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Abstract

Mahler formula for morphisms on the n-dimensional 
projective space

by

Jorge A. Pineiro 

Advisor: Distinguished Professor Lucien Szpiro

The Mahler form ula expresses the height o f an algebraic number as the 

integral o f the log o f its  equation w ith  respect to the Haar measure on the 

circle. The height is in  fact the canonical height associated to  the monomial 

maps xn and the Haar measure is nothing bu t the invariant measure associ­

ated to  those maps. We show in th is work th a t for ” good” morphisms on 

IP" the canonical height o f a hypersurface can be expressed as the integral, 

w ith  adelic terms, o f the log o f its  equation.
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Introduction

The classical form ula o f Mahler in  complex variable states th a t i f  A G Q, 

then log(sup(|A|, 1)) =  Jc lo g |2: — A|dz. The le ft hand side can be read as 

the naive height h ((A, 1)) o f the point (A, 1) G Pq and the righ t hand side 

as the integral o f the log o f the m in im al equation o f A over Q. In  general i t  

is classically known [28], tha t for any point P  — (A, 1) oo in  Q, the naive 

height h (P ) can be related to  the integral of the log o f the m in im a l equation 

F  o f A, in  the follow ing way

ft(P ) =  deg(F) i  l 0« 'P =  d I l 0g

Now the naive height is the canonical height (c.f. la ter) associated to  the 

morphisms <pn : t —> tn on P1. This means tha t h{<f>n(t)) =  n h (t) and h (t) >  0. 

On the other hand the Haar measure d9 on S l is invariant under the action 

o f th is endomorphisms, in  the sense tha t (f>̂ d6 =  ndd and (j)n*d6 =  dO. We 

prove in the follow ing work th a t these phenomena are general for dynamical 

systems on P1 as well as for dynamical systems on Pn provided th a t the

1
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INTRODUCTION 2

morphism admits a ” good model” . The general Mahler form ula we prove 

states tha t i f  (p =  {po,.-,pn) : P" —>■ P" has a model such tha t po,..,pn 

represents a regular sequence inside O k [Tq, Tn] then:

where we have the following:

(i) F  is a polynom ial in the n-variables To /Tn, .., T „_x /T n.

(ii) htp(Dq) represents the canonical height o f the cycle D  =  d iv (F )  —

(iii) The divisor oo is nothing bu t d iv(Tn).

(iv) For every place v at in fin ity  represents an invariant measure rel­

ative to  p  on X v.

(v) E (F ,v  fin ite) is an error term  arising from  the blow-up we need to  do 

when the map can not be extended to  an integral model. I t  depends 

in  fact only on a fin ite  number o f fin ite  places, which we call places of 

bad reduction. When the map can be extended to  an integral model, 

the term  E (F , v fin ite) =  0.

hv(D Q) =  log \F \vdpVtV +  E (F , v fin ite ) +  d eg (F )h v (oo),
>n

V  f  OO ~ K v

d e g ( F ) o o - ^ finiteu (F )X ,
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INTRODUCTION 3

Suppose now th a t our map admits a model such tha t /i^(oo) =  0, then we 

can elim inate one term on the righ t and get:

htp(D q) =  Y ]  [  lo g \F \vdpVtV +  E (F , v fin ite)
V  j  o o  K v

For the discussion tha t follows in  th is in troduction we assume tha t we have 

hp(oo) =  0 . Under certain conditions, which we call pos itiv ity  conditions, 

we have E (F , v fin ite) <  0. I f  we pick the equation F  such tha t v (F )  =  0 for 

every fin ite  place v, we get the inequality:

(D q ) 5; ^  I log \F \vdp^tV.
, J7?').

h<p
i 1T'*'-

V / O O  K v

When the map <p has good reduction everywhere (which is the case o f the 

maps t tn associated to the naive height) and v (F )  =  0 for every v, we 

obtain the equality

h<p{Dq) — ^  ^ /  log \ F \vdfilpjV.
v /o o  * ' P UK V

In  case tha t we are working w ith  p  =  (po,Pi) : P1 —> P1 we can always 

change coordinates to  get T \jp \  (th is makes hv (oo) =  0) and assume by base 

change that the sequence (po,Pi) is regular. The term  E (F , v fin ite ) can be 

in terpret as the sum of “integrals” over the fin ite  places o f K , E ( F , v fin ite ) =  

finite Jp»- i°g  |T |. The measure dp,v at each place over in fin ity  is nothing
K v

but the Bro lin  measure [10], fu rther studied by other authors such as, Lyubich
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INTRODUCTION 4

[27] and Freire, Lopez, and Mane [18]. Taking a po in t P  =  (A, 1) ^  oo in  Ph 

and F  the m inim al equation of A over K  (which we assume w ith  no common 

factors v (F )  =  0 at every fin ite  valuation), the form ula we found takes a 

more symmetric shape,

When we pick A € Q, F  the m inim al equation o f A over Q  and the map 

ip =  (po,Pi) satisfying pos itiv ity  conditions (wich reduces to  impose Ad =  1 

to  the homogeneous polynom ial po =  AdTtf +  ...) we get

which is very sim ilar to  the classical Mahler formula.

1.0.1 N o ta tio n  and con ven tions

A ll rings are assumed to be commutative. Unless otherwise stated K  w ill 

denote a number field w ith  ring o f integers O k - PJ- w ill denote the n- 

dimensional projective space over K  and sim ilar for Pqk - In  the section 

on endomorphisms on projective varieties, X  w ill denote a projective variety 

of dimension n, £  a line bundle on X  and a map from  X  to  itself. The 

term  cx(£, ||.||) w ill denote a 1 — 1 current sim ilar to  the firs t Chern form  of 

£ . In  the rest o f th is  work X  w ill denote an arithm etic  varie ty o f absolute

= l o g i m ideg(F) JPi (C)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



INTRODUCTION 5

dimension n +  1 over Spec(C?i<), in  such a way tha t the fibres X v over the 

places v o f K  are algebraic varieties o f dimension n. For an arithm etic  variety 

X ,  £  w ill denote a line bundle on X  and Cv =  C ® o (x ) Spec(K v) the restric­

tion  of £  to  the fibre X v. The line bundle £  w ill comes sometimes equipped 

w ith  herm itian metrics ||.||p)t, on the fibres £p ]t) over a po in t P  £  X v. We 

w ill be often interested in  the arithm etic  variety X  =  and models Xf, 

tha t arise from blowing-up subschemes Yk o f X .  We w ill use £ 1 , £ ;  to 

denote several line bundles on the arithm etic  variety X  and the expression 

deg(c1(£ 1)..Cx(£i)|Z) w ill represent the arithm etic intersection degree o f the 

line bundles £ 1 ? £;  over a cycle Z  C X  of dimension i. The ideal generated 

by the polynomials p0, ..,pn w ill be denoted by (p0, •■■,Pn) and the symbol \ / l  

w ill be used to denote the radical of any ideal I .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Mahler formula

1.1 Endomorphisms on projective varieties

In th is section we w ill give some examples o f endomorphisms on projective 

varieties. That is, maps ip : X  —> X ,  o f a projective variety X  to itself. 

Under certain conditions on the variety X  (existence o f a line bundle C  w ith  

good properties), we w ill associate to  X  and C  a canonical height function 

and a canonical measure. The canonical height w ill be a generalization of 

both the Neron-Tate on abelian varieties and the naive height on P1. The 

points w ith  fin ite  forward o rb it by tp w ill be characterized as the points of 

canonical height zero. The canonical measure w ill be a generalization o f 

B ro lin ’s measure for maps on P1.

Example 1.1.1. Suppose that K  is a field. A degree d map p  : PJ- —>■ PJ- 

is given by a set of homogenous polynomials P q ( T q , ..., Tn), ...,pn(T o ,..., Tn) & 

K {T 0, . . ,T n\ of degree d, such that (p0, ...,p n) — (T0,.. . ,T n). Here we are 

using \ f l  to denote the radical of the ideal I .

6
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MAHLER FORMULA 7

Here are some examples:

(i) Take pn =  T„ and for 0 <  i <  n — 1, pi =  T f  +  Ti+ iqi, where the qi can 

be taken to be zero or homogenous polynomials o f degree d — 1.

(ii) Take any perm utation o f the polynomials above.

( iii)  Consider for 0 <  i <  n homogeneous polynomials pi — ]TC a yT j*  of

degree d, where { a y }  is an invertib le m atrix.

Exam ple 1.1.2. Consider a prime number p and a polynomial G(x)  € K (x )  

where K  is an algebraically closed field. The fam ily of plane algebraic curves

has automorphisms given by (x, y) —> (x ,£py), where £p is any p —root of 

unity.

E x a m p le  1.1.3. The following example was studied by Wheler and later 

used by Silverman in [38]. Consider the fam ily of K Z  surfaces Sa,b C P2 x P2 

determined by the two equations with coefficients in a number field K ,

The projections pi and p2 represents double coverings of F 2K and determine 

morphisms 0 \ and a2 in each of the members of the fam ily  Sa,b- The free

CP,G : yp =  G (x)

3 3

^   ̂ ai jXiUj  ^  ^bi j ' kjXiXkyjVi  — 0 . 
i,j=1
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MAHLER FORMULA 8

product 0 \ *  <72 ?s contained in the group of automorphism of each element of

Sa,b-

Example 1.1.4. Consider an elliptic curve E  =  C /C  +  r C  given by Weier- 

strass equation y2 =  x 3 + p x  4- q. The multiplication by n in E  induces, as 

quotient by the action of [—1], a map <p„ : P1 —>• P1. For example fo r n =  2,3 

we have:

x4 — 2 px2 — 8 qx +  p2
V2 (t)

R ( T ® 4 - m
<p3(f) =  a

Ax3 +  4p:c 4- Aq

8(x3 +  pa; 4- g )(x6 +  5 px4 +  20<pr3 — 5p2a;2 — Apqx — 8 q2 — p3)
(3x4 +  6pa;2 +  12ga; — p2)2 

T/ie a6oue example can be interpreted in the language of Lattes examples as 

follows: Suppose that r  £ C is in the upper half plane. Let G \ =  {(db l, m  +  

n r )\m ,n  G Z }  be a subset of the complex motion group { (u , a)|u  G £7(1), a G 

C } acting on A^. Suppose that we take N  : to be the [n] — th map,

then the quotient A 1 /G \  is isomorphic to P1 and N  descends to the morphism 

P n.-P 1 - * ? 1.

Example 1.1.5. Consider the plane conic C  over Z  defined by the equation 

C  : X q X i +  p X 2 =  0, where p is an odd prime. The reduction of C  mod any 

other prime I ^  p is smooth and connected. The fiber over p is the union 

of two lines and the surface C  is regular. The map from  P2 to P1 defined 

by <f>([Xo : X i  : X ff )  =  [Xq +  X i ,  X-f\ is well defined on C . Projecting from
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MAHLER FORMULA 9

[ 0 : 1 : 0 ]  yields an isomorphism between our conic and P1, composing this 

last one with <fi gives rise to a map <p : P1 —> P1, which can be checked to be 

ip =  —f 2 (See the notes [3]). This example is an illustration of a blowing up 

allowing to define the map ip on P]j.

Exam ple 1.1.6. Any elliptic curve with complex multiplication admits an 

endomorphisms ring larger than Z . For example, multiplication by 1 +  i on 

the elliptic curve E  : y2 — x 3 +  x. In  this case when we pass to the quotient 

by the action of [—1] on E , we get a new map on P1, namely

/ 1 \  _  1 t2 +  1
¥’1+<( '> ~  (1 +  i f  t '

Exam ple 1.1.7. For a set of morphisms (pi : X i  —y X i when 0 <  i <  k, 

we can consider the product morphism ip =  ( tp i,< p k ) '■ X i  x  ... x X^  -> 

X i  x  ... x X k.

Exam ple 1.1.8. (Another Lattes example). Take the morphism x ... x  ^  : 

P1 x  ... x P1 — y P1 x  ... x P1 (n times) and consider the symmetric group Sn 

acting on P1 x ... x P1 by permutation of the coordinates. Then the quotient 

P1 x ... x P1 /S n is isomorphic to P”  and <p\ x ... x  <p\ descend to a morphism

ip: Pn P".
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MAHLER FORMULA 10

1.1.1 C anonical height

Suppose th a t X  is a projective variety defined over a number field K ,  and 

(p : X  — > X  a morphism, w ith  the property tha t there exist a line bundle £  

on X  and a real number a  >  1 such tha t cp*£ —> Ca . Then we can find (see 

for example [37] or ([21]) a positive height function on X ( K ) ,  defined as 

the lim it hv (P ) — lim ^o o  — wi t h the properties:

(i) hv satisfies N o rthco tt’s theorem: points w ith  coordinates in  K  w ith  

bounded degree and bounded height are fin ite  in  number.

(ii) hv {<p{P)) =  dhv (P ).

(iii) hv is a non-negative function.

(iv) hv(P )  =  0 i f  and only i f  P  has a fin ite  forward o rb it under ite ra tion  o f 

the map <p.

(v) \hy(P ) — h c{P )\ is bounded on X (Q ).

