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T i n s  r e p r o d u c t i o n  w a s  m a d e  f r o m  a c o p y  o f  a d o c u m e n t  s e n t  t o  u s  t o r  m i c r o f i l m i n g .  

Wh i l e  t h e  m o s t  a d v a n c e d  t e c h n o l o g y  has  h e e n  u s e d  t o  p h o t o g r a p h  a n d  r e p r o d u c e  

th i s  d o c u m e n t ,  t h e  q u a l i t y  o f  t h e  r e p r o d u c t i o n  is h e a v i l y  d e p e n d e n t  u p o n  the  

q u a l i t y  o f  th e  m a t e r i a l  s u b m i t t e d .

T h e  f o l l o w i n g  e x p l a n a t i o n  o f  t e c h n i q u e s  is p r o v i d e d  t o  h e l p  c l a r i fy  m a r k i n g s  or  

n o t a t i o n s  w h i c h  m a y  a p p e a r  o n  th i s  r e p r o d u c t i o n .

I . T h e  s ign or  “ t a r g e t ” f o r  p a g e s  a p p a r e n t l y  l a c k i n g  f r o m  th e  d o c u m e n t  
p h o t o g r a p h e d  is " M i s s i n g  P a g e t s ) " .  I f  it w a s  p o s s i b l e  t o  o b t a i n  th e  m i s s i n g  
p a g e ( s )  o r  s e c t i o n ,  t h e y  are s p l i c e d  i n t o  t h e  f i l m  a l o n g  w i t h  a d j a c e n t  p a g e s .  T h i s  

m a y  h a v e  n e c e s s i t a t e d  c u t t i n g  t h r o u g h  an i m a g e  a n d  d u p l i c a t i n g  a d j a c e n t  p a g e s  

t o  a s s ur e  c o m p l e t e  c o n t i n u i t y .

W h e n  an i m a g e  o n  the  f i lm  is o b l i t e r a t e d  w i t h  a r o u n d  b l a c k  m a r k ,  it is an 
i n d i c a t i o n  o f  e i t h e r  b lu r re d  c o p y  h e c a u s e  o f  m o v e m e n t  d u r i n g  e x p o s u r e ,  

d u p l i c a t e  c o p y ,  o r  c o p y r i g h t e d  m a t e r i a l s  t h a t  s h o u l d  n o t  h a v e  b e e n  f i l m e d .  F o r  
blu rre d  p a g e s ,  a g o o d  im a g e  o f  t h e  p a g e  c an  be  f o u n d  m  t h e  a d j a c e n t  f r a m e .  It' 
c o p y r i g h t e d  m a t e r i a l s  w e r e  d e l e t e d ,  a t arge t  n o t e  w i l l  a p p e a r  l i s t i n g  t h e  p a g e s  in 

th e  a d j a c e n t  f r a m e .

Jt. W h e n  a m a p ,  d r a w i n g  o r  c h a r t ,  e t c . ,  is part  o f  t h e  m a t e r i a l  b e i n g  p h o t o g r a p h e d ,  

a d e f i n i t e  m e t h o d  o f  " s e c t i o n i n g ” t h e  m a t e r i a l  h a s  b e e n  f o l l o w e d  It is 

c u s t o m a r y  t o  b e g in  f i l m i n g  at  t h e  u p p e r  l e f t  h a n d  c o r n e r  o f  a large  s h e e t  a n d  t o  

c o n t i n u e  f r o m  l ef t  t o  r ight  in e q u a l  s e c t i o n s  w i t h  s m a l l  o v e r l a p s .  I f  n e c e s s a r y ,  
s e c t i o n i n g  is c o n t i n u e d  ag a in  b e g i n n i n g  b e l o w  th e  first r o w  a n d  c o n t i n u i n g  o n  

u n t i l  c o m p l e t e

4 .  F o r  i l l u s t r a t i o n s  th a t  c a n n o t  be s a t i s f a c t o r i l y  r e p r o d u c e r !  b y  x e r o g r a p h i c  

m e a n s ,  p h o t o g r a p h i c  p r i n t s  ca n  b e  p u r c h a s e d  at a d d i t i o n a l  c o s t  a n d  i n s e r t e d  

i n t o  y o u r  x e r o g r a p h i c  c o p y .  T h e s e  p r i n t s  are a v a i l a b l e  u p o n  r e q u e s t  f r o m  the  
D i s s e r t a t i o n s  C u s t o m e r  S e r v i c e s  D e p a r t m e n t .

>. S o m e  p a g e s  m a n y  d o c u m e n t  m a y  h a v e  i n d i s t i n c t  pr i n t .  In all c a s e s  t h e  bes t  

av a i la b l e  c o p y  h a s  b e e n  f i l m e d .
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C h a p ter  1 -  P r e l i m i n a r i e s

1 . 1  A l g e b r a i c  Number T h eory

L e t  K be a f i n i t e  e x t e n s i o n  o f  <£i , We w i l l

c a l l  an y  f i n i t e  e x t e n s i o n  f i e l d  o f  (R_ a number f i e l d .  

D e f i n i t i o n :  L e t  K b e  a number f i e l d .  The r i n g  o f

i n t e g e r s  o f  K i s  t h e  i n t e g r a l  c l o s u r e  o f  *  in  K.

We w i l l  d e n o t e  t h i s  r i n g  by °K*

D e f i n i t i o n ; A D ed ek in d  dom ain D i s  an i n t e g r a l  dom ain

h a v in g  t h e  f o l l o w i n g  t h r e e  p r o p e r t i e s :

(1) D i s  i n t e g r a l l y  c l o s e d  in  i t s  q u o t i e n t  f i e l d

(2) D i s  a N o e t h e r ia n  r i n g

(3 )  E very  n o n - z e r o  p r im e i d e a l  P in  D i s  a m axim al

i d e a l .

Theorem 1 s E v ery  i d e a l  I  in  a D ed ek in d  dom ain can  b e

w r i t t e n  u n i q u e l y  a s  a p r o d u c t  o f  p r im e  i d e a l s ,  
n ^

i  -  I T  e t 1
i - 1  1

Theorem 2 :  L e t  K b e  a number f i e l d .  Then 0 R i s  a

D ed ek in d  d o m ain .

D e f i n i t i o n :  I f  D i s  a dom ain and F i t s  f i e l d  o f

f r a c t i o n s ,  a f r a c t i o n a l  i d e a l  I i s  a n o n - z e r o  D -  

su bm od ule  o f  F su c h  t h a t  a I c  D f o r  some n o n - z e r o  a £. D.
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N o t e :  E v ery  i d e a l  I c  D i s  a f r a c t i o n a l  i d e a l ,  w h ich

w i l l  so m e t im e s  b e  c a l l e d  an i n t e g r a l  i d e a l .  L e t  1^ and

I be  two f r a c t i o n a l  i d e a l s  o f  D. We d e f i n e  1 , 1  »
2 1 2
V 5_b b / b , . £  I  , b  £ 1 ? .  T h is  s e t  i s  a g a i n  a
/ ^  l j  2 j  I l j  1 2 j  2J

f r a c t i o n a l  i d e a l  c a l l e d  t h e  p r o d u c t  o f  I  and I  .
1 2

Theorem 3: The f r a c t i o n a l  i d e a l s  o f  a D ed ek in d  dom ain  

c o n s t i t u t e  a g ro u p  un der  m u l t i p l i c a t i o n  w i t h  D a s  a u n i t .  

The i n v e r s e  o f  a f r a c t i o n a l  i d e a l  1 i s  g i v e n  by  

[  X £ F | x l C  d J .

N o t a t i o n :  L e t  K b e  a number f i e l d .  We d e n o t e  b y  I(K )

t h e  g ro u p  o f  f r a c t i o n a l  i d e a l s  and by P(K) t h e  p r i n c i p a l  

f r a c t i o n a l  i d e a l s ;  i . e .

P(K) = f l j l  : I(K ) and I *  xOK f o r  some x t  K *

Theorem 4 :  L et K be a number f i e l d .  Then t h e  g r o u p

I ( K ) / P ( K ) ,  w h ich  i s  c a l l e d  t h e  c l a s s  g r o u p  o f  K, i s  a 

f i n i t e  a b e l i a n  g r o u p .  The o r d e r  o f  t h i s  g r o u p  i s  d e n o te d  

by  h ( K ) .

B e s i d e s  t h e  c l a s s  g r o u p ,  w h ic h  m e a su r e s  t o  w hat  

e x t e n t  0K f a i l s  t o  b e  a u n iq u e  f a c t o r i z a t i o n  dom ain  

(Or  i s  a u n iq u e  f a c t o r i z a t i o n  dom ain  i f  and o n l y  i f  h { K )* l)

2 -



i t  w i l l  be im p o r ta n t ,  f o r  w hat f o l l o w s ,  t o  a s s o c i a t e  

t o  e v e r y  number f i e l d  a n o t h e r  c o n s t a n t  d e s i g n e d  t o  m ea su re  

a d i f f e r e n t  phenom ena.

Theorem 5; I f  K i s  a number f i e l d  o f  d e g r e e  n ( £ k :  < £ lj  «n) 

th e n  Ok , t h e  r i n g  o f  a l g e b r a i c  i n t e g e r s ,  i s  a f r e e  a b e l i a n  

g r o u p  o f  rank  n .

D e f i n i t i o n : Any b a s i s  o f  t h e  f r e e  a b e l i a n  g r o u p  0 K i s

c a l l e d  an i n t e g r a l  b a s i s  o f  K.

The n u m e r ic a l  i n v a r i a n t  t h a t  we w ish  t o  a t t a c h  t o  

e v e r y  number f i e l d  K i s  g i v e n  in  t h e  n e x t  d e f i n i t i o n .  

D e f i n i t i o n : L e t  K b e  a number f i e l d  and l e t  { x ^ , . . . , x n /

b e  an i n t e g r a l  b a s i s  o f  K. The d i s c r i m i n a n t  o f  K/<£  ̂

i s  d e f i n e d  t o  be  d i s c r  ( x ^ , . . . , x n ) *  d e t  (T r^ /^  (x^x^))

t h a t  i s ,  t h e  d e t e r m in a n t  o f  th e  m a t r ix  

w hose ( i . j )  -  e n t r y  i s  e q u a l  t o  ( x i * j  1

( f o r  i . j  -  1 , . . . , n ) .

For t h i s  l a s t  d e f i n i t i o n  t o  make s e n s e  i t  i s  

n e c e s s a r y  t o  show t h a t  i f  ^ y ^ , . . . , / n J i s  a n o t h e r  i n t e g r a l  

b a s i s  o f  K t h e n  d i s c r ^ ^  ( x ^ , . . . x n ) -  d i s c r  ^ ( Y i ,  . . .  

F u r th e r m o r e ,  i t  c a n  b e  show n, w i t h o u t  t o o  much d i f f i c u l t y ,

- 3 -



t h a t  d^ i s  a  n o n - z e r o  e le m e n t  o f  S .  The s i g n i f i c a n c e  

o f  d y  w i l l  b e  r e v e a l e d  s h o r t l y ;  b u t  f i r s t  we m ust d i s c u s s ,  

i n  g e n e r a l ,  how a pr im e i d e a l  o f  °K d e c o m p o se s  in  th e  

r i n g  o f  i n t e g e r s  o f  some f i e l d ,  o f  w h ic h  K i s  a  s u b f i e l d .  

L e t  L and K b e  number f i e l d s  w i t h  K c  L. F u r t h e r ,

The i d e a l  n o t

n e c e s s a r i l y  a p r im e  i d e a l  o f  O^, S i n c e  0^  i s  a D ed ek in d

dom ain Or can  b e  f a c t o r e d  u n i q u e l y  i n t o  a p r o d u c t  o f
O'

p r im e  i d e a l s ,  i . e .  V  0^  * ^ l * 1 w i t h
O’

i  *  1 t o  g ,  a pr im e i d e a l  in  0 L , When L/K i s  a G a l o i s  

e x t e n s i o n  we h a v e  t h a t  e ,  •  . . . »  e .

D e f i n i t i o n : The i n t e g e r  e  i s  c a l l e d  t h e  r a m i f i c a t i o n

in d e x  o f  P ^  o v e r  K.

D e f i n i t i o n : A p r im e  i d e a l  ^  o f  0^ i s  s a i d  t o  r a m if y  in

L i f  any o n e  o f  t h e  r a m i f i c a t i o n  i n d i c e s  e ^  i s  l a r g e r  th a n  

o n e .

Theorem 6: L e t  p be  a p r im e i n  S , and s u p p o s e  (p) i s

r a m i f i e d  i n  a number f i e l d  K. Then p J  d R. C o n v e r s e ly ,  

i f  p  | dK t h e n  (p ) i s  r a m i f i e d .

We w o u ld  l i k e  t o  b e  a b l e  t o  h a n d le  t h e  g e n e r a l  c a s e :  

G iv e n  t h e  number f i e l d s  K and L w i t h  K c L  f i n d  a n e c e s s a r y

l e t  \ £ c 0 r  be a p r im e  i d e a l .
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and s u f f i c i e n t  c o n d i t i o n  f o r  a p r im e  ^  o f  0^  t o  r a m ify  

i n  I>.

*n*e r e l a t i v e  c a s e  (L/K) i s  more d i f f i c u l t  th a n  t h e  

a b s o l u t e  c a s e  (K/(tJ ) du e  t o  t h e  f a c t  t h a t  0 L n eed  n o t  b e  

a f r e e  0K -  m o d u le .

D e f i n i t i o n :  L e t  K and L b e  number f i e l d s  w i t h  K c  L.

The d i s c r i m i n a n t  ( i d e a l )  o f  L o v e r  K i s  t h e  i d e a l  o f  0
K

g e n e r a t e d  by t h e  d i s c r i m i n a n t s  o f  b a s e s  o f  L o v e r  K w h ich  

a r e  c o n t a i n e d  in  0 ^ .  I t  w i l l  b e  d e n o t e d

Theorem 7 1 A p r im e  <? o f  0^  i s  r a m i f i e d  i n  L i f  and
T

o n l y  i f

C o r o l la r y *  L e t  K c  L b e  two number f i e l d s .  O nly f i n i t e l y  

many p r im e  i d e a l s  ^  o f  Oĵ  r a m if y  i n  L.

We n e x t  s t a t e  two th e o re m s  c o n c e r n i n g  how p r im e s  

d eco m p ose  in  l a r g e r  f i e l d s .

D e f i n i t  i o n : L e t  L and K b e  number f i e l d s  w i t h  K c  L.

A o r im e  i d e a l  c  ° v  i s  s a i d  t o  s p l i t  c o m p l e t e l y  from
T

K t o  L i f  t h e  i d e a l  0 L ■ ( $ n* w^ftre n " ^ :KJ '

Theorem 8 : L e t  K be number f i e l d ,  and l e t  L and M tae

two f i n i t e  e x t e n s i o n s  o f  K. L e t  ^  b e  a p r im e i d e a l  

i n  0 . . .  I f  v  s p l i t s  c o m p l e t e l y  i n  b o t h  L and M th e nK J



s p l i t s  c o m p l e t e l y  in  t h e  co m p o situ m , LM. The c o n v e r s e  

i s  a l s o  t r u e r  n a m e ly ,  i f  y  s p l i t s  c o m p l e t e l y  i n  LM, i t

be  t h e  s e t  o f  p r im e s  o f  K w h ich  s p l i t  c o m p l e t e l y  i n  L .

I f  E i s  a n o t h e r  e x t e n s i o n  o f  K t h e n  SL/,K c  S gyK ^  

and o n l y  i f  E c L,

F i n a l l y ,  we w i l l  have  o c c a s i o n  t o  u s e  t h e  D i r i c h l e t  

u n i t  th e o re m , w h ich  p r o v i d e s  a d e s c r i p t i o n  o f  t h e u n i t g r o u p  

o f  o K.

Theorem i p ; L e t  K b e  number f i e l d  and l e t  n **[Kz 

L et r b e  t h e  number o f  r e a l  em b ed d in g s  o f  K i n t o  (L 

and l e t  2 s  b e  t h e  number o f  c o m p le x  e m b e d d in g s .

(n = r  + 2 s ) .  Then UK t h e  gro u p  o f  u n i t s  o f  0 R h a s  t h e

f o l l o w i n g  s t r u c t u r e :  C * .  . Ĉ . + g _ ^ Wh e r e

w i s  t h e  c y c l i c  g ro u p  o f  f i n i t e  o r d e r  c o n s i s t i n g  o f  th e  

r o o t s  o f  u n i t y  in  K and e a c h  i s  an i n f i n i t e  c y c l i c  

g r o u p .

must s p l i t  c o m p l e t e l y  in  b o th  L and M

: L et L/K b e  a G a l o i s  e x t e n s i o n  and l e t

- 6 -



1 . 2  C l a s s  F i e l d  T heory

The p u r p o se  o f  c l a s s  f i e l d  t h e o r y  i s  t o  p r o v id e  a 

c o m p le t e  d e s c r i p t i o n ,  f o r  e v e r y  number f i e l d  K, o f  t h e  

a b e l i a n  e x t e n s i o n s  o f  K. By s u i t a b l y  g e n e r a l i z i n g  t h e  notion  

o f  th e  c l a s s  g ro u p  o f  K i t  i s  p o s s i b l e  t o  c a p t u r e  a l l  th e  

a b e l i a n  e x t e n s i o n s  L /K . In a d d i t i o n ,  c l a s s  f i e l d  t h e o r y ,  

th r o u g h  t h e  A r t i n  r e c i p r o c i t y  l a w s ,  a l l o w s  one  t o  r e a l i z e  

G al (L/K) in  ter m s o f  t h e s e  g e n e r a l i z e d  c l a s s  g r o u p s ,  

w h en ev er  G al (L/K) i s  a b e l i a n .  F i n a l l y ,  we a l s o  l e a r n  

how a p r im e  ^  i n  K d e c o m p o se s  in  L, f o r  an a b e l i a n  

e x t e n s i o n  L o f  K.

