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Abstract

OPTICAL PULSE PROPAGATION AND GYROTROPIC EFFECTS

IN SPATIALLY DISPEPRSIVE MEDIA

by

Ashok Puri

Adviser: Professor Joseph L. Birman

This thesis is concerned with an investigation of
topics in the electrodynamics of spatially dispersive média.

We examine the propagation of electromagnetic fields
in the non-local, spatially dispersive media in which exci-
ton polaritons are formed. Numerical estimates of energy-
transport, group and signal velocities near exciton reso-
nance are carried out. Studies on energy velocity are made
on the assumption that the propagating modes in the medium
are plane waves. As a next step, we examine Gaussian pulse
propagation in spatially dispersive media, using a Fourier
Transform method. We obtain expressions and results for
velocity of peak propagation and distortion of the pulse.

As a problem of weak spatial dispersion, wave propa-
gation in an optically active medium is examined from a

phenomenological approach. We retain k-linear terms in the



inverse dielectric function. Additional boundary conditions
are obtained in a mathematically consistent fashion. Re-
flectivity is calculated and numerical results are obtained.

The problem of surface waves in gyrotropic media is
considered and the dispersion equation for surface waves
is studied. An Attenuated Total Reflection (ATR) model ex-
periment is formulated and analyzed quantitatively.

For a model gyrotropic medium the question of extinc-
tion of the incident field is examined using an integral
equation approach. The dispersion equation, the extinction
condition and the additional boundary conditions are ob-

tained.
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CHAPTER 1

INTRODUCTION



1.1. Introduction

In this thesis we shall examine a number of problems
relating to the electrodynamics of bounded, spatially dis-
persive media. In such media, one has the constitutive re-
lation which relates dielectric displacement vector, D(vw

= -
and electric field, E(¥,W) in a non-local fashion
= = =, = -, ,
D(r,w) = \€(r, Y w)E(r.w)dr’, (1.1)

where the tensor, G(F‘:r_’:'w) is the dielectric function.
This dielectric function in general takes into account the
inhomogenities in space i.e. effect of presence of surfaée
etc. In the present study we concentrate on propagation of
electromagnetic waves in the bulk, semi infinite medium.
Then we shall assume that far enough from the surface all
the points in the bulk medium are equivalent and the dieclec-
tric function will be taken to depend upon (FﬁFﬁ) only i.e.
it is translationally invarient. As an equivalent statement
of our approximation, consider the Fourier Transform of the
general non-local dielectric function, E(fffw) of Eq. (1.1).
This is

- —, = -, "E"? EIF.' '
€ (K, K,w)=5€( LY, W) e‘( r )drdr, (1.2)

Assuming the translationally invarient dielectric function,

E(Y, Y. w) = €(Y-¥, w) we find from Eq. (1.2),



’,

€ (KK w) = €(Kw) §(K-K). (1.3)
Finally, Eq. (1.3) implies that K= K, thus Umklapp pro-
cesses are absent and we obtain the wave vector dependent
dielectric function, G(E, W) . One of the important con-
sequences of the wave vector dependence of the dielectric
function is that, additional modes arise for transverse
(and longitudinal) electromagnetic propagation as solutions
of Maxwell's equations. Recall that in the usual frequency
dependent (ordinary dispersive) case of €(w) the transverse

solutions are given as solutions of
2 w? '
K* = E? é:(uJ) _ (1.4)

For spatial dispersion Eq. (1.4) becomes an equation
of higher algebraic degree in K. One of the many new features
resulting from this is manifest in the solution of the ele-
mentary reflection problem (Fresnel equations) where Max-
well's boundary conditions are not enough to solve the pro-
blem at the interface of a semi infinite spatially disper-
sive medium and vacuum. Thus Maxwell's boundary conditions
(MBC) plus additional boundary conditions (ABC) are required
to solve reflection and transmission problems.l-10
In this thesis we study several problems involving a

wave vector dependent dielectric function. We consider to-

pics in which strong spatial dispersion and weak spatial dis-



persion are manifest.

