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Abstract

INERTIAL INTERACTIONS OF BODIES AND BOUNDARIES
IN VISCOUS FLOWS
by

Chris Lawrence
Adviser: Professor Sheldon Weinbaum

The first part of the dissertation examines the behavior of
the time-dependent Stokes equations for flow around a
nonspherical body. A new result is derived for the force on
a body in oscillatory axisymmetric motion in terms of the
far-field behaviour of the stream functione This general
result is then applied to the unsteady motion of a
spheroida?l! body in unbounded flowe Asymptotic solutions are
presented for small or large frequency and for a perturbed
spheree The exact stream-function is found as a sum of
Legendre and spheroidal wave functions and the complex force
on the body is determined. Since the exact solution is
complicateds an analytic approximation is proposed based on
the asymptotic solutions for the force. The force contains
four terms: the quasi-steady Stokes drags the generalized
Basset forcey the added-mass force anc a fourth term which
has not previously been describede. For a body in arbitrary
motion the new force term transforms to a memory integral of
all previous accelerations with a memory function which is

less singular than the t¥ of the Basset force.
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The second part of the research relates to the
solution of the full Navier-Stokes equations in the region
beneath a flat-bottomed body which falls towards a parallel
plane surfacee The radial dependence of the streamfunction
separates and the flow is governed by three dimensionless
parameters, - a Reynolds numbery an inertia parameter 8 and a
forcing parameter ¥ . When the body approaches from "far
away"y a time-adependent Reynolds number is defined which
decreases to zZero as the motion progresses; the results for
all Reynolds numbers are described by a single solution
curve for each value of gB. When 8= 0 the large Re
boundary 1layer solutions are new exact time-dependent
similarity solutions of the full Navier-Stokes equationse.
When the body is dropped from resty an integral momentum
equation is used to describe the development of the boundary
layerse The time-dependent gap height and radial velocity
profiles are presented and the results are discussed in
terms of the draining timey or the position of arrest when

there is no applied force.
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CHAPTER le INTROODUCTION

lol THE PROBLEMS TO BE TACKLED

This is a study of the time-dependent motion of a
particle moving in a real fluid near a plane wall or in an
unbounded regione Axisymmetric flows are considered and
inertial effects are to be included in both the linear and
nonlinear regimese The ultimate goal of the research is to
generate a theoretical understanding of a class of problems
dealing with the unsteady hydrodynamic interactions of.a
particle and a plane boundary at all Re wherein the flow of
the intervening fluid remains laminare The class of
problems is important in many areas of fluid mechanics and
has been extensively studied in the case of very low
Reynolds numbersy when the governing equations are linear
and quasi-steadys and in the lubrication limit where the
Reynolds number based on gap height is smalle In real
flowsy many of the interactions are nonlineare. In
particulary for a particle moving perpendicularly te a wally
the geometry is inherently time-dependent with important
mathematical consequencese It 1is for this reason that we

will concentrate on such axisymmetric motionse.

The work can be broadly divided into two partse The
first part deals with the solution of the governing

equations in the lineary, but time-dependent cases These
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equations werce origyinally formutated in studies of the
motion of pendulums, and are nf interest now because they
dare fundamental to the discussion of the mechanical nature
of Brownian motione. On the laryge scaley Brownian motion is
observed as a slow diffusion of small particles in a fluid;
nowever the motion of an individual particle 1is highly
erratice Tne motion consists of a random vibration of very
small amplitude which results in a net drift of the particle
in three dimensionse. This type of motion is well modelled
by thne lineariczed eguationssy since the Reynolds number is
always small for small particlesy but the local acceleration
of the fluid may be importante The motion of small
particlies 10 turbulent flow has a similar random nature and
this can also pe modelled by the linearized eguations under

some circumstancese.

The second and lar yjer part of the work deals with the
timne—dependent motion of a body near 8 plane surface at
arbitrary rReynolds number based on gap heighte This very
complicated problem is greatly simplified if the body is
flat in the rejion of near contacte. For such a simplified
yeometryes the Joverning equations can be solved analytically
in 3 wvariety of cases and it will be possible to develop
insight into the factors which are important in more general
hydrodynamic collisionse. Such collisions are important in
studies of filtration and coagulation of particles and are

not well understood in the general casee.
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The Navier-3tokes equations will be introduced in
Chapter ¢ 201 will be fornulated in terms of the stream
function for an axisymmetric coordinate systeme A general
torm for tne force on a body in terms of surface integrals
of the stream function will then be derived. Special cases
of this form will be describped for steady Stokes flow and
for potential flow and ther a new specialized form will be
derived for the force on a body in oscillatory motiona. The
latter form is analogous to the other special cases in that

1t gives the force in terms of the limiting behaviour of the

stream function in the far field, as determined by a
multipole expansion in spherical coordinatese. This result
will be used repeatedly in Chapter 3.

The time-depenuent 1inearized equations of motion will
be considered further in Chapter 3, where the force
experiaenced by an oscillating spheroidal ovody will be
calculated. Firstlye the eguations will be formulated in
terms of tne natural coordinate system of the vodys and the
dimensionless parameters of the probl'em will be discusseds.
3efore the most general problem is tackledy three special
cases will Dpe considered. For very low frequencyy the
motion differs only slightly from the gquasi-steady solution;
the stream function can be founa by matching asymptotic
expansions in the near and far fieldse. The force is
calculated from the tar-field stream function using the

relation derived in Chapter 2y and the result is extended to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



apply to a oouy of arbitrary shapee. For very high
treguencyy on the  other hanay the flow is effectively
inviscid except in a thin boundary layer near the surface of
the bodye This boundary layer exhibits the same flow
behaviour as the boundary Yayer on a flat plate which
oscillates in its own planes The correction to the force on
the body may be found by calculating the dissipétion of
eneryy in the boundary layer and equating this energy to the
work done oy tne bodye. The third special case occurs when
the body is nearly sphericaly, in which case the stream
function may bé found as 3 series of spherical harmonics
which satisfy a perturbed condition on a spherical boundarye.
The force can then ve found wusing the relation derived in
Chapter 2 and will De compared to the standard result for a

sphere.

The stream function for tne general problem will be
found in terms of a double harmonic series of Legendre
functions and spheroidal wave functionse. The force is then
determined by the coefficient of the term which i1s dominant
in the far fields Howevery since the equation is not simply
separapbley tnis coefficient must be determined by solving an
infinite system of linear algepraic equationse. The results
will be presented graphicallys and it will be shown that
there are four components of the force. Three of these are
the classic forces associated with the well-known solution

for a spherical body; the quasi-steady Stokes drags the
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Basset force and the added mass force. In the nonspherical
casey the 3asset torce 15 defined as the term which is /4
out of phase with the velocity and proportional to the
square root of the frequencye. Its amplitude is a function
of aspect ratio which is expressed in terms of the high
frequency oehavioure The fourth and new component is a much
more complicated function of the aspect ratio and frequencys
but curiously has a phase which is close toy though not

exactly w/4e. .

The limiting results for high and low fregquency will
ve useq as the bdsis of a very accurate correlation for the
forcee The correlation contains the exact values of the

steady Stokes drags the Basset force and the added mass

forces and a simnle but accurate approximation for the
fourth component, which reduces to zero for a spherical
DOUY e The oscillatory motion may ope regaraed as a Laplace

transform of an aroitrary motion andy because of the simple
nature of the correlation for the forcey the transform may

be inverted to find the force on a spheroidal body in

arbitrary axial motione. The fourth term of the forcey, like
the Basset forcey transforms to a memory integral of
previous accelerationse Howevers unlike the Basset forcey

the memory function is not singular at small timese.

In Chapter 4y the case of a flat~bottomed body moving

towards a wall will be considereds the Reynolds number being
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arpitrarye For this geometrys the pressure on the underside
of the body will he shown to have a simple paraoolic radial
agependence when the gap height is small compared to the disc
radiuse In this limity the radial dependence is separable
and an equation for the separated stream function will be
aerived which contains three parameters - the initial
Reynolds number Regs a parameter A which represents the
ratio of body inertia to fluid inertiay and a parameter ¥
which represents the relative importance of the external
force on the pody and the initial inertia of the fluide.
Firstly, the V1imit of infinite Reynolds number will be
considered and analytical solutions will be presented for an
inviscid fluid when one of the parameters B or ¥ is zeroe.
For real fluidses it will be shown that the important
behaviour is contained in three probiems. If the body comes
from "far awey"s it may oe driven principally by an external
force or by the initial momentume If the ©body is dropped
from rest near the boundarye it must be driven by an
external force; this problem will pe considered in Chapter

Se

when the body comes from "far away"s a time dependent
Reynolds numper Re(t) will be defined allowing the motion to
be described by a single solution curve which depends only
on f3. Different initial conditions can be satisfied by
using different portions of the curvee. The solution for

each consists of three parts - a boundary layer solution
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for Re(t) > 0(100)» a numaerical solution for 0(l) < Re(t)
< U(lou) and a low Reynolds number solutione. In the case
where 8 is zeros the large Re(t) behavior will be described
analytically by a new exact similarity solution of the
Navier -Stokes equationse. When the body is driven by an
external forces this solution is simply a quasi-steady
stagnation point boundary layere. Howevers when ¥ is zeros
the similarity solution is fully time-dependente. Thuss the
time-dependent two-dimensional flow field will be found in
terms of a function of a single variable. In both problems,
results for the time dependent radial velocity profile and

gap height will be presented.

The case when the flat body 1is dropped from rest near
the plane will be treated in Chapter 5y although only the
problem with g = 0 will be considereds since the motion
depends on the Reynolds number in a complex wWaye Three
limiting problems will be treated; these are the limits of
small Reynolds numoers small time and large Reynolds numbere
Firstlyes the classical problem of lubrication theory will be
extended to the case of nonzero Reynolds numbere Secondly.
the small time solution will be developed to study the
initial acceleration of the flow and to serve as a starting
point for the solutions which followe Thirdly, the large Re
case will be considered;e In this problemy the boundary
layer solution is not of similarity formey and there is no

simplification of the governing equation at large Re. To
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simplify the problem, an inteygral momentum equation will be
used to describe the boundary layer development. The
boundary layer will be represented as a double layery with a
different form for the velocity profile in each layere. The
overall profile ig determined by a single time-dependent
shape parameter A(t) and a constant k which gives the
relative thicknesses of the two layerse An OeDeEe will be
found for A(t) and k will be chosen to give the correct
initial behaviour in accordance with the short-time
solutione Finallye the full numerical solution of the
problem will be presented and compared to the three linmiting
solutionse The results will be discussed in terms of the
three characteristic timescales of the problem which

determine the time taken for the fluid to drain from the

gape

Some possiole extensions of the current work will be
proposed in Chapter 6. For the linearized equationss the
problem of a spherical body moving towards a wall will be
discussed and a procedure will be described to invert the
tapltace transform in the problem with time-dependent
geometry which is actually nonlineare For the nonlinear
equations with parallel wail geometrye a simple model of an
elastic collision will be proposedes It will be shown that in
the inviscid cases the model results in a fourth order set

of OeDeEe. which describes the motion of the systeme
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le2 PREVIOUS WORK IN RELATED AREAS

There is a long history of interest in hydrodynamic
collisions and the processes of coagulation and filtration
of small particlese. Most of the work in this area has been
done for quasi-steady low Reynolds number flowse Stimson &
Jeffrey (1920) and later Brenner (196l1) gave a solution for
the motion of a spherical partical towards a plane at 2ero
Reynolds numbere Their solution is singular wnen the sphere
and plane are very close; the solution for the near-touching
case was found by Cox & Brenner (1967)y who also accounted
for small inertial effects. The elastic deformation of the
solid bodies can be importanty and several authors have
incorporated these effects (eege Christensen 1962). Davis v
Serayssol & Hinch (1986) recently produced a8 solution for
the collision of a sphere with a plane which includes the
effects of pody inertia and large elastic deformationsy
although no fluid inertial effects were includede. In the
absence of fluid inertia the body does not reboundy but

exhibits an oscillation which is damped by viscositye

The simplified model for collisions described herein
will be valid for arbitrary Reynolds number and will lead to
analytic and semi-analytic exact solutions of the governing
equationse In this respecty the work may be compared to
previous exact solutions of a similar naturey many of which

were discussed by Schlichting (1979). von K3rm3n (1921)
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found the solution for the case of a semi-infinite fluid
boungded by a single rotating disc. This was extended by
8atchelor (1951) who found the solution for the flow between
two rotating discs; his is the only previous exact solution
of this kind to contaiﬁ a characteristic length‘ scalee.
Homann (1936) and Frd8ssling (1940) found the solution for
the flow near a steady axisymmetric stagnatfon pointe Yang
(1958) found a class of time-dependent similarity solutions
for stagnation point flow and solutions of the same nature
were found independently by Secomb (1978) and Uchida & Aoki
(1977) . All of the above solutions are of boundary layer
type and are closely related to the solution for a flat body
falling towards a plane surface which is essentially a

superposition of two time-dependent stagnation point flowse

There 1is a dearth of experimental measurements of
hydrodynamic collisionses although Adamczyks Adamczyk £ van
de Ven (1983) found very good ayreement with the results of
Brenner (1961) for spherical particles falling towards a

flat surface at very low Reynolds numberse.

The linearized Navier-Stokes equations were developed
by Stokes (1851) who solved some problems related to the
viscous dampinyg of an oscillating pendulume. His work was
extended by Basset (1888) to cover arbitrarily time-
dependent motions but subsequently little attention has been

paid to the fielde The basic results for a sphere were used

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

by a2 few authors and extended to find the force on a body in
an arbitrary flow field (Mazur & Bedeauﬁ 1974y Felderhof
1976asb) e It was only recently that the studies of Alder &
Wainwright (1967+1970) 1led to the realization that Brownian
motion of small particles is governed by the 1linearized
equationsey rather than the quasi-steady Stokes equations.
Arminski & Weinbaum (1979) and Bedeaux & Mazur (1974) showed
that the results for the diffusion coefficient obtained
using Stokes® theorem for the drag on a sphere could in fact
pe extended to the more realistic time-dependent case.
However certain results concerning the long time tail of the
velocity autocorrelation function must be derived using the

time-dependent egquations (Bedeaux & Mazur 1974, Hocquart

19770 Hocquart & Hinch 1983)e.

until very recentlyy the only boundary geometries
considered explicitly for the unsteady case were those
discussed by Stokes (1851)» ieee the single sphere and
single cylindere. Chen wWambsganss & Jendrzejczyk (1976)
treated the case of an oscillating cylinder in a concentric
rigid containery Lin (1986) used 3 multipole method to solve
the problem for a small group of oscillating circular
cylindersy and Leichtberg et al (1976) studied the relative
motion of three coaxial spheres using a multipole methods
but only accounted for interactions in the quasi-steady part
of the motione The only previous work to wuse a nonsimple

curvilinear coordinate system is that of Hocquart (1976,
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1977a) who studied the rotational oscillations of spheroids
1n Brownian motion in relation to the optical properties of

suspensionse

Complex gyeometries are more commonly studied in the
closely related cases of steady Stokes flow and potential
flowsy which are both governed by simpler linear equationse.
For Stokes flows Brenner (1961) found the force on a sphere
near a planesy Pell and Payne (1960) gave the result for a
torusy and Happel & Brenner (1965) gave the results for
spheroids; all these results are found by separation of
variables in curvilinear coordinatess The analogous results
for potential flow have been given by Jeffrey & Chen (1977),
Milohy wWaisman & Weihs (1978) and Green (1833)e. Limiting
cases of the geometry have been discussed by Miloh (1979),

small & wWweihs (1975) and Weihs £ Small (1975).

Recentlyy the boundary integral method and multipole
collocation technique have been developed to deal with
steady Stokes flow problems in more complex geometriese.
Ganatosy Weinbaum & Pfeffer (1980) applied the multipole
method to the problem of a sphere moving perpendicular to
one or two plane boundaries; a general discussion is given
by HWeinoaum (1981) and a detailed exposition of the
technique has been given by Gluckmany Pfeffer & Weinbaum
(1971)s The boundary integral method was discussed by Hsu ¢

Ganatos (1986) who applied it to the tumbling motion of an
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axisymmetric body near a wall in Stokes flowe. Kim (1985)
has applied a niyh accuracy method of reflections technique

to the sedimentation of a pair of spheroidse
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CHAPTER 2. THEORETICAL FORMULATION IN TERMS OF

THE STREAM FUNCTION

21 EQUATIUNS OF MUOTION

We begin with the Navier-Stokes equation for an
incompressible fluid with density P2 and dynamic viscosity us
and follow @ similar path to that of Happrel & Brenner

(1965).

Te=0,  pleereVy) = -Vp +uVy (2.1)

Since all the problems to be treated involve axisymmetrys we

introduce cylindrical polar coordinates:
L= (mhz) = Olg+ Zhs (2.2)

as shown in figure 2.1y choosing the z-axis for the axis of
symmetry. The conditions of symmetry are:
{i) The body is axisymmetric (and simply connected)sgiven
by & = @g(2Z)e saye
(ii) The velocity and angular velocity of the body are
directed along the z-axise U(t) = W(t)izs f1(t) =N ize.
We only consider flows for which the azimuthal
velocity is zeroy so the body may not rotate: Q2 = O.
(iii) Any external boundaries must be axisymmetrice In
particular we will consider the case of a plane wall

at z = 0.
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(iv) Any ambient flow must be axisymmetricsy 1ie€o %%f= O.

we will only consider flows for which y, = 0.

In terms of the fluid velocitys U = (UiOw)ye the

continuity equation becomes:

3 (o)+ 3 =0 (2+3)

This leads us to define a stream function ¥y so that
| |
w=m ¥z, ws-zls (2e4)

A subscript is used to denote differentiatione A suitable

definition for W is:

o qow (e | (2.5)

Vic) = Sﬁ

where & is any contour joining the axis of symmetry to the
point r 1n an azimuthal planey and o is the downward normal
to & as shown in figure 2el. Then the downward volume flow
rate through any surface spanning the azimuthal circle

defined by the point g is Qv with

Q= 2r ¥(x) (246)

By considering small displacements of the point g it is
easy to see that

Vg = - w and Y, = ou (2.7)
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The continuity equation is identically satisfied by
taking u = -Valigml) = j,AéVlﬁ We take the curl of the
momentum equation to eliminate the pressure and get the

vorticity equatione
@ - Walg,w) = -»W\Vw (2.8)
with kinematic viscosity » and vorticity
W= Mg = LmEY (249)

The generalized axisymmetric potential operator E* plays an

important role in the sequel and is given by

X
2
e* = ek vin = V%% (a0
> kN
with Laplacian V* = 5 2 eat 32~ (2.11)

Equation (2.9) is substituted into (2.8) to give
4 > }_5-‘.—- 2 - 2 =0
YEYY - o(We g ~YnR)rE*Y - E'E, (2012)

which is the dynamic equation for the stream functione This
form is much more convenient than the original set of
equations (2e1l)e We started with four equations for the
four depencent variables p and 4 in terms of four
independent variables ¢ and t; these have been reduced to a
single equation for ¥ in terms of éﬁree variables @y z and
te The class of motions we are considering is clearly much

smaller than the general classe
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Once ¥ is knowne we can recover the two velocity
components from (2e4) and the pressure can e found by a

relatively simple integration of the momentum equation.

Vp = uVryg -p(g+e.Ve) (2413)

in which Vg = Lg, '!E.V(E"W> (2+14)
Yy = bg BV Y, ’ (2415)

and WV = V) - gaw = sVEVY - S(ep)vy (2.16)

S0 Vp = uipnBV(E'Y) - pig k5 VY, + pE{E'VIVY - 4oV(sV YY) (2417)

The boundary conditions for the problem are that there
1s no disturbance at infinity and that the fluid sticks to
the moving body and the planee. In addition there is a
regularity condition on the axis of symmetry and we may

specify the arbitrary constant in Y using (2¢5)e

Put Ct = ez (2.18)
then as r—ow: wY—w0, p—0 (2419)
on w=0: W¥=0, Ya=0 (2.20)
on ®@=&.(2): ¥W=-i=*W, ¥, = -aWe, (221)

on =z= O: ¥=0, ¥, =0 (2+22)

In the aboves g is the outward normal to the body.
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2.2 THE FODRCE UN A BOOY

In some casesy the apglied force on the body ¥, (t)j,
may be specified rather than the velocity H(t)i,- Then it
is necessary to find the relationship between the twoe. Even
when W(t) is specifieds it is of major interest to find the
hydrodynamic force on the body F, (t)ie The equation of

motion for 3 body of mass m iss3

Far Yy = mW (2.23)
The hydrodynamic force ¥, is determined from the integral

Fu =§e£z'g'ﬂd" =7v",,w,'ez-g:'.z\, ds (224)

in terms of the stress tensor & and local intrinsic surface

coordinates (nessp)e | is the curve in the @-z plane which

generates the body surface 8.
Nows La2eT = Onalg + Gz iy (2+25a)

= mluztwe)ig * (-P*2Zuw)i, (2425b)

/u'(%yzz' %%wﬂ tw™ (P *’2}‘@;: Lz (2425c)

We put N = Pakyg +*Zalz (226)

and note that 2. = s and z2y = =&, (227)
g = (.L -2 4 ) L

Then v bz 8 T MOAT Yoz omm Eis) ~ 2uzam Ugz ~PZa  (2028)

The integral (2.24) is split into three parts

Y, = (I,+I,+1,) (2.29)
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with I = ,ugrwn(?ﬂ;z-w%a%a%)ds = -#S\,‘w.\(a‘!k’-?vw“)k (2.30)
and I, = ~1/1-S,\w(zn‘lewm‘)ets = -Zﬂgpwsw,uds (2+31a)
= 28 (B Y -2 W0Dds (2.31b)
= -l BT o Spwa'd{z,ds (2+31c)

But W, = O on the poles of the bodys So

I,-= ‘Z/ASFQ,"&’;; ds (2.32)

Thirdlys I, = -Srwpz.\o\s = —Epwpws&s (2.33a)
= Llikpe) -tmpdas (23

. [%sz]:::mu . gpji w2 p, ds (2+33c)

Now pa*= 0 on top and bottome SO
I = ,',-,S\prsd.s (2+34)
We sum (2e30)e (232) and (234) to get the total force
o= W&\r‘a!"Psds - Z/LW&\PN',\E”?[ds (235)
Equation (2.17) gives the pressure gradient
Pe = Vpois = a3l ®) -z B+, 2E VY, - hpss(svY) (2236)

This is inserted in (2.35) to give

3= *r/*y,,w%,(ézs‘ ¥)ds -F"fgf!é'e..ds +f"LE‘W’sds -,o;—’fm=§—s(—!.-,w)as

r
(2.37)
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The boundary conditions on the body (2.21) enable us to

simplify (237) as follows

Ery)R = ¢ =W, so ¥HEVY=0 (2+38)
Also Y, =-asWe, = aWzg {2439)
so X,.‘”?éfe..d-s = gpw’-w.zso\.s = ngpwg(;)dz (2+40)
Thus w { @¥ds = - W,V (2.41)

where V is the volume of the bodye

And, Y, = -aWeg  on T (2.42)

so S,,ezws&s = -WS,,wse*ws = \JS\F;—@%(;'W)J; (2443)

Finallyy we have a simplified form of the hydrodynamic

force of the bodyy

3, = V?ﬂm‘%;(%; E*Y)ds +pWV + mpW gp Lo (e*W)ds (2+44)

This equation is used to determine the relationship between

%, and W once ¥ is knowne.

