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Abstract

QUANTUM TRANSPORT IN LOW DIMENSIONAL ELECTRONIC

SYSTEMS

by

Hsuan-Yeh Chang

Advisor: David Schmeltzer

Spin and charge transports of low dimensional electronic systems are stud-

ied. The general idea of low dimensional physics is briefly introduced. We

studied the spin transport of a spin polarized Luttinger liquid in the pres-

ence of a single impurity. We found that, by considering the extended Hub-

bard interaction, a spin-polarized wire is obtained in response to an external

magnetic field. In addition, we studied the charge transport of a confined

two-dimensional electron gas in the presence of an insulating region. We

considered the two-dimensional electron gas as being confined by a harmonic

potential. The insulating region, which causes the electronic wave function

to vanish, is replaced by a static vortex. We found that a rectified voltage is

induced in response to a microwave.
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Chapter 1

Physics in Low Dimension

1.1 Electron States in Various Dimensions

1.1.1 Density of States in 3D

Consider a single electron of mass me confined in a box of sides Lx, Ly and

Lz, the one particle Schrödinger equation in three dimension is given by

[

− h̄2

2me

∇2 + V (~r)

]

ψlmn(~r) = Elmnψlmn(~r)

where V (~r) is the confining potential, ψlmn is the wave function, Elmn is

the eigen-energy, and (l,m, n) are the quantum numbers. The presence of

the confining potential restricts the electron to move only inside of the box,

namely V (~r) = 0 inside of the box and V (~r) = ∞ outside of the box. By

satisfying the condition that ψlmn(~r) = 0 on the boundary of the box, one

1



Chapter 1. Physics in Low Dimension 2

can obtain the analytical solution for the wave function ψlmn(~r) that

ψlmn(~r) =

√

8

LxLyLz

sin(
lπx

Lx

) sin(
mπy

Ly

) sin(
nπz

Lz

)

with the eigen-energies being

Elmn =
h̄2π2

2me

[

(
l

Lx

)2 + (
m

Ly

)2 + (
n

Lz

)2

]

.

In practice, the sides of the box Lx, Ly and Lz are on the scale of

millimeters and the kinetic energy is in the order of a few meV . Let’s

take Lx = 1 mm for example, the x-component kinetic energy becomes

h̄2π2

2me
( 1

Lx
)2 = 3.4×10−10 meV forme = 9.1×10−31 kg and h̄ = 1.05×10−34 J ·s.

Since the Fermi energy for most of the metallic materials is in the range

of a few electron volts, the quantum numbers (l,m, n) are thus very large.

For this reason, the ~k vector and the eigen-energy Elmn are both quasi-

continuous, namely ~k = (kx, ky, kz) and Elmn = E(~k) = h̄2

2me
(k2

x + k2
y + k2

z).

For the ground state of N free electrons, a sphere in ~k-space is occupied up

to the maximum radius kF such that EF = E(kF ) = h̄2

2me
k2

F . We obtain

kF =
(

3π2N
V

)1/3
= (3π2n3)

1/3
, where n3 = N/V is the electron density in 3D,

and EF = h̄2

2me

(

3π2N
V

)2/3
.

We can thus find the density of states D(E), which is defined as the

number of electrons per unit energy range per unit volume, i.e. D(E) ≡ 1
V

dN
dE

,

and

D(E) ≡ 1

V

dN

dE
=

1

2π2

(

2me

h̄2

)3/2 √
E. (1.1)

It is noted that the density of state D(E) in three dimension is proportional

to
√
E, as illustrated in figure 1.1(a).
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Figure 1.1: Density of states in various dimensions.

1.1.2 Density of States in 2D

Let’s now consider the situation where Lz is of the order of nanometers. By

taking Lz = 1 nm, we obtain that the energy term h̄2

2me
( 1

Lz
)2 ≃ 0.34 eV , which

allows the quantum number n to be very small. We can no longer consider

the z-component of the ~k vector as quasi-continuous. On the contrary, the

z-component of ~k is quantized into a few discrete quantum levels. The total

energy of such a system reveals a mixed continuous-discrete energy spectrum,

namely

E = En(kx, ky) =
h̄2

2me

(

k2
x + k2

y

)

+ En (1.2)

where energy En = h̄2

2me

(

n
Lz

)2
is the subband energy. For simplicity, we can

consider that the electrons move only in the n-th subband.

Now, we want to calculate the density of state in two dimensions. Similar

to the discussion given above, a total number of electrons N is occupied in

the k-space up to a circle of area πk2
F . Accordingly, we have kF =

(

2πN
S

)1/2
=

(2πn2)
1/2, where S = LxLy, and n2 = N/S is the electron density in 2D, and
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EF = h̄2

2me

(

2πN
S

)

+ En.

By choosing the sub-band energy En as the zero point energy, the number

of electrons N occupied below energy E is given by N = S
2π

(

2meE
h̄2

)

. Since

we are interested in calculating the density of states in 2D, we define the 2D

density of state as the number of electrons per energy range per unit area,

i.e. D(E) ≡ 1
S

N
E

. As a result, we have

D(E) ≡ 1

S

dN

dE
=

1

2π

2me

h̄2 , (1.3)

which is a constant, as illustrated in figure 1.1(b). The density of states as

being constant in 2D is the origin of many special electronic properties in

2D.

1.1.3 Density of States in 1D

Following the same idea, we can further confine the electronic motion in the

y-direction, such that the side Ly is also in the order of nanometers. The

total energy can now be written as

E = Emn(kx) =
h̄2k2

x

2me

+ Emn (1.4)

where energy Emn = h̄2

2me

(

( m
Ly

)2 + ( n
Lz

)2
)

is the subband energy. A total

number of electrons N is occupied in a line in k-space with a length 2kF .

Accordingly, we have kF = πN
2Lx

= π
2
n1, where n1 = N/Lx is the electron

density in 1D, and EF = h̄2

2me

(

πN
2Lx

)2
+ Emn.

The number of electrons N occupied below energy E for one particu-

lar sub-band is given by N = 2Lx

π

(

2meE
h̄2

)1/2
. In 1D, we define the density
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of states as the number of electrons per energy range per unit length, i.e.

D(E) ≡ 1
L

dN
dE

. As a result, we have

D(E) ≡ 1

Lx

dN

dE
=

1

π

(

2me

h̄2

)1/2

E−1/2. (1.5)

This shows that the density of states in 1D is proportional to E−1/2, as

illustrated in figure 1.1(c).

The difference of density of states of various dimensions will give rise to

different transport properties for electronic systems in different dimensions.

The importance of density of states will become clear when one calculates

the current in different dimensions.

1.2 Experimental Realizations

1.2.1 Two Dimensional Electron Gas

The development of modern semiconductor technology has made it possible

to grow thin layered structures onto a semiconductor substrate. One of the

most important applications of this technology is to confine electronic mo-

tions in a two dimensional plane, thereby forming a two dimensional electron

gas (2DEG).

Basically, two types of two dimensional electron gas have been developed

and studied. One such system is formed on a metal-oxide-semiconductor

(MOS) structure, see figure 1.2. As shown in this band diagram, a gate

voltage Vg is applied to the metallic gate that is separated with the semicon-

ductor by a dielectric (SiO2) layer. As a result, a depleting band bending in
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Figure 1.2: This band diagram shows the formation of 2DEG at the interface

of dielectric and semiconductor.

the semiconductor layer is created. For a large enough gate voltage Vg, this

bending can be of the order of the semiconductor band gap. Consequently,

an inversion layer with carriers of opposite sign than in the bulk is formed

near the interface of the dielectric and the semiconductor, thus forming a two

dimensional electron gas. Consider that the MOS structure forms a capacitor

of parallel plates which has a capacitance of C = ǫDA/d, where ǫD and d are

the dielectric constant and the thickness of the dielectric layer respectively,

and A is the area of the capacitor. The surface electron density n2 in the

inversion layer is then given by

n2 =
ǫD
ed

(Vg − V0),

where V0 is the threshold voltage for opening of a conducting channel at
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the dielectric-semiconductor interface. For silicon structures, the maximum

possible value for ns is of the order of 1013 cm2.

Another type of two dimensional electron gas is formed in the modulation-

doped GaAs−AlGaAs heterojunction, where the band gap of the AlGaAs is

wider than that of theGaAs, see figure 1.3. The formation of the modulation-

doped heterojuction gives rise to an inversion layer. By properly doping the

AlGaAs layer, one can move the Fermi level in the forbidden gap such that

the 2DEG is formed within the inversion layer. At present, 2DEG formed in

the modulation-doped heterojunction is the most commonly used structure

for studying quantum transport in low dimensional systems. One advantage

of the heterojunction over the MOS-structure is in that the quality of the

heterojuction interface is better than that of the MOS-structure. By properly

matching the lattice structure of the GaAs and the AlGaGs layers, one can

obtain a 2DEG that the electron density ns thereof is as low as 108cm−2. This

gives rise to an extremely high carrier mobility µ. For example, the mobility

of the heterojunction can easily exceed 107 cm2/V ·s, while the mobility of the

MOS-structure is typically in the range of 104−105 cm2/V ·s. In addition, the

2DEG formed by modulation doping can be squeezed into narrow channels

by using a patterned metallic gate grown on top of the 2DEG. By applying

a gate voltage Vg to the metallic gate, the electrons under the metallic gate

will be depleted, thereby forming the desired narrow conducting channel.
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Figure 1.3: This band diagram shows the formation of 2DEG at the

modulation-doped AlGaAs−GaAs heterojection.

1.2.2 One Dimensional Electron Gas

Once the creation of 2DEG is realized, attempts have been made to further

confine the 2DEG in one of the two in-plane directions, thereby forming a one-

dimensional conducting wire. One way to achieve this spatial confinement is

to deposit a layer of patterned metallic gate above the 2DEG. By applying

a gate voltage to the patterned gate, electrons beneath the patterned gate

are depleted. As illustrated in figure 1.4, one can make the separation width

W of the patterned gate so small that only one conducting channel exists

between the left and right leads. As a result, a one-dimensional electron gas

is obtained.
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Figure 1.4: Schematic diagram illustrating diffusive transport and ballistic

transport in a quasi-one-dimensional narrow wire

1.3 Important Physical Quantities

In order to study quantum transport in a proper regime, we need to use

certain space, time and energy scales to characterize a physical system. Many

of the physical quantities discussed here are summarized in table 1.1 for

two dimensional electron gas of GaAs − AlGaAs heterojunction and MOS-

structure.

1.3.1 Fermi Wavelength (λF)

The Fermi wavelength λF is defined as the de Broglie wavelength on the

Fermi surface. Since the Fermi surface is characterized by the wave vector
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kF , we can write

λF =
2π

kF

. (1.6)

Following the discussions in section 1.1, we know that the Fermi wave vec-

tors kF is sensitive to dimensionality. Accordingly, we obtain the Fermi

wavelength in different dimensions as

1D : λF = 2
(

π

3n3

)1/3

(1.7)

2D : λF =

√

2π

n2

(1.8)

3D : λF =
4

n1

(1.9)

In quantum mechanics, electrons are described as a matter wave traveling

in space. For Fermi gas at low temperature, electrons are moving on the

Fermi surface. Therefore, the Fermi wavelength λF can be used as a measure

of whether quantum effect may occur at certain length scale. For length scales

comparable to the same order of magnitude of the Fermi wavelength λF , the

problem should be treated quantum mechanically. On the other hand, for

length scales much larger than λF , we can treat the problem semi-classically

or classically.

1.3.2 Scattering Time and Length

The scattering time (also known as momentum relaxation time) τ is the

average time between two elastic scattering events. According to the Drude

model, the conductivity is given by

σ =
nee

2τ

me

, (1.10)
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where e is the electric charge, ne is the electron density and me is the electron

mass. Since conductivity σ is an experimentally measurable quantity, the

scattering time τ follows from the conductivity σ once the electron density

ne is known. The scattering time τ is related to the scattering length ℓ via

ℓ = vF τ, (1.11)

where vF is the Fermi velocity defined as mvF = h̄kF . The scattering length

ℓ is often referred to as mean free path. One can understand the scattering

length ℓ as the average distance that the electrons travel at the Fermi surface

without being scattered.

Another important physical quantity that is often used to characterize

transport is the mobility µ, which is defined as the drift velocity vd per

applied electric field E, i.e.

µ =
|vd|
E
. (1.12)

For an electron gas of high mobility, applying a weak electric field will gen-

erate a large drift velocity. According to the Ohm’s law J = σE, where

J = ne(−e)vd and σ is the Drude conductivity given in eq. (1.10), we find

µ =
e

me

τ (1.13)

which is proportional to the momentum relaxation time τ .