R em ark 1.1.9. The canonical height h9 is uniquely determined by conditions

(ii)  and (v), and this represents a way of checking that certain formulas fo r  

hv are in fact correct.

Le t’s see now how the properties o f the canonical height can be used to 

generate one more example o f a map on a projective variety.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 11

P ro p o s it io n  1.1.10. Suppose that two maps p, if : X  -»  X  that commute 

[p  o if =  if  o p) satisfy the following properties: For some line bundle C on 

X  and real numbers a,f3 >  1, we have p*C  A  C a and if*C  P f , then we 

have h<p — ĥ p and ĥ p̂ p̂ — ĥ p.

Proof. Let s >  0, we can find n  b ig enough such tha t we get a ll the inequal­

ities:

|hv (x) -  hc {pn(x ) ) /a n| < e 

|hc {pn{x ) ) /a n -  h^(pn(x ) ) /a n\ < e 

|h,p{pn{x ) ) /a n -  hc { r  o pn{x ) ) /a npn\ <  e

and the firs t part o f the proposition is a consequence oi p  o if  =  if o p. For 

the second part observe tha t

h<p(p(if(x))) — ahv {i f{x))  — afShyix).

□

E x a m p le  1.1.11. The maps p i+ i(t) =  and p i - i ( t )  =

commute and their composition p i+i(p i~ i( t ) )  =  p i^ i(p i+ i(t)) — p 2(t) =  

*4 ^now canoni cal height associated to p 2, because p 2 is the 

projection on the first coordinate of the multiplication by 2 on the elliptic 

curve E  with Weierstrass equation E  : y2 =  x3 +  x. In  fact p \+i and p i^
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MAHLER FORMULA 12

are respectively the projection on the first coordinate of the multiplication by 

1 +  i and 1 — i on E .

Le t’s go back again to  our discussion o f the canonical height. Under the 

same conditions (p *£  £ a) for ip, £  and a; we can bu ild  the canonical

m ulti-height h ^ Y q ) o f a p —cycle Y  inside X qk . S im ilar properties w ill be 

fu lfilled (Check for example [46]),

(i) M ^ q) ^  °-

(ii) ^ (Y q )  satisfy the functiona l equation hv{pfiYq) — a h v (YQ).

(iii) I f  the o rb it {Y , f ( Y ) , ...} is fin ite , then hv(Yo) — 0.

Conjecture 1.1.12. (Zhang) The orbit {Y , f ( Y ) , ...} of a cycle Y  is finite  

i f  and only i f  the hv(Yq) =  0.

In a more general context, we are able to  bu ild  m ulti-heights hcx,,.,tn attached 

to metrized line bundles (£ i, ||.||j); the canonical height w ill then arise asso­

ciated to a special k ind  of m etric called the canonical metric.

1.1.2 C anonical m etrics

Consider as before X  defined over a number field K , £  a line bundle on X  

such tha t (j>: C a p *C  for some a  >  1. Assume tha t for every in fin ite  place

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 13

v we have chosen an smooth m etric ||.||„ on each fibre £ „  o f £ . The follow ing 

theorem is due to  Shouwu Zhang [46]:

Theorem  1.1.13. The sequence defined recurrently by ||.||„,i =  ]J.|j^ and 

||■ ||t;,n =  (< ^ V * ll- lk n - i)1/Q fo r n >  I ,  converge uniformly on X ( K V) to a 

metric H-H^ ( independent of the choice of ||.||„ , ij on Cv which satisfies the 

equation ||.||Vi1) =  {(t>*T*\\-\\v,v)1/d ■

Proof. See theorem (2.2) in  S. Zhang [46]. Denote by h the continuous func-

pression converges absolutely to  a bounded and continuous

function hv>v. Let ||.!!<,,,„ =  | | . | | iexp(hViV), then ||.||„ converges un ifo rm ly to 

Il-H^i, and its  not hard to check th a t ||.||V)V satisfies

Definition 1.1.14. The metric ||.||t,l¥, is called the canonical metric on Cv. 

Example 1.1.15. Consider the line bundle £  =  0 ^ ( 1 )  on Fq . The Fubini-

tion  log |p|y on X ( K V). Then

n — 2

Since \\(\<l>*T*)kh\\sup <  (^ ) fc||/i||sup, i t  follows tha t the series given by the ex-

IMU = W V  IMW"'

which was the result we wanted to  prove. □

Study metric ||(A0T0 +  ... +  AnTn)(a0, ..., an)||^5 =  is a smooth metric
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MAHLER FORMULA 14

on C. I f  we take || •Hi -  II-IIfs, the lim it metric we get is

P ro p o s it io n  1.1.16. Suppose that two maps ip and ip commute, and for

canonical metrics H-H  ̂ =  ||.||</,.

Proof The key idea is tha t the canonical m etric associated to  a morphism 

does not depend on the m etric w ith  which we sta rt the iteration. Let 

s €E T (X ) be a non-zero section o f £.  We are going to  consider two met­

rics ||.||„,i =  Il-Ĥ p and 11-11̂  =  on the line bundle C. By our defin ition 

of canonical m etric for <p, we can sta rt w ith  ||.||(,;1 and obtain j | s ( a : ) =  

Urn*; ||s((^fc(a;)||ya , bu t also by our defin ition o f canonical m etric for ip s ta rt­

ing w ith  =  H-ll^ we get |js(m)j|^ =  lim ; | |s (^ (a ;) | |^ f  . So using the

uniform  convergence and the com m uta tiv ity  o f the maps, we have

1.1.3 C anon ical m easure and in tegra l a t in fin ite  p laces

In th is  part we set up what w ill be called the integral at in fin ite  places a t­

tached to a map p  : X  -4  X  and a line bundle £  on X .

some line bundle £  on X  we have (p*£ £ a and ip*£  } then the

which was the result we wanted to  prove. □
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MAHLER FORMULA 15

Suppose th a t we have equipped a line bundle £  on X  w ith  a canonical m etric 

Il-H^ on the  fibres and U  C X  is an open set. The function x  M- — log ||s(a:)||^ 

for a non-zero holomorphic section s on [ /,  is not necessarily smooth but 

maybe only plurisubharm onic, and due to this fact, the firs t Chern ” form ” 

Cl ( A  ll-ll) =  ^ T y 9 9 1 o g m a y  be no more than a d is tribu tion . We 

would like to  define the product C i ( £ ,  ||.||) A ... A c i(£ , ||.||). U n fortunate ly for 

general currents we do not have a product as we do for smooth currents. Re­

sults o f Bedford, Taylor and Dem ailly [5], [14], [15] [16], allow us to  consider 

a product o f currents w ith  good properties.

D e f in it io n  1.1.17. (Lelong). Let U  be an open set of complex manifold M  

of dimension n. A current T  G D P,P(U ) is said to be positive (T  >  0 ) i f  fo r  

every choice of C°° (1 ,0 )-forms e q ,.., a n_p with compact support on U , the 

distribution T  A (icq A a \)  A ... A ( ia n_p A a „_ p) is a positive measure on U.

R e m a rk  1.1.18. The positive volume forms on X  are positive multiples of 

(iz i A Zi) A ... A (izn A zn).

R e m a rk  1.1.19. A (p,p) current T  can also be identified with an expression 

jd z jd z j where the coefficients T i j  are distributions. To say 

that T  >  0 is to say that Y lT ijQ -iO tj >  0, where a i  =  J l ie ia i ond similarly 

fo r cxj. The positivity o fT  forces the components Tj ĵ to be complex measures
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with T i tj  =  Tj j .

E x a m p le  1.1.20. A locally integrable function u on X  is says to be plurisub- 

harmonic i f  the hessian iddu  =  i d2u /d z jd z mZj A zm >  0 on X . For basic 

properties of plusibharmonic functions see fo r example [ I f ]  or [15].

E x a m p le  1.1.21. Let Y  be an algebraic cycle on X .  The current 5y of 

integration on Y  is closed and positive. To see this, let a x, a p be p forms 

of type (1,0) and f  a continuous positive function on X .  Then we have

/ f a x A a x...ap A a p =  ip2 /  f \ a x\...\ap\dzx A dzx...dzp A dzp >  0.
Jx  Jx

on the other hand, Y  is a compact subvariety of X  and: 

d5y(u) =  I  d8y A u — / Sy A du =  0.
Jx  Jx

D e fin it io n  1.1.22. (Bedford-Taylor). Let T  be a positive closed current of 

type (p, p) and u a plurisubharmonic function locally bounded on U . We 

define the product (ddcu) A T  =  ddc(u T ).

R e m a rk  1.1.23. The product T u  is well defined because the function u is 

locally bounded and the current T  has measures as coefficients. In  general we 

can define

(ddcU\) A (ddcU2 )---{ddcug) A T  =  ddc(u x A (ddcU2 )...(ddcuq) A T ).
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By prop 1.2 in [16], the current (ddcu i)  A (ddcU2 )...{ddcuq) A T  is a positive 

closed current of bidegree (p +  q,p  +  q).

Le m m a  1.1.24. Let C be a line bundle on X  and cp : X  —¥ X  with the 

conditions of prop. 1.1.13. Let H-U  ̂ be the canonical metric on P. The 

function x  — log ||s(P)||^, is plurisubharmonic on the open set U  — X  — 

div(s) and therefore the current id d (— log ||s(P)||^,) is a positive current on 

U.

Proof. The proof is basically taken from  [24]. Consider the continuous and 

positive function H (x )  =  on X .  Define c =  m inxex  H (x ) .  By chang­

ing tp by c<p i f  necessary, we can have H  >  I .  In  general

IMln _  l lso y l ln - l

||s ||„_ i | |s o ^ | jn_2

and then — log ||s (P )||^  <  — lo g ||s (P )||jt_ i for every n >  2 and the sequence 

{ — log ||.||n}£Li is a non increasing sequence of plurisubharm onic function 

converging to  -  log ||s(P)||J. □

P ro p o s it io n  1.1.25. Let Si (i =  1 :.q) be sections of the line bundles Ci 

respectively, such that the divisors d iv (s j) meet properly on X .  Let us denote 

C\(Ci) =  Ci (A ,  Il-H^) the Chem ’’fo rm ” associated to the canonical metric 

studied in proposition 1.1.13, then the current

(— log HsjH^C i(P i) —  C i(P j—i)-f5dlv(s,+i ) —

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 18

is a well defined current and

( — log | N | n)C i(£ i, ||.||n).„.Cx(Z/j_i, ||-||n)-^div(si+i)"-^div(s,) 

tends to

(— log 11̂ 1̂1̂ )01 (£ i)....C i (i'i-l)-(5div(si+i)---^div(sg)-

Proof. We have e i(£ j, H-H^) is a positive current tha t can be w ritten  locally 

in  the form  ddcu where u =  — log ||.||v is plurisubharm onic on X .  On the 

other hand <5div(Si) are closed and positive. The second part follows because 

the currents -  log ||^ ||£ c i(£ i,  ||.||n)....c i(L i_ i, ||.||n).<W(aj+1)---$div(«,) converge 

weakly to -  log || s,-1|Jci ( A ) • ■ • - Ci ( £ * - i) .<W(Si+1) . . ■ When we denote by

L(u ) the set o f po int where the plurisubharmonic function u is not locally 

bounded, the follow ing general proposition is proved in  [16]. □

Proposition 1.1.26. (Dem ailly). Let U  be an open set of X  and T  € 

D ^ P(U ) a positive closed current of type (p,p ) . Let also u1 ;.., uq be plurisub­

harmonic functions on U , such that fo r every choice of indices j i  <  j 2.. <  j m 

inside {1, 2,.., q} the intersection L {u ^ ) f l ... f l  L (u jm) f 1 Supp(T) is contained 

in an analytic set of complex dimension <  n — p +  m. One can then construct 

the currents u i(ddcu2) A ... A (ddcuq) A T  and (ddcUi) A ... A (ddcuq) A T  of 

mass locally finite over U  and uniquely characterized by the fact: fo r every
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non-increasing sequences [u \) ,.. ,{u q) of plurisubharmonic functions converg­

ing simply to U\, ...uq respectively, we have that u \{ddcU2 ) A ... A (dd°uq) A T  

and {ddcu \)  A ... A (ddcuq) A T  tend weakly on U  to Ui(ddcU2 ) A ...A (ddcuq) A T  

and (ddcU i) A ... A (ddcuq) A T  respectively.

Proof. For the proof we refer to [16], Thm. 3.4.5 and Pro. 3.4.9. or [15]. 

Thm. 2.5 and Pro. 2.9. □

D e f in it io n  1.1.27. Suppose that, on each of the fibres X v at infinity (v 

denotes places of O k ) ,  the line bundle Cv provided with the canonical metric 

is an ample hermitian line bundle (i.e. the metric ||. [ [ is associated 

to a hermitian product on the fibre Cp}V at P ) .  Then the canonical current 

associated to is defined as T^ — C\(CV, ||.||Vi¥,). The canonical distribution 

associated to is dp,v =  c "(£ „, ||.|[<;,v) and we set fa{A) =  f A dp^^.

