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v
Abstract

Mabhler formula for morphisms on the n-dimensional
projective space

by

Jorge A. Pineiro

Advisor: Distinguished Professor Lucien Szpiro

The Mahler formula expresses the height of an algebraic number as the
integral of the log of its equation with respect to the Haar measure on the
circle. The height is in fact the canonical height associated to the monomial
maps 2" and the Haar measure is nothing but the invariant measure associ-
ated to those maps. We show in this work that for ”good” morphisms ¢ on
P" the canonical height of a hypersurface can be expressed as the integral,

with adelic terms, of the log of its equation.
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Introduction

The classical formula of Mahler in complex variable states that if A € Q,
then log(sup(|A|,1)) = f.log|z — A|dz. The left hand side can be read as
the naive height h((X,1)) of the point (A, 1) € Py, and the right hand side
as the integral of the log of the minimal equation of A over QQ. In general it
is classically known [28], that for any point P = (X, 1) # oo in Q, the naive
height h(P) can be related to the integral of the log of the minimal equation

F of A, in the following way

h(P) = a-e-él—(F—) /P o8 F ()i = azgl(—ﬁy [S 1og | F(9)]do.
Now the naive height is the canonical height (c.f. later) associated to the
morphisms @, : t — ¢" on P*. This means that h(¢,(t)) = nh(t) and h(t) > 0.
On the other hand the Haar measure df on S! is invariant under the action
of this endomorphisms, in the sense that ¢df = ndf and ¢,.df = df. We

prove in the following work that these phenomena are general for dynamical

systems on P! as well as for dynamical systems on P" provided that the

1
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INTRODUCTION 2
morphism admits a "good model”. The general Mahler formula we prove

states that if ¢ = (pg,..,pn) : P* — P" has a model such that py,..,p,

represents a regular sequence inside Og[Ty, ..., T,] then:

hy(Dg) = Z /ﬂm log | Fl,dpy , + E(F, v finite) 4 deg(F)h,(o0),
Ky

v/oo

where we have the following:
(i) F is a polynomial in the n-variables T /Ty, .., Tyn-1/Th.

(i) hy,(Dg) represents the canonical height of the cycle D = div(F) —

deg(F)oo - ZvﬁniteU(F)X'v'
(i) The divisor oo is nothing but div(7}).

(iv) For every place v at infinity du, , represents an invariant measure rel-

ative to ¢ on X,.

(v) E(F,vfinite) is an error term arising from the blow-up we need to do
when the map can not be extended to an integral model. It depends
in fact only on a finite number of finite places, which we call places of
bad reduction. When the map can be extended to an integral model,

the term E(F, v finite) = 0.
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INTRODUCTION 3

Suppose now that our map admits a model such that h,(oo) = 0, then we

can eliminate one term on the right and get:

hy(Dg) = Z /n log |F|ydppw + E(F, v finite)

vfo0 IPK,,

For the discussion that follows in thié introduction we assume that we have
hy(00) = 0 . Under certain conditions, which we call positivity conditions,
we have E(F,vfinite) < 0. If we pick the equation F' such that v(F) = 0 for

every finite place v, we get the inequality:

hcp(DQ) < Z/IP log ‘Flvd/f'ga,v-

v/o0 1;(,,

When the map ¢ has good reduction everywhere (which is the case of the
maps t — t" associated to the naive height) and v(F) = 0 for every v, we

obtain the equality

ho(D0) = 3 [ 108 Fludis.

T,

v/oo IF’KU

In case that we are working with ¢ = (pg,p1) : P* — P! we can always
change coordinates to get 77/p; (this makes h,(oc) = 0) ‘and assume by base
change that the sequence (po, p;) is regular. The term E(F, v finite) can be
interpret as the sum of “integrals” over the finite places of K, E(F, v finite) =
Y finite fph log|F|. The measure du, at each place over infinity is nothing

but the Brolin measure [10], further studied by other authors such as, Lyubich
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INTRODUCTION 4

[27] and Freire, Lopez, and Mafie [18]. Taking a point P = (},1) # oo in P}
and F the minimal equation of A over K (which we assume with no common
factors v(F') = 0 at every finite valuation), the formula we found takes a

more symmetric shape,

1
h = ——— log |F'|,dpsy .
‘P(P) deg(F) ;/ﬂ;}( Ogl ' /‘LWa

When we pick A € Q, F the minimal equation of A over Q and the map

¢ = (po, 1) satisfying positivity conditions (wich reduces to impose A4 = 1

to the homogeneous polyr ()‘ : i mad Y l - flld
P)= —— / log | F|d i,
? deg(F) Jpi(c) ¢

1
= F
h’ﬂa(‘P) deg(F) AII(C) logl Idl'l“Pa

which is very similar to the classical Mahler formula.

1.0.1 Notation and conventions

All rings are assumed to be commutative. Unless otherwise stated K will
denote a number field with ring of integers Og. P% will denote the n-

dimensional projective space over K and similar for Pg_. In the section

.
on endomorphisms on projective varieties, X will denote a projective variety
of dimension n, £ a line bundle on X and ¢ a map from X to itself. The

term c1(L, ||.||) will denote a 1 — 1 current similar to the first Chern form of

L. In the rest of this work X will denote an arithmetic variety of absolute
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INTRODUCTION 5

dimension n + 1 over Spec(Og), in such a way that the fibres X, over the
places v of K are algebraic varieties of dimension n. For an arithmetic variety
X, £ will denote a line bundle on X and £, = £ ®p(x) Spec(K,) the restric-
tion of L to the fibre X,. The line bundle £ will comes sometimes equipped
with hermitian metrics ||.||p, on the fibres Lp, over a point P € X,. We
will be often interested in the arithmetic variety X = P, and models X;
that arise from blowing-up subschemes Y, of X. We will use £q,..,L; to
denote several line bundles on the arithmetic variety X and the expression
deg(ci(£1)..c1(L;)|Z) will represent the arithmetic intersection degree of the
line bundles Ly, .., £; over a cycle Z C X of dimension 7. The ideal generated
by the polynomials py, .., p, will be denoted by (py, ..., p,) and the symbol /T

will be used to denote the radical of any ideal 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Mahler formula

1.1 Endomorphisms on projective varieties

In this section we will give some examples of endomorphisms on projective
varieties. That is, maps ¢ : X — X, of a projective variety X to itself.
Under certain conditions on the variety X (existence of a line bundle £ with
good properties), we will associate to X and £ a canonical height function
and a canonical measure. The canonical height will be a generalization of
both the Neron-Tate on abelian varieties and the naive height on P'. The
points with finite forward orbit by ¢ will be characterized as the points of
canonical height zero. The canonicél measure will be a generalization of

Brolin’s measure for maps on P!,

Example 1.1.1. Suppose that K is a field. A degree d map ¢ : Py — P%
is given by a set of homogenous polynomials po(To, ..., Tn), ooy Pu(Toy .., Th) €

KTy, .., T,] of degree d, such that \/{(po,...,pn) = (Lo, ..., Tn). Here we are

using VI to denote the radical of the ideal I.
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MAHLER FORMULA 7

Here are some examples:

(i) Take p, = T)? and for 0 <i <n—1, p; = T + T;11q;, where the ¢; can

be taken to be zero or homogenous polynomials of degree d — 1.
(ii) Take any permutation of the polynomials above.

(iii) Consider for 0 < ¢ < n homogeneous polynomials p; = Z]. ai,]-Tjd of

degree d, where {a;;} is an invertible matrix.

Example 1.1.2. Consider a prime number p and a polynomial G(z) € K(z)

where K is an algebraically closed field. The family of plane algebraic curves
Cri 1 yP = G(z)

has automorphisms given by (z,y) — (z,&y), where &, is any p—root of

unity.

Example 1.1.3. The following erample was studied by Wheler and later
used by Silverman in [38]. Consider the family of K3 surfaces S, C P? x P?

determined by the two equations with coefficients in a number field K,

3

3
— = . —0
E a; ;TiY; = E bi e Tizey;y = 0.7
3,j=1 1,3,k =1

The projections py and p, represents double coverings of P4 and determine

morphisms o1 and oy in each of the members of the family S,5. The free
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MAHLER FORMULA 8

product oy * 0, 15 contained in the group of automorphism of each element of

Sap-

Example 1.1.4. Consider an elliptic curve E = C/C+ 7C given by Weier-
strass equation y? = 13 + px + q. The multiplication by n in E induces, as

quotient by the action of [—1], a map @, : P — P'. For ezample forn = 2,3

we have:
r* — 2pz? — 8qz + p?
Po(t) = 3
4z° + 4px + 4q
8(x® + px + q)(z® + bpz* + 20qx3 — 5p*z? — 4pgz — 8¢% — p?)

(3z% + 6px? + 129z — p?)?
The above example can be interpreted in the language of Lattés examples as
follows: Suppose that T € C is in the upper half plane. Let Gy = {(£1,m +
nt)lm,n € Z} be a subset of the complex motion group {(u,a)lu € U(1),a €
C} acting on AL. Suppose that we take N : AL — Al to be the [n]—th map,
then the quotient A' /G is isomorphic to P! and N descends to the morphism

On : Pt — PL.

Ex'ample 1.1.5. Consider the plane conic C over Z defined by the equation
C: XoX; +pXZ =0, where p is an odd prime. The reduction of C mod any
other prime | # p is smooth and connected. The fiber over p is the union
of two lines and the surface C is regular. The map from P? to P! defined

by &([Xo : X1+ Xa]) = [Xo + X1, X2] is well defined on C. Projecting from
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MAHLER FORMULA 9

[0:1:0] yields an isomorphism between our conic and P!, composing this
last one with ¢ gives rise to a map ¢ : P* — P, which can be checked to be
= t—:)—tfﬂ (See the notes [8]). This ezample is an illustration of a blowing up

allowing to define the map ¢ on P}.

Example 1.1.6. Any elliptic curve with complex multiplication admits an
endomorphisms ring larger than Z. For example, multiplication by 1 + i on
the elliptic curve E : y* = 2° + x. In this case when we pass to the quotient

by the action of [—1] on E, we get a new map on P!, namely

1 241
(14142 ¢

P14i(t) =

Example 1.1.7. For a set of morphisms @; : X; — X; when 0 < i < k,
we can consider the product morphism ¢ = (@1,.,90k) @ X1 X .. X X —

X1 X X Xk.

Example 1.1.8. (Another Lattés example). Take the morphism o1 X... X @y :
P! x...xP! — P! x ... x P! (n times) and consider the symmetric group S,
acting on P x ... x P! by permutation of the coordinates. Then the quotient
P! x ... x P1/S, is isomorphic to P* and ¢; X ... X 1 descend to a morphism

w: P =P

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 10
1.1.1 Canonical height

Suppose that X is a projective variety defined over a number field K, and
¢ : X —> X a morphism, with the property that there exist a line bundle £

on X and a real number « > 1 such that ¢*£ = £*. Then we can find (see

for example [37] or ([21]) a positive height function h, on X (K), defined as

the limit h,(P) = limy_,0 EE(—%;—(Q with the properties:

(i) h, satisfies Northcott’s theorem: points with coordinates in K with

bounded degree and bounded height are finite in number.
(i) hy(p(P)) = dhy(P).
(ili) h, is a non-negative function.

(iv) hy(P) = 0if and only if P has a finite forward orbit under iteration of

the map .
(v) |hy(P) — he(P)| is bounded on X (Q).

Remark 1.1.9. The canonical height h,, is uniquely determined by conditions
(11) and (v), and this represents a way of checking that certain formulas for

h, are in fact correct.

Let’s see now how the properties of the canonical height can be used to

generate one more example of a map on a projective variety.
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MAHLER FORMULA 11

Proposition 1.1.10. Suppose that two maps ¢,¥ : X — X that commute
(p ot =)o) satisfy the following properties: For some line bundle L on
X and real numbers o, f > 1, we have ©*L = L and v*L =5 LP, then we

have hy, = hy and hgoy = hy,.