Equation (2e.44) is valid for all axisymmetric flows of
a viscous incompressible fluide The first term is simply an
integration of the viscous stresses over the surface and the
other two terms are derived from the pressuree. The second
term represents the inertia of the displaced volume of

fluid; it appears because the solution of the equations
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(2e¢12)9e (220)9 (2e21l)9 (2022) inside the body is just a
rigid body motione The third term in (244) is nonlinear
and difficult to interpret in general; howevery for motions
with fore-and-aft symmetrys the term is zero because 3 (E*Y)
changes sign at the equator. For linearized flowy the third
term is negligible; for steady flow the second term is zero»

so for steady Stokes flow only the first term is needede

If the fluid is assumed to be inviscidy {2¢44) no
longer applies because the no-slip condition (2.21) was used
in deriving ite For potential flowy E*¥ = 0 and (2e37)

becomes:

3, = -T“Pynwwhd,s b %“ngwt%(lﬁ-vav\‘s (2-43)

L]

As beforey the nonlinear term is Zzero for flows with
equatorial symmetry; in facte it is always zero as we Now
provee For potential flowe the time-dependence is

separabley
Y(ct) = W) (2446)

Then the equation and boundary conditions reduce to:

E*¢Y =0 (2e41)

248

on m=e,(z): ¢ =-zo ( 2)
248D

on == O: ¢ =0 ¢ !
as V—» 00! (/l/r"——’o (2+49)
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Equation (2.45) becomes

!
I, = -Iowwegpw(p“ ds - ;"fszF°1%(%V¢)‘ds (2.50)
Now for steady flowys D*Alembert®s paradox tells us that
}H = 0e

Therefore S,‘ o %; (#V‘P)" =0 (2.51)

Statement (2.51) is independent of W(t)s so it holds equally

for unsteady flowe Thusy
4, = ~1r/ogr‘m?é'edals (2.52)

The integral in (2452) is equivalent to the second term in

(2444) 3nd gives the added mass of the body

Mo = ”}"X\p”%ds {253)

Equation (253) can also be derived by considering the
kinetic energy of the flow fieldy and is equivalent to
Taylor®s (1928) theorem which gives the virtual mass in
terms of the velocity potential in the far fields and may be

written as:

ma = 4wa, =V (2.54)

Lim ¢f"

in which QA = e o Wz (255)

5

V is the volume of the bodys ¢ is the velocity potential and

W is the velocity of the body in the z-directione.
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Equation (255) 1is analogous to the result of Payne &
Pell (1960; for steady Stokes flowe They found the Stokes

drag on a body in steady axisymmetric motion to be

Fs = 8w lim L2 (2.56)

oo .k

Both results (2.54) and (2.56) are found by integrating the
equations of motion over the flow field and using known
solutions in spherical coordinates to represent the flow in
the far field. This approach will be applied to the

unsteady linearized equations in the next sectione

2¢3 RESULTS FOR LINEARIZED EQUATIONS

We introduce dimensionless variables u* = u/U,
* = /Ly p* = p/P and t* = t/T in which Us Ly Py and T are
typical scales for their respective variables for a
particular problem. The Navier-Stokes equations (2s1) then

take the form:

X x - 2
Vou*t =0, [Re]&s kI e ¥ [Re] ut v ‘;éf = % V‘P" fV‘gg (2.57)
- - LL
with Reynolds number Re = Z# (2458)
and Strouhal number St = ﬁﬁ: (259)

It is convenient to choose P = U/l a viscous pressure

scales and to introduce a new dimensionless parametery

E3

Il = fRel(st] = %:,"— (2.60)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

which is the ratio of the viscous diffusion time to the

natural timescale of the probleme Then we have:

Ve =0, [Ny, +[R]u.Ve = -Vp +7 ¢ (2.61)
in which the asterisks have been dropped.

In the case where Re is smally but St is larges it may
happen that the convective inertia of the fluid is
negligibley but the local inertia is note Formallyy we let
Re == 0 and St—=» o=y so that | X} remains 0O(l)e. Then the

momentum equation becomes lineare.

262
Ny, ==Vp + Vou ¢ )

If we consider a body oscillating periodically with
small amglitude in either bounded or unbounded fluid which

is otherwise at restsy the boundary condition on the body

surface ®(t) is (in dimensional form)

on Bt): @ =0U() (263)

The boundary moves with times mak ing the condition
nonlineare Howevery for small displacements from the
average position @, we can expand the condition in a Taylor
series about &, For a point r on @®{t) and the

corresponding point r, on @, we have

wir) = glc) + (£-5.).Valc) (2.64)
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where r, is some point on the line connecting g and ¢ o So

we have a new condition in terms of §= r-r,»

w(g)= Ylt)~3%. Vel (265)

Now we define §* = §/UT to get a dimensionless forms
w(£3) = Q') - Use]” SV (o) (2e66)

Then in the limit as Re —= 0 and St—» o, the correction
term in the Taylor expansion is negligible and we have the

linearized boundary condition
on 8,: u = U[b) (2.67)

It is as though the body were fixed at &, . The above
procedure can be circumvented to deal with the case when the
body motion is not periodicy but results in a net
displacementy provided that the displacement does not change
the gross geometry of the probleme In the latter cases the
boundary condition remains nonlinear and an alternative

approach must be used if the problem is to be simplifiede.

If the geometry remains self-similare, we can transform
to a coordinate system fixed in the bodye This changes the
boundary conditions on the body and at infinity and
introduces an acceleration term into the momentum equation
since the frame of reference is not Galilean. Howevery if
we define a new variable u* = u-Us then u® is governed by

~

the same equations and conditions as applied in the
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stationary frame of references except that the boundary is
fixede Thuses even though the body may move substantially.
the solution is valid in the instantaneous frame of

reference fixed in the bodye.

For an axisymmetric problem the stream function is

introduced and the equations become:

E‘Y - IME*Y¥, =0 (2468)
as T 01 Y/lr — O (269}
on &=0: ¥W=0, ¥u=0 (2.70)
on & =8,(): Ye-ia*W, ¥, =-aWe, (z.71)
onz=0: ¥=0, ¥,=0 (2.72)

As a final simplifications we consider the case when

the dimensional velocity is
wW(t) = Ve iwt (2.73)
Then Wic) = Plme)e =t (2.74)

This is formally equivalent to taking a Laplace or Fourier
transform of the problem with respect to time. We introduce

a newy complex parameter
. L* \—¢
A= -] =i A= FTIN = 5= W (275)

sO0 that (2.68) and (2.71) become:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

EYd - NWE = 0O (2.76)
and on @ = Te(z): ¢=-".‘.ﬂ”, ’D“ = ~T o, (277)
The other conditions (2¢69)9(270) and (272) are unalterede

The differential equation (2796) has a solution made

up of a potential part and a diffusive party

Y= PPy o (2.78)

with E*yPr =0 and (e*-N)Yr=0 (2.79)

The inhomogeneous part of +the solution has been combined
with ¢'. ne are left with a simple linear problem of second
ordery which can be solved by separation of variables
whenever the boundary @(z) 1is of suitable forme In other
casesy a more sophisticated procedure such as the boundary
integral method or multipole collocation technique may be

usede.

Basset (1888) has given the general solution of (2.79)
sub ject to (269) in terms of spherical coordinates (re6).

with 4§ = cosb «

¢P = :"2‘. A, e 4 () ' (2.80)
zo
[ 4
¢* = F B. RV () (2.81)
aAzo
The Rﬁ«r) are polynomials in (l/r) with an exponential
multiplier
QoL = oo () e (2052
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The 4,(4) are Gegenbauer functions of degree =i which are

defined in terms of Legendre polynomials by

CS8)=1, §(8)=-% , S=z1(1-¢?) (2.83)
S.\U) = 27::1 (P -a.(-;)"pn(§>) ,Nn»2 (284)

and we shall use the property,

L Gl6)ds = 280+ %5 (2+85)

In the case of a spherical bodyy only the second
harmonic is required and the boundary conditions (277) are

applied at r = 1 to give Stokes' (1851) result,

= -4 smze[ (e +E)F - %(\, %;)G-A(r-')] (2+86)

The linearized version of the force on the body (2<44%)

with the time-dependence separated is
F = ”/LS\F&‘%T\(%*E"}‘)J«S - ,omwv (287)
Ur in dimensionless form with force—scale uUlLy

""g ar"}- w-:.E ¢)o\.s + NY (2.88)

Howevery we can find a much more convenient form as will be

shown belowe

The velocity is given by:

4 = ~Vilig p/w) (2.89)
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Then {276) or (2+62) can be replaced Dyy
Vog = =XVili¢/a) (2.90)

Equation (2.90) is integrated over the domain 9 bounded by &
and a large concentric sphere ®' of radius R. The volume
integrals are changed to surface integrals using Stokes*
theorem and we retain only the 2z-component of the vector

equatione

Sggiz-g}ﬂ dvs + SSG: Lz-%'-ﬂd's

+ Sgg-‘:‘z'n/ui# X"M//@)ols + Sggliz°nui’-{)‘z(¢/a’)ds =0 (2691)
Here n is the local outward unit normal to the domain e«

The first inteqgral of (2.91) is simply the force
exerted oy the body on the fluids -Fy and the others may be
evaluated individuallye Wwe follow the method of Happel &
Brenner (1965) to put the second integral of (2.91) in the

form

KSQ' bx-g.ndS = WS,“"%‘&(E"P/u‘)dS -WS“X‘M%AS (2092)

in which s is the coordinate along the generating arc of ’

A is defined by (2.75) and E* is the differential operator

> -3
Er = &, L 3% (2.93)

We now use Basset®'s (1888) solution {280) and (28l1l) at the

spherical poundary ®'e If there are no sourcesy then A, is
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zeroe The REXr) are exponentially small at large ro so we
may neglect them in (2.92) if R is large enoughe This

leaves
Sg%l.ég.g.nds = -T’-ng‘.‘ﬂ }{#: dS (2094)

Finallyy we use the property of the $,9» (2.85) to get:

ggs. L- £.0dS = %-vk"ﬂt (295)

which is independent of Re The third integral in (2.91) is
evaluated using the condition (2.71) on 8. It takes the
value XV with V the dimensionless volume of the bodye The
fourth integral in (2.91) 1is evaluated 1in a similar way to

the second and has the value #wlaA,.

The values for the four integrals are combined to give

an expression for the force on the bodyys

F = 2 (2rA,+V) : (2.96)

L}

The term XNV is simply the inertial resistance of the
displaced fluide. A, depends on and the geometry of the
body in a complex waye From (280) ana (2e81) we may

express A, in the form:

i 2rr¢
A, = l“:-:oo ;a. (297)
. Lim 3
to give F = MY + ¢Hw 4rr)\*;;;¢l {2«98)
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Equation (2.98) is exactly equivalent to Taylor'®s
theorem (2.54) for potential flowy since the far field is
purely inviscide It does not reduce directly to Payne &
Pell®s formula for steady Stokes flow (256) since in that
limit X* is zeroe Howevery if (2¢80)s (2.8l)¢ (2.82) and
{2.98) are combined and the limit i5 takens equation (2.56)

can be recoverede.

The result (2.98) provides a rapid way of determining
the force once the stream function is knowne It saves the
labour of determining the stress and integrating over the
surface of the bodye For examples if we apply (298) to the
stream function (2.86) for an oscillating sphere, we get

Stokes*® (1851) result for the forcey

Fz= ~-6n(i+h+t§c) (299)
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Figure 2.l. Geometry for an axisymmetric bodye G is the
contour of integration used 1in (2e5)
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CHAPTER 3« THE FORCE ON AN OSCILLATING SPHEROID

3«1 INTRODUCTION

As discussed in Chapter 2 the linearized Navier-
Stokes equations were first postulated by Stokes (1850) who
was able to solve them fof the oscillatory motion of
spherical and cyl}ndrical pendulumse In particulary he

found the hydrodynamic force on the oscillating sphere to

be:

43'“ ®Re S‘eﬂ,u-(.)o,(H}\-\--‘q)\zse-iwb} {(3.1)

in which u is the fluid viscositys U and a are the peak
velocity and radius of the sphere and A is a dimensionless

parameter given by
T
A = - &2 (3+2)

The frequency of oscillation is « and » is the kinematic
viscosity of the fluide Basset (1888) integrated equation
(3.1) to obtain the force on a sphere in an arbitrary time-
dependent motion with velocity W(t) in the form of a memory
integrale.
3
b L - y
4, = —é‘rr/ua.\/\/ + bﬂ%a)zé,aa?)/"ﬁgo%(b't) bofr '%“’/’éi}g 3.3)

A simple derivation of this result is given by Landau &

Lifschitz (1959)s who treat the problem in terms of Laplace
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transformse Stokes formula (3.l) contains three terms and
is a simple quadratic function of w’, The first term is in
anti-phase with W and is equal to the so-called steady
Stokes drage The third termy which is proportional to wy is
mw/2 out of phase with W and is the nondissipative added mass
forcee The middle terme which has a phase 1lag of W/4
compared to the firstsy is proportional to wk and is the so-
called Basset force. This term describes the growth of the
time—-dependent boundary Yayer at the body surface and the
displacement effect of the viscous layer on the inviscid
pressure field in a rapidly changing flowes or the effect of

the far field for a nearly steady flow

It is interesting to note that if the force on the
sphere were calculated as an asymptotic series for small w
starting with the steady Stokes equations and including
small inertial effectsy the series would terminate after
three terms and yield equation (3.l)e Similarlys if an
asymptotic series is developed for large we starting with
potential flow and including boundary layer effects (cCefeo
Batchelor 1967)s equation (3el) is again obtained wherein
the damping force on the oscillating sphere can be
identified as the part of (3.1) which is in phase with the
velocitye Thusy for a sphere at leaste the Basset force on
an isolated body at all frequencies can be obtained by
considering the first order correction to the Stokes drags
or the first order boundary layer correction to the virtual

mass in small amplitude motione
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Now for any body shapes we can obtain the small w
behaviour from the quasi-steady Stokes equations and the
large w behaviour from the potential flow equationse The
question which then arises iss3 “Can we derive the middle
termy ie€e the dasset force for an arbitrary bodysy as a
first order correction to the Stokes drag or the virtual
mass?%y or equivalently: "Is the hydrodynamic force on an
oscillating body of arbitrary shape a quadratic function of
A with coefficients depending only on the body shape?®" This
possibility is suggested by the fact that the coefficients
of both the steady term in phase with the velocity and the
added mass term depend only on the geometrye If the answer
to these questions is yess then we have a very quick method
for obtaining the hydrodynamic force on a variety of body
shapes for which the Stokes drag and virtual mass are
already knowne Unfortunatelyy the answer is no; it is shown
below that the force 1is not quadratic in Ay and that a
fourth term must be adaed to the equatione The functional
form and phase of this force depend on the body geometry;
howevers for aspect ratios not too different from unitys it

is quite small,

Since Basset®s works the linearized equations were
seldom studied until interest 1in the equations was re-
awakened when Alder & Wainwright (1967s 1970) showed that
Brownian motion of small particles is governed by the time-

dependent Stokes equations rather than the quasi-steady
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equationse Subsequentlyy Bedeaux & Mazur (1974) and
Arminsxki & Weinbaum (1979) showed that the results obtained
using quasi-steady assumptions were in fact valid for the
diffusivity tensory al though they confirmed the important
new results of Alder & MWainwright regarding the long-time
tail of the velocity autocorrelatione A few other authors
extended the results for the spherical geometry to cover
more general flows (Mazur & Bedeaux 1974, Felderhof
1976a+b) e Leichtberg et al (1976) studied the relative
motion of groups of spheres using a multipole methodsy but
were only able to account for interactions in the quasi-
steady part of the motione A similar method was used by Lin
(1986) for a group of vibrating cylinders; since the
geometry is stationaryy he was able to include all the

interactions.

3asset's (1888) result is also apglicable to the
random motion of small solid particles in a turbulent fluids
provided certain conditions are satisfiede Tchen (1947)
pioneered this application of the result (3e3) and used it
to find an analytical form for the turbulent diffusivity of

the particlese.

All the work mentioned above has related to the basic
spherical or «cylindrical geometry and so is based on the
solutions of Stokes (1850) and Basset (1888)e. To the

author®s knowledgey the only work which deals with more
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complex shapes explicitly is that of Hocquart
(1976,1977asb)s who has found solutions for the case of a
spheroid rotating about its axis or an equatore.
Subsequentlys Hocquart & Hinch (1983) gave a general result
for the 1long time behaviour of an arbitrary centrally
symmetric body in terms of the far field of the flowe The
purpose of the last four papers was to investigate Brownian
motions so they have concentrated on the low frequency range
of oscillationse Aoi (1955avb) tackled the mathematically
similar problem of Oseen flow past a spheroids which apart
from the work of Hocquart (1976+1977a) is the only work in
fluid mechanics that requires the use of the spheroidal wave
functions (Flammer 1957)e. This work was also directed
towards the calculation of small inertial correctionse.
Lawrence & Weinbaum (1986) have given a simple relation for
the force on an oscillating axisymmetric body in terms of
the stream function in the far field and applied it to a
nearly spherical spheroide (See sections 239 3e3(C)e)
Howevere the coordinate system used is sphericaly so the
solutions of Basset can be utilizede. Iin the present
chaptere the result will be applied to an arbitrary spheroid
and so the use of spheroidal wave functions will be
requirede. The frequency will be arbitrarys so the problem

is more general than those of Hocquart and that of Aoie.

In the next sections the equations of motion will be

formulated in terms of the stream function in spheroidal
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coordinatese. There are two dimensionless parameters in the
problem which may be chosen in different waysy depending on
the circumstancese The results will be presented in terms
of the physically significant parameters which are the
ala/>e

For most applicationss aspect ratios between 0«1l and 10 may

aspect ratio b/a and the frequency parameter (A]

be considerede. The three 1limiting cases b/a =0 ¢ le o
correspond to the discy sphere and infinite cylinder
respectivelys but are relatively unimportant; an oscillating
disc sheds nonlinear vortices at all but the lowest
frequenciesy whilst the sphere and cylinder can be treated
more effectively in their natural coordinate systems (Stokes
1851y Batchelor 1954). The frequency parameters |XA|l» may be
quite large (of order 10 or 100 for a pendulum), but is

generally small for microscopic particlesa

Some asymptotic results are derived in section 3.3 and
these give a good indication of the general solutione
Firstlys results for small and large frequencies will be
obtainedsy and then a result for a perturbed spheres The
small frequency result can be extended to include bodies of
arbitrary shape after the fashion of Hocquart & Hinch
(1983)e. The complete solution will be obtained in section
3¢4 and the results are presented in section 3e5. Many of
the calculations are involved and so will be included in the

Appendixe
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Useful results are obtained in the parameter ranges
Oel < D/a < 10y OQel < IA] € 10s These indicate that the
force is made up of four contributions - the Stokes dragy
the added mass force +» the Basset force and a fourth term
which depends on aspect ratio and frequency in a complicated
waye The first two of these are very familiary but the
third has not been well understood and the fourth has never
been discussede Finally a correlation is proposedy based on
the asymptotic results of section 33 with parameters
abstracted from the general results of section 3e4e The
correlation is accurate in the range 0.1l < b/a < 10 for all
frequencies ana reduces to Stokes® result for a spheree The
result may be regarded as a Laplace transform whiche in
special casesy may be inverted to give the force on a

spheroid in arbitrary motion along its axise

3.2 FORMULATION IN SPHEROIDAL COORDINATES

We consider the spheroid generated by rotating the
ellipse wya*+ Z¥b*= 1 about the z-axis as shown in figure
3.1 For the time beingy we will restrict consideration to
an oblate spheroidy with b < a3y although it will prove to be
simple to extend the results to the prolate case (see part
(d) of this section)e We introduce conjugate coordinates of

revolution (§+7) with x = sinh§ and y = cosy defined by

= = c{,:oci R & = d,(l#?o")'i(\-ti")%' (3e4)
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where d = (a‘—b‘)& is the radius of the focal circle. The
surface of the spheroid is now the coordinate surface x = x4
with

= d (lem3)  omdk br = drxE (3.5)

and the flow domain is the region

%o ¢ < 02, -ilsys| (3-6)

The spheroid is a solid body which executes
oscillations along its axis of symmetry with velocity
U coswt i, If the velocity of the fiuid is so small that
its square may be neglecteds the equations of motion are the
linearized Navier-Stokes equationss otherwise known as the

unsteady Stokes equationse

V.u =0, per =~ Vp +uV'u (3-7)

We take the curl of the momentum equation to eliminate
the pressure and introduce the stream function ¥ defined in

cylindrical coordinates by
. 1 .
Gis= = Yz, 4ko= ~% ¥ (3.8)
Then we have the vorticity equation:

3.9
E*W_J;E"'jfb =O ( )
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where €%* is the generalized axisymmetric potential operator

given by
2 /LD
E™ = wh‘*[%g("a%g)'r 7;;,(;:"5;;\._( (3<10)
For oblate spheroidal coordinatesy

\ \
W= Lcosht s -sieglt = dlateg (311)

so €% reduces to

. »
E* = d\.'(zs*a‘)[(\fx})%;‘,‘ + (‘- ‘) )%‘I (312)

The limiting conditions on the velccity are:

on the body w = QDces wk .9;7- (313)
at infinity & — O (3e14)

The rate of decay of u must be so fast that there are no

source or circulation fields at infinitye Therefore we need

TP —e= O os v —» 0o (3e15)

where r* = @+ z* is the spherical radiuse We also require
that there are no singularities in the flow field. (This
precludes the limit x, = 0 in which the body is a discCe)
The flow is periodic in timey so we may take the stream
function to be of the form Wimwezet) = Qg[¢(wwz)é““t} where ¢

may be complexe Then we have:

Et¢ +i$ETY = O (3-16)
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On = = x. ¢ ¢= __\{w‘u - _'!1', 'LU(\*x:)(l_“\,B (317)

¢&= -QQ';U = - d“U(‘-%‘)’co (3.18,
OS = 00! Y — O (319)
on y= %1 ¢=0, (/)1 is Cinite (320)

There is also symmetry about the plane y = 0y so we have
¢ty) = ¢(-y) and ¢ﬂ=° on y = 0e It is worthy of note that
these equations are valid in the coordinate system which is
fixed 1n the bodye This accelerated frame of reference has
no effect other than the inclusion in the force of a
buoyancy term which represents the acceleration of the

displaced volume of fluide

We are ultimately interested in the force on the body
which is of the form 3§ = Re {(Fe“t }. The complex amplitude

F is given by (2.98) to be

. 3
F = —/Ol;w[(_)v + 4"\'\'}1” %@t’)] {3.21)

where V =%1ra"b is the volume of the bodye

To facilitate the solutiony we introduce dimensionless
quantities with velocity—-scale Uy length-scale ds and force-

scale pUd as follows:

p* = P/a0, (EV =dE*  F¥= Flubd, V¥=Va® = Sy (1n52)

(.22)
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The asterisks will be ignored and the governing equations

simplify to:
4 LY =t . T -63&‘
E*Y - cEYY = 0O, with =57 Rki>0. (3.23)
ONn ¢ 2Xo,; 4/ = -%_(Ifx,‘,X(-nv) , (}1‘: -:c,(l-:d‘-) {3.24)
Fz eV +4w }ﬁ“,‘,, ";’ﬂ})] (3.25)
Conditions (3¢19) and (3.20) are unchangede.

The above is a linear boundary value problem with two

parameters x, and |cC|e. It is more usual to use the
parameters: aspect ratio b/as frequency parameter
Al = alo/ve as well as to use the dimensionless force

E: = F/énmulU ae Howevery this would unnecessarily complicate
the equationse After the results are obtainedy it is simple
to convert them to the above form by using length-scale a

instead of d in (3e22)e

3e3 ANALYTIC SOLUTIONS FOUND VIA SMALL PERTURBATIONS

The solution to equations (3.23)y etce is very complex
in the general case and will be treated in section 3e4e
Vvaluable insights can first be obtained by examining certain
limiting cases which will also be useful for checking the
full calculationse. Three cases will be considered: (a) low
frequency jcj << 1s (b) high frequency |cl >> 1y (c) nearly

spherical body xg >> le
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{a) _low_freguency

At very low frequenciess the flow becomes quasi-steady
and so the solution to zero-order is that for steady flow
past a spheroid first given by Sampson (1890) and discussed
by Happel €& Brenner (1965). (Here we use the dimensionless

quantities of section 3e2s)

‘Pa = (l—%t)f-lic.w-r‘z:c,[x-(_,;‘vl)co‘\"”ixﬁcscx}.ﬂ)} (326)

. 2 C. = ~(xi-1)
with G = TG Vot = 5~ Ze—(x3-Deot™=s C;=0 (3.27)
=%
and Fo = —4wC = Tl (e3-Deot e (3.28)

For slightly larger frequenciessy we expect that the
stream function and the force F may be represented as
asymptotic power series in cey and we will attempt to find

the first—-order correction. We set

$U ~ ‘Ibo +c,4J' + c.”-t}'z- (3.29)

Then the equations of motion become:

E%(Po:‘o) E*QU,:: O, e* 4):.=El‘l/o (330)
on ===at fo=mileglliet), $=0, ¢.=0 (3.31)
()Uo:l- = -zo(-\-it) > ‘P‘"zo > SUa.x'= O (3'32)

Wwe may not impose the conditions at infinity since for large

xy E*~ 1/x* may be as small as c* and the nature of the
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equation will change. We see at once that ¢, must be of the

same general form as ¢¢o while ¢Q may be considerably more

complicatede SO we have:
g = () 1-1Cx +3C. [ - (oD ey ()] (3433)

In this case f; will not be zeros in fact it is directly
responsible for the first correction to F. The conditions

on the body give:
A
“'iC, +"iez[-=r-o - (=3 *l)co“'“:co'(-res(;,?ﬂ)_-_o (334)

—%a. + 'Iia;[z. - 1:050&"%] -t 6; 2,%0 =O (3.35)

We need an outer condition to determine the constants
E;v so we must consider the outer region of the flow more
carefullye we define an "outer™ variable R = cx and re-cast

the problem in terms of Re

Then E* = c*E* + c* € + O(c) (3.36)
. T -
with Ex = %—2',, -+ -‘—é‘.‘;— -}—g, (337)
\-%z >° =
£ = Ry yi"] (3.38)

From (3.25) and ({3.28)y we see that the dominant term in the
far field of ¢ is likely to be of order l/cy so we pose an

expansion for ¢ to be valid at fixed R as ¢ — 0.