In Chapter 11 we study the propagation of electromag-
netic fields in non-local spatially dispersive media in
which exciton-polaritons are formed. 1In the vicinity of an
exciton resonance, this corresponds to strong spatial dis-
persion. As is well known, there are several velocities,
which have been associated with an electromagnetic wave pro-
pagating in dispersive media: the phase velocity, V= uyK;
the group velocity, szggs ; the signal velocity, Vg and the
energy velocity, Vg = '§‘|/U where §;_ is the Poynting flux
vector and U is the energy density. Signal velocity, Vs can
be determined in many cases, from the time when the main
signal at frequency &, arrive at an interior point in thé
medium, with some predetermined detectable amplitude. Thesc
different velocities have been introduced and studied in

frequency dispersivell(a)'13

8

as well as spatially dispersive
media. There has been considerable interest in the subject
in recent years because of advances in experimental picose-
cond spectroscopy which have made possible picosecond time

of flight experiments on materials like GaAs, CdSe, CuCl and

Sl4'l7in which exciton polaritons are formed. 1In this

cd
Chapter our objective is two-fold; first we study the propa-
gation of electromagnetic energy in spatially dispersive me-
dia. Numerical estimates of energy, group and signal velo-

cities are carried out near exciton resonance for material

with GaAs parameters.18 These studies are performed consi-



dering electromagnetic fields in the medium to be plane
waves. Next we use a Fourier Transform method to study
Gaussian pulse propagation in spatially dispersive media.

We extend the analysis given by Garrett and McCumberlgfor
the local, single wave case, to the multi-wave coupled
polariton case, assuming normal incidence on a semi infinite
dielectric medium. Frequency ranges close to exciton reso-
nance and far from exciton resonance are studied. Numerical
results are reported for the power spectrum, P(z2,w) and the
amplitude profile, f{(z,t) using material parameters for Cds20
The pulse shape is studied for various pulse widths. Final-
ly we draw conclusion about the velocity of the peak of’thc
pulse propagating in spatially dispersive medium in the vi-
cinity of exciton resonance and demonstrate the condition
for the pulse to remain gaussian.

Chapters III and IV deal with an optically actiQe
gyrotropic medium which corresponds to weak wave vector de-
pendence. In Chapter V we study a model optically active
medium which exhibits spatial dispersion.

In the case of weak spatial dispersion one can expand
the dielectric function e:(ﬁ,u» or inverse dielectric func-
tion é-kﬁﬁo) in a power series in ;,,and break off after

the second or third term:

(Kw) = €. (W) K (W (1.5)
E‘J(K,w) E‘)‘“”“qu“’”e*“l)gm“‘\;‘(m



ELJ(KILA)) = Ea)' (W) +t o‘.“(w) Ky + B«Jam“‘” KK . (16

It is well known that linear terms in the dielectric

1,21

function correspond to optical activity. In Chapter

111, we investigate the problem of wave propagation in gyro-
tropic media near a dipole transition frequency.22 In the
expression (1.6), we retain K -linear terms. The phenomeno-
logical constitutive relation is obtained, and the problem
of additional boundary conditions is solved. The structure
of the electromagnetic fields in the gyrotropic half space
is obtained. Finally, we study the problem of reflection
and refraction on gyrotropic half space.

In Chapter IV we study the surface wave dispersionlre-
lation in optically active crystals. In the ordinary fre-
quency dispersive media, allowed surface modes can be deter-
mined by matching allowed modes inside and outside the crys-
tal at the boundary of the medium using Maxwell's boundary
conditions. This procedure gives a surface wave dispersion
equation relating the allowed mode energies and the wave vec-
tor parallel to the surface. 1In optically active bounded
crystals, the general mode structure has been recently studied

by Pattanayak and Birman.23

We briefly review the mode struc-
ture, we write down the dispersion relation obtained by the
above authors in an approximate form. We formulate an exper-

iment using the Attenuated Total Reflection (ATR) model geo-

metry in order to detect these surface waves.



