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CHAPTER 1 .  INTRODUCTION

1» I  THE PROBLEMS TO BE TACKLED

T h i s  i s  a s t u d y  o f  t h e  t i m e - d e p e n d e n t  m o t io n  o f  a 

p a r t i c l e  moving i n  a r e a l  f l u i d  n e ar  a  p l a n e  w a l l  o r  i n  an  

unbounded r e g i o n *  A x i s y m m e t r i c  f l o w s  a r e  c o n s i d e r e d  and  

i n e r t i a l  e f f e c t s  a r e  t o  be  i n c l u d e d  i n  b o t h  t h e  l i n e a r  and  

n o n l i n e a r  r e g i m e s *  The  u l t i m a t e  g oa l  o f  t h e  r e s e a r c h  i s  t o  

g e n e r a t e  a t h e o r e t i c a l  u n d e r s t a n d i n g  o f  a c l a s s  o f  p r o b le m s  

d e a l i n g  w i t h  t h e  u n s t e a d y  h y d r o d y n a m ic  i n t e r a c t i o n s  o f  a  

p a r t i c l e  and a p l a n e  b o u n d a r y  a t  a l l  Re w h e r e i n  t h e  f l o w  o f  

t h e  i n t e r v e n i n g  f l u i d  r e m a in s  l a m i n a r .  The c l a s s  o f

p r o b le m s  is  i m p o r t a n t  i n  many a r e a s  o f  f l u i d  m echan ics  and  

has been  e x t e n s i v e l y  s t u d i e d  in  t h e  c a s e  o f  v e r y  low

R e y n o ld s  numbers*  when t h e  g o v e r n i n g  e q u a t i o n s  a r e  l i n e a r  

and q u a s i - s t e a d y *  and in  t h e  l u b r i c a t i o n  l i m i t  w h e re  t h e

R e y n o ld s  number b a s e d  on gap h e i g h t  i s  s m a l l *  I n  r e a l  

f l o w s *  many o f  t h e  i n t e r a c t i o n s  a r e  n o n l i n e a r *  I n  

p a r t i c u l a r *  f o r  a p a r t i c l e  m ov in g  p e r p e n d i c u l a r l y  t o  a w a l l *  

t h e  g e o m e t ry  i s  i n h e r e n t l y  t i m e - d e p e n d e n t  w i t h  i m p o r t a n t  

m a t h e m a t i c a l  c o n s e q u e n c e s *  I t  i s  f o r  t h i s  r e a s o n  t h a t  we 

w i l l  c o n c e n t r a t e  on such a x i s y m m e t r i c  m o t i o n s *

The work can b e  b r o a d l y  d i v i d e d  i n t o  tw o  p a r t s *  The  

f i r s t  p a r t  d e a l s  w i t h  t h e  s o l u t i o n  o f  t h e  g o v e r n i n g

e q u a t i o n s  in  t h e  l i n e a r *  b u t  t i m e - d e p e n d e n t  c a s e *  T h e s e
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e q u a t i o n s  w ere  o r i g i n a l l y  f o r m u l a t e d  in  s t u d i e s  o f  t h e  

m o t io n  o f  p e n du lum s*  -and a r e  o f  i n t e r e s t  no*/ because  t h e y  

d r e  f u n d a m e n t a l  t o  t h e  d i s c u s s i o n  o f  t h e  m e c h a n ic a l  n a t u r e  

o f  B ro w n ia n  m o t i o n *  On t h e  l a r g e  s c a l e *  B ro w nia n  m o t i o n  i s  

o b s e r v e d  as a s lo w  d i f f u s i o n  o f  s m a l l  p a r t i c l e s  i n  a f l u i d ;  

however  t h e  m o t i o n  o f  an i n d i v i d u a l  p a r t i c l e  i s  h i g h l y  

e r r a t i c *  The m o t i o n  c o n s i s t s  o f  a random v i b r a t i o n  o f  v e r y  

s m a l l  a m p l i t u d e  w h ic h  r e s u l t s  i n  a n e t  d r i f t  o f  t h e  p a r t i c l e  

i n  t h r e e  d i m e n s i o n s *  T h i s  t y p e  o f  m o t io n  is  w e l l  m o d e l l e d  

by t n e  l i n e a r i s e d  e q u a t i o n s *  s i n c e  t h e  R e y n o ld s  number i s  

a lw a y s  s m al l  f o r  s m a l l  p a r t i c l e s *  b u t  th e  l o c a l  a c c e l e r a t i o n  

o f  t h e  f l u i d  may be i m p o r t a n t *  The m o t io n  o f  s m a l l  

p a r t i c l e s  m  t u r b u l e n t  f l o w  has a s i m i l a r  random n a t u r e  and  

t h i s  can a l s o  oe m o d e l le d  by t h e  l i n e a r i z e d  e q u a t i o n s  u n d e r  

some c i r c u m s t a n c e s .

The second and l a r g e r  p a r t  o f  t h e  work d e a l s  w i t h  t h e  

t i m e - d e p e n d e n t  m o t io n  o f  a body n e ar  a p l a n e  s u r f a c e  a t  

a r b i t r a r y  R e y n o ld s  number based  on gap h e i g h t *  T h i s  v e r y  

c o m p l i c a t e d  p r o b le m  i s  g r e a t l y  s i m p l i f i e d  i f  t h e  body i s  

f l a t  i n  t h e  r e g i o n  o f  n e ar  c o n t a c t .  For  such a s i m p l i f i e d  

g e o m e t r y *  t h e  g o v e r n i n g  e q u a t i o n s  c an  be s o lv e d  a n a l y t i c a l l y  

i n  a v a r i e t y  o f  case s  and i t  w i l l  be p o s s i b l e  to  d e v e l o p  

i n s i g h t  i n t o  t h e  f a c t o r s  w h ic h  a r e  i m p o r t a n t  in  more g e n e r a l  

h y d ro d y n a m ic  c o l l i s i o n s *  Such c o l l i s i o n s  a r e  i m p o r t a n t  in  

s t u d i e s  o f  f i l t r a t i o n  and c o a g u l a t i o n  o f  p a r t i c l e s  and a r e  

n o t  w e l l  u n d e r s t o o d  in  t h e  g e n e r a l  c a s e *
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The N a v i e r - S t o k e s  e q u a t i o n s  w i l l  be i n t r o d u c e d  in  

C h a p t e r  C ano w i l l  be f o r m u l a t e d  in  te rm s  o f  t h e  s t r e a n  

f u n c t i o n  f o r  an a x i s y m m e t r i c  c o o r d i n a t e  s ys te m *  A g e n e r a l  

fo rm  f o r  tn e  f o r c e  on a body in  te rm s  o f  s u r f a c e  i n t e g r a l s  

o f  t h e  s t re a m  f u n c t i o n  w i l l  th e n  be d e r i v e d .  S p e c i a l  c a s e s  

o f  t h i s  form w i l l  be  d e s c r i D e d  f o r  s t e a d y  S to k es  f l o w  and 

f o r  p o t e n t i a l  f l o w  and th e n  a new s p e c i a l i z e d  fo rm w i l l  be  

d e r i v e d  f o r  t h e  f o r c e  on a body i n  o s c i l l a t o r y  m o t i o n *  The 

l a t t e r  fo rm  is  a n a lo g o u s  t o  t h e  o t h e r  s p e c i a l  c a s e s  in  t h a t  

i t  g i v e s  th e  f o r c e  in  te rm s  o f  t h e  l i m i t i n g  b e h a v io u r  o f  t h e  

s t re a m  f u n c t i o n  in  t h e  f a r  f i e l d *  as d e t e r m in e d  by a 

i n u l t i p o l e  e x p a n s i o n  i n  s p h e r i c a l  c o o r d i n a t e s *  T h is  r e s u l t  

w i l l  be used r e p e a t e d l y  in C h a p t e r  3*

The t i m e - d e p e n u e n t  l i n e a r i z e d  e q u a t i o n s  o f  m o t io n  w i l l  

be c o n s i d e r e d  f u r t h e r  i n  C h a p t e r  3* where  t h e  f o r c e  

e x p e r i e n c e d  by an o s c i l l a t i n g  s p h e r o i d a l  oody w i l l  be 

c a l c u l a t e d .  F i r s t l y *  t h e  e q u a t i o n s  w i l l  be f o r m u l a t e d  in  

te rm s  o f  tne  n a t u r a l  c o o r d i n a t e  system o f  t h e  body* and t h e  

d i m e n s i o n l e s s  p a r a m e t e r s  o f  t h e  p ro b le m  w i l l  be d i s c u s s e d *  

B e f o r e  t h e  most g e n e r a l  p ro b le m  is  t a c k l e d *  t h r e e  s p e c i a l  

case s  w i l l  oe c o n s i d e r e d *  For v e r y  low f r e q u e n c y *  t h e  

m o t io n  d i f f e r s  o n l y  s l i g h t l y  f rom  t h e  q u a s i - s t e a d y  s o l u t i o n ;  

t h e  s t r e a m  f u n c t i o n  can be found by m a tc h in g  a s y m p t o t i c  

e x p a n s i o n s  in  t h e  n e a r  and f a r  f i e l d s *  The f o r c e  i s  

c a l c u l a t e d  f rom  t h e  t a r - f i e l d  s t re a m  f u n c t i o n  u s in g  t h e  

r e l a t i o n  d e r i v e d  i n  C h a p t e r  2* and t h e  r e s u l t  is  e x t e n d e d  t o
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a p p ly  t o  a oouy o f  a r b i t r a r y  s h a p e .  For  v e r y  h ig h  

f r e q u e n c y *  on t h e  o t h e r  hand* th e  f l o w  is  e f f e c t i v e l y  

i n v i s c i d  e x c e p t  i n  a t h i n  b o u n d a ry  l a y e r  n e a r  t h e  s u r f a c e  o f  

th e  b o d y .  T h i s  b o u n d a ry  l a y e r  e x h i b i t s  t h e  same f l o w

b e h a v i o u r  as  th e  b o u n d a r y  l a y e r  on a f l a t  p l a t e  w h ich  

o s c i l l a t e s  in  i t s  own p l a n e .  The c o r r e c t i o n  t o  t h e  f o r c e  on 

t h e  body may be f o u n d  by c a l c u l a t i n g  t h e  d i s s i p a t i o n  o f

e n e r g y  i n  t h e  b o u n d a r y  l a y e r  and e q u a t i n g  t h i s  e n e rg y  t o  t h e  

work done oy t n e  b o d y .  The t h i r d  s p e c i a l  c a s e  o c c u r s  when

t h e  body is  n e a r l y  s p h e r i c a l *  in  w h ich  c a s e  t h e  s t r e a m
i

f u n c t i o n  may be fo u n d  as a s e r i e s  o f  s p h e r i c a l  h a rm o n ic s  

wh ich  s a t i s f y  a p e r t u r b e d  c o n d i t i o n  on a s p h e r i c a l  b o u n d a r y .  

The f o r c e  can th e n  oe found u s in g  th e  r e l a t i o n  d e r i v e d  in  

C h a p te r  Z and w i l l  oe compared t o  t h e  s t a n d a r d  r e s u l t  f o r  a 

s p h e r e .

The s t re a m  f u n c t i o n  f o r  t h e  g e n e r a l  p ro b le m  w i l l  be 

found in  te rm s  o f  a d o u b le  h a rm o n ic  s e r i e s  o f  L e g e n d re  

f u n c t i o n s  and s p h e r o i d a l  wave f u n c t i o n s .  The f o r c e  i s  th e n  

d e t e r m i n e d  by t h e  c o e f f i c i e n t  o f  t h e  t e r m  w h ic h  i s  d o m in a n t  

in  t h e  f a r  f i e l d .  How ever*  s i n c e  t h e  e q u a t i o n  i s  n o t  s im p l y  

s e p a r a b l e *  t h i s  c o e f f i c i e n t  must be d e t e r m i n e d  by s o l v i n g  an 

i n f i n i t e  system o f  l i n e a r  a l g e o r a i c  e q u a t i o n s .  The r e s u l t s  

w i l l  be p r e s e n t e d  g r a p h i c a l l y *  and i t  w i l l  be shown t h a t  

t h e r e  a r e  fo u r  components  o f  t h e  f o r c e .  T h r e e  o f  t h e s e  a r e  

th e  c l a s s i c  f o r c e s  a s s o c i a t e d  w i t h  t h e  w e l l - k n o w n  s o l u t i o n  

f o r  a s p h e r i c a l  b ody ;  t h e  q u a s i - s t e a d y  S to k e s  d r a g *  t h e
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B a s s e t  f o r c e  and t h e  added mass f o r c e .  In  th e  n o n s p h e r i c a l  

c a s e *  th e  b a s s e t  f o r c e  is  d e f i n e d  as t h e  te rm  w h ic h  i s  7r / ^  

o u t  o f  phase w i t h  t h e  v e l o c i t y  and p r o p o r t i o n a l  t o  t h e  

s q u a re  r o o t  o f  t h e  f r e q u e n c y .  I t s  a m p l i t u d e  i s  a f u n c t i o n  

o f  a s p e c t  r a t i o  w h ic h  i s  e x p r e s s e d  in  te rm s  o f  t h e  h i g h  

f r e q u e n c y  o e h a v i o u r .  The f o u r t h  and new component  i s  a much 

more c o m p l i c a t e d  f u n c t i o n  o f  t h e  a s p e c t  r a t i o  and f r e q u e n c y *  

b u t  c u r i o u s l y  has a phase  w h ic h  i s  c l o s e  to »  th o u g h  n o t  

e x a c t l  y tt/ 4 .

The l i m i t i n g  r e s u l t s  f o r  h i g h  and low f r e q u e n c y  w i l l  

ae used as t h e  b a s i s  o f  a v e r y  a c c u r a t e  c o r r e l a t i o n  f o r  t h e  

f o r c e .  The c o r r e l a t i o n  c o n t a i n s  t h e  e x a c t  v a l u e s  o f  t h e  

s t e a d y  S to k es  d r a g *  t h e  B a s s e t  f o r c e  and t h e  added mass 

f o r c e *  and a s i  mole b u t  a c c u r a t e  a p p r o x i m a t i o n  f o r  t h e  

f o u r t h  component*  which  re d u c e s  t o  z e r o  f o r  a s p h e r i c a l  

b o d y .  The o s c i l l a t o r y  m o t io n  may oe r e g a r d e d  as a L a o l a c e  

t r a n s f o r m  o f  an a r o i t r a r y  m o t io n  and*  because  o f  t h e  s i m p l e  

n a t u r e  o f  t h e  c o r r e l a t i o n  f o r  t h e  f o r c e *  t h e  t r a n s f o r m  may 

be i n v e r t e d  t o  f i n d  t h e  f o r c e  on a s p h e r o i d a l  body in  

a r b i t r a r y  a x i a l  m o t i o n .  The f o u r t h  te rm  o f  t h e  f o r c e *  l i k e  

t h e  B a s s e t  f o r c e *  t r a n s f o r m s  t o  a memory i n t e g r a l  o f  

p r e v i o u s  a c c e l e r a t i o n s • How eve r*  u n l i k e  t h e  B a s s e t  f o r c e *  

t h e  memory f u n c t i o n  is  n o t  s i n g u l a r  a t  sm al l  t i m e s .

I n  C h a p t e r  4 *  t h e  c a s e  o f  a f l a t - b o t t o m e d  body m ov in g  

t o w a r d s  a w a l l  w i l l  be c o n s i d e r e d *  t h e  Reynolds  number b e i n g
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a r o i t r a r y .  For  t h i s  g e o m e t r y *  t h e  p r e s s u r e  on t h e  u n d e r s i d e  

o f  t h e  body w i l l  he shown t o  have  a s i m p l e  p a r a o o l i c  r a d i a l  

a e p e n d e n c e  when t h e  gap h e i g h t  i s  s m a l l  compared t o  t h e  d i s c  

r a d i u s .  I n  t h i s  l i m i t *  t h e  r a d i a l  d e p en d en c e  i s  s e p a r a b l e  

and an e q u a t i o n  f o r  t h e  s e p a r a t e d  s t r e a m  f u n c t i o n  w i l l  be  

d e r i v e d  w h ic h  c o n t a i n s  t h r e e  p a r a m e t e r s  -  t h e  i n i t i a l  

R e y n o ld s  number Re0 • a p a r a m e t e r  fi> w h ic h  r e p r e s e n t s  t h e  

r a t i o  o f  body i n e r t i a  t o  f l u i d  i n e r t i a *  and a p a r a m e t e r  ¥ 

w h ich  r e p r e s e n t s  t h e  r e l a t i v e  i m p o r t a n c e  o f  t h e  e x t e r n a l  

f o r c e  on t h e  oody  and t h e  i n i t i a l  i n e r t i a  o f  t h e  f l u i d .  

F i r s t l y *  t h e  l i m i t  o f  i n f i n i t e  R e y n o ld s  number w i l l  be  

c o n s i d e r e d  and a n a l y t i c a l  s o l u t i o n s  w i l l  be p r e s e n t e d  f o r  an 

i n v i s c i d  f l u i d  when one o f  t h e  p a r a m e t e r s  /3 or  i s  z e r o .  

For  r e a l  f l u i d s *  i t  w i l l  be shown t h a t  t h e  i m p o r t a n t  

b e h a v i o u r  is  c o n t a i n e d  in  t h r e e  p r o b l e m s .  I f  t h e  body comes  

from " f a r  awu y"*  i t  may ae d r i v e n  p r i n c i p a l l y  by an e x t e r n a l  

f o r c e  or  by t n e  i n i t i a l  momentum. I f  t h e  body is  dropped  

f ro m  r e s t  n e a r  t h e  b o u n d a ry *  i t  must be d r i v e n  by an

e x t e r n a l  f o r c e ;  t h i s  p ro b lem  w i l l  be c o n s i d e r e d  in  C h a p t e r

5 .

when t h e  body comes from " f a r  aw a y "*  a t im e  d e p e n d e n t  

R e y n o ld s  numoer R e ( t )  w i l l  be d e f i n e d  a l l o w i n g  t h e  m o t io n  t o  

be d e s c r i b e d  by a s i n g l e  s o l u t i o n  c u r v e  w h ic h  depends o n l y  

on D i f f e r e n t  i n i t i a l  c o n d i t i o n s  can be s a t i s f i e d  by

u s i n g  d i f f e r e n t  p o r t i o n s  o f  t h e  c u r v e .  The s o l u t i o n  f o r

e a c h  c o n s i s t s  o f  t h r e e  p a r t s  -  a b o u n d a ry  l a y e r  s o l u t i o n
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f o r  R e { t )  > 0 ( 1 0 0 ) »  a n u m e r ic a l  s o l u t i o n  f o r  0 ( 1 )  < R e ( t )  

< U (1 0 U )  anu a low R ey no ld s  number s o l u t i o n .  I n  t h e  c a s e  

where  /3 i s  z e r o *  t h e  l a r g e  R e ( t )  b e h a v i o r  w i l l  be  d e s c r i b e d  

a n a l y t i c a l l y  by a new e x a c t  s i m i l a r i t y  s o l u t i o n  o f  t h e  

N a v i e r  - S t o k e s  e q u a t i o n s .  When t h e  body i s  d r i v e n  by an 

e x t e r n a l  f o r c e *  t h i s  s o l u t i o n  i s  s i m p l y  a q u a s i - s t e a d y  

s t a g n a t i o n  p o i n t  b o u n d a r y  l a y e r .  How ever*  when V i s  z e r o *  

t h e  s i m i l a r i t y  s o l u t i o n  i s  f u l l y  t i m e - d e p e n d e n t .  Thus*  t h e  

t i m e - d e p e n d e n t  t w o - d i m e n s i o n a l  f l o w  f i e l d  w i l l  be  found  in  

te rm s  o f  a f u n c t i o n  o f  a s i n g l e  v a r i a b l e .  I n  b o t h  p r o b le m s *  

r e s u l t s  f o r  t h e  t i m e  d e p e n d e n t  r a d i a l  v e l o c i t y  p r o f i l e  and  

gap h e i g h t  w i l l  oe  p r e s e n t e d .

The c a s e  when t h e  f l a t  body  i s  d ro p p e d  f r o m  r e s t  n e a r  

t h e  p l a n e  w i l l  be t r e a t e d  i n  C h a p te r  5 *  a l t h o u g h  o n l y  t h e  

p r o b le m  w i t h  ^ 3 = 0  w i l l  be c o n s i d e r e d *  s i n c e  t h e  m o t io n  

depends on t h e  R e y n o ld s  number in  a complex  way .  T h re e  

l i m i t i n g  p ro b le m s  w i l l  be t r e a t e d ;  t h e s e  a r e  t h e  l i m i t s  o f  

s m a l l  R e y n o ld s  num ber*  sm a l l  t i m e  and l a r g e  R e y n o ld s  num ber .  

F i r s t l y *  t h e  c l a s s i c a l  p r o b le m  o f  l u b r i c a t i o n  t h e o r y  w i l l  be 

e x t e n d e d  t o  t h e  c a s e  o f  n o n z e r o  R e y n o ld s  n u m b e r .  S e c o n d ly *  

t h e  s m a l l  t i m e  s o l u t i o n  w i l l  be d e v e lo p e d  t o  s tu d y  t h e  

i n i t i a l  a c c e l e r a t i o n  o f  t h e  f lo w  and t o  s e r v e  as a s t a r t i n g  

p o i n t  f o r  t h e  s o l u t i o n s  which  f o l l o w .  T h i r d l y *  t h e  l a r g e  Re 

c a s e  w i l l  be c o n s i d e r e d ; .  I n  t h i s  p r o b le m *  t h e  bo u n d ary  

l a y e r  s o l u t i o n  i s  n o t  o f  s i m i l a r i t y  fo rm *  and t h e r e  i s  no 

s i m p l i f i c a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n  a t  l a r g e  Re .  To
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s i m p l i f y  th e  p r o b l e m *  an i n t e g r a l  momentum e q u a t i o n  w i l l  be 

used to  d e s c r i b e  t h e  b o u n d a ry  l a y e r  d e v e lo p m e n t *  The 

bou n d a ry  l a y e r  w i l l  be r e p r e s e n t e d  as  a d o u b le  l a y e r *  w i t h  a 

d i f f e r e n t  fo rm f o r  t h e  v e l o c i t y  p r o f i l e  in  e a c h  l a y e r *  The  

o v e r a l l  p r o f i l e  i s  d e t e r m in e d  by a s i n g l e  t i m e - d e p e n d e n t  

shape p a r a m e t e r  A ( t )  and a c o n s t a n t  k w h ic h  g i v e s  t h e  

r e l a t i v e  t h i c k n e s s e s  o f  t h e  tw o l a y e r s *  An 0 * 0 * E *  w i l l  be 

found  f o r  A l t )  and k w i l l  be chosen t o  g i v e  t h e  c o r r e c t  

i n i t i a l  b e h a v i o u r  i n  a c c o r d a n c e  w i t h  t h e  s h o r t - t i m e  

s o l u t i o n .  F i n a l l y *  t h e  f u l l  n u m e r ic a l  s o l u t i o n  o f  t h e  

p ro b le m  w i l l  be p r e s e n t e d  and compared t o  t h e  t h r e e  l i m i t i n g  

s o l u t i o n s *  The r e s u l t s  w i l l  be d is c u s s e d  i n  te rm s  o f  t h e  

t h r e e  c h a r a c t e r i s t i c  t i m e s c a l e s  o f  t h e  p ro b le m  w h ich  

d e t e r m i n e  th e  t i m e  t a k e n  f o r  t h e  f l u i d  t o  d r a i n  f ro m  t h e  

ga p .

Some p o s s i o l e  e x t e n s i o n s  o f  t h e  c u r r e n t  work w i l l  be 

p ro p o s ed  in  C h a p t e r  6 .  For t h e  l i n e a r i z e d  e q u a t i o n s *  t h e  

p r o b le m  o f  a s p h e r i c a l  body moving to w a rd s  a w a l l  w i l l  be 

d i s c u s s e d  and a p r o c e d u r e  w i l l  be d e s c r i b e d  t o  i n v e r t  t h e  

L a p l a c e  t r a n s f o r m  in  t h e  p ro b le m  w i t h  t i m e - d e p e n d e n t  

g e o m e t ry  which  i s  a c t u a l l y  n o n l i n e a r .  For  t h e  n o n l i n e a r  

e q u a t i o n s  w i t h  p a r a l l e l  w a i l  g e o m e t r y *  a s i m p l e  model o f  an 

e l a s t i c  c o l l i s i o n  w i l l  be p r o p o s e d .  I t  w i l l  be  shown t h a t  in  

t h e  i n v i s c i d  c a s e *  t h e  model r e s u l t s  in  a f o u r t h  o r d e r  s e t  

o f  0 * D * E *  w h ic h  d e s c r i b e s  t h e  m o t io n  o f  t h e  s y s te m *
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1 . 2  PR E VI OU S  WORK IN RELATED AREAS

T h e r e  i s  a lo n g  h i s t o r y  o f  i n t e r e s t  i n  h y d ro d y n am ic  

c o l l i s i o n s  and t h e  p r o c e s s e s  o f  c o a g u l a t i o n  and f i l t r a t i o n  

o f  s m a l l  p a r t i c l e s *  Most o f  t h e  work in  t h i s  a r e a  has  been  

done f o r  q u a s i - s t e a d y  low R e y n o ld s  number f l o w s *  S t im s o n  £ 

J e f f r e y  ( 192o) and l a t e r  B r e n n e r  ( 1 9 6 1 )  g ave  a s o l u t i o n  f o r  

t h e  m o t i o n  o f  a s p h e r i c a l  p a r t i c a l  t o w a r d s  a p l a n e  a t  z e r o  

R e y n o ld s  num ber*  T h e i r  s o l u t i o n  i s  s i n g u l a r  wnen t h e  s p h e r e  

and p l a n e  a r e  v e r y  c l o s e ;  t h e  s o l u t i o n  f o r  t h e  n e a r - t o u c h i n g  

ca s e  was found  by Cox L B re n n e r  ( 1 9 6 7 ) »  who a l s o  a c c o u n te d  

f o r  s m a l l  i n e r t i a l  e f f e c t s .  The e l a s t i c  d e f o r m a t i o n  o f  t h e  

s o l i d  b o d i e s  can be i m p o r t a n t *  and s e v e r a l  a u t h o r s  have  

i n c o r p o r a t e d  t h e s e  e f f e c t s  ( e . g .  C h r i s t e n s e n  1 9 6 2 ) .  D a v is  * 

S e r a y s s o l  & H in c h  ( 1 9 8 6 )  r e c e n t l y  p ro d u ce d  a s o l u t i o n  f o r  

t h e  c o l l i s i o n  o f  a sp h ere  w i t h  a p l a n e  w h ic h  i n c l u d e s  t h e  

e f f e c t s  o f  body i n e r t i a  and l a r g e  e l a s t i c  d e f o r m a t i o n s *  

a l t h o u g h  no f l u i d  i n e r t i a l  e f f e c t s  w ere  i n c l u d e d *  I n  t h e  

a b s e n c e  o f  f l u i d  i n e r t i a  t h e  body does n o t  re b o u n d *  b u t  

e x h i b i t s  an o s c i l l a t i o n  which  is  damped by v i s c o s i t y *

The s i m p l i f i e d  model f o r  c o l l i s i o n s  d e s c r i b e d  h e r e i n  

w i l l  be v a l i d  f o r  a r b i t r a r y  R e y n o ld s  number and w i l l  l e a d  t o  

a n a l y t i c  and s e m i - a n a l y t i c  e x a c t  s o l u t i o n s  o f  t h e  g o v e r n i n g  

e q u a t i o n s *  I n  t h i s  r e s p e c t *  t h e  work may be compared to  

p r e v i o u s  e x a c t  s o l u t i o n s  o f  a s i m i l a r  n a t u r e *  many o f  w h ich  

were  d i s c u s s e d  by S c h l i c h t i n g  ( 1 9 7 9 ) *  Von KarmSn ( 1 9 2 1 )
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found t h e  s o l u t i o n  f o r  t h e  c a s e  o f  a se m i - i n f i n i t e  f l u i d  

bounaeJ by a s i n g l e  r o t a t i n g  d i s c .  T h i s  was e x t e n d e d  by 

B a t c h e l o r  ( 1 9 5 1 )  who found  t h e  s o l u t i o n  f o r  t h e  f l o w  b e tw e e n  

tw o  r o t a t i n g  d i s c s ;  h i s  i s  t h e  o n l y  p r e v i o u s  e x a c t  s o l u t i o n  

o f  t h i s  k i n d  t o  c o n t a i n  a c h a r a c t e r i s t i c  l e n g t h  s c a l e .  

Homann ( 1 9 3 6 )  and F r t t s s l i n g  ( 1 9 4 0 )  f o u n d  t h e  s o l u t i o n  f o r  

t h e  f l o w  n e a r  a s t e a d y  a x i s y m m e t r i c  s t a g n a t i o n  p o i n t *  Yang  

( 1 9 5 8 )  found  a c l a s s  o f  t i m e - d e p e n d e n t  s i m i l a r i t y  s o l u t i o n s  

f o r  s t a g n a t i o n  p o i n t  f l o w  and s o l u t i o n s  o f  t h e  same n a t u r e  

w e re  fo u n d  i n d e p e n d e n t l y  by Secomb ( 1 9 7 8 )  and U c h id a  L Aoki  

( 1 9 7 7 ) .  A l l  o f  t h e  a bove  s o l u t i o n s  a r e  o f  b o u n d a ry  l a y e r  

t y p e  and a r e  c l o s e l y  r e l a t e d  t o  t h e  s o l u t i o n  f o r  a f l a t  body  

f a l l i n g  t o w a r d s  a p l a n e  s u r f a c e  w h ich  is  e s s e n t i a l l y  a 

s u p e r p o s i t i o n  o f  two t i m e - a e p e n d e n t  s t a g n a t i o n  p o i n t  f l o w s .

T h e r e  i s  a d e a r t h  o f  e x p e r i m e n t a l  measurem ents  o f  

h y d ro d y n a m ic  c o l l i s i o n s .  a l t h o u g h  Adamczyk.  Adamczyk £ van  

de Ven ( 1 9 8 3 )  found  v e r y  good a g re e m e n t  w i t h  t h e  r e s u l t s  o f  

B re n n e r  ( 1 9 6 1 )  f o r  s p h e r i c a l  p a r t i c l e s  f a l l i n g  to w a r d s  a 

f l a t  s u r f a c e  a t  v e r y  low R e y n o ld s  n u m b ers .

The l i n e a r i z e d  N a v i e r - S t o k e s  e q u a t i o n s  w ere  d e v e l o p e d  

by S t o k e s  ( 1 8 5 1 )  who s o l v e d  some p ro b le m s  r e l a t e d  t o  t h e  

v i s c o u s  damping o f  an o s c i l l a t i n g  p en d u lu m .  H i s  work was 

e x t e n d e d  by B a s s e t  ( 1 8 8 8 )  t o  c o v e r  a r b i t r a r i l y  t i m e -  

d e p e n d e n t  m o t i o n *  b u t  s u b s e q u e n t l y  l i t t l e  a t t e n t i o n  has been  

p a i d  t o  t h e  f i e l d .  The b a s i c  r e s u l t s  f o r  a s p h e r e  w ere  used

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

by a few a u t h o r s  and e x t e n d e d  to  f i n d  t h e  f o r c e  on a body in  

an a r b i t r a r y  f l o w  f i e l d  (M a z u r  £ Bedeaux 1 974*  F e l d e r h o f  

1 9 7 6 a * b ) *  I t  was o n l y  r e c e n t l y  t h a t  t h e  s t u d i e s  o f  A l d e r  £ 

W a i n w r ig h t  ( 1 9 6 7 * 1 9 7 0 )  l e d  t o  t h e  r e a l i z a t i o n  t h a t  B r o w n ia n  

m o t io n  o f  s m a l l  p a r t i c l e s  i s  g o v ern ed  by t h e  l i n e a r i z e d  

e q u a t i o n s *  r a t h e r  t h a n  t h e  q u a s i - s t e a d y  S t o k e s  e q u a t i o n s *  

A rm in s k i  £ Weinbaum ( 1 9 7 9 )  and Bedeaux £ Mazur  ( 1 9 7 4 )  showed  

t h a t  t h e  r e s u l t s  f o r  t h e  d i f f u s i o n  c o e f f i c i e n t  o b t a i n e d  

u s in g  S t o k e s *  t h e o r e m  f o r  t h e  d ra g  on a s p h e r e  c o u l d  i n  f a c t  

De e x t e n d e d  t o  t h e  more r e a l i s t i c  t i m e - d e p e n d e n t  c a s e *  

However c e r t a i n  r e s u l t s  c o n c e r n i n g  t h e  long  t i m e  t a i l  o f  t h e  

v e l o c i t y  a u t o c o r r e l a t i o n  f u n c t i o n  must be d e r i v e d  u s i n g  t h e  

t i m e - d e p e n d e n t  e q u a t i o n s  (Bedeaux £ Mazur 1 97 4 *  H o c q u a r t  

1977o*  H o c q u a r t  £ H i n c h  1 9 8 3 ) *

U n t i l  v e r y  r e c e n t l y *  t h e  o n l y  b o u n d a ry  g e o m e t r i e s  

c o n s i d e r e d  e x p l i c i t l y  f o r  t h e  u n s te a d y  c a s e  w ere  t h o s e  

d i s c u s s e d  by S to k e s  ( 1 8 5 1 ) *  i . e .  t h e  s i n g l e  s p h e r e  and  

s i n g l e  c y l i n d e r *  Chen Wambsganss £ J e n d r z e j c z y k  ( 1 9 7 6 )  

t r e a t e d  t h e  c a s e  o f  an o s c i l l a t i n g  c y l i n d e r  i n  a c o n c e n t r i c  

r i g i d  c o n t a i n e r *  L i n  ( 1 9 8 6 )  used a m u l t i p o l e  method t o  s o l v e  

t h e  p ro b le m  f o r  a s m a l l  group o f  o s c i l l a t i n g  c i r c u l a r  

c y l i n d e r s *  and L e i c h t b e r g  e t  a l  ( 1 9 7 6 )  s t u d i e d  t h e  r e l a t i v e  

m o t io n  o f  t h r e e  c o a x i a l  s p h e r e s  u s in g  a m u l t i p o l e  m ethod*  

b u t  o n l y  a c c o u n t e d  f o r  i n t e r a c t i o n s  in  t h e  q u a s i - s t e a d y  p a r t  

o f  t h e  m o t i o n *  The o n l y  p r e v i o u s  work t o  use a n o n s i m p l e  

c u r v i l i n e a r  c o o r d i n a t e  system i s  t h a t  o f  H o c q u a r t  ( 1 9 7 6 *
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1 977a)  who s t u d i e d  t h e  r o t a t i o n a l  o s c i l l a t i o n s  o f  s p h e r o i d s  

i n  B ro w n ia n  m o t io n  i n  r e l a t i o n  t o  th e  o p t i c a l  p r o p e r t i e s  o f  

suspens i o n s *

Complex g e o m e t r i e s  a r e  more commonly s t u d i e d  in  t h e  

c l o s e l y  r e l a t e d  c a s e s  o f  s t e a d y  S to k es  f l o w  and p o t e n t i a l  

f l o w *  w h ich  a r e  b o t h  g o vern ed  by s i m p l e r  l i n e a r  e q u a t i o n s *  

F or  S t o k e s  f l o w *  B r e n n e r  ( 1 9 6 1 )  fo u n d  t h e  f o r c e  on a s p h e r e  

n e a r  a p l a n e *  P e l l  and Payne ( 1 9 6 0 )  gave t h e  r e s u l t  f o r  a 

t o r u s *  and Happe l  £ B re n n e r  ( 1 9 6 5 )  gave  t h e  r e s u l t s  f o r  

s p h e r o i d s ;  a l l  t h e s e  r e s u l t s  a r e  found  by s e p a r a t i o n  o f  

v a r i a b l e s  in  c u r v i l i n e a r  c o o r d i n a t e s *  The a n a lo g o u s  r e s u l t s  

f o r  p o t e n t i a l  f l o w  have  been g i v e n  by J e f f r e y  £ Chen ( 1 9 7 7 ) *  

M i l o h *  Waisman £ Weihs (1 9 7 8 )  and Green ( 1 8 3 3 ) *  L i m i t i n g  

c a s e s  o f  t n e  g e o m et ry  h a v e  been d is c u s s e d  by M i lo h  ( 1 9 7 9 ) *  

Smal l  £ Weihs ( 1 9 7 5 )  and Weihs £ Small  ( 1 9 7 5 ) *

R e c e n t l y *  t h e  boundary  i n t e g r a l  method and m u l t i p o l e  

c o l l o c a t i o n  t e c h n i q u e  have been d e v e lo p e d  t o  dea l  w i t h  

s t e a d y  S t o k e s  f l o w  p ro b le m s  in  more com plex  g e o m e t r i e s *  

G a n a to s *  Weinbaum £ P f e f f e r  ( 1 9 8 0 )  a p p l i e d  t h e  m u l t i p o l e  

method t o  t h e  p r o b le m  o f  a s p h e r e  moving p e r p e n d i c u l a r  to  

one or two p l a n e  b o u n d a r i e s ;  a g e n e r a l  d i s c u s s i o n  i s  g i v e n  

by Weinoaum ( 1 9 8 1 )  and a d e t a i l e d  e x p o s i t i o n  o f  t h e  

t e c h n i q u e  has been g iv e n  by Gluckman*  P f e f f e r  £ Weinbaum 

( 1 9 7 1 ) .  The b o u n d a r y  i n t e g r a l  method was d is c u s s e d  by Hsu £ 

G a n ato s  ( 1 9 8 6 )  who a p p l i e d  i t  t o  t h e  t u m b l i n g  m o t io n  o f  an
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a x i s y m m e t r i c  body n e a r  a w a l l  in  S to k e s  f l o w *  Kim ( 1 9 8 5 )  

has a p p l i e d  a n iy h  a c c u r a c y  method o f  r e f l e c t i o n s  t e c h n i q u e  

t o  t h e  s e d i m e n t a t i o n  o f  a p a i r  o f  s p h e r o i d s *
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CHAPTER 2 .  THEORETICAL FORMULATION IN  TERMS OF

THE STREAM FUNCTION

2 . 1  EQUATIONS OF MOTION

We b e g i n  w i t h  t h e  N a v i e r - S t o k e s  e q u a t i o n  f o r  an 

i n c o m p r e s s i b l e  f l u i d  w i t h  d e n s i t y / 9 and dynamic  v i s c o s i t y / i t  

and f o l l o w  a s i m i l a r  p a t h  t o  t h a t  o f  Happe l  £ B r e n n e r  

( 1 9 6 5 ) .

S in c e  a l l  t h e  p ro b le m s  t o  be t r e a t e d  i n v o l v e  a x is y m m e t r y ?  we 

i n t r o d u c e  c y l i n d r i c a l  p o l a r  c o o r d i n a t e s :

as shown in  f i g u r e  2 . 1 t  c h o o s in g  t h e  z - a x i s  f o r  t h e  a x i s  o f  

s ym m e try .  The c o n d i t i o n s  o f  symmetry  a r e :

( i )  The body i s  a x i s y m m e t r i c  (a n d  s i m p l y  c o n n e c t e d ) t g i v e n  

by as -  0ro ( z )  t s a y .

( i i )  The v e l o c i t y  and a n g u l a r  v e l o c i t y  o f  t h e  body a r e

d i r e c t e d  a lo n g  t h e  z - a x i s .  J J ( t )  = W ( t ) ^ * * I 2 ( t )  = f l i p  • 

We o n l y  c o n s i d e r  f l o w s  f o r  w h ic h  t h e  a z i m u t h a l  

v e l o c i t y  i s  z e r o *  so t h e  body may n o t  r o t a t e :  SI = 0 .

( i i i )  Any e x t e r n a l  b o u n d a r i e s  must be a x i s y m m e t r i c .  I n

p a r t i c u l a r  we w i l l  c o n s i d e r  th e  c a s e  o f  a p l a n e  w a l l

(2 . 1 )

( 2 . 2 )

a t  z 0 .
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( i v )  Any a m b ie n t  f l o w  must be a x i s y m m e t r i c ?  i . e .  = 0 .

we w i l  1 o n l y  c o n s i d e r  f l o w s  f o r  w h ic h  u„, = 0 .

I n  te r m s  o f  t h e  f l u i d  v e l o c i t y ?  u = (u?0?w)?  t h e

c o n t i n u i t y  e q u a t i o n  becomes:

*■ 0  ( 2 - 3 )

T h i s  l e a d s  us t o  d e f i n e  a s t re am  f u n c t i o n  If? so t h a t

a  = 5  ¥ z ,  ^  -  eb^Tar ( 2 . 4 )

A s u b s c r i p t  i s  u s ed  t o  d e n o te  d i f f e r e n t i a t i o n .  A s u i t a b l e  

d e f i n i t i o n  f o r  ItT i s :

I T ( z )  3 J ft* !d r (c ' ) | i r ' |  ( 2 . 5 )

w here  i s  any c o n t o u r  j o i n i n g  t h e  a x i s  o f  symmetry t o  t h e  

p o i n t  r  i n  an a z i m u t h a l  p la n e ?  and n i s  t h e  downward normal  

t o  1? as shown i n  f i g u r e  2 . 1 .  Then t h e  downward vo lume f l o w  

r a t e  t h r o u g h  any s u r f a c e  s p a n n in g  t h e  a z i m u t h a l  c i r c l e

d e f i n e d  by t h e  p o i n t  £  i s  Q? w i t h

Q  = 2 ir  H f(z )  ( 2 . 6 )

By c o n s i d e r i n g  s m a l l  d i s p l a c e m e n t s  o f  t h e  p o i n t  r? i t  i s

e a s y  t o  see  t h a t

T g „ = - a w  a n d  5 ^  s  « a  ( 2 . 7 )
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The c o n t i n u i t y  e q u a t i o n  i s  i d e n t i c a l l y  s a t i s f i e d  by 

t a k i n g  u = - V A( i ^ 5 i r )  = i,#Aaj?3£* We t a k e  t h e  c u r l  o f  t h e  

momentum e q u a t i o n  t o  e l i m i n a t e  t h e  p r e s s u r e  and g e t  t h e  

v o r t i c i t y  e q u a t i o n *

k>t -  v * h Kte) = ~ » ^ V A ( 2 . 8 )

w i t h  k i n e m a t i c  v i s c o s i t y  v  and v o r t i c i t y

&  -  ~  i ff  ( 2 . 9 )

The g e n e r a l i z e d  a x i s y m m e t r i c  p o t e n t i a l  o p e r a t o r  E x p l a y s  an  

i m p o r t a n t  r o l e  in  t h e  s eque l  and i s  g i v e n  by

*  « ' h i s h + &  =  V 2- -  ( 2 . 1 0 )

w i t h  L a p l a c i a n  ~  »  « i w  i z 1  ( 2 . 1 1 )

E q u a t i o n  ( 2 . 9 )  i s  s u b s t i t u t e d  i n t o  ( 2 . 8 )  t o  g i v e

v£4w - «hfr * h , - w ~ $ ± ) c S ' 'E * ’ Tir -  Exsrt » o <2 . 1 2 )

w h ic h  i s  t h e  dynamic  e q u a t i o n  f o r  t h e  s t r e a m  f u n c t i o n .  T h i s  

fo rm  i s  much more c o n v e n i e n t  t h a n  t h e  o r i g i n a l  s e t  o f  

e q u a t i o n s  ( 2 . 1 ) .  We s t a r t e d  w i t h  f o u r  e q u a t i o n s  f o r  t h e  

f o u r  d e p e n d e n t  v a r i a b l e s  p and u i n  te rm s  o f  f o u r  

i n d e p e n d e n t  v a r i a b l e s  £  and t ;  t h e s e  have been  r e d u c e d  t o  a 

s i n g l e  e q u a t i o n  f o r  Y  in  te rm s  o f  t h r e e  v a r i a b l e s  w* z and 

t .  The c l a s s  o f  m o t io n s  we a r e  c o n s i d e r i n g  i s  c l e a r l y  much 

s m a l l e r  t h a n  t h e  g e n e r a l  c l a s s .
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Once 3fef i s  known* we can r e c o v e r  t h e  two v e l o c i t y

components  f ro m  ( 2 . 4 )  and t h e  p r e s s u r e  can oe found by a

r e l a t i v e l y  s i m p l e  i n t e g r a t i o n  o f  t h e  momentum e q u a t i o n .

P p  s= /xV x u. - / » (  *£t+ ( 2 . 1 3 )

i n  w h ic h  7 xa  =  »  V ( E xT(r) ( 2 . 1 4 )

/

J£fc =  ( 2 . 1 5 )

and = iWaVIfcO* -  ( 2 - 1 6 >

So 7p =  *  p k i ^ ) V f  -  ip V l- k V V f  ( 2 . 1 7 )

The b o u n d a ry  c o n d i t i o n s  f o r  t h e  p ro b le m  a r e  t h a t  t h e r e  

i s  no d i s t u r b a n c e  a t  i n f i n i t y  and t h a t  t h e  f l u i d  s t i c k s  t o

t h e  moving body and t h e  p l a n e .  I n  a d d i t i o n  t h e r e  i s  a

r e g u l a r i t y  c o n d i t i o n  on t h e  a x i s  o f  symmetry  and we may

s p e c i f y  t h e  a r b i t r a r y  c o n s t a n t  i n  T / f u s in g  ( 2 . 5 ) .

P u t  r l  sr ccr1 + ( 2 . 1 8 )

t h e n  a s  r  oo ; F ' T - ^ O . ,  P 0  ( 2 . 1 9 )

on m =  0  : ^  =  O ,  = 0  ( 2 . 2 0 )

on  5?o( * )  • ^  “ ~ ( 2. 21)

o *  , - . 0 :  =  0 (2 . 2 2 )

I n  t h e  a b o ve *  n i s  t h e  o u t w a r d  normal t o  t h e  b o d y .
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2 . 2  THE FORCE ON A BODY

I n  some cases? t h e  a p p l i e d  f o r c e  on t h e  body ^ ( t j j j ^  

may be s p e c i f i e d  r a t h e r  th a n  t h e  v e l o c i t y  W ( t ) ^ , .  Then i t  

i s  n e c e s s a r y  t o  f i n d  t h e  r e l a t i o n s h i p  be tw ee n  t h e  t w o .  Even 

when W ( t )  i s  s p e c i f i e d *  i t  i s  o f  m a jo r  i n t e r e s t  t o  f i n d  t h e  

h y d ro d y n a m ic  f o r c e  on t h e  body The e q u a t i o n  o f

m o t io n  f o r  a body o f  mass m i s :

The h y d ro d y n a m ic  f o r c e  "Sn i s  d e t e r m i n e d  from t h e  i n t e g r a l

i n  t e r m s  o f  t h e  s t r e s s  t e n s o r  <£ and l o c a l  i n t r i n s i c  s u r f a c e  

c o o r d i n a t e s  ( n * s * f £ ) .  I""1 i s  t h e  c u r v e  i n  t h e  ctr-z  p l a n e  w h ich

g e n e r a t e s  t h e  body s u r f a c e  (B.

" 7̂* =  rv'^fc ( 2 . 2 3 )

Now* ( 2 . 2 5 a )

( 2 . 2 5 b )

( 2 . 2 5 c )

Me p u t ( 2 . 2 6 )

and n o t e  t h a t arvd. =  - a r n ( 2 . 2 7 )

Then

The i n t e g r a l  ( 2 . 2 4 )  i s  s p l i t  i n t o  t h r e e  p a r t s

X  =  l y r ( X ^ X ^ T z ) ( 2 . 2 9 )
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w i t h  r , = » - / lJp»n(£x!tr-3l'!lr«>s ( 2 - 3 0 )

and X j  ~  ~ f c i w l ^ n a ^ d s  = ” J p * * s " ^ i c r z ( 2 . 3 1 a )

=  “ i / u-§P ( 4 s ,S 6 “ * s T & U V s  ( 2 . 3 1 b )

=  - 2 / U - [ ^ l ^ ° H- - 2 ' i r $ rt»>, ‘!lfZ l (i5 ( 2 . 3 1 c )

B u t  Hfz = 0 on t h e  p o l e s  o f  t h e  b o d y *  so

X *  =  ^-s ( 2 . 3 2 )

T h i r d l y *  I 3 -  “ JpGTpZnds =  -^RrpHTycU ( 2 . 3 3 a )

=  “  ^ p U l s f c w * )  - i w a ps) d s  ( 2 . 3 3 b )

r ~i Bottom P 
=  - U p » ‘ JTO|( + i pt w l psds ( 2 . 3 3 c )

Now p a*4 = 0 on to p  and b o t t o m *  so

I 3 = z ^ » a psdls ( 2 . 3 4 )

We sum ( 2 . 3 0 ) *  ( 2 . 3 2 )  and ( 2 . 3 4 )  t o  g e t  t h e  t o t a l  f o r c e

^H “  TT^»a ps ds -  WBEa ^ols  ( 2 . 3 5 )

E q u a t i o n  ( 2 . 1 7 )  g i v e s  t h e  p r e s s u r e  g r a d i e n t

ps =  V?.ks = -kphlhW't <2 - 3 6 >

T h is  is  i n s e r t e d  i n  ( 2 . 3 5 )  t o  g i v e

3 h «• cLs -y o rn jw # tl|cls + r [ E ' n ^  - / > ( sV^r)ds

( 2 . 3 7 )
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The b o u n d a ry  c o n d i t i o n s  on t h e  body ( 2 * 2 1 )  e n a b l e  us t o  

s i m p l i f y  ( 2 . 3 7 )  as f o l l o w s

fe W  = SO h [ h V f ) ' =  0  ( 2 * 3 8 )

Also = -  coWtX)"' *  w W * s  ( 2 , 3 9 )

so Sr"^ t„d -s  =  $ p « f W fcx s<J.S =  W f c ^ K T ^ * ) ^  ( 2 * 4 0 )

Thus TT J p W ^ d - S  =  - W fcV ( 2 , 4 1 )

where  V i s  t h e  vo lu m e  o f  t h e  b o d y *

And* =  -  a  W o s on P  ( 2 * 4 2 )

so £r e l i ( r f sAs =  - W ^ o ^ e ^ d s  =  ( 2 . * 3 )

F i n a l l y *  we have  a s i m p l i f i e d  fo rm  o f  t h e  h y d ro d y n a m ic  

f o r c e  o f  t h e  body*

^  =  V ‘5P",' & t e * E * ? r) k  V w‘v  ’ • ’ y > w J r i o > ' | s ( s ‘ r ) A s  « 2 - ^ )

T h i s  e q u a t i o n  i s  used t o  d e t e r m i n e  t h e  r e l a t i o n s h i p  b e tw ee n  

and W once 3£f i s  known.

E q u a t i o n  ( 2 . 4 4 )  i s  v a l i d  f o r  a l l  a x i s y m m e t r i c  f l o w s  o f  

a v i s c o u s  i n c o m p r e s s i b l e  f l u i d .  The f i r s t  t e r m  i s  s im p l y  an 

i n t e g r a t i o n  o f  t h e  v i s c o u s  s t r e s s e s  o v e r  t h e  s u r f a c e  and t h e  

o t h e r  tw o  te r m s  a r e  d e r i v e d  f ro m  t h e  p r e s s u r e .  The second  

t e rm  r e p r e s e n t s  t h e  i n e r t i a  o f  t h e  d i s p l a c e d  volume o f  

f l u i d ;  i t  a p p e a r s  b e c a u s e  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s
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( 2 . 1 2 ) *  ( 2 . 2 0 ) *  ( 2 . 2 1 )  • ( 2 . 2 2 )  i n s i d e  t h e  body i s  j u s t  a

r i g i d  body m o t i o n .  The t h i r d  t e r m  i n  ( 2 . 4 4 )  i s  n o n l i n e a r  

and d i f f i c u l t  t o  i n t e r p r e t  i n  g e n e r a l ;  h o w e v e r« f o r  m o t io n s  

w i t h  f o r e - a n d - a f t  sym m etry*  t h e  t e r m  i s  z e r o  because  ^ s ( E xlin 

changes s ig n  a t  t h e  e q u a t o r .  For  l i n e a r i z e d  f l o w *  t h e  t h i r d  

t e r m  i s  n e g l i g i b l e ;  f o r  s t e a d y  f l o w  t h e  second t e r m  i s  z e r o *  

so f o r  s t e a d y  S t o k e s  f l o w  o n l y  t h e  f i r s t  t e r m  i s  n eed ed *

I f  t h e  f l u i d  i s  assumed t o  be  i n v i s c i d *  ( 2 . 4 4 )  no 

l o n g e r  a p p l i e s  b e c a u s e  t h e  n o - s l i p  c o n d i t i o n  ( 2 . 2 1 )  was used  

i n  d e r i v i n g  i t .  For p o t e n t i a l  f l o w *  E1#  = 0 and ( 2 . 3 7 )  

becomes:

\  l2-45’

As b e f o r e *  t h e  n o n l i n e a r  t e r m  i s  z e r o  f o r  f l o w s  w i t h  

e q u a t o r i a l  sym m e try ;  in  f a c t *  i t  i s  a lw a y s  z e r o  as we now 

p r o v e .  For  p o t e n t i a l  f l o w *  t h e  t i m e - d e p e n d e n c e  is  

s e p a r a b l e *

=  W(k) ipCz) ( 2 - 4 6 )

Then t h e  e q u a t i o n  and bo u n d ary  c o n d i t i o n s  re d u c e  t o :

~  0  ( 2 - 4 7 )

on a  =  eo0 (* .): tp =-  - i - e r **X.

( 2 . 4 8 a )

( 2 . 4 8 b )
On CO -  O ’. <p ~  O

a s  r —woo: — ► O ( 2 . 4 9 )
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E q u a t i o n  ( 2 . 4 5 }  becomes

'3r„ =  ( 2 - 5 0 )

Now f o r  s t e a d y  f l o w *  D ' A l e m b e r t ' s  p a ra d o x  t e l l s  us t h a t

= 0 .

