumed to have characteristic 0, « is
separably algebraic, and, thus, S¢(a) # 0. Then da = — f°(a)/Sf(c). Since
f(z) is also the minimal polynomial of oo over F, §(oa) = — f°(oa)/Sp(o).
Then, because the coefficients of f(x) and f°(x) are fixed by o, oda =

o(=f(a)/Ss(a)) = =(0f*)(0a)/Sos(0a) = =(f)*(oa)/Sf(oa) = doa. [

Proposition 1.52 Let U be a A-universal over F. Let H be a finitely

A-generated extension of F, not necessarily contained in W, and let T be
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a finitely A-generated extension of F. Then every A-F-isomorphism o :

H — W and be extended to a A-F-isomorphism o' :J — U.

Proof: Let 8§ be a set not contained in U or J that has the same cardnality as
INIH And let f:J — It =8 U o(I() be a bijection such that f(a) = o(«)
for all @ € H. Endow J* with the A-field structure such that f is a A-F-
isomorphism. Because J is a finitely A-generated extension of 3, f(J) is also
a finitely A-generated extension of f(H) = o(H). Similarly, H finitely A-
generated over F implies o(H) C U finitely A-generated over o(F). By the

definition of A-universal over F, there exists a A-isomorphism ¢ : 7t — U

over o(H). Then A-isomorphism ¢/ = go f :J — U extends o. ]
u
/ ’
9 f Tt Loe (07 = o/ (9)
\ \ /
H Z o (J0)
F

Proposition 1.53 Let § C U be a finitely A-generated extension of F. The
subset of G fixed by all elements of X = Isomﬁ(Q,U) s F.
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Proof: Let o € G be fixed by all elements of X. By Corollary 1.44, there
exists an isolated element 7 € X. Since 7 fixes o, o« € G N 7G. This shows
that av € 7G is algebraic over § (a € G). Since G and 7§ are algebraically
disjoint over F (Corollary 1.48), « is algebraic over F.

Assume o € F. By the algebraic theory of isomorphisims, there exists a
field isomorphism o (not necessarily differential) of F(a) over F into U such
that o(a) # «. By Lemma 1.51, o is a A-F-isomorphism.

There exists an extension o’ € X of ¢ to §. by Proposition 1.52, because
F(a) = Fa) is finitely A-generated and G over F{a)a is also since G over
F is. Since o/ € X does not fix a and it was assumed that all the elements

of X fix a, the assumption o ¢ F must be incorrect. Therefore o € F Ul
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2 Pre E-Sets and Isomorphisms

This chapter reviews Kolchin’s definition of E-sets (read E as epsilon) [25,
Chapter 1] and presents examples in a novel manner. The E-sets have a
geometric nature and are later used to define algebraic E-groups.

Fix two disjoint scts E = {ey,..., 6.} and A = {4,,...,0,}. The symbol
“(E,A)” will denote the set E U A. However, when this symbol is used as a
subscript or superscript the parenthesis are removed, e.g., F{y}rpa or FEA.
If G is an (E, A)-field, let G2 denote the field of A-constants of G. Note that
G2 is a E-field. If F and G are fields contained in a larger field, then F - G,

or more simply G, will denote their compositumn.

2.1 The Category of Pre E-Sets

The objects in the category of pre E-F-sets [25, Chapter 1] are defined as

follows.

Definition 2.54 Let F be an E-field and let 'V be a universal E-field ex-
tension of F. A pre E-F-set (relative to V) is a set A for which there are

given

1. for each element x € A, an E-finitely generated field extension F(x)

over F,

2. a pre order on A called E-specialization over F or, more simply, E-F-

specialization (which shall be indicated by the notation x — 2'),
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3. for each pair (v,2') in A? with x < 2/, an E-isomorphism S, :

Flo)y =~ Fay over F,

all subject to the following axioms.

DAS1 A has a finite subset ® such that, for each ¥’ € A. there exists an

xr € P with v — ' .
DAS2a If x, 2", 2" € A, v 2!, and 2’ «— 2", then Syr 4 0 Sy = Spr .

DAS2b If x € A and S : F(x) = F' is a E-ficld isomorphism over F, then
there exists a unique x' € A with x «— ' such that F{x') = F and

Syt e =S,
See Observation 6.245 for an example of a pre A-TF-set.

Definition 2.55 A subset B of the pre E-F-set A is called F-irreducible (in
A) if there exists an @ € A such that B is the set of all elements of A that
are E-F-specializations of x. Such an x will be called an F-generic element

of B. A maximal F-irreducible subset of A is called an F-component of A.

Later in this chapter, it will be shown how to associate to any E-scheme
over F a pre E-F-get. In particular, if E is empty, to a scheme over F is
associated a pre E-F-set called a pre F-set.

Kolchin defines pre E-F-maps, as below, in a manner such that the com-

position of two is not necessarily a third.
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Definition 2.56 Let A and B be pre E-F-sets. A pre E-F-mapping of A
to B is a mapping [ of a subset Ay of A into B with the following four

properties:
1. the F-generic elements of the components of A are contained in Ay;
2. 4f x € Ay, then F{f(x)) C Flx);
3. if xe A,x' € Ay, and v — 2/, then x € Ay and f(x) — f(2');

4. if w,x" € Ay and v — 1', then Sy, evtends Sy ). See Diagram
2.57 below.

Diagram 2.57
3.<m> el

Tinclusion T inclusion

Ff (@) — LI F ()

To have morphisms that are composable, pre E-F-mappings from A to B
that are everywhere defined (that is Ay = A) are taken to be the morphisms

in the category of pre E-F-sets.

Definition 2.58 The category of pre E-F-sets (relative the universal E -
field V) is the category with pre E-F-sets as objects and with everywhere

defined E-F-mappings as morphisms.

Later in this chapter, it will be shown how to associate to any morphism

of F-schemes over F an everywhere defined E-F-mapping.
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2.2 E-Schemes

In this paragraph, the concept of E-schemes, as defined by Kovacic in a se-
ries of papers [19], [20] and [21], will be explained. Let R be an E-ring. Let
diffspee R be the set of all E-prime ideals of R. The topology on diffspec R
such that the closed subsets are V(1) = {B € diffspecc R |'P D I} for I C R
is called the KE-Zariski topology or the Kolchin topology [19|. Henceforth, in
agreement with the prevailing custom, diffspec I? will denote this topological
space unless otherwise specified, and the notation for points of diffspec R will
alternate between points x, v, ... if their topological nature is to be empha-

sized or prime E-ideals B, 9, ... if their algebraic properties are of interest.

Observation 2.59 In diffspec R the closure of a point B has the following

equivalent capressions:
1. {%¥},
2. V(B). and
3. {90 e diffspec R | Q D PB}.
Since a set consisting of a single element is irreducible and V() is the

closure of P in diffspec R (Observation 2.59), V() is irreducible [3, Propo-

sition 2, page 95]. Conversely,

Proposition 2.60 Let a C R be a A-ideal. If V(a) is an irreducible closed
set of diffspec R, the radical A-ideal {a} is prime. Also, each irreducible

closed set of diffspec R has a unique generic point.
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Proof: Each closed set W of diffspec R in the E-Zariski topology is of the
form W = V(I) = {P e diffspecR | P D I} = {P < diffspecz | P D
{I}:} = V({I};) for I C R where {I}g is the radical E-ideal generated by
I (19, Proposition 3.2(d), page 75]. Note that for an clement f € R, the
relation f € {I} is equivalent to W C V({f}).

Assume W = V({7}r) is irreducible. Let f and ¢ be elements of R such

that fg € {I}g. Then

WS V({fg})=VHIHUVHe}:

since W' is irreducible and V({f}) and V({g}) are closed, W C V({f}) or
W CV({g}). Therefore f € {I} or g € {I}r. and {[}g is prime.

The prime E-ideal {I}g is a generic point of W = V({I'}) by Observation
2.59. If Q € diffspec I? is another generic point of 17, then TV = V(9Q) also.
From V(Q) = V(). it follows that Q O P and Q C P by [19, Proposition

3.2(c), page 75]. Therefore Q = P, and the generic point is unique. O

Remark 2.61 The topology on diffspec R generated by the closed sets of the
form V(a) for A-ideals a C R is called the E-Zariski topology. It is the

restriction of the Zariski topology on spec R to diffspec R.

For each open set U of diffspec R, let Ogigpec (U) be the ring of functions

s: U — H Ry
PeU

satisfying
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L. For each P € U, 5(°B) € Ry, and

2. there is an open cover {U;} of U, and a;,b; € IR such that, for each

Nel, b ¢ Q and s(Q) = a;/b; € Ra.

The pre-sheaf Ogigepec r 1 a sheaf of E-rings on diffspec R [19. page 79].

The category of E-ringed spaces has as objects E-ringed spaces (X, Ox)
where X is a topological space and Ox is a sheaf on X with values in the
category of E-rings. The morphisms are pairs (f, f#) : (X,0x) — (Y, 0y)
where f : X — Y is a continuous map and f# : Oy — f,(Ox) is an E-
homomorphism of sheaves of E-algebras®. The composition of two morphisms
(f,[7): (X,0x) — (Y,0y) and (g, g7) : (Y, Oy ) — (Z,Oz) is the morphism

(h.h#) : (X,0x) — (Z,0z) delined by h = g o [ and the composition

g« (%)
-

0, 2. g.(Oy) 9+ ([+(Ox) = (9. © f.)(Ox) = h.(Ox)

h# = g.(f7) o g™.

For each = € X, the family of E-rings {Ox(U)}.crr. for all open subsets
U C X containing . is a directed system in the category of E-rings. The
direct limit O, = lim Ox(U), called the stalk of Ox at x, exists in the
category of E-ringsmlfgcausc the direct limit of a directed system of algebras
with a given algebraic structurc again has that algebraic structure [9, Propo-

sition 2.8, page 14]. If the underlying space X is not obvious, then O, will

be denoted by Ox .. For each open subset U of X containing z, the canon-

3The sheaf f.(Oy) on Y is defined by f.(Ox)(U) = Ox (f~1(IN) for all open U7 of ¥
where Ox (f7' (7)) is the ring of sections of the sheaf Ox over f~'(U).
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ical E-homomorphism J.u @ Ox(U) — O, is canonical E-homomorphism
determined by the definition of O, as a limit.

Given a morphism of E-ringed spaces (f, f#) : (X.0x) — (Y, 0y ) and
a point z € X, there is a well-defined E-homomorphism 7 @ Oy ) —
Ox . of stalks. called the induced mapping on stalks. defined as follows. The
morphism of sheaves f# : Oy — f.(Ox) induces a homomorphism of E-rings
FEV)) - Oy (V) — f(Ox)(V) = Ox(f YV)) for every open set V. As
V' varies over all open subsets of ¥ containing f(z), f~*(V) varies over a
subset of all open subset of X containing x. Therefore, there exist an E-ring
homomorphism

Oy = lim  Oy(V) — lim Ox(f(V)).
flz)eVv flz)eV
The later E-ring maps to the stalk Ox ,.

The category of local E-ringed spaces has as objects E-ringed spaces
(X, Ox) such that the stalks are local E-rings with maximal E-ideals. The
morphisms (f, f7) : (X.Ox) — (Y, Oy) are the morphisms of E-ringed spaces
such that the induced E-homomorphism on each stalk takes the maximal E-
ideal of the domain into the maximal E-ideal of the range [19, page 80]. The
E-ringed space (diffspec R, Ogifspec r) 18 a local E-ringed space because cach
stalk O, for x € diffspec R is E-isomorphic to the local E-ring R,, in which
clearly the maximal ideal is an E-ideal. (See [19, Proposition 4.2, page 79]
and Lemma 2.70.)
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An affine E-scheme is a local E-ringed space (X, Oy) isomorphic in the
category of local E-ringed spaces to (diffspec R, Ogirapec z) for I an E-ring.
The category of E-schemes has as objects local E-ringed spaces (X, Oy ) with
the property that cvery point x € X has an open ncighborhood U € X such
that the E-ringed space (U, Ox|y) is an affine E-scheme, where O x|y is the
sheaf Oy restricted to UU. The morphisms of the category of E-schemes are
the morphisms of local E-ringed spaces.

An open subset U C X is called an affine open (subset of X) if the E-
ringed space (U, Ox|y) is an affine E-scheme. If U is an affine open of X, there
is an E-morphism of schemes (i, zf) (U, O0x|v) — (X, Ox), called an open
immersion, where iy : U — X is the inclusion and zﬁ : Ox — (iv)«(Ox|v)
is the morphism of sheaves of E-rings on X defined in the following manner.
The morphism of sheaves 7ﬁ evaluated at the open subsct V' C X is the
restriction Ox (V) — Ox(UNV) = (Ox|ep)(UNV) = (i17).(Ox|) (V). When
no confusion is likely, O x|y will be denoted by O . Some basic properties of

affine opens are collected in the following observation.

Observation 2.62 Let U be an affine open of X, and let
(i, i) - (U, 0p) — (X, Ox) be the open immersion. Then

1. for an open subset V C U, Ox(V) = Op(V) and

2. for each = € U, the induced local E-F-homomorphism ¥ : Oiz)y — O,
from the open immersion (i, i) : (U,Ox|y) — (X,0x) is an E-F-

isomorphism, .
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Proposition 2.63 Let (X, Ox) be an E-scheme. Then each irreducible closed

set of X has a unique generic point.

Proof: Since cach irreducible closed set of each open in a cover has a unique
generic point (Proposition 2.60), each irreducible closed set of X has a unique

generic point by Lemma 1.12. U

An E-scheme (X, Ox) will be called a Noetherian E-scheme if the under-

lying topological space X is Noetherian.

Corollary 2.64 If (X,0x) is a Noetherian E-scheme, then X is an NG-

space.

The next three Propositions are basic results extracted from Kovacic ([19],

[21]) and are presented here for the convenience of the reader.

Proposition 2.65 Let ¢ : R — S be an E-homomorphism. Then ¢ induces
a morphism of topological spaces “¢ : diffspec S — diffspec R and « morphism

of E-schemes
(aqS, ¢#) : (diﬂspec S, O(liﬁspec S) - (leSPeC R: Odiffspec R)-

Remark 2.66 From this proposition it easily follows that there is a con-
travariant functor F from E-rings to E-schemes such that
F(R) = (diffspec R, Ogiftspec z) and F(¢) = (“¢, ¢*) for an E-homomorphism

¢ : R — S between E-rings R and S.
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More general results than Proposition 2.65 are true [21, Propositions 23.6,

23.7. 23.8; page 4504].

Proposition 2.67 Let R be an E-ring, and let (Z,0z) be an E-scheme.

Any E-homomorphism ¢ : R — Oz(Z) determines a morphism of E-

schemes (“¢. o) : (Z.0y) — (diffspec R, Ogiftspec 12)

Proposition 2.68 Let R be an E-ring, and let (Z,0z) be an E-scheme.
Put X = diffspec R. Given a morphism of E-F-schemes (f, f#) : (Z,0z) —
(X,0x). Let o((f, f7)) be the composition

i i D
R —7 0y(X) I 0,2).
Then the map
2 Mor((Z,02),(X,0x)) — Homf(R. 0z(2))

is a bijection.

Proposition 2.69 Let R and S be E-rings. Let (f, f7) be a morphism of

E-schemes
(f? f#> : (dlffspe(’ *Svf Odiffspor S) — (d1ﬁspec R7 Odiffspec R)-

Then the sheaf morphism f# : Quitispec 8 —  [o(Odiftspec s) nduces an E-
homomorphism of global sections f#(diffspec R) : Ogitspec r(diffspec R) —

Odiﬂspec S (dlffspe(‘ S) .
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Proof: The sheaf morphism f# : Quaittspec r — fi(OQuitispec s) evaluated on the

open diffspec IR vields the E-homomorphism
F# (diffspec R) - Ouaifispec r{diffspec R) — fi.(Ouimspec s ) (diffspec R)

= (o('liﬂspcc S) (fil (ChffSpeC R))
= Ouaitispec s (diffspec ).
O
Let (diffspec R, Ogifispec z) be an affine E-scheme. For each point = €
diffspec R and for each open subset U C diffspec R containing x, define the

E-homomorphism 7, 7 @ Oaifispec r(U) — R, to be the evaluation s(z) of a

section s € Ogifepoe r(U) at the point 2.

Lemma 2.70 There exist an E-isomorphism ¢ : O, — I, such that ¢ o

53‘,1' = Tplj-

Odiffspec R ( U)

Proof: The E-isomorphism ¢ is defined for cach o € O, by choosing a rep-
resentative s, € Oaiftspec R(Ua, Ou, ) where U, is an open subset of diffspec R
containing = and setting ¢(«) = s,(x). Following the proof of [14, Propo-

sition 2.2a, page 71], ¢ may be shown to be a well-defined E-isomorphism
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[19. Proposition 4.2, page 79]. To show the above diagram commutes, ob-
serve that any s € Ogmpec r(U) is a representative of J, . (s) € O, and

(pod,u)(s) = (d.u(s)) = s(x) = m,u(s) by the definition of ¢ and 7, .00

For every E-ring R. define the E-homomorphism. called the canonical E-
homomorphism. Ir : R — Ogispec r(diffspec R) by Ir(r)(P) = r/1 € Ry for
r € R and P € diffspec R [19, Definition 4.4, page 79]. It is a functor from
E-rings to E-rings [17, page 38] or {18, page 169]. The following lemma will

be used in the proof of Theorem 2.126.

Lemma 2.71 Let (diffspec R, Oqisrspec z) be an affine E-scheme, and let x &
diffspec R. Then (Ju.diispecr © Ir) " (B) = x where P, is the mazimal E-
ideal of O,.

B, diMspe 1

a .
R — O(liﬂ’s;pe(‘, ,R(dlﬁspec R) O-"’
L -
T diffspoc R \\\
TSal
R.

Proof: Since ¢ is an E-isomorphism (Lemma 2.70), ¢(*B,) is the maximal
ideal of R,. By the definition of a section s € Ogspec r(diffspec R), there
exists an open subset V of diffspec R containing x and there exists a,b € R
such that, for all Q € V, b ¢ 9Q and s(Q) = a/b € Rq. By taking Q = z,
the fraction a/b is a representative for s(x) € R, and is contained in the

maximal ideal p(*B,) C R, if and only if @ € = [3. Proposition 2, page 81].
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By the definition of Jg(r) (as on the previous page), Jp(r)(Q) = r/1 €
Ox, for all Q € V = diffspec R. In particular, for Q = &, Jz(r)(x) equals
r/1 and is in the maximal E-ideal ¢(B.) of R, if and ounly if » € a. By
Lemma 2.70 for U = diffspec R, (p 0 Ja aifispec r) (Tr(1)) = 7o airepee r(Ir(1))
and J, gispec r(Tr(1) = o N (Tr.aitspee rR(TR(1))) = ¢ (Tr(r)(2)) by applying
@ " and the definition of Ty diffspec R- Because the E-isomorphism 7! maps

one maximal E-ideal to another, J, aispec r(Jr(7)) is in the maximal E-ideal

P of O, if and only if r € 2. Therefore (J. aifrspec & © Ir) " (B.) = =. OJ

Let (X, Ox) be a E-F-scheme. Throughout this manuscript, the underly-
ing spaces X will be endowed with the topological pre-order: that is x < a’
if {z'} C {2} for 2,2’ € X. Now assume z - x' for x,x’ € X. Since any
open subset U7 € X that contains 2’ contains z (Lemma 1.10), there is a
canonical E-homomorphism 7, . :

0, = lim Ox(U) — lim Ox(U) = 0,.
@’ €U zcl
Lemma 2.72 Let (X,0Ox) be an E-F-scheme, and let x, 2’ € X such that
T ? x' for x,x’ € X. Let i, : Op — O, be the canonical E-homomorphism.
Then iZL,(P.) € B, where P, and P!, are the mazimal E-ideals of O, and

x,x’

L.

Proof: Let diffspec R € X be an affinc open containing z’. By Lemma 1.10,
x € diffspec RB. Since U = diffspec R is one element in both of the indexing

sets used in the above definitions of O, and O,, and since Oy (diffspec R) =
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Ouitispec r(diffspec I?) (Observation 2.62), the diagram below commutes:

- 8;t"diﬂ”spm. R
O(Hfﬂsymc I (dlffspec R) O.’l‘/

\ i
3,r,diﬁ's'pe(: R o

T

~a

O,.
By inserting Jp : I? — Ogifrspec r(diffspec R) on the left of this diagram. one

obtains the commuting diagram:

Ir . g:z:’,diﬂ”s ec R
R —— Ougiispec r(diffspec R) = Oy

i diffspec R

Both {x} Ndiffspec B and {2’} N diffspec R are the irreducible closures

V{{x}) and V({2'}) of = and 2’ in diffspec R (Proposition 1.11). Because

V({x'}) = {+/} ndiffspec R € {z} Ndiffspec R = V({z}), it follows that
x C 2/ (Observation 2.59).

Let o« € O,. and assume im’x/(oz) e P, € 0O,. Since (J. aispecr ©
T5)~ () = o and (Jspec  © )~ (B) = & by Lorma 271,

(3x,diﬁspnc R© jR)il(i:r.m’ (O)) c .

Therefore,
(3w,(,1iﬁspec R© JR) - (iz,:[:’ (Q)) S 1‘, (l)

since z C z’. By applying the E-homomorphism J, dgiftspec r © Ir to line 1,

<3m"f'1iﬁ'¢porR o JR)((ga;,diffspecR © jR>_l<7"n‘,.a" ((1)))
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= 5.:"‘diﬁ'spec R ( <5m,ciiﬁ'spec R)_l (7:;1.2;1." ((-'Y/) ))

= Ju aittspec R (o aitrspec r) ()
=ae P,
U
Lemma 2.73 Let (X.0x) and (Y,0y) be two E-schemes. and let [ :

(X,0x) — (Y, 0Oy) be a E-morphism between. For z,z' € X, let x = x,

and let f(x) = f(z'). Then

Ofa) Oar

commutes, and i}, (PB,) C B where P, and P are the marimal E ideals

AENt

of O, and O,.

Proof: The last statement is the previous proposition, and the commutivity
of the diagram casily follows by picking a representative apr € Oy (U) for
a € Opyy. Then f#(U)(ar) € fo(Ox)(U) = Ox(f~(U)) is a representative

for f#(a). It is also a representative for i, . (f7(a)) and f#(a). O

Proposition 2.74 Let R be a local E-ring such that the mazximal prime
ideal B is an E-ideal. Then the canonical E-homomorphism Jg : R —
Ouaiffspec r(diffspec R) is E-isomorphism. In particular, this is true if R is

a E-field.
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Proof: (See [16, Proposition 3.3, page 151] for the same result.) Let s €
Ouitispec r(diffspec [7). By definition s(P') € Ry for each P’ € diffspec R,
and there is an open cover {U;} of diffspec R, and a;.b; € R, such that for
each Q € U;, b; ¢ Q and s(Q) = a;/b; € Rq. Since R is a local ring, the
closure @ of any point Q € diffspec R contains B (Observation 2.59). If
an open subset U of diffspec R contains B but does not contain a point Q
of diffspec R, the complement of U/ would be a closed subset containing {Qj
but not 3. Hence any open subset that contains 3 also contains all points of
diffspec R, and U; = diffspec R for some 7. Therefore, there are a,b € R such
that, for each 9 € diffspec R, b ¢ Q and s(Q) = a/b € Rq. In particular,
since P € diffspec R, b ¢ R, which implies there exist b € R such that b’ = 1
since R is a local ring with maximal ideal . Then I (ad’) = al/ /L = a/b = s,
and i is surjective.

To prove the injectivity, let » € R such that Jz(r) = r/1 = 0 in Oq for
each Q € diffspec . In particular, r/1 = 0 in Ogq, which implies there exists

s € R\ B such that sr = 0. Since s is invertible in R. r = 0. U

2.3 E-Schemes over a Base

Let F be an E-field, and let (F,Op) = (diffspec F, Oaiispec ). The category

of E-schemes over (F,Op) has as objects morphisms of E-schemes

(fvf#) : (XOX) - (FWOF)v
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called E-schemes over (F. Op) [19, Definition 13.1, page 90]. In this category,
a morphism from (f, f7) : (X,0x) — (F,0F) to (g.¢g7) : (Y. Oy) — (F,OF)
is a morphism (h, h?) : (X,0x) — (Y,0y) of E-schemes such that the

following diagram commutes [19, Definition 13.3, page 91]:

Diagram 2.75
(h,h#

(X.0x) (Y, Oy)

\ (9,97)

(£505).

The following lemma implies that many of the E-rings and E-homomorphisms
to be studied are actually E-F-algebras and E-F-homomorphisms. Let (f, f7) :
(X.,0x) — (F,Or) be an E-scheme over (F,Op). The definition of the sheaf
morphism f7 : Op — f.(Ox) includes the existence of the E-homomorphism
of global sections f#(F) : Op(F) — f.(Ox)(F) = Ox(X). Since Op(F) =F
(Proposition 2.74), f#(F) endows Ox(X) with the structure of an E-F-
algebra.  For any open subset U C X, the restriction map Ox(X) —
Ox(U) composed with f#(F) also endows each Ox(U) with the structure
of an E-F-algebra such that the restriction maps Ox(U) — Ox (V) are E-F-
homomorphisms for open subsets V' C U. Therefore, Ox has the structure

of a sheaf of E-F-algebras, which is the first part of the next lemma.

Lemma 2.76 Let (f, f#):(X,0x) — (F,Op) be an E-scheme over (F,O).
Then Ox is a sheaf of E-F-algebras. Let (g,g") : (Y, Oy) — (F.Op) be an-
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other E-scheme over (F,OF), and let (h,h) : (f. [*) — (g.9") be a mor-

phism between them. Then h¥ is a morphism of sheaves of E-F-algebras.

Proof: From the commutivity of Diagram 2.75, the following two morphisms

of sheaves of E-rings on (F, Op) are equal:

and
(goh)# : 0p —L— g.(0y) =7 g.(h(0x)), (3)

where the morphism (3) is the definition of the sheaf map associated to the
composition (g, g7) o (h, k). By evaluating these two morphisms of sheaves

at F' and by using Op(F) = JF, the following two E-F-homomorphisms are

equal:
FEE) T — gu(ha(Ox))(F) (4)
and (g o h)#(F):
F L g (00)(F) S g (. (00)(F). (5)

This shows that g.(h#)(F) is an E-F-homomorphism. Since g.(Oy)(F) =
(0v)(Y), g(hs(Ox))(F) = hi(Ox)(Y) and g.(h#)(F) = (h7)(Y),

(W) () : (0y)(Y) — h(0x)(Y)

is an E-F-homomorphism. Because h¥ is a natural transformation of func-

tors, the diagram of E-homomorphisms
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Diagram 2.77
(Oy)(Y) —— h(Ox)(Y)

h# (Y

J/Testr'ict'ion J]rcsﬁ‘ivtio‘n,

Oyv)(U) —— h(0x)(U

(0)(1) —— h(Ox)(T)
commutes for open subsets U C Y. Since the restrictions and A7 (Y") are
E-F-homomorphisms, h#(U) is also an E-F-homomorphism for cach U C Y.

Therefore, h* is a morphism of sheaves of E-F-algebras. ]

If Ris an E-F-algebra with structure map ig : F — R where ig is an E-F-
morphism, then the morphism of E-schemes associated to ig in Proposition
2.65

(Yig, zﬁ) - (diffspec R, Oaitispec r) — (F, Op)
is an E-scheme over (F, Op). Similarly, an E-F-algebra homomorphism f :
R — S vields a morphism
(“f, f#) : (Mis,i%) — (iR i)
of E-schemes over (£, Q).

However, there  are many examples of affine  FE-schemes
(diffspec R, Odqiispec &) OVer (I, Op) such that R is not an E-F-algebra [19,
page 91]. For instance let £ = {¢}, k an E-constant field,  an algebraic
indeterminate over k such that ez = 1, R = k[z] and F = k(z). Then
(diffspec k[x], Odifispeck[z]) is isomorphic to (diffspec k(x), Odiftspec k(z))- SO. a
fortiori, there is a morphism of

(diffspec k], Odittspec k) — (diffspec k(). Oaitspec k() )
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of E-schemes. but k[x] is not an E-k(x)-ring [19, page 4501] or [17, page
40]. Since this phenomenon makes it difficult to prove products exist in the
category of E-schemes over (F, Or), Kovacic defines the following subcategory
of E-schemes, called E-F-schemes [19, Definition 21.1, page 4501]*. in which

products exist [21. Proposition 25.2, 4507].

Definition 2.78 An affine E-F-scheme is an affine E-scheme (X,0yx)
where X = diffspec R, R is an E-F-algebra, and Ox is a sheaf of E-
F-algebras. A morphism of affinc E-F-schemes is a morphism (f, f#) of
E-schemes in which f7 is a morphism of sheaves of E-F-algebras. An E-
F-scheme is an E-scheme over (F,Op) that has an open cover by affine
E-F-schemes such that the sheaf morphisms induced by the inclusions are
E-F-homomorphisms. The category of E-F-schemes is the full subcategory

of E-schemes over (F,Of) that has E-F-schemes as objects.

If E is empty, the category of E-schemes over (F. Q) is the category of
E-F-schemes hecause, for any affine open diffspec 2 of such an E-scheme,
(diffspec R, Ogispec ) 18 also an E-scheme over (F, Op), and this implies R is
an E-F-algebra [14, Proposition 2.3, page 73]. So that, when E is empty, the
terms “E-schemes over spec F” and “E-F-schemes” may be used interchange-
ably as is done in algebraic gcometry. If E is not empty, these two concepts

are also equivalent for reduced E-schemes over (F, Op) [21, page 4501].

4The definition of E-F-scheme has been corrected here.
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Definition 2.79 A E-F-scheme (X, Ox) is of E-F-finite type if there exist
a finite cover of X by affine opens of the form diffspec IR for some finitely

E-generated E-F-algebra R.

Proposition 2.80 If (X,0Ox) is an E-F-scheme of E-F-finite type. X is

an NG-space.

Proof: Each finitely E-generated E-F-algebra R is Noetherian [24, Theorem
1, page 126]. That is every ascending sequence of radical E-ideals terminates.
Since the closed sets of diffspec R are of the form V(I) = {P € diffspec R |
PO I} for I C Rand V(I) = V({l}r) [19, Proposition 3.2(d), page 75|,
all descending sequences of closed sets of diffspec R terminate. Therefore,
diffspec R is Noetherian. So is X because it is covered by finitely many

Noctherian affine opens. This and Corollary 2.64 imply the proposition. [

Proposition 2.81 The product of two E-F-schemes of E-F-finite type is an

E-F-scheme of E-F-finite type.

Proof: The product of two E-F-schemes is an E-F-scheme [21, Proposition
25.2, page 4507|. To show this product is an E-F-scheme of E-F-finite type,
cover each of two E-F-schemes of E-F-finite type by finitely many affine
opens of the form (diffspec R;, Ouimpec r,) and (diffspec S}, Ogisrspec 5;) for some
finitely E-generated E-F-algebras F; and .S;. Then each R; ®4 S is a finitely
E-generated E-F-algebra, and the finitely many affine opens diffspec R; ®+.5;

cover the product. ]
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2.4 The Functor of Points
2.4.1 Basic Definitions

Let & be an E-ficld, and let the E-field V be E-universal over &F. Every E-
field § € V that contains F has the canonical structure of an E-F-algebra
provided by the inclusion of F € §. With this structure. (diffspec G, Ogigrepec g)
is an E-scheme over (£, Or) by Proposition 2.65. Let G = diffspec §. In the
remainder of this chapter, all E-schemes considered will be objects of the
category of E-schemes over (F,Of), and the zero {0}y ideal of § will be
denoted by “0”. As a consequence of Lemma 2.76, all rings of sections and
stalks are E-J-algebras, and all restriction E-homomorphisms, all induced

E-homomorphisms on stalks, etc. are E-F-homomorphisms.

Lemma 2.82 The stalk Ogo of G at 0 is canonically E-F-isomorphic to

G wvia the E-F-isomorphism reso Jg:

§ —— 0a(G) —= lim O6(U) = O 0.
oeU

Proof: Since §G is a field, Jg is an E-F-isomorphism (Proposition 2.74). Be-
cause GG has only one non-empty open subset, the indexing set consists of the

single element GG, and res is the identity. U

Let § € V be an E-field that contains F. Define a functor (—)(9),
called the functor of G-valued points. from the category E-schemes over
(F,OF) to the category of sets as follows: for an E-scheme (Y, Oy) over
(F,O0F), let

Y(§) = Mor(ro.) (G, Oc), (Y, 0y))
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= the set of G-valued points of Y. For a morphism of E-schemes (f, f#) :
(Y. 0y) — (Z,0z) over (F, Op), define

fs:Y(S) — Z(9)

as the composition [q((£,E7)) = (f,f7) o (£.£7). Then [fq((£. 7))
= (f o & fu(&F) o f7) for (£,6%) € Y(SG) by the formula for the composi-

tion of two morphisms of E-schemes.

Lemma 2.83 Let (£,&%) and ((,C#) be two elements of Y(S). If y =
£(0) = €(0) and the induced E-homomorphisms fjf and Cﬁ on the stalk: O,

are equal, then (&,&%) = (¢, C%).

Proof: The maps of topological spaces £ : G — Y and ( : G — Y are equal
because they are assumed to have the same valuc on the unique clement 0
of GG. Tt remains to show that £.(0g) = (.(Og) and that the morphisms of
sheaves &7 @ Oqifpocy — E«(O¢) and (# : Ogigepecy — (.(Og) are equal.

Let U be an open subset of Y and suppose y € Y. Either y ¢ U, or

yeU. If y¢& U, £HU) equals the empty set ¢ and
&(0c)(U) = 0c(¢71(U)) = Oc(¢) = 0.
For the same reasons, (,(Og)(U) =0. If y € U, & 1(U) = G and
&(0c)(U) = 0c(£71(U)) = 0a(G).
Also, ((Oa)(U) = O¢(G). Therefore the sheaves are equal.
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It will now be shown that the morphisms of sheaves are equal. If y & U,

since (O )(U) = G(Oc)(U) = 0, the E-F-homomorphisms
&#(U'> . OdiﬁspecY(U) — g*(OG><LY) ELIld.

C#(U) : O(iiﬂspecY(U> — C*(O(J(Lv)

have the value 0 for cach element of their domains and therefore are equal.
Ify e U,let s € Oy(U). For any open subset W of Y containing y, let
dyw : Oy (W) — Oy, be the canonical E-F-homomorphism of Oy (W) —
lim eTOY(T) = Oy,, and let V' be an open subset of U containing y. By
Ty

using the fact that sheaf map ¢# : Oy — (£).(Og) is a natural transformation

and the definition of 5#, the following diagram commutes.

Diagram 2.84

Oy (1) 2 £, (06)(U) —=— (Oa) (e (1))

(
(

Oy (V) Y £ (06)(V) —— ()1 (V))

wl |

OY,y —_— 5*(0(;))111 — (OdiﬁspeCS>G,O

The maps 7y are restriction maps, and « is the canonical E-F-homomor-
phism of £,(Og)(V) into its stalk at y. The E-F-homomorphism of the left
columnis J, ¢ : Oy (U) — Oy, and each E-F-homomorphism in right column
is the identity E-homomorphism because £ (U) = G for all open subsets U

of Y containing y. Thercfore, fjf o Jyu = EF(U) by the commutivity of the
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perimeter of Diagram 2.84. Similarly, (/¥ o d,v = (#(U). Since £ = (¥, it
follows that £#(U) = £ ody,u = (fFod,u = ¢(#(U) . and the sheaf morphisms

7 and (7 are equal. O

In order to provide a different description of points of an E-schemes over
(F.Op), define the set T of all pairs (x, ) where . € X and «v: O, — G is

a local E-F-homomorphism.

Proposition 2.85 Let (f, f*) : (X,0x) — (F,Or) be an E-scheme ovcr
(F,0F). The map ¢ : X(G) — Y that takes (£,&%) € X(9) to (5(0)7€§0))

is a bijection between the set of G-valued points of (X,0x) and Y.

Proof: Define ¢ : X(G) — T as in the statement of the proposition. For any
(z.a) € T, define a continuous mapping of topological spaces € : G — X by

£((0)) = x. Then for an U € X open,

(1) — {{(0)} =G ifrecl ©)

S

16} if el
Composition of £ with the structure map X — F, endows G with a structure

over F'. Define a sheaf morphism
f# : OX - S*OG

as follows: for any open U C X, define

Oc(G) =G ifzel,
Oc(¢) =0 ifz¢l,
(7)

EH(U) : 0x(U) — &06(U) = Oc(¢7U)EH(U) = {
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to be £(U7) = aores, if x € U, where res, : Ox(U) — Ox . is the canonical
E-homomorphism, and the zero E-homomorphism if = ¢ U. Since this defi-
nition is compatible with restriction, £# is a morphisms of sheaves over X,
and (£.£7) € X(G). Clearly, o((£,6%)) = (z, ). Thercfore, ¢ is surjective.

Injectivity follows from Lemma 2.83. 0

2.4.2 A Topology on the Set of Points

Let (X,0x) be an E-F-scheme over (F,Op), and let the E-field V be E-
universal over F. Define a topology on X (V) by taking the closed sets to be
of the form W (V) C X(V) for W closed in X. The map nx : X(V) — X
which takes (£,£%) € X (V) to £(0) is clearly continuous because, for W
closed in X, 7' (W) = W(V) is closed in X (V) by definition.

Recall that for the topological space X (V), the topological pre-order is

defined by (£.€7%) — (€. &%) if {(€,€#)} D {(€,€F)} (Section 1.3).

Proposition 2.86 Let (f, f#) : (Y,Oy) — (Z.0z) be a morphism of E-

schemes. Endow X and Y with their topological pre-orders. Then
1. fv:Y (V) — Z(V) is continuous, and
2. for z,2' € X, if © — 2, then fv(x) — fy(2).

Proof: For (&,£%) € Y(V), the calculation

mz(fe((6.6%))) = m2((f 0 & fu(€%) o f7)) = (f 0 £)(0)
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= f(6(0) = f(7y((§,6™))

shows the following Diagram 2.87 commutes.

Diagram 2.87
Y (V) —>f Z(V)
\/’7

I L

Then fy is continuous because any closed set of Z(V) is of the form W (V) =

7, (W) for W closed in Z, and
W) = (fy (77 (W) = (fy' o mz ) (W)

= (my' o fTHW) = mt (F7H(W)
is closed since f and my are continuous. Part 2 follows from the application

of Proposition 1.17 to Part 1. ]

It will now be shown that each irreducible closed set of X (V) has a generic
point in X (V) (Corollary 2.96). The key to thesc results is the following

Proposition.

Proposition 2.88 Let X = diffspec R where R is a finitely E-generated

E-F-algebra. Then nx : X (V) — X is surjective.

Proof: Let B € X. Because R is finitely E-generated over &F, there exists

a surjective E-F-homomorphism =« : F{y,,...,y,}r — R for some integer r
where vy, . . ., y, arc E-indeterminates over F. Let n = (1;.....7,) € V" be an
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F-generic E-zero for the prime E-ideal 7= '(B) of F{y1, ..., y, }r. which exists
by Proposition 2.60. Let ¢, : F{y1, ...,y }r — V be the E-F-homomorphism
defined by o,(y;) = n; for ¢ = 1,...,r. Since 77 (P) D ker 7. ¢, factors
through the E-F-homomorphism p, : R — V defined by p,(7(y;)) = n; for

1= 1.....r:

O Fly, oy e T R v,

and p, 1(0) = B. By Proposition 2.65, the E-F-homomorphism p, induces a
morphism of E-F-schemes (£,£%) € X (V). Clearly £(0) = p;'(0) = B. Thus
mx((§,€7)) = £(0) = P. O

Since, by definition, a (X, Ox) be an E-F-scheme of E-F-finite type is
an E-scheme over (F, Or), the functor of V-valued points may be applied to

(X, OX)'

Corollary 2.89 Let (X,0x) be an E-F-scheme of E-F-finite type. The

map 7x : X(V) — X is surjective.

Proof: Let © € X. Choose an affine open diffspec 2 of X containing x
where R is a finitely E-generated E-F-algebra. Then rwy'(diffspec R) =
(diffspec R)('V) is a subset of X (V). By Corollary 2.88, there exist a point
(&, &) of (diffspec R)(V) such that wx((£,&.)) = =. O

Corollary 2.90 Let (X,0x) be an E-F-scheme of E-F-finite type. The

continuous map wx : X(V) — X induces a bijection

B : {closed subsets of X(V)} — {closed subscts of X'}
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defined by B(¥) = 7 (V).

Proof: Since all closed sets ¥ of X (V) are of the form W = W(V) for W closed
in X and since 7(W/(V)) =W, B(¥) is a closed sct, and B is well-defined.
Let W € X be a closed set. Since 7 is surjective (Corollary 2.89),
B(W(V)) = V. Therefore, B is surjective.
Let W1 (V) € X(V) and W,(V) C X(V) be two closed sets, for W7 and
Wy closed in X, such that B(W7(V)) = B(W5(V)). Then W) = n#(W1(V)) =
m(W(V)) = W,. Therefore, W1 (V) = Wa(V). |

Corollary 2.91 Let X = diffspec R for some finitely E-generated E-F-
algebra R. The closed set W C X is irreducible if and only if W (V) C X (V)

is irreducible.
Proof: The proof follows immediately from the previous corollary. I

Corollary 2.92 Let  (X,0x) be a Noetherian E-F-scheme over
(F.OFp). Then X(V) is Noetherian.

