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Chapter 1 ~ Preliminaries

1.1 Algebraic Number Theory

Let X be a finite extension of . . We will
call any finite extension field of {_ a number field.
Dafinition: Let K be a number field. The ring of
integers of K is the integral closure of X in K,

We will denote this ring by OK'

Definition: A Dedekind domain D is an integral domain

having the following three properties:
(1) D is integrally closed in its quotient field
(2) D is a Noetherian ring
{3) Every non-zero prime ideal P in D is a maximal
ideal.

Theorem l: Every ideal I in a Dedekind domain can be

written unigquely as a product of prime ideals,

n -
=] p,*

i=1 %
Theorem 2: Let XK be a number field. Then OK is a

Dedekind domain.

Definition: If D is a domain and F its field of

fractions, a fractional ideal I is a non-zero D -

submodule of F such that al<c D for some non-zero a ¢ D,



Note: Every ideal Ic<c D is a fractional ideal, which
will sometimes be called an integral ideal. lLet I1 and

I be two fractional ideals of D, We define I I =

2 12

b b L.. e I, b &£ I ¢, This set is again a
{ EZ 19 2j 1j 1 25 2} J
fractional ideal called the product of Il and 12.

Theorem 3: The fractional ideals of a Dedekind domain
constitute a group under multiplication with D as a unit.
The inverse of a fractional ideal I is given by
J = {xaF} xI ¢ D}.
Notation: Let K be a number field, We denote by I(K)
the group of fractional ideals and by P(K) the principal
fractional ideals; i.e.
P(K) =fIfI: I{K) and I = xOp for some xe.Kf
Thegrem 4: Let K he a number field. Then the group
I(K)}/P(K), which is called the class group of K, is a
finite abelian group. The order of this group is denoted
by h(K}.

Besides the class group, which measures to what
extent Op fails to be a unique factorization domain

(OK is a unigque factorization domain if and only if h{(K)=1)

-2



it will be important, for what follows, to associate
to every number field another constant designed to measure

a different phenomena.

Theorem 5: If K is a number field of degree n ( [k:¢Q_7-nJ

then Oy, the ring of algebraic integers, is a free abelian

group of rank n.

Definition: Any basis of the free abelian group Oy is

called an integral basis of K.

The numerical invariant that we wish to attach to
every number field K is given in the next definition.
Definition: Let K be a number field and let {xl,...,xnj
be an integral basis of K. The discriminant of K/&

is defined to be diser (xl,...,xn) = det (Tryp/¢ (xixjn

K/Q
that is, the determinant of the matrix
whose (i.j) - entry is equal to TrK/;k(xixj)
{(for i,j = 1,...,n).
For this last definition to make sense it is

necessary to show that if {Yl....,Yn} is another integral

basis of K then dlsch/G~(x1....xn) = discr Kﬂg?l""'!nh

Furthermore, it can be shown, without too much difficulty,



that dk is a non-zero element of 2Z. The significance

of dk will be revealed shortly:; but first we must discuss,

in general, how a prime ideal of Oy decomposes in the

ring of integers of some field, of which K is a subfield.
Let L and K be number fields with K ¢ L. Purther,

let gcox be a prime ideal, The ideal ;OL is not

necessarily a prime ideal of O;. Since O is a Dedekind

L

domain ¢ O; can be factored uniquely into a product of
&

R . - €1 eg .
prime ideals, i.e, :ﬁoL 631 “oe fg with Pi'
i=1¢tog, aprime ideal in O;. When L/K is a Galois
extension we have that e = -..m e

Definition: The integer e. is called the ramification

index of pi over X,

Definition: A prime ideal 5[ of O, is said to ramify in

K

L if any one of the ramification indices e, is larger than

one.

Theorem 6: Let p be a prime in 2, and suppose (p) is

ramified in a number field K. Then p | dy. Conversely,

if p| dg then (p) is ramified.
We would like to be able to handle the general case:

Given the number fields K and L with Kc L find a necessary



and sufficient condition for a prime g of O, to ramify
in L,

The relative case {L/K) is more difficult than the
absolute case (K/R) due to the fact that O; need not be
a free Oy —module.

Definition: Let K and L be number fields with Kc L.

The discriminant (ideal) of L over K is the ideal of Oy
generated by the discriminants of bases of L over K which
are contained in Oy, It will be denoted SL/K'

Theorem 7: A prime }f of O, is ramified in L if and

only if A;j’ﬁ L/K*

Corollary: Let K¢ L be two number fields. Only finitelvw
many prime ideals g of Ox ramify in L,

We next state two theorems concerning how primes
decompose in larger fields.

Definition: Let L and K bhe number fields with K¢ L,

A prime ideal ‘5" c Og is said to split completely from
. ]
K to L if the ideal ;OL = ‘Pl'“ fn' where n -[L.KJ.
Theorem 8: Let K be number field, and let L and M he
two finite extensions of K, Let ; be a prime ideal

in Op. If « splits completely in both L and M then;f
v



splits completely in the compositum, LM. The converse

is algo true; namely, if ;f splits completely in LM, it
must split completely in both L and M,

Thegrem 2: Let L/K be a Galois extension and let S .

be the set of primes of K which split completely in L.

If E igs another extension of K then SL/K < SE/K if
and only if E ¢ L,

Finally, we will have occasion to use the Dirichlet
unit theorem, which provides a description of theunitgroup
of O..
Theorem 10: Let K be number field and let n =[kzll:
Let r be the number of real embeddings of K into O
and let 23 be the number of complex embeddings.

(n = r + 2s8)., Then Uy the group of units of Oy has the

. - ~
following structure: UKN W x Clx...)( Cr + g - 1 where

W igs the cyclic group of finite order consisting of the
roots of unity in K and each C; is an infinite cyclic

group.



1.2 Clagss Field Theory

The purpose of class field theory is to provide a
complete description, for every number field K, of the
abelian extensions of K. By suitably generalizing the notimm
of the class group of K it is possible to capture all the
abelian extensions L/K. In addition, class field theory,
through the Artin reciprocity laws, allows one to realize
Gal (L/K) in terms of these generalized class groups,
whenever Gal (L/K) is abelian., Finally, we also learn
how a prime 5{_ in K decomposes in L, for an abelian
extension L of K,

Definition 10: A modulus for K is a formal product
1 = ;T?,n( }{) taken over all primes g of K in which
n{ ;'(_ ) is a nonnegative integer and n( p } >0 for only
a finite number of 5{_ . Furthermore n({ 4 ) «m 0or 1

when + is a real infinite prime and n{ # } = 0 when

)
v

<

s is a complex infinite prime, Let % denote a real
A

=

prime of K. Let X - %}E denote the embedding of K

into K4 . For elements «~ , 3 in K* we write o = &

p
mod « to mean C'(Y and #3,, have the same sign.

I Vs &

Now let  be a finite prime, or, 2 elements in

-+

w

K* and suppose that o = 3 /(= % a,b,c.@ £ Op.



Then we write o'a /> modx,fn if —%- = -:g— is in
c
(Og) and this element is congruent to 1 modulo;rﬂ n,
that is 3BE, o 7,
7

Definition 11: For o, /3 £ K* we write < = ﬁmodx'm if
x = [ modx% n( j’ ) for all primes with n(é&’ Y>>0 .

We denote by I{771) the group of fractional ideals of

K relatively prime to 7. Pl( ™M ) will denote the group
of principal fractional ideals of K which have a generator
X =1modm . The c;uotient group I( 77 y/pL (71 ) is
called the ray class group mod 71 .

Theorem 10: For any modulus 777, the ray class group

mod "N is a finite group. Let h( 7 ) denote the order
of this group. Then h(K)!h(m}.

A subgroup of H of I{K) is called a congruence

subgroup if there exists a modulus 71 such that pl( 7n)

c He X(M), We will say that H is defined mod > if
H is a congruence subgroup and pt (m )y ¢ He I{ 77 ).
Suppose /] is a modulus and N ,’ M . Any ideal relatively
prime to 771 is also relatively prime to /T so

I{m 18 I( 771 ). 1If there exists a congruence subdroup



H,. defined mod 7T such that H = I{ m ) A Hy we say

H is the restriction of Hﬂ to I( 77 ).

Theorem 11: Let n;’m and H?’H'HJ‘\ be congruence subgroups

defined mod M and sl ., Suppose Hyp= I{ 71 )7/} H),I .

Then

{a) I{m /B A~ I(n )/'ﬁ:,.( (b) Hn -HmPl(m ).

Let Hl and H2

exist & modulus M such that H

be two congruence subgroups. If there

N Iy = H, NIy, we

1l 2

will write H, ~~ H2 and gsay H_ is equivalent to H

1 1 2
{ ~ is an equivalence relation}. An equivalence class of
congruence subgroups H, is called a class group. It can
be shown that there exists a unicue modulus} such

that H_ ¢ H and H, e H implies o,/

7 m
This modulus ig called the conductor of H,

Our next task is to digscuss the Artin map, through
which one establishes a one-~to-one correspondence between
abelian extensions L of K and class groups of K,

ILet K and L be number fields with L a normal
extension of K, Suppose }f < OK is a prime ideal and
let P}gOL. We define two subgroups of G = Gal (L/K);

the decomposition group D( ¥ f; ) and the inertia group

E(Ply).
£



pasinssions 00 P ly) ={ & [ceo ara P u £
is called the decomposition group of ~ over 5{.

