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Abstract

Axisymmetric Microfracture Analysis of
Fiber-Reinforced Brittle Composites

by
Hanqing Zhang

Adviser: Professor Benjamin B. M. Liaw

The mechanical behavior of ceramic-matrix composites (CMCs) depends mainly on
the initiation and development of microdamage within the composites. In this study a
three-cylinder model was developed to analyze the initiation of microdamage and its
progression in CMCs. To verify the usefulness of this model, it was then used to simulate
the damage progression in a ceramic matrix composite and to predict its tensile behavior.
In the model, combination of the inner fiber and matrix cylinders represents a typical unit
of the composite, while the outer composite medium models the rest of the material. The
damage modes considered were multiple-matrix cracking, fiber-matrix interfacial
debonding, and frictional interfacial sliding. The singular integral equation technique was
used to formulate the problem. Effective numerical procedures were developed to solve
the singular integral equations for accurate determination of the displacement and stress
fields as well as the stress singularities. Complemented with the concepts of fracture
mechanics and energy balance principle, the damage progression in a CMC,

Nicalon/CAS 11, under uniaxial tension was simulated. The predicted stress-strain curves

T?éproduced with permission of the copyright owner. Further reproduction prohibited without permission.



iv
are in good agreement with available experiment data. The effects of three important
micromechanical parameters: the matrix fracture energy, the interfacial debonding energy
and the interfacial friction stress on the damage progression within the composite and its
macromechanical behavior were also thoroughly investigated. The model has been
proven to be successful in capturing the damage mechanisms in CMCs and simulating

their development with minimum reliance on experimental data.
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1 Introduction

1.1 Background

In recent years there has been an increasing demand for high temperature structural
materials for use in aerospace and heat engine industries. Owing to their very appealing
properties such as light-weight, corrosion resistance, superior performance at high
temperature, brittle materials, such as ceramics, have drawn great attention for research.
Their applications, however, are restricted due to their brittle nature (i.e. low fracture
toughness), which makes them notch-sensitive and prone to catastrophic failure.
Techniques to alleviate the problem of low fracture toughness while retaining the best
properties of these materials have been the subject of intensive research. One of the most
successful approaches to achieve this goal is by adding fibers to form composites.
Composites made of glass-ceramic matrices reinforced with carbon fibers were some
early examples [1-3]. More recently, with the availability of continuous SiC fibers,
considerable attention has been focused on the development of ceramic-fiber-reinforced
ceramic matrix composites (CMCs) [4-6], which offer great potential to achieve high
performance at high temperatures.

Experimental tensile tests have shown that CMCs usually have higher strength and
substantially lower notch sensitivity than their monolithic counterparts, and that after the
initiation of matrix cracking they even exhibit certain quasi-ductile behavior [7-10].
Figure 1.1 shows a typical tensile stress-strain curve of a SiC-fiber/glass-ceramic-matrix

composite Nicalon/CAS II. The significant non-linear behavior of the CMC implies
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existence of certain energy-dissipation mechanisms. In situ microscopic examinations of
the specimen surface during tests have revealed that such non-linear behavior of a CMC
is closely related to the microdamage and its progression in the composite. The damage is
in turn governed by the micromechanical properties of the composite, especially those
associated with the fiber-matrix interface. Figures 1.2 to 1.4 are some of the in situ SEM
micrographs of a Nicalon/CAS II specimen showing the initiation and progression of
microdamage in the composite. In general, failure of a composite starts from matrix
cracking as shown in Fig. 1.3(a), which is followed by several stages: progressive
muitiple matrix cracking as shown in Figs 1.3(b) to (d), interfacial debonding, fiber
breaking, and fiber pullout as shown in Fig. 1.4, and finally the complete separation of

the specimen into two or more pieces.
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Fig. 1.1 A typical tensile stress-strain curve for a Nicalon/CAS II tested at room
temperature (V¢= 0.4, Ec= 195 GPa, E,_, = 95 GPa).
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Figure 1.2 SEM micrograph of an undamaged unidirectional Nicalon/CAS II.

Unlike a monolithic ceramic, which is sensitive to cracks and usually fails
catastrophically once a crack starts to propagate, a CMC not only has much higher matrix
crack initiation strain (as indicated by Point A in Fig. 1.1), but can also undergo further
loading after the formation of the first matrix crack. As shown in Fig. 1.1, the stress
increases almost continuously from point A to point C. This favorable characteristic
arises because (i) the reinforcement with stronger fibers may delay or even suppress
minute matrix defects from becoming macrocracks; and (ii) the fiber-matrix interface, if
strong enough for stress transfer yet sufficiently weak for interface debonding, may
deflect or even arrest the propagation of matrix cracks. Depending upon the interfacial
properties, a matrix crack propagating in a cross section perpendicular to fibers may
either break the fibers or leave them intact. If the interface bonding is too strong, the

matrix crack will extend into and cut through the fibers without inducing interfacial
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debonding, thus resulting in a catastrophic failure similar to the failure mode of

monolithic ceramics. Little, if any, performance enhancement can be expected in this
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Figure 1.3 SEM micrographs showing progression of multiple matrix cracking.
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form of composite failure. On the other hand, if the interfacial strength is weak enough to
allow interfacial debonding, the matrix crack may either be arrested or deflected at
debonded interfaces, or run around the fibers without fracturing them. Those fibers are
therefore left intact to bridge the matrix crack surfaces. This damage mode, widely called
fiber-bridged matrix cracking, has been deemed desirable for brittle matrix composites
since the bridging fibers can supply closure traction at matrix crack surfaces to hold them
from complete separation. Catastrophic failure, if not avoided eventually, can thus at least

be delayed.

Figure 1.4  SEM microgragh showing fiber break and pull-out.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6

If fibers are strong enough, with increasing loading the matrix will continue to
crack with reduced matrix crack spacing, as shown in Fig. 1.3, until the composite is
saturated with matrix cracks which are spaced almost evenly in the fiber direction. This
type of failure is termed multiple matrix cracking. During this process another type of
damage, called interfacial debonding, may also develop. The actual damage mode will
depend on the properties of the fiber, matrix and fiber-matrix interface. Following the
completion of multiple matrix cracking, further interfacial debonding, fiber breaking and
Siber pull-out are the dominant damage modes until the final failure of the specimen. As
depicted in Fig. 1.4, these damage modes will increase the matrix crack opening
displacement, and thus the tensile strain significantly. Since matrix cracking, interfacial
debonding, interfacial frictional sliding, fiber breaking and pullout are all energy
dissipating mechanisms, they are thus directly responsible for the quasi-ductile behavior
of brittle matrix composites. Because all these mechanisms are governed directly or
indirectly by the properties of the fiber-matrix interface, a thorough understanding of the
role of fiber-matrix interface in the crack-induced damage process is necessary.

It has been well known that the fiber-matrix interfacial bond strength and the
interfacial friction are two of the most important properties influencing the behavior of a
composite. Therefore one need characterize these two properties first before making any
attempt to correlate them to the tensile-induced damage behavior of the composite.
Accurate characterization of these two parameters remains a hot research topic. If one
considers the brittleness of both the fiber and the matrix and their similar chemical
structures, the interfacial debonding process can be treated as a mode II fracture. On the

other hand if one assumes the absence of chemical bond, interfacial failure can then be
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viewed as a shear failure process. The interfacial frictional stress at debonded areas has
usually been assumed either a constant (presumably due to asperities), or Coulomb
friction.

The presence of fibers and randomly distributed microcracks makes rigorous
mechanics analysis of the damage process very challenging. A number of analyses, such
as those in [11-22], have been proposed for this purpose. Most of them are based on the
shear lag model which, due to its inability to capture intense variation in stresses, usually
considers the shear failure interface. In addition the shear lag model commonly neglects
shear deformation in the fiber and tensile stress in the matrix. This approximation,
however, is not reasonable for CMCs since the moduli of fibers and the matrix are of the
same order. The main purpose of most early analyses [11-18] was only to predict the
strains or stresses for matrix cracking initiation, i.e. Point A in F ig. 1.1. Although some
recent analyses [19-22] have attempted to simulate tensile behaviors of CMCs, they still
used shear failure to describe the interfacial debonding. The influence of fiber-matrix
interfacial bonding on the behavior of CMCs has not been addressed thoroughly in these
analyses. Since the interfacial debonding toughness and the frictional stress directly
control interfacial debonding, and the interfacial debonding has major effects on matrix
cracking and its progression, it is therefore desirable to develop new models which can
describe the interface more accurately so that its influence on the behavior of the

composite can be fully investigated.
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1.2 Objectives

The objectives of this study were to theoretically model the damage modes
experimentally observed in unidirectional ceramic matrix composites and to investigate
the influence of micromechanical parameters on the damage modes and the
macrobehavior of the composite. The study breaks down into three major tasks:

(1) To develop an advanced model to analyze the microdamage and its progression in
unidirectional fiber-reinforced brittle matrix composites using the concepts of
fracture mechanics.

(2)  To simulate the damage progression in the composite and predict the damage-
induced tensile behavior of the composite so as to reveal the correlation between
the microdamage and macroproperties of the composite.

A3) To investigate in detail the effects of three micromechanical parameters: the
matrix fracture energy, interfacial debond energy, and interfacial sliding stress on
the behavior of the composite.

A three-cylinder model has been developed in this study. As depicted in Fig. 1.5,
the model consists of a fiber cylinder, an annulus of matrix material surrounding the fiber
cylinder, and an outer infinite composite medium. Both the fiber and the matrix are
isotropic, homogeneous and linearly elastic with different material constants, while the
composite medium is transversely isotropic, homogeneous and linearly elastic. As shown
in Fig. 1.5, the matrix cylinder is damaged by transverse cracks, which are periodically
distributed in the fiber direction with interfacial debonding emanating from their tips.

Although, as in previous studies [18-22], the fiber and matrix cylinders are used to

represent a typical composite unit, this model differs from those two-cylinder models [18-
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22] in two major ways: the first is that the interfacial debonding is described more
accurately in the framework of fracture mechanics; and the second is the introduction of
the composite medium to account for the effect of the rest of the composite on the unit,
which is represented by the inner two cylinders. The model can be easily reduced to a

two-cylinder model by changing the material constants of the third cylinder.

Unilormtensileffféfffffffff
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Figure 1.5 Geometry of the three-cylinder model.

The load applied to the composite is modeled by a remote uniform tensile strain in

the fiber direction. The variable matrix crack spacing 2L, as shown in Fig. 1.5, is used to
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describe the status of the matrix damage and its progression. The interfacial damage is
assumed as axisymmetric interfacial debonding and modeled by interfacial cracks with
constant frictional stress exerted on their surfaces. The interfacial crack length is thus the
measure of the interfacial damage. The damage progression within the composite, as
shown in Figs. 1.2 to 1.3, is therefore simulated by the variations of the matrix crack
spacing and the interfacial crack length in the model.

Singular integral equation technique was used to analyze the model. Effective
numerical schemes were developed to solve a system of singular integral equations
governing the model. The stress and displacement fields as well as the singular behavior
at the interfacial crack tip can thus be determined very accurately.

Complemented with the concepts of linear fracture mechanics and energy balance,
this model was used to simulate the damage-induced tensile behavior of a brittle-matrix
composite. The influences of micromechanical parameters on the tensile stress-strain

curve, such as the one in Fig. 1.1, were thoroughly investigated.
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2 Literature Review

This chapter presents a brief review on theoretical analysis and modeling of the
failure process of unidirectional fiber-reinforced brittle-matrix composites. The reviewing
topics include theoretical studies on matrix cracking, fiber-matrix interfacial debonding,
fiber breaking and fiber pullout. These are the most important damage modes in failure

process of composites, and are closely related to this study.

2.1 Matrix cracking and related topics

The matrix cracking initiation in a composite indicates the beginning of failure of
the composite, and it is therefore the first concern in composite applications. The
pioneering mechanics analysis on matrix cracking in fiber-reinforced brittle matrix
composites was conducted by Aveston ez al[11], which is commonly called the ACK
model. In that model, the microstructure of the composite was taken to include the fibers,
the matrix and their interfaces in an averaged sense. Tensile stresses in both fibers and
matrix were assumed to be uniform across the transverse sections and the interaction
between a fiber and its surrounding matrix was modeled by a constant frictional shear.
The damage in the composite was modeled as fiber-bridged multiple matrix cracking, and
the failure criteria were based on the concepts of energy balance and critical stress. Based
on these assumptions, some fundamental equations were derived, which first revealed the

relations between micromechanical parameters and macroproperties of the composite,
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such as the matrix crack spacing, the critical strain of matrix crack initiation, and
breaking stress of the fibers, etc. Those equations have given a good understanding of the
strength and toughness of fiber-reinforced brittle matrix composites.

The ACK model has since been generalized and improved in later studies. Instead
of assuming an unbonded interface [11], Aveston and Kelly [12] considered bonded
interfaces, and took into account the effect of random distribution of fibers in their
following study. Budiansky et al.[13] refined the ACK model on the basis of fracture
mechanics theory. They considered both unbonded fibers that were initially held in the
matrix by thermal or other strain mismatches, susceptible to frictional slip, and fibers that
were weakly-bonded initially to the matrix and might be debonded by stresses. Based on
the Coulomb friction law they derived the optimal thermal strain mismatches for
maximum cracking strength. Furthermore they compared the theoretically predicted
results for matrix cracking stress with experimental data, which are in reasonable
agreement.

Marshall et al. [14] extended the ACK model so that the actual passage of a crack
across a specimen could be considered within the framework of linear elastic fracture
mechanics. They used stress intensity factors to predict the dependence of matrix
cracking stress on material properties, and also proved the equivalence of their stress
intensity analysis and the energy balance analysis used by previous authors. In calculating
the stress intensity factor for a matrix crack, the composite was treated as a homogeneous
medium; the influence of the fibers bridging on the crack was represented by closure
tractions at the crack surfaces; and the stress intensity factor for the matrix was obtained

from the nominal stress intensity factor for the composite through the rule of mixtures.
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Their model was further refined by McCartney [15]. As reviewed in {16-17], Marshall
and his associates actually described the cracking process in a quasi-macroscopic manner
(since the crack itself was considered at the composite scale) with the microeffects of
bridging fibers being modeled as continuous closure tractions at crack surfaces.

It should be mentioned that for the analyses reviewed above, approximate shear lag
models were commonly used in analyzing fiber matrix interactions. The success of a
model, therefore, depends greatly on the accuracy of the shear lag analysis used. Because
of the importance of the fiber/matrix interface properties, many models (most of which
are also shear lag models) have been developed specifically for the investigation of these
properties. Such models can be used as a representative cell based on which the behavior
of a composite can be predicted, or as the basis for experimental measurements of
interfacial mechanical properties.

Early theoretical considerations of fiber-matrix interactions and fiber pull-out were
mainly based on shear lag models and such failure criteria as maximum shear stress and
energy balance. Here are some typical works. Greszczuk [23], Lawrence [24], Takaku
and Arridge [25] calculated the distributions of shear stress along the interface and of the
load in the fiber. Using approximate solutions to the compliance of shear lag models and
the energy-balance concept of fracture mechanics, Stang and Shah [26] considered the
mechanism of fiber pull-out. Wells and Beaumont [27] described in detail the processes
of debonding and fiber pull-out in fibrous composites. They used either linear or non-
linear model to describe the stress distribution in the fiber and to calculate the debonding
length. They introduced the Weibull distribution to the statistical determination of fiber

pull-out length. Later Wells and Beaumont [28] analyzed crack-tip energy absorption
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processes including debonding, frictional sliding and pull-out, and investigated the effects
of constituent material properties on the toughness of composites. Although these early
investigations on the fiber/matrix debonding and fiber pull-out were extensive and the
major energy-absorbing processes responsible for the improvement of the toughness of
composites have been identified, rigorous mechanics analysis still remains to be
developed.

Gao ez al. [29] solved a shear lag model consisting of a fiber rod embedded in a
matrix cylinder. The effects of friction at the debonded interface, the Poisson contraction
and the fiber/matrix interface debonding were all considered in their study. The energy
balance criterion of fracture mechanics including the friction effect was used in predicting
the debonding load and the debonding length. Hutchinson and Jensen [30] analyzed a
similar problem with more effects being taken into account. They treated the debonding
process as a mode II crack, characterized the sliding of debonded interface by constant or
Coulomb friction, and accounted for the mismatches of thermal expansion between the
fiber and matrix in both radial and axial directions. They derived approximate closed-
form solutions to the model, and also assessed the solutions using an accurate numerical
analysis. By including thermal expansion mismatches their model is particularly useful in
analyzing high-temperature behaviors of composites. Charalambides and Evans (31] also
investigated a similar two-cylinder model rigorously using the finite element method. For
an open and friction-free debonded crack, they studied steady-state debonding behavior
and its sensitivity on thermal expansion mismatch.

McCartney [32] obtained an approximate analytical solution to a two-cylinder

model that satisfies most of the field equations and boundary conditions required by an
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exact solution. The author used the solution to examine the stress transfer between the
fiber and matrix for either a transverse matrix crack or a fiber break situation, with
mismatches in both thermal expansion coefficients and Poisson ratios being taken into
consideration. Kuo and Chou [18] introduced their modified shear-lag analysis on a two-
cylinder model with matrix cracks and interfacial debonds for predicting matrix crack
initiation strain. Weitsman and Zhu [19] analyzed a similar two-cylinder model
approximately using elasticity methods. Both works considered constant friction caused
by relative movement over asperities at the fiber/matrix interface.