P ro p o s it io n  1.1.28. The canonical distribution is in  fact a measure, which 

we call the canonical measure.

Proof. The current Tvji  is positive, meaning th a t when we w rite  T  — TitjdziA  

dzj, the coefficients T j  are in particu la r real measures. In  the same way

dpViV =  / \ ”=1 Tv has also coefficients tha t are measures. In  particu la r the

An Tnormalized measure is a p robab ility  measure on X .  □
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The fact tha t the canonical measure satisfies the required invariant prop­

erties w ill be proved in the next proposition.

Proposition 1.1.29. Suppose that A  is a subset of X v such that p{A ) — 

f A <  oo, then

(i) p v>tp((p(A)) =  (deg (p)npVtV(A ) <  oo whenever <p\A is injective,

(ii)  hv,tp{}P (A )) — hv,ip{A) <  oo.

Proof. Take an open set V  w ith  p (V )  <  oo. Assume tha t we have (p_1(F )  =  

ydeg(^) ^  : jj. y  js i nj ective for each i and tha t U denotes any of 

the Ui. Take n local sections Si ^  0 o f 0 (1 )  holomorphic on V , in  this case 

dpv,v =  p y ^ ( 3 i ) - p ) ^ ( 5 n ) ,  where g{ -  log(||sl-(JP)H¥,i„). Denoting also 

deg(<p) =  d we have,

^ (v )  =  X M a5log(liS l(P )!1^ ) , ' R s5los< l|s” (P ) llw )

= <r [  7̂ a5iog(||(v*Sl)(F}||^ )..7i-a 5 io g(||(<,.*s„)(/>)j|„,„)
Ju \m ) \Al )

=  dnpV;(p(U ),

and

pv,v{p~l {V )) =  dnpv^ (U )

=  Pv,tp{y)-

W hich is the result we wanted to prove. □
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Corollary 1.1.30. The probability measure d /iVlU/ c " (£ ) is an invariant prob­

ability measure on X v. I t  is the unique measure of maximal entropy. As with 

the Brolin measure in P1 it can be obtained as the lim it of the average of 

Dirac functions supported on back-iterate orbits of points outside a proper 

algebraic subset (in  the dimension one case just the exceptional points).

Proposition 1.1.31. I f  two maps ip and 'if on X  commute and fo r some 

line bundle C on X  we have ip*C C a and ip*L -A  L®, then T v — and

dpyp   d{J,ip .

Proof. This is a consequence of H-H  ̂ =  |].||^ proved in  1.1.16. □

1.1 .4  C anonical m easures in  d im en sion  one

We restrict ourself in th is subsection to maps <p> on the Riemann Sphere P1. 

Recall tha t a po in t x  G P1 is called periodic for ip i f  i t  is a fixed po in t for 

the map ipk for some k. A  po in t is called pre-periodic i f  its  image by ipm for 

some m  is a periodic po in t for ip. Assume th a t ip is differentiable as a map 

ip : P 1 —> P1, then a fixed po in t x  o f tpk is called repelling (resp. a ttracting , 

resp. indifferent) i f  \(cpky (x )\ >  1 (resp. |(<£fe)'(a:)| <  1, resp. |(<^fe)'(a;)| =  1). 

The closure in  P1 o f the repelling pre-periodic points is called the Ju lia  set 

of the map ip. We w ill show now th a t dpVytp extends to  a linear functional 

on the space o f continuous functions on P1 (C) and tha t th is  linear functional
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is the unique (^-invariant probab ility  measure on PX(C) w ith  support on the 

Julia set o f (p. Following [27], we define A  to  be the operator on the space of 

continuous functions o f P1 (C) which sends a continuous function /  on P1 (C)

to

for any k >  1 .

Proof. Since the set o f ram ification points o f <p is fin ite, i t  suffices to  show 

tha t (1 .1 ) holds when V  contains no ram ification points; since any open 

subset can be w ritten  as a union o f sim ply connected open subsets, we may 

fu rther assume tha t V  is sim ply connected. We may then decompose ^ ^ ( V )  

in to  d branches 1 <  i <  d such th a t p> is bijective on each Ui w ith  analytic 

inverse <pfl .

Choose a section s o f (9 p i( l)  tha t does not vanish on V  or <£~X(V ). Let 

p — -°g^ -— ■ Then, on U, we have ddp =  dpVjk and on Ui, we have dd(po<p) =

Ip(w)—z

where z £  PX(C) and ew is the ram ification index o f ip at w.

Lemm a 1.1.32. Let V  be an open set in P1 (C ). Then

/  A f  dp,VjI 
Jv

(1-1)
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(deg p){djj.k+\,v)- By change of variables, we then have

f d n v,k+ 1 =  \ J u f ( z) dd ip iv iz )) )

=  \  j v f { P l l {v))dd{p{v))

^ \ f v f 0(PXl dVv,k-

Since (A f ) {v )  =  /  o <px l (v), we thus obtain

[ f  d(iVyk+i —  ̂̂  f /  d/i^fc+i =  —  ̂ j  f  o dfj,V'k 
h ~ l {v) x=i

=  / j E / 0 ^  d^v’k =  f v A f  d^ ’k-

□

An exceptional point £ for (p is a po in t such tha t y?2(£) =  £ and <p2 ramifies 

completely at £. An exceptional po in t £ is a super-attracting fixed po in t for 

p2 (see J. M ilnor [31]).

Now take e >  0. We may choose an open set V£ containing the exceptional 

points of p  for which

I dpv î 5~
Jue 2 supzepl(C)(| f i z) \v) '

Such a set exists since dpv>x is a continous form. Let W e =  P1 (C) \  Vt . 

By Theorem 1 o f [27], there is a constant Cf such tha t (A kf ) ( w )  converges 

uniform ly to Cf for w € W e. Thus, there is some M  such th a t fo r any k >  M,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 24

we have

P ‘ / ) M  -  CV|„ <  e/2

for all w €  W e. Using Lemma 1.1 and the fact tha t f w  d(xVt\ <  1, we then 

see tha t fo r all k >  M  we have

where z is any po in t in  W e. Freir, Lopes, and Mane ([18]) have shown tha t 

the map sending a continuous function /  to  limfc_>o0 (A fc/ ) ( z ) ,  where z is a 

not an exceptional po in t o f ip, is the unique (^-invariant p robab ility  measure 

on P1 (C) tha t is supported on the Ju lia  set o f p.

1.1.5 E xam p les

Here we analyze what we know about the canonical height and the measure 

associated to  each of the examples previously introduced:

C f +  [  \Akf \ v
V  ^  U £

[  ( sup ( \ f ( z ) \ v))d ij,  
Jue zeP^c)

<  e/ 2  +  e/ 2

Thus, dpv^  extends to  a measure such tha t

e.
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Exam ple 1.1.33. Suppose that K  is a field and <p =  (Po : -  : P n )  : P *  - >  F nK  

is a map on n —dimensional projective space. In  general it is hard to get a 

closed form for the iterate of such a map. In  case that fo r some natural k 

we have pfiTo, .., Tn) =  T f  for each 0 <  i <  n, we obtain the so-called naive 

height on FJ-:

h([t0 : .. : i n]) =  1oS II sup(|t0 U , I tn\vf \
p laces v  o f  K

where'N„ =  [Kv : Qw] and w is the place of Q  such that v \ w. The conditions 

i i) and v) for the canonical height can be easily checked in this case. The 

associated measure dpv is the normalized H aar measure on the Torus S 1 x 

... x S 1. In  the case of dimension one we check that the preperiodic points 

for the maps t t k on P1 are always 0, oo and the roots of unity (the roots 

of unity are the repelling ones). The closure in  P1 of the set of repelling 

preperiodic points in this example is S l and we observe how dp,  ̂ is the Haar  

measure supported on the Julia set. I f T 0,T i  represent projective coordinates 

in P1, the canonical metric whose curvature gives the canonical measure is

|j(A,r„ + : 6)1| =
sup(|G|, \b\)

Exam ple 1.1.34. Suppose that we have our prime number p and the poly­

nomial G(x) £ K ( x )  where K  is an algebraically closed field. As we mention
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before the family of plane algebraic curves CPiq : yp =  G (x) has automor­

phisms given by (x, y) —* (x ,£py), where £p is a p —root of unity. Now, the 

generic member of this family is a curve of genus g >  1, fo r such curves the 

formula of Hurwitz, will tell us that we can not satisfy the conditions to build

Exam ple 1.1.35. Consider the family of K 3  surfaces Sajb C P2 x  P2 deter­

mined by the two equations with coefficients in the number field K ,

The projections pi and p2 represents double coverings of ¥ 2K and determine 

morphisms 0 \ and a2 in each of the members of the family Sa$- Following 

[38], a new canonical height can be found in this case. Denote by Li =  

Pi Ops (1), E + =  (2 +  \ /3 ) Iu  — L 2 and E ~  — —L \  4- (2 +  V 3 ) L 2, the geometry 

of the family Sa<b can be used to prove that (ax o a2)± u ( E ± ) =  (7 +  4 \/3 ) E ± 

and we obtain two canonical heights hA associated to E ± and (ax o cr2)±1. A 

new canonical height was then introduced by Silverman as h =  h+ +  h r . In  

a similar way closed and positive (1 ,1) —currents T + and T ~  can be defined 

associated to the morphisms (ax o a2)± l  in such a way that T  — T + +  T ~  is 

an invariant current associated to the system of automorphisms (ax o a 2) ± l . 

For generalities about canonical heights associated to systems of morphisms,

the canonical height with a  =  d =  degree of the map (for a proof see [3]).

3 3
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as well as for the details on the construction of T + and T ~  see [24] ■

Exam ple 1.1.36. Consider an elliptic curve E  =  C /C + r C  given by Weier- 

strass equation y2 =  x 3 +  px +  q. The multiplication by n in E  induces, as 

quotient by the action o f [— 1], a map tpn : P1 -»  P1. I f  P  — (x, y) £ E ,  the 

canonical height hVn(x) is the Neron-Tate height on E  of the point P .  The 

preperiodic points fo r <pn are the image of the torsion points in E . To see 

this note that nkP  =  n±lP  for k ^  I implies that P  is torsion and conversely 

i f k P  =  0  we write n l =  qk +  r ( and ri <  k, then there have to be two indices 

I, I' with ri =  r\ and we get nlP  =  n1' P . The multiplication by nk is etale on 

E , the derivative of this map is nk everywhere and similarly fo r the map yon, 

more precisely we have that |(^>n)'(a:)| =  nk for every i g P 1 and therefore 

the Julia set of ipn is the entire P1. In  [32] it is established that the Haar  

measure on E  gives the curvature of the canonical metric associated to the 

Neron-Tate height. The projection onto P1 of this measure gives the dpVn,

idt A dt 
^  /m ( r ) | t 3 + p t  +  q\'

E x a m p le  1.1.37. For a set of k morphisms <pi : P" —> P" of degree di 

respectively, we can consider the diagonal morphism <p — (< p i , ip k )  : P”  x ... x 

Pn —y P™ x ... x  P” . In  this case <p*0( 1) =  0{d [)  and ip*C =  £ dl+- +dn, where 

£  — p * (0 (  1)). The canonical height satisfies ^ ( xq, .., Xk) =  fcyAx i) <*nd
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for the invariant currents Tv — TVi ■

Exam ple 1.1.38. Take the morphism <px x  ... x ipx : P 1 x ... x  P 1 — > P 1 x 

... x P1 (n times) and consider the symmetric group Sn acting on P1 x ... x  P 1 

by permutation of the coordinates. Then the quotient P1 x  ... x  P1 / JS'n is 

isomorphic to P”  and cpx x ... x p x descend to a morphism ip : Pn —> P ". In  

this case h^(x) — htpx{jPi{x)), where Pi is representing the i —th projection 

o n P 1 x ... x  P1 and x is the class of x  6  P1 under the action of Sn.

1.2 Geometric intersection in a Macaulay va­
riety

Suppose tha t X  is Cohen-Macaulay arithm etic variety o f dimension n+1. 

The geometric intersection theory, usually developed for non-singular vari­

eties, can be extended to  Cohen-Macaulay varieties for certain k ind  of cycles.

Definition 1.2.1. Suppose that the qi —cycle D x is a locally complete inter­

section and D? is any q2 ~cycle. Assume that they have no common compo­

nents and qx +  q2 <  n +  1. I f  D x and D 2 are locally given by coordinate rings 

A x and A 2 the intersection cycle is defined by a sum of components:

A \ ,A 2
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where
dimX

u aua2 =  ^  ( - 1 ) 1 le n g th (T o ri(A x ,^2))-

D e f in it io n  1.2.2. I f  a multiple k D i is a locally complete intersection we

R e m a rk  1.2.4. Let P  be a point on X . Suppose D \  is given in a neighbor­

hood of P  by the zero set of f \ , . . . , f q and that D 2 is given by complete in­

tersection of certain equations f q + / n + 1  in such a way that the sequence 

/ i ,  is a regular sequence in Op, then the degree of the intersection

d eg (D i.D 2) is expressed as a sum of terms of the form  length(C>p /  ( / i , / n+ i) ) - |  

Even more, i f  only multiples k \D \  and k2D 2 are expressed as before, the in­

tersection number will be a sum of l / k i k 2 le n g th ( C ? p / ( / i , / n+1)).