Daefinition:

E(?;{}() - {c’ rrd’fG and 7A 5 A mod ¥ for all A g OL}
is the inertia group of F over }f .
It is easy to see that E‘-(f’.;‘{ )< D( (P,.’; )., If o D(do’;)
then s induces an aut-omorohism & of the field
Or/f which leaves the subfield OK/ﬂf pointwise fixed, Tha
J

map & isgivenbyd':(:ﬂi-f)- o X +i}9. In wha*
follows we will write D ard E in place of D(.?;:) and
E(f?f ), respectively.

let 3 = Gal (0 ,o / Ox/y ). Then there is a
group homomorphism of D to G whiéh takes c to & . Tha
kXernel of this homomorphism is E ard the map - & is
onte G so G 2 D/E. Since 0L/53 and OK%? are both finite

fields C is a cyclic group generated by the map which
ﬁ"\
N;-’ + 07, Aszsiyme now that o isg
&s"

unramified in L, Then E is the trivial group so G ~ D.

sands  + )] —~— A

This implies that for unramified in L there existg a

~ 92

. ' N . .
urnigue elament D(lef called the Frobenius automorphism
;

! - "
& of F over v which has the property that

'

o
-

~-10-~



%(A) - A fo mod F for all A £ OL' We will denote

the Frobenius automorphism of f)o over ;’ by [Eﬁ(—‘z -
Theorem 12: Let L be a normal extension of K

and 1let ¢g¢ Gal (L/K). Then for any prime ideal P c O,

L/K J =5l /L KJC; )
we have [‘a_ - L_é_
COrollarx: ILet L be an abelian extension of K and let

¥ be a prime ideal of Oy which is unramified in L,

Suppose Fl and Fz are two prime ideals of O; which

divide ; OL" Then [_I%l;._] - ir Lgl;]

Proof: There existgs a O £ Gal(L/K) which sends Uol to

Jo 9 i.e. G'P 1 = PZ' By the preceding theorem we

7 1 i r
have (LAK— - L/ . C—'l L L/K -!c‘ = (LK because
P | P
L P2 1 L VI A |

L
Gal(L/K) is abelian,

Definition: For L/K abelian the common value[%K—-]

for all 69'}’ is called the Artin symbol.

Thus for L/K abelian we have a way of associating

to each prime ideal 5@ < Og, relatively prime to EL/K'

r
an elementt-rié?{—j, of G.

Definition: lLet L/K be an abelian extension and let )7
be anv modulus divisible by all the finite primes of K

which become ramified in L. Then by extending thedefiniticon

-11-



of the Artin symbol multiplicatively we get a
homomorphism from I{ 7 )} to G = Gal L/K. More
precisely, for e I( M ) we define [Lég—j
-ﬁ- L./xJ“; T/;__ A
to be || Eﬁ where (X = g; . This map from I{ 7 )
Lzl

&l

to G is called the Artin map.

We can now state the main theorems of class field
theory, the first being a result due to Artin.
Theorem 13: (Artin Reciprocity Theorem) Let L/K
be an extension with abelian Galois group G. Let "
be a modulua for K divisible at least by all primes which
ramify in L and assume the exponents of the prime
divisors of Y are sufficiently large. Then the Artin
map{iééE—J maps I( 77 ) onto G and the kernel contains
pl ™ ). In fact the kernel is Ny ok (I (7)) BL( M ).

That is, G X I(m {//NL/K (1 (m)) 21 (M ). (Here
Ny /k denotes the relative norm and Nr/k (I (/1)) denotes

the group of ideals of K generated by the norms of ideals
in L relatively prime to "M ). We say that the
reciprocity law holds for the triple (L,K, Wﬁ ) if

Gal L/g is abelian and

s

Gal L/K = I(m) (1, (m Nel(m ),

Ny /x

~]Z2~-



Thearem 14: Let 1 and 77 be two moduli of K such
that the reciprocity law holds for (L,X, 77 ) and
(L,K, 77 ). That is assume
Gal(I/K) 2 I( M MMy, o (N )/MH,
where H?ﬂ and H,, are congruence subgroups defined
mod 7 and mod 71 respectively. Then H, and H, Dbelong
to the same ideal class group, which is denoted by H(L/K).
Let _! (L/R) denote the conductor of H(L/K). Then the
reciprocity law holds for (L,K, F (L/K)). Furthermore,
if JF (L/K) ?WT then the reciprocity law holds for (L,X, 71),
This last theorem combined with the one that follows
establishes a one-to-one correspondence between all ideal
class groups of K and all abelian extensions L of K.
Theorem }5: Let H be an ideal class group of K, Then
there exists a unique abelian extension L of K such that
H = H(L/K).

Theorem 16: Let Ll/K and LZ/K be two abelian extensions

of conductors g;(Ll/K) and ;:(LZ/K): so that the
reciprocity law holds for (Ly,K, ™) and (L,,K,m ).

Finally, let H; and H, be the corresponding subgroups

2
of I(m )

then

H C H if and only if Ll:D L2

~13-



Theorem 17: A prime ; of K, ramifies in L, an akelian
extension of K, if and only if }f,’ ; {L/K).
Definition: Le%t K be a number field. Ve define the
Hilbert class field of K, denoted by HCF(K), to be the
maximal akbelian unranified extension of K,

The conductor of this extension, by Theorem 17
is L (HCF/K)=(1), since no prime of K ranifies.
Furtharmora, if this extension is to be the marximal
abelian unramified extension we must have that the
kernel under the Artin mao is Pl(li, which 13 just the
group of principal fractional ideals. (= a mod *1
imposas no res*riction on = .) Consecuently,by Artin
reciprocity, we sea tha“

Gal (HCF(K)/K) A I(K)/B(K)

Thus EHCF(KMKJ = h(X), the class nuvtter o0f K
and the Galois grouvo is isnsmorphic to the class group of K.

For L/K a-=lian, one ¢an give a descripiion of how
a prima idsal ;f 0f K decomposes in L kased on the order
of the image of i under the Artin man. Since, in the

a

aprlications tha* follow, we will be concerned only with
prizes ?,_ which split complately in L the following theorenm

will be adaegiaxae,

]
pa
5N

[}



Theorem ]18: Let . be a prime ideal of K which is

-
unramified in L. Then &( splits completely from K to L
if and only if L—L—7 = 1

¥
Proof: Sug_:ose{_gL_] = 1, then

A=z AVY mod 3;01‘ for every A¢ Op
Let i?r‘# where p igs a prime ideal of Or. It follows that
’ A= AN;; moad ¥
For Agr O we get ANg -13 1 ml:»d;'p . But (O;/f )* is
a cyclic group of order N -1 so we have NV = N; .
On the other hand,

" -

A £ ! .
NL/Ky =« where f = LOL/P.O

; : K/ f 4

N?=NfNL/K[P)=N¢f=(N5( ) £

This implies f = 1 for each prime ideal P dividing

Also,

v Oy . We next use the fact that if F/K is any finite
extension of K then uﬂ factors as
g9
e e - (oo ]|
fOF -[P lﬁ ..pgg‘ﬂlthl’_?-xj‘z elfl
v i=]1

In our situation we have

wO =5J ---ag

with e; = £. = 1 for all i. This impliesg =.-:L:KJT, i.e. £

splits completely from K to L.

=15~



Conversely, supposeg splits completely, i.e.;f is

unramified and

]
-
e

;fOL’ Uol ces {Pg where fpi'

3 fori.;'}' - -[L:K]
It follows, since we are assuming that g -[L:KJ
thatf-lsonﬁ-nzf .

N
But, then it follows that A m A § mod;v or equivalently

[ =

| L/K ]
! . = 1.
Lo
v
Apprlying this to the extension HCF(K)/K we see that
a prime :{ of K splits completely from K to HCF(K) if
;

and only if f is a principal ideal.

-16=-



1.3 Quadratic Fields and Ring Class Fields
By a quadratic field we mean a finite extension
of 1! of degree 2. Every quadratic field k is of the
form @ ( VD) where D is a square free integer. First we
describe the ring of integers of k.

Theorem 19: Let k= & ( /D) be a quadratic field. Then

Ox. the ring of integers of k, is given by

‘?ZQZZ[JBJ if D=2 or 3 mod 4
1 —
.'zza?zz[—.z--—l“‘m_] if D& 1 mod 4

Theorem 20: The discriminant dk/dl is given by the
following formula:

(4D if Dg 2 or 3 mod 4
Dif Ds 1l mod 4

Note: The discriminant of a guadratic field is always
congruent to 0 or 1 mod 4.

In order to describe how a prime p:¢ Z decomposes
in R( VD), it is expedient to introduce the Kronecker

symbol. We assume the reader is familiar with the

Legendre symbol.



Definition: Let d s 0 or 1 mod 4, and suppose d is not
a perfect square. Then (g) is defined for all m by means

of the following:

(%) = 0 if pfd and p is a prime
(d)=;’1 if d=1 mod 8

E-l if d&5 mod B

For p an odd prime and p»;’d (%) = Legendre's sgymbol.
o,

n r
. a ' ~r
Finally (g) = JT % } for m = ﬂ- P
" Pr/ r

r=1 r=1
The next theorem provides information on how a prime p& Z
decomposes in k. We write d in place of dk/tﬂ whenever
no confusion will result,
Theorem 21: Let k = @ ( VD) be a quadratic fiald of

discriminant d, and let p be a prime in Z . Then we have

the following decomposition rules.,

POy = Ay o if (d) =1 p splits
o o P
POk = g if (%) =1 p is inert
2
p = ;f if (%) = 0 p ramifies

Let K =8( /D) be a quadratic field with D>o . It
follows from the Dirichlet unit theorem (Theorem 9) upon
setting n = 2, r = 2 and s = 0 that the group of units

u.

Kk~ W x Cy where W = (1,-1 } and C1 is an infinite cyclic growp.

=18=



In other words the unit group has the form (igj%)where £ is
a generator of the infinite cyclic part of the unit group.
It should be observed that £ , -&£, %-, and ‘%. are
also generators of this subgroup. Exactly one of these
4 numbers is greater than 1, say {. Then &£ is called
the fundamental unit of k.

