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CHAPTER 1 INTRODUCTION

The ax inmaHc study of independence stru ctu res w as originated  

by H a ss le r  Whitney in  h is  d istinguished  paper, "On the A b stract P rop ertie  

of L inear D ependence", p resen ted  to  the A m erican  M athem atical Society  

in  1^35 ftfh 5 |.  He ax iom atized  a few  p rop erties  of lin ear  independence  

in  vecto r  sp a ces  and nam ed the ax iom  sy stem  a m atroid . S ince then, a 

la r g e  num ber of in vestigation s have been m ade on m atroid structure and 

p ro p erties  and on the application of m atroids to other fie ld s  of m athem atic  

including com binatorial theory and graph theory. For a detailed  

d isc u ss io n  on th is  m atter , one m ay refer  to the work of Crapo and Rota 

f i r  lX M irsky ^4i 2j, and Tutte |Tu 6]. P ra c tica l applications of m atroid  

stru ctu res  a r e  a ls o  con sid ered  by Bruno |Br l \ ,  Iri jlr f} , and Narayanan  

jl in th e  fie ld  o f e le c tr ic a l network theory.

In th is  d isser ta tio n  we regard  a m atroid as a gen era liza tion  

of a  graph and g en era lize  known resu lts  of graphs to m atroid  th eo rem s. 

The p rin cip a l em p h asis  is  put on connectiv ity  and g ra p h -rea lizab ility  

of m a tro id s. B elow , w e su m m arize the contents of each chapter of 

th is  d isser ta tio n .

Chapter 2 T his chapter provides b a sic  defin itions and 

th eorem s in  graph and m atroid  th eo r ie s , which serv e  to m ake th is  

d isser ta tio n  se lf-co n ta in ed .

W hitney's defin ition  of graph connectiv ity  is  com m only  

accep ted  by m ost r e se a r c h e r s . H ow ever, we em ploy the connectiv ity
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defin ition  of T utte, w hich c u t  he imu.»ediately g en era lized  to m atroid  

connectiv ity , to  develop  a co n sisten t theory of graphs and m atro id s.

In defining m atro ids vre u se  the c ircu it a x io m s, s in ce  our 

m ain in ter e st  i s  the re la tion  o f graphs and m atro id s.

Chapter 3 T h is chapter c o n s is ts  of f iv e  independent sec tio n s  

on m atroid  connectiv ity . The concept of m axim ally  d istant b a se s  w as 

introduced by K ish i and Kajitani fk i 1, £) in graph th eory and gen era lised  

to  m atroid s by Bruno and W einberg ^Jr 3^. We evaluate the m axim um  

value o f the connectiv ity  function of a m atroid  in te r m s o f m axim ally  

distant b a se s . Although th ere  is  no effic ien t a lgorith m  for  determ ining  

the connectivity  o f m a tro id s, for  a m atroid  of fin ite -co n n ectiv ity  the 

connectiv ity  i s  a lw ays l e s s  than o r  equal to  the m axim um  value of a 

connectiv ity  function. Thus w e obtain a n a n -tr iv ia l upper bound on the  

connectiv ity  o f m a tro id s.

Tutte found the graphs of in fin ite  connectiv ity  \ j u  9j. In 

Section  3 . 2 w e show  that the m atro id s o f in fin ite connectiv ity  a r e  

binom ial m atro id s. S in ce  graphs a r e  a su b c la ss  o f m atro id s, T utte's  

resu lt m ay be deduced fro m  our th eorem .

B inom ial m atro id s have a  s im p le  stru ctu re and are  ofter* 

given a s  exam ples and counterexam ples o f  m atroid  th eo rem s. We 

find the connectiv ity  o f b in om ial m atro id s and show , a s  a co ro lla ry , 

that th ere  e x is t s  a  m atroid  w ith a  p rescr ib ed  connectiv ity .

T utte's  th eorem  ^Tu on e sse n tia l c e l l s  p la y s  a cru cia l
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ro le  in the gra p h -rea liza b ility  of m atro id s. When we reduce a 

3-conn ected  m atroid  to an irred u cib le  m atroid  if the card inality  

of the c e l l  s e t  of is  not le s s  than s ix  and a ll c e l ls  of are  

e sse n tia l, the ^  is  a w heel or a w hirl m atroid . S in ce, a s  we show  

in th is chapter, any 3-connected  m atroid  can be reduced to  a w heel, 

a w hirl, or a m atroid which has s ix  c e l ls  and is  neither a w heel nor 

a w hirl, it  is  im portant to c larifv  the structure of irred u cib le  m atroids  

and obtain the irred u cib le  m atroids which have s ix  c e l ls  and are  

neither w heel nor w hirl m atro id s. We a lso  l is t  a ll the 3 -conn ected  

m atroids which have no m ore than s ix  c e l l s .  T h ese  m atroid s a re  in 

som e a sp ect related  to b inom ial m atro id s.

In the la s t  sec tio n  of th is chapter we prove a th eorem  on 

nonplanar m atroids: If a m atroid  M is  4 -con n ected  and has at le a s t  

6 c e l ls ,  then M is  nonplanar. U sing W hitney connectiv ity  th is th eorem  

would be stated  that if  the connectiv ity  of a graph G is  not le s s  than 

s ix , then G is  nonplanar [Ha 3 .  A graph of Tutte connectivity  4 which  

has the le a s t  num ber of v e r tice s  is  identified as a b ip artite  graph

Chapter 4 A s shown by MacLane^M c jj, the study of graph  

stru ctu res m ay be sim p lified , in particu lar for large  graphs, by 

considering 3-con n ected  subgraphs of a given graph. We g en era lize  

M acL ane's th eorem  to m atroid s and obtain in terestin g  new r e su lts .

In Section 4 . 2 we c la r ify  the structure of m atroids of 

connectiv ity  two.
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In the next sec tio n  we introduce the concept of s e r ie s -r e d u c e d  

m atroids and sta te  a relationsh ip  of 2 - sep arators defined in the prev ious  

section  and 3-conn ected  m inors of a m atroid .

In the la s t  two sec tio n s w e define a decom position  of m atroids  

called  C -d ecom position , which is  a d irect gen era lization  of M acLane'3  

decom position  of graphs. The n on -decom posab le  m atroid s by C- 

decom position  are  ca lled  m in im al b lock s, and the ser ie s -re d u ce d  

m atroids of the m in im al b locks a re  term ed  a tom s. M acL ane's th eorem  

on graphs is  extended to m atro id s, and we show that every  atom  is  

a m axim al 3 -conn ected  m inor and ev ery  m axim al 3-connected  m inor  

is  isom orphic to an atom . The nu llity  of a m atroid is  a lso  ca lcu lated  

from  the n u llit ie s  of a tom s.

The dual concept of the operation of s er ie s -re d u c tio n  is  

p a ra lle l-red u ctio n . U sing th is operation we prove im portant th eorem s  

on m atroid  stru c tu res , nam ely, the b inary, regu lar, and graphic 

(cographic) c h a r a c ter is t ic s  of the or ig in a l m atroid  are  com pletely  

determ ined by the corresponding c h a r a c ter is tic s  of a tom s.

Chapter 5 C -d ecom p osition  introduced in Chapter 4 y ie ld s  

two m in o rs at each  step  of the decom position  p r o c e s s . H ow ever, the  

num ber of m in ors produced at a decom position  step  m ay be m axim ized  

in defining sp lit decom position . Two kinds of sp lit d ecom position s are  

introduced in th is  chapter. T h ese  decom position s a re  ca lled  P -  and 

S -d ecom p osition s, and they a re  dual to each other. C -d ecom p osition  is
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a sp ec ia l c a se  of th ese  d ecom p osition s.

An application of P -  and S -d ecom p osition s to network theory  

is  a lso  included in th is chapter. We define a planar network, which is  

a sligh tly  d ifferent concept from  that of planar graphs. In p ra c tice , 

for in stan ce , in printed c ir c u its , we often req u ire a planar graph to  

rem ain  planar after  adding edges rep resen ting  external voltage and 

current so u r ce s . A set of n e c essa ry  and su fficien t conditions for 

planar netw orks is  stated in term s of atom s of P -d ecom p osition  of the 

polygon m atroid .

Chapter 6 The grap h -rea liza b ility  prob lem  of abstract 

m atroids has been con sid ered  by Tutte ^Tu 3}, W elsh ^Ve 6 j, and 

F ourn ier |F o  1, <Q; the f ir s t  two authors gen era lized  graph th eorem s  

to m atro id s. A sp ec ia l c a se  of the problem  occu rs when m atroids  

are binary; th is g iv es  r is e  to the problem  of rea liza b ility  of m a tr ic e s , 

and aere  e x is t  num erous a r tic le s  on th is  top ic.

In th is chapter w e obtain a new  resu lt on gra p h -rea liza b ility  

of a b stract m atroids by gen era liz in g  the th eorem  of Bruno, S te ig litz , 

and W einberg [Br Zj. We f ir s t  decom pose a m atroid  into atom s by 

m ethods d iscu ssed  in the prev ious chapter. E ach atom , if  it  contains  

n o n -essen tia l c e l l s ,  is  reduced to  an irred u cib le  m atroid  by reduction  

and contraction operations. In defining the a d m issib le  in v erse  op eration s, 

we state  a condition for a m atroid  to be g ra p h -rea liza b le .

We p resen t a lgorith m s for determ ining whether the irred u cib le  

m atroid i s  a w heel and w hether the in v erse  operations a re  a d m iss ib le .
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Two exam ples a re  included to illu stra te  the a lgorith m s.

Chapter 7 Since a m atroid is  a gen era lisa tion  of a graph, 

many graph th eorem s m ay be m odified to m atroid  th eo rem s. One such  

theorem , obtained by W elsh fefe 5j, is  that a b inary m atroid  is  b ipartite  

if  and only if its  dual is  E u ler . In Section  7.1 we prove that every  

n o n -tr iv ia l connected binary m atroid  has a curcuit of even  card inality .

F rom  th is r e su lt  one can alw ays find a n o n -tr iv ia l b ip artite  m in or, 

which contains at le a s t  one c ircu it. The m axim al b ip artite  contractions  

of a given m atroid  m ay be constructed  from  the even s e t s  w hich are  

uniquely obtained from  the b a ses  of the m atroid . In Section  7. 2 w e  

show that the even  se ts  a lso  determ ine the m axim al b ip artite  reductions  

of a binary m atroid . By W elsh 's th eorem , we can sta te  the dual 

th eorem s on m axim al b ip artite  m in ors in term s of E uler m in o rs , which  

are explained in Section 7. 3.

Chapter 8 In th is chapter we p resen t a new  defin ition  of 

m atroid  connectiv ity  and com pare it with that of Tutte. W hitney's 

definition is  stated  in a lgebraic  te r m s  and gen era lized  to  m atroid s  

by showing that a gen era lized  m atroid  connectiv ity  of the polygon  

m atroid  co in cid es with Whitney graph connectivity  if a graph i s  connected. 

An im m ed iate consequence of th is genera liza tion  is  that Tutte connectivity  

of a m atroid  can not exceed  Whitney connectiv ity . A s im p le  su ffic ien t  

condition for a m atroid and its  dual having the sam e con n ectiv ity  is  

estab lish ed , th is  condition being stated  in term s of c ir c u its  and  

co c ircu its  of the m atroid .
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CHAPTER 2 PRE LJNIMARIES

2.1 FUNDAMENTAL CONCEPTS IN GRAPH THEORY

Although the read er m ay find a standard language of graph  

theory in the books by H arary[H a 2  ̂ and Ore |Or l \ ,  in th is d isser ta tio n  

we w ill em ploy som ew hat m odified  graph term inology for our conven ience.

A graph G is  defined as a pair of fin ite  se ts  V and E together  

with an incid en ce rela tion  by which each m em ber of E is  a sso c ia ted  

with two unordered m em b ers of V; th ese  two m em b ers are not n e c e s s a r ily  

d istin ct. If G is  a graph defined by V and E, we w rite  G=(V, E), V=V(G), 

and E=E(G), and the m em b ers of V and E are referred  to as the v e r t ic e s  

and edges of G. If edge e is  a sso c ia ted  with v e r t ic e s  vj and v^, th ese  

v e r t ic e s  are  ca lled  the ends of e , and we denote e=(vj, v^). F or

a g iven  pair of v e r t ice s  v  ̂ and v^> if  th ere ex ists  an edge e such that 

e=(vj» V£)» then v  ̂ and are  sa id  to be adjacent, and e is  incident to  

Vj and V£. An edge w hich has the sam e ends is  a lo o p , and a graph is  

a loop-graph if it c o n s is ts  of one v ertex  and one loop. The va lence  

f*(v) of a v er tex  v is  the num ber of edges incident to v in G, w here a 

loop is  counted tw ice . If V(G)= =E(G), then G=(V, E) is  ca lled  a n u ll-

graph.

L et v j ,  V2». . . .  vn , w here n > 2, be a sequence of d istin ct

v e r t ic e s  of G such that e . = (v ., v. , )  is  an edge for 1 < i 4 n - l .  Then ai i  i+ 1

su bset-fe  , e , . . . ,  e I of E is  a path of G. and v , v are  its  ends.
*•1 2 n - l J 1 n -------

The v e r t ic e s  of a path which a re  not the ends a re  ca lled  the in ternal 

v e r t ic e s  of the path. A d irect path of G is  a path of which a ll  the in tern al
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v e r t ic e s  have v a len ce  tw o in  G . A d irect path P  is  ca lled  m axim al if

A  graph is  a polygon graph if  a l l  the v e r t ic e s  have va len ce  tw o. Thus 

the edge se t  o f a polygon graph contains p r e c is e ly  one polygon.

D istinct ed ges a r e  sa id  to  he in  p a ra lle l if  none of them  are  

loops and th e y have th e sa m e ends in G, and a re  in s e r ie s  if they form  

a d irect path in G . A branch graph is  a graph w hich c o n s is ts  of at le a s t  

th ree  d irect paths w ith  th e sam e ends. A 9  -graph is  a branch graph 

which c o n s is ts  o f th ree  p a ra lle l ed g es .

Graph G i s  connected i f  th ere  is  a path for each  pair of d istin ct  

v e r t ic e s  o f G w hich a r e  the ends o f the path; o th erw ise  G is  not connected.

L et G=(Y, b e  connected . A non-nu ll su b set S of E is  ca lled  

a tr e e  if  S contains no polygons o f G , and a m axim al tr e e  is  a spanning 

tr e e  o f G . A  sn»” »«ng; c o tree  o f G i s  a non-nu ll su b set S of E such that 

E -S  i s  a  spasming tr e e  o f G . A  non-nu ll su b set of a spanning co tree  of 

G is  ca lled  a  c o tree  o f  G . B G  i s  not connected,, then "tree" and "cotree"  

in the above sen ten ces  should b e  rep laced  by "forest"  and "co fo rest" , 

resp e c tiv e ly .

L et G={V, E) b e  a  graph. G'=(Vr , E r ) is  ca lled  a subgraph  

of G if  V* £  V, E* Q. E , and each  edge o f G* has the sam e ends as in G.

If G* i s  a subgraph o f G , w e a lso  sa y  that G i s  a supergraph of G'.

Two subgraphs o f G a r e  ed g e-d isjo in t i f  the edge se ts  have no com m on  

e lem en ts .
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If S i s  * su b set o f  E(G ), G*S is  th e subgraph o f G form ed by

the edge se t S and the ends o f  the m em b ers o f S in G. G«S is  ca lled  the 

reduction of G to  S . B y defin ition , i f  S = ^ , then V(G»S) = <̂ . Let S be a 

non-nu ll proper su b set o f E ( G ; S ,  S) denotes the num ber of com m on

We say  that G i s  n -con n ec dd >1 H  a  4  It is  obvious that G is

1-connected if and on ly  i f  i t  i s  connected . A connected graph is  

sep arab le  if  it  is  not 2 -con n ected . If G i s  not connected , G can be 

partitioned into its  m axim ally  connected  subgraphs, ca lled  the connected  

com ponents or  s im p ly  com ponents o f  G . S im ila r ly , a sep arab le  graph  

m ay be partitioned into m axim al 2 -con n ected  subgraphs ca lled  nonseparable  

com ponents.

E ven though are sh a ll u se  the above defin ition  of graph  

connectiv ity  throughout the d isser ta tio n , w e note a m ore standard  

defin ition of graph con nectiv ity  due to  W hitney fwh l] .  A ccording to 

h is defin ition , a graph G i s  n -con n ected  i f  G contains at le a s t  n+1 

v e r t ic e s  and the d e le tion  o f  any n-1 or  few er  v e r t ic e s  and th eir  incident 

edges resu lts  in a  connected  graph, and the connectiv ity  of G is  n if  G 

is  n -con n ected , but not (n+l)-connected . G enerally  the connectiv ity  of 

a graph in accord an ce w ith W hitney's d efin ition  i s  g rea ter  than that of

v e r t ic e s  of G*S and G «S. T utte 4 , t]  d efin es the connectiv ity  \_(G) of 

a graph G as  the le a s t  in teger  k , such  that ^ (G ;S , S)=k and m in (\S  ̂ , \S |)>  k,

w here If th ere  is  no

in teger  w hich s a t is f ie s  the above condition , then The

graphs with infin ite con n ectiv ity  a r e  shown in  F ig . 3. 2 for | e | 4 6 .
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Tutte connectiv ity . F o r  in sta n ce , 5-con n ected  graphs in  T utte's sen se  

cannot have p a ra lle l e d g e s , w h ereas W hitney's defin ition p erm its  

p a ra lle l ed g es.

A nother defin ition  o f graph connectiv ity  i s  that of Mac Lane

{Ma lj .  Let G b e  a graph, and G* he th e graph obtained from  G by

replacing a ll  its  m axim al d irec t paths by s in g le  e d g e s . Then the

connectivity of G in  Mac Lame's defin ition  is  equal to  the Whitney

connectivity of G '. T h erefo re , Mac L ane's connectiv ity  o f a graph is

never le s s  than that o f Tutte.

L et G=(V, E) h e  a  graph and S & £ . Let H.„ 1 ^ i ^ n, be

the com ponents o f the graph w hich r e su lts  fro m  the deletion  of edges

S in  G . Then w e define graph H by th e v e r te x  s e t  Y(H)= |H j, H ^ .. .

and edge s e t  E(H)=S. and th e  wads o f e  hE (H ) a r e  the com ponents

H_. H. which contain the ends o f e  in  G . The contraction  of G to  S, 
i* j ------------------

designated  by G x S ,  i s  defined  by G x  S-H »S. A c u t-se t  o f a graph G 

is  a su b set S o f E(G) su ch  that G x  S c o n s is ts  of two v e r t ic e s  and a ll  

its  edges a r e  in  p a r a lle l betw een  th e se  tw o v e r t ic e s . Thus a c u t-se t  

can a lso  be defined a s  a m in im al s e t  o f edges w hose d eletion  fro m  G 

in c r e a se s  the num ber o f compon en ts by on e. If the ed ges of a c u t-se t  

have a  com m on end in  G , then  w e c a l l  i t  a  s ta r  c u t-se t .

E xam ple 2 .1  L et G = (V, E ) b e  the graph in  F ig . 2 .1 . Let

s = h ' er V V V * u l  T = K* *10**1̂ * g*s "*i gxT
a re the graphs in  F ig . 2Jt and F ig . 2 .1 ,  r esp e c tiv e ly . T is  a star  

c u t-s e t  o f  G , but S i s  not a  c u t - s e t .



e l2

F igure 2. 1 Graph of Exam ple 2. 1

12

G x S G x  T

F igu re 2. 2 Graph of E xam ple 2. 1 F igu re 2 . 3 Graph o f E m nsp le  2 . 1
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Two graphs — E^) and are  said to be

isom orphic if there is  a on e-to -o n e  correspondence betw een and

V_, which p reserv es  the incidence re la tion s. G, and G , are hom eom orphic  
6  i '

if they can be made isom orphic with the other through a sequence of 

rep lacem ents of an edge by a s e r ie s  connection of ed ges. Two graphs 

a re  ca lled  2 -isom orp h ic  if they can be m ade isom orphic under 

repeated  applications of either or both of the follow ing operations:

(1) Separation of a separab le com ponent, and (2) When the graph co n s is ts  

of two ed ge-d isjo in t subgraphs having p r e c ise ly  two v er tice s  in com m on, 

the interchange of the v e r t ice s  of one of the subgraphs.

The follow ing two theorem s provide a characteriza tion  of 

2-con n ected  and 3-connected  graphs in term s of polygons or c u t-se ts .

T heorem  2.1 [Wh 4j Two graphs are 2 -isom orp h ic  if and only if 

th ere is  a on e-to -o n e  correspondence betw een the edges of the two 

graphs so  that polygons (c u t-se ts ) correspond to polygons (cu t-se ts ) .

F o r  3-connected  graphs, the word "2-isom orphic"  can be replaced  

by "isom orphic".

T heorem  2 .2  [wh 1̂  If a graph G is  3 -connected , then G is  

uniquely determ ined, w ithin isom orph ism , by its  polygons or c u t-se ts .

A graph G* is  said to be a dual of a graph G if there is  a 

o n e-to -o n e  correspondence betw een the edges of G and the edges of 

G*, such that a se t of edges in  G is  a polygon of G if and only if its  

corresponding se t  of edges in G* is  a c u t-se t  of G*. For a given
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graph G a dual of G, i f  one e x is t s ,  i s  not a lw ays unique. 

Exam ple 2 .2  C onsider the graph C * (V ,E )  shown in  F ig . 2 .4 .

in the plane without c ro ss in g  e d g es . A  plane graph f-{G) is  an  

em bedded graph of G in  the plane. A plane graph of a  connected  

graph d iv id es the plane into a  num ber o f a r e a s . T hese a r ea s  are  

ca lled  reg io n s, and the unbounded a rea  i s  the in fin ite  reg ion . The 

boundaries of the reg ion s a re  m esh es  and the outer m esh  corresponds  

to the infinite reg ion . A  m esh  o f  a  dual graph i s  ca lled  a  com esh

A graph G is  sa id  to  be planar if  it  can be drawn or embedded

of G.

The follow ing p rop erties  o f  planar graphs, b asic  in graph

theory, a re  sta ted  without proof:

T heorem  2 . 3

(a) A graph i s  planar i f  and only i f  i t  has a  dual ^Wh 2^.

(b) If G* is  a  dual o f  a  connected graph G, then G is  a

(c) A  connected  planar graph can be em bedded in the plane

so  that any given region  i s  the in fin ite  reg ion  jwh 2 | .

(d) If * i s  a  dual o f  G, then G j* i s  a  dual of G if  and

(f) A 3-conn ected  planar graph h as a  unique s e t  of m esh es |M a 1J.
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F igure 2. 4 Graph of Exam ple 2. 2

e 51

e 6e 6

G* G I

F igure 2. 5 Graphs of E xam ple 2. 2
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2 .2  MATROIDS

A m atroid m ay be defined as  an axiom atic sy stem  which  

a b stra cts  b asic  prop erties of a graph.

Let C be a c la s s  of non-null su b sets of a fin ite se t E.

Then a m atroid  M =  (Cf E) is  defined on the se t  E if the follow ing  

two ax iom s are  sa tisfied :

A xiom  I No m em ber of C contains a m em ber of C as a 

proper subset.

A xiom  II If C j,C 2 t C ,  efeCj C\ C2> and e'feC j - C2> then 

there ex ists  a m em ber £ C  such that 

e ’ ^ C j C C i  U C2 - {e} .

The m em b ers of E and C are  referred  to a s c e l ls  and c ircu its  of M, 

resp ec tiv e ly . T hree other equivalent ch aracteriza tion s of a m atroid  

a re  given by Whitney in term s of "independence sets" , "bases" , and 

"rank" (wh 0 .

A subset S of E is  independent if  S contains no c ircu it  

of M; o th erw ise , S is  dependent. A m axim al independent su b set of 

E is  ca lled  a base of M. If G is  a graph and T̂  and T2 are spanning 

tr e e s  of G, then for any e j £ Tj there ex ists  e2 £ T2 such that (T j-  

U ê2J is  a  spanning tree  o f G. This a lso  holds for b ases  of m atro id s.

Theorem  2. 4 L et and B2 be b a se s  of M. If e^6 Bj, then there  

e x is ts  e2 € B2 such that (B  ̂ - |e ^  ) U je2j is  a base of M .

This property of b a ses  is  ca lled  the exchange property of



b a ses  of a m atroid . F rom  this theorem  it  fo llow s that:

T heorem  2. 5 If and B£ a re  b a ses  o f M, then M - W  - 

P ro o f. Suppose the theorem  does not hold for  som e p a irs  of b a se s . 

C hoose a pair of such b a ses  Bj and B^ so  that |B j -  B ^  is  m inim um . 

L et B  ̂ - B2= \ el ’ e^, • . . ,  e ^  . By h yp oth esis, k + 0 . S in ce  Bj and B^ 

a re  b a ses , by Theorem  1. 4 th ere e x is ts  e j€  B^ such that 

B,1 =  (B1 - | e j  ) U je'J  is  a base of M. If then BJ -  ^ej is  a

b ase , which is  a contradiction , s in ce  a  b ase  i s  a  m axim ally  independent 

se t . T herefore e^

Bj - B2« ^ e 2  e fcJ . This is  contrary  to  \B j -  being m inim um .

Thus the th eorem  f o l lo w s .I

The card inality  of a b a se  is  an invarian t and i s  ca lled  the 

rank of M denoted by r (M). The nullity  o f M i s  defined by 

JtfM )=(E |- r(M).

Two su b sets  S and T of E a r e  sa id  to be orthogonal if  

|S  f\ t |  1. L et C* be the c la s s  o f non-null m in im al m em b ers of 

the power se t  of E which a re  orthogonal to ev ery  m em b er of C.

Then M* s  (C*, E) sa t is f ie s  the m atroid  ax io m s, and is  ca lled  the 

dual m atroid  of M.

T heorem  2 .6

The c irc u its  and b a ses  of a re  ca lled  c o c ir c u its  and co b a ses  of M. 

C obases a re  rela ted  to b a se s  of M a s  spanning  c o tr e e s  a r e  re la ted  to
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spanning tr e e s  in graphs.

Theorem  2 . 7 A su b set B of E is  a  b ase  o f M if  and only iff E -  B  

is  a b ase  of M".

We shall now define w heel, w hirl, and binom ial srantroids,, 

which a re  e sse n tia l for our d iscu ssio n  in Chapter t>.

The w heel graph of order n, denoted by W# , i s  a  graph  

with n + 1 v e r t ic e s  and 2n ed g es . The outer polygon form s the r im  

and c o n s is ts  of n ed ges and n v e r t ic e s  connected in  a  c lo se d  path.

Each of th ese  v e r t ice s  is  joined by a  s in g le  edge (spoke) to  the Bwdb 

vertex  a t the cen ter . L et Cq c o n s is t  of a ll  the polygons off (the w h eel 

graph of order n. Then E) is  ca lled  a  w heel rnatroid w h ere

E is  the edge se t of Wq.

Suppose C is  obtained from  the polygons off W by deleting; — rn n

the polygon of the r im  and by adding a s  polygons a l l  the s e t s  form ed  by 

the union of the rim  and a s in g le  spoke. W n *< C rm, E | s a t is f ie s  the  

m atroid  ax iom s and is  ca lled  a w hirl m atroid

Two m atroid s M s ( C  , E ) and M _=(C  , E 1) a r e  ca lled  
“̂ 1 1 *** **2 2

isom orphic if  there e x is ts  a o n e-to -o n e  mapping f off E  ̂ onto E^ 

such that C is  a c ircu it of if  and only if  f(C) i s  a  circwat off

L et E be a s e t  w ith n e lem en ts . The c la s s  off c ircw its

is  the c la s s  o f a ll  su b sets  of E with k e lem en ts .
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has been ca lled  a binom ial m atroid  by W einberg |W e 3] because of its  

relation  to the binom ial co effic ien ts .
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2 -3  CCWVTRACTIONS AND REDUCTIONS

Let M s  (C, E) be a  m atroid  and S CE. D efine C x  S =

| c  | C 4: and C C s } .  The c la s s  Cl x  S sa t is f ie s  the m atroid ax iom s,

the m atroid  M x  S — (C x  S, S) i s  ca lled  the contraction of to S. 

L et O S  be the c la s s  o f non-null m in im al in tersec tio n s  of the m em b ers  

of C w ith S. Then M«S s  ( O S ,  S) i s  a  m atroid ca lled  the reduction of 

M la  S-

Tutte {Tu i ]  has proved the follow ing id en tities for contractions  

am i reductions of m atroids.

Theorem  2 . 8 Let T C S  ^ E .

(a) x  S

(bt (M x  S

(c) (3d x  S) x  T =  M x  T

(d) (M «S)-T  =  M -  T

(e) (M • S) x  T S (M x  (E -  (S -  T) ) )« T

(f) (M x S )* T  *  (M • (E -  (S -  T) ) ) x  T

A  m atroid o f the form  (M*S) x T is  ca lled  a m inor of M.

B y T heorem  2 .$  (e), (M x  S )* T  i s  a ls o  a  m inor of M. The next 

theorem  resu lts  from  T heorem  2 . 8 .

T heorem  2. 9

(a) E very m inor o f a  m inor of M is  a m inor of M.

(b) The m in ors o f M* a r e  the duals of the m inors of M.
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We have stated that m atro id s a re  a  gen era lisa tion  o f graphs. 

We now m ake th is statem ent p r e c ise  by showing that with ev ery  graph 

we m ay a sso c ia te  two m atro id s, each unique for its  type. L et C * (V , E) 

be a graph and C p  be the c la s s  of polygons o f G. The sy stem  P (G )»  

(C p, E) sa t is f ie s  the m atroid ax iom s and is  ca lled  d ie  polygon m atroid  

of G. The dual of P(G) is  the bond m atroid of G, denoted by 15(G), 

and the c ircu its  of B(G) are  the c u t-se ts  of G. F rom  T heorem s 2 .1 ,

2. 3(d), and 2. 6 , we can sta te  the follow ing theorem :

T heorem  2.10 Let G be a planar graph and G* its  dual graph. Then  

B(G )= P*(G) =  P (G * )=  B*(G*).

A m atroid M is  ca lled  graphic or cographic i f  th ere  is  a  

graph such that M = B(G) or P(G), re sp ec tiv e ly . If M is  both graphic 

and cographic, then M is  planar and there e x is ts  a  planar graph G 

so  that M = B (G )=  P(G*).

C ontractions and reductions in graphs a r e  sim ply  rela ted  to  

m atroid  contractions and reductions.

T heorem  2.11 Let G = (V ,E ) be a graph and le t  S ^ E .  Then

(a) P(G • S) =  P(G) x  S, P(G x  S) = P (G ) • S

(b) B (G «S) =  B(G )- S, B(G x S) =  B(G) x  S

P ro o f.

(a) The f ir s t  part o f (a) fo llow s from  the defin ition . We w ill  

prove the second part of (a). Let H ., 1 i  i  <  n, be die com ponents of
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the graph which is  obtained from  G by the deletion  of the ed ges in  S .

Let P  be a polygon of G x  S. If one edge in P  i s  incident with two

v e r t ic e s , v and v_, of a com ponent, H ., then P  is  a loop o f G x  S,
1 2 i

and P U P .  is  a polygon of G, w here P. is  a path of H. w ith Vj and

v as  its  ends. S ince (P U P^) fl S * P  c o n s ists  of a s in g le  e lem en t,

P  is  a c ircu it of J?(G) • S. If |P | ^ 2 , each  edge in P  is  incident with

two d istin ct com ponents, each of which contains no m ore than two

d istin ct ends of P . L et H . H  , , be com ponents
MU i(2) i(j)

containing two d istin ct ends of the edges in P. S ince H , 1 ^  k < j ,1\K|

a re  connected, we can find a path P, of H , w hose ends a r e  th ose
k i(k)

d istin ct ends of the edges. C learly , C = P  U P . , , ,  U . . . .  U P .. . .  is
i(l) i(j)

a polygon of G, and C fl S =*P. If P ' C P  for som e c ircu it P ’ of

JP(G)»S, there e x is ts  a polygon C 1 of G such that P ’ = C ’r \S . S ince

the ends in G of the edges in P are  a lso  ends of the edges in  P , we

can deform  som e paths in H , 1 4  k (  i, so  that P .,,  , s C ’f \ E  ( H . „ l .i(k) i(k) *(k)

This deform ation resu lts  in C 'C C . This contrad icts the fact that C" 

and C are polygons of G. Thus P  is  a c ircu it of PJG) • S.

Suppose P  is  a c ircu it of P_(G) • S. Then th ere e x is ts  a 

polygon C of G such that P = C /1 S . By the defin ition  o f con traction s,

C fl S is  an ed ge-d isjo in t union of polygons of G x S. If P  i s  one of 

the polygons of G x  S in C fl S, then we can construct, a s  above, a 

polygon of G containing P  and can show P  is  a  c ircu it of P(G) •  S .

By A xiom  I, P contains only one polygon. H ence, P  is  a polygon of 

G x S.
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(b) By part (a) and by Theorem  2 .8 ,  IS (G *S )»^ P  (G*Sli^ * 

=  [P (G) x S] *_P*(G ) .  S =B(G ) - S, and B(G x S )= £ p  (G x  S ) ]  *

= jp  (G) • s j *  =  P*(G) x S =  B/G) x |

A ccording to Theorem  2 .1 , if  the polygon m atroids of two 

graphs a re  isom orp h ic, then the graphs a re  2 -isom orp h ic . Thus 

m atroid isom orp h ism  does not co incide w ith graph isom orp h ism .

Exam ple 2. 3 L et Ĝ  and G^ be the graphs in F ig . 2 .6 .  Although

P(G ) = . P(G ), the two graphs are  not isom orphic .
“  1 2
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e 4

G
1

e 6

G

F igure 2. 6 Graphs of Exam ple 2. 3
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2 .4  c o n n e c t i v i t y  o f  m a t r o i d s

WMttmey"s rank fiumetiiotts ^Th 53 play an im portant ro le in  

defining ooanaae-citixitT o f nnattroids. T herefore, we su m m arize  form ulas  

on rank fnmetiwans in  tike next th eorem  and w ill refer  to them  often.

T heorem  2 . H2 ILett M»((C,.E)i be a m atroid and S .T C E .

(fa) r«MB *  *  r(M *)

«bB iH(M)HhJ|J[M))*|E|

M  r P 2  x  SB -jf* r |M  «S> = r |M ) ,  Jl((M x S) +^A(M • S )= j^ (M )  

fd) M(M X IS HT TB ) *  r(M x  (Sf|T ) ) $  r(M  x S) +  r(M x T)

P roof.

IfaB and <b> fo llow  im m ediately  from  the defin ition .

((<cB %  and B § be b a se s  of M x  S and M* S, resp ectiv e ly .

Jt(M x  #S UT TB B +  J 4(M x (SO T) ) tyfM  x S) + J^(M x T).

We shcrr B =  B HI 5W is  a base o f M. B i s  obviously independent inS

M. We show ttifaatt B IT ê  ̂ contains a circu it of M for every  e € E - B. 

If e £  S , B 0  H 3  Bg. HT ■|e|- ) contains a c ircu it of M x  S. Now

suppose e € E  -  S and e  ^  B^. ILet be a c ircu it of M such that

is  m inim um .

then th ere e x is ts  a c ircu it C of M such

-  { e ^  . Then -  B$ B A  s \  < -  Bg ) C\s\ . T his is  a

contradiction, and hence e f  C C B  U B— U i e  V . C onsequently, B
I S  S 1 J
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is  a base of M . The second part of (c) fo llow s from  the f ir s t  part, of (c) 

and (a).

(d) L et B' be a base of M x  (S O T). C hoose a base B of 

M x (S U T) so  that B 1 C  B . Then B A S  and B A T  are  independent in 

M x S and M x T, resp ec tiv e ly . r(M x (S U T)) r(M (S A T )) = JbJ +■

|B '| = |B 0  S\ +  \b C\t\ $ r(M x S) 4- r(M x T). The second part of (d)

is  obtained from  the f ir s t  part of (d) and (b ) .^

L et Ms(C , E) be a m atroid and S C E .  D efine a function  

^ (M ;S ,S ) on the su b sets  of E by ^ (M;S, S) = - r(M) 4- r(M x S )  +  

r(M x S) 1- 1. From  Theorem  2 . 12 the follow ing relations a r e  proved:

T heorem  2 . 13 L et S 0. E . Then

J (M ;S ,S ) =  r(M x  S) -  r(M*S) +  l

= - \S\ +- r(M x  S) 4- r(M* x S )  f l  

=  j*(M) -  J4(M  x S) -  JIM  x S) + 1

=^(M*S) -  ja (M  x  S) 4- 1 

= | s |  -  J j t fM x S ) -  JU(M* x S) 4-1 .

L et S and S =  E -S  be non-null com plem entary su b sets  of E . 

TuttejTu 8 j d efin es the connectivity  >^JM) of a m atroid  M =(C  , E) a s  the 

le a s t  in teger k over a l l  non-null proper su b sets  S such that ^(M;S, S) =  

k and m in( | s | , ( s | )  > k. If th ere is  no such in teger , then }JM )=  OO . 

M atroid M is  n -con nected  if 1 ^ n $  ^_(M), and M is  connected if  

/^_(M) ^  2: o th erw ise  M is  sep arab le.
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The connected com ponents of a sep arab le  m atroid  a r e  the m axim al 

connected m inors of M.

F rom  T heorem  2. 13 the connectivity  of the dual m atroid is  

equal to that of the orig in a l m atroid .

T heorem  2 . 14 7yJM*) = \ ( M ) .

Tutte (Tu 8] has proved that if  a graph G is  connected, then 

the m atroid  connectivity  is  equal to the graph connectiv ity . Thus w e  

can develop a unified connectiv ity  theory of graphs and m atro id s.

T heorem  2 .1 5  |j u  8} If a graph G is  connected, then (G))s=^(B(G)) 

=  ^_(G). If a graph is  not connected and contains no iso la ted  v e r t ic e s ,  

then > J P (G )) = \ ( B ( G ) )  *  1 and \ ( G )  =  0.

If a  graph contains an iso la ted  vertex , certa in ly  the connectivity of the 

graph is  0 . H ow ever, the connectiv ity  of the polygon m atroid can be 

any p o sitiv e  in teger .

E xam ple 2 . 4 Let G = (V, E) be the graph shown in  F ig . 2 . 7. Let 

S =  ^ ej, e ^  and S=^e4 , e ^  . C learly  >|jG;S, S) *  0 s in ce  G«S and 

G*S have no com m on v ertex . H ow ever, ^ (P (G );S ,S ) =  -  r(P (G )) +• 

r(P (G ) x S ) f  r(P (G ) x S) +  1 =  -  r(P (G )) 4- r(P(G -S)) +  r(P  (G ^)) +  

1 *  - 3 + 2  + 1 + 1  =  1. A ccord in gly , \ ( G )  =  0 and \ J P ( G ) ) =  1.



27

e

e

F igu re 2. 7 Graph G of E xam ple 2. 4
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T rip ly-conn ected  m atroids a re  of particular in tere st to

us s in ce  they w ill provide a characteriza tion  for  grap h -rea lizab le  

m atroids in Chapter 4. L et M =  (C, E) be 3-connected  and e £ E.

If neither M x (E - |e ^  ) nor M • (E - ^ e} ) is  3-connected , then 

e is  ca lled  an e sse n tia l c e ll  of M. The follow ing theorem  on e sse n tia l

T heorem  2.1b Each c e ll  of a 3-connected  m atroid M is  e sse n tia l  

if  and only if M is  a w heel or a w hirl m atroid.

can uniquely determ ine the m atroid M.

T heorem  2.17 Let M s ( C , E) be connected and e € E. Then the 

s e t  of a ll  c ircu its  containing e uniquely d eterm ines M.

A ccording to this theorem , the condition for isom orp h ism  

of m atroids may be weakened a s  fo llo w s:

Theorem  2.18 Let M = ( C , ,E  ) and M =  (C , E ) be connected and 
  - 1  - 1  1 - 2 - 2  2

e £  E . Then M is  isom orp h ic  to M if  and only if there e x is ts  a 1 1 2

o n e-to -o n e  mapping f of E onto E , such that C is  a c ircu it of M.
1 “

containing e if and only if  f(C) is  a c ircu it of M containing f(e).
—** c*

c e lls  w as proved by Tutte

Let M =  (C, E) be a m atroid . When M is  connected, a s  

_,e fl proved, a ll c ircu its  containing a fixed elem en t of E
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2 . 5 BINARY MATROIDS AND GRAPH REALIZABILITY

In a graph, the in tersectio n  of any polygon (circu it) and 

c u t-se t  (cocircu it) has even  card inality . H ow ever, not every  m atroid  

has this property. C onsider the m atroid M -= (C, E) defined by 

E = ^ l,2 ,  3 ,4 ^  and C^s*^123, 124, 134, 234^  . This m atroid is  s e l f ­

dual, that is ,  M*ae M, and c lea r ly  the even  cardinality  property does  

not hold. If for every  and C* € C*, |C O  = even , then

a m atroid  M is  ca lled  b in ary . F rom  the sym m etry  of the binary 

condition, w e have:

T heorem  2.19

(a) M is  binary if and only if M* is  binary.

(b) A m inor of a binary m atroid is  binary.

Even though general binary m atroids a re  not graph rea lizab le , 

they have many graph-theoretic  p ro p er tie s . The follow ing ch aracterization  

of binary m atroid s is  often usefu l.

T heorem  2 .2 0  M is  binary if and only if any sym m etric  d ifference of 

c irc u its  is  a d isjo in t union of c ircu its  of M.

In this theorem , by the sym m etr ic  d ifference of A and B 

w e m ean A ® B  =  A U B • A f l B .  This operation is  a sso c ia tiv e  and 

com m utative.

L et B be a b ase  of M =  (Ĉ , E). If e £ E  - B, B U -£e^
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contains a  unique c ircu it of M ca lled  the fundam ental c ircu it determ ined  

by B and e . Then the third characteriza tion  of binary m atroids may 

be stated  in term s of fundam ental cu rcu its .