T h e r e f o r e  ^  =  0  ( 2 - 5 1 )

S t a t e m e n t  ( 2 - 5 1 )  i s  i n d e p e n d e n t  o f  W ( t ) *  so i t  h o ld s  e q u a l l y  

f o r  u n s t e a d y  f l o w -  Thus*

^■h = ( 2 . 5 2 )

The i n t e g r a l  in  ( 2 - 5 2 )  i s  e q u i v a l e n t  t o  t h e  second t e r m  in

( 2 . 4 4 )  and g i v e s  t h e  added mass o f  t h e  body

Ko- = V  a  &  d-s ( 2 - 5 3 )

E q u a t i o n  ( 2 . 5 3 )  can  a l s o  be d e r i v e d  by c o n s i d e r i n g  t h e  

k i n e t i c  e n e r g y  o f  t h e  f l o w  f i e l d *  and i s  e q u i v a l e n t  t o  

T a y l o r ' s  ( 1 9 2 8 )  t h e o re m  w h ich  g i v e s  t h e  v i r t u a l  mass i n  

t e r m s  o f  t h e  v e l o c i t y  p o t e n t i a l  i n  t h e  f a r  f i e l d *  and may be  

w r i t t e n  a s :

( 2 . 5 4 )

liw & r z
i n  w h ic h  a ,  ■= ,  ( 2 . 5 5 )

V i s  t h e  v o lu m e  o f  t h e  body*  t f  i s  t h e  v e l o c i t y  p o t e n t i a l  and 

M is  t h e  v e l o c i t y  o f  t h e  body in  t h e  z - d i r e c t i o n .
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E q u a t i o n  ( 2 * 5 5 )  i s  a n a lo g o u s  t o  t h e  r e s u l t  o f  Payne  G 

P e l l  ( 1 9 6 0 )  f o r  s t e a d y  S to k es  f l o w *  They fo u n d  t h e  S t o k e s  

d r a g  on a body i n  s t e a d y  a x i s y m m e t r i c  m o t io n  t o  be

r*  -  3 *  r f i r .  <2- 5<»

Both r e s u l t s  ( 2 * 5 4 )  and ( 2 * 5 6 )  a r e  fo u n d  by i n t e g r a t i n g  t h e  

e q u a t i o n s  o f  m o t io n  o v e r  t h e  f l o w  f i e l d  and u s i n g  known

s o l u t i o n s  i n  s p h e r i c a l  c o o r d i n a t e s  t o  r e p r e s e n t  t h e  f l o w  i n  

t h e  f a r  f i e l d *  T h i s  a p p r o a c h  w i l l  be a p p l i e d  t o  t h e  

u n s t e a d y  l i n e a r i z e d  e q u a t i o n s  in  t h e  n e x t  s e c t i o n *

2 . 3  RESULTS FOR LINEARIZED EQUATIONS

We i n t r o d u c e  d i m e n s i o n l e s s  v a r i a b l e s  u* = u / U *  

r *  = r / L t  p *  = p /P  and t *  = t / T  i n  w h ich  U* L*  P? and T a r e  

t y p i c a l  s c a l e s  f o r  t h e i r  r e s p e c t i v e  v a r i a b l e s  f o r  a

p a r t i c u l a r  p r o b l e m .  The N a v i e r - S t o k e s  e q u a t i o n s  ( 2 * 1 )  t h e n  

t a k e  t h e  f o r m :

V-V = 0, Mist]a*. * [ReV.VV = -ffe'lvytV'i* (2-57J

w i t h  R e y n o ld s  number Re -  ( 2 * 5 8 )

and S t r o u h a l  number S t  — ( 2 * 5 9 )

I t  i s  c o n v e n i e n t  t o  choose P = /*-U/L? a v i s c o u s  p r e s s u r e

s c a l e *  and t o  i n t r o d u c e  a new d i m e n s i o n l e s s  p a r a m e t e r ?

U * l  =  [ e * 7 C s q  =  7 f  ( 2 - 6 0 )
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w h ic h  i s  t h e  r a t i o  o f  t h e  v i s c o u s  d i f f u s i o n  t i m e  t o  t h e  

n a t u r a l  t i m e s c a l e  o f  t h e  p r o b l e m .  Then we ha v e :

Y . ul = 0 } f|A*l2at ■♦[ReJife.V’jt »  -Vp + V x Hr (2 .61 )

i n  w h ic h  t h e  a s t e r i s k s  h a v e  been d r o p p e d .

I n  t h e  c a s e  where  Re i s  s m a l l *  b u t  S t  i s  l a r g e *  i t  may 

happen t h a t  t h e  c o n v e c t i v e  i n e r t i a  o f  t h e  f l u i d  i s  

n e g l i g i b l e *  b u t  t h e  l o c a l  i n e r t i a  i s  n o t .  F o r m a l l y *  we l e t  

Re 0 and S t - w  «  * so t h a t  J Xx | r e m a i n s  0 ( 1 ) .  Then t h e  

momentum e q u a t i o n  becomes l i n e a r .

^  (2 .6 2 )  
I A11 a  t =  -  V p  t  V ~ u -

I f  we c o n s i d e r  a body o s c i l l a t i n g  p e r i o d i c a l l y  w i t h  

s m a l l  a m p l i t u d e  i n  e i t h e r  bounded or  unbounded f l u i d  w h ic h  

i s  o t h e r w i s e  a t  r e s t *  t h e  b o u n d a ry  c o n d i t i o n  on t h e  body

s u r f a c e  (B ( t )  i s  ( i n  d i m e n s i o n a l  fo r m )

on  <B tb> -* Jfc =  isJ(,0 ( 2 . 6 3 )

The b o u n d a r y  moves w i t h  t i m e *  m a k in g  t h e  c o n d i t i o n  

n o n l i n e a r .  How e ver*  f o r  s m a l l  d i s p l a c e m e n t s  f rom  t h e  

a v e r a g e  p o s i t i o n  ffi0* we can expand  t h e  c o n d i t i o n  i n  a T a y l o r  

s e r i e s  a b o u t  ® 0 .  F o r  a p o i n t  r  on ( B ( t )  and t h e  

c o r r e s p o n d i n g  p o i n t  r c on &c we have

& U )  *  a i Z o )  + ( 2 . 6 4 )
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where r i s  some p o i n t  on t h e  l i n e  c o n n e c t i n g  r  and r „ .  SoI r  *  v

we h ave  a new c o n d i t i o n  in  t e r m s  o f  S = •— r_ *A* v

» ( * - ) -  S J W - I . V f c l t . l  i 2 - 6 5 >

Now we d e f i n e  S* = S / UT  t o  g e t  a d i m e n s i o n l e s s  f o r m *
a*

a K i a )  =  y » -  [ s t r  r . v v  U . ‘ )  i 2 - 6 * )

Then in  t h e  l i m i t  a s  Re — 0 and S t —w oo« t h e  c o r r e c t i o n

t e r m  i n  t h e  T a y l o r  e x p a n s i o n  i s  n e g l i g i b l e  and we h a v e  t h e

l i n e a r i z e d  b o u n d a r y  c o n d i t i o n

S 0 : Hr =  t j l t i  <2 * 6 7 >

I t  i s  as  th o u g h  t h e  body were  f i x e d  a t  © 0 •  The above

p r o c e d u r e  can be c i r c u m v e n t e d  t o  d e a l  w i t h  t h e  c a s e  when t h e  

body m o t io n  i s  n o t  p e r i o d i c *  b u t  r e s u l t s  i n  a n e t

d i s p l a c e m e n t *  p r o v i d e d  t h a t  t h e  d i s p l a c e m e n t  does n o t  change

t h e  g r o s s  g e o m e t r y  o f  t h e  p r o b l e m .  I n  t h e  l a t t e r  c a s e *  t h e  

b o u n d a r y  c o n d i t i o n  r e m a in s  n o n l i n e a r  and an a l t e r n a t i v e  

a p p r o a c h  must be used  i f  t h e  p r o b le m  i s  t o  be  s i m p l i f i e d .

I f  t h e  g e o m e t ry  r e m a i n s  s e l f - s i m i l a r *  we c an  t r a n s f o r m  

t o  a c o o r d i n a t e  sys te m  f i x e d  i n  t h e  b o d y .  T h i s  chang es  t h e  

b o u n d a r y  c o n d i t i o n s  on t h e  body and a t  i n f i n i t y  and

i n t r o d u c e s  an a c c e l e r a t i o n  te r m  i n t o  t h e  momentum e q u a t i o n

s i n c e  t h e  f ra m e  o f  r e f e r e n c e  i s  n o t  G a l i l e a n .  H ow ever*  i f  

we d e f i n e  a new v a r i a b l e  u* = u - U *  th e n  u*  i s  g o v e rn e d  by-w -v <v V  '

t h e  same e q u a t i o n s  and c o n d i t i o n s  as a p p l i e d  i n  t h e
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s t a t i o n a r y  f r a m e  o f  r e f e r e n c e *  e x c e p t  t h a t  t h e  bounda ry  i s  

f i x e d *  Thus*  e ve n  th o u g h  t h e  body may move s u b s t a n t i a l l y *  

t h e  s o l u t i o n  i s  v a l i d  in  t h e  i n s t a n t a n e o u s  f r a m e  o f

r e f e r e n c e  f i x e d  in  t h e  body*

For  an a x i s y m m e t r i c  p r o b le m  t h e  s t r e a m  f u n c t i o n  i s  

i n t r o d u c e d  and t h e  e q u a t i o n s  become:

-  IX‘ | 6 l 3yb = 0  ( 2 . 6 8 )

as  \ JU /rx —*» O  ( 2 . 6 9 )

om es — O  : W  = =  0  ( 2 - 7 0 )

on gj = ® 0 ( * ) :  US = -  i a ' W j  1^* -=.-es ( 2 * 7 1 )

i  =  0 :  -  O , ■“  O  ( 2 * 7 2 )

As a f i n a l  s i m p l i f i c a t i o n *  we c o n s i d e r  t h e  c a s e  when 

t h e  d i m e n s io n a l  v e l o c i t y  i s

W£fe) = Ue"itjb ( 2 . 7 3 )

Then Ifefo, k ) =  ( 2 . 7 4 )

T h i s  i s  f o r m a l l y  e q u i v a l e n t  t o  t a k i n g  a L a p l a c e  or  F o u r i e r  

t r a n s f o r m  o f  t h e  p ro b le m  w i t h  r e s p e c t  t o  t i m e .  We i n t r o d u c e  

a new* com plex  p a r a m e t e r

^  ^ J T I X 1  =  1X1 ( 2 . 7 5 )

t

so t h a t  ( 2 . 6 8 )  and ( 2 . 7 1 )  become:
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( 2 . 7 6 )

and o n  oo -  ZSo (.■*■) • -catx*. ( 2 . 7 7 )

The o t h e r  c o n d i t i o n s  ( 2 . 6 9 ) « ( 2 . 7 0 )  and ( 2 . 7 2 )  a r e  u n a l t e r e d .

The d i f f e r e n t i a l  e q u a t i o n  ( 2 . 7 6 )  has a s o l u t i o n  made 

up o f  a p o t e n t i a l  p a r t  and a d i f f u s i v e  p a r t *

The inhomogeneous p a r t  o f  t h e  s o l u t i o n  has been com bined  

w i t h  f ?m We a r e  l e f t  w i t h  a s i m p l e  l i n e a r  p r o b le m  o f  second  

o r d e r *  wh ich  can be s o l v e d  by s e p a r a t i o n  o f  v a r i a b l e s  

w henever  t h e  b o u n d a ry  m0( z )  i s  o f  s u i t a b l e  f o r m .  I n  o t h e r  

c a s e s *  a more s o p h i s t i c a t e d  p r o c e d u r e  such as  t h e  b o u n d a r y  

i n t e g r a l  method or  m u l t i p o l e  c o l l o c a t i o n  t e c h n i q u e  may be  

u s e d .

B a s s e t  ( 1 B 8 8 )  has g i v e n  t h e  g e n e r a l  s o l u t i o n  o f  ( 2 . 7 9 )  

s u b j e c t  t o  ( 2 . 6 9 )  i n  t e r m s  o f  s p h e r i c a l  c o o r d i n a t e s  ( r * 6 ) *  

w i t h  = c os© •

w i t h

tp * p* + (pb 

£ x f  « O  and. ( e ‘ - X t ) ^ D =  0

( 2 . 7 8 )

( 2 . 7 9 )

=  i :
A=0

( 2 . 8 0 )

( 2 . 8 1 )

The Rĉ ( r )  a r e  p o l y n o m i a l s  in  ( 1 / r )  w i t h  an e x p o n e n t i a l

mu 11 i p i i e r

( 2 . 8 2 )
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The 3n ( i, ) a r e  G eye nbauer  f u n c t i o n s  o f  d e g r e e  - j  w h ich  a r e  

d e f i n e d  i n  t e r m s  o f  L e g e n d r e  p o l y n o m i a l s  by

L f O -  i M ' - i  ,  L - i ( i - r )  ( 2 * 831

a ^ |  ( 2- 84)

and we s h a l l  use  t h e  p r o p e r t y *

S '  =  2 S „ e +  t U  ( 2. 85)

I n  t h e  c a s e  o f  a s p h e r i c a l  body*  o n l y  t h e  second  

h a r m o n ic  i s  r e q u i r e d  and t h e  b o u n d a r y  c o n d i t i o n s  ( 2 . 7 7 )  a r e  

a p p l i e d  a t  r = I  t o  g i v e  S t o k e s *  ( 1 8 5 1 )  r e s u l t *

<P - - i  « » * © [  ( ' ♦ * ♦ & ) *  -  ]  ( 2 . 8 6 )

The l i n e a r i z e d  v e r s i o n  o f  t h e  f o r c e  on t h e  body ( 2 . 4 4 )  

w i t h  t h e  t i m e - d e p e n d e n c e  s e p a r a t e d  i s

F  = E x ^ ) d s  -  ^ W V  ( 2 . 8 7 )

Or i n  dimens i o n l e s s  fo rm  w i t h  f o r c e - s c a l e  /*UL*

P = + W  ( 2 . 8 8 )

How ever*  we c an  f i n d  a much more c o n v e n i e n t  form as w i l l  be  

shown b e l o w .

The  v e l o c i t y  i s  g i v e n  b y :

(dr — p / m }  ( 2 . 8 9 )
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Then ( 2 . 7 6 )  o r  ( 2 * 6 2 )  can  be r e p l a c e d  b y*

( 2 . 9 0 )

E q u a t i o n  ( 2 * 9 0 )  i s  i n t e g r a t e d  o v e r  t h e  domain S) bounded by (& 

and a l a r g e  c o n c e n t r i c  s p h e re  <B' o f  r a d i u s  R .  The volume  

i n t e g r a l s  a r e  changed t o  s u r f a c e  i n t e g r a l s  u s i n g  S t o k e s *  

t h e o r e m  and we r e t a i n  o n l y  t h e  z - c o m p o n e n t  o f  t h e  v e c t o r  

e q u a t i o n .

H e re  n i s  t h e  l o c a l  o u tw a r d  u n i t  normal  t o  t h e  domain •

The f i r s t  i n t e g r a l  o f  ( 2 . 9 1 )  i s  s i m p l y  t h e  f o r c e

e x e r t e d  oy t h e  body on t h e  f l u i d *  - F *  and t h e  o t h e r s  may be 

e v a l u a t e d  i n d i v i d u a l l y .  We f o l l o w  t h e  method o f  Happe l  £ 

B re n n e r  ( 1 9 6 5 )  t o  p u t  t h e  second  i n t e g r a l  o f  ( 2 . 9 1 )  i n  t h e  

fo rm

in  which s i s  t h e  c o o r d i n a t e  a lo n g  th e  g e n e r a t i n g  a rc  o f  * 

X i s  d e f in e d  by ( 2 . 7 5 )  and Ex i s  t h e  d i f f e r e n t i a l  o p e r a to r

We now use B a s s e t ' s  (1 B 8 8 )  s o l u t i o n  ( 2 . 8 0 )  and ( 2 . 8 1 )  a t  t h e  

s p h e r i c a l  b o u n d a ry  S ' •  I f  t h e r e  a r e  no s o u r c e s *  t h e n  Ae i s

■+ « 0  ( 2 . 9 1 )

( 2 . 9 3 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

z e r o . The a r e  e x p o n e n t i a l l y  s m a l l  a t  l a r g e  r *  so we

may n e g l e c t  them i n  ( 2 . 9 2 )  i f  R i s  l a r g e  enough*  T h is  

1 e ave s

F i n a l l y *  we use  t h e  p r o p e r t y  o f  t h e  Sn * ( 2 * 8 5 )  t o  g e t :

w h ich  i s  i n d e p e n d e n t  o f  R* The t h i r d  i n t e g r a l  i n  ( 2 * 9 1 )  i s  

e v a l u a t e d  u s i n g  t h e  c o n d i t i o n  ( 2 * 7 1 )  on ® .  I t  t a k e s  t h e  

v a l u e  A*V w i t h  V t h e  d i m e n s i o n l e s s  vo lume o f  t h e  body*  The 

f o u r t h  i n t e g r a l  i n  ( 2 * 9 1 )  i s  e v a l u a t e d  i n  a s i m i l a r  way t o  

t h e  second and has t h e  v a l u e  £trXaA4 .

The v a l u e s  f o r  t h e  f o u r  i n t e g r a l s  a r e  combined to  g i v e  

an e x p r e s s i o n  f o r  t h e  f o r c e  on t h e  body*

The t e r m  is  s i m p l y  t h e  i n e r t i a l  r e s i s t a n c e  o f  t h e

d i s p l a c e d  f l u i d *  depends on and t h e  geom etry  o f  t h e

body i n  a com plex  w ay*  From ( 2 * 8 0 )  ana ( 2 * 8 1 ) *  we may 

e x p r e s s  Ax i n  t h e  f o r m :

( 2 . 9 4 )

( 2 . 9 5 )

( 2 . 9 6 )

Lirn ( 2 . 9 7 )r  -*■ oo a 3-

t o  g i v e F Li*w 4-ttA* ~ ( 2 . 9 8 )r-
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E q u a t i o n  ( 2 * 9 8 )  i s  e x a c t l y  e q u i v a l e n t  t o  T a y l o r ' s  

th e o re m  ( 2 * 5 4 )  f o r  p o t e n t i a l  f l o w *  s i n c e  t h e  f a r  f i e l d  i s

p u r e l y  i n v i s c i d *  I t  does n o t  r e d u c e  d i r e c t l y  t o  Payne  & 

P e l l ' s  f o r m u l a  f o r  s t e a d y  S to kes  f l o w  ( 2 * 5 6 )  s i n c e  in  t h a t  

l i m i t  Ax i s  z e r o *  How ever*  i f  ( 2 * 8 0 ) *  ( 2 * 8 1 ) *  ( 2 * 8 2 )  and

( 2 * 9 8 )  a r e  com bined  and t h e  l i m i t  i s  - t a k e n *  e q u a t i o n  ( 2 * 5 6 )  

can  b e  r e c o v e r e d *

✓
The r e s u l t  ( 2 * 9 8 )  p r o v i d e s  a r a p i d  way o f  d e t e r m i n i n g  

t h e  f o r c e  once t h e  s t r e a m  f u n c t i o n  i s  known* I t  saves  t h e  

l a b o u r  o f  d e t e r m i n i n g  t h e  s t r e s s  and  i n t e g r a t i n g  o v e r  t h e  

s u r f a c e  o f  t h e  body*  For  e x a m p le *  i f  we a p p l y  ( 2 * 9 8 )  t o  t h e  

s t r e a m  f u n c t i o n  ( 2 * 8 6 )  f o r  an o s c i l l a t i n g  s p h e r e *  we g e t  

S t o k e s '  ( 1 8 5 1 )  r e s u l t  f o r  t h e  f o r c e *

F  = -  fc-rt 0 +  X t  % *■) ( 2 . 9 9 )
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F i g u r e  2 . 1 .  G e o m e try  f o r  an a x i s y m m e t r i c  b o d y .  <5 i s  t h e  
c o n t o u r  o f  i n t e g r a t i o n  u s e d  in  ( 2 . 5 )
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CHAPTER 3 -  THE FORCE ON AN OSCILLATING SPHEROID

3 . 1  INTRODUCTION

As d i s c u s s e d  i n  C h a p t e r  2 *  t h e  l i n e a r i z e d  N a v i e r -

S to k es  e q u a t i o n s  w ere  f i r s t  p o s t u l a t e d  by S t o k e s  ( 1 8 5 0 )  who 

was a b l e  t o  s o l v e  them f o r  t h e  o s c i l l a t o r y  m o t io n  o f  

s p h e r i c a l  and c y l i n d r i c a l  pen d u lu m s*  I n  p a r t i c u l a r *  he

found  t h e  h y d r o d y n a m ic  f o r c e  on t h e  o s c i l l a t i n g  s p h e r e  t o  

b e :

^  -  k-rr^OoL 0  + 9 X ^ e " 1,0*5̂  ( 3 . 1 )

i n  w h ich  j x  i s  t h e  f l u i d  v i s c o s i t y *  U and a a r e  t h e  peak

v e l o c i t y  and r a d i u s  o f  t h e  s p h e r e  and X i s  a d i m e n s i o n l e s s

p a r a m e t e r  g i v e n  by

The f r e q u e n c y  o f  o s c i l l a t i o n  i s  «o and v  i s  t h e  k i n e m a t i c  

v i s c o s i t y  o f  t h e  f l u i d *  B a s s e t  ( 1 8 8 8 )  i n t e g r a t e d  e q u a t i o n  

( 3 . 1 )  t o  o b t a i n  t h e  f o r c e  on a s p h e r e  i n  an a r b i t r a r y  t i m e -  

d e p e n d e n t  m o t io n  w i t h  v e l o c i t y  W ( t )  i n  t h e  fo rm  o f  a memory 

i n t e g r a l «

=  -  fcTTyUO-W +

A s i m p l e  d e r i v a t i o n  o f  t h i s  r e s u l t  i s  g i v e n  by Landau £ 

L i f s c h i t z  ( 1 9 5 9 ) *  who t r e a t  t h e  p r o b le m  i n  t e r m s  o f  L a p l a c e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

t r a n s f o r m s .  S t o k e s  f o r m u l a  ( 3 . 1 )  c o n t a i n s  t h r e e  te rm s  and
1/

i s  a s i m p l e  q u a d r a t i c  f u n c t i o n  o f  to • The f i r s t  te rm  is  in  

a n t i - p h a s e  w i t h  W and i s  e q u a l  t o  t h e  s o - c a l l e d  s t e a d y  

S t o k e s  d r a g .  The t h i r d  t e r m *  w h ich  i s  p r o p o r t i o n a l  t o  w*  i s  

t t / 2  o u t  o f  phase  w i t h  U and i s  t h e  n o n d i s s i p a t i v e  added mass 

f o r c e .  The  m i d d l e  t e r m *  w h ic h  has a p h a se  l a g  o f  tt/ 4  

compared t o  t h e  f i r s t *  i s  p r o p o r t i o n a l  t o  ufc and i s  t h e  s o -  

c a l l e d  B a s s e t  f o r c e .  T h i s  t e r m  d e s c r i b e s  t h e  g r o w th  o f  t h e  

t i m e - d e p e n d e n t  b o u n d a r y  l a y e r  a t  t h e  body s u r f a c e  and t h e  

d i s p l a c e m e n t  e f f e c t  o f  t h e  v i s c o u s  l a y e r  on t h e  i n v i s c i d  

p r e s s u r e  f i e l d  in  a r a p i d l y  c h a n g in g  f l o w *  o r  t h e  e f f e c t  o f  

t h e  f a r  f i e l d  f o r  a  n e a r l y  s t e a d y  f l o w

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  i f  t h e  f o r c e  on t h e  

s p h e r e  w ere  c a l c u l a t e d  as an a s y m p t o t i c  s e r i e s  f o r  s m a l l  to 

s t a r t i n g  w i t h  t h e  s t e a d y  S to k e s  e q u a t i o n s  and i n c l u d i n g  

s m a l l  i n e r t i a l  e f f e c t s *  t h e  s e r i e s  would t e r m i n a t e  a f t e r  

t h r e e  t e r m s  and y i e l d  e q u a t i o n  ( 3 . 1 ) .  S i m i l a r l y *  i f  an 

a s y m p t o t i c  s e r i e s  i s  d e v e l o p e d  f o r  l a r g e  w* s t a r t i n g  w i t h  

p o t e n t i a l  f l o w  a nd  i n c l u d i n g  b o u n d a ry  l a y e r  e f f e c t s  ( c . f .  

B a t c h e l o r  1 9 6 7 ) *  e q u a t i o n  ( 3 . 1 )  i s  a g a i n  o b t a i n e d  w h e r e i n  

t h e  damping f o r c e  on t h e  o s c i l l a t i n g  s p h e r e  can be  

i d e n t i f i e d  as t h e  p a r t  o f  ( 3 . 1 )  w h ic h  is  in  phase  w i t h  t h e  

v e l o c i t y .  T h u s *  f o r  a s p h e re  a t  l e a s t *  t h e  B a s s e t  f o r c e  on 

an i s o l a t e d  body a t  a l l  f r e q u e n c i e s  can be o b t a i n e d  by 

c o n s i d e r i n g  t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  t h e  S to k e s  d r a g *  

o r  t h e  f i r s t  o r d e r  b o u n d a ry  l a y e r  c o r r e c t i o n  t o  t h e  v i r t u a l  

mass in  s m a l l  a m p l i t u d e  m o t i o n .
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Now f o r  any body sh ap e *  we c a n  o b t a i n  t h e  s m a l l  to 

b e h a v i o u r  f ro m  t h e  q u a s i - s t e a d y  S to k e s  e q u a t i o n s  and t h e  

l a r g e  w b e h a v i o u r  f r o m  t h e  p o t e n t i a l  f l o w  e q u a t i o n s *  The  

q u e s t i o n  w h ich  t h e n  a r i s e s  i s :  "Can we d e r i v e  t h e  m i d d l e

t e r m *  i . e .  t h e  B a s s e t  f o r c e  f o r  an a r b i t r a r y  body*  as a 

f i r s t  o r d e r  c o r r e c t i o n  t o  t h e  S t o k e s  d r a g  o r  t h e  v i r t u a l  

mass?"* o r  e q u i v a l e n t l y :  " I s  t h e  h y d ro d y n a m ic  f o r c e  on an

o s c i l l a t i n g  body o f  a r b i t r a r y  shape a q u a d r a t i c  f u n c t i o n  o f  

A w i t h  c o e f f i c i e n t s  d e p e n d in g  o n l y  on t h e  body shape?" T h i s  

p o s s i b i l i t y  i s  s u g g e s te d  by t h e  f a c t  t h a t  t h e  c o e f f i c i e n t s  

o f  b o t h  t h e  s t e a d y  t e r m  i n  phase  w i t h  t h e  v e l o c i t y  and t h e  

added mass t e r m  depend o n l y  on t h e  g e o m e t r y .  I f  th e  answer  

t o  t h e s e  q u e s t i o n s  i s  y e s * th e n  we have  a v e r y  q u ic k  method  

f o r  o b t a i n i n g  t h e  h y d ro d y n a m ic  f o r c e  on a v a r i e t y  o f  body  

shapes f o r  w h ich  t h e  S to k es  d r a g  and v i r t u a l  mass a r e  

a l r e a d y  known.  U n f o r t u n a t e l y *  t h e  answer  i s  j to ;  i t  i s  shown 

be lo w  t h a t  t h e  f o r c e  i s  n o t  q u a d r a t i c  in  X * and t h a t  a 

f o u r t h  t e r m  must be added t o  t h e  e q u a t i o n *  The f u n c t i o n a l  

form and phase  o f  t h i s  f o r c e  depend on t h e  body g e o m e t r y ;  

h o w e ve r *  f o r  a s p e c t  r a t i o s  n o t  t o o  d i f f e r e n t  f ro m  u n i t y *  i t .  

i s  q u i t e  s m a l l *

S in c e  B a s s e t ' s  w ork*  t h e  l i n e a r i z e d  e q u a t i o n s  w ere  

seldom s t u d i e d  u n t i l  i n t e r e s t  i n  t h e  e q u a t i o n s  was r e ­

awakened when A l d e r  & W a i n w r ig h t  ( 1 9 6 7 *  1 9 / 0 )  showed t h a t

B ro w n ia n  m o t i o n  o f  s m a l l  p a r t i c l e s  i s  g o v e rn e d  by t h e  t i m e -  

d e p e n d e n t  S t o k e s  e q u a t i o n s  r a t h e r  t h a n  t h e  q u a s i - s t e a d y
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e q u a t i o n s *  S u b s e q u e n t l y *  Bedeaux £ Mazur  ( 1 9 7 4 )  and  

A r m in s x i  £ Weinbaum ( 1 9 7 9 )  showed t h a t  t h e  r e s u l t s  o b t a i n e d  

u s i n g  q u a s i - s t e a d y  a s s u m p t i o n s  were  i n  f a c t  v a l i d  f o r  t h e  

d i f f u s i v i t y  t e n s o r *  a l t h o u g h  t h e y  c o n f i r m e d  t h e  i m p o r t a n t  

new r e s u l t s  o f  A l d e r  £ W a i n w r i g h t  r e g a r d i n g  t h e  l o n g - t i m e  

t a i l  o f  t h e  v e l o c i t y  a u t o c o r r e l a t i o n *  A few o t h e r  a u t h o r s  

e x t e n d e d  t h e  r e s u l t s  f o r  t h e  s p h e r i c a l  g e o m e t ry  t o  c o v e r  

more g e n e r a l  f l o w s  (M a z u r  £ Bedeaux 1 9 7 4 *  F e l d e r h o f  

1 9 7 6 a * b ) *  L e i c h t b e r g  e t  a l  ( 1 9 7 6 )  s t u d i e d  t h e  r e l a t i v e  

m o t io n  o f  g ro u p s  o f  s p h e r e s  u s i n g  a m u l t i p o l e  m eth o d *  b u t  

were  o n l y  a b l e  t o  a c c o u n t  f o r  i n t e r a c t i o n s  in  t h e  q u a s i ­

s t e a d y  p a r t  o f  t h e  m o t i o n *  A s i m i l a r  method was used by L in  

( 1 9 8 6 )  f o r  a g ro u p  o f  v i b r a t i n g  c y l i n d e r s ;  s i n c e  t h e  

g e o m e t ry  i s  s t a t i o n a r y *  he was a b l e  t o  i n c l u d e  a l l  t h e  

i n t e r a c t  i ons*

3 a s s e t ' s  ( 1 8 8 8 )  r e s u l t  i s  a l s o  a p p l i c a b l e  t o  t h e  

random m o t io n  o f  s m a l l  s o l i d  p a r t i c l e s  in  a t u r b u l e n t  f l u i d *  

p r o v i d e d  c e r t a i n  c o n d i t i o n s  a r e  s a t i s f i e d *  Tchen  ( 1 9 4 7 )  

p i o n e e r e d  t h i s  a p p l i c a t i o n  o f  t h e  r e s u l t  ( 3 * 3 )  and u s ed  i t  

t o  f i n d  an a n a l y t i c a l  form f o r  t h e  t u r b u l e n t  d i f f u s i v i t y  o f  

t h e  p a r t i c l e s *

A l l  t h e  work m e n t io n e d  a b o ve  has r e l a t e d  t o  t h e  b a s i c  

s p h e r i c a l  o r  c y l i n d r i c a l  g e o m e t ry  and so i s  b ased  on t h e  

s o l u t i o n s  o f  S to k e s  ( 1 8 5 0 )  and B a s s e t  ( 1 8 8 8 ) *  To t h e  

a u t h o r * s  k n o w le d g e *  t h e  o n l y  work w h ich  d e a l s  w i t h  more
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com plex  shapes  e x p l i c i t l y  i s  t h a t  o f  H o c q u a r t  

( 1 9 7 6 * 1 9 7 7 a * b )♦  who has found  s o l u t i o n s  f o r  t h e  c a s e  o f  a 

s p h e r o i d  r o t a t i n g  a b o u t  i t s  a x i s  o r  an e q u a t o r *

S u b s e q u e n t l y *  H o c q u a r t  £ H in c h  ( 1 9 8 3 )  ga ve  a g e n e r a l  r e s u l t  

f o r  t h e  long  t i m e  b e h a v i o u r  o f  an a r b i t r a r y  c e n t r a l l y  

s y m m e t r ic  body i n  te r m s  o f  t h e  f a r  f i e l d  o f  t h e  f l o w *  The  

p u r p o s e  o f  t h e  l a s t  fo u r  p a p e r s  was t o  i n v e s t i g a t e  B r o w n ia n  

m o t i o n *  so t h e y  h a v e  c o n c e n t r a t e d  on t h e  low f r e q u e n c y  r a n g e  

o f  o s c i l l a t i o n s *  Aoi ( 1 9 5 5 a * b )  t a c k l e d  t h e  m a t h e m a t i c a l l y  

s i m i l a r  p r o b le m  o f  Oseen f l o w  p a s t  a s p h e r o i d *  w h ic h  a p a r t  

f ro m  t h e  work  o f  H o c q u a r t  ( 1 9 7 6 * 1 9 7 7 a )  i s  t h e  o n l y  work i n  

f l u i d  m e c h a n ic s  t h a t  r e q u i r e s  t h e  use  o f  t h e  s p h e r o i d a l  wave  

f u n c t i o n s  (F la m m e r  1 9 5 7 ) .  T h i s  work  was a l s o  d i r e c t e d

to w a r d s  t h e  c a l c u l a t i o n  o f  s m a l l  i n e r t i a l  c o r r e c t i o n s *  

L a w re n c e  £ Weinbaum ( 1 9 8 6 )  h a v e  g i v e n  a s im p l e  r e l a t i o n  f o r  

t h e  f o r c e  on an o s c i l l a t i n g  a x i s y m m e t r i c  body i n  t e r m s  o f  

t h e  s t r e a m  f u n c t i o n  i n  t h e  f a r  f i e l d  and a p p l i e d  i t  t o  a 

n e a r l y  s p h e r i c a l  s p h e r o i d *  (S e e  s e c t i o n s  2 * 3 *  3 . 3 ( c ) * )

H o w e ver *  t h e  c o o r d i n a t e  sys tem  used  i s  s p h e r i c a l *  so t h e  

s o l u t i o n s  o f  B a s s e t  can  be  u t i l i z e d *  I n  t h e  p r e s e n t  

c h a p t e r *  t h e  r e s u l t  w i l l  be  a p p l i e d  t o  an a r b i t r a r y  s p h e r o i d  

and so t h e  u se  o f  s p h e r o i d a l  wave f u n c t i o n s  w i l l  be  

r e q u i r e d *  The  f r e q u e n c y  w i l l  be a r b i t r a r y *  so t h e  p r o b le m  

i s  more g e n e r a )  t h a n  t h o s e  o f  H o c q u a r t  and t h a t  o f  A o i *

I n  t h e  n e x t  s e c t i o n *  t h e  e q u a t i o n s  o f  m o t io n  w i l l  be  

f o r m u l a t e d  i n  t e r m s  o f  t h e  s t r e a m  f u n c t i o n  in  s p h e r o i d a l
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c o o r d i n a t e s .  T h e r e  a r e  two d i m e n s i o n l e s s  p a r a m e t e r s  i n  t h e  

p r o b le m  w h ich  may be chosen  in  d i f f e r e n t  ways*  d e p e n d in g  on 

t h e  c i r c u m s t a n c e s .  The r e s u l t s  w i l l  be p r e s e n t e d  i n  t e r m s  

o f  t h e  p h y s i c a l l y  s i g n i f i c a n t  p a r a m e t e r s  w h ic h  a r e  t h e  

a s p e c t  r a t i o  b / a  and t h e  f r e q u e n c y  p a r a m e t e r  |X I  = a 

F o r  most a p p l i c a t i o n s ,  a s p e c t  r a t i o s  be tw ee n  0 . 1  and 10 may 

be  c o n s i d e r e d .  The t h r e e  l i m i t i n g  c a s e s  b / a  = 0 • 1*  co 

c o r r e s p o n d  t o  t h e  d i s c *  s p h e r e  and i n f i n i t e  c y l i n d e r  

r e s p e c t i v e l y *  b u t  a r e  r e l a t i v e l y  u n i m p o r t a n t ;  an o s c i l l a t i n g  

d i s c  sheds  n o n l i n e a r  v o r t i c e s  a t  a l l  b u t  t h e  l o w e s t

f r e q u e n c i e s *  w h i l s t  t h e  s p h e r e  and c y l i n d e r  can  be t r e a t e d

more e f f e c t i v e l y  in  t h e i r  n a t u r a l  c o o r d i n a t e  sys tem s ( S t o k e s  

1 851 *  B a t c h e l o r  1 9 5 4 ) .  The f r e q u e n c y  p a r a m e t e r *  | A | »  may be

q u i t e  l a r g e  ( o f  o r d e r  10 o r  100  f o r  a p e n d u lu m ) *  b u t  i s

g e n e r a l l y  s m a l l  f o r  m i c r o s c o p i c  p a r t i c l e s .

Some a s y m p t o t i c  r e s u l t s  a r e  d e r i v e d  in  s e c t i o n  3 . 3  and  

t h e s e  g i v e  a good i n d i c a t i o n  o f  t h e  g e n e r a l  s o l u t i o n *  

F i r s t l y *  r e s u l t s  f o r  s m a l l  and l a r g e  f r e q u e n c i e s  w i l l  be

o b t a i n e d *  and t h e n  a r e s u l t  f o r  a p e r t u r b e d  s p h e r e .  The  

s m a l l  f r e q u e n c y  r e s u l t  can  b e  e x t e n d e d  t o  i n c l u d e  b o d i e s  o f  

a r b i t r a r y  shape  a f t e r  t h e  f a s h i o n  o f  H o c q u a r t  & H in c h

( 1 9 8 3 ) .  The c o m p le t e  s o l u t i o n  w i l l  be o b t a i n e d  in  s e c t i o n

3 . 4  and t h e  r e s u l t s  a r e  p r e s e n t e d  i n  s e c t i o n  3 . 5 .  Many o f

t h e  c a l c u l a t i o n s  a r e  i n v o l v e d  and so w i l l  be i n c l u d e d  i n  t h e  

Appendi  x .
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U s e f u l  r e s u l t s  a r e  o b t a i n e d  i n  t h e  p a r a m e t e r  ra n g e s  

0 . 1  < b / a  < 10» 0 . 1  < | X |  < 1 0 .  These i n d i c a t e  t h a t  t h e

f o r c e  i s  made up o f  f o u r  c o n t r i b u t i o n s  -  t h e  S to k e s  d r a g *  

t h e  added mass f o r c e  * t h e  B a s s e t  f o r c e  and a f o u r t h  t e r m  

w h ic h  depends on a s p e c t  r a t i o  and f r e q u e n c y  i n  a c o m p l i c a t e d  

way* The f i r s t  two o f  t h e s e  a r e  v e r y  f a m i l i a r *  b u t  t h e  

t h i r d  has  n o t  been w e l l  u n d e r s t o o d  and t h e  f o u r t h  has n e v e r  

been d i s c u s s e d *  F i n a l l y  a c o r r e l a t i o n  i s  p r o p o s e d *  based  on 

t h e  a s y m p t o t i c  r e s u l t s  o f  s e c t i o n  3 * 3  w i t h  p a r a m e t e r s  

a b s t r a c t e d  f ro m  t h e  g e n e r a l  r e s u l t s  o f  s e c t i o n  3 * 4 *  The  

c o r r e l a t i o n  i s  a c c u r a t e  in  t h e  r a n g e  0 * 1  < b / a  < 10 f o r  a l l  

f r e q u e n c i e s  ana r e d u c e s  to  S t o k e s '  r e s u l t  f o r  a s p h e r e *  The  

r e s u l t  may be r e g a r d e d  as a L a p l a c e  t r a n s f o r m  w h ich *  in  

s p e c i a l  c a s e s *  may be i n v e r t e d  t o  g i v e  t h e  f o r c e  on a 

s p h e r o i d  i n  a r b i t r a r y  m o t io n  a lo n g  i t s  a x i s *

3 * 2  FORMULATION IN  SPHEROIDAL COORDINATES

We c o n s i d e r  t h e  s p h e r o i d  g e n e r a t e d  by r o t a t i n g  t h e

e l l i p s e  wVax *  zx/ b x = 1 a b o u t  t h e  2- a x i s  as  shown in  f i g u r e

3 * 1 *  F o r  t h e  t i m e  b e i n g *  we w i l l  r e s t r i c t  c o n s i d e r a t i o n  t o  

an o b l a t e  s p h e r o i d *  w i t h  b < a* a l t h o u g h  i t  w i l l  p ro v e  t o  be 

s i m p l e  t o  e x t e n d  t h e  r e s u l t s  t o  t h e  p r o l a t e  c as e  (s e e  p a r t  

( d ) o f  t h i s  s e c t i o n ) *  We i n t r o d u c e  c o n j u g a t e  c o o r d i n a t e s  o f  

r e v o l u t i o n  ( f * ^ )  w i t h  x = s in h ^  and y = c o s y  d e f i n e d  by

as = d  4 or =  dL(.l + -=o1)*  ( 3 * 4 )
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where  d = i s  t h e  r a d i u s  o f  t h e  f o c a l  c i r c l e .  The

s u r f a c e  o f  t h e  s p h e r o i d  is  now t h e  c o o r d i n a t e  s u r f a c e  x = x 0 

w i t h

The s p h e r o i d  i s  a s o l i d  body w h ich  e x e c u t e s  

o s c i l l a t i o n s  a l o n g  i t s  a x i s  o f  symmetry w i t h  v e l o c i t y  

U c o s c o t  i z .  I f  t h e  v e l o c i t y  o f  t h e  f l u i d  i s  so s m a l l  t h a t  

i t s  s q u a re  may be n e g l e c t e d *  t h e  e q u a t i o n s  o f  m o t io n  a r e  t h e  

l i n e a r i z e d  N a v i e r - S t o k e s  e q u a t i o n s *  o t h e r w i s e  known as t h e  

u n s t e a d y  S tokes  e q u a t i o n s .

We t a k e  t h e  c u r l  o f  t h e  momentum e q u a t i o n  t o  e l i m i n a t e  

t h e  p r e s s u r e  and i n t r o d u c e  t h e  s t re a m  f u n c t i o n ! ^  d e f i n e d  i n  

c y l i n d r i c a l  c o o r d i n a t e s  by

d? — otx = * © ( 3 . 5 )

and t h e  f l o w  dom a in  i s  t h e  r e g i o n

( 3 - 6 )

f - H  -  | ° i t  =  — V^p
( 3 . 7 )

( 3 . 8 )

Then we have  t h e  v o r t i c i t y  e q u a t i o n :

( 3 . 9 )
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where  E*  i s  t h e  g e n e r a l i z e d  a x i s y m m e t r i c  p o t e n t i a l  o p e r a t o r  

g iv e n  by

BP~ =  ( 3 . 1 0 )

F o r  o b l a t e  s p h e r o i d a l  c o o r d i n a t e s *

\________  =  L—
oKcostv1 J -  ^ r j y -  d L ( * N ^  ( 3 . 1 1 )

so 6 Z r e d u c e s  t o

£ '  = ( 3 - 1 2 )

The l i m i t i n g  c o n d i t i o n s  on t h e  v e l o c i t y  a r e :  

on t h e  body ^  -  Qcos> u>b ( 3 . 1 3 )

a t  i n f i n i t y  (j.------ Q  ( 3 . 1 4 )' /v ^

The r a t e  o f  de cay  o f  u must be so f a s t  t h a t  t h e r e  a r e  no 

s o u rc e  o r  c i r c u l a t i o n  f i e l d s  a t  i n f i n i t y .  T h e r e f o r e  we need

r ’-tc  — O  ols x~ — oo ( 3 . 1 5 )

where  r x -  ca^ *  z*" i s  t h e  s p h e r i c a l  r a d i u s .  We a l s o  r e q u i r e  

t h a t  t h e r e  a r e  no s i n g u l a r i t i e s  i n  t h e  f l o w  f i e l d .  ( T h i s  

p r e c l u d e s  t h e  l i m i t  x0 = 0 i n  w h ic h  t h e  body  i s  a d i s c . )  

The f l o w  is  p e r i o d i c  in  t i m e *  so we may t a k e  t h e  s t r e a m  

f u n c t i o n  t o  be o f  t h e  form l i r ( « * z * t )  = <$(e{^(ar*z)e' ' ‘'“, t } w here  ^ 

may be c o m p l e x .  Then we h a v e :

E + c p  *  O ( 3 . 1 6 )
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O a X , =■ X.O : tfj = -  ^ KT'O -  ( 3 . 1 7 )

^  = -W «r*0  = - d , 'U ( t - ^ s c „  ( 3 . 1 8 )

O.S ■X.—+ 0O'. (p —w- o  (3 *1 9 )

© n  •= t  1 : (p-e* O t 's ^'lAi+e ( 3 «2 o j

T h e re  i s  a l s o  sym m etry  a b o u t  t h e  p l a n e  y = 0 *  so we h ave  

p { y )  = t p { - y) and  p^  =0  on y -  0 < I t  i s  w o r t h y  o f  n o t e  t h a t  

t h e s e  e q u a t i o n s  a r e  v a l i d  in  t h e  c o o r d i n a t e  s y s te m  w h ic h  i s  

f i x e d  i n  t h e  body*  T h i s  a c c e l e r a t e d  f ra m e  o f  r e f e r e n c e  has  

no e f f e c t  o t h e r  t h a n  t h e  i n c l u s i o n  in  t h e  f o r c e  o f  a 

b uoya ncy  t e r m  w h ic h  r e p r e s e n t s  t h e  a c c e l e r a t i o n  o f  t h e  

d i s p l a c e d  v o lum e  o f  f l u i d *

We a r e  u l t i m a t e l y  i n t e r e s t e d  i n  t h e  f o r c e  on t h e  body

w h ic h  i s  o f  t h e  fo rm  {Fe"1*0  ̂} •  The c o m p lex  a m p l i t u d e

F i s  g i v e n  by ( 2 * 9 6 )  t o  be

F  -  - f i c t l o V  t  4-rrr1̂  ( 3 . 2 1 )

w he re  V = ^ i r a ^ b  i s  t h e  v o lu m e  o f  t h e  body*

To f a c i l i t a t e  t h e  s o l u t i o n *  we i n t r o d u c e  d i m e n s i o n l e s s  

q u a n t i t i e s  w i t h  v e l o c i t y - s c a l e  U* l e n g t h - s c a l e  d*  and f o r c e -  

s c a l e  /MJd as f o l l o w s :

p *  =  p / c I ' O ,  ( S 1) *  =  d ' E 1, F * =  V *  - V M 1 = | W ' ^ )

( i . a z  ;
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The a s t e r i s k s  w i l l  be ig n o r e d  and t h e  g o v e r n i n g  e q u a t i o n s  

simp I i  f y  t o :

E 4-̂  -  c? E 1'4J -  O  , wifclt ca = &e£cj>0 . ( 3 . 2 3 )

^  -  - x O tX° X l - ^ )  , f * . - ( 3 . 2 4 )

F  *  c '  W  + 4 -n- ( 3 - 2 5 )

C o n d i t i o n s  ( 3 . 1 9 )  and ( 3 . 2 0 )  a r e  u n c h a n g ed .

The a b o v e  i s  a l i n e a r  b o u n d a r y  v a l u e  p ro b le m  w i t h  two  

p a r a m e t e r s  x c and | c | .  I t  i s  more u s u a l  t o  use  t h e  

p a r a m e t e r s :  a s p e c t  r a t i o  b / a *  f r e q u e n c y  p a r a m e t e r

|X |  = a J to/y* as w e l l  as t o  u se  t h e  d i  mens io n l  ess  f o r c e  

F̂ * = F / 6-n̂ ttL) a .  However*  t h i s  w o u ld  u n n e c e s s a r i l y  c o m p l i c a t e  

t h e  e q u a t i o n s .  A f t e r  t h e  r e s u l t s  a r e  o b t a i n e d *  i t  i s  s i m p l e  

t o  c o n v e r t  them t o  t h e  above  form  by u s in g  l e n g t h - s c a l e  a 

i n s t e a d  o f  d i n  ( 3 . 2 2 ) .

3 . 3  ANALYTIC SOLUTIONS FOUND V IA  SMALL PERTURBATIONS

The s o l u t i o n  t o  e q u a t i o n s  ( 3 . 2 3 ) *  e t c .  i s  v e r y  com plex  

in  t h e  g e n e r a l  cas e  and w i l l  be t r e a t e d  i n  s e c t i o n  3 . 4 .  

V a l u a b l e  i n s i g h t s  can f i r s t  be o b t a i n e d  by e x a m in in g  c e r t a i n  

l i m i t i n g  c a s e s  w h ich  w i l l  a l s o  be u s e f u l  f o r  c h e c k i n g  t h e  

f u l l  c a l c u l a t i o n s .  T h r e e  c a s e s  w i l l  be c o n s i d e r e d :  ( a )  low  

f r e q u e n c y  j c j  << 1 * ( b )  h i g h  f r e q u e n c y  | c |  »  1* ( c )  n e a r l y  

s p h e r i c a l  body x„ »  1 .
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t a l  l ow f r e q u e ncy

A t  v e r y  low  f r e q u e n c i e s *  t h e  f l o w  becomes q u a s i - s t e a d y  

and so t h e  s o l u t i o n  t o  z e r o - o r d e r  i s  t h a t  f o r  s t e a d y  f l o w  

p a s t  a s p h e r o i d  f i r s t  g i v e n  by Sampson ( 1 8 9 0 )  and d i s c u s s e d  

by Happel  £ B r e n n e r  ( 1 9 6 5 ) .  ( H e r e  we use t h e  d i m e n s i o n l e s s  

q u a n t i t i e s  o f  s e c t i o n  3 . 2 . )

po =  k C ,  =c-+ ( 3 . 2 6 )

a. _________  _ _  - .
w i t h  C, = ^  u  ( 3 . 2 7 )

— % T T_

a n d  F 0 — — 4-ttC , =• x .0 _  ( 3 . 2 8 )

For s l i g h t l y  l a r g e r  f r e q u e n c i e s *  we e x p e c t  t h a t  t h e  

s t r e a m  f u n c t i o n  and t h e  f o r c e  F may be r e p r e s e n t e d  as 

a s y m p t o t i c  power s e r i e s  i n  c* and we w i l l  a t t e m p t  t o  f i n d  

t h e  f i r s t - o r d e r  c o r r e c t i o n .  We s e t

P  ^  p 0 + C p ,  +  ̂3 . 2 9 )

Then t h e  e q u a t i o n s  o f  m o t io n  become?

£ * &  = <>> £*</', = o ,  ( 3 - 3 0 )

o *  OC.S =c.o: P  p - O ,  i p % - 0  ( 3 . 3 1 )

ftox. = ~'x° b - 'g )  > > o  ( 3 . 3 2 )

We may n o t  impose t h e  c o n d i t i o n s  a t  i n f i n i t y  s i n c e  f o r  l a r g e  

x *  E% ~  l / x x  may be as s m a l l  as c x  and t h e  n a t u r e  o f  t h e
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e q u a t i o n  w i l l  c h a n g e .  We see a t  once  t h a t  <p, must be o f  t h e  

same g e n e r a l  fo rm  as « w h i l e  may be c o n s i d e r a b l y  more

c o m p l i c a t e d .  So we h a v e :

h  -  0 - ^ )  1 - i C . s c + 4 c t [-=c ( 3 . 3 3 )

I n  t h i s  c a s e  Cj w i l l  n o t  be z e r o *  i n  f a c t  i t  i s  d i r e c t l y  

r e s p o n s i b l e  f o r  t h e  f i r s t  c o r r e c t i o n  t o  F .  The c o n d i t i o n s  

on t h e  body g i v e :

“ i c ,  + 5  ■h)co+‘,2Co] f  C j  C* ^ * ) - O

- i £ ,  ♦ - Z x .c d r '^ 1  -t C , l « .  - O  l3 - 35)

We need an o u t e r  c o n d i t i o n  t o  d e t e r m i n e  t h e  c o n s t a n t s

C; t  so we must c o n s i d e r  t h e  o u t e r  r e g i o n  o f  t h e  f l o w  more

c a r e f u l l y .  We d e f i n e  an " o u t e r "  v a r i a b l e  R = c x  and r e - c a s t  

t h e  p r o b le m  in  te rm s  o f  R .

Then £ *  = c l  £ *  +  &♦ £ »  + O  ( c fc)  ( 3 . 3 6 )

w i t h  S ?  =s ( 3 . 3 7 )

Ei =  ^  O ( 3 . 3 8 )

From ( 3 . 2 5 )  and ( 3 . 2 8 ) *  we see  t h a t  t h e  d o m in a n t  te r m  i n  t h e

f a r  f i e l d  o f  <p i s  l i k e l y  t o  be o f  o r d e r  l / c »  so we pose an

e x p a n s i o n  f o r  (p t o  be v a l i d  a t  f i x e d  R a s  c —*■ 0 .