On the other hand for imaginary quadratic field, that
ig, those with D < 0 the unit group of a finite cyclic grown.
More precisely, we have

{-1,1} for D -1 or -3
U, * {1,-1, i,~i!for D= -1

{l,p,;z. -p -/02. —l’ for D= -3
Questions about the representation of primes by binary
quadratic forms with rational integral coefficients can
often be reduced to questions concerning the ring of
integers of some quadratic field. We give some indication
here of the connection between the quadratic number field
€ { /D) of discriminant d and the binary quadratic forms
Ax? +Bxy +Cy2 having discriminant dsBz-4AC. The theory
we are now about to describe is due to Gauss, For a

more modern treatment of this subiect we refer the reader

to Cohn[4].

~19-~



A form F = aX2+bXY+cY2 is said to be primitive if
(a.,b,c) = 1. Two forms F; and F, are said to be
equivalent F1~«F2, when they are equal under a trans-
formation in SL(2y22). If F, is a primitive form of
discriminant d = b> -dac then any form P,, which is
equivalent to F;, is also primitive and has the same
discriminant d. The number of equivalence classes of
binary quadratic forms with the same discriminant 4 will
be denoted by h4{(d). This number h,(d) is closely related
to the class number h(D), of the field & (| D) where

d= fZD. Gauss' discovery was that one could put a group
structure, called composition of forms, on the set of
equivalence classes of forms of discriminant 4 (for d<¢ O
only positive definite forms are considered). For d<0
and equal to the discriminant of the field & ([ D) one
has that h{d) = h(D). In addition, this group is
isomorphic to the class group of\ﬁi(ij5). For dy 0

there are complications if N£ = +1, where - is the

fundamental unit of [ (D). We need the following.

-20-



Definition: Two ideals (X and (> of the quadratic
field @ ( D) are called strictly equivalent if there
exists a number o =0 of @ {y D) such that N{(o¢) > O and
Ol = (x)@ . Using this notion of equivalence one defines
the strict class group.
Theorem 22: Let d be the discriminant of the field

&(JV D). Then there is an isomorphism between the strict
class group of (y D) and the equivalence classes of foms.
of discriminant d under composition.
The next theorem relates h+(f2d) to h_(d), where it is
agsumed that @ is a field discriminant.

2
Theorem 23: h, (£f°d) = h (d)f ]} (1- (L)1), where
- F B P P
e pl £
{ g } is the Kronecker symbol and e, is the unit index

which is defined to be [O*:O;j . (0f is the order of
conductor £ = [_’_O:ij' ).

The question of whether an integer a is represented by a
binary quadratic F has never been answered in a completely
satisfactory way. If a happens to be a prime then the

situation is somewhat better. One can investigate for

-21-



which primes PP = P(X,Y) by using ring class fields.
For the moment we restrict ocurselves to forms F which
represent 1 and whose discriminants are field discrimi-
nants. Any such form is called a principal form and

is equivalent to the form

(%2 +p¥2 if D3 2 or 3 mod 4
Fd(xly) =
%% axy +(2P) ¥? if D 2 1 moa 4

Theorem 24 : Let k = QQ(;’B). Then p is represented

by Fq(x,y) if and only if p splits completely from dJx to
HCF (k).

Proof: Suppose p splits completely from & to HCF(k). Of
necessity p must split from {; to k. That is PO, -$f¥fa
where flfz ¢ Or. It follows that Ny, = p- But ,4@1
splits completely from & (. D) to HCF(k) so -] must be

a principal ideal, i.e.jﬁl = (o), ¢ O, - "Therefore
p=N(x )} = Fd(x.y) for suitable x,y integers. Now
suppose p = Fd(x,y) so p = Ne¢. It follows that p splits
completely from @lto HCF(k). Our next tagsk is to define

ring class fields which will allow us to discuss primes

p represented by Fg(x,y) with d arbitrary.
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Definition: Let k = @\(Jﬁﬁ) and suppose f is a

positive integer,.

The group H(f) =f{(=)}[(x,f)= 1 and ~= z mod 'f where z = Z:
is a congruence subgroup, i.e. I(£)> H(f)}D pl(f).By class
field theory, there exists a unique field of conductor f£,
denoted by RCF ! £2a', such that H(f) coincides with the

23 is called the ring

kernel of the Artin map. RCF 1
class field of conductor f. Any subfield of RCF ffzdf
is called a ring class field. The quotient I(f)/H(f)

is called the ring class group.

Theorem 25: p = Fd(x,y), p a prime if and only if p
splits completely from { to RCF £2d . Let k = & (7 a).
Then HCF' k' RCF{fzdi. Furthermore
3 2 ~0 2 2
_RCF f£‘@ :Q(d)_ = h _(£°4). When d 0 h (£°Q)
= fh@) T - & Ly,
e, of P’ p
See iDeuring: for details.

t
When d = -m, m a prime congruent to 1 mod 4 and £ = 2

the above formula gives us that
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- + - t
RCF--Zt lmv : R{fm) = 2~ h(-4m) since 2 divides the

diseriminant - 4m.

Theorem 26: Let m be a prime congruent teo 1 mod 4.

Then the class number of (. (| m) is odd.

Theorem 27: Let k = { (\ D) be a quadratic field and
suppose the discriminant d is divisible by precisely

t distinct primes. Then the class group is

r n r
isomorphic to C(2 1)\....;(('-‘(27:':'1) \ C(p2 2y ..XC(pts 3y.
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1.4 The Explicit Construction of Ring Class Fields

For k a quadratic imaginary field it is possible to
obtain the ring class field of conductor £ by adjoining
to k, special values of a certain modular function.
After stating the theorems of complex multiplication
we will then construct some ring class fields using

techniques developed long ago but only utilized
recently , Cohnjs:.
Definition ¢ A function £f(~- ) defined on the upper
half plane H, is called a modular function if

l) £ is meromorphic on H

2) £(Y(2T)) = £(T) for Y- SL(2,Z)

3) If 'f(t)l<czty for some positive constant /. when
y = Im{z)—>oc.

Definition: For ~: H we set g_(T ) =60 ((mFn= )%2n4

(m,n) =0,0)

[

—

= M 1 .
g3ft ) 140 ° e
m,n == oo
(m,n) = (0,0)
3 2
Definition : For —< H we set /\ = g, =279, .
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3

o 0T)

Finally j(+) =

Theorem 28: For T S-Q(d"a)‘d <0, 93(T) is an

algebraic integer. Let k = L(, D) be an imaginary
quadratic field of discriminant 4., For a natural number £,

Of denotes the order of conductor £ in k,i.e. the ring

of all algebraic integers belonging to k which are
congruent modulo £ to a rational integer. Let M bhe a
full module, i.e. M = Z~ & Z Swith o and s linearly
independent over (" and o< , > & k. The coefficient ring

of a full module M is the

H

ring R *{\\ ":Ok ) Y meM for all m:-M -, The

coefficient ring coincides with some order O By an

f.
ideal belonging to Of we mean a full module with

coefficient ring Of. The set of ideals belonging to

Of forms a group under multiplication. The quotient of

this group by the subgroup of principal ideals

He = i K Of o k- {0}; is called the ideal class group
of Og. The order hge of this group Ge is connected to
the order h of the class group of k by the formula

Ama
he = he bt (1-(39L ). An ideal & ¢ belonging
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to Of is said to be reqular if for some

E:LOE,( S.f) =1 we haveE.@Lf+fO = O,. In every ideal

class of Gf there is a regular ideal, If <7 is an

ideal of k for which ( 1 ,f) =1 then &tn Of is a

reqular ideal of Of. The ideal class group of Of is

isomorphic to the ring class group I(f)/J(£f) via the
map

& H(f)— Lﬁfo

Let T¢ Gg, the ideal class group of Og. Further let
: - .
c g = =, be an ideal belonging to O; such that

S¢He= T. One defines the class variant j(T) to be

. . . P ) o) .
J(T) = 3(Tg) = 3(1;) where - : H
It can be shown that j (T) depends only on T, not on

the choice of Cl.nor on the basis selected.

-

Theorem 29: The ring class field RCF {fzdl= r(.4,3{(m

where Ts.Gf.
We will use Theorem 29 together with the next result,
which can be found in Cohn fS: to compute some

examples.
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Theorem 30: There exists a modular function

group C (2) such that

jl=) =

6a(7 (T ) +3)°
(7 (T)=-1)

Furthermore by selving for'? one has that

Example 1

Bli2g)) = @G (T, 1)
ﬁ_(j(‘lt” = rI;(j(Zt),JE) where E=_;_E
al3(8z)) = G )L E)

ciGer)) = QBT 15 )

: RCF{ -256} = Q("\B. §-1)

First, using only the definition one can see that

50y -1) =

has 1= 0

1728, LetT= {:I. The equation

1728 = 64( 7 +3)°
(" -1)2

as a root, By Theorem 30 one has

RCF{ -16:= Q ( , -1) £=2, d = 4

i

RCF [ -256 - = < ( =1, ¥/2) £ =8, d = 4

Example 2:

Since € (

rRCF {-128l= S (-2, 1+ 2)

=2) has class number 1 j{ /] =2) is a

-2 -
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rational integer. For this reason one can use the
g = expansion for j given by
jie) = L + 744 + 196844q +...,q = e?TiT
q
to determine j(\[-2). Doing this one gets that

3 ( J -2) = 8000. The equation
3

8000 = 64 (7 +3)

(7 -1)
has 7} =2 as a root. By Theorem 30 it follows that
RCF {-32'=(({=2,  2) f£=2,4d4=-8
o p—-—-*""."—_-
and RCF § -128)= Q( (=2, (X2 )£ 24 a = -8

Therefore RCF {=128]! = ( 4y -2, 1+[2).