Proof: Let {W;} be a descending sequence of closed sets. Since each wx (W)
is closed, the sequence {mx (¥;)} must stabilize. Then so does {¥;} because

U, = w3 (w (). =

Proposition 2.93 Let (X,0x) be an E-F-scheme of E-F-finite type, and
let (§,€%) € X(V). Then nx({(&.¢%)}) = {&(0)}, and {(£,&#)}
=y ({£(0)}) = {£(0)}(V).
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Proof: Since 7y induces a bijection between the closed sets of X(V) and the
closed sets of X (Corollary 2.90) and since a closed set W of X (V) contains

(€. ¢7) if and only if the closed set (W) of X contains £(0). mx ({(&,£%)}) =

{mx((£,€%))}. Because mx((§,67)) = £(0), also {mx((5.£#)} = {£(0)}.
Apply 73 to the first result to obtain {(&, &#)} = 7' ({¢(0)}). Since,

for a closed set W of X, m /(W) = W(V), take W = {£(0)} to conclude
mx ({£(0)}) = {£(0)} (V). O

From Proposition 1.17, it follows that if (&,67%)
— (&,&7), then 7((&,£7)) — 7((&,&%)). Because of Corollary 2.93, the

following stronger result holds.

Proposition 2.94 Let (£,6%),(¢,&%) € X (V). Then (£,6%) — (£.&'%)
if and only if £(0) — £(0).

Proof: The following statements are equivalent:

L. (&%) — (£.¢7),

[\}

-{& 7)) D (€, 7))

3. mx({(&,67)}) D ix({(&. &%)},

1NN

. {&€(0)} D {¢'(0)} by Proposition 2.93, and

ot

- £(0) — £(0).
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Corollary 2.95 Let (£.£7),(€.8%) € X(V). Then (7)) «— (£,¢%)

if and only if £(0) = &'(0).

Proof: By the last proposition, (&,£#) « (&,&%) is cquivalent to £(0) «

&'(0). This is true if and only if {£(0)} = {&’(0)} in the topology on X (0) by
the definition of the topological pre-order. Since generic points are unique
in E-F-schemes (Lemma 2.63), £(0) = £'(0). Conversely, if £(0) = £'(0), the

argument is reversible. d

Proposition 2.96 Let (X.Ox) be an E-F-scheme of E-F-finite type. Every
irreducible closed set W of X (V) has a generic point (£,€%) that is mapped
by 7x onto the unique generic point £(0) = wx((&,€%)) of the irreducible

closed set wx(W).

Proof: By Corollary 2.90 and Corollary 2.91, W = 7 (W) C X is closed and
irreducible. Let w € diffspec R be the unique generic point of W, which exists
by Proposition 2.60. By Corollary 2.89, there exists (£.£7) € X (V) such that
mx((£.67)) = w. To show (&, £%) is a generic point of W(V), let (¢, 7)) €
W(V). Since mx((&,&%)) € W, w — wx((£,&%)). By Proposition 2.94,
(€, 67) — (£, €7). O

Corollary 2.97 Let (X,0x) be an E-F-scheme of E-F-finite type over F.

Then X (V) is an NG-space.
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Proof: By the remarks after Definition 2.79, X is Noetherian. By Lemma
2.92. so is X (V). Each irreducible closed set has a generic point by Corollary

2.96. U

2.4.3 Points on Products of E-schemes

In this section, the interrelations between products of E-F-schemes and their
V-valued points are explored. The results will be used in the proof of Theorem
3.177 of the next chapter and are not necessary for the understanding of
remaining material of this chapter.

In this section, fix two E-F-schemes (X,Ox) and (Y, Oy) of E-F-finite
type (Definition 2.79). The product (X,0x) x (Y,0Oy) is an E-F-scheme
of E-F-finite type (Proposition 2.81). If L C V is an E-field extension
of F, (diffspec L. Oyirapec2) is an E-F-scheme. Let (£.£#) € X (L) and
(¢.¢7) € Y(L). By the definition of product, there exists a unique (p, o) =
D(E, 7). (C.(7)) € (X x Y)(L), called the product of (£.£7) and (. (),

such that the following diagram commutes:

Diagram 2.98

(diffspec £, Ogigapec £)

/ (w:9%)

(X,0x) x (Y,0y)

%ﬂ'ﬁ) (ﬂy',ﬂ%

(X.0x) (Y. 0y)
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where the left and right long arrows represent (£, &%) and (¢, (#) . (7y, 7@%)

and (7y. ﬂf ) are the projections.

Observation 2.99 The map of sets ® : X(L) x V(L) — (X x Y)(L) is a

bijection.

The inverse of @ is the map that associates to (p, 0" ) € (X x Y )(L) the
element ((mx,74) (0, 9% ), (my. 78) 0 (2, 2#)) € X(L) x Y (L).

Let (X,0Ox) be an E-scheme over (F,Or), and let (§,£%) € X(V). The
image of the induced local E-F-homomorphism 5?(&0) : Ogoy — V is an E-TJ-
field that will be denoted by F((£.£7)) C V.

Lemma 2.100 Let (X,0x) be an E-F-scheme of E-F-finite type, and let
(&.67) € X(V). Then FUE %)) CV is a finitely E-F-generated field.

Proof:  Because (X,0x) is an E-F-scheme of E-F-finite tvpe (Definition
2.79), there exist an affine open subset diffspec R C X for some finitely E-
generated E-F-algebra I? such that £(0) € diffspec I?. Because I? is finitely
E-generated over &, so is R/£(0), and therefore the quotient field QF(R/£(0))
is finitely E-generated as an E-F-field. Since QF(R/£(0)) = Re0)/£(0) Reoy
and Re(o) is E-F-isomorphic to O ([19, Proposition 4.2]), QF(R/£(0)) is
E-F-isomorphic to Og)/£(0)O¢ ) = 52%0)((‘)5(0)) = F((&, %)), which is also
finitely E-F-generated. U

Lemma 2.101 Let J C V be a finitely E-generated extension of H C 'V
that is not equal to 3. Then there cxists p € Isom&E(3,V) such that p is

non-trivial. i.c., p is not the identity on J.
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Proof: From Proposition 1.49, it follows that there exists an isolated element
p € Isom5(3. V). Let 5 = (n1,...,1mm) € V™ be E-generators of J over 3. and
let P C H{yi.....y,}i: be the defining E-ideal of 1. Corollary 1.41 implies
that there exists a J-generic element ¢ € 39(I9) such that p(n) = (. Since

J#H. (€7, and p is not the identity. ]

Proposition 2.102 Let (X,0x) and (Y,0y) be two E-F-schemes of E-
F-finite type, and let (Z,0z) = (X,0x) x (Y,0y). Let (£,£7) € X(V),
(¢, ¢{7) € Y(V) and (p,¢") = ((£,67),(¢.C7)). Then F{(p,¢™)) is equal
to the compositum F((£,£7)) - F((¢,(T)). And each element of Oz is the

quotient of two elements of (7«',\))?20)(OX{((D)[(Wv)?(o)(oxc(o))].

Proof: With § = V. the commuting triangle on the left of Diagram 2.98
induces the following commuting diagram of stalks and induced local E-F-
homomorphisms:

Diagram 2.103

#
»9(0)

Oz.4(0)
OA,£<(>>-
That is fzéo) = cp#(o) o (7rX)#(O). Thercfore, the image of 52%0) is contained
in the image of ¢ Ty and equivalently F((&, 7)) © F((p,¢™)). Simi-

larly, F((¢,¢*)) © F((p, 7). Therefore H = F((£,£%)) - F(((, ¢*)) <
Fllp.97)) = 1.
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To show J{ = J, assume I is properly contained in J. Since Proposition
2.81 implies that the product (X, Ox) x (Y, Oy) is of E-F-schemes of finite
E-type. Lemma 2.100 shows J = F{(p, 7)) is finitelyv E-generated over F
and, a fortiori, over J{. By Lemma 2.101, therc exists a non-trivial E-JH-
isomorphism p of F{(p. o)) into V. It will be shown that this implies (2, 7)
is not unique, which is false. Therefore, the assumption that H is properly
contained in J is also false.

The E-F-homomorphism gof(()) : Op0) — V factors through its image J:

FHH .
P o(0) iy.g

J

# .
Pe(0) - OZ:’P((}) v,

where 7y g is the inclusion E-F-homomorphism of J into V and gofgg) is c,of(o)
with its codomain restricted to J. Consider also the local E-F-homomorphism

AT
H= PO Loy

##
P e(0)

 : OZ,Q&(O) J a V.
Because p is non-trivial. ijf(o) # «. By Proposition 2.85, cach of these
local E-F-homomorphisms correspond to different V-valued points (¢, )

and (¢, @) of (X,0x) x (Y, 0y ). Since F((&,£%)) C H is invariant under

p, the compositions

(WzY)?t((,) Wf(ij) AvI]
Oxe0) — Oz J v,
and
(”X)?(m “"f(ﬁ) P
Oxe0) — Oz, J V.
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are equal. Therefore., mx(p, p7) = wx (¢, @") = (£, 7)) again by Propo-
sition 2.85. Similarly, 7y (@, %) = 7y (¢, ©#) = ((, (7). Therefore, the
product of (£, &%) and (¢, () is not unique.

For the proof of the last statement in the proposition, consider the fol-

lowing diagram

Diagram 2.104

F((&, 7)) @ F((¢, ¢*)) e, B —s F(p, 7))
T(§)§0)®(C)?€(O) YT Soi(o)T
(WX)#) §<'(7‘_Y)#) me
O¢(0) ® Oc(0) 2 2 Op() ® Oy —2—= Ogo)

where B = F{(p, %)) @ F{(¢, ™)), m; and ms are the homomorphisms
i

#(

i TS E7)) — F(p.9™)) and 4z + F((¢,¢F)) — F((p.p7)) arc the in-

defining the ring multiplications, the middle map is T = 7 @ Co 0 and

clusions. The image of my is FE, EF))F(C, ¢7))], and the image of ma is
(WX)?{%O)(O«\ﬂé(o))[<7‘—5">z#((J)(OY,<(U))]~ Let a be an element of Oz . that is not

the quotient of two clements of (7'(')()2/20)(OXé(O))MT«y)Z%(“)(Oyvc(()))}. Then

ot (a) & FUEEP)) - F((C,CF)),

which contradicts the first statement of the proposition since gof(o)(a) €

F(e, ¢%)). O

Thus it has been shown that a point in a product has values in the

compositm of the values of its projections (Proposition 2.102). For two
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points of a product different conditions that ensure one specializes to the

other will now be explained.

Proposition 2.105 Consider the product (Z,0z) = (X, 0x) x (Y, Oy) of
two E-F-schemes. Let (7‘(‘){,71')#() and (wy,7}) be the two projections onto
(X,0x) and (Y,0y). Consider the underlying spaces X, Y and Z with
their topological pre-orders. Then, if z — 2’ for z,2/ € Z, wx(z) — ©wx(2')

and Ty (z) — my(2').

Proof: Apply Proposition 1.17 to the continuous projection mappings of the

underlying spaces. U

The following example shows the converse of this proposition is not true.
Let E be empty, & be a field and ¢ and s be two indeterminates over k. Let
(X.Ox) = (speckft]. Ogpecris), and let (Y, 0y) = (spec k[s]. Ogpecrfs). Then
(Z.07) = (X.Ox) x (Y,0y) = (speckl[t,s], Opecrlr.a)- Let z =
(t—s) Cklt,s]. and let 2/ = (t —a,s —b) C k[t,s] for a,b € k, a # b. Since
z is the diagonal, 7x(V(2)) = X and 7y (V(2)) = V. Also. nx(2') = (t — a)
and my(2') = (s — b). So nx(z) — wx(2), and 7y (2) — 7y (). But it is
not true that z — 2’. Proposition 2.108 provides a converse under a strong

condition.

Lemma 2.106 Let (X,0x) and (Y, Oy) be two E-F-schemes. Let V C X

and W CY be closed subsets. Then
(VxXY)N(X xW)=V xW.
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Proof: Assume first that X = diffspec R and Y = diffspec S are affine, where
R and S are A-F-algebras. Also let V =V (I) and W =V (J) where I C R
and J C S are E-ideals. Then
V' x Y =diffspec ((R/I)® S) = V(I ®5)
by [39, Thoerem 35. page 184 and similarly
X x W =diffspec (R ® (S/J)) =V(R® J).

Therefore, again by [39, Thoerem 35, page 184]
(VXY)IN(XxW)=V({I &S+ R®J)=diffspec (R/I)®(S/J)) =V x W.

If X orY is not affine, let {A;} and {B,} be an affine open covers of X
and Y respectively. Also, let V; = V N A; and let W; = W N B;. Since {V;}
and {IV;} are affine open covers of V and W respectively,

(‘/ X }/) M ()( X 117) = ((U[ ‘/[) X (Um Bm)) M ((U, 44,;\) X (U} IIYI))
= [Uim (Vi X By)] N [0 (A; < 1)
= Ul,-m,i,j [(‘/Z X Bm> N (Az X I‘Q”
Since (V; x B,,) N (A; x W;) C (V; x B;) N (A; x W;) for all I,m, 4,7, this is
equal to
Ui [(Vi x Bj) N (A x Wj)l.
By using the result of the first paragraph of this proof, this is equal to
Uiy [Vix W=V x W.

The last equality follows from the fact that {V; x W} is a cover for V' x W.O
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Lemma 2.107 Consider the product (Z,0z) = (X,0x) x (Y. 0y) of two

E-F-schemes. Let = € Z. Then {2} C {nx(2)} x Y, {z} € X x {my(2)}
and {z} C ({mx(2)} x Y)N (X x {my(2)}) = {mx(2)} x {my(2)}.

Proof: The point 2 is contained in the closed subset 7' (7 (2)) = {7x(2)} X
Y. So is its closure. The last equality follows from Lemma 2.106. The proof

of the second statement is the same. The third is trivial. O

Proposition 2.108 Consider the product (Z,0z) = (X,0x) x (Y,0y) of
two E-F-schemes. Let z,2' € Z. Let wx(z) — nx(2') and ©y(z) — ny(2').

If {z} ={rx(2)} x {ny(2)}, then =z — 2.

Proof: By Lemma 2.107 and since 7wx(2') € wx(2) and my(2') C 7wy (2),

Y € T x VN (X x D) € @ @] x V)N (X x (o (39]) =
Trx ()} x (mr (2)) = (21 O

Lemma 2.109 Let (Z.0z) = (X, O0x) x (Y, Oy) be the product of two E-F-
schemes of E-F-finite type, and let z € Z. Let {diffspec (R; @ S;)} be finite

cover of X XY, where R; and S; are finitely E-F-generated E-F-algebras.

For {z} = {nx(2)} x {mv(2)} € X x Y, it is necessary and sufficient
= ———

that, for each diffspec (R; @ S;) in the cover, {z} = {nx(2)} x{ny(2)} C

diffspec R; x diffspec.S; = diffspec (I2; @ S;), where “~=" is the closure

operation in diffspec It;, diffspec.S; and diffspec R; x diffspec S;.

Proof: For a diffspec (R; ® ;) in the cover, let R = R; and S = S;. The

closure of z in diffspec R x diffspec S is {7} N (diffspec R x diffspec S) by
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Proposition 1.11. Similarly, {7rx(2)} = {7x(2)} Ndiffspec R, and {my ( )} =
{my(2)} N diffspec S. Therefore, if {2} = {7x(2)} x {my(2)},

~~ ,

{z} = {z} N (diffspec I? x diffspec S) = ({mx(2)} x {my(2)}) N (diffspec R x
diffspec.9) = ({mx(z)} N diffspecR) x ({m(z)} N diffspecS)
=T < T O,

To prove the sufficiency, observe {z} C {nx(z)} x {my(z)} by Lemma

2.107. Let ¢ € {wx(2)} x {7y (2)}, and let diffspec (R ® S) = diffspec R x

diffspec S be an element in the cover containing (. Then ¢ € ({mx(z)} x

{my(2)}) N (diffspec R x diffspec .S) = ({7mx(2)} Ndiffspec R) x ({my(2)} N
e —— o~

diffspec §) = {nx(2)} x{my(2)} = {2} = {z} N (diffspec R x diffspec 9).

Therefore ¢ € {z}, and {z} = {wx(2)} x {my(2)}. O

Lemma 2.110 Let X = diffspec R, and let Y = dittspecS. Also, let
(£,87) € X(V), and let (¢, (*) € Y(V). As closed subspaces of X XY,

{(O)} x Y) N (X x {¢(0)}) = V(£(0) & I 4 5 ((0)).

Proof: By Observation 2.59, {£(0)} = V(£(0)) and {C(0)} = V(¢(0)). There-
fore, {£(0)} xY = V(£(0)®S), and X x{C(0)} = V(R®{(0)). By [19, Propo-
sition  3.2(b), page 75, ({&0)} x Y) n (X x {0}
=V((£(0)) ® S)N(R®((0))) = V(£(0) & S+ R® ((0)). 0

Consider the product (Z,0z) = (X,0x) x (Y,Oy) of two E-F-schemcs
of finite E-F-type, and two points V-valued points (£,£#) € X (V) and
(C.C%) € V(W) Let (0,6%) = p((6,69),(C.C%)) € (X x ¥)(V) be the
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product. Recall, from the discussion at the beginning of the proof of Proposi-
tion 2.102. that the projections wx and my induce local E-F-homomorphisms
(77);)?&(“) : Ogoy — Oy and (’ﬂ‘y)?e(o) 0 O¢oy — Ogo). Since these are local
E-F-homomorphisms, the evaluation maps fit into the following commutative
diagrams:

Diagram 2.111

(WX)??())
Ocy  ——  Oxo)

lé‘fim lqsf(m
F((&.€") —— T(¢.¢7))

1S

Diagram 2.112

(TFX)?&((’)‘)
Oco) - Op(0)

lgﬁo) l"""

FCCH) —— F{(6.07))

i

0}

where i¢ and ¢ are the inclusions of one field into another. Because of simple
properties of tensor products and because qéf(o) is an E-F-homomorphism of
E-F-algebras, the following diagram commutes:

Diagram 2.113

(), 2 () i,

Oc(0)®0¢(0) Os0)®Os(0) —— Og0)

B H H # #
ks(m@%m l%m)@‘f’«m l(f’s(m
FUELHNRF((C,CH)) — F(0 %) 2T (B,9%)) ——— F(($,d#)).

e
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where m is ring multiplication. Clearly the image of m o (ig @ i) is the

E-F-algebra F(&. 7N [TF(C, ¢7))]. Define
e F(6.6%)) © F((n 9F)) — F(E ENIF(CCH)

to be the E-F-homomorphism m o (i¢ ® i¢) with its codomain restricted to

FUC.CFNIF(E 7).

Lemma 2.114 Let X be an E-F-scheme and let x € X. Let diffspec R
be an open affine of X containing x. Consider the following sequence of

E-F-homomorphisms:

79.5,R R i) Odiffspec R(diﬁ.spec R) u O:r ﬂ) ?<(€7 5#)>

The kernel of the composite V¢ gp = ffém © Jy.aittspec r © I ts x C 1.

Proof: By Lemuna 2.71, (3, aifspec 0 Ir) ~H(P) = @ where B, is the maximal

E-ideal of O,. Since B, is the kernel of 5??0): the result follows. O

Let {diffspec R, }iep and {diffspec S} } ;e be finite covers of X and Y where
R; and S; arc E-F-algebras finitely E-generated over . Then {diffspec (R; @
Si)Yierjes is a finite cover of X x Y. Let £(0) € diffspec R and ((0) €
diffspec S for R = R; and S = S; for i € [ and 5 € J. Then ¢(0) €
diffspec (R ® .5).

By Lemma 2.114, the following three sequences of E-F-homomorphisms:

de(0y.di spec é#
Ver: R LN Ogiftspec r(diffspec R) e dittpec r Oc¢(oy @, F(&, 7))

(8)
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i
Qe

. e . dc ,diffspec & L) . i
/L)Cs : S L) O(]ifﬁﬁ;’)t?(’ts(dlﬁspec S) uo}d;ﬂ» O((U) ;) 3:<(€'<7’7)>

(9)

-

JRas $(0),diffspec (RES) Poim

d
P rug: RRS — Odiﬁ-bpoc([{@S)(diﬁ‘spec(R@S)) " Ouw — F(0,07))
(10)
have kernels £(0), ((0) and ¢(0), respectively. Tensor Line 8 and Line 9 to

obtain the E-F-homomorphism below:

19 e REV¢ g
—_—

F((&, €7)) @ F(C, 7)) (11)

By [39, Theorem 35, page 184], the kernel of J¢ p @3¢ g is £(0) .S+ R®((0),

R®S

which is the smallest ideal containing the images of £(0) and ((0) in S ® R.

Claim 2.115 The following two diagrams commute.

Diagram 2.116

Jr . 35(0),diff.<pm: R £(0)
R - @dilfspec R(dlﬁspec R) - O(j(()) - 3r<{(0)>
id®1 l Oditfspec R(’fd@i‘l)l (71?)2:;\'“\) l ’isl
. #
d6(0).diffspec RX S Pe0)

R®S M Odiﬁspec R®S(diffspec R S) - 045(0) - 3:<¢(0)>

Diagram 2.117

; 3¢ (0),diffspec &
s s Oaiftspec s (diffspec ) L@ dWepee 5, Oc¢(o) @, F(C(0))
id(}{ll Odiffspec S(id®‘|)l (7TS>?(0)\[ igJ/
g a ol
5 S . @$(0),diffspec 5 TH(0)
R%S LN Odiﬁ'sp(:»(_: .l?x,‘i'(dlﬁ‘spec R& S) M—) O(p(ﬂ) -l ?<(J)(O>>
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In Diagram 2.116, the square on the left commutes because the map taking
an E-ring R to the E-ring Oaifrepee r(diffspec R) is a functor [17, page 38] or
[18, page 169]. The middle square commutes by the definition of the induced
local E-homomorphism on stalks. The square on the right commutes because
(mg)fm) is a local homomorphism. The commutivity of Diagram 2.117 is
proved in the same manner. By the definition of the ¢, Claim 2.115 is

equivalent to the commuting of the following two diagrams:

Diagram 2.118
R =T F(e(0)

id@i)lJ/ iti
RS 25 g (p(0))

Diagram 2.119
S FO)

1 5971(1J/ ¢ l
R® S 2555 5(6(0)

Tensor the Diagrams 2.118 and 2.119 and follow this by ring multiplica-

tion m to obtain the commuting diagram:

Diagram 2.120

R®S LenBlet F(g(0)) @ F(C(0))
(id®1)®(1®id)l i£®icl
(R®S)® (R® S) —LI2S200es, g140)) x F(p(0))
RS Jeomes, F(5(0))
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Since the E-F-homomorphism mo (id ® 1) @ (1 ®id) of the left hand column

is the identity, Diagram 2.120 may be simplified as

Diagram 2.121

RoS — T F((6,6)) 8 T (H)

~

F((E& ENFUC NI

Claim 2.122 The kernel of the composite mg ¢ o (Ve r @ U¢5) is ¢(0).

Since Diagram 2.121 commutes and the kernel of ¥4 rgs is equal to ¢(0), the
claim is clear.

For (£.67). (€, 6%) € X(V), if (§,67) < (&,€7), then £(0) — £'(0), and

{&(0)} = {€’(0)}. Since generic points are unique in E-F-schemes (Lemma

2.63). £(0) = £'(0). Define S gra) ey © FUEET)) = F(E. 7)) to be the

14

unique E-F-isomorphism over F such that S(&’,E/#)-,(&&*) o é?(ém = 55(0)'

F(6. 1)) LD, (e, )

# o
5&(0>T 7o) T

identity
_—

O¢(0) O¢ (o)

Lemma 2.123 Consider the product (Z,0z) = (X, 0x) x (Y, Oy) of two E-

F-schemes  of  finite E-F-type, and  four  V-valued — points
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(&) (€.¢7) € X(V) and (¢, ¢F), (¢, ¢*) € YV(V). Let (6.0%) =
P((&.67).(C.¢7)) and (&,6"F) = @((£,6%), (¢", 7)) in (X x Y)(V). As-
sume (£,67) — (£.67) and (¢, C7) « (¢, {'7). Then (¢.¢07) — (&, ¢'7)

in (X X Y)(V) if and only if S ey e eny and S ey o) are compatible.

Proof: Let {diffspec R, },c; and {diffspec S;};c; be finite covers of X and Y
where R; and S; are E-F-algebras of finite E-F-type. Then {diffspec (R; ®
S;) Yierjes is a finite cover of X x Y. Then ¢/(0) € diffspec (R®S) for R = R;
and S = .S; for some i € I and j € J. Then wx(¢'(0)) = &'(0) € diffspec R,
and my (¢'(0)) = ¢’(0) € diffspecS. Since £(0) = £(0) and ((0) = ¢'(0)
by Proposition 2.94 and Proposition 2.60, ¢(0) € diffspec (R ® S) because
#(0) € 7' (diffspec R)Nmy-! (diffspec S) = (diffspec Rx Y )N(X xdiffspec S) =
diffspec (R @ .9).

In the following diagram, the triangle commutes by the definitions of
Sl ety e.cry and Sy ey (¢ o#y. By Claim 2,122, the kernel of mg o (J¢r ®

Yes) is o(0). and the kernel of mg ¢ o (Vg g @ I 5) is ' (0).

Diagram 2.124

Vg, R®V¢, 5
—_—

FUE,#)) @ FUCCH)) 5 FUEEPNITUC CH))]

Ster oty (6,6%) P oty (¢ ey ®

R&®S

ﬂg,Rm

FU(E, 7)) @ FUC ) L F((E, &) [FU, )

Then (¢, ¢7) — (¢, ¢'*) in (X x Y)(V) < ¢(0) — ¢'(0) in X x Y by

Proposition 2.94 <= ©(0) — ¢'(0) in diffspec (R < S) by Proposition 1.11
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and Observation 1.1 <= ¢(0) C ¢'(0) <= the E-F-homomorphism ¢ exists
and extends S ¢y (e ey and Sy ey (¢ c#) making Diagram 2.124 commute

= Siero#)cery and S emy (¢ c#) are compatible by definition. O

Proposition 2.125 Consider the product (Z,07) = (X,0Ox) x (Y, Oy) of
two E-F-schemes of finite E-F-type, and four V-valued points (£.&%),
(&, &%) € X(V) and (¢, ¢*). (¢, (') € Y(V) such that (§,&%) — (£,£7)
and (¢, C*) — (¢, C#). If FUCCH)) and FUE E%)) are algebraically dis-
joint over I, then (¢, %) = ¢((§, &%) x (C.¢F)) = (¢, ¢'7) = p((¢,£7) x
(¢, ¢'*)).

Proof: Let {diffspec (R; @ S;)} be finite cover of X x Y, where R; and
S; are finitely E-F-generated E-F-algebras. If, for some ¢ and j, W N
diffspec (R; ©.5;) is non-cmpty, ¢(0) € diffspec (R;©S;) by Lemma 1.10. The
disjointness assumption and the fact that F((&, 7)) @ 1 and 1 & T, 7))
in FE 7)) © FUL.CF)) are linearly disjoint over F [39, Corollary, page
185] imply that the E-F-homomorphism me in Diagram 2.121 is an E-J-
isomorphism by [25, Proposition 1, page 2]. Because of the commutivity of
that diagram, the kernel of U 5, is the kernel of ¥p, ®@dg;, i.e. ¢(0) = £(0)®
S+ R® ((0). By Lemma 2.110 and Lemma 2.106, V(¢(0)) C diffspec (R; @
S;) is a product, and thercfore, W C X XY is globally a product by
Lemma 2.109. Apply Proposition 2.108 to conclude that ¢(0) — ¢'(0). Usc

Proposition 2.94 to finish the proof. Ul
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2.5 The Pre E-Set Associated to a E-Scheme

In this section, it will be shown that the functor of V-valued points when
restricted from the category of E-schemes over (diffspec F. Ogipspecs) to the
full subcategory of E-F-schemes of E-F-finite typc has its image in the cate-
gory of pre E-F-scts. Thus a plethora of examples of pre E-F-sets and their
morphisims are obtained. The only difficult part of this whole exercise is the
existence of generic points in V for prime E-ideals of F{y1,..., vy, }r which

was demonstrated in Proposition 1.24 and used in Proposition 2.96.

Theorem 2.126 The functor of V-valued points when restricted to the cat-
egory of E-F-schemes of E-F-finite type has its image in the category of pre
E-F-sets.

Proof: In this proof, identify the stalk Ogp of Ogigepoc v at the unique point
0 = {0} in diffspecV with the E-F-field V via the canonical E-F-isomorphism
(Lemma 2.82). Let (X, 0x) and (Y, Oy) be E-F-schemes of E-F-finite type,
and let (f, f7) : (X.0y) — (Y,0y) be a morphism of E-F-schemes. The
proof is a step by step verification that the points of X (V) satisfy the axioms
of a pre E-set (Definition 4.2) and that the morphisms fy are pre E-sct
maps (Definition 2.56). The three structures of the pre E-set X (V) are the

following:

1. for each (&,£%) € X(V). the E-field F((£, £7)) = 5??0)(@5(0)) C 'V, which
is a finitely E-F-generated of & (Lemma 2.100).
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2. for (&,&7). (¢, &%) € X(V), the topological pre-order (&, £#) — (&, &)

associated to the topology on X (V)

Y

3. for cach pair ((£,&%),(&,&7)) € X(V)? with (£, &%) « (£,£7), the
unique E-F-isomorphism Sy gy e ey @ FUEET)) ~ FE. 7)) such

o g
that Sie e c.c#) © €0y = Ecloy

F((E, £#)) LD, g g

# 14
& T £/ (o) T

Ot — O¢(0)-
The bottom E-F-homomorphism is the identity because (&,&%) «

(&, &%) implies £(0) = £'(0) by Corollary 2.95.

This structure satisfies the axioms of a pre E-F-set.

DAS1. Since X (V) with the pre-order topology is an NG-space (Corollary
2.97). there exists a generic point for each of the finitely many components
(Proposition 1.14). Let @ = {(¢1,¢F), ..., (¢, ¢F)} where cach (¢, () is a
generic point of a different component of X (V). Then & has the property that
for cach (. (#) € X(V) there exits ((, () € @ such that (¢, () — (¢, ¢#)
(Proposition 1.21).

DAS2a. This axiom is obviously valid.

DAS2b. Given (&,6%) € X(V) and an E-F-isomorphism S : F((&, 7))
~ ', it must be shown that there exist a unique (¢/,£&#) € X(V) with the

properties

Lo (£.6%) < (£,¢7)
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FUL, 7))y = TF and

3. S = Sieen)cer) t F(E EF)) = T, 7))

Write the local E-F-homomorphism 5??0) : O¢oy — V as the composition of

Ez?f) : O¢y — F(€.€7)) and the inclusion iy : F(E.£7)) — V

4 €40 i
o Oxen) — F((& 1) —— V,
where f?égf; is 5?20) with its codomain restricted to F(&, £7)). Let fgéo) be the

composition i3 0 5 o 55(0)

H#H#

¥4 f O ; "'
5&%)3 Oxe0) —2 F((E,£#)) —2

F 2.y

where is is the inclusion ¥ — V. By Proposition 2.85, 5??&0) corresponds
to a unique V-valued point (£,&#) of (X,0x) with induced local E-F-
homomorphism 5?(?))- Since clearly £(0) = £(0). property (1) follows from
Corollary 2.95. By definition, F((&,&#)) = gﬁzo)(Oi’(U)) = . which is
property (2). Since 5?,?0) =So 5??0) by the definition of 55"?0) and {?F(O) =

4 ..
Stererh) (e.c#) © &6y by the definition of S ey (¢c#)
# #
50880 =9 0 &)
and property (3) S(ere#).(ce#y = S follows because S?EO) is surjective onto

F((E,&7)).

F((€, 6%)) LD, g (g, 7))

# %
fc:(mT ‘fs’<o>T

identity

O¢(0) — O¢(0)
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For E-F-schemes of E-F-finite type (X, Ox) and (Y, Oy ), let f be a mor-
phism from (X, Oy) to (Y, Oy). Then it will be shown fy is an cverywhere
defined morphism from X (V) to Y(V) in the category of E-F-sets. To demon-
strate this, take Ay, = X (V).

1. The F-generic points of X (V) are contained in all points Ay, .

2. Let (&¢%) € Ap.  Then (6#) and fy((£.6F)
= (f o0&, f.(¢7) o f#) both induce local E-F-homomorphisms of stalks

52%0) : ox,g(o‘) — Odiispec V,(0) = Vv
and
([(E7) o ) ieo)) & Ovire)) — Oaiispec vy = V
with images FE 7)) and F(fv((£,£7))), respectively. Also f induces a

local E-F-homomorphism fﬁg(o)) 1 Oy se0)) — Ox.cio) such that

(7)o [ peon = 5§o> © fﬁg(o»

This implies the image of (f.(§%) o f#)(¢) is contained in the image of
oy That is F(fv((€,6%))) C F((E 7).

3. T (€,6%), (€,€%) € Ay, and (€.6#) — (€,6%), then (£,6#) € Ay,
because all points of X (V) are in Ay,. By Proposition 2.86, fy((,£%)) —

fo((€,€%)).
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4T (E.E7).(€.6%) € Ap and (£,6%) — (€.€#). then by (3)
Fol(6.6#)) < fol(€.€#)). By Corollary 2.95, £(0) = €(0) and f(£(0))

= f(&'(0)). Thus f;f()) = fg?ﬁ(o) (See the commuting Diagram 2.127 below).
Diagram 2.127

T((& €) D, 5@ e

# ~#
6&(0)/‘\ ‘55’(0))[

identity
Oc(0) — O¢ ()
o T T o
identity
Oreon — O e oy

By the definition of S(er¢#).(¢.e#) and Ste((¢.64)).1 ((6.6%));
Steremecr) © Eloy = Edvo)
and
Shete ey poticey © (FEF) o ) peon = (F(67) 0 [F) oy (12)

The right hand side of Equation 12 cquals gifm) o fﬁg'(o))

_ # - _ # #
= (Sg.emyeet) © Eo)) © ey = Steomcem © (&) © e o)) Thus,
Stetere®. oty © (F(€7) 0 [7) jeo) = Sieremyeer) © (F+(E7) o I7) peron)-

Since  the image of  (f.(€7) o [F)pey is F(f((& 7)),

va((é’,ﬁ’#)),fv((é,i#)) iS the I'()Stl’i(?ti(}ll Of S(E’,E’#)T(f,ﬁ#) to 5F<f\7((£, S#)>> ]:l
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2.6 A Pre E-Set of a Finitely Generated Extension

Let G be a finitely E-generated extension of F. Let Isomk (G, V) be the set

of E-isomorphisms of G over F into V. Define on Isom’(G.V) a structure

of a pre E-F-sct as follows. For o € Tsom%(G, V) define F(o) = 0G. For

o,7 € Isomk(G,V) define 0 — 7 to be always truc. Therefore o «» 7 is
K

always true. Take S, to be the composite of o~! and 7. [25, Chapter 7,

page 157].
2.7 The Pre E-Set of a Strongly Normal Isomorphism

In this section, the pre E-set axioms are verified for the set of specializations
of an E-strong isomorphism which is defined as follows. Recall “(E, A)”

denotes the union of two disjoint sets E = {e;,...,¢.} and A = {0y,...,0,}.
Definition 2.128 Let G be an (E, A)-subfield of W. An (E, A)-isomorphism
o of G into W is E-strong if it satisfies the following two conditions.

Stl. o leaves invariant every element of G=.

St2. G C G-UA and G C oG- UA.

An E-strong (E, A)-isomorphism is the same as an E-homomorphism
which is also a strong A-isomorphism in the sense defined by Kolchin in
124, p. 382]. Note that St2 is equivalent to §- U = ¢§ - U, Also it
is clear that any (E, A)-automorphism of § over G2 is an E-strong (E, A)-

isomorphism. For any (E, A)-isomorphism o of G. let G2{0) = (G0G)>. The
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first inclusion of St2 is equivalent to GoG C G - U which by [24. Corollary
2, p. 88] is equivalent to GoG =G - 9A<0). Similarly the second inclusion is
equivalent to Go§ = 0§ - G2 (o).

If G is an arbitrary (E, A)-extension of F, it may happen that not all
elements o of ISOJ;JJ#A(S, U) are E-strong (E, A)-isomorphisms. See the Ex-
ample 2.149. However, if there is one E-strong (E, A)-isomorphism, all its
(E, A)-G-specializations in the sense of Example 1.34 will be shown in the

next propositions to have the structure of a pre E-set.

Proposition 2.129 FEvery (E.A)-G-specialization of an E-strong (E,A)-

isomorphism of G is E-strong.

Proof: Let o' be an (E.A)-G-specialization of the E-strong (E. A)-isomor-
phism o of §. By the definition of (E, A)-G-specialization (Example 1.34),
o’ is an (E, A)-isomorphism. Now o is a strong A-isomorphism, and hence
o’ is also a strong A-isomorphism by [24, Proposition 6, p. 390]. Since ¢’ is

an E-homomorphism, ¢’ is an E-strong (E; A)-isomorphism. ]

One of the axioms for a pre E-set is that the field associated to an element
is finitely E-generated. The following Proposition will be applied to obtain

this result.

Proposition 2.130 Let G be a finitely (£, A)-generated (E,A)-extension
of F. Then for every E-strong (E, A)-isomorphism o of G over F, G2{o) =

(S0G)> is a finitely E-generated field extension of the E-field G=.
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Proof: Let 7 = (n1.....7n,) be a finite family of (E. A)-generators of § over
F. Let o be an E-strong (E, A)-isomorphism of § over F. The extension
Go0G = G{on)r.a of G is a finitely (E, A)-generated extension by o7. Let

£ = (&)ier be a family of E-generators of §2(o) = (G05)> over G=. Since

GoG = G52 (o) = G(&). the family £ also E-generates Go§G over §.

§ —— G0§=9(

| |

% —— §%(0) = 52(&)
Because this extension is (E, A)-finitely generated over G by on and each el-
ement of on is in an E-field generated by finitely many of the elements of the

family &, there is a finite subfamily (&,....&,,) of the family & that (E, A)-

generates Go§  over G that is  GG2(o) = G, ..., ) EA
=G-G2(. ..., &, ) . Since the elements of ¢ arc A-constants, G2 (a) =
GE(Er. ... &) by [24, Corollary 2, p. 88]. O

Proposition 2.131 Let G be an (E, A)-field such that G is finitely (£, A)-
generated over F, and let p be an E-strong isomorphism of G over F. Let
V(p) be the set of all (E,A)-G-specializations of p. Then V(p) is a pre

E-G2-set.
The pre E-G2-set structure on V(p) is the following.

1. To each o € V(p) associate G2{(o) = (GoG)?, considered as an E-ficld

extension of G2, This is finitely E-generated by Proposition 2.130.
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2.

The pre-order on V' (p) is that of (£, A)-G-specialization in the sense of

Example 1.34 with r = 1.

If o’ is a generic specialization of the E-strong (E. A)-isomorphism o
of G, then there exists a unique G-(E, A)-isomorphism Go§ ~ Go'G
that, for each a € G, maps « to a and o« onto o’a. This (E.A)-G-
isomorphism yields on restriction to the A-constants an E-G=-isomor-
phism S, , : §%(c) ~ G2(o’) over G* which is called the E-G~-

isomorphism induced by the generic (E, A)-G-specialization.

For DAS1, the first axiom of a pre E-set, take ¢ to the set consisting of p.

For DAS2 use the following proposition.

Proposition 2.132 Let o be an E-strong (E, A)-isomorphism of G.

1.

If o' is a generic (E,A)-S-specialization of o. and o” is a generic
(E, A)-G-specialization of o' (and therefore of o). then the composite

of the induced E-G2-isomorphisms G2(o) ~ G2(c') and G>{o') ~

G2(o") is the induced E-G2-isomorphism G={(o) ~ G2 (o").

If S:G%(0) = € is any E-isomorphism over G°, then there exists a
unique generic (B, A)-G-specialization o' of o such that G{o') = €,

and S is the induced E-G*-isormorphism G2(o) ~ G2(d’).

Proof:
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1. This follows from the corresponding facts about the (E.A)-G-isomor-

phisms G086 ~ G0'G, Go'G ~ Go”G and Go§ ~ Go”G.

2. G2(g) and G are linearly disjoint over G=. as are €’ and G: there-

forec S can be extended to an (F, A)-G-isomorphism 7T : §G= (o) =~
GC'. The composite mapping § ~° 0§ C GoG = G5°(0) =~ G&
vields an (£, A)-G=-isomorphism ¢’ : § &~ T(c§). Since To§ = o',
T : G0G =~ Go’G. Therefore o’ is a generic (£, A)-G-specialization of
o, € = G2{o’") [24, Corollary 2, p. 88]. and S is the induced E-G*-

isomorphism S, ,. The uniqueness is clear.

2.8 Two Examples and an Application

Throughout this section, let A = {6}, and write dw as w’ for some A-
ring element w. Proposition 2.140 of this section will be applied to prove

Proposition 6.276 in the chapter of examples.

2.8.1 Example 1

This section presents an example, which Kolchin suggested in a private con-
versation, of an (E, A)-extension § over F with no new A-constants such that
some (E, A)-isomorphisms are E-strong but others are not (Example 2.149).
To such an (E, A)-isomorphism that is E-strong, one may apply Proposition

2.131 to conclude that all its E-specializations form the underlying set of a pre
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E-set. To exhibit such an example, it suffices to take E to be empty, and con-
sider the functions 7,, = a+log(x +b) of x which are A-Q-zeros of the prime
A-ideal generated by the A-polynomial 3" + (y')?. where 2/ = 1 and « and
b arc A-constants. The A-Q-isomorphism o.4 @ Q(as)a — QNuresia)a,
where ¢ and d are A-constants and o.q4(up) = Nutepra. 18 DOt strong if

d# 0. But, if d = 0. 0., is strong.

Lemma 2.133 Let R be a A-ring that is a factorial domain of character-
istic zero. Fxtend O to a derivation of the quotient field Q. For any a € @,
write the reduced fraction « = Tp." /Hq_;"*’ where the p; and q; are non-
associate irreducible elements of R and the n; and m; are positive integers.
If ¢ & (q;). then q; is in the denominator of the reduced fraction of a' with

an exponent of m; + 1.
Proof: Examine the numerator of o':

(TTpy" ) g — p; (g 7) = (Ipg* ) g, — 3;(0p} ymyqq;” 7]]];‘.7_4}{];"’“.