D e f i n i t i o n  1 0 :  A m odulus f o r  K i s  a fo r m a l  p r o d u c t

Yf\m t a k e n  o v e r  a l l  p r im e s  v  o f  K in  w h ich

n (  ) i s  a n o n n e g a t i v e  i n t e g e r  and n (  ^  ) 'vO f o r  o n l y  

a f i n i t e  number o f  .  F u r th erm o re  n (  v  ) ■ 0 o r  1 

when i s  a r e a l  i n f i n i t e  pr im e and n (  ) * 0  when

V
/r

i s  a co m p lex  i n f i n i t e  p r im e .  L et ^  d e n o t e  a r e a l

p r im e  o f  K. L et  P  —* d e n o t e  t h e  em bedding  o f  K

i n t o  .  F or  e l e m e n t s  ^  , & i n  K* we w r i t e  or- -  0
r

mod t o  mean of and h a v e  t h e  same s i g n .
r  X f

V

Now l e t  ^  b e  a f i n i t e  p r im e ,  <v , /3 e le m e n t s  in
/*■✓

K* and su p p o se  t h a t  <*■ « B  =. a , b , c , d  £  C>K.



a jc n _ j  ,
Then we w r i t e  ex' a P  mod ^  i f  ——  *  i s  i n

o & b e
(0 K) ^  and t h i s  e le m e n t  i s  c o n g r u e n t  t o  1 m o d u l o ^  

t h a t  i s  a | = ^ E £ ^

D e f i n i t i o n  11: For c< , (Z £ K* we w r i t e  *< a $mod 777 i f

c<  5 & mod * ^  n ^

We d e n o t e  by  I (  7T{ ) t h e  g ro u p  o f  f r a c t i o n a l  i d e a l s  o f  

K r e l a t i v e l y  pr im e t o  >71 . 777 ) w i l l  d e n o t e  t h e  g ro u p

o f  p r i n c i p a l  f r a c t i o n a l  i d e a l s  o f  K w h ich  h a v e  a g e n e r a t o r  

o( s  1 modX7n * The q u o t i e n t  gro u p  I t  P] ) /P ^  ( P7 ) i s

c a l l e d  th e  r a y  c l a s s  g r o u p  mod >71 .

Theorem 10 :  For a n y  m odulus V\ , th e  r a y  c l a s s  g ro u p

mod 771 i s  a  f i n i t e  g r o u p .  L e t  h ( 771 ) d e n o t e  t h e  o r d e r  

o f  t h i s  g r o u p .  Then h ( K ) j h (  7r\ } .

A su b g ro u p  o f  H o f  I(K ) i s  c a l l e d  a c o n g r u e n c e  

su b g ro u p  i f  t h e r e  e x i s t s  a m odu lus 571 su c h  t h a t  P^ ( 77t ) 

o  H c. I (  7r\ ) ,  we w i l l  s a y  t h a t  H i s  d e f i n e d  mod yr\ i f

H i s  a c o n g r u e n c e  su b g ro u p  and P1 ( Pi } c  H « I  ( 777 ) .

S u p p o se  51 i s  a m odulus and 71 / T7J . Any i d e a l  r e l a t i v e l y  

p r im e  t o  Tr\ i a a l s o  r e l a t i v e l y  p r im e  t o  57 so  

I t  >71 )£  I t  7 \  ) .  I f  t h e r e  e x i s t s  a c o n g r u e n c e  su b g r o u p

J ' f o r  a l l  p r im e s  w i t h  n (  y  ) >  O
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H d e f i n e d  mod T[ su ch  t h a t  H ■ I ( PV ) <0 we s a y

H i s  t h e  r e s t r i c t i o n  o f  t o  I (  ) .

Theorem H i L e t  y \  /?71 and b e  c o n g r u e n c e  s u b g r o u p s

d e f i n e d  mod Th, and r\ , S u p p ose  H yr\ m K m  ) ^  ,

Then

(a )  K  m  ) /H  ^  K  n  J /H ^  (b) Ha  ■« P1 ( » t  ) .

L et  H and H be  two c o n g r u e n c e  s u b g r o u p s .  I f  t h e r e  
X *

e x i s t  a m odulus su ch  t h a t  ft I m  » ^ I m we

w i l l  w r i t e  and s a y  i s  e q u i v a l e n t  t o

( ^  i s  an e q u i v a l e n c e  r e l a t i o n ) .  An e q u i v a l e n c e  c l a s s  o f  

c o n g r u e n c e  su b g r o u p s  H, i s  c a l l e d  a c l a s s  g r o u p .  I t  can  

b e  shown t h a t  t h e r e  e x i s t s  a u n iq u e  m odulus ^  su ch  

t h a t  £. H and H ^  a H i m p l i e s  c ? /  m  

T h is  m odu lus i s  c a l l e d  t h e  c o n d u c t o r  o f  H,

Our n e x t  t a s k  i s  t o  d i s c u s s  t h e  A r t in  map, th r o u g h  

w h ich  o n e  e s t a b l i s h e s  a o n e - t o - o n e  c o r r e s p o n d e n c e  b e tw e e n  

a b e l i a n  e x t e n s i o n s  L o f  K and c l a s s  g r o u p s  o f  K.

L e t  K and L b e  number f i e l d s  w i t h  L a norm al  

e x t e n s i o n  o f  K. S u p p ose  ^  c  0^ i s  a pr im e i d e a l  and 

l e t  P J w® d e f i n e  two su b g r o u p s  o f  G *  G al (L /K );

t h e  d e c o m p o s i t i o n  gro u p  D( f  ) and t h e  i n e r t i a  gro u p  

E ( P  \ g  ) .
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D e f  i n i t  i o n ; D ( p  !̂  ) «■ £ <J~ ■' £  G and P  » P }

i s  c a l l e d  t h e  d e c o m p o s i t  io n  g ro u p  o f  P o v e r ^

D e f i n i t i o n :

E (?  \y )  -  fcr  I 'sG  and f A  5  a mod f  f o r  a l l  A £  O ^ )  

i s  t h e  i n e r t i a  g r o u o  o f  P o v e r  V

I t  i s  e a s y  t o  s e e  t h a t  ) c  D { P j ^ >  ) .  I f  <rc D { p ' ^  )

th e n  cr in d u c e s  an autom orph ism  c  o f  t h e  f i e l d  

O j / f  w h ic h  l e a v e s  t h e  s u b f i e l d  0 ~ ^ /^  p o i n t w i s e  f i x e d ,  The 

map o' i 3 g i v e n  by  <T ( X + P  ) -  <r X  + P  . In w hat

f o l l o w s  we w i l l  w r i t e  D and E i n  p l a c e  o f  D( ) and
?

E( P ' j  ) ,  r e s p e c t i v e l y .
f

L e t G “ Ga l  (0L / p  /  ° k /v >  Then t h e r e  i s  a
*  -g r o u p  homomorphism o f  D to  G w h ich  t a h e s  a~ t o  c  . The

k e r n e l  o f  t h i s  homomorphism i s  E ar.d t h e  map cr —» ^  i s  

o n to  G so  G ^  D /E . S in c e  0 L/  p and ° K / ^  a r * L o th  f i n i t e  

f i e l d s  G i s  a c y c l i c  gro u p  g e n e r a t e d  by  t h e  map w h ic h

s e n d s  * + < >  -— ^ X- + :/ 1 . Assume now t h a t  v  i 3
£T

u n r a m if i e d  in  L. Then E i s  t h e  t r i v i a l  g r o u p  s o  G ^  D,

T h is  i r r o l i e s  t h a t  f o r  v  u n r a m if i e d  i n  L t h e r e  e x i s t s  a
tT

u n iq u e  e le m e n t  D( 9  \ ) c a l l e d  th e  Frofce.n ius a u to m orp h ism
' v

O o f  9  o v e r  (y w h ich  h a s  t h e  p r o p e r t y  t h a t

- 1 0 -



tj? (A) * A 11 /  mod f  f o r  a l l  A £ 0L . We w i l l  d e n o t e  

t h e  F r o b e n iu s  au tom orp h ism  o f  P  o v e r  ^  by  m

Theorem  1 2 : L e t  L b e  a norm al e x t e n s i o n  o f  K

and l e t  CT£ G al ( L /K ) .  Then f o r  an y  p r im e i d e a l  P c  0^

we h a v e

C o r o l l a r y : L e t  L b e  an a b e l i a n  e x t e n s i o n  o f  K and l e t

^  b e  a pr im e i d e a l  o f  °K w h ich  i s  u n r a m i f i e d  i n  L.
w

S u p p o se  P   ̂ and P 2 * r e  1:wo pr im e i d e a l s  o f  0^  w h ic h

d i v i d e  ^  0 L . Then [ - % & - ]  -  [ ~ ^ ]

P r o o f :  There e x i s t s  a CT £ G al (L/K) w h ic h  s e n d s  P*  ̂ t o

f  i . e .  < r P  «  P  By t h e  p r e c e d i n g  th eo rem  we
•  1 ^

h a v e C~ A : b/K  j 0- *  —  / b e c a u s e1 “ p  J C ■■ j 0 ! *“ ^
L r l J  L ^ l J  f »

G a l(L /K ) i s  a b e l i a n .

D e f i n i t i on  : For L/K a b e l i a n  t h e  common v a l u e
ip 1 L P -I

f o r  a l l  v , ^  i s  c a l l e d  t h e  A r t in  sy m b o l.

Thus f o r  L/K a b e l i a n  we h a v e  a way o f  a s s o c i a t i n g  

t o  e a c h  p r im e  i d e a l  ^  c. 0^ , r e l a t i v e l y  p r im e t o  

an e le m e n t  1 ^ 7^“ ]  G*
 ̂ % J

D e f i n i t i o n : L et L/K b e  an a b e l i a n  e x t e n s i o n  and  l e t  7̂7

b e  any  m odu lus d i v i s i b l e  by  a l l  th e  f i n i t e  p r im e s  o f  K 

w h ich  becom e r a m i f i e d  in  L. Then b y  e x t e n d i n g  the  d e f i n i t i o n

- 1 1 -



o f  t h e  A rt  i n  sym bol m u l t i p l i c a t  i v e l y  we g e t  a  

homomorphism from  I (  ) t o  G ■ G al L /K . More

p r e c i s e l y ,  f o r  <X c I (  Tr\ ) we d e f i n e  f
» ,*■ * L J

TT * Tr °"i.
t o  b e  w here CT ■ 11 . TTiis map from  I (  >V )

t o  G i s  c a l l e d  th e  A r t in  map.

We c a n  now s t a t e  t h e  main th e o r e m s  o f  c l a s s  f i e l d

t h e o r y ,  t h e  f i r s t  b e i n g  a r e s u l t  d u e  t o  A r t i n .

Theorem 1 3 : ( A r t in  R e c i p r o c i t y  Theorem) L e t  L/K

b e  an e x t e n s i o n  w i t h  a b e l i a n  G a l o i s  g ro u p  G. L e t  XT']

b e  a  m odulus f o r  K d i v i s i b l e  a t  l e a s t  by  a l l  p r im e s  w h ich

r a m if y  i n  L and assum e t h e  e x p o n e n t s  o f  th e  p r im e

d i v i s o r s  o f  a r e  s u f f i c i e n t l y  l a r g e .  Then t h e  A r t in

map  ̂' L/K j  maps I ( 77\ ) o n t o  G and t h e  k e r n e l  c o n t a i n s

P*( Yr\ ) .  In  f a c t  t h e  k e r n e l  i s  ( i L ( m  ) ) P i  ( 7P, ) .

T h at i s ,  G Z  1(771 1 / Nl / k  ( I I  ( 771 ) )  P1 ( 7H ) .  (H ere

NL/K d e n o t e s  t h e  r e l a t i v e  norm and NL/K ( i L ( m  ) )  d e n o t e s  

t h e  g r o u p  o f  i d e a l s  o f  K g e n e r a t e d  by  t h e  norms o f  i d e a l s  

in  L r e l a t i v e l y  p r im e  t o  ) . We sa y  t h a t  t h e  

r e c i p r o c i t y  law  h o l d s  f o r  t h e  t r i p l e  (L ,K , 771. ) i f  

G al L / k i 3 a b e l i a n  and

G al L/K -  I ( m . ) ( i  ( rr\ ) )  p1 ( rrj ) .
nL/K l
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Theorem  1 4 ;  L e t  771 and 7 7  b e  two m o d u l i  o f  K s u c h  

t h a t  t h e  r e c i p r o c i t y  la w  h o l d s  f o r  (L,K , Tr\ ) and 

( L , K , 71 ) .  That i s  assum e

G a i ( l / k )  ~  k  m )Aim ~  a n  j / h ^

w here  and a r e  c o n g r u e n c e  su b g r o u p s  d e f i n e d

mod Th. and mod Jt r e s p e c t i v e l y .  Then and Un  b e l o n g  

t o  t h e  same i d e a l  c l a s s  g r o u p ,  w h ich  i s  d e n o t e d  b y  H (L /K ).  

L e t  (L/K) d e n o t e  t h e  c o n d u c t o r  o f  H (L /K ) . Then t h e

r e c i p r o c i t y  law  h o l d s  f o r  (L ,K , ^  ( L / K ) ) .  F u r th e rm o re ,  

i f  (L/K) \ V \  th e n  t h e  r e c i p r o c i t y  la w  h o l d s  f o r  (L,K, ??t).

T h is  l a s t  th e o re m  com bined  w i t h  t h e  o n e  t h a t  f o l l o w s  

e s t a b l i s h e s  a o n e - t o - o n e  c o r r e s p o n d e n c e  b e tw e e n  a l l  i d e a l  

c l a s s  g r o u p s  o f  K and a l l  a b e l i a n  e x t e n s i o n s  L o f  K. 

Theorem 1 5 : L et H b e  an i d e a l  c l a s s  g r o u p  o f  K. Then

t h e r e  e x i s t s  a u n iq u e  a b e l i a n  e x t e n s i o n  L o f  K su c h  t h a t  

H = H (L /K ) .

Theorem 1 6 : L e t  L ^ K  and L2/K  b e  two a b e l i a n  e x t e n s i o n s

o f  c o n d u c t o r s  ^ -(L ^ /K ) and ^ ( L ^ / K ) ;  s o  t h a t  t h e  

r e c i p r o c i t y  law  h o l d s  f o r  (L^,K , »? ) and (L*j,K, m  ) .  

F i n a l l y ,  l e t  and H2 b e  t h e  c o r r e s p o n d in g  su b g r o u p s  

o f  K m  ) 

t h e n

H c tr  i f  and o n l y  i f  L D L 
1 2 1 2
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Theorem 1 7 : A pr im e ^  o f  K, r a m i f i e s  i n  L, an a b e l i a n

e x t e n s i o n  o f  K, i f  and o n l y  i f  ^  (L /K ) .

D e f i n i t i o n :  L et K be a number f i e l d .  We d e f i n e  t h e  

H i l b e r t  c l a s s  f i e l d  o f  K, d e n o te d  by  HCF(K), t o  b e  t h e  

m axim al a b e l i a n  u n r a m if i e d  e x t e n s i o n  o f  K,

The c o n d u c t o r  o f  t h i 3  e x t e n s i o n ,  by  Theorem 17  

i s  ^2 (HCF/K) » { 1 ) ,  s i n c e  no pr im e o f  K r a m i f i e s .

F u r th e r m o r e ,  i f  t h i s  e x t e n s i o n  i s  t o  b e  t h e  m axim al  

a b e l i a n  u n r a m i f i e d  e x t e n s i o n  we m ust h a r e  t h a t  th e  

k e r n e l  u n d er  th e  A r t in  map i s  P ^ { 1 ) ,  w h ich  i s  j u s t  th e  

gro u p  o f  p r i n c i p a l  f r a c t i o n a l  i d e a l s .  ( ^  a mod X1 

im p o se s  no r e s t r i c t i o n  on c*' . )  C o n s e q u e n t ly ,  b y  A r t in  

r e c i p r o c i t y ,  we s e e  t h a t

G al (HCF(K)/K) I (K) /  P (K)

Thus “ h ( K ) ,  t h e  c l a s s  number o f  K

and th e  G a l o i s  g r o u p  is  i s o m o r p h ic  t o  th e  c l a s s  g r o u p  o f  K.

For L/K a b e l i a n ,  o n e  can  g i v e  a d e s c r i p t i o n  o f  how 

a prim e i d e a l  ^  o f  K d e c o m p o se s  in  L b a s e d  on t h e  o r d e r  

o f  th e  im age o f  <£_ u n d er  th e  A r t in  map. S i n c e ,  in  th e  

a p p l i c a t i o n s  t h a t  f o l l o w ,  we w i l l  b e  c o n c e r n e d  o n l y  w i t h  

c r im e s  w h ich  s o l i t  c o m p l e t e l y  in  L t h e  f o l l o w i n g  th eorem
<r

w i l l  be  a d e q u a t e .
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Theorem 1 8 : Let ^  b e  a pr im e i d e a l  o f  K w h ich  i s
tr

u n r a m i f i e d  in  L. Then g  s p l i t s  c o m p l e t e l y  from  K t o  L 

i f  and o n l y  i f  [ 11J = 1

P r o o f :  Suppose . J ■ 1 , th e n

a  3 a  #■ mod ^  f o r  e v e r y  A £ 0^

L et tP w here P  i s  a pr im e i d e a l  o f  0 ^. I t  f o l l o w s  t h a t

A a A*1 'f mod P

For A £  p  we g e t  AN£f _ 1 -  1 mod P . But (0-^/ f  )*  i s

a c y c l i c  gro u p  o f  o r d e r  N if - 1  so  we h av e  N * try  .