&  ~  c  &  + $  + c  ( 3 . 3 9 )

Then we h a ve  t h e  f o l l o w i n g  e q u a t i o n s  o f  m o t i o n :
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f o t - O f t - o ,  ft. ~~o a a  r — <» < 3 * * ° >

Lti - £ )# = £ > ,  ft —• O 0.1 R o-

( £ }  -  O f c ' l t i z l  . £ i e - E l ) ? . ,  £ - * 0  < 3 * « )

The f o r c i n g  f o r  ^  and  i s  p r o v i d e d  by a nd  p , t  so we

can e x p e c t  t h e  s i m p l e  ( 1 —y 2*) a n g u l a r  d e p e n d e n c e *  A g a in *  t h e  

t e r m  w i l l  be  c o n s i d e r a b l y  more  c o m p l i c a t e d *

Now £*  i s  s i m p l y  t h e  s p h e r i c a l  fo rm  o f  Ex * w i t h  R t h e  

s p h e r i c a l  r a d i u s  and y = cos  0  * so t h e  s o l u t i o n s  f o r  (f>0 and  

$  a r e  s i m p l y  S t o k e s '  ( 1 6 5 1 )  s o l u t i o n  f o r  t h e  r e g i o n  o u t s i d e  

a s p h e r e *

f t  -  0 - U * ) f A . f c  *  ( 3 . « )

f t  =  < 3- “ >

The c o e f f i c i e n t s  C, * Cx * ^  * A, * A^* a r e  t o  be

found by m a t c h i n g  t h e  e x p a n s i o n s *  To do t h i s *  we d e f i n e  t h e  

i n t e r m e d i a t e  v a r i a b l e  % -  c * x  = c* ”1 R w i t h  0 <«t< 1 * and r e ­

w r i t e  e a c h  e x p a n s i o n  i n  te r m s  o f  "%• The o u t e r  e x p a n s i o n  

( 3 * 3 9 )  g i v e s

*  [ f t ,c ‘ H5  *  0 ( c )  ]
( 3 . 4 5 )

The i n n e r  e x p a n s i o n  ( 3 . 2 9 )  g i v e s :
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9 ~  Cl - <£)  f  [ - i C ,  c ^ X + a r C x C c ^ - -  e g  +

* e [ - f c S . e - *  +i c t (c -*%  - ( c - * ^ * r O ( s p - . . . ) ) ]  t O M }  (3a 4 6 )

The two e x p a n s i o n s  ( 3 . 4 5 ) 9  ( 3 . 4 6 )  must ha ve  i d e n t i c a l

f u n c t i o n s  o f  X as c o e f f i c i e n t s  f o r  e a c h  power  o f  c  up t o  

t h o s e  w h ic h  h a v e  been  n e g l e c t e d .  Thus we f i n d  t h e  f o l l o w i n g  

e q u a t i o n s .

A * « C .  , A, = -  C ,  j  A , = “ C , <3 - 4 7 >

C -  - A  -  L C ,  <3 «4 8 >~ 3 Hi  3 '

E q u a t i o n  ( 3 . 4 B )  i s  s u b s t i t u t e d  i n t o  ( 3 . 3 4 )  and ( 3 . 3 5 )  t o
A A

o b t a i n  C, and Ca •

C t  =  c i c x ( 3 . 4 9 )

C ,  “  ( 3 . 5 0 )

Thus*  i n  t h e  i n n e r  r e g i o n *  f o r  x < 0 ( c _l)

t j j *  ( | -g* )£  ( i+5-&0 , ) [ -  i c . , *  -f 5 ^ ( 3̂ - (x .V i )cof ,»c.)]r5 C.Cl( * ‘r l ) t 0 ^  C3.S*0 

I n  t h e  o u t e r  r e g i o n *  f o r  x 0 ( c " ‘)

f  ~  i ; ) ]  - , 0 ( ^ ) 1  ( 3 - 5 2 ’

From ( 3 . 2 5 )  we f i n d  t h e  f o r c e  t o  be

F  = F„ + c F ,  -r O  ( c 1-)  ( 3 . 5 3 )

w i t h  F 0 =  — A-irC,  a * d  F ,  1 3 . 5 4 )
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The r e l a t i o n s h i p  b e tw ee n  F0 and F, can be c a r r i e d  o v e r  

t o  more g e n e r a l  body shapes ( c . f .  H o c q u a r t  L H inch 1 9 8 3 ) .  

Fo r  an a r b i t r a r y  body whose ( s y m m e t r i c )  r e s i s t a n c e  t e n s o r  

f o r  s t e a d y  f l o w  is  67yttaA* t h e  f o r c e  g e n e r a t e d  by s lo w

o s c i l l a t i o n s  w i l l  be :

P s: -  fo-rr/ca. ^ . CA ■» ■* CXXX) )  ( 3 . 5 5 )

( b )  h i g h  f r e q u e n c y

when t h e  f r e q u e n c y  o f  o s c i l l a t i o n  is  v e r y  h i g h *  t h e  

f l o w  f i e l d  w i l l  be a l m o s t  i n v i s c i d  and t h e  p o t e n t i a l  f l o w  

s o l u t i o n  w i l l  be v a l i d  e v e r y w h e r e  e x c e p t  in  a t h i n  b o u n d a r y  

l a y e r  on t h e  s u r f a c e  o f  t h e  b o d y .  I n  o r d e r  t o  c a l c u l a t e  t h e  

p e r t u r b e d  s t r e a m  f u n c t i o n *  one must compute t h e  b o u n d a ry  

l a y e r  v e l o c i t i e s  and t h e  d i s p l a c e m e n t  e f f e c t  on t h e  e x t e r n a l  

p r e s s u r e  f i e l d  v i a  matched a s y m p t o t i c  e x p a n s i o n s *  in  a 

s i m i l a r  way t o  p a r t  ( a )  a b o v e .  However*  B a t c h e l o r  ( 1 9 6 7 )  

g i v e s  a s i m p l e  method f o r  o b t a i n i n g  t h e  i n - p h a s e  p a r t  o f  t h e  

f o r c e *  i . e .  t h e  damping f o r c e *  f rom t h e  d i s s i p a t i o n  i n  t h e  

b o u n d a ry  l a y e r .

I t  i s  c l e a r  t h a t  t h e  f o r c e  on t h e  body may be  

r e p r e s e n t e d  in  t h e  a s y m p t o t i c  ( d i m e n s i o n a l )  fo rm :

F  ~  X* ( F a + X - 'F , }  ( 3 . 5 6 )
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where  F, i s  p r o p o r t i o n a l  t o  t h e  added  mass and X1 = i s

t h e  f r e q u e n c y  p a r a m e t e r .  I t  i s  a ls o  t r u e  t h a t  t h e  

m a t h e m a t i c a l  p r o b le m s  w h ich  d e t e r m i n e  Fa and F, a r e  e n t i r e l y  

r e a l *  so t h a t  Fl  and F, * a r e  a l s o  r e a l  as i n  ( a )  a b o v e .  The  

damping f o r c e  i s *  t h e r e f o r e *  s i m p l y  |X|F,  / J 7  and we can  

d e t e r m i n e  F, f rom  t h e  same c a l c u l a t i o n .

B a t c h e l o r  ( 1 9 6 7 )  g i v e s  t h e  i n - p h a s e  p a r t  o f  t h e  f o r c e  

t o  be FR cos t o t  w i t h

T O P *  -  K< 1 3 . 5 7 )
1  V’V'v

JdLA, * ^ C

I n  e q u a t i o n  ( 3 . 5 7 ) *  Us i s  t h e  v e l o c i t y  o f  t h e  f l u i d  a t  t h e  

s u r f a c e  o f  a s p h e r o i d  w h ich  i s  s t a t i o n a r y  i n  u n i f o r m  

p o t e n t i a l  f l o w  a t  i n f i n i t y .  B a t c h e l o r  ( 1 9 6 7 )  a l s o  g i v e s  t h e  

s t r e a m  f u n c t i o n  f o r  a s p h e r o i d  moving t h r o u g h  s t a t i o n a r y  

i n v i s c i d  f l u i d  t o  be :

./. t  OaJ"(&• ” ^1') Sin!1 >) / , _ , _  \
^  5 ' s' ' ^ )  <3 - 5 8 >

To c hang e  ( 3 . 5 8 )  t o  t h e  c a s e  o f  t h e  s t a t i o n a r y  s p h e r o i d *  we 

s i m p l y  s u b t r a c t  a u n i f o r m  s t r e a m *  w h i c h  i s  a t e r m

^ 0  (a M ^ >  s-.aV-^ ( 3 . 5 9 )

The v e l o c i t y  components  a r e  u . i j  = h j ^ / « *  = “ h ^ / e o *

w i t h  h g i v e n  by ( 3 . 1 1 ) *  and t h e  e l e m e n t a l  a r e a  dA i s  g i v e n  

by :

d.A -  'l* rce  ^  <L 7 ( 3 . 6 0 )

So F *  -  ( 3 . 6 1 )
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Now ( 3 . 5 8 ) *  ( 3 . 5 9 )  and ( 3 . 6 1 )  a r e  combined and ( 5 * ^ )  a r e

r e p l a c e d  by ( x * y )  as f o l l o w s :

&) ^  \  ( 3 - 6 2 )  
\>JL -  ciJ’ce t cCo

ftir , O' cJLh ( 3 . 6 3 )
S. -  i - l  « S-. ••• 5 ^ 4 .

( j - 2 * c = t - ^ ) - u  a ^ ) ( i - 3̂  ( s - ‘ «
 ̂ t t i ,-o?,cok*lco J

So

=  (6 T‘ ( ' 0 - - l * » ?  $!, ( 3 * 6 6 ’

The i n t e g r a l  in  ( 3 . 6 6 )  i s  e v a l u a t e d  w i t h  t h e  h e l p  o f

G r a d s h t e y n  6 R y z h i k  ( 1 9 8 0 )  t o  g i v e :

SI .  ( 3 - * 7 >

r- . o I t ». / 1-3 \k. /. x\'/i. T (\+v-l)v'(\-icot*b''*<>) _  2£«— . I *
so F ,  =- £ = » ) • ( ) « . )  L ‘ L i.1̂ ) ^  o * * « N  *

» [ a ^ ) i i ' v u - ' ( t ' )  -  ( w « i V /* ]  < 3 - 6 a >

and P, = -  ^ j - F «  ( 3 . 6 9 )

We can f i n d  t h e  added  mass f o r c e  on an o b l a t e  s p h e r o i d

f ro m  G ree n  ( 1 8 3 3 )  t o  b e :

v » F  -  -  t h - r -  Ijĉ -  Upav ( 3 . 7 0 )
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C l e a r l y  t h e  f i r s t  o r d e r  c o r r e c t i o n  F, g i v e n  by ( 3 * 6 8 )  and 

( 3 . 6 9 )  i s  n o t  t h e  same as t h a t  o b t a i n e d  f o r  low f r e q u e n c i e s  

( 3 . 5 4 )  i n  p a r t  ( a ) *

( c l  n e a r l y  s p h e r i c a l  body

For  a s p h e r i c a l  body*  we ha ve  t h e  c l a s s i c a l  r e s u l t  

( 3 . 1 )  o f  S t o k e s  ( 1 8 5 1 )  f ro m  w h ich  t h e  t i m e - d e p e n d e n c e  i s  

s e p a r a t e d  t o  g i v e

T h i s  i n d i c a t e s  t h a t  t h e  F, t e r m s  f o r  low and h i g h  f r e q u e n c y  

as  c a l c u l a t e d  i n  p a r t s  ( a )  and ( b )  o f  t h i s  s e c t i o n  must be 

e q u a l  when t h e  body i s  s p h e r i c a l .  I t  i s  i n t e r e s t i n g  t o  see  

now t h e  b e h a v i o u r  d e v i a t e s  when t h e  body i s  n o t  q u i t e  

s p h e r i c a l .  I n  p a r t  ( c )  we w i l l  use b f o r  t h e  c h a r a c t e r i s t i c  

l e n g t h  s c a l e *  s i n c e  t h i s  s i m p l i f i e s  t h e  a l g e b r a  a l i t t l e .

We c o n s i d e r  a s p h e r o i d  w i t h  s e m i - m i n o r  a x i s  a = b ( l + € . )  

and use s p h e r i c a l  c o o r d i n a t e s  ( r * P )  w i t h  £ = c o s & .  Then t h e  

s u r f a c e  o f  t h e  body is  g i v e n  by

w here  i s  t h e  Geg enbauer  P o l y n o m i a l  o f  o r d e r  n .  S in c e

£ << 1 * i t  i s  c o n v e n i e n t  t o  move t h e  b o u n d a r y  c o n d i t i o n s  

f ro m  r  = r 0 t o  r  = 1 by e x p a n d i n g  and <pr  i n  T a y l o r  s e r i e s

( 3 . 7 1 )

( f )  =  I +  a x S , « )  ♦  C % K t t )  -  0 ( f> ) ( 3 . 7 2 )

a b o u t  r  = 1 and r e t a i n i n g  t e r m s  up t o  0 ( e 4 ) .  We a l s o  w r i t e  

j> as a power s e r i e s  in  £»
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= P o M i + e f r C r t f l r & k l r ' t i  + O i # )  ( 3 - 7 3 )

Then we have a s e t  o f  b o u n d a ry  v a l u e  p ro b le m s  f o r  t h e  ^ •

£ l  =  O ,  i *  0 , 1 , 2  ( 3 . 7 4 )

a s  r  —► c*> \  <pi "■+" 0 , 1 = 0 , 1 , 2  ( 3 . 7 5 )

The b o u n d a r y  c o n d i t i o n s  on r  = 1 a r e :

< I > . ‘ - U I U ,  • p ' r ' - Z U t t )  <3*76'

•r, = o , (3-77>

i / 'x -  4 i ; w  * 2 i Z U ) i > o »
( 3 . 7 8 )

These  e q u a t i o n s  c an  be  s i m p l i f i e d  u s i n g  t h e  r e c u r r e n c e  

r e l a t i o n  f o r  m >  2

.^r*. ( 3 . 8 0 )

Then s u i t a b l e  fo rm s  f o r  t h e  tp- a r e :

^  =  5 *  ( 3 - 81 )

The f u n c t i o n s  f ^  ( r )  come f rom  B a s s e t ' s  ( 1 3 8 8 )  w ork*

e q u a t i o n s  ( 2 . 8 0 )  ( 2 . 8 1 )  and may be w r i t t e n :

= ftf-V + Bi0 erUr-i> (l* 3̂ :) , i = 0,1,2 ( 3 . 8 2 )

f “> f o  =  A ® * >  t  ( 3 * 8 3 >
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The f u n c t i o n s  f!v  and f Cl) make no c o n t r i b u t i o n  t o  t h e  f o r c e  up 

to  o r d e r  « and we s h a l l  n o t  need them# The b o u n d a ry  

c o n d i t i o n s  ( 3 . 7 6 ) - ( 3 * 7 9 )  s i m p l i f y  t o :

'■ « «  r . |  > C  = | 3 ‘ 8 ‘V)

t i - y . o ,  ( 3 . 8 5 )

C «  = o ,  C
\ D • OO|

<3 - 8 7 )

r zr " S virr *  a s *«**•*• 35’Oxr«-+ ‘W jg- Varrr ( 3 . 8 8 )

E q u a t i o n s  ( 3 . 8 4 ) - ( 3 . 8 8 )  a r e  used  t o  o b t a i n  t h e  c o e f f i c i e n t s

as f o i l  ows:

Ai" » ( 3 ' 8 , )

= <3 - 9 0 '

The f o r c e  on t h e  s p h e r o i d  is  g i v e n  by ( 3 . 2 1 )  i n  which

^  *  iK  = A t°e ‘  ( 3 . 9 2 )

and V — | t t  ( 11- €*■) ( 3 .9 3 )

So we have

F =• - M O * X + W i - 6 f ( » * * X * ^ l W x iH 0 + S *A + 3§i t f  + £ 8 f fe > ]  ( 3 - 9 4 )

=  -4»Tr tO+l 6-* + ♦!%€•')+T ^ ' 0 ' t ^ fe+^ s rfet)  + n r ^ X t > f |  ( 3 . 9 5 )
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The f i n a l  te rm  o f  ( 3 . 9 4 )  and ( 3 . 9 5 )  i s  0 ( 1 ) when X i s  l a r g e  

and 0 ( X * )  when X i s  s m a l l *  Hence  t h e  e q u a l i t y  o f  t h e  f i r s t  

o r d e r  c o r r e c t i o n s  F, o f  p a r t s  ( a )  and ( b )  p e r s i s t s  u n t i l
s x*el

0(fi*  ) •  The n o n q u a d r a t i c  t e r m  ,- ĝ * s a l w a y s v e r y

s m al l  and i s  u n i m p o r t a n t  f o r  p r a c t i c a l  p u r p o s e s *  H o w e ve r *  

i t  w i l l  be seen t h a t  f o r  a g e n e r a l  s p h e r o i d  t h e  t e r m  

becomes more i m p o r t a n t *

3 . 4  FULL SOLUTION IN SPHEROIDAL HARMONICS

The g o v e r n i n g  e q u a t i o n  ( 3 * 2 3 )  may be f a c t o r e d  t o  g i v e :

c ' ) f»  s  O  ( 3 . 9 6 )

T h i s  i n  t u r n  h as  a s o l u t i o n  made up o f  tw o  p a r t s :

<f> = tp*  +• i p*  ( 3 . 9 7 )

The f i r s t  p a r t  i s  a p o t e n t i a l  f u n c t i o n  and must s a t i s f y

t h e  e q u a t i o n

e 1 ip f =  c  ( 3 . 9 8 )

The second p a r t  i s  a d i f f u s i v e  f u n c t i o n  and s a t i s f i e s

( E l -  &') -  O  ( 3 . 9 9 )

The i nhomogeneous t e r m s  g e n e r a t e d  may be a b s o r b e d  i n  •  I t

i s  s i m p l e r  t o  t r e a t  t h e  two c om ponents  s e p a r a t e l y  as f a r  as

is  p o s s i b l e  and com bine  them a t  t h e  e n d .
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( a )  s o l u t i o n  f o r

The g o v e r n i n g  e q u a t i o n  ( 3 . 9 8 )  i s  l i n e a r  and t h e r e  a r e  

s e v e r a l  homogeneous b o u n d a r y  c o n d i t i o n s *  so t h i s  i s  an  

e i g e n v a l u e  p r o b le m  and we e x p e c t  t h e  s o l u t i o n  t o  be  a 

s u p e r p o s i t i o n  o f  h a r m o n i c s  o f  t h e  f o r m  Xp ( x ) Y p ( y ) .  The  

d i f f e r e n t i a l  e q u a t i o n  s e p a r a t e s  t o  g i v e :

( \ - £ ) Y p" ■+ Yp = O ( 3 . 1 0 0 )

X?" - k * X p = 0  ( 3 . 1 0 1 )

We have  c h o se n  t h e  s e p a r a t i o n  c o n s t a n t  k x t o  be p o s i t i v e  in  

t h e  y - d i r e c t i o n  so as  t o  g e t  w a v e - 1 i k e  s o l u t i o n s  t h e r e .  We 

impose homogeneous b o u n d a r y  c o n d i t i o n s :

On ^  = ± 1  : Y f , ~ O i  Y r ' is  b e  ( 3 . 1 0 2 )

a l t h o u g h  t h e s e  can o n l y  be a p p l i e d  r i g o r o u s l y  t o  t h e  sum o f  

(pP and ^ t>.  The c o n o i t i o n s  ( 3 . 1 0 2 )  a r e  n o t  n e c e s s a r y ;  

ho w e ve r *  t h e y  a r e  c e r t a i n l y  s u f f i c i e n t  t o  s a t i s f y  t h e  

c o r r e c t  c o n d i t i o n s  ( 3 . 2 0 ) *  assum ing  t h a t  t h e  u n i q u e n e s s  

th e o r e m  f o r  s t e a d y  S t o k e s  f l o w  may be e x t e n d e d  t o  c o v e r  t h e  

t i m e - d e p e n d e n t  c a s e .  The f u n c t i o n s  X* and Yp may be w r i t t e n  

as Geg enbauer  f u n c t i o n s  as i n  Sampson ( 1 8 9 1 ) *  b u t  i t  i s  more  

c o n v e n i e n t  t o  w r i t e  them i n  te r m s  o f  L e g e n d r e  f u n c t i o n s .  We 

s e t  Yp = ( l - y 2-)'^ X ' i l y ) *  t h e n :

-f (W* -  T p =  O  ( 3 . 1 0 3 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

E q u a t i o n  ( 3 . 1 0 3 )  i s  L e g e n d r e ' s  e q u a t i o n  o f  o r d e r  1 and

d e g r e e  n w i t h  k* = n ( n * l ) .  The r e g u l a r  s o l u t i o n s  a r e

L e g e n d re  p o l y n o m i a l s  P n ( y ) «  so we have  e i g e n s o l u t i o n s :

Y„p = )<*■ r  a L** ' } ,  ( 3 . 1 0 4 )

To f i n d  t h e  s o l u t i o n s  f o r  Xp » we i n t r o d u c e  X  = i x *

t h e n :

+ X P- * 0  as ( 3 < 1 0 5 )

E q u a t i o n  ( 3 . 1 0 5 )  i s  t h e  same as ( 3 . 1 0 0 )  f o r  Y » b u t  we now 

r e q u i r e  t h e  s o l u t i o n  t o  d e c a y  a t  i n f i n i t y .  Magnus*  

O b e r h e t t i n g e r  & Soni  ( 1 9 6 6 )  g i v e  t h e  b e h a v i o u r  o f  L e g e n d r e  

f u n c t i o n s  f o r  l a r g e  a r g u m e n t .  I n  p a r t i c u l a r

as  X - + o °  , Q l ( K )  a/ £ * tl ( 3 . 1 0 6 )

Thus f o r  n >  1»

Q \ i X )  ^  0  a s  % —** <>° ( 3 . 1 0 7 )

So we have  s o l u t i o n s  f o r  t h e  x£ f o r  n ^  l :

x :  =  a - r y *  c w  = ( 3 . i o 8 )

The g e n e r a l  s o l u t i o n  f o r  w h ic h  s a t i s f i e s  t h e  homogeneous

b o u n d a ry  c o n d i t i o n s  i s  t h u s :

<//p = £  AnP*‘ ( 3 . 1 0 9 )
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We may e n f o r c e  f o r e - a n d - a f t  symmetry  by s e t t i n g  An = 0 f o r  

even v a lu e s  o f  n *  s i n c e  f o r  t h e s e  v a l u e s  is  an odd

f u n c t i o n .  Then we ha ve

tp9 -  S ' A i P j f r j )  Q U i x )  ( 3 . 1 1 0 )

H e re  5J' i n d i c a t e s  t h a t  o n l y  a l t e r n a t e  v a l u e s  o f  n a r e  

i n c l u d e d  in  t h e  sum.

( b )  s o l u t i o n  f o r  V*

E q u a t i o n  ( 3 . 9 9 )  can  be w r i t t e n  i n  t h e  f o r m :

O  ( 3 . 1 1 1 )

T h i s  i s  s e p a r a b l e  i n  t h e  fo rm  X ^ f x l Y ^ f y )  and y i e l d s  t h e  

f o l l o w i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .

0  + *®’’)  Xb" -  c>se'-) X* = 0  ( 3 . 1 1 2 )

0 - t f )  4  v b  =  0 ,  ( 3 . 1 1 3 )

The e i g e n f u n c t i o n s  Y*J and e i g e n v a l u e s  An a r e  q u i t e  d i f f e r e n t  

from t h o s e  i n  p a r t  ( a ) *  b u t  t h e  s o l u t i o n  i s  found  i n  t h e  

same way ( S t r a t t o n  e t  a l  1 9 4 1 ) .  We l e t  Y6 = ( l - y l  )'4X>* t h e n

- 2 * j r fc/ + [ A “ c y -  r r ^ lT * *  *  o  ( 3 . H 4 )

E q u a t i o n  ( 3 . 1 1 4 )  i s  t h e  s p h e r o i d a l  wave e q u a t i o n .  The  

s o l u t i o n s  w h ic h  a r e  r e g u l a r  a t  t h e  p o l e s  a r e  g i v e n  in  

Flammer ( 1 9 5 7 )  t o  be t h e  p r o l a t e  a n g l e  s p h e r o i d a l  wave 

f u n c t i o n s  o f  t h e  f i r s t  k i n d  o f  o r d e r  1 and d e g r e e  n .
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C c ^ ) n = \ , ’2~,Z ( 3 . 1 1 5 )

The S,n a r e  d e f i n e d  i n  t e r m s  o f  s e r i e s  o f  L e g e n d r e  

p o l y n o m i a l s

S m C e ^ s  d 'r C*-)W*r L^) ( 3 . 1 1 6 )

I n  e q u a t i o n  ( 3 . 1 1 6 ) *  t h e  sum s t a r t s  a t  z e r o  i f  n i s  odd and  

a t  one i f  n i s  e v e n .  S i n c e  S,„ has  t h e  same p a r i t y  as  P* * 

we w i l l  o n l y  r e q u i r e  t h e  f u n c t i o n s  f o r  w h ich  n i s  o d d .  The  

dV? ( c )  and A|rt( c )  a r e  d e t e r m i n e d  by a c o m p l i c a t e d  p r o c e d u r e  

w h ic h  i s  d e s c r i b e d  in  t h e  A p p e n d i x .  So we have  o u r  

e i  g e n f u n c t i o n s •

Y J  =  ( 3 . 1 1 7 )

The X® a r e  found  by i n t r o d u c i n g  X  = i x ,  when ( 3 . 1 1 2 )  

becomes i d e n t i c a l  t o  ( 3 . 1 1 3 ) .  Thus Xb can a l s o  be w r i t t e n  

i n  te r m s  o f  s p h e r o i d a l  wave f u n c t i o n s .  The r a d i a l  f u n c t i o n s  

a r e  p r o p o r t i o n a l  t o  t h e  a n g l e  f u n c t i o n s  and Flammer ( 1 9 5 7 )  

g i v e s  t h e  b e h a v i o u r  f o r  l a r g e  a r g u m e n t s .  I n  p a r t i c u l a r *

a s  c X  —  ( C ( c , 1 £ )  ------------------------------------------------------------- ( 3 . 1 1 8 )

Thus X* can  be  w r i t t e n  i n  te r m s  o f  t h e  r a d i a l  s p h e r o i d a l  

wave f u n c t i o n s  o f  t h e  t h i r d  k i n d .

( 3 . 1 1 9 )
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F i n a l l y *  we may w r i t e  t h e  g e n e r a l  s o l u t i o n  f o r  fr*  w h ic h  

s a t i s f i e s  t h e  homogeneous c o n d i t i o n s  a s :

S '  B* S,^c,cj> ( 3 . 1 2 0 )

( c )  tnhomoqeneous c o n d i t i o n s

B e f o r e  we a p p l y  t h e  inhomogeneous c o n d i t i o n s  ( 3 . 2 4 ) *  

we must sum t h e  tw o  components  o f  t h e  s o l u t i o n  f r o m  ( a )  and  

( b ) .  The s t r e a m  f u n c t i o n  is

)

T h i s  s a t i s f i e s  t h e  r e q u i r e m e n t s  o f  s ym m e try *  e v a n e s c e n c e  a t  

i n f i n i t y  and r e g u l a r i t y  a t  t h e  p o l e s .  The  c o e f f i c i e n t s  An 

and B,, a r e  t o  be  d e t e r m i n e d  f rom  ( 3 . 2 4 )  w h ic h  g i v e s :

S '  [fir K QJi 0*o) + S,„ (£ > (« ,* « .) ]  «  ( 3 . 1 2 2 )

S '  f  A„PAM D O , ( i* .>  t  S -  6 ^  t>*»> (c,lXo>] = -  (1- f ) *  ( 3 . 1 2 3 )
A s.| J

The d i f f e r e n t i a l  o p e r a t o r  D i s  d e f i n e d  b y :

b f U )  «  ( 3 . 1 2 4 )

so ( * * +  i)'4  £ ( t ~ )  ( 3 . 1 2 5 )

At  t h i s  p o i n t *  i t  i s  c o n v e n i e n t  t o  n o t e  some o f  t h e  

p r o p e r t i e s  o f  t h e  f u n c t i o n s  P A (y )  and Slfl ( c » y ) .  A b ra m o w itz  

& Stegun ( 1 9 6 5 )  g i v e  t h e  d e f i n i t i o n s :
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=J -  ( j l j  t 3

^ U y ) * *  i L l f - t ) ,  e t c .  (3

So we can  d e t e r m i n e

p ; ( 3) = - 2 3(l -a>y; e t c .  , 3

The o r t h o g o n a l i t y  r e l a t i o n

£  =  y„„ 2^  , 3

i s  used t o  d e t e r m i n e  f o r  n odd

§ ' d ,; & > S l 1p - t a ) P i , t 3)<i3 ( 3

iin , . a,**
=  2  m* * I ' (3

and f i n a l l y *

£  =  -  £  p :  v  p.’ -  -  4- L ,  ' 3

Now we m u l t i p l y  ( 3 . 1 2 2 ) *  ( 3 . 1 2 3 )  by P/!,(y)

i n t e g r a t e  f r o m  y = - 1  t o  y = 1*  m ak ing  u s e  o f

o r t h o g o n a l i t y  r e l a t i o n s  ( 3 . 1 2 9 ) - ( 3 . 1 3 2 ) • t h i s  g i v e s :

AC)

nsi

Me d e f i n e  B„ = B„R‘>> ( c * i x 0 ) and r e a r r a n g e  e q u a t i o n s  ( 3 .  

( 3 . 1 3 4 )  t o  g e t :

A „ +  s J ' S - c C . ,  £ ) /  Q U O * - )  -  S .« . [ ^ 6 + a* V ' ,fc/ Q U t i * . > 3  <3

. 1 2 6 )

. 1 2 7 )

. 1 2 8 )

. 1 2 9 )

•  1 3 0 )  

. 1 3 1 )

. 1 3 2 )

and

t h e

. 1 3 3 )

. 1 3 4 )

1 3 3 ) *

. 1 3 5 )
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E q u a t i o n s  ( 3 * 1 3 5 ) *  ( 3 * 1 3 6 )  r e p r e s e n t  a p a i r  o f  c o u p l e d  

i n f i n i t e  sys tem s o f  l i n e a r  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s  An 

and Bn • They a r e  t o  be s o l v e d  by t r u n c a t i o n  and m a t r i x  

i n v e r s i o n  as e x p l a i n e d  i n  t h e  A p p e n d ix *  The f o r c e  i s  found  

f r o m  ( 3 . 2 5 ) *  so we need t o  f i n d  E q u a t i o n  ( 3 * 1 1 8 )

i n d i c a t e s  t h a t  t h e  t e r m s  o f  d e ca y  e x p o n e n t i a l l y  i n  t h e  

f a r  f i e l d *  w h e re a s  ( 3 * 1 0 6 )  and ( 3 * 1 1 0 )  

t e r m *

U m  f^ I H im . ̂ . ,)i   _ i .
Thus r ->*3 ”  r-»»o 3 '

F i n a l l y  we have

P =  yTTC1 £ sCo£l + a&£) — 2  A,J

Thus t h e  f o r c e  on t h e  s p h e r o i d  depends  

c o e f f i c i e n t  A, •  How e ver*  t h e  v a l u e  o f  A 

c o e f f i c i e n t s  whose v a l u e s  must be  fo u n d  by s o l v i n g  ( 3 * 1 3 5 ) *  

( 3 * 1 3 6 )  s i m u l t a n e o u s l y  as  d e s c r i b e d  in  t h e  A p p e n d i x .

y i e l d  t h e  d o m in a n t

( 3 . 1 3 7 )

( 3 * 1 3 8 )

( 3 . 1 3 9 )

( 3 . 1 4 0 )

o n l y  on t h e  f i r s t  

i depends on a l l  t h e
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( d )  p r o l a t e  s p h e r o i d

The p r o l a t e  s p h e r o i d  i s  a s i m p l e  e x t e n s i o n  o f  t h e  

o b l a t e  s p h e r o i d  and can be o r g a n i z e d  so as t o  g e n e r a t e

e x a c t l y  t h e  same e q u a t i o n s  and t h e  same r e s u l t  f o r  t h e  

f o r c e *  The g e o m e t ry  i s  as  shown in  f i g u r e  3 . 1 ( b ) *  w i t h  

b > a and e l  ■= b * - a * •  The c o o r d i n a t e  t r a n s f o r m a t i o n  i s

s l i g h t l y  d i f f e r e n t  i n  t h i s  c a s e *

2  =  e 5 £ c j ,  or = e  ( l - t f V *  ( 3 . 1 4 1 )

\ i_ i -
*  *  e  ( 3 . 1 4 2 )

The s u r f a c e  c o o r d i n a t e  i s  x„ = b / e »  w i t h  a / e  = ( x a- l ) v* .

The a b o v e  q u a n t i t i e s  can be made t h e  same as  f o r  an 

o b l a t e  s p h e r o i d  by u s i n g  i m a g i n a r y  v a l u e s  o f  d and x .  l e t  

e  = - i d  and x = i x *  t h e n :

•2 = CO -  c U = c V l ( 3 . 1 4 3 )

v« «  ( 3 . 1 4 4 )

And t h e  s u r f a c e  c o o r d i n a t e  i s  x c  = b / d *  w i t h  a / d  = ( x j » l ) ,/'t .

E q u a t i o n s  ( 3 . 1 4 3 ) )  and ( 3 . 1 4 4 )  a r e  e x a c t l y  t h e  same as  ( 3 . 4 )  

and ( 3 . 1 1 ) .  Thus t h e  p ro b le m  r e d u c e s  t o  t h a t  f o r  an o b l a t e  

s p h e r o i d  p r o v i d e d  we a l l o w  d = ( a * — b1 )*/a t o  become i m a g i n a r y

and x e = b / d  t o  be n e g a t i v e  i m a g i n a r y .  The p a r a m e t e r  c w i l l  

h a v e  t h e  same d e f i n i t i o n  as  b e f o r e *  v i z  ca = - i d aw / y *  b u t  c 

w i l l  now h a v e  phase ♦tt/ 4 *  Some c a r e  must be t a k e n  in
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d e t e r m i n i n g  t h e  s i g n  o f  s q u a r e  r o o t s  l i k e  ( l « - x £ ) ^ *  b u t  

o t h e r w i s e *  t h e  e x t e n s i o n  p r e s e n t s  no d i f f i c u l t y .  The 

r e s u l t s  o f  s e c t i o n s  3 . 3 ( a ) * ( b ) * ( c )  and s e c t i o n  3 . 4  a l l  c a r r y  

o v e r  t o  t h e  p r o l a t e  c a s e *

3 . 5  RESULTS AND DISCUSSION

S e v e r a l  d i f f e r e n t  l e n g t h  s c a l e s  h a v e  been  used in  t h e  

p r e c e d i n g  s e c t i o n s *  so we must f i r s t  u n i f y  t h e  r e s u l t s .  The  

most i m p o r t a n t  l e n g t h  s c a l e  is  a *  t h e  r a d i u s  p e r p e n d i c u l a r  

t o  t h e  m o t i o n *  and t h i s  w i l l  be used f ro m  now o n .  We w i l l  

use t h e  most a p p r o p r i a t e  f o r c e  s c a l e  w h ic h  i s  t h e  S to k e s  

d r a g  on a s p h e r e *  bir/tUa. The f r e q u e n c y  p a r a m e t e r  t o  be used  

i s  X -  { I -  i ) a J ( w / 2 y )  o r  |XJ = a J ( to /v )' •

The r e s u l t s  o f  t h e  f u l l  c a l c u l a t i o n  a r e  p l o t t e d  as  

s o l i d  l i n e s  in  f i g u r e  3 . 2 .  As can be seen* t h e  r e s u l t s  a r e  

q u a l i t a t i v e l y  s i m i l a r  t o  t h o s e  f o r  a s p h e r e *  b / a  = I .  At  

low f r e q u e n c i e s *  t h e  r e a l  p a r t  o f  t h e  f o r c e  d o m in a t e s  and i s  

a l m o s t  i n d e p e n d e n t  o f  | X | *  t h i s  i s  t h e  q u a s i - s t e a d y  S to k e s  

d r a g .  The  i m a g i n a r y  p a r t  o f  t h e  f o r c e  i s  s m a l l  and l i n e a r  

w i t h  | X | * r e p r e s e n t i n g  a s l i g h t  phase  s h i f t .  A t  h i g h  

f r e q u e n c y *  t h e  i m a g i n a r y  p a r t  o f  t h e  f o r c e  v a r i e s  w i t h  | X |  

and i s  d o m i n a n t ;  th u s  t h e  p h a s e  i s  9 0 ° .  The r e a l  p a r t  o f  

t h e  f o r c e  i s  i m p o r t a n t  because  i t  r e s u l t s  in  e n e r g y  

d i s s i p a t i o n  w h ic h *  f o r  e x a m p l e *  a c c o u n t s  f o r  t h e  damping o f  

an o s c i l l a t i n g  pend u lu m .  I t  can be seen t h a t  t h e  change  in
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t h e  n a t u r e  o f  t h e  f o r c e  f r o m  q u a s i - s t e a d y  S to k es  f l o w  t o  

n e a r  p o t e n t i a l  f l o w  o c c u r s  as ] \ J  c h an g e s  f rom  about  O .L  t o  

a b o u t  LOO* U n f o r t u n a t e l y *  a s  d i s c u s s e d  i n  t h e  A p p e n d ix *

u s e f u l  r e s u l t s  c o u l d  be o b t a i n e d  f o r  o b l a t e  s p h e r o i d s  o n l y  

f o r  | X 1 < 10 and f o r  p r o l a t e  s p h e r o i d s  o n l y  f o r  | \ | b / a  < 1 0 * 

The a s y m p t o t i c  r e s u l t  o f  s e c t i o n  3 * 3 ( b )  may be r e g a r d e d  as  

a c c u r a t e  o n l y  f o r  | X |  > 100? so  t h e r e  r e m a i n s  a gap i n  w h ic h  

t h e  r e s u l t s  a r e  n o t  known a c c u r a t e l y *  The b r o k e n  l i n e s  o f  

f i g u r e  3 * 2  r e p r e s e n t  a c o r r e l a t i o n  b a s e d  on a " p a t c h i n g "  o f  

t h e  two a s y m p t o t i c  s o l u t i o n s  o f  s e c t i o n s  3 * 3 ( a )  and ( b )  w i t h  

n u m e r i c a l  c o e f f i c i e n t s  d e t e r m i n e d  f ro m  t h e  f u l l  s o l u t i o n *  

To h e l p  d i s t i n g u i s h  t h e  c u r v e s *  t h e  r e a l  p a r t  o f  t h e

c o r r e l a t e d  f o r c e  i s  shown d o t t e d  and t h e  i m a g i n a r y  p a r t  i s  

shown d a s h e d *  The d e r i v a t i o n  o f  t h i s  c o r r e l a t i o n  w i l l  be  

d e s c r i b e d  b e lo w *

The a s y m p t o t i c  r e s u l t s  a r e  sum m ar ized  by f i g u r e  3 * 3 *  

H e r e  t h e  com ponents  o f  t h e  f o r c e  a r e  p l o t t e d  as f u n c t i o n s  o f  

t h e  a s p e c t  r a t i o ;  f o r  t h e  s a k e  o f  c o m p a r is o n  a v a l u e  o f  

J X| = 10  i s  u s e d *  The i m p o r t a n t  f e a t u r e  i s  t h e  t o u c h i n g  o f  

t h e  c u r v e s  r e p r e s e n t i n g  t h e  l o w -  and h i g h - f r e q u e n c y  f i r s t  

o r d e r  c o r r e c t i o n s  a t  b / a  = 1 *  As p r e d i c t e d  i n  s e c t i o n  

3 » 3 ( c ) «  t h e s e  c u r v e s  h a v e  t h e  same s l o p e  and c u r v a t u r e  a t  

b / a  = 1 and t h e y  re m a in  c l o s e  t o  e a c h  o t h e r  in  t h e  r a n g e

0 * 1  < b / a  < L 0 .  I t  seems r e a s o n a b l e  t h e n  t o  r e p r e s e n t  t h e

f o r c e  i n  t h e  f o l l o w i n g  way:

F =  - 6 ( X H  ( 3 . 1 * 5 )
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In  ( 3 . 1 4 5 ) »  Fs i s  t h e  S to k e s  d r a g *  ma i s  t h e  added mass o f  

th e  body and B w i l l  be c a l l e d  t h e  B a s s e t  c o e f f i c i e n t .  

C l e a r l y *  a t  low  f r e q u e n c y  B ( X )  i s  g i v e n  by t h e  f i r s t  o r d e r  

c o r r e c t i o n  o f  s e c t i o n  3 . 2 ( a ) *  B0 s a y *  and a t  h i g h  f r e q u e n c y  

by t h e  f i r s t  o r d e r  c o r r e c t i o n  o f  s e c t i o n  3 . 2 ( b ) *  B„ s a y .  

F or  a s p e c t  r a t i o s  o f  o r d e r  u n i t y *  Be and B» a r e  q u i t e  c l o s e *  

so t h e  fo r m  o f  ( 3 . 1 4 5 )  i s  q u i t e  p r o m i s i n g .  I n  f a c t *  we 

s h a l l  see l a t e r  t h a t  i t  i s  more u s e f u l  t o  s p l i t  t h e  t h i r d  

t e r m  o f  ( 3 . 1 4 5 )  i n t o  two p a r t s .  The a s y m p t o t i c  r e s u l t s  a r e  

sum m ar ized  b e l o w .

p r o l a t e  s p h e r o i d  when x 0 i s  i m a g i n a r y .

U s i n g  ( 3 . 1 4 5 )  f o r  t h e  d e f i n i t i o n *  B can be  c a l c u l a t e d  

f ro m  t h e  e x a c t  r e s u l t s *  as  f a r  as  t h e y  a r e  known* and some 

e x a m p le s  a r e  shown i n  f i g u r e s  3 . 4 *  3 . 5 ( a ) *  ( b ) *  ( c ) *  ( d ) *

( e ) *  ( f ) .  F i g u r e  3 . 4  shows t h e  p hase  o f  t h e  B a s s e t  f o r c e *

B (X )X  f o r  a few v a l u e s  o f  b / a .  F or  a s p h e r e *  t h e  p h a se  i s  

e x a c t l y  4 5 °  and even  f o r  b / a  = 1 0 *  t h e  phase  n e v e r  d e v i a t e s  

by more th a n  3®. The d e v i a t i o n  i s  a lw a y s  c o n t a i n e d  in  t h e

( 3 . 1 4 6 )

Mo, -  ^■0+a6* )1
1— CXlf »Cc

=Co -  (l+3Co)cot',?eo ( 3 . 1 4 7 )

Bo ( 3 . 1 4 8 )

■ 3 ( 3 * 149  *=  U i+ * tyit

C a r e  must be t a k e n  in  c h o o s in g  t h e  s i g n  o f  ( l«-Xp)T f o r  a
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r e g i o n  0 . 1  < | X |  < 10 and i s  a lw ays  s m a l l .  We can i n f e r  

t h a t  B( X) i s  " a l m o s t  r e a l " »  b u t  we w i l l  n o t  t a k e  i t  t o  oe 

r e a l  i n  t h e  c o r r e l a t i o n .  The a m p l i t u d e  o f  B i s  shown i n  

f i g u r e s  3 . 5  w h ic h  a l s o  g i v e  an i n d i c a t i o n  o f  t h e  e f f e c t  o f  

t h e  phase s h i f t .  The r e a l  and i m a g i n a r y  p a r t s  o f  B ( X ) A / | A )  

a r e  p l o t t e d  f o r  d i f f e r e n t  v a l u e s  o f  a s p e c t  r a t i o .  These  

f i g u r e s  s u g g e s t  t h a t  B changes  s m o o th ly  f ro m  B0 t o  B *  a s  t h e  

f r e q u e n c y  i n c r e a s e s ?  t h e  im a g i n a r y  p a r t  c h a n g in g  a t  s l i g h t l y  

lo w e r  f r e q u e n c y .  T h e r e  i s  a s l i g h t  o v e r s h o o t?  w h ic h  i s  more  

a p p a r e n t  f o r  a s p e c t  r a t i o s  c l o s e r  t o  u n i t y  s i n c e  B0 and B<* 

a r e  th e n  c l o s e r  t o  e ach  o t h e r ?  b u t  t h i s  does n o t  a p p e a r  t o  

be s i g n i f i c a n t .  The d o t t e d  l i n e s  i n  f i g u r e s  3 . 5  a r e  s im p l y  

s c a l e d  v e r s i o n s  o f  t h e  h y p e r b o l i c  t a n g e n t  f u n c t i o n  w h ich  

w i l l  be used as an a p p r o x i m a t i o n  f o r  B ( \ ) .  We t a k e  8 t o  

have  t h e  fo rm :

The form  o f  ( 3 . 1 5 0 )  is  r e a s o n a b l e  i n  v ie w  o f  t h e  shape o f  

t h e  c u r v e s  i n  f i g u r e s  3 . 5 ( a ) - ( f ) ?  t h e  sm al l  phase  s h i f t  o f

f i g u r e  3 . 4  and t h e  f a c t  t h a t  B0 and Bw a r e  q u i t e  c l o s e .  

E q u a t i o n  ( 3 . 1 5 0 )  can be s i m p l i f i e d  s i n c e

B  ( V )  ■= % ( .B o  ■»•££») +  k  ( 3 . 1 5 0 )

( 3 . 1 5 1 )
A Y  -  A T

So we have

( 3 . 1 5 2 )
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By a happy c o i n c i d e n c e *  t h i s  fo rm  o f  B ( \ )  has t h e  same t y p e  

o f  phase  s h i f t  as t h e  e x a c t  s o l u t i o n  as can oe o b s e rv e d  in  

f i g u r e  3 . 4 *  where t h e  phase s h i f t  o f  ( 3 . 1 5 2 )  i s  shown 

d o t t e d *  S u i t a b l e  v a lu e s  o f  << and X0 a r e  t o  be o b t a in e d  from  

t h e  f u l l  t h e o r y *  i . e .  t h e  s o l i d  l i n e s  o f  f i g u r e s  3 * 5 *  in  

t h e  f o l l o w i n g  way*

When | X |  = X0 and X = X0e”tir̂  * ( 3 * 1 5 0 )  s i m p l i f i e s

s i n c e

f w k  U d^X-U ^Xo)] =  ( 3 . 1 5 3 )

So we h a v e :

I t * . * " " ' )  -  » t. ( %o - S o ^ i ( 3 . 1 5 4 )

Thus in  f i g u r e  3 * 5  when | X |  = \ 0 *

f?6 ^ e- ^ =  U o ^ - U o - g - y ^ ^ ]  ( 3 . 1 5 5 )

and -  Lir/*J 'a C (.80+6 - ) +  ( 3 . 1 5 6 )

Thus*  X 0 i s  t h e  v a l u e  o f  | A |  w here  t h e  tw o  c u r v e s  a r e  

e q u i d i s t a n t  f r o m  t h e  c e n t e r - l i n e  B = j  ( Be * B ^ ) / J T *  and <* i s  

f o u n d  f ro m :

■  • ( 3 . 1 5 7 )

The v a l u e s  o b t a i n e d  a r e  d i s p l a y e d  i n  t a b l e  3 * 1 . A t  t h i s  

p o i n t *  i t  i s  c o n v e n i e n t  t o  r e - w r i t e  ( 3 . 1 4 5 )  as  a f o u r  te rm  

c o r r e l a t i o n *

r  %0— _ ~-i
F  =  F s -  W0. X 1 - 6 . . X  — [  l +  ^  ( 3 . 1 5 8 )
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b / a 0 .  1 0 . 2 0 . 5 I 2 5 10

Xc 6 . 0 7 2 . 8 6 0 . 8 4 - 3 . 6 0 1 . 1 2 0 . 5 9

eC 0 . 3 9 4 0 . 4 6 4 0 . 6 3 6 - 0 . 6 8 7 0 . 5 4 3 0 . 4 9 4

T a b l e  3 . 1 .  V a l u e s  o f  X0 and «c f o r  t h e  c o r r e l a t i o n  e q u a t i o n *

The a p p r o x i m a t i o n s  t o  B ( X )  d e r i v e d  f r o m  t a b l e  3 . 1  and  

e q u a t i o n  ( 3 . 1 5 2 )  a r e  shown as  d o t t e d  l i n e s  in  f i g u r e s  3 . 4  

and 3 . 5 *  and t h e  c o r r e s p o n d i n g  f o r c e  ( 3 . 1 5 6 )  i s  shown as  

b r o k e n  l i n e s ,  in  f i g u r e  3 . 2 .

The l e a s t  a c c u r a t e  b e h a v i o u r  o f  t h e  c o r r e l a t i o n  i s  a t  

i n t e r m e d i a t e  f r e q u e n c i e s  and l a r g e  a s p e c t  r a t i o s .  From  

f i g u r e  3 . 5 ( f )  we see  t h a t  w i t h  b / a  = 10 and | \ |  = 0 . 1 *  t h e  

d i s c r e p a n c y  i n  i s  a b o u t  0 .5 % ;  t h e  l a r g e s t  e r r o r  i n

(Re ( B} i s  0 .1 %  a t  | X ) = 5 .  T h i s  i s  v e r y  s a t i s f a c t o r y  

c o n s i d e r i n g  t h e  c o m p l i c a t e d  n a t u r e  o f  t h e  e x a c t  c a l c u l a t i o n  

a n d  t h e  s i m p l e  fo r m  o f  t h e  c o r r e l a t i o n  ( 3 . 1 5 6 ) .  F i g u r e  3 . 5  

s u g g e s t s  t h a t  t h e  v a l u e s  o f  i n  t a b l e  3 . 1  may be  a l i t t l e  

t o o  s m a l l .  The a c c u r a c y  o f  t h e  c o r r e l a t i o n  m ig h t  be im p r o v e d  

i f  a n o t h e r  method w ere  used t o  choose  t h e  v a l u e s  o f  X0 and  

a t .  H o w e v e r *  t h e r e  i s  no o b v i o u s  a l t e r n a t i v e  method s i n c e  

any o t h e r  w o u ld  be much more cumbersome* so no im p ro ve m e n t  

w i l l  be a t t e m p t e d .
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A v e r y  u s e f u l  p r o p e r t y  o f  t h e  c o r r e l a t i o n  i s  t h a t

( 3 . 1 5 8 )  may be i n t e g r a t e d  o v e r  a l l  f r e q u e n c i e s  t o  p r o v i d e  an 

i n v e r s e  L a p l a c e  t r a n s f o r m  o f  t h e  p r o b le m  ( a t  l e a s t  f o r  some 

v a l u e s  o f « t ) ;  i . e .  we c a n  f i n d  t h e  B a s s e t  f o r c e  f o r  an an  

a r b i t r a r y  t i m e —d e p e n d e n t  v e l o c i t y  and t h i s  w i l l  be  done in  

t h e  n e x t  s e c t i o n *

A n o t h e r  i n t e r e s t i n g  f e a t u r e  o f  t h e  r e s u l t s  may be  

o b s e r v e d  i n  f i g u r e  3 . 3 *  We c an  now r e g a r d  t h e  two t o u c h i n g  

c u r v e s  f o r  t h e  l i n e a r  c o r r e c t i o n s  as r e p r e s e n t a t i v e  o f  t h e  

sum o f  t h e  B a s s e t  f o r c e  and t h e  new f o r c e .  When t h e  a s p e c t  

r a t i o  i s  l a r g e *  we see  t h a t  t h e  added mass i s  s m a l l *  s i n c e  

t h e  body i s  " s t r e a m l i n e d " *  w hereas  t h e  S t o k e s  d r a g  and 

B a s s e t  f o r c e  i n c r e a s e  w i t h  t h e  l e n g t h  o f  t h e  b o d y*  We can  

c o n c l u d e *  t h e r e f o r e *  t h a t  f o r  lo n g  b o d i e s  a t  m o d e r a t e l y  h i g h  

f r e q u e n c i e s  t h e  B a s s e t  f o r c e  i s  t h e  d o m in a n t  o n e .  A l t h o u g h  

t h e  phase  o f  3 ( X )  may v a r y  c o n s i d e r a b l y  from 4 5 °  f o r  a long  

b ody*  e x a m i n a t i o n  o f  t h e  t r e n d s  in  t a b l e  3 * 1  s u g g e s t s  t h a t  

t h e  p h a s e  s h i f t  i s  c o n f i n e d  t o  low f r e q u e n c i e s  when t h e  body  

i s  l o n g *  These  c o n s i d e r a t i o n s  a r e  i l l u s t r a t e d  i n  f i g u r e  3 * 6  

w h e re  t h e  a s y m p to t e s  f o r  t h e  f o r c e s  a r e  shown as a f u n c t i o n  

o f  f r e q u e n c y  f o r  a few a s p e c t  r a t i o s *  C l e a r l y  f o r  a body  

w i t h  a s p e c t  r a t i o  100*  t h e  B a s s e t  f o r c e  i s  t h e  d o m in a n t  one  

o v e r  t h e  r a n g e  1 < JXf < 1 0 0 0 *

The above  d i s c u s s i o n  l e a d s  us t o  e x p e c t  t h a t  lo n g  

b o d i e s  e x h i b i t  t h r e e  d i s t i n c t  t y p e s  o f  b e h a v i o u r  d e p e n d in g
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on t h e  f r e q u e n c y  o f  o s c i l l a t i o n *  A t  v e r y  low f r e q u e n c y ?  t h e  

f l o w  i s  e s s e n t i a l l y  q u a s i - s t e a d y  in  t h e  n e ig h b o r h o o d  o f  t h e  

body and t h e  f o r c e  i s  d o m in a te d  by t h e  s t e a d y  S to k e s  d r a g *  

A t  v e r y  h i g h  f r e q u e n c i e s *  t h e  p o t e n t i a l  f l o w  l i m i t  i s  

v i r t u a l l y  r e a c h e d  and t h e  f o r c e  i s  d o m in a te d  by t h e  v i r t u a l  

mass t e r m *  T h e r e  i s  a t h i r d  r e g i o n  o f  s i m p l e  b e h a v i o u r  in  

w h ic h  t h e  f l o w  i s  l o c a l l y  t w o - d i m e n s i o n a l  n e a r  t h e  body*  t h e  

ends  o f  t h e  body and t h e  f a r  f i e l d  b e i n g  r e l a t i v e l y  

u n i m p o r t a n t *  and t h e  f o r c e  i s  d o m in a t e d  by t h e  B a s s e t  f o r c e *  

Such f l o w s  h a ve  been d i s c u s s e d  by B a t c h e l o r  ( 1 9 5 5 ) *  The  

b o u n d a r i e s  o f  t h e  r e g i o n s  o f  d i f f e r e n t  b e h a v i o u r  a r e  shown 

i n  f i g u r e  3 * 7 *

3 * 6  INVERSION OF THE LAPLACE TRANSFORM

I f  we c o n s i d e r  t h e  f o r c e  on t h e  s p h e r o i d  in  a r b i t r a r y  

m o t io n  w i t h  v e l o c i t y  W ( t ) *  t h e n  t h e  d i f f e r e n t i a l  e q u a t i o n  

f o r  W [r  * t )  i s

E  4 Tfer -  E '  =  O ( 3 . 1 5 9 )

Me now d e f i n e  a L a p l a c e  t r a n s f o r m  o v e r  t i m e

( 3 . 1 6 0 )

so t h a t  » s) s a t i s f i e s  t h e  e q u a t i o n

-  S E x 3fer -  UrCz.o) ( 3 * 1 6 1 )
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I f  t h e  f l u i d  i s  i n i t i a l l y  a t  r e s t *  1ITCr* 0 J = 0 *  so t h a t  

( 3 * 1 6 1 )  becomes t h e  same as ( 3 . 2 0 )  w i t h  T ( r » s )  r e p l a c i n g  

I f  l e n g t h  s c a l e  a had been us ed  f ro m  t h e  b e g i n n i n g  

in  ( 3 * 2 0 ) *  c *  w ou ld  be r e p l a c e d  by & •  The f o r c e  on t h e

body 'cfH(t) t r a n s f o r m s  i n  t h e  same way* so t h e  c o r r e l a t i o n  

( 3 * 1 5 3 )  would  g i v e :

®  ( 3 . 1 6 2 )
t  s

w i t h  z 0 = •  The L a p l a c e  t r a n s f o r m  may be  i n v e r t e d  t o

g i  ve:

0 . f t ) -

( 3 . 1 6 3 )

I n  e q u a t i o n  ( 3 * 1 6 3 )  and w h a t  f o l l o w s *  t h e  t i m e  i s  made 

d i m e n s i o n l e s s  u s i n g  t h e  v i s c o u s  d i f f u s i o n  t i m e  a * / v .  The  

f i r s t  t h r e e  t e r m s  o f  ( 3 . 1 6 3 )  a r e  t h e  a n a l o g u e  o f  6 a s s e t * s  

( 1 3 8 6 )  r e s u l t  f o r  a s p h e r e *  w i t h  t h e  B a s s e t  f o r c e  g i v e n  by 

t h e  h i g h  f r e q u e n c y  l i m i t  o f  B ( X ) »  v i z  B „ .  The f o u r t h  te r m  

has no a n a l o g y  f o r  t h e  c a s e  o f  a s p h e r e *  s i n c e  t h e n  

B0—B ^ = 0 *  and t h i s  new t e r m  w i l l  be c o n s i d e r e d  i n  d e t a i l .  

