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ABSTRACT

The expansion  of a highly heated  plasm a sphere into an ambient 

magnetohydrodynamic medium containing a uniform m agnetic fie ld  is  

s tu d ied . The expanding plasm a compresises the medium in  front of i t ,  

creating a shock wave w hich is  d isto rted  in to  an e llip tic  shape by the 

m agnetic f ie ld .

A tw o-dim ensional MHD computer code is  developed to  study th is  

problem. It is  assum ed th a t the expansion is  governed by the n o n d iss i-  

pative MHD equations w hich are w ritten  in  Lagrangian coord inates. Since 

some d iss ip a tio n  is  n ecessa ry  to ob tain  the correct solution ac ro ss  the 

shock w av es , the a r tif ic ia l v isco s ity  method of von Neumann and 

Richtm eyer, developed for gasdynam ics, is  extended to  the MHD problem. 

The computer code provides rezoning to  resto re  the Lagrangian m esh, 

d isto rted  by the plasm a m otion, to a  regular shape.

Two m athem atical models of the plasm a expansion  are s tu d ied , the 

spherical p iston  model; an in fin ite ly  conducting, rig id  spherical p iston 

expanding a t a constan t sp eed , and the b la s t wave model; a sphere of 

plasm a in itia lly  a t a uniform pressure and in ternal energy several orders 

of magnitude higher than th a t of the am bient medium. A com parison of the 

re su lts  obtained using the two models is  made. These re su lts  are a lso  

compared w ith so lu tions to sim plified models in  p lanar geom etry.
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CHAPTER 1 

INTRODUCTION AND REVIEW

Since the governing d ifferen tia l equations are highly nonlinear, 

a theoretical an a ly s is  of nonlinear magnetohydrodynamic w aves becomes 

rather difficult excep t in  certa in  sp ec ia l c a se s  involving simple geo­

m etries or in ca se s  in  which m athem atical sim plifications may be made.

In recent y ea rs , num erical m ethods for solving the  nondlssipative g a s ­

dynamic equations in  Lagrangian coordinates have been developed for

1-5time dependent problems involving one space  coordinate . These 

methods are a t p resen t being ex tended  to  problems involving two space
g

coordinates . The primary aim of th is  study  i s  the developm ent of a 

numerical method for a ll  nonlinear nond lssipa tive  problems in  a com press­

ible magnetohydrodynamic medium governed by one or two space 

coord inates.

There are fundam ental d ifferen ces betw een the ex istin g  numerical

methods for gasdynam ics and th e  method attem pted here. F irs t, since
7

more than one wave speed  is  p o ss ib le  in  magnetohydrodynamics , and 

therefore the number and position  of d isco n tin u itie s  is  not alw ays pre­

dictable , the num erical method m ust allow  for the handling of these  

d iscontinu ities w ithout reso rting  to  sp ec ia l bouncfary conditions across  

them. Second, in  problems involving two space  coord inates, the shapes 

of the Lagrangian m esh elem ents can  be rad ica lly  d isto rted  after only a
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short tim e in terval of com putation. This d is to rtio n , much more prevalent

8 9in MHD problem s, can  re su lt in  s ig n ifican t errors ' and make i t  

im possible to carry on the ca lcu la tio n  to meaningful time in te rv a ls .

Therefore the num erical method attem pted here w ill go further than  the 

ex isting  methods and include the resto ra tio n  of the Lagrangian zones so  

that the ca lcu la tion  can proceed w ithout e r ro rs .

This method w ill be used to  solve two m athem atical problems in ­

volving nonlinear w aves in  magnetohydrodynamic m edia, the spherical 

piston model and the b la s t wave m odel. The f irs t model is  a rig id  spherical 

piston w hich expands a t a constan t speed in to  the uniform m agnetic fie ld  

of the medium, w hile the second i s  the constan t energy expansion of an  

in itia lly  high energy spherical plasm a bubble a t  a nonuniform speed in to  

the same medium. In recen t y e a r s , the spherica l p iston  problem has been  

ex tensive ly  investigated*** *2 , bu t due to the d ifficu lty  of th is  m athem atical 

model, so lutions have only been obtained  for the sp ec ia l c a se s  of very

weak or very strong m agnetic f ie ld . However, the p iston  problem has

13-19been in v estig a ted  most thoroughly for planar geometry where the

m athem atics is  le s s  involved . The constan t energy expansion  model

20-24without a magnetic fie ld  has been s tud ied  for many years  , but the 

effect of the m agnetic fie ld  has not y e t been determ ined.

In the re s t  of th is  chapter, the ex istin g  so lu tions pertaining to 

these m athem atical models will be review ed briefly  along w ith  the theory 

of magnetohydrodynamic shock w a v e s .
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1.1 Planar MHD Shocks and Simple W aves

In order to  describe th e se  nonlinear so lu tio n s , i t  is  n ecessa ry  

firs t to  d iscu ss  the three types of small am plitude w aves po ssib le  in

m agnetohydrodynam ics. In gasdynam ics, the only po ssib le  wave speed
a

is  the sound speed a = (y p /p )2 . In MHD, there is  a b a s ic  wave speed ,

25present even in  an  incom pressible medium , known as the Alfven
A

speed , S = (1 /4  irp ) 2 £  • In a com pressible medium, the two 

b as ic  wave speeds known as  m agnetoacoustic wave speeds are coupled 

in  a manner given by the Friedrichs diagram , Figure 1 .1 . These two 

separate  diagrams are for the c a se s  of b < a ,  and b > a .

The Friedrichs diagram is  a polar plot of the ch a rac te ris tic  

speeds of the po ssib le  sm all am plitude w aves propagating in  the n 

d irection , (in our c a s e , the x d irec tion ), a t an angle 0  from the d ire c t­

ion of the m agnetic fie ld . Any normal n in te rsec ts  three curves; the 

inner curve represen ting  the slow  wave w ith speed  c s , the outer the fast 

wave w ith speed  c^ , and the middle the Alfven w ave w ith speed bn .

For 0 = 0° , that i s , in  the direction of the  applied  m agnetic 

fie ld , the sound and Alfven speeds are uncoupled. In Figure 1 .1 a , the 

fa s t wave travels a t  the sound speed  and the slow  wave trav e ls  a t the 

Alfven speed , w hile in  Figure 1 .1 b , the reverse is  true . Since the 

effects  of the p assag e  of sound and Alfven w aves are quite d ifferen t, 

the Friedrichs diagram im plies th a t there will be s ign ifican t changes in  

the properties of the fa s t and slow w aves as  the Alfven speed becom es



( d )  b <  d
Fig. 1 .1  F r'ed richs diagram
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greater than the sound speed .

Here the Friedrichs diagram is  used  to  study shock w a v e s . In the 

diagram each  of the numbers I -  IV rep resen ts  a fluid s ta te . The v ari­

ations in  quan tities  ac ro ss  the d iscon tinu ity  or shock wave is  governed

26 27by the generalized  Rankine-H ugoniot jump equations ' , equations

(Al) -  (A5) of Appendix A. Solutions to th ese  Jump equations were

28 7d iscu ssed  by De Hoffman and Teller and by Friedrichs . The firs t

29complete so lu tions were obtained by Bazer and Ericson who showed 

that the shock so lu tions of the generalized  Rankine-Hugoniot equations 

are characterized  by tran sitio n s  from s ta te  I ahead of the shock to  s ta te  II 

behind the shock , (the fa s t sh o ck ), or from s ta te  III to s ta te  IV (the slow

30shock). The fa s t shock has the sim ilar property to  the gasdynam ic shock

in  tha t the shock v e lo c ity  is  g reater than the signal speed ahead of the

shock w hile the ve loc ity  is  le s s  than  the signal speed  behind the shock.

17Also, a sim ple fa s t com pression w ave w ill s teep en  into a fa s t shock 

Similar re la tio n sh ip s  hold for the slow shock.

In add ition , another type of so lu tion  e x is ts ,  known as  the in te r­

m ediate or Alfven shock , characterized  by a change from s ta te  II to  

s ta te  III, w ithout a change of entropy acro ss  the shock. However, 

th ese  in term ediate shocks are unstab le  to  sm all amplitude wave 

(nonevolutionary) and cannot be formed'by the steepening  of a com press­

ion w ave. The interm ediate shock should therefore not be considered  as  

a true shock and should not be expected  to e x is t in th is ca lcu la tio n .
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The fa s t shock is  a sso c ia ted  w ith an  in crease  in  the tangential

m agnetic fie ld  in  the post shock s ta te  and the slow  shock w ith a decrease

17in  the m agnetic f ie ld . However, the evolutionary condition shows th a t 

the tangentia l m agnetic fie ld  cannot change sign  in  the slow shock.

For planar p iston  problem s, the s e t of hyperbolic partia l differ­

en tia l equations becom es reducible since  their coeffic ien ts are not 

ex p lic it functions of the independent variab le but are only functions of 

the dependent v a riab le s . C ertain  MHD wave so lu tions of such  a

reducible s e t of e q u a tio n s , known as  sim ple w a v e s , are given by 

17Jeffrey-Taniuti . Simple w ave so lu tions for gasdynam ics may be
30

found in  Courant-Fredrichs
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1.2 The Planar MHD Piston Model

The propagation of shocks due to the motion of a planar p iston  a t 

a constan t speed  vxp into an  am bient MHD medium containing a m agnetic 

fie ld  (Bx , By) has been  studied in  recen t y e a rs . Solutions have been pre­

sen ted  for subson ic  p iston  motions and w eak m agnetic fie lds by Akhiezer

15 17and Polovin and a lso  by Jeffrey and Taniuti . In add ition , G ogosov

16and Barmin have d iscu ssed  the solutions for stronger fields and super­

son ic  piston m otions.

For the nondlssipative one-dim ensional problem, the MHD 

equations can  be e a s ily  transform ed, employing a sim ilarity  transform ation, 

in to  a se t of ordinary d ifferen tia l equations in  terms of x' = x / t .  For a 

constan t p iston  sp eed , a steady  so lution is  obtained . Therefore a ll 

shocks and sim ple w aves travel a t constant s p e e d s , and the so lu tions a t  

any tim es tj and t2 differ only in  a change in  position  of shock and 

w av es , but not a change in  re la tiv e  position . The w aves are centered  

since  the variab les  involved in  the equations are functions of x' = x / t  

ra ther than x  and t sep a ra te ly .

29Other in te re s tin g  so lu tions given by Bazer and Ericson are the

sw itch-on  sho ck , the lim iting case  of a fa s t shock a s  the transverse

component of the m agnetic fie ld  ahead of the shock becom es very sm all,

and th e  sw itch -o ff sho ck , the corresponding lim iting case  of a slow

18shock , as By v an ish e s . L ater, Chu and Taussig  generated th e se  

so lu tions by pushing a piston along the x -a x is  in to  an  MHD medium
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containing a m agnetic fie ld  w ith a fin ite  x-com ponent (longitudinal

component) and a very sm all y-com ponent (transverse  com ponent).

13Bazer a lso  has obtained the sw itch-on  shock by pushing the p iston  a t 

a sm all angle to the x -ax is  in to  a com pletely longitudinal m agnetic fie ld .
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1.3 The Spherical P iston Model

The MHD equations in  spherical coordinates may be transform ed 

into sim ilarity  form by the coordinate transform ation x' = r / t  th u s  red u c­

ing the number of independent variab les to  tw o, x' and  0. As w as true 

for the planar m odel, th is  requires that the expansion speed of the 

spherical p iston rem ain constan t and th a t, in itia lly , the p iston  be a 

point in  sp ace . A solu tion  has been obtained by Kulsrud e t al** for 

small m agnetic fie lds; more ex ac tly , for m agnetic f ie ld s  such that the 

ambient Alfven speed bQ is  much le s s  than  the p iston  speed vr p . In th is  

lim it, a num erical so lu tion  to the MHD equations in  sim ilarity  form w as 

obtained by perturbation theory about the Taylor gasdynam ic so lu tio n * 0 

using c = b0 /v rp a s  the expansion  param eter.

Taylor wrote the spherically  symmetric gasdynam ic equations in

sim ilarity  form obtaining a s e t of ordinary d ifferen tia l equations in  x ' .

26 27The boundary conditions a t the shock are the Rankine-Hugoniot '

shock eq u a tio n s, w hile a t  the p is to n , the boundary condition is  that th e

fluid ve loc ity  is  id en tica l to the p iston  v e lo c ity . In s lab  symmetry the

region betw een the p iston  and the shock w as simply a  constan t s ta te ,

30but in  spherical symmetry, the equations are  not reducible , so  tha t the 

variab les in th is  region are not constan t. The Taylor solution w as th e re ­

fore a num erical so lu tion .

For the sm all m agnetic field  case  the  boundary conditions a t the  

shock are the MHD shock e q u a tio n s , w hile a t  the p is to n  the boundary
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conditions spec ified  were that the rad ia l component of flu id  ve loc ity  was 

id en tica l to the expansion speed v and the m agnetic fie ld  w as tangent 

to th e  p iston .

The spherica l piston problem has a lso  been  s tud ied  by Bernstein 

12and Kulsrud for very  large magnetic f ie ld s , th a t i s , for m agnetic 

fie ld s  so large that th e  Alfven speed is  much g reater than  the p iston  

speed  (c = vrp/b 0  «  1). In th is lim it, a very w eak spherical MHD 

shock propagates ahead  of the piston a t  approxim ately the Alfven speed . 

Over most of th is  reg ion , the m agnetic fie ld  is  a lso  w eakly perturbed 

from i ts  original uniform value so that the MHD equations in  sim ilarity  

form were linearized  by Bernstein and Kulsrud. Near the piston however, 

the fie ld  is  perturbed a finite amount and was rep resen ted  to lo w est order 

by a vacuum field  appropriate to  a perfectly  conducting sphere of radius * 

g iven by

3 3

£ =  Bo [ e r cos 0 ( x -  ^ r )  -  e 0  s in ® ( x + 2T3" ) }  f 1 - 1)

w hich sa tis f ie s  the boundary condition a t  the p is to n , Brp = 0 .  An 

ana ly tica l so lu tion  to  firs t order for the lin earized  equations in  the  region 

away from the  p iston  w as presented and m atched to  a num erical so lu tion  

near the p iston  to give the complete so lu tion .
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1 .4  The B last W ave Model

For the case  of no m agnetic fie ld , th is m odel, Involving the con­

s ta n t energy , nonuniform expansion  of a plasm a sphere , has been  e x -

20  21ten siv e ly  studied by Taylor and Sedov . For th is  c a s e , the expan­

sion  is  governed by the spherically  symmetric gasdynam ic equations 

w hich cannot be w ritten  in  sim ilarity  form since  the expansion  speed  is  

not co n s tan t. They a lso  assum ed th a t the sphere is  a point a t  w hich a 

fin ite  amount of energy is  concentrated and suddenly re le a se d  in to  the 

atm osphere. The so lu tions matched progressing w aves num erically  to  the 

shock using  the strong shock re la t io n s , thus lim iting the so lu tion  to  

early  tim es when the  shock is  s ti l l  very strong.

22A num erical so lu tion  w as obtained by Brode for the b la s t wave 

model using the method of a rtific ia l v isco s ity  to smooth out the  sh o c k s . 

Brode observed a second shock forming in  the ta il  of a rarefac tion  wave 

propagating toward the orig in . This secondary shock grew in  s treng th  as 

i t  a lso  propagated toward the origin. He w as able to  follow i t  as  i t  w as 

re flec ted  a t  the origin and a s  i t  overtook the main shock w ave.

The num erical method of ch arac te ris tic s  w as app lied  to  the

23so lu tion  of th is  problem by Chou and Huang using the shock  equations 

acro ss  both the main and secondary sh o ck s. They were not ab le to  follow 

the second shock a fte r i t  imploded on the origin; therefore th e ir  so lu tion  is  

lim ited to  early  tim es compared to the Brode so lu tion . The flow fie ld
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obtained differed greatly  from the Sedov solution except in  the peak 

p ressure of the b la s t w hich is  alw ays located  a t the main shock.

From the an a ly s is  of many fireballs  having different in itia l con­

ditions (rad iu s , p re ssu re , e t c . ) ,  Chou and Huang determ ined that 

spherical b la s ts  have the same peak pressure d istribution a t large 

values of time if  the in itia l to ta l energy of the high energy sphere is  the 

sam e. If, in  add ition , the to ta l m ass in  the sphere is  a lso  kept co n stan t, 

the positions of the main and secondary shocks are a lso  the same for large 

tim es. This im plies th a t the re su lts  for one se t of in itia l conditions give 

s ig n ifican t inform ation over a wide range of in itia l co n d itio n s . Of course , 

by large va lues of tim e, they meant tim es a t w hich the sphere has ex ­

panded sig n ifican tly  w hile the secondary shock has not reached the origin.

Solutions for th is  model w hich include the effects  of a m agnetic 

fie ld  have not a s  y e t been  p resen ted .
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1 .5  Summary

S ignificant and extensive investigations in to  the problem of a 

p iston  expanding in to  the m agnetic fie ld  of a magnetohydrodynamic medium 

have been  made for the planar c a se . However, due to the m athem atical 

d ifficu lty  involved , so lutions to  th is problem in  spherica l geometry have 

only been  obtained for the sp ec ia l c a se s  of very w eak and very strong 

m agnetic f ie ld s . For the more d ifficu lt model of a constan t energy non- 

uniform expansion  (b la st w ave), so lu tions have been a tta in ed  only in  the 

ca se  of zero m agnetic fie ld .

The plan of th is  work i s , in  C hapter 2 , to  give a de ta iled  d esc rip t­

ion of the num erical method and to describe  the two separa te  computer 

program s, MHD WUNDY, specifica lly  designed  to  solve one-dim ensional 

problem s, and MHD CYCLONE, to  solve th ree-d im ensional axisym m etric 

problem s. In Chapter 3, new ana ly tica l so lu tions to  p lanar one-dim ensional 

p iston  problems w ill be presented  and known so lu tions compared to numer­

ica l so lu tions obtained from MHD WUNDY and MHD CYCLONE. In 

C hapter 4 , num erical solutions to the spherica l p iston  problem w ill be 

given for the f irs t time and the so lutions for the asym to tic  ca se s  compared 

w ith ex isting  so lu tio n s . Q ualitative com parisons w ill be made w ith the 

so lu tions of C hapter 3 and the effects  of rezoning on the re su lts  w ill be 

d isc u sse d . In C hapter 5 , numerical so lu tions to  the MHD b la s t wave model 

w ill be presen ted  for the firs t time both for the planar and the spherica l c a s e . 

A com parison betw een the p iston  and b la s t wave models w ill be made in  

C hapter 6 and the conclusions of th is d isse rta tio n  will be summarized.
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CHAPTER 2 

EQUATIONS AND NUMERICAL METHODS

Here the plasm a is  considered  to be a fully ionized  continuum w ith 

a ll the normal ch a rac te ris tic s  of a flu id . The e lec tr ica lly  charged 

partic les give r ise  to e lec tr ic  currents which in te rac t w ith the m agnetic 

f ie ld . As a consequence, the electrom agnetic fie ld  crea tes  body forces 

which act on the flu id . It is  assum ed that a ll  d iss ip a tiv e  p ro cesses  w ithin 

the fluid can be n eg lec ted , so  that the fundam ental equations governing 

its  behavior are the ideal magnetohydrodynamic e q u a tio n s . These equations 

are w ritten  in  Lagrangian form w ith an  added a rtif ic ia l v isc o s ity . In th is  

chap ter, the fundamental equations are given in  Eulerian and Lagrangian 

form, the num erical method is  p resen ted , and the computer programs are 

d iscu sse d .
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2 .1  Fundam ental Equations In Eulerlan and Lagrangian Coordinates

The nondissipative magnetohydrodynantfc (MHD) equations are

25w ritten  in  vector form in  Eulerian coordinates a s  follows ( e . g . s .  gauss 

units):

C onservation of m ass:

^  + p 7  1 v  = 0 (2 .1)

Equation of motion:

p  = -  7  P + ^  ( 7  X f f )  x (2 .2)

Induction equation:

^  = (B • V) v -  §  ( 7  ’ v ) (2 .3)

Energy equation:

DE _ D P 
D t p 2 D t

Equation of sta te :

where p = m ass density

v = partic le velocity  

p = pressure

(2 .4)

E = - r E - r ;  (2 .5)p (y -  1)
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B = m agnetic Induction

E = in ternal energ y /u n it m ass

y  = ra tio  o f sp ec ific  heats

The symbol D /D t rep resen ts  the m aterial or Lagrangian derivative and 

gives the rate  of change of a quantity  along a partic le  path . It is  given 

by

J L . J L + ( * . „ )  (2 . 6 )

The MHD equations as  given contain  the following sim p lifica t-

31,32 ions :

1. The d isp lacem ent current in  M axwells equation is  neg lected .

2. Current flow due to  charge transport is  sm all.

3. The e le c tro s ta tic  and grav ita tional body forces are neglected 

in  the equation of motion.