Finally in Chapter V, we investigate the problem of
the extinction of electromagnetic fields in gyrotropic
media which exhibit spatial dispersion. When an electro-
magnetic wave is incident on a material medium bounded by
a closed surface, the incident wave is completely extin-
guished at every point in the medium and is replaced by
another wave propagating with different velocity and in a
different direction (refracted wave). This is known as the

Ewald-Oseen extinction theorem.ll(b)’ 25, 26

The electric
field in the medium is represented as superposition of in-
cident field and the radiated field of excited dipoles.
Birman and Sein4 generalized the integral equation technique
to spatially dispersive media. We employ their generaliz&-
tion to obtain the dispersion relation, extinction condi-
tion and additional boundary conditions required to solve

the reflection and refraction from a half space which is

optically active and which exhibits spatial dispersion.27



CHAPTER II

PULSE PROPAGATION IN SPATIALLY DISPERSIVE
MEDIA



2.1 1Introduction

The propagation of electromagnetic pulses in disper-
sive media has recently received a great deal of attention.

13

It is well known that the group velocity

v, = dw - & (2.1)
G A K n(c.))-&-wg%
describes the propagation of electromagnetic wave packets
in a linear, dispersive, isotropic and non-absorbing media.
For an absorbing dielectric, difficulties arise in relating
VG to the velocity of energy propagation. In this case
the wave vector, iz is complex and %i is often taken és
d“%dkr , where K, is the real part of the wave vectoriz .

In the region of strong dispersion %i becomes greater than

C or negative. The common belief is that the concept of

11 (a) 12

group velocity breaks down. Sommerfeld and Brillouin
have shown that for step pulses which begin at some instant

of time t=0 and then follows a sinusoidal shape i.e.
f(v) = B(b) Sinwt (2.2)

the original pulse becomes distorted as it propagates in
the medium. Precursors of the pulse travel with various
speeds (Sommerfeld Precursor; Brillouin Precursor; Exciton
Precursor) and the main part of the pulse arrives at the

"signal velocity" \g < C.



- 10 -

In an absorbing dielectric the energy velocity Vg has
been analysed by Loudon.13 It is defined as the ratio of
the Poynting flux 152' and total electromagnetic energy
density, .

Garrett and McCumber19 have shown that for the case
rT>y 1 , the pulse propagates with group velocity L@
even though VG yC |, VG=_t<>o or Vq< O . Here T is
the half width of the pulse and " 1is the half width of
the absorption spectrum.

The purpose of this Chapter is to study pulse propa-
gation in non-local, spatially dispersive media. The elec-
trodynamics of spatially dispersive media has been a sub-

1-10 It is well known

ject of study for the last 25 years.
that in crystals like CdS, GaAs CdSe and CuCl, exciton-
polaritons are formed when light in a spectral region near
the exciton enters the crystal. One characteristic effect
of spatial dispersion is that at any frequency there is more
than one travelling wave: each one with different phase ve-
locity. These are coupled exciton-polaritons. The physi-
cal polariton is the correct linear combination of these
waves with the coefficient of the linear combination deter-
mined by relevant boundary conditions.

Advances in picosecond optical measuring techniques
have opened up the possibility of time of flight measure-
ments of light pulses in semiconductors. In order to inves-
tigate the propagation of exciton-polaritons in spatially

dispersive media, a direct approach of "injecting" an opti-
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cal pulse in the medium has been used. Transit-time and
pulse shape have been determined as the pulse propagates

through the medium.l"-17 Recently there has been a time

of flight experiment on an absorbing dielectric (GaP:N),za(a)
which claims to verify the theoretical predictions of Gar-
rett and McCumber.19 However, the experimental resolution
in that experiment is not completely sufficient to compare
with the theory19 and further work is awaited.ze(b)

Section (2.2) deals with the steady state pulse pro-
pagation (plane waves) in dispersive media in terms of
energy transport velocity Vg . First we give a brief re-
view of Loudon's13 formulation of energy transport velocity
in a frequency dispersive dielectric. Next we present 5
formulation of propagation of energy transport in a spati-
ally dispersive medium.18