Proof. Let € > 0, we can find n big enough such that we get all the inequal-
ities:
lho(x) — he(@™(z))/0"| < €
lhe(@™(2)) /o — hy(¢™(2)) /0] < €

|hy (@™ (2)) /0" = he(9™ 0 o™(z)) /"B < &

and the first part of the proposition is a consequence of w o) = ¥ o . For

the second part observe that

ho(p(1(2))) = ahy(¢(z)) = abh,(z).
O

Example 1.1.11. The maps p14;(t) = m};ﬁﬁ;ﬂ and ¢;_;(t) = ~(—1—${)‘2§3tﬂ

commaute and their composition ¢14,(p1-i(t)) = Pi-i(L14:(E)) = @o(t) =

#2241

e We know the canonical height associated to @s, because @, is the

projection on the first coordinate of the multiplication by 2 on the elliptic

curve E with Weierstrass equation E : y* = 1% + z. In fact pi4; and p,_4
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MAHLER FORMULA 12

are respectively the projection on the first coordinate of the multiplication by

l4+1andl—ionkE.

Let’s go back again to our discussion of the canonical height. Under the
same conditions (@*L = £*) for ¢, £ and a; we can build the canonical
multi-height h,(Yg) of a p—cycle Y inside Xo,. Similar properties will be

fulfilled (Check for example [46]),
(1) hy(Ye) 2 0.
(ii) h,(Yg) satisfy the functional equation h,(p.Yy) = ahy(Yy).
(iii) If the orbit {Y, f(Y),...} is finite, then hw(YQ) = 0.

Conjecture 1.1.12. (Zhang) The orbit {Y, f(Y),...} of a cycle Y is finite

if and only if the h,(Yg) = 0.

In a more general context, we are able to build multi-heights h., . attached
to metrized line bundles (£, ||.|ls); the canonical height will then arise asso-

ciated to a special kind of metric called the canonical metric.
1.1.2 Canonical metrics

Consider as before X defined over a number field X, £ a line bundle on X

such that ¢ : £ = p*L for some o > 1. Assume that for every infinite place

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 13

v we have chosen an smooth metric ||.||, on each fibre £, of £. The following

theorem is due to Shouwu Zhang [46]:

Theorem 1.1.13. The sequence defined recurrently by ||.|lb1 = |||, and
I lon = (@@ llon-1)/® for n > 1, converge uniformly on X(K,) to a
metric ||.|lv,e (independent of the choice of ||.||v,1) on L, which satisfies the
equation ||Jlpo = (¢*0"||-p) ",

Proof. See theorem (2.2) in S. Zhang [46]. Denote by h the continuous func-
tion log H% on X(K,). Then

g | = Tog .1 + Y (5¢°9°)h
k=0

Since [|(50*¢*)*hllsup < (5)¥l|Allsup, it follows that the series given by the ex-
pression ZZ‘,’__O(%rﬁ*go*)’“h, converges absolutely to a bounded and continuous
function hy,. Let ||.||on = ||.]l1 exp(hy), then ||.||n converges uniformly to

lllo,» and its not hard to check that ||.l|,,, satisfies

llow = (@@ |- llo) Y4,
which was the result we wanted to prove. O
Definition 1.1.14. The metric ||.||v,, is called the canonical metric on L,.
Example 1.1.15. Consider the line bundle L = Ogn(1) on Py. The Fubini-

Study metric ||(AoTo + ... + ATy )(ag, -y an)|lps = %-—ia} s a smooth metric
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MAHLER FORMULA 14

on L. If we take ||.||i = ||.l|rs, the limit metric we get is
_ 12 dadl
H( AT + ... + ATn)(ag, s n)llp = sup(a7)

Proposition 1.1.16. Suppose that two maps ¢ and ¥ commute, and for
some line bundle £ on X we have o*L = L and Y*L = LP, then the

canonical metrics ||.|lo = |||y

Proof. The key idea is that the canonical metric associated to a morphism

does not depend on the metric with which we start the iteration. Let

s € T(X) be a non-zero section of £L. We are going to consider two met-

rics ||.{lop = |.ll, and |[.]l; 1 = ||.lly on the line bundle £. By our definition

of canonical metric for ¢, we can start with ||, ; and obtain |[s(z)]|, =
1/a®

limy, ||s(¢*(z)|| » » but also by our definition of canonical metric for  start-

11,/{9 ‘. So using the

ing with |-y = [|ll, we get ||s(z)lly = limy ||s(&' (@)},
uniform convergence and the commutativity of the maps, we have

. ak gl
ls(@)lly = lim ls(o* 0 ¢! (@)lI3”

. lak
= lim|[|s(¥' 0 F (@)Y " = lls(2)llw,

which was the result we wanted to prove. O

1.1.3 Canonical measure and integral at infinite places

In this part we set up what will be called the integral at infinite places at-

tached to a map ¢ : X — X and a line bundle £ on X.
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MAHLER FORMULA 15

Suppose that we have equipped a line bundle £ on X with a canonical metric
ll-ll, on the fibres and U C X is an open set. The function z — —log||s(x)|2
for a non-zero holomorphic section s on U, is not necessarily smooth but
maybe only plurisubharmonic, and due to this fact, the first Chern ”form”
ca(L ) = (—Ji—)aglogtlsl(P)Hw may be no more than a distribution. We
would like to define the product ¢; (L, ||.||) A... Aci(L, |].]]). Unfortunately for
general currénts we do not have a product as we do for smooth currents. Re-

sults of Bedford, Taylor and Demailly [5], [14], [15] [16], allow us to consider

a product of currents with good properties.

Definition 1.1.17. (Lelong). Let U be an open set of complez manifold M
of dimension n. A current T € DPP(U) is said to be positive (T > 0) if for
every choice of C* (1,0)-forms ay, .., an—p with compact support on U, the

distribution T A (iog A@y) A ... A (fap—p A &n_,,)‘z's a positive measure on U.

Remark 1.1.18. The positive volume forms on X are positive multiples of

(iza AZ1) A o A (320 A Z).

Remark 1.1.19. A (p,p) current T can also be identified with an ezpression
T= ZU!:U%—*—IJ T;,ydz1dzy where the coefficients Ty ; are distributions. To say
that T > 0 is to say that 3 Ty joray > 0, where ap = [];c; o4 and similarly

for ay. The positivity of T' forces the components Ty ; to be complexr measures
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MAHLER FORMULA 16

with T],J = TJ’I.

Example 1.1.20. A locally integrable function u on X is says to be plurisub-
harmonic if the hessian i00u =iy 0*u/02;0zmz; A Zm > 0 on X. For basic

properties of plusibharmonic functions see for example [14] or [15].

Example 1.1.21. Let Y be an algebraic cycle on X. The current dy of
integration on Y is closed and positive. To see this, let a,...,a, be p forms

of type (1,0) and f a continuous positive function on X. Then we have

/ far Nay...ap ANy = #* / floal.. depldzy AdZ;...dzpy A dZ, > 0.
X b'e

on the other hand, Y is a compact subvariety of X and:

d&y(u)=/d5y/\u=/5y/\du:0.
b'e X

Definition 1.1.22. (Bedford-Taylor). Let T be a positive closed current of
type (p,p) and u a plurisubharmonic function locally bounded on U. We

define the product (dd°u) AT = dd°(uT).

Remark 1.1.23. The product Tu is well defined because the function u is
locally bounded and the current T' has measures as coefficients. In general we

can define

(dd°uy) A (dd°uy)...(dd°ug) AT = dd(uy A (dd°us)...(ddug) A T).
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MAHLER FORMULA 17

By prop 1.2 in [16], the current (dd®u;) A (dd°ug)...(dd°uy) AT is a positive

closed current of bidegree (p + q,p+ q).

Lemma 1.1.24. Let L be a line bundle on X and ¢ : X — X with the
conditions of prop. 1.1.13. Let ||.||, be the canonical metric on L. The
function © — —logl||s(P)|? is plurisubharmonic on the open set U = X —
div(s) and therefore the current i00(— log||s(P)||2) is a positive current on

U.

Proof. The proof is basically taken from [24]. Consider the continuous and

positive function H(z) = H;EQ“? on X. Define ¢ = mingex H(z). By chang-

ing ¢ by cyp if necessary, we can have H > 1. In general

lslln__ llso@llns

Islln-1 — lls 0 @llas

and then —log||s(P)||2 < —log||s(P)||%_, for every n > 2 and the sequence
{—log|||I2}%, is a non increasing sequence of plurisubharmonic function
converging to — log [|s(P)||2. O
Proposition 1.1.25. Let s; (i = 1..q) be sections of the line bundles L;
respectively, such that the divisors div(s;) meet properly on X. Let us denote
(L) = a(Li,|||l,) the Chern "form” associated to the canonical metric

studied in proposition 1.1.15, then the current

("’ IOg HSZ”i)Cl (El)....cl (Li—l)-6div(.si+1)-'-5div(sq)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA : 18

s a well defined current and

L(" log Hsiui)cl([’h ““n)cl (Li~1a ”'||n)'5div(si+1)"'6‘15‘«'(511)

tends to

‘/X(-' 10g “3iHi)cl(El)----Cl(Li—l)-édiv(siH)---5div(sq)-

Proof. We have ¢;(L;, ||.|l,) is a positive current that can be written locally
in the form ddu where u = —log||.||, is plurisubharmonic on X. On the
other hand dgiv(s;) are closed and positive. The second part follows because
the currents —log ||s]|2¢1(La, ||-ln)---e1(Li=1, ||-lln)-Odiv(sipy ) ---Oaiv(s,) COnRVErge
weakly to —log||si[|Zci(£1)....c1(Liz1)-Odiv(s; 1) -Odiv(sy)- When we denote by
L(u) the set of point where the plurisubharmonic function u is not locally

bounded, the following general proposition is proved in [16]. O

Proposition 1.1.26. (Demailly). Let U be an open set of X and T €
DRP(U) a positive closed current of type (p,p). Let also uy, .., u, be plurisub-
harmonic functions on U, such that for every choice of indices 71 < j2.. < Jjm
inside {1,2,..,q} the intersection L(u; )N...N L{u,,,) N Supp(T) is contained
in an analytic set of complex dimension < n—p+m. One can then construct
the currents uy(dd°up) A ... A (dd°ug) AT and (dd°ui) A ... A (ddug) AT of

mass locally finite over U and uniquely characterized by the fact: for every
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NON-INCreasing sequences (u’f),,(u’q“) of plurisubharmonic functions converg-

ing simply to uy, ..ug respectively, we have that uf(dd®u§) A ... A (dd°uk) AT
and (dd°uf) A... A(dd°uf) AT tend weakly on U to uy(ddus) A ... A (ddug) AT

and (dd°uy) A ... A (dd°uy) AT respectively.

Proof. For the proof we refer to [16], Thm. 3.4.5 and Pro. 3.4.9. or [15].

Thm. 2.5 and Pro. 2.9. O

Definition 1.1.27. Suppose that, on each of the fibres X, at infinity (v
denotes places of Ok ), the line bundle L, provided with the canonical metric
|-llv.p s an ample hermitian line bundle (i.e. the metric ||.|lpy, is associated
to a hermitian product on the fibre Lp, at P). Then the canonical current
associated to ¢ is defined as T, = ¢1(Ly, ||-lvp). The canonical distribution

associated to @ is dp, = ¢} (Ly, || Hlo,p) and we set p(A) = [, dpg,.

Proposition 1.1.28. The canonical distribution is in fact a measure, which

we call the canonical measure.

Proof. The current T, y; is positive, meaning that when we write T' = T; ;dz; A

dz;, the coefficients T;; are in particular real measures. In the same way

dppy = Ny T, has also coefficients that are measures. In particular the
A

n
. 1 Ts . .ye
normalized measure ﬁ?‘ﬁ is a probability measure on X. O
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- The fact that the canonical measure satisfies the required invariant prop-

erties will be proved in the next proposition.

Proposition 1.1.29. Suppose that A is a subset of X, such that p(A) =

Jadppy < 00, then

(i) pou(9p(A)) = (deg )"y »(A) < 00 whenever @|A is injective,

(it) poo(7 (A)) = punp(A) < 0.

