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I

Abstract
Colimits In The Propér Homotopy Category
by

Dasarat Misir

Adviser: Professor Alex Heller

We study the proper homotopy category of the Category L of locally finite CW com-
plexes. An object in £ can be considered as being bi-filtered. This leads us to consider
functor categories C7, where C is a category of CW complexes and .7 a small category
that encodes the bifiltered character of an object in £. We are able to show that C7 has
enough structure to enable us to calculate left homotopy Kan extensions in appropri-
ate fraction categories of C7. Also, we show that the proper homotopy category of L is
equivalent to a fraction category of K%, where K is the category of finite CW complexes
and cellular maps, and W an appropriate subcategory of 7.

These results enable us to show that certain constructions in the ordinary homotopy
category which are homotopy colimits, when considered in the proper homotopy category,
turnout to be left homtopy Kan extensions. Further, the Milnor’s classifying space con-

struction lifts to the proper homotopy category when the group is finite.
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INTRODUCTION

Our aim is to study the proper homotopy category of the category L of locally finite
CW complexes [Edwards & Hastings]. This proper homotopy category first got our at-
tention because even pairwise simple products fail to exist. For example, consider the
space X, a circle attached to R* at 0, and the space Y a circle attached to each integer
point of R*. The product of X and Y does not exist in the proper homotopy category
[Misir]. An object in £ can be considered as being “bi-filtered”: an exhaustion by finite
subcomplexes provides an increasing filtration; the smallest subcomplexes containing their
complements gives a decreasing filtration. This leads us to consider functor categories
C7, where C is a category of CW complexes and .7 a small category that encodes the bi-
filtered character of an object in £. C7 does not have a Quillen model structure. How-
ever, we are able to show in chapter 1 that C7 has enough structure to enable us to cal-
culate left homotopy Kan extensions in appropriate fraction categories of C7. In chapter
2, we show that the proper homotopy category of L is equivalent to a fraction category of
KW, where K is the category of finite CW complexes and cellular maps, and W an ap-
propriate subcategory of 7. The methods used in dealing with homotopy Kan extensions
are adopted from those of [Heller 2). Armed with the results of chapters 1 and 2, we ex-
plicate two a priori mysterious constructions in the proper homotopy category. First, the
disjoint union of a sequence of locally compact spaces is locally compact, but certainly
not a coproduct. We shall see that this is a Kan extension when described in terms of
the richer structure we have introduced. Secondly, the Milnor telescope [Milnor] of a se-
quence of locally compact spaces and proper maps is again locally compact, but not as in
the standard case a homotopy colimit.

Furthermore we shall see that the Milnor’s classifying space construction lifts to the
proper homotopy category when the group is finite. Thus in particular, the classifying
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space of a finite group has a canonical proper homotopy structure. Milnor’s construc-
tion in fact produces in ordinary homotopy theory a homotopical orbit-space functor. We
shall try to explicate its role in proper homotopy theory.

We remark that the “bi-filtered” character which is canonical for locally compact
spaces, may nevertheless be of interest for more general spaces, where it would be an ad-

ditional structure. We have not as yet, however, explored this question.



CHAPTER 1

Homotopy Theory & Homotopy Left Kan Extensions in C7

Let C be either the category K of finite CW complexes and cellular map or that of lo-
cally finite CW complexes and proper cellular maps, and J a small category. The functor
category C7 does not have a Quillen model structure. However, for nice categories 7, we
shall show that C7 has enough structure to enable us to calculate some proper homotopy

Kan extensions.

A partially ordered set (7, <) is said to be of finite descept if for any j € 7, the set
A(j) = {m € J|m < j} is finite. We shall say f : X — Y in C is a cofibration, if f
maps X isomorphically to a subcomplex of Y.

Defipition 1.1: An object X in the functor category C is said to be cofibrant if for

J' £Jj, Xj» — X, is a cofibration, colim X, exists and colim X, — X, is a cofibra-
i'<J J<j
tion.

We now establish some properties of cofibrant objects. For 7' C J, we say J' is jnitial
inJifforjeJ,j’€e J' andj<j thenjeJ. X :TJ — Cand J initial in J,

then the restriction X | 7' will be denoted by X 7:. Also, if colim X g/ exists, we denote
Jl
it by colim X.
]I
Lemma 1.1 Let X be a cofibrant object of C7. Suppose colim X and colijm X exist,
J

where 7 is initial in 7. Then the induced map colim X — colimX is a cofibration.
J J
Proof: Let the collection £ = {X '} consists of those X 7., such that 7 ¢ 7', J'

initial in 7, colin'l X exists and the induced map colim X — colim X is a cofibra-
_ Jll JI
tion for 7 C J" C J'. Clearly, L is partially ordered by inclusions on the J's. Now

for any ascending chain § = {X7} C L theunion |J J’' = J”isinitial in 7,
Xzies
and colim X = |J colim X exists. It is clear, for any initial ' of J such that
JII XJ, €S JI



J C J' C J"and colim X exits that the induced map colim X — colim X is a
JI JI JH

cofibration (7' is contained in some J, where X 5. € S). Hence Xy € L. By Zorn’s

Lemma there is a maximal Xy_ in L. If J,» = J we are done. Let’s assume J,, # J.