In Section (2.3) we study the propagation of a Gaus-
sian pulse in dispersive media. First we give a brief re-
view of the formulation of Garrett and McCumber19 for a fre-
quency dispersive dielectric. 1In spatially dispersive me-
dia, away from an exciton resonance, propagation is mainly
on the photon-like branch, and the Garrett and McCumber
analysis can be carried over in the weak spatial dispersion
limit. Close to the exciton resonance we are not able to
carry out analytical work so that we give results of numer-
ical study in various frequency limits.20

Finally Section (2.4) gives a brief discussion. Ener-

gy, group and signal velocities in non-local media are com-
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pared for model parameters of GaAs. Numerical results for
for Gaussian pulse propagation in spatially dispersive
media are presented. Finally, comparison is made with the

recent time of flight experiments.

2.2 Energy Transport in Dispersive Media

In this section we study the propagation of electro-
magnetic energy through the dielectric medium. Energy
associated with the electromagnetic field propagating in
the dielectric medium is partially associated with the
electromagnetic wave and the rest is carried by the exci-

tations in the medium. Following Loudon,11

first we shall
present here a theory of energy propagation in absorbing
local dielectric in the framework of single oscillator mo-
del. As a next step we shall generalize it to spatially
dispersive media.18

2.2.1 Propagation of Electromagnetic Energy in

Frequency Dispersive Media

Here we shall obtain the expression for velo-
city of energy transport,v% in absorbing media. Let us
consider absorbing, frequency dispersive medium, which will
be represented by damped, non-interacting harmonic oscilla-
tors. An equation of motion of a typical oscillator in pre-

_’
sence of electric field E is given by

M(Y + "Y +W2Y) = €E

(2.3)
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where v, M, "' W, and € denote displacement, mass,
damping constant, natural frequency and effective charge
of the oscillator respectively. Changing the variables

in Equation (2.3) by defining g = JM ? , one can write

E (2.3
() E 'a)

?1— rg +wg§ -

!

The induced polarization P is given by

-—
o -
P = €% 4 (f=-Ii) E, (2.4)
JF‘ Vq i
where Va is the volume of the oscillator and €. is the
background dielectric constant. For an isotropic dielec-
—y — —
tric medium § , E and P all points in same direction,

and complex dielectric constant is

E(w) = | + HTT-EE , (2.5)

— - - W(KZ-Wt)
Thus considering § , E , P as plane waves i.e. €

’

we can write down the expression for the dielectric function

as

2
E(W) = €eo T __ur;dOQiL__— s (2.6)
(Wr-w*—iwr)

2
where Ufld, = 41T /ng Va is the oscillator strength.

The refractive index is defined from € by
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€lwy = N+ X 2.7

H

where M and X are real and imaginary parts of refractive

index respectively. Using Equations (2.6) and (2.7) we

obtain
y’l’-u X* = €00 t UTT oo (W~ W) , (2.8a)
(i - W) + T 7w

(2.8b)
(Wo= )" + M

Using Maxwell's equations in Gaussian units we can

e

where V is the volume and o is the surface surrounding

write

.tln
l'“ll
3)

::h‘:l\_[i j(EE’i'—H‘g‘f'q” Ed-p*)dv, (2.9)

the volume. Using Equations (2.3a) and (2.4) we can write

the term E?-S appearing in the right hand side of Equation

(2.9) as

E P - (€ea1) g
£ - B EEE 2y )

—‘-Sl_ (Eoo"\) Z-. L * 2 2 .2 * 2
dt[ 8T *iva(§+woz)}+f“73 . (2.10)

We define the total energy density as



s 2 2.2 2 2
= L W + (€éE“+H*) L (2.11)
U zvo\(i“L 03) + (€ )srr
Then we can write Equation (2.9) as

[S_;'da + g[‘_éhid\/:—j()dv, (2.12)
- v Va

where §’5 is defined as the Poynting flux. Here the left
hand side of Equation (2.12) represents the rate of loss

of energy. The first term represents the propagation of
energy across the surface o and the second term represents
the loss of energy in volume V because of damping. The
integration on the right hand side of Equation (2.12) repre-
sents the rate of change of energy stored in volume V