Proof. Take an open set V with u(V) < oo. Assume that we have p~1(V) =

e’ ;, @ : Uy — V is injective for each i and that U denotes any of

the U;. Take n local sections s; # 0 of O(1) holomorphic on V/, in this case

ditp, = G%B@(gl)...(-%a_g(gn), where g; = log(||s;(P)|ly»). Denoting also

deg(p) = d we have,

o (V) = / (7—}2.58‘51og(nsl<P>uc,o,v>..@—}i—>ab‘log(||sn(z°>11<p,,,>
- / -(;T%aa‘1og<||sl(go(P))nw,n..(;}i—)a‘a‘1og<nsn<«p<P>>lsm,v>
n 1 %) * 1 3 *
=d /U G 00 108(l(e"s1)(P)llpw) -7 00 g (" 50) (P) )
= dn/“”v,lp(U)’
and
proe (0™ (V) = d" pao o (U)
= pho (V).
Which is the result we wanted to prove. O
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Corollary 1.1.30. The probability measure dpi, /(L) is an invariant prob-
ability measure on X,. It is the unique measure of mazimal entropy. As with
the Brolin measure in P! it can be obtained as the limit of the average of
Dirac functions supported on back-iterate orbits of points outside a proper

algebraic subset (in the dimension one case just the exceptional points).

Proposition 1.1.31. If two maps ¢ and ¥ on X commute and for some

line bundle £ on X we have ¢*L = L* and p*L = LP, then T, = T and

dpp = dhy.
Proof. This is a consequence of ||.||, = ||.||y proved in 1.1.16. O
1.1.4 Canonical measures in dimension one

We restrict ourself in this subsection to maps ¢ on the Riemann Sphere P!.
Recall that a point z € P! is called periodic for ¢ if it is a fixed point for
the map ¢* for some k. A point is called pre-periodic if its image by ¢™ for
some m is a periodic point for ¢. Assume that ¢ is differentiable as a map
¢ : P! — P!, then a fixed point z of ©* is called repelling (resp. attracting,
resp. indifferent) if |(¢*)'(z)] > 1 (resp. |(¢*) ()] < 1, resp. (%) (2)| = 1).
The closure in P! of thé repelling pre-periodic points is called the Julia set
of the map . We will show now that du,, extends to a linear functional

on the space of continuous functions on P!(C) and that this linear functional
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is the unique -invariant probability measure on P!(C) with support on the
Julia set of ¢. Following [27], we define A to be the operator on the space of
continuous functions of P!(C) which sends a continuous function f on P!(C)

to

(ANE) =73 3 euf(w)

plw)=2

where z € P}(C) and e, is the ramification index of ¢ at w.

Lemma 1.1.32. Let V be an open set in P(C). Then

[ S = [ Afd (L.1)
(V) 1%

for any k > 1.

Proof. Since the set of ramification points of ¢ is finite, it suffices to show
that (1.1) holds when V contains no ramification points; since any open
subset can be written as a union of simply connected open subsets, we may
further assume that V is simply connected. We may then decompose ¢~ 1(V)
into d branches U;, 1 <1 < d such that ¢ is .bijective on each U; with analytic
inverse ¢, L

Choose a section s of Op:i(1) that does not vanish on V or ¢=1(V). Let

. logHsHu,k
- i

. Then, on U, we have ddp = du, x and on U;, we have dd(poy) =
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(deg ¢)(dtik+1,0). By change of variables, we then have
1 _
[ fdiani=3 [ 1) ddplel)
Ui Ui
1 3 _
~ 5 | 1ot @) ddlote)
1%
1
= E/ f 090;1 dﬂv,k-
v

Since (Af)(v) = 3 3.1 f o 95 (v), we thus obtain
d o
fdpy i = / fdpp e = - / Fooi! dug
/<P_1(V) )\Z_—:l U; d; v A

d

1
= 3 fO(p_ld}Lv’ :/Afdu:),-
/Vdf{; PR T

O

An exceptional point £ for ¢ is a point such that p2(€) = £ and ¢? ramifies
completely at €. An exceptional point £ is a super-attracting fixed point for
¢ (see J. Milnor [31]).

Now take e > 0. We may choose an open set V; containing the exceptional

points of ¢ for which

€
dpyy < .
/ue to 2 SupzePl(C)(lf(z)iv)
Such a set exists since dy,; is a continous form. Let W, = P}(C) \ V..
By Theorem 1 of [27], there is a constant C such that (A*f)(w) converges

uniformly to Cy for w € W,. Thus, there is some M such that for any k > M,
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we have

(A ) (w) = Cply < /2
for all w € W,.. Using Lemma 1.1 and the fact that fo dpy1 < 1, we then
see that for all K > M we have

/ fdpy —C,
PYTC)

/ (A*F) itz — C;
PY(C)

v v

<

/ (A* ) dpos — C

€

< [ gemn v [ (s (5 din

2€PL(C)

+/ %Akflv d.uv,l

<e/2 + €2 = e

Thus, du,,, extends to a measure such that

f dtng = Jim (44£)(2),
Pl(C) ~>00

where z is any point in W,. Freir, Lopes, and Mane ([18]) have shown that
the map sending a continuous function f to limy_.o(A*f)(z), where 2 is a
not an exceptional point of ¢, is the unique p-invariant probability measure

on P!(C) that is supported on the Julia set of ¢.
1.1.5 Examples

Here we analyze what we know about the canonical height and the measure

associated to each of the examples previously introduced:
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Example 1.1.33. Suppose that K is a field and o = (po : .. 1 ps) : P — P}
18 @ map on n—dimensional projective space. In general it is hard to get a
closed form for the iterate of such a map. In case that for some natural k
we have p;(To, .., Tp) = TF for each 0 < i < n, we obtain the so-called naive

height on P%:

h([to L. tn]) = '[?—1'7@']- IOg H Sup(ltolv, crey ltnIU)N‘”

places v of K

where N, = [K, : Q] and w is the place of Q such that v | w. The conditions
) and v) for the canonical height can be easily checked in this case. The
assoctated measure dpu, is the normalized Haar measure on the Torus S x
... X 8Y. In the case of dimension one we check that the preperiodic points
for the maps t — t* on P! are always 0,00 and the roots of unity (the roots
of unity are the repelling ones). The closure in P! of the set of repelling
preperiodic points in this ezample is S* and we observe how du,, is the Haar

measure supported on the Julia set. If Ty, T, represent projective coordinates

in P!, the canonical metric whose curvature gives the canonical measure is

g = Paat dobl
ITo+ AT (e Dl = S

Example 1.1.34. Suppose that we have our prime number p and the poly-

nomial G(z) € K(z) where K is an algebraically closed field. As we mention
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before the family of plane algebraic curves Cp @ y* = G(z) has automor-
phisms given by (z,y) — (z,&y), where & is a p—root of unity. Now, the
generic member of this family is a curve of genus g > 1, for such curves the
formula of Hurwitz, will tell us that we can not satisfy the conditions to build

the canonical height with o = d =degree of the map ¢ (for a proof see [3]).

Example 1.1.35. Consider the family of K3 surfaces S, C P? x P? deter-
mined by the two equations with coefficients in the number field K,
3 3

Z a; ;T;Y; = Z bi jkaTiTryy = 0.

i,j=1 i,d,k =1
The projections p; and p; represents double coverings of P4 and determine
morphisms o1 and o3 in each of the members of the family S,p. Following
[38], a new canonical height can be found in this case. Denote by L; =
prOp(1), EY = (2+V3)L, — Ly and B~ = —L; + (2+v/3) Ly, the geometry
of the family S,y can be used to prove that (oy 0 o) *(E*) = (7 + 4v/3)E*
and we obtain two canonical heights h* associated to E* and (o 0 5)%!. A
new canonical height was then introduced by Silverman as h=ht+h. In
a similar way closed and positive (1,1)—~currents Tt and T~ can be defined
associated to the morphisms (o1 0 09)*! in such a way that T =T+ + T~ is
an invariant current associated to the system of automorphisms (o} o 09)*!.

For generalities about canonical heights associated to systems of morphisms,
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as well as for the details on the construction of T* and T~ see [24].

Example 1.1.36. Consider an elliptic curve E = C/C+71C given by Weier-
strass equation y?> = x3 + px + q. The multiplication by n in E induces, as
quotient by the action of [~1], a map ¢, : P' = P'. If P = (z,y) € E, the
canonical height izwn (z) is the Neron-Tate height on E of the point P. The
preperiodic points for o, are the image of the torsion points in E. To see
this note that nfP = n*' P for k # | implies that P is torsion and cbnversely
if kP = 0 we write n' = gk +1; and 7, < k, then there have to be two indices
1,I" with v, = r] and we get n'P = n' P. The multiplication by n* is etale on

k everywhere and similarly for the map o,

E, the derivative of this map isn
more precisely we have that |(¢,) (z)| = n* for every x € P! and therefore
the Julia set of ¢, is the entire P*. In [32] it is established that the Haar

measure on E gives the curvature of the canonical metric associated to the

Neron-Tate height. The projection onto P! of this measure gives the du.,,,

idt A dt
Im(7)|t3 +pt+q|

d:u'(Pn =

Example 1.1.37. For a set of k morphisms ¢; : P* — P" of degree d;
respectively, we can consider the diagonal morphism p = (1, .., ox) : PP x... X
*O(1) = O(d;) and p*L =2 LU+ yhere

i

P* — P*x...xP". In this case ¢

L = pi(O(1)). The canonical height satisfies hy(2o, .., Tx) = D, hy,(z;) and
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for the invariant currents T, = > . T,,.

Example 1.1.38. Take the morphism o1 X ... X 1 : P} x ... x P! — P! x
.. X P! (n times) and consider the symmetric group S, acting on P! x ... x P!
by permutation of the coordinates. Then the quotient P! x ... x P1/S, is
isomorphic to P* and ¢ X ... X ¢y descend to a morphism ¢ : P* - P". In
this case h,(Z) =Y, hy, (pi(x)), where p; is representing the i—th projection

on P! x ... x P! and T is the class of € P* under the action of S,.

1.2 Geometric intersection in a Macaulay va-
riety

Suppose that X is Cohen-Macaulay arithmetic variety of dimension n+1.
The geometric intersection theory, usually developed for non-singular vari-

eties, can be extended to Cohen-Macaulay varieties for certain kind of cycles.

Definition 1.2.1. Suppose that the g1 —cycle Dy is a locally complete inter-
section and Dy is any go—cycle. Assume that they have no common compo-
nents and g, + ¢ < n+1. If Dy and D, are locally given by coordinate rings

A1 and A; the intersection cycle is defined by a sum of components:

(D1.Dy) = E n4,,4:C a4
AlyAZ
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where
dim X

NAy, Ay = Z (—1)"length(Tor;(A;, A3)).

1=0

Definition 1.2.2. If a multiple kD, is a locally complete intersection we

define (Dy.Ds) = 1/k(kD,, D5).

Definition 1.2.3. The degree of the intersection is defined as:

deg(Dl.Dg) = Z Nay A,
Ay A

Remark 1.2.4. Let P be a point on X. Suppose D, is given in a neighbor-
hood of P by the zero set of fi,..., f, and that Dy is given by complete in-
tersection of certain equations fqi1,..., fns1 n such a way that the sequence
fi, s fns1 18 a regular sequence in Op, then the degree of the intersection
deg(D;.Ds) is expressed as a sum of terms of the form length(Op/(f1, .., f,;+1)).|
Even more, if only multiples k1D, and koD, are ezpressed as before, the in-

tersection number will be a sum of 1/k1ko length(Op/(f1, .., fas1))-

Proposition 1.2.5. If Dy has codimension n + 1 and Dy is locally given by

one equation, then (Dy1.D;) = 0.

Proof. Suppose that f is the equation defining I, and 7 is the ideal of D, in
the local ring O, = A. The assumption on the dimension of IJ; implies that

the modules A/I and Tor;(A/I, A/f) are of finite length for all # < n + 1.
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Now the result follows because the length is an additive function and we have

the exact sequence:
0 — Tor, 1 (A/I,A/f) — ... = Tory(A/I,A/f) = Tor1 (AJI, A/ f) = AJI

— A/I —- A/(I +(f)) = 0.

O
The symmetry and bilinearity can be proved extending the methods of
[36] to rings which are Cohen-Macaulay instead of regular. In the dimension

2 case we will give complete proofs of a lot of desirable properties for an

intersection pairing:

Definition 1.2.6. Assume that X is an Arithmetic Surface. We define the
schematic (or geometric) intersection number of a Cartier divisor D with a

Weil cycle C when they have no common components as
(D.C) = length{Op ® O¢) — length(Tor; (Op, O¢)).

Proposition 1.2.7. (bilinearity and symmetry) The pairing (D.C) we

Just defined is bilinear and symmetric when both sides are Cartier divisors.