1

L m; . . 1 ,
The only term not divisible by q;n" is (Hp,?”)ﬂzjq,’iq;”" 240" So the power

uz

of g; in the factorization of the numerator is m; — 1. Since qf is present in

the denominator of the derivative formula for o', in the reduced fraction of
/ 3 H L e 11 - : " 3 "

o the irreducible element g; is present in the denominator with an exponent

of m; + 1. il

Proposition 2.134 Let k be a ficld of characteristic zero, and let k(x) be

the rational function ficld in one indeterminate x such that ' = 1 and
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a = 0 for every a € k. For any o € k(x), write the reduced fraction
o = prf"/]]q}”" where the p; and q; are different irreducible elements of
klx] and the n; and m; are positive integers. If one m; = 1. « is not a

derivative of any element of k(x).

Corollary 2.135 Let U be A-universal extension of the constant field €.
Let x € U be a A-zero of v — 1 € C{y}a. For i=1,...,n, let p;(x) € Clx]
be non-associate and irreducible. Then the reciprocals of the p; are linearly

independent over € modulo (C(x))'.

Proof: Express any linear combination X,¢;/p;(x) (¢; € € and all ¢; # 0) of
the reciprocals of the p;(x) over € as a rational fraction « in reduced form.
Since the numerator is not divisible by any p;(x), the denominator of « has
each p; (1) as a factor with exponent exactly 1. Then apply Proposition 2.134.

O

Lemma 2.136 Let F be a A-field. Endow F{y}a with an orderly ranking.
Let A € Flyta be a A-polynomial with separant 1. i.e.., A is of the form

O0"y+ terms of order less than r. Then [A]a is a prime A-ideal.

Proof: By [24, Theorem 3(b). page 155], the prime general component of A

18 [A]A 1% = [A]A O

Lemma 2.137 Let F be a A-field, and let C=F2. If a € F and o = 1,

then « is transcendental over C.
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Proof: Tf o were algebraic over €, it would be the zero of an irreducible poly-
nomial p(z) € €[z] of minimal degree. Let p(z) = 2" +¢, 12" 7' +.. . +¢y with
c; € €. By evaluating p(z) at « and then applying the derivation, o/ (ra" !+
(r—1)c,_ 10" 2+ ...+ ¢;) = 0. By the minimality. ra" '+ (r — 1)¢, 0" 2 +
...+ ¢y # 00 so that o = 0, which is a contradiction. Therefore « is tran-

scendental over C. O

In the proof of the next proposition, the following order on polynomials
will be utilized. (See [15, Lemma 3, page 58] for a similar argument.) Let
21, ..., 2 be algebraic indeterminates over &F. Let g € Flzy, ..., 2}, and let
d be the degree of g in the indeteminates zy, ..., z,, with the convention
deg 0 = —1. Write ¢ = Xpap M where the M are monomials in zy, ..., 2,
and «yy € F. Let ¢(g) denote the number of terms avas A ( ceay £ 0) of dogree

d in g. Define the level(g) to be (deg g, ¢(g)) in the lexicographical order on

N x N.

Let a; € F for i = 1....,n, and define a A-ring structure Flz1. ... . 2,]a
on Flzq,...,2,) by 2zl =a; for i=1,...,n.
Lemma 2.138 Assume that ay, ..., a, are linearly independent over C mod-

ulo 0F. For each g € Flz1,...,z,]a of degree d, deg ¢ > d— 1. If g # 0
and at least one of the non-zero coefficients of a term of degree d s in C,

then level(g') < level(g).
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Proof: Write ¢ in the form
G = Zdeari=d O M + Xgegn=q—1 anN + P

where ay,an € F, P € Flzy,...,2,) and deg P < d — 1. Then, since

N M
o M) = dan M + 3 0 nivapa;—

~1

for a monomial M of positive degree and integers n;,
/ ! !
g = ZJdegM:d ajw]\/[ + Edeg N=d—1 (Q/AT + z:deg L=d, L=Nz; nL,NaLai)N -+ Q

where ny, y are positive integers, Q € Flzq,..., z,] and deg @ < d — 1.

Assume that oy, # 0 for at least one monomial M of degree d in g. Then
deg ¢ = deg g > d — 1. If also oy, = 0 for at least one monomial M’ of
degree d in g. then ¢(g') < ¢(g). Therefore, level(¢') < level(g).

Assume the negative of the assumption of the last paragraph: o/, = 0 for
all monomials M of degree d in g. If g # 0, then deg ¢ < deg ¢g. Therefore,
level(¢g') < level(g). To show deg ¢’ > d — 1, first assume deg g < 0. Then
g€ C and deg ¢ = —1 > d — 1. On the other hand. if deg g > 0, choose
a monomial N of degree d — 1 such that, for some i, Nz; is present in g,

ie., an., # 0. In ¢, the coefficient of N, dy + Xp_n.,ara;, is not equal to 0

because a1, ..., a, are assumed in 1 to be linearly independent over € modulo

F’. This proves deg ¢ =d — 1. O
Lemma 2.139 Assume that a,, ..., a, are linearly independent over € mod-
ulo 0F. The A-F-ring Flzi,..., z,)a is A-simple, i.e., has no proper non-

trivial AN-ideal.
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Proof: Let P C F[z1....,2,)a be a proper A-ideal. Assume there exists
a nonzero element of P. Let g € P have the lowest level of all nonzero
elements of P. Since P is proper and, therefore, has no non-zero elements
of degree 0, d = deg g > 0. Multiply g by a non-zero clement of F to
ensure that one of the terms of degree d has 1 for a coefficient. This new
non-zero element. which again is denoted by g, is also in P and has level
less than or equal to all of the non-zero elements of 3. By Lemma 2.138,
level(¢’) < level(g). Since ¢’ € B, ¢ = 0. However, by the first part of the

same lemma, —1 = deg ¢’ > d — 1 > 0 since d > 0. This contradiction shows

B is the zero A-ideal. O

Proposition 2.140 Let U be A-universal extension of the A-field F, and

let =92 Fori=1,...,n,let a; € F, and let b; € U be such that b, = a;.
The following four conditions are equivalent:
1. ay.....a, are lincarly independent over C modulo 5F,
2. by,..., b, are algebraically independent over F. and F{by,.... by} is
A-simple,
3. 1,by,...,b, are linearly independent over F, and (F{by, ..., b, }a)> = C,

4. 1,by,...,b, are linearly independent over F, and (F(by, ..., by)a)> = C.

Proof: 1 = 2. Define a A-ring structure Flzq,...,2,]a on Flz1, ..., z,]

by 2/ = a; for i = 1,...,n. Clearly, F{z1,...,2.}a = Flz1.....2,]a. To
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show F{by,.... b, }a = Flb1,...,bu]a is A-simple, define a surjective A-F-
homomorphism p : Flz1, ..., z.]a — Flb1, ..., bu]a over F by p(z;) = b; for
i =1.....n. Then pis a A-F-isomorphism because the kernel of p, which is a
A-idcal, must be the zero ideal by Lemma 2.139. Thercfore. F{by, ..., b, }a,
the codomain of p, also has no non-trivial A-ideal. and by.....0, are alge-
braically independent over F because zy, . . ., z,, are algebraically independent
over F and p(z;) = b; for every i.

2 = 3. Let g be a non-zero element of (F{by,...,b,}a)>. Because g
is a A-constant, (g) C F{b1,...,b,}a is a A-ideal and must be the unit A-
ideal by 2. Because, by assumption, F{by,...,b,}a is a polynomial ring in

the algebraically independent indeterminates by,...,b,, g € Fand g € C =

FA. That by. . ... b, are algebraically independent over F clearly implies that

3 = L. Assume ay. ..., a, are linearly dependent over C modulo 0, i.e.,
Y oga; = 0f for a; € € and f € F. Since 1,by,....0, are assumed to be
linearly independent over F, the element %; c;b; — f (€ F{by.....b,}a) is not
in F and is a A-constant of F{by,...,b,}a. This contradicts 3. Therefore,
the aq, ..., a, are linearly independent over € modulo §dF. This proves 1.

3 < 4. For the non-obvious implication, assume 3. Assume ¢ €

F(by,...,b,)>. Then

a={acF{b, ... btalage€ F{by, ..., by}a}

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is a A-ideal because ¢ is a A-constant. Since it is non-zero and F{by.....b,}a

is A-simple. 1 € a, which implies g € F{by,..., b, }>. O

Remark 2.141 If a,....,a, are linearly independent over C modulo 6F
(Part 1. of the proposition), then, for each i, no A-zero ¢; of y' — a; is in

F. In particular. b; ¢ F for all i.

Proof: If some ¢; € F, then ay, ..., a, would not be linearly independent over

€ modulo F because ¢, = a;. O

Remark 2.142 [f n = 1. the converse of the previous remark s true: if no
A-zero of Yy —aqy is in F, then a, is linearly independent over € modulo F’

(Part 1 of the proposition).

Proof: If «; is linearly dependent over € modulo JF, there is a A-zero of

y —a; in F. O

Corollary 2.143 If no A-zero of ' —ay 1s in F, then by is transcendental

over F.

Proof: By the last remark, a; is linearly independent over € modulo .

Part 1. == Part 2. of the proposition implies b, is transcendental over F.[]

Corollary 2.144 (The Ostrowski Theorem) If by,...,b, are algebraic-
ally dependent over F and (F(by,...,b,)a)> = €, then 1,by,...,b, are lin-

early dependent over F.
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Proof: (See [24. Exercise 4, page 407] or [23, page 1155].) The contrapositive

of 4 = 2 is that, if F{by,...,b,}a has a non-trivial A-ideal or by, .... b, are
algebraically dependent over F, then (F(by,...,b,)a)> # Cor 1.b.....b, are

lincarly dependent over &F. Therefore, if by, . . ., b, arc algebraically dependent
over F and (F(by.....0,)a)> = €, then 1,b,.... b, are linearly dependent

over F. O

Corollary 2.145 Let U be A-universal extension of the constant field €.
Let x € W be a A-zero of v — 1 € Cly}a. For i =1,...,n, let ¢; € C

such that c; # c; if i # j, and let b; € U be a A-zero of the A-polynomial

Yy — —— € C(x){y}a. Then by,...,b, are algebraically independent over

xr+c; ’

C(z), and (C(z)(by,...,b,)A)> = C.

Proof: By Corollary 2.135 with irreducible p; (1) = &« +¢; for i = 1,...,n,

. — are linearly independent over € modulo 5(€(x)). Then apply

Proposition 2.140. O

Corollary 2.146 Let U be A-universal extension of A-field F, and let € =
Fe,
1. The A-ideal B = [y + (v')*]a C F{y}a is prime.
If n € U is an F-generic A-zero of P, then n' # 0.
2. Let ¢ € U be any A-zero of P such that (' # 0. Let x = 1/ .
Then =/ = 1, ¢ = 1/x, x is transcendental over €, and the field
9:<C>A - St<< T)'
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(a) If no A-zero of the A-polynomial v' —1/x € F(){y}a is in F(x),

then ¢ and v are algebraically independent over €.

(b) If F = €, then no A-zero of the A-polynomial 3y — 1/x €
Fax){yta isin Flx), ¢ is F-generic A-zero of the prime A-ideal

"+ (')A C F{yta, and (Fn)a)> = F.

Proof: 1. For the ranking [24, page 75] defined by order, the separant of
y" + (y')? is 1. Therefore, the A-ideal B is prime by Lemma 2.136. Since
the order of every element of B is greater than 1 and the order of ¢ is one,
Yy ¢ B, and 7’ # 0 since 7 is F-generic,

2. Let ¢ € U be any A-zero of P such that ¢’ # 0. Then (1/{') =
—C"/(¢)? = (¢?/(¢")? = 1. So that, 2/ = (1/¢') = 1, and ¢’ = 1/2. Since
¢" = 1/a, all higher derivatives of ¢ are rational functions of x, and the field
e(C)a = (. 2).

2(a). If no A-zcro of y — 1/x € C(z){y}a is in F(r). ¢ is transcendental
over F(x) by Corollary 2.8.1. Since z is transcendental over € by Lemma
2.137. x and n are algebraically independent over €.

2(b). I F2 = T, by Corollary 2.135 for n = 1 and py(x) = z, 1/x ¢ §F(x),
and 1/x is linearly independent over & modulo 6F(z). By Remark 2.141, no
A-zero of the A-polynomial y' — 1/ € Flx){y}a is in F(z).

To show ( is a F-generic A-zero of B, observe that any f(y) € F{y}a

may be written in the form

fy) =% ey’ () +py)
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with ¢;; € F and p(y) € P. If f(¢) = 0, then =, ; ¢;,;¢'/27 = 0. Since
x and ¢ are algebraically independent over F = € (part 2(a)), all ¢;; = 0,
and f(y) = p(y) € P. The last statement follows from the last statement of

Corollary 2.145. O

Definition 2.147 Let W be a A-vector space over a A-field F. Any set
3> C W is A-linearly independent over JF if the family (0)gco aecx s linearly
independent over F. Let R be a A-ring. A family («;)ier of elements of a
A-overring of R is A-algebraically independent over R or, more simply, A-
R-algebraically independent. or A-R-independent, if the family (0a)pco aes

s algebraically independent over R.

Corollary 2.148 Let W be (E, A)-universal extension of the (E. A)-field &F,
and let C=F>. For i=1,...,n, let a; € F, and let b; € W be such that

b, = a;. The following four conditions are equivalent:
1. ay,...,a, are E-linearly independent over C modulo 0F,

2. b1,...,b, are E-algebraically independent if the family over F, and
F{b,....bo e A is A-simple.

3. 1,by,...,b, are E-linearly independent over F, and

(F{bs, ..., bn}E,A)A = C,

4. L,by, ... b, are E-linearly independent over F, and

(Fbrs . byEA)> = C.
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Proof:  For each positive integer v, let W(v) be the set of monomials in E
of order less than or equal to v. Then for each v.i and v € W(v). ¢b; is a
A-zero of the A-polvnomial 3/ — a;. Since U is clearly also a A-universal
extension of the A-field &F, Proposition 2.140 may be applied to the families
(Whi)pewyizt....n and (Va;)ypecw)i=1,..n for each v.

The equivalence of the four parts of the proposition may be verified by the
following four observations which are true because each E-algebraic relation

only has a finite number of E-derivatives:

L. (¥;a;)pew@),1<i<n are linearly independent over € modulo 63 for all v if

and only if the ay, . ... a, are E-linearly independent over € modulo 6F,

2. (W;a;)pew()i<i<n are algebraically independent over € modulo 63 for
all v if and only if the by, ..., b, are E-algebraically independent over

G modulo 87,

3. F{{(Vbi)pewuyi<icn e 18 A-simple for all v if and only if F{b;}g A is

A-simple.

4. (F{(Wbi)pew)i<i<n tr.A)S = Cor all v if and only if (F{b;}p.a)™ = C.

]

In Section 2.8.3, Corollary 2.148 will be used to construct an example

similar to one of Johnson, Reinhart and Rubel [15].

Example 2.149 Let U be A-universal cxtension of a field of A-constants

C. Let 1 be a A-zero in W of ¢ + (¥')* € C{y}a such that ' # 0. (Such
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A-zeros are of the form 1 is of the form a+log(x+Db) for A-constants a and
b.) Then the A-constants of C{n)a are C, and C(n)a over € is not strongly
normal (in the sense of Kolchin). But some non-trivial A-C-isomorphisms

are strong.

Corollary 2.146 will be applied with F = € and & = n. By Part 2 of the
corollary, ' = 1 where z = 1/1/. By Part 2(b), no A-zero of ¥/ — 1/z is in
C(z) since € = G2, and the A-constants of C(5)a equals €. By Part 2(a) of
the corollary, n and x are algcbraically independent over C.

Each A-C-isomorphism o of C(x) is strong and is of the form o(z) = z+k
for k € X = UA [24, Example A, page 404]. Since C(z) over € is finitely
A-generated and since C(n)a over C(x) is finitely A-generated (Part 2 of
Corollary 2.146), o extends to a non-unique A-C-isomorphism @ : €(n)ar — U
by Proposition 1.52. Note that ' = 1/x € C(x) and (7n) =7y =a(1/z) =
o(l/x)=1/ox = 1/(z+ k)€ Cla+k) C K(x).

If & # 0. Corollary 2.145 implies (C(n,on)a)> = (C(x)(n.Tn)A)"> = €
and 7 and o7 arc algebraically independent over C(x) since 1 = 1/ is not
equal to (on) = 1/(zx + k) € K(x) . Consequently, on & KC(n)a, and 7 is
not strong.

It Kk =0, (6n) = n € C(x). Therefore, 7 is a strong A-isomorphism
of C(n)a over €(z) of the form an = n + d for d € K and, also, a strong
A-isomorphism of C(n)a over €. The set of all specializations of & is a pre

CG-set by Proposition 2.131.
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2.8.2 Example 2

The second example of this section is of a A-field extension § over F such
that the image of ¢, (X)) is not open in 34(9PB, 5) (See the paragraph before
Definition 1.34 for the definition of X and the paragraph before Corollary

1.36 for the definition of ¢,(X)).

Example 2.150 Let F = C{u)a = C(z) where 2’ = 1, and let C be a A-
freld of A-constants. Let n € U be an JF-generic A-zero of
B = [y + (¥)]a € Flyta such that 7' £ 0. Let § = F(n)a, and let
X =Isom%(G,W). Then &,(X) is not open in 3g(SP).

By Corollary 2.146, B is a prime A-ideal. For each ¢ € €, the A-ideal

Po= [y — TL(:}A C F{y} is prime by Lemma 2.136. 1t contains P because

1 1 1
o SN2 o / 2 —
Y+ () (y x+c)(y +$_|_c)+(g T4

y
and is proper because P has no element of order |.

Let ¢. be an F-generic A-zero of B, for ¢ € €: that is A5 ({(.}) = P..
Clearly, all the (. for ¢ € C are distinct. Because ‘. D P and, therefore,
9B, O GP, it follows that (. € 35(9B). Since (. is an F-generic A-zero of
P., the A-ideal Ag({(.}) N F{y}a = P.. Because this properly contains B,
as shown above, the element (. ¢ ¢,(X) by Lemma 1.38.

Because ¢,(id) = n € ¢,(X). ¢,(X) is not empty. If ¢,(X) were open
in 35(9P), by the definition of the §-A-Zariski topology on 35(SB), ¢, (X)

would cqual the complement of 3g({f1,..., fa}a) N 35(GP) in 34(GP) for
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fi € S{yta and f; ¢ GPB. ¢ = 1,...,d. It will be shown that each such
fi has only a finite number of A-zeros of the form (., for ¢ € €. Since C

is infinite, there is one. in fact an infinite number, (. € 34(9B) such that

not open in 34(9P).

Bach fi = fi(y) € G{y}a may be written as fi(y) = =, 1a, 25" (&) + p(y)
where a;; € G and p(y) € §B. By Corollary 2.146, § = C(z.n)a = C(z,n)
with x = 1/7/, 2’ = 1, 7/ = 1/x and = and 7n are algebraically independent
over €. Therefore, each a;; = g,i/h, . for polynomials g;r, hjr € Clz, 1],
hjx # 0. Then

gij.k
}lj.k:

such that ¢ # 0 is the product of the denominators A, and ¢, € Clx. n|. Be-

fz'(@/) =2k

o 1 .
v (W) +ply) = p (Siw 6y (W)) + p(y).

cause 2.1, y,y € G{y}a are algebraically independent over €, 3, ;. ¢, .y"(v')?
may be written in the form 3, ., ()n'y™ for v, (v") € Clally]. As a
result of these considerations, fi(y) may be written in the form

) = ¢ (St 16 9™) 4 L), (13)
Therefore,

a(fi(y) = p()) = Svm ren (W )N'Y™. (14)
Assume ¢ # 0 and (. is a A-zero of f;(y). Sincen’ =1, (. = %Jr( and ¢ # 0,
7 and (. are algebraically independent over C(x) by Corollary 2.145. By

evaluating both sides of Equation (14) at y = (.,

: m 1 m
0= Z/.,m r/.m((é)nl(gc) == El,rn Té,m,(T)/"}l(c(:) . (15>

e C
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this implies 0 = ’I"z.m,(%) € C(x) for all [ and m.

e

Let ri,,(y") = p ()W) +. ..+ po(x) € Clx][y] for p,(x),....po(x) € Clx]

such that p.(z) # 0. Ifr > 1, 0 = r;m(%“) = ]),}(I)(J:i“)"’ + ...+ po(x)
implics = + ¢ divides p,(z).

Therefore. if f;(y) has an infinite number of such A-zeros (. (¢ € C), p.(x),
which is divisible by o + ¢ for an infinite number of ¢ € €. must be equal to
0. This implies that the degree r of r,,(y’) in ¢ is zero for all [ and m, i.e.,
rim(y') = po(z) € Clz]. The equation (15) and the algebraic independence of
n and ¢ over C(z) imply 0 = r,,,(y’) for all [ and m. Since ¢ € G is not zero,
Equation (13) implies f;(y) = p(y) € ‘B by , which contradicts the definition
of f;.

2.8.3 An Application of the Techniques Developed

The main objective of [15] by Johnson, Reinhart and Rubel is to construct a
prime (E. A)-ideal P C F{y} g such that all (E. A)-zeros ¢ € U of P gen-
erate (E. A)-field extensions F{() g a over F that have infinite transcendence
degree over F. Since examples of such prime ideals follow simply from the
techniques just developed, it is worth making a short digression to present

because it is of general interest. Recall A = {0} is this section.

Lemma 2.151 Let z be an (E, A)-indcterminate over the (E,A)-field JH.

Let a € H(z)g and a ¢ H. Then

1. 1 and a are BE-linearly independent over H,
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2. a ¢ dH(2)pA. i.e.. a has no primitive in H{z)p A.

3. (H{(2)pA)> = H> and

4. a is E-lincarly independent over H™ modulo 63 (z)p A.
Proof:

1. If @ and 1 were E-linearly dependent over JH, then a would satisfy a
linear E-polynomial with coefficients in H{. However, each element of
H{z)r not in H is E-algebraically independent over the E-field 3 ([24,

Exercise 8, page 159] and for a proof sce Exercise 5.226 of this paper).

2. Let E = {ey, ..., ¢,} and choose the ranking on the (E, A)-indeterminate
z such that the rank of 6"e*, -+ ,el"z is (r.ry.....7,) in the lexico-
eraphical order on N**! Extend this to a ranking of H{z};:o. For an

element f € H{z}u.a, let Sy denote the separant of f.

Let b € H(z) 1 A be represented as the quotient ¢/d with ¢, d € H{z}g a
and d # 0 such that the maximum of the rank of ¢ and the rank of d is
the least possible among all such representations. Let w be the highest

ranking derivative of z present in ¢ or d.

Suppose a = I where b = ¢/d as above. If the rank of w = (0,...,0),
then ce H, d € H, ¢/d € I, and a = (¢/d) € H. Assume the rank of

w is greater than (0....,0) and write (¢/d) =

d—c-d  Sd—cSy N terms of rank < rank w’
= w : .
d? d? d?
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If (S.d — ¢S;) # 0, then (¢/d) & H(z)p because w' ¢ H{(z)p. If
(S.d —¢Sy) = 0, then, since ¢ # 0 and d # 0. Sy # 0 because otherwise
S, = 0. But S./S; = ¢/d = b is a representation of b such that S, and
Sy have lower rank than ¢ and d, which is contrary to the assumptions

on ¢ and d.

3. For each positive integer v, let U(r) be the monomials in E of order less
than or equal to v. Since (v2)ycw(y) is a finite set of A-indeterminates
over  and each A-constant of H(z)p a is in FH{(¥2)yecw@))a for some

v, Corollary 5.228 implies that (H(z)g a)> = H>.

4. Every E-linear combination of a over 3 is not in J{ because a and 1
arc E-lincarly independent over 3{ (part 1), is in H(z)p by assumption,
and not in 0H(z)pa by part 2. Therefore a is E-independent over
H modulo 0H(z)za. A fortiori, a is E-lincarly independent over HA

modulo dH(2)g A, since H2 C JH.
O

Proposition 2.152 Let E be non-empty. and A = {0}. Let z be an
(E, A)-indeterminate over the (F,A)-field H. And, let y be an (E,A)-
indeterminate over the (E,A)-field F = H(z)pa. Let a € H(z)r, and
a ¢ H. Then for all (E,A)-zeros b of the prime (E,A)-ideal [§y —alpa C
F{y}trna, bis E-algebraically independent over F, and the algebraic tran-

scendence degree of F(byg a over F is infinite.
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Proof: By part 4 of Lemma 2.151, @ is E-linearly independent over 32 = 34
modulo 0(F) (See [15. Theorem 5, page 59]). This is the condition 1 of
Corollary 2.148. For any b € U that is an (E, A)-zero of the prime (E, A)-
ideal [0y — alpa C F{y}r.a, condition 2 of Corollary 2.148 implics b is
E-algebraically independent over F. Since E is non-empty. § = F(b) z A has
E-transcendence degree one over & and has infinite algebraic transcendence

degree over F. O

3 Differential Algebraic Groups and E-Strongly
Normal Extensions.

3.1 Differential Algebraic Groups

Definition 3.153 [25, page 33] An E-F-group (relative to the universal E-
field V) is a set G which has both a group structure (usually written multi-
plicatively) and a pre E-F-set structure relative to the universal E-field 'V,

subject to the following axioms.
DAGI1a If xy.19 € G. then Flrxs) C Flx)F(xs).
DAGI1b If x1,29 € G, then F(oy  ay) C Flay)Flas).

DAG2a If z1,22, 27,25 € G and 21 « 2} , 12 < 25, and Sy 4,, S, are

’
2:%2

- 24 .
compatible’, then xyxy — \xh. If moreover xixo «— xixh, and h

is an E-F-homomorphism of finitely E-generated E-overrings of F in

SLet Ry and R be rings over the ring R, all in a common field, and let ¢; and ¢2 be
ring homomorphisms ol 12y and Rs, respectively, into another ficld over 2. Then ¢4 and
@2 arc compalible, if there oxists an extension of ¢1 and ¢ to the ring R[Rq. Rs].
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W such that h. S, ., Say e, are compatible. then h and S, .., are

compatible.

DAG2b If xy.xp. 2. 0% € G and 1 — o) , x9 — &}y, then there exist elements
ri.ah € G with oy < ], o < x5 such that x7, x5 are algebraically
disjoint over F and rixh — 2ixh (ie., Flri) and F(xl) arc alge-
braically disjoint over F), and such that, if zixs < xixh and x5 «— xi),

then Syiut aras, Sy ey are compatible.

DAG2¢ If x1, 72,71, 75 € G and w1 <> 2 , w2 <> Ty, and Syt 2y, Sap ey a1C

1 1 1

compatible, then x]'xy — 'y '2l. If moreover a7 xy +» 27 xh, and
h is an E-F-homomorphism of finitely E-generated E-overrings of F
in W such that h. Sy @, Seyey are compatible, then h, S, -, are

zhary wg

compatible.

DAG2d If wy, a0, 2. 0% € G and x1 — 2 , w9 — x), then there cxist elements

ry .y € G with vy — x5, ©9 < x5 such that x7 and x5 are algebraically

* 1

PO TR, *—1 —1_s
disjoint over F and x7 x5 — 1] .

DAGS The unity element 1 of G is contained in an F-component (Definition
2.55) of G having an F-generic element x that is reqular over F, i.e.

F is algebraically closed in F(x).
3.2 E-F-Group Schemes

Definition 3.154 An E-F-group scheme is a group object (Z,0z) in the

category of E-F-schemes: that is (Z,0z) is an E-F-scheme, and there are
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three morphisms mult, inv and id from (Z,0z) x (Z.0z) to (Z.0gz). from
(Z.0z) to (Z.0z). and from (diffspec F, Oaitspec 7) to (Z. Oz). respectively,

which satisfy the group axioms.

Let (Y.Oy) and (X.Ox) be two E-F-schemes of E-F-finite type, and let
(f. /%) (Y.0y) — (X, Ox) be a morphism of E-F-schemes. Let § be an E-
field extension of F. Denote by (Y5, Oy, ), (Xg, Ox,) and (fg, jg) the base ex-
tensions of (Y, Oy), (X, Ox) and (f, f#) by (i,:%) : (diffspec G, Oaiispec §) —
(diffspec F, Oairspec 57), Which is induced by the inclusion i : F — G (Proposi-

tion 2.65). This means
(Y97 OYS) = (dlffSPeC 97 Odiﬁspoc S) x (diffspec F,04ittspec F) (K OY)*,

a similar definition for (Xg, Ox,), and (fg,f(jé) : (Y5, 0y,) — (Xg.0x,) is
the projection from the product below:

(3/9: Oyﬁ) (f—f/; (ij, OXs) e — (diﬂgpe(t g, O(]jﬂgpe(; g)

1 | o

(Y, 0y) m (X,0x) —— (diffspecd, Ouditispec &)

This paragraph consists of straight forward generalizations of standard
results for group schemes [2, Section 4.1, pages 94-99]. Let (Z,0z) be an
E-F-group scheme with defining morphism mult, inv and id. Then, the E-
G-scheme (Zg, O Zg) is an E-G-group scheme with defining maps multg, invg
and idg. Also, the G-valued points Z(G) have a canonical structurc of a
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group. For each element & = (&, &%) € Z(G), left multiplication L¢ is defined

as the composition

(tS,S#\) >((»idZ9 ’idsz)

(ZSt OZS; ) : (diﬁspec 9, Odjﬁsp(:(' 9) X (ZS: OZS; )

(5,5#)><(idz,idf)l
(Zg,0z4) x (Zg.Oy,)
(multg mult?) l
(Z5,02z),
where (idz,, idzga) is the identity morphism of (Zg, Oz, ) and (s, s%) : (Zg, Oz,)
— (diffspec G, Ogisispec g) is the G-structure morphism. Because L¢ has inverse

L¢-1, it is an isomorphism of E-G-schemes.

Remark 3.155 As a consequence of this, for each (. (%) € Z(G). the in-
duced E-G-homomorphism on stalks L? Ot (c0).c0) — Oco) is an E-G-

somorphism.

Examples of E-F-group schemes are constructed by a slight modification
for a positive integer m and E-indeterminates (¢;;)i—1,. m.j=1,...m over Q, let
d = det(y;;), and let Z = diffspec Ry. The E-Q-group scheme GLg(n) or
GL"(n) is defined to be (Z, Oz). where mult, inv and id are the E-Q-scheme
morphisms induced via Proposition 2.65 from Ry — Rq ® Rg such that
Yij — Zk::l,...,m, Yie ® Ygj, from Ry — R, such that y;; — z;;, where (z;;)

is the inverse of the matrix of (y;;), and from R, — @ such that y;; — &;;,

114

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where §;; is the Kronecker Delta. The E-Q-group scheme fo,, is defined to be
GL"(1). Similarly, let S = Q{yl}g, and let Z = diffspec S. The E-Q-group
scheme G is (Z. ©), where mult, inv and id are the E-Q-scheme morphisms
induced via Proposition 2.65 from S — S ® S such that y — y 2 1+ 1®y,
from S — S such that y — —y, and from S — Q such that y — 0. See

Definition ?? for a generalization W2 (g, gs) of an elliptic curve.

Definition 3.156 An E-scheme (X,0Ox) is connected if the topological
space X is connected. An E-scheme (X,0x) is irreducible if X is irre-
ducible. Let F be an E-field. An  E-scheme (X,0x) over
(diffspec F, Odiispec ) 15 geometrically connected (resp. geometrically irre-

ducible) if the product
(‘Ys,‘ O.YL'; ) - (Cllﬁ:spec 9:‘ odiffspec 9) X (dif’fspcc T, (‘_)(_Uﬂ-'i_,l)(vm L’i) (‘Y‘ O\)

is connected (vesp. irreducible) for all E-fields G algebraic over F,

Definition 3.157 Let (Z,0z) be an E-F-group scheme. Define the con-
nected component of the identity Z° to be the connected component of Z

containing the tmage of the identity 1d(0).

Lemma 3.158 Let (X,Ox) be an E-scheme. Every irreducible closed subsct

W C X 1is connected.

Proof: By Proposition 2.63, W has a unique generic point w € W, i.e.
{w} = W. Then W is connccted because the closure of a connected sct is

conncctod. O
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In general the converse of this lemma is false. However, the connected
component of the identity of an E-F-group scheme will be shown to be not
only irreducible but also geometrically irreducible. The following outline may
help the reader to understand the proof of this result, which constitute most
of the remainder of this section. Let the E-field 'V be E-universal over &, and
let F° C V be the algebraic closure of & in V. There is a natural structure
of an E-field on F°. And let (Z,04z) be an E-F-group scheme. Since the
connected component Z° has an F-valued point (the identity), Corollary
3.171 implies (Z°)g» is connected. Because V is regular over F°, the fiber
of the projection (Z°)y — (Z°)4- is connected, and, therefore, (Z°)y is also
connected (Proposition 3.174). The image of the connected set (Zy)° under
the continuous projection p : Zy — Z is connected and is contained in Z°
since it is connected and contains the image of the identity id(0). Thercfore,
(Zv)® € p~YZ°) = (Z°)y. Since (Zy)° is the largest connected set of Zy
containing the identity and since (Z°)y is connected, (Zv)° = (Z°)v. If two
different components intersect, there exist a V-valued point with image in the
intersection because V is E-universal over F. Some V-valued points are just
in one component. But the homogeneity of the E-V-group scheme (Zvy, Oz, )
implies that the image each V-valued point is contained in the same number
of irreducible components. Therefore, (Z°)y, (Z°)go and Z° are irreducible
by Proposition 3.175.

Then Proposition 3.166 is used to conclude, the main result of this section

Proposition 3.176: the residue field of a F-generic point of the connected
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component of the identity of an E-F-group scheme is regular over F. Several
of the techniques of this section are similar to those of S.G.A. 3 [13. Expose
6, Section 2, pages 296-300] and E.G.A 4 [12].

Statcments cquivalent to regularity are listed in the following proposition

from [6. Theorem 2, Lecture 14, page 6].

Proposition 3.159 Lel the field L be an extension of the field K. Then

the following conditions are equivalent.
1. L is a reqular extension of K.
2. If I is a field extension of K, the algebra L'@p L has no zero divisors.

3. If K is an algebraic closure of K, the algebra K ®p L has no zero

divisors.

A similar result holds if the fields are replaced by E-fields.

Proposition 3.160 Let the E-field L be an extension of the E-field K.

Then the following conditions are equivalent.
1. L is a reqular extension of K.

2. If L' is an E-field extension of K, the E-algebra L' Qg L has no zero

divisors.

3. If the E-field K is an algebraic closure of K, the E-algebra K & L

has no zero divisors.
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Proof: Assume 1. Parts 2 and 3 follow from Proposition 3.159. Assume 3, and
let Al be any algebraic closure of K. The field A has a canonical structure
of an E-field. By 3. the E-ring M &g L has no zero divisors. Since the ring
M & L. without its E-structure, also has no zero divisors, Proposition 3.159

implies part 1. O

The following lemma is a reformulation of well-known facts about radical
E-ideals in Notherian E-F-algebras in terms of tensor products [24, Corollary

4, page 128] and [24, Proposition 3, page 131]. In it, ® will mean ®p.

Lemma 3.161 Let the E-F-field G be an extension of the E-field F, let R
be an E-TF-algebra finitely E-generated over F, and let P C R be a prime
E-ideal. Then the E-ideal S &P C G & R s radical and is the intersection
of a finite number of components (minimal prime E-ideals containing G2 )
Q,....Q2, of S R. If G is reqular over F, s = 1. Moreover, for each
Q. 1N, =10P and i~ (Q;) =P, where i : B — F 2 1R is the
canonical inclusion. Finally, each radical E-ideal R C G2 R is E-generated

by a finite number of fi,..., [ €ERCGRXR, t.e. R={f1....,, frte.

Proof: Let (11, ...,n,) E-generate R over &, and let vy, ..., y, be E-indeter-

minates over §. The substitution E-F-homomorphism ¢ : F{y1, ..., ¥n}r —

R, defined by ¢z(y;) = n;, is surjective and extends to a surjective E-
F-homomorphism ¢g : G{yi,...,y.}r — G ® R. The E-ideal ¢5;'(%B) is

prime, and the E-ideal G - ¢5' () is radical [24, Proposition 7(b), page 25].

There exist a finite number of components Qf, ..., QL C G{yi.....yn}r of
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G- o5 (P) such that Q)N ...NQAL = G- 057" (P) < S{yi.....y.}r and

Q. NF{y, ..., Yot = 05 (PB) for each Q) and, if G is regular over F, s = 1
[24. Proposition 3, page 131].

Sine pg is surjective, Q; = ¢g(LQ)) is a prime E-ideal of § & R for cach j,
and G 2 P = dg(G - o5 (P)) is radical E-ideal of G & R. Clearly, each Q; is

minimal, and
SOP=05(G-¢5 (P) =05(QN...NAY =, N...NA..
For each 9, since Q; NTF{y1, ..., yufr = o3 (P), it follows that

QN (1®R) = ¢g(Q, N Flyn, .., ynti) = bs(65 (F) = 12 P

and i71(Q;) = P since 1 @ IR is the image of 1.
The last sentence of the lemma follows because there exist a finite number
of generators of radical E-ideal G- ¢5' () by [24, Corollary 4, page 128], and

the image of this finite set under ¢g E-generates G & P. J

If G is a Galois extension of F with Galois group G, define an action of

G on § & R by the formula
YaRr)=ya®r,
forye G,a€e Gandr € R.

Proposition 3.162 Let the E-F-ficld G be a finite Galois extension of F
with Galois group G, let R be an FE-F-algebra finitely E-generated over T,
and let B C R be o prime E-ideal.
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1. The fived field of G ® R under G is 1 Q R.

2. 1f Q € §G& IR is a prime E-ideal such that QN (1 ® R) = 1 2P,
then Q is a component of 1 QP in G& R. If Q is any component of

B R, there caists a v € G such that vQ, = Q.
3. The action of G on the prime components of G & P is transitive.

Proof: Let f = X, a; ®1r; € § & R with a; € § and r; € R such that the
r; are linearly independent over . Assume ~f = f for all v € G. Then
X (v — ) @1y = X oy, @y — X ap @1 = yf — f = 0. Since the
1®r; € G® R are also linear independent over G ® 1, vo; — «; = 0 and
vyo; = «a; for all v € G. Since G is a Galois extension of I, a; € F for all 4.
Thercfore, f=% ;0 e FRR=1® R.

Let the prime E-ideal 2 have the property specified in part 2. Let
$21.99. ..., be the prime components of § ® P (Lemma 3.161). Clearly

the image of a component under an element of G is another component. The

prime E-ideal £ is contained in U ~£1 because, if not, there exist a € Q

veG
such that a ¢ U v£21. And for each 7 € GG, Ta ¢ £,: otherwise, a would be
~YEG
in U v by applying 7. Therefore, x = H ~a € £ is not in £y since O,
yEG ~ye@

is a prime ideal. Since z is clearly invariant under the action of G, z € F2 R
by the part 1 of this lemma. Therefore, z € (FRR)NQ = (1 R)NQ = 1P
by assumption. However, since 1 @ P = (F®@ R) N Q;, x € 9, is a contra-

diction. Therefore, Q C U 78, and Q C 8, for some v € G by [,
veq@
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Proposition 1.11, page 8]. Because y£2; is minimal, Q = ~; is a compo-
nent.

To prove part 3, let Q and £ be any two components of § & B. Since
ANl R)=12P (Lemma 3.161), there exists v € G such that Q = v,

by part 2. O

Corollary 3.163 Proposition 3.162 remains true if, instead of assuming G
s a finite Galois FExtension of F, it 1s assumed G is the algebraic closure F°
of F is V. The Galois group of the proposition is replaced by the pro-finite

Galois Group of F° over F.

Proof: The proof of part 1 is the same. Let the prime E-ideal Qo have
the property specified in part 2 of the proposition with § = F°: that is

0y € F°© R is a prime E-ideal such that Qo N (1 % R) = 1 % P. Let Oy be

any prime component of F° @ P and let Qs, ..., Q. be the others (Lemma
3.161).
Fori=0.1.....s by Lemma3.161, Q; = {fi1..... fi..,Jefor fi1. ... fir,

€I @R Let fi. =% 0;,R71 5 for a;p,; € F°and r,,, € [2. Let GG be the
Galois group of the smallest Galois extension § C F° of F containing all the
@ iy. For each i, let Q) = Q;N(G® R). Then clearly Q) = {fi1,..., fir; Ju C
SR, and T° ¢, = F° Vg {firs -, firtp = {Ffinr- > fir }B = ;. Also,
QANAIOR) =KL, NG®R)N(1®R)=Q,N(1®R) =1&P. Thereforc,

by part 2 of the proposition, all the Q) C § ® R are components of § ® L.
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It will now be shown that 7, ... Q/ are all the components. Assume £’ is
another component of §RP. Let ¥ be a component of F° 24" in F*2g(G®
R)=3"24R. Since TN(1®R) = (TN(GRR)N(1DR) = QA N(L® R) =P,
some component 9Q; € %, Then Q) = Q;N (@ R) CITN(G2 R) =49.
Since Q' is a component and, therefore, minimal. Q) = Q"

Consequently, the component £ is one of the Q.... Q. Say Q) = 9.
Then, Qp = F°Rg Q) = F° ®g Q] = Oy is one of the components of F° & L.
Similarly, the action of the pro-finite Galois group is transitive because, by
part 3 of the proposition, it is transitive on the 97, ... 9/ and because if, for
an element v of that group, vQ)| = 9}, then 79, = F°RgvQ| = F°Rg Q) =
;. O

Lemma 3.164 Let G be an E-field extension of F, and let (X,0x) be an
E-F-scheme of finite E-type. The projection (w,7%): (Xg,Ox,) — (X.Ox)
is surjective. Moreover, if G is a reqular extension of F and if ©x € X, the

fiber m='(x) consists of one element.