On t h e  o t h e r  hand,

NL/K ^ “ % f where f * I  ° L / f  = °KAp j

A l s o ,

N f  = N fNL/K ^  ) = N ^ f * ( N ^ ) f

T h is  i m p l i e s  f  = 1 f o r  e a c h  prim e i d e a l  P  d i v i d i n g

kj 0_ . We n e x t  u s e  t h e  f a c t  t h a t  i f  F/K i s  any f i n i t e
r

e x t e n s i o n  o f  K th e n  f a c t o r s  a s

^ 0F =(P e l [ f 2 e 2 ^  g *g w i t h  / V r K j -  £
* i -1

In o u r  s i t u a t i o n  we have

y oL - f  1 . . .  f g
w it h  e^  * f i  =■ 1 f o r  a l l  i .  T h is  i m p l i e s  g  = L*-k7, i . e .  

s o l i t s  c o m p l e t e l y  from K to  L.
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C o n v e r s e ly ,  su p p o s e  ^  s p l i t s  c o m p l e t e l y ,  i . e .  ^  i s  

u n r a m if i e d  and

^  ° L  * P  !  • • * P g  w hore P i  *  f o r ^  , g  -  [  L - .k ]

I t  f o l l o w s ,  s i n c e  we a r e  a s su m in g  t h a t  g  « £ l : kJ 

t h a t  f » l s o N i P » N y  .

NY
B u t, th e n  i t  f o l l o w s  t h a t  A ■ A /■ mod or eq u iv a len t ly

U J L . , .  j
i

l  i  j
A p p ly in g  t h i s  t o  t h e  e x t e n s i o n  HCP(K)/K we s e e  t h a t  

a prim e ^  o f  K s p l i t s  c o m p l e t e l y  from  K t o  HCF(K) i f  

and o n ly  i f  «/ i s  a p r i n c i p a l  i d e a l .
t
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1 . 3  Q u a d r a t ic  F i e l d s  and R ing  C l a s s  F i e l d s  

By a q u a d r a t i c  f i e l d  we mean a f i n i t e  e x t e n s i o n  

o f  o f  d e g r e e  2 .  E very  q u a d r a t i c  f i e l d  k i s  o f  t h e  

form  € (  ( 'To) w here  D i s  a s q u a r e  f r e e  i n t e g e r .  F i r s t  we 

d e s c r i b e  th e  r i n g  o f  i n t e g e r s  o f  k .

Theorem 1 9 ; L e t  k= ^ { 'Td ) b e  a q u a d r a t i c  f i e l d .  Then

Ok# t h e  r i n g  o f  i n t e g e r s  o f  k t i s  g i v e n  by

0 = ) &  & &  [  f £  ]  i f  D s  2 o r  3 mod 4

\ 2Z ® i f  D 5  1 mod 4

Theorem 20? The d i s c r i m i n a n t  i s  g i v e n  by t h e

f o l l o w i n g  f o r m u la :

a } _ f 4D i f  D 5  2 or  3 mod 4
a k / R  " i

! D i f  D » 1 mod 4

N o t e :  The d i s c r i m i n a n t  o f  a q u a d r a t i c  f i e l d  i s  a lw a y s

c o n g r u e n t  t o  0 o r  1 mod 4 .

In o r d e r  t o  d e s c r i b e  how a prim e P t  22 d e c o m p o se s  

in  ( i i D ) ,  i t  i s  e x p e d i e n t  t o  in t r o d u c e  t h e  K ron eck er  

sy m b o l .  We assum e t h e  r e a d e r  i s  f a m i l i a r  w i t h  t h e  

L e g en d r e  sy m b o l.
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D e f i n i t i o n ; L e t  d s  0 o r  1 mod 4 ,  and s u p p o s e  d i s  n o t

a p e r f e c t  s q u a r e .  Then (d ) i s  d e f i n e d  f o r  a l l  m b y  m eansm

o f  t h e  f o l l o w i n g :

(^) »  0 i f  p /d  and p i s  a pr im e

( d . aj 1 i f  d s l  mod 8
*  / - I  i f  da5 mod 8

For p an odd pr im e and p fd  (d.) » L e g e n d r e ' s  sy m b o l.
n P

F i n a l l y  (jfj) * TT ~  ) f o r  m * jf" P
r - 1  Pr r = l  r

The n e x t  th eo rem  p r o v i d e s  in f o r m a t i o n  on how a p r im e  p £ 21 

d e c o m p o se s  i n  k .  We w r i t e  d i n  p l a c e  o f  w h e n e v e r

no c o n f u s i o n  w i l l  r e s u l t .

Theorem 2 1 :  L e t  k ■ Q. ( /TD b e  a q u a d r a t i c  f i e l d  o f  

d i s c r i m i n a n t  d ,  and l e t  p b e  a p r im e  i n  S . Then we h a v e  

t h e  f o l l o w i n g  d e c o m p o s i t i o n  r u l e s .

pOv * ^  i ^  i f  (d) = 1 p s o l i t s
^  ; V 2 p

P°)t “  ^  i t  “ 1 p i s  i n e r t

2 /(3
p * *£ i f  (—) m o p r a m i f i e s

L e t  K = /~D) b e  a q u a d r a t i c  f i e l d  w i t h  D><0. I t

f o l l o w s  from  t h e  D i r i c h l e t  u n i t  th e o re m  (Theorem  9) upon  

s e t t i n g  n -  2 ,  r *  2 and s  * 0 t h a t  t h e  g r o u p  o f  u n i t s  

Uk x  W x C i  w here  W »  f  1 , - 1  ) and C  ̂ i s  an i n f i n i t e  c y c l ic  grovp.
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In  o t h e r  w ords t h e  u n i t  g ro u p  h a s  t h e  form  ("+£ ^ w h e r e  £■ i s  

a g e n e r a t o r  o f  t h e  i n f i n i t e  c y c l i c  p a r t  o f  t h e  u n i t  g r o u p .  

I t  s h o u ld  b e  o b s e r v e d  t h a t  £ , - L , ^  , and “2. a r e  

a l s o  g e n e r a t o r s  o f  t h i s  su b g r o u p . E x a c t l y  o n e  o f  t h e s e  

4 num bers i s  g r e a t e r  th a n  1 ,  s a y  £ . Then £ i s  c a l l e d  

t h e  fu n d a m e n ta l  u n i t  o f  k .

On t h e  o t h e r  hand f o r  im a g in a r y  q u a d r a t i c  f i e l d ,  t h a t  

i s ,  t h o s e  w i t h  D <" 0 t h e  u n i t  g r o u p  o f  a f i n i t e  c y c l i c  group. 

More p r e c i s e l y ,  we h a v e

{ - 1 , 1 }  f o r  D - 1  o r  - 3
^ _ { 1 , - 1 ,  i , - i l f o r  D« - 1

( l  - />  - / > .  - 1 ?  f o r  D« - 3

Q u e s t i o n s  a b o u t  th e  r e p r e s e n t a t i o n  o f  p r im e s  b y  b i n a r y  

q u a d r a t i c  form s w i t h  r a t i o n a l  i n t e g r a l  c o e f f i c i e n t s  c a n  

o f t e n  b e  r e d u c e d  t o  q u e s t i o n s  c o n c e r n i n g  t h e  r i n g  o f  

i n t e g e r s  o f  some q u a d r a t i c  f i e l d .  We g i v e  some i n d i c a t i o n  

h e r e  o f  th e  c o n n e c t i o n  b e tw e e n  t h e  q u a d r a t i c  number f i e l d

( ^D) o f  d i s c r i m i n a n t  d and t h e  b i n a r y  q u a d r a t i c  form s

2 •» 2 Ax +Bxy +Cy^ h a v in g  d i s c r i m i n a n t  d*B -4A C . The t h e o r y

we a r e  now a b o u t  t o  d e s c r i b e  i s  due t o  G a u s s .  For a

more modern t r e a t m e n t  o f  t h i s  s u b j e c t  we r e f e r  t h e  r e a d e r

t o  Cohn C 4 j .
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A form  F = aX^+bXY+cY^ i s  s a i d  t o  be  p r i m i t i v e  i f  

( a , b , c )  53 1 .  Two form s F^ and F2 a r e  s a i d  t o  b e  

e q u i v a l e n t  F^^-F^, when th e y  a r e  e q u a l  u n d er  a t r a n s ­

fo r m a t io n  in  S L (2^ Z S ). I f  F^ i s  a p r i m i t i v e  form  o f

2d i s c r i m i n a n t  d =■ b - 4 a c  th e n  any form  ? 2 , w h ic h  i s

e q u i v a l e n t  t o  F^, i s  a l s o  p r i m i t i v e  and h a s  t h e  same

d i s c r i m i n a n t  d .  The number o f  e q u i v a l e n c e  c l a s s e s  o f

b i n a r y  q u a d r a t i c  form s w i t h  t h e  same d i s c r i m i n a n t  d w i l l

b e  d e n o te d  by h + ( d ) .  T h is  number h+ (d) i s  c l o s e l y  r e l a t e d

t o  t h e  c l a s s  number h ( D ) ,  o f  t h e  f i e l d  & ( 5 )  w h ere

2d*3 f  D. G a u ss '  d i s c o v e r y  was t h a t  one  c o u ld  p u t  a g ro u p  

s t r u c t u r e ,  c a l l e d  c o m p o s i t io n  o f  fo r m s ,  on  t h e  s e t  o f  

e q u i v a l e n c e  c l a s s e s  o f  form s o f  d i s c r i m i n a n t  d ( f o r  d <  0 

o n ly  p o s i t i v e  d e f i n i t e  form s a r e  c o n s i d e r e d ) .  For d <  0 

and e q u a l  t o  th e  d i s c r i m i n a n t  o f  th e  f i e l d  £  ( f~5) on e  

h a s  t h a t  h (d )  = h ( D ) .  In a d d i t i o n ,  t h i s  g ro u p  i s  

i s o m o r p h ic  t o  t h e  c l a s s  g r o u p  o f  ^  J D ) ,  For d > 0 

t h e r e  a r e  c o m p l i c a t i o n s  i f  N i  = + 1 , w here  - i s  t h e  

fu n d a m e n ta l  u n i t  o f  ( *j~D) . We n eed  t h e  f o l l o w i n g .
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D e f i n i t i o n : Two i d e a l s  (?V. and (j* o f  t h e  q u a d r a t i c

f i e l d  (Ê  ( <fD) a r e  c a l l e d  s t r i c t l y  e q u i v a l e n t  i f  t h e r e  

e x i s t s  a number cv  ;r 0 o f  <£? { v D) su ch  t h a t  Nfa*') > 0 and 

0 {  — ( c O fV ' .  U s in g  t h i s  n o t i o n  o f  e q u i v a l e n c e  one d e f i n e s  

t h e  s t r i c t  c l a s s  g r o u p .

Theorem 2 2 : L e t  d b e  t h e  d i s c r i m i n a n t  o f  t h e  f i e l d

\f*D). Then t h e r e  i s  an iso m o rp h ism  b e tw e e n  t h e  s t r i c t  

c l a s s  gro u p  o f  (£^(\f~D) and t h e  e q u i v a l e n c e  c la s s e s  o f  fo n n s .  

o f  d i s c r i m i n a n t  d u n d er  c o m p o s i t i o n .

The n e x t  th eorem  r e l a t e s  h + ( f  d )  t o  h+ ( d ) ,  w here i t  i s

assum ed t h a t  d i s  a f i e l d  d i s c r i m i n a n t .

Theorem 2 3: h | ( f 2d ) ■ h+ ( d ) f  ~J j  ( 1 -  (-£-) —1—) ,  w here
  * P P

e f  pl f
(..A . - ) i s  t h e  K ron eck er  sym b ol and e *  i s  t h e  u n i t  in d e x  

P r
w h ich  i s  d e f i n e d  t o  b e  ■'■3 t *ie  or<3e r

c o n d u c to r  f  = £ 0 : 0 f j  ) .

The q u e s t i o n  o f  w h e th e r  an i n t e g e r  a i s  r e p r e s e n t e d  by a 

b in a r y  q u a d r a t i c  P h a s  n e v e r  b e e n  a n sw e re d  in  a c o m p l e t e l y  

s a t i s f a c t o r y  w ay. I f  a h a p p en s t o  b e  a p r im e  th e n  th e  

s i t u a t i o n  i s  somewhat b e t t e r .  One can  i n v e s t i g a t e  f o r
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w h ich  p r im e s  p ^ .p  * F(X ,Y} b y  u s i n g  r i n g  c l a s s  f i e l d s .

For t h e  moment we r e s t r i c t  o u r s e l v e s  t o  form s F w h ich  

r e p r e s e n t  1 and w hose  d i s c r i m i n a n t s  a r e  f i e l d  d i s c r i m i ­

n a n t s .  Any su ch  form  i s  c a l l e d  a p r i n c i p a l  form and

i s  e q u i v a l e n t  t o  th e  form
\ +DY^ i f  Da 2 o r  3 mod 4

Fa (3V >  " i  2  , +D ,
; X +XY + (^ 4^) Y2 i f  D -  1 mod 4 

Theorem 24 : L e t  k = Q ( , D ) . Then p i 3 r e p r e s e n t e d  

by Fcj ( x , y )  i f  and o n l y  i f  p s p l i t s  c o m p l e t e l y  from ^  to  

H C F(k).

P r o o f :  S u p p ose  p s p l i t s  c o m p l e t e l y  from  Q  t o  H C F (k). Of

n e c e s s i t y  p m ust s p l i t  from t o  k .  That i s  po
K CT V  2

w here 2 ^ 0 ^ .  I t  f o l l o w s  t h a t  Nŷ  ̂ =■ p .  But ^

s p l i t s  c o m p l e t e l y  from ( ; D) t o  HCF(k) so v ^  must b e
T-

a p r i n c i p a l  i d e a l ,  i . e .  V  = ( o (  ) t £. 0 . T h e r e f o r e
C 1 K

p = N{ ) = F ^ ( x .y )  f o r  s u i t a b l e  x . y  i n t e g e r s .  Now 

su p p o se  p = F ^ ( x .y )  so  p » Noc . I t  f o l l o w s  t h a t  p s p l i t s  

c o m p l e t e l y  from  ^  t o  H C F (k). Our n e x t  t a s k  i s  t o  d e f i n e  

r i n g  c l a s s  f i e l d s  w h ich  w i l l  a l l o w  us t o  d i s c u s s  p r im e s  

p r e p r e s e n t e d  by Fd ( x ,y )  w i t h  d a r b i t r a r y .
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pg-f i r ^ - i n n : L et k » ( J~D) and su p p o s e  f  i s  a

p o s i t i v e  i n t e g e r .

The group  H ( f )  = f (  rx. ) / , f ) = l  and = z m o d 'f  where z £ 32 r

i s  a c o n g r u e n c e  su b g r o u p , i . e .  1 ( f )  -  H ( f ) 3  P ^ ( f ) ,  By c l a s s  

f i e l d  t h e o r y ,  t h e r e  e x i s t s  a u n iq u e  f i e l d  o f  c o n d u c to r  f ,  

d e n o te d  by RCF Jkf 2d ^ , su ch  t h a t  H ( f )  c o i n c i d e s  w i t h  t h e  

k e r n e l  o f  t h e  A r t in  map. RCF / f 2d i s  c a l l e d  t h e  r in g  

c l a s s  f i e l d  o f  c o n d u c t o r  f .  Any s u b f i e l d  o f  RCF • f 2d ' 

i s  c a l l e d  a r i n g  c l a s s  f i e l d .  The q u o t i e n t  I ( f ) / H ( f )  

i s  c a l l e d  t h e  r i n g  c l a s s  g r o u p .

Theorem 25 : P = Fd t x , y ) ,  p a  p r im e i f  and o n l y  i f  p

s p l i t s  c o m p l e t e l y  from  t o  RCF f  d .  L e t  k »  ^  (< d ) .  

Then HCF k c  RCF^f2d* .  F u r th erm ore  

^RCF f 2d :C ^ ( .r a ) ^  » h + ( f 2 d ) .  When d < 0  h + ( f  d)

= f HJ41. T  (1- (f) i )  .
o f  ^ P

r  ^S ee  _ D e u r in g j f o r  d e t a i l s .
t

When d = -m, m a p r im e  c o n g r u e n t  t o  1 mod 4 and f  =* 2 

t h e  ab o v e  fo rm u la  g i v e s  u s  t h a t
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RC F--2fc r̂a : R.f/m) = 2  ̂ h (-4 m ) s i n c e  2 d i v i d e s  t h e
 )

d i s c r i m i n a n t  -  4m.

Theorem 26 ’■ L e t  m be  a pr im e c o n g r u e n t  t o  1 mod 4 .  

Then t h e  c l a s s  number o f  {£. ( >[~m) i s  o d d .

Theorem 27 : L et  k -  Q ( vj~D) be  a q u a d r a t i c  f i e l d  and

su p p o se  th e  d i s c r i m i n a n t  d i s  d i v i s i b l e  b y  p r e c i s e l y  

t  d i s t i n c t  p r im e s .  Then t h e  c l a s s  g ro u p  i s  

iso m o r p h ic  to  C (2 \ . .  .  ,*C (2 ^1) \ C (p^  ̂) . .XC (p 3 ) .
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1 . 4  The E x p l i c i t  C o n s t r u c t io n  o f  R in g  C l a s s  F i e l d s  

For k a q u a d r a t i c  im a g in a ry  f i e l d  i t  i s  p o s s i b l e  to  

o b t a i n  t h e  r i n g  c l a s s  f i e l d  o f  c o n d u c t o r  f  by a d j o i n i n g  

t o  k ,  s p e c i a l  v a l u e s  o f  a c e r t a i n  m odu lar  f u n c t i o n .  

A f t e r  s t a t i n g  t h e  th e o re m s  o f  c o m p le x  m u l t i p l i c a t i o n  

we w i l l  th e n  c o n s t r u c t  some r i n g  c l a s s  f i e l d s  u s i n g  

t e c h n i q u e s  d e v e lo p e d  lo n g  ago  b u t  o n l y  u t i l i z e d  

r e c e n t l y  , Cohn 5 .