P ro p o s it io n  1.2.5. I f  D 2 has codimension n +  1 and D \  is locally given by 

one equation, then ( D i .D 2) =  0.

Proof. Suppose tha t f  is the equation defining D i  and I  is the ideal o f D 2 in 

the local ring O x — A. The assumption on the dimension o f D 2 implies tha t 

the modules A / I  and T o i i { A / I , A l f )  are o f fin ite  length for a lH  <  n  - f  1 .

define ( D \ .D 2) =  l / k ( k D i ,  D 2).

D e fin it io n  1.2.3. The degree of the intersection is defined as:

Ai ,A2
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Now the result follows because the length is an additive function and we have 

the exact sequence:

0 -»  Torn+i(.4 /7 , A / f ) Tor 2( A / I ,  A / f )  - *  T on  ( A / I ,  A / f )  -> A / I

—>■ A /1  —> A / ( /  +  ■(/)) —> 0.

□

The symmetry and b ilinearity  can be proved extending the methods of 

[36] to  rings which are Cohen-Macaulay instead o f regular. In  the dimension 

2  case we w ill give complete proofs o f a lo t o f desirable properties for an 

intersection pairing:

D e f in it io n  1.2.6. Assume that X  is an Arithmetic Surface. We define the 

schematic (or geometric) intersection number of a Cartier divisor D  with a 

Weil cycle C  when they have no common components as

(D .C )  =  l e n g t h ^  ® O c ) -  le n g t h e n  O c )).

P ro p o s it io n  1.2.7. (b ilinearity  and sym m etry) The pairing (D .C )  we 

just defined is bilinear and symmetric when both sides are Cartier divisors.

Proof. I f  C  is a W eil divisor, i t  is a linear combination w ith  integral 

coefficients o f reduced and irreducible Weil divisors Ci (the coefficient o f C,
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is equal to  length((O c ) Pi)). The sheaf O d being o f Tor dimension 1 the 

pairing is linear on the right by devissage. To see the linearity  on the le ft i t  

is enough to  look at the case where C  is reduced and irreducible. The proof 

w ill be complete after the reader checks the following lemma:

L e m m a  1.2.8. Let A  be a commutative ring, I  an ideal in A  and f  a non 

zero divisor in A. Then one has the following exact sequence:

0 - + A / I - *  A / f  I  -+  A / f  A  0

Proof. The symmetry is clear when D  and C  are C artier divisors w ith  no 

common components. □

I f  C' is a Q -C artie r divisor, i.e. a W eil divisor w ith  an in tegra l m ultip le  

n C  which is Cartier, we w ill define

(C '.C ) =  i((n C ').C )

The following propositions are classical:

P ro p o s it io n  1.2.9. (linear equivalence)  I f  C  is a Cohen-Macaulay pro­

jective curve then

(D .C )  =  degc  O x { D ) \C.
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Proof. One needs only to check tha t the degree o f a line bundle is a well 

behaved notion on Cohen-Macaulay projective curves. This is the Riemann- 

Roch theorem for curves.

I f  C  is a projective curve and L  is a line bundle on X  a projective surface 

one can then speak of (L .C )  for L  is the difference in  P ic (X ) between two very- 

ample line bundles each of them having sections w ith  no common components 

w ith  C. □

C o ro lla ry  1.2.10. When C  is a projective curve and D  is a Q -Cartier di­

visor, the intersection (D .C )  is well-defined by bilinearity and linear equiva­

lence even when D  and C  have a common component.

C o ro lla ry  1 .2 .1 1 . Let F  be a rational function on a reduced, irreducible 

surface X  that is projective and generically smooth over B . Then fo r  any 

Weil divisor C  contained in a fiber over B , we have

(d iv (F ).C ) =  0 .

Proof. This is clear for the line bundle O x (d iv (F ) )  is equal to  O x  and C  is 

a projective curve. □

P ro p o s it io n  1.2.12. (projection fo rm u la ) Let y? : Y  X  be a map

between surfaces X  and Y  that are projective over B . I f  L  is a line bundle
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on X  and C  closed subscheme of Y  one has

(<p’ (L ) .C )  =  (L .V . (C ) ) .

In  particular i f  C  is contracted by ip to a subscheme of X  of codimension 2 

the intersection number (ip*(L).C) is zero.

Proof. By a d d itiv ity  we can suppose C  is a reduced irreducible curve in  X .  

There are two cases: ip*(C) is of dimension 1 and p *{C )  is o f dimension zero. 

In  the first case C  -> p>*{C) is fin ite  and by Lemma 1.2.8 we have 

length(0 c /( /e > c )) =  length (O x / ( f O x ) ® O c )

=  length ( O y K f O y )  ®  Oc)- 

In  the second case L  can be realized as the line bundle associated to  the 

difference o f two very ample divisors on X  each of them having no intersection 

w ith  tp*(C). The reciprocal images o f these divisors in Y  do not meet C, so 

both side o f the projection form ula vanish as i t  is required. □

The following proposition shows th a t intersection theory for Q -C artie r 

divisors does not change when we pass to  the normalization.

P ro p o s it io n  1.2.13. (invariance under norm alization )  Let A  be a

Cohen-Macaulay integral domain of dimension 2 and let A  be its integral 

closure. Let ( / ,  g) a regular sequence in A  then supposing A is a finitely
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generated A-module ( / ,  g) is a regular sequence in A  and

le n g th (A /( /,  g)) =  le n g th ( i/ ( / ,p ) ) .

Proo/. We shall note tha t A  is fin ite ly  generated over A  when we are in a geo­

metric or arithm etic situation. When ( / ,  g) is a regular sequence in  a module 

M  the only non vanishing Tor is the tensor product M ® A / { f ,  g). One proves 

by induction tha t the a lternating sum 1)’ le n g th (T o r j(A /(/,  g), M ) )  is 

a non negative additive function on the set o f fin ite ly  generated A-modules. 

This sum is is equal to  zero on modules of the form  A /h  or A / (h ,  k) fo r a 

system of parameters (h, k ) in  A  and thus is zero on A / p  for any prim e ideal 

p containing h or (h, k) by devissage. Hence, i t  is equal to  zero on any m od­

ule o f dimension less than or equal to one. Any non-zero prim e ideal o f A  

being of the previous form  our assertion of vanishing is proved. The module 

A /A  being o f dimension at most one and ( / ,  g) remaining a regular sequence 

in A  the proposition follows by add itiv ity . □

The following proposition is proved in P. Deligne [13] w ith  the additional 

assumption tha t X  is normal:

P ro p o s it io n  1.2.14. Let X  be a generically smooth, reduced, irreducible 

and locally Cohen-Macaulay surface. The geometric intersection product on
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a fiber of X  —* Spec(B ) when X  is projective over B , is negative. Only 

combinations of full fibers have zero self-intersection.

By Proposition 1.2.13, the assumption tha t X  is normal may be replaced 

w ith  the weaker assumption tha t X  is Cohen-Macaulay.

1.3 The blow up.

Let ip : Pn — ► P”  be a map w ith  cp*0( 1) =  0 ( d ) and defined over a number 

field K .  A  model for ip is a set q0, qx, ..., qn o f elements o f O k  [To, T x, . . . ,T n]d, 

such tha t ip =  (qo, qx, ..., ?n). We w ill be interested in  models o f <p such tha t 

the set of elements q0, qx, ..., qn form  a regular sequence.

L e m m a  1.3.1. Let K  be a field, A  =  K[To, T x, ..., Tn] and po,Pi,--,Pn  € A. 

Then, the following two statements are equivalent:

(i) the sequence p0,p i,  . .,pn is a regular sequence.

(ii) the (n +  1) —tuple {po,Pi, ■■,Pn) represents a map from  P”  —¥ P".

Proof, i) => ii)  The sequence (p0,P i, ■■,pn) is regular s o V ( (p 0, p i , ..,pn)) =  0, 

which is equivalent to  i i) .  i i )  => i)  I f  we have i i )  then \ / (p o ,P i ,  pn) =  

(To,Tx, . .,Tn), th is  says tha t po,..,pn is a system o f parameters in  A  and 

therefore a regular sequence, because A  is Cohen-Macaulay. □
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C o ro lla ry  1.3.2. Let K  be a field, A  =  K [T 0,T i ,  . . . ,T n] and Po,pi, ..,pn 

a regular sequence in A. Then the sequence pk =  (j>ko,Pki, •■iPkn), defined 

recursively by

PO =  (po, P i ,- ;P n )  Phi =Pk-li(Po , Pu -,Pn)  0 < i < U  k >  0

is also a regular sequence for all k.

Proof, po is regular sequence by assumption. On the other hand i f  pk- i  is 

regular, then by 1.3.1 (pk-io ,Pk-n, ••tPk-in) represents a map Pn —► Pn and 

then by defin ition of pki the sequence pk — {pko,Pki, ■■,Pkn) also represents a 

map on the n-projective space. Again by 1.3.1, the sequence pk is a regular 

sequence. □

L e m m a  1.3.3. Let A  — O k [To, T i , . . . ,T n\ and po,Pi, —>pn £ A. Then, the 

following two statements are equivalent:

(i) the sequence po,Pi, ..,pn a regular sequence.

(ii) d im (V ((p0,p i , . . ,p „ ) )  =  0 .

Proof. The proof is very sim ilar to  the one o f 1.3.1. The ring A  is Cohen- 

Macaulay o f dimension n +  1, therefore the sequence pfci0, ■■■,Pk,n is regular i f  

and only i f  i t  is a m axim al system of parameters. □
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Corollary 1.3.4. Let A =  Ok[Tq,T i, . . . , T n \ and po,pi, - , p n « regular se­

quence in  A. Then the sequence pk =  {pko,Pki, ■■,Pkn); defined recursively 

by

PO =  (Po,Pl, -,Pn) Phi =  Pk-\i(Po,Pl, ■•iPn) 0 < i < n  k >  0 

is also a regular sequence for all k.

Proof. I f  pk„ i  is a regular sequence, d im (V ({pk-i,o, Pfc-i.i, ~,Pk-i,n))) =  0, 

because ip is a fin ite  map, d im (F {(pk,QiPk,i, ■■,Pk,n))) ~  0 and pk is also a 

regular sequence. □

In  the rest o f th is subsection we w ill work w ith  X  — IPqk . Denote by Yk, 

the closed subscheme of X  defined by the ideal I vk =  {pk,o,pk,i, ■■■,Pk,n)■

Definition 1.3.5. The model X k is defined by the property that a k : X k —> 

X  is the blowing up o fY k. The exceptional divisor will be denoted by E k and 

its irreducible components by CVjitk, in such a way that we have a finite sum 

E k =  r v,i,kCv,ilk.

Proposition 1.3.6. The scheme X k is Macaulay and Yk is a subscheme 

of codimension n + 1  in X k and does not meet the generic fiber X k -  The 

component Cv^ k is a projective space of dimension n over the the residual 

field field K v^ k of the close point image of C v^ k.
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Proof. These are consequences o f the fact tha t Pk,o ,Pk , i ,  ■■■,Pk,n is a regu­

lar sequence in  Ok[Tq, 7 1 , Tn\. The scheme X k =  p ro j( 0  ) is locally

complete intersection in  Pg, . The intersection deg(£^|C ii„ ifc) =  [K v,i,k ■ 

K ]  log |iV(u)| and by defin ition o f the blow-up we get CVjitk =  P j^  , fc . □

Defin ition 1.3.7. The projection from Y\ to Spec O k  will be called the places 

of bad reduction.

R em ark 1.3.8. The only places v appearing in the exceptional divisors Ek =  

S v  *>o rv,i,kCv,iik are the places of bad reduction.

Assume tha t the polynom ial F  € K [ z i , ..., zn] has v (F )  — £) for every v 

of bad reduction. We can do th is because there is only fin ite ly  many places 

o f bad reduction and any Dedekind domain w ith  fin ite ly  many primes (like 

DvO v(z)) is unique factorization domain. Then the irreducible horizontal 

divisor D  in  X  is defined by the equation:

d iv (F )  =  D  -  deg(F)oo +  v { F ) X v.
f i n i t e  v

On the other hand we also le t X k,v denote the fibre of X k at the fin ite  place v 

and Fk =  cr^F. We are going to consider the line bundle £ 0 =  0 ( 1 )  on X  and 

Ck =  crjXo on X k. An homogeneous polynom ia l F i  € K [T 0, T l5 ..., Tn] defines 

a hypersurface Dq  C X q  and we consider the polynom ial F  =  FijT% ê F\
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The symbol ook is denoting the divisor o f X k defined by the equation crkTn =  

0  and in  particu lar oo =  d iv(Tn).

L e m m a  1.3.9. There exist non-negative integers x v^ k and yv^ k depending 

only on D ,  such that div(Ffc) can be written as

div(Fk) =  D k -  deg(F)oofc +  xVtiikCv,i

^  V’1 ^  ( i - 2 )
- d e g  (F)Y^Vv,i,kC„,i+ v ( F ) X v

v , i  f i n i t e  v

where D k is the proper transform of D  by ak.