Proof. If C is a Weil divisor, it is a linear combination with integral

coefficients of reduced and irreducible Weil divisors C; (the coefficient of C;
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is equal to length((O¢),,)). The sheaf Op being of Tor dimension 1 the
pairing is linear on the right by devissage. To see the linearity on the left it
is enough to look at the case where C is reduced and irreducible. The proof

will be complete after the reader checks the following lemma:

Lemma 1.2.8. Let A be a commutative ring, I an ideal in A and f a non

zero divisor in A. Then one has the following eract sequence:
0— A/l > A/fI - A/fA—0

Proof. The symmetry is clear when D and C are Cartier divisors with no

common components. ]

If C' is a Q-Cartier divisor, i.e. a Weil divisor with an integral multiple

nC" which is Cartier, we will define

L(ne").0)

n

(C'.C)
The following propositions are classical:

Proposition 1.2.9. (linear equivalence) If C is a Cohen-Macaulay pro-

jective curve then

(D.C) = deg; Ox (D)ic
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Proof. One needs only to check that the degree of a line bundle is a well
behaved notion on Cohen-Macaulay projective curves. This is the Riemann-
Roch theorem for curves.

If C is a projective curve and L is a line bundle on X a projective surface
one can then speak of (L.C) for L is the difference in Pic(X) between two very
ample line bundles each of them having sections with no common components

with C. |

Corollary 1.2.10. When C is a projective curve and D is a Q-Cartier di-
visor, the intersection (D.C) is well-defined by bilinearity and linear equiva-

lence even when D and C have a common component.

Corollary 1.2.11. Let F be a rational function on a reduced, irreducible
surface X that is projective and generically smooth over B. Then for any

Weil divisor C contained in a fiber over B, we have

(div(F).C) = 0.

Proof. This is clear for the line bundle Ox(div(F)) is equal to Ox and C is

a projective curve. (N

Proposition 1.2.12. (projection formula) Let ¢ : ¥ — X be a map

between surfaces X and Y that are projective over B. If L is a line bundle
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on X and C closed subscheme of Y one has

(*(L).C) = (L.ox(C))-

In particular if C is contracted by ¢ to a subscheme of X of codimension 2

the intersection number (p*(L).C) is zero.

Proof. By additivity we can suppose C is a reduced irreducible curve in X.
There are two cases: ¢,(C) is of dimension 1 and ¢,(C) is of dimension zero.
In the first case C — ,(C) is finite and by Lemma 1.2.8 we have
length(Oc/(fOc)) = length(Ox /(fOx) ® O¢)
= length(Oy /(fOy) ® O¢).
In the second case L can be realized as the line bundle associated to the
difference of two very ample divisors on X each of them having no intersection
with ¢,(C). The reciprocal images of these divisors in ¥ do not meet C, so

both side of the projection formula vanish as it is required. O

The following proposition shows that intersection theory for Q-Cartier

divisors does not change when we pass to the normalization.

Proposition 1.2.13. (invariance under normalization) Let A be a
Cohen-Macaulay integral domain of dimension 2 and let A be its integral

closure. Let (f,g) a reqular sequence in A then supposing A is o finitely
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generated A-module (f, g) is a regular sequence in A and

length(A/(f,)) = length(A/(f, 9))-

Proof. We shall note that A is finitely generated over A when we are in a geo-
metric or arithmetic situation. When (f, g) is a regular sequence in a module
M the only non vanishing Tor is the tensor product M®A/(f, g). One proves
by induction that the alternating sum Y .(—1)"length(Tor;(A/(f,g), M)) is
a non negative additive function on the set of finitely generated A-modules.
This sum is is equal to zero on modules of the form A/h or A/(h, k) for a
system of parameters (h, k) in A and thus is zero on A/p for any prime ideal
o containing h or (h, k) by devissage. Hence, it is equal to zero on any mod-
ule of dimension less than or equal to one. Any non-zero prime ideal of A
being of the previous form our assertibn of vanishing is proved. The module
A/A being of dimension at most one and (f, g) remaining a regular sequence

in A the proposition follows by additivity. O

The following proposition is proved in P. Deligne [13] with the additional

assumption that X is normal:

Proposition 1.2.14. Let X be a generically smooth, reduced, irreducible

and locally Cohen-Macaulay surface. The geometric intersection product on
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a fiber of X — Spec(B) when X is projective over B, is negative. Only

combinations of full fibers have zero self-intersection.

By Proposition 1.2.13, the assumption that X is normal may be replaced

with the weaker assumption that X is Cohen-Macaulay.

1.3 The blow up.

Let ¢ : P* — P" be a map with ¢*O(1) 2 O(d) and defined over a number
field K. A model for ¢ is a set qo, ¢1, ..., ¢ Of elements of Ok [Tp, 11, ..., Ty)4,
such that ¢ = (g0, q1, .-, ¢ ). We will be interested in models of ¢ such that

the set of elements qq, 1, ..., g, form a regular sequence.

Lemma 1.3.1. Let K be a field, A = K[Ty, Ty, ..., Tn] and po,p1,..,pn € A.

Then, the following two statements are equivalent:
(1) the sequence py, Py, .., bn 15 a regqular sequence.
(ii) the (n + 1)—tuple (po, p1, .., pn) Tepresents a map from P* — P,

Proof. i) = ii) The sequence (po, p1, .., pn) is regular so V({po, p1, .., Pn)) = 0,

which is equivalent to i1). i) = i) If we have i) then \/{(po,p1,..,pn) =
(To,T1, .., Tn), this says that pq,..,p, is a system of parameters in A and

therefore a regular sequence, because A is Cohen-Macaulay. O
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Corollary 1.3.2. Let K be a field, A = K[, T4, ...,T,] and po,p1,..,0n
a regular sequence in A. Then the sequence py = (Pko,Pk1,--, Pkn), defined

recursively by

po = (Po,P1, - Pn)  Pri = Pk-1(PosP1,-nPn) 0<i<n k>0
18 also a reqular sequence for all k.

Proof. py is regular sequence by assumption. On the other hand if p,_; is
regular, then by 1.3.1 (px—10, Pk-11, --, Pk—1n) represents a map P* — P" and
then by definition of py; the sequence py = (pro, Pk1s .-, Pkn) also represents a
map on the n-projective space. Again by 1.3.1, the sequence pj is a regular

sequence. O

Lemma 1.3.3. Let A = Og[To, Th, ..., Ty] and po,p1,...,pn € A. Then, the

following two statements are equivalent:
(i) the sequence pg,pi, .., Pn 1S @ Tegular sequence.

(i1) dim(V ((po,p1, -, Pn)) = 0.

Proof. The proof is very similar to the one of 1.3.1. The ring A is Cohen-
Macaulay of dimension n + 1, therefore the sequence pi g, ..., Pk p 15 régular if

and only if it is a maximal system of parameters. O
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Corollary 1.3.4. Let A = Ok[Ty, T4, ..., T0] and po,p1,..,pn a regular se-
quence in A. Then the sequence py = (Pko, Pk1, - Pn), defined recursively

by
Po = (Po;P1;-Pn)  Pki = Pk-1i(Po;P1;-»Pn) 0<i<m k>0
is also a regular sequence for all k.

Proof. 1If px_; is a regular sequence, dim(V ({Px—1,0,Pk—-1,1, -2 Pk—1,n))) = 0,
because ¢ is a finite map, dim(V ({px,0, Pk,1;--» Pk,n))) = 0 and pi is also a

regular sequence. a

In the rest of this subsection we will work with X =Pg_. Denote by Y;,

the closed subscheme of X defined by the ideal I+ = (Pr,0, Pr,15 s Piyn)-

Definition 1.3.5. The model X is defined by the property that o* : X, —
X is the blowing up of Y. The exceptional divisor will be denoted by Ey and

its irreducible components by C,;x, in such a way that we have a finite sum

Ek = Zv,i)(} T’U,i,kc’u,’i,k'

Proposition 1.3.6. The scheme X is Macaulay and Yy is a subscheme
of codimension n+ 1 in Xy and does not meet the generic fiber Xg. The
component Cy;x s a projective space of dimension n over the the residual

field field K., ;1 of the close point image of C, ;.
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Proof. These are consequences of the fact that pgo,pei,..-,Prn 1S a regu-
lar sequence in Ok[Ty, T, ..., T,]. The scheme X = proj(P ng) is locally
complete intersection in Py . The intersection deg(LP|Civk) = [Kuir

Kllog|N(v)| and by definition of the blow-up we get Cy,x = P% . O

v,t,k

Definition 1.3.7. The projection from Y; to Spec Oy will be called the places

of bad reduction.

Remark 1.3.8. The only places v appearing in the exceptional divisors Ey, =

Zv,i>0 TvixCuik are the places of bad reduction.

Assume that the polynomial F' € K|z, ..., z,] has v(F) = 0 for every v
of bad reduction. We can do this because there is only finitely many places
of bad reduction and any Dedekind domain with finitely many primes (like
Ny,O,(2)) is unique factorization domain. Then the irreducible horizontal
divisor D in X is defined by the equation:

div(F) = D — deg(F)oo + Y v(F)X,.

finite v

On the other hand we also let X}, denote the fibre of X} at the finite place v
and Fy = o5 F. We are going to consider the line bundle £y = O(1) on X and
Ly = 0;Lo on Xj. An homogeneous polynomial Fy € K{Tp, 11, ..., T,,] defines

a hypersurface Dy C Xg and we consider the polynomial F = F} /Tfeg(p ),
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The symbol ooy is denoting the divisor of X, defined by the equation 0;T;, =

0 and in particular co = div(T,).

Lemma 1.3.9. There ezist non-negative integers z,;r and y,;x depending

only on D, such that div(F}) can be written as

div(Fy) = Dy — deg(F)ook + ¥ 20,kChs

ot (1.2)
— deg(F) Y yuipCoi+ Y v(F)X,

finite v

where Dy s the proper transform of D by oy.

Proof. We have the formula for the divisor div(Fy):

div F, = div o} F = o div F = 0}(D) — noj(c0) + Y v(F)op(X.),

finite v

but now for certain non-negative integers z,; the reciprocal image of the
effective divisor D is 0f(D) = Dg + D ; Tv,ikCuir. Now also for certain
non-negative integers y,;, we have oj(co) = ook + Ev,i Yu,ikCu,i and the

proof is finished. 0

Remark 1.3.10. As a result of the proof we just did:

o(00) = o0k + Z Y0,ikCui  0%(D) = Dy + Z Tk Clo i -

V.8 U,

1.3.1 Positivity conditions

It is interesting to look at a particular type of models.
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Definition 1.3.11. We will say that a model (qo, ..., qn) satisfies positivity

conditions if for every k we have \/(Pk,o,Pk,l, s Py In) = Lo, 11,y ., T im

Ox[To, s Th)-

Example 1.3.12. This condition s satisfied for example if we are consider
a map ¢ : P — P!, on the Riemann sphere and py is a monic polynomial in

the variable Ty.

Lemma 1.3.13. If the model have positivity conditions the proper transform

oo of oo in Xy is equal to the reciprocal image o*(c0).

Proof. 1t is enough to show that oo does not meet Y), and this is a consequence

of the fact that the ideal \/(Pkp, Pr,1, - Pry In) = (T0y Ty oy T O

Lemma 1.3.14. If the model has positivity conditions, there exist non-
negative integers T, ; , depending only on D, such that div(Fy) can be written

as

div(Fy) = Dy — deg(F)ook + > TpixCoir + D v(F)X,

v,i,k finite v

where Dy, is the proper transform of D by oy.

Proof. The results follows by Lemma 1.3.1 and Lemma 1.3.9. O
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1.4 Integral at finite places

Let v denote a valuation on K, O, the set of elements z € K such that
v(z) > 0, z will denote a vector z = (zg,..,2,) € K" and P € P(K) a
point in the n-projective space over K. The valuation v is assumed to be
extended to an algebraic closure K of K. For a veétor x = (o, 2o, ey Tny)
we define v(z) = min;{v(z;)}. For a polynomial p € KTy, .., T] we take
v(p) as the valuation of the vector formed by its coefficients. For a sequence
of polynomials (py, ..., pr) we put v(po, ..., p,) = min;{v(p;)}. Suppose that
@ : P* — P" is a rational map of degree d given by homogeneous polynomials

(po : ... : pn) over O,, then we can define a map
Sy : K™ —(0,...,0) x O[Ty, .., T2 — R

S,(z, (Poy -y Pn)) = v(po(T), .., pn(z)) — v(2d, ..., %)

The map S,, is in fact a well defined map S, : P* x O, [Ty, .., T,]7*! — R,
which we still denote by S,(P, (po,..,Pr)). To see this, take any two sets of
homogenous coordinates for P, say (zo, ..., Tn) and (yo, .., Yn) = A(Zp, ..., Tn),
then v(po(Az), .., pa(Az)) = dv(A) + v(po(z), .., pu(z)) and v(A\9z?) = du(A) +
v(z?%), and the result follows.