Theorem  2. 21 M is  binary if  and only if , for any base B and

c ircu it C of M, if  e ,, e^ e, a re  the m em b ers of C - B, then
—  1 2  k

C =  C ©  C ) ©  . . . .  ®  C. , where C is the fundamental circuit 1 2 k i

determ ined  by B and e ..

The concept of binary m atroids w as f ir s t  introduced by 

Whitney ^Afh iQ a s  a m atroid  a sso c ia ted  with m a tr ices  w hose e lem en ts  

a re  0 or 1. The (0,1) m a tr ices  a re  ex trem ely  im portant in their  

application  to sc ie n c e  and engineering. A pplications of binary m atroids  

have been  m ade in  gen era lized  networks ^Br 1, Na Q  . lin ear  program ­

m ing and network flow  problem s \b a  1, Mi a  , and gam e theory | L e l ] ,  

and som e resea rch  on binary m atroid s has been d irected  to graph 

rea liza b ility  [Tu 4, We b] and genera lization  of graph th eorem s jw e  fQ.

A  binary m atroid  c lo se ly  rela ted  to graph rea liza b ility  is  

the Fano m atroid  [Tu b, Ve l j  . This m atroid  M =  (C, E) c o n s is ts  of 

seven  c e l l s  and sev en  c ircu its: E » |e j ,  e^, . . .  , e^} and C *|Je^  e^, e^, e ^

Xe , e , e , e I , Xe , e , e , , e \  , Xe , e , e , e I , ie , e , e , e I ,
1  2 5 b 7 J l 3 4 o 7 * t l 2 4  6 J l l 3 5 b *

{e . .  e  , e  , e  \  , Xe » e » © » e * The dual of a Fano m atroid is  ca lled  
2 3 4 5J l l  2 3 lij

a heptahedron m atro id , and th ese  two m atroids a re  a sso c ia ted  w ith the 

fo llow ing binary m a tr ice s:



31
Fano Heptahedron

1 0 0 1 1 0 T i 0 1 1 0 0 o”
0 1 0 0 1 1 i i 1 0 0 1 0 0
0_ 0 1 1 0 1 i 0 1 1 0 0 1 0

1 1 1 0 0 0 1

If a binary m atroid M contains neither Fano nor heptahedron  

m atroids as m in ors, M is  said  to be regu lar. T hese m atroids are  

not graph rea lizab le  [Tu 6] . T h erefore it  is  n e cessa ry , i f  M is  to 

be rea lizab le  a s  a graph, that M not contain e ith er  of th ese  m atroids 

a s  a m inor. A se t  of n e c e ssa ry  and su ffic ien t conditions for graph- 

rea liza b ility  that contains this condition fo llow s.

T heorem  2 .2 2  [T u b ] A m atroid  is  graphic (cographic) i f  and only if

it  is  regu lar and contains as a m inor neither P(K,-), (B(K^) ) nor

P (K , , )  (B(K ) ), w here K is  the com plete graph on five  v e r t ice s ,31 3 ^  3)3  5

and K is  the com plete bipartite graph on (3, 3) v e r t ic e s .
3, 3

A nother graph rea liza b ility  condition has been obtained by 

W elsh a s  a gen era lization  of M acL ane's theorem  on graph planarity.

A fam ily  of c ircu its  is  sa id  to be com plete if  it  is  a b a sis  of the vector  

sp ace  of c ircu its  modulo 2. It is  2 -co m p lete  i f  it  is  com plete and no 

e lem en t of E l ie s  in m ore than two of the c irc u its . A s im ila r  

defin ition  holds for c o c ir c u its . W elsh sta tes  the follow ing theorem ;

T heorem  2 .2 3  Jwe 6]  A m atroid M is  graphic (cographic) if  and 

only if  it  is  binary and has a 2 -co m p lete  fam ily  of c ircu its  (co c ircu its).
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CHAPTER 3 CONNECTIVITY OF MATROIDS

3. 1 MAXIMUM VALUE OF CONNECTIVITY FUNCTION

Though a procedure for determ ining connectiv ity  of m atroids  

i s  needed because  it  would have in terestin g  app lications, at p resen t  

th ere  e x is ts  no e ffic ien t a lgorith m  for accom plish ing th is , excep t for  

sep arab le  m atro id s.

If a m atroid M =(C, E) is  sep arab le , then its  connected  

com ponents can be e a s ily  determ ined by consideration  of th e c ircu its  

of M. L et e be a fixed  m em ber of E . Then the union S o f a l l  the c irc u its  

of M containing e  is  a connected com ponent of M. If S sE , then M is  

connected; o th erw ise , M is  sep arab le . If S$E, ch oose  another e lem en t  

e' € E -S  and find a ll  the c ircu its  containing e ', w hose union y ie ld s  S ', 

a second connected com ponent of M. We now ch oose  e ” t  E -(S  U S') 

and repeat th is p ro cess ; w e continue it until a ll the e lem en ts o f E  a re  

exhausted , that i s ,  E -(S  U S' U S "  U . . . )  i s  null. At each  step  of the  

p r o c e ss  a m axim ally  connected m inor of M w ill be determ ined .

F or a n on -sep arab le  m atroid , a d irect ca lcu lation  o f ^j[M) 

req u ires in the m ost ex trem e c a se  2r or 2^  com putations o f the ranks 

of m in o rs , w here r and j l  a re  rank and nu llity  of M. H ow ever, s in ce

\ ( M ) ^  m ax Y(M ;S, S) for a m atroid  of fin ite -co n n ectiv ity , i t  m ight 
S C E  y

be u sefu l to  determ ine the m axim um  value of a connectivity  function ^  .

A tr iv ia l upper bound of ^  is  obtained from  the defin ition  of 

«\ connectiv ity  function.



33

T heorem  3. 1 Max ^(M;S, S) =min(r(M) + 1, + 1 ) .

P roof. ^ (M;S, S) = - r(M) + r(M x S) + r(M x S) + 1

^ - r(M) + r(M ) + r(M) + 1 4 r(M) + 1, 

and J  (M;S, S) = J^(M) - )*(M x S) - jjtfM x  S) + 1 

4jJL(M ) - 0 - 0 + 1 S JUC(M) + 1. H

Even though m ax £  (M;S, S) 4  n, w here n is an in teger, it 
S — E

does not m ean ^_(M) n. F or fin ite  connectiv ity , the condition  

m in ([s [ , |s |)  ^ ^(M;S, S) m ust be sa tis fied . The c la ss  of m atroids 

which do not sa tis fy  th is condition, that is  the c la ss  of m atroids with  

in fin ite  connectiv ity , has been found and w ill be d isc u sse d  in the next 

section .

Now we sh a ll find the m axim um  value of ^(M ;S, S) for a given  

m atroid  M. L et B and B be b a ses  of M. Then the d istan ce betw een

B^ and B^ is  defined by d ( B ® 2 =̂l^ l" ^ 2l = ^ z " ^ l l  * ^  Pa*r ^ a ses

which have the m axim um  distance a re  ca lled  m axim ally  distant b a s e s . 

The concept of m axim ally  distant b a se s  w as f ir s t  introduced by K ishi 

and K ajitanijk i 1, 2J in graph theory with an application to a partition  

of graphs. Bruno and W einbergjBr ^ g en era lized  the concept and 

applied it to a m atroid partition . H ere we give another application of 

m axim ally  distant b a se s .

L em m a 3. 1 L et B j and B^ be m axim ally  distant b a se s  of M. Then 

r(M x  (E -B 1))=r(M x (E -B 2))=dQ, 

w here dQ = |B 1-B 2 |.
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P roof, S in ce  B^-B^ C  E -B ^ , B^-B^ is  an independent se t  of M x (E-B  

If B^-B^ i s  not a b a se  of M x  (E -B ^), w e can find e 6 E-B^ such that 

e  ^  B^ and ^ej U (B ^ -B j) is  independent in M x (E -B j) . B 2 u  V i  

contains a c ircu it C € C sa tisfy in g  e € C  and C H Bj^^>, b ecau se  if 

C H B j= <|> , then C C fB ^ -B j)  U ^e^ , which is  a contradiction . Let 

e* £  C O B j. D efine B£ ^(B^- {e'^ ) U ^e^ . B^ is  c lea r ly  a b ase  of M. 

Then |B 1-B ^ |= |B l -((B 2-  \f')) U { e j  )\ = \B r B 2 \ + l=dQ + 1. T h erefore, 

B j and B^ a re  not m axim ally  d istant, which is  contrary to the hypothesis  

Thus B^-B^ is  a b a se  of M x  (E -B j) . With a s im ila r  argum ent B j-B ^  

i s  a  b ase  o f M x  (E -B ^). C onsequently, w e have r(M x (E -B j))=  

r(M x  (E -B 2) H B 2 - B 1| . | B 1-B 2 | .d 0 . |

T heorem  3, 2 M ax ^(M ;S,S)=dQ + 1, w here dQ = |B j-B 2| and B j , B 2 
S c E  ^

a r e  m axim ally  d istant b a se s  of M.

P ro o f. L et S be any su b set of E , and B g, B g be b a ses  of M x S  and 

M x S ,  re sp e c tiv e ly . Suppose B ' and B* are  b a ses  of M such that 

B |3 B g  and B | , 2  B g . Then

J(M ;S, S) = -  r(M) + r(M x  S) + r(M x S) + 1 

=  -  r(M) + \B S | + |B g (+  1 

=  -  r(M) + |BS U B - l + 1  

r(M) + |B» U B ' | +  1
Ct

= - r ( M ) t | B i | + iB i-B ^I + 1

~lBi‘Bil + 1 4  do + *•
If B and B a r e  m axim ally  distant b a se s , then by Lem m a 3. 1, we have 

& £
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= - r(M) + r(M x B j )  + r(M x B j )  + l 

=r(M x B j )  + l=dQ + 1.

T h erefore , ®) = + B

Since we know an e ffic ien t a lgorithm  for finding a pair of 

m axim ally  distant b a ses  [Br 3^, the m axim um  value of a connectivity  

function can be ea s ily  determ ined.

Exam ple 3. 1 Let G be the graph given in F ig . 3. 1, and M=F[G).

A pair  of m axim ally  distant b a se s  of M are

M v v  v  e7- si • v lv  v  v  v  eiô •
In addition, m in(r(M ) + 1,^|(M ) + l)=m in(6 , 6)=6 . H ow ever,

m ax ^(M ;S, S)=d + 1 = 3 + 1=4.
S £ E ; "  0

In concluding th is section  we p ropose one p rob lem  related  

to a connectivity  function. Let M=(C, E) be a m atroid  and B a b ase  of M« 

The follow ing question  a r is e s  in applications: what is  the m inim um  

value of r(M  x  B) for a ll the b a ses  B of M? Since B) =r(M x B)

+ 1, th is prob lem  is  equivalent to finding the value of ^min ^(M ;S, S). 

The corresponding graph theory problem  is  ca lled  the cen tral tr e e  

problem : given  any connected graph G, what is  the m inim um  rank of 

spanning co trees  of G? T his problem  is  unsolved , and at p resen t th ere  

e x is ts  no effic ien t a lgorithm  for finding a spanning tr e e  which sa tis f ie s  

the above condition.
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e 1

e6e

F igu re 3. 1 Graph G of Exam ple 3. 1
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3. 2 MATROIDS OF INFINITE CONNECTIVITY

In T heorem  3. 2 we found the m axim um  value of a connectivity  

function. For a fin ite -con n ectiv ity  m atroid the connectivity  is  never  

g rea ter  than th is value. H ow ever, th ere are  m atroid s with infinite  

connectiv ity . C onsider the follow ing exam ple: M=(C, E) is  a m atroid  

defined by E =^e ̂ , e ^  and C ={e .̂ By the defin ition of connectiv ity , 

the only p o ss ib le  partition  of E is  S = |e^  and S = ^ e^ . H ow ever,

^(M ;S, S)=  - r(M) + r(M x  S) + r(M x  S) + 1 

= - 1  + 1 + 1 + 1 =2 , 

and m in (|s | , |sj)=l. T herefore th is m atroid does not sa tis fy  the condition  

of fin ite -co n n ectiv ity , and we then say, 00 .

In the follow ing th eorem  we show that the c la s s  of m atroids  

of in fin ite  connectiv ity  are  binom ial m atroid s.

T heorem  3. 3 L et M=(C,  E) be a m atroid  and \ e \  =n. If \(M )=  cx> 

and |E | > 2, then M = , w here 2 r - l > n j 2 r - 3 .  For \ e |  =1, M

jMq, or jM j.

In the above th eorem  if  |E | =n is  odd, then th ere are  two 

p o ss ib le  m atro id s, M =nM (n+ i ) / 2 anc* n ^ (n + 3) / 2' w^erea s  i* n even, 

th ere  is  only one, nam ely , nM(n+2) / 2 *

P roof. If n=l ,  the th eorem  is  obvious. F or  n £  2 we con sid er  the two 

c a se s  of n even and odd.

C ase 1. n=2k, w here k £  1.

Without lo s s  of g en era lity , we can assu m e |S| $k. F ir s t  w e show that
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ev ery  se t  con sistin g  of k e lem en ts i s  independent in M. Suppose a 

su b set S of E contains k e lem en ts and is  dependent in M. S ince M x S  

contains a c ircu it of M, r(M x  S) 4 \ S \  - 1.

J(M;S, S) = -  r(M) + r(M x S) + r(M x S) + 1 

r(M) + \S \ - 1 + r(M x S) + 1 

= |S l - r(M) + r(M  x  S) ^ \S\ =k, 

and m in (\S |,lS l)= k . T herefore ^(M ) ^ k, which is  contrary to the

h yp oth esis. Thus every  su b set of E con sistin g  of k e lem en ts is

independent in  M and hence, r(M) > k.

Now suppose r(M) > k 4- 1. Then for any su b set S of E we 

have ^(M;S, S) = - r(M) + r(M x S) + r(M x  S) + 1

4 - (k +  l)  + \S \ + \ S l +  l=k.

If w e again  ch oose  S so  that | S\ = lsl=k, then ^JM) 4  k, which is  once

m ore  a contradiction . Thus, r(M)=k for^JM )= . C onsequently,

w e have M ^ jk  — k+1 00 •

C ase  2. n=2k 4-1,  w here k >  1.

A s in C ase  1 w e can show that ev ery  su bset of E con sistin g  of k e lem en ts  

i s  independent in  M. Suppose th ere  e x ists  a dependent s e t  S of M 

co n sistin g  of k 4- 1 e lem en ts of E . S ince |s)=k 4 1 and\s|=k , S is  

independent in M. If r(M) ^  k 4- 1, then

^(M ;S. S) = -  r(M) + r(M x  S) 4- r(M x S) + 1 

( * ( k 4 l ) 4 k 4 k 4  l=k, 

and m in( jS|,|s|)=k, which contrad icts ^ (M )- oo . Thus either r(M)=k 

or th ere  i s  no dependent s e t  co n sistin g  of k 4- 1 e lem en ts . If r(M)=k,
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then M ~ 2kM k+1 and .

Suppose a ll  the su b se ts  of E con sistin g  o f  k  + 1 d e n e d s  

are independent. If r(M) > k  + 2, then

J(M ;S ,S) ^ -  (k + 2) + \S l + l S \ +  l=k- 

If w e choose S so  that lS \  =k and |S  \ =k + 1, then \ (k O  ^  k* schich i s  

contrary to the h yp oth esis. Thus r(M)=k * 1 and th e corresponding  

m atroid  is  isom orp h ic  t o ^ ^ M ^ ,  and . C caseqiM fsdt,

the proof is  com p lete .

F rom  th is th eorem  w e can deduce th ese  r e su lts  fo r  graph  

rea liza b le  m atroids: if  \J G )=  o*> , then P(G>= jM j,, s M l*

or jM  j .  The sam e statem en t holds fo r  B(G). T he corresponding  

graphs a re  shown in F ig . 3. 2. We s e e  that th is  r e su lt  co in c id es  w ith  

that of Tutte for  graph connectiv ity  ̂ Tu 9^.



F igu re 3. 2 Graphs C orresponding to G raph-R ealizab le M atroids of 
Infinite C onnectivity, Where M atroids a re  C onsidered a s  
Polygon M atroids
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3 . 3 CO agJgBCTreU T O F  BJHSOKPtAJL M ATROIDS

Tbe sfcraacKBiire o£ n a jtm cl$  i s  exceedingly  sim p le

1ms beeai ToieirTed a® ofiten in  a r t ic le s  giving exam ples and counter - 

e n o f l e s .  Hass saaapftmcifty,, however* h as resu lted  in  a p o ss ib le  

o v ersig h t on th e danpaurtBaait ro le  p layed  by binom ial m atroids in  m atroid  

th eory . T h erefore , dt be w orthw hile to uncover m ore p rop erties

of binomial aamaroridts  ̂ In th e  £®Blo<wing th eorem  w e determ ine the

nmmUM of b nmm»mni»H lmtWfrirorticBs:-

Tbeorem 3 . 4  Tbe cunmectivitey o£ the binomial matroid rM r , n> r £ 0 ,

is given by;

f 1 far m > 2 and r=0.

r for n > 2r.

\« .sw*1m  for 2r - 1 > n ^ Zr - 3,
and for n=0* 1. 

m v 2 - r  for 2r - 4 ^ n*

Procf. Since the tfoenwrenm. is obvious for r=Q* we assume n 5 r £ 1.

LeSt S and S be cvuaâ ptoaamMtojry subsets of E* From. Theorem 2 . 1 3  we

have £ ( M iS. SS) = lift M 1 - iwft M x S) - U( M x S) + 1■J St-— ar n.-”- r  J/ n— r rt— r

=n - r +- 2  - Jitff x S) - n— r x ^

and A(S, SISaaaataf JjSft For convenience we use A for A(S, S).

Without loss of fymomllntty we assume 1 $ ||Sli=k ^ n/ 2  and \S 1 =n - k. 

Then Sty *at~r-lf2 -ftlk-r+- 1)̂  - ftn - k - r + 1)̂

aad A at - k)Wk*. where fti))̂  ~ i for i ^ 0 and 0 for i 2 0 .

Foot possible cases can be considered:
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(i) r 4 k 4 n - r,

(ii) r , n - r + 1 4 k,

(iii) k < r  - 1, n - r ,

(iv) n - r + 1 4 k 4 r -  1.

We sh a ll find the conditions for fin ite-connectiv ity: ^ 4 k.

C ase  (i). ^ = n - r  + 2 -  ( k - r  + l ) - ( n - k - r  + l ) = r 4  k

for fin ite -co n n ectiv ity . If 2 r {n , then ^ (M )= r .

C ase (ii) . S ince k=m in(rf n - r + 1)> n /2  + 1, by assum ption  

we do not have to  consider th is c a s e .

C ase  (ii i) . ^ = n - r  + 2 - ( n - k - r  + l ) = k +  1 4  k, which is  

a contradiction .

C ase (iv). ^  =n -  r + 2 (  k. F or r having fin ite

connectiv ity  it  m ust sa tis fy  the follow ing conditions: n -  r + 2 ^ r  - 1

and n - r  + 2 -4k 4 n/ 2 .  Thus we have n 4 2 r  - 4 and ^JM )=n - r + 2.

F rom  C ases (i) and (iv) w e obtain the condition for infin ite  

connectiv ity; X f n —r^= °° ôr  ^r - 1 ^ n £ 2r -  3. A ccordin gly , the 

th eorem  fo llo w s. |

The b inom ial m atroid s are  one of a v ery  few  c la s s e s  of m atroids  

w hose connectiv ity  is  com p lete ly  known. Another u se  of th is th eorem  

is  to  provide exam ples of m atroid s with p rescr ib ed  co n n ectiv ities .
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3. 4 REFERENCE TO WHEELS AND WHIRLS

L et M=(C, E ) b e a  3 -conn ected  m atroid . It i s  known that if  

ev ery  c e l l  o f M is  e sse n tia l, then M is  a  wh ee l o r  a  w hirl m atroid  

(T heorem  2. 16). If M contains a n o n -e ssen tia l c e l l  e„ then the rem oval 

of e by the reduction or contraction  o f M y ie ld s  again  a 3-connocted  

m atroid . Repeating th is  p r o c e s s , w e fin a lly  obtain a w heel or  a w hirl 

m atroid , or  n eith er. S ince the form er tw o m atro id s contain at le a s t  s ix  

c e l l s ,  our task  is  to  find the m atro id s w ith s ix  c e l l s  w hich contain a 

n o n -e ssen tia l c e l l .

Lem m a 3. 2 If a m atroid  M -(C. E) i s  3 -cou n ected , w here > 4 , then  

|c| > 3 for  ev ery  C £ C.

P ro o f. If 1 nas a  c ircu it con sistin g  o f a  s in g le  c e l l ,  then the  

connectivity  of M i s  one. Suppose M contains no c ircu it con sistin g  of 

a s in g le  c e l l ,  and le t  C=4e i* he a  c ircu it o f M . Then by T heorem  2. 13,

= .  l  + U j c l - 2,

and m in (|C |, |c|) = )C|=2, which con trad icts ^ 3. Thus th e lem m a

fo llo w s. |

T heorem  3. 5 If M=(C, E) i s  3-con n ected , w herej E| =4, then M3 ^ M j .  

P roof. L et E=^Cj, e ^ ,e ^ , e ^  . S in ce  M i s  3-con n ected  e v er y  c e l l  is  a 

m em ber of som e c irc u it , and E is  not a  c ircu it o f M; oth erw ise  M = 

and \( By L em m a 3 .2  without lo s s  of gen era lity , le t

Cj = | e j ,  e^, e ^ | and C2= ^ *|»e 2*e 4^  ^  c irc u its  o f M . B y A xiom  I t
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C 3~C j u  c 2 " = i e 2 'e 3 ' e4 V

C4=Cl u  C2 • {e 2i = ê l»*3»e4^ 

m em b ers of C. Hence 4M3. ^

Lem m a 3. 3 Let M=(C, E) be 3-connected, where \E\=5. If there exists

a c ircu it C of M such that | c |  =4, then M =

P roof. Let E= { e , , e _ , . . . .  eJV* Suppose C , i s  the only c ircu it of M~ ■ t 1 2 5 1

containing four c e l ls .  Then )c j = 3 for e v er y  C ($C j) (  C by Axiom I.

We sh a ll show a contradiction . L et C^ = e^, e^ , e ^ a n d  C^=

e ^  be c ircu its  of M. By A xiom  II and by Lemma 3 .2 ,  we may suppose

that CJj= {©2* e 3' e s \  or ^3 = { e 3* e 4 ' e s \  *s  a  ^  ^ 3  ^

then U C- ■ -je^  = ^e^, e ^  £  C by Lemma 3. 2. This

contradicts A xiom  I. Thus C’̂  t  C. Then M=(C, E ), where C= C^.

] is  a m atroid  of connectivity  2 s in ce

le i »e 2}»

= x i e I»e 2̂  * ~ x  \ e 3*% *e s \  * * 1

=2 -  0 -  1 + 1=2 ,

and m in( e^J * J ^ 3* e4 * e 5̂ J )=2 . This is contrary to the hypothesis. 

Since C has been chosen  without lo s s  of generality, M has at least two
fa

c ircu its  which contain four c e lls  of M.

L et C = 4e_, e , e , e \  be another circuit of M, and VCl =3
2 1 1 2 3 5* ^

for every  C(£C , C ) € C .  By Axiom II, we may suppose (e £  ) C ’ 
1 2  5 3

= ^e^, e , e ^  ( C  U - -je^ ) is  a member of C . Since U 

- = -̂ e ,̂ e^, e^, e ^  m u st contain a circuit which consists of three
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c e l l s ,  we choose C^= i e 2» e 4» e 5  ̂ without lo8S of g en era lity . C^U

- \  » e » e \  Q C by A xiom  II, which is  contrary to A xiom  I.
1 5) i  i 2 41 “

Now let C , C given above be c ircu its  of M, and C = je  , e ,
1 2 ~  3 L 1 2

e^, e^ } € C. By A xiom  II, U - ^e^  = ^e^, e 3> e^, e ^  contains a

c ircu it of M. Two c a se s  a re  to be considered: je  , e , e \  and 1e , e ,' ■ 3 4 5  4 3

e4 , e ^  . If C^= ê 3* e4» e 5^ £  £.» then = E ), w here

C'\, s a t is f ie s  the m atroid  axiom s and its  connectiv ity  is  tw o, which  
4*

is  contrary to the h yp othesis.

Let C4= je ^ , e^, e ^  e ^  £ C . B y A xiom  II U C4 - ^ e^  =

$ e . , e  , e  , e „ \  contains a c ircu it of M and hence, C c= le  , e , e  , e _ \  1 1 3  4 5* “  5 1 3 4 51

is  a c ircu it of M by A xiom  I. Then M=(C, E), w here C = C^ , . . . ,  *

is  a 3 -conn ected  m atroid  and is  isom orphic to 5M4 . S ince th ere is  no 

other subset con sistin g  of four c e l l s ,  the lem m a fo llo w s. V

Lem m a 3 .4  Let M=(C, E) be 3 -conn ected , w here \ e | =5. If th ere  is

a c ircu it of M consisting  of th ree c e l ls ,  then M = 5M3 •

P roof. Let E= $e , e _ , . . .  , e „ \  . By Lem m a 3. 3 |c\ = 3 for  every  C 6  C . 
---------  *» 1 2 5J
Let C = i e , e , e \ £ C .  Since M is  connected C m ust contain c ircu its  

1 I 1 2 3> “  “  ~

of the form s ^e^, e . ,  e ^  and ^e ,̂ e^, e ^  , w here e^, e j» ^  £  { e i '  e 2 ' e 3l  * 

Thus without lo s s  of genera lity  we m ay, by A xiom  II, suppose  

e 4> e ^  €  C. A lso  by A xiom  II, U = ^e^, e^, e4> e ^  contains

a c ircu it C^. Let C3= e^, e4 ^, m aintaining gen era lity . F rom  th ese

th ree  c ircu its  we can identify other m em b ers of C by A xiom  II.

< V c i u c 3 -  f r z W v  v
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V Cl ' , C 3 - W  = i e l ' V ' 4 1l

C6=C2 U C4 " = l e 3' e4' e 5^

C 7 ' C2 U C 4 - W ^ l ' e 3 - e 5 \

V c 2 u c 5 - l e , i  = h - v e 5'i

C, =C2 U C 5 - W  ' K - V s l

C 10=C7 U C 9 - W = h - V e 31S

The C 1 s that have been obtained are a l l  the sub sets of E consistin g  of 
i

th ree e lem en ts . C learly  M - 5 ^ 3  > and M is  3 -conn ected . A

F rom  L em m as 3. 3 and 3. 4 we obtain the next theorem . 

T heorem  3. 6 If M=(C, E) is  3 -conn ected  and |e |= 5 , then M = -M . or

5 - 3 *

P roof. By Lem m a 3. 2 every  c ircu it of M m ust contain at le a s t  th ree  

c e l ls .  Suppose C = \ e }  , w here E = ^ e j ,  e ^ , . . . ,  e ,.^ . If we ch oose  S=>̂ ê f e^\ , 

then ^(M ;S,S)=JJKM ) - JJl(MxS) - )A/M x S) + 1

= 1 - 0 - 0 + 1=2 ,

th erefore  the connectiv ity  of the m atroid  is  tw o, w hich is  contrary to the 

hyp oth esis. Thus the th eorem  fo llow s from  L em m as 3. 3 and 3. 4 .A

Lem m a 3. 5 Let M=(C, E) be 3 -conn ected , w here |E\=6 , and e is  a 

m em ber of E. If M x (E--^e^ ) = then M ~

P roof. Let E= ^ e . , e . , , . . . ,  e ,  \  and M'=M x  (E - } e \  ), w here e , =e.1 1 b O — — X

Since a ll the c ircu its  of M* c o n s is t  of th ree c e l l s ,  we then have by A xiom

I that no c ircu it of M contains m ore than th ree  c e lls .  Let C. . ,  = 4e , e. ,  e, \— ijk j k)
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be the c ircu its  of M', w here 2 4 i ,  j, k  4 6  and it j4 k t i .  S ince M is  3- 

connected, th ere ex is ts  a c ircu it of M containing c e l l  e . Let C 123= ^*1’

e 2' e 3̂  ^ A xiom  II, Cj 23  U ^ 23 i " *S a c*rcu** w^c re

4 4 i 4 6 and j=2, 3. Again applying A xiom  II, the follow ing su b sets  of E

are c ircu its  of M.

C 145=C134 “  C 135 - H  ■ C X46=C124 U C 126 '  W  •

C 1 5 6 = C 125 U C 126 " l e 2^

Let C = |c . j k j l $ i < j < k 4 6 } .  Then M= %

B efo re  proceeding further we sh a ll define two m atroids

a sso c ia ted  with the binom ial m atroid Let E= *2* • • • * e 6^ *

We u se  the follow ing notational convention to  avoid com plexity: C .. .1J* » • K

= { e .,  e , . . . ,  ek  ̂ , w here 1 $ i < j < . . .  <k 4 6 . Let = { C i23* C 1245’

C 1246' C 1 2 5 6 ’ C 1 3 4 5 '  C 1 3 4 6 '  C 1356* C 2 3 4 5 ’ C 2 3 4 6 ’ C 2356*  C 245 6* C 3 4 5 6 V  

Then £,M4 ( l ) =( 6 —4(1 ) '  sa t is f ie s  the m atroid  ax iom s and it  can be

ea s ily  shown that th is m atroid is  isom orphic to its  dual. The second  

m atroid  6M4(2)=( 6S. 4(2), E) i s  defined by 6C4(2) = { c 123. c i4 5 ’ C 1245'

C 1 3 4 6 ’ C 1 3 5 6 ’ C 2 3 4 5 ' C 2 3 4 6 , C 2 3 5 6 ’ C 2 4 5 6 , C 3 4 5 6 V  6 - 4 ( 2 )  18

a se lf-d u a l m atroid . It should be noted that  ̂^ 4 ( i ) ( 6^4(2)^  *S

from  by deleting a ll  c ircu its  which properly  contain |e^ , e^, e ^

( {e y e2> e 3) and {e !» e4 » e 5}  >* and adding { e ^  e ^  ( { e ^  e 2> e ^

a n d i e . ,  e , e I ) as  a m em ber of the c irc u its .I 1 4 5»

Lem m a 3. 6 L et M=(C, E) be 3 -conn ected , w here |e )= 6 , and e  €  E .

If M x (E - \e) ) ¥  5 M 4 , then M t  ^  ^ ^ . o r  &M ^ .
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P roof. L et E= Xe , e , . . . ,  e \  and e , =e. B y A xiom  I, M cannot have
  1 1 2 6 * 1 “
a c ircu it con sistin g  of m ore  than four c e l ls .  Suppose C contains at

le a st  th ree c ircu its  which c o n s is t  of three c e l ls .  S ince each  of th ese

c ircu its  m u st contain e , , le t  C , . C „  , C, €  C ,  w here 2 4 i» j, k,1 lxj 1km  lpq  —

m, p, q. S ince i, j, k, m , p, q 6 {n  | 2 4 n  ̂6 , at le a s t  two of th ese

su bscrip ts a re  the sam e. Let i=k. By A xiom  II, C . . .  U C - \ e , \
lxJ l im  1

= i e . ,  e , e V contains a c ircu it of M. H ow ever, th is is  contrary to
1 i j m J —

A xiom  I, s in ce  4 e . , e . , e  \  C E - $e,\ . T h erefore , C contains at m ostI i j m> “  1 1’ —

two c ircu its  con sistin g  of th ree c e lls .

C ase  1. C contains no c ircu it con sistin g  of th ree c e l ls .

Since M is  3 -con n ected , th ere  e x is ts  a c ircu it containing e^ and

consistin g  of four c e l ls .  L et € C . B y A xiom  II, U C1234 — 1234 234i

- are  c irc u its  of M, w here i=5, 6 and j=2, 3, 4. Again by A xiom  H,

the follow ing sub sets of E a re  m em b ers of C .

C 1256_C 1245 U C 1246 ‘

C 1356=C1345 u C 1346 "

C 1456=C1345 u C 1346 ' {ei\

T herefore C= {C.jkm  | 1 4 i < j <k < m  $

C ase  2. C contains exactly  one c ircu it con sistin g  of th ree

c e l ls .  L et C 6 C . B y A xiom  II, C U C - X e.\ are m em b ers  
123 “  123 23ij 1 k’

of C , w here 4 « i <  j 4 6  and k=2, 3. C 1456=C1346 u  C i 35£, " ^  is  a

c ircu it of M by A xiom  II. C learly  M“= Now we show that

6 — 4 (1) *8 3-connected . Let S= \e ^ , e ^ \  and S = ^e^, e^, e ^  . By

Lem m a 2. 13
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£(M ;S, S)= ja(M) - ja(M x  S) - ^ ( M  x  S) + 1

=3 -  1 - 0 + 1=3,

and m in( | s |  , \S  \ ) =3. It can be e a s ily  seen  that no other ch o ice  for

S sa t is f ie s  the fin ite -co n n ectiv ity  condition. A ccordingly , ^JM )=3.

C ase 3. C contains ex a ctly  two c irc u its  con sistin g  o f th ree

a c ircu it of M , w hich i s  contrary to  A xiom  I. Thus, without lo s s  of

^ (^ S , S) = JjtfM) -  jtfM  x  S) - x  S) + 1 

=3 -  1 -  0 + 1=3, 

and m in( \ s | , | s | ) =3. It i s  not hard to  show ^_(M)=3.

Since w e have con sid ered  a ll  p o ss ib le  c a s e s , the proof is  

com plete . |

F rom  T heorem  3. 6 and L em m as 3 . 5 and 3. 6 w e obtain the  

follow ing theorem :

T heorem  3. 7 L et M =(C, E) be 3 -con n ected , w here | e \  =6 and e 6 E .

If M x  (E - Jel) is  3 -con n ected , then M3£ M , M M t o r  .M  .~  1 1 “  o _ 3 6 ~ 4  6 —4(1) b—4(2)

c e lls .  If c i ij» c u k ^  9.* tken c i i j  U C iik  = {e i» ej»ek \ contaLills

- | e ^  a r e  c ircu its  of M, w here k=2, 3 and 4 4  i  < j 4  6 , except (i, j)=(4, 5). 

Thus w e have M= ^ ^ 4 (2)* ^  S= ^ = ^c4 * ®5»e bi * ^ en

a r e  isom orphic to  th eir  duals

we obtain the next th eorem , w hich i s  the dual of T heorem  3. 7.
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T heorem  3. 8 Let M=(C , E) be 3 -conn ected , w here |E | =6 and e  6 E .

If M (E - ^e} ) is  3 -connected , then M =  ̂M^, or 6 —4(2)*

P roof. By T heorem  2. 14, M* x (E -^ e}) i s  3 -conn ected , and hence, 

by T heorem  3. 7 M* = ^M j, 6^4* 6 ^ 4 (1 )’ ° r 6 -4 (Z )‘ T h erefore ,

the th eorem  fo llow s from  T heorem  2 . 6 . 8

B y definition, if  a 3 -conn ected  m atroid  M=(C, E ), w here  

| e |= 6 , contains a n o n -e ssen tia l c e l l ,  then th ere  e x is ts  a c e l l  e€*E , 

such that either M x  (E- \e^ ) or M«(E- ^e  ̂ ) i s  3 -con n ected . In term s  

of e sse n tia l c e l ls ,  we sta te  our m ain resu lt in th is  sec tio n .

T heorem  3. 9 If a 3-connected  m atroid M=(C, E), w here lE \  =6 ,

contains a n o n -e ssen tia l c e l l ,  then 6 " -3* 6 —4 ’ 6^-4 ( l ) ’ 6 —4 (2)*

or , M .
6 “ 5

P ro o f. The th eorem  im m ed iately  fo llow s from  T heorem s 3. 7

and 3. 8. |

The resu lt of T heorem  3. 9 i s  u sefu l in  our consid eration  of 

gra p h -rea liza b ility  of m atro id s. This th eorem  c la r if ie s  the stru ctu re  

of n o n -rea liza b le  m atroids in addition to w h irl m atro id s.

Making u se  of T heorem  2. 16 and the re su lts  in  th is  sec tio n , 

we l is t  a ll the 3 -conn ected  m atroids with s ix  and few er  num bers of c e l ls  

in Table 3. 1.



lE l M =(C, E) X<*> G rap h -R ealisab le

1 1 * 0
y es

M 
1“  1

oo y es

2 2 — 2 cO y es

3 3 * 2 CO y es

3 * 3 oo y es

4 4 * 3 oo no

5 5 * 3 oo no

M
5 - 4

PO no

6 * 3
3 no

6 * 4 oo no

6 * 4 (1 ) 3 no

6
6 - 4 ( 2 )

3 no

6 * 5 3 no

— 6 3 y es

^ 6 3 no

T able 3. 1 L ist of 3-C onnected M atroids for |e |
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3. 5 A THEOREM ON NONPLANAR MATROIDS

In graph theory it  is  known|Ha I] that if  the Whitney 

connectivity  of a graph G is  g rea ter  than f iv e , then G is  nonplanar.

In th is sec tio n  w e w ill prove the m atroid counterpart of th is th eorem .

L em m a 3. 7 If M=(C, E) is  n -con n ected  and (E |^ 2n  - 2, then , 

|C*|> n for  any C £  C and any C* £ C* , w here M*=(C*, E) is  the dual 

of M.

P ro o f. Suppose th ere e x is ts  a c ircu it C, such that )c |^ .n  - 1. By 

T heorem  2. 13

^(M ;C ,C )=\C l - J l ( M x C )  - x  C) + 1

= | C \ -  1 - 0  + 1= \c\  ̂n -  1,

and min( |c|, |cl) = |c|. T h erefore  4 n  -  1, which is  contrary  to

the h yp othesis. S ince X_(M*)= ^ (M ) ^ n, the lem m a fo llow s.

T heorem  3. 10 If M=(C, E) is  4 -con n ected  and |E j^ 6 , then M is  

nonplanar.

P ro o f. Suppose M is  a planar m atroid . B y defin ition , th ere  e x is ts

a corresponding planar graph G=(V, E). L et M be the m esh es (including

the outer m esh) of a plane graph G. S ince M, and hence G, i s  4 -  

connected , we have by L em m a 3. 7,

fy (v )  £  4 , VM(m) »  4 

for  every  v f  V and m  feM, w here Py^v ) *s va len ce  of v , and

(m) is  the number of edges of m esh  m . The follow ing eq u a litiesM

a r e  b asic  in graph theory:
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Then by E u ler 's  form ula w e have

J e | = W l + \M \ -  2 ^ 2 ^  (1 /4 ) p v (v) + J L m  ( l / 4 ) ^ ( m )

-  2= (1 /4 ) x  2 lE | + (1 /4 ) x  2 \E | - 2= | e |  - 2.

T his is  a contradiction  and hen ce, M is  not p lanar. V

T his th eorem  im p lie s  that if  the connectiv ity  of a planar 

graph is  f in ite , then the connectiv ity  is  not g rea ter  than th ree . This 

fact is  not su rp risin g  s in ce  m atroid  connectiv ity  of graphs is  

determ ined , not only by sta r  c u t- s e ts , (which define v e r t ic e s ) , but 

a lso  by polygons o f the graph. In F ig . 3. 3, w e show  b ip artite  graph  

4 , w hich is  a  graph of connectiv ity  4 that p o s s e s s e s  the le a st  

num ber of v e r t ic e s .
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K
4 ,4

F igu re 3. 3 M inim al Graph of C onnectivity 4
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CHAPTER 4 DECOMPOSITION OF MATROIDS 

4. 1 INTRODUCTION

The study of the stru ctu re of a m atroid  can be sim p lified  by 

considering its  connected com ponents. Many structural ch a ra cter is tic s  

of a m atroid a re  determ ined by the corresponding c h a ra cter is tic s  of 

its  com ponents. The decom position  of a m atroid into its  com ponents 

is  p a r t ic u la r ly  usefu l in studying a la rg e  m atroid , which has a large  

num ber of c ircu its  or a large num ber of b a se s .

In graph theory the equivalent decom position  is  describ ed  

as a partition  of a graph into a se t of m axim ally  2-connected  subgraphs.

A further decom position  of a graph into a set of m axim ally  3-connected  

subgraphs has been proposed by M acLanejM a 0 .  He a lso  noted that 

planarity of a given graph is  d eterm in ed  by atom s, which are  m axim al 

3-connected  subgraphs obtained by the decom position .

In th is chapter we w ill g en era lize  M acL ane's r esu lts  to  

m atroid  decom position . A sp e c ia l c a se  of our decom position  has been  

consid ered  by B rylaw sk ijB r 4 , ij. L et M = (C, E) be a connected  

m atroid . Then his decom position  p r o c e ss  is  carr ied  out if e ither  

M x (E - ^e}) or M*(E- ^e}) is  sep arab le  for som e e £  E . The 

decom position  d iscu ssed  in th is  chapter can be applied for any connected  

m atroid  and y ie ld s  a se t of 3 -conn ected  m atroids; on the other hand 

non-decom posable m atroids obtained by B ry law sk i's  method m ay have 

connectivity  2. The decom position  of a m atroid into its  b asic  com ponents, 

or m axim al 3-connected  m in ors, d eterm in es whether the orig in a l
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m atroid is  b inary, regu lar, graphic, or cographic? An application of 

m atroid  d ecom p osition  to  grap h -rea lizab ility  of m atro id s w ill be 

con sid ered  in  Chapter 6 .