Y~ sh+ P recd (3+39)

Then we have the following equations of motion:
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(53‘63)*/70’0, S‘D:"’O os R oo (3.40)
(E: -E:)J{ = O) J): ~— 0O as R-~w»oe (3«41)
(& - eDP. = (g€ rELE-EA > OasRewen  (3042)

The forcing for TJ, and ﬁ is provided by ¢, and s(J,. S0 we
can expect the simple (1-y*) angular dependencee Agains the

-~/
¢, term will be considerably more complicatede.

Now E* is simply the spherical form of E*s with R the
spherical radius and y = cos8 s so the solutions for 45 and
@; are simply Stokes® (1851) solution for the region outside

a spheree

& o= (g (A + Ace® 1+ H)] (3.43)
B o= (- [Ak r Boet(e k)] (3.44)

The coefficients 6,9 E;v esv Ars Agy Q,v ﬁ& are to be
found by matching the expansionse To do thiss we define the
intermediate variable %= c*x = ¢*'R with 0 <«< 1y and re-
write each expansion in terms of Xe. The outer expansion

(339) gives

P (-g)f L0 F + A T Ur ) (1-c L3 RE -2 I
+[ReF B (e t)(1-e 22 )] + 0() §

(3.45)

The inner expansion (3.29) gives:
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3L
3 '

o (-8 [-5C, 5 Cale g - (12N (5 - 5 )]

1c[‘i6‘°°‘x +i:6,,(c"x "(c"‘“x*fl)(%:""))] "O(“)} (346)

The two expansions (3¢45)0 (3e46) must have identical
functions of X as coefficients for each power of ¢ up to

those which have been neglectede Thus we find the following

equationse
A
A,=C,, A =-~C, ﬁz-:’é,) Alz-(’;“ (3e41)
~ 3.48)
Cs= EAz. = %Cl ( )

Equation (3.48) is substituted into (3e34) and (3.35) to

obtain E, and 62.

c, = ¥cC.c, (3e49)
A
cC. = %cCt (3+50)

Thuss in the inner regione for x < 0O(c™)
YA (l-sl)i (1+ %con)[‘ "i.C,‘r- + '!-ZCI(::.- (x‘?l)co'*-l")]i"%C—Cl(z‘fl)fad) (3.51)
In the outer regions for x » 0O(c”")

Y~ ‘é‘(l‘ﬂz){ (¢, *§'°C3)[é‘,‘;¢"e—°”(l + ;";;)1 + O(e) Z (3-32)

From (3.25) we find the force to be

F = Fo +cF, + O(c¥) (3+53)
< a - Fo
with Fo = =4w C, aad Fo==-3nC/= " (3e54)
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The relationship between F, and F, can be carried over
to more general body shapes (cefe Hocquart & Hinch 1983).
For an arpbitrary body whose (symmetric) resistance tensor

for steady flow is 6muaAsy the force generated by slow

oscillations will be:

E = -braald, (§1>‘é.ﬁfo(>\")) (3+55)

(b} hiqh frequency

When the freguency of oscillation is very highy the
flow field will be almost inviscid and the potential flow
solution will pbe valid everywhere except in a thin boundary
layer on the surface of the podye In order to calculate the
perturbed stream functions one must compute the boundary
layer velocities and the displacement effect on the external
pressure field via matched asymptotic expansionss in a
similar way to part (a) abovee. Howevery Batchelor (1967)
gives a simple method for obtaining the in-phase part of the
forces ieee the damping forces from the dissipation in the

boundary layere.

It is clear that the force on the body may be

represented in the asymptotic (dimensional) form:

F o~ M (F, +X'F) (3+56)
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; 3
where F, is proportional to the added mass and X = - is

the frequency. parametere. It 1is also true that the
mathematical problems which determine F, and F are entirely
realy so that F, and F, 4 are also real as in (a) abovee The
damping force ises thereforey simply |[AIF /12 and we can

determine F, from the same calculatione

Batchelor (1967) gives the in-phase part of the force

to be Fpcoswt with

8

body
In equation (3.57)s Ug is the velocity of the fluid at the

surface of a spheroid which is stationary in uniform
potential flow at infinitye Batchelor (1967) also gives the
stream function for a spheroid moving through stationary

inviscid fluid to be:

p o= EUSEEISY e edifed skt)  (3.58)

bla*-%r)2 — ot cos™ L

To change (3.58) to the case of the stationary spheroidsy we

simply subtract a uniform streame which is a8 term
£ 0 (a*~bv) Sinty sial*§ (359)

The velocity components are ueig = h{,/=» 2'31 = —h ¢y /eoe

with h given by (3.11)y and the elemental area dA is given

by:
dh = Zew -dy (3.60)
2T 3_'4 ‘rl’,\_ :.A'
So Fe = =0 (1,) So = Vg Vi (3.61)
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NOow (3.58)s (359) and (3.61) are combined and (3.7) are

replaced by (xey) as follows:

p = ;?%:}‘" [ <Oredet =] - 5 DA (e=)-¢) (3.62)
.. dy = .. Z%i‘f)'fz (3.63)
g = (e = (1+ »)’{49-‘2-‘%& £2-2=.co|:z—) -0 dre }(;.39 (2.¢4)

so
- 2.11' w ’=(l+x-)[b‘i %;F&. |- xowt*%)-()a,s,‘,]’- ;‘Iﬁ,‘ 3'(%;:)\‘2(:)7{1 _S.)y(3.65)
= Jnula (&) (u:.)[\_d s, (1-mocet o) -4 2l ((:c:v;?)"d‘i (3.66)

The integral in (3.66) is evaluated with the help of

Gradshteyn & Ryzhik (1980) to give:

St %/ = (2exd) ol (a2} = (2em2) it (&) (3.67)

so  Fy = Zaule (_%)’/;(\mﬁaL(nxo)’(l-uwk <o), “{Tf_“:/xlx

%o = (lrxt) ot %o

x [(2e=3) sintet (32) - (1ea3) ] (3+68)
and F,= - IEM-F" (369)

We can find the added mass force on an oblate spheroid

from Green (1833) to be:

(l«r:tf:l(\- ook 'x0)

(1433 ) =0 Cot ™ 'oco = >6

PE = —%"Tl'g{;' . Upa* (3.70)
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Clearly the first order correction F, given by (3.68) and
(3.69) is not the same as that obtained for low frequencies

(354) in part (a)e

{c) nearly spherical_body

For a spherical bodys we have the classical result
(3.1) of Stokes (1851) from which the time-dependence is

separated to give

F = -bmuLa (1 AN (3e71)

This indicates that the F terms for low and high frequency
as calculated in parts (a) and (b) of this section must be
equal when the body is spherical. It is interesting to see
how the behaviour deviates when the body is not quite
sphericale In part (c) we will use b for the characteristic

length scaley since this simplifies the algebra a little.

We consider a spheroid with semi-minor axis a8 = b(l+€)
and use spherical coordinates (rs8) with § = cos®e Then the

surface of the body is given by

v=r(8) = 1+ e2d,(3) + 3(E(5) - LU + Ole) (3.72)
where S“(g) is the Gegenbauer Polynomial of order ne. Since

€ << 1y it is convenient to move the boundary conditions

fromr = r

., to r = 1 by expanding ¢ and ¢, in Taylor series

about r = 1 and retaining terms ud to 0(€*)e. We also write

Y as a power series in €&
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g (r35e)= Yol t)+ e (v, 1) e (r3) + O(S) (3.73)

Then we have a set of boundary value problems for the ¢5.

gx (g*-3)yY; = 0, i= 0,1,2 (374)
0SS T ~» oo g == O, 1=0,,2 (375)
The boundary conditions on r = 1 are:

Yo = - $.(3), Jor = = 28, (%) (3.76)
Y =0, Gr == 28, {)Porr (3.77)
{3.78)

(pz, = 43:(;) + 2 gf(;)‘porr
‘Ptr = ’zgz(;)\vu-r“ [ 652-33‘;]\1),,..—'23:, ‘!)or.-.-‘\lgff‘aﬁ (3.79)

These equations can be simplified wusing the recurrence

relation for m > 2

(o, = LD nlid g g

2 (2m-1X2m3) (zml)(_z.« 3O T L (Zme)(2me 1) < (3.80)

Then suitable forms for the ¢, are:

b (58) = 2 Sy (B1ED (5) (3.51)

The functions fﬁ?(r) come from Basset®s (1388) wWOorky

equations (2.80) (2.81) and may be written:

90y -« 0% a0 eI ceonz e
1) - - 1§
B0y = APEs 1 B () L L,.-'?—,) (3.83)
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The functions ﬁr’and f?’make no contribution to the force up
to order € 4 and we shall not need them. The boundary

conditions (3¢76)-(379) simplify to:

on el Q’-f..):'\) "?‘2 =2 (3-89
P20, B =&(N2L2) (3.85)
(D)) = 4 ©;
0 =0, Fe= T (00D (386)
S0 42 (M2 42) (3-87)
2 ' ) o)
;L) ?_c) :2,, (_ 1rr+2'> Lﬂ-r (3.88)

EqQuations (3.84)-(3.88) are used to obtain the coefficients

A‘;) as follows:

A-f_o) = «(1+ %\-f:i—,— {3.89)

A:.) = - %(\\»";:Y’ {3.90)
Y - & S\ 28 i

A-La) = |-,g(93+ 5;\_..,. xz> 175 Truaent (3.91)

The force on the spheroid is given by (3.21) in which

ti'w\ f.s_(l_t \ k) . .,
F>o00 ooy = A, = %,Zﬂi"e‘ (3.92)
and V= %‘Tf(l+e"> (393)

So we have
Fe ~Gr[{lerhedX) + e%(h?.)a-%)\’-) + e,",.,s(l+S’?)\f 3°")\‘ +-:;f,\,.ﬂ (3.94)

‘l. \N
= —GWI(H €€+ ,,Se>+>\(|t-§ef‘l\7"se>+ X"(\* ,se-\-‘_,s_ e‘> "S":tmx (3.95)
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The final term of (3.94) and (3.95) is O(l) when A is large
and 0(X ) when X is small. Hence the equality of the first

order corrections F, of parts (a) and (b) persists until

Ne? R
0(cd )e The nonquadratic term ;%g I+dae e 1S always very

small and is unimportant for practical purposese. Howevery
it will be seen that for a general spheroid the term

becomes more importante

3e4 FULL SOLUTION IN SPHEROIDAL HARMONICS
The governing equation (3+23) may be factored to give:
E*(E~ct)y =0 (3.96)
This in turn has a solution made up of two parts:
= rygo (3.97)

The first part ¢P is a potential function and must satisfy

the equation
E* ¢r =0 (3.98)

The second part ¢® is a diffusive function and satisfies

AN

(E*-e)¢* =0 (3.99)

The inhomogeneous terms generated may be absorbed in ¢P. It
is simpler to treat the two components separately as far as

is possible and combine them at the ende.
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(a) solution for ¢°

The governing equation (3.98) is linear and there are
several homogeneous boundary conditionss so this is an
eigenvalue problem and we expect the solution to be a
superposition of harmonics of the form XT(x)YP(y)e The

differential equation separates to gives:
(- YP" + x*Y? = O (3.100)
(lex) X*" —k*X? = 0O (3.101)

We have chosen the separation constant k* to be positive in
the y-direction so as to get wave—-like solutions there. We

impose homogeneous boundary conditions:

on y= %l Y® =0, Y*" is Qinike (3.102)

although these can only be applied rigorously to the sum of
¢P and ¢°. The conagitions (3102) are not necessary;
however, they are certainly sufficient to satisfy the
correct conditions (3.20) assuming that the uqiqueness
theorem for steady Stokes flow may be extended to cover the
time-dependent case« The functions X' and Y? may be written
as Gegenbauer functions as in Sampson (1891l)s but it is more
convenient to w~rite them in terms of Legendre functionse. We

set YP = (1-y2)2 T%y)s then:

TP (1) = 24T + (W =) TP = O (3-103)
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Equation (3.103) is ULegendre®s equation of order 1 and
degree n with k: = n(n+*l)e. The reqular solutions are

Legendre polynomials P, (y)e so we have eigensolutions:

YP = O-4)4 Pl (y), K2 = aln), r=),2,3,... (3104) -

To find the solutions for XxPy we introduce X = ixe |

then:

= XR)XPY WA XP w e -
(-)XP74%2XPw 0, X' 0 as X—>ie (3.105)

Equation (3.105) is the same as {3.100) for Y 3 but we now
require the solution to decay at infinity. Magnus,

Oberhettinger & Soni (1966) give the behaviour of Legendre

functions for large argument. In particular

~{n+1)]
as X -» 0o > Q:\(x) ~ xml ('Z.VH')” {3106)

Thus for n 32 1,
O-X% QuE) —> 0 a5 X—> o (3.107)

So we have solutions for the X} for n 2 1:

Xt = (-2 QU = (4= Quli=) {3.108)

The general solution for gDP which satisfies the homogeneous

boundary conditions is thus:

2 APa () Qhli=) (3¢109)

ATy

PP = (qu%(“zqh
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We may enforce fore—-and-aft symmetry by setting A, = 0 for
even values of ns since for these values P, is an odd

functione Then we have

PP - (1-!»)'/:.(“:})'/&"%'A.‘P,'\(j) Qulix) (3.110)

Here =’ indicates that only alternate values of n are

included in the sume

(b) solution for ¢*

Equation (3.99) can be written in the form:
(e, + (=)W, - (=)= O (3.111)

This is separable in the form XP(x)YP(y) and yields the

following ordinary differential equationse.

(Oee)XP? — (A1 =) X> =0 (3112)

(-) Y + (A= Y® = 0, ReiA}>O (3+113)

The eigenfunctions Y) and eigenvalues )\, are quite different
from those 1in part (a)s but the solution is found in the

same way (Stratton et al 1941). We let Y® = (l-y2)4Y% then

(;-ﬁ‘)rbll _2‘31‘51 + [)s-c‘(i‘- r'g“lrb =0 {3=114)
Equation (3.114) is ¢the spheroidal wave equatione The

solutions which are regular at the poles are given in
Flammer {1957) to be the prolate angle spheroidal wave

functions of the first kind of order 1 and degree ne.
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I = Sia (esy) n=1,2,3 (3.115)

The §,, are defined in terms of series of Legendre

polynomials

0

Snn (C,S) = 2‘: d‘:(c') ?:"' (:‘) (3'116)

rz0o,

In equation (3.116)¢ the sum starts at zero if n is odd and
at one if n is evene Since §,, has the same parity as Pj.
we Wwill only require the functions for which n is odde The
dl (c) and A,{c) are determined by a complicated procedure
which 1is described in the Appendixe So we have our

eigenfunctions,

Yo = (-)2Sumlay)  n=lis,.. (34117)

The X% are found by introducing Z= ix, when (3.112)
becomes identical to (3.113). Thus XP can also be written
in terms of spheroidal wave functionse The radial functions
are proportional to the angle functions and Flammer (1957)

gives the behaviour for large argumentses In particular.

as chew oo, RP(e,X) —= i eilt-iludw] (3.118)

Thus X} can be written in terms of the radial spheroidal

wave functions of the third kinde

X2 = (-2 RD(e,®) = (0=V4RY (e, ix) (3:119)
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Finallyy, we may write the general solution for ¢° which

satisfies the homogeneous conditions as:

PP = (-gYs(1e)n %' B Sinler) R (e,t) (3.120)

U

{(c) inhomogeneous conditions

Before we apply the inhomogeneous conditions {(3+24)9
we must sum the two components of the solution from (a) and

{(b)e The stream function is

¢ = (pjz)%(nxsy,g"[ﬂnP,'.(zj)Q.',{tx) +8.\S.,,(c,3)glt:>(°’u>] (3121}

This satisfies the requirements of symmetrys evanescence at
infinity and reqgularity at the polese. The coefficients A,

and B, are to be determined from (3.24) which gives:
:2-'! Cnn pi.\ l‘j) Q; (t':c,) + gn S!n (C,j) R'L‘:)chéx.)] = __‘z_(l*x':)'/‘a_ﬂt)’/t (3. 122 )
Z' [APaly) DQAlizms) + BuSum () DRD (e 1)) = ~ 2o O-¢)* (30123

The differential operator D is defined by:

DE(x) = %(1{,"-0"* Cly) (3.124)
so D¢ (ix) = ﬁ(_x‘ﬂ"‘?(ix) (3.125)
At this pointy it is convenient to note some of the

properties of the functions Py (y) and S, {Cey)e Abramowitz

& Stegun (1965) give the definitions:
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Pily) = - ("‘31)""5}73 Puly) (3.126)
Plp=u, Puly)= 13y-), ete. (3.127)
SO0 we can determine
Pl =-0-4Yy P (y)= -3y (1-y¥s ete. (3.128)
The orthogonality relation

pm(.j)P l‘j)d'i = S‘M“ M)‘ (3129)

2net

is used to determine for n odd

S.‘ Puly) Sm(c,j)dﬁi S d'? () S P...(n) e (5)‘13 (3.130)
= dl (o 2Rl (3.131)

and finally,

AT —-X PLUYPA YAy = - %8, (3.132)

Now we multiply (3e.122)s {3.123) by Paniy) and
integrate from .y = -1 to y = 1» making use of the

orthogonality relations (3.129)-(3.132). this gives:

A Qi (i) Zlmed) o Z BaRS (e ixo)dam, ()2l o 2 V45, (3.133)

Azy Zm+}
2mim m
AMDQ.'MU"") 2Mflﬂ) S Bnbﬁ‘”(cux.)dm -t ( )‘21:““) %xo ng (3‘ 13",

we define B, =B,R® (cvix,) and rearrange equations (3«133)¢«

(3«134) to get:

B a2 ()] Quulize) = Sim [X0ex2)*/ QU )] (3.135)

-+
M=

3
[1]
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A + i"g " (<) D R".}‘) (C; i-xu)

nee R (e ixo) DQuixo) = S [ =e/ DL (i::")-.( (3.1306)

Equations (3.135)s (3.136) represent a pair of coupled
infinite systems of linear equations for the coefficients A,
and Bpe They are to be solved by truncation and matrix
inversion as explained'in the Appendixe The force is found
from (3«25)9y sO we need to find ﬁr”{%;¢. Equation (3.118)
indicates that the terms of ¢° decay exponentially in the

far fields whereas (3.106) and (3.110) yield the dominant

terme

Pr (1-gYellex)s A, Py Q) (ix ) (3.137)

~ = (- FA, = (3.138)

Thus Lim L) o= xmﬁ@‘?’ = -%A, (3.139)
Finally we have

F= %mc[molient)-28,] (3.140)

Thus the force on the spheroid depends only on the first
coefficient A, « Howevery the value of A, depends on all the
coefficients whose values must be found by solving (3135)»

(3.136) simultaneously as described in the Appendix.
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{d) protate spheroid

The prolate spheroid is a simple extension of the
oblate spheroid and can be organized so as to generate
exactly the same equations and the same result for the
forcee The geometry is as shown in figure 3el(b)e with
b >a and e? = p*-al, The coordinate transformation is

slightly different in this casee.

z=ex=y, m=el(@RN 04N (3.141)
1 | -
h= € mop (3e142)
The surface coordinate is X, = b/ey with ase = (X*-1)2,

The above quantities can be made the same as for an

oblate spheroid by using imaginary values of d and xe. let
e = —id and X = ixy then:
2 =d=y, @=d=)0-g)h (3+143)
—_—t
h = d(,~+5~)"= (3.144)

And the surface coordinate is xo = b/dey with a/d = (x:*lf“.
Equations (3.143)) and (3.144) are exactly the same as (3e4)
and (3e.1ll)e Thus the problem reduces to that for an oblate
spheroid provided we allow d = (a"'-b"-)"x to become imaginary
and x, = b/d to be negative imaginarye The parameter c¢ will
have the same definition as beforey viz ¢* = -id*w/ys but ¢

will now have phase +7/4e Some care must be taken in
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determining the sign of square roots like (lexi ), but
otherwises the extension presents no difficulty. The
results of sections 3e3(3)e(b)e(c) and section 3.4 all carry

over to the prolate casee

3e5 RESULTS AND CISCUSSION

Several different length scales have been used in the
preceding sectionss so we must first unify the resultse The
most important length scale is a» the radius perpendicular
to the motiony and this will be used from now one. We will
use the most appropriate force scale which is the Stokes
drag on a sphere, 6mulUa. The frequency parameter to be used

is A= (l-i)aj(w/2¥) or |A} = aJ(w/v).

The results of the full calculation are plotted as
solia lines in figure 3.2. As can be seens the results are
gquatlitatively similar to those for a spheres b/a = 1. At
low frequenciesy the real part of the force dominates and is
almost independent of jA}; this is the quasi-steady Stokes
drage The imaginary part of the force is small and linear
with |A]le representing a slight phase shifte At high
frequencyes the imaginary part of the force varies with [|A]
and is dominant; thus the phase is 90° The real part of
the force is important because it results in energy
dissipation whichy for examples accounts for the damping of

an oscillating pendulume. It can be seen that the change in
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the nature of the force from quasi-steady Stokes flow to
near potential flow occurs as jJA] changes from about 0.l to
about 100. Unfortunatelyy as discussed in the Appendixe
useful results could be obtained for oblate spheroids only
for |A\] < 10 and for prolate spheroids only for |Ajb/a < 10.
The asymptotic result of section 3.3(b) may be regarded as
accurate only for (A} > 100y so there remains a gap in which
the results are not known accuratelye The broken lines of
figure 3.2 represent a correlation based on a "patching® of
the two asymptotic solutions of sections 3e.3(a) and (b) with
numerical coefficients determined from the full solutione
To help distinguish the curvesey the real part of the
correlated force is shown dotted and the imaginary part is
shown dashede The derivation of this correlation will be

described belowe

The asymptotic results are summarized by figure 3e3.
Here the components of the force are plotted as functions of
the aspect ratio;i for the sake of comparison a value of
jA] = 10 is usedes The important feature is the touching of
the curves representing the 1low- and high-frequency first
order corrections at b/a = le As predicted in section
3.3(c)es these curves have the same slope and curvature at
b/a = 1 and they remain close to each other in the range
Oel < b/a < 10. It seems reasonable then to represent the

force in the following way:
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In (3.145)y Fg is the Stokes drage mg is the added mass of
the body and B will be called the Basset coefficiente.
Clearlyy at low frequency B(A) is given by the first order
correction of section 3.2(a)s B, says and at high frequency
by the first order correction of section 3.2(b)ys Bo Saye
For aspect ratios of order unitys B, and B, are quite closey
so the form of (3e145) iS5 quite promisinge In facte we
shall see 1later that it is more useful to split the third
term of (3.145) into two partse The asymptotic results are

summarized belowe

Fo = =% (=e-(=-Ncot x| (3.146)
s | = 2o cot!aco

Mma = =(lexd)E o= (ea5 oot o {3.14T)

g, = Fs (3.148)

K

2 O
Bo = [T - 2o [ 3 (1)1~ Qe Yo Fsink'] (32149)

Care must be taken in choosing the sign of (ltx:)% for a

prolate spheroid when x, is imaginarye.