Definition 1.4.1. The polynomials py,; are defined as before for each 0 <

i <1 as Pri = Pi(Ph-1,0,--» Pk—1,n) fOr k>0 and po; = p;.
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Definition 1.4.2. Suppose that the polynomial F has divisor div(F) = D —

deg(F)oo — 3 giien V(F)X,, then we define:

ZPinD SU(P7 DPk,0, ""pk,n)
dnk

So(P, Pr,0s - Do)
dnkko k —U(F)).

Remark 1.4.3. We have Sy(P,pro, -, Pkn) > 0 only for finitely many P,

E(F,vfinite) = — ligang ]N('U)[(

— deg(F) 2 peoo

because the sequence (pig,...,Dkn) 5 Tegular. The existence of the limit

E(F,vfinite) in the most general case will be result of theorem 1.5.8.

1.4.1 Convergence of each v-adic integral in dimension
one.

We are going to work now in dimension one, with a map ¢ = (pg,p1) :
P' — P! on the Riemann Sphere. Let’s keep the notation of the previous

subsection, that is S,(z, (po, 1)) = v(po(z), 1 (z)) — v(zd, z¢).

Proposition 1.4.4. The sequence

Su(P, (Do, Pr,1)) b

h’k‘(P) = { dk

(1) is bounded and increasing, and therefore convergent to a function, which

we denote Rpg g, o (P).

(i1) hpo,px,v((P(P)) = dhypgp1 0 (P)-

The proof will be the result of the application of two lemmas:
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Lemma 1.4.5. Suppose that we denote P, = (pro(P) : pr1(P)), then we

have the equality

Sv(P, (Pk+1,0 Pre+1,1)) = dSy(P, (Pr0, Pr1)) + Su(Pr, (Po, p1))-

Proof. Assume that P = (z¢ : z1) and v(z) : v((zg, 1)) = 0. If we set
T = (pro(z), pr,1(z)) we have the equalities
Su(P, (Pe+1,0, Pr+1,1)) = v(Pr+1,0(2), Prr1,1(2))
= v(po(zk), p1(zs)) — v(zt) + v(af)

= dS, (P, (Pr,0, Pr1)) + Su((Pr, (Do, p1))-
I

Lemma 1.4.6. The function S,(P, (po, p1)) is bounded on P*(K), so we can
define

Rv(pmpl) = Sl}’;p{Sv(Pv (pﬂapl))}'

Proof. There exist elements b; € O,, where 0 < 7 < 1, such that bz¢ =
0(po, p1). Besides b, # 0 because the polynomials py, p; do not have a common
zero in K. If P = (z : 1) € P, with z; # 0, then S,(P, (po, 1)) < v(b;).

So in general supp{S,(P, (po, ;1)) } < sup;{v(b;)}. O

Now we can do the proof of the proposition
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Proof. From lemma 1.4.5, we get 0 < hyy1(P) ~ hi(P) < Ry(po, p1)/d*+, so
{ht(P)} is bounded by R,(py,p1)/(d — 1) and therefore converges. On the

other hand

hi(p(P)) — dhy(P) = S(h, (Z;Ic’;O;pk,l))

—dS(P, (Pr,0, Pr,1))
dF
_ S(P, (pr+1,0; Pr+1,1)) — v(z1)
= T
~dS(P, (P, Pk1))
dF
_ S(Pk7 (pO)pl)) - ’U(-’L'l)
= 7
< Ry (po, p1) ~ v(z1)
> dk )

By passing to the limit we get hy p . (9(P)) = dhy pop (P)- O

Definition 1.4.7. Suppose that ¢ : Py — PL.. We will define the “integral”

of log|F|, over the finite place v of a polynomial F = K|z, .., 2] as

J

10g |Fludptn,p = 10g IN@)|( D hugo (P)

1
Ry PeD

— deg(F) Y hugos (P) — v(F)),

Peoo

and then

E(F,vfinite) = ) /P - log|Fludpa,
v e
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1.4.2 A remark on the use of integral notation in di-
mension one.

Assume in this subsection that we are working with a map ¢ : P! — P!, In
this case we can add a few words about why it makes sense to think of our
definition of Jo () 108 | Flv dpiop as an integral when v is finite. H. Brolin
([10]) and M. Lyubich ([27]) have shown that if v is an infinite place and 6
is a continuous, bounded function on P!(C,), then for any £ € C with an
infinite backward orbit under ¢ (i. e. for which the set U (¢*)"1(&) is

infinite), one has

o 0e)
im > = /,1,,1(@,,)9 Al

wlz)=¢

where dp,, is the unique @-invariant measure (see [18]) on P (which is the
same as our dy, ). Our p-adic integrals can be written in a similar way. For
example, suppose D is an irreducible divisor corresponding to a single point
[a : b] such that pox(a,b) # 0. Then the polynomial F(t) = bt — a defines D.

Writing pox = Tk H?:_l(To — u;T}), we then have

dk dlc
po(a,b) = ni [ [ (b — uja) = me [ F(wy).
7=1 ji=1

Since ¢*(z) = 0 if and only if [z 1] ~ [u; : 1] for some j, we thus have

log lpo,k(av b)lv _ log |k}, log |F'(2)}y
dk - dk + Z dk ?

ok (z)=0
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where the z with ©*(z) = 0 are counted with multiplicities. Similarly, when

pi is not a multiple of X{, we have

log |p1k(a,b)ly  log|vkle log |[F'(2) ]y
d¥ T gk + kz dF J
wk(z)=c0

where «yy, is the leading coefficient of py (75, 1). Taking limits and subtracting

off ~—|——l—‘°‘fi Adb we see that fﬂﬂ(cu) log | F|ydpiy,p is equal to

: log |F(2)ly log |[F(2)]v

Jmmax| > == L g
wk(2)=0 ¥ (z)=00

More generally, with a bit of diophantine geometry, we can show that for any

point £ € C, that has an infinite backwards orbit under ¢, we have

T logiF(z)lv
Al(cv) ]'OglFlUd.u’v,(p - k}i)nolo Z dk .

e
The proof of the above proposition is an ongoing project, but if we accept
it, our v-adic integrals at finite places would look quite analogous to our
integrals at the infinite places. We should note, however, that we do not

know what classes of functions we can expect to be able to “integrate” in

this way at finite places.
1.4.3 Geometry of E(F,v finite)

We are now in the position to relate E(F,v finite) with the geometry of the

blow-up. Suppose that o, : P; — P" is the blow-up associated with the
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model (pgo, .., Prn). Writing

0D =Dy + Y T0ixCoik  04(00) =00k + I UnixClik- (1.3)

v,i v,i

where C,, i, are the different components of the exceptional fibre above v and
denoting by K, ; the field of definition of the close point corresponding to

Cy,ik, We can state

Proposition 1.4.8. With the notation as above and with v a finite place of

K we have:
in,v,k[Kv,i,k . K] = Z S’U(Pvpk,()v ---:pk,n)a
i PeD
S deg(F)yiwplKoik : K1 =Y So(P,prgs s Prm)-
1 Pegoo

Proof. Consider the set of polynomials pyy, ..., Pk defining a model for the
map ¢* and the ideal Iy = (pro,..,Pkn). The set V(I;) is finite, say
{P;,pk }i,0» Where p moves through the finite places of K. Fix a finite place v.
We have the divisor D,, such that div(F), = D, —deg(F')oo, +v(F') and the
points P,;x € D, NV(I,). Take P = (zp : ... : Z,) be one of them and build
the local ring Op. The image Py ; of pi; under the reduction map Ox — Op
generate an ideal which we call I p. So on one hand we have,
oxlep =Proj(Op[Ty, .., Tnl/{(Bri(®o : ... : n)Tj — Dr (%o = .. 2n)T5)i5)

=Proj(Op/n™ [Ty, .., Tn])
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where 7, = Sy(P, Pro, -, Prn) and 7 is a uniformizer parameter for Op and

on the other hand
0xPuik = [Kuik : K12y kCu ik

for Cyix = Pk, ... As a consequence of this two facts, for each P, ;) €

Y

X, NV (I) we get

Su(Puiks Dr0y s Phon) = Tiw e Ko,ige : K]

and
Ziﬁi,u,k[Ku,i,k K] = Z Sy(P, Pr,os -+ Piyn)-
i PeD
The second part is analogous using deg(F)oo instead of D. O

Remark 1.4.9. The expression E(F,vfinite) previously defined, takes the

form

Zi,v xv,i,k[Kv,i,k : Kv]
dnk

E(F, v finite) = — h’inz):log IN(@)(

3 y )'7k[K )-1k : K ]
— deg(F) lim o ;nlk = — u(F)).
Remark 1.4.10. In case we are working in dimension one, that is with a
map o : P — P!, we can do a more precise computation of the coniributions

Yivg- In this case our model (po,p1) satisfies T1/p, and therefore Ty /py 1

for each k. So, having in mind that the point co = (1,0) and iteking our
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polynomial py = A;TE + ... we get S,((1,0),p04,716) = v(pox(1,0)) and
Yoix = V(pox(l,0)) — v(pog,Prx). Since po1(1,0) = Aqg, then for all k we

have por11(1,0) = Agpro(l, 0)4 and

v(Ag)
d—1"

. Yk T - 1 —_
11]?1 = hin v(Aq) Z i

The integral at a finite place v take then the particular form

v,i,k {K'u,i,k : Kv]
dk

[ 108 1Fluditns = = i log N ()]l

~ dog(p) il Buit K]y

and again

E(F,vfinite) = Z/ log |F|dpy,e.
v KD

Remark 1.4.11. The geometry of E(F, v finite) allows to express in a better
way the positivity conditions for a model, indeed If our model (py, .., p,) have
positivity conditions and we pick the equation F such that v(F) = 0 for v,
then,

E(F,vfinite) < 0.
1.5 Mahler formula

In this section we present the main result of this paper. We start by recalling

some properties of the arithmetic degree of line bundles.
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Proposition 1.5.1. Let X be a Cohen-Macaulay arithmetic variety of di-
mension n + 1 and Z € Zi(X), a cycle on X. Denote the class é(L;)
by é(L:) = (e(Ls), e1(Ly)), then the number deg,(é,(L1)...¢1(Lx)) € R, is

completely determined by the properties:
(i) is k—linear.
(1) is symmetric.
(iii) for k=0 and Z =3, n;P;, we have deg, = 3, n;log Np,.

(i) for k > 1 and s, # 0 a section of Ly which meets Z properly we have
degz(¢1(L1)-.61(Lx)|Z) = deg(é1(L1)..61(Lp-1)|Z. div(sy))

- / 570 108 Isellsct (£1)-wcr (Lnoy).
X(C)
Proof. Conditions (i), (iii) and (iv) are in fact sufficient to uniquely de-
termined the number deg, (& (L;)...6;(L;)). Introducing the star product
g1 * g2 * ... * g; of currents we can state a non-recursive definition of the

arithmetic degree deg,(¢,(L,)...¢,(Ls)) and prove (i) with the use of Stoke’s

theorem. O

Proposition 1.5.2. Suppose that L is a hermitian line bundle on X and

f € K(X) is a rational function on X. Then:

deg(&1(O(f)).¢1(£)) = 0.
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Proof. The curvature of the trivial bundle ¢;(O(f)) = 0. Using this result
and the symmetry of the arithmetic degree we can reduce to the case of
dimension 1, which is nothing else but the product formula (see for example

the treatment in [40]). ' O

Proposition 1.5.3. Let Z be the algebraic cycle defined by the polynomial
equation g, = 0 contained in a finite fibre X, of an arithmetic variety X,,

such that X¢ = P¢ and L = O(1). Then
degy (&17(£)|Z) = deg(gy) log N(v).