1.3.3 Thermal Length

An electron undergoes a ballistic motion when it travels shorter than the

mean free path ℓ. However, the electronic motion becomes diffusive when
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the electron travels extensively further. The diffusive motion of electrons is

characterized by the diffusion constant, which is given as

D ∼ v2
F τ = vF ℓ =

ℓ2

τ
. (1.14)

An electron traveling in a plane wave of wave vector k has a broadening in

k-space, i.e. ∆k. According to the uncertainty principle, ∆x∆p ∼ ∆ǫ∆t ∼ h̄,

the broadening in k-space ∆k is found to be ∆k ∼ 1
∆x

, which corresponds

to an energy width of ∆ǫ ∼ h̄/∆t. At nonzero temperature, the electron

loses its phase memory when the thermal energy kBT is larger than the

energy width ∆ǫ, where kB denotes the Boltzmann constant and T denotes

the temperature. That is, the electron loses its phase memory after a time

interval ∆t ∼ h̄/kBT . The length that the electron travels during this time

interval ∆t is given as

ℓT =

√

h̄D

kBT
(1.15)

This quantity ℓT is often referred to as thermal length, which is useful for

characterizing the thermal effect to a quantum system.

1.3.4 Phase Relaxation Time and Length

In quantum mechanics, the motion of electron is characterized by the evolu-

tion of wave function, which includes a phase. The phase of the wave function

is especially important when one is interested in the observation of quantum

interference phenomena. Since single particle motions in quantum mechan-

ics are time-reversible, the only way to destroy the phase of wave function is
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Quantity(Symbol) GaAs Si Units

Effective Mass (m) 0.067 0.19 me = 9.1 × 10−31kg

Dielectric Constant (ǫ) 13.1 11.9 ǫ0 = 8.9 × 10−12Fm−1

Density of States (D(E)) 0.28 1.59 1011cm−2meV −1

Fermi Wave Vector (kF ) 1.58 0.56 − 1.77 106cm−1

Fermi Velocity (vF ) 2.7 0.34 − 11 107cm/s

Fermi Energy (EF ) 14 0.63 − 6.3 meV

Fermi Wavelength (λF = 2π
kF

) 40 112 − 35 nm

Electronic Mobility (µe) 104 − 106 104 cm2/V · s

Scattering Time (τ = mµe/e) 0.38 − 38 1.1 ps

Mean Free Path (ℓ = vF τ) 102 − 104 37 − 118 nm

Diffusion Constant (D = v2
F τ/2) 140 − 14000 6.4 − 64 cm2/s

Phase Coherence Length 200 − . . . 40 − 400 nm(T/K)−1/2

(ℓφ = (Dτφ)1/2)

Thermal Length 330 − 3300 70 − 240 nm(T/K)−1/2

(ℓT = (h̄D/kBT )1/2)

Table 1.1: Electronic properties of two dimensional electron gas for GaAs−

AlGaAs heterojunction and MOS-structure. [BvH91]

to break the time reversal symmetry by inelastic scattering. We can define

the phase relaxation time τφ as the time of two inelastic scattering events.

Therefore, the corresponding phase relaxation length ℓφ is given as

ℓφ =
√

Dτφ. (1.16)

where D is the diffusion constant of eq. (1.14).



Chapter 2

Transport of Spin-Polarized

Luttinger Liquid

Recently, a new type of electronics called “spintronics” has attracted tremen-

dous attentions. The study of spintronics focuses on the use of spin polarized

electrons to build spin devices, such as spin diodes and spin transistors. In

order to make use of the electron spins to build up devices, one needs to

understand the principles of spin ballistic transport.

In this chapter, we will investigate the possibility for having polarized

electrons in a quantum wire. We will compute the conductance of a spin-

polarized Luttinger liquid in the presence of a non-magnetic impurity with

two different Fermi velocities v↑F 6= v↓F .

14
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2.1 Model Hamiltonian

2.1.1 Free Part

We consider the 1D Fermion representation with spin [GNT98],

ψσ(x) = eikσ
F xRσ(x) + e−ikσ

F xLσ(x), (2.1)

where σ =↑, ↓, and Rσ(x) and Lσ(x) represent the right and left movers of

spin σ. Here, the Fermi wave vector kσ
F is also spin dependent. We consider

a situation that due to the Zeeman interaction the Fermi gas is described by

v↑F = vF +
∆

2
, (2.2)

v↓F = vF − ∆

2
(2.3)

where vF = (v↑F + v↓F )/2, ∆ = v↑F − v↓F , vσ
F = h̄kσ

F/m and σ =↑, ↓. The

parameter ∆ represents the Zeeman energy.

We can substitute the 1D Fermion representation given in eq. (2.1) into

the free Hamiltonian

H0 =
∑

σ

∫

dxψ+
σ (x)

(

− h̄2

2m
∂2

x

)

ψσ(x).

We obtain the spin dependent free Hamiltonian

H0 = −
∑

σ=↑,↓

∫

dxvσ
F

[

R†
σ(x)i∂xRσ(x) − L†

σ(x)i∂xLσ(x)
]

. (2.4)

It has been shown that the non-interacting hopping Hamiltonian

H0 = −t
∑

x

∑

σ=↑,↓

[

ψ+
σ (x)ψσ(x+ a) +H.C.

]

(2.5)
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is equivalent to eq. (2.4) in its continuous limit [Eme79], where ψ+
σ (x) creates

a particle at site x, ψσ(x + a) destroys a particle at site x + a (a being the

inter-site distance), and vF = 2t [Voi92]. By following the method discussed

in Appendix A and define the spin-dependent left and right movers as

Rσ(x) =
1√
2πα

ei
√

4πθR,σ(x), Lσ(x) =
1√
2πα

e−i
√

4πθR,σ(x), (2.6)

we can bosonize the free Hamiltonian in eq. (2.4) and obtain

H0 =
∑

σ=↑,↓

∫

dx vσ
F

[

(∂xθR,σ(x))2 + (∂xθL,σ(x))2
]

. (2.7)

2.1.2 Electron-Electron Interaction

It is known that a one-dimensional wire does not polarize by considering

only the Hubbard interaction [KF92a]. In order to study the polarization

effect, we need to consider the extended Hubbard interaction. The extended

Hubbard interaction term is given by

HI = U
∑

x

n↑(x)n↓(x) + V
∑

x

n(x)n(x+ a). (2.8)

Here, U is the on-site (Hubbard) interaction and nσ(x) = ψ+
σ (x)ψσ(x),

while V is the nearest neighbor (extended Hubbard) interaction and n(x) =

∑

σ nσ(x). In the continuum limit of the extended Hubbard interaction

[Voi92], we have

HI =
∑

σ,σ′=↑,↓

∫

dx
{

g1R
†
σ(x)L†

σ′(x)Rσ′(x)Lσ(x) + g2R
†
σ(x)L†

σ′(x)Lσ′(x)Rσ(x)

+ g4(1 − δσ,σ′)
[

R†
σ(x)R†

σ′(x)Rσ′(x)Rσ(x) + (R ↔ L)
] }

(2.9)



Chapter 2. Transport of Spin-Polarized Luttinger Liquid 17

where Rσ and Lσ are the right and left mover, respectively. Here, the g1 term

represents backward scattering which transfers momentum from (kF ,−kF )

to (−kF , kF ); the g2 term represents forward scattering which transfers mo-

mentum from (−kF , kF ) to (−kF , kF ); and the g4 term represents Umklapp

scattering process. [Sch02, LE74]

We can now bosonize the extended Hubbard interaction term given in eq.

(2.9). We find [Sch02]

HI =
∫

dx











g
‖
2 − g

‖
1

2π



 [(∂xθR↑(x))(∂xθL↑(x)) + (∂xθR↓(x))(∂xθL↓(x))]

+

(

g⊥2
2π

)

[(∂xθR↑(x))(∂xθL↓(x)) + (∂xθR↓(x))(∂xθL↑(x))]

+
(

g4

2π

)

[(∂xθR↑(x))(∂xθR↓(x)) + (∂xθL↑(x))(∂xθL↓(x))]

+

(

g⊥1
2(πd)2

)

cos

[√
4π(θR↑ + θL↑ − θR↓ − θL↓) + ∆(

kF

vF

)x

]}

(2.10)

Here, the parameters g
‖
1, g

⊥
1 , g

‖
2, g

⊥
2 , and g4 are related to the on-site interac-

tion U and the inter-site interaction V of the extended Hubbard interaction

[Voi92], i.e. g
‖
2 = g⊥2 = U + 2V , g

‖
1 = g⊥1 = U + 2V cos(kFa) ≃ U − 2V , and

g
‖
2 − g

‖
1 = 4V . Accordingly, the g

‖
2 − g

‖
1 term in eq. 2.10 is the only term

that relates solely with the inter-site interaction V . We note that this g
‖
2 −g‖1

term is the interaction without spin flips, which gives rise to a spin polarized

Luttinger liquid.

For a Hubbard model (V = 0), we have g
‖
2−g‖1 = 4V = 0. The presence of

the parameter ∆(kF/vF )x, kF = (k↑F + k↓F )/2, gives rise to strong oscillation

which allows us to neglect the last term in eq. (2.10) at large distances

[Sch02].
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For a pure extended Hubbard model (V 6= 0), g
‖
2 − g

‖
1 = 4V 6= 0. We

denote g
‖
2 − g

‖
1 ≡ g0 for simplicity. Notice that this g0 term is the only

parameter relevant to the polarization of the magnetic wire. All other terms

are not sensitive to the externally applied magnetic field. Therefore, only

the inclusion of the extended Hubbard interaction can give rise to a spin-

polarized quantum wire.

2.1.3 Impurity Potential

The impurity potential for fermions are given as

HImp =
∑

σ

∫

dxVσ(x)
[

ψ†
σ(x)ψσ(x) + h.c.

]

, (2.11)

where Vσ(x) is non-zero in a region of a finite distance d and zero otherwise.

We shall consider Vσ(x) = Vσδ(x), which represents a non-magnetic impurity

located at x = 0. By substituting the linearized Fermion field given in eq.

(2.1) into eq. (2.11), we obtain

Himp = H
(f)
imp +H

(b)
imp (2.12)

H
(f)
imp =

∑

σ

∫

dxVf (x)
(

R†
σ(x)Rσ(x) + L†

σ(x)Lσ(x)
)

(2.13)

H
(b)
imp =

∑

σ

∫

dx
[

Vb(x)L
†
σ(x)Rσ(x) +H.C.

]

(2.14)

where Vf (x) = Vσ(x) is the amplitude of the forward scattering potential and

Vb(x) = e2ikF xVσ(x) is the amplitude of the backward scattering potential.

Since the forward scattering potential can be absorbed to the free Hamil-

tonian by a canonical transformation [GNT98], we can consider the impurity
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potential as if it includes only the backward scattering potential. Therefore,

we will omit the discussion of the forward scattering potential, and focus

only on the the backward scattering potential.

Using the standard bosonization method:

R†
σ =

1√
2πα

ei
√

4πθR,σ(x); Lσ =
1√
2πα

e−i
√

4πθL,σ(x), (2.15)

we have,

Vb(x)R
†
σLσ + V ⋆

b (x)L†
σRσ

=
1

2πα

[

e2ikF xVσ(x)e−i
√

4π(θR,σ(x)+θL,σ(x)) + e−2ikF xVσ(x)ei
√

4π(θR,σ(x)+θL,σ(x))
]

= Vσ(x)
1

πα
cos(

√
4πθσ(x) − 2kFx) (2.16)

where θR,σ(x) + θL,σ(x) = θσ(x).

We can now redefine Uσ(x) = Vσ(x)/πα, and rewrite the backward scat-

tering potential in its bososic form as

HImp =
∑

σ

∫

dxUσ(x) cos
(√

4π(θR,σ(x) + θL,σ(x))
)

(2.17)

where Uσ(x) = λσδ(x), and λ↑ = λ↓. It is noted that the impurity potential

is non-zero only at x = 0. We can thus require 2kFx = 0 in eq. (2.16)

2.2 Spin Polarized Luttinger Liquid

We can now transform the right and left moving bosonic fields into spin-up

field θσ and spin-down field φσ, namely

θσ = θRσ + θLσ,



Chapter 2. Transport of Spin-Polarized Luttinger Liquid 20

φσ = θRσ − θLσ.

We can further transform the spin-up and spin-down fields (θσ and φσ) into

spin and charge fields, namely

θc =
1√
2
(θ↑ + θ↓),

θs =
1√
2
(θ↑ − θ↓),

φc =
1√
2
(φ↑ + φ↓),

φs =
1√
2
(φ↑ − φ↓).

Using the transformations given above, we can write the free Hamiltonian

H0 in eq. (2.7) and the interaction Hamiltonian HI in eq. (2.10) in terms of

the spin and charge fields (θc, θs, φc, φs). Because ∂xθc(x) and ∂xθs(x) are

canonically conjugated with ∂xφc(x) and ∂xφs(x), we define Pc(x) = ∂xφc(x),

and Ps(x) = ∂xφs(x). The total Hamiltonian becomes H = H0 + HI =

Hc +Hs +Hc/s, where

Hc =
∫

dx
vc

2

[

KcP
2
c (x) +

1

Kc

(∂xθc)
2
]

, (2.18)

Hs =
∫

dx
vs

2

[

KsP
2
s (x) +

1

Ks

(∂xθs)
2
]

, (2.19)

HZ
c/s =

∆

2

∫

dx [Pc(x)Ps(x) + (∂xθc)(∂sθs)] (2.20)

and

Kc =

√

√

√

√

1 − 1
4π

(g0 + g⊥2 − g4)

1 + 1
4π

(g0 + g⊥2 + g4)
, (2.21)

Ks =

√

√

√

√

1 − 1
4π

(g0 − g⊥2 + g4)

1 + 1
4π

(g0 − g⊥2 − g4)
, (2.22)
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vc =

√

(1 − 1

4π
(g0 + g⊥2 − g4))(1 +

1

4π
(g0 + g⊥2 + g4)), (2.23)

vs =

√

(1 − 1

4π
(g0 − g⊥2 + g4))(1 +

1

4π
(g0 − g⊥2 − g4)) (2.24)

We shall keep HImp in its original form of eq. (2.17) and perform Renor-

malization Group analysis. We observe that the Hamiltonian given in eqs.