Using (3«145) for the definitions B can be calculated
from the exact resultsey as far as they are knowns and some
examples are shown in figures 3«4y 3e5(a)sy (b)s (c)e (d)»
(e)r (f)e Figure 3.4 shows the phase of the Basset force,
B(A)N for a few values of b/ae For a spherey the phase is
exactly 45° and even for b/a = 10y the phase never deviates

by more than 3°, The deviation is always contained in the
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region 0.1 < |2} € 10 and is always small. We <can infer
that B(A) is "almost real"y but we will not take it to e
real in the correlatione. The amplitude of B is shown in
figures 3.5 which also give an indication of the effect of
the phase shifte The real and imaginary parts of B(A)A/1A]
are plotted for different values of aspect ratioe These
figures suggest that B changes smoothly from B, to B, as the
frequency increasesy the imaginary part changing at sltightly
lower frequencye There is a slight overshoots which is mbre
apparent for aspect ratios closer to unity since By, and Ba
are then closer to each othery but this does not appear to
be significante The dotted lines in figures 3.5 are simply
scaled versions of the hyperbolic tangent function which
will be wused as an approximation for B(A)e We take B to

have the forms:
B (A) - li (BO .‘.S“) -+ '\i (@p"@g} +M\\[¢(l°‘&k‘l-03x°>] (3. 150)

The form of (3150) is reasonable in view of the shape of
the curves in figures 3.5(a)-(f)y the small phase shift of
figure 3.4 and the fact that B, and B, are quite close.

Equation (3.150) can be simplified since

-
taah { & (legh ~legho) | = 75 l (3.151)

() + (rb j

So we have

Re + B (Z\Ko - @o- Beo
_ § Do Se .
(N) S B ¥ T4 X} (3.152)
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By a happy coincidences this form of B(X) has the same type
of phase shift as the exact solution as can pe observed in
figure 3e4y where the phase shift of (3.152) is shown
dottede Suitable values of & and Ao are to be obtained from
the full theorys ieee the solid lines of figures 3¢5y in

the following waye

Wwhen |[A] =)Ao and A = A€ ik * (3.150) simplifies

since

Yanh [oL(LogX leadoy] = tFauh (o l"ﬁLe:m*)] = +amh (¢ )’ “""“ﬂr (3.153)

SO we have:

Blae ™) = & (Bor8a)- 4 (88u)iton (3+154)

Thus in figure 3.5 when [XA| = XAgo

@efge~¢V/4} EL\: [(@o*&w) (g Bm)'h‘\our] (3155)
and (TR T = 355 [ (BorBu)t (BerBoY B ’T] (3.156)

Thuse Ao is the value of |A] where the two curves are
equidistant from the center-line B = §(B,+B.)/J2y and « is

found from:

PSRN I 3 Toibd &3 BT ai
= | TN ]

(3.157)

The values obtained are displayed in table 3e.1.At this
pointe it is convenient to re-write (3.145) as a four term

correlationes

Bo Be
F = Fs - Mo A —BX — |+ (_L."*‘] (3.158)
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b/a Oel 0.2 Oe5 1 2 S 10

>\o 6007 2.86 0.5‘? - 3-60 1012 0059

& 0e394 | 00464 | 00636 | - 0«687 | 0e543 | 0e494

Table 3.1le Values of A, and o« for the correlation equatione

The approximations to B(A) derived from table 3.1 and
equation (3.152) are shown 3as dotted lines in figures 3.4
and 3.5+ and the corresponding force (3.158) is shown as

broken lines. in figure 3.2

The least accurate behaviour of ¢the correlation is at
intermediate frequencies and large aspect ratiose From

10 and |AN| = 0«.1l¢ the

figure 3.5(f) we see that with b/a
discrepancy in Sm{B} is about 0e.5%; the largest error in
Re{B} is Oel% at [A] = S This is very satisfactory
considering the complicated nature of the exact calculation
and the simple form of the correlation (3<158). Figure 3.5
suggests that the values of & in table 3.1 may be a little
too small. The accuracy of the correlation might be improved
if another method were used to choose the values of A, and
L o Howevers there is no obvious alternative method since
any other would be much more cumbersomes 35S0 no improvement

will be attemptede
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A  very useful property of the correlation is that
(3.158) may be integrated over all freguencies to provide an
inverse Laplace transform of the problem {(at least for some
values of £); ie.ee we can find the Basset force for an an
arbitrary time—dependent velocity and this will be done in

the next sectione

Another interesting feature of the results may be
observed in figure 3e3. We can now regard the two touching
curves for the 1linear corrections as representative of the
sum of the Basset force and the new forcee. When the aspect
ratio is largey we see that the added mass is smalls since
the body is "streamlined™» whereas the Stokes drag and
Basset force increase with the length of the body. We can
concludey therefores that for long bodies at moderately high
frequencies the Basset force is the dominant onee. Although
the phase of B8(X) may vary considerably from 45° for a long
bodys examination of the trends in table 3.1 suggests that
the phase shift is confined to low frequencies when the body
is longe These considerations are illustrated in figure 3.6
where the asymptotes for the forces are shown as a function
of frequency for a few aspect ratiose Clearly for a body
with aspect ratio 100s the Basset force is the dominant one

over the range 1 < |A] < 1000

The above discussion leads us to expect that 1long

bodies exhibit three distinct types of behaviour depending
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on the frequency of oscillatione At very low frequencyy the
flow is essentially quasi-steady in the neighborhood of the
body and the force is dominated by the steady Stokes drage
At very high frequenciesy the potential flow 1limit is
virtually reached and the force is dominated by the virtua)
mass terme There is a third region of simple behaviour in
which the flow is locally two-dimensional near the bodys the
ends of the body and the far field being relatively
unimportanty and the force is dominated by the Basset forcees
Such flows have been discussed by Batchelor (1955). The
boundaries of the regions of different behaviour are shown

in figure 3e7.

3e6 INVERSION OF THE LAPLACE TRANSFORM

If we consider the force on the spheroid in arbitrary
motion with velocity W(t)s then the differential equation

for ¥ (ret) is
E*YV -e*¥,. =0 (3+159)
We now define a Laplace transform over time
Ztw] = T = X:e“bﬂl(e)dx (3160)

so that @?r,s) satisfies the equation

E*Y - sE*T = ¥(r,0) (3.161)
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If the fluid is initially at reste W(re0) = O so that
(3.l61l) becomes the same as (3.20) with T(rvs) replacing
Y(rec*)e If length scale a had been used from the beginning
in (3¢20)y c* would be replaced by ¥« The force on the
body ¥4(t) transforms in the same waye so the correlation

{3«153) would give:

80"

Zo

-,'3_‘“ - [F“-M.,,s —Buns" — gs: zos"‘]WlQ (3.162)

with z, = AY . The Laplace transform may be inverted to

give:
E dw L dw
’Euu’) = FeWl(k)~ ’:ﬁnB»%o ar (t-7) 2dr - ma ot
bt dw
- (&r8-) |, I3 Gle-2ydz 5163
In equation ({3.163) and what followsy the time is made

dimensionless using the viscous diffusion time a*/». The
first three terms of (3.163) are the analogue of Basset's
(1888) result for a spherey with the Basset force given by
the high frequency limit of B{(A)» ViZz B,e The fourth term
has no analogy for the case of a spherey since then
B,—Be = Oy and this new term will be considered in detail.
The memory function G(t) is much more complicated than the

t% term in the Basset force; its Laplace transform is

.

— 20 |
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- -k .
At high frequencyy G(s) ~z§(“*{ so the inverse transform for
: ; . N
small times will be G(t)~z[M(i+x)]  t7%. In table 3.1y we

see that « is positive and typically lies in the range
0e5 <A< la0e Thus G(t) will always have less singular
behaviour for small ¢t than does the Basset memory function
t3, and for X > 0.5 G(t) will not be singular at all.
Howcsery at large t (small frequency) G(s) ~ s™ s SO

G(t) will have the same behaviour as %

Although (3e164) is a simple function of sy its
inverse transform is difficult to find in the general casee.
So before we proceed with the general casey we will consider
the two special cases &=Ly o= ly where the transform is
tabulatede In these cases the inverse transforms are

(Oberhettinger & Badii 1973):

L =

L.
T

G’;(_E) = e’::k C,P'QC. (zck‘/‘) Zo (3«155)
A=l G, (£) = Lza)s €t er B{(-2b)*] (3.166)

The first of these is related to the function called w(z) by
Abramowitz & Stegun (1965). w{z) 1is given in terms of a
power series in z and asymptotic inverse power seriess and

we get:

) 2ok
G'i (£)= 2. w(iz,l:'/»)=£?--(=%%) {3.167)

and as t —= oy G'-k (&) ~ \)-l?:' [,1- 2’ =y Q___C?ﬂ] (3+168)

(2= )™
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The second function (3el166) is not dignified with a symbole

In this case X = 1y 50 z, = N, and Abramowitz & Stegun give:

G, (k)= z}%\b tZ' 7-" (u_')(—-z,l:)“ (3.169)

which may be rearranged to give:

‘._ -:.gk!*

\, s -
Gr, (£) = =ot™ “zj T~ ) (3.170)

=0

The inverse transform of G, (s) is not tabulated for
arbitrary values of £¢ but it can be found quite easily by
the following nonrigorous methode We write G(s) from

(3«164) in the form

Gols) = =0 S 4% (14 zos™Y! (3.171)

‘ -
Now whenever |s| > lzolQ, we can expand the binomial as a

convergent power series:
— » At -f('\‘”)‘(’ ]
G(s) = Z_ =2 * (3.172)

This form of the Laplace transform G(s) can easily be
inverted to give a power series which should be valid at

least for small values of te

Gey (t) = - f‘;, (2 B [T (e ] (3.173)

_ ‘-%_ < g—‘zo b.")ﬂ — 3e 174
1. €. G—-\ (t) - Fo t otza-fo Pt Lv\-ﬂ) oLt J,-_-g (. )

The power series (3«174) is uniformly convergent when « > Oy

which enhances its chances of being reliablee. More
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importantlye it reduces to the forms of (3.167)y (3.170)
when « =1 or ly which suggests that it is satisfactory. An
additional benefit is that G(t) is real which is not
genarally true when 3(5) is only an approximationes and is a
consequence of the form of the correlation (3.158). If we

substitute z, = XN in (3.174)y we get the final form:

G.lb) = t L 2 3,175
) Z v ( )

The form of this function is shown in figure 3.8 for the

values of 2o and ot in table 3e¢ls

we can also invert the Laplace transform for the
force derived for a nearly spherical body (3.95)y when b/a
is close to unitye. The result is of the same form as

(3e163)e
Fale) = Fow(r) - 5—;,1@.5: %(b-t)-l/‘-ol’l“ -m%

- cCF Yole-v)dr

(3.176)

where Bo = I+ £c ¢ 8oy O(er) = Bt O(e?) (3.17T)
F, = — (e e +Z e+ Ole?)) (3.178)

Mo = F(l1+c ‘;SI‘; ) + O(e) (3.17;)

Equation (3.176) is made dimensionless with length-scale b

and a = b(l*€)e In this cases the constant C is

c= & (3180)
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and the memory function G is given by

= L _ A et
Gele) = Iiskes — I3 YS"‘H-Z.‘ s‘l;-,.z‘] (3.181)
with 2, = %JT(J?*i) = J?ehﬁb. From Oberhettinger & Badii

(1973) we find that

2 »2 2,
G) = 5§ E‘Yt?t‘ -2 e Eertc(}?l:’*)-m 1o ke*‘CC(!-.a} (3.182)
= %’i‘ Stz eﬂte—"'?c('&lt"‘)? (3.183)
This can be written in the form of a power series,

[ A AL LYY
G (k) = 2_%7 o e

YT Sin(m+i)F (3.184)

Equation (3.184%) is real since the transform G(s) 1is exact
in this casee. The function (3.184%) is shown dotted in

figure 3.8.

In conclusiony we see that the concept of the Basset
force is easily generalized to nonspherical bodiess and that
it is the high frequency term B, which in fact gives rise to
the usual . term with the £l memory functione. Then it is
convenient to separate off a fourth term whiche in most
casess has no singularity in the memory functione but which
is comparable to the Basset force at long timese Although
t;e general problem is very complicateds it is helpful to

treat it in this wayes so that all the complex behaviour is

contained in one term of the forcee
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o8

Figure 3.1(a)» The geometry and coordinate system for an
oblate spheroide.
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y=-1

Figure 3e1(b)s The geometry and coordinate system for a
prolate spheroida.
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Figure 3<2« The force on an oscillating spheroid as a
function of b/a and Al: + full calculation; eeesse v
correlation for the real part; -———- » correlation for the
imaginary parte
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Figure 3.3« Asymptotic values of the components of the force
as a function of aspect ratioe (nominal value of Al = 10

used for comparisone)
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CHAPTER 4« SIMILARITY SOLUTIONS FOR THE MOTION OF

A LARGE DISC NEAR A PLANE

4e1 INTRODUCTION

The draining of a fluid 1layer in the hydrodynamic
collision of two particles or the interaction of an object
with a boundary underlies a diverse spectrum of physical
phenomena associated with filtrationy coagulatioq and
biological applications. In virtually all of these studies
to dates these interactions have been treated either in the
viscosity dominated limity where particle and fluid inertial
effects can be ignoreds or in the inviscid Vimit where all
real fluid effects are omittede. The vast majority of
analyses in the viscous limit have been based on either the
gquasi-steady Stokes equation in the limit of 2zero Reynolds
number or lubricating layer theories where the Reynolds
number based on gap height is small and all inertial effects
in the fluid layer can be neglectede. The latter
approximation has been wused in the recent theory of Davisy
Serayssol & Hinch (1985)s the first analysis which attempts
to address the elastohydrodynamic collision and rebound of

solid particles from a wall in a viscous fluida

The problem of the unsteady collision interaction of a
finite particle with a boundary is one of the most basic in

the study of viscous fluidse Depending on the initial
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velocity of the particley the Reynolds number based on the
instantaneous height of the fluid gap can vary continuously
from very large values where inertial effects are dominant
to very small values during collision when the fluid gap is
very Narrowve The treatment of the nonlinear regimey in
particulary has seemed to be insurmountably difficulte The
problem of the near collision approachs howevery has an
important simplification in that the boundary geometry in
the region of near contact will be nearly parallely at least
for a blunt objecty and the boundaries may be flattened by
elastic deformation. Thereforey important insights can
first be obtained by examining the fully nonlinear problem
for the simple inelastic parallel wall geometrye For
mathematical simplicitys we consider an object with a flat
circular bottom moving towards a parallel plane surfaces as
shown in fiqure 4.1y and we will assume that the initial gap
height h, is much smaller thaon the disc radius ae« The fluid
motion in the gap can be visualized as a time-dependent

axisymuetric double stagnation point flowe

The problem described has already been studied in the
case where the body is dropped from rest and falls under the
action of a3 constant normal forces ( Weinbaums Lawrence &
Kuang and Lawrences Kuang & Weinbaum 1985, These papers will
henceforth be referred to as HWLK 1 and LKW 2. ) In the
present chaf*:r we are interested primarily in the motion of

a8 body wunder the influence of its own inertia and fluid
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inertia in the absence of an applied forcee For a viscous
fluides there will be dissipation of energy and, in the
absence of elasticityy the body will come to rest without
recoil at some distance from the planee. It is this
distances as well as the actual process of arrests which is
of fundamental intereste. In WLK 1 and LKW 2y the draining
of the fluid layer after the body is dropped from rest was
considerede. This choice of initial condition 1limits the
range of solutions available and in the current ORQPber the
initial velocity will be arbitrarye. This enables us to
examine the relative importance of the applied force and the

initial momentum of the body and fluide

It was shown in WLK 1 that the parallel wall geometry
leads to a separation of the radial coordinate in the
equations of motione This separation is the time-dependent
equivalent of the separation found by Homann (1936) for a
steady axisymmetric stagnation point boundary layere It is
interesting that analogous forms exist for the two—
dimensional version of this problem { Secombs 1978 ) and for
the fluid motion in a tube which contracts uniformly along
its length ( Uchida & Aoki ¢1977 }e In each casey there is
stagnation flow at the origin of coordinatesy the streamwise
velocity is proportional to the streamwise coordinatey and
the perpendicular velocity is independent of the streamuise
coordinatees In all these problems the number of independent

variables is reduced by one and the reduced equations lead
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to exact numerical solutions of the Navier-Stokes equationse.
Another family of such solutions was described by Batchelor
(1951) who generalized the rotating disc problem of von
Karman (1921). The basic equations are all of modified
boundary layer type; the terms retained in the governing
equations are exactly those retained in the boundary layer
equations except that the pressure is no longer constant
across the viscous layer and a. different normal momentum
equation is employede. Some of the above examples are

discussed by Schlichting (1979).

Yang (1958) showed that for a time-dependent two-
dimensional stagnation point flows a further simplification
can be obtained if the outer flow has the special

dimensionless formy

Un = T4 E : (4e1)

In this case a similarity solution is found and the number
of independent variables is further reduceds so the flow is
determined in terms of a8 function of a single variablee.
Uchida & Aoki (1977) found that a particular time—-dependence
of the tube radius also leads to a similarity solution: in
fact this also leads to a streamwise velocity like (4el)e
These two solutions have no special physical interpretations
rather the time-dependence is introduced artificially as a
mathematical convenience in the solutione We will show that
a similar solution arises naturally in the present problem

and that it has a simple physical interpretatione
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Wwhen the governing equations are cast in dimensionless
formey we find that in the general case there are three
dimensionless parameters governing the motione These are
Reg = hyiwg1/¥r 8= 4mh,frpa* and Y = V3/wie in which » and
p are the kinematic viscosity and density of the fluidy m
and w, are the mass and initial velocity of the discey and
Vo = (41&/ﬂpa‘f&(h,/a) is a velocity scale based on the
initial gap height and the characteristic inertial time
required to drain the fluid under an applied force 3, which
includes gravitye The first parameter is the Reynolds
number based on the initial gap heighte the second parameter
is the ratio of the contribution to the dynamic equation of
the inertia of the body to that of the inertia of the fluidy
and ¥ is the ratio of the applied force to the pressure
force induced by the inertia of the fluid. The parameter
values can vary greatly depending on the type of collision
considerede Re, may be very small for microscopic particles
or quite large for large particles ( eecQe for a3 1large
snowflake " hitting a window Re,~ 10% )o f is typically
<< 0(1) for liquids and for small gap heighty but may be
large for solid particles in a gas ( eeQe for a penny
dropped in a puddle of water /3*-10'z » but for the snowflake
hitting a window @A ~10* ). Finallyy, ¥ depends on the
nature of the problem { if there is no applied force ¥ is
zeroy if there is no initial velocity ¥ is infinite. Hence

for a given body and fluid ¥ may take any value.
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In the present chapter we are principally interested
in two problems: (i) the near collision arrest of an object
driven solely by inertia in the absence of an applied force
and (ii) the modification of this flow when an applied force
is . present with inertia playing a subsidiary rolee. For the
first of these problems the reduced equation simpltifies
since ¥ = 0; for the secondes only two parameters are
required since we can define a modified Reynolds number
Re, = heVe /» based on V, and the parameter ¥ is replaced by

Unity.

The equations of motion will be treated in the
inviscid limit for all values of 8 and ¥ and for real fluids
with finite Re, we shall consider the two problems mentioned
abovee In the case of finite Reys it is possible to define
a time-dependent Reynolds number; this will enable us to
obtain a single solution curve which is valid for the entire
range of Reynolds numbers from the initial value to zero at
final arreste. This solution is divided into three partse
The first part is a boundary 1layer solution valid Ffor
Re, > 0{100) which is an exact similarity solution when
8 =0e the second part is a numerical solution for
0(0e1l) < Re, < 0(100) and the third part 1is a low Reynolds
number analysise. Amongst other thingse this solution
predicts the ultimate position of rest of the body in the

absence of an applied force.
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4e2 GOVERNING EQUATIONS

The equations of motion for the body and fluid were
derived in WLK 1y but a slightly different approach is used
heree Since the flow is axisymmetricy it is beneficial to
introduce a stream function'y'so that the radial velocity is
u = j;/r and the axial velocity is w = -ﬁ;/r. The continuity
equation is thereby satisfied and the vorticity equation

takes the well-known form:
2\
YEUY - (P R-UrR)REY -E'WY =0 (%e2)

A subscript denotes differentiation and E* is the

generalized axisymmetric potential operator given by

k- > 4e3)
E'=r3rdrrin ¢

We expect that for small values of (a/h)y the
dynamically important effects will be contained within the
narrow gap region 0 £ r £ ay 0 £z £ he The boundary

conditions for this region are:

on r=0: ¥=0, Ye=0 (44)
on 2=0: ¥=0, Y, =0 (4+5)
on z=w{t): Ye-irth,, YL=0 {4+ 6)

These conditions suggest a trial solution of the form

y: r’-F(:.,l:), u=r¥Fz, =-2F (47)
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This form of]? satisfies (4<2) provided that F is a solution

of the simpler equaticn:

¥ Fl.'&'&'i.. 1 FF!-'“_ F{ﬂ' . .'.‘-"3 0 . (48)

The separation of the streamwise coordinate is similar to
that found by Uchida & Aoki (1977) and Secomb (1978) for
two-dimensional flow and axial flow in a pipey and is

characteristic of stagnation point flowse

Equation (4.8) wmay be integrated with respect to z to

give

» Fzz'r_* 2FF.- F2 - ak = AU‘.’) (49)

A(t) is an arbitrary function which may be found by
reference to the momentum equatione The latter gives two

equations for the derivatives of the pressure‘

pr ==~ 2p (v Far -F¢ +2FF,) (410)
and Pe = rf)(vFuu'LFF,,_-F:-F,c)-: rf:f\(_h) (4e11)
From (4.11) we conclude that

plrz,t) = %_/W‘*A(k) + B(z,t) (412)
where from {(4.10)

R, = -2p (»F22-F, + 2FFD (4e13)
He integrate (4.13) making use of (4.6) to give

h
B;: --2,0( v:z *Fl “"!4"»\’& +* g Ftd*-'l.') -+ PQLI:) (4.14)
2
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where p, is the'pfessure at the centre of the underside of

the discCe

A(t) is related to the hydrodynamic force on the disc
which we now calculate. The normal component of the viscous
stress is,u%%: which is necessarily zero on the disce and

the pressure is given by:
ple,h,t) = -.';/ov-"-A(l:) + o () (4e15)

The above analysis is not valid near the edge of the disce.
Howevery in purely viscous flows exit effects would be
confined to within one gap height of the edge { ce.fe Dagans
Weinbaum & Pfeffer 1982 )y and in inviscid flow exit
effects would not be important within the gape We define a,
to be the radius of the inner region so that for r < a,s the

flow satisfies the above assumptions and so that

~ Ao o l\o
T = 0(®) es (R)—0 (4e16)

In incompressible flow the pressure includes an arbitrary
additive constants 50 we may take the ambient pressure in
the external domain to be zero. The pressure at the point
(3o9h) will differ from zero by Aps the exit pressuré drope

Equation (4e15) gives:
Dp = 7p ALY + polt) (4e17)

For a high Reynolds number exit flows the pressure 1is

constant across the edge +to 0O{(h,/a)y whereas for very
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viscous flow we expect that Ap/p, = O(h,/a)e Thus for all

regimes of flowy

polt) = -kpa*AlE) [ 1+ Olus/a)] (4+18)
so plewt)= Lol )RR} + Olhe/a)] (4019)

We integrate the pressure over the underside of the disc to

get the hydrodynamic force on the disce
4y = "TP AL [1+ OLusad] (420)

The error term in (4«20) contains parts due to the external
flows the inaccuracy of (4e15) near the edge of the discy
and the unknowns smally constant pressure increase within
the gap due to the exit pressure drope The third
contripution will often be dominant and it is estimated by

Aprmat.