Proof: Let P & X, and let diffspec A C X be an affine open contain-
ing P where A is a finitely E-F-generated E-F-algebra. Then diffspec G x
diffspec A = diffspec (§® A) is an affine open of Xg. The projection (p, p?) :
diffspec (§ ® A) — diffspec A is the restriction of (7, 7#) to diffspec (§ @ A)
and is induced by the inclusion i : A — (§® A). By Lemma 3.161,
GRP C G A is a radical E-ideal with prime components 1, ..., 2, such
that i71(Q;) = P for all j. Therefore, p(Q;) = P for all j. Since p is the
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restriction of 7 to diffspec (§ ® A), 7 is surjective.
If G is a regular extension of &F, let Q4,...,Q, be the prime components

of G & P. Since

0 oy A2 A/ —— 0
is exact,

id®e

0 — GP —— G904 —5 G (A/P) —— 0

is exact. Therefore,

(GeA)/(S2P) =39 (A/B) C & QF(A/P),

where QF(A/P) is the quotient field of A/P, and (id & &) (Qy),...,
(id® ¢)(Qs) arc the components of the radical E-ideal generated by (§&0) C
(G @ A). If s were greater than 1, one may choose, for each 1 < j < s, a
non-zero z; € (id @ ¢)(Q;) not contained in any (id @ ¢)(Qy) for k # j ([1,
Proposition 1.11, page 8]). The product of all of the 7, is in the intersection
of all the (id ® ¢)(Q;) and, therefore, some power of the product is equal to
zero. This means each x; is a zero divisor. Since §® (A/P) C 2 QF(A/P)
and § @ QF(A/P) has no zero divisors by Proposition 3.160, s = 1. Thus,
there is only one prime component of the radical E-ideal generated by 0 & G,

and 7 !(x) consists of onc clement. O

Lemma 3.165 Let (X, Ox) be an E-F-scheme, and let (£,£%) € X (V) be a

V-valued point of (X.Ox). For each finite set o, ....«, of clements of the
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residue field F(E. 7)) = 5?(&0)((95(0)), there exists an open affine diffspec C of
(X.0Ox) containing £(0) and a finite set ~,...,~, € C such that ic.c(v) =
o; for i = 1.....r where igc = 5??0) © Je(0).difspec ¢ © Jo is the composite of

canonical E-F-homomorphisms :

Je . d ,diffspec {;7:(( P _
C # Odiﬂ'spec ('(leSPeC C) SO0 C" O&(U) — & 5((5 E#>>
(16)
Proof: Since 5??0) surjective, there exist o), ..., a; € O¢q) such that é?éo) (o)) =

«; for all 4. Because Og) is the direct limit of Ogigspec g(diffspec B) over all
open affines diffspec B containing £(0), each o/ is in the image of a 3, €
Ouigispec B; (diffspec B;) under Je(o) diispec 5, for some open affines diffspec B;.
Since the open affines are a basis for X ([19, Proposition 3.5. page 76]),
there is an open affine diffspec B contained in each diffspec B; and contain-
ing £(0) such that each §; restricts to an element of Oygpec 5(diffspec B),
which will also be denoted by 3;, and (fﬁo) o Je(oyaitspec ) (%) = ;. By
the definition, cach scection §; of Ogimrspee (diffspec B) is defined by an ele-
ment v; € C; for some open affine diffspec C; containing £(0). Again, since
the open affines are a basis for X, there is an open affine diffspec C con-
tained in each diffspec C; and containing £(0) such that each ~; restricts to
an element of Ogigspec o (diffspec C'), which will also be denoted by -;, and

(E?(Eo) o 35(0),diﬁ'spec B; © JC)(77) = Q. ]

Proposition 3.166 Let (X, Ox) be an irreducible E-F-scheme of E-F-finite

type. and let F{(n,n*)) = nnﬁo)(on(o)) be residue ficld of an F-generic element
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(n.n?) of the pre E-F-set X(V) (Theorem 2.126). If (X,Ox) is geometri-

cally irreducible, then F{((n,n")) is a regular extension of F.

Proof: Let F° C 'V be an algebraically closed E-field extension of . By the

definition of geometrically irreducible,
e _ S © e
(} B OY) - (dlﬁbpec F P Odif‘fspec ffo) ><(diffspec T, Oaitrspec ) ()&, OX)

is irreducible. Let (n,7%) € X (V) be an F-generic element. Let oy, ..., . €
F((n,n*)) be E-generators of the field F((n,n*)) over F. By Lemma 3.165,
the exists an an open affine diffspec C' of (X, Q) containing n(0) and finite
set v1,...,7% € C such that i, o(vi) = a; for i =1,...,r, where 4, ¢ : C —
F{(n,n*)) is the canonical map defined in the previous lemma. Since an open
subset of an irreducible topological space is also irreducible, diffspec C' and
diffspec F° x diffspec C' = diffspec (F° @ C') are irreducible. By Proposition
2.94 and Lemma 1.10, 7(0) is a generic point of diffspec C'. By definition,
7(0) is the minimal prime E-ideal of C.

By Lemma 3.161, F° @ n(0) € F° @ C is a radical E-ideal and is the
intersection of a finite number of components Qq, ..., 2, of F°® C such that
2;N(1®R) =1®n(0) for all ;. Each £; must be a minimal prime E-ideal of
F° ® C because, if Q C Q; is an E-prime ideal, QN(1®C) C ;N1 C) =
1®n(0). But, since 1®7(0) C 1®C is minimal, QN(1®C)) = 1®n(0). By
Corollary 3.163, £ is a component of F° @ 1n(0). Therefore, Q = £;. Since
diffspec (F° ® C) is irreducible, there is only one minimal prime E-ideal of

G @ R, and the radical E-ideal F° @ n(0) is a prime E-ideal.
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In diagram 16 in Lemma 3.165, the image of n(0) C C' under g,(0) diffspec ¢ ©
Je is the maximal ideal of O,y (Lemma 2.71) and is the kernel of 7777#20).
Therefore n(0) is the kernel of 7, ¢ = 7]777%(0) 0 dn(0).ditispec ¢ © I, and the following

sequence is exact:

inclusion C in.C

0 — n(0) inc(C) — 0.

Since

id@i,,_c

0 gjo ® ,’7<0> idRinclusion 950 & C 950 ® 7,/7770(0) 0

is exact and F° ® n(0) is a prime E-ideal, F° ® 4, (C) is an integral domain.
Since the a; € i, c(C) were chosen to be E-F-generators of F((n,n*)), the
quotient field of ¢, «(C) is F((n, n*)). Because F° & F((n, n*)) is contained in
the quotient field of the integral domain F° ®1, o(C), the ring F2@F((n, n?))
is an integral domain and thus does not have zero divisors. Proposition 3.160

implies F{((n. n)) is a regular extension of F. O

Lemma 3.167 Let (X, Ox) and (Y, Oy ) be two E-F-schemes of E-F-finite
type, and let their product (Z,0z) be their product ( Proposition 2.81). Then

the projection mwy : Z — Y is an open map.

Proof: To show 7y is open it is cnough to show it is open when restricted
to each element of a cover of Z. Since (X, Ox) and (Y, Oy) are E-F-schemcs
of E-F-finite type, X and Y have covers of the form {diffspec R;};c; and

{diffspec S;};e; where I?; and S; are E-F-algebras finitely E-generated over
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F. Therefore {diffspec ; x diffspec .S, }icrjes is a cover of X x V', and it is
sufficient to prove that for each (7, 7) the projection diffspec R; x diffspec S; —
diffspec S, is open.

For a fixed (i.j), let R = R;, S = S; and 7 : diffspec R x diffspec S —
diffspec S be the projection. Since {diffspec (R & S)s}renss an open basis
of diffspec R x diffspec S = diffspec (R ® S), the proof will be completed by
showing that 7 (diffspec (R S);) C diffspec S is open for all f € R® .S (]19,
Proposition 3.5, page 76]).

Let f € R® S, and write f = % «p ® fi with o € R and f € S such
that the aj are linearly independent over &F. It will now be shown that the
projection

m(diffspec (R ® S) ) = U diffspec Sy,

k=1,...,t

and, therefore, w(diffspec (R @ S)y) is open. Suppose B € w(ditfspec (R ®
S)y) C diffspec S, and let Q € diffspec (R ® S) s such that 7(Q) = PB. Then
ig" (Q) = P where ig : S — R ® S is the injective E-F-homomorphism that
defines 7. Then, since [ ¢ Q D ig(P) = RRP, at least one fi ¢ P = 7(Q).
Therefore, B € diffspec Sy, for some f.

On the other hand, suppose P < U diffspec Sy,. One may assume

fisooos fr &P for some r > 1 and f, € P for k > r. By Lemma 3.161, there
exist prime components L, ..., Q,of §RP in G R such that S QP =

9:N...NQ,. Let ¢ : R — R/P be the canonical E-F-homomorphism. Since

0 B R 25 R/P —— 0
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is exact,

GuP —— GO R % G (R/P) - 0
is exact. Assume f € Q; foreachi=1,....s5. Then f € § & P. Therefore

0= (id® o) ([f) = Zi=

since @(fr) = 0 for k > r. This rclation is impossible because ¢(fx) # 0 for
1 < k <r and the o; ® 1 are linearly independent over 1 ® (R/9) since the
«; are linearly independent over . Thus f is not contained in one of the ;.
If 9, is a component such that f ¢ Q,, then 9, € diffspec (G ® R);, and
P = 7(Q;) € w(diffspec (G ® R);). O

Proposition 3.168 Let (X,0x) an E-F-scheme of E-F-finite type. and let

the E-F-field F° be an algebraic closure of F. Then the projection
(XIJT- OXH@) - (dlﬁ%pﬁ‘( 370: Odiffspec ffo) X (diffspec F,Oigrspec F ) (‘Xy O){) - (‘Y OX)
is closed.

Proof: It must be shown that the projection Xgo — X on the underlying
topological space is closed. Since (X, Ox) an E-F-scheme of E-F-finite type,
there is a finite cover of the form {diffspec R;};c; where each R; is an FE-
F-algebra finitely E-generated over F. Therefore {diffspec (F° @ R;)}ics
covers the product. Thus it is cnough to show that the projection (p, p*) :

diffspec (F° 2 R) — diffspec R is closed for any E-F-algebra R that is finitely
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E-generated over F. Note that (p,p”) is induced by the inclusion i : R —
F° @ IR (Proposition 2.65).

Each closed subset of diffspec (F° @ R) is of the form V() for some
radical E-idcal R € F° ® R ([19, Corollary 2.8, page 74]). Lemma 3.161

implies R is the intersection of a finite number of prime E-ideals Q. ..., 9,
of G R. For j=1,...,s let B, =i (Q;). Each PR, is a prime E-ideal of

R, and i7'(R) = i_l(ﬂ Q) = ﬂi_l(ﬂj) = ﬂ%j.

J J J
That p(V(R)) is closed is implied by the following:
Claim 3.169 p(V(R)) = V(i '(R))).

To prove the claim, let Q € V(R). Then Q 2O R, and p(Q) =i '(Q) D
i (MR). Therefore, p(Q) € V("1 (R))).

Let P € V(i ' (MR)). Since P D i '(R) = ﬂ‘BJ and P is a prime
ideal, P O P, for some d, 1 < d < s ([1, Proposit;on 1.11. page 8]). Then
Fo P DO F P, Let P C F° ® R be a prime component of F° & P so
that P’ N (1 @ R) =P by Lemma 3.161. Then

PoXeP2KePa= [ L
=1,
where the £/ are the prime components of 3° ® Py in F° @ R. Again by ([1,
Proposition 1.11, page 8]), B’ D Q/ for some ¢, 1 < e < 7.

Since ;N (1 ® R) = 1 ® Py, by Corollary 3.163 part 2, £, is a prime

component of F° @ P, and, thus, is one of the 7. By the same corollary,

there exists ~ an element of the pro-finite Galois group of F° over F such
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that vQ! = Q. Let P” = P’. Then
P =P 299, =9,D ﬂﬂj = R.
J
Therefore, P’ € V(R) and p(P”) = P. This establishes the claim. O

Proposition 3.170 Let (X,0x) and (Y,0y) be two E-F-schemes of E-
F-finite type, and let (f, [7) : (Y. Ov) — (X,0Ox) be a morphism of E-TF-
schemes. Suppose (Y,0y) is geometrically connected and non-empty, and

(X, Ox) is connected. Then (X, Ox) is geometrically connected.

Proof: Let F° be an algebraic closure of F with its induced E-structure.
Let (fgo, fsﬁ) : (Yoo, 0y,,) — (Xgo,Ox,.) be the morphism of E-F°-schemes
induced from (f, f#) by extending the base by (diffspec F°, Ouipoc ) —
(diffspec F. Oqiprpec ). Let (¢, q%) + (Yoo, O0v,0) — (Y, 0y ) and (p.p#) :

(X0, Ox,.) — (X, 0x) be the projections.

foo f1, o
(KTOT O}jv) <—ll) (Xg:o, OX:;o) - (d]ﬁspe(‘, 9507 Odiﬂ'spec LTQ)

(2:97) l (p-p¥) l l

#
(Y7 OY) m ()(1 OX) I (diffspec 357 Odiffspec 9’")

The continuous maps on the underlying spaces p : X9 — X and ¢ :
Y5 — Y are open by Lemma 3.167 and closed by Proposition 3.168. To prove

(X, Ox) is geometrically connected is suffices to show that (Xgo. Ox,,) is
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connected, i.e. Xgo is connected. Assume Xgo = U3 UUs where Uy, Uy € Xgo
are non-empty disjoint open and closed subsets. For i = 1.2, p(U;) C X is
non-empty, open and closed, and p(U;) = X because X is connected. Since
Y is non-empty, so are V; = f5(U;) € Yao for i = 1, 2 because p is surjective
(Lemma 3.164). Since Yo is connected and Vi and V, are non-empty, open
and closed subsets, Yo = V) = V5. But then U = foo (V) = foe (V) = Us,

which is contrary to the assumption. O

Corollary 3.171 Let (X,0x) be a connected E-F-scheme of E-F-finite
type with an F-rational point (¢, C*) : (diffspec F, Ogitspec ) — (X, Ox).

Then (X,Ox) is geometrically connected.

Proof: In the proposition, take (Y, Oy) = (diffspec F. Ogitspec &) and (f. f#) =
(¢. (7). Clearly diffspec F is non-empty. Observe that diffspec F is geome-

trically connected because (diffspec G, Ogifispec g) =
(diffspec F. Odiﬁ‘spec ?) X (diffspec F,Oqitspec 7 ) (diffSpe(; 9‘, O(liffsp(;(; 9)

for all E-fields G containing F and diffspec G is connected since it has only

one point. L]

Corollary 3.172 The connected component of an E-F-group scheme is ge-

ometrically connected.

Proof: In the last corollary, take the F-rational point to be the E-F-morphism

(id.id*) . O
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Lemma 3.173 Let X and X' be two topological spaces, and let f: X' — X
be an open surjective continuous map such that f~'(x) is connected (resp.
irreducible) for all x € X. Then for X' to be connected (vesp. irreducible)

it is necessary and sufficient for X to be connected (vesp. irreducible).

Proof: ([12, Lemma 4.4.2, page 59]) Assume X’ is connected. Let X =
U; U Uy where U; and U, are two disjoint open subsets of X. Because f is
continuous, f~'(U;) and f~'(U:) are two disjoint open subsets of X', and
X' = fY(U1) U f1(Us). Since X' is connected, either f~1(Uy) or f1(Us)
is empty. Since f is surjective, either U; or Uy is empty. Therefore X is
connected.

Assume X is connected. Let X' = U; U U, where U; and U, are two
disjoint open subsets of X’. For each z € X, the subset f'(x) of X’ with
the induced topology is the disjoint union of the two open subsets f~!(x)NU;
and f~'(x) N U,. One of these must be empty because f~'(z) is assumed to
be connected. Therefore either f~'(x) C Uy or f~'(a) C Us. and f(U;) and
f(Uy) are disjoint. Because f is a surjective open map. X = f(U) U f(Us)
is the disjoint union of two open sets. Since X is connected, either f(U;) or
f(Us) is empty. Again by the surjectivity of f, either Uy or U is empty, and
X’ is connected.

Agsume X' is irreducible. Since f is surjective, X = f(X’). Then X
is irreducible because the closure of image of an irreducible closed set is

irreducible (Lemma 1.7).
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Assume X is irreducible. Let VY and VJ be two closed sets of X' such
that V/UV) = X' Let Vi={z e X | f~Hx) CV/} fori=1,2. Fori=1,2,
Vi =X — f(X'—V/) is closed because X' —V/ and f(X’'—V/) are open. For
all v € X, f~Yux) is irreducible by hypothesis and is the union of the closed
sets f~'(x)N V) and f~'(x) NVj. Since one of these closed sets must equal
f ), r e Viorur e Vy that is X = VUV, As X was assumed to be

irreducible, X = Vj or X = V,, and X' =V or X' = Vj. O

Proposition 3.174 Let F be an algebraically closed E-field, and let G be
an E-field extension of F. Let (X,Ox) be an E-F-scheme of finite E-type.
Then, (X,0x) is connected (resp. irreducible) if and only if (Xg,Ox,) is

connected (resp. irreducible).

Proof: The proof is an application of Lemma 3.173 to the map 7 where
(r.7%) : (Xg. Ox,) — (X, Ox) is the projection. The map 7 is surjective by
Lemma 3.164 and open by Lemma 3.167. Since 7' () irreducible implies
that it is also connected (Lemma 3.158), it is sufficient to show that the
fiber 7 !(x) is irreducible for all € X. Since clearly § is regular over
the algebraically closed field F, Lemma 3.164 implies 7' (z) consists of one

element, and, therefore, is irreducible. d

Proposition 3.175 Let (Z,0z) be an E-F-group scheme. Then Z° is geo-

metrically irreducible.

Proof: Let V be an E-universal extension of &, and let F° be the algebraic

closure of F in V. Since, by definition, (Z°, O z.) is connected and the identity
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is an F-rational point of (Z°,0z0), Corollary 3.171 implies ((Z°)g, O(zoy,.)
is connected. By Proposition 3.174, ((Z°)v, O(zey,,) is connected.

Let (m.77) : (Zv.O4,) — (Z,0z) be the projection. Since the image of
a connected set under a continuous map is connected, 7{((Zv)?) is connected.
Because 7((Zy)°) contains id(0), 7#((Zy)°) € Z°. Since 7 HZ°) = (Z°)v,
(Zv)® C 7" (Z°) = (Z°)v. Because (Zy)° is the largest connected subset of
Zy containing idv(0), (Zv)° = (Z°)v.

Since the E-V-scheme (Zv, Oy, ) is clearly of finite E-V-type, Zy is an
NG-space (Proposition 2.80). Therefore, Zv is the union of a finite number
of closed irreducible closed sets Vi, ..., V, (Proposition 1.14). Assume there
exist ¢ # j such that V; NV is non-empty. Let z € V; NV}, and let y € V;
such that y ¢ V3 for k # i. Since V is E-universal over &, Corollary 2.89 may
be used to conclude that there exist two V-valued points ¢, = (4., %), 1, =
(v, 7)) € Z(V) such that ¢.(0) = z and ¢,(0) = y. Let ( = ((.(7) =

7)

('l%/‘z-, 1/’5 / #)71

(), 7 The morphism L, : (Z,0z) — (Z.0z) maps y to z
and induces an E-F-isomorphism of stalks Oy =~ O, ).

Since the minimal prime E-ideals of Oy and O, correspond bijectively
to the maximal closed irreducible subsets of Zy containing z and y, O has
at least two minimal prime E-ideals, and Oy has only one. This is impos-
sible because O, ~ O,y by Remark 3.155. Therefore, all the irreducible
closed components of Zy arc disjoint and arc the connected componecnts

(Lemma 3.158). In particular, the connected component (Zy)° containing the

image of the identity is also irreducible. Since (Zv)° = (Z°)y = ((Z°)g0)v,
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Proposition 3.174 implies (Z°)go is irreducible. O

Proposition 3.176 Let (Z,0z) be an E-F-group scheme. Then Z° is ir-
reducible. Let (o, 0%) be an F-generic V-valued point of (Z°,Oz.), where
Oz is the restriction of Oz to Z°. Then F((¢,0%)) is a reqular evtension

of F.

Proof: By Proposition 3.175, Z° is geometrically irreducible, i.e. (Z°)g is
irreducible. By Lemma 3.164, the projection of (Z°)g. to Z° is surjective.
Since the image of an irreducible set is irreducible, Z° is also irreducible. The

result then follows from Proposition 3.166. UJ

This result will be used in the next section to verify DAGS3 in the defini-
tion of an E-F-group.
3.3 The Differential Algebraic Group Associated to an

E-F-Group Scheme

Since, by  Definition  2.78, every E-F-scheme is an E-schcme over
(diffspec F, Ouigrspec 37, O0ne may apply the functor of V-valued points to E-
F-schemes to obtain a pre E-F-set (Theorem 2.126). If the E-F-scheme is a
group object in the category of E-F-schemes, the pre E-F-set thus obtained is
in fact an E-F-group, as the following theorem shows. Examples of E-groups

are obtained as corollaries. The remainder of this section constitutes a proof

of Theorem 3.177.
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Theorem 3.177 If (Z.0z) is an E-F-group scheme of E-F-finite type,
G = Z(V) is an E-F-group.

Corollary 3.178 If (Z.0z) is an F-group scheme of F-finite type. G =

Z(V) is a F-group (an E-F-group with E empty).

Definition 3.179 Let (Z,0z) be the Q-group scheme GLE(n) (Sce the
paragraph before Definition 3.156 for the definition of types of group schemes.).
The E-Q-group Z(V) is denoted by GLg(n) or GL®(n). If n =1, GL"®(n)
is called GE. The E-Q-groups GE(V) and W¥(V) are denoted by GE and

WE respectively.

Kolchin in [25] uses the E-groups GLE(n), GE

1)

and GE without defining
them precisely [25, page 28-29]. However, it is clear that he means the E-
groups of the above definition.

The set G = Hom((diffspec V, Qaiispec v), (£, O)) is clearly a group be-
causc (7, Oz) is a group object in the category of E-F-schemes ([27, Proposi-
tion 1, page 75|). By Theorem 2.126, (7 is a pre E-F-set, and the application
of the functor of V-valued points to the maps defining group law and the
inverse on (Z,0z) yields pre E-F-maps. Because the functor of V-valued
points preserves limits ([27, Theorem 1, page 112]), (Z x Z)(V) is the prod-
uct Z(V) x Z(V) = G x G in pre E-F-sets. That G(V) is an E-F-group will
be verified by checking that each axiom of an E-F-group (Definition 4.2) is

satisfied.
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Abbreviate the V-valued point (£,£%) € Z(V). the stalk Oy ¢y. the in-
duced local E-F-homomorphism f?ég) and the residue field F((&, £7)) by &,
Oe, {Z? and F(&), respectively.

DAG1a. Ity w0 € G, (21, 12) € G X G with F((u). 10)) = Flue)F(as) by
Proposition 2.102 or [25. Theorem 2, page 99]. Denote mult(wq, x2) by zqxs.
Because mult(V) is a pre E-F-mapping (Definition 2.57). property (b) of the
definition of pre E-F-mapping implies F{a122) C F((z1, x2)) = F(z1)F(xs).

DAG1b. The pre E-F-morphism (mult o (inv x idg))(V) (where idg is the
identity E-F-scheme morphism of G to itself) maps (x1,xs) to 7 'xs. By the
same reasoning as in the proof of DAGIa., F(xy txe) C F(z1)F(xs).

DAG2a. If xq, 22,27, 25 € G, 11 < ), T2 <> x5, and Syt 2, Sef 0, are
compatible, (2, 22) — (2], 2%) in G x G by Lemma 2.123 or [25, Proposition
6, page 100]. Since mult(V) is a pre E-F-mapping, @20 — a2, by part 3 of
Definition 2.56 of a pre E-F-mapping.

If in addition 2170 < xizf and if A is an E-F-homomorphism of finitely
E-generated E-overrings D and D’ of F in V such that h, St eys Suty v ATE
compatible, it will now be shown h and Sy, 21,: are also compatible. By

definition of compatibility, there exist an E-F-homomorphism
@ F{DUF(z1) UF(xa)}p — F{D UF(z}) UF(ah)}k
extending h, Sy o, and Sy ... Let K be the kernel of ¢, and let

7 (F{DUF (z1) UTF(a2) }p)xr — QF(F{D" U F(az}) UF(zh)}w)
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be the extension of ¢ to the localization of F{D U F(x1) U F(xs)}r at the
prime E-ideal K onto the quotient field QF(F{D" U F(z|) U F(a})}r) of
FID UFh) UFah) .

Since @ restricted to both F(zy) and F(xe) arc E-F-isomorphisms, no
non-zero element of either F(x;) and F(x,) is in the kernel of 7. Therefore,
F(ry) and Flas) are contained in (F{DUF(x;) UF(w2)}r)n. Also note that
F{Flx1) U Flaadte = Flen|[F(a)]: thus, F(z)[Flxa)] C
(F{D U F(z1) UF(z2) }u) i

The verification of DAG2a will be completed by first showing that F(xz;129)
C (F{D U F(x1) UF(xa)}r)k and then by showing P restricted to F(zixs)
equals Sy 41 z12,- Since P is also an extension of A, P restricts to F{D U
F(rywg) bz, which implies A and Sy 41 40, are compatible and completes the
proof of axiom DAG2a.

The following commuting diagram will be shown to be commutative.

Diagram 3.180

F o) [F(rs)] —~ Flay) - Flos) —=—  Floa)

; #£
mio((z1)#, & (x2)%, (@)l . (@)}, .,
L #
mao(ply waly) G )
02, 02y, ———— O —— Oy

[ i(-l¢1-,-"2)-,(w/1yw/2) [

m"zo(pfz QOqTZ) mult?;,rn,z)
# ! \FF PESWAN #
mSO((W’l)m/l ®(‘E{Z),z/z (1 ‘(l/(z)(:"/lv“"z) (5”/15'7/2)(”/1‘,‘;(2)

FpFas)]  ——  Fa) F@h) ——  Flahap)
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Since xq <« 2| , xo — 24 and 229 — {2 in G. then 2,(0) = 2/(0),
22(0) = 24(0) and (x122)(0) = (2425)(0) by Corollary 2.95. Consequently,
0., = 0., 0., = 0,y and Oy, = Opr4,. This establishes the two equalities
in the diagram.

Since (@, x2) — (2], 2%) in G x G, by applying Lemma 2.73 to mult and

the two projections p. g : Z X Z — Z, the following three diagrams commute.

Diagram 3.181

mu]t% X

(g a2)
P
O(Tl,mz) Oz 124

/l\j(:clufz)«(,r%,.r./z) ”T

This is the square in the middle right of Diagram 3.184.

Diagram 3.182

Diagram 3.183

O —_— O(:Tﬁ]g}"g)

HT T’:m-«rz»(z’l,z’z)

Oz, —— Oap.ay)
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The square in the middle left of Diagram 3.184 commutes because both
the horizontal homomorphisms in the last two diagrams extend to O, ©0,, =
0., 2 O,. The top right square commutes because local homomorphisms
pass to the residuce field as described before Lemma 2.114 and F{(x). 29)) =
Flay)-Flas) (Proposition 2.102). The proof of the commutivity of the bottom
right square is similar.

The top left square commutes because the following diagram commutes

Diagram 3.184

Fr1) @ Fws) —2% F(ar,22)) @ F(21,72)) —— F((21,2))

T(ml)ﬁ@(m)ﬁ TT (mwz)il,;,:zﬁ

pﬁl ®qu2 - mo

O\z'l & orzrg E— O(l’l,.’tz) %Y O(:L'l,;cz) E— O(JITL,JI‘Q)
and the image of my is Flx1)[F(xse)], where m; and mso arc the homomor-
phisms defining the ring multiplication, the middle map is T =

z oy 4 . . -
(:1']..'1:2)(??‘”7,2) @ (21, .I‘Q)E;hmz), and iy : F(xy) — F((1,22)) and iy : Flag) —
F{(x1.r2)) are the inclusions. The bottom left square commutes for the same
reason.

Let a € F((z1x2)). To show a € (F{D U F(z1) UF(x2)}r)x, refer to

Diagram 3.184 and choose o’ € Oy, = Oy, such that (xlajg)ilm)(a’) = .

Let o = multt,, o
142

)(o/) S O(T&-»‘fé)' By the second statement in Proposition

2.102, there exist 4,7 € O,y ® O, such that
(my o (pf, 2 af))(@) = B8" . (mao (pf ©q7))(0) ="

!
1
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are elements of O .1y, 7" & Pay oy (the maximal prime E-ideal of O 1)),
and o = 3"/7" € Oy o). By Lemma 2.72, i, 1) (000 (V) & Prayaw) (the
maximal prime E-ideal of O, 4,)).

The map (m] o ((1/1)3%1 ® (T’Q)fZ)) o (mq o ((a)7 @ (x2)7,)) " down the
right hand side of Diagram 3.184 is clearly ¢ because they are equal when
restricted to F(ay) and F(xs). Let K' C Oy ®0,, = O,, ©0,, be the inverse
image of K C F(x1)[F(z2)] under the E-homomorphism my o ((z1)?, @ (x2)7))
in the upper left square of Diagram  3.184. Then
(mf} o ((z’l)f,l ® (x’Q)fZ))(JC’) = 0 since p(X) = 0. Because the lower left

square of Diagram 3.184 commutes (my o (pi% ® qu))(K') C P, There-
1

a%):

fore, since 7" & Pzt 21,
A/// ¢ (m2 o (p;fé,1 (039) qﬁz))(f(’).

By the commutivity of the middle left square and the upper left squares,
v = (myo((x)F @ (e2)EN) ¢ K C Fa)[F(aa)]. Let 3 = (myo((0)¥ @
(22)7))(5'). Then o = 3/, and this implies o € (F{DUF (1) UF(22) }r) k.

It remains to show that @ restricted to F(z12)e is Siis 00y- By the last
result, any o € F(r122) € F(x1)g - F(w2)r may be written as the quotient
G/ with 8,7 € F(z1)p[F(x2)r] such that v ¢ K. Referring to Diagram

3.184, since m, o ((ml)ﬁ ® (Lz)i)

Ouy @ Oy = Op, © Opy — F(1) @ F() — F(w1)[F(2)]
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and (xq2 >) D Ouray, = Ogyay — F(x1x9) are surjective, one may choose

(wrmwa) ° @

B'.7" € 0, @ Oy and a’ € Oy 4y such that
(1 0 (w1)2 & (22)5))(8) =

(i o ((331)9#1 ® (xz)fi))(v’) =~ and
(zra2)E () = a = 5/

Let 3" = (myo ((p)F @ (25)7))(F) € Oty apy. V" = (mho (@), @ (@),))(V) €
O} ay) and o = (multﬁ,ﬂé))(a’) € Oy, 0r)- By the commutitivity of Dia-

gram 3.184,

(@1, 22) 5, ) (2, (2,0 (87 — @) = B —ay = 0.

Since the maximal E-ideal Py 2p) C O(ay ap) 18 the kernel of i, 1) (21 ut)s
Uar.oo)o oy (37— a”"%") € Py any- Because, by Lemma 2.72, P 0y 2
(2’<;,,LHL,,‘_)):(;H/],w_/z))_‘(‘Bm_m?)), it follows that 8" — a”+” € P .. Then
(2. J’Z)TFI,] ‘wé>(,[3// a’~y ”) = 0 since Py o) is the kernel of (2. l;)(#l/] )

Let o = (14.0%)7, (@), 57 = (212 ;)ﬁ wy(37) and 2=
(731,372)(36 $/)(7”) Then, ,d”’ ao'~"" = 0. That the three elements o/, 5" and
~"" independent of the choices above of o/, 3’ and ' maybe deduced from the
commutitivity of Diagram 3.184 and the fact that
Bt ay) 2 (ar,zo),@)ey)” (Blorwsy) (Lemma 2.72).

As previously explained,
o= (mh o ()% @ (@)))) o (my o ((e1)F, ® (e2)2)”"
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is  the left hand column of Diagram 3.184, and, similarly,

EEROWINAN e N -1 e . .. :
Sutvaraares = (105) 70 0 0 ((@122){, ,,)) 7" is the right hand column. Again

by the commutivity of this diagram, 3”7 = @(3). v = @(v) and o =

Sty aty s (). Since v & K, " # 0, and

Sorrarnairs (@) = 0" = B" /7" = o(B) /(1) = F(5/7) = Bla).

Therefore, @ restricted to F(x122) is Soar 212

DAG2b. Let x1,z2, 2, ), be elements of G such that 1 — 2} and 2, —
xh. By [25, Lemma 1(b), page 32|, there exist elements z7,z5 € G such
that ] < @1, x5 < @g, 2] and z3 are algebraically disjoint, and S, .3 and
Sy are compatible. Then x7 — @) and 25 — 23 by transitivity, and
(7. 2%) — (2. 2%) in G x G by Proposition 2.125. Because mult(V) is a pre
E-F-mapping, rjx; — iz, When in addition wjul < 2faf, and a5 < b,
because (mult X ide) o (idg x A) (A 1 G x G — G is the diagonal pre

E-F-mapping)

id(;XA

multxide;
GxG S5 GxGEx@ —/5% dx G

is a pre E-F-mapping, (z].23) — (2}, 2%) implies (232}, 25) — (2)ah, 2%)
because of part 3 in definition of a pre E-F mapping (Definition 2.56 3).
Lemma 2.123 implies S,/ o+.x and S,/ .» are compatible.

125172 202

DAGZ2c. Since invy is a pre E-F-map, if x, <> xf, then , by [25, part ¢ of

Proposition 1, page 33] 27" — 27", F(r1) = F(z7") and Sy ., = St gt
Then apply DAGZ2a.
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DAG2d. By first part of the proof DAG2b, there exist elements a7, 23 €
G such that 27 « @y, 25 < xo, 27 and z} are algebraically disjoint, and
(7. 23) — (2f.24). Then 27 ‘23 — 2} '2) because mult o (inv x ideg) is a

pre E-map (Definition 2.56 3).
DAG?3. This is Proposition 3.176.
3.4 The Differential Group Associated to an E-Strongly
Normal Extension
In this section and the next, F will denote an (E, A)-field, U an (E, A)-field
that is (E, A)-universal over F, and € the A-constants of F. Then X = U*

may be considered as an E-field. As such, it is E-universal over G, considered

as an E-field. The (E, A)-field § € U will contain F.

Definition 3.185 An E-strongly normal extension G of the (£, A)-field F
is a finitely (E.A)-generated extension G of F such that every (F,A)-F-

isomorphism of G is E-strong (Definition 2.128 ).

Remark 3.186 If G over F is E-strongly normal, it is not necessarily a
strongly normal extension for A because G over F might not be finitely A-
generated. A strongly normal extension for (E,A) is an E-strongly normal

extension if each (E, A)-isomorphism leaves invariant not only every element

of G2 but also those of G>.

Let G = Isomg’A(S, U). In this scction, it will be shown that, if G is an

E-strongly normal extension of F, then GG has the structurc of an E-C-group
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(Theorem 3.197). Also, in this paper, a strongly normal extension (in the
sense of Kolchin [24, p.393]) for a finite set T' of commuting derivations will
refer to a finitely I'-generated I'-field extension G over JF such that every

[-isomorphism of G over F is strong (in the sensc of Kolchin) for T

Proposition 3.187 If G is an E-strongly normal extension of F. then F

and G have the same field of A-constants.

Proof: By Definition 2.128 St1, the A-constants in § are invariant under
every isomorphism of G over F. Since any element of G fixed by all E-
F-isomorphisms of G is in F (Proposition 1.53), the A-constants of G are

contained in J. |

Proposition 3.188 Let G be a finitely (E,A)-generated extension of F
having the same field of A-constants as F. Let oy...0, be (E.A)-F-
isomorphisms of G such that every (E, A)-F-isomorphism of G is an (E,A)-
G-specialization of one of these. If 0,9 C qua for all k., (1 < k <), then

G is E-strongly normal over F.

Proof: Let o be any (E, A)-F-isomorphism of G. Since §= = F2, o fixes G2.
By considering o as a A-homomorphism and the remark after [24, Proposi-
tion 6, page 390], 0G C GU* since ;G C GUA.

To prove that o is E-strong, it remains to show § C ¢GU?. Following
the technique of the proof in [24, Proposition 10, page 393], one may show
that the (F, A)-F-isomorphism o' : 0§ ~ G can be extended to an (E, A)-

F-isomorphism ¢ of Go§ by Proposition 1.52. The restriction of ¢ to G is an
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(E, A)-F-isomorphism 7 of G over F. Thus, ¢ : GoG ~ 75 - G is an (E, A)-
F-isomorphism, G = 75, ©(0G) = G, and ¢(G2{(s)) = G=(7r). By the
final result of the last paragraph, 7§ € GG2(7). Therefore § = p~'(7G) C

e NG5 1)) = ¢1G- o H(GM 1)) = 0G5 - G2 (o) C oGU~. O

Corollary 3.189 Let G and Gy be extensions of F such that §1Go has the
same field of A-constants as F. If G1 and G are E-strongly normal over

F, then so is G19s.

Proof:  Obviously GG, is a finitely (E, A)-generated extension of F. If
o is any isomorphism of §1G; over F, then the restriction o; of ¢ to G;
is an E-strong (E, A)-isomorphism of §; so that 0(G192) = 0191 - 029, C
G, U™ - GLUS = (51G2) - UA. It follows by Proposition 3.188 that G,G, is an

E-strongly normal extension of F. O

The following proposition shows why G is a group.

Proposition 3.190 Let G be any A-field in U. Fach E-strong (E,A)-
isomorphism of G can be extended to a unique (E, A)—automorphism of GUA
over UD. Conversely, the restriction to G of each (E, A)—automorphism of

GUA over U2 is a E-strong (E, A)-isomorphism of G.
Proof: By [24, Corollary 1, page 87}, G and U* are linearly disjoint over 2.

Also, if o is any E-strong (E, A)-isomorphism of § (Definition 2.128), then

0§ and U are also linearly disjoint over G2. Therefore o can be extended
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to a unique (E, A)-isomorphism s : GUS ~ ¢G- U over U, Because o is E-
strong (B, A)-isomorphism, oGUA = GUA, and s is an (E, A)-automorphism

of GUA over UA. The converse is clear. OJ

This proposition canonically identifies the sct of all E-strong (E,A)-
isomorphisms of § with the set of all (E, A)-automorphisms of GUS over
UA. Because the set of all (E, A)-automorphisms of GU2 over U2 has a
natural group structure, this identification induces a group structure on the
set of all E-strong (E, A)-isomorphisms of §. If F is an (E, A)-subfield of G,
the set of all E-strong (E, A)-isomorphisms of § over & can be canonically
identified with the group G of all (E, A)-automorphisms of GUA over FUA,
which is a subgroup of the group of all (E, A)-automorphisms of U2 over
u=.

Recall the definitions of the E-type, E-dimension and typical E-dimension
of a pre E-set in [25, page 31]. If J{ over F (considered as an E-field) is E-
extension that is finitely E-generated by p = (p1....,pn), w,/s will denote

the E-transcendence polynomial of p over F ([24. page 117]).

Proposition 3.191 Let G be an E-strongly normal extension of F, and let
C denote the field of A-constants of F. For every isomorphism o of G
over F, define Clo) = (GoG)>. Then C(c), as an E-field extension of C,
1s finitely E-generated over €. Moreover, G is finitely F-generated over F,
and, for every isolated isomorphism o of G over F, the E-type (resp. E-

dimension, typical E-dimension) of C{o) over € is cqual to the E-type (resp.
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E-dimension, typical E-dimension) of G over F.

Proof: That €{o) is a finitely E-generated field extension of € for every
isomorphism o of § over F is Proposition 2.130. To show § is finitely E-
generated over ¥, let o be an isolated (E, A)-isomorphism of G over & that
specializes to the identity isomorphism. By [24, Corollary (b), page 388],
o leaves fixed the algebraic closure F° of Fin G. Let n = (m,...,7)
be a family of (E, A)-generators of § over F, i.e. § = F(mra, and let
&= (&,.-.,& ) be a family of E-generators of (o) over C, i.e. C(o) = C({)x.
Since G(omrar = G039 = GC(o) = G(¢)r A, each coordinate of & is in the
E-field generated over G by a finite number of A-derivatives of on. Denote
the set A-derivatives of on by ¥ = (v;....,9,). Then ¥ E-generates G0

over G.
Claim 3.192 F°(J)r = 0§

Proof: By the definition of ¥, F°(9)g C 0G. Let o € 0G. Then a €
GoG = S{on)pa = G- F(Mg. If (Yi)ier is a basis for F° () over F°,
a = (X gi7i)/ (X gjv;), with g; and g} in G and not all the g} are 0. Therefore,
¥ gi(vja) — Z givi = 0, and the family (v;a, ;) of elements of 0§ is linearly
dependent over G. Since o is isolated, ¢G and G are algebraically disjoint
over F (Corollary 1.48). A fortiori, they are also algebraically disjoint over
F°. Since G is regular over F°, 0§ and G are linearly disjoint over F° ([26,
Theorem 3, page 57]). By this disjointness, the family (4o, ;) is linearly

dependent over F°. So there exists f; and f! elements of F°, not all 0, such
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that £ fi(y;00) = X fin; = 0. Because the ~; are linearly independent over

F°. 2 fir; # 0. Therefore a = (X fivi)/(Z fiv;) € F°W). O

Since the E-field ¢§ = F°(WJ)g is finitely E-generated over F°, § =
F° (o) (as E-fields) is also finitely E-generated over F°. Because any in-
termediate extension of a finitely E-generated extension is finitely E-generated
[24, Chapter 2, Proposition 14, p. 112], it follows that F° is finitely (E, A)-
generated over &, and, hence, also finitely E-generated over F (because F° is
algebraic). Thus G is finitely E-generated over J.
Then
Wo—ly/F = Wy/F = Wy/g
since the first equality would be true for any E-F-isomorphism o ([24. page
387]) and the second equality holds by [24, Comment on page 117] because

0§ and G are algebraically disjoint over &F (Corollary 1.48). Also,

We/g = Weye

and

becausce § and C(o) arc linearly disjoint over € [24, Corollary 1.page 87]
[24, Comment on page 117]. Because ¥ and £ both E-generate o9 over
G, the E-birational invariants (E-type, E-dimension, typical E-dimension) of
wy/g and weyg are equal ([24, page 118] or [25. page 7]). By utilizing the
above equalities, the E-birational invariants of ws-19,g and w¢,e are also the
same. Thus the E-type (resp. E-dimension, typical E-dimension) of C{o)
over C is equal to the E-typc (resp. E-dimension, typical E-dimension) of G

over F. O

149

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The following two propositions and corollary will be used to show that GG

satisfies the axioms of an E-F-group in Theorem 3.197.