Proof. First of all we realize that because Z is contained in a finite fibre
fX(C) 6z(¢)log||s|lci (L) = 0, for any choice of the section s of £ = O(1).

On the other hand the sections of O(1) represent linear conditions on the

coordinates. The proposition is then a consequence of Bertini’s theorem. [

Proposition 1.5.4. Suppose that L is o hermitian line bundle on X and

f € K(X) is a rational function on X then,

deg(@Oldiv(f) = T [ log]flodu

Proof. We have that deg(é,(O(f)).€7(£)) = 0 and also that
deg(é1(O(1))-21(£)) = deg(éx(£1)™)] div(f)) -

Z/ © log | flo(c1(Ly)...c1(Lr—1)-
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which gives the formula we wanted. O

Definition 1.5.5. Let Y € Z,(X) be a g—cycle inside the arithmetic variety

Xo, and Lq,..L, ample line bundle on X. The real number

k

hey, e, (Y) = degy (é1(£1)--&1(£)[Y)
is called the multi-height of Y relative to L4, ..., L,.

Suppose that the arithmetic varieties (X, Ly) represents a models of
a projective variety (X, L) of dimension n together with a line bundle L.
Assume that (Ly,|.||r) are metrized line bundles on X, and the metrics
satisfy ||.|lz+1 = (@*]l-lx)*/® where the map ¢ : X — X satisfies o*L£ = L%
Then the numbers degy (&1 ((Lk, || &) 4™ |Y) converge for every cycle Y

(see [46]) and the limit will be called deg(c; (L, ||.l,) "™ [Y)(Y).

Definition 1.5.6. Under the conditions just discussed we define

deg(c1 (L, [|1lo) ™Y IYV)(Y)
cl(ﬁ)dimY-—l ‘

th(Y) =

Remark 1.5.7. If we have a model (X1, L) of (X, L) such that the map
¢ : X — X estends to a map ¢ : X1 — X; we can put L = ¢**L; and the
normalized probability measure du,/ci (L) from section 2.3 and the canonical

height just defined will satisfy the relation

H(div(F)) = Z/r log | F, E

/oo
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For the next proposition suppose that we are dealing with a map ¢ :
P* — P*. Recall the non-standard models oy : X; — P” that we introduced
before as the blows up of P" at the subschemes Y;. Denote by K, ;; the
field of definition of C,;; and by K, the local field of K at v. Recall that
Fy, = ofF for a polynomial F = F(Ty/Ty, .., Th-1/Tn) and Ly = o7Lo, for
Ly = O(1). The divisor div(F) = Dg — deg(F)oo + 3, anire V(F) Xy where

div(Ty,) = oo in P* and 0}(00) = 0ok + 3, , Y0,ikCuik-

Theorem 1.5.8. We have the equality

hy(Dg) = Z -/IE”" log |F|,duyy + E(F, v finite) + deg(F ) h,(o0).
Ky

v/oo
Proof. We are going to make use of the arithmetic intersection theory on P}.

Let’s compute deg(é; (Lx)"| div(Fy)). We have the following:

() deg(&y(Le)"|div(FL)) = d™ Ty fc,) 108 1Flues (v, [11)" by propo-

sition 1.5.4.
(ii) deg(é1(Lx))*|Ck) = [Kyix : K]log |N(v)| by proposition 1.3.6.

Let’s recall the formula 1.5:

div(Fi) = Dy — deg(F)oo + Y _ 7y, 4Cu

‘deg(F)Zyv,i,ka,i**‘ Z v(F)X,

finite v
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Now we are going to let deg(é;(L;)"|.)) acts on each side,
deg(é(Li)"| div(Fy)) = hep (D) — (deg(F))hcp(ooy)
+Z-’Evzk10glN( )” v,k ¢ K deg Zyvzk

’L'U

log | N (v)|[ Ky K]+d"’°2 ) log [N (v)],

dividing by d™* and taking limits gives us that the limit

llmz (%4 log |N(v)|[K vk : K] - deg(F)yMklogIN(v)H vkt K])

‘L'U

exists and
Z/ log |F'|udy,s = — E(F, v finite)
s VPHE)
+ hy(Dg) — deg(F)h,(c0),
which was the result we wanted to prove. O

Corollary 1.5.9. Suppose that ¢ = (pg,p1) : P! = P! and we have choosen
coordinates such that T, /pi. The integral of the log the minimal equation F'

of a point P = (A, 1) € P! is related to the height of P by the formula

1 Z
= 1 v
hﬂP(P) deg(F) /}Ple oglFl‘Udl’L‘P,
v Ky

Corollary 1.5.10. If ¢ has a model such that the divisor oo has a finite

forward orbit {oo, p(00), ...} (which forces h,(00) = 0), then

h,(Dg) = Z/ log |Flydiign + E(F, v finite).

v/oo PTIA{'I,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAHLER FORMULA 55

Corollary 1.5.11. Assume hy(00) = 0. Suppose that our model (py, ..., py)
for o, satisfies positivity conditions and the v(F) = 0 for every finite place
v € Oy, then

ho(Dg) < ¥ / log | Fluditp.
v/o0 P%v

Example 1.5.12. Consider a model for a map ¢ : P* — P'. Suppose that
po(T0, 1) ts monic and that the minimal equation F of the point (o, 1) has
coprime coefficients in Ok. Also assume that p1(c,1) = 0. Then we have

/ - log | Fludpy,, = :9—(—’—)%9’—1—)2 log | N (v)]

Ky

for each finite place v. If —v(po(e,1)) > 0 for some v we get the strict

inequality

ho(DQ) <3 [ g |l
Ky

v/o0

Example 1.5.13. Let E be an elliptic curve with Weierstrass equation F :
y?* = G(z), where G is a polynomial of degree 3. Multiplication by 2 gives

rise to the rational map

_ GR(t) - 8tG(1)

on P. Suppose that G(t) = (t — a)(t — b)(¢t — ¢), for certaina < b < c € Q.

Since the points (a,0), (b, 0), (¢,0) are preperiodic for ¢ we have, applying the
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formula we just proved,

3 /P o BIGI s = o) + ho(0) + () =0

so we use the product formula and the example above to get

S [ togiGhdupo= Y, ZHHATOED 105 v

finitev @ finitev
_ ~log(IG"(a)[IG"(B)IG"(c))
2 ?
Now we know that the product |G'(a)||G'(b)||G'(c)| = | Disc(G)| so our result

18 translated into

log | Disc(G
/ log |Gldic0 = .__g‘__z__(__)_l’
PHC) '

where oo is the only archimedean place of Q.

Example 1.5.14. The map ¢ : P2 — P? given by the model o(z,y,z) =
(% +yx, y*+22+ 2y, 2%) has good reduction everywhere, that is, the expression

E(F,vfinite) = 0.

Example 1.5.15. The map ¢ : P2 — P? given by the model p(z,y,2) =
(y® — 322, 2% — 3y?, zy) has bad reduction over 3. The reduced map is not
defined at the point {0,0,1) € IP’Z;—{S. The model satisfy positivity conditions
and h,(c0) = 0. If the equation F = cpz® + ... has ¢ = 0(mod 3), then

E(F,vfinite) # 0 and viceversa.
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Example 1.5.16. The map ¢ : P? — P? given by the model p(z,y,2) =
(y? — 522, 2% — 3y?, zy) has bad reduction over the places 3 and 5. It is not
a well defined map at the points {(8,0,1); (-=3,0,1)} C IP’?,—(3 and also at
{(2,0,1); (~,0,1)} C Pk, where § is root of x> — 2 =0 in Ky and o is

root of z2 — 3 =0 in K
1.5.1 Generalized Mahler Measure

Suppose that a map ¢ has good reduction everywhere. It is natural to define:

Definition 1.5.17. The Mahler measure with respect to ¢ and relative to an
infinite place v of K of a polynomial F € Ok[Ty/Ty, .., Trh-1/T5] is defined
as

Nv,w(F) = Ln log | F|dpy,p-
1.5.2 Equidistribution theorems.

In recent results P. Autissier {2] has proved the following equidistribution

theorem in dimension one:

Theorem 1.5.18. Consider a map ¢ : P* — P! on the Riemann sphere.
Let v be any infinite place and (oy,) in PY(K) a non-repeating sequence of
points such that lim, o h{a,) = 0 then, the sequence of discrete measures

m S seqal Oa(an) COnvErges weakly to du,.
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M. Baker and R. Rumely ([4]) have given a new proof of this theorem,
using capacity theory. Their proof also gives equidistribution results at finite
places. Suppose we are again in dimension one. One might also ask whether
the Mahler measure should also be computable by equidistribution; more

precisely, we conjecture:

Conjecture 1.5.19. Let F' be the minimal equation of point a not in the

Galois orbit of any a,, and v an infinite place of K, one has

I o = 1og | Flyd iy,
nggoiGal g(;alloglF @)l /X(Cv) og | Fludpiu,,

We can prove Conjecture 1.5.19 in the case that the points o are peri-
odic points. This generalizes earlier work on “elliptic Mahler measure” by
G. Everest and T. Ward in [17, Theorem 6.18]. Let’s see now what we have

for a map ¢ : P* — P". The following result is due to Briend and Duval.

Theorem 1.5.20. The sequence of measures 31;2 dy con-

Y™ (y)=y,y is repelling
verges to pi, as n goes to oco. The ezceptional set E of ¢ is defined as the
biggest proper algebraic set P™ that is totally invariant under ¢. Then for

every a € P" — E, the measures 25 > d, converges to u, asn goes to

v {y)=a

Q.

Properties of the canonical height make the back iterated orbit a sequence

of small points, indeed if ¢"(z) = y then h,(z) = hy(y)/d*. The above
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theorem is a particular result towards a desirable general statement about
equidistribution of small points for maps on P*. When the map ¢ is a Lattés

example, there exist such a theorem [24].
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Appendix I: Arithmetic
intersection theory

1.5.3 Currents on complex manifolds

Let X be a connected compact smooth projective complex manifold of dimen-
sion n. Let AP the space of smooth differential forms on X with compact

support. A current of type (p,q) on X is a linear map
S AYTPTUX) — C

continuous for the Schwartz topology. We denote by DP?(X) the space of

currents of type (p, q).

Example 1.5.21. If Y C X is a closed irreducible subvariety of codimension

p, we let Oy be the current acting on AZP"P(X) as

5}/({4}) = L v w.

Example 1.5.22. A (p,p) form wy defines a (p,p) current [wz] as
[wz](n) = / wz A 1.
b

60
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If S € DP9(X), the derivatives S € DP*19(X) and 85 € DPI+1(X) are
defined by

S (v) = (=1)Pr715(dv)
and

dS(v) = (=1)PTI1S(0v).

Remark 1.5.23. There exist real operators d = 6 + 6 and d° = (6 — §),
which make the notations easier sometimes, for example in one dimension

we have dd°f = Afdzx A dy.
1.5.4 Green currents

In this part we define a good class of currents with respect to the integration

on a complex manifold.

Definition 1.5.24. Let Z be a cycle of codimensionp on X. A Green current
for Z is a current g € DP~YP=1(X) such that
00
—g+0z =wg (1.4)
)

for some wz € APP(X).

Definition 1.5.25. Let X be a smooth quasi-projective complez variety and

Y a proper algebraic subset. A C*° form v on X — Y is said to be of "log”
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type along Y when there exist a smooth quasi-projective variety 7 : M — X
and a C*® formn on M — 7n7'Y such that:

(i) 7Y is a divisor with normal crossing and 7 is smooth on X — Y,

1

(it) v is the direct image by m of n|Z — n~v.

(i1i) For a point x € M, there is an open U of x and a system of coordinates
(21, .y 2) such that 7=HY)NU has equation z; = 22 = .. = z, = 0 and
there exist § and 8-closed forms a; and a smooth form B on U such

that U = Y, o;log |z + .

Remark 1.5.26. Suppose that (L, ||.]|) is a hermitian line bundle on X, and

s e (X, L), with s#0. The poz’ncare-Lelong formula states
dd’[— log ||s]|?] + daiv(s) = 1(L).
This is saying that a Green current for Z = div(s) is given by
g2(w) = [ ~loglslw
b'e

Once we have fix Z the solution for the differential equation 1.4 is not unique.
In fact we can proof that we can find a candidate with logarithmic growth
along Z with an explicit construction in the case of divisors given by the

Poincare-Lelong lemma.
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1.5.5 Product and *-product of currents

For general currents we do not have a product as we do for smooth cur-
rents. Results of Bedford, Taylor and Demailly [5], [14], [15] [16], allow us to

consider a product of currents with good properties.