Since J,, is initial in 7, there is a minimal j € J such that j ¢ T,

Now consider the pushout:

colim X; — X;

i’ fj
colim X — colim X
Tm JIm U {j}

By the definition of cofibrant objects c‘o’lim.Xj: — X is a cofibration, then
colim X — colim Xisa coﬁbrati]ox: {lence we have extended X7, to Xz, u(j)-
TIm JIm U {5}
This contradicts the maximality of X 7,, s0 Jm = J.

Lemma 1.2: If X is a cofibrant object of C7 then colim X exists.

Proof: The proof is similar to that of Lemma 1.1. LetJE = {Xz}, J' initial in 7,
be the collection of objects such that colirrlz X exist. As before, £ is partially ordered.
Lemma 1.1 guarantees that the union of a.{ly ascending chain is in £. Zorn's Lemma as-
serts there is a maximal Xz, in L. If J,, # J, since J,, is initial in 7, there is a mini-
mal j € J such that j ¢ J,,. Diagram 1 shows that X 7 can be extended to Xz, y(;)-
This contradicts the maximality of X 5,,. Hence Jn = J.

Definition 1.2: A map f: X — Y in C7 is a weak homotopy equivalence if for each
J € J, f; is a homotopy equivalence.

Theorem 1.1: There is a functor ( )* : ¢ — €7 and a natural transformation
( )» — 1¢ such that X — X is a w.h.e. and X is a cofibrant object.

Proof: We construct the functor ( )* simultaneously on objects and maps. For f :

X — Y in €7, consider the commutative diagram



>A<J' XJ‘ ﬁ‘x."‘
£ flJ'
A i F AN

where 7' is initial in J; X7 and Y7, are cofibrant objects of 7. r 7. and y s are

w.h.e.’s f7.: X7 — Y7 makes the diagram commutative in C7'.

Let £ = {(f7:,27.y7)} be the collection of all these commutative diagrams. L is
partially ordered as follows: For the inclusion 7" C J'. X’g' VT" = Xgn, 2| = 240
and f7. 17" = fgu, thus (f74. 270, ygu) < f7. 27..y7') if we have the inclusion 7" C
T

Clearly, the union of any ascending chain in £ is in £. By Zorn's Lemma £ has a max-
imal element: (f7_, 27,97, ) HJIm = J we are done. Let’s assume that J,, # J.
Since J, is initial in J, there is a minimal j € J such that j ¢ J,.. By Lemma 1.2

cohm X, and col:m Y, exist. Consider the commutative diagram induced by the col-
i'<ij i'<i

imits. col:mXJ > Xj

J <J
colim
sin? f
colim .
i< Yo >Yi
Taking the mapping cylinders of col:m X — X; and cohm X — Y;.

J'<y j'<J
(Recalling that the mapping cylinder is functorial) gives the commutative diagram
N

cotlm X > XJ ;XJ

J<y

i §; f3 fi
li > Y; >3
YT ——



We have thus extended (f7.. 2., y7.). This contradicts the maximality. Thus 7, =
J.

If f: X — Y in (7 is a wh.e. between cofibrant objects, then for each j € 7 there
isamapg, : Y, — X, which is a homotopy inverse to f,. Alsog : ¥ — X in(C”7
is a homotopy inverse to the w.hee. f : X — Y if thereexist H : X x | — X and
L:Y x] — Ysuchthat H|X x1 = fog, H| X x0o=1x,xL|Y x1=go fand
LY xo=1y

This implies that for each j € 7, f; and g, are homotopy inverses.

Theorem 1.2: f: X — Y in C7 is a w.h.e. between cofibrant objects iff there exists a
homotopy inverse g to f.

Proof: Consider the set £ = {g 7/} consisting of weak homotopy inversees to f;., where
J'is initial in J. Set ggyv < g9 M T" C T 930 = g1 \T". Hyv = Hz | T" and
Ly =Lz |T". Then L is partially ordered.