Chapter 2. Applications to Quadratic Forms
2.1 Introduction

In this part we apdly the theory of ring class fields
to prove two new results on binary guadratic forms. In an
earlier paper Barrucand & Cohn! 1}, the authors prove some
interesting results about prime p of the form p = A2+ 3282.
Among other things they shaow that p = 324-32132 if and only
if(:§2)=l {see below for definition). ©Our first resulx
shows that for suitable binary guadratic forms Fl and F 2’

if a prime » is represented by both of these forms it is

2

vl
is n=acessarily of the tyve A“+323°,

In a series of vapers, Lehner develons properties

spacial quadratic and qguartic sympols, In Leh:er_}SJ

rn

the author makas several coniectures about these g mbols.
Cur second result, whieh is slightly more genaral, settles
th2 conjecture 4 of this paper, in the affirmative.

vie will state tha first of these results now, since

this will help to motivate the considera*ions that follow.



Main Theorem: Let m be a prime congruent to 1 mod 4.
Also let p be a prime and suppose p =X 2 4+ 16m22 -
U2 + 32mV2 for some integers X,Y, U and V. Then

2 43282 where A,BZ Z2.

P =A

We first show how to translate this question into
one about ring class fields so that we can employ theorems
from algebraic number theory and class field theory.

As we have seen it is possible to give necessary and
sufficient conditions for a prime p to be represented by
a principal quadratic form. We recall that a prime p is
represented by the principal form F, of discriminant fzd,
if and only if p splits completely from & to

2 = U2+16m2, Then p

RCF%fzd}. Suppose p = x2 +32my
splits completely from R to RCF{-IZBm} and from

L to RCF{—64mJ . By Theorem 8 , p must necessarily
split completely from B to compositum of these two

ring class fields, which we denote by RCF{-G&m}.RCﬁ-I?ﬁnI.

-

Suppose the theorem stated above is true and let

2

2 ,
p = x2+ 32mY2 = U2 +16mV2. Then p=A"+328B, so p splits

completely from & to RCF{-I?Q}. Thus, if p splits
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completely from (x to X = RCF -44dm RCF -128Sm then b

splits completely from & to RCF {'-128} . By Theorem 9

since K is a normal extension of Q , this =»ntails that

RCF {~128 'c RCF {-64m } ~ RCF|-128m} .

L A

On the other hand suppose we knew that

RCF {~ 128]cRCF { ~64m}r RCF{~126m{. Let

.

p = X2 +32my? = u? + 16mV2. But this means p splits

from & to RCFf-64mﬁRCF(-12Bm}. However, this allows us to

conclude that p splits from (i to RCF{—IZB?

since we are
assuming this latter field is contained in the compositum
of the ring class fields, Finallv we can conclude that
p = A2 + 3282 vecause p splits completely from
T+ to RCF{- 128 }.
The above argument shows that the Main Theorem is
equivalent to the following result:
Theorem 31: RCF/-128JcRCF { -64m:«RCF{-128m, for
ma prime, m & 1 mod 4
As we have seen, the field
RCF{-128}=((;7Z, 1+ v2), £, = 1+ .2 the

fundamental unit in the field @{ ., 3).
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To prove Theorem 31 we will first show, that for
|
m a prime congruent to 1 mod 4w.£“‘ERCF(-64m}and
VE o € RCP ] -128m} . Once this has been established, the

result will follow from the fact that
M

£yl Eom = 2 where 7'& RCF{-64m‘RCF { =128m |
The proof given below for the fact thatﬂfﬁeRCF{-64m}

differs from the proofﬁg;m £ RCF i—lZBm_}. As we shall

see the proof of the former requires no class field theory,

only algebraic number theory. Although a unified proof is

possible, it is felt that it is advantageous, in the sense

that additional information is provided to give separate

arguments.
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We first demonstrate that the diagram below is correct

RCF{~64MkRCF { -128m
/ A
y N

RCF {-64m } RCF {-128m|

S

Later on, we will show, in fact, that

i

RCF{-64m] N RCP{-128m} = @ (/7m, =2m, .2, /-1)
Lemma +v-1£& HCF(K), %k = Q( [~m)
Proof: Since HCF(k) is a normal extension of @ we can use
Theorem 8 to show that & (.-1) £ HCF(K), by indicating why
a prime p which splits completely from to HCF(k) must also
split completely fromRto&(/=1). First, recall that

pesS if and only if p = %% +my?

HCF (k) /Q
Since M & 1 mod 4 it follows that p & 1 mod 4. But

p=1mod 4 if and only if pe S (. =1)/g



Here we are using Theorem 21 and the fact that
-
(:%) =(-1)7T . Thus, we conclude, since

S.op (k)/f' s@(m)/a that @(/=1)cCF { -1%m;,

Lemma 2 £ RCF [ ~64m)

Proof: We employ virtually the same argument used to prove
the preceding lemma. A prime p splits completely from

to RCF {-64m} if and only if p = x2 +16mY2. Since

p is a prime x must be odd, but this implies p = mod 8.

o -1
But, by Theorem 21 and the fact that (%) = (-1) B it

follows that p splits completely in@(f). Hence by
Theorem 9, £ (J 2)c RCF {—64mj
Lemma : Let K= & (., -2m). Then . -2 £ HCF (K)
Proof: If p splits completely from & to HCF({K) then

p = x2 +2mY2
First we remark that (%J =1 becaugse if we reduce the
above ecquation modulo m we get

p=x mdm = (§)=1.
By quadratic reciprocity (m = 1 mod 4) it follows that

‘pe1’ m-l"
@ = By 1y FH =
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. . 2 . . .
Nex%t, upon reducing p = x° + 2mf2 modulo m we obtain

2

0 = X% +2 mY2 mcd p

-2ay?2 = X2 mod p
-2m = EL}Q d p (Note ¥) for otherwi
nz (5" mod g o p‘*’ Qr otherwise

o . +
otk too, which implies o =2 1)

Therefora (:%m ) = 1

Bus (T2 ) = (2 ™ = 2

Consaguently, (:%)

1 s0o p spli%ts completely from 5 to
\::\(J -2)0

Hznze, by Theoram 8 again, we hava G (,-2)c 3IF(X).

Lemna  :5.-1 “RCF( =32m)

Proof: Srtcep by step tha same as Lewra .

mAaAMrST 32 : bt = < =3 T = o .'r-— ;
Trnaoren Le* Kl o ! :dl) and K2 a adz) Le two

distinct quadraric fields and let K be a ring class fielad

over Kl and Kz. Then K is a field of the compasite

: ~, — - _
quadratic tyme: K =5 ¢ Tyrees ,rt) 203, ‘dz"

p———

£: Since K is a ring class fiel2 over L (, dy)

o

rco
are exists an Sy < Gal(X/ ¢ ) such that

-1 —_
512 =1, $,T5,=T for all T: Gal{v/ Q ( dl)).

|
J
[V

|



In fact can Sy : Gal(K/ [ { fﬁ;)). Likewise there exists

) 2 — -1
52 with s,” = 1, Sy ¢ Gal(k/ T( .dl) and S,TS, = T

for T - Gal(K/ R (vdy)). Let T.Gal(K/ [ (vdy, \d,))

then

-1

5;US, =

12, =U

and Sl USl =0T

Therefore U2 = 1 which implies that Gal(k/ [ { $§1u§;))

~ c(2)9. Since every element of

Gal(K/ L ) can be expressed as S,T with T: Gal (K/ Eh(fagﬂ
it follows that element is of order 2. But then the grouo

is abelian so we are done.
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2.2 Ring Class Fields of Conductor 4
In this section we prove thatﬂ;mi-RCF {-64m}and
£2m £ RCF {-1zem} for m a prime congruent to 1 mod 4,
Lemma 1: (E.¢RCF {-16m}, m=1mod 4
Proof: Assume G{ff,i)c:RCF{-le} and let p be a prime
. Then p¢g 5 since

RCF {-16m}/q Q(/3,i)/8
Q(Jﬁ}i)c:RCF{-lem}. But, this means p = 1 mod g8. But

belonging to §

a prime p splits in RCF {—16m) if and only if
D= x2 +4mY2. To derive a contradiction we must show that
the form Xz +4my? represents primes which are not

congruent to 1 mod 8.

2

If p = x2 +4mY° and p & 1 mod 8 then Y must be even.

Since p is an odd prime X must be odd. Consequently,
pal+ 4m¥? mod 8

Therefore 8]4mY2 which implies that 2|Y,

2

Thus p = X2 +4m(2Y.)2 = X° + lémY 2, g0 p splits

completely from & to RCF{-64mJ . If every prime representakle

by the form Xz + 4mY2 were congruent to 1 mod 8 we would

il

Al 7 T ]
RCF{-16m5= RCF §—64m'r. However,[RCF {-64|n} :RCF f-16m‘ -2,

by Theorem 235, contradiction.
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ERCF{F16m}:Q([E, J-m)j = h(-4m), the class number

Lemma 2
of the field R(i=m).

Proof: We already know that this diagram is correct:

RCF {~64m

P

RCF {=16m/

|

I 2
HCF (K)

Q (Jm, v -m) \h(-4m)
N

Since y m ¢ HCF {-—4mJ’ we have {RCF { -1sm}:a(fuT, ur-_m)j-h(-éim}
Note: The above diagram shows that th(-4m).
Lemma 3: There exists a field Kc:RCF{-lsmfwhich is
normal over & of degree 8 and which contains the field
Q. m,, -m)
Proof: Since G=Gal | RCF{-16m} /il(fﬁ:[:i)j is an abelian

group, we have, by the Fundamental Theorem of Abelian

Groups that

t t
Gz (2 Maae. cc2 M a e ™) LLLscr, ™).