4 . The equation of s ta te  given is  that of an  idea l g a s .

The num erical ca lcu la tions here w ill be b ased  upon the following

param eters w hich approxim ate atm ospheric conditions a t an a ltitude of

33
2 0 0  km above sea  lev e l :
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density  p = 1 0 ” 13 gm s/cm 3 

pressure p = 3 x 1 0 -4  dynes/cm 2 

in ternal energy E = 4 .5  x 10* ergs/gm  

ratio  of sp ec ific  heats y  = 5 /3  

tem perature T = 660° K
(2.7)

m agnetic fie ld  B = 0 .5  gauss

number d en s ity  n = 3 x 109 p a rtic le s /cm 3

mean free path X = 0 . 2  cm

debye sphere 2 .4  x lO ” 3 cm

ion larmor rad ius r^ = 2 . 1  x 1 0 3 cm

Using th is  d a ta , i t  was determ ined th a t the number of p artic le s  in  a debye

sphere is  much greater than  one, th a t the mean free path is  much sm aller

than any length  of in te re s t, and tha t the ion larmor rad ius is  much greater

34than the mean free path . Since a ll the above are true , i t  is  valid  to  use 

the MHD equations to analyze problems in  th is  m edia.

Equations (2.1) -  (2 .5 ) may be exp ressed  in  cylindrical coordinates 

(R, 0  , z ) .  For our particu la r problem, if  the coordinate system  is  oriented 

so  th a t the z ax is  lie s  along the d irection  of the uniform m agnetic field 

w hich is  an ax is  of sym m etry, there is  no dependence of the variab les 

described  by (2 .1) -  (2 .5 ) on the 0 coordinate . S ince, in itia lly , the 0
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components of the vector v ariab les  v and B are zero , th ese  compon­

en ts w ill be zero for a ll la te r  tim es. Equations (2 .1 ) -  (2 .3 ) ,  w ritten  

in  axisym m etric cy lindrical co o rd in a tes , are as  follows:

D _ v _ 3 v_ 3 v  v

57 = -', ( # +TF + T7) <2l8)

D v„ B a B_ a B v

p D7  = - ! f  + 4t ( T 7 - 7 i ? )  <2 -9>

D v z Br / '* Br S B z N to im» d7 = -£7 -T i lT T 's F )  (2-10)

d b r v r b r B v r  a v ,
D f - ' - P  + ’ . - d - h T t  (2 - n>

D B vD B a V  a v .

- D f = - p + B R T l f - Bz 7 F  <2 - l2 >

Equations (2 .4) and (2 .5 ) are unchanged.

For use  in  the num erical m ethod, the MHD equations are tra n s­

formed in to  Lagrangian co o rd in a tes. Each bit of fluid is  g iven a lab e l K, 

i ts  Lagrangian coord inate , corresponding to  i ts  position  in  s p a c e , x ,  i ts  

Eulerian coord inate , a t time t  = 0. At time t ,  th is  partic le  of fluid 

occupies a d ifferent position  in  space  but re ta in s  the same Lagrangian 

lab e l. The Eulerian coordinate of the partic le  is  therefore a function 

of the independent variab les  K and t .  All physical v ariab les  are
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a sso c ia ted  w ith a particu lar partic le  giving the following functional 

re lationsh ip : F = F(K ,t)/ e tc .

The MHD equations rew ritten  in  Lagrangian coord inates, w ill 

therefore describe how v ariab les  a sso c ia te d  w ith a particu lar partic le 

change w ith tim e. Note that the operator D /D t given by (2 .6) is  

already in  Lagrangian form.

Equations (2 . 8) -  (2 .12) are transform ed in  the following manner. 

Let K and L rep resen t the Lagrangian coord inates. Using the Jacobian 

transform ation re la tio n s , rep lace  derivatives w ith re sp ec t to  z and R 

by derivatives w ith  re sp ec t to  K and L, for example:

(2.13)

(2.14)

where

a R  a R 
aK aL

a z a z 
aK aL

(2.15)

The resu lting  MHD equations for axisym m etric cy lindrical 

coordinates in  Lagrangian form are:
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where

^ -t (P Jo R) = 0 (2.16)

5 r = ? r [ - j ( f t f )  + 4 T Bz f ]  ( 2 - 17)

DB v n B , v , z v , v _ ,z v

- d t  ■ - T i  + i r r v ( t r ) - v ( - c r ) ]  ( 2 - 20)

I t  = vr  <2 - 21>

D z
57 = Vz <2 ‘22>

are the equations of the partic le  path and

, R * B r n  z , B

*  ~  1 ( X l )  + 1 ( k X )  ( 2 - 23)

The com plete s e t of equations includes (2 .4 ) and (2 .5) w hich are already 

in  Lagrangian form.

35The above se t of 9 hyperbolic equations contains 9 v a r ia b le s , 

E, p , P ,  vR/ v , Br , Bz , R, a n d z .
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2 .2  The Numerical M ethod for O ne-dim ensional Problems

When a d isco n tin u ity , such as  a shock w ave, is  p resen t in  the

flow , numerical methods for solving the nondissipative differential
3

equations cannot be used  since the zero w idth of the d iscontinu ity  is  

much sm aller than the assig n ed  dim ensions of zo n es . Another difficulty 

is  tha t the number and loca tion  of th ese  d isco n tin u itie s , ac ro ss  which 

in ternal boundary conditions must be u se d , are not known before the 

complete se t of equations is  so lved .

In order to overcome th ese  d iff ic u ltie s , von Neumann and 

Richtmeyer* suggested  the use  of an a rtif ic ia l v isco s ity  to elim inate 

the d isco n tin u ities  in  gasdynam ic flow s. The sca la r a rtific ia l viscous

s tre ss  term is  proportional to  the square of the ra te  of shear and can be

36added to the p ressu re . Ordinary v isc o s ity  , where the s tre s s  is  pro­

portional to the ra te  of sh ea r, affec ts  the flow away from the shocks and 

gives a shock th ick n ess  which v aries  inverse ly  as  shock stren g th , 

approaching zero for very strong shocks and infin ity  for very weak ones. 

Artificial v isc o s ity , how ever, g ives a shock th ick n ess  of a few mesh 

w idths independent of shock strength  and negligible v iscous s tre ss  in 

the smooth portion of the flow.

Von Neumann and Richtmeyer showed th a t the fla ttened  out shock 

propagates a t the sam e speed  a s  the d iscontinuous shock and th a t the 

a rtific ia l v isco s ity  method does not permit the nonphysical negative 

shocks (sudden decom pressions) w hich are m athem atical so lu tions of the
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jump equations.

The a r tif ic ia l v isco s ity  method is  applied  to  the MHD equations. 

Lagrangian coordinates are used to  sim plify location  of free su rfaces , 

moving boundaries, and , in  particu la r, the position at any time of the 

in itia l d iscon tinu ity  for the b la s t wave m odel. The governing equations 

for one-dim ensional problems are w ritten a s  follows in  the order in  which 

they w ill be solved:

(By+ Bz2) J  (2 .24)

(2.25)

(2.26)

D x
D t Vx (2.27)

p D t a h  S x (2.28)

3 va v 2 a v 2 X < 0

0  = (2.29)

0



23

DE _ p+ O D p 
D t “  p 2 D t (2.30)

p ( y - l ) (2 .31)

DBy By D p a vy dh  

D t p D t + ^x Bh a x (2.32)

DB

D t
z b D p  a v a h

_Z _ _  + o  Z  __
p  D t x a h  a x (2.33)

where h is  the d im ensionless Lagrangian coordinate, Q is  the s tre s s  due 

to  a r tif ic ia l v isc o s ity , and a” is  a coefficient of a rtif ic ia l v isc o s ity . To 

obtain  a more usefu l form for com putations, the induction equation has 

been combined w ith  the continuity equation (2.28) to give (2 .32) and 

(2 .3 3 ) . In s lab  symmetry, M axw ell's equation gives Bx = co n stan t.

The a r tif ic ia l v iscous s tre s s  term , given by (2 .2 9 ) , is  s e t  to 

zero when the fluid is  undergoing expansion , w hile for com pression , i t  

co n s is ts  of the term given by von Neumann and Richtmeyer for g a s -  

dynamic plus an additional term necessary  to account for the tangen tia l 

motion of fluid through the shock for MHD. The amount of v iso cs ity  is  

governed by the constan t a" , a small v isco s ity  resu lting  in  a th in  shock 

w ith  some o sc illa tio n s  in  v a ria b le s , and a large v isco s ity  in  a th icker 

and smoother p rofile .



D ifference equations are obtained from the above equations using 

the mesh shown in  Figure 2 .1 .  The mesh point (h ,n ) is  the location  

a t time tn of the outer boundary of the Lagrangian zone h th a t w as 

in itia lly  loca ted  a t  = hA x for constan t Ax. In g en era l, lin es  h = 

constant are curves in  the (x ,t)  coordinates tracing  the motion of zone h. 

To center the ca lcu la tio n  of x properly , the velocity  of the boundary of 

zone h is  considered  loca ted  a t half in tervals in  tim e, rep resen ted  as
n+i

v , 2 , the su b scrip t represen ting  x position  and the superscrip t tim e, n

All other v ariab les  p , E, By , e tc .  are considered a ttached  to  the constan t 

m ass of the zone and therefore loca ted  a t its  cen ter. This ch arac te ris tic  

of Lagrangian m eshes in su res  a w ell centered difference schem e.

U sing cen tra l d ifferences in  space and forward in  tim e, the 

difference equations for the momentum eq u a tio n s, (2 .24) -  (2 .2 6 ) , are 

w ritten by rep lac in g  the density  P by the constan t m ass of the zone M , 

divided by the Volume of the zone V  . To center th ese  equations 

properly, the density  at the  mesh point h is  needed; thus the average 

m ass of the two ad jacen t zones is  divided by the average volume w hich 

is  w ritten as  th e  area of the in terface  betw een the two zo n es , A^ ,

d  Xm ultiplied by the  d is tan ce  betw een the centers of the two zo n es , ,
0 n

resu lting  in  the following expression:



25

t

n-ic
n-i

Fig. 2 .1  M esh configuration for WUNDY
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D efining PQ = p + Q and noting th a t Bx c o n s ta n t, the momentum equations 

in  the x and y  d irections are w ritten  as  fo llow s, (the equation in  the z 

d irection  p ara lle ls  (2 .3 6 )):

)2

i ( M h i + Mh+i )

(2 .35)

V  n _n 
n + | n - i  n Rn 4ir  ̂ y h+£ " yh - P
yh = vyh + A t  \  t z ;— - r r r r  (2 - 36)

y ( M h - i + Mh+i>

The Eulerian coordinate is  found from

xh+1 = xh + Atn+'  v* h ’ (2 ‘ 37)

Specific  volume V and d en sity  of a zone are  computed from the  constan t 

m ass of the zone a s  described  above giving

j n+i
, n+i _ 1+ 7  _ ^ h - i
V i  = p h - i  - - J 7 -  (2-38)

h - 2

The rem aining d ifference equations are  (an equation for Bz para lle ls

(2 .42) ):
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n+i
•h - i

a 2
n+i

<v*h -  v= h - ; )
n + i .  2

, n+x n 
^ Vh 4  + Vh - i )

for a x < o (2.39)

n+i
V i

n n n+i n+x n
. 2 Bh - t - ( p M * a q U )(vh ^ - vh -t>

-+ l  n+x n
Y -  1 Vh - i  " V i

(2 .40)

n+i
'h - i

n+i n+x 
h - i  Vh - i

y - 1 (2 .41)

B
n+t

V h-i

1 +

n+i n -i
Ph- i  -  P h - i
n+x n

Ph- i + P h - i J

n+i
. n+i + At 2 B,

1 -

n+i n
P h -j  ~ P h -j

n+x n
P h - i  + Ph - i

2 n+i 
vYh ~ VY h-i

n+i
-  x.

n+i
h -i

(2.42)

Equation (2 .40) w as obtained by combining the energy equation

(2 .30) w ith the equation of s ta te  (2 .31) and solving for the p ressure  which

is  im plicit in  the co effic ien t. S im ilarly, the induction equation , im plicit

in  By, w as a lte red  to  obtain (2 .4 2 ).

A one-d im ensional computer program, MHD WUNDY, based  on a 

4 5gasdynam ic code ' , is  developed which so lves the above equations in
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s la b , cy lin d rica l, or spherical geom etry, in  the order p resen ted , w ith 

auxiliary  equations determ ining the volume of a zone and the area of i ts  

in te rface .

The time s tep  used  to  advance the ca lcu la tion  is  governed by 

two very different s tab ility  c rite ria . In the smooth region away from 

the shock, the d ifferen tial equations are hyperbolic; therefore s tab ility
3

is  governed by the w ell e s ta b lish ed  C o u ran t-F iied rick s-L ew y  condition 

w hich for MHD is  as follows:

In the  shock reg ion , the d ifferen tial equations are parabolic and 

s tab ility  is  governed by a c rite ria  developed by von Neumann and 

Richtmeyer* w hich can be rep resen ted  as  follows:

where Avx is  the difference in  velocity  over a mesh width A x. MHD 

WUNDY com bines both (2 .43) and (2 .45) in to  one general c rite ria  for 

both regions which gives a sm aller time s tep  than e ither sep a ra te ly .

(2.43)

w here d* is  the m agnetosonic wave speed given by

(2.44)



29

where fs is  a constan t factor o f sa fe ty , u sually  about 0 . 8 .

The ca lcu la tion  is  advanced using  the minimum value of At 

over the whole mesh a t  a given tim e. Of co u rse , th ese  are only n e c e s ­

sary conditions for s ta b ility . To be com pletely sure of s ta b ility , 

numerical solutions were compared w ith known so lu tions.

The computer program, MHD WUNDY, contains many sub­

program s, each  of w hich ca rrie s  out a sep ara te  part of the com putation. 

The b a s ic  calcu la tion  of v a r ia b le s , equations (2.35) -  (2 .4 2 ) , as  w ell 

as the determ ination of the tim e s te p , equation  (2 .4 6 ), are contained in  

the main calcu lation  subrou tine . The program is  se t up to solve problems 

using more com plicated equations of s ta te  than the id ea l gas equation

(2 .5 ) , if  d es ired . The so lu tion  of each  equation of s ta te  is  in  a separate  

subroutine. Those ca lcu la tio n s  governed by the geometry of the problem 

(slab  symmetry, cy lin d rica l, or sp h erica l), including area and volume of 

a zo n e , are p laced in  another subprogram. M ost problems may be 

in itia liz e d , th a t i s ,  a ll zones given in itia l values of d en s ity , p ressu re , 

e tc . through about 15 da ta  c a rd s , w hich are read  in to  the machine using 

another subroutine. The primary output, a tab le  of a ll variab les  for each  

zone for given tim es, is  printed out under the control of ye t another 

subprogram. Additional output subroutines prin t information such  as
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tab les  of variab les v ersu s  time a t fixed p o s itio n s , or tab les  of shock 

lo ca tio n , p re ssu re , e tc . as functions of tim e. In add ition , there are 

four rezoning subprograms w hich repair the d isto rtions of the Lagrangian 

mesh caused  by the fluid motion.

The firs t rezoning subprogram corrects the problem of a com­

pressed  zone out of the region of in te re s t (the main shock wave) which 

keeps the time s tep  n eed le ss ly  sm all. This subprogram seeks out the 

com pressed zone and com bines i t  w ith i ts  neighbor thus increasing  the 

tim estep  and therefore the effic iency  of the ca lcu la tio n . The second sub­

program is  usefu l when the shock has reached the outer boundary of the 

problem. This subprogram moves the boundary out by a factor of two while 

combining zones behind the shock to  re le a se  enough zones to  cover the 

region ad d ed , thus allow ing the program to  run in d efin ite ly .

The third rezoning  subprogram keeps the to ta l number of zones c a l­

cu lated  sm all in  order to  reduce m achine tim e. Since fine zones are only 

needed for ca lcu la tio n s in  the shock reg io n , the mesh is  formed in itia lly  

of la rge  zo n es . W hen the  shock w ave approaches one of th ese  large 

z o n es , i t  is  subdivided in to  fine zo n es . After the shock has p assed  

through th ese  fine z o n e s , they are recom bined in to  one large zone again . 

The fourth subprogram a t la te r  tim es combines the now low density  zones 

of an  in itia lly  high d en sity  sphere in to  larger zones to in crease  the time 

s tep .
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Of c o u rse , MHD WUNDY can  be used  for problems described  by 

only one space coord inate , but the num erical method outlined here , 

applied  to  tw o-dim ensional problem s, should re su lt in  a su ccessfu l 

tw o-dim ensional computer program.
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2 .3  The Numerical Method for Tw o-dim ensional Problems

The tw o-dim ensional computer cod e , MHD CYCLONE, is  b a se d ,
0

in  p a rt, on a tw o-dim ensional gasdynam ic program and , in p art, on the 

num erical method presented  for one-dim ensional MHD problem s. The 

axisym m etric, cy lindrica l MHD equations in  Lagrangian coordinates (2 .4);

(2 .5 ) and (2 .16) -  (2 .23) are w ritten  in  d ifference form using the mesh 

shown in  Figure 2 .2 .  Since the geometry of the problem of in te re s t is  

sp h e rica l, i t  w as found convenient to  introduce a se t of Eulerian ax i­

symmetric spherical coordinates ( r , 0 ) and to  obtain the components of 

the vectors v and B in  spherical coordinates as w ell as cy lindrica l. 

In itia lly , the Lagrangian coordinates K and L correspond to  0 and r 

re sp ec tiv e ly .

As in  WUNDY, position  and ve locity  are a sso c ia te d  w ith the 

boundary of the zone (K,L), w hile p ressu re , energy , e t c . , are affixed to 

the m ass a t i ts  cen ter (K -  j ,  L -  | )  in  order to  center the ca lcu la tion  

properly. The Jacobian of the transform ation from the (K,L) plane to  the 

(R,z) p lan e , JQ, given by (2 .1 5 ) , is  equal to  the area of the figure in  the 

(R,z) plane corresponding to unit area in  the (K,L) plane ( in  the lim it of 

sm all a re a s ) . Since a zone in  the (K,L) p lan e , by defin itio n , contains 

unit a re a , JQ is  sim ply the area of the zone in  the (R,z) p lane. Expand­

ing JQ and using cen tral d ifferences for a ll d e riv a tiv e s , the  following 

re su lt is  obtained:
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R

/ L- l

K - 1

Fig. 2 .2  In itia l m esh configuration for CYCLONE
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T , -  T/R**N = (J&.
°K~2 iL - 2 nKjL/^. i t i \  3 K 3L/w- i  t i. \3L  i  t —fk.—2/i-<—2 2 i" “ 2 ^"2 i " “ 2

(2.47)

where for example

( I k )  i i = *  [ (r k , l  '  ^ - l , ^  +  (r k , l - i + r k - i , l - i*] ( 2 .K— 2 / i-i“  2
48)

and

( f l  , ,  . * * P r k . l - r k . l - i' + (rk- i , l - rk- i , l - i ' ]  <2 - 49>K- 2  ,1j-2

All other Jacobians in  the equations may be w ritten  in  the same manner, 

for example for a variab le  a ttached  to  the boundary of a zone

t / r>vr \  / ! !  ^  i v  5 0 .
H k . l )  (,8 K aL )  A , ■ (.5L  9 k J  , !  (2 ‘ 1

1\“ 2 # " “ 2 **“ 2 #"*"2

where

( t t )  = 2 [(VR -  vR )' + (VR - v  >]
K - | ,L - i  K#L K,L-1 K -l, L K - 1, L -1

/

(2 .51)

and for a variab le  a sso c ia te d  w ith the center of a zone

J ) * (Sk ti)K(l - (II H)k>l <2'52)

where
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(^K  ) R L 2 [  (PK+1, L+i " PK - i , L - i ) + (PK+1, L - i  " PK - i , L - ]

(2.53)

and

( j l )k l  = 2 (ZK ,L+l" ZK,L-l* (2,54)

Using the above d efin itio n s , the difference equations are w ritten 

in  the order of so lu tion . The equations of motion are:

n n

1 K‘ L r  1 Cn f "  -T f '£ 2 ^ n 1 (2 5 5 )
rK,L vrK,L Mj, l  L4 fr zavg K,L < -

and

n+ 2 n—j  n t _ i n n ,  p/~\
v_ = v z - A t  i , T - I  1 (2.56)ZK,L K,L MK L L4rr Ravg K,L \ K , L /  JlK ,L L^" av* '  K,L'

where M„ T is  the m ass assigned  to the m esh point (K,L) and is  theKi L

average of the m asses of the four adjoining zo n es , ^zaVg BRavg are t *ie 

components of m agnetic fie ld  averaged over the four zones and

n / R' BR sn / z ' Bz \ ”
< 2 - 5 7 >

The equations of the partic le  line are:

C l  *  RK . L t 4 t n + 1 v i  , 2 ‘58)
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and

n+i n  . n + i  n + i  
ZK ,L = ZK ,L + VzK,L

(2 .59)

The induction equations are:

B
n+i 
R

n
= Bd

1 K V A Ravg

n R/VrT 1 n R/Vz n+i

--------------- nTl------------------ (2 . 60)

K -|,L -£

and

B
n+i

z K - i ,L - i
n * n B„ + At

K—— T - -  fw—2 9 ^ 2

n + j 
VR n

R
avg B +
W Bz K- i ,  L - i  +
avg

n v2 ,z  n+i vR,z  n+i
B r K,L * ~ Bz H  K#L) (2 . 61)

- K_— T - —I"̂2 t ■*-* 21

where vRavg and Ravg are the  quan tities  vR and R resp ec tiv e ly  averaged 

a t the four mesh poin ts bounding the zone.