Proposition 3.193 Let o and 7 be two E-strong (¥, A)-isomorphisms of
G. Then G~(0)G>(o7) = G20)G2(r) = GG (1), and G (o) =
G2 (o) as E-fields.

Proof: By considering the fields in the statement of the proposition as just
A-fields, and o and 7 as just strong A-isomorphisms, Kolchin’s result [24,
Proposition 5, p. 390] may be applied to obtain these equalities as fields in

U. Because they are also E-fields, theyv are equal as E-fields. U

Proposition 3.194 Let o,0', 7,7 be E-strong (K, A)-isomorphisms of G.

1. If (o', 7) is a specialization of (o,7) then (o/'~', 0’17} is a specializa-

tion of (o= o7 7).

2. Suppose that o' and 7 are generic specializations of o and 1. re-
spectively. If (o', 7') is a specialization of (o, 7). then the induced E-
isomorphisms G2{(c) =~ G2{(c") and G2(7) ~ G2(1') are compatible,

and conversely.

’

3. Suppose that o' and 7' are generic specializations of o and T, re-
spectively, let h : D — D’ be an E-homomorphism between subrings
of UA. If h and the induced E-isomorphisms G2(o) ~ G2{(o’) and

1

G2 {7y &~ G={(7') arc compatible, then o'~ is a generic specialization of
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1 1.

oY and o1 is a specialization of ot

T when the latter specializa-
tion is generic. then h and the induced E-isornorphisms G2{(o™') ~

G2 (0" and G2 (o7l7r) ~ G2 (o' 7! are compatible.

Proof: Since 0. ¢, 7 and 7" are E-strong (E, A)-isomorphismes, it follows from
Kolchin’s corresponding result [24, Proposition 8(a), page 391] for strong A-
isomorphisms, that (¢'7!.0'7'7) is a specialization of (¢7!,0717) over G.
This remains a specialization over § when o.0’,7 and 7/ are considered as
(E, A)-isomorphisms by [24, Lemma 1, page 385].

Part 2 is proved a manner similar to that of part 1: (o/, 7’) is a specializa-
tion of (o, 7), when o, ¢, 7 and 7" are considered as strong A-isomorphisms if
and only if the induced isomorphisms considered as non-differential isomor-
phisms are compatible. The result then follows when o, ¢/, 7 and 7/ are again
considered as (L, A)-isomorphisms.

Part 3 follows from the same considerations as in the previous part. O

1

Corollary 3.195 1. If o' is a specialization of o. then o'~ is a special-

ization of o L.

When the former specialization is generic, then so is the
latter, and the induced isomorphisms G~ (o) ~ G2{(c') and G*(o™') ~

G2 (0’71) coincide.

2. Suppose that o' and 7' are generic specializations of o and T, re-
spectively, such that the induced E-isomorphisms G2 (o) ~ G2 (o'} and

G2y ~ G2{(') are compatible, then o't' is a specialization of oT.
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When the last specialization is generic, and h : D — D' is an E-
homomorphism between subrings of U2 such that h and the induced
E-isomorphisms G2{(c) ~ G2{(c’) and G2{(r) ~ G2{(r') are compati-
ble, then h and the induced B-isomorphismn G={(oT) ~ G{o'7') are

compatible.

Proof: The first assertion follows from part 1 of the proposition, in the
special case in which 7 = o,7 = ¢'. Since §*(c71) = G2{(o) (Proposition
3.193), the second assertion follows from part 3 of the proposition, in the
special case in which 7 = 0,7 = ¢/, and h is the induced E-isomorphism
G2 (o) ~ G2 (o').

Because of part 1, one may replace 0,0’ by o1, 0’71, Part 2 then follows

from part 3 of the proposition. O
Endow G with the following pre E-C-set structure.
1. For each o € G, let €(o) = (GoG)A.

2. For each (o,0’) € G?, let 0 — o' mean that o' is an (E, A)-F-

specialization of ¢ (Definition 1.34).

3. For each (0,0') € G* with o « ¢ (that is, with ¢’ a generic E-
F-specialization of o), let S,/ , denote the induced E-F-isomorphism

C(o) =~ C(o’) (Definition in Proposition 2.131).

Proposition 3.196 With the above pre E-C-set structure, G is a pre E-C-

set.
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Proof: By Proposition 1.49, G has a finite number of isolated is elements
O1.....09, and the closure of each one is a pre E-C-set (Proposition 2.131).
Since the union of a finite number of pre E-C-sets is again a pre E-C-set, GG

is a pre E-C-sct. O

Recall the three different types of specialization, each of which will be used
in the proof of the main theorem of this section. For (E, A)-F-isomorphisms
o and o’ of G into U, o (E, A)-G-specializes to o’ if there exists an (E, A)—
G-homomorphism ¢ : G{oG}1ay — 9{0'G}(k.a) such that ¢(a) = o and
oloa) = o’a for all «in G (Definition 1.34). If G is finitely (E, A)-generated
over F by n = {m,...,n.}. this is equivalent to the family on (E,A)-G-
specializes to the family o’y (Example 1.4) by Lemma 1.35. The third kind
of specialization is the pre order associated to a pre E-set (Definition 2.54).
In the statement of the theorem, the elements of G arce defined to be (E, A)-
F-isomorphisms of G, which in the course of the proof will be shown to be a

pre E-F2-set. As such. the pre order ¢ — ¢’ is called an E-F*-specialization.

Theorem 3.197 Let G be an E-strongly normal extension of the A-field F
with field of A-constants C, and let G = Isomg’A(S,V). With the pre E-
C-set structure defined above, (GG is an E-C-group. Furthermore, the field G
is finitely E-generated, and, as such, the E-type (resp. E-dimension, typical
E-dimension) of G over F equals the E-type (resp. E-dimension, typical

E-dimension) of the E-C-group G.
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Proof: Tt has been established that G is an E-C-set G' (Observation 3.196)
and is a group (Proposition 3.190). Axiom DAG 1 follows from Proposition
3.193. Axiom DAG 2a follows from part 2 of Corollary 3.195. Part 3 of
Proposition 3.194 implics Axiom DAG Z2ec.

To prove parts DAG2b and DAG2d, let o,0’, 7.7 be E-strong (E.A)-
isomorphisms of § over F with 0 — ¢’ and 7 — 7. Fix a family n =
(M ...mn) of (E,A)-generators of § over &, and let p (resp. ¢q) denote
the defining (E, A)-ideal of o~ 'n (resp. 77n) in the (E,A)-polynomial al-
gebra S{y1,...,Yntra (resp. G{z1,....2.}ra). Let G, denote the alge-
braic closure of G in U. Then G,p and G,¢ have components pi,...,p,
and qi,...,¢s such that the quotient fields QF(Sa{v1,...,Yn}tra/p:i) for
i =1.....rand QF(S.{z1,..., 2. ma/q;) for j = 1.... s arve regular over
G. [24, Proposition 3, page 131]. By [25, Corollary, page 132], cach (E, A)—
ideal 7, = {pr Uit eay of Sadyt, -« ¥n, 215 - - -, 2o A s prime.  Therefore,
7 has a G,-generic (E. A)-zero (n*D ¢®D) where 7D is a generic zero of
76 N Gadv1s . Yntrea = pr and therefore of p, M G{y..... Yntea = D, SO
that n*0 is a G-generic (E, A)-specialization of 0~'y over G and hence over
JF. Therefore n®Y is the image of n by an E-strong (E, A)-isomorphism of
G over &F, which is denoted by 0,:,] and is defined by n®h = akflln. By
(24, Lemma 2, page 386], 0! < o'. Similarly %) = 7,n for some
E-strong (E, A)-isomorphism 7, of § over F with 7 < 74. By hypothe-
sis 0 — o/, whence 07! — o/7! (part 1 of the Corollary 3.195) so that

o'~'n is an (E, A)-zero of p and hence of some p;. Similarly. 75 is an
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(E, A)-zero of some ¢. Thus, (¢/"'n,7'n) is an (E., A)-zero of 1y, thus

(0" 1. Ten)) —g, (07 0, 7'n) and hence over G. Tt follows [24, Lemma 2, page

386], that (7. 04,') —g (7/,0'"1), and hence by Proposition 3.194 1 and 2,

. =1 _—1 _—1 7—1 —1_7—1 e —1 =1 =1 __r—1
that (7.7, 0, ) —¢g (7,77 '¢’"!) and that if 7, 0, < 7 '0¢'~! and

7, — 771 then the induced E-C-isomorphisms C(7,'o,") ~ €(r'~to'™1)
and €(r,') ~ €(7'~!) are compatible. By part | of the Corollary 3.195,
then o1y — o’'7' and if o7 < o'7" and 73, <> 7/, then the induced E-C-
isomorphisms C{ox 1) ~ C(c'7") and €(ry) ~ C(r’) are compatible. This

' — ¢o/~! whenever o — ¢’) also part DAG2d.

proves DAG2b, and (because o~

To prove axiom DAGS3, one must show that if ¢ is an isolated isomor-
phism of § over F with o — idg, then €{o) is regular over €. Since o — idg,
cF° = F° ([24, Proposition 2(b), page 388]). Since G is regular over F°,
clearly 0§ is regular over ¢F° = F°. By Corollary 1.48, ¢§ is algcbraically
disjoint from G over F. and, a fortiori, they are algebraically disjoint over
F°. Because G is regular over F°, ¢§ is linearly digjoint from G over F° (26,

Theorem 3, page 57}).

Recall ([26, Corollary 6, page 58]), that if K" and L are field extensions of
field k in a larger field and if they linearly disjoint over k, then K is regular

over k if and only if KL is regular over L. Therefore, §oG is regular over G.
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Since G and C(o) are linearly disjoint over € ([24, Corollary 2. page 88])

§ —— §C(o) = 909

[ |

C —— C(o).

and GC (o) = Go§, that Go§ is regular over § implics C{o) is regular over €,

which is DAGS8. This establishes (G as a E-C-group. ]

Definition 3.198 By virtue of Theorem 3.197, the set of E-strong (E,A)-
isomorphisms of the E-strongly normal extension G over F has a natural
structure of an E-C-group rclative to the E-universal field UA. This E-C-
group is called the Galois group of G over F, and it is denoted by Gg(G/F)
or G(G/F). The C-component of the identity of Gu(G/F) is denoted by
GL.(G/F) or G°(G/F).

It is desirable to consider E-C-groups and, more generally, E-F-scts rela-
tive to the E-field U. which, as an E-field, is clearly E-universal over E-field
F. Thercfore, when referring to an E-C-group that is not the Galois group
of an E-strongly normal extension (or an E-F-set) it is meant, unless the
contrary is indicated, an E-C-group (or an E-F-set) relative to the universal
field U considered as an E-field. When G is such an E-C-group, then Gy is
an E-C-group relative to the E-universal E-field KX = U”. Furthermore by
125, page 144] every E-C-group relative to K is obtainable in this way from
an E-C-group relative to U. When X is an E-F-set and a € X(U), F{a)y or

just F{av) will denote the E-field generated by a over .
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Definition 3.199 Jf G is any E-C-group, a G-extension of F is any E-
strongly normal extension G of F such that G(G/F) is E-C-isomorphic to
an E-C-subgroup of Ga. When G(G/F) is E-C-isomorphic to G itself,
the (E. A)-catension G over F is called full. A lincar extension of F is an

E-GL(n)-extension of F for some natural number n. (See Definition 3.179.)

3.5 Extending the Constants.

Definition 3.200 [25, page 48] Let C be an E-field, let 'V be another E-
freld that is E-universal over F, and let D C 'V be an E-field containing F
over which V is E-universal. Let G be an E-C-group relative to 'V, and let
H be an E-D-group relative to V. An E-(D, €)-homomorphism of H into
G 18 a group homomorphism f : H — G that satisfies the following three

conditions:

1. if y € H. then D{y) D €(f(y)).
2. if y.y € H and y — y' over D, then f(y) — [f(y') over C,
3. if y,y' € H and y <y over D, then So,, extends Se puy,py)-

Definition 3.201 [25, page 49] An E-D-group structure on G is said to
be induced (by the given E-C-group structure on G) if the following two

conditions are satisfied:
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1. the identity map idg on the set G is an E-(D, C)-homomorphism from
G with the structure of an E-D-group to G with the structure of the

E-C-group G

2. cvery E-(D, C)-homomorphism of an E-D-group into G is an E-D-

hormomorphism.

The following generalization of [24, Theorem 2, page 396] interprets, for
an E-extension € of € in K (= U%), the induced E-G-group of the E-C-
group G(9/F).

Theorem 3.202 Let G C U be an E-strongly normal extension of F. De-
note the field of A-constants of F by C, and let ¢ C K be an (E,A)-
extension of C such that U is (E, A)-universal over FC'. Then W is (E, A)-
universal over G€', and SC€' is an E-strongly normal cxtension of FC' with
field of A-constants €. Furthermore, the E-C -group G(GC'/FC') is the in-
duced E-C'-group of the E-C-group G(G/F), both these groups being identified
with each other by means of their canontcal identifications with the group of

(E, A)-automorphisms of GK over FK (See Proposition 3.190).

g — ¢ — GX

[ |

F — FC —— FXK
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Remark 3.203 The similar result of Kolchin’s [24, Theorem 2, page 396]
cannot be used directly to prove this theorem because a E-strongly normal
extension G over F is not necessarily finitely A-generated, and, thus, G over
F is not necessarily a strongly normal A-extension in the sense of Kolchin.

By definition. G is only finitely (E, A)-F-generated.

Proof: Since €' is finitely (E, A)-generated over F€', [24, Proposition 4(b),
page 133] shows that U is (E, A)-universal over G€'. That € is the field
of A-constants of F€ and G€' follows from [24, Corollary 2, page 88]. If
o is any (E, A)-isomorphism of G€ over FC', then the restriction of o to
G is an (E, A)-isomorphism of G over & and as such is E-strong. Hence,
c(G€) =0G0C C §-K € = G€'- K, and similarly G€" C o(G€’) - XK: that is
o is E-strong. Therefore G€' is E-strongly normal over F€', and G(G¢'/FC)
is a E-C'-group (Theorem 3.197). Denote by €' (o) the E-C'-field associated
to any o € G(9C'/FC").

Define id¢; : G(GC'/FC) — G(G/F) by identifying ¢ € G(SC'/FC') with
the (E. A)-automorphism of G€ - K = GK over FC' - K = FK that cxtends
o (Proposition 3.190), and then with the E-strong (E, A)-isomorphism of G

over F to which o restricts. Then
GC' (o) = GC' . C' (o) = G€'0(GC") = Gidgo§ - €' = GC(idgo )€,
and, by [24, Corollary 2, p. 88|,
C'{o) = C(idgo)C". (17)
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If 0" is an E-@'-specialization of ¢ in G(G€'/FC), then (0'c)aeq is an (E, A)-
GC'-specialization of (0a)aeg, and hence over G, so that idgo’ is an E-C'-
specialization of idgo in G(G/F). When the E-€'-specialization in G(GC'/F€)

is €’-generic, then there exists an (E, A)-isomorphism
5C'e(5¢") = G0’ (5€') (18)

over G€' mapping oo onto o'« for every @ € G, and this restricts to an
(E, A)-isomorphism
G.idgoG ~ G -idgo’S (19)

over G, so that the E-C-specialization in G(G/F) is C-generic. This restricts

to the induced E-C-isomorphism

S& ' Clidgo) ~ C(idgo’). (20)

idgo’idgo

which is also a restriction of the (E, A)-isomorphismn 18. Morcover, the

(E. A)-isomorphism 18 also restricts to the induced E-C-isomorphisim
S8, Co) = €. (21)

Therefore, the restriction of S& | to €(idge) is the induced E-C-isomorphism
SSuoridgo : Clidgo) & €(idgo’). Therefore, S&  is an extension of S§_ . 4.0-
This shows that idg is an E-(€’, €)-homomorphism.

Now let H be any E-C’-group relative to the universal E-field XK, and let

f+H— G(3/F) be any E-(€’, €)-homomorphism. To complete the proof of
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the theorem, it must be shown that f’ = idg ' f from H to G(S€'/FC’) is an

i I G(ge’/Fe)
idg
G(5/9)

E-C-homomorphism |25, Chapter 1, Section 2, p. 37[; that is f’ is a homo-
morphism of groups and an everywhere defined pre E-€’-mapping (Definition
2.56). Clearly f’is a homomorphism of groups. By [25, Corollary 1, p. 90, it
suffices to show that the restriction, also denoted by f/, of f/ to the €'-generic
elements of H is a pre E-C’-mapping.

Property 1 of the definition of pre E-C’-mapping is clear, i.e. the domain
of definition of f contains the €-generic elements of H. For any y € H,
C'(yy D C{f(y)) because fis an E-(€/, €)-homomorphism. From this and the

equation 17, the following containment may be deduced:

C'(y) D C(f(y)€ = Clidaf(y) - € = C'(f'(y)).

This is property 2 of the definition of a pre E-C'-mapping.
For properties 3 and 4, if y <> ¢/ in H, then f(y) < f(y') in G(G/F) be-
cause f is an E-(C’, €)-homomorphism. For the same reason, Sye,:y extends

- . - . \1(?
the induced E-C-isomorphism 5'](.(?//)‘ )

e/

ey) LS ey)
se .
Cf(y)y —T e(f(y)).
161

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and hence S?w‘)wfw’) and ide are bicompatible. Therefore, the following dia-

granl commutes:
@ /
'

ey)y —=  CYy)

ol ‘|

Clf(y)) - € —— €{fy)) - ¢.

where the E-isomorphism ¢ extends ide and S?(y% Fl)-
Since G and C[€'(y)] are linearly disjoint over €, as are § and €[C'(y/)], it
follows that idg and Sye,:y are bicompatible. Therefore, the top square of the

following diagram commutes:

5C/(y) —— SC'(y")
U (@]

SC(f(y)-€ —— Ge(fly)) ¢

Se(ida /()€ —— Se(ida/'(y)€

ge - (f'(y)) —— SC-C{f(¥))

5€ - fl(y)(5€) —— € - f'(y')(5€)

-~ . . . gl < .
where the (E, A)-isomorphism o extends idg and S)7 | and the (E. A)-isomor-
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phism 7 extends ¢, idg. Sf(,/),f(y) and ide. Since f = id¢ [/, the third line of

this diagram is also

8 §e(idaf'(y))€ — GCda f'(y)) ¢
extending idg. Siag s .ider ) and ide. By equation 17, C(idaf'(y))€ =
C'(f'(y)), and Cldecf'(¥)HC = C{(f(y)). Because idg is an E-(C', €)-
homomorphism, as was shown in the first part of this proof, the forth line

v g. 6’<f’(y)> —G. €/<f/(y/>>

is an (E, A)-isomorphism extending idg and S fc./l(y,)’ sy~ The fifth line of the
diagram is the (E, A)-isomorphism

A GC-EN(f(y)) — g€ C(f1(y).
which is obtained by writing ‘G€” instead of ‘G’. Clearly, the (k. A)-isomorphism

A extends idge and SS(U,) P By the E-strong normality of GC' over F€’,

A is the same as the (E, A)-isomorphism, in the sixth line,
i §C fy)(SE) — G€ - f1(y)(5E)

that extends idge and that maps f'(y)a onto f/(y')a for every v € GC'.
Therefore f'(y) <« f'(v/) in G(GC'/FC'), which is property 3. Property 4 is
obtained by restricting the top and bottom lines in the above diagram to the

. e/ (D)/
A-constants, i.e. S extends Sf’(;u’%.f’(z;)‘ O

Proposition 3.204 Let G be an E-strongly normal extension of F, with C

the subfield of A-constants, and let ¢ be an (E.A)-isomorphism of G over
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C such that W is universal over ©G. Then ¢S is an E-strongly normal
extension of ¢F. There is a unique (E,A)-isomorphism G- XK ~ ¢©G - K
over X that extends ¢ (that also shall be denoted by p). When G(G/F),
respectively G(0G/0F), is canonically identified with the group of (E,A)-
automorphisms of §-K over F-K, respectively 0G-K over oF-K. the formula

T

L(o) = ¢ oo ! defines an E-C-isomorphism T, : G(G§/F) = G(£G/pF).
Remark 3.205 When ¢ is an (E, A)-isomorphism of G over F, then ¢ €
G(G/F). After G(§/F) and G(pSG/¢F) are canonically identified with the
group of automorphisms of the differential field K = G- K over FK, then
they coincide as groups (but not necessarily as C-groups), and T, is the inner
E-automorphism determined by .

Proof: Let 7 be any (E. A)-isomorphism of G over pF. The (1, A)-isomor-
phism ¢! : ©G ~ G can be extended to some (E,A)-isomorphism @ :
©G - 170G &~ G- 7Y, and evidently the formula o — UTea defines an

isomorphism of § over F. Therefore, since ¥ is E-strong, the field of

constants € of G- 7§ has the property that
GC' = G- YTp§ = Y1e§ - €. (22)
By applying 1! to equation 22,
PG - C(1) = 9§ - 790G = 79§ - &(7)
since ¢! maps G onto ¢G and €’ onto the field of A-constants C(r) of

»G - 79G. Therefore, 7 is E-strong, and, hence, 9§ is an E-strongly normal

extension of ¢F.
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Since § and X are linearly disjoint over C, as are ©9 and K, ¢ can be
extended to a unique (E, A)-isomorphism §K ~ ¢§ - K over K. and denote
it, too, by . Making the canonical identifications, one can see that for each
o€ G(§/F). ¢-0-¢o ' € G(pG/pTF). Thereforc onc can define a mapping
T, :G(G/F) = G(pS/¢F) by the formula T,(0) = p -0 " and it is clear
that 70, is a group isomorphism. Since G- C(T,(0)) = G (p-o-p )G =
©(G09) = ©(GC(o)) = ¢G - (o), one may infer that €(T,(c)) = €(o).
Furthermore, if 0 «> ¢’, then there exists an (E, A)-isomorphism Go§ = Go'G
over § mapping oo onto oo (o € G) and inducing the E-C-isomorphism
Ser o+ C(a) = C(0’). Since ¢ maps G0, respectively Go'G, onto ¢§-T,(0)¢G,
respectively ¢SG - T,(0")¢G. and leaves A-constants fixed, one obtains an
(E. A)-isomorphism ¢G-T,(0)pG ~ ¢G-T,(c")¢SG over ¢ mapping T.(o)pa
onto T, (o) pa (a € G), so that T,(0) <« T,(0") and Sr_ (017 () = Soro-
Thus, T, restricted to the C-generic elements of GG is a pre E-C-map. and T,

is an E-C-isomorphism by [25, Corollary 1, p. 90]. O
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4 The Fundamental Theorems

4.1 The Topology on E-Sets

In this section, let &F be an E-field, and let V be an E-extension of F that is
E-universal over F. And consider H an E-extension of F over which V need
not be E-universal. Also, let A be a pre E-F-set relative to V (Section 2.1 or
124, page 29]). Then x € A is defined to be rational over H if F{x) C H [25,
page 29]. In a similar manner, define = to be algebraic (resp., E-algebraic or
reqular) if HF(x) is an algebraic (resp., E-algebraic or regular) extension of
J(. Denote by Ag¢ the set of elements of A rational over H. In particular,
Ay is the set A.

Let G be an E-F-group (Section 3.153 or [25, page 33]). A homogeneous
E-F-space for G is a set M on which is given a structure of a homogeneous
space for the group G and a structure of a pre E-F-set subject to axioms,
which are similar to those for an A-F-group [25, page 34]. The homogeneous
E-F-space M for & is principal if it is principal ag a homogeneous for G and
satisfies additional axioms [25, page 35].

A subset V of the pre E-F-subset A is F-irreducible (in A) if there exists
x € V such that V is the set of all E-specializations of x over F [25, page
30]. Such an z is called an E-F-generic clement of V. If the set B of A is the
union of finitely many F-irreducible subsets of A, then B has the structure of
a pre E-F-set that is induced by the restriction of the pre E-F-set structure

on A. Such a B is called a pre E-F-subset (of A). A maximal F-irreducible
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subset of A is called an F-component (of A)

An E-F-set is a pre E-F-subsget of a homogeneous E-F-space for an E-
F-group [25, page 37]. Then the E-JH-subsets of M are the closed subsets
of a Noctherian topology on M [25, Theorem 1 page 72]. which is called
the E-Zariski topology relative to JH or more simply the E-H-topology. If
H =V, the reference to V is usually omitted, and it is called the E-Zariski
topology or more simply the E-topology. Each E-F-get will be considered
to have the topology induced from the E-JH{-topology on its the ambient
homogeneous E-F-gpace for an E-F-group. For an E-F-gset A, the subset
Agc = {v € A | Flv) € H} will be called E-dense in A if, for each closed
E-closed subset C' of A with A # C, Ag¢ is not contained in C. Kolchin
shows that, if H is constrainedly closed [25, page 79]. then A, is E-dense in
A [25, Proposition 3, page 84].

Any E-F-group G has a natural structure of a principal homogeneous E-
F-space for &, which is called the reqular E-F-space for . Consequently,
any pre E-F-set contained in the E-F-group G is an E-F-subset. An E-
F-subgroup is a subgroup of G that is an E-F-subset and satisfies all the
E-F-group axioms [25, page 37]. By [25, Proposition 1, page 87], a subgroup

that is also an E-F-subset is an E-F-subgroup.

Definition 4.206 The F-component of the identity of an E-group G is de-
noted by G°.
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4.2 Fundamental Theorems

In this the rest of this chapter, let F be an (F, A)-field, and let U be an
(E. A)-extension of F which is (E, A)-universal over F. Then K = UA
considered as an E-field is clearly E-universal over € = = considered as
an E-ficld and, thus. constrainedly closed. Also, § will denote an E-strongly
normal extension of F.

The following theorem establishes a (Galois correspondence between the
set of intermediate differential fields of a E-strongly normal extension and
the set of E-C-subgroups of its Galois group when the field of A-constants is
constrainedly closed. The proofs are very similar to [25, Chapter 6, Section

4].

Theorem 4.207 (First Fundamental Theorem) Let G be an E-strongly

normal extension of F with field of A-constants C.

1. If Fy is an (E,A)-field with F € F; C G, then G is E-strongly nor-
mal over Fy, G(G/F1) is an E-C-subgroup of G(G/F). and the set of

invariants of G(G/%1) in G is F;.

2. If Gy is an E-C-subgroup of G(G/F) and Fy denotes the set of in-
variants of G1 in G, then Fy is an (E, A)-field with F C F; C G,
and, if the elements of (Gi rational over C are E-dense in Gy, then

G(S/gjl) = Gl-
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3. If C is constrainedly closed [25, page 76] as an E-field, parts 1 and
2 establish a bijective correspondence between (B, A)-subfields Fy with

FCF C§G and E-subgroups Gy € G(G/F).

Remark 4.208 [t would be preferable to remove the hypothesis of constrainedly
closed from part 3. In a special case, this 1s accomplished in Corollary 4.212.
Also, if € is E-universal over some E-field, then € is constrainedly closed

125, page 76].

Proof: To prove part 1, let F; be an (E, A)-field with & € ¥, € §. Ev-
ery (E, A)-isomorphism of § over F, is over &, too, and hence is E-strong.
Therefore G is E-strongly normal over ), and the Galois group G(G/J) is
an E-C-group by Theorem 3.197. It is obviously a subgroup and an E-C-
subsct [25, page 30 and 37] of G(G/F). Thus, G(G/F)) is an E-C-subgroup
of G(G/F). By definition, every element of F; is an invariant of G(G/JF;) in
G, and. by Proposition 1.53, every such invariant is in .

For part 2, let &7 be the set of invariants of G7 in . 1t is obvious that
F, is a (E, A)-field with F ¢ F; C G, and therefore, by part 1, G(G/F) is
E-C-subgroup of G(G/F). Of course G C G(G/F;). It must be shown that
G1 = G(G/F1) under the hypothesis that the elements of G4 rational over €
are E-dense in Gy.

Assume that Gy # G(G/3,). Fix E-C-gencric elements oy ...0, of the
E-C-components of GGy. By assumption, there exists an element 7 € G(G/7F)

that is not a E-specialization of any oi. Fixing elements 1y, ..., 7, € G with
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ential polynomial £, € G{y1,...,yn}ma) that vanishes at (opm, ..., 06m,)
but not at (779, ..., 71,). Then Fj vanishes at (o, ..., on,) for all o

in the component of o,. The product I F; is a differential polynomial in

for every o € G(G/F1). Let F be such a differential polvnomial with as few
non-zero terms as possible. Also suppose that one of the coefficients in F is
1. Consider any o’ € (G1)e. Then ¢’ is an (E, A)-automorphism of § over

— 4 .
lon,)), F° vanishes at

F. Since F7 (omy...,on,) = o'(F(otom,...,o
(on1,...,0m,) for every ¢ € GGy, because 0¢’~'o € G;. And therefore F' — F

does too. Since F — F? has fewer terms than F, F — F° must vanish at

vanishes at (on.....o0n,) for every o € G; but not for every o € G(G/3).
If F — F7 were not zero, one could choose a so that F' — o(F — F7') has
fewer terms than F and is nonzero. Therefore F — F7 = 0 for o/ € (G1)e.
By part 1. the set {0 € G(G§/F) | FF = F?} is the E-C-group leaving
invariant the (£, A)-F-field generated by the coefficients of F. In particular,
it is an E-C-subset of G(G/F) and a closed subset of the E-C-topology on
G(G/F). If the closed set {o € G(G/F) | F = F°} N Gy were not all of Gy,
there would be an element of (Gy)e not in {0 € G(§/F) | F = F°} NG,
since (by hypothesis) (G1)e is E-densc in G;. Therefore, Gb C {0 € G(G/F) |
F = F?}, or F=Fforall o0 € GG;. Since J7 is the (E, A)-field invariant

under the action of Gy. F' € Fi{y1,...,yn}. However, then F7 = F for every
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o€ G(G/F1), sothat Flon,...on,) = ocF(en ...en,) = 0, since the identity
e of 1 is contained in G. This contradiction shows that G = G(G/3)
under the hypothesis that the elements of G rational over C are E-dense in
G.

For part 3, the hyvpothesis that € is constrainedly closed implies that the
elements of Gy rational over € are E-dense in G (25, Proposition 3, page

84)). 0

It would be desirable to strengthen part 3 this theorem by removing the
restriction on €. After two preliminary lemmas,the next theorem does this

for a certain type of small E-C-subgroup.

Lemma 4.209 Let G and K be field extensions of F. Let H' be a subfield
of GK containing K. Put H=GNH'. If H and G are lincarly disjoint
over H and if K and H are linearly disjoint over F', then H' = HK.

G — GK

| |

H=GnNH —— H'

| I

F — K

Proof: Evidently HK C H’. Consider any element ¢ € H’. Fix a basis

(¢;) of K over F. By considering ¢ as an element of GK, one may write

v = (28;¢;)/(3v;¢4), where the 3; and +; arc clements of G, and thereforce
Yvi(e;9) — X5;¢; = 0. Thus the elements c;o and ¢; of H' arc lincarly
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dependent over . By the first hypothesis, they must be linearly dependent
over H. that is there exist elements 3. and % of H, not all 0, such that
Yri(e;p) — X3{e; = 0. By the second hypothesis, the elements ¢; of K
arc lincarly independent over H, and therefore Z”,";-(;‘/- # 0, so that ¢ =

(X3ci)/(Xr%¢;) € HEK. This shows that HK = H'. O

Lemma 4.210 Let G over F be an E-strongly normal extension of (E, A)-
fields, and let G = G(G/F). the associated E-C-group of (E,A)-isomor-
phisms. Let H be an E-C-subgroup of G and I be the (E,A)-field of in-
variants of H in G. If Clo) C CUEA for all o € H, then G over H as an

(E, A)-extension is strongly normal in the sense of Kolchin.

Proof:  For all o € H, C{o) C CURA implies 0§ < G0G = GC(o) C
G(CUM2) = GUMA. Since o leaves invariant A-constants, it also leaves in-
variant (E, A)-constants. By [24, Propostion 10, page 393]. G over H as an
(E, A)-extension is strongly normal as an (E, A)-extension in the sense of

Kolchin. ]

Lemma 4.211 Let F be an E-ficld, and let V O F be an E-field that is
E-universal over F. Let B be an E-F-set. Let C=F%, and let C, be the

algebraic closure of C in V¥. If By C By, then Bpe, is E-dense in 3.

Proof: Since 'V is a constrainedly closed extension of F' ([25, Proposition 3,
page 84]), By is dense in B [25, Proposition 3, page 84]. However, each

point of B rational over V is rational over FVF by assumption. But an
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element constrained over F rational over F'V¥ is, in fact, rational over FC,
because an E-extension constrained over € has E-constants algebraic over €

[24, Proposition 7(d), page 142]. Therefore, the set B¢, is E-dense in B. [

The formulation of the following corollary was influenced by Chapter 3 of
Sit’s thesis [34], in which he considers A-subfields of F(t) A over which F(t)a
is strongly normal in the sense of Kolchin, where ¢ is a A-indeterminant over
the A-field F. For instance, the previous lemma is a generalization of [34,
Lemma 2.1, page 652] from an affine E-Zariski closed subset of V" to an
E-F-subset that is not necessarily affine. In this corollary, these ideas have
been combined with those of Kolchin in the second part of his proof of the
fundamental theorem for strongly normal extensions ([24, Theorem 3, page
398]). It will be applied in the last chapter of this paper to improve slightly

upon a theorem of Sit.

Corollary 4.212 Let £ = UBA and let G = G(G/F). Let J be the set of
(E, A)-subfields H of G containing F such that G over H is strongly normal
as an (E, A)-field caxtension (in the sense of Kolchin), and let S be the set
of E-C-subgroups H of G such that Hya C Her. Then there is a Gualois

correspondence between J and S.

Proof: Let 3 € J. Then by part 1 of the First Fundamental Theorem 4.207,
there exists an E-C-subgroup H = G(G/H) of G such that the (E, A)-field of
invariants of H is H. Let 0 € Hya. Because § over H is strongly normal as

an (E.A)-extension (in the sense of Kolchin), o is a strong (in the scense of
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Kolchin) (E, A)-isomorphism of § over H, and G0G C G- L. Apply Lemma

4.209 to the case G = G. K = L, F = G2, H' = (GL)* and H = G=.
g — G0

[ [

(§L)2 NG =92 —— (L)

| |

gEA . L
By [24, Corollary 1, page 87}, & and L are linearly disjoint over G&4 by
the linear disjointness of E-constants, and G and (GL)# are linearly disjoint
over G2 by the linear disjointness of A-constants. This Lemma then implies
(GL)A = G2L. Then, C{o) = (505)> C (G- L)» = G2 - L = CL. Therefore,
0 € Hep, and H € 8.

Let H € 8. and let H be the corresponding subfield of invariants of H in
G. If the elements of H rational over C are E-dense in H. by part 1 of the
First Fundamental Theorem 4.207, H is a differential ficld with F C H C G
and H = G(G/H). By Lemma 4.210, G over I is strongly normal as an
(E. A)-extension (in the sense of Kolchin), and H € J.

Let D = €% = G¥2) and let D, be the algebraic closure of D in L.
For all H € 8, the set of elements of A rational over CD, is E-dense in H
by Lemma 4.211. (For the affine case, see a lemma of Sit [34, Chapter 2,
Section 2].) By results in the two paragraphs above, if D, C € or equivalently
if D,€ = €, then there is a Galois correspondence between J and 8.

To prove the corollary without assuming D, C €, let H € §, and let J{
be the set of invariants of H in §. It will be shown that H = G(G/H). Let
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H’ denote the set of invariants of H in §D,. Then J{" is an (E, A)-field with

FD, CcH < GD, and GNH = K.

9 B 9®u

SNH =H —— H

Claim 4.213 The fields G and ' are linearly disjoint over H.

To prove this, consider elements ¢1,...ps € H' that are linearly dependent
over G. It must be shown that they are linearly dependent over H. It may be
assumed that s > 1 and no s —1 of them are linearly dependent over §. Then
there exist nonzero elements oy, ..., a, € § with 1§§£S(J<J¢j = 0. Dividing by
a, onc may suppose that oy, = 1. For any o € H. since H' is invariant under
H, ]glés(craj)goj = 0, and therefore ]SES_IV(U(@» —aj)p; = 0.

Take o € Hep, so that, by definition, C(o) is algebraic over €. By part 1
of the Definition of a pre E-set, €(o) is finitely E-generated over €. Therefore,
the degree of GC(o) over G is finite. Let f; : §C(o) — GD, for i = 1,...,¢t
denote the finite set of isomorphisms (not necessarily differential) over G.

Suppose f; = id. Lemma 1.51 shows that cach f; is, in fact, an (E, A)-

isomorphism. By Lemma 4.210, o is a strong isomorphism of G over F (in the
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sense of Kolchin) such that (§09)® = €{o) C €D, and §0G = GC(r) C §D,..
Counsider the (E, A)-isomorphisms of § defined as o; = fio for i = 1,... t.
So o0 = oy. For each i, by the definitions of f; and o, there exist (E. A)-G-
isomorphisms ¢; : Go§ — G0;9 such that ¥;(«) = o and v;(ca) = o« for
all « € §. That is ¢ < o, in G. Since o0 — o; and since H is E-closed in
G(G/F), 0; € H.

So that 1§j§s—1(0kaj —a,)p; =0 (for 1 <k <1t). If ooy —aq # 0, then,
because fi is an isomorphism over G, 0 #£ fi(ocay — 1) = froa; — fran =

oray — @ . S0, one may divide by oray — oy for each & to obtain

Y (opoq —ay) ooy —aj)p; =0 (for 1 < k <t). (23)
1<j<s—1 :
Set o = 1<§<f(a;\.a1 — ay) Howa; — o) = Tr (cay — o) How; — ay)

(Tr is the trace of D, over §). By summing the cquations 23, one would

have 7] Y oahp;=0a€G(1<j<s—1), a) =Tr1#0. This contra-

<j<s—1
dicts the linear independence of ¢y, ..., .1 over G. Therefore, ooy = vy for
every 0 € Hen, . Since Hep, is E-dense in H, ooy = «y for every 0 € Hya.
Therefore. «p &€ H. Similarly, oy € I for every index k. so that @1.. .., @

are linearly dependent over J{. This establishes the claim.

By the claim and Lemma 4.209, H' = HD,. It follows from Theorem
3.202 that G(G/H) = G(§D,/HD,) = G(§D,/H'). Because it has been
shown that Hep, is E-densc in H and H’ is the (E, A)-subfield of invariants
of H in §D,, the Galois correspondence (part 2 of the First Fundamental

Theorem 4.207) implies G(§D,/H') = H and, thus, G(G/H) = H. Since
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H € J, this establishes the Galois correspondence of the theorem. O

Corollary 4.214 Assume that C is constrainedly closed over F as an E-
field. Let Fy and Fy be (E,A)-differential fields contained in G and con-
taining F. Then G(G/F1F2) = G(G/F1) NG(G/F>), and G(G/F, N TFy) is
the smallest E-C-subgroup of G(G/F) containing G(G/F1)G(G/F>).

Proof: Observe that an (E, A)-isomorphism of G leaves invariant every ele-
ment of F1F, if and only if it leaves invariant every element of F; and every
element of F5. Thus the first assertion is true, because, under the assump-
tions of this corollary, the Galois correspondences of the First Fundamental
Theorem and Corollary 4.212 imply the subgroups Galois groups are uniquely
determined by the invariant subficlds.

For the second asscertion, the smallest E-C-subgroup of G(S/F) con-
taining G(G/F)G(G/F,) is of the form G(G/F"), where F < F; N Fy, so
that G(G/3F") D G(G/91 N TF). On the other hand. G(G/F; N Fy) is a E-C-
subgroup of G(G/F) containing G(§/F;) and G(G/F,), so that G(G/F") C
G(G/F NTFy). O

Theorem 4.215 Assume that C is constrainedly closed over F as an E-
field. Let Iy C G be an (E, A)-ficld containing F. Then the following four

conditions are equivalent.
1. F1 is an E-strongly normal cxtension of F.

2. For each element o € F, with o & F, there exists an E-strong isomor-

phism oy of F; over F such that o1 # «.
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3. G(S/F1) is a normal E-subgroup of G(S/F).
4. 0F, C FUA for every o € G(S/F).

When these conditions are satisfied, then, for cach o € G(G/F), the
restriction oy of o to Fy is an element of G(F1/F), and the formula o v oy
defines a surjective E-C-homomorphism G(SG/F) — G(F,/F) with kernel
G(G/F1).

Remark 4.216 In the proof below, only the implication condition 4 implics

condition 3 uses part 8 of the First Fundamental Theorem.