=390



Consequently, by Galois Theory, there is an extension K of

— = :
R m,V-m) such that [K: &(,/m,/-m) =2 and K RCP{-16m

Let K = R(/m, j-m, ) where = a+b/=1+c/m +d / -m a,b,c
and de¢&.
Cage I o« = (§:§7r:1. Since RCF{--IGm}/¢1 is a
e e e
: ! | .
normal extension ya+b Jy -1 £ RCF {-IGmf implies

va=b/m £ RCF{-lsm})thereforeua-Fb y =1y a-b\f:I -

\,ai + b2 ¢ RCF qr -lam?. But this means

\ a2+p? £ Q( ».:n, J-m) (since ,2¢{ K and | a2+'b2 has degree

— .
at most 2 over &). Hence ya-b.me¢ K also, so K is

normal,

——
Case II X = a+c /m, same as case I

Case III o =\ at+td,-m, same as case I

f— —— — ——
Case IV & = ,a+b-1 + ¢/m + d,-m {at least 3 of the

4 coefficients differ from zero).



Since RCF{llsmj/@ is a normal extension,

RCF { =16m \1 contains

2 =/a-b/~1-c , m + d,-m

| ol —
o _ =ja-b/~1+c m-d,—m

3
and o 4 -\."_af-i-bv'ﬂ-_f -c,'r-n-—d J—m
=
We write oxX ©<q = \A+Bj~m A,Be
—
Q(/Cxl:a = yC+Dy m C'DEQ

XX, = ﬁ E,FER
Ifo(‘f-'(z.o{O(3 and O(W4£,@\ (/m, /-m) then K is a
normal extension of:.Q . On the other hand, if one of
these products say, C{org ?5 QR (VFHT, vr:;u) then we can replace
K by the normal extension @& (vm, .’:Et,o(c-rz) of & of degree 8
containing @(./m,/-m).

Lemma _4: Let K be a subfield of RCF,/-lém containing

L {/m, -m) which is normal over & of degree 8, Then

K= ‘Q. (‘J-m' V‘a"'b U_-El) a, bé@
Proof: Since K/ is a normal extension
Gal(X/R }~ Dg, the dihedral group of order 8. This is

because K is a ring class field, so Gal(K/&R ) is either

C(2)«€(2)xC(2) or Dg.
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The first group is ruled out by the fact that RCF[—IGR‘{ ’
hence K also, has only 3 subfields of degres 2 over [ .
Note: by Lemma 2 ]fj, RCF i-l6m}
Also Gal(X/ @/ m))must be C{4), which means that
Gal (X/ Z(m))xC(2)x C(2), But then K = & (m, -m, r)
where r¢ R (\m). Since R(/m, <m) is the maximal subfield
of RCE'{-lej’which is abelian over &, ri@ . Therefora
r = at+tb, .

Lgrma S az —bzm = t2

where t£ &

Proof: We eliminate all the other possibilities,
2 -~

Case I a2 -b?m = t £ &

- 'f"_ —_—
let T & Gal_;‘f,a-i-b,"a., J-m)/ = -m)_j‘ such that

—eee e = .. — . ]
t ({a*h.,m) =,a-b,m. © leaves a+b m JVa-b/ m =t fixed., Now

PR oy e et
we calculate ,a+h. m Ja~bm =T (, ath, m, a-bm)=

— P ——— — .
La-b mT({a-b @) so T (,a-zm) = atb’m i.e,

—_— -

Gal (" {(va*h,m =)/ o/ -m))=C(2)x C(2),
—_ 2 .2 | o

But Gal (X/4 (, =m)) ~C{4} so a ~-bmzt“.

———
82 yatbym, y-3)

! \ .
Lo ™\
Codeow DAY \



Case II a2 -b%m =m t2 ¢:&

2

If a? “b?m = m t , tek we get that Gal (K/ 8 ( V=1))y C(4)

For let T¢ Gal (K/@ (V=1)) such that T (a+by m) = a-by m.

2 —

= (a+bim Ja-b. m) = T(t3 m) =-t2m
Therefore~ (, a-bim) = -;a+b /m which impliestc 2 . 1.
It follows that Gal(K/g }yC(2)xC(4), which contradicts

the fact that Gal{K/g ) Dg

g (2a*b, m, W)

// ;' c(4)
: H
/C{4) 1 C(2)xC(2)

A
£
:

( v =m) g (i m) /:Q (.-1)
e

"

1_“\,/
e
Case III a2 -bzm = wm t:2

Let -,

Gal{K/ Q (i=m)) with the property that

s ey

—(/Ja+b|im) =a-bym
——— T — ———— \
Then — (.a+b ,m ,a-b , m} =a—(t, =m) = £, -m. This means
e r—"-"“"::-..-_

that — (,a-b.m) =, a+b, m which in turn implies
Gal({K/s (. -m))x C(2)xC(2)., But Gal K/ zr((| =-m})

2 .2 2
must be C{4), so a“ -b"mz -m ¢



We will need to use the following result from Kummer
Theory, Hilbert 13 @

Theorem 32: Let k be a number field and let o . k. Then

a prime ideal g < Ok,.g'f(z) which divides (<) to an
0dd power is ramified in k ([o ). Furthermore if
55 is an odd prime and; divides {oc¢ ) to an even power
then f is unramified.
Theorem 34: Let m be a prime which is congruent to 1 mod 4.
Then JZT;, where & m denotes the fundamental unit of
G ({ W) is contained in the field RCF { -64mj}.
Proof: By the previous lemma we have that
a+tby m < RCF{l-l6m}c:RCF5-64m; , where al-b2m=c?,
We may assume without loss of generality that a, b and t

are integers and that m does not divide a or t. Let us

write the principal ideal {(a+by m) as the product of prime

ideals in & ([ m)

n n
(a+by m) = N 1 P r

where Pl, «es, P are the prime ideals lying over the

primes p.,...Pg, the prime divisors of t (s <r).

1
nj ,
First if P; ) (a+b /m) with P; an odd prime (NP, is odad)
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then n; is even because K/@ is unramified at p if
P | mor 2. We look at several cases:

Case I 2 is inert, i.e, (2) = 20&( 7™ is a prime ideal
nz Ng

in Q (VM. Let (a®p/m)= (2)F P, “... P,
Then (ﬂg?—m) - P2n2 ces P.n’ so -‘%?d&—l is an integer in

n n
Set T = 1;—?—'51‘-_ . Since Pz 2... P’ 8 is a principal ideal

n
we know that Pz-‘?,“ P . 3 is also a principal ideal.
s

Indeed, the class number of G {({ m) is odd; for m is a

prime congruent to 1 mod 4 so the number of prime divisors

N
of the discriminant of Q(J m) is one, But (15'2 ....Ps )

(T) is a principal ideal and 2 *h(m) 80 qul‘....P 1 ig

s
L Ga R 2
also principal. Let () = Py.... P, . Then (R)° = (T)

0 T = (A2) (unit) or VT =8 Junit. This implies

JE_ €RCF { -64m } (We do not necessarily have

o
e +h |
¢ € RCF { "16‘“3 for T = !;.%_E‘. and r might be odd),

Case II Next, we assume that 2 splits, i.e. (2) = 0102

where Q, and Q, are prime ideals of @Q ({m) lying above 2.

n n
Let (a+b{7) = 0;°1 @,"2 &, T...B_ "

As before ny,...n, must be even because the primes

s
Pis.o)FPp are unramified in RCF (-lsm}, We also have that

1l
r1+ + - -
(tz)- Ql 1 2 erl r2 Plnlooop n’ Plnl...P n’ -
]
ry + r n n
(271 2 1 s
) Py «-Py .
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It follows that
ng

+
(t?) = @, F1" T2 g 12" Y2
s

ny ng 5 M1 =
n l "'P. Pl ...P
- (28t T P, 1B, s,

2

Now if 2| t then 22 divides t* so r, r, is aven.

Replacing a+b m by ﬂiegm we may proceed as bhefore.

(a2p, L m, 1 2 1 . -
2 -Ql p1 LI ] Ps rl rz’nlnoan’

all even,

We call attention to the following result which is an
immediate conseguence of this method of proof:

Corollazry : let m be a prime, m = 1 mod 4 and

let x = & ( ¥=m). Suppose 4|h(-m} the class number of .
Then either /¥ , or J_Z_E_;n is contained in HCF(k]}.

We cannot use the same argument to show that

ij:;; & RCF {-128m} because h(2m) is always even.

Instaad we must use class field theory. In all that

follows we assume m is a prime congruent to 1l mod 4.

Lemma If N&, =1 then Jezmaat m, Jim) c RCF{-lZBm}

Proof: Let &, = a+b {m. Since Ng om = 1 we have that
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ya=bym & R <g,) and & (y szm)/Q is a normal
extension of degree 4 having Galois group C(2)xC(2).

ConseQquently we have

Q(\fg_m) \Q(r&)
\ s
&~

Since Q£ Zm)/G\ is necessarily unramified outside of

{z,m} {this is because &Zm is a unit) 4 must be m or 2,

8o the lemma holds.

Theorem: 35 Letk= & ( (5) with D¢0 . An abelian exten-

sion K of X is a ring class field if there exists

a TEGal(K/g ) such that 7221, T ({D) = - D and

'I'S'I"'l = S-1 for every S& Gal (K/k}.

Proof: First we show that the kernel of the Artin Map

['m]contains the group
n n
1
H = { (o) |e€e o *p; ~---P, = 8nd O P; isuramifiedin K}

It suffices to show that for every pf Z N H that

%—J = 1, where 1 £ Gal({K/k) is the identity element.