D e f i n i t i o n  : A f u n c t i o n  f ( ~  ) d e f i n e d  on  t h e  up per

h a l f  p la n e  H, i s  c a l l e d  a m odu lar  f u n c t i o n  i f

1) f  i s  m erom orphic  on H

2) f  ( v ( 1  ) ) = f  ( -  ) f o r  y t S L ( 2 , 2 )

3) I f  1 £ ( ~C c  y f o r  some p o s i t i v e  c o n s t a n t . / -  when

D e f i n i t  io n : For - H we s e t  g^ ( )  *  60 ( (m-in — j 4and

(m ,n) *=0 , 0 )

g 3 (-c ) => 140 '
— (m - +71)**

m, n * -  ^

D e f i n i t i o n
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F i n a l l y  j ( t )
3

1 7 2 8 g 2 ( -  )
^  ( c-)

Theorem 2 8 ;  For z. -  ■ (Q( \J d )d  < 0 ,  j ( t: ) i s  an 

a l g e b r a i c  i n t e g e r .  L e t  k = EJ v ° )  Toe an im a g in a r y  

q u a d r a t i c  f i e l d  o f  d i s c r i m i n a n t  d .  For a n a t u r a l  number f„

d e n o t e s  t h e  o r d e r  o f  c o n d u c to r  f  i n  k , i . e .  t h e  r in g

o f  a l l  a l g e b r a i c  i n t e g e r s  b e l o n g i n g  t o  k w h ich  a r e  

c o n g r u e n t  m odulo f  t o  a  r a t i o n a l  i n t e g e r .  L e t  M b e  a 

f u l l  m o d u le , i . e .  M = 2G :v 2 Z /5 w ith  c< and ytr l i n e a r l y  

in d e p e n d e n t  o v e r  <£' and ®< , t  k .  The c o e f f i c i e n t  r in g

o f  a f u l l  m odule M i s  t h e
■)

r i n g  R *  % N ' -O. )' m  ̂ M f o r  a l l  n :'M  1 . Thek ^ J

c o e f f i c i e n t  r i n g  c o i n c i d e s  w i t h  some o r d e r  O^. By an

i d e a l  b e l o n g i n g  t o  we mean a f u l l  m odule w i th

c o e f f i c i e n t  r i n g  0 ^ .  The s e t  o f  i d e a l s  b e l o n g i n g  to

0 f  form s a g ro u p  u n d er  m u l t i p l i c a t i o n .  The q u o t i e n t  o f

t h i s  grou p  b y  t h e  su b g ro u p  o f  p r i n c i p a l  i d e a l s

Hf  ■ - ’ 0  ̂ ’< k -  10 ■ :■ i s  c a l l e d  t h e  i d e a l  c l a s s  grou p

o f  O f. The o r d e r  h f  o f  t h i s  gro u p  i s  c o n n e c te d  t o

th e  o r d e r  h o f  t h e  c l a s s  grou p  o f  k by  t h e  fo rm u la

h_ =* T T  ( i _  ( jL )_ L  ) .  An i d e a l  -  b e l o n g i n g
f  e f  p i f  P P £
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t o  Of  i s  s a i d  t o  b e  r e g u l a r  i f  f o r  some

'  t  ( ^ , f )  -  1 we h a v e & e t^ + f O  = 0 f .  In  e v e r y  i d e a l

c l a s s  o f  G  ̂ t h e r e  i s  a r e g u l a r  i d e a l .  I f  C~i i s  an

i d e a l  o f  k f o r  w h ich  ( ^ , f )  = 1  th e n  C5t n O f i s  a

r e g u l a r  i d e a l  o f  0 ^. The i d e a l  c l a s s  g r o u p  o f  0^ i s  

i s o m o r p h ic  t o  t h e  r i n g  c l a s s  gro u p  I ( f ) / J ( f )  v i a  t h e  

map

H ( f ) —̂  L̂ f Hf

L e t  T i  G^, t h e  i d e a l  c l a s s  gro u p  o f  O f. F u r t h e r  l e t  

C = t>e  an i d e a l  b e l o n g i n g  to  su c h  t h a t

■-c”fH fa8 T. One d e f i n e s  th e  c l a s s  v a r i a n t  j  (T) t o  b e

j (T) = j ( C  *) 53 j (— ) w h ere  _£L. £ H
f  •=< o<

I t  ca n  b e  shown t h a t  j (T) d e p e n d s  o n l y  on T, n o t  on  

t h e  c h o i c e  o f  <Hx n or  on t h e  b a s i s  s e l e c t e d .

Theorem 2 9 ; The r i n g  c l a s s  f i e l d  RCF J f^d — , d , j ( T )

w here  T £ G^.

We w i l l  u s e  Theorem 29 t o g e t h e r  w i t h  t h e  n e x t  r e s u l t ,  

w h ich  can  be  found  in  Cohn 15_  t o  com pute some 

e x a m p le s .
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Theorem 3 0 :  T here  e x i s t s  a m odular  f u n c t i o n  f o r  th e

gro u p  (2) su ch  t h a t

F u rth erm ore  by  s o l v i n g  f o r  one  h a s  t h a t

)) -  ©<j ( T >, >

^( j  (4-c )) * £<j  (2 r ) ,  ) where £ *  1 ± J Z
4 ' “ '  2

<£( j (8-c) )  =  G. t j Ux) ,  J  £  )

■£/ < j (16 X >) »  ( D t j ( 8 r ) , ® ; ~  )

Example 1: RCF { - 2 5 6 ]  = Q.*4 / ! ,  J - 1 )

F i r s t ,  u s i n g  o n ly  th e  d e f i n i t i o n  one can  s e e  t h a t

j ( \T - i )  = 1 7 2 8 .  L e t  T. = v - 1 .  The e q u a t i o n

1728 -  64 ( 77 +3) 3 
(01 - 1 ) 2

h a s  ^ = 0  a s  a r o o t .  By Theorem 30 on e  h a s  

RCF { -1 6  ? * Q  ( v~ - i )  f ^ 2 , d «  4

RCF - - 6 4  = fi { j"^l, ~2) f  = 4 , d * 4 ,  “ *s.

RCF -r -2 5 6  * ; ,  ( r - i *  4^2) f  =* 8 , d -  4

Exam ple 2: RCF ^-128/- = £  ( -J~-*2, v 1+ v 2 )

S in c e  C ( 7 - 2 )  h a s  c l a s s  number 1 j (  / - 2 )  i s  a
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r a t i o n a l  i n t e g e r .  For t h i s  r e a s o n  o n e  c a n  u s e  t h e

-  e x p a n s io n  f o r  j g i v e n  by
O * _

j ( X. ) -  _L + 744 + I 9 6 8 4 4 q  a  = e W
q

t o  d e te r m in e  j (>[ - 2  ) .  D o in g  t h i s  o n e  g e t s  t h a t  

j  ( - 2 )  -  8 0 0 0 .  The e q u a t i o n

8000  -  64 < V +3) 3
---------------- J— ;----------

( ^ - I ) 2

h a s  'V =2 a s  a r o o t .  By Theorem 30 i t  f o l l o w s  t h a t  

RCF {  -32': = C ( T - 2 ,  \H2) f  -  2 ,  d -  -8  

and RCF S - 1 2 8 1 -  Q  ( v~ - 2 ,  ^ g --2 )  f  -  4 ; d -  - 8

T h e r e f o r e  RCF ^ - 1 2 8 ]  = ( ^ 2 t l + f 2 ) .
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C h a p ter  2 .  A p p l i c a t i o n s  to  Q u a d r a t ic  Forms

2 , 1  I n t r o d u c t i o n

In t h i s  p a r t  we a p p ly  t h e  t h e o r y  o f  r i n g  c l a s s  f i e l d s

to  p r o v e  two new r e s u l t s  on b i n a r y  q u a d r a t i c  fo r m s .  In an

e a r l i e r  p a p er  B arrucand & C o f tn f l j ,  th e  a u t h o r s  p r o v e  some

2 2i n t e r e s t i n g  r e s u l t s  a b o u t  prim e p o f  t h e  form  p * A + 32B .

Among o t h e r  t h i n g s  t h e y  show t h a t  p = A*+32B“ i f  and o n ly

i f ( _ f _ ? ) = l  ( s e e  b e lo w  f o r  d e f i n i t i o n ) .  Our f i r s t  r e s u l t  
P

show s t h a t  f o r  s u i t a b l e  b i n a r y  q u a d r a t i c  form s F and F ,
i  2 ,

i f  a pr im e p i s  r e p r e s e n t e d  b y  b o th  o f  t h e s e  form s i t  i s

2i s  n e c e s s a r i l y  o f  th e  t y p e  A +3“ 3 ,

In a s e r i e s  o f  p a p e r s ,  L ehnec d e v e l o p s  p r o p e r t i e s  

o f  s p e c i a l  q u a d r a t i c  and q u a r t i c  s y m b o ls .  In Lehner _13j 

t h e  a u th o r  makes s e v e r a l  c o n j e c t u r e s  a b o u t  t h e s e  s y m b o ls .  

Our se c o n d  r e s u l t ,  w h ic h  i s  s l i g h t l y  more g e n e r a l ,  s e t t l e s  

t h e  c o n j e c t u r e  4 o f  t h i s  p a p e r ,  in  th e  a f f i r m a t i v e .

We w i l l  s t a t e  t h e  f i r s t  o f  t h e s e  r e s u l t s  now, s i n c e  

t h i s  w i l l  h e l p  t o  m o t i v a t e  t h e  c o n s i d e r a t i o n s  t h a t  f o l l o w .
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Main Theorem: L e t  in b e  a p r im e c o n g r u e n t  t o  1 mod 4 .

2 2A ls o  l e t  p b e  a pr im e and s u p p o s e  p *X  * + 16m y ■

Vp + 32mV2 f o r  some i n t e g e r s  X ,Y , U and V. Then

p = A2 +32B2 w h ere  A , B £  2 2 .

We f i r s t  show how t o  t r a n s l a t e  t h i s  q u e s t i o n  i n t o

one a b o u t  r i n g  c l a s s  f i e l d s  30 t h a t  we c a n  em p loy  th e o re m s

from  a l g e b r a i c  number t h e o r y  and c l a s s  f i e l d  t h e o r y .

As we h a v e  s e e n  i t  i s  p o s s i b l e  t o  g i v e  n e c e s s a r y  and

s u f f i c i e n t  c o n d i t i o n s  f o r  a p r im e  p t o  b e  r e p r e s e n t e d  by

a p r i n c i p a l  q u a d r a t i c  fo rm . We r e c a l l  t h a t  a p r im e  p i s

2
r e p r e s e n t e d  by t h e  p r i n c i p a l  form  F, o f  d i s c r i m i n a n t  f  d ,  

i f  and o n l y  i f  p s p l i t s  c o m p l e t e l y  from  ^  t o

RCF j f 2d l  . S u p p o se  p -  X2 +32mY2 -  U ^ ie n tV 2 . Then p
I y

s p l i t s  c o m p l e t e l y  from Q. t o  RCF^-128mj  and from  

•Vi t o  RCF/-64m } . By Theorem 8 ; p  m ust n e c e s s a r i l y  

s p l i t  c o m p l e t e l y  from ‘R t o  com p ositu m  o f  t h e s e  two 

r i n g  c l a s s  f i e l d s ,  w h ich  we d e n o t e  b y  RCF/-64nJ < RCF-1?'"^.J . 

S u p p ose  t h e  th eo rem  s t a t e d  a b o v e  i s  t r u e  and l e t  

p «  X2 + 32mY2 -  U2 +16mV2 . Then p=*A2+32B^ s o  p s p l i t s  

c o m p l e t e l y  from £<. t o  RCF^-12sJl. T h u s, i f  p s p l i t s
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c o m p l e t e l y  from t o  X = RCF -64m RCF -123m th e n  p

s p l i t s  c o m p l e t e l y  from  R t o  RCF {  - 1 2 8  J . By Theorem 9 

s i n c e  K is a norm al extension o f  , thi3 entails that

RCF j - 1 2 8 R C F  {-64m  j  * R C F/-128m ) ,

On t h e  o t h e r  hand su p p o s e  we knew t h a t  

RC F|- 128jcRCF / -6 4 m ^  RCf [ - 128m j. L e t  

p = +32mY^ * + 16mV^. But t h i s  means p s p l i t s

from  ^  t o  RCF/-64m''RCF f - 1 2 8 m / , H ow ever, t h i s  a l l o w s  u s  t o  

c o n c lu d e  t h a t  p  s p l i t s  from  G t o  R C f { - 1 2 8 ^ s in c e  we a r e  

a ss u m in g  t h i s  l a t t e r  f i e l d  i s  c o n t a i n e d  in  t h e  c o m p o situ m  

of the ring class fields. F i n a l l v  v/e can conclude t h a t  

p * A^ + 32B^ b e c a u s e  p s p l i t s  c o m p l e t e l y  from  

S  t o  RCF(- 128 r . ̂ J

The a b o v e  argum ent show s t h a t  t h e  Main Theorem i s  

e q u i v a l e n t  t o  th e  f o l l o w i n g  r e s u l t :

Theorem 3 1 : RCF < -1 2 8  icRCF -T -64m - < RCF j -1 2  8m • f o r

m a p r im e ,  m s  1 mod 4

As we h a v e  s e e n ,  t h e  f i e l d

RCF j -1 2  8 1 *£/( 7 - 2 ,  J 1+ wT) , £ j  *  1+ * T  t h e

fu n d a m e n ta l  u n i t  in  t h e  f i e l d  £"?).
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To p r o v e  Theorem 31 we w i l l  f i r s t  show # t h a t  f o r  

m a p r im e  c o n g r u e n t  t o  1 mod 4 ,  *£ m £ RCF f-64m jan d  

^ 2^̂  £ RCF j -128m  j . Once t h i s  h a s  b e e n  e s t a b l i s h e d ,  t h e  

r e s u l t  w i l l  f o l l o w  from  t h e  f a c t  t h a t

£ 2 £ m £ 2 m - 7 2 w h ere  ^  a RCp/-64m)RCF {  -128m  f 

The p r o o f  g i v e n  b e lo w  f o r  t h e  f a c t  t h a t R C F (/ - 6 4mj  

d i f f e r s  from t h e  p r o o f  £ ( “ 128m ) . As we s h a l l

s e e  t h e  p r o o f  o f  t h e  form er  r e q u i r e s  no c l a s s  f i e l d  t h e o r y ,  

o n l y  a l g e b r a i c  number t h e o r y .  A lth o u g h  a u n i f i e d  p r o o f  i s  

p o s s i b l e ,  i t  i s  f e l t  t h a t  i t  i s  a d v a n t a g e o u s ,  i n  t h e  s e n s e  

t h a t  a d d i t i o n a l  i n f o r m a t i o n  i s  p r o v id e d  t o  g i v e  s e p a r a t e  

a r g u m e n ts .
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We f i r s t  d e m o n s t r a te  t h a t  t h e  d ia g ra m  b e lo w  i s  c o r r e c t

RCf { —64mt*RCF i -128m  1

/ "  ‘ V
RCF{-64m } RCF{ - 1 2 8m j

/
/

<£(( J"-m, /-2m , , 2 ,  J - l j

Q  ( -m) <£l( J -2m)

L a t e r  o n ,  we w i l l  show, in  f a c t ,  t h a t

RCF{-64m j- f! RCF {-128m } » ^  S ,  UT ,  J ^ l )

Letnma v * l  £ HCF (K) , k •  <Q( f^m)

P r o o f :  S in c e  HCF(k) i s  a norm al e x t e n s i o n  o f  (R we can  u s e

Theorem 8 t o  show t h a t  <E? <«—1) £  HCF ( K) , by i n d i c a t i n g  why

a p r im e  p w h ich  s p l i t s  c o m p l e t e l y  f r o m Q t o  HCF(k) m ust a l s o

s p l i t  c o m p l e t e l y  from <£(to ) ,  F i r s t ,  r e c a l l  t h a t

p t  S i f  and o n l y  i f  p  * +mY2
HCF(k)/G(

S i n c e  M a i  mod 4 i t  f o l l o w s  t h a t  p a l  mod 4 .  But

p ~ 1 mod 4 i f  and o n l y  i f  p £  S © ( / ^ x ) / c
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Here we a r e  u s i n g  Theorem 21  and t h e  f a c t  t h a t
0  -  i

( c i )  ™ (-l)" r  . T hus, we c o n c l u d e ,  s i n c eP
S ™ , ,  S t h a t  A ( ^ ) c ^ C F (  - 1 % , ,

H C F tk )/^  ^ ( iF D / R

Lemma v 2 £ RCF f -64m)

P r o o f i  We em p loy  v i r t u a l l y  t h e  same argum en t u s e d  t o  p r o v e

t h e  p r e c e d i n g  lemma. A p r im e  p s p l i t s  c o m p l e t e l y  from

t o  RCF | - 6 4 m }  i f  and o n l y  i f  p ■ +16mY^. S i n c e

p i s  a  pr im e x  must be  o d d , b u t  t h i s  i m p l i e s  p *  mod 8 .
2 o - l

B u t, by  Theorem 21 and th e  f a c t  t h a t  (p) *■ ( - 1 )  ® i t

f o l l o w s  t h a t  p s p l i t s  c o m p l e t e l y  i n $ { 2 ) .  H ence  by  

Theorem 9, ( J~2 ) c RCF I -64m j

Lemma : L e t  K = ( , -2m) . Then * - 2  € HCF(K)

P r o o f :  I f  p s p l i t s  c o m p l e t e l y  from  <fi. t o  HCF(K) th e n  

p = x 2 +2H1Y2

F i r s t  we remark t h a t  (£ )  = 1 b e c a u s e  i f  we r e d u c e  t h e
ITT

ab ov e  e q u a t io n  m odulo  m we g e t

p * x^ mod m =£ (£) =* 1 .
“ m

By q u a d r a t i c  r e c i p r o c i t y  (m 2  1 mod 4) i t  f o l l o w s  t h a t

,m> > (P,
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7 J2Next, upon reducing p = x + 2m'i modulo m we obtain 

0 = X2 +2 mY2 mod p 

-2mY2 = X2 mod p

~2m = > mod p ( N o t e  p Y) f o r  o t h e r w i s e

p^k t o o ,  w h i c h  i m p l i e s  p "  D  

T h e r e f o r e  ( ~p^ ) = 1

B u t  ( ^ | =  ) =  ( r l )  ( £ )  = f = l )

_2
C o n s e c u e n t l v , (“tr) = 1 s o  o s o l i t s  c o m p l e t e l y  f ro m £  t oJ 1 O ^

$  ( r~ -2 ) ,

Her.ce,  by Theorem 8 a g a i n ,  we h a v e  (P. ( , - 2 )  c  HCF(K) .