Proof. We have the formula for the divisor d iv(F^):

divTfc =  d iv o ^ F  =  a*k d iv  F  =  crl(D) — na*k{oo) +  ^  v(F)o*k{ X v) ,
f i n i t e  v

but now for certain non-negative integers xv̂ k the reciprocal image o f the 

effective divisor D  is <J%(D) — D k +  Y2Vi xv,i,kCv,i,k. Now also for certain 

non-negative integers yv^ k we have cr^(oo) =  oofe +  yv,i,kCv,i and the 

proof is finished. □

R e m a rk  1.3.10. As a result of the proof we just did:

<̂A:(<̂ >) =  ^ k  T  ^  ] yv,i,kOy,i &k(F ) ~  F k T  ^   ̂Xy,i,kOv,i,k-
v,i v,i

1.3.1 P o sitiv ity  co n d ition s

I t  is interesting to  look at a particu la r type o f models.
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D e f in it io n  1.3.11. We will say that a model (g0 , qn) satisfies positivity

conditions i f  for every k we have y / i p k , o , P k , i ,  - , P k , n , T n )  =  ( T o , T x , T n) in

E x a m p le  1.3.12. This condition is satisfied for example if  we are consider 

a map ip : P 1  —> P1, on the Riemann sphere and po is a monic polynomial in 

the variable Tq.

L e m m a  1.3.13. I f  the model have positivity conditions the proper transform 

ook of oo in Xk is equal to the reciprocal image a k(oo).

Proof. I t  is enough to show tha t oo does not meet Yk and th is is a consequence

L e m m a  1.3.14. I f  the model has positivity conditions, there exist non­

negative integers x v^ k depending only on D ,  such that d iv (E t)  can be written

as

O k [ T q , T n ] .

d iv (F fc) =  D k -  deg(F)oofc +  x v^ kC v^ k +  Y h  v (F )X v
v , i , k  f i n i t e  vf i n i t e  v

where D k is the proper transform of D  by ak.

Proof. The results follows by Lemma 1.3.1 and Lemma 1.3.9. □

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 41

1.4 Integral at finite places

Let v denote a valuation on K ,  O v the set o f elements z £ K  such tha t 

v(z) >  0, x w ill denote a vector x =  (x0, .., x n) G K n and P  G P n( K )  a 

po int in  the n-projective space over K .  The valuation v is assumed to  be 

extended to an algebraic closure K  of K .  For a vector x =  (xq ,x2, . . . ,xn) 

we define v(x) =  m ir ii{v (x i) } .  For a polynom ial p G K\Tq, .., T n] we take 

v(p) as the valuation o f the vector formed by its coefficients. For a sequence 

of polynomials (po,...,pn) we put v(po, ...,pn) =  m in j{u (p j) } . Suppose tha t 

ip : P n  —¥ P n  is a rationa l map of degree d given by homogeneous polynomials 

(p0 : ... : pn) over O v, then we can define a map

Sv : K n+l -  ( 0 , 0 )  x  O v[T0, 1 ->  E

Sv(x ,{p0,. . . ,p n)) = v (p o (x ) , . . ,p n(x)) - v { x dQ)...,Xdn)

The map Sv, is in  fact a well defined map Sv : P 1 x  O v[T0, T n]%+1 —> R, 

which we s till denote by SV(P, (po, ■■,pn))- To see this, take any two sets of 

homogenous coordinates for P ,  say (x0 , x„) and (y0, ■■■, Vn)  — A ( a : o , xn), 

then v(po(Xx), ..,pn(Xx)) — dv(X) + v ( p 0(x ), . . ,pn(x )) and v(Xdx d) — dv{X) +  

v{xd), and the result follows.

D e f in it io n  1.4.1. The polynomials Pk,i are defined as before fo r  each 0 <  

i < n  as pk,i =  pi(pk_ h0, . . . , p k - i , n )  fo r k >  0 and p0>i =  p{.
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D efin ition 1.4.2. Suppose that the polynomial F  has divisor d iv (F )  =  D  — 

deg(F)oo -  5 3  f i n i t e  u  v ( F ) X v, then we define:

E (F ,  v fin ite) =  -  lim  £  log |iV(u) |
V

-  d e g (F )^ Peoogv(^ if = 0,- " ,- ^ )- -  u (F ) ) .

R em ark 1.4.3. We have Sv(P,Pk,o, ■ n)  > 0 only fo r  finitely many P ,  

because the sequence (pk,o, ■ ■■,Pk,n) is regular. The existence of the limit 

E ( F ,v  fin ite ) in the most general case will be result of theorem 1.5.8.

1.4.1 C onvergence o f  each v-ad ic  in tegral in  d im en sion  
one.

We are going to  work now in dimension one, w ith  a map <p =  (poiP i) ; 

P 1 —> P 1 on the Riemann Sphere. Le t’s keep the notation o f the previous 

subsection, tha t is Sv(x, (po,Pi)) — v(p0(x ) ,p i (x ) )  — v(x$, xf).

Proposition 1.4.4. The sequence

U ( n \ ( ^v{Pi {Pkfil Pk,l)) }
hk{P) =  {  Jk h

(i) is bounded and increasing, and therefore convergent to a function, which 

we denote hPOiPl}V(P ).

(ii) hPCtPltV(ip(P)) =  dhPOtPliV(P ).

The proof w ill be the result o f the application o f two lemmas:
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Lem m a 1.4.5. Suppose that we denote Pk — (pk,o(P) ■ Pk,i(P)), then we 

have the equality

SV(P, Pfc-t-i,i)) =  dSv(P, (pfc,o,pfe,i)) +  Sv(Pk, (p0 jP i))■

Proof. Assume tha t P  — (x0 : x \)  and v(x) =  v ((x 0, £ 1)) =  0. I f  we set 

Xk =  (pkj0(x),p iCii(x ) )  we have the equalities

SV(P, (Pfc-f-1,0 ) Pfc+l,l)) =  v (Pk+lfl(x),Pk+l,l(x ))

=  v(p0(xk) ,p i ( x k)) -  v{xdk) +  v(xdk)

=  dSy(P, (pkfl,Pk,i)) +  Sv((P k, (po,P i)).

□

Lem m a 1.4.6. The function SV(P : (po>Pi)) is bounded o n ¥ n(K ) ,  so we can 

define

Rv(po,Pi) =  sup {5 „(P , (p0 ,P i) ) } .
p

Proof. There exist elements 6* e O v, where 0 <  i <  1, such tha t bixf =  

0(po,pi). Besides 0 because the polynom ials p0, p i do not have a common 

zero in  K .  I f  P  — (x 0 : Xi) € P ", w ith  Xi ^  0, then SV(P, (po,P i)) <  v(bi). 

So in  general supP{S „(P , (po ,P i))} <  supl {n ( 6i ) } .  □

Now we can do the proof o f the proposition
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Proof. From lemma 1.4.5, we get 0 <  hk+x{P)  — hk(P ) <  Rv{po>Pi)/dk+ l, so 

{h k(P ) }  is bounded by Rv{po,Pi) / (d  — 1) and therefore converges. On the 

other hand

hk(<p(P)) -  dhk(P )  =

- d S { P , { p ki0,pk,i))
dk

_  S (P ,  (pfc+l,0 ,Pfc+l,l)) -  u fo )  
dk

~ d S {P ,(p kfi,pkti) )  

dk
=  S{Pk,(p 0,P i))  - v ( x i )  

dk

<  ^ (P o » P i) ~  v(x i)
~  dk

By passing to the lim it  we get hV!POtPn((p(P)) -  dhViPQ,Pl(P ).  □

D e f in it io n  1.4.7. Suppose that ip : —» P^-. We will define the “integral”

of log \F \V over the finite place v of a polynomial F  — K [z x, .., zn] as

I  1°S IR\vdpv,<p — log |iV(u)| f  ^  hVtPOtPl(P )
Pen

-  deg(F) Y ,  K K .n (P )  -  v ( F ) ) ,
P e o o

and then

E (F ,  v fin ite) =  ^  /  lo g \F \vdpVtV.
v ¥R$
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1.4.2 A  rem ark on th e  use o f integral n o ta tio n  in  di­
m ension  one.

Assume in  th is subsection tha t we are working w ith  a map <p : P 1 -» P1. In 

this case we can add a few words about why i t  makes sense to th in k  o f our 

defin ition of Jp l^  log |F |„  dp,Vt<f as an integral when v is fin ite . H. B ro lin  

([10]) and M. Lyubich ([27]) have shown tha t i f  v is an in fin ite  place and 6 

is a continuous, bounded function on P^C*,), then for any £ e C w ith  an 

in fin ite  backward o rb it under ip (i. e. for which the set U ^ =1( ^ fe) _1(£) is 

in fin ite ), one has

lim  EFT =  [  9
d JfhCv)¥><z)=£ '

where dpVt(p is the unique ^-inva rian t measure (see [18]) on P 1 (which is the 

same as our dfj,ViV). Our p-adic integrals can be w ritten  in  a s im ila r way. For 

example, suppose D  is an irreducible divisor corresponding to  a single point 

[a : b] such tha t po,k(a, b) ^  0. Then the polynom ial F ( t )  =  bt — a defines D.

.h

W riting  p0>k =  pk EL^iC^o -  UjTx), we then have

dk dk
P o ,fe (a , b) =  pk Y [ ( b  -  Uja) =  rjk F (u j ) .

3=1  j = i

Since ipk{z) — 0 I f  and only i f  [z : 1] ~  [uj  : 1 ] for some j ,  we thus have

log K fc (q , b)\v _  log \Vk\v ST' l°E \F (z ) \v  
dk dk f —'  dk ’

tpk ( z )—0
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where the z w ith  tpk(z) =  0 are counted w ith  m ultip lic ities. S im ilarly, when 

Pi is not a m ultip le  o f X f ,  we have

lo g b i,* (M ) lt>  =  loglTfck v - '  log \F (z )  |„
dk dk dk ’

ipk ( z ) —oo

where 7 *, is the leading coefficient o fp i^ T o , 1). Taking lim its  and subtracting 

off logdf f l s  we see tha t / pl(Cv) log |F \ vdpv>ip is equal to

lim  max (  V  l ° g l^ 2-^ , V  h i i t M
fc-ioo \ ^  dk dk

y p k ( z ) —0 ipk (z ) = o o

More generally, w ith  a b it o f diophantine geometry, we can show tha t fo r any 

point ( e C „  tha t has an in fin ite  backwards o rb it under ip, we have

l o g i n s  Urn £
V k ( z ) = t

F{*)* 0

The proof o f the above proposition is an ongoing project, bu t i f  we accept 

it ,  our v-adic integrals at fin ite  places would look quite analogous to  our 

integrals at the in fin ite  places. We should note, however, th a t we do not 

know what classes o f functions we can expect to  be able to  “ integrate” in  

this way at fin ite  places.

1.4.3 G eom etry  o f E ( F ,v  finite)

We are now in the position to  relate E ( F ,v  fin ite ) w ith  the geometry o f the 

blow-up. Suppose tha t a* : P£ —» P”  is the blow-up associated w ith  the

Ipqcv)
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model {pk,o, -■ • ,P k ,n ) -  W riting

—  ^ k  4"  ^  ^  •E y , i ,kC y , i ,k  &  k  ^  k  4*  ^  ^  y v , i , k ^ v , i , k -  ^

v, i  v, i

where Cv>itk are the different components o f the exceptional fibre above v and 

denoting by K v^  the field of defin ition of the close point corresponding to 

Cv^k, we can state

P ro p o s it io n  1.4.8. With the notation as above and with v a finite place of 

K  we have:

^  ^  ^ i , v , k [ H y , i , k  • R \  =  ^  ^  S V( P ,  P k ,Oi •■•iPk,n)->  

i  PSD

y   ̂deg (F )U i^v ^k [R y , i ,k  ■ K \  —  ^   ̂ S y ^ P ,  P k ,Ot P k , n ) -

i PfEoo

Proof. Consider the set of polynomials Pk,o, ■■■,Pk,n defining a model fo r the 

map tpk and the ideal I k — {pk,o, ■■■iPk,n)- The set V ( Ik )  is fin ite , say 

{Pi,p,k}i,pi where p moves through the fin ite  places o f K .  F ix  a fin ite  place v. 