Case I Let (p) = 4361 £ 5 wheresgic.ok

Let S; = [%}and Sy = [%}. Then we have

= AP
S.A = AY mod ;(1 OK for every At OK

l
Applying T to both sides of this congruence we get

TS (A) -(Ap) mod /f...OK gsince T(,ﬁplOK)=(Tg1)OK_‘¢;2 K*
Therefore, TS, (A)= T(AP) 2 (Ta)P = S, (TA) mod 44, O

for all A: O. Equivalently,we have

-1 -1

T 5, TS (A) = Amod & , O

1 2 K

Using the fact that 1g

2 T = 52 we may rewrite this as

2 1(A) = A mOdr‘f"zOK

We can conclude that S Sl = 1 since 45 2 is unramified from

k to K(If FPe OK with®/ 432 g then Sl 5 & E(J’szl

= the trivial group because }2 is unramified),

_ﬁsLFMT[ = S48 (p) is in the kernel of
B so (p) 18 1in e kKernel o
uE (p)] L41l 3’2] 172

the Artin map.
Case II Let (p) =4 wheresyc Oy, i.e. let p be inert.

r 1
We denote k%}- [%_ by R. Let?[ POk A and set

ng&z} U, We wish to express R in terms of U.
R (A) = AN;"= AP2 mod pOy for all Ag Oy

N
Uu(dA) S AP =2 moa P for all A ¢ Og.
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In place of the first congruence we may write instead
- p2
R(A) &= AP moa P

But v? (A = Apz mod P . Sincep is unramified over
& we get that R = Uz. Our next task is to show that
U# Gal{K/k)., This is accomplished by proving the
existence of an element of D(EIp) wvhich does not belong
to Gal{K/k). For this let

P Ox -tpl.... Pg where J:;. %

and let 'rPl % j° Gal(K/k) acts transitively on the
aet{ﬁl..... Pg} because p is inert, It follows that
for some Sg Gal(X/k) St?j - Zpl. But then

S'I'ltPl = S Pj 'Pl and ST1¢ Gal(K/k). It follows now

that U '{EL’%J the generator of D(#! p) does not belong

to Gal(K/k). Consegquently U=ST where S& Gal(K/k). But

then U2 STST = S(TST) = S} = 1.

2
Recall that[%ﬁ]- R = U® g0 {%] = ],
It has now been shown that the kernel of the Artin map
contains H. Let f be a rationsl integer which is divisible

by J (K/k), the conductor of K/k. Then the reciprocity law

) §
holds for (K,k,f) so the group l’f -

{(e)] (e ,f) =1 and e T 1 mod"f | 4s in the kernel of
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the Artin map defined on ideals O with (O ,f) = 1,
But now it is easy to show that the group
H(f)={ (o) |(x ,£)=1 and x = z mod"f, with z a rational integer]
is also in the kernel of the Artin map. Let (o¢ ) 2 H(f).

Then (3 )¢ Plf so

"R L
ey = *
But this implies [Kjk}- [Kfﬂ = ]
(o) (z) 4

Thus K is a ring class field as required,
Lemma: Gal(fQ( —2m,;z:m)/Q ~ Da and
Gal{ &Q( y-2m, V&€, )/ @ (v -2m)) arC(4) if NE , = -1,

Proof: Let K = &( v=2m, VE5p) and k( ¥-2m). First
note that K/Q is a normal extension fori & om = ﬁ and
i K. SupposeT £ Gal{K/k) such that t(J&zm) = o

Then T ( d2m>= -¢r2_n'1- so T(i) = -i because?Ze Gal(K/k) and
i 2
hence leaves 4V -m fixed. To determine T compute as

follows:
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-i=r(i) = T (¢ 2mJ £, )

P
Therefore T- (IE_;;) = - J??;; so Gal (K/k)xC(4)
Let ¢ Gal(K/& ) such that

e ( {=2m) = - J=2m

E 20) =VE am

Since & leaves \FEE fixed but sends -2m to - J:fa.it
follows that @ (i)= -i. But i =J:r;§5§?;; so on
applying o we get ~i = 0 (i) =0'(J-2-;mvr2':;n) 8\;:-5_2:“0'(&?;;}
Therefore, O‘(J-Zm) =-J?2_m.
The proof is completed by showing that

gTs ='C-1

- = - - - - T - -1 r—
Butath£2m)-o-Lh£ mﬂ G(Jézm) \£2m T h£2m)
TTol(¥y=2m) =, -2m ="C-1 ( {=-2m)

S0 we are done.

All the conditions of Thecrem 35 are met so we have the

follewing

Lemma: &{(v-2m, /& , )} /Q( v -2m) is a ring class field

Lemma: & {v=2m, u'ézm)/ & v=2m) is unramified except at
2 the prime ideal lying above (2).

ll
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Proof: £ om is a unit so there are no prime ideals which
divide £2m' Consequently if “£ is odd prime then ;(:: isg
unramified. The question of whether 2J_ramifies ig a more
delicate matter, We note that if 214/é5k/k then K/k is
unramified and abelian. This-forces K to be a subfield
of HCF(k} because HCF(k)} is the maximal abelian unramified
extension. Certainly a precondition forfzq;; Z HCF (k)
is that 2m belong to HCF (k). IfJZ;m £ HCF (k) then

®R(Jy-1) €HCF(k). PFrom this last inclusion we would
derive the fact that every prime which splits completely
from k to BECF(k), i.e. every prime of the form

p = X2 + 2mY2

is congruent to 1 mod 4. However, this requires that

for every such p 2|Y since p = 1 + 2Y2 mod 4 and

for Y odd p would instead satisfy p 3 mod 4. As bhefore
this leads to a contradiction since RCF{-32m.{§J:HCF (k).
Thus 21 ramifies in K. It is useful to record the

following result.
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Lemma: & (-2m &, )¢ RCF{-zzt- 8m} for some t.

Proof: @l J-2m, ﬁ?;%) is a ring class field and the
only prime which ramifies from @ { / -2m) to & ( -2m.JE_;;)
is 21 the prime above (2). But every prime which divides
the conductor f(X/k) ramifies. It follows that

f = 2% for some t.

Lemna:  Gal[ RCF {-22%. 8m }/ HCF(X) ]~ C(2%)

Proof: Under the Artin map HCF(k) corresponds to the group
P(£) = { (=) | (o,£) = 1] and

H={(x)] (x.,£) =1ande3=zmod 2" z.2Z;
corresponds to RCFE{-Zzger} . Thus

Gal (HCF(k)/k) 2 I(f)/ P(f) and

Gal fRCF {-22t.em} /k] ~ I(f)/H. By Galois theory

Gal(RCF { -22%. am/%: i) _ .
Gal (RCF {-zzt.am}/Hcr(k) 2z Gal (HCF(k)/k). Furthermore
. I(£)/M
~1 P(f) ~ .
Gal (HCF{k)/k} (£}/P(£) P(£) /M It follows that

| Gal(reF { -2°%, gm1 fucF(k)) | = | P(£) M |
For the remainder of the proof let L = RCF {-22t.8m}
and K = HCF({X).

L/
Claim: The Artin map , maps P(f) to Gal (L/K)



Indeed, let}p be a prime ideal of k such that (.,f) =1
: r

- 5
and suppose ¢ < P(f). Thenﬂ%‘l=l, that is A = A" mod;z Ok
£ . .

for all A Oy . Further let S= L‘% so SA A mod O

- N
for all A£ O;,. It follows that SA = A ‘}fmod . C)K for

Y
all A Oy (Note SA-A"Y 40/ n Oy = ¢0g). This means that
N
SA 2 A7 7 mod vOg for all Ac Oy where S restricted to K
is trivial for ﬁ is unramified. Therefore S&¢ Gal(L/X).

Given an arbitrary ideal&Xof Oy such that Cte P{f} there

therz2 exists

LT r -
;5 P(f) such thatrL'&: LMJ

I+ follows that P{(f)/H is isomorphic to a subgroup of

£Gal (L/X)

Gal(L/K}). But!P(f)/H] = {Gal(L/K]\ so the map is onto

and P{f)H & Gal{L/K). As a result it suffices to show

2t. Since

(]

tha= P(f)/H= c(2%) wrare £

[_P.CF[- 22t- Bm‘; :HCI-‘(‘.:.)] 2% it suffices to find an

ideal (=) such that (=) ¢ P(f)l (ﬁ;)Zt_H ard (-~ )2r£.H

L

for r<t. Let (x) = (1+#V<-2m). Siance (1+ [-2m)2F =
x +2¥Y, -2m where X and Y are odd it follows that

(1+ § =22)2%¢ H but (1+, -?m)zrj H for rct.



Theorem 36 J& 2m.ER.CF {-128m?

—

2t
Proof: ‘E2m £ RCF {-2 . 8m: for some t. Furthermore

Gal(HCF(k)[ - ° / HCF(k))XC(4). It follows that

y £ £ RCF { ~128m} for otherwise for some t the

2m
group Gal (RCF {_22t. Bm} /JHCF(k)) would contain two
subgroups of the same order which is impossible because

of the preceding lemma. In order to complete the proof

of the Main Theorem we must show that Ez‘snr52m is a square
in the field RCF { -64m}x RCF {-128m:.

It is necessary to first give a brief discussion of the

Anti~Pellian equation:

2 2 -4, for 4 a positive square free integer.

X2 - ay
A necessary condition for the existence of a solution (X,Y)
is that d ¥ 3 mod 4. When d is a prime P = 1 mod 4 the
equation always has a solution. The condition that d = ]
however, does not guarantee a solution. For example, if
D = 221 the equation is unsolvable. Likewise for 4 = 2p

where p i3 a prime congruent to 1 mod 4 the Anti~Pellian

equation may or may not have a solution, e.q.

xz -34Y2=--4 has no solution. It is easy to see that
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this equation has a solution if and only if £, the
fundamental unit of @{ Jd)} has norm - 1.

Before continuing with the proof thate 2 5m£. om 18 2
square in the composition field RCF{-64m_?> x RCF lf—lzam?
it is necessary to state gsome more basic results from
algebraic number theory.