The memory f u n c t i o n  G ( t )  is  much more c o m p l i c a t e d  t h a n  t h e  

t"'* t e r m  i n  t h e  B a s s e t  f o r c e ;  i t s  L a p l a c e  t r a n s f o r m  i s

r / c \  _  —  — ~Z  ( 3 . 1 6 4 )WCS) = s’/* S'S-1 *
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 - ^ /X ftir\
At h i g h  f r e q u e n c y *  G ( s )  * so t h e  i n v e r s e  t r a n s f o r m  f o r

sm a l l  t i m e s  w i l l  be G( * < ) ]  ' t*" *■» In  t a b l e  3 . 1 *  we

see  t h a t  *c i s  p o s i t i v e  and t y p i c a l l y  l i e s  in  t h e  r a n g e  

0 . 5  < * <  1 . 0 *  Thus G ( t )  w i l l  a lw a y s  have l e s s  s i n g u l a r  

b e h a v i o u r  f o r  s m a l l  t  t h a n  does t h e  B a s s e t  memory f u n c t i o n  

t ‘ S  and f o r  o t ^ 0 . 5  G ( t )  w i l l  n o t  be  s i n g u l a r  a t  a l l .  

How ever*  a t  l a r g e  t  ( s m a l l  f r e q u e n c y )  G ( s )  ~  * so

G ( t )  w i l l  h a ve  t h e  same b e h a v i o u r  as  t” '1.

A l t h o u g h  ( 3 . 1 6 4 )  i s  a s i m p l e  f u n c t i o n  o f  s *  i t s  

i n v e r s e  t r a n s f o r m  i s  d i f f i c u l t  t o  f i n d  in  t h e  g e n e r a l  c a s e .  

So b e f o r e  we p ro c e e d  w i t h  t h e  g e n e r a l  c a s e *  we w i l l  c o n s i d e r  

t h e  two s p e c i a l  c a s e s  i  1* where  t h e  t r a n s f o r m  is

t a b u l a t e d .  I n  t h e s e  c a s e s  t h e  i n v e r s e  t r a n s f o r m s  a r e  

( O b e r h e t t i n g e r  8 B a d i i  1 9 7 3 ) :

oC =  k  \  G rx (b ) = e r£ c  ( j z ^ ) - z .o ( 3 . 1 6 5 )

°e- =  I '• Gr, ( t )  = 6 ‘z »)14 e " * ofc e r  £ C(-'l-okY/' ]  ( 3 . 1 6 6 )

The f i r s t  o f  t h e s e  i s  r e l a t e d  t o  t h e  f u n c t i o n  c a l l e d  w ( z )  by  

A b r a m o w i t z  6 S te g u n  ( 1 9 6 5 ) .  w ( z )  i s  g i v e n  i n  t e r m s  o f  a 

power s e r i e s  i n  z and a s y m p t o t i c  i n v e r s e  power s e r i e s *  and  

we g e t :

Gr. (fr)= t 0 w C c z ^ )  =  %  ( 3 . 1 6 7 )
*■ •‘ -o I Cz-tij

and as t  —► » Grj. Lb) ^  [ }  t  2? f- l)"*  LT- ■ -£z~-0  i  ( 3 . 1 6 8 )
^  L ***, J L t t b T  I
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The second f u n c t i o n  ( 3 * 1 6 6 )  i s  n o t  d i g n i f i e d  w i t h  a s y m b o l *  

I n  t h i s  cas e  oC -  I » so z0 -  A* and A b ra m o w i tz  G S tegun  g i v e :

G - , ( i r ) =  (-■*obr ( 3 . 1 6 9 )

wh ich  may be r e a r r a n g e d  t o  g i v e :

l V  &  ( ~
Gr, ( t)  = 5 *  P£*+l> (3.170)

The i n v e r s e  t r a n s f o r m  o f  G ^ ( s )  i s  n o t  t a b u l a t e d  f o r  

a r b i t r a r y  v a l u e s  o f  sC» b u t  i t  can be  found  q u i t e  e a s i l y  by  

t h e  f o l l o w i n g  n o n r i g o r o u s  m e thod*  We w r i t e  G (s )  f rom  

( 3 * 1 6 4 )  i n  t h e  fo rm

G r ( s )  =  * o  s ( 3 * 1 7 1 )

Now w henever  | s j  > | z e |*/ i * we can expand  t h e  b i n o m i a l  as a

c o n v e r g e n t  power  s e r i e s :

Gr(s )  -  -  ^  ( 3 . 1 7 2 )
A = ©

T h i s  fo rm  o f  t h e  L a p l a c e  t r a n s f o r m  G ( s )  c an  e a s i l y  be  

i n v e r t e d  t o  g i v e  a power s e r i e s  w h ic h  s h o u l d  be v a l i d  a t  

l e a s t  f o r  s m a l l  v a l u e s  o f  t *

Gr* I t )  = -  ( 3 . 1 7 3 )
h S.®

& . u ) -  s  i 3 - 1™

The power s e r i e s  ( 3 . 1 7 4 )  i s  u n i f o r m l y  c o n v e r g e n t  when O  0»

w h ich  e n h a n c e s  i t s  c h a n c e s  o f  b e i n g  r e l i a b l e *  More

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7^

i m p o r t a n t l y *  i t  r e d u c e s  to  t h e  forms o f  ( 3 . 1 6 7 ) *  ( 3 . 1 7 0 )

when *C =  ̂ o r  1* w h ich  s u g g e s t s  t h a t  i t  i s  s a t i  s f  a c t o r y .  An 

a d d i t i o n a l  b e n e f i t  i s  t h a t  G ( t )  i s  r e a l  w h ich  i s  n o t  

g e n e r a l l y  t r u e  when G ( s )  i s  o n l y  an a p p r o x i m a t i o n *  and i s  a 

c o n s e q u e n c e  o f  t h e  f o r m  o f  t h e  c o r r e l a t i o n  ( 3 . 1 5 8 ) .  I f  we 

s u b s t i t u t e  z e = i n  ( 3 . 1 7 4 ) *  we g e t  t h e  f i n a l  fo rm :

The fo rm  o f  t h i s  f u n c t i o n  i s  shown i n  f i g u r e  3 . 8  f o r  t h e  

v a l u e s  o f  X<> and oi i n  t a b l e  3 . 1 .

We can a l s o  i n v e r t  t h e  L a p l a c e  t r a n s f o r m  f o r  t h e  

f o r c e  d e r i v e d  f o r  a n e a r l y  s p h e r i c a l  body ( 3 . 9 5 ) *  when b / a  

i s  c l o s e  t o  u n i t y .  The r e s u l t  i s  o f  t h e  same fo r m  as

E q u a t i o n  ( 3 . 1 7 6 )  is  made d i m e n s i o n l e s s  w i t h  l e n g t h - s c a l e  b 

and a = b ( l + € ) .  I n  t h i s  c a s e *  t h e  c o n s t a n t  C i s

( 3 . 1 7 5 )

( 3 . 1 6 3 ) •

( 3 . 1 7 6 )

where  > + f  £  + - f e e '  + -  B0*  O ^ ) ( 3 . 1 7 7 )

( 3 . 1 7 8 )

( 3 . 1 7 9 )

( 3 . 1 8 0 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



75

and th e  memory f u n c t i o n  G is  g i v e n  by

G r 'tO  = ^  S,/*-»-'Z, 1  ( 3 . 1 8 1 )

w i t h  z , = x J T c J l 1* ! )  = J5e‘ ir b̂ .  From O b e r h e t t i n g e r  £ B a d i i

( 1 9 7 3 )  we f i n d  t h a t

c - w  -  i k [ K ?  -  V O - l ® 2 )

=  (3 .1 8 3 )

T h i s  can be w r i t t e n  i n  t h e  fo rm  o f  a power s e r i e s *

Z'-aY h*'*-
z ?  « '"£"” ■)? ( 3 . 1 8 4 )

E q u a t i o n  ( 3 . 1 8 4 )  is  r e a l  s i n c e  t h e  t r a n s f o r m  G ( s )  i s  e x a c t  

i n  t h i s  c a s e .  The f u n c t i o n  ( 3 . 1 3 4 )  i s  shown d o t t e d  in  

f i g u r e  3 . 8 .

In  c o n c l u s i o n *  we see  t h a t  t h e  c o n c e p t  o f  t h e  B a s s e t  

f o r c e  i s  e a s i l y  g e n e r a l i z e d  t o  n o n s p h e r i c a l  b o d i e s *  and t h a t  

i t  i s  t h e  h ig h  f r e q u e n c y  te rm  w h ich  in  f a c t  g i v e s  r i s e  t o
I

t h e  u sua l  t e r m  w i t h  t h e  t *  memory f u n c t i o n .  Then i t  i s  

c o n v e n i e n t  t o  s e p a r a t e  o f f  a f o u r t h  t e r m  w h ic h *  i n  most  

c a s e s *  has  no s i n g u l a r i t y  in  t h e  memory f u n c t i o n *  b u t  w h ich

i s  c o m p a ra o le  t o  t h e  B a s s e t  f o r c e  a t  lo n g  t i m e s .  A l th o u g h

t h e  g e n e r a l  p r o b l e m  is  v e r y  c o m p l i c a t e d *  i t  i s  h e l p f u l  t o

t r e a t  i t  i n  t h i s  way*  so t h a t  a l l  t h e  complex  b e h a v i o u r  i s  

c o n t a i n e d  in  one t e r m  o f  t h e  f o r c e .
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F i g u r e  3 . 1 ( a ) .  The g e o m e t ry  and c o o r d i n a t e  system f o r  an 
o b l a t e  s p h e r o i d .
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F i g u r e  3 . 2 .  The f o r c e  on an o s c i l l a t i n g  s p h e r o i d  as a
f u n c t i o n  o f  b / a  and | A I : ______  * f u l l  c a l c u l a t i o n ;  •  • • • •  *
c o r r e l a t i o n  f o r  t h e  r e a l  p a r t ;  ----------  * c o r r e l a t i o n  f o r  t h e
i m a g i n a r y  p a r t .
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F i g u r e  3 * 3 *  A s y m p t o t i c  v a l u e s  o f  t h e  components  o f  t h e  f o r c e  
as a f u n c t i o n  o f  a s p e c t  r a t i o *  ( n o m in a l  v a l u e  o f  | \ |  = 10  
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



80

Oo
£

e
in

o
rl- o

CO o

-<
CO

)

oou
O
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F i g u r e  3 . 5 .  The r e a l  and i m a g i n a r y  co m p o n en ts  o f  t h e  " B a s s e t  
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F i g u r e  3 . 7 *  The r e g i o n s  o f  d i f f e r e n t  b e h a v i o u r  in  t h e  
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F i g u r e  3«8« The memory f u n c t i o n  G ( t )  w h ich  a p p e a r s  i n  t h e  
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CHAPTER 4 .  S IM IL A R IT Y  SOLUTIONS FOR THE MOTION OF 

A LARGE DISC NEAR A PLANE

4 . 1  INTRODUCTION

The d r a i n i n g  o f  a f l u i d  l a y e r  i n  t h e  h y d ro d y n a m ic  

c o l l i s i o n  o f  tw o  p a r t i c l e s  or t h e  i n t e r a c t i o n  o f  an o b j e c t  

w i t h  a b o u n d a ry  u n d e r l i e s  a  d i v e r s e  s p e c t ru m  o f  p h y s i c a l  

phenomena a s s o c i a t e d  w i t h  f i l t r a t i o n *  c o a g u l a t i o n  and  

b i o l o g i c a l  a p p l i c a t i o n s .  I n  v i r t u a l l y  a l l  o f  t h e s e  s t u d i e s  

t o  d a t e *  t h e s e  i n t e r a c t i o n s  h a ve  been t r e a t e d  e i t h e r  i n  t h e  

v i s c o s i t y  d o m in a t e d  l i m i t *  w h e re  p a r t i c l e  and f l u i d  i n e r t i a l  

e f f e c t s  can  be i g n o r e d *  o r  i n  t h e  i n v i s c i d  l i m i t  w h ere  a l l  

r e a l  f l u i d  e f f e c t s  a r e  o m i t t e d .  The v a s t  m a j o r i t y  o f  

a n a l y s e s  in  t h e  v is c o u s  l i m i t  h ave  been based on e i t h e r  t h e  

q u a s i - s t e a d y  S t o k e s  e q u a t i o n  i n  t h e  l i m i t  o f  z e r o  R e y n o ld s  

number o r  l u b r i c a t i n g  l a y e r  t h e o r i e s  w here  t h e  R e y n o ld s  

number based on gap h e i g h t  i s  s m a l l  and a l l  i n e r t i a l  e f f e c t s  

i n  t h e  f l u i d  l a y e r  can be  n e g l e c t e d .  The l a t t e r  

a p p r o x i m a t i o n  has been used i n  t h e  r e c e n t  t h e o r y  o f  D a v i s *  

S e r a y s s o l  £ H in c h  ( 1 9 8 5 ) *  t h e  f i r s t  a n a l y s i s  w h ich  a t t e m p t s  

t o  a d d r e s s  t h e  e l a s t o h y d r o d y n a m i c  c o l l i s i o n  and re b o u n d  o f  

s o l i d  p a r t i c l e s  f ro m  a w a l l  i n  a v is c o u s  f l u i d .

The p r o b le m  o f  t h e  u n s t e a d y  c o l l i s i o n  i n t e r a c t i o n  o f  a 

f i n i t e  p a r t i c l e  w i t h  a b o u n d a r y  i s  one o f  t h e  most b a s i c  in  

t h e  s t u d y  o f  v i s c o u s  f l u i d s .  D e p e n d in g  on t h e  i n i t i a l
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v e l o c i t y  o f  t h e  p a r t i c l e *  t h e  R e y n o ld s  number based on t h e  

i n s t a n t a n e o u s  h e i g h t  o f  t h e  f l u i d  gap can v a r y  c o n t i n u o u s l y  

f ro m  v e r y  l a r g e  v a l u e s  w h e re  i n e r t i a l  e f f e c t s  a r e  d o m in a n t  

t o  v e r y  s m a l l  v a l u e s  d u r i n g  c o l l i s i o n  when t h e  f l u i d  gap i s  

v e r y  n a r r o w *  The t r e a t m e n t  o f  t h e  n o n l i n e a r  r e g i m e *  i n  

p a r t i c u l a r *  ha s  seemed t o  be i n s u r m o u n t a b l y  d i f f i c u l t *  The  

p r o b le m  o f  t h e  n e a r  c o l l i s i o n  a p p r o a c h *  h o w e v e r *  has  an  

i m p o r t a n t  s i m p l i f i c a t i o n  in  t h a t  t h e  b o u n d a ry  g e o m e t ry  i n  

t h e  r e g i o n  o f  n e a r  c o n t a c t  w i l l  be n e a r l y  p a r a l l e l *  a t  l e a s t  

f o r  a b l u n t  o b j e c t *  and t h e  b o u n d a r i e s  may be  f l a t t e n e d  by  

e l a s t i c  d e f o r m a t i o n *  T h e r e f o r e *  i m p o r t a n t  i n s i g h t s  can  

f i r s t  be o b t a i n e d  b y  e x a m i n i n g  t h e  f u l l y  n o n l i n e a r  p r o b le m  

f o r  t h e  s i m p l e  i n e l a s t i c  p a r a l l e l  w a l l  g e o m e t r y *  F or  

m a t h e m a t i c a l  s i m p l i c i t y *  we c o n s i d e r  an o b j e c t  w i t h  a f l a t  

c i r c u l a r  b o t t o m  moving to w a r d s  a p a r a l l e l  p l a n e  s u r f a c e *  as  

shown i n  f i g u r e  4 * 1 *  and we w i l l  assume t h a t  t h e  i n i t i a l  gap  

h e i g h t  h e i s  much s m a l l e r  t h a n  t h e  d i s c  r a d i u s  a *  The f l u i d  

m o t io n  i n  t h e  gap c a n  b e  v i s u a l i z e d  as a t i m e —d e p e n d e n t  

a x i s y m a i e t r i c  d o u b l e  s t a g n a t i o n  p o i n t  f l o w *

The p r o b le m  d e s c r i b e d  has a l r e a d y  been s t u d i e d  i n  t h e  

c a s e  w he re  t h e  body  i s  d ro p p e d  f ro m  r e s t  and f a l l s  u n d e r  t h e  

a c t i o n  o f  a  c o n s t a n t  norm al  f o r c e *  ( Weinbaum* L a w re n c e  £ 

Kuang and L a w r e n c e *  Kuang £ Weinbaum 1 9 8 5 *  These  p a p e r s  w i l l  

h e n c e f o r t h  be  r e f e r r e d  t o  as  WLK 1 and LKW 2* ) I n  t h e

p r e s e n t  cV\e.p+e.r- we a r e  i n t e r e s t e d  p r i m a r i l y  i n  t h e  m o t i o n  o f  

a body u n d e r  t h e  i n f l u e n c e  o f  i t s  own i n e r t i a  and f l u i d
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i n e r t i a  i n  t h e  a b sen c e  o f  an a p p l i e d  f o r c e *  For  a v i s c o u s  

f l u i d *  t h e r e  w i l l  oe d i s s i p a t i o n  o f  e n e r g y  and*  in  t h e  

a b sen c e  o f  e l a s t i c i t y *  t h e  body w i l l  come t o  r e s t  w i t h o u t  

r e c o i l  a t  some d i s t a n c e  f ro m  t h e  p l a n e *  I t  i s  t h i s  

d i s t a n c e *  as w e l l  as t h e  a c t u a l  p r o c e s s  o f  a r r e s t *  w h ic h  i s  

o f  f u n d a m e n ta l  i n t e r e s t *  I n  WLK I  and LKW 2 *  t h e  d r a i n i n g  

o f  t h e  f l u i d  l a y e r  a f t e r  t h e  body i s  d ro p p e d  f ro m  r e s t  was 

c o n s i d e r e d *  T h i s  c h o i c e  o f  i n i t i a l  c o n d i t i o n  l i m i t s  t h e  

r a n g e  o f  s o l u t i o n s  a v a i l a b l e  and i n  t h e  c u r r e n t  ©Kapber t h e  

i n i t i a l  v e l o c i t y  w i l l  b e  a r b i t r a r y *  T h i s  e n a b l e s  us t o  

e xa m in e  t h e  r e l a t i v e  i m p o r t a n c e  o f  t h e  a p p l i e d  f o r c e  and t h e  

i n i t i a l  momentum o f  t h e  body and f l u i d *

I t  was shown i n  WLK I  t h a t  t h e  p a r a l l e l  w a l l  g e o m e t r y  

l e a d s  t o  a s e p a r a t i o n  o f  t h e  r a d i a l  c o o r d i n a t e  i n  t h e  

e q u a t i o n s  o f  m o t i o n *  T h i s  s e p a r a t i o n  i s  t h e  t i m e - d e p e n d e n t  

e q u i v a l e n t  o f  t h e  s e p a r a t i o n  fo u n d  by Homann ( 1 9 3 6 )  f o r  a 

s t e a d y  a x i s y m m e t r i c  s t a g n a t i o n  p o i n t  b o u n d a ry  l a y e r *  I t  i s

i n t e r e s t i n g  t h a t  a n a lo g o u s  fo rm s  e x i s t  f o r  t h e  t w o -  

d i m e n s i o n a l  v e r s i o n  o f  t h i s  p r o b le m  ( Secomb* 1 9 7 8  ) and f o r  

t h e  f l u i d  m o t i o n  in  a t u b e  w h ich  c o n t r a c t s  u n i f o r m l y  a l o n g  

i t s  l e n g t h  ( U c h i d a  £ Aoki  * 1 9 7 7  ) •  I n  each  c a s e *  t h e r e  i s  

s t a g n a t i o n  f l o w  a t  t h e  o r i g i n  o f  c o o r d i n a t e s *  t h e  s t r e a m w i s e  

v e l o c i t y  i s  p r o p o r t i o n a l  t o  t h e  s t r e a m w i s e  c o o r d i n a t e *  and  

t h e  p e r p e n d i c u l a r  v e l o c i t y  i s  i n d e p e n d e n t  o f  t h e  s t r e a m w i s e  

c o o r d i n a t e *  I n  a l l  t h e s e  p ro b le m s  t h e  number o f  in d e p e n d e n t  

v a r i a b l e s  i s  re d u c e d  by one and t h e  re d u c e d  e q u a t i o n s  l e a d
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t o  e x a c t  n u m e r ic a l  s o l u t i o n s  o f  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  

A n other  f a m i l y  o f  such s o l u t i o n s  was d e s c r i b e d  by B a t c h e l o r  

( 1 9 5 1 )  who g e n e r a l i z e d  t h e  r o t a t i n g  d i s c  p ro b le m  o f  von  

Karman ( 1 9 2 1 ) .  The b a s i c  e q u a t i o n s  a r e  a l l  o f  m o d i f i e d  

b o u n d a ry  l a y e r  t y p e ;  t h e  te r m s  r e t a i n e d  i n  t h e  g o v e r n i n g  

e q u a t i o n s  a r e  e x a c t l y  t h o s e  r e t a i n e d  i n  t h e  b o u n d a ry  l a y e r  

e q u a t i o n s  e x c e p t  t h a t  t h e  p r e s s u r e  i s  no l o n g e r  c o n s t a n t  

a c r o s s  t h e  v i s c o u s  l a y e r  and a d i f f e r e n t  normal  momentum 

e q u a t i o n  i s  e m p lo ye d *  Some o f  t h e  above  exa m ples  a r e  

d is c u s s e d  by S c h l i c h t i n g  ( 1 9 7 9 ) *

Yang ( 1 9 5 8 )  showed t h a t  f o r  a t i m e - d e p e n d e n t  t w o -  

d i m e n s i o n a l  s t a g n a t i o n  p o i n t  f l o w *  a f u r t h e r  s i m p l i f i c a t i o n  

can be o b t a i n e d  i f  t h e  o u t e r  f l o w  has t h e  s p e c i a l  

d i m e n s i o n l e s s  fo rm *

=  \ - o L \ z  ( * . 1 >

I n  t h i s  c a s e  a s i m i l a r i t y  s o l u t i o n  i s  fo u n d  and t h e  number  

o f  i n d e p e n d e n t  v a r i a b l e s  i s  f u r t h e r  r e d u c e d *  so t h e  f l o w  i s  

d e t e r m in e d  i n  te rm s  o f  a f u n c t i o n  o f  a s i n g l e  v a r i a b l e *  

U c h id a  L Aoki  ( 1 9 7 7 )  found t h a t  a  p a r t i c u l a r  t i m e - d e p e n d e n c e  

o f  t h e  t u b e  r a d i u s  a l s o  l e a d s  t o  a s i m i l a r i t y  s o l u t i o n ;  i n  

f a c t  t h i s  a l s o  l e a d s  t o  a s t r e a m w is e  v e l o c i t y  l i k e  ( 4 * 1 ) *  

These two s o l u t i o n s  have no s p e c i a l  p h y s i c a l  i n t e r p r e t a t i o n *  

r a t h e r  t h e  t i m e - d e p e n d e n c e  i s  i n t r o d u c e d  a r t i f i c i a l l y  as  a  

m a t h e m a t ic a l  c o n v e n ie n c e  i n  t h e  s o l u t i o n *  We w i l l  show t h a t  

a s i m i l a r  s o l u t i o n  a r i s e s  n a t u r a l l y  i n  t h e  p r e s e n t  p r o b l e m  

and t h a t  i t  has  a s im p le  p h y s i c a l  i n t e r p r e t a t i o n *
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When t h e  g o v e r n i n g  e q u a t i o n s  a r e  c a s t  in  d i m e n s i o n l e s s  

form» we f i n d  t h a t  in  t h e  g e n e r a l  c a s e  t h e r e  a r e  t h r e e  

d i m e n s i o n l e s s  p a r a m e t e r s  g o v e r n i n g  t h e  m o t i o n *  The se  a r e  

Re0  = h0 |w0 | / v »  /3 = 4mh0 /nyoa*'’ and T = V e /w J *  in  w h ich  v  and  

p  a r e  t h e  k i n e m a t i c  v i s c o s i t y  and d e n s i t y  o f  t h e  f l u i d *  m 

and w0 a r e  t h e  mass and i n i t i a l  v e l o c i t y  o f  t h e  d i s c *  and  

V0 = (4'3-A/tT|0a*’ )Vt( h 0/ a )  i s  a  v e l o c i t y  s c a l e  based  on t h e  

i n i t i a l  gap h e i g h t  and t h e  c h a r a c t e r i s t i c  i n e r t i a l  t i m e  

r e q u i r e d  t o  d r a i n  t h e  f l u i d  u n d e r  an a p p l i e d  f o r c e  *3^ w h ic h  

i n c l u d e s  g r a v i t y *  The f i r s t  p a r a m e t e r  i s  t h e  R e y n o ld s  

number based on t h e  i n i t i a l  gap h e i g h t *  t h e  second p a r a m e t e r  

i s  t h e  r a t i o  o f  t h e  c o n t r i b u t i o n  t o  t h e  dynamic  e q u a t i o n  o f  

t h e  i n e r t i a  o f  t h e  body t o  t h a t  o f  t h e  i n e r t i a  o f  t h e  f l u i d *  

and if i s  t h e  r a t i o  o f  t h e  a p p l i e d  f o r c e  t o  t h e  p r e s s u r e  

f o r c e  in d u c e d  by t h e  i n e r t i a  o f  t h e  f l u i d *  The p a r a m e t e r  

v a l u e s  can  v a r y  g r e a t l y  d e p e n d in g  on t h e  t y p e  o f  c o l l i s i o n  

c o n s i d e r e d *  Re0 may be  v e r y  s m a l l  f o r  m i c r o s c o p i c  p a r t i c l e s  

o r  q u i t e  l a r g e  f o r  l a r g e  p a r t i c l e s  ( e . g .  f o r  a l a r g e  

s n o w f l a k e  h i t t i n g  a window Re0 ~  1 0 3 ) •  ( I  i s  t y p i c a l l y  

«  0 ( 1 ) f o r  l i q u i d s  and f o r  sm al l  gap h e i g h t *  b u t  may be  

l a r g e  f o r  s o l i d  p a r t i c l e s  in  a gas ( e * g *  f o r  a penny  

dropped  i n  a p u d d l e  o f  w a t e r  / i+ ' lG 3' * b u t  f o r  t h e  s n o w f l a k e  

h i t t i n g  a window / X * ' 1 0 a' )■ F i n a l l y *  V depends on t h e  

n a t u r e  o f  t h e  p r o b le m  ; i f  t h e r e  i s  no a p p l i e d  f o r c e  V i s  

z e r o *  i f  t h e r e  i s  no i n i t i a l  v e l o c i t y  If i s  i n f i n i t e *  Hence  

f o r  a g i v e n  body and f l u i d  If may t a k e  any v a l u e *
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I n  t h e  p r e s e n t  c h a p t e r  we a r e  p r i n c i p a l l y  i n t e r e s t e d  

i n  two  p r o b l e m s :  ( i )  t h e  n e a r  c o l l i s i o n  a r r e s t  o f  an o b j e c t

d r i v e n  s o l e l y  by i n e r t i a  i n  t h e  a b s e n c e  o f  an a p p l i e d  f o r c e  

and ( i i )  t h e  m o d i f i c a t i o n  o f  t h i s  f l o w  when an a p p l i e d  f o r c e  

i s . p r e s e n t  w i t h  i n e r t i a  p l a y i n g  a s u b s i d i a r y  r o l e *  F o r  t h e  

f i r s t  o f  t h e s e  p r o b le m s  t h e  r e d u c e d  e q u a t i o n  s i m p l i f i e s  

s i n c e  Y = 0 ; f o r  t h e  s e c o n d *  o n l y  tw o  p a r a m e t e r s  a r e  

r e q u i r e d  s i n c e  we c an  d e f i n e  a  m o d i f i e d  R e y n o ld s  number  

Re© = b e Ve / v  b a s e d  on Ve and t h e  p a r a m e t e r  Y  i s  r e p l a c e d  by 

u n i t y *

The e q u a t i o n s  o f  m o t io n  w i l l  be t r e a t e d  i n  t h e  

i n v i s c i d  l i m i t  f o r  a l l  v a l u e s  o f  f t  and 2 and f o r  r e a l  f l u i d s  

w i t h  f i n i t e  Re0 we s h a l l  c o n s i d e r  t h e  t w o  p ro b le m s  m e n t io n e d  

a b o v e *  I n  t h e  c a s e  o f  f i n i t e  Re0 * i t  i s  p o s s i b l e  t o  d e f i n e  

a t i m e - d e p e n d e n t  R e y n o ld s  number;  t h i s  w i l l  e n a b l e  us t o  

o b t a i n  a s i n g l e  s o l u t i o n  c u r v e  w h ic h  i s  v a l i d  f o r  t h e  e n t i r e  

r a n g e  o f  R e y n o ld s  numbers from t h e  i n i t i a l  v a l u e  t o  z e r o  a t  

f i n a l  a r r e s t *  T h i s  s o l u t i o n  i s  d i v i d e d  i n t o  t h r e e  p a r t s *  

The f i r s t  p a r t  i s  a b o u n d a r y  l a y e r  s o l u t i o n  v a l i d  f o r  

Re0 > 0 ( 1 0 0 )  w h ic h  i s  an e x a c t  s i m i l a r i t y  s o l u t i o n  when 

( i  = 0 * t h e  s e c o n d  p a r t  i s  a n u m e r i c a l  s o l u t i o n  f o r  

0 ( 0 * 1 )  < Rec < 0 ( 1 0 0 )  and t h e  t h i r d  p a r t  i s  a low R e yn o ld s  

number a n a l y s i s *  Amongst o t h e r  t h i n g s *  t h i s  s o l u t i o n  

p r e d i c t s  t h e  u l t i m a t e  p o s i t i o n  o f  r e s t  o f  t h e  body i n  t h e  

a b se n c e  o f  an a p p l i e d  f o r c e *
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4.2 GOVERNING EQUATIONS

The e q u a t i o n s  o f  m o t io n  f o r  t h e  body and f l u i d  w ere  

d e r i v e d  i n  WLK 1» b u t  a s l i g h t l y  d i f f e r e n t  a p p r o a c h  i s  used

h e r e *  S i n c e  t h e  f l o w  i s  a x i s y m m e t r i c *  i t  i s  b e n e f i c i a l  t o

i n t r o d u c e  a s t r e a m  f u n c t i o n  j jr  so t h a t  t h e  r a d i a l  v e l o c i t y  i s  

u = 3^ / r  and t h e  a x i a l  v e l o c i t y  i s  w = - ^ / r *  The c o n t i n u i t y  

e q u a t i o n  i s  t h e r e b y  s a t i s f i e d  and t h e  v o r t i c i t y  e q u a t i o n  

t a k e s  t h e  w e l l - k n o w n  forms

y E 't  - ’■ C & .h -'& h b b -Z 'lr-E 'tt'’ 0  , 4 . 2 ,

A s u b s c r i p t  d e n o t e s  d i f f e r e n t i a t i o n  and E x i s  t h e

g e n e r a l i s e d  a x i s y m m e t r i c  p o t e n t i a l  o p e r a t o r  g i v e n  by

cri _ r  -L ( 4 . 3 )
=  ~ r  v -  vz>

We e x p e c t  t h a t  f o r  s m a l l  v a l u e s  o f  ( a / h ) *  t h e

d y n a m i c a l l y  i m p o r t a n t  e f f e c t s  w i l l  be c o n t a i n e d  w i t h i n  t h e  

n a r r o w  gap r e g i o n  0 ^  r  ^  a t  0  £  z ^ h .  The b o u n d a r y  

c o n d i t i o n s  f o r  t h i s  r e g i o n  a r e s

on r  = 0 : 3̂ - 0 ,  3 ^ = 0  ( 4 - 4 )

o n  # • =  0,  ( 4 . 5 )

o n  ~z. -  U(b): 3̂ *= i R . -  0  ( 4 . 6 )

These c o n d i t i o n s  s u g g e s t  a t r i a l  s o l u t i o n  o f  t h e  form

T jj= r ' F ^ k ) ;  w = - 2 F
( 4 . 7 )
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T h is  fo r m  o f 3̂  s a t i s f i e s  ( 4 . 2 )  p r o v i d e d  t h a t  F i s  a s o l u t i o n  

o f  t h e  s i m p l e r  e q u a t i o n :

The s e p a r a t i o n  o f  t h e  s t r e a m w i s e  c o o r d i n a t e  i s  s i m i l a r  t o  

t h a t  f o u n d  by U c h i d a  & Aoki ( 1 9 7 7 )  and Secomb ( 1 9 7 8 )  f o r  

t w o - d i m e n s i o n a l  f l o w  and a x i a l  f l o w  i n  a p i p e *  and i s  

c h a r a c t e r i s t i c  o f  s t a g n a t i o n  p o i n t  f l o w s .

E q u a t i o n  ( 4 . 8 )  may be i n t e g r a t e d  w i t h  r e s p e c t  t o  z t o

g i v e

A ( t ) i s  an a r b i t r a r y  f u n c t i o n  w h ic h  may be f o u n d  by 

r e f e r e n c e  to  t h e  momentum e q u a t i o n .  The l a t t e r  g i v e s  two  

e q u a t i o n s  f o r  t h e  d e r i v a t i v e s  o f  t h e  p r e s s u r e *

V  2  HtVv • * •  0 ( 4 . 8 )

( 4 . 9 )

and

p*  -  “ ( v F i !

F>r = ^ ( * F w t2 F F „ . - *£ -F » fc) »  r p M b )

( 4 . 1 0 )

( 4 . 1 1 )

From ( 4 . 1 1 )  we c o n c l u d e  t h a t

( 4 . 1 2 )

where  f r o m  ( 4 . 1 0 )

g * =  -2 ,p  C v F „ - F k + 2 F F x) ( 4 . 1 3 )

We i n t e g r a t e  ( 4 . 1 3 )  making use o f  ( 4 . 6 )  t o  g i v e

( 4 . 1 4 )
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where pe i s  t h e  p r e s s u r e  a t  t h e  c e n t r e  o f  t h e  u n d e r s i d e  o f  

t h e  d i s c *

A ( t ) i s  r e l a t e d  t o  t h e  h y d ro d y n a m ic  f o r c e  on t h e  d i s c  

w h ich  we now c a l c u l a t e *  The norm al  component o f  t h e  v is c o u s
\y /

s t r e s s  i s / t ^ j y  w h ic h  i s  n e c e s s a r i l y  z e r o  on t h e  d i s c *  and  

t h e  p r e s s u r e  i s  g i v e n  by :

f>(r A ,b )  = x/>rXA(fc) ( 4 * 1 5 )

The above  a n a l y s i s  i s  n o t  v a l i d  n e a r  t h e  edge  o f  t h e  d i s c *  

H ow ever t  in  p u r e l y  v is c o u s  f l o w *  e x i t  e f f e c t s  w ou ld  be  

c o n f i n e d  t o  w i t h i n  one gap h e i g h t  o f  t h e  edge { c * f *  Oagan*  

Weinbaum & P f e f f e r  1 98 2  ) *  and i n  i n v i s c i d  f l o w  e x i t  

e f f e c t s  would n o t  be i m p o r t a n t  w i t h i n  t h e  gap*  We d e f i n e  a e 

t o  be t h e  r a d i u s  o f  t h e  i n n e r  r e g i o n  so t h a t  f o r  r  < a 0 * t h e  

f l o w  s a t i s f i e s  t h e  above  a s s u m p t io n s  and so t h a t

* OLk) « ( k )  —* 0  ,4.16)
I n  i n c o m p r e s s i b l e  f l o w  t h e  p r e s s u r e  i n c l u d e s  an a r b i t r a r y  

a d d i t i v e  c o n s t a n t *  so we may t a k e  t h e  a m b i e n t  p r e s s u r e  in  

t h e  e x t e r n a l  dom ain  t o  be z e r o *  The p r e s s u r e  a t  t h e  p o i n t  

( a 0 * h )  w i l l  d i f f e r  f rom  z e r o  by A p *  t h e  e x i t  p r e s s u r e  d r o p *  

E q u a t i o n  ( 4 * 1 5 )  g i v e s :

Ap = Alt) + pctfc) (4.17)

For  a h i g h  R e y n o ld s  number e x i t  f l o w *  t h e  p r e s s u r e  i s  

c o n s t a n t  a c r o s s  t h e  edge  t o  Q ( h e/ a ) »  w h e re a s  f o r  v e r y
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v is c o u s  f l o w  we e x p e c t  t h a t  Ap/p<? = 0 ( h tf/ a ) .  Thus f o r  a l l  

r e g im e s  o f  f l o w *

p . U )  = - t / > * 'A ( . k ) [  1* O t \ , la . ) ]  ( 4 . 1 8 )

so p ^ A . b ) -  Jfc/0 (:r' --of)ACk)ri-» OCWo/^] ( 4 . 1 9 )

We i n t e g r a t e  t h e  p r e s s u r e  o v e r  t h e  u n d e r s i d e  o f  t h e  d i s c  t o  

g e t  t h e  h y d r o d y n a m ic  f o r c e  on t h e  d i s c *

= -  IF/0* 4 A W [ l +  D(W./aVJ ( 4 . 2 0 )

The e r r o r  t e r m  in  ( 4 . 2 0 )  c o n t a i n s  p a r t s  due t o  t h e  e x t e r n a l  

f l o w *  t h e  i n a c c u r a c y  o f  ( 4 . 1 5 )  ne ar  t h e  e dge  o f  t h e  d i s c *  

and t h e  unknown* s m a l l *  c o n s t a n t  p r e s s u r e  i n c r e a s e  w i t h i n  

t h e  gap due t o  t h e  e x i t  p r e s s u r e  d r o p .  The t h i r d  

c o n t r i D u t i o n  w i l l  o f t e n  be  d o m in a n t  and i t  i s  e s t i m a t e d  by 

Aprra* .

The h y d r o d y n a m ic  f o r c e  i s  b a l a n c e d  by t h e  a c c e l e r a t i o n  

o f  t h e  d i s c  and an a p p l i e d  downward f o r c e  t o  g i v e :

% <  = + ^ A  ( 4 . 2 1 )

i n  w h ich  m i s  t h e  mass o f  t h e  d i s c .  F i n a l l y *  we h a v e  t h e  

dynamic  e q u a t i o n  f o r  t h e  m o t i o n *

T h i s  e q u a t i o n  i s  v a l i d  in  t h e  l i m i t  as ( h e / a )  — 0 .  The  

c o u p l e d  sys tem  o f  e q u a t i o n s  f o r  F and h i s  c o m p le t e d  by  t h e  

b o u n d a ry  c o n d i t i o n s  on F*
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O ft -z. = O : F = 0, Fx = 0  ( A . 2 3 )

O f t ^ s V v t t ) :  F x = 0 ,  Wh = - X F  ( 4 . 2 4 )

We may a l s o  s p e c i f y  i n i t i a l  c o n d i t i o n s  f o r  F and h;

wWeft b = O i  F =  FoC*), V\ = U0 ( 4 . 2 5 )

The i n i t i a l  v e l o c i t y  o f  t h e  d i s c t  w0 « i s  t h e n  g i v e n  b y ;

o c  / ,  \  ( * - 2 6 )W e -  ~ 2. ( Uo )

we may now c a s t  t h e  system o f  e q u a t i o n s  in

d i m e n s i o n l e s s  f o r m  by d e f i n i n g  F *  = F / | w e | t  F *  = Fo / | w 0 J* 

h* = h / h 0 « z*  = z / h „ » t *  = t j w * | / h e .  We d r o p  t h e  a s t e r i s k s  

t o  g e t ;

^ ( S ^ b f c + V  ( 4 . 2 7 )

The b o u n d a ry  c o n d i t i o n s  a r e  unchanged and t h e  i n i t i a l

c o n d i t i o n s  become:

w V ie > * ib = 0 :  Vi = \ ( 4 . 2 8 )

w i t h  k t = - l  *  -  2 F o 0 )  ( 4 . 2 9 )

The t h r e e  d i m e n s i o n l e s s  p a r a m e t e r s  a r e :

Vo /v^o/
i n i t i a l  R e y n o ld s  number R e  0 =• v  ( 4 . 3 0 )

n -  ^'*M' - I Vo\3-i n e r t i a  p a r a m e t e r  /3 -  vS7 ( 4 . 3 1 )

f o r c i n g  p a r a m e t e r  V =■ ( 4 . 3 2 )

Ttjoef  Wc

4 'c
-nyo i
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The r e g im e s  o f  m o t i o n  a r e  d e t e r m i n e d  by t h e  v a l u e s  o f  t h e s e  

p a r a m e t e r s  w h ic h  r e p r e s e n t  t h e  r a t i o s  o f  f o r c e s *  

f l u i d  i n e r t i a  : v i s c o u s *  body i n e r t i a  : f l u i d  i n e r t i a *

a p p l i e d  f o r c e  : f l u i d  i n e r t i a  r e s p e c t i v e l y *

4 . 3  IN V I S C I D  SOLUTION

I f  t h e  i n i t i a l  R e y n o ld s  number i s  v e r y  l a r g e *  t h e  

e f f e c t s  o f  v i s c o s i t y  w i l l  be  c o n f i n e d  in  space  t o  t h i n  

boundary  l a y e r s  and i n  t i m e  t o w a r d s  t h e  end o f  t h e  m o t i o n *  

For a l a r g e  p a r t  o f  t h e  m o t io n  t h e  i n v i s c i d  e q u a t i o n s  w i l l  

g i v e  a good r e p r e s e n t a t i o n  o f  t h e  s o l u t i o n *  T h e s e  e q u a t i o n s  

a r e :

Fzb + ( 4 . 3 3 )

where ©« •z .-O :  F =  0  ( 4 * 3 4 )

© a  F=--feWt ( 4 . 3 5 )

and wWe* = 11= 1, F  = F0 ( i ) ; = ( 4 . 3 6 )

The d i f f e r e n t i a l  e q u a t i o n  can be s a t i s f i e d  by t a k i n g

F = £ > ( t ) z  t o  g i v e :

+ «  /2Ubt -hV ( 4 . 3 7 )

w i t h  - - Z K 3 5  ( 4 . 3 8 )

vAen k=0 : V\=l> 5 = ■£ (4.39)

E q u a t i o n  ( 4 . 3 9 )  r e q u i r e s  t h a t
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( 4 . 4 0 )

Now i n  i n v i s c i d  f l o w *  t h e  i n s t a n t a n e o u s  s t r e a m  f u n c t i o n  i s  

d e t e r m i n e d  u n i q u e l y  by t h e  b o u n d a ry  c o n d i t i o n s *  so i f  t h e  

b o u n d a ry  c o n d i t i o n s  a r e  t o  h o l d  a t  t h e  i n i t i a l  i n s t a n t *  t h e n  

F6 must have  t h e  fo r m  o f  ( 4 . 4 0 ) .  A l t e r n a t i v e l y  we may 

r e g a r d  Fs ( z )  as  an unknown f u n c t i o n  which  i s  d e t e r m i n e d  as 

p a r t  o f  t h e  s o l u t i o n .

We must s o l v e  t h e  c o u p l e d  e q u a t i o n s  ( 4 . 3 7 ) *  ( 4 . 3 8 )  f o r

h and 3> s u b j e c t  t o  i n i t i a l  c o n d i t i o n  ( 4 . 3 9 ) .  F i r s t *  we

e l i m i n a t e  f ro m  ( 4 . 3 7 )  u s in g  ( 4 . 3 8 )  t o  g i v e :

(<S + 2k) f̂cfc “ 4 = 0  ( 4 . 4 1 )

E q u a t i o n  ( 4 . 4 1 )  was d e r i v e d  i n  WLK 1 w i t h  a d i f f e r e n t  

s c a l i n g  so t h a t  V  was r e p l a c e d  by u n i t y .  F o r  t h i s  c a s e *  

w i t h  t h e  i n i t i a l  c o n d i t i o n  h = 1, lifc= 0 * i t  was s o l v e d

n u m e r i c a l l y  f o r  a l l  /3 and an a n a l y t i c  s o l u t i o n  was g i v e n  f o r  

( i  -  0 ( c . f .  c a s e  ( i i )  b e lo w  ) •  S i n c e  ( 4 . 4 1 )  does n o t  

c o n t a i n  t  e x p l i c i t l y *  we c an  o b t a i n  a f i r s t  i n t e g r a l  by 

i n t r o d u c i n g  J ( h )  = £ h £ »  so t h a t  Th en  we h a v e :

_ 33T =  - / I b * .
3  WOrl/SW) 1+-2/1W ( 4 . 4 2 )

T h i s  e q u a t i o n  i s  o f  s t a n d a r d  fo rm  and has t h e  s o l u t i o n :

( 4 . 4 3 )

Now h^ = - J 2 J ( h ) * so we have f o r m a l l y *

b = ^  dbc ( 4 . 4 4 )
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T h is  i n t e g r a l  i s  n o t  a m enab le  t o  a n a l y t i c a l  c a l c u l a t i o n  in  

t h e  g e n e r a l  c a s e *  b u t  may be  e v a l u a t e d  i n  t h e  f o l l o w i n g  

s p e c i a l  c a s e s *

c a s e  ( i )  V  = 0 * 0

I n  t h i s  c a s e  J ( h )  r e d u c e s  t o :

S O O  =  W  ( * . « )

So we h ave :

=  ( 4 . 4 6 b )

E q u a t i o n  ( 4 * 4 6 b )  i s  i n t e g r a t e d  u s i n g  t h e  s u b s t i t u t i on

-  q *  t o  g i v e :

T h i s  t r a n s c e n d e n t a l  e q u a t i o n  c a n n o t  be i n v e r t e d  t o  g i v e  

h ( t j *  From ( 4 * 3 8 )  and ( 4 * 4 5 )  i s  g i v e n  by

* - * £ ■ ' 4 ' 4 8 »

S o l u t i o n s  ( 4 * 4 7 )  and ( 4 * 4 8 )  a r e  shown i n  f i g u r e s  4 * 2 ( a )  and 

4 * 2 ( b )  r e s p e c t i v e l y *

The d i m e n s i o n s l e s s  h yd ro d y n am ic  f o r c e  on t h e  d i s c  i s  

Â fcfc * w h ich  f r o m  ( 4 * 1 9 ) *  ( 4 * 2 0 ) *  and ( 4 * 2 1 )  i s  p r o p o r t i o n a l  

t o  p 0 ( t ) *  A { t ) and *3-H( t ) .  From e q u a t i o n  ( 4 * 4 5 )  we h a v e :

V>„ b 3 ' ( k )  =  %Vf ( 4 . 4 9 )
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The s o l u t i o n s  f o r  e§ * wh ich  i s  p r o p o r t i o n a l  to  r a d i a l  

v e l o c i t y *  and h(.t  shown in  f i g u r e s  4 . 2 ( b )  and < t«2(c )  a r e  o f  

p a r t i c u l a r  i n t e r e s t *  We s e e  t h a t  b o t h  £  and htfc a r e  s t r o n g l y  

d e p e n d e n t  on • F o r  s m a l l  j i t  h fct o r  t h e  f l u i d  p r e s s u r e  

d e c a y s  m o n o t o n i c a l l y  as  does t h e  r a d i a l  v e l o c i t y *  For l a r g e  

|3* t h e  f o r c e  i s  r e l a t i v e l y  s m a l l  e x c e p t  f o r  a s h o r t  t i m e  

n e a r  t  = 1 * when t h e  body i s  r a p i d l y  b r o u g h t  t o  a  s t o p  by  a 

v e r y  l a r g e  f o r c e *  w h ic h  a p p r o a c h e s  a u n i t  i m p u l s e  as 00 •

The f o r c e  comes f r o m  t h e  l a r g e  p r e s s u r e  g e n e r a t e d  u n d e r  t h e  

body by t h e  l a r g e  r a d i a l  v e l o c i t i e s  w h i c h  a r i s e  as t h e  gap  

becomes v e r y  n a r r o w .  T h i s  i s  e v i d e n t  f ro m  t h e  c o m p a r is o n  o f  

t h e  /2 = 50 c u r v e s  i n  f i g u r e  4 * 2 ( b )  and  4 . 2 ( c )  where  t h e  

maxima o f  t h e  hj,^ and J  c u r v e s  a r e  c o i n c i d e n t *  I f  e q u a t i o n  

( 4 . 3 7 )  i s  m u l t i p l i e d  by  hfc* t h e  r i g h t  hand s i d e  is

i m m e d i a t e l y  r e c o g n i z e d  as  t h e  t i m e  d e r i v a t i v e  o f  t h e  k i n e t i c  

e n e r g y  o f  t h e  body ;  t h e  t i m e  i n t e g r a l  o f  t h i s  te rm i s  t h e  

work done by t h e  body i n  t r a n s f e r r i n g  i t s  own e n e r g y  t o  t h e  

s u r r o u n d i n g  f l u i d *  When /& i s  s m a l l *  most o f  t h e  k i n e t i c

e n e r g y  i s  c o n t a i n e d  i n  t h e  f l u i d  w h ic h  has a chance  t o  

e s c a p e  a t  t h e  e dge  o f  t h e  body and t h e r e  i s  o n l y  a m in o r  

t r a n s f e r  o f  k i n e t i c  e n e r g y  t o  t h e  f l u i d  i n  t h e  gap b e f o r e  

f i n a l  a r r e s t .  F o r  l a r g e  /3* h o w e v e r *  t h e  e s c a p i n g  f l u i d

c o n t a i n s  o n l y  a s m a l l  p o r t i o n  o f  t h e  t o t a l  k i n e t i c  e n e r g y

w i t h  t h e  r e s u l t  t h a t  v e r y  l a r g e  a c c e l e r a t i o n s  and d y n am ic  

p r e s s u r e s  can be  b u i l t  up i n  t h e  n e a r  c o l l i s i o n  or im p a c t  

r e g i o n .  T h i s  b e h a v i o u r  has i m p o r t a n t  i m p l i c a t i o n s  f o r  t h e
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c o l l i s i o n  and r e c o i l  o f  an e l a s t i c  body w h ic h  a r e  d i s c u s s e d  

in  t h e  c o n c l u d i n g  s e c t i o n .

c as e  f i i l  (t> = 0 * 0

I n  t h i s  

d e c o u p le d  f rom  

have  t o  s o l v e :

c a s e  t h e  e q u a t i o n  f o r  $ »  ( 4 . 3 7 ) *  becomes  

h t  so i t  i s  e a s i e r  t o  p r o c e e d  d i r e c t l y .  We

3?,- +  & x  =  V ( 4 . 5 0 )

w i t h  w U e * t =  0 : ( 4 . 5 1 )

T h is  p r o b le m  has  d i f f e r e n t  s o l u t i o n s  d e p e n d in g  on 

o f  * .

t h e  v a l u e

I f  V = * t h e n ( 4 . 5 2 )

I f  * th e n ( 4 . 5 3 )

w i t h c  -  c o i V ( 4 . 5 4 )

I f  t t h e n ( 4 . 5 5 )

w i t h c  = V ' *4 W r ‘ C 4 v y ^ ( 4 . 5 6 )

Then we use  ( 4 . 3 8 )  t o  f i n d  t h e  r e s p e c t i v e  s o l u t i o n s f o r  h :

V\= e - t ( 4 . 5 7 )

v  < k ,

V  )

^ •= cosecW" [  y ’4  cosecAi?'