The sp ec ific  volume and therefore the  density  is  computed from:

n+i
K—— T --t fk.—2 »"~2

n+i n+i 
Ravg ^ ° K - i,L - i

M
(2.62)
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The a rtif ic ia l v isco u s s tre s s  term , analogous to  that used  for 

MHD WUNDY, co n s is ts  of v e lo c ity  deriva tives in  the rad ia l d irection , 

according to the assum ption th a t the shock w aves w ill be primarily 

rad ia l. Once ag a in , the v isc o s ity  term , given below , w ill be se t to 

zero when the flu id  is  expanding.

n+i 2 n+f 2

n+i
a 2 !!• )

\  ^  ^  /  7  i  T  ̂ ^  ^  /  v  i  T 1'  fi—2 # " “ 2 ^ " 2  / " “ 2

x n+x n
?(VK - i ,L - i+ VK -i,L -i

Q A =  — -------------------------------------------  (2.63)
2 2 rm  n

In order to  center the  ca lcu la tio n  of p ressu re  and sp ecific  internal 

energy properly, one ite ra tio n  is  performed to obtain  a more up to  date 

value of p ressure in  the coeffic ien t of the energy equation . The differ­

ence equations are

n+i n n+i n+i n
Ejf i T -1 ~ Ej. I t 1. ~ PQtr i T i(V ~ V )j, i T il\“ 2 / 2 2 > 2 Pw— 2 < " "2  *̂ “ 2 #^"2

(2.64)

n+i
n+i i  t i  (^“1)n 2 * " " 2

P M . L - i  -----------  I2 ' 651
VK - | , L - i

The tim estep  in  the  smooth flow (hyperbolic) region is  found from

a generalization  of the one-d im ensional C ourant-Friedricks-Lew y 
3

condition and involves two sep ara te  c rite ria  in  the r and d directions
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w hich are

At s  ^  (2 .66)

(2-67)

The crite ria  in  the shock reg ion , sim ilar to the shock crite ria  for MHD 

WUNDY, is

. . ArAt n — 2 A (2 .68)4a Avr ' '

In the ca lcu la tio n , the tim estep  is  advanced using the sm allest 

of (2.66) -  (2 .68) over the en tire  m esh, m ultiplied by an appropriate 

factor of sa fe ty . Repeated num erical te s ts  have shown th is  method to  

be s ta b le . However, errors are introduced in to  the ca lcu la tion  through 

the d istortion  of the Lagrangian m esh due to  th e  motion of the fluid. To 

avoid th ese  erro rs, a rezoning schem e is  introduced into the code.

The rezoning introduced serves two general purposes; f irs t, to 

remove large d isto rtio n s in  the m esh, and seco n d , to  in c rease  the mesh 

w idth Ar away from the shock, thus increasing  the time s tep  of the c a l­

cu la tion . The firs t s tage  in the rezoning schem e is  to resto re  the 

d isto rted  zone, given by ABCD in  Figure 2 .3 ,  to  i ts  in itia l constan t 0 

l in e s , EF and GH, before the d isto rtion  becom es la rg e . To accom plish  

th is ,  m esh point A w ith a Lagrangian label (K,L) is  moved to point E 

along the curve AD, m esh point B, w ith lab e l (K ,L-1), is  moved to
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R

k - l

F ig . 2 .3  D isto rted  CYCLONE m esh
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point F along curve BC, e tc .  Curves AD and BC are assum ed to be 

stra igh t lin e s  so  th a t the com putation of r E, rE, e tc . involves linear

The new zone EFGH re ta in s  i ts  Lagrangian label (K-£, L - |)  but 

contains a different m a ss , equal to  the old m ass plus the m ass contained 

in  CDHG minus the m ass of figure ABFE. All variab les  in  the new zone 

are found by lin ear in terpo la tion  sim ilar to  (2 .6 9 ). Variables centered 

a t the  midpoint of a zone are in terpo la ted  using the 0 coordinate of the 

midpoint. Best re su lts  using th is  schem e are obtained when rezoning 

is  applied  before any m esh point has d isp laced  in  the 0 d irection  one- 

half of the in itia l A0 , but the procedure is  va lid  until the mesh point 

has d isp laced  a full A0 . The schem e conserves the m ass and energy 

of the mesh to w ithin one thousandth  of one percen t.

To in c rease  the m esh w idth A r, and thereby the time s te p , a 

rad ia l rezoning schem e now search es  out a zone w ith  Ar sm aller than 

a minimum value sp ec ified  for the problem , and combines i t  w ith  its  

neighbor. In order to  p reserve the correct d ifferencing schem e, if  a 

zone having a Lagrangian lab e l (K ^L^ is  combined w ith (Ki,Lj+ 1), all 

other zones K, having the lab e l L, m ust be combined w ith th e ir neigh­

bors as  w e ll. The rezoning is  accom plished in  a way designed  to

in terpolation  in  0 , i . e .

0 » - 0
(2.69)
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conserve the m ass and energy of the system . These rad ia l rezonings 

a lso  re le a se  zones w hich may be used  to  extend the outer boundary of 

the problem.

The MHD CYCLONE code is  under the control of s ix  data cards 

w hich give the geom etry, program co n s ta n ts , conditions for rezoning , 

and in itia l va lues of v a ria b le s . All v a riab les  excep t m ass are in it ia l­

ized  over a ll mesh points by one subrou tine. The m ass is  in itia liz ed  in  

a new subroutine w hich is  a lso  used to  reca lcu la te  the m ass after 

rezoning . The b as ic  ca lcu la tion  is  performed in  a main subprogram 

w hich ca lls  on separate  subprograms containing the equation of m otion, 

equation of s ta te ,  and the s tab ility  c r ite ria . A primary output subroutine 

prints a tab le  of v ariab les  a t  fixed tim es for fixed K. In add ition , a new 

subroutine w hich transform s the vecto r variab les  in to  spherical coordin­

a te s  has been added. This subroutine is  n ecessa ry  for the rezoning 

schem e in  addition  to  providing print out of re su lts  in  a usefu l form.

The rezoning is  contained in  one main subprogram w hich performs both 

types of rezoning . In ad d ition , an aux iliary  subroutine can  be used  to  

extend the boundary of the problem if  n e ce ssa ry . The rezoning is  au to ­

m atically  carried  out a s  many tim es a s  needed in  the ca lcu la tio n .

The MHD CYCLONE code, w ritten  in  the Fortran-IV-G language 

app licab le  to an IBM -360/50 com puter, has been converted in to  double 

p recision  mode to elim inate roundoff erro rs.
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2 .4  Summary

In th is chap ter, the nond issipative  MHD equations have been 

w ritten in  Lagrangian coordinates g iv ing , a t any tim e, the in itia l 

position  of an elem ent of m ass . The von Neumann-Richtmeyer method 

of a r tif ic ia l v isc o s ity , developed for gasdynam ics, has been  extended 

to  MHD flow s. Both one-d im ensional (MHD WUNDY) and two- 

dim ensional (MHD CYCLONE) computer codes have been w ritten . 

Rezoning, n ecessary  to  remove d isto rtions in  the Lagrangian mesh due 

to  the motion of the p lasm a, has been added. The computer programs 

w ill be used  to  study MHD nonlinear wave problem s, in  p a rticu la r, the 

sudden expansion  of plasma in to  an MHD medium w ith a uniform 

m agnetic fie ld .



43

CHAPTER 3 

THE PLANAR MHD PISTON PROBLEM

The planar MHD piston  model, a p iston  pushed a t a constan t 

sp eed , v = (v , v ) , in to  an  am bient MHD medium with a uniformr  xp y p
—t

m agnetic fie ld , B0  = (Bx o , Byo) , has been  ex tensive ly  studied.

Since the MHD equations in  s la b  symmetry are red u c ib le , the 

so lu tions are reg ions of constan t s ta te  separated  by MHD shock w aves 

or sim ple rarefaction  (expansion) w aves in  the order given by the 

Friedricks diagram . Figure 1 .1 ,  fa s t, Alfven, and slow .

New planar p iston  so lu tions are presented  here in  order to  make 

qua lita tiv e  predictions o f the spherical p iston  so lu tio n s . In add ition , 

particu la r em phasis is  p laced  on sp ec ia l so lu tions such as the m echan­

ism  of sw itch -on  sh o ck s . Theoretical so lu tions to  planar piston 

problems are compared w ith  computer so lutions in  order to in v estig a te  

the s tab ility  and convergence of the numerical method.
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3.1 Com parisons Between Computer Results and Theoretical 
Solutions

The ex isting  th eo re tica l methods of investiga ting  the s tab ility  

and convergence of num erical so lutions for nonlinear partia l d iffer­

en tia l equations involve lineariz ing  th ese  equations and so  g ive , a t

2 3m ost, n ecessa ry  but not su ffic ien t conditions ' . Therefore in  order 

to  conclusive ly  determ ine s tab ility  and convergence, i t  is  necessary  to 

compare planar p iston so lu tions obtained using the computer w ith known 

th eo retica l so lu tio n s , such  as  the Bazer and Ericson shock so lu tions of 

Appendix A, the gasdynam ic p iston  so lu tion  of Appendix B, and a new 

theo re tica l so lu tion  for p lanar MHD p iston  problem s, presented in  

Appendix C .

The one-d im ensional computer program, MHD WUNDY, w as used 

to  solve p iston  problems for different m agnitudes and orientations of 

uniform m agnetic fie lds for an atm osphere a t an  a ltitude  of 2 0 0  km. 

given by (2 .7 ) and for a co n stan t p iston  sp eed , vxp = 10® c m /sec . A 

m agnetic fie ld  in  the x d irec tion  is  decoupled from the fluid motion giving 

the gasdynam ic so lu tion . This so lu tio n , a gasdynam ic shock followed 

by a constan t s ta te  w ith v e lo c ity  vxp extending up to  the p iston , is  

compared in  Table 3 .1  w ith  the computer so lution and w ith the so lu tion  

in  the lim iting case  of a very  strong shock (vxp »  a0 ) , given by 

equations (B8 ) -  (BIO) of Appendix B. The computer re su lts  are in  

ex cellen t agreem ent w ith the theo re tica l solution and both are c lo se ly
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approximated by the strong shock so lu tion  s in ce , for the given d a ta , 

vx p /ao = 14 .14 .

TABLE 3 .1  G asdynam ic P iston R esults

Q uantity Computer
Value

Theoretical
Value

Strong Shock 
Value

oQ.Q. 3 .955 3.96 4

U /vXp 1.340 1.338 1.333

Pi/Po 447 447 CP

The Bazer and Ericson MHD shock so lu tio n s , equations (A7) -  

(A13), are n ecessa rily  in  terms of an  arbitrary paramter g since  there 

is  one more unknown than shock equation . For the gasdynam ic p iston  

problem, the introduction of the known p iston  velocity  created  a s e lf -  

c o n s is ten t s e t of equations to  w hich there is  a unique so lu tion . A new 

MHD piston  solution is  derived in  Appendix C assum ing a constan t 

s ta te  extending from the shock back to  the p is to n , analogous to g a s -  

dynam ics. This so lu tio n , g iven by (C 6 ) -  (CIO), is  alw ays va lid  when 

the uniform m agnetic fie ld  is  tran sv erse  to  the p iston  motion (Bx = 0), 

but in  p ractica l c a lc u la tio n s , i t  is  a lso  valid  for arbitrary o rien ta tions 

of the m agnetic field  a s  long a s  sQ = a0 2/ b 0 2 is  su ffic ien tly  large th a t 

the ve locity  behind the  shock is  the p iston  ve locity .
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Table 3 .2  p resen ts  the so lu tions for a m agnetic fie ld  

BQ = 0 .1  gauss orien ted  a t ang les  0 to the x axis of 0° (the so lu tion  

of Table 3 .1 ) ,  30° and 90°. For 0 = 30°, a very w eak slow w ave is  

p resen t near the p iston  bu t, in  the constan t s ta te  ahead of i t ,  the  

veloc ity  i s  vx p . In a ll c a s e s ,  the re la tiv e  error of the computer 

so lu tion  is  alw ays far le s s  than  one percen t. The two values of the 

p ressure  ra tio  in  columns 4 and 6 are the separate  so lu tions obtained  

from equations (C9) and (CIO) of Appendix C which should be id en tica l 

for an ex ac t so lu tion . It w as found sim pler to  use th is  so lu tion , where 

a p p lic a b le , since  for most p rob lem s, the Bazer and Ericson so lu tions 

must be so lved  by ca lcu la ting  machine to  obtain the same p recision  

w hich can  be obtained from (C 6 ) -  (CIO) by s lide  ru le .

TABLE 3 .2  MHD P iston  Problems for B0  = 0 .1  gauss

0 = 30° 0  =

oo05

Q uantity

ooII1®

Computer Theoretical Computer Theoretical

f = P i/P o 3.955 3 .93 3 .93 3 .8 8 3 .8 8

u /v xp 1.340 1.345 1.343 1.348 1.348

447 442 443 431 432
Pi/Po 442 431

By i / Byo — 3.9 7 3.96 3 .88 3 .8 8

u y i / vxp 0 -.0 0 7 6 5 -.0 0 7 6 4 0 0
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Problems w ere a lso  solved num erically for the same am bient 

data and larger m agnetic f ie ld s . These re su lts ,  which w ill be pre­

sen ted  la te r , were again  checked w ith the solutions of Appendix C , and 

a lso  w ith the re su lts  of Bazer and Ericson, (A6 ) -  (A12), giving the same 

ex ce llen t agreem ent. In add ition , num erical so lu tions obtained for 

to ta lly  d ifferent am bient data a lso  checked out. The re su lts  showed 

the so lu tions to  be b as ic a lly  independent of mesh w idth Ax and 

coeffic ien t of a r tif ic ia l v isco s ity  a" ch osen . Of co u rse , larger Ax and 

sm aller a re su lt in  sm all o sc illa tio n s  about the b a s ic  so lu tion . A mesh 

w idth of 1 0 0  cm. and a coeffic ien t a" = 2 were chosen  to  damp the 

o sc illa tio n s  and s ti l l  leave  the time s tep  su ffic ien tly  large for p ractica l 

c a lc u la tio n s .

The tw o-dim ensional com puter program, MHD CYCLONE, w as 

used to  so lve the same problem s, giving so lu tions id en tica l to  the 

above. Further com parisons of CYCLONE re su lts  for tw o-dim ensional 

problems e s ta b lish  that th is  program a lso  g ives correct so lu tio n s . 

Therefore, both programs are considered  to  be s tab le  and to  give 

re su lts  w hich converge to  the true so lu tio n s .
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3 .2  Swltch-on MHD Shocks G enerated by P iston M otions

A piston pushing a t speed vp = (vxp/ 0) in to  an ax ia l m agnetic 

field  B0  = (Bx o , 0) generates a gasdynam ic shock (the m agnetic field

is  uncoupled from the flow ). However, the Bazer and Ericson shock

29 —solutions , in  th is  lim it ( 0  approaches zero), give a sw itch -on  shock ,

th a t i s , a fast MHD shock w ith zero tran sv erse  component of m agnetic

fie ld  ahead of i t  (the transverse  component of m agnetic fie ld  behind it

has been sw itched on by the  shock ). Since i t  is  an tic ipa ted  tha t the

spherical piston so lu tio n , as  0  approaches zero , w ill not correspond

to  the gasdynam ic so lu tion , sw itch -on  shocks are stud ied  here for the

sim pler geometry.

Sw itch-on shocks are generated  by the computer by a p iston  

motion, v = (vx p , vyp), including both longitudinal and transverse  

velocity  com ponents, in to  an am bient medium w ith  a longitudinal 

m agnetic field  Bx . Through a G alilean  transform ation w hich elim inates 

the longitudinal ve locity  component vvri, the tran sv erse  velocity  

component, vy p , i s  seen  to pull upward the longitudinal m agnetic 

lin es  of force in a  th in  lay e r ad jacen t to the p iston  (frozen in  f ie ld s ) , 

thus creating a tran sv erse  component of m agnetic fie ld , By , in  th is  

lay er. The resu ltin g  m agnetic fie ld  g rad ien t, 3By / a x ,  produces a 

m agnetic force in  the x d irection  w hich is  the gradient of the m agnetic 

p ressu re , pm = Byz/ 8 i r , causing  a motion of the fluid in  the lay e r. The 

w aves produced propagate out from the p is to n , ad justing  the  motion of
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the fluid to the  p iston .

U sing MHD WUNDY, so lu tions w ere obtained for d ifferent 

m agnetic f ie ld s , Bx , for a p iston  motion, v p = (1 ,1 ) X 108 c m /se c . for 

the am bient data  given by (2 .7 ) . These re su lts  are presen ted  in  Fig­

ures 3 .1  and 3 .2  for seven  values of Bx , a t a time t = 1 .450  X 10" 3 s e c . 

Figure 3 .1  shows the sw itched-on  tran sv erse  m agnetic fie lds while Fig­

ure 3 .2  g ives the pressure v a ria tio n s . Since the so lu tion  is  a function 

of the ra tio  x / t ,  the re su lts  a t any other time differ only by a change in  

position .

Curve 1, Figure 3 .2 ,  shows the so lu tion  for Bx = 0 .5  gauss

w hich is  a gasdynam ic shock rather than a sw itch -on  shock , followed

by a region of constan t s ta t e , a slow cen tered  sw itch-on  rarefaction

w ave, and another region of constan t s ta te  a t the p is to n . Note th a t By

is  zero  in Figure 3 .1  in  the constan t s ta te  behind the gasdynam ic shock .

The re su lts  can  be explained  by use of the Friedrichs d iagram , Figure 1 .1 .

For th is  d a ta , the fa s t and slow wave speeds behind the shock are as

given in  Figure 1 .1 a , (a > b ), for 0 = 0 . The fast w ave, w ith  speed

Cf = a ,  is  uncoupled from the m agnetic f ie ld , resu lting  in  the gasdynam ic

shock . The slow  w ave, w ith speed  cs = bx , carries the m agnetic

e ffe c ts . A partic le  traveling  through th is  slow wave suffers a decrease

17in p , p , and vx , w hile vy and By in crease  in  magnitude

Increasing  Bx to  0 . 8  g a u s s , curve 2 , and to  0 .9  g a u s s , curve 3, 

re su lts  in  larger values of bx so  that the m agnetic e ffec ts  are over-
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taking the gasdynam ic e ffec ts  carried by the fa s t shock . At Bx = 1 .10  

g a u ss , curve 4 , the m agnetic fie ld  i s  in teracting  w ith  the fa s t gas shock, 

producing a sw itch-on  shock w hich is  followed by a slow rarefac tio n  w ave. 

At Bx = 1 .25  g au ss , curve 5, the Alfven speed is  greater than the sound 

speed , so th a t Figure 1. lb  app lies behind the shock . The fa s t wave now 

carries the bulk of the m agnetic e f fe c ts , but s in ce  By is  not zero behind 

the shock , 0  is  not zero  in  the Friedrichs diagram , and both fa s t and slow 

w aves are coupled to the m agnetic f ie ld .