(2.18, 2.19, 2.20) is non-diagonal in the conjugate momenta, Pc(x)Px(x), and

densities, ∂xθc(x)∂xθs(x). Therefore, we can write the total Hamiltonian in

matrix form, namely

H =
1

2

∫

dx





(Pc(x), Ps(x)) · M−1 ·







Pc(x)

Ps(x)







+ (∂xθc(x), ∂xθs(x)) · B ·







∂xθc(x)

∂xθs(x)











 (2.25)

where

M−1 =







vcKc
∆
2

∆
2

vsKs





 ,

and

B =







vc/Kc
∆
2

∆
2

vs/Ks





 .

To diagonalize the Hamiltonian in eq. (2.25), we need to find two unitary

matrices U and V, such that U+M−1U and V+BV are diagonal. In order

to preserve the commutation rules [∂xθα(x), Pβ(x′)] = iδα,βδ(x − x′), where

α, β = c, s, it is required that UV+ = 1. However, this is not possible for

an arbitrary set of parameters vc, Kc, vs, Ks and ∆. Therefore, the method

described in [KKA96] is not applicable for an arbitrary set of parameters.
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2.3 Renormalization Analysis

In order not to be restricted, we will use the Lagrangian formalism, which al-

lows us to calculate in the Fourier transformed space (ω, k). The Lagrangian

density L is defined as

L(θc, θ̇c, θs, θ̇s) = Pcθ̇c + Psθ̇s − h(Pc, θc, Ps, θs) (2.26)

Since θ̇c = δ
δPc
H and θ̇s = δ

δPs
H, we have θ̇c = vcKcPc + ∆

2
Ps and θ̇s =

vsKsPs + ∆
2
Pc. We can write







θ̇c

θ̇s





 = M−1







Pc

Ps





 ,

where

M−1 =







vcKc
∆
2

∆
2

vsKs





 .

Therefore,






Pc

Ps





 = M







θ̇c

θ̇s





 =
1

detM−1







vsKs −∆
2

−∆
2

vcKc













θ̇c

θ̇s





 .

Let z−1 = detM−1 = (vcKc)(vsKs)−(∆/2)2, we should require that z−1 6= 0.

Notice that the z−1 = 0 case corresponds to the fact that the fields θ̇c and θ̇s

(or Pc and Ps) are linearly dependent.

We restrict our calculation to detM−1 > 0. (detM−1 < 0 describes an

unstable liquid with negative masses.) Provided the above discussion with

the aid of Appendix C.2, we obtain the Lagrangian density as

L(θc, θ̇c, θs, θ̇s) =
1

2
(θ̇c, θ̇s) · M ·







θ̇c

θ̇s





− 1

2
(∂xθc, ∂xθs) · M−1 ·







∂xθc

∂xθs





 .
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We can write the action in terms of Fourier components of the above La-

grangian density as

S =
∫ dω

2π

dq

2π
L(ω, q)

where

L(ω, q) =
1

2
~θ(ω, q) ·

(

A−1
)

· ~θ(−ω,−q) (2.27)

and

A−1 =







α γ

γ β





 (2.28)

Here we denote ~θ = (θc, θs), and the elements of matrix A−1 are given as

α(ω, q) = −(zvsKs)ω
2 + (

vc

Kc

)q2

β(ω, q) = −(zvcKc)ω
2 + (

vs

Ks

)q2

γ(ω, q) =
∆

2
(zω2 + q2) (2.29)

In order to compute the conductance due to the impurity, we add to the

total Hamiltonian the impurity potential

HImp =
∑

σ

∫

dx λσδ(x) cos
(√

2π(θc(x) + σθs(x))
)

(2.30)

with the condition of λ↑ = λ↓. Due to the electron-electron interaction,

the bare impurity strength get renormalized. At length scale a′ = ba where

b = eℓ > 1, we find that λσ(ℓ) = λ̂σΛ exp[(1−Kσ)ℓ], i.e. when Kσ < 1, λσ(ℓ)

increases. On the contrary, λσ decrease when Kσ > 1. The scaling equation

of λσ = λ̂σΛ is [Ami78]

dλ̂σ

dℓ
= λ̂σ(1 −Kσ) (2.31)
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and Kσ is given by

dℓKσ ≡ 1

2
(
√

2π)2
[

〈δθ2
c (x)〉 + 〈δθ2

s(x)〉 + 2σ〈δθc(x)δθs(x)〉
]

≡ 2π〈δθσ(x)δθσ(x)〉 (2.32)

Using the Lagrangian in eq. (2.27), we will compute the correlation functions

〈δθσ(x)δθσ(x)〉. These correlation functions will be expressed in terms of the

parameters α,β,γ (see eq. (2.29)).

Denote that i, j ≡ (c, s), we can transform the correlation function back

to the space-time coordinate. We have

〈θi(x, t)θj(0, 0)〉 =
∫ dω

2π

dq

2π
e−i(qx−ωt)〈θi(ω, q)θj(−ω,−q)〉

= i
∫ dω

2π

dq

2π
e−i(qx−ωt)Aij(ω, q) ≡ iAij(x, t) (2.33)

Since for any function f(|q|), the integral in the momentum shell gives
∫

Λ/s≤|q|≤Λ f(|q|)dq =
∫−Λ/s
−Λ +

∫ Λ
Λ/s = 2f(Λ), we can obtain the correlation

functions at the same space point as

〈δθi(x, τ)δθj(x, 0)〉 =
idΛ

π

∫ ∞

−∞

dω

2π
eiωτAij(ω,Λ) (2.34)

Since δθ↑ = 1√
2
(δθc + δθs) and δθ↓ = 1√

2
(δθc − δθs), we have

〈δθ↑δθ↑〉 =
1

2
[〈δθcδθc〉 + 〈δθsδθs〉 + 〈δθcδθs〉] , (2.35)

〈δθ↓δθ↓〉 =
1

2
[〈δθcδθc〉 + 〈δθsδθs〉 − 〈δθcδθs〉] (2.36)

This is equivalent to

〈δθ↑δθ↑〉 =
idΛ

2π

∫ ∞

−∞

dω

2π
eiωτf↑↑(ω,Λ) (2.37)
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and

〈δθ↓δθ↓〉 =
idΛ

2π

∫ ∞

−∞

dω

2π
eiωτf↓↓(ω,Λ) (2.38)

where f↑↑(ω,Λ) ≡ α+β−2γ
αβ−γ2 , and f↓↓(ω,Λ) ≡ α+β+2γ

αβ−γ2 .

Now we need to carry out the definite integrals in eq. (2.37) and eq.

(2.38). These can be done by using the Cauchy Residue Theorem. By

following the requirement that αβ − γ2 = 0, we can obtain four different

poles. They are ω1 = Λ
2

√
u1 + u2, ω2 = −Λ

2

√
u1 + u2, ω3 = Λ

2

√
u1 − u2,

ω4 = −Λ
2

√
u1 − u2, where u1 = 2(v2

c + v2
s) + ∆2 and u2 = 2[(v2

c − v2
s)

2 +

(KcKsvc + vs)(KsKcvs + vc)∆
2/(KcKs)]

1/2. Notice that these poles are lo-

cated on the real axis and that ω2 = −ω1 and ω4 = −ω3. Due to the factor

eiωτ inside of both integrals, τ > 0, we need to choose the contour around

the upper hemisphere and shift ω1, ω3 by a small positive imaginary number

and ω2, ω4 by a small negative imaginary number. Thus, only the poles at

ω1 and ω3 are included in the chosen contour. We get

〈δθ↑δθ↑〉 = −dΛ
2π

[Res{f↑↑(ω1)} +Res{f↑↑(ω3)}]

〈δθ↓δθ↓〉 = −dΛ
2π

[Res{f↓↓(ω1)} +Res{f↓↓(ω3)}]

By carefully calculating the residues of f↑↑ and f↓↓, one can obtain that

〈δθ↑δθ↑〉 =
dΛ

2πΛ
K↑ (2.39)

=
dΛ

2πΛ

[

a

2u2

(
√
u1 + u2 −

√
u1 − u2) −

2b

u2

(
1√

u1 + u2

− 1√
u1 − u2

)

]

and

〈δθ↓δθ↓〉 =
dΛ

2πΛ
K↓ (2.40)
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=
dΛ

2πΛ

[

c

2u2

(
√
u1 + u2 −

√
u1 − u2) −

2d

u2

(
1√

u1 + u2

− 1√
u1 − u2

)

]

where

a = (Kcvc +Ksvs + ∆), (2.41)

b = (
vs

Ks

+
vc

Kc

− ∆)/z, (2.42)

c = (Kcvc +Ksvs − ∆), (2.43)

d = (
vs

Ks

+
vc

Kc

+ ∆)/z. (2.44)

We can now write the K↑ and K↓ as

K↑ =
a

2u2

(
√
u1 + u2 −

√
u1 − u2)

− 2b

u2

(
1√

u1 + u2

− 1√
u1 − u2

), and (2.45)

K↓ =
c

2u2

(
√
u1 + u2 −

√
u1 − u2)

− 2d

u2

(
1√

u1 + u2

− 1√
u1 − u2

). (2.46)

By increasing ∆ (the magnetic field), we have found that K↑ 6= K↓ when

g0 6= 0. The conductances for spin up and spin down electrons due to a weak

impurity (i.e. λ̂σ small) is then given by [KF92b]

G↑ =
e2

h

(

1 − |λ̂↑|2
(

T

TF

)2(K↑−1)
)

, (2.47)

G↓ =
e2

h

(

1 − |λ̂↓|2
(

T

TF

)2(K↓−1)
)

. (2.48)

When the impurity potential λ̂σ is large, the result given in eqs. (2.47) and

(2.48) are not valid. Using the fact that the scattering exponents computed

in eqs. (2.45) and (2.46) holds for any λ̂σ, we can map the impurity into a
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weak link. Assuming that the problem on the lattice has an hopping constant

t ∼ 1, the matrix element through the impurity will be t′ ∼ t2

|λ̂σ |
∼ 1

|λ̂σ |
. The

conductance for the weak link t′ ∼ 1
|λ̂σ |

has been considered in ref. [Sch02].

Using the result in ref. [Sch02] plus the results for the exponents K↑ and K↓

given in eqs. (2.45) and (2.46), we find:

G↑ =
e2

h
| 1

λ̂↑
|2
(

T

TF

)2( 1

K↑
−1)

, (2.49)

G↓ =
e2

h
| 1

λ̂↓
|2
(

T

TF

)2( 1

K↓
−1)

. (2.50)

Due to the fact that K↑ 6= K↓, at low temperatures, i.e. TF/T ∼ 100− 1000,

we find one of the conductances is strongly suppressed, which gives rise to

a situation that only one spin polarization is conducting. Consequently, a

polarized wire is obtained.

2.4 Results and Discussions

Based on the exact results from eq. (2.45) and eq. (2.46), we have plot

our resultant K↑ and K↓ as a function of the external magnetic field ∆ in

figures 2.1, 2.2 and 2.3, and figures 2.4, 2.5 and 2.6. Since the Umklapp

scattering term is negligible, we have set g4 = 0 in both figures. In order to

demonstrate that only the nearest neighbor interaction g0 ≡ g
‖
2 − g

‖
1 ≡ 4V

term is important for causing K↑ 6= K↓, we set g⊥2 = 0.0 in figures 2.1, 2.2

and 2.3, and g⊥2 = 1.0 in figure 2.4, 2.5, and 2.6.

As shown in figure 2.1, the solid line represents K↑ and the dotted line

represents K↓. In this figure, the value of g0 (g0 = 4V ) is set to be 0.1. One
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(a) Kup and Kdown (g0 = 0.1, g2 = 0.0)
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Kdown

Figure 2.1: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 0.0 and g0 = 0.1.
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(b) Kup and Kdown (g0 = 0.5, g2 = 0.0)

Kup
Kdown

Figure 2.2: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 0.0 and g0 = 0.5.
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(c) Kup and Kdown (g0 = 1.0, g2 = 0.0)

Kup
Kdown

Figure 2.3: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 0.0 and g0 = 1.0.
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(a) Kup and Kdown (g0 = 0.1, g2 = 1.0)

Kup
Kdown

Figure 2.4: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 1.0 and g0 = 0.1.
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(b) Kup and Kdown (g0 = 0.5, g2 = 1.0)

Kup
Kdown

Figure 2.5: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 1.0 and g0 = 0.5.
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(c) Kup and Kdown (g0 = 1.0, g2 = 1.0)

Kup
Kdown

Figure 2.6: The results of K↑ and K↓ by increasing the external magnetic

field ∆ at g⊥2 = 1.0 and g0 = 1.0.
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can clearly see that, as the external magnetic field ∆ increases, K↑ and K↓

split only slightly. This indicates that the spin polarization of the quantum

wire in this case is rather small. In figure 2.2, we increase the g0 value to 0.5

and plot again K↑ and K↓ as a function of ∆. We find that K↑ and K↓ split

more, which gives rise to a more polarized wire. Now, we increase further

the g0 value to 1.0 in figure 2.3. We find that K↑ and K↓ split even further,

giving rise to a even more polarized wire.