Proof: If condition 1 is satisfied, then, by part 1 of the First Fundamental
Theorem 4.207, the set of invariants of G(F/F) in F, is F, so that part 2
is satisficd. Let condition 2 be satisfied. The normalizer N of G(F,/F) in
G(G/F) is a E-C-subgroup of G(G/F) containing G(JF/F) [25, Corollary 2,
page 103]. By the First and Corollary 4.212, there exists a differential field F
with & C F5 € F; such that G(G/F,) = N. If 0y is any E-strong isomorphism
of 7 over &, g1 can be extended to an E-F-isomorphism of G, that is, to
an element 0 € G(G/F) (Proposition 1.52). Then for any 7 € G(G/F)
and any 8 € F1, o = 0,3 € FLUA, hence 708 = off and o~ 103 =
3, so that o~ 'ro0 € G(G/F,). Thus, 0 € N, so that o; leaves invariant
cvery element of F,. Since o is an cxtension of an arbitrary element of
G(F1/9), it follows by condition 2 that F, = F, that is, N = G(G/F).

Therefore. condition 3 is proved from condition 2. Next, let condition 3 be
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satisfied. Consider any o € G(G/F) and any g € F,. For every 7 € G(G/31),
o~ 'ro € G(G/F1). so that o7 703 = 3 and 703 = ¢3. Since by Theorem
4.30. G(G/F,) = G(SC{o)/F1€{0)), and since o3 € G0G = GC(o). o/} is an
invariant of G(GC(o)/F,C(r)) in GC(o), and hence, by the first part of the
First Fundamental Theorem and Corollary 4.212, 03 € F,€(o). Therefore
condition 4 is satisfied. Let condition 4 be satisfied. If ¢/ is any isomorphism
of ¥, over F, then ¢’ can be extended to an element o € G(9/F). Then
because of condition 4 o'F; = oF; € FK. It follows by [24, Proposition
10, page 393], that condition 1 is satisfied. Therefore all four conditions are
equivalent.

Let the conditions be satisfied. It is obvious that the restriction mapping
defined by the formula o — oy is a group homomorphism G(G/F) — G(SG/F)
with kernel G(G/F). It has already been observed that cvery isomorphism
of F7 over F can be extended to an isomorphism of G, and this shows
that the homomorphism is surjective. It remains to prove that it is a E-C-
homomorphism. First of all, €(c) = (GoG) NUA D (F101F)) N U = Cloy).
Next. if o/ is an E-specialization of o in G(G/F). then, by definition, o .y o’
(Definition 1.34). By Lemma 1.35, this is equivalent to (0’)aeg 15 an
(E, A)-G-specialization of (o« ),eq over G, so that a fortiori (0]a)qeg is an
(E, A)-S-specialization of (oja).eg over Fp, that is, o} is a differential spe-
cialization of o; by Lemma 1.35. Finally, if ¢/ is a generic specialization
of o, then by the above, o] is a generic specialization of oy. Since the in-

duced E-C-isomorphism S, ,: €(o) ~ €(c’) is a restriction of the (E. A)-G-
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isomorphism Go§G ~ Go'G mapping oca onto o’a (o € G), and the induced
E-C-isomorphism S, 5, @ C(o1) = C(o1) is a restriction of the (k. A)-G-
isomorphism F o F| =~ F1o1F; over F| mapping oo onto o’a (o € Fy), it is
evident that S,/ , is an cxtension of S(,/l,(,l. This shows that the restriction

mapping is a E-C-homomorphism and completes the proof of the theorem.]

Corollary 4.217 Assume that C is constrainedly closed over F as an E-
field. Let F° denote the algebraic closure of F in G. Then G(G/F°) =
G°(S/F) (Definition 4.206), F° is an E-strongly normal extension of T,
and G(F°/F) =~ G(SG/F)/G°(G/F). In particular, the degree of F° over F
equals the index of G°(G/F) in G(SG/F), so that F is algebraically closed in
G if and only if G(G/F) is connected, and G is algebraic over F if and only
if G(G/F) is finite.

Proof: By Proposition 1.49, there exists an isolated (E, A)-F-isomorphism
oo € G°(G/F) such that og ? id. By part b of [25, Corollary to Proposition
2, page 388], the set of inval\'iants of G°(G/F) is F°. Therefore. by the First
and Second theorems, G°(G/F) = G(S/F°). As G°(G/F) is a normal E-C-
subgroup of G(G/F) [25, Theorem 1, page 39], the previous theorem shows
that F° is E-strongly normal over ¥ and G(F°/F) ~ G(§/F)/G°S/F). O

Corollary 4.218 Assume that C is constrainedly closed over F as an E-
freld. Assume that GIH and F have the same field of A-constants. Then

SNH is an E-strongly normal extension of F.
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Proof: By Corollary 3.189, GJH is E-strongly normal over &F. By Theorem
543, G(9H/9) and G(GH/H) are normal E-C-subgroups of G(GIH/F), so
that their product is also [25, Corollary 2, page 109]. By Corollary 5.42,
the product is G(GH/G N H). Since it is normal in G(GH/F), it follows by

Theorem 5.43 that § N I is E-strongly normal over F. O

Theorem 4.219 Assume that C is constrainedly closed over F as an E-
field. Let & be an extension of F such that U is universal over € as an
E-strongly normal extension and the field of A-constants of GE is €. Then
G€ is an E-strongly normal extension of &, for each element ™ € G(GE/E)
the restriction 1 of T to G is an element of G(G/G N E), and the formula

T +— 71 defines an E-C-isomorphism G(GE/E) ~ G(G/9NE).

Proof:  For any (E, A)-E-isomorphism 7 of G&, 71 is obviously an (E, A)-

isomorphism of § over § N &€ and hence is E-strong. Therefore,
7(GE) C GE - 7(GE) = GETG-E =G G- € =GC(n) - & = GEC() C GEUA.

It follows from Proposition 3.188, G& is E-strongly normal over &.

Clearly the formula 7 — 7 defines an injective group homomorphism
G(SE/E) — G(G/GNE). It also follows from the above sequence of equalities
that GEC(T) = GEC(m) and by [24, Corollary 2, page 88] C(r) = C(ry). If
7 and 7’ are elements of G(GE/E) and 7 — 7', then (7/8)gege is an (E, A)-
specialization of (73)gege over G€, so that (7] 3)seg is an (E, A)-specialization

T17)peg OVEr g, whence 7y — 7;. reover 7 < 7', then 7 — 7).
of (11/9)seg over §. whence 1. If moreover ', then |, and
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the (E. A)-isomorphism G€ - 7(G&) ~ G& - 7/(G&) over GE mapping 73 onto
73 (3 € G&) is an extension of the (E, A)-isomorphism §7G ~ G779 over
G mapping 77 onto 73 (8 € G). Since these two (E, A)-isomorphisms are
extensions of the induced E-isomorphisms S, @ €(r) = €(r’) and S -, :
C(r) = C(7{). and since €(r) = C(m) and C(7") = C(m), Sr, = S, It
follows that the injective group homomorphism is an E-C-homomorphism.
Its image is an E-C-subgroup G4 of G(G/9 N E). If an element @ € G is an
invariant of GG, then it is an invariant of G(GE/E), whence o € €. Thus, the
set of invariants of Gy in G is 9N &, so that Gy = G(G/9 N &) by the First
Fundamental Theorem and Corollary 4.212. This completes the proof of the

theorem. ]

5 Disjointness from Derivatives

5.1 Introduction

In this chapter, a concept of digjointness introduced by Kolchin is defined and
analyzed. It is used in two ways to construct E-strongly normal extensions.

In this introduction, one should consider the commuting derivations A as
the union of two disjoint subsets A’ and A”. Let F be a A-field, and let A’ a
A’-extension of F generated by 7/ a family of clements of some A-extension
of F. A family n of elements of some A-extension of F will be chosen that
satisfy the same A’-equations n’ satisfies but no A”-equation other than those
derived from the A’-equations satisfied by 7. It will be shown that F(n), is

free from several tvpes A”-relations. In particular, if F(n) over F is regular,
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F(n)a is free from A”-constants not in F.

This control of constants is essential for creating examples of E-strongly
normal extensions. In fact, an E-strongly normal extension will be con-
structed with Galois group E-isomorphic to any given conncected E-group.
This construction uses the special extensions without new constants de-
scribed in the last paragraph and the technique of the logarithmic deriva-
tive. The method of proof of this result is new even for algebraic groups in
Kolchin’s setting [22, Theorem 2, page 880] and does not require the field of
constants to be algebraically closed as does the result of Kolchin.

A second use of these extensions will be to define a functor from pre A’-
sets to pre A-sets. This takes a A’-group to a A-group and is compatible

with the Galois theory (Section 5.6).
5.2 Definition of A”-Free

In this section, F will always denote a A-field.

Definition 5.220 Let A be a A-F-algebra. Let AN be a finite commuting
subset of the wvector space of derivations of W spanned by A over F. Let
A" be a A'-F-subalgebra of A such that A’ generates A as a A-F-algebra.
Define A to be AJAN'-F-tree over A’ if any A -F-homomorphism of A’ into
a A-field extension of F can be extended to a A-F-homomorphism of A. If
A is the disjoint union of two subsets A" and A", define A to be AN'-F-free

over A" if A is AJN-F-free over A'.

183

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oy “A” and A are A'-

o

Kolchin [25, Section 7, page 19] uses the terminolo
disjoint over I instead of A is A/A'-F-free over A’. It might seem strange
that Kolchin’s terminology does not refer to the ring A that A" A-generates.
But A is iinplicit in Kolchin’s definition because the A’-algebra A’ is assumed
to be contained in some larger unspecified A-algebra, so that A is uniquely
determined by A" and the A-algebra containing it.

The following proposition shows that if A is A/A-F-free over A’ the

A’-F-isomorphism class of A’ determines the A-F-isomorphism class of A's.

Proposition 5.221 Let A and B be A-F-algebras that are integral do-
mains. Let A’ and B’ be AN'-TF-subalgebras of A and B such that A is
AJAN -F-free over A and B is AN/N-F-free over B'. If A and B’ are

A'-F-isomorphic, then A = Ay and B = By are A-F-isomorphic.

Proof: 1In the definition of A/A”-free, the extension A-homomorphism is
clearly unique because it is determined by the action of the A’-homomorphism
on A'-ring generators. Let ¢’ : A" — B’ be a given A’-F-isomorphism, and
let x' : B — A’ be inverse A’-F-isomorphism. Then ¢ and y\ extend to
unique A-F-homomorphisms ¢ : A — B and x : B — A. The composite
A-F-homomorphism xp : A — A is the unique A-F-homomorphism ex-
tending the identity A’-F-isomorphism of A’ and, therefore, is the identity

A-F-isomorphism of A. Similarly, ¢y is the identity, and, therefore, ¢ is a

A-F-isomorphism. Ul
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Corollary 5.222 Let A be an integral domain and AN/AN'-F-free over A'.
Then each A -automorphism of A’ extends uniquely to a A-automorphism

of A= A\.

The following is the first basic proposition of Kolchin about this concept

of A/A'-F-free extensions ([25, Proposition 9, page 20}).

Proposition 5.223 Let 1 = (1;),es be a family of elements of a A-field
cxtension U that is A-universal over F, let A be a commutative linearly in-
dependent subset of FA, and let P’ and P denote, respectively, the defining
A -ideal of n in F{(y;)jes}a and the defining A-ideal of n in F{(y;)jes}ta.

Then the following three conditions are equivalent.
1. F{nta is A'-free over F{n}a.
2. F{nta is A'-free over F(n)ar.
5P = {P)a.

The equivalence of condition 1 and condition 3 in this proposition shows
that F{n}a is A”-free over F{n} s if and only if {P'} A is the defining A-ideal
of nin F{(y;),;es}a. This observation enables one to construct a A’-F-algebra
B’ C U which is A’-isomorphic over F to A" and such that By is A/A'-F-
free over B’. [25, Proposition 11, page 22|. Just take & = (§;)jes to be

an F-generic A-zero of {P'}a. Then, by the equivalence stated, F{E} A is
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A/A-F-free over B’ and B’ is A’-isomorphic over F to A’ because &, as is
7, 1s an F-generic A'-zero of P’.

The proof that condition 3 implies condition 1 is straight forward ap-
plication of the definition of A”-freeness. For simplicity, assume that the
indexing set .J is finite, i.e. 7 = (m,...,m,). Let ¢ : A" — U be a A'-
F-homomorphism. Then, ¢'(n) is a A’-zero of P’ and, thus. a A-zero of
P = {P'}a. Since n is an F-generic A-zero of its defining ideal P, n — ¢'(n),
and, thus, ¢’ extends to a A-F-homomorphism ¢ : Ax = F{nta — F{e'n}a.

The following proof, which is slightly different than that of Kolchin, that
condition 1 implies condition 3 will serve to motivate the next proposition.
Clearly, P DO {P'}a. Assume that there exists ' € P C F{y1,...,Un}a
with F' ¢ {P'}a. Since B F{yr,...,unta = P’ (25, Proposition 8, page
16], the A-polynomial F' ¢ F{y1,...,yn}a and. thus, must involve some
A"-derivatives of some y;. Since U is a A-universal over F, one may choose
A-zero & = (&, ... &) e W of {P'Ia C F{yr, ..., ynta such that F(£) #£ 0.
Because ¢ is a zero of P/, there is a A’-homomorphism of F{n} . onto F{E}as
sending 7 to £. This A’~homomorphism cannot extend to a A-homomorphism
from F{n}ta to F{E}a because F(n) = 0 and F (&) # 0. Therefore, A is not
A/A'-F-free over A’.

The existence of the A-polynomial F' ‘prevents’ A from being A/A'-F-free
over A’. Since F' ¢ F{y1,...,yn}ar, proper A”-derivatives of A’-derivatives
of (y1,...,yn) are present in F. Since n is a A-zero of F', some A”-derivatives

of A’ derivatives of 1 are algebraically dependent over A’. Thus, the algebraic

186

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



independence of certain of the ring generators of A over A’ is a necessary
condition for freeness. This is made precise in the following proposition,
which is a generalization of the results of Sit (with A’ empty) [35, Corollaries

1 and 2, page 25].

Proposition 5.224 Let £ = (&1,...,&,) be A-generators of a A-field over
F . Assume that A is the union of two disjoint subsets A’ and A”. Then

the following statements are equivalent.
1. The A-F-algebra F{F(E)arta is A"-F-free over F{E)ar.

2. Every transcendence basis for the field F(E)ar over F is A”-algebraically

independent over F .

3. There cuists one transcendence basis for the ficld F(E) A over F that

is AN'-algebraically independent over F.

Proof: Because there always exists a transcendence basis for the field F(&) s
over F, condition 2 implies condition 3. Assuming condition 3, let the tran-
scendence basis (#;);cr for the field F(E)ar over F be A’-algebraically inde-

pendent over J.

Claim 5.225 F{F(&)ata = FE)al(0"t:)icrore o)

Proof: The right hand sidc is clecarly contained in the left. To prove the
claim, it must be shown that all the A-derivatives of o € F(&)ar are in

the right hand side. If o € F((¢;)ier), this is clear by the formula for the
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derivative of a quotient. If «r is algebraic over F((#;);cr) and not in F((¢;)ier),
let f(x) € F((t;)ier)|x] be the minimal polynomial for a. For ¢7 € A" let
Si(x) = df/dr. and let fo'(x) be the polynomial obtained from f(x) by
differentiating the cocfficients of f(z) with respect to ¢”. Then, Sp(w)d”a +
o () = 0. Since the degree of S;(z) in x is less than than the degree of the
minimal polynomial, S;(a) # 0. Then, §"a = —f%"(a)/S¢(a) is an element
of the right hand side because the coefficients of f%"(z), f*"(a) and 1/S¢(a)

are in the right hand side. J

To show condition 1, let p : F(&)ar — H be a A’-F-homomorphism to an
A-F-field H. The 0"t; for all i € [ and all 7 € ©ar of positive order, in addi-
tion to being algebraically independent over F, are algebraically independent
over F(&)ar because an algebraic relation over F(&)a would contradict the
algebraic independence of the family (0”t;);crorcor over F. Therefore. one
may cxtend p to an F-homomorphism of F(E)ar[(07t:)icro7e o4, | by defining
p(07t;) = 0"p(t;) for all i € I and all € ©an. To complete the proof of
condition 1. it will be shown that p is a A-F-isomorphism.

To show p is an A”-F-homomorphism, since p restricted to
Fl(0"ts)ier07e ©,,] clearly is, it must be shown that pé”a = 6”pa for all "
in Oar and for o € F(E) ar algebraic over F((¢;)ier). If a is not in F((¢;)icr),
as before, let f(x) € F((t:)ics)[x] be the minimal polynomial for ««. Then,
for 5 € A", Sp(a)d"a+ £ () = 0, S;(a) # 0, and 6" = — %" (o) /S () is
an element of F({)ar[(0”t:)icro7c o, ], the domain of p. Since p restricted to

F(&) v is an isomorphism, pa satisfies (pf)(x) and S, r(pa) = p(Ss(a)) # 0.
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Apply §” to (pf){a) = 0 to obtain S, (pa)d”pa + (pf)* (pa) = 0 and
§"pa = —(pf) (pa)/S,;(pa). Since the coefficients of f are in F((#:)icr)

where p and 8" commute, (pf)*" (z) = p(f*")(z). Therefore.
8" pa = —(pf)" (pa)/Spp(pa) = —p(f*" ) (per) /S (per)

= —p((f") (@) /p(Ss(a)) = —p((f*) (@) /Ss(a)) = pdar.
This A”-F-homomorphism p is also a A’-F-homomorphism becausc p
restricted to F(&) or was assumed to be a A’-F-isomorphism and because, for

all 8”7 in ©a» and all ¢ in A,
p(8'0"t;) = p(878t;) = 0"p(d't;) = 0"8 p(t:) = 80" p(t;) = 8 p(6"t;).

Therefore. p is a A-homomorphism of F{F({)ar}a . This shows F{F(E)a}a
is A”-F-free over F(&)ar.

Assume condition 1. Let (¢;);e; be a transcendence basis of F(£) s over
F. Let (yi)ier be a family of A”-indeterminates over F(E) A, Define an
isomorphism over F of fields ¢ @ F((¢:)ier) — F((yi)ier) such that p(t;) =
y; for each i € I. Then because each element of F()as is algebraic over
F((ti)ier), ¢ extends to an isomorphism of F(£) A+ into an algebraically closed
field containing F{(yi)icr)av. Endow the image H of ¢ with the unique A’-
structure such that ¢ is a A’~- F-isomorphism mapping each ¢; to y; for ¢ in 1.
Then H{(y;)icr}ar has a structure of a A”-F-algebra because the elements
in H not in F((y;)ier) arc algebraic over F((y:)ier) and, as shown in the

proof of the claim, have uniquely determined A”-derivatives in H{(y;)ier far.
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The A’-structure on J may be extended to all of H{(y;);=;}a» by defining
8 (0"y:) = 0"0y; for each 6”7 in Oar, each & € A’ and i € I. Because
0'6"y; = 6""y;, the derivation 6’0" — 6”0" on F((y; )i, ) is the zero derivation.
Since it extends uniquely to the zero derivation on 3, 88”73 = 8”85 for 3
in H not in F(y;);e;. This shows that there is a well-defined A-structure on
Han.

Because condition 3 implies condition 1, Har is A”-F-free over H. By
Lemma 8.59, since ¢ from F(&) o to H is an A’-isomorphism, (F({)a)a and
H{(ys)ier } a» are A-isomorphic over F by an isomorphism that sends #; to
y;. Because the (y;)icr are A”-algebraically independent over &, the (¢;);c;

are A”-algebraically independent over F also. O

The goal of the rest of this section is to analyze the constants of free

extensions. First recall the following exercise of Kolchin [24, Exercise 8. page

Exercise 5.226 Let U a A-field universal over F. Let ty.....t, € U be
A-algebraically independent over F. Let P,Q € F{yi.....uyn}a such that

PQ ¢ F, and ged(P,Q) = 1. Prove that uw = P(t1,...,t,)/Q(t1, ..., t,) is

A-transcendental over F.

To do this exercise, consider ¢y, ...,%, as A-indeterminates over F. Choose
orderly rankings for F{yy,...,y,}a and F{z}a. Assume g € F{z}A is of

lowest rank among the non-zero A-polynomials satisfied by u. Let g =

Idz,y + gy o+ D where d is a positive integer. v, is the leader of g,
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and the I, are A-polynomials in F{z}a of lower rank than v,. Because I and
I; are of lower rank than g, Iy(u) # 0 and I;(u) # 0. 1f ord v, = 0, substitute
P/Q for z, clear denominators and observe P divides Q. But ged(P, Q) =1,
so it may be assumed that ord v > 0. Let v,, vp and v be the leaders of
g, P and Q. respectively. and S;, Sp and Sg the separants. Write v, = 0z,

where 0 is the non-empty product of r derivations from A.

Claim 5.227 vy(P/Q) = 0(P/Q) = [Q" ' (SptvpQ — PSgbvg) + W]/Q"
such that W is the sum of terms of rank lower than the maximum rank of

Ovp and Bvg.

Proof: The claim is clearly true for » = 1. Assume the claim is true for r.
By differentiating v, (P/Q) = 6(P/Q) = (SpbvpQ — PSpbv)/Q? + W/Qr+t

with respect to one of the 0 € A, dv,(P/Q) =
§0(P/Q) = (SpdbvpQ — PSgdtug)/Q*+V/Q* + (sWQ — (r+ 1HWQ)/Q" 2

such that the rank of V' is lower than the maximum rank of 66vp and 06vg.
Since W Q and (r+ 1) Q) also have lower than the maximum rank of d6vp

and d0vg, after adding the three fractions, the claim is true for r 4- 1. d

Let t be a positive integer such that Q' - I;(P/Q)v}(P/Q) is a A-poly-
nomial, in F{y1,...,ynta, for each j = 0,...,d. By substituting u into

Q'g(z), one obtains the zero A-polynomial
Q'g(u) = QI(P/Q)vy(P/Q) + La1(P/Q)vy  (P/Q) + ... + Io(P/Q)).
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If rank P > rank(@. then, by the claim, the sum of the highest ranking terms
of Q'g(P/Q) is the A-polynomial Q'I,,(P/Q)(Q" " Sphup@Q)? which is equal
to zero because Q' g(uw) = 0. So that, since I,(P/Q) # 0 and Q) £ 0. it follows
that Sp = 0 and P € F. Thus, @ € F becausc rankP > rank@). This is
contrary to the assumption PQ ¢ F. If rank@ > rankP, the same tyvpe of
contradiction results.

If ord P = ord @, by the claim.,
Q'L (P/Q)QU" =N (SphupQ — PSgbug)?

= Q'L(P/Q)QU 1 (SpQ — PSg)*(fup)

is the sum of the highest ranking terms of Q'¢ and is equal to 0. Therefore,
(SpQ — PSp) = 0. Then, P divides Sp because ged (P, Q) = 1. But. this is

impossible because Sp has lower rank than P. Thus the excrcise is complete.
Corollary 5.228 Let U a A-field A-universal over F. Let t1,....t, € U
be A-algebraically independent over F. Then F{(ti.....t,)> = F>,

Proof: The condition that an element be a A-constant is a A-relation on

that element. This is impossible by the previous exercise. U
The next lemma is well-known.

Lemma 5.229 (The Algebraic Constant Lemma) Let G over F be an eux-
tension of A-fields. A A-constant of G algebraic over F is algebraic over

the A-constants of &
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Proof: Let o be a A-constant of G algebraic over F. Let f(x) € Fx] be

the minimal polynomial of & over F. Write f(z) = X4 a;x' for a; € F.

Then, for each § € A, S¢(a)da + fo(a) = 0, where S;(x) is the derivative
of f with respect to & and f°(x) is the polynomial obtained by applying &
to the coefficients of f(x). Since da = 0, f°(a) = 0. Because the leading
coefficient of f(a) is 1, the degree of f°(x) is less than that of f(x). Since
f(z) is the minimal polynomial of «, f°(x) = 0. Consequently, da; = 0 for

i=1,...,d and all § € A. Therefore, the coefficients of f(x) are d-constants

in F, and « is algebraic over F2. a

Lemma 5.230 (No New A”-Constant Lemma) Assume that A is the union
of two disjoint subsets A" and A'. Let & = (&,...,&,) be a finite family of
elements of W. If the A-ring F{F(E)ar}a is A"-F-free over F(E)ar. then
the A-constants of F(E)a are contained in the algebraic closure of F2" i
F(ar If FEar is a reqular extension of F, F(E)A and F have the same

A" -constants.

Proof: By Proposition 5.224, there is a transcendence basis (f;),c; for the
field F(&) ar over F that is A”-algebraically independent over F. By Corollary
5.228, the A”-constants of F((¢,;);e;)ar are in F. Let v in F(£) A be algebraic
over F((t;)icr)ar and a A”-constant. Then there is a finite subset ¢1,...,1,
of the family (¢;);er such that v € F(ty, ..., 1,)a»X. The Algebraic Constant
Lemma 5.229 can then be applied to show v is algebraic over the A”-constants

of F((t:)ier)ar. Thus. ~ is algebraic over T2 by Corollary 5.228. If F(&) A/
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is regular over F, then F(&)a is regular over F ([25. Proposition 10(c), page

21]) and. therefore, v € &. O

If the A-ring F{F(&)arfa is A"-F-free over F(&)a and if F(E)a is a not
regular extension of F. there may be some A”-constants in F() A algebraic
over F. For example, take F = Q, A’ = () and P = (¥* +1) C Qly] a
prime ideal. Then {P}arar = {y?+ 1}ar C Q{y}ar is a A-prime ideal ([25,
Proposition 8, page 16 ]). Let € be a Q-gencric zero of {y2+1}ax in U. Then,
by Propostion 5.223, Q(&)a is A-Q-free over Q(€). And, since 8"y € {y*+1}a
for 8" € A", € is a A”-constant of Q(&). In fact, the same technique shows
that, if Pa = (f) where f € Q[y] is an irreducible polynomial, §”¢ = 0 for
a Q-generic zero & of {f}ar in U. A proof of a similar fact will be given in
the first part of Proposition 5.232.

The next two propositions consider A’-constants of F(&) A instead of A”-
constants. Sometimes F(E)aA will contain no A’-constants not in F(E)ar.

Sometimes it will.

Proposition 5.231 Let £ = (&1,...,&,) be a finite family of elements of

W. If the A-ring F{F(E) A ta is N'-F-free over F(&)ar and if & are A'-
independent over F, then (F(E)a)? = (FE)a))A = FA.

Proof: The set of all the A’-derivatives of £ is a transcendence basis for F(£) ar
over F. By Proposition 5.224, they are A”-algebraically independent over &,
and all the A”-derivatives of £ arc A’-independent. By Corollary 5.228, there

arc no new A’-constants, and the conclusion follows. O
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Proposition 5.232 Let card A’ = card A" = 1 and & = (&), and let
€W Let fly) € F¥Myta such that f(y) = Say,y' (8'y) with a,; € FA.
Assume f(&) =0, and the A-ring F{F(EYarta is A'-F-free over F(EYar. If
fly) is of order zero, i.e. a;; =0 for j > 0, then 6’6 = 0 and 0"¢ = 0. If

not. then 0'&/6"& is a A'-constant of F(E)a not in FE)y:.

Proof: Let P’ and ‘B denote, respectively, the prime defining A’-ideals of £ in
F{(y;)jes}a and the defining A-ideal of & in F{(y;)jes}ta. By Proposition
5.223, P = {P'}a.

If §'y is not present in f, then £ is algebraic over F2. Let g € F2[y]
be the minimal polynomial for £&. Clearly, g € P/, and é’'g € P’. Let S be
dg/dy. Because g is the minimal polynomial, S ¢ B’. Since ¢’g = Sd'y and
since P’ is prime, o'y € P’ C PV, and §'¢ = 0.

If &'y is present in f, §'f = S0y + (9f/0y)d'y and 8" f = S§"d"y +
(Of/0y)0"y are elements of P = {P'}a, where S = If /D0’y and S ¢ P.
Then,

0"y -8 f — 8y - 8" f = S(8"yd"y — 6'ys"d'y)
is also an element of 9B. Since S ¢ B, §"yd"?y — §'yd"d'y is. Because £ is a

A-zero of P, §"£62¢ — §'€6"6'¢ = 0, and §'(6€,/8"&1) = 0. O

The last proposition applies to familiar equations. For instance, if f(y) =
(0'y)? — y® — ay — b, the Weiestrass p-function results in new A’-constants.
If f(y) =y — &'y, the exponential function results in new A’-constants. In

this case, the constant of the proposition is §'&, /0”& = & /6"&,.
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5.3 The E-Group Induced from an Algebraic Group.

In this section, let F be a A-field and let A’ be a commutative linearly
independent of the vector space spanned by A over F. Let U be a A-extension
of F that is A-universal over F. In [25, Chapter 2, Scction 3, page 56], Kolchin
devclops a procedure for associating to each A’-F-group (relative to the A'-
field U) a A-F-group G (relative to the A-field U) which is called the induced
A-F-group and will be denoted by G'a. The elements of Ga are defined to
be the same as those of GG. If the A’-subfield of U associated to = in G is
F(z)ar, the A-subfield of U associated to x in Ga is F(F(z)ar)a.
Heuristically, to each open affine B of G defined by a A’-ideal P’ of
F{y1,...,Yn}ta, one may associate the open affine Ba of Ga defined by the
A-ideal {P'}a of F{yi....,ynta. To the element x of G, thought of as a
A'-zero in W of P, corresponds the element = of (GA. thought of as a A-zero
of {P'} . The A’-rational functions giving the group law on G also give the
group law on GA. An F-generic element v of G, which is a generic zero of
some P’ as above. will be an F-generic element of G4 if and only if it is a
generic zero of {P'}a [25, Theorem 3(2¢), page 58]. The discussion in the
last section implies v will be an F-generic element of Ga if v is a F-generic

clement of G and (F(z)ar)a is A/A-F-free over Flx)ar.

Definition 5.233 [25, page 56]Let A" be a commutative linearly independent
subset of FA. Let G be an N -F-group (relative to the A'-field W ) and H
be an A-F-group (relative to the A-field W). A (A, A')-F-homomorphism of
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H into G is a group homomorphism [ : H — G that satisfies the following

three conditions:

~

if y € H. then F{f(y)yar T Fy)a,

2. ifyy € H and y —= o, then f(y) == fy').

if y,y € H and y =2/, then Sa , extends Sa jy). ) -

Definition 5.234 [25, page 57| Let G be an A'-F-group relative to the uni-
verse W. A A-F-group structure on G, denoted by Ga, is said to be induced
(by the giwen AN'-F-group structure on G) if the following two conditions are

satisfied:
1. ide s a (A, A)-F-homomorphism;

2. every (A, A)-F-homomorphism of a A-F-group into G is a

A-F-homomorphism.
5.4 Varying the Universal field

For & a A-field. the functor "extending the universal field of F”, has been
developed by Kolchin. (See [25, Chapter 2, Section 1, Varying the universal
differential field, page 45] and [25, Chapter 8, Section 10, The Lie-Cassidy-
Kovacic method, page 247]). Let V and U be A-extensions of F that are A-
universal over F and such that U € V. The functor "extending the universal

field of ¥ takes the category of A-F-groups (relative to U) and A-F-group
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homomorphisms to the category of A-F-groups (velative to V) and A-F-
groups homomorphisms. Heuristically, a set defined as the A-zeros in U of a
system of A-equations is taken to the set of A-zeros in 'V of the same system

of A-cquations.

5.5 The Logarithmic Derivative

The purpose of this section is to prove cvery connected E-group is isomorphic
to the Galois group of an E-strongly normal cxtension. The technique of
proof was suggested by Kovacic, who after looking at the examples of E-
strongly normal extensions for subgroups of G, and (,,, realized that the
No New A”-Constant Lemma 5.230, in the generality presented in the last
section, together with standard reasoning with the logarithmic derivative
would achicve the desired result.

For the definition of the logarithmic derivative see [23, page 236|. In this
paragraph, an heuristic description of the logarithmic derivative will be given.
Let F be an E-ficld. and let V be an E-extension of F that is E-universal over
F. Let GG be a connected E-F-group (relative to the E-field V). Let 3 C 'V
an E-extension of &F, with U not necessarily universal over J{. Let x be an
E-derivation (y commutes with the action of E) of H into V over F. For
each element g of G rational over H, evaluation at g of E-F-functions on GG
defined at g composed with 1y is local E-derivation at ¢g. If g is E-JH{X-affine,
this local derivation can be extended to a unique tangent vector to G at g

[25, Section 8, Chapter 8]. By right translating this tangent vector to all
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of G, one obtains an element [x(g) of the Lie algebra LA(G) of invariant
E-derivations of ¢ which is called the logarithmic derivative of g relative to
x. Thus. for anyv local derivation x and g € G, there exists a unique element

Ix(g) of the Lic algebra La(G) with the property that

Ix(g)(f)(g) =0(f(9)

for every E-F-function f.

In the remainder of this section, let F be an (E, A)-field, let € = F2, and
let U be an (E, A)-extension of F that is (E, A)-universal over F. Let G be a
connected E-C-group (relative to the E-field U%). By extending the universal
E-field from U” to U, considered as an E-field (Section 5.4 or [25, Chapter
2, Section 1, page 44]). G may be considered as E-C-group (relative to the
E-ficld W). For cach § in A and any g in Gy, the conditions described in the
last paragraph for the existence of the logarithmic derivative are satisfied,
and [6(g) is in Le(G).

The following lemma is one of the well known properties of the logarithmic

derivative [25, Proposition 8, page 236] and will be used a few times.

Lemma 5.235 let x,y € Gy. If oo = 1oy for all 6 € A, there exist an

clement ¢ € Gua such that ¢ = x™y.

Proof: Assume [6z = oy for all 6 € A. By [25, Remark after Theorem
3, page 237], for w,z € G, l6(wz) = 16(w) + 77(16(2)) where 7/ is the

isomorphism of the Lie algebra induced by conjugation with w. By letting
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w =2 and z = 2 Yy, I6(y) = 16(x) + 77 (16(x " y)). So 0 = 77(15(21y)),

and 0 = I5(x7'y). Then ¢ = 27y € Gya [25, Proposition 8(¢), page 236]. O

«

Definition 5.236 The element o € Gy s a G-primitive over F if the loga-
rithmic derivative 10(o) € Ly 5(G) for each 6 € A. A G-primitive extension

is an extension of F of the form F(a) where « is a G-primitive over F.

Proposition 5.237 Let « be a G-primitive over F such that the field of A-
constants of F{a)g.a is C. Then Fla)pa is an E-strongly normal extension
of F (relative to (E, A)-field W), and the map ¢ : G(Fla)ysa/TF) — G defined

1

by c(o) = a~loa defines an injective E-C-homomorphism of E-C-groups

(relative to the E-field U”).

Proof: Since o is a G-primitive over F, l6(«) € Ly 5(G) for each § € A, So
that. for any (E, A)-isomorphism o of F(a)ga over F. o(ld(a)) = 16(«) for
5 € A. Also. l0(oa) = o(ld(«)) for all § € A by [25, Proposition 8(b), page

236]. Therefore, (6(ca) = [6(a), and, by Lemma 5.235, ¢(0) = o 'oa is an

element of Gya. Since
o(Fla)pa) C Fla)ypao(Fla)pa) = Fla,oca)ga

= F, ¢(9)))pa = Fl)raClc(o))e,
F(«) is E-strongly normal over F by Proposition 3.188. By definition, €{o) =
(Fla)pac(Fla)ra))®. Therefore, C(o) = C(c(r))r by [24, Corollary 2 to
Theorem 1, page 88]. For any 0,7 € G(F(x)ga/TF), ¢ is a group homo-

morphism since «c(o7) = ora = o(ac(r)) = oo c(r) = aclo)c(r). If o
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is in the kernel of ¢, ca = ac(o) = « and, hence, 0 = idy,, because «
(E, A)-generates F{a)g a. Therefore ¢ is injective.

To prove that ¢ is an E-C-homomorphism, it will be shown to be pre E-C-
mapping (Definition 2.56). Then, since ¢ is a homomorphism, [25, Corollary
1, page 90] implies that ¢ is an E-C-homomorphism. Parts 1.2 and 3 of
the Definition 2.56 follow by taking the domain to consist only of C-generic
elements and from the fact that C{o) = C(c¢(o))r. To show part 4 of the
definition, take o <> o’ two C-generic elements. By the definition of C-
generic E-specialization in G(F(a)ga/F). there exists an (E, A)-F(a)pa-
isomorphism ¢ : F(a)gao(Fla)rpa) =~ Fla)pao' (Fla)ra) that maps o
onto o'f for each 8 € F(a). Therefore, p(c(o)) = pla™loa) = a™ld’a =
c(o’). Thus, the induced E-C-isomorphism Scor).c(r) Obtained by restricting
¢ to C(o) = Cc(o))k, is exactly the induced E-C-isomorphism S, . and

c(o) — c(a’). O
The following Lemma has a pivotal role in the next theorem.

Lemma 5.238 Let G be a connected E-C-group (relative to the W). Let
n and & be elements of Gy. Assume 1 is C-generic and C(n)® = €. If
16(n)y =16(§) for all 6 € A, then £ is C-generic, and 1< £ in G.

Proof: By Lemma 5.235, there exists v € Gya such that ny = £. By the
Theorem on the linear disjointness of A-constants [24, Corollary 1, page 87/,

C(n) and C(~) are linearly disjoint over €. By [25, Theorem 1(d). page 39 |,
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77y is a C-generic element of Gg a. Since ny = £, { is C-generic. Because G

is connected, 7 « £ in G. O

For the proof the next Theorem, one uses the fact that the elements of
G (velative to the E-field U®) are contained in ( Ge.a)ua. as the following
discussion indicates. An E-C-group G (relative to the E-field U?) is given.
Let Gy (relative to U) be the E-C-group obtained from G (relative to US)
by extending the universal differential field from U2 to U. The elements of
G (relative to U2) are the clements (Gq)ya of the E-group Gy (relative to
U) rational over U2. Let G a (relative to the (E, A)-field U) be the (E, A)-
C-group obtained from the E-C-group Gy (relative to U) by extending the
derivations from E to (E, A). From the discussion in the preceding section
on the (E, A)-C-group Gg a, the elements of the E-C-group G are included
in the elements of the (E, A)-C-group Gga. Therefore the elements of the
E-C-group G (relative to U?) are elements (Gga)ya of (E.A) C-group Gga
(relative to the (E, A)-field U).

Theorem 5.239 Let G be a connected E-C-group ( relative to the E-field
UA). Let n be a C-generic clement of Gua. Then, § = Cmua is E-
strongly normal over F = C(Io\n)g.a -+ - C(18,,M)E,a (relative to the (E,A)-
field W) with Galois group G(G/F) (relative to the E-field U”) E-C-isomor-

phic to G.

Proof: Since the E-C-group G (rclative to the E-field UA) is connected, the

E-C-group G (rclative to the E-field W) is connected [25, Section 1. page 44].
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This implies that the (E. A)-C-group G a (relative to the (E. A)-field U) is
connected [25, Theorem 3, page 58|.

By Proposition 5.223, C{C(n)r}a is A-free over C(n)n. Because G a is
connccted, § = C{nyp.a is a regular extension of € by the third axiom for
E-groups. The No New A”-Constant Lemma 5.230 then implies that the
A-constants of § = C(1)pa are in C.

Set G = C(n)pa and F = C(l01m)rna - - C(ld,,n)E.a. Since for each 6 € A,
10 : Gea — (Lrs(G))ra is a pre (E, A)-mapping [25, Corollary, page 243],
Clldn)ra C €(n)ra for each A. Therefore, F C G, and G& = F» = €. By
construction, n is a G-primitive over F. By Proposition 5.237, G is strongly
E-normal over F, and the map ¢ : G(G/F) — G defined by ¢(o) = n~lon is
an injective E-C-homomorphism.

To show that ¢ is surjective, let § be any elcment of the connected E-
C-group G (relative to the universal E-field U?). Using the identification of
the elements of the E-C-group G (relative to the E-field U=) with the subset
(Gr.ajya of the elements of the (E, A)-C-group G a (relative to the (E. A)-
field U). consider 3 as an element of G a. Because [5(n3) = 15(n)+7,10(5) =
16(n), Lemma 5.238 implies n < n3. Then, by part 3 in the definition of
a pre set, there is an (E, A)-isomorphism Sgayns, @ CMea = €CNO)ea
over C. Let 0 = Sga)ns, By DAS 20 in the definition of a pre set,
there exist a unique element x of Gy A such that n < z, SE Ay, = 0 and
a(C(nea) = C{x)ga. This element x is the definition of on [25, page 30].

Therefore. o = n3. For all § € A, the computation old(n) = 6(on) =
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16(n3) = 16(n) + 7;16(3) = 15(n) shows that F is invariant under o. and,
hence, o € G(S/F). Then, ¢ is surjective since ¢(o) = n~'on = 3. Because
a bijective E-C-homomorphism of E-C-groups is an E-C-isomorphism [25,

Corollary 4, page 97}, ¢ is an E-C-isomorphism. J

For given E-group, the procedure in the next corollary constructs an E-

strongly normal extension in two stages.

Corollary 5.240 Assume A = {0}. Let G be a connected E-C-group
(relative to the E-field U™). Let Gga be the (E,A)-C-group (relative to
the (B, A)-field W) obtained by first extending the universal E-field from U~
to W and then by extending the the derivations from E to (E,A). One can
always chose a C-generic element a of Lge(G)ra and then an element b
of Gg.a satisfying the equation 16(X) = a. Then b is a C-generic element
of Gea. and Cb) Ay over Cla)m.ay is E-strongly normal (relative to the

(E. A)-field W) with Galois group E-C-isomorphic to G.

Proof: There exist a C-generic element a of Ly e(G)r.a because of the def-
inition of pre (E, A)-sets. That b exists follows from the surjectivity of the
logarithmic derivative [25, Proposition 11, page 240].