As Bx is  in c reased , |By| and Vy in c rease  behind the shock w hich

propagates fa s te r , w hile p , p , and vx  d ec re a se . The slow rarefaction

wave needed to  ad ju st the fluid motion to  the p iston  motion vyp becomes

w eaker as  vy in c reases  behind the shock . As Bx is  in c reased  further,

the magnitude of vy even tually  becom es larger than  vy p . Therefore, the

boundary condition can no longer be s a tis f ie d  by th is  slow rarefaction

wave w hich in creases  vy . A slow  com pression w ave , w hich reduces vy

and|By| w hile increasing  p , p , and vx , is  n ecessa ry  to sa tis fy  th is  bound-

17ary condition. This w ave im m ediately s teep en s  in to  a slow  shock . The 

so lu tion , a fa s t shock followed by a slow  shock , is  given by curves 6 and 

7 in  Figures 3 .1  and 3 .2 .  As Bx in c re a se s , the slow  shock fa lls  further 

behind the fa s t shock and has larger p ressu re  and density  jum ps, cor­

responding more c lo se ly  to  the gasdynam ic shock p resen t for Bx = 0, 

shown using dashed lin e s  in Figure 3 .2 .
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It is  noted th a t the solution changes from a gasdynam ic shock 

followed by a sw itch -on  wave to a sw itch -on  shock as the strength  of 

the m agnetic fie ld  is  in creased . The change occurs a t the m agnetic
i_

fie ld  a t  which the Alfven speed bXQ = (Bx2/ 4 irp ) 2 becom es greater than 

the p iston  sp eed , vx p , (the piston becom es subalfvenic): At th is  fie ld , 

the Alfven speed  behind the shock becom es g reater than  the sound sp eed , 

i . e . , the m agnetic effects  overtake the gasdynam ic shock . These 

re su lts  make us su sp ec t th a t the so lu tions for arb itrary  ang les of 

m agnetic fie ld , Q , w ill be rad ica lly  different for superalfven ic  and 

subalfvenic p iston  m otions.
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3 .3  Numerical Solutions to Planar P iston  Problems

The major problem of in te re s t is  a spherical gas bubble or p iston  

propagating a t a constan t speed in to  a uniform m agnetic f ie ld . This tw o- 

dim ensional problem is  in v estig a ted  q u a lita tiv e ly  by trea ting  a so lid  angle 

of the sphere a s  a planar p iston  pushing in to  an  MHD medium w ith a 

m agnetic field orien ted  a t an angle 0  to  the d irec tion  of propagation 

(the x -d ire c tio n ) .

Computer re su lts  were given in  Table 3 .2  for the am bient data 

g iven by (2.7) and for a small m agnetic fie ld , BQ = 0 .1  g a u s s , a t angles 

0 = 0 ° , 30°, and 90° to  the x a x is . These re su lts  show th a t, a s  the 

tran sv erse  component of m agnetic fie ld  becom es la rg er, the shock wave 

propagates fa s te r  and its  gasdynam ic strength  (density  and pressure) is  

d im inished . For the sp ec ia l c a se  of Bx = 0 and y =  2 , th is may be shown 

th eo re tica lly  by using the method of Appendix C to  obtain the following 

solution:

(3 .1)

(3 .2)

(3 .3 )
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±L
where cQ is  the m agnetosonic speed  given by

co * =  (ao2 + bo2)^ (3 *4)

Com parison w ith the gasdynam ic so lu tio n , equations (B5) -  (B-7) of 

Appendix B, re inforces the above h y p o thesis . The mechanism for th ese  

v aria tions is  the m agnetic p ressu re , pm = By2/ 8 ff , w hich pushes the 

shock out fa s te r . This naturally  re su lts  in  le s s  com pression and a 

w eaker shock.

For 0 < 0 < 9 0 ° ,  the longitudinal component of m agnetic f ie ld ,

Bx , in troduces a tran sv erse  component of v e lo c ity , vy i , behind the 

shock. As B0  is  in c re a se d , vyi in c re a se s  in m agnitude. The boundary 

condition a t the p is to n , vyp = 0 , according to the d iscu ssio n  given for 

sw itch -on  sh o ck s, can  only be sa tis f ie d  by a slow  simple MHD com pres­

sion  wave which s teep en s  in to  a slow  MHD shock . The complete 

so lu tion  is  the am bient reg ion , g iven by su b scrip t 0, a fast MHD 

shock , followed by a region of co n stan t s ta te ,  su b scrip t 1 , a slow 

shock , and another reg ion  of co n stan t s ta te ,  g iven by subscrip t 2 , 

extending to  the p is to n .

Solutions are ob ta in ed , using  MHD WUNDY, for two m agnetic 

f ie ld s , Bc = 0 .5  g auss (a superalfven lc  p isto n ), and Bc  = 2 .0  gauss 

(a subalfven ic  piston) for d ifferent o rien ta tions of m agnetic f ie ld . The 

re su lts  are presented  in  Figures 3 .3  -  3 .6  as functions of the m agnetic
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fie ld  angle 0 . Figure 3 .3  g ives the ra tio  of the tran sv erse  field  in  the 

post shock s ta te  to  th a t in  the preshock s ta te  for both fa s t and slow 

shocks, Figure 3 .4  g ives the density  ra t io s , Figure 3 .5 ,  the p ressure 

ra t io s , and Figure 3 .6 ,  the shock speeds and velocity  components as 

ra tio s  to  the p iston  speed .

The more im portant re su lts  pertain  to  the fa s t shock . For a given 

0 , as Bq is  in c re a se d , ^ y J ^ Y Qi by defin ition  greater than one for a fa s t 

shock , d e c re a se s , as  do p i / p Q and P i/pQ. The fa s t shock sp eed , U, of 

course in c re a s e s . For a given B0 , as  0 is  in c re a se d , the shock speed 

in c re a se s  aM ^ y J ^ y Q d e c re a se s , but the ra tio s  Px/pQ/ P i / p o  • the  s o  

ca lled  gasdynam ic streng th , d ecrease  only for superalfvenic p iston  

speeds; for subalfven ic  speeds (B0  = 2 . 0  gauss) they in c re a se . Define 

fmx = By i/B y0  a s  the shock strength  of the fa s t MHD shock as  d istingu ished  

from the gasdynam ic s treng th . Then, as fmi d e c re a se s , e ither a s  BQ or 

0  in c re a s e s , the  shock speed  in c re a se s . This agrees w ell w ith the 

hypothesis  g iven p rev iously , th a t a strong shock trav e ls  slow er than  a 

w eak o n e .

The change in  v aria tion  of the gasdynam ic streng th  w ith 0 a s  the 

p iston  becom es subalfven ic  can  be explained  with the use of the 

F riedrichs diagram . For superalfvenic p istons (B0  = 0 . 5  g a u ss ) , the 

shock may be lab e led  type A, corresponding to  Figure 1. l a .  For type A 

sh o c k s , for 0 = 0 , the fa s t shock is  gasdynam ic and uncoupled from the 

m agnetic e ffe c ts . As 0 in c re a se s , the m agnetic effec ts  become more and
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more coupled to  the fa s t shock , thus reducing the gasdynam ic streng th .

For subalfvenic p istons (B0  = 2 .0  g a u ss) , the .shock  is  labe led  type B, 

corresponding to  Figure 1 .1 b . For sm all 0 , the type B fa s t shock is  

alm ost wholly m agnetic and the gasdynam ic strength  is  neg lig ib le . As 0 

in c re a se s , the gasdynam ic effects  become coupled to  the type B shock, 

and therefore the gasdynam ic streng th  in c reases  s ligh tly  w ith 0. This 

sign ifican t d ifference betw een type A and type B shocks can be seen  in  

Figures 3 .4  and 3 .5 . As 0 approaches ze ro , P i/p D and p i /p Q approach 

the gasdynam ic values for type A sh o ck s, but approach a continuous 

tran sitio n  for type B sh o ck s. In ad d ition , type B shocks are character­

ized  by large tran sv erse  v e lo c itie s , e sp ec ia lly  for sm all 0  , a s  seen  in  

Figure 3 .6 . Only for type A sh o ck s, where the gasdynam ic strength  is  

dom inant, does the gasdynam ic streng th  vary as the  fa s t shock strength  fm .

Since the s ta te  in  front of the slow shock is  the fa s t shock po st­

shock s ta te ,  and therefore not co n s tan t, i t  is  d ifficu lt to  make an 

an a ly sis  sim ilar to  the above. It can  be seen  from the re su lts  that the 

slow  shock streng th , fm2 = By2/By i , by defin ition  le s s  than one, and the 

slow shock sp eed , U * , change very l i t t le  w ith  Bc . For type A fast 

sh o ck s, (B0  = 0 . 5  gauss) the corresponding slow  shock has extrem ely 

w eak density  and pressure jum ps, but for th e  b a s ic a lly  m agnetic type B 

fa s t shocks (B0  = 2 .0  gauss) for low 0 , the slow shock n ecessa rily  has 

large gasdynam ic s treng th .
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Extending th ese  re su lts  to  the spherical problem, the fa s t shock

should be e llip tic  w ith major ax is  corresponding to  0 = 90°. Shock

density  and pressure should decrease  as  m agnetic fie ld  is  in creased

w hile shock speed should in c re a se . A change in  the varia tions of

pressure and density  w ith  0  may be expected  to occur as m agnetic fie ld

is  in c rea se d . Predictions regarding the slow shock may not be m ade.

For the planar problem, the slow shock is  n ecessa ry  to  sa tis fy  the bound-

17ary condition a t the p iston  since  sim ple com pressive w aves cannot e x is t . 

For the spherical m odel, the d iscu ss io n  of simple w aves and constant 

s ta te s  simply does not apply since  the governing equations are not 

red u c ib le .
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3 .4  Summary

The problem of a planar p iston  pushing in to  an  am bient MHD 

medium w ith a uniform m agnetic fie ld  has been in v estig a ted  in  th is  

chap ter. A new theo re tica l piston so lu tion  has been p resen ted . This 

solution w as compared to num erical so lu tions obtained using the two 

computer program s, resu lting  in  agreem ent to  be tte r than  one percent 

for a ll problems stud ied . It was e s ta b lish ed  th a t the  computer so lu tions 

are s tab le  and convergent.

MHD WUNDY was used  to study the developm ent of a sw itch-on  

shock due to  a transverse  motion of the p is to n . It w as found that the  

fa s t shock is  a gasdynam ic shock for superalfven ic  p iston  motions and a 

sw itch-on  shock for subalfvenic m otions. Planar p iston  so lutions were 

p resented  for different o rien ta tions and m agnitudes of m agnetic fie ld s  to 

qualita tive ly  predict the re su lts  of the spherical p iston  problem. The 

resu lting  fa s t shocks were c la s s if ie d  as type A, strongly gasdynam ic, 

and type B, primarily m agnetic, and the properties of each  were 

exam ined.
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CHAPTER 4 

THE SPHERICAL MHD PISTON PROBLEM

The expansion of a rig id , in fin ite ly  conducting, spherical 

p iston  in to  an am bient, in fin ite ly  conducting, nondissipative  MHD 

medium w ith a uniform m agnetic fie ld  is  studied  here for constan t 

p iston  speed , vrp = 1 0 ® cm /sec . and for am bient data corresponding 

to  an altitude of 200 km, given by (2.7) .  The new so lu tion , obtained 

using  MHD CYCLONE, is  the f irs t so lu tion  which is  valid  for a ll 

m agnitudes of m agnetic fie ld . This so lu tion  is  compared with the 

ex istin g  num erical so lu tio n s , va lid  for very sm all or very large 

m agnetic fie ld , review ed in  Chapter 1. Numerical r e s u lts ,  obtained 

using  the rezoning schem e described  in  C hapter 2 to  remove d isto rtions 

in  the Lagrangian mesh due to the motion of the f lu id , are compared to 

re su lts  w ithout rezoning to show the value of th is  rezoning schem e.
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4 .1  Com parisons w ith Existing Solutions

Numerical so lu tions to the spherical p iston  problem are compared

w ith the gasdynam ic so lu tion  due to  Taylor*^, the solution for very sm all

m agnetic fie ld s  (bD « v rp) due to Kulsrud e t  a l* * , and the so lu tion  for

12very large m agnetic fie lds (bG » v rp) due to  Bernstein and Kulsrud

(a) The Spherical G asdynam ic P iston  Problem:

A so lu tion  may be obtained d irectly  using either MHD WUNDY or 

CYCLONE. MHD CYCLONE requires that the piston be given an in itia l 

rad iu s , chosen  as r Q = 500 cm, ra th er than  s tarting  its  motion from a 

point in  sp a c e . The so lu tion  obtained from CYCLONE, (WUNDY gives 

ex cellen t agreem ent), is  shown in  Figure 4 .1  for t  = 2 . 0 x  10“ 3 s e c . At 

th is  tim e, the p iston  has in c reased  its  rad ius five tim es so  th a t the 

so lu tion  should approxim ate the sim ilarity  so lu tion  that would have been 

obtained if  the p iston  in itia lly  had zero ra d iu s . In fac t, a ten  percent 

in crease  in  time re su lts  in  a le s s  than one percent change in  shock and 

p iston  p re ssu re s , giving about a sim ilarity  so lu tion .

M agnitudes of shock d en s ity , p re ssu re , and radial ve locity  are 

taken  from Figure 4 .1  a t the points where the slopes of curves change 

rad ica lly . This is  the b e s t estim ate  possib le  as  there is  no region of 

constan t s ta te  behind the shock and the shock has been fla ttened  out by 

the a rtific ia l v isc o s ity . The shock speed is  determ ined as the  ra te  of 

change with time of the position  of the maximum value of a rtif ic ia l 

v isco s ity  in  the shock and w as found to be constan t with tim e. The
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spherical shock r e s u lts ,  w ritten  a s  d im ension less ra tio s  are:

shock speed  U /vrp 

density  p , /p Q 

pressure P i/p G 300

3 . 90

1.095

partic le  velocity  vr i /v rp = 0 . 8 6

These re su lts  show a w eaker shock than  the planar p iston  re su lts  of 

Table 3 .1  for the same am bient d a ta . This is  in  general true for spherical 

problem s. The computer so lu tion  w as checked w ith the Rankine-Hugoniot 

shock so lu tio n s , equations (Bl) -  (B3) of Appendix B.

Since the computer re su lts  s a tis fy  both the  shock conditions and 

the boundary conditions a t the p is to n , give sim ilarity  solutions, and the 

curves of Figure 4 .1  have sim ilar shapes to  the num erical so lu tion  of 

Taylor, i t  can be s ta ted  th a t the MHD CYCLONE so lu tion  for the g a s ­

dynam ic problem is  co rrec t.

The gasdynam ic so lu tion  w as used  to em pirically  determ ine the 

minimum value of the coeffic ien t of a r tif ic ia l v isc o s ity , a , w hich would 

su ccessfu lly  damp out o sc illa tio n s  a t  the shock w ave. Since the 

a rtif ic ia l v isc o s ity , given by equation (2 .29) ,  is  proportional to  the 

square of the ve locity  g rad ien t, and sign ifican t ve loc ity  gradients may 

be p resen t in  the region behind the sho ck , (velocity  gradients are zero 

in  th is  region for s lab  sym m etry), i t  is  im portant that a be minimized so 

that th e  fluid corresponds a s  c lo se ly  as  possib le  to the nondissipative
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3 _
model . It w as found th a t th is  minimum value of a depended upon the

mesh w idth Ar, a sm aller Ar requiring a larger a . To reduce machine

tim e, i t  w as decided to u se  Ar = 100 cm w ith a corresponding value

a = 2 . 0 ; along w ith the m esh w idths A8  = 6°  , in  obtaining a ll the

solutions in  th is  chap ter. Cutting the mesh w idths in  half cau ses  no

sign ifican t changes in  the re su lts .

(b) The Solution for Small M agnetic Fields:

A so lu tion  is  obtained using MHD CYCLONE for a uniform 

m agnetic f ie ld , BQ = 0 .25 g a u ss , corresponding to  an  expansion para­

m eter, c = b o /vrp = 0*22.  Figure 4 .2  is  a ske tch  of the re su lts  showing 

the curvature of the in itia lly  uniform m agnetic field  lin e s  behind the 

shock. At the equator ( 0 = 90°), the com pression of m agnetic fie ld  lin es  

behind the shock in c reases  the m agnetic pressure so th a t the to ta l p res­

su re , p + pm is  greater than  in the gasdynam ic c a s e ,  resu ltin g  here in  a 

6 percent g reater shock sp eed . At the po le , how ever, the curvature of 

the fie ld  lin es  re su lts  in  an inward m agnetic force w hich slow s down the 

shock sligh tly  (0 .5  percen t). This can  be thought of a s  the shock giving 

up energy to  the m agnetic field  in  order to push a s id e  the fie ld  lin e s  near 

the po le . The tangen tia l m agnetic fie ld  Bq , in c re a se s  in magnitude 

behindth is e llip tic  shock, so  th a t, by defin ition , i t  is  a fa s t shock.

Since the computer ca lcu la tio n  cannot be in itia liz e d  w ith  a p iston  

of zero ra d iu s , the boundary condition spec ified  by Kulsrud e t  a l1* , that 

the rad ia l component of m agnetic fie ld  a t the p is to n , Brp , is  zero , is
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not sa tis f ie d  in itia lly  by the uniform m agnetic f ie ld . However, the 

re su lts  show th is  boundary condition to be sa tis fied  a t la te r tim es 

w ithin a m esh w idth of the p iston .

Kulsrud e t a l were unable to obtain a so lu tion  in  the m agnetic 

boundry layer surrounding the p iston . The computer so lu tion  presented  

here included th is boundary lay e r. Figure 4 .3  gives the pressure profiles 

a t ang les of 30° and 90° to the pole for d ifferent t im e s . O utside of the 

boundary lay e r, the so lution is  b as ica lly  a sim ilarity  so lu tion . Once the 

shock forms com pletely , the d isturbed region simply w idens w ith very 

l i t t le  change in  shock p ressu re . Shock pressure d ec rease s  a s  0 in c reases  

and the curves are sim ilar in  shape to  the re su lts  of Kulsrud. Note that 

w hile the gasdynam ic r e s u l ts ,  Figure 4 . 1 ,  show a continual in c rease  in  

p ressure behind the shock , Figure 4 .3  shows a d ecrease  in  p ressu re . 

However, if  the to ta l p ressu re , m aterial plus m agnetic, is  considered , 

the curves have shap es  sim ilar to Figure 4 . 1 .  In the boundary lay e r , the 

p ressure d ecreases  w ith  tim e. This is  balanced  by the increase  in  

m agnetic pressure due to the in crease  in  flux w ith time near the p iston .

D ensity  curves are very sim ilar to  the pressure curves and in  

good agreem ent w ith Kulsrud re su lts  showing a d ec rease  in density  a s  0 

is  in c re a sed . The curve for 0 = 0° is  alm ost iden tica l w ith the g a s ­

dynam ic re su lt , Figure 4 . 1 .  Variations in  m agnetic fie ld  w ith position  

are shown in  Figure 4 .4  while velocity  components are given in  Figure 4 .5  

both for a time t = 2 . 0  x 10-3  s e c . M agnitudes a t the shock are constan t
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w ith  time but the value of B0 in  the boundary layer in c reases  w ith tim e , 

e sp ec ia lly  a t higher 0 . The gasdynam ic re su lt  is  superim posed on 

Figure 4 .5  to show th a t rad ia l velocity  is  in c reased  by the m agnetic 

fie ld  for 0  g reater than  about 2 0 °  and d ecreased  for sm aller 0 .

Away from the p iston , the num erical so lu tion  is  in  good agreem ent 

w ith the Kulsrud so lu tion . However, c lo se  to  the p iston , a s ign ifican t 

d ifference in  velocity  profiles is  n o ticed . The Kulsrud solution for 0 

g reater than 60° shows a maximum value of rad ia l velocity  g reater than 

v , the expansion  speed  of the p is to n , and a lso  claim s that the* r

tangen tia l velocity  Vq i s  symmetric about 0 = 45°. The computer
\

re su lts  show th a t tangen tia l velocity  profiles near the p iston  are skewed 

toward the pole w ith a maximum a t 0 = 35°. This seem s reasonab le  s in ce , 

for in fin ite  e le c tr ic  conductiv ity , the fluid moves w ith the m agnetic field  

lin es  w hich , in itia lly  s tra ig h t, have a larger curvature near the pole.