Vi = s e c l f  [  Y ' 4 s e e l ?  (c.Y'4)

( 4 . 5 8 )

( 4 . 5 9 )
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These s o l u t i o n s  f o r  h and &  a r e  shown in  f i g u r e s  4 . 3 ( a ) *  

4 . 3 ( d ) .  Com par ison  o f  f i g u r e s  4 . 2 ( a ) *  4 . 2 ( b ) *  4 . 3 ( a )  and

4 . 3 ( b )  c l e a r l y  shows t h e  d i f f e r e n c e  b e tw e e n  d r a i n i n g

b e h a v i o u r  u nder  a  f o r c e  due t o  body i n e r t i a  and a c o n s t a n t  

a p p l i e d  f o r c e  such as  g r a v i t y .  F o r  a c o n s t a n t  a p p l i e d  f o r c e  

w i t h  t h e  r a d i a l  v e l o c i t y  a s y m p t o t i c a l l y  a p p ro a c h e s  a

c o n s t a n t  v a l u e  f o r  w h ich  t h e  dynamic  p r e s s u r e  f o r c e  i n  t h e  

f l u i d  gap j u s t  b a l a n c e s  t h e  a p p l i e d  f o r c e .  The r a d i a l  

v e l o c i t y  c a n n o t *  t h e r e f o r e *  e x h i b i t  a l o c a l  maximum as a 

f u n c t i o n  o f  t i m e *  n o r  can  t h e r e  be a p r e s s u r e  o v e r s h o o t  when 

/ * =  0 .

c a s e  ( i i i )  ( i -  0 * %= 0

T h i s  i s  t h e  s i m p l e s t  c a s e  o f  a l l ;  we must s o l v e :

-  O  w»tU 3? *  i :  v A e * ib = c 9  ( 4 . 6 0 )

T h i s  g i v e s  <£ = ( 4 . 6 1 )

Then ( 4 . 3 S )  g i v e s :  V\ = ( 4 . 6 2 )

The  f o r e g o i n g  i n v i s c i d  s o l u t i o n s  f o r  and h d e s c r i b e  

a  l a r g e  p a r t  o f  t h e  m o t io n  i n  t h e  c a s e  o f  v e r y  l a r g e  Re© and  

may be used  as  a b a s i s  f o r  i n c l u d i n g  s m a l l  v is c o u s  e f f e c t s  

i n  a b o u n d a ry  l a y e r  t h e o r y  f o r  l a r g e  Re0 .
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4 . 4  SOLUTION PROCEDURE FOR VISCOUS CASE

T h e re  a r e  two main p ro b le m s  o f  i n t e r e s t  i n  s o l v i n g  

( 4 * 2 7 ) *  The f i r s t  i s  t h e  h y d r o d y n a m ic  a r r e s t  by v is c o u s  

d i s s i p a t i o n  o f  a moving body a p p r o a c h i n g  a s o l i d  b o u n d a ry *  

where  t h e  d r i v i n g  f o r c e  f o r  t h e  m o t i o n  i s  t h e  i n i t i a l  

momentum o f  t h e  body and f l u i d *  The second p r o b le m  i s  t h a t  

o f  c o m p l e t e  d r a i n i n g  o f  t h e  f l u i d  i n  t h e  gap u n d e r  t h e  

a c t i o n  o f  a c o n s t a n t  a p p l i e d  f o r c e *  The s o l u t i o n  p r o c e d u r e  

f o r  t h e s e  two p ro b le m s  i s  o u t l i n e d  b e l o w *

t a )  h y d ro d y n am ic  a r r e s t

The body w i l l  come t o  r e s t  b e f o r e  r e a c h i n g  t h e  p l a n e  

o n l y  i f  t h e r e  i s  no a p p l i e d  f o r c e *  i * e *  we must t a k e  If = 0 * 

From e q u a t i o n  ( 4 * 2 7 )  we a r e  l e f t  w i t h  a t w o - p a r a m e t e r  f a m i l y  

o f  s o l u t i o n s  f o r  d i f f e r e n t  v a l u e s  o f  and Rec •  The i n i t i a l  

s t re a m  f u n c t i o n  F0 ( z )  i s  unknown* b u t  i t  m u s t  r e f l e c t  t h e  

p r e v i o u s  h i s t o r y  o f  t h e  m o t i o n  and t h e  i n s t a n t a n e o u s  

R e y n o ld s  number based  on gap h e i g h t  when t h e  s o l u t i o n  i s  

s t a r t e d *  I f  R e 0 and t h e  i n i t i a l  gap h e i g h t  a r e  l a r g e *  we 

would  e x p e c t  F „ { z )  t o  be v e r y  c l o s e  t o  t h e  i n v i s c i d  s o l u t i o n  

fo und in  s e c t i o n  3*  e x c e p t  f o r  t h e  p r e s e n c e  o f  t h i n  b o u n d a ry  

l a y e r s  on t h e  t o p  and bo t tom  w a l l s *  On t h e  o t h e r  hand*  f o r  

s m a l l e r  v a l u e s  o f  Re© we would  e x p e c t  t h e  v e l o c i t y  p r o f i l e  

Foz t o  be more or  l e s s  p a r a b o l i c *  I n  f a c t  a s u i t a b l e  form
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f o r  F0 ( z )  w i l l  e m erge  as  p a r t  o f  t h e  s o l u t i o n  w h ic h  is  

d e s c r i b e d  b e l o w .

We c o n s i d e r  For  t h e  moment t h e  s o l u t i o n  f o r  a g i v e n  

v a l u e  o f  (2> and a l a r g e  Ree .  On p h y s i c a l  g ro u n d s *  we e x p e c t  

b o t h  t h e  d i m e n s i o n l e s s  gap h e i g h t  h and t h e  d e s c e n t  r a t e  

| h t | t o  d e c r e a s e  m o n o t o n i c a l I y  as t h e  m o t io n  p r o g r e s s e s .  We 

can  d e f i n e  a t i m e - d e p e n d e n t  R e y n o ld s  number*  

R e ( t )  = Re0 h | h b |» w h ic h  w i l l  d e c r e a s e  monebortical 1 y f r o m  Re0 

t o  z e r o  d u r i n g  t h e  m o t i o n .  When Re0 i s  v e r y  l a r g e  we c o u l d *  

f o r  e x a m p le *  c h o o se  t h e  i n v i s c i d  f l o w  as  a r e a l i s t i c  i n i t i a l  

c o n d i t i o n *  b u t  when Re0 i s  n o t  l a r g e *  t h e  fo rm  o f  t h e  

i n i t i a l  c o n d i t i o n  i s  n o t  o b v i o u s .  H o w e v e r *  a s u i t a b l e  

c a n d i d a t e  i s  a v a i l a b l e  i n  t h e  fo rm  o f  t h e  i n s t a n t a n e o u s

s o l u t i o n  f o r  l a r g e  Re0 a t  th e  a p p r o p r i a t e  t i m e  when R e ( t )

has t h e  d e s i r e d  v a l u e .  T h i s  s o l u t i o n  w i l l  be a good c h o i c e  

f o r  t h e  i n i t i a l  s t r e a m  f u n c t i o n  p r o v i d e d  t h a t  i t  i s  

i n d e p e n d e n t  o f  t h e  l a r g e  v a l u e  used f o r  Ree .  I n  t h i s  way*  

t h e  s o l u t i o n  s h o u l d  become i n d e p e n d e n t  o f  t h e  a c t u a l  i n i t i a l  

c o n d i t i o n s  and e x h i b i t  a s i m i l a r i t y  b e h a v i o u r  i n  w h i c h  t h e  

memory o f  t h e  d e t a i l e d  i n i t i a l  p r o f i l e  i s  l o s t .

The a b o ve  a rg u m e n t  p r o v i d e s  us  w i t h  two b e n e f i t s .  

F i r s t l y *  t h e  i n i t i a l  c o n d i t i o n  c h o s e n  f o r  t h e  s t r e a m  

f u n c t i o n  i s *  i n  a sense*  t h e  most n a t u r a l  o n e .  S e c o n d l y *  we 

need o n l y  one s o l u t i o n  o f  t h e  p r o b le m  t o  c o v e r  t h e  w h o le

ra n g e  o f  Re0 a t  a g i v e n  /3 • To o b t a i n  t h e  s o l u t i o n  f o r
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s m a l l e r  R e „ i  we s i m p l y  d i s c a r d  t h e  p o r t i o n  o f  t h e  s o l u t i o n  

w i t h  R e ( t )  > Rec and r e - s c a l e  t h e  r e m a i n i n g  p o r t i o n  o f  t h e  

m o t i o n  t o  g i v e  u n i t  i n i t i a l  c o n d i t i o n s .

( b )  d r a i n i n g  u n d e r  a  c o n s t a n t  f o r c e

When a f o r c e  i s  a p p l i e d *  t h e  body  w i l l  n o t  come t o  

r e s t  u n t i l  i t  i s  i n  c o n t a c t  w i t h  t h e  p l a n e *  a p r o c e s s  w h ic h  

t a k e s  an i n f i n i t e  t i m e .  T h e r e  a r e  tw o  c a s e s  w h ich  a r e  o f  

p a r t i c u l a r  i n t e r e s t  -  ( i )  t h e  body i s  d ro p p e d  f ro m  r e s t *  and  

( i i )  t h e  body a r r i v e s  f r o m  " f a r  away" w i t h  n o n - z e r o  i n i t i a l  

v e l o c i t y .  I n  b o t h  c a s e s *  t h e  v e l o c i t y  s c a l e  i s  d e t e r m i n e d  

by t h e  a p p l i e d  f o r c e *  so we u s e  a d i f f e r e n t  v e l o c i t y  s c a l e *  

n a m ely  V0 = ( h 0 / a )  ( 4'^A/r^oai  ) /x. Then we f i n d  t h a t  V =  Vo/w£  

and e q u a t i o n  ( 4 . 2 7 )  becomes:

F * f c + F £  - X P F „ - F x „ / R e . y H .  ( 4 # 6 3 )

w here  wtavt b = 0 :  F  = F0 I-* )  ( 4 . 6 4 )

I f  we r e d e f i n e  t h e  R e y n o ld s  number so t h a t  

Re0 = Re0V ' /’- = h0 V0 / v  and d e f i n e  "we = - Y  ** t h e n  we h a v e :

1 ( 4 . 6 5 )

w U e r e  v A e *  b «•£)•. It =  > j V>t = w j,., F  = F 0 L *.) ( 4 . 6 6 )

E q u a t i o n  ( 4 . 6 5 )  i s  t h e  same as ( 4 . 2 7 )  w i t h  Y = 1 .  The o n l y

d i f f e r e n c e  i s  i n  t h e  i n i t i a l  v a l u e  o f  h ^ .  I t  i s  c l e a r  t h e n *
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t h a t  by r e p l a c i n g  V by z e r o  or u n i t y  in  ( 4 . 2 7 ) *  we can s o l v e  

t h e  two p ro b le m s  o f  m a jo r  i n t e r e s t *  p r o v i d e d  we a l l o w  a 

l i t t l e  m ore  f l e x i b i l i t y  i n  t h e  i n i t i a l  v a l u e  o f  h ^ .  Thus we 

do n o t  need  t o  c o n s i d e r  a r b i t r a r y  v a l u e s  o f  )£ i n  ( 4 . 2 7 ) .

I n  c a s e  ( i )  when t h e  body i s  d ro p p e d  f r o m  r e s t *  b o t h  v70 

and F0 ( z )  a r e  z e r o • The s o l u t i o n  o f  ( 4 * 6 5 )  i s  e s s e n t i a l l y  

d i f f e r e n t  f o r  e a c h  c o m b i n a t i o n  o f  Re"0 and f i t  so t h e  f u l l  

t w o - p a r a m e t e r  f a m i l y  o f  s o l u t i o n s  i s  n e e d e d .  T h i s  c a s e  w i l l  

be d i s c u s s e d  f u r t h e r  i n  C h a p t e r  5 .

I n  c a s e  ( i )  t h e  i n i t i a l  c o n d i t i o n  i s  u n s p e c i f i e d  and*  

as i n  s e c t i o n  ( a )  a b o v e *  we must f i n d  t h e  i n i t i a l  s t r e a m  

f u n c t i o n  as  p a r t  o f  t h e  s o l u t i o n ;  we must a l s o  f i n d  t h e  

a p p r o p r i a t e  v a l u e  o f  "w0 • The t i m e - d e p e n d e n t  R e y n o ld s  number  

f o r  t h i s  p r o b le m  i s  R e ( t )  = R t ^ h ^ f t ) *  s i n c e  V0 i s  

p r o p o r t i o n a l  t o  h 0 • The b e h a v i o u r  i s  q u a l i t a t i v e l y  t h e  same 

as  t h a t  f o r  p r o b le m  ( a )  and t h e  same method o f  s o l u t i o n  may 

be a p p l i e d .  For  a g i v e n  v a l u e  o f  f i t  we t a k e  Rec t o  be v e r y  

l a r g e  and use  t h e  i n v i s c i d  s o l u t i o n  as t h e  i n i t i a l  

c o n d i t i o n .  The s eq u e n c e  o f  s t a t e s  w i t h  s m a l l e r  R e ( t )  t h e n  

g i v e s  t h e  i n i t i a l  c o n d i t i o n s  f o r  each  s m a l l e r  v a l u e  o f  K e ^ .  

A g a in  o n l y  one s o l u t i o n  o f  t h e  p r o b le m  i s  needed  t o  c o v e r  

t h e  w h o le  r a n g e  o f  R e0 f o r  a g i v e n / S .

The s o l u t i o n  method o u t l i n e d  above  e n a b l e s  us t o  

s i m p l i f y  t h e  ra n g e  o f  p a r a m e t e r s  and s t a r t i n g  c o n d i t i o n s  f o r  

t h e  s o l u t i o n .  I n s t e a d  o f  a t h r e e  p a r a m e t e r  f a m i l y  o f
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s o l u t i o n s  w i t h  unknown i n i t i a l  c o n d i t i o n s *  we o n l y  need t o  

f i n d  two o n e - p a r a m e t e r  f a m i l i e s  o f  s o l u t i o n s  f o r  t h e  two  

p ro b le m s  ( a )  and ( b ) *  The e x t r a  d e g r e e s  o f  f re e d o m  have  

been removed by c h o o s in g  t h e  most c o n v e n i e n t  ( a n d  r e a l i s t i c )  

i n i t i a l  c o n d i t i o n s *  I n  a d d i t i o n *  t h e  e q u a t i o n s  f o r  F and

h d e c o u p le  when /S = 0 *  T h i s  w i l l  e n a b l e  us t o  f i n d  new

b o u n d a ry  l a y e r  t y p e  s i m i l a r i t y  s o l u t i o n s  t o  t h e  N a v i e r -  

S t o k e s  e q u a t i o n s  in  w h ic h  t h e  i n v i s c i d  o u t e r  f l o w  has a 

m e a n in g f u l  p h y s i c a l  i n t e r p r e t a t i o n  ( s e c t  io n s  4.S1, 4 *6 ) .  T h i s  

s i m p l i f i c a t i o n  i s  n o t  p o s s i b l e  f o r  n o n - z e r o  f i t  s i n c e  t h e s e  

s o l u t i o n s  r e q u i r e  much more n u m e r ic a l  c o m p u t a t i o n *  we s h a l l  

o n l y  p r e s e n t  r e s u l t s  f o r  = 0 *

4 . 5  VISCOUS ORAINING FOR SMALL /3 AND CONSTANT APPLIED FORCE

We see f ro m  ( 4 * 3 1 )  t h a t  f o r  many p ro b le m s  /&<< I  s in c e  

i t  i s  t h e  r a t i o  o f  t h e  mass o f  t h e  body t o  t h e  mass o f  t h e  

f l u i d  i n  t h e  gap m u l t i p l i e d  by t h e  f a c t o r  ( h 0 / a ) a * w h ic h  is  

assumed t o  be  s m a l l *  T h i s  c a s e  a l s o  i n c l u d e s  t h e  l a t t e r  

p a r t  o f  any d r a i n i n g  m o t io n  f o r  a c o n s t a n t  a p p l i e d  f o r c e *  

s i n c e  f o r  d r a i n i n g  h —^  0 a t  l a r g e  t i m e s *  We w i l l  t a c k l e  

t h i s  p rob lem  f i r s t  s i n c e  i t s  s o l u t i o n  i s  t h e  s i m p l e r  o f  t h e  

two c a s e s  and s e r v e s  as a g u i d e  f o r  t h e  a r r e s t  p r o b le m  t o  be 

d is c u s s e d  in  s e c t i o n  4 .£>.
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( a ) b o u n d a ry  l a y e r  s o l u t i o n

The method d e s c r i b e d  i n  s e c t i o n  4*4 r e q u i r e s  t h a t  we 

s h o u ld  c hoos e  Re0 t o  be l a r g e  and s u g g e s t s  t h a t  we u s e  t h e  

i n v i s c i d  s o l u t i o n  w i t h  f u l l y  e s t a b l i s h e d  t o p  and b o t t o m  

b o u n d a ry  l a y e r s  as t h e  i n i t i a l  c o n d i t i o n *  We s h a l l  b e g i n  by  

a n a l y z i n g  t h e  b o u n d a r y  l a y e r  f o r  l a r g e  Re0 •  The “ o u t e r "  

f l o w  i s  g i v e n  by  t h e  d i s p l a c e d  i n v i s c i d  s t a g n a t i o n  p o i n t y

F  -  “ S(fcV) ! [^b) ( 4 . 6 7 )

where  £ ( t )  i s  t h e  b o u n d a r y  l a y e r  d i s p l a c e m e n t  t h i c k n e s s  

d e f i n e d  b y :

( 4 . 6 8 )

We may u s e  t h e  symmetry  o f  t h e  f l o w  a b o u t  z = h / 2  t o  r e p l a c e  

b o u n d a ry  c o n d i t i o n s  ( 6 . 2 4 )  by :

on  z  = ^h(fc)•' F  = F „  =  0  ( 4 . 6 9 )

Then t h e  i n v i s c i d  p a r t  o f  t h e  f l o w  g i v e s :

§  * +  a  | ( 4 . 7 0 )

( H - Z S ) *  *  ( 4 . 7 1 ,

w here  a t  b = 0 :  U= I > Vvt  = w„ ( 4 . 7 2 )

The above  s e t  o f  e q u a t i o n s  c a n n o t  be s o l v e d  i m m e d i a t e l y

b ecause  o f  t h e  p r e s e n c e  o f  £ w h ic h  depends on t h e  d e t a i l e d

s t r u c t u r e  o f  t h e  b o u n d a r y  l a y e r .  The b o u n d a ry  l a y e r  s c a l i n g
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i s  F = R e J ^ f ( ^ t t )  . i t h  -£ = Rep1 z .  E q u a t i o n s  ( 4 . 6 5 ) t  ( 4 . 2 3 )»  

( 4 * 6 9 )  and ( 4 * 6 6 )  become:

-̂Jfc + ^  ~ ^ P P ^  ~  ' ( 4 . 7 3 )

s u b j e c t  t o  b o u n d a r y  and i n i t i a l  c o n d i t i o n s :

Ort £ *  0  : P = 0 , P7 ® 0 ( 4 . 74 )

a s  : P ^ ^ t )  ( 4 . 7 5 )

w W e *  b = 0 : P s p  o ^ )  ( 4 . 7 6 )

E q u a t i o n s  ( 4 . 7 0 )  and ( 4 . 7 3 ) - ( 4 . 7 6 )  a r e  i n d e p e n d e n t  o f  h ( t )  

and so c a n  be s o l v e d  i n d e p e n d e n t l y  o f  ( 4 . 7 1 )  and ( 4 . 7 2 ) .  

T h i s  s i m p l i f i c a t i o n  i s  a d i r e c t  r e s u l t  o f  s e t t i n g  [ I -  0 

w h ich  d e c o u p le s  t h e  e q u a t i o n  f o r  F f ro m  t h a t  f o r  h .  T h e r e  

r e m a in s  o n l y  a s e c o n d a r y  c o u p l i n g  i n  t h e  b o u n d a ry  c o n d i t i o n .  

The i n v i s c i d  p r o b l e m  f o r  <j§ i s  c o m p l e t e l y  d e c o u p le d  f ro m  h 

and h e n c e  £■ Thus we a r e  a b l e  t o  o b t a i n  an e x a c t  s o l u t i o n  

w i t h  a l l  h i g h e r  o r d e r  b o u n d a ry  l a y e r  e f f e c t s  i m p l i c i t l y  

i n c l u d e d .  T h e  f r e e d o m  o f  c h o i c e  o f  i n i t i a l  c o n d i t i o n  t h e n  

a l l o w s  us t o  f i n d  an e x a c t  s i m i l a r i t y  s o l u t i o n  o f  t h e  w h o le  

p r o b le m  w h ic h  i s  v a l i d  p r o v i d e d  s e p a r a t e  b o u n d a r y  l a y e r s  

e x i s t  a t  t h e  t o p  and b o t to m  b o u n d a r i e s .

The s o l u t i o n s  o f  ( 4 . 7 0 )  a r e  I c . f .  ( 4 . 5 2 ) - { 4 . 5 6 )  ) :

= \ J |5 =T cotw ( t + c ) ,  3T = +cu\U (.b + c.} ( 4 . 7 7 )
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For l a r g e  t  a l 1 t h r e e  o f  t h e  s o l u t i o n s  ( 4 * 7 7 )  h a v e  t h e  same 

l i m i t i n g  b e h a v i o u r *  namely  <{f —► 1 .  I n  f a c t  th e  t h i r d  

s o l u t i o n  w i t h  c  = 0  d e s c r i b e s  t h e  i n v i s c i d  s o l u t i o n  g i v e n  i n  

MLK I  f o r  t h e  s t a r t  up m o t i o n  f ro m  r e s t  o f  a body w i t h  ( 1 - 0  

s u b j e c t  t o  a c o n s t a n t  a p p l i e d  f o r c e *  D u r i n g  t h i s  i n i t i a l  

s t a r t  up m o t i o n *  t h e  body  i s  a c c e l e r a t e d  u n t i l  t h e  r a d i a l  

v e l o c i t y  and p r e s s u r e  i n  t h e  i n v i s c i d  c o r e  a c h i e v e s  a s t e a d y  

d i s t r i b u t i o n  w h ic h  j u s t  b a l a n c e s  t h e  a p p l i e d  f o r c e *  Thus  

f o r  any m o t io n  i n  w h ich  t h e r e  i s  an i n v i s c i d  c o r e  a t  l a r g e  

t i m e  in  w h ic h  t h e  a p p l i e d  f o r c e  i s  b a l a n c e d  by t h e  p r e s s u r e  

d i s t r i b u t i o n  i n  t h e  gap* -*•  1 and t h e  b o u n d a ry  l a y e r s  a r e  

s t e a d y *  T h e r e f o r e *  we may s e t  f ( £ » t )  = f ( ^ )  = f * ( ^ ) v  w i t h

f ' 1 - 2 f t " - ? ' "  = 1  (4.78)
-4 = 0 :  £ = 0 ,  ( 4 . 7 9 )

a s  I (4 b 8 0 )

E q u a t i o n s  ( 4 * 7 8 ) - ( 4 * 8 0 )  a r e  s i m p l y  t h o s e  f o r  t h e  

s t e a d y  s t a g n a t i o n  p o i n t  b o u n d a ry  l a y e r *  f i r s t  s o l v e d  by 

Homann ( 1 9 3 6 )  and s o l v e d  more c o m p l e t e l y  by F r O s s l i n g  

( 1 9 4 0 ) *  What seemed t o  be a c o m p l i c a t e d  t i m e - d e p e n d e n t  

b o u n d a ry  l a y e r  f l o w  i s  in  f a c t  a s i m p l e  s t e a d y  one*  The  

o n l y  t i m e - d e p e n d e n c e  i s  i n  t h e  e q u a t i o n  f o r  h ( t ) :

Vib = -2V. + ( 4 * 8 1 )

Vi= I w W  f c - 0  ( 4 * 8 2 )
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These e q u a t i o n s  have  s o l u t i o n ;

h *  e '“  + 2 S  0 - e - * ‘ )

where  £  i s  t h e  c o n s t a n t  v a l u e :

s = Ceo'’4 ( i ' l )  * 0.s:<,89O2 CKe;̂ )

The i n i t i a l  d is c  v e l o c i t y  is

K  ~ «  - 2 . ♦

The above  s o l u t i o n  is  e x a c t  w he nev er  t h e r e  a r e  

d i s t i n c t  b o u n d a r y  l a y e r s  i n  t h e  f l o w *  b u t  i s  n o t  v a l i d  a f t e r  

t h e  b o u n d a ry  1a y e r s  b e g i n  t o  merge*  The f u n c t i o n  f  i s  

w i t h i n  10“7 o f  u n i t y  a t  = 4 and we t a k e  t h i s  t o  be t h e  edge

o f  t h e  b o u n d a ry  l a y e r *  T h i s  " e d g e "  r e a c h e s  t h e  ch an n e l  mid­

p l a n e  when ^ = 4  c o r r e s p o n d s  t o  z = h / 2 * i * e  when 

Re0 hx = 6 4 *  B u t  'Re,, h*- = R e ( t ) «  so we may t a k e  t h e  above  

s o l u t i o n  t o  be v a l i d  whenever  R e { t )  > 6 4 *  When t h i s  l i m i t  

i s  p a s s e d *  t h e  s o l u t i o n  must be  c o n t i n u e d  n u m e r i c a l l y *  s i n c e  

t h e  n o n l i n e a r  i n t e r a c t i o n  o f  t h e  two b o u n d a ry  l a y e r s  i s  to o  

c o m p l i c a t e d  t o  d e s c r i b e  a n a l y t i c a l l y *

< 4 . 8 3 )

( 4 . 8 4 )

( 4 . 8 5 )
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(b )  n u m e r i c a l  s o l u t i o n

Me t a k e  Re0 = 64 and use  t h e  b o u n d a r y  l a y e r  s o l u t i o n  

t o  e q u a t i o n s  ( 4 * 7 8 )  —( 4 * 8 0 )  as  t h e  i n i t i a l  c o n d i t i o n *

F i r s t *  e q u a t i o n  ( 4 * 7 8 )  f o r  f ( £ )  i s  i n t e g r a t e d  up t o  = 8 

u s i n g  a s h o o t i n g  method w i t h  i n t e r v a l  h a l v i n g  t o  f i n d  f " ( 0 ) 

and a f i f t h  o r d e r  R u n g e - K u t t a - V e r n e r  method o f  i n t e g r a t i o n *  

To a v o i d  l a r g e  e r r o r s  a t  t h e  symmetry  b o u n d a r y *  z  = h / 2 *  t h e  

d e r i v a t i v e  o f  t h e  s t r e a m  f u n c t i o n  i s  t a k e n  t o  be  

F , ( z ) . F u c l - z ) ,  w i t h  z = ^ / 8 .

The m ov in g  b o u n d a r y  i s  i n c o n v e n i e n t  f o r  n u m e r ic a l  

i n t e g r a t i o n  and we i n t r o d u c e  a new s c a l e d  c o o r d i n a t e  

x = z / h ( t )  w h i c h  i s  c o n s t a n t  a t  z  = h *  We a l s o  d e f i n e  a 

s c a l e d  v e l o c i t y  U = Fz  = F ^ / h  whose t i m e  d e r i v a t i v e  i s :

«  I +  U x > t  +  U ^ V s e / h  +  2 . F I V W  - u x  ( 4 . 8 6 )

The b o u n d a ry  c o n d i t i o n s  i n  te rm s  o f  t h e s e  new s c a l e d

v a r i a b l e s  a r e :

o n  * s O :  F =  O ,  0 = 0  ( 4 - 8 7 )

0, V\b= - 4  F (4.88)

The space  d i m e n s i o n  i s  now d i s c r e t i z e d  so t h a t  x i s

r e s t r i c t e d  t o  t h e  v a l u e s  xt * 1 = l * * . * * n  w i t h  x ,  = 0 * 

x^_, = 0 * 5  and x x - x E_| =Ax = 0 * 5 / ( n - 2 ) *  I t  i s  a d v a n ta g e o u s

t o  choose  n- 2  = 2M* so t h a t  Ax may be d o u b le d  w i t h o u t

n e e d in g  t o  i n t e r p o l a t e *  For  o ur  p r o b l e m  n = 130 was
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a d e q u a te  t o  k e e p  t h e  e r r o r  be low  10~y.  The d i s c r e t i z a t i o n  

l e a v e s  a s e t  o f  n + I  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  f o r  Ux 

and h .  We r e p r e s e n t  t h e  d e r i v a t i v e s  o f  U and F by f i n i t e  

d i f f e r e n c e s  a c c u r a t e  up t o  0 { k x * )  and t h e n  e x p l i c i t l y  

e v a l u a t e  t h e  A x *  te r m s  t o  g i v e  a c o n s e r v a t i v e  e s t i m a t e  o f  

t h e  e r r o r .  When t h e  e s t i m a t e d  e r r o r  i s  v e r y  s m a l1*  t h e  

sp ac e  s t e p  A x  can be d o u b le d  t o  speed up t h e  i n t e g r a t i o n .  

E q u a t i o n s  ( 4 * 8 6 ) - ( 4 * 8 8 )  r e w r i t t e n  i n  t h e  d i s c r e t i z e d  

v a r i a b l e s  a r e  i n t e g r a t e d  f o r w a r d  i n  t i m e  as f a r  as  i s  

n e c e s s a r y  u s i n g  t h e  a f o r e m e n t i o n e d  R u n g e - K u t t a - V e r n e r  

m ethod.

The t r u n c a t i o n  and i n t e g r a t i o n  e r r o r s  f o r  eac h  t i m e  

d e r i v a t i v e  a r e  c o n t r o l l e d  t o  a r e l a t i v e  m a g n i t u d e  o f  10*yt .  

T h i s  e s t i m a t e  i s  v e r y  c o n s e r v a t i v e *  so t h e  r e s u l t s  can be  

r e g a r d e d  as v e r y  a c c u r a t e .  I n  f a c t *  t h e  i n t e g r a t i o n  need  

o n l y  be c a r r i e d  up t o  m o d e ra te  v a l u e s  o f  t *  s i n c e  t h e n  R e ( t )  

i s  v e r y  s m a l l *  a nd  t h e  low R e y n o ld s  number a n a l y t i c  t h e o r y  

d e s c r i b e d  n e x t  c a n  be a p p l i e d *

( c )  low R e y n o ld s  number s o l u t i o n

The f i n a l  s t a g e  o f  d r a i n i n g  w i l l  o c c u r  w i t h  R e ( t )  v e r y  

s m a l l *  so t h e  m o t i o n  i s  g o v e rn e d  by t h e  e q u a t i o n s  w i t h  s m a l l  

R e „ .  The m o t i o n  i s  v e r y  s lo w *  so we s e t  F = W e „ f  and  

t  = T /R e 0 w i t h  f  and T o f  o r d e r  u n i t y *  E q u a t i o n  ( 4 * 6 5 )  

becomes:
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+ I — ( 4 . 8 9 )

The a s s o c i a t e d  b o u n d a r y  and i n i t i a l  c o n d i t i o n s  a r e :

0*1 f > = 0 :  £  = 0 j  O  ( 4 . 9 0 )

O n - z . =  W( .T) :  £ =  -  0  ( 4 . 9 1 )

V o W  T = 0 :  V\* I , Kt = W0/ & o = w „ ,  ( 4 . 9 2 )

The i n i t i a l  c o n d i t i o n s  ue and f e ( z )  must c o r r e s p o n d  t o  t h e  

f i n a l  s t a g e s  o f  t h e  n u m e r i c a l  s o l u t i o n .  H o w ever *  t h e r e  i s  a 

" n a t u r a l "  c o n d i t i o n  w h ic h  i s  in  f a c t  t h e  same as t h e

n u m e r i c a l  s o l u t i o n  a t  t h e  a p p r o p r i a t e  t i m e .

We p o s e  a n  e x p a n s i o n :

C ( i / T i G S . )  ~  Z *  U A f r r t f c & o *  ( 4 . 9 3 )

which  must be a s y m p t o t i c  f o r  f i x e d  z» T as R ee ~-* 0 .  The

p ro b le m s  f o r  t h e  f i r s t  two te r m s  a r e :

£©wz + '  — O  (4 .94 )

*  -  f  + - 2 ? P
'”n «  '  ^ - » r  T '■©* ( 4 . 9 5 )

w ib U  0 « Z = 0 :  ^ 0 * 0 , f „ * 0  4 4 . 9 6 )

O A * = W ( T > : ( 4 . 9 7 )

T h e  s o l u t i o n s  t o  t h e s e  p r o b l e m s  w e r e  g i v e n  i n  WLK 1 a n d  a r e :

£0 = k * X ( 4 . 9 8 )

5 *  *  ^ ^ W T ( ^ - Z ^ ) - ^ ^ ( 2^ - 7 ^ W + 14W*r)  ( 4 - 9 g )
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We must s o l v e  f o r  h;  we a g a i n  assume an a s y m p t o t i c  

e x p a n s i o n :

One n o t i c e s  t h a t  t h e  n u m e r i c a l  c o e f f i c i e n t s  in  f a and 

h a a r e  much s m a l l e r  t h a n  t h o s e  i n  f e and ; e x a m i n a t i o n  o f  

t h e  p r o b le m s  f o r  and  h ,̂ i n d i c a t e s  t h a t  t h e  t r e n d

c o n t i n u e s .  The  r e l a t i v e  c o n t r i b u t i o n  t o  h o f  i s  l a r g e s t  

when T = 3» when t h e  r a t i o  i s  h ^ / h 0 2? 1 / 4 3 .  Hence*  we may 

c o n s e r v a t i v e l y  e s t i m a t e  t h e  e r r o r  i n  t h e  tw o  t e r m  s e r i e s  f o r  

h by ^ ( R e ^ ) * * ' .  For  t h i s  e r r o r  t o  be  l e s s  t h e n  lCTff* we must  

h a v e  Re0 < 0 . 1 4 .  T h i s  means t h a t  t h e  n u m e r i c a l  c a l c u l a t i o n  

i n  ( b )  must be c a r r i e d  a t  l e a s t  up t o  R e ( t )  = 0 . 1 4 *  i . e .  

u n t i l  h ( t )  < 0 . 0 5 .  T h i s  o c c u r s  when t  £? 2 1 .  The s o l u t i o n  

g i  v e s :

( 4 . 1 0 0 )

The f i r s t  tw o  p r o b le m s  a r e :

( 4 . 1 0 1 )

( 4 . 1 0 2 )

w i t h  C o -  I ,  °  wWe* b = 0 . ( 4 . 1 0 3 )

The s o l u t i o n s  o f  ( 4 . 1 0 1 ) - ( 4 . 1 0 3 )  a r e :

( 4 . 1 0 4 )

n»so ( 4 . 1 0 5 )

( 4 . 1 0 6 )
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Wo ■= “ t  "  Rco3, + 0 ( f i e ê )  ( 4 . 1 0 7 )

and t h e  i n i t i a l  s t r e a m  f u n c t i o n  f e ( z )  comes f ro m  ( 4 . 9 8 )  and 

( 4 . 9 9 )  w i t h  h = 1 and h T = w. •

The s o l u t i o n s  g i v e n  i n  s e c t i o n s  ( a ) *  ( b )  and ( c )

t o g e t h e r  c o n s t i t u t e  t h e  c o m p le t e  s o l u t i o n  o f  t h e  p ro b le m  f o r  

a r b i t r a r y  Ke„ and f o r  a l l  t i m e .  The change  i n  v e l o c i t y  

p r o f i l e  f rom b o u n d a r y  l a y e r  t y p e  t o  p a r a b o l i c  i s  i l l u s t r a t e d  

i n  f i g u r e  5 . 4 *  w h ic h  g i v e s  t h e  p r o f i l e s  c a l c u l a t e d  

n u m e r i c a l l y  as  i n  ( b )  s t a r t i n g  a t  Rec = 6 4 .  The e f f e c t  o f  

Re„ on t h e  d e s c e n t  o f  t h e  body i s  shown i n  f i g u r e  5 . 5 ( a ) ;  

h e r e  h ( t )  i s  shown f o r  many v a l u e s  o f  Re0 .  The m a t c h in g  o f  

t h e  t h r e e  s o l u t i o n s  f rom s e c t i o n s  ( a ) *  ( b )  and ( c )  i s

i l l u s t r a t e d  i n  f i g u r e  4 . 5 ( b )  w h ic h  shows t h e  h e i g h t  

c a l c u l a t e d  by  e ac h  method f o r  Ree = 6 4 .  The s m a l l  Re0 

s o l u t i o n  f rom  s e c t i o n  ( c )  i s  s c a l e d  so t h a t  i t  a g r e e s  w i t h  

t h e  t a i l  end o f  t h e  n u m e r ic a l  s o l u t i o n .  The c l o s e  

c o r r e s p o n d e n c e  b e tw e e n  t h e  a s y m p t o t i c  s i m i l a r i t y  s o l u t i o n  

( a )  and t h e  i n t e r m e d i a t e  !Te0 n u m e r ic a l  s o l u t i o n  i s  

m a i n t a i n e d  t o  t  ^  2 . 0 .

4 . 6  HYDRODYNAMIC ARREST WITH SMALL (1

As d i s c u s s e d  e a r l i e r *  t h e  p a r a m e t e r  /£ r e p r e s e n t s  t h e  

r a t i o  o f  t h e  f o r c e s  due t o  t h e  i n e r t i a  o f  t h e  body t o  t h o s e  

due t o  t h e  i n e r t i a  o f  t h e  f l u i d .  I t  m i g h t *  t h e r e f o r e *
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a p p e a r  u n r e a s o n a b l e  t o  c o n s i d e r  t h e  c a s e  = 0 f o r

hy drody nam ic  a r r e s t  because  i f  we n e g l e c t  b o t h  t h e  i n e r t i a  

o f  t h e  body and t h e  a p p l i e d  f o r c e  t h e r e  i s  no a p p a r e n t

f o r c i n g  i n  t h e  p r o b l e m *  How ever*  i f  t h e  gap i s  s u f f i c i e n t l y

s m a l l *  t h e  f l u i d  w i t h i n ,  i t  may have  a l a r g e  r a d i a l  v e l o c i t y

so t h a t  t h e  momentum posessed  by t h e  f l u i d  a t  t h e  i n i t i a l  

i n s t a n t  i s  much l a r g e r  t h a n  t h a t  o f  t h e  body  w h ich  i s  moving  

much more s l o w l y  i n  t h e  a x i a l  d i r e c t i o n *  . T h u s *  t h e  f o r c i n g  

o f  t h e  p ro b le m  comes from t h e  i n i t i a l  c o n d i t i o n s  and t h e r e  

i s  no c o n t r a d i c t i o n  i n  e x a m i n i n g  t h e  l i m i t  (2 = 0 *

The s o l u t i o n  o f  t n i s  p r o b le m  i s  more c o m p l i c a t e d  t h a n

t h a t  g i v e n  i n  s e c t i o n  4 * 5 *  b u t  i t  has t h e  same t h r e e

components -  an e x a c t  s i m i l a r i t y  b o u n d a ry  l a y e r  s o l u t i o n  f o r  

l a r g e  Re0 or R e ( t ) *  a n u m e r ic a l  s o l u t i o n  f o r  i n t e r m e d i a t e  

Rep o r  R e { t )  and a lo w  R e y n o ld s  number s o l u t i o n *

( a )  bounda ry  l a y e r  s o l u t i o n  

As i n  s e c t i o n  4 * 5 *  t h e  " o u t e r "  i n v i s c i d  f l o w  i s  g i v e n

by:

L i - Z L b ) ) $ ( k )  ( 4 . 1 0 8 )

w i t h  S ( ' t )  d e f i n e d  by ( 4 * 6 8 ) *  H owever*  < £ ( t )  i s  now g o v e r n e d  

by a d i f f e r e n t  e q u a t i o n *

+ 35* «  O ( 4 . 1 0 9 )

whose s o l u t i o n  i s :
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i r e , ( 4 . 1 1 0 )

i n  w h ich  c ,  i s  an a r b i t r a r y  c o n s t a n t  t o be d e t e r m i n e d  f r o m

t h e  i n i t i a l  c o n d i t i o n *  The b o u n d a r y  1 a y e r  s c a l i n g  i s  t h e

same as i n  s e c t i o n  4 . 5  and t h e  e q u a t i o n s a r e :

( 4 . 1 1 1 )

w here  on £ -  0 , P-j = O ( * • 1 1 2 )

a s  ■ £ - * * - :  $ Lk ) ( * - 1 1 3 )

wWen b - 0 : ( * . 11 * )

As b e f o r e *  s e t t i n g  /3= 0 has d e c o u p l e d  t h e  p rob lem  f o r  f

f ro m  t h a t  f o r  h *  so we c a n  s o l v e  f o r  f i n d e p e n d e n t l y  o f  h .

E q u a t i o n s  ( 4 . 1 1 1  ) - ( 4 . 1 1 4 )  d e s c r i b e a t i m e - d e p e n d e n t

a x i s y m m e t r i c  s t a g n a t i o n  p o i n t  b o u n d a r y l a y e r  f l o w  w h ic h  i s

a n a lo g o u s  t o  t h e  t w o - d i m e n s i o n a l  fo r m  s t u d i e d  by Yang

( 1 9 5 6 ) *  The  p a r t i c u l a r  fo r m  o f  $  ( 4 * 1 1 0 ) a l l o w s  us t o  f i n d  a

t i m e - d e p e n d e n t  s i m i l a r i t y  s c a l i n g :

£ = § Vx g f y )  ^ * bla y  ( 4 . 1 1 5 )

Then u s i n g  ( 4 * 1 0 9 )  we d e r i v e  t h e  s i m i l a r i t y  p r o b le m :

<3»' +  Z g g "  -  <3,x +^7«3" +  V  =  O ( * . 1 1 6 )

where  On 0  : O, ^'s= O ( * - 1 1 7 )

and CLs eo : g'— •- 1 ( 4 . 1 1 8 )

We d e f i n e  t h e  number d by
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<* = » ^ ^ ( 7 *3 ) *  C U 0 l l £ f 9  ( 4 . 1 1 9 )

Then S -  #e~ol  ST^dl. ( 4 * 1 2 0 )

The e q u a t i o n  f o r  h ( t )  becomes :

hfc + iV\ <£ -  — (*<A.'Reo*‘ S§̂  (4*121)

T h i s  has  s o l u t i o n :

Vi = ( b f t >  * ^  Rfc°4 ̂ b* c'^ = °» ** % S ( 4 * 1 2 2 )

We now a p p l y  i n i t i a l  c o n d i t i o n s  :

wWe.* k = 0 ;  K = ' i Wt ^ - I

t o  g e t  :

_ i

( 4 * 1 2 3 )

and

c f  = 1  + £(Al /fce0 *  4J2d fte;» ( U  ( 4 . 1 2 4 )

Ca s  c * 0  + 2.C,') ( 4 . 1 2 5 )

For  l a r g e  Re0 ? we have c f  &  2 * c x  2* 4 .  To f i n d  t h e  c o r r e c t  

s ig n  f o r  c ( i n  ( 4 . 1 2 4 ) *  we u se  ( 4 . 1 1 0 )  and ( 4 . 1 2 1 )  t o  o b t a i n  

$ ( 0 )  = 1 / c ,  = h t ( 0 ) / ( 4 g ( 0 ) - 2 h ( 0 ) )  = l / ( 2 - 4 f f ( 0 ) ) ;  t h i s  shows 

t h a t  c ,  = 2 - 4 S ( 0 )  < 2 *  so we choose  c ,  = c 7 *

Once a g a i n  an a p p a r e n t l y  d i f f i c u l t  t i m e - d e p e n d e n t  

b o u n d a ry  l a y e r  p ro b le m  has been g r e a t l y  s i m p l i f i e d  by t h e  

use  o f  " n a t u r a l "  i n i t i a l  c o n d i t i o n s .  The a b o ve  s o l u t i o n  i s  

a g a i n  e x a c t  w h e n e v e r  t h e r e  a r e  d i s t i n c t  b o u n d a r y  l a y e r s .  

The f u n c t i o n  g*  i s  w i t h i n  10"8 o f  u n i t y  a t  y  -  4 and i t  i s
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c o n v e n i e n t  t o  t a k e  t h i s  as  t h e  edge  o f  t h e  bo u n d a ry  l a y e r *  

c o n s i s t e n t  w i t h  s e c t i o n  5 * 5 .  At t h e  t i m e  when ^  -  4 

c o r r e s p o n d s  t o  z = h / 2 * we ha ve  4 = 3>tRe£h /2 * i . e .  

Re0£ h x = 6 4 *  Now f o r  l a r g e  R e ( t ) »  hk 2; - 2 h § *  so 

R e ( t )  is  2Re0$ h l * Hence t h e  b o u n d a ry  l a y e r  s o l u t i o n  i s  v a l i d  

whenever  R e ( t )  > 1 2 8 *  As b e f o r e *  t h i s  e s t i m a t e  i s  v e r y  

c o n s e r v a t i v e  and t h e  s o l u t i o n  i s  s t i l l  q u i t e  a c c u r a t e  a t  

l o w e r  R e y n o ld s  n u m b ers .

( b l  n u m e r ic a l  s o l u t i o n

The s o l u t i o n  p r o c e d u r e  i s  i d e n t i c a l  t o  t h a t  d e s c r i b e d  

i n  s e c t i o n  4 . 3 *  e x c e p t  t h a t  we use  an i n i t i a l  R e y n o ld s  

number o f  1 28 *  The f l o w  d e c e l e r a t e s  r a p i d l y  so t h a t  t i m e  

d e r i v a t i v e s  become v e r y  s m a l l *  Because o f  t h i s *  t h e  e r r o r  

c o n t r o l  i s  r e l a x e d  s l i g h t l y  -  t h e  r e l a t i v e  e r r o r  c o n t r o l  o f  

10_sri s  r e t a i n e d  o n l y  u n t i l  t h e  a b s o l u t e  v a l u e  f a l l s  b e lo w

<*X
10 * when an a b s o l u t e  e r r o r  o f  up t o  10  i s  a l l o w e d *

( c )  low Reynolds  number s o l u t i o n

The t i m e  s c a l e  used i n  s e c t i o n  4 . 5 ( c )  i s  i n a p p r o p r i a t e  

f o r  t h i s  p r o b le m  s i n c e  t h e r e  i s  no f o r c i n g  and t h e  f l o w

would  be i d e n t i c a l l y  z e r o *  I n  t h e  low R e y n o ld s  number

l i m i t *  t h e  i n e r t i a  f o r c e s  a r e  t i n y *  so t h i s  p a r t  o f  t h e  

m o t io n  i s  j u s t  a r a p i d  d e c e l e r a t i o n  t o  z e r o  f l o w *  i » e *  t h e
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a c t u a l  a r r e s t  o f  t h e  b o d y .  We i n t r o d u c e  a s h o r t  t i m e  s c a l e  

t  = R e ^ f t  th e n  we h a v e :

F*xz*"^a . i r  ~  ( 4 - 1 2 6 )

w i t h  O A 1 = 0 :  F  = 0 ,  F * = 0  ( 4 - 1 2 7 )

on t  = V»(r): \=x * 0 j  Wr r - 2 J 2 c „ F  ( 4 . 1 2 8 )

wke*i  2: * 0  : K -  I j W ^ «  -  fce„ , P *  F o U ^  ( 4 - 1 2 9 )

A s u i t a b l e  f o r m  f o r  F0 { z )  i s  t o  be d e t e r m i n e d -  We n o t i c e  

t h a t  h ^  i s  s m a l l *  so h w i l l  r e m a i n  c l o s e  t o  u n i t y  and. we 

t h e r e f o r e  pose  a s y m p t o t i c  e x p a n s i o n s  o f  t h e  fo r m :

K ( t ; C e o ) ^ |  +  fteoK.t'fc) + ( 4 . 1 3 0 )

F * j g e e> P 0 I t. , * )  + Re- F* 6t , r )  + ( 4 . 1 3 1 )

The z e r o  o r d e r  p r o b le m  i s :

F o z i i  ~  P d i t  ~ C? ( 4 - 1 3 2 )

where  o n  z a O  : n» “  O } F oz & Q  ( 4 - 1 3 3 )

and o n  »  =  I : Pox ■ O  ( 4 - 1 3 4 )

The Doundary  l a y e r  c o n d i t i o n  has been "moved" t o  z  = 1 by 

e x p a n d in g  i n  a T a y l o r  s e r i e s  a b o u t  z = 1 -  The g e n e r a l

s o l u t i o n  t o  ( 4 - 1 3 2 ) - ( 4 - 1 3 4 )  i s :

££ _  /  | \  - n 7- rrr ' t
Fo - 2 , ,  o-n c I -  c-os nr rz )  e  ( 4 - 1 3 5 )
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The d n a r e  t o  be d e t e r m i n e d  from t h e  i n i t i a l  c o n d i t i o n .  The  

s o l u t i o n  is  v e r y  s t r o n g l y  damped and a f t e r  a s h o r t  w h i l e  i t  

w i l l  be d o m in a t e d  by t h e  l e a d i n g  t e r m *  Hence t h e  " n a t u r a l "  

i n i t i a l  c o n d i t i o n  i s :

wWen t  = O : R, ” a « 0 - o o s  -rrz} (4*136)

and t h e  s o l u t i o n  i s  t h e n :

R, « <>■! ( l - c o s i r i ^ e ”^  r  (4 .1 3 7 )

The f i r s t  o r d e r  p ro b le m  f o r  h i s :

k *  a  - 2 F „  on -* = 1 ( 4 . 1 3 8 )

( 4 . 1 3 9 )=  - A . a l e"TrXr

Thus W, “ ) ( 4 . 1 4 0 )

The second i n i t i a l  c o n d i t i o n  i s :

w W n  'hr = O : — J ( 4 . 1 4 1 )

T h e r e f o r e  we h a v e  <XK s. ^  ( 4 . 1 4 2 )

The  n e x t  o r d e r  p r o b le m  i s :

F | * «  =  R \  “  2 F e ( 4 . 1 4 3 )

*v
w i t h  On » * © :  F, " °>  > 1 9 . - 0  ( 4 . 1 4 4 )

On  -z. -  1 * ( 4 . 1 4 5 )
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The f o r c i n g  i n  ( 4 . 1 4 3 )  has t  im e - d e p e n d e n c e  e~^’T,lr w h ic h  is  

v e r y  s t r o n g l y  dam ped.  Hence t h e  o n l y  i m p o r t a n t  c o n t r i b u t i o n  

i s  o f  t h e  same f o r m  as ( 4 . 1 3 7 ) *  f o r c e d  by t h e  ( 1  -  cos  rrz  ) 

t e r m  i n  t h e  i n i t i a l  c o n d i t i o n  and by ( 4 . 1 4 5 ) .  How e ver*  we 

can a r r a n g e  t h a t  t h i s  te rm  i s  z e r o  by a b s o r b i n g  any  

c o n t r i b u t i o n  i n t o  t h e  z e r o  o r d e r  s o l u t i o n *  Hence  we can  

n e g l e c t  t h e  f i r s t  and  h i g h e r  o r d e r  c o r r e c t i o n s  t o  F*  Thus*  

we h a v e :

Vl -  1 -  ( l  -  e " ir' r ) R e e -* o ( t f e i )  ( 4 . 1 4 6 )

and t h e  f i n a l  p o s i t i o n  o f  t h e  d i s c  i s  g i v e n  b y :

W *  *  ' -  f e  + O t C e D  ( 4 . 1 4 7 )

As i n  s e c t i o n  4 . 5 *  i t  seems t h a t  t h e  n u m e r i c a l  c o e f f i c i e n t s  

w i l l  become s m a l l e r  w i t h  i n c r e a s i n g  powers  o f  Re0 * so we may 

e s t i m a t e  t h e  e r r o r  i n  ( 4 . 1 4 7 )  as r o u g h l y  io R e . *  Then we have  

f i v e - f i g u r e  a c c u r a c y  p r o v i d e d  Re0 < 10"x •  Hence t h e  

n u m e r i c a l  c a l c u l a t i o n  m u s t  be c o n t i n u e d  u n t i l  R e ( t )  = 10 ‘ 1.  

T h i s  o c c u r s  a t  t  »  8 . 5 .

An u n u s u a l  f e a t u r e  o f  t h e  above  s o l u t i o n  i s  t h a t  t h e

v e l o c i t y  p r o f i l e  u l t i m a t e l y  t a k e s  on t h e  shape  o f  a h a l f

s i n e  wave r a t h e r  t h a n  t h e  p a r a b o l i c  fo rm  u s u a l l y  a s s o c i a t e d  

w i t h  lo w  R e y n o ld s  number f l o w .  The e v o l u t i o n  o f  t h e  

v e l o c i t y  p r o f i l e  i s  shown i n  f i g u r e  5 . 6 .  The e f f e c t  o f  Re0

on t h e  a r r e s t  o f  t h e  body i s  shown i n  f i g u r e  4 . 7 ( a )  and t h e

mabcWirt  ̂ o ^ . s o l u t i o n s  ( a )  * ( b )  and ( c )  i s  i l l u s t r a t e d  i n  f i g u r e
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4 . 7 ( b ) .  F i g u r e  4 . 8  shows t h e  u l t i m a t e  gap h e i g h t  h^> as a 

f u n c t i o n  o f  Re0 .  T h i s  i s  d e t e r m i n e d  u s in g  ( 4 . 1 4 7 ) *  t h e  

n u m e r i c a l  s o l u t i o n  and« i f  n e c e s s a r y *  ( 4 * 1 2 2 ) •  We see  t h a t  

h *  v a r i e s  a p p r e c i a b l y  o n l y  f o r  R e y n o ld s  numbers i n  t h e  r a n g e  

1 < Re0 < 1 0 * .

