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CHAPTER | INTRODUCTION

The axiornatic study of independence structures was originated
by Hassler Whitney in his distinguished paper, '"On the Abstract Properties
of Linear Dependence'’, presented to the American Mathematical Society
in 1933 &’h 5). He axiomatized a few properties of linear independence
in vector spaces and named the axiom system a matroid. Since then, a
large number of investigations have been made on matroid structure and
properties and on the application of matroids to other fields of mathematics,
including combinatorial theory and graph theory. For a detailed
discussion on this matter, one may refer to the work of Crapo and Rota
Er ll Mirsky @41 2], and Tutte @u Q Practical applications of matroid
structures are also considered by Bruno Tpr ﬂ, Iri Er 2], and Narayanan
@h ﬂ in the field of electrical network theory.

In this dissertation we regard a matroid as a generalization
of a graph and generalize known results of graphs to matroid theorems.
The principal emphasis is put on connectivity and graph-realizability
of rmatroids. Below, we summarize the contents of each chapter of

this dissertation,

Chapter 2 This chapter provides basic defiﬁitions and
theorems in graph and matroid theories, which serve to make this
dissertation self-ccntained.

Whitney's definition of graph connectivity is commonly

accepted by most researchers. However, we employ the connectivity



definition of Tutte, which can be im.uediately generalized to matroid
connectivity, to develop a consistent theory of graphs and matroids.
In defining matroids we use the circuit axioms, since our

main interest is the relation of graphs and matroids.

Chapter 3 This chapter coasists of five independent sections
on matroid connectivity. The concept of maximally distant bases was
introdaced by Kishi and Kajitani E(x 1, Z] in graph theory and generalized
to matroids by Bruno and Weinbery §r f_\. We evaluate the maximum
value of the connectivity function of a matroid in terms of maximally
distant bases., Although there is no efficient algorithm for determining
the connectivity of matroids, for a matroid of finite-connectivity the
connectivity is always less than or equal to the maximum value of a
connectivity function. Thus we obtair a non-trivial upper bound on the
connectivity of matroids.

Tutte found the graphs of infinite connectivity [Tu 9). In
Section 3.2 we show that the matroids of infinite connectivity are
binomial matroids. Since graphs are a subclass of matroids, Tutte's
result may be deduced from cur theorem.

Binomial matroids have a simple structure and are oftex
given as examples and counterexamples of matroid theorems. We
find the connectivity of binomial matroids and show, as a corollary,
that there exists a matroid with a prescrided connectivity.

Tutte's theorem E’\\ @ on essential cells plays a crucial




role in the graph-realizability of matroids. When we reduce a
3-connected matroid to an irreducible matroid Mn' if the cardinality
of the cell set of M, is not less than six and all cells of M are
essential, the M, is a wheel or a whirl matroid, Since, as we show
in this chapter, any 3-connected matroid can be reduced to a wheel,
a whirl, or a matroid which has six cells and is neither a wheel nor
a whirl, it is important to clarifv the structure of irreducible matroids
and obtain the irreducible matroids which have six cells and are
neither wheel nor whirl matroids. We also list all the 3-connected
matroids whichk have no more than six cells, These matroids are in
some aspect related to binomial matroids.

In the last section of this chapter we prove a theorem on
nonplanar matroids: If a matroid Mis 4-connected and has at least
6 cells, then M is nonplanar. Using Whitney connectivity this theorem
would be stated that if the connectivity of a graph G is not less than
six, then G is nonplanar ﬁ-la I_]. A graph of Tutte connectivity 4 which

has the least number of vertices is identified as a bipartite graph K, ,.

Chapter 4 As shown by MacLane Yylc i_\, the study of graph
structures may be simplified, in particular for large graphs, by
considering 3-connected subgraphs of a given graph. We generaiize
MacLlane's theorem to matroids and obtain interesting new'results.

In Section 4.2 we clarify the structure of matroids of

connectivity two.




In the next section we introduce the concept of series-reduced
matroids and state a relationship of 2-separators defined in the previous
section and 3-connected minors of a matroid.

In the last two sections we define a decomposition of matroids
called C-decomposition, which is a direct generalization of MacLane's
decomposition of graphs, The non-decomposable matroids by C-
decomposition are called minimal blocks, and the series-reduced
matroids of the minimal blocks are termed atoms. MacLane's theorem
on graphs is extended to matroids, and we show that every atom is
a maximal 3-connected minor and every maximal 3-connected minor
is isomorphic to an atom. The nullity of a matroid is also calculated
from the nullities of atoms.

The dual concept of the operation of series-reduction is
parallel-reduction, Using this operation we prove important theorems
on matroid structures, namely, the binary, regular, and graphic
(cographic) characteristics of the original matroid are completely

determined by the corresponding characteristics of atoms.

Chapter 5 C-decomposition introduced in Chapter 4 yields
two minors at each step of the decomposition process. However, the
number of minors produced at a decomposition step may be maximized
in defining split decomposition. Two kinds of split decompositions are
introduced in this chapter. These decompositions are called P- and

S-decompositions, and they are dual to each other. C-decomposition is



a special case of these decompositions.

An application of P- and S-decompositions to network theory
is also included in this chapter. We define a planar network, which is
a slightly different concept from that of planar graphs. In practice,
for instance, in printed circuits, we often require a planar graph to
remain planar after adding edges representing external voltage and
current sources., A set of necessary and sufficient conditions for
planar networks is stated in terms of atoms of P-decomposition of the

polygon matroid,

Chapter 6 The graph-realizability problem of abstract
matroids has been considered by Tutte El‘u 33, Welsh @Ve ép] , and
Fournier [Fo 1, Z]; the first two authors generalized graph theorems
to matroids., A special case of the problem occurs when matroids
are binary; this gives rise to the problem of realizability of matrices,
and ‘.ere exist numerous articles on this topic,

In this chapter we obtain a new result on graph-realizability
of abstract matroids by generalizing the theorem of Bruno, Steiglitz,
and Weinberg [Br 2]. We first decompose a matroid into atoms by
methods discussed in the previous chapter. Each atom, if it contains
non-essential cells, is reduced to an irreducible matroid by reduction
and contraction operations. In defining the admissible inverse operations,
we state a condition for a matroid to be graph-realizable,

We present algorithms for determining whether the irreducible

matroid is a wheel and whether the inverse operations are admissible,




Two examples are included to illustrate the algorithms.

Chapter 7 Since a matroid is a generalization of a graph,
many graph theorems may be modified to matroid theorems. Omne such
theorem, obtained by Welsh &Ie 5], is that a binary ratroid is bipartite
if and only if its dual is Euler. In Section 7.1 we prove that every
non-trivial connected binary matroid has a curcuit of even cardinality.
From this result one can always find a non-trivial bipartite minor,
which contains at least one circuit. The maximal bipartite contractions
of a given matroid may be constructed from the even sets which are
uniquely obtained from the bases of the matroid. In Section 7.2 we
show that the even sets also determine the maximal bipartite reductions
of a binary matroid. By Welsh's theorem, we can state the dual
theorems on maximal bipartite minors in terms of Euler minors, which

are explained in Section 7, 3.

Chapter 8 In this chapter we present a new definition of
matroid connectivity and compare it with that of Tutte. Whitney's
definition is stated in algebraic terms and generalized to matroids
by showing that a generalized matroid connectivity of the polygon
matroid coincides with Whitney graph connectivity if a graph is connected.
An immediate consequence of this generalization is that Tutte connectivity
of a matroid can not exceed Whitney connectivity., A simple sufficient
condition for a matroid and its dual having the same connectivity is
established, this condition being stated in terms of circuits and

cocircuits of the matroid,




CHAPTER 2 PRELINIMARIES

2.1 FUNDAMENTAL CONCEPTS IN GRAPH THEORY

Although the reader may find a standard language of graph
theory in the books by Harary [Ha 2] and Ore Ypr 1—_\, in this dissertation
we will employ somewhat modified graph terminology for our convenience.

A graph G is defined as a pair of finite sets V and E together
with an incidence relation by which each member of E is associated
with two unordered members of V; these two members are not necessarily
distinct. If G is a graph defined by V and E, we write G=(V, E), V=V(G),
and E-E(G), and the members of V and E are referred to as the vertices
and edges of G. If edge e is associated with vertices v} and v,, these
vertices are called the ends of e, and we denote e=(v1,v2)=(v2, vl). For
a given pair of vertices v; and v,, if there exists an edge e such that
e=(vl, vz), then v, and v, are said to be adjacent, and e is incident to

1
v, and v,. An edge which has the same ends is a loop, and a graph is

1
a loop-graph if it consists of one vertex and one loop. The valence

P(v) of a vertex v is the number of edges incident to v in G, where a
loop is counted twice. If V(G)= $ =E(G), then G=(V,E) is called a null-
graph.

Let VisVaseeesVpy where n 2 2, be a sequence of distinct

vertices of G such that eiz(vi, Vi+l) is an edge for 1€ i {n-1., Then a
subset{el, ez, cess en-l} of E is a path of G, and vl, vn are its ends.

The vertices of a path which are not the ends are called the internal

vertices of the path. A direct path of G is a path of which all the internal



]
vertices have valence two in G. A direct path P is called maximal if
there is no direct path which properly contains P. K the ends of a path
are adjacent, i.e., v v, then {el,ez, cees® ) } is a polygon of G.
A graph is a polvgon graph if all the vertices have valence two. Thus
the edge set of a polygon graph contains precisely one polygon.

Distimct edges are said to be in parallel if none of them are

loops and they have the same ends in G, and are in series if they form

a direct path in G, A branch graph is a graph which consists of at least

three direct paths with the same ends. A ©-graph is a branch graph
which consists of three parallel edges.
Graph G is connected if there is a path for each pair of distinct

vertices of G which are thc ends of the path; otherwise G is not connected.

Let G=(V, E) be connected. A nor-null subset S of E is called
a tree if S comtains no polygons of G, and a maxirnal tree is a spanning

tree of G. A spasming cotree of G is a non-null subset S of E such that

E-S is a spamming tree of G. A non-null subset of a spanning cotree of
G is called a cotree of G, H G is not connected, then ''tree' and "cotree"
in the above sentences should be replaced by '"forest' and ''coforest',
respectively.

Let G=(V,E) be a graph. G'=(V' ,E') is called a subgraph
of G V'C V, E' CQE, and each edge of G' has the same ends as in G,
H G' is a subgraph of G, we also say that G is a supergraph of G'.
Two subpraphs of G are edge-disjoint if the edge sets have no common

elements.



If S is a subset of E(G), G*S is the subgraph of G formed by
the edge set S and the ends of the members of S in G. G+*S is called the
reduction of G to S. By definition, if S=§, then V(G*S)=¢. LetSbea
non-null proper subset of E(Gy. YG;S.E) denotes the number of common
vertices of G*S and G*S. Tutte E\u 4, ﬂ defines the connectivity )\ (G) of
a graph G as the least integer k, such that l(G;S,g)zk and min (\S\ , \g\)) k,
where 'L is evaluated over all non-null subsets of E, If there is no
integer which satisfies the ahove condition, then K(G) =00 , The
graphs with infinite connectivity are shown in Fig. 3.2 for |E| €6,
We say that G is n-connec 2d if 1 € n & A (G). I is obvious that G is
l-connected if and only if it is connected. A connected graph is
separable if it is not 2-connected. I G is not connected, G can be
partitioned into its maximally connected subgraphs, called the connected

components or simply components of G. Similarly, a separable graph

may be partitioned into maximal 2-connected subgraphs called nonseparable

components.,
Even though we shall use the above definition of graph

connectivity throughout the dissertation, we note a more standard
definition of graph connectivity due to Whitney @"h l]. According to
his definition, a graph G is n-connected if G contains at least n+l
vertices and the deletion of any n-1 or fewer vertices and their incident
edges results in a connected graph, and the connectivity of G is nif G
is n-connected, but not (n+l)-connected. Generally the connectivity of

a graph in accordance with Whitney's definition is greater than that of
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Tutte connectivity. For imstamce, 3-comnected graphs in Tutte's sense
cannot have parallel edges, whereas Whitney's definition permits
parallel edges,

Another definition of graph connectivity is that of MacLane
[Ma 1. Let G be a graph, and G* be the graph obtained from G by
replacing all its maximal direct paths by single edges. Then the
connectivity of G in MacLape's definition is equal to the Whitney
connectivity of G'. Therefore, MacLane's connectivity of a graph is
never less than that of Tutte.

Let G=(V,E) be a graph and SGE, Let H, 1$i $n, be
the companents of the graph which results from the deletion of edges
S in G. Then we define graph H by the vertex set V(H)= {Hl, HZ...HD}
and edge set E(H)=S, and the ends of e €E(H) are the components
Hi’ I-Ij which contain the ends of e in G. The contraction of G to S,
designated by G x S, is defined by G x S=H*S, A cut-.set of a graph G
is a subset S of E{G) such that G xS consists of two vertices and all
its edges are in parallel between these two vertices. Thus a cut-set
can also be defined as a minimal set of edges whose deletion from G
increases the number of components by one. li the edges of a cut-set

have a common end in G, thea we call it a staxr cut-set.

Example 2.1 Let G = (V,E) be the graph in Fig. 2.1. Let

S - {el,ez,eé,e7,em.eu} and T ={¢6.em.elz} « GxSand GxT

are the graphs in Fig. 2.2 amad Fig. 2.3, respectively. T is a star

cut-set of G, but S is mot a cut-set,




Figure 2.1 Graph of Exarnple 2.1

G xS GxT

Figure 2.2 Graph of Example 2.1  Figure 2.3 Graph of Emrrple 2.1
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Two graphs GI-(VI. El) and GZ=(V2,EZ) are said to be

isomorphic if there is a one-to-one correspondence between V1 and

2

V., which preserves the incidence relations. Gl and G2 are homeomorphic

if they can be made isomorphic with the other through a sequence of
replacements of an edge by a series connection of edges. Two graphs
are called 2-isomorphic if they can be made isomorphic under
repeated applications of either or both of the following operations:
(1) Separation of a separable component, and (2) When the graph consists
of two edge-disjoint subgraphs having precisely two vertices in common,
the interchange of the vertices of one of the subgraphs.

The following two theorems provide a characterization of

2-connected and 3-connected graphs in terms of polygons or cut-sets.

Theorem 2.1 [Wh 4:‘ Two graphs are 2-isomorphic if and only if

there is a one-to-one correspondence between the edges of the two
graphs so that polygons (cut-sets) correspond to polygons (cut-sets).
For 3-connected graphs, the word '"2-isomorphic' can be replaced

by "isomorphic'.

Theorem 2.2 [Wh 1] If a graph G is 3-connected, then G is

uniquely determined, within isomorphism, by its polygons or cut-sets.

A graph Gx is said to be a dual of a graph G if there is a
one-to-one correspondence between the edges of G and the edges of
G*, such that a set of edges in G is a polygon of G if and only if its

corresponding set of edges in G* is a cut-set of G*. For a given
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graph G a dual of G, if one exists, is not always unique.

Example 2.2 Consider the graph G=(V, E) shown in Fig. 2. 4.

G, * and G

) ¥ are dual graphs of G which are not isomeorphic (Fig. 2.5).

A graph G is said to be planar if it can be drawn or embedded
in the plane without crossing edges. A plane grapk g+G) is an
embedded graph of G in the plane. A plane graphk of a coanected
graph divides the plane into a number of areas. These areas are

called regions, and the unbounded area is the infinite region. The

boundaries of the regions are meshes and the outer mesh corresponds
to the infinite region. A mesh of a dual graph is called a comesh
of G.

The following properties of placar graphs, basic in graph

theory, are stated without proof:

Theorem 2.3

(a) A graph is planar if and only if it has a dual {Wk 2}.

(b) If G* is a dual of a conmected graph G, thenr G is a
dual of G+ (W 2}.

{(c) A connected planmar graph cam be embedded in the plane
Gp that any given region is the infinite region Evh Z]

d) 11 Gl* is a dual of G, them GZ* is a dual of G if and
coly if G* and G,* are 2-isomorphic [Wh 3.

(e) A 3-connected plamar graph has a urique dual [Wh ﬂ .

() A 3-conpected plavar graph has a unique set of meshes [Ma 1.
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Figure 2.4 Graph of Example 2.2

1 G3

Figure 2.5 Graphs of Example 2,2
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2.2 MATROIDS

A matroid may be defined as an axiomatic system which
abstracts basic properties of a graph.
Let C bea class of non-null subsets of a finite set E.
Then a matroid M= (_(_3_, E) is defined on the set E if the following
two axioms are satisfied:
Axiom I No member of C contains 2a member of C as a
proper subset.
Axiom II If CI,CZGE, eeCl N CZ’ and e'ECI - CZ, then
there exists a member C3 € C such that
e'€C3 CC L UC, -{e}.

The members of E and E are referred to as cells and circuits of M,

respectively. Three other equivalent characterizations of a matroid
are given by Whitney in terms of "independence sets', ''bases', and
"rank" BVh 5:]

A subset S of E is independent if S contains no circuit
of M; otherwise, S is dependent. A maximal independent subset of

E is called a base of M. If G is a graphand T, and T, are spanning

2
trees of G, then for any ¢; € Tl there exists e, € T, such that (T, - {el})

u {eZ} is a spanning tree of G. This also holds for bases of matroids.

then there

Theorem 2.4 Let B1 and BZ be bases of M. If ele Bl’

exists e,€ B, such that (B1 - iel} ) U iez} is a base of M.

This property of bases is called the exchange property of
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bases of a matroid. From this theorem it follows that:

Theorem 2.5 If B, and B, are bases of M, then ‘Bl"’\Bz\ .
Proof. Suppose the theorem does not hold for some pairs of bases.
Choose a pair of such bases B, and B, so that |B, - B,) is minimum.

Let B, - Bzaiel, €yseens ek}. By hypothesis, k#0. Since B1 and B

1 2

are bases, by Theorem 1. 4 there exists eié BZ such that
"o ] - .
B’l_.(B1 - {el}) U {e1§ is a base of M. If eleBl. then Bl {ell is a
base, which is a contradiction, since a base is a maximally independent
' /
set. Therefore e1¢Bl. ‘B1\=\Bl - iel“*l:‘Bl\*‘Bz‘ and

/ - . N < s
B, - BZ- {ez, .o ek} . This is contrary to \Bl - BZ‘ being minimum.

Thus the theorem follows..

The cardinality of a base is an invariant and is called the
rank of M denoted by r(M). The nullity of M is defined by
JM)=(E| - r(M).
Two subsets S and T of E are said to be orthogonal if
Isn T| #1. Let C* be the class of non-null minimal members of
the power set of E which are orthogonal to every member of C.
Then M#* = (C*, E) satisfies the matroid axioms, and is called the

dual matroid of ﬁ

Theorem 2.6 (M*)*,;M.

The circuits and bases of y_* are called cocircuits and cobases of ;LA

Cobases are related to bases of M as spanning cotrees are related to
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spanning trees in graphs.

Theorem 2.7 A subset B of E isabaseof M ifard only if E -~ B

is a base of _hi[_*.

TwcIwo matroids ﬁl_«.(gl, El) and ¥2=(-C-Z’ £2) are called
isomorphic if there exists a one-to-one mapping f of Eﬁ omto Ez
such that C is a circuit of L_/[l if and only if f(C) is a circuit of &_zz.

f i hic, ite .
1 Ml and MZ are isomorphic, we wri ylz_):lz

We shall now define wheel, whirl, and biromial rmatroids,
which are essential for our discussion in Chapter o.

The wheel graph of order n, denoted by W _, isa graph
with n+1 vertices and 2n edges. The outer polygon forms the rim
and consists of n edges and n vertices connected in a closed path.
Each of these vertices is joined by a single edge (spoke) to the hub
vertex at the center. Let C  consist of all the polygons of the wheel

graph of order n. Then Enz(_(;n, E) is called a wheel matroid where

E is the edge set of Wn.

Suppose grn is obtained from the polygons of Wm by deletimg
the polygon of the rim and by adding as polygons all the sets formed by
the union of the rim and a single spoke. !rn‘(sm’ E) satisfies the

matroid axioms and is called a whirl matroid @u 8].

Let E be a set with n elements. The class of circuits mE'k

is the class of all subsets of E with k elements. Then ngkg(ugk' E)
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has been called a binomial matroid by Weinberg [We .ﬂ because of its

relation to the binomial coefficients.
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2.3 CONTRACTIONS AND REDUCTIONS

Let M = (C, E) be a matroid and S CE. Define C x S =
%Z | C &C and C QS}. The class C x S satisfies the matroid axioms,
ami the matroid M x S=(C x §,5) is called the contraction of M to S.
Leat C~S be the class of non-null minimal intersections of the members
of C with S. Then Me+S = (C-S,S) is a matroid called the reduction of
M wm S

Tutte E‘u 3] has proved the following identities for contractions

amd reductions of matroids.

Theorem 2.8 Let TCSCE.

@) (MeS)*=M=* x S

(B} (M x S)Fr=M*eS

<) M x5S5) x T=MxT

(@) (M+S)*T=M+T

(@) MMeS) x T=M x (E - (S-T)))-T

O MxS)-T=(M-(E-(S-T)))x T

A matraid of the form (]h_d-S) x T is called a minor of M.

By Theorem 2.8 (e). QM;_ x S)oT is also a minor of _l\il. The next

theorem resuits from Theorem 2. 8.

Theaerem 2.9

(@) Every minor of a minor of M is a minor of M.

(b) The minors of M#* are the duals of the minors of M.
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We have stated that matroids are a generalization of graphs.

We now make this statement precise by showing that with every graph
we may associate two matroids, each unique for its type. Let G=(V,E)
be a graph and Cp be the class of polygons of G. The system P(G)=
(EP’ E) satisfies the matroid axioms and is called the ﬁzggn matroid

of G. The dual of P(G) is the bond matroid of G, denoted by B(G),

and the circuits of B(G) are the cut-sets of G. From Theorems 2.1,

2.3(d), and 2.6, we can state the following theorem:

Theorem 2.10 Let G be a planar graph and G#* its dual graph. Then

B(G)= P*(G) = P(G*) = B*(G).

A matroid M is called graphic or cographic if there is a
graph such that )L{::_B_(G) or B(G). respectively. If M is both graphic
and cographic, then M is planar and there exists a planar graph G
so that M= B(G)= P(G*).

Contractions and reductions in graphs are simply related to

matroid contractions and reductions.

Theorem 2.11 Let G=(V,E) be a graph and let SGQE. Then

(a) P(G-S)=P(G) x S, P(G x S)=P(G)*S
(b) B(G*S)=B(G)+S, B(G x S)=B(G) x S

Proof.

(a) The first part of (a) follows from the definition. We will

prove the second part of (a). Let Hi' 1€ i €n, be the components of




the graph which is obtained from G by the deletion of the edges in S.
Let P be a polygon of G x S. If one edge in P is incident with two

vertices, v1 and v of a component, Hi' then P is a loopof G x S,

2'
and P U Pi is a polygon of G, where Pi is a path of Hi with ) and

v, as its ends. Since (P U P;) 1 S =P consists of a single element,

P is a circuit of P(G)+S. If |P| 32, each edge in P is incident with
two distinct components, each of which contains no more than two

distinct ends of P. Let Hi(l)’ H ,..s....H, be components
i

i(2) Gg)
containing two distinct ends of the edges in P. Since Hi(k)' 1§k €j,
are connected, we can find a path Pk of H , whose ends are those

i(k)

IR T

a polygonof G, and CNS=P. If P'C P for some circuit P' of

distinct ends of the edges. Clearly, C=P U Pi

P(G)S, there exists a polygon C' of G such that P'=C'(\S. Since
the ends in G of the edges in P are also ends of the edges in P, we

R =C'N\E {H__ )
(k) ) iy
This deformation results in C'C C. This contradicts the fact that C’

can deform some paths in I-Ii 1<k €j, so that P
and C are polygons of G. Thus P is a circuit of P(G)*S.

Suppose P is a circuit of P(G)*S. Then there exists a
polygon C of G such that P=CNS. By the definition of contractioas,
C NS is an edge-~disjoint union of polygons of G x S. If P is one of
the polygons of G x S in C N S, then we can construct, as above, a
polygon of G containing P and can show P is a circuit of P(G)*S.
By Axiom I, P contains only one polygon. Hence, P is a polygon of

G x S.
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(b) By part (a) and by Theorem 2.8, B(G+S)={P (G-5)] *
=E> (G) x S] *=P*(G)+S=B(G)+S, and B(G x s)=[P (G x 5)] =

=[P (@) + 5]+ = P*(G) x s=B(C) x 5.0

According to Theorem 2.1, if the polygon matroids of two
graphs are isomorphic, then the graphs are 2-isomorphic. Thus

matroid isomorphism does not coincide with graph isomorphism.

Example 2.3 Let G1 and G2 be the graphs in Fig. 2.6. Although

B(Gl) =_1_3_(G2), the two graphs are not isomorphic.
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Figure 2.6 Graphs of Example 2,3
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contradiction, axd hemce eecn QBS U B§ U{e}‘. C

2.4 CONNECTIVITY QF MATROIDS ‘

- [ S, )
W‘Whimey"s rank functions &’h 5] play an important role in_

defining compectivity of matroids. Therefore, we summarize formulas

on rank functioms im the mext theorem and will refer to them often.

Theorem 2.12 Let B_d[a((g, E) be a matroid and S, T C E.

@) T = pM*). M) = r(M*)

®) T + pM)= {E)

(c) *(M x S) § HM S =r(M), WM x S)+UM-S)=_yM)
@ M x G T TH)$rM x (SAT))  r(M x S) + r(M x T)

MM x S U TH) +uM x (SNT)) UM x 5)+ UM x T).

) and () follow immediately from the definition.

(<) Let By amd B§ he bases of MxS and Me S, respectively.
We show B= BS Lo % is a base of M. B is obviously independent in
M. We show that B T {e} coutaims a circuit of M for every e € E - B.
He€S BU {e} (2 BS Loy {e} ) contains a circuit of M x S. Now

suppose ¢ €E - S and e * B’§‘ Let ('21 be a circuit of M such that

c€C,nS CB U e} ane !«cI - BN s| is minimum.

I fCl - Bs»rn S * * , them there exists a circuit C2 of 11_4 such

that eIE C2 C Bs QT {el ., where e isa member of (C, - BS) ns.
By Axiom LI, we cam find a circuit C, which satisfies e € C, _C;._C1 U C2
-{¢}- ™ lc; - 890 st< Vg, - B)NS|. Thisisa

contradiction, and hence ¢ € Cn QBS U Bz U {e} . Consequently, B
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is a base of M. The second part of (c) follows from the first part. of (c)
and (a).

(d) Let B' be a base of M x (S N T). Choose a base B of
M x (S U T) so that B'C B. Then BNS and BNT are independent in
M x Sand M x T, respectively. r(Mx (SU T)) + r(M (SNT)) = IB\ +
‘B" =\B(\ S\ + \Bf\T‘ ¢ r(M xS) + r(M x T). The second part of (d)

is obtained from the first part of (d) and (b).l

Let Mz(C,E) bea matroid and S C E. Define a function
g(g;sj) on the subsets of E by S(M;S,g) = - r(M) + r(M x §) N g

r(M x S)+ 1. From Theorem 2. 12 the following relations are proved:

Theorem 2.13 LetS< E. Then

3(111;5,'5) = r(Mx S) - r(MsS) +1
=- |s| + r(M x S) + r(M* x S) +1
=pM) — UM xS)- M x5) +1
=|M<S) - UM x S) + 1

=|s| - pM xS) - uM= x S) +1.

Let Sand S = E-S be non-null complementary subsets of E.
Tutte EI‘u 8] defines the connectivi'_.z l(l\_d) of a matroid M =(C_:, E) as the
least integer k over all non-null proper subsets S such that E(L_A;s,§) =
k and min( [Sl,l'gl) # k. If there is no such integer, then )\(I\_d): 00 .
Matroid M is n-connected if 1 £ n £ l(l\_d). and M is connected if

A(M) > 2:otherwise M is separable.
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The connected components of a separable matroid are the maximal

connected mirors of M.
From Theorem 2. 13 the connectivity of the dual matroid is

equal to that of the original matroid.

Theorem 2. 14 MM*) =7K(M)'

Tutte LTu 8] has proved that if a graph G is connected, then
the matroid connectivity is equal to the graph connectivity. Thus we

can develop a unified connectivity theory of graphs and matroids.

Theorem 2.15 [Tu 8] 1f a graph G is connected, then AR (GH=X(B(GN

=k(G). If a graph is not connected and contains no isolated vertices,

then k(g((;)):—.x(g(c)) =1 and A(G) = 0.

If a graph contains an isolated vertex, certainly the connectivity of the
graph is 0. However, the connectivity of the polygon matroid can be

any positive integer.

Example 2.4 Let G =(V,E) be the graph shown in Fig.2.7. Let

s={ep e, e} and S=fey, 5} . Clearly M(G:S,§) = 0 since G<S and
G+S have no common vertex, However, 3(1: (G);S,_S-) = - r(P(G)) t+
r(P(G) x ) + r(P(G) x 5) + 1= - r(B(G) + r(P(G-S) + r(B(GS)+

1 = -3+2+1+1=1. Accordingly, A(G)= 0 and ABG) = 1.



Figure 2.7 Graph G of Example 2. 4
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Triply-connected matroids are of particular interest to
us since they will provide a characterization for graph-realizable
matroids in Chapter 4. Let M =(C, E) be 3-connected and e € E.
If neither M x (E - {e} ) nor M« (E - {e}) is 3-connected, then

e is called an essential cell of M. The following theorem on essential

cells was proved by Tutte [Tu 8—_] .

Theorem 2.16 Each cell of a 3-connected matroid I\_ﬁ[ is essential

if and only if M is a wheel or a whirl matroid.

Let M =(£, E) be a matroid. When M is connected, as
Lehman E..e l) proved, all circuits containing a fixed element of E

can uniquely determine the matroid M.

Theorem 2.17 Let M =(C, E) be connected and e € E. Then the

set of all circuits containing e uniquely determines M.

According to this theorem, the condition for isomorphism

of matroids may be weakened as follows:

Theorem 2.18 Let l\_dl = (91, El) and MZ = (92, EZ) be connected and

e € El. Then Ml is isomorphic to M, if and only if there exists a

2

one-to-one mapping f of E1 onto EZ’ such that C is a circuit of M,

containing e if and only if f(C) is a circuit of M2 containing f(e).
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2.5 BINARY MATROIDS AND GRAPH REALIZABILITY

In a graph, the intersection of any polygon (circuit) and
cut-set (cocircuit) has even cardinality. However, not every matroid
has this property. Consider the matroid M = (C, E) defined by
E={1.2, 3,4} and E={123, 124, 134, 234} . This matroid is self-
dual, that is, M*= M, and clearly the even cardinality property does
not hold. If for every C&€ C and C* € C¥, \C ! C*\ =even, then
a matroid M is called binary. From the symmetry of the binary

condition, we have:

Theorem 2.19

(a) M is binary if and only if M* is binary.

(b) A minor of a binary matroid is binary.

Even though general binary matroids are not graph realizable,
they have many graph-theoretic properties. The following characterization

of binary matroids is often useful.

Theorem 2.20 M is binary if and only if any symmetric difference of

circuits is a disjoint union of circuits of M.,

In this theorem, by the symmetric difference of A and B
we mean AQB=A U B - AN B. This operation is associative and
commutative.

Let Bbeabaseof M =(C,E). If e¢E - B, B U {e)
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contains a unique circuit of M called the fundamental circuit determined

by B and e. Then the third characterization of binary matroids may

be stated in terms of fundamental curcuits.

Theorem 2.21 M is binary if and only if, for any base B and

circuit C of M if el. eZ .o ek are the members of C - B, then

C=Cl ® CZ@ .. ® Ck. where C_ is the fundamental circuit
i

determined by B and e,

The concept of binary matroids was first introduced by
Whitney E’h 5] as a matroid associated with matrices whose elements
are 0 or 1. The (0,1) matrices are extremely important in their
application to science and engineering. Applications of binary matroids
have heen made in generalized networks [Br 1, Na 1] , linear program-
ming and network flow problems [Ga 1, Mi l} , and game theory [I__.e l] .
and some research on binary matroids has been directed to graph
realizability El‘u 4, We tﬂ and generalization of graph theorems [We E:j

A binary matroid closely related to graph realizability is

the Fano matroid [Tu b, Ve l] . This matroid M=(C, E) consists of

seven cells and seven circuits: Es{el, ez, vees € } and Eaﬁel. e4, e5, e7} .

{e,e.eo, 7} {e.e.eﬁ,e} {ele.e4, 6} {el ,es,eb},

{ez. e3, e4. es} . {el. ez. e3, e_‘_}} . The dual of a Fano matroid is called

a heptahedron matroid, and these two matroids are associated with the

following binary matrices:
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Fano Heptahedron
1 001101 1011000
0100111 1100100
0 01 1011 0110010
1110001

If a binary matroid M contains neither Fano nor heptahedron
matroids as minors, M is said to be regular. These matroids are
not graph realizable EI‘u 6] . Therefore it is necessary, if M is to
be realizable as a graph, that M not contain either of these matroids
as a minor. A set of necessary and sufficient conditions for graph-

realizability that contains this condition follows.

Theorem 2.22 EI‘u f;] A matroid is graphic (cographic) if and only if

it is regular and contains as a minor neither -E(K:})’ (E(KS) ) nor
B(K3 3) (§(K3 3) ), where K5 is the complete graph on five vertices,

and K3 3 is the complete bipartite graph on (3, 3) vertices.

Another graph realizability condition has been obtained by
Welsh as a generalization of MacLane's theorem on graph planarity.
A family of circuits is said to be complete if it is a basis of the vector
space of circuits modulo 2. It is 2-complete if it is complete and no
element of E lies in more than two of the circuits. A similar

definition holds for cocircuits. Welsh states the following theorem:

Theorem 2.23 ENe 5] A matroid M is graphic (cographic) if and

only if it is binary and has a 2-complete family of circuits (cocircuits).
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CHAPTER 3 CONNECTIVITY OF MATROIDS

3.1 MAXIMUM VALUE OF CONNECTIVITY FUNCTION

Though a procedure for determining connectivity of matroids
is needed because it would have interesting applications, at present
there exists no efficient algorithm for accomplishing this, except for
separable matroids.

If a matroid M =(C, E) is separable, then its connected
components can be easily determined by consideration of the circuits
of M. Let e be a fixed member of E. Then the union S of all the circuits
of M containing e is a connected component of M. If SzE, then M is
connected; otherwise, M is separable. If S}E, choose another element
e' € E-S and find all the circuits containing e’', whose union yields S*,

a second connected component of M. We now choose e" ¢ E-(S U S')
and repeat this process; we continue it until all the elements of E are
exhausted, that is, E-(SU S' US" U ...) is null. At each step of the
process a maximally connected minor of M will be determined.

For a non-separable matroid, a direct calculation of X@)
requires in the most extreme case 2' or M computations of the ranks
of minors, where r and).l are rank and nullity of M. However, since

‘)\(M) S 1512}. ;(h_d;S, §) for a matroid of finite-connectivity, it might
be useful to determine the maximum value of a connectivity function} .
A trivial upper bound of S is obtained from the definition of

o connectivity function.
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Theorem 3.1 Max §(M;S,S) =min(r(M) + 1, M) + 1)
SCE

Proof. 5(1\_4;5, S)=-r(M) + r(MxS)+ r(MxS)+1

&-rM +r(M)+r(M)+1 € r(M)+1,
and 3(M:S,5)= (M) - WM xS) - UM xS) + 1

s)l(h_d)-o-o+1 4}A(1\_4)+1-‘

Even though max g(M;S, S) & n, where n is an integer, it
SCE

does not mean '}\(M) £ n. For finite connectivity, the condition
min(\S‘,‘g‘) ) S(I\_A;S, §) must be satisfied, The class of matroids
which do not satisfy this condition, that is the class of matroids with
infinite connectivity, has been found and will be discussed in the next
section.

Now we shall find the maximum value of S(I\_/[;S, §) for a given
matroid M, Let Bl and B‘2 be bases of M. Then the distance between

Bl and BZ is defined by d(Bl,Bz)=\B1-B2\=\B2-B1\ . A pair of bases

which have the maximum distance are called maximally distant bases,

The concept of maximally distant bases was first introduced by Kishi
and Kajitani[Ki 1, 2] in graph theory with an application to a partition
of graphs. Bruno and WeinbergEBr ageneralized the concept and

applied it to a matroid partition., Here we give another application of

maximally distant bases.

Lemma 3.1 Let BI and BZ be maximally distant bases of M. Then
r(M x (E-Bl))=r(1\_d x (E-Bz))=do,

where d; =‘BI-BZ|.
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Proof. Since B -Bl c E-Bl, BZ-B is an independent set of M x (E-Bl).

2 1

-B_ is not a base of M x (E-Bl), we can find e&€ E-B

IfBz 1

1 such that
e § B, and {e] U (B,-B,) is independent in M x (E-B,). B, U {e}
contains a circuit C € C satisfying e €C and C N\ Bﬁ?, because if

CcnN Bl= ¢ » themC C (Bz-Bl) 4] {e} , which is a contradiction. Let

e'€ CNB,. Define B, =(B,-{e}) Uf{e}. B} is clearly a base of M.
Then |Bl-B'Z|=|Bl-((Bz- \e'}) 8) {e} )\ :\BI-BZ\+ l=d0 + 1. Therefore,
Bl and Bz are not maximally distant, which is contrary to the hypothesis,
Thus BZ'Bl is a base of M x (E-B‘). With a similar argument BI'BZ

is a base of M x (E-BZ). Consequently, we have r(M x (E-Bl))=

r(M x (E-B,)=|B,-B |=|B -B,|-d. B

Theorem 3.2 Max §(M;S,5)=dg + 1, where dy=|B,-B,| and B, B,
are maximally distant bases of M.
Proof. LetS be any subset of E, and BS’ B§ be bases of M x S and

M x S » respectively. Suppose B 'l and B'z are bases of M such that

Bi;_)BS and B'22 B§. Then

S(E;S.E) =-r(M) +r(MxS)+ r(MxS)+1
= - r(M) +|Bg| + |Bg| + 1
=-r(M + [Bg U Bg|+1
<_ r(M) + |B'1U B'Z|+ 1
=- r(M) + |By|+ |B1-By| + 1
:lB'l-B'zl +1¢< 4

0+l.

If Bl and B_ are maximally distznt bases, then by Lemma 3.1, we have

2
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S(M;Bl.ﬁl) =-r(M)+r(MxB))+r(MxB)) +1
=r(M x B,) + 1=d0 + 1.

Therefore, Fax S(M;S, S) = d, + 1. l

Since we know an efficient algorithm for finding a pair of
maximally distant bases @r 33, the maximum value of a connectivity

function can be easily determined,

Example 3.1 Let G be the graph given in Fig. 3.1, and M=HG).

A pair of maximally distant bases of M are
Blaiel, es, €cs o eg} , Bz={ez, e5, e7, e8, elok .
In addition, min(r(M) + 1,}1(1\_:1) + 1)=min(6, 6)=6. However,

max T(M;S,S)=d_+ 1=3 + 1=4,
SCE’ ~ 0

In concluding this section we propose one problem related
to a connectivity function. Let M=(C, E) be a matroid and B a base of M.
The following question arises in applications: what is the minimum
value of r(M x B) for all the bases B of M? Since S(M;B,ﬁ) =r(M x B)
+ 1, this problem is equivalent to finding the value of g?graxse‘s({\_d;s,g).
The corresponding graph theory problem is called the central tree
problem: given any connected graph G, what is the minimum rank of
spanning cotrees of G? This problem is unsolved, and at present there
exists no efficient algorithm for finding a spanning tree which satisfies

the above condition.
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Figure 3.1 Graph G of Example 3.1
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3.2 MATROIDS OF INFINITE CONNECTIVITY

In Theorem 3.2 we found the maximum value of a connectivity
function. For a finite-connectivity matroid the connectivity is never
greater than this value, However, there are matroids with infinite
connectivity, Consider the following example: M=(C, E) is a matroid
defined by E:'iel ’ ez} and C ={E}. By the definition of connectivity,
the only possible partition of E is S={el} and g:{ez} . However,

¥(M;S,5)= - r(M) + 1(M xS) + r(M x S) + 1

=-1+1+1+1=2,
and min( lS' ,lgl)=l. Therefore this matroid does not satisfy the condition
of finite-connectivity, and we then say, ')\(I\_/I)= oo,
In the following theorem we show that the class of matroids

of infinite connectivity are binomial matroids,

Theorem 3.3 Let M=(C, E) be a matroid and |E|=n, ¥ A(M)=o°

and |E| > 2, then M¥ M, , where 2r -13n32r-3. For \E| =1, M¥
1Mor o7 1My
In the above theorem if |E| =n is odd, then there are two
possible matroids, M M (n+1)/2 and nM(n+3)/2’ whereas if n is even,
there is only one, namely, nM(n+2)/2 .
Proof. If n=1, the theorem is obvious. For n2 2 we consider the two
cases of n even and odd.

Case 1, n=2k, where k2 1,

Without loss of generality, we can assume |S|<k. First we show that
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every set consisting of k elements is independent in M, Sup;.mse a
subset S of E contains k elements and is dependent in M. Since M x S
contains a circuit of M, r(M x S) €IS} - L.
TIMS, 5) = - r(M) + (M x S) + r(M xS) + 1

¢-T(M) +)S| -1+ r(MxS)+1

=S| - r(M) + (M x S) £ |S| =k,
and min(|Sl,|S\)=k. Therefore A(M) € k, which is contrary to the
hypothesis. Thus every subset of E consisting of k elements is
independent in M and hence, r(M) 3 k.

Now suppose r(M) 3 k + 1. Then for any subset S of E we

have TS, S)= - r(M)+ r(MxS)+r(MxS) +1
¢- M+ 1) +{S]+|51+ L=k,
If we again choose S so that | S) =}Sl=k, then AM) € k, which is once
more a contradiction. Thus, r(M)zk for X(M): ¢o , Consequently,
we have MY, M, . and \(M)= .
Case 2. n=2k + 1, where k3 1,
As in Case 1 we can show that every subset of E consisting of k elements
is independent in M. Suppose there exists a dependent set S of M
consisting of k + 1 elements of E. Since |Sl=k +1 andYS_‘=k, S is
independent in M. If r(M)g k + 1, then
Y (MS, S)=-r(M)+ r(MxS) +r(MxS) +1
€-k+1)+k+k+ 1=k,
and min( |S|,|S|) =k, which contradicts A(M)= @© . Thus either r(M)=k

or there is no dependent set consisting of k + 1 elemeuts. If r(M)=k,
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then M¥

2cM gy 200 AUM)=

Suppose all the subsets of E consisting of k + 1 elemests
are independent. If r(M) 3 k + 2, then
S(r\_a;s,E) $-(k+2)+)5|+1S)+ 1=k,
If we choose S so that |S| =k and \§\=k + 1, then l@ ¢ k, which is
contrary to the hypothesis. Thus r(M)zk + 1 and the correspomdimg

matroid is isomorphic to and ) (M)=%° . Conseguently,

M
2k+1 — k+2’
the proof is complete. .

From this theorem we can deduce these results for graph
realizable matroids: if MG): oo , then E(G)?lgo, n*—‘n' .ﬂZ‘ 3 M >,
or , M 3. The same statement holds for B(G). The correspondimg
graphs are shown in Fig.3.2. We see that this result coimcides with

that of Tutte for graph connectivity Eu ';].
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M M M
1= 0 1= 1 2=2
M
3=2 3M3

Figure 3.2 Graphs Corresponding to Graph-Realizable Matroids of
Infinite Connectivity, Where Matroids are Considered as
Polygon Matroids
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3.3 COXXNXECTIVITY OF BINOMIAL MATROIDS

The structure of bimomial matroids is exceedingly simple
and has been referred to oftex im articles givimg examples and counter-
examples. This sumplicity, however, has resulted in a possible
oversight on the important role played by bimomial matroids in matroid
theory. Thereiore, it mught be worthwhile to uncover more properties
of binormial matrosds. Im the following theorem we determine the

Cmtﬁ ‘ n‘ ”‘ mT W- Ii ma Ms“ *~

Theorem 3. 4 The commectivity of the himomial matroid nI_V_Ir, n>»rgz0,
is givem be:

?.r/ﬂ for m » 2 and r=0.

PURTES

%xr for m » 2r.

for 2r - L2 mn 2 2r - 3,

and for m=0, L.
m+2 -1 for 2r - 4 2 n.
Proaf. Since the theorem is dbviows for r=0, we assumen 2 r 21,
LdSandEbechsmbsetsdE. From Theorem 2.13 we
have FoM SD= 0 M)~ u M xS~ i M xS)+1

:m~r+»2-)m((m1!grx5)"~ ){(nl\_drxS),

and A(S,§)Em€ ;ﬁSk.\E\‘,)L For comverience we use A for A(S,-S-).
Without loss of generallity we assume [ € |Sli=k € n/2 and\S | =n - k.
Then S(ﬁrﬁﬁxmsr%Z—«k-r%lh-({n-k-r+1)+
and A —mmnfk, m - k=i, maiﬁ+:iﬁori)®and0£ori<0.

Four possible cases can e considered:
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(i) r¢kg&n-r,

(ii) r, n-r + 1%k,

(iii) k¢r -1, n-r,

(ivi n-r+1<k¢r - 1.

We shall find the conditions for finiteconnectivity: S ¢ k.

Case (i). Szn-r+2-(k-r+l)-(n-k-r+l):r‘k
for finite-connectivity. I 2r¢n, then ") (M)=r.

Case (ii). Since k=min(r,n - r + 1)2 n/2 + 1, by assumption
we do not have to consider this case.

Case (iii). B:n -r+2-(m-k-r+ 1)k + 14k, which is
a contradiction.

Case (iv). }:n -r+2¢k. For oM, having finite
connectivity it must satisfy the following conditions: n - r + 2{k{r - 1
andn - r + 28k $n/2. Thus we have n £2r - 4 and A(M)=n - r + 2.

From Cases (i) and (iv) we obtain the condition for infinite
connectivity; A\( M )= for 2r - 13n32r - 3. Accordingly, the

theorem follows. .

The binomial matroids are one of a very few classes of matroids
whose connectivity is completely known. Another use of this theorem

is to provide examples of matroids with prescribed connectivities.
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3.4 REFERENCE TO WHEELS AND WHIRLS

————e

Let M=(C, E) be a 3-connected matroid. I is known that if
every cell of M is essential, then M is a wheel or a whirl matroid
(Theorem 2. 16). If M contains a nom-essential cell e, then the removal
of e by the reduction or contraction of Myields again a 3-connected
matroid. Repeating this process, we finally obtain a wheel or a whirl
matroid, or neither. Since the former two matroids contain at least six
cells, cur task is to find the mmatreoids with six cells which contain a

non-essential cell,

Lemma 3.2 If a matroid M=(C, E) is 3-connected, where |E| 34, then
|C|3 3 for every C€C.
Proof. If} aas a circuit consisting of a single cell, then the
connectivity of M is one. Suppose M contains no circuit consisting of
a single cell, and let c:{el.e2} be a circuit of M. Then by Theorem 2.13,
F(M:C, C)= u(M=C) - M xC) + )
= paec) - L+ 1glel =2,
and min(ICl, IC]) = |C|=2, which contradicts (M) ? 3. Thus the lerma

follows, '

Theorem 3.5 If M=(C, E) is 3-connected, wherelﬂml. then MY 41:«_1 3

Proof. Let E:{el, e, e, e4} . Simce M is 3-connected every cell is a
member of some circuit, and E is not a circuit of M; otherwise MY¥
4M 4 and l( 4L£ 4):Z. By Lemma 3.2 without loss of generality, let

C,={ep e, e;}and C,= {e,. €,, ¢, } be circuits of M. By Axiom Ik




C3=C, UC, - fe,} = {epr o3, 24}
C4=C, U c, {ez} {el,e3, e4\

are members of C. Hence MY 4}\_&3..

Lemma 3.3 Let M=(C, E) be 3-connected, where \E|=5. If there exists
a circuit C of M such that Icl| =4, then M= 5 M.
Proof., Let E= {el, €yreces es}. Suppose Cl is the only circuit of M
containing four cells, Then |C|=3 for every C(C,) € C by Axiom L
We shall show a contradiction. Let Cl {e ,e e e4}and C.= {el
es} be circuits of M. By Axiom Il and by Lemma 3.2, we may suppose
that Céz {ez, €5 esk or C‘:,; = {e3, e, eS} is a circuit of M. If C"3 €C,
then C,=C, U C} -{e} = fe, ;- ;) € C by Lemma 3.2. This
contradicts Axiom I. Thus C} € C. Then M=(C, E), where C= icl.cz.
C':,"} is a matroid of connectivity 2 since
Y08 forveg) . foarepesh)
= M) - M x{el,ez} ) - }A(h_d x{eye‘.esk )+ 1
=2-0-1+1=2,
and min( Hel, eZ}I ,‘ {e3, ey, eS}I )=2. This is contrary to the hypothesis.
Since C2 has been chosen without loss of generality, M has at least two
circuits which contain four cells of M.
Let Cz={el, , € 3’ e } be another circuit of M, and \Cl =3
for every C(#Cl, Cz) € C. By Axiom II, we may suppose (es € ) C;

={el,e4,e5} ( C Cl UC2 -{e3} ) is a2 member of C. Since (:l UC’3

- - i i X » i i
{e 1} {ez, e3, e4, e5§ must contain a circuit C4 which consists of three
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'V = 3 s ' '
cells, we choose C4 {ez, ey es'k without loss of generality. C3U C4

- ies} = {el, €, e4} € C by Axiom II, which is contrary to Axiom L

Now let C_,C given above be circuits of M, and C_= {e € _,
1" 2 - 3 1" 2

e4,e }6 C. By Axiom II, C UucC -{e}:{ez,e3,e4,e} contains a

circuit of M. Two cases are to be considered: ie ’ e4, e } and iez 3"

e4, es} . If C' i3,e ,eS.& ¢ C, then M=(C, E), where g:{CI,CZ,C

4 3’

C"J, satisfies the matroid axioms and its connectivity is two, which
is contrary to the hypothesis,
LetC {e,e,e,eleC ByAxmmIIC UC {ez}-
{el, e3, e4, 5} contains a circuit of M and hence, C5= {el, e3, e4, es}
is a circuit of M by Axiom L. Then M=(C, E), where C={C ,C,,... .C.¥,

is a 3-connected matroid and is isomorphic to gM,. Since there is no

other subset consisting of four cells, the lemma follows.‘

Lemma 3.4 Let M=(C, E) be 3-connected, where \El =5, If there is
a circuit of M consisting of three cells, then M ¥ 5Ms .
Proof. Let E= {el, ez, cons es} . By Lemma 3.3 |C|=3 for every C € C.

Let Cl={el, e ea} € C. Since M is connected C must contain circuits

Z(
of the forms {ei, ej, e415 and {ei, e’ eS} , where ei, ej, ek € {el, ez, e3} .

Thus without loss of generality we may, by Axiom II, suppose C2= {el,

e, eS} € C. Also by Axiom II, C1 6] CZ - {el} ={e2, e3, e, es} contains

a circuit C Let C3= {ez, e e4'}, maintaining generality., From these

3.

three circuits we can identify other members of C by Axiom IL,

C4=C1 U C3 - {ez}= {el,e3, e4ls
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C,=C U C, -fey={e ,¢, ¢, \
Ce=C,UCy-Ye )y = fesr e ey
C,Co U Cy - fe} = fepresr sl
Cg=C, U Cs - o1} = fer oa %)
Cy=C,UC_-fe } = fe) s esd
C107C7 U S - o} = {epr o5 25
The C! s that have been obtained are all the subsets of E consisting of

three elements. Clearly M¥ 51\_43 ,» and M is 3-connected, ‘

From Lemmas 3.3 and 3.4 we obtain the next theorem.

Theorem 3.6 If M=(C, E) is 3-connected and |El=5, then M= 51\_44 or
sM3.

Proof. By Lemma 3.2 every circuit of M must contain at least three
cells, Suppose (_J:{E} , wWhere E:{el, €00 es"] . If we choose Sniel, e2} .
then Y (M;S, 5) = JUM) - (M x S) - WM x5) +1

=1 -0-0+ 1=2,
therefore the connectivity of the matroid is two, which is contrary to the

hypothesis. Thus the theorem follows from Lemmas 3.3 and 3. 4.‘

Lemma 3.5 Let M=(C, E) be 3-connected, where |E\=6, and e is a
member of E. If Mx (E-3e})¥ M, then M¥ M.
Proof. Let E= {el,ez, e e6} and M'=M x (E- {e}), where e, =e.

Since all the circuits of M' consist of three cells, we then have by Axiom

I that no circuit of M contains more than three cells, Let C {e e ek}
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be the circuits of M', where 2 ¢i, j,k £6 and itjikti. Since M is 3-
connected, there exists a circuit of M containing cell e. Let C123= {el,

ey es} € C. By Axiom II, C ucC,.. - iej} is a circuit of M, where

123 23i
44i<{6 and j=2,3. Again applying Axiom II, the following subsets of E

are circuits of M.

C1457C,5, U C135 - 103} - Cl467C124 U Crpe - 5} -

C156C 25 U C126 - €2}

Let C={C;j | 141 €j<k<¢6}. Thenms oM. B

Before proceeding further we shall define two matroids
associated with the binomial matroid 6M 4 Let E= {el, € cens e6} .

We use the following notational convention to avoid complexity: Cij K

- \< - . =
= {ei, ej,...,ek}, where 1§ i<j<¢... <k €6, Let 694(1) {CIZ3’C1245’

C. C

1246* C1256’ C1345° C1346” C1356° C2345° C2346* C2356° C2456* C34563 -

Then 6M4(1)=( 6g4(1), E) satisfies the matroid axioms and it can be
easily shown that this matroid is isomorphic to its dual. The second

matroid (M, ;\=( (C 45\, E) is defined by (Cy(p) = {C123° C145° 1245

C C

1346’ C1356* C2345" C2346* C2356’ C2456 C3a563°  6Ma(z) i

a self-dual matroid. It should be noted that 6L_A4“) ( 6M4(Z)) is obtained

from by deleting all circuits which properly contain {el, ez, e3}

6M4
( {el, e, e3} and {el, e, es} ), and adding {el, e, e3} ( {el, €, e3}

and {el, e4, es} ) as a member of the circuits.

Lemma 3.6 Let M=(C, E) be 3-connected, where \E‘=6, and e € E,

EMx(E-{e])* ;M,, then M¥ M, M, or M, ,.
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Proof, Let E= {el, € L., eé} and el=e. By Axiom I, M cannot have
Lroos. 2 Al
a circuit consisting of more than four cells. Suppose C contains at
least three circuits which consist of three cells. Since each of these
circuits must contain e let Clij' clkm’ Clpq € C, where 2¢i,j,k,
m, p,q. Sincei,j, k,m,p,q E{n | 2¢n <6 , at least two of these
subscripts are the same. Let izk, By AxiomII, C,..UC_ = - {e }
lij lim 1
= {ei, e, em} contains a circuit of M. However, this is contrary to
j i
Axiom I, since {e.,e.,e % C E- ie } . Therefore, C contains at most
i’ 73 m 1 -
two circuits consisting of three cells,
Case 1. C contains no circuit consisting of three cells.
Since M is 3-connected, there exists a circuit containing e, and

1

consisting of four cells., Let C1234 € C. By Axiom II, 01234 U C234i

- {ej} are circuits of M, where i=5, 6 and j=2, 3,4. Again by Axiom II,
the following subsets of E are members of C.

C1256=C1245 U C1246 - 104}

C1356=C1345 U C1346 - 104}

C14567C 1345 U C1346 - {"3}
Therefore C= {C; | 1€ i ¢j<k<m <6}, and M=(C,E)¥ M.

Case 2. C contains exactly one circuit consisting of three

lis, Let C € C. By Axi I, C Uc - b
ce € 123 - y fAxiom 123 23ij {ek‘ are members

{1 i g = = - i

of C, where 4$i< j <6 and k=2, 3, C1456 C1346 U C1356 {e3\ is a
circuit of M by Axiom II. Clearly M% 6 1\_/14(1). Now we show that
61-\-44(1) is 3-connected, Let $= {el, e, e3} and S = ie4, e, 86} . By

Lemma 2.13
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YOS, S)= p(M) - (M xS) - UMM xS) +1
=3 -1-0+1=3,
and min( |S| . \g\) =3. It can be easily seen that no other choice for
S satisfies the finite-connectivity condition. Accordingly, A(M)=3,
Case 3. C contains exactly two circuits consisting of three

cells, If Clij’clike C, then Clij U clik -{el} = {ei, e ek} contains
a circuit of M, which is contrary to Axiom I. Thus, without loss of
generality, we can assume C

C. B i .
3,C 456_ vy Axiom II, C

123° 1 123 © Ca335
- {ek} are circuits of M, where k=2,3 and 4 $i< j <6, except (i, j)=(4, 5).
Thus we have MT 61\—‘4(2)’ Let S= {el,ez, e3} and S= {e4, L e6} . Then
3(35,'5) = JAM) - UM xS) - M xS) +1
=3.1-0+1=3,
and min( |S|,|S|) =3. It is not hard to show A_(M)=3.

Since we have considered all possible cases, the proof is

complete. l

From Theorem 3.6 and Lemmas 3.5 and 3. 6 we obtain the

following theorem:

Theorem 3.7 Let M=(C, E) be 3-connected, where |F| =6 and e € E,

Mx(E- {e}) is 3-connected, then 1_495 6)_4 , OF

3* oMy M) 6Ma2)

Since 6‘—‘ 4 61! (1) and 6¥ are isomorphic to their duals,

4(2)
we obtain the next theorem, which is the dual of Theorem 3. 7.
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Theorem 3.8 Let M=(C, E) be 3-connected, where |E| =6 and e ¢ E,

If M(E- {e}) is 3-connected, then M = /M, 6M4’ 6¥4(l)' or 6M4(Z)'
Proof, By Theorem 2.14, M¥* x (E- {e}) is 3-connected, and hence,
by Theorem 3.7 M* = 6M3' 61_\_44, 6M4(l)' or 6M4(Z)' Therefore,

the theorem follows from Theorem 2. 6. '

By definition, if a 3-connected matroid M=(C, E), where
|E|=6, contains a non-essential cell, then there exists a cell e €E,
such that either M x (E- ie} ) or M«(E- {e}) is 3-connected. In terms

of essential cells, we state our main result in this section.

Theorem 3.9 If a 3-connected matroid M=(C, E), where \E\ =6,

contains a non-essential cell, then h_@? 6}'—4 3 6¥4’ 6M4(l)’ 61!4(2)’
M L

°f 6=5

Proof. The theorem immediately follows from Theorems 3.7

and 3. 8..

The result of Theorem 3.9 is useful in our consideration of
graph-realizability of matroids. This theorem clarifies the structure
of non-realizable matroids in addition to whirl matroids.

Making use of Theorem 2. 16 and the results in this section,
we list all the 3-connected matroids with six and fewer numbers of cells

in Table 3.1,




| M=(C,E) | M) Graph-Realizable
. IM 0 °0 yes
IM 1 oo yes
2 ZM 2 pos) ves
M, c0 yes
3
1M oo yes
4 4M 3 PO no
s¥ 3 oo ne
5
M
M, () no
615_/_1 3 3 no
62 4 oo ne
6 3 no
6= 4(2)
6B_4 5 3 no
w 6 3 yes
Wee 3 no
Table 3.1 List of 3-Connected Matroids for \E\ <6

51




52

3.5 A THEOREM ON NONPLANAR MATROIDS

In graph theory it is known[l_-la i]tlnt if the Whitney
connectivity of a graph G is greater than five, then G is nonplanar.

In this section we will prove the matroid counterpart of this theorem.

Lemma 3.7 If M=(C, E) is n-connected and |E|22n - 2, then IC|,

|C#|3 n for any C € C and any C* € C*, where M*=(C#,E) is the dual
of M,
Proof. Suppose there exists a circuit C, such that |ICl¢n - 1. By
Theorem 2,13

¥ (M:C, C)=|Cl - M x C) - J(M* x C) + 1
zZjc)-1-0+1=\cl ¢n -1,
and min( |CL |E|) =|Cl. Therefore \(M) &<n - 1, which is contrary to

the hypothesis. Since \_(M*)= )X (M) 3 n, the lemma follows.l

Theorem 3.10 If M=(C, E) is 4-connected and |E{2 6, then Mis

nonplanar.
Proof. Suppose M is a planar matroid. By definition, there exists
a corresponding planar graph G=(V, E). Let M be the meshes(including
the outer mesh) of a plane graph G. Since M, and hence G, is 4-
connected, we have by Lemma 3.7,
G 24, Vm) 24

for every v€ V and m €M, where ev(v) is the valence of v, and

))M(m) is the number of edges of mesh m. The following equalities

are basic in graph theory:
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v%V eV‘" :ZH' mzeM Hpgtm) =Z\E\~
Then by Euler's formula we have
lEl=lvl+ -2 ¢ 2 am O+ 2 (1/9))m)
- 2= (/4 x 2|E] + (1/9) x 2\E| - 2= |E| - 2.

This is a contradiction and hence, M is not planar. ‘

This theorem implies that if the connectivity of a planar
graph is finite, then the connectivity is not greater than three. This
fact is not surprising since matroid connectivity of graphs is
determined, not only by star cut-sets, (which define vertices), but
also by polygons of the graph. In Fig. 3.3, we show bipartite graph

K which is a graph of connectivity 4 that possesses the least

4, 4

number of vertices,



Figure 3.3 Minimal Graph of Connectivity 4
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CHAPTER 4 DECOMPOSITION OF MATROIDS

4.1 INTRODUCTION

The study of the structure of a matroid can be simplified by
considering its connected components. Many structural characteristics
of a matroid are determined by the corresponding characteristics of
its components, The decomposition of a matroid into its components
is particulartly useful in studying a large matroid, which has a large
number of circuits or a large number of bases.

In graph theory the equivalent decomposition is described
as a partition of a graph into a set of maximally 2-connected subgraphs.
A further decomposition of a graph into a set of maximally 3-connected
subgraphs ha:Ls been proposed by MacLane&via ﬂ . He also noted that
planarity of a given graph is determined by atoms, which are maximal
3-connected subgraphs obtained by the decomposition.

In this chapter we will generalize Macl.ane's results to
matroid decomposition. A special case of our decomposition has been
considered by Brylawski[Br 4,5, Let M=(C, E) be a connected
matroid. Then his decomposition process is carried out if either
Mx (E- {e}) or M+(E- {e]) is separable for some e € E. The
decomposition discussed in this chapter can be applied for any connected
matroid and yields a set of 3-connected matroids; on the other hand
non-decomposable matroids obtained by Brylawski's method may have
connectivity 2. The decomposition of a matroid into its basic components,

or maximal 3.connected minors, determines whether the original
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matroid is binary, regular, graphic, or cographic¥ An application of
matroid decomposition to graph-realizability of matrcids will be

considered in Chapter 6.

* A similar matroid decomposition is independently studied by Bixby
@i n in making use of virtual cells, and is a direct generalization of
Brylawski's idea, while the decomposition presented in this chapter is
performed using circuits. Bixby notes that the non-decomposable
matroids consist of 3-connected, graphic, and cographic matroids.
However, in addition to this result new and interesting theorems will
be found in this chapter. These are stated as Theorems 4. 13, 4. 14,
4.15, and 4, 16 which characterize the structure of a matroid by its
atoms.
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4.2 2-SEPARATORS
In this section we investigate the structure of matroids of

connectivity 2.
Let M =(C, E) be a matroid of connectivity n, and S C E.
If S(M;S, S)=n and min(|S|, \g\)zn, then S is called an n-separator of

of M, A l-separator is simply called a separator.

Theorem 4.1 Let M=(C, E) be a matroid and ¢ £+ S CE. Then the

following statements are equivalent,
(a) S is a separator of M.
®) r(MxS)+rMxS)=rM) [ pM xS+ JM xS=pow)
(c) Let BS and B_s. be bases of M xS and M x §, respectively.

Then BS U B-S— is a base of M.

(d) If C € C, then C €S or C CS.

(e) M x S=M-S.
Proof. (a)<«—>(b). By definition S is a separator of M if and only if
r(M x S) + r(M x S)=r(M) and |S}{ ,|S| > 1.

(b) «=>(c). Let e be any member of E-(BS u B-S-). Then
By UB_ U {e} =(Bg U {e}) U (Bg U {e}) and hence, either By U e or

B§ u {e} contains a circuit of M, Thus B_ U B§ contains a base of M,

S

Suppose B_ U B§ - T is a base of M, where T is a non-null subset of

S

By UBg. Then r(M xS) + r(M x 5) =(Bg| +|Bg| =|Bg UBg| >

‘BS U B - T| =r(M). This is contrary to (b). Therefore Bg U B

is a base of M.
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(c)e—>(d). Let C & (C xS) U (C xS) be a circuit of M,

Let BS and B§ be bases of M x S and M xg, such that B_2 CNS and

S
B§ 2CNS. However, BS U B§ contains a circuit C of M, which
contradicts (c). Consequently, for any circuit Cof M, C &SSor C cSs.

(d)<«—>(e). The intersection of any circuit of M with S is
null or the circuit itself. Therefore M x S=M-S.

(e)e€—>(b). If M x S=M-S, then r(Mx S)=r(MsSS). Accordingly,

(M;S, 5)=1 and (b) follows. [}

Lemma 4.1 Let S be a separator of M=(C,E). T CEandSNT
is not null, then SN\ T is a separator of both M-T and M x T.

Proof. This immediately follows from Theorem 4. l(d).‘

Lemma 4.2 Let M=(C, E) be connected. Then A(M) =2 if and only if

there exists a subset S C E, such that min( |S|, rS_I) #2and B_ U B.S_

S
- {e} is a base of M for some e éBs U B§’ where BS and B-S- are bases
of M xS and M x s, respectively.
Proof. Let S be a 2-separator of M=(C, E), and let BS and B-S- be bases
of MxSand M x s. By definition, we have

r(M)= - ¥(M;S,5) + r(M x S) + (M x S) + 1

=[Bg| + [Bg|- 1=|Bg U Bg| - 1.
S S
Now suppose min( lS‘, \5\) 2 2 and that BS and B§ are bases

Therfore, BS 8] B§ - %e} is a base of M for some e €B_ U B_.

of M xS and M xg, such that B, U B§ - {e} is a base of M, where

S

eéBSUB-g. Then




59
r(h_r_i):\BS U Bg - fe}| - 1= |Bg| + |Bg| -1
=r(MxS) + r(M x §) - 1.

Consequently, A (M)=2. l

Lemma 4.3 Let B be a base of M=(C,E) and e € E-B., Then B U {e}
contains the only circuit C0= {e' €B U {e}‘B U {e} -{e'} is a base of I\_/I}
Proof. By definition, B U {e} contains a circuit of M. Let Cl and

C. be distinct circuits of M contained in B U {e}. By Axiom II,

2
c,uc,- fe} ( €B) contains the third circuit of M. However, this

1
is impossible because B is a base of M. Accordingly, B U {e"; contains
only one circuit C of M.
To show C0=C, we choose any e' € C. Since B U {e} - {e'}
is a base of M, we have e' € Co. Hence, C C CO' Now if we choose
any e' € Co, then B'=B U {e} - {e'} is a base of M, Thus B'U {e'} =
BU {e} contains only one circuit C', and hence, e' € C'=C, Thus we

also have C0 ¢ C. Therefore B U {e‘gcontains the only circuit CO

of M.}

Let M=(C, E) be a matroid and S C E. We use the following

convention: (C | S)=C - (C xS) U (C x S).

Lemma 4.4 Let S be a 2-separator of M, and let BS and B-§ be bases

of MxSand M xS. ThenB_U B—S-contains exactly one circuit C of

S
M and C € (C|S).

Proof. By Lemma 4.2, there always exists such a circuit C, and the
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unmiqueness of C is ohtaimmed froo Lemma 4. 3. If the circuit C is a
subsetdSoxg.C&nsamMﬁtthUB_g, where
B§:S-BSMB§:S-B§mM ThenCﬂ('B§UB§)=Cf\(E-
(BSUBS)#¢- Thiis contiradiictts the fact that C is a subset of B_ U B,

s Y Bg
Thas C € (c}5. W

Lermma 3.3  Let S be a 2-separator of M and C € (C|S). Then
M x (ST ON= U xS + Dand MM x (S U CH= MM xS) + 1.
Proof. By Theorear 2. 12(d)
R ST ON 3 AUDE xS + MM x C) - UM x (SNC))
= DL xS - L.
Sappose I x (ST ON> M xS + L. Since JAMx (S UC)
))‘(}_&xg)-ll,whw
MO = U x (ST OV T (ST C)
ZUME (ST ON+ WD x(S UC) - UMxC)
= UOIx (ST ON+ UM x(SUC) -1
3ﬂ@x$\+n+)&(ﬂgx§ +1-1
= O x S) +JU(DE xS + L= M) - AMMSS, S) + 2.
However, S is a 2-separator of M. i e., S(L_cs,E) =2. Accordingly,
)A(L{) > }AQA_[) -2~ kzy((b_ﬁ)\. This ts a contradiction. Therefore

M x (ST CH= Ut xS + 1. Similarly, we have JUM x (S U C))=
JUEIERN |

This result leads o the mext lemma.,
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Lemma 4,6 Let S be a 2-separator of M and C € (g_\S). If a circuit
of M x (S U C) has a non-null intersection with C-S, then it contains
C-S.
Proof. Let C' € C x(SUC)and C'N (C-S)§ $. Suppose there is
an element e € (C-C')(\S, By Lemma 4.5
MM xS)= UM x (SUC)) - 1= JAM x (S U C - {e}))
PUM x (SUCY) =AM xS) + 1.

This is a contradiction. Therefore C' 2 C-S..

Lemma 4.7 Let S be a 2-separator of M=(C,E)and C € ((_:_\S).
Then M x (S U C) and M x (S U C) are connected.
Proof. Suppose M x (S U C) is separable. Let T be a separator of
M x (S U C). Since M x (S U C) has no circuit which consists of one
cell, ITI 22. We can choose T so that T N C= ¢ , because T is a
separator of M x (SU C) if and only if S U C - T is a separator of
Mx(SUC)., By Lemma 4.1, T is also a separator of M xS, Then
by Theorem 4. 1(b) MM x T) + UM x (S-T))= JAM x S).
We show T is a separator of M, By Theorem 2.13
SIMT, T)=y(M) - UM xT) - UMxT)+1
= M(M) - MM x S) + JU(M x (S-T)) - MM x T) + 1.

By Theorem 2. 12(d)

UM x T)= JA(M x (S U C) U (S-T))

UM x (S U C)) + 1M(M x (S-T)) - MM x ((S U C)(\(S-T))

= MM x S) + JAM x (S-T)) + 1.
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Since S is a 2-separator of M, we have
YT, T) € JAM) - UM x S) - Ju(M x 5)
- 5(1_\_4;5,'5') - 1=2 - 1=1,

This shows T is a separator of M, but it contradicts X(M)=Z.‘

The following lemma is a direct result of the definition of

2-separators.

Lemma 4.8 A 2-separator of M is also a 2-separator of M¥*,
Proof. ¥ (M%;S,5)k IS| - W(M x S) - JM* x S) + 1= J(M;S, ),

and min( |s},15]) > 2.

Connected minors of a matroid with A_=2 will have an
important role in subsequent sections. We will now prove a useful

theorem for matroids, which will be frequently referred to later.

Theorem 4. 2 Let S be a 2-separator of M=(C, E), and let MA=(C_IA, E),

where A CE, be a connected minor of M, such that |S na|, \sn A‘? 2.

Then l@A)zz and SNA,; SNA are 2-separators of M,-

Proof. Case 1. I\_4A=I\_/I x A,

Let B and B, be bases of M x (ANS) and M x (A NS), and let By and Bz

be bases of M xS and M x S, such that Bg2 Bl and Bz 2 B Since

S 2’

M x A is connected, B1 8) BZ contains at least one circuit of M x A by
Theorem 4.1. And BS U B-S- ( QBI U B,) contains precisely one circuit
of M by Lemma 4. 4. Therefore B1 U Bz contains only one circuit of

M x A. Since B UBZ—containsabase of M x A, BIUBZ-{e} is a

1



63

base of M x A for some eé€ B1 UB, and ANS, A(\§ are 2-separators

2
of M x A. Thus the theorem follows by Lemma 4. 2.

Case 2. MA=I\_/1'A.
By Lemrma 4.8 S is a 2-separator of M*=(C *, E) and M* x A is a
conmected minor of M* by Theorem 2.14. Therefore (SNA) and (SNA)
are 2-separators of M* x A as shown in Case 1, and they are also
2-separateors of B}A=(I_\_¢I* x A)* by Lemma 4. 8,

Case 3. I~_1A=(I\_II x B)eA, where ACBCE,
Since DﬁA
Case I, A(M x B)=2, since |SNB| > |snal > 2 and |SABR|SNA)

ts connected, we can choose M x B to be connected. From

2 2. Since SMNB and SNB are 2-separators of M x B, apply Case 2
t show X(M,)=2. Here (SNB)N\A=SNA and (SNB)N A=S A are
2-separators of M‘A’

¥ a minor I\_dA is of the form (M+B) x A, apply the same

argument as in Case 3 for I\_/IX=(I\_4* x B)-A.‘

Leoma 4.9 Let S be a 2-separator of M=(C, E). Let Cl' Cz € (C \ S)

e circuits of M, such that (C -C,)NS $$ . Then (C U C ) (S contains

a circuit of M.

Proof. Simce M x (S U C)) is connected, by Lemma 4.7, and 5(\C, ¥
* » & mmatroid M x (S U C1 U Cz) is connected. Suppose \(C1 U CZ)(\E\

=l. Let Cnﬂg S:Czn S={e}. By Axiom II, there exists a circuit C, of

M, such that C, gcl uc, - {e}gcl U C,)(\S. The theorem follows.

Suppose ‘(CI U Cz)ﬂ-S—\ # 2. Then (C1 U CZ) NS is a
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2-separater of M x ((Cll U CZ U S) by Theorem 4.2. Then

2= ¥ xiCc UC, U $)(C, U C,)NS,S)
MM x(C UC, U S - MM x ((C U C)NS)) - UM x 5)+1
BPAL = C )+ JUM x (C, U S) - UM x (c nic, US)
- A x (€ T CHASH - MM xS) +1
S1¢ JM xS+ 1~ MM x((C UCHNS)) - AM xS) + 1
= - U x ((C, U CHNSH + 3.
Hemce JA(M x ((C, T C,}NS) » L. Therefore (C, U C,)\S contains

acﬁ.mitdé_&.

The following theorem is the main theorem in this section,

and it will make possible cur matroid decomposition.

Theorern 4. 3 Let S be a 2-separator of M =(C, E), and let CI'CZ

(C |5) be circuits of M. Then (C,(\S) U (C,N5) is a circuit of M.
Proof. I Cf}$=C,MS or C (1 5=C,NS, then (C,NS) U (C,NS) =
(C,NS T «c{(\\ $)=C,, or (clr\ S) U (C,NS)=(C,NS) U (cln S)=C,.
Either case satisties the theorem.
Suppose neither Cln s:czﬂ S nor Cln §=Czﬂ S. We have
Q«Cn U cz»m\su . €y U cz)n§h 2. We shall show that M x (C, U C,)
is commected. Suppose M x (CI U CZ) is separable and T is a separator

of M x ((CIl U Czh. By Theorem 4.1, T must contain C, or CZ’ and also

1
. . r .

the third ciromit ‘C3 g«cl U Cz)nS, by Lemma 4.9. Since Cl(\C3 % #

and cznc3*¢ » T 2C, U C,. However, this contradicts the fact

that T is a separator. Thas M x(Cl U Cz) is connected.
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Let X=(C,\S) U (cz(\'§) and Y=C, U C,. We shall show
JA(M x X) 31, By Theorem 4.2 ¥(M x Y;YNS, Y(\ S)=2. Since X=
(C,NS) U (C,N S)=YN (C, U §) (S U C,), by Theorem 2. 12(d),
MM xX)3 UM x (YN(C) US)) + (M x (S U C,))
- MM x (Y\(C, USHU (SU C,y))). Since (YN(C, US) U(SUC,):=
Y US, we have
MM xX)3> UM xY)+ (M x (C US) - M x (Y US))
+ (M x (S U C,)) - M(M x (Y U S))
= JMM x Y) + M x S) + 1 -)A(I\_/;x(YUE))
+ PMxS)+1 - JAM x (Y US))
= M x Y) + UM x S) + JAM x S) - AM x (Y U §))
- UM x(YUS)) + 2
However, M x (Y U S) and M x (Y US) are connected because M x Y
is connected and C (| S q; C,NS ¢ . Therefore YOS and YNS
are 2-separators of those matroids. Thus we have
TMx (YU SKYNS,S) = 2 = WM x (Y U S))- A (M x (YNS))
- UM x S) + 1,
and hence, J\(M x (Y U §))=)A(1\_d x (YNS)) + MM x S) + 1.
Similarly, since
§(Mx (Y U S);YNS, S)=2= MM x (Y U S)) - JAM x (YO\S))
- UM x S) + 1,
we have A(M x (Y U S))= (M x (Y1) S) + (M x S) + 1. Therefore,
MM x X)) M xY) + UM x S) + JMM x S) - JAM x (YO1S))
- M xS) -1 -}A(I\_dx(Yﬂ S)) - MM xS) -1+2
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= UM x Y) - JI(M x (YNS) - JAM x (YOS))
- EQ‘-‘ x Y;YNS, YNS) - 1=2 - 1=1.

Consequently, X contains a circuit of M. Suppose C_ is a circuit of M

3
which is properly contained in X. Then (Cl - C3)(\ St# or (C2 - C3) ns
$+¢ . By Lemma 4.9, either (C, U C,)AAS=C, NS, or (C, U C,)NS
=C2(\§ contains a circuit, which is a contradiction. Thus X:(Cl(\S) U

(C,N 5) is a circuit of M. [}




67

4.3 ISOMORPHISM AND EQUIVALENCE

Since our aim in this chapter is the decomposition of matroids
of connectivity 2 into 3-connected minors, it is necessary to clarify
the relationship between 2-separators and 3-connected minors of
matroids. This section is devoted to the study of isomorphic 3-connected
minors of matroids.

Isomorphism of matroids, defined in Section 2.2, may also

be defined by a 1-1 correspondence between the bases of two matroids.

Lemma 4.10 Let I\_dl=(_§l, El) and MZ=(§2’ EZ) be matroids. Then

u\_l
MI_MZ

that B is a base of l\_r_Il if and only if f(B) is a base of M

if and only if there exists a 1-1 mapping f of El onto EZ, such

zs

Proof. Let l\_dl"='l\_ri Let f be an isomorphic mapping of El onto Ez,

2.
such that C is a circuit of M, if and only if £(C) is a circuit of h_dz.
Suppose B is a base of M. If f(B) contains a circuit C, of h_:iz, then

f'l(Cz) ( € B) is a circuit of M,. which is contrary to the definition of

B as a base., Therefore {(B) is independent in MZ' Let e, be any

2
element of E2 - f(B). Then f‘l(f(B) 8] {ez’k =B U f-l(ez) . Since
f-l(ez)* B, BU f'l(ez) contains a circuit of M,, and hence, f(B) U
{ez} contains a circuit of 1\_42. Thus f(B) is a base of Iy_{z. Similarly,
if B, is a base of M,, then f'l(Bz) is a base of Ml'

We leave the proof of sufficiency to the reader..
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The following lemma is immediately obtained from Lemma 4.10.

=4 = -
Lemma 4.11 If Ml—l\_/[z, then r(l\_r{l)-r(h_ﬂz) and ﬂ!_ll) }l()_lz).
The next results may be proved without difficulty.

= - = d
Lemma 4.12 Let Ml (g_l,El) Iy_iz ((_Z_Z,Ez), and let f be an

isomorphic mapping of E1 onto Ez. Let TCS QEI. Then
* Y Mx*
(a) My=M3

(b) M, xS¥M xf(S)

1
(c) M S¥ M _-£(S)
(d) (Ml x S)T = (M, x £(S))£(T)

(e) (M*S) x T % (M,+£(S)) x £(T)

Lemma 4.13 If M;¥M,, then UM, )= AM,).
Proof. Let f be an isomorphic mapping of El onto Ez. Then by
Lemmas 4.11 and 4. 12,
F(M,:5,5) = JA(M,*S) - JA(M, x S) + 1
= }A(Mz°f(s)) - MM, x £(S)) + 1
= § (M,;:£(S), £(S))

and min(lSl,l-S-I) =min(lf(S)| ,If(_S-)‘). Thus the theorem follows..

Two cells e and e' of M are in series if no circuit of M
contains only one of the cells. A subset S of E is called a series set
of M if lS| 2 2 and if every pair of members of S are in series. A

series set S is maximal if no series set exists which properly contaimns S5,
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Let S be a 2-separator of M. S is called a (maximal) series

separator of M if S is a (maximal) series set of M, and if S is not

a series separator we call S a non-series separator of M. Thus series

and non-series separators are defined only for matroids of connectivity

two.

Lemma 4.14 Any distinct series sets of M are mutually disjoint.

Let Si' 1£1i <k, be the maximal series sets of M=(C, E)
and e; € S, for 1< i {k. Then Mp=(C., ER)=M-(E-i§1(Si- {ei} )) is

called a series-reduced matroid of M.

The next theorem shows that a series-reduced matroid of

M is uniquely determined up to isomorphism,

Theorem 4.4 Two series-reduced matroids of M are isomorphic.

Proof. Let Si’ 1$¢i$k, be the maximal series sets of M=(C, E).
If k=0, then the theorem is obviously true. If k2 1, we divide the
proof into steps:

Step 1. Let M_=(C , ER)=1\_/I~ER be a series-reduced

R
matroid of M, where ER =E-i91(Si- {ei}) and e, € S; for 1§ i<k,
We show that if C¢ C, then C ﬂER € Q_R. Suppose C € C and C() ER
¢ QR' By definition, there exists a circuit C' of M, such that
C' f\ERC CﬂER. Since C' and C are distinct circuits of M, we can
k
find a cell e of M so that e € (C'-C)f](E-ER)=(C'-C)(\(iy1 (S;- {ei} )).

Keg Sj, by the definition of series sets Sj CC!', and hence, ej € C'r\ER.
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However, by Lemnmma 4. 14, CnSj=’. which contradicts C'f\ER C
cn ER. Therefore, C{\ER € C g for every circuit C of M. Clearly,
k
if C € C and if CM\{ _UlSi):¢, them C € Cp. Since the converse of
k
this statement is also true, foramycircuitofMR, CcCU (_g S.)is a
- iel 1
circuit of M, where I-{i | CNS#pand 1¢is K.
Step 2. Let M =(C .E )}=M-E, and M,=(C ,, E )=ME, be
k
series-reduced mmatroids of M, where E ==~ U (S; - {e.}), E,=E-
-_ k j=1° % 1 2
k
- \] n _ €3 £
igl (Si {eﬁ) . and e, e! €S, for 1¢1 Sk,
To prove Dill‘:']h_dz, we define the following 1-1 mapping of E1
onto EZ:

k

e for e € El - igl{ei}
f(e)= k
e)l'l for e=e, € iP':Il {ei} and 1 $i$ k.

Let C€ C, and I={i| CNS# § and 1$i¢k}. As shown in Step I,
CU (U S))is a circuit of M, and {C U (U S;) NE,=(CNE,) U ((.U;S))
N E,)=(CNE,) U (T {e]})=HC) is a circuit of M,. Since it is not hard
to see that £ (C) € C,~ for any C € C,, we have M =*M,. Thus the

theorem follows. .

Two matroids are called equivalent if their series-reduced
matroids are isomorphic. Thus a series-reduced matroid of M is

equivalent to M. The concept of equivalence of matroids corresponds

to 2-homeomorphism in graph theory.

Theorem 4.5 Let Mlz((_:_l,El) and L_@Z:('gz,ﬁz) be equivalent, and

letgl M&M&echssof&emionofmembersofgl and 92‘
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Then there is a 1-1 mapping g of _S_l onto §Q, such that )_l(l\_dl x S)=
}‘(L_Az x g(S)) for any S € §l'
Proof. By definition, series-reduced matroids of Ildl and M , are
isomorphic. Therefore it suffices to prove the thorem for a matroid
M=(C, E) and its series-reduced matroid MR:‘QR’ ER).
k

Let ER=E- igllsi- {QJ ). where S., 1$i &k, are the maximal
series sets of M and eié Si for 1$ i €k. We will show that if C1 and
Cz are distinct circuits of M, then le\ER and CZ('\ER are distinct in
Cq-
Theorem 4. 4.

We have shown C{\ € C_ for amy C ¢ C in the proof of
<R = P

Suppose Cl and C_ are mermbers of C and C, nER=Czﬂ ER

2

k k

QR. Then Cl{\(il:Jl Si):clf N (igl Si) by the defxmtx:n of series sets.

Therefore cl=cl(\ (EQ U (iglsi»:(clnlzk) U (C 0 ( U, S;)=(C,NER)
k k

U (Cz('\(ilgl Si”:CZ n(ER U (ilglsi)»:cz. Thus distinct members of C

correspond to distinct members of Q_R. Simrilarly, it is easy to show

that distinct members of S:-R correspand to distinct members of C.

Let §and_S_Rbetheclasses of all unions of members of C
and Cp, respectively. As shown above we can define a 1-1 mapping f
of S onto -S-R by

£(C)=CN\Eg for CEC, i '(C)=Cc v (} , Sy for C € Cp,

[ 4
ria

where I= {i lcnstd ana1gi <k}
Let S:g C, be any member of S. We define a mapping g of S
onto Sp by g(S):}gi(kag (anERka\ER € Sp. We show that g is a

1-1 and onto rapping. Let S.:}‘B C, and Sb=}f Cy be distinct members of
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k
of S, Ife€ (S‘-Sb) (\(igl S;), then e € S, for some i and e € g Cy»
et UCy. Thuswehavee€ EgN\(UC)ande ¢ ExN( Ucy). Ifee
K
(sa-sb)n(E- iglsi), then e€ Ep, e € UCy, and e* IyJ, cy. Hence e €
Eg ( UC,) and e§ Ep\ P Cy). Therefore g(S;)=5,\Eg and g(Sy)=
Sp\ Eg are distinct members of Sp, that is, g is a 1-1 mapping.

Now let T:IxJ C, € §R Since we can write Cx=C’L (\ER=f(C;‘ ),
where C} € C, T=Yf(C!), and hence, }‘IC":E'g'l(T). Thus g is an
onto mapping.

Now we prove the last part of the theorem. Let Sz}g C,€ 58S

Kk
and SA(U S)=U S, whereI={i| SNS; ¢ and 144 <k} By
Theorerms 2. 8(e) and 2. 12(c):
MM x g(S)= My x (EpN S)= UM Eg) x (EgN\S))
= JAUM x (E-(ER-S))) (ER(\ S))
= J1 (M x (E-(Ep -S)))
UM x (E-(Eli-s))) x (ile]I (S;- ‘AR

=AM x (S U (U, (5;- {e} M) - UM x (U(S;-{e}))
= JAM x S) - 0= JU(M xS),

since no circuit of M contains S;- {ei\ but not e. Thus the proof is

complete, l

The following theorem gives a relationship between 2-

separators and 3-connected minors of a matroid.

Theorem 4.6 Let S be a 2-separator of M=(C, E) and C € (C|S).

Let M, =(Cp, A) be a 3-connected minor of M. Thenif ACSor A CS,
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then M, is a minor of M x (S U C) or M x (S U C), and if e€ SM\A, then

A
there exists a minor M'=(C,A') of M x (S U C) such that L_&A?h;{', where
A'=(A- {e}) U {e'] and e' € SNcC.

Proof. I |A|=1, then the theorem is obviously true.

Suppose |A|32. By Theorems 2. 8(e) and 4. 2, without loss
of generality, we can write L_IIA=(M x B)*A, where |A ﬂ§\$ 1. For a
given L_AA, choose B to be minimal. Then M x B is connected. if
BNS =¢ , the theorem is true,

Let us assume BN S } Cb . Suppose M x B contains distinct
circuits C, and C, of M, such that (C,-C,)N\5 ¢ ¢ and (C,-C))NS + ¢.
We shall show a contradiction. Let C, D (A NS), where (A N\S) is null
or consists of a single element. Let &1={X (\A‘ X€Cx B} and I4Z=
fxna|xecximwns)vc)). Clearly, L DL,. Suppose YEL,.
Then there exists X € C x B such that Y=XNA. I X CB(S, then

IY‘ € ‘(B(\g)nA\ :\gﬂ Al € 1. Since M, is 3-connected, L, cannot
contain a member consisting of one element. Thus X(\S ¢ Q I XCS,
then X CBN\S, and hence, Y=XNA € L,. K X €(C|S), by Theorem 4.3
W=(XN\S) U (cl(\§) is a circuit of M, and W is a member of C x ((B ns)
U C,) since WC (BNS) U C,. Since C, D ANS, Y=XNA-WNA €L,

and hence, l—‘-l CL Thus we have L _=L_, and C, is the class of

=2 =27 =2r A

non-null minimal members of I_‘z This is contrary to B being minimal,
Therefore we can write M x B=M x (D U C'), where D\S = and C' €
(C\S) is a circuit of M, such that C'\S C D and C' 2 (SNA).

Let L s{C,NA|C € C x(DUCY and L,={c,NA'|C, €
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C = (DU (CNS)}, where A'C D U (CNS). Let C, and C, be the
classes of all the non-null minimal members of L, and L,.

Case 1. ANS =$. Set A'=A,
By Theorem 4.3 C N A=((C,(\S) U (C NS)N A € L, and C,( A=
“Czﬂ S)U (C'NSHN A € L,. HenceL =L,. Thus we have C,=C,=
Cp and M, =(C . A)=(C,, A)=(M x (D U (CN5))F-A=M,. Since M, isa
mizor of M x (S U C), the theorem is proved.

Case 2. An§={e}. Set A'=(A-{e}) U {e'}, where e'€ CNS,

We show that for every member of L. there corresponds a unique

1
moember of L,, and vice-versa. Lete€X=C /N A € L,. Then (X-{e})
viet=cna -{eh Uiel((C)- fehN(A- {eh) U e} =(C - {ehNn A
=C,NS) U (CASPNA' € L, since C;\ S SD. Suppose X=C, (A and
¥=C,MA are distinct members of L) containing e. Then (X- {§)U ey}

and (Y- {e} U {e'} are distinct members of L

L. fedX=CnNAEL,,

MCI € D, and hence, Cl(\A=ClﬂA' € L,.

Feé X, YE L), then
X and Y are clearly distinct in L,. The converse is likewise true.
Thus a mapping f of A onto A' defined by:
e" for e""'€ A - {ek
f‘.n) -

e! for e''=e
is a k-1 and onto mapping, such that C, is a circuit of My if and only
it ﬁCA) is a circuit of lld'z(gz,A'). Therefore MA T M'. Since M'=

MxiDU (CNS)))-A' is a minor of M x (S U C), the proof is complete.'
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4.4 DECOMPOSITION OF MATROIDS

In this section we shall deal with matroid decomposition .
Let M=(C, E) be a connected matroid. Suppose S and S are
complementary non-series separators of M. By Lemma 4. 4 there
exists a circuit C of M such that C € (C|S). Then the matroid M may
be decomposed into two minors of M called blocks, namely, M x {S U C)
and M x (§ U C). These minors are 2-connected, and they may have
complementary non-series separators. If this is the case, we
decompose the minors into finer minors. This process of decomposition
is repeated for up-dated blocks until we obtain a class of matroids
which have no pair of complementary non-series separators. The

decomposition described above is called circuit decomposition or,

simply, C-decomposition of M.

A binomial matroid M, is also called a 1-circuit matroid,

where n is a positive integer. Let both S and S be series separators
of M=(C, E). Since SU S contains a circuit C, such that CNSt § and
C(\g}:Cb, SUS=Eisa circuit of M. Thus, if M has both S and S as
series separators, then it is a l-circuit matroid.

A matroid is called semi-3-connected if its series-reduced

matroid is 3-connected. If M is 3-connected and has a series set,
then M is isomorphic to ,M, or ;M,. In either case, the series
reduced matroid is isomorphic to l¥ 1’ which is 3-connected.
Therefore every 3-connected matroid is also semi-3-connected.

However, the converse is not always true.
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Lemma 4.15 Let M=(C, E) be connected. Then a series-reduced

matroid of M is connected.

Proof, LetS;, 1 ¢i €k, be the maximal series sets of M and e, € Si

k
for 1€ i k. Let M=(Cp,Ep)=M-(E - U (S;- {e;})). It suffices to

show that for any distinct cells e, and e, of }\_&R, there is a circuit of

1
Mp containing those cells.

Since e; and e_ are cells of M, there is a circuit C of M

2
containing those cells, If C (\ER ¢ Q_R, there is a circuit C' of M,
k
1 1 ] -
such that C (\ER € gR and C (\ER ccC nER. IfC n(ilzjlsi)—ilejl Si,
where IC{i|1$i€k} , then igI{ei}g C'Ep and U {e} <C NE, .
Thus C'=(C'f\ER) u (il‘IJ si) C(C (\ER) U (itell S;) € C, which is

contrary to Axiom I, Therefore C ﬂER is a circuit of Cp containing
€ and e,. l

Lemma 4.16 Let M be a connected matroid. If the complement of

every non-series separator is a series separator, then M is semi-

3-connected.

Proof. If 'k(h_d) > 3, then M is obviously semi-3-connected. If both

S and S are series separators, then a series-reduced matroid is

isomorphic to 1 Ml’ and it follows that M is semi-3-connected.
Suppose there is no pair of complementary series separators

of M, Let MRz(g_R, ER) be a series-reduced matroid of M. By

Lemma 4.15, M, is connected. We assume ’)\(I\_JR)=Z. Then L_AR has a

R

pair of non-series separators SR and §R because there are no series
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sets of M. LetS;, 1¢i<k, be the maximal series sets of M and
e € S, for 1¢ i< k. We partition {1\ 1¢i$k} into two sets Il:{i\ei € SR\
and Iz-—-{i\ eié §R} . Then by Theorem 2,.13¢
E(M;Sg, Sp)=2= Mg+ Sg) - (Mg x Sg) + 1

= - JA(Mg) + (M. Sp) + JA(MpeSp) + 1

= - JAME) + M((Mp<Eg )Sp) + U((M-Eg )-Sp) + 1

= < JMMEL) + M(M=Sp) + J(M-Sp) + 1.

However, I\_A-ER, h_d-S and M-SR are series-reduced matroids of M,

R’
I\_4.(SR U (igll Si)), and M'(ER 8) (iglz S;)), respectively. By Theorem 4.5,
2= - JAM) + UM (Sp U (Y S + JMM-(S U ( Gy, SN +1
=} (M:Sp U (&1, 5,55 U ;¢1, 5
and also min( ‘SR U (igl
32. Therefore Sy U (U 1, S;) and Sg U (Y 1 S;) are a pair of non-

) spl. lgR Y (ilélz $;\ ) » min( |Sg] \ER\)

series separators of M. Since this is contrary to the hypothesis

X(I\_LR)=3 and Mis a semi-3-connected matroid. l

A C-decomposition of M finally yields a set of
non-decomposable matroids which are semi-3-connected, according to
Lemma 4.16. These semi-3-connected matroids are referred to as

minimal blocks of M, and their series-reduced matroids are 3-connected

and called atoms of M.
So far we have considered C-decomposition of connected
matroids. However, this restriction is easily removed, and we can

extend our decomposition to separable matroids. If a matroid M is
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separable, we define the C-decomposition of M as the C-decomposition

of each connected component of M. According to Lemma 4. 16, the
C-decomposition of each connected component of M decomposes M into
minimal blocks. Thus we can state the following theorem for general

matroids.,

Theorem 4.7 Let M be a matroid. Then a C-decomposition of M

vields a complete set of minimal blocks, which are semi-3-connected.

No minimal blocks and hence, no atoms of M are 1-circuit
matroids unless some connected component of M is a l-circuit matroid.

If a 3-connected matroid M contains series cells, then M =
z"_‘z or 33_13, each of which is a 1-circuit matroid. We define the
minimal block of a 1-circuit matroid M=(C, E) by M itself, Nevertheless,
the series-reduced matroids of the minimal blocks of l-circuit matroids
are isomorphic to M,. We define their atoms by M for 1 ¢ E| &3
and by M_ for 4< |\E|l. We make this exceptional definition of atoms
of 1-circuil matroids for the sake of consistency in the following
discussion,

A minor LAA:((_:A, A) of a matroid M is called a maximal

3-connected minor (max. 3-conn. minor) if L_dA is 3-connected and there

is no 3-connected minor whose cell set properly contains A,
The minimal blocks and atoms obtained by a C-decomposition
are not unique. However, we are able to characterize minimal blocks

and atoms in terms of max. 3-conn. minors of M.
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Lemma 4.17 In a C-decomposition of a matroid, atoms are max.

3-conn. minors of minimal blocks, and max. 3-conn. minors of
minimal blocks are isomorphic to atoms.
Proof. For l-circuit and 3-connected matroids the theorem is trivially
true,

We consider a matroid of connectivity two which is not 1-
circuit matroid. Let M=(C, E) be minimal block and L‘(A:«—:A" A) be
a series-reduced matroid of M. By Lemma 4.16, M is connected and

MA is 3-connected. If L_'{A is not maximal, then there exists a max.

3-conn, minor M, ,=(C , ,A"), such that ACTA'. Lete, €A’ - A,

AY

Since MA is a series-reduced matroid of M, there exists a cell e, of

M, such that e, and e, are in series in M. Accordingly, e, and e

2 2

are series cells of MA" Therefore M | is not 3-connected ard, hence,

A\
M, is a max. 3-conn. minor of M,
A Let My =(C g, B) be 2 max. 3-conn. minor of a minimal block
Let M =(C 5, B) be 2 max. 3-conn. minor of a minimal block
M=(C, E). Since M‘B is 3-connected, it has no series cells of M. Thus
is a minor of a series-reduced matroid M" of M. However, M’ is

Mp

isomorphic to an atom MA of M by Theorem 4.4, and hence M' is

is a max. 3-conn. minor of M by Lemma 4.13 and by the first part of

this proof. Accordingly, we have LAB:LI‘EL(A..

Lemma 4.18 In the C-decomposition of a matroid M, every atom is

a max. 3-conn. minor of M,

Proof. Since the lemma is obviously true for 1l-circuit and 3-connected
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matroids, it suffices to prove the lemma for a matroid of connectivity
two. Let M=(C, E) be a block and S,-S-be its non-series separators,

and let C € (C_J_\S). Since atoms are max. 3-conn. minors of minimal
blocks by Lemma 4.17, we have only to show that max. 3-conn. minors
of blocks M x (S U C) and M x (§ U C) are also max. 3-conn. minors of
M.

Without loss of generality , let L_:_{lz(gl, El) be a max. 3-conn.
minor of a block M x (S U C). Suppose Ml is not a max. 3-conn. minor
of M. Then, by definition, there exists a max. 3-conn. minor l\_lz=(gz,
Ey) of M, suchthat E, CE,. KE (\SCE,NS=¢, thenM isa
3-connected minor of M x (S U C) by Theorem 4.6. This is contrary
to the hypothesis, and therefore I\_fil is a max. 3-conn. minor of !‘_(.

Now suppose El NS - {els } {ez'& € EZ(\ S. By Theorem 4.6
we can find a minor I\_/I3=(§_3, E3) of M x (S U C) such that @3 and
E;=(Ep-{e,}) U fe}. However, E/\S=Ej(\S=f} , E\NS CE,NS =
E,3r\S and hence, El C'EZ' This contradicts the hypothesis.

Therefore Ml is a max. 3-conn. minor of M. The lemma follows by

induction. '
The following lemma is the converse of Lemma 4. 18:

Lemma 4.19 Every max. 3-conn. minor of a matroid is isomorphic

to an atom.,
Proof. Since a max. 3-conn. minor of a separable matroid is a max.

3-conn. minor of some connected component, we may assume, without
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loss of gemerality, that a matroid is connected.

K a matroid is 3-connected or a l-circuit matroid, the lemma
is obvriocusly true as shown previocusly.

Suppose matroid M=(C, E) has a pair of non-series
separators S and S. Let C € (C|S) be a circuit of M, and M,=(C ,E))
be a max. 3-conn. minor of M. We shall show I\_dl is isomorphic to
z max. 3-conn. minor of either M x (S U C) or M x(S U C).

By Theorem 4.6, M is isomorphic to a 3-connected minor

1
M,=(C . E,) of, say, Mg=M x (S U C), for which E N S.=E2(\S and
lE,nS1= |E,AS|<1. KENS=E,NS, then M =M,. I M, is not

a max. 3-conn. minor of li_ds, then there exists a max. 3-conn, minor
3_63:(93, 83) of IL‘S so that E33 Ez = El' Since h_d3 is also a minor of M
by Theorem 2.9, h_dl is not a max. 3-conn. minor of M. This
contradicts the hypothesis.

Now suppose El Nns = {e} ¢ {e'} =E3(\§. From Theorem 4.6
we can find a minor _'=(§_'3,E'3) of M, such that M' is isomorphic to
M, and E”s =(Ey- fehvu {¢} . However, . (E3 -{eh U {e} D(E, -

{e"}) U{e}:ﬁl, which is a contradiction, M, being maximal. Thus M

1 2

is 2a max. 3-conn. minor of M x (S U C). By induction and Lemma 4.17,

Lll is isomorphic to an atou\..
From Lemmas 4.18 and 4. 19 we deduce

Theorem 4.8 Let M be a matroid. Then every atom is a max. 3-conn.

minor of M and every max. 3-conn. minor of M is isomorphic to an atom.
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Since maximal 3-connected minors are independent of a
particular C-decomposition, a complete set of atoms is uniquely
characterized by any C-decomposition. By this decomposition some
important characteristics of the original matroid are preserved in the
complete set of atoms. In the next section we will show that a graph-
realizability condition of matroids can be forrmulated in terms of atoms.

Some invariants of a matroid are also calculated from the
invariants of atoms. The following theorem shows a simple relationship

between the nullities of a matroid and its atoms.

Theorem 4.9 Let M be a matroid, andleth_ll.g,...,hilnbe a

2
complete set of atoms of M. Then

JOH=32 0L - o
Proof. Let M'=(C', E') be a block of M at some stage of the decomposition
process. Suppose M" has complementary non-series separator S and
S. LetC €(C'|S). Then
JAQL x (S U C)= AL xS) + 1
JM x (5 U C)= s’ xS) + 1.
By Theorem 2.13:
)= EOLUS, ) + QN x S) + UOM" x S) - L
S24JAME x(SUCH - 1+ UM’ x(SUCH -1 -1
=AM x (ST CH + Y x(SUCH - 1.
Thus one step of decomposition increases the total mullity by one.
Since the number of decomposition steps is equal to the mumber of atoms,

a C-decomposition of M increases the total mullity by n..




&3

Lastly, we show that every max. 3-conn. minor of a mmatraid

can be an atom of a C-decomposition.

Theorem 4. 10 Let M be a matroid. For any given max. 3-comn.

minor I\_do of M, there exists a C-decomposition of M of which My, is
an atom,
Proof. We prove the theorem for a connected matroid. I a matraoid
is separable, the same argument may be applied for each of it commected
components.

Let M0=((_30, Eo). Suppose S,§ are non-series separators af
M. By Theorem 4.2, [E (1 S|¢1, without loss of generality. BE NS
=¢ , then M, is a minor of M x (S U C) by Theorem4. 6, where C €
(g_IS). Suppose EO(\-S-z {e}. Since M is connected, there always exists
a circuit C of M, such that e €C and C € (C|S). By Theorem 4.4 M,
is a minor of M x (S U C). Thus at each stage of the decormpositiom
process we choose a circuit C so that MO is a minor of a block
Mx(SUC)or Mx (§ U C). Repeating this choice, we end up wiith
a minimal block, M'=(C', E'), of which L_/Io is a minor.

Let Si’ 1< i{ k, be the maximal series set of M'. Simce
l\_/Io is 3-connected, Si(\Eo is null or consists of a single elernent,
Suppose S; NE = {e;} for 1¢i¢ j<kand S;NE = § for j+1< ik
Choose any element e, € S, for j+1¢ i (k. Then M, =(C ,,A)=MeA is
an atom, where A=E"i§1(si' {ei}). Since A DEj, M, is not » max.

3-conn. minor of M', which contradicts the hypothesis. Thus k.




k k
Similarly, we can show AN\(E' - iglsi) =EjN(E' - ingi), and hence,

A=E,. Therefore, M,=M, and the proof is complete, ‘

0 A
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4.5 GRAPHIC AND COGRAPHIC MATROIDS

This section is devoted to structural characterization of
matroids in terms of atoms. We shall show that characteristics of
graph-realizability and of being binary or regular are determined by

corresponding properties of atoms.

We introduced series sets of matroids in Section 3.3. The
dual concept of a series set is a parallel set. Let M=(C,FE) be a
matroid. Two cells, e, and €5 of M are referred to as being in

parallel if {el, ez} is a circuit of M.

Lemma 4.20 Let M=(C,E) be a connected matroid and M*=(C ¥, E)

be its dual. Then two cells, e  and e,, are in series in M if and only

1

if ¢; and e, are in parallel in M¥,

2

Proof, Lete, and eZ be in series in M. Neither iel} nor {ez\ can be

1
a circuit of M¥, because if {e l} is a circuit of M*, the intersection of
\el" and any circuit of M containing e | has one cell in common, which
contradicts the definition of a dual matroid. If C contains e 1’ then
ezé C and ‘C (\{el, ez\\ =2. Thus iel, ez} is orthogonal to every
member of M and is minimal. Therefore {el, eZ} is a circuit of M¥,

Similarly we can show the converse of the statement, and

hence the theorem follows. .

Let M=(C,E) be a matroid. A subset S of E is called a
parallel set of M if Is| 22 and any two members of S are in parallel.

A parallel set S is maximal if no parallel set properly contains S,
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The following lemma is obvious,

Lemma 4.21 Let M be a matroid and M#* its dual. Then S is a

maximal series set of M if and only if S is a maximal parallel set of M*,

Let Si’ 1 i<k, be the maximal parallel sets of M=(C, E),

k
=(Cps Eg)M x (E- U (S;- (CA)

and lete € S_for 14 i&k., Then M ,
1 1 - “R

R

is called a parallel-reduced matroid of M. The following lemma shows

this matroid to be the dual of a series-reduced matroid of M¥*,

Lemma 4.22 Let M=(C, E) be a matroid and M*=(C %, E) be its dual.

Then M‘R is a series-reduced matroid of M if and only if its.dual, M§,
is a parallel-reduced matroid of M*,

Proof. Let Si’ 1{ i {k, be the maximal series sets of M and e, & Si
for 1<i {k. }\_J.R=L_4-ER is a series-reduced matroid of M. By

Theorem 2. 8(a) and Lemma 4, 21, M§=M* x E_ is a parallel-reduced

R
matroid of I\_&..

From Lemma 4. 22, every previous theorem on series-
reduced matroids also holds for parallel-reduced matroids by simply
replacing the matroid-theoretic terminology by its dual terminology.

Thus Theorem 4.12 is obtained from Theorem 4,4 and Lemma 4. 22,

Theorem 4.12 Two parallel-reduced matroids of a matroid are

isomorphic.

Lemma 4.23 Let L_Al=(gl, El) and Mzz(gz, Ez) be equivalent. Then
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M_ is binary if and only if M

1 is binary.

2
Proof. Let M=(C, E) be a matroid and MR=(QR, ER) be its series-
reduced matroid. Then it suffices to show that M is binary if and only
if h_:iR is binary.

If M is binary, then M, is binary by Theorem 2. 19(b).

R
Suppose l\_riR is binary. We shall show that M is also binary. Let Si’
1 {i{ k, be the maximal series sets of M, and I\_/IR=1\_40ER where Ep=

k
E- U{S;- ’lei} ) and ¢; € S, for 1¢i¢k. By Lemma 4. 21, S, 18i€kK,

are the maximal parallel sets of the dual matroid M*=(C *, E). Suppose
C € C and C* € C*, Our aim is to show |C NC*| is even. I |C'nsS;\
2 2 for some i, then by Lemma 4, 20 C* consists of two members of
S,» and |C AC*x| =0 or 2 according as s;NC = cb or S, CC, respectively.
Now suppose \C*(\Si\ €1 for everyi, 1€idk, If Cf\(ilél {ei& )= 4)
or C* ﬂ(i§l Si)= (b , then it is not hard to show |C nC*\ is even,
We consider the remaining case, Let C ﬂ(igl e; )=iel, ceer€ b€y
...,ep, ep+l"' .,eq} and C*ﬂ(i{:JlSi):{el, cees€y, e'r+l’ .o .,eI',. ea+l,
...,ey}, where el €5,- iei} forr+1$if{pandel € S,forq+1¢i
¢s. Cp=C- i?:xl(si- fe;}) € Cp and by Lemma 4.22 C =(C*-(i§r+l{ei})
v (i§q+1{ei'})) Ul v (Bgnldre S
Then:
lcncH =|lcnexneg| + |i§r+1{e{}|
=lcgnNEexnEy)| +p -
=[crN (C§ - (i§r+l{ei} yu (ils-J:q+1{°i} M o+p-r

=[cgn k] - ‘i=r+1{ei}\ tp-r
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:IiCR ('tCﬁl = even.
Accordinglly, the proof is complete. ‘

Lemcena 4.24 Let M=(C, E) be a matroid and S a 2-separator of M,
EC,.,.C, €(C\S), thea M x (SU C;) and M x (SU C,) are equivalent,
Proot., Frow Lernma 4.6, Clﬂg and Czﬂ§ are series sets of
Mx@BSU Cn)\ and M x (S U Cz), respectively, By Theorem 4,3, every
circwit of M x (S U Ch) which contains le\§ corresponds to a circuit
of M x (S U Cp). which contains C, NS, and vice-versa. Thus the

leonrma E@Iﬂl@\us..

We will give ar equivalent binary condition for matroids,

whiich will be wseful in the following discussion.

Leproa 4,25 A matroid M=(C, E) is binary if and only if for any

ciircuits €y, C, € €. C; @ C; is a union of disjoint circuits of M.
Procf. The nmecessary condition immediately follows from Theorem 2. 20.
I proving the sufficient condition, let B be a base of M and
C € C. We show that if CNVB ={e,e;,...,¢}, then
C= CHQ CZ® ...QCk,
where C, is the fundamental circuit determined by B and e. The proof
follows by imduction onx k.
Let C be a circuit of M such that |C(\B|=2. Suppose CNB
= {QR" sz By bypothesis, C @Cl contains a circuit of M which contains

¢, and otiherwise ouly elements of B. Then, by definition, C ® C,=C,




89

and hence, C=C, ® (C @Cl)--CIQ C,.

Suppose the above proposition is true for { k - 1. Let
C €C and CN\B={e ,e,.....e}. ByAxioml, there exists ¢, €
C,NB - C, and B'=(B - {e,} ) U {e}} is a base of M by Theorem 2.5
and Lemma 4.3, Let Ci, 1€ i {k, be the fundamental circuits
determined by B' and el, ez, ooy ek—l' ei'(. CN(E-B")= {el, €y ey ek-l}'
Therefore, by the induction hypothesis, C=C}®C;®... &c] ,.
Since iC;(\g‘ $ 2 for 1¢i k-1, as shown above, C! is a fundamental
circuit or is the symmetric difference of two fundamental circuits
determined by B and elements of B. Thus C can be expressed as a
symmetric difference of Ci, 1€ i{ k, and it must contain an odd
number of C;'s for each i; otherwise e, 4 C, which contradicts the
hypothesis. If Ci appears more than once in the expression, then
we can deduce the symmetric difference of C;'s to C. since C, ®c.- § .

Consequently, C=C, ® CZG .o QCk. and the lemma follows.l

A C-decomposition of a binary matroid yields a complete

set of binary atoms. The converse of this statement is also true,

Theorem 4.13 A matroid is binary if and only if a complete set of

atoms is binary.
Proof. The necessary part follows from Theorem 2. 19(b).
We shall prove tke sufficient part of the theorem. Suppose

all the atoms of a C-decomposition are binary. By Lemma 4.23 all

the minimal blocks are binary. j.et M=(C, E) be a matroid and S, S
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its non-series separators. Suppose C € (C|S), and blocks M x (S U C)
and M x (§ U C) of M are binary matroids. We show that M will
satisfy Lemma 4, 25, and hence it is also binary, If Cl’ C2 € C and
C,NCy=¢ , then C @ C, consists of the disjoint circuits C, and C,.
Suppose C,NC, +¢, C, € C xS, and C, € (C|S). By
Lemmas 4,23 and 4.24, Mx(SU Cz) is binary, and hence Cl ® Cz is
a union of the disjoint circuits of M.
Now suppose C, N C, +¢ and C,.C, € (C\S). By Lemmas
4.23 and 4.24, M x (SU C,) and M x (S U C,) are binary. Let X=(C;\S)
U (C,(\5) and Y=(C,\S) U (C;N\S). X and Y are circuits of M by
Theorem 4.3, Since X and Y are circuits of M x (S U CZ) and
M x (S U C,), respectively. X @C,=(C; @C,)N\S and Y ®C,=(C, @ C))
N'S are unions of disjoint circuits of I\_@. Therefore Cl @Cz is a union
of disjoint circuits of M. Accordingly, M is binary and, by induction,

the theorem follows. .

We denote the Fano and heptahedron matroids by M. and

MH’ respectively,

Lemma 4.26 ) (Mp)= A\ (Mp)=3.

Proof. Let M_=(C_,E), where E={e ,e,,...,e.} and c={{e, ep 5
e terepepeds epeneneds frrepes et fpepep el
fear e 26 o7} {o3 04 o6 °7}}'

Let s={el, e €5 e7\, and S = E-S. By Theorem 2. 13,

T(M L3S, 5) = ML) - JAM L xS) - u(Mp x S) + 1
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=3-1-0+1=3,
and min( |S|, |S| )=3. Thus (M) ¢ 3. If S =2, then M xS

contains no circuits and M_ x S contains only one circuit of Ig_IF

F

Therefore we have
}(MF;S,§)= 3.0-1+1=23,

and min( \S‘, Ig‘ )=2. Hence I_\_IIF does not satisfy the finite connectivity

condition, that is, -)\(h_/_IF)Q:Z. Since I\_/[F is connected, 2 £ )\(I\_d F)

and hence, )\(MF)=3‘

The connectivity of I\_/IH is obtained by Theorem 2. 14.

A= A= AMp)=3. [l

In the next theorem a complete set of atoms characterizes

the regular property of a matroid,

Theorem 4.14 A matroid is regular if and only if a complete set

of atoms is regular.
Proof. Since every minor of a regular matroid is regular, all the
atoms are regular,

If the original matroid, M, is not regular, then by definition
M is not binary, or M is binary and contains M or MH as a minor,

If M is not binary, at least one atom is not binary by
Theorem 4. 13, and the theorem follows,

Suppose M is binary and contains Mp. or My, as a minor of

M. Since M_ and MH are 3-connected by Lemma 4,26, one of the

F

max. 3-conn. minors which contains My or l\_'iH as a minor is isomorphic
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to an atom LAA by Lemma 4.19. Thus there exists at least one atom

M A which is not regular and hence the theorem follows. ‘

Lemma 4.27  ARK)= AB(Kg)= A(B(K; ;)= A B(K; 3))=3.

Theorem 4. 15 A matroid M is graphic if and only if a complete set

of atoms is graphic, and M is cographic if and only if a complete set
of atoms is cographic.
Proof. Since the proof of the second part of the theorem is similar to
that of the first part, we need only prove the first part of the theorem.
The necessary condition is obvious. Suppose M is not
graphic. By Theorem 2.22, M is not regular or M contains E(Ks) or
I—)(KIS, 3). If M is not regular, then some atom is not regular by
Theorem 4. 14, and hence, the theorem follows. If M contains E(KS)
or _13(1(3. 3) as a minor, then, by Lemmas 4.19 and 4. 27, there exists
an atom M whose minor is isomorphic to P (KS) or 2(K3’ 3). Since

B(KS) and _l_’(l(3. 3) are not graphic, M

A is not graphic. The theorem

follows, .

As an immediate consequence of Theorem 4.15, we have

the following theorem on planar matroids.

Theorem 4. 16 A matroid is planar if and only if a complete set of

atoms is planar,

There is no distinction among isomorphic matroids in their

structures. Therefore a complete set of atoms may be classified into
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isomorphism classes. Let A consist of the isomorphism classes
of atoms of M. Then graph realizability of M is completely determined
by the graph-realizability of representatives of the isomorphism classes

in A.

Example 4.1 Let us consider the polygon matroid of the graph G in

Fig.4.1. Our C-decomposition process is performed as follows:

/

s;={1.2,5.6,11,12,13} ;= {2,3,4,5}

B,

\

PG S2C

B(G,2)

P(Gy))

\ /

B(Gy) 53 C;

/

B(G22)

s,= {11,12,13} C,=15.6,11,12}

S,= 12,3, 4,5} C,y= 3.4, 7,10}

The resulting minimal blocks are P_(Gu), _P(Glz), —P(GZI)’ and g(Gzz)

(see Fig.4.3). A complete set of atorns is shown in Fig. 4. 4 and its

isomorphism classes in Fig.4.5.



7 Ve
1 3
10 8
2
11 6 4
5
-0
12 ?
13

Figure 4.1 Graph G of Example 4.1
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Figure 4.2 Graphs of Example 4.1
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Figure 4.3 Minimal Blocks of G

13] 12 5
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Figure 4.4 Atoms of G




Representative of él

Figure 4.5

©

Representative of _Az

é ={él' éz}
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CHAPTER 5 SPLIT DECOMPOSITIONS AND THEIR APPLICATION

5.1 P-DECOMPOSITION

C-decomposition discussed in the previous chapter yields
two blocks at each step of the decomposition process. However, in
defining so-called ''split decomposition', we can maximize the number
of blocks produced at each decomposition step. In this chapter two
kinds of split decompositions, which are dual to each other, will be
introduced with an application to planar n-port networks.

Let M=(C, E) be a connected matroid, where \E| 2 3. We
partition E into non-null subsets Si’ 1£ i¢ k, where k2 2. Then the
sets S;, 1{ i<k, are called P-sets of M if they satisfy the following
conditions:

(i) S, is a 2-separator of M if Is) > 2
(ii) % r(M x Si)=r(1\_ll) +k-1

1

(iii) Si's are minimal with respect to conditions (i) and (ii).

Lemma 5.1 Let M=(C, E) be connected and Si’ 1€$i £k, be P-sets of
M. Then ‘g(lx_a;si,Ei) =2 for every i, 1 i¢ k.
Proof. If [S;|=2, then by definition S; is a 2-separator of M and
hence the lemma follows.
Suppose |S;|=1. Since M is connected and has no circuit
consisting of a single cell, we have S(M;Si’gi) 22 and ©(M x S;)=1.
2< §(MiS;,5))= - (M) + r(M x S;) + 2(M x §) + 1

=-r(M) +r(Mx5)+2¢<2
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Thus, §(M:S;,S;)=2. |

Lemma 5.2 LetS,, 1{i{k, be P-sets of M. If {II,IZX is a partition
of I, where I),I, & and I Ip={i | 1< i<k}, then
S. M S.)=r(M U._S. .
r(M *ier, Ut Al (M x Fp5) + !
Proof. Casel. |I;|=1.

Let I,={j} and I,=I-1;. Set S=,U; S; and T= .U ~5;. By Theorem 2.12

Iz
and Lemma 5.1,
r(M x S;) + 7(M x T)=r(M x S;) + r(M x (Ejnsn
$r(M xS + x(M x§j) +r(MxS)-r(Mx (§j U s))
=r(M x 5,) + r(M x §J.) + (M x S) - r(M)
= S‘M;sj'gj’ -1+r(MxS)
=r(M xS) + 1.
Now suppose r(M x Sj) + r(M x T)=r(M x S) for some I and j. Then by
Theorem 2. 12(d) and the above result we have:
r(M)=r(M xS) + r(M xS) + 1 - TS, S)
>r(MxS)+r(MxS) -1
=r(M x S;) + *(M x T) + r(MxS) -1
2r(MxS) + %Izr(h_a x8;) - (|,] - 1+ 1241'10-11'@ x S;)
- (J1-1}- 1 -1
K
=21r(M x5 - (k -2)
1=
=r(M) +k -1 - (k - 2)=r(M) + 1.

This is a contradiction, and the lemma is true for lll\ =1.

Case 2, ‘Il‘ 2 2,
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A proof is obtained by simply applying the result of Case 1.

rMx Uy S)+rMx U S
=i{:ilr(M xS) - (|4 - D+ iezizr(ls_ll xS - (|L] -1

=2 rMxs)) -|1{+2
=r(M x (U, S;)) +i1) -1 -1l + 2
=r(M x iglsi) + 1.

Since this is the required result, the proof is complete. ‘

In Lemma 5.2, if we choose I=I; and iit(J-Il Si\ '\iglz Si\> 2,

then U S; and U_ S, are 2-separators of M.
i€ i€ 1 -

I 2
Lemma 5.3 LetS;, 1€i £k, be P-sets of M. Then there is no
circuit of M which has a non-null intersection with more than two Si's.
Proof. Suppose there exists a circuit C of M which has a non-null
intersection with Si, Sj’ and E-Si u Sj' where i % j.
Set S=E- (S; U S;), §.=5; U (SNC), and T=5; U S;. I is| =1,

then M x T=M x E=M is connected. If \S| 22, then, by Lemma 5.2,
S; U Sj and S are 2-separators of M and hence, M x (S; U Sj U C)=
M x T is connected by Lemma 4. 7. Using Theorems 2. 12(d), 2.13,
and Lemma 5.1, we deduce
2 ¢ E(MX T;S; S})= UM x T) - J4(M x ;) - UM x 5}) + 1

=AM x T) - (M xS;) - UM x (TNS;) + 1

UM x T) - UM xS;) - (UM x T) + M x §))

- )‘(I\_Ax(TUgi)ﬂ +1

= - MM xS;) - (M x 5;) + (M) + 1
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= TS, §p)=2.
Therefore, 3 M x T;S,, s; )=2. By Lemma 4.5
JAM x(S; U Sj))=},l(l~_4 x(S5; U Sj UuaQ))-1

:}A(M x T;Si,SS) +JAM x S;) +JA(M x Sj) -2

=AM x S;) + UM x (S; U (sNcy

=JAM x S;) + JAM x sj).
since gj N\C is a series set of M x (Sj U C) and properly contains SNC,
However, this contradicts Lemma 5.2. Consequently, C ¢ C x (Si u Sj),

and the proof is complete. ‘

Lemma 5.4 Let Si, 14i{k, be P-sets of M. Then M x (S; U Sj)

is connected for any i and j, i # j.

Proof. Suppose the lemma fails. Then there exist two distinct cells

e and e', such that no circuit of M x (Si U Sj) contains these cells,

If e and e' belong to different sets, say, e € S; and e' & Sj’ then, by
definition, there is a circuit C of M containing e and e', and C_C_Si U Sj
by Lemma 5.3. Therefore, e and e' belong to the same set, say e, e’
S;- Let C and C' be circuits of M x (5; U Sj), such that e € C, e' €C!,
and CNC' ¢ ¢ . Such circuits always exist. For example, pick any
€; € Sj, and let C and C' be circuits containing e, ej and e', ej,
respectively. Choose C and C' so that C U C' is minimal, consistent
with the above condition, Let ey, € C N\ C'. By Axiom II we can find
circuits C; and C;) of M sothate € C) CCUC' - {egyand erccy C

CUC' -je,}. By the minimality of CU C', G\ Cy= & and by




anl
Axiom I C NC! *ép , (C' - C)NC tt\:. Then CUC, L CT LT
0 0 0
- C0)=C uc-(C- C)(\C0 C CUC'., However, this is costraTy 1©
the minimality of C U C'. Therefore, there always exists a circoit of
M=x (S, U Sj) containing any two elements of 5; U Sj‘ Thos M x{5; U SJ)

is connected. .

Lemma 5.5 Let M=(C, E) be connected and Si’ 1€i€ ¥k, be P-sets of
M. If C. € (C|S;), then M;=M x (§; U C;) is connected.
Proof. If |Si\ =1, then M;=M x (5; U C;)=-M x C, is a oompersed TEtTaid
consisting of only one circuit C;.

For |S;|22, S, is a 2-separator of M and the lemma inllows

from Lemma 4. 7. .

For given P-sets of M, M.'s are uniquely obtained wititn
equivalence. We define matroids I\_Ai(ea) by replacing the seTies set

C ﬂgi of M x (Si U Ci) by a new symbol, e;, called a Supplemetary

cell of Mi(ea). More specifically, the cell set of l_di(e‘) is S:.l U{e&
and the circuits (_Ii(ea) are the union of C x Si and ‘}_(C NS;) Uie;% \
c € (C \Si)}. Matroids I\_di(ea), 1£i¢ k, are referred to as P-blocks
of M.,

The following lemma is an immediate conseguence of

Lemma 5.5,
Lemma 5,6 P-blocks of a matroid are connected.

In the following discussion we shall use the following ntationml
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convention: Let I\_rIi=(C_i, Ei)’ 1$i 4k, be matroids and Ei ('\Ej ={e}

for every pair of i and j, i ¥ j. We denote

K
BEi=c18 828 A8y

k
i u
=(U,(C; x (B5 -{e} U Creacia S45)

where C;.=4C; U C; - {6} € € (g [{e}), €5 €(g;| b)Y

Theorem 5.1 Let M=(C, E) be connected, and l\_/Ii(ea) =
k
(Cyleg),S; U{e ), 1€i<k, be its P-blocks. Then E= U S; and

c- A

- i=1 Ei(ea).

k k

- . ~ . . = A .
Proof. It is obvious that E iLleSl' We will prove C i C_ll(ea).
Let C be a circuit of M. I C € C,(ea) xS; for some i, then

k
c¢€ iA=1 C;(e,). Suppose C (\Si t (_‘) and C (\Sj S (t) for some i and j,
i¢j. By Lemma 5.3 CCS; US;andC;=(CNS;) U fedeic e | {ed)
and C;=(CNSy) U {e) € (Cjley) | fes} ). Therefore, C=(CO\S;) U (CNS;)
k
=C; U Cj - 1€ €55 & 2 Cyley)
k

Now let C € f'::l (_Ii(ea). IfCée C_Ii(ea) x Si, then clearly C
is a circuit of M x S; and hence of M. Let C & gij and ‘Si‘ , lsj\;z.
Then there exist (eaé ) Ci € C;(ey;) and (ea €) Cj [4 gj(ea), such
that C=Ci U Cj - {ea} . By definition, for some Ci € (C \Si) and Cj &
((_J_ISj), Ci - {ea\ =Ci' f\Si and Cj - {ea‘s =Cj nSj. We can choose Ci' and
Cj so that ci‘nsj #qD and CJ!ﬂSi #4) . Suppose this is impossible, and,
say, Cl'ﬂ Si=(3i - {ea\ implies C} f\Sj =¢ . Since M is connected, we
can find C' & C such that C'(\Si t(} and C'N Sj ¥ 4) . Choose C{ and

C' so that (Ci U C')(\Si is minimal consistent with this condition.
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By Lemma 4.9, (Ci U CY) f\Si contains a circuit C'" of M. Lete €
C"ﬂ(C'-Ci') and ej & C'(\Sj. There exists, by Axiom II, a circuit C'"
of M, suchthate, € C"C CMUC' - fe}. Thenc''ns, ¢ $. e, €
C"‘nSj ¢ , and (Ci U c)f) Si Q(C; U C')(\Si - ie\. This contradicts
the minimality of (C! U C')f\Si. Consequently, there exists C! satisfying
v ]

ciNs, t¢ . By Lemma 5.3, Cl, C} € C x (5; U'S,) and hence,
C=C, U C; - {ea\ =(C{NS) U (Cj nsj) is a circuit of M x (S; U sj) by
Theorem 4. 3.

For |Sil =1 or \Sj\ =1 we assume, without loss of generality,
‘Si| =1. In this case C; nSi consists of a single element, say e.
Since C; (\Sj is not a circuit of M x (S; U Sj), e € Cj. Thus C5=(Cj nsj)
U (CNS)=(C; - fea}) Uded=(C; - e P U (G - e} )= C

is a circuit of M x (Si U Sj). Accordingly, the proof is complete. ‘

Theorem 5.1 represents a unique reconstruction of M from
its P-blocks. The process generating P-blocks from M is called a
P-split of M, and we write M= i§l h_di(ea). Since P-blocks are connected
by Lemma 5.6, repeated P-splits of P-blocks yield a collection of
unsplittable P-blocks called P-atoms. Successive P-splits define the

P-decomposition of M. This decomposition is a general case of C-

decomposition, where at each P-split we choose k=2 and Sl, S2 to be
complementary non-series separators.

We comment on P-atoms and atoms of C-decomposition.
As we have seen in Example 4.1, ;M , can be an atom of

C-decomposition. However, P-decomposition never yields this matroid
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as a P-atom. P-atoms generally consist of matroids 3M3, ZMZ’

and matroids isomorphic to max. 3-conn. minors of the original matroid.

Theorem 5.2 Let M be connected. Every P-atom of M is isomorphic

to 3)_§3 . 2‘-“2' or a max. 3-conn. minor of M,

Every max. 3-conn. minor of M which is not ;M, is
isomorphic to a P-atom.
Proof. K M is a P-atom, by definition there is no P-split of M, and
therefore, M is 3-comnnected.

Let M=(C, E) be a P-block and Si' 14i<k, be P-sets of M,
The P-blocks of M are denoted by M. (e,)=(C (e,),S; U fe }), 18 itk
I M.(e,) is a l-circuit matroid, then clearly its P-atoms are isomorphic
to ;Mj or Z¥ 2 Suppose M.(e,) is not a 1-circuit matroid. Then
|S;| # 2 and S; is a 2-separator of M by the definition of P-sets. Let
C, € (Q‘Si). As shown in the proof of Lemma 4.18, a max. 3-conn.
minor of M x (S].l L&) Ci) is also a max. 3-conn. minor of M. Since Mi(ea)
is obtained from M x (S, U C,) by replacing gi F\C; by supplementary cell
e, every max. 3-conn. minor of Iili(ea) is isomorphic to a max. 3-conn.
minor of M. By induction, the first part of the theorem follows.

In proving the second part of the theorem let M=(C, E) be
a P-block, and M.(e,), 1£{ i{k, be given as above. Suppose M'=(C', E')
is a max. 3-conn. minor of M and M’ ¥ 3h_§ 2° Since the theorem is
trivial for |E'| 3, we assume \E'l 24. By Theorem 4.2, there exists

a 2-separator Si of M, such that \gin!:'\ 41, and M!' is isomorphic to
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a minor of a P-block M;(e,) by Theorem 4. 6. By induction M'is
isomorphic to a minor of some P-atom. Since P-atoms which are not
3L_43 ’ ZMZ are isomorphic to max. 3-conn. minors of the original

matroid, M' is isomorphic to a P-atom. The proof is coxnplete.‘

A P.atom is referred to as a P-non-essential atom if it is

isomorphic to 3L_A3 or ,M,, and otherwise as a P.essential atom.

A complete set of P-atoms consists of all the non-essential atoms and

P-essential atoms of a P-decomposition.

Example 5.1 Let M=(C , E) be the polygon matroid of the graph G in

Fig.5.1. The first P-split is determined by P-sets Sl: {l, 2,0t 8},
Sz:{‘), 10,..., 13} , and 53: {14. 13, ... ,20} « In the figure €)» 2 €5
e4, and eg are supplementary cells at each P.split.

_BGI) ---Sl. el

HG) —» HG)) ---S,, e,

m3) ---53, 03
P(GZ) is aP-atom since it bas no P-sets. Let Sll = {l. 2,3, 4} R
SlZ = { 5,6} ’ 513 = i'?} and Sl«l = {B.Ql\ . The corresponding
P-blocks g(Gli), 1 £i$4, are shown in Fig. 5.3, For E(G3) choose
Sy= 11415, ¢, } and S3,={16,17,18,19,20} . PG, ) and P(G,,) are
P-blocks of P(G;) (Fig. 5. 3).
Similarly I_’(Gu) and I_’_(G”) have further P-splits, and their

blocks are the polygon matroids of G,,. and G 141 €3, given in

3w’
Fig.5. 4.
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Figure 5.2 Graphs of Example 5.1
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Figure 5.3 Graphs of Example 5.1

D ®
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ey e4 3 e4 e5 e5 e5
1

G Gi12 Gis3 Gs1) G321 G313

Figure 5.4 Graphs of Example 5.1

>

Figure 5.5 Representatives of Isomorphism Classes
of the P-Atoms
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Graph G has three isomorphism classes of P-atoms, and

their representatives are shown in Fig. 5. 5.

In Example 5.1 we demonstrated the P-decomposition of a
polygon matroid, where the subgraphs corresponding to P-sets are
connected in parallel, Symbol ' P " is used to stand for '' parallel ",
Thus at each step of the P-split of a polygon matroid the corresponding
graph is decomposed into its parallel connected subgraphs. The dual
results are obtained with a bond matroid. As seen in the next example,
P-decomposition of a bond matroid decomposes a graph into its series

connected subgraphs,

Example 5.2 Consider the bond matroid M of the graph G in Fig. 5.6,

s;={1.2,...,8}, 5,={9,10,...,13} , 5,={14,15} , and 5= {16} are
P-sets of M=B (G), and the corresponding P-blocks are the bond
matroids of the graphs shown in Fig. 5.7, where e is a supplementary

cell,
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Figure 5.6 Graph G of Example 5.2
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Figure 5.7 Graphs of Example 5.2
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3.2 S-DECOMPOSITION

In this section we consider the dual of P-decomposition,
Let M=(C, E) be connected and Si , 1¢ i€ k, be a partition of E, where
|El 3 3 and k3 2. Then the sets S,'s are called S-sets of M if they
satisfy the following conditions:

(i) S, is a 2-separator of M if \Si\ 22

k

(ii) 5'@ x Si)=r(1_\_4) +1

(iii) Si's are minimal with respect to conditions (i) and (ii).
As seen in the next lemma, S-sets of M are P-sets of M*, and vice-

versa.

Lemma 3.7 Let M={C, E) be a matroid, and S;, 1¢ i £k, be a partition
of E. Then Si's are S-sets of M if and only if they are P-sets of M*,
Proof. I suffices to show that the second condition of S-sets is
equivalent to the second condition of P-sets for M¥*,

LetS,, 1 € i$k, be S-sets of M. Set R=i%.1 r(M x Si) - r(M)
- 1. By Theorem 2.12

k

r=22 s\ - o xs)] - uemo -1

-i%}m_a x5) +|E| - M) - 1

~ 22 {M=S ) + r(M*) - 1,
i=l — i -
Lemma 5.1 is valid after replacing '""P-sets of M'" by '"S-sets of M",
because only the first condition is used in the proof. Therefore
Bd;s,,5) = ¥ (M8, 5))

=r({M#* x Si) - r(l\_/_l*-Si) +1=2,




or
r(li_(*.si)ﬂ'ﬂ_g* x Si) -1,
Then
:-_£ r(M*xS.)-1 +r(M¥)-1
i=1 - 1 -
= - ﬁrm* xS.)+ r(M*) + k - 1,
=1l - 1 -

The lemma follows by setting R=0. ‘

Lemma 5.8 Let M=(C, E) be conrected, and S;, 1¢ i<k, be S-sets of
M. If lis a non-null subset of Io:{i | 1¢i¢ k} , then
r(M xigl Si)= i r(M x Si).

Proof. LetI'z:I -IandT=U S, T=U S.. By Lemmas 5.2 and 5.7
— 0 jeI i jep 1

r(M# x T) + r(M* x T )=r(M#) + 1,
or
r(MxT)+ (M xT)= YMT, T) + r(M) - 1
= S(M*;T' T) + r(M) - 1=r(M) + L.
Using this equality
DA )= Y
rMxT) ¢ 23 r(MxS) izdora\_a xS) - 22 rMxS)

£r(M) +1 - r(M x T)=r(M x T).

Thus the lernma follows. ‘

Lemma 5. 8 implies that Si, i €1CI,), are separators of
Mx ilGJISi and every circuit of M xlglsi is contained in some Si’ i€l
by Theorem 4. 1(d).

The following lemma is deduced from Lemma 5. 8.

Lemma 5.9 LetS,, 1 €i€k, be S-sets of M. Then every circuit
of M is either contained in same Si or it has a non-null intersection

with all Si's.
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Let M=(C, E) be connected, where |E{33, and S, 1¢i¢K,
be S-sets of M. Lemma 5.9 is equivalent to the condition:
(]S ))=(C)8,)= ... =(C)\S)).
Let C.(e )=(C xS U {(CNS) Ude}| C e(c|s)} for 1¢i&k
It can be easily shown that I\_rii(e}!{)=((ii(ex),Si U iexg ), 1$i¢k, are
connected matroids, where e is a supplementary cell of h_rii(ex).
Mi(ex), 1$i{k, are referred to as S-blocks of M.
Let M,=(Ci, Ei)’ 1$£i¢k, be matroids and EinEj= {e\ for
LTS
every pair of i and j, wherei ¢ j. Define
G
i=1%i " 9—}3‘3 c0 ... 0 g
(TG x (E-eYM UGy, | o
k ¢ }
where C , -k=iigl C; - {ek \ Ci € (¢ He}). 1¢i<k{.

The following theorem corresponds to Theorem 5.1 on P-blocks.

Theorem 5.3 Let M=(C, E) be connected and Mi(exk(gi(ex), Si U {ex\ )

k k
1§ i¢k, be its S-blocks, Then E= U S; and C= ":[Ci(ex)'
“=hHE

i=1
k
Proof, Since E = t{ Si is obvious, we have only to show that
1=

C =i[-;:r\ Ciley).

If C €C, then C QSi for some i or C intersects with all
S.'s. For CCS;, C€Cle) xS € é; Cile,). If C& (C|S,), then,
by Lemma 5.9, C & ((—:‘Sj) and Cj' = (C ('\Sj) U ‘e) G_(_Jj(e‘) for

1

k K
j $ k. Therefore, C =g (€Ns) = ey - Y.} )r\sj\

<
k k
J=U1 Cj' - ie}ﬁt] gj(ex)'
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Let C € i[j: _(_Ii(ex). If C€ Cile,) x Si' then C€C x S; CC.
Suppose C € Cj,...,. There exists C; € (C; \{ex} ), 1€i £k such
that C =il§1 C; - iex‘; =i§1 (Ci(\Si). To show C € C, we assume
C ¥ C. By hypothesis, there exists a circuit C' of M which has a
non-null intersection with all Si's. Choose C' so that C U C' is
minimally consistent with this condition. Let C () Si $ C'(\Si for
some i. By definition, C;'=(C'(\S;) U {ex\ is a circuit of M (e,).
Since no circuit of Mi(ex) contains a circuit of Mi(‘x) properly, we
can find e €C,' - C; and C;" € Cile )N\ C so that e € C;" €C; ucC
- fe,} . Leterc (C'-C;")(\5;. By Axiom II, there exists C" € C,
such that e’ € C"" & C' U C;" - fe}. Them, CU C' CC U(C’' U C."
- {ek )CCUC - {e} and C'' has a non-null intersection with all S;'s.
This is contrary to the hypothesis. Accordingly, C is a circuit of M, .

k

From Theorem 5.3 we write M =l_:11 Mi(ex), and refer to
1=

the expression as an S-split of M. S-atoms and S-decomposition are

accordingly defined,
To show the connection of a P-split and an S-split, we shall

prove some additional lemmas.

Lemma 5.10 Let M =(C,E) be connected, and S be a 2-separator

of M, If CE (_q\S), then MeS = (M x (S U cn-s'.

Proof. Let L = {c'Nstd|cecland L, {c~ns*§\c-é

C x (SU C)}. M-S and (M x (S U C))*S are the classes of non-null

minimal members of L; and L;. Therefore, it is sufficient to show
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L =L,. Since L; DL,, we will prove L, C L, . Let C,Ns eL,

where cle C. K CIQ_S, then ClﬂS = C1 € C x (S U C) and hence,
Clr\ S € 1-12' Now suppose C1 [ (Q\S). By Theorem 4, 3,
C,=(cNs) U (CNS)€C x(SUC)LC, and C N\S=C,NSE L,

Thus, _I_Jl c }_..z, and the lemma follows. '

Lemma 5.11 Let S be a 2-separator of M and C G(C_I_\S). Then

M# x S = (M*e(S U C)) x S.

Proof. This lemma follows from Theorem 2. 8 and Lernma 5. 10.‘

Theorem 5.4 Let M = (C, E) be a connected matroid. Then

k k
M= [i:'-]l I\_L(i(ex) if and only if M* = i?l Mi*(ex).
Proof. Let S., 1€ i{ k, be S-setsof M and M.(e_ )= (C.(e ), S. U
——— 1 — -1 X -1 x 1
{ex} )» 1€ i Lk, be the corresponding S-blocks. From Lemma 5.7
]_\_di'(ex) = (Qi'(ex), Si U {exk ), 1 £i{k, are P-blocks of M¥*., We
establish the theorem by showing gi'(ex) = gi*(ex).
Let C, (4 (c_|si), M, =M x (S, U Cy), and e €cC, nsi.

Since Cif\ §i is a series set of I\_rii, I\_rii(ex) is obtained from Mi(e)
= (Cle), S, U {e}) = Me(s, U {e}) by simply replacing e with e_.
Let M.'(e) = (C,'(e), S, U {e} ), where C.'(e) = (C* x (S; U C;*)).
(S. U {e} ) and e € C.* € (C*‘S.). It suffices to show C.¥(e)

i i - 17i =i
= * = ! i X _. i i

(C* (S, U C)) x (S, Ude}) C,'le). Since C;*( S, is a series
set of l_\_(i'(e), C* x Si Cgi'(e), and, by Lemma 5.11, C¥ x Si Cgi*(e).

Let e € X* € gi*(e). There exists C* € C¥ such that
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ce€Cramd X*=C*N\(S, U C)= c*{\(si Ude}). Y*-=
(c*Ns) v (c* n'§i) is a circuit of M* x (S, U C_*) by Theorem
4.3 and hence, Y* N\(S; U {e}) = (C*N'S) U e} = X+ € C '(e).
Therefore, C_ *{e)Q C (el
=i =i

Now let € € X+ € C.'(e). X = cxN\(s, U {e} ) for some
C*€ C* x s, C Ci*\ containing e. Since M *(e) is connected, there
exists a circuit C* of M* such that e € C'* r\(Si U {e} ) € gi*(e).

Then Y*=(C*N\ spric ngg is a member of C* by Theorem 4.3,

and X#=¥+\5, U €IS, U e}, x> ¢ C *(e), then by definition
X* properly contains a member Z* of (%*(e). As shown above, Z*€
gi‘(e) and this comtradicts Axiom L. Consequently, X* € g‘i*(e) and C!l(e)

C Cj(e)- Thus C*{e)=C,(e) and D_t!i*(e):b_t};(e). |

An S-atom isomorphic to M, or zl&tz is called an

S-non-essential atom, and otherwise an S-essential atom: together,

they form a complete set of S-atoms.

From Theorem 3. 4 we deduce the next theorem.,

Theorem 5.3 Let M be a connected matroid. The dual of P-atoms

of M are S-atoms of M*, and vice-versa.

Theorem 5.t Let M be coonected. Every S-atom of M is isomorphic

to M, , ,M,, or amax. 3-conn. minor of M.
Every max. 3-conn. minor of M which is not 31\_43 is

isomorphic to an S-atom.
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Proof. The theorem follows from Theorems 2.14, 4.2, and 4. 5..

Example 5.3 Let M be the polygon matroid of graph G shown im Fig.

5.8. The first S-split is defined by S-sets of M=P(G): S,={1.2,..., 7},
5,248} . S,= {9, 10}, and s,= Ji1,12,..., 15}. Then g(G)=il:3[ P(G.),
where G;'s are given in Fig. 5.9 and e is a supplementary cell.

P(G,) has a further S-split into P(G, ), 1< <3, which are
the polygon matroids of the graphs in Fig. 5.10, where e, denotes a
supplementary cell.

S-blocks of 2(G13) consist of the polygon matroids “{6131

and Gl32 which are shown in Fig.5.11.
This S-de composition yields the following complete set of

atoms: P(G,,), P(G,,), P(G P(G P(G,), P(Gj), and PYG ).

11" 12) 131" 132)



Figure 5.8 Graph G of Example 5.3

Figure 5,10 Graphs of Example 5.3

n7




Figure 3. 11

132

Graphs of Example 5.3
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5.3 SPLIT DECOMPOSITION OF GRAPHS

The split decomposition of graphs was introduced by
MacLane [Ma i} , and its generalization to matroids was considered
in previous sections of this dissertation. Maclane's split decomposition
of a graph can be interpreted as the P-decomposition of the polygon
matroid or S-decomposition of the bond matroid.
Let G=(V,E) be a 2-connected graph, which is not a
polygon graph. A set iHl, HZ’ cees Hk\ of non-null subgraphs of
G is called a split of G at vertices v and v' if it satisfies the
following conditions:
(i) I-Ii, 1$i¢k, are edge-disjoint connected subgraphs of G,
and the union of E(Hi) is E(QG).
() V() NVE)={v,v'} for i4j, and the union of V(H)) is
V(G).

@) k>3 if |[E(H)| =1 for some i.

Suppose that a 2-connected graph G =(V, E) has a split
.{Hl, HZ’ ceey Hkk at v and v'. We define a set of new graphs by

joining v and v' with a new edge e called a supplementary edge.

These graphs are denoted by Hl(ex), Hz(ex), ceey Hk(ex)’ and are
called blocks of G at v and v'. Graph G may be reconstructed
from its blocks by deleting e of Hj(e ), 1 $i £k, and joining the
resulting graphs at the same ends of e -

A split is called least if none of H (e ), 1 $ji €Kk, hasa
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split at v and v'. Our decomposition is performed based on the
least split operation.

Let G be a 2-connected graph. A least split of G yields
a collection of 2-connected graphs, i.e., its blocks. Some of these
blocks might have further least splits. At each least split we
repeatedly add a supplementary edge until the resulting graphs can
no longer have a split. This decomposition process eventually yields
a class of unsplittable graphs called atoms of G. Each of the atoms
is either a polygon or a 3-connected graph, and is referred to as a

polygon or an essential atom, respectively. All the polygons and

essential atoms form a complete set of atoms. The class of essential

atoms is independent of a splitting process, and the supplementary
edges of an atom may be replaced by paths of G so that the resulting

graph is a subgraph of G [Ma. 1, Ta-I] .

Theorem 5.7 A complete set of essential atoms is unique.

Lemma 5.12 The supplementary edges of an atom may be replaced

by paths of G so that no vertices on these paths are in common with
the atom except the ends of the supplementary edges, and the resulting

graph is a subgraph of G.

Let e be a supplementary edge and Gi =(Vi, Ei), 1<£idk,
x

be graphs containing e,, such that V, ﬂVj consists of two vertices

which are the ends of e and Ei (\Ej .-_-{e‘{ for i ¥ j. The merge graph
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G of G.' s is defined by |Ho1].
i 6 K
G = v, E. - .
(0 Ve Y & {e 3 0
Let e be a supplementary edge and G, 1 £ i € k, be the atoms
containing e_. We form the merge graph G' of Gi's as above.
Then choose any supplementray edge ey of G', and form the new
merge graph G' of G' and the remaining atoms which contain e_.
Repeating this merge operation for all the supplementary edges, we
finally obtain the original graph.
Since a complete set of atoms is obtained by a set of
splitting vertices and independent of a particular sequence of vertex
pairs, the original graph may be uniquely reconstructed by any merging

process, that is, any sequential choice of supplementary edges.

Theorem 5.8 The original graph is reconstructed from its atoms

by any sequence of applications of the merge operation.



5.4 APPLICATION TO PLANAR n-PORT NETWORKS

In this section we consider an application of split decomposition
of graphs to network theory. The electrical termimalogy used in the
following discussion will be found in retwork theory books, such as
Seshu and Reed [Se l] or Weinberyg E’e l‘} .

An n-port network may be considered to be a graph of which
each of n pairs of vertices is distinguished as a port, where a voltage
or current source may be applied or a respomnse measured. Each edge
of an n-port network represents a phvsical element, such as resistor,
inductor, or capacitor. An n-port metwork N is called plamar if the
network remains planar on adding an edge at each port and these mewly
added edges are on a mesh, when the netwark is embedded in the plane
Be1]. With this definition, a daal n-port of a plamar n-port network
may not be a planar network. I a doal network is also plamar, them

the planar n-port network is called totaily plamar.

A planar n-port network is always a planar graph; however,
the converse is not always true. Consider the two-port network N im
Fig. 5.12(a), where the vertex pairs (1, 3) axd (2, 4) are the ports.
Though graph N', obtained from N by addimg edges 23 and €. » is
planar, it is nct a planar two-port network (Fig. 4.12(b) ). As seem
in Fig. 4.13, if we try to pull cut e, and < on the infimite regiomn,
then the internal network becomes nomplanar.

Let N be an n-port network and N be the graph obtained

from N by adding an edge at each port of N. It is mecessary that N*
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(a) N (b) N'

Figure 5.12 A Nonplanar Two-Port Network

——

[

'

'
A3

Figure 5.13 Plane Graph of N' whose Internal Network is Nonplanar
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be a planar graph for N to be a planar n-port network. Given planar
graph N', we will establish a necessary and sufficient condition for the
newly added edges to be on a mesh of an embedded graph of N',

Let N' be given above. We construct the graph N'' from N
by adding a new vertex and connecting all the port vertices of N' with
it. Then, as it is easily proved, N is a planar n-port network if and
omly if N'' is a planar graph. Therefore, whether N is a planar network
or not is determined by the planarity test of N''. However, the planarity
condition for N established in this section will be stated in terms of
atoms of N' due to split decomposition.

The theorems in this section can also be applied to planar

m-terminal networks [We Z-J . An n-terminal network is a graph N of

which m vertices are identified as the terminals. It is planar if it
remains planar on adding a new vertex and connecting the n terminals
with it. Let N be a planar n-terminal network and N' be the graph
obtained from N by adding an extra vertex and connecting the n terminals
with it. Then N is a planar network if and only if those added edges are
om & comesh of N'.

Let G =(V, E) be a graph. A subset S of E is said to be
on a mesh of G if G is planar and there exists a plane graph N\ (G) of
which S is a subset of the edges of a mesh.

Let S be a subset of the edge set. We assign a color to the
members of S and call them colcred edges. Suppose G has a least

- ; £
split {Hl, Hz,...,nk} , and let H(e ), 1 € i € k, be the blocks of
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the split. We coalor the supplementary edge e of Hi(ex) if some Hj'
j § i, contains a colored edge. Thus, edge e may be colored in some
blocks and not in others. If a block contains at least two colored edges,

we call it a colored block. We continue this coloring process on

successive least splits until a complete set of atoms is obtained. If
S is not empty, ther every atom contains at least one colored edge.

An atom with at least two colored edges is called a colored atom.

Lemma 3.13 In Lemuna 5.12, if supplementary edges are colored,

then thex may be replaced by paths of G which contain colored edges
of G.

Prooi. Sappose lll(ex). 1% i$ k, are blocks of a graph at some

stage of the splitting process. I e is colored in Hi(ex), then, by
definition, some block, say Hj(ex), j ¥ i, contains a colored edge.
Since V(ﬂi) n Y(Hj) consists of the ends of e, and Hj(ex) is connected,
there exists a path of Hj which contains a colored edge, and its ends
are the ends of e_- Thuas a colored supplementary edge e of

Hi(ex) is replaced by a path of Hj which contains a colored edge,

The lemma follows from Lemma 5.12. .

Lemma 3.4 Let G=(V, E) be a 2-.connected planar graph, and

S (£ §) de the set of colored edges of G. If S is on a mesh of G, then
the colored edges of each atom are on a mesh of the atom, and each
supplementary edge is contained by no more than two colored atoms.

Proof. Suppose atom A does not have a plane graph such that the
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colored edges of A are ax a mesk. By Lemrna 3.13. we can construct

a subgraph A" of G v replacing every (colored) supplementary edge

of A by a path (contaiming a colored edige? of G. Graph A’ does not have

a plane graph of whick the colored edyes of A" are on a mesh. Therefore,

its supergraph G has »o plare graph satisfrimg the required condition.
Suppose there is a supoplementary edye e which is contained

in more than two colored atorms. K.u.-\ﬂ,.:\z.ami:\ be three of the

3
colored atorms winch conttam e . .ln. A r and A_ have neither common

x ¥

edges NOT COTMIMAT CErTUIES em:epl:examditsends v and ¥v'. Since
each.:\i, 1$£:i<€ 3 as at least two colored edyes, we can find a path
Pi of Ai whose ends are v and v . and which contains a colored edge
whichisnotex. Jommimy these three paths at vertices v and v',
construct a branch grapk B. B comtaims at least one colored edge in
each of its direct paths. We replace alll the supplementary edges of B
by paths of G (if a supplernentary edee of B is colored, then replace it
with a path contairing a colored edive of G. The resulting graph is a
branch graph B’ whichk has a colored edire ix each of three direct
paths, and there exists no plare graph with the property: the colored
edges of B  are om a mesh of B'. Sixce B is a subyraphk of G, G does
not have the reguired esrbedidimg. This completes the proof of the

lemma. .

By a constructive method, we mow show that the condition

given in Lemnma .M is also sufficient.
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Theorem 5.9 Let G=(V, E) be a 2-connected planar graph, and

S (#Q) be the set of colored edges of G. Then S is on a mesh of G

if and only if the colored edges of each atom are on a mesh of the atom,
and each supplementary edge is contained by no more than two colored
atoms.

Proof. Since the necessary part of the theorem was proved in
Lemma 5.14, we have only to prove the sufficient part.

Suppose the hypothesis is satisfied. Let e be a supplementary
edge, and let A <1’ sz, .o ’Axk be the atoms containing e - According
to Theorem 2.3(c), we can embed the colored atoms on the plane so
that the colored edges are on the outer meshes. Since S Cb ,
there is at least one colored atom. Suppose we have only one colored
atom. Then the rest of the atoms contain e, as the only colored edge.
Joining these atoms at the ends of e and removing e, we obtain a
plane merge graph with all the colored edges being on the outer mesh.,
If there are two colored atoms, merge them at the ends of e leaving
the colored edges on the outer mesh. The rest of the atoms containing
only colored edge e,  are merged at the ends of e preserving the
incidence relation so that the resulting plane graph G\(Gx) has all the
colored edges on the outer mesh,

Suppose ey is an uncolored supplementary edge of Gx' Then
all the atoms containing ey are uncolored. Merging Gx and these atoms

on the plane, a plane graph (™ (Gy)’ with all the colored edges on
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the outer mesh results., If ey is a colored edge of Gx’ then there

exists precisely one colored atom Ay’ in which ey is a colored edge,

and which does not contain e Since all the colored edges of Gx and

AY are on the outer meshes, we can embed the merge graph of G

and Ay in the plane so that the colored edges are on the outer mesh.
Repeating this merging process on the successive supplementary

edges, by Theorem 5.8 we finally obtain the original graph G and all

the colored edges are on the outer mesh of Q\(G). ‘

In the proof of Theorem 5.9 we have not used the concepts
of polygon and essential atoms. However, the use of essential atoms
gives a unique characterization of meshes. After we have reduced
G to a complete set of atoms, it is a trivial job to test if the colored
edges are on a mesh., By Theorem 2, 3(f), whether the colored edges
of an essential atom A are on a mesh is independent of a particular plane
graph of A and is easily determined from any plane graph of A,

Even though we have restricted our discussion to 2-connected
planar graphs, we can state Theorem 5.9 for a general graph. I a graph
G is separable, then we first find the non-separable components. Each
non-separable component is decomposed into atoms. By MacLane's
theorem E\da 1] , the original graph is planar if and only if all the
essential atoms are planar. If G is planar, Theoremn 5.9 gives a
criterion for a plane graph @(G) of which a given subset of E(G) is

on a mesh.
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Example 5.5 Consider the graph G in Fig. 5.14, where S =

e e, LRL LN e6} is the set of colored edges of G. The least

split of G at vertices 1 and 2 yields two blocks Gb and G . in Fig. 5.15.
a

Gb has a further split at vertices 1 and 3, and the resulting blocks

are shown in Fig. 5.16. A complete set of atoms consists of Gal’

GaZ' and Ga3’ and e and ey are colored supplementary edges in

the atoms. We see that the condition in Theorem 5,9 is satisfied.

Therefore S is on a mesh of G. A plane graph of G, of which S is

on a mesh, is shown in Fig. 5.17,

Now, let us consider a problem related to the previous
discussion. Let G = (V, E) be a planar 2-connected graph and
¢ $ SC E. The question is: What is a necessary and sufficient
condition for edge set S to be on a comesh of G? If G is 3-connected,
then, by Theorem 2. 3(e), S is on a comesh of G if and only if all the
members of S have a common vertex of G. However, this problem

is not trivial if a graph is not 3-connected.

Lemma 5.15 Let G = (V,E) be a 2-connected planar graph and

4) £+ SCE. Then S is on a comesh of G if and only if there exists
a graph 2-isomorphic to G, of which the members of S have a common
vertex,
Proof. Let S be on a comesh of G, By definition, there exists a

dual graph G _* of G, of which S is on a mesh of G.*¥, Clearly, the

1 1

members of S have a common vertex of a dual graph GZ of Gl*. By
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Figure 5.14 Graph G of Example 5.5

€1 1 1 €6
e e
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»]
€3
€4
3 2 2
G, G_,

Figure 5.15 Blocks of G
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1 1
€1
e
X
€2
ey ey
€3
€4
T 3
3 e5
C'a.l C’a3

Figure 5.16 Blocks of G

Figure 5.17 A Plane Graph of G of which S is on a Mesh
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Theorem 2. 3(d), G and Gz are 2-isomorphic.

Now suppose G1 is 2-isomorphic to G, and the members
of S have a common vertex of Gl' Then, S is on a mesh of a dual
graph Gl* of Gl. By Theorem 2.3(d), G is a dual G;*, and, hence,

Gl* is a dual of G by Theorem 2. 3('b)..

Lemma 5.16 Let G = (V, E) be a 2-connected planar graph, and

G' = (V',E') be a 2-connected subgraph of G. If (¢ %) S (S E') is
on a camesh of G, then S is also on a comesh of G',

Proof. H S is on a comesh of G, then, by Lemma 5.15, there
exists a 2-isomorphic graph G} of G, such that the members of S
have a common vertex of Gl' Let Gl' be a subgraph of Gl which

is 2-isomorphic to G'. Since S is an edge set of G,', the members
of S have a common vertex of Gl'. By Lemma 5.15, S is on a mesh

of a dual graph Gl '+ of Gl'. Since Gl' and Gl are 2-isomorphic,

the lemma follows from Theorem 2. 3(d). '

Theorem 5.10 Let G = (V,E) be a 2-connected planar graph and

S&#) the set of colored edges of G. Then S is on a comesh of G

if and only if every mesh of the atorms contains at the most two colored
edges, and the colored edges of every essential atom have a common
vertex of the atom.

Proof. Necessity Suppose some mesh M of an atomn contains
more than two colored edges. By Lemma 5.13, we may replace the

supplementary edges of the atom by paths of G so that every colored
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supplementary edge is replaced by a path containing a colored edge

of G, and the resulting graph is a subgraph of G. By this replacement,
M is transformed into a mesh M’ of the subgraph. Let G' be the
polygon graph consisting of the edges of M' and their adjacent vertices.
G' is a subgraph of G and has more than two colored edges, If S'
represents the colored edges of G’', then S' is not on a comesh of G,
for in the dual graph of G’ the members of S' are in parallel. By
Lemma 5.16, S' is not on a comesh of G. Clearly, (S'C ) S is not
on a comesh of G.

Suppose some essential atom A does not have its colored
edges on a common vertex. Replace the supplementary edges in A by
paths of G so that every colored supplementary edge is replaced by a
path of G containing a colored edge. Since A is 3-connected, by
Theorem 2. 3(e) and Lemma 5.15, the colored edges of A are not on
a comesh of A and hence, the colored edges of the resulting graph G!,
by the above operation, are not on a comesh of G'. By Lemma 5.16,

S is not on a comesh of G.

Sufficiency Suppose the conditions in the theorem are

satisfied. Choose a supplementary edge e and the atoms A <1’

A A taini e . If e is not colored in atom
<k containing < x 1 c

xz. e ey
Axi' then ij. j ki, has e as the only colored edge. The merge

graph Gx of A ., 1 € i £ k, has its colored edges on a common vertex.

By Lemma 5.15, a dual graph of G, has its colored edges on a mesh.
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- - ( -
Suppose e is colored in all the atoms A _,, 1€i <k
By the hypothesis, the colored edges of each of these atoms has a

common vertex which isanend of e_. A, 1 £ i £ k, has the ends

i’
of e as the only common vertices. Construct G ' by removing e_
from Axi' 1 & i € k, interchanging the ends of e_of some atoms, and
merging the atoms at the ends of e,, so that all the colored edges
of Gx‘ have a common vertex. The obtained graph G, ' is 2-isomorphic
to the merge graphof A ., 1 £igk

Choose another supplementary edge ey and construct a
graph Gy' as above from G_ ' and the rest of the atoms which contain
ey Clearly, Gy' is 2-.isomorphic to the merge graph of the atoms
which contain e or ey, and the colored edges of Gy' have one
vertex in common.

Repeating this construction process, we finally obtain a
graph G' which is 2-isomorphic to the original graph and of which

the members of S have a common vertex. The theorem follows from

Lemma 5.15. .

Combining Theorems 5.9 and 5.10, we can state the

following theorem:

Theorem 5.11 Let G = (V,E) be a 2-connected planar graph and

S(# ¢ ) be the set of colored edges of G. Then, S is on a mesh and
comesh of G if and only if:

(i) each supplementary edge is contained by no more than two
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colored atoms;
(ii) every atom contains at most two colored edges, and they
have a common vertex in an essential atom.

In Theorems 5.9 and 5.10, there is no constraint on the
number of members of S. However, the next theorem shows that \S\

cannot be more than two for S being on a mesh and comesh.

Theorem 5.12 If S is cn a mesh and comesh of G, then S contains

at most two elements.

Proof. Suppose S is the colored edges of G, and it contains more
than two elements. At a least split of G, S is divided into no more
than two blocks, because if it is divided into more than two blocks,

then at least three atoms contain an element of S, and this contradicts
Theorem 5.11. K two of the blocks are colored, then one of them
contains at least three colored edges, including a colored supplementary
edge. Thus, each least split of blocks containing more than two

colored edges yields a colored block containing more than two colored
edges. Therefore, one atom contains more than two colored edges.

This contradicts Theorem 5.11. .

An efficient algorithm to generate a complete set of atoms
has been implemented by Hopcroft and Tarjan [Ho l] . However,

in practice, we don't have to find all the atoms to test the conditions
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in Theorems 5.9 and 5.10. Since least splits of uncolored blocks
vield only uncolored blocks which are not important, once uncolored
hlocks are obtained, we terminate a splitting process for those blocks.
Thus, we perform the least split operation on only colored blocks.
For some colored blocks it might be intuitively determined wi thout

further splits whether the conditions in the theorems are satisfied.

Exarmple 3. & Let us consider the graph G in Fig. 5.18, where

S= iel. €€y is the set of colored edges of G. The least split at

vertices 1 and 2 yields Gb' and Ga as the blocks (Fig. 5.19).

Gar’ 2
The graphs in Fig. 5.20 are the blocks of Gb. G, and sz are not

atoms: however, clearly, the condition in Theorem 5.10 is satisfied

for these graphs. Accordingly, S is on a comesh of G.
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Figure 5.18 Graph G of Example 3.0

3 - 1 1 1
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al GaZ

Figure 5.19 Blocks of G

3 3 3 1
2 2 2

Gp1 G;3 G2

Figure 5.20 Blocks of Gb
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CHAPTER 6 GRAPH REALIZABILITY OF MATROIDS

6.1 INTRODUCTION

The graph-realizability problem for matrices has been
considered by a number of researchers. At present several general
testing procedures exist for realizing cut-set and circuit matrices
[Go 1, Ir1l, Lol, Ma 2, Tu 4] . If the given matrix is unrealizable,
the procedure detects this property.

Since matrices are a subclass of matroids, a more general
problem is the graph-realizability of matroids. This problem has
been considered by Tutte [Tu 3], Welsh [We (:_\ , and Fournier [Fo 1, a .
Tutte and Welsh give necessary and sufficient conditions for realizability
by generalizing graph theorems on planarity due to Kuratowski and
Maclane, respectively.

The new realizability theorem presented in this chapter is
obtained by generalizing the planarity theorem of Bruno, Steiglitz, and
Weinberg [Br a . According to Theorem 2.16, if a 3-connected
matroid M contains a non-essential cell, then a reduction or contraction
of M can be performed to yield a 3-connected matroid with a smaller
number of cells. This process of removing non-essential cells is
continued until we obtain a wheel, a whirl, or a matroid related to a
binomial matroid. For a given graphic or cographic matroid, itis
necessary that a reduction sequence yields a wheel matroid. In the
process of reconstructing the original matroid M, if M is to be graphic
or cographic, it must satisfy a certain condition. This condition will be

stated in terms of circuits of minors.
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6.2 REDUCTION SEQUENCE

Let M be a matroid with arbitrary connectivity. If M is
not 3-cornected, it may be decomposed into 3-connected minors (atoms)
of M as shown in Chapter 4. By Theorem 4.15, the graph-realizability
of M is determined by that of the atoms, that is, if the atoms of M
are graphic (cographic), then M is also graphic (cographic).
Therefore, without loss of generality, we will consider the graph-
realizability problem of 3-connected matroids.

To begin, we shall define a reduction sequence of a matroid.
Let M =(C,E) be a 3-connected matroid, where |E| 3 6. Then the

sequence of matroids, S =< 1\_40, L_41, ‘e l\_/ln> , is called a reduction

sequence of M if it satisfies the following conditions: Let

n

n.

M =(C,E) 1¢i
-1 ="

B My=M

0

(ii) either M. =M. . x E_ or M.=M_ _.E, for1{(ifn,
-1 —1i- - —i-1l 1

wh E=E - d E
ere i il {ei-l‘ an ei—lé i1

{iii) li_di is 3-connected for 1€ i ¢ n, and \Enl} 6
{(iv) neither I\_¢_1n x (En - ienk ) nor Mn .(En - {enﬁ )
is 3-connected for any e € En'

In a reduction sequence I\_dn is called the irreducible matroid of the

sequence. A reduction sequence terminates when Mn is a wheel or
a whirl, or |E ‘:6. If lEn‘ =6 and M contains a non-essential cell,
n g

i f th i troids: , R , ,
then I\_dn is one o e following matroids 61113 61\_/14 61\—44(1) 6M4(2)

or 6M5‘ These matroids will be referred to as the non-essential
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matroids. A wheel matroid is obviously realizable as a wheel graph.
However, a whirl and non-essential matroids are neither graphic nor
cographic. We state these characteristics of a reduction sequence in

the following theorem:

Theorem 6.1 If M=(C,E) is a 3-connected matroid, where \E\>6,

then the irreducible matroid M of a reduction sequence of M is a
-n -
wheel, a whirl, or a non-essential matroid. In addition, if M is

graph-realizable, then M is a wheel matroid.
-n

According to this theorem, if M is graphic or cographic,
then L_/!n is a wheel; in other words, if yn is not a wheel, then M is
neither graphic nor cographic. However, though the requirement
that Mn be a wheel is a necessary condition for M to be realizable
as a graph, it is not sufficient. Consider the binary matroid of a
heptahedron. This matroid M =(C, E) is 3-connected and consists of
seven cells and fourteen circuits: E =-{l, . J 7} and £= {123, 146,
157,245, 267, 347, 356, 1247,1256,1345,1367, 2346, 2357, 4567} » where,
for convenience, the sequence of numbers is used to represent the
corresponding set, e. g. 123 represents {l. 2, 3} . Let Ml =-.(91. EI)

Mx (E - {7} ). Then El={l, 2,3,4,5, 6} and §l= {123. 146, 245, 356,
1256,1345,2346 }. 1t is clear that M, is a wheel matroid, namely the
matroid of W3, and that cell 7 is not essential. According to Tutte
CI‘u 3, 6] » a heptahedron is one of the smallest binary matroids which

are neither graphic nor cographic.




The graph-realizability of M depends on the realizability
of Mi for 1 £ i $ n. We will formulate a condition for }_Ll to be
graphic or cographic given I\_An, a wheel matroid.

In the following discussion, we will use notations ¥i
and e; to refer to a member of a reduction sequence and 3 non-essental

cell of _I\_/Ii which is used in the reduction operation. Throughsat ™his

- £ i¢
chapter we assume Ei=Ei-1 {ei—l} for 12 i n.
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6.3 REALIZABILITY CONDITIONS

The realizability conditions established in this section are
based on Theorems 2.2 and 6.1.
Let S =(M0, Ml’ e h_/In> be a reduction sequence of M.

The inverse operations of M, | x Ei and Mi 1° E, are defined by
- —-i- i

-1
M(x) Ej) = M, _ . and M(e)"! E; =M, ), respectively. A

—1-

- -1
sequence § 1 =(I\_do, I\_/ll, ey I_\_/[n > =<Mn' Mn cen I\_/IO> is called the

-1

inverse reduction sequence of M.

Suppose I\_Liial\_di_l x Ei and I\_/Ii is cographic. By definition,

I\_di is the polygon matroid of some graph, Gi' which, by Theorem 2.2,
is unique. Then the inverse operation l\_/ii(x)'1 Ei-l is called admissible
if the following condition is satisfied:

Condition 1 There exists a graph Gi-l which is obtained

by joining two distinct vertices of Gi with edge e, ., and

i-1

every circuit of Mi 1 containing e, 1 is a polygon of G, %
=i- i- i-

How these two vertices are determined will be explained in the next
section.
Now, we state the following lemma, which will be applied

to devise an inverse operation algorithm.

Lemma 6.1 Let Mi= Mi 1 X E_be a cographic matroid. Then
e ———— -— — - 1

M ! is cographic if and only if the inverse operation is admissible.
1=

Proof. Suppose Mi-l is a cographic matroid and Gi ) 2 corresponding

3-connected graph. Then Mi ‘Mi-l x Ei = f’(Gi_l) x Ei = _13(Gi_1 . Ei)
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by Theorem 2.1@), amd Gi:Gi-l. Ei is 3-connected by Theorem 2. 15.

G, . is cbtaized by joining two distinct vertices of Gi with e, _;, since,
1=

otherwise, G 1 iz separahle. Clearly, the inverse operation (x)-l
1—-
is admissible.
Suppose Condition L is satisfied. Let E(Gi-l) =(§P, Ei-l)'

We will prove Mi 1= PG, L)}. Since C g._CP, we only have to show
—i-1T =1 -~

—-i-1
C_C C . Let C be a circuit of P(G. |) containing e, .. We choose
—-—P—= =il - i-l i-1
a circwmit C" of M. 1 s that € 1 €C' and C U C' is minimal,
—i- -

consistemt witth this condition. Since C and C' are polygons of Gi P’

the symmetric differemce C @ C' is a disjoint union of polygons of

G. T Lt Cu ((QC@C")\ be & polygon of Gi and e be any member
i~ -

1
of C N C‘((ef C). Qi-]l* <, GQP and hence, C, € 91-1 since
C=C. xE =C_ x E.. Then there exists a circuit C, of M,
-3 —i-l i —P T 2 Xi-1

such that e necz QCB U C' - {e}. However, c, U CQ(CI U C'-{e})
i

TC=C TC TC-j}=Cc'UcC- e} . This contradicts the
minirmality of C' T €. Thus, C@&C'= ¢ , and we have C =C' € C_ )
=-

b} ei_n*, CE Gy, then CEC =C, | x E CC, | by hypothesis.

Accordingly, gpggi I and the proof is complete. .

‘;\‘W,, let !\3‘&;

« E_ be cographic and G, a corresponding
1 i-1 b3 1

graph such that Dﬂi: E((Gi)). Then the inverse operation M, (o)-1 Ei )

is admissible if the following coandition is satisfied:
Conditiom 2 There exists a graph G, \ which is obtained
e ————— 1-

froom Gi by splittimg a vertex v of G  into vertices Vi and
i



a4

v, and adjoining edge €. between I and w_ so that every

2

edge incident to v in G_ is incidemt o «ither L @r x, im
i

1 is a polvgon of Gﬁ-lf

2

G, . Every circuit M.
1—

Lemma 6.2 Let M =M

=M Ei be a cographic matraid. Them M.

—1-L

is cographic if and only if the inverse operatiom is admmissible.
Proof. Since the necessary part of the lemma is ohriows, we prove
the sufficiency part.

Suppose Condition 2 is fulfilled. By Invpothesis, every

circuit of M, 1 containing e _ is a polygon of G_ T We shomwe tiat
n‘

-i- i-1

the converse of this statement is also trve, that is, every polygom

of Gi containing e,

is a member of C,
i-1 —i-

1 ;- Let PG, )=(Cp, E. )

such that e, _ €C §C_ o Simce
<.

and let C be a polygon of G,
i-1 i-1

Cla C - {ei-l} isa polygon of Gi' we have G & E‘i" By defimition,,
th ist i it C' of M h C =C'ME =C" -~ .
ere exists a circuit C' of M. | such that C, (g . %i-H%
Thus, C‘=C1 or C'=C1 U ie. 1’5=C. By the assumplion, the secomd

1-
case is impossible and hence C1 € 91-1 By hypothesis, Cn is &

polygon of G, % which is contrary to C C1 T {ei Il} beimg a polygon
i- -

of Gi % Therefore, every polygon of G_ 1 containing €1 is & Cclircudt
- 4= -
of Mi I By Theorem 2.18, M. 1=P(Gi 1), whiich proves the
—i- M. =BG,
lemma. .

Lemma 6.2 remains true after replacimg "evwery circudt
of I\_Ji_l" in Condition 2 by "every circuit of );li 1 wiith an edge

incident to "
n vl or v,




We have defined the admissible inverse operation am
cographic matroids and formulated necessary and sufficient condiitians
for graph-realizable matroids. We now define the admissible inwerse

operations on graphic matroids.

.

Let M =M
=i -i-l

x Ei' where M_ is graphic. Then the inwerse
—i
operation, M.(x)'1 E, 1° is admissible if it satisfies the following
—i i- e
condition:

Condition 3 Let I\_/[i=§(Gi). There exists a praph Gﬁ-ﬁ

which is obtained from Gi by splitting a vertex v of G

into two vertices 4| and vy and adjoining sdpe <« 1
el
between ) and v2 so that every edge incident to w Im
G, is incident to either v, or vZ in G T Ewery circwm
i i~

of M containing e is a cut-set of G, _.
—i-1 i-1 i-1

Lemma 6.3 Let M. =M,
=enite 22 -

i1 x Ei be a graphic matroid. Them M

—i~l
is graphic if and only if the inverse operation is admissible.

Proof. The necessary condition may easily be proved. A proof af

the sufficiency part is similar to that of Lemma 6.1

Let B(G, )=(C_,E, ). If C is a circuitod W_ _ wikich
= -l B 1- —4-l

1

does not contain e, , then C €& C, =C x E is a cut-set od G .
i-1 -1 —i-1 i 3

By definition, Gi O(Ei - C) consists of two compornernts, ax the wertvex
v belongs to one of the components. Since graph G ] is obtaimed b
1‘

splitting v into two vertices v1 and vz, C is also a cut-s=t of G .
o~

Thus, C Cc C_.
~-i-1—/ =B
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Now. let e €C €C_and CEC . Choose C'€ C
i-1 B i-1 i-1

so that e, 16 C' and C U C' is minimal with respect to this condition.

The symmetric difference C ® Cc' consists of non-null disjoint cut-sets

of G, , for C and C' are distinct cut-sets of Gi

Let C C C®C®
i-1 1—

-1

be a cut-set of G, .. Since e, * C., we have C_. € C_ and hence,
i-l i-1 1 1 i

C16 Qi X Suppose e is a member of C1 N C'. Of course e # C.

By Axiom II, there exists a circuit CZ of M, ) such that e, lé CZ c
~1i- i-

c uc -{e}. Then, C U C,&C U (C UC -{e})r=c u c' -{¢.
which is contrary to the minimality of C U C'. Accordingly, C € C. 1
1-

and C_C Ci Therefore, we have shown Mi l=B(G_ 1).‘
—-— -—1=- - 1=

B -1

Let us consider the remaining case. Suppose h_@i;-_,M <E

i-1 i

is a graphic matroid, where M = B(Gi). Then the inverse operation,
i =

M ()M E,_ . is admissible if Condition 4 is satisfied.

i-1’
Condition 4 There exists a graph G 1 which is obtained by
- i

joining two distinct vertices v, and vz of Gi with edge ey

is a cut-set of G

and every circuit of M, .
-1i- i-1

1

Lemma 6.4 Let M =M, .’ E_ be a graphic matroid. Then, M )
I — -i ~i- i —i-
is graphic if and only if the inverse operation is admissible.

Proof. A proof is obtained simply by replacing '"polygon'" by 'cut-set”

in the proof of Lemma 6. Z..

The combination of Lemmas 6.1, 6.2, 6.3, and 6. 4 provides

a necessary and sufficient condition for M to be graph-realizable. If
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M is realizable, it is necessary that the irreducible matroid be a
wheel. When we perform the inverse operations, there are two
possible cases to start the algorithm: (1) The irreducible matroid is
identified as the polygon matroid of a wheel graph; or (2) it is

identified as the bond matroid of a wheel graph. Suppose the irreducible
matroiad Mn is the polygon (bond) matroid of a wheel graph, that is,

M =P{W,) (B (W )). Starting with M, =P(W,) (B(W )), if all the
e = =Wk ~n== =T

K

inverse operations are admissible in reduction sequence S, then

S‘l is called P-admissible (B-admissible) and M is a cographic

(graphic) matroid. It is evident that M is planar if _S_'l is P- and

B-admissible.

Theorem 6.2 A 3-connected matroid M is graphic (cographic) if

and omly if its inverse reduction sequence §'1 is B-admissible

(P-admissible), and M is planar if §_1 is B- and P-admissible.

We have stated a realizability condition in terms of bond and
polygon matroids. However, by defining the dual inverse reduction
sequence, it is possible to state an equivalent condition in terms of
bond or polygon matroids alone.

Let §=(I\_do, 1\_41, ooy I\_/_ln> be a reduction sequence of M.

By Theorem 2.14, 1\_/10*, Ml*' «e.s M * are 3-connected, and
EK"(E‘.‘O*’ I\_AI*. e I\—dn* > is a reduction sequence of M called the

dual reduction sequence of M. The dual inverse reduction sequence

. . -1 . .
of M is defined by (S*) =<I\_/In*, Mn-l"" v 1_\_40*> . Let h_:in be the

bond matroid of a wheel graph. Suppose Mi-l =M_i(x)"l Ei-l and
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yizgﬁi). H the inverse operation does not satisfy Condition 3, then
M, , is mot graphic, however, it may be cographic. I\_di_l being
cographic depends on whether (‘xi is planar or not. If Gi is not planar,
then gi is mot cographic. Suppose Gi is planar and G’i" is the dual graph

ofG.. ThenM* =M2 ()l E
b | —te] 1 -

=B(G*) (e )" E. , and M*. _ is
i-1 -1 i-1 -1

graphic if the inverse operation satisfies Condition 4, where in
Conditiom 4 G_, M., and M. _ are replaced by G¥, M* , and M¥ _,
7 =t =i-1 i =1 =i-1
respectively. Thus the graph-realizability of M is determined by use
of bond rmatroids alone. A similar argument may be applied to cographic

matroids. See Fig.é.1 in connection with this discussion.
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> M¥ » M§_ | —>
(a)*

(A) matroid inverse operation
(A )* matroid dual inverse operation
( *) matroid dual operation

A graph inverse operation

A¥ graph dual inverse operation

3¥*

graph dual operation

Note. The operation * is defined when a graph is planar.

Figure 6.1 Dual Inverse Operations and the Corresponding Graph
Operations
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®». ¥ ALGORITHMS

Even thaough we have found no complete efficient algorithm
for determminimg graph-realizability of matroids, we will devise some
of the algorithons im this section.

A reduction sequence of a 3-connected matroid is obtained by
examining 3-comrectedness of a matroid at each step of the reduction
process. Am efficient algorithm for determing connectivity is not
koowm at preseatt. However, a connected matroid with series or
parallel cells is easily identified and has connectivity two. Therefore,
if a reduction and the corresponding contraction of a 3-connected
matreid contaim series or parallel cells, then the cell used in the
operation is am essential cell. If a reduced matroid I\_Ai contains

(Mi)

neiither series mor parallel cells, then in general it requires 2F
@I 22%’1» camputations of the connectivity function to determine the
cormecitiivity .

After we find a reduction sequence, we have to determine
whethher the irreducible matroid M = (C_:_n R En) is a wheel matroid.
This <am be dome very easily. By Theorem 6.1, the cell set of h_/_[n
has an evem cardinality, since a wheel graph consists of an even
mummiber of edges and a wheel and whirl matroids are obtained from a
wheel graph. If [[Enlj =6, then the number of circuits consisting of
fowr cells is 3 =|E}/2 for the wheel matroid, 6=|E | for the whirl

matroid, and neither three nor six for a non-essential matroid.

For ,EJ)@ » M, is eithera wheel or whirl matroid, and the number
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of circuits consisting of |En| /2 +1 cells is |E | /2 for a wheel matroid
and‘E | for a whirl matroid. Therefore, the nurmber of circuits

n
consisting of IEnl /2 t1 cells indicates whether the irreducible

matroid is a wheel, a whirl, or a non-essential matroid.

Algorithm W The irreducible matroid Il(n in a reduction sequence is

a wheel, a whirl, or a non-essential matroid according to whether the

number of circuits of M , consisting of \En\ /2+1 cells, is \E | 72,
-n n

lEn‘ , or neither.

The algorithm for testing the admissibility of inverse
operations is based on the four conditions described in the previous
section. In the following discussion the notation S «— T is used to
mean "replace T by S".

Let Mi==Mi 1 X E_ be cographic. The next algorithm is
=1 =i- i

devised to test whether M, 1 is cographic.
—-i-

Algorithm A M.=P(G) and M =Mi(x)‘l E
Algorithm A M. =P(G, M M

i-1 i-1

Step 1. Choose any C € Ei-l containing e If C - {ei-ll‘ is a
path of Gi' construct Gi-l by joining the ends of the path

with ei‘1

path in Gi' Mi-l

. GotoStep 2. If C - {ei_ﬁ does not form a
is not cographic.
Step 2. Every circuit of h_di 1 containing €1 is a polygon of C'i—l'
If this condition is satisfied, Mi l=P(G_ 1); otherwise Mi 1
—i-1_ =M. —i-

is not cographic.
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Validity of Algorithm A It is easy to see the equivalence of this

algorithm and Condition !, and by Lemma 6.1 Algorithm A is valid.-

Suppose M =M_ «+E_ is cographic. Then Algorithm B
—i i

—i-
provides a condition for M_ \ to be cographic.
—j-

Algorithm B M.=P(G;) and M, _ =l\_/_li(-)'1 E

1 i-1
Step 1. Choose any circuit of M‘i-l in Ei 1" Si which does not

contain e, This circuit consists of two edge-disjoint

i-1’

polygons of Gi with only one vertex v in common. Go to
Step 2. If this condition is not satisfied, I‘_'ii-l is not
cographic.

Step 2. Choose a circuit C of M, ) containing e, ;. C - "ei-l‘

-1

is a polygon of Gi and contains exactly two edges ey , ey
hich incident t . Set E, = E_ = .

which are incident to v e ) {e‘k and @) \e'\

Go to Step 3. If this condition is not satisfied, Mi-l is

not cographic.

Step 3. Choose an unexamined circuit C in Ci 1 containing e_ 1
=5 - i-

and a member of E(l) U E(Z)’ say e;\ . C- {ei—lk is
a polygon of G, and contains exactly two edges ey , efp
i

. . '
incident to v. If ey € E(l) (ex € E(Z))' then let

Eo < Egy U ) (g «E; U {«} ). Thusthe
updated set E(Z) (E(l)) is the union of {e"} and the outdated

set E Go to Step 4. If C does not satisfy the above

@ Eqy

condition, M

M. is not cographic.
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Step 4. Is E(l) N E(2)= ¢ ? If not, then 1_\_/11_1 is not cographic.

If so, check whether all the edges incident to v in Gi are

in E U E, .. If the answer is yes, go to Step 5; ctherwise,

1) (2)
go to Step 3.

Step 5.Construct graph G, .| from Gi by splitting vertex v into two
1=

1

vertices v. and v_ so that the edges in E(l) (E ..) are incident

1 2 (2)

to v, (vz) and joining vy and v2 with e 1 Now test whether

the unexamined circuits in Ci are polygons of Gi

1 I

If the answer is yes, then 1\_/Ii_l=f (Gi 1); otherwise,

M, 1 is not cographic.

—j-

Validity of Algorithm B We shall show the equivalence of Condition 2

and Algorithm B. Suppose Condition 2 is satisfied. By Lemma 6.2,

M, . is a cographic matroid and M, =P(G, )+ E = P(G,
1 -1 - i-l i — i-

e

E.
p * E)

Since Gi-l is 3-connected, by Menger's theorem there exist two paths

not containing e, ] whose only common vertices are the ends of e 1

1=

The union of these paths forms a polygon in Gi and the contraction

1 14

of e 1 yields edge-disjoint polygons having one vertex v in common.
1-

is

Let C be a polygon of Gi- 1

containing e,

. Since G,
i-1 i-

1

3-connected, exactly two edges of C -~ {e. 1} are incident to the ends
1-
of e, .. If we shrink e, _ to vertex v, path C - &e. } becomes a
i-1 i-1 i-1

polygon in G, and those two edges are incident to v.
i

IL.et v. and v_ be the ends of e, in G, , andlet E and E
| 2 i-1 i-1 1 4

be the incident edges with v, and v2 , respectively. Then E1 (\E2= {ei_ﬁ .

1



154

and E UE_ - {e \ are the incident edges with v in G..
1 2 i-1 1
Consequently, the edges incident to v are divided into two disjoint

sets E(l)= El - iei-l} and E(2)= Ez - {ei-ls . The edges in

E (E incident t R d v, joined with .
(l)( (Z)) are incident to vl(vz) and v, v, are joined wi ei_1

The other part of the algorithm follows from this fact.
Suppose every condition in Algorithm B is satisfied. Let
C be a circuitof M containing e . C - {e_ \ is a polygon of
=i-1 i-1 i-

Gi and has exactly two edges e, and e'Q incident to v by Step 3.

Each of these edges is incident to different end vertices of €1 in

Gi . by Steps 4 and 5. Thus, C is a polygon of Gi- 1f 1 *C €

1 91_1’

then C is a polygon of Gi-l by Step 5. Thus, Algorithm B is valid.'

In the above algorithm it is sufficient, as mentioned in the
previous section, to examine the circuits of M 1 with an edge incident
=j-
to v or v_.
1 2
Algorithms for Conditions 3 and 4 are implemented as

Algorithms C and D.

Algorithm C M =B(G.) and M_ =M (x) ' E,
Algorithm & X, =21 U i i-1

Step 1. Find a circuit C of Mi such that e 16 C, ) and the
-i- - i-

1 i

members of C - {e_ l} have a common vertex v in G_.
i- i

Split v into two vertices ! and vy and join v, and v,

with e, L to form G, = so that C is a star cut-set of Gi
i - -

i- r

Go to Step 2. If there is no circuit satisfying this condition,

then Mi—l is not graphic.
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is a cut-set of Gi

-1

Step 2. Every member of _C_:i 1 containing € 1

is not graphic.

Then M, 1 is graphic; otherwise, Mi 1
—1- — -

Validity of Algorithm C Suppose Condition 3 is satisfi~d. By Lemma

6.3, there exists a graph G such that M, ., =B(G. ,) and M, =B(G,)
i-1 —i-1"=""i-1 —-i =i

=§(Gi_1 X Ei)’ where Gi is obtained from Gi by splitting a vertex v

1

and adjoining edge €1 The star cut-sets of Gi-l at Vi and v, are

clearly members of C, that is, one of those star cut-sets satisfies

—-i-1’

the condition in Step 1. These cut-sets are the only cut-sets of Gi-l

which contain e_ ] and C - {ei 1} has a common vertex in Gi' where
j- -

C is a star cut-set at v, or Ve Therefore, the condition in Step 2 is

also satisfied.

If all the conditions in Algorithm C are fulfilled, I_\_/Ii 1 is

a graphic matroid by Lemma 6. 3..

=M. () E
-1

Algorithm D M =B(G) and M
-i — i —i-1 i-1

Step 1. Find two circuits Cl’ CZ of M, ] containing e, 1 such that
—i- i-

C1 - {ei-l} and CZ - {ei_“ are star cut-sets of Gi'
Construct G, 1 by adding e, ) to the vertices defined by the
i- i-

star cut-sets of G.. Go to Step 2. If there are no such
i

circuits, then M 1 is not graphic.,
~i-

Step 2. Every circuit of M;_, containing e _ is a cut-set of Gi-

i=-1 r

If this is the case, M, 1 is graphic; otherwise Mi 1 is not.
— - - -

Validity of Algorithm D Since Algorithm D implies Condition 4, we

show the converse. If Condition 4 is satisfied, then, by Lemma 6.4,
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M.  _ is graphicand M. =B{G ) for sorme graphk G. .. Let
—i-1 —i-1" — -1 -1
G. =G +E. Then M =B(G). The star cuk-sets C and C_ of
i i1 i =i =i 2 2
Gi-l at vertices v1 and vz contain ei‘n., and C; - {ei‘z} - CZ ~ {ei_:g
are star cut-sets of Gi. Since CIL and C.Z are the omiy Cut-sets at

) and vz, G. . is uniquely constructved fromn C’_ and C : as shown in
i- I

Step 1. Step 2 immediately follows from this isct. Thus, Algerithm D

.

provides a means to counstruct a graph G

An algorithm determizing granh realiaability of coatroids
may be devised according to Algorithms A throwgk D and Algorithm W.
This can be done also by making use of The dukl xverse sequence.
However, use of dual graphs avoids the cornplexity of feding dual
matroids and the double computations of rrotwmilx dwal reduction

sequences as noted in Section 6. 3.

Algorithm for Determining Realizability ILet §‘(¥Q” !I. NN h_dn?

be a reduction sequence of M.

Step 1. Use Algorithm W to determine whetiher ¥m is a whkeel matroid.
1f L_Jn is not a wheel matroid, them M is axk realizable.
If L_An is a wheel matroid, COMSITWT & grARX Gn so that
Mn‘E‘Gn" ¥ a=0, M is planmar. N mfd, let k@e—n
and go to Step 2.

-1 ) ~1 N

Step 2. If L&k-l‘ }_lk(x) Ek-l ﬂ-‘kd‘.‘ Ek‘m’” wse Algorithm C (D)

to determine whether M, ; is graphic. [IE ilk-l is graphic,

construct G, ; by Algorithem C (D) and go to Step 3. It M, ,
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is not graphic, then M is not graphic; go to Step 4.
Step 3. Is k=1? If k=l, M is graphic. In addition, it is planar if

Gk 1 is planar. If k#l, let ke— k-1, and go to Step 2.

Step 4. Is Gk planar? If not, M is not realizable. If itis planar,

x . *® 5.
take a dual Gk of Gk Let Gk<—— Gk and go to Step

-1 -1
. = E
Step 5. If I\_/[k_l Mk(x) Ek-l (I\—dk-l (*)

to test if M

k-l)’ use Algorithm A (B)

k-1 is cographic. If Mk-l is cographic, construct

G and go to Step 6. If I\_/_Ik_l is not cographic, M is not

k-1
realizable.

Step 6. Is k=1? If k=1, M is cographic and not graphic. If k¥l,
let k == k-1, and go to Step 5.

Validity of Algorithm By Theorem 6.1, M isa wheel matroid if M

is realizable, and a wheel graph whose bond matroid is h_r{n is uniquely
determined within isomorphism.

Suppose M = -B_(Gk)’ and an inverse operation is not admissible.

k
In this case, the original matroid M is not graphic. However, if Gk is

planar, then Mk is planar and M, is a polygon matroid of a dual graph

k
Gk». That is, _lf(Gk*)=£’>-(Gk)=l_3(Gk). Dual graph Gl: can be

uniquely determined since Gk is 3-connected. The above algorithm is

valid by Theorem 6.2. .

A flowchart of the algorithm is given in Fig. 6.2. In the
process of reconstruction we might have to find a dual graph, or, in

other words, we have to examine the planarity of a graph. However,
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our method used here is a generalization of the planarity testing
procedure given by Bruno, Steiglitz, and Weinberg EBr 2] . At
each step of the algorithm we have a 3-connedted graph Gk' The

process of constructing G is automatically an application of the

k-1

planarity testing algorithm, and by inspection, we can see if Gk 1

is planar.
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M _:wheel matroid

yes not graphic
not cographic

M, :cographic

yes
not graphic
not cographic

v

graphic planar cographic
not cographic not graphic

Figure 6.2 Flowchart of Realizability Algorithm of Matroids



160

6.5 EXAMPLES

Example 6.1 Let M=MO=(90' Eo) be the 3-connected matroid given by

Ey={1,2,3,4,5,6,7,8,9, oy

c ={125,160, 170, 236, 247, 348, 350, 459, 678, 890, 1230, 1249, 1356,
1457, 1689, 1780, 2378, 2468, 2560, 2579, 3467, 3490, 3589, 4580,
6790, 12389, 12480, 13469, 1347013578, 14568, 23790, 24690,
25689, 25780, 35679, 45670%.

contains circuit

Let M,=(C |, E )=My+(E - {1}). Then M,

{1, 2, 5% (\E1= {Z, 5} and hence, M, is not 3-connected. Now let L“f

1
M,y x (Eo- §1} ), where E1 and (—:l are given by
E,= {2,3,4,5,6,7,8,9,0%
o 1= {236, 247, 348, 350, 459, 678, 890, 2378, 2468, 2560, 2579, 3467,
3490, 3589, 4580, 6790, 23790, 24690, 25689, 25780, 35679,
45670,
If S=12,3,6} , then YoM, sS, S)=3. Therefore, }(M,) € 3 and a little
calculation shows )\(L_Al)=3, and hence )_v_(l is 3-connected.
Similarly, we can show M,=(C,,E,)=M, x (E,-{4})isa
3-connected matroid, where
E,=12,3,5,6,7,8,9, o}
C,= {236, 350, 678, 890, 2378, 2560, 2579, 3589, 6790, 23790, 25689,
25780, 35679} .
Since any reduction and contraction of L_{z contains parallel or series

cells, I\_/Iz is an irreducible matroid. The number of circuits of l;lz

consisting of |E3( /2 + 1=5 cells is four; M, is a wheel matroid by
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Algorithm W,

The reduction sequence is S =< M, M M_>. We apply

1” =2

the algorithm described in the previous section to test if M is realizable
as a graph.

Step 1. Construct a wheel graph Cv2 so that M_ = E(Gz) (Fig. 6.3).

2
Step 2. I\_dlz 1\_/[2(x)‘1 (Ez U \4} ). Use Algorithm C,

Choose any circuit C_ of Ml such that 4 € C, and the

1 1

members of Cl - {‘t} have a common vertex. Let CI=

{4, 5,9}. C1 - {4} = 35,9'; has common vertex v

5

Split Ve into two vertices Vg and v6 so that only edges

5 and 9 are incident to Ve and then join Ve and v, with

6

edge 4 (Fig. 6.4). Now test if every member of Ml

containing edge 4 is a cut-set of Gl' We see this is the
case, and Ml is cographic.

Step 3.M = ]\_dl(x)"l (E, U f1}). Use Algorithm C. Choose any

0
circuit C_ of I\_40 containing cell 1 and such that C0 - ‘l}

0
has a common vertex. However, this is impossible, and,
hence, MO is not cographic.

Step 4. Since C’r1 is planar, take the dual Gl* of ('.}1 (Fig. 6.5).
Apply Algorithm A for I\_/IO=_1:_’(Crl’i‘)(x)'1 (E1 U {1} }. Choose
any CO € _Qo containing cell 1. Let C0= {1, 2, 5} . Since
C0 - {1} forms a path in Gl*, join vz and v4 with edge 1
so that C _is a nolveon (Fig. 6.5). Now examine everv

C - 41} forms a path in Gl*, join vz and v with edgel

circuit of MO containing edge 1 to see if it is a polygon of GO'
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Figure o 3 Grapk G, of Figure ¢.4 Graph G1 of
w‘m 14 Example 6. 1

Figure 6.6 Graph G, of
Example 6.1




Since this is satisfied L_/I(’:E_/I is cographic, and its

corresponding graph is given as G, in Fig.6.6.

Example 6,2 Let M:L_'io:((_:_o, Eo) be the 3-comnected matroid givem by
E, =11,2,3,4,5,6,7,8,9,0,43
S, = {123, 244, 280,460, 567, 68X, 134a, 1380, 1783, 2468, 260X, 3434,
3790, 4570, 4800, 578X, 12459, 12790, 13468, 1360K, 15653,
16794, 2359%, 23789, 24578, 2570X, 34679, 35630, 124673,
125690, 134578, 13570%, 145890, 14790U, 233689, 236 73K,
34789%, 35890u | .
We form the following reduction seguence:
M,=(C ., E|)=M,+(E,- {9}), where
E, ={1,2,3,4,56,7,8,0,&}
o ={123, 178, 24%, 280, 345, 370, 460, 567, 68X, 1245, 1270 , 134X,
1380, 1568, 167X, 235K, 2378, 2468, 2601, 3467, 3560, 4570,
4800, 578X, 12467, 12560, 13468, 1360X, 14580, 1 470X 23563,
23670, 24578, 25700, 34780, 3580% } .
Mzz(gz, E2)=l\_¢1l x (Ey- {Ss ), where
E, ={1,2,3,4,6,7,8,0,a}
c,= {123,178, 244, 280, 370, 460, 68%, 1270, 134, 1350, 167X, 237§,
2468, 2600, 3467, 480d,, 12467, 13468, 13604, 1470%, 23674,
34784 } .
M,=(C 5, E;)=M, x (E,- {0}), where

E; ={1,2,3,4,6,7, 8, &)
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93={ 123,178,24 A ,68%,1340,167K, 2378, 2468, 3467,12467,13468,
2367d. 3478} .
. -1
The inverse reduction sequence is _§ =(I_v_i3, I\_dz, l\_dl, !\_40) and
the inverse operations are performed as follows:
Step 1. I\_/_13 is a wheel matroid, and let Il[3-._l§(G3) (Fig. 6.7).

Step 2. M =1\_/_I3(x)'1 (E3 U {0} ). Use Algorithm C. Choose any

2
circuit C2 of l\_/[2 cuch that 0 € C2 and the members of

C2 - {O'I have a common vertex of G3. Let C2={3, 7,0} .

The unique vertex is Vg Split v5 into two vertices, vg

and v6, so that C_ is a star cut-set of G2 (Fig. 6.8).

2

Every circuit of I\_/[2 containing edge 0 is a cut-set of Gz.

Step 3. 1\_/11=1\_42(x)‘1 (E, U {5} ). Use Algorithm C.
Since there is no circuit of Ml which satisfies the condition
in Algorithm C, I\_/_Il is not graphic.

Step 4. Since G2 is planar, take the dual G_* of G2 (Fig. 6.9).

2
Apply Algorithm A for 1_\_41=1\_/12(x)‘1 (E, U {5})=P(G,*)

(x)'l (E2 U {5} ). Chooseany C € _(_31 containing cell 5.

1
Let C,={1,2,5,6,0} . Since C, -{5}={.,2,6,0} formsa
path in Gz*, join vy and Va with edge 5 to construct G1
(Fig. 6.10). Now test every circuit of Ml containing cell 5
to see if it is a polygon of Gl. We find this to be the case.

Step 5. M =1\£1(')-1 (E, U {9}). Use Algorithm B.

Choose Co= {1, 3,4,5,1, 8} 4 90, which is not in 91 and does

not contain cell 9. Co consists of two polygons of Gl’ {1, 7, 8}
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1

1 ] - —#V4 V1 "4

7 3

7 3
’ - ~ V5
8 s 2 8 0 2
v
6 4 6
4
) 6 'S

V2 h V3 v2 * V3
Figure 6.7 Graph G, of Figure 6.8 Graph G, of
Example 6. 2 Example 6. 2

v, 4 V3 vy 4 Vg

Figure 6.9 Graph G* of Figure 6.10 Graph Gl of
Example 6, 2 Example 6. 2
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and {3, 4.5} » which have one vertex, v4, in common.

If M is graph realizable, then v 4 should be the splitting

0
vertex.
Circuits coataini 11 9 E E
ng ce n e
1789 1 7
37T9Q 3 T
3459 3 5

We bave r:m=§. } and E:m--is. 7} , and hence,

Eqy NE )=¢. Coastruct graph G (Fig. 11). Now,

(¢4
we test to see if the unexamined circuits in _(_20 - _(_31 are

polygons of Go. We see that the condition of Algorithm B
is satisfied. Accordingly, MO is cographic, but not

graphic.




vl

Vg

V4

V2

Figure 6.11 Graph Go of Example 0.2
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CHAPTER 7 BIPARTITE AND EULER MINORS

In this chapter, we present another decomposition of
a matroid into a unique family of minors, specifically, maximal
bipartite and Euler minors. It is shown that a binary matroid
may be reconstructed from these minors, which gives a theorem

on matroid isomorphism.

7.1 MAXIMAL BIPARTITE CONTRACTION

Welsh obtained an interesting result for a class of binary
matroids [We g] . In defining bipartite and Euler matroids, he showed
that these matroids embody dual concepts: that is, the dual of an Euler
matroid is a bipartite matroid, and the converse is also true. In
this section we will show the existence of bipartite minors in terms
of so-called even sets.

Let M be a matroid. A circuit of M is called even or odd
according to whether its cardinality is even or odd. If every circuit

of M is even, then M is called bipartite.

Theorem 7.1 Let M = (C, E) be a connected binary matroid and

‘ C ‘ 2 2. Then there always exists an even circuit of M.
Proof. Let C, and Cz be two distinct circuits of M which have
a non-null intersection. Since M is connected, these circuits always

exist, We choose Cl and Cz so that Cl U C, is minimal with respect

P 3
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to the above condition. By Theorem 2.20, the symmetric difference

and C_ are distinct,

C1 @ CZ is a disjoint union of circuits, Since C1 >

C1 ® C2 contains at least one circuit of M. Suppose C1 ® Cz contains

two distinct circuits Cl' and C,' of M, Let e € Cln Cl' and

2
e, € (C1 - Cl') N Cz' = C1 N CZ'. By Axiom II there exists a circuit

C, of M such that e, € C3 c C, U Cl' - {eﬁ . Then we have

3

c,uc, _C_:CZU (CLUC,-{g})=cuc,- jei} - Thus,

C, U C, CC UC, and, by Axiom I, C, (1 Cy ¢ $ . However,

3

this is contrary to C1 8) C2 being minimal.” Therefore, C1 @ C‘2

is a circuit of M,
Suppose every member of C has odd cardinality. Choose

two distinct circuits C, and C_ so that C1 f\CZ $ ¢ and C1 UucC

1 2 2

is minimal, consistent with this condition. As shown above, C:Cl @® CZ
is a circuit of M. By hypothesis
odd = |C| = |c,@c,| = |c] + |c] - 2]c Nc,| = even.

Thus, we have a contradiction. Accordingly, M has a circuit of even

cardinality, .

Corollary 7.1 Let M = (C, E) be a binary matroid, If there exists

no even circuit of M, then C is null, or it consists of disjoint odd

circuits.

Proof. Let 1_\_/Ii = (Qi, Ei), 1 i €k, be the components of M. By
definition, each I\_/Ii is connected. According to Theorem 7.1, gi is

null, or it consists of an odd circuit. Consequently, the corollary
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follows, .

Theorem 7.1 implies that every connected binary matroid
with at least two circuits contains a non-trivial bipartite matroid as
a minor, where a trivial bipartite matroid is a matroid containing no
circuits. In the same theorem, the binary conditionon M is a
necessary one, because, for instance, non-binary matroid 4M3
is connected and its only circuits are odd.

Let M = (C,E) be a matroid and S CE. Then M x S is

called a bipartite contraction of M to S if it is bipartite, and it is

maximal if there does not exist a subset T of E such that S is a
proper subset of T and M x T is bipartite. To show that every
maximal bipartite contraction (max. bpt. contraction) is determined

by fundamental circuits, we need to prove the following lemma:

Lemma 7.1 Let M = (C, E) be binary and B be a base of M. If
every fundamental circuit of M with respect to B is even, then M
is bipartite.
Proof. Let C be any circuit of M. If C is a fundamental circuit
with respect to B, then, by hypothesis, C is even.

Suppose C is not a fundamental circuitand C - B =
{el, €prnnns en} . Then, by Theorem 2.2], C is expressed as the
symmetric difference of the fundamental circuits determined by B

and €r€yreccr € . Since a symmetric difference of even cardinality

subsets contains an even number of elements, C is an even circuit of
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M. Accordingly, the lemma follows..

Let B be a base of a binary matroid M = (C, E). We define
the even set EB of M spanned by base B as follows:
EB = {el e€B orBU {e} contains an even circuit of M .8,

By Lemma 7.1, M x E_ is a bipartite matroid. Furthermore, M x E

B B

is, as shown in the next lemma, a max. bpt. contraction of M.

Lemma 7.2 Let EB be an even set of a binary matroid M. Then
M x Eg is a max. bpt. contraction.
Proof. Let M x E' be bipartite, where E' contains EB properly.

Let e € E'- E Then, by definition, B U {ek (C_:EB U l\e} )

B.
contains a circuit C of M. Since C is a circuitof M x E', C is

an even circuit of M. Thus e & EB' which is contrary to the

assumption. Therefore, M x Eg is a max, bpt. contraction of Ml
The converse statement of Lernma 7.2 is also true.

Lemma 7.3 Let M x E' be a max, bpt. contraction of a binary
matroid M. Then E' is an even set of M.

Proof. First, we show E' contains a base of M. Suppose E' does
not contain a base of M. Let B' be a base of M x E'. Choose a

base B of M so that BD B', and let EB be the even set of M spanned
by B, If C is the fundamental circuit of M x E' determined by B’
and e €E'- B', then C€ C x EB' since CCB' U {e} CB U {e}

Since M x BB is

- EB. Thus E' is a proper subset of EB.
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bipartite, this contradicts M x E' being maximal. Consequently,
E' contains a base B of M.

Let EB be an even set of M spanned by B and let e ¢ E' - B,
Then B U {e} contains an even circuit of M and hence, e € EB.
Accordingly, E'C Eg. Since M x E' is maximal, E' _C_EB and

! -
we have E' = EB. l

Combining Lemmas 7.2 and 7.3 we state the main theorem

of this section,

Theorem 7.2 Let M = (C,E) be a binary matroid and E! CE.

Then M x E' is a max. bpt. contraction of M if and only if E' is

an even set of M,

Example 7.1 Let M = (C, E) he the polygon matroid of the graph G

shown in Fig. 7.1. Let B = {1,2,3,5,9} bea base of M. The even
set EB spanned by B is EB = {1, 2,3,4,5,7,8,9, 11} . The max. bpt.

contractionof M is M x E_ = P(G) x EB = _P(G'EB), which is the

B
polygon matroid of G'EB (Fig. 7.2).

Now let M = (C, E) be the bond matroid of the same graph.
B = {4, 5,7,8, 10,11} is a base of B(G). The corresponding even
set is EB = {1, 2,4,5,6,7,8,9,10, 11‘; and the max. bpt. contraction

M x E}3 is the bond matroid of the graph G x EB (Fig. 7.3).
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Figure 7.1 Graph G of Example 7.1

Figure 7.3 Graph G x EB
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7.2 MAXIMAL BIPARTITE REDUCTION

Let M = (C,E) be a binary matroid and S be a subset of E.

A minor of the form M S is called a bipartite reduction of M to S if

it is bipartite, and it is maximal if there does not exist T such that T

contains S properly and M T is bipartite,

Lemma 7.4 Let M = (C, E) be a binary matroid. If M x E’, where
E'C E, is a max. bpt. contraction of M, then M*E’ is bipartite.
Proof. By Theorem 7.2, E' is an even set and there exists a base
B of M by which E' is spanned. Let C' be a member of C+E’. By
definition, we can find C € C such that C'= C \E'. Since C is a
circuit of M and M is binary, C may be written as a symmetric
difference of fundamental circuits of M,
Let C - B = {el,ez,...,em.el'.ez'.....en'} » Where
e ez, RETL are members of E' and el‘,ez"... .»e," arein E- E'.
By Theorem 2. 21, we can write:
C=C® cz@... @cm@cl~®cz'®... ®c,.
where C., 1 € i{ m, is the fundamental circuit of M determined by B
and e, and Cj', 1€ i { n, is the fundamental circuit determined by
B and ej'. Since E' is the even set of M spanned by B, Ci is even
for 1$¢i{m andlcj-l isoddfor 1¢ j{n. LetS=C®C,0... 0C,.
lcne| = |5@c;@c, @...@c,) Ne\
[(SNEY @ (C/NEN O(C,)NEND ... BC,NEN
|s@©, - 4,106 - 21O @©, - £, 1)

1]

Then, ‘ C l

H
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Jince |C1' - &el'ﬂ, ‘Cz' - {ez'}\,..., ‘Cn' - {en'}\ are even and
the symmetric difference of subsets with even cardinalities consists

of an even number of elements, lC'l is even, This is true for every

circuit of C E' and the lemma follows. .

In the above lemma, if M x E' is not maximal, then
MeE' is not necessarily bipartite. Consider the polygon matroid
P(G) of the graph G given in Fig. 7.4. Choose E'={1,2,...,6}.
Then P(G) x E' = P(GeE') is bipartite, but not maximal. However,

P(G)+E' = P(G x E') is not a bipartite matroid (Fig. 7.5).

Corollary 7.2 Let M = (C, E) be binary. If E' is an even set of M,

then MeE' is bipartite.

Proof. By Theorem 7.2 and Lemma 7, 4.‘

To show the converse of Lemma 7.4, we need to prove two

lemmas,

Lemma 7.5 Let M = (C,E) be binary. If ¢e €E and M' = C',E")
= Me(E - {e} ), then every circuit of M not centzining e is a disjoint
union of circuits of M’
Proof. if {e} is a circuit of M, then M' = Me(E - {e} )=M x (E - {e} .
Clearly, every circuit of M not containing e is a circuit of M', and the
lemma follows.

Suppose {e}¢ C and (e f) C is any circuitof M, If C is

a circuit of M', obviously C is a disjoint union of itself. Therefore, we
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Figure 7.4 Graph G

Figure 7.5 Graph G x E'
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assume e#C‘ C'. By definition, there exists Clé C such that
GNE = C - {e} €C' and C| - {e]CC, where ec C;. Let
S=Cc® C,- Since M is binary, by Theorem 2.20, S is a disjoint

union of circuits of M. Let C_ be a circuit of M contained in S and

2
not contairing e. Then

C,LS5-3t=(cuc -cnc) - S
QCUCI-{e}=c.

By Axiom [, C_ = C and S - Cz = {e} contains a circuit of M, contrary

2
to the bypothesis. Consequently, C, = S is a circuit of M. Let

€' =CNE=C -fe}and C'=C,NE =G, - {e}. Then C'

L 3 @32y - 1] | —— t 1 1 3
and C,' are disjoint, andC-Cl@Cz =C'UC,. IC,' isnot

a circuit of M', then there is a circuit (e €) C3 &€ C such that
C,OE' = C;- felCcC,=C, - {e}.

Thus, CB C CZ' contrary to Axiom I. Accordingly, CZ' is a circuit of

M, and C is a disjoint union of circuits C' and C,' of M/, | |

In Lemuma 7.5, if we remove the condition "binary', the

lemuma is not true. A counterexample is M = I_\_43 = (C, E), where

4
E-= {el. ez. es._ e4 » M+(E - {e4‘; ) consists of three circuits which
are the subsets of {el, e, e, } containing exactly two elements.

{el,, ez. e}} is a circuit of M; however, it cannot be expressed as a

disjoint union of circuits of Me(E - {e4} ).

Lemma 7.6 Let M = (C, E) be binary, and M' = M+E!, where

E"C E. Then every circuit of M x E' is a disjoint union of circuits of M’,
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Proof. A proof is obtained by induction on |E - E1|. K [E'|=|E|- L
the lemma follows from Lemma 7.5.

Suppose the lemma is true for any E' which has more than
n elements., Let E' = el,ez,....en} and E""= E U{e} where
e€ E - E'. By assumption, every circuit of M x E'" is a disjoint
union of circuits of M*E'’, Let C be a circuit of M x E'. C is

also a circuitof M x E'' and e¢ C. Then

Uu...uC

2 X’

c=cuc
where C. € C E", 1$i<§ k, and C; N C; =¢ for i § j. Each

C:;, 1€ i £ Kk, is a circuit of M+E'' not containing e. Therefore, by

3*

Lemma 7.5, C; is a disjoint union of circuits of M«(E'' - {e}) = M-E".
C,;=C,UC,U... U Ciki'

where C, € C*E', 16 j &k, and C;; NCy, = $ for j § m.

Accordingly, we ca~ express C as a disjoint union of circuits of M-E",

By induction the lemma fullows. .
The converse of Lemma 7 4 is obtained froen the above lemuma.

Lemma 7.7 Let M= (C,E) bebinaryand E'( T H M-E" is
bipartite, then M x E' is also bipartite.

Proof. If M-E' is bipartite, every circuit of M+E' has even cardim-
ality. Since, by Lemma 7.6, any circuit of M x E’ is a disjoimt

union of circuits of MeE’, every circuit of M x E' has even cardimality.

Thus, M x E' is bipartite. [}
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Theorem 7.3 Let M = (C, E) be a binary matroid and E'CE.

Then M x E' is a max. bpt. contraction if and only if MeE" is a

max. bpt. reduction.

Proof. Let M x E' be a max. bpt. contraction of M. By Lemma 7.4,
Me*E' is bipartite. If MeE' is not maximal, then, by Lemma 7.7,

M x E' is not maximal, which is contrary to the hypothesis. Therefore,
Me*E' is a max. bpt. reduction,

Similarly, the sufficiency part follows from Lemmas 7.7

and 7. 4. .
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7.3 MAXIMAL EULER MINORS

For planar graphs the dual of a bipartite graph is an Euler
graph, and vice versa. A matroid generalization of this theorem is
proved by Welsh [We 5] .

A matroid M = (C, E) is called Euler if there exist mutually

disjoint circuits C.,C_,...,C_ suchthat E=C, U C U ... U Cn.

1" 72 n 1 2

Theorem 7.4 [We 5] Let M be a binary matroid. Then M is

bipartite if and only if its dual M* is Euler.

Let M= (9, E) be a matroid. A minor of the form M x E'

(l\_d-E'), where E'C E, is called an Euler contraction (Euler reduction)

of I\_r{ to E' if M x Oy (L_AOE') is an Euler matroid. If M x E' (M-E')
is Euler and there is no subset E'' of E such that E' C E'' and

M x E'" (M¢E") is Euler, the M x E' (MeE') is maximal,

Lemma 7.8 Let M = (C, E) be binary and E' C E. Then
(a) if M*E' is a max. Euler reduction, then M x E’
is an Euler contraction.
(b) If M x E' is an Euler contraction, then M*E' is
an Euler reduction.

Proof. The lemma follows from Lemmas 7.4, 7.7, and Theorem

Y |

Using Lemma 7.8, we restate Theorem 7. 3.
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Lemma 7.9 Let M be a binary matroid and E'C E. Then M x E'
is a max, Euler contraction if and only if M+E' is a max. Euler

reduction,

The combination of Theorems 7.2 and 7.3 and Lemma 7.7

yields the next theorem.

Theorem 7.5 Let M = (C, E) be a binary matroid and E' CE,

Then the following statements are equivalent:
(a) E' is an even set of M,
(b) M x E' is a max. bpt. contraction of M.
(c) M¢+E' is a max. bpt. reduction of M.
{d) M* x E' is a max. Euler contraction of M¥,

(e) M*eE' is a max. Euler reduction of M*,

An even set of a matroid determines max. bpt. minors, Now
we shall find sets which determine Euler minors. Let M = (C, E) be
a binary matroid and B be a base of M. A subset E' of E is called
a coeven set of M spanned by B if E' consists of B and all the members
el, ez, coe ,en of B such that M (E U {eik ) is Euler for each e,

1¢i¢n

Theorem 7.6 Let M = (C, E) be a binary matroid and EEC E. Tten,

E' is a coeven set of M if and only if M E' is a max. Euler reduction

of M.
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Proof. Let B be a base and E' be a coeven set of M spanned by B.
Let e € E' - B, By definition, M*B U {e} ) is Euler, and, by
Theorem 7.4, M* x (E U {e} ) is bipartite., Since B is a base of
Mo, B U{ e} contains one circuit C* of M* and C* is even. Therefore,
E' is an even set of M* and M* x E' is a max. bpt. contraction.
Accordingly, by Theorem 7.5, M*E' is a max. Euler reduction of M.
Conversely, if MvE' is a max. Euler reduction, then, by
Theorem 7.5, E'is an even set of M*, E' contains a base B of M=,
where B is a base of M. For each e ¢ E!' - E, M* x (B U {e} )
contains only one circuit which is even. Thus, M* x (1—3 U \e} ) is
bipartite for each e € E' - B By Theorem 7. 4, I\_/Io(E U {e\ ) is
Euler for each e € E' - B, Since Me¢E' is maximal, E' is a coeven

set of M. '

Let B be a base of a binary matroid M, If e&E - ﬁ,
then M* x (1_3 U {e} ) has only one circuit which is even, and the
components of I\_/I-(E U {e} ) consist of loop matroids and one binomial
matroid of the form nl_\_dz . Clearly, cell e belongs to the coeven
set of M spanned by B if and only if n is even. Thus, whether
e€E- B belongs to a coeven set is easily determined by counting
the number of even circuits of L_A-(E U {e} ).

We may rewrite Theorem 7.5 in terms of coeven sets.

Theorem 7.7 Let M = (C,E) be a binary matroid and E'C E.
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Then the following statements are equivalent:
(a) E' is a coeven set of M.
(b) M x E' is a max. Euler contraction of M.
(c) M¢E' is a max. Euler reduction of M.
(d) M* x E' is a max. bpt. contraction of M*,

(e) M#*eE' is a max. bpt. reduction of M¥*,

We shall illustrate Theorems 7.5 and 7.7 in the next

example.

Example 7.2 Let P(G) be the polygon matroid of the graph G given

in Fig. 7.6. We choose B = {l, 5,8,9,10, 12} as a base of P(G).
Then, the coeven set of P(G) spanned by B is:
EB =B U {lv 9, 10} = {l' 2,3,4, 6,7,9,10, ll.s .

The max. Euler contraction and max, Euler reduction are the polygon

matroids of the graphs GeE_ and G x EB , respectively, given in

B

Fig. 7.7. I we take the bond matroids of GeE_ and G x EB, then

B
those bond matroids are a max. bpt. reduction and max. bpt. contraction
of B(G) = P*(G).
The even set of P(G) spanned by the same base B =
{1.5.8,9,10,12} s
Ep' = {1,3,5,6,8,9,10,11,12}.

_13(G-EB') and P(G x EB') are the max. bpt. contraction and max.

bpt. reduction of P(G) spanned by B, and B(G*Ey') and B(G x Eg’)
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are the max., Euler reduction and max. Euler contraction of B(G).

(See Fig. 7.8.)

Previously, we described in Theorem 7.2 how to generate
all the max. bpt. contractions of a binary matroid. If a binary matroid
M is given, then all the max, bpt. contractions of M are uniquely
determined. Now, we shall consider the reconstruction problem of

the original matroid from max. bpt. contractions.

Theorem 7.8 Let M =(C, E) be a binary matroid containing no loops,

and B be the family of all the distinct max. bpt. contractions of M.
Then M can be uniquely reconstructed from B,
Proof. Let E' be the union of the cell sets of the members in B.
Suppose e is any cell of M and B is a base of M containing e; such
a base always exists since M contains no loops. If Epg is the even
set of M spanned by B, then M x EB € B, by Theorem 7.2. Thus,
e ¢€E', Since E'CE, we have E' = E,

By the definition of a max, bpt. contraction, every base of
M is a base of some max. bpt. contraction of M. Conversely, if B
is a base of a max. bpt. contraction, then, clearly, B is a base of M.
Therefore, all the bases of M are uniquely determined from the members
of B, and M can be reconstructed from the family of max. bpt.

contractions of I\_/I.

Corollary 7.3 A binary matroid M without isthmuses is uniquely
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recanstructed from the family of all the distinct max. Euler reductions
of M.

Proof. Since M contains no isthmus, M¥*, the dual of M, contains
no loops. By Theorems 7.4 and 7.8, M* is reconstructed from

the max. bpt. contractions of M*, and hence, M = (M¥*)* is

reconstructed from the max. Euler reductions of M., '
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CHAPTER 8 WHITNEY CONNECTIVITY OF MATROIDS

In this chapter we generalize Whitney connectivity of graphs
to matroids.

8.1 WHITNEY CONNECTIVITY OF GRAPHS

Let G=(V,E) be a graph of connectivity n, where n is a
positive finite integer. By the definition of Whitney connectivity, we
car fiod o vertices of G whose deletion from G results in a disconnected

graph. These n vertices are called join vertices of G. The join graph

(0]
obviously Eo consists of the edges of G having both of their ends in

G =6V0,EO) is the induced graph on join vertex set VO, where

A’

e Let Gi'=(V.',E_'), 1 €i €k, be the components of the disconnected
i i

graph obtained by deleting the vertices VO from G, these components
referred to as the join components. Each member of the edge set

k
(E - EO' - _UI Ei') is incident to a vertex of G0 and a vertex of
1=

exactly ome Gi" since V. ', VZ', ey Vk' are mutually disjoint. The

1 EZ,...,Ek so

that eachk Ei is the union of E ' and the edges incident to the vertices
i

of Gi'. Then Gi=G -Ei, 1$i€ k, are connected and called the

set (E - EO) may be partitioned into k subsets E

m-palms of G associated with the join vertex set VO.

Lemuma 8.1 Let G be a graph of connectivity n, 1 € n<eeo , and

V@ be a join vertex set of G. Then the vertex set of every n-palm
associated with VO contains VO’ and the intersection of the vertex

sets of any two n-palms is Vo.
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Prool. Soppose Giac- Ei is an z-palm of G associated with Vo
such that the vertex set of Gi does not contain Vo. If Gi' is the

join cornporeak of G correspoading to Gi’ Gi' has no common vertices
with other jeix campenests of G. Therefore, Gi ts connected to the
rest of the graphk,. G ~(E - Ei). at less than [VO\. n vertices.
However, iz comtradicts the fact that G is n-connected. Consequently,
every n-palm asseviated with V, contains Vo.

The secend part of the lemma is deduced from the first part

and the definithoxr @f @iz components. '

lernmma 8.2 Let G =(Y,E) be a connected graph. If the connectivity
of G is m, 1 € m« #* | then there exists a non-null proper subset S
of £ swuch that 1{@2;;5,‘3‘)::: and min (r(G+S), r(G+S)) 3 n.
Prooi. Let \’@ Be a joix vertex set of G. Since the connectivity of
G is Hxite. there are at [east two ioin components associated with VO.
let GJ‘ and GI” e distioct join compounents of G. Since each of these
Join comporeats Ceokains at least one vertex, the corresponding n-palms
Glswl' Eﬁb oyl Gzaﬁ‘z. EZ) hoth contain at least (n+ 1) vertices of
G. Choose S=E and S=E - E 2E, Clearly, r(G-S)=r(G-E)>n
and NG+ S) 3 TG-E,) ¥ n.

By Lemuwma 3.1 G+S and G+S have the common vertices Vo

and, bhexnce, 1{«;,&§)- n. Accordingly, the lemma follows.l

let G={\,E) be connected. Then kw((;) denotes the

least inbeper x wiich satisfies the following conditions:
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1|.(G;s,§) =n and min (r(G+S), r(G-S5)) 3 n,
where S is a non-null proper subset of E. If there does not exist

such an integer, then we write lw(G) =00

Lemma 8.3 If the connectivity of a graph G is n, where n 3 1, then

Ay (G € n

Proof. If n is infinity, the lemma is trivial. For a finite n, it

follows from Lemma 8.2..

Lemma 8.4 Let G=(V,E) be a connected graph such that XW(G)s n.
If a non-null proper subset S of E satisfies the conditions 'll(G;S. S)=n
and min (r{(G-S), r(G -'§) )2 n, then G*S and G «S are both
connected.

Proof. Suppose G +S is not connected. Since r{(G+S) 3 n, GeS

contains at least {(n+4 1) vertices, and at least one of the vertices,
say v, is not a vertex of G °-S_, because the number of common vertices
of Ge S and G+ S is n. Let G1=(V1.E1) be the component of G+ S
which contains v. Since G+ S does not contain isolated vertices, Gl
contains at least two vertices and v is not a vertex of G «(E - El).
Therefore, r(Gl) =r(G -El) > |Vl| -1 and r(G+(E - El) )2n >
‘IL(G;EI. E - El)' Furthermore, 'VL(G;EI,E - El) £ IVI\ - 1. Hence,
)\W(G) < VL(G;EI, E - E)) { n. This is contrary to the hypothesis;

therefore G *S is connected. Similarly G +S is also connected..

Lemma 8.5 If G is a graph of connectivity n, where n > 1, then
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XW(G) 2 n.
Proof. If )\W(G) = 00 , it is obvious that the lemma is true. To

prove the lemma for a finite n we assume )\W(G) < n. By definition,
we can find a non-null proper subset S of E such that TUG;S,E) =KW(G)
and min (r(G+S), r(Ge+S)) ;lw(c). By Lemma 8.4 G+S and G+S
are connected and both contain at least 1 W(G) 4+ 1 vertices. Since

the number of common vertices of G*S and G+ S is 7\w(G), the
deletion of the common vertices results in a disconnected graph.

However, this is impossible since G is n-connected. Therefore,
OPEEN |
Xy @

The combination of Lemmas 8.3 and 8.5 yields the next

theorem, which gives another equivalent definition of Whitney connectivity.

Theorem 8.1 If G is a connected graph with connectivity n, where

n 21, then XW(G)= n.

According to Theorem 8.1, Whitney connectivity of a
connected graph G is the least positive integer XW(G) such that
7L(G;S,§)=>\W(G) and min (r(G+S), r(Ge3)) zlwqc). where S

is a non-null proper subset of E. If there is no such integer, then

-)\w(G) = oo
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8.2 WHITNEY CONNECTIVITY OF MATROIDS

In this section we generalize Whitney connectivity of graphs
to matroids. Let M=(C, E) be a matroid defined on E. Whitney
connectivity of M, denoted by XW(M), is the least integer n which
satisfies the following two conditions:

NM:S,S) = n and min(x(M x S), r(M x S) ¥ n,
where S is a non-null proper subset of E. The aim of this section is
to showx W(B (G))= >\W(G) for a connected graph G,

Let G=(V,E) be a graph. r(G) and c(G) denote the rank and
the number of components of G, where the rank of G is the number of
elements in a spanning forest of G, The nullity of G, denoted by }L(G),
is the number E - r(G). The following relationship is basic in graph
theory:

r(G)= |E| - J(G)= IVl - e
There wiil arise no confusion in the use of the same symbols "'r", "}‘( n,

and ")\ w' for matroid and graph invariants.

Lemma 8.6 If G is a graph, then r(G)=r(P (G)) and ))(G):}}(_IZ(G)).
Proof. A base of P(G) is a maximal set of edges which does not contain
circuits of P(G). Since the circuits of P (G) are the polygons of G, a
base of P(G) is a spanning forest of G. Therefore r(G)=r(P (G)). The
second part easily follows from the first part and the matroid definition

of nullity:

JuG)= |E|[ - rG)= |E| - r@G)- M. |
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Lemma 8.7 If G =(V,E) is a connected graph and S is a subset of
E, then:

3(3(0);5,’5):7[(0;5,5) - c(G+S) - ¢(G~5)+2.
Proof. By definition

¥(P(G):S,5)=-r(P(G) +r(P(G) x S) r(P(G) = 5P t1

=-r(P(G)) +r(B(G * S)) + r(P(G *5)) ¥1.
Using Lemma 8.6

HE(G)S,5) = -r(G) + r(G*S) + r(G-3) +1

= - V|4 c@ +|Vg| - cG-S+ivg| - c(G-5)ti

= - ]v|+\vs\+]v§\ - c(G+S) - c(G-5)t2,
where V. and v_s are the vertex sets of G+ S and G ~ 5, respectivaly.

Since IV‘ =|V§ +|V§| - TL(G;S,E), we can reduce the above equation to

g(g(c);s,§)=7l.(c;s,§) - e(G-5) - cG-51+2. 8

Lemma 8.8 Let G=(V, E) be a connected graph. 'l'henxw(?_(G)Qw(G).

Proof. Since the lemma is trivial for KW(G)?_ >0 | we assame
KW(G) = n is a finite positive integer. For some non-null proper
subset S of E 'VL(G;S,§)=n and min (r(G +S), r{(G+S))3 n. By
Lemmas 8.6 and 8.7

E(_E(G);S,g):n - ¢(G+S) - c(G-S5)+2 < n,

and min (r(P(G) x S), r(P(G) x 5)) 3 n. Therefore

AyE@N ¢ n =2, @ B

Lemma 8.9 Let G=(V,E) be a connected graph. Then lw(f((i’))ﬂw(ﬁ).
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Proof. If )\W(_I_D(G)) = o0 , the lemma is obvious.

Suppose lw(f’(G))=. n is finite and lw(G) > n. Then,
by Lemma 8.7, there exists a non-null proper subset S of E such
that

TL(G);S,g) §n +c(G-S)+c(G-S) -2
and r(G+S), r(G-9S) > n. We choose S so that the above conditions
are satisfied and "L(G;S,g) is minimum, consistent with those conditions.

If c(G+S) +c(G+S) =2, then 7 w(G) & n, which is contrary
to the hypothesis. Therefore, Ge+S or G «S has at least two components.
In the following the notation TL(SI, SZ) denotes the number of common
vertices of the two subgraphs G -Sl and G » SZ' where S1 and S2 are
subsets of E. Using this notation we can write TL(G;S,§)=TL(S,§).

For any subset T of E, T is the complement of T in E, thatis,
T=E - T.

Case 1. One of the components, say G-So, of G-S or G-S
satisfies the following condition: r(G-SO) > "USO,—S-O).

Without loss of generality we may suppose that G-So is a
component of GeS. If TUSO,EO) § n, then, clearly, KW(G)( "L(So,go)Qn
since r(G°§0) > r(G-g) 2 n. This contradicts the hypothesis. If
TL(SO.EO) > n, then let G+S ' be a component of Ge(S - Sp). Let
§'=S - S' and S'=E - §=5 U S,'- Then

s, =s.5) - NS5, < N (S.50,
c(G*S') =c(G-S) - 1,

c(G+S') > c(G+S) - 'YL(SO',—S_;')-f-l.
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Therefore,
NS".5) ¢ » +elG=S} + c(G-5) - 2 - NS5 ")
¢ =+ Resy+ QefeeSrens,n50 -1 - 2 - N5
= m +c{GsS") + c(GS') - 2, and

r(G5") 3 T{G*S) 3 o,

T(GS") = TG-Sy} +r(G=(S - (S;' U SN2 r(GeS) ;71(30,50‘)

- 1% o
However, this contradicts 1(5,'5')\ being minimum.

Case 2. For each component G°S° of G*S and G-§, r(GoSO)(
'L«s,o,ﬁm» and r{G*3) or r(G*>S) 3n 4 1.
Let G-S@:W@. S,) be any component of G-S or G+<S. Then

Wol=r(G-Sg) + 1 £ (5.5 ) ¢ V(| .
Therefore, 1(5@.5@»=“V@\ and hence, 1“5,3)=\V\ . Suppose
r{G*S)¢ = + 1, without loss of generality. We shall show that S can
be chosen so that G+S comtaims mo polygons. Let S' be a spanning
forest of G*5. Simce the vertex set of GoS is V and G+S contains
no isolated vertices, the vertex set of GeS' is V, that is, 1[(5',§')=

1&(5, g). We also have

r(G-5")=|5| = rtG-S}3 n+l,

T{G*S") 3 r{(G-S) 3 .
Thus we can assume that G+5 contains no polygons. Let e be an edge
of G-S which bas valence ome at its ome end in G+S. Let S'=S - {e}
and $'=5 U fe}. Thenm

1&-5) < 6.5 - L
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r(G+S') = r(G-S) - 13 n,
r(G+S") 3 r(G*S) 3 n.
Hence,
M55 € B + c(GS) +<(G5) - 3
< are(Gs)+leGsH +1) - 3
= n 4 c(G-S") + ¢(G-S") - 2.
This is contrary to 7L(S.§) being minimum.
Case 3. For each compoaent (.'3-50 of G*S and G°§.
r(G*Sy) < \Sq.S,) and r{G=S) = r(GS) = n.
By assumption
c(G+S) = c(G-S) =|v]| - n22.
Suppose the vertex set of a component G‘Sl of G-+S properly contains
the vertex set of a component of GeS. Let G-Ti. 1 £1i £k, be the
components of G+S of which the vertex sets are properly contained

k -
=S - S, and S,'=S - §,". Let

- .S . - U .
in G Sl Let Sl= (l Tl S2 > 1
1 \ | != " L]

S==SlUSl and S SZUSZ. Then

r(G-S") 3 M5,
«S') = < S o S'
r(G-S) =I5, + |65,.5,") - c(GsS").
Since every component of G-S' contains vertices of G-SZ, we have
r(G-SY) > N 6.5, = s, sh.
TL(s'.E') € r(G+S) £ T{G-S) =n.
Accordingly, A (G) € n, contrary to the hypothesis.
If Gl =(Vl.Sl) and GZ‘WZ' SZ) are components of G+S and

G+S, respectively, and vls vz. then G is not connected, which
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is a contradiction.

Lastly, we consider the following case: No component of
G+S contains the vertices of a component of G:§, and no component
of G+S contains the vertices of a component of GeS.

Let G-S1 and G-Sl' be components of G*S and G+S which
have common vertices. Let SZSS - S1 and Sz'sg - Sl'. If we set
§'=S, U S)' and §'=S, U S,', then

r(G+s') 3 NS5,

r(G-5') = M(S'.5) +VS,.5,") ~ c(G-S).
Every component of G+S' contains vertices of G-SZ, and every common
vertex of G-Sz and G-Sl' is contained in a component of GeS'. For,

otherwise the condition of the first part of Case 3 is satisfied.

Therefore,

S,:S,") 3 <(G*S,) 3 c(G-S"),

r(G-S") 2 1[(5'.§').
Since

r(G-S)=n =1(s'.S") +|(S..5") +"L(sz, S,') - €(G-S;) - 1,
we have

s.$)Y<¢n- N(S_,S ' .S .
TL( )$n "L(Z Z)+C(G Z)‘n
Accordingly, XW(G) 4 n, contrary to the hypothesis.

Since all the cases have been examined, we conclude that

Ay @ ¢ Kw(g(c;)) for a connected graph G.[J}

Theorem 8.2 If G is a connected graph, then KW(G)al (P(G)).




7

Proof. By Lemmas 8.8 and 8. 9..

In Theorem 8.2 we established a generalization of Whitney

counectivity of graphs to matroids.
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3.3 COMPARISON OF TUTTE AND WHITNEY CONNECTIVITY

We write T- for the terminology of Tutte connectivity, and
W- for Whitzey coamectivity. For instance, '""T-n-connected",
"T-separable”, amd "T-n-separator’ stand for n-connected, separable,
and n-separator iz the Tutte sense.

Let M =(C,E) be a matroid on E. We say that M is

W-n-conmected if 24 = £ Kw(l\_d), and that M is W-n-connected if

X‘,Q_ﬂ # 2. A matroid M satisfying condition xW(M) =1 is said

10 be We-separadle. A oon-null proper subsetS of E is a W-n-separator

of M i A A == and S(L_a;s,'sf) =n, min(r(M x S), r(M x S)) > n.

W-1 separators are simply called W-separators.

Theorem 3.3 KTCN_I) < Xw(lil).

Prooi. I D\'Q_usoo . the theorem is obvious. Suppose M =(C,E)
and XW(L\_M is tisite. By defin.tion, there exists a non-null proper
subset S of E such that

s, $)=A o,

@M x S) r(M x §) 31\'(1\_4).
Since r{M xS) &IS[ and r(M x $)¢|S\, we have

miat IS]. 151) 3 A 0.

Therefore, ‘Ar@_l) < A‘.(DLIL .

In gemeral, T-comnectivity is much smaller than W-connectivity.
Consider the polygor matroid of the complete bipartite graph Kn o’

where a 3 4. T-coomectivity of this matroid is XT(I-)-(Kn u)) =4, while
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P(K = n.
’XW(-( . J=r

Let M:(E, E) be a matroid. A cell of ._\_l is called an
isthmus if it does not belong to any circuit of M, and a loop if it

forms a circuit. The loop matroid is a I-circuit matroid which

consists of one cell and one circuit.
We shall explore additional properties of W-coanectivity and

further compare the two definitions of connectivity.

Theorem 8.4 Let M=(C,E) bea matroid containing no loops and

S be a non-null proper subset of E. Then S is a W-separator of M
if and only if S is a T-separator of M.
Proof. If S is a W-separator, then

% (M:S,5)=1 and min(r(M x S), r(M x SP3 L
Since | S| 2r(M x S) and |S|3 r(M x S), we bave min( |5}.|5]) > L
Therefore, S is a T-separator of M.

Suppose S is a T-separator of M. Then

S(L_JI;S,§)= 1 and min( |S{ . 1S5{)> 1L

Since M contains no loops, r(M x T) 2 1 for any non-null subset T

of E. Thus r(M x S), r(E x §) 2 1, and hence, S is a W-separator
of 1_\_4 .

The equivalent statements on T-separability of matroids
stated as Theorem 4.1 are valid for W-connectivity under a slightly

restricted condition.
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Corollary 8.1 Let M =(C, E) be a matroid containing no loops, and

S be a non-null proper subset of E. Then the following statements are
equivalent:
(a) S is a W-separator of M.
(b) r(M x S) 4+ r(M x S)=r(M), or
UM x S) + p(M x §) =JA(M).

(c) If B, and BS- are bases of M x S and M x §, then

S

Bs 9) B:c,' is a base of M.
(d) If C € C, then C €S or CLS.
Proof. By Theorem 8.4, S is a T-separator of M if and only if it

is a W-separator of M. The corollary follows from Theorem 4.1. ‘

In T-connectivity the connectivity of a matroid is the same
as that of the dual matroid. However, this is not true for W-connectivity.
W -connectivity of the polygon matroid of graph G, shown in Fig. 8.1,
is two; on the other hand, W-connectivity of the bond matroid of G,

which is the polygon matroid of G* in Fig. 8.2, is infinity.

Lemma 8.10 Cell e of M is a loop of M if and only if e is an

isthmus of M*,
M. If e is a loop of M, then, by the definition of duality, we have
'C*ﬂ{e}l $1 for every C* € C*. Thus no circuits of M* contain e,
and, as a consequence, e is an isthmus of M¥,

Conversely, if e is an isthmus of M*, then e does not

belong to any circuit of M* and, hence, the intersection of {e} and
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Figure 8.1 Graph G

Figure 8.2 Graph G*
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every circuit of M* is null. Therefore, {e} is a minimal non-null
subset of E such that He}(\ C*\#l for every C* € C*. Since

M=) =M, {e} is a circuit of M and e is a loop of M. .

Theorem 8.5 Let B_‘:(E, E) be a matroid containing neither loops

nor isthmuses. Then M is connected if and only if M* is connected.

Proof. It suffices to show that M is separable if and only if M* is

separable. A non-null proper subset S of M is a W-separator of M
if and only if

X (M;S,5) =1 and min(r(M x S), r(M x 5)) >1,
and these conditions are equivalent to the following conditions:

Y (M#:5,5) =1 and min(r(M* x S), r(M* x §))2 1,
since, by Lemma 8.10, M and M* both contain neither loops nor
isthmuses. Accordingly, M is separable if and only if M* is

separable. .

Theorem 8.6 The following statements are equivalent:

@) A M) =22

{b) For each non-null proper subset S of E, S or S contains
a base of M.

(<) r(h_d-S):: 0 or r(]g-'s')=o for each non-null proper
subset S of E.

(d) For each cocircuit C* of M, E - C* contains no
cocircuits of M.

Proof. (a)e&>»(b) By assumption, for each non-null proper subset S
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of E,
TS, D = i+ M 3 9 4 =M x SH¥l
2T x Dl oM xIHFL
The following conditiom is squrwalent to the one akove:
M =) 3 nd ez oM x > M)
Since T(M x S8), (M x -S':*) ¥ > we have
1) ™M x I = QD er oM 3 3 = r(M)
Accordingly, S or 3 commirs & base of M.
¥ (b) is troe, T &3, tf cenditton (1) kolds, then, for each
non-null proper subsel S of B
IMES =M xH+lor oM xH¥L
and (a) follows.
blew) T M x = r(hil),. where T ¢ E, then
r()_/l.f’) =r{M) - M x T)=2 Theretore, condition (1) is equivalent
to condition (2):
(2) S =0 o NS = 0.
e @) S w X T) = r{MeT), where TCE, we
have the following sguivalent ceadion o (I):
}‘{_(L‘_!Ifr‘ x =T qer ﬁ({l‘* x §)=0.
If C* is a cocircwit of M, méwzg* x C*) =1, and hence,
JAQM* x C¥) = 0. Tims Cs =K ~ C* cunfains no circuits of M*, and
hence, no cocircmts of M.
Suppose @) is satished. [ a non-null proper subset S of E

contains a cocircuit of W, Thex WN* x S) =Q by assumption. If S
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does not contain cocircuits of M, then P(M* x S) = 0. Thus, for
each non-null proper subset S of E, we have:

M x S)=0 or )A(L_g* x S) = 0.

Accordingly, (c) follows. ‘

From Theorem 8.6, we can identify all the graphs with

infinite connectivity.

Corollary 8.2 Let G be a connected graph containing neither loops

nor parallel edges. Then KW(G)=00 if and only if G is a complete
graph.

Proof. If G is a complete graph, clearly ‘KW(G)=N . Suppose

AN y(@ =% . By Theorem 8.2, A, (B(G) =A,(G) = > .

The dual matroid of P(G) consists of all the cut-sets of G. Let v and
v' be any distinct vertices of G, and S and S' be the star cut-sets at

v and v', respectively. These star cut-sets are uniquely determined
for the given vertices since G is not separable. According to

Theorem A(d), E - S contains no star cut-sets of G; hence, SN S'% * -
Consequently, v and v' are adjacent. Since G contains no parallel
edées, SN S' consists of a single element. Therefore, any two distinct
vertices of G are connected by one edge and, consequently, G is a

complete graph, for G contains no loops. l

Theorem 8.7 Let M=(C,E) be a matroid and M*=(C*, E) be its

dual. If )} . (M)=n is finite, then r(M)2? n+l, and r(M x C*¥) 3 n
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Pprr.  Bw Bypothesis, there exists a non-null proper subset S of E

~—— s S——

sk har
FOES5S) = -r(M) + =M x S) + (M x S)+ I=n,
oM x §), (M x 5)) 3 o

pa .. 4

r(h_d‘.):r(h_th)ﬁ-r(I\ii x§)+l - n
2xdawl ~ o=l
The second part of the theorem is obtained by using the first

. Tappeee there exists a cocircuit C* of M such that r(M x C#)
Tz -L Since oM x C¥) =r(M) - r(MeC*)=r(M)- MM* x C*)
=M ~ L. we have

TeC: T = x(M x C¥) < n - L.
T e first part of this theorem

oM x T =r{M) - JAM* x C*)3n+l-1=n
Theretree, lw(@ $& o - L, contrary to the hypothesis. Accordingly,

:w,gh‘GC“-‘)‘w)m far each C* & Q*..

A well-Enown graph theorem is a natural consequence of

Thraacwnrs R X and &7

Coplarwy d ¥ £ G i & connected graph of W-connectivity n, where

T 3% Sroiae,. Uren the numibrer of edges of every cut-set of G is at least n,

amt iy gmrticulae the walence of every vertex of G is at least n.
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Proof. In Theorem 8.7, choose M=P(G) and ¥*=§«Q~ If Cxisa

cut-set of G, then \C*‘ P r(g(G) x C*)g n. .

h i ly, = *»; »
As shown previously kT();d) 1‘1[’@ ); however
’)\w(l\_d) -.=')\ W(I‘.Li*) is not always true. In the following theoremm, we will

give a simple sufficient condition for 1WJ(L_&))= Z L)

Theorem 8.8 Let M =(C,E) be a matroid and M#*=(C¥, E) be its dual.

If min \C‘ = min |C*\ = mn
cec cecs

and (M), UM) >0+l then ] (M) = I & m
Proof. Stepl. Prove ’,\W(}i[), xw(k_t[*\) £ m.
Suppose C* is a circuit of M* such that icxl=n. Then, by Theorem
2,13,
TMiC#, Cx)=|CH - M x C¥) ~ JdI* x C+) ¥ 1
=r(M x C*) £ |CH{ =n.
By Theorem 2.12
r(M x 6*) =r(M) - rM-C#)
=r(M) - JUM* x C¥) =rM) - 13 m
Thus, xw(l_\_d) £ n. Similarly, we can show XW«ILI*)) £ m.
Step 2. Prove ’)\WQ@ =Xw@*w).
We assume that Kwuii):k and )&WQ‘_&*»: k*, where k, k% £ m, as
shown above. Let S and S* be the collections of W-k-separators of M
and W-k*-separators of M*, respectively.
5={6.5)| TMi5,5)=k and ra x S)h r4 = 5) > &}

S*={(5%,5%) | §M*5%,5x)=x+ and r* x S), T = 5% 3k},
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If S () S* is not null, then there exists (S,S) € S NS* and
k = §(M;S,5)= ¥ (M=;S,5) = k.
Accordingly, xw(l\_d) =7\W(M*).
Suppose _S_(\_S_* =4> . Then, if (S,§) is a member of _S_,
riM¥xS) ¢k -1 or r(M= xS){ k-1
Without loss of generality, we assume r{M* x S) ¢ k - 1. By Theorem
2.13
MM x S)=- ¥ (M:S,5) + MM-S) +1
= =k+r(M* x S)+ 1< -k (k-1 1
=0,
and again, by Theorem 2.13
MM= x S)= - §(M*:5,5) + U(M#S) +1
=-k +r(M x S)+ 1
= 1.
Therefore, S contains no circuits of M; however, it contains a circuit
of M*. Let C#* be a circuit of M contained in S. Since r(h_d* x S)
2 r(M* x C*), by Theorem 2.13
B(MiS,5)=k = J(MS) - UM x 5) +1
=JA(M:S) +1=r(M=* x §) ¥1
> rM* x C¥) +1 =|Cx| min |C#|

c:eCe

= n,
Consequently (M)=k=n 2 (M=),
A A, M
Since S* is not null, we now choose (S%,5%) € S=,

Repeating a similar discussion to the above, we obtain ﬂw(l!*) =k¥= n,
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Therefore, )\ (M) = (M*) =n, and the proof is complete..

The condition given in Theorem 8.8 is sufficieat for
’Lw(l\_d) _—.XW(M*), but not necessary; the reader may easily find
a counterexample.

In the next corollary we state the corresponding graph

theorem.

Corollary 8.4 Let G=(V,E) be a planar connected graph. If the

minimum cardinality of the polygons of G is n, which is also the
minimum cardinality of the cut-sets, and |Vl pn 42 and \E‘)\V'-\- n,
then the connectivity of G coincides with that of a dual graph G=.
Proof. Since G is connected, |Vi=r(G)+1=r(P(G}+13 n + 2
by Lemma 8.6 and Theorem 8.8. We also have

[El=1(G) +pu(G) =Vl - 1+AG) 2 |Vt n.

Accordingly, the corollary follows. -

Two sufficient conditions for X M) 2 N(M*) may be
W= e

stated in terms of circuits and cocircuits.

Theorem 8.9 Let M=(C,E) be a matroid of W-cornectivity n, where

n is finite, and M*= (C*, E) be its dual. Then,

(a) if min |C*| 3 n &1, then A (M*)< n.
CxeCx w

(b) if min |C{¢n - 1 and |4 (M) 3 n, then A (M¥) {n - L
el M w

*'roof. a) Since M)=n, ere exists a non-n proper subset
'roof (a) Si - M) th i ull b
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of E such that

T (M:5,5)=n,

min(rM x S), r(M x S)) 3 n.
If S contains a circuit of M*, then

r(M* x S) 3 min |C*| -13n.
C+¢C*

Suppose S does not contain circuits of M*. Then
r(M* x S)=|S] 3r(M x S) 3 n.
In both cases we have r(M* x S)& n. Similarly, r(M+* x S)? n for
for every non-null subset S of E. Accordingly, xw(ly_i*) £ n.
(b) Let C be a circuit of M satisfying |C|¢{n - L
Then
JM:C,C) =|C| - JuM x C) - JM* x C) +1
=|c|l - = x ©).
By Theorem 8.7 |C#| 3 n for every member of C*, and C does not
contain circuits of M*. Hence
_‘S(y_t;c.'é) =|c| and r(M* x C)=|C\.
We also have
r(M= x C) = \l(M-C) =JAM) - UM x C)
=JAM) - 13n -1
z lcj.

Therefore, ’lw(y_l*) € |C\ Ln - L .

Corollary 8.5 Let G =(V,E) be a planar connected graph of

W -connectivity n, where n is finite, and G#* is its dual. Then,
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(a) if the minimum cardinality of the cut-sets of G is
greater than n, the connectivity of G* is at most n.

(b) if the minimum cardinality of the polygons of G is
less than n and [E| - |V]+1 2 n, then the connectivity

of G* is at most n - 1.

In the last theoremin this section we will give a necessary

and sufficient condition for ')\W(I\_/[)=XT(I\_4).

Theorem 8.10 Let M=(C, E) be a matroid of T-connectivity n,

where n is finite; then, '/\w(y[) =7\T(M) if and only if M has a
T-n-separator S such that neither S nor S contains a base of M.
Proof. Suppose XW(M)=KT(I\_4)= n. Let S bea W-n-separator
of M. Then

S(M;S,§)=n,

min(r(M x S), r(M x §)) Z n.
Since r(M x S) <|s| and r(M x S) € \g\ , S is a T-n-separator of M.
By assumption,

-r(M) + r(M x S) + (M x S) =1 & r(M x S), r(M x S),
or,

r(M x S), r(M x S) {r(M) - L
Therefore, neither S nor S contains a base of M.

Now, suppose S is a T-n-separator of M such that neither S

nor S contains a base of M. Then

rM x S), (M x 5)& r(M) -1,



and
YM:S,S)=n=-r(M) + r(M x S)+ r(M x 5) + 1
& r(M x S), r(M x S).
Thus, 'AW(I\_LI) ¢ n, and )\W(l\_/_[) = 7\T(1\_A) =n, by Theorem 8.3.

Accordingly, the theorem follows. '

211
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CHAPTER 9 CONCLUSION

In this chapter we summarize the contributions of this
dissertation and suggest a number of possible future areas of research,

Tutte defined matroid connectivity by generalizing graph
connectivity, and verified the validity of the gzneralization by applying
it to 3-connected matroids. In recent times, however, little research
on matroid connectivity has been pursued. In this dissertation new
properties of matroid connectivity are uncovered.

In Chapter 3 the maximum value of a connectivity function
is evaluated in terms of maximally distant bases. This value fixes,
for a matroid of finite connectivity, an upper bound on the connectivity.
The central-tree problem in graph theory is extended to matroids, and
the evaluation of a connectivity function may give a solution to this
problem.

A direct calculation of Tutte connectivity of a matroid
requires 2% and 2 computations of a connectivity function, where
r and Ji are rank and nullity of the matroid. At present there exists
no efficient algorithm for determining the connectivity of matroids.

An efficient algorithm will provide a practical use of a reduction
sequence for graph realizability of matroids. We do show, however,
how to determine the connectivity of binomial matroids, which
computation leads to an important matroid theorem--the existence of

a matroid with a prescribed connectivity.
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Tutte's theorem, stated as Theorem 2.16, is applied to the
reduction of a 3-connected matroid to a wheel, a whirl, or a matroid
containing a non-essential cell. The last class of irreducible matroids
is identified as follows:

63 My My e a2y and (M, -

A planar matroid cannot have an arbitrarily high connectivity.
Actually, in Section 3.5 we give a proof stating that if the connectivity
of a matroid is greater than three, the matroid is nonplanar. A related
question is: '""What is the maximum connectivity of a graph-realizable
matroid for matroids of finite connectivity?" or, '""Does there exist a
graph with a prescribed Tutte connectivity?". For Whitney connectivity
the answer is affirmative. No answer has been given to the question
of Tutte connectivity.

Chapters 4 and 5 are concerned with the decomposition of
matroids into 3-connected minors. MacLane's graph decornposition
is generalized to matroids, and we obtain a characterization of matroid
structures: A matroid is binary, regular, or grapli-realizable if and
only if the atoms are binary, regular, or graph-realizable, respectively.

The matroid decomposition in Chapter 4 is extended to P-
and S-decompositions in Chapter 5, which includes C-decomposition
as a special case. A split decomposition of a graph may be considered
as a P-decomposition of the polygon matroid or S-decomposition of the

bond matroid. The split decomposition is applied to n-port networks



214

to determine the planarity of n-port networks, a concept which
generalizes that of graph planarity.

The graph-realizability problem of matroids has a wide
application to the realizability of physical systems. By Theorem
4,15 this problem is reduced to one of 3-connected minors.

In Chapter 6 a new graph-realizability condition is
provided by generalizing the wheel theorem of Bruno, Steiglitz, and
Weinberg. The realizability condition is stated on the inverse oper-
ations of reduction and contraction of matroids. The algorithms
A,B, C, and D to test this condition consist of two parts: construction
of a graph and examination of whether the matroid circuits are
polygons or cut-sets of the graph. Once a graph is constructed, we
show that the second part iz easily checked. We also provide two
examples to demonstrate the algorithms.

The contraction and reduction operations are dual concepts
in matroid theory. Therefore, it is natural to assume that a theorem
on reduction operation is similar to a corresponding theorem on
contraction, and vice-versa. In Lemma 6.1 it is sufficient to test only

which contain e = to determine whether M

the circuits of M,
-1l- i-1 1=

1
is cographic. However, in Lemma 6. 2 it is necessary to examine all
the circuits for the graph-realizability of h_éi I The same thing is

true for Lemmas 6.3 and 6.4 Although the author has not been able

to simplify Conditions 2 and 4 as Conditions 1 and 3, he believes
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that these conditions can be stated as simply as the latter conditions.
We leave the simplification of these conditions for future research.

In Chapter 7 we define maximal bipartite and maximal
Euler minors of a binary matroid and state necessary and sufficient
conditions for a matroid to be a max. bpt. minor and a max. Euler
minor. One may easily generate all the max. bpt. and max. Euler
minors of a binary matroid from the bases of the matroid. We also
prove that the original matroid is uniquely reconstructed from the
families of distinct max. bpt. contractions or max. Euler reductions
of the matroid.

Chapter 8 is devoted to a study of Whitney connectivity of
matroids, Whitney connectivity of graphs has been accepted as a
standard definition of graph connectivity among most researchers. We
show that this connectivity can be expressed using the "'L— function of
Tutte and that, by generalizing it to matroids, Whitney connectivity of
a graph coincides with Whitney matroid connectivity of the polygon
matroid of the graph. An immediate consequence of this result is
that Tutte connectivity of a matroid can not exceed Whitney connectivity.
We also present a sufficient condition for a matroid and its dual to
have the same Whitney connectivity; this condition is stated in terms of

circuits and cocircuits of the matroid.
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