Theorem 37 ¢ Let F’d be the fundamental unit of

-

K= @Q{,d) and suppose N¢ = -1, Then if fl,....}'t

are some of the prime ideals dividing d the ideal

0
-’l...

Proof: Suppose Vl"”ot is a principal ideal, that is

Pt is not principal unless yl ’Ct = (/d).

suppose

F ...P = {a+h {4d)
1 t
2

2 2
cou P = (a+bJ—El) = (pl... pt) Og- It

Then F 1 t

follows that (a+b fa)z = E’pl'..pt for some unit ¢ in &( {Q).

If pl...pt # d then £ cannot be a square. Indeed if

2
£ =( 12 we get

2
(a+b _d) _ - 7 e : .
1 Pyee<Py y Pyr--Py &(,/d), which is
s
false., It follows that N:& = -] since €& = +¢ where s is
d
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an odd integer. Upon taking the norms of both sides we
get
N “(atb (3)2]= (N,g) N(p....0 )
- 1 S
—_— 2 2 2 .
or (N [a+b yd )" = N¢ Py +++P which means Ne = + 1,
This contradiction forces us to conclude tha* F?l""p
is not principal unless P ... ¥ = ( a).

t
Theorem 33: Let K be a nurber field, an? let L and M be

two exbtensions of K, Fix a pvrimesos K. If is un=-
; £

ramified in bhoth L ard M, then(ﬁ is unramifiad in the

comnosite field LM,
Proof: For a proof se= Marcus 19 pg. 107.
Theorem (Hilbert's Theorem 90): Let L be a normal extension

0f K with Gal({L/X) a eyclic group generated by S, Thea an

element a in L has norm 1 1if and only if ix has the form
b
(Sb)

In Scholz 20 t*e author gives a proof ofthe nert nronosition

for scma b;’O in L,

which avoids any use2 of the Dedekird Zeta function-f K-

Theorem 39 : Letk pl a~3 Py be primes, either kboth

™

congruent to 1 med 4 or p, = 2. If =‘EPIP2 tha

—————— ——

} has norm =1 then
P12

fun?amental unit of k =4,
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that & is principal,
Let ( x) be an ideal of Ok which is invariant under S.

n n
Further let (Xx) = P .o P t

1 t
Since §  (x) = (x) we have that (o)} =
by n n n
A 1 + 5 t s+l i t
'J‘l ...ﬁj‘,s ...PS"’I . j:)t Where
C. J ~ \
A = N0 caaa = 5ﬂ [ o are primes of O
1 71 ky Fs s k3 P X1
1 1T

which either split or are inert and g+lrrere L o Are

the ramified primes. Since (2)C Z is unramified in

kl = R({ﬁi) and ky = @l\[pz) it follows that (2) is

unramified in the compositum K, Therefore, the prime

. o _ , ,
1deals.gs+l,..., ?t are divisors of py. Since ()

is a principal ideal the relative norm of ( o« ) with

respect to k is again principle, N: = - 1 it follows

o a4+ . N¢ _—

—

that - s+1 X = (.\‘-pz)l as in the proof of the

lemma. Thus

{ ' - .M , . :
(( - )l; - L'l ‘..»l;n OK 18 a prlncipal idealX.
pz i )
Since {(ii*% is a vorincipal idecal it follows that
[3)
A0 a1 Ne = . . . .
¢l .%o 7 is a orincipal ideal. Lettinc
'11 MNe
(<)) = cese gg e see that
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Now

(B (unit)
R o 1 3 - - - =T
Sy S%q S(.Py)t S(unit) > S(unit) -

The unit " (S” } is invariant under S which means that

+ t
m(§") ¢ k,. Therefore ™ (S7) = _. & L
+ t
" = ﬁ(ﬁ;’): —~£1
R (s~ )% (g2

+
If t were even then - 552 would be a square. However
2
N ; = (£ = (=1Y&
K, (66g) = (5p) S (egy) = (<D,
This implies that -1 is square in K ==Qj-f§i, fﬁ;). But

K is real so t must be odd.
. e+l U

F Lt . . .

If -1 =t&_ then <1 =z £ % =§ &1 =ls ¢
— 1 —_t .
s2 P E? 2 75 12

Remark: When p = 5 mod 8 the norm of the fundamental

unit is =1. To complete the proof of the main theorem the
case Nizp =] must be investigated. For this part the
reader is assumed to be familiar with biguadratic
reciprocity.

Definition: Let g be a prime with g = 1 mod 8. Then

X2 2 2 mod g has a solution. We define the symbol (;EL)

as follows:
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2

Let J¢ = mod 9. Then

(£2)= (149,
q
It should be noted that ¢

the ordinary Legendre symbol.
&2

)is well defined i.e. does

not depend on the choice of J. The following theorem will
be used a2 few times in the subsequent developments, This
result is Theorem 118 of’Heckefig}

Theorem 40: Let k be a number field which contains the

/th roots of unity where { is a prime. Let . be an
element of k. Let K = k(< ). Assume that M is not

the ! th power of a number in k so that[K:kjsli. Let « be

-

an ideal which does not divide . or . Then A2 decomposes
[
into a product of i distinct prime ideals in X provided

the congruence
‘{I
M= X (mod )

can be solved for x an integer in k. On the other
hand . remains a prime ideal in K if this congruence

cannot be solved.

Theorem 41 : (—2)= 1 if and only if g = aZ+3282,

a
Proof: Suppose g =A2+3282. Then g splits from

X to RCF =128-. Recall that
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RCF-=- 128 = &( .-2, . 1+ ,2) and €, =1+, 2.

Let g = Q1Q, be the decomposition of ¢ in 8(V¥2). Since

— T
both Q1 and Q, split from C(y2) to & (yl1l+.2), we can
2
solve the congruences Xy = £2 mod Q,
and Xy Z €, mod Q,

using the Chinese Remainder Theorem we find that

x2 = £ mod g is solvable (here x =a+b\r3). It follows

2
that (5%3) =1, Next let (J%g) =1, We wish to show
that g = a2 +32B2. Let

J2 = mod g. We are assuming that

x2 =1 + J mod g has a solution.

It follows that Y2 21 - J mod g is also solvable,
Let Q = (a+bq’f)(a—b\f§3. Since q 72 -2 we get that
either a+b . 2 J+\f§ or a+b\j§- J--TE“ (This ig true

because 7 ( 2) is a unique factorization domain). Without

loss of generality we may assume a+b. 2 ;J—;ﬁa.



Let X =r+s J 80 (r+s J)2 2 1 + J mod q

(r+s J)2 5 1 + J mod (a+b, 2)

(r+s [ 2)2 3 1 + J mod(a+b 2)
Let Y = u+v J so {(u+v J)2 =1 «J mod g

2 - JU—

(utv J)” =1 = J mod (a-b, 2)

(u=v \ 2)% = 1+ 2 mod (a-b ¢2)
Therefore (a+b, 2) splits from 2 ( | 2) to & 1+, 2).

— . —_— =
Similarly (a-b y 2) splits from 5( ., 2) to ( 1+, 2).
—r

Consequently q splits from{ to &(./1+,2). Also g

gplits from & to & :—:2). Therefore ¢q splits from& to

'gﬂ JE,‘Q1+J_§) = RCF . =-128°. But this implies q-A2+32Bz.

Theorem 42: Let Q be a prime, g = 1 mod 8. Then

= q
Proof: We will need the following facts

2

2 = . ,
(1) (*a—)4 = 1 if and only if g = X° +64Y2, For a proof

of this the reader can use Irample 1 of Section 1.4. It

has been shown moreover, that q = Xz +64Y2 if and only if

a splits completely from S to ii(f 2,1)
(2) q =1 mod 16 if and only if g splits completely

in the field containing the l6th roots of unity.
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Using the identity

2 -2 [1+,2 =%73

L3

one observes that the compositum of any two of the

following three fields contain the third:

—_—

a(J1+y2.V-2), g 42, V-1) and Q(. 2-2, .-1)

On the basis of this observation it is readily seen that

if (—2-) = (=) =1 tpen &—2) = 1 also. Note

q 4 q 8 q

(:;-L—-)8= 1l if and only if ¢ = 1 mod 16. By symmetry it
q

follows that whenever any two of the symbols (_Z_)4,
a

(:é— &, or (JEE) are positive the third is positive as
well. Perhap: it should be pointed out that we are
using the fact if q splits completely in Llﬂg and Lzﬁ&
then q splits completely in L, Lz/g and in F/ R where
F is any subfield of Ll Lz.
2 - .
Now suppose (—E—l = (—é—é = -1. Since g = 1 mod 8,

-

g splits completely in N (fa)/i; . But _ [E(-_’a): D =4

so we have
Since g does not split completely in GQ(4:“§:ib’gpt least

one of the ideals QleQa or Q4 remains inert in

—Ri-



N (qvﬁa.i)/iB(JJa). Butu&(f-ui}i)/iiﬁf g) is a normal

extension so 01, Qz, Q. and Q4 must remain inert. This

3
says that the congruences

2 ——
x 2.2med Q; for i =1 to 4

has no solution with ¥ an integer in x = {(7_,). Likewise

8
since g does not split completely from-k(x’ls)ﬂg it
follows by the same reasoning provided above that the
congruences

x> @2 -, 2mod Q; for i = 1 to 4
also have no solutions in O, . Since (Ok/Qi)* i=1,...4 is
a cyclic group it follows that for each i =1,...,4 the
congruence
x> = 1+, 2 mod Q; is solvable.
This implies that each Q; splits completely from
&(~f8) to RCF i-128}. Therefore g splits in
RCF- =128 /@ so (%f)= 1. Next suppose (—§r44= 1 but

(:i—)a = -1, Then the congruence

xz 1+ rflmod Qi is unsolvable

so ¢ does not split in RCF ;-128:‘/;_. Therefore (—=)= =1,
' q
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There are a few more cases to consider but as each is
similar to one of those already discussed we may regard
the proof as complete.