Lemma : cRCF( -32m)

P r o o f :  S e e p  by  s t e p  t h e  same a s  Lemma

Theorem 32 ; L e t  = £ { / ) and 31 ^ ( v d ^ ) b e  two

d i s t i n c t  q u a d r a t i c  f i e l d s  and l e t  K be  a r i n g  c l a s s  f i e l

o v e r  and . Then K i s  a f i e l d  o f  t h e  c o m p o s i t e

q u a d r a t  i c  t y p e  : K = S. { ■* r ^ ,  . . . , r^ ) 0 £<_ {- d^,  ) .

P r o o f :  S i n c e  K i s  a r i n g  c l a s s  f i e l d  o v e r  £, ( \  dj_)

t h e r e  e x i s t s  an b C a l ( K /  ) s u c h  t h a t

5 2 -  1 ,  S j T S j *  T^1 f o r  a l l  T £ G a l  (K/  Q.  ( )  .



In f a c t  can  G al{K /X ^{ ^ d 2 ) ) .  L ik e w is e  t h e r e  e x i s t s

S2 w i t h  S22 = 1 ,  S2 L G a l(K /  £  ( “3^) and S2 TS2 «  T"1 

f o r  T £ G al (K/ £  ( v fd ^ ) ) .  L e t  r   ̂G al (K/ £  < v d ^ ,  

th e n

s 1u s i  = u~ l  

and US^ = U

T h e r e f o r e  = 1 w h ich  i m p l i e s  t h a t  G al (K/ ( iT d ^ d  ))

^  C ( 2 ) ^ .  S in c e  e v e r y  e le m e n t  o f

G al (K/ £. ) ca n  b e  e x p r e s s e d  a s  S2 T w i t h  T ? G a l(K /  £  ( jd2 ))

i t  f o l l o w s  t h a t  e le m e n t  i s  o f  o r d e r  2 .  But th e n  th e  group

i s  a b e l i a n  so  we a r e  d o n e .
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2 . 2  R ing C la s 3  F i e l d s  o f  C o n d u cto r  4 

In t h i s  s e c t i o n  we p r o v e  thatJZ~ra L RCF j*-64mj'and 

^ 2m i  RCF f -1 2 8 mj1 f o r  m a p r im e  c o n g r u e n t  t o  1 mod 4 .  

Lemma 1 : H i t  RCF { -1 6 m j ,  m * 1 mod 4

P r o o f :  Assume £}(J"2, i )  c  R C F|-16m j and l e t  p b e  a pr im e

b e l o n g i n g  t o  S , 1fi • Then p ^ S  s i n c e
RCF |-1 6 m ] /Q  G . ( f 2 , i ) / < $

£ } ( ^ , i )  c  R C F{-16m ). B u t ,  t h i s  means p e l  mod 8 .  But

a p r im e  p 3 p l i t s  i n  RCF { -1 6 m )  i f  and o n l y  i f

p »  X2 +4mY2 . To d e r i v e  a c o n t r a d i c t i o n  we m ust show t h a t  

t h e  form  X2 +4mY2 r e p r e s e n t s  p r im e s  w h ic h  a r e  n o t  

c o n g r u e n t  t o  1 mod 8 .

I f  p *  +4mY2 and p e l  mod 8 t h e n  Y m ust b e  e v e n .

S i n c e  p i s  an  odd p r im e  X m ust b e  o d d .  C o n s e q u e n t ly ,  

p a 1 + 4mY2 mod 8

T h e r e f o r e  8]4mY2 w h ich  i m p l i e s  t h a t  2 | y .

Thus p a  X2 +4m( 2Y' ) 2 -  X2 + 16mY 2 , s o  p s p l i t s

c o m p l e t e l y  from G{ t o  R C F[-64m ] . I f  every prime r e p r e se n ta b le

2 2by t h e  form  X + 4mY w ere  c o n g r u e n t  t o  1 mod 8 we w ould  

RCF{-16m :» RCF £ -64m t  . H o w e v e r /R C F  /"-64 m } :RCF / -16m 1 +2.i i j i i . —

by Theorem 29* c o n t r a d i c t i o n .
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Lemma 2 : ^RCFJ-16ra* ; £ ( /m, /  -m )j  -  h ( - 4 m ) ,  t h e  c l a s s  number 

o f  t h e  f i e l d  Q (< - m ) .

P r o o f :  We a l r e a d y  )cnow t h a t  t h i s  d ia g r a m  i s  c o r r e c t :

RCFf-64m/

2
RCF { -16m \

I
I 2 

HCF (IO
_  <1 I

■<? L m, v -m) 1 h (-4m)

\  ' —

 ̂ ^  -“j
S i n c e  v m £,HCF/-4mj we h ave  ' RCF /  -16m ) ; / - i n ) *h (-4m)

M ote: The a b o v e  d ia g r a m  shows t h a t  2 , h ( - 4 m ) .

Lemma 3 : 'Wiere e x i s t s  a f i e l d  K c  R C Ff-16m {w hich i s

n orm al o v e r  o f  d e g r e e  8 and w h ich  c o n t a i n s  t h e  f i e l d

■I? (

P r o o f :  S i n c e  G=*Gal [  RCFT-16m} / £  ( r i t u , - ra) j  i s  an a b e l i a n

g r o u p ,  we h a v e ,  by  t h e  F u n dam en ta l Theorem  o f  A b e l ia n  

G roups t h a t

G^ C ( 2 t l )   C( 2t m ) * C t P j * 1 ) . . .  * C i P ^ )  .
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C o n s e q u e n t ly ,  by  G a l o i s  T h eo r y , t h e r e  i s  an e x t e n s i o n  K o f  

^  ( m,yr-m) su c h  t h a t  ^K: ©  (y m J -m) j -2  and K c RCF^-16m j  
L e t  K -  £  (Jin# 7-m, <=* ) w here  <*< *  v a + b /^ l+ c /m ” +d 'J -m  a , b , c

and d£  iff .

C ase  I «r = J"a+b S i n c e  RCF f  -1 6 m //c q  i s  a

norm al e x t e n s i o n  \  a+b \T -I  £ RCF { -16m j  i m p l i e s  

^a-b^m £ R C F -j-iem fjtherefore^ a+ b  'j - 1  J a - b J ^ I  -  

\!a2 + b 2 L RCF i -16m i". But t h i s  means ̂ J

\  a 2 +b2 £ Q  ( v ni, j'-In) ( s i n c e  ~̂2 t  K and j a 2 +b2 h a s  d e g r e e  

a t  m ost 2 o v e r  £ ) .  H ence y a - b  ; m £ K a l s o ,  s o  K i s  

n o r m a l.

C ase  IX \  a+c f in ,  same a s  c a s e  I  

Case I I I  oc = \a + d ,; -m, same a s  c a s e  I

C ase  IV c* » v a + b v -1  + c vm + dj - m ( a t  l e a s t  3 o f  t h e  

4 c o e f f i c i e n t s  d i f f e r  from z e r o ) .
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S i n c e  RCF^-16m J/^ i s  a  norm al e x t e n s i o n ,

RCF / -1 6 m ^  c o n t a i n s
)

^ 2 » f a - b /^ 1 - c > m + d k-m

<=<
3

« ; a - b  f - L + c /tn-d , -m

and or .4 ■ ^ a + b v - l  -< m-d v —m

w r i t e  c < c ^2 “  A+Bj -m A , B £

^ < = < 3
<------- ----

* \ C+D m C, D£  <£?

( X c <4 * V'E+Fv' - 1 E , F £ c£^

I f  , cx'Cx'3 and i' ^  ( vm", j -m) th e n  K i s  a

norm al e x t e n s i o n  o f Q . On th e  o t h e r  h an d , i f  o n e  o f  

t h e s e  p r o d u c t s  s a y ,  f  ^  ( * m , v-m) th e n  we c a n  r e p l a c e

K by t h e  n orm al e x t e n s i o n  ^  ( vm, ^-in, cx'c-ĉ  ) o f  £? o f  d e g r e e  8 

c o n t a i n i n g  (/in, J^m).

Lemma 4 : L e t  K b e  a s u b f i e l d  o f  RCF;-16m c o n t a i n i n g

J^m) w hich  i s  norm al o v e r  &. o f  d e g r e e  8 , Then 

K »  <Et { nT, v a+b "̂Tn) a ,  b£

P r o o f : S in c e  K/,q  i s  a norm al e x t e n s i o n

G a l ( K / ^ ) ~  Dg, t h e  d i h e d r a l  g r o u p  o f  o r d e r  8 . T h is  i s  

b e c a u s e  K i s  a r i n g  c l a s s  f i e l d ,  s o  Gal ( K/ ( R ) i s  e i t h e r  

C ( 2 ) * C ( 2 ) * C ( 2 )  o r  Dg .
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The f i r s t  g r o u p  i s  r u l e d  o u t  b y  t h e  f a c t  t h a t  RCFr -15m , 

h e n c e  K a l s o ,  h a s  o n l y  3 s u b f i e l d s  o f  d e g r e e  2 o v e r  ^  .

N o t e :  b y  Lemma J”2~ RCF / - l G m J

A l s o  G a l  (K/  Q ( f m) ) m u st  b e  C { 4 ) ,  w h i c h  mea ns  t h a t  

Gal  (K/  S . ( fttT) ) Z  c  (2 > x C ( 2 ) .  But  t h e n  K » ^  ( /HT, jr̂ m, ( r ) 

w h e r e  re, OS. ( *̂m) . S i n c e  iS. ( , n ,  -J -m) i s  t h e  m a x i m a l  s u b f i e l d  

o f  RCF ’w h i c h  i s  a b e l i a n  o v e r  £ ,  9  - T h e r e f o r e

r  -  a + b ym~.
 ̂  ̂ 2 *-s

Lemma 5:  a - b  m ~ t  w h e r e  t  £ '**-

P r o o f :  We e l i m i n a t e  a l l  t h e  o t h e r  p o s s i b i l i t i e s .

C a s e  I  a^ -b^m = t  t  ~

L e t  t £  G a l  J}  { fa+h. ^,  J -rn) / £  s u c h  t h a t

r  (>, a+bwn) = ya - b y~m. r  l e a v e s  v a + b , ^  ya- bTsT * t  f i x e d .  Now 

we c a l c u l a t e  ■, a +b m J a-b~, mT = r  a-tb , m vr*a^-b/n') =

, a - b  fm T (J a - b / m )  s o  C ( '̂ a-b. 'm)  » ■„ a+bym i . e .

Gal  ( &. ( m a-^b f m ,  ,r- m ) /  £  ( f  - m ) ) :3  C {2 ) .V C ( 2)  .
  2 2 ->

But  Gal  ( K / £  ( j - m) )  ^ . C { 4 )  s o  a - b  m - t ^ .

■£?_ (  ̂ a+b -y'""m, v -m)
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C ase  I I  a^ -b^m * m t^ t t Q ,

I f  a  ̂ -b^m ** m t^, t i £  we get that Gal (K/© ( V -1 ) )^  C(4) 

For l e t  - £ Gal (K/<© (\T Î) ) such that r (a+b'Tln) ■ a-b'T~in. 

'  { ,a+bira „ a-b  ̂ m) ® r ( t  4 m) *- t   ̂ m
1— —  r 1 r — ■— 2

T h e r e f o r e '  (  ̂ a-b^ m) ® -j  a+b j m w h ich  im p l ie s ^ :  * 1 .

I t  f o l l o w s  t h a t  G a l(K /©  C ( 2 ) * C ( 4 ) ,  w h ich  c o n t r a d i c t s  

t h e  f a c t  t h a t  G a l{K /©  )&  Dg

C{4)

( y -m) $( ( j m)

C a se  I I I  a^ -b^m » -m t^

L e t  7 ; G al (K/ ( j”-m) ) w i t h  t h e  p r o p e r t y  t h a t

-  ( v a+b f in )  w-j'a-b ■jHn'

Then ~r_ ( , a + b  g~m v a - b  ,~m) » - t r ( t ,  -m) ■ t  ^ - m . T h is  means 

t h a t  — ( ,^m) *  ^ a+b w h ich  in  tu r n  im p l ie s

G a l ( K / ^ ( ^ ) ) v C ( 2 ) > C ( 2 ) .  But G al K /© ( ( r ^ in ) )

2 2 2 m ust b e  C { 4 ) ,  s o  a - b  m f  -m t
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We w i l l  n eed  t o  u s e  t h e  f o l l o w i n g  r e s u l t  from  Kummer 

T h e o r y ,  H i l b e r t  13 *

Theorem 33: L e t  k b e  a number f i e l d  and l e t  <x * k .  Then 

a p r im e  i d e a l  ^  0^ , ^  -f ( 2 ) w h ic h  d i v i d e s  (ex') t o  an

odd power i s  r a m i f i e d  i n  k ( J cx ) .  F u r th erm o re  i f

i s  an odd pr im e and ^  d i v i d e s  ( cx ) t o  an e v e n  power  

t h e n  ^  i s  u n r a m i f i e d .

Theorem 3 4 : L e t  m be a prim e w h ich  i s  c o n g r u e n t  t o  1 mod 4 .

Then f lT Z ., w h ere  £  d e n o t e s  t h e  fu n d a m e n ta l  u n i t  o f  m m

(EL ( |""m) i s  c o n t a i n e d  in  th e  f i e l d  RCF [  -64m j .

P r o o f :  By t h e  p r e v i o u s  lemma we h a v e  t h a t

J a+bxfl^F c  RCF 16m]; c RCF -64m ^ ; w here  a 2 - b 2m »t2 .

We may assum e w i t h o u t  l o s s  o f  g e n e r a l i t y  t h a t  a ,  b and t  

a r e  i n t e g e r s  and t h a t  m d o e s  n o t  d i v i d e  a o r  t .  L et us

w r i t e  t h e  p r i n c i p a l  i d e a l  (a+bvpin) a s  th e  p r o d u c t  o f  p r im e

i d e a l s  i n  Q. ( J m)
—  Hi

(a + b p m ) = P^ 1 . . . P r

w h ere  . . . , Pr  a r e  t h e  p r im e  i d e a l s  l y i n g  o v e r  t h e

p r im e s  p , t h e  pr im e d i v i s o r s  o f  t  ( s < r ) .
1 3

F i r s t  i f  II (a+b fm ) w i th  P̂  ̂ an odd pr im e (NPi  i s  odd )
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th en  i s  even  b e c a u se  K /^  i s  u n ra m if ied  a t  p i f  

p | m or  2 .  We lo o k  a t  s e v e r a l  c a s e s i

Case I 2 i s  i n e r t ,  i . e .  (2} -  2 0 ^ ^ )  i s  a prim e i d e a l

in  ^ ( nTS) .  L et (a«b>/m) -  ( 2 ) r P ^ 2 . . .  P,""

Then ( i l fe — BL) * p 2 . . .  p n® so  VIB i 9 an i n t e g e r  in
2 r  * s  2

(EM >Tm).

S e t  T » .1 ^  , S in c e  P- 2 . . .  P ." 8 i s  •  p r i n c i p a l  i d e a l* 8
•Qa. -EU.v e  know th a t  P , . . . .  i s  a l s o  a p r i n c i p a l  i d e a l .

* a
Indeed , th e  c l a s s  number o f  i s  odd? f o r  m i s  a

prime c o n g ru en t  t o  1 mod 4 so  th e  number o f  prim e d i v i s o r s
Zb 2

o f  th e  d i s c r im in a n t  o f  €U>T"m) i s  o n e .  But (P_ . . . . P  ) *•

( t  ) i s  a p r i n c i p a l  i d e a l  and 2 ^ h ( m )  so  P2^ . . . . P  '** i
2 s

s
Si 5a l s o  p r i n c i p a l .  L et ( A)  « P» * . . . .  P . Then ( A )  ■ < T )

so  r  * ( A 2 ) ( u n i t )  or \F? m A JunTt. T his im p l ie s

It" m C RCF { -64m ) (We do not n e c e s s a r i l y  have

t  RCF { -16m } f o r  X •  a ^ “ m and r m ight be od d ) .  

Case I I  N ext, we assume t h a t  2 s p l i t s ,  i . e .  (2)  “ 3 ^ 2

where and are  prim e i d e a l s  o f  Q ( J~m) l y i n g  above 2
_ r .  r» n l  n9

L et ( i+ b H n )  ■ Qj Q2 Pi  * * * Ps

As b e f o r e  n ^ , . . . n g must be even  b e c a u se  th e  pr im es  

P ^ . . . , E ^  a r e  u n ra m if ied  in  RCF ^ - 1 6 m j ,  We a l s o  have th a t  

Ct*>- 0 . r l * r2 0 , r l *  r 2 "■ P * " l . . . p - n» .1 * 9 1 I

<2r i  + I J ) P ^ - . P .
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It follows that

U 2 ) .  Q lr l + r j  Qjr i+  r2 P ^ . - . P . " *  h " 1 . . . ? ,  n*

-  « r  * r > P j”!  .
Now i f  2 t t  then  22 d iv id e s  t 2 so r  + r  i s  even.