* A s im ila r  m atroid  decom position  is  independently studied by B ixby  
j] in  m aking u se  of v irtual c e l ls ,  and is  a d irec t genera liza tion  of 

B ry la w sk i's  id ea , w hile the decom position  p resen ted  in  th is chapter is  
p erform ed  using c ir c u its . Bixby notes that the non-decom posable  
m atroids c o n s ist  o f 3 -connected , graphic, and cographic m atroid s. 
H ow ever , in addition to th is  resu lt new and in terestin g  th eorem s w ill 
be found in  th is chapter. T h ese  are stated as  T heorem s 4. 13, 4. 14,
4 . 15, and 4. 16 w hich ch aracter ize  the structure of a m atroid  by its  
atom s.
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4 .2  2 -SEPARATORS
In th is sec tio n  we in vestiga te  the stru ctu re  of m atroid s of

connectiv ity  2.

L et M =(C, E) be a m atroid  of connectiv ity  n , and S C E .

If S) = n and m in (\S |, \s\)=n , then S is  ca lled  an n -sep a ra to r  o f

of M. A 1-sep a ra to r  is  sim ply  ca lled  a sep arator.

T heorem  4. 1 L et M=(C, E) be a m atroid  and ^  S C E . Then the 

follow ing statem ents are  equivalent.

(a) S is  a sep arator of M.

(b) r(M x  S) + r(M x  S) =r(M) x  S) + jl(M  x  S)=

(c) Let B and B— be b a ses  o f M x S  and M i S ,  resp ec tiv e ly .
S S

Then B c U B— is  a b ase  of M.
o S

(d) If C €  C, then C C S o r C  C S .

(e) M x  S=M*S.

P roof, (a) •<—>(b). B y defin ition S is  a sep arator of M if  and only if

r(M x  S) + r(M x S ) = r ( M)  and \S\ ,\s\ *  1.

(b)-e-^-(c). L et e be any m em ber o f E -(B g  U Then

Bg U Bg U ^e} =(Bg u ( e ) ) U ( B ^ U  and h en ce, e ith er  Bg  U \ e \  or

B — U ie \  contains a c ircu it of M. Thus B„ U B— contains a b a se  of M.
S 1 1 — S S ~

Suppose B U B T is  a b ase  of M, w here T is  a non-nu ll su b set of
S S

Bg U B - . Then r(M x  S) + r(M x S ) =  (B g| + [B-\ ^ B g  U B - |  >  

jBg U B_ - T |  =r(M). This is  contrary to (b). T h erefore  B g U B^-

is  a b a se  of M.



58

(c)-^ > (d). L et C ^  (C x  S) U (C x S) be a c ircu it of M.

Let B and B_ be b a ses  o f M x S  and M x  S, such that B 2  C H S and
S S “  s -

B_ 3 C H S .  H owever. B U B _ contains a c ircu it C of M, which  
S S s  -

contradicts (c). C onsequently, for any c ircu it C of M, C C S  or C ^ S .

(d)-<—» (e ). The in tersectio n  of any c ircu it of M with S is  

null or the c ircu it it s e lf . T herefore M x  S=M»S.

(e)<: > (b). If M x  S=M*S, then r ( Mx S)=r(M«S). A ccordingly , 

^(M;S, S) = l and (b) fo llow s. (

Lem m a 4. 1 Let S be a separator of M=(C,  E). If T C E  and S O T  

is  not null, then S 0  T is  a separator of both M»T and M x T.

P roof. This im m ed iately  fo llow s from  T heorem  4. 1(d). |

Lem m a 4. 2 Let M= (C, E) be connected. Then "^(M) =2 if and only if

th ere  ex is ts  a subset S C E ,  such that m in( | s | , | s | )  2 and B U B _
5 S

- J e l is  a b ase  of M for  som e e € B U B - ,  w here B and B— a re  b a ses
i I — s  s  s  s

o f M x S  and M x S , re sp ec tiv e ly .

P roof. Let S be a 2 - separator of M=(C^ E), and le t  B r and B— be b a ses  o s

o f M x S  and M x S. By defin ition , we have

r(M)= - ^(M ;S,S) + r(M x  S) + r(M x  S) + 1

=iBs i + iBs i -  u i Bs u B s i  - *•

T h erfore, B U B  $ e \ is  a b ase  of M for som e e t  B U B—.
S S "" s  s

Now suppose m in( |s j ,  \ s |)  £ 2 and that B and B— a re  b a ses
O d

o f M x S  and M x S , such that Bg U B _ - ^e  ̂ i s  a b a se  of M, w here  

e 6 Bg U B— . Then
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r ( M )= \B s  U B g .  m  - U  \BS\ + |B g | - 1 

=r(M x S) + r(M x S) - 1.

C onsequently, ^ (M )= 2. | |

Lem m a 4. 3 Let B be a b ase  of M=(C^ E) and e fcE-B.  Then B U

contains the only c ircu it C =^e'  £ B  U H i *  U \e^-^e'} is  a b a se  of

P roof. By defin ition , B U { e }  contains a c ircu it of M. Let and

CL be d istin ct c ircu its  of M contained in B U {e^ . By A xiom  II,
£

C U C  - j e^(  £ B )  contains the third c ircu it of M. H ow ever, th is  
* 2

is  im p o ssib le  b ecau se  B is  a b ase  of M. A ccordingly , B U ^e  ̂ contains 

only one c ircu it C of M.

To show Cq=C, we choose any e' 6  C. S ince B U {e \ - ^e'} 

i s  a b a se  of M, we have e' 6  Cq. H ence, C C C^. Now if we choose  

any e' C- C^, then B'=B U \e^ - {e 1̂  is  a base of M. Thus B' U -\e'^ =

B U ^e^ contains only one c ircu it C 1, and hence, e' € C'=C. Thus we 

a lso  have C^ £  C. T herefore B U -̂ ê  contains the only c ircu it C^ 

o f M . |

Let  M=(C, E) be a m atroid and S Q  E. We u se  the follow ing  

convention: (C j S)=C - (C x S) U (C x  S).

Lem m a 4 .4  Let S be a 2 -sep a ra to r  of M, and le t B„ and B— be b a ses5 S

of M x  S and M x  S . Then B U B—• contains exactly  one c ircu it C of
■“ s  s

M and C € {C\ S).

P roof. By Lem m a 4 . 2, th ere alw ays ex is ts  such a c ircu it C, and the
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uniqueness e i C i s  itftttamei fa w a  Lem m a -kJ» If the c ircu it C is  a 

su b set of S o r  S , C fats a  m aunani eBenauent with B* U B i , w here

S -  B g  sad  -  Kg a r e  co ftasee . Then C H( B* U Bj|)=C A (E -

(Bs  U ® g))f $  - Thais <centar*fibcte th e  fact that C is  a su b set of B^ U B: 

Thus C €  fC jSL |

I em m a  3. ? Lett S  'be a  •£-se^saaratarr o f M and C €  (C^S). Then 

JKM X (S r  0>>>= JJilitM x  S)> + II x (S U  C))~ JU(M x  S) + 1.

P roof- B y T heorem  i .  12<Ki))

UCM x  (<S C C P »  JMl«M x  S) + JA (M  x  C) - JUtfM x  (SA C ))

= jp M * S V  * t-

Soppose jy (M  x i f S C  C P >  JUi. (£M x  S) +• I- S in ce JJl(M x  (S U C))

*  JJL(M x S )  -  w e have

jiK m *=jW m  x  m  c  o  tr ( s  it  o)
ZJHlM x  (S C C P + JltM  X (S U C)) -  JU(M X C)

=JJ]l((M xlSE T  0)1 +JMM x  (S tl C)) -  I 

£JJ«M x S l f H  p . m  x  S) + 1 - 1  

= x  S)) x S )  + i=  JJ{M) -  S) + 2.

H ow ever, S i s  a  i-cseqoainteor <a£ M- i i  e„ „ ^(M ;S, S) =2- A ccordingly , 

J |( M )  -  2 — 2=jyj((M)L Thais i s  a  contradiction . T herefore

JLA(M x  (S T C))=J)MM x  SI) + 1 . SbaaiBarly. w e have JJL(M x  (S U C))= 

JJKM i S I  ^ 1 - |

T his restnUtt Deads to  th e  n est lem m a.
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Lem m a 4 . 6 Let S be a 2 -sep arator  of M and C 6  (C \S ). If a c ircu it

of M x (S U C) has a non-null in tersec tio n  with C -S , then it contains

C -S .

P ro o f. L et C1 € C x  (S U C) and C 1 (C-S)^ <̂> . Suppose th ere is  

an elem ent e €  (C-C' )OS.  By Lem m a 4. 5

JJl(M x S)= JH(M x (S U C)) - 1= J^(M x  (S U C - {e\ ))

£JJ(M x  (S U C')) =JA(M x  S) + 1.

This is  a contradiction . T herefore C' 2 C - S .J J

Lem m a 4 . 7 L et S be a 2 -sep arator  of M=(C_, E) and C €  (C |S ).

Then M x  (S U C) and M x (S U C) are connected.

P roof. Suppose M x (S U C) is  sep arab le. L et T be a separator of 

M x (S U C). S ince M x  (S U C) has no c ircu it w hich c o n s is ts  of one 

c e ll , j T | ^ 2. We can ch oose  T so that T f\ C= <̂> , becau se  T is  a 

sep arator of M x (S U C) if and only i f S U C - T i s a  sep arator of 

M x (S U C). By Lem m a 4. 1, T is  a lso  a sep arator of M x  S. Then 

by T heorem  4. 1(b) JU(M x T) + JUKM x (S-T))= J4(M x S).

We show T is  a separator of M. By T heorem  2. 13

j(M ;T , T) = JA(M) - JJ(M x  T) - JU(M x  T) + 1

= JU(M) - JU(M x  S) + J4(M x (S-T )) - JU(M x  T) + 1.

By T heorem  2. 12(d)

J jUM x T)= JU(M x (S U C) U (S-T))

>JX(M x (S U C)) + ><(M x (S-T )) - JU(M x  ((S U C )0 (S -T )))

= JJ(M x  S) + JU(M x (S-T)) + 1.
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Since S is  a 2 -sep a ra to r  of M, we have

^(M ;T, f )  $ JjtfM) -JU(M x  S) - JUtfM x  S)

= £ (M ;S ,S ) - 1 = 2 - 1 = 1.

This shows T is  a sep arator of M, but it contradicts ”X^(M )=2.^

The follow ing lem m a is  a d irect resu lt of the definition of 

2-sep a ra to rs .

Lem m a 4. 8 A 2 -sep a ra to r  of M is  a lso  a 2 -sep a ra to r  of M*.

P roof. ^(M *;S,S)= \S\ -J^(M  x  S) - JJUM* x  S) + 1= ^(M;S, S), 

and m in( [s | , \ s | )  ^ 2 . |

Connected m in ors of a m atroid  w ith ^ = 2  w ill have an 

im portant ro le  in subsequent sec tio n s. We w ill now prove a u sefu l 

th eorem  for m atro id s, w hich w ill be frequently referred  to la ter .

T heorem  4 . 2 Let S be a 2 -sep a ra to r  of M= (C , E ), and le t E),

w here A C E ,  be a connected m inor of M, such that \S f\Aj , \S fl a |>  2. 

Then an(* ^ AA ; S A A a re  2 - sep arators of M^.

P roof. C ase 1. M^=M x A.

L et B and be b a se s  of M x ( A H S )  and M x (A OS), and le t  B and B— I 2 -  ~  b S

h e  b a se s  o f M x S  and M x S , such that Bg B and B^ "D B  S ince

M x A i s  connected, B U B  contains at le a s t  one c ircu it of M x A by 
“  X w

T heorem  4 . 1. And B g U B— ( d B j U B£) contains p r e c ise ly  one c ircu it

o f M by Lem m a 4. 4 . T h erefore B  ̂ U B^ contains only one c ircu it of

M x  A . S in ce B U B -contains a b a se  of M x A ,  B .  U B - ê  ̂ i s  a 
X £  W
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b a s e  o f  M  x  A  fo r  so m e  e f  B j  U and A O S , A O S a r e  2 - se p a r a to r s

®ff M  x  A* T hus th e  th e o r e m  fo llo w s  by L em m a 4 . 2.

C a se  2«. M A =M*A.—A —

Bfcy TLraTrnrrra. 4_ 8 S i s  a 2 - sep a ra to r  of M*=(C * , E) and M* x  A is  a

canmecteci m in o r  o f M* by T h eo rem  2. 14. T h ere fo r e  (S H A ) and (S HA)

a r e  2 -s e p a r a to r s  of M* x  A as shown in C a se  1, and th ey  a r e  a lso

2-separators of M =(M* x A)* by Lemma 4. 8.

C a se  3 . M : (M x B )* A , w here A C B C E .
—A  ~

S arce  i s  con n ected , w e can ch o o se  M x  B to  b e  con n ected . F ro m  —A  —

C a s e  H* \ ( M x B ) = 2 ,  s in c e  ) S f \A \  *  2 and \ S f \ B \ * \ s f \ A \

^  2* S in c e  S f lB  and S OB a r e  2 -s e p a r a to r s  of M x  B , apply  C a se  2

ft® sh o w  \ ( M  )=2. H ere (SO B ) n  A=SH A and (S H B )f \  A=S H a  a r e  
v —A

2-separators of M^.

If a  m in o r  M is  of the fo rm  (M*B) x  A , apply the sa m e  
~ A  “

argu m en t a s  in  C a se  3 fo r  M* =(M* x  B)»A. ĵ[
A

TT.emMima 4 - 9  L et S b e a 2 -se p a r a to r  of M = (C , E ). L et C^, C^ €  (C  ̂ S) 

Bn* c ir c u it s  o f  M,. su ch  that (C -C  )f \ S 4 <J> . Then (C U C ) OS con ta in s
™ 1 w 1 C»

a circuit of M.

P r o o f-  S in c e  M  x  (S U C^) is  con n ected , by L em m a 4 . 7, and S r \C 2

<jjb „ a  m a tro id  M  x  (S U C U C ) is  con n ected . Su pp ose \(C  U C ) C \  S 1 
n 1 2 1 2

=11- Left C (H| S=C fl S = ^ e \ . B y A xiom  II, th e r e  e x is t s  a c ir c u it  C of
ll U. J

M* su c h  th a t C j ^  C^ U C^ -  ^ p \ C ( C j  U C 2 ) f \ S .  The th e o r e m  fo llo w s .

Soppoae l(C  U C )H S  1 > 2. Then (C U C ) A S  is  a 
1 I 2 1 2
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2-separattssr o f M x  (|C U C U S ) by T heorem  4 . 2. Then
I 2

2= x  «CB U C2 U S):(C 1 U H S.S )

= JH«M x  tft^ U C2 U S ) )  -Jbl(M x  ((Cj U C2)OS)> - J^(M x S )  + l

j | M x ( C 2 US) )  -JUMM x (C i O (C 2 U S )

'  |A((M x  m x U C m S ) )  -  jU(M x  S) + I

* Jj*(M x S )  + I -  JJMM x  ((Cj U C2)H S))) -JLA(M x S) + 1

* *  ('((Ct u  c 2> fis »  + 3.

H ence p i m  X (t«Cj u  CJdS))  >  1. T herefore (Cj U C ^ A S  contains

a  ciT'omatt off M. |

The ffofflowin^ th eorem  is  the m ain th eorem  in th is  section , 

and itt w ill  maaBte p osx iM e our m atroid  decom position .

T heorem  4 . 3 L et S  b e  a 2 -sep a ra to r  of M *(C , E ), and le t  C , C
•I c*

f t p  h e  cirettffltts off M. Then (C^H S) U (C^H S) is  a c ircu it of M,

P roof. f f iC ^ S ^ C j A S o r  CjH  S=C2r \S , then ( C j H S )  U (C2 OS) =

V  qcj\si.MZp  o r  (C tH S ) U ( C j O S H ^ j n S )  U (C 1O S ) = C 1.

E ither c a s e  s a t is f ie s  the th eorem .

Suqppose n eith er  C^H S-C ^f] S nor C^H S~C^\  S .  We have

JCCj U C^lHlSlI „ |j((Ct U C ^ f iS  l> 2. We sh a ll show that M x f C j U  C2)

is  coamecttedL Suppose M x  (C . U C ) i s  sep arab le  and T is  a separator

o f M x  t(C. P C I  B y  T heorem  4 . 1 ,  T m ust contain C . or C , and a lso  — u 2 t 2

th e th ird  circuit: C C.t^» ^  C )HS» by Lem m a 4. 9. S in ce C O C   ̂ i> 3 — fi 2 1 3 1

and C^lHlCj * T  U C^. However* th is  contrad icts the fact

that TT i s  a  sep a ra to r . Thus M x  (C U C ) i s  connected.
4 M
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L et X=(C f \ S )  U (C2OS)  and Y=C1 U C2> We sh a ll show  

J U ( M x X ) > l .  By T heorem  4. 2 ^(M  x Y j Y H S ,  Y(\ S) =2. S ince X=

(Cj O S) U (C2 n  S) =YH (C j U S) 0 (S  U C 2), by T heorem  2. 12(d),

JU(M x X ) ^ J j ( M x  (YH (Cj U S))) +JU|(M x  (S U C2 ))

- J^(M x ((Y n ( c ! u  S))U (S U C2))). S in ce (Y U S)) U (S U C2>=

Y U S ,  we have

jJl(M x  X)> J^(M x  Y) +jji(M x (Ct U S) - x  (Y U S))

+ JU(M x (S U C2)) -JU(M x (Y U S))

=JUl(M x Y) + JA(M x  S) + 1 -jm(M x (Y U S))

+ JJi(M x  S) + 1 -J^(M  x (Y U S))

= jJ((M x  Y) + JU(M x S) + JJ((M x S) -JU((M x  (Y U S))

- JJl(M x  (Y U S)) + 2.

H ow ever, M x  (Y U S) and M x (Y U S) are  connected  b ecau se  M x  Y 

i s  connected and C ^ S ^  <̂ ), C ^O S  ̂ . T herefore Y D S  and Y f\ S

a re  2 - sep arators of th o se  m atro id s. Thus w e have

J (M  x  (Y U S) ;YHS,S)  = 2 =JU(M x  (Y U S ) ) - J U ( M  x (Y n S ))

- j a (M x  S) + 1, 

and hence, J^(M  x  (Y U S)) =jm(M x  (Y f\ S)) +^U(M x  S) + 1.

S im ila r ly , s in ce

J j(M x (Y U S);Y0S,S)=2=jm (M  x  (Y U S)) x (YAS))

- jJ[(M x S )  + 1,

we haveJJUM x  (Y U S))= jjtfM x  (Yf\ S)) +jU(M x  S) + 1. T herefore,

J X ( M  x  X) £ JJ  (M x Y) +JJ(M  x  S) + JJ(M x  S) - J J M  x  (Y D S ))

- JJI(M x S) - 1 -JJ(M x  (YA S)) -JU(M x  S) - 1 + 2
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= J jI(M x  Y) - J J (M  x  (YOS)) - jJl(M x  (Y H S))

= J ( M  x  Y ;Y O S , Y H S ) -  1=2 - 1 = 1.

Consequently, X contains a c ircu it of M. Suppose is  a c ircu it of M

which is  properly  contained in X. Then (C - C )flSfc<^or (C - C ) OS
X j  «  j

4 <|) . By Lem m a 4 . 9 ,  either (C^ U C^) f\S = C jf\ S , or (C^ U C j ) f \ S  

= 0 ^ 0  S contains a c ircu it, which is  a contradiction . Thus X=(Cj(*\S) U 

(C^H S) is  a c ircu it of M. |
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4. 3 ISOMORPHISM AND EQUIVALENCE

Since our a im  in th is chapter is  the decom position  o f m atroids  

of connectivity 2 into 3-connected  m in ors, it  is n e c essa ry  to  c larify  

the relationship  betw een 2 -sep a ra to rs  and 3-conn ected  m inors of 

m atro id s. T his sec tio n  is  devoted to  the study of isom orphic  3 -conn ected  

m inors of m atroids.

Isom orph ism  of m atro id s, defined in Section 2. 2, m ay a lso  

be defined by a 1-1 corresp ondence betw een the b a ses  of two m atro id s.

Lem m a 4. 10 Let M^ = (C ̂ , E )̂ and M^=(C , E^) be m atro id s. Then

if and only if there e x is ts  a 1-1 mapping f of onto E^, such

that B is  a b a se  of if  and only if f(B) is  a b ase  of M^.

P ro o f. Let M *=M . Let f be an isom orp h ic  mapping of E onto E , 
1 2  1 2

such that C is  a c ircu it of if and only if  f(C) is  a c ircu it of M^.

Suppose B is  a b ase  of If f(B) contains a c ircu it C2 of M^, then

f “*(C2) ( C B )  is  a c ircu it of M |,  which is  contrary to the defin ition  of 

B as a b a se . T h erefore f(B) is  independent in Let e^ be any

elem en t of E 2 - f(B). Then f " l (f(B) U \ e 2} )=B U f ‘ 1(e2) . S ince  

f~*(e2) ^  B,  B U f”*(e2) contains a c ircu it of M j, and hence, f(B) U

je2  ̂ contains a c ircu it of M2> Thus f(B) is  a b ase  of M2> S im ila r ly , 

if B 2 is  a b ase  of M2 , then f~*(B2) is  a b ase  o f M j.

We leave  the proof of su ffic ien cy  to  the r e a d e r . |
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The follow ing lem m a is  im m ediately  obtained from  l ^ m n a  4 . 10. 

Lem m a 4. 11 If M  ̂=M^, then r(M j)=r(M ^) and

The next resu lts  m ay be proved without d ifficu lty .

Lem m a 4. 12 Let M. =(C , ,  E . ) =" M„=(C E 0), and le t  f  be an— — —  —x i x  L c c.

isom orphic mapping of E^ onto E^. L et T C S  C E ^ .  Then

(a) M * ~ M *

(b) M x  S '? M  x f(S)
— 1 —2

(c) M ^ S ^ M - f f S )

(d) (M x S ) * T ?  (M x f(S)).f(T)
1 u

(e) (M j-S) x  T = (M2-f(S)) x f(T)

Lem m a 4. 13 If then

P roof. Let f be an isom orphic mapping of E onto E„. Then bya £

L em m as 4. 11 and 4. 12,

5 ( M i ;S, S) = jm(Mj.S) - JUKMt X  S) + 1

= jm(M2-f(S)) - JUl(M2 X  f(S)) + 1 

= 3  (M2;f(S)f f(S)i 

and m in ( ( s |, |s { )  =m in(|f(S )|, |f (S ) |) . Thus the th eorem  f o l l o w s . |

Two c e lls  e and e 1 of M are  in s e r ie s  if  no c irc u it  o f M 

contains only one of the c e lls .  A su b set S of E is  ca lled  a s e r ie s  s e t  

of M if  jsj ^ 2 and if every  pair of m em b ers of S a re  in  s e r ie s .  A  

s e r ie s  s e t  S is  m axim al if no s e r ie s  s e t  e x is ts  w hich properly  contains S.
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Let S be a 2 - separator of M. S is  ca lled  a (m axim al) s e r ie s  

sep arator of M if  S is  a (m axim al) s e r ie s  se t of M, and if S is  not 

a s e r ie s  separator we c a ll S a n o n -ser ie s  separator of M. Thus s e r ie s  

and n o n -ser ie s  sep arators are defined only for m atroids of connectivity  

two.

Lem m a 4 . 14 Any d istin ct s e r ie s  se ts  of M are  m utually d isjoint.

Let S ., 1 4 i  4 k , be the m axim al s e r ie s  se ts  of M=(C_, E) 

and e  ̂ € S. for l£  i <k. Then Mj^=(C Ej^)=M*(E- fe (S^- -̂ e \̂ )) is  

ca lled  a ser ie s -re d u ce d  m atroid  of M.

The next th eorem  show s that a ser ie s -re d u ce d  m atroid of 

M is  uniquely determ ined up to isom orp h ism .

T heorem  4. 4 Two se r ie s -r e d u c e d  m atroids of M a re  isom orph ic .

P ro o f. L et S ., 1 $ i $ k, be the m axim al s e r ie s  s e ts  of M=(C, E).

If k=0, then the theorem  is  obviously  tru e. If k £  1, we divide the

proof into steps:

Step 1. Let M =(C , E )=M«E be a s e r ie s -r e d u c e d
R ^  R R

m atroid of M, w here E^ =E- .U (S. - I e - \  ) and e. € S. for  1 $ i $ k.— R i= 1 1 l 1 ' i 1

We show that if C £ C , then C O E^ £ —r* Suppose C 6 C and C f) E ^

^  C ^. By defin ition , th ere e x is ts  a c ircu it C' of M, such that

C 'f lE  C C O E  . S ince C' and C a re  d istin ct c ircu its  of M, w e can
R R k

find a c e l l  e of M so  that e € (C'-C) (E- ER )=(C'-C) 0 (jUj (Sr  {e.^ )).

If e £  S ., by the defin ition of s e r ie s  se ts  S. CC ' ,  and hence, e . £ C ' f \ E p
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Howeve r , by L em m a 4 . 14, which contrad icts O r\E j^  C

C H E ^ . T h erefore, C lfl|E ^ £ C ^  fo r  ev ery  c ircu it C of M. C learly ,

k  Aif  C € C  and if  CifK U S - l= ® , them C 6  C D.  S ince the con verse  of
— i=i i T

k
th is  statem ent i s  a ls o  t r e e ,  for  any c ircu it o f C U ( ^ j  S .) is  a

c ircu it of M, w h ere I - |  C(T\ S.# ^  and 1 < i  1 k | .

Step 2 . L et kM *E j and M 2=(C 2> E 2)=M-E2 be
k

se r ie s -r e d u c e d  m atro id s o f M , w h ere Ej=S-.U^(S^ - \e .^  ), E 2=E-

.U, (S. -  Je11 ) , and e_, e" € S- for  1 4 i 4 k.i= l l  1 i* i i  i

To p rove  w e define th e follow ing 1-1 mapping of E

onto E 2:
k

Ie  f w e f E , * ^ }
k

ei fo r  e=e_ (  JIT, | e . l  and 1 4 i $ k.i  i  i= l  1 i l

Let C €  and E= |  C If) S .#  and 1 4  i  4  k  ̂ . A s shown in Step 1,

C U ( U S.) i s  a  c ircu it off M . and fC U f U S .)) H E _ = ( C n E , )  U ((.U .S .)
i€ I 1 ~  i € l  1 2  Z it-1 i

r \E 2)=(C f\Ez) ^  \ e 51 )l=fCC)| i s  a  c ircu it o f S in ce it is  not hard

_ |
to  s e e  that f  fC l (  C j ,  fo r  any C 4 C^, w e have M^=M2> Thus the 

th eorem  fo llow s. 8

Two m atroid s a r e  c a lle d  equivalent if  th eir  ser ie s -re d u ce d  

m atroid s a re  iso m orp h ic . Thus a  se r ie s -r e d u c e d  m atroid of M is  

equivalent to M. The concept of equivalence of m atroids corresp onds  

to  2-h om eom orp hism  in  graph th eory .

T heorem  4. 5 L et and M„.=(C E .,) be equivalent, and"“ 1. 1 1 2 2 ^

le t S j and b e  th e c la s s  of th e  nnn««» of m em b ers of C^ and C^.
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Then th ere  i s  a. 1-1 m apping j  «rf onto S^» such that x  S)=

j l ( M 2 x g(S)) for any S €  S^.

P roof. By defin ition , se r ie s -r e d u c e d  m atroids of M and are
’ 1 u

isom orp h ic . T h erefore it  su ffice s  to  p rove the th orem  for  a m atroid

M=(C , E) and its  s e r ie s -r e d u c e d  m atroid  E ^ ).
k

L et E =E- JU.IS.- U s l ) .  w here S ., l i  i  i k ,  a r e  the m axim al R i=l i  1 i* i

s e r ie s  s e ts  of M and e .€  S. fo r  1 4  i  ^ k . We w ill show that if C and— i i  1

a re  d istin ct c irc u its  of M , then C jlf \E ^  and C2 O E £  a re  d istin ct in

£ fo r  any C (  C in  the proof of

T heorem  4. 4,

Suppose C and C a r e  m em b ers o f C and C . f^E =C A  E 
1 2  * R 2 R
k k

C „ . Then C . f \ ( , U  S J = C . A  (.III S .) by the defin ition  of s e r ie s  s e ts .  
K I i— 1 i i, i=l l

k k
T h erefore U ( ^ S .D H C j O E r )  U t C ^ j U j  S.))=(C2O E r )

k *~k
U (C2 0  ^   ̂ Thus d istin ct m em b ers of C

correspond to  d istin ct m em b ers o f  C .  S im ilarly , it is  ea sy  to show
K

that d istin ct m em b ers o f CR corresp on d  to  d istin ct m em b ers of C .

L et S and S be the c la s s e s  of a ll  unions of m em b ers of C 
~ ~R “

and Cr . r e sp e c tiv e ly . A s shown above w e can define a 1-1 mapping f 

of S onto SR by

f< C )= cA E ^  fo r  C€- C, f ' l (C)»=C V  ( JJ S.) fo r  C 6  CRf 

w here 1= | i  j and 1 ^ i  4 k | .

L et S=U C be any m em b er o f S . We define a mapping g of SX x  “

onto £ r  by g (S )sU f(C j)-0  (Cjj AEj^l=S 4  Sr  . We show that g is  a

1-1 and onto m apping. L et S^=U Cx  and S^=U C .̂ b e  d istin ct m em b ers of

C_ . We have shown C n E R
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k
of S. If e  €: (S^-S^) f) (  .U  ̂Sj), then e  € S. for som e i  and e € U Cx , 

e  ^ U Cy. Thus w e have e €  ER f \(  U Cx ) and e ^ E r O  ( U Cy ). If e 6

7  k i.(Sa«!Sb)n (E - U S .), then e €  E g , e €  UC*. and e {  U C y . Hence e  £

Er 0  ( U c x) and e ^  EgfU U Cy). T herefore g(Sa )=Sa f \ E R and g(Sb )=

Sjjf) E r  a re  d istin ct m em b ers of Sj^, that is ,  g is  a 1-1 mapping.

Now le t  T=UCX€ S g . S ince we can w rite CX=C  ̂A E R=f(C^), 

w here £  C , T =yf(C ^), and hen ce, U C ^ € g _1(T). Thus g is  an 

onto m apping.

Now we prove the la s t  part of the theorem . Let S=U Cx  £

and S r \ ( U  S.)= U S ., w here 1= 4 i | S HS.fc <b and 1 * i  <k \. By i= l i  i^ I  i  1 1 • *

T heorem s 2 .8 (e )  and 2. 12(c):

jA(Mn X  g(S))= )A(Mr  X  (ERn  s ) ) = Er ) X  (ER r\ S))

= JJU(M x  (E -(E r -S))) (Er QS))

^JJ| (M x  (E -(E r -S)))

-j |(M  x  (E -(E r -S))) x  ( U (S .- ^  ))) 
k 1

= JJ((M x  (S U (.U ^ S j- )))) -J*(M  x  ( . U ^ - ^ ) ) )

= J I ( M x S )  - 0= J i ( M x S ) ,  

s in ce  no c ircu it of M contains Sj- ê-̂ j but not e . .  Thus the proof is  

com p lete . |

The follow ing th eorem  g iv es  a relationsh ip  betw een 2- 

sep a ra to rs  and 3-conn ected  m in ors of a m atroid .

T heorem  4 . 6 L et S be a 2 -sep a ra to r  of M=(C , E) and C €  (C ^S).

L et M ^=(C^, A) be a 3-connected  m inor of M. Then i f A C S o r  A C S ,
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then is  k m inor o f M x  (S U C) o r  M x  (S U C), and if e € S A  A, then  

th ere  e x is ts  a m inor M '= (0 ,A ')  of M x  (S U C) such that w here

A ’=(A- { e \  ) U {e'J and e' €  S C\C.

P ro o f. If |A |= 1 , then the th eorem  is  obviously  true.

Suppose \A |* 2 . By T heorem s 2. 8(e) and 4. 2, without lo s s  

of gen era lity , w e can w rite M^=(M x B)»A, w here | A 0 S | 4 l .  For a 

given  M , ch oose  B to be m in im al. Then M x B  is  connected. If 

B A S  = , the th eorem  is  true.

L et us a ssu m e  B O S  * <J>. Suppose M x B  contains d istin ct  

c irc u its  Cj and of M, such that ( Cj - C^JAS $ and ( C ^ - C ^ H S  #

We sh a ll show a contradiction . L et C j D  (A OS), w here (A AS) is  null 

or c o n s is ts  o f a s in g le  e lem en t. L et L  ̂  = |  X A A | X ( C x B j  and L^= 

{ x A A |  X 6 C x  ((BA S) U C j)}. C learly , Lj D  L ^  Suppose Y € L j.

Then th ere  e x is ts  X €  C x  B such that Y=XAA.  If X C B A S ,  then  

\y\ < | ( B A S ) A a |  =|S A A\ £ 1. S in ce MA is  3 -con n ected , L^ cannot 

contain a m em ber con sistin g  of one e lem en t. Thus X A S $ If X£LS, 

then X C  B A S, and hence, Y=X A A  6  L2< If X €  (C \S ), by T heorem  4 . 3 

W -(X A S ) U ( C j A S )  i s  a c ircu it of M, and W is  a m em ber of C x ( (BAS)  

U Cj)  s in ce  W Q  (B A S ) U C j. S ince C j 3  A A S , Y = X A A = w n A  1^  

and h en ce , L^ Q  L^. Thus w e have L j= L 2, and C^ is  the c la s s  of 

n on -nu ll m in im al m em bers of Lg. T his is  contrary to  B being m in im al. 

T h erefore  w e can w rite  M x  B=M x  (D U C '), w here D A S  = <$> and C' C  

(C jS ) i s  a c ircu it of M, such that C ' A S  C D  and C 1 2  (S A A ).

L et Lj=^Cj A A | C j £  C x  (D U C') and L2=^C2 A A ' \ C 2 £
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C x  U (C O S))} , w here A' C  D U (C ftS ). L et C j and be the

c la s s e s  o f a ll  th e non-null m in im al m em b ers of L j and Lg.

C ase 1. A H S = 4 > .  Set A'=A.

B y T heorem  4 .3  C ^ A ^ f C ^ S )  U ( C A S ) ) n  A €  ^ a n d C ^ A :

MC A S )  U ( C ' n S » n A  €  Lj .  Hence L ^ L j ,. Thus we have C ^ =C

and M A =(Cr  A )=(C 2>A)=(M x  (D U (C AS)))-A=M2. Since is  a

m inor of M x  (S U C), the th eorem  is  proved.

C ase 2. A f l S = \ e } .  Set A' = (A- {e} ) U \e '} , w here e' S CHS.

We show  that fo r  every  m em ber of L^ th ere corresp onds a unique

m em b er of L^, and v ic e -v e r s a . Let e £  X=C^f\ A € L^. Then (X - ^e})

A -{e> ) U \e '}= ((C j- { e } )ft(A - {e})) U {e '}  = ( 0 ^

M fC ^ftS) U (Cf t S) ) AA-  €  Lg s in ce  C jA  S C D . Suppose X = C j f t A  and

Y=C f t  A  a r e  d istin ct m em b ers of L containing e . Then (X- 
£ ^

and (Y - ^e\) U ^e'} are  d istin ct m em b ers of L^. If e X=C^ f \A  f  L j , 

then  Q O , and hence, C jA  A = C A '  €  L^. If e X, Y €. L j , then  

X and Y a r e  c lea r ly  d istin ct in  Lg. The co n v erse  is  lik ew ise  tru e.

Thus a mapping f of A onto A* defined by: 

e" for e"€ A - | e \

e 1 for e"=e

i s  a  1- 1 and onto m apping, such  that CA is  a c ircu it of MA if  and only 

iff £t^A ) i*  a c ircu it of A '). T h erefore = M '. S ince M'=

((M x  £D U (CA S)»*A' is  a m inor of M x  (S U C), the proof i s  c o m p l e t e . |

ffe") = -
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4. 4 DECOMPOSITION OF MATROIDS

In th is section  w e sh a ll d ea l w ith m atroid  decom position  .

Let M=(C, E) be a connected m atroid . Suppose S and S are  

com plem entary n o n -se r ie s  sep ara tors of M. B y Lem m a 4 .4  th ere  

e x ists  a c ircu it C of M such that C €  (C |S ) . Then the m atroid  M m ay  

be decom posed into two m in ors o f M ca lled  b lock s, nam ely, M x  (S U C) 

and M x  (S U C). T h ese m inors a re  2 -con n ected , and they m ay have 

com plem entary n o n -se r ie s  sep a ra to rs . If th is  i s  the c a se , w e  

decom pose the m in ors into fin er  m in o rs . T his p r o c e ss  of decom position  

is  repeated for up-dated b locks until w e obtain a c la s s  of m atroids  

which have no pair of com plem entary n o n -se r ie s  sep a ra to rs . The 

decom position  d escrib ed  above i s  ca lled  c ircu it decom position  or, 

sim p ly , C -d ecom p osition  of M.

A binom ial m a tro id nMn is  a ls o  ca lled  a 1-c ir c u it  m a tro id , 

w here n is  a p o sitiv e  in teg er . L et both S and S be s e r ie s  sep arators  

of M=(C, E). S ince S U S contains a c ir c u it  C , such that COS^ and 

C 0  S  ̂4*» S U S  =E is  a c ircu it of M. T hus, if  M has both S and S a s  

s e r ie s  sep a ra to rs , then it  i s  a  1-c ir c u it  m atroid .

A m atroid i s  ca lled  s e m i- 3 -conn ected  if  it s  s e r ie s -r e d u c e d  

m atroid  is  3 -conn ected . If M i s  3 -con n ected  and has a s e r ie s  se t , 

then M is  isom orphic to 2 ^ 2  or 3^ 3* ^  e ith er  c a se , the s e r ie s  

reduced m atroid  is  isom orp h ic to  jM  j ,  w hich is  3 -conn ected .

T herefore ev ery  3-con n ected  m atroid  i s  a ls o  s e m i- 3 -conn ected .

H owever, the co n v erse  is  not alw ays tru e .
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Lem m a 4 . 15 L et M=(C, E) be connected. Then a se r ie s -r e d u c e d  

m atroid of M is  connected.

P roof. Let Sj, 1 i i $ k, be the m axim al s e r ie s  s e ts  of M and e^€ S.
k

for 1$ i  * k . L et K^=(CR, ER )=M«(E -.Uj (S .- {e^ )). It su ffices  to

show that for any d istin ct c e lls  e^ and e^ of MR , th ere  is  a c ircu it of

containing th ose c e l ls .

Since e^ and e^ are c e l ls  of M, th ere  is  a c ircu it C of M

containing th ose  c e l ls .  If C 0 E R C R , th ere  i s  a c ircu it C' of M,
k

such that C ' f l E . ,  €  C_ and C ' f \ E _  C C f l E p .  If C ' n ( . U S ) =  Ut S.,
K  —R  K  K  1 = 1  1 l € I  X

w here I C | i  j l 6 i * k \  , then U ^e.^C  C 'f \E R and U ^ e ^  H E r .

Thus C '=(C '^\E  ) U ( U S.) C (C  0 E D ) U ( U S.)  C  C, which is  
R i d  i  R i d  1

contrary to A xiom  1. T h erefore C 0 E r  is  a c ircu it of CR containing 

e l and e 2 * 1

Lem m a 4 . 16 L et M be a connected m atroid . If the com plem ent of 

every  n o n -se r ie s  separator is  a s e r ie s  sep arator , then M is  s e m i-

3 -conn ected .

P roof. If ^ 3, then M is  obviously s e m i- 3-conn ected . If both

S and S a re  s e r ie s  sep a ra to rs , then a s e r ie s -r e d u c e d  m atroid  is  

isom orphic to j M j , and it fo llow s that M is  s e m i- 3-conn ected .

Suppose th ere is  no p a ir  of com plem entary s e r ie s  sep ara tors  

of M. L et Mp = (C , E ) be a se r ie s -r e d u c e d  m atroid  of M. By  

Lem m a 4 . 15, MR is  connected. We a ssu m e

p air  of n o n -se r ie s  sep arators S and S because th ere  a re  no s e r ie sR R
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se ts  of MR . Let Sj, 1 4 i 4 k, be the m axim al s e r ie s  s e ts  of M and

e. (  for 14 i < k. We partition  ^ i\  l$ i4 k ^  into two se ts  I j= ' |i \e j  t  SR̂

and l 2=|^l ej^ * Then by T heorem  2. 13:

^ < M ;S r , S r )= 2 =  jJ l ( M R . S R ) -  j j CMr  x  S R ) + I

= -JA(Mr > +JA(Mr .S r ) +JJL(Mr -Sr ) + 1

= - ^ J I ( M r ) +  jm C (M r - E r ( - S r ) +  U ( ( M - E r ) - S r ) +  1 

-  - J J i ( M . E r )  +  J U I ( M .S r ) + ^ < M . S r ) +  1 .

H ow ever, M»ER , M*S^, and M*S^ a re  s e r ie s -r e d u c e d  m atroid s of M,

M*(Sn U ( U S .)), and M*(SP U (.U Si)), r e sp ec tiv e ly . By T heorem  4. 5, it. i^ ij —• tt i d 2

2= -> l(M ) +JUUM-(Sr  U ( U Sj))) + JUKM-(^ U ( .U ^  S^)) + 1

Si » ^ R U , iV . 2 S,» '

and a lso  m in( |S R U , [ s R U ( Sj)^ ) >  m in( |S R| , \SR| )
1 2

> 2. T herefore S-, U ( U_ S.) and Sp U ( U S.) a re  a pair of non- 
K i 4 l j  1 "■ ifcl2

s e r ie s  sep arators of M . S ince th is  is  contrary to the hypothesis  

' Ĵ[Mr )=3 and M is  a s e m i- 3-connected  m atroid . |

A C -decom position  of M fin ally  y ie ld s  a se t  of 

non-decom posable m atro ids which a re  sem i-3 -co n n ec ted , according to  

Lem m a 4 . 16. T hese s e m i- 3 -connected  m atroid s a re  re ferred  to  as  

m inim al b locks of M, and th eir  se r ie s -r e d u c e d  m atroid s a re  3 -conn ected  

and ca lled  atom s of M.