The d iscrepancy  in  the re su lts  may be due to  h is  lack  of a boundary layer 

so lu tion .

(c) The Solution for Large M agnetic F ie lds:

A so lu tion  is  obtained using  MHD CYCLONE for a uniform m agnetic 

fie ld , B0  = 4 .0  g a u s s , corresponding to  an  expansion  param eter 

e ' = vrp/^ o  = 0*28. Figure 4 .6  g ives the den sity  betw een the shock and 

the p iston  and Figure 4 .7  shows the ve locity  com ponents, both for a time 

t = 1 .0  X 10” 3 s e c .  The shock i ts e lf  is  extrem ely weak and alm ost 

sp h erica l, and propagates a t approxim ately bQ, the Alfven speed of the
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undisturbed medium.

At the equator, p a rtic le s  are com pressed sligh tly  as  they travel 

from shock to  p is to n . However, for 0 le s s  th an  40°, the plasm a under­

goes an expansion  behind the shock . These re su lts  are in  good agreem ent 

w ith the Bernstein-K ulsrud linearized  so lu tions in  the far region (the 

region away from the p iston). In the near reg ion , the plasm a is  highly 

com pressed near the po le .

Radial ve locity  is  zero a t the pole in the  far region and in c rea se s  

w ith 0 . In the near reg ion , vr must increase  to  sa tis fy  the boundary 

conditions a t the p iston . Tangential velocity  is  symmetric about 0 = 45° 

in  the far region ( r  g reater than 30 m eters in Figure 4 .7 ) and skewed 

toward the  pole in  the near reg ion , the maximum occurring a t 0 = 24°. 

M aterial pressure is  much le s s  than m agnetic p ressu re  and v aries  in  a , 

manner sim ilar to  d en s ity . No s ig n ifican t differences e x is t betw een th is  

so lution and the so lu tion  of Bernstein and Kulsrud.
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4.2  Rezoning

The spherical p iston  re su lts  described  in  the previous sec tio n ,

for the lim its of very sm all and very large m agnetic f ie ld s , were obtained

from CYCLONE using the rezoning schem e outlined in Section 2 .3  to

elim inate errors due to  d is to rtio n s  in  the Lagrangian mesh caused  by the 
2

motion of the flu id  . To show the n e ce ss ity  of rezoning , computer runs 

were made both w ith and w ithout rezoning for a uniform m agnetic field  of 

0 .5  g a u ss . The so lid  curves in  Figure 4 .8  show the d istorted  positions 

of m esh points betw een the  piston  and the shock a t tim es, t = 1 . 2  x 1 0 “ 3 sec  

and t = 1 .9  x 10“ 3 s e c , for no rezoning . In itia lly , mesh points lie  on 

constant 0 l in e s ,  K= c o n s ta n t, A0 = 6 degrees apart. D istortion is  zero 

a t the equator (K = 17) and the pole (K = 2) and is  a maximum near the 

piston a t about 0= 30° (K = 7). Since the equations give a sim ilarity  

so lu tion , the tangen tia l ve locity  i s  b as ic a lly  constan t w ith tim e, so tha t 

the d is to rtio n  of a mesh point in  the 0 d irec tio n , V g t ,  in c reases  linearly  

w ith tim e .

Radial p artic le  ve lo c ity  curves are q u alita tively  sim ilar to  

Figure 4 .5 .  Since the partic le  veloc ity  is  le s s  than  the piston  sp eed , 

the in itia l Lagrangian z o n e s , Ar = 1 0 0  cm, are com pressed and tend to 

pile up a t the p is to n . This is  e sp ec ia lly  true near the po le , where the 

magnitudes of rad ia l veloc ity  gradients are la rg er. At cycle 200, 

t  = 1.2 X 10-3  s e c . , zones near the p iston  are com pressed to about 3 cm. 

a t the pole and 15 cm. a t  the  equator; by cycle 650, t = 1 .9  X 10" 3 s e c . ,
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zones are as sm all a s  1 cm. a t the pole and 10  cm. a t the equator.

Figure 4 .9  shows the varia tion  in  pressure w ith radius along 

different mesh l in e s ,  K= co n s tan t, for the m agnetic field  of 0 .5  gauss 

and no rezoning a t cyc les  200 and 650. At K = 4 , an o sc illa tio n  in  

pressure near the p is to n , not p resen t a t larger a n g le s , is  c learly  v isib le  

in  Figure 4 .9  a t the earlie r tim e, t  = 1.2 x 1 0 “ 3 s e c . , and is  seen  to 

grow w ith tim e. This o sc illa tio n  is  not the c la s s ic  in s tab ility  due to  too 

large a time step  and was presen t even when the time s tep  w as cut in  two. 

D ecreasing A0 from 6 to  3 degrees did not elim inate the o sc illa tio n .

The o sc illa tio n  occurs in  the region of la rg es t rad ia l com pression 

of zones as  w ell a s  s ign ifican t tangen tia l d is to rtio n s . In th is reg ion , 

zones are com pressed to le s s  than 1/30 their original s ize  which n eces­

sarily  cau ses  errors in  the differencing of rad ia l d eriv a tiv es. A rezoning 

schem e, described  in  Section 2 .3 ,  was developed to elim inate th ese  

errors. The firs t s tag e  of th is  schem e is  to resto re  all mesh points to 

their in itia l constan t 0 lin es  using  linear in terpo lation . This has the 

advantage of allow ing the re su lts  to  be ea s ily  presented  for constan t 0 

as w ell as  elim inating the tangen tia l d is to r tio n s . The rad ia l rezoning 

schem e now combines a crushed zone w ith its  rad ia l neighbor conserving 

the m ass and to tal energy of the pair of zo n es . As exp lained , the whole 

row of zo n es , K = 2 t o K = 1 7 ,  having in itia lly  the same rad ia l coordinate , 

must be combined w ith  their rad ia l neighbors as w ell, in  order to  m aintain 

the differencing schem e.
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Radial rezoning is  only n ecessary  in  the region near the p iston  

s in ce  Ar rem ains su ffic ien tly  large near the shock. The procedure 

followed is  to  seek  out zones behind the shock sm aller than a spec ified  

minimum for the particu lar problem and combine th ese  as d escrib ed . For 

the am bient data  g iven  by (2 .7 ) ,  a sa tis fac to ry  minimum w as found to  be 

1 0  to  2 0  percent of the in itia l Ar depending upon the am bient m agnetic 

f ie ld , larger m agnetic fie lds requiring larger minimum zone s iz e s .  This 

rezoning is  in  general in itia ted  a t cycle  1 0 0 , before the o sc illa tio n  

ap p ears . The ra d ia l rezoning schem e may be eas ily  modified to combine 

three or more ra d ia l neighbors into one large zone, but th is w as not found 

to  be n ecessa ry .

Figure 4 .1 0  shows the p ressure for rad ial rezoning drawn a longside  

re su lts  for 0 rezoning  only , a t the same tim e, t = 1 .7  x 10“ 3 s e c . The 

minimum allow able Ar w as spec ified  as 10  cm (1 0  percent of the in itia l 

Ar) and 0  rezon ing  w as execu ted  every 50 cy c le s . Both s e ts  of re su lts  

showed alm ost no change in  shock pressure from the re su lts  w ith no 

rezoning . By i t s e l f ,  0 rezoning does not elim inate the o sc illa tio n , but 

i t  does reduce i ts  am plitude by about 50 percen t. The application  of 

rad ia l rezoning elim inates the o sc illa tio n  w hile leav ing  the so lu tion  

unchanged.

A re su lt of the use of rezon ing , perhaps more im portant than the 

elim ination of the o sc illa tio n , is  the in c rease  in effic iency  of the c a l­

cu la tio n . For no rezon ing , the time s tep  needed for s ta b ility , g iven by



HAD IAL REZ0N1M®. 

CYCLE *00

.06

K -7

M K- 12

i

U  I t  . 1 6  1 %

Fig. 4 .1 0  P ressure v s . rad ius (Bc  = 0 . 5  g a u s s ,

IV ft e  REZONINO ONLY
» VII

0 Y C L E  *fOO

K* 12

T ( M E T E R S )
t  = 1 .7 0  x  10-3  sec) showing e ffec t of rad ia l rezoning



84

equations (2 . 6 6 ) and (2 . 6 8 ), d ec rease s  d ras tica lly  as  time in c re a se s , 

s ince  Ar becom es sm aller and sm aller near the p iston . Radial rezoning , 

by in creasin g  Ar , m aintains a larger time s tep . In Figure 4 .1 0 , the 

re su lts  a t t = 1 .700 X 10“ 3 s e c . were obtained in  300 cyc les  using 

rad ia l rezoning and 400 cycles w ithout i t ,  a large saving in  computer 

tim e. Executing another 100 cycles  w ithout rezoning (an in c rease  of 

more than 25 percent in  computer time) is  equ ivalen t to increasing  the 

time to  only 1.735 x lO -3  s e c . (an in crease  of about 2 percent).

C ontrast th is  w ith an  in crease  of 1 0 0  cycles w ith rad ia l rezoning 

(33 percent) which in c reases  the time to  2 .343  x 10-3  s e c . (an  in crease  

of about 38 percen t). W ithout rezoning , the program cannot give re su lts  

for large tim e, but w ith rezoning , i t  can run indefin ite ly .
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4 .3  Spherical P iston Solutions

Solutions to  the problem of a spherical p iston  expanding a t a 

constan t speed  in to  a uniform m agnetic fie ld  have a lready  been d is ­

cu ssed  in  Section 4 .1  for the lim iting c a s e s  of very sm all or very large 

m agnetic fie ld . In the range of m agnetic fie lds where the am bient 

Alfven speed and the piston speed  are o f the same order of m agnitude, 

the above so lu tions are invalid  and the full nonlinear s e t of MHD 

eq u a tio n s, (2 .16) -  (2 .2 3 ), m ust be so lv ed . MHD CYCLONE w as used 

to so lve th ese  equations for the given s e t  of am bient conditions and for 

d ifferent m agnitudes of uniform m agnetic fie ld . In th is sec tio n , the 

re su lts  of the num erical calcu lations are p resen ted , for a tim e,

2 . 0  x 1 0 -3  s e c . , when the p iston  has expanded to  five tim es its  in itia l 

rad ius of 500 cm.

(a) The M ain Shock W ave:

Figure 4 .11  gives the m ass density  at the main shock , as  a ra tio  

to the am bient d e n s ity , versus angle 0 from the pole for d ifferent 

am bient m agnetic f ie ld s . For sm all m agnetic fie ld s  (BQ = 0 .25  g au ss), 

a t the pole the shock density  i s  approxim ately the gasdynam ic strong 

shock value and d ec rease s  as 0 in c re a se s . As the m agnetic field  is 

in c re a sed , den sity  continually  d ec rease s  and a change in  the phenomena 

near the pole is  n o ticed . For m agnetic fie ld s  of 0 .75  and 1 .0  g a u ss , 

large shock d en s itie s  occur near the p o le , (these are shown dotted since  

it  is  d ifficu lt to  determ ine the exact lo ca tio n  of the sh o ck ), w hile for
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larger f ie ld s , the jump in  shock density  near the pole is  neg lig ib le .

This change occurs approxim ately when the p iston  motion becom es sub - 

a lfv en ic , th a t i s ,  when the Alfven speed  of the undisturbed medium
A

bo = ®o/(4 ff p o )2 / is  g reater than  the p iston  speed vr p .

Figure 4 .12  show s the shock speed  U, as  a ra tio  to  the piston 

sp eed , versus the uniform m agnetic fie ld  for four d ifferent angles 0 . 

For sm all m agnetic f ie ld s , the shock speed a t the equator is  increased  

by the m agnetic fie ld  from the gasdynam ic v a lu e , due to the com pression 

of m agnetic fie ld  lin e s  w hich re su lts  in  a large m agnetic p ressu re ,

Pm = B0 2/8 f f  , w hile the shock speed  a t the pole is  decreased  by the in ­

ward m agnetic force due to  the curvature of the fie ld  l in e s . These 

m agnetic e ffec ts  grow as  the m agnetic fie ld  is  in c rea sed , resu lting  in 

an increasing  e llip tic  shock wave until the piston  becom es subalfven ic . 

A m easure of the e llip tic ity  of the shock may be obtained as  the v ertica l 

d is tan ce  betw een the curves for 0 = 90° and 0 = 0 °  in  Figure 4 .1 2 .

This d is tan ce  is  zero for no m agnetic fie ld  and in c reases  w ith BQ until 

i t  reach es  a maximum value a t the fie ld  a t which the p iston  becom es 

subalfven ic . Then, the shock has neglig ib le  gasdynam ic strength  a t the 

pole and propagates a t the  Alfven speed  bQ. For larger f ie ld s , the 

e llip tic ity  of the shock d ec rease s  u n til, for very large B0 , the shock is 

spherical and trav e ls  a t  the fa s t w ave speed  of the undisturbed medium 

w hich is  b a s ic a lly  bQ.
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An analogy w ith a irc ra ft motion in  gasdynam ics is  p o ssib le .

For supersonic a ircraft sp eed , the d istu rbance is  confined in  a M ach 

30cone near and behind the a irc ra ft. For subson ic  sp e ed s , the d is tu rb ­

ance propagates ahead of the a irc ra ft a t the wave speed of the medium 

w hich is  the sound sp eed . In MHD, the s itu a tio n  is  more com plicated 

due to the d ifferent wave speed s w hich may e x is t . In the absence of a 

m agnetic fie ld , the p iston  is  surrounded by a strong gasdynam ic shock . 

For superalfvenic p iston  m otion, the m agnetic effects  are coupled to  

th ese  gasdynam ic e ffe c ts . W hen Bc is  inc reased  so th a t the p iston  

becom es subalfven ic , the m agnetic effects  travel far ahead of the p iston  

a t the Alfven speed .

The change in phenomena described  above can be understood 

w ith  the aid  of the Freidrichs diagram , Figure 1 .1 . For the super­

alfven ic  p iston  motion (sm aller m agnetic f ie ld s ) , the sound speed 

behind the shock is  g reater than the Alfven speed . Therefore Figure 1. la  

a p p lie s , the gasdynam ic e ffec ts  travel a t the fa s t wave speed a t the 

po le , and the main shock is  b a s ic a lly  gasdynam ic. As 0 in c re a se s , 

the m agnetic fie ld  becom es more and more coupled to  the gasdynam ic 

effec ts  resu ltin g  in  a d ec rease  in  shock d en s ity . W hen the p iston 

becom es subalfven ic , a t the pole the Alfven speed behind the shock 

a lso  becom es greater than  the sound speed so  that Figure 1 .1b  ap p lie s . 

The gasdynam ic effec ts  now trav e l a t the slow  wave speed  and the fa s t 

shock is  primarily m agnetic, resu ltin g  in  neglig ib le gasdynam ic shock
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streng th  near the  p o le . As 0 in creases  , gasdynam ic effec ts  become 

coupled to  the fa s t shock , so  that shock density  in c reases  s ligh tly  w ith 0 .

At the main shock , the tangen tia l m agnetic fie ld  Bqs , in c reases  

in  the region away from the po le , as m agnetic fie ld  is  in creased  and a lso  

as  0 in c re a se s . Near the pole how ever, Bgs in c re a se s  w ith B0 until the 

m agnetic field  becom es greater than 1 .0  gauss and then  d ec rease s  con­

tinuously . A shock strength  param eter ,fm= Bqs / bq 0 • the ra tio  of the 

tangen tia l m agnetic fie ld  a t the shock to  the am bient value a t th a t ang le , 

is  defined and shown in  Figure 4 .1 3 . This param eter unlike B gg i ts e lf ,  

shows a d ec rease  as  0 in c rea se s  for a ll  m agnetic f ie ld s . Using th is 

defin ition  of shock streng th , a reasonable  correlation is  obtained betw een 

shock strength  and the shock speed given by Figure 4 .1 2 , i . e .  shock 

speed varies inverse ly  a s  shock streng th . This re su lt ,  tha t a strong 

shock trav e ls  slow er than  a w eak shock , is  in  agreem ent w ith the planar 

fa s t shock re su lts  of Section 3 .3 .  Note th a t, near the pole, fm in c reases  

as B0 in c reases  for subalfven ic  p iston  m otions, w hile fm d ec reases  for 

superalfvenic m otions. In co n tra s t, for subalfvenic m otions, shock speed 

near the pole d ec rease s  a s  BQ in c re a se s , e tc .

Figure 4 .1 4  shows the variation  in  shock pressure w ith  B0 and 

w ith 0 . For large  m agnetic f ie ld s , the shock pressure is  neglig ible 

compared to the m agnetic p ressu re . Shock p ressu re , of co u rse , varies in  

a sim ilar way to  the shock d en s ity . Figure 4 .15  gives the rad ia l velocity  

a t the shock w hich d ec rease s  a s  m agnetic field  is  in c reased .
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The spherical shock re su lts  qu a lita tiv e ly  compare very w ell w ith 

the planar re su lts  of Chapter 3 away from the pole. Near the po le , 

e ffects  such as  the slow ing down of the shock are tw o-dim ensional and 

cannot be predicted by the p lanar so lu tion . Of co u rse , the quantita tive 

re su lts  differ g reatly  and planar ca lcu la tio n s cannot give the correct 

picture betw een the shock and the p iston .

(b) The Region Between the M ain Shock and the Piston:

The so lu tion  in  the region betw een the shock wave and the piston  

is  very different from the so lu tion  in  the same region for the planar p iston 

problem presen ted  in  Section 3 .3 .  For the planar p iston  problem, the 

governing MHD equations in  s lab  symmetry are reducible; therefore the 

so lu tion  m ust be sim ple w aves (or shocks formed by the steepen ing  of 

sim ple com pression w aves) separated  by reg ions of constan t s ta te .  It 

was found that for the given am bient data  a slow  shock w as present behind 

the main fa s t shock . This slow shock w as n ecessa ry  to  sa tis fy  the bound­

ary conditions on the veloc ity  a t the p is to n , s ince  there are re stric tio n s  

on the behavior of simple w av es . In spherica l coo rd ina tes, the equations 

are not reducib le so  th a t sim ple w aves do not e x is t .  The slow  spherical 

MHD wave n ecessa ry  to sa tis fy  the boundary conditions g ives a boundary 

region of large density  and pressure near the p iston  only for sm all 0 and 

large BQ, but in  general no slow shock is  p resen t.

Figure 4 .16  shows the m ass den sity  betw een the p iston  

(r = 2500 cm) and the e llip tic  shock for three d ifferent am bient m agnetic
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f ie ld s , giving the continual decrease  in  density  near the equator as the 

shock is  pushed fas te r  by the stronger m agnetic f ie ld s . Near the pole 

however, the entire picture changes w ith m agnetic fie ld . When the 

p iston  becom es subalfvenic (large Bc ), the density  jump a t the shock 

becom es neglig ible since  the Alfven speed  behind the shock is  now 

greater than the sound speed , so th a t the m agnetic effec ts  dominate in  

the fa s t shock . The large gasdynam ic e ffec ts  are now carried by a slow 

spherical wave confined closer and c lo ser to  the p iston  as m agnetic field 

is  in c re a sed . N ote, in  Figure 4 .1 6 , the fla tten ing  out of the curve for 

B0 = 1 .0  gauss and 0 = 0 in  front of th is  region of large d en s ity . At 

Bq = 1 .5  g a u ss , a ra refaction  wave is  v is ib le  behind the shock w hich 

now has no v is ib le  density  jump. At B0 = 4 .0  g a u s s , Figure 4 . 6 ,  the 

rarefaction  wave is  much stronger and extends up to 0 = 40°. This 

rarefaction  wave is  not present until the p iston  becom es subalfven ic .

The rarefaction  wave is  the re su lt of the large tangen tia l motion 

of fluid toward the equator w hich is  a purely m agnetic e ffect due to  the 

curvature of the m agnetic fie ld  lines near the pole w hich are frozen into 

the flu id . P artic les en tering the shock are sw ept toward the equator 

preventing their accum ulation near the p o le . The tangen tia l ve locity  Vg 

in c reases  behind the shock as  in  Figure 4 .7  until i t  reach es  a maximum 

near but not a t the p is to n , Figure 4 .1 7  is  a plot of th is  maximum 

tangen tia l ve lo c ity . It is  seen  that Vg in c reases  w ith m agnetic field  

and tha t the maximum occurs a t an angle 0 from the pole of le s s  than 20°
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for large m agnetic f ie ld s .