Clearly, the union of any ascending chain of ¢’;,s is in £. Hence by Zorn’s Lemma
there is a maximal g-. so there exist H= and L+ such that H is a homotopy between
70 97 and 1y,. L= is a homotopy between g7 © f7 and lyT if 7 = J we are done,
so assume not. There is a minimal j € 7 such that j ¢ 7, since 7 is initial in J. We
shall extend g to 97005} and the homotopies H to Hju(;)' L extends to L?u(;} in
analogy to the extension of H=. which we leave out. Thus we show that the w.h.e. g7 is
extended to the w.h.e. 97005} which would contradict maximality of g7 Hence J=J.

We now extend g. Y being cofibrant implies that colim Y} exists and colim Y, —
i< i<

L P

by

Y,  is a cofibration. Since the diagram

commutes up to homotopy, where I, is a homotopy inverse to f,, we can change !, up
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to homotopy to a map g; so that the above diagram commutes. We have therefore, ex-

tended g7 to g7,(;)- (Note g, is a homotopy inverse of f;.) We now extend H
The diagram Cﬂlimx.i' x| _ —* XJ X I

ey
Com‘ /
Xi

commutes up to homotopy where h; is a homotopy between f; 0 g; and 1x,

Note, colim Xj x I — X; x I and X; x 1 — X; x I are cofibrations. Also
i'<j
colim Xj x { is cofibered in both X; x 1 and colim X; x I, thus colim X; x I U
J'<j J'<j i<
X; x I — X; x I is a cofibration.

The diagram : Co)im‘ xe I U XJ Xi"————’ XJ X I

J'<)

coim H Ugo’j ol X;

commutes up to homotopy We can change h, up to homotopy so that the diagram com-
mutes. We have therefore extended H to Hy, ne The converse of the theorem is obvi-

ous.
We now give examples of some computations of Kan extensions.

Theset T = {[m, n]|m < n,mand n € N}, where [m,n] = {m,m + 1,...,n},
are partially ordered by inclusion. We regard Z as an ordered category. Observe I and
Z x T are finite descent categories. We now consider the functor categories CT*Z and C7.
Recall, C is the category of locally finite C W complexes and proper cellular maps or C is
the category of finite C W complexes and cellular maps.

The sum functor § : I x T — Z, where §([m, n] x [i,7]) = [m + i,n + j], gives rise to

§*: €T — CIxT,



Let Ho(CT) and Ho(CT*T) be the fraction categories gotten by inverting their w.h.e.’s.

Obviously, S* preseves w.h.e.’s hence HoS* : Ho(CT) — Ho(CT*T)

Lemma 1.3: HoS* has a left adjoint Holan,

Proof: Theorem 1.1 gives the following construction: for X € CT*Z, there is a cofibrant
X and a w.he. X — X. Therefore, it suffices to define Holan, on cofibrant objects.
For X a cofibrant object, we define (Holan,X )|m,n where [m,n] is any interval of I.

Note, § | [m,n] is a finite, partially ordered set. Hence, the composition S | [m,n] —

7 x I — C is cofibrant, and colim X = colim(S | [m,n] — I x T — () exists.
S | [m,n]
Define (Holan, X )im,n) = (LansX)im,.n) = colim X.
S | [m,n]

All we need to show is that Holan, preserves w.h.e. Let f: X — Y a w.h.e. between
cofibrant objects. By theorem 1.2 there exists ¢ : Y — X such that g o f is homotopic
to 1x and f o g is hmotopic to 1y. If H is a homotopy between g o f and 1y, that is

H:X x1— X suchthat H{X x I = go fand H|I X xo=1x

then colim X xI — colim X. Since — x I commutes with colimits, it
S| [m,n] S | [m,n]
follows that colim go f~1colim X Hence, Holan, preserves w.h.e.’s
51 (m,n] 5 | [m,n]

Clearly, Holan, 4 HoS".

We shall see in chapter 2 that the proper homotopy category embeds in a fraction cate-
gory of Ho(C?), which we now define by introducing the notion of a reindexing on
Ho(CT) and Ho(CT*?),

The process is described first on Ho(C?). Let ¥ : T — T be an order preserving map
such that [m,n] C ¥[m,n] for each interval [m,n] of Z, and as m — oo, I(¥[m,n]) —
oo, where l[a,b] = a. Each such ¥ and X € Ho(CT) give rise by composition to an
object in Ho(C?) which will denote by Xy. It is clearly seen that there is a morphism
ty : X — Xy. We will refer to iy as a reindexing. Let ¢z be the collection of all rein-
dexings and form the fraction category (Ho(CY))[e7']-

Similarly, we introduce the notion of reindexing on Ho(C¥*?). Consider, ¥ : T x I —

Z x T an order preserving map with the following three properties:

8



1)¥W(R)DRforReIxI

2 )if S(R) = S(Q) then S(¥(R)) = S(¥(Q)) where S is the sum function defined

aboveand Q€I x7T

3 )as I(SR) — 00, IS(¥R) — oo

As before, the morphism fy : X — Xy is called a reindexing. Let ¢zx71 be the collec-
tion of all reindexings, and form the fraction category (Ho(CT*%))(e71 1)

Theorem 1.3: HoS* and Holan, factor through the fraction categories.