Definition 1.5.27. (Lelong). Let U be an open set of complex manifold M
of dimension n. A current T € DPP(U) is said to be positive (T > 0) if for
every choice of C*® (1,0)-forms o, .., an—p with compact support on U, the

distribution T'A (g A @q) A ... A (Bo—p A Gp—p) @8 @ positive measure on U.

Example 1.5.28. A locally integrable function v on X s said to be plurisub-
harmonic if the hessian i00u =1 Y 0%u/82j8z; AZyn > 0 on X. For ezample

if we take log(p(z)), where p is an smooth function.

Definition 1.5.29. (Bedford-Taylor). Let T be a positive closed current of
type (p,p) and u a plurisubharmonic function locally bounded on U. We

define the product (ddu) AT = dd°(uT).

Remark 1.5.30. The product Tu is well defined because the function u is
locally bounded and the current T has measures as coefficients. In general we

can define

(dd°uy) A (dd°us)...(ddug) AT = dd*(u; A (ddup)...(ddu,) A T).
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By prop 1.2 in [16], the current (dd®u;) A (ddfus)...(ddus) AT is @ positive

closed current of bidegree (p +q,p + q).

Definition 1.5.31. Let U be an open set of X and v, ..., uq plurisubharmonic
functions on U. The vector (uy,...,u,) is say to be admissible if for every
1 <1 < q the set L{u;) is contained inside an analytic set A; C U and for

every choice of indez {j1, .., im} C {1,2,..,q} we have codim N; Aj, > m.

Definition 1.5.32. Suppose that for certain locally bounded and continu-
ous plurisubharmonic functions u;y,...u;r, (i = 1.m), admissible vectors
(V15 v5s;) (7 = 1.1) and forms B; and w;, the currents z,y are locally
given (on an open set U of a covering of X ) by ezpressions of the form:

z=Y wi(ddu) A ... A (dd°usz,)

=1

l
Y = Z ,Bj’l)j,l(ddc’vj,g) AN (ddc’l)j,sj)

=1

then we can define a current of type (p + q), [z.y)(U) by the expression

Z Z wiﬁjvj,l(ddcui,l) AL A (ddcu,-,,i) A (ddcuj,l) AN A (ddc’ljj7sj).

J 1

Definition 1.5.33. Let p be a positive integer we will denote (following [29])
by APP(X) C DPP(X) (resp. Ap?(X) C DPP(X)) the vector space of the

currents that can be expressed for every open of a sufficiently refine covering
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of X in the form:

Z wi(ddcui,l) AL A (ddcui,”)

=1

!
(Z ﬂj?)j,l(ddc'vjyz) AN (ddcvj,sj))

J=1

for certain continuous and locally bounded plurisubharmonic functions wu;,,

(i = 1.m), admissible vectors (vj1,...,v;;) (= 1..1) and forms B; and w;.

Remark 1.5.34. The above definitions make sense after the results in th.2.5

and prop. 2.9 of [15] and th. 3.4.5 and prop. 8.4.9 of [16].

Definition 1.5.35. We say that a sequence zj € Zp’p(X) converge to x €
A"P(X) in the sense of Bedford and Taylor if:

T = wa(dd”uf,l) A A (ddouf,)

i=1

T = Z wi(ddcui,l) A A (ddcui’”)

i=1

and the sequence of plurisubharmonic functions ufj converge uniformly to
u;; for each pair (i,7}, as well as the forms w¥ tend to w; consider as C™

forms.

Proposition 1.5.36. The product [.,.] : A" (X) x AL2(X) — AZPHIPH(X)

satisfies the properties:

(i) [z.y] extends the wedge product of forms x A y.
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(it) [z.y] = [y.z] (commutativity).
(i) [4).7] = [1.19.] (associativity).
() If zn converge absolutely to x, then [z,.y] converge absolutely to [z.y].
(v) If f : P* = P* is a morphism of the n-projective space, then f*(z.y) =
fre.fry.
Proof. The proof is a combination of results in [15] and [16]. O

At this point a class of "good” metrics may be introduced:

Definition 1.5.37. Let (L, ||.||) be hermitian metrized line bundle on X.
The metric ||.|| is said to be positive if and only if ci(L,||.||) > 0 on X. A
continuous and positive metric ||.|| is said to be admissible on X if there exist

a sequence of smooth and positive metrics ||.||n — ||.|| on X.

Example 1.5.38. If we start with an smooth metric ||.||o on a line bundle
L on X and a map ¢ : X — X satisfies o*L = L%, the so called canonical

metric ||.||, is admissible.

Remark 1.5.39. The curvature ¢, (L, ||.||) for an admissible metric ||.|| is
a positive current. The expression cF(Ly, ||.llue) = €1(Lo, |l floe) X .. X

c1(Ly, || llv,o) can be consider for any admissible metric ||.|].
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Definition 1.5.40. Let Z € ZP(X) a cycle of codimension p, and g €
Dr=te=1 g Green current for Z. Suppose that L1 = (L, || |hh),.., £, =
(Ly, |I-llg) are admissible line bundles on X, in such o way that the cycles
Z, div(sp),..,div(sy) intersect properly on X. If we denote 6; = 6qiv(s,),
w; = ¢1(Ly), g = —logl|si]| and w = ddg + &z, we can define an element

g% g1 % ... x gg € DPTOLPHa=L( X)) by the equality:
G* g1 % ... % gqg = g.00.02...00 + g1wbs....0, + ... + gww;.. we_i.

Remark 1.5.41. Suppose that we have a line bundle £ on an algebraic va-
riety X of dimension n and n-sections sy, Sa, .., S, meeting properly on X,
denote also Z; = div(s;) and Z = M, Z;. The star product g, ... x g, when
g; = log||s;|| can be chosen to be a Green current for Z, meaning that for

some form wyz we have

1
(W—i)—aa(gl * ... % gk) + by =wz.

1.5.6 Arithmetic Chow groups and intersection

Let K be a number field and X be a regular projective scheme flat over O.
Denote by X,(C) the fibre at infinity over the place o and F, : X, (C) —

X, (C) the complex conjugation.

Definition 1.5.42. An arithmetic cycle on X is a vector (Z,g,,, ..., 45, ),
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where Z is a cycle on X and g,, is a green current on X, (C) associated to
Z ®, C, with the condition that g, is real and F}(g,) = (—1)Pg, for every

place o.

Example 1.5.43. The vector (0,05u + 05,v,...0,,u + 0,,v), where u €

Dr-2p-1(X ) and v € DP~1P=2(X,) for all 0.

Example 1.5.44. If Y C X is an irreducible cycle of codimension p—1 and
f € k(Y)* is a non zero rational function on Y, we get the arithmetic cycle
(div(f), = 1og | floys - — l0g | flo, ), where —log|fls, € DP71P~H(X,) maps w
to — fYa log|f(o)|w.

Definition 1.5.45. Suppose that f € K(X)* is a rational function on X.

The arithmetic cycle (div(f), —log|fleys -, —108|fls,), will be called the

arithmetic cycle associated to the rational function f and will be denoted
by dive(f).

Definition 1.5.46. The arithmetic Chow group CHP?(X) is defined by the
quotient

_ {(Z, 91, .., g), codim(Z) = p}
((0, (Oyu + 80)5:1); (div(f),—log|f]), f € k(Y)*,cod(Y) =p — 1)

and it comes with the two projections z(Z,g) = Z and a(Z, g) = g.

Definition 1.5.47. The map w; is defined as w;(Z, g1,..-9x) = %%gi + 6.
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Definition 1.5.48. Let L be line bundle on X and s a non-zero section. The
first arithmetic Chern class ¢,(L) of L is given by (div(s), [—log||slls]5.;) as

a class in CHY(X).

Theorem 1.5.49. The pairing (Y, gv,)s-(Z,92,)e = (Y N Z, gy, * 92,)s de-
fined as a function CHP(X) x CHY(X) — CHPY(X) ®2 Q, forp > 0 and
g > 0, is associative, bilinear and the maps z and w are graded ring homo-

morphisms.

Definition 1.5.50. Let X be a Cohen-Macaulay arithmetic variety and Z €

Ze(X), a k cycle on X the number deg,(é,(L1)...61(Ly)) € R is defined by:

dégz(61(£1)...61(£k)) = Zdeg(div(sl).... div(sg)) + /Z(C) g1 * .. * Gk,

where s; is a section of L; for every 1 < i < k and we assume that the

divisors div(s;) meet properly on X.

Proposition 1.5.51. The arithmetic degree deg,(é1(L1)...¢1(Ly)) is a sym-

metric function of the L;.

Proof. Suppose that g; (for ¢ = 1,2) are Green currents of "log” type along
the cycles Z; and Z, (for the existence see lemma 1.2.2 of [7]). We have
g1 % g2 = g2 * g1 + 0T, + 0T, for some currents Ty € DP~1P and T, € DPP1
then fz GL¥go = fz G2 *g1+fz 5T1+fz 8T, and by Stokes theorem for currents

of "log” type, we obtain the symmetry for the arithmetic degree. O
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Proposition 1.5.52. Let X be a Cohen-Macaulay arithmelic variety and
Z € Zi(X), a cycle on X, the number deg,(é;1(Ly)...¢1(Ly)) € R, 4s com-

pletely determined by the properties:
(i) is k—linear.
(it) for k=0 and Z =} . nP, dégz =Y. n;log Np,_.

(1it) for k > 1 and sy # 0 a section of Ly which meets Z properly we have
degy (61(L1).-61(L)|1Z) = degz(é(L1)-&1(Lr-1)]Z. div(ss))

- / dzc)log||skllci(L1)...cr (Li—1)-
X(C)
Proof. The * product of currents satisfies gz * gw = gz A dw + wz A gw.
This takes care of the recursion formula in property iii). The multilinearity
is share by both, the geometric intersection and the star product of currents

(definition 1.5.40). The starting point (property ii)) is a consequence of our

definition of schematic intersection (definition 1.2.1). O

Proposition 1.5.53. Suppose that L is a hermitian line bundle on X and

f € K(X) is a rational function on X then:

deg(é1(O(f)).€7(£)) = 0.

Proof. The curvature of the trivial bundie ¢;(O(f)) = 0. Using this result

and the symmetry of the arithmetic degree we can reduce to the case of
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dimension 1, which is nothing else but the product formula (see for example

the treatment in [40]). O

Proposition 1.5.54. Let Z be the algebraic cycle defined by the polynomial
equation g, = 0 contained in a finite fibre X, of an arithmetic variety X,,

such that X¢ = P¢ and £ = O(1). Then

deg(&171(£)|12) = deg(g,) log N(v).

Proof. First of all we realize that because Z is contained in a finite fibre
fX(C) Szc)log||sl|lcF~1(L) = 0, for any choice of the section s of £ = O(1).
On the other hand the sections of O(1) represent linear conditions on the

coordinates. The proposition is then a consequence of Bertini’s theorem. [J

Proposition 1.5.55. Suppose that L is a hermitian line bundle on X and

f € K(X) is a rational function on X then,

des(@@(O)aiv(1) =3 [ gl

Proof. We have that deg(é, (O(f)).&*(£)) = 0 and also that
deg(é1(O(f))-81(£)) = deg(&:(£0)™)] div(f))

- [ el )

which gives the formula we wanted to prove. -
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Definition 1.5.56. Let Y be closed irreducible subscheme of X and L an

ample line bundle on X. The real number

— dégy(él(,cgy)dimyﬂ)
hE(Y) - deg(C1(£K|Y)dimy)

is called the height of Y relative to L.
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1.5.7 Dimension Theory

The main reference for this part is the book [25].

Definition 1.5.57. The krull dimension of a ring A is the mazimum number

n, such that there is a n—links chain py C p;... C pn of primes ideals of A.

Definition 1.5.58. The height h(p) of a prime ideal p is the mazimum n,
such that there is chain of prime ideals py C py... C pp = p. For I any ideal

we take the infimum of the heights of all prime divisors of I.
Definition 1.5.59. An ideal q of a ring A s called primary if any zero
divisor of A/q is nilpotent.