4 . 7  CONCLUDING REMARKS

E q u a t i o n  ( 4 . 2 7 )  c o n t a i n s  t h r e e  p a r a m e t e r s  Re0 * f t  and  

X* and w h i l e  we h ave  i n d i c a t e d  t h e  s o l u t i o n  p r o c e d u r e  f o r

e v e r y  r e g im e *  n u m e r ic a l  r e s u l t s  h a v e  been p r e s e n t e d  i n  t h e

i n v i s c i d  l i m i t  Re„—*  o® f o r  e i t h e r  0 o r  f t = 0 *  and f o r

v i s c o u s  f l u i d s  o n l y  f o r  t h e  l i m i t i n g  c a s e  f t  —•> 0 .  The  

i n v i s c i d  r e s u l t s  c l e a r l y  i n d i c a t e  t h a t  f o r  f t *  0 t h e  f i n i t e  

Re0 s o l u t i o n s  w i l l  d e p a r t  s u b s t a n t i a l l y  f ro m  t h e  c u r v e s  i n  

f i g u r e s  4 . 6 - 4 . 8 .  The e f f e c t  o f  v i s c o s i t y  on t h e  s o l u t i o n s  

o f  s e c t i o n  4 . 3  would  be t o  s lo w  t h e  d e s c e n t  r a t e  i n  g e n e r a l  

and t o  damp t h e  s i n g u l a r  b e h a v i o u r  f o r  l a r g e  f t  o b s e r v e d  in  

t h e  s o l u t i o n s  f o r  $  and h tfc i n  f i g u r e s  4 . 2 ( b ) *  4 . 2 ( c ) .  I n

t h e  c a s e  If = 0 *  t h e  v i s c o u s  f o r c e s  w o u ld  c a u s e  t h e  p r e m a t u r e  

a r r e s t  o f  t h e  body b e f o r e  c o n t a c t  as  e x p l a i n e d  i n  s e c t i o n  

4 . 4 .  F o r  l a r g e  /3 t h e  i n e r t i a  o f  t h e  body p r o v i d e s  an 

i m p o r t a n t  s o u r c e  o f  e n e r g y  w h ich  must be  d i s s i p a t e d  by

v i s c o u s  s t r e s s e s  b e f o r e  t h e  body  comes t o  r e s t .  The  

d r a m a t i c  a c c e l e r a t i o n  o f  t h e  c o r e  f l o w  shown i n  f i g u r e  

4 . 2 ( b )  i s  i n  s h a r p  c o n t r a s t  t o  t h e  d e c e l e r a t i n g  c o r e  f l o w  o f
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f i g u r e  4 * 6 *  A t  h i g h  i n i t i a l  R e y n o ld s  number and l a r g e  (I t h e  

r a p i d  a c c e l e r a t i o n  o f  t h e  c o r e  f l o w  would s t i l l  o c c u r  

l e a d i n g  t o  t h e  e q u i v a l e n t  o f  t h e  s t a r t - u p  b o u n d a ry  l a y e r s  

t h a t  r e s u l t  f r o m  i m p u l s i v e l y  s t a r t e d  m o t io n s  in  p i p e  and  

chann el  f l o w s *  The s u b s e q u e n t  r a p i d  d e c e l e r a t i o n  o f  t h e  

f l u i d  i n  t h e  c o r e  would l e a d  t o  a c o m p l i c a t e d  o v e r s h o o t  in  

t h e  b o u n d a ry  l a y e r  v e l o c i t y  p r o f i l e *  A t  l o w e r  i n i t i a l  

R e y n o ld s  number*  t h e  e f f e c t s  o f  v i s c o s i t y  would be  f e l t  more  

q u i c k l y ;  t h e  a c c e l e r a t i o n  o f  t h e  c o r e  f l o w  w ould  be damped 

and t h e  i n c r e a s e  i n  gap p r e s s u r e  w ould  be  d i m i n i s h e d *

R ea l  im p a c t  p ro b le m s  a r e  f u r t h e r  c o m p l i c a t e d  by t h e  

e l a s t i c  d e f o r m a t i o n  o f  t h e  b o u n d a r i e s  w h ich  can l e a d  t o  a 

damped o s c i l l a t i o n  o f  t h e  body a f t e r  n e a r  c o n t a c t  as 

d i s c u s s e d  by D a v i s *  S e ra y s s o l  & H i n c h  ( 1 9 8 6 ) *  I n  t h e  l a t t e r  

t h e o r y *  w h ic h  i s  based on a v i s c o s i t y  d o m in a te d  l u b r i c a t i n g  

l a y e r  a n a l y s i s *  t h e  i n e r t i a  o f  t h e  f l u i d  i s  n e g l e c t e d  and  

t h u s  t h e r e  can be  no t r a n s f e r  o f  k i n e t i c  e n e r g y  f ro m  t h e  

body t o  t h e  f l u i d  i n  t h e  gap as o b s e r v e d  i n  f i g u r e s  4 * 2 ( b ) *  

4 * 2 ( c ) .  A l a r g e  i n v i s c i d  p r e s s u r e  l o a d i n g  i n  t h e  n e a r  

c o n t a c t  r e g i o n  c a n n o t  d e v e l o p  and t h e  e n e r g y  o f  e l a s t i c  

d e f o r m a t i o n  i s  c o m p l e t e l y  d i s s i p a t e d  by t h e  v i s c o u s  s t r e s s e s  

i n  t h e  f l u i d  l a y e r .  The body i s  i n c a p a b l e  o f  rebound i n  

t h i s  v i s c o s i t y  d o m in a te d  l i m i t *  I n  c o n t r a s t *  i f  t h e  

p r e s s u r e  l o a d i n g  l e a d i n g  t o  e l a s t i c  d e f o r m a t i o n  i s  l a r g e l y  

o f  an i n v i s c i d  n a t u r e  ( t h e  h i g h  R e „ *  l a r g e  ( I  cas e  j u s t  

d i s c u s s e d ) *  t h e  v is c o u s  d i s s i p a t i o n  w i l l  n o t  a b s o rb  a l l  t h e
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e l a s t i c  r e c o i l  e n e r g y  and t h e  body s h o u l d  be c a p a b l e  
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CHAPTER 5 .  VISCOUS DRAINING FOR A DISC DROPPED FROM REST

NEAR A PLANE

5 . 1  INTRODUCTION

I n  t h i s  c h a p t e r *  we c o n s i d e r  t h e  m o t i o n  o f  a f l a t -  

b o t t o m e d  body f a l l i n g  f r o m  r e s t  t o w a r d s  a p a r a l l e l  p l a n e  

s u r f a c e .  The e q u a t i o n s  o f  m o t i o n  a r e  t h e  same as  i n  C h a p t e r  

4 *  b u t  now we fo c u s  a t t e n t i o n  on t h e  t r a n s i e n c e  o f  t h e  

s o l u t i o n  by s t a r t i n g  t h e  body  f ro m  r e s t  n e a r  t h e  w a l l .  I n  

t h i s  c a s e *  a s l i g h t l y  d i f f e r e n t  a p p r o a c h  w i l l  be used t o  

b r i n g  o u t  t h e  i m p o r t a n t  f e a t u r e s  o f  t h e  p r o b l e m .

The  n o n - d i m e n s i o n a l i z a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n s  

f o r  t h e  m o t i o n  o f  t h e  o b j e c t  and o f  t h e  i n t e r v e n i n g  f l u i d  

shows t h a t  t h e r e  a r e  t h r e e  i m p o r t a n t  c h a r a c t e r i s t i c  

t i m e s c a l e s .  The v is c o u s  d i f f u s i o n  t i m e s c a l e  i s  t ^  = h * / y *  

where  h tf i s  t h e  i n i t i a l  gap h e i g h t  and y  i s  t h e  k i n e m a t i c  

v i s c o s i t y  o f  t h e  f l u i d .  The i n e r t i a l  t i m e s c a l e  i s  

t t = * where  p  i s  t h e  d e n s i t y  o f  t h e  f l u i d *  a i s

t h e  r a d i u s  o f  t h e  d i s c  and W i s  t h e  n e t  f o r c e  a c t i n g  on t h e  

o b j e c t  when t h e  system i s  a t  r e s t :  W = (m-m^Jg ♦ F w h e re  m

i s  t h e  mass o f  t h e  o b j e c t *  mk i s  t h e  mass o f  t h e  f l u i d  

d i s p l a c e d  by t h e  o b j e c t  and F i s  t h e  e x t e r n a l  f o r c e .  The  

t h i r d  t i m e s c a l e  i s  tg  = (mh0/W)^ ; when t h e r e  i s  no e x t e r n a l  

f o r c e  and b uoyancy  i s  n e g l i g i b l e *  W = mg and t g  r e d u c e s  t o
I

( h e / g ) * *  w h ic h  i s  t h e  g r a v i t a t i o n a l  t i m e s c a l e  f o r  an o b j e c t
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f a l l i n g  a d i s t a n c e  h in  a vacuum* The c h a r a c t e r i s t i c

d i f f u s i o n  t i m e  f o r  t h e  v i s c o u s  b o u n d a ry  l a y e r s  on t h e  t o p  

and b o t t o m  b o u n d a r i e s  t o  s p r e a d  t h r o u g h o u t  t h e  gap i s  t ^  * tj, 

i s  t h e  t i m e s c a l e  f o r  t h e  f l u i d  l a y e r  t o  d r a i n  i n  t h e  a b se n c e  

o f  v i s c o s i t y  and t 3 c h a r a c t e r i z e s  t h e  t i m e  t h a t  i t  w ould  

t a k e  t h e  o b j e c t  t o  f a l l  i n  t h e  a b s e n c e  o f  h y d ro d y n a m ic

f o r c e s *  A f o u r t h  t i m e s c a l e  w h ic h  i s  n o t  in d e p e n d e n t  o f  t h e

o t h e r s  i s  t h e  v i s c o u s  f l o w  t i m e r  t v =  t *  / t ^  = i^aa^/A-WhJ*

T h i s  c h a r a c t e r i z e s  t h e  t i m e  f o r  t h e  f l u i d  t o  d r a i n  in  t h e

a b s e n c e  o f  i n e r t i a *  The a b o v e  d e f i n i t i o n  o f  t *  g i v e s  r i s e

t o  a c h a r a c t e r i s t i c  i n e r t i a l  s e t t l i n g  v e l o c i t y  V = h e / t *  

= 2 ( h e / a )  ( W/TT/»a* ) *  •  The r a t i o s  o f  t h e  t h r e e  c h a r a c t e r i s t i c  

t i m e s c a l e s  d e f i n e  t h e  two f u n d a m e n ta l  d i m e n s i o n l e s s  g r o u p s :

The f i r s t  g r o u p  i s  t h e  R e y n o ld s  number based  on t h e  

c h a r a c t e r i s t i c  i n e r t i a l  s e t t l i n g  v e l o c i t y  d e f i n e d  above  and  

t h e  sec o n d  gro u p  i s  t h e  r a t i o  o f  t h e  s q u a r e s  o f  t h e  

g r a v i t a t i o n a l  and i n e r t i a l  s e t t l i n g  t i m e s *  S i n c e  t h e  mass 

o f  f l u i d  i n  t h e  gap i s  mp = iryoaa h e r / S c a n  a l s o  be w r i t t e n  as  

4 ( h # / a ) x ( m / m p ) « w h ich  is  p a r t i c u l a r l y  c o n v e n i e n t  f o r  

d e f i n i n g  t h e  re g im e s  o f  m o t i o n *

Then t h e  e q u a t i o n s  g o v e r n i n g  t h e  f l o w  a r e :

+ -  i F P n .  -  ^7 1 ^  ( 5 * 2 )

w i t h  On z  = O  : Ir  =■ O  } ~  O  ( 5 * 3 )
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O r t  ~Z =  W£fc) : K = - - k V \ t j  V-l -  O  ( 5 . 4 )

w W  b = o  : F=0, hr l ,  Kt * 0  (5 . 5)

I n  e q u a t i o n  ( 5 * 2 )  t c i s  t h e  c h a r a c t e r i s t i c  t i m e s c a l e  u s ed  t o  

d e f i n e  t h e  d i m e n s i o n l e s s  v a r i a b l e s *  The c h o i c e  o f  t c 

depends on t h e  t i m e s c a l e  o f  i n t e r e s t ;  t h e  most o b v io u s  

c h o i c e  i s  t o  us e  t^  (a s  i n  C h a p t e r  4 ) *  b u t  we s h a l l  s e e  t h a t  

i n t e r e s t i n g  b e h a v i o u r  o c c u r s  on o t h e r  t i m e s c a l e s *

I n  a l l  a p p l i c a t i o n s *  we s h a l l  assume t h a t  t h e  r a t i o  

h p / a  i s  s u f f i c i e n t l y  s m a l l  f o r  t h e  e d g e  e f f e c t s  n e a r  r  = a

t o  be c o n f i n e d  t o  a s m a l l  p a r t  o f  t h e  t o t a l  gap a r e a  and

t h e r e f o r e  to  be u n i m p o r t a n t  in  d e t e r m i n i n g  b o t h  t h e  v e l o c i t y  

and p r e s s u r e  d i s t r i b u t i o n s  in  t h e  i n t e r v e n i n g  f l u i d  s p a c e *  

Even w i t h  t h i s  l i m i t a t i o n *  a r a t h e r  s u r p r i s i n g  d i v e r s i t y  o f  

b e h a v i o u r  can be  a n t i c i p a t e d  when t h e  o b j e c t  i s  d ropped from  

r e s t *  d e t e r m i n e d  by t h e  r e l a t i v e  o r d e r i n g  o f  t h e  t h r e e  b a s i c  

t i m e s c a l e s  as  e x p r e s s e d  i n  t h e  m a g n i tu d e s  o f  t h e  

d i m e n s i o n l e s s  numbers  £  and Re j u s t  d e f i n e d *  F o r  a s m a l l  

p i s t o n  a p p l i e d  t o  a m i c r o c h i p *  Re i s  o f  t h e  o r d e r  o f  0 * 1 *  

w hereas  f o r  a  book  r e l e a s e d  1 cm a bove  a desk t o p  Re i s  o f  

t h e  o r d e r  o f  1 0 3 t o  10**-* The p h y s i c a l l y  r e a l i z a b l e  r a n g e  o f

(J depends s t r o n g l y  on t h e  w o r k in g  f l u i d *  f o r  a l i q u i d *  m/m^

i s  t y p i c a l l y  o f  t h e  o r d e r  o f  I  t o  10 and t h e r e f o r e *  i f

he / a  < 0 * 1 *  (h w i l l  be sm a l l  compared t o  u n i t y  i n  most

s i t u a t i o n s *  On t h e  o t h e r  hand*  f o r  a i r  t y p i c a l  v a l u e s  o f  

t h i s  mass r a t i o  w i l l  be  I 0 3 or  l a r g e r *  F or  a s h e e t  o f  p a p e r
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d ro p p e d  from a h e i g h t  o f  1 cm* (& w i l l  be o f  o r d e r  u n i t y *  

w h e re a s  f o r  a pane  o f  g l a s s  o r  a book d ro pped  f rom  t h i s  

h e i g h t *  w i l l  be  o f  t h e  o r d e r  o f  l O * *

The f o r e g o i n g  e s t i m a t e s  a r e  i n t e n d e d  t o  p r o v i d e  some 

f e e l i n g  f o r  t h e  r e g im e s  o f  b e h a v i o u r .  When t ^  >> t {  o r  

/ 3 »  1*  t h e  p r i m a r y  f o r c e  b a l a n c e  i s  be tw een  t h e  n e t  f o r c e  

on t h e  o b j e c t  and i t s  r a t e  o f  chang e  o f  momentum* The  

v e l o c i t i e s  and a c c e l e r a t i o n s  i n  t h e  f l u i d  gap w i l l  n o t  be  

s u f f i c i e n t  t o  g e n e r a t e  a s i g n i f i c a n t  h y d ro d y n a m ic  p r e s s u r e  

on t h e  u n d e r s i d e  o f  t h e  o b j e c t *  and i t  w i l l  f a l l  as  th o u g h  

i t  w e r e  in  a vacuum u n t i l  t h e  gap becomes v e r y  n a r r o w *  I n  

t h e  o t h e r  l i m i t  t ^  << t i  or  /£<<  1 *  t h e  n e t  w e i g h t  o f  t h e  

o b j e c t  i s  i n s t a n t l y  s u p p o r t e d  a lm o s t  e n t i r e l y  by  t h e  

h y d ro d y n am ic  p r e s s u r e  on i t s  u n d e r s i d e  w i t h  t h e  r e s u l t  t h a t  

t h e  o b j e c t  e x p e r i e n c e s  v e r y  s m a l l  a c c e l e r a t i o n s  com pared  

w i t h  g r a v i t y .  The c o n t r a s t  i s  e a s i l y  i l l u s t r a t e d  by  

d r o p p i n g  a book and a p i e c e  o f  p a p e r  on a t a b l e *  where  o n l y  

t h e  l a t t e r  e x h i b i t s  a s lo w *  h o v e r i n g  d e s c e n t *

I n  t h i s  c h a p t e r *  we a r e  i n t e r e s t e d  p r i m a r i l y  i n  t h e  

e f f e c t  o f  t h e  a p p l i e d  f o r c e *  so we w i l l  c o n s i d e r  t h e  c a s e  o f  

z e r o  /3* We d i s c u s s  t h r e e  d i f f e r e n t  l i m i t i n g  c as es  o f  t h e  

p r o b l e m *  t h e n  go on t o  t h e  f u l l  n u m e r ic a l  s o l u t i o n *  The  

f i r s t  l i m i t  c o n s i d e r e d  i s  t h a t  o f  low  R e y n o ld s  number* where  

i t  w i l l  be shown t h a t  t h e  s t a t i c  i n i t i a l  c o n d i t i o n  r e s u l t s  

i n  a s m a l l  m o d i f i c a t i o n  t o  t h e  c l a s s i c a l  l u b r i c a t i o n  t h e o r y ;
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t h e  body a p p e a r s  to  have  come f ro m  a s l i g h t l y  h i g h e r  

s t a r t i n g  p o s i t i o n .  The n e x t  l i m i t  t o  be c o n s i d e r e d  i s  t h a t  

o f  s m a l l  t i m e #  We s h a l l  se e  how t h e  f l o w  i s  d e v e lo p e d  f ro m  

r e s t *  and t h e  r e s u l t s  w i l l  be used  t o  s t a r t  t h e  l o n g e r  t i m e  

s o l u t i o n s  w h ic h  f o l l o w *  The t h i r d  l i m i t  s t u d i e d  i s  t h a t  o f  

l a r g e  Re*  The  b o u n d a ry  l a y e r  e q u a t i o n s  c a n n o t  be  t r e a t e d  

a n a l y t i c a l l y  beca use  o f  t h e  c o n s t r a i n t  o f  t h e  i n i t i a l  

c o n d i t i o n *  so an i n t e g r a l  e q u a t i o n  t e c h n i q u e  i s  used t o  g i v e  

a h i g h - a c c u r a c y  a p p r o x i m a t i o n  t o  t h e  f l o w *  F i n a l l y *  t h e  

f u l l  n u m e r i c a l  s o l u t i o n  w i l l  be p r e s e n t e d  and compared t o  

t h e  l i m i t i n g  r e s u l t s *

5 . 2  LOW REYNOLDS NUMBER SOLUTION

The s t a n d a r d  l u b r i c a t i o n  t h e o r y  c a l l s  f o r  a b a l a n c e  

b e tw ee n  t h e  v i s c o u s  and r a d i a l  p r e s s u r e  g r a d i e n t  t e r m s  in  

( 5 \  2. ) •  T h i s  ba l  ance i s  a c h i e v e d  i f  t ^  i s  chosen  t o  be  

t v = t ^ / R e .  I n t r o d u c i n g  a new d i m e n s i o n l e s s  t i m e  T = t / t y  

and s t r e a m  f u n c t i o n  f  = F t v / h 0 * one o b t a i n s

9 ^ + 1  =  ( 5 . 6 )

The r e q u i r e d  s o l u t i o n  i s  an e x p a n s i o n  t o  be  a s y m p t o t i c  f o r  

f i x e d  t  as  Re — 0 *  in  t h e  fo rm

9 6 ^ T ; R e >  ~  + Re* 9 X )  + O t f c * )  ( 5 . 7 )

k ( T j R c ) ' u  K c t T )  R e * k t (t ) ■» ( 5 . 8 )
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R e l a t i o n  ( 5 . 7 )  i s  s u b s t i t u t e d  i n t o  ( 5 . 6 )  and t h e  b o u n d a ry  

c o n d i t i o n s  ( 5 . 3 )  and ( 5 . 4 ) .  The r e s u l t  o f  t h e  s u b s t i t u t i o n  

must be v a l i d  f o r  an y  s m a l l  Re« so t h a t  t h e  c o e f f i c i e n t s  o f  

e ac h  power o f  Re fo rm  i n d e p e n d e n t  e q u a t i o n s .  A t  z e r o  

o r d e r *  one o b t a i n s

I “  0  ( 5 . 9 )

w i t h  b o u n d a r y  c o n d i t i o n s

O n ^ o -  &  > r . - 0  ( 5 . 1 0 )

The s o l u t i o n  o f  ( 5 . 9 ) —( 5 . 1 1 )  g i v e s  t h e  1 u b r i c a t i o n - t h e o r y  

r e s u l t

C0 =  ^Vvz1 -  i  z 5 ( 5 . 1 2 )

w h ic h  i s  a p a r a b o l i c  r a d i a l - v e l o c i t y  p r o f i l e  u = j r z ( h - z ) .  

A t  second o r d e r *  one f i n d s

=  ^e.*T +  ( 5 . 1 3 )

w i t h  b o u n d a ry  c o n d i t i o n s

OA z - - 0 :  ^  = 0 ,  $a» = 0  ( 5 . 1 4 )

o n  -l -W C t )-. O  ( 5 . 1 5  )

E q u a t i o n s  ( 5 . 1 3 ) - ( 5 . 1 5  ) ha ve  t h e  s o l u t i o n
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Cl -  ( 5 . 1 6 )

I n i t i a l  c o n d i t i o n  ( 5 . 5 }  c a n n o t  be s a t i s f i e d *  showing t h a t  an 

" i n n e r "  e x p a n s i o n  w i l l  be r e q u i r e d  on a s h o r t e r  t i m e s c a l e

w i t h  i n  t h e  n e x t  p a r a g r a p h .  S u b s t i t u t i n g  ( 5 . 8 ) *  ( 5 . 1 2 )  and

( 5 . 1 6 )  i n t o  b o u n d a r y  c o n d i t i o n  ( 5 . 4 )  and s e p a r a t i n g  i n

w h ich  can be used t o  f i n d  t h e  g e n e r a l  s o l u t i o n  t o  ( 5 . 1 8 )

The i n i t i a l  c o n d i t i o n s  ( 5 . 5 )  c a n n o t  be used -to f i n d  t h e  

c o n s t a n t s  C0 and C, s i n c e  t h e  v e l o c i t y  p r o f i l e s  o b t a i n e d  

f rom  ( 5 . 1 2 )  and ( 5 . 1 6 )  do n o t  s a t i s f y  t h e  c o r r e c t  i n i t i a l  

c o n d i t i o n  as m e n t io n e d  a b o v e .

The  a p p r o p r i a t e  t i m e s c a l e  f o r  t h e  i n n e r  e x p a n s i o n  i s  

t ^  = R e t t  •  T a k i n g  t h i s  v a l u e  f o r  t c i n  ( 5 . 2 )  and u s i n g  r  

f o r  t h e  d i m e n s i o n l e s s  s h o r t  t i m e  and G f o r  t h e  d i m e n s i o n l e s s  

i n n e r  s t r e a m  f u n c t i o n *  one o o t a i n s

w h ich  must be m a tc h ed  t o  ( 5 . 7 )  and ( 5 . 8 ) .  T h i s  i s  d e a l t

powers Re^ one o b t a i n s  tw o  e q u a t i o n s  f o r  h 0 and ht

( 5 . 1 8 )

( 5 . 1 7 )

E q u a t i o n  ( 5 . 1 7 )  h a s  t h e  g e n e r a l  s o l u t i o n

( 5 . 1 9 )

( 5 . 2 0 )

-t G f  -  Z  & & „  -  G „ ,  =  fe * - ( 5 . 2 1 )
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t r  and G a r e  r e l a t e d  t o  T and F by f  = T /Re*  » G = R e * f .  The  

s o l u t i o n  is  r e q u i r e d  t o  be a s y m p t o t i c  f o r  f i x e d  'C as Re -*■ 0 

and o f  t h e  fo rm

G r(  R e )  '■v Re* &*(■*,■£■) + O L ^ e ^ )  ( 5 . 2 2 )

h ( r ; R e )  ^  t O C te * )  ( 5 - 2 3 )

R e l a t i o n s  ( 5 . 2 £ )  and ( 5 * 2 3 )  a r e  f i r s t  s u b s t i t u t e d  i n t o

( 5 . 2 1 ) »  ( 5 . 3 )  and ( 5 . 5 ) .  To l o w e s t  o r d e r  i n  Re* one g e t s

-  « » . „  =  > I 5 - 2 4 '

On 2 s O  : Ctj = O , G - j j  — O  ( 5 . 2  5)

wWe* Grx- 0 ,  Hx » 0  ( 5 . 2 6 )

Boundary  c o n d i t i o n s  ( 5 . 4 )  a r e  now expanded in  T a y l o r  s e r i e s  

a b o u t  z = 1 and t h e  c o e f f i c i e n t s  o f  t h e  powers o f  Re*  a r e  

e q u a t e d .  T h is  g i v e s

( 5 . 2 7 )

E q u a t io n s  ( 5 . 2 4 ) *  ( 5 . 2 5 )  and ( 5 . 2 6 )  have  a s e p a r a b l e

s o l u t i o n

G *  = m r z ) e n V t  ( 5 . 2 8 )
A odlet.

S u b s t i t u t i n g  ( 5 . 2 3 )  in  ( 5 . 2 7 ) «  one o b t a i n s

H,  =  - i r  1- ^  f a .  ( 5 . 2 9 )
 ̂oddl
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The two s o l u t i o n s  ( 5 . 8 )  and ( 5 - 2 3 )  f o r  h a r e  b o t h  v a l i d  on 

t h e  i n t e r m e d i a t e  t i m e s c a l e  w i t h  v a r i a b l e  s = Re1* T p r o v i d e d  

0 < oi < l .  T h e  s o l u t i o n s  a r e  matched by e x p r e s s i n g  e a c h  i n  

te r m s  o f  t h e  v a r i a b l e  s and r e q u i r i n g  t h a t  t h e  c o e f f i c i e n t s  

o f  e a c h  power o f  Re1 be  e q u a l -  T h i s  g i v e s  t h e  v a l u e s

C o = 3  ) C ( s  i lvo '  ( 5 - 3 0 )

S u m m a r iz in g  t h e s e  r e s u l t s *  one has on t h e  l o n g  t i m e s c a l e

h ~  + R e ^ 0 [ l l ( t + i T ) * r + 1 7 ( i * i T ) ^ ]  + 0 ( R e 4> ( 5 . 3 1 )

lnT ~ % ( * + ST ) T -  Re' ,7^  [3 3  C»♦s'O * 1 2 S  (1+4T)*^ J + 0  (fie4) (5  -  3 2 )

On t h e  s h o r t  t i m e s c a l e  Z =  T /R e 1 *

V"- 1 -  R‘ ‘  H  *  -  S . .  0  -  v ) ]  *  o  (e e -) ( 5 . 33,

Vl ,- ' -  - G e ’ t C 1 ”  r ^ + O f ® * ’ )  ( 5 . 3 4 )

The l o n g - t i m e  s c a l e  s o l u t i o n  s a t i s f i e s  t h e  i n i t i a l

c o n d i t i o n  on h w i t h  e r r o r  0 ( R e l ) e v e n  th o u g h  t h e  s t r e a m  

f u n c t i o n  does n o t  s a t i s f y  t h e  i n i t i a l  c o n d i t i o n -  T h is  means 

t h a t  t h e  1 o n g - t i m e s c a l e  s o l u t i o n  i s  v a l i d  a l m o s t  f rom  t  = 0 

f o r  s m a l l  v a l u e s  o f  Re-  T h i s  i s  shown i n  f i g u r e  5 - 1 *  w h ic h  

shows t h e  t i m e - d e p e n d e n c e  o f  h f o r  d i f f e r e n t  v a l u e s  o f  Re-

S i n c e  t h e  d i m e n s i o n l e s s  t i m e s  T and T  used a b o v e  d i f f e r  by  a

f a c t o r  o f  Re3, * i t  i s  c o n v e n i e n t  t o  use t h e  i n t e r m e d i a t e  

t i m e s c a l e  fc = t / t t- = T /R e  = TRe t o  p l o t  t h e  r e s u l t s

( 5 . 3 1 ) - ( 5 . 3 4 ) * n o t i n g  a l s o  t h a t  h T = ( l / R e J h ^ -  F i g u r e s  5 - 1
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and 5 . 2  th e n  show t h e  r e s u l t s  s c a l e d  w i t h  i n e r t i a l  t i m e  

t , '  =  ( t t/3  a * /4 W  £  * l e n y t h  h 0 and i n e r t i a l  v e l o c i t y  V = h 0 / t - t m

F i g u r e  5 . 1  shows t h a t  t h e  l o n g - t i m e  e x p a n s io n  ( 5 . 3 1 )  

i s  a c c u r a t e  f o r  a l l  t i m e  f o r  R e y n o ld s  numbers up t o  u n i t y *  

I t  g i v e s  a  s l i g h t  o v e r s h o o t  o f  t h e  i n i t i a l  v a l u e  o f  h b y  an  

amount  ^ R e & • F o r  l a r g e r  R e y n o ld s  num b e rs*  t h e  e x p a n s i o n  

( 5 * 3 3 )  m ust  be  used  f o r  t  up t o  a b o u t  0 * 5  t o  a c c o u n t  f o r  t h e  

i n e r t i a l  r e s i s t a n c e  o f  t h e  f l u i d  t o  i t s  i n i t i a l  

a c c e l e r a t i o n *  The m atched  e x p a n s i o n s  a r e  q u i t e  a c c u r a t e  f o r  

R e y n o ld s  numbers  up t o  1 0 *  e v e n  thoug h  t h e y  w ere  d e r i v e d  f o r  

Re «  1 *  T h i s  i s  be ca u s e  o f  t h e  l a r g e  d e n o m in a t o r  i n  t h e  

second t e r m  o f  ( 5 * 3 1 )  and b e c a u s e  one  o n l y  needs t o  use  

v a l u e s  o f  X  up t o  a b o u t  x Re in  ( 5 * 3 3 ) .  F i g u r e  6 shows t h a t  

t h e  m a tc h in g  o f  t h e  e x p a n s io n s  f o r  body v e l o c i t y  ( 5 * 3 2 )  and  

( 5 . 3 M  a r e  l e s s  a c c u r a t e  t h a n  t h o s e  f o r  gap h e i g h t  ( 5 * 3 1 )  

and ( 5 * 3 3 )  b e ca u s e  ea c h  e x p a n s i o n  i s  a m o n o to n ic  f u n c t i o n  o f  

t i m e *  one i n c r e a s i n g  f o r  s h o r t  t i m e s  and t h e  o t h e r  

d e c r e a s i n g  f o r  l a r g e  t i m e s *  g i v i n g  r i s e  t o  c u r v e s  w i t h  

o p p o s i t e  s l o p e s *  One w o u ld  e x p e c t  t h e  t r u e  v e l o c i t y  c u r v e  

t o  have a smooth p eak  somewhat b e lo w  t h e  i n t e r s e c t i o n  o f  t h e  

t w o  e x p a n s i o n s *

I n  a l l  t h e  c a s e s  s t u d i e d  t h e  i n i t i a l  a c c e l e r a t i o n  o f  

t h e  o b j e c t  c au s e s  an a c c e l e r a t i o n  o f  t h e  f l u i d  i n  t h e  g ap *  

F or  t h e  i n v i s c i d  l i m i t  t h i s  i s  an a c c e l e r a t i o n  o f  a o n e -  

d i m e n s i o n a l  p r o f i l e  w hereas  f o r  t h e  low R e y n o ld s  number
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l i m i t  t h i s  i s  an a c c e l e r a t i o n  t o  a q u a s i - s t e a d y  p r o f i l e  t h a t  

chang es  w i t h  R e*  F o r  e a r l y  t i m e s  t h e  l o w e s t  o r d e r  s o l u t i o n  

f o r  t h e  r a d i a l  v e l o c i t y  p r o f i l e  o b t a i n e d  f ro m  t h e  s t r e a m  

f u n c t i o n  s o l u t i o n  ( 5 * 2 8 )  i s  t h e  same as  t h e  s t a r t - u p  f l o w  in  

a p a r a l 1 e l - w a l 1 c h a n n e l  i n  w h ich  a c o n s t a n t  p r e s s u r e  

g r a d i e n t  has been a p p l i e d  a t  t  = 0 *  A t  l a r g e r  t i m e s  t h e  

r a d i a l  v e l o c i t y  p r o f i l e  t o  0 ( R e  ) i s  o b t a i n e d  f rom  s o l u t i o n s  

( 5 * 1 2 )  and ( 5 « L 6 )  and i s  a f u n c t i o n  o f  t h e  i n s t a n t a n e o u s  gap  

w i d t h  and Re* T h e s e  p r o f i l e s  a r e  shown as a f u n c t i o n  o f  Re 

a t  f i x e d  h i n  t h e  u p p er  h a l f  o f  th e  d i a g r a m *  f i g u r e  5 . 3 ( a ) *  

and as a f u n c t i o n  o f  h ( o r  e q u i v a l e n t l y  t )  a t  a f i x e d  Re in  

t h e  l o w e r  h a l f  o f  t h e  d ia g r a m *  f i g u r e  5 * 3 ( b ) «  One o b s e r v e s  

t h a t  as e i t h e r  Re o r  h a p p ro ac h e s  z e r o  t h e  p r o f i l e  becomes 

p a r a b o l i c .

The l o n g - t i m e  a s y m p t o t i c  d e c a y  o f  t h e  m o t io n  is  

f u n d a m e n t a l l y  d i f f e r e n t  in t h e  1ow-Re and t h e  i n v i s c i d  

l i m i t s *  I n  t h e  l o w - R e  l i m i t  t h e  i n e r t i a l  te rm s  r a p i d l y  damp 

o u t  due t o  v i s c o s i t y *  and t h e  p r e s s u r e  f i e l d  on t h e  

u n d e r s i d e  o f  t h e  d i s c  is  due t o  a q u a s i - s t e a d y  p r e s s u r e  

v i s c o u s - f o r c e  b a l a n c e *  In  t h e  i n v i s c i d  l i m i t  t h e  r a d i a l  

v e l o c i t y  a p p r o a c h e s  a c o n s t a n t  v a l u e  a t  any r  and a q u a s i ­

s t e a d y  s t a t e  B e r n o u l l i  p r e s s u r e  d i s t r i b u t i o n  i s  e s t a b l i s h e d  

on t h e  u n d e r s i d e  o f  t h e  d i s c *  The f a s c i n a t i n g  o b s e r v a t i o n  

i s  t h a t  t h i s  p r e s s u r e  d i s t r i b u t i o n  i s  t h e  same i n  b o th  

l i m i t s *  b e i n g  a s i m p l e  p a r a b o l i c  f u n c t i o n  o f  r *
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5 . 3  SMALL TIME SOLUTION

An a s y m p t o t i c  s o l u t i o n  can be found  f o r  t h e  s h o r t  

p e r i o d  a f t e r  t h e  r e l e a s e  o f  t h e  body when i t  r e m a in s  c l o s e  

t o  i t s  o r i g i n a l  p o s i t i o n .  T h i s  s o l u t i o n  i s  u s e f u l  i n  

s t a r t i n g  t h e  l o n g e r - t i m e  s o l u t i o n s  i n  t h e  f o l l o w i n g  s e c t i o n s  

and i s  an i n t e r e s t i n g  e x e r c i s e  i n  a s y m p t o t i c  a n a l y s i s .  To  

r e v e a l  t h e  b e h a v i o u r  f o r  s h o r t  t i m e s *  t c i s  ch o sen  t o  be  e t ;  

w i t h  € a s m a l l  c o n s t a n t .  New symbols  a r e  i n t r o d u c e d  f o r  t h e  

d i m e n s i o n l e s s  v a r i a b l e s :  T  f o r  t i m e  and G f o r  s t r e a m

f u n c t i o n .  The b o u n d a ry  and i n i t i a l  c o n d i t i o n s  a r e  unchanged  

and ( 5 . 2 )  i s  r e - w r i t t e n  as

s  G f t i  & * * *  + < 5 . 3 5 )

The r e q u i r e d  s o l u t i o n  must be a s y m p t o t i c  f o r  f i x e d  z 

and Re as £ - » 0 .  A s u i t a b l e  fo rm is

G ( x , r ; € )  ^  6* *  Grg ( 5 - 3 6 )

E q u a t i o n s  f o r  Ĝ . and G^ a r e  f o u n d  by  s u b s t i t u t i n g  ( 5 . 3 6 )  

i n t o  ( 5 . 3 5 )

C r « * * r  =  I ( 5 . 3 7 )

G's’x'tr “  ^

E q u a t i o n s  ( 5 . 3 7 )  and ( 5 . 3 8 )  have  s o l u t i o n s

G *  *  i t  t  C t )  +

Gre = M  + (*>

( 5 . 3 8 )

( 5 . 3 9 )

( 5 . 4 0 )
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where  a ^ t  b ^ t  a s and bs a r e  unknown f u n c t i o n s -  I n i t i a l  

c o n d i t i o n  ( 5 - 5 )  r e q u i r e s  t h a t  = bff = 0 *  b u t  t h e  b o u n d a ry  

c o n d i t i o n s  ( 5 * 3 )  and ( 5 * 4 )  c a n n o t  be s a t i s f i e d  by  ( 5 . 3 9 )  and  

( 5 . 4 0 ) .  T h e r e f o r e *  b o u n d a ry  l a y e r s  must be p r e s e n t  n e a r  

z  = 0 and 1* so i n n e r  e x p a n s io n s  must be u s e d *  To e x a m in e  

t h e  b o u n d a ry  l a y e r  n e a r  z = 0 * z i s  r e p l a c e d  by a new 

i n d e p e n d e n t  v a r i a b l e  % -  z /e ? *  and G i s  r e p l a c e d  by g = G / & \  

E q u a t i o n  ( 5 * 3 9 )  t a k e s  t h e  form

( 5 . 4 1 )

The s o l u t i o n  t o  ( 5 . 4 1 )  must be a s y m p t o t i c  f o r  f i x e d  % and Re 

as G —*  0 * i n  t h e  fo rm

go ( t , t )  + O i e . ^ )  ( 5 . 4 2 )

T h is  e x p a n s io n  ( 5 . 4 2 )  is  s u b s t i t u t e d  i n t o  ( 5 . 4 1 )  t o  g i v e  an 

e q u a t i o n  f o r  g0 •

“ i e V W 1 =  °  ( 5 - 4 3 )

N o te  t h a t  ( 5 . 4 3 )  i s  t h e  same as t h e  s t a r t - u p  p r o b le m  f o r  

u n d i r e c t i o n a l  f l o w  i n  a c h a n n e l  u n d e r  t h e  a c t i o n  o f  a 

c o n s t a n t  a p p l i e d  p r e s s u r e  g r a d i e n t .  The b o u n d a r y  and  

i n i t i a l  c o n d i t i o n s  f o r  g 0 a r e :

o n - ^ - 0 :  <50 = ° .  go* = O ) v b e * b = 0 ; c^0 -  0  ( 5 . 4 4 )

E q u a t i o n s  ( 5 . 4 3 )  and ( 5 . 4 4 )  have  a s o l u t i o n  in  s i m i l a r i t y  

fo rm

c$o -  + J ( 5 . 4 5 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



157

w h e r e  i 3e r f c  i s  t h e  t h i r d  r e p e a t e d  i n t e g r a l  o f  t h e

c o m p l e m e n t a r y  e r r o r  f u n c t i o n *  w h i c h  t a k e s  t h e  v a l u e  l / b n ' ' *  

f o r  z e r o  a r g u m e n t *

I t  i s  e x p e c t e d  t h a t  G w i l l  be o f  o r d e r  e *  e v e r y w h e r e *  

so b o u n d a r y  c o n d i t i o n  ( 5 * 4 )  s u g g e s t s  t h a t  h w i l l  be o f  t h e  

fo rm

V\ L'Z) fe) ~  \ + f a )  + 0  (e?) ( 5 . 4 6 )

R e l a t i o n  ( 5 * 4 6 )  i n d i c a t e s  t h a t  t h e  u p p e r  b o u n d a ry  w i l l  

move v e r y  l i t t l e  f ro m  i t s  i n i t i a l  p o s i t i o n  d u r i n g  t h e

t i m e s c a l e  o f  i n t e r e s t *  A c c o r d i n g l y *  b o u n d a ry  c o n d i t i o n s  

( 5 * 4 )  c a n  be expanded  i n  T a y l o r  s e r i e s  a b o u t  z = I  and t h e  

a p p r o p r i a t e  b o u n d a r y - l a y e r  v a r i a b l e  i s  f  = ( l - z ) / c l/*«

E q u a t i o n  ( 5 * 3 5 )  is  r e w r i t t e n  i n  t e r m s  o f  J  and a s c a l e d  

s t r e a m  f u n c t i o n  ^  = G / e ' *  t o  g i v e

3- Sr - =  “ I ( 5 * 4 7 )

The  r e q u i r e d  s o l u t i o n  t o  ( 5 * 4 7 )  i s  a s y m p t o t i c  f o r  f i x e d  5 

and Re as  6 > * 0  i n  t h e  fo rm

€  /x + ê oL ii t ' )  + 0(fe4.) ( 5 . 4 8 )

E q u a t i o n  ( 5* 4 8 ) i s  i n s e r t e d  i n t o  ( 5 . 4 7 )  t o  g i v e  e q u a t i o n s  

f o r  g_, and :

* h Sr - k 5 - m  = o  ( 5 - « )

§ • 1 *  -  =  °  1 5 . 5 0 )
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w i t h  b o u n d a ry  and i n i t i a l  c o n d i t i o n  d e r i v e d  from ( 5 . 4-) and

( 5 . 5 )

On t “ 0 :  = O j  g . ,  = ' i K t  ; WWe*r=C>: 5"* = 0  ( 5 . 5 1 )

© * ■ $ = 0 '- § o S =rC).> = j w V ie n f s O s  0  ( 5 . 5 2 )

E q u a t i o n s  ( 5 . 4 9 )  t o  ( 5 . 5 2 )  a r e  s o l v e d  t o  f i n d

5 - i  = ( 5 . 5 3 )

5® -  *^V* [ I * e hPcTa- ( 5 . 5 4 )

E q u a t i o n s  ( 5 . 3 6 ) »  ( 5 . 4 2 )  and ( 5 . 4 8 )  a r e  matched on

i n t e r m e d i a t e  s p a t i a l  s c a l e s  t o  g i v e  e q u a t i o n  f o r  a^,« a ? » 

bg. * h .̂ and h y .  T h e s e  a r e :

evs■ t t )  =  -  Re  ( 5 . 5 5 )

( a )  = 0 ; t s - C * ) -  O  ( 5 . 5 6 )

”  ” 2 . * s  *  /x ( 5 . 5 7 )

E q u a t i o n s  ( 5 . 5 7 )  w i t h  i n i t i a l  c o n d i t i o n  ( 5 . 5 )  h ave  s o l u t i o n s

=  -  ST1  ( 5 . 5 8 )

U -  r Va R e “ , / l
~ K e  ( 5 . 5 9 )

F i n a l l y »  we h a ve  a u n i f o r m  a s y m p t o t i c  e x p a n s i o n  f o r  G*

G ^ £ l 2 r -  ( 5 . 6 0 )

^ 3c r P c ^ C | |y v ) }  + Ofc?) 

a n d  V x ^  I  -  G ' r 3 ” +  i | ^ / i  +  O f c * )  ( S .  ( . 1 )
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E q u a t i o n s  ( 5 * 3 5 ) *  ( 5 * 4 1 )  and ( 5 * 4 7 )  show t h a t  no more te rm s  

w i l l  be g e n e r a t e d  u n t i l  0 ( e * ) »  so t h e  r e m a i n d e r  te r m s  in  

( 5 * 6 0 )  and ( 5 * 6 1 )  can  be r e d u c e d *  S i n c e  e  was a r t i f i c i a l l y  

i n t r o d u c e d  i n t o  t h e  p r o b l e m *  i t  c an  be removed by u s i n g  a 

d i f f e r e n t  t i m e s c a l e  t o  e x p r e s s  t h e  r e s u l t s *  I f  t 6 i s  chosen  

t o  be t t * as  w i l l  b e  t h e  c a s e  i n  t h e  r e s t  o f  t h i s  c h a p t e r *  

t h e  e x p a n s i o n s  a r e  e x p r e s s e d  i n  t h e i r  most u s e f u l  f o r m :

F  ~  i t  -  I  tv' ( 5 . 62 )

K -  I -  t *  + j § ^  « « " *  fcr /l *  O l t * )  ( 5 . 6 3 )

These e x p a n s i o n s  a r e  v a l i d  whenever  t  << 1 and t  << Re*  The 

v e l o c i t y  p r o f i l e  i s

r  ~  fc f  1 -  4- i l e r C e ( f - J a £ )  -  4 l x e r t - c  ]  t O ( f * )  ( 5 . 6 4 )

E x p a n s io n  ( 5 * 6 4 )  shows a u n i f o r m  c o n s t a n t  a c c e l e r a t i o n  

i n  t h e  i n v i s c i d  c o r e  w i t h  b o u n d a ry  l a y e r s  whose t h i c k n e s s  

grows as ( t / R e ) v* *  F or  s m a l l  Re t h e  a b o ve  e x p a n s io n s  q u i c k l y  

become i n v a l i d  as  t h e  b o u n d a r y  l a y e r s  merge and v i s c o u s  

e f f e c t s  d o m in a t e  t h e  f l o w *  F o r  l a r g e  R e y n o ld s  numbers t h e  

bo u n d a ry  l a y e r s  p e r s i s t  f o r  a lo n g  t i m e  b u t  t h e  e x p a n s i o n s  

b r e a k  down when n o n l i n e a r  e f f e c t s  become i m p o r t a n t  and t h e  

a c c e l e r a t i o n  i s  no l o n g e r  c o n s t a n t *  The e f f e c t  o f  Re f i r s t  

e n t e r s  in  te r m s  o f  0 ( e r/l) i n  ( 5 * 6 1 )  and ( 5 * 6 3 )  and d e s c r i b e s  

t h e  r a d i a l  o u t f l o w  i n  t h e  t o p  and b o t t o m  s t a r t - u p  b o u n d a ry  

l a y e r s  f o r  a u n i f o r m l y  a c c e l e r a t e d  c o r e *
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5 . 4  SOLUTION FOR LARGE RE

When t h e  R e yn o ld s  number i s  l a r g e *  t h e  f l o w  i s  

g o v e r n e d  by t h e  i n e r t i a  o f  t h e  F l u i d  e x c e p t  f o r  t h i n  

b o u n d a ry  l a y e r s  n e a r  t h e  t o p  and b o t to m  w a l l s *  Thus*  i t  i s  

a p p r o p r i a t e  t o  choose  t h e  c h a r a c t e r i s t i c  i n e r t i a l  t i m e  

t c = tj ,  i n  ( 5 * 2 )  T h i s  g i v e s

Fx t  + P ?  =  1 ( 5 # 6 5 )

E q u a t i o n s  ( 5 * 6 5 )  and ( 5 * 4 )  must be s a t i s f i e d  i n  t h e  i n v i s c i d  

c o r e *  I n  t h i s  r e g i o n  t h e  reduced  s t r e a m  f u n c t i o n  F t a k e s  

t h e  s i m p l e r  fo rm

F  =  -z 4>£b') +  9(k) ( 5 . 6 6 )

where  t h e  f i r s t  t e rm  d e s c r i b e s  an i n v i s c i d  s t a g n a t i o n - p o i n t  

f l o w  and t h e  second t e r m *  as we s h a l l  soon show* t h e  

d i s p l a c e m e n t  e f f e c t  o f  t h e  boundary  l a y e r s .  S u b s t i t u t i n g  

( 5 * 6 6 )  i n  ( 5 * 6 5 ) *  one o b t a i n s

+ <3?fc = I ( 5 . 6 7 )

$  and <9 s a t i s f y  t h e  i n i t i a l  c o n d i t i o n s

O ,  v A e *  t = 0  ( 5 . 6 8 )

S o t u b i  c v \ $  5 s  ;

t a * U t  ( 5 . 6 9 )

T h i s  i s  t h e  same as  bke so lut ion  \ a  tWe iv \ V is c . io ^  I i n n i b

V /e in b a u m ,  L a w r e n c e  £. K w a ^  Boundary
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c o n d i t i o n s  ( 5 * 3 )  and ( 5 * 4 )  c a n n o t  be s a t i s f i e d  by ( 5 * 6 6 ) *  so 

i t  i s  n e c e s s a r y  t o  c o n s i d e r  b o u n d a ry  l a y e r s  n e a r  2 = 0  and  

z  = h ( t ) .  The r a d i a l  v e l o c i t y  o u t s i d e  t h e  b o u n d a ry  l a y e r s  

i s  d e t e r m i n e d  by t h e  r a d i a l  p r e s s u r e  g r a d i e n t  a l o n e  and i s  

s i m p l y  u = r  t a n h  t«  I t  i s  u n a f f e c t e d  by t h e  p r e s e n c e  o f  

t h e  b o u n d a r y  l a y e r s *  so t h e  a n a l y s i s  w i l l  be  v a l i d  u n t i l  t h e  

b o u n d a ry  l a y e r s  o v e r l a p *

To a n a l y z e  t h e  b o u n d a ry  l a y e r  n e a r  z = 0 *  new 

v a r i a b l e s  ^  = zR e ,y*  and f  = FRely*> a r e  i n t r o d u c e d *  E q u a t i o n  

( 5 * 6 5 )  becomes t h e  b o u n d a r y - 1 a y e r  e q u a t i o n

+ ^  “  V ( 5 . 7 0 )

w h ich  has i n i t i a l  and boundary  c o n d i t i o n s

£ = 0  v-Ae* b-  0  ( 5 * 7 1 )

9 = 0 ,  ^ - O  i  = 0  ( 5 - 7 2 )

9 ^  ^  ®  ( 5 * 7 3 )

I n  ( 5 * 6 6 ) *  &  i s  t h e  c o r r e c t i o n  t o  t h e  i n v i s c i d

v e r t i c a l  v e l o c i t y  due t o  t h e  d i s p l a c e m e n t  e f f e c t  o f  t h e  

b o u n d a r y  l a y e r s *  To i l l u s t r a t e  t h i s *  t h e  b o u n d a ry  l a y e r  

d i s p l a c e m e n t  t h i c k n e s s  S* i s  i n t r o d u c e d ?

-  R e-'"* ( l -  =  Re” * t £ ( 5 . 7 4 )
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i n  w h ich  and £  r e s p e c t i v e l y  r e p r e s e n t  t h e  r a d i a l  v e l o c i t y  

i n  t h e  b o u n d a ry  l a y e r  and c o r e *  and A* i s  o f  o r d e r  u n i t y .  