We have the divisor D v, such th a t d iv (F )v =  D v — deg(F)oov +  v (F )  and the 

points Pv,i,k € A ,  ft V ( I v). Take P  =  (x0 : : xn) be one o f them  and bu ild

the local ring Op. The image pk,i o f pk,i under the reduction map O k  —» Op  

generate an ideal which we call Ik,p- So on one hand we have,

a*k I k,P = P r o j ( O P [T0, . . ,T n]/((pk,i{x0 : ... : xn)T j -  pkd(x „  : ...xn)T i) id)

= P ro j(O p /T T rk'v[To, . . ,T n})
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where r k,v =  Sv(P,pk,o, ,Pk,n) and 7r is a uniform izer parameter for Op  and 

on the other hand

^k^Vyijk ~  ■ K}%v,i,kOv,i,k'

for C v,i,k — ^Kv ik - As a consequence of th is two facts, for each Pv,i,k € 

X v n  V { h )  we get

S v { P v , i , k i  P k ,0 ) Pk,n) — % i ,v , k [ X v , i , k  • AT]

and

^  %i,v,k[Ky,i,k ■ -A] ~  ^   ̂SV(P, Pk,0) Pk,n}-
i P eD

The second part is analogous using deg(F)oo  instead o f D .  □

R e m a rk  1.4.9. The expression E (F, v fin ite ) previously defined, takes the 

form

E ( F , v fin ite ) =  -  i i m l o g \ N ( v ) \ ( ------ -

-  deg(F) l un V' iA K ^  : K ]  -  v (F ) ) .

R em ark 1.4.10. In  case we are working in dimension one, that is with a 

map ip : P1 —> P1, we can do a more precise computation of the contributions 

Vi,v,k■ I n this case our model (po,Pi) satisfies T i /p i  and therefore T i jp k,\ 

fo r each k. So, having in mind that the point oo =  (1, 0) and taking our
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polynomial po =  A dT f  +  .... we get S„((l,0),po,*>Pi,k) =  u(Po,*(l,0)) and 

V v , i , k  =  v(p0>h( l , 0 ) )  -  v(p0tk,p lik). Since p o ,i( l,0 ) =  A d, then fo r  all k we 

have p0,k+i (1 , 0 ) =  AdPi,o(l , 0 )d and

lim y ^  =  ] im v (A d )y l  =  M A .
k dk k v d> ^  d% d — 1I

The integral at a finite place v take then the particular form

[  log \F \vdpv^  =  -  lim lo g  \N ( v ) |(lim  *L L ki K y jL :...E vl
J (On k k CL

v

-  d e g ( F ) ^ M j M  _  v { F ) ) .

and again

E (F ,  v fin ite ) =  ^  f  log \F \dpv<tp.
v

R e m a rk  1.4.11. The geometry of E ( F ,v  fin ite) allows to express in a better 

way the positivity conditions for a model, indeed I f  our model (p0, .-,pn) have 

positivity conditions and we pick the equation F  such that v (F )  =  0 fo r  v, 

then,

E ( F ,v  fin ite) <  0.

1.5 Mahler formula

In  th is section we present the m ain result o f th is paper. We sta rt by recalling 

some properties o f the arithm etic degree of line bundles.
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Proposition 1.5.1. Let X  be a Cohen-Macaulay arithmetic variety of di­

mension n  +  1 and Z  £ Z k(X ) ,  a cycle on X .  Denote the class Ci(Ci) 

by Ci(Ci) =  (c i(£,•),ci(C i)),  then the number degz (c i(£ 1)...ci(£fc)) € R, is 

completely determined by the properties:

(i) is k — linear.

(ii) is symmetric.

(Hi) for k — 0 and Z  =  J2i niPi> we have degz =  ]Tb ni log N Pi.

( iv)  for k >  1 and S j / 0  a section of Ck which meets Z  properly we have 

degz (£ i(£ i) ...c 1(£ fe)|Z ) =  degz (c1( £ 1)...C i(£ fc_1)|Z . d iv (s fc))

— [  <5z(C) log ||sfc||fcCi(£i)...ci(£fe_i).
J x (  C )

Proof. Conditions (i), ( iii)  and (iv) are in  fact sufficient to  uniquely de­

termined the number degz (c i(£ i) .. .c i (£*:))• In troducing the star product 

9i * 9 2  * ■■■ * 9k o f currents we can state a non-recursive de fin ition  o f the 

arithm etic degree degz (c i(£ i) .. .c 1(£^)) and prove (ii) w ith  the use o f Stoke’s 

theorem. □

Proposition 1.5.2. Suppose that C is a hermitian line bundle on X  and 

f  € K ( X ) is a rational function on X . Then:

deg (c i(C ?(/)).c "(£ )) =  0 .
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Proof. The curvature o f the tr iv ia l bundle Ci(0(})) — 0. Using this result 

and the symmetry o f the arithm etic degree we can reduce to  the case of 

dimension 1, which is nothing else but the product form ula (see for example 

the treatm ent in [40]). □

Proposition 1.5.3. Let Z  be the algebraic cycle defined by the polynomial 

equation gv — 0 contained in a finite fibre X v of an arithmetic variety X v, 

such that X c  — P£ and £  =  0 {  1). Then

degz (c?_1 (£ ) |Z )  =  deg(c/„) log iV (u).

Proof. F irs t o f a ll we realize th a t because Z  is contained in  a fin ite  fibre 

fx(C) Sz{C) log ||s||c i_1(£ ) =  0, for any choice o f the section s o f £  =  0(1). 

On the other hand the sections o f 0(1) represent linear conditions on the 

coordinates. The proposition is then a consequence o f B e rt in i’s theorem. □

Proposition 1.5.4. Suppose that C is a hermitian line bundle on X  and 

f  E K ( X ) is a rational function on X  then,

deg(c"(£)| d iv ( / ) )  =  ] T  f  lo g \f\„dp.a.
a  d  X  a

Proof. We have tha t deg(c i(C ?(/)).c"(£ ))  =  0 and also tha t 

deg(c i(0 ( / ) ) .c " (£ ) )  =  deg (cx(£ i)")| d iv ( / ) )  —

f  log | /U (c i( £ i) - -C i( £ fc- i ) -  
„  Jx„{c)
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which gives the form ula we wanted. □

D efin ition 1.5.5. Let Y  (E Z q(X )  be a q—cycle inside the arithmetic variety 

X o k and £ x, ...Cq ample line bundle on X .  The real number

hCt,..,Cl( Y ) = d k r ( i i ( C i ) - M C , ) l Y )

is called the multi-height of Y  relative to £ x, Cq.

Suppose th a t the arithm etic varieties (Xk, £ *) represents a models of 

a projective variety (X ,  £ )  o f dimension n together w ith  a line bundle £. 

Assume tha t (£ *, ||.||fe) are metrized line bundles on Xk  and the metrics 

satisfy ||.|U+i =  (<A*||-|lfc)1//a where the map <p : X  —> X  satisfies <p*C == Ca. 

Then the numbers degy (cx((£fc, ||.||*:))dim ŷ ^|hr) converge for every cycle Y  

(see [46]) and the lim it  w ill be called deg(cx(£ , ||.||v,)dimK|y ) ( y ) .

Definition 1.5.6. Under the conditions just discussed we define

deg(c i(£ , ||.||v)dimy|y)(y)
Cl(£)dimy-1

Rem ark 1.5.7. I f  we have a model (X x, £ x) of (X ,  £ )  such that the map 

<p : X  X  extends to a map <p : X \  —t X x we can put Ck =  <pk*C i and the 

normalized probability measure dpL^/c^C,)71 from  section 2.3 and the canonical 

height just defined w ill satisfy the relation

htp{div(F)) =  1*1
v / o o J X -  l K  1
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For the next proposition suppose tha t we are dealing w ith  a map : 

P”  —> IP . Recall the non-standard models crfc : Xk —> P" tha t we introduced 

before as the blows up o f P " at the subschemes Yk- Denote by K v^k the 

field o f de fin ition o f C Viitk and by K v the local field of K  at v. Recall tha t 

F k =  o*kF  for a polynom ial F  — F (T 0/T n, .., T „_ i/T n) and C k =  er££o, for 

£ 0  =  0 { 1 ) .  The divisor d iv (F ) =  D q -  deg(F)oo +  Y s v m t e v ( F ) X v where 

d iv (T n) =  oo in  P" and ^ (o o )  =  oofc +  E i,u

Theorem  1.5.8. We have the equality

h,f (D q ) =  y z  lo g \F \vdnVtV +  E (F ,v  fin ite ) +  d eg (F )h v (oo).
, J Pn_vfac Kv

Proof. We are going to  make use o f the arithm etic intersection theory on PJL 

Le t’s compute deg(ci(Lfc)n | d iv (F t)). We have the following:

(i) deg (c i(L fc)n |div(Ffe)) =  ^  ProP °'

sition 1.5.4.

(ii) deg(c i(L fc) )n|C'fc) =  [K v^ k : K ]lo g \N (v ) \  by proposition 1.3.6.

Le t’s recall the form ula 1.5:

d iv (F fc) = D k -  deg(F)oo*; +  Y  xv,i,kCv,j
v,i

- d e g ( F ) J ^ y v,i,kCv,i +  ] T  v (F )X v
v,i  f i n i t e  v
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Now we are going to  let deg (c i(L fe) ” |.)) acts on each side, 

deg(c1 (L fc)n |d iv (F *)) =  hCn (D k) -  (d eg (F ))h c-{ook)

+  Y 2  lo§ \N (V) \ \K *,hk ■ K ) -  deg(F) ] T  Vv,i,k 
i,v i,v

l o g l i V W I I ^  : K \ + < T * ^ v (F ) lo g |J V W |,
V

div id ing by dnk and taking lim its  gives us tha t the lim it

I h n l o g \N (v ) |[K Vti}k : K ] -  deg(F )yv,i,k lo g \N (v )\[K Vii,k : K \)
i, v

exists and

Y .  [  log \F \vd(iViv =  -  E (F , V fin ite)
t.|oo ip l ^ )

+  hv (D Q) -  d eg (F )h v>(oo), 

which was the result we wanted to  prove. □

C o ro lla ry  1.5.9. Suppose that ip — (p0 ,P i) : P1 —>■ P1 and uie have choosen 

coordinates such that Tn/p i.  The integral of the log the m inim al equation F  

of a point P  =  (A, 1) € P1 is related to the height of P  by the formula

M F ) =  deg(F) ^  JPi l0 g \F \vd^ v'
V Ky

C o ro lla ry  1.5.10. I f  <p has a model such that the divisor oo has a finite  

forward orbit {oo, <p(oo) , ....} (which forces hv {oo) =  0), then

M A j )  =  u ,  log iFlydp^v  +  E (F , v fin ite).
v / o o  P 'kv
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C o ro lla ry  1.5.11. Assume oo) =  0. Suppose that our model (p0, ...,p n) 

fo r p, satisfies positivity conditions and the v (F )  =  0 fo r every fin ite  place 

v E Ok, then

E x a m p le  1.5.12. Consider a model fo r a map p  : P1 —> P1. Suppose that 

Pq (T0 , 1 ) is monic and that the m inimal equation F  of the point (a, 1) has 

coprime coefficients in O k- Also assume that p i(a ,  1) =  0. Then we have

for each finite place v. I f  —v(p0(a , 1)) >  0 fo r some v we get the strict 

inequality

E x a m p le  1.5.13. Let E  be an elliptic curve with Weierstrass equation E  : 

y2 =  G (x), where G is a polynomial of degree 3. M ultiplication by 2 gives 

rise to the rational map

on P1. Suppose that G (t) — (t — a )(t — b)(t — c), fo r certain a <  b <  c 6  Q. 

Since the points (a, 0), (b, 0), (c, 0) are preperiodic fo r p  we have, applying the

ĈpoCq,,!))
d
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formula we just proved,

V '  / lo g \G \vdpViV =  hy(a) +  hv (h) +  /^ (c )  =  0 
v JvHQ)

so we use the product formula and the example above to get

X~'  f  i i^ ii j  v '  —2v(G / (a)G '(b )G '(c))
V  /  log |G|wd/u¥», w =  >  ---------------- -----------------log |iV (u )|

f i n i t e v  f i n i t e v

_ - l o g T ( a | G ’M E M .
2

iVow we know that the product |G "(a)||G '(6 )||G"(c)| =  |D isc(G )| so our result 

is translated into

/  log |G|d/v,oo =
J P ifC )

log | D isc(G)j

! P!(C)

where oo is the only archimedean place of Q.

E x a m p le  1.5.14. JTie map p : P2 -> P2 given by the model p (x ,y ,z )  =  

(:r2 +y:r, y 2 +za;+z|/, z2) fias good reduction everywhere, that is, the expression 

E (F , v fin ite) =  0.

Example 1.5.15. The map p  : P2 —> P2 given by the model p (x , y, z) =  

(y2 — 3z2, x 2 — 3y2, zy) has bad reduction over 3. The reduced map is not 

defined at the point (0 ,0 ,1) € P ^ .  The model satisfy positivity conditions 

and hy,(oo) = 0 .  I f  the equation F  =  cmz3 +  ... has cm =  0 (mod 3), then 

E (F ,v  fin ite) ^  0 and viceversa.
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E x a m p le  1.5.16. The map p  : P2 —> P2 given by the model p (x , y, z) =  

(y2 — 5z2, x 2 — 3y2, zy) has bad reduction over the places 3 and 5. I t  is not 

a well defined map at the points {(/?, 0,1); (—j3,0 ,1 )} C P^. and also at 

{ (a , 0,1); ( —a , 0 ,1 )} C P ^ , where f3 is root of x2 — 2 =  0 in K$ and a  is 

root of x2 — 3 =  0 in K 5

1.5.1 G eneralized  M ahler M easure

Suppose tha t a map p  has good reduction everywhere. I t  is natura l to  define:

D efinition 1.5.17. The Mahler measure with respect to p and relative to an 

infinite place v of K  of a polynomial F  € OK[ To/ Tn, i s  defined 

as

Vv,v (F ) =  /  log \F \d p v^.
J cn

1.5.2 E q u id istr ib ution  th eorem s.

In recent results P. Autissier [2] has proved the following equ id istribution 

theorem in dimension one:

Theorem  1.5.18. Consider a map p  : P1 —> P1 on the Riemann sphere. 