Proof: We shall show that HoS*(iy) € €rxz foriy : X — Xy in ¢7. We do this
by showing that $*(Xy) = S*(X))e where the construction of ¢ is as follows. For R a
rectangle of 7 x Z, let #(R) D R such that S(¢(R)) = ¥(S(R)) where ¥ is the map
associated with the reindexing iy. Clearly ¢ satisfies conditions 1, 2, and 3. Further it is
easily seen from the construction of ¢ that S°(Xy) = §°(X)¢. Hence, HoS*(iy) € erx71,
yielding the factorization of HoS*.

We now show for iy : X — Xy in ezx7 that Holan,(iy): Holan,X — Holan,(Xy)
is an isomorphism in (Ho(CI))[(;']. The approach is to construct a reindexing for
Holan,X and show that the reindexing morphism factors through Holan(Xy).

Let ¢ : T — T be the composition: T I+ I x I Y~ I x I & T where T[m,n] =
[m,n] x [0,0] and ¥ is the map associated to iy. Observe that if S(R) = S(Q) then
VY(R) = ¥(Q) by condition 2. It follows then, if S(R) C [m,n] that S(¥(R)) C ¢[m,n].

We conclude colim Xr — colim Xy(ry — colim Xq

S(R) C [m,n] S(R) C [m,n] 5(Q) € ¢[m,n]
which is (Holan, X )im ») — (Holan,Xy)mn — (Holan,X),lm__l

Similarly, we construct a reindexing for Holan, Xy and show that the reindexing mor-
phism factors through (Holan,(X))e

We conclude that Holan,X — Holan,Xy is an isomorphism.

Hence the factorization



Ho

Ho(CITIf Hog;x > Ho (C I}

Ho(CIxI)[f{};f e . Ho(C Y

Holan,
Clearly Holan, 4 HoS*
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CHAPTER 2

The Proper Homotopy Category

We begin by defining the categories K, W and L. K is the category of finite CW com-
plexes and cellular maps. W is the full subcategory of I with objects {[m,n)jm = n
orm+ 1 = n}. T is defined in chapter 1.

L is the category of CW complexes such that there exists a proper map into R*, the
nonnegative reals. Such complexes are of course locally finite. Its morphisms are proper
cellular maps.

In this chapter we shall compute the left homotopy Kan extension along the inclusion
W C T between Ho(K") and Ho(K7T). We shall use this result to show the equivalence
of the category L{phe~'] and a fraction category of Ho(K").

Let J : W — T be the inclusion. This gives rise to functors: KW «—~ K7 and
Top" «— Top®. The functor J* : Top? — Top" has a left Kan extension Lany :
Top" — Top?,ie. Lany 4 J*.

There are also forgetful functors U : KW — Top" and V : KT — Top? and the

diagram K W.___L___ K 1
U V
To P w‘___L_‘ TopI

commutes. Clearly Lany restricted to K" does not land in K¥. However, for a full sub-
category of KW it does. We now show this:

In chapter 1, we define cofibrant objects in C7 for 7 any finite descent category.

11



Clearly, W is a finite descent category. Thus, an object X is cofibrant in K W if and
only if X[iq U X[is1,i+1) — X|ii+1) is a cofibration for each .
Since X has the form: Xjoop — Xjo1) =— X1 — Xp13) «— X233y — ... we can

describe Lan X as follows: taking repeated pushouts of the diagram of X we have

[00] X[u] “1 33] 5]
\ AVAN /\ PAN
{.]‘ z] [23] ] [45] /([56]
2] ,31 [24] 35)  /N46]
./ /

1. [o.i [14] (sz x[ac] XH?J

If X is cofibrant in K", it is clearly seen that (Lan; X)jm n) is compact and for
[m',n’] C [m,n] that (Lany X )im: ) — (LansX)im g is a cofibration. It follows then,
for X cofibrant in KW, that Lan; X€K7T.