E q u a t i o n  ( 5 * 7 4 )  i s  i n t e g r a t e d  d i r e c t l y  and ( 5 * 7 3 )  i s  used t o  

o b t a i n

C r  © W ®  ( 5 . 7 5 )

Then  i n  te r m s  o f  S*t  t h e  s t r e a m  f u n c t i o n  in  t h e  i n v i s c i d  

c o r e  i s

, 5 . 7 6 ,

and t h e  l i m i t i n g  c o n d i t i o n  on t h e  b o u n d a r y - l a y e r  e q u a t i o n  

( 5 . 7 3 )  becomes

£ ~  a s  ^  o* ( 5 . 7 7 )

The f l o w  i s  c l e a r l y  s y m m e t r i c a l  a b o u t  t h e  p l a n e  

z = £  h» so t h e  b o u n d a ry  l a y e r  e q u a t i o n s  on t h e  t o p  s u r f a c e  

z = h can  be c a s t  in  t h e  same f o r m  as ( 5 . 7 0 ) *  ( 5 . 7 1 ) t  ( 5 . 7 2 )  

and 1 5 . 7 7 ) .  To a c n i e v e  t h i s *  new v a r i a b l e s  = R e ' * ( h - z )  and  

£ =  Re,<<l( $ h - F - 2 © )  * a r e  i n t r o d u c e d  and s u b s t i t u t e d  i n t o  

( 5 . 6 5 ) »  ( 5 . 4 )  and ( 5 . 5 ) .  The r e s u l t i n g  e q u a t i o n s  a r e  t h e n  

s e p a r a t e d  in  powers  o f  Re t o  g i v e  t h e  same s e t  o f  b o u n d a r y -  

l a y e r  e q u a t i o n s *  b u t  w i t h  ¥  and r e p l a c i n g  f  and i t  •

However a new e q u a t i o n  i s  a l s o  p r o d u c e d  f r o m  ( 5 . 4 )  and  

( 5 . 7 6 ) *

-  k ®  =  O  ( 5 . 7 0 )
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U s in g  i n i t i a l  c o n d i t i o n  ( 5 . 5 ) *  one can s o l v e  e q u a t i o n  ( 5 . 7 3 )  

e x a c t l y  t o  g i v e

^ + Re‘ i V l 'C ^  ( 5 . 7 9 )

i n  w h ic h  h , ( t )  i s  t h e  c o r r e c t i o n  t o  t h e  i n v i s c i d  r e s u l t  due  

t o  t h e  d i s p l a c e m e n t  e f f e c t  o f  t h e  b o u n d a r y  l a y e r s .  I t

s a t i s f i e s  t h e  e q u a t i o n s

Hlfc + = o <5- 80>

Vi, s. o  uAew t -  0  ( 5 . 8 1 )

E q u a t i o n s  ( 5 . 6 6 ) *  ( 5 . 7 0 ) - ( 5 . 7 2 ) «  ( 5 . 7 7 )  and

( 5 . 7 9 ) - ( 5 . 8 1 ) r e p r e s e n t  a s o l u t i o n  w h ic h  i s  e x a c t  w henev er  

t h e r e  a r e  d i s t i n c t  bou n d ary  l a y e r s  in  t h e  f l o w .  The  

s o l u t i o n  o n l y  b r e a k s  down when t h e  b o u n d a r y  l a y e r s  b e g i n  t o  

o v e r l a p .  ( t )  r e p r e s e n t s  t h e  c o r r e c t i o n  t o  t h e  i n v i s c i d

s o l u t i o n  d e v e l o p e d  i n  Weinbaum* L aw renc e  £ Kuang (1985^ .  I t  

i s  d e t e r m i n e d  by s o l v i n g  ( 5 . 6 9 ) - ( 5 . 7 2 )  and ( 5 . 7 7 )  and can  

t h e n  be used i n  ( 5 . 8 0 )  t o  c a l c u l a t e  t h e  c o r r e c t i o n  t o  t h e  

gap h e i g h t y  h , ( t ) .  I t  i s  p o s s i b l e  t o  s o l v e  ( 5 . 7 0 )  

n u m e r i c a l l y *  b u t  t h i s  i s  c o m p l i c a t e d  by  t h e  p r e s e n c e  ©? tke bi«e 

d e r i v a t i v e  and i s  t a n t a m o u n t  t o  a s o l u t i o n  o f  t h e  f u l l  

N a v i e r - S t o k e s  e q u a t i o n  w h ic h  w i l l  be u n d e r t a k e n  i n  s e c t i o n  5 .5  

b e l o w .  To g a i n  f ro m  a b o u n d a ry  l a y e r  a n a l y s i s  we must

s i m p l i f y  t h e  e q u a t i o n *  so we w i l l  f i n d  art a p p r o x i m a t e

s o l u t i o n  u s i n g  a t i m e - d e p e n d e n t  momentum i n t e g r a l  m ethod .
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E q u a t i o n  ( 5 . 7 0 )  is  re d u c e d  t o  an o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n  by i n t e g r a t i n g  t h r o u g h  t h e  bo u n d ary  l a y e r  and  

a s s u m in g  a p a r t i c u l a r  fo rm o f  t h e  v e l o c i t y  p r o f i l e .  A new 

v a r i a b l e *  £ ( t )  = R e ' A ( t )  i s  i n t r o d u c e d  t o  r e p r e s e n t  t h e  

o u t e r  edge  o f  t h e  b o u n d a ry  l a y e r .  E q u a t i o n  ( 5 . 7 0 )  i s  

i n t e g r a t e d  o v e r  % f ro m  0 t o  A  t o  g i v e

[ f  (6 ) ] t

A b i q u a d r a t i c  r a d i a l  v e l o c i t y  p r o f i l e  i s  c h o se n  

(u = w h e re  t h e  v e l o c i t y  and i t s  g r a d i e n t  a r e  matched a t

k A .  A s i m p l e  c u b i c  o r  q u a r t i c  p r o f i l e  i s  n o t  

s u f f i c i e n t l y  g e n e r a l  t o  d e s c r i b e  t h e  b e h a v i o u r  a t  e a r l y  

t  i me:

£ = a 0 + cxX  *  'W 4

The a t  and bj, and £ a r e  f u n c t i o n s  o f  t *  a n d  k i s  a c o n s t a n t  

t o  be ch o se n  a t  a  l a t e r  s t a g e  i n  t h e  a n a l y s i s .  The b o u n d a ry  

c o n d i t i o n s  t o  be s a t i s f i e d  by ( 5 . 8 3 ) *  ( 5 . 8 4 )  a r e  :

O n ^ O :  £ - 0 , ^  =  0 , =  <5 - 8 5 )

O n ^ = A ‘ ^  *  O  ( 5 . 8 6 )

o * i , - k h \  a r e  conbiAuoas,  ( 5 . 8 7 )

( 5 . 8 3 )

( 5 . 8 4 )
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The f i r s t  two o f  e q u a t i o n s  ( 5 . 8 5 )  a r e  t h e  o r i g i n a l  b o u n d a ry  

c o n d i t i o n s ;  t h e  t h i r d  is  d e r i v e d  by s e t t i n g  ^  0 in  ( 5 . 7 0 ) .  

E q u a t i o n s  ( 5 * 8 6 )  c o n s t i t u t e  t h e  d e f i n i t i o n  o f  t h e  o u t e r  edge  

o f  t h e  b o u n d a ry  l a y e r  and ( 5 * 8 7 )  a r e  d e s i r a b l e  smoothness  

p r o p e r t i e s  o f  t h e  v e l o c i t y  p r o f i l e *  E q u a t i o n s  ( 5 * 8 3 ) - ( 5 * 8 7 )  

a r e  s o l v e d  t o  f i n d  t h e  c o e f f i c i e n t s  a.- and b; i n  t e r m s  o fv Ci

t h e  s t i l l  unknown k and A { t ) .  The d e t a i l s  o f  t h i s  and t h e  

f o l l o w i n g  a l g e b r a  a r e  t o  be  fo u n d  i n  Kuang ( 1 9 6 4 ) *  The  

c o e f f i c i e n t s  a r e  d e t e r m i n e d  t o  be -

E q u a t i o n s  ( 5 * 8 3 ) *  ( 5 . 8 4 ) *  ( 5 . 8 8 )  and ( 5 . 8 9 )  d e s c r i b e  a

f a m i l y  o f  v e l o c i t y  p r o f i l e s  w h ic h *  once k i s  c h o s e n *  w i l l

s u b s t i t u t e d  i n t o  ( 5 . 8 2 )  and a f t e r  a g r e a t  d e a l  o f  a l g e b r a i c

where  d , * . . . * d s a r e  c o n s t a n t s  d e p e n d in g  o n l y  on t h e  c h o i c e

one w ould  o b t a i n  i n  p l a c e  o f  ( 5 . 9 0 )  an e q u a t i o n  w i t h  no r e a l  

r o o t s  f o r  A  a t  t  = 0 .

^  _ x x( k t f - £ )  \
/_ 1 1 * 1 A

( 5 . 8 8 )

have a s i n g l e  p a r a m e t e r *  A ( t )  = A * / ? -  T h e se  e q u a t i o n s  a r e

m a n i p u l a t i o n  an e q u a t i o n  f o r  TV i s  d e r i v e d :

A t = ( 5 . 9 0 )

o f  k .  I f  a s im p l e  c u b i c  o r  q u a r t i c  p r o f i l e  had been  used

< 5 . 9 1 )

( 5 . 9 2 )
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dLs * - ^ ( w * - s r k - E r >  ( 5 . 9 3 )

b e f o r e  an a t t e m p t  is  made t o  s o l v e  ( 5 . 9 0 ) *  i t  i s  

u s e f u l  t o  c o n s i d e r  t h e  r a n g e  o f  v a l u e s  f o r  A .  The s h e a r  

s t r e s s  must be p o s i t i v e  i n  t h e  b o u n d a r y  l a y e r *  w h ic h  

r e q u i r e s  t h a t  f > 0 e v e r y w h e r e .  T h i s  i s  t r u e  o n l y  f o r  

v a l u e s  o f  A  b e tw e e n  A wl*  = - 2 / k  and A , * * *  = 2 / k  * so A  i s  

b o u n d e d .  F u r t h e r m o r e * A  must be p o s i t i v e  s i n c e  5  i s  a lw a y s  

p o s i t i v e .  T h i r d l y *  t h e r e  i s  a v a l u e  A ^ ,  f o r  w h ich  t h e  

d e n o m i n a t o r  o f  ( 5 . 9 0 )  v a n i s h e s  and t h e  p r o f i l e  changes  

d i s c o n t i n u o u s ! y .  T h i s  n o n - p h y s i c a l  b e h a v i o u r  i s  n o t  

p e r m i s s i b l e  and o c c u r s  when

A  = A \ ,  =  ( 5 . 9 4 )

We can a l s o  use  ( 5 . 9 0 )  t o  f i n d  t h e  i n i t i a l  and f i n a l  

v a l u e s  f o r  A .  F o r  v e r y  l a r g e  t im e #  t h e  f l o w  i n  t h e  b o u n d a ry  

l a y e r  w i l l  be t h a t  f o r  a q u a s i - s t e a d y  s t a g n a t i o n  p o i n t #

s i n c e  3? f rom  ( 5 . 6 9 )  a p p ro a c h e s  u n i t y  and A  w i l l  a p p r o a c h  a

s t e a d y  v a l  ue A c  w h ic h  s a t i s f i e s

A*o.  + d » A » - l  = 0  ( 5 . 9 5 )

When t  = 0 *  t h e  d e n o m in a t o r  o f  ( 5 . 9 0 )  v a n i s h e s  s i n c e  $  

i s  z e r o .  S in c e  A  s h o u ld  n o t  be s i n g u l a r #  t h e  n u m e r a t o r  must

a l s o  v a n i s h .  One can show t h a t  t h e  v a n i s h i n g  o f  t h e

n u m e r a t o r  r e q u i r e s  t h a t  A  have t h e  i n i t i a l  v a l u e A 0# w i t h

A c  » ( 5 . 9 6 )
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u s i n g  t h e  f a c t  t h a t  £j> a, t  a t  v e r y  s h o r t  t i m e .  E q u a t i o n  

( 5 . 9 6 )  can be useci t o  f i n d  a s u i t a b l e  v a l u e  f o r  k s i n c e  t h e  

a n a l y t i c  s o l u t i o n  i s  a v a i l a b l e  f o r  t h e  f i r s t  p a r t  o f  t h e  

m o t i o n  f r o m  s e c t i o n  5 . 2 .  E q u a t i o n s  ( 5 . 6 2 )  and ( 5 . 7 7 )  i m p l y  

t h a t  when t  i s  s m a l l  A *  = ( 4 / 3 T r * ) t ^ .  F o r  t h e  assumed  

v e l o c i t y  p r o f i l e  ( 5 . 8 3 ) *  ( 5 . 8 4 ) *  t h e  s c a l e d  d i s p l a c e m e n t

t h i c k n e s s  i s

» -1
From t h e  d e f i n i t i o n  o f  A *  A  = A *  S '  and so*  when t  i s  s m a l l *

I *
A ^ A o ' b *  ( 5 . 9 8 )

E q u a t i o n  ( 5 . 9 8 )  i s  s u b s t i t u t e d  i n t o  ( 5 . 9 7 )  t o  g i v e  f o r  s m a l l  

t

A *  =  C *  fc*- ( 5 . 9 9 )

. j. ( l + k + k l V t k ' A e . 
wibk c *  =  A 0-  * 3 C w v )   ( 5 .1 0 0 )

For e a c h  v a l u e  o f  k *  ( 5 . 9 6 )  and ( 5 . 1 0 0 )  g i v e  tw o  

v a l u e s  o f  c *  ( o n e  f o r  ea c h  r o o t  o f  A . ) *  as shown i n  f i g u r e

5 . 4 .  T h e r e  a r e  no r e a l  s o l u t i o n s  f o r  c *  i f  k i s  c h o se n

l a r g e r  t h a n  0 . 2 8 1 9 .  T h i s  means t h a t *  f o r  l a r g e r  k» t h e

v e l o c i t y  p r o f i l e  ( 5 . 8 3 ) *  ( 5 . 8 4 )  i s  n o t  an a d e q u a t e

r e p r e s e n t a t i o n  o f  t h e  t r u e  s o l u t i o n  and l e a d s  t o  p h y s i c a l l y

u n r e a l i z a b l e  r e s u l t s .  F o r  k s m a l l e r  t h a n  t h i s  l i m i t *  v a l u e s

o f  c *  b e tw e e n  ^  and a r e  p h y s i c a l l y  p o s s i b l e .  How ever*  i f

we w is h  t o  o b t a i n  l i m i t i n g  b e h a v i o u r  f o r  S*  a t  v e r y  s h o r t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 0 3

t i m e s *  w h ich  i s  t h e  same as t h e  a n a l y t i c  s o l u t i o n  in  s e c t i o n  

5 .2 »  th e n  c *  must be 4 /3 7 r1'4.  T h is  c o r r e s p o n d s  t o  t h e  v a l u e  

o f  k = 0 . 2 3 9 7  w h ic h  i s  on t h e  lo w e r  b r a n c h  o f  t h e  c u r v e  

u s i n g  t h e  n e g a t i v e  s ig n  i n  ( 5 . 9 6 ) .  W i t h  t h i s  v a l u e  o f  k« 

e q u a t i o n s  ( 5 . 9 4 ) - ( 5 . 9 6 )  g i v e

J l e = 4 . Z 7 S ,  A ^ - ^ - 0 3 2 ,  A b *  I S . O S  ( 5 . 1 0 1 )

The s h a p e  o f  t h e  v e l o c i t y  p r o f i l e  i s  shown i n  f i g u r e  5 . 5  f o r  

t h e s e  v a l u e s  o f  A  and f o r  A =  0 .  I t  i s  c l e a r  t h a t  v e r y  

l i t t l e  chang e  i n  t h e  p r o f i l e  o c c u r s  be tw e e n  t h e  v a l u e s  A 0 

and A * .  The s m a l l - t i m e  p r o f i l e  ( 5 . 6 4 )  i s  drawn on a 

c o r r e s p o n d i n g  s c a l e  and we see t h a t  i t  i s  m o d e l l e d  q u i t e  

c l o s e l y  by  t h e  c u r v e  f o r A 0 «

E q u a t i o n  ( 5 . 9 0 )  i s  r e l a t i v e l y  e a s y  t o  i n t e g r a t e  

n u m e r i c a l l y  t o  f i n d  A ( t )  * £ ( t )  and 8 * ( t ) *  w h ic h  a r e  shown in  

f i g u r e  5 . 6 .  A  d e c a y s  m o n o to n ic a l  1 y f ro m  A 0 t o  A * ,  and i s  

w e l l  w i t h i n  t h e  p h y s i c a l  bounds d e f i n e d  a b o v e .  8 and & * d o  

n o t  i n c r e a s e  m o n o t o n i c a l l y *  b u t  i n c r e a s e  t o  maxima j u s t  

a f t e r  t  = 1 and t h e n  d e ca y  s l i g h t l y  t o  t h e i r  s t e a d y  v a l u e s .  

The s t e a d y  v a l u e  o f  8 *  i s  0 . 5 6 6 5  Re « w h ic h  compares  w e l l  

w i t h  t h e  e x a c t  n u m e r i c a l  s o l u t i o n  f o r  s t e a d y  s t a g n a t i o n -  

p o i n t  f l o w  o b t a i n e d  by F r d s s l i n g  ( 1 9 4 0 )  8 *  = 0 .5 6 8 5 R e '^  •

The d e c l i n e  in  8 and $ *  can be e x p l a i n e d  by r e g a r d i n g  t h e  

end o f  t h e  b o u n d a r y - 1a y e r  d e v e l o p m e n t  as a q u a s i - s t e a d y  

s t a g n a t i o n - p o i n t  f l o w .  For  t h e  s t e a d y  f l o w  t h e  b o u n d a ry  

l a y e r  t h i c k n e s s  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t
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o f  t h e  c o r e  v e l o c i t y *  Thus* as t h e  v e l o c i t y  i n c r e a s e s

s l o w l y  t o w a r d  t h e  s t e a d y  v a l u e *  th e  b o u n d a r y - 1a y e r  t h i c k n e s s

d e c r e a s e s  s l i g h t l y *  The s t e a d y  v a l u e  o f  1 .7 41R e“  ̂ vcan be  

used t o  e s t i m a t e  t h e  l i m i t  o f  v a l i d i t y  o f  t h e  s o l u t i o n *  

When Re i s  s u f f i c i e n t l y  l a r g e *  t h e  s t e a d y - s t a t e  b o u n d a r y -  

l a y e r  w i l l  d e v e l o p  b e f o r e  t h e  l i m i t  i s  r e a c h e d  and h ( t )  i s  

a c c u r a t e l y  a p p r o x i m a t e d  by l / c o s h a t .  The l i m i t  i s  re a c h e d  

when h = ~  3*5Re” ^ ; t h i s  g i v e s  t h e  l i m i t  o f  v a l i d i t y

^ i l o g R e .

E q u a t i o n s  ( 5 * 8 0 )  and ( 5 * 8 1 )  a r e  i n t e g r a t e d  n u m e r i c a l l y  

u s i n g  t h e  s o l u t i o n  f o r  The d i s p l a c e m e n t  c o r r e c t i o n  t o

t h e  i n v i s c i d  s o l u t i o n  t o  t h e  gap h e i g h t  h ,  i s  shown i n

f i g u r e  5 . 7  t o g e t h e r  w i t h  t h e  t o t a l  h e i g h t  f o r  v a r i o u s

R e y n o ld s  num bers*  These s o l u t i o n s  have  t h e  l i m i t  o f  

v a l i d i t y  d e r i v e d  a b o v e ;  a f t e r  t h e  l i m i t  i s  passed t h e  h e i g h t  

t e n d s  t o  a c o n s t a n t  n o n - z e r o  v a l u e *  w h ich  i s  n o t  p h y s i c a l l y  

p o s s i b l e *  H o w eve r *  f o r  Re > 1 0 ^ » t h e  body f a l l s  t h r o u g h  more 

t h a n  982 o f  t h e  i n i t i a l  h e i g h t  b e f o r e  t h e  l i m i t  i s  r e a c h e d *  

so t h e  a p p r o x i m a t e  s o l u t i o n  d e s c r i b e s  t h e  i m p o r t a n t  p a r t  o f  

t h e  m o t io n *

I t  w i l l  be shown t h a t  t h e  s o l u t i o n s  a r e  v e r y  a c c u r a t e  

compared w i t h  t h e  e x a c t  n u m e r ic a l  s o l u t i o n  u n t i l  t h e  l i m i t  

d e r i v e d  above  i s  r e a c h e d *  The two i m p o r t a n t  f e a t u r e s  o f  t h e  

s o l u t i o n  w h ich  g i v e  r i s e  t o  t h i s  a c c u r a c y  a r e  t h e  use o f  t h e  

a n a l y t i c a l l y  d e r i v e d  form  of S *  when t  i s  s m a l l  and t h e  f a c t
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t h a t  t h e  r a d i a l  v e l o c i t y  component in  t h e  i n v i s c i d  c o r e  is

in d e p e n d e n t  o f  t h e  d i s p l a c e m e n t  e f f e c t  o f  t h e  t o p  and b o t t o m  

b o u n d a ry  l a y e r s *

5 . 5  NUMERICAL SOLUTION

The b o u n d a ry  c o n d i t i o n s  ( 5 . 4 )  a t  t h e  movin g  b o u n d a ry

z  = h a r e  i n c o n v e n i e n t  t o  a p p l y  i n  a n u m e r ic a l  s o l u t i o n  so a

new i n d e p e n d e n t  v a r i a b l e  x = z / h ( t )  i s  i n t r o d u c e d .  The

c h a r a c t e r i s t i c  i n e r t i a l  t im e  t j  i s  used f o r  non­

dimens i o n a l i z a t i o n *  s i n c e  i t  i s  t h e  t i m e  most commonly used  

i n  t h e  p r e v i o u s  s e c t i o n s .  For  b r e v i t y *  t h e  v e l o c i t y  

U = ( l / h ) F x  is  i n t r o d u c e d  and ( 5 . 2 )  becomes

I \ , i  \ 2  2 . F  Uac. _  =cVvfcl?»t O jo e  \ ^
( 5 . 1 0 2 )

E q u a t i o n  ( 5 . 1 0 2 )  c o n t a i n s  a new t e r m  a r i s i n g  f r o m  t h e  t i m e -  

de pen dence  o f  t h e  x - c o o r d i n a t e .  The b o u n d a ry  c o n d i t i o n s  

become:

F = 0 ,  0 = 0  o n  = o = 0  ( 5 . 1 0 3 )

F = - ^ V i fc i 0 = 0  o n  I ( 5 . 1 0 4 )

The f l o w  i s  s y m m e t r i c a l  a b o u t  x = j *  so t h e  e q u a t i o n  

need be s o l v e d  o n l y  in t h e  r e g i o n  0 $  x and ( 5 . 1 0 4 )  c a n

be r e p l a c e d  by

i
F  = - ^ W fc) Ox. - O  o n  =*==3. ( 5 . 1 0 5 )
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E q u a t i o n s  ( 5 * L 0 2 ) v  ( 5 * 1 0 3 )  and ( 5 * 1 0 5 )  a r e  s o l v e d

u s i n y  an i m p l i c i t  c e n t r a l  d i f f e r e n c e  n u m e r ic a l  scheme. For  

s m a l l  t o  m o d e r a t e  Re* t h e  b o u n d a ry  l a y e r  d e v e lo p m e n t  i s  so 

r a p i d  t h a t  no s p e c i a l  c o n s i d e r a t i o n  i s  n e e d e d *  For l a r g e r  

Re» t h e  d e t a i l e d  s t r u c t u r e  o f  t h e  b o u n d a r y  l a y e r  i s  

i m p o r t a n t  f o r  a c o n s i d e r a b l e  p a r t  o f  t h e  m o t i o n *  H o w e ve r *  a 

s i m p l i f y i n g  f e a t u r e  i s  t h a t  when t h e  b o u n d a r y  l a y e r  must be  

m o d e l l e d *  t h e  c o r e  f l o w  need n o t  be  s i n c e  i t  i s  a  s i m p l e  

p l u g  f l o w *  I n  e i t h e r  c a s e *  t h e  s m a l l  t i m e  s o l u t i o n s  

( 5 * 6 2 ) - ( 5 * 6 4 )  a r e  used t o  s t a r t  t h e  n u m e r ic a l  p r o c e d u r e *  

Because o f  t h e  d i f f u s i v e  n a t u r e  o f  t h e  s o l u t i o n *  a r a t h e r  

s m a l l  t i m e  s t e p  i s  n e ede d  f o r  t h e  i n t e g r a t i o n  t o  be s t a b l e *  

F o r  a l l  R e y n o ld s  num bers*  t h e  v e l o c i t y  p r o f i l e  e v e n t u a l l y  

becomes n e a r l y  p a r a b o l i c  and t h e n  f e w e r  p o i n t s  a r e  n e e d e d  i n  

t h e  d i s c r e t i z a t i o n  o f  t h e  x - d i r e c t i o n *  I n  t h e  l i m i t  o f  

p a r a b o l i c  f l o w *  t h e  c e n t r a l  d i f f e r e n c e  scheme i s  e x a c t  and  

o n l y  two p o i n t s  a r e  ne ed e d  t o  a p p l y  t h e  b o u n d a ry  c o n d i t i o n s *  

The e r r o r  in  t h e s e  n u m e r i c a l  s o l u t i o n s  i s  e s t i m a t e d  t o  be  

0*1% up t o  t  = 4 .  The s o l u t i o n s  f o r  h ( t ) *  h j . ( t )  and £ * { t )  

a r e  shown i n  f i g u r e s  5 . 7 *  5 * 8  and 5 * 9 *

F i g u r e  5 * 9  shows t h a t  t h e  i n t e g r a l  b o u n d a ry  l a y e r  

s o l u t i o n  p r e d i c t s  J » * v e r y  a c c u r a t e l y  up t o  t h e  t i m e  when t h e  

b o u n d a ry  l a y e r s  m e et *  The l i m i t  o f  v a l i d i t y  o f  t h e  i n t e g r a l  

s o l u t i o n  t KW i s  p r e d i c t e d  a c c u r a t e l y  f o r  Re > 1 0 3 » b u t  o v e r  

p r e d i c t e d  f o r  s m a l l e r  Re be ca u s e  t h e n  t h e  b o u n d a ry  l a y e r s '  

d e v e lo p m e n t  i s  n o t  c o m p l e t e d  b e f o r e  t h e y  meet*  The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



p r e d i c t i o n s  o f  t h e  d i s p l a c e m e n t  c o r r e c t i o n  t o  h and hj. shown 

i n  f i g u r e s  5 . 7  and 5 . 8  a r e  a c c u r a t e  w e l l  beyond twax ’ 

b e c a u s e  t h e  t o t a l  f l o w  does  n o t  c h an g e  v e r y  much u n t i l  w e l l  

a f t e r  t h e  b o u n d a r y  l a y e r s  m e e t *  The f i g u r e s  i n d i c a t e  t h a t  

t h e  i n t e g r a l  b o u n d a r y  l a y e r  method g i v e s  s a t i s f a c t o r y  

r e s u l t s  f o r  a l m o s t  a l l  o f  t h e  m o t i o n  f o r  Re l a r g e r  t h a n  

1 0 0 0 *  F o r  s m a l l e r  Re* t h e  b o u n d a ry  l a y e r s  meet when t h e  

h e i g h t  i s  s t i l l  r e l a t i v e l y  l a r g e  and t h e  i n t e r a c t i o n  i s  

i m p o r t a n t *  The f i g u r e s  a l s o  c o n f i r m  t h a t  t h e  s m a l l  Re 

s o l u t i o n  d e r i v e d  i n  s e c t i o n  5 * 2  r e t a i n s  some a c c u r a c y  up t o  

a R e y n o ld s  number o f  10*

The d e v e l o p m e n t  o f  t h e  v e l o c i t y  p r o f i l e  i s  shown i n  

f i g u r e  5 * 1 0  f o r  Re = 10 and Re = 1 0 0 0 *  F o r  t h e  l a r g e r  

R e y n o ld s  num ber*  t h e  p r o f i l e  shows a b o u n d a ry  l a y e r  a lm o s t  

u n t i l  t h e  p e a k  v e l o c i t y  i s  a c h i e v e d *  The b o u n d a ry  l a y e r s  

merge be tw e e n  t  = 1 *5  and 2*0  and th e n  t h e  v is c o u s  f o r c e s  

s lo w  down t h e  f l o w *  w i t h  t h e  p r o f i l e  moving t o w a r d s  a 

p a r a b o l a *  F o r  t h e  s m a l l e r  R e y n o ld s  num ber*  t h e  v i s c o u s  

e f f e c t s  become i m p o r t a n t  w e l l  b e f o r e  t h e  peak  v e l o c i t y  i s  

a c h i e v e d *  The  a c c e l e r a t i o n  o f  t h e  v i s c o u s  f l o w  i s  much 

s l o w e r  and a lo w e r  maximum v e l o c i t y  i s  a c h i e v e d *
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5*6 DISCUSSION

I h i s  c h a p t e r  began w i t h  a d i s c u s s i o n  o f  t h e  t i m e s c a l e s  

i n  t h e  p r o b le m  and we a r e  now in  a p o s i t i o n  t o  resume t h a t  

d i s c u s s i o n *  F i g u r e  5 * 1 1  shows t h e  t i m e s  f o r  t h e  d r a i n i n g  o f  

50% and 95% o f  t h e  f l u i d  f i l l e d  gap as a f u n c t i o n  o f  

R e y n o ld s  number f o r  z e r o  /3*  The t i m e  f o r  h t o  f a l l  t o  5% o f  

i t s  o r i g i n a l  v a l u e  w i l l  be r e f e r r e d  t o  as t h e  d r a i n i n g  t i m e *  

We see  t h a t  t h i s  i s  n e a r l y  c o n s t a n t  f o r  Re > 10 s * when t h e  

f l u i d  m o t io n  i s  l a r g e l y  i n v i s c i d  t h r o u g h o u t  t h e  d r a i n i n g  

t i m e *  F o r  s m a l l e r  Re* v i s c o u s  e f f e c t s  become i m p o r t a n t  

d u r i n g  t h e  d r a i n i n g  t i m e  and t h e  t i m e  t a k e n  v a r i e s  i n v e r s e l y  

w i t h  Re* T h i s  f i g u r e  i s  p l o t t e d  u s i n g  a d i m e n s i o n l e s s  t i m e  

ba sed  on t ^ *  The r e s u l t s  a r e  more i l l u m i n a t i n g  when p u t  i n  

d i m e n s i o n a l  f o r m *  w i t h  d im e n s io n a l  d r a i n i n g  t i m e  T*  For  

z e r o  /3 we h a v e  two l i m i t i n g  c a s e s *  For l a r g e  Re ( > 1 0 * ) »  

T = 2 * 1 3 t ^ » so t h e  d r a i n i n g  t i m e  i s  indeed  c h a r a c t e r i z e d  by 

t h e  i n e r t i a l  t i m e  t ^ •  F or  s m a l l  Re ( < 1 0 ) «  T = L 1 9 7 t „ *  so 

t h e  d r a i n i n g  t i m e  depends o n l y  on t v » b u t  i t  i s  a v e r y  l a r g e  

m u l t i p l e  o f  t v •  T h i s  e x p l a i n s  why t h e  low  R e y n o ld s  number  

a n a l y s i s  i s  v a l i d  even f o r  R e y n o ld s  numbers up t o  10*  The  

r e s u l t s  o f  a l l  t h e  l i m i t i n g  c a s e s  p r e s e n t e d  i n  t h i s  c h a p t e r  

c a n  be t r e a t e d  i n  t h i s  way and a r e  summar ized  i n  t a b l e  5 * 1 .

The l i m i t  Re - *  0» (2 -+■ i s  n o t  t r e a t e d  i n  t h i s  c h a p t e r

s i n c e  o n l y  p a t h o l o g i c a l  p h y s i c a l  i n t e r p r e t a t i o n s  c o u l d  be 

fo u n d *  The r e s u l t s  i n  t h i s  l i m i t  depend on t h e  p r o d u c t  Re/3.

The t a b l e  c o n f i r m s  t h e  i n t e r p r e t a t i o n s  o f  t h e  t h r e e
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L i m i t  O r d e r i n g  o f  t i m e s c a l e s  D r a i n i n g  t i m e  T

R e - * - * 0 * (?>—*► 0 t 3 << t t «  t d 2 * 18tj,

Re —► oo v (1 -v -  oo **
•pVV

- J•p»pVV•Jp

l * 3 8 t 3

Re —► 0 *  (3 —*• 0 t d  «  t i *  t ^  «  t t I 1 9 7 t v

T a b l e  5 * 1 *  Summary 

t i m e

o f  r e s u l t s  f o r  d i m e n s i o n a l  

T i n  l i m i t i n g  c a s e s *

d r a i n i n g

c h a r a c t e r i s t i c  t i m e s  o f  t h e  p ro b le m  and t h e  l i m i t s  i n  w h ic h  

t h e y  a r e  i m p o r t a n t *  The d r a i n i n g  t i m e  i s  d e t e r m in e d  by t h e  

do m in a n t  f o r c e  r e s i s t i n g  t h e  m o t i o n *  I f  t h e  f l u i d  i n e r t i a  

i s  d o m in a n t *  t h e  d r a i n i n g  t i m e  i s  c h a r a c t e r i z e d  by t ^ •  I f  

t h e  v i s c o u s  f o r c e s  a r e  d o m in a n t *  t h e  i m p o r t a n t  t i m e s c a l e  i s  

t v * b u t  t h e  d r a i n i n g  t i m e  i s  a 1 a r g e  m u l t i p l e  o f  t v •  T h i s  

i s  because  t v i s  based on t h e  i n i t i a l  c o n f i g u r a t i o n  and t h e  

v e l o c i t y  d e c r e a s e s  a s  t h e  gap n a r r o w s *  I f  t h e  body i n e r t i a  

i s  d o m in a n t *  t h e  d r a i n i n g  t i m e  i s  c h a r a c t e r i z e d  by t g .
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F i g u r e  5»1«  T ime—dependence  o f  h f o r  s m a l l  R e y n o ld s  numbers  
( yS = 0 l i m i t ) ;  * smal l  t  a s y m p t o t i c  e x p a n s io n  ( 5 * 3 3 ) ;
______  * l a r g e  t  a s y m p t o t i c  e x p a n s i o n  ( 5 « 3 1 ) «
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F i g u r e
( /3=  0

O
orOin CJ

x:
I

5 * 2 *  T im e - d e p e n d e n c e  o f  d i s c  v e l o c i t y  f o r  s m a l l  Re 
l i m i t )~  — • sm a l l  t  a s y m p t o t i c  e x p a n s i o n  ( 5 * 3 4 ) ;

l a r g e  t  a s y m p t o t i c  e x p a n s i o n  ( 5 * 3 2 ) *

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



177

1.0

0.8

v7 .3 kRe=10R e < l \ \ 3 . 30.6

0 . 4 h < 0 . 2 / / 0 . 4 0.6

0.2

0.0
8 U1.21.00.80.60.0 0.2 0 . 4

h 2

F i g u r e  5 . 3 .  V e l o c i t y  p r o f i l e s  in  t h e  l i m i t  f i  = 0 f o r  s m a l l  
Re* ( a )  t h e  depen dence  on Re a t  g i v e n  h = 0 . 7 .  (b )  t h e
depen denc e  on h f o r  g i v e n  Re = 10«
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F i g u r e  5 . 5 .  V e l o c i t y  p r o f i l e s  i n  t h e  b o u n d a r y  l a y e r :  _______
* b i q u a d r a t i c  p r o f i l e s  used i n  i n t e g r a l  s o l u t i o n  ( 5 . 8 3 ) ,  
( 5 . 8 4 ) , '  ( k  = 0 - 2 3 9 7 ,  -A.e = 6 . 2 7 4 5 ,  JLa>- 3 . 0 3 1 5 ,  Jlfe = 1 5 . 0 5 ) ;  
  ,  a n a l y t i c  s o l u t i o n  f o r  s m a l l  t  ( 5 . 6 4 ) .
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F i g u r e  5 * 7 .  S o l u t i o n s  f o r  t h e  gap h e i g h t  h ( t ) s  _____ *
n u m e r i c a l  s o l u t i o n ;  --------  t i n t e g r a l  b o u n d a r y  l a y e r  s o l u t i o n
f o r  l a r g e  Re ( h 0 * h, a l s o  show n) ;  s ,  p r e d i c t e d  l i m i t  o f  
v a l i d i t y  o f  l a r g e  Re s o l u t i o n ;  « m atched  a s y m p t o t i c
s o l u t i o n  f o r  s m a l l  Re*
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F i g u r e  5 . 8 .  S o l u t i o n s  f o r  t h e  d i s c  v e l o c i t y  h ( . ( t )  = _____ t
n u m e r i c a l  s o l u t i o n ;  --------  * i n t e g r a l  b o u n d a ry  l a y e r  s o l u t i o n
f o r  l a r g e  Re; p r e d i c t e d  l i m i t  o f  v a l i d i t y  o f  i n t e g r a l
s o l u t i o n ;  * matched a s y m p t o t i c  s o l u t i o n  f o r  sm a l l  R e .
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F i g u r e  5 * 9 *  S c a l e d  b o u n d a ry  l a y e r  d i s p l a c e m e n t  t h i c k n e s s
£ * ( t ) R e ' /a- f o r  l a r g e  R ey n o ld s  num bers:    » n u m e r ic a l
s o l u t i o n ;  ----------- * i n t e g r a l  b o u n d a r y  l a y e r  s o l u t i o n ;
p r e d i c t e d  l i m i t  o f  v a l i d i t y  o f  i n t e g r a l  s o l u t i o n *
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F i g u r e  5 . 1 0 *  D e v e l o p m e n t  o f  r a d i a l  v e l o c i t y  p r o f i l e  w i t h  
t i m e :  ( a )  R e  = 1 0 ;  ( b )  R e  =  1 0 0 0 *  N o t e  t h a t  t h e  v e l o c i t y  
s c a l e  i n  ( a )  i s  t w i c e  t h a t  i n  ( b j «
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F i g u r e  5 . 1 1 .  D r a i n i n g  t i m e s :  Tp i s  t h e  t i m e  f o r  a  f r a c t i o n  f  
o f  t h e  f l u i d  t o  d r a i n  f r o m  t h e  g a p .
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CHARTcR 6 .  RELATED AND FUTURE WORK

6 . 1  INTRODUCTION

T h e  w o r k  p r e s e n t e d  i n  C h a p t e r s  2 t o  5 h a s  b r o k e n  n e w  

g r o u n d  a n d  h a s  l e d  t o  t h e  d e v e l o p m e n t  o f  s o m e  v e r y  

i n t e r e s t i n g  r e l a t e d  p r o b l e m s .  T h e  o r i g i n a l  g o a l  w a s  t o  

d e v e l o p  a  t h e o r e t i c a l  u n d e r s t a n d i n g  o f  a n  a r b i t r a r y  

h y d r o d y n a m i c  c o l l i s i o n .  I n  t h i s  p r o b l e m  t w o  p a r t i c l e s  o f  

a r b i t r a r y  s h a p e  i n t e r a c t  h y d r o d y n a m i c a l 1 y  a n d  e l a s t i c a l l y .  

A g e n e r a l  s o l u t i o n  i s  s t i l l  v e r y  f a r  f r o m  b e i n g  a t t a i n e d .  

D u t  s o m e  p r o g r e s s  h a s  b e e n  m a d e .  I n  t h e  p r e s e n t  c h a p t e r ,  

t w o  p a t h s  w h i c h  l e a d  t o w a r d s  t h e  g e n e r a l  g o a l  w i l l  b e  

e x p l o r e d ,  e a c h  o n e  e m a n a t i n g  f r o m  a  p a r t  o f  t h e  m a i n  w o r k  o f  

t h e  d i s s e r t a t i o n .  F i r s t l y .  t h e  l i n e a r i s e d  e q u a t i o n s  o f  

C h a p t e r  3 w i l l  b e  a d a p t e d  t o  d e a l  w i t h  t h e  s l o w  t i m e -  

o e p e n d e n t  i n t e r a c t i o n  o f  a  r i g i d  s p h e r i c a l  p a r t i c l e  w i t h  a  

r i g i d  p l a n e .  A s o l u t i o n  p r o c e d u r e  w i l l  b e  p r o p o s e d  t o  

c i r c u m v e n t  t h e  n o n l i n e a r i t y  i n t r o d u c e d  b y  t h e  t i m e —d e p e n d e n t  

g e o m e t r y .  S e c o n d l y .  t h e  n o n l i n e a r  e q u a t i o n s  o f  C h a p t e r s  A 

a n o  5 w i l l  b e  m o d i f i e d  t o  i n c o r p o r a t e  a  s i m p l e  m o d e l  o f  

e l a s t i c  d e f o r m a t i o n .  T h e  p a r a l l e l - p l a n e  g e o m e t r y  w i l l  b e  

r e t a i n e d  a n d  a  s i m p l e  s e t  o f  g o v e r n i n g  e q u a t i o n s  w i l l  b e  

d e r i v e d .

O t h e r  o f f s h o o t s  o f  t h e  w o r k  d e s c r i b e d  i n  t h i s  

d i s s e r t a t i o n  a r e  b e i n g  s t u d i e d  o r  a r e  b e i n g  c o n s i d e r e d  f o r
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d e v e l o p m e n t *  T h e s e  i n c l u d e  t h e  s t u d y  o f  s i d e w a y s  l i n e a r i z e d  

m o t i o n  o f  a  s p n e r o i d *  l e a d i n g  t o  a p o s s i b l e  g e n e r a l i z a t i o n  

o f  K i m ' s  ( 1 . 9 8 5 )  w o r k *  K i m  s t u d i e d  t h e  q u a s i - s t e a d y  

i n t e r a c t i v e  s e t t l i n g  o f  a  p a i r  o f  e q u a l  s p h e r o i d a l  p a r t i c l e s  

a n d  i t  w o u l d  b e  i n t e r e s t i n g  t o  s e e  t h e  e f f e c t  o f  t h e  l i n e a r  

i n e r t i a  t e r m s  o n  h i s  s o l u t i o n s *  F u r t h e r m o r e ?  a  s t u d y  h a s

a l r e a d y  o e g u n  t o  f i n d  t h e  e f f e c t s  o f  e l a s t i c  d e f o r m a t i o n  i n

t h e  c o l l i s i o n  a p p r o a c h  o f  a  c o n v e x  b o d y  w i t h  a  p l a n a r  

s u r f a c e  i n  t h e  i n v i s c i d  l i m i t *  w i t h  t h e  o b j e c t i v e  o f

r e l a t i n g  t h e  m a g n i t u d e  o f  t h e  e l a s t i c  r e c o i l  t o  t h e  s t o r a g e  

o f  e l a s t i c  e n e r g y  f r o m  t h e  b u i l d - u p  o f  D r e s s u r e  i n  t h e  f l u i d  

g a p .

o * 2  S P H E RE  v j v i M b  TOWARDS A P L A N E  I N  L I N E A R  FLOW

T h e  p r o b l e m  o f  a s p h e r e  f a l l i n g  t h r o u g h  a  f l u i d  o n t o  a  

p l a n e  s u r f a c e  i s  a v e r y  b a s i c  o n e  a n d  h a s  o f t e n  b e e n  s t u d i e d  

( B r e n n e r  1 9 6 1 *  W a k i y a  1 9 b l »  J e f f r e y  £ C h e n  1 9 7 7 *  C o x  E 

B r e n n e r  1 9 6 7 *  e t c * )  H o w e v e r *  t h e  f u l l y  t i m e - d e p e n d e n t  c a s e  

h a s  n o t  b e e n  s t u d i e d *  W a k i y a  ( 1 9 6 1 )  u s e d  t h e  m e t h o d  o f  

r e f l e c t i o n s  t o  f i n d  t h e  e f f e c t  o f  a  d i s t a n t  w a l l  o n  t h e  

t i m e - d e p e n d e n t  m o t i o n  o f  a  s p h e r e *  a n d  H a p p e l  £ B r e n n e r  

( 1 9 6 5 )  n o t e d  t h a t :  " T h i s  s o l u t i o n  i s  o f  i n t e r e s t  i n  t h a t  no

o t h e r  t r e a t m e n t  o f  u n s t e a d y  f l o w  i n  t h e  p r e s e n c e  o f

b o u n d a r i e s  a p p e a r s  t o  b e  a v a i l a b l e * "  L a t e r  C o x  £ B r e n n e r  

( 1 9 6 7 )  s t u d i e d  t h e  i n e r t i a l  e f f e c t s  i n  t h e  n e a r  c o l l i s i o n
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i n t e r a c t i o n  o f  a s p n e r e  w i t h  a b o u n d a r y .  J e f f r e y  L  C h e n  

( 1 9 7 7 )  f o u n o  t h e  v i r t u a l  t r a s s  o f  a s p h e r e  m o v i n g  t o w a r d s  a 

p l a n e  w a l l  t h r o u g h  i n v i s c i d  f l u i d  a n d  c o n c l u d e d :  " I t  s e e m s ?

t h e r e f o r e ?  t h a t  a n  u n s t e a d y  a n a l y s i s  o f  t h e  m o t i o n  o f  t h e  

s p h e r e  i s  n e e d e d  t o  s e t t l e  e x a c t l y  how i t  m o v e s  n e a r  t h e  

w a l l . "  T h e  a n a l y s i s  o f  t h i s  p r o b l e m  s e e m s ?  t h e r e f o r e ?  t o  b e  

w o r t h w h i l e  a n d  a  s o l u t i o n  p r o c e d u r e  w i l l  b e  d e s c r i b e d  b e l o w .

W h i l s t  t h e  s t e a d y  S t o k e s  e q u a t i o n s  a n d  L a p l a c e ' s  

e q u a t i o n  a r e  s e p a r a b l e  i n  t h e  b i s p h e r i c a l  c o o r d i n a t e  s y s t e m ?  

t h e  u n s t e a d y  S t o k e s  e q u a t i o n s  a r e  n o t .  T h u s ?  a m o r e  g e n e r a l  

t e c h n i q u e  s u c h  a s  t h e  b o u n d a r y  i n t e g r a l  m e t h o d  o r  m u l t i p o l e  

c o l l o c a t i o n  m e t h o d  m u s t  b e  u s e d .  G a n a t o s ?  W e i n b a u m  £ 

P f e f f e r  ( 1 9 3 0 )  s h o w e d  t h a t  a  m u l t i p o l e  t e c h n i q u e  w o r k s  v e r y  

w e l l  f o r  t h e  p r o b l e m  o f  q u a s i - s t e a d y  S t o k e s  f l o w  g e n e r a t e d  

b y  a s p h e r e  m o v i n g  b e t w e e n  t w o  p l a n e  w a l l s ?  a n d  t h e i r  

r e s u l t s  ma y  b e  u s e d  a s  a m o d e l  f o r  t h e  p r e s e n t  p r o b l e m .  Two  

c o o r d i n a t e  s y s t e m s  a r e  u s e d  a n d  t h e  g e o m e t r y  i s  s h o w n  i n  

f i g u r e  6 . 1 .  T w o  c a s e s  w i l l  b e  d i s c u s s e d ;  ( a )  t h e  s p h e r e  

o s c i l l a t e s  w i t h  s m a l l  d i s p l a c e m e n t s  a b o u t  a  f i x e d  p o s i t i o n ?  

a n d  ( b )  t h e  s p h e r e  f a l l s  ( s l o w l y )  t o w a r d s  t h e  p l a n e .

( a )  o s c i l l a t i n g  s p h e r e

I n  t h i s  c a s e  t h e  p r o b l e m  i s  f u l l y  l i n e a r  p r o v i d e d  t h a t  

t h e  d i s p l a c e m e n t  o f  t h e  s p h e r e  i s  s m a l l  c o m p a r e d  t o  i t s  

d i a m e t e r  a n d  t h e  g a p  h e i g h t .  T h e  b o u n d a r y  c o n d i t i o n  o n  t h e
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m o v i n g  s p h e r e  may  b e  l i n e a r i z e d  a n d  a p p l i e d  a t  t h e  a v e r a g e  

p o s i t i o n  o f  t h e  b o u n d a r y .  T h e  e q u a t i o n s  a n d  b o u n d a r y  

c o n d i t i o n s  t o  b e  s o l v e d  a r e :

(p s ipp + tpt, wibu e z «Pp= o  E * - e » Y * » o  ( 6 . i )

o n  r ' - l  : f a s ( 6 . 2 )

o n  CC = 0: ip -  O, Peo-O  ( 6 . 3 )

on  -2L-0-. ( p - 0 ,  Pt. - 0  ( 6 . 4 )

T h e  s o l u t i o n  t o  ( o . l ) - ( 6 . 4 )  i s  g i v e n  i n  m i x e d  c o o r d i n a t e s  

o y :

~  ^  ( 6 . 5 )

w h e r e  <ps i s  a  s e r i e s  o f  b a s s e t ' s  s p h e r i c a l  h a r m o n i c s  f r o m  

( 2 . 3 U ) f  ( 2 . o l ) »  r e p r e s e n t i n g  t h e  d i s t u r b a n c e  d u e  t o  t h e

s p n e r e  a n d  i s  a F o u r i e i — B e s s e l  i n t e g r a l  o f  c y l i n d r i c a l

h a r m o n i c s  w h i c h  r e p r e s e n t s  t h e  d i s t u r b a n c e  d u e  t o  t h e  w a l l .  

T h e s e  s o l u t i o n s  a r e :

Ps -  C  C 1 (.cosB)>

p u j =  * *  +  S W e  »  3 , t r f o )  dloC

n l  -  aC*-+c?- ® e £ / 3 } > 0W I LM »

(6 . 6 )

( 6 . 7 )

( 6 . 8 )

T h e  p r o c e d u r e  o f  G a n a t o s t  r t e i n b a u m  C P f e f f e r  ( 1 9 3 0 )  i s  

t o  s a t i s f y  ( 6 . 4 )  i d e n t i c a l l y  b y  w r i t i n g  ( 6 . 6 )  i n  c y l i n d r i c a l
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c o o r d i n a t e s  and i n v e r t i n g  t h e  Hankel  t r a n s f o r m  a lo n g  t h e  

w a l l  t o  d e t e r m i n e  t h e  f u n c t i o n s  A(oc ) ,  ? ( o t )  i n  te rm s  o f  th e  

c o e f f i c i e n t s  A n and Bn • The b o u n d a ry  c o n d i t i o n s  on t h e  

s p h e r e  ( o . 2 )  a r e  th e n  s a t i s f i e d  a t  a s e t  o f  d i s c r e t e  p o i n t s  

and t h e  s e r i e s  a r e  t r u n c a t e d  t o  g i v e  a f i n i t e  s ys te m  o f  

l i n e a r  a l g e b r a i c  e q u a t i o n s  f o r  An and BA.  The e q u a t i o n s  

fo rm  a s q u a re  m a t r i x  w h ic h  i s  i n v e r t e d  t o  f i n d  t h e  

c o e f f i c i e n t s .  The f o r c e  on t h e  w a l l  may be  fo u n d  by 

i n t e g r a t i o n  o f  t h e  normal  s t r e s s  ( p r e s s u r e ) ;  t h e n  t h e  f o r c e  

on t h e  s p h e r e  i s  found  by a d d in g  t h e  f o r c e  on t h e  w a l l  t o  

t h e  f a r  f i e l d  t e r m s .  The p ro b le m  o f  t h e  o s c i l l a t i n g  s o h e r e  

i s  n o t  r e a l l y  i m p o r t a n t  i n  i t s e l f *  b u t  g i v e s  i n s i g h t  i n t o  

t h e  more g e n e r a l  p r o b le m  d e s c r i b e d  b e lo w *  in  w h ich  t h e  

v e l o c i t y  v a r i e s  i n  an a r b i t r a r y  way.  I t  i s  a l s o  q u i t e  l i k e l y  

t h a t  t h i s  s i m p l e r  p r o b le m  may be used as t h e  b a s i s  o f  an 

a p p r o x i m a t  i o n  to  t h e  s o l u t i o n  o f  t h e  more d i f f i c u l t  p r o b l e m .

(b )  f a l l i n g  s p h e re

idhen t h e  s p h e r e  f a l l s  to w a rd s  t h e  p l a n e *  t h e  g e o m e t ry  

o f  t h e  p r o b l e m  i s  t i m e - d e p e n d e n t  and t h e  b o u n d a r y  c o n d i t i o n  

( 6 . 1 0 )  c a n n o t  oe  l i n e a r i z e d ;  t h u s  t h e  p r o b le m  i s  n o n l i n e a r .  

The p r o b le m  o f  p a r t  ( a )  is  n o t  a L a p l a c e  t r a n s f o r m  o f  t h e  

c u r r e n t  p ro b le m  and so c a n n o t  be i n v e r t e d  t o  f i n d  t h e  f o r c e  

on t h e  sp h ere  in  a r b i t r a r y  m o t i o n .  The memory i n t e g r a l  

( B a s s e t  f o r c e )  i n  such an i n v e r s i o n  would  c o n t a i n
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a c c e l e r a t i o n s  t h a t  o c c u re d  a t  d i f f e r e n t  p o s i t i o n s .  so t h e

r e s i s t a n c e  c o e f f i c i e n t  i s  i m p l i c i t l y  t i m e - d e p e n d e n t .

H o w e v e r .  th e  p r o b le m  is  n o t  i n t r a c t a b l e  i f  i t s  l i n e a r i t y  i s  

e x p l o i t e d  t o  t h e  f u l l  o e f o r e  a p p l y i n g  t h e  n o n l i n e a r  bou n d ary  

c o n d i t i o n s .  The e q u a t i o n s  ana b o u n d a ry  c o n d i t i o n s  f o r  t h e  

p r o b le m  a r e :

\ow  we s e p a r a t e  trie d i s t u r b a n c e s  due t o  th e  two b o u n d a r i e s  

b e f o r e  t a k i n g  t h e  L a p l a c e  t r a n s f o r m .

w here  and Ww s a t i s f y  ( 6 . 9 )  and ( 6 . 1 1 ) .  b u t  t h e  o t h e r

w r i t t e n  in  t h e  t i m e - d e p e n d e n t  c o o r d i n a t e  system w h ich  i s  

f i x e d  i n  t h e  s p h e r e .  s i n c e  t h e  a c c e l e r a t i o n  o f  t h e  f r a m e  o f  

r e f e r e n c e  has no d i r e c t  e f f e c t  on t h e  s t r e a m  f u n c t i o n .  

Thus* we can t a k e  L a p l a c e  t r a n s f o r m s  o f  t h e  two i n d i v i d u a l  

p r o b l e m s .  r e s u l t i n g  in  t h e  same p a i r  o f  p roo lem s  as were

( 6 . 9 )

w i t h  . cv =  ce0 C * j k ) :  1 ^ =  - k  - - » « „ W  ( 6 . 1 0 )

«r= O  : T  = O, H fc tr ^ O (6 . 1 1 )

(6 . 1 2 )

where » o  (>> t )  =  ca0 ( 2 -d.dt)) = [a> - ( 6 . 1 3 )

and ( 6 . 1 4 )

So n r  = ' n r ,. f  n r w ( 6 . 1 5 )

c o n d i t i o n s  a r e  r e l a x e d .  The p ro b le m  f o r  li£s may now be r e -
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s o l v e d  i n  p a r t  ( a ) .  T h u s  t h e  L a p l a c e  t r a n s f o r m s  o f  T |fs a n d

a r e  g i v e n  by 1 6 . 6 } a n d  ( 6 . 7 ) .