Similar analyses have also been widely used in developing experimental techniques
for measuring interfacial mechanical properties. In [33-36] shear-lag models and the
push-in/pull-out techniques were used to measure interfacial mechanical properties. Cox
[37] developed a simple shear lag model to consider interfacial sliding during thermal
cycling, and later Cox et al. [38] used the model to determine the temperature dependence
of interfacial properties in their experiments. Marshall [39] examined in detail the use of
the model proposed in [30] to deduce interfacial properties from experimental
measurements of fiber sliding. Recently Lu and Mai [40] have developed their theoretical
model for the slice-compression test to measure interfacial mechanical properties.

The analysis on the two-cylinder model can be combined into fiber-bridging
analysis of CMCs to determine the effects of debonding at fiber/matrix interfaces on
matrix cracking (such as the work reported in [23-24]). A popular and convenient way to
embody the mechanical effects of bridging fibers on a composite with a crack is to
introduce a continuous distribution of non-linear springs that connect the opposing faces

of the crack in a homogeneous material [14-15]. Using this idea and the results in (14,
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30], Budiansky er al. [41] investigated the relations between matrix cracking and fiber-
matrix debonding including the frictional effect. Marshall and Cox [42] extended the
approach to analyze matrix cracking in composites accompanied by fiber failure.
Budiansky and Cui [43] used the method to investigate the tensile strength of a CMC
containing a crack-like flaw. Bao and Suo [44] presented a review on crack-bridging
concepts.

The validity of constant or Coulomb friction has been discussed by Bao and Song
[45]. They proposed some slip-dependent bridging models for the interface friction. As
for the justification of the spring modeling of fiber bridging, some questions have arisen
too. Xia e al. [46] examined critically the use of the spring model in large interface
sliding situations, and developed a large scale sliding model (LSS). They compared the
predictions from the LSS model with those from the line-spring model for composites
with through-cracks. For bridged cracks over the entire range of sizes from a small one
spanned by a single fiber to very large cracks, the validity of using distributed spring
models has been examined in detail by Meda and Steif [47, 48]. They presented the
conditions under which the distributed spring models can be expected to yield reliable
results.

Because distributed spring models are usually not applicable to a small crack
bridged by a single fiber or pure matrix flaws, it is therefore required to develop effective
analysis for small cracks. Since discrete fibers and the interactions between interfaces and
microcracks should be considered in the analysis, the resulting problems are usually very

complicated, and in most cases numerical techniques must be used to solve the problem.
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Wang et al. [16, 17] proposed a local flaw model to study the relationships between
the stresses inducing matrix crack initiation and the influencing factors in microstructure
for some CMCs. Their microstructural model consists of two adjacent fibers separated by
matrix material and a uniform composite medium outside the fibers with a matrix and
some interface flaws present. A finite element procedure incorporating the unit cell was
developed for fracture analysis. They predicted the initiation stress for matrix cracking
and compared it with their experimental results.

Some authors used the singular integral equation technique to analyze the fracture
of two-cylinder models. For instance, Erdogan and Ozbek [49] first considered the
problem of annular interfacial cracks. Recently Wijeyewichrema er al. [50-53] have
investigated a series of axisymmetric problems. The first problem they solved was that of
an infinitely long elastic fiber embedded into an infinite cracked matrix, with perfect
interfacial bonding [50]. The second problem they solved was similar to the first one
except that the outer matrix was finite [51]. In the third one multiple matrix cracking
along the axial direction was investigated also with perfect interface bonding [52]. In all
three problems the composite cylinders were under uniform stretching at infinity, and the
solutions were given in terms of stress intensity factors and interfacial stresses, which
were functions of the material constants of the fiber and matrix and geometry parameters,
such as the locations and lengths of cracks. The bonding conditions were considered in
the fourth paper [53]. The model used in that study was also a composite cylinder of
finite outer radius. However, the interfacial slip was considered with matrix crack
terminating and blunting at the interface. The solution was given in terms of interfacial

stresses and crack opening displacements. Kaw and Pagano [54] investigated the
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thermoelastic response of a composite cylinder containing an annular matrix crack, with
the bond represented by distributed shear springs. The shear stress at the interface was
then related linearly to the difference of the axial displacements between the fiber and the
matrix at the interface. By changing the stiffness of the spring, a varying degree of sliding
resistance could be represented. The resuits were presented in terms of stress intensity
factors and interfacial stresses under both mechanical and thermal loads. The more
general and meaningful fracture analysis of a two-cylinder problem has been completed
recently by Zhang et al. [55]. The authors used the same two-cylinder geometry as that in
[49,50], but with both matrix and interfacial cracks present. Simultaneous interfacial and
matrix cracking was investigated thoroughly and detailed results were presented in terms

of stress intensity factors.

2.2 Multiple matrix cracking and associated damage progression

After the initial matrix cracking and ensuing interfacial debonding, the damage will
progress in a mode of multiple matrix cracking accompanied by further interfacial
debonding. The multiple matrix cracking is mainly responsible for the non-linear
behavior of the brittle-matrix composite before the occurrence of fiber breaking and pull-
out. Predicting the non-linear behavior of the brittle composite is therefore closely related
to the analysis of multiple matrix cracking and its progression.

Using their refined shear-lag analysis [18] on a cracked two-cylinder configuration
with finite matrix crack spacing, which was estimated from experimental results, Kuo and
Chou [20] examined the multiple matrix cracking of unidirectional and cross-ply ceramic

matrix composites. They predicted the moduli and matrix crack initiation stresses for the
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composites, and investigated the effects of bonding energy and debonding length on the
stresses. However, they did not consider matrix cracking evolution. Using a similar
model Lee and Daniel [21] developed their analysis for multiple matrix cracking.
Assuming that new matrix cracks form at the middle cross sections of existing cracks
when the matrix stress exceeds an ultimate matrix strength, they obtained crack densities
to characterize the matrix crack evolution and predicted the tensile behavior of the
composite. Starting from their approximate analysis on a two-cylinder model and using
the energy balance criterion instead of the ultimate strength, Weitsman and Zhu [19]
investigated the influences of micromechanical parameters on the response of uniaxially
fiber-reinforced ceramic composites under monotonically increasing loading. More
recently Solti, Mall and Robertson [22] extended Kuo and Chou’s shear-lag analysis [18]
to analyze the damage progression dominated by multiple matrix cracking. They used a
critical matrix strain energy, which was estimated from test resulits, to determine the crack
density and an interfacial shearing strength to control the interface debonding. They also
investigated the effects of some micromechanical parameters on the response of a
ceramic-matrix composite during loading and unloading processes.

The above analyses have clearly shown that the multiple matrix cracking is mainly
responsible for the nonlinear behavior of the composite. The influence of the toughness of
the fiber-matrix interface on the behavior of the composite, however, has not been
addressed yet. It has been known that the toughness of the fiber-reinforced composite is
mainly governed by the behavior of the interface, which in turn is greatly influenced by
interfacial flaws and their development. Such flaws could be voids formed during

manufacturing or minute cracks caused by debonding during loading. Both may be
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approximated by interface cracks. Although weak fiber-matrix interfacial bond is required
for a tough composite, it may still be appropriate to analyze the interface debond using
the principle of fracture mechanics. The exact asymptotic solution near an interface crack
tip has been obtained by several authors [56-58]. Although the solution involves
oscillatory stress singularities around the crack tip, which are interpreted as the results of
overlapping crack surfaces near the crack tip, the stress intensity factors and the strain
energy release rates thereby derived can still be used as suitable characteristic parameters
to describe the crack-tip behavior [59]. Nevertheless, it is difficult to combine such a
description with an analysis such as shear-lag analysis without the capability to capture

stress singularities.

2.3 Fiber breaking and fiber-matrix interfacial debonding

The above studies are mainly based on the assumption that fibers remain intact
during matrix cracking. However the actual damage modes, including the initiation of
microcracks, their propagation and interaction, may be strongly affected by many factors,
such as loading condition, structural geometry, manufacturing process, the properties of
constituent materials, etc. Instead of remaining intact, some fibers may break at very early
stage of loading, owing to pre-existing flaws on fiber surfaces. A broken fiber will then
induce stress concentration in its surroundings. The magnitude and extent of such
concentration, as well as its influence on the behavior of the composite, should also be
considered when designing composite materials.

Much effort has been expanded to analyze fiber breakage. Using the shear lag

model, Hedgepeth [60] first analyzed stress concentration near broken fibers in two-
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dimensional filamentary composites. Hedgepeth and Van Dyke [61] considered three-
dimensional cases. Because of its simplicity, the shear lag model has been widely used by
many authors in analyzing the effects of broken fibers: Reedy [62, 63], Goree and Gross
[64], and Rossettos and Shishesaz [65], to name a few. In general, the shear lag model
can only give stress distributions in an average sense.

Some serious attempts at the solution to the problem of a broken fiber embedded in
an infinite matrix have also appeared in the literature. Muki and Sternberg [66], who
treated the fiber as a one-dimensional continuum and developed an integral equation for
the problem, first investigated the load-absorption by a discontinuous filament in a fiber-
reinforced composite. Later a rigorous three-dimensional solution to this problem was
developed by Ford [67]. In both cases the authors assumed perfect fiber-matrix interface
bond, which is obviously unrealistic in many composites. In order to reveal the influence
of the more realistic weak bonding, Dollar and Steif [68] introduced unbonded frictional
fiber-matrix interface described by Coulomb friction law in a two-dimensional model
composite and analyzed the problem using the integral equation technique. Under the
same assumption for the fiber-matrix interface, Schwietert and Steif [69] solved an
axisymmetric bimaterial problem with a broken fiber using the integral equation method
at the interface. The same problem was also investigated by Aksel et al.[70] using the
finite element method. The main concern in their analyses was the load transfer through
the weak fiber-matrix interface governed by the Coulomb friction law after the break of a
fiber. The actual interface bonding, however, depends on the properties of the fiber and
the matrix and the manufacturing process, and may not be so weak. Recently, Zhang et

al. [71] analyzed the fiber break problem in a brittle composite using fracture mechanics
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approach with the singular integral equation technique. Using strain energy release rates,
the authors investigated the initiation of fiber break and the possible propagation modes
of the fiber break. They discussed the possibility of crack-penetration into the
surrounding matrix from the broken fiber, which did not appear to have been addressed in

literature before.
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3 Development of a Three-Cylinder Model

3.1 Experimental studies on ceramic matrix composites

Experimental studies have shown that the tensile behavior of a fiber-reinforced
ceramic matrix composite is closely associated with damage modes in the composite [7-
10]. Using an ir situ observation technique has made it possible to record damage modes
and related changes in elastic moduli in the composite simultaneously. Since the
theoretical modeling in this study is based on the experimental investigation completed at
The City College of New York (CCNY), the following brief introduction will be limited

to the experimental procedure developed at CCNY and associated results [9, 10].

3.1.1__Experimental procedure

The experimental arrangement and the specimen geometry used to conduct tensile
test and observe the surface of test specimens during loading are shown in Fig. 3.1. A
specimen is mounted to the tensile substage firmly and the substage is then placed inside
the chamber of a Hitachi S-2400 SEM. By using the X-Y staging control of the scanning
electron microscope, micrographical patterns on the central gage area of the specimen can
be observed and recorded in situ. The tensile substage is driven by a variable-speed motor
to load the specimen. The load and the related deflection can be recorded digitally. The
applied load is increased gradually until the specimen fails totally. During this loading

process, damage in the specimen initiates and propagates mainly in such modes as matrix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

cracking, fiber-matrix interfacial debonding, fiber breaking and pull-out. All these

damage modes can be observed and recorded in situ.

SEM
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1) Load
2) Deflection
3) Temperature

Micrographs:
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Tensile substage
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Fig. 3.1  The tensile test set-up under a scanning electron microscope with
tensile/heating substage and the specimen geometry.

3.1.2__Experimental results

A typical tensile stress-strain curve of a Nicalon/CAS II with 40% fiber volume

fraction at room temperature is shown in Fig. 3.2. The general features can be easily

identified from this curve and correlated to the recorded damage modes. Initially the

behavior of the composite was linearly elastic up to a strain of approximately 0.12%. The

modulus for this linear portion was approximately equal to that given by the rule of
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mixtures. Corresponding to this early loading, the composite remained intact as shown in

Fig. 3.3, which is identical to Fig. 1.2.
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Fig.3.2 A typical tensile stress-strain curve of Nicalon/CAS II tested
at room temperature (V¢ = 0.4, E¢= 195 GPa, E, = 95 GPa).
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Fig. 3.3 SEM micrograph of undamaged unidirectional Nicalon/CAS II.
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Fig. 3.4 SEM micrographs showing progression of multiple matrix cracking
with gradually increasing loading from (a) to (d).

When the load increased further, transverse matrix cracking initiated, as indicated
by SEM micrograph (a) in Fig. 3.4 (which is identical to (a) in Fig. 1.3), and the stress-
strain curve began to deviate from the initial linear portion. It is believed that Point A on
the curve indicates the beginning of matrix cracking. Soon after the formation of the

matrix cracks, fiber-matrix interfacial debonding occurred. When the specimen was
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loaded further, matrix cracks multiplied and are bridged by intact fibers. This
phenomenon is called fiber-bridged multiple matrix cracking. The SEM micrographs (a-
d) in Fig. 3.4 show clearly the progression of the multiple matrix cracking with increasing
loading. The multiple matrix cracking, interfacial debonding and the frictional-interfacial
sliding on debonded areas are all energy dissipation mechanisms. It is believed
that these mechanisms make the brittle composite behave non-linearly. The progression
continued with continuous loading until the matrix was saturated with transverse matrix
cracks. Point B on the stress-strain curve indicates roughly the ending of multiple matrix
cracking.

Following the saturation of matrix cracks, further loading caused further matrix
crack opening, fiber breaking and pull-out. Ideally, if fiber breaking does not occur, the
elastic moduli in this region (starting from Point B) should be greater than or at least

equal to that for the fibers alone (E¢¥p). The experimental curve, however, shows much

smaller moduli in this portion, implying occurrence of serial fiber breaking. Fiber
breaking and pull-out continued with increasing stretching until the final separation of the
specimen occurred.

The above test results affirm that failure of the composite in tension occurs
progressively in several stages: matrix cracking, then multiple matrix cracking
accompanied by fiber-matrix interfacial debonding, and finally fiber breaking and pull-
out. The following model was developed to analyze initial matrix cracking, multiple
matrix cracking and fiber-matrix interfacial debonding. The final stage of the damage

progression, fiber breaking and pull-out, is out of the scope of this study.
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3.2 Theoretical modeling

3.2.1 Three-cylinder model
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Fig. 3.5 Schematic of the three-cylinder model.

A three-cylinder model as shown in Fig 3.5 was proposed to analyze the
experimentally observed damage modes. In the model, a single fiber with surrounding
matrix material which has been damaged by transverse cracks is used to represent a
typical damaged composite. The influence of the remaining composite is simulated

collectively by a homogeneous composite medium surrounding the representative unit.
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Transverse matrix cracks are bridged by the intact fiber and spaced at an average distance
2L. The fiber-matrix interfacial debonding is modeled as interfacial cracks with frictional
force being present. Since the matrix cracks are distributed periodically, one only needs

to analyze a representative unit shown in F ig 3.6.
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Fig. 3.6 A representative unit.

3.2.2 Damage modeling

The microdamage modes considered in the model are multiple matrix cracking,
interfacial debonding, and frictional sliding at debonded interfacial area. The effective
behavior of the composite can be modeled by the behavior of the fiber-matrix cylinder.
The onset of matrix cracking can be modeled by multiple cracking with very large

spacing 2L and very short interfacial debonding. Then as the loading continues, either the
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multiple matrix cracking may evolve with the spacing 2L being reduced, or the interfacial
debonding may propagate further, depending on the micromaterial properties of the
constituents of the composite.

While the matrix crack spacing remains unchanged, the interfacial debonding is the

prospective damage mode. As shown in Fig. 3.6, it is assumed that the representative
volume is loaded by uniform strain &, and that a constant frictional stress 7; exists at the
debonded interfacial area. It is also assumed that the matrix crack plane remain to be the

plane of symmetry during the interfacial debonding. Using basic concepts of linear

fracture mechanics, the criterion for interfacial debonding can be established as

G, = Cy(kf +k}) 2y, (3.1)
where G,, is the interfacial debonding energy release rate, C,, is a constant depending on
material constants and the crack length, k| and k, are stress intensity factors of mode I and
mode IT at the interfacial crack tip, respectively (see their definitions in Egs. (A.42)), and
Ydp 1s the interfacial debonding energy. Cy, has been derived by Malyshev and Salganik
[72] and is given in Eq. A.44. Using the principle of superposition, one can express the
stress intensity factors as

k=C,e-C,t,, (3.2a)

ky =Cphe—-C,1,, (3.2b)
where C,,, Cp2 C;, and C,, are functions of geometry parameters. Substituting the above

equations for k) and k, in Eq. (3.1), one obtains the following equation for determining

the critical strain for interfacial debonding:
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(Coi +C)e?* ~2(C,,C,, + Cp2Cr)e+(CL+Ch)r2 =y 4 1 C,y (3.3)
For multiple matrix cracking, one can also establish a criterion using an energy

balance concept. For the upper half portion of the unit depicted in Fig. 3.6, after the strain
is applied, the strain energy U, stored in that portion of the fiber-matrix cylinder can be

expressed as

U = %nR’cnaL ~-W,, (3.4)
where R is the radius of the matrix cylinder, o, is the average stress over the fiber-matrix
cylinder, and W is the energy dissipated due to frictional sliding along the interfacial

crack. If the multiple cracking evolves, it is assumed that new matrix cracks appear at the
middle sections between old cracks and the spacing is therefore reduced from 2L to Z,
while the interfacial crack length remains unchanged. After further matrix cracking has
occurred at the same strain, the strain energy stored in the same volume (upper half

portion of the fiber-matrix cylinder in F ig. 3.6) can then be expressed as
I 5 L | PN
Uy =2-nR°cre = - 2W, =—nR C,eL -2W, (3.5)
2 2 2
here o, is the new average stress over the fiber-matrix cylinder associated with new

matrix crack spacing L. Considering the balance of energy in this prosess yields the

criterion for the progression of multiple matrix cracking:
Uy -U, 2y ,n(R* -a®) +2macyy , , (3.6)
where v,, is the critical surface energy for the matrix, a is the radius of the fiber, and c, is

the interfacial crack length (measured from matrix crack plane). The second term on the
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right side in the above equation accounts for the energy required for the associated
interfacial debonding.
The frictional energy dissipation W, associated with interfacial slip can be evaluated

from the difference of the axial fiber and matrix displacements along the interfacial crack.