In order to show that the g⊥2 term is indeed not playing a significant role

in the polarization effect, we plot figures 2.4, 2.5, and 2.6 by taking g⊥2 = 1.0.

Similar to figures 2.1, 2.2, and 2.3, we set: g0 = 4V = 0.1 in figure 2.4;

g0 = 4V = 0.5 in figure 2.5; and g0 = 4V = 1.0 in figure 2.6. By simply

comparing these two figures, one can easily see that the polarization effect

is NOT affected by the inclusion of the g⊥2 term. For this reason, we can

conclude that only in the presence of the g0 = 4V term and ∆ 6= 0 can we

obtain a polarized wire.

Furthermore, in order to show that the difference between G↑ and G↓

increases when an external magnetic field ∆ is applied, we have prepared fig-

ure 2.7 to figure 2.10 illustrating the dependency of polarization P ≡ |G↑−G↓

G↑+G↓
|

versus the external magnetic field ∆ and the nearest neighbor interaction

g0 = 4V .

In the case of a weak impurity potential, the resultant polarization is

shown in figure 2.7 and figure 2.8. In figure 2.7, a 3D diagram of the polar-

ization P is plot. The external magnetic field ∆ is taken as the x-axis, while

the nearest neighbor interaction g0 = 4V is taken as the y-axis. The range
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Figure 2.7: 3D diagram of the polarization P in the weak impurity potential

limit. Here, we have take the external magnetic field ∆ ranging from 0. and

1.6, and the nearest neighbor interaction g0 = 4V ranging from 0. to 1.,

where T = TF/500 and λ̂σ = 0.1 are taken as typical values.
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Figure 2.8: Contour diagram of polarization P shown in figure 2.7. The

contour line starting from the lower-left side represents the polarization of 5

percent. The next line represents a polarization of 10 percent, and so on.
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Figure 2.9: 3D diagram of the polarization P in the weak link limit. Here,

we have taken the external magnetic field ∆ ranging from 0. and 1.6, and

the nearest neighbor interaction g0 = 4V ranging from 0. to 1., where T =

TF/500 is taken as a typical value.
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Figure 2.10: Contour diagram of polarization P shown in figure 2.9. The

contour line starting from the lower-left side represents the polarization of 5

percent. The next line represents a polarization of 10 percent, and so on.
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of ∆ is between 0. to 1.6, while the range of g0 is between 0. and 1., where

g⊥2 = 0, T = TF/500 and λ̂σ = 0.1 are taken as typical values. As shown,

the larger the external magnetic field ∆ is applied to the wire and the more

the nearest neighbor interaction is turned on, the more the wire is polarized.

Note that the external magnetic field ∆ here is taken in the unit of vF = 1.

In figure 2.8, a contour plot of figure 2.7 is provided. The x-axis represents

the external magnetic field ∆ and the y-axis represents the nearest neighbor

interaction 4V . Starting from the lower left side of the figure, the contour

lines represents the polarization of 5 percent, 10 percent, 15 percent, and so

on. According to our result, the electron gas in the weak impurity potential

case is significantly polarized only when the the external magnetic field ∆

and the nearest neighbor interaction 4V are large.

On the other hand, the resultant polarization for the case of a weak link is

shown in figure 2.9 and figure 2.10. Similarly, we take the external magnetic

field ∆ as the x-axis and the nearest neighbor interaction g0 = 4V as the

y-axis. The range of ∆ is between 0. to 1.6, while the range of g0 is between

0. and 1., where g⊥2 = 0 and T = TF/500. In figure 2.9, the 3D diagram

clearly shows that the electron gas is significantly polarized when the external

magnetic field ∆ or the nearest neighbor interaction 4V is greater than zero.

In figure 2.10, a contour plot of figure 5 is provided. Starting from the lower

left side of the figure, the contour lines represent 5 percent, 10 percent, 15

percent, etc., of polarization, respectively. By comparing the results of the

weak potential case and that of the weak link case, we can conclude that the

stronger the impurity potential, the more the electron gas is polarized.
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In real systems and large temperatures, inelastic scattering will give rise to

spin relaxation. As a result, our effect will be drastically reduced. However,

in the ballistic regime, where the length of the wire L is comparable to the

thermal length LT , L ≈ LT ≈ 10−6m (T ≈ 2K◦), a “spin polarizer” can be

realized.

To conclude, the possibility for a spin polarized quantum wire and the

possibility for a “spin polarizer” caused by magnetic field, interaction and

impurity are suggested. This effect might play a significant role in spintronics.

The results of this chapter are published in [CS05], which is cited by [KTK06].



Chapter 3

Rectification Induced by

Microwave in a Confined 2DEG

with an Insulating Region

We investigate the effect of a microwave field on a confined two dimensional

electron gas which contains an insulating region comparable to the Fermi

wavelength. The insulating region causes the electron wave function to van-

ish in that region. We describe the insulating region as a static vortex,

which gives rise to non-commuting kinetic momenta. As a result, a rectified

voltage is obtained. The proposed theory may explain some aspects of the

experimental results reported by J. Zhang et al. [ZVK+05].

41
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3.1 Introduction

The topology of ground state wave function plays a crucial role in deter-

mining the physical properties of many particle systems. These properties

are revealed through the quantization rules. It is known that fermions and

bosons obey different quantization rules, while the quantized Hall conduc-

tance [Koh85] and the value of the spin-Hall conductivity are resulted from

the non-commutativity of the Cartesian coordinates [Sch06]. The phenom-

ena of quantum pumping observed in one-dimensional electronic systems

[Sch00, Bro98, FSV05] is a consequence of the non-commuting frequency

(i.e. ω̂ = i ∂
∂t

) and coordinate (i.e. R = i ∂
∂K

) [Tho83].

We propose to show that a rectified voltage can be generated in the ab-

sence of a magnetic field when one applies a microwave field to a confined

2DEG which contains an insulating region. The proposed theory is inspired

by the experimental work of J. Zhang et al. [ZVK+05]. In the experiment, a

2DEG GaAs sample including three insulation regions (or anti-dots) is con-

sidered. By applying a polarized microwave field to the sample, a rectified

DC voltage is observed in a direction perpendicular to the polarization direc-

tion. The experiment has been performed in an external magnetic field and

in zero magnetic field. The major result of this experiment is the change of

sign of the rectified voltage when the microwave frequency varies from 1.46

GHz to 17.41 GHz. This behavior, we believe, can be understood as being

caused by the existence of the insulating regions, which create obstacles for

the electrons.
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In order to clarify the physical phenomena of the experiment, we consider

a simplified situation. Instead of three insulating regions, we consider only

one insulating (circular) region of radius D, which is caused by an infinite

potential UI(r), in a confined 2DEG. The 2DEG is confined by a confinement

potential causing the electrons to be confined in a restricted region in the

2DEG. The effect of the insulating region of radius D causes the electronic

wave function to vanish for |~r − ~R| ≤ D. The effect of the vanishing wave

function is described effectively by a static vortex with the center at ~r = ~R

[Nel02].

The confined 2DEG is characterized by the following features. A high

mobility 2DEG GaAs typically has an electronic density of n ≃ 1015m−2, a

Fermi energy of EF ≃ 0.01eV , and a Fermi temperature of TF ≃ 120K. This

corresponds to a Fermi wavelength λF ≃ 0.5 × 10−7m. For high mobility

GaAs, the typical scattering time is τ ≃ 10−11sec, which corresponds to the

mean free path ℓ = vF τ . The ratio between the mean free path and the Fermi

wave length obeys the condition, ℓ
λF

= vF τ
λF

= hτ
λ2

F m
≃ 30. Accordingly, we can

neglect multiple scattering effects. When the thermal length is comparable

with the size of the system L ≃ λthermal = (TF

T
)1/2λF , one obtains a ballistic

system with negligible multiple scattering.

We describe the confined 2DEG of size L as a system with a parabolic

confining potential Vc(~r) =
mω2

0

2
~r2 which has a “classical turning point” LF

determined by the condition
mω2

0
L2

F

2
= EF . This condition describes the

effective physics of a free electron gas of size L ≤ LF . Demanding that

LF is of the order of the thermal wave length LF ≃ λthermal determines
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Figure 3.1: (a) A confined 2DEG of size L×L and classical turning point LF

contains an insulating region of radius D centered at R where the electronic

wave function vanishes; and (b) particles close to the classical turning point

LF , which are represented by the shaded area, will satisfy the constraint

Π1 ≃ Π2 ≃ 0.

the confining frequency ω2
0 = h̄

m
( T

TF
) 1

λ2
F
. Under this condition, we obtain

a ballistic regime where L < LF ∼ 10−7 − 10−6m, T ∼ 1 − 10K, ω0 ≃

1010 − 1011Hz and τ ≃ 10−11sec. In order to observe quantum scattering

effects caused by the insulating region of radius “D”, we require that the

wavelength λF obeys the condition D > λF ≃ 0.5 × 10−7m. (For D < λF ,

the electrons will not experience the insulating region.)
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3.2 Single Particle Hamiltonian

Based on the above analysis, we will investigate a 2DEG with a parabolic

potential Vc(~r) =
mω2

0

2
~r2. The insulating region of radius “D,” caused by

the potential UI(~r), causes the electronic wave function Φ(~r; ~R) to vanish

for |~r − ~R| ≤ D. The effect of the vanishing wave function is described

effectively by a static vortex with the center at ~r = ~R [Eza00]. We introduce

the following parametrization for this wave function:

Φ(~r; ~R) =
|~r − ~R|
D

eiθ(~r, ~R)ψ(~r)

for |~r − ~R| < D, and

Φ(~r; ~R) = eiθ(~r, ~R)ψ(~r)

for |~r − ~R| > D.

The wave function ψ(~r) is a regular function and θ(~r; ~R) is a multivalued

function. As a result, the single particle Hamiltonian

Ĥ0 =
h̄2

2m
~K2 + Vc(~r) + UI(~r)

is replaced by the transformed Hamiltonian:

H0 =
h̄2

2m
( ~K − ~∂θ(~r; ~R))2 + Vc(~r) (3.1)

The Hamiltonian in eq. (3.1) is obtained with the help of the gauge trans-

formation of wave function ψ(~r). We obtain

e−iθ(~r;~R)Ĥ0Φ(~r; ~R)−−−−−−−−→
|~r − ~R| > D

H0(~Π, ~r)ψ(~r)
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where ~Π = ~K − ~∂θ(~r; ~R) is the kinetic momentum [LL81]. The derivative of

the multivalued phase θ(~r; ~R) determines the vector potential

~A(~r; ~R) = ~∂θ(~r; ~R).

Due to the existence of the multivalued phase, we obtain that the kinetic

momenta do not commute with each other, i.e. [Π1,Π2] 6= 0, and the kinetic

momentum obeys the commutation rule,

[Π1(~r),Π2(~r)] = i
B̄(~r)

D2
(3.2)

where B̄(~r) is an effective magnetic field due to the insulation region, and is

defined as B̄(~r) = ∇× ~A(~r; ~R). We want to consider a situation where the

vortex has a finite size “D.” A good approximation to the vortex given in

[Eza00] is to use a delta function with a finite width D, namely

B̄(~r) ≃ 2π
∫

|u|≤D
d2uδ(2)(r1 −R1 + u1, r2 −R2 + u2).

This replaces the delta function with a step function.

In order to study the effect of a microwave field, we consider an external

microwave potential,

Hext = −eE2(t)r2 (3.3)

for t ≥ 0, where E2(t) = Ec cos(ωt + α(t)) is the microwave field with an

amplitude E0, an angular frequency ω, and a phase α. For simplicity, the

microwave is chosen to be linearly polarized along the r2 direction. The total

Hamiltonian thus becomes

Htotal = H0 +Hext (3.4)

where H0 is the transformed Hamiltonian given in eq. 3.1.
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3.3 Many Particle Formulation

In order to compute the current, we introduce a continuous formulation of

the 2DEG many particle system. We replace the single particle Hamiltonian

Htotal(~Π, ~r) by a many electron formulation. This will be done by using the

Lagrange formulation [YM79]. We introduce a continuous representation,

namely ~r(~u, t), where ~r is a vector field of the initial position ~u and the

time t. Here, ~r(~u, t) is the continuous form of ~rβ(t), where “β ” denotes the

particular particle, β = 1, 2, . . . , N . We assume that ~rβ(t) ≃ ~r(~u, t) with a

multiplicative factor of the density function ρ0(~r), which satisfies N/L2 =
∫

ρ0(~u)d
2u in two dimensions (L2 is the two dimensional area). Initially,

at time t = 0, the coordinate and the momentum obey ~r(~u, t = 0) = ~u

and ~Π(~u, t = 0) = ~K − ~∂θ(~u, ~R). In addition, the coordinate ~r(~u) and the

momentum ~Π(~u) obey canonical commutation rules,

[ri(~u),Πj(~u
′)] = iδijδ

2(~u− ~u′).