1 1 2
Replacing  a+b m by we may proceed as  b e fo re .2

.  q r l  ■ r 2 P n l  P n» r  - r  „  n 
2r2  1 1 *** S 1 j '  1* ' B

a l l  even.

We c a l l  a t t e n t i o n  to  th e  fo llow ing  r e s u l t  which i s  an 

immediate consequence o f  t h i s  method of p ro o f :

C o ro lla ry  : Let m be a prim e, m ■ 1 mod 4 and

l e t  k -  ( 'T'-'m), Suppose 4 |h (-m ) th e  c l a s s  number o f  k .

Then e i t h e r  JTT o r  -J 2 t _ i s  co n ta ined  in  HCF(k).ni Hi

We cannot use th e  same argument to  show th a t

c RCF {-128m] because h(2m) i s  always even.
2m

In s tea d  we must use c l a s s  f i e l d  th e o ry .  In a l l  th a t

fo llow s we assume in i s  a prime congruent to  1 mod 4 .

Lemma I f  »1 then  yj~£ %TTm) c  RCF|f-128mj

Proof* Let £ » ■ a+b iTm". Since N£ _ ■ 1 we have th a t2m 2m

-46-



 ̂ a -b  /in £ Q.U' and r 2m^** i s  a normal

e x te n s io n  o f  d eg ree  4 having  G a lo is  g roup  C (2J*C (2). 

C onsequen tly  we have

<£. ( / T 7 m) -  ( m .  v ^ )

\ , /
S in e s  Q  ( / £ ) / (B i»  n e c e s s a r i l y  u n ra m if ie d  o u t s id e  o f  2m ^
•f2,m]- ( t h i s  i s  because  i s  a un^t  ̂ d ™u»t be ra o r  2,

so  th e  lemma h o ld s .

Theorem: 35 L e tk *  <ft ( ^D) w ith  D<0 . An a b e l ia n  e x te n ­

s io n  K o f  k  i s  a r in g  c l a s s  f i e l d  i f  t h e r e  e x i s t s  

a T £. Gal (K /£ j) such t h a t  T^“ l ,  T ( / “ET) * -  >J"d and 

TST"1 -  S-1  fo r  every  S £ G a l  (KA>.

P ro o f: F i r s t  we show t h a t  th e  k e r n e l  o f  th e  A r t in  Map

^ ^ J c o n t a i n s  th e  group

H -  {  < w  ) | - r « C *  ^ 1 . .  . p # n »  a n d  »  P i  i .  u n r a m i f i e d  i n  k ).

I t  s u f f i c e s  to  show t h a t  f o r  e v e ry  p f  2  0 H t h a t

where l£Gal(KA) i» the identity element.
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C a se  I  L e t  (p) “ ^ 1 ^ 2  w*i e r e ^ j _ c 0 k  

L e t  S* »  [ and S2 * TlSZlll  ̂ Then we h a v e
1 L If 11 z L f  2J

g^A -  Ap mod ^  2. °K  f o r  e v e r V A £ ° k

A p p ly in g  T t o  b o th  s i d e s  o f  t h i s  c o n g r u e n c e  we g e t

TS1 (A) S(AP ) mod a£ 2 0k s i n c e  T( y  ^0k )*(T^» 1 ) ° k= ^ 2 0k . 

T h e r e f o r e ,  T S ^ A jS  T(AP ) 3 (TA)P 5 S2 (TA) mod 0 K

f o r  a l l  A t  0 K. E q u i v a l e n t l y , w e  have  

T~^S2 (A) = A mod 2

U s in g  t h e  f a c t  t h a t  T- 1 S2 we may r e w r i t e  t h i s  a s

S j S ^ A )  * A mod ' f 2 ° K 

We c a n  c o n c lu d e  t h a t  S2 S^ = 1 s i n c e  as i 3  u n r a m if i e d  from  

k t o  K ( I f  f c O  w i t h ^ / ^ 20 K th e n  S ^ i E f f l ^ )

= t h e  t r i v i a l  gro u p  b e c a u s e  ^  i s  u n r a m i f i e d ) .

B u tF  K/^ =  ^ f ^ 1 =  S , S ,  s o  (p) i
L ( p ) j  l ? i j  L 7 2 J 1 2

i s  in  th e  k e r n e l  o f
u  1 7 2 J * ■*

t h e  A r t i n  mao.

C a se  I I  L e t  (p) w h e r e ^ c  O^, i . e .  l e t  p b e  i n e r t .

We d e n o t e  r. < f H  by  R. L e t j j  pO^ A and s e t

U. We w is h  t o  e x p r e s s  R i n  ter m s o f  U.
2

r (a ) 5  aN/ *  AP mod pOK f o r  a l l  A £ 0 K 
N n

U(A) 5  a  P * A‘ mod (P f o r  a l l  A £ O^.
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In p la c e  o f  th e  f i r s t  congruence we may w r i te  in s te a d
_2

R(A) 5 Ap nod r  

But U2 (A) •  AP2 mod P . S in c ep i s  un ram ified  over 

©  we g e t  t h a t  R * U2 , Our nex t ta s k  i s  to  show t h a t  

Gal(K/k)« T his i s  accomplished by prov ing  th e  

e x is te n c e  o f  an elem ent o f  D(/P | p) which does no t be long  

to  G a l(K /k ) .  For t h i s  l e t

p Ok -  (Px . . . .  pg where J? » {P 

and l e t  “ (P j .  Gal(K/k) a c t s  t r a n s i t i v e l y  on th e  

s e t j ^ , /P |  because p i s  i n e r t .  I t  fo llow s th a t  

f o r  some S£.G al(K A ) S {?j » But then

ST1 ^ 1  * s  m̂ l  and STi ^  Gal(K/k>. I t  fo llo w s now 

t h a t  U 1 th e  g e n e ra to r  o f  D((Pl p) does no t be long
L  r  J

to Gal(K/k)* Consequently U«ST where S c G a l(K /k ) .  But

then  U2-  STST -  S(TST) -  SS-1  -  1.

R e c a ll  t h a t f l f g f ] -  R « l>2 « o [ ^ ]  -  1.

I t  has now been shown th a t  th e  k e rn e l  o f  the  Art in  map

c o n ta in s  K. Let f  be a r a t i o n a l  in te g e r  which i s  d i v i s i b l e

by ^  <KA). the conductor of K/k. Then the reciprocity law
1

h o ld s  f o r  (K .k .f )  so the  group ■

(«- , f )  ■ 1 and -  1 mod*f j- i s  in  th e  k e rn e l  o f
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t h e  A r t i n  map d e f i n e d  on i d e a l 3 0[  w i t h  ( 0[  , f )  *  1 .

But now i t  i s  e a s y  t o  show t h a t  t h e  g r o u p

H ( f )=  j (&< ) | (<x , f ) «1  and of *  2 mod* f , w i t h  2 a r a t io n a l  in tegerj

i s  a l s o  i n  t h e  k e r n e l  o f  t h e  A r t i n  map. L e t  ( c* ) t  H ( f ) .

Then ( — ) t  s o

- 1

But t h i s  i m p l i e s  *  f  K/K / *  1Lm ] L(z) J
Thus K i s  a  r i n g  c l a s s  f i e l d  a s  r e q u i r e d .

Lemma: G al  ( ^  ( -T- ^  Da and

G al  ( (R C f ^ m) /  <EL < J -2 m ))  2 ^ C ( 4 )  i f  N£ 2m -  - 1 .

P r o o f  s L e t  K *  ©.( V-2m, J and ^  V"-2m). F i r s t

n o t e  t h a t  K / f t  i s  a norm al  e x t e n s i o n  f o r j  £ 2m * and
  2m

i  K. S u p p o s e r  C G a l  (K/k)  su ch  t h a t  T. (J£^~m) * y ^ m *

Then r  ( J"2m)» - /2 m  s o t ( i )  * - i  b e c a u s e  T& Gal (K/k) and

r -—  2h e n c e  l e a v e s  1/ -m f i x e d .  To d e t e r m i n e  "C compute  a s

f o l l o w s :
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- i  -  r  <i )  * c  ( J i  J £ .  ) = J T F  L ( JI  -  )2 m 2m 2 m 2m
Sk.

v £  2ra r  (JZ7m)

T h e r e f o r e  ( / F  2m> -  -  & 7 m  s o  Gal (K A )s;C (4 )  

L e t  «■ £ Gal ( K / ^  ) su c h  t h a t

<r ( 4 -2m) = -  4 - 2  m

S i n c e  «r l e a v e s  \T2m f i x e d  b u t  s e n d s  J - 2 m  t o  -  ^-2m i t

f o l l o w s  t h a t  O ' ( i )  = - i .  But i  *  j £  -  J  £.2nr 2m s o  on

a p p l y i n g  <x we g e t  - i  *  <T ( i )  *  <T (j £ J~ F ) < r ( J £  .  )
**“ 2m 2m 2m

T h e r e f o r e ,  cr *  ~J^2m‘

The p r o o f  i s  c o m p l e t e d  by  sh o w in g  t h a t  

CT Z  S’ « T  - 1

BUt<rrff(J77m) 2m) -  ^ J T 7 n, ,  "V £ 2m

<X L C  ( V-2m ) * J~-2m = t :   ̂ ( «[~-2m)

So we a r e  d o n e ,

A H  t h e  c o n d i t i o n s  o f  Theorem 35 a r e  met s o  we have  th e  

f o l l o w i n g

Lemma; ©.( j £ 2m) /  q _( 7~-2m) i s  a r i n g  c l a s s  f i e l d

Lemma: <fi,{v-2m, ) /  <El( v -2m )  i s  u n r a m i f i e d  e x c e p t  a t2m

2 ^ ,  t h e  p r im e  i d e a l  l y i n g  a b o v e  ( 2 ) ,
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P r o o f :  £  _ i s  a u n i t  s o  t h e r e  a r e  no p r im e  i d e a l s  w h ic h2m

d i v i d e  £. . C o n s e q u e n t l y  i f  i s  odd o r im e  t h e n  as i s2m A  r
u n r a m i f i e d .  The q u e s t i o n  o f  w h e t h e r  2^ r a m i f i e s  i s  a more

d e l i c a t e  m a t t e r .  We n o t e  t h a t  i f  2 t h e n  K/k i s
x K/k

u n r a m i f i e d  and a b e l i a n .  T h i s  f o r c e s  K t o  b e  a s u b f i e l d  

o f  HCF(k) b e c a u s e  HCF(k) i s  t h e  maximal a b e l i a n  u n r a m i f i e d  

e x t e n s i o n .  C e r t a i n l y  a p r e c o n d i t i o n  f o r / g  ^  £ HCF(k) 

i s  t h a t  /2m  b e l o n g  t o  H C F(k) .  I f  /£~2m  ̂ t h e n

R ( v("-l) C HCF ( k ) .  From t h i s  l a s t  i n c l u s i o n  we would  

d e r i v e  t h e  f a c t  t h a t  e v e r y  pr im e  w h ic h  s p l i t s  c o m p l e t e l y  

from k t o  HCF(k),  i . e .  e v e r y  p r im e  o f  t h e  form  

p = X2 + 2mY2

i s  c o n g r u e n t  t o  1 mod 4 .  H ow ever ,  t h i s  r e q u i r e s  t h a t  

f o r  e v e r y  s u c h  p 2 | y s i n c e  p ™ 1 + 2Y^ mod 4 and

f o r  Y odd p w o u ld  i n s t e a d  s a t i s f y  p » 3 mod 4 .  As b e f o r e/ c

t h i s  l e a d s  t o  a c o n t r a d i c t i o n  s i n c e  R C F ^ - 3 2 m f H C F ( k ) . 

Thus 2^ r a m i f i e s  i n  K. I t  i s  u s e f u l  t o  r e c o r d  t h e  

f o l l o w i n g  r e s u l t .
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Lemma: <Q ( 1/ - 2 m j £  2m) c  RCF (  - 2 2 * 8m j  f o r  some t .

P r o o f :  <£{ J -2 m ,  f e  2^ )  I s  a r i n g  c l a s s  f i e l d  and t h e

o n l y  p r im e  w h ic h  r a m i f i e s  from { f - 2m) t o
2m

i s  2^ t h e  p r im e  a b o v e  ( 2 ) .  But e v e r y  pr im e  w h ic h  d i v i d e s  

t h e  c o n d u c t o r  f ( K / k )  r a m i f i e s .  I t  f o l l o w s  t h a t  

f  = 2 fc f o r  some t .

Lemma: Gal [  RCF { - 2 21 - 8m )  /  HCF ( k } J ~ C ( 2 fc)

P r o o f :  Under t h e  A r t i n  map HCF(k) c o r r e s p o n d s  t o  t h e  g r o u p

P ( f )  ** £ («* ) j ( c * , f ) m l j  and

H = { ( c* ) I ( o< , f ) = 1 and <=* = z mod 2 t  z £_ r

( 2 t  1 —c o r r e s p o n d s  t o  RCF / - 2  8m j  . Thus

G a l ( H C F ( k ) / k ) 2 ^ 1 ( f ) /  P ( f )  and

Gal TRCF { - 2 2 t *Qm] /k^J ^  I f f ) XH- By G a l o i s  t h e o r y

q g l .tRCF I  - 2 2 t - 3m/k,.jj  ^ G a i  ( H C F ( k ) A ) .  F u r th e r m o r e
G al  (RCF [  - 2 2 t *8m}/HCF(k)

I f f ) / H  
P ( f ) / H ’

, 2 1

Gal (HCF (k) A )  ^  K f  ) / P ( f ) ^  T777T7.  I t  f o l l o w s  t h a t

Gal {RCF f - 2  . 8 m } / H C F ( k ) ) |  - [ P ( f ) / f i [ .

For t h e  r e m a in d e r  o f  t h e  p r o o f  l e t  L * RCF i - 2 2 t .8m

and K »  H C F (k ) .
[ - L A I

C la im :  The A r t i n  map j  maps P ( f )  t o  G a l(L /K )
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I n d e e d ,  l e t  ^  b e  a p r im e  i d e a l  o f  k s u c h  t h a t  { * ? , £ )  ®1 

and s u p p o s e  y i  P ( f ) .  Then! - i ,  t h a t  i s  A -  s N mod ^  0f  L t- J Tf- K
r  l a  7 Nf o r  a l l  A O . F u r t h e r  l e t  S= 30 SA = A <̂*3 oT

K  -  %  -  L
-  Nwf o r  a l l  A i  O r .  I t  f o l l o w s  t h a t  SA — A f  mod v  0  f o r

K
Nv «a l l  A 0 K (Mote SA-A J o K = ^ 0^ ) .  T h i s  means t h a t

SA s  a ' ,r mod f o r  a l l  A t  0 K w h e r e  S r e s t r i c t e d  t o  K

i s  t r i v i a l  f o r  ^  i s  u n r a m i f i e d .  T h e r e f o r e  S £ G a l ( L / K ) .  

G i v e n  an a r b i t r a r y  i d e a l s  o f  0^  s u c h  t h a t © t £ P ( f >  t h e r e  

t h e r e  e x i s t s

u £, P ( f )  s u c h  t h a t ^ ^ p -  a  1-Gal (L/K)
v L ' L J- J

I t  f o l l o w s  t h a t  P ( f ) / H  i s  i s o m o r p h i c  t o  a s u b g r o u p  o f  

G a l ( L / K ) .  Bu t  j  P ( f ) / H  j *  |G a l < L / K ) |  s o  t h e  map i s  o n t o  

and P ( f ) H ' A i G a l ( L / K ) .  As a r e s u l t  i t  s u f f i c e s  t o  show  

t h a t  P ( f ) / H ^ C ( 2 fc) w h e r e  f  *  2 fc, S i n c e  

j_P,CF f  -  2 2 t * 8m’• :HCF(k)J = 2 t . i t  s u f f i c e s  t o  f i n d  an 

i d e a l  ( <̂ ) s u c h  t h a t  ( r*.) t  P ( f )  ( a ) ^ £ H  and
_ M

f o r  r < t .  L e t  ( <*}  = (1+ sT^hr) . S i n c e  ( l + . f ^ )  =

x  + 2 r Y.j -2m  w h e r e  X and  Y a r e  odd i t  f o l l o w s  t h a t  

(1+ i ^ 2 m ) 2 t £ H b u t  (1+ ,_ ^ 5 n ) 2 r i  H f o r  r  < t .
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Theorem 36 : JfcT2m £ ^CP { -1 2 8m  V
  f  2 t  7

P r o o f :  „ £ £ RCF - 2  • 8mr f o r  some t .  F u r th e r m o r e
v 2m

G a l ( H C F ( k ) r  , T T  V  HCF(k) ) ~ C ( 4 )  . I t  f o l l o w s  t h a t2m J
.a £ _ £ RCF { -128m?- f o r  o t h e r w i s e  f o r  some t  t h ev 2 ftt  ̂ -

g r o u p  Gal{RCF j - 2 2 t * 8m I / H C F ( k ) ) w ou ld  c o n t a i n  twoV j

s u b g r o u p s  o f  t h e  same o r d e r  w h ic h  i s  i m p o s s i b l e  b e c a u s e  

o f  t h e  p r e c e d i n g  lemma. In o r d e r  t o  c o m p l e t e  t h e  p r o o f  

o f  t h e  Main Theorem we must show t h a t  £ m £ 2m i s  a s q u a r e  

i n  t h e  f i e l d  RCF f  -64m > X RCF f-128m;- .V > ( *

I t  i s  n e c e s s a r y  t o  f i r s t  g i v e  a b r i e f  d i s c u s s i o n  o f  t h e

A n t i - P e l l i a n  e q u a t i o n :

■? 2Xz -  dY * - 4 ,  f o r  d a p o s i t i v e  s q u a r e  f r e e  i n t e g e r .