Tangential m agnetic fie ld  Bq a lso  in c reases  behind the fast 

shock to a maximum near the p iston  a s  in  Figure 4 . 4 .  This maximum 

value of Bg varies both w ith 0 and w ith BQ in  the same manner as Bgs . 

Radial m agnetic fie ld  d ec rease s  continually  from its  am bient value to 

zero a t the piston (the boundary condition). Radial velocity  in creases  

from the shock value given by Figure 4 .1 5  to its  maximum va lu e , the 

p iston  velocity  vr p . Pressure varies in  the same way a s  d en sity .

The so lu tions p resented  cover the com plete range of m agnetic 

fie lds where the asym totic so lu tions are in v a lid . Therefore, the 

spherical piston problem may be considered so lved .
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4 .4  Summary

In th is ch ap ter, so lu tions to  the spherical p iston  problem were 

presented  for the firs t time for the complete range of m agnetic fie ld s .

The so lu tions showed good agreem ent w ith the known so lu tions for the 

asym totic cases  of very sm all m agnetic fie ld  and very large magnetic 

fie ld . Solutions to the full nonlinear problem were d iscu ssed  in  terms 

of a param eter fm, the ra tio  of the tan g en tia l m agnetic fie ld  a t the shock 

to the am bient tangen tia l f ie ld , w hich w as taken  to rep resen t the strength 

of the MHD shock w ave. It was found that the shock speed  varied 

inversely  as fm for a ll m agnetic f ie ld s .

A d rastic  change in  shock properties were d iscovered  a t a c ritica l 

m agnetic field  corresponding to  when the p iston  speed  became subalfvenic 

w ith re sp e c t to the am bient Alfven sp eed . At th is  fie ld , a rarefaction  

wave w as a lso  d iscovered  near the pole and a ttribu ted  to the large 

tangen tia l motion of fluid behind the shock w ave.

It w as shown th a t rezoning w as n ecessa ry  to  elim inate errors in  

the num erical ca lcu la tio n , e sp ec ia lly  near the p iston . More im portantly , 

w ithout rezoning the so lu tion  cannot be obtained for large time w ithout 

the expenditure of an enormous amount of computer tim e , but w ith rezon­

in g , th e se  re su lts  may e a s ily  be obtained in  a reasonab le  tim e.

The re su lts  of th is  chapter dem onstrate that nonlinear tw o- 

dim ensional unsteady MHD problems can be su ccess fu lly  stud ied  using 

Lagrangian codes and modern high speed com puters.
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CHAPTER 5 

MHD BLAST WAVES

The problem of the expansion  of a sphere of gas in itia lly  having 

very high pressure and in terna l energy has been ex ten siv e ly  s tud ied , 

but the effec ts  of a uniform m agnetic field  on th is expansion  have not as 

yet been determ ined. The m ost usefu l m athem atical model in studying 

th is  problem is  the b la s t wave model w hich assum es th a t the in ternal 

energy and pressure are uniformly d istribu ted  w ithin the sphere or 

"fireball" w hich In itia lly  contains gas a t the same density  as the 

am bient atm osphere. Therefore, the in itia l model is  two constan t s ta te s  

separated  by a d iscon tinu ity  in  in terna l energy and p ressure a t the radius 

of the fireball w hich is  allow ed to  expand under the re s tr ic tio n  that the 

to ta l energy of the flow rem ains co n s tan t.

This in itia l d iscon tinu ity  or in terface  gives r ise  to a shock wave 

propagating outward, a con tac t surface behind i t ,  and a rarefaction  wave 

propagating inward toward the orig in . In ad d ition , a second shock which 

trav e ls  inward is  formed a short time la te r . The ex isting  work for the g a s ­

dynamic model w as review ed in  C hapter 1.

In th is  chap ter, a uniform m agnetic fie ld , both in sid e  and outside 

the f ireb a ll, is  added to the b la s t wave model and i ts  influence on the 

flow in v estig a ted  num erically using the method of a rtif ic ia l v isco s ity  

d isc u sse d  in  C hapter 2 . This method u tilize s  Lagrangian coordinates
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w hich are particu larly  u sefu l here in  locating  the position  of the fireball 

in terface  (a con tac t surface) a t any tim e. The fireball is  given an 

In itia l rad ius of 500 cm and a p ressu re  and in terna l energy 104 tim es 

the am bient values given by (2 .7 ) . Studies are made for various 

m agnetic f ie ld s , f irs t using MHD WUNDY for planar one-d im ensional 

b la s t w av es , and second using  MHD CYCLONE for spherical b la s t 

w a v e s .



102

5.1  Planar MHD Blast W aves

The planar one-dim ensional problem is  in v estig a ted  num erically 

using MHD WUNDY in  order to determ ine the effects  of a m agnetic field  

upon b la s t w av es , s ince  so lu tions to  th is  problem, either for spherical 

or for plane geom etry, have not as  y e t been p resen ted . R esults are 

presented  here for m agnetic fie lds of 0 .5  and 2 .0  gauss oriented a t 

angles 0 w ith the x d irection  (the d irection  of propagation of the shock 

wave) o fO , 10, 30, 60 and 90 d eg rees. For 0 = 0 ° , the m agnetic fie ld , 

w hich lie s  in  the x d irec tion , is  uncoupled from the flow giving the g a s ­

dynamic so lu tion . F irst le t us d isc u ss  the so lutions for 0 = 0° and 

0 = 90°.

The p ressure in s id e  the fireball is  in itia lly  very high, thus push­

ing the in terface outward a t a high sp eed , com pressing the am bient gas 

ahead of i t ,  thereby forming a shock w ave. If a m agnetic fie ld  is  

p resen t, i ts  tangen tia l component By ahead of the in terface  is  a lso  

increased  s ince  the field  lin es  are frozen in to  the fluid for infin ite  

e le c tr ic  conductiv ity . The outward motion of the in terface re su lts  in  a 

d ecrease  in  density  and pressure (and therefore By) behind i t ,  causing a 

ra refaction  wave to  propagate toward the orig in . The resu ltin g  outward 

motion of the gas in sid e  the fireball gives a low pressure and density  a t 

the origin and a large positive pressure gradient nearby. This pressure 

gradient s tops the outward motion and produces a second shock propagat­

ing inward w hich re ad ju s ts  the pressure and density  inside  the fireb all.
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23The work of Chou and Huang for gasdynam ics, review ed in  Chapter 1, 

a lso  g ives th is secondary shock . However they can only follow th is 

shock until i t  im plodes on the orig in , while the re su lts  to be presented 

here follow th is  shock after i t  re flec ts  a t the origin.

Figure 5.1 gives the pressure d istribution  a t different tim es for 

the gasdynam ic case  (0 = 0°) showing the decay of the main shock w ith 

time and the po sitio n , I , of the in te rface . At the time t = 0 .27  X 10“3 s e c . , 

the pressure near the origin has decreased  sign ifican tly  and the second 

shock , smoothed out by the a rtific ia l v isc o s ity , is  propagating toward 

the orig in . At t  = 0 .42 x 10“3 s e c . , the shock has been reflec ted  a t the 

origin and is  beginning to  propagate outward. The curves a t la te r tim es 

show the second shock , v is ib le  as  a bump on the pressure diagram , as i t  

ca tch es up to  the main shock . Included in  Figure 5 .1  is  a curve of the 

to ta l p ressu re , gasdynam ic plus m agnetic pressure (pm = By2/8 ir) , for 

0 .5  gauss and 0 = 90° a t a time t = 2 .7 0  x 10-3 s e c . The additional 

m agnetic pressure pushes the main shock out fa ste r but slow s down the 

in terface  s ligh tly  due to a positive  gradient 3 p m/S x  there . This re su lts  

in  a s lig h t decrease  in  gas p ressu re  p , though the to ta l pressure (p + pm) 

is  of course la rg er. The secondary shock is  p resen t as  in the gasdynam ic 

r e s u l t s .

Figure 5 .2  gives the gas density  versus position  at 

t = 2 .7  x 10“3 s e c . , for gasdynam ics (0= 0 °) and for m agnetic fie lds 

of 0 .5  and 2 .0  gauss a t 0 = 90°. For both m agnetic f ie ld s , the effect
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of the fie ld  is  to  make the shock propagate faste r and to  decrease  its  

d e n s ity , the larger fie ld  giving much larger charges. The in te rface , 

previously noted a s  the lo ca tio n  of a con tact surface (a surface of d is ­

continuity  in  d en sity ), is  v is ib ly  slowed down by the larger fie ld .

Inside the fireb a ll, density  becom es very sm all, the low est value occur­

ring for gasdynam ics where the in terface has propagated out the fu rthest. 

Velocity profiles show a continual in crease  in  partic le  ve locity  vx w ith 

d is tan ce  from the orig in , reach ing  a maximum a t the main shock. Since 

e le c tr ic  conductiv ity  is  very g rea t, tan g en tia l m agnetic fie ld  profiles are 

id en tica l to  the density  p ro files . Thus, the m agnetic fie ld  gives a 

m agnetic p ressure which tends to decrease  the velocity  of a partic le  as 

i t  fa lls  behind the shock . All curves show the bump w hich rep resen ts  

the re flec ted  secondary shock.

For 0 = 90 °, the Friedrichs diagram , Figure 1 .1 ,  g ives a zero 

slow  w ave sp eed . The so lu tion  is  more com plicated w hen, in itia lly , the 

m agnetic fie ld  is  not perpendicular to the d irection  of propagation of the 

shock , s in ce  both fa s t and slow  magnetohydrodynamic wave speeds are 

p resen t. As d isc u s se d , in itia lly  By is  increased  in  front of the in terface 

and d ecreased  behind i t ,  re su ltin g  in  a positive  gradient aBy / d x  a t the 

in te rface  and negative g rad ien ts both ahead of and behind i t .  This change 

in  the curvature of the m agnetic field  lin es  a t the in terface  re su lts  in  a 

d iscon tinu ity  in  tangen tia l velocity  vy w hich is  the most v is ib le  slow 

w ave e ffec t. From equation  (2 .2 5 ) , i t  can be seen  th a t vy is  proportional
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to  the m agnetic fie ld  g rad ien t, giving vy negative both in  front of and 

behind the in terface  and positive a t the in te rface . This d iscon tinu ity  

propagates in  both the positive  and negative x d irections a t the slow 

w ave sp eed .

Figure 5 .3  shows the tangen tia l m agnetic fie ld  By and 

tangen tia l ve locity  vy versus d is tan ce  from the origin x for in itia l 

m agnetic fie lds of 0 .5  and 2 .0  gauss oriented a t ang les 0 to  the x a x is . 

For 0 = 90 °, where the slow  wave speed is  zero , a d iscon tinu ity  in  By 

occurs a t the in terface  (the con tact surface) and vy is  zero . For 0 .5  

g auss and for 0 = 3 0 °, th is  d iscon tinu ity  in  By and the accom panying 

d iscon tinu ity  in  vy have propagated outward from the in te rface , denoted 

by I , a t the slow  w ave speed  w hile an  inward propagating d istu rbance 

has alm ost reached  the o rig in . The gasdynam ic effec ts  of th ese  w aves 

(pressure and den sity  jumps) are very w eak. At the main shock , w hich 

is  predom inantly gasdynam ic, p a rtic le s  are acce le ra ted  in  the negative 

y d irec tion  by the negative gradient 3By / a x ,  w hile behind the shock , 

th ese  p a rtic le s  are g iven the opposite  acce le ra tio n  by the positive 

g rad ien t, vy even tua lly  becoming p o sitiv e .

For 2 .0  g a u s s , the m agnetic fie ld  e ffec ts  are much g reater 

resu ltin g  in  large gasdynam ic jumps a t the slow wave w hich has 

s teepened  in to  a slow  shock . This slow shock trav e ls  faste r for 0= 30° 

than  for 0 = 60° (the slow  wave speed  d ec rease s  as  0 in c reases  in  

Figure 1 .1) and is  accom panied by large changes in  By and vy .
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Figure 5 .4  g ives the density  profiles a t 0  = 30° for th is m agnetic fie ld  

for different tim es. At t = 0 .68  X 10“3 s e c . , the second (slow ), shock 

is  already v is ib le  behind the main fa s t shock . This slow shock grows 

in  streng th  as  the fa s t shock decays w ith tim e. It is  c lear th a t as  time 

in c re a s e s , the gasdynam ic shock e ffec ts  are becoming more strongly 

a sso c ia ted  w ith the slow shock . The slow  shocks for larger 0  are 

w eaker but a lso  in c rease  in  streng th  w ith tim e .

Figure 5 .5  shows the total pressure (gasdynam ic plus magnetic) 

versus position  for 2 .0  g au ss  and for t  = 2 .7 0  X 10”3 s e c . For 0  = 30° 

and 0 = 6 0 °, the sp lit  in to  fa s t and slow  shocks is  c learly  v is ib le  and 

coincides w ith the jumps in  By and vy in  Figure 5 .3 .  At the fa s t shock 

the jump in  to ta l p ressure in c reases  w ith 0 resu ltin g  in  g reater shock 

sp e e d s . At the slow  shock , how ever, the jump is  g re a te s t a t 0  = 30°. 

The re flec ted  secondary shock d isc u sse d  for Figure 5 .1 ,  is  s ti l l  p resen t 

but has been greatly  reduced  in  streng th  for 0  = 30° and 0  = 60° due to 

passing  through the slow  shock . Profiles of p artic le  ve locity  vx a lso  

show the sp lit in to  fa s t and slow  shocks and the damping of the 

re flec ted  shock .

It is  obvious from the profiles th a t the b la s t wave so lu tio n s , 

unlike the p iston  so lu tions of C hapters 3 and 4 , where the in terface w as 

m aintained a t  a constan t sp eed , vary w ith  tim e. A study w as made of the 

flow variab les  a t the unsteady shock w aves and the re su lts  a t  a given 

time compared w ith  the shock so lu tions for the p iston  problem.
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Figure 5 .6  gives the positions of the main fa s t shock , the slow shock 

(or slow w ave), and the fireball in terface as  a function of tim e. Since 

the slopes of a ll curves decrease  w ith tim e, the speeds of a ll shocks 

and of the in terface  d ecrease  w ith tim e.

For 0 .5  g a u ss , a t  a given time the in terface  speed is  decreased  

sligh tly  perpendicular to  the fie ld . However for 2 .0  g a u ss , the in terface 

a t 0= 90° is  slow ed down and alm ost stopped by the m agnetic f ie ld , while 

for 0 = 10° the in terface  speed is  s ligh tly  g reater than for the gasdynam ic 

c a se . These re su lts  imply tha t for the sp h erica l b la s t wave problem the 

in terface w ill not rem ain spherical but w ill become e llip tic  w ith major axis 

along the pole (the d irection  of the applied  m agnetic f ie ld ) , the eccen tric ity  

of the e llip se  in creasin g  both a s  time and a s  m agnetic fie ld  strength  

in c rease .

The fa s t shock speed  is  in creased  s lig h tly  by the sm all m agnetic 

fie ld  a t 0=  90° and a great deal by the larger m agnetic field  lead ing  to  

the conclusion  th a t the  fa s t  shock is  a lso  e llip tic  w ith its  major ax is 

along the equator and th a t i t  becom es more e llip tic  a t larger tim es. For 

0 .5  g a u ss , the slow  "shock" is  rea lly  a slow  wave characterized  by large 

changes in  vy and By and negligible changes in  pressure and d en s ity .

For 2 .0  g a u s s , i t  has been  shown th a t a true slow shock e x is ts  w ith a 

speed  th a t d ec rease s  a s  0 in c re a se s . Note th a t as  0 approaches zero , 

the fast and  slow  shocks tend to coincide s in ce  the m agnetic fie ld  is  

uncoupled from the flow. For 0 = 90 °, the slow  shock is  not p resen t
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since the slow wave speed is  zero .

Figure 5 .7  gives the ra tio  of the den sity  a t the  shock to the density  

in  front of i t  for both the fa s t and slow  sh o ck s . For the given in itia l d a ta , 

i t  takes approxim ately 0 .5  X 10“3 s e c .  to  form the shock com pletely.

The gasdynam ic re su lts  (0 = 0°) show a slig h t in c rease  in  density  w ith 

time as  a sign ifican t number of p a rtic le s  en tering the  shock rem ain there .

A m agnetic field  (a positive  m agnetic p ressu re  gradient) in c re a se s  the 

to ta l pressure gradient behind the shock , pulling th e se  p artic le s  out of the 

shock so th a t the shock d en sity  d e c re a se s  w ith  tim e , the ra te  of decrease  

becoming larger for larger m agnetic f ie ld s .

For 0 .5  g a u ss , a t a given time the fa s t shock d en sity  d ec reases  

as  0 in c re a se s . For 2 .0  g a u s s , how ever, th is  is  only true for sm all 

tim es. For larger tim es, th is  com paratively  sm all d en s ity  in c reases  

w ith  0 . At the same time the slow  shock den sity  is  becoming very large 

particu larly  a t small 0 . This re s u lt ,  a lso  obtained for the planar p iston  

problem, sign ifies th a t a t  sm all 0 the fa s t shock is  prim arily m agnetic 

w ith  the slow shock carrying the bulk of the gasdynam ic d is tu rb an ce . The 

change in  variation w ith  0 a s  time in c re a se s  a lso  is  observed  for 2 .0  gauss 

both for the ax ia l partic le  v e lo c ity  a t the  shock vx given by Figure 5 .8  

and for shock pressure cu rves.

The change in  phenomena may be exp lained  w ith  the use of the 

Friedrichs diagram , Figure 1 .1 .  In itia lly , due to th e  large p ressure 

in sid e  the fireb a ll, the sound speed  behind the shock  is  much greater
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than the Alfven speed  so th a t Figure 1 .1a  a p p lie s . For 0 .5  g a u s s , th is 

rem ains true for larger tim es. However, for 2 .0  g a u s s , the pressure 

decay re su lts  in  the sound speed  becoming sm aller than the Alfven speed 

so th a t Figure 1 .1 b  now a p p lie s . Since for sm all 0 , the m agnetic part of 

the d isturbance may be considered  to be prim arily carried by the wave 

corresponding to  the Alfven speed (the slow  wave for Figure 1 .1 a ,  the 

fa s t wave for Figure 1.1b) and the gasdynam ic part by the sound w ave, 

for larger tim es, the slow shock becom es prim arily gasdynam ic and the 

fa s t shock m agnetic, thus accounting for the change in  variation  and for 

the very sm all den sity  in  the fa s t shock. Note th a t for 2 .0  g au ss and for 

large tim es, the curves of Figures 5 .7  and 5 .8  imply a so lu tion  for 0 = 0  

different from the gasdynam ic re su lts  (m agnetic fie ld  uncoupled) in  order 

to  give a continuous varia tion  w ith  0 . A tw o-dim ensional e ffec t, not 

obtainable from the planar m odel, must be an tic ipa ted  near the pole for 

the spherical m odel.

Continuing the com parison with the p iston  model, a shock 

strength  param eter, fm = By1/ByQ / may defined and its  varia tio n  w ith 

m agnetic fie ld  and 0 s tu d ied . As for the p iston  so lu tio n s , fm d ec rease s  

both a s  0 and a s  m agnetic field  in c rea se . Again i t  is  found that shock 

speed  varies inverse ly  as  fm and that shock density  v aries  d irec tly  as 

fm where the shock is  prim arily gasdynam ic and inverse ly  a s  fm where 

the shock is  m agnetic.
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Figure 5 .9  gives the v aria tion  in  tangen tia l velocity  a t the  fast 

and slow  shocks w ith tim e. At the fa s t shock the magnitude of vy is  a 

good ind ica tion  of the im portance of the magnetic e ffe c ts . vy in c reases  

as m agnetic fie ld  is  in creased  and d ecreases as  0 is  in c reased . For the 

slow shock , the magnitude of vy is  not a good m easure of the m agnetic 

e ffec ts  s in ce  vy is  not zero in  front of th is shock; the jump in  vy is  a 

be tte r in d ica tio n . From Figure 5 .3 ,  for 2 .0  g a u s s , th is jump is  greater 

for 0 = 30° than for 0 = 60°. The magnitude of vy a t the slow shock 

rem ains alm ost co n s ta n t, thus giving the im pression that a m ass motion, 

continuing even  for large tim es, w ill be present in  the spherical case  

involving motion of fluid in  opposite directions a t  the fast and slow 

sh o c k s .

The planar b la s t wave so lu tion  presented above is the f irs t 

so lu tion  w hich shows the e ffec t of a magnetic fie ld  on the problem.