So far we have con sidered  C -decom position  of connected  

m atro id s. H ow ever, th is r e s tr ic tio n  is  e a s ily  rem oved , and w e can  

extend our decom position  to  separab le m atro id s. If a m atroid  M is
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sep arab le , w e define the C -d ecom position  of M as  the C -decom position  

of each  connected com ponent of M. A ccording to  Lem m a 4. 16, the

C -decom position  o f each  connected  com ponent of M d ecom p oses M into

m inim al b lock s. Thus w e can sta te  the follow ing th eorem  for general

m atro id s.

T heorem  4. 7 L et M be a  m atroid . Then a C -decom position  of M 

y ie ld s  a com plete se t  of m in im al b lo ck s, which are sem i-3 -co n n ected .

No m in im al b locks and hen ce, no atom s of M are  1-c ir cu it  

m atroid s u n less  som e connected  com ponent of M is  a 1-c ir cu it  m atroid .

If a 3 -con n ected  m atroid  M contains s e r ie s  c e l ls ,  then M ~

2 ^ 2  or 3—3* which is  a 1-c ir c u it  m atroid . We define the

m inim al block of a 1-c ir c u it  m atroid  M =(C, E) by M its e lf .  N e v er th e le ss , 

the se r ie s -r e d u c e d  m atro id s of the m in im al b locks of 1-c ir c u it  m atroid s  

a r e  isom orphic to jM^. We define th eir  atom s by M for 1 4 \E \ 43  

and by for 4 4  We m ake th is  exceptional definition of atom s

of 1-c ir cu it  m atroid s for the sake of co n sisten cy  in the following  

d iscu ssio n .

A m inor M . =(C . ,  A) of a m atroid  M is  ca lled  a m axim al ~ A  ~ A  — --------------

3-conn ected  m inor (m ax. 3 -con n , m inor) if  M . is  3-connected  and th ere  

i s  no 3-conn ected  m inor w hose c e l l  s e t  properly  contains A.

The m in im al b locks and atom s obtained by a C -d ecom p osition  

a r e  not unique. H ow ever, w e a re  able to  ch a ra cter ize  m in im al b locks  

and atom s in te r m s  of m ax. 3 -con n , m in ors of M.



Lem m a 4. 17 In a C -decom position  o f a  m atroid , a tom s a r e  m ax. 

3-conn , m in ors of m in im al b lo ck s , and m ax. L c o n n . m in ors of 

m inim al b locks are  isom orphic to  a tom s.

P ro o f. F or 1-c ir c u it  and 3-conn ected  m atroid s th e th eorem  i s  tr iv ia lly  

true.

We con sid er  a m atroid  of connectiv ity  tw o which i s  not 1-

c ircu it m atroid . Let M=(C , E) be m in im al block and M .  ~(C „. A) be

a se r ie s -r e d u c e d  m atroid  of M. By Lem m a 4 . 16, M i s  connected and

M . is  3 -con n ected . If M , is  not m axim al, then th ere  e x is t s  a  m ax.
—A  A

3-conn , m inor M ^ ,= (C ^ t,A ’), such that A C A \  L et e j  ^ A 1, -  A .

Since M . is  a se r ie s -r e d u c e d  m atroid  o f XL th ere  e x is ts  a c e l l  e> of —A — £

—A* suc^ that e^ and a re  in  s e r ie s  in M. A ccord in g ly , and e^ 

are s e r ie s  c e l ls  of T h erefore is  not 3 -con n ected  and, hence,

M . is  a m ax. 3 -conn, m inor of M.

M= (C , E). S in ce M g is  3 -con n ected , it  has no s e r ie s  c e l l s  o f M. Thus 

M g is  a m inor of a se r ie s -r e d u c e d  m atroid  M' o f  M . H ow ever, is

is  a m ax. 3-conn , m inor o f M by Lem m a 4 . 13 and by the f ir s t  part of

Lem m a 4. 18 In the C -decom position  o f a  m atroid  M, e v er y  atom  is  

a m ax. 3 -conn, m inor of M.

P roof. S ince the lem m a is  obviously  tru e  for I -c ir c u it  and 3-conn ected

- A

L et M g = (C g , B) be a m ax. 3 -conn , m in or o f a m inim al b lock  

isom orp h ic  to  an atom  M of M by T heorem  4 .4 ,  and hen ce M* is
A

th is proof.
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m atro id s, it  su ffices  to prove the lem m a for a m atroid  of connectiv ity  

two. L et M =(C, E) be a block and S, S be its  n o n -se r ie s  sep a ra to rs , 

and le t  C 6  (C \S ). S ince atom s a re  m ax. 3-conn , m in ors of m in im al 

blocks by Lem m a 4. 17, we have only to  show  that m ax. 3-conn , m in ors  

of b locks M x (S U C) and M x  (S U C) a re  a ls o  m ax. 3-conn , m in ors of 

M.

Without lo s s  of generality  , le t = ( C E ^ )  be a m ax. 3 -conn , 

m inor of a b lock M x  (S U C). Suppose is  not a m ax. 3 -con n , m inor  

of M. Then, by defin ition , th ere e x is ts  a m ax. 3 -conn , m inor M^=(C 

E -) of M, such that E C E . If E (\ S C E H S  = <(> , then M is  a
“ "  1 b 1 w b

3-con n ected  m inor of M x  (S U C) by T heorem  4 .6 .  T his is  contrary  

to the h yp oth esis, and th erefore  is  a m ax. 3 -conn , m inor o f M.

Now suppose E j f \S = ^ e ^  4 ^ T heorem  4 . 6

we can find a m inor M^=(C E^) of M x  (S U C) su ch  that and

E 3=(E 2~ { e 2V U i e l^‘ H ow ever* E jO  S=EjO S=^ej\ , E j f t S  C E 2 f \ S  =

E f \S  and hence, E C E _. This contrad icts the h yp oth esis.J L Lt

T herefore is  a m ax. 3-conn , m inor of M. The lem m a fo llow s by  

induction.

The follow ing lem m a is  the co n v erse  of Lem m a 4 . 18:

Lem m a 4. 19 E very m ax. 3-conn, m inor of a m atroid  i s  isom orp h ic  

to an atom .

P roof. S ince a m ax. 3 -conn, m inor of a sep arab le  m atroid  i s  a max.

3-conn, m inor of som e connected com ponent, w e m ay a ssu m e, without
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lo s s  o£ g en era lity , that a m atroid  is  connected.

S  a m atroid  i s  3 -con n ected  or a 1-c ir c u it  m atroid , the lem m a  

i s  obviously  true a s  shown p rev iou sly .

Suppose m atroid  M =(C, E) has a pair of n o n -ser ie s  

sep arators S and S. L et C £  (C \S) be a c ircu it of M, and = (C ,̂ E^) 

he a  m ax. 3 -conn , m inor o f M. We sh a ll show is  isom orphic to 

a m ax. 3 -con n , m inor of e ith er  M x  (S U C) or M x(S U C).

B y T heorem  4 .6 ,  i s  isom orphic to  a 3 -connected  m inor 

M ^ = (C E ^ )  o f ,  say , Mg=M x  (S U C), fo r  which E^O S-E^pA s and 

|E 1A S \=  lE 2n S j 4 l .  If E j A S  = E 2 f \S , then M 1=M2. If M2 is  not 

a m ax. 3-conn , m inor of M g, then th ere  e x is ts  a m ax. 3-conn, m inor  

M^=(C E j) of Mg so  that E j O E 2 = E^. Since is  a lso  a m inor of M 

by T heorem  2. 9 , M^ is  not a m ax. 3 -conn , m inor of M. This 

contrad icts th e h yp othesis.

Now suppose E jA S  = ^ e\ 4 | e ' |  = E ^ f\S . F rom  T heorem  4. 6 

w e can  find a  m inor M ^=(C^,E^) of M, such that M' is  isom orphic to  

M j and E j  -(E ^ - \e '} )  U -|e\ . H ow ever, E^ = (E3 - ^e'}) U {e} Z> (E2 - 

ie«}» U |e j = E j ,  which i s  a contradiction , M^ being m axim al. Thus 

i s  a  m ax. 3-conn , m in or of M x  (S U C). By induction and Lem m a 4. 17, 

M j is  isom orphic  to  an atom . |

F ro m  L em m as 4 . 18 and 4 . 19 w e deduce

The o re m  4. 8 L et M b e  a m atroid . Then ev ery  atom  is  a m ax. 3-conn, 

m inor o f M and ev ery  m ax. 3 -conn , m in or of M is  isom orphic to an atom .
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Since m axim al 3 -con n ected  m in ors a r e  independent o f a 

p articu lar C -decom p osition , a  com p lete  s e t  o f  atom s is  uniquely  

ch a ra cter ised  by any C -d ecom p osition . By th is  decom position  som e  

im portant ch a r a c ter is tic s  o f th e  or ig in a l m atroid  a r e  p reserv ed  in  the  

com plete se t  of a to m s. In d ie  next sec tio n  w e w ill show  that a  graph- 

rea lisa b ility  condition o f m atro id s can b e  form ulated in  term s of a tom s.

Som e invarian ts of a  m atroid  a re  a ls o  ca lcu lated  fro m  the 

invariants of a tom s. The follow ing th eorem  show s a s im p le  relationsh ip  

betw een the n u llitie s  of a m atroid  and i t s  a tom s.

T heorem  4 . 9 L et M b e  a  m atroid , and le t  M ,, M _ ,. . . ,  M be a
--------------------------------- — —I —n

com plete s e t  of a tom s o f M. Then  

J l ( M K ib  j l ( M J  -  n .

P roof. L et M 1 =(C*, E") b e  a  b lock  o f M a t  so m e sta g e  of the decom position  

p r o c e s s . Suppose M" h a s com plem entary n o n -se r ie s  sep arator  S and 

S. L e t C € ( C ’ \S ) .  Then

JjtfM’ x  (S U x S J  + 1

jj(M ’ x  (S U x  S) * i .

By T heorem  2. 13:

£(M";S, S) + JU(M- x  S) + x  S) -  1

=2 x  (S D C l) -  1 *JA(MT x  |S  U C)) -  1 -  1

=JJLCM" x  (S U C)1 x ( S U C » -  1.

Thus one step  o f d ecom p osition  in c r e a se s  the to ta l nu llity  by one.

S ince the num ber o f decom p osition  s tep s  i s  equal to  th e  num ber o f a tom s, 

a C -d ecom p osition  o f M  in c r e a se s  d ie  to ta l nu llity  by b . |



L astly , we show that every  m ax. 3 -conn , m inor o f a  asattsrarad 

can be an atom  of a C -decom position .

T heorem  4. 10 Let M be a m atroid . F or any given  m ax. 3-^ccxmu 

m inor of M, th ere e x is ts  a C -decom position  of M of w hich i s  

an atom .

P ro o f. We prove the th eorem  for a connected m atroid . If a  matrond 

is  sep arab le, the sam e argum ent m ay be applied for  each  o f i f  cmmuoctteril 

com ponents.

Let Mq=(C , E^). Suppose S, S are  n o n -se r ie s  sep a ra to rs  off 

M. By T heorem  4. 2, jE^O without lo s s  of gen era lity . If S

= , then Mq is  a m inor of M x  (S U C) by T heorem 4. b, w h ere C ^

(C | S). Suppose E qP\ S = ^e .̂ S ince M is  connected, th ere  a lw ays e x is t s  

a c ircu it C of M, such that e t C  and C €  (C \S). B y  T h eorem  A.<b 

is  a m inor of M x  (S U C). Thus at each  stage  of the decomaposattiiaini 

p r o c ess  we choose a c ircu it C so  that is  a m inor of a  Modk 

M x (S U C) or M x (S U C). Repeating th is ch o ice , w e end up with  

a m in im al b lock, M'=(C', E '), of which is  a m in or.

Let S^, 14 i^  k, be the m axim al s e r ie s  s e t  o f M '. S in ce  

Mq is  3 -conn ected , S^OE^ is  null or c o n s is ts  of a s in g le  e lem en t. 

Suppose S. AE^= \ e ^  for 1 ^ i £  j < k and S. f\E g=  f o r j + l ^ i ^ i .  

C hoose any elem en t e. 6 S. for  j+l-$ i  £ k . Then M .= (C  _,A^=M'bA asI 1 “ A  "—A  "
k

a n a to m , where A =E'-.U j(Sj- \e .j ) . S in ce A D Eq, Mq is  TiOt M.

3 -conn, m inor of M', which contradicts the h yp oth esis. Tfans jpdk.



k
S im ila r ly , w e can show A O (E ' - .U^Sj) = E g H fE ' - 

A=Eq. T h erefore , MQ=MA and the proof i s  com p lete . |

it
'd

*
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4 . 5 GRAPHIC AND COGRAPHIC MATROIDS

T his section  is  devoted to structural ch aracteriza tion  of 

m atroids in term s of a tom s. We shall show that c h a ra cter is tic s  of 

gra p h -rea liza b ility  and of being binary or regu lar are determ ined by 

corresponding p rop erties  of a tom s.

We introduced s e r ie s  se ts  of m atroids in Section 3 .3 . The 

dual concept of a s e r ie s  se t is  a p a ra lle l se t . L et M=(C , E) be a 

m atroid . Two c e lls ,  e^ and e 2 , of M a re  referred  to a s  being in 

p a ra lle l if  ^e^, e ^  is  a c ircu it of M.

Lem m a 4. 20 Let M =(C, E) be a connected m atroid  and M*=(C *, E) 

be its  dual. Then two c e l ls ,  e^ and e^, are  in s e r ie s  in M if and only  

if  e^ and e^ are  in p a ra lle l in M*.

P roof. L ete^  and e^ be in s e r ie s  in M. N either ^e^ nor ^e^  can be  

a c ircu it of M*, becau se  if i s  a c ircu it of M*, the in tersectio n  of 

and any c ircu it of M containing e^ has one c e ll  in com m on, which  

contrad icts the defin ition of a dual m atroid . If C contains e^, then  

e 2 * C and =2. Thus \ev  e .^  is  orthogonal to  ev ery

m em ber of M and is  m in im al. T h erefore ^e^, e 2  ̂ is  a c ircu it of M*.

S im ilar ly  we can show the co n v erse  of the statem ent, and 

hence the th eorem  fo llo w s. |

L et M =(C, E) be a m atroid . A subset S of E is  ca lled  a 

p a ra lle l se t of M if  ) s |  £  2 and any two m em b ers of S a re  in p a ra lle l.

A p a r a lle l se t  S is  m axim al if  no p a ra lle l se t properly  contains S.
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The follow ing lem m a is  obvious.

Lem m a 4. 21 L et M be a m atroid and M* its  dual. Then S is  a 

m axim al s e r ie s  s e t  of M if  and only if S is  a m axim al p a ra lle l se t of M*.

L et S ., 1 4 i 4 k, be the m axim al p a ra lle l se ts  of M=(C , E ),
k

and le t  e. € S. for  14 i 4 k. Then M =(C D, E )=M x (E - U (S. - * e .\ ))l  1 “ K —K i\ i = l l  l

is  ca lled  a p a ra lle l-red u ced  m atroid  of M. The follow ing lem m a shows 

th is m atroid  to  be the dual of a s e r ie s -r e d u c e d  m atroid  of M*.

L em m a 4 . 22 L et M=(C^, E) be a m atroid  and M*=(C *, E) be its  dual.

Then M i s  a s e r ie s -r e d u c e d  m atroid  of M if and only if its .d u a l, M&,R

is  a p a ra lle l-red u ced  m atroid  of M*.

P ro o f. L et S ., 14 i  4 k, be the m axim al s e r ie s  s e ts  of M and e .4  S. ---------------  i  — i i

for  1 4  i  4 k . M^=M»E^ is  a ser ie s -re d u ce d  m atroid  of M. By

T heorem  2. 8(a) and L em m a 4. 21, M* =M* x  E is  a p a ra lle l-red u ced
R R

m atroid  of M . |

F ro m  Lem m a 4. 22, ev ery  p rev iou s th eorem  on s e r ie s - 

reduced m atroid s a lso  holds for p a ra lle l-red u ced  m atroid s by sim ply  

rep lacing the m atro id -th eoretic  term inology  by its  dual term inology. 

Thus T heorem  4. 12 i s  obtained from  T heorem  4. 4 and Lem m a 4. 22.

T heorem  4 . 12 Two p a ra lle l-red u ced  m atroids of a m atroid  are  

isom orp h ic .

L em m a 4 . 23 L et M ^=(Cj, E^) and E^) be equivalent. Then
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M is  binary if  and only if M is  binary.
1 “

P roof. L et M=(C, E) be a m atroid and Ej^) be its  s e r ie s -

reduced m atroid . Then it su ffices  to show that M is  binary if and only

if  i s  binary.

If M is  binary, then is  binary by T heorem  2. 19(b).

Suppose is  binary. We sh a ll show that M is  a lso  binary. Let S^,

1 4 i4  k, be the m axim al s e r ie s  se ts  of M, and M^=M»E^ w here E r = 
k

E - ^e.^ ) and ej 4 S. for 1 4 i 4 k. By Lem m a 4. 21, S ., 1 4 i  4 k,

a re the m axim al p a ra lle l se ts  of the dual m atroid  M*=(C *, E). Suppose

C € C and C* 6 C*. Our aim  is  to  show \C f\C *\ is  even . If |C *f\S .\

^  2 for som e i ,  then by Lem m a 4. 20 C* c o n s is ts  of two m em b ers of

S ., and |C AC*| =0 or 2 according as S  ̂f\C = (|> or S. C C , resp ec tiv e ly .
k

Now suppose |C * f \S . |4  1 for ev ery  i ,  1 < i  4 k . If C f\( .U j^ e .^  )= y  
k

or C *r\(.U jSj)=  <p , then it  is  not hard to show |C 0 C * \ is  even.
k

We consider the rem aining c a se . L et C '• (jy j  e. )= |ej* • • •, e r» e r+|»
k

• • •» ep» ep+l» *’ * * e c^ and C* ^  (i¥ iSi )=le l '  * * ’ ’ e r* e r+l* * * *» ep* eq+l*

. . . ,  e" }■ , w here e.' £ S .-  $ e .l for r + 1 4 i 4 p and el' €  S. for q + 1 4  i
S  i  1 1  C 1

£ s . CR=C- U .tS j -  ) £  £ R and by L em m a 4. 22 - (C * -r

u  <iSq + i K l »  u  ' i i W  > u  < g q + i W > 6

Them

| c n c * |  = |cAC*fAEn| + | | r+1W \ l

- ^ 0 (0 * 0 % ) !  + p - r

= lCRn < C |  - ) U <Wq+1H  ))|  + p .  r

= |c R n c | |  - I J r+1H l  + p - r
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= lCR n C &l = ev®n*

Accerdiuiagly,, the p roo f i s  com p lete . V i

T i.» r m M m *  34 L et M=(C, E) be a m atroid and S a 2 -sep a ra to r  of M.

®  ^ * ^ 2  ^  the® M x  (S U C j) and M x  (S U C2) a re  equivalent.

Pyaoiu. E rosa L em m a 4 .6 ,  C ^H S and C^O S are  s e r ie s  s e ts  of 

M x d S ti' and M x  (S U C2), r e sp ec tiv e ly . By T heorem  4. 3, every  

carcwit ®ff M x  (fS U C^) w hich contains C jH S  corresp onds to  a c ircu it  

®ff M x  ((S HT C^f. w hich contains C2 A S , and v ic e -v e r s a . Thus the 

lem m a fo llo w s . £

W e w ill  g iv e  an equivalent binary condition for m atro id s, 

w hich w ill  h e  u se fu l in  the follow ing d iscu ssio n .

Lem m a 4k 25 A  m atro id  M=(C , E) is  binary if  and only if for any 

c ir c u its  ^4 * ^ 2  ^ ®  ^2  *s a un*on °* d isjoin t c ircu its  of M.

ProolL. T he n e c e s sa r y  condition im m ed iately  fo llow s from  T heorem  2. 20.

ha proving the su ffic ien t condition, le t  B be a b a se  of M and 

<C ^ C .  W e show that i f  CO B = \ « j ,  ©2» • • •» » then

C2©

w here C- i s  th e fundam ental c ircu it determ ined by B and e .. The proof1 1

fo llow s tey induction on h .

L et C b e  a  c ircu it of M such that |c O b \ =2. Suppose C O B  

B y  h y p oth esis, C ©  C ̂  contains a c ircu it of M which contains 

e^ , and oth erwi s e  only e lem en ts of B . Then, by defin ition , C ©  C ̂ =C£
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and hence, C = C j©  (C © C j )=Cj ®  C^.

Suppose the above prop osition  i s  tru e  for  < k -  1. Let 

C f  C and C f\B  e 2»-------- % \ * A xiom  *»

Ckn B - C, and B '=(B - \ e ^  ) U ^  is  a b a se  o f M by T heorem  2 . 5

and Lem m a 4. 3. L et C!, U  i ( k ,  b e  the fundam ental c ircu its  

determ ined by B ' and e^, e ^ , . . . ,  e^ e^. C 0 (E-B")= e ^ , . .  • ,

T h erefore , by the induction h yp oth esis, C =C ^ © C ^ ©  . . .  j .

S ince jC jO B l ^ 2 for 1 ^ i  ^ k -1 , a s  shown above, C! i s  a fundam ental 

c ircu it or is  the sym m etr ic  d ifferen ce  of two fundam ental c irc u its  

determ ined  by B and e lem en ts of B . Thus C can b e  e x p ressed  a s  a 

sym m etr ic  d ifferen ce of C ., !•$ k , and it  m u st contain an odd 

num ber of C .'s  for each  i; o th erw ise  e . ^  C, w hich contrad icts the  

h yp oth esis. If appears m ore than once in  the ex p ress io n , then  

w e can deduce the sym m etr ic  d ifferen ce  o f C."s to  C. s in c e  C. ©  C.= . 

C onsequently, C=Cj ©  C ^ ©  . . .  © C ^  and the lem m a fo llo w s. |

A C -decom position  of a  b inary m atroid  y ie ld s  a com plete  

s e t  of b inary atom s. The co n v erse  of th is  sta tem en t i s  a ls o  tru e.

T heorem  4 . 13 A m atroid  is  b inary i f  and only i f  a com plete  s e t  of 

atom s is  binary.

P roof. The n e c e ssa r y  p art fo llow s from  T heorem  2 . 19(b).

We sh a ll prove th e su ffic ien t p art of th e th eorem . Suppose 

a ll the atom s of a C -d ecom p osition  a re  b inary. B y  L em m a 4. 23 a ll  

the m in im al b locks a re  b inary, M =(C, E) b e  a  m atroid  and S, S
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its  n o n -se r ie s  sep ara tors. Suppose C £  (C_\S), and b locks M x  (S U C) 

and M x  (S U C) of M are binary m atro id s. We show  that M w ill 

sa tis fy  Lem m a 4. 25, and hence it is  a lso  binary. If C^, C and

Ci n C 2 =(t> , then C j©  co n s ists  of the d isjo in t c irc u its  and C^.

Suppose CjO  + — x ^' an<* ^ 2  ^

L em m as 4. 23 and 4. 24, M x  (S U C^) is  binary, and hence ©  C2 is

a union of the d isjo in t c ircu its  of M.

Now suppose C H C  and €• (C.\S). By L em m as

4. 23 and 4. 24, M x  (S U C2> and M x  (S U C2) a re  b inary. Let X=(C10 S )  

U (C f lS )  and Y=(C2f \S )  U (C jH S ). X and Y a re  c irc u its  of M by 

T heorem  4. 3. Since X and Y are c ircu its  of M x  (S U C2) and 

M x (S U C2), resp ec tiv e ly . X © C 2=(Cj 0 C 2) f \S  and Y ®  C2= (C jQ  C2) 

0  S a re  unions of d isjoin t c ircu its  of M. T herefore © C 2 is  a union  

of d isjo in t c ircu its  of M. A ccordin gly , M is  b inary and, by induction, 

the th eorem  fo llow s. |

We denote the Fano and heptahedron m atroid s by M p and

M , resp ec tiv e ly .
” * n

Lem m a 4 . 26 }^(Mp)= ^ (M ^ )= 3 .

P ro o f. Let MF =(CF , E), w here E= {e^ , e 2, . . . ,  e ^  and C = ^ e lt  e 2, e^, 

' 4! '  i W V M '  l e l ' e3 'e5’ e6i ’ .̂e l , e 4'e5’ e7V' ^ 2’ *3’ *4' *5!  ’

I ’ r V V M '  \ ‘ y  w e7}}-

Let S = |e ^ , e^, e^, and S = E -S . By T heorem  2. 13, 

^ (M f ;S ,S) =JU (¥f ) - j^ (M F x  S) - ^ ( M p  x  S) + 1
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= 3 - 1 - 0 + 1 = 3, 

and m in( | s |  , | s |  )=3. Thus ^ 3 .  If S =2, then M p x  S

contains no c ircu its  and Mp, x  S contains only one c ircu it of Mp. 

T h erefore  we have

J (M f ;S,S)= 3 - 0 - 1 + 1 = 3, 

and m in( | s | , | s |  )=2. Hence M p does not sa tis fy  the fin ite  connectivity  

condition, that is ,  " \(M p)|:2 . Since M p is  coim ected, 2 4 \ ( M F ) 

and hence, ^ (M p )= 3 .

The connectivity of M^. is  obtained by T heorem  2. 14.

\ ( M h )= A_(M*)= \ ( M f )=3. ■

In the next th eorem  a com plete  se t of atom s ch a ra cter izes  

the regu lar property of a m atroid .

T heorem  4. 14 A m atroid is  regu lar if and only if  a com plete set  

of atom s is  regu lar.

P ro o f. S ince ev ery  m inor of a regu lar m atroid  is  regu lar, a ll the

atom s are  regu lar.

If the orig ina l m atroid , M, is  not regu lar, then by definition

M is  not binary, or M is  b inary and contains MF or as a m inor.

If M is  not b inary, at le a s t  one atom  is  not binary by

T heorem  4. 13, and the th eorem  fo llo w s.

Suppose M is  b inary and contains MF or a s a m inor of

M. Since M _ and are 3 -conn ected  by Lem m a 4. 26, one of the — — r —rl

m ax. 3-conn , m in ors which contains MF or as a m inor is  isom orphic
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to an atom  M by Lem m a 4 .1 9 . Thus th ere  e x is ts  at le a s t  one atom  

M which i s  not regu lar and hence the th eorem  fo llow s. |

Lem m a 4 .2 7  *MP(K«>))= X<B(K5))= X lP (K 3> 3))= ^ (B (K 3> 3))=3.

T heorem  4 . 15 A m atroid M is  graphic if  and only if  a com plete se t  

of atom s is  graphic, and M is  cographic i f  and only if  a com plete se t  

of atom s is  cograp hic .

P roof. S in ce the proof of the second part of the th eorem  is  s im ila r  to 

that of the f ir s t  p art, we need only prove the f ir s t  part of the th eorem .

The n e c e ssa r y  condition i s  obvious. Suppose M is  not 

graphic. B y T heorem  2 .2 2 , M is  not regu lar or M contains P(K^) or 

P(K 3 3). If M is  not regu lar, then som e atom  is  not regu lar by 

T heorem  4 . 14, and hen ce, the th eorem  fo llo w s. If M contains P(K^) 

or P(K 3 3) a m in or, then, by L em m as 4 . 19 and 4. 27, th ere e x is ts  

an atom  w hose m inor i s  isom orp h ic to  P  (Kg) or  P(K 3 3). S ince  

P(K^) and P (K j a r e  not graphic, is  not graphic. The th eorem  

fo llo w s. |

A s an im m ed iate  conseq uence o f T heorem  4 . 15, we have 

the follow ing th eorem  on planar m atro id s.

T heorem  4 . 16 A  m atroid  i s  p lanar if  and only if  a com plete  se t  of 

atom s is  p lan ar.

T h ere  i s  no d istin ction  am ong isom orphic m atro id s in  th eir  

stru ctu res . T h erefore  a com p lete  s e t  of atom s m ay be c la s s if ie d  into
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isom orp h ism  c la s s e s .  L et A c o n s is t  of the isom orp h ism  c la s s e s  

of atom s of M. Then graph rea liza b ility  of M is  com plete ly  determ ined  

by the graph -rea lizab ility  of rep resen ta tiv es  of the isom orp h ism  c la s s e s  

in A.

E xam ple 4. 1 Let us con sid er  the polygon m atroid  of the graph G in 

F ig . 4. 1. Our C -decom position  p r o c e s s  i s  p erform ed  as  fo llow s:

P<GH>

P(G)

E<G 12>

£<G 21>

£ (G22>

S j= { l , 2 , 5 , 6 .  1 1 ,1 2 , 13  ̂

S2= \ l l ,1 2 ,1 3 ^

S3= ^2, 3, 4, 5^

Cj= {2, 3. 4, 5  ̂

C2= \5 ,6 ,  11,12^  

C3 = \3 , 4, 7, lo }

The resu ltin g  m in im al b lock s a re  P ( G j j ) ,  P (G j2), P(G 2 j), and P(G 22) 

(se e  F ig . 4. 3). A com plete se t  of atom s i s  shown in  F ig . 4. 4 and its  

isom orp h ism  c la s s e s  in  F ig . 4 . 5.
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10

13

F igu re 4 .1  Graph G of E xam ple 4 .1

10

12

13

8

1 2 

F igure 4 . 2 G raphs of E xam ple 4 . 1



11 12 G 21 G22

F igure 4. 3 M inim al B locks of G

1013

a l a 2 a3 a4

F igure 4. 4 Atom s of G



R ep resen tative  of R ep resen tative  of A^

*  -  l ± i -  * 2}

* 1 = l Ga l ’ Ga3' °a4^

a 2= K z)

F igu re 4. 5 Isom orphism  C la sse s  A of Atom s
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CHAPTER 5 SPLIT DECOMPOSITIONS AND THEIR APPLICATION  

5 .1  P-DECOMPOSITION

C -decom position  d iscu ssed  in  the p rev ious chapter y ie ld s  

two b locks at each step  of the decom position  p r o c e s s . H ow ever, in 

defining so -c a lle d  "split decom position", we can m ax im ize  the number 

of b locks produced at each decom position  step . In th is chapter two 

kinds of sp lit  d ecom position s, which a r e  dual to each other, w ill  be 

introduced with an application to planar n -p ort netw ork s.

L et M =(C, E) be a connected m atroid , w here \E | ^ 3. We 

partition  E into non-null subsets S ,̂ 1^ i 4  k, w here k> 2. Then the 

s e ts  S ., 1 i  ^ k, are ca lled  P - s e t s  of M if they sa tis fy  the follow ing  

conditions:

(i) S. is  a 2 -sep a ra to r  of M if ^ 2
£

(ii) 2  r(M x  S.)=r(M ) + k - 1 
i= l — 1 —

(iii) S .'s  a re  m in im al with r esp ec t to conditions (i) and (ii).

L em m a 5. 1 L et M =(C, E) be connected and S ,̂ 1 4 i  ^k , be P - s e t s  of 

M. Then ^  (M ;S., S )̂ = 2 for  every  i ,  1 $ i 4 k.

P ro o f. If |S .| =  2, then by defin ition Sj is  a 2 -sep a ra to r  of M and 

hence the lem m a fo llow s.

Suppose | S .| =1. S ince M is  connected and has no c ir c u it  

co n sistin g  of a s in g le  c e ll ,  w e have ^ (M ;S ., S )̂ > 2  and r(M x  S -)= l.

2 4 £  (M;S., S.)= - r(M) + r(M  x  Sj) + r(M x  S.) + 1 

= - r(M) + r(M x S . )  + 2 U .
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Thus, 5(M ;Si ,S i )=2. |

Lem m a 5. 2 Let S ., 1 4 i 4 k , be P - s e t s  of M. If *s a Part it i° n

of I, w here I j, 12  ̂ and I C  I q = \ 1 4 i 4 , then

r(M x UT S.) + r(M x U S.)=r(M  x  .ILS*) + 1.
~  i t l j  1 “  1^I2 ~  1

P ro o f. C ase 1. | l j \  =1.

Let = and Set S^U^ Sj and T= ®i* ®Y T heorem  2. 12

and Lem m a 5. 1,

r(M x  S.) + r(M x T)=r(M x  S.) + r(M x (S. OS))
 ̂ J J

4 r(M x S.) + r(M x S .) + r(M x S) -  r(M x  (S. U S))
J j J

=r(M x  S.) + r(M x S.) + r(M x  S) - r(M)
J J

= ^ (M ;S .,S .) - 1 + r (M x S )

=r(M x S) + 1.

Now suppose r(M x  S )̂ + r(M x  T)=r(M x S) for som e I and j. Then by

T heorem  2. 12(d) and the above resu lt w e have:

r(M)=r(M x S) + r(M x  S) + 1 - ^(M ;S, S)

£ r(M x  S) + r(M x S) - 1

=r(M x Sj) + r(M x T) + r(M x  S) -  1

2r(M  x S..) + X  :r(M x  S.) -  ( \l2\ -  1) + X ^ r f M  x  Sj)

- ( | l 0 - l | -  1) -  1

= g r ( M  x  Sj) - (k - 2)

=r(M) + k - 1 - (k - 2)=r(M) + 1.

This is  a contradiction , and the lem m a is  true for J lj | =1.

C ase 2. | Ijj ^ 2.
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A proof is  obtained by sim ply  applying the resu lt of C ase 1.

r(M x  ,U T S.) + r(M x .U_ S.)
— i f l j  1 “  i* l2 1

= S  r(M x  S ) - ( jlj! - 1) + %  r(M x  S.) - ( \lz\ - 1)
l t l j  1 *

- S j T I M x S ,)  - 1i | + 2 

^ ( M x I U j S j ) )  + | l \  - 1 - | l \  + 2 

=r(M x .U j S .)  + 1.

S ince th is is  the required  resu lt, the proof is  com plete .

In Lem m a 5 .2 , if  we choose I=Iq and jjUj S j | ^ i^

then U . Si and U Si a re  2 -sep a ra to rs  of M. 
t t l j  1 i* I 2 1

L em m a 5. 3 Let Sj, l £  i £ k , be P - s e t s  of M. Then th ere is  no

c ircu it of M which has a non-null in tersec tio n  with m ore than two S j's ,

P ro o f. Suppose th ere  e x is ts  a c ircu it C of M which has a non-null

in tersec tio n  with S^,S., and E -S j U Sj, w here i ^ j.

S e tS = E -(S i U S-), S>.=S. U (S O C ), and T=Sj U S [ . If [s\ =1, 
J  J  J  J

then M x  T=M x E=M is  connected. If |s j  > 2 , then, by Lem m a 5. 2,

Sj U S. and S a re  2 -sep a ra to rs  of M and h en ce, M x  (Sj U S. U C)=
J -

M x  T is  connected by Lem m a 4. 7. U sing T heorem s 2. 12(d), 2. 13, 

and Lem m a 5. 1, we deduce

2 ^ £ (M  x  T;Sj, Sj )=J X M  x T) - J j(M  x  S.) -JU(M x Sj ) + 1 

=JuKM x T) - jl|(M x S.) - jU (M  x  (T O Sj)) + 1

x T) -  JJ(M x S.) - [M(M x  T) + JLtfM x Sj)

- JA(M x  (T U Sj))] + 1 

= - x Si> -JÛM * Sj) +JLA(M) + 1



T h erefore, X  (M x  T ;S., S! )=2. B y L em m a 4. 5 
^  J

JX(M x  (S. U S ))= JUKM X  (S. U S U C)) - 1
J  J

=JUUM x  T ;S ., S ! ) +JW(M x  S.) +JU(M x S ! ) - 2  

=JU(M *  S.) +JU(M x  (Sj U (SO C ))

= JU (M xS .) + J i( M x S j ) ,  

s in ce  S- (\C is  a s e r ie s  s e t  of M x  (S. U C) and p rop erly  contains S f\C .
J  J

H ow ever, th is  contrad icts Lem m a 5. 2. C onsequently, C ^ C x  (Sj U Sj), 

and the proof is  com p lete . |

Lem m a 5. 4 L et S ., 1 4  i  4 k, h e  P - s e t s  of M, Then M x  (S. U Sj) 

i s  connected for  any i  and j , i  $ j .

P roof. Suppose the lem m a fa ils .  Then th ere  e x is t  two d istin ct c e lls

e and e ' ,  such  that no c ircu it of M x  (S. U S.) contains th ese  c e l ls .
3

If e and e* belong to  d ifferen t s e t s ,  say , e €; S  ̂ and e' 4 S., then, by 

defin ition , th ere  i s  a c ircu it C of M containing e and e ' , and C C S . U S.
J

by L em m a 5. 3. T h erefore , e  and e' belong to the sam e se t , say  e, e'

S .. L et C and C* be c irc u its  of M x  (S  ̂ U S .), such that e fe C, e' £ C ',
 ̂ J

and C O G ' $ <j> . Such c irc u its  a lw ays e x is t . F or exam ple, p ick  any 

e- £  S-, and le t  C and C* be c irc u its  containing e , e . and e ', e .,
J  J  J J

r esp ec tiv e ly . C hoose C and C* so  that C U C' is  m in im al, co n sisten t  

with the above condition. L et Cq €  C f |  C 1, By A xiom  II we can find  

c ircu its  Cq and of M so  that e  6  C C  U C 1 - and e' (  Cfo C  

C U C' -  fbe m in im ality  of C U C', and by
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A xiom  I C C]C'Q k §  , (C' - C )f \C 0 *<^. Then C U C ^ C U ^ C U C  

- Cq)=C U C' - (C 1 - C )0  Cq C ^ U  C'. H ow ever, th is  i s  contrary  to  

the m in im ality  of C U C'. T herefore, th ere  alw ays e x is t s  a  c ir c u it  o f  

M x (Sj U Sj) containing any two e lem en ts of Sj U S^. T im s M x  XI Sv) 

is  connected. |

Lem m a 5. 5 L et M =(C, E) be connected and Sj, 1 ^ i  ^ k, b e  P - s e t s  o f  

M. If CL €  (C \S .), then M-=M x (Sj U Cj) i s  connected.

P ro o f. If [SjJ =1, then Mj=M x  (Sj U Cj)=M x  Cj i s  a ccaaiertted m o n a d  

con sistin g  of only one c ircu it Cj.

F or \S j\> 2 , Sj is  a 2 -sep a ra to r  of M and th e lem m a fo llo w s  

fro m  L em m a 4. 7. ^

F or given P - s e t s  of M, M j's a re  uniquely obtained w ith in  

equivalence. We define m atroid s Mi^e a ) ^y rep lacing  to e  s e r ie s  s e t  

C OSj of M x  (Sj U Cj) by a new  sym bol, ea , ca lled  a  snpplemewtaTy  

c e ll  of M j(ea ). M ore sp e c if ica lly , the c e l l  s e t  of Mj(e^) i s  S . U^^aS 

and the c irc u its  C j(e&) a re  the union of C x  Sj and fV%) |

C €  (C |S j)} . M atroids M j(ea ), 1 ^ i^  k, a re  re fer re d  to  a s  P -h locfcs  

of M.

The follow ing lem m a is  an im m ed iate  conseq uence o f  

Lem m a 5 .5 .

Lem m a 5. 6 P -b lo ck s  of a m atroid a re  connected.

In the follow ing d iscu ss io n  w e sh a ll u se  to e  follow ix^ nototiana il
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convention: Let Mj=(C .#Ej), 1 4  i 4 k , be m atro id s and Ej OE^ = \ e \

for every  pair of i  and j , i \ j. We denote 
k

if 1C- i sC. l A C 2 A . . .  A C k

• ( f i 1(C 1 . ( B 1 - i . i ) ) > U ( u i yj 4k C l j ). 

w here C lj= U C j - \e )  | Ct t  (Cj | ^  ), Cj «<Cj \ If,))} .

T heorem  5. 1 Let M =(C, E) be connected, and M .(e_) =

(C . ( e . ) , S4 U ie _ \ ), l 4 i 4 k ,  be its  P -b lo ck s . Then E= U S; and•X a 1 L a* i —1

C - i l l
k k

P roof. It is  obvious that E= U S .. We w ill prove C= .A  C .(e a ).---------  i= 1 1 — l = l  —1 a

Let C be a c ircu it of M. If C £  C .(ea ) x  for som e i, then

k 1 C £  C^(ea). Suppose C f\S j  ̂ and C f\Sj <̂> for som e i  and j,

i  $ j. By Lem m a S J C C S j U S .  and C .^ C fiS j )  U \ e a\€ ( C .( e a ) \ )

and C .= (C f\S j) U \ e a\  £  (C .(ea ) \ \e^  ). T h erefore , C ^C O S*) U (C O Sj)

= ° i  U Cj - K \  *  £ i j  ^  A  £ i (ea'-
k

Now le t  C £  A  C .(e  ). If C £  C .(e  ) x S ., then c lea r ly  C i = j —l a —i a i

i s  a c ircu it of M x  S. and hence of M. Let C £  C .j and |S. | , [S j\£ 2 . 

Then th ere ex is t  (e £  ) C. £ C *(ea ) and (e £ ) C. £ C .(e ), such
« 1 A a j J a

that C=C. U C. - i e  \  . By defin ition , for som e C.' 4 (C lS .) and C! £•i j i a >  i — 1 i j

(C | Sj), C. - r\®i ant* " \ea  ̂ =<-'j can ck o ose  C.' and

Cj so  that C !f\S j <j) and C jf)S . $ . Suppose th is is  im p o ss ib le , and,

sa y , C fD S ^ C . -  -|ea \  im p lies  Cj f\Sj . S ince M is  connected, we

can find C 1 (? C such that C' f \S . # and C' r \  Ŝ  $ . C hoose Cj and

C1 so  that (C! U C ')(^Sj is  m in im al co n sisten t w ith th is condition.
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B y Lem m a 4 .9 ,  (C! U C ')f)S . contains a c ircu it C" of M. L et e £•

C” f\(C '-C J ) and e^ £  C 'O S j. T here e x is t s , by A xiom  II, a c ircu it C 1"

of M, such  that e. €  C"' C  C" U C» -  ^ e \ .  Then C'" ftS .  ̂ 4  * e j €

* 4  » *®d <Ci U C- ) 0  Si ^  tC - U C ’> 0 Si - \ e \ -  This contrad icts

the m in im ality  o f (C! U C ')^ \S .. C onsequently, th ere e x ists  C! sa tisfy in g

C.'HS. ^ 4  * Lem m a 5 .3 , C !,C I £  C x  (S. U S.) and hence,
J  ̂ «J J

C=C. U C j -  J e ^  = (C !ftS .) u  (C jO Sj) is  a c ircu it of M x  (S. U S^) by 

T heorem  4 . 3.