Under the action of both the applied strain € and frictional stress 1, the difference of the

displacements can be calculated as
-1 ¢z s
u; (@)~ ul(@) = — [ [ept (1)~ 7,0} @] ar, (.7
2#1 Cy

where u;(z) and u?(z) are the axial displacements of the fiber and matrix on the

debonded interface, respectively, K, is the shear modulus of the fiber, Q4(?) is the axial

dislocation along the interfacial crack, with superscripts p and s being used to denote the
dislocations caused by a unit tensile strain and a unit shearing stress on the interfacial
crack, respectively. (The definition of this dislocation function will be given later in this
chapter.) The frictional energy dissipation can now be calculated from the dislocation

functions and expressible as

3 €3
W, =2nar, _" (u? —ul)dz = 2 J’ z[s<p:(t)—r,<p;(t)]dz . (3.8)
0 By 0

Since the average stresses G} and o, are proportional to the given strain € with
different proportionality constants, one can solve Eq. (3.6) for critical strain, the only
unknown in that equation for multiple matrix cracking.

If both interfacial debonding and multiple matrix cracking are considered

simultaneously, the experimentally observed damage modes in a composite can be
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simulated and its tensile stress-strain curve can be predicted. The simulation and
prediction procedure may be summarized as follows. For a given composite with given
material constants and micromechanical parameters Ym» Yap and T, the simulation can
begin with a very large matrix crack spacing 2L and a very small interfacial debond. Then
two critical strains can be calculated from Eqs (3.3) and (3.6). The smaller one is the
possible strain for the damage to evolve. Based on this critical strain and the related
configuration, an effective (or average) stress can be determined, and therefore the
effective elastic modulus in the loading direction can be computed. Now after the damage
has been allowed to progress a small step in the predicted mode (i.e., either interfacial
debonding or multiple matrix cracking), one can calculate a new possible critical strain, a
new effective stress and a new elastic modulus for the updated configuration of the
model. This process can be repeated until the fiber is debonded completely from the
matrix or matrix crack saturation occurs. A series of strains can be obtained and a
simulated stress-strain curve can thus be plotted from these strains and associated

stresses. The detailed numerical results are presented in Chapter 4.

3.3 Formulation of the model
3.3.1_Descrioti il bl

As shown in Fig. 3.6, the geometry of the model consists of a cylindrical rod
representing a fiber, a cylindrical tube representing the surrounding matrix, and the outer
composite medium. The fiber and the matrix are both homogeneous, isotropic and

linearly elastic; while the composite medium is homogeneous, transversely isotropic and
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linearly elastic. The fiber and the matrix are bonded together perfectly except for some
debonded regions, in which sliding can occur and frictional forces may exist. For the
matrix and the composite medium interface it is assumed that neither bonding nor friction
exists. By varying the material constants of the composite medium, the model can be
reduced to a common two-cylinder model of finite outer radius with a free outer surface
or with an outer surface which is restricted in radial direction but free in axial direction. A
series of transverse matrix cracks and associated interfacial cracks are used to model the
damage.

Because of the complexity of both the geometry and crack configuration, it is
difficult to formulate the problem directly. The formulation was actually divided into two
parts: the first part is an accurate formulation of the three cylinders with a single matrix
crack combined with a fiber-matrix interface crack (Fig. 3.7); the second part is the
solution of the multiple matrix cracking (Fig. 3.6), which was derived using the solution

of the first one and iterative technique. The first problem can also be considered as the

limiting case of the second one as the matrix crack spacing 2L goes to infinity.

The solution of the problem can be obtained by the superposition of two problems:
the first is the uncracked geometry under given loading, and the second, called the
perturbation problem as shown in Fig 3.7b, is the cracked geometry loaded on the crack
surfaces by the negative of stresses obtained from the first one. Since it is not difficult to

find the exact solution of the first one, the following will focus on the formulation of the
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perturbation problem. Unless stated otherwise, superscripts and subscripts 1, 2, and 3
refer to the fiber, the matrix and the composite medium, respectively.

Since the fiber and the matrix can be treated as a basic composite cell, their radii

should be chosen so that
2
a
1—27 =V T 3.9

where 7 is the fiber volume fraction of the composite. 4 and v; (i = 1, 2) are used to

denote the shear moduli and Poisson’s ratios of the fiber (i = 1) and the matrix (; = 2),
respectively. For the transversely isotropic composite medium, five independent effective

material constants are needed to characterize the generalized Hooke’s law [73]:

€ =410 +a13049 +a30
€gg = 120, +a)|0gg +a;30
(3.10)
€z =a13(0,, +Ggg) +a3;0
le = a44trz
Expressing the coefficients of deformation by means of the engineering constants, one

has:

\%
R
3 31 32
‘ G.11)

Vi, 1

Y a44 = >
E32 G32

a3 ==

where E;,, E;, are Young’s moduli in the plane of isotropy and in z direction,
respectively, v;, is the Poisson’s ratio in the plane of isotropy, v,, is the Poisson ratio
characterizing transverse contraction in the plane of isotropy due to the tension in z

direction, and G,, is the shear modulus in r-z plane. These material constants can be
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expressed in terms of the constituent properties of the composite. Various
micromechanical models are available for predicting the coefficients, such as those due to
Hashin and Rosen [74-76], which are presented in Appendix B.

For the isotropic cylindrical fiber and matrix, the axisymmetric displacement and
stress fields can be easily expressed in terms of Love’s stress functions, which are

biharmonic [50, 51]:

®,(r,z) = % J:f {()o(rs) + £ (s)rsT, (rs)]sin(zs)ds
+ [ 1o(op2v, + )™ sy (), (3.12)
2
®,(r,z) = ;ij:, (8)Ly(rs) +f4 (s)rsi(rs) +f5(s)Ko(rs)

* Lo K, (9)]sinzs)ds + [ g0(p) (2, + ) Sy rp)d, G.13)
where f; (¢0,...,6) and g, are unknown functions, and J, Z;, K; (7=0,1) are Bessel functions

of the first kind, and modified Bessel functions of the first kind and the second kind,
respectively. The expressions for any displacement and stress components in the fiber and
matrix can easily be derived from the above two functions (see Appendix C).

For the transversely isotropic composite medium, as in the case of an isotropic
body, it is possible to introduce a stress function ®,(r,z), which the stresses are related

to by [73]:
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o[a’d; b o,  dw,
o e L s RS ,
z| ot r o

G o e c—
6o oz ] c 67‘2 r or c 622
(3.14)
2 2
cs'_._.=2 c. 9 (23 £ 890 +a'¢a s .
or r or oz*
3| d*0; 1460, d*w,
T, =—— +— +a, ,
orl a* r or oz2
where
_as(ay; —ap) b _ap(a; +ay)—-apay
ac - 2 * YT 2 ’
;1933 —ayg3 Q) ay —ap
2 2 (3.15)
_a3(ay —ap) +aya,, d =%u1"%
€= 2 » HeTm T
a4y —ap; a; Q3 —ap;
The displacement field can also be expressed in terms of this stress function as:
D, (r,2) 3*®,(r,z2)
u, = -e#ar’ U, =a Vid,(r,z) + g?, (3.16)
where V? is the axisymmetric Laplacian and
e= a” +alzbc -aucc, g= a13(1+bc _zac) +a33(dc _CC)’ (3.17)

Introducing the following notation

a, +c, +\(a, +c,)? -4d, _|a, e, —/(a, +c,)? ~4d,
5 = s $ = »  (3.18)
2d 2d

(4 4

and the operators

V2_62+16 1 8

KA S AN 3.19
T rar g =L 3.19)
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the governing equation for the stress function can be written as follows:
Vivid,(r,z)=0. (3.20)
Through direct substitution, it can be shown that the governing equation (3.20) is

satisfied by the following expression for the stress finction:
2 .
®3(r2) = = J;f SHKo(rs 1 5,)+ fy(5)Ko(rs 1 5,)]sin(zs)ds, (.21)

where f; and f; are unknown functions to be determined. The displacement and stress

fields for the composite cylinder can be derived readily from the stress function (see
Appendix C)

Introducing three dislocation functions:

Ky Oul(r,+0)

(Pz(")=1_v2 5 (3.22a)
)

<p3(z)=2plg[urz(ai-o,z)-u:(a—o,z)], (3.22b)
)

(p4(z)=2u1g[uf(a+0,z)—uz'(a—0,z)], (3.22c)

and considering continuity and boundary conditions make all the unknowns f; (i=0,...,8)

and g, in the stress functions expressible in terms of these three new functions. After
some lengthy manipulations (see Appendix C), the following system of three singular
integral equations is obtained:

1 (Ro,() 2J‘R 2% F

— | —==dt+—| ky,(t, t)dt +— ky (¢,r)o (t)dt = - R

2 222 [ me,0 n/z; ko, (219,01t = = py (1)

a<r<R, (3.23a)
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L (—+—)<p3(t) dt +7Y9,4(2)

¥4

- Zj ks (8,2) 0, (e) dt = 253 0<z<c,, (3.23b)
[

= Tu

—I (——-——) Q4(2) dt —yp,(2)

t—z
Z J‘ kyj(2,2) @ ;(¢) dt = Ps( ), 0<z<gc,, (3.23¢)
7"-711 =) Tu
where b,=a, ¢;=R, b;=b,, C=Cs Y=Yy
A+, +1+Ak A+x, —(1+2Ak
Yi = 1 2 Y = 1 —( 2) ’ (3.24a)
20 +x)(1+Ax,)’ 2+ )(1+Ax,)
A=p/y,, K; =3-4v,(i=1,2), (3.24b)

and k, A6 r) (G=2,3,4), k At.2) (=3, 4, j=2, 3, 4), are Fredholm kemnels (see Appendix C

for details).

3.3 Formulation of multiple matcix cracki

As mentioned before, the analysis of multiple matrix cracking can be reduced to the
analysis of a representative unit (Fig. 3.6). Using the principle of superposition, the
analysis of this unit can be decomposed into solving two problems, as shown in Fig. 3.8.
The first is the uncracked unit loaded by the same uniform tensile strain as that exerted on
the original one, and the second is the cracked unit loaded on the crack surfaces by

tractions, which are the negative of stresses obtained from the solution of the first one and
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the frictional force. Axial constraints must also be imposed on the top and bottom edges
of the second geometry, because the original geometry is loaded with strain instead of
stress. The first problem can be solved exactly without much difficulty. For the second
one the solution can be obtained from the solution of the single matrix crack problem
analyzed above.

In order to simplify the derivation procedure, it is first assumed that the pressure
exerted on the matrix crack surfaces is the only load, as shown in Fig. 3.9a. Using the
principle of superposition allows the solution of this problem to be built from the
solutions of two other problems, which are shown in Fig. 3.9b-c. The first one is the
problem of single matrix cracking, and has been analyzed using the singular integral
equation technique. However, the solution of this problem is not that of the original one
(Fig. 3.9a), because axial displacements are allowed at the two cross-sections located at a

distance L from the matrix crack. In fact the solution can be considered as the solution of

the original problem (Fig. 3.9a) but under the action of both crack surface pressure p, and

the displacements u, and —u, applied on its top and bottom edges, respectively. The
variation of the displacements across the two sections of the fiber matrix cylinders can be
ignored provided the interfacial crack is not very long compared to the spacing 2L. The
solution of the problem shown in Fig. 3.9a can now be obtained by subtracting the
solution of the problem shown in Fig. 3.9¢ from that of the problem depicted in Fig 3.9b.

The fiber and matrix of the problem shown in Fig. 3.9¢c are loaded by uniform tensile

strain (/L) and this problem can be solved following the same procedure used to solve
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the original problem (Fig 3.9a). Repeatedly using this procedure one can obtain a solution

of series form to the original problem (shown in Fig. 3.9a).
Denoting the uniform tensile strain by & the solution of the problem shown in Fig.
3.8b may be expressed as
G,= Cﬂso, and (3.25a)
Om = Cuigo, (3.25b)
where 6, and o,, are axial stresses in the fiber and matrix, respectively, and Cp and C,,;

are proportionality constants depending on material constants and the fiber volume
fraction. If the geometry depicted in F ig. 3.8b is loaded only by the uniform strain on the
fiber and matrix, one can derive the similar solution:
c,=C 289, and (3.26a)
G = Cpa€p, (3.26b)
where two new proportionality constants are introduced. If the Poisson’s ratios for the

fiber and matrix are the same, Chn and Cg, are approximately equal to Eg, while C,; and

Crm2 are approximately equal to E.,.

For the single matrix crack problem (F ig. 3.9b) under the action of a unit pressure
on the matrix crack surfaces (i.e. P;y=1), let us denote the stress intensity factors for the
interfacial crack and the magnitude of the average axial displacements at the two cross
sections by k,, k, and 1_4: » respectively. Obviously the average fiber stress at the matrix

crack section is ( 1=-VpiVg or V,/ Vs It has been shown (see Appendix D for details) that
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under the action of strain ¢, the stress intensity factors for the interfacial crack, and the

average fiber stress at the matrix crack cross section can be expressed as

by =esCopky(l—r+r* —ri+.), (3.27a)

ky = €0Cpiby (1= r + 72 -r’+.), (3.27b)

— CuiC C,.,C

G, =gg| —— f2+(V"'C""+ m ”J(l-r+r2-r3+...), (3.27¢)
CmZ Vf le

where r =C,u. /L. Considering the fact that,

Cm2 =Ey, u; = : (3.28a)

r=ZmimCs (3.28b)

For the composite Nicalon/CAS I, E\=195GPa, E,=95GPa, and ¥/~0.4, one has

r=0.73c,/L. It can be therefore concluded that for ¢,/L<1 the convergence of the above
series is guaranteed.

If an interfacial frictional force exists, its effects can be analyzed separately. For the
configuration shown in Fig. 3.10a, which is loaded by an interfacial frictional force T
alone, the stress intensity factors and the average fiber stress can be easily derived
following the above procedures. For the configuration shown in Fig. 3.10b, when a unit
shearing stress is exerted on the interfacial crack surface, &, &, and u,, are used to
denote the stress intensity factors for the interfacial crack and the magnitude of the

displacements at the two cross sections, respectively. The stress intensity factors for the
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interfacial crack and the average fiber stress at the matrix crack cross section for the crack

configuration shown in Fig. 3.10a can be expressed as (see Appendix D for details)

e
k=1, ,S—%"'zkl-(l—r-i-rz-r}i..)}, (3.29a)
= =
ky=t, kz,-&gzkia-rwz-r%..)], (3.29b)
— u_ v
f=t’uT”(Cﬁ+ ”'VC”'Z](l—r-i~r2 -r3+...). (3.29¢)
f

Under the action of both applied strain and the friction force, the response of the
representative volume shown in Fig. 3.8a can be obtained by combining each equation in
Eqs (3.27a-c) with the related one in Egs (3.29a-c). Adding up the fiber stresses given in
Egs (3.25a), (3.27c) and (3.29¢), one obtains the average fiber stress at the matrix crack
cross section in Fig 3.8a caused by uniform tension. The effective (or average) stress over
the fiber-matrix cylinder for the unit shown in F ig 3.9a can therefore be expressed as

o= 87 Ve (3.30)
This expression is needed for predicting the tensile behavior of the unit, which is assumed
to be the representative behavior of the composite.

From above expressions, it can be seen that, once the analysis of the single matrix
crack problem is completed, one can readily analyze the multiple matrix cracking. Since

u, and u,, depend mainly on the deformation of the fiber in the debonded area, they

almost do not change with L, when L is much larger than the interfacial crack length c3.