Theorem 1.5.60. (Generalized Krull principal ideal theorem)Let A be a
noetherian ring, I # A an ideal generated by m elements. For a any minimal

prime divisor p of I, h(p) < m.

Remark 1.5.61. The radical of a primary ideal q is always prime p. We

then said that q is p—primary. We should think of the concept of primary as

73
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an analogy to the prime powers. However powers of a prime ideal not need

to be primary.

Definition 1.5.62. For I a finitely generated ideal in A, u(I) denotes the

minimum number of elements of A that generates I.

Proposition 1.5.63. Let (A, m) be a local noetherian ring and ¢ an m—pri

mary ideal, then p(q) > dim(A) and there ezist ¢, m—primary ideal, with

p(g) = dim(4).

Definition 1.5.64. A set {a1, ..., a,} of elements of a n—dimensional noethe
rian local ring (A, m) is called a system of parameters of A if it generates an

m—primary ideal

Proposition 1.5.65. Let (A, m) be a local ring, aq,...,am a system of ele-

ments of m. Then
(1) dim(A) > dim(A/(ay, ..., @) > dim(A) — m.

(ii) dim(A/(ay, ..., an) = dim(A) — m if and only if (a1, .., an) can be ez-

tended to a system of parameters of A.

Definition 1.5.66. The dimension of a module M over a ring A is the Krull

dimension of R/Ann(M).
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1.5.8 Primary Decomposition and Associated Primes

Let M be a module over a ring A.

Definition 1.5.67. p € Spec(A) is said to be associated to M if there is an
m € M such that p = Ann(m). The set of associated primes to M will be

denoted by Ass(M).

Definition 1.5.68. A submodule P C M is called primary if Ass(M/P)
consist of a single element. If p is this prime ideal then P is said to me
p—primary.

Proposition 1.5.69. Any submodule U C M of a finitely generated module
M over a noetherian ring A, admits a reduce decomposition: U = PiN...N P,

where we have
(i) P, is p; primary.
(ii) Fori# j, pi # pj.
(1i1) Niz; B C Pj.
The P; are called the primary components of U.
1.5.9 Blow-up

Let I C R be an ideal. Consider the Riesz Ring R; = R®It®It*®... C Rt]

(taking polynomials with coeflicients in ). Now assume that I = Rz, +
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Rz, + .... 4+ Rz, and put

Rlzg,...,zn] = Ry — 0
with the maps z; — z;t from R[zy, ..., z,] to R;.

Definition 1.5.70. The blow-up Bl(I,R) of R along I is defined as the

scheme Proj(Ry) — Pp.
Remark 1.5.71. BI(I, R) is in fact defined by the ideal J satisfying
J = Rlzy, ..., x,] = Ry — 0.

Theorem 1.5.72. (Universal Property) The ideal generated by I in Bi(I, R)

is Cartier Divisor and BIl(I, R) is universal for that property.

1.5.10 Length qf a Module

Definition 1.5.73. A filtration of length n of a A—module M is a sequence
0=MyCMyC..CM,=M

of A—modules M;.

Proposition 1.5.74. Any two filtrations for M with successive simple quo-
tients M;/M;,1 has the same length, that number length(M) will be call the

length of M.

Proof. See the notes [40)]. O
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1.5.11 Tor functor

Let M be an A—module. The left derived functors of M ® 4 . are called
Tor;(M,.). The property M ®4 N =2 N ®4 M carries over to Tor; and we

can think of Tor;(.,.) as a functor in two variables.

Example 1.5.75. If we take two ideals I and J inside Alzy, .., z,] with
dim(I) = k and dim(J) = n — k, both I and J annihilate Tor,(R/I, R/J)

and therefore this last A—module has finite length for every i.
1.5.12 Cohen-Macaulay Rings

Let A bearingand M an A—module. An element a € A is said to be regular
ifaxr # 0 for all 0 # «x € M. A sequence a,as, ..., a, of elements of 4 is an

M —regular sequence if the following two conditions hold:

(i) a, is M—regular, ay is M/a; M —regular,..., a, is (M/ 37 a;M) -

regular,

(i) (M/ >} aiM) # 0.

Proposition 1.5.76. Let (A, m) be a local noetherian ring, M an A—module

and a1, aa, ..., 0, a m—regular sequence, then

dim{(M/{a1, az, ...,a;)) = dim(M) — r.
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Proposition 1.5.77. Let A be a ring, M an A—module, and a1, as, ..., a, €

A a regular sequence. If we write I = (a1, as,...,a,)A, then
(M/IM){z] = griM.

If M is finitely generated over a noetherian ring A and I C A is an ideal
with TM # M, then any M-regular sequence in I can be extended to a

maximal M —regular sequence of elements also in 7.

Proposition 1.5.78. Any two mazimal M —regular sequences in A have the

same number of elements.

Definition 1.5.79. The mazimal number of an M —reqular sequence in I is
what is called the I—depth of M. When A is local with mazimal ideal m and

I = m then we simply call it the depth of M and denote it by d(M).

Remark 1.5.80. The depth d(M) of a module M over a regular ring A, can

be also seen as the smallest i such that H: (M) # 0.

Proposition 1.5.81. Let (A, m) be a noetherian local ring, M # 0 a finitely

generated A module, then

d(M) < min dim(R/p) < dim(M).
(M) < _min  dim(R/p) < dim(M)

Definition 1.5.82. Let M be a finitely generated module over a noetherian

ring A. If A is local we call M a Cohen-Macaulay (C.M.) module if M = (0)
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or if d(M) = dim(M). In the general case M is defined to be C.M if M,, is

C.M. as A,, module for every m € SpecMaz(A).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[1] S. Arakelov, Intersection theory of divisors on an arithmetic surface,
Math. USSR Izvestija 8 (1974), 1167-1180.

[2] P. Autissier, Points entiers sur les surfaces arithmétiques, J. reine.
angew. Math 531 (2001), 201-235.

[3] Y. Baishanski, Notes on a Course of Algebraic Dynamics by Prof. L.
Szpiro.

[4] M. Baker and R. Rumely, Equidistribution of small points on curves,
rational dynamics, and potential theory, in preparation.

[5] E. Bedford et B.A. Taylor A new capacity for plurisubharmonic func-
tions, Acta Math. 149 (1982), 1-41

[6] Y. Bilu, Limit distribution of small points on algebraic tori, Duke Math.
89 (1997), 465-476.

[7] J.-B. Bost, H. Gillet, C. Soulé, Heights of projective varieties and positive
Green forms, J. Amer. Math. Soc. 7 (1994), 903-1027.

[8] E. Brieskorn and H. Knérrer, Plane algebraic curves (translated by
J. Stillwell), Birkhduser Verlag, Basel, (1986).

[9] J-Y. Briend, J. Duval Deux caractrisations de la mesure d’quilibre d’un
endomorphisme de Pk(C) IHES, Publ. 93 (2001), 145-159.

[10] H. Brolin, Invariant sets under iteration of rational functions, Ark. Mat.
6 (1965) 103-144.

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BIBLIOGRAPHY 81

[11] G. S. Call and J. Silverman, Canonical heights on varieties with mor-
phism, Compositio Math. 89 (1993), 163-205.

[12] A. Chambert-Loir, Points de petite hauteur sur les wvariété semi
abéliennes, Annales de ’Ecole Normale Supérieure 33-6 (2000), 789~
821.

[13] P. Deligne, Le déterminant de la cohomologie, Contemporary Mathe-
matics 67 (1987), 94-177.

[14] J.-P. Demailly, Courants positifs et théorie del’intersection, Gaz. Math.
53 (1992), 131-158

[15] J.-P. Demailly, Monge-Ampére operators, Lelong numbers and intersec-
tion theory, Complex Analysis and Geometry, Univ. Ser. Math., (1993),
115-193

[16] J.-P. Demailly, Comler Analytic and Algebraic Geometry, volume I,
a paraitre in Grundlehren fiir Math. Wissenschaften, Springer-Verlag
(1997).

[17] G. Everest and T. Ward, Heights of Polynomials and Entropy in Alge-
braic Dynamics, Springer Universitext (1999), 1-211.

[18] A. Freire, A. Lopes, R. Mafie, An invariant measure for rational func-
tions, Boletim da Sociedade Brasileira de Matematica, 14,(1983), 45-62.

[19] W. Fulton, Intersection theory, Springer Verlag, New York, (1975).

[20] R. Hartshorne, Algebraic geometry, Springer-Verlag, Graduate Texts in
Mathematics, vol. 52, New York, (1977).

[21] M. Hindry and J. Silverman, Diophantine Geometry: an introduction,
Graduate Texts in Mathematics 201 (2000).

[22] L. C. Hsia, On the dynamical height zeta functions, Journal of Number
Theory 63 (1997),146-169.

[23] L .C. Hsia, A weak Néron model with applications to p-adic dynamical
systems, Compositio Mathematica 100 (1996), 277-304.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BIBLIOGRAPHY 82

[24] S. Kawagushi, Canonical heights, Invariant currents and Dynamical Sys-
tems of morphisms associated with Line Bundles., Mathematics, ab-
stract math. NT/0405006. (2000).

[25] E. Kunz, Introduction to commutative algebra and algebraic geometry,
Birkhduser, Boston-Basel-Stuttgart, (1985).

[26] S. Lang, Introduction to Arakelov theory, Springer Verlag (1988).

[27] M. Lyubich, Entropy properties of rational endomorphisms of the Rie-
mann sphere, Ergodic Theory Dyman. Systems 3 (1983), 351-385.

(28] K. Mahler, An application of Jensen’s formula to Polynomials, Mathe-
matica 7 (1960), 98-100.

[29] V. Maillot, Géométrie d’Arakelov des Variétés Toriques et fibrés en
droites intégrables, Mémoires de la S.M.F 80 (2000).

[30] C. T. McMullen, Complezr dynamics and renormalization, Annals of
Mathematics Studies 135 (1994), 1-214.

[31] J. Milnor, Dynamics in one complex variable. Introductory Lectures,
Vieweg, Braunschweig, (1999).

[32] L. Moret-Bailly, Pinceauz de variété abéliennes, Asterisque 129 (1985).

[33] D. Mumford, The topology of normal singularities of an algebraic surface
and a criterion for simplicity., Inst. Hautes Etudes Sci. Publ. Math.,
No. 9, (1961), 5-22.

[34] C. Peskine and L. Szpiro, Syzygies et multiplicités, C. R. Acad. Paris
Sci. Sér A 278 (1974), 1421-1424.

[35] J. Pineiro, L. Szpiro and T. Tucker, Mahler measure for dynamical sys-
tems on P! and intersection theory on a singular arithmetic surface in
Geometric Methods in Algebra and Number Theory (edited by F. Bo-
gomolov and Y. Tschinkel), Progress in Mathematics 235, (2005), pp.
219-250.

[36] J. P. Serre, algébre locale and Multiplicités, Springer Verlag (1975).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BIBLIOGRAPHY 83

[37] J. Silverman, The theory of height functions, in Arithmetic geometry
(edited by G. Cornell and J. Silverman), Springer-Verlag, New York,
(1986), pp. 151-166.

[38] J. Silverman, Rational points on K3 surfaces: a new canonical height,
Invent. Math. 105 (1991), 347-373.

[39] L. Szpiro, E. Ullmo, and S. Zhang, FEquirépartition des petits points,
Invent. Math. 127 (1997), 337-347.

[40] L. Szpiro, Cours de géométrie arithmétique, Orsay preprint.

[41] L. Szpiro, Séminaire sur les pincesuz arithmétiques, Astérisque 127
(1985), 1-287.

[42] P. Vojta, A generalization of theorems of Faltings and Thue-Siegel-Roth-
Wirsing, J. Amer. Math. Soc. 5 (1992), 763-804.

[43] B. L. van der Waerden, Algebra. Vol. I (translated by F. Blum and
J. R. Schulenberger), Springer-Verlag, New York, (1991).

[44] S. Zhang, Positive line bundles on arithmetic surfaces, Annals of Math.
136 (1992), 569-587.

[45] S. Zhang, Positive line bundles on arithmetic varieties, J. Amer. Math.
Soc. 8 (1995), 187-221.

[46] S. Zhang, Small points and adelic metrics, J. Algebraic Geometry 4
(1995), 281-300.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