Let v be any infinite place and (a n) in F 1(K )  a non-repeating sequence of 

points such that lim ^ o o  h (a n) — 0  then, the sequence of discrete measures 

|Gafcn) [ ^ € G a i^ K b  converges weakly to dpv .
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M. Baker and R. Rumely ([4]) have given a new proof o f th is theorem, 

using capacity theory. The ir proof also gives equid istribution results at fin ite  

places. Suppose we are again in dimension one. One m ight also ask whether 

the Mahler measure should also be computable by equid istribution; more 

precisely, we conjecture:

C o n je c tu re  1.5.19. Let F  be the m inim al equation of point a  not in the 

Galois orbit of any a n and v an infinite place of K ,  one has

lim  i r . , i 7 ,TT i Y 1  log | ^ V K ) | „  =  /  log \F \vdpv^. n->oo |G a l(a n)| ^ Ga] Jx{Cv)

We can prove Conjecture 1.5.19 in the case tha t the points a  are peri­

odic points. This generalizes earlier work on “e llip tic  Mahler measure” by 

G. Everest and T. Ward in  [17, Theorem 6.18]. Le t’s see now what we have 

for a map >p : P71 —> P". The following result is due to  Briend and Duval.

T h e o re m  1.5.20. The sequence of measures ±  is repelHngSy con­

verges to Py as n goes to oo. The exceptional set E  of ip is defined as the 

biggest proper algebraic set F n that is totally invariant under <p. Then fo r  

every a e F n — E , the measures Yly:^{y)=za converges to as n goes to 

oo.

Properties of the canonical height make the back iterated o rb it a sequence 

of small points, indeed i f  <pn(x) — y then hv (x) =  hip{y )/d n. The above
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theorem is a particu lar result towards a desirable general statement about 

equidistribution o f small points for maps on P” . When the map (p is a Lattes 

example, there exist such a theorem [24].
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intersection theory

1.5.3 C urrents on com p lex  m anifolds

Let X  be a connected compact smooth projective complex m anifo ld  o f dimen­

sion n. Let Apc’q the space o f smooth d ifferentia l forms on X  w ith  compact 

support. A  current o f type (p , q) on A  is a linear map

S : A ^ -p’n- q{X )  — > €

continuous for the Schwartz topology. We denote by D p,q( X )  the space of 

currents of type (p , q).

Example 1.5.21. I f Y  C X  is a dosed irreducible subvariety of codimension 

p, we let 5y be the current acting on A™~p’n~p(X )  as

Sy(ui) =  I  OJ.
J y —Yjing

Example 1.5.22. A (p,p) form  uiz defines a (p ,p ) current [u)Z\ as

[uz \{ri) =  /  ojz  A p.
Jx

60
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I f  S' G D p,q(X ) ,  the derivatives dS  G D p+1,q(X )  and dS  G D p,q+l( X )  are

R e m a rk  1.5.23. There exist real operators d =  5 +  6 and dc =  i(S  — <5), 

which make the notations easier sometimes, fo r example in one dimension 

we have ddcf  =  A  fd x  A dy.

1.5.4 G reen  currents

In th is part we define a good class o f currents w ith  respect to  the integration 

on a complex manifold.

D e f in it io n  1.5.24. Let Z  be a cycle of codimension p on X .  A Green current 

fo r Z  is a current g G D P~1,P~1(X )  such that

fo r some u z  G A P,P(X ) .

D e fin it io n  1.5.25. Let X  be a smooth quasi-projective complex variety and 

Y  a proper algebraic subset. A C °° form  v on X  — Y  is said to be of ’’log”

defined by

dS(u) =  ( ~ l ) p+q+1S{du)

and

5S(u) =

(1.4)
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type along Y  when there exist a smooth quasi-projective variety it : M  —> X  

and a C °° form  r\ on M  — it^1Y  such that:

(i) tt~1(Y ) is a divisor with normal crossing and 7r is smooth on X  — Y .

(ii) v is the direct image by tt of rj\Z  — ir~xv.

(Hi) For a point x £ M , there is an open U  of x and a system of coordinates 

( z i , .., zn) such that tt~ x(Y )  f i  U  has equation z\ =  z2 — .. =  zk =  0 and 

there exist 6 and 8-closed forms ctj and a smooth form  f3 on U  such 

that r]\U — lo g \%i\ +  P-

R e m a rk  1.5.26. Suppose that (£ , ||.||) is a hermitian line bundle on X ,  and 

s £ r(JY, C ), with s 7  ̂0. The poincare-Lelong form ula states

d d c [ -  log ||s||2] +  <W{s) =  C i { £ ) .

This is saying that a Green current fo r Z  =  d iv(s) is given by

9z{u ) =  /  - lo g ||s ||a ;.
Jx

Once we have fix  Z  the solution fo r the differential equation l . f  is not unique. 

In  fact we can proof that we can find a candidate with logarithmic growth 

along Z  with an explicit construction in the case of divisors given by the 

Poincare-Lelong lemma.
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1.5.5 P ro d u ct and -̂product o f currents

For general currents we do not have a product as we do for smooth cur­

rents. Results o f Bedford, Taylor and Demailly [5], [14], [15] [16], allow us to 

consider a product o f currents w ith  good properties.

D e f in it io n  1.5.27. (Lelong). Let U  be an open set of complex manifold M  

of dimension n. A current T  € D P,P(U ) is said to be positive (T  > 0 )  i f  fo r  

every choice of C°° (1 , 0 )-forms o ii , . . ,a n- p with compact support on U , the 

distribution T  A ( ia i A d i)  A ... A ( ia n- p A d n_p) is a positive measure on U.

E x a m p le  1.5.28. A locally integrable function u on X  is said to be plurisub- 

harmonic i f  the hessian iddu  =  i d2u /d z jd z j  A zm >  0 on X .  For example 

i f  we take log (p (z)); where p is an smooth function.

D e fin it io n  1.5.29. (Bedford-Taylor). Let T  be a positive closed current of 

type (p ,p ) and u a plurisubharmonic function locally bounded on U . We 

define the product (ddcu) A T  =  ddc(u T ).

R e m a rk  1.5.30. The product T u  is well defined because the function u is 

locally bounded and the current T  has measures as coefficients. In  general we 

can define

(ddcUi) A (ddcU2 )...(ddcuq) A T  — ddc{u\ A (ddcU2)...{ddcu q) A T ).
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By prop 1.2 in [16], the current (ddcu \)  A (ddcU2 )-.-(ddcuq) A T  is a positive 

closed current of bidegree (p +  q,p +  q).

D efinition 1.5.31. Let U  be an open set of X  andux, uq plurisubharmonic 

functions on U . The vector (u i , ..., uq) is say to be admissible i f  fo r every 

I  <  i <  q the set L (u i) is contained inside an analytic set A{ C U  and fo r  

every choice of index { j x, j m}  C { 1 , 2 , q} we have codim fl* A j{ >  m.

Definition 1.5.32. Suppose that fo r certain locally bounded and continu­

ous plurisubharmonic functions Uip, ...Uiin (i =  admissible vectors

..., Vj>Sj) ( j  =  1..1) and forms and Wi, the currents x ,y  are locally 

given (on an open set U  of a covering of X )  by expressions of the form :

m
x =  Wi(ddcUiti)  A ... A (ddcui;ri)

i= i

i
V =  'Y ^^ jV j,\{ddcvja ) A ... A (ddcVj,Sj) 

j - i

then we can define a current of type (p +  q), \x .y \(U ) by the expression

EE VJiPjVj,i(ddcuiji)  A ... A (ddcUi>ri) A (ddcUjti)  A ... A (ddcVjtSj). 
j  i

Definition 1.5.33. Let p be a positive integer we w ill denote (following [29]) 

by~AP,P( X ) C D P,P(X )  (resp. A [™ ( X )  C D P,P( X ) )  the vector space of the 

currents that can be expressed fo r every open of a sufficiently refine covering
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of X  in the form:
rn

y ^ W j ( d d cu iti) A ... A (ddcu ijTi)
i=1
I

h vD ( ddCv3 ,2 ) A -  A (ddcvjiSj))
jz=  1

fo r certain continuous and locally bounded plurisubharmonic functions Ui>ri 

(i =  admissible vectors (v jtl5 ..., VjjSj) ( j  =  I . . I )  and forms f3j and m*.

R em ark 1.5.34. The above definitions make sense after the results in th.2.5  

and prop. 2.9 of [15] and th. 3-4-5 and prop. 3-4-9 of [16].

Definition 1.5.35. We say that a sequence Xk 6  ~Al>,p{X )  converge to x G 

~AP'V{X ) in the sense of Bedford and Taylor if:

m
x k =  y 2 wi(dd°Ui! l) A ... A (ddcuki r .)

i=l

m
x  =  y ;  Wj(ddcUj'i) A ... A (ddcUitri) 

i = l

and the sequence of plurisubharmonic functions ti* ■ converge uniformly to 

Ui j  fo r each pair ( i , j ) ,  as well as the forms tend to W{ consider as C°° 

forms.

Proposition 1.5.36. The product [.,.] : ^ ,V{X)  x A ^ q{X)  —> A f ^ q,p+q{X )  

satisfies the properties:

(i) [x.y] extends the wedge product of forms x A y .
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( ii)  [x.y] — [y.x] (commutativity).

(in ) [[x.y].z] =  [x.fy.z]] (associativity).

(iv) I f  x n converge absolutely to x, then [xn.y] converge absolutely to [x.y].

(v) I f  f  : P”  —> P" is a morphism of the n-projective space, then f * (x .y ) =  

f * x . f * y .

Proof. The proof is a combination o f results in  [15] and [16]. □

A t th is  po int a class o f ’’ good” metrics may be introduced:

Definition 1.5.37. Let (£ , ||.||) be hermitian metrized line bundle on X .  

The metric ||.|| is said to be positive i f  and only i f  Ci(C, ||.||) >  0 on X . A 

continuous and positive metric ||.|| is said to be admissible on X  i f  there exist 

a sequence of smooth and positive metrics ||.||n —» ||.|| on X .

E x a m p le  1.5.38. I f  we start with an smooth metric ||.|]o on a line bundle 

C on X  and a map ip : X  —> X  satisfies <p*£ =  Ca, the so called canonical 

metric H-ll^ is admissible.

R em ark 1.5.39. The curvature C i(£ , ||.||) fo r an admissible metric ||.|| is 

a positive current. The expression c” (£ v, |].||„)¥,) =  C i(£ „, ||.||„>v,) x  ... x 

C i(£v, | | . | |^ )  can be consider fo r any admissible metric ||.||.
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Definition 1.5.40. Let Z  £ Z P(X )  a cycle of codimension p, and g £ 

£ ) p - i , p - i  a Green current fo r Z .  Suppose that C \  =  ( L x ,  | | . | | x ) , C q =  

(L q, ||.||g) are admissible line bundles on X ,  in such a way that the cycles 

Z , d iv(so),..,d iv(s9) intersect properly on X .  I f  we denote 5i =

Wi =  Ci(Ci), gi — — log ||sj|| and w =  ddcg +  Sz , we can define an element 

g * gi * ... * gq £ D p+q~l,p+q~~1(X )  by the equality:

9 * gi * ••• * gq =  g A .8 2...5q +  giw82.-.8 q +  .... +  gqw w i..w q- i .

R em ark 1.5.41. Suppose that we have a line bundle L  on an algebraic va­

riety X  of dimension n and n-sections s i,s 2, . . ,s n meeting properly on X ,  

denote also Z i =  d iv (sx) and Z  =  The star product g\ * ... * gn when

gi =  log ||si || can be chosen to be a Green current fo r Z , meaning that fo r  

some form  wz we have

T -rd d {g i  * ... * gk) +  8Z =  wz .
(ttz)

1.5.6 A rith m etic  C how  groups and in tersec tio n

Let K  be a number field and X  be a regular projective scheme fla t over O k - 

Denote by X ^ C )  the fibre at in fin ity  over the place a  and F ff : X CT(C) —> 

Xg-(C) the complex conjugation.

Definition 1.5.42. An arithmetic cycle on X  is a vector (Z , ga i, ...,g,rk),
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where Z  is a cycle on X  and gCk is a green current on X aic (C) associated to 

Z  C, with the condition that ga is real and F *(g a) =  (—l ) pga fo r every 

place a.

Exam ple 1.5.43. The vector (0, daiu +  B^v, ...daku +  dffkv), where u G 

D p~2,p~l ( X a) and v G D p~l,p~2(X a) fo r all a.