The hydrodynamic force is balanced by the acceleration

of the disc and an applied downward force ¥, to give:
TG = mhy 3 {4421)

in which m is the mass of the disce Finallys we have the

dynamic equation for the motione

Yhzag + AFFp —Fo =Fy, = -'!T-/%a" (Mhbeﬂ'—}.\) (422)

This equation is valid in the limit as (h,/3) —» 0. The
coupled system of equations for F and h is completed by the

boundary conditions on Fyq
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on =2=0: F=0, ¥F,=0 (423)
on 2= W(t): F,c0, h,=-2F (4e24)

We may also specify initial conditions for £ and h;
whea £=0: F=F (), W=\, (425)

The initial velocity of the disce wye is then given by;

426
W,, - - 2F°(k°> ( ,

we may now cast the system of equations in

dimensionless form by defining F* = F/ivwo !l F:‘ = Fo/lng e

h* = h/hge 2% = 2/h,s t* = tiw,1/hye We drop the asterisks

to get:
sz + F-:"QFF;.'{.* -R‘-éor‘lll = B»\kk *X (4.27)

The boundary conditions are unchanged and the initial

conditions become:
when t=0: F=Fo(2), h=1\ (4+28)
with Wy =<1 = - 2F, (1) (429)

The three dimensionless parameters are:

ho Iwel

initial Reynolds number Re, = — % (4¢30)
4m ho\t

inertia parameter {3 =-,T/,°;n.k°(f {(431)
4% h

forcing parameter ¥ = -r'r_;;:—w,} (‘;f)z (432)
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The regimes of motion are determined by the values of these
parameters which represent the ratios of forcesys
fluid inertia : viscouss body inertia = fluid inertias

applied force : fluid inertia respectively.

4¢3 INVISCID SOLUTION

If the initial Reynolds number is very largey the
effects of viscosity will be confined in space to thin
boundary layers and in time towards the end of the motion.
For a large part of the motion the inviscid equations will

give a good representation of the solution. These equations

are:
Fap +F2 - 2FFau= he * ¥ (4+33)
where ' on 2:=0: F=0 (4¢34)
on z=hit): F=-1ih {4«35)
and when £20:  h=l, F=F(2), h,=-1=-2F(z) (436)

The differential equation can be satisfied by taking

F = $(t)z to give:

B, +B* = Bhy, +Y¥ (4e37)
with hy =-2w& (4+38)
when E=D: hWel, F=% (439)

Equation (4.39) requires that
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)= 3= (4440)

Now in inviscid flows the instantaneous stream function is
determined uniquely by the boundary conditionsy so if the
boundary conditions are to hold at the initial instanty then
Fe must have the form of (4«40). Alternatively we may
regard F,{2) as an unknown function which is determined as

part of the solutione

We must solve the coupled equations (4e37)e (4.38) for
h and & subject to initial condition (4.39). Firsty we

eliminate & from (4e37) using (4.38) to give:
(B+gdn - 5 (FE) +¥ = O (4e41)

Equation (4.41l) was derived in WLK 1 with a different
scaling so that ¥ was replaced by unitye For this casey
with the initial condition h=l, h,= 0Oy it was solved
numerically for all # and an analytic solution was given for
=0 ( cefe case (ii) below )e Since (4+41) does not
contain t explicitlys we can obtain a first integral by
introducing J(h) = {h'y so that 4! = h, « Then we have:

3 - h(,lfz/sk) = —%ﬁ% (4e42)

This equation is of standard form and has the solution:

T = b (FEET [ @i [o0n) saply (B vk -1]{ (4043

Now h, = —JZJ(h), so we have formally,

ko= g; [256>7% dhe (4e44)
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This intearg] is not amenable to analytical calculation in
the general cases but may be evaluated in the following

special casese

case (i) ¥=_ Oy !.}3!:0

In this case J(h) reduces to:

Sy = §W (%ﬁ'\k: (4245)

So we have:

%' (\n.éz)”v

b= ), L = (4e46a)
\ ‘5/1 i \ ;"_
- (“’573> gk(‘*ifs’Q doe. (4e46b)

Equation (4446D) is integrated using the substitution

l*;ﬁ; = qz to give:

b= 5O [ Qegg ) = (19ap) (8)- Tedt (g + Tean (43a)*]  (a-47)

This transcendental equation cannot be inverted to give

h(t)e From (4e38) and (4+45) $ is given by

F= e =fua (J‘%L;-M\% (4+48)

Solutions (4.47) and (4+48) are shown in figures 4<2(a) and

4e2(b) respectivelye.

The dimensionsless hydrodynamic force on the disc is
ﬁhkb’ which from {(4e19)y (4«20)y and (4.21) is proportional

to polt)e A(t) and Y, (t)e From equation (445) we have:

§)$
hke - 3'(1\) = :‘:"_'kt 8:;/3&\)‘ (10049)
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The solutions for &+ which is proportional to radial
velocityy and h,, shown in figures 4e2(b) and 4e«2(c) are of
particular intereste We see that both & and hy, are strongly
dependent on 8. For small ﬁo h,, or the fluid pressure
decays monotonically as does the radial velocitye For large
ﬂ. the force is relatively small except for a short time
near t = 1y when the body is rapidly brought to a stop by a
very large forces which approaches a unit impulse as 3>,
The force comes from the large pressure generated under the
body by the 1large radial velocities which arise as the gap
becomes very narrowe This is evident from the comparison of
the /3= 50 curves in figure 4+2(b) and 4.2(c) where the
maxima of the h,,  and $ curves are coincidente If equation
(4.37) is multiplied by h,» the right hand side is
immediately recognized as the time derivative of the kinetic
energy of the body; the time integral of this term is the
work done by the body in transferring its own energy to the
surrounding fluide When 2 is smally, most of the kinetic
energy 1is contained in the fluid which has a chance to
escape at the edge of the body and there is only a minor
transfer of kinetic energy to the fluid in the gap before
final arrest. For 1large ﬂ, howevery the escaping fluid
contains only a small portion of the total kinetic energy
with the result that very 1large accelerations and dynamic
pressures can be built up in the near collision or impact

regione This behaviour has important implications for the
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collision and recoil of an elastic body which are discussed

in the concludinyg sectione

case _(ii) f= 0s ¥# O
In this case the equation for 59 (437)0 becomes
decoupled from he soO it is easier to proceed directly. We

have to solve:

B+ =Y (450)

with when E=0: =% (4e51)

This problem has different solutions depending on the value

of Ve

If ¥=% s then F=41 (4052)

If ¥<i » then P = %% coth (¥4 (Lae)T {4e53)
with c= ¥ ot (AYY% (%254)

If ¥>L , then & = ¥ tamh [ V4 (o] (4+55)
with e = ¥ % +ouls (4‘()""' (456)

Then we use (438) to find the respective solutions for h:

-t

Y=g, h= & (4<57)
¥ <k, h = cosech[¥*% (_b'-ec)-(/wsew\t"&r‘("t) (4+58)
¥ >F, h= sedd (Y5 (bee)]f sede (c¥X) (459)
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These solutions for h and @ are shown in figures 4<.3(a)y
4e3(D)e Comparison of figures 4«2(a)e 4+2{(D)s 4+3(2) and
4e3(b) clearly shows the difference between draining
behaviour under a force due to body inertia and a constant
appliied force such as gravitys For a constant applied force
with 'f)ﬁ the radial velocity asymptotically approaches a
constant value for which the dynamic pressure force in the
fluid gap just balances the applied force. The radial
velocity cannoty thereforey exhibit a local maximum as a

function of times nor can there be a pressure overshoot when
ﬁ= Oe

case (iii) [= 0, ¥= 0

This is the simplest case of all; we must solve:

§b+ é":O wibth 5" "i when k=0 (460)
t
This gives = &2 (4e61)
e = & =43
Then (4e38) gives: h = d::z} (462)

The foregoing inviscid solutions for ¥ and h describe
a large part of the motion in the case of very large Re, and
may be used as a basis for including small viscous effects

in a boundary layer theory for large Rege
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4.4 SOLUTICN PROCEDURE FOR VISCOUS CASE

There are two main problems of interest in solving
‘(4.27). The first is the hydrodynamic arrest by viscous
dissipation of a moving body approaching a solid boundaryy
where the driving force for the motion is the initial
momentum of the body and fluide. The second problem is that
of complete draining of the fluid in the gap under the
action of a constant applied forcee. The solution procedure

for these two problems is outlined belowe

(a) hydrodynamic arrest

The body will come to rest before reaching the plane
only if there is no applied forcey ieee we must take ¥ = O.
From equation (4«27) we are left with a two-parameter family
of solutions for different values of B and Re,s The initial
stream function F, (Z) 1is unknowny but it must reflect the
previous history of the motion and the instantaneous
Reynolds number based on gap height when the solution is
started. If Rey, and the initial gap height are larges we
would expect Fg(z) to be very close to the inviscid solution
found in section 3y except for the presence of thin boundary
layers on the top and bottom wallse. On the other handy for
smaller values of Re, we would expect the velocity profile

Foz to be more or less parabolice In fact a suitable form
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for F (Z) will emerge as part of the solution which s

described belows

We consider for the moment the solution for a given
value of B and a large Re,e On physical groundses we expect
both the dimensionless gap height h and the descent rate
lhy] to decrease monotonically as the motion progressese. HWe
can define ] time-dependent Reynolds number,
Re(t) = Reghih,le which will decrease monetonically from Re,
to zero during the motione When Re, is very large we couldy
for examples choose the inviscid flow as a realistic initial
conditiony but when Re, is not 1larges the form of the
initial condition is not obviouse. Howevers a3 suitable
candidate is available in the form of the instantaneous
solution for large Reg at the appropriate time when Re(t)
has the desired valuee This solution will be a good choice
for the initial stream function provided that 1t is
independent of the large value used for Reg,. In this wayy
the solution should become independent of the actual initial
conditions and exhibit a similarity behaviour in which the

memory of the detailed initial profile is loste.

The above argument provides us with two benefitse.
Firstlys the initial condition chosen for the stream
function ise in a sensey the most natural onee. Secondlys we
need only one solution of the problem to cover the whole

range of Rey, at a given 3. To obtain the solution for
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smaller Re,» we simply discard the portion of the solution
with Re(t) > Re, and re-scale the remaining portion of the

motion to give unit initial conditionse.

{b) draining under_a_constant force

When a3 force is applieds the body will not come to
rest until it is in contact with the planey a process which
takes an infinite time. There are two cases which are of
particular interest - (i) the body is dropped from rests and
(ii) the body arrives from "far away" with non-zero initial
velocitye. In both casessy the velocity scale is determined
by the applied forces 50 we use a different velocity scaley
namely Vo, = (hy/a) (41§/qpa‘)%. Then we find that ¥ = Vo/wk

and equation (4.27) becomes:

Fzp +F2 - 2 FFyy = Faza /Re¥% = fhe+ | (4063)

where when E=0:  hely hy=<¥%, F=F(2) (4264)

if we redefine the Reynolds number $0 that
Re, = Re;X% = hyVe /> and define w, = —iwi then we have:

Fat +F* = 2FFan - Faze/Re, =fBhep+ (465)

where whea b=0:  h =1, h=W,, F=F () (466)

Equation (4.65) is the same as (4e27) with ¥ = 1. The only

difference is in the initial value of ht’ It is clear then,
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that by replacing ¥ by zero or unity in (4<27)s we can solve
the two problems of major interesty provided we allow a
little more flexibility in the initial value of hpe Thus we

do not need to consider arbitrary values of ¥ in (4.27)e

In case (i) when the body is dropped from resty both W,
and F, (z) are zZero. The solution of (465) is essentially
different for each combination of Re, and s so the full
two-parameter family of solutions is needed. This case will

be discussed further in Chapter Se

In case (i) the initial condition is unspecified andy
as in section (a) abovesy we must find the initial stream
function as part of the solution; we must also find the
appropriate value of W,e The time-dependent Reynolds number
for this problem is Re(t) = Re,h™(t)y since Vo is
proportional to hy,e The behaviour is qualitatively the same
as that for problem (a) and the same method of solution may
be appliede. For a given value of 3y we take Re, to be very
large and use the inviscid solution as the initial
conditione The sequence of states with smaller EE(t) then
gives the initial conditions for each smaller value of Rege.
Again only one solution of the problem is needed to cover

the whole range of Re, for a given f2.

The solution method outlined above enables us to
simplify the range of parameters and starting conditions for

the solutione. Instead of a three parameter family of
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solutions with unknown initial conditions, we only need to
find two one-parameter families of solutions for the two
problems (a) and (b)e The extra degrees of fregdom have
been removed by choosing the most convenient (and realistic)

initial conditionse. In additions the equations for F and
h decouple when (3= 0. This will enable us to find new
boundary layer type similarity solutions to the Navier-
Stokes equations in which the inviscid outer flow has a
meaningful physical interpretation (sections 4.5, 4:.¢). This
simplification is not possible for non-zero ﬁ; since these

solutions require much more numerical computations we shall

only present results for ﬁ= O

4«5 VISCOUS DRAINING FOR SMALL 3 AND CONSTANT APPLIED FORCE

We see from (4.31) that for many problems ,B<< 1 since
it is the ratio of the mass of the body to the mass of the
fluid in the gap multiplied by the factor (h,7a)*y which is
assumed to be smalle. This case also includes the latter
part of any draining motion for a constant applied forcey
since for draining h «~» 0 at large timese. e will tackle
this problem first since its solution is the simpler of the
two cases and serves as a guide for the arrest problem to be

discussed in section 4.6.
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{a) boundary layer solution

The method described in section 4.4 requires that we
should choose Re, to be large and suggests that we use the
inviscid solution with fully established top and bottom
boundary layers as the initial conditione We shall Qegin by
analyzing the boundary layer for large ﬁE,. The Youter™

flow is given by the displaced inviscid stagnation point,s
F = (=-8) (k) (4067)

where §(t) is the boundary 1layer displacement thickness

defined by:
h
Sty = S:( [- ¥F/E)d= (4468)

We may use the symmetry of the flow about z = h/2 to replace

boundary conditions (6e24) by:
on z=th(t): F=z=-zh,, Fae=0 _ (%4+69)

Then the inviscid part of the flow gives:

$/r 82 = | (4+70)
(h-28)2 = -3he (4.71)
where at E=0: h=1, We=Wwo (4272)

The above set of equations cannot be solved immediately
because of the presence of § which depends on the detailed

structure of the boundary layere The boundary layer scaling
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—d . [)
is F = Re,3f(gst) with €= RE,*z. EQuations (4¢65)s (4+23),

(4¢69) and (4e66) become:

Copt ©F =200 —Cpye = (4e73)

subject to boundary and initial conditions:

on ‘;uo : cﬁo) p'f = 0 (4e74)
when E=0: c:-co(‘) {4T6)

Equations (4«70) and (4«73)—(4.76) are independent of h(t)
and so can be solved independently of (4.71) and (4e«72)e
This simplification is a direct result of setting /3= 0
which decouples the equation for f from that for he There
remains only a secondary coupling in the boundary conditione
The inviscid problem for @ is completely decoupled from h
and hence §. Thus we are able to obtain an exact solution
with all higher order boundary layer effects implicitly
included. The freedom of choice of initial condition then
allows us to find an exact similarity solution of the whole
problem which is valid provided separate boundary 1layers

exist at the top and bottom boundarieses

The solutions of ([4e70) are [ Cefe {(4e52)~(4e56) )=

B=1, P= coth (t+c), T = tamh (k+e) (477)

1}
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For large t all three of the solutions (4.77) have the same
limiting behavioury namely @ —» 1. In fact the third
solution with ¢ = 0 describes the inviscid solution given in
WLK 1 for the start up motion from rest of a body with [3= 0
subject to a constant applied forcee During this initial
start up motiony the body is accelerated until the radial
velocity and pressure in the inviscid core achieves a steady
distribution which just balances the applied force. Thus
for any motion in which there is an inviscid core at large
time in which the applied force is balanced by the pressure
distribution in the gapy & - 1 and the boundary layers are

steadye Therefores we may set f(gyt) = f(;) = f.(g). with

Rz - 200 — Pt =) (4.78)

em 3=0: &=0,¢=0 (4.79)

. }
as f—> oo F (4-80)

Equations (4¢78)-(480) are simply those for the
steady stagnation point boundary layery, first solved by
Homann (1936) and solved more completely by Fr¥ssling
(1940). What seemed to be a complicated time-dependent
boundary layer flow is in fact a simple steady onee. The

only time-dependence is in the equation for h(t):
hy =-2h + 4§ (4.81)

h=1 ‘AJM&“ l:-'O (482)
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These equations have solution;

h= €% + 2§ (\-e‘“) (483)

where § is the constant value:

§= e Ym (4-9)= 0.5¢8902 (Re;%)  (4.84)

The initial disc velocity is

hy ==Wo =-2 « 4§ (4+85)

The above solution is exact whenever there are
distinct boundary layers in the flows but is not valid after
the boundary layers begin to mergee. The function f is
within 1077 of unity at %= 4 and we take this to be the edge
of the boundary layer. This "edge" reaches the channel nmid-
plane when 4= 4 corresponds to 2z = h/2, iee when
Re,h* = 64. But Re,h* = Re(t)s so we may take the above
solution to be valid whenever Re(t) > 64 When this limit
is passedes the solution must be continued numericallyy since
the nonlinear interaction of the two boundary layers is too

complicated to describe analyticallye.
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(b) numerical solution

We take Re, = 64 and use the boundary 1layer solution
to equations (4.78) —(4%480) 3s the initial conditione
Firsty equation (478) for f(7) 1is integrated up to 7= 8
using a shooting method with interval halving to find f*{0)
and a fifth order Runge-Kutta-Verner method of integratione
To avoid large errors at the symmetry boundarys z = h/2s the
derivative of the stream function is taken to be

Fo(Z)eFa(l-2Z)y with z = /8.

The moving boundary is inconvenient for numerical
integration and we introduce a new scaled coordinate
x = z/h(t) which is constant at z = he He also define a

scaled velocity U = F; = Fc/h whose time derivative is:

Ug = | +Ux/Ber + Uhpe/m + 2F U /0 — L (4+86)

The boundary conditions in terms of these new scaled

variables are:
on x=0: F=O, U=O (4-87)
on =i Ue=0, hk=_("F (488)

The space dimension 1is now discretized so that x is

restricted to the values xg9¢ I = leeeosn  with x,; = 0

Xpoy = 0e5 and x,.-x., =Ax = 0.5/(n-2). It is advantageous
m

to choose n-2 = 2 so that Ax may be doubled without

needing to interpolatee. For our problem n = 130 was
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adequate to keep the error below 1075, The discretization
leaves a set of n+l ordinary differential equations for Ug
and he We represent the derivatives of U and F by finite
differences accurate up to 0(Ax*%) and then explicitly
evaluate the Ax%* terms to give 3 conservative estimate of
the errore When the estimated error is very smally the
space step Ax can be doubled to speed up the integratione.
Equations (4¢86)—-(4.88) rewritten in the discretized
variables are integrated forward in time as far as is
necessary using the aforementioned Runge—Kutta-Verner

methode

The truncation and integration errors for each time
derivative are controlled to a relative magnitude of 10t .
This estimate is very conservativey so0 the results can be
regarded as very accurate. In facty the integration need
only be carried up to moderate values of ty since then Re(t)
is very smally and the 1low Reynolds number analytic theory

describea next can be applied.

{(c)} low Reynolds number solution

The final stage of draining will occur with Re(t) very
smally so the motion is governed by the equations with small

Re,» The motion is very slowsy so we set F = Re,f and

t = T/Re, with F and T of order unitye Equation (4.65)
becomes:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1i3

Cane t 1 = Re (€, +EF-200,,)

(489)

The associated boundary and initial conditions are:
on ==0: £=0, §,=0 (4+90)
on z=h(T): C=-%h. K ©,=0 (4.91)

whea T=0: h‘-‘-'\, h'f: Wo/E;°=wo, ?'-'?—o(z) (492)

The initial conditions ﬁ; and f,(z) must correspond to the
final stages of the numerical solutione Howevers there is a
"natural® condition which 1is in fact the same as the

numerical solution at the appropriate time.
We pose an expansion:
20 A~
¢ (=,T;Re,) ~ Z‘o Can (2, WM R (493)

which must be asymptotic for fixed zy T as Reo,~—*> 0. The

problems for the first two terms are:

Fomz st =0 (4094)

Brann = Four * bon —28F0rs (ou95)

with onz=0: §o20, 8a=0,8=0, (':'u=o (4«96)
on z=h(T): Eu=0, '?v,_., =0 (4+97)

The solutions to these problems were given in WLK 1 and are:

A

€, = 32*(3w-22) _ (%4.98)

§, = & 2he(@-20) - 5 22 (225-72%h 4 140")  , oq,
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We must solve for h; we again assume an asymptotic

expansion:

h(T; Re,) ~ ZZ’ T!,,,(T) Re (4«100)

The first two problems are:

Tor + thE =0

°oT (4.101)
-~ ~ A A~ N ._L-—~7
har +ZWh, = 2 0e hor + 155 o (42102)
(4 ~r
with ho=1, Wy=0 whea E=0. (44103)
The solutions of (4¢101)-(4%.103) are:
o~ -)
b= (e T (4+104)
~ -3 -5
h, = zeeo [(H' )T — (\1-";"7') ""] (4«105)
= wso by -65°) (4106)

One notices that the numerical coefficients in ?; and
R; are much smaller than those in ?; and E,; examination of
the problems for ﬁ; and 34 indicates that the trend
continuese The relative contribution to h of KL is largest
when T = 3+ when the ratio is B;/EQ T 1/743. Hences we may
conservatively estimate the error in the two term series for
h by ég(ﬁEZ)“. For this error to be less then 10° we must
have Re, < Del4e. This means that the numerical c¢alculation
in {(b) must be carried at least up to Re(t) = Oelédy isee

until h{t) < 0.05. This occurs when t  21. The solution

gives:
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Ay —
Wo = =F = & Rel2 + O(ReS) (44107)

and the initial stream function f,(z) comes from (4.98) and

(4499) with h = 1 and hy = W, »

The solutions given in sections (a)s {(b) and (c)
together constitute the complete solution of the problem for
arbitrary Re, and for all time. The change in velocity
profile from boundary layer type to parabolic is illustrated
in figure Sebe which gives the profiles calculated
numerically as in (b) starting at Re, = 64. The effect of.
ﬁE} on the descent of the body is shown in figure 5«5(a});

here h(t) is shown for many values of Ré,. The matching of

the three solutions from sections (a)y {(b) and (c) is
1llustrated in figure 4e5(b) which shows the height
calculated by each method for Re, = 64 The small Re,

solution from section {(c) 1is scaled so that it agrees with
the tail end of the numerical solution. The close
correspondence between the asymptotic similarity solution
(a) and the intermediate Re, numerical solution is

maintained to t A~ 2,0.

46 HYDRUDYNAMIC ARREST WITH SMALL g2

As discussed earliery the parameter 2 represents the
ratio of the forces due to the inertia of the body to those

due to the inertia of the fluid. It mights therefore,
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appear unreasonable to consider the case A = 0 for
hydrodynamic arrest because if we neglect both the inertia
of the body and the applied force there is no apparent
forcing in the probleme Howevery if the gap is sufficiently
smally the fluid within it may have a large radial velocity
so that the momentum posessed by the fluid ét the initial
instant is much larger than that of the body which i§‘moving
much more slowly in the axial directiones _Thusy the forcing
of the problem comes from the initial conditions and there

is no contradiction in examining the limit ‘3= O.