F or |S j | =1 or |S . |  =1 w e a ssu m e, without lo s s  of gen era lity ,
J

|S j |  =1. In th is  c a se  C !f]S j c o n s is ts  of a s in g le  e lem en t, say e.

S ince C !f \S  i s  not a c ircu it of M x (S- U S.), e £  Ct. Thus C!=(C{ f)S .)  
j j  ~  1 J J J J J

u  ) u \ . \ = ( C j -  V .V  U <C. -  ) = C

is  s  c ircu it of M x (S. U S .). A ccord in gly , the proof i s  com p lete , S

T heorem  5. 1 rep resen ts  a unique recon stru ction  of M from

its  P -b lo c k s . The p r o c e ss  generating P -b lo ck s  from  M is  ca lled  a
k

P -s p lit  of M, and we w rite  M= A  M .(e^). S in ce P -b lo ck s  a re  connected - *  -  i =1 - i  a

by Lem m a 5 . 6 , repeated  P - s p l it s  o f P -b lo ck s  y ie ld  a co llectio n  of 

un sp littab le P -b lo ck s  ca lled  P -a to m s . S u cc e ss iv e  P -sp lits  define the  

P -d ecom p osition  of M . T his decom position  is  a gen era l ca se  of C - 

decom position , w here a t each  P -s p lit  we ch oose  k=2 and to be

com plem entary n o n -se r ie s  sep a ra to rs .

We com m ent on P -a to m s and atom s of C -d ecom p osition .

A s w e have se e n  in  E xam ple 4 .1 ,  2 can be an atom  of

C -d ecom p osition . H ow ever, P -d ecom p osition  never y ie ld s th is m atroid
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a s  a P -a to m . P -a to m s gen era lly  co n sist of m atroid s ^ ^ 2'

and m atro id s isom orphic  to  m ax. 3-conn , m in ors of the orig inal m atroid .

T heorem  5. 2 Let M be connected . E very  P -a to m  of M is  isom orphic  

to  3M3 , 2 ^ 2  ' ^  a  n a x * 3 -con n , m inor of M.

E very m ax. 3 -conn , m in or o f M w hich i s  not 3 ^ 2  *s 

isom orp h ic to  a P -a to m .

P ro o f. If M is  a P -a to m , by defin ition th ere  i s  no P -s p lit  of M, and

th ere fo re , M is  3 -cou n ected .

L et M=«C, E) be a P -b lo ck  and S ., 1 ^ i 4  k, be P - s e t s  of M.

The P -b lo ck s  of M a r e  denoted by M .(ea )=(C .(ea ), S. U ), 1$ i £ k.

If M .(ea ) i s  a I -c ir c u it  m atroid , then c lea r ly  it s  P -a to m s are  isom orphic

to  j Mj  or Suppose M .(ea ) i s  not a 1 -c ir c u it  m atroid . Then

|S - | > 2 and Sj i s  a  2 -sep a ra to r  of M by the defin ition of P - s e t s .  Let

C. €  (C |S j). A s shown in  the proof of Lem m a 4 .1 8 , a m ax. 3 -conn.

m inor o f M x  (S. U C J  i s  a ls o  a m ax. 3 -con n , m inor of M. S in ce M .(e_) — 1 1  — —1 a

is  obtained from  M x  (S. U C J  by rep lacing S. (^Ci  by supplem entary c e ll  

e a , ev ery  m ax. 3-conn , m in or o f M .fe^) i s  isom orp h ic  to a m ax. 3-conn, 

m inor of M. B y induction, th e f ir s t  part of the th eorem  fo llow s.

In proving the second  p art of the th eorem  le t  M =(C, E) be  

a P -b lo ck , and M .(ea l ,  l i  i 4 k ,  be g iven  a s  above. Suppose M '=(C', E ') 

i s  a m ax. 3 -conn , m inor o f M and M* t  3^ 2* S ince the th eorem  is  

tr iv ia l for  |E ’| 4  3 , w e a ssu m e  \E"( ^ 4 . B y T heorem  4. 2, th ere  e x ists  

a 2 -sep a ra to r  S. o f M , su ch  that 4  U M' is  isom orp h ic to
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a m inor of a P -b lo ck  XLfe^) by T heorem  4 . 6 . B y induction M' is  

isom orphic to a m inor of so m e P -a to m . S in ce P -a to m s  which a re  not 

3M j , 2M2 a re  isom orphic to m ax. 3 -conn , m in ors of the orig in a l

m atroid , M' is  isom orphic  to  a P -a to m . The proof is  c o m p le t e .^

A P -a to m  is  re ferred  to  a s  a P -n o n -e s se n t ia l atom  if it  i s  

isom orph ic  to j Mj  or  2* **** °*Jierw ise *s  * P -e s s e n t ia l  atom .

A com plete  s e t  of P -a to m s c o n s is ts  of a l l  th e n o n -e ssen tia l a tom s and 

P -e s s e n t ia l  atom s of a  P -d eco m p o sitio n .

Exam ple 5. I. L et M=(C , E) be th e polygon m atroid  of the graph G in  

F ig . 5. 1. The f ir s t  P -s p lit  is  determ ined  by P - s e t s  S^= ^1, 2 , . . . »  8 ^,

S2=^9, 1 0 , . . . ,  13^ , and Sj=  ^14. 15........... 20^ . In the figu re  Cj, e 2, e^,

e^, and e^ a re  supplem entary c e l l s  at each  P -s p lit .

■'PfGj) S j, Cj

H G )—— ------------- ►J3g 2> — S2 , e 2

— S3, e 3

PfG^) is  a P -a to m  sin ce  it has no P - s e t s .  Let = ^ 1 ,2 , 3 ,4 ^  ,

Sj2 = ^ 5,6^ , S = \l\ and . The corresponding

P -b lo ck s P (G j.), 1 i  i ^ 4 , a re  shown in F ig . 5 .3 .  F or  P(G^) ch oose  

S31= ^14, 1 5 , e i  ̂ and S32= { l 6 , 1 7 ,1 8 , 19 ,20^  . P f G ^ l  and P C G ^ ) a re  

P -b lo ck s  of P (G 3) (F ig . 5. 3).

S im ila r ly  P (G j j ) and P ( G j j )  have further P - s p l it s ,  and th eir  

b locks are  the polygon m atro id s of G jjj  and G j j . ,  1 4 i  43, given  in  

F ig . 5. 4.
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F igu re 5. 1 Graph G of Exam ple 5. 1
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F igu re 5. 2 Graphs of E xam ple 5. 1
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F igu re 5. 3 Graphs of Exam ple 5. 1

Gl l l  G112

2

14e
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G311

15 e 5 e5

G321 G3 13

F igu re 5 .4  Graphs of Exam ple 5. 1

A

F igure 5. 5 R ep resen ta tives of Isom orphism  C la sse s  
of the P -A tom s
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Graph G has th ree isom orp h ism  c la s s e s  of P -a to m s , and 

th eir  rep resen ta tives a re  shown in F ig . 5. 5.

In Exam ple 5. 1 we dem onstrated the P -d ecom p osition  of a 

polygon m atroid , w here the subgraphs corresponding to P - s e t s  are  

connected in p a ra lle l. Sym bol " P  " is  used  to stand for " p a ra lle l ". 

Thus at each  step  of the P -sp lit  of a polygon m atroid the corresponding  

graph is  decom posed into its  p a ra lle l connected subgraphs. The dual 

resu lts  a re  obtained with a bond m atroid . A s seen  in the next exam ple, 

P -d ecom p osition  of a bond m atroid decom poses a graph into its  s e r ie s  

connected subgraphs.

Exam ple 5. 2 C onsider the bond m atroid  M of the graph G in F ig . 5. 6, 

S 1= { l , 2 , . . . , 8 } ,  S2= } 9 , 1 0 , . . . ,  n )  , S3= } l 4 ,  15\ , and S4 = \l6} are  

P - s e t s  of M=B_(G), and the corresponding P -b lo ck s a re  the bond 

m atroids of the graphs shown in F ig . 5. 7, w here e is  a supplem entary  

c e ll .
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F igure 5. 7 Graphs of Exam ple 5 .2
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5 .2  S-DECQMPOSITION

In th is  sec tio n  we consider the dual of P -d eco m p o sitio n .

L et M -(C  , E) be connected and Sj , 1 £ i 4  k, be a partition  of E, w here

| e |  k 3 and k * 2. Then the s e ts  S .'s  a re  ca lled  S -se ts  of M if they

sa tis fy  th e follow ing conditions:

(I) Sj i s  a 2 -sep a ra to r  of M if  |S .| ^ 2 
k

(ii) x  S.)=r(M ) + 1

(iii)  S .'s  a r e  m in im al with r esp ec t to conditions (i) and (ii).

A s s e e n  in  the next lem m a, S - s e t s  of M a re  P - s e t s  of M*, and v ic e -  

v e rsa .

T»mma S. ? L et M =(C, E) be a m atroid , and Sj, 1 i ^ k, be a partition  

of E . Then S .'s  a r e  S - s e ts  of M if and only if they are P - s e t s  of M*. 

P ro o f. It su ffice s  to  show that the second condition of S - s e ts  is  

equivalen t to  the secon d  condition of P - s e t s  for M*.
Jj

L et S j, 1 4  i  4  k, be S -se ts  of M. Set R= 2EL r(M x  Sj) - r(M)

-  I . B y  T heorem  2. 12

L V S jV  -  >A(M x S.j] - JUtfM*) - 1

X  Sj) +  \E \ -JUtfM*) -  1
k

= -  32  r(M*.S ) + r(M*) - 1. 
i= l — i  —

L em m a 5 .1  i s  valid  a fter  rep lacing " P -se ts  of M" by " S -se ts  of M", 

b eca u se  only the f ir s t  condition is  used  in  the proof. T h erefore  

^ (M ;S j.S j) = ^ (M *;S .,S j)

=r(M* x  S.) -  r(M*»S.) + 1 =2,— l “ i
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or

Then k
R= -  - S  r

r(M*wS.)=r(M* x  S.) -  1.

i  r(M* x  S .) -  1 + r(M*) -  I
i= l -  » -

= -  £ r ( M *  x S . )  + r(M*) + k - 1.
JTi — * -

The lem m a fo llow s by setting R=0. ^

Lem m a 5. 8 L et M = ( C , E ) b e  connected, and Sj, 14 i 4  k, be S - s e ts  of 

M. If I i s  a non-null subset o f | 1 i $  , then

r(M  x . U S.)= X  r(M  x  S-).i^ l  * 1

P roof. L et I'=Ift -  I and T= U S ., T = U S .. B y L em m as 5. 2 and 5. ?
---------  0 i 4 i  x i * r  1

r(M* x  T) + r(M* x  T )=r(M*) + 1, 
or _  _

r(M x  T) + r(M x  T )= ^(M ;T, T) + r(M) -  1

= ^ (M * ;T ,T ) + r(M ) -  l=r(M ) + 1.

U sing th is  equality

r(M x  T) 4 2 .  r(M  x  S-)= X  r(M  x S J  -  S  r (M x  S.)
— l € l  “  * i 4 I g  -  1 1 ^ 1 '  “  1

^  r(M) + 1 -  r(M x  T)=r(M x T).

Thus the lem m a fo llo w s. |

Lem m a 5. 8 im p lie s  that S ., i 4 IC Iq , a re  sep a ra to rs  of

M x U S- and ev ery  c ircu it of M X .U .S. i s  contained in  som e S ., i  4 1, — i« I  1 1*1 1 1

by T heorem  4. 1(d).

The follow ing lem m a is  deduced fro m  Lem m a 5. 8 .

Lem m a 5. 9 L et S ., 1 4 i  4  k, be S - s e ts  of M. Then ev ery  c ircu it  

of M is  e ith er  contained in  som e S. or it has a non-nu ll in tersectio n  

with a ll  S. 's .i
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L et M=(C, E) be connected, w here \E  \ > 3, and S^, 1 4  i  4 k, 

be S -s e ts  of M. Lem m a 5. 9 i 8 equivalent to the condition: 

( C | S 1) = ( C \ S 2 )= . . .  = ( c \ s k ).

Let Ci (ex )=(C x  S.) U |( C  f \  S.) U {ex\  \ C £  (C \  S .)}  for  14 i 4  k.

It can be e a s ily  shown that M^(ex )=(C_^(ex), S. U \®x\  )* 1 4  i 4  k, a re  

connected m atro id s, w here e is  a supplem entary c e l l  of M .(e ).
X — 1 X

M (e ). 1 4 i 4 k, are  referred  to as S -b locks of M.—i x   —

Let M =(C., E.),  1 4  i 4 k, be m atroids and E - f \E .=  \ e \  for  
—i —1 l 1 J

every  p air  of i and j, w here i t  j* Define  
k

. . .

, ( iU 1(Ci X (Ei - ^ \ ) ) ) U C u ^ k.

w h * r *  £ 1 2 . . . k = i ? i c i  •  W  1 c i 6 141 •

The follow ing th eorem  corresp ond s to T heorem  5. 1 on P -b lo c k s . 

T heorem  5. 3 Let M=(C, E) be connected and M .(e_)=(C .(e_), S. U
— — .— — — — X  ^  X  1 * *  *

k k
1 4 i  4 k, be its  S -b lo ck s. Then E= U S. and C= P C  .(e  ).

i= l 1 ~  i = l “ i  x
k

P roof. S ince E = U S. is  obvious, we have only to  show that 
 k i=1 1

If C 4 C, then C  for som e i or C in ter sec ts  w ith a ll
k ,

S 's . For C C S . ,  C £  C.(e ) x  S . 4 Q  C-(e ). If C 4  (C S .) , then, 1 i  *“i x  i —1 x  — i i

by Lem m a 5 .9 ,  C £  (CjS.) and C.' = (C f |S .)  U |e j t  € C . ( e x ) for
J k J kJ J

1 4 j  4 k .  T h erefore, C = U (C O S^)  = ( ( C /  -  \ e x\  ) f \ S ^

= U C.' - J e U n  c .(e  )•
j=l J j=l “ j x
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k
L et C 4  D  £ i (ex ). K C €■ C .(ex ) x  S ., then C S C  x  Sj C C . 

Suppose C 4  Cj2 *. .  There e x is ts  Cj 4  (Cj ), l i i  4 k ,  such

that C = U C- -  $e V = J& (C. r \S - ) .  To show C S C, w e a ssu m e
i= l x  i=l 1

C ^ C. By h yp oth esis, th ere e x is ts  a c ircu it C' of M w hich has a

non-nu ll in tersectio n  w ith a ll  S . ' s .  C hoose C' so  that C U C' is
i

m in im ally  con sisten t w ith th is condition. Let C 0  S.  ̂ C ' O S- for  

som e i. B y defin ition , C '̂ = (C ' f j  S.) U ^©x\  i s  a c ircu it of M .(ex ). 

Since no c ircu it of hL (ex ) contains a c ircu it of M j(ex ) properly , w e  

can find e 4  C. 1 - C{ and C ," 4  C.(e ) f\ C so  that e 4  C-" C  C5 U C-*
X 1 1 “ 1  X  ’ 1 * 1

- • L>©f ©' ^ (C 1 “ C i 'M O S j .  By A xiom  II, th ere  e x is ts  C" 4  C, 

such that e' € C " C C '  U C." - {e^  . Then, C U C" C C  U (C  U C ."

- U C' - ^e^ and C" has a non-nu ll in ter sec tio n  w ith a l l  S j's . 

This is  contrary to the h yp oth esis. A ccord in gly , C is  a c ircu it o f M. ^

the ex p ress io n  as an S -sp lit  of M. S -a tom s and S -d ecom p osition  a re  

accord in gly  defined.

To show the connection of a P -s p lit  and an S -sp lit ,  w e sh a ll 

prove som e additional lem m as.

Lem m a 5.10 Let M =(C, E) be connected , and S be a 2 -sep a ra to r

of M. If C €  (C|S),  then M*S = (M x  (S U C)) • S.

P roof. Let Lj = ^C' O S  * §\c  f  c |  and L2= ^ C ' f l  S | c  4

C x  (S U C)^ . M»S and (M x  (S U C ))%S a re  the c la s s e s  of non-nu ll

m in im al m em b ers of Lj and L2. T h erefore , it  is  su ffic ien t to  show
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Lj = L2. S ince 2 i>2> w e w ill prove C i 2* L et C1 ^ S ^  JLrp

w here Cj €  C. If Cj C S , then Cj f \  S = 6 C x  (S U C) and hen ce,

C jH  S £ L^. Now suppose £  (C|S).  By T heorem  4. 3,

c 2 = (C jH  S) u  (C n  S) €  C x (S U C) C C , and f \ S  = C2 f \ S  £ L^.

Thus, L (^L  , and the lem m a fo llo w s. |
1 2

L>emma 5.11 Let S be a 2 -sep a ra to r  of M and C £ ( C \ S ) .  Then 

M* x  S = (M*#(S U C)) x  S.

P roof. This lem m a fo llow s from  T heorem  2. 8 and Lem m a 5.10.

T heorem  5. 4 Let M = (C, E) be a connected m atroid . Then
k k

M = □  M .(e ) if  and only if M* = A  M .*(e ).-  i -1 - l  x -  i=i  - i  x

P roof. Let S ., 1 ^ i 4 k, be S - s e t s  of M and Mj(e^) = (C .fe^), U

^ e ^  ), 1 i 4- k, be the corresponding S -b lo ck s. F rom  Lem m a 5. 7

- i ' * e x ) = S. U ^ex  ̂ ), 1 4 i 4 k, a re  P -b lo ck s  of M*. We

esta b lish  the th eorem  by showing Cj'fe^) =

Let C. £  (C |S.) ,  M. = M x (S. U Cj), and e £  C. f \ S . .

S in ce Cj f\ S. is  a s e r ie s  se t  of M^f M^(e^) *s obtained from  M^(e)

= (C .(e), S. U -Je\ ) = M.»(S. U $ e l ) by sim p ly  rep lacing e with e .

L et M .'(e) = (C.'(e),  S. U { e |  ), w here C.'(e) = (C* x  (S. U C /*)).

(S. U *̂ ê  ) and e ( C.* £  (C*|S .) .  It su ffices  to show  C .*(e)

= (C* (S U C.)) x  (S. U i e }  ) =  C.'(e). S ince C . * f \  S. is  a s e r ie s  
i  i  i  ‘ '  ~ i  i  i

s e t  of M .’(e), C* x  S. an<*> ^y Lem m a 5.11, C* x  S .C C .* { e ) .

Let e £  X* £ C.*(e). T here e x is ts  C* £ C* such that
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e  £  C* u d  X* = C* f\ (S, U C . ) i  C* f \ ( S .  U \ e \  ). Y* =i  i  i  ' »

(C* 0  S J  U (C.* n  S J  i s  *  c ircu it o f M* x  (S. U C.*) by T heorem

4 . 3 end hen ce, Y* IF t * \  ) = (C * ft  S.) U  = X* * C.'(e).

T h erefore , C * W C  C .’(«).—i

X o v  le t e  f  X* (  C .h(e). X* = C* A  (S. U ) for som e  

C* 6  C* X  (Sj r  C*> cooteia ing e . S in ce  M j*(e) i s  connected, th ere

e x is ts  a  c ircu it C ’* of M* such  that e  (  C f* f\ (S- U -^e  ̂ ) 6  C.*(e).  

Then Y * = (C * f\S .l V (C ^ f lS )  i s  a m em b er of C* by T heorem  4. 3,
i  i  “

end X*=Y* A (S  U C J  C  S. IT Ve\ . If X* 4 C .*(e), then by defin itioni  i  t  1 1  ~ i

X* properly  contains a  m em ber Z* o f C.*(e). A s shown above, Z* 6  

C.n(e l and th is  contrad icts A xiom  L C onsequently, X* €  C.*(e) and Cl (̂e) 

r C j l d .  Thus C *fet= C /(e) and M ?(e)=M ;(e). I* - *  —i ~ |  X

An S -a ton i isom orph ic  to  or i s  ca lled  an

S -n o n -e sse n tia l atom , and o th erw ise  an S -e s se n t ia l atom: togeth er , 

th ey  fo rm  a  com p lete  s e t  o f S -a to m s.

F rom  T heorem  5 ,4  w e deduce the next th eorem .

T heorem  5. 5 L et M b e  a  connected  m atroid . The dual of P -a to m s  

o f M a r e  S -a tom s of M*, and v ic e -v e r s a .

T heorem  5. e  Let M h e  connected . E very S -a tom  of M is  isom orphic  

to  j M j  ,  o r  a  m ax. 3 -conn , m inor o f M.

E very  m ax. 3 -conn , m in or of M which i s  not  ̂ is  

isom orp h ic  to  an S -a tom .
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P ro o f. The th eorem  fo llow s from  T heorem s 2. 14, 4. 2, and 4 . 5 . H

Exam ple 5. 3 L et M be the polygon m atroid  of graph G shown in F i$ .

5. 8 . The f ir s t  S -sp lit  i s  defined by S -s e ts  of M=P(Gk Sj=  $1 ,2 ,
.  4

S2=^8  ̂ , S3= {9, 10] , and S4= $11, 12..........15$. Then P f G ^ O

w here G^'s a re  given in F ig . 5. 9 and e^ is  a supplem entary c e ll .

P(Gj) has a further S -sp lit  into P(Gj.), 1^ i  ^3, wlhicib a r e  

the polygon m atroids of the graphs in F ig . 5. 10, w here e^ denotes a  

supplem entary c e ll .

S -b lock s of P ( G j3) co n sist of the polygon m atro id s o f  

and G j22 w hich are  shown in F ig . 5. 11.

T his S -decom position  y ie ld s the follow ing com p lete  s e t  o f  

atom s: P(GU ), P(Gl 2 ), P (G j31), P(G 132), P(G 2), P(G3), and P«G4I-
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F igure 5. 9 Graphs of Exam ple 5. 3
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F igure 5. 10 Graphs of E xam ple 5. 3
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F ig u re  3 . 11 Graphs o f E xam ple 5 . 3
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5. 3 SPLIT DECOMPOSITION OF GRAPHS

The sp lit decom position  of graphs w as introduced by 

M acLane jMa , and its  gen eralization  to m atroids w as con sid ered  

in previous sec tio n s of th is d isser ta tio n . M acL ane's sp lit  decom position  

of a graph can be in terp reted  as  the P -d ecom p osition  of the polygon  

m atroid  or S -d ecom p osition  of the bond m atroid .

Let G =  (V, E) be a 2 -conn ected  graph, which is  not a 

polygon graph. A se t  \H j, of non-null subgraphs of

G is  ca lled  a sp lit of G at v e r t ic e s  v and v' if  it  sa t is f ie s  the 

follow ing conditions:

(i) H ., 1 ^ i  k, a re  ed ge-d isjo in t connected subgraphs o f G,

and the union of E(H^) is  E(G).

(ii) V(FL) 0  ^(Hj) —\ v» v ' \  for i  ^ j ,  and the union of V(H.) i s  

V(G).

(iii) k >  3 if  J E (H .)J  =  1 for  som e i.

Suppose that a 2 -conn ected  graph G = (V , E) has a sp lit

H , . . . ,  H \  a t v and v '. We define a se t  of new graphs by 
1 1 2  k *

join ing v and v' with a new edge ex , ca lled  a supplem entary edge.

T hese graphs a re  denoted by H (e ), H (e ) , . . . ,  H , ( e  ), and a re
1 X Z X K X

ca lled  b locks of G at v and v '. Graph G m ay be recon stru cted

from  its  b locks by deleting  e of H; (e ), 1 i  ^ k, and join ing d ie
X * x

resu ltin g  graphs at the sam e ends of e^.

A sp lit i s  ca lled  le a s t  if  none of H. (e ), 1 ^ i  £  k, has a
----------- i  x
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sp lit  a t v and v 1. Our d ecom position  is  perform ed based on the 

le a s t  sp lit operation.

Let G be a 2 -con n ected  graph. A le a s t  sp lit  of G y ie lds  

a co llection  of 2 -con n ected  graphs, i .  e . , its  b lock s. Som e of th ese  

blocks m ight have further le a s t  sp lits . A t each le a s t  sp lit  we 

repeated ly add a supplem entary edge until the resu lting  graphs can  

no longer have a sp lit. T his d ecom position  p ro cess  eventually y ields  

a c la s s  of unsplittable graphs ca lled  atom s of G. Each of the atom s 

i s  e ither a polygon or a 3 -con n ected  graph, and is  referred  to a s  a 

polygon or an e sse n tia l a tom , r e sp ec tiv e ly . A ll the polygons and 

e sse n tia l atom s form  a com plete  se t  of a to m s. The c la s s  of e ssen tia l 

atom s is  independent of a sp litting  p r o c e ss , and the supplem entary  

edges of an atom  may be rep laced  by paths of G so  that the resu lting  

graph is  a subgraph of G ^Ma 1, Ta .

T heorem  5 .7  A com plete se t of e sse n tia l atom s is  unique.

Lem m a 5.12 The supplem entary edges of an atom  m ay be rep laced  

by paths of G so  that no v e r t ice s  on th ese  paths a re  in com m on with 

the atom  except the ends of the supplem entary ed ges, and the resu lting  

graph is  a subgraph of G.

L et e be a supplem entary edge and G. = ( V . , E . ) ,  1 ^ i  4  k,
X 1 1 1

be graphs containing e„ , such that f \ V .  c o n s is ts  of two v er tice s
1 J

w hich are  the ends of e and E. H E , for  i^=j* The m erge graph
x i . i
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G of G.' s  is  defined by Tho  1~1.

1 k k
G = v i- 1=H <E i - K )  »•

L et be a supplem entary edge and G ., 1 ^ i 4 k, be the atom s  

containing e^. We form  the m erge  graph G' of G . 's  a s  above.

Then choose any supplem entray edge e^ of G 1, and form  the new  

m erge graph G" of G 1 and the rem aining atom s which contain e^. 

Repeating th is m erg e  operation for a ll the supplem entary ed g es, we 

fin ally  obtain the or ig in a l graph.

Since a com plete  se t  of atom s is  obtained by a se t of 

splitting v e r t ic e s  and independent of a particu lar sequence of v ertex  

p a ir s , the or ig in a l graph m ay be uniquely recon stru cted  by any m erging  

p r o c e s s , that i s ,  any seq uentia l ch o ice  of supplem entary ed g es.

T heorem  5. 8 The or ig in a l graph i s  recon structed  from  its  atom s  

by any sequence of app lications o f the m erg e  operation .
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5. 4 APPLICATION TO PLANAR n-PO R T NETWORKS

In th is  sec tio n  w e co n sid er  u  application  of sp lit  decomposition 

of graphs to  network th eory . The e le c tr ic a l term inology  u sed  in the  

follow ing d iscu ss io n  w ill be found in n etwork th eory  books, such  a s  

Seshu and R eed ^Se l l  or  W einberg ^We 1~1 .

An n -p ort network m ay be consid ered to  b e  a  graph of which  

each of n p a irs  of v e r t ic e s  i s  d istinguished  a s  a  p ort, w h ere a  voltage  

or current so u rce  m ay be applied or a resp on se  m easu red . E tc h  edge  

of an n -p ort network r ep resen ts  a  p h y sica l e lem en t, such  a s  r e s is to r ,  

inductor, or cap acitor . An n -port network X is  c a lle d  p lanar if  the  

network rem ain s planar on adding an edge at each  port and th ese  newly  

added ed ges a r e  on a m esh , when the netw ork is  em bedded in  th e p lane  

^ e  l ]  . With th is  defin ition , a  dual n -port o f  a  p lanar n -p o rt network  

m ay not be a planar netw ork. If a  dual network is  a ls o  p lan ar, then  

the planar n -p o rt netw ork i s  ca lled  to ta lly  p lan ar.

A planar n -p o rt netw ork i s  a lw ays a  p lanar graph; h ow ever, 

the co n v erse  is  not a lw ays tru e . C onsider th e  tw o-p ort network X in  

F ig . 5 .12(a), w here the v e r tex  p a ir s  (1,3) and (2 , 4) a r e  th e  p o r ts .

Though graph N ', obtained fro m  N by adding ed g es e .  and e^» i s  

planar, it  is  not a  p lanar tw o-p ort netw ork (F ig . 4.12(b) ) . A s se e n  

in F ig . 4 .13 , i f  we tr y  to  pu ll out e^ and e^ on th e in fin ite  reg ion , 

then the in tern a l netw ork b eco m es nonplanar.

L et N b e  an  n -p ort netw ork and N’’ b e  th e  graph obtained  

from  N by adding an edge a t each  p ort o f N . fit i s  n e c e s sa r y  that X"
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F igure 5. 12 A Nonplanar T w o-P ort Network

N’

F igu re 5 .13  P lane Graph of N 1 w hose Internal N etwork is  Nonplanar
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b e  a planar graph for N to  be a planar n -p ort netw ork. Given planar 

graph N ', w e w ill e sta b lish  a n e c e s sa r y  and su ffic ien t condition for the 

new ly added edges to be on a m esh  of an em bedded graph of N'.

L et N' be given  above. We construct the graph N" from  N' 

by adding a new v er tex  and connecting a ll the port v e r tice s  of N' with 

it- Then, a s  it is  e a s ily  proved, N is  a planar n -port network if and 

only if  N" is  a planar graph. T h erefore , whether N is  a planar network  

or  not is  determ ined by the p lanarity  te s t  of N ". H ow ever, the planarity  

con d itio n  for  N estab lish ed  in th is sec tio n  w ill be stated  in term s of 

atom s of N' due to sp lit decom position .

The th eorem s in th is  sec tio n  can a lso  be applied to planar 

m -tenrunal networks {We . An n -term in a l network is  a graph N o f  

w hich n v e r tice s  a re  identified  a s  the te rm in a ls . It i s  planar if it 

rem ain s ptxnai* on adding a new  v er tex  and connecting the n term in a ls  

w ith  it- Let N be a planar n -term in a l network and N* be the graph  

obtained fro m  N by adding an extra  v ertex  and connecting the n term in a ls  

w ith  it . Then N is  a planar network if  and only if  th ose  added edges are  

on a  com esh  of N '.

Let G *=(V, E) be a graph. A subset S of E is  sa id  to be 

on a m esh  of G if  G is  p lanar and th ere  e x is ts  a plane graph G) of 

w hich S is  a su b set o f the edges of a m esh .

Let S be a su b set of the edge se t . We a ss ign  a co lor  to the  

m em b ers of S and c a ll  them  co lored  e d g e s . Suppose G has a le a st  

sp lit  , H |  , and le t  H (e^), H  i  < k, be the b locks of



125

the sp lit . We co lo r  the supplem entary edge e of H.{e ) if som e H.,x  1 x  j

j % i* contains a  co lored  edge. Thus, edge m ay be co lored  in som e  

b locks and not in  o th ers . If a b lock contains at le a s t  two co lored  ed ges, 

w e c a ll  it  a  co lored  b lock . We continue th is  co loring p r o c ess  on 

su c c e s s iv e  le a s t  sp lits  until a com plete  se t  of atom s is  obtained. If 

S is  not em pty, then ev ery  atom  contains at le a s t  one co lored  edge.

An atom  with at le a s t  two co lored  ed ges is  ca lled  a co lored  atom .

L em m a 5.13 In L em m a 5 .12 . if  supplem entary edges a re  co lored , 

then they m ay be rep laced  by paths of G which contain co lored  edges  

of G.

P ro o f. Suppose )» 1 ^ i  ^ k, a re  b locks of a graph at som e

sta g e  o f th e sp litting  p r o c e s s . If e  i s  co lored  in  IL(e ), then, by

defin ition , so m e  b lock , say  H .(e ), j $ i ,  contains a co lored  edge.
J x

S in ce  V(H_1 f l  Y fH J c o n s is ts  of the ends of e and H.(e ) i s  connected, * 1  x  j x

th ere  e x is t s  a  path of H. w hich contains a co lored  edge, and its  ends

a r e  th e  ends o f e  .  Thus a  co lored  supp lem entary edge e of

H-(e } i s  rep laced  by a path o f H. w hich contains a co lored  edge.
^  J __

The lem m a fo llo w s fro m  Lem m a 5.12. I

L em m a 5.14 L et G — (Y, E) b e  a 2 -con n ected  planar graph, and 

S be th e  s e t  o f  co lo red  ed ges of G . If S is  on a m esh  of G, then

th e co lo red  ed g es  o f each  atom  a re  on a m esh  of the atom , and each  

supplem entary ed ge i s  contained by no m o re  than two co lored  atom s. 

P ro o f. Suppose atom  A  does not have a plane graph such that the
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co lo red  ed ges o f A e r e  oat a  m esh . B r  Lemniirus 5 .13 , * •  c u t  construct 

a su b g n p b  A ’ o f G W  rep lacing  r t w  (feelkwed> supplem ent*ry edge  

o f A by a padt fcoBdaiajantg a  co lored  edge* o f G , G raph A ’ does not hove 

a p lane graph o f v i n c l  t i e  co lo red  ed g es  o f  A' e r e  on e  m esh . T h erefore , 

it s  su p er graph G has no p b a e  graph se h s fn ib t  th e  required  condition.

Suppose th ere  i s  e  s n anJefinenftarr edge e^  which i s  contained  

in  m o re  than tw o co lored  a to m s, Lett A^, end A^ be th ree  of the

co lo red  a tom s winch cosdtaun e  . A ,, A . end A , h ere  n eith er com m on
a  1 2 J

ed ges nor com m on v e r t ic e s  excep t end i t s  ends r  end v '. S ince  

eech  A ., K  U  5 , has a t le a s t  tw o co lo red  e d g e s , w e can find a path

P . o f A w hose ends a r e  t  end t  .  and w hich contains a  co lored  edge
t i

w hich i s  not e  . loaning th ese  th re e  paths at v e r t ic e s  v and v ‘, 
x

construct a  branch graph B . B con ta in s a t  le a s t  one co lo red  edge in  

each  o f i t s  d irect paths. W e rep la ce  a l l  th e  supplem entary ed ges of B 

by paths of G fif a  ssapdesstenfiarv edge o f B i s  co lo red , then rep la ce  it 

w ith a  path containing a  co lo red  ed ge  o f  GK The resu ltin g  graph i s  a 

branch graph B " w hich h a s a  co lo red  ed ge in  each  o f th ree  d irect  

p ath s, and th ere  e x is t s  no p lane graph w ith  th e  property? the co lored  

ed ges o f B ' a r e  on a  tiwA  o f B". S in ce B  i s  a  subgraph o f G , G d oes  

not have th e required  em bedding. T his co m p le tes  th e  proof of the  

lem m a . |

B y a  con stru ctive  m ethod.  m v  show  that th e  condition  

g iven  in  L em m a 5 .14  i s  a ls o  ssdELciaft.
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T heorem  5. 9 Let G ^ (V ,  E) be a 2 -con n ected  planar graph, and 

be the se t  of co lored  ed ges of G. Then S is  on a m esh  of G 

if  and only if  the co lored  edges of each  atom  a re  on a m esh  of the atom , 

and each  supplem entary edge is  contained by no m ore than two colored  

a to m s.

P roof. S ince the n e c e s sa r y  part of the th eorem  w as proved in

Lem m a 5.14, we have only to prove the su ffic ien t part.

Suppose the h yp othesis is  sa tis fied . L et e^ be a supplem entary

edge, and le t  A ., A , , . . . ,  A be the atom s containing e . A ccording  
x l X£ xk x

to T heorem  2. 3(c), w e can em bed the co lored  atom s on the plane so  

that the co lored  edges a re  on the outer m e sh e s . S ince S $ <̂> ,

th ere  is  at le a s t  one co lored  atom . Suppose w e have only one colored  

atom . Then the r e s t  of the atom s contain ex  a s  the only co lored  edge. 

Joining th ese  atom s at the ends of ex  and rem oving e^, w e obtain a 

plane m erge graph w ith a ll the co lo red  edges being on the outer m esh .

If th ere  are  two co lored  a tom s, m erg e  them  at th e ends of e^, leaving  

the co lored  edges on the outer m esh . The r e s t  of the atom s containing 

only colored  edge e  a r e  m erged  at the ends of e  . p reserv in g  the
X  -A-

incid ence relation  so  that the resu ltin g  plane graph 0MGx ) has a ll  the 

co lored  edges on the outer m esh .

Suppose e.y is  an uncolored  supplem entary edge o f G^. Then 

a ll the atom s containing e^ a re  un colored . M erging G^ and th ese  atom s  

on the p lane, a plane graph (J'- (G^), w ith a ll th e co lored  edges on
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the outer m esh  r e su lts . If e  is  a co lo red  edge of G_, then th ere
y

e x is ts  p r e c is e ly  one co lored  atom  A^, in  which e .̂ is  a colored  edge,

and which does not contain e . S in ce a ll  the co lored  ed ges of G and
X x

A are on the outer m esh es, we can em bed the m erge  graph of G
y

and Ay in the plane so  that the co lored  edges a r e  on the outer m esh .

Repeating th is m erging p r o c e ss  on the s u c c e s s iv e  supplem entary  

ed ges, by T heorem  5. 8 we fin ally  obtain the orig inal graph G and a ll 

the co lored  edges are on the outer m esh  of <N(G). ^

In the proof of T heorem  5 .9  w e have not u sed  the concepts  

of polygon and e sse n tia l atom s. H ow ever, the u se  of e sse n tia l atom s  

g ives a unique characterization  o f m e sh e s . A fter we have reduced  

G to a com plete s e t  of atom s, it  is  a tr iv ia l job to te s t  if  the co lored  

edges are on a m esh . By T heorem  2. 3(f), w hether the co lored  edges  

of an e sse n tia l atom  A a re  on a m esh  i s  independent o f a particu lar plane  

graph of A and is  e a s ily  determ ined from  any plane graph of A .

Even though we have r e s tr ic te d  our d isc u ss io n  to 2 -conn ected  

planar graphs, we can sta te  T heorem  5. 9 for  a g en era l graph. If a graph  

G is  sep arab le, then we f ir s t  find the n on -sep arab le  com ponents. Each  

n on -sep arab le  com ponent is  decom posed  into a tom s. B y M acL ane's 

th eorem  [k a  l j  , the orig ina l graph i s  p lanar i f  and only if  a ll the 

e sse n tia l atom s a re  planar. If G is  p lan ar. T heorem  5. 9 g iv e s  a 

cr iter io n  for a plane graph (N(G) o f which a given su b set o f E(G) is  

on a m esh .
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E xam ple 5. 5 C onsider the graph G in F ig . 5.14,  w here S =

5e , e , e , e , e , e , \  i s  the se t of co lored  edges of G. The le a st  
I 1 2’ 3 4 5

sp lit of G at v e r t ic e s  1 and 2 y ie ld s  two b locks G and G in F ig . 5.15.
b a l

G has a further sp lit at v e r t ice s  1 and 3, and the resu lting  blocks 
b

are shown in F ig . 5.16. A com plete se t  of atom s c o n s is ts  of G^j,

G , and G , and e and e a re  co lored  supplem entary edges in  
db x  y

the a tom s. We se e  that the condition in T heorem  5. 9 is  sa tis fied . 

T h erefore S is  on a m esh  of G. A plane graph of G, of which S is  

on a m esh , is  shown in F ig . 5.17.

Now, le t  us con sid er  a prob lem  related  to the previous  

d iscu ssio n . L et G = (V, E) be a planar 2-con n ected  graph and 

<|> 4 S C. E. The question is: What is  a n e c e ssa r y  and su fficien t

condition for edge s e t  S to be on a co m esh  of G? If G is  3 -conn ected , 

then, by T heorem  2. 3(e), S is  on a co m esh  of G if  and only if a ll the 

m em b ers of S have a com m on v er tex  of G. H ow ever, th is problem  

i s  not tr iv ia l if  a graph is  not 3 -conn ected .

Lem m a 5.15 L et G = (V, E) be a 2 -con n ected  planar graph and 

<|) $ S C E ,  Then S is  on a co m esh  of G if  and only if th ere e x ists  

a graph 2 -isom orp h ic  to G, of w hich the m em b ers of S have a com m on  

v ertex .

P ro o f. Let S be on a com esh  of G. B y defin ition , th ere  ex ists  a 

dual graph G^* of G, of which S is  on a m esh  of G^*. C learly , the 

m em b ers of S have a com m on v er tex  o f a dual graph of G^*. By
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T heorem  2. 3(d), G and a re  2 -iso m o rp h ic .

Now suppose G  ̂ i s  2 -isom orp h ic  to  G, and the m em b ers  

of S have a com m on v ertex  of G^. Then, S is  on a m esh  of a dual 

graph G * o f G^. B y T heorem  2. 3(d), G is  a dual Gj*, and, hence,

G^* is  a dual of G by T heorem  2. 3(b). |

Lem m a 5.16 L et G = (V, E) be a 2 -con n ected  planar graph, and 

G' = (V’, E ' )  be a 2 -con n ected  subgraph of G. I f ( ^ > ^ ) S ( Q  E') i s  

on a co m esh  of G, then S is  a lso  on a co m esh  of G 1.