As a result, eq. 3.2 is replaced by

[Π1(~u),Π2(~u
′)] =

iB̄(~r(~u))

D2
δ2(~u− ~u′). (3.5)

The equilibrium density is given by

ρ0(~u) =
∫ d2K

(2π)2
fF.D.[

h̄2

2m
~K2 + Vc(~u) − EF ] (3.6)

and the deformed density is given by

ρ(~u) =
ρ0(~u)

det | ∂ri

∂uj
| , (3.7)



Chapter 3. Rectification Induced by Microwave in a Confined 2DEG with
an Insulating Region 48

where fF.D.[
h̄2

2m
~K2 + Vc(~u) − EF ] is the Fermi-Dirac function and det | ∂ri

∂uj
| is

the Jacobian, see ref. [YM79].

Using the above variables, we obtain the Hamiltonian of our system in

the Lagrange formulation,

HE =
∫

d2uρ0(~u){
~Π2(~u)

2m
+ Vc(~r(~u)) + (−e)r2(~u)E2(t) + λ(~u)Q(~u)} (3.8)

where Q(~u) is a constraint which imposes the Fermionic statistics, namely

the density is one below Fermi energy EF and zero otherwise). HE is the

extended Hamiltonian which includes the constraints Q(~u) with the Lagrange

multiplier λ(~u). We have

ρ0Q(~u) =
∫ d2K

(2π)2
{fF.D.[h(~Π(~u)) − EF ] − fF.D.[h(~Π(~r(~u))) − EF ]

| det( ∂ri

∂uj )|
} (3.9)

where Q(~u) is the Dirac’s constraint of the second class [Dir01] and obey

[Q(~u), Q(~u′)] 6= 0.

Making use of this continuous formulation, we can show that the kinetic

momentum do not commute, i.e.[Π1(~u),Π2(~u
′)] = iB̄(~r(~u))

D2 δ2(~u− ~u′). We can

also show that the coordinates do not commute, i.e. [~r1(~u), ~r2(~u
′)] 6= 0.

Therefore, a rectified current is possible. To see this, we concentrate on the

electrons on the Fermi surface which have the kinetic momentum Π1 ≃ Π2 ≃

0. This is possible for electrons close to the classical turning points LF , see

figure 3.1(b). For this case, the Hamiltonian in eq. 3.8 is replaced by

H =
∫

d2uρ0(~u){
~Π2(~u)

2m
+ Vc(~r(~u)) + (−e)r2(~u)E2(t)

+µ1Π1(~u) + µ2Π2(~u) + λ(~u)Q(~Π(~u), ~r(~u))} (3.10)
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where µ1, µ2 are new Lagrangian multipliers.

Following Dirac’s method of the second class constraints [Dir01], we ob-

tain

[r1(~u), r2(~u
′)]D = [r1(~u), r2(~u

′)]

−[r1(~u),Π1(~u
′′)] (C1,2(~u

′′, ~u′′′))
−1

[Π2(~u
′′′), r2(~u

′)]

≃ i
D2

B̄(~r)
δ(~u− ~u′)fF.D.(|~r(u) − ~R| −D)

≡ Ω(~u)δ(~u− ~u′) 6= 0

Here, Ci,j is defined as the commutation relation between all the constraint

operators χi, i.e. Ci,j = [χi, χj]. In this case, we have χi = Πi, where

i = 1, 2. Because this non-commutativity is given rise from the existence of

the insulating regions, we have [r1, r2] = 0 for |~r − ~R| > D.

When [r1, r2] is non-zero, the semi-classical equation of motion of the

electron is modified, i.e.

dr1
dt

=
1

h̄

∂E( ~K,~r)

dK1
+ Ω( ~K)

dK2

dt
, (3.11)

where E( ~K,~r) is the energy in the semi-classical approximation.

As a result of the external electric field E2(t), a change of velocity in the

i = 1 direction is generated, i.e. δṙ1 ≃ e
h̄
Ω( ~K)V2(t)/L, where V2(t) is the

voltage caused by the external field E2(t). As a result, we obtain the current

in the i = 1 direction,

J1(r) ≃ e
∫ d2K

(2π)2
δṙ1( ~K)ρ0( ~K,~r) =

e

h̄

∫ d2K

(2π)2
Ω( ~K)ρ0( ~K,~r)

V2(t)

L
(3.12)

with ρ0( ~K,~r) = fF.D.[E( ~K,~r) − eV2(t) − EF ]. In the absence of the ex-

ternal voltage, the density is given by the equilibrium Fermi-Dirac function
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ρ0( ~K,~r) = fF.D.[E( ~K,~r) − EF ]. The rectified current is obtained by ex-

panding the Fermi-Dirac function to first order of the voltage V2(t). Us-

ing Larmor’s theorem, we can replace Ω( ~K) by an effective magnetic field

Ω( ~K) = e
2mc

B̄(~r). This gives rise to the rectified current,

I1 =
e2V 2

2

2h̄mc

∫ d2K

(2π)2

∫ dr1
L
B̄( ~K)δ(E( ~K,~r) − EF ) ∝ (V2)

2B̄ (3.13)

As a result, we find that a rectified current is possible. This argument

shows that the presence of zeros in the wave function of the electron might

lead to the violation of the Onsager symmetry [AG06], and gives rise to

rectification. Once we have qualitatively established that a rectified current

is possible, we will drop the restriction Π1 ≃ Π2 ≃ 0. For the remaining part,

we will restrict ourselves to electrons which obey E( ~K, ~R) ≃ EF .

3.4 Equation of Motion

Using a simplified model with an insulating disk which is described by a

static vortex embedded in a confining parabolic potential we have performed

calculations using the extended Hamiltonian

HE =
∫

ρ0(~u) d
2u





h̄2 ~P 2(~u)

2m
+
mω2

0

2
(~r(~u))2 + λ(~u)Q(~r(~u)) + (−e)r2(~u)E(t)





(3.14)

where E(t) = E0 cos(ωt + α) is the microwave field and ω0 is the confin-

ing frequency. The static vortex, which describes the insulating region, is

incorporated in the kinetic momentum

~P (~u) = ~p(~u) − e

h̄c
~∂uϑ(~r(~u); ~R)
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The current operator Ii in the i direction is determined by the equation of

motion for d~r(~u,t)
dt

, namely

Ii = (−e)
∫

ρ0(~u) d
2u

(

dri(~u, t)

dt

)

[J−1(~r(~u, t)) − 1] (3.15)

where J(~r(~u, t)) is the Jacobian defined as J = det | ∂ri

∂uj
|. The current is given

by the expectation value of Ii operator with respect to the Fermi sea |F.S. >,

i.e. < Ii >=< F.S.|Ii|F.S. >. The current is computed using the Heisenberg

equation of motion in the presence of the constraints .

We solve iteratively the Heisenberg’s equation of motion as a function of

the ratio ω/ω0 and dimensionless parameter γ = h̄ω0

mω2
0
D2 with D being the

radius of the insulating region. According to the Hamiltonian given in eq.

3.14, we can write the equation of motion as

ih̄
d~r(~u, t)

dt
= [~r(~u), HE] (3.16)

ih̄[
d~P (~u, t)

dt
+
~P (~u, t)

τ
] = [~P (~u), HE] (3.17)

dQ(~r(~u))

dt
= [Q(~r(~u)), HE] = 0 (3.18)

In eq. 3.17, we have introduced a phenomenological relaxation time τ caused

by impurity scattering. In order to solve the equations of motion, we have to

satisfy the constraint at each time. The iterative solution is given as a series

in γ and the microwave amplitude,

~P (~u, t) = K(~u) + γ ~P (1)(~u, t) . . .

where K(~u) =

√

2m
h̄2 (E − mω2

0

2
(~u)2) for energies E < EF and the Jacobian

J = 1. Here, ~P (1)(~u, t) is the first order correction in γ and the microwave
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amplitude. For E ≈ EF , the correction is represented as a deformation of

the Fermi Sea ~P (1)(~u, t) ≈ δ ~KF (φ; ~u, t), where φ is the polar angle on the

Fermi sea with J 6= 1 and ~r(~u, t) − ~u = h̄
mω0

∫ t
0 δ

~KF (φ; ~u, t
′

) dt
′

We introduce a dimensionless time s = tω0 and obtain from eq. 3.17 that

δ ~KF (s) obeys the following differential equation,

(
d2

ds2
+ 1)δKF,i(s) + ǫij

γ

2

d

ds
{B̄(~r(s)), δKF,j(s)}+ (3.19)

= − 1

ω0τ

d

ds
δKF,i(s) −

e

h̄ω0

d

ds
(E2(s))δi,2.

The notation {A,B}+ = AB + BA represents the anti-symmetric combina-

tion. The solution of eq. (3.19) is given as a power series in the coupling

constant γ. We find,

δKF,i(s) = E0{δi,1[γδK(1)
1 + γ3δK

(3)
1 + · · ·] + δi,2[δK

(0)
2 + γ2δK

(2)
2 + · · ·]}

+E2
0{δi,1[γδQ

(1)
1 + · · ·] + δi,2[γ

3δQ
(3)
2 + · · ·]} (3.20)

The solution δKF,i(s) has two parts, i.e. a D.C. (time independent) part and

an A.C. (time dependent) part. The zeroth order solution used to generate

the series are given by δK
(0)
1 (s) = 0, δK

(0)
2 (s) = A

(0)
2 sin[( ω

ω0
)s+ϕ+α] where

tanϕ = ω/τ
ω2−ω2

0

and A
(0)
2 = − eτ(ω/ω0)

h̄ω0
sinϕ.

The first order term in γ is given by δK
(1)
1 (s) with the D.C. (time inde-

pendent) part being defined as

δK
(1)
1,D.C. =

1

2π

∫ 2π

0
δK

(1)
1 (s′)ds′.

For this reason, to leading order in γ < 1 and to the second order in the mi-

crowave amplitude, we obtain the current in the i = 2 direction. In addition,
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we have a Hall contribution in the i = 1 direction which is the first order in

the microwave field, Accordingly, we have δKD.C.
F,1 ≃ E0δK

(1)
1,D.C.. This is used

to determine the current density given in eq. 3.15, because ~̇r(~u, t) ≃ h̄
mω0

δ ~KF .

We obtain that by applying a microwave field in the i = 2 direction, a

rectified D.C. voltage V1,D.C. is induced in the i = 1 direction. This rectified

voltage is defined as V1,D.C. = I1/σ with the current I1 given by eq. 3.15,

and σ is the Drude conductivity. The microwave field is expressed in terms

of an R.M.S. (effective) voltage VR.M.S. = E0L/
√

2 which allows to define a

dimensionless voltage induced in the i = 1 direction

v1,D.C. =
V1,D.C.

VR.M.S.

= (
D

L
)2γG(ω/ω0, α) (3.21)

where

G(ω/ω0, α) ≃ −sinϕ cos(ϕ+ α)

1 − (γ sinϕ)2
(3.22)

where tanϕ = ω/τ
ω2−ω2

0

and α is a phase of the microwave which can be chosen as

zero. Using typical values of γ = h̄ω0

mω2
0
D2 , D and L, as well as the experimental

data taken from ref. [ZVK+05], we plotted figure 3.2.

For the confined 2DEG, we use typical values given in the experiment

[ZVK+05], that is, electronic density n ≈ 1015m−2, Fermi energy EF ≈

0.01eV , confining frequency ω0 ≈ 1010 − 1011Hz, momentum relaxation time

τ ≈ 10−11sec, and radius of the insulating region D > λF ≈ 0.5 × 10−7m.

These typical values gives rise to γ ≈ 0.7. We make a single harmonic

approximations by neglecting terms which oscillate with frequencies 2ω0, 3ω0,

etc.

We used figure 3 of ref. [ZVK+05] to extract the voltage changes as
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Figure 3.2: Dimensionless rectified voltage G(ω/ω0) as a function of ω/ω0,

which is compared with the rescaled experimental result of ref. [ZVK+05]

(plot as “×”).

a function of the microwave frequency for a zero magnetic field. Figure 3

in ref. [ZVK+05] shows clearly a change of sign when the microwave varies

between 1.46 GHz to 34 GHz, and vanishes at 17.41 GHz. As shown in figure

3.2, we find a good agreement of our theory with the experimental results

once we choose ω0 = 17.41 GHz. We note that for frequencies which obeys

1.46
17.41

< ω
ω0

< 34
17.41

, we find good agreement with the experimental results.

However, for low frequencies our theory is inadequate and does not fit the

experiment.
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3.5 Conclusion

To conclude, we have shown that when a microwave field is applied to a

confined two dimensional electron gas which contains an insulating region,

a rectified voltage is induced. Using this theory, we may explained some

features of the experiment of [ZVK+05]. This calculation is based on the

assumption that the vanishing of wave function can be replaced by a static

vortex, which gives rise to the non-commutativity of kinetic momenta. The

results of this chapter are published in [SC07].