It is therefore very convenient to investigate the influence of crack spacing, This is
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especially advantageous in simulating the stress-strain curves, where the progress of

multiple matrix cracking should be considered.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Ueiorm tensie § 444 A ALY
i'il!erC L

Matrix

Composile

Matrix crack
with fiber/matrix
interface debond

Frictional force

|

EEEERERERRRE
()

Fiber i

Matrix

Composite
Matrix crack §

with fiber/matrix W %}

Q00010808

e

X
2
EE

interface debond

[o NN o o]

{nnn [e DK o]

(®)

Fig. 3.7  Schematic of the single matrix crack problem, (a) original
problem, (b) related perturbation problem.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

45



46

Uniform tensile t ? f f f f f f t

strain

(a)

DQOQQQDDDQDOD

F 90 00500
(4]
[ gl
I

EKEERE -+

Same tensile
strain as in (a)

IBEEEEES

—

2L

e i

(@ 2 © 1o 1 © I o I © o I o I o M o M o B 0} o
[a] ﬁb‘
c
\W
\O
QOO0 000 QO 0V TU
-

2.0 0 ¢ [o]
Il I7 7 /777 /7777777777777

‘ 1

(b) (c)

- ——t
]
-

Fig. 3.8  Schematic showing the decomposition of the representative unit
into two new problems.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



47

1) I

29000

IO
M s
[ @ N © N » O * )
N ]
=
H

(c)

) W

M—E — )
-t
= \
= 1
N“
Wv\*:-\/v\’:)
o s ]
o N & N & B o | [o 2N o BN o B ]
—
—
—_—
~N
—
—
- g
- &2 -

““‘-u-

i
|
|

Fig. 3.9 Solution procedure of the problem shown in Fig. 3.8 (¢c),
when the matrix crack pressure is exerted alone.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

- ;
.
.
4 .
.
' 2
(a) t -
e e
e i

o)
*
*
4 it | A
r C
Hit 9
L [

h'“* _’l BN R B A

Fig. 3.10  Solution procedure of the problem shown in Fig. 3.8 (¢),
when the interfacial friction is the only load.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

4 Numerical Results and Discussion

4.1 Introduction

It was shown in Chapter 3 that the solution of the multiple matrix cracking problem
of the three-cylinder model can be derived from the solution of the single matrix crack
problem. The latter is formulated using the singular integral equation technique. In order
to solve the singular integral equations accurately and efficiently, the behavior of their
kernels must first be analyzed. Because of the involvement of three different materials in
the problem, algebraically it will be very lengthy and complicated to derive those kernels
in closed form. An alternative procedure used in this research is to first reduce the three-
cylinder configuration to a two-cylinder counterpart as shown in Fig. 4.1, which is also an
interesting tow-cylinder model, and then derive the kemels of closed-form for this
simplified problem. The singular parts of these kernels are applicable to the three-
cylinder problem because the singular behaviors of these kernels are determined by the
local materials around the crack tips.

Basic numerical procedures were first developed for solving the singular integral
equations for the two-cylinder problem and then modified for the three-cylinder problem.
Some subroutines available in IMSL [77] were used to evaluate definite integrals,
compute Lobatto-Jacobi quadratures, and solve linear algebraic equations. The analysis of
the two-cylinder problem and the detailed numerical procedures and schemes are
presented in Appendix A. The main results for the analysis of the two-cylinder model

have been published [55].
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The numerical results are presented in two parts. First the numerical schemes are
tested by comparing the current results with those available in the literature. A typical
ceramic matrix composite is then analyzed using the three-cylinder model. The results are

compared with available experimental data.

4.2 Verification of the numerical schemes

The single interface crack problem, as shown in F ig. 4.2, was studied in [49]. The
same problem was reanalyzed here to test the validity of the proposed numerical schemes.
Table 4.1 is the comparison of the current results with their adjusted results (The stress
intensity factors reported in [49] should be multiplied by a factor of
() + 1%, )/ (1, +p,x, ), which is equal to 1.507 for the given materials). The very fast

convergence of this study is observed.

Table 4.1 Stress intensity factors for the case of a single interface crack
with A=25, v,=0.2, v,=0.35, p3=constant and p, = 0. Here n is
the number of terms in the series expansion of the dislocations.

Present Results Results in [49]

/ey ki/psc, k,/psCy kipscs | knlps cy
=10 | n=15 | n=20 | n=25 | n=10 | n=15 n=20 | n=25
0.1 10.21857(0.21987(0.22021{0.22035{0.03261/0.03325 0.03346{0.03356] 0.2143 | 0.03165
1.0 ]0.65201(0.65226(0.65235/0.65238]0.05095(0.05108]0.05 113]0.05116] 0.6453 ] 0.05048
10.0 [0.96878]0.96882|0.96883]0.96884/0.11650/0.11652 0.11653{0.11653| 0.9594 | 0.1154
« | 1.0000 0.1310 1.0000 1 0.1310

When both materials for the fiber and the matrix are the same, the single matrix

crack problem is reduced to a circular annulus crack in an infinite body, as shown in
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Fig. 4.3, which has been studied by many authors. The singular integral equation derived
here for the matrix crack is also valid for this case. Table 4.2 is the comparison of the
present results with those in the literature with the crack surface pressure p, being
constant, with good agreement between them being observed. The accuracy can be

further enhanced by increasing the number of points in the quadrature formula.

Table 4.2  Stress intensity factors for the circular annulus crack in a homogeneous
material, with k, = V2k,, /(p,\/c; -5, ) and k. = V2k,, 1(py+Je;, = B,).

i&sent resul_ts R_&sults in [7_8_] R_esuls in [?ﬂ Results in [80]
ks k. k, k. | ky k. k, k.
0.1 1.949 | 0.911 | 1.972 | 0.909 | 1.972 | 0.909 1.972 | 0.909
0.2 1.492 | 0.920 | 1.502 | 0.918 | 1.503 | 0.917 1.502 | 0.918
0.3 1.305 { 0.928 | 1.310 | 0.927 | 1.316 | 0923 | 1 310 | 0.927
04 1.201 [ 0.938 | 1.204 | 0936 | 1.224 | 0927 | 1 204 | 0.936
0.5 1.135 1 0.947 | 1.137 | 0.946 | 1.187 | 0.926 1.137 | 0.946
0.6 1.090 | 0.957 | 1.091 { 0.956 | 1.204 | 0.918 | 1 .089 | 0.957
0.7 1.057 | 0.967 | 1.058 | 0.966 | 1.296 | 0.902 | 1 057 | 0.967
0.8 1.033  0.977 | 1.033 | 0.977 | 1.531 | 0.875 1.032 | 0.978
0.9 1.014 | 0.988 | 1.015 [ 0.988 | 2.180 | 0.854 1.014 1 0.988
0.99 | 1.001 | 0.999 | 1.001 | 0.998 | 7.232 | 1 420 | 1.001 | 0.999

b,/c,

When the materials of the fiber and the matrix are different, as shown in Fig. 4.4,
the stress intensity factors for a single matrix crack loaded by constant crack surface
pressure are available in [50]. Although the integral equation in this study for the matrix
crack is the same as that in [50], the results do not match exactly. This may be due to
different numerical approaches being used, particularly for the case of a crack tip

terminating at the interface. When the inner matrix crack tip terminates at the interface,

for material combinations of A=1/7 and A=7 (ie, v=v,=0.25), B, takes the values
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-0.71488 and -0.33040, respectively. In Figs. 4.5 and 4.6 the numerical results of this
study are compared with those found in [50]. Although some error may result from
reproducing the curves reported in [50], the results agree very well except for some

values in Fig. 4.6(a) when a/c, approaches to zero. That is the case of crack terminating at

the interface.

4.3 Damage analysis of brittle matrix composites
43.1 Introduction

This section presents damage analysis of brittle matrix composites using the three-
cylinder model. The same assumption used by Weitsman and Zhu [19] is also adopted for
multiple matrix cracking. That is the evolution of matrix cracking is governed by an
energy criterion, and new cracks form at the mid-spans of existing cracks. In addition to
multiple matrix cracking, interfacial debonding is also considered as a possible damage

mode. The prediction is compared with the experimental results for a composite

Nicalon/CAS II, which has the following material properties: E; = 195 GPa, v, = 0.28,
E, =95 GPa, v, =0.28, and ¥r=0.4. The radius of the fiber isa = 7.5 um.
In addition to the above properties, the matrix fracture energy Yn,, the interfacial

debonding energy Yab, and the interfacial friction <, are also required for the stress-strain

simulation. Although many models and techniques have been developed for the
measurement of these properties, it is still difficult to measure them precisely. For CMCs,

the reported typical ranges are 5-50 J.m for y,,, 0~5 J.m™ for Y4p> and 1-200 MPa for
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75 [81]. For composite SiC/CAS, the reported ranges are 0—1 J.m™ for Yap. and 15-25 MPa
for t; [82]. For composite Nicalon/CAS II, however, no reliable data are available in

literature. The actual magnitudes of these parameters for a CMC will depend on both the
manufacturing process of the composite and the method of measurements. The varied

ranges for these parameters used in this study are 5-15 J.m? for y,,, 0~0.5 J.m™ for Ydbs

and 0—15 MPa for t,. Latter numerical results will show that the choice of these ranges is

reasonable.

After a transverse matrix crack forms with fiber bridging, the fiber-matrix interface
will debond further with increasing loading. The model shown in Fig. 3.5 can be used to
analyze the behavior of debonding. The model can also be reduced to a two-cylinder
model with a transverse matrix crack by changing the material constants of the composite
cylinder. Reducing the moduli of the third composite cylinder to zero, one obtains a two-
cylinder model with the free outer surface; while raising the moduli of the composite
cylinder to infinity, one obtains a two-cylinder model with the radial displacement of the
outer surface of the matrix cylinder being constrained. Two-cylinder models are
commonly used with shear lag analysis.

For the two-cylinder model with a free outer surface, as the interfacial crack length

approaches to infinity, one can easily derive the strain energy release rate:

2 E
G, _piav, (_f_,rﬁj , (4.1)
4E .V, \E, 7,
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where p, is the pressure exerted on the matrix crack surfaces. In what follows, G, is used

to normalize the strain energy release rates.

Figures 4.7-10 show the normalized stress intensity factors and strain energy
release rates (see Eq. (3.1) and (A.44) for the definition of the strain energy release rate)
for three different boundary conditions imposed on the outer surface of the matrix
cylinder. Here the material used is the Nicalon/CAS II composite with 0.4 fiber volume
fraction, and interfacial friction is not considered. It can be seen from Figs 4.7-9 that, the
properties of the third composite cylinder do not have much influence on mode II stress
intensity factor, but have significant effect on mode I. When the outer surface of the
matrix cylinder is free, the opening mode stress intensity factor always exists. When the
outer surface of the matrix cylinder is constrained in the radial direction, the interface
crack is closed provided the crack length is larger than about 0.24. F igure 4.10 shows the
strain energy release rates for three different conditions. It indicates that in each case the
strain energy release rate approaches a limit value as the crack length increases.

Figure 4.11 shows the effect of the fiber volume fraction on stress intensity factors.
Reducing the fiber volume fraction results in increase in the stress intensity factors. The

effect on mode II is especially significant. This fact may imply easier debonding

wherever fibers are sparsely distributed within the composite.

Following the initial matrix cracking, another possible damage mode is multiple

matrix cracking. In reality the interfacial debonding and multiple matrix cracking may
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progress alternatively. The multiple matrix cracking will result in a dropping in the stress
intensity factors or the strain energy release rate for the interfacial crack. With the
evolution of multiple matrix cracking, therefore, the interfacial debonding will slow
down.

Figure 4.12 shows the effect of the multiple matrix cracking on the strain energy
release rate. Here the matrix crack spacing 2L is used to specify the state of the multiple
matrix cracking. It can be seen that for a given matrix crack spacing, the longer the
interfacial crack length, the more the release rate drops with decrease in the matrix crack

spacing. For a large spacing 2L = 200a, obvious dropping in the release rate can still be

observed.

The multiple matrix-cracking model (Fig. 3.5), combined with the two criteria
derived in Chapter 3 , was used to predict the behavior of the composite with micro-
damage. The micro damage mechanisms considered are multiple matrix cracking,
interfacial debonding, and frictional sliding at debonded interfacial areas. Three variables,
the matrix crack spacing 2L, the interface debond length c, and the relative fiber-matrix

interfacial slide are used to measure the micro-damage mechanisms in the composite. The

progression of the damage is controlled by loading, the matrix fracture energy Yms the
interfacial debond energy Y4b» and the interfacial friction stress . The effective behavior

of the composite is modeled by that of the fiber-matrix cylinder shown in Fig. 3.5. The

onset of matrix cracking can be modeled by multiple matrix cracking with very large
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spacing L and very short interfacial debonding. Then as the loading continues, the
muitiple matrix cracking may evolve with the matrix crack spacing being reduced, or the
interfacial debonding may propagate further, depending on the stage of the loading and
the material properties of the constituents of the composite. In this study, the simulated
results are compared with experimental data obtained at CCNY [9, 10].

As the first attempt to simulate the nonlinear behavior of the composite, the
simulation starts form the loading stage when matrix crack saturation has been reached.
Based on the experimental stress-strain curves in Fig. 4.13 and the SEM micro-graphs
shown in Fig. 3.4, a stress of 240 MPa is chosen as the corresponding effective stress, and
a spacing 20a as the corresponding matrix crack spacing. Using the stress and the spacing
a critical interfacial strain energy release rate can be estimated, which is then used to
control the propagation of the interfacial crack. Fig. 4.13 shows the predicted results
using three different conditions imposed on the outer surface of the matrix cylinder, with
interfacial friction being ignored. It is observed that without interfacial friction, the
interfacial debonding can occur under an almost constant effective stress.

Fig. 4.14 shows the results with interfacial friction being considered. In this case
and also in what follows, only the unreduced three-cylinder model is used. From the four
curves corresponding to four different values of the interfacial friction (==0, 5, 10,
15 MPa), one can see the effect of the friction on the behavior of the composite.

If one considers interfacial debonding and multiple matrix cracking together, it is
unnecessary to estimate any parameters from tensile test results, except that parameters

Ym> T and Y4, should be given. Because no reliable data are available in literature for
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these parameters, various values within the reported ranges are therefore selected to
investigate their influence on the behavior of the composite. The spacing L = 640z is
chosen as the initial half matrix crack spacing and L = 10a as the saturated one for
convenience. Actually choosing different initial values for this parameter does not have
much influence on the predicted results, provided it is large enough. The final saturated
spacing can be predicted in this model if the tensile stress, with the energy balance
criterion derived in Chapter 3, is used to govern the fracture of the matrix.

Figure 4.15 shows a typical predicted stress-strain curve in comparison with
experimental results, while the following figures are the results of detailed parametric
study.

First of all, from Fig. 4.15 one can easily identify four phases. The first phase,
which corresponds to the initial linear portion of the stress-strain curves, is from the
beginning of the loading to the initiation of the first matrix cracking. The composite
remains undamaged during this phase, and thus the modulus of the composite is almost
equal to that calculated from the rule-of-mixtures.

The second phase begins with the initiation of the first matrix cracking and ends
with the start of multiple matrix cracking. During this phase, the dominant damage is
interfacial debonding, although multiple matrix cracking may also occur. The departure
of the predicted curve from linearity is not obvious.

The third phase is dominated by multiple matrix cracking, although interfacial
debonding is also possible. This phase is characterized by highly nonlinear behavior of
the composite. As multiple matrix cracking progresses, the axial stress in the matrix is

released rapidly, with very slow increase and some fluctuations in the effective stress
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being observed, which is analog to yielding in metals. This fact can explain the plateaus
observed on tensile test curves. This phase ends with the matrix crack saturation.

The last phase begins with the occurrence of matrix crack saturation. In this phase
high matrix crack density and long interfacial debonding prevent matrix stresses from
reaching high values as the loading continues, and most of the load is therefore sustained
by fibers. The interfacial debonding, however, can still occur. The effective stress
increases more rapidly with strain in this stage than in the third phase, which is similar to
strain hardening in metals. With further increase in the loading, the stress-strain
relationship will approach to the limiting line with slope EJ, if fiber break does not
occur. Comparing the influences of the various damage mechanisms on the behavior of
the composite, it can be conclude that the multiple matrix cracking is the main energy
dissipation mechanism.

Figures 4.16-18 show the effects on the behavior of the composite of the matrix
fracture energy and the interfacial debonding energy, with interfacial friction t.=10 MPa.
From Fig. 4.16 to 4.18, three different values of the matrix fracture energy: Ym=d, 10, and
15 J/m® were chosen, respectively. In each of the figures three different simulation curves
are presented corresponding to three interfacial debond energies: yg4= 0.1, 0.2, and
0.5 J/m?. All three figures show that, with increase in the interfacial debonding energy the

predicted curves shift upward, which means enhancement in stress for multiple matrix
cracking. This phenomenon may be explained as follows: When the interfacial debond

energy increases, interfacial debonding process will be slowed down. Since, as the
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calculations have shown, the energy available for multiple matrix cracking decreases with
a decrease in the interfacial debond length, multiple matrix cracking thus occurs at higher
strain levels and higher stresses. It can be observed that both the stress level and duration
of multiple matrix cracking increase with increasing debond energy.

One can also see the influence of the matrix surface energy on the behavior of the
composite, if one picks a curve from Fig. 4.16 and compare it with its two counterparts
from Fig.4.17 and Fig. 4.18. Increasing its value also shifts the curve upward, because

high matrix surface energy can delay the occurrence of multiple matrix cracking. The

curve corresponding to the debond energy of 0.1 J/m? and the matrix surface energy of
15J/m?in F ig. 4.18 indicates that, if the interfacial bond is too weak and the interfacial

friction is too small, multiple matrix cracking, the desirable mechanism for a tough
composite, may not occur.
In Figures 4.19-21, a greater interfacial frictional stress of 15 MPa was used; and

for interfacial debond and matrix surface energies the same values as used in F ig. 4.16-18

were selected, except for Fig. 4.21 in which a debond energy of 0.05 J/m? was used to
replace the energy of 0.5 J/m® This is because for the given friction, the interfacial

debond energy of 0.5 J/m? is too high to model the test results. By comparing each

predicted curve in Fig. 4.19 with the corresponding one in Fig. 4.16, one can observe
upward shifting of the whole curve and the more rapid increase in the stress with the
strain in the fourth phase, which is the result of higher interfacial frictional force. The
higher interfacial friction therefore will result in a stronger composite without its other

effects being considered. Figs. 4.20-21 are comparable to Figs. 4.17-18, respectively. In

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

Fig. 4.21, obvious influence of the interfacial debond energy on the predictions can also
bee seen even though a very small range of it was used with the highest matrix surface
energy and interfacial sliding stress.