T h e  t r a n s f o r m  f o r  may be i n v e r t e d  t o  g i v e

I t s  = 2^0** f -  W  r ~ * '1 + b>* Cb) *  r£"‘ ( r j k f [  £* (tosG) ( 6 . 1 6 )

w i t h  r^ ‘) C*->k ) =  r *  ( 6 - 1 7 )

I n  e q u a t i o n  ( 6 . 1 6 ) *  a n{ t ) «  bn ( t )  and f ,  ( r * t )  a r e  t h e  i n v e r s e  

L a p l a c e  t r a n s f o r m s  o f  A * *  B*  and e"c r  r e s p e c t i v e l y *  and *  i s  

t h e  c o n v o l u t i o n  o p e r a t o r .  The i n v e r s e  t r a n s f o r m  o f  e”ftr may 

be fo u n d  e x p l i c i t l y  t o  g i v e

t  f r  _ £_  e “ r V ^b U~3̂V, C^b) -  e  t  ( 6 . 1 8 )

. . i - 1 \n i - r ’-Ab
so t h a t  r *  ( r , \ c ) -  ~ r *  ^ t / v T a ?  ( 6 . 1 9 )

T n e  t r a n s f o r m  may  b e  i n v e r t e d  t o  g i v e :

l T w =  ( 6 . 2 0 )

i n  w h ic h  a ( o t « t ) «  b ( * * t )  and f t  a r e  t h e  i n v e r s e  L a p l a c e  

t r a n s f o r m s  o f  A (e t ) *  B( »c)  and e"^* r e s p e c t i v e l y *  and f t  may 

be f o u n d  e x p l i c i t l y  t o  b e :

Vx L ^ ^ j b )  =  jvTif e  fc /a e. ( 6 . 2 1 )

F i n a l l y *  we h a v e :

v *  ~ f r * ^k) a f e j0 + r"''Hla tvlb )^„(cci.e ) ( 6 - 2 2 )

U afrfc)e-‘ * + ^ b' r ) f e i e " V<rtrt - v * e - ^ r ] < U  (6.23)
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.Mow t h e  s o l u t i o n  p r o c e d u r e  i s  t h e  s e m e  a s  i n  ( a ) .  We 

e x , _ . r . i S j  1 13 , 2 ^ ) i n  t n e  c / 1  m u r i c j '  c o o r d i n a t e  s y s t e m  b y  u s e  

o f  t h e  t i m e - d e p e n d e n t  c o o r d i n a t e  t r a n s f o r m a t i o n .  T h e

b o u n a a r y  c o n d i t i u n  o n  t h e  w a l l  i s  s a t i s f i e d  b y  i n v e r t i n g  t h e

H a n k e l  t r a n s f o r m  a l o n g  t h e  w a l l  t o  g e t  a ( « ( * t )  « b ( o d * t )  i n  

t e r m s  o f  a f t ( t ) *  o n ( t ) .  F i n a l l y *  t h e  b o u n d a r y  c o n d i t i o n  o n  

t h e  s p h e r e  i s  s a t i s f i e d  a t  a s e t  o f  d i s c r e t e  p o i n t s *  a n d  t h e  

f o r c e  o n  t h e  s p h e r e  i s  c a l c u l a t e d .  I n  t h i s  w a y *  t h e  s o l u t i o n  

p r o c e d u r e  e x p l i c i t l y  i n c l u d e s  t h e  e f f e c t  o f  t h e  t i m e - v a r y i n g  

g e o m e t r y  o n  t h e  f a l l  o f  t h e  s p h e r e .

T h e  f o r c e  d e t e r m i n e s  t h e  a c c e l e r a t i o n  o f  t h e  s p h e r e

w h i c h  m a y  b e  i n t e g r a t e d  n u m e r i c a l l y  t o  g i v e  t h e  v e l o c i t y .  

T h e  p r o c e d u r e  s h o u l d  b e  s t a r t e d  w i t h  t h e  s p h e r e  a t  s o m e  

d i s t a n c e  f r o m  t h e  p l a n e *  e i t h e r  a t  r e s t  o r  f a l l i n g  w i t h  i t s

t e r m i n a l  v e l o c i t y .  T h e  a b o v e  c a l c u l a t i o n  m u s t  b e  r e p e a t e d

a t  o p e n  t i n e - s t e p  t o  f i n d  t h e  s u b s e q u e n t  v e l o c i t y  o f  t h e

s p h e r e .

6 . 3  E L A S T I C  R E C O I L  I N  T HE  N O N L I N E A R  A R R E S T  P ROBL EM

R e a l  i m p a c t  p r o b l e m s  a r e  c o m p l i c a t e d  b y  t h e  e l a s t i c

d e f o r m a t i o n  o f  t h e  b o u n d a r i e s  w h i c h  m a y  l e a d  t o  r e c o i l  o f  

t h e  b o d y .  D a v i s *  S e r a y s s o l  €  H i n c h  ( 1 9 8 5 )  d i s c u s s e d  t h e

m o t i o n  o f  a n  e l a s t i c  b o d y  i n  t h e  l u b r i c a t i o n  l i m i t .  T h e i r  

v i s c o s i t y  d o m i n a t e d  a n a l y s i s  p r e d i c t e d  d a m p e d  o s c i l l a t i o n s  

i n  s o m e  c a s e s .  We c a n  l e a r n  a  l i t t l e  b y  i n c o r p o r a t i n g
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<_• 1 us t i c i t  y int .u  tn o  mouel o f  C h a p t e r s  4 £ 5 where  th e  o o t to m

o f  t h e  r>ohy i s  r o g r e  s e n t e  ! by a c i r c u l a r  hi  s c .

I t  may be  t h e  c a s e  t h a t  e l a s t i c  d e f o r m a t i o n s  do n o t

s i g n i f i c a n t l y  a l t e r  t h e  g e o m e t r y  o f  c o n t a c t ;  a t  any r a t e *  we 

h a v e  seen t h a t  t h e  p a r a l l e l  w a l l  c o n f i g u r a t i o n  l e a d s  t o  such  

g r e a t  s i m p l i f i c a t i o n s  t h a t  i t  may be e n l i g h t e n i n g  t o  

c o n s i d e r  i t  as a m a t h e m a t i c a l  m o d e l .  even  th o u g h  i t  may be 

an i m p e r f e c t  r e p r e s e n t a t i o n  o f  a r e a l  c o l l i s i o n .  The r a d i a l  

p r e s s u r e  d i s t r i b u t i o n  ( 4 . 1 9 )  i s  p a r a b o l i c  and t h i s  w i l l  l e a d  

t o  an i n d e n t i n g  or t h e  body and p l a n e  n e a r  t h e  p o i n t  o f  

c o n t a c t .  / .hen the  p r e s s u r e  peak is v e r y  l a r g e .  a 

s i g n i f i c a n t  p r o p o r t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  th e  m o t io n  

may oe s t o r e d  as e l a s t i c  D o t e n t i a l  e n e r g y .  which  w i l l  be

r e l e a s e d  t o  b i v e  a s t r o n g  r e c o i l .  On t h e  o t h e r  hand,  i f  t h e

f l u i u  nas l a r g e  i n e r t i a ,  th e  e n e r g y  o f  t h e  f l o w  w i l l  be l o s t  

w i t h  tr ie f  I u i d t n a t  e s c a p e s  f rom  t h e  g a p .  T h i r d l y ,  i f  t h e r e  

i s  s i g n i f i c a n t  v i s c o s i t y .  t h e  e n e r g y  w i l l  oe d i s s i p a t e d  

d u r i n g  t h e  a r r e s t  jn d  any rebound  w i l l  be m u te d .

We s h a l l  c o n s i d e r  an a v e r a g e  e l a s t i c  d i s p l a c e m e n t  q ( t )  

d e f i n e u  oy  ^  = -k q »  k b e i n g  a c o n s t a n t  d e p e n d in g  on t h e  

e l a s t i c  p r o p e r t i e s  o f  t h e  oody and w a l l .  E q u a t i o n s  ( 4 . 2 1 )  

and ( 4 . 2 2 )  a r e  r e p l a c e a  o y :

=• m ( K  + cj) tfc +  ^ 4  ( 6 . 2 4 )

y > \ „  - F *  - F , „  •*  ( 6 . 2 5 )
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C l o s u r e  o f  tn<‘ sys tem  of e q u a t i o n s  is  a g a i n  p r o v i d e d  oy t h e

' j juP ' j  i r y c on o i t  i on

on z W(.k) *• K  - -X P ( 6 . 2 6 )

Thus q ( t )  i s  a t h i r d  d e p e n d e n t  v a r i a b l e  and i n t r o d u c e s  a 

t h i r d  e q u a t i o n .  E q u a t i o n s  ( 6 . 2 4 )  and ( 6 * 2 5 )  a r e  f o r m a l  

s i n c e  X and q have n o t  been p r o p e r l y  d e f i n e d .  However? th e y  

c o n s t i t u t e  an e x a c t  d e s c r i p t i o n  o f  t h e  m e c h a n ic a l  sys tem  o f  

f i g u r e  t> .2 .  I n  t h i s  i d e a l i z e d  system? t h e  mass m is  

a t t a c h e d  to  o m a s s le s s  r i q i d  d i s c  v i a  a s p r i n g  w i t h  e l a s t i c  

c o n s t a n t  k .  The n a t u r a l  l e n g t h  o f  th e  s p r i n g  i s  L and i t s  

e x t e n s i o n  is  q .  On ly  t h e  f l u i d  between  t h e  d i s c  and t h e  

pl<jne c o n t r i b u t e s  to  t h e  h y d ro d y n a m ic  f o r c e

ne i n t r o d u c e  a new d i mension 1 ess p a r a m e t e r  d e f i n e d

c y :

< 6 . 2 7 ,

Then in  d i m e n s i o n l e s s  te r m s  we h a v e :

Px.b *  Pi*" “  2 . P F a i -  ( 6 . 2 8 )

The i n t e r a c t i o n s  b e tw ee n  t h e  te r m s  o f  ( 6 . 2 8 )  a r e  c l e a r e r  in  

t h e  i n v i s c i d  case? Re0—»  o® * when F = z $ ( t )  and we have  a 

f o u r t h - o r d e r  sys tem  o f  s im p l e  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s .

=  - 7 ( 6 . 2 9 )  

V  -  - ' L & h  ( 6 . 3 0 )
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Y

Y# = fi

w le< v  b =  O  • ^ = ' > = ' j V  -  - 1 j  =  T

I n  tn e  a b o v e .  we have  s u b s t i t u t e d  y = h * q  and y^ = Y 

t o  s i m p l i f y  t h e  e q u a t i o n s  and have assumed t h a t  t h e  i n i t i a l  

d e f l e c t i o n  i s  z e r o .  The t h r e e  p a r a m e t e r s  /3» V  and X  may 

t a k e  any v a l u e s .  However ,  we a r e  p a r t i c u l a r l y  i n t e r e s t e d  in  

r e c o i l  f o r  w h ich  If has 1 i t t l e  i m p o r t a n c e .  so i t  i s  o n l y  

n e c e s s a r y  to  c o n s i d e r  t n e  cas e  % -  0 .  T h is  shou ld  j i v e  3 

yood q u a l i t a t i v e  i n d i c a t i o n  o f  t h e  amount o f  r e c o i l  one can  

e x p e c t .  The main drawback  i s .  o f  c o u r s e ,  t n a t  t h e  d e f l e c t i o n  

a n a  'nay d e p e n d  q u i t e  s t r o n g l y  on  t h e  r a d i a l  c o o r d i n a t e ;  

t o r  a c c u r a t e  r e s u l t s  a o n e - d i m e n s i o n a l  model s h o u ld  be u s e d ,  

r e s u l t i n g  in p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  $ ( r » f . ) »  

n ( r . t )  ana y ( r . t ) .  A f u r t h e r  c o m p l i c a t i o n  is  t h a t  ( 4 . 2 2 )  

was d e r i v e d  f o r  th e  body a p p r o a c h in g  t h e  p l a n e  and may n o t  

be v a l i d  wnen t h e  d i r e c t i o n  o f  m o t io n  i s  r e v e r s e d ,  s i n c e  t h e  

e x t e r n a l  p r e s s u r e  drop Ap o f  ( 4 . 1 7 )  may n o t  be n e g l i g i b l e  in  

t h a t  c a s e .

( 6 . 3 1 )

( 6 . 3 2 )

( 6 . 3 3 )
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F i g u r e  6 . 1 .  The g e o m e t ry  and mixed c o o r d i n a t e s  f o r  a s p h e r e  
moving n e a r  a p l a n e *
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F i g u r e  6 . 2 .  The m e c h a n ic a l  
( 6 . 2 4 )  and ( 6 . 2 5 ) .

sys tem  r e p r e s e n t e d  by e q u a t  io n s
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A P P E N D I X .  CALCULATIONS AND S P E C IA L  FUNCTIONS

A . l  SPHEROIDAL WAVE FUNCTIONS

To f i n d  t h e  f o r c e  on t h e  o s c i l l a t i n g  s p h e r o i d  o f

C h a p t e r  3*  we must i n v e r t  t h e  p a i r  o f  m a t r i x  e q u a t i o n s  

( 3 * 1 3 3 )  and ( 3 * 1 3 4 ) *  We need t o  c a l c u l a t e  t h e  r a t i o

D R f t  ( c . i x , ,  ) / R “ } ( c » i * e ) .  A l t h o u g h  t h e  d i f f e r e n t i a l  e q u a t i o n s  

e n c o u n t e r e d  most c l o s e l y  r e s e m b le  t h o s e  o f  S t r a t t o n  e t  a l  

( 1 9 5 3 ) *  t h e  book by F lammer ( 1 9 5 7 )  i s  more c o m p le t e  a nd  so 

h i s  n o t a t i o n  w i l l  oe f o l l o w e d *  A b ra m o w i tz  £ S tegun  ( 1 9 6 5 )  

has been used t o  c r o s s - c h e c k  some o f  t h e  more c o m p l i c a t e d  

e q u a t  i o n s *

The s i m p l e s t  r e p r e s e n t a t i o n  o f  R * V ( c « z )  i s  g i v e n  in

t e r m s  o f  s p h e r i c a l  H a n k e l  f u n c t i o n s  o f  t h e  f i r s t  k i n d *

h * ° < z ) :

K,* (C i»J- v z '  '  ( A . l )

To c a l c u l a t e  DRCi V ( c * z )  we p r o c e e d  as f o l l o w s *

t V A $ . £«•■*> ( * . 2 )

=  (A>3)

Now A b r a m o w i t z  £ S te g u n  ( 1 9 6 5 )  g i v e  t h e  d i f f e r e n t i a t i o n

f o r m u l a

60  =  V\“ i ,  C’ - )  -  ( A . 4 )
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So ( A . 5)

T h u s ( A . 6 )

-  k v jtz  (O-Owytcx) +[rtT>- Lr+\)-2?1\rtr\t (e.z) ( A . 7 )

So W f r ^ ^ ^ J e i C i S W f c u )  ( A . 8 )  

+  C r-r^-Ci--»0i'7V»Vi,C«)J

The Hankel  f u n c t i o n s  a r e  c a l c u l a t e d  f r o m  ( A b ra m o w i tz  L 

S te g u n  1 9 6 5 )

A l t h o u g h  t h e  e q u a t i o n s  ( A . l ) »  ( A . 8 ) *  ( A . 9 )  a r e

r e l a t i v e l y  s i m p l e *  t h e  sums c o n v e r g e  o n l y  when | x 0 | > 0 . 5 .  

T h i s  l i m i t s  t h e  u s e f u l n e s s  o f  t h e s e  r e s u l t s  t o  b o d i e s  w h ic h  

do n o t  d i f f e r  g r e a t l y  from s p h e r e s *  These  r e s u l t s  th e n  were  

used o n l y  as a check  on o t h e r  c a l c u l a t i o n s *  Good a g re e m e n t  

was fo u n d  w i t h  t h e  a p p r o x i m a t e  s o l u t i o n  o f  S e c t i o n  3 * 3 ( c )  

f o r  a n e a r l y  s p h e r i c a l  body in  t h e  r a n g e  0 . 9  < b / a  < 1 . 1

A more r o b u s t  method o f  c a l c u l a t i o n  I s  r e q u i r e d *  and  

t h i s  i s  fo u n d  by c o n v e r t i n g  t h e  r a d i a l  wave f u n c t i o n  t o  

a n g u l a r  ones v i a  t h e  f o l l o w i n g  d e f i n i t i o n s .

* !  C?v-VM (-211)'" ( A . 9 )

5. Co)

( A . 10)

( A . 12)

( A . 11)

Thus we have
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The j o i n i n g  f a c t o r s  c )  a r e  g i v e n  ( f o r  n odd)  by:

3 (n t l) |  ^ ,cLV7c.)Cr , l^ r t 2 )

d r w c c w . w m
( A . l * )

^  =  ( T ^ i  ^ ) !  c ^ ) 1. dt-1 fe ) f r t l ) ( r * 2 >  ( A . 1 5 )

As in  C h a p t e r  3* t h e  a n g l e  wave f u n c t i o n  o f  t h e  f i r s t  k i n d  

i s  g i v e n  i n  t e r m s  o f  L e g e n d r e  p o l y n o m i a l s *

The a n g le  wave f u n c t i o n  o f  t h e  second k i n d  i s  g i v e n  as a 

d o u b l y  i n f i n i t e  sum o f  L e g e n d re  f u n c t i o n s *

N o t e  t h a t  in  ( 3 . 1 2 & ) *  ( 3 . 1 2 7 ) t  e t c .  a s p e c i a l  d e f i n i t i o n  o f  

(y) i s  used f o r  r e a l  a rg u m en t  i n  t h e  ra n g e  - 1  <y < 1 .  Now* 

t h e  a rg u m en t  may t a k e  any complex  v a l u e *  so a more g e n e r a l  

d e f i n i t i o n  w i l l  be used f o r  c a l c u l a t i n g  t h e  L e g e n d r e  

f u n c t i o n s  in  s e c t i o n  A . 3 b e l o w .  The c o e f f i c i e n t s  d l j  * d̂ J).

a r e  s i m p l y  r e l a t e d  t o  t h e  d)T and w i l l  be  d is c u s s e d  i n  t h e  

n e x t  s e c t i o n  ( s e c t i o n  A . 2 ) .  The  d e r i v a t i v e  D R ^  i s  a l s o  

n e e d e d ;  i t  i s  g i v e n  b y :

( A . l b )

( A . 17 )

w i t h

a n d

bfcU5 = %•> bs,

0  S ,* § '  e ir  Cfc)  b P r +i C*)Tco ( A . 19)

( A . 18)

( A . 20 )
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I t  i s  w o r t h y  o f  n o t e  t h a t  (A*17J  i s  d e r i v e d  f ro m

( A . 21)

i n  w h ic h  f o r  r  = - 4 ? - 6 » * * * »  d ^ t c )  i s  z e r o  and Q r> i ( z )  i s  

i n f i n i t e *  A l i m i t i n g  p r o c e s s  i s  used t o  d e r i v e  ( A * 1 7 ) «  and  

d ‘?r  i s  d e f i n e d  b y :

A . 2 THE COEFFICIENTS dL'^ic)

The c o e f f i c i e n t s  need ed  a r e  dj? ( c ) ?  r  = - 2 * 0 * 2 ? A ? * * *  

and dpj r { c ) t  r  = 4 - t 6 ? 8 ? * * *  f o r  odd v a l u e s  o f  n o n l y *  When c 

i s  z e r o ?  dj,*l, i s  u n i t y  and a l l  t h e  o t h e r  c o e f f i c i e n t s  a r e  

z e r o ?  s i n c e  t h e  s p h e r o i d a l  wave f u n c t i o n s  r e d u c e  t o  L e g e n d r e  

f u n c t i o n s *  F o r  n o n - z e r o  c? we e x p e c t  d £ ,  t o  be t h e  l a r g e s t ?  

w i t h  a d j a c e n t  c o e f f i c i e n t s  becoming n o n - z e r o *

The f i r s t  s t e p  in  t h e  p r o c e d u r e  i s  t o  f i n d  t h e  

e i g e n v a l u e  ( c ) «  We s t a r t  w i t h  a power s e r i e s

a p p r o x i m a t i o n  v a l i d  f o r  s m a l l  c and t h e n  make i t e r a t i v e  

im p ro v e m e n ts *  The  power s e r i e s  i s

( A . 2 2 )

( A . 2 3 )

w i t h  c o e f f i c i e n t s

( A - 2 4 )
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C  "  t  [ I  -  g .3- l w , ; i ) 7  « * • “ '

J" ' _  i .  f  . "]

d1* — 2 f  — - Cw-̂ Yw.-»>w(«*-n\  .
“  5 L a>i-OC2M<»0C2^3^&rt*sXZrtt7) (2.--S)a*-3)(2.«- 0s 'X ^ y  (A.Z7)

The e s t i m a t e  i s  im p r o v e d  u s i n g  t h e  f o l l o w i n g  scheme*

x ; r '  =  x c,“  -  g  x “ >

/  r£KT.i«,Y‘ ^KJati) -r
[ U, c Aw*) 1 0, Otf VI /  C-33T-* jr.., /a.i__•*—1

f i t  < A- 2 9 >

( A . 2 8 )

5A\n'  ®

Wit-K ~ N i i „ =  V ^ l ' v  : ^ r “ / / v . - X  -  \  ( A . 3 0 )
“«»i l i M i /   ̂om j Am • • •2

u ,  ( x o -  < „  =  ( A - B i )

I n  ( A * 2 9 )  t h e  f i r s t  sum i s  f i n i t e *  t h e  second i s  i n f i n i t e *  

The c o n t i n u e d  f r a c t i o n  ( A * 3 0 )  i s  i n f i n i t e *  w h i l e  ( A * 3 I )  

t e r m i n a t e s *  The  n u m e r i c a l  c o e f f i c i e n t s  a r e  d e f i n e d  bys

N ' r - f j .  x j T  > f } > 7 .  ( A * 3 2 a )

hi-i -  ( A * 3 2 b )

N ' r  ~  A r  /  (  V r  - X | « \  — N ' r t i ) ,  r  5 * -2 .  ( A * 3 3 )

y ;  n  ( U r ) C 2 + r )  +  4  © ' [  \ -  C ^ r t O U r t S ^ l  ,  r  ^  O  £  A .  3 4 )

=  (r- i)r{r+0(.r*2)cA/C2r- lKtr+T)l C2r4.3) , r  ^ 2 .  ( A ^ S )

The N}. and NJ. a r e  o s t e n s i b l y  t h e  same s e r i e s *  b u t  N'r 

d i v e r g e s  dow nw ards*  s t a r t i n g  a t  an assumed v a l u e  f o r  a l a r g e  

r  = R* Nr = c<* ' /16R a‘ * and N'r  d i v e r g e s  upwards  s t a r t i n g  f ro m  

N^* S i n c e  t h e  l a r g e s t  v a l u e  i s  Njt( = NJ ,̂ * t h e  s e r i e s  Nj. i s  

good f o r  r  = 2 * 4 *  .  ■ * * n + 1 and t h e  s e r i e s  i s  good f o r
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r  = n * l  *n«-3* • • • * f t*  For  a l l  t h e  f o l l o w i n g  c a l c u l  a t  io n s *

R = 1 0 0  w a s  u s e d *

The i t e r a t i o n  f o r  X,* c o n v e r g e s  v e r y  r a p i d l y  t o  t h e  

c o r r e c t  v a l u e  p r o v i d e d  t h a t  c < 10*  F o r  l a r g e r  v a l u e s  o f  c *  

a s y m p t o t i c  e x p a n s i o n s  a r e  a v a i l a b l e  f o r  X w ,  b u t  t h e  s e r i e s  

( A * 1 6 ) »  ( A . 1 7 )  f o r  t h e  wave f u n c t i o n s  become cumbersome

s i n c e  many o f  t h e  d 1*  ( c )  become i m p o r t a n t *  The  v e r y  n a t u r e  

o f  t h e  f u n c t i o n s  i s  d i f f e r e n t  f o r  l a r g e  v a l u e s  o f  c *  as 

d i s c u s s e d  by F la m m e r*  and i t  i s  more s e n s i b l e  t o  use  a 

d i f f e r e n t  a p p ro a c h  s u ch  as t h a t  o f  s e c t i o n  3 * 3 ( b ) *

Once t h e  e i g e n v a l u e s  and N - c o e f f i e n t s  a r e  known* i t  is  

p o s s i b l e  t o  c a l c u l a t e  t h e  d r  ( c ) *  S i n c e  dj," i s  t h e  l a r g e s t *  

we s e t  i t  eq u a l  t o  u n i t y  f o r  t h e  t i m e  b e i n g *  Then t h e  o t h e r  

v a l u e s  a r e  c a l c u l a t e d  as f o l l o w s *

F or  r  = 2 * 4 * ■ *  * * ( n - 1 )«  we h a v e :

r“'1 KlJ- C z n \) tZ r irV )  ( A . 36)

F o r  r  = ( n + 1 ) *  ( n + 3 ) * * * * * R  we h a v e :

— -  N r  d -r-i. £ r + Z ) ( A * 3 7 )  

The d{*  a r e  normal  i z e d  so t h a t

-  Pn(o) -  — - — j (A. 38)

We p u t  (d^T ) *  =71 d'r * t h e n

-77 -  (n tQI  I p '  ( r * Z ) j ----- ( A *  39)

i - ' C H 2 r « M (.T rM
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2 0 5

N e x t  we c a l c u l a t e  d i j  and d ^ r w h ich  e s s e n t i a l l y  

c o n t i n u e  t h e  s e r i e s  o f  v a l u e s  t o  n e g a t i v e  r *  The r e c u r r e n c e  

r e l a t i o n  i s  t h e  same as b e f o r e t  b u t  Flammer ( 1 9 5 7 )  uses  

d i f f e r e n t  n o t a t i o n  and so s h a l l  we* I n t r o d u c e

rti fe+OO+Oc*-

6 r  (c) s  V - X , * C 0

/■ M /v  / a i Cr* i)Cr»2)c*
C r CO = /  Artt =  Cir+TK'ir+S)

( A . 4 0 )  

( A * 4 1 )  

( A . 4 2 )

i n  w h ich  r  may t a k e  n e g a t i v e  v a l u e s *  (N o te  t h a t  

Aia = c l z = 0 ) *  We d e f i n e

t h e n

and

and

M*; “ c > r  = 

— A - r t i
M P  -

d '.l _ _
d ’2 “

C*'* -t.Vv, / L ax \
Z -C il =s /Q -» o  (./O n-x-tyo;  —

S ’A  ■+ C L t

J_ /->

( A . 4 3 )  

( A . 4 4 )  

( A . 4 5 )  

( A . 4 6 )+  CLt M :

We s t a r t  w i t h  Mj,n = —c a / 4 R x  and work  back t o  M'£ u s i n g

( A * 4 4 ) c  Then we use ( A « 4 5 )  t o  g e t  dl *  f ro m  * th e n  ( A * 4 6 )  

t o  g e t  and ( A * 4 3 )  to  f i n d  t h e  o t h e r  d^/r *y«/r'

A*3  LEGENDRE FUNCTIONS

We need t o  c a l c u l a t e  t h e  f u n c t i o n s  ( z  ) t Q* ( z )  *DPj, ( z )  

and D Qn(z )  f o r  n = l t 2 « 3 « * * *  as w e l l  as  Q. ' i (z) and D Q i , ( z ) *  

F i r s t  ’we c o n s i d e r  D P \ ( z ) *
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a  « t o - ^ pA ' t o - £ C o

A b ra m o w itz  £ S te g u n  ( 1 9 6 5 )  g i v e  t h e  f o r m u l a

fe4- 0 & W t o  *  " t o O t o - O ^  P * t o  - z P ^ x )

50 we h a ve  DPjC'z.) — nG 't l )P * ( to

51 mi 1 a r 1 yv

C >Q * to s= .  v \ t o O Q * t o

The Prt a r e  t h e  e a s i e s t  t o  c a l c u l a t e  so we b e g i n  w i t h  

th em *  They obey  t h e  r e c u r r e n c e  r e l a t i o n

t o - o p . ^ . t o  =x ( i « + o * - p" t o  - n P * . , t o  ( A . 5 i )

We b e g i n  w i t h

Poto = l ,  P , t o  = 3-> px t o = H ^ » l- 0 J e t c .  ( A . 5 2 )

and th e n  use  ( A * 5 1 )  t o  c a l c u l a t e  t h e  ( z )  as f a r  as t h e y  

a r e  n e e d e d *  The r e c u r r e n c e  r e l a t i o n  g i v e s  good r e s u l t s  f o r  

a l l  n and z *  N e x t  t h e  P * ( z )  a r e  fo u n d  f ro m  t h e  r e l a t i o n

P i l t o ^  n t o - 0 ' ^ C * pA^ " p" - ‘ t o l  ( A * 5 3 )

The Qn may be c a l c u l a t e d  i n  e x a c t l y  t h e  same way as 

t h e  Pn i f  | z |  < 1*  s t a r t i n g  w i t h

Q© t o  = i l « ^ ( * H )  > Q | t o  -  l> Q i t o - 4  ( A . 5 4 )

< A *4 7 )

( A . 4 8 )  

( A . 4 9 )

( A . 5 0 )
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and u s i n g  t h e  r e c u r r e n c e  r e l a t i o n  ( A . 5 1 ) *  H ow e ver*  t h e  

r e s u l t s  a r e  n o t  good i f  | z |  > 1*  s i n c e  t h e n  Qn d e c r e a s e s  as  

n i n c r e a s e s *  w h e re as  ( A . 51 )  y i e l d s  a d i v e r g i n g  s e q u e n c e *  

The s i m p l e  s o l u t i o n  i s  t o  use  ( A . 5 1 )  b a c k w a r d s *  We f o l l o w  

Herndon  ( 1 9 6 1 )  and d e f i n e  Rn., =

 r \ —i
Then s  ( A . 5 5 )

The l i m i t i n g  v a l u e  f o r  l a r g e  n i s

R „  - * ■  a  -  ( A - 5 6 )

We c hoos e  a l a r g e  v a l u e  o f  n *  e . g .  1 0 0 *  and  work  back  t o  Rt .

Then we b e g i n  w i t h  Q0 and m u l t i p l y  up t o  g e t  Qn.  As a b o ve *

t h e  a r e  found  from t h e  Qn u s i n g  r e c u r r e n c e  r e l a t i o n

( A . 5 3 ) .

The e v a l u a t i o n  o f  Ql, and DQi, r e q u i r e s  s p e c i a l  c a r e  

s i n c e  ( A . 5 1 )  c a n n o t  be used t o  f i n d  Q - i ( z ) .  We use t h e  

r e c u r r e n c e  r e l a t i o n  f o r  t h e  Q n ( z ) :

n Qi-J. -  ( 2 a - 0 " Z  Qlv-»“  (a-0Q \ ( A . 5 7 )

Then ( A . 5 7 )  g i v e s

( A . 5 8 )

Now Q ^ ( z )  i s  fo u n d  f ro m  R o d r i g u e z *  f o r m u l a *

QiM=
So Q1 -  “ z  C*1- ' ' )  ( A . 6 0 )

Anu t i n a l 1 y*
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b Q i ,  ( o  =  Q U  6 )  =  - > ( A . 6 1 )

A . 4  MATRIX TRUNCATION AND INVERSION

The  m a t r i x  c o e f f i c i e n t s  in  e q u a t i o n s  ( 3 * 1 3  ) *  ( 3 * 1 3  )

a r e  n o n - z e r o  o n l y  f o r  odd v a l u e s  o f  n and m* Thus we can  

pack  t h e  m a t r i x  by i n t r o d u c i n g

^ m  — J m  •• •> M
I R ( A - 6 2 )

where  M i s  t h e  o r d e r  o f  t r u n c a t i o n *  We d e f i n e  

* o / b Q J ( L * . >

o

,  I $  H

^ " "  =  I S ~ S M ,  M * I S » S 2 M  < A " 6 4 ’

M + I $ w $ 2 K ,  l $ n $ 2 K• /

l d Z6n-H)-t^c V ^ Q x ^ . H ) - | C - ^ ) j - 5  r T ^  > Mtl$rw»,VN$.2K
K|,2£rt-M)-lCc iL ‘v

Then  we h ave  t h e  s i m p l e  m a t r i x  e q u a t i o n r

C .  ^  “ - 6 5 »
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We a r e  i n t e r e s t e d  o n l y . i n  A, = fl, w h ic h  c o n t r i b u t e s  t o  

t h e  f o r c e .  The c o r r e c t  o r d e r  o f  t r u n c a t i o n  i s  f o u n d  by 

i t e r a t i o n  b e g i n n i n g  w i t h  M = 2 .  A t  e a c h  s t e p ?  t h e  f o r c e  

c a l c u l a t e d  w i t h  t r u n c a t i o n  M i s  compared w i t h  t h a t  f o u n d  a t  

t r u n c a t i o n  M - l *  u n t i l  t h e  d e s i r e d  d e g r e e  o f  a c c u r a c y  i s  

o b t a i n e d .  F or  s m a l l  v a l u e s  o f  c and n e a r l y  s p h e r i c a l  

b o d i e s *  H = 3 i s  a d e q u a t e *  w h i l s t  f o r  l o n g  b o d i e s  and l a r g e  

v a l u e s  o f  c *  v a l u e s  o f  M up t o  15 a r e  r e q u i r e d .  The m a t r i x  

i n v e r s i o n  was p e r f o r m e d  u s i n g  a h i g h  a c c u r a c y  i t e r a t i v e  

r o u t i n e  f o r  co m p lex  l i n e a r  a l g e b r a i c  e q u a t i o n s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 10

OlbL IOGRAPHY

mBKA.-'Qw I TZ , M.  51 STEGUN,  I . A .  1065 H a n d b o o k  o f  M a t h e m a t i c a l  
F u n c t i o n s *  D o v e r ,  .mow Y o r k .

ADAMCZYK, Z .  AOAMCZ YK * M. £ VAN DE VEN* T . G . M .  1983  
R e s i s t a n c e  c o e f f i c i e n t  o f  a s o l i d  s p h e re  a p p r o a c h i n g  p l a n e  
and c u r v e d  b o u n d a r i e s .  J .  C o l l .  I n t e r f a c e .  S c i .  96*  2 0 4 .

ALUER* a . j .  £ l*A INWRIGHT« T . E .  1967 V e l o c i t y
a u t o c o r r e l a t i o n s  f o r  h a r d  s p h e r e s .  P h y s .  R e v .  L e t t .  18*  
9 8 8 .

ALGER* B . J .  £ WAINWRIGHT* T . E .  1970  Oecay o f  v e l o c i t y  
a u t o c o r r e l  a t i o n • P hys .  Rev .  A 1* 1 8 .

A 01 * T .  1955a The s t e a d y  f l o w  o f  v is c o u s  f l u i d  p a s t  a f i x e d  
s p h e r o i d a l  o b s t a c l e  a t  s m a l l  R e yn o ld s  n u m b e rs .  J .  P hys .  
Soc.  J a p .  10*  1 1 9 .

aO I*  T .  1955b Qn s p h e r o i d a l  f u n c t i o n s .  j .  P h y s .  S oc .  J a p .
L C ,  1 3 0 .

ARMINSKI,  L .  £ WEINBAUM* S.  1979 E f f e c t  o f  waveform and 
d u r a t i o n  o f  i m p u ls e  on t h e  s o l u t i o n  t o  t h e  3 a s s e t - L a n g e v i n  
e q u a t i o n .  P h y s .  F l u i d s  2 2 *  4 0 4 .

BASSET A .B .  1883 A T r e a t i s e  on H y d ro d y n am ic s*  Volume I I  
D e i g n t o n *  b e l l  £ C o . *  C a m b r id g e .

oATCHELOR* O .K .  1951 Note on a c l a s s  o f  s o l u t i o n s  o f  t h e
i*a v i e r - S  t  OKe s e q u a t i o n s  r e p r e s e n t i n g  s t e a d y  r o t a t i o n a l l y
sym m e tr ic  f l o w .  Q u a r t .  J .  Mech. A p p l .  M a th .  4*  2 9 .

BATCHELOR* G . K .  1954 The s k i n  f r i c t i o n  on i n f i n i t e  c y l i n d e r s  
moving p a r a l l e l  to  t h e i r  l e n g t h .  Q u a r t .  J .  Mech.  A p p l .  
M a t h .  7* 1 7 9 .

BATCHELOR* G . K .  1967 An I n t r o d u c t i o n  to  F l u i d  Dynamics*  
Camb. U n i v .  P r e s s *  C a m b r id g e .

bEGEAUX* D.  £ MAZUR* P .  1974 B ro w n ia n  m o t io n  and f l u c t u a t i n g  
h y d r o d y n a m ic s .  P h y s ic a  7 6 *  2 4 7 .

BRENNER* H.  1961 The s low m o t io n  o f  a s p h e r e  t h r o u g h  a
v is c o u s  f l u i d  to w a rd s  a p l a n e  s u r f a c e .  Chem. Eng.  S c i .  16*
2 4 2 .

CHEN, S . S . *  WAMbSGANSS* M .W . ,  £ JENDRZEJCZYK, J . A .  1976
Added mass and damping o f  a v i b r a t i n g  rod i n  c o n f i n e d
v is c o u s  f l u i d s .  J .  A p p l .  K e c h .  4 3 *  3 2 5 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 L 1

CHRISTENSEN* H .  1962 The o i l  f i l m  i n  a c l o s i n g  g a p .  P r o c .  
Kny. Soc.  Lonc.l. A 25o*  3 12 .

COX* K . o .  £ tiRENNEK* H.  19t>7 The s lo w  m o t io n  o f  a s p h e re  
t h r o u g h  a v i s c o u s  f l u i d  t o w a r d s  a p l a n e  s u r f a c e  -  I I  Smal l  
gap w i d t h s  i n c l u d i n g  i n e r t i a l  e f f e c t s .  Chem. Eng .  S c i .  22*  
1 7 3 3 .

DAGAN* z . t  WEINbAUM, S .  £ PFEFFER* R.  1982 An i n f i n i t e -  
s e r i e s  s o l u t i o n  f o r  t h e  c r e e p i n g  m o t io n  t h r o u g h  an o r i f i c e  
o f  f i n i t e  l e n g t h .  J .  F l u i d  Mech .  i l 5 »  505

DAVIS* R . H .  SERAYSSGLt J . - M .  £ HINCH, E . J .  198 6  The  
e l a s t o h y d r o d y n a m i c  c o l l i s i o n  o f  two s p h e r e s .  J .  F l u i d  Mech.  
t o  a p p e a r *

FEL0ERH0F* b . U .  1 97 6 a  F o rc e  d e n s i t y  in d u c e d  on a s p h e r e  in  
l i n e a r  h y d r o d y n a m i c s .  I .  F i x e d  s p h e r e *  s t i c k  b o u n d a ry  
c o n d i t i o n s .  P h y s i c a  84A* 5 5 7 .

FELDERHOF* B . U .  1976b F o r c e  d e n s i t y  in d u c e d  on a s p h e r e  in  
l i n e a r  h y d r o d y n a m i c s .  I I .  Mov ing s p h e r e *  mixed b o u n d a ry  
c o n d i t i o n s .  P h y s ic a  84A* 5 6 9 .

FLAMMER* C .  1957 S p h e r o id a l  Wave F u n c t i o n s *  S ta m fo rd  U n i v .  
P r e s s *  C a l i f o r n i a .

FRGSSL1NG* N.  1940 V e r d u n s t u n g *  W a n n eU b er t ra g u n g  und 
G e s c h w i n d i y k e i t s v e r t e i l u n g  b e i  z w e i d i m e n s i o n a l e r  und
r o t a t  i onssymmetr i s c h e r  l a m i n a r e r  G re n ts c h ic h s t rc S m u n g .
Lu n d s .  U n i v .  A r s s k r .  N . F .  Avd.  2*  35 No.  4 .

GAUATOS* P . *  WEIN3AUM, S.  £ PFEFFER* R.  1980 A s t r o n g
i n t e r a c t i o n  t h e o r y  f o r  t h e  c r e e p i n g  m o t io n  o f  a s p h e r e
b e tw e e n  p l a n e  p a r a l l e l  b o u n d a r i e s .  P a r t  1 .  P e r p e n d i c u l a r  
m o t i o n .  J .  F l u i d  Mech.  99*  7 3 9 .

GLUCKMAN, M . J . *  PFEFFER* R.  £ WEINBAUM* S .  1971 A new 
t e c h n i q u e  f o r  t r e a t i n g  m u l t i p a r t i c l e  s low v is c o u s  f l o w :  
a x i s y m m e t r i c  f l o w  p a s t  s p h e re s  and s p h e r o i d s .  J .  F l u i d  
Mech.  5 0 ,  7 0 5 .

GRA0SHTEYN* I . S .  £ RYZHIK* I . M .  ( 1 9 8 0 )  T a b l e  o f  I n t e g r a l s *  
S e r i e s  and P r o d u c t s *  4 t h  E d i t i o n  T r a n s l a t e d  f ro m  t h e  R u s s ia n  
by S c r i p t a  T e c h n ic a  I n c . *  New Y o r k .

GREEN* G. 1833 R e s e a rc h e s  on t h e  v i b r a t i o n  o f  pendulums in  
f l u i d  m e d ia .  T r a n s .  R o y .  S o c .  E d i n .  r e p r i n t e d  1970 in  
M a t h e m a t i c a l  P a p e r s *  C h e ls e a  P u b l i s h i n g  C o . *  New Y o r k .

hAPPEL* J .  £ BRENNER* H.  1965 Low R e y n o ld s  number  
hyur  od y n am  c s P r e n t i  c e - H a l  1 I n c .  New J e r s e y .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 1?

HERNDON* J . R .  1961 A s e t  o f  a s s o c i a t e  L e g e n d re  p o l y n o m i a l s
o f  t h e  second k i n d .  Cumin* A . C * M. 4* A l g .  t>2.

HOCQUART, R* 1976 Regime i n s t a n t ?  o ' u n  l i q u i d e  dans l e q u e l  
un e l  1 i p s o i d e  de r e v o l u t i o n  t o u r n e  a u t o u r  de son a x e *  C* R* 
Acad*  S c i *  P a r i s *  S S r *  A 2 8 3 *  1 1 1 9 *

HOCQUART* R* 1977a  Regime i n s t a n t ?  d ' u n  l i q u i d e  dans l e q u e l  
un e l l  i p s o i d e  de  r e v o l u t i o n  - to u r n e  a u t o u r  d ' u n  a xe  
E q u a t o r i a l *  C* R* Acad*  S c i *  P a r t s *  S e r *  A 2 8 4 *  9 1 3 *

HOCQUART* R .  1 977 b  Mouvement b r o w n ie n  de r o t a t i o n  d ' u n  
e l l i p s o i d e  de  r e v o l u t i o n *  R o t a t i o n  a u t o u r  de l ' a x e *  C* R* 
Acad*  S c i *  P a r i s *  S E r *  A 2 8 4 *  1 421 *

HOCQUART* R.  £ HINCH* E * J .  1983  The l o n g - t i m e  t a i l  o f  t h e  
a n g u l a r  v e l o c i t y  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  a r i g i d  
B r o w n ia n  p a r t i c l e  o f  a r b i t r a r y  c e n t r a l l y  s y m m e t r ic  s h a p e *  
J .  F l u i d  M ech.  1 3 7 ,  2 1 7 *

HOMANN* F*  1936 Der E i n f l u s s  g r o s s e r  z a h i g k e i t  b e i  d e r  
Strbmung urn den Z y l i n d e r  und urn d i e  K u g e l • Z« angew* M a t h .  
M ech.  16* 153

HSU* R.  £ GANATOS* P.  1986 The m o t io n  o f  a body o f  
r e v o l u t i o n  n e a r  a p l a n e  w a l l  a t  lo w  R e y n o ld s  n um bers*  J *  
F l u i d  M ec h .  s u b m i t t e d *

JEFFREY* Li* J * £ CHEN* H . - S .  1977 The v i r t u a l  mass o f  a
s p h e r e  movin g  t o w a r d  a p l a n e  w a l l *  J .  A p p l *  Mech* 44*  166

VON KAr Ma N* Th*  1921 Uber  l a i n i n a r e  und t u r b u l e n t e  R e i b u n g .  
Z* angew* M a th *  M ec h .  1* 2 3 3 *

KIM* S .  1 9 8 5  S e d i m e n t a t i o n  o f  two a r b i t r a r i l y  o r i e n t e d  
s p h e r o i d s  in  a v i s c o u s  f l u i d *  I n t *  J *  M u l t i p h a s e  F lo w  11*  
6 9 9 .

KUANG* Y* 1984  The i n e r t i a l  d r a i n i n g  o f  a t h i n  f l u i d  l a y e r  
be tw ee n  p a r a l l e l  p l a t e s  w i t h  a c o n s t a n t  normal  f o r c e *  M*E*  
T H E S IS ,  C IT Y  COLLEGE OF C . U . N . Y .

LANDAU* L . O .  £ L IF S C H IT Z *  E .M .  1959  F l u i d  M e c h a n i c s ,  
Pergamon P r e s s *  A d d is o n  W e s le y *

LAWRENCE, C . J . ,  KUANG* Y . *  £ WEINBAUM* S .  1935 The i n e r t i a l  
d r a i n i n g  o f  a t h i n  f l u i d  l a y e r  oe tw ee n  p a r a l l e l  p l a t e s  w i t h  
a c o n s t a n t  normal  f o r c e .  P a r t  2 *  Boundary  l a y e r  and e x a c t  
n u m e r i c a l  s o l u t i o n s *  J* F l u i d  Mech* 156 * 479

LAWRENCE, C . J *  £ WEINBAUM* S.  1 986 a  H ydrodynam ic  a r r e s t  o f  a 
f l a t  body moving to w a r d s  a p a r a l l e l  s u r f a c e  a t  a r b i t r a r y  
R e y n o ld s  num ber .  J*  F l u i d  Mech* under  r e v i s i o n *

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



213

LAwRcNCE,  C . J .  £ WEINBAUM,  S .  1 9 8 6 b  T h e  f o r c e  on  an 
a x i s y m m e t r i c  b o d y  i n  l i n e a r i z e d *  t i m e - d e p e n d e n t  m o t i o n .  J .  
F l u i d  M e c h .  u n d e r  r e v i s i o n .

LEICHTBERG, S . ,  WEINBAUM, S . ,  PFEFFER, R .  £ GLUCKMAN* M . J .  
1976 A s t u d y  o f  u n s t e a d y  f o r c e s  a t  low R e y n o ld s  number:  a
s t r o n g  i n t e r a c t i o n  t h e o r y  f o r  c o a x i a l  s e t t l i n g  o f  t h r e e  o r  
more s p h e r e s .  P h i l .  T r a n s .  R o y .  S o c .  Lo n d .  A 2 8 2 ,  585

L I N ,  W.H.  1 986  H ydrodynam ic  f o r c e s  on m u l t i p l e  c i r c u l a r  
c y l i n d e r s  o s c i l l a t i n g  in  a v i s c o u s  i n c o m p r e s s i b l e  f l u i d .  J .  
F l u i d  Mech .  s u b m i t t e d .

MAGNUS, Mat 03ERHETTINGER, F .  £ SONI ,  R . P .  1 966  F o rm u la s  and  
Theorems f o r  t h e  S p e c i a l  F u n c t i o n s  o f  M a t h e m a t i c a l  P h y s i c s ,  
v o l .  5 2 ,  S p r i n g e r - V e r l a g  I n c . ,  New Y o r k .

MA2UR, P .  £ BEDEAUX, D.  1974  A g e n e r a l i z a t i o n  o f  F a x o n ' s  
Theorem t o  n o n s t e a d y  m o t i o n  o f  a s p h e r e  t h r o u g h  an 
i n c o m p r e s s i b l e  f l u i d  i n  a r b i t r a r y  f l o w .  P h y s i c a  7 6 ,  235

MILOH,  T .  1 97 9  The  v i r t u a l  mass o f  a c l o s e d  t o r u s  in  
a x i s y m m e t r i c  m o t i o n .  J .  Eng.  M a t h .  1 3 ,  1

MILOH,  T . ,  WAISMAN, G. £ WEIHS, D .  1978  The added-mass
c o e f f i c i e n t s  o f  a t o r u s .  J .  Eng .  M a t h .  1 2 ,  1

OBERHETTINGER, F .  £ B A D I I ,  L .  1973 T a b l e s  o f  L a p la c e  
T r a n s f o r m s  S p r i n g e r - V e r l a g *  B e r l i n .

PAYNt,  L . E .  £ PELL, W.H. I 9 6 0  The S to k e s  f l o w  p ro b le m  f o r  a 
c l a s s  o f  a x i a l l y  s y m m e t r ic  b o d i e s .  J .  F l u i d  Mech.  7 ,  529

PELL,  W.H. £ PAYNE, L . E .  1960  On S to k e s  f l o w  a b o u t  a t o r u s .  
M a t h e m a t i k a  7 ,  78

SAMPSON, R . A .  1891 On S t o k e s * s  c u r r e n t  f u n c t i o n .  P h i l .
T r a n s .  R o y .  S o c .  L o n d .  A 1 8 2 ,  4 4 9 .

SCHLICHTING* H .  1 97 9  B o u n d a r y - L a y e r  T h e o r y ,  7 t h  E d i t i o n  
M c G r a w - H i l l  Book Company I n c . ,  New Y o r k .

SECOMB. T .W .  1978 F low in  a chann e l  w i t h  p u l s a t i n g  w a l l s .  
J .  F l u i d  M ec h .  8 8 ,  2 7 3 .

SMALL, R .O .  £ WEIHS, 0 .  1975 A x i s y m m e t r i c  p o t e n t i a l  f l o w
o v e r  two s p h e r e s  i n  c o n t a c t .  J .  A p p l .  Mech .  4 2 ,  7 6 3 .

STIMSON, M. £ JEFFREY, G .B .  1926 The m o t i o n  o f  two s p h e re s  
i n  a v is c o u s  f l u i d .  P r o c .  R oy .  Soc .  Lo n d .  A 1 1 1 ,  110

STOKES, G . G .  1851 On t h e  e f f e c t  o f  t h e  i n t e r n a l  f r i c t i o n  o f  
f l u i d s  on t h e  m o t io n  o f  pen d u lu m s.  T r a n s .  Camb. P h i l .  Soc.  
9 ,  8 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 1 4

STRATTUN? J . A . ,  MOKSc? P . M . ?  CHU,  L . J .  £ HUTNcR? R . A .  1941
t l 1 i p t i C  C / l i n d e r  a n d  S p h e r o i d a l  Wave F u n c t i o n s ?  J o h n  W i l e y  
£ Sons? I n c . ?  New Y o r k .  ( a l s o  CHU? L . J .  & STRATTON? J . A .  
1941 E l l i p t i c  and s p h e r o i d a l  wave f u n c t i o n s .  J .  M a t h .  & 
P h ys .  20? 2 5 9 . )

TAYLOR? G . I .  I 9 2 d  The e n e r g y  o f  a body moving in  an i n f i n i t e  
f l u i d  w i t h  an a p p l i c a t i o n  t o  a i r s h i p s .  P r o c .  R o y .  S o c .  
L o n d .  A 120? 1 3 .

TCHEN? C .M .  1947 Mean v a l u e  and c o r r e l a t i o n  p ro b le m s  
c o n n e c t e d  w i t h  t h e  m o t io n  o f  s m a l l  p a r t i c l e s  suspended i n  a 
t u r b u l e n t  f l u i d .  P h . D .  T h e s is ?  D e l f t .

UCHI0A? S .  £ AOKI? H .  1977 U n s te a d y  f l o w s  in  a s e m i - i n f i n i t e  
c o n t r a c t i n g  or e x p a n d in g  p i p e .  J .  F l u i d  Mech. 82? 3 7 1 .

WAKIYA? S• J • 1961 T i t l e  unknown.  R es .  R ep .  F a c .  E n g .
N i i g a t a  U n i v .  ( J a p a n )  10? 1 5 .

WEIHS? 0 .  £ SMALL? R . D .  1975 An e x a c t  s o l u t i o n  o f  t h e  m o t io n  
o f  two a d j a c e n t  s p h e re s  i n  a x i s y m m e t r i c  p o t e n t i a l  f l o w .  
I s r a e l  J .  Techn .  13? 1 .

WEINBAUM? S .  1981 S t r o n g  i n t e r a c t i o n  t h e o r y  f o r  p a r t i c l e  
m o t io n  t h r o u g h  p o re s  and n e a r  b o u n d a r i e s  in  b i o l o g i c a l  f l o w s  
a t  low R e yno ld s  num b e r .  I n :  Some M a t h e m a t ic a l  Q u e s t io n s  in  
B io lo g y ?  e d .  S.  C h i l d r e s s ?  Amer .  M a t h .  Soc.?  P r o v id e n c e ?  
L e c t u r e s  on M a t h e m a t ic s  in  t h e  L i f e  S c ie n c e s  14? 119

wEINBAUM? S. LAWRENCE? C . J .  £ KUANG?Y. 1985 The i n e r t i a l  
d r a i n i n g  o f  a t h i n  f l u i d  l a y e r  be tw een  p a r a l l e l  p l a t e s  w i t h  
a c o n s t a n t  normal  f o r c e .  P a r t  1 .  A n a l y t i c  s o l u t i o n s ;  
i n v i s c i d  and s m al l  b u t  f i n i t e  R ey n o ld s  number l i m i t s .  J .  
; l u i d  Mech.  156? 4 6 3 .

YANG? K . - T .  1958 U n s te ad y  l a m i n a r  boundary  l a y e r s  i n  an
i n c o m p r e s s i b l e  s t a g n a t i o n  f l o w .  J .  A p p l .  Mech. 25? 421
( A . S . M . E .  T r a n s .  b 0 ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.