A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a s o l u t i o n  (X,Y)  

i s  t h a t  d f  3 mod 4 .  When d i s  a  p r im e  P “  1 mod 4 th e  

e q u a t i o n  a l w a y s  h a s  a s o l u t i o n .  The c o n d i t i o n  t h a t  d = i  

h o w e v e r ,  d o e s  n o t  g u a r a n t e e  a s o l u t i o n .  For e x a m p le ,  i f  

D -  2 2 1  t h e  e q u a t i o n  i s  u n s o l v a b l e .  L i k e w i s e  f o r  d »  2p  

w h ere  p  i s  a pr im e  c o n g r u e n t  t o  1 mod 4  t h e  A n t i - P e l l i a n  

e q u a t i o n  may o r  may n o t  h a v e  a s o l u t i o n ,  e . g .

X2 -34Y 2 »  - 4  h a s  no s o l u t i o n .  I t  i s  e a s y  t o  s e e  t h a t
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t h i s  e q u a t i o n  h a s  a s o l u t i o n  i f  and o n l y  i f  t h e

f u n d a m e n t a l  u n i t  o f  6 ( J d )  h a s  norm -  1 .

B e f o r e  c o n t i n u i n g  w i t h  t h e  p r o o f  t h a t  £ 2 £ m £ 2m a 

s q u a r e  i n  t h e  c o m p o s i t i o n  f i e l d  RCF -64m *RCF f  -128m L 

i t  i s  n e c e s s a r y  t o  s t a t e  some more b a s i c  r e s u l t s  from  

a l g e b r a i c  number t h e o r y .

Theorem 37 : L e t  ^ b e  t h e  f u n d a m e n t a l  u n i t  o f

K *  f t  ( ^~d) and su p p o s e  N£ » - 1 .  Then i f   J~

a r e  some o f  t h e  prime i d e a l s  d i v i d i n g  d t h e  i d e a l  

F ^ . . .  P  i s  n o t  p r i n c i p a l  u n l e s s  IP . . '' * ( ).
P r o o f :  Supp ose  ^ ^  a p r i n c i p a l  i d e a l ,  t h a t  i s

s u p p o se

P . . .  P -  (a+b f d )
1 t

Then f y  . . .  P t 2 = ( a + b j ~ d ) 2 *  p fc) 0 K. I t

f o l l o w s  t h a t  (a+b v l ) 2 = £ p 1 * . . p t  f o r  some u n i t  C i n  * ( V"d)

I f  p ^ . . . p  d th en  £- c a n n o t  be  a s q u a r e .  In d e ed  i f

£ * (  ) we g e t
2 |

<a t k . - J ) = p . .p^ ■ yj p 1 . . . p fc £  f~&), w h ich  i s
3

f a l s e .  I t  f o l l o w s  t h a t  N i  *  - 1  s i n c e  £  * + £ w here  s i s
d
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an odd integer. Upon taking the norms of both sides we 

get

N " (a+b <~3)2 ]= ( S t ) N(p . . ,T5 )J t
r f— 1 . 2  2 2or (N [  a+b v d j  *  N t p^ . .  . p  wh ich means N t  = + 1 .

This contradiction forces us to conclude that ^  ^

is not principal unless 9 ^ * ( d).
1 t

Theorem 3 8 : Let K be a number field, and let L and M be

two extensions of K. Fix a prime ̂ o f  K. If ^ is un­

ramified in both L ar.d M, then <£ is unramified in the 

composite field LM.

Proof: For a proof see Marcus 19 pg. 107.

Theorem (Hilbert’s Theorem 90): Let L be a normal extension

of K with Gal(L/K) a cyclic group generated by S, Then an

element a in L has norm 1 if and only if it has the form

a = —  for some b ± 0 in L.
(Sb) f

In Sc’nolz 20 t he author gives a proof of the next orooosition 

which avoids any use of the Dedekind Zeta function -J* v .
tv

Theorem 3 9  : Let ar.d p  ̂ be primes, either both

congruent to 1 mod 4 or p, = 2. If £ 3 / _ _ the
1 P l? 2

fundamental unit of k = «(, / ) ha3 norm -1 then
P]?2

- = . 7 -



-  '  D 2 - 2■ C L x i  2 1 < .Pi- S>2> wh«r* b  Pi t n S  (

P r o o f :  We w i l l  u s e  t h e  f  o 1 1 o*  i n c  n o t a t i o n  t  h r c  u c h  o j t  t h e

or  : K = £  ( P i -  P 2 >.  k 2 = '

a no k = £  f . r> n ) . I n  a’ ‘ 1* 2 dd  i t  i o n ,  l e t  G = l ( K / > ^ )  = '" S>*

■r t o  u s e  t h e  l e s t  t h e o r e m  we o b s e r v e  t h a t  G a l 1':-'

i s  c v c l i c  ar . d t h a t  N c  _ = 1 .  I t  i s  a l s o  r e' v - Z** /  1

P2t o  n o t  r o e  t . o a t  r  = -  1 . i t  f o l l o w s ,  b y  Hi ! ' - -
s , ?2

T h e : r e -  9 0 ,  t h a t

W ̂  ■” H 5 ~ ~

v: b ' j b  1

e f t  ; _y-: S. i t  w i l l  b e  shr -m.  h e !

: e o r  d o t  c a n  b e  c o*— o l e r e d  i f  - i

c r -

: I f i s  a n  i d e a l  o f  I t ,  ar . d i ‘ 0  = ( m 1 t h e n

i s  a p r i n c i p a l  i d e a l  i n  k ^ .

P r o o f : L e ! O, a n d  s v ' o c s e

T a k m c  t h e  n o r m  o f  b o t h  s i d e s  we g e t  2* = (:; - . J ,

Co n  s e m e n  t  l y  d' . i s  a p r i n c i p a l  i d e a l .  3 u t  2 ' h ' p ^ 1

s i n c e  i s  p r i c e  a n d  c o n g r u e n t  t o  1 n o d  4 .  I t  f o l l o w s
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t h a t  S", i s  p r i n c i p a l .

L e t  ( c*) be  an i d e a l  o f  0 K w h ic h  i s  i n v a r i a n t  un der  S .  

F u r t h e r  l e t  ( c O  = P ^ . . . i P t
X t

S i n c e  S ( ex ) = ( c*) we h a v e  t h a t  (c< ) »

^  " ' . . . f  -? 8 * 1 . . .  P  "* whereW  ; s s+1  t
A£ «  f  /I 0  jo = ?  m r. 0, a r e  p r im e s  o f  0 V,
^ 1  ■ l  k ,  ? s  S  k !  ^

C Ow h ic h  e i t h e r  s p l i t  o r  a r e  i n e r t  and J i ' t  a r e

t h e  r a m i f i e d  p r i m e s .  S i n c e  (2) c 7Z i s  u n r a m i f i e d  in

a ™3 k 2 ® i t  f o l l o w s  t h a t  (2)  i s

u n r a m i f i e d  i n  t h e  com p os i tum  K. T h e r e f o r e ,  t h e  prime

i d e a l s  9  9 .  a r e  d i v i s o r s  o f  p2 - S i n c e  (o< )
S+1 t

i s  a p r i n c i p a l  i d e a l  t h e  r e l a t i v e  norm o f  ( ^ \  ) w i t h

r e s p e c t  t o  k i s  a g a i n  p r i n c i p l e .  N- ■ -  1 i t  f o l l o w s

o  n s + l  o  n t  —  i  
t h a t  v g + i  . . .  * ( ; P2 ) a s  i n t h e  p r o o f  o f  th e

lemma. Thus

n S i s  a p r i n c i p a l  i d e a l .
i ni( Z* 1 1 I s

( T T p j ) 1 ) ' 1 " ’ <rn  K
S i n c e  t n i 3 a o r i n c i o a l  i d o a l  i t  f o l l o w s  t h a t

<?1 • * * $ s  S i s  a p r i n c i p a l  i d e a l .  L e t t i n g

 ̂1 n s( o< ) « « *-. p # if -  we s e e  t h a t
1 1 &

( °< ) = ( ; ? ) whe^e os'  ̂ c k^
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Now

-  O.- -  °<1 ( u n i t )  , i  ... +J l <-1) u n i t  = -2 Sc^  so^  S (  , p2 )^  S ( u n i t )  S ( u n i t ) i ~

The u n i t  v  (S  ̂ ) i s  i n v a r i a n t  un d er  S which  means t h a t

+  ^ fc
"7 (S  ̂ ) t  k x . T h e r e f o r e  ^  (S 7 ) = -  £

'V' yl I .  n I  f - ^us_n=4 c* •* \2.s '  ( s 1: )2 (s^)2
£ CI f  t  w ere  e v e n  t h e n  ~ 2  wou^  ^e a s q u a r e .  However

V k / ^ ’ -  U V  S ( 6 V  = ( - 1 H 2 2

T h i s  i m p l i e s  t h a t  - 1  i s  s q u a r e  i n  K = £^( - fp^ ,  f p ^ )■ But

K i s  r e a l  s o  t  must  be  o d d .
- t  - t + 1  , ¥  ____

I f  n  ,  = t £ 2 t h e n  * - ^ 4  n .  ” ^ V 7 -
( s ' 1 ) _ ( s ^ T 2 (s-5 )

Remark: When p ** 5 mod 8 t h e  norm o f  t h e  fu n d a m e n ta l

u n i t  i s  - 1 .  To c o m p l e t e  t h e  p r o o f  o f  t h e  main theorem  th e

c a s e  N i  =1 must b e  i n v e s t i g a t e d .  For t h i s  p a r t  t h e  
2P

r e a d e r  i s  assum ed t o  b e  f a m i l i a r  w i t h  b i q u a d r a t i c  

r e c i p r o c i t y .

D e f i n i t i o n :  L et  q be  a pr im e  w i t h  q * 1 mod 8 .  Then
a

X = 2 mod q h a s  a s o l u t i o n .  We d e f i n e  t h e  symbol (— —)
q

a s  f o l l o w s :
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L e t  J 2 =  m od  q .  T h e n

(— ( - ^^- ) , t h e  o r d i n a r y  L e g en d r e  sy m b o l .
q q

I t  s h o u l d  b e  n o t e d  t h a t  ( i s  w e l l  d e f i n e d  i . e .  d o e s
q

n o t  d e p e n d  on t h e  c h o i c e  o f  J .  The f o l l o w i n g  theo rem  w i l l  

b e  u s e d  a few  t i m e s  i n  t h e  s u b s e q u e n t  d e v e l o p m e n t s .  T h i s  

r e s u l t  i s  Theorem 118  o f  Hecke £l2jf

Theorem 4 0 :  L e t  k b e  a number f i e l d  w h ich  c o n t a i n s  t h e  

X th  r o o t s  o f  u n i t y  w here  i  i s  a p r im e .  L e t  m be  an
i__

e l e m e n t  o f  k .  L e t  K = k ( l Jr7T ) .  Assume t h a t  M i s  n o t  

t h e  I  t h  power o f  a number i n  k s o  t h a t  |_K:kJ* A .  L e t  be  

an i d e a l  w h ic h  d o e s  n o t  d i v i d e  X o r  m* Then ^ d e c o m p o s e s
n

i n t o  a p r o d u c t  o f  X d i s t i n c t  pr im e  i d e a l s  i n  K p r o v i d e d  

t h e  c o n g r u e n c e
;

M == x* (mod ) 

ca n  b e  s o l v e d  f o r  x  an i n t e g e r  i n  k .  On t h e  o t h e r

hand <+> r e m a in s  a pr im e  i d e a l  i n  K i f  t h i s  c o n g r u e n c e

c a n n o t  b e  s o l v e d .

2 2Theorem 41 • l  i f  and o n l y  i f  o  = A +32B .
q

2P r o o f i  S u p p o se  q —A +32B . Then q s p l i t s  from

^  t o  RCF ' - 1 2 8  .  R e c a l l  t h a t
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RCF - — 123 = , - 2 , 1+ , 2 )  and = 1 + ,  2 .

L et  g  = Qj Q2 *̂e  d e c o m p o s i t i o n  ° f  3  i n I? ( nT I ) .  S i n c e

b o t h  Qi and Q2 s p l i t  from $. ( 2)  t o  <£; ( \ j l +  * 2 ) ,  we can
2

s o l v e  t h e  c o n g r u e n c e s  x^ = L mocj q
2 1

and x 2 -  £ 2  m°d  ^2

u s i n g  t h e  C h in e s e  Remainder Theorem we f i n d  t h a t
2 _X s 2 mod q i s  s o l v a b l e  (h e r e  x =a+b y 2 } .  I t  f o l l o w s

t h a t  =* 1* N ext  l e t  ( ^ 2 ) = 1 .  We w i s h  t o  show<1 <2
t h a t  q = A2 +32B2 . L e t

2
J  s  mod q .  We a r e  a s s u m in g  t h a t

X2 *  1 + J  mod q h a s  a s o l u t i o n .

2I t  f o l l o w s  t h a t  Y = 1 -  J  mod q i s  a l s o  s o l v a b l e .

—̂ '"* — 2L et  Q = (a+b J 2 ) ( a - b  \ J2) .  S i n c e  q J  - 2  we g e t  t h a t

e i t h e r  a+b - 2 J +  v 2 o r  a+b ^ 2  J -  , 2 (T h is  i s  t r u e

b e c a u s e  H ( 2) i s  a u n iq u e  f a c t o r i z a t i o n  d o m a in ) .  W ithout

l o s s  o f  g e n e r a l i t y  we may assume a+b-v 2 ! J -  ■ 2 .



L e t  X “ r + s  J  s o  ( r + s  J ) 2 3  1 + J  m od  q

( r + s  J ) 2 5  1 + j  mod (a+b v 2)

( r + s   ̂ 2 ) 2 *  1 + J mod (a+b ■y 2)
2 _

L e t  Y = u+v J so  (u+v J )  = 1 -  J  mod q
2 _  —

(u+v J )  “ 1 -  J  mod ( a - b j 2)

( u - v  v 2 ) 2 *  1+ 2 mod ( a - b  g 2 )

T h e r e f o r e  (a+b j 2)  s p l i t s  from ^ ( J 2)  t o  fi( l + \  2 ) .

S i m i l a r l y  ( a - b  2)  s p l i t s  from 4<( v 2)  t o  £ (̂ v 1+ i 2 ) .  

C o n s e q u e n t l y  q  s p l i t s  from £ t o  fci \ i  l + v ) 2 ) .  A l s o  q 

s p l i t s  from £  t o  C. ( x - 2 ) .  T h e r e f o r e  q s p l i t s  from fi t o

\I~2» J l + r " 2 )  “  RCF , - 1 2 8 v. But t h i s  i m p l i e s  q«A2 +32B2 . 

Theorem 42 : L e t  Q be a p r im e ,  q 3  1 mod 8 .  Then

(- |-> 4  (- i T ’ -  (-i2-)

P r o o f :  We w i l l  n eed  th e  f o l l o w i n g  f a c t s

(1)  ( ^ ^ 1 i f  and o n l y  i f  q  -  X2 +64Y2 . For  a p r o o f

o f  t h i s  t h e  r e a d e r  can  u s e  Example 1 o f  S e c t i o n  1 . 4 .  I t

2 2h a s  b e e n  shown m o r e o v e r ,  t h a t  q * X +64Y i f  and o n l y  i f  

q s p l i t s  c o m p l e t e l y  from 9 t o  l i  (^ 2 , i )

(2)  q s  1 mod 16 i f  and o n l y  i f  q s p l i t s  c o m p l e t e l y  

i n  t h e  f i e l d  c o n t a i n i n g  t h e  16th r o o t s  o f  u n i t y .



U s in g  t h e  i d e n t i t y

2 - ^lf = 4 T*  ̂ v * *

o n e  o b s e r v e s  t h a t  t h e  com positum  o f  any two o f  t h e  

f o l l o w i n g  t h r e e  f i e l d s  c o n t a i n  t h e  t h i r d :

CL < J 1 + / ? ,  ) ,  £  (4V 2 , sj - 1 )  and f i t  2 -  J~2, 0 -1 )

On t h e  b a s i s  o f  t h i s  o b s e r v a t i o n  i t  i s  r e a d i l y  s e e n  t h a t
C _

i f  (—2—) *  (——) = 1 t h e n  2 ) *» 1 a l s o .  N ote
q 4 q 8 q

( z j?-. ..) = 1 i f  and o n l y  i f  q  = 1 mod 1 6 .  By symmetry i tq 8
f o l l o w s  t h a t  w h en ever  any two o f  t h e  sy m b o ls  (_2_)  ,

q 4
—1 £  2(— I ,  o r  <____) a r e  p o s i t i v e  t h e  t h i r d  i s  p o s i t i v e  a s

q s  q
w e l l .  P er h a p s  i t  s h o u l d  be  p o i n t e d  o u t  t h a t  we a r e

u s i n g  t h e  f a c t  i f  q s p l i t s  c o m p l e t e l y  i n  and L2/fi_

t h e n  q s p l i t s  c o m p l e t e l y  i n  I>2/c ,  and i n  F /:K w here

F i s  any s u b f i e l d  o f

2 —1Now su p p o se   ̂  ̂ *  - 1 .  S i n c e  q  = 1 mod 8 ,

q s p l i t s  c o m p l e t e l y  i n  ( - /  ) / i ,  . But _ & V  * 4g —

s o  we h a ve

(q> =

S i n c e  q d o e s  n o t  s p l i t  c o m p l e t e l y  i n  . 2 , i ) / c a t  l e a s t

o n e  o f  t h e  i d e a l s  QiQ2Q3 o r  Q4 r em a in s  i n e r t  in



G< (4a  2 , i ) /  g ) .  But 2 , i ) / £ ^ ( \ T  g) i s  a normal

e x t e n s i o n  s o  Q^, Qj.  and must rem ain  i n e r t .  T h is

s a y s  t h a t  t h e  c o n g r u e n c e s
2 —

x  2  ; 2 mod f o r  i  = 1 t o  4

h a s  no s o l u t i o n  w i t h  x  an i n t e g e r  i n  Tc * L i k e w i s e

s i n c e  q d o e s  n o t  s p l i t  c o m p l e t e l y  from k  (-. ) / q . i t

f o l l o w s  by  t h e  same r e a s o n i n g  p r o v i d e d  a b o v e  t h a t  t h e  

c o n g r u e n c e s

= 2 -  2 mod f o r  i  ■ 1 t o  4
#

a l s o  have  no s o l u t i o n s  i n  0 ^ .  S i n c e  i = l , . . . 4  i s

a c y c l i c  g r o u p  i t  f o l l o w s  t h a t  f o r  e a c h  i  *» 1 , . . . , 4  t h e  

c o n g r u e n c e

2 —  x » 1 + % 2 mod i s  s o l v a b l e .