Let 7 be a generic element of Gga. Set § = C(n)ga and F = C{lén)E.a.
By the previous theorem., G over &F is a E-strongly normal extension with
Galois group G(G/F) which is E-C-isomorphic to G (relative to the universal
E-field U2). The proof of this corollary will be accomplished by showing that

C(b) A is (E, A)-isomorphic to €(n)x a over C.
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Because 1 is a C-generic element of G and the logarithmic derivative
16 is a surjective (E, A)-C-mapping, 67 is a C-generic element of Lg o(G)g A
because, if ¢ is any element of L e(G)ra and £ is an element of G A such
that 10 = ¢, then np — & implies 101 — 10& = € since 16 is pre (E. A)-mapping
[25, Corollary, page 242]. Because a and 107 are both C-generic elements
of Lpe(G)ra, there exists an (E, A)-isomorphism ¢ over € from €(u)ga
to C{lén)e,.a. By Proposition 1.52 on extensions of (E, A)-isomorphisms, ¢
extends to an (E, A)-C-isomorphism, also called ¢, from C(b)ga to U.

Since b is an element of Gg A, by DAS 20 in the definition of pre sets,
there exist a unique z in Gga with b < 2 such that C(z)pa = ©(€(b)r.a)
and Sg,a)epe = @. Since isomorphisms over € commute with the logarith-
mic derivative [25, Proposition 8, page 236], [0(x) = [6(pb) = p(16(h)) =
pa = 16(n). By Lemma 5.238, z is a C-generic element of Gy a, and @ < 7.
Therefore. b « 1. and b is a C-generic element of G'pa. Because Sqay s -
Chyea =~ Cmea is an (E, A)-C-isomorphism and Sgay,0(Cla))pa =
C{l0(n))r.a. by Proposition 3.204, €(b),a) over C{a).a) is E-strongly nor-

mal with Galois group E-C-isomorphic to G. U

5.6 The E-Strongly Normal Extension Corresponding
to the E-Group Induced from an Algebraic Group.

One often studies classical linear ordinary differential equations with coeffi-
cients depending on paramcters. For cach value of the parameter, the dif-

ferential Galois group might change. However, generically, the Galois group
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does not change with the parameters. Therefore the monodromy matrices,
which of course do depend on the parameters, can be viewed as functions of
the parameters with values in the generic linear Galois group. These mon-
odromy matrices arc clements of a Galois group, which is a differential group
contained in the generic linear Galois group, and satisfv differential relations
with respect to the parameters. This relationship is made precise in this
chapter.

If A is an A-ring which is a subset of an (E, A)-ring, Ag will denote
the (E, A)-ring generated by A. 1f A is an A-ring which is a subset of
an (E, A)-field, Ay will denote the (E, A)-field generated by A. Always
(A%)®) C (Ar))?. Also, please note that, if A and B are two A-rings which
are subsets of an (E, A)-field, (A[B})®) = Ar®) - Bu).

In this scction, the following notations will be used. Let U an (E, A)-field
that is (E, A)-universal over some (E, A)-field. Consider E as the union of
two disjoint subsets E’ and E”. Let 3 be an (E'. A)-subfield of U such that
U is universal over F iy as (E, A)-fields. This implies that U considered as
an (E', A)-field is also (E/, A)-universal over F’. Let G’ be an (E’, A)-subfield
of U which is an E/-strongly normal extension of F’ relative to the universal
(E/, A)-field U. Also, let § = (§)wr, F = (F)@m, € = §* = F2 and
G = G2. This definition of € is a change in notation from the usual € = F2.

(See Remark 5.242.)
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g — § — §=5¢

[ |

F — F —  FC
[ [ [
e — Fr G

All the results in this section relate the Galois groups of the (E’, A)-fields
G’ over F’ to the Galois group of the (E, A)-fields G over F€ and constitute
a straight forward application of basic definitions. In one’s first reading of
this material, the reader may assume that E’ is empty. The theorems are
presented in the increased generality, with E’ not empty, because no extra

work is involved and thev might be useful.

Lemma 5.241 Let G be an (E/, A)-subfield of W which is an E'-strongly
normal extension of the E'-field F' relative to the (E'. A)-universal (E', A)-
field U. Assume W is (E, A)-universal over G = 9/(E”)‘ Then any (E.A)-
isomorphism o of G = GC into W over FC is E-strong. Furthermore,
(S509)*

= ((§08)w)™ = C(F0G) ). and Clo) = C- () mm.

Remark 5.242 The field generated by the E”-derivatives of G may con-
tain new A-constants not in the field generated by the E'-derivatives of F'.
An example of a strongly normal extension of A-fields G’ over F' with this

property is any G generated by a Weierstrassian over a field of A-constants
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F'. (See [24, Examples, page 405] and Corollary 5.232.) This means that, in
the lemma. for o E-strong it must leave fized a field C of A-constants that

might include A-constants not in €.
Proof: DBecause o is an (E, A)-isomorphism of § over F€ and € = G2, o
leaves the A-constants € of G invariant. Since o restricted to §' is E’-strong,
o9 C YU and § C oG UA. Then,
75 = 0(S(@n) = (05 )@y C (FU) @) = Gl (U @ny = GUA,
and
§ =S C (0FU) @) = (0@ (UD)@r) = 0 (S US = o(HHU.
Therefore, o is E-strong.
For the first equality,
(509)> = (Sl o (Gl )™ = (Sen (09 ) @)™ = (§0F)wn)>.

Since the E'-strong normality of o implies §'0G = §(G0G )=, above se-

quence of equalities is equal to
((§'(§09) ) @)™ = (Slan(T05) ) @)™ = (S - ((§05)) @)

= (G- (G5 )wn)™ = (TG )M .
where the last equality follows from [24, Corollary 2, page 88] because G and
the A-constants €((§0G)=) ) are linearly disjoint over €. From this, the
last equality of the proposition follows from the definitions of €(o) and €' (o)

as (Go§)™ and (G'0g)=. O
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Proposition 5.243 Let G be an (E', A)-subfield of W which is an E'-
strongly normal extension of I relative to the universal (K. A)-field U.
Then G is an E-strongly normal extension of FC relative to the universal
(E. A)-field W. The map p from the E-C-group G(S/FC) to the E'-C-group
G(G'C/F'C) that associates an (E, A)-FC-isomorphism of G its restriction to
an (E'. A)-F'C -isomorphism of G'C is an injective (E.E')-C-homomorphism
(Definition 5.238). Furthermore, C{o) = C - C'(p(o))w-

Proof: Because G’ over 3 is finitely (E’, A)-generated, § over F and, there-
fore, § over FC is finitely (E, A)-generated. By Lemma 5.241, any (E; A)-
isomorphism of G over FC is E-strong. Consequently, G over FC is E-strongly
normal.

By Theorem 3.202, G(§'C/F'C) is the induced E’-C-group of the E’-C-
group G(9'/F). both being identified with each other by means of their
canonical identifications with the group of (E/, A)-automorphisms of §'UA
over J'US. The injectivity follows immediately from the definition of p. That
p is a group homomorphism is clear by identifying the E-group G(G/F€)
with (E, A)-automorphisms of GUA over FCUA = FU~ and the E'-group
G(§'C/F'C) with (E', A)-automorphisms of §US over FUA and observing
that the restriction p preserves composition in these groups.

To show p is an (E, E')-C-homomorphism each part of Definition 5.233
will be verified. For ¢ € G(G/FC), Clo)r = € - € (p(0))Er by Lemma
5.241. Since C{p(o))p = € - C'{p(o))r, it follows that C(o)r D C(p(o))r. If

o — 7 foro.7 € G(G/FC, then, by the definition of specialization, there is an
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(E. A)-homomorphism ¢ : §[oG] — G[79] over G such that ¢(ca) = Ta for
all @ € . Since §'C C G, the restriction of ¢ to §Clp(c)(9'C)] is an (E/, A)-
homomorphism GH|[p(o)(GH)] — GH|[p(o)(GH)] over GH which takes oo to
7o for all o € GH. Therefore, by definition, p(o) — p(7). If 0 < 7. then
the (E. A)-homomorphism ¢, defined above, is an (E. A)-isomorphism and,
therefore. extends to an (E, A)-isomorphism, also denoted by o, of the E-
field Go§ to the field §7G. The restriction of this (E, A)-isomorphism to the
A-constants GoG = €(o)x is the induced E-C-isomorphism Sg.. . : C{o)r —
C(r)r. The (E, A)-isomorphism ¢ also restricts to an (E’, A)-C-isomorphism
from the (E/, A)-field §'p(c)G’ to the (E', A)-field §'p(7)G’, which in turn re-
stricts to the induced E’-C-isomorphism Syr.pr).p0) : €{p(0))r — C{p(T))5r.

Since C(p(0)) C C(o) . Spire extends Sgrp(r),p(0)- O

This Proposition, in the case F’ is empty, can be used to produce examples
of E-strongly normal extensions. Start with a A-extension §" over F’ which
is strongly normal (in the sense of Kolchin) such that the coefficients of the
differential equations defining G’ over F’ depend on parameter 7. Assume
that the A-field F is closed with respect to differentiation by ¢. Differentiate
the elements of § with respect to ¢ to generate a {d/dt, A}-field extension G.

Then if (§)2 C F, G over F is {d/dt}-strongly normal over .

Corollary 5.244 In the above proposition, assume € = G& C F& = €.
Then the injective (E,E’)-C-homomorphism p: G(S/F) — G(G'/TF') identi-
fies the E-C-group G(G/F) with an E-C-subgroup of the E-C-group G(G'/F g
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induced from the E'-C-group G(SG'/F') by extending the derivations to E

(Definition 5.234 ).

Proof: Kolchin proved that the induced E-C-group G(G'/F )y always cxists
[25, Theorem 3. page 58]. By Definition 5.234 of the induced E-group, the
(E. E)-C-homomorphism p of the last proposition extends to a unique E-C-
homomorphism p : G(G/F) — G(9'/F ). It is also injective because p and
p are equal on the elements of G(G/F). The image of an E-C-group under an
E-C homomorphism is a E-C-subgroup [25, Proposition 4, page 92]. Becausc
p is a bijective E-C-homomorphism of G(G/F) to its image, the E-C-group
G(G/F) and its image in G(9G'/F )y are E-C-isomorphic [25, Corollary 4, page
97). 0
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6 Examples

In Kolchin's Differential Algebraic Groups [25] several results necessary for
the presentation of examples of the Galois are not carefully explained. An
especially critical one is that V™ with coordinate addition is an E-group. Ad-
ditionally, it is not shown that the Zariski closcd subscts of the E-set V7
(Section 4.1) are the closed subsets of the E-Zariski topology on V" (Section
1.4). Without this result, [25, Proposition 12, page 24] cannot be applied
to classify the E-subgroups of the E-group V". This classification is essen-
tial for the classification of all E-subgroups of an a given E-group. These
discrepancies are rectified in the first section.

In the remaining sections, examples of the Galois theory are presented.
The classification of the E-F-subgroups of V* (6.254) is important because it
is used to determine the E-F-subgroups of an arbitrary E-F-group, and this
necessary in order to exhibit examples of the bijective correspondence of the
Fundamental Theorem of Galois Theory.

The first aspect of the examples entails the presentation of an E-strongly
normal extension § over F and exhibits its Galois group G(G/F). This is
possible even if € = F2 is not constrainedly closed due to Theorem 3.197.
The second and more difficult aspect of the examples exhibits the bijective
correspondence between the E-C-subgroups of G and the (E, A)-subfields of
G containing F. If € is constrainedly closed, Theorem 4.207 asserts that this

correspondence exists.
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6.1 Subgroups of G~

In this section, F will denote an E-field over which V is E-universal.

Two topologics on the set V" will be considered. The first is the E-J-
Zariski topology on V" defined in Section 1.4, for which the closed sets are the
E-zcros of E-ideals 2 € F{y1, ..., y2}r. The second is E-F-Zariski topology
on the E-F-set V" defined in Section 4.1, for which the closed sets are the
E-F-subsets of V"*. The two topologies will be shown to be identical.

An outline of this section is as follows. First it will be observed that every
F-closed subset of E-Zariski topology on V" is a pre E-F-set. Then it will
be shown that V" with coordinate addition is an E-F-group. Since V" is a
homogeneous space over itself, every pre E-F-subset of V" is an E-F-set by
definition. The E-F-subsets of the E-F-set V" arc then proved to coincide
with the F-closed subsets of the E-Zariski topology on V*. This makes it
possible to demonstrate that the E-F-subgroups of V" are defined by linear

E-ideals.

Observation 6.245 The set of E-zeros 35(2) C V" of an E-ideal A C

F{y1,---,Yntr is a pre E-F-set (Definition 2.54).
Proof: Define a pre E-F-structurc on the clements of 35(2() by

1. for each element z = (21,...,2,) € 35(2A) let F(x) equal the finitely

E-generated extension F(x)p of F,
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2. a pre order on 35(2) defined in Example 1.4, i.e. for z. 2" € 35(20),
v 2/ if there exists an E-F-homomorphism of o : F{uwy, ... 0, g —

F{).. ... 2l } such that p(z) = 2/, and

oM

for each pair (z.27), with z, 2" € 35(), such that v — 7’ and 2’ — =
‘ g F
define the E-F-isomorphism S, - : F(z) ~ F(z') to be the extension of

o1, ..., ente — F{r), ..., 2} to Flz).

Since 35(2A) is an NG-space (Proposition 1.31) with the pre order of Structure

2 (Observation 1.26), Proposition 1.14 implics that there exist a finite number

of generic points, which is Axiom DAS 1. Axiom DAS 2a is clear. For

Axiom DAS 2b, if x € 35(20) and S : Flxr) — F' is an E-F-isomorphism, let
/

¥ = S(z). Then, from the definition of specialization in Structure 2, z < o’

and S, . = 5. O

Let A and B be two pre E-F-sets relative to V. A pre E-F-mapping ¢
of A into B is a complete pre E-F-equivalence of A with B [25, page 31} if
¢ is everywhere defined, bijective, and its inversc is an cverywhere defined
pre E-F-mapping of B into A. The following lemma shows that for any E-
ideal A C F{yi1,...,yn}r there exists a complete pre equivalence between

the pre E-F-set 34(2A) C V" of the previous observation and the pre E-F-set
(diffspec F{y1, ..., Yn}r/2A)(V) (Theorem 2.126).

Proposition 6.246 Let R be an E-V-algebra that is E-F-generated by 1 =
(M, sMm), and let A C F{yi,...,yn}r be the kernel of the canonical E-

F-homomorphism F{yi....,yn}r — R that maps cach y; to n;. Put X =
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diffspec R, and put V' = diffspec V. Let (£,£%) € X(V), and let o((£, %))

be the composition

9 £#(X)
-5

R —E5 0x(X) Ov (V) = V.

The function ¢+ X (V) — 35(R) C V" defined by v((f. f7)) = o((f. f7))(n)
is a complete pre E-F-equivalence of pre E-F-sets such that F{(&, 7)) =

FW(E, 7)) and, if (& EF) < (&,€F), S ety cer) = Sue e e

Proof: Let (Z,0z) be an E-F-scheme, and let (f, f#) : (Z,0z) — (X,0x)

be a morphism of E-F-schemes. Let o((f, /7)) be the composition

. N
R % 0x(X) LY 0,2).

Then the map
o Mor((Z,02),(X,0x)) — Homl(R. O4(2))

is a bijection by Proposition 2.68. When Z = V = diffspecV, it follows from

Proposition 2.74 that Oz(Z) = Oy (V) =V and that the function
¢ X (V)= Mor((V,Oy), (X,0x)) — Hom$(R.V)
is a bijection. Since 35(21) is the set of E-zeros of A, the map
ev, : HomE (1R, V) — 35(2A)

defined by ev,(p) = p(n) for p € HomF(R.V) is also a bijection. As a

consequence of this, the composition
v =-cvy0p: X(V)— 35(A)
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is also a bijection.
That ¢ is an everywhere defined pre E-F-map will be verified by checking

each of the conditions of the definition (Definition 2.56).
1. X(V) = X(V), because ¢ is defined at each clement of X (V).
2. For all (£,£7) € X(V), since p((&, 7)) is defined as the composition

- #
R & O (X) X)) v,

and ¢((§,£%))(€(0)) = 0, the stalk Og(y) may be inserted as follows:

; de (). 5#)
R —E 5 Oy(X) 228 Oc0) —=s v,

where the definition of the last two homomorphisms appcars belore
Lemma 2.71. Because Ogqgy is E-F-isomorphic to the local ring Reo)

(Lemma 2.70), E?E())(Og(o)) = F(p((&,£7))(n)) k. Because
FUEE) = o) (Ociy) = Flp((€ 1) ) = FLH((E. €9))).

3. I (&,67) — (&,87%). then v((&, 7)) — o((¢, 7)) for (£,67),(£,€7) €

X(V), because the following are equivalent.
(a) (&,8%) — (£,¢7).

(b) £(0) C £(0) C R by Proposition 2.94.
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() (&™) — »((&,€7)). Since the kernels of ¢((¢£, %)) and
(&, 7)) are £(0) and &'(0), respectively (Lemma 2.71), (b) is
equivalent to the existence of the commutative diagram below

ner  ———  Fp(&.FN}e
P((6E7))

w(m Jﬁ

Fe((&, 7)) (m}e,
where p is an E-F-homomorphism such that p(p((€,£%))(n)) =

(&, 7)) (n).

4. For (§,£7),(£,8%) € X(V), if (£.€7) < (£,£7), then £(0) = £'(0) by

Corollary 2.95 and the following diagram is commutative

o
Jc(0y,x Scio)
—_——

) O (X) O¢(0) —_— F((E.€7))

. S s erse,
# (& (g
o) ™ )

\ ;
FUE 7))

by the definition of S(é,’g/#%(gg#). Therefore,

Sieeneen (8, €7)) ) = #((£,67)) ().

Since the domains of S@/f,#)?(&g#) and S,’;,((gr,é,#)yw(gﬁg#)) are the same
(Property 2), Sier o) (c.c#) = St c#)aie.c#)) a0 Sier ) (g ) extends

Sy((ere#) w(Ee#))-

Since 9 is bijective, its inverse function exist and is clearly an everywhere

defined pre E-F-mapping. Therefore, ¢ is a complete pre E-F-cquivalence.d
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Let (Z,0z) be an affine E-F-group scheme (Definition 3.154). By Theo-
rem 3.177, Z(V) is an E-F-group. Since 7 is affine, Proposition 6.246 implies
that ¢:(Z(V)) € V" is an pre E-F-set. Endow the set ¢(Z(V)) with the group
structure which renders 1 an isomorphism of groups. The next proposition

shows that with this group structure »(Z(V)) is an E-F-group.

Proposition 6.247 Let (Z,0y) be an affine E-F-group scheme with Z =
diffspec R. Then, ¥(Z(V)) is an E-F-group, and ¢ is an E-F-isomorphism

of E-F-groups.

Proof: Since F((£,6%)) = F(W(E, 7)) and, if (£.6#) — (£,£%), S o))
= Syer ey (Proposition 6.246), ¢» merely renames the elements of
Z(V) without altering the structure elements of the E-F-group Z (V). There-
fore, the structure clements of (Z(V)) satisfy the axioms of an E-F-group
because they satisfy the same axioms for Z(V) (Theorem 3.177). Also, 1
is E-F-isomorphism because an everywhere defined pre E-F-map that is a
homomorphism is an E-F-homomorphism [25, Proposition 3,89} and because
a bijective E-F-homomorphism is an E-F-isomorphism [25, Corollary 4, page

97]. 0

Corollary 6.248 The pre E-Q-set V™ with coordinate addition is an E-Q-

hy 4 ; rmhi ) E\n m
group and v is E-Q-isomorphism from (Gy)" onto V™.

Proof: Recall from Section 3.2 that the E-Q-group scheme GE is defined

to be (Z.0z). where S = Q{y}r with E-Q-indeteminate y, Z = diffspec S
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and mult, inv and id are the E-Q-scheme morphisms induced via Proposi-
tion 2.65 from S — S ® S such that y - y & 1 + 1 &y, from S — S
such that y — —y. and from S — Q such that y — 0. Let (Y,0y)
be the product E-group scheme (GE)*. Then Y = diffspec R where R =
Ql{yt. .- ynte and y1, . . ., y, are E-Q-indeteminates. The E-Q-scheme mor-
phisms mult. inv and id are induced via Proposition 2.65 from ¢ : R — RQR
such that ¢(y;) =¥ ® 1 + 1 ® y;, from ¢ : R — R such that ¢ : (y;) = —u;,
and from ¢ : R — Q such that ¢(y;) = 0.
Because the functor of V-valued points preserves limits ([27, Theorem 1,
page 112]),
(GEY" = (Hom"((diffspec V, Ouitrapecv) ), (Z, O2))"
= Hom"((diffspec V, Ogisispec v), (Z, Oz)")
= Hom®((diffspec V, Ogitzspec v), (Y, Oy ).

For (“p, p7), (“7. 77) € (GE)™ induced by E-Q-homomorphisms p. 7 : R — V,
the sum (“p, p#) + (“7, 77) is induced by the composition

R 3 ReoR Zvevy 7. v,
where m is multiplication in the field V. Therefore, (p+7)(y;) = p(v:) +7(v:),
P((®p, p7) + (A1, 7%)) = ((*p, p7)) + ¥((*7,77)) and the group law on V"
is coordinate addition. UJ
Corollary 6.249 The pre E-Q-set V* = V\{0} with the group operation of
multiplication is an E-Q-group, and 1 is E-Q-isomorphism from GE onto

V.
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Proof: The proof is similar to that of the previous corollary. O

Let F be an E-Q-field over which V is E-universal. To simplify notation,
V" will sometimes denote the E-F-group induced from the E-Q-group by
extending the basic differential field from Q to F (Definition 3.201 or [25,
Theorem 2, page 49]). Similarly, V* will sometimes denote an E-F-group.
The meaning will be clear from the context.

Recall from Section 4.1 or {25, page 37| that an E-F-set is defined to be
a pre E-F-subset of a homogeneous E-F-space for an E-F-group. Since V"
is an E-F-group (Corollary 6.248), it is a homogenous E-F-space for itself.
Therefore, the pre E-F-set 35(2A) C V"*(Observation 6.245) is an E-F-set.
Conversely, it will be shown (Proposition 6.251) that any E-F-set contained
in V" is closed set of the E-F-Zariski topology on V" of the form 34(2() for
an E-ideal A € F{yy....,yn}r. To prepare for the proof of this result, E-F-
mappings and E-F-functions will be reviewed in the next few paragraphs.

Let W be an irreducible E-F-set, and let vy € W be an F-generic element.
Denote by F, the algebraic closure of & in 'V and by ? the E-specialization
over F, in the induced E-JF,-subset of W [25, Theorem 2, page 49]. Let A
and B be E-sets (Section 4.1). An E-F-mapping [25, page 121] is a pre E-F-
mapping f of A into B (Definition 2.56) such that, for each element vy € A/
(the domain of f) and for each F,-generic element vy of an F,-component W
of A containing vo, f(vw) is holomorphic at vy 3—a> vo and its value is f(vg)
(See [25, page 114] for the definitions of ‘holomorphic’ and ‘value’). Denote
by My (A. B) or Mg (A, B) the set of E-F-mappings of A into B and by

220

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



M, (A, B) or Me.g,.(A. B) the set of E-F-mappings of A into B that are
defined at a given element v € A. If F =V, put M(A, B) = M4(A, B) and
M, (A, B) = M, (A. B).

If B is the E-F-group V, an E-F-mapping of A into B is called an E-
F-function. Put F5(A) = Ma(A, V) and Fg,(A) = M5 (A V) for v € A.
IfF =V put §(A4) = Fx(A) and §,(A) = F5.,(A). All these sets of E-F-
functions are E-F-algebras [25, page 136].

The set of E-F-functions Fx,(A) defined at v € V is a local E-F-ring
with maximal E-ideal mg,(V) consisting of the elements ¢ € Fg,(A) such
that ¢(v) = 0 [25, page 195]. The E-F-homomorphism evg ) : 5o — V
defined by evg,(V)(¢) = ¢(v) for ¢ € F.,(A) is called the evaluation E-F-
homomorphism on V' at v |25, page 195].

For any E-subficld & € V, the projections pr; : (vi.....v,) — v; defined
by pr;((vy,....v,) = v; for (vi,...,v,) € V" are examples of E-F-functions
[25, Proposition G(f), page 129]. Moreover, when W is an irreducible E-F-
subset of V. the inclusion inys w : W — V" is an E-F-mapping [25. Propo-
sition 6(e), page 129]. Therefore, the composition x; = ky;; = pr; oiny. w is
also an E-F-function on W, i.e. x; € FH(W). Also, F(W) = F(k1, ..., ku)E
125, page 137]. The E-F-functions sy, ..., k, are called the canonical coordi-
nate functions on W. Since r;(w) = w; for w = (wy,...,w,) € W CV*, the
r; are everywhere defined on V", i.c. k; € Fg.(W) for i =1,...,n and all

we W.

Lemma 6.250 The canonical coordinate B-F-functions ry, ..., k, € F(V")
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are E-F-independent, and the E-F-ring of everywhere defined E-F-functions

on V" equals F{r1, ..., fntE.

Proof: Let = (... .. ) € V* be an F-generic clement of the E-F-group

V. By the definition of E-specialization in V", the family (ny,....7,) is E-
F-algebraically independent (Definition 2.147). Because, as noted above, the
r; are everywhere defined on V", k; € §Fx, (V") for all 7. Assume the family

(K1, ..., kn) is E-F-dependent over some finitely generated E-extension F of

Q. Then, since evg,, is an E-F-homomorphism, the family

(eV;),,](V”)(Kl), e 7ev?f71(vn)("{”n)) = (Hl("f)w s '%'n(n)) = (7717 e M)

would be E-F-dependent, which contradicts the E-F-independence of

Let v € (V") be an E-F-function that is defined for all n € V. Since

S5(V") = Fky.....k,), there exist relatively prime E-polynomials P.Q €
Flyi.....yn} such that o = P(k1,...,6,)/Q(K1, ..., x,). Since the family
(K1.....K,) is E-F-independent, P and @ are unique up to multiplication

by an element of F. Assume ¢ F. Then there exists an E-zero 1 =
(M, ---,mn) € V" of Q. By [25, Proposition 9, page 137], ¢ is not defined at

1, which is a contradiction. Therefore, () € JF. ]

To prove the next proposition, the following correspondence between E-F-
subsets and radical E-ideals of a certain Noetherian E-F-algebra [25, Propo-

sition 1, page 69] will be used. Let M be a homogencous E-F-space for an
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E-F-group G. and let V7 be an F-irreducible E-F-subset of A7. Let v be an
F-generic element of V| and let ¢ be an F(v)-generic element of the connected
component of the identity G°. For an a € F[{(vt) U F(t)], and an element
v € V', define o' to be a zero of o, if, when ' is a F(v')-generic clement of

G, then « is in the kernel the E-F-homomorphism
S F(vt) UF () g — F[(WYUF() e

that extends Sy .+ and Sy . The subset A of V' is a set of zeros of « if each
element of A is a zero of oo. The element v/ € V is a zero of a subset A of
Fl(vt) UF(t)]g if v is a zero of every element of 2 [25, pages 68-69]. If A is
an E-F-subset of V', the set A of elements of F[(vt) U F(t)]g for which A is
a set of zerog is a radical E-ideal, and A is F-irreducible if and only if 2 is
prime [25, Proposition 1(a), page 69]. And, if 21 is a subsct of F[{vt) UF(t)]E,
then the set of zeros of 2 is an E-F-subset of V' [25, Proposition 1(b), page
69]. For V' = V", this characterization of the E-F-subsets will be used in the

following proposition.

Proposition 6.251 Let F be an E-ficld over which 'V is E-universal. Then
all E-F-subsets of V" are of the form 35(2A), where A C F{y1, ..., yntr is

an E-ideal and vy, ...,y, are E-F-indeterminates.

Proof: Consider the E-Q-group V" as an E-F-group by extending the basic
field from @ to F [25, Theorem 2, page 49]. Let v = (vy,...,v,) € V" be an

F-generic element. By the definition of specialization in the pre E-F-set V"

223

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(See Observation 6.245). v is F-generic if and only if the family (v1,...,v,)
is E-F-independent. Therefore, an F-generic element of V" exists, and, by
definition, V" is irreducible [25, page 30]. The E-F-independent elements
vy, ..., 0, will be taken to be the indeterminates y;. ..., y, in the statement
of the proposition.

Let 17 be an E-F-subset of V", and let ¢ be an J(v)-generic element of
(G°. Since the action of the E-F-group V" on the E-F-get V" is coordinate
addition, this action will be written additively v-+¢. The set 2 of elements of
Fl{lv+t)r UTF(t)g] for which W is a set of zeros of a radical E-ideal that is the
intersection of finitely many prime components, because F[(v + t)g U F(t)x]
is the ring of quotients of of a finitely generated E-F-algebra [25, page 70].
And W is the union of the zeros of the components of the radical A-ideal
2. Therefore. to prove the proposition, it is sufficient to show that cach F-
component of W is the set of E-zeros of some E-ideal of F{vy...., v, }r. Hence
W may be assumed to be F-irreducible, so that 20 is prime [25, Proposition
1(a). page 69].

Let w be an F-generic element of W, and let s be an F(w)-generic element

of V. Then, by definition. 2 is the kernel of the E-F-homomorphism
S:F v+ UFH)E] — F(w + s)g UTF(s)E]

extending Sy4s o+ and Ss;. Let w’ € V', Then w — w’ if and only if there

exists an E-F-homomorphism

T:F(w+s)p UF(s)g] = Fl{w' + ) UTF(s )]
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extending Syyv wrs and Sy, where s is an F(u’)-generic element of V"
[25, page 68-69].
Let ¢y, ....¢s be E-generators of A, i.e. A = {p,..., v € Fllv +

B UF(t)e|. Let {v,;ter be a basis for F(t)g over F. Since S is defined at

each gy, there exists finitely many Gy ;, G;m e Flog..... vy, b such that

X G y(v)y;

o =

EERECHIE?
and ¥ G} ;(v)y; ¢ ™A for k = 1,...,s. This last condition is equivalent to
Y G (w)S(y) = S(E G (0)S() = S8 G j(v)y;) # 0.

Let
S'=ToS:F{lv+)g UF)g] — F(w' + §)p UTF(s)E].

This E-F-homomorphism extends Sy o4 and Sy ¢ Again, since S’ is de-
fined at each ¢, it again follows that X G} ;(w')S(~;) = S"(E G ;(v))S"(v5) =
(S G (0)3;) £ 0.

Let B = {(G;;)}e. It will be shown that 34(B) = W. If v’ € W,

ST G o)y
v S Gr()yy)
tjh(_‘ »S (\,//\) — S’( G;CJ<L)"I7) — O.

Y Gi j(w')S'(v;) = S"(E Gy (v)y;) = 0. Since S’ restricted to F(t)g is an

and, since the denominator is not zero,

el het

isomorphism, S’(7;) is also a basis for F(s')p over F. As s' € V" is F{w')-
generic if and only if the family s = (s],...,s]) is E-F(w')g-independent,
F(w')g and F(s')g are lincarly disjoint over . Therefore, S'(7y;) is a basis for

F(w)g-F(s')g over F(w')g. Because X Gy, ;(w')S () = (X Gy ;(v)v;) = 0,
Gy ;(w') =0 for all k and all j, and w' € 35(B).
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To show 35(B) O W, let w' € 34(B) C V". Then, there exists an

F(w')-generic element ¢ € V" and an E-F-homomorphism
7" Fl v+t UTF ()] — Fl{(w' + ") UF(s")g]

TS Gy (o)~ )
(& G (0)ny) the denominator

extending S, v oy and Sy . Since T (¢y) = CREAROINE
' ’ Gy

is not zero and T'(Gy, ;(v)) = Gy ;(w') = 0, B = {(G} ;) }r is in the kernel of
T'. Therefore, T” factors through an E-homomorphism extending Sy 4s us

and Sy s, i.e. the following diagram commutes.

S

Fl(v+t)r UTF(t)E] F{w + s)g U F(s)xr]

Fl{w' + ") UF(S )]

As noted above, this implies w’ € W. ]

Corollary 6.252 The E-F-Zariski topology on the E-group V' relative to
F ([25. page 73] or Section 4.1) is the same as the E-F-Zariski topology on

V" relative to F in the sense of Section 1.4.

Proof: By the proposition, every closed set of the E-Zariski topology on
the E-F-group V" relative to F is of the form 35(21) for some E-ideal 21 C
F{y1, ..., yn}tr and, thus, is a closed set of E-F-Zariski topology relative to F
in the sense of Section 1.4. On the other hand, Observation 6.245 shows that
every subset of V" of the form 3.4(21) for some E-ideal A C F{y1, ..., yntr is

a pre E-F-set and, thus, an E-F-subset. O
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Corollary 6.253 The E-F-subsets of V" correspond bijectively to the rad-
ical E-ideals of F{r1, ..., kn}E, where ki,... Kk, € F5(V") are the canoni-
cal coordinate E-F-functions. This correspondence associates to each E-F-

subset W C V" the radical E-ideal

Ay ={p € Flr1, .-, kntr | €03,(V) (@) =0 for all w e W}
and to each radical E-ideal A C F{ky, ..., k., }u the E-F-subset of zeros
3 ={w e V" | cvg.,(V")(p) =0 for all ¢ € A}.

Proof: Since the elements k1, ..., £, of Fx(V") are E-F-independent (Lemma
6.250), they may be taken to be the indeterminates y, . . ., ¥, in the statement
of the proposition.

It is well-known that the E-Zariski closed sets of V"' over & (in the sense of
Section 1.4) correspond bijectively to the radical E-ideals of F{x,, .. .. Kn }E
[24, page 150]. This correspondence associates to cach E-F-subset W C V»

the radical E-ideal
Ay = {y € F{k1, ..., kutr | @(w) =0 for all w € W}
and to each radical E-ideal 2 C F{k1, ..., k,}r the E-F-subset
32 ={w e V" | p(w) =0 for all p € A}.
Since p(w) = evF.,(V*)(p), the corollary follows. O

Let F{y1,...,Yn}E,1 denote the elements of degree one in F{y1,..., ¥, }r.
An element of F{y1,...,ys}r1 is called a lincar E-polynomial with cocffi-

cients in F or, more simply, a linear E-polynomial, it the reference to F is
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clear. A A-ideal of F{yy, ..., Yntr 18 linear, if it is E-generated by linear

i ?

E-polynomials.

Corollary 6.254 [25, page 151} Every E-F-subgroup of the E-F-group V"

is of the form 35(RA) for some linear E-ideal A C F{ry. .. .. Fon }E-

Proof: Since an E-F-subgroup H is a subset that is both a group and an
E-F-subset [25, page 87 and Proposition 1, page 87], Corollary 6.253 shows
that it is the set of zeros of an E-ideal 2 C F{x1,..., K, }r. And, since the
E-zeros of 2l in V™ are closed under addition (the group law), {25, Proposition

12, page 24} implies that 2l is linear. U

E
m

For every positive integer &, the E-F-homomorphism py : GE — G

defined by j.(v) = ¥ forv € GE

. is surjective with finite kernel [25, Corollary

E
m

2, page 238]. The kernel ker py, of piy is an E-F-subgroup of G, [25, Corollary
2, page 96].

Let E = {e1,...,€6,}. Since Q{y, 1/y}r D Q{y}i. as sets
7 = (diffspec Qy, 1/y}e)(V) C (diffspec Q{y}r)(V) = GF.

The canonical coordinate function x € F(GE) restricts to an E-F-function,

also denoted by k, on GE C GY. With this notation,

m

GE = {n e GE | evg,(x) # 0}.

m

Then 1/k € F(GE), and e;r/r € F(U*) for all &. For v € GE, the E-F-
mapping [E(v) = (e;v/v, ..., env/v) + GE — (GF)™ [25. Proposition 6(f),

T
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page 129] is the logarithmic derivation on GE relative to E [24, Example

1, page 352]. By [25, Proposition 3, page 89], it is an E-F-homomorphism.

The kernel of [E is the E-F-subgroup (GE)ve C GE

'~ consisting of elements
rational over VE. Since the topology on GE is the topology induced by the
E-Zariski topology of the E-set GE, the E-F-subgroup (GL )y is the zero set
of the E-ideal [e,x. .. .. €,k C F{x}e in G, By forgetting the E-structure,
(G )ye may be considered to be an F-group F-isomorphic to G,, relative to

the algebraically closed extension VF of Q.

Corollary 6.255 FEvery E-F-subgroup G of GE is either ker pu, for a pos-

I

Ty

itive integer k or Ggp = {v € G o(lEv) = 0 for ¢ € L} where L C
F{k1,....6mte s a linear E-ideal containing  the E-ideal
(€ — €Ki )izt mj=1...mlE, and the k; are the canonical coordinate func-

tions on (GEY". Also. ker u, C ker u) if and only if k divides k', and

Gr C Geoif and only if L' C L.

Proof: This proposition is proved in [7, Section 4]. Consider the short exact

sequence of E-F-homomorphisms

(E

0 —— (GE)ye 2. GE (GEYy" — 0.

Let G be an E-F-subgroup of G¥

m-

Then [E(G) is an E-F-subgroup of (G¥)™
125, Proposition 4(a), page 92]. As such, there exists a linear E-ideal L4 C
F{k1, ..., km}e containing the E-ideal [(€;5; —€;5:)i=1, _m =1, m|E such that

w € [E(G) if and only if p(w) = 0 for all ¢ € L. Since [E is surjective, there
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is a bijection between E-F-subgroups G such that (GE)ve C G and linear
E-ideals L¢; containing [(€;/; — €;K;)i=1,...mj=1,...| £ |7. Proposition 31. page
937: Corollary 1, page 937]. Therefore, if (GE)ye C G. G = {v € GE |
e(lE(v)) =0 for ¢ € L} = Gg. Clearly, G € G if and only if L' C L.

If GN(GE

m

)ve is not equal to (GE )ye, GN(GE )ye is a proper E-F-subgroup
of (G¥)yi. By forgetting the E-structure, (G, )ye may be considered to be an
F-group F-isomorphic to G, relative to the algebraically closed extension V¥
of Q. By [24, Proposition 26(b), page 362}, the only Q-subgroups of (GE )y
are the finite E-Q-subgroups G(k) that are defined by the ideal {x* — 1} C
Qlr, 1/k]. Let A C Q{r}x be the E-ideal defining the A-F-subset of GE that

induces G when restricted to G

Tt

Then {x* — 1} = Q[x] N 2. Therefore,

k¥ — 1 € . This implies that €;x € 2 since & is invertible on all of G¥ . and

™m?*

ker jip = (GF e NG = G. O

i

Since for cach E-F-group @, there exists an E-cxtension § of & such
that G is covered by a finite number of open E-G-affine E-G-subsets [25,
Corollary, page 140] and, since an E-G-affine E-G-subsct is a subsct of ¢ that
is E-G-isomorphic to an E-G-subset of V" [25, page 138], the topology of G
is constructed by gluing together a finite number of topological spaces with
the E-G-Zariski topology in the sense of Section 1.4.

If an E-F-group G is in the image of the functor of V valued points
restricted to E-F-group schemes, the cover by a finite number of open E-
G-affine E-G-subsets of the last paragraph may, in fact be defined over .

Assume G = Z(V) where (Z,0gz) is an E-F-group scheme, and let {U;} be a
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finite open cover of Z, where U; = diffspec R; and each R; is an E-F-algebra
of finitely E-generated over F. Then {U;(V)} is a finite open cover of Z(V).
Moreover, each U;(V) is an open E-F-subset of Z(V). The function v in
Proposition 6.246 is a complete pre E-F-equivalence between cach U; (V) and

V; = Hom!3(R;. V) C V" for some integer n.
6.2 GE-extensions

In the remainder of this chapter, & will denote an (E, A)-field, and U will
denote an (E, A)-field universal over F. The field K of A-constants of U is,
as an E-field, E-universal over the A-constants C of F.

The symbol ‘U will also denote the (E, A)-F-group (Corollary 6.248) that
is (E. A)-F-isomorphic to GE2. Let k € §(U) be the canonical coordinate
function on U. Then, 6;x € F(U), and the E-F-mapping IA = (5,4, . ... Onk)
U — U™ [25, Proposition 6, page 129] is the logarithmic derivation on U
relative to A [24, Example 1, page 352]. By [25, Proposition 3. page 89], it
is an (E, A)-F-homomorphism. The kernel of [A is the (E, A)-F-subgroup K
is the zero set of the (E. A)-ideal [01y....,0Y|lp.a C F{y}ea. By forgetting
the A-structure, K may be considered to be an E-F-group E-F-isomorphic

to GE (Corollary 6.248).

Definition 6.256 An element « € U is A-primitive over F if [Aa € F™;
that is, for suitable elements aq,...,a, € F, o satisfies the system of dif-

ferential equations

diav =a; (1 <i<m).
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Let «v be A-primitive over &, and suppose that the field of A-constants
of Fla)pa is € = F2. For any (E, A)-isomorphism o of F{a)ga over T,
(O1(oe).....0p(ca)) = (o(61a),...,0(0na)) = (d1a, . ... d,v): hence the

difference ¢(o)=oc« — « is in the kernel of the above homomorphism 1§, As
Fla)pac(Fla)pa) = Fla)paF(oa)ma

=F(@paF(a+c(0))ra = F@)paClc(o))pa,
it follows that F(a)ra is E-strongly normal over F, and
Cloye = (Fla)paoc(Fla)pa))® = Clc(o))r. For any two elements
.0 € G(Fla)ypa/F) (regarded as elements of Autga(F{a)gaK/FK) by

means of Proposition 3.190),
a+cloo’)y =00 =c(a+c(d")) =ca+c(o) =a+clo) + cla)

since ¢(o’) € K and, thus, o(c(o’)) = ¢(o’). Therefore, c(oc’) = c(o) + c(o'),
and, evidently, ¢(o) = 0 only when o = idg(y, o This proves the first part

of the following proposition.