In summary, the three-cylinder model was used successfully to predict the response
of a ceramic-matrix composite. The model shows its great ability to capture the damage
progression, including fiber-matrix interface debonding, and multiple matrix cracking,
with minimum reliance on empirical data. The predicted stress-strain curves are closely
correlated to the micromechanical parameters and, for some combinations of these
parameters, are in very good agreement with the experimental test results. It has been
verified that multiple matrix cracking is the main energy dissipation mechanism, which is
responsible for the occurrence of plateaus in tensile test curves. The parametric study
indicates clearly the influence of the micromechanical parameters on the macro-behavior
of the composite, and provides us an insight into the relationships between the properties

of the constituents of the composite and the bulk behavior of the composite.
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5 Summary and Conclusions

The three-cylinder model of fiber-reinforced composites developed in this study is
one of the most realistic cylinder-like models ever proposed. Introducing the third
composite cylinder to the conventional two-cylinder model makes the model capable of
considering the influence of the rest of the composite on the representative unit. Another
important feature of the model is the rigorous formulation using the singular integral
equation technique, and the accurate interfacial debonding analysis using fracture
mechanics. Therefore, the detailed microfracture analysis in this study is a contribution to
the understanding of microdamage in composites.

In simulating the damage development in composites, this study differs from
previous similar studies in that it considered not only the matrix fracture energy and the
interfacial sliding stress, but also another important micromechanical parameter, the
interfacial debonding energy. Compared to the matrix fracture energy, the interfacial
debonding energy is usually very small. This study, however, has shown that the
initiation of multiple matrix cracking is very sensitive to this parameter; and therefore, it
is inappropriate to ignore its effect on the behavior of ceramic matrix composites. Since
the stress level of multiple matrix cracking is the first concem for engineering
applications, it is of importance to reveal the effect of the interfacial debond energy on
this level while the matrix fracture energy and interfacial sliding stress are given. The

stress-strain curves predicted by this model are in very good agreement with the
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experimental test results, and clearly revealed the correlation between the behavior of the
composite and its micromechanical parameters.

In general, this study indicates that a matrix with a higher matrix fracture energy
can yield a composite with a higher stress for multiple matrix cracking and a wider
plateau. Such a composite is desirable, because a higher matrix cracking stress implies a
higher allowable stress for engineering applications and a wider plateau indicates the
higher toughness of the composites. Nevertheless, the desirable improvements can only
be achieved with the appropriately designed fiber-matrix interface. [f the interface is too
weak (i.e., both interfacial debond energy and interfacial sliding stress are too small), the
desirable multiple matrix cracking may not happen.

The study also shows that the stronger interface (that is, the one with higher
interfacial debond energy and interfacial sliding stress), can improve the behavior of the
composite in the same way. The interface, of course, should be weak enough to prevent
fibers from being broken. In literature, it seems that only the importance of the weak
interface has been emphasized, while the importance of the relatively stronger interface
has been ignored. Before the saturation of matrix cracks, the two interfacial parameters
seem to have similar effects on the behavior of the composite, but the interface debond
energy plays a key role in the initiation of interfacial debonding.

Much work can be done to refine and expand this study. First, thermal effects and
residual stresses can be considered in the model for modeling the high-temperature
behavior of composites. For the interfacial sliding stress, other types of friction may be
used. Second, fiber stresses can be investigated and fiber break may be considered as

another damage mode to extend the usefulness of the model. Third, the detailed effects of
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the micromechanical parameters on the behavior of the composite can further be
investigated by simulating the loading and unloading behaviors of composites. The
simulation with tensile loading and unloading experimental results may be used to

identify the three parameters conveniently.
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Appendix A

Analysis of the Two-Cylinder Problem and
Development of Numerical Procedures

A.1 Formulation of the problem

As shown in Fig. 4.1 the geometry of the problem consists of a fiber embedded in
an infinite matrix with cracks present in the fiber, within the matrix and along the
fiber/matrix interface. Both the fiber and matrix are isotropic, homogeneous and linearly
elastic. In what follows, the superscripts and subscripts 1 and 2 refer to the fiber and
matrix, respectively, unless stated otherwise. The composite cylinder is loaded by a
uniform longitudinal tensile strain &, applied at z = oo, but it can also be loaded by a
thermal load, or both, provided the axisymmetric condition is preserved. The solution of
the problem can be obtained by the superposition of two problems. The first is that of
uncracked geometry under given loading, which can be solved without much difficulty.
The latter, also called the perturbation problem, is the cracked geometry loaded on the
crack surfaces by the negative of stresses obtained from the solution of the uncracked
problem and interfacial frictional stress (if it exists). Since the singular part will be
obtained only from the second solution, only the perturbation problem will be considered

here.
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A.L.1_Displacement and stress fields
For an isotropic body, the axisymmetric displacement and stress fields can be

expressed in terms of Love's stress function ® as follows [83, 84]:

1 3%*®

u.(r,z)= BT (Ala)
1 2, 0D
=—[2(1-v)V2p-L2 A.lb
u,(r,z) = u[( v) 62] (A-1b)
6, (rz) = - Fvvch-az—d’- (A.lc)
i\’ - aZ I arz J’ .
o) = L] vv2p_ 22 (A1d)
oo\’ oz I ror J’ -
2
o(rz)= i[(z Wwie-2® ‘D}, (A.le)
822
2
T.(r,2) = ——[(1 yvip-22 q’J, (A1f)
8z
V2V2id(r,z) =0, (Alg)

where 1 is the shear modulus, v the Poisson's ratio, urand u, are the radial and z-direction
components of the displacement vector, respectively, and V* is the axisymmetric
Laplace’s operator. Since the problem considered here is also symmetric about the plane
z =0, in what follows only the upper half, i.e., the 0 <z < o region, will be considered.

The two stress functions for the fiber and the matrix can be expressed as [S0, 51]
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2
@1(.2) = = [V o) + £, st ()] singas)es
+ [ 1212w, + mp)e sy ), (A.22)
(r.2) = = [[£1()Ko(r5) + £u (S, ()]s
, = )30 4 (8)rsK, (rs)]sin(zs)ds

*E’o (P)P(2v, +2zp)e™™ Jo (rp)dp. (A-25)

Using the relations in Eqs (A.la-f) and the stress functions yields the displacement and

stress fields:

1 2
u,l (r,z)= -:—Zu—l;t-ﬁfl (), (rs) + f,(s)rs], 0 (rs)]s2 cos(zs)ds

1
+ IJ:}O(P)PJ (1-2v, -2zp)e™ J,(rp)dp, (A.33)
12
ul(r,z) = Z; J:{ S1($) o (rs) + £, ()41 = v, )y (rs) + sl (rs)]}s? sin(zs)ds
1
e [ la-vo+ D soem1an (A3b)

2
o':,(r,z) = < J:{ l(s)[—[0 (rs)+ I, (rs)/ rs]

+£,()(2v, = DIy (rs) - sl (rs)]}s° cos(zs)ds
+ [ oD -2V op) - -2, -0 ke dp, (A3

2
0':.‘, (r,2) = - J:.{ 1 () o (rs) + f, (s)[2(2 =V ) o(rs) +rsl, (rs)]}s3 cos(zs)ds

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



88

+ [ 1o218* 1+ ) sy ()=, (A3d)
2
tL(r,2) = - J:{ 1)1 (rs) + f(s)[rsIy (rs) +2(1 - v, )1, (rs)]}s” sin(zs)ds
5 -
+ J:fo (P)p°zJ,(rp)e *dp, (A-3e)
1 2
ul(r,z) = o J:f S3()K () + f4(s)rsKy (rs)]s* cos(zs)ds
1
o™ [a@r*a-2v, -1 s,6p2a0, (A36)
1 2
ul(r,z) = e J:E 3()Ko(r5) + fy (s)[rsK, (rs) — 4(1 - v, ) Ko (r5)]}s? sin(zs)ds
1
e [&@2’20-v)) + D s 01, (A3g)

2
0% (r.2)== f{- S Ko(rs) + K (rs) / 75]

+ fa()[(1-2v,) Ky (rs) - rsK, (rs)]}s’ cos(zs)ds
+ [ 80P (- )1y (p) -2, ~ ) 2) ol s, (A 3h)
2 2
ci(r,z)= = J:'{ 3(VKo(r) + f4 () ~2(2 = v,) Ky (rs) + 75K, (rs)[}s* cos(zs)ds

+ Eo@)p‘(1+m)Jo(m)e‘*dp, (A30)

2
ti(r,2) = - ﬁ— S3()K (rs) + [ (s)[-rsKy (rs)+2(1 - v,)K, (rs)]}s’ sin(zs)ds
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+ [ o)p*2 (m)edp, (A3))
0

where f; (i =0,1,...,4) and g, are unknown functions, and Ji» I, K; (7=0,1) are Bessel

functions of the first kind, and modified Bessel functions of the first and the second kind,

respectively.

L2 Bound { continui it

The boundary and continuity conditions at the interface are:

u,l (a,2) = u,2 (a,2), 0<z<b;,c;<z<0m, (A.4a)
oh(a,z) = o2 (a,z), 0<z<w, (A.4b)
o{,(a,z) = cf,(a,z) = —p;(2), by <z< C3, (A.4c)
u; (a,2) = uz2 (a,z), 0<z<bj,c3<z<o, (A.4d)
1.’,[._. (a,z) = tf:(a,z), 0<z<oo, (A.de)
tL(a,z) = t,zz(a,z) = pa(2), b3 <z<e;. (A.4f)

Also at z =0 plane the boundary and symmetry conditions are:

u;(r,0)=0, 0<r<by, ¢<y<a, (Adg)
1.':.: (r,0)=0, 0<r<a, (A.4h)
uz2 (r,0)=0, a<r<b,, ¢cg<r<om, (A.41)
12 (r,0)=0, a<r<aom (A.4))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



90
0’:: (r,0) =—p,(r), bi<r<ey, (A.4k)

cZ(r0) = —p,(r), by<r<c, (A.4])

where p, (i=1,...,4) are the possible tractions on the crack surfaces.

\13_Definition of conti fislocati

Applying the conditions given above directly, the problem can be reduced to a
system of dual integral equations. It can also be reduced to a system of singular integral
equations by introducing the following four dislocation functions:

“‘ 1 au; (r’+0)

¢ (r) = v, o (A.5a)
@20 =-F " Ou; g,+o), (A.5b)
P3(2) =24, %[u,z (@+0,2)-u}(a~0,2)] (A.5¢)
04(2) =24, 2 [u(@+0,2)-u!(@~0,2)]. (A5d)

From the above definitions and Egs (A.4a-i) it can easily be seen that the each dislocation

function @; (i =1, ..,4) vanishes except along its relevant crack line.

. Derivation of singular intescal eauai

Using Eqs (A.4g), (A.4i) and (A.5a-b), one can show that
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fo(p) =p%j:r<px(r)-fn(rp)dr, (A.62)
and
2= [roa () opar. (A.6)

The remaining four unknown functions J; (i=1,...,4) can also be expressed in terms of the

unknown functions g, (j=1...,4). Using Eqs (A.4b), (A.de), (A.5c) and (A.5d) and taking
the inverse transforms, one obtains the following system of four algebraic equations:
fi(sN=1o(as) + I (as) / as) + £, ()(2v, — ), (as) ~ asT, (as)]
+/3()(Ko(as) + K (as) / as) + f,(s)[~(1 - 2v,) K,y (as) + asK, (as)] = R,(s), (A.7a)
f1()(as) + f,(s)(asIy(as) + 2(1 - v)) [, (as)] + f;(5)K, (as)
+/s(s)asKy(as) — 2(1 - v, )K, (as)] = Ry (s), (A.7b)
~/1()1(as) - fy(s)asly(as) ~ f;()AK, (as) - £ (s)hasK, (as) = R;(s), (A.7c)
~/1()o(as) - f2()[4(1~ V)1 (as) +asI, (as)] + f(s)AK, (as)
+fo(S)[~4A(1 - v,) Ko (as) + AasK, (as)] = R, (s), (A.7d)

where A=p./y,. and the right hand side terms (R; i=1,..,4) are given by:

qQ 2
R, (s)= —% J' to,(t)h,dt + L’IIQZ (t)hydr (=1,2), (A.8a)
S” Iy S~ dby
1 fa A2 1 [ .
Ry(s) = - J' tQ,(t)hydt + = I 19, (t)hydt + 5 I @5(2)sin(ss) dt (A.8b)
S Iy s Jb, S” JIby
1 fa A [ 1 [
R,(s) = -—3J‘ 1o (t)h,dt + —3Itq) 2(t)hy,dt + —3-Iq>,, (t)cos(ts) dt (A.8c)
S” Jpy S Jby S” Jby
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here Ay, (k=1, 2, i=1,...,4) can further be expressed as

hy =[Ko(as) + K, (as) / aslts* I, (ts)

- {Ky(as) +[a*s® +2(1-v,)]K,(as) / as}si, (ts), (A.92)
hyy = 1s* K, (as) ]y (ts) - ask, (as)sly(ts), (A.9b)
hyy = ~ts* K, (as)l, (ts) + [asK,(as) + 2(1 - v, )K, (as)ls1, (ts), (A.9¢)
hyy = 15 Ky (as)ly (t5) + [—asK, (as) + 2(1 - v, ) Ko (as)]s], (15). (A.9d)

hy1 = Lo (as) ~ I, (as) / as)ts® Ky (15)

+{Lo(as) ~[a’s® + 2(1- v, (as) / as}sK, (1), (A.9¢)
hy = —ts* I,(as)K, (t5) + asl, (as)sK, (ts), (A.91)
hy =5 1 (as)K o (ts) +[~asly (as) + 2(1 - v, )1, (as)1sK, (ts), (A.9g)
hyy = 1% Iy (as)K, (t5) - [as] (as) + 2(1 - v, ), (as)1sK, (ts), (A.9h)

The solution of Eqs (A.7a-d) can be expressed as
fils)= —Z (R, (5), (=1, 4), (A.102)

where D(s) is the determinant of the matrix of coefficients of Eqs (A.7a-d) and Gji(s)
(4,j=1,..,4) are the elements of the adjoint of the matrix. Using Egs (A.8a-c),

Eq. (A.10a) may be written as

fi(s) = D(S) {—j upl(t)z oy (5,00t + _[;fcpz(z)fa(s,t)dw

J=1

+ I ?p3(t)C3,- (s)sin(ts)dz + f ?p,,(z)q,,. (s) cos(ts)dt}, (i=1,...4), (A.10b)
0 0
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where
H;(s,8) = C;hy; + Cpihyy + AC5ihy; + AC,;hyy . (A.10c)
Now substituting Eqs (A.6a-b) and (A.10b) for f; (i =0,...,4) and g0 in Eqs (A.3c-e)

and (A.3i), and after lengthy algebra and asymptotic analysis, one can obtain the

following system of singular integral equations:

qa
1 o
= ?d: —iju(r )9, (t)dt = —p,(r), b <r<c, (A.11a)
4 1y
(t)
J' T Z J' by (1,1)0 ;(dt = - p, (r), by<r<c,, (A.11b)
J=l p;

-
x) 7125930 +10,(2)

mllz_[k},(:z)cp,(z)dz ‘;3(), by<z<c, (A-llc)

1 J’ _-—)qu(t)dt -193(2)

mllZJ'k4j(tz)<pj(t)dt B@ pcrce,  (allg)

J=l b; n
where b, = by, cy= 3 Y =Y12 1115

A+xy+1+ Ak, y _ A+ —(1+4x,) ; '
24 +x)1+AKy)" "2 T 2wk )+ AK,) " ~4v,(i=12), (A.12)