T h is  i m p l i e s  t h a t  e a c h  s p l i t s  c o m p l e t e l y  from

k  ( - " )  t o  RCF ; -129.--  T h e r e f o r e  q s p l i t s  in8 '

RCF* - 1 2 8  s o  (-^2)= 1 -  N ext  s u p p o s e  (------ ) -  l  b u t
q q 4

(~— )_ -  - 1 .  Then t h e  c o n g r u e n c eq  8

x^ * 1 + t 2 mod i s  u n s o l v a b l e

-  2
s o  q d o e s  n o t  s p l i t  i n  RCF - 1 2 8  ■ / Z * T h e r e f o r e  {------ )=  - 1 .

- 0  5 —



There  a r e  a few  more c a s e s  t o  c o n s i d e r  b u t  a s  e a c h  i s  

s i m i l a r  t o  o n e  o f  t h o s e  a l r e a d y  d i s c u s s e d  we may r e g a r d  

t h e  p r o o f  a s  c o m p l e t e .

D e f i n i t i o n  : L et  p and q be  p r im e s  c o n g r u e n t  t o  1 mod 4,

F u r t h e r  l e t  (— ) = 1 .  Then i f  J 2 ;  p  mod q we d e f i n e  (iJBj
q q

t o  b e  e q u a l  t o  t h e  L egen d re  sym bol  (a + *Xr) i f  ? p *a+b , p .
q

S i n c e  Nt = -1  and (— ) =1 t h e r e  i s  no a m b i g u i t y .  The n e x t  
P q

two th e o r e m s  a r e  from Lehmer|~17j. The p r o o f s  g i v e n  a r e

h e r s ;  we p r e s e n t  them o n l y  a s  a c o n v e n i e n c e  t o  t h e  r e a d e r .

Theorem 43: ( - ^ - )  = (—̂ —) ( - 5 —)
q q 4 p  4

P r o o f :  We u s e  t h e  f o l l o w i n g  c l a s s  number fo r m u la  which

ca n  be  foun d  i n  H a s s e r1 3 j ! 
h   . n „ - n

d -  (_2_) -___ L .  (_2_) J L
q  ci ( -  r - ’ - r ) q  R

w h ere  r r u n s  o v e r  t h e  q u a d r a t i c  r e s i d u e s  and n o v e r  t h e
rr  ~ v

n o n - r e s i d u e s  o f  q l e s s  than (^-) where  • i s  a p r i m i t i v e

q - t h  r o o t  o f  u n i t y  and h i s  t h e  c l a s s  number o f  t h e

f i e l d  C q ) .  S i n c e  v q “ ( ^ v - ~ ~ V) = NR i t
v = 1

f o l l o w s  t h a t  .h -
q -  q *  ( -2—) N

q

■ h e



We n e x t  i n t r o d u c e  t h e  c y c l o t o m i c  p e r i o d s  o f  o r d e r  4 :

hr -^m +i'1 m \  9
i  *rr>' J ( i *  0 , 1 , 2 , 3 )  w here  g i s  a p r i m i t i v e  r o o t

o f  q .  N can  b e  r e w r i t t e n  a s

M - — - . v j 2 k + l  2 k + l
k '

2 k + l  
i<g < p - i  

red

L e t  r.-„ Gal  ( £ ^ ( - T ) / z ^ )  w h ic h  s e n d s  -,‘*'—>■-7'^.
. ~2m+l ,„ _ a 2m+l.

Then j - ( V ) =* ( ■' 9 ) -  )

- i - i r ”  ( j r- or_r)
r

w here  r  r a n g e s  o v e r  t h e  r e s i d u e s  mod q w h ic h  l i e  b e t w e e n

1 and g - 1  
2

<r2 (N) = ( - 1 ) M ( - 1 ) V . . ( T n -  -r' "n )

By G a u ss '  Lemaa + y  i s  odd s i n c e  g  i s  a p r i m i t i v e  r o o t .  

2
T h e r e f o r e  (N) = -N .  I t  i s  e a s y  t o  s e e  t h a t  N can  b e

e x p r e s s e d  a s

We c a n  a l s o  w r i t e  N = I  a .  ■ ^ . S i n c e  tr »  1 we have

N = - 4 ( N )  *  ^  a j ‘ g + 4 . S i n c e  { i s  a 

b a s i s  f o r  & ( " ) / t v  i t  must be  t h e  c a s e  t h a t  a i  « » i + 4 <



By t a k i n g  i  = 0 i t  i s  s e e n  t h a t  aQ =* a4 * a Q = . . .  

T h e r e f o r e  one  c an  w r i t e

N  ”  C 0  0  +  C 1  1  +  C 2  2  + C 3  3 *
2

F u r t h e r  s i n c e  c  (N)= -N we s e e  t h a t  Cq = -C^ and

c ± -  - C 3 . Thu* u -  T T ( r  n - , ' " n ) -  c 0 ( ;' 0“  ) +C! < V3 )

w here  CQ and a r e  i n t e g e r s .  We now i n t r o d u c e  t h e  pr im e

p and r e c a l l  t h a t  

p -  / . mod p
i  i + r

More e x p l i c i t l y

D 4m+i _  4m+i
; i _  / r  r 9  » r  - ' pg

i  '  ~ m=l  mod P
_ , P

I f  (—̂ —),  = 1 t h e n  ' . -  ' . mod p r * 0q  4  i  i  ^

I f  ) = - 1  t h e n  = ' ;  mod p r - 2
q 4 i  1+2

(N o te  (—2—J = 1  s o  r  *  0 o r  2)
q

Np 5 C0 ( ' r" r+2* + C1 ( ’' r + i  " ' r + 3 > mod P 

T hese  c a l c u l a t i o n s  show t h a t

o N mod p i f  r  s  0cr =
-N mod p i f  r  s  2

U s in g  t h i s  one  can  v e r i f y  t h a t  
2 -> P~1

(-2—) = (N“ )  ̂ ~ (_E_) mod d
P a 4

- n B -



S i n c e  h  i s  o d d  i t  f o l l o w s  f r o m

—  n  o 2
'a -  <*-) N

_  9  I  '
t h a t  <-i3-) (—3_) = -2 _  (S— ) 

P P P P

o r <£*_> -  ( _ S _ ) 4  ( _ P _ , 4
p p q

2 2Theorem 44 : L e t  p =* c  + 8q d . Then
£ q p  q  _ d

( — ) =  {— ~ " )  4  ( ---------) 4 =  ( - 1 )  ( --------- )
p  q p p

Here q  i s  a  p r im e  c o n g r u e n t  t o  1 mod 4 .

P r o o f :  We f i r s t  remark t h a t  c  must b e  odd and p f  1 mod 8,

Then (— ) = ( - 1  r S r  = ( - 1 ) ^  ( - 1 )  d where  ( - £ - )c  c

i s  a J a c o b i  sy m b o l .

2 2By r e d u c i n g  p *  c  + 8qd modulo q we g e t

p * c 2 mod q

Hence (-..P.. )4  = (- C— )
q q
q 2 cd

A l s o ----------- (-)A = (-----------) (------ )
p 4 p p

2 2 -
b e c a u s e  c  + 8qd *= 0 mod 8

s o  q * -~C-T mod p
8d^

and (““ ^4® 1 f o r  P = 1 mod 8

- 6 9 -



I f  6 i s  t h e  l a r g e s t  odd f a c t o r  o f  d th e n  ~ 1;

f o r  l e t  r  b e  any  pr im e d i v i s o r  o f  c* . S i n c e

p = c^+8qd2 = c 2 +8qr2 t 2 we have  ( P - )  »  1 .  But
r

p = 1 mod 8 s o  ) = ( ' ) .  T h i s  i m p l i e s  t h a tr p

{-$— ) -  1 .
P

I t  f o l l o w s  t h a t  <—̂ —) = 1- L e t r  ! c  r  a p r im e .
P *

S i n c e  2
p *5 c  +8qd

_ 2
we g e t  p *  8qd mod r .  T h e r e f o r e

(_ £ _ )  -  f - E - )  = ( - § - )  ( - 3 - )  -  ( - 2 - )  ( - E - )
p r  r r  r  q

T h i s  i m p l i e s  t h a t  (—3—) = (—2—) (—3—) .  we know fromq c q

b e f o r e  t h a t  ( - 2 — ) 4 ( - 1  ) ^ r — * ( — - ) .  C o n s e q u e n t l y ,
q a <?

( ± 2 )  = (—E_) (—3 _ )  = < -£ - )  '  i - L - )  i J L )  ( _ S _ f
P q 4 P 4 3 ~ p 4 c q ^

-  <-5-> ' - f - ’ = ' - f " ’ ( - 1 > ^ ~ ( - l ) d -  ( i i . )  ( . ! ) d
P 4 c  P4 P 1 '

2
We now a p p l y  t h i s  t o  show t h a t  £ £  £- = w i t h2 m 2m

V  C.RCF - -64m ' x RCF*-128m.: o r  e q u i v a l e n t l y  t h a t  

RCF *-128;  c  RCF- -64m - x RCF- - 1 2  8m .

P r o o f  j L e t  p ** X2 +16mY^ = U +32mV2 ; i . e .  Suppose

p s p l i t s  c o m p l e t e l y  from t o  RCF i -64m * v RCF' -128m .

- 7 0 -



S i n c e  - b e l o n g s  t o  RCF ■ -64m * RCF , -12  8m^ i t  f o l l o w sm

t h a t  p s p l i t s  c o m p l e t e l y  from Q t o  ^  ( J~I ) .  Suppose
m

p * pi p2 where  p  ̂ and P2 a r e  t îe Pr *-me i d e a l s  o f  

^m) w h ich  l i e  o v e r  p .  Then we can  s o l v e  th e

c o n g r u e n c e s
2

X = v mod P,
1 -  m 1

2 — 
and X2 = mod P2 , i n t e g e r s  i n  £  ( m) *

By t h e  C h in e s e  Remainder Theorem we c a n  s o l v e  t h e

c o n g r u e n c e
2

X md mod (p) w here  X i s  an i n t e g e r  i n  ^  ( m) . 
m

T h is  means *  1 .  Now s i n c e  p * X2 +32mY2 , t h e
P c

£ _ 2 >£• 2 
p r e v i o u s  theorem  shows t h a t  (■ - ■) ** ( - 1 )  ( ™ ? = (—̂  ) .

£ iy
T h e r e f o r e  (-=—) = 1 s o  p s p l i t s  c o m p l e t e l y  from -  t o  

P
RCF ^ - 1 2 3 v . S i n c e  p was an a r b i t r a r y  pr im e c o n t a i n e d  i n

S     ̂ we g e t  t h a tRCF { -64m' ' RCF - -128my

RCF i - 1 2 8  • c. RCF {_ -64m j  v RCF ^ - 1 2 8 m }  . T h is  

c o m p l e t e s  t h e  p r o o f  o f  t h e  main th e o re m .

- 7 1 -



2 . 3  On Lehm er's  C o n j e c t u r e  

In t h i s  p a r t  we s h a l l  show t h a t  C o n j e c t u r e  4 o f

Lehmer 13 i s  t r u e  by  u s i n g  t h e  same t e c h n i q u e s  d e v e l o p e d

e a r l i e r .  A k e y  s t e p  i n  t h e  p r o o f  i s  t o  show t h a t  f o r  m

a pr im e  c o n g r u e n t  t o  1 mod 4 ,  4 2 - rn -  RGF ■ ”256  m

As a f i r s t  s t e p  i n  t h i s  d i r e c t i o n  we p r o v e  t h e

Lemma £. L e t  m = 1 mod 4 ,  m a pr im e and l e t

k = £ (  .

Then G = Gal (RCF'-22 t - 4m f /HCF ( k ) ) ^ C  ( 2) .  C ( 2 t - 1 )

P r o o f :  As i n  t h e  p r o o f  o f  an e a r l i e r  lemma a l l  t h a t  i s

r e q u i r e d  i s  t o  p r o d u ce  two su b g r o u p s  o f  G b o t h  o f  w h ich

a r e  c y c l i c  o f  o r d e r  2** ̂  , L e t  * 2 + m -rrt and

/j = 1+2 Then t h e  p r i n c i p a l  i d e a l s  ( ) and ( )

a r e  b o t h  r e l a t i v e l y  pr im e t o  t h e  c o n d u c t o r  f  =* 2 fc.

D enote  by H( f )  t h e  group

' ( ~ ) ( r , f ) “ 1 r  = z mod f , z _ 2  ; . Then
- j t -1  2 ^“ ^

( ,<) - H ( f ) and ( /*) H ( f  ) w i t h  no s m a l l e r  powers

d o i n g  t h e  t r i c k .

S i n c e  G « 2*" we a r e  d o n e .



Lemma i  ^ ( 4 V2 t  m, * - m ) /  ( , -m) i s  a r i n g  c l a s s

f i e l d .

P r o o f :  L et  K = 2-m, , -m) and k = ( * -m ) .

L et  T;^Gal(K/k)  such  t h a t  ~  (4 ; 2 m) (4 , 2tm) = i  , 2 and

, m) = -  j m. L e t  — l. Gal (K/ £  ( , m) ) su ch  t h a t  C s. -m) 

= v -m and .7  (4  ,2-m) = 4 , 2 - m

Then \ - N i s  a c y c l i c  gro u p  o f  o r d e r  8 ,  = 1 and

j " r J B ^ “ 1 .  T h i s  p r o v e s  t h a t  K/ ^  ( v ~-m) i s  a r i n g

c l a s s  f i e l d .
_  * 2  ^

Lemma____ 1 £ (4 2-m, , -m) ^  RCF ■ -2  .4m . f o r  some t

P r o o f :  £ m i s  a u n i t  s o  £  (4 2 i m, - m ) / ^ { ~ - m )

i s  u n r a m i f i e d  o u t s i d e  o f  2 .

From t h e s e  t h r e e  lemmas i t  f o l l o w s  t h a t

4 2 m ■: RCF • -2 5 6

N e x t  we s t a t e  L ehm er's  c o n j e c t u r e .

Theorem 4 5 :  I f  p = 1 mod 8 and i f  q = 5 , 1 3 .  and 37
^q f - . b+d 9 2 * ?

th e n  )4 = t - 1 )  where p = a +16b =c +16qd
P

P r o o f :  I t  ca n  b e  shown t h a t  f o r  q a ss u m in g  t h e s e  v a l u e s

- 7 3 -



and p a l  mod 4 su ch  t h a t  (—2 —) * 1 ,  one  has  (— —) = 1
<1 P

2 2 ti f  and o n l y  i f  p  -  c  +4qd • I f  i t  i s  f u r t h e r  assumed

t h a t  p = 1 mod 8 t h e n  o n e  c an  i n  f a c t  w r i t e

p = a 2 +16b2 = c 2 +16qd2

C ase  I  p = a 2 + 6 4 ( b  ) 2 = c 2 + 6 4 q ( d ’ ) 2

In  t h i s  s i t u a t i o n  p s p l i t s  c o m p l e t e l y  from tU t o  th e

com p osi tum  f i e l d  K = RCF ^-256}xRCF { - 2 5 6 q ] .  S i n c e

4 J T  c RCF { - 2 5 6  ] and 4 , T ^ q  £ RCF { - 2 5 6 q  ] i t  f o l l o w s

4 ~7~t h a t  . ^ q  -K. But p s p l i t s  from ;  t o  K go one  h a s  f o r  

any pr im e ^  o f  RCF £ - 6 4  j- x RCF £ - 6 4 q  j w i t h ^  / p ,  t h a t  

t h e  c o n g r u e n c e

X2 = .~S~q mod^

i s  s o l v a b l e .
S a

I t  f o l l o w s  t h a t  one  c an  a l s o  w r i t e  (— • ‘) 1
P

Case  I I  b  odd ,  d e v e n  

In t h i s  c a s e  one  h a s  t h a t

X2 = J 2 £q mod i s  s o l v a b l e

and X2 = JT* mod h a s  no s o l u t i o n s .



9------- ------
I t  f o l l o w s  t h a t  X s  . q h a s  no s o l u t i o n s .
i a  2Z , O

t i ) .  = -  1 (N o te :  / p  S  - k A  k
P 4

= RCF - - 6 4 ' ' RCF - - 6 4 q  ' . s i n c e  p s p l i t s  from i

C ase  I I I : b  odd,  d odd

Here  b o t h  t h e  c o n g r u e n c e s

X2 s  2 £ 0  mod s,

and X2 = , 2  mod o

a r e  u n s o l v a b l e .  I t  f o l l o w s  t h a t

= r q mod w

h a s  s o l u t i o n s .  T h e r e f o r e  (— ^) = 1
P 4

T h is  c o m p l e t e s  t h e  p r o o f .  For q = 1 mod 4 ,  q

a r b i t r a r y  t h e  f o l l o w i n g  s t a t e m e n t  s t i l l  h o l d s

( ■ —) = 1 w h en ever  p -  a^+64b2 = c2 +64qd^.  
o 4

T h e r e f o r e

t o  k )

o t h e r w i s e

- 7 5 -
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