We therefore, have the commutative diagram:

KW Lan, N KI
#*
U \'%

'
Top W__Lnn;___:ropl

where K;V is the full subcategory of KW consisting of the cofibrant objects. Now, if we
view an object in K7 as a diagram in Top, then we have the functor colimr : K —
Top.

Proposition 2.1: The composition colimzo Lan, : K ;" — Top factors through (.

Proof: Let 7 denote the composition colimzLan;. we shall show for X € K;V that

12



r(X)isin L,andfor f : X — Y in K:’ that 7(f) is proper. From the description of
Lan; X, it is seen that 7(X) = colim(Xjp0) — Xjo,1) — Xjo3)---). Since X[g ) —
Xjo.n+1) i8 a cofibration for each n, we conclude that 7(X) is a CW complex.

We need to show that r(X) is locally finite, for 7(X) to be in L. Before we show this,
we shall show for f : X — Y in K:’ that r(f) is proper. For any compact A C 7(Y) =
colim(Yjo 0y —* Yjo1) — ...), there is a smallest n such that A C Yjo,n) and A ¢ Y|o,n_)-
It follows that A is contained in the image of a finite number of spaces
Yik-1.4 Yikaps- -2 Yinn)s Yinnsn)-

So (rf)"(A) intersects only X{x_1 a)s X(k,kjs- - X[n,n]s X{nn41)- Since each Xy; j; is
compact, it follows that (7 f)~1(A) is compact, hence 7(f) is proper. To show that 7(X)
is locally finite, is sufficient to show the existence of a proper map a : 7(X) — R*.

Therefore, consider the object R € K} where R:0—[0,1] —1 —[1,2] — 2 —

Clearly, 7(R) = R*. For X € K}, X[;; is a normal space, and X[ U X(i41,i41) —
X[i.i+1) is a cofibration hence the existence of a map X — R in K;". It follows, that
there exists a proper map a : 7(X) — R*. Hence the theorem.

We saw in theorem 2 (chapter 1) that the fraction category Ho(Kr') is also a quotient

category. Since — x I commutes with the functors Lan, and colim, the following factor-

ization follows: KW T > L
#

Ho(Ky) e Lipe™]
Proposition 2.2: Hor : Ho(K%) — L[phe™!]
Proof: In theorem 1 (chapter 1) we showed that ( )* : Ho(K%) — Ho(K}') is an
equivalence of categories. The proposition follows from the above observation.
A further fraction category of Ho(K") will give us the equivalence of categories we

' 13



are seeking to achieve. To this end, we introduce a reindexing on Ho(K;V). We do this
reindexing by applying the functor Holan, to an object in Ho(K:'). We reindex this
object in Ho(K7T) and then apply the functor J* to get the reindexing in Ho(l\’:'). That
is, for X € l\’r', consider the reindexing iy : Lany;X — (LanyX)y in Ho(K7T). Now
applying J*(Lan; X — (Lan;X)y) we have X — Xy, where Xy is J*(Lan; X))y, and
it is easily seen that J*(LansX)= X

Let ¢ = ew be the collection of all reindexing maps J*(i)y. As before we have the
fraction category Ho(K")[¢!].

Proposition 2.3: Hor factors through the fraction category.

Proof: For p : X — Xy a reindexing, it is easily seen from the discription of Lan; X
in fig 1 that colimz(Lan;X) = colimz((Lany X)y). It follows that Hor(X) >~ Hor(Xy).

Hence, we have the factorization

" Liphe”]

N

We may now state the main theorem. [e ']

Theorem 2.1: q: (Ho{K"%))[¢~'] — L[phe"] is an equivalence of categories.

Proof: We define a functor T : L[phe™'] — (Ho(KW))[¢~"] such that go T = 1ppp.-1)
and 1y kw)e-1)=Togq.

For a space X in £, choose a proper map a : X — R*. This gives a sequence of
subcomplexes Xy, X,,...... yXm,... where X,, is the smallest subcomplex of X that con-
tains a~}[{m ~ 1,m). We define T as follows: Let T(X,a)p,) = X;. Since X is locally fi-
nite, X, is compact, and X intersects a finite number of subcomplexes from the sequence
X2,X3,...,Xm,.... Renumbering the sequence, we may assume X3, X3,...,X; are the
subcomplexes that intersect X; nontrivially. Set T(X, a2 = X2U X3--- U X;. Clearly
T(X,a)(1,z) is compact. Repeat the process as with X, and the sequence X;41,... Xn,....

14



What we have is sequence of subcomplexes of X,
T(X,a)o,1), T(X,a)n 2, T(X,a)3,3 ... Observe from the construction that

T(X,0)nn+1) NT(X,Q)jmms1) =dform#F nt1orna.