Yn=
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and the kernels k; j (&, /=1,...,4) can be expressed as:

kuuer) ==t [kl‘ ()Y Cal(5.0) + k3 )Y QZhli(SJ):,%
S

=l i=1

(1]
1{E(r/t)/(t+r)+(E(r/t)—1)/(t—r), r<t
- . (A.l3a)
(E(t/r)—l)/(t-r)—E(t/r)/(t+r)+2K(t/r)/r, t<r
kiy (6,r) = t | (kKL rs) H, (5,) + k) (rs) L, (5.2)) 95
2 ‘! (ki (rs)H, (s,8) + kL(rs) 2(s,2)) 5 (A.13b)
k() = J' [ (r)C31(5) + i} r5) Ci ()] sin(es) / Dspas, (A.13¢)
0
ko (2,7) = f [ r)Ci () + kL (75)C (s)]cos(ts) / D(s)ds, (A.13d)
0
]3 4 4
ky (2,r) = ~t [kz(rs) Ci3 () (s,2) + k2 Coy (S)hy; &
|4 Z Sy 2("3); «Ohi(sn) |55 (Alda)
k = 2 -
2 (£,7) =1 _0[ [; k2 (rs)B, (s,t)J o)
E(r/t)  E(r/1)-1
+l t+r t-r) ’ et
2V EQ/n-1 E(/r) 2K(t/r) ’ (A1)
- + , t<r
t—-r t+r r
ky(t,r) = I[klz (rs)Cs5(s) + kz2 (rs)Cs, (s)] sin(ts) / D(s)ds, (A.l4c)
0
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kyy(t,r) = J' [k,z (r5)Cy3(s) + k2 (r5)Cyy (s)]cos(ts) ! D(s)ds,
0

i=l

b (62) =~ [kl’ ) Ca( My (5,0) +K3(5)Y " Co(5Yh, (s,:)}Ll’j((z;’ ds
i=| s

0

114 T
+2 ! Pl(1-2p)Jo(@p) ~ (1~ 2, — 2p)J, (ap) / ap)V (p)e P dp,

kyy(6,2) =1 J' (K2 ), (s,0) + k3 (5) Hy (5,1))cos(zs) 1 D(s)ds,
0

s (22) = [[08261C106) ~ K3 ) Coa () / DCs) 1 Jsints) costzsas,
0

ks (t,2) = I [ (5)Cor(5) - K2 (5)Cap (5)) 7 D(s) -y 12 |cos(zs) cos(zs)ds,
0

-]

4 4 1
ka(t,2) =~ J' {k;‘ () Calhy(s,0) + k3 () Y. Cop5), (S"’J SEEZ? “
i=l ’

0 i=l

e r
+ 7Ip2Jl (ap)J,(tp)e *dp,
0

©

ki (t,2) =t J' (ki (5)H, (5,0) + k3 () H, (s,2))sin(zs) / D(s)ds,
0

ka(t,2) = j [k 6)Co () + k£ (Y32 (51 1 D) 11, Jsines sinas)es,
0
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ko (t,2) = f [ (5)Cay () + K2 (5)Co (1) / D(s) + v uJcos(ts)sin(zs)ds,  (A.16d)
(1]

here
ki (rs) = I,(rs), ky (rs) = 22 = v,) Iy (rs) + rs1, (rs),
kl(rs) = Ky (rs), k3 (rs) = =22 ~ v, )K, (as) + rsK, (rs),
k(s =~Lo(@s) +(as) Ias,  K3(S)= v, DIp(as) - L@ las,
ki’ (s) = I, (as), k3 (s) = asly(as) +2(1- v, )1, (as),
B;(5,8) = Ciyrz (V31 (5,) + Cproy (Vg (s,0)
+ACi2 ()3 (8,8) + Coryn () (s, 2), (A.18)

and the functions £( ) and K( ) are complete elliptic integrals of the first and second kind,
respectively. These kernels are bonded in their respective closed domains of definitions
or at most weakly singular whenever the inner matrix crack tip and the outer fiber crack
tip do not terminate at the interface.

When the matrix crack or the crack in the fiber terminates at the interface, some
kernels will not be bounded for all values of the augments in their respective domains of
definitions. These singular behaviors, which determine the singular behaviors of the

dislocations, will be considered in the following section.

A.2 Singularities at crack tips

It is well known that the singular behavior in singular integral equations depends
only on the singular parts of the kemels, which in turn depend on crack configurations. In

comparing the above integral equations with those derived for plane problems [85, 86],
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one observes that they have the same singular parts for similar crack configurations. If
any crack tip of the matrix crack and/or the fiber crack touches the interface, some of the
Fredholm kemels in Eqs. (A.13-16) will become singular. The singular parts can easily be

determined using the techniques developed for plane problems.

\.2.1_Singularities for embedded crac

For this well known crack configuration where both the fiber and the matrix cracks

are away from the interface, the form of the solution can be found from [85-87]:

@) =(c; ~D* (- b)Pr g, (1), by <t<ey, (A.19a)
@20 =(c; =)™ (1 ~5,)P g, (1), by <t<c,, (A.19b)
Q) =(c3 =)™ (¢ - by)P g(1), by <t<g, (A.19¢)

where @ = @3 + igy,

a; =B, =‘%’ a, =0, =‘%’
. . 1 l+y
a3 =-12~io, B;=-12+io, o= —log(—), (A.20)
2n -y

g1(1), g,(t) and g(t) are regular functions in their respective domains of definitions.

When the matrix crack terminates at the interface without intersecting another
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crack, ky; is the only kernel that exhibits singular behavior as r and ¢ approach the

interface simultaneously. The singular part can be separated by using asymptotic
expansion techniques. After some lengthy manipulations the asymptotic expression of ky,
may be written as

ky (8,7) = k3, (t,r) + by (1, 7), (A21a)

where kszz is the singular part, which has the form

1z . c(r-a) . cp(r-a)?
k. J)=—_[— 20 21 22 i .
2 =3 \/:[(r+t—2a) Frtt-2a)? +(,+,_Za)s] (A.21b)
B T (A21c)
2 2 +x) 2(1+Ak,)
_ 6(1-1) _—4(1-2) At

1Ak, 2T eaky)”
and kz (¢,r) is the regular part, which is too complicated to be given here. The above
expressions were also derived in [50].

The kernel k5, (¢,r) and the Cauchy singular kernel in Eq. (A.1 15) constitute the so-
called generalized Cauchy kernel. Following the procedures cited in [87, 88], or using the

results in [50, 85, 87] directly, one may obtain the following two characteristic equations
to determine the powers of singularity for Py
cot(ra, ) =0, (A.22a)

COS(TB, ) + €30 — Co1 B "‘%2‘52(52 ~1)=0. (A.225)

Obviously, a, = -4, and B, can be determined by solving Eq. (A.22b).
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Similarly as the fiber crack terminates at the interface without intersecting another
crack, the asymptotic expression of k| may be written as

kp(,r) = K\ (6,r) + &, (¢, 7), (A.23a)

where k) is the singular part, and has the form:

s L[t b bya~r)  byla-r)?
A =3 \/:[(2:1 ~r=0 Qa—r—07 ' @a-r1) J (4.236)

__1_30-n ek (230

T2 2wk 20+ Axy)

6(1-1) —4(1-1)
by, = by =——— A.23d
e, 2T Ay, (azd)

and kj,(¢,r) is the regular part. The two characteristic equations to determine the powers

of singularity for @, are
cot(nfB;) =0, (A.244a)
cos(met,) — byy + by oy —%a[(a[ -n=0. (A.24b)

Obviously, B, = -, and a; can be determined by solving Eq. (A.245).

3 Singularities for ing cracks at interf

In what follows four possible cases will be considered. Since the same derivation
procedure applies to all four cases, the detailed procedure will be given only in the first

situation, while for the remaining three cases only the main conclusions will be presented.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

(a) Singular powers for intersecting interface and matrix cracks: When the matrix

crack intersects the interface crack while the fiber crack is away from the interface or
does not exist, k3, kg, ky3, kp4 and ky, all exhibit singular behavior. Again, using the

asymptotic techniques, one obtains the following expressions:

( 2 2

1 [t] eu(t-a cy(t—a)l(t-a) -3z
k§=k§z+k§z=—J:< 3‘(2 )2+ [ 5 ] +k,,  (A25q)

2Val(t-a) +z [(t—a)2+22]

( 2
€332|z2° =3(t —a)

ki =k +k£2=l L T [ ] +kg, (A.25b)

2Va |(t-a)® +2% [(t—a)2+z7']2

2
k§=k§3+k2’3=\/g il byl(r-a) i (A25¢)
r (r—a) +t [(r_a)2+t2]
— 2 —
k§=k§4+k2’4=\/g bay (r a)z+ b3yt (r a)2 vk, (A.25d)
r|(r-a)c +t [(t a)2+zz]
where
A(l+x,) A(l+x,)
===, =_—2 A25
ST ) T Ay (A-25¢)
by =— L + 3 b -2
TTO2+x) 20+Ak,) P T ek,
! l (A.250)

by = + ,
2720 +k)) 20 +4x,)
and ks, kg, k3 and kj, are all regular functions of ¢ and r.
So in this case the dominant kernels of the three integral equations involved are all

of generalized Cauchy type. It must be pointed out again that each of the singular kernels
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in Eq. (A.25) is the same as the corresponding one in the similar plane-strain problem
[85]. Therefore the singular behaviors of the solution for the current integral equations
should be the same as those of the analogous plane-strain problem. The three relevant

dislocation functions can be expressed as:

()= —a)P(c, ~0)2 g, (1), (A.26a)
@3(1) =P (c; 1) g5 (o), (A.26b)
P4(0) =P (c5 — )™ g, (), (A.26¢)

where o, and a3 assume the same values as given in Eq. (A.20), and &2(1), g3(2) and g4(¢)

are regular functions of r. Since the fiber crack, if present, still remains embedded in a
homogeneous material, the singular powers for @, are the same as those given in Egq.
(A.20). Substituting above expressions into Egs (A.11b-d), and following the procedure

used in [85, 87], one obtains the following three algebraic equations:

[—cotnB— ‘0, CuP —an(B_I)J(c2 —-a)* g,(a)

sinnB sinwf  2sinnp

b 1 &3
~(by, + 32 B) nﬁ 80+ [1742 N by, (2+ B)} c = 2.,(0)=0, (A.27a)
sin—- cos—
2 2
(031 +C3 +2"'323) (c; —a)*™? (a)
an 231'117—tE
2
+(cotnp + B)c; £3(0) ~yc33g4(0) =0, (A.27b)
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C31 —Cyy —2¢ c; —a)®
n=tn 2ol (6202 @ -0
ay i

2cos—
2

+(—cotnf + — L )e33g,(0)=0 . (A.27¢)
sinnf

For the above equations to have nontrivial solution for g5(0), g3(0), and g4(a), the

determinant of the coefficient matrix must be equal to zero, i.e.,

: [cos -2 +1) + 1] =0, (A.28)
sinwtf

which, as expected, gives the power of singularity as #= 0. It can be shown that only one

equation is independent in Eqs (A.27a-c) and can be expressed as

l(%k—Z)- (c; ~a)** gy (a) + g5(0)c® =0. (A.29)

(b) Singularities for intersecting interface and Sfiber cracks: This is the case when
the fiber crack intersects with the fiber/matrix interface crack while the matrix crack is
away from the interface or not present, and thus very similar to the above one. Using the

above procedure, one can derive the similar conclusions:

e () =(a-0)°-5)" g, (A.30a)
@3(0) =t%c; ~ )™ g (o), (A.30b)
Q4(0) =1y ~)™ g, (1), (A.30c)

where a; and B, assume the same values as given in Eq. (A.20), and g,(z), £3(0), and gy (1)

are regular functions of . The singular powers for @, remain as those as in embedded case
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if the matrix crack is present. The condition relating the values of dislocations at the
intersecting tip is given by equation:

1 +x,

5 (@-8)" g1(a) ~ g5(0)c5 =o. (A31)

(¢) Singular powers for intersecting fiber and matrix cracks: This is the situation
when the fiber and matrix cracks cross the interface and connect with each other, while
the interfacial crack keeps away from intersecting them or does not exist. The two related

dislocation functions may be expressed as
Q1) =(t~b)P (a-) g (1), (A.32a)
P, ()=t -a)’(c, ~1)* g, (1), (A.32b)

where a; and B, are equal to —1/2. The following characteristic equation can be derived

to determine B:
[cosn:B —byy +by,B - -”;—25(;3 - 1)][cosns +p—CyP + 0722 BB - I)J

+[3by) — by, +2(by; — by, )B][-3c3y +e5 +2(cy, -c;)B]=0. (A.33)

Also the dislocations should satisfy the relation:
By b,
gi1(a)(a ~b,)" [cosnp — by, + by, B — BB-D]
+8,(a)(c, —a)*[-3¢;; +cp +2(cp —¢;1)B]=0 (A.34)
(d) Singularities for intersecting interface and two transverse cracks: When the

interface, fiber and matrix cracks intersect at the interface, all four singular integral

equations have generalized Cauchy kemnels which govern the singular powers of four
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dislocations at the intersecting tip. Using the same procedure as used in case (a), one can

show that they are equal to zero, that is, the solution of the equations can be assumed as

®1(1)=(t-b;)" g, (0), bi<t<a, (A.352)
P2(1)=(c; )% g, (1), a<t<c, (A.35b)
(1) =(c; —)* g(t), 0<t<c, (A.35¢)

where a,, a;, and B, are given in Eq. (A.20), and g; (o), &>(?), and g(r) are regular

functions of z.

A.3 Stress intensity factors and strain energy release rates

Since the dislocation functions, which are to be determined from the solution of the
singular integral equations, are singular near the crack tips, the stresses around the crack
tips are singular too. In fracture mechanics stress intensity factors are used to describe the
singularities of stresses. It is well known that the stress intensity factors are related
directly to the values of the functions 81(9), g5(t), g5(r) and g,(¢) at the crack tips. The
detailed derivation procedure can be found in [87]. It is thus very convenient to determine
stress intensity factors from the solutions of the integral equations and then to determine

strain energy release rates.

\ 3.1 Stress intensity factors for x

If by>a, the crack is embedded in the matrix, and the stress intensity factors are

defined as
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. -1
k(6y) = lim /2B, ~r)oZ.(r0) = a; g,(5,), (A.36a)
ki(c2) = lim 207 = ;)02 (r0) = ~a; g, (c,), (A.36b)
roc;
where az='(C2-b2)/ 2.

If b, =a, c;<a and b; >0, that is, the inner crack tip terminates at the interface

without intersecting another crack, the definitions of the stress intensity factors are

k(@)= lim v2(a-r) " 6L (r,0) = a5 Tn"g, (a), (A37a)
ki(cy) = lim \2(r=c;)02(r,0) = 2% a2 g, (c,), (A.37b)
r—c;
where

u - A +x,)[(1+Ak,)(3 ~2B,)~(A +x,)(1-28,)]

: . (A.38)
2(1. + K )(l + A.Kz )Sm 11:[32

If the inner matrix crack tip intersects another crack, the stress intensity factor

defined for the outer matrix crack tip in Eq. (A.37b) is still valid.

3.2 Stress intensity factors for the fi I

If ¢| <a, the crack is embedded in the fiber, and the stress intensity factors are

defined as
-1
k(b)) = 132 V2, —r)o L (r,0) = a; 2g,(5,), (A.39a)
ki(e,) = lim \2(r = ¢, (r.0) = ~a 1g,(c,), (A.395)
rog
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where a;=(c;-5,)/2.

If ¢, =a, by>a and b; >0, that is, the outer crack tip terminates at the interface

without intersecting another crack, the definitions of the stress intensity factors are

k(6= lim V2B =)L (r,0) =2 g g, (8,), (A.40a)
k(@)= lim V2(r —a) ™ 62(r,0) = —a; " g, (a), (A.40b)
where

N L+x,[(1 +2.1<2)(1+2a[)—(k’+ K3 +2°‘1)]. (A.41)
2 +x )1+ Ak, )sinre,

If the outer fiber crack tip intersects other cracks at the interface, the stress intensity

factor for the inner fiber crack tip defined in Eq. (A.40b) remains valid.

3.3 Stress intensity factors for the nterfacial crac

If 53>0, the stress intensity factors are defined as

ki (b3) +iky (bs) = lif:_(cs ~2)™8(b; —z)Ps [cfr (a,2) + 0';22 (a,Z)]

=ay,\/1-y2 g(bs), (A.42q)

ki(es) +iky(e) = lim(z- ;)™ (2~ b5) ®[02 (a,2) + 02 (a,2)]
z95¢3

=—a;1-v%g(c;). (A.42b)
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If b3 =0, the two interface cracks are, for the convenience of numerical scheme,

usually treated as one crack extended from —C3 t0 +c3. Thus the above definition,

Eq. (A.42b) remains valid.