P roof. if  S is  on a co m esh  of G, then, by L em m a 5.15, th ere

e x is t s  a 2 -iso m o rp h ic  graph G1 of G, such  that the m em b ers of S

have a  com m on v er tex  of G^. L et G '̂ be a subgraph of G  ̂ which  

is  2 -iso m o rp h ic  to  G*. S in ce S is  an edge s e t  of G^', the m em b ers  

of S have a com m on v ertex  of G j'. By Lem m a 5.15, S is  on a m esh  

of a  dual graph G^'* of G^’. S ince G^' and G  ̂ a r e  2 -iso m o rp h ic , 

the lem m a fo llow s from  T heorem  2. 3(d). |

T heorem  5.10 L et G = (V, E ) b e  a 2 -con n ected  planar graph and 

) the s e t  of co lored  ed g es  of G. Then S is  on a co m esh  of G 

if  and only i f  ev ery  m esh  of the atom s contains at the m o st two colored  

ed g es, and the co lored  ed g es  of ev ery  e sse n t ia l atom  have a com m on  

v e r tex  of the atom .

P ro o f. N e c e ss ity  Suppose so m e  m esh  M of an atom  contains 

m o re  than two co lored  e d g e s . B y Lem m a 5.13, w e m ay rep lace  the 

supplem entary ed ges of the atom  by paths of G so  that ev ery  colored
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supplem entary edge i s  rep laced  by a path containing a co lored  edge 

of G, and the resu ltin g  graph is  a subgraph of G. By th is rep lacem ent, 

M is  transform ed into a m esh  M' o f the subgraph. Let G' be the 

polygon graph con sistin g  o f the ed ges of M' and th eir  adjacent v e r t ic e s . 

G' is  a subgraph o f G and has m o re  than two co lored  ed ges. If S' 

rep resen ts  the co lored  edges of G ', then S' is  not on a com esh  of G', 

for in the dual graph of G" the m em b ers o f S' a re  in p a ra lle l. By  

Lem m a 5.16,  S' i s  not on a co m esh  of G. C learly , (S'£l  ) S is  not 

on a co m esh  of G.

Suppose som e e sse n t ia l atom  A does not have its  co lored  

edges on a com m on v ertex . R ep lace the supplem entary edges in A by 

paths o f G so  that ev ery  co lored  supplem entary edge is  rep laced by a 

path of G containing a co lored  ed ge . S in ce A is  3 -conn ected , by 

T heorem  2. 3(e) and Lem m a 5.15,  the co lored  edges of A are  not on 

a com esh  of A and h en ce, the co lo red  edges of the resu lting  graph G', 

by the above operation , a r e  not on a com esh  of G'. By L em m a 5.16,

S is  not on a co m esh  o f G.

Sufficiency Suppose the conditions in the th eorem  are

sa tis fied . C hoose a supplem entary edge and the atom s A y1,

A _ , . . . ,  A „ containing e  . If e  is  not co lored  in atomx2 xk x  x

A^., then A^,, j  ̂ i ,  h as e^ a s  th e only co lored  edge. The m erge  

graph of A ^., 1 $  i  4  k, has it s  co lored  edges on a com m on vertex . 

By Lem m a 5.15, a dual graph of Gx  h as its  co lored  edges on a m esh .
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Suppose ex  is  co lored  in e l l  the atom s A ^ , 1 4  i  ^ k.

By the h yp oth esis, the co lored  ed ges of each of th ese  atom s has a

com m on vertex  which i s  an end of e^. , 1 ^ i k, has the ends

of e a s  the only com m on v e r t ic e s . C onstruct G ' by rem oving e_  x  x x

from  A , 1 ^ i 4  k, interchanging the ends of e of som e a tom s, and 
xi x

m erging the atom s at the ends of ex , so  that a ll  the co lored  edges

of G ' have a com m on v ertex . The obtained graph Gx ' is  2 -isom orp h ic

to the m erge graph of A ^ , 1 ^  i  4  k.

C hoose another supplem entary edge e .̂ and constru ct a 

graph Gy' a s  above from  Gx ’ and the r e s t  of the atom s which contain  

e . C learly , G '  is  2 -iso m o rp h ic  to  the m erg e  graph of the atom s
y  *

which contain e  or e  , and the co lored  edges of G ' have one x  y  y

v ertex  in com m on.

R epeating th is  construction  p r o c e s s , we fin a lly  obtain a 

graph G' which is  2 -iso m o rp h ic  to  the orig ina l graph and of which  

the m em b ers of S have a  com m on vertex . The th eorem  fo llow s fro m  

Lem m a 5.15. |

Combining T heorem s 5. 9 and 5 .10, we can sta te  the  

follow ing theorem :

T heorem  5.11 L et G = (V, E) be a  2 -conn ected  planar graph and 

S (*<j> ) be the se t  of co lored  edges of G. Then, S is  on a m esh  and 

com esh  of G if  and only if:

(i) each  supplem entary edge i s  contained by no m ore than two
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colored  atom s;

and

(ii) ev ery  atom  contains at m ost two co lored  ed g es , and they  

have a com m on v e r tex  in an e sse n tia l atom .

In T heorem s 5. 9 and 5.10, th ere i s  no constra in t on the  

num ber of m em bers of S. H ow ever, the next th eorem  show s that \S | 

cannot be m ore than two for S being on a m esh  and com esh .

T heorem  5.12 If S is  on a m esh  and co m esh  of G, then S contains 

at m o st two e lem en ts .

P ro o f. Suppose S is  the co lored  edges of G, and it  contains m ore  

than two e lem en ts . At a le a s t  sp lit of G, S is  d ivided into no m ore  

than tw o b lock s, b ecau se  if  it  is  divided into m ore than two b lock s, 

then at le a st  th ree  atom s contain an e lem en t o f S, and th is contrad icts  

T heorem  5.11. If two of the b locks a re  co lored , then one of them  

contains at le a s t  th ree  co lored  ed g es, including a co lored  supplem entary  

edge. Thus, each  le a s t  sp lit of b lock s containing m o re  than two 

co lored  edges y ie ld s  a co lored  b lock containing m ore than two co lored  

ed g es. T h erefore , one atom  contains m ore than tw o co lored  ed g es.

T his contrad icts T heorem  5.11. |

An e ffic ien t a lgorith m  to generate  a com p lete  se t  of atom s  

has been  im plem ented by H opcroft and Tarjan [Ho l}  . H ow ever, 

in p r a c tic e , w e don't have to  find a ll  the atom s to te s t  the conditions
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in  T h eorem s S. 9 u d  S. 10. S in ce le a s t  sp lits  of uncolored b locks  

y ie ld  only uncolored b locks which a re  not im portant, once uncolored  

block s a r e  obtained, we term in ate  a sp litting p r o c e ss  for th ose b locks. 

Thus, w e perform  the le a s t  sp lit operation on only co lored  b locks.

F or  so m e co lored  b locks it m ight be in tu itively  determ ined wi thout 

further sp lits  w hether th e conditions in the th eorem s a re  sa tis fied .

rxawnple S. 6 Let us con sid er  the graph G in F ig . 5.18, w here  

S -  co lored  edges of G. The le a st  sp lit at

v e r t ic e s  1 and 2 y ie ld s G^, G ^ , and G ^  as the b locks (F ig . 5.19). 

The graphs in F ig . 5. 20 a r e  the b locks of G^. G^j and G ^  a re  not 

atom s: h ow ever, c le a r ly , the condition in T heorem  5.10 is  sa tis fied  

fo r  th e se  graphs. A ccordin gly , S is  on a co m esh  of G.
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F igu re  5. 18 Graph G of E xam ple 5 . o 
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e e .

a i

F igu re  5 .1 9  B locks o f  G 
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ey
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■*a3

F igu re  5 .2 0  B lock s o f G^



138

CHAPTER 6 GRAPH REALIZABILITY OF MATROIDS 

6.1  INTRODUCTION

The g ra p h -rea lizab ility  problem  for m a tr ices  has been  

consid ered  by a number of r e se a r c h e r s . A t p resen t sev era l general 

testing  proced ures e x is t  for rea liz in g  c u t-se t  and c ircu it m a tr ices  

jpo 1, Ir 1, Lo 1, Ma 2, Tu 4} . If the given m a tr ix  is  unrealizable, 

the procedure detects this property.

Since m a tr ice s  are  a su b c la ss  of m atro id s, a m ore general 

problem  is  the gra p h -rea liza b ility  of m atro id s. This problem  has 

been con sid ered  by Tutte |Tu 3^, W elsh (w e  6  ̂ , and Fourn ier \ f o  1, 2} . 

Tutte and W elsh give n e c essa ry  and su fficien t conditions for rea liza b ility  

by gen era liz in g  graph theorem s on planarity due to K uratowski and 

M acLane, resp ec tiv e ly .

The new rea lizab ility  theorem  presen ted  in th is chapter is  

obtained by genera liz in g  the planarity theorem  of Bruno, S te ig litz , and 

W einberg Jj5r 2} .  A ccording to T heorem  2 .16 , if  a 3 -conn ected  

m atroid M contains a n o n -essen tia l c e l l ,  then a reduction or contraction  

of M can be perform ed to y ie ld  a 3-connected  m atroid  with a  sm a ller  

number of c e l ls .  This p ro cess  of rem oving n o n -e ssen tia l c e l ls  is  

continued until we obtain a w heel, a w hirl, or a m atroid  rela ted  to a 

binom ial m atroid . F or a given graphic or cographic m atroid , it  i s  

n e c essa ry  that a reduction sequence y ie ld s  a w heel m atroid . In the 

p ro cess  of reconstructin g  the orig ina l m atroid  M, if  M is  to be graphic 

or cographic, it  m ust sa tis fy  a certa in  condition. This condition w ill be 

stated  in term s of c ircu its  of m in ors.
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6 . 2 REDUCTION SEQUENCE

Let M be a m atroid with arb itrary  connectivity . If M is  

not 3 -conn ected , it m ay be decom posed into 3-connected  m inors (atom s) 

of M a s  shown in Chapter 4. By T heorem  4.15, the graph -rea lizab ility  

o f M i s  determ ined by that of the a tom s, that is , if  the atom s of M 

a r e  graphic (cographic), then M is  a lso  graphic (cographic).

T h erefore , without lo s s  of gen era lity , we w ill consider the graph- 

rea liza b ility  problem  of 3 -con n ected  m atroid s.

To begin, we sh a ll define a reduction sequence of a m atroid . 

L et M s ( C ,E )  be a 3 -conn ected  m atroid , w here \E) 9 6 . Then the

seq uence of m atro id s, S = <  M , M , . . .M  >  , is  ca lled  a reduction
— - 0  “ 1 —n ---------------

sequence of M if  it sa t is f ie s  the follow ing con d ition s: Let

M. =  ( C . ,E ) ,  l U ^ n .
— i  —x 1

(i) Mq = M

(ii) e ith er  M. = M x  E. or M. =  M • E. for 14 i 4  n,
—i —i - l  l —i “ i -1 i

w here E =  E - {e \  and e f  E. ,
i  i - l  1 i - l  i - l  i - l

(iii) M is  3 -con n ected  for 1 4  i 4  n, and \E | £ 6— i  ' n

(iv) neith er M x (E -  \e  \  ) nor M • (E - 4e \ )— n n n* —n n in *

is  3 -connected  fo r  any e 6 E .n n

In a  reduction sequence is  ca lled  the irred u cib le  m atroid of the

seq u en ce. A reduction sequence term in ates when Mq is  a w heel or

a w h irl, or |E  | * 6 . If [ E j  =. 6 and contains a n o n -essen tia l c e ll ,

then M is  one of the follow ing m a tro id s: ,M „  M , , .M . . . , ,
—n 6 — 4 6 — 4(1) 6 — 4(2)

o r  M _. T hese m atroids w ill be referred  to a s  the n o n -essen tia l
6 —5
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m atro id s. A w heel m atroid  is  obviously rea liza b le  a s  a  w heel graph. 

H ow ever, a w hirl and n o n -essen tia l m atroid s a re  neither graphic nor 

cographic. We state th ese  c h a ra c ter is tic s  of a  reduction sequence in 

the follow ing theorem :

T heorem  6 .1 If M = (C ,E ) is  a 3-conn ected  m atroid , w here \ E \ > 6,

then the irredu cib le  m atroid M of a  reduction seq uence o f M i s  a
— n

w heel, a w hirl, or a n o n -essen tia l m atroid . In addition, if  M is

grap h -rea lizab le , then M is  a w heel m atroid .
n

A ccording to this theorem , if M is  graphic or cographic,

then ^  is  a w heel; in other w ords, i f  is  not a  w heel, then M is

neither graphic nor cographic. H ow ever, though die requirem ent

that M be a w heel is  a n ecessa ry  condition for M to be rea liza b le  —n —

a s  a graph, it  is  not su fficien t. C onsider the binary m atroid of a 

heptahedron. This m atroid M =(C , E) is  3-conn ected  and c o n s is ts  of 

sev en  c e lls  and fourteen  c ircu its: E —\ l ,  2 , . . . ,  7 \  and C «  \ l 2 3 ,146,

157, 245, 267, 347, 356, 1247,1256, 1345,1367, 2346 ,2 3 5 7 , 4567 }  , w here, 

for  convenience, the sequence of num bers is  u sed  to rep resen t the 

corresponding set, e. g. 123 rep resen ts 1  1, 2, 3 \ . L et ^ (C j. E^)

M x (E - { 7 } ) .  Then E ^ l ,  2, 3, 4, 5, b \  and < ^ = {1 2 3 ,1 4 6 .2 4 5 .3 5 6 , 

1256,1345, 2346 }  . It is  c lea r  that i s  a  w heel m atroid , nam ely the

m atroid  of W , and that c e l l  7 is  not e sse n tia l. A ccording to Tutte
3

(Tu 3, 6j , a heptahedron is  one of the sm a lle s t  binary m atro id s which  

a r e  neither graphic nor cographic.
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The g rap h -rea lizab ility  of M depends on the realix iib ililT

of M for 1 ^ i  $ n. We w ill form ulate a condition for M. to  he  
- i

graphic or cographic given a w heel m atroid .

In the follow ing d iscu ssio n , we w ill u se  notations M.■"““I.

and e  ̂ to refer  to a m em ber of a reduction sequence and a non-esseaflanEi 

c e ll  of which is  used  in the reduction operation. Throughout th is  

chapter we a ssu m e E. = E . . -  1e. V for 1 ^ i  ^ n.
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6. 3 REALIZABILITY CONDITIONS

The rea liza b ility  conditions estab lish ed  in this section  a re

based  on T heorem s 2. 2 and 6 .1.

L et S s < M _ , M ., . . . , M > be a reduction sequence of M.— —u —i —n —

The in v erse  operations of x and KL  ̂ are  defined by

M^(x) *  NL j , and ^ i - l =  Mi-1* resp ec tiv e ly . A

seq uence S"* ..........M >  L /M  ,M  is  ca lled  the•  — U —a — n —n •"*ii“l —u

in v erse  reduction sequence of M.

Suppose =  ̂ x  E. and is  cographic. By defin ition ,

is  the polygon m atroid  of som e graph, G., w hich, by T heorem  2 .2 ,  

is  unique. Then the in v erse  operation M^(x)“* is  ca lled  a d m issib le

if  the follow ing condition is  sa tisfied :

Condition 1 T here e x is ts  a graph  ̂ which is  obtained  

by joining two d istin ct v e r tice s  of G. with edge e  ̂ and 

every  c irc u it  of M.  ̂ containing e.  ̂ is  a polygon of G.

How th ese two v e r t ic e s  a r e  determ ined w ill be explained in the next 

sec tio n .

Now, we sta te  the follow ing lem m a, which w ill be applied  

to d ev ise  an in v e r se  operation algorithm .

Lem m a 6 .1 Let M. = M. , x E be a cographic m atroid . Then ------------------  - l  - l - l  i

M is  cographic i f  and only if  the in v erse  operation is  a d m iss ib le .
— i -1
P ro o f. Suppose  ̂ is  a cographic m atroid and Ĝ   ̂ a corresponding  

3 -con n ected  graph. Then  ̂ x E  ̂ s« P(G^ j) x Ej =  P ( G ^  • E.)
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fev TbMwrwa 2-llMa)|„ ami G *G „ • E. is  3 -conn ected  by T heorem  2.15.i  t -1 x

G.  ̂ i s  W  jgujmitmg two, distinct v e r t ice s  of G. with e^_p s in ce ,

o th erw ise, G i s  separable* C learly , the in v erse  operation (x)“*
i - l

i s  adnaisaiifelle..

&apip«)«e Condition 1 i s  sa tis fied . Let P(G^ j)=r(Cp, )̂.

I f e  w ill prove ML r*P ^ G  K Since C. , C C n , we only have to show  
— a -J i —  — i - l  — t *

C ^ C  C * Lett C fee a  c ircu it of P(G ,) containing e. .. We choose  — P  — —i - l  — l - l  l - l

a circvxitt C" <off M. „ s© that e. , £ C ' and C U C 1 is  m inim al,—i-H i - l

cnnsistteatt wittfit th is condition* Since C and C 1 are  polygons of

tire svrminaettrie d ifferen ce  C ® C ' is  a d isjoint union of polygons of

G , Lett CL ((<C.C©C)) fee a  polygon of G. and e be any m em ber  i - l  li i - l

o f G îfU C ’((e|r C)>. e^ ^  —P an<* kence, ^ — • i s in ce

C s C  „ x  E * C ^  x  E..* Then there e x is ts  a c ircu it C_ of M. ,
— i  — i - l  i  — P  r  2 - 1 - 1

such  Hiatt e  t  C_ ^ C  IT C  -  | e \ . H ow ever, C_ U CQ(C,  U C' - ^e\ )
i - l  2  1 2 1 ••

IT C^-C^ nr C" nr C -  ^e^s=C'' IX C - \ e \  . This contradicts the

rniainnattifer ©ff C" HF C* Thaws,. C C' — §  , and we have C = C ' £  C
— i - l

If e  4i C £  CL» them C € C  * C  , x E C C  by hyp othesis, i - l  » —P  —i  —i - l  i  —i - l

Acc©rdS»glty,, G p C  CL ^  and the proof is  com plete . |

X«ow» le t  ML».M •  E . be cographic and G. a corresponding  
'“ i  ” 'i—1 i  i

graph suscfe tda.it M* — P^GJ)* Then the in v erse  operation NL (•) * E  ̂ ^

i s  ad m issiM e iff the ffoJliowinig condition is  sa tisfied :

Gomdatifflni 2  T h ere e x is ts  a  graph G which is  obtained 
------------------- i - l

franm G_ fejr spotting: a  vertex  v of G. into v e r tic e s  v and
1 1 1
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v_ and adjoining edge e. . b e tw e n  v  and v  s® that e w i y  6 1**̂  * 2.

edge incident to v  in G is  incident it© eiifliftr t  «ar t  ira 
6 i  1 2

G . E very c ircu it M i s  a polrgcm off <G. 
i_ l —x-1 ‘ u-1

Lem m a 6 .2  Let M =  M , E. be a cographic matrffliaiL HThem M. T
----------------------------- — J  - i - l  l  — tL -I

is  cographic if  and only i f  the in v erse  operation i s  s i in is s iM e .

P roof. S ince the n ecessa ry  part of the lem m a i s  ashvi®®®, w e parsDve

the su fficien cy  part.

Suppose Condition 2 is  fu lfilled . By hyp oth esis, ev ery

c ircu it of M containing e is  a polvgon of C  - W e show  that 
—i - l  i - l  ' i - l

the con verse  o f th is statem ent is  a lso  true, that i s ,  ev ery

of G. , containing e. , i s  a  m em ber of C. Let J) 3e((C_, Ei - l  i - l  —i - l  — u-1 —IF i - l

and le t C be a polygon o f G. . such that e  C 4k C . S&meei - l  i - l  i - l

C - -̂ e. ^  is  a polygon of G., w e have By afatiimitriioct.

there e x ists  a c ircu it C 1 of M such that C„ — <C"(T£E =<C" -
—i - l  1 i  ^ i - l

Thus, C' = C  ̂ or C' =  U ^e ^ -C . By the assmmnptiffl®, th e sec©nodl 

c a se  is  im p o ssib le  and h en ce, £  C. By h yp oth esis, i s  a

polygon of G which is  contrary to C C ^

of G T herefore, ev ery  polygon of G containing e  i s  a  c irc u it  
i - l  i - l  i - l

of M. By T heorem  2 .18 , M ,= P (G . w hich p roves the  
— i - l  —i - l  — i - l

lem m a. |

Lem m a 6 .2  rem ain s true a fter  rep lacing '''every cartoaitt

of M. in Condition 2 by "every c ircu it o f M.. „ w ith  am - i - l  1 3 —a-1

incident to v or v ".
1 2



MS

We have defined the a d m issib le  in v erse  operaaiwnn on  

cographic m atroids and form ulated n ecessa ry  and su ffic ien t caonfflttaiBms 

for g ra p h -rea lizab le  m atro id s. We now define the adrntissiBalle mETerse 

operations on graphic m atro id s.

L et M =  M x E ., w here M is  graphic. Then Ofbe isnverse
— i — i - l  i  ~ i

operation, M (x)~* E , , is  a d m issib le  if  it  s a t is f ie s  t i e  ffflQIkswriiâ ;
—i i - l  -----------------

condition:

Condition 3 L et M. = B (G .). There e x is t s  a  gtagcib <G.. „------------------  —l — i *  a-C-

which is  obtained from  G. by sp litting a  v ertex  v  oaf

into two v e r t ice s  v, and v and adjoining edge et 2 i - l

betw een v  ̂ and v^ so  that every  edge incident it© v  icn

G is  incident to either v or v in G . E very  tainctEftt 
i 1 2  i - l

of M containing e is  a c u t-se t  of G 
“ i - l  i - l  i - l

Lem m a 6 . 3 Let M = M  x E be a  graphic matrend, Then M -------------------  —i —i - l  i  —i - l

is  graphic if  and only if  the in v erse  operation i s  a d m iss ib le .

P roof. The n e c essa ry  condition m ay ea s ily  be proved, A  proanff Of 

the su ffic ien cy  part is  s im ila r  to that of Lem m a 6. L

Let B(G. ,) = (C  , E ). If C i s  a c irc u it  o f JJ5 ■wftdcfti
— i - l  —B i - l  —i - l

does not contain e , then C £  C. = C  x  E i s  a  c u t - s e t  Of <G - 
i - l  —i  —i - l  i  n

By defin ition , Ĝ  • (E^ - C) c o n s ists  of two com ponents, and t&e v er tex

v belongs to one of the com ponents. S ince graph G i s  ob&risned by
i - l

sp litting  v into two v e r t ic e s  v and v , C is  a ls o  a  cnt-sett Of (G
1 2  i-n

Thus, C C C .- i - l  B



146

Now. le t e £  C €  C and C k  C . C hoose C' €  C
i - l  ” B T “ i - l  i - l

so  that e €  C 1 and C U C 1 is  m in im al with resp ec t to this condition, 
i - l

The sym m etr ic  d ifferen ce  C ©  C' c o n s is ts  of non-null d isjo in t c u t-se ts

of G , for C and C' a re  d istin ct c u t-se ts  of G. Let C C C © C ' 
i - l  i - l  1 -

be a c u t-se t  of G . S ince e fc C , we have C €  C and hence,
i - l  i - l   ̂ 1 1 “ i

£  C. Suppose e is  a m em ber of 0  C 1. Of cou rse  e ^  C.

By A xiom  II, there e x is ts  a c ircu it C of M such that e  6  C C
2 —i - l  i - l  2

C U C' - \ e l .  Then, C U C g C  U (C U C' -  | e j  ) * C  U C' -\.e^, 
X 2 X

which is  contrary to the m inim ality  of C U C 1. A ccordingly , C £  C. ^

and C C. C. T herefore, we have shown M. = B (G  ) - ■— B ”  —i - l  —i - l  — i - l

Let us consider the rem aining c a se . Suppose M .= M  *E
— i i - l  i

is  a graphic m atroid , where M = B (G .) . Then the in v erse  operation,
“ i “  i

E  ̂  ̂ , is  a d m issib le  if  Condition 4 is  sa tis fied .

Condition 4 T here e x is ts  a graph G  ̂ w hich is  obtained by

joining two d istin ct v e r tice s  v  ̂ and v^ of G. with edge e.

and every  c ircu it of M. . i s  a c u t-se t  of G
1 - i - l  i - l

Lem m a 6 . 4 L et M s M  • E be a graphic m atroid . Then, M
-------------------  —i “ i - l  i —i - l
i s  graphic if  and only if  the in v erse  operation is  a d m iss ib le .

P ro o f. A proof is  obtained sim ply by rep lacing "polygon" by " c u t-se t”

in  the proof of Lem m a 6 . 2 . |

The com bination of L em m as 6 .1 , 6 .2 ,  6 .3 ,  and 6 .4  provid es  

a n e c essa ry  and su fficien t condition for M to he grap h -rea lizab le . If
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M i s  r ea lisa b le , it is  n ecessa ry  that the irred u cib le  m atroid be a 

w h eel. When we perform  the in v erse  operations, there a r e  two 

p o ss ib le  c a s e s  to start the a lgorithm : (1) The irred u cib le  m atroid is  

iden tified  a s  the polygon m atroid of a w heel graph; or (2) it  is  

iden tified  a s  the bond m atroid of a w heel graph. Suppose the irred u cib le  

m atroid  is  the polygon (bond) m atroid of a w heel graph, that is ,  

M ^ = P (W k) (B (Wfc) ). Starting with Mn =  P(WR) (B(Wk) ), if  a ll the 

in v e r se  operations a re  a d m iss ib le  in reduction sequence S, then 

S ' 1 is  ca lled  P -a d m iss ib le  (B -a d m iss ib le ) and M is  a cographic  

(graphic) m atroid . It is  evident that M is  planar if is  P -  and 

B -a d m iss ib le .

T heorem  6 .2  A 3 -conn ected  m atroid  M is  graphic (cographic) if  

and only if  its  in v erse  reduction sequence S “* is  B -a d m iss ib le  

(P -a d m iss ib le ) , and M is  planar if  S * is  B - and P -a d m iss ib le .

We have stated  a rea liza b ility  condition in  term s of bond and 

polygon m atro id s. H ow ever, by defining the dual in v erse  reduction  

seq u en ce, it  i s  p o ss ib le  to sta te  an equivalent condition in term s of 

bond o r  polygon m atroids a lone.

L et S=<M rt, M , . . . ,  M >  be a reduction sequence of M.— —0 —1 —n -

By T heorem  2 .14 , MA*. M * ..........M * are  3 -conn ected , ande —U —1 —n

M i* M * > is  a reduction sequence of M* ca lled  the

dual reduction sequence of M . The dual in v erse  reduction sequence  

of M is  defined by (S*)~*ss . . . ,  Mq* >  . L et be the

bond m atroid  of a w heel graph. Suppose M ^ s s M ^ x )"1 Ei _1 and
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H th e  in v e r se  operation does not sa tis fy  Condition 3, then  

M i. I i s  not grap h ic. how ever, it m ay be cographic.  ̂ being

cographic depends on whether G. is  planar or not. If G. is  not p lanar, 

then Id, i s  not e©graphic. Suppose G. is  planar and Cf  i s  the dual graph
*“ 4 1 1

of G_. Then M* = M* f • )“X E. = B (G*) ( •  ) -1 E. , , and M*. , is  
t —i - l  i - l  ~  i  i - l  — i - l

graphic i f  the in v e r se  operation sa t is f ie s  Condition 4, w here in 

Condition 4  G„» M.„ and M. „ are rep laced  by G? , M *  , and M* , ,i  —i —i - l  i —i —i - l

re sp ec tiv e ly . Thus the g rap h -rea lizab ility  of M is  determ ined by u se  

of bond m atro id s a lon e. A s im ila r  argum ent m ay be applied to cographic  

m a tro id s. S ee  F ig . b . 1 in connection with th is d iscu ssio n .
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G, i - l

(*)

»  Gi - l

1

( A ) m atroid in v erse  operation

( A )* m atroid dual in v e r se  operation

( * ) m atroid dual operation

A graph in v erse  operation

A* graph dual in v erse  operation

«T» graph dual operation

Note. The operation * is  defined when a graph is  p lanar.

F igure 6 . 1 Dual Inverse O perations and the C orresponding Graph  
O perations
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B ren  though we have found no com plete e ffic ien t a lgorithm  

fo r  detteranhsang g rap h -rea lizab ility  of m atro id s, we w ill d ev ise  som e  

©If the a lgorith m s in  th is section .

A  reduction. sequence of a 3 -conn ected  m atroid is  obtained by 

eaauzndoiing l-co n n ec ted n ess  of a m atroid  at each step  of the reduction  

p r o c e s s . A n effic ien t a lgorithm  for determ ing connectivity  is  not 

ikmow-n att p resen t. H ow ever, a connected m atroid with s e r ie s  or  

p a ra lle l c e i l s  i s  e a s ily  identified  and has connectivity two. T herefore, 

i f  a  reduction and the corresponding contraction  of a 3-connected  

jjnaftroid contain s e r ie s  or p ara lle l c e l ls ,  then the c e ll  used  in the 

operation  i s  an  e sse n tia l c e l l .  If a reduced m atroid M. contains 

n eith er s e r ie s  moor p a ra lle l c e l l s ,  then in general it  req u ires 2 r ^ i^

©r 2 com putations of the connectivity  function to d eterm ine the

connectivity..

A fter  w e find a reduction sequence, we have to determ ine

w hether the irred u cib le  m atroid M *  (C , E ) is  a w heel m atroid .— n n n'

This can  h e  done very  ea s ily . By T heorem  6 .1 , the c e ll  se t of Mn

h as a n  even  card inality , s in ce  a w heel graph c o n s is ts  of an even  

musafoer o f ed ges and a  w heel and w h irl m atroids a re  obtained from  a

w h ee l graph. If l|E I = 6 , then the number of c ircu its  con sistin g  of
n 1

tfienr c e l l s  i s  3 *  for  the w heel m atroid , 6 * |^ n | for the w hirl

osaJtread* and n eith er  th ree nor s ix  for a n o n -essen tia l m atroid .

** e ith er  a  w heel or w hirl m atroid , and the number
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of c ircu its  co n sistin g  of | E j  /2  -t-1 c e l ls  is  |E J  /2  for a  w heel m atroid

an d lE  I for a  w hirl m atroid . T h erefore , the num ber o f c ircu its  
' n

con sistin g  of |^ Q| / 2 +1 c e lls  in d icates w hether the irred u cib le  

m atroid  is  a  w heel, a  w h irl, or a  n o n -essen tia l m atroid .

A lgorithm  W The irred u cib le  m atroid  in a  reduction sequence is

a w heel, a w h ir l, or a n o n -essen tia l m atroid  accord in g  to whether the

number of c ircu its  of M , con sistin g  of \E I /2  + 1 c e l l s ,  i s  IE I /2 ,—n * n'

JE^J, or neith er.

The algorithm  for testin g  the a d m iss ib ility  o f in v erse

operations is  based  on the four conditions d escrib ed  in  the previous

sec tio n . In the follow ing d iscu ss io n  the notation S •* T is  u sed  to

m ean "rep lace T by S".

L et M ssM  x  E be cographic. The next a lgorithm  is  
—i —i - l  i

d ev ised  to te s t  w hether M is  cographic.
—i - l

A lgorithm  A M. *  P(G ) and M. , =M .(x)~^ E . .— *  —i  — i  —i - l  —i i - l

Step 1. C hoose any C € C. j containing e. j . If C -  is  a

path of G ., construct by joining die ends of the path

w ith e . j. Go to Step 2. If C -  | e . d o e s  not form  a  

path in  G ., M. j i s  not cographic.

Step 2. E very  c ircu it of M.  ̂ containing e.  ̂ i s  a  polygon o f G._j.

If th is condition i s  sa tis fied , M. . = P (G  oth erw ise  M. ,- i - l  — i - i  —i - i

i s  not cographic.
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V alidity of A lgorithm  A It i s  ea sy  to s e e  the equivalence of this 

algorithm  and Condition 1, and by Lem m a 6 .1 A lgorithm  A is  v a lid .f^

Suppose M s M  * E  is  cographic. Then A lgorithm  B 
—i ~ i - l  i

provides a condition for M to be cographic.
—i - l

A lgorithm  B M. =  P(G.) and M.,  ̂=  * E. ^

Step 1. C hoose any c irc u it  of M. , in C, , -  C. which does not—i - l  —i - l  —l

contain e., T his c ircu it co n s is ts  of two ed ge-d isjo in t  

polygons of with only one vertex  v in com m on. Go to 

Step 2. If this condition is  not sa tis fied , i s  not

cographic.

Step 2. Choose a c ircu it C of M.  ̂ containing e. C -

is  a polygon of Ĝ  and contains exactly  two edges e^ , e^

which are  incident to v. Set E . *  '{e<\ and E =s \ e* \(I) (b) ̂  "

Go to Step 3. If th is condition is  not sa tis f ie d , M ._j is

not cographic.

Step 3. Choose an unexam ined c ircu it C in C. , containing e. ,—i - l  i - l

and a m em ber of E ,,v U E ,_ ., say e l  . C - 4e \  is(1) (2) 1 i- l*

a polygon of G. and contains exactly  two edges e ^  , e*p 

incident to v. If e^ ^  E (e'^ €  E(2 ))» then le t

E <2)* ~  e (2) u  <E (1) E (l) U {*]  >• Th“ “ he

updated se t E (E ) is  the union of \  and the outdated  
(2 ) (1)

se t E ., .(E  ). Go to Step 4. If C does not sa tis fy  the above
\*> (!)

condition, M. , i s  not cographic.— i - l
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Step 4. Is E f\ E .~ .=  O ? If not, then M. is  not cographic.(1) \c.) * ■“ 1-1

If so , check whether a ll the edges incident to v in G. arel

in E /n  U E If the answ er is  y e s , go to Step 5; o th erw ise, 
(*■; (w

go to Step 3.

Step 5. C onstruct graph G.  ̂ from  G. by sp litting  vertex  v into two

v e r tice s  v and v so that the edges in E „ a re  incident
L L Ul 1̂ )

to v. (v ) and joining v and v w ith  e. . Now te s t  w hether
i Ct i 2

the unexam ined c ircu its  in C. , a re  polygons of G. ..- i - l  i - l

If the an sw er is  y e s , then M. ,= -P (G . J ; o th erw ise,— i - i  — i - l

 ̂ i s  not cographic.

Validity of A lgorithm  B We sh a ll show the equivalence of Condition 2

and A lgorithm  B. Suppose Condition 2 is sa tis fied . By Lem m a 6 .2 ,

M is  a cographic m atroid and M. s= P(G ) • E = P(G , x  E .).
— i - l  —i — i - l  l  — i - l  i

Since G  ̂  ̂ is  3-connected , by M enger's theorem  there e x is t  two paths

not containing e.  ̂ w hose only com m on v e r t ic e s  are  the ends of e^

The union of th ese  paths form s a polygon in G.  ̂ , and the contraction

of e y ie ld s ed ge-d isjo in t polygons having one vertex v in com m on, 
i - l

Let C be a polygon of G.  ̂ containing e  ̂  ̂ . S ince G.  ̂ is

3-conn ected , exactly  two edges of C -  ^e. ^  a re  incident to the ends

of e . I f  we shrink e to v ertex  v, path C - \e .  V becom es a
i - l  i - l  1 i - i '

polygon in G and those two edges are  incident to v. 
i

L et v, and v be the ends of e. in  G. ,, and le t  E and E ,
1 2 i - l  i - l  1 2

be the incident edges with v  ̂ and v^ , re sp ec tiv e ly . Then E ^f\E ^=je^
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and E U E •  | e  \  a re  the incident edges w ith v in G..
1 2 1 i- l»  i

C onsequently, the ed ges incident to v a r e  divided into two d isjoint

se ts  E E -  Je, \  and E._ =  E - 4e \ . The edges in
(!) 1 1 i- l*  (4) 2 1 i - l

E , IE ) a r e  incident to v (v ), and v ,  v a re  joined with e 
(1) (‘ ) 1 2  1 2  i - l

The other part of the a lgorith m  fo llow s from  this fact.

Suppose ev ery  condition in A lgorithm  B is  sa tis fied . L et

C be a  c ircu it of M containing e . C - \e .  \  is  a polygon of
— i - l  i - l  *- i - l

G. and has exactly  two edges e'y and e^ incident to v by Step 3. 

Each of th ese  edges is  incident to d ifferent end v e r t ice s  of e  ̂  ̂ in 

G%  ̂ by Steps 4 and 5. Thus, C is  a polygon of G. If e.  ̂ ^  C ^ 

then C is  a polygon of G. j by Step 5. Thus, A lgorithm  B is  v a l i d . |

In the above algorithm  it  is  su ffic ien t, a s  m entioned in the

previous sec tio n , to  exam ine the c irc u its  of M with an edge incident
— i - l

to v  or v  .
1 2

A lgorithm s for Conditions 3 and 4 a re  im plem ented as  

A lgorithm s C and D.

A lgorithm  C M *B(G^) and M. ^ *M .(x )  ̂ E, ^

Step 1. Find a  c ircu it C of M. , such that e £  C and the
- i - l  i - l  i - l

m em b ers o f C -  -fe V have a com m on vertex  v in G .
1 i- l>  l

Sp lit v into two v e r t ic e s  v and v_ , and join v and v1 m 1 b

w ith e  to form  G so  that C is  a star c u t-se t  of G. ,. 
i - l  i - l  i - l

Go to Step 2 . If th ere  i s  no c ircu it sa tisfy in g  this condition, 

then M. j i s  not graphic.
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Step 2. E very m em ber of C.  ̂ containing e.  ̂ is  a c u t-se t  of

Then M is  graphic; o th erw ise , M. is  not graphic.—i - l  —x-1

V alidity of A lgorithm  C Suppose Condition 3 is  sa tis fied . By Lem m a

6 .3 , there ex is ts  a graph G_  ̂ such that M._^ =  B(G^ and M  ̂=  B(G^)

=sB(G^  ̂ x E^), w here Ĝ   ̂ is  obtained from  Ĝ  by sp litting a vertex  v

and adjoining edge e._^. The sta r  c u t-se ts  of at v̂  and v^ are

c lea r ly  m em b ers of C. , ,  that i s ,  one of those star  c u t-se ts  sa tis f ie s- i - l

the condition in Step 1. T hese c u t-se ts  are  the only c u t-se ts  of Ĝ   ̂

which contain e.  ̂ and C - | e .  has a com m on vertex  in G.,, w here 

C is  a star  c u t-se t  at v or v . T h erefore, the condition in Step 2 is1 b

a lso  sa tisfied .

If a ll the conditions in A lgorithm  C a re  fu lfilled , M.  ̂ is  

a graphic m atroid by Lem m a 6 . 3 . |

A lgorithm  D M ~ B (G  ) and M * E— s--------------------  — i - i - i  - i  i - l

Step 1. Find two c ircu its  C ,,C  of M containing e such that
1 2 - i - l  e i - l

C. -  4e \ and C_ - ^e. a re  star c u t-se ts  of G..1 I  i- l>  2 1 i-l*  i

C onstruct G by adding e to the v e r t ic e s  defined by the
i - l  i - l

star  c u t-se ts  of G . Go to Step 2 . If there a re  no such  
i

c ir c u its , then M , is  not graphic.
— i - l

Step 2. E very c ircu it of containing e  ̂ is  a c u t-se t  of G.

If this is  the c a se , M.  ̂ is  graphic; oth erw ise  ̂ is  not. 

V alidity of A lgorithm  D Since A lgorithm  D im p lies  Condition 4, we 

show the co n v erse . If Condition 4 is  sa tis fied , then, by Lem m a 6 . 4,
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M is  graphic and Xt S B(G } fo r  so m e  graph CL L rt 
— i - l  —i - l  — i - l  *~t

G =*G • E . Then XI *  B<GJ. The s ta r  c u t - s e ts  C  and C o f
i  i - l  i  - i  -  i  t  2

G. . at v e r tice s  v_ and v_ contain e , ,  and ^  ^ - C -  | e  \
i —1 - i - i  2 i —1i - l  1 2

a r e  star c u t-se ts  of G . S in ce C and C a r e  dee «s 1y  c u t- s e ts  at
i  1 2

v and v , G is  uniquely constructed  from  C and C a s  shown in  
1 2 i - l  1 2

Step 1. Step 2 im m ed iate ly  fo llow s from  th is a c t -  Thus* A lgorithm  D

provides a m eans to con stru ct a  graph G - Hi - l  •

An a lgorith m  determ in in g  graph realiisahiLity o f m atroids  

m ay be d ev ised  accord in g  to A lgorithm s A  through D and A lgorithm  W- 

This can be done a ls o  by m aking u s e  o f th e  dual in v e r se  sequence* 

H ow ever, u se  of dual graphs avo id s the cosnapilesitv o f  finding dual 

m atroid s and the double com putations o f rwutsniSy dual reduction  

seq uen ces a s  noted in  S ection  6.  3 .

A lgorithm  for D eterm in ing Rea lira  hality Let  * — a>

be a reduction seq uence o f  M.

Step 1. U se A lgorithm  W to d eterm in e whethe r  Xt i s  a  w h eel matroid*

If M i s  not a  w heel m atroid , she® Xt i s  net realisab le*
—n —

If M is  a  w h eel m atroid , con struct a  graph G so  that —n n

M ~ B (G  ). If a c j ) , XI i s  planar- If ot^J- le t  k e  n—II — XI

and go to Step 2 .

Step 2. If Mk_i=  a « •»  A lgorithm  C (D)

to d eterm in e w hether  ̂ i s  graphic- If  ̂ i s  graphic, 

con stru ct  ̂ by A lgorithm  C  (1M and go  to  Step 3- If
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is  not graphic, then M is  not graphic; go to Step 4.

Step 3. Is k =  l?  If k-1, M is  graphic. In addition, it  i s  planar i f

Gk  ̂ is  planar. If k ^ l ,  le t  k < — k -1 , and go to Step 2.

Step 4. Is planar? If not, M is  not rea liza b le . If i t  i s  planar,

take a dual G, * of G L e t  G, <----  G, * , and go to Step 5.k k k k

Step 5. If M, =.M (x)“ E (M. (*)-1 E, .) , u se  A lgorithm  A (B)
— k -1 —k k -1 —k -1 K_1

to test if  ̂ is  cographic. If  ̂ i s  cographic, construct 

G^  ̂ and go to Step 6 . If is  not cographic, M is  not

rea lizab le .