Exam ple 1.5.44. I f Y  C l  is an irreducible cycle of codimension p — 1 and 

f  G k (Y )*  is a non zero rational function on Y , we get the arithmetic cycle 

(d iv ( /) ,  -  log \ f \ai , -  log \ f \ Ck), where -  log |f \ a G D p- 1̂ ~1( X tT) maps w 

t0 — loS l / ( cr) i^ -

D efinition 1.5.45. Suppose that f  G K ( X ) *  is a rational function on X .  

The arithmetic cycle (d iv ( /) ,  — log l / l ^ , ~  log 1 /1^), will be called the 

arithmetic cycle associated to the rational function f  and w ill be denoted 

by d iva( / ) .

Definition 1.5.46. The arithmetic Chow group C H P(X )  is defined by the 

quotient

__________  {{Z , g i, ..,gk), codim (Z) =  p}________________
((0, (dau +  da)k̂  i) ;  (d iv ( /) ,  -  log | / | ) ,  f  G k (Y )* , cod(Y) =  p -  1)

and it comes with the two projections z (Z , g) =  Z  and a (Z , g) =  g. 

Definition 1.5.47. The map a;, is defined as Wi {Z, g u ...g k) =  § ig t +  Sz .
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D e f in it io n  1.5.48. Let C be line bundle on X  and s a non-zero section. The 

first arithmetic Chern class C\{C) of C is given by (d iv(s), [— log ||s||o-]£-i) as 

a class in C H l {X ) .

Theorem  1.5.49. The pairing (Y, gY(r)a .(Z , gz<T)a =  (Y n Z, gYa * gza)„ de­

fined as a function C H P(X )  x C H g( X ) —» C H P+Q(X )  Z>z Q, fo r p >  0 and 

q >  0, is associative, bilinear and the maps z and uj are graded ring homo- 

morphisms.

D e fin it io n  1.5.50. Let X  be a Cohen-Macaulay arithmetic variety and Z  G 

Z k(X ) ,  a k cycle on X  the number degz (c i(£ i) ...c i(£ fc )) G K  is defined by:

degz (c1 (£ i) .. .c 1(£ fc)) =  y 'd e g (d iv ( s 1) ....d iv (s fc)) +  /  g i * . .  * gk,
i JZ(C)

where Si is a section of Ci fo r every 1 <  i <  k and we assume that the 

divisors d iv(s i) meet properly on X .

Proposition 1.5.51. The ar i thmet ic  degree degz (c i (C i) . . .C i (Ck)) is a sym­

metr ic  func t ion  o f  the Ci.

Proof. Suppose tha t gi (for i  — 1,2) are Green currents of ’’ log” type along 

the cycles Z \ and Z 2 (for the existence see lemma 1.2.2 of [7]). We have 

g\ * g-2 — #2 * 9i +  STi +  6T2 for some currents 7 \ € D p~1,p and T2 G D p,p" 1, 

then Jz gi *g 2 =  Jz g2* g i + f z 5Ti +  f z  ST2 and by Stokes theorem for currents 

o f ” log” type, we obtain the symmetry for the arithm etic  degree. □
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Proposition 1.5.52. Let X  be a Cohen-Macaulay arithmetic variety and 

Z  € Z k ( X ) ,  a cycle on X ,  the number degz (c i(£x)...c i(£ fe)) € R, is com­

pletely determined by the properties:

( i)  is k —linear.

( ii)  fo r k =  0 and Z  =  J2i m Pi, degz  =  £ 7  n{ log N Pi.

( in ) fo r k >  1 and s j / 0  a section of Ck which meets Z  properly we have 

degz {cx{C i)...c i(C k)\Z )  =  deg2 (cx(£1)...C i(£ fc_ i) |Z .d iv (s fc))

— [  SZ(c) log ||s fc ||c i(£ i)...c i(£ *_ i).
JX{ C)

Proof The * product o f currents satisfies gz * 9 w — 9 z A $w +  wz A gw- 

This takes care o f the recursion form ula in  property iii) . The m u ltilinea rity  

is share by both, the geometric intersection and the star product o f currents 

(defin ition 1.5.40). The starting  po in t (property ii) )  is a consequence o f our 

defin ition o f schematic intersection (defin ition 1 .2 .1 ). □

Proposition 1.5.53. Suppose that C is a hermitian line bundle on X  and 

f  e K { X )  is a rational function on X  then:

deg(c1(O ( f ) ) .c n1(C )) =  0.

Proof. The curvature o f the tr iv ia l bundle c \ ( 0 ( f ) )  =  0. Using th is  result 

and the symmetry o f the arithm etic  degree we can reduce to  the case of
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dimension 1 , which is nothing else but the product formula (see for example 

the treatm ent in  [40]). □

Proposition 1.5.54. Let Z  be the algebraic cycle defined by the polynomial 

equation gv — 0 contained in a fin ite  fibre X v of an arithmetic variety X v, 

such that X c  =  an^ T  =  0 (1 )- Then

degz (% ~ l (£ ) \Z )  =  deg(^t,) lo g N (v ).

Proof. F irs t o f a ll we realize th a t because Z  is contained in  a fin ite  fibre 

f X (Q 8z(C) l°g  lls llcx'’ 1 (jC) — 0, for any choice o f the section s o f £  =  0 (1 ). 

On the other hand the sections o f 0 (1 )  represent linear conditions on the 

coordinates. The proposition is then a consequence of B e rtin i’s theorem. □

Proposition 1.5.55. Suppose that C is a hermitian line bundle on X  and 

f  € K ( X )  is a rational function on X  then,

deg(c?(£)| d iv ( / ) )  =  [  loS l/M /V -
<r

Proof. We have tha t d e g (cx (0 (/)).c ” (£ ))  =  0 and also tha t 

deg(ci(0 ( / ) ) .c " (£ ) )  =  deg (c i(£x)n)i d iv ( / ) )

- E  [  l o g i i / i K d ^ . - . d ^ ) .

which gives the form ula we wanted to  prove. □
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D e fin it io n  1.5.56. Let Y  be closed irreducible subscheme of X  and £  

ample line bundle on X . The real number

_ dhr (c1(£[nd"°Y+1)
C d e g (c i(£ jf |y )dimK)

is called the height o fY  relative to £ .
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1.5 .7  D im en sio n  T heory

The main reference for th is part is the book [25].

D e f in it io n  1.5.57. The krull dimension of a ring A  is the maximum number 

n, such that there is a n —links chain po C p \. . .  C pn of primes ideals of A.

D e fin it io n  1.5.58. The height h(p) of a prime ideal p is the maximum n, 

such that there is chain of prim e ideals po C p\... C pn =  P -  For I  any ideal 

we take the infimum of the heights of all prime divisors of I .

D e fin it io n  1.5.59. An ideal q of a ring A  is called prim ary i f  any zero 

divisor of A /q  is nilpotent.

T h e o re m  1.5.60. ( Generalized K ru ll principal ideal theorem)Let A  be a 

noetherian ring, I  ^  A  an ideal generated by m  elements. For a any m inim al 

prime divisor p of I ,  h(p) <  m.

R e m a rk  1 .5.61. The radical of a prim ary ideal q is always prime p. We 

then said that q is p —primary. We should think of the concept of prim ary as

73
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an analogy to the prime powers. However powers of a prime ideal not need 

to be prim ary.

D efin ition 1.5.62. For I  a finitely generated ideal in A, f i ( I )  denotes the 

minimum number of elements of A  that generates I .

Proposition 1.5.63. Let (A ,m ) be a local noetherian ring and q an m —pri 

mary ideal, then p(q) >  d im (A ) and there exist q, m —prim ary ideal, with 

H{q)  =  dim  (A).

D efinition 1.5.64. A set { a x , an} of elements of a n — dimensional noethe 

rian local ring (A, m) is called a system of parameters of A  if  it generates an 

m —prim ary ideal

Proposition 1.5.65. Let (A, m) be a local ring, a x , a m a system of ele­

ments of m. Then

(i)  d im (A ) >  d i m ( A / ( a x , a m) >  d im (A ) — m.

(ii)  d i m ( A / ( a x , am) =  d im (A ) — m  i f  and only i f  ( a x , a m) can be ex­

tended to a system of parameters of A.

Definition 1.5.66. The dimension of a module M  over a ring A  is the K ru ll 

dimension of R jA n n (M ).
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1.5.8 Primary Decom position and Associated Prim es

Let M  be a module over a ring A.

D efin ition  1.5.67. p e Spec(A) is said to be associated to M  i f  there is an 

m  € M  such that p =  A n n (m ). The set of associated primes to M  w ill be 

denoted by A s s (M ).

Defin ition 1.5.68. A submodule P  C M  is called prim ary i f  A s s (M /P )  

consist of a single element. I f  p is this prime ideal then P  is said to me 

p—primary.

Proposition 1.5.69. Any submodule U  C M  of a finitely generated module 

M  over a noetherian ring A , admits a reduce decomposition: U  P iD . . . r \P s 

where we have

(i)  Pi is Pi primary.

( ii)  For i  ^  j ,  P i^ P j .

(in ) n i f jP i  C P j.

The Pi are called the prim ary components of U .

1.5.9 B low -u p

Let I  C R be an ideal. Consider the Riesz R ing R j  =  R ® I t @ I t 2® ... c  R[t] 

(taking polynomials w ith  coefficients in  I ) .  Now assume th a t I  =  Rxo +
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R x i +  .... 4- R x n and put

R [xq, ..., xn] —> R j —> 0  

w ith  the maps Xi h* x fi from  R[xo, .. . ,x n] to  i? /.

Definition 1.5.70. The blow-up B l ( I ,  R ) of R  along I  is defined as the 

scheme P r o j(R i)  c-> P^.

R em ark 1.5.71. B l ( I ,  R ) is in fact defined by the ideal J  satisfying

J  —y R \xq, ..., xn\ —y R j  —y 0.

Theorem  1.5.72. (Universal Property) The ideal generated by I  in B l ( I ,  R ) 

is Cartier Divisor and B l ( I ,  R ) is universal fo r that property.

1.5 .10  L ength  o f a M o d u le

D efinition 1.5.73. A filtration of length n of a A —module M  is a sequence

0 =  M 0 C M i  C ... C M n -  M

of A —modules M j.

Proposition 1.5.74. Any two filtrations fo r M  with successive simple quo­

tients has the same length, that number le ng th (M ) w ill be call the

length of M .

Proof. See the notes [40]. □
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1.5.11 Tor functor

Let M  be an A —module. The le ft derived functors of M  ® a ■ are called 

Tori ( M , .). The property M  <8 u  N  =  N  M  carries over to  Tor* and we 

can th ink  o f T o r j( . , .) as a functor in  two variables.

E x a m p le  1.5.75. I f  we take two ideals I  and J  inside A [ x x, .., x^\ with 

dim  ( I )  =  k and d im (J ) =  n — k, both I  and J  annihilate Tor i ( R / I ,  R /  J)  

and therefore this last A —module has finite length fo r every i.

1.5.12 C ohen-M acaulay R ings

Let A  be a ring and M  an A —module. An element a G A  is said to  be regular 

i f  ax 0 for all 0 ^  x £ M .  A  sequence a i, a2, ..., an of elements o f A  is an 

M —regular sequence i f  the follow ing two conditions hold:

(i) ax is M —regular, a2 is M / a xM —regular,..., an is - 

regular,

(ii) (M /  £ 1  a{M ) ^  0.

P ro p o s it io n  1.5.76. Let (A, m)  be a local noetherian ring, M  an A —module 

and Oi, a2, ..., ar a m —regular sequence, then

d im (M /(a i,  a2, ..., ar )) =  d im ( M )  — r.
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Proposition 1.5.77. Let A  be a ring, M  an A —module, and a 1,a 2,. . . ,a „  G 

A  a regular sequence. I f  we write I  — (a i, a2 , an)A , then

(.M / I M ) [ x ] =  5 7 7  M .

I f  M  is fin ite ly  generated over a noetherian ring A  and I  C A  is an ideal 

w ith  I M  ^  M ,  then any M -regular sequence in  I  can be extended to  a 

maximal M —regular sequence o f elements also in  I .

Proposition 1.5.78. Any two maximal M —regular sequences in  A  have the 

same number of elements.

Definition 1.5.79. The maximal number of an M —regular sequence in  I  is 

what is called the I —depth of M . When A  is local with m aximal ideal m. and 

I  — m then we simply call it the depth of M  and denote it by d ( M ) .

R em ark 1.5.80. The depth d ( M )  of a module M  over a regular ring A , can 

be also seen as the smallest i such that H lm{M )  ^  0.

Proposition 1.5.81. Let (A ,m ) be a noetherian local ring, M / 0  a finitely  

generated A module, then

d ( M )  <  m in d im (R/p)  <  d im ( M ) .
p^Ass (M)

Definition 1.5.82. Let M  be a finitely generated module over a noetherian 

ring A . I f  A  is local we call M  a Cohen-Macaulay ( C .M .) module i f  M  — (0)
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or i f  d { M )  — d im (M ). In  the general case M  is defined to be C .M  i f  M m 

C.M. as A m module fo r every m  € SpecM ax(A ).
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