The solution of tnis problem is more complicated than
that given in section 459 but it has the same three
components - an exact similarity boundary layer solution for
large Re, or Re(t)s a numerical solution for intermediate

Re, or Re(t) and a low Reynolds number solutione

o

{a) boundary layer solution

As in section 4.5y the ®outer® inviscid flow is given

by:
F=z (2-8(0)) &(e) (4.108)

with §(t) defined by (4+68)e Howevery $(t) is now governed

by a different equationey

$'+P*=0 (4+109)

whose solution is:
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P= e, (4110)

in which ¢, is an arbitrary constant to be determined from
the initial conditione. The boundary layer scaling is the

same as in section 4«5 and the equations are:

Fop + 83 -804y =Py = O (4111)
where on 9=0: £=0, ;=0 (49112)
as fwe: Boa BLY) (4+113)

when E=0: Q=Q¢>(‘t)) (4e114)

As befores setting (2= 0 has decoupled the problem for f
from that for hsy so we can solve for f independently of he
Equations (4elll)—(4ells) describe a time-dependent
axisymmetric stagnation point boundary layer flow which is
analogous to the two-dimensional form studied by Yang
{1958)e The particular form of & (4.110) allows us to find a

time~dependent similarity scaling:
B= g% qly) with 7=8"n7 (4+115)

Then using (4«109) we derive the similarity problem:

Q" + 299" -g* +379"+9' = O (4+116)
where on 9=0: q=0, g'= 0O (4e117)
and Qs y->oo: q'— 1 (4+118)

We define the number d by
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ol = S”(n- Ny = Y% (4 0)= 0.601S9 (44119)
o 3 7 7*» 7 j .
Then S= ?e:,‘i é‘%d (4«120)

The equation for h{(t) becomes :

hy +2n@ = 4€8 = LdRer 8t (40121)

This has solution:

h = Ca_ %0\ Re:,* (beedE = C, 9+ % )

Ere) (40122)
We now apply initial conditions =
when E=0: h=l, h =-I (4¢123)
to get =
¥ =7 + Bd/Re, & 4I1d Re? (14 2d*/Reg)"s (4e124)
and cp, = €<t (1+2¢) (4+125)

For large Re,s we have cf'z 2y Cq X 4o To find the correct
sign for c, in (4«124)y we use (4.110) and (4.121) to obtain
$(0) = 1/¢c, = he{0)/(48§(0)=-2h(0)) = 1/(2-4§(0)); this shows

that ¢, = 2-4§(0) < 2y so we choose c, = cTe

Once again an apparently difficult time—-dependent
boundary layer problem has been greatly simplified by the
use of "natural" initial conditionse The above solution is
again exact whenever there are distinct boundary layers.

The function g* is within 10°% of unity at %= 4 and it is
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convenient to take this as the edye of the boundary layers
consistent with section 5.5 At the time when 19 = &
corresponds to Z = h/f2 we have 4 = ékkéﬁh/Z. ieCe
Re,Eh* = 64. Now for large Re(t)y h, x> =-2h§, so
Re(t) &~ 2Re,gh*e Hence the boundary layer solution is valid
whenever Re(t) > 128. As befores this estimate is very
conservative and the solution is still quite accurate at

lower Reynolds numberse.

(b) numerical_solution

The solution procedure is identical to that described
in section 459 except that we use an initial Reynolds
number of 128. The fiow decelerates rapidly so that time
derivatives become very smalle Because of thise the error
control is relaxed slightly - the relative error control of
10°% is retained only until the absolute value falls below

10% when an absolute error of up to 107 is allowede

{(c) low Reynolds number solution

The time scale used in section 4<5(c) is inappropriate
for this problem since there is no forcing and the flow
would be identically zeroe. In the 1low Reynolds number
limity the 1inertia forces are tinyy so this part of the

motion is just a rapid deceleration to zero flowsy ie.ee the
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actual arrest of the body. We introduce a short time scale

t = Re,Ty» then we haves:

Faze- Far = Reo(F2-2FF,,) (4.126)

- with on2=0: F=0, F3=0 (4127)
on z=h(z): F=0, h,=-2Re,F (4e128)

whea =0 ¢ h=l, h, ==-Re,, F= F(2) (4129)

A suitable form for F,(z) is to be determined. We notice
that h, is smally so h will remain close to unityaad we

therefore pose asymptotic expansions of the form:

h(%;Res) v + Reohr, (%) + Re2 K, (7) (4e130)
F(z,r,;k,} v E,(z,'z:) + Re, E‘ (z,%) + R E;(z,?:) (4131)

The zero order problem is:
Fozzz = Foze = O (4132)
where onz=0: Fo= ©, Fez=0 | (4«133)
and onz=1: Fa=0 (44134)

The poundary layer condition has been "moved" to z = 1 by
expanding in a8 Taylor series about 2z = l. The general

solution to (4e¢132)-(4.134) is:

~ 8o nlwd
po-.:z" o.n(|-cosnrrz)e“"t (4e135)
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The a, are to be determined from the initial condition. The
solution is very strongly damped and after a short while it

will be dominated by the leading terme Hence the "natural®
initial condition is:
whea =0: F,=a,(l~cos wz) (4136)
and the solution is then:
~ z

Fo=a, (\-cossze‘" (4137)

The first order problem for h is:

by =-2F on z=1 (4+138)
- - 2
= -ba,e (4e139)
~ - = ba -
Thus W= (- eT™T) (4+140)

The second initial condition is:

when 20 : hy = ~| (4e141)

Therefore we have Q, = ﬁ' (4e142)

The next order problem is:

Ar o~

Fiaze = Flzz = Foa ~2F, Eay (4e143)
wi th on z=0: F=0, Fz=0 (4el4%)
on z =11 e“nz* W Foq, =0 (4+145)
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The forcing in (4.143) has time—-dependence e-ln‘r which is
very strongly dampede Hence the only important contribution
is of the same form as (4«137)y forced by the (1 - cos mwz )
term in the initial condition and by (4e145). Howevery we
can arrange that this term is zero by absorbing any
contribution into the zero érder solutione. Hence we can
neglect the first and higher order corrections to F. Thusy

we have:
h=1-4 (1- € ™%)Re, + O(Red) (4e146)

and the final position of the disc is given by:

e = 1 = #:. Re, + O(Rer) (42147)

As 1In section 459 it seems that the numerical coefficients
will become smaller with increasing powers of Re s 50 we may
estimate the error in (4<147) as roughly %Re:. Then we have
five-figure accuracy provided Re, < 10*, Hence the
numerical calculation must be continued until Re(t) = 10°%

This occurs at t = Be5.

An unusual feature of the above solution is that the
velocity profile ultimately takes on the shape of a half
sine wave rather than the parabolic form usually associated
with low Reynolds number flowe The evolution of the
velocity profile is shown in figure 5e.6e The effect of Re,
on the arrest of the body is shown in figure 4.7{(a) and the

mdka% aEsolutions (a) #+(b) and (c) is illustrated in figure‘
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4eT(D)e Figure 4.8 shows the ultimate gap height he a@s a
function of Rege. This is determined using (4.147)y the
numer ical solution andy if necessarys (4¢122)e We see that
ha varies appreciably only for Reynolds numbers in the range

1 < Re, < 10%.

4«7 CONCLUDING REMARKS

Equation (4.27) contains three parameters Re,y ﬁ and
¥» and while we have indicated the solution procedure for
every regimes numerical results have been presented in the
inviscid limit Re,—» 0 for either ¥= 0 or 3= 0, and for
viscous fluids only for the limiting case B-— 0. The
inviscid results clearly indicate that for B#0 the finite
Re, solutions will depart substantially from the curves in
figures 4e¢6-4<8e The effect of viscosity on the solutions
of section 4.3 would be to slow the descent rate in general
and to damp the singular behaviour for large /3 observed in
the solutions for § and hy, in figures 4<2(b)s 4e2(c)e In
the case ¥= 0y the viscous forces would cause the premature
arrest of the body before contact as explained in section
Qoo For large @ the inertia of the body provides an
important source of energy which must be dissipated by
viscous stresses before the body comes to reste. The
dramatic acceleration of the core flow shown in figure

4«2{b) is in sharp contrast to the decelerating core flow of
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figure 4.6« At high initial Reynolds number and large 3 the
rapid acceleration of the core flow would still occur
leading to the equivalent of the start-up boundary layers
that result from impulsively started motions in pipe and
channel flowse The subsequent rapid deceleration of the
fluid in the core would lead to a complicated overshoot in
the boundary layer velocity profilee. At lower initial
Reynolds numbers the effects of viscosity would be felt more
quickly; the acceleration of the core flow would be damped

and the increase in gap pressure would be diminished.

Real impact problems are further complicated by the
elastic deformation of the boundaries which can lead to a
damped oscillation of the body after near contact as
discussed by Davissy Serayssol & Hinch (1986)e In the latter
theoryy which is based on a viscosity dominated lubricating
layer analysiss the inertia of the fluid is neglected and
thus there can be no transfer of kinetic energy from the
body to the fluid in the gap as observed in figures 4e2(b)s
4e2{(C)e. A large inviscid pressure loading in the near
contact region cannot develop and the energy of elastic
deformation is completely dissipated by the viscous stresses
in the fluid layere The body 1is incapable of rebound in
this viscosity dominated limite In contrast, if the
pressure loading 1leading to elastic deformation is largely
of an inviscid nature (the high Re,s» large [ case just

discussed)s the viscous dissipation will not absorb all the
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elastic recoil energy and the body should be capable of
rebounde. This more complicated problem is discussed in

Chapter 6.
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Figure 4.1« The geometry and coordinate system for a flat
body near a planece.
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Figure 4.2+ Inviscid solutions case (i) ¥ = 0y (b) (1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



134

Q
N
(To)
-
O
w0
1]
wlp—
—— J
2E
-
0
o
1 Bl 1 ! L | 2 | 1 Ho.
o ® © <+ o o®
— =
=

Figure 4.2« Inviscid solutions case (i) Y= 0y (c) hy e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



135

Time, t

1.0
0.8
04 -
0.2 -

h(t)

Figure 4.3. Inviscid solutions case (ii) [3;= Oy (a) h(t)e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



136

4.0.

3.0

2.0
Time, t

1.0

Figure 4+3. Inviscid solutions case (ii) 3= 0s (b) (L),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



137

U(x,t)

Scaled Velocity,

Figure 4e4e Velocity profiles for the numerical solution of
the draining probleme.
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Figure 4.6« Velocity profiles for the numerical solution of
the arrest problem.
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CHAPTER 5. VISCOUS DRAINING FOR A DISC OROPPED FROM REST

NEAR A PLANE

51 INTRODUCTION

In this chapter, we considervthe motion of a flat-
‘bottomed body falling from rest towards a parallel plane
surfaces The equations of motion are the same as in Chapter
49y but now we focus attention on the transience of the
solution by starting the body from rest near the walle. In
this casey a slightly different approach will be used to

bring out the important features of the probleme

The non-dimensionalization of the governing equations
for the motion of the object and of the intervening fluid
shows that there are three important characteristic
timescaless The viscous diffusion timescale is ty = ht/vv
where h, is the initial gap height and » is the kinematic
viscosity of the fluid. The 1inertial timescale s
t, = (mpa*/4W)t s where p is the density of the fluids a is
the radius of the disc and W 1is the net force acting on the
ob ject when the system is at rest: W = (m-mp)g ¢+ F where m
is the mass of the objects my is the mass of the fluid
displaéed by the object and F is the external force. The
third timescale is tq = (mho/N)*; when there is no external
force and buoyancy is negligibles W = mg and'tq reduces to

(holg)iv which is the gravitational timescale for an object
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falling a distance h in a vacuume The characteristic
diffusion time for the viscous boundary layers on the top
and bottom boundaries to spread throughout the gap is tys t;
is the timescale for the fluid layer to drain in the absence
of viscosity and ty characterizes the time that it would
take the object to fall in the absence of bhydrodynamic
forcese A fourth timescale which is not independent of the
others is the viscous flow timey t, = tf/ty = Wua*/4Wh}.
This characterizes the time for the fluid to drain in the
absence of inertiae. The above definition of t; gives rise
to a characteristic inertial settling velocity V = h,/t;
= Z(h,/a)(wlﬂpa‘)*. The ratios of the three characteristic

timescales define the two fundamental dimensionless groups:

=E§—=»‘°V =t1_4hm
Re =zt=2, @ e —L'rr/aa."' (5.1)

The first group is the Reynolds number based on the
characteristic inertial settling velocity defined above and
the second group is the ratio of the squares of the
gravitational and inertial settling timese. Since the mass
of fluid in the gap is mp =1r/oa‘h°o B can also be written as
Q(h,/af'(m/mg)q which is particularly convenient for

defining the regimes of motion.

Then the equations governing the flow are:

te 1 E;:- ' :
Far #+F =2FFan = 5 ge Fena =Bhee* 5 (5.2)
with on 2=0: =0, F2= 0 (53)
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oOn <Z2= L\Ck>: F=-‘-2:hb) Fzr‘ O (5.4)
when £E=0O F=0, h=l, hk;=0 _ (55)

In equation (52) t. is the characteristic timescale used to
define the dimensionless variablese. The choice of ¢t
depends on the timescale of interest; the most obvious
choice is to use t; (3s in Chapter 4)y but we shall see that

interesting behaviour occurs on other timescalese

In all applicationss we shall assume that the ratio
hy/3 is sufficiently small for the edge effects near r = a
to be confined to a small part of the total gap area and
therefore to be unimportant in determining both the velocity
and pressure distributions in the intervening fluid spacee.
Even with this limitations a rather surprising diversity of
behaviour can be anticipated when the object is dropped from
resty determined by the relative ordering of the three basic
timescales as expressed in the magnitudes of the
dimensionless numbers 3 and Re just defined. For a small
piston applied to a microchips Re is of the oirder of Oelys
whereas for a book released 1 cm above a desk top Re is of
the order of 10% to 10“. The physically realizable range of
@ depends strongiy on the working fluide for a liquids m/my
is typically of the order of 1 to 10 and thereforey if
ho/3 < Oely 3 will be small compared to unity in most
situationse. On the other hands for air typical values of

this mass ratio will be 103 or largere For a sheet of paper
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dropped from a height of 1 cmy R will be of order unitye
whereas for a pane of glass or a book dropped from this

heights R will be of the order of 10%,

The foregoing estimates are intended to provide some
feeling for the regimes of behavioure. When t4 >> t; or
ﬁ)) ly the primary force balance is between the net force
on the object and its rate of change of momentum. The
velocities and accelerations in the fluid gap will not be
sufficient to generate a significant hydrodynamic pressure
on the underside of the ob ject, and it will fall as though
it were in a vacuum until the gap becomes very narrowe In
the other limit tq << t; or << 1, the net weight of the
object 1is instantly supported almost entirely by the
hydrodynamic pressure on its underside with the result that
the object experiences very small accelerations compared
with gravitye The contrast 1is easily illustrated by
dropping a book and a piece of paper on a tables where only

the latter exhibits a slows hovering descente

In this chaptery we are interested primarily in the
effect of the applied forces so we will consider the case of
zero ﬁ. We discuss three different limiting cases of the
problems then go on to the full numerical solutione The
first limit considered is that of low Reynolds numbers where
it will be shown that the static initial condition results

in a small modification to the classical lubrication theory;
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the body appears to have come from a slightly higher
starting positione The next limit to be considered is that
of small timees We shall see how the flow is developed from
reste and the results will be used to start the longer time
solutions which followe The third limit studied is that of
large Ree The boundary layer equations cannot be treated
analytically because of the constraint of the initial
conditions so an integral equation technique is used to give
a high-accuracy approximation to the flowe Finallyes the
full numerical solution will be presented and compared to

the limiting resultse.

52 LOW REYNOLDS NUMBER SOLUTION

The standard 1lubrication theory calls for a balance
between the viscous and radial pressure gradient terms in
{5.2 )e This balance is achieved if t. is chosen to be
ty = t;/Re. Introducing a new dimensionless time T = t/ty

and stream function f = Fty,/h,y one obtains

The required solution 1is an expansion to be asymptotic for

fixed t as Re — 0y in the form
(T Re) ~ 8 (2,0(T)) + Re* T, (2,0 he ) + O(Re?)  (5.7)

h (T;Re) v holT) + Reth, (T) + O(Re*) (58)
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Relation (5.7) is substituted into (5.6) and the boundary
conditions (Se3) and (5e4)a The result of the substitution
must be valid for any small Rey so that the coefficients of
each power of Re form independent equationse At zero

orders one obtains
foratl = O (549)

with boundary conditions
on 2= 0: =0, ®.:=0 {5.10)
onz=hf): For=O

(5.11)

The solution of (5.9)-({5.11]) gives the lubrication—-theory

result
Co = Thz? -t 2? (512)

which is a parabolic radial-velocity profile u ==%rz(h-z).

At second orders one finds
- L -z4
c'z-zzz = Q¢>z-r "'Q:'z "lcoc'ozz = 12 (ézh'+2,z3k z ) {5.13)
with boundary conditions

on Zf-o'. FQ.:O, ¢22=o (5014)

on z:k('r): cﬂ.Z: O (515 )

Equations (5e13)-(5.15) have the solution
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Fa

oo [108 wy (24 2230) 2274 7z¢h — ezt We ] (5.16)

.

Initial condition (S5«5) cannot be satisfieds showing that an
“inner" expansion will be required on a shorter timescale
which must be matched to (S<7) and (5.8)e This is dealt
with in the next paragraphe Substituting (5.8)y (5.12) and
{(S5e16) into boundary condition {Se%) and separating 1in

powers #Re* one obtains two equations for hg and h,:
hop = =% hE (5¢17)
hay +£h3h, = fihiher + 25 b2 (5.18)
Equation (5.17) has the general solution

ho = (-r‘;my (5.19)

which can be used to find the general solution to (5.1%)

3 7 2 \%
h, = C ('r%c()z * Ill>80 <'r-f<:.,>z (520)

The initial conditions (5e5) cannot be used to find the
constants C, and C, since the velocity profiles obtained
from (5.12) and (5.16) do not satisfy the correct initial

condition as mentioned abovees

The appropriate timescale for the inner expansion is
ty = Ret;e. Taking this value for t. in (52) and using 7
for the dimensionless short time and G for the dimensionless

inner stream functions one obtains

G\“t*G":'—lG'G':;‘ G'zu,= Re* {5.21)
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T and G are related to T and f by = T/Re*y G = Re*f. The
solution is required to be asymptotic for fixed T as Re == 0

and of the form
G (2,7; Red A~ Re? G, (=,7) + O(Re?) (5.22)

h(‘r;Re) + | *+Re? Hz(z>" OCR&Q) : (5e23)

Relations (5.22) and (5+23) are first substituted into

(5e21)9 (Se3) and (5e5)e To lowest order in Re* one gets

Gzzz— - Gz-u-.:. =1 {524)
on 2=0: G,=20, Gupe=0 (525)
when £=0: G,= 0, Hi=0 (5¢26)

Boundary conditions (5e«4) are now expanded in Taylor series
about z = 1 and the coefficients of the powers of Re* are

equatedes This gives

G‘z="‘;'.'Ha.z, szz"'o- onz=| (527)

Equations (5¢24)e (5425) and (5e.26) have a separable

solution

\ ) aniqg?

G, = §2*-+2*- % -n%;,,(h- cos nrz)e "™ € {5.28)
nodd
Substituting (5«28) in (5.27)s one obtains
) 16 -ntqriy
H, = =-¢% =+ — (1-e (529)
2 4 ngd’l. n"n“( )
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The two solutions (5.8) and (5«23) for h are both valid on
the intermediate timescale with variable s = Re*™ T provided
0 < 1l The solutions are matched by expressing each in
terms of the variable s and requiring that the coefficients

of each power of Re* be equale This gives the values
Co=3, C.= 7y (5¢30)
Summarizing these resultsy one has on the long timescale

h~ (legT)s +Re* oo [ N (+3TVE +17(1+$TYE] + O(Re*)  (5.31)

hp~ -3 (ATYT C Rer sy (33003 TY 88 (144 7Y ] 4 0 (pet) (5432)

On the short timescale 7 = T/Re%,
-n‘ T
he 1-Rertfe- 5 B (-] 00D (553

Wy~ —Re*y [' ,Ln"'rr"‘ e ”12‘2*' O(Re®) (5<34)

The Jlong-timescale solution satisfies the initial
condition on h with error O(Re?) even though the stream
function does not satisfy the initial conditione This means
that the long-timescale solution is valid almost from t = O
for small values of Ree This is shown in figure Sely which
shows the time—-dependence of h for different values of Re.
Since the dimensionless times T and T used above differ by a
factor of Re*, it is convenient to use the intermediate

timescale £ = t/t; = T/Re = 7TRe to plot the results

(531)—(5e34)9 noting also that hy = (l/Re)hF. Figures Sel
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and 5.2 then show the results scaled with inertial time

t, = (npa“/#ﬂﬁ » length hy, and inertial velocity V = hy/t; .

Figure S5e¢1 shows that the long-time expansion (5.31)
is accurate for all time for Reynolds numbers up to unitye
It gives a slight overshoot of the initial value of h by an
amountfyu?. For larger Reynolds numberse the expansion
{5¢33) must be used for t up to about 0.5 to account for the
inertial resistance of the fluid to its initial
acceleratione The matched expansions are quite accurate for
Reynolds numbers up to 10y even though they were derived for
Re << 1le. This is because of the large denominator in the
second term of (5.31) and . because one only needs té use
values of 7 up to about iRe in {(5¢33). Figure 6 shows that
the matching of the expansions for body velocity (5.32) and
{5e34) are less accurate than those for gap height (5.31)
and (5.33) because each expansion is a monotonic function of
times one increasing for short times and the other
decreasing for large timesy giving rise to curves with
opposite slopese One would expect the true velocity curve
to have a smooth peak somewhat below the intersection of the

two expansionsa

In all the cases studied the initial acceleration of
the object causes an acceleration of the fluid in the gape.
For the inviscid limit this isan acceleration of a one-

dimensional profile whereas for the 1low Reynolds number
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ltmit this is an acceleration to a quasi-steady profile that
changes with Ree For early times the lowest order solution
for the radial velocity profile obtained from the stream
function solution (5.28) is the same as the start-up flow in
a parallei-wall channel in which a constant pressure
gradient has been applied at t = Qe At larger times the
radial velocity profile to O(Re ) is obtained from solutions
({S5e12) and (5.16) and is a function of the instantaneous gap
width aAd Ree These profiles are shown as a function of Re
at fixed h in the upper half of ehe diagrame figure 5<3(a)y
and as a function of h (or equivalently t) at a fixed Re in
the lower half of the diagramy figqure 5<3(b)e. One observes
that as either Re or h approaches zero the profile becomes

parabolice

The 1long—-time asymptotic decay of the motion is
fundamentally different in the low—-Re and the inviscid
limitse In the l1ow-Re limit the inertial terms rapidly damp
out due to viscositys and the pressure field on the
underside of the disc is due to a quasi—-steady pressure
viscous-force balancee. In the inviscid limit the radial
velocity approaches a constant value at any r and a quasi-
steady state Bernoulli pressure distribution is established
on the underside of the disce The fascinating observation
is that this pressure distribution is the same in both

limitses being a simple parabolic function of re.
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53 SMALL TIME SULUTION

An asymptotic solution can be found for the short
period after the release of the body when it remains close
to its original positione This solution is wuseful in
starting the longer-time solutions in the following sections
and is an interesting exercise in asymptotic analysise To
reveal the behaviour for short timesy t. is chosen to be et;
with € a small constante New symbols are introduced for the
dimensionless variables: T for time and G for stream
function. The boundary andlinitial conditions are u;changed

and (5e¢2) 1s re-written as

Gpp+ G2 =2GiGrea = € g Grana + €* (5.35)

The required solution must be asymptotic for fixed z

and Re as €-=0, A suitable form is

G(Z;'Zie) ~ €* G'“('L,?) ¥ e;/a G'S(-zit‘> (536)

Equations for G, and Gg are found by substituting (5e36)

into (535)
Grozr =1 (537)
Ggze = 0O (5+38)
Equations (537) and (5.38) have solutions

5439
Go =27 + o, (T)+b,(z) (5-39)

Ge = s (7) + bs(a (540)
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where a, e+ by ag and bg are wunknown functionse. Initial
condition (5.5) requires that b@ = bg = 0y but the boundary
conditions (53) and (5.4) cannot be satisfied by (5.39) and
(540)s Therefores boundary layers must be present near
z =0 and 19 so inner expansions must be usede. To examine
the boundary layer near z = 0y Z is replaced by a new
independent variable %= z/e"% and 6 is replaced by g = G/e"%

Equation (5.35) takes the form

|}
Q¢ = e Y55~ | = e* (2945 -9% ) (5e41)