Step 6 . Is k = l?  If k = l ,  M is  cographic and not graphic. If k% l,

le t k ^ -----  k-1, and go to Step 5.

V alidity of A lgorithm  By T heorem  6 .1 , i s  a w heel m atroid  i f  M

is  rea liza b le , and a w heel graph w hose bond m atroid  is  i s  uniquely

determ ined  within isom orp h ism .

Suppose M =* B(G, ), and an in v erse  operation is  not a d m iss ib le . 
—k -  k

In this c a se , the orig inal m atroid  M is  not graphic. H ow ever, if  Gk is

planar, then M is planar and M is  a polygon m atroid  of a  dual graph  
k k

G *. That is ,  P(G *) =• P*(G ) =  B(G ). Dual graph G * can be It "  R “  R "  R R
uniquely determ ined  sin ce  G is  3 -con n ected . The above algorithm  is

k

valid  by T heorem  6 . 2. g j

A flow chart of the algorithm  is  given in  F ig . 6 . 2. In the 

p ro cess  of reconstruction  we m ight have to find a dual graph, or , in  

other w ords, we have to exam ine the planarity of a graph. H ow ever,
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our m ethod used  h ere  is  a gen era lization  of the planarity testin g

procedure given by Bruno, S te ig litz , and W einberg [Br 2^ . At

each step  of the algorithm  we have a 3-connedted graph G^. The

p ro cess  of constructing G is  autom atica lly  an application of the
k-1

planarity testing  algorithm , and by in sp ection , we can see  if Gtv ” A

is  planar.
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M :w heel m atroid  —n

nono
M^jplana

y es  not graphic
not cographic

yes

no no
M^: c og r aphi ck=0

yes
yes

not graphic 
not cographic

no
k=0

no M^: planar yes

yes

graphic

graphic 
not cographic

planar cographic  
not graphic

F igure 6 .2  F low chart of R ealizab ility  A lgorithm  of M atroids
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6 .5  EXAMPLES

Exam ple 6 . 1 L et M=M =(C , E ) be the 3 -con n ected  m atroid  given  by  c  — —o —o 0

E q= \ l , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , o \

C = { l2 5 , 160, 170, 236, 247, 348, 3 5 0 ,4 5 9 ,6 7 8 ,8 9 0 , 1230, 1249,1356, 

1457, 1689, 1780, 2378, 2468, 2560, 2579, 3467, 3490, 3589 ,4580 , 

6790, 12389, 12480, 13469, 1347013578, 14568 ,23790 ,24690 , 

25689, 25780, 35679, 4567 o \.

Let M j = (C , E^)=Mq»(Eq- \ l \  ). Then contains c ircu it  

\ l ,  2, 5$ f lE  = ^2, 5\ and hence, i s  not 3 -conn ected . Now le t  

Mq x (Eq- ^l} ), w here E j and C j a re  g iven  by  

E 1= \ 2, 3, 4, 5, 6 , 7, 8 , 9, o \

C = {236, 247, 348, 350, 4 5 9 ,6 7 8 , 890, 2378, 2 4 6 8 ,2 5 6 0 , 2579, 3467, 

3 4 9 0 ,3 5 8 9 ,4 5 8 0 ,6 7 9 0 ,2 3 7 9 0 ,2 4 6 9 0 , 25 6 8 9 ,2 5 7 8 0 ,3 5 6 7 9 ,

45670 \

If S= \  2, 3, 6} , then ^(M ^S, S) =3. T h erefore , \ ( M j )  *  3 and a lit t le  

ca lcu lation  show s ^ (M ^ )=3, and hence is  3-con n ected .

S im ila r ly , w e can show M ^ = (C E ^ )= M ^  x  i s  a

3 -conn ected  m atroid , w here  

E 2= { 2 , 3 , 5 , 6 , 7 , 8 , 9 , o l

C 2= \236 , 350, 678, 890, 2378, 2 5 6 0 ,2 5 7 9 ,3 5 8 9 ,6 7 9 0 , 23790, 25689, 

2 5 7 8 0 ,3 5 6 7 9 } .

Since any reduction and contraction  of contains p a ra lle l or  s e r ie s  

c e lls ,  M2 is  an irred u cib le  m atroid . The num ber of c irc u its  o f  

con sistin g  of jE^ /2  + 1 = 5 c e l l s  i s  four; i s  a  w h eel m atroid  by
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A lgorithm  W.

The reduction sequence is  S =<M q, M^, aPP*y

the algorithm  d escrib ed  in the previous section  to te s t  if  M is  rea liza b le  

as a graph.

Step 1. C onstruct a w heel graph G so  that M = B(G ) (F ig . 6. 3).
2 2 2

Step 2. M = M (x)_1 (E U ). U se  A lgorithm  C.
X 2 2

C hoose any c ircu it C  ̂ of such that 4 6 C  ̂ and the 

m em b ers of C  ̂ - 4̂ } have a com m on v ertex . Let C^= 

^ 4 ,5 ,9 ^ . - ^4\ = \5, 9\ has com m on v ertex  v^.

Split Vg into two v e r tice s  v^ and v^ so that only edges

5 and 9 are incident to v , and then join  v and v , with5 5 o

edge 4 (F ig . 6 .4 ) . Now te s t  if every  m em ber of Mj 

containing edge 4 i s  a c u t-se t  of G^. We see  th is i s  the 

c a se , and is  cographic.

Step 3 .M q= M ^x) - 1 (Ej U 1*1 ). U se  A lgorithm  C. C hoose any

c ircu it Cq of containing c e ll 1 and such that C^ - \ l^  

has a com m on v ertex . H ow ever, th is is  im p o ss ib le , and, 

hence, i s  not cographic.

Step 4 . S ince G  ̂ is  p lanar, take the dual G^* of G  ̂ (F ig . 6. 5).

Apply A lgorithm  A for M^=P(G^*)(x)“  ̂ (E^ U { l}  ). C hoose  

any C^ £  C^ containing c e ll  1. L et C^= | l ,  2, 5  ̂ . S ince

C - l \  form s a path in G *, ioin v and v w ith edge 1 
0 1 " 2 4

so  that C^ is  a polygon (F ig . 6. 5). Now exam ine every  

c ircu it of M containing edge 1 to s e e  if it  is  a polygon of G^.
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Fi^Ture 5 Graqrik G „ <s£
~~ ~ t

F igu re 6 .4  Graph G  ̂ of 
Exam ple 6 . 1

v 2

1 X.1 V
'm X

% i * - Yr /A $
1 /  

* *
/

9 \  8

v 5

FSgjrre <6.  5 Gsuqpk G* <a£ 
EsBoapBe^e^ t

F ig u re  6 . 6 Graph GQ of 
E xam ple 6 .1
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Since th is  is  sa tis fied  M^=M is  cograp hic. and it s  

corresponding graph is  g iven  a s  Gq in  F ig . 6 . 6 .

Exam ple 6 . 2 L et M=M^= (C q, E^) be the 3-conn ected  xnatroid srrvem W  

E q = j l ,  2, 3, 4, 5, 6, 7, 8 , 9 ,0 ,* }

C = { l2 3 , 2 4 * , 280,460, 567, 68* ,  134* . 1380, 1789 ,2468 .26© * , 345*. 

3790, 4570, 4 8 0 * , 578* , 12459 ,12790 ,13468 , 136©*. 15681®, 

16790(, 2359* , 23789, 24578, 2570* , 34679. 3569®, 124679. 

125690, 134578, 13570*, 145890, 1 4 7 9 0 * .2 3 5 6 8 9 .2 3 6 7 9 * . 

34789*, 35890* } .

We form  the follow ing reduction sequence:

M i = (£ .i ,E i)= M 0-(e o - M ) ,  w here  

E l = { l , 2 , 3 , 4 ,  5 ,6 , 7 ,8 ,0 ,* }

C = { l2 3 , 178, 24* , 280, 345, 37 0 ,4 6 0 , 5 6 7 ,6 8 * . 1245, 127® ,134*.

1380, 1568, 167*, 235* , 2378, 2468, 26©*, 3467. 356®,457®, 

4 8 0 * , 578 * , 12467, 12560, 13468, 136©*, 1458®, 147® *,23568. 

2367*, 24578, 2570* , 34 7 8 * , 3 5 8 0 * } .

M£=(C 2» E 2)=Mj x  (E j-  ^5  ̂ ), w here  

E 2 = { 1 ,2 ,3 ,  4, 6 , 7, 8 ,0 ,* }

C = ^123, 178, 2 4 * , 280, 370, 460, 68* , 1 2 7 0 ,1 3 4 * . 138®, 1 6 7 * . 2378,

2468, 260* , 3467, 4 8 0 * , 12467, 13468,136© *. 147®*, 23 6 7 * . 

3478* ] .

M3=(C 3, E 3)=M2 x  (E2- {0} ), w here  

E 3 = {  1 ,2 , 3, 4, 6 , 7, 8, * }
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C 3 = {  123,178, 24<* , 68<*, 134* , 167* , 2378 , 2468 , 3 4 6 7 ,1 2 4 6 7 ,1 3 4 6 8 , 

2 3 6 7 * . 347801] .

_i
The in v e r se  red u ction  seq u en ce  i s  S =<M^, and

the in v e r s e  op era tio n s a r e  p er fo rm ed  a s  fo llo w s:

Step 1. M is  a w h e e l m a tro id , and le t  M » B (G  ) (F ig . 6. 7).
3 3 - 5

Step  2 . (E^ U {0^ ). U se  A lg o r ith m  C. C hoose any

c ir c u it  C of M su ch  that 0 and the m em b ers  of
2 - 2  2

C -  \ o ]  have a com m on  v e r te x  of G . L et C = \3 »  7 ,0 ^  .
2 3 2

The unique v e r te x  i s  v^. S p lit v^ into tw o v e r t ic e s ,  v^

and v , so  that C is  a s ta r  c u t - s e t  of G_ (F ig . 6 . 8).
6 2 4

E v ery  c ir c u it  of M contain ing  edge 0 is  a c u t - s e t  of G .
™ b  w

Step 3. M = M  (x )“* (E_ U ^5] ). U se  A lg o r ith m  C.
X b

Sin ce th ere  is  no c ir c u it  of w hich  s a t is f ie s  the con d ition

in  A lg o r ith m  C, i s  not grap h ic .

S tep  4 . S in ce  G i s  p la n a r , take the dual G * of G (F ig . 6 . 9).
2 2 2

A pply A lg o r ith m  A fo r  M = M  (x )“* (E U ^5]- ) =-P(G  *)
1 2  2

( x f 1 (E U ^5] ). C hoose any C £ C con ta in in g  c e l l  5.
2 1 1

L et Cj =  -̂ 1, 2 , 5, 6, o ]  . S ince C  ̂-  =*{l, 2 ,6 ,  0^ fo r m s  a

path in  G *, jo in  v and v w ith  edge 5 to  c o n str u c t G
b  b  4  L

(F ig . 6 .1 0 ). Now t e s t  e v e r y  c ir c u it  of con ta in in g  c e l l  5 

to s e e  if  i t  is  a polygon  o f G .̂ W e find  th is  to  be the c a s e .  

Step  5. (Ej U ). U se  A lg o r ith m  B.

C hoose Cg— \ l ,  3, 4 , 5, 7, 8 ]  £ C^, w hich i s  not in  C  ̂ and d o es  

not con ta in  c e l l  9 . Cq c o n s is t s  o f two po lygon s of G^, ^1, 7 , 8]



165

F ig u r e  6 . 7 Graph of 
E xam p le 6. 2

F ig u r e  6 . 8 G raph G^ of 
E xam p le 6. 2

6

v 4 v2 2 4

F ig u r e  6 . 9 G raph G * o f F ig u r e  6 . 1 0  G raph G^ of
E xam p le  6. 2 E x a m p le  6. 2



166

u d  ^ 3 ,4 ,5 }  , v td ck  bare one v ertex , v^, in com m on.

If i s  graph r ea lisa b le , then should be the sp litting  

v ertex .

C ircu its  containing c e l l  9 E . ^
(i) (‘ )

17S9 1 7
3T9© 3 7
3459 3 5

We hare 3  ̂ and E ^ ) - | 5 ,  7 \  , and hen ce,

E  f\ ^  - C onstruct graph G (F ig . 11). Now,
|2 ) 0

r e  te s t  to  s e e  i f  the unexam ined c irc u its  in  C -  C, are
- 0  —1

polygons of G .  We se e  that the condition of A lgorithm  B
V

i s  sa tis f ie d . A ccord in gly , i s  cograp hic, but not 

graphic.
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6

F igure 6 . 11 Graph of Exam ple 0 .2
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CHAPTER 7 BIPARTITE AND EULER MINORS

In th is  chapter, we p resen t another decom position  of 

a m atroid into a unique fam ily  of m in ors, sp e c if ic a lly , m axim al 

bipartite  and E uler m in o rs . It is  shown that a binary m atroid  

m ay be recon stru cted  from  th ese  m in o rs , which g iv e s  a th eorem  

on m atroid  isom orp h ism .

7.1 MAXIMAL BIPARTITE CONTRACTION

W elsh obtained an in terestin g  r e su lt  for a c la ss  of binary  

m atroids |We 5̂  . In defining b ip artite  and E uler m atro id s, he showed  

that th ese  m atro id s em body dual concepts: that i s ,  the dual o f an E uler  

m atroid  is  a b ipartite  m atroid , and the co n v erse  i s  a lso  tru e . In 

this sec tio n  we w ill show  the ex isten ce  of b ip artite  m in ors in  term s  

of so -c a lle d  even  s e t s .

L et M be a m atroid . A c ircu it of M is  ca lled  even  or odd 

according to whether its  card inality  i s  even  or odd. If ev ery  c ircu it  

of M is  even , then M is  ca lled  b ip artite .

T heorem  7.1 Let M = (C, E) be a connected binary m atroid  and

J C | £  2. Then th ere  alw ays e x is ts  an even c ircu it o f  M.

P roof. Let Cj and C^ be tw o d istin ct c irc u its  o f M w hich have

a non-nu ll in tersec tio n . S in ce M is  connected, th ese  c ircu its  alw ays

ex ist . We ch oose  C, and C so  that C U C , i s  m in im al w ith resp ec t1 2  1 2
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to  th e ab ove cond ition . B y  T h eo rem  2. 20, th e  sy m m e tr ic  d iffe r e n c e  

C ©  C is  a d isjo in t union of c ir c u it s .  S in ce  C and C a r e  d is t in c t,
1  b  L b

Cj 0  con ta in s at le a s t  one c ir c u it  of M. Suppose @ con ta in s  

tw o d is t in c t  c ir c u its  C '̂ and C^1 of M. L et e j £  C^O  C^' and

€  (Cj -  C^') O ^ 2 ' = r \ ^ 2 '* A x iom  II th e r e  e x is t s  a c ir c u it  

of M su ch  that e 2  £  C  Cj U C '̂ - |e ^  . Then w e have

C 2 U C3 C  C 2 U (Cx U Cj' -  [ e ^  ) = Cj U C 2 - ^ e j  . T hus,

C 2  U C C C U  C , and, by A x iom  I, C~ O  C_ . H ow ever ,
j  X  £ •

th is  i s  co n tra ry  to  C U C being  m in im a l. T h e r e fo r e , C 0  C
1  b  X  C »

i s  a c ir c u it  of M.

Suppose ev er y  m em b er  of C has odd ca rd in a lity . C h oose  

tw o d is t in c t  c ir c u its  C and C so  that C C \ C j  ♦ 4* an<* ^
X  £1 1  m  1  f a

i s  m in im a l, c o n s is te n t  w ith  th is  cond ition . A s shown ab ove, C=Cj 0  C 2 

i s  a c ir c u it  of M. B y h y p o th esis

odd = | c |  = I ^ Q C ^  = | C j  + ( C j  - 2 ) 0 ^ 0 ^  = ev en .

T h u s, w e have a con trad iction . A cco rd in g ly , M h as a c ir c u it  o f even

c a r d in a lity . |

C o ro lla ry  7 .1  L et M = (C, E) b e a b in ary  m a tro id . If th e r e  e x is t s  

no even  c ir c u it  of M, then C i s  n u ll, or it  c o n s is t s  of d is jo in t odd 

c ir c u it s .

P r o o f . L et M. = (Cj, E. ) ,  1 $ i  < k, be the com p on en ts o f M. By 

d efin itio n , each  M. i s  co n n ected . A ccord in g  to  T h eo rem  7 .1 , C is_ i  °  — x

n u ll, o r  it  c o n s is ts  of an odd c ir c u it . C on seq u en tly , the c o r o lla r y
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fo llo w s. I

T heorem  7.1 im p lies  that every  connected binary m atroid  

with at le a s t  two c ircu its  contains a n o n -tr iv ia l b ipartite m atroid  as  

a m inor, w here a tr iv ia l b ip artite  m atroid  is  a m atroid containing no 

c irc u its . In the sam e th eorem , the binary condition on M is  a 

n e c e ssa r y  one, b ecau se , for in stan ce , non-binary m atroid  

is  connected and its  only c ircu its  a r e  odd.

L et M = (C, E) be a m atroid  and S ^  E. Then M x S is  

ca lled  a b ip artite  contraction of M to S if  it is  b ip artite , and it is  

m axim al i f  th ere  does not e x is t  a su b set T of E such that S is  a

proper su b set of T and M x T is  b ip artite . To show that every

m axim al b ipartite  contraction (m ax. bpt. contraction) is  determ ined  

by fundam ental c irc u its , w e need to  prove the follow ing lem m a:

Lem m a 7 .1  Let M = (C, E) be binary and B be a base  of M. If 

every  fundam ental c ircu it of M with r esp ec t to B is  even , then M 

i s  b ip artite .

P roof. Let C be any c ircu it of M. If C is  a fundam ental c ircu it  

with resp ec t to B , then, by h yp oth esis, C is  even.

Suppose C is  not a fundam ental c ircu it and C -  B =

■̂ ê , e^, • • •» en *y • Then, by T heorem  2. 21, C is  ex p ressed  as  the 

sym m etr ic  d ifferen ce  of the fundam ental c irc u its  determ ined by B 

and e^, e^». . . »  e^. S in ce a sym m etr ic  d ifferen ce  of even card inality  

su b sets  contains an even num ber of e lem en ts , C is  an even c ircu it of
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M. A ccord in gly , the lexnma fo llo w s. A

Let B be a base of a binary m atroid M = (C, E). We define

the even se t E„ of M spanned by b ase  B a s  follow s:1 l— B *“

E g  = ^ e | e 6  B or B U ^ e \ contains an even c ircu it of M 

By Lem m a 7.1, M x  En  is  a b ipartite m atroid . F u rth erm ore, M x  E 

is ,  as shown in the next lem m a, a m ax. bpt. contraction of M.

Lem m a 7. 2 Let E„ be an even  s e t  of a binary m atroid  M. Then  B ~

M x  E g  is  a m ax. bpt. contraction .

P roof. Let M x  E' be b ip artite , w here E" contains E g  p rop erly .

Let e €  E' -  E g . Then, by defin ition , B U ^e  ̂ ( C  E g U ^ e |  )

contains a c ircu it C of M. S in ce C is  a c ircu it of M x E ', C is

an even c ircu it of M. Thus e  (  E g , which is  contrary to  the  

assum ption. T h erefore , M x  E g  i s  a m ax. bpt. contraction  of M .^ |

The co n v erse  statem ent o f Lem m a 7. 2 i s  a lso  tru e.

Lem m a 7. 3 Let M x E' be a m ax. bpt. contraction of a binary

m atroid M. Then E 1 is  an even s e t  of M.

P roof. F ir s t , we show E' contains a b a se  of M. Suppose E' does  

not contain a b ase  of M. Let B' be a b ase  of M x  E ’. C hoose a 

base B of M so  that B 3 B 1, and le t  E g  be the even  se t of M spanned  

by B . If C is  the fundam ental c ircu it of M x  E* determ ined  by B ’ 

and e £  E' -  B 1, then C £  C x  E g , s in ce  C C B 1 U ^e^ C-B U {e^

O  Eg* Thus E' is  a proper su b set of E g . S ince M x  E g  is
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b ip artite , th is contradicts M x E' being m axim al. Consequently,

E 1 contains a b ase  B of M.

L et E be an even  set of M spanned by B and le t  e £  E 1 - B. B

Then B U ^ e^  contains an even c ircu it of M and hence, e £  E g .

A ccord in gly , E' C. E g . Since M x E' is  m axim al, E' C. E g  and

we have E ' = E . H  
B ■

Combining L em m as 7. 2 and 7. 3 we s ta te  the m ain theorem  

of th is  section .

T heorem  7. 2 L et M = (C, E) be a binary m atroid  and E' C- E.

Then M x E 1 is  a m ax. bpt. contraction of M if and only if  E' is  

an even se t  of M.

E xam ple 7 .1 L et M = (C, E) he the polygon m atroid  of the graph G

shown in F ig . 7 .1 . Let B = ^1, 2, 3, 5, 9^ be a b a se  of M. The even

se t E spanned by B is  E = ^ 1 ,2 ,3 ,4 ,5 ,7 ,8 ,9 ,1 1 ^  . The m ax. bpt.
B B I

contraction  of M is  M x  E_ = P(G) x En = PfG^E.-,), which is  the  — — B — ri — iJ

polygon m atroid  of G»E (F ig . 7 .2 ) .
B

Now le t M = (C, E) be the bond m atroid of the sam e graph.

B = { 4 ,  5, 7, 8,1 0 ,11} is  a b ase  of B(G). The corresponding even  

se t is  E^ = ^ 1, 2, 4, 5, 6, 7, 8, 9 ,10, l l \  and the m ax. bpt. contraction  

M x E g is  the bond m atroid  of the graph G x E g  (F ig . 7. 3).



173

F igure 7. 1 Graph G of Exam ple 7. 1

F igu re 7 .2  Graph G*Eg of Exam ple 7. 1

F igu re 7. 3 Graph G x  E
13
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7. 2 MAXIMAL BIPARTITE REDUCTION

L et M = (C, E) be a binary m atroid  and S b e  a su b set of E.

A m inor of the form  M S i s  ca lled  a b ip artite  reduction of M to  S if  

it is  b ip artite , and it  is  m axim al if  th ere  does not e x is t  T such that T 

contains S properly  and M T is  b ip artite .

Lem m a 7. 4 Let M = (C, E) be a binary m atroid . If M x  E ’, w here

E' C  E , is  a m ax. bpt. contraction  of M, then M«E* is  b ip artite .

P roof. By T heorem  7. 2, E 1 is  an even se t  and th ere  e x is ts  a b a se

B of M by which E' is  spanned. Let C ’ be a m em ber of C*E*. By

defin ition , w e can find C 6  C such that C ’ = C ^ E " . S ince C is  a

c ircu it of M and M is  b in ary, C m ay be w ritten  as  a  sym m etric

d ifference of fundam ental c irc u its  o f M.

L et C -  B = \ e p e 2. ****, e n ' }  * w here

e ., e , .  . . ,  e a re  m em b ers of E ’ and e ,' ,  e  " , . . . .  e  ‘ a r e  in E -  E '.
1 2 m  i  2

By T heorem  2. 21, w e can w rite;

c = cl ® c 2 @.. .  © c m @<Y © c 2’0  . . .  ©  C^* ,

w here C ., 1 < i4  m , is  the fundam ental c irc u it  of M determ ined  by B 

and e .,  and C .1, 1-$ i  £ n , i s  the fundam ental c ircu it d eterm ined  by 

B and e / .  S ince E' is  the even  s e t  of M spanned by B , C. i s  even

for 1 ^ i ^ m  and |Cj' | is  odd for 1 4  j -4 n. Let S = C j Q  ©  . .  . ©  C ^ .

Then, |C '( = (C O E 'l  = | ( S © C 1’ 0 C 2 ' © . . .  © C n *)

= | (S H E ’) ©  ( C j ’f l E ’) ©  (c 2 ’O e -) ©  . . .  0 ( C n ' 0 E ’)\

- I s ©  <c i' - M  • ©  »Ci '  -  M  » © • • • ©  ,C»' - >1-
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mce lci' - WH- lc2' " K'H K’ - K'V\ *re cven *"d
the sy m m etr ic  d ifferen ce  of su b sets  with even card in a lities  c o n s is ts  

of an even num ber of e lem en ts , J c 'j is  even . This is  true for  ev ery  

c ircu it of C E 1 and the lem m a fo llo w s. |

In the above lem m a, if M x E' is  not m axim al, then  

M*E' is  not n e c e s sa r ily  b ip artite . C onsider the polygon m atroid  

P(G) of the graph G given in F ig . 7 .4 . Choose E ’ = ̂ 1,2, . . . , 6 ^ .

Then P(G) x  E 1 = P(G »E') is  b ip artite , but not m axim al. H ow ever,

P(G)*E' = P(G x E') is  not a b ip artite  m atroid  (F ig . 7 .5 ) .

C orollary  7. 2 Let M = (C, E) be binary. If E ’ i s  an even  s e t  of M, 

then M»E' is  b ip artite .

P roof. By T heorem  7. 2 and Lem m a 7 .4 . ^

To show the co n v erse  of Lem m a 7. 4, w e need to  prove two

lem m as.

Lem m a 7. 5 Let M = (C, E) be binary. If e  6  E and M' = ^C^E*)

= M • (E -  ), then every  c ircu it of M not containing e  is  a d isjo in t

union of c ircu its  of M*.

P roof. If ^e^ is  a c ircu it of M, then M' = M »(E  -  ^e^ ) = M x  (E -  ^e^ ). 

C learly , ev ery  c ircu it of M not containing e  is  a c irc u it  of M ', and the  

lem m a fo llo w s.

Suppose ^  £  and (« ^  ) C i s  any c ircu it of M. If C i s  

a c ircu it of M 1, obviously  C is  a d isjoin t union of i t s e lf .  T h erefo re , we



F igure 7 .4  Graph G

2

F igu re 7. 5 Graph G x E'
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a ssu m e  e ^ . C ^  C '. By defin ition , th ere  e x is ts  C such that

CjOE* = Cj -  | e j  (  C' and Cj -  | e j c C ,  w here e £  Cj. Let

S  -  C 0  C j. S ince M is  b inary, by T heorem  2. 20, S is  a d isjoint

union o f c irc u its  of M. L et C be a c ircu it of M contained in S and£

not containing e . Then

c 2 Q  S -  (* t  = (C U Cj •  C O c y  - \ e \

C C  U Cj  -  ^  = C.

B y A xiom  I, C^ -  C and S -  contains a c ircu it of M, contrary

to  th e h yp oth esis. C onsequently, C2 = S is  a c ircu it of M. Let

Cl" = S  A E  = Cl  ~ C 2 = C2 ^ E ' = C2 ~ Then Cl ‘

and C " a r e  d isjo in t, and C = C j1 ©  C^' = Cj' U C^'. If C2 ' is  not 

a c irc u it  o f M ', then th ere  is  a c ircu it (e £  ) Q  C such that

C j f l E ' "  C j - i e \ C C 2 ' = C2 - 

Thwis, C j ^  C^, contrary to  A xiom  I. A ccord in gly , C^' is  a c ircu it of 

M% and C i s  a d isjoint union of c ircu its  C '̂ and C^1 of M'. ^

ha Lem m a 7. 5, if  w e rem ove the condition "binary", the 

lem m a i s  not tru e. A counterexam ple is  M = = (C, E), w here

E = ^ e j ,e ^ ,e ^ , e^^ . M«(E -  i e 4\  ) c o n s is ts  of th ree c ircu its  which  

a r e  th e  su b se ts  of | e j ,  e^, e^ ^ containing exactly  two e lem en ts.

^e^» e ^»e^^ is  a c ircu it of M; h ow ever, it cannot be ex p ressed  a s  a 

disjo in t union o f c ircu its  o f M*(E -  -|e^ | ).

Lem m a 7. fe L et M = (C, E) be b inary, and M' = M «E', w here  

E  C E .  Then every  c ircu it of M x  E' i s  a d isjo in t union of c ircu its  of M ’
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P roof. A proof is  obtained by induction on |E  -  E ’J . Ef IE' J - | E 1,  

the lem m a fo llow s from  Lem m a 7. 5.

Suppose the lem m a is  tru e for any E ' which has m o re  than  

n e lem en ts . Let E' = e 2 » * * * * cn \  and E ” = E U w here

e £  E -  E ’. B y assum ption , every  c ircu it of M x  E " is  a  d isjo in t 

union of c irc u its  of M *E". L et C be a c ircu it of M x  E \  C is  

a lso  a c ircu it of M x  E "  and e ^  C. Then  

C = ^  U C2 U . . .  U Ck, 

w here C. £ C  E " , 1 4  i  (  k , and C jA C j  = <̂> for i $ J. E ach  

Cj, H  i  4 k , i s  a c ircu it of M «E" not containing e . T h erefore , by  

Lem m a 7 .5 ,  C- i s  a d isjoin t union of c irc u its  of M ^ E "  -  = M*E''.

Ci = CU U C i2 U U Ci k j ’

w here C . . 6  C »E ’» 1 4 j ^  k ., and C .. f \C . = 6  for j *  v o l .i j -  l  ij o n  l

A ccord in gly , w e c«.- ex p ress  C as  a d isjo in t union of c irc u its  o f M»E".

B y  induction the lem m a fe llo w s. |

The co n v erse  of Lem m a 7 4 is  obtained from  the above lem m a .

Lem m a 7. 7 L et M = (C, E) be binary and E' T If M»E" is  

b ip artite , then M x  E' is  a ls o  b ip artite .

P roof. If M -E ' is  b ip artite , ev ery  c ircu it of M»E' has even  cardan-

a lity . S in ce , by Lem m a 7 .6 ,  any c ircu it of M x  E ' is  a  d isjoin t 

union of c irc u its  of M *E', every  c irc u it  of M x  E ’ has even  card in a lity . 

Thus, M x  E* is  b ip artite . |
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T heorem  7. 3 Let M = (C, E) be a binary m atroid  and E'Cj^E.

Then M x E' is  a m ax. bpt. contraction if and only if  M »E’ is  a 

m ax. bpt. reduction.

P roof. L et M x E' be a m ax. bpt. contraction of M. By Lem m a 7 .4 ,  

M»E' is  b ipartite . If M*E' is  not m axim al, then, by Lem m a 7 .7 ,

M x E' is  not m axim al, w hich is  contrary to the h yp oth esis. T h erefore, 

M*E' is  a m ax. bpt. reduction.

S im ila r ly , the su ffic ien cy  part fo llow s from  L em m as 7. 7 

and 7. 4. |
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7. 3 MAXIMAL EULER MINORS

F or planar graphs the dual of a b ip artite  graph is  an E uler

graph, and v ic e  v e r sa . A m atroid gen era lisa tio n  of th is theorem  is

proved by W elsh {We 5]  .

A m atroid  M = (C, E) is  ca lled  E uler if th ere e x is t  m utually

d isjo in t c irc u its  C ,, C , . . .  , C such that £ = 0 , 1 1  C U . . . U C .' 1 2 n 1 2  n

T heorem  7. 4 [We if) Let M be a binary m atroid . Then M is  

b ip artite  if  and only if  its  dual M* is  E uler.

L et M = (C, E) be a m atroid . A m inor of the form  M x  E 1 

(M »E'), w here E 1 C  E, is  ca lled  an E uler contraction  (Euler reduction) 

of M to E' if  M x  E' (M *E') is  an E uler m atroid . If M x  E 1 (M*E') 

is  E u ler and th ere  is  no su b set E" of E such that E' C E" and 

M x  E " (M »E") i s  E u ler, the M x  E 1 (M»E') is  m axim al.

Lem m a 7. 8 L et M = (C, E) be b inary and E' C  E . Then

(a) if  M»E' is  a m ax. E uler reduction , then M x  E' 

is  an E uler contraction.

(b) If M x E' is  an E u ler  contraction , then M«E' is  

an E uler reduction.

P roof. The lem m a fo llow s from  L em m as 7. 4, 7. 7, and T heorem

7. 4.1

U sing Lem m a 7 .8 ,  we r es ta te  T heorem  7 .3 .
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L em m a 7. 9 L et M be a binary m atroid  and E 'G  E. Then M x  E' 

is  a m ax. E uler contraction  if  and only if  M«E' is  a m ax. E uler  

reduction.

The com bination of T heorem s 7. 2 and 7. 3 and Lem m a 7. 7 

y ie ld s  the next th eorem .

T heorem  7. 5 Let M = (C, E) be a binary m atroid  and E' G  E.

Then the follow ing statem ents a r e  equivalent:

(a) E' is  an even se t  of M.

(b) M x  E 1 is  a m ax. bpt. contraction of M.

(c) M*E' i s  a m ax. bpt. reduction of M.

(d) M* x  E ' is  a m ax. E u ler contraction of M*.

(e) M**E' is  a m ax. E u le r  reduction of M*.

An even se t  of a  m atroid  d eterm in es m ax. bpt. m in ors. Now  

we sh a ll find s e ts  which d eterm in e E uler m in ors. Let M = (C, E) be 

a binary m atroid and B be a b a se  of M. A su b set E' of E is  ca lled  

a coeven  set of M spanned by B if  E' c o n s is ts  of B and a ll the m em b ers  

e lt e   e  of B such  that M (B U -(e.\ ) is  E uler for each e-,
1 2 n *

1 $  i  ^ n.

T heorem  7. 6 Let M = (C, E) be a binary m atroid  and E* G  E. Then. 

E 1 is  a coeven  set of M if  and only if  M E 1 is  a m ax. E uler reduction  

of M.
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P ro o f. Let B be a b a se  and E' be a coeven se t  of M spanned by B .

Let e £  E' - B . By defin ition , M»{B U ^e^ ) is  E u ler , and, by 

T heorem  7. 4, M* x  (B U { e |  ) is  b ipartite . S ince B is  a b a se  of 

M *, B U  ̂ ê  contains one c ircu it C* of M* and C* is  even . T h erefore , 

E' is  an even  s e t  of M* and M* x  E' is  a m ax. bpt. contraction . 

A ccordin gly , by T heorem  7. 5, M»E' is  a m ax. E uler reduction of M.

C on versely , if  M*E' is  a m ax. E uler reduction , then* by 

T heorem  7. 5, E' is  an even se t  of M*. E' contains a b ase  B of M*, 

w here B is  a b ase  of M. For each  e £  E' - B , M* x  (B U _̂ê  ) 

contains only one c ircu it which is  even. Thus, M* x  (B U ^e^ ) is  

bipartite  for each e € E' - B . B y T heorem  7 .4 , M«(B U ^e^ ) is  

E uler for each e £  E 1 - B . S ince M»E' is  m axim al, E' is  a coeven  

se t of M. |

L et B be a b a se  of a binary m atroid M. I f e ^ E - B ,

then M* x  (B U ^ e |  ) has only one c ircu it which is  even , and the

com ponents of M«(B U  ̂ ) c o n s is t  of loop m atroids and one binom ial

m atroid of the form  M . C learly , c e ll  e belongs to  the coevenn c$

se t of M spanned by B if  and only if  n is  even . Thus, whether 

e £  E - B belongs to a coeven  s e t  is  ea s ily  determ ined  by counting 

the num ber of even c ircu its  of M»(B U ^e^ ).

We m ay rew rite  T heorem  7. 5 in term s of coeven  s e t s .  

Theorem  7. 7 L et M = (C, E) be a binary m atroid  and E' £  E.
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Then the follow ing statem en ts a re  equivalent:

(a) E' is  a coeven  s e t  of M.

(b) M x  E 1 i s  a m ax. E uler contraction  of M.

(c) M »E' is  a m ax. E uler reduction of M.

(d) M* x E' is  a m ax. bpt. contraction  of M*.

(e) M**E' is  a m ax. bpt. reduction of M*.

We sh a ll illu stra te  T heorem s 7. 5 and 7. 7 in the next

exam ple.

E xam ple 7. 2 L et P(G) be the polygon m atroid  of the graph G given

in F ig . 7. 6 . We choose B = { l ,  5, 8, 9 ,10 ,12} a s  a b a se  of P(G).

Then, the coeven  se t  of P(G) spanned by B is:

Efi = B U {l,9,lo} = {l, 2, 3, 4 , 6 , 7, 9 .10, 11}  .

The m ax. E uler contraction  and m ax. E uler reduction a re  the polygon

m atroid s of the graphs G»E„ and G x
15

F ig . 7. 7. If w e take the bond m atroids of G *E g and G x  E g , then

th ose  bond m atroids a re  a m ax. bpt. reduction and m ax. bpt. contraction

of B(G) = P*(G).

The even s e t  of P(G) spanned by the sam e b ase  B =

| l ,  5 ,8 ,9 ,1 0 ,1 2 }  is

Eg* = { 1 ,3 ,5 .6 ,8 ,9 ,1 0 ,1 1 ,1 2 } .

P(G»E ') and P(G x  E ') a re  the m ax. bpt. contraction  and m ax.
■“  o  15

bpt. reduction of P(G) spanned by B , and B (G »E g') and B(G x  E g ')

E g  , r e sp e c tiv e ly , g iven  in
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12

4

F igu re  7. 6 G n p b  G o f E xam ple 7. 2

1

4
G*E G x E

B

F igu re  7. 7 G n p b s  G*Ej> auad G x E .

12

G s E i

F ig u re  7. 8 Graplas G*E^ and G x  Ej
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are the m ax. E uler reduction and m ax. E uler contraction of B(G).

(See F ig . 7. 8. )

P rev io u sly , we d escrib ed  in Theorem  7. 2 how to generate  

a ll the m ax. bpt. contractions of a binary m atroid . If a b inary m atroid  

M is  g iven , then a ll the m ax. bpt. contractions of M are  uniquely  

determ ined. Now, we sh a ll con sid er  the reconstruction  prob lem  of 

the orig inal m atroid from  m ax. bpt. contractions.

T heorem  7. 8 Let M =(C, E) be a binary m atroid  containing no loop s, 

and B be the fam ily  of a ll the d istin ct m ax. bpt. contractions of M.

Then M can be uniquely recon stru cted  from  B.

P ro o f. Let E' be the union of the c e ll  s e ts  of the m em b ers in B.

Suppose e is  any c e ll  of M and B is  a b ase  of M containing e; such  

a b ase  alw ays e x is ts  s in ce  M contains no loop s. If E g  is  the even  

se t of M spanned by B , then M x  E^ £■ B , by T heorem  7. 2. Thus, 

e £ E ' .  S ince E' C  E, we have E' = E.

B y the defin ition of a m ax. bpt. contraction , ev ery  b ase  of 

M is  a b a se  of som e m ax. bpt. contraction  of M. C on versely , if  B 

is  a b ase  of a m ax. bpt. contraction , then, c le a r ly , B is  a b a se  of M. 

T h erefore , a ll  the b a ses  of M are  uniquely determ ined  from  the m em b ers  

of B , and M can be recon structed  from  the fam ily  of m ax. bpt. 

contractions of M. |

C orollary  7. 3 A binary m atroid  M without isth m u ses  is  uniquely
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recon stru cted  from  the fam ily  of a ll the d istin ct m ax. E u ler reductions  

of M.

P ro o f. S ince M contains no isth m u s, M*, the dual of M, contains 

no loop s. By T heorem s 7. 4 and 7. 8, M* is  recon stru cted  from  

the bpt. contractions of M *, and hence, M = (M*)* is

recon structed  from  the m ax. E uler reductions of M. H



187

CHAPTER 8 WHITNEY CONNECTIVITY OF MATROIDS

In th is  chapter w e g e n e r a liz e  W hitney co n n ectiv ity  of graphs 

to  m a tr a id s .

8.11 WHITNEY CONNECTIVITY OF GRAPHS

L et G * (V , E) be a graph of co n n ectiv ity  n, w h ere  n is  a

p o s it iv e  fin ite  in te g e r . By the d efin itio n  of W hitney co n n ectiv ity , w e

eaua find n v e r t ic e s  of G w h ose  d e le tio n  fro m  G r e su lts  in  a d isco n n ected

grap h . T h ese  n v e r t ic e s  a r e  c a lle d  jo in  v e r t ic e s  o f G. The jo in  graph

G = .(Y  ,E  ) is  the induced graph on join  vertex  set V , where
® 0 0 0

o b v io u sly  E q c o n s is t s  of the ed g es  of G having both of th e ir  ends in

Y ^. L et G .' =  (V ' ( E 1) ,  1 ^ i   ̂ k, be the com ponents of the d isco n n ected

graph  obtained  by d e le tin g  the v e r t ic e s  Vq from  G, th ese  com ponents

referred to as the jo in  com p o n en ts. E ach  m em b er  of the edge s e t  
k

fE  -  E  -  U E .')  i s  in c id en t to a v e r te x  o f Gn and a v er te x  ofU i  u

e x a c tly  one G .1, s in c e  V V , V ' a r e  m utually  d isjo in t. Thei  I d  k

s e t  (E  -  E ^  m ay be p artition ed  in to  k su b se ts  E^, E^, . . . , E^ so

that ea ch  E . i s  the union o f E ' and the ed g es  in cident to  the v e r t ic e s
i  i

o f  G / .  Then G. — G »E , 1 4  i < k, a r e  con n ected  and ca lled  the
i  l  i

m -palm s o f G a s so c ia te d  w ith the jo in  v e r te x  s e t  Vq.

L em m a 8 .1  L et G be a  graph o f co n n ectiv ity  n, 1 4 n < o o  t and

Y^ b e a  jo in  v e r te x  se t  o f G. Then the v e r te x  s e t  of e v e r y  n -p a lm

a s s o c ia te d  w ith  Vq con ta in s V , and the in te r se c t io n  o f the v e r te x  

s e t s  o f  any two n -p a lm s is  Vq.
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P roof. SnwNase Ĝ  » G  * E, i s  an n-pnlm  of G a sso c ia ted  with V .— I 1 0

s»ch  d a l  th e w r t «  o f G. d o es  not contain V . If G. * is  the
x 0 v

jo in  cocxftsomesft o f  G cot-responding to G.» G ’ has no com m on v e r t ice s
1 i

w ith other jo in  com ponents o f  G. T h erefore, G. is  connected to the 

r e s t  o f the graph* G »(E -  E .), a t le s s  than n v e r t ic e s .