Proposition 6.257 Let « be a A-primitive over F, and suppose that the
field of A-constants of Flaypa is € = F>. Then, each (E,A)-F-isomor-
phism o of Fla)ra into U is of the form oca = o + ¢(o) for ¢(o) € K.
In addition, F{a)ga is E-strongly normal over F, and the mapping ¢ :
G(Fla)ga/F) — K defined by c(o) = ca — « for 0 € G(F(a)pa/F) is an
injective E-C-homomorphism of E-groups relative to the E-universal field

K. Conscquently, Fla)ua is a GE-extension of F.
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Proof: Although this proof is the same as that of Proposition 5.237, reading
it in the simplest case can be beneficial. It will first be shown that ¢ restricted
to the C-generic elements of G(F(a)ga/F) is a pre E-C-mapping. Then by
[25, Corollary 1, p. 90], ¢ is an E-C-homomorphism. Parts 1 and 2 of the
definition of a pre E-C-mapping (Definition 2.56) are obvious. For Part 3, if
o' is a generic E-C-specialization of o, then there exists an (E. A) F(a)ga-
isomorphism Fla)paF(oa)pa ~ Fla)paF(0'a)r A mapping oo onto o'o
and, therefore, mapping ¢(a) to ¢(o’). Hence, ¢(0’) is a generic specialization
of ¢(o) over €, which is Part 3. By restricting the above isomorphism to the
A-constants, Sy, 1 (o) ~ C(c’)r. Since C{o)g = C(c(o))r and C{o')p =

C(c(0”))g, the isomorphisms S, , and S.(),.(s) coincide, which is part 4. [

Proposition 6.258 Let G be an E-C-subgroup of G¥. Let L C C{y}y
be the linear E-ideal defining G (Corollary 6.254). Let b € U be a C-
generic (E,A)-zero of Lap C G{Q}E,A' Let a = (ay,.... a,,) = [Ab. Put
F =Cla)pn. and § = Fbypa. Then G over F is an E-strongly normal

extension with Galois group E-C-isomorphic to G.

Proof: Although this proof is the same as Theorem 5.239, reading it in the
simplest case can be beneficial. Observe that G is generated by a A-primitive
clement b over F and has no ncw A-constants because §& = F2 = K by
the No New A”-Constant Lemma 5.230. By Proposition 6.257, ¢, as defined
above, is an injective E-C-homomorphism from G(G/F) to GE. It is surjective

because, for any v € K, the (E, A)-F-isomorphism o, of § over G defined
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by o,(b) = b+ v is an E-strongly normal isomorphism of § over 3 such
that ¢(o,) = o,(b) —b = (b+ v) —b = v. Therefore, the Galois group
is E-C-isomorphic to G because a bijective E-C-homomorphism is an E-C-

isomorphism of E-C-groups [25, Corollary 4, p. 97]. O

Let G be A-strongly normal over F with Galois group ¢ € GE. Theorem
3.197 shows that G is an E-C-group where € = 2. By Corollary 6.254, G is
set of E-zeros of a linear E-ideal L5 C C{k}, where & is the canonical coor-
dinate function on GE. Each E-C-subgroup H C G is also the E-zeros of a
linear E-ideal Ly C C{y}g such that L5 C Lg. Recall, for a linear E-ideal L,
let L7 be the set of linear elements of £ having degree one. Then £ = [L4]g.
For each H, the following proposition exhibits the subfield of § invariant

under the action of H and, thus, specifies the Galois correspondence.

Proposition 6.259 Let F be an (E,A)-field such that € = F= is con-
strainedly closed. Let G be an E-strongly normal extension of F with Galois
group G C GF. Assume that G = F(byg a where b € W is a A-primitive over
F. Then, the Galois correspondence associates to each E-C-subgroup H of G
the (E, A)-subfield H C G equal to F{(L(D))rery,)p.a, where Ly C C{r}y
is the linear E-ideal defining H and k is the canonical coordinate function

on G¥ .
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Remark 6.260 [t should be possible to prove that every E-strongly normal
extension of F with Galois group G C GE is (E, A)-generated by a A-

primitive over F by the method of [24, Corollary 2, page 427].

Proof: It may be assumed that ¢ C K because G C G and G¥ and X are
E-F-isomorphic. Thus, £z may be considered to be a subset of C{y}r where
y is an E-indeterminate over €. Each o € H is of the form o,(b) = b+ h for
h = o € H (Proposition 6.257).

Since € is constrainedly closed, the Fundamental Theorem 4.207 implies
that there is a Galois correspondence that associates to each E-C-subgroup
H the (E, A)-subfield H = G”. Therefore, to prove the proposition it suffices

to show G = F(L(D))res, )EA-

For each L € L3, the element Lb € G is invariant under H because
on(L(b)) = L(on(b)) = L(b+ h) = L(b) 4+ L{(h) = L(b)

for h € 3e(Ly) € K. Therefore, §7 2 F(L(D))rery,)Ea- To show these

fields arc equal, assume they are not. Then, by the Fundamental Theorem
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4.207, there exist an E-C-subgroup I € G with fixed field F(L(b))reey ) EA

that properly contains H.

o F
) o
7 N FULb)) e, kA
S o]
H - g

Let 7 € I such that 7 ¢ H. By Proposition 6.257, 7(b) = b + ¢(7) for
c(r) € K. Since 7 € I, 7(L(b)) = L(b) for all L € L. Thus, for all L € L1,

L(b) + L(c(7)) = L(b + c(7)) = L(7(b)) = 7(L(b)) = L(b),
Lc(7)) =0, ¢(r) € 3(L), and 7 € H, which is a contradiction. O

For simplicity, assume A = {§} throughout the remainder of this section.

The following is a simple example of an E-strongly normal extension §
over F such that the transcendence degree of G over F is infinite in the
usual algebraic sense. Let a € F be linearly E-C-independent modulo 6F
(Definition 2.147). For instance, if a € U is (E, A)-independent over €, the
clement a € F = C(a)p.a satisfics this condition by Exercise 5.226. Lct
b € U be an (E, A)-zero of the (E, A)-idecal {0y — a}ga C F{y}ra. By
Corollary 2.148, & (b)ﬁ A = F2, and b is E-independent over F, which implies
G = F(b)g,a has infinite transcendence degree over F. Since b is a A-primitive

over F (Definition 6.256), G is E-strongly normal over F by Proposition 6.257,
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and the mapping ¢ : G(F(b)pa/F) — K such that c¢(o) = ob—b for o €
G(F(a)p.A/TF) is an injective E-C-homomorphism of E-groups relative to the
E-field K. The mapping ¢ is surjective because the E-independence of b
over F implics, for cach v € K, there exists an (E. A)-isomorphism o, €
G(F(b)p.a/F) such that o,(b) = b+, and ¢(o,) = ob—b = ~. Therefore, the
Galois group is E-C-isomorphic to K because a bijective E-C-homomorphism
is an E-C-isomorphism of E-C-groups [25, Corollary 4, p. 97].

Let C{y}r1 denote the elements of degree one in C{y}r. Another proof
that G(F(a)r a/F) = K follows from the next proposition by observing that
there is no L(y) € C{y}r1 such that L(a) € 6F. If this where so, there would
exist an f € F such that L(a) = df. Then L(b) — f would be a A-constant,
and L(b) € F. However. 1,b, eb,€?b, ... are linearly independent over F by
Proposition 2.140.

In the next proposition, if b is A-primitive over F, the Galois group of

G = F(b)g.A over F is completely determined by a = db € F.

Proposition 6.261 Let b be a A-primitive over &, and let G = Fh)pa.
Assume that G = F2. Let a = db, let L, = {L(y) € C{y}r.1 | L(a) € 6T},
and let L = [L1]g. Let G = Gal(G/F), and let ¢ : G — V be the E-

F-homomorphism defined by c(c) = o(b) — b. Then, the defining E-ideal
2 ) C C{yte of ¢(G) is L.

Proof: Since G over JF is E-strongly normal (Proposition 6.257), G is an E-

C-group. Therefore, ¢(G) C V is also an E-C-group . By Corollary 6.254,
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A ) C C{y}e is alinear E-ideal, i.e. there exist M. ..., M, € C{y}r such
that (M. .... M,]g = 2A ). Also, Proposition 6.257 shows that each o € G
is of the form o,(b) = b+ v for v € 3(™Ue)), and ¢(o,) = .

Since, for cach 7, M;(v) = 0 for all v € ¢(G),

g (M;(b)) — M;(b) = M;(0,(b)) — M;(b) = M;(o.(b) — b) = M;(v) = 0.

Therefore, o,(M;(b)) = M;(b), and M;(D) is invariant under all elements of
GG. Thus, M;(b) € F, and M;(b) = f for some f € F. Hence,

M;(a) = M;(5b) = §(Mi(b)) = 8.

Therefore, 2l (o) € L.

On the other hand, let L(y) € L;. Then L(a) = 6f for f € F. and
L(b) — [ is a A-constant because §(L(b) — f) = L(0b) —of = L{a) —5f = 0.
Therefore. L(b) — f € € C F, and L(b) € F. Hence. o.(L(b)) = L(b). and,

for all o, € (&, the computation
L{v)y = L(o,(b) —b) = L(o,(b)) — L(b) = o,.(L(b)) — L(b) =0
shows that 2 ) 2 L. O

By Corollary 6.254, each E-subgroup G of G is defined by a linear E-
ideal L C F{y}r. If E = {¢}, L is generated by one element L € F{y}r [24,

Exercise 1, page 155].

Corollary 6.262 Assume E = {e} and A = {5}. Let H be an algebraically
closed (E, A)-field such that H> = H, and F = F{a)wa. where © € U,
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er = 0 and dx = 1. Then, there is no A-primitive E-strongly normal

extension of F with Galois group E-C-isomorphic to GY.

Remark 6.263 This remains true if the hypothesis that H be an algebraically
closed is omitted; the following proof must be modified to take the structure

of irreducibles into account in the partial fraction decomposition.

Proof: Assume that there exist an A-primitive E-strongly normal extension
§ of F with Galois group G that is E-J{-isomorphic to G} 4. Let b ¢ U
be a A-primitive over F such that 6b = ¢ € F and § = F(b)ga. Let
a=p(r)+ 5, (x}iﬁ for p(z) € H|x] and h;, h;; € 3, be the partial
fraction decomposition of a. If ;1 = 0 for all 4, a = 6f for f € F, and
b— f € Gis a A-constant not in F, which contracts the assumption that G

over F is E-strongly normal (Proposition 3.187). Therefore, ;1 # 0 for at

least one 7, and there exists a non-zero L(y) =

his ha R Yy
chii  €haq ... €l ey
€hii €hoy ... €hoa €y

€ H{y}r such that the finitely many h;; span over H®2 the linear space of
E-zeros of L(y). By Lemma 6.264 below, since L(h; 1) = O for all 4, L(a) € 6F.

By Proposition 6.261, L(y) € L¢, and G is not V. O

Lemma 6.264 Assume E = {e} and A = {0}. Let H be an algebraically
closed (E,A)-field such that H> = H, and let F = H{(z)pa, where x €
U, er = 0 and S = 1. Let M(y) € H*{y}p1. For a € F. let a =
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hi

(w0 — hi)d
decomposition of . Then, M(«) € 6F if and only if M(h;q) = 0 for all i.

p(z)+%; for p(z) € Hlz] and h;, h;; € H. be the partial fraction

Proof: The only terms in the above representation of « not in 0F are

those with j = 1. Since 0M(y) = M(Sy), if j > 1. *\'[((.r]liii)ﬁ € 0F be-

catise (—T% € 0F. Therefore, the condition M(a) € 0F is equivalent to
hi .
M(%; ﬁ) € 0F. Since
6( h,,J ) _ Ehw,j"] . h'ijlehi
(x — hy) (x —hi)  (x—hy)?
by induction é:f};,l) = (i/:) + an element of 6F. By the linearity of M,
M (D
M(a) € 6F is equivalent to X, g(—llﬁ) € 0J. This is true if and only
€r — Iy
if M(h;y) = 0 for all i since all the —— are lincarly independent over H
modulo 6F (Corollary 2.135). ]

The next two results establish procedures for the construction of all GE-

extensions under the condition E = {¢}.

Proposition 6.265 Assume E = {e} and A ={6}. Let H be an (E,A)-
field, and let h € H. Let U be (E,A)-universal over H. Let L(y) €
HA2{y}r1 of positive order n with the coefficient of the highest order term

equal to 1.

1. Let a € U be an (E,A)-zero of [L(y) — dhlga C H{ylea such

that a,ea,...,e" Ya are linearly independent over (H{a)pa)> modulo
o((H{a)e.a)
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2. Let b € W be an (E,A)-zero of M = [6y — a.L(y) — hlpa C

H{a)ea{y}en-

Put F = H{a)pa and G = Fb)pa. Then, G is an E-strongly normal

extension of F with Galois group G C 'V defined by the E-ideal L = [L]g.

Proof: First [24, Lemma 5, page 137] will be applied to show that M is a
proper (E, A)-ideal. Then, because M is linear, it is prime [24, Section 5,
page 151]. Since U is (E, A)-universal over H, there exists an (E, A)-zero
b € U as required.

To apply the proposition, {dy —a, L(y) — h} must be an coherent autore-
duced set of M relative to some fixed ranking. It is clearly autoreduced. The

coherence of the follows by letting L'(y) = L(y) — ¢"y and computing
S(L{y) —h) — €"(0y — a) = 6L (y) + ¢"a — oI

=06L"(y) + €"'a—oh — (L(a) — 6h) = 6L (y) — L'(a) = L'(6y — a).

To show M is a proper (E, A)-ideal, assume that it is not. Then 1 € M.
Since 1 is partially reduced with respect to {6y — a, L{(y) — h}, [24, Lemma
5, page 137] implies that 1 € (dy — a, L{(y) — h) C H{a)ga{y}E A, which is
impossible because 1 is reduced with respect to {0y — a, L{y) — h} and is not
Zero.

Next, G& = F2 follows from assumption 1 and Proposition 2.140 since
5(e*b) = €*a for k = 0,....n — 1 and the set b, eb,...,e" b generate G as a

field extension of F. Because G is (E, A)-generated by a A-primitive element
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over F, Proposition 6.257 implies the G is E-strongly normal over &. By
Proposition 6.261, since L(a) = dh, L(y) € L. Suppose there where a linear
M € L of lower order than L. Then, again by Proposition 6.261, there exist
f € Fsuch that M(a) = 6f. Then, M(b)— f is a A-constant in F. Thercfore,
M(b)y = f, € F. However, by Proposition 2.140, 1, b.¢b, . ... e" b are linearly

independent over J. This contradiction shows that L is linear of minimal

order in L. Therefore, L = [L]|g. a

One may apply this proposition to the example of the introduction. Let
H =C(¢,z,cost,sint) (et = 1,ex = 0,0t = 0,00 =0), h =0, v = cost/sint,
a=sint/z € H, and let L(y) = ey — vy € H*{y}r1. Then a is an (E, A)-
zero of [L(y)]g.a, and a is linearly independent over (H{a)pa)® = (H)> =
C(t,cost,sint) modulo §(H{a)pa) = 6(H) by Corollary 2.135. Let b =
log rsint. Then b is an (E, A)-zero of [6y — a. L(y)le.a. By Proposition
6.265, G = H(b)r A is an E-strongly normal extension of ¥ = H with Galois
group ALy, € V.

The following corollary reformulates the previous proposition so that it

is directly applicable to the construction of other examples.

Corollary 6.266 Let F be an (E,A)-field, let f € F, and let dy,...,d, €
FE CU. Let M(y) € FA{y}r. of positive order n with the coefficient of the
highest order term equal to 1, and, for i = 1,...n, let e, € UF be an A-zero
of 6y —d; € F{y}a. Assume

1. d,.....d, are lincarly independent over F> modulo SF.
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2. there exist ny, . ... N € F2 such that ny,....n, are E-zeros of M(y)

linearly independent over F™2 and
3. there exist an (E.A)-zero n € F of M(y) — f € F{y}rna.

Let ¢ =0+ Zinie;. Then Flc)g a is E-strongly normal over F with Galois
group G C 'V defined by the E-ideal L = [M(y)|z.

Proof: The hypothesises of the proposition will be verified by taking H = F,
F=F,h=f, L=M,a=0on+2X nd, € F and b= c. Clearly

dc = 6(n + Ximiei) = on + Ximide; = on + Ximd; = a.
The computation
Ma) = M(oc) = 6(M(c)) = §(M(n + X;mie;)) = 6(M(n) + X, M(ne;))

— S(M(n) + S M(np)es) = 6(M(n)) = of

shows that a is an (E, A)-zero of [M(y) — df]r.a. Also. the computation
Mc) = M(n+Xme;) = M(n)+ Ze;M(n;) = M(n) = [ demonstrates the ¢
is an (E, A)-zero of [6y —a, M(y) — flea C F{y}en.

It remains to be shown that a.ea,...,e" 'a are linearly independent
over F2 modulo 6F. Since dy,...,d, are linearly independent over F#
modulo §F, Proposition 2.140 implies that (Fey,...,e,)rna)> = F2 and

€1, - .-, e, are algebraically independent over F'. Because n,...,7, is are

linearly independent over F2 the matrix (ei“lnj)i=17w,,,:j=1,m.,,, is invertible
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[24. Theorem 1. page 86], and, therefore, the map ¢ of F(er.....e,)pa de-
fined by (e;) = X, € 'ne; is an automorphism of F'{ej, ..., e,)g.A over

F. The composite p of this with the translation automorphism that sends

ple;) to €'y + o(e;) is an automorphism of F{ei....,¢,)g A such that
ple;) = ety + X, € 'ne;. Therefore, p(er), ..., ple,) are algebraically in-

dependent over F. and (F{p(ey),... ,p(e,,l))E,A)A = F2. Proposition 2.140
implies that §(p(e1)),...,8(p(e,)) are linearly independent over F'> modulo

0 F. The computation
d(pler)) = 6(n+ X nje;) = on + E; n;0(e;) = on + X; n;d; = a,

d(ple2)) = 0(en + X, enje;) = den -+ X, en;d(e;) = den + X, en;d; = ea,
8(ples)) = *a, ...,
5(ple)) = ta,. ..,
5(plen)) =" "la
completes the proof. ]
A particularly simple example may be obtained by taking, in this last

corollary, F' = C(t,z) (et = l,ex = 0,0t = 0,0z = 1), d; = 1/(x — i) for

i=0,....,n—1,e =In(x —i), M = €'y, f =0 and n = 0. By Corollary

2135, 1/(x — i) for i = 1,...,n arc lincarly independent over C(¢) modulo
SF. Let g, = 1,...,1, = t"! be a fundamental system for €y, and let

c=Inr+tln(z—1) 4+ +t" " 1n(z — (n - 1)).
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Then, F{c)ga = F(e,lnz,...,In(x — (n — 1)), and F(c)ga is E-strongly
normal over C(t, 2:). The operation of an element g = ag+taq+. . A ey,
of Galois group 3y, = {v € V| €"v = 0} = {og +tay + ...+ 1" Ta,_y |
a; € Chis defined by ge = (ap+Inz) +t(a; +In(x — 1)) +- -+ "o, 1+

In(z — (n —1)). If f = 2, n may be taken to be t"2/(n)!. Then
c=t"z/(n)! +lnx+tn(z—1)+ - +t"""n(w — (n— 1)),
and the Galois group is the same.

6.3 GE-extensions

First it is shown that certain (E, A)-extensions with no new A-constants are
GE _extensions. Let K = U2, and let A = {61,...,0,,}. Then, for each
E-K-subgroup G of GG,,. an E-strongly normal extension is constructed with
G as its Galois group.

The symbol “U*" will also denote the (E, A)-F-group (Corollary 6.249)
that is (E, A)-F-isomorphic to GE. Let x € F(U*) be the canonical coor-
dinate function on U*. Then, 6;x/k € F(U*), and the E-F-mapping (A =
(O18/Ky .o, 0mK/K) - UT — U™ [25, Proposition 6, page 129] is the loga-
rithmic derivative on U* relative to A [24, Example 1, page 352]. By [25,
Proposition 3, page 89], it is an (E, A)-F-homomorphism. The kernel of [A is
the (E, A)-F-subgroup KX*, which is the set of (E, A)-zeros of the (E, A)-ideal
1019, ..., 0my] C F{y}tg,a contained in U*. By forgetting the E-structure, K*
may be considered to be an E-F-group E-F-isomorphic to GE, (Corollary
6.248).
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Definition 6.267 An clement o« € U* is A-exponential over F if
(™00, ..., a7, ) € F™; that is, if for suitable elements ay,....a,, €F,

« satisfies the system of differential equations

div = a0 (1 <@ < m).

Let a be A-exponential over F, and suppose that the field of A-constants
of F(a)g a is € (= F2). For any isomorphism o of Fla)ga over Fand § € A,
(atoa) (o oa) = (o toa) [§(a oa + a7 (o))

= (o) taf—a da a?

ca+ a td(oa)] = —a tda + (ca) '§(oa)
= —a'sa +o(atda) = —a tsa + ata = 0.

Thercfore,
IAN(c(a o)) = ((atoa) Mo (a toa),. .., (atoa) o, (a toa)) = 0.

Hence the element ¢{c) = o 'ow is in the kernel of [A and is a A-
constant. Just as in the case of an element A-primitive over &F, Fla) is

E-strongly normal over JF because
Flaypao(Fla)pa) = FlaypaF(oa)sa

= F(@)paF(a-c(o))pa = F()paC{c(o))pa-

The mapping ¢ : G(F(a)/F) — GE is clearly a group homomorphism. It is

injective because 1 = ¢(0) = o toa implies v = oo and 0 = idg ), .-
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Proposition 6.268 Let « be a A-exponential over F. and suppose that
€= (F(aypa)®. Then, each (E, A)-TF-isomorphism o of F(a)e.a into U is
of the form oo = a-c(o) for ¢(o) € K*. In addition. Fla)pa is E-strongly
normal over F. and the mapping ¢ : G(F(a)/F) — GE is an injective
E-C-homomorphism of E-groups relative to the E-field K. Consequently,

Flaypa is a G -extension of F.

)III

Proof: The proof is the same as Proposition 5.237. U

Proposition 6.269 Assume A = {0}, and let C be an E-subfield of X over
which K = U» is E-universal. Let G be a connected E-C-subgroup of GE.
Let B the prime E-ideal in C{y}, defining G. Let b be a generic zero in
W of Par C C{y}p . Let a=06b/b. Put F=Clu)pa. and G =F(b)pa.

Then G over F is an E-strongly normal extension with Galois group G.

Proof: Although the proof is the same as Proposition 5.239. reading it in
the simplest cases can be beneficial. Observe that G is generated by a A-
exponcntial clement b over F and has no new A-constants because G2 =
F2 = K by the No New A”-Constant Lemma 5.230. By the previous propo-
sition, ¢, defined above, is an injective E-K-homomorphism from G(G/F)
to G,. Tt is obviously onto G because, for any v € G(X), the (E, A)-F-
isomorphism of G over F defined by b — b - v defines an E-strongly normal
isomorphism of G over F with image under ¢ equal to v. Therefore the Ga-
lois group is E-C-isomorphic to GG because a bijective E-homomorphism is an

isomorphism of E-groups [25, Corollary 4, p. 97]. O
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Now. for simplicity. assume E = {e} and A = {d} in the remainder of this
section. The following proposition exhibits a Galois correspondence under
certain assumptions.

Recall that for cvery positive integer k, the E-F-homomorphism gy -
GE

[£23

— G defined by p.(v) = v* for v € GE, is surjective with finite kernel
[25, Corollary 2, page 238|. The kernel ker py of 1y is an E-F-subgroup of

GE [25, Corollary 2, page 96].

Proposition 6.270 Assume that C = F> is constrainedly closed, and as-

sume that G is an E-strongly normal extension of F that is (E, A)-generated

over F by a A-exponential b over F. Let G = Gal(§/F) C GE be the

B

m

Galois group. Then, G = ker w, for a positive integer r, or Gp = {v € G
L(IE(v)) = 0 for L(r) € L} where L C F{k}g is o lincar E-ideal and r is
the canonical coordinate function on GE.

1. If G = ker p,., then each E-C-subgroup H is E-C-isomorphic to ker ug
for some divisor s of v, and §% = F(b*)ga.

2. If G = Gy, then each E-C-subgroup H is E-C-isomorphic to either
ker s for some positive integer s or G where L' C F{r}g is a
linear E-ideal such that L C L'. If H = ker ps, G = F(b*pa. If
H = GLI, SH = 9:<(L(€Z)/ZJ)L€L/>E,A.

Remark 6.271 It should be possible to prove that every E-strongly normal
extension of F with Galois group G C GE is (E,A)-generated by a A-

primitive element of W by the method of [24, Corollary 2, page 427].
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Proof: The assertions about the E-C-subgroups of GE were proven in Corol-
lary 6.255. Assume GG = ker u,.. For each o € ker ji,., the action of ¢ on
G is by an (E, A)-isomorphism o, defined by o.(b) = (b for some ( € K
(Proposition 6.268). Since ¢” = 1, (" = 1. By Corollary 6.255, cach E-
C-subgroup H of ker . is of the form ker p, for s dividing »r. Since € is
constrainedly closed, the Fundamental Theorem 4.207 implies that there is a
(Galois correspondence that associates to each such E-C-subgroup ker u, of G
the (E, A)-subfield H = G*°r #«. Therefore, to prove the proposition it suffices
to show Gk #s = F(b%)g o. Clearly, F(b*)g A is invariant under ker ps. Thus,
Gker i2 D F(b*)g a. Assume G #: properly contains F(b%)g a. Then, by the
Fundamental Theorem 4.207, there exist an E-C-subgroup ker ps C ker p,

with fixed field F(b"); o that properly contains ker p.

G = ker p, F
UT A
o¢ € ker py — FO%) kA
g |
ker p1, GG

Let o, € ker ps such that o¢ ¢ ker p,. Since F(b%)g A is invariant under o,

b = 0e(b*) = (0c(b)* = (€)= €.

That is £&° = 1, and o¢ € ker p,. This contradiction shows that Gk #» =
F(°)E,A-

Assume G = Gg. If H = ker pg, G = G = F(b*) g A by reasoning similar
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to the first part of this proof. Otherwise, H = G where L' C F{r}g is a
linear E-ideal such that L C L' (Corollary 6.255). Furthermore, o, € H if

and only if [E(() € 3. Because, for all linear L' € L’ and all o, € H,
oL (eb/b)) = L{e(oe(8)) /o (b)) = L(e(ch))/Ct)

= L(ebfb+ eC/C) = L(cb/b) + L'(e¢/¢) = L'(eb/b),

the (B, A)-field F((L'(eb/b)) /e ).A is invariant under Gg/. Therefore, G# D
FUL(eb/b)) e )EA-

To complete the proof of the proposition, assume G¥ properly contains
F((L'(eb/b))rrers)r,a- Since € is constrainedly closed, the Fundamental The-
orem 4.207 implies that there exist an E-C-subgroup I C G with fixed field

F(L'(eb/b))prccrhp A that properly contains GH.

G F
UT ﬂl
oc el — FUL(eb/b))vew)Ea
L,JT ﬂl
H g4

Let o¢ € I such that o ¢ H. Since F((L'(eb/b)) /e )r A is invariant under

o¢, for each L' € L/,
L/ (eb/b) = oe(I/(eb/b)) = I (g(eb/1)) = L' (c(och) /(1)) = L' (e(€b)/€D)

= L'(e£/& + eb/b) = L'(e§/€§) + L'(eb/D).
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Therefore, L'(e£/&) = 0. and o¢ € H. This contradiction shows that G/ =

9:<<L/(€()/Z)>)L/€L/>E_A- O

The following proposition characterizes certain E-cxponential GY -extensions

by the structure of F.

Proposition 6.272 Let G be an E-strongly normal extension of F that is
(E, A)-F-generated by an A-exponential ¢ over F. Let a = dc/c, let L =
{L(y) € {y}r1 | Llea) € 6T}, and let L* = [Li]lg. Then Gal(G/TF) = G-

Proof: By Proposition 6.269, Gal(G/F) c GE. Corollary 6.255 implies

m”°

Gal(G§/F) = Gy for some E-ideal L C C{y}r. Then v € G if and only
if L{ev/v) =0 for every L(y) € L.

Let b = ec/e. Clearly, 6b = ea. Let L(y) € £ be of degree one. Then,
Lev/v) = 0 for every v € G. And

o.(L(ec/c))y — L(ec/c) = L(o,(ec/c)) — L{ec/c)

= L((eo.(c))/ou(c)) — L(ec/c) = L{e(ve)/vey — Liec/c)
= L(ec/c + ev/v) — L(ec/c) = L(ec/c) + L(ev/v) — L(ec/c) = L(ev/v) = 0.

Therefore, o,(L(ec/c)) = L(ec/c), and L(ec/c) is invariant under all elements

of G. Thus L(ec/c) € F, and L(ec/c) = f for some f € G. The computation
L(ea) = L(6b) = 0(L(b)) = 0(L(ec/c)) =6 f
shows L € L, and L C L* since L is generated by elements of degree 1.
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On the other hand, let L(y) € L£3. Then L(ea) = 6f for f € F, and
L(b) — [ is a A-constant because 6(L(b) — f) = L{(6b) —df = L(ea) =0 f = 0.
Therefore. L(b) — f € € C F, and L(b) € F. Hence. o,.(L(b)) = L(b). and,

for all o, € G, the computation
Liev/vy = L(oy(ec/c) —ec/c) = L(oy(ec/c)) — L(ec/c)

= o,(L(ec/c)) — Llec/c) = o,(L(b)) — L(b) =0

shows L(y) € L and L D L~ since L* is generated by elements of degree 1. [J

Corollary 6.273 Let I be an algebraically closed (E, A)-field such that
HA = FH, and let F = H{x)pa, where x € U, ex =0 and éx = 1. Then,
there is no E-strongly normal extension of F that is (E, A)-generated by a

E

(20

A-exponential over F and has Galois group E-F-isomorphic to

Remark 6.274 This remains true if the hypothesis that H be an algebraically
closed is omitted; the following proof must be modified to take the structure

of irreducibles into account in the partial fraction decomposition.

Proof: Assume that such an E-strongly normal extension § of F exists.
Let b € U be a A-exponcntial over F such that b = ab for a € F, and
G=Fbga. Let a =plz)+ %, (lij—;%)/ for p(x) € H|z] and h;, h;; € K,
be the partial fraction decomposition of ’a.

By Proposition 6.272, since the Galois group is GY | there does not exist

a non-zero L(y) € H{y}1 such that L(ea) € 0F. If all of the eh;y = 0, then
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ea € 6F, and L(ea) € 6F for L(y) = y. However. if there exists a non-zero

hi1. there exists a non-zero L(y) =

€h 1 eha - €h, 1

eZh 2} 2} v
1,1 € L271 .. € L,,-V] €y

€hiy € hoy .. € THh €y

€ H{y}r1 such that the finitely many eh, ; span over HEA the linear space of

E-zeros of L(y). By Lemma 6.264, since L(eh; ) = 0 for all 4, L(ea) € 6F. O

Let F be a A-field, and let zy, ..., z, be algebraic indeterminates over F'.
For an element f € F(zy,...,2,), choose g,h € Flz,...,z,] such that f =
g/h. If f # 0, the generalized degree Deg(f) = deg(g)—deg(h) is independent
of the possible choices for g and h used to represent f. By considering the
formulas for addition and differentiation of fraction, Deg(%) < Deg(f) for
all 7. and, for a,b € F'(z1....,z,), Deg(ab) = Deg(a) + Deg(h), Deg(a +b) <
max(Deg(a). Deg(b)), and Deg df < Deg f for § € A.

Lemma 6.275 Let z1....,z, be algebraic indeterminates over F, and let
ai,...,a, € F. Define a A-structure on F(zy,...,2z,) by 0z = a; for 1 =
1,...,n. Let a € F(z,....z,) such that Deg(a) > 0. If f € F(z1,...,2,)
is a A-zero of oy —ay € F(z1,...,2,){y}a for a A-indeterminate y over
F(z1,...,2,), then f=0.

Proof: If f # 0,
Deg(af) = Deg(a) + Deg(f) > Deg(f) = Deg(df).
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which can not be true because af = 5 f. O

The following proposition shows how to construct an E-strongly normal

extension for a given connected E-subgroup of G

et

Proposition 6.276 Assume E = {e} and A ={58}. Let the (E,A)-field U
be (E.A)-universal over the (E, A)-field D of A-constants.

1. Let Gg C GE be an E-subgroup of GE defined over an (E, A)-subfield
D CUA by the E-ideal L = {L{y)}r C D{y}r where L(y) € D{y}u.
of positive order n with the cocfficient of the highest order term equal

tol.

)

Let the (E,A)—field € C U™ be a strongly normal extension of D,
considered as an E-field, that is E-generated over D by a fundamental

system 1.mp.. ... N, of E-zeros of L(ey).

3. Let € be a subficld of C such that nyg, for some k. is transcendental
over £, € = &E(n) and the generalized degree in the indeterminate x

Deg n; # 1 fori # k.

4. Let the (E,A)—field B C UF be finitely A-generated over CE, satisfy
the condition B> = CE, and contain the elements fi,..., f. that are

assumed to be linearly independent over B2 modulo 5B.

5 Let F =C-B, and let f € F. Let n € F be an (E,A)-zero n of

Liey) — f € Flytua.
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6. For each i =1.....n, let g; € U be a S-primitive of fi. i.e. dg; = fi.

7. Let H =F(g1.....9n)8n, and let ¢ be an H-generic (E.A)-zero of

N =[6y— (n+Z )y, ey — (en+ 3 enig)ylp.a C H{y}p.a.
@ s F=C-B = H=Fg.....0.)eA
D - 'D‘B — ‘DB<917--~7977,>E,A

| |

B — B<g]a~'~7gn>E,A

Then H{c)ga = F(c)pa is E-strongly normal over F with Galois group
Gr.

Remark 6.277 If the clements of the (E, A)-fields in the proposition are of

analytic functions of two wvariables, ¢ may be taken to be exp(n+ X 1:9;).

Remark 6.278 Condition 2 of the proposition holds for the example fol-
lowing the proof of this proposition. However, is not true in general, e.g.

1, =sint, ne = cost and L(y) = 5y +vy.

Proof: Since that f1, ..., f, are linearly independent over B® modulo §B is
condition 1 of Propositon 2.140, this proposition implies (B{g1, . .., gn)r.A)> =
B2, g1, ..., gn are algebraically independent over B, and 1, g1, .. ., g, are lin-

carly independent over B. Since B(g,. ..., gn)ra and € are linearly disjoint

over G = B [24. Corollary 1, page 87], H? = F= [24, Corollary 2. page 88].
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Since Blgy. . ... g.)E.A and F are linearly disjoint over B [26, Proposition 1,

page 50|, 1,1, ...,g, are linearly independent over F. Then condition 4 of

Propositon 2.140 implies fi, ..., f, are linearly independent over F2 modulo
6F and g, .. .. g, arc algebraically independent over &.
In this paragraph, the following diagram will be used to show that for all

positive integers 7 the only A-zero of dy — jay in H is 0.

Ce&(n) —— F=E-Blmp) —— H=EB(g1,---,9n) (k)

| I I

& e E-B — EB(g1,---59n)

I ! I

GE:BA - - 3(917'“79’!&)

The subfield € C € such that 7 is transcendental over € and C is alge-

braic over £(n,) was assumed to exist in Condition 3 of the proposition.

Since () and EB (g, ..., gn) are linearly disjoint over £ [26, Proposition 1,
page 50|, 7 is transcendental over EB(g1,...,g,). Since g1, .. .. g, are alge-

braically independent over F and, therefore, over € - B(r,) C F, the elements
Ny G1, - - - , O are algebraically independent over € - B. For z contained in
the A-field EB(g1, ..., 9n)(nk), let Deg = be the generalized degree of x with
respect to the indeterminates 7, g1, - . ., g,,- For all positive integers j, sincc
Deg(a + b) < max(Deg(a), Deg(b)), condition 3 implies Deg ja > 0. Lemma
6.275 implies the only A-zero of dy — jay in EB(g1,-..,gn) (k) is 0.

Since y = 0 is a (E, A)-zero of N, it follows that N is a proper (E,A)-
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ideal, and an J(-generic (E, A)-zero ¢ € U exists.

Let a = on+ X nfi (€ F)yand b = en + X en;g; (€ H). Clearly, ea =
0b. For any orderly ranking, the set {0y — ay.ey — by} is coherent and
autoreduced because €(dy — ay) — d(ey — by) = 0. No polynomial non-zero
ply) € Hly] € H{y}r a is contained in N because if p(y) € N then because
ply) is partially reduced with respect to {0y — ay, ey — by} [25, Proposition
14, page 26] implies p(y) € (dy — ay. ey — by). This is impossible since p(y)
is reduced and non-zero. Therefore, ¢ is not algebraic over H. This and the

fact that H{c] = H{c}r a imply that ¢ is transcendental over .

To show that H{c)pa = F(g1,.... gn)ra{C)ra = F(c)g A, it suffices to
demonstrate that g; € F(c)pa for i = 1,...,n. First observe that because
ENy. ... en, is a fundamental system of zeros for L(y), the Wronskian matrix

(€'1);)i=1....mj=1.n is invertible. Also, b = ec/c € F(c)pa. Therefore, the
following system. of linear equations obtained by repeatedly differentiating

b= en+ Xenig; by € mav be solved for gq,..., g,:
b=en+ Xien:g;

eb = *n + i nig;

enflb _ Enn + Eiﬁﬂ'%‘,gi-

From this it also follows that F(b,€b,....e" 'b) = Fgy,...,gn) because n €
F. Since g. ..., g, are algebraically independent over F. so are b. eb, ..., " 1b.
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For later use, observe that since F2 = (F(g.....q.)> =
(F(b,eb. . ... e"71h))A and §(e'b) = €(6b) = €'(ca) = ¢ Tta, Propositon 2.140

T

implies ea,....e"a arve linearly independent over B2 modulo 6B and

n—1

1,b.eb, ... ¢ arc lincarly independent over JF.

It has been demonstrated that H> = F2. To show (Flc)pa)® = F2,
it will now be proved that (H{c)pa)® = H?. Let o € G = H{c)pa be a
non-zero A-constant. First assume o € H{c}a g = H]c] and is of minimal
degree in ¢. It has been shown that ¢ is transcendental over J{. Write
a=ac +ar_1¢" 4+ ... +aswherer >0and a; € H fori=0,...,7. Then
dao = A, ¢+ A"+ ...+ Ay where A; = Ja; + iaa; for i = 0 to r. Since
da = 0 and the powers of ¢ are linearly independent over J, it follows that
A; = 0 fori = 0.....r. Because it has been shown that the only A-zero
of oy —iay in His 0, a; = 0 for 2 = 1,...,n. Since Ay = 0, dag = 0. and
a = ay € F. Similarly, if 1/a € F(b)a glc], then 1/a € F>.

Second, if neither o nor 1/« is in H¢|, let « = A/B where A and B
are in He] of positive degree such that A has the minimal degree among
all such choices of A and B. It may be assumed that d8B # 0 because
otherwise 64 = 0 and A € H>. Since da = 0, A/B = §A/5B. Write
A=a.c"+,...,+ag, a; € H fori=0tor, and B = b,c®+,...,+by, b; € H
for ¢ = 0 to s. Both ag and by may not be 0 because then the numerator and
the denominator of @ may be divided by ¢ resulting in a fraction representing
a with a lower degree numerator. If by = 0 and ag # 0, divide the numerator

and the denominator by ag, then the derivatives of both have no constant
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terms and may be divided by ¢ again to produce an equivalent fraction with
lower degree numerator. If by # 0 and ag = 0, apply the same reasoning.
If by # 0 and ap # 0, from 6gf = gdf, by comparing zeroth degree terms
in ¢, it follows that dbpag = bgdag. Therefore d(ay/by) = 0. Divide the
numerator and the denominator both by gg. The zeroth degree terms in ¢
of both the numerator and the denominator are A-constants. Differentiate
them and divide both by ¢ to produce an equivalent fraction with lower
degree numerator. So, a € F2.

Since ¢ is a A-exponential over F and (F(e)pa)® = F2, Proposition
6.268 implies F(c)g,a over F is E-strongly normal. It remains to show that
the Galois group G of F(c)ga over F is G. Because c is transcendental
over F, GG is not finite. By Corollary 6.255, G = Gy for some linear E-
ideal M < F2{y}.. Since it may be verified that L(ca) = §f, Proposition
6.272 implies L(y) € M. Let M(y) € M. Again by Proposition 6.272,
M (ea) = 6h for some h € F. Then M(b) —h € F> C F. and M(b) = I’ for
n € F. Since 1.b,€eb....,€" b are linearly independent over F, M (y) has
order greater than or equal to the order of L(Y'). Hence {L(y)}g =M =L,
and G = Gyg. O

A particularly simple example may be obtained by taking, in Proposition
6.276, D = C, L = €'y, C = D(t) with et = 1 and 6t = 0, B = C(z),
F =C(t,z), n; =t fori=1,....n, fy =1/(x+i—1)fori=1,...,n,
gi=In(z+i—1)fori=1,...,nand n = 0. A fundamental system of E-zcros

of e lyis 1.¢, 4%, ..., " By Corollary 2.135, 1/(x), 1/(w+1)..... L/(x+n—1)
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are linearly independent over C = B2 modulo §B. Then, a = t/(x)+1*/(x+
D+---+t"/(r+n—1), and b = In(x) + 2t In(z+ 1)+ - +nt" " In(r+n—1).

One may take
c=cxp(tineg + 2 In(x + 1) +--- + " In(z +n — 1)).

Then, F{c)pa = Fle.lnz,....ln(x + n — 1)), and Flc)p A is E-strongly
normal over . The operation of the Galois group Gleny, = {v € V|
e"(ev/v) = 0} = {exp(ag +tay + ... +t"q,) | oy € C} on c is induced by
addition in the exponents. 1f f = x, 7 may be taken to be t""z/(n + 1)L

Then,

c=exp(t"Mz/(n+ D! +tInae + EInfe + 1)+ +t"In(z +n — 1)),

and the Galois group is the same.
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