This so lu tion  w as considered  a s  approximating a given solid  angle of 

the spherica l expansion  in to  a uniform m agnetic fie ld  so th a t qualita tive  

predictions about the spherical so lu tion  may be m ade. Since the spherical 

com putations require an enormous amount of com puter time to  achieve 

re su lts  a t large tim es, th ese  qualita tive  predictions are most u sefu l.
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5 .2  Spherical MHD Blast W aves

The expansion of a uniform highly heated  sphere or fireball into 

the am bient MHD medium is  studied  using MHD CYCLONE for uniform 

m agnetic fie lds of 0 .5 ,  1 .0  and 2 .0  gauss a lligned  in  the positive z 

d irection  (0 = 0) as i t  was in  Figure 4 .2 .  In order to  avoid num erical c a l­

cu lations d irectly  a t  the center of the sp h ere , the fireball in terface 

in itia lly  w as located  a t La... radius of 600 cm and a rig id  sta tionary  bound­

ary placed a t a radius of 100 cm, in  th is  way approxim ating the expansion 

of a sphere of in itia l radius 500 cm. Num erical re su lts  were obtained for 

tim es up to  approxim ately 1 .0  x 10-3 s e c . B ecause of the ex cessiv e ly  long 

computer tim es involved , no attem pt w as made to  obtain  re su lts  a t the 

larger tim es (4 .25 X10“3 s e c .)  p resen ted  for the planar b la s t wave model. 

In stead , the spherical and planar re su lts  are compared to  give some 

q ualita tive  idea of the spherical so lu tion  a t  large tim es.

For 0 .5  g a u s s , the effec ts  of the m agnetic fie ld  on the spherical

gasdynam ic expansion are quite sm all; an  in c rease  in  shock v e lo c ity ,

d ecrease  in  shock den sity  and p ressu re , and a d ecrease  in in terface

v e lo c ity , a ll near the equator. In ad d itio n , a very w eak slow  wave is

p resen t. Again, a secondary sh o ck w av e  propagates inw ard, re flec ts  at

the cen ter, and propagates outward a s  a bump on the p ro files . The results

23for no m agnetic fie ld  agree w ell w ith the so lu tion  of Chou and Huang , 

w hich app lies only un til the secondary shock im plodes upon the origin.
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The re su lts  for a m agnetic fie ld  of 1 .0  gauss show stronger slow 

wave e ffe c ts . Figure 5 .1 0  gives profiles of tangen tia l m agnetic fie ld ,

Bg , and tangen tia l v e lo c ity , Vg , a t a time t  = 1.015 x 10*3 s e c .;  as 

before , I denotes the position  of the in terface (con tact su rface). A d is ­

continuity  in  Bg is  loca ted  a t the contact surface for 0 = 90 °. For 

sm aller 0 , th is d iscon tinu ity  has propagated outward away from the 

in terface  a t the slow wave sp eed . This is  e sp ec ia lly  no ticeab le  near 

the pole where the slow  wave speed  is  la rg e . Note th a t the peak negative 

value of vg coincides w ith  the base  of the d iscon tinu ity  in  Bg . No jump 

in  d en sity  or pressure is  v is ib le  a t the slow  wave front.

At the main shock w ave, Vg in c reases  as  0 d e c re a se s , reaching 

a maximum a t 0= 15° and d ecreasing  to  zero a t the po le . The large 

positive  tangen tia l ve locity  a t the main shock and the equally  as  large 

negative Vg behind i t  ind icate  a m ass motion toward the equator con­

fined to  the region near the shock wave and a m ass motion toward the pole 

over the re s t  of the d istu rbed  reg ion . The re su lts  agree very w ell w ith 

the p lanar b la s t wave re su lts  of Figure 5 .3  for sm all m agnetic f ie ld s , 

noting the difference in  s ign  of the tangen tia l velocity  due to  the d iffer­

ence in  s ign  of the tan g en tia l m agnetic fie ld . As w as true for the planar 

m odel, the secondary shock wave reflec ting  from the center of the sphere 

is  g reatly  damped on passing  through the slow  w ave. In fa c t, th is  

secondary shock can only be seen  clearly  on a plot of rad ia l velocity  

v ersus rad ia l d is ta n c e .
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For 2 .0  g a u s s , th e  large  tan g en tia l motions are am plified . The 

m agnetic field  a c ts  to  sw eep up p a rtic le s  near the pole and transport 

them toward the equator in  such  numbers th a t the density  behind the 

main fa s t shock is  reduced to  le s s  than  the am bient d en s ity . Figure 5.11 

shows density  profiles a t ang les  of 3 , 15, and 30 degrees to the po le , at 

a time t = 1 .0  x 10-3 s e c . For 0 = 3 ° , the fa s t shock has a neglig ible 

density  jump and is  alm ost en tire ly  m agnetic in  ch arac te r. Behind i t ,  a 

rarefaction  wave is  barely  v is ib le . This rarefac tion  w ave, a lso  present 

near the pole for the  sp h erica l p iston  problem (Figures 4 .6  and 4 .1 2 ) , 

becom es in creasin g ly  stronger for larger tim es; a t  t  = 1 .624  x 10”3 s e c . , 

the minimum d en s ity  in  th is  w ave is  0 .9 0  x 10“13 gm s/cm 3.

Behind the rarefac tion  w ave is  a slow  shock of large gasdynam ic 

s treng th , w ith la rge  d isco n tin u itie s  in  tan g en tia l m agnetic field  and 

tangen tia l v e lo c ity . This slow shock wave d e c rease s  in  speed and in  

strength  for la rger 0 u n til, for 0 g rea te r than  45 °, i t  has neglig ib le g a s ­

dynamic s tren g th . At the same tim e , the d en sity  and p ressure jumps a t 

the fa s t shock becom e larger a s  0 in c re a se s . The secondary reflec ted  

shock wave is  no longer v is ib le . W hile  the s p li t  in to  two shocks is  

q u a lita tiv e ly  pred icted  by the p lan a r so lu tio n , the planar so lu tion  a t the 

pole (a gasdynam ic shock) is  e n tire ly  d iffe ren t.

The shape of the fireball i ts e  If is  of g reat in te re s t and has been

24studied  by Kruskal, Bernstein and Ku.lsrud for the ca se  when the fireball 

does not dev iate  strongly from a sp h e r ic a l sh ap e . Figure 5 .12 shows the
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actua l shape of the fireball in terface a t different tim es computed using 

MHD CYCLONE for a m agnetic fie ld  of 2 .0  g a u ss . The in terface does 

deviate  greatly  from spherical and is  an e llip se  w ith major ax is  a t the 

pole, its  eccen tric ity  in creasin g  w ith tim e. Curves 4 and 6 show the 

fireball a t approxim ately the same time for 2 .0  g auss and 1 .0  gauss 

re sp ec tiv e ly , and ind ica te  the e ffect of the m agnetic field upon the in te r­

face; tha t i s , to  slow down the in terface a t  the equator and speed i t  up a t 

the pole. The large m ass motion toward the pole w hich occurs behind the 

slow shock re su lts  in  an alm ost uniform d en sity  d istribu tion  inside  the 

fireball in  sp ite  of i ts  large e ccen tric ity .

Figure 5 .13  g ives the rad ia l in terface  position  versus time for the 

range of m agnetic f ie ld s . It is  c lea r that for 1 .0  g a u s s , the in terface is  

slowed down and even tually  stopped near the equator by the adverse 

m agnetic pressure g rad ien t, w hile for 2 .0  g a u s s , the in terface is  seen  

to  begin to c o lla p se . For la rger tim es, the in terface  position  lev e ls  off 

to  approxim ately 700 cm. a s  seen  in  Figure 5 .1 2 . N ear the pole, the 

in terface moves fa s te r  than i t  did for gasdynam ics, the speed increasing  

w ith m agnetic fie ld . These general trends agree w ith  the predictions of 

the planar b la s t so lu tio n s , Figure 5 .6 ,  but the planar re su lts  do not show 

the co llapse of the f ireb a ll, w hich is  a tw o-dim ensional e ffec t due to the 

m ass motion away from the equato r.

A study w as made of the variab les  a t  the main shock wave sim ilar 

to  the s tud ies  made for the p iston  model and the p lanar b la s t model.
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Figure 5 .14  g ives the rad ia l position  of the main shock versu s  time for 

the m agnetic fie lds s tu d ied . For 0 .5  g a u s s , not show n, the shock speed 

(the slope of the curve) a t the equator in c reases  from the gasdynam ic 

value but shows a sm all decrease  a t the po le . For 1 .0  g a u s s , the shock 

is  far more e llip tic  and a g reater reduction  a t the pole is  v is ib le . This 

reduction  is  due to the curvature of the m agnetic fie ld  lin e s  behind the 

shock causing an  inward d irected  m agnetic force w hich reduces the to ta l 

force pushing out the shock . At the equato r, shock speed in c reases  w ith 

m agnetic field  due to the in c reased  m agnetic p ressu re .

For 2 .0  g a u s s , gasdynam ic jumps a t the shock are neglig ible a t 

the pole so  th a t the shock propagates a t  the fa s t wave speed of the 

am bient medium w hich is  the Alfven sp eed . For large  tim es, the shock 

has propagated out further a t  the pole for th is  m agnetic fie ld  than for the 

gasdynam ic c a s e . The spherical p iston  so lu tio n , in  particu la r Figure 4 .1 2 , 

shows the sam e d ecrease  in  shock speed  a t the pole as  m agnetic fie ld  is  

in creased  until the gasdynam ic s treng th  becom es n eg lig ib le , and the 

subsequent in c re a se  in  shock speed .

The den sity  a t the main shock wave is  p resen ted  in Figure 5 .15  

a s  a ra tio  to  the am bient d en s ity . For both 0 .5  and 1 .0  g a u s s , a t a given 

tim e , shock d en sity  in c rea se s  toward the p o le . This den sity  varia tion  is  

a lso  p resen t for 2 .0  g a u s s , a t sm all tim es. For the larger tim es show n, 

how ever, the re la tiv e ly  sm all shock den sity  in c rea se s  w ith  0 . This 

change in  varia tion  w ith  0 w as a lso  seen  for the planar b la s t wave
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solu tion  and for the p iston  so lu tio n s . It is  due to  the Alfven speed behind 

the shock becoming greater than th e  sound speed so  that the strong gas­

dynamic e ffec ts  travel w ith the slow  rather than the fast shock . In 

genera l, shock density  d ec reases  a s  m agnetic fie ld  is  in creased  due to 

the w idening out of the disturbed reg io n . Where the shock is  slow ed 

down ( 0 = 3 °  for 1 .0  g a u ss) , the d en s ity  in c reases  g reatly .

For purposes of com parison w ith the p iston  model, a shock 

streng th  param eter fm, defined again  as the ra tio  of the tangen tia l 

m agnetic fie ld  a t the  shock to  the am bient v a lu e , is  shown in  Figure 5 .1 6 . 

As in  the p iston  so lu tion  and the p lanar b la s t so lu tion , i t  is  found here 

th a t ,  for a given tim e, shock speed v aries  inverse ly  as fm , and th a t 

density  v a rie s  d irectly  a s  fm where gasdynam ic e ffec ts  are la rg e . This 

is  true both for the varia tion  with 0  and for the v aria tion  w ith applied  

m agnetic fie ld . G asdynam ic p ressure varies in  the same manner a s  

den sity  and rad ia l partic le  ve locity  a t  the shock show s th is  same pattern .

All the so lu tions d iscu ssed  w ere for the expansion  of a sphere 

w ith  in itia l p ressu re  and in terna l energy 1 0 4 tim es the am bient atm os­

pheric v a lu e s . R esults w ere a lso  obtained for a sphere an  order of 

magnitude w eaker for a uniform m agnetic fie ld  of 0 .5  g a u ss . A far 

w eaker and slow er shock wave propagates outward (shock and in terface 

positions a t 1 .0  X10“ 3 s e c .  are over 30 percent c lo se r to  the origin).

The small m agnetic fie ld  of 0 .5  g au ss  has a very large e ffec t on th is  

w eaker expansion . Since the sound speed is  much sm aller, the Alfven
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speed becom es larger than  i t ,  creating most of the phenomena v is ib le  

only for larger fie ld s  for the stronger expansion . At the equator, the 

in terface shows signs of co llap se , w hile near the po le , two shocks are 

p resen t a s  w ell as  the rarefaction  wave behind a front shock of neglig ib le  

gasdynam ic streng th  for 0 = 3 ° .

In a ll computer ru n s , the to ta l mass and energy of the system  

were conserved to  w ithin .01 percent. Since Vg is  very large and in 

fact changes s ig n , the rezoning in  the 0 d irection  is  even more n ecessary  

here than for p iston  problem s. This is  e sp ec ia lly  true near the in terface  

w here, in itia lly , a d iscon tinu ity  d ev e lo p s .
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5 .3  Summary

In th is  ch ap ter, so lu tions to  the MHD b la s t wave problem includ­

ing the e ffec ts  of a m agnetic field were obtained for the firs t tim e for 

both the p lanar and spherical c a s e s .  The planar solutions are  usefu l in  

q u a lita tiv e ly  predicting many of the phenomena encountered in  the 

spherical problem. These are the e llip tic  main shock with major axis 

along the equato r, the e llip tic  fireball in terface w ith major ax is  a t the 

p o le , and the p resence of an  additional slow  shock near the pole for 

large m agnetic f ie ld s . M oreover, re su lts  may be obtained for planar 

b la s t  w aves a t large tim es w ithout the  expenditure of enormous amounts 

of computer time; in  fac t the re su lts  are p resen ted  for planar b la s t waves 

a t tim es a m ultiple of four the time for the spherical re su lts .

A m ass motion away from the pole behind the main shock and a 

rev erse  motion toward the pole behind the slow wave or shock are pre­

d ic ted  by the p lanar so lu tion . However, the re su lts  of these  m ass 

motions can  be only seen  using the spherica l model. For large m agnetic 

f ie ld s , the fireball in terface  near the equator begins to c o lla p se , i . e . , 

to  trave l back toward the orig in . Additionally a rarefaction  w ave appears 

behind the main shock near the po le . Due to  these  opposite m ass 

m otions, the need for rezoning was even greater than for the spherical 

p iston  problem as the ca lcu la tio n  could not have been carried out 

w ithout i t .
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CHAPTER 6 

DISCUSSIONS AND CONCLUSIONS

The primary re su lt  of th is d isse rta tio n  w as the developm ent of 

a computer code general enough to solve any th ree-d im ensional axirr 

symmetric unsteady flow problem in  a nondissipative MHD medium. 

This computer program w as applied  to  the study of the expansion of a 

sphere of plasm a into an  MHD medium including a uniform m agnetic 

fie ld . Two m athem atical models were studied; a rigid spherical p iston  

expanding a t a constan t sp eed , and an  in itia lly  high energy , high 

pressure sphere (fireball) allow ed to  expand gasdynam ically  (the b la s t 

wave model). The major em phasis w as on determ ining the effects  of a 

m agnetic fie ld  upon the expansion . In th is  chap ter, the numerical 

method is  d isc u sse d . The re su lts  of the two m athem atical models are 

com pared, and the conclusions of the d isse rta tio n  are sum m arized.
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6.1  The Numerical M ethod

A num erical method developed to  study nonlinear MHD problems

in  a nond issipa tive  medium must provide some d iss ip a tiv e  mechanism

at shock w aves to  allow the fluid p artic le s  to gain entropy w hile c ro s s -
3

ing th e se  d isco n tin u ities  ; otherw ise the calcu la tions w ill be in  error.

The a lte rn a te  procedure is  to  consider the shock wave to  be a boundary

in  the flow and apply boundary conditions (the Rankine-H ugoniot shock

conditions ) w hich re la te  flow variab les on opposite s id es  of the

d isco n tin u ity . The method of ch a rac te ris tic s  u ses  th is  approach to
2

handle shock w aves . However, i t  is  n ecessary  to know in  advance 

the number and position  of the shock w aves in  order to  apply th is  pro­

cedure . This inform ation is  generally  not av a ilab le , thus lim iting the 

app licab ility  of the method of c h a ra c te r is tic s .

M ost num erical methods attem pt to  solve the d ifferen tia l 

equations in  Eulerian co o rd in a tes . It is  more advantageous to  rew rite 

these  equations in  Lagrangian form since th is  both in c re a se s  the
3

accuracy  of the d ifference scheme and sim plifies the ca lcu la tio n  a t 

any physica l boundaries in  the flow . A dditionally, s in ce  Lagrangian 

coordinates follow the motion of each  m ass of flu id , the loca tion  of fluid 

boundaries, such  a s  the in terface of the fireball (a con tact surface) is  

obtained qu ite  e a s ily  a t any tim e.

The use  of Lagrangian coord inates, however, can  re su lt  in  con­

siderab le  d isto rtio n  of the fin ite difference schem e due to  large m ass
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motions of the flu id . These d isto rtions can cause  large numerical errors
g

w hich may swamp the ca lcu la tio n  . To avoid th ese  e rro rs, a rezoning 

schem e w as introduced which continually  resto red  the Lagrangian zones 

to a regular shape before d isto rtions became s ig n ifican t. This rezoning 

schem e greatly  in c reased  the time s tep  of the ca lcu la tion  so th a t re su lts  

could be obtained  a t far larger tim es w ith the expenditure of le s s  

computer tim e.

The num erical method used  here w as an  ex tension  of the 

von Neumann-Richtmeyer method of a r tif ic ia l v isco s ity  developed for 

gasdynam ics. This method, w hich u ses  Lagrangian coord inates, 

in troduces an  a r tif ic ia l v iscous s tre s s  term to the equation of motion, 

proportional to  the square of ve locity  g ra d ien ts , rather than the true 

v iscous s tre s s  term w hich is  proportional to  the ve locity  gradient i ts e lf .  

The re su lt is  equ ivalen t to using a large coeffic ien t of v isco s ity  for 

strong shocks (velocity  gradients are large) and a sm all coeffic ien t for 

w eak sh o ck s , thus obtaining a shock th ickness of a few mesh w id ths, 

independent of the shock streng th . Therefore, the equations may be 

so lved  w ithout reso rtin g  to sp ec ia l handling of the shock w aves. The 

shock th ick n ess  is  controlled  through a coeffic ien t of a rtif ic ia l 

v isc o s ity . Since the s tre s s  terms are quadratic  in  the rate  of sh ea r, 

th e se  term s are alm ost neglig ib le  ou tside of the shock reg ion , thus 

re ta in ing  the nond issipative  character of the original equations.
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To adapt th is  method to  the MHD eq u a tio n s, i t  w as found n eces­

sary to change the a rtif ic ia l s tre s s  term to include derivatives of the 

tangen tia l velocity  as  w ell a s  the ax ia l v e lo c ity . Otherwise large 

o sc illa tio n s  are p resen t a t the slow shock where tangen tia l velocity  

gradients are la rg e . Additionally the s tab ility  crite ria  were a lte red  to 

account for both the p resence of a m agnetic fie ld  and the different form 

of the a rtif ic ia l v isc o s ity . The most im portant addition of course was 

the rezoning schem e w ithout w hich the ca lcu la tion  could not proceed.

Two different computer programs were developed, MHD WUNDY, 

sp ec ifica lly  designed  to  solve one-dim ensional problems in  c a rte s ian , 

cy lin d rica l, or spherical geom etries, and MHD CYCLONE, to solve 

th ree-d im ensional axisym m etric problems for any specified  geom etry.

To te s t  out th e se  program s, num erical so lu tions to  planar one­

dim ensional p iston  problems were obtained and compared w ith theo re tica l 

so lutions giving agreem ent to  w ithin one percent for both WUNDY and 

CYCLONE. In ad d ition , spherical p iston  so lu tions for asym totic ca se s  

were used  to check out CYCLONE re s u lts .  R esults obtained for varying 

mesh s iz e s  gave evidence of convergence and the so lu tions alw ays 

appeared s tab le  using the new s tab ility  c rite ria . Therefore i t  has been 

es ta b lish ed  th a t the num erical method works and tha t the new solu tions 

obtained using th is  method are va lid .
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6.2 P iston  Solutions

The p iston  model assum es a rig id  p is to n , representing  the in te r­

face betw een the plasm a sphere and the in itia lly  ambient MHD medium, 

expanding a t a constan t speed into the am bient medium w hich may con­

tain  a uniform m agnetic fie ld . Since the piston i s  m aintained at a 

constan t sp eed , energy is  continually  added to  the region ahead of i t ,  

thus giving a sim ilarity  so lu tion , a so lu tion  w hich is  id en tica l for any 

tim e, excep t for an  in crease  w ith time in  the d is tan ce  betw een the 

p iston  and the main shock wave propagating ahead  of i t  a t a g reater 

constan t speed . Solutions to th is  problem were obtained for both a 

planar and a spherical p iston , sp ec ifica lly  for the case when the speed 

of the p iston  is  much greater than the speed  of a sound w ave in the 

am bient medium. For no m agnetic fie ld , th is corresponds to a very 

strong shock wave where the pressure of the am bient gas i s  neglig ible 

in  com parison to  the pressure behind the shock.

The addition  of a sm all uniform m agnetic fie ld  noticeably  w eak­

ened the  shock w ave, i . e .  decreased  density  and pressure jum ps, 

e sp ec ia lly  near the equator (the pole is  the d irection  of the uniform 

m agnetic fie ld ). It w as noted tha t while the shock was sped  up g reatly  

a t the equator due to a large m agnetic pressure behind i t ,  caused  by the 

com pression of fie ld  lin es  by the expanding p is to n , it w as a lso  slow ed 

down a t  the pole due to an inward m agnetic force caused  by the curvature 

of fie ld  l in e s . As the uniform m agnetic fie ld  w as in c reased , the shock
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w as continually  w eakened and became more and more e ll ip tic . P artic les 

en tering  the shock were deflected  away from the pole by the m agnetic 

fie ld  and com pressed continually  as they approached the p iston  (the 

energy source). At the shock i ts e lf ,  density  and pressure a t the pole 

w ere approxim ately the same as  for no m agnetic fie ld . These q u an tities  

were reduced wherever the shock was sped up , i . e .  as angle 0  from the 

pole w as in c reased .

A sudden change in  the above phenomena w as observed when the 

uniform m agnetic fie ld  w as increased  s ti l l  further. The shock w ave, 

w hich had a large den sity  jump a t the pole, now has neglig ib le  g a s -  

dynam ic streng th  th e re . The change occurs as  the Alfven speed of the 

undisturbed medium is  made greater than  the constan t p iston  speed  (the 

p iston  becom es su b alfv en ic). At th is  c ritica l magnetic fie ld , the Alfven 

speed  behind the shock wave w a s , for the f irs t tim e, g reater than the 

corresponding sound speed .

According to  the Friedrichs diagram , Figure 1 .1 ,  a t  the pole the 

fa s t w ave speed is  e ith er the sound speed (Figure 1. la ) or the Alfven 

speed (Figure 1.1b) depending upon the re la tiv e  magnitudes of the  sound 

and Alfven sp eed s. Since the gasdynam ic effec ts  may be considered  to 

travel a t the sound speed  and the m agnetic effec ts  a t the Alfven sp eed , 

the change in  phenomena is  due to the front shock becoming m agnetic for 

the f irs t tim e. Away from the pole, m agnetic and gasdynam ic e ffec ts  are 

coupled for both c a s e s .  For superalfvenic p is to n s , th is  coupling re su lts
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in  increasing  m agnetic effec ts  as 0 in c reases  and therefore w eaker 

density  jum ps, while for subalfvenic p is to n s , i t  re su lts  in  increasing  

gasdynam ic jumps as  0 in c re a se s . For a ll m agnetic f ie ld s , th ese  

jumps decrease  as the uniform m agnetic fie ld  is  in c reased .

Since a shock of neglig ible gasdynam ic streng th  travels  a t 

bas ica lly  the Alfven speed  of the undisturbed medium, the shock b e ­

comes le s s  and le s s  e llip tic  for the subalfvenic c a s e , as  m agnetic fie ld  

i s  in c reased . W hen the ambient Alfven speed is  much greater than the 

p iston  sp eed , the shock is  sp h erica l. Behind the shock, a rarefaction  

w ave is  p resen t near the pole for subalfvenic p is to n s . In th is w ave, the 

den sity  becom es in creasing ly  le s s  than the am bient value as  m agnetic 

fie ld  is  in c reased . This wave is  due to the large mass motion of 

p a rtic le s  away from the pole caused  by the  m agnetic fo rces. The ra re ­

faction  wave extends up to a boundary region of large pressure and 

den sity  ad jacen t to the p iston  which denotes the front of a slow w ave.

The sp h erica l re su lts  were compared w ith num erical so lu tions to 

the planar one-d im ensional p iston problem. The planar solution 

correctly  predicted  the large mass motion away from the pole and the 

change in  v aria tion  of shock d en s ity , e t c . , w ith angle from the pole as 

the  piston becom es subalfven ic . In general how ever, the planar so lu tion  

did not predict the spherical re su lts  w ell. In s lab  symmetry, the MHD 

equations are reducib le  thus giving a p iston  so lu tion  w hich co n s is ts  of 

constan t s ta te s  separated  by simple centered rarefaction  w aves or the
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shock w aves formed by the steepen ing  of com pressive sim ple w av es . In 

spherical symmetry, the MHD equations are not reducib le; therefore the 

so lu tion  betw een the shock and the p iston  is  quite d ifferent from the 

planar so lu tion . In p articu la r, the planar so lu tion  predicts both a fa s t 

and slow  shock , w hile the spherical so lu tion  gives only a fa s t shock.

The re su lts  p resented  were for a very strong gasdynam ic shock 

wave (a very rarified  medium). If the am bient medium is  more d en se , 

corresponding to  the atm osphere a t a lower a ltitu d e , the same m agnetic 

fie ld  would have a much w eaker e ffec t s in ce  the m aterial pressure 

would be g reater. However, the b a s ic  r e s u l ts ,  giving the e ffec ts  of a 

m agnetic fie ld  on the piston problem, s ti l l  apply q u a lita tiv e ly .
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6 .3  B last W aves, Comparison w ith  P iston Solutions

The b la s t w ave model assum es a high p re ssu re , high energy 

sphere of plasm a (fireball) In itia lly  a t the same den sity  as  the am bient 

MHD medium o u ts id e . The high energy and p ressure  are uniformly d is tr i­

buted inside  the fireball giving a d iscontinu ity  in  th e se  variab les  a t the 

in te rface  of the sphere . Since the fireball is  pushed out by the pressure 

d isco n tin u ity , com pressing the plasm a in  front of i t ,  a shock wave pro­

pagates  ahead  of the in te rface . The in terface i t s e l f  is  a con tac t surface 

(plasm a behind i t  is  expanding, ahead is  com pressed). As the  energy 

and p ressure in s id e  the fireball decay  w ith tim e, the in terface  and 

even tually  the shock wave are slow ed down. The so lu tion  is  therefore 

unsteady in  tim e .

The p iston  model assig n ed  a constan t speed  to  the fireball in te r­

face thus adding an  unending supply of energy to  the region ahead of i t ,  

w hile for the b la s t w ave, the energy added to  th is  region d e c rease s  w ith 

tim e. Therefore the b la s t wave model is  a more re a l is t ic  approxim ation 

to  physica l problems such a s  supernova expansions or exp losions in  the 

atm osphere. This gain  is  however o ffse t by the added m athem atical 

d ifficu lty  of obtaining so lu tions to  the unsteady problem.

A major d ifference betw een the piston and b la s t wave so lu tio n s , 

ev iden t even for gasdynam ics, is  in  the gradients of d e n s ity , p ressu re , 

and rad ia l velocity  ahead of the in te rface . The m aintaining of the constan t 

p iston  velocity  re su lted  in a large com pression ahead  of i t  and therefore
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negative gradients in  the  above v a riab le s . For the b la s t w ave, the re ­

duction in  speed  of the in terface  allow s the plasm a ahead of i t  to  expand 

w ith  tim e, giving positive  gradients in  th ese  variab les behind the shock.

The addition  of a m agnetic fie ld  accen tu a tes  the d ifferences 

betw een the two so lu tio n s . For the p iston  m odel, the fireball is  con­

s tra in ed  to  rem ain sp h e rica l. For the b la s t wave model how ever, the 

spherica l fireball was d isto rted  in to  an  e llip tica l shape by the m agnetic 

f ie ld . Near the equator, the com pression of m agnetic field  lin es  gave a 

large positive  gradient of m agnetic pressure sim ilar to the density  

gradient (field  lin es  are frozen in to  the flu id), w hich slowed down the 

fireb a ll. For large m agnetic fie lds (2 .0  gauss for the given d a ta ) , the 

in terface  motion w as com pletely stopped and reversed  near the equator 

by th is  m agnetic fie ld .

There were s ti l l  some major points of agreem ert betw een the two 

so lu tio n s , primarily a t the  main (fast) shock w ave. Both showed an 

e llip tic  main shock w ith major ax is a t  the po le . At a given tim e, the 

b la s t w ave solution showed qualita tiv e ly  the same variation in  shock 

q u an tities  (d en sity , p re ssu re , and rad ia l velocity) w ith angle 0  from the 

po le . For sm all m agnetic f ie ld s , th ese  quan tities decreased  as 0 in ­

creased  w hile for large m agnetic fie lds (at large tim es) they in creased  as 

0 in c re a se d . The change in  variation  w as due to  the Alfven speed  becom ­

ing greater than the sound speed  behind the shock and therefore the fa s t 

shock becoming primarily m agnetic ra ther than  gasdynam ic in  charac ter.
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At the po le , where the sound and Alfven effects  are e s se n tia lly  uncoupled 

according to the Friedrichs diagram , the shock had neglig ib le gasdynam ic 

streng th  for large m agnetic fie ld s  a t large tim es. At sm all tim es, the 

large p ressure in sid e  the fireball m aintains the sound speed  greater than 

the Alfven speed so  tha t the e ffec ts  are sim ilar to  the sm all m agnetic fie ld  

r e s u l t s . It is  ev ident that the effect of a m agnetic fie ld  on the fa s t shock 

is  b as ica lly  independent of how the shock was formed and depends upon 

the ra tio  of the two sm all am plitude w ave speeds a lo n e .

Both models showed a large tangen tia l motion behind the shock 

away from the po le . For large m agnetic f ie ld s , th is  motion re su lts  in  a 

rarefaction  wave (a d ecrease  in  density) near the po le . An im portant 

d ifference betw een the two so lu tions involves the p resence of a slow 

w ave. For the p iston  model, the tangen tia l velocity  w as alw ays positive 

(d irected  away from the pole) an d , due to  the large speed  of the p iston , 

the slow wave w as confined near its  su rface . For the b la s t  w ave, how­

ever, the p resence of a con tact surface a t the in terface  re su lted  in  a 

d iscon tinu ity  in  tangen tia l ve loc ity  th e re . As the in te rface  slow ed down, 

th is  d iscontinu ity  propagated outward away from i t  a t  the slow  wave speed 

giving a large negative tangen tia l velocity  and therefore a large tangen tia l 

motion toward the po le . For large  m agnetic f ie ld s , w here the fa s t shock 

w as m agnetic, the slow wave s teepened  in to  a slow shock having large 

gasdynam ic streng th  near the po le . Planar b la s t wave so lu tions pre­

d ic ted  th is  slow  shock and the two tangen tia l m otions, away from the
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pole behind the fa s t sho ck , and toward the pole behind the slow  shock.

The s ig n ifican t d ifferences betw een the two so lu tions imply th a t 

the p iston  model is  only useful in  the early  s tag es  of an  explosion  and 

only for sm all m agnetic f ie ld s , but is  more useful in  the supernova 

problem** w here the in terface speed rem ains alm ost co n stan t.
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6 .4  Summary

The conclusions of th is  d isse rta tio n  are summarized as

follows:

(1) Numerical so lu tions may be obtained to nonlinear th re e - 

dim ensional axisym m etric unsteady nondissipative MHD 

problems using the ex istin g  computer technology a t a 

reasonab le  cost in  computer tim e.

(2) The von Neumann-Richtmeyer method of a rtific ia l v is ­

co sity  may be applied  to  MHD problems only if  g rea t care 

is  taken  in  resto ring  the Lagrangian zones to a regular 

shape in  order to  elim inate the d isto rtions caused by the 

physica l motion of the plasm a.

(3) The effec ts  of a m agnetic fie ld  on the b last wave model 

are in  general quite  d ifferent from those  on the p iston  

model since  the spherical fireball is  slowed down and 

deformed in to  an e llip tic  shape.
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APPENDIX

A. Solutions of the Planar MHD Shock Equations

For a nondissipative  flu id , shock w aves are described  a s  d is ­

con tinu ities in  the flow . Across th ese  d isc o n tin u itie s , the generalized  

Rankine-Hugoniot shock equations apply . For a perfect g a s , th e se  

equations are w ritten  a s  follows ( e .g . s .  gauss units) for a shock pro­

pagating in  the x direction:

C onservation of mass

Pi ux t "  Po ux Q (Al)

C onservation of normal momentum

Pi UX! + Pi + 8ff = Po ux0
2

(A2 )

C onservation of tangentia l momentum

(A3)Pi uxi uYi ~ 4 ff Po uxQ uYo _ 4  IT

C onservation of energy

u* o , y p_o_ 
2 y -1  po- )On 1

BX fy o 'V o
4ir (A4)
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C ontinuity  of tangen tia l e lec tr ic  fie ld

uxi “ uyi ux0  ®yQ ~ uyQ &x (A5)

w here u = v -  U is  the ve locity  re la tiv e  to the shock, U is  the shock 

speed  and the su b sc rip ts  o and 1 denote quan tities  in  front and 

behind the shock re sp ec tiv e ly , (mass flows across the shock from the 

front to the back). Assuming th a t quan tities  ahead of the shock are 

known, th is  s e t of 5 equations contains 6 unknowns, px, P i, uXi, 

uy i , By1# and U , so  th a t the so lu tion  must be in  terms of an arbitrary 

param eter.

Bazer and Ericson have obtained so lu tions to th ese  equations 

by a lgebraic  m anipulation in  terms of the arbitrary  param eter g , rep re­

sen ting  the jump in  tangen tia l m agnetic fie ld  across the shock, 

positive  for fa s t shocks and negative for slow shocks given by:

[By]
9 '  I B J  (A6>

w here [q ] = Qi -  0 o rep resen ts  the jump in  a quantity ac ro ss  the 

shock.

The so lu tion  is  p resen ted  here for the fa s t shock in  a sligh tly  

d ifferent form. The slow  shock solution is  obtained by rep lacing  g^ 

by g s :
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where

r(9f) =

and 0 

the x

(A7) 

(A8 )

(A9) 

(A10)

fuy] / P. gf r  [p] - — 11
-rr~ =    Tl s in  e l (A ll)bx D \ P 0 /  c o s f lL  P0 9f J

9f [ - ^ s i n 2 0 -  ( y - l ) ] +  gf s in ? (2 -y )( l  + s D) + 4s0  s in 20 + ( l - s o )2 (A12)

sQ = a o /b 02 (A13)

is  the angle the m agnetic fie ld  ahead of the shock makes w ith 

a x is .

po ‘  9f L

-  ~ g f s i n 0 - ( l - s o) + ( r  (gf) ) : 

2 s Qs in ?  - ( y - 1) gf

) l^  sinQ
p p  g f__________

f l  -  s i n ? )  
^ Pogf '

r 2- =bx Q ' P o '  L po gf J

Po
U v ,  =  U v  —X1 xo o,
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B. The Shock Relations for the G asdynam ic P iston  Problem

A piston propagates in  the x d irection  in to  an am bient g a s ­

dynamic medium a t a constan t speed v generating a shock propagat-xp

ing a t a constan t shock speed  U. The region betw een the shock and 

the p iston  is  a region of constan t s ta te  w ith velocity  vx p , denoted by 

subscrip t 1. In the region ahead  of the shock denoted by subscrip t 

o , p0  and pQ are known and the fluid veloc ity  is  zero , so th a t, 

re la tiv e  to  the shock , th e  ve locity  is  the shock speed . The shock 

e q u a tio n s , (Al) -  (A5), reduce to  the following:

PGU = p , ( U -  vxp) (Bl)

PqU 2 = P»(U -  vx p )2 + Pl (B2)

jj2 ao ( ^ _ v xp) y  Pi—  + -----  =------------— + ----------  (B3)
2 y - i  2 y - i  P, K 1

i
where aD = (yp0 /P o ) 2 is  the am bient sound speed .

These three equations are com bined, elim inating a ll unknowns 

excep t for U , by solving (B2) for px and substitu ting  the re su lt in to  (B3), 

elim inating px by use of (B l), giving the resu lting  quadratic  equation 

in  U.

y + 1
U2 -  vxp (  2 ) U -  ao '  0 <B4>
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The only physical root of th is  equation is

2 1

'x p  ^ u > ^ '  »xp

Substituting (B5) in to  (Bl) and (B2) g ives the re s t  of the solution:

^  = (B6) 
Po ao ao

*  U (B7)
Po u  -  v :xp

These gasdynam ic p is to n  so lu tions (B5) -  (B7), unlike the 

so lu tions of Appendix A, do not involve any arbitrary param eter. The 

so lu tions in  the lim iting case  of a very strong shock (vxp »  aQ) are

v- - ^  (B8)vxp *

Pi
—  -  oo (B9)
Po

-  * ± 1  (BIO)
p0  y - 1

The shock speed  ra tio  given by (B8 ) approaches a minimum 

v a lu e , the p ressu re  jump is  in f in ite , w hile the density  jump approaches 

a maximum fin ite  value  depending only upon y , the ra tio  of the sp ec ific  

h e a ts .
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C . The Shock Relations for the MHD P iston  Problem

A m agnetic fie ld  a t an arbitrary  angle to  the  flow is  added to 

the model of Appendix B. For suffic ien tly  large  v a lu es of sQ = a^ /b ^  , 

the so lution can be rep resen ted  as a fa s t MHD shock followed by a 

large region of constan t s ta te  in  w hich the v e lo c ity  is  the p iston  

v e lo c ity , followed by a very weak MHD w ave near the piston necessary  

to  sa tis fy  the boundary condition , vyp = 0. This type of so lu tion  has 

been generated by the computer for values of s G a s  low as 0 .6 .  The 

shock equations (Al) -  (A5) reduce to  the following system  of 5 equations 

for 5 unknowns.

Pq U = Pi (U -  vxp) (C l)

(C2)

Bx
Po u  uy x = ~ ^  -  By0) (C3)

U Byo -  (U -  V X p )  Byj +  U y j  Bx (C5)

A solution sim ilar to Appendix B w as attem pted , resu ltin g  in  a 

com plicated higher order equation in  U, (a cubic for Bx = 0). Rather
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than  attem pting to  solve th is  equation , a shock param eter f = pxf p 0 Is 

defined and a ll other unknowns are determ ined a s  functions of f. 

Equation (C l) can be solved im m ediately for the shock speed giving

U “ * (C6)
vxp ' - 1

Equations (C3) and (C5) can now be combined to  elim inate uy i . Using 

(C 6 ) , the so lu tion  for Byi is  ob tained .

I * - 1!  (07)
“Vo ( f - l ) z %

1 £ vxp‘

Substitu ting  (C7) in to  (C3) and solving for uyj g ives the following:

(C8)
bxG xp f >> By0  J

The pressure ra tio  is  obtained from e ith er (C2) or (C4), giving 

resp ec tiv e ly

BZ L ' 2 
V <C!»

V L  . . .  ■ B y i  U y ,
(CIO.
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Since the shock equations (C l) -  (C5) are co n s is te n t, and one of 

the unknow ns, Pj , w as used  as  a param eter, the pressure ra tio s  given 

by (C9) and (CIO) w ill be id en tica l only for the correct value of . The 

com plete solution is  obtained from (C 6 ) -  (CIO) most simply by ite ra tio n , 

s ta rtin g  from a value of f g iven by the strong shock re la tio n  (BIO), and 

d ecreasing  f until (C9) and (CIO) give the same re su lt. If we already 

have a so lu tion , for example from a computer program, the re su lts  can  be 

checked by using the value of f given by the computer to  solve (C6 ) -  

(CIO), noting th a t (C9) and (CIO) m ust give the same re su lt .

For the sp ec ia l ca se  of a perpendicular shock (Bx = 0 ), the shock 

speed  is  s ti l l  g iven by equation  (C 6 ) , (C7) reduces simply to ByJ/ Byo“f# 

and (C 8 ) g ives Uyj = 0 * Equations (C9) and (CIO) reduce to  the following:

Equations (C ll)  and (C12) may be combined giving a cubic equation in  f 

w hich can be solved d irec tly  for Pl , thus elim inating any ite ra tio n .

For B = 0 , the two equations combine in to  a quadratic  in  f ,  reducing to 

the so lu tion  of Appendix B.

2

(C ll)
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