The solution to (5.41) must be asymptotic for fixed 7% and Re

as € ~» 0y in the form
q (35, 756) v 9(5,2) + O(") (5+42)

This expansion {5e42) is substituted into (541) to give an

equation for gepe

Yoz ~ g qesss=1 =0 (5+43)

Note that (5.43) 1is the same as the start-up problem for
undirectional flow in a channel under the action of a
constant applied pressure gradiente The boundary and

initial conditions for g, are:
on €=0: 30=0, Qoy=0; when t=0; o,=0 (5e44)

Equations (543) and (S.44) have a4 solution in similarity

form

%o = Ty + ’Rge“.;__‘t‘;i 5 L‘er‘?—c[—‘?(‘%)’&]“ Z".;"/z} (545)
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where i’

erfc is the third repeated integral of the
complementary error functiony which takes the value 1l/6mw"

for zero argumente

It is expected that G will be of order €* everywhere,s
so boundary condition (54) suggests that h will be of the

form

W lz;e) A~ L+ eth )+ ePhe (7)) + O (&) (546)

Relation (5.46) indicates that the upper boundary will
move very 1little from its initial position during the
timescale of intereste. Accordinglys boundary conditions
(5«4) can be expanded in Taylor series about z = 1 and the

appropriate boundary-1layer variable is % = (l—z)/ey%

Equation (5e35) is rewritten in terms of ¥ and a scaled

i Z .
stream function ¥ = G/e” to give

A

\ — PP
Yyr— Fe §oss = =\ = €* (24§ - q3) (5.47)
The required solution to (5«47) is asymptotic for fixed §
and Re as €~ 0 in the form
gli,re) ~ €% § (52)+ T (5,7) « O(e) (5048)

Equation (548) 1is inserted into (5.47) to give equations

for §., and ﬁ,:

|~ - -
Yeisz — Re 3533 = O (5249)
Sosr = ?z"é' Forsg+1 = O {5.50)
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with boundary and initial condition derived from (5.4) and

(5e5)
on $=0: §'—a5= 0, §'_.- \"n:, whena =0: =0 {5e51)
ont=0: Fos=0, §o= ~ther; wheaw=0: §o=0 (5452)

Equations (549) to (5.52) are solved to find
§- = ~Lhr (553)
" 2 ; 7.
o = —iher = 8T~ Fo, v Perfc [é‘(%:s)‘] ‘;!;V"‘g (5+54)

Equations (5e36)y (5e42) and (5.48) are matched on
intermediate spatial scales to give equation for 3, v g by

bg' h4 and hg. These are:

0, (?)=0, ag(?¥)= "-ft*«, Th R (5+55)

by (2>=0, bsl)= 0 (5.56)
2 %

hq'r:-l't, hey =-2ag+ 'S'rr""-tak 2% (557)

Equations (5.57) with initial condition (5.5) have solutions

hy == 2% (5+58)

32 % pa
hs nsw"tf Re (559)

Finallyy we have a uniform asymptotic expansion for G

G ~ €rz?r — Qes’z?:k.Re /‘{b -t ercc(a k;‘—: ’1) (560)

+i ech("z( 3‘")} +O ()

and he |- erz? *)s . Re e o™ ¢ O(er) (S.61)
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Equations (5¢35)y (5«41l) and (5¢47) show that no more terms
will be generated until 0(€*), so the remainder terms in
(5¢60) and (5.61) can be reduceds Since &€ was artificially
introduced into the ‘problem. it can be removed by using a
different timescale to express the results. If t. is chosen
to be t;s» as will be the case in the rest of this chapter,

the expansions are expressed in their most useful form:
F ~ 2t - 86" Re"[ gpn - iPerfe (2(85)%) + Perte (2 (B4 0(8) (s.62)
ha -2+ ,—2—’;_—,,‘ Re™2E52 + O(t*) {5.63)

These expansions are valid whenever t << 1 and t << Ree The

velocity profile is

Z A 5{ 1= 4..'.’-er¢c(%j:“§-) - 4i*erte (';IE'IEE) } TO(E‘) {564)

Expansion (564) shows a uniform constant acceleration
in the inviscid core with boundary layers whose thickness
grows as (t/Re)2. For small Re the above expansions quickly
become invalid as the boundary layers merge and viscous
effects dominate the flowe For 1large Reynolds numbers the
bouncary layers persist for a long time but the expansions
break down when nonlinear effects become important and the
acceleration is no longer constante The effect of Re first
enters in terms of O(@n) in (5e61) and (563) and describes
the radial outflow in the top and bottom start-up boundary

layers for a uniformly accelerated core.
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5.4 SOLUTION FOR LARGE RE

vwhen the Reynolds number is larges the flow is
governed by the inertia of the fluid except for thin
boundary layers near the top and bottom wallse Thuse it is
appropriate to choose the characteristic inertial time

te = t; in (5.2) This gives
)
sz,'i' F:’ “ZFF-z:"-R'; 222 ~ ’ + 1565)

Equations (5.65) and (5.4) must be satisfied in the inviscid
coree In this region the reduced stream function F takes

the simpler form
F= =2 &)+ Bt (5+66)

where the first term describes an inviscid stagnation-point
flow and the second termy as we shall soon shows the
displacement effect of the boundary 1layerse. Substituting

{566) Iin (5.65)¢ oOne obtains
&*+ P =1 (5067)

® and ® satisfy the initial conditions

=0, B=0, whea t=0 (5.68)

The selukion tor & is:

This is the same as the solubion W the inviscid limib qiven

by Weinbaum, Lawrence & Kuang (1985). Boundary
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conditions (53) and (5«.4) cannot be satisfied by (5.66)y so
it is necessary to consider boundary layers near z = 0 and
Z = h(t)e. The radial velocity outside the boundary layers
is determined by the radial pressure gradient alone and is
simply u = r tanh te. It is unaffected by the presence of
the boundary layersy so the analysis will be valid until thé

boundary layers overlape.

To analyze the boundary layer near z = 0Oy new
variables 4§ = zRe®t and f = FRe" are introduced. Equation

{5«65) becomes the boundary-layer equation
Copr Fg —2FBge =Ty =1 (5.70)

which has initial and boundary conditions

=0 when =0 (571)
€=0, &:;:o en 4=0 (5.72)
fa 0 - ReM® as T>oe (5.73)

In (5.66)s & is the correction to the inviscid
vertical velocity due to the displacement effect of the
boundary layerse To illustrate thisy the boundary layer

displacement thickness 8" is introduced:

50 = R | (1= g = Reer (5.74)
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in which f, and $ respectively represent the radial velocity
in the boundary layer and corey and A¥ is of order unitye.
Equation (5.74) is integrated directly and (5.73) is used to

obtain

S*(t) = %‘% or ®ty= B*(t) E(k) (575)

Then in terms of S*o the stream function in the inviscid

core is

F= (=-8%) g, (5e76)

and the 1limiting condition on the boundary-layer equation

(573) becomes

Cn (4-05YF os G —w oo (5¢77)

The - flow is clearly symmetrical about the plane

z %ru so the boundary layer equations on the top surface

Z h can be cast in the same form as (Se70)s (5«7T1l)y (5.72)
and (5¢77)e To acnieve thise new variables Z = Re%(h-z) and
'E= Réhﬁﬁh—F—Z@)- are introduced and substituted into
(5¢65)s (5e4) and (5e5)e The resulting equations are then
separated in powers of Re to give the same set of boundary-
layer equationss but with f and i’ replacing f and % .

However a new equation is also produced from (5.4) and

‘507b)'
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Using initial condition (5.5)s one can solve eguation {5.73)

exactly to give

1 -
h o= coswg T Reth, (t) (5¢79)
in which h, (t) is the correction to the inviscid result due
to the displacement effect of the boundary layerse It

satisfies the equations

he + 2(h=28%)& =0 (5.80)
h‘ =0 when E=0 (5.81)
Equations (566) 9 (570)-(572) 0 (577) and

{579)-(581) represent a solution which is exact whenever
there are distinct boundary layers in the flowe The
solution only breaks down when the boundéry layers begin to
overlape. §¥ (t) represents the correction to the inviscid
solution developed in Weinbaums Lawrence & Kuang (1985}, It
is determined by solving (5.69)-(5.72) and (5.77) and can
then be used in (580) ¢to calculate the correction to the
gap heighte hy(t)e It is possible to solve (5.70)
numericallys but this is complicated by the presence of thekime
derivative and is tantamount to a solution of the full
Navier—-Stokes equation which will be undertaken in section 5.5
belowe To gain from a boundary layer analysis we must
simplify the equationy so we will find an approximate

solution using a time-dependent momentum integral methode.
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Equation (5.70) is reduced to an ordinary differential
equation by inteyrating through the boundary layer and
assuming a particular form of the velocity profilee. A new
variabley $(t) = Re*AJt) is i?troduced to represent the
outer .edge of the boundary layere . Equatioﬁ {5.70) is

integrated over § from 0 to 4 to give

[F&)], At (a)+3 gfy;ag = 20, (A E(8) =Fyg (A) +Fg(0)-2=0(5-82)

A biquadratic radial! velocity profile is chosen
(u = rfg) where the velocity and its gradient are matched at
%= KA. A simple cubic or quartic profile is not
sufficiently general to describe the behaviour at early

time:
2 3
= acvafvaf +0,03 O st KA (5.83)
ﬁ:‘. \)o"'bt;*blgz*'b;ts) kAS;SA (5.84,
The a; and b; and § are functions of tsy and k is a constant

to be chosen at a later stage in the analysise The boundary

conditions to be satisfied by (583)y (5.84) are :

ont=0: $£=0, Q--;‘-:O, Q-;;;=‘| (585)
ont=0: b=F, ¢y=0 (5+86)
onf =kA: T b o are continuous (5.87)
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The first two of equations (5.85) are the original boundary
conditions; the third is derived by setting €==0 in (5.70);
Equations (5.86) constitute the definition of the outer edge
of the boundary !aye; and {5«87) are desirable smoothness
properties of the velocity profiles Equations (5.83)—(5.87)

are solved to find the coefficients a;

¢ and be in terms of

the still unknown k and A{t)e The details of this and the
following algebra are to be found in KXuang (1984). The

coefficients are determined to be =

K& +23
@o=0, =0, au= Iay> T (5.88)
—K3A (-2 8) K(14-8) I-helh | | KA-13
e -K2) D= O-kv) > ba= AG-wv’ » B 6ht(1-x*) (589)

Equations (583)y (584)y (5+88) and (5.89) describe a
family of velocity profiles whichy once k is choseny will
have a single parametery A(t) = A*/&. These equations are
substituted into (5.82) and after a great deal of algebraic
manipulation an equation for A is derived:

e A(E+d B +d B2 + AR [- 2P, +, 8] + A0 B2
E(skr* A +ds) (5-90)

‘A'b=

where d,veeesd; are constants depending only on the choice
of ke If a simple cubic or quartic profile had been used
one would obtain in place of (5.90) an equation with no real

roots for . at t = O.

= !z(k"‘-k—l), d.= -‘g(k"-Z\('Q) - L Z&Lﬁ\'{%—i {591)

- L K3 =-332+B +4
dy= gk -5k 1+k {5.92)
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- 1
d,*:f;ak‘*,%—}, dg = =13 (k2-5%-5) {593)

Bdefore an attempt is made to solve (590), it is
useful to consider the range of values for Jl. The shear
stress must be positive in the boundary 1layery which
requires that fyg¢ > 0 everywheree. This is true only for
values of /L between Apyin = -2/k and A= 2/k + so A is
boundede. Furthermorey /A must be positive since & is always
positivee Thirdlyys there is a3 value JL; for which the
denominator of (5.90) vanishes and the profile changes
discontinuouslye. This non-physical behaviour is not

permissible and occurs when

A=Ay = 32';?:(“‘-5*'53 (Se94)

We can also use (590) to find the initial and final
values forA. For very large time, the flow in the boundary
layer will be that for a quasi-steady stagnation pointy
since & from (5+69) approaches unity and /A will approach a

steady value A, which satisfies
dq B tdy Ao tdafte=l =0 (5+95)

When t = 0y the denominator of (590) vanishes since §
is zeroe Since should not be singulars the numerator must
also vanishe One can show that the vanishing of the

numerator requires thatJL have the initial value Ayy with

Ao = taf (merid) [ -cana -84 ]} (5+96)
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using the Ffact that &~ t at very short time. Equation
{595) can be used to find a suitable value for k since the
analytic solution 1is available for the first part of the
motion from section Se2e. Equations (5.62) and (5.77) imply
that when t is small A% = (4/3wi)ti. For the assumed
velocity profile (5283)e (5¢84)y the scaled displacement

thickness is

(\+k +k2) - SN

A= A TR (391

)
from the definition of AL, A=J\-'1 ®T and sos when t is small,
L.
A~ASEE (5.98)

Equation (5.98) is substituted into (597} to give for small

t
A¥ = ¥t {5.99)

L Qe eld) -tk
with ex = AF L2 Y (5+100)

For each value of ky» (596) and (5.100) give two

values of c* (one for each root of A,)y as shown in figure

Sele There are no real solutions for c¢¥ if k is chosen
larger than 0.2819. This means thate for 1larger ks the
velocity profile (583)y (584) is not an adequate

representation of the true solution and leads to physically

unrealizable resultse For k smaller than this limity values

X 8

of c* between 3 and z%iare physically possiblees However, if

we wish to obtain limiting behaviour for §*¥ at very short
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timese which is the same as the analytic solution in section
5.2y then c®* must be 4/37%. This corresponds to the value
of k = 02397 which is on the lower branch of the curve
using the negative sign in (596). With this value of ko

equations (594)—(596) give

NAo=56275, Nu=3032, A, =I5.0S {5.101)

The shape of the velocity profilte is shown in figure 5.5 for
these values of /L and for A= 0. It is clear that very
little change in the profile occurs between the values A,
and Laes The small-time profile (5.64) is drawn on a
corresponding scale and we see that it is modelled quite

closely by the curve for A,e

Y

Equation (5.90) is relatively easy to integrate
numerically to find A(t)y §(t) and $¥(t)s which are shown in
figure Se.6. A decays monotonically from N to A and is
well within the physical bounds defined above. & and £¥ do
not increase monotonicallys but increase to maxima just
after t = 1 and then decay slightly to their steady valuese.
The steady value of 8¥ is 045665 Re which compares well
with the exact numerical solution for steady stagnation-
point flow obtained by Frtssling (1940) &% = 0.5685Ret .
The decline in 8 and &% can be explained by regarding the
end of the boundary-layer development as a quasi-steady
stagnation-point fiowe For the steady flow the boundary

layer thickness is inversely proportional to the square root
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of the core velocitye Thuse as the velocity increases
slowly towarag the steady values the boundary-layer thickness
decreases slightlye The steady value of $y 1.741ReE scan be
used to estimate the limit of validity of the solutione.
When Re is sufficiently larges the steady-state boundary-
layer will develop before the limit 1is reached and h(t) is
accurately approximated by l/cosh®t. The limit is reached
when h = 28 & 3.5Re’t; this gives the limit of validity

tmox < i-l ogRes

Equations (5.80) and (5.81) are integrated numerically
using the solution for &%, The displacement correction to
the 1inviscid solution to the gap height h; is shown in
figure 5.7 together with the total height for various
Reynolds numberse. These solutions have the 1limit of
validity derived above; after the limit is passed the height
tends to a constant non-zero values which is not physically
possible. Howevers for Re > 10%,the body falls through more
than 98% of the initial height before the limit is reacheds
so the approximate solution describes the important part of

the motione

It will be shown that the solutions are very accurate
compared with the exact numerical solution until the limit
derived above is reachede The two important features of the
solution which give rise to this accuracy are the use of the

analytically derived form of 8¥ when t is small and the fact
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that the radial velocity component in the inviscid core is
independent of the displacement effect of the top and bottom

boundary layerse

55 NUMERICAL SOLUTION

The boundary conditions (5e4) at the moving boundary
2 = h are inconvenient to apply in a numerical solution so a
new independent variable x = z/h{t) is introducede. The
characteristic inertial time t; is used for non-
dimensionalizationy since it is the time most commonly used
in the previous sectionse. For Dbrevityy the velocity

U= (1/h)F, is introduced and (5.2) becomes

2F U= _SC«‘M:U-& - Uxse _\‘
h h Reh?

U, +L*~ =0 (5.102)

Equation (5.102) contains a new term arising from the time-

dependence of the x—-coordinate. The boundary conditions
become:
F=0, 0U=0 on =0 (5-103)
F=-Lth,, U=0 on ==| (5.104)

The flow is symmetrical about x ==% » so the equation

need be solved only in the region 0 £ x £ and (5e104) can

L
z

be replaced by

\
Fz=%h,, Uc=0 on x=3 (5.105)
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Equations (5.102)y (5103) and (5105) are solved
using an i1aplicit central difference numerical schemee. fFor
small to moderate Rey the boundary layer development is so
rapid that no special consideration is needed. For larger
Rey the detailed structure of the boundary layer is
important for a considerable part of the motione Howevery a
simplifying feature is that when the boundary layer must be
modelleds the core flow need not be since it is a simple
plug flowe. In either caser the small time solutions
(562)—(564) are used to start the numerical procedure.
Because of the diffusive nature of the solutione a rather
small time step 1s needed for the integration to be stable.
For all Reynolds numberss the velocity profile eventually
becomes nearly parabolic and then fewer points are needed in
the discretization of the x-directione In the limit of
parabolic flows the central difference scheme is exact and
only two points are needed to apply the boundary conditicnse
The error in these numerical solutions is estimated to be
O.1% up to t = 4. The solutions for h(t)s hy(t) and §¥t)

are shown Iin figures 5.7y 5.8 and 5.9%9.

Figure 5.9 shows that the integral boundary 1layer
solution predicts PN very accurately up to the time when the
boundary layers meet. The limit of validity of the integral
solution tp,, is predicted accurately for Re > 103, but over
predicted for smaller Re because then the boundary layers®

development is not completed before they meet. The
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predictions of the displacement correction to h and h, shown
in figures 5e¢7 and 58 are accurate well beyond ty,v
because the total flow does not change very much until well
after the boundary 1ayers meete The figqures indicate that
the integral boundary 1layer method gives satisfactory
results for almost all of the motion for Re larger than
1000. For smaller Res the boundary layers meet when the
height is still relatively large and the interaction is
importante. The figures also confirm that the small Re

solution derived in section 5.2 retains some accuracy up to

A Reynolds number of 10

The development of the velocity profile is shown in
figure 5410 for Re = 10 and Re = 1000es For the 1larger
Reynolds numbery the profile shows a boundary layer almost
until the peak velocity is achievede. The boundary layers
merge between t = la5 and 2.0 and then the viscous forces
slow down the flows with the profile moving towards a
parabolae. For the smaller Reynolds numbery the viscous
effects become important well before the peak velocity is
achieved. The acceleration of the viscous flow is much

slower and a lower maximum velocity is achieved.
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5¢6 DISCUSSION

This chapter began with a discussion of the timescales
in the problem and we are now in a position to resume that
discussione Figure 5.11 shows the times for the draining of
50% and 95X of the fluid filled gap as a function of
Reynolds number for zero Be. The time for h to fall to 5% of
its original value will be referred to as the draining timee
We see that this is nearly constant for Re > 103, when the
fluid motion is largely inviscid throughout the draining
timee. For smaller Res viscous effects become important
during the draining time and the time taken varies inversely

with Ree This figqure is plotted using a dimensionless time

based on t;e. The results are more illuminating when put in
dimensional forme with dimensional draining time Te. For
zero 2 we have two limiting casess For large Re (>10%),

T = 2418t; s so the draining time is indeed characterized by
the inertial time t;. For small Re (<10)y T = 1197t,s so
the draining time depends only on t,s but it is a very large
multiple of t,e. This explains why the low Reynolds number
analysis is valid even for Reynolds numbers up to 10. The
results of all the limiting cases presented in this chapter
can be treated in this way and are summarized in table 5.1.
The limit Re —» 0y (3-*0 s not treated in this chapter
since only pathological physical interpretations could be
founde The results in this limit depend on the product Ref.

The table confirms the interpretations of the three
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Limit Ordering of timescales Draining time 7
Re—w>o 32— 0O ty << t; << tg 2.18t;
Re —» 0o 9 3% oo tp << tye t; <<ty l.38tq
Re —» 0y 3> O tyg << tpr tq K<ty 1197¢,

Table Sele Summary of results for dimensional draining

time T in limiting casese.

characteristic times of the problem and the limits in which
they are importante. The draining time is determined by the
dominant force resisting the motione If the fluid inertia
is dominanty the draining time is characterized by t;. If
the viscous forces are dominants the important timescale is
ty» but the draining time is a large multiple of ty. This
is because t,, is based on the initial configuration and the
velocity decreases as the gap narrowse If the body inertia

is dominanty the draining time is characterized by tqe
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Figure 5.1. Time—dependence of h for small Reynolds numbers
(A= 0 limit): —e-e— » small t asymptotic expansion (5«33);
» large t asymptotic expansion {5.31).

B ]
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Figure S<.2« Time-dependence of disc velocity for small Re
(=0 limit): —e—e— s small t asymptotic expansion (5+34);
» large t asymptotic expansion (5.32)e.
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Figure 5.3. Velocity profiles in the limit A= 0 for small
Res (a) the dependence on Re at given h = 0.7. {b) the
dependence on h for given Re = 10e
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Figure Se.4.Variation of the coefficient ¢X with choice of ke
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velocity profiles

Figure.S.S. in the boundary layer:
+ biquadratic profiles used in integral

solution (583)y
(5¢84)e (kK = 0623979 A= 642745y A= 30315y A, = 15.05);
——=—— » analytic solution for small t (5.64).
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Fsi*gure 5¢6¢ Numerical solution of {5.90) for A(t)s §{t) and
(t)-
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Figure 5e7. Solutions for the gap height h(t): v’
numerical solution; --—-— 4 integral boundary layer solution
for large Re (hgey h, also shown); =, predicted limit of

validity of large Re solution; —e—e— ¢ matched asymptotic
solution for small Ree
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Figure 5.8« Solutions for the disc velocity hp(t): )

numerical solution; -——- 4 integral boundary layer solution
for large Re; ¥y predicted limit of validity of integral

solution; —e—e— ¢ matched asymptotic solution for small Res
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Figure ?.9. Scaled boundary layer displacement thickness
S*(t)Re” for large Reynolds numbers: ) numerical
solution; ———— integral boundary 1layer solution; e
predicted limit of validity of integral solution.
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Figure 5.10. Development of radial velocity profile with
time: (a) Re = 10; (b) Re = 1000. Note that the velocity
scale in (a) is twice that in {b).
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Figure 5S5elle Draining times: Tp is the time for a fraction f
of the fluid to drain from the gape
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CHAPTER 6o RELATED AND FUTURE WORK

6«1 INTRODUCTION

The work presented in Chapters 2 to 5 has broken new
ground and has led to the development of some very
interesting related problemse The original goal was to
agevelop a theoretical understanding of an arbitrary
hydrodynamic collisione In this problem two particles of
arbitrary shape interact hydrodynamically and elasticallye
A general solution is still very far from being attained,
but some progress has been madee. In the present chaptery
two paths which lead towards the general goal will be
exploreds each one emanating from a part of the main work of
the dissertatione Firstlyy the linearised equations of
Chapter 3 will be adapted to deal with the slow time-
gependent interaction of a riygid spherical particle with a
rigid planee. A solution procedure will be proposed to
circumvent the nonlinearity introduced by the time—-dependent
geometrye Secondlys the nonlinear equations of Chapters 4
ana 5 will pe modified to (incorporate a simple model of
elastic deformation. The parallel-plane geometry will be
retained and a simple set of governing equations will be

derivedes

Uther offshoots of the work described in this

dissertation are being studied or are being considered for
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developmente These include the study of sideways linearized
motion of 4 spneroitdy leading to a possible ygeneralization
of Kim's (1985) Worke Kim studied the quasi-steady
interactive settling of a pair of equal spheroidal particles
and i1t would be interesting to see the effect of the linear
inertia terms on his solutionse. Furthermorey a study has
already pegun to find the effects of elastic deformation in
the collision approach of a convex body with a planar
surface in the inviscid limit, with the objective of
relating the magnitude of the elastic recoil to the storage

of elastic energy from the build-up of bressure in the fluid

gape

be2 SPAERE “UVINL TOWARDS A PLANE IN LINEAR FLOW

The problem of a sphere falling through a fluid onto a
plane surface is a very basic one and has often been studied
{Brenner 1961, Wakiya 1961y Jeffrey & Chen 1977, Cox &
Brenner 1967+ etce) Howevery the fully time-dependent case
has not been studiede Wakiya (1961) wused the method of
reflections to find the effect of a distant wall on the
time;dependent motion of a spherey and Happel & Brenner
(1965) noted that: "This solution is of interest in that no
other treatment of unsteady flow in the presence of
boundaries appears to be availablee" Later Cox & Brenﬁer

(1967) studied the 1inertial effects in the near collision
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interaction of a sphere with a boundarye Jeffrey & Chen
(1L977) founs the virtual mass of a3 sphere moving towards a
plane wall through inviscid fluid and concluded: "It seemsy
therefores that an unsteady analysis of the motion of the
sphere is needed to settle exactly how it moves near the
walle"™ The analysis of this problem seemss thereforey to be

wortnwhile and a solution procedure will be described belowe

whilst the steady Stokes equations and Laplace’s
equation are separable in the bispherical coordinate system,
the unsteady Stokes equations are not. Thusy a more general
techniyue such as the boungary intejragl method or multipole
collocation method must be usede Ganatoss Weinbaum &
Ppfeffer (1930) showed that a multipole technique works very
well for the problem of quasi-steady 5Stokes flow generated
by a sphere moving between two plane wallsy and their
results may b= used as 3 model for the present probleme Two
coordinate systems are used and the geometry is shown in
figure 6ale Two cases will be discussed; (a) the sphere
oscillates with small displacements about a fixed position,

and (b) the sphere falls (slowly) towards the plane.