Once the stress intensity factors are determined, the strain energy release rates can

be easily calculated. As an example, the strain energy release rate for the outer matrix

crack tip may be defined as
. 2T (eatd 5 2
Gi(c,) = lim =% j o2 (r0)u2(r,0)rdr, (A.43a)
550 8 €

which can be expressed as

I+x,
4y,

Gi(c,) = nlc,kl(c,). (A.43b)

Similar expressions can be readily obtained for other transverse crack tips, provided the
tips are embedded into 2 homogeneous material. F ollowing [72], the strain energy release

rate for an interface crack tip can be expressed as

. CTRA317) (PRIT) 2 2
T Gk + G ] )+ H @] 49

where a; = (¢c,~b,)/2.
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A.4 Solution of singular integral equations

\.4.1_ Normalization of singular intestal casa

For the convenience of numerical solution the singular integral equations are

normalized with the following change of variables:

For the matrix and fiber cracks
c,+b, c,-b.
t= 12 L4 ’2 Lt, j=12), -l<t<+l, (A.452)
c,+b, c,-b,
r= ’2 .+ ’2 Lx, (=12), ~l<x<+l, (A.45b)
() =9,(1), 9, (6) =9, (1), “I<t <+l (A.45¢)
For the interface crack,
=Stbs  C=by ~l<t<+l, (A.462)
2 2
z=c3*b3+c3‘b3y, ~l<y<+], (A.46b)
2 2
ifb; =0,
t=c;5T, z=cyy, ~l<t,y<+], (A.46¢)
03(6) =93(1), @4(t)=d4(v) —l<t<+l (A.46d)

After introducing ¢(t)=¢,(r) +id,(r), where i=+-1 » and combining

Egs (A.11c-d), the normalized integral equations can be written as

1 1 —
i 0 i‘_(‘;) dv +J: [1'C¢(t) +h6(T) + 4,6, (7) + 1|2¢4(t)]dt

=n(x), —-l<x<+l, (A.47a)
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1 i 1
B ?T(;)dt + _[: [12‘.4)(1:) +he9(t) + 116, (7) ""Izz(l’z(T)]d‘t
=n(x), -l<x<+l, (A.47b)
1 1 1 —_—
100+ [ E e [ 1600+ LA + Lo () + Lt O i

=r(y)-in(y), -l<y<+l, (A.47c)

where

1 . 1 .
[w = 5[143 "134 _1(133 +144 )], lCl = 5[143 +134 —1(133 -’144)],

1 (A.48a)
c; —bj C; —bj .
Ly = kjr (m=34), I, = ky, (n=12,j=1,...4), (A.48b)
Y11 T
rp==pj, (=12, =(-D)" 22 (n=3,4), (A-48c)
11
if b, =b, >0,
- 1/
[ Il VL ) SRPPRP YNNI 0% (A.48d)
¥ u T+y+c ¢; = by

[t may be noticed that the first and second equations are singular integral equations
of the first kind, while the third one is a complex singular integral equation of the second
kind. Different numerical procedures should be used to solve two different kinds of

equations.
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The functions ¢ ,(t), 9,(7) and ¢() have the following forms:

01(1) =(1-D) A+ 1) f,() = () £, (1), -1<a,,B, <0, (A.492)
¢,(1)=(1-1)%2 (1+t)31f2(t)=W2(t)fz(t), ~l<a,,B, <0, (A.49b)
() =(1-1)8A+1)P S (D) =Wy (2) f.(x), —1<Re(a;,p;) <0, (A.49c)

where o, B, @, £, a, and B; were given before, and Si(9), fy(7) and f(7) are regular
functions. Following the procedure described in [87], ¢(t) may be approximated by
Jacobi polynomials as
Ny
HOEYAQY I AZION (A.50)
Jj=0 '

where ¢y, c;,...c », are complex coefficients. Using the property of Jacobi polynomials:

. P_(G-B) W i * (a.B) dt
YT OWO) +— | W(r) PP () —
i J-1 T—-y

1 3 -
;JI—Y PP (y), ~l<y<+l, (A.51)

and the Lobatto-Jacobi quadrature for the integrals involving ¢,(t) and ¢,(t) the integral

equations (A.47a-c) can be approximated as

A
|
Z Ay, [m + Ill(x’Tkl )Jf[ (t4,)

k1=l

Ny
+ Z A, by (x, Tk, ) /2 (rkz )

kz =]

Ns +1
— 1 —_—
+Z [c i he (D1 P () + ¢ J’: b (x, D)Wy () PP (t)dtJ

joL <1
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=r(x), —l<x <+, (A.52a)

N.
2 1 My
Z 4, [m +ip (%74, )}/2 (Te,) + Z Ay b (x v ) f (tg,)

kz=l kl_—.l

[ r lzc (x t)W3(t)P(a3ﬁ3)(t)dt +cC; r mp(a3ﬁ3) (tﬂt:,
Jj=0

=r(x), -lI<x<+], (A.52b)

+Zf I, Wy (1) P3P (2) 1. W, (t)P‘“3'83’}v1

Jj=0

‘*‘Z ALy (s, )fl('f/q)'*‘zAk, [y (¥4, )f2(Ts,)

k= ky=1
=r()-in(y), -l<y<+l, (A.52c)
where 7, and 4,; are the abscissa and weight coefficients of the quadrature, respectively.

In the above equations there are N, discrete values of f1(2), N, discrete values of f,(7), and

N3+1 complex coefficients ¢; ( = 0, 1, ..., N,), and therefore a total of N +Ny+2N;+2 real

algebraic equations is required to determine them.
(@) Integrals involving transverse crack dislocations: When the fiber and matrix

cracks are away from the interface, a, =B, =0, =B, =~1/2, and the corresponding

quadrature is defined by [89]:
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f(t)dt
J“ ZA,‘,f(rk) (i=12), (A532)
where
(k- D - k=1 N
t‘f=_°°{ﬁJ, (=12, W), 4 =200 2T G
; N P A X W

In order for the integral formula to be valid for evaluating the Cauchy singular integrals

the collocation points must be chosen as [89]:

X,

- —cod @m=Dn]
;= cos[ m=12,..,N;,~1 (A.59)

2N -1 [

Now (N, +N, - 2) equations can be obtained from Egs (A.52a-b) as

M
1
2 sy

k=1 m

Ny Ny ,
‘*‘Z Apy by (X, T3 ) f2(Tg,) +Z¢j_‘“l he(x ,T)Ws(T)P,-(a"B”(t)dt
kz:l j:o -

Ny -
+Z ch: IZL.(.\:,,ll ,t)%(t)Pj(“’-B’)(t)d‘r = r‘(xml ym =12, .., N, -1, (A.55a)
A4, +h,(x, .t T
k; [m 5+ Com kz)}fz( &)

N
DI NACHERITRN 3 e, [ b B (1
k=1

Jj=0

N3 . 1 ———
+Z c; J"l by (Xy DYWL (T) P3P ()t = 1, (Ym )My =1,2,..., N, =1,  (A.55b)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

After the integrals in the left side are evaluated, the above equations are simple
algebraic equations. Since similar integrals, which are more complicated, are also

involved in Eq. (A.52c), we must treat these integrals first.

(b) Integrals involving interface crack dislocations: It is worth discussing the
behaviors of some kernels briefly before handling these integrals. In what follows the
attention will be focused on a special interfacial crack, but the conclusions are generally

valid. For a single interface crack (b, = 0), two typical kernels can be expressed as

ki3 (z,t) = rK33 (s)sin(¢ — z)sds, (A.56a)
0
ki, (z,t) = rK34 (s)cos(t — z)sds. (A.56b)
o
It can be shown that
Kup()=00),  Ku(s)=0(), ass—»+wo. (A.57)

Obviously, k;(z, ¢) is discontinuous at ¢ = z, while ki(z, ©) is logarithmically singular at
t =2z, if both are considered as functions of ¢ with a parameter z. The same is true for
kemels &, and £,,.

A typical integral involving one of these kernels can be represented by

+1 1 (1+7)°
I(y,t)P{%3$3) (¢ ( ) dr, (A.58
[1w.08 = )

where /(y,7) is a normalized kernel. It seems very easy to evaluate the integral, if the

factor (1 —12)-’1/2 is used to construct the Gauss-Chebyshev quadrature, and the

oscillating factor [(1+1)/ (1—1:)]‘“’ is treated as a common function as in Ref. [86].
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However the author found that it does not work even for the simplest case where the
integrand consists of only these two factors. For the cases where /(y,7) has discontinuities
or logarithmic singularities, much finer treatment must be used.

If atransformation

1+r’ e ~1
=lo R = , A.59
“ g{l-r ot e” +1 ( )

is introduced, the integral can be transformed into

J' 1 I(y, t(u)) P{*3P3) (1 (u))(coswu + i sinou)du. (A.60)
—o 2cosh(5)

It should be pointed out that as « —>t00, 1/ cosh(u/2)= O(e'{"/z'), which decays very
quickly, and thus finite integral limits may be used to replace the infinite ones. Since the
material constant ® is much less than one for usual material combinations, the
oscillations from two circular functions are very weak. Therefore it is not difficult to
calculate the integral accurately. This procedure is equally useful for all integrals
involving W;(t) and W;(t). For the integrals involving /. and /, which are combinations
of discontinuous or weakly singular kernels k; (i, j =3, 4), the integral ranges should be
subdivided into smaller ranges, and the integrals can then be evaluated by using simple
Gauss quadrature in each range.

The equation (A.52c) can now be reduced into algebraic equations using the
weighted residual method. The weight functions used in [86, 87] are

A=y A+ PGy, n=0,1,.., N, -1 (A.61)

After multiplying both sides of the equation by the above weight functions, and then

integrating them with respect to y over range (-1, +1), one obtains a set of algebraic
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equations. Since the first term in the left hand side of the equation is in the form of Jacobi
polynomial series, the orthogonality relation of the polynomials could be used to simplify
the calculations. It is, however, not easy to calculate all the other terms accurately
because of the oscillatory behavior in the weight functions.

It is not difficult to realize that the above method is equivalent to approximating
both sides of Eq. (A.52c¢) in terms of Jacobi polynomials. If the method works, or in other
words, if the Jacobi polynomials are good approximations of both sides of the equation,
other polynomials should work well too. Based on this reasoning, simple Chebyshev
polynomials of the first kind are used as the weight functions in this study:

1
-y

W )= 2 I;l(y), n=1,2,..., Nl -1 (A.62)

Now the reduced algebraic equations may be expressed as

1—-v2 &L, pu N t 1
= o[ moIEE oY [ wn(y)[j: lc,(y,rwt)P,‘“””’(r)dr}dy
j=0 j=0

N3 el 1 —_ L] I
+ch J“l W, (y)“‘l L, (y,0)#,(%) pj(as-ﬂz)(t)dt}iy+z 4, fi(ty) J"l W, (N (v, )y
/=0 - - -

kl'l

N, !
DA W ATHRRYS

k=1

+1
= [0 0) -]y, n=0,1,..., N, -1, (A.63)

where all integrals with respect to y can be calculated using the following simple Gauss

Chebyshev quadrature:
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1 1 n "
J: (1-y*)2 P(y)dy = %Z P(y,), i= cosf%. (A.64)

i=]
Now N, + N, +2N; -2 real equations are provided in Eqs (A.55a-b) and (A.63), and
considering the single-valuedness of displacements, one can obtain the remaining four

equations:

1 I |
J}‘ (v)dt =0, ‘Ebz(t)dt =0, J}(t)dt =0, (A.65)

which can be expressed as:

W Ny
z Aa/i(tu) =0, Z A f2(T2) =0 ¢ =0. (A-66)
kl=1 k2=1

Solving Eqs (A.55), (A.63) and (A.66) determines the N, + N, +2N,; +2 unknowns

uniquely.

(a) Martrix crack terminating at the interface but without intersecting another
crack: When the inner matrix crack tip is terminated at the interface, k,, will exhibit
singular behavior. In addition to the procedure discussed above some particular numerical
schemes must be used. Although the integral equations with generalized Cauchy kernels
were investigated previously [85-87], the effort was only limited to the determination of
the power of singularity, with no particular attention being paid to their numerical
solution. As commented in [90], the method used in the above studies was not fully

justified. The convergence problems were encountered in solving such systems. Detailed

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



117

discussions can be found in [90-92] on the proper treatment of the generalized Cauchy
kemels. In this study, the author follows the treatment for general Cauchy kernels given
in [92, 93].

The dominant part of the singular integral equation (A.47b), in this case, may be

expressed as

J“ 2 (f)gz (T)
1

cy(x+1) o (x+ I)
rf[«'***” (t+x+2) (1:+ }W(t Jga(x)ee (A.67)

where ¢ and r are non-normalized variables, #(t)=(1- 1)*2(1+7)%, @y =-1/2, and B,

is to be determined from Eq. (A.22b).
If the Lobatto-Jacobi quadrature is used to calculate singular integrals given in Eq.

(A.67), the following formulas can be readily derived [90, 93, 94]:

J-sz(i)fz JEt)dt Z A;gz_(t) & ()Ky (%), (A68a)
J._ l:wgt gz(r)dr Z A.gz(t d gz (2K, (z)) (A.6%5)
W (Dg () <o Ag,(r) 142

L (t—x)’ ‘; -2 245 (g2(2)Kn(2) __, (A.68¢)

where 7; (i=1, 2, ..., N) are the roots of the polynomial
ox(t)= (1 - tz)Pls,o?;l'BzH)(t), (A.69a)

4;(i=1,2, .., N) are given by
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__an(%) c (t)
A,.-—#(ti), gy(t)= _r W(t) N (A.69b)
and
Ky(z) = "”Z)). (A-69¢)

The integrals in Eq. (A.67) can now be calculated as

1 Agz(t €0 Cy(x+1) . cp (x+1)° .
ﬂz T, —x ZAJ:L +x+2 (g, +x+2) (ti+x+2)3}g3( 2

i=l

- g 2 (X)K N,y (x) r [Czo ‘/—gz (T) Ky, 2 (t) ] t=—(x+2)

‘ﬁ;‘[‘le (x+ 1)(‘/;g2 (f)KNz (t))' + 6‘22(x+1)(\/-t- g:(7)K N (t)) ' J‘t:—(x-(—Z) - (A.70)

If the N,-1 roots of K w, (x) are chosen as the collocation points, the error term in
the Cauchy integral will vanish, but the error from the generalized part does not. This
error in general is not negligible. It has been shown in [90] that its value will become
considerable when a collocation point is very close to x=—1. Actually, according to the
numerical results of [92, 93] and our experience, considering the error from the first

collocation point x, which is nearest to x=—1 is good enough. Thus, if the approximations
are made on gy(t) so that g[-(x+2)] = g (-1), g5 [—(xl +2)] =gi(-1) and
g[-(x; +2)] = g}(~1), the error from the generalized part may be reduced to the

calculations of the hypergeometric functions [91] and can be counted in the integrals. The

complementary equations (A.65) are still valid for this case.
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(b) A transverse crack intersecting the interface crack (T-shaped crack): When the
matrix crack or fiber crack connects with the interface crack while another transverse
crack being away from the interface, the two connecting cracks form a T-shaped crack.
As discussed before, the integral equations corresponding to these two cracks have
generalized kemels in this case. Particular attention should be paid to the treatment of
these integrals. Since the same procedure as discussed in Case (a) can be used for this
case except that the singular power at the intersecting tip is zero now, further discussion
seems unnecessary.

Also four complementary conditions are required to insure the uniqueness of the
solution. For the case of the matrix crack intersecting the interface crack, one of these
conditions is given before in Eq. (A.29), and the other three conditions can be obtained by

considering the deformation compatibility. The four conditions are:

e ;.-kZ)(Cz -a)* g,(a) +83(0)c5” =0, (A-71a)
+C3

@5(t)dt =0, (A.71b)
—c3

A1 ] C3

A J' 92(e)dt - J; @3(t)dt =0, (A71c)
q

_L%(t)dt =0. (A.71d)

For the case of the fiber crack intersecting the interface crack, the similar four

conditions are:

1+ o
2“' (a-8)" g,(a) - g;(0)c =o0. (A.72a)
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:pc; (1) =0, (A.72b)
-Cc3
I+x, - _
: L o0t~ [0, =0 , (A.72c)
2
fwz(t)dt =0. (A.72d)
b

It must be pointed out that, when the interface crack is extended from —c, to +c,,
g3(0) is equal to zero automatically because of the antisymmetry of @, Therefore, in order

for Eq. (A.71a) or Eq. (A-72a) to be satisfied &:(a) or g,(a) must be equal to zero too. In
general, this may not be the case. However, if the two intersecting cracks are not very
short and the behaviors at the remote two crack tips are the main concern, the treatment
seems reasonable. In [95] for the convenience of constructing the integral quadrature
formula, the author used a singular power of —1/2 instead of the real power of zero, and
then he had to let the value of the regular part of the dislocation for the connecting
transverse crack be zero at the connecting tip. The author’s using unrealistic singular
power may supply some compensation on the “zero-assumption”.

(c) Intersection of the fiber, matrix and interface cracks at the interface: In this
case each of the singular integral equations has generalized Cauchy kernels, and the
integrals containing these kernels can be treated using the numerical schemes discussed
above. The procedure for the T-shaped cracks are also applicable to this case.

Two of the four additional conditions are:
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bzéz(t)dt =0 |, (A.73a)

2 c3
1+2 %1 (oGt + @ j 0, ()dt - J' 0(H)dt =0 , (A.73b)
by a 0

and the remaining two are obtained by considering the non-singular behavior at the
common crack tip, where no singularity occurs. For the same reason as discussed above,
the conditions g,(a) = g,(a) =0 can be used instead.