Chapter 4

Transverse Voltage Induced by

Microwave in the Presence of

an External Magnetic Field

In this chapter, we propose to understand the effect of an external magnetic

field to the confined 2DEG as described in the previous chapter by intro-

ducing a phenomenological model. Because the application of the external

magnetic field to the confined 2DEG gives rise to a transverse voltage, namely

a Hall voltage, we will study in this chapter the Hall effect in response to the

applied microwave.
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4.1 Transverse Voltage Induced by Microwave

4.1.1 Fermi wavelength of the 2DEG

For 2DEG, the area of the Fermi circle is πk2
F , and the volume element in k-

space is (2π
L

)2. The total number of electrons filled under the Fermi surface is

N = 2
πk2

F

( 2π
L

)2
=

k2
F L2

2π
, where the factor 2 stands for the spin degree of freedom

for electrons. The Fermi wavelength λF is given as

λF =
2π

kF

=

√

2π

n
, (4.1)

where n = N/L2 is the density of electrons. Referring to table (1.1), one can

take n ≈ 3.0 × 1011 (cm−2) for GaAs/AlGaAs heterostructure as a typical

value. This gives rise to λF ≈ 0.05µm. Therefore, it is legitimate to consider

the 2DEG semi-classically for samples of lateral sizes larger than 1µm.

4.1.2 Semi-classical Equation of Motion

In order to study the response of 2DEG to an external electromagnetic wave,

we consider a semiclassical 2DEG sample of area L2 lying on the x-y plane.

An electromagnetic wave, such as a microwave, that propagates on a wave

guide of two parallel strips along the +x-direction is applied to the sample.

This is equivalent to applying a time-dependent electric field ~E(t) in the

y-direction.

We now consider a phenomenological time-dependent magnetic field B(t)

in the ẑ direction to simulate the effective magnetic field originated from the

static vortex in response to the microwave. In addition, a static magnetic
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field ~Bs = Bsẑ is also applied to the sample. Therefore, one can write the

external electric field as

~E = ŷE0 cos(ωt+ φ)

and the total magnetic field as

~B = ẑ(B0 cos(ωt) +Bs),

where ω is the frequency of the electromagnetic field, and φ is the phase

difference between the electric field and the magnetic field of the microwave.

The equation of motion thus becomes

m

(

d

dt
+

1

τ

)

~v = (−e)
(

~E +
1

c
~v × ~B

)

,

where we have considered the momentum relaxation time τ to simulate im-

purity scatterings.

We now consider a confining force ~Fc = −(K0,xxx̂+K0,yyŷ), where K0,x

and K0,y are the force constants. Because the time-dependent electric field

is along the y-direction, we can disregard the K0,x term for the remaining

part of our calculation. By writing the above equations of motion into x-

and y-components, we obtain

mv̇x +
1

τ
vx = −e

c
vy(B0 cos(ωt) +Bs) (4.2)

mv̇y +
1

τ
vy = −eE0 cos(ωt+ φ) −K0,yy

+
e

c
vx (B0 cos(ωt) +Bs) . (4.3)
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Since m~v = h̄~k, we can rewrite the above equation of motion into the follow-

ing form:

k̇x +
1

τ
kx = − (ωc cos(ωt) + ωs) ky (4.4)

k̇y +
1

τ
ky + ω2

0

∫ t

dt′ky = − e

h̄
E0 cos(ωt+ φ)

+ (ωc cos(ωt) + ωs) kx, (4.5)

where ω2
0 = K0,y

m
is the confining frequency, ωc = eB0

mc
is the cyclotron fre-

quency of the time-dependent magnetic field, and ωs = eBs

mc
is the cyclotron

frequency of the static magnetic field.

If current can not flow in the x-direction, we must have k̇x = 0. Therefore,

eq. (4.4) gives rise to

kx = −τ(ωc cos(ωt) + ωs)ky. (4.6)

By substituting eq. (4.6) into eq. (4.5), we have

k̇y +
1

τ
ky + ω2

o

∫ t

dt′ky = − e

h̄
E0 cos(ωt+ φ) − τ(ωc cos(ωt) + ωs)

2ky (4.7)

In order to solve the above integral-differential equation, we take an addi-

tional time derivative to eq. (4.7). This gives rise to the following second

order differential equation.

k̈y +
[

1

τ
+ τω2

s

]

k̇y + ω2
0ky =

eE0

h̄
ω sin(ωt+ φ) (4.8)

where a time average has been taken for the time dependent coefficients, and

Bs is considered much larger than B0. By solving the second order differential
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eq. (4.8), we find

ky(t) = e−
t

2τ
(1+(ωsτ)2)

{

C1e
− t

2τ
α + C2e

+ t
2τ

α
}

+
eE0τ

h̄
· (4.9)

·(ωτ)
2 [1 + (ωsτ)

2] cos(ωt+ φ) + (ωτ) [(ωτ)2 − (ω0τ)
2] sin(ωt+ φ)

[(ωτ)2 − (ω0τ)2]2 + 2(ωτ)2(ωsτ)2 + (ωτ)2 [1 + (ωsτ)4]

where α =
√

(1 + (ωsτ)2)2 − 4(ω0τ)2, C1 and C2 are arbitrary constants to

be determined by the initial conditions. However, since we are interested

in large time limit of this solution, the C1 and C2 terms thus vanishes. By

defining a few new dimensionless variables ωτ = x, ω0τ = y, and ωsτ = s,

we rewrite the above solution as

ky(t) =
eE0τ

h̄

x2 [1 + s2] cos(ωt+ φ) + x [x2 − y2] sin(ωt+ φ)

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
. (4.10)

Accordingly, we have

kx(t) = −τ(ωc cos(ωt) + ωs)ky(t) (4.11)

By taking a time average of kx(t), we have

kx(t) = −eE0ωcτ
2

h̄
· x

2 [1 + s2]CC + x [x2 − y2]CS

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
(4.12)

where

CC = cos(ωt) cos(ωt+ φ) =
cos(φ)

2
,

and

CS = cos(ωt) sin(ωt+ φ) =
sin(φ)

2
.

This gives rise to

kx(t) = −eE0ωcτ
2

2h̄

x2 [1 + s2] cos(φ) + x [x2 − y2] sin(φ)

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
. (4.13)



Chapter 4. Transverse Voltage Induced by Microwave in the Presence of an
External Magnetic Field 61

Eq. (4.13) is an important result for calculating the Hall voltage VH . Ac-

cording to the Ohm’s law, Jx = n(−e)vx = σEx. Since vx = h̄kx/m and the

Hall voltage is defined as VH = − ∫ L
0 Exdx, we have

VH = −
∫ L

0
Exdx = −ExL =

neh̄L

mσ
kx(t) =

ne2τ

mσ

ωcτEoL

2
F (x, y, s, φ)

=
ωcτEoL

2
F (x, y, s, φ) (4.14)

where σ is the Drude conductivity, namely σ = ne2τ
m

, and F (x, y, s, φ) is a

form factor, which is defined as

F (x, y, s, φ) = −x
2 [1 + s2] cos(φ) + x [x2 − y2] sin(φ)

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
. (4.15)

For a linearly polarized electromagnetic field, we set φ = 3π
2

. The form factor

F (x, y, s, 3π
2

) thus becomes

F (x, y, s,
3π

2
) =

x [x2 − y2]

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
. (4.16)

For φ = 3π
2

+ δ, the form factor F (x, y, s, 3π
2

+ δ) becomes

F (x, y, s,
3π

2
+ δ) =

−x2 [1 + s2] sin(δ) + x [x2 − y2] cos(δ)

[x2 − y2]2 + 2x2s2 + x2 [1 + s4]
. (4.17)

4.2 Results

In order to illustrate our results, we need to take some typical values of x,

y, and s. First of all, we take the momentum relaxation time of a 2DEG

sample as τ = 34ps. For an electromagnetic wave, such as microwave, the

ω is between 1. and 40. GHz, thus x = ωτ is approximately between 0.03

and 1.38. By considering the confining frequency ω0 between 12. and 14.
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GHz, we have y = ω0τ , which is approximately between 0.4 and 0.5. For

the static external magnetic field between 0.1 to 0.5 Tesla, the cyclotron

frequency ωs is approximately between 50. and 200. GHz. Therefore, s = ωsτ

is approximately between 1. and 7. In order to consider both signs of the static

external magnetic, we can take s between −7. and 7.

Provided the above typical values, we plot the form factor given in eq.

4.16 as a function of the external magnetic field s by choosing −7 < s < 7

and y = 0.5. The results are given in figures 4.1, 4.2, and 4.3, where the

external microwave frequencies ω are taken as 7.38 GHz for fig. 4.1, 13.45

GHz for fig. 4.2, and 17.41 GHz for fig. 4.3. It is clearly seen from figures

4.1, 4.2, and 4.3 that increasing the external magnetic field will gradually

suppress the transverse voltage. This result shows a qualitative agreement

with the experimental results given in figure 3 of [ZVK+05].
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Figure 4.1: Form factor for microwave frequency at 7.38 GHz.
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Figure 4.2: Form factor for microwave frequency at 13.45 GHz.
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Figure 4.3: Form factor for microwave frequency at 17.41 GHz.



Appendix A

Bosonization Method

The necessity of bosonizing the fermionic fields is primarily due to the fact

that for some certain types of interactions, it is intractable in fermionic lan-

guage while it becomes trivial in its corresponding bosonic form. In princi-

ple, there are two approaches to understand the bosonization technique for

1D fermion fields. They are the ”field-theoretical” and the ”constructive”

bosonization [vDS98]. Although, one can better understand why bosoniza-

tion works in the constructive version of bosonization, it is so far adequate

only to see how it works. For this reason, the basic ideas of field-theoretical

bosonization for spinless fermions following Shankar’s paper [Sha93]. One

can easily generalize this for the case of spin-1/2 fermions.

Further, a bosonization method based on duality transformations is con-

structed by Schmeltzer [Sch93]. It is shown that one-dimensional fermion is

equivalent to a bosonic field with a cubic potential. After linearization, one

can obtain the bosonization results described as following. Moreover, a geo-
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metrical non-abelian bosonization method is also constructed by Schmeltzer

[Sch96]. Therefore, we note that the bosonization techniques introduced here

and in Shankar’s paper [Sha93] are limited.

A.1 Spinless Fermion Field

Since low energy modes in 1D are given by excitations near the Fermi points,

we can linearize the dispersion relation around the Fermi points. The spinless

Fermion field thus becomes

ψ(x) ≃ eikF xψR(x) + e−ikF xψL(x) (A.1)

where kF is the Fermi wave vector, and ψR(x) and ψL(x) are the right and

left movers, respectively. The right and left movers are often referred to as

the chiral fields. By substituting the linearized Fermion field given in eq.

(A.1) into the free Hamiltonian

H0 =
∫

dxψ+(x)

[

− h̄2

2m
∂2

x

]

ψ(x),

we can write the free Hamiltonian in the chiral basis as [Fra91]

H0 = −h̄vF

∫

dx
[

ψ†
R(x)i∂xψR(x) − ψ†

L(x)i∂xψL(x)
]

(A.2)

where vF = h̄kF/m is the Fermi velocity, ψR(x) and ψL(x) are the right and

left movers, respectively. We can choose a unit such that h̄ = 1 and vF = 1.

(Notice that ψR(x) and ψL(x) are often denoted as R(x) and L(x).) The left

and right movers obey the usual anti-commutation relation

{

ψ†
R/L(x), ψR/L(y)

}

= δ(x− y) (A.3)



Appendix A. Bosonization Method 68

By Fourier transforming the left and right mover fields, namely

ψR/L(p) =
∫ ∞

−∞
e−ipxψR/L(x)dx,

the anti-commutation relation becomes

{

ψ†
R/L(p), ψR/L(q)

}

= 2πδ(p− q) (A.4)

and the Hamiltonian in eq. (A.2) becomes

H =
∫ ∞

−∞

dp

2π
ψ†

R(p)(p)ψR(p) +
∫ ∞

−∞

dp

2π
ψ†

L(p)(−p)ψL(p) (A.5)

It is clearly seen that the energy spectrum for the right mover is Ep = p and

the energy spectrum for the left mover is Ep = −p.

Consider now the equal time correlation function in the ground state:

〈ψR(x)ψ†
R(0)〉 =

∫ ∞

−∞

dp

2π

∫ ∞

−∞

dq

2π
eipx〈ψR(p)ψ†

R(q)〉 (A.6)

Since ψR(p)|G〉 = 0 if p > 0 and ψL(q)|G〉 = 0 if q < 0, by using the

commutation relation in eq. (A.4), we can find that

〈ψR(p)ψ†
R(q)〉 = 2πδ(p− q)θ(q) (A.7)

where θ(q) is a step function. Thus,

〈ψR(x)ψ†
R(0)〉 =

∫ ∞

0

dp

2π
eipx (A.8)

In order to properly carry out the above integral, we need to introduce a

convergence factor e−α|p|. (We will need to set α = 0 later for calculating

physical quantities.) The integral is now tractable and becomes

〈ψR(x)ψ†
R(0)〉 =

∫ ∞

0

dp

2π
eip(x+iα) =

i

2π

1

x+ iα
(A.9)
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Similarly, we can also show that

〈ψL(x)ψ†
L(0)〉 = − i

2π

1

x− iα
(A.10)

〈ψ†
R(0)ψR(x)〉 = − i

2π

1

x− iα
(A.11)

〈ψ†
L(0)ψL(x)〉 =

i

2π

1

x+ iα
(A.12)

A.2 Free Massless Scalar Field

Before we start to introduce the bosonization procedure, let us first review

the properties of the free scalar field. The Hamiltonian of a massless free

scalar field is given by

HB =
1

2

∫

dx
[

P 2(x) + (∂xφ(x))2
]

(A.13)

where φ(x) is the bosonic field and P (x) (= ∂tφ) is its canonical momentum.