Definition : Let p and g be primes congruent to 1 mod 4.

Further let (£) = 1. Then if 32 = p mod @ we define (Eﬁh
q q

to be equal to the Legendre symbol (3%91) if = p =a+b, p.
Since N¢p=-1 and (%;)=1 there is no ambiguity. The next
two theorems are from Lehmer[i?j. The proofs given are

hers: we present them only as a convenience to the reader.

4
Theorem 43: (—E) = (P) (-2)
q a 4 p4

Proof: We use the following class number formula which

can be found in Hasse:13]:
-n

h "'—'-(an ) 2 N
= A N

where r runs over the cquadratic residues and n over the

-

~
non-residues of q lessthan (5 )wherma - is a primitive

q -th root of unity and h is the class number of the
X

——

field A (. q). Since.q = -y (rV-~""Y) = NR it
g =

follows that

_h
qiq = (...2_) N2
q
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We next introduce the cyclotomic periods of order 4:

b= dm+1
\’r"] - -_\_ "-;J g
LX) ]

i (i= 0,1,2,3) where g is a primitive root

of @. N can be rewritten as

N= T ¢ mfg 2k+1 ‘~T§2k l }
k E
2k+1
I<g < -1
red P
Let —~-Gal({ R(7)/z) which sends -”-—>.79,
T 2+l 2m+1
Then ~ (V) = (-9 )y - (-9

= (-1)" (JT-T7%
r
where r ranges over the residues mod q which lie between

1 and g-1 .
2

Yy —

M b - -
2 = (-1 (1) (r P -
By Gauss' Lemma .+ y is odd since g is a primitive root.
Therefore ,"‘2 (N) = «N, It is easy to see that N can be

expressed as

- . i
N =_"_ a; -~ where aic. =z
Ll . gi &
We can also write N = _ a; - . 8Since v = 1 we have
- - 1
N = —4(N) = a;- 974 since {1,-" ....,'q 1 is a

basis for  ( 7)/& it must be the case that a; = a_ 4.

o
-



By taking i = 0 it is seen that ay = a, = ag = ...

Therefore one can write

> »i

Further since & 2(N)= -N we see that C0 = --C2 and

=T - - fvn _ -7y _ A ANENERRY

where C4y and C, are integers. We now introduce the prime

p and recall that

WP 4
{ " ier mod p
More explicitly
. ok
4m+1L - dm+i
1p= (‘--‘ ) = S- Pg
i - m=1 mod p
p .
If (_%_)4= l then ;= |, modp r =0
If GE—) = =~1 then » P = 7 mod p r =2
qa ‘4 i Ci+2

(Note (-B-) =1 so r = g or 2)
a

P — ka 31 h
NT = Co (Tp= pa) ¥ C (g = 43) mod p

These calculations show that

NP = Nmod p if r = O

-

. =N mod p if r = 2
Using this one can verify that

Nz i) P-l
(—) = (N°) < = (P2} mod p
b a 4

- B -



Since h iz odd it follows from

_h
.|q_q = (2._) N2
q
rq' 4 2" \ Nz
that (L) (=9 2 (2
P =3 P P
-q q P
or (—) = ( Ja | )
P p 4 q 4
2 2
Theorem 44: Let p = ¢ + Bg d°. Then
tq p q 4 €.
(——) = —)ag { Ja = ¢ =) (—)
) g 4 Tp 4 p

Here @ is a prime congruent to 1 mod 4.
Proof: We first remark that ¢ must be odd and p = 1 mod 8,

c2y -
Then (--g—-) = (-1 )78 = ( -l)EBl ( -1) d here (—z-)

is a Jacobi gymbol.
2
By reducing p = c® + 8gd” modulo q we get
D= c2 mod g

Hence (—C!;-— g = (—=—)

a
q 2 cd
Also (—-—-—)4 = (—} (—)
P P p

2 =
pecause ¢2 + 8qd° = O mod 8
so g = mo
PEY P

and (%)43 1 for p =1 mod 8



-

If ¢ is the largest odd factor of d then (-%rﬁ

1
ot
-

for let r be any prime divisor of ¢ , Since

2 2

c +8qd2 = ¢ +qu2t2 we have (~B_) =1, But

r
- ; r
p=1mod 8 so (—%—) = (—Erﬁ. This implies that

P

(=) = 1.

P
It follows that (—9—) = 1. Let r! € r a prime.
p L]
Since
2
p = c2+8qd

we get p = 8qd2 mod r. Therefore

(Z) = P = (-2 () = (2 (<)
P r r r r e §

This implies that (~5—) = (—2—) (=),
q c q

-1 <
before that (—%—)4 (-1 )gg—'ﬂ(—az). Consequently,

We know from

-— -

(9 = 2y 9y = (S (2 ) (=
q P , d - P4 < T
2

= (—— (

2 )= (2 DBy L G2y (e
Py 4 P

n IM-h

2
We now apply this to show that £ & 0 on =" with

*) &€RCF - -64m- x RCF«=-128m’ or equivalently that
RCF /=128 < RCF: =64m . v RCF < ~128m -,

2
Proof: Let p = x2 +16mY2 = U +32mV2: i.e. Suppose

p splits completely from & to RCF 1-64m; v RCF« ~128m-,



" Since iim belongs to RCF - =64m ' « RCF «-128m} it follows
that p splits completely from & to & (. : m). Suppose
p = PP, where P1 and P2 are the prime ideals of

(. m) which lie over p. Then we can solve the

congruences
2
Xl = & mod Pl
2 . : —
and X, =: mod P, , X;,X integers in 5 (\ m).

By the Chinese Remainder Theorem we can solve the

congruence

2 .
X" &¢ mod (p) where X is an integer in = ( m).
L _

This means Giglé = 1. Now since p = x2+32mY2, the

£ [
previous theorem shows that (—ﬁEJ = (~1)2 (_E—} = (:%ﬁﬁ.

4
Therefore (13—) = 1 50 p splits completely from -~ to
p

RCF {_-128} . Since p was an arbitrary prime contained in

s
RCF { -64m . RCF - -128m; we get that

RCF { -128 - ¢ RCF { =64m « RCF { -128m ! . This

completes the proof of the main theorem,

-71-



2,3 On Lehmer's Conjecture

In this part we shall show that Conjecture 4 of
Lehmer 18 is true by using the same techniques developed

earlier. A Xkey step in the proof is to show that for m

a prime congruent to 1 mod 4, 473 « RCF , =256 m

=m
As a first step in this direction we prove the

Lemma : Let m=1mod 4, m a prime and let

k = &,

2 t-l)

Then G = Gal(RCF-2°% am © /HCF (x)) ~C(2).C(2
Proof: As in the proof of an earlier lemma all that is
required is to produce two subgroups of G both of which
are cyclic of order 2t_1 . Let & = 2+,-m and
5=142 , =m. Then the principal ideals ( o< ) and (.~ )
are both relatively orime to the conductor £ = 2%,
Denote by H(f) the group
‘(=) (v ,8)=1 T =z mod f, 2-Z : . Then

st-1 _.ot-1 _
) < H{f) and ( =} H(f ) with no smaller powers

( .«

doing the trick.

. t
Since G = 2 we are done.

~J
iJ
1



Ar———

Lemma “Q(4u2:im. . -m)/ & ( | -m) igs a ring class
field.
Proof: Let X = E;(4;2im, .-m) and k = S (., -m).

Let T:Gal(X/k} such that Tf(4;§ifa)( :EE;) = i,HE-and

.m) = - m. Let ~.Gal({k/ & (. m)) such that -~ (. -m)

o

= mand ~(*2m) =42 .m

Then \='is a cyclic group of order 8, 52 = 1 and
sT-=7"1l. This proves that K/ & (. -m) is a ring

class field.

2t

Lemma : (% 2:m, =m) O RCF - -2°".4m . for some t

Proof: Zm is a unit so & (4 2tm, ~m)/ o { =)
is unramified outside of 2.
From these three lemmas it follows that

479 T S RCF - -256

Next we state Lehmer's conjecture.
Theorem 45: If p = 1 mod 8 and if q = 5,13, and 37

+d 2

:q b 2
then (—E_)4=(-1) where p = a%+16b° =c?+16qd?

Proof: It can be shown that for g assuming these values



and p = 1 mod 4 such that (-B.) = 1, one has (JLQ) =1
aq P
2 2

if and only if p = c¢“+4gqd”. If it is further assumed
that p = 1 mod 8 then one can in fact write

2 +16qa2

p = a2+l6b? = ¢
Case I p = aZ+64 (b )2 = c2+64q(d’)?
In this situation p splits cormpletely from { to the
compositum f£ield K = RCF { -2561xRCF { -256q}. Since
4:§-E-RCF {-256} and 4:57?5 € RCF {—256q} it follows
that %:E& :K. But p splits from I to K so one hasg for
any prime ;f: of RCF { ~64 } x RCF {-64q } Withc‘f f p, that
the congruence

}{2 = -_é_c} modj

is solvable.

£a
It follows that one can also write (—E;)4= 1

Caze II b odd, 4 even

In this case one has that

X = J2fq mod is solvable

and Kz = JZ mod has no solutions.



It follows that Xz = fT“& has no solutions. Therefore

(—2)

p 4
= RCF - -64 ' RCF - -54q * since p splits from o to k )

Z e}
-1 (Note: /22 ks x

Case III:b odd, 4 odd

Here both the congruences

X=® - 2:_, mody

and Xz = ‘_5_ mod o
are unsolvable. It follows that

2 = cq mod

has solutions. Therefore (_igl;= 1
P

This completes the proof. For q = 1 mod 4, g otherwise

arbitrary the following statement still holds:

G¥£L4== 1 whenever p = a2+64b2 =c2+64qd2.

jo

-
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