H ow ever, th is con trad icts the fact that G is  n-connected . C onsequently, 

ev ery  n-jaLxr a sso c ia te d  w ith Yg contains .

The secon d  part o f the Lemma is  deduced from  the f ir s t  part 

and the deiitiaactt o f jo in  com ponents. ^

Lem m a $ ,2  L et G * |Y „ E) he a  connected graph. If the connectiv ity

o f G i s  it, H  » then th ere e x is ts  a non-null proper subset S

o f £  s®ch that ^ fG iS k S jw n  and m in (r(G • S), r (G » S ) )  > n.

P ro o f. L et V h e  a  jo in  v ertex  s e t  of G. S ince the connectivity  of

G i s  Bagaev, th ere  a r e  a t  Least two join com ponents a sso c ia ted  with V .

L et Gj’1 and G^" h e  d istin ct jo in  com ponents of G. Since each of th ese

jo in  comgsfflnents contain s a t Least one v ertex , the corresponding n -palm s

G^*<V^» E^) and both contain a t le a st  ( n + 1) v e r t ice s  of

G. C hoose S * E  and S « E  -  EL 3  C learly , r(G • S) » r (G  • E ) >  n1 I f  1

azd  r^G •  S) >  iHG * EL*) > n.

By Lem m a &-L, G*S and G*S have the com m on v e r t ice s  

and. h en ce , A ccord in gly , the lem m a fo llo w s .8

Let C«dT»K)' he connected . Then X . (G) denotes thew

le a s t  in teg er  n w hich s a t is f ie s  the follow ing conditions:
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9|(G ;S,S) =  n and m in (r(G • S), r (G • S) ) >  n,

w here S is  a non-null proper su b set of E. If there does not ex ist

such an in teger , then we w rite  (G) s W  ,
W

Lem m a 8 . 3 If the connectiv ity  of a graph G is  n, w here n > 1, then

X W(G) < n*

P ro o f. If n is  infinity, the lem m a is  tr iv ia l. For a fin ite  n, it 

fo llow s from  Lem m a 8 . 2 . |

Lem m a 8. 4 Let G (V, E) be a connected graph such that ...(G) =  n. 
” W

If a non-null proper su bset S of E sa tis f ie s  the conditions T|(G;S, S) =  n 

and m in (r(G • S), r(G * S) ) £ n, then G • S and G • S a re  both 

connected.

P ro o f. Suppose G * S  is  not connected. S ince r(G »S ) ^ n, G » S  

contains at le a st  (n-(- 1 ) v e r t ice s , and at le a s t  one of the v e r t ic e s ,  

say  v , is  not a vertex  of G * S, because  the number of com m on v e r t ice s  

of G • S and G • S is  n. Let *-̂  =  (V^,Ej) be the com ponent o f G * S  

w hich contains v. S in ce G * S does not contain iso la ted  v e r t ic e s , Ĝ  

contains a t le a s t  two v e r t ic e s  and v is  not a  vertex  of G • (E -  E^). 

T h erefore, r(G^) =s.r(G • E^) ^  | V |̂ -  1 and r(G«(E - E^) ) £ n  >

1^(G;E^, E - E^). F u rtherm ore, T|j[G;E^, E - E^) ^ - 1. H ence,

^ ^ (G )  ^ Y| (̂G;E ,̂ E - E^) ^ n. This is  contrary to the hyp othesis; 

th erefore  G • S is  connected. S im ilar ly  G * S  is  a ls o  connected. J

Lem m a 8. 5 If G is  a graph of connectivity  n, w here n ^ 1, then
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\ W (G) > n.

P roof. If ^ ^ ( G )  s  oo , it is  obvious that the lem m a is  true. To

prove the lem m a for a fin ite n w e a ssu m e  \  (G) < n. By definition,
' W

we can find a non-null proper su bset S of E such that \< g ;s , s > - \ w (G)

and m in (r(G • S), r(G • S)) £ ^ ^ .(G ). B y Lem m a 8 .4  G»S and G»S

a re  connected and both contain at le a s t  (G) +■ 1 v e r t ic e s . S incev  W

the number of com m on v ertice s  of G • S and G • S is  ^-yy(G), the 

deletion  of the com m on v er tice s  resu lts  in a d isconnected  graph.

H ow ever, this is  im p ossib le  s in ce  G is  n -con nected . T herefore,

\ w <c > >

The com bination of L em m as 8 . 3 and 8 . 5 y ie ld s the next 

theorem , which g iv es  another equivalent defin ition  of Whitney connectivity .

T heorem  8 .1 If G is  a connected graph with connectiv ity  n, w here

n £ 1, then ^ ^ ( G )  *  n.

A ccording to T heorem  8 .1, W hitney connectiv ity  of a 

connected graph G is  the le a st  p o sitiv e  in teger y^^(G ) such that 

1^(G ;S,S)=r^w (G) and m in (r(G • S), r(G • S)) ^ X W(G), w here S 

is  a non-null proper sub set of E . If th ere  is  no such in teger, then  

\  (G) =  .
Mat
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8. 2 WHITNEY CONNECTIVITY OF MATROIDS

In this section  we g en era lise  Whitney connectivity  of graphs 

to m atro id s. Let M =(C, E) be a m atroid defined on E. Whitney 

connectivity of M, denoted by is  the le a s t  in teger n which

sa tis f ie s  the following two conditions:

S) = n and m in(r(M  x  S), r(M x  S)) > n, 

w here S is  a non-null proper su b set of E. The a im  of th is section  is  

to sh o w \^  W(P (G))= ^ W(G) for a connected graph G.

Let G=(V, E) be a graph. r(G) and c(G) denote the rank and 

the number of com ponents of G, where the rank of G is  the number of 

e lem en ts in a spanning fo rest of G. The nullity of G, denoted by JÛ (G), 

is  the number E - r(G). The follow ing relationsh ip  is  basic in graph 

theory:

r(G)= | E | - JJlCG)= | V\ - c(G).

T here w ill a r ise  no confusion in the u se  of the sam e sym bols "r", ",

and yj" for m atroid and graph invariants.

Lem m a 8 . 6 If G is  a graph, then r(G)=r(P (G)) and JJi(G)=JJ(P (G)). 

P ro o f. A b ase  of P  (G) is  a m axim al s e t  of ed ges which does not contain  

c ircu its  of P (G ). Since the c ircu its  of P (G ) a re  the polygons of G, a 

b ase  of P  (G) is  a spanning fo r e st  of G. T herefore r(G)=r(P (G)). The 

second part ea sily  fo llow s from  the f ir s t  part and the m atroid definition  

of nullity:

jj(G)= |E( - r(G)= \E | - r(P(G »=JX(P  (G)). g
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Lem m a 8 . 7 If G = (V , E ) is  a connected graph and S is  a subset of 

E, then:

^ (P (G );S ,S ) =  'HjGjS.S) -  c (G *S ) -  c (G « S )+ 2 .

P ro o f. By definition

^(P(G );S ,S)=-r(P(G )) +  r(P(G) x S) r(P(G> x  S > m  

=  -r (P (G ))+ r (P (G -S ))  +  r (P ( G -S ) )+ l .

U sing Lem m a 8 . 6

£P(G);S,S) = -r(G) + r(G-S) r(G-S)+l 
= - \v| + c(G) +\VS| - c<G-S)+\v-\ - c(G«S* + l
= - lVK lVs |^]V§l " C<G *S> '  c<G-S}*2,

w here V and V— a re  the vertex  se ts  of G • S and G - S, resp ec tiv e ly .
S S

Since |vj —Jv̂j +|v_| - >|^(G;S,S), w e can reduce the above equation to

g(P(G );S,S) =  T[(G;Sf S) - c (G -S )  -  c (G .S )  +  2 . |

Lem m a 8 . 8 Let G =  (V, E) be a connected graph. T h e n X w ( W )  O ^ t G ) .

P roof. S ince the lem m a is  tr iv ia l for X ...(G ) = . we assume'W

■^^(G) =  n is  a fin ite  p ositive  in teger . F or som e non-null proper 

su b set S of E 7|(G;S,S) =  n and m in (r(G • S), r(G*S))> a . By 

L em m as 8 . 6 and 8 .7

J (P (G );S ,S )= sn  - c(G • S) -  c ( G * S | t 2 U  

and m in (r(P(G) x  S), r(P(G) x  S)) > n. T herefore

X W ( P < G ) )  4  n  -  \ W ( C ) .  |

Lem m a 8 . 9 Let G = (V , E) be a connected graph. Tben
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P ro o f. If =  *o , the lem m a is  obvious.

Suppose ^ ^ (P ( G ) )=  n is  fin ite  and ^ ^ ( G )  > n. Then, 

by Lem m a 8 . 7, there ex ists  a non-null proper su b set S of E such  

that

T^(G);S,S) ^ n + c(G • S) +  c ( G - S )  - 2  

and r(G» S), r(G • S) ^  n. We choose S so  that the above conditions  

a re  sa tis fied  and 7^(G;S,S) is  m inim um , co n sisten t with those conditions.

If c(G • S) + c ( G * S )  = 2 , then 4  n, which is  contrary

to the h yp oth esis. T herefore, G « S  or G «S has at le a s t  two com ponents. 

In the fo llow in g  the notation denotes the number of com m on

v e r tice s  of the two subgraphs G • and G • S^, w here and are  

su b sets of E. U sing this notation we can w rite  TJ (̂G;S, S) =  T| (̂S, S).

F or any su b set T of E, T is  the com plem ent of T in E, that i s ,

T = E - T.

C ase 1. One of the com ponents, say G»Sq, of G»S or G*S

sa t is f ie s  the follow ing condition: r(G»S^) V * o .  V -

Without lo s s  of genera lity  we m ay suppose that G»S^ is  a

com ponent of G*S. If  ̂ n* t*ien * c lea r ly , A^y(G) 4 ^(S^, S^) ^ n

sin ce  r(G»S^) ^ r(G»S) ^  n. This contradicts the h yp oth esis. If

T|(Sq,Sq) > n, then le t  G»Sq' be a com ponent of G»(S - Sq). Let

S' =  S - S '  and S' =  E - S  =  S " U S ' .  Then 0 0

T[(S',S') =  fjjS, S) - HJLS0'.T0 ’) < \ ( S , S ) ,

c (G*S') = c ( G * S )  - 1,

c(G»s"') ^  c(G*S) - ^ (S q '.S ^ ') +1.
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T h erefore ,

H*S\S")U m + c{G-S> ♦ c(G-S) - 2 - ^(S^lf')
< n +  £(G*S"]| +  f |+ {c (G .S ')  + H(S0 ' . r ’) - I] - 2 - ^(Sq'.S^')

=S n Hhc(G»Sl +  c tG -S 'l -  2, and 

r«G *Sl *  r«G»S> >  a .

r«G-S"J) =  rtfG-S^ + r (C .(S  - (SQ’ U SQ)))^  r(G*SQ) Z\(S0>SQ)

~  1 ^  mu

However, tMs contradicts ^{S.S) being minimum.

C ase  2 . F o r  each com ponent G«S^ of G«S and G»S, r(G»Sg)<  

Hj(S!0,  and rflG'S) or r#G* S} > n -+ I .

L et G»S * |V  kS^} be any com ponent o f G»S or G«S. Then
© © ©

K l -  * « * V  *  1 *  \ < S 0 ' V  *  \ v o '  •

T h erefore , and h en ce , T|jS, S ) = \ v \ .  Suppose

t(G'S)̂  i + l ,  without lo s s  o f gen era lity . We shall show that S can  

be ch o sen  s o  that G»S contains mo polygons. Let S' be a spanning 

fo r e s t  o f  G*S. S in ce  the vertex  s e t  o f G*S is  V and G *S contains 

no isollated v e r t ic e s , the v ertex  s e t  of G»S' is  V, that is ,  Tf|{S, , S ,) =

V s - S). We a ls o  have

rfG»S") =|S'j[ =  r«G«S>> n + 1 ,  

r((G-S")> *  r(G -S) *  n.

Urns w e ca n  a ssu m e  that G*S contain s no polygons. L et e be an edge 

of G«S w hich Bias v a len ce  one a t  i t s  one end in  G*S. L et S' = S  - 

and S ’ «=S O’ H

\s* | 4 \«s,s> - i.
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r(G»S') =: r(G*S) -  1 »  n. 

r(G*S~') >  r(G -S) >  n.

Hence,

U t  c(G*S) +  c(G»S) -  3 

4  n +■ c(G »S’) +  fc(G »S') ♦ l}  - 3 

.  n -Vc(G*S') +- c(G-S") -  2.

This is  contrary to  ^ ( S ,  S) being m inim um .

C ase 3. F or each com ponent G*S^ of G»S and G*S, 

r(G*SQ) < \ ( S 0 .S 0 ) and r(G*S) =  r<G*S) «  n.

By assum ption

c(G»S) *  c(G»S) » \ y \  -  n > 2.

Suppose the v ertex  s e t  of a  com ponent G'S^ of G»S properly contains 

die v ertex  s e t  of a  com ponent o f  G*S. Let G *T., 1 4  i  $ k, be the

com ponents o f G*S of which the v ertex  se ts  a r e  properly contained
k _

in  G»S^. Let .JJ T. , S2 * S  -  SJ. and S2 ’= S  -  S^ . L et

S’ * S  U S .’ and S ’ =  S ,  U S \  Then  
1 1

r(G»S") > ^ ( S \S * ) ,

r(G -S') =  >[(Sr S^ *> + ^ (S2>S^’) -  ctG*?*).

S ince every  com ponent of G*S" contains v e r t ic e s  of G»S2> we have  

M G '? ) >

■^(S’.S") 4  r f G ^ )  4  r(G*S) *  n.

A ccord in gly , ^ ^ ( G )  (  n, contrary to the h yp oth esis.

If G =.(V , S ) and G » ( V  ,S  ) a r e  com ponents of G»S and 
1 1 1  2 2 £

G .S . re sp ec tiv e ly , and V^» V , then G is  not connected, which
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is  a contradiction .

L astly , we con sid er  the follow ing c a se :  No com ponent of

G*S contains the v er tice s  of a com ponent of G*S, and no component

of G*S contains the v er tice s  of a com ponent of G»S.

Let G»S^ and G«S^' be com ponents of G»S and G»S which

have com m on v e r t ic e s . Let S S - S, and S0 ' * S  -  S ' .  If we set
2 l z 1

S ' ^ S j  U Sj' a n d s ’, * S 2 U S2 ', then 

r(G*S*) > T^S'.S7),

r(G -S') »  \(S',S') + \ ( S 2,S 2 ') -  c(G -S ').

E very com ponent of G»S' contains v er tice s  of G»S2> and every  com m on  

v ertex  of G*S2 and G«Sj' is  contained in a com ponent of G*S'. F or, 

oth erw ise  the condition of the f ir s t  part of C ase 3 is  sa tis fied . 

T herefore,

1L(S2 *S2 ,) > C{C'S2] *  C<G’ S').

r(G -S') £  ^ (S '.S -').

S ince

we have

r(G .S) =  n =  Y^S’,S ')  +  S^) + \( S  . S2 ') -  c(G .S2 ) -  1,

1^(S',S') 4  n -  \ ( s 2 , s 2 *) +  c(G .S2 ) 4  n-

A ccordingly , (G) 4  n» contrary to the h yp oth esis.
W

Sin ce a ll the c a se s  have been exam ined, w e conclude that

(G) ^  (P(G)) for  a connected graph G. B
W W

T heorem  8 .2  If G is  a connected graph, then "^ ^ .(^ (G )).
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P ro o f. By L em m as 8 . 8 and 8. 9. |

la  T heorem  8 .2  w e estab lish ed  a  gen era lisa tion  o f Whitmey 

connectivity  o f graphs to m atro id s.
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8, 3 COMPARISON OF TUTTE AND WHITNEY CONNECTIVITY

V «  v i i t e  T - for the term inology of Tutte connectiv ity , and

¥ -  for Whitney connectiv ity . For in stan ce , "T -n-connected",

‘’'T -separable'*, and "T-n-separator" stand for  n-connected , sep arab le,

and a -sep a ra to r  in  the Tutte sen se .

Let M *(C , E) be a  m atroid on E. We say that M is

W -n-oonaeeted  it i  4  a  ^ and that M is  W -n-connected  if

X (ML> )  A m atroid  M sa tisfy in g  condition A . (M) = 1 is  said
¥  ~  W “

to be ¥ -sep a ra b le . A non-null proper subset S of E is  a W -n -sep arator  

«t M ii =  n and S) sQ , m in(r(M  x S), r(M x S)) ?  n.

W-1 sep a ra to rs  a r e  s im p ly  ca lled  W -sep a ra to rs .

Theorem* L t  *\ CM) 4  X^JM).

P roof. If x * o  , the theorem  is  obvious. Suppose M = (C , E)

and i s  fin ite . By defin ition , th ere e x is ts  a non-null proper

su b set S o f K such that

^ C M iS ,S )= X w (M), 

rCM x S), rCM x  S)

S in ce r(M xS) 4 | s |  and r(M x  S) 4  IS we have

m in( |S |  , I s |  ) *

T h erefore , A y ^ P  4  |

2» gen era l, T -connectiv ity  is  much sm a lle r  than W -conn ectiv ity . 

C onsider the polygon m atroid  o f the com p lete  bipartite graph K ,** Dy Q

w h ere a  ^ 4 .  T -connectiv ity  o f  th is m atroid  is  ^ ( P ( K q q)) = 4 ,  w hile
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1  W(P(K ) ) = n ./vW — n, n

Let M =  (C, E) be a  m atroid . A c e ll  o f M i s  ca lled  an  

isthm us if it  does not belong to any c ircu it of M , and a  loop i f  it  

form s a c ircu it. The loop m atroid  i s  a  1 -c ircu it m atroid which  

c o n s is ts  of one c e l l  and one c ircu it.

We sh a ll exp lore additional p rop erties of W -connectivity and 

further com pare fee  two d efin ition s o f connectiv ity .

T heorem  8. 4 L et M = (C , E) be a  m atroid  containing no loops and 

S be a non-null proper su b set o f E . Then S i s  a W -separator o f M 

if  and only if  S is  a T -sep ara tor  o f M.

P ro o f. If S is  a  W -sep arator, then

^  (M;S, S )= l and m in( r(M x S), r(M x  S »  >  1.

S ince | S | > r(M x  S) and | s |  > r(M x  S), w e have m in( |s | ,  \ s \  ) ^  1. 

T h erefore, S is  a  T -sep ara tor  o f M.

Suppose S is  a  T -sep a ra to r  o f M. Then

^ (M ;S ,S )=  1 and m in( \S (  , \s( ) > 1.

Since M contains no loop s, r(M x  T) M  for  any non-null su b set T 

of E. Thus r(M x  S), r(M x  S) £ 1, and h en ce, S i s  a  W -sep arator  

of M. |

The equivalent sta tem en ts on T -sep arab ility  o f m atroids  

stated  a s  T heorem  4.1 a re  valid  for W -connectivity  under a  s ligh tly  

r es tr ic ted  condition.
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C orollary  8.1 Let M = ( C ,  E) be a m atroid containing no loop s, and 

S be a non-null proper subset o f E. Then the follow ing statem ents a r e  

equivalent:

(a) S is  a W -separator of M.

(b) r(M x S) r(M x  S) =  r(M), or

JJ(M x S) + j|(M  x S) (M).

(c) If Bg and 

Bg U B^- is  a b ase  of M.

(d) If C € C, then C C S  or C Q S .

P ro o f. By T heorem  8 . 4, S is  a T -sep ara tor  of M if and only if it  

is  a W -sep arator of M. The coro lla ry  follow s from  Theorem  4.1.

In T -connectiv ity  the connectivity of a  m atroid  is  the sam e  

a s  that of the dual m atroid . H owever, this i s  not true for W -conn ectiv ity . 

W -connectivity  of the polygon m atroid  of graph G, shown in  F ig . 8.1 , 

is  two; on the other hand, W -connectivity of the bond m atroid of G, 

which is  the polygon m atroid of G* in  F ig . 8 . 2, i s  infinity.

Lem m a 8 .10 C ell e of M is  a loop of M if  and only if  e is  an

isthm us of M*.

P roof. If e i s  a loop of M, then, by the defin ition  of duality, w e have  

| C* n H I t  1 for every  C* £  C*. Thus no c ircu its  of M* contain e ,  

and, a s  a consequence, e is  an isthm us of M*.

C on versely , if  e is  an isthm us of M*, then e does not 

belong to any c ircu it of M* and, hence, the in ter sec tio n  of ^eV and

are b a ses  of M x  S and M x S, then



201

F igure 8. 1 Graph G

F igure 8. 2 Graph G*
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ev ery  c ircu it of M* is  null. T h erefore, ^e^ is  a m in im al non-null 

su b set of E such that C * |^ l  for every  C* f  C*. Since

is  a  c ircu it of M and e is  a loop of M. ^

T heorem  8 . 5 Let M s ( C ,E )  be a m atroid  containing neith er loops 

nor is th m u ses . Then M is  connected if  and only if  M$ is  connected. 

P roof. It su ffices  to  show that M is  sep arab le  if  and only if  M* is  

sep arab le . A  non-null proper su b set S of M is  a W -sep arator of M 

i f  and only if

^  (M ;S, S) =  1 and m in(r(M  x S), r(M x S)) £ 1, 

and th ese  conditions a r e  equivalent to the follow ing con d ition s:

^ (M * ;S ,S )— 1 and min(r(M^ x  S), r(M* x  S ) ) £  1, 

s in c e , by Lem m a 8 .1 0 , M and M* both contain neither loops nor 

is th m u ses . A ccord in gly , M is  sep arab le  i f  and only if  is  

sep arab le . |

T heorem  8 . 6  The follow ing statem en ts a re  equivalent:

(a) \ w (M) =  * ° .

(b) F or each  non-null proper su b set S of E , S or S contains 

a base of M.

(c) r(M *S)e 0 or r(M»S) =  0 for each non-null proper  

su b set S of E.

(d) F or each  co c ircu it C* of M , E - C* contains no 

co c ircu its  of M.

P ro o f. (b) By assu m ption , for each non-null proper su b set S
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of E ,

J p f S s S )  =  - r W  +■ x  S> +  HM x  S ) *  1

^  r(M x  5>| 13 oe- ef&t x  S) +T.

The following condition i f  equivalent Co Che one above: 

r(M v S1) y , niM)' dr- cfM x S) ^ r(M).

Since r(M x S ), r(M x  S ‘) ^  we have

(1) r(M x  S») *  00  c<M. s  S> =  r(M ).

A ccord in gly , S or  S  ooxnusns a  base ?£ XL-

If (b) i s  tru e , tiatt as* t£ condition (1) h o ld s, then, for each  

non-null proper su b set S  a  E

S) ~  x  ^  V  L o r  r(M x  S) -V I,

and (a) fo llow s,

(bH«—►fc>) If ri(M x  TV* *  r(34), w here X c E ,  then  

r(M »T) *r<M.) -  r\{M x  TP) *  dL T h erefore , condition (I) is  equivalent 

to condition (2 ):

( 2 )  T A N K S ’) «  vl) o a r  *  0 ,

(c)^-w id') SSnoe x  T) *  r(M*T)» w here T C  E, w e

have the follow ing eqpnvaleat coodfcCiea Co (I):

x S I r l  00  x  S) *t Q,

If C* i s  a  co c ircn it o f  Mi, then, x  C*) * 1 ,  and h en ce,

x C*) *  0 , Th*as C* -  C* contains no c ir c u its  of M *, and

h en ce , no c o c ir c m ts  o f  M ,

Suppose (tty i s  satt&sfbed. II a  non-null proper su b set S of E 

contains a  cocircxdt o f  V&, xbtn. nAfftt* x  S) * 0  by assu m p tion . If S
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does not contain cocircu its of M, then x S) =• 0. Thus, for

each non-null proper subset S of E, we have:

x S) =s 0 or x S ) =  0.

A ccordingly , (c) fo llow s. ^

F rom  Theorem  8 . 6 , we can identify  a ll the graphs with 

infin ite connectivity.

C orollary 8. 2 Let G be a connected graph containing neither loops  

nor p ara lle l edges. Then 00 if  and only if G is  a com plete

graph.

P ro o f. If G is  a com plete graph, c lea r ly  ^ ^ ( 0  =  00 . Suppose 

\ W(G) =*>  . By Theorem  8 . 2 ,  X W£ < G»  *

The dual m atroid of P(G) c o n s is ts  of a ll the c u t-se ts  of G. L et v and 

v' be any d istin ct v ertice s  of G, and S and S' be the star  c u t-se ts  at 

v and v 1, r esp ec tiv e ly . T hese  star c u t-se ts  are  uniquely determ ined  

for the given v er tice s  sin ce  G is  not sep arab le . A ccording to 

T heorem  A(d), E - S contains no star c u t-se ts  of G; hence, S f \ S '  ̂  - 

C onsequently, v and v 1 are  adjacent. S ince G contains no p a ra lle l 

ed g es, S 0  S' co n sists  of a s in g le  e lem en t. T h erefore , any two d istin ct 

v e r t ice s  of G are connected by one edge and, consequently , G is  a 

com plete graph, for G contains no loop s. |

T heorem  8 . 7 Let M =■ (C, E) be a m atroid  and M *= ( 0 * ,  E) be its  

dual. If ^ ^ y(M )ssn  is  fin ite , then r(M) £ n + 1 ,  and r(M x  C*) >  n
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Saar each  C* C O *.

?̂ r*i*aL. U<r h y p o th esis . th ere e x is ts  a non-null proper sub set S of E 

such  shat

— -r(M ) -)r r<M x S) h  r(M x S) -f 1 =  n, 

rrrm^r-(M x  S)> r{M x  S)) ^ n.

riaa:

r-(M) — r^M x  S) r(M x  S) +  1 -  n

^  a  ri y- 1 -  i  *  a  ^  1.

T ie  secon d  part o£ die theorem  is  obtained by using the f ir s t

p art. ittppose th ere e x is t s  a  co c ircu it C* of M such that r(M x  C*)

♦  x  -  L. Sense r{M x  C*) =  r(M) -  r(M«C*) =  r(M )- x C*)

-  I* me ha.ee

^ ( M ; 0 „ 0 )  =  r(M  x  O ') 4  n -  1.

3'runr the tirst part of this theorem

r{M x  O )  «• r~(M) - J X ,(M* x  C*)  ^ n -)-1 - 1 % n.

rheresirrev 4̂ (M) 4 a  * l» contrary to the h yp oth esis. A ccord in gly ,
'•W

rn&t x O *)’1 tt Saar each  O ' ^ O '. ^

A  meLL-fctown: graph theorem  is  a natural consequence of 

I b e tc e m s  am i if. T.

■Crge*~naey i .  ? Ef Ct i s  a  connected  graph of W -con n ectiv ity  n, w here  

x  as tarrCfcr. then the num ber o f ed ges of every  c u t-s e t  of G i s  a t le a s t  n, 

hr particular- the va len ce  o f every  vertex  o f G i s  a t le a st  n.
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P ro o f. In T heorem  8 . 7 ,  ch oose  M =.P{G) and Iff C* i s  *

c u t-se t  of G, then |C*J ^  r(P(G) x  C*) >  a . H

A s  shown p rev iou sly , ^ ^ ( M ) h o w e v e r ,

^ ^ ( M )  =X» ^ (M *) is  not alw ays true. In the fallow ing ttifeeasjremm, we- w ill 

give a sim p le  su fficien t condition for

T heorem  8 . 8 Let M = (C , E) be a m atroid  and ((C*, E)) W itts  dhaaJL

If m in |C | ss m in |C*J =  n
c* c

and r(M ), JL((M) ^ n +  1, then ^  (M) ((M*)) 4  mu
W W

P roof. Step 1. P rove *Tk (M), Tl (M*) 4 ®- 
  VW ~  ~
Suppose C - is  a c ircu it of such that 1C *!*® . Tnfaemi,, by Kbe-oarem 

2.13 ,

0= )̂ =  \ x  C*J -  JJtfM* *  C*)> *  1

=  r(M x  C*) ^ 1C*| =  ru

By T heorem  2.12

r(M x C*) =  r(M) -  r(M»<C*!)

=  r(M) -  JlA(M* x  C*) *  r(M) -  1 >  mu

Thus^ ^  (M)  ̂ n. S im ilar ly , w e can show ^  4  mu
"W

Step 2 . P rove ^ ^ ( M )  =  ^  {M*)«

We a ssu m e that \ w (M)=k and *  k*, w h ere  k . fc* ^  m, a s

shown above. L et S and S* be the co llec tio n s  off W -k-sejparattors ©f M 

and W -k * -sep a ra to rs  of M*, resp ec tiv e ly .

S = | f l S , S )  | £ (M ;S ,S ) =  k and r«M x S)fc, r«M * S»> 4 -

S*=  ^(S*. S*) | £  (M *;S*,S*)=k* and r#M* x  S ), r«M* x
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If S f | S* is  not null, then there ex ists  (S, S) S and

k =  5 ( M ; S , S ) =  $ (M *;S ,S ) =  k*.

A ccordingly , (M) = ^ W(M*).
W **

Suppose S f \ S *  =  4* • Then, if  (S, S) is  a m em ber of S, 

r(M*x S) 4  k - 1 or r(M* x S) 4 k - 1.

Without lo ss  of genera lity , we a ssu m e r(M* x S) 4 k -  1. By Theorem

2.13

JU(M x S ) = -  £ (M; S , S )  +  JU(M -S) 1-1 

=  - k + r ( M *  x S)+- 1 4  -k  +  (k -  1) + 1  

* 0 ,

and again , by Theorem  2.13

JUM * x  S )=  - J (M * ;S ,S ) -+- jJ(M *»S) +  1 

=: -k  f  r (M x  S) 1" 1 

=  1.

T herefore, S contains no c ircu its  of M; how ever, it  contains a c ircu it

of M*.  Let C* be a c ircu it of M* contained in  S. S in ce r(M* x  S)

^  r(M* x  C*), by T heorem  2.13

J ( M ; S , S ) = k  = ^ (M * S )  -  JU(M x  S) +  1 

=JU(M*S) +  1 =  r(M* x S) +  1 

£  r(M* x  C*) + 1  = l C * j  m in \C*\

=  n.

C onsequently, ^  ( M ) = k  = n >

Since S* is  not null, we now choose (S*,S*) 4  S*.

R epeating a s im ila r  d iscu ss io n  to the above, w e obtain ^ w (*d*)=k*ss n.
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■
The condition given in T heorem  8 . 8 is  su fficien t for

X W(M) = 1  (M*), but not n e c essa ry ; the reader m ay e a s ily  find" W

a  counterexam ple.

In the next co ro lla ry  we sta te  the corresponding graph

theorem .

C orollary  8 . 4 Let G "“(V, E) be a planar connected graph. If the 

m inim um  card inality  of the polygons of G is  n, which is  a ls o  the

m inim um  cardinality  of the c u t - s e ts ,  and |V\ > n + 2  and

then the connectivity o f G co in c id es  with that of a dual graph G5*.

P roof. S ince G is  connected , l v |  =r(G)  1* 1 =  r (P (G |+ l £  n +  2 

by Lem m a 8 .6  and T heorem  8 . 8 . We a lso  have

|e | =.r(G) +JA(G) =  |V \ - 1+JA(G)£ | v \ + n .

A ccord in gly , the coro llary  fo llo w s. £

Two su ffic ien t conditions for  ^  (M) ^  A . (M*) m ay be
w

stated  in  term s of c ircu its  and c o c ir c u its .

T heorem  8 . 9 Let M =  (C, E) be a m atroid of W -connectivity  n, w here  

n is  fin ite , and (C*,K) be its  dual. Then,

(a) if  m in |C *| * n t  1, then ^  (M*) <  n.

(b) if  m in | c l  4  n ~ 1 and U (M) £ n, then 4  n '  *•
C « C

p ro o f. (a) S ince (M) = n, there e x is ts  a non-null proper sub set
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of E such that

J ( M ^ ,S ) s d , 

m in(r(M  x  S), r(M x  S)) ^ n.

If S contains a c ircu it o f M*, then

r(M* x S) >  m in |C * | -  1 > n.

Suppose S does not contain c ircu its  o f M". Then

In both c a se s  we have r(MJ x  S) ^  n. S im ila r ly , r(M^ x  S) ^ n for  

for every  non-null su b set S of E . A ccord in gly , ^ n.

(b) L et C be a  c ircu it of M sa tisfy in g  JC | ^ n -  1.

^ (M ;C ,C ) =\C\ -  JJy(M x  C) -  x  C) +  1

- | c l  - J A ( M * x C >*

B y T heorem  8 . 7 ]C -| ̂  n for  ev ery  m em b er of C*, and C does not 

contain c ircu its  o f M*. Hence

C orollary  8. 5 L et G =  (V, E) be a  planar connected  graph of 

W -connectiv ity  n, w here n is  fin ite , and G* i s  it s  dual. Then,

r(M* x  S) = |  S | ^  r(M x  S) ^ n.

Then

_^(M ;C,C) =\C\  and r(M - x  C) =  \ c \  .

We a lso  have

r(M* x  C) =JH (M .C) =jjfiA) -  JLA(M x C) 

= JJUM) -  1 *  n -  1

£  l c | .
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(a) if  the m inim um  card inality  of the c u t-se ts  of G is  

grea ter  than n, the connectiv ity  of G* is  at m ost n.

(b) if the m inim um  cardinality  of the polygons of G is  

le s s  than n and |E | - | v |  + l £  n, then the connectivity  

of G* is  at m ost n - 1.

In the la s t theorem  in this section  w e w ill give a n ecessa ry  

and su ffic ien t condition for

Theorem  8.10 Let  M s ( C , E )  be a m atroid of T -connectiv ity  n, 

w here n i s  fin ite; then, ^  ant* only  ^  M has a

T -n -sep a ra to r  S such that neither S nor S contains a b ase  of M.

P ro o f. Suppose (M) =  n. L et S be a W -n -sep arator

of M. Then

5(M ;S ,S ) =  n,

m in(r(M  x  S), r(M x  S)) ?  n.

S ince r(M x S)  ̂ | s |  and r(M x S) ^ I S | , S is  a T -n -sep a ra to r  of M. 

By assu m ption ,

-r(M) -1- r(M x S) r(M x S) — 1 r(M x  S), r(M x S),

or,

r(M x  S), r(M x S) 4  r(M) -  1.

T h erefore, neither S nor S contains a base of M.

Now, suppose S is  a T -n -sep a ra to r  of M such that neith er S 

nor S contains a base of M. Then

r(M x  S), r(M x S) ^ r(M) - 1,
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and

J( M; S , S)  =  n = -r(M) +- r(M x S) +• r(M x S) +- 1 

4  r(M x S), r(M x  S).

Thus, $ n, and =r =  n, by T heorem  8.3 .

A ccordingly , the theorem  fo llow s. ^
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CHAPTER 9 CONCLUSION

La th is  chapter w e su m m arize  the contributions of th is  

d isser ta tio n  and su ggest a number of p o ss ib le  future areas of resea rch .

Tutte defined m atroid connectivity by generalizin g  graph  

connectiv ity , and v er ified  the valid ity of the genera lization  by applying 

it to  3 -connected  m atro id s. In recen t tim es , how ever, l it t le  r e sea rch  

on m atroid  connectivity  has been pursued. In this d isserta tion  new  

p rop erties  of m atroid  connectivity a re  uncovered.

In Chapter 3 the m axim um  value of a connectivity function  

i s  evaluated in term s of m axim ally  d istant b a se s . This value f ix e s , 

for a m atroid  of fin ite  connectiv ity , an upper bound on the connectivity . 

The c en tr a l-tr ee  p rob lem  in graph th eory is  extended to m atroids, and 

the evaluation of a connectivity  function m ay g ive a solution to this  

problem .

A d irect ca lcu lation  of Tutte connectivity of a m atroid
„  a

req u ires 2 and 2 com putations of a connectiv ity  function, w here  

r and J1 a re  rank and nu llity  of the m atroid . At p resen t th ere  e x is ts  

no e ffic ien t a lgorith m  for determ ining the connectivity  of m atro id s.

An effic ien t a lgorithm  w ill provide a p ra c tica l u se  of a reduction  

seq uence for graph rea liza b ility  of m atro id s. We do show, how ever, 

how to  d eterm ine the connectivity of b inom ial m atro id s, which  

com putation lead s to an im portant m atroid th eo rem --th e  ex isten ce  of 

a m atroid  w ith a p rescr ib ed  connectivity .
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T utte's th eorem , sta ted  a s  T heorem  2 .16 , i s  applied to  the 

reduction of a 3-conn ected  m atroid  to  a w h eel, a w h ir l, or a m atroid  

containing a n o n -e ssen tia l c e l l .  The la s t  c la s s  of irred u cib le  m atroids  

is  identified  a s  follow s:

- ,M  , M , and M .
6 -3 *  6 - 4 *  6 -4 (1 )*  6 - 4 ( 2 )  6 “ 5

A planar m atroid  cannot have an arb itra r ily  high connectiv ity . 

A ctually, in Section  3. 5 we g iv e  a  proof stating that if  the connectivity  

of a m atroid is  g rea ter  than th ree , the m atroid  is  nonplanar. A related  

question is: "What is  the m axim um  connectivity  o f a gra p h -rea liza b le

m atroid for m atroids of fin ite  c o n n e c t iv i t y ? o r ,  "Does th ere  ex ist  a 

graph w ith a p rescr ib ed  Tutte con n ectiv ity?" . F or Whitney connectivity  

the answ er i s  a ffirm ative . No answ er has been  g iven  to  the question  

of Tutte connectiv ity .

C hapters 4 and 5 a re  concerned  w ith  th e decom position  of 

m atroids into 3 -conn ected  m in o rs. M acLane's graph decom position  

is  gen era lized  to  m atro id s, and w e obtain a character iza tion  of m atroid  

stru ctu res: A m atroid  is  b inary, regu lar , or  g ra p h -rea liza b le  if and 

only if  the atom s a r e  b inary, regu lar, or g ra p h -rea liza b le , resp ec tiv e ly .

The m atroid  d ecom position  in  Chapter 4  i s  extended to P -  

and S - d ecom p osition s in Chapter 5 , which in clu d es C -decom position  

as a sp e c ia l c a se . A sp lit decom position  o f a graph m ay be considered  

a s  a P -d ecom p osition  of th e polygon m atroid  or S -d ecom p osition  of the 

bond m atroid . The sp lit  decom position  i s  applied to  n -p ort networks
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to d eterm ine the planarity of n -p ort netw orks, a concept which  

g en era lizes  that o f graph planarity.

The g rap h -rea lizab ility  problem  of m atroid s has a w ide 

application to the rea lizab ility  of p h ysica l sy s te m s . By T heorem  

4.15 th is problem  is  reduced to one of 3-connected  m in ors.

In Chapter 6 a new gra p h -rea liza b ility  condition is  

provided by generalizin g  the w heel theorem  of Bruno, S te ig litz , and 

W einberg. The rea liza b ility  condition is  stated  on the in v erse  op er­

ations of reduction and contraction of m atro id s. The algorithm s  

A, B, C, and D to te s t  th is condition co n s ist of two parts: construction  

of a graph and exam ination of whether the m atroid c ircu its  are  

polygons or c u t-se ts  of the graph. Once a graph is  constructed , we

show that the second part is  e a s ily  checked. We a lso  provide two

exam ples to dem onstrate the a lgorith m s.

The contraction and reduction operations are  dual concepts

in m atroid  th eory. T h erefore, it  i s  natural to  a ssu m e  that a theorem

on reduction operation is  s im ila r  to  a corresponding th eorem  on

contraction , and v ice -v ersa . In Lem m a 6 .1  it  is  su ffic ien t to te s t  only

the c ircu its  of M. , which contain e  , to  determ ine whether M
—i - l  i -1  —i -1

is  cographic. H ow ever, in Lem m a 6. 2 it is  n e c e ssa r y  to  exam ine a ll  

the c ircu its  for the g ra p h -rea lizab ility  of The sam e thing is

true for L em m as 6 . 3 and 6. 4 Although the author has not been able 

to s im p lify  Conditions 2 and 4 a s  Conditions 1 and 3, he b e lie v e s
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that th ese  conditions can be stated as  sim p ly  as the la tter  conditions.

We leave  the s im p lification  of th ese  conditions for future resea rch .

In Chapter 7 we define m axim al b ip artite  and m axim al 

E uler m inors of a binary m atroid  and sta te  n e c e ssa ry  and su ffic ien t  

conditions for a m atroid to be a m ax. bpt. m inor and a m ax. E uler  

m inor. One m ay e a s ily  generate a ll  the m ax. bpt. and m ax. E uler  

m in ors of a binary m atroid  from  the b a ses  of the m atroid . We a lso  

prove that the orig in a l m atroid is  uniquely reconstructed  from  the 

fa m ilie s  of d istin ct m ax. bpt. contractions or m ax. E uler reductions  

of the m atroid .

Chapter 8 is  devoted to a study of Whitney connectivity of 

m atroid s. Whitney connectivity  of graphs has been accepted  as a 

standard definition of graph connectiv ity  among m ost r e se a r c h e r s . We 

show that th is connectivity  can be ex p ressed  using the function of 

Tutte and that, by gen era liz in g  it to m atro id s, W hitney connectiv ity  of 

a graph coincides w ith W hitney m atroid  connectivity  of the polygon  

m atroid of the graph. An im m ed iate  consequence of th is r esu lt i s  

that Tutte connectiv ity  of a m atroid  can not exceed  Whitney connectiv ity . 

We a lso  p resen t a su ffic ien t condition for a m atroid  and its  dual to  

have the sam e W hitney connectivity; th is condition is  stated in term s of 

c ircu its  and co c ircu its  of the m atroid .
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