They obey the usual commutation relation

[φ(x), P (x)] = iδ(x− y) (A.14)

We can expand the bosonic field and its canonical momentum in terms of

the normal modes:

φ(x) =
∫ ∞

−∞

dp

2π
√

2|p|

[

φ(p)eipx + φ†(p)e−ipx
]

e−α|p|/2 (A.15)

P (x) =
∫ ∞

−∞

dp

2π
√

2|p|

[

−iφ(p)eipx + iφ†(p)e−ipx
]

e−α|p|/2 (A.16)

where we have introduced the convergence factor e−α|p|/2. One can easily

show that the Fourier components obey the following commutation relation:

[

φ(p), φ†(q)
]

= 2πδ(p− q) (A.17)
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The Fourier transformed Hamiltonian then takes the form

HB =
∫ ∞

−∞

dp

2π
|p|φ†(p)φ(p) (A.18)

We now introduce the right and left mover

φR/L(x) =
1

2

[

φ(x) ∓
∫ x

−∞
dx′P (x′)

]

= ±
∫ ±∞

0

dp

2π
e−α|p|/2

[

φ(p)eipx + h.c.
]

(A.19)

One can show that

[

φR/L(x), φR/L(y)
]

= ± i

4
θ(x− y) (A.20)

[φR(x), φL(y)] =
i

4
(A.21)

where θ(x− y) is the step function.

A.3 Bosonization

Provided the above results, we can now introduce the most important formula

in bosonization:

ψR/L(x) =
1√
2πα

e±i
√

4πφR/L(x) (A.22)

where ψR/L is the left and right mover of the fermionic field, φR/L is the

left and right mover of the bosonic field and α is the cut-off. The claim is

that provided the above transformation formula, one can obtain the same

correlation function with respect to the fermi vacuum in both fermionic and

bosonic languages, i.e. the two theories are equivalent.
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For demonstration purpose, we consider here only the correlation function

in eq. (A.9). The equivalence of other correlation functions can be proved

by following a similar procedure.

Let’s begin by plugging in the transformation in eq. (A.22) we have

〈ψR(x)ψ†
R(0)〉 = 〈 1√

2πα
ei

√
4πφR(x) 1√

2πα
e−i

√
4πφR(0)〉 (A.23)

In order to calculate the above correlation function, we need the following

identity

eAeB =: eA+B : e〈AB+A2
+B2

2
〉 (A.24)

where A and B are bosonic operators of the form A = ᾱâ+ + αâ and A =

βâ+ + β̄â. The proof of this important identity is given in appendix C. We

can now write eq. (A.23) as

〈ψR(x)ψ†
R(0)〉 =

1

2πα
〈: ei

√
4π(φR(x)−φR(0)) :〉 e4π〈φR(x)φR(0)−φ2

R(0)〉

=
1

2πα
e4πGR(x) (A.25)

where GR(x) ≡ 〈φR(x)φR(0)− φ2
R(0)〉. In deriving the above result, we have

used the fact that the expectation value of any normal ordered operator is

zero, namely 〈: eA :〉 = 1. The bosonic correlation function GR(x) can be

derived using the definitions given in eq. (A.19),

GR(x) =
∫ ∞

0

dp

2π
√

2|p|

∫ ∞

0

dq

2π
√

2|q|
〈φ(p)φ†(q)〉(eipx − 1)e−αp

=
∫ ∞

0

dp

4πp
(eipx − 1)e−αp =

1

4π
ln

α

α− ix
(A.26)

By substituting the result of eq. (A.26) back into eq. (A.25), we obtain the
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same result as given in eq. (A.9), namely

〈ψR(x)ψ†
R(0)〉 =

i

2π

1

x+ iα
. (A.27)

This proves that the fermionic and bosonic descriptions are equivalent.

A.4 Some Examples

Since we have shown that the formula in eq. (A.22) can transform fermion

fields into boson fields without changing the physics, we can use it to bosonize

other physical quantities. In the following, we will show how one can bosonize

some composite operators, which are useful for bosonizing the interaction

Hamiltonian and the impurity potential.

First, we consider the composite operator of the form ψ+
R(x)ψL(x). By

using the formula in eq. (A.22), we obtain

ψ+
R(x)ψL(x) =

1

2πα
e−i

√
4πφR(x)e−i

√
4πφL(x)

=
1

2πα
e−i

√
4πφ(x)e−iπ/2

=
−i
2πα

e−i
√

4πφ(x) (A.28)

where φ(x) = φR(x) + φL(x). In the derivation given above, we have used

eq. (A.21) and the fact that eAeB = eA+Be[A,B]/2 for any operators A and

B commuting with their commutator [A,B]. Similarly, we can bosonize the

composite operator ψ+
L (x)ψR(x) and obtain

ψ+
L (x)ψR(x) =

i

2πα
ei

√
4πφ(x). (A.29)
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In the discussions given above, we multiply two operators at the same

point. Although the expectation value of each operator with respect to the

ground state is well defined (finite or zero), there is no guarantee that the

multiplication of two such operators is still well defined. Since the composite

operator ψ+
L (x)ψR(x) and ψ+

R(x)ψL(x) create and annihilate different fermi-

ons in the ground state, the expectation values thereof are zero. However,

there are certain composite operators that do not behave properly at the

same point. If this is the case, we have to define the composite operator by

a limiting process. For example, we should define ψ+
R(x)ψR(x) as

ψ+
R(x)ψR(x) ≡ lim

ǫ→0
ψ+

R(x+ ǫ)ψR(x)

= lim
ǫ→0

1

2πα
e−i

√
4πφR(x+ǫ)ei

√
4πφR(x)

= lim
ǫ→0

1

2πα
: e−i

√
4π(φR(x+ǫ)−φR(x)) : e4π〈φR(x+ǫ)φR(x)−φ2

R(x)〉

= lim
ǫ→0

1

2πα
: e−i

√
4π(φR(x+ǫ)−φR(x)) : e4πGR(ǫ)

= lim
ǫ→0

1

2πα
:

(

1 − iǫ
√

4π
∂φR(x)

∂x
+ · · ·

)

:
iα

ǫ+ iα

= lim
ǫ→0

i

2π(ǫ+ iα)
+ :

1√
π

∂φR(x)

∂x
+O(ǫ) : (A.30)

where we have used the results given in eq. (A.24) and eq. (A.26). It is

noted that the Taylor expansion is done inside of the normal ordering sym-

bol, because only normal ordered operators are differentiable. In addition,

we can disregard the higher order terms of ǫ because ǫ approaches zero.

However, we have encountered an infinite c-number term in the first term

of eq. (A.30). This infinite c-number is merely the infinite density of the

right movers in the Dirac sea. Therefore, by normal ordering the composite
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operator ψ+
R(x)ψR(x), we obtain

: ψ+
R(x)ψR(x) :=

1√
π

∂φR(x)

∂x
(A.31)

Following the same spirit, we can bosonize the composite operator of ψ+
L (x)ψL(x),

which is given by

: ψ+
L (x)ψL(x) :=

1√
π

∂φL(x)

∂x
. (A.32)
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Differential Hamiltonian

Renormalization Group Theory

B.1 Introduction

The original Renormalization Group (RG) theory was an attempt to solve the

ultraviolet divergence problem in Quantum Electrodynamics [IZ80]. How-

ever, the RG theory has been successfully applied to the study of phase

transition and critical phenomena in statistical physics, under the hypothe-

sis of scale invariance at the critical point, [Fis98]. Since for many physical

problems, it is easier to construct a Hamiltonian rather than a Lagrangian,

Schmeltzer [Sch95] developed a new version of RG theory based on the Hamil-

tonian formalism. We will discuss this version of RG here.

In order to describe the physics of phase transition, we need to specify

first our order parameters. Good candidates of order parameters include

75
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the magnetization, the electronic density, and the U(1) phase. We always

assume that there is an ultraviolet cutoff Λ. Since we are interested only in

the physics at large distance, we can require that the measure

T exp
[

− i

h̄

∫ ∞

−∞
dt
∫

ddxh[φ(x, t), P (x, t)]
]

(B.1)

remains invariant if we reduce Λ to Λ′ = Λ/s for s > 1, where h[φ, P ] is

the Hamiltonian density, φ is the order parameter, and P is the canonical

momentum of the order parameter. They satisfy the standard bosonic com-

mutation relation

[φ(x, t), P (x′, t)] = iδΛ(x− x′), (B.2)

where δΛ(x − x′) ≡ ∫ Λ
−Λ dke

ik(x−x′). The long distance behavior is obtained

from the existence of a fixed point, i.e. a set of coupling constants which are

unchanged under Λ → Λ/s.

We are interested in applying the present Hamiltonian RG theory to

strongly correlated systems

H =
∫

ddxh[φ(x), P (x)],

where h = h0+hI , h0 is the free apart and hI is the interacting part. Here we

limited our discussion to d = 1 only, so we can write our free part explicitly

in terms of bosonic fields as

h0[φ(x), P (x)] =
v

2
[KP 2(x) +

1

K
(∂xφ)2]. (B.3)

We can write the interacting part as

hI [φ(x)] =
∑

i

UiOi(x), (B.4)

where Oi(x) are some monomials of φ(x).
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B.2 Renormalization Group Construction

In order to perform Renormalization Group analysis, we need to separate out

the fast modes from the slow ones for the field φ(x) as well as for its canonical

momentum P (x), i.e. φ(x) = φ<(x)+ δφ(x) and P (x) = P<(x)+ δP (x). We

have assumed that there is a momentum cut-off Λ. The slow parts, φ< and

P<, contain those components with momenta |q| ≤ Λ/s, while the fast parts,

δφ and δP , hold the contributions from the momentum shell, Λ/s < |q| ≤ Λ.

For this reason, we can write the slow mode and the fast mode of φ(x) and

P (x) explicitly as:

φ<(x) =
∫ Λ/s

−Λ/s
dkeikxφ(k), δφ(x) =

∫

Shell
dkeikxφ(k); and (B.5)

P<(x) =
∫ Λ/s

−Λ/s
dkeikxP (k), δP (x) =

∫

Shell
dkeikxP (k), (B.6)

where “Shell”≡ {Λ/s ≤ |k| ≤ Λ}. As a result, we can write the Hamiltonian

as

H[φ, P ] = H[φ< + δφ, P< + δP ]

≡ H[φ<, P<] + δH[φ<, δφ;P<, δP ] (B.7)

where

δH[φ<, δφ;P<, δP ] =
∫ ∞

−∞
dx
{

vK

2
[δP (x)]2 +

v

2K
[∂xδφ(x)]2

+h′I [φ
<]δφ(x) +

1

2
h′′I [φ

<][δφ(x)]2 + · · ·
}

. (B.8)
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Here, h′I [φ
<] and h′I [φ

<] are the functional derivatives of first order and second

order, defined as

h′I [φ
<] ≡ δhI [φ(x)]

δφ(x)

∣

∣

∣

∣

∣

φ<(x)

, h′′I [φ
<] ≡ δ2

δφ(x)2
hI [φ(x)]

∣

∣

∣

∣

∣

φ<(x)

.

We keep only terms of (δφ(x))n for n ≤ 2, since we are working in the limit

of s→ 1. Notice that the crossing terms between slow and fast modes vanish

because the absolute value of momentum in slow and fast modes can never

be the same.

In order to find the effective Hamiltonian of the slow modes, we need to

integrate out the fast modes in the momentum shell. This means that in the

Hamiltonian language, we have to take the expectation value with respect

to the ”fast mode” ground state at t = 0, i.e. |Ψ>(t = 0)〉 ≡ |G>〉. For this

reason, the operators δφ(x, t) and δP (x, t) are now time dependent which

corresponds to the ”Heisenberg picture”. Notice that only the fast mode

fields δφ(x, t) and δP (x, t) are in the ”Heisenberg picture”, the slow mode

fields φ<(x), P<(x) remain in the Schrödinger picture. We need now to find

a unitary transformation U :

δP ′(x) = UδP (x)U † = δP (x) + Π(x) (B.9)

δφ′(x) = Uδφ(x)U † = δφ(x) + r(x) (B.10)

where r(x) and Π(x) are chosen such that the linear coupling between the δφ

field with the slow modes φ< is removed from the transformed Hamiltonian.

By using the Heisenberg equation of motion i∂tδφ(x) = [δφ(x), δH], we have

∂tδφ(x, t) = vKδP (x, t)
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Demanding that [δφ(x, t), δP (x′, t)] = [δφ′(x, t), δP ′(x′, t)], we find that Π(x)

and r(x) are not independent, they are related by ∂tr(x, t) = vKΠ(x, t).