Let T(X,a)inn = T(X,a)[,._l',,l NT(X,a)nn+1)- Clearly, T(X,a) is a cofibrant object
in K¥,

We now show that T(X,a) is well defined up to isomorphism in Ho(K%W)[¢~!]. If 8 :
X — R* in L is also a proper map, then we obtain T(X,). Now consider the descrip-
tion of Lan,(T(X,a)) as in fig (1). Since T(X,B)[n,n41) is compact, we can choose I, m)
such that [n,n + 1] C [I,m] and T(X,B)(n,n41) C (Lan,T(Xa))mj. This gives a rein-
dexing T(X,a)y of T(X,a), such that T(X,0) C T(X,a)y. Similarly, we can show that
T(X,a) C T(X,B)e for some reindexing of T(X, ). We conclude that T(X,3) is isomor-
phic to T(X,a) in Ho(KW)[e™?]

We can now write T(X) instead of T(X,a). We may observe at this point, that
¢(T(X)) = X since colimz(Lan,;T(X)) = X.

We now define T on maps. If f : X — Y in L, it is clearly seen that T(X) -—
T(Y)y «— T(Y) for some reindexing T(Y )y of T(Y). Composition is also straightfor-

ward. If f: X — Y and g:Y — Z, then the diagram
Tiz)

Tly) *'TZ)qy

|

T(x) '—I(‘[)—*T(Y),——Jzﬁ—ﬂ»'f(z) .

shows TgoT f = T(go f). Note T(g) is defined on T(Y )y, since for each n,
(T(Y ))¥[n,n+1) is a subcomplex of Y.
Finaly,if f : X — Y is a proper homotopy equivalence with inverse g, then there

exist proper maps H and G such that H is a homotopy between 1x and g o f;and G
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is homotopy between 1y and f o g. Now from the construction of T it is clear that T
commutes with — x 7, that is T(X x I) ~ T(X) x I. Since H is proper we can clearly
choose a reindexing T(X )¢ for T(X) such that T(H) is a homotopy between T(g o f) and
T(1x) Similarly, we have T(G) a homotopy between T(1y) and T(f o g)

Therefore, T preserves homotopy equivalences. We already saw that ¢(T'(X)) = X
Also, it is easily seen that ¢T'(f) = f.

Now we shall show for Y € (Ho(K%))[¢~!) that Y — T¢(Y) is a reindexing. For
given Y there exists a : Y — R in (Ho(K"))[¢~!]. Hence ¢(Y) — R*, and ¢(a) is a
proper map. It follows that g(a)~'[0,1] = Yjo). In general ¢(a)~![n,m] = Yin,m] Where
m=norn+ 1. Hence,Y — Tq(Y) is a reindexing.We conclude that ¢ is an equivalence

of categories.
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CHAPTER 3

Constructions in the Proper Homotopy Category

We now use the description of the proper homotopy category embodied in Theorem
2.1 to explicate some puzzling constructions in that category. The disjoint union of the
sequence of locally compact spaces is again locally compact, but is not their coproduct,
either in £ or in L[phe~?), as may be seen in the case of a sequence of copies S!: the
map into S which is the identity on each S! cannot be proper. But a family {X,} in
Ho(KW)[e"] is also an object of Ho(KY*N)[ex'] =~ (Ho(KW))N[ex'] where the rein-
dexings ¢y are sequences of reindexings in Ho(K"%)

Let S’ : W x N — W be given by §'([m,n],K]) = [m + k,n + k}. Then Holans: :
Ho(KW*N)(ex'] — Ho(KW)[e?] left adjoint to Ho(S'*), is constructed in analogy to
Holans in Lemma 1.3

Theorem 3.1: In HoTop, Holang: X =~ [], X..

It seems appropriate to refer to Holang: X as the “fake coproduct” of the sequence X.

Suppose next that X : w — £, w being the ordered set of natural numbers. The usual
construction of the Milnor telescope gives the homotopy colimit in HoTop of X, but in
fact lies in £, although in this category it is not a homotopy colimit. We may analyze
this construction as follows.

First, we may suppose that X lies in K% *“, Notice that I{m,n] = n is an order-
preserving map W — w. Thus (1w x!)*X isin KW*W_ Now define Sw : WxW — W
by:

(58] x (3, 3]y — [+ 4,6 4+ 5]

(G4 1) x [ g]) — [+ 4,8 + 5]

(i) x (G + 1) — [i +4yi + ]
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i+ 1) x i+ 1)) —[i+5i+54+1]
then HoSj, : Ho(K¥) — Ho(K¥*W) has a left adjoint Holang, and, reindexing
Ho(K¥*W¥) in analogy with Ho(K¥),

Hol5, : (Ho(KY))[e=') — Ho(KW*%W)[esr) w] has the left adjoint Holans,, .