{a) oscillating sphere

In this case the problem is fully linear provided that
the displacement of the sphere is small compared to its

aiameter and the gap heighte The boundary condition on the
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moving sphere may be linearized and applied dat the average
positicn  of  the boundarye. The equaticns an2 poundary

conditions to be solved are:

g= PP+P®  with E*¢P=0 ond (E*-<NVYP=0 (6el)
on r=1: Je-tsintB, r= —sintB (6¢2)
on =0 Y=0, Po=0 (6e3)
en 2=0: ¢$=0, - PYa=0 (6e4)

The solution to (bel)—(0e4%) is given in mixed coordinates

Ly:

‘P = ¢+ Yo (6+5)

where ¢s 1s 3 series of basset's spherical harmonics from
(2e3U)s (2e0l)y representing the disturbance due to the
spnere and ¢4, is a Fourier-Bessel inteyral of cylindrical
harmonics which represents the disturbance due to the wall.

These solutions are:

Ps = Z:[A.\r"“"ﬁ-gn R';;’(rﬂ &\(,C—D-'te) (6=

U = S0 [REE* 4B €] o0 T, i) At (67

/37-._-: X+ and @e%[.q:-o

The procedure of Ganatossy wWeinbaum & Pfeffer (1980) is

to satisfy (be4) identically by writing (6e6) in cylindrical
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cooruinates and inverting the Hankel transform along the
wall ty Getermine the functicons A(x)y % (k) in terms of the
coefficients A, and B,. The boundary conditions on the
sphere (be2) are then satisfied at a set of discrete points
and the series are truncated to give a finite system of
linear algebraic equations for A, and B,e. The equations
form a square matrix which is inverted to find the
coefficientse The force on the wall may be found by
integration of the normal stress (pressure); then the force
on the sphere is found by adding the force on the wall to
the far field termse The problem of the oscillating sonere
1S not really important in itselfy, but gives insight into
the more yeneral oproblem described belows in which the
velocity varies in an arbitrary waye. It is also quite likely
that this simpler problem may be used as the basis of an

approximation to the solution of the more difficult problems

{b) falling sphere

when the sphere falls towards the planes the geometry
of the proplem is time—-dependent and the boundary condition
{610) cannot be linearized; thus the problem is nonlineare.
The problem of part (a) is not a Laplace transform of the
current problem and so cannot be inverted to find the force
on the sphere in arbitrary motion. The memory integral

(Basset force) in such an inversion woula contain
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accelerations that occured at different paositionsy so the
resistance coef ficient is implicitly time-dependent.
Howevery the problem is not intractable if its linearity is
exploited to the full pefore applying the nonlinear boundary
conditionse. The equations ana boundary conditions for the

problem are:

YEYYV-gY, =0 (649)

with | on @=a(zk): W=-tarW(t), Y, =-zo.W (610)
on o= O V=0 Ygp=0 (6e11)

on = =0: Yv=0, W¥,=0 (6412)

where ®o(2,k) = @o(2-dlt)) = [ar- (2-d)1% (6413)
ang de) = do+ (¥ wiryaw (6.14)

WOw we Sedarite  tne disturbances due to the two boundaries

before taking the Laplace transforme
S0 Y= Y+, ' (6415)

where W, and ¥, satisfy (6.9) and (6e11)y but the other
conditions are relaxede The problem for ¥, may now be re-
written in the time—-dependent coordinate system which 1is
fixed in the spherey since the acceleration of the frame of
reference has no direct effect on the stream functione
Thusy we can take Laplace transforms of the two individual

problemss resulting in the same pair of proolems as were
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solved in part (a)e. Thus the Laplace transforums of yg and

Y, are given by (6.5) and (6eT).

The transform for'yg may be inverted to give

Y, = 570 [aal®) &t oba L) m (k)] (o (cos®) (6e16)
with O (n) = e (RS E L (nY) (617)

In equation (6<16)s a,{t)y b,(t) and f, (ret) are the inverse
Laplace transforms of A,e B, and e “" respectively, and * is
the convolution operatore. The inverse transform of e " may

be found explicitly to give

b (nt) = S & T

237 (618)

- b\ L ~vr/et
so that 6 ()= -t (u> Jee € (619)

Tne transforim ¢, may be inverted to give:

v, = g: [alat) e*t +b (4,e)*¥,(.i;z,k)] e 3 (tm)d (6.20)

in which a(etet)e b(ket) and f, are the inverse I.ap-‘lécé
transforms of A{(«)es B(x) and Pl respectivelys and f, may
be found explicitly to be:

-7

2 4t . —atl
b4k = Tz e bY e (6+21)
Finallyse we have:

ws = Zo“{rn (v.%)“-.zl\ﬁ?g: L.\{.E't) ylhyn e-r"/qta.'t * r—nﬁla“tbﬁgn (cc;. g) {622)

(od t . 3 - -—ot®
v, = go{a(d,t)e““" +{, bl-r)i= e MY ph g ArioT da)de  (6.23)
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NOow the solutton procedure is the samne as in (a)e We
CeXpraess (6622) tn tne cylandrics) coordinate systenm by use
of the time-dependent coordinate transformatione. The

boundary conditiun on the wall is satisfied by inverting the
Hankel transform along the wall to get a(«et)e b(Let) in
terms of a,(t)sy O, (t)e Finallyy the boundary condition on
the sphere is satisfied at a set of discrete pointss and the
force on the sphere is calculated. In this ways the solution
procedure explicitly includes the effect of the time-varying

jeoumetry on the fall of the sphere.

The force determines the acceleration of the sphere
which may be integrated numerically to give the velocitye
The proceuure should be started with the sphere at some
distance from the Llaney either at rest or falling with its
terminal velocitye The apvove calculation must be repeated
a% eacn  time-stap to find the subseguent velocity of the

sphere,

63 ELASTIC RECOIL IN THE NONLINEAR ARREST PROBLEM

Real impact problems are complicated by the elastic
deformation of the boundaries which may lead to recoil of
the bodye. Davise Serayssol & Hinch (1985) discussed the
motion of un elastic body 1in the lubrication limite Their
viscosity dominated analysis predicted damped oscillations

in  s0me casesSe. de can learn a little by incorporating
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clusticity into the moa2l of Chapters 4 & 5 where the pbottom

of tie nody 15 roearesanted by, o circular disce

It may be the case that elastic deformations do not
siynificantly alter the geometry of contact; at any ratey we
have seen that the parallel wall configuration leads to such
yreat simplifications that it may be enlightening to
considar it as a mathematical modely even though it may be
an imperfect representation of a real collisione The radial
pressure distribution (4.19) is parabolic and this will lead
to an indenting or tne body and plame near the point of
contucCta nhoen  the pressure peak is very larqes 3
siynificant proportion of the kinetic energy of the motion
may be stored as elastic potential energys which will be
relessed tu give 2 strony recoile On the other handy if the
fluiu nas laryge 1nertias thne energy of the flow will be lost
withi tie fluld tnat escapes from the gape. Thirdlys if there
1s significant viscositys the energy will pe dissipatad

during tne arrest and any rebound will be muted.

de shall consider an average elastic displacement q(t)
detiney by F, = —kqey k being a constant depending on the
elastic prouperties of the body and wall. Equations (4e21)

and {4.22) are replaceg py:

~kq = M(kﬂi)ct + 34 (6e24)

4
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Clusure of tne system of equations is ayain provided Dy the

DoLNG ry coundition

on =z =w(t): h, =-2F (6426)
Thus q(t) 1s 8 third dependent variable and introduces a
third eguatione Equations (6e24) and (6+25) are formal

since kK and q have not been properly definedes Howevers they
constitute Aan exact description of the mechanical system of
fFigure 5aele In this 1idealized systemy the mass m is
attached to a massless riqgid disc via a spring with elastic
constant ke The natural length of the spring is L and its
extension 1S e Only the fluia between the disc and the

plane contrivutes to the hydrodynamic force "3,

w2 introduce a new dimensionless parameter X, defined

9]
~
"

- 4% /e
K = o = (6+27)
Then in dimensionless terms we have:

F—;b + F-:' - ZFF,,_‘ é—eo\:',_u 7'_7(‘1 =ﬁ0‘*1)gt+¥ (628)

The interactions between the terms of (6.28) are clearer in
the i1nviscid casey Re—w- o,y when F = z&(t) and we have a
fourth-order system of simple ordinary differential

eqQuatiunss

&’ = —K(yq-w) - & (6+29)

W = =2@h (6430)
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y= Y (6+31)
Y': %{‘WL%'“,B'X] (6.3(_‘)
whea £= 0 k=‘) ‘i": Y=-1, §=3.,-_- (633)

In tne avovey we have substituted y = h¢q and yp = Y
to simplify the equations and have assumed that the initial
deflection is zero. The three parameters 3y ¥ and X may
take any valuese. Howevers we are particularly interested in
recoil for which ¥ has little importancey so it is only
necessary to consiaer thne case ¥ = Ue. This should yive a
yood qualitative indication of the amount of recoil! one can
expects The main drawback 1ss of courses tnat the geflection
and € nay depend yuite stronyly on the radial coordinate;
for dccurate results a one-dimensional model should be usedy
resultin:  in partial differential  oquations for F(ret)y
n{ret) anua y{ret)e. A further complication is that (4.22)
was derived for the body approaching the plane and may not
be valid wnen the direction of motion is reversedy since the
external pressure drop &p of (4.17) may not be negligible in

that casee
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Figure 6els The geometry and mixed coordinates for a sphere
moving near a planee.
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system represented by equations



APPENDIXe CALCULATIONS AND SPECIAL FUNCTIONS

A«l SPHEROIDAL WAVE FUNCTIONS

To find the force on the oscillating spheroid of
Chapter 3y we must invert the pair of métrix equations
(3.133) and (3«134). WHe need to calculate the ratio

“‘(c'lx,)/Rm (ceixs)e Although the differential equations
encountered most closely resemble those of Stratton et al
{1955)s the book by Flammer (1957) is more complete and so
his notation will pe fo]lowed.. Abramowitz & Stegun (1965)

has been used to cross-check some of the wmore complicated

equationse

The simplest representation of R{) (cyz) is given in
terms of spherical Hankel functions of the first kindy

ho(z):

! ™ & St s eelen 417 o\ )y
R (e,2) = m ( = ZL ¢ d'r(e)(red(re2)n e (e2) (Ael)

To calculate DR’)(Cvz) we proceed as followse

NE=IRNEEE ACENTAES (4-2)

= (R )@ DHAI (),

Now Abramowitz & Stegun (1965) give the differentiation

formula

' ¢ v
o%_;_h‘,.’(z) = W (2) - 22-h0 (=) (Ao}
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so h{hy (=) = W' (ee) = DX 0D (ca) (Ae5)
Thus p (1-0 WS (e = c(z~{)k€%cz>*{l§§t-041)0_ NS (Aeb)

= z*{ ez ()N (cx) +lras= (e THY, (e2) (Ae7)

)
So DR.‘}’(C,:)= ?u‘:(c)(r-u)(n?)

) i" Teln "\( WY
L3 ) eedtraz)iea(@-(Wen) (4. 8y
+{rr3-Lrayn T )3

The Hankel functions are calculated from (Abramowitz €

Stegun 1965)

n
il el oo (asi)!
WK(=) =i n-l 5ot ot g €T () (2™ (Ae9)

Although the equations (Ael). (A8} {Ae9) are
relatively simpley the sums converge only when ixg| > 0e5e
This limits the usefulness of these results to bodies which
do not differ greatly from spheres. These results then were
used only as a check on other calculationse. Good agreement
was found with the approximate solution of Section 3.3(c)

for a nearly spherical body in the range 0.9 < b/a <le.l

A more robust method of calculation is requiredy and
this is found by converting the radial wave function to

angular ones via the following definitionse

Ri¥(e,2) = R () +iRP(e,2) (Ae10)
%lv\ (Q z)— Rl‘)( )Qs:\)Cc’z) (A.ll)
SE ey = KB (e) RW (e, (Au12)

Thus we have
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Ri¥(e,2) = 5 Swlez) + e o 2 (e2) (Ael3)

The joining factors 1&9(c) are given (for n oda) by:

28 2oy %'A'*lgxr.-‘.w,,z)

HKin ()3t} & | 2 'dR(e)Cray(r) i) (Aelé)
e 2! d. y(e) e (t‘-—)‘(-u)\ ) .

W) = i ,), (21 (2 ) o (c.)Z ‘e () (re)(re2) (Ae15)

As in Chapter 3y the angle wave function of the first kind

is given in terms of legendre polynomialse
=7 wm \
Sim(en) = Z d¥ () ey (2) (Ael6)

The angle wave function of the second kind is given as a

doubly infinite sum of Legendre functionsy

SV (e,2) = 2 At ()Qra(2) + Z:‘df"’P - (2) (A-”)

r==2 =4

Note that in (3e126)y (3e127)s etce a special definition of
P (y) is used for real argument in the range -1 <y <le Nowe
the argument may take any complex valuey so a more general
definition will be wused for calculating the Legendre
functions in section A<3 belowe The coefficients d.f » <¥2
are simply related to the d and will be discussed in the

next section (section A.2)e The derivative DR!® is also

needed; it is given by:

DQ&) = 7-\{';-2 bSM CC-,‘L> + ¥ 7(‘_\.) bgtt)CC,'l) (Ae18)
with OSu(ez)= Iy d? () DP (2) {Ae19)
and DS (e,2)= i: dr (<) DQF*'(I)-"Z" df';' DP, (=) {A<20)

r=-
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It is worthy of note that (A.17) is derived from

S = 2 di(e) Qry (2) (Ae21)
in which for r = =49~69cced dr‘(c) S zero and Q}N(z) is

infinite. A limiting process is used to derive (A.17)s and

dgj- is defined by:

i m
z\"_ = /OL-’MO % a’-rif {(Ae22)

Ae2 THE COEFFICIENTS d\(e)

The coefficients needed are di {(C)y r = =290v2940cee
and dgh(c)v r = 49698veee for odd values of n onlye. When ¢
is zeroy dm, is unity and all the other coefficients are
zeros since the spheroidal wave functions reduce to Legendre
functions. For non-zero cy we expect dy, to be the largestys

with adjacent coefficients becoming non-zeroe

The first step in the procedure is to find the
eigenvalue A, (C)e We start with a power series
approximation valid for small ¢ and then make 1iterative

improvementse The power series is

3
Alcy? () = 2 1::;07"‘ (Ae23)
K=p
with coefficients
n
2, " (nr1) (Ae24)
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W=%0- (z.\-n)(zms)] (Ae25)
Mmoo e lae) o n(ne(n2)(ne3) ] (A.26)
4 Gn3yCanPlzntl)  (aed(2n23)3(2ntS)

m_ 3[»\(»\«\ (ne2X(nt - n2Yn-Dnar) .
6 = SL A0 2m I (2 SY2ntT) | (ZaS)w D)1 (2iend) (A.27)
The estimate is improved using the following schemee

)\Ca#l) = 4\(13\) -+ gx‘(:\)

(G o A2
. N
Gy o L0 008/ (Gt R BT,
T L1 B NN + BBy (NG (N -] (Ae29)
\
it m) = -‘N-,‘", = = (Bney .
with U (M) Xl"w\‘)“'\'ﬁ'*ﬂa/(x:";‘Am""-) (Ae30)
U (Am)_ n” - Y:\-;“Rm" nel

¥ha= Amm Bhal/(¥y=Apaenr) (A031)

In (Ae29) the first sum is finitey the second is infinitee
The continued fraction (A«30) is infinites while (As31)

terminateses The numerical coefficients are defined by:

Bl
N‘r-\-']_ = =An - -ﬁ? > v (Ao32°~>
N = Yo — Am | (Ae32b)
N:_ = ﬂ;/(x‘l ")\m —ﬁ‘ffi),r>/1 (A'33,
) —3————-—
¥ = (erdeen) i \-Eavaee], T30 (R.34)
Rt = (r0r (re)tre2)ed [ (2e-D(2r P (2ra3) , T 22 (A.35)

—~—

The N and N} are ostensibly the same seriess but NL
diverges downwardse starting at an assumed vafue for a large
r = Ry Nj = ct/16R*, and N, diverges upwards starting from
N;e Since the largest value is N,,,.l = N;,, the series N. is

good for r = 294sssevntl and the series WL is good for
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N*len®*3recearfe For all the following calculationss

q
1]

100 was usede

x
1

The iteration for A\, converges very rapidly to the
correct value provided that ¢ < 10. For larger values of cC»
asymptotic expansions are available for XM, but the series
{Aal1b)y (AelT) for the wave functions become cumbersome
since many of the d¥ {c) become importante The very nature
of the functions is different for large values of <c¢e as
discussed by Flammery and it is more sensible to use a

different approach such as that of section 3.3(b)s

Once the eigenvalues and N—-coeffients are knowne it is
possible to calculate the dY¥ (c)e Since d) is the largestys
we set it equal to unity for the time beinge Then the other

values are calculated as followse

For r = 2949see9(N-1)e¢ we have:
m o= &R (re ) (rel)e®
T2 NL (2re)(2r+3) | (Ae36)
For r = (n+#l)y(N*3)9eecesR we have:
— ('Lrﬂ)g?.r*})
d? = =N, gy lraner (Ae3T)

The d are normalized so that

EOS (he)t
Sime,0) = Pr(0) = : .
| (N (34! (429
We put (d{")X =Nd¥ + then
/)2 - (—-l)""&‘ (“”)!— Z”l (—|)ra(r+2)l_ d_\:_\ (Ae39)

NSO 2
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Next we calculate dl} and dg which essentially
continue the series of values to negative re The recurrence
relatiun is the same as beforey, but Flammer (1957) uses

different notation and so shall wee. Introduce

@+r)(er)er
ALkle) = Grenlarey (A<40)
Rr(e) = X¢ =Ain(e) (Ae4l)

e (re2)et
Cll)= {3'!1'2 /Ar'-ﬂ. = (2r3)(2r+S) (Ae42)

in which r may take negative valuese. {Note that

Ay = Cl; = 0)e We define

Mn = doe /derrea, Pz 6,8 R (Ae43)
—Alrez
L ~
then M B 4 Clrg M, (Ae44)
AL
and She T ooy (Ae’5)
° -2
m —l. .L' 1 'LC."
and 2%“'1 = o0 ,oA-'u,ol = 'J"—‘Bm -\-C‘ M {(A<46)
d g + CL My e T e
We start with M = -c?*/4R% and work back to M{ using

{Ae44)s Then we use (A.45) to get dii from d s then (A«46)

m

to get d;), and (A<43) to find the other d;,',',.

A-3 LEGENDRE FUNCTIONS

We need to calculate the functions P) (z)+Qn(2)DP, (2)
and 0Q.(2z) for n = 192+43vese as well as Q\(z) and DQN(Z).

First 'we consider DP)(2z).
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DPA () = £ (a-iyE PA) = (307 PA/(2) g Pila) (Re47)
Abramowitz & Stegun (1965) give the formula

@0 E PI(2) = nlany(=x-1)E Pulz) —2PA() (Ae48)

So we have DPRL(z) = nlnel)Palz) (Aet9)

Similarly,

D Qi(x) = n(r+NQW() {A<50)

The P, are the easiest to calculate so we begin with

theme They obey the recurrence relation

(ne)) Pay, (2) = (2n41)2 Pal(z) = nPa.i (@) (Ae51)
We begin with

Poz)=l, P(z)=z, Ri(z)=%0z-1) ek, (A52)

and then use (Ae51) to calculate the P,(z) as far as they
are needede. The recurrence relation gives good results for

all n and ze Next the Pl (z) are found from the relation

Paa) = n(z-iy%[2Palz) =P (z)] (Ae53)

The Q, may be calculated in exactly the same way as

the P, if 2z} < 1y starting with

Qo ()= 4log(3), Qo) =Flog@ED -1, Qu)=§ (B2~ log@H~F (a.54)
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and using the recurrence relation (AeS5l)e. Howevere the
results are not good if |z} > 1+ since then Q, decreases as
n increasess whereas (A«51) vyields a diverging sequence.

The simple solution is to use (A«S51) backwardse He follow

Herndon (1961) and define Rp, = Qa-i/Qnge
—_—nel
Then Raci = @u-1)z-nRp (Ae55)

The limiting value for lerge n is

Ra—> z=-Jz-1 (Ae56)

We choose a large value of ny eege 100y and work back to R;.
Then we begin with Q, and multiply ub to get Qe As abovey
the Qp are found from the Q, using recurrence relation

(Ae53) e

The evaluation of Q! and DQ., requires special care
since (A«51) cannot be wused to find Q- (Z)e We use the

recurrence relation for the Un{z):
nNQN . = (2a-1)z2 Qha = (-DQM (Ae5T)
Then {A«57) gives

QL) = =Rl2) (Ae58)

Now Ql(z) is found from Rodriguez® formulas

Qi) = (=1} %&Q°C"> == (““‘sz (A-59)

So Q@»= -2 (z2-VVe (Ae60)

And tinallyy
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DAL () = E G- QL (=) = - (Ae61)

Ae4 MATRIX TRUNCATION AND INVERSION

The matrix coefficients in equations (3«13 )9 (313 )
are non-zero only for odd values of n and me Thus we can

pack the matrix by introducing

aM = { A'Lw\-| s M = l)l, ooa,M

(Aeb62)
G‘("“)"\ ms M#I,...,?.H
where M is the order of truncatione We define
Do = ) 2U+x2)2/ Q) i) (A.63)
O
smn » [S§mmEM
Cmn = 2.(n-H)- (Aeb4)
" A en )'<°)/Q'zu-l(ixo), ISmEM, Mtlgng2M
Sm-Mon, Mtlgmg2M, lSng2M

DRy, 2y (Ssio).

R 152 (n=M)- (e, 12¢o)

RICEOE .
[d;(:_':;_; <°)/DQ‘:\.(-&-H)-)(-":")Y ) M+l Smas2M

Then we have the simple matrix equationy

Lo Oy = Do (A<65)
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we are interested only in A, =08, which contributes to
the forcee The correct order of truncation is found by
iteration beginning with M = 2, At each stepy the force
calculated with truncation M is compared with that found at
truncation M-1l, until the desired degree of accuracy is
obtainede. For small values of ¢ and nearly spherical
bodies» M = 3 is adequatey whilst for long bodies and large
values of cs values of M up to 15 are required. The matrix
inversion was performed using a high accuracy iterative

routine for complex linear algebraic equations.
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