Choosing

U = exp
[

i

2

∫ ∞

−∞
dx[r(x)δP (x) − Π(x)δφ(x)]

]

,

we get

∫

dtδH ′ =
∫

dt
∫

dx
{

vK

2
[δP (x, t)]2 +

v

2K
[∂xδφ(x, t)]2

+
1

2
h′′I [φ

<(x)][δφ(x, t)]2 + δφ(x, t)
[

L̂r(x, t) + h′I [φ
<(x)]

]

+ r(x, t)
[

1

2
L̂r(x, t) + h′I [φ

<(x)]
]}

(B.11)

In eq. (B.11), we have defined L̂ = 1
vK
∂2

t − v
K
∂2

x + h′′I [φ
<(x)]. To set the δφ

term zero, we need L̂r(x, t) = −h′I [φ<(x)]. This gives the formal solution

r(x, t) = −
∫

dy
∫

dt′GΛ(x, y; t− t′)h′I [φ
<(y, t′)]

where GΛ(x, y; t− t′) is the Green’s function of the operator L̂ with a cut-off

Λ, and

L̂GΛ(x, y; t− t′) = δΛ(x− y)δ(t− t′)

Since φ<(x) is time independent, r(x) is determined only by the spatial

Green’s function, ĜΛ(x, y) ≡ ∫ t
−∞ dt′GΛ(x, y; t − t′). By substituting the

solution into eq. (B.11) we find

∫

dtδH ′ =
∫

dt
∫

dx
{

vK

2
(δP (x, t))2 +

v

2K
(∂xδφ(x, t))2

+
1

2
h′′I [φ

<](δφ(x, t))2 − 1

2

∫

dyh′I [φ
<(x)]ĜΛ(x, y)h′I [φ

<(y)]
}

(B.12)
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The first two terms in eq. (B.12) are purely the free Hamiltonian in the fast

modes which do not contribute to the correction of the slow mode Hamil-

tonian. However, based on the free Hamiltonian in the fast modes, we can

expand the fast mode field and its canonical momentum by normal modes as

δφ(x) =
∫

Shell

dp

2π

√

K

2|p|
[

φ(p)eipx + φ†(p)e−ipx
]

(B.13)

δP (x) =
∫

Shell

dp

2π

√

|p|
2K

[

−iφ(p)eipx + iφ†(p)e−ipx
]

(B.14)

where ”Shell”≡ {Λ/s ≤ |p| ≤ Λ}. Now we can take the average of eq. (B.12)

over the ground state of fast modes. Let s = eℓ, the third term in eq. (B.12)

gives

〈δφ(x)δφ(x′)〉 =
∫

Shell

dp

2π
√

2|p|
dq

2π
√

2|q|
Keipx−iqx′〈φ(p)φ†(q)〉

=
K

4π

∫

Shell

dp

|p|e
ip(x−x′) (B.15)

In the above derivation, we have used the result 〈φ(p)φ†(q)〉 = 2πδ(p − q).

For x = x′, we have

〈δφ(x)δφ(x)〉 =
2K

4π

∫ Λ

Λ/s

dp

|p|
∼= K

2π

dΛ

Λ
(B.16)

where dΛ = Λ − Λ/s = Λ(1 − e−ℓ) ∼= Λℓ, or ℓ = dΛ/Λ. For the fourth

term in eq. (B.12), since the average is taken in the fast mode, ĜΛ(x, y) is

restricted to the momentum shell. Therefore, we can replace ĜΛ by Ĝ
(0)
Λ (the

free Green’s function which corresponds to the operator L̂ without the h′′I

term.) Finally, we can write the averaged δH ′ as



Appendix B. Differential Hamiltonian Renormalization Group Theory 81

∫

dt〈G>|δH ′|G>〉 ≡
∫

dt∆H

=
∫

dtdx

[

Kℓ

4π
h′′I [φ

<(x)]

−1

2

∫

dyh′I [φ
<(x)]Ĝ

(0)
Λ (x, y)h′I [φ

<(y)]
]

(B.17)

This contributes to the correction of the slow modes.

Since in most cases, we are interested in short range interactions, we can

take x ≃ y and expand the h′I [φ
<(y)] as

h′I [φ
<(y)] = h′I [φ

<(x)] + (y − x)∂xh
′
I [φ

<(x)]

+
1

2
(y − x)2∂2

xh
′
I [φ

<(x)] + · · · (B.18)

Plugging eq. (B.18) back into eq. (B.17), we can throw away the first two

terms because: (1) (y−x)G(0)
Λ (x−y) is odd in y, thus the y integral vanishes

for the first term, and (2) any integral over space (x or y) of integrand with

both slow and fast modes vanishes, thus the second term vanishes. We have

〈G>|∆H|G>〉 =
∫

dx

{

Kℓ

4π
h′′I [φ

<(x)] − ξ

4
h′I [φ

<(x)]∂2
xh

′
I [φ

<(x)]

}

(B.19)

where ξ ≡ ∫

dy′y′2G
(0)
Λ (y′; t− t′) = Const. We can integrate the second term

by parts which gives

〈G>|∆H|G>〉 =
∫

dx

{

Kℓ

4π
h′′I [φ

<(x)] +
ξ

4
(∂xh

′
I [φ

<(x)])2

}

(B.20)

B.3 An Example

In order to demonstrate how the Hamiltonian RG works, we choose the

impurity Hamiltonian in section 2.1.3, hI [φ
<(x)] = U(x) cos(

√
4πφ<(x)), as
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an example. According to eq. (B.20), we need the following relations

h′I [φ
<(x)] = −

√
4πU(x) sin(

√
4πφ<(x)) (B.21)

h′′I [φ
<(x)] = −4πU(x) cos(

√
4πφ<(x)) (B.22)

We also need

∂xh
′
I [φ

<(x)] = −
√

4π
[

∂x(U(x)) sin(
√

4πφ<)

+
√

4πδ(x) cos(
√

4πφ<)∂xφ
<
]

(B.23)

(∂xh
′
I [φ

<(x)])2 = 4π
[

(

∂xU(x) sin(
√

4πφ<)
)2

+ 4π
(

U(x) cos(
√

4πφ<)∂xφ
<
)2

+ 2
√

4π∂x(U(x))U(x) sin(
√

4πφ<) cos(
√

4πφ<)∂xφ
<
]

(B.24)

According to the identities that 2 sin(φ) cos(φ) = sin(2φ), sin2(φ) = (1 −

cos(2φ))/2 and cos2(φ) = (1+cos(2φ))/2, since the doubling of φ corresponds

to the doubling of power in the scaling equation, the sin(2φ) and the cos(2φ)

terms are irrelevant, thus can be dropped. Also, the (∂xU(x))2/2 term only

contribute a constant to the Hamiltonian, we may always shift the energy

such that this term is irrelevant. Under the above conditions, we have

(∂xh
′
I [φ

<(x)])2 = (4πU(x))2(∂xφ
<(x))2 (B.25)

We can now find the effective Hamiltonian as

H = H< + ∆H

=
∫ ∞

−∞
dx

{

vK

2
(P<)2 +

v

2K

[

1 +
ξ

4
(4πU(x))2

]

(∂xφ
<(x))2

+ U(x)(1 −Kℓ) cos(
√

4πφ<(x))
}

(B.26)
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Following the scale invariance hypothesis, we require

∫

dt′dx′h[P<(x′), φ<(x′)] =
∫

dtdxh[P<(x), φ<(x)]

which leads to

∫

dtdx

{

vK

2
(P<(x))2 +

v

2K

[

1 +
ξ

4
(4πU(x))2

]

(∂xφ
<(x))2

+ U(x)(1 −Kℓ)δ(x) cos(
√

4πφ<(x))
}

=
∫

dt′dx′
{

v′K ′

2
(P<(x′))

2
+

v′

2K ′ (∂x′φ<(x′))
2
+ U ′(x′) cos(

√
4πφ<(x′))

}

It is known that for x = x′s and t = t′s, the scaling dimension of φ(x)

and P (x) is given by φΛ/s(x, t) = s∆φΛ(x′, t′) and PΛ/s(x, t) = s∆−1PΛ(x′, t′),

where ∆ = 0 in 1D. We can restore the cut-off from Λ/s to Λ and get the

new set of parameters:

v′K ′ = vK (B.27)

v′

K ′ =
v

K

[

1 +
K

v
(4πUδ(x))2ξ

]

(B.28)

U ′ = U(1 −Kℓ)s (B.29)

where s = eℓ ∼= 1 + ℓ

From eq. (B.29), one can see that

U ′ = U(1 −Kℓ)eℓ = U(1 −Kℓ)(1 + ℓ) ≃ U − U(K − 1)ℓ (B.30)

We can then find the β-function of U as

dU

dℓ
= U(1 −K) (B.31)

where K is given in the previous discussion as 2π〈δφ(x)δφ(x)〉/ℓ.
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B.4 Summary

According to the discussions given above, we can summarize the RG proce-

dures as follows.

(a) First, we shall project out the states in the momentum shell Λ/s ≤

|q| < Λ in Heisenberg picture, and choose s = exp ℓ with ℓ → 0.

The projection is done such that T exp[− i
h̄

∫

dt
∫

ddxh[φ(x, t), P (x, t)]]

remains invariant.

(b) Then, we shall restore the cutoff from Λ/s to Λ by increasing the unit

length by a factor of s, x′ = x/s, t′ = t/s.

(c) Finally, we shall determine the scaling dimension of φ(x) and P (x) such

that
∫

dt
∫

ddxh0[φ(x, t), P (x, t)] remains invariant, i.e. φΛ/s(x, t) =

φΛ/s(x
′s, t′s) = s∆φΛ(x′, t′) and PΛ/s(x, t) = s∆−1PΛ(x′, t′), where ∆

is the scaling dimension of φ(x). From the invariance of the free

part, one can obtain that ∆ = 1
2
(d + 1) − 1. Using the scaling di-

mension of φ(x), we can find the scaling dimension of the monomials,

Oi,Λ/s(x, t) = s∆iOi,Λ(x′, t′). This leads to the scaling of the coupling

constants Ui(s) = sd+1−∆iUi(s = 1). If d + 1 − ∆i > 0, Ui flows to ∞

for s→ ∞, we say Ui is relevant. If d+ 1 − ∆i < 0, Ui → 0, so we say

Ui is irrelevant. If d+ 1 − ∆i = 0, we say Ui is marginal.



Appendix C

Some Important Mathematical

Results

C.1 Operator Identity

In this section, we will proof a very important identity used in appendix A,

namely

eAeB =: eA+B : e<AB+A2
+B2

2
>. (C.1)

Here A and B are bosonic operators of the form A = ᾱâ+ + αâ and B =

β̄â+ + βâ where α, ᾱ, β and β̄ are constants, and [â, â+] = 1. The operators

A and B satisfy the commutation relation [A,B] = αβ̄ − ᾱβ.

We shall start by considering a more familiar identity

eA+B = eAeBe−
1

2
[A,B] (C.2)

provided that operators A and B commute with [A,B]. Now, substitute the
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operators A and B into eq. (C.2), we have

eA+B = eAeBe−
1

2
[A,B] = eAeBe−

1

2
(αβ̄−βᾱ)

= e(ᾱ+β̄)â++(α+β)â = e(ᾱ+β̄)â+

e(α+β)âe
1

2
(ᾱ+β̄)(α+β)

= : eA+B : e
1

2
(ᾱα+β̄β+β̄α+ᾱβ) (C.3)

Since < â+â+ >=< ââ >=< â+â >= 0 and < â+â >= 1, we can easily

obtain that < A2 >= ᾱα, < B2 >= β̄β and < AB >= αβ̄. By rearranging

the result given in eq. (C.3), we can readily prove the result in eq. (C.1).

C.2 Legendre Transformation

In this section, the Legendre transformation that converts a Lagrangian to

a Hamiltonian, and vice versa, is discussed. Let q be a n-dimensional coor-

dinate vector, i.e. q =























q1

q2
...

qn























, the time derivative of the coordinate vector

q (velocity vector) is defined as q̇ =























q̇1

q̇2
...

q̇n























. Consider a Lagrangian of the

form

L(q, q̇) =
1

2

∑

i,j

Mij q̇iq̇j − V (q) =
1

2

(

q̇T · M · q̇
)

− V (q), (C.4)
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one can obtain the corresponding Hamiltonian by performing a Legendre

transformation. Here, we are restricted only to the coordinate dependent

potentials, i.e. V = V (q). As a result, the Hamiltonian is given as

H(q, p) = pT · q̇ − L(q, q̇) (C.5)

where p is an n-dimensional canonical momentum vector. The canonical

momentum pT = (p1, p2, . . . , pn) is defined as pi = ∂L
∂q̇i

=
∑

j Mij q̇j. Here, we

assume that the mass matrix M is invertible and detM > 0. Therefore, the

relation between the canonical momentum p and the velocity vector q̇ are

given as

q̇i = (M−1)pi. (C.6)

By substituting equation (C.6) into equation (C.5), we have

H = pT (M−1)p−
(

1

2
(pTM−1)M(M−1p) − V (q)

)

(C.7)

=
1

2

(

pTM−1p
)

+ V (q) (C.8)
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