Theorem 3.2: The underlying space of Holans, (1w X )*X is the homotopy colimit in
Top of the underlying spaces of the X,,.

Proof: The underlying space of an object of Ho{ K% )[¢~!] is gotten by taking the ho-
motopy colimit over W. In order to compute the one in question we must take a cofi-
brant model Y of (1w x {)*X then
(Holans,, (1w x1)*)X|;m n) = U Yii.jixix. 80 that Hocolimw Holans,, (1w x

Swli.j]x(kf)=[mn]
D'X= U Y =U U Yijgxiers) = Hocolimee, Hocolimw X i
6,51 (k.0 k [i]

Finally, let G be a finite group and denote by CC the category of right G-complexes. If
X € CC we denote the G operation on X by the map op: X x G — X.

For a group G the map p : G — +, gives rise to the functor p* : C — CC where
X — X x G. We shall show that Lan, 4 p* on a subcategory of KGxW,

As before C is either the category of CW complexes and proper cellular maps or the
category K of finite CW complexes and cellular maps.

Definition: Let C§ be the smallest subcategory of C¢ with the following three proper-
ties.

L.LYXGeCGforY €eC

2. C§ is closed under coproducts (finite if C = K).

3. Cf is closed under pushouts of the form

ZxG — YxG
lop l
VA — X
where Z € Cg and Z — Y is a cofibration in C.
An object X in C§ is called a G-cofibrant object of CC. The functor p* : C — CC
factors through C§.
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Lemma 3.1: If X is a G-cofibrant space then X/G is a CW complex.
Proof: If X is of the form Y x G then X/G ~ (Y x G)/G ~Y.
If X is gotten from the pushout

ZxG — Y xG

l |
Z — X

we may assume that Z/G ia a CW complex. From the pushout above, we mod-out the

G-action on the spaces. We therefore have the pushout

z — Y
l l
zZ|G — X|G

Since Z — Yis a cofibration X/G is a CW complex.

Clearly, this is also functorial.

Proposition 3.1: p* : C — C§ has a left adjoint, Lan,.

Proof: By Lemma 1., Lany,X = X/G, and since this is functorial we conclude that
Lan, 4 p°.

We now turn our attention to the functor categories (C¢)7 ~ C¢*J where J is a
finite descent category.

Definition: X € C®*7 is a G-cofibrant object if for each j € J, X; € C§

Let Cg*7 be the subcategory of C*7 containing the G-cofibrant objects. As before:

Proposition 3.2: p*:C7 — Cg""' has a left adjoint, Lan,

Proof: (Lany,X); = X;/G which is a CW complex by Theorem 3.1. Since this is func-
torial we have Lan, 4 p*

There are obvious forgetful functors U : C¢ — C and V : C6*J —, C7,

Definition: f : X — Y in CY is a weak homotopy equivalence if U(f) is a homotopy
equivalence.

Definition: f: X — Y in CC is a weak cofibration if U(f) is a cofibration.

Lemma 3.2: If f: X — Y in C© then f can be factored as a weak cofibration followed

by a weak homotopy equivalence.
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A A
Proof: Consider the standard mapping cylinder x_J:__.Y _£_..Y

.
|
Y

X —

Xx1 ~

\

is a pushout.

Clearly, we see from the diagram

XXG ;YX
& o

X

( Xx G) x I ‘{ > Yx ]
\ g
Xx] Y

that i : X — Y is a weak cofibration and it follows from the diagram

X Y

| |

Xx I ﬁ__?\{
\Y

(recalling that — x G commutes with pushout) that f : ¥ — Y is a weak homotopy

equivalence. This concludes the proof of the lemma.
Definition: f: X — Y in C9*7 is a w.h.e of G-spaces if V f is a w.h.e.
Lemma 3.3: Let A # ¢,if X : A — C€ and the colimit of the compostion
UX : A — C exists, then colim 4 X exists.
Proof: Given that colim U X exists, all we need to show is that colim4(UX) is a G-
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space. But —xG commutes with colimits. It follows that colim,U X is a G-space. Hence,
colim 4 X exists, and is equal to colim U X.

Definition: X € CS*7 is called a weakly J-cofibrant object, if V(X) is cofibrant in
cJ.

Theorem 3.3: There is a functor ( )* : C¢*J — C%*J and a natural transformation
( )* — 1lcaxs such that X — X is a weak homotopy equivalence of G-spaces, and X is
weakly .7-cofibrant.