Once the dislocation functions are determined, the stress intensity factors can be
evaluated easily, and all displacement and stress components can also be calculated by

using the integral formulas described in Section A.2.
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Appendix B

Elastic Constants of a Fiber-Reinforced
Composite [7a-76]

4VfVm(vf - vm)2

E3l =Efo+Eme+

v, V ’
m _f‘+i
k,- k, G,
4k’ G’
E.. = t Iy
32 . ] 4k.v2 ’
k, +G, 1+_£: “J
31

1 1
V(v ~v ) (——-—)
S m\Y [ m

k, k.

vy, =V, .V, +
W=V vl + 7 , (B.1)
k; k, G,
=G, VGn +(14+V,)G,
(1+¥,)G, +V,G,’
E
Vi = 220 -1 ’
2G,
where
kp=E;/[2(1-v, ~v}),
kn=E,/2(1-v, -V2),
i o ks + Uk, +Vokn)G (B.2)

t
V ok +Vyk, +G,

_g @BV X1+pV}) -3V, V8]

G‘
‘ (@—V X1 +pV})-37,V2B2
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az(Y+Bm)/(Y—l)a

Bu=o——, By =o—

3-4v, 3—4vf’ B.3)
P=Bn-1B,)/(1+vB,), |
Y=G,/G,,

where 7, and V, are volume fractions of the fiber and matrix, respectively, and the

subscripts fand m are referred to the fiber and matrix, respectively.
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Appendix C

Formulation of the Three-Cylinder Problem
with a Single Matrix Crack

C.1 Displacement and stress fields

The displacement and stress fields for the fiber are the same as those derived in
Appendix A. For the matrix, from Love’s stress function Eq. (3.13) the displacement and

stress components can also easily be derived as follows [51]:

-1 2
u,2 (r,z) = Zz— ;f[_ﬁ ) (rs) + fa (s)rs[0 (rs)~ £ (5)K,(rs)
— fo(S)rsKy (rs)]s? cos(zs)ds + f (PP A-2v, ) S (p)dp,  (C.12)
2

1 2=
ul(r,z) = o n L {5 (rs) + £, (A= vy) Iy (rs) +rsI, (rs)]

+ 15K (rs) + fo () ~4(1~ v, ) Ko (rs) +rsK, (s)]}s? sin(zs)ds

__1_ 3 - -zp
o LZo(p)p [21-v,) +2p)]e% J, (rp)dp, (C.1b)

O’fr (r,2) = -12;‘[)? f; (s)[—I o(rs)+1,(rs)/ rs] + £, (.s')[(2v2 =D 1y(rs)-rsl, ) (rs)]

~fs (Ko (rs) + Ky (rs) / rs)+ fo(S)(1-2v,) K, (rs) - rsK, (rs)]}s’ cos(zs)ds

+ [ &0(P)2* (1~ ) sa0) ~(1=2v, ~ )1, 7)  rple e, C.1o)
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oL(a)=2 [ U3 o05) + £ (522 = v3) Lo (r5) 1l r5)]

+ f5()Ko (r5) + f5(s)[~2(2 - v,) Ky (rs) + rsK, (r5)]}s’ cos(zs)ds
+ [ 80(2)p* L+ o rm)e (C.1d)

=2 ﬁf; O (5)+ fu ()T (rs) + 21— v, (rs)]

~fs(S) Ky (rs) + f5(s)[~rsKy(rs) +2(1- v, )K, (rs)]}s? sin(zs)ds

+ [s(p)* 2 (p)e"dp. (C.1e)
0

Using formulas in Eqs (3.14) and (3.16), the displacement and stress fields can also
be derived readily from the stress function Eq. (3.21) for the transversely isotropic
composite medium. The following four expressions are required in deriving the singular

integral equations:
W =2 r [ [ ()= K (rs/5) + fy($) > K, (rs/ s, ):,scos(z.s')ds, (C.2a)
T Jo 5 5
2
=2 J: {1 Nou /5t ~@u + K51 5,)
+ S5 aw /53 —(au + )|Ky (s s, )}s? sinCzs)ds, (C.2b)

ol = --%J::’{[f,(:r)[(s/s,)2 ~a s’ 1Ko (rs/ 5,) +(1=b,)(s/ rs;)K,(rs s, )]

+ f3 (s)[[(s 15,)® —a.s* 1Ky (rs/ s,) + (1-b,)(s / rs,)K,(rs/ 85 )]}scos(zs)ds, (C.2c)

2
= ;f[f-,(s)(ac !5, ~1153)K,(rs/ s;)
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+f3(sKa. /5, ~1/ K, (rs/ 5,)]s” sin(zs)ds .

C.2 Boundary and continuity conditions

The boundary and continuity conditions at the fiber/matrix interface are:

1 2
u.(a,z)=u’(a,z),

I
6,(a,2) =62 (a,z),

0. (a,2) = 0.(a,2) = ~p;(2),

ul(a,2) = u’(a,z),

I 2
1.(a,z) = 1..(a,z),

Tr(2,2) = 72.(4,2) = py(2),

At the matrix/composite interface four conditions are given by:

u? (R.z) = ul(R,2),

o2 (Rz) =02 (R,z),

T (R2)=1L(R2)=0,

Also at z = 0 plane the boundary and symmetry conditions are:

u,(r,0)=0,
tL(r,0)=0,
t2(r,0)=0,

c2(r,0)= =p2(r),

ul(r,0)=0,
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c; <z <,
0<z<oo,
0<z<ecy,

€c3< Z <oo,

0<z<omo,

0<z<ec;.

0<z<oo,
0<z<om,

0<z<om.

0<r<a,
0<r<a,
a<r<R,
a<r<Rk,

R<r<am,
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(C.24d)

(C.3a)
(C.3b)

(C.3¢c)

(C.3d)

(C3e)

(C.39)

(C.4a)
(C.4b)

(C4c)

(C.5a)
(C.5b)
(C.6a)

(C.6b)

C.7
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. (r,0) =0, R<r<am, (C.8)

where p; (i=2,...,4) are the tractions on crack surfaces.

C.3 Derivation of the singular integral equations
Using the three dislocation functions defined in Eq. (3.22), and following the same

procedure used in Appendix A, one can easily show that

fo(p)=0, (C.9a)
1 ¢R
&0lo) == | rou)srar, (C.9b)

and the remaining eight unknowns £;G=1, ..., 8) can be determined from solving a set of

eight algebraic equations:
8
D 4 f()=R(s), (i=1..8) . (C.10)
=1

The coefficients A;; are can be expressed as:
4y =—Iy(as) + I, (as) / as, A, =2(1- v )asl(as),
A3 = Io(as)-I\(as)/as, A, =(1 —2v, )M (as) + asl, (as),
Ais = Ky (as) + K (as) / as, A5 =~(1~ 2v,)K, (as) + asK, (as),
A7 =0, A4y =0,
Ay =1 (as), Ay =2(1-v,)I\(as),
Ay = =1)(as), Ay =—{2(1-v, )1, (as) +asly(as)],
A5 = Ky (as), Ay = asKy(as)-2(1-v,)K, (as)],

Ay =0, Ay =0,
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A3l = —Il (aS), A32 = —aSIO (aS),
A33 = Ul (aS), A34 = A.aslo (aS),

A;s =-AK,(as), 4y =-AasK,(as),
Ay =0, Ay =0,

Ay = ~Io(as), Ay, =as{l](as)- I} (as)]- 4(1 - v,)I,(as)],(as),
Ay =My(as), Ay =A[4(1- vy )y (as) +asl | (as)], (C.11)
Ais = MKy (as), Ay =M-4(1-v,)K,(as) + asK, (as)],

Ay =0, Ag =0,

As =0, A5, =0,

Asy = I\(Rs), As, = Rsly(Rs),

Ass = =LK (Rs), As; =—RsK,(Rs),

As; =202eK\(Rs/ 51) /5, Asg =2u,eK\(Rs/s,)/s,,

4, =0, A4g =0,

Ass = Iy (Rs), Agy =4(1-v,)Io(Rs) + Rsl,(Rs),

Ass = Ko(Rs), Agg =—~4(1~ v,)Ky(Rs) + RsK, (Rs),

A7l =0, A-’z =O,

A3 = =Io(Rs) + I,(Rs) | Rs, Ay, =(2v, —1)I,(Rs)— Rsl,(Rs),
Ars = Ko (Rs) + K (Rs)/ Rs], Azs =(1-2v,)Ky(Rs)~ RsK,(Rs),
Ay =(1/st —a.)Ky(Rs/s) +[(1-b.)/ (s;Rs)]K,(Rs ! s,),

Az =(1/53 —a)Ko(Rs/ 5,) +[(1=b,) / (s, Rs)]K, (Rs / s,),
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Ay =0, A, =0,
Agy =1, (RS), Ay, = Rsly(Rs) +2(1- v, )I,(Rs),
Ags =K\ (Rs), Ags =—RsKy(Rs)+2(1-v,)K, (Rs),

4y =(U/ 50 ~a. I S)K\(Rs!s,), Agg=(1/5}~a,/S,)K,(Rs/s,),

here

129

My =2U,(a4 +8—ay /st),and the definitions of the other parameters have been

given in Chapter 3. The right hand side terms R; (i = 1, ..., 8) can be expressed as

1 (%
R,'(S) = 5—3 t(pZ(t)hxdta (i=19 2a 5’ veey 7),
A (R Lo
Ry(s) = 3 1@, (£)hy(s,t)dt + = J () sin(st)dt
Ja S”J0
R AR 1 [
£ =5 | 102 0hy(s.0d 45 [, cos(srya
Ja S J0

Rg=0,
where &; (i=1,...,7) are given by
hy =[1o(as) ~ I, (as) / asles® Ky (ts)
+{lo(as) ~[a*s® +2(1-v,)),(as) / as}sK, (1s),
hy = 15> I (as)Ky (t5) + asly (as)sK, (ts),
h = ts” Iy (as)Ko (t5) + [~asly(as) + 201 - v, (as)}sK, (s5),
hy = t5* Io (as)Ko (t5) ~ [asl; (as) + 2(1 - v, ) Io (as)IsK, (t5),

hs(s) = ~ts” Ky (Rs)Io (t5) + [RsKo (Rs) + 2(1 - v,)K, (Rs)]sl, (ts),
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h(s) = [sKo(Rs) — K, (Rs) / Resl,y(ts)
+{Ko(Rs) +[Rs +2(1-v,) / Rs]K, (Rs)}sI, (ts), (C.131)
hy(s) = ~ts> Ky (Rs) Ly (15) + RsKy (Rs)sI, (ts). (C.13g)
The solution of the system (C.10) can be expressed as:

1 .
f,-<s)=D(—S)j§=lj Ci(9)R,(s), (=1,.., 8), (C.14)

where D(s) is the determinant of the coefficient matrix of system (C.10) and Cﬁ(s)
(4. j = 1,...,8) are the elements of the adjoint of the matrix.
Now substituting (C.9a-b) and (C.14) for £; (i = 0,1,...,8) and & 1n Egs (A.3c, 3e)

and (C.1d), and considering the stress boundary conditions along the cracks, one can

obtain the system of singular integral equations, Eqs (3.23a-c). Introducing
F2j(r8) = Cps(9) 15 (r5) + C 4 ()22 = v, )Ly (rs) + rs1, (rs)]
+ Cis(8)Ko(rs) + Cr6()[-2(2 ~ v,) Ky (rs) + 73K, 9], G=1,...,7), (C.15a)
Fj(s) = C;1(s)(—1o(as) + I, (as) / as)
+ Cpp ()@, -1y (as) - asl, (as)] , G=1,...,7), (C.15b)
Faj () = Cp()1(as) + Cp (s)(asly(as) + 2(1- v) I (as)] , (=1, ..., 7), (C.15c)

we have the following expressions for the kernels:

«©125,.7
K (6,7) = ‘f [ 2 Fu o5 h6) + M(F .5 (1,5) + Fay (1,5, (t’s»J Da(ks)
0

i=l
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E(rit)  E(r/t)-1

+l t+r t-r) ’ r<t
2E@/r)-1 E@tir) 2K(t/F) (G162
- + , t<r
t—r t+r r
ki (6,7) = [ F(r.5)sin(es) / Dis)ds, (C.16b)
0
by (2,7) = _|' Fyy(r,s)cos(ts) / D(s)ds, (C.16¢)
0
) ©12s5.7
k32 (t,Z) = tj[z F;i (S)hi (f,S) + A-(}?33 (S)h3 (t,S)
oL i=l
+ Fy,(5)hy(t,5))]cos(zs) / D(s)ds , (C.17a)
kys(t,2) = J' (Fi3(s)/ D(s) ~ v, )sin(es) cos(zs)ds, (C.17b)
0
ki (t,2) = J(Fy (5)/ D(s) ~ v, ) cos(ts) cos(zs)ds , (C.17¢)
0
©125,.7
ki (t,2) =t J‘ [ Z Fos()R;(2,5) + A(Fy3 (5)hs (2, 5)
oL i=l
+ Fy (s)hy(2,5))]sin(zs) / D(s)ds (C.18a)
ku(t,2) = J' (Fia(s)/ D(s) +7 15 ) sin(zs) sin(zs)ds , (C.18b)
0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ky(2,2)= J‘(I:j,,1 (5)/ D(s) + v, )cos(ts) sin(zs)ds , (C.18¢)
0

where the functions £( ) and K() are complete elliptic integrals of the first and second
kind, respectively.

The kemels &, J(t, r) (=2, 3, 4), Ic,]{t,z) (i=3, 4, j=2, 3, 4), are Fredholm kernels.
Here because the two matrix crack tips are terminated at two interfaces and also the
interfacial crack is connected to the matrix crack, ky,(¢, r) has strong singularities when
both ¢+ and r approach the fiber/matrix interface or matrix/composite interface
simultaneously. Ky,(t,7), kaa(t, 1), k35(2, 2), and k4(2, 2) all have strong singularities when

their two arguments approach the intersection point of the matrix crack and the interfacial
crack simultaneously. The detailed technique for handling such singularities has been

presented in Appendix A.
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Appendix D

Solution of the Three-Cylinder Problem
with Multiple Matrix Cracks

D.1 Solution of the problem under the action of uniform strain alone
For the problem shown in Fig. 3.9(a), using the principle of superposition results in

the following expressions:

ki =pyk, ~ky, = Cri&ok, — kiz, (D.1a)

k, =leg‘kzz = mxgok—z“kzza (D.1b)

S v, — v, —

°'ﬂ=P217‘°'fz=Cm|507‘0’n, D.lc)
f S

Uz =U Py = miEoU; , (D.1d)

where p,, is the pressure exerted on the matrix crack surfaces and is given by Eq (3.25b),
ky, k, are stress intensity factors of mode I and II, respectively, for the interfacial crack
tip, a is the average fiber stress at the matrix crack section, u,; is the magnitude of the

axial displacement at two cross sections a distance L away from the matrix crack section

for the problem shown in Fig 3.9 (b), &;,, &y, and o, are the two stress intensity factors

and the average fiber stress for the problem shown in F ig. 3.9 (c).
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The problem depicted in Fig. 3.9 (c) can be solved using the principle of
superposition again, as shown in Fig. D.1. Using Egs (3.26a-b) the fiber stress and the

matrix stress of the uncracked problem (Fig. D.1(b)) can be expressed as

Uy CraCui(Cou,
=C z2 = m2 %z €0, 2
Sr2=Cp A Co I 0 (D.2a)
u, Cr2¥:
Ppn = m2 iz = ml( Z )80’ (D2b)

Following the same procedure as used for the derivation of Egs (D.1a-d), one can get the

similar expressions for the problem depicted in Fig D.1(c):

— Cpou.) —
kiy = Py kg ~ k5 =le( mz ‘)301‘1 ~ k3, (D.3a)
— Cpaté: |  —
—_ Vv, — V(C ,u. _
= —"’-—o’ = _m| Z“m2¥z Eg—OC 3c
O 1 Pszf 13 MIVI( I; ) 0=0Cp (D.3c)
Uy =U.pyy = le( C"'Z"’)SOZ . (D.3d)

Repeating the iteration process to step /, one has

—\/-1

Uy  CraCu(Cpm, Y

°ﬁ=Cf2%= ?ZMI[ mz.“z) €9» (D.4a)

m.

uy; Cpo. Y

P2y = ,,.27”=C,,,( = ) e, (D.4b)
. Cm2;z- o 7

kij = pyjky ~ ki = Cpy I Eoky —kyj,s (D.4c)
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— -l
— C.,u Y —
kyj =k, Ky =le( 2 z) Eoky —kyju s (D.4d)
—~\J-l
— v, — Vo (Coaui. Y
Og5 =Py —m"o'_tiﬂ = Cp —m(#) €0 =0 44> (D.4e)
v, AWy
—\J-1
— C.u Y —
Uy =uU,pyj = ml( "'Lz 2) Eold; . (D.4f)

The solution of the problem shown in F ig. 3.9(a) can now be summed up as

ki =e0Col(1-r+r% =+, (D.5a)

ky =eqCpiba(l~r+r® —r+._), (D.5b)

— C,,C C,,C

o, =gy ——= L2 +[V’"C”" +-t ﬁ)(l—r+r2 -+, (D.5¢)
Cn2 v, Cr2

where r =C,,u. / L.

D.2 Solution of the problem under the action of interfacial friction alone

If an interfacial frictional force exists, we can analyze its effects separately. For the
configuration shown in Fig. 3.9 (a) loaded by an interfacial frictional stress 7, alone, the
solution can be expressed as the solution of the problem depicted in Fig. 3.9 (b)
subtracted by that to the problem shown in Fig. 3.9 (c). Since the latter problem is loaded
by uniform strain alone, the solution has actually been derived in section D.1. Consider
the configuration shown in Fig. 3.9 (b) exerted on the interfacial crack surfaces by a unit

shearing stress. Let us denote the stress intensity factors and the magnitude of the

displacements at the two cross sections by k,, kp, and 1, , respectively. The stress
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intensity factors and the average fiber stress for the crack configuration shown in

Fig. 3.9 (a) can be expressed as

k =r, (IE —"Z’(’;—mzk‘(l-rwz —r3+...)], (D.6a)

ky =7, (kz-f‘—?—%"—'—z—kl(l—rﬁl-rz —r3+...):,, (D.6b)

gr=-22lC v YnCnd |1y 42 —ri+.). (D.6c)
L 7

Under the action of both applied strain and the friction force, the response of the

representative volume shown in Fig. 3.9 (a) can be obtained by combining each equation

in Eqs (D.5a-c) with the related one in Egs (D.6a-c).
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$4444 Uz/L - Uniform strain exerted
Fiber JF H [ ¥ on the fiber and matrix
) i cylinders.
Matrix '
Composite H (3 =
(a)
?
Ty
Same tensile strain as in (a)
fittd
i TETT L ETT
(2 o+ ) Fm_ W (2
R
(b) (c)

Fig. D.1 Schematic showing the procedure for solving the problems
shown in Figs. 3.9 (c) and 3.10 (c).
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