From Equation (2.12) we can write

—_— - 2
VS + LUerum) = - 27, (2.13)

Va

where §E » Ug and UM are given by,

_Cc =20
§’E = & EXH (2.14a)
Ug = SLrT (€ E*+ H?) (2.14b)
Um= Va'( L +wr g . (2. 140)

Here Ug and UM are electromagnetic and mechanical energy
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respectively.
] ] -9 P
Considering harmonic time dependence for § , P ,
E and i: , and taking the time average of the Poynting
flux SE and total energy density U, by using H=(N+ix) E '

and Equation (2.3a), one obtains,

<S¢7 = anﬁ 13 (2.15a)
bR '
vy = LEl(zonx 4 g4 (2.15b)
The energy transport velocity V defined as ratio of
1< SeY ana { Uy is given by,
Ve = C/(n+2wxr) . (2.16)

In the limit A — 0 ' VE goes to C/n' , the phése

velocity.

2.2.2 Transport of Energy in Spatially Dispersive

Media
Here we shall study energy transport in spa-
tially dispersive medium. Consider a model non-local semi-
infinite medium occupying Zz > 0 . An electromagnetic
plane wave is incident normally on the medium and it gives
rise to two transverse exciton-polariton waves propagating
in the medium. The equation of motion for displacement

in spatially dispersive medium can be taken as
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e Py + W -DV = ek (2.17)

E
I

’

»
where D= hwo/ M* , M' is the exciton mass and €,
is the transverse effective charge. The dielectric func-
tion corresponding to Equation (2.17) for a non-local semi

infinite medium in "dielectric approximation" is written

as,
1
E(Kw)= €, + HMle®Wo . ___ _ (2.18)
(Wo — W™= 1w+ DK?) -~

Here we have considered that the dielectric function, which
properly corresponds to an infinite medium, can be used .to
describe the semi infinite spatially dispersive medium.
Our physical justification is that in the present study we
shall concentrate on bulk propagation, so that non-transla-
tionally invarient contribution to € (Y, 7’) (or Umklapp ef-
fects) will be neglected. Also note that the wave number
of a volume propagating wave is determined using the trans-
lationally invarient part of €(7, ')

The physical polariton in a non-local medium is repre-

sented as

2 .
E(2z,w) = ) E e 2 (2.19)
— J ’
J=1
where K; is a solution of (K;/ Ko)z = € (K,‘,w) i

Ky = WwW/c and E; are determined by relevant boundary
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conditions. Note that and correspond to Upper (UP)
and Lower (LP) Polaritons respectively. Maddox and Mills,29
and Bishop and Maraduddin30 have shown that the Poynting
flux é’ in the non-local medium is the sum of the electro-
magnetic Poynting vector §; and mechanical (excitonic in

-—
our case) Poynting vector SM . The Poynting flux satis-

fies the equation30

V(S 4 Sy 4+ 9 (Ue+Um)= - M2 D ¢z5. 95 (2.20)
(Se + Sm) + 5 (Ve tUn) R o b@ el
where é; ' 5; ,(JE and (%‘are given by
e = & (ExH 2.21
Se = §, EXH) (2.21a)
3 =“(D/Va)z§ B(2) ? ii (2.21b)
) B ° 9%p
Ue = (V/8m) (€ E* +H?) (2.21c)
Um = Va [ §l+ W2 s? Is)* (2.21d)
M= Va o $ +D(TL)] . :

Using Equations (2.17) and (2.19) in (2.21) and taking a

time average one obtains

2 . k 2 Ca —i s B
K Se= éc_n Re[C Z E e (L E;jnje K’Z)J (2.22a)
J7 J=l
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2 2
= (K=Y)
Z iK'z
( Z E e )] (2.22d)
D I
)1’ ( K)Z__r QZ) .
where Y\j = K)/Ko are refractive indices, -QP is the
plasma frequency .Q’; = Yy e?z/ew M* Va and

. Y,
Y= [- ((_L):— O - wr)/ DY
The energy velocity of the physical polariton