Proof: Same as the proof of the existence of the cofibrant functor ( )* : C7 — C7
and natural transformation ( }* — 1cs which is an equivalence. Only now, we use
lemma 3.3 to conclude the forgetful functor U : CG*J — C7 reflects colimits and
lemma 3.2 for mapping cylinders. This concludes the proof of the theorem.

We now form the fraction category of CG*7. Let Ho(C®*7) be the fraction category
gotten from the w.h.e’s of G-spaces. Next we form the category of reindexings. Since
CCG*J ~ (CC)7, we do the reindexings on (CG)7. Let ¢ be the collection of all rein-
dexings. As before, we have the fraction category (Ho(C%)7))[e5!]. We have also the
isomorphism (Ho(C*7))[eg"] = (Ho(C%)7))[e5")

As in chapter 2, we construct also (Ho(KG*%W))[¢;']. Next we construct a functor
E : KW — KG*W with the property that E(X) is a G-cofibrant object, and E(X)
becomes isomorphic to the telescope of X in (Ho(K%*W))[e!]. To define E, we first
define a sequence of functors. The construction of these functors is similar to the Mil-
nor's construction of a free G-space. By Theorem 3.3 we can replace X € KS*%W by X
a weakly W-cofibrant G-space. Thus we may assume that X is weakly W-cofibrant G-
space.

Let €g(X) = X x G and €9(X) = X x G — X be the group operation on X. Since the
construction of mapping cylinders is functorial, we may replace the map “op” by a weak
cofibration followed by a w.h.e. Thus eg(X) — do(X) =~ X, where do(X) is the mapping
cylinder.
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Note eo( X) is G-cofibrant and weakly W-cofibraat, do(X) is weakly W-cofibrant. Also
(eo(X))imm] = (do(X)){m.n) is & weak cofibration for each [m,n] in W, where n = m or
m 4 1. We next construct ;{X ) by means of the pushout

e(X)xG — do(X)xG
lop !

eo(X) —  e(X)
Clearly, e1(X) is G-cofibrant and weakly W-cofibrant, and eo(X) — €;(X) is a map of
G-cofibrant spaces. It follows from the commutative diagram
e(X)xG — d(X)xG

{op !
e(X) — e(X) \op

X

that e;(X) — X isin K¢*W. Replacing the map e;(X) — X by its mapping cylin-
der gives €;(X) — dy(X) =~ X, where dy(X) is the mapping cylinder. We can construct
e3(X) using €;(X) and d,(X). Note ¢;(X) and d;(X) has the same properties of eo(X)
and do(X) respectively. It follows, if we iterate this process that we have the sequence:

eo(X) — do(X) — &1(X) — di(X) — er(X) — dy(X) — ---.

From this sequence we can extract two sequences eo(X) — €;(X) — e(X) —
-++ a sequence of G-cofibrant and weakly W-cofibrant objects, with (€;(X))mny —
(ej(X))m.n) & weak cofibration. Also do(X) — dj(X) — d3(X) — ... a sequence
of W-cofibrant objects. These sequences can be viewed as objects e(X) and d(X) of
KGxWxw 1t is easily seen that e(X) — d(X) is an isomorphism in Ho( KW *“)[¢;;), ]

Let ¢ : G x W x w — G x W be the projection of W x w into W. This gives rise
tog* : KGXW — KGxWxw [t is clear that d(X) — ¢*(X) is a w.h.e. in KFxWxw,
Hence e(X) — ¢°(X) is an isomorphism in Ho( KW *“)[¢;,), ). Let E( ) denote the
functor Holans, (1w x I)*e( ), and let T be the full subcategory of Ho(KC*W)[ez!]

consisting of the w.h.e.’s of telescopes. Also, let 7" be the subcategory of Ho( KW )[¢~]
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consisting of the w.h.e.’s of telescopes. Because — x G commutes with the telescopic func-

tor Holans,, (1w x I)¢* we have the diagram
HolK oxw)-—H-P-P'— Ho(Kw)[e"]
E

. Hop* A
ch Qpla_*r

where p*X = X x G. Since E(X) =~ Holans, (1w x 1)¢*(X) in T, we have by popo-

sition 3.2 Bg : T — T, where for a telescopic space Y of X Bg(Y) = Lan,(E(X)), it
follows that B 4 Hop®. We have proved the following theorem.

Theorem 3.4: Hop® : T — T has a left adjoint Bg;.
Bg is thus the Milnor functor provided with a canonical locally compact structure. In
particular the classifying space Bg(R*) is thus provided with a canonical locally compact
structure.

It seems likely that the last argument can be generalized by replacing G by any finite

category.
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