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Abstract

OPTICAL PULSE PROPAGATION AND GYROTROPIC EFFECTS 
IN SPATIALLY DISPERSIVE MEDIA

by

Ashok Puri

Adviser: Professor Joseph L. Birman

This thesis is concerned with an investigation of 
topics in the electrodynamics of spatially dispersive media.

We examine the propagation of electromagnetic fields 
in the non-local, spatially dispersive media in which exci- 
ton polaritons are formed. Numerical estimates of energy- 
transport, group and signal velocities near exciton reso­
nance are carried out. Studies on energy velocity are made 
on the assumption that the propagating modes in the medium 
are plane waves. As a next step, we examine Gaussian pulse 
propagation in spatially dispersive media, using a Fourier 
Transform method. We obtain expressions and results for 
velocity of peak propagation and distortion of the pulse.

As a problem of weak spatial dispersion, wave propa­
gation in an optically active medium is examined from a 
phenomenological approach. We retain k-linear terms in the
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inverse dielectric function. Additional boundary conditions 
are obtained in a mathematically consistent fashion. Re­
flectivity is calculated and numerical results are obtained.

The problem of surface waves in gyrotropic media is 
considered and the dispersion equation for surface waves 
is studied. An Attenuated Total Reflection (ATR) model ex­
periment is formulated and analyzed quantitatively.

For a model gyrotropic medium the question of extinc­
tion of the incident field is examined using an integral 
equation approach. The dispersion equation, the extinction 
condition and the additional boundary conditions are ob­
tained.
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INTRODUCTION
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1.1. Introduction
In this thesis we shall examine a number of problems 

relating to the electrodynamics of bounded, spatially dis­
persive media. In such media, one has the constitutive re­
lation which relates dielectric displacement vector, t i l

—* Xand electric field, in a non-local fashion

D  ( = 1  j £ ( r, r ' g j )  E(r,'co)dr', <i . n

where the tensor, £ (. IT, f, go) is the dielectric function.
This dielectric function in general takes into account the 
inhomogenities in space i.e. effect of presence of surface 
etc. In the present study we concentrate on propagation of 
electromagnetic waves in the bulk, semi infinite medium.
Then we shall assume that far enough from the surface all 
the points in the bulk medium are equivalent and the dielec­
tric function will be taken to depend upon {?-?') only i.e. 
it is translationally invarient. As an equivalent statement 
of our approximation, consider the Fourier Transform of the 
general non-local dielectric function, 6 (f, f?u)) of Eq. (1.1). 
This is

_  f —  v (-•]<• r  +- K- r*')€ ( K. K.'uj) » j € ( r. r to) e  drdr. (1.2)

Assuming the translationally invarient dielectric function,

£ ( T [ Gd) = £ ( r*- Y CjJ) we find from Eq. (1.2) ,
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£ ( kT, k 'cj) ’ € ( k ,lj) 6 ( k - k ') . d - 3)

Finally, Eq. (1.3) implies that K- K ' , thus Umklapp pro­
cesses are absent and we obtain the wave vector dependent 

dielectric function, £ ( fc, co) • 0ne of the important con­
sequences of the wave vector dependence of the dielectric 
function is that, additional modes arise for transverse 
(and longitudinal) electromagnetic propagation as solutions 
of Maxwell's equations. Recall that in the usual frequency 
dependent (ordinary dispersive) case of £ (u)) the transverse 
solutions are given as solutions of

K 1 =■ (1.4)

For spatial dispersion Eq. (1.4) becomes an equation 
of higher algebraic degree in K. One of the many new features 
resulting from this is manifest in the solution of the ele­
mentary reflection problem (Fresnel equations) where Max­
well's boundary conditions are not enough to solve the pro­
blem at the interface of a semi infinite spatially disper­
sive medium and vacuum. Thus Maxwell's boundary conditions 
(MBC) plus additional boundary conditions (ABC) are required 
to solve reflection and transmission problems.*

In this thesis we study several problems involving a 
wave vector dependent dielectric function. We consider to­
pics in which strong spatial dispersion and weak spatial dis­
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persion are manifest.
In Chapter II we study the propagation of electromag­

netic fields in non-local spatially dispersive media in 
which exciton-polaritons are formed. In the vicinity of an 
exciton resonance, this corresponds to strong spatial dis­
persion. As is well known, there are several velocities, 
which have been associated with an electromagnetic wave pro­

pagating in dispersive media: the phase velocity, VP = ̂ /X '

the group velocity, Vr - dW > signal velocity, V5 and the
w dK

energy velocity, VE - where 5* is the Poynting flux
vector and U is the energy density. Signal velocity, V5 can 
be determined in many cases, from the time when the main 
signal at frequency arrive at an interior point in the 
medium, with some predetermined detectable amplitude. These 
different velocities have been introduced and studied in 
frequency dispersive**^'̂ a s  well as spatially dispersive

pmedia. There has been considerable interest in the subject 
in recent years because of advances in experimental picose­
cond spectroscopy which have made possible picosecond time
of flight experiments on materials like GaAs, CdSe, CuCl and 

14-17CdS in which exciton polaritons are formed. In this
Chapter our objective is two-fold; first we study the propa­
gation of electromagnetic energy in spatially dispersive me­
dia. Numerical estimates of energy, group and signal velo­
cities are carried out near exciton resonance for material

18with GaAs parameters. These studies are performed consi-



dcring electromagnetic fields in the medium to be plane 
waves. Next we use a Fourier Transform method to study
Gaussian pulse propagation in spatially dispersive media.

19We extend the analysis given by Garrett and McCumber for 
the local, single wave case, to the multi-wave coupled 
polariton case, assuming normal incidence on a semi infinite 
dielectric medium. Frequency ranges close to exciton reso­
nance and far from exciton resonance are studied. Numerical 
results are reported for the power spectrum, P(2,to) and the

2 0amplitude profile, f(.2,t) using material parameters for Cds 
The pulse shape is studied for various pulse widths. Final­
ly we draw conclusion about the velocity of the peak of the 
pulse propagating in spatially dispersive medium in the vi­
cinity of exciton resonance and demonstrate the condition 
for the pulse to remain gaussian.

Chapters III and IV deal with an optically active 
gyrotropic medium which corresponds to weak wave vector de­
pendence. In Chapter V we study a model optically active 
medium which exhibits spatial dispersion.

In the case of weak spatial dispersion one can expand 
the dielectric function or inverse dielectric func-
tion € in a power series in K , and break off after
the second or third term:

e . j k £ +• Kx*m u . s i
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ej(u-) t-i Sljtlul)Kt +- P.je^u))K( K m  . «1.6I

It is well known that linear terms in the dielectric
1 21function correspond to optical activity. ' In Chapter

III, we investigate the problem of wave propagation in gyro-
22tropic media near a dipole transition frequency. In the 

expression (1.6), we retain K -linear terms. The phenomeno­
logical constitutive relation is obtained, and the problem 
of additional boundary conditions is solved. The structure 
of the electromagnetic fields in the gyrotropic half space 
is obtained. Finally, we study the problem of reflection 
and refraction on gyrotropic half space.

In Chapter IV we study the surface wave dispersion re­
lation in optically active crystals. In the ordinary fre­
quency dispersive media, allowed surface modes can be deter­
mined by matching allowed modes inside and outside the crys­
tal at the boundary of the medium using Maxwell's boundary 
conditions. This procedure gives a surface wave dispersion 
equation relating the allowed mode energies and the wave vec­
tor parallel to the surface. In optically active bounded
crystals, the general mode structure has been recently studied

23by Pattanayak and Birman. We briefly review the mode struc­
ture, we write down the dispersion relation obtained by the 
above authors in an approximate form. We formulate an exper­
iment using the Attenuated Total Reflection (ATR) model geo­
metry in order to detect these surface waves.



- 7 -

Finally in Chapter V, we investigate the problem of 
the extinction of electromagnetic fields in gyrotropic 
media which exhibit spatial dispersion. When an electro­
magnetic wave is incident on a material medium bounded by 
a closed surface, the incident wave is completely extin­
guished at every point in the medium and is replaced by 
another wave propagating with different velocity and in a 
different direction (refracted wave). This is known as the 
Ewald-Oseen extinction theorem.m*3) , 25, 26 T^e eiectric 

field in the medium is represented as superposition of in­
cident field and the radiated field of excited dipoles.

4Birman and Sein generalized the integral equation technique 
to spatially dispersive media. We employ their generaliza­
tion to obtain the dispersion relation, extinction condi­
tion and additional boundary conditions required to solve
the reflection and refraction from a half space which is

27optically active and which exhibits spatial dispersion.
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PULSE PROPAGATION IN SPATIALLY DISPERSIVE

MEDIA
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2.1 Introduction
The propagation of electromagnetic pulses in disper­

sive media has recently received a great deal of attention.

describes the propagation of electromagnetic wave packets 
in a linear, dispersive, isotropic and non-absorbing media. 
For an absorbing dielectric, difficulties arise in relating 
Vq to the velocity of energy propagation. In this case 
the wave vector, K is complex and is often taken as

Kr • where Kr- is the real part of the wave vector k . 
In the region of strong dispersion becomes greater than 
C or negative. The common belief is that the concept of 
group velocity breaks down.**^a* Sommerfeld and Brillouin*^ 
have shown that for step pulses which begin at some instant 
of time 0 and then follows a sinusoidal shape i.e.

the original pulse becomes distorted as it propagates in 
the medium. Precursors of the pulse travel with various 
speeds (Sommerfeld Precursor; Brillouin Precursor; Exciton 
Precursor) and the main part of the pulse arrives at the 
"signal velocity" < C .

It is well known*"* that the group velocity

(2 .1)

f i t )  =  G i t )  Sin cut , (2 .2)
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In an absorbing dielectric the energy velocity \/E has
13been analysed by Loudon. It is defined as the ratio of 

the Poynting flux ! S e | and total electromagnetic energy 
density, U.

19Garrett and McCumber have shown that for the case 

r z  »  1 • Pulse propagates with group velocity
even though \/q > C , = ±oo or V̂ , < O . Here T is
the half width of the pulse and r is the half width of 
the absorption spectrum.

The purpose of this Chapter is to study pulse propa­
gation in non-local, spatially dispersive media. The elec­
trodynamics of spatially dispersive media has been a sub­
ject of study for the last 25 years.^ It is well known
that in crystals like CdS, GaAs CdSe and CuCl, exciton- 
polaritons are formed when light in a spectral region near 
the exciton enters the crystal. One characteristic effect 
of spatial dispersion is that at any frequency there is more 
than one travelling wave: each one with different phase ve­
locity. These are coupled exciton-polaritons. The physi­
cal polariton is the correct linear combination of these 
waves with the coefficient of the linear combination deter­
mined by relevant boundary conditions.

Advances in picosecond optical measuring techniques 
have opened up the possibility of time of flight measure­
ments of light pulses in semiconductors. In order to inves­
tigate the propagation of exciton-polaritons in spatially 
dispersive media, a direct approach of "injecting" an opti-
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eal pulse in the medium has been used. Transit-time and
pulse shape have been determined as the pulse propagates

14-17through the medium. Recently there has been a time
of flight experiment on an absorbing dielectric (GaP:N),^8^
which claims to verify the theoretical predictions of Gar-

19rett and McCumber. However, the experimental resolution
in that experiment is not completely sufficient to compare

19 28(b)with the theory and further work is awaited.
Section (2.2) deals with the steady state pulse pro­

pagation (plane waves) in dispersive media in terms of 
energy transport velocity Vg . First we give a brief re­
view of Loudon's11 formulation of energy transport velocity 
in a frequency dispersive dielectric. Next we present a 
formulation of propagation of energy transport in a spati­
ally dispersive medium.18

In Section (2.3) we study the propagation of a Gaus­
sian pulse in dispersive media. First we give a brief re-

19view of the formulation of Garrett and McCumber for a fre­
quency dispersive dielectric. In spatially dispersive me­
dia, away from an exciton resonance, propagation is mainly 
on the photon-like branch, and the Garrett and McCumber 
analysis can be carried over in the weak spatial dispersion 
limit. Close to the exciton resonance we are not able to
carry out analytical work so that we give results of numer-

20ical study in various frequency limits.
Finally Section (2.4) gives a brief discussion. Ener­

gy, group and signal velocities in non-local media are com­



-  1 2  -

pared for model parameters of GaAs. Numerical results for 
for Gaussian pulse propagation in spatially dispersive 
media are presented. Finally, comparison is made with the 
recent time of flight experiments.

2.2 Energy Transport in Dispersive Media
In this section we study the propagation of electro­

magnetic energy through the dielectric medium. Energy 
associated with the electromagnetic field propagating in 
the dielectric medium is partially associated with the 
electromagnetic wave and the rest is carried by the exci­
tations in the medium. Following Loudon,1* first we shall 
present here a theory of energy propagation in absorbing 
local dielectric in the framework of single oscillator mo­
del. As a next step we shall generalize it to spatially 
dispersive media.1®

2.2.1 Propagation of Electromagnetic Energy in 
Frequency Dispersive Media
Here we shall obtain the expression for velo­

city of energy transport, V£ in absorbing media. Let us 
consider absorbing, frequency dispersive medium, which will 
be represented by damped, non-interacting harmonic oscilla­
tors. An equation of motion of a typical oscillator in pre- 
sence of electric field E is given by

M ( r  -h r r - h a j o ? )  ^  e  E  , (2.3)
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where f  M , P ,  CJ0 and 6  denote displacement, mass, 
damping constant, natural frequency and effective charge 
of the oscillator respectively. Changing the variables 
in Equation (2.3) by defining ^ = Jm If , one can write

X +- rr+Uo1f;ĵE. <2-3a)
The induced p o la r iz a t io n  P is  g iven  by

— W

P = -t- ( 6 - - 0  E , (2.4)
4m  Va MTT

where is the volume of the oscillator and €.*> is the
background dielectric constant. For an isotropic dielec­
tric medium , E and P all points in same direction, 
and complex dielectric constant is

eCU))  = I +  HIT JL  • ( 2 . 5 )

-* -* i(KZ.~U) t)Thus considering £ , E » P as plane waves i.e. € ,
we can write down the expression for the dielectric function 
as

6 i, \ \ - r -L- ^ rr oL0 c«j o(<o>) ~  too + ----------------   T----  * ( 2 . 6 )
CCl£ - go - ( C O r 4

z awhere mTo(0 = HTT6 /NlC0o Vex is the oscillator strength.
The refractive index is defined from £ by
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e coo) = ri-t i x .  , <2-7'

t

where and X. are real and imaginary parts of refractive 
index respectively. Using Equations (2.6) and (2.7) we 
obtain

T i2"— X-2 — + ‘HTT^o(^o~ CO1) _ ( 2 . 8a)
(G u J -C O ^ + l^ C O 2

z r j x  = m U oCq (o r  # ( 2 .8b )

(cjo- r 2̂ 1
Using Maxwell's equations in Gaussian units we can

write

£  
Mrrj b X  H n dS =  ~ - L  j ( [ -  jr i -H .H + .L j f i  E ■ P ) d V  f ( 2 . 9 ) 

<r v

where V is the volume and 0" is the surface surrounding 
the volume. Using Equations (2.3a) and (2.4) we can write 
the term E-P appearing in the right hand side of Equation 

(2.9) as

e -  P  - E - r  1 +  X -  ]L .Jim Vex

= ~ [ e 1  t- -1- ( r i 1 , (2 . 10 )
dt gJT 2 Va. 0 "UT

We define the total energy density as
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(2 .11)

Then we can write Equation (2.9) as

f  ■ d a  +  r j .  d V  = ~  U  d v  , (2.12
<r I *  J

where Se is defined as the Poynting flux. Here the left 
hand side of Equation (2.12) represents the rate of loss 
of energy. The first term represents the propagation of 
energy across the surface (T and the second term represents 
the loss of energy in volume V because of damping. The 
integration on the right hand side of Equation (2.12) repre­
sents the rate of change of energy stored in volume V .
From Equation (2.12) we can write

y  -S£ + sL( u E + u M ) = -  Q 1 (2.13)
Va

where , Ug and are given by,

(2.14a)

(2.14b)

U M = v «''( T  +  . (2.14c)

Here UE and U^ are electromagnetic and mechanical energy
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respectively.
-1 —*

Considering harmonic time dependence for ^ , P ,
E an(3 H , and taking the time average of the Poynting 
flux Sg and total energy density U, by using H=Cr'tiX)E. t 
and Equation (2.3a), one obtains,

<SE> = ^  IE I1 (2.15a)

/ U >  = IEI1 ( 2-Gl)T\X 4-ria) (2.15b)
^  / r̂r P  1

The energy transport velocity Vq defined as ratio of 

|<^Se>I and ^ ^ 7  is given by,

Ve = c / c ri + 2 wx/r) . (2-16)

In the l i m i t  X —» 0 , V£ goes to  C~/r\ • the  phase

v e lo c i t y .

2.2.2 Transport of Energy in Spatially Dispersive 
Media
Here we shall study energy transport in spa­

tially dispersive medium. Consider a model non-local semi­
infinite medium occupying z 7/ 0 • An electromagnetic
plane wave is incident normally on the medium and it gives 
rise to two transverse exciton-polariton waves propagating 
in the medium. The equation of motion for displacement 
in spatially dispersive medium can be taken as



- 17 -

f  +- r  f  h 1 t  ~  D V z f  = ^ 4  ,
J M

(2.17)

where D *  hu)0/ M "  * M* is  the  e x c ito n  mass and C r

is the transverse effective charge. The dielectric func­
tion corresponding to Equation (2.17) for a non-local semi 
infinite medium in "dielectric approximation" is written 
as,

Here we have considered that the dielectric function, which 
properly corresponds to an infinite medium, can be used to 
describe the semi infinite spatially dispersive medium.
Our physical justification is that in the present study we 
shall concentrate on bulk propagation, so that non-transla- 
tionally invarient contribution to (or Umklapp ef­
fects) will be neglected. Also note that the wave number 
of a volume propagating wave is determined using the trans- 
lationally invarient part of

The physical polariton in a non-local medium is repre­
sented as

( G O ^ - C G ^ - i C O r + D K 2; *

(2.18)

2
(2.19)

>

where Kj is  a s o lu t io n  o f ( f y / K o ^  = £

K q -  tO /C  and ET- are  determ ined by re le v a n t  boundary
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conditions. Note that and correspond to Upper (UP)
29and Lower (LP) Polaritons respectively. Maddox and Mills, 

and Bishop and Maraduddin^0 have shown that the Poynting 
flux S in the non-local medium is the sum of the electro- 
magnetic Poynting vector SE and mechanical (excitonic in 
our case) Poynting vector . The Poynting flux satis­
fies the equation"^

v t S t  + Sm) +  .4 .Cu e +,-'m)= -JTs1- 5 . S w 5 i J  , <2-201at V*.* az

where SE , SM , UE and (JM are  g iven  by

Sp = ~  ( X *  H ) (2.21a)Mn
• h

s M “ “ ( D / v o ) I 5 p e(z) l - i l  (2.2ib)

Ue ’  t ' /8IT) ( t o . E ' - l - H 1) ( 2 . 21c)

= va'[ i'1-*- (*Jo 52+- D(VI)1] . (2.2id)

Using Equations (2.17) and (2.19) in (2.21) and taking a 
time average one obtains

| < ? E>|-§  Re[( L  E  e ‘k j 2 ) ( L  E / n j  e 1 K^ ) j
j"l J*l

(2.22a)
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ReftY (2'22b)

20 4" l £ ( . < ; - n  ^ ( x j - W - 1

<uE> - i s  Rc [t<» ( | -  EJe'KjZ)( I  E, V ' K*Z)

+  ( i n J FJ £ 1 ^ z )  (  Z . n ;  e /  e _ ' K , z ) ]
(2.22c)

^■nD2 L j,, (Kj-JT2J
,2 y _ iy*7

f  \  F j e  ‘ ^  )  1 ( 2 . 22d)

F  c t f ' - * " ;  '  J  •

where Hj = ^j/Ko are refractive indices, .Qp is the
9 f  2

plasma frequency Zip = H e r  /  £c» l̂ 4 Va
*  = L -  C C00 - a ) 1 -  . a ) P ) / D 3 yf

The energy velocity of the physical polariton is 
given by

and

VE = l < S E f  J M ) |  A u E f  (J m > (2.23)

As the next step one can write various contributions to 
by extracting Upper and Lower polariton contributions from 
K  5|;>l and and forming |^SUP^|and l< Sup>l
respectively. Similarly one can write < U LPy and < U LP> 
respectively. These expressions are given by
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+•—  Rp
2 D Hr

r E,E'K,we ' ( *'-*'>*■

CK,a- y a)f k
(2.24a)

< l | ^  ̂  Re [E.CEIE, e> (l“ + E, e;n,ru'(*r^ ]

+ , ~ ~ T  ( W + O V D I M 2) Re [ g i b ' e '(kl K|,)Z 1 
,6T1D L ( K,-K2j (Kr2- ^ 2]

^FCUP) = \ < S u P > y ^ . U U P >

(2.24b)

(2.24c)

K 5 Lp > i-- ^  r g ( f , f /  n 2 e l c ^ - O z i ^

f Re2D  nrr
S i ^ V e ' ^ - J O z (2.24d)

< v LP) = d h

U r n ?  ° L Ck.*- y v ) J
(2.24e)
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V e CLP) =  K.S lP>!/< U LP>  . (2.24f)

where Vg (\jp) and )/{= (\_p) are Upper and Lower Polari­
ton contribtuions to energy velocity. Using the material 

parameters of GaAs, t̂ C0o = J- 5 15 €\/ > HrTo<o = 0 0 0 1 3  *

M *  =  0  6  M e  ' M e  =  0 - 5  t i e y  ' — I 2 - 5 " S  >

r  = 1 OrrT * ' I X p / c o l  = 1 0 ^  ' ~2- * 3  " ! / ^  '

these contributions of energy velocity are plotted in Fig. 1
as dashed curves against reduced frequency, (U)-oJo)/cOo
in the resonance region. On the same Figure is plotted the
group velocity, for Upper and Lower polariton branches
repsectively. The magnitude of signal velocity, V5 is also
shown in the pseudo-gap region. We shall discuss Fig. 1 in
more detail in Section 2.4.

2.3 Propagation of a Gaussian Pulse in Dispersive Media
In this section we review the theory of propagation

of a Gaussian pulse in dispersive media. Propagation of
a steady state Gaussina pulse through absorbing media was

19studied theoretically by Garrett and McCumber. They demon­
strated that under conditions [' C y? I , or Pf/v { ,

where T being the half width of the absorption spectrum 
and r  being half width of the pulse, the pulse remains sub­
stantially Gaussian and the peak of the pulse propagates with 
group velocity, even if = ± 00 . Experimentally veri-
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fication was claimed by Chu and Wong^®^ in a time of 
flight experiment on QaP.' N in region of anomalous dis­
persion. The sensitivity of their experiment was insuffi­
cient to resolve pulse shapes, however, and further work

20 /u\
is expected. In this Section we shall briefly review
Garrett and McCumber's analysis for absorbing media. As a 
next step we shall generalize it to spatially dispersive 
media. Close to exciton resonance we must use numerical 
techniques to compute the amplitude, f(Z;t) for Upper and 
Lower polaritons respectively. Finally, we shall make com­
parisons with recent time of flight experiments.

2.3.1 Pulse Propagation in Absorbing Media
Let us consider a Gaussian pulse incident on 

a semi infinite ( Z > 0 )  absorbing medium. The source 
field is locate at Z » o  • T^e amplitude of the field at 
the point, 2 and time, t is given by

o*
f  (2,t) = C(2JTj'i f  f(Z,W) e ,aHd<x> ( 12-25)

- do

where,

f / , i  (CO-lo)1!:2j. (Z,C0) = 0  C  (2.25a

Here CJ is the central frequency of the Gaussian and JZ 

is the half width of the pulse, is the solution of

the dispersion equation, K(o0) =■ CO j£(u>) > 6 (u>) is the
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complex dielectric function for the absorbing medium defined 
by Equation (2.6). The refractive index n(u>) is given by 
n M  = JTTujT.

Now we consider the case for which the spectral width 
of the pulse is substantially smaller than the atomic line 
width i.e. P C ^ I  . Under this condition the major con­
tribution of Equation (2.25) comes from cJ in the neighbor­
hood of central frequency oo of incident pulse. Thus we 
can expand K(u)> in Taylor series as

K(u)') = K(u>) + (cO-U>) T-.KCbfll +£(U)-UJ) d_KM
cu dU)1

4... (2.26)
J

U)
where from Equation (2.6), for the oscillator model,

m  '
J_ d__ ( 0) 
nn I dco"1 '

_ m  >2 (2.26a)  ’ "
CO ( CU -  COQ -t ( P  )

Here oJp C2.rT©C0 OJo ) /  .
 ̂ *2 "2 The series (2.26) diverges if (t O - C j )  >  f (CO _ CjU0) + P  j

so that this expansion is only useful when the important
frequencies of Equation (2.25) are those for which

(CO-tO)2-̂  [( C0-cOb/+- p 2 ] . For small Z ,
the important frequencies are those for which ( CO-OO |
and with T P  I , the Taylor's series (2.26) converges
rapidly. Putting Equation (2.26) in (2.25) we get
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f ( z , f r )  = r t 2 n j y i j d u  e , u ) t  e t [  K ( i ,>  +  ( w ^ f e l

. I 1, . (lO-tifrJi. ,

Substituting C ^  - U. , we get

f f t , «  = ( i - e ‘ ( K ( 0 ,z - a ^ x
t- dCO luJ

2. 2 -| 
x e x > f _ ( t - z d j l l )  / r 2( j -  i A  d j £  (2 .28)

I  ̂ doJ^VZL V f ̂ d CO1 loJ J .

Using the model dielectric function given by Equation (2.6) 
we can write f(z>t) which can be shown to be of Gaussian 
form with shift in center of the packet and changed "full 
width at half maximum" FWHM in general. Garrett and McCum- 
ber^ have carried out exact numerical study of | f CZjt)} 
and compared it with these approximate analytical results. 
Their results reveal that the pulse remains substantially 
Gaussian and the peak of the pulse propagates with group 
velocity, even Vq > C OV ± oo . Recently Chu
and Wong^®^ have studied pulse propagation in an absorb- 
medium (GaP:N). The lack of distortion they report, however, 
seems questionable in view of comment by Katz and Alfano.^®^



The measure pulse velocity in GaP:N with laser tuned to 
an A-exciton line, using a picosecond time of flight tech­
nique. They report the pulse propagates through the ma­
terial with little pulse distortion and its peak propa­
gates with the group velocity. The group velocity is mea­
sured separately by measuring the absorption coefficient 
oC(co) from transmission measurement X- T 0 6 oL(uJ>'z' 
and the Kramer-Kronig relations are numerically applied 
to obtain the real part of J £  (to) . K r is given by

GJ n ( t o ) / c  and ■=• A t /  (d c d / d  |Cf') . Chu and
Wong have verified the predictions of Garrett and McCumber 
that the peak of the pulse propagates with group velocity 
y  , even though it is > C , or even _£• oo

2.3.2 Pulse Propagation Through a Non-Local Medium 
Let us consider a Gaussian pulse incident on 

the semi infinite 2^-0 spatially dispersive medium.
The amplitude of the field at the point, Z  and time t 
is given by

f ( z , t )  * r ( 2 n / >i fd a )e " wl J f. [z,u>) 12.291
J m  !-Oo J *1

where

rt \ n / "N iKj(w)Z -(Ld-LO) C/2
e  ‘ e (2 .29a)

Here CO is the central frequency of the Gaussian and C 
is the half width of the pulse, j - I, 1 correspond to the
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Upper and Lower polaritons (UP and LP) respectively, kj is 
the solution of the dispersion equation for transverse 
electromagnetic waves; -= Ikj1 £  ( k, Ld') ;
(ScS’/U)) dielectric function for spatially dis­
persive medium and is given in the "dielectric approxima­
tion" by Equation (2.18).

In Equation (2.29a) A j ( t u )  are coupling constants 
to be determined by the full set of boundary conditions 
(Maxwell's plus Additional Boundary Conditions).

For frequency regimes, ^O/cOo 7? 1 , (jJ/lO o «■ I ar>d
6Jo <" CU <C Oj£ there is effectively a single polari­
ton propagating and the Garrett and McCumber analysis can 
be applied. We discuss these regimes in this section. 
Assuming P p  7^  i. , we can carry out an expansion of 
the wave vector k ^ )  around CO ,

2 , 2
K (to) = K (_ u) ) -P (oO - uJ ) cdJ5: -f-

cioO t.0 2  clcju^-
+ .. (2.30)
GU ■

19For the oscillator model this series converges for 

C OJ - od ')2 Zl2 <  I and P  P  > 7  I • Thus we expand up
to second degree in Equation (2.30). Putting Equation (2.30) 
in Equation (2.29) we get,

U)

■ CO
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J Z  x e
1-̂ -2. —  (u)-oj) r /2

Substituting (CO-U)) = U» , we get,

, T  r  n N i(K(u>; z - u) O
f u , t )  =  L  A j ( u > )  e  *

Jin J--I

.0°

x d u  e^p - i U  t - U 2_C V i <Uli I + )Z
2- d |(jl) c( UJ* UL)

Carrying out the integration we obtain

J--I
Zj_ d Kj 
C2 dcoJ

r '/2 * * i'(k(Lo)z-d
J  A . f a l ew J

* C 1 " ~~-T - Kl l ^' V  duJ luj ' ' -HiJ1 -C ciuJ-

= I  h ^ )
•Ic(

(2.31)

* )
X

(2.32)

Next we proceed to discuss various limiting cases. We em­
ploy an expansion of Kj(^) for various cases, following

0Frankel and Birman.
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Case I;
Above the exciton resonance, i.e. in the limit 

(jO/(jl)o >/> 1 t the dispersion is given by:

K.w) -  ( i ^ T r )

KiCo)) = ^ r -  +- j r -  J J o ________ (2 .3 3 b)
J A  J T ( 2CJ-iD '

where |3 = MITo<o D / C . 1 .

Putting (2.33a) in Equation (2.32) we find

ejCP(-(A,+-; AJ) A,(W), (2.34)

where

8 C t ? ( O o r  (i2 02ui * - r !) 1
L c* d  C(2pi.j‘+ r V  J

+ (■( z  yc(3
V r 1 ^

A, = ( t - <* )2

li

1
J y " 1 c,2-

H 2 — r-,2

Y  2 r  2

(2.35a)

(2.35b)

(2.35c)
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r 2 = c 2 1mi; (2.35d)

Y = ( t + 1  g c g V r  d a p ’s - p 1) 1
cl r> ('(2(3dij3+ r2)31 (2.35e)

and oI , (J , V  t W  and .Â  are functions of CO , 2
and parameters appearing in the dielectric function 6 £ £T, u)) 
in Equation (2.18).

Similarly putting (2.33b) in Equation (2.32) we obtain

“ vfivi7* ^ (2.36)

where,

M ’ = I" (i- 2  s w o  r (i2co-r*) ^
L -nr ((2®*+r*)3 ’

? ((2 co)3 - -
JTT ((2'i)a t r 2)^

2

4-iYz. ( (  i. Cd) 6 Cd r
 ̂Ca JiT TT^Tr:

a ' =  + - ( 1 L +. • ) - w '
1 i r ; 1 V  i r ; 1

(2.37a)

(2.37b)

r2‘2- y ,_lr ; z (2.37c)

z 2 I M ’ l z (2.37d)
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y '  =  r  ! _  j z  8m s1 p  ( l l g j 2-  r * - )  ]  ( 2 . 37e>

L JD- (UQr'+rO5 ’
| I I /  ̂ —

and o< , U » V  , W and are  fu n c tio n s  o f Ci) , 2

and param eters appearing in  d ie le c t r ic  fu n c tio n , £ C I? cO ") .

Case II;
In the gap region CO <  (-Ug there is one

polariton mode propagating in the medium and the amplitude 
of this mode can be calculated by considering the approxi­
mate form of the dispersion equation in the gap:

K2M  ■= L ( u j -  u3 ) ( to -t u3;J t (2.38)

where,

5  = - ' S  + - w 0 ( i +  a - r 1/ ™ ; ] ' 4

and

A  = V>€o° / C

In the l i m i t  (jJ ~  CO

/Q CO \ '4 . 'A
k i t a ) ) =  ( - f f )  ( O J - u O  (2.39)D
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Using Equations (2.39) and (2.32) we can write the ampli­
tude in the gap region as:

" j p r  e x K - ( A , ' + .  A z )] A 2&) ' (2.40)

where,

M '-_ r  z   S CY3- 3r£2) + > 1 ( ^ - 3 ^
r ' l J I d  ( K 2+ S ' 1 )5

(2.41a)

A,' = Ct__cO V ' ) J _  4- U/' (2.41b)
2 T i 2 y  2 c ; :

_<2 12 i-|
c z = r ,  y  ( 2 . 4 i c )

U| = T  / M l  (2 . 4 Id)

r'* ( ' - V -  ^ - 3 î K > ) ( S 3- 3 ^ ,, (2.41o)
C ijzj) ( Y H  5-1-) ̂

and Y , S , 1] , £ , U' , V* , Yj ' and A z are functions 
of u) , Z  and parameters appearing in dielectric function.
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Case III:
Finally away from resonance (below resonance) i.e. 

ib/ojo <C<- "1 > there is only one propagatin polariton
branch. In this limit the dispersion relation is approxi­
mated as

k2(u) - q “l - h  i V r  , ip* , (2.421
-fi> 4  4 w0 J p  8 4 D

where

*  = [ ^  y ^ - 0 -  r V4o)02] 6Coo

Again as in previous cases putting Equation (2.42) in 
(2.32) we obtain the amplitude of the polariton as:

{■- (A,'+i A;)) (2.43)

where,

V | ' = r ( l + C i - J  5—  1 —  ( f i  i j i   ’)’] (2.44a)

a' = t lzjO-*  +- W *  (2.44b)
i c 2'z v y  '

r;2= r ' r : 1 (2.44c)
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( 2 . 4 4 d)

(2.44e)

and oL' , U ’ > V* , W ‘ , are functions of OJ , Z ar>d 
parameters appearing in dielectric function £ CK/UjJ

2.3.3. Pulse Propagation Close to (jJp ( UJ ^  bJjj )
As noted earlier, in the case of non-local 

media, at each frequency there is more than one propagating

two polariton modes which couple strongly to each other. 
Here we concentrate on this frequency region. We have been 
unable to obtain analytical results and thus we perform the 
study by numerical computation. We compute the power spec­

trum PCz;co) where

mode. In the frequency region just above CxJg there are

p c z ,c j)  = 2 n  r 2- | f  2

-  ^n-ua [[A|(oj)|2exp[-(uj-cb/c - 2 r m  k ,m z )

H A 2C^)|2 e ^ ^ [ -  JJ (2.45)
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As an illustrative case, we consider CdS, and we used 
parameters: F/2tdo - I 0 ^ Ct)o = 2.- 5  5 ,

_ Q.q M e  > €oo = 2 - 0  and M f T ^ o  =
0- O  1 2. *5 respectively. We consider three cases,

namely f  T  »  1 ' I"1 C -  1  and T T  «  I
-9For each case C is taken as 0.1 psec, 13 psec and 10 

sec respectively. The power spectrum, PCz, Gd) is plotted 
for each case, against frequency for various crystal thick­
nesses, z. in Figs. 3, 4 and 5. Note that the dashed curves 
are the controus of versus Z for various frequen­
cies. Fig. 6 shows the power spectrum corresponding to 
p  £  ^ very close to exciton resonance.

Next using Equation (2.29) the amplitude I
is computed for various cases namely p p  [ ,
p  c ■=. l_ and r c < ^  1 respectively. Log |-P,(Z,u| 

and Logj fj [ z, t) 1 are plotted in each case against time 
for various crystal thicknesses ~Z in Figs. 7, 8 and 9 re­
spectively. For all the numerical studies the central fre­
quency of the Gaussian, LU is taken slightly above (x)g_ i.e. 
Co =- iUo C I +" lO } , so that the effect of both
polariton branches UP and LP can be incorporated.

We also studied the pulse shape for the various cases
mentioned above. For fixed value of crystal thickness, ______
namely ~z - | , | f(Z, f) | is computed for Upper and
Lower polaritons as function of time, as we sweep the laser 
frequency, CO across the resonance. Figs. 10, 12 and 14
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dem ostrate p lo ts  fo r  v a rio u s  cases as we sweep la s e r  f r e ­

quency U) from uU o Cl ~~ IC-2  ) to  C 14- I 0 ~  *  )

Figs. 11, 13 and 15 show the corresponding plots for (Jj 

very close to resonance, ranging from C U o  C  I —  I 0~‘> )  to 
CaJo ( I+- I O ) ‘ A finer scale is used in those Figures.
We shall discuss the Figs. 3-15 in more detail in Section 
2.4.

2. 4 Discussion
In this Chapter we studied the propagation of elec­

tromagnetic pulses in spatially dispersive media. In Sec­
tion (2 .2 ) energy transport in spatially dispersive media 
was studied. Various contributions to energy velocity,

( U P )  anc  ̂ ( L-P) below and above resonance
are plotted in Fig. 1 for the material parameters of GaAs.
On Fig. 1 the group velocity, corresponding to Upper and 
Lower polariton branches is also plotted against reduced 

frequency. On the higher frequency side, (UP) ~ (OP) ’
On the lower requency side, Vg (|_P) ^ 6 - (.L-P) * Ex_
actly at resonance, \/^ ~  0 * | • 1° the resonance
region, the signal velocity, V 5 <C \f& • Fig. 2 shows
the plot of C/\/j versus reduced frequency in the pseudo-gap 
region, oo0 -C. Cv <. ( j • The signal velocity, V5 follows 
very close to group velocity, in the pseudo-gap region.
Analysis of the signal velocity in the spatially dispersive 
medium was given by Frankel and Birman. For large ? they
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showed

TT = £JL_ , (2.45)
vs (r/21

where "X is  the im aginary p a r t  o f  the wave v e c to r  and P  

is  the damping constant o f  the medium.

In Section (2.3) we presented results of an analysis 
of Gaussian pulse propagation in spatially dispersive media 
analogous to that of Garrett and McCumber in the local case. 
There we considered frequency regimes far from resonance: 
Cases I, and III, (dJ/uJ0} I and I re­
spectively: and also in the pseudo-gap region, (JJ CUK .
The pulse is characterized by P  U ( . Equations
(2.34), (2.36), (2. 40) and (2.43) show that in the various
frequency regimes mentioned above, the Gaussian pulse pro­
pagates substantially as Gaussian both on Upper and Lower 
polariton branches. In general there will be a shift in 
the peak of the packet, and a change in full width at half 
maximum in general, as given in those equations.

Close to exciton resonance but above the longitudinal 
mode frequency ( ) , our numerical study (for CdS para­
meters) reveals the following (as given in Section (2.3)):

For P  C 7? I we obtain a symmetric power spectrum 
as shown in Fig. 3. As ~Z is changed, the shape of the 
power spectrum remains unchanged. A slight asymmetry in the 
power spectrum is observed for the case p t - J  as shown



- 37 -

in Fig. 4. For the ease P  T «  I , as shown in Fig. 5, 
as Z is increased more and more asymmetry in the power 
spectrum can be noted. In this case an interesting "sharp 
cross over" is observed at Cl̂  in the power spectrum from 
the Lower to Upper polariton. This is shown in Fig. 6 .

For p f  7 7 | , the amplitude plots | f/CZjt)}
and l-f2.C2.jt) I designated as UP and LP respectively, 
show very little variation in the shape of the packet as 
crystal thickness Z. is changed from z  =  10 ^ O yy\ to
| q ~ ^  Cyy\ • (See Fig. 7). This case corresponds
to many oscillations in time as the packet is wide in time 
domain.

For P7T —  I , the amplitude plots of )-p| C ?■> f) I 
and | fj.C2;t)l show very little variation in the shape 
of the packet as we increase the crystal thickness ~z. , as
shown in Fig. 8 . This case corresponds to relatively few 
oscillations in time.

In the limit P T « I  , from the qualitative 
point of view, the packet gets more distorted as it propa­
gates in the crystal as shown in Fig. 9. Notice here 
| f | ( 2, t ) ) or UP becomes broadened and distorted as it

moves in the crystal i.e. as is increased. Also
| f xCZj t ) ) or LP even for ~Z. - I O does not appear

Gaussian: it is rather flat and as it moves in the crystal
more oscillations develop.
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In the limit P O / I  , the pulse shape remains 
Gaussian as we sweep across the resonance; this is shown 
in Figs. 10 and 11. The pulse width remains substantially 
constant on both Upper and Lower polariton branches. Simi­
lar behavior is noted for ("p —  / , as shown in Figs. 12
and 13. In this case very little variation in pulse width 
is noted as we sweep across resonance (for example a 26 p. 
sec. pulse shows maximum variation of 4 p. sec.). The 
f~ C  <£< | limit corresponds to considerable pulse dis­
tortion as demonstrated in Figs. 14 and 15. There is a 
great deal of structure in the Lower polariton branch above 
resonance as seen in these Figures.

As a physical description we can understand that for 
the case f f 7 7 ) , the pulse shows minimum distortion be­
cause it is wide in time and as it propagates in the medium 
it imparts energy to the medium and the dipoles of the me­
dium are excited. As the dipoles relax back they still see 
some part of the pulse. Hence in turn, the pulse gets back 
the part of the energy, thus very little distortion in the 
pusle is created. On the other hand, for PT<<- I case 
pulse is much narrower in time, relative to P T »  I case 
and as it propagates through the medium it imparts energy 
to the dipoles and when these dipoles relax back they do 
not see any part of the pulse. The pulse has already moved 
in time. Thus pulse looses energy at each moment as it moves 
in the medium and more distortions occur for P " C « I  case.
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Our analysis shows that the velocity of motion of the 
peak of the pulse follows the group velocity as shown in 
Fig. 16 in the resonance region in the cases 
and f r  =• 1 • This can be inferred from the shift in
the cneter of the packet as 6J sweeps across resonance.
In these cases the pulse shape remains substantially Gaus­
sian, with very little variation in pulse width.

We can compare our results in part with some recent 
experiments. It seems that our numerical results for Gaus­
sian pulse propagation in excitonic polariton (spatially 
dispersive) for media laser frequencies in the resonance 
region agree with the time-of-flight experiments (Ref. 14- 
17). These experiments seem to correspond to the case 
P XT ~  I ; and they find that the pulse shape remains 
substantially Gaussian, and that the peak of the pulse tra­
vels at the "classical" group velocity computed from 
Vq - {6cU./d KrO in each branch. Here we say "seem
to" because experimental conditions are not always adequately 
given. Also in agreement is the "cross-over" of power pro­
pagating from Lower to Upper branch polariton as the laser 
sweeps through resonance frequency from below.



CHAPTER III
WAVE PROPAGATION IN BOUNDED GYROTROPIC 

MEDIUM NEAR RESONANCE
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3.1 Introduction
In recent years the optics of nongyrotropic material

media has attracted a great deal of attention. This is due
2in part to observations that spatial dispersion (wave- 

vector-dependent terms in the dielectric function) leads to 
the appearance of new modes in the crystal. In a finite 
crystal these elctromagnetic modes can interfere with each 
other. The problem of reflection and refraction at the 
interface between such media and vacuum is also complicated 
due to the constitutive relation for such media being of an 
integral type. Hence the electric field inside the medium 
obeys an integro-differential eguation. Several approxima­
tions are usually made to solve the optics of such media;
common to all of them is the assertion that the wave vector 
—*>K  is small i.e. the wavelength is larger than lattice 

spacing. In nongyrotropic terms of K and keeps only the
- — 4second order term in K , the first order vanishing due 

to symmetry. In gyrotropic crystals i.e. in crystals which
lack centre of inversion symmetry, or horizontal reflection

—?symmetry plane, K -linear terms are included in the expan­
sion of the dielectric function. This then leads to optical 
activity. One of the striking features of the optics of such 
media in connection with the appearance of new modes is the 
possibility of having three waves in such media near optical 
resonance. Although the three wave effect has been predicted
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31by Ginzburg in 1958, such an effect was earlier discussed
32by Gibbs in 1882. Gibbs dismissed the third mode as he 

pointed out that the refractive index of the third wave is 
too large to be considered in the framework of macroscopic 
electromagnetic theory. Ginzburg, however, pointed out that 
near some exciton resonance frequency the refractive indices 
of all three waves may attain such values that they can be 
treated in the domain of Maxwell's theory. He suggested 
one should start with the inverse dielectric function and 
keep K -linear terms in the expansion of the inverse di­
electric function. He obtained a dispersion relation which 
has three solutions at any given frequency.

In the case of gyrotropic media several forms of addi­
tional boundary conditions have been proposed, in both mi-

33croscopic and macroscopic appraches. In order to treat
the problem of reflection and refraction on a gyrotropic

34half space, Ginzburg and Agranovich keep quadratic terms
in K in addition to the K -linear terms in the expansion
of the (wave vector dependent) inverse dielectric function.
Such a procedure not only increases the number of additional
waves but also raises the question of convergence.^

In this Chapter we develop a macroscopic theory of
gyrotropy keeping only K -linear terms in the expansion of

22the inverse dielectric function. In Section (3.2) we 
start with the molecular optics a p p r o a c h ^  ^  ancj obtain 

the inverse dielectric function for a gyrotropic medium,



- 43 -

which was proposed phenomenologically by Ginzburg. In 
Section (4.3) we obtain the constitutive relation and the 
additional boundary condition (ABC). Section (4.4) deals 
with the structure of electromagnetic fields inside the 
gyrotropic medium. In Section (4.5) we solve the problem 
of reflection and refraction from optically active half 
space. Finally Section (4.6) is devoted to a brief discus­
sion .

3.2 Basic Equations of Molecular Optics
We start from the basic equations of molecular optics 

as discussed in Born and W o l f , ^ ^

EL(9f)= e " ’(k) + J _  GCRij)), o.ii
J*i

where

^  Rij
GlR.-j)* * (3-2)K,J
k o =  ^ / c  , Rij = 1*1- ”̂  I, (3.3)

and £ is the external electric field incident on the
 t   , ^

medium, Pj(^) dipole moment of the j dipole and
£ ( is the local field at the (, molecule. We
have considered for simplicty a non-magnetic medium. The
magnetic field is given by the expression
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H Ltfl = H*"(n) + ^ .  ( - ‘ Ko)V, X  ( P ( ^ ) G ( R . , ) ) ,  <3 -41
JM

where H  ̂ * is the incident magnetic field and H l ( O
»

is the local magnetic field at the i dipole.
A recent important review of the molecular optics

approach from a modern point of view was given by Van Kranen- 
37donk and Sipe. They were able to relate gyrotropy to a 

tight binding quantum theory of molecular structure and 
excitations.

We assume here that gyrotropy is due to the lack of 
inversion symmetry in the individual constituents (molecules) 
comprising the medium. We take them to be isotropic. As 
is well known the dipole moment then depends not only on the 
electric field but also on its spatial derivatives. In such 
a medium the dipole moment is therefore related to the local 
electric field in the following manner

P(T-) = o((W) E l (<) +  (3(W) v j x  E*l (lj ) <3 -5)

where o(.(w) is essentially the mean polarizability of the 
molecule and , related to the gyration vector, depends
on the properties of the medium. In the usual formulation 
of molecular optics the second term on the right hand side 
Equation (3.5) is not present. In the long wavelength re­
gime in which we are interested we may to a good approxima-
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tion, treat the dipole distributions to be continuous and 
make the transition from discrete to continuous variables 
in Equations (3.1), (3.4) and (3.5).

In the continuous distribution limit Equations (3.1), 
(3.2) and (3.5) become

I
E L( r >  = + - f y x  ( V x  P ( ' " ) & C R ) ) d 5r'> o . e i

cr

H, (.r) =
rl

V X  ( PCr'JGCR))dV, <3-7>

and

= N « ^ C ^ ) F u CT;aJ) -H N p ( w )  v  x H L(rJ (3.8)

where

i R
G t R ) =  — --------------  » R  =  I r - F l  ( 3 . 9 )

and N is the number density of dipoles which we assume to 
be uniform. In Equations (3.6) and (3.7) the integration is 
taken over the interior of the crystal, V  is the volume oc­
cupied by the crystal, 21 is the surface bounding the vol­
ume and <T is the surface surrounding the small volume ex­
cluded at the point, Y at which the fields are being cal­
culated. Equations (3.6) and (3.7) are identical in form 
with the usual molecular optics equations and therefore we
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obtain the usual relationship between the macroscopic 
fields and the local fields which are

P( r: UJ)  ̂ (3.10)

h ( r u ) ) =  H l C C o j ) (3-n)

where E and H are the macroscopic Maxwell electric 
and magnetic field respectively. If we now eliminate 

E L (X* CaJ  ) between Equations (3.8) and (3.10) we find 
the following constitutive relation between p and E

P(r ^ o(6O)E(^6o)f(3Juj)vxEcCa;)-»-LIJ70oH v x p  (3.12)

where

* . « * »  = (J- ^  No(M)

P0 (tb) = -----  . (3.14)
(I - | N o (  (u J))

Equation (3.12) may be rewritten in many different 
ways. By introducing the dielectric induction vector 
in the usual way we get the relation

DC?^)= 60M  E*(ruj) +- Ĵ7 po(w) v x R ^ uj)

+  SJT&CU)) V X E t T c o ) '  (3.151
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where

D C ^ c d )  ~ "E ^  P( C  Cd) (3.16a)

£otoJ) = I + M n ô 0 (u>) _ (3.16b)

Near resonance the dielectric displacement vector D  
is large compared to the electric field E . Therefore if 
one neglects the third term on the f h-5 of Equation (3.15) 
compared to the second term, one obtains the equation

D l f c d )  = 60Cu;) E ( f u j )  +- ‘■P.1 V x D ( f ° J  <3*17>3

This implies the operator equation

6 " ( f e d )  - e o’CuJ) F  -I- C.’c ud) V X  > (3.17a)

where

e:'tcu)= h l < .
1 ^

A constitutive relation of type Equation (3.17) has been
3 6proposed phenomenologically by Ginzburg.
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3.3 The Constitutive Relation and Additional Boundary 
Condition
Here we consider an isotropic, non-magnetic and linear 

gyrotropic medium. Equation (3.17) give us

E(ro))= C M  D C ojU  C M y x D C M ) .  (3-18)

We now relate the dielectric displacement and polarization 
field in the usual manner as described by Equation (3.16a) 
It can be shown from Equations (3.18) and (3.16a) that

v x  p c E uj) -  o < M E ( f o d ) - Y M V x E ( f a i ;  (3 *19)
€. o-i ’

where

L)Ilo((uj) = £0(a)) — €. oo (3.20)

MIT - 60Cuj) 6, Vu)) . (3.2i)

Using Maxwell's eqations, we can write Equation (3.19) as

+ VXPc?u)) = o<fu))E,(r6J)-iK0r(ui;jTiroj)(3.22)
€ u.

In order to simplify the analysis we shall from now on deal
with a one dimensional situation. That is, consider propa-
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—* A dgation in the 7. direction. We replace S7 by 2 
in Equation (3.22). We then obtain the following system 
of differential euqations

P(Z/a;) - 411 r(lxJ) 4Pa(z,u;)= o^ uj) E(Z,aJ)-'iK0V M B M  (3.23) 
x y *

p (2)a3) _ 4E  = oa^) EyU,w;-iK#tfwJ8(z,wj (3.24)

Equations (3.23) and (3.24) are differential constitutive 
relations for a linear gyrotropic medium near resonance.
Using Equations (3.230 and (3.24) it can be shown that

n C z , oO +  1 - W L z . w )
C m  o Z.

r (Fy(z,Gj)-l Ex &,&)) -I k0 ftw)(B (3.25)
;

where we have

fT (Zjbd) =■ Py C?,(J) -L R [2,u)) (3.26)

3 8We now follow the approach described by Gakhov. By intro­
ducing a new function, namely [1 £z,o)) we have the boundary 
value problem for the system of differential equations (3.23) 
and (3.24). Considering a pill-box construction at Z = O 
we can write down Equation (3.25) as,
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y M  n (o.^  - v(w) ir (o+/cu) - o (3.27)

where G_ and 0V are points outside and inside the surface. 
Since TT (0_,UJ) = O * we obtain the additional boundary 
condition as

Thus Equation (3.28) gives us an additional boundary con­
dition derived from Maxwell's equations and constitutive 
relations. It is to be noted that the boundary condition 
(3.28) is a particular case of the effective boundary con-

3.4 Structure of Electromagnetic Fields Inside the Gyro­
tropic Half Space 
We now investigate the nature of electromagnetic fields 

inside a gyrotropic half space whose constitutive relation 
is given in Section (3.3) and we determine how the boundary 
conditions (3.28) affect the mode structure. From Maxwell's 
equations we obtain the folowing equation after eliminating 
the magnetic field

- L PCC^ou) =■ O
1 X

(3.28)

dition proposed by Agranovich and Ginzburg. 39

y / V x E ( r u ) ) "  K02 D ( X c j ) (3.29)
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For transverse fields we have

y - E ( C ^ ) -  V. D(ruJ) = 0 (3.30)

Thus we can write down

v Y  + Linr(u>) (3.31)
\E(ryu))! e -  I V X E ( r a J ) /  6 \ E O ;  J

Equation (3.31) represents a system of partial differential 
equations for the vector components of the fields. By using 
a vector identity and straightforward algebra we obtain the 
following higher order uncoupled equation for E and D

f )  * 0 (3.32)

We may rewrite Equation (3.32) as 

3
fT ( V 2 +  K.2) E C f x J )  = 0  .
r>

The dispersion relation obtained is

(3.33)

( K 2 60 - K 2)2 - 0  , (3.34)

or we can write as

( w ? ) V  +  3 ( w ) ^ *  ~  ( f o W ' 0 . ' 3 - 35 ’
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The dispersion relation (3.35) is a sixth order in K and

the dispersion curves obtained from Equation (3.35). 
Equation (3.31) leads to the following polarization condi­
tion

In order to study the polarization property of the electric 
field explicitly we choose the special case of normal inci­
dence at a half space for which the problem is one dimen­
sional. Further following the work of Ref. (40) we write 
solution as

third order in K1 • 1° Section (3.6) we shall discuss

(3.36)

Using Equation (3.34) in (3.36) we find

V  X  E j  (  ^  o J )  =  t  K j ,  (  1 C  uJ ) (3.37)

3
(3.38)

<T'
satisfy the Helmholtz equations

o (3.39)

Since the solutions of Equation (3.39) are simple plane 
waves Equation (3.38) becomes
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KiZ.E(z,u)> - L  E. (z,o>) = Z. E; e' «3 -‘l0>
i" * r  i

On substituting Equation (3.40) into Equation (3.37) wc 
obtain

(Zx E = i t  <3-41>
o f

Thus the polarization assignments are

A . A
e - u - i y i L j .  , j- (3.42)

E3 = Cx-t-iy) R  <3 -43)

where and R  are amplitudes of left and right circu­
larly polarized waves.

In other words the electric field now consists of two 
left circularly polarized waves whose amplitudes are coupled 
and one right circularly polarized wave, each having differ­
ent phase velocities. From the Maxwell equations it is now
easy to show that

3
p’CZ.U.) = I  P e ‘ K‘Z (3-44)

r' *

where

p = ( n .2- 0  E (3.45)
f $ 4
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and

V  V K ° (3.46)

is the refractive index associated with the ^ wave. On
using Equations (3.38), (3.44) and (3.45) we find from Equa­
tion (3.28) that

which implies that the amplitudes of the two left circularly 
polarized waves are related by the boundary condition (3.28).

3.5 Refraction and Reflection Problem
We treat the case when a plane wave is incident from 

the vacuum side onto the gyrotropic half space (Z20) •
We denote the fields in the vacuum i.e. for z<-0 as 
follows

2

L  ( n / - 0  L, = o , (3.47)
<h»

E, - E.nc +• E

(3.48)

(3.49)

Fields inside the gyrotropic half space i.e. for 2>o are



denoted

E,„ - I  ( S - . y ) L j e l 0 + ( x w ) Rkô x. z , * • ̂  r, „• k„r12/ . .  . . . . i n  „  *  ( 3 > 5 0 )
J = l 
1

rr* T" i v 4-i x ) n /s. ■ ^1 ^  zHin r L- t y + ‘ ' h  LJ e -f- (Y-ix)rv Re (3.51)J=l ; »
where vhj = r\j and r>r - >̂ 3 . The subscripts J.

and r refer to the left and right circular polariza­
tion respectively. The boundary condition (3.28) becomes

a.
I  ( I V  -I) L. = 0 . (3.52)
J»l 1

In order to obtain the amplitudes of the reflected
S\ — .and refracted fields we use the continuity of Z X E and 

Zx h* and obtain the following set of equations. Contin­

uity of Z x eT at ~z.= o gives

£ l , t R  (3.53)

and

(3.54)
j"'

^Ry = 1 ( I  L: R)
js»

/\ —4
Continuity of Z* h at z = o gives
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and

1

E Ry = ‘ [ I  n  L j  - n r R ]
<J *"l ^

(3.56)

We have five unknowns namely Er* , Efty # 1-, , Li , 
and R  , and we have five sets of homogeneous Equations 
(3.52) - (3.56). Thus we can solve for the unknowns and 
obtain

L, -

( n r + i )

(i- ni

r _if/
t R» ‘ 4 v K n ^ J U ^ .

t- K V  
t- n /

V 1
ni,   A _____ I

I +- \ n *> J ( l'+' n <)  J 0

The refectivity R(kJ) is defined as

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

J C i E k . 1 1  1-
(3.62)

Thus we obtain

m  = 1 ^ nr
(i+ n,)z

2 (Hi, f-n,j (i-t-ry/^) 
(i-+n/()2 (i + nA )a

(3.63)
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3.6 Discussion
We have numerically calculated dispersion curves in 

order to illustrate the type and magnitude of the effects 
which can arise near resonance is an excitonic-polariton 
insulator due to gyrotropy. From these dispersion curves 
we calculated reflectivity as a function of frequency.

In order to avoid tensorial complications in our 
illustration, we consider the isotropic case as discussed 
in Sections (3.3) and (3.4). We write the inverse dielec­
tric function as

C M & , ]  £ > )  <3 - 64>

£ (CD) - £«- - -fis___  (3-65a)

C (CO) - , «*• - & o / c L u ) ('3.65b)
1

5 = (oO-cOoVoOo , 5= r/2Ol0 , (3.65c)

Where € 0m is the background dielectric constant, ck0 some 
effective oscillator strength coupling, and o((/ a gyrotro- 
pic parameter.

As a "model" substance we considered an insulator with 
parameter values like those of CdS, although we do not in­
tend to imply this theory will apply CdS. The B-exciton 
in CdS has been desribed in a K -linear approximation as
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41gyrotropic. For the gyrotropy parameter o<|| we chose 
0.01 or 10  ̂cm.

In Fig. 17 the dispersion curves are shown for differ­
ent values of the damping parameter & . The real part of
K  is plotted near resonance. Recall there are three 

propagating modes in the medium: two are left circularly
polarized, and coupled, the third is right circularly polar­
ized. One of the coupled modes has negative phase velocity. 
We can understand physically the concept of negative phase 
velocity as the mode propagating with positive phase but 
in - z direction. It is coupled with a mode with positive 
phase velocity and propagating in *■ z. direction. In Fig. 18 
the imaginary part of K is plotted near resonance.

In Fig. 19 we plot the modulus of reflectivity as a 
function of frequency near resonance for different damping 
parameters. A noteworthy feature of these curves is the 
rather pronounced structure with local maxima and dips. It 
is not simple to correlate such structure with the disper­
sion curves (since the reflectivity is the resultant of all 
coupled modes) but one can note that peaks in reflectivity 
correspond to regions in frequency where group velocity on 
one or another branch is low, and/or attenuation ( Inn K )

= 5^10 we ob­
serve three peaks in the reflection spectrum. As the damping 
is reduced, the number of peaks in the spectrum is reduced. 
For 6 - lo4 we observe only one peak. This peak shifts
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towards frequencies close to resonance as we decrease the 
damping from & - 5 *»o ̂ to S - lo- ^ • In Fig.
20 a plot of phase angle as function of frequency for dif­
ferent damping parameters is given, corresponding to the 
curves in Fig. 19.

In conclusion, we have studied the electrodynamics 
of bounded gyrotropic medium, near resonance from phenomen­
ological point of view. Additional boundary conditions 
are obtained self-consistently. The problem of reflection 
from optically active half space is solved and numerical 
results are discussed.



CHAPTER IV
SURFACE WAVES IN BOUNDED GYROTROPIC MEDIA
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4.1 Introduction
The characteristic of a surface electromagnetic mode 

is that it decays exponentially as we move away from the 
surface and it propagates along the surface with wave vec­
tor, , where U. is the component parallel to the sur-

— ■)face of the full wave vector K
The electric fieldy E associated with such a mode 

is given by,

E ( r oo) = t 0 £  (4 .D

Here the surface is taken at 2.-0 and corresponds
to the semi infinite medium and Z < 0  corresponds to vacuum.

We shall recall in Section (4.2) that the dispersion
relation for surface modes in the absence of spatial dis­
persion can be written as

U* = ^  ^  . > (4.2)
C' (ecuj)-f-O

with the condition I . Here fc(oj) is defined by
Equation (2.6). Consider for example P*0 case. Wo find
that £C<jO) <-\ in the frequency region (jl)0 < OJ <  L d j ,
which corresponds to the stopgap region for bulk propagation.

Surface plasmons have been observed experimentally
42from metal grating surfaces by Teng and Stern, Powell and



- 62 -

4 3Swan detected these excitations by electron scattering
44from thin metal foils. Barker was the first to observe 

surface plasmons by direct optical coupling to surface 
excitons using Attenuated Total Reflection (ATR) type geo­
metry. Surface polaritons in a frequency dispersive medium

45(GaP)have been observed by Marschall and Fischer.
When spatial dispersion is taken into account the 

dispersion equation for surface polaritons becomes depen­
dent on the ABC's .  ̂ ^  A surface polariton dispersion re­
lation has been obtained by Maradudin and Mills^ and also 

46by Agarwal using a translationally invarient model for
dielectric runction, in the "dielectric approximation".
A non-translationally invarient model for the dielectric

0function has been used by Frankel and Birman to investigate
surface polaritons near exciton resonance.

47Bishop and Maradudin have studied linear wave vec­
tor effects on the optical properties of crystals. They
have formulated an Attenuated Total Reflection (ATR) experi-

48ment for surface polaritons in ck -quartz. Falge and Otto 
have made an experimental study of surface polaritons on

-quartz by the ATR method, in the infra-red optical re­
gion.

In this Chapter we study the surface waves correspond­
ing to antisymmetric K  -linear terms in the dielectric func­
tion which give rise to left and right circularly polarized 
light waves in the medium. The plan of the Chapter is as
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follows.
In Section (4.2) we review some properties of surface

modes in a frequency dispersive medium. In Section (4.3)
we obtain the surface wave dispersion relation in a bounded
gyrotropic medium. Section (4.4) deals with the formulation

24of a ATR model experiment. Finally Section (4.5) is de­
voted to brief discussion of these results.

4.2 Surface Modes in the Frequency Dispersive Medium
Consider a frequency dispersive medium free of charges 

and currents and also non-magnetic. Maxwell’s equation for 
such a medium are give by,

V- D 0 (4.3a)

V *  E - -1 A. H 
c dfc (4.3b)

(4.3c)

V- H 0 (4.3d)

The dielectric displacement D  is related to the 
electric field, £  by a non-local constitutive rela­
tion in time as

D U )
ri (4.4)
J—oo
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which gives us D C  CO) - 6_ Ctd) E Cc«J ) < Taking
the curl of Equation (4.3b),

V *  V X  EL ~  , (4.5)
^ at3-

and considering fields to be time harmonic we get

V K V X  ? ( C ^ )  t  E H  E ( r  co)^ 0 (4.6)
c x

As we have described earlier, surface modes are designated 
by Equation (4.1). Substituting Equation (4.1) in Equation 
(4.6) we get

-(u1- = o

or

P = J u 2 -  £  w t f / C -  . <4-7>

Next we apply the Maxwell continuity conditions to the fields 
at the surface Z. = 0  . Let us denote and E the
fields in the vacuum and the medium respectively. Continuity 
of the normal components of J) and tangential components of 
E. gives

(V) (M)E„ = C(uJ) E z (4.81
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(V) r f M )E* = bA (4.9)

Putting Equations (4.8) and (4.9) in Equation (4.3a) we get

E lv,= -  l i V )E z(V) (4.10)
x i U

r-(M) 6 (M) c CM) (4*U)tr ~ “ zx i u
From Equations (4.10) and (4.11)

CV)
€ (CO) - Ez

. < « • » >

Putting the value of ^  from Equation (4.7) in (4.12),

€(0O) = -   ------------- — . (4.13)

or

C 2 (G(w)-hi)
(4.2)

we note from Equation (4.13) that surface modes must satisfy

€{ u j ) <. 0 •
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4.3 Surface Waves in an Optically Active Half Space
In this Section we examine surface waves at the inter­

face between an optically active half space and vacuum fol-
23lowing the recent analysis of Pattanayak and Birman.

The dielectric function for an homogeneous optically active 
21medium can be written as

€o(uJ) it) +  I C (C0J)  ̂ (4.14)

where IT is the wave vector, CO is the frequency of the 
electromagnetic field, 6ij is the Kroneker delta function, 
and is levi-cevita tensor. (LoCgo) and £ , ( GO )
are functions of frequency.

Consider the problem of surface waves at the interface 
between an optically active half-space and vacuum with Z < 0  
vacuum and Z > 0  the optically active half space containing 
the medium. We represent the electromagnetic fields in the 
vacuum region (ZZO) using the angular spectrum representa­
tion

Oo
r / /\ ,v) j ( u x + v / - i a / 0z)

£ (u,v) £! d u d ^  (4.15)
- O*

where

W 0 = ( k 02- U 2- V 2/* if u H  V 2 <  K 02 ,
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A (V) A (V) A  ( V)
and E has x , y and Z components E y , Ey ,

A (v) • T? (V) ^  i \j)and £ respectively. Note E and E represent

E (V' ( y, UJ) and £  (u, U-) respectively.
Since the electric field is transverse in the vacuum

region, define a vector yj = ( U., I/, ~ W 0 ) so that

■yj*. £  ( = 0. ( 4 . 1 7 )

The magnetic field in the vacuum region is given by

(V) _
h (n w) -

oo
/  A. (V) I (ux + try- W 0Z)
H ( ’Cu, w) e dudv ,4-181

J- D®

where

H <V,(u .d) - x(_yjL E„<v)(u,i;) +■ Eyluy))
V ko Wo Ko Wo y /

\ Ko Wo K„ W 0 /
A (W

+ z ( “ W e W (u,i>J +- ^  E (V w )  (4.19
V Ko W0 *  KcWo ^ ' •
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23The electric field in the medium has been shown to be

r  ,  ,  i  ( u x + - V * y + - W + z )E + ( U 4V) €  dudvr

s [ ( u x + v y + w - z )E_tU,U) e  dudtr (4.20)

where

I m W, 7 0

W -  =  ( Ko n N  u T- u 2) /2_ I m  U/_ >0 (4.21)

E (u u) - [ x + i (Ko^w. t- i u/) 
+ ' (Kjnj-u1)

Y

■*-
(u. vn/j. t~ i R-o
” ~ C u ^ T k }  njj

A
z b ( uu )  (4.22a)

L T k > . 2 -

+- ( u. w- -  i Ko n _ v ) Z-

(Ro ̂  - u")
£ (UO) (4.22b)- X '
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and the magnetic field in the medium is obtained from Max-
 y  J  >well's equations as hi ( cj) - J—  y x  E (^Oj) . Thet Ko

continuity of Z and Z X H  at the interface ~z.-0
gives four homogeneous algebraic equations for the four

A (V) (\J) A
unknowns E x » E. y » E fX > an^ ^-x • In or<̂ er that
a non-trivial solution exist, the secular determinant must
vanish. Choosing the case V =0 and ignoring magnetization
effects ( I ) , we obtain from

+ (, w f ■+■ w 0) ( +  r£ w n _  (w_ i-vy0')(v\/ +nf *2 ̂

Equation (4.23) is the dispersion equation for wave propa­
gation; we notice that in order to have modes decaying away 
from the interface, we must impose

U 1 >  Ko2 <4 - 2 4 a »

with

U Z 7  R e  ( Ko2 H* ) . (4.24b)

We now expand , W _  and W 0 in Equation (4.23) in
powers of Ko/uh . Keeping only leading terms we obtain

uH- l (  (rw+n->*
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Although the dispersion Equation (4.25) for surface waves 
in an optically active medium is fourth order for large 
the solution to Equation (4.25) that satisfies condition 
(4.24b) would bive the surface wave dispersion relation.
We find that one of the solutions of Equation (4.25) does 
not satisfy Equation (4.24b). In order to obtain the sur­
face wave dispersion relation quantitatively, we need to 
know values of and as functions of frequency. For
this purpose we note that and fl_ are given by

where is the coefficient of rotation - Hi . 2 fT

Ylv(CO) = 4- Je'(03) 4-M'a(Cd)
2.

(4.26a)

(4.26b)

Subtracting Equation (4.26a) and (4.26b) we obtain

(4.27)

In order to obtain the functional relation of M- with fre­
quency, we assume the Chandrasekhar formula"*- for the rota­
tion 0  (X) in an optically active medium,

o
(4.28)

^      c  -
^  is the resonance wave length; is related to
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by

|jL'(cbN) = IS. 0(uj) , (4.29)

where

0(w)
K 2  C J ' c O q (4.29a)
(oJo-CU^Jlo­

using Equation (4.28) and (4.29) we obtain Equation (4.27).
We have used the oscillator model for 6'fco) , de­

fined by Equation (2.6). For the sake of completeness, we 
plot D*(u)) and D-Cca) as functions of frequency in 
Fig. 21 using the parameters of quartz. In Figs. 22 and 23 
we plot the surface wave dispersion for parameters of quartz 
and sodium-chlorate (X0 ~ Q O O  A) respectively.

4.4 An Attenuated Total Reflection (ATR) Experiment
In order to probe the surface excitations discussed 

in the previous section we describe an Attenuated Total Re­
flection (ATR) experiment in which external light is made to 
couple with decaying surface waves, via an air gap between 
the prisim and optically active medium. The geometry of the 
problem is shown in Fig. 24. We shall find the electromag­
netic fields in each region and match them at the boundaries 
in order to determine the ATR spectra. In the prism we have,
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E ( f, oj) = E ( r uO +- E I C
totuJ? P '*<■ Ref

E  ( C ^  =me
( x  e ^ + 'z  ez.) e [WpZ elUxduXi

E CruJ) -■ WP2_ I ux
(X e  d U

w p = (SpKo3- U 1)*

(4

(4

(4

(4

H  (r( UJ) =
total p [ - x ( F Z i e ‘ WpZ-  E R z e ,Wp2) + y

{ ( E * e , W p Z -

VVp *

In the air film region Z <  0 r we have,

E ( ? w >  =
total Qif

Wi = ( Ko1 -  U 1) ^  , (4,

A

(v) = * f y >where E and E have x , y and Z components
A /» .(vj f (V) 
y » Z.

r(V) f lv) r (v) r<v; rC x > CLy , , c y , c ̂

. 30) 

.31a) 

.31b) 

.32)

33)

34)

35) 

as
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respectively.

IV), - 
H ( r, to) = [(x (Ey(v,e ,w°z- Eyfv’e iw,z)

-<f (t-/v,e ' WoZ-

* / A (V) - i lA/oZ - (V) iiV07
+- z  ( E y e

*  C U ~h W o ) -| e ' u * d u  
Ko J

In Equation (4.3b) we have used the condition that in
Athe E. fields are transverse

V  E c v ) = o

^  f  ‘ v ) - o

where

T) - ( U, 0, - Wol

and

r f j  j ( u ,  o, w . )

(4.36) 

vacuum

(4.37a)

(4.37b)
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In the optically active region,

E(ro))= j ( E«. e,(u* + w*z)4- E_eI (ux - w. i))dll (4.38)

where Ef and E- are given by Equations (4.22a) and (4.22b) 
with \7=0 and

H -  “7  V x E  . 
fso

(4.39)

Applying the boundary condition (continuity condition)

A _, AA * *zx E zx e 7 X H = 2 v t-l
(-^p C ~&)p

2_ x E , Zx E f , Z v Hj t ’ 2 XH_
O'v °Gyro (V 0GyTO

and considering that the electric field is transverse in 
both prism and vacuum, we obtain eigth algebraic equations 
and we have eight unknowns, namely

c  p  £  ( v j  V’ ( v ;  F l v ;  F ( v ' t
> R-X > y > ~ y  * * ~ y  / j

(V) * (vl £ £
7 -V .

In matrix form we can write the equations as:



11■'A
G . 0

WnA
~e 0

0 -  (? 0 piw°A 0 -. A

- u , ; ^  o 0 ~w" e 0 ,., -t w AtvC g o

nu-
W F
1 ^ 6 C

(VVA 0 iv„
-A>. A

0

o o 0 0 0

0 0 0 O  0

0
w,
X, 0

K© 0 - -  I Vo
K*j

0

0

0

0

-a

0

— V'
c

M

Ln

(4.40)
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Finally we specialize to the case of circularly polarized 
incident light, i.e. we put Ez = t Ex, in the above ma­
trix. Also in Equation (4.40) take

(X =   (4.41a)
( koZ n*2 -  U 2 )

L _ I Kp 0- VJ- (4.41b)
7 k X ^ ? r

u  ,  J e p ^  S i n e  <4 - 42 >

and

c/f = in* , o/. = i n . (4.43)

The reflection coefficient R(to) at the exit face of the 
prism boundary is given by

R M =  Eg t- F* <*•“ >
x w P2 * ** ’

In Figs. 25 and 26 we plot R(cJ') as a function of frequency
for various angles of incidence Q . In this computation
we take the prism dielectric constant £p =. ) 5 and the

air gap - | cf 5 C m .
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4.5 Discussion
For quartz, as shown in Fig. 22, when the reduced 

frequency, (OJ-CUo)/OJq is increased from 0.14 to 0.21, an 
increase in surface wave dispersion, (J from to

3xi06 6rn' is noted. Similarly an increase in reduced fre­
quency, ( to- u>0)/ak from 0*1 to 0.14 corresponds to an in­
crease in surface wave dispersion, U from O Orr\ '

to *2 | x \o^ Oy*~ 1 i°r the parameters of sodium chlorate 
(NaClO^), as shown in Fig. 23. In Figs. 25 and 26 ATR spec­
tra are shown for quartz and sodium chlorate (NaClO^) respec­
tively.

In our present analysis, we have considered antisymme­
tric k -linear terms in the dielectric function which give 
rise to left and right circularly polarized light waves in 
the medium. An ATR experiment on optically active medium 
would be interesting as it would provide a comparison to our 
computed ATR spectra and would give more insight into the 
coupling of fields at the interface of a gyrotropic medium.



CHAPTER V
EXTINCTION THEOREM FOR MODEL GYROTROPIC 

MEDIUM WITH SPATIAL DISPERSION
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5.1 Introduction
The interaction of electromagnetic fields with bounded 

material media can be described by two methods discussed by 
Born and Wolf.^ The first is based on Maxwell's partial 
differential equations corresponding to macroscopic fields 
supplemented by the usual boundary conditions. The origin 
of the second method lies in an integral equation formula­
tion based on molecular optics. This method connects the 
local field acting on the dipole to both the external applied 
field and the field radiated by the remaining dipoles. This
technique in the case of linear optics was developed by

2 5 26Ewald for crysalline media and Oseen for amorphous media.
A major one of their conclusions can be formulated in the 
form of a theorem: when an electromagnetic field is inci­
dent on the material medium bounded by a closed surface, the 
incident field is completely extinguished at every point in­
side the medium and is replaced by another wave with differ­
ent velocity and direction of propagation. This is known as 
Ewald-Oseen's extinction theorem. There have been various 
modifications and generalizations of the Ewald-Oseen's ex­
tinction theorem in recent years, even though the theorem

49has been known for some 70 years.
Birman and Sein applied the integral equation techni­

que to non-local media. They considered translationally in­
varient susceptibility in the "dielectric approximation".
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Thoy obtained from the solution of the integral equation, 
a dispersion equation, extinction theorem and additional 
boundary condition (ABC) necessary to describe the elec­
trodynamics of spatially dispersive media. Later, Frankel

g
and Birman considered a non-translationally invarient suscep­
tibility to describe the spatially-dispersive medium and em­
ployed the integral equation technique to study non-local

49 (i) 49(k)media. Agarwal et al , Pattanayak and Wolf and
others**^3 have discussed the extinction theorem in
some generality.

In this Chapter we shall apply the method used by Bir- 
4man and Sein, to optically active, spatially dispersive me­

dium. In Section (5.2) we give brief review of Ewald-Oseen's 
analysis. ̂  ̂  in section (5.3) we apply Birman and Sein's
generalization to optically active spatially dispersive me- 

27dium. Finally Section (5.4) is devoted to a brief discus­
sion of the results.

5.2 Integral Equation Formulation
Consider an electromagnetic wave in homogeneous, iso­

tropic and non-magnetic medium. The electric and magnetic
t hfields at the  ̂ dipole are given by

(5.1a)

H (5.1b)
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where the sum extends over all the dipoles except the % 
dipole. At the point, where the  ̂ ^  dipole is situ­
ated, the fields due to the i. dipole are given by

E  = V  X V X  IT (5.2a)

Hj, = £  f f e , (5.2b)

where TTC is the electric Hertz vector defined by

TT = RJt/C ) (5.2c)11   >
RJt

—* ♦-hhere p  ̂ is the dipole moment of the i dipole and Kj £
t h t his the distance between t and } dipole. In the limit 

of the wavelength, X much larger than spacing between di­
poles; we can treat the distribution of dipoles to good 
approximation to be continuous i.e. the moment of the dipoles 
can be considered as a continuous function of position and 
time. Thus we can write Equation (5.1a) as

I
E L(Ct)- £ (i>(rt) +  | V X V X  ^P( c't-g/^cly (5.3)

cT(r)

where the integral is taken over the interior of the crystal, 
V is the volume occupied by the crystal, £ is the sur­
face bounding the volume and cr(r; is the surface surrounding 
the small volume excluded at the point, f which the field
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is being calculated.
The electric field in vacuum satisfies the equation,

( V 2 +- Ko ) E ( r, oj) = o (5.4)

where K- OJ/C. . The Green's function satisfies the equa- 0
tion

( V vr Koz)GCR) - - M n  S(r-r') (5.5a)

G C R )  = i K0 & R =  \Y-?' I . (5.5b)
R

Considering harmonic time dependence of the fields and using 
Equations (5.5b) we can write Equation (5.3) as

, z
V  x v  x ( p (F'tj; G ( r, r’oj)d r' (5.6)'1 in _L- u( r<j) - E (0 uJ) t-

11(c)Next using the identity due to Hoek

z 1
S7XV* fG (r  r » P ( r ' ) a r - - Sir P(r)= 

J  3

we can write Equation (5.6) as

vxyx (G«Opir))S5-73

FlCi>)) = E U\o) fVxyxJGrrr^iraijdi'-SflpJr'ojj (5>8)
3

The polarization P ( 75 UJ ) in the medium satisfies the
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equation

( V 2+ K 2 ) P(faJ) = 0 (5.9)

Using Equations (4.5a) and (4.9) we can write

P G  = -J  ( P V 2G -  G V 2P ) (5.10)

Using Green's theorem

(Ka- K 0a) ( p - g  9 P ) J s ' 
v r d n '

_ f (p Q  & £  W
J d" jrv 1 _

(5.11)

The second surface integral on the right hand side goes 
to -MfrP(f’) as the radius, of the excluded sphere
whose surface area is Q" goes to zero. Thus we can write 
Equation (5.8) using Equation (5.11) as

EL<5?a» - e ‘°( r oj) vx-^x J( pafr_&ar,)ds'

4- t-l fT P  ■■ 
(K-Ke2j

SfT (5.12)

Inserting P( f  cu) - Nlt*(u3) E L (%u)) in (5.12) we
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can rewrite Equation (5.12) as

i?(i;u» = v x v *J(pJ£- eafjdij

•f N  oC(aj) f.n  P  (ry'oj)
3  V H 1-! J ’

(5.13)

Clearly we have two terms. One, according to Equation 
(5.9), propagates with velocity C/r»(.uj) . The second term 
represents a wave which like Q is propagated with the 
vacuum velocity of light, C . Thus we can observe that 
Equation (5.13) splits into two groups, each vanishing se­
parately ,

f N* ^ = ( £ r )

E W ( r o ) ) t - V x V x  f ( E pi.-Gil )ds- 0 <5 -15>' j v dr*' an'

Equation (5.15) represents the extinction of the incident 
wave at every point inside the medium by inter­
ference with part of the dipole field. The incident wave 
is replace by another wave, given by

with velocity C/H( u j) . Finally we can connect the effective



local field, EfL (r;uJ) with Maxwell's field, E(r*uJ) which 
is given by

;M7T -- P  ( (5.17)
( n a- 0

Equations (4.16) and (4.17) imply

E L(i?u>> = E(coi) t- iff RLrfw) . <5-18>

Thus using the integral equation formulation we obtain 
conditions for: extinction of the electomagnetic fields,
the Lorentz-Lorenz relation and finally the connection be­
tween local fields and macroscopic fields in the frequency 
dispersive media.

In the next section we shall apply the generalization
of the integral equation technique used by Birman and Sein
to optically active, spatially dispersive media.

5.3 Application to Optically Active Medium with Spatial 
Dispersion
When an electromagnetic wave impinges upon an optically 

active medium from vacuum, in general two modes are excited 
in the medium. These are left and right circularly polarized 
waves. In this section we consider an optically active medi­
um which exhibits spatial dispersion. We employ the integral 
equation framework to obtain the dispersion relation, the
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extinction theorem and the additional boundary conditions 
required to solve the reflection problem.

5.3.1 Constitutive Relation
Let us denote E(Tt) as macroscopic electric 

field and P ( r, f ) the dielectric polarization at (T, k) • 
The polarization and electric field are related by a pheno­
menological constitutive relation

= f X ( r - r / w )  £ ( ? > )  d r ' ,  <5.is»

where we take an "isotropic" model for which only diagonal 
terms in the susceptibility tensor are non zero, and the 
kernel,

X ( = X (R,W)= An(R,oj) J -  X (R,u)VrX (5.20)

N ,is a sum of a non-gyrotropic part, X  ( R, Gd ) and a 
gyrotropic part, "X ̂  • Both of the latter are considered 
as resonance type of oscillator model,

X N ( R , t o )  =  7C0 S C R )  + - X , G t ( R , w )  i s . 21a)

X & CR, u>)  =  X ' S ( R )  +  X , ' G ,  ( R,  w )  . <5 - 2 1 b >

Here R  =. ( p- r*'j , G+  ( R/  OJ) =  [£xp( «■ K+ R )] /  R  , ][ 
is the unit dyadic and )<+ is a complex wave number which 
is defined as the pole of the Fourier transform of "X fR,60)1
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X(R,uj) ■*(><,w) = +  _EZJ2_  <5.221
H n  C ^ - x ^ J

and K t- - — (U)o "* <-0 — 1 ̂  I-* ) /  D  . Here £*, is
the background dielectric constant, P is the damping con­
stant, CU0 is the exciton resonance frequency; £)= htdo/M* , 

where M* is the effective exciton mass; and F= oio^o • 

where o(0 is the oscillator strength. X  o an<̂  appear­
ing in Equation (5.21) are given by

X  - [( €  go_ I ) / M I T  ] (J2TTJ 3/2. (5.23a)

X. = T T F / D C i n )

/ *OC and X. appearing in Equation (5.21b) have a simi-0 I
lar form as Equation (5.23).

5.3.2 The Integral Equation: Polarization Framework
The basic equation of molecular optics, which 

relates local field, £ L (r;6J) and induced polarization 
p" ( f  qj ) , is given by Equation (5.8) ,

E L(ru))-- E  (VuJ) -f- ) Pcr'ojJdr'-fcT ^1(5.8)/ 3  >cr
TOwhere fc ( C is t îe incident electric field. If we

assume that the Lorentz-Lorenz relation Equation (5.18) ap­
plies, we can write Equation (5.8) as
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Z

F ( r u i ) t < m p ' ( r a ) ;  - f (‘k ^ l  +  V x y x  J PtC<o) G(Rldr  ( 5 . 2 4 1
J

(Tff>

Next, multiplying both sides by (2J7 ) X  ( f—  r ) <

defined by Equations (5.20) and (5.21), and integrating 
over r we obtain

P ( r ; ^  gr̂ ,  VO-oo) -  yjL V \ P ( r f c u )  

. 7- _  . f Z
P ’t C ^ ) G + C r - r = - J( d r - H M ^ J ^ ^ V x R d r

= 7k E (l)( r vui)~ ~ V x E (l(f!cu)+- Ljn)3A L ^  ' U77ĵ

2l- 2
6f C r ^ r J E 0)( r ; ^ d r ~ -  ̂  jG^r-r) W f J r  

I

X, ' jo.
3/i

F *£ „ 7  "x 7 " x  f  P ( r > '  C- ( r - r ' / d r  ' u n ) u J

- v \ v " x v ‘'x(j IIJ’F

I 
P ( r > )  G ( r ' r " ) d r '

cr

/•z
f * i  „  I ‘ GhCx -  r )  v x 5  I P (KWGir'r)cJrdr'
mf/l)

<r

t^nr
- 3/  {  G ( r - r ; 7x7X7* f p ( f y ) G i r - r ) c l r d r  (5m2s)n j v j
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The integral equation (5.25) has both longitudinal 
and transverse solutions. We concentrate here on trans­
verse solutions. We note that the incident wave E 

satisfies Equation (5.4). In the optically active medium, 
let us assume the total polarization is a linear combina­
tion of plane waves, each satisfying wave equation with 
undetermined wave vector, Kj • Thus

In order to solve Equation (5.25) one has to transform ex­
pressions from volume to surface integrals. The typical 
basic integrals involved are,

S

(5.26)
j‘i

F(?7* |G+ ( r - r  ) P(r) d r  

E ( r ' l  - f  &t ( r -  r ) V >  P(r) A 7 ,

(5.27a)

(5.27b)

we write E if'') in the following form

= j G+ (.7-7) ( vrx p ), d 7

-- G, C r " - r )  f l(m 3X P„ d r

r ' . \ »  i w r - n j p j f t d ?  3A [6,Cr^ pjl]dr
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= £ (J(W dj F „ C O  <■ J (Total D s r i v a K / * )  .

Thus we obtain,

E ( r ' )  = v " x  F ( r " i  . (5.27c)

provide the contribution of the total derivative term vanishes: 
it is satisfied for the polarization vanishing on the surface. 
Details of the evaluation of the inegral (5.27a) are given
in appendices (B) and (D) of Ref. (4). Thus substituting
Equations (5.26) and (5.27c) in Equation (5.25) and carry­
ing out the integrals, we obtain terms propagating with ,
Ko and K t- respectively. The separate vanishing of these 

terms produce:
(i) The dispersion relation
(ii) Condition for extinction of incident field in

the medium
(iii) Additional Boundary Conditions (ABC).
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In the following sections we shall describe the expres­
sions obtained in each case.

5.3.3. Dispersion Equation, Mode Structure 
Requiring the vanishing of the terms propagating 

with Kj results is

S 'J)MTTX, _j___
( )3/-* T Kja- )

t)) , ~ ,^7 .ITTV. n r  '

2

This implies

S ) V  X p‘=  0 #
(5.29)

where,

(5.30a)

(5.30b)

^  = k 02 HiixJ/CaTTj3^ (5.30c)
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S = ( ' ± L XJ Ko’ ~  k ^ )  (5.30,1,
'  U n j »  C ^ n ; v ,  /  •

We can write Equation (5.29) to a higher order uncoupled 
equation

( V M- o t V 2 - » - 6 ) X  P  = -  H v % -  S ) 2 V 2 P  (5.31)

4 0considering plane waves as propagatin modes, we obtain

(K^+ <* X 2 +  S )2 K 2 (5.32)

or

K ? | Q k S  b K ^  t  C K 1 ^  c l  = o  f (5.33)

where

GL =■ (-‘yl2-(- 2-ot ) (5.34a)

b =  (<*2-h2fi-2r)g) (5.34b)

Q - (2dL$- g*) (5.34c)

d -  (S7- . (5. 34d)
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Equation (5.33) is the dispersion relation, which gives 4 
propagating modes in the medium. Using Equations (5.29) 
and (5.31) we can write the mode structure as

V X  pj = ±  Kj P* (5.35a)

Let us consider propagation in the Z direction,

Kj z  x Pj -  ±  K,

or

Z X  P- = ±  Pj (5.35b)

Equation (5.35b) implies that two of the propagating modes 
are left circularly polarized, and two are right circularly 
polarized, the mode structure of the electric field can be 
written as

= (x-L y ) Lj j =1,2 (5.36a)

(5.36b)(x + i y ) R j  J--3.V ,

and Pj ~ ( Ej

5.3.4 Extinction Condition
Requiring the vanishing of the bracket contain­

ing terms propagating at K0 produces
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*2., E('V HJL E(i) 7 A<1> 7 j£/1L_
(an;>4 (K*-Klf) Mlpip' M » i j  (JU^.4 (K’-tf(W)

:(0 c (i>

j ' W j i  ?-,-*•> ' - ' y v

- ^ ' V x f }+ w  v x f ^ r X -  f W  Y^ ;  ^ 5.
(in; * (wfiL (k^ )  M&/'/ (tf-** }(&,'] ’

37)

where

A0(pT; = v x t f x s ^ i ) )  ,5-38al

£(?;,> = [dS'(^(r'<o)|5(r-r")- G ( r - n l R i r u > J  ( 5 . 3 8 b )

Here Tl refers to the normal derivative and the integral 
is taken over the surface 2 ” • We can write Equation (5.37)
as

E 0)(^) +■ Z  =■ O (5.39)
J=/ (K j2- K c )

and

V X E j f V ' )  +■ 7  V  *  Ao ( ^  ,  o (5.40)
jr,

Equation (5.39) corresponds to the condition for extinction 
of incident electric field in the medium. Equation (5.40) 
is the new term representing extinction of incident magne-
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tic field in the medium.
5.3.5 Additional Boundary Condition

Finally, vanishing of the bracket containing 
terms propagatin at kf gives

x l t f f  M i l  ( j s ! _  -

J*l (Kj-K +) '(Kj-Ko)

-X'tiVT VAS.Cl?)
'(n) -(-kT T kT T   ̂ (Ki!

_ i v ( S , ( v x e "'; *■ 7  s. ,5.41,(an;** < X - M  £  (k^ K i) /,
where

fdS'f R ( ^ ) ^ C r - r " ; _  CrCr-r")^P(c^)) (5.42a)* ' J  ̂ j A n 3n '
ds'(nc(̂ ) (5.42b)

5 ( eV  fds’/ E u> & ( r - n  (5.42c)+ J V A H  An / .
Using the extinction conditions Equations (5.39) and (5.40)
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we find that the last two terms in Equation (5.41) vanish 
and we can write

Equation (5.44) represents the additional boundary condi­
tions required to solve the reflection and transmission 
problem at the boundary of the optically active-spatially 
dispersive half space.

5.3.6 Normal Incidence on a Plane Surface

the Z -direction on the semi infinite optically active, 
spatially dispersive half space. Following Ref. (4), we 
can write

0 (5.43)

which implies that the necessary condition is

(5.44)

Consider the problem of normal incidence along

(5.45)

i ktr (5.46)
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M F > )  -  v x v x S a ?,) - k dj  s o c"5>.) (5.47)

Using Equations (5.45) - (5.47) and the mode structure 
represented by Equations (5.36a) and (5.36b) we can write 
the extinction condition Equations (5.39) and (5.40) as

Equations (5.48) and (5.49) represent the extinction con­
ditions in terms of amplitudes of the modes. Again using 
Equations (5.45) - (5.47) the additional boundary condition 
Equation (5.44) becomes

P -  J—  = 0  (5.50)
fc* clz. Z--0

The components of Equation (5.50) can be written as

7 - JL dp. 
> Kt d z

o (5.51a)

O (5.51b)
d 2.

Using Equations (5.51a) and (5.51b) we can write
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lT 'h-  f -  d J T T I = o j T t  P - i P (5.52)
^  d z  I Z-o ’ V * * *

Using the additional boundary conditions Equation (5.52) 
we can solve the reflection and transmission problem at 
the optically active, spatially dispersive half space. 

Fields in the vacuum region, "Z<0 are given by

E (z,co)= $ eo e 'KoZ+ (x ex + y Ey) e ' koZ (5.53)
nu*

-*• r x - 1 Ko z
H (z,o))  = YEcelKoZ+ C x E y - y E * ) e  (5*54)
cut *

where E0 is the amplitude of the incident field and, t* 
and Ey are the x and y  components of amplitudes of 
reflected fields.

Fields in the optically active spatially dispersive 
half space, Z > 0 are given by

E Z  L, e ‘,<jZ + 21 R; +>y) e ‘ (5-55>
M.ii j - . ,

h, £ 4 »y (;-/y)€;Kiz+  £R,-ni(xV.y) e'K>z. «5-56'

The additional boundary conditions (5.52) can be written as

L , ( o T - i ) (  1+ S I l )  +- L 2 ( H j - i )  (< +  n ^ )  ^  0  ( 5 - 57)
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R} (.rî -i) (1+3.) fR,(n,'-i)(iti) = C i l5-58)

Using the continuity of fields at ~2L̂  o , and Equations 
(5.57) and (5.58) we obtain

c [ , _  (0Z-1) (I + r u / n + ) ]
^  - 1 (T+ n , / n O  J
to

("(n^i)- Cn.+O(n?-i) ( K n A )
(n2-/) (i-m./no

f I -  ( ^ V O  ( \+ n w/nQ ~  
f  J-___________( n ^ - i ) ___(l -t-n 3 / n t )  ^____

(nHf  i) - (n3-H) ( r iq - i )  (1+ nV nf )
(n/T) fit^/ntj.

v _- t
I _  (n^-i) ( 1+ n 'i/n,-)

(oj1-!) (l + nj/n>.)J  

(n,,*-0 -  i^+O (n^-D (lf)V»>)
(l+Oj/yihl
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- 1 (ry-ij ( 1+rWrw V
W - D  O  + Oi/nf)-

r
(5.60)

The reflection coefficient R (CO) is given by

R(u,) = J ( i e Bx i v  i t R Y p ) A „ 2 (5.61)

5.4 Discussion
We have employed an integral equation technique to

obtain some rigorous results in a optically active, spatial 
dispersive media. We obtained a dispersion equation which 
gives 4 propagating modes, two of them are left and the 
other two are right circularly polarized. This clearly de­
monstrates the effect of spatial dispersion i.e. doubling 
of modes occurs in contrast to usual gyrotropy where one has 
one left and one other right circularly polarized light 
wave. Extinction conditions are obtaind. One of the extinc­
tion conditions corresponds to extinction of electric field 
as noted by Birman and Sein. The new term of Equation (5.40) 
corresponds to the extinction of the magnetic field. Final­
ly, we obtain the "ABC's" required to solve the reflection 
problem from the vacuum-medium interface. We have analyzed
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the problem of normal incidence on vacuum-medium interface 
using these additional boundary conditions.

In conclusion we may point out that the analysis 
carried out above requries the integral equation formula­
tion of optics based upon polarization picture and validity 
of the Lorentz-Lorenz relation. If we require that the 
Maxwells' equation approach is consistent with the integral
equation approach, then the Lorentz-Lorenz relation comes

4out of the theory.
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In this thesis we have investigated several problems 
relating to spatial dispersion effects in crystal optics.
In Chapter II we studied the pulse propagation in strong 
spatially dispersive media, that is, near a resonance of 
excitonic-polariton media. Expressions were obtained for 
energy velocity Vg for Upper and Lower polariton branches 
respectively. A numerical study was carried out using ma­
terial parameters of GaAs. Comparison between calculated 
energy, group and signal velocities was examined in the vi­
cinity of the exciton resonance. The energy propagation 
studies were made assuming that propagating modes are plane 
wave.

Next Gaussian pulse propagation studies in excitonic- 
polariton media were carried out in various frequency re­
gions, for rC?7l » rZ-l and cases. For
r  r »  I anc* rV - I cases, peak of the pulse propagates 
with group velocity and pulse width shows very little varia­
tion .

Various problems related to weak spatial dispersion
i.e. gyrotropy were investigated. First wave propagation in 
bounded gyrotropic medium was studied near resonance in Chap­
ter III. The constitutive relation in the optically active 
medium was written down in an inverse dielectric function 
framework. The additional boundary condition (ABC) required 
to solve the reflection, refraction problem was obtained.
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Dispersion relation and mode structure were obtained and 
the reflectivity problem from half space was solved and 
numerical results obtained for typical semiconducting me­
dium.

Next in Chapter IV, using the general mode structure 
in the optically active medium surface wave dispersion re­
lation was written and computed numerically. An Attenua­
ted Total Reflection (ATR) model experiment to detect these 
surface waves was formulated.

Finally in Chapter V, the Extinction Theorem for mo­
del gyrotropic medium with spatial dispersion was investi­

gated. The dispersion relations and the mode structure was 
obtained. The extinction conditon for electric and magne­
tic fields were obtained. Additional Boundary Conditions 
(ABC) required to solve the reflection problem were obtained 
and, finally, reflection coefficient, R(oS) was obtained.

Thus in summary we have examined in this thesis vari­
ous wave vector dependent optical phenomenon, both corre­
sponding to strong and weak spatial dispersion in bounded 
material media.



- 105 -

BIBLIOGRAPHY

1. V. M. Agranovich and V. L. Ginzburg, Spatial Dis­
persion in Crystal Optics and the Theory of Exci­
ton s, (Interscience, London, 1966).

2. S. I. Pekar, Zh. Eksp. Teor. Fiz. 33, 1022 (1957)
(Sov. Phys. JETP 6 785 (1958)].

3. J. J. Hopfield and D. G. Thomas, Phys. Rev. 132, 563
(1963) .

4. J. L. Birman and J. J. Sein, Phyj.Rev. B6, 2482 (1972);
J. J. Sein Ph.D Thesis (New York University, 1969).

5. R. Zeyher, J. L. Birman and W. Brenig, Phys. Rev. B6,
4613 (1972). —

6. G. S. Agarwal, D. N. Pattanayak and E. Wolf, Phys.
Rev. Lett. 27, 1022 (1971); Phys. Rev. BIO,1477 (1974).

7. A. A. Maradudin and D. L. Mills, Phys Rev. B7, 2787
(1973).

8. M. J. Frankel and J. L. Birman, Phys Rev. B13, 2587
(1976), Phys. Rev. A15, 2000 (1977).

9. V. V. Hyzhnyakov, A. A. Maradudin and D. L. Mills,
Phys. Rev. Bll, 3149 (1975).

10. C. S. Ting, M. J. Frankel and J. L. Birman, Solid
State Comm. 1_7, 1285 (1975) .

11. M. Born and E. Wolf, Principles of Optics,(Oxford:
Pergamon Press, 1965)^ Taj Sec. 1.3 (b) Sec. 2.4
(c) Sec. 8.3.1.

12. L. Brillouin, Wave Propagation and Group Velocity,
(Academic Press, New York, 1960).

13. R. Loudon, J. Physics A3, 233 (1970).
14. R. G. Ulbrich and G. W. Fehrenbach, Phys. Rev. Lett.

43, 963 (1979) .
15. Y. Masumoto, Y. Unuma, Y. Tanaka and S. Shionoya,

J. Phys. Soc. Japan 4T7, 1844 (1979) .



- 106 -

16. T. Itoh, P. Lavallard, J. Reydellet and C. Benoit 
a la Guillaume, Sol. State Comm. 32, 925 (1981).

17. Y. Sewaga, Y. Aoyagi, T. Baba and S. Namba, J. Phys.
Soc. Japan £9, Suppl. A, 389 (1980).

18. A. Puri and J. L. Birman, Phys. Rev. Lett. £7, 173
(1981) .

19. C. G. B. Garrett and D. E. McCumber, Phys. Rev. Al,
305 (1970) .

20. A. Puri and J. L. Birman (Submitted to Phys. Rev. A).
21. L. D. Landau and E. M. Lifshitz, Electrodynamics of 

Continuous Media, (Pergamon Press, New York, 1$60), 
p. 337.

22. D. N. Pattanayak, A. Puri and J. L. Birman, Phys. Rev.
B24, 4279 (1981) .

23. D. N. Pattanayak and J. L. Birman, Phys. Rev. B24,
1471 (1981).

24. A. Puri, D. N. Pattanayak and J. L. Birman, JOSA 72, 
938 (1982).

25. P. P. Ewald, Ann. Phys. 49, 1 (1915).
26. C. W. Oseen, Ann. Phys. £8, 1 (1915).
27. A. Puri and J. L. Birman, Optics Comm. 37, 81 (1981).
28(a) S. Chu and S. Wong, Phys Rev. Lett. 48, 738 (1982).

(b) A. Katz and R. R. Alfano, Submitted to Phys. Rev.
Lett. (Comments); Further work in progress.

29. R. Maddox and D. L. Mills, Phys. Rev. Bll, 2229 
(1975).

30. M. A. Bishop and A. A. Maradudin, Phys. Rev. B14,
3384 (1976).

31. V. L. Ginzburg, Soviet Physics JETP 1_, p. 1096 (1958).
32. The Scientific Papers of J. Williard Gibbs, Vol. II, 

p. 205.
33(a) Yu. A. Tsvirko, Soviet Physics-Solid State 4, 622 

(1962);
(b) Soviet Physics-Solid State 5, 1089 (1963);
(c) Ref. 1 and 31.



- 107 -

34. See p. 208 of Ref. 1.
35. See p. 1097 of Ref. 33(b).
36. Inverse dielectric function of type Eq. (3.17a) was

proposed by Ginzburg in Ref. 31. For details see
Sections 5 and 10 of Ref. 1.

37. J. Van Kranendonk and J. E. Sipes, in Progress in
Optics, Vol. XV, editor E. Wolf (North Holland Pub- 
lishing Co., 1977), pp. 245-350.

38. L. P. Gakhov, Boundary Value Problems, (Addison 
Wesley, 1966) , Chap. 39, 38.3 and 38.4.

39. See Page 211 of Ref. 1.
40. G. S. Agarwal, A. J. Devaney and D. N. Pattanayak, 

Journal of Math. Phys. _14, 906 (1973) .
41. E. L. Ivchenko and A. V. Selkin, Zh. Eksp. Teor. Fiz. 

76, 1837 (1979) .
42. Y. Y. Teng and E. A. Stern, Phys. Rev. Lett. 19,

511 (1967).
43. C. J. Powel and J. B. Swan, Phys. Rev. 118, 640

(1960).
44. A. S. Barker, Phys. Rev. Lett. ^8, 892 (1972).
45. N. Marschall and B. Fischer, Phys. Rev. Lett. 28,

811 (1972).
46. G. S. Agarwal, Optics Comm. 6, 221 (1972).
47. M. F. Bishop and A. A. Maradudin, Solid State Comm.

23, 507 (1977) .
48. H. J. Flage and A. Otto, Phys. Stat. Sol. (b) 56,

523 (1973).
49(a) A. Wierzbicki, Bui. Acad. Polonaise des Sciences 9,

833 (1961); Acta Phys. Pol. 21, 557 (1962), ibid 21, 
575 (1962).

(b) N. Bloembergen and P. S. Pershan, Phys. Rev. 127,
206 (1962).

(c) B. A. Sotskii, Opt. Specrro. 1^, 57 (1963).
(d) R. K. Bullough, J. Phys. A. (Proc, Phys. Soc.) Ser.

2, 1, 409 (1968).
(e) J. J. Sein, Ref. 4 above and Opt. Comm. 2 , 170 (1970).



- 108 -

(f) E. Lalor, Opt. Comm. _1, 50 (1969) .
(g) E. Lalor and E. Wolf, Phys. Rev. Lett. 2j>, 1274

(1971) .
(h) T. Suzuki, J. Opt. Soc. Amer. 61, 1029 (1971).
(i) G. S. Agarwal, D. N. Pattanayalc-and E. Wolf, Opt. 

Comm. 4, 260 (1971).
(j) E. Lalor and E. Wolf, J. Opt. Soc. Amer. 62, 1165

(1972) .
(k) D. N. Pattanayak and E. Wolf, Opt. Comm. 6, 217 

(1972).



- 109 -

SlGN&L

Fig. 1



(C
/V
)X
 1

0

- 110 -

2.0F Ga As

■8 r
I
ii

' 4

'/

a

( C / V G)
 ( C / V s ) csymptotic

0.1 0.2
/
I 
\

03
X 10

0/1
- 4

vJO

Fig. 2



Il
l

E *£>TJ

0.9

0 o

(dl)

N

£- fN>.



cm

o*

V

(UP)

(LP)

*\0

Fig. 4

112



Fig.

Loo
PO

* \

- CTT -



a

(UP)

(I p)

.1

0 0
(*•'

I  ,
\0

\ < V
-i

Fig. 6

114



00 see



0 °lO

00



<r"
Lo.j 11

c o'

*1H*
sQ
•

vo



- 118 -

0.5

0 . 4

0 .3 <M
0.5

0.2

(UP) ( L P )

5x !0"

- 6 0  - 2 0  2 0  6 0  
t ( x I 0 * 10 sec.) —

(LP)

- 6 0  - 2 0  20  
t ( x iO"10 sec.)

Fig. 10



- 119 -

0.4

0 .3

(UP), (LP
0.2

G .S r“

(L P )

- o x  10 " 4

6 0  - 2 0  20 
; ( x ! 0 * i0s2c.)

50

Fig. 11



- 120 -

0.5 r

0.4

0.3 r
0 . 5 ' r  -

0.2
(UP) (L P )

IM

- 6 0  - 2 0  0  2 0  6 0  
(LP)  _ t (p se c . )—■

- 2 x l 0 - 3

-6x10’

- 6 0  - 2 0  2< 
t ( psec.)

Fig. 12



- 121 -

0.4

(UP) ' (LP)

0 5
0.2

10'

-100  - 2 0  2 0  100 
_ t (psec.)  

. - 2 x l 0 * 4

(LP)
.  - 4 x  I0 " 4

- 6 x  I 0 -4

- 6 0  - 2 0  2 0  6 0

t (psec.)  —

F i g .  13



- 122 -

0 . 4

0.20.2
(UP) (LP)

A A

Ki

S* 2x10"
- 100-20 20 100 

t ( x l 0 _,4sec.) —
(LP)

-6x10"

- 10"

- IC O  - 2 0  2 0  100 2 0 0
t ( x IO ‘ , 4 sec.)

Fig. 14



- 123 -

0 . 7

—  0 . 3

0.2 -0 . 2 r  ( u p ) (LP)

10'

S * 8 x  10
- 100-20 20 100 
V  t ( *  I 0 * , 4 sec) 
J L P ' 2x I 0 -4v v Z 7

v

- 100-20 20 100 200
f ( x I 0 ' l 4 sec.) —

Fig. 15



(.01
) °

ro
/f
no
-m
)

T R A N S IT  T IM E  ( S e c )

124



I

♦ 001

Real (K ) x 10 cm 100-100

-001

F i g .  17

125



+  0 0 1

0 
31
3

o
3

-50i _ i . i -i. _ _  i

- 001J

m
lm ( K )

J  I I  I -
* 50 < 100
 I .. .1 _______I_______L  ____J J________

Fig. 18 /

126



- 127 -

91

001
-  001

Fig. I9



- 128 -

r  6 0

- 4 0 '

- 3 0

 ̂0010-.001

Fig. 20



0  01 r QUARTZ

0
31
3

o
3

ii
to

-001

F ig .  21

l2Q --------- !§9 Reol(n(uii)

i

129



t.J

QUARTZ3 0

2 0
Ieo
toO

X

Z>
1.0

014 015 0.16 017 0.18 0.19 0 20 021

Fig. 22

130



- 131 -

NaCIO

2.0

.5

0

0.13 0. i40.10 0.11 0.12

Fig. 23



- 132 -

Optically Active  

M e d iu m

Fig. 24



- 133 '



- 134 -

i u ° N a C l 0 3

3

QC

L
/  'J j  -  U l . \

0 1 3  0  15 0  17 0 ) 9  0 . 2 |  0 - 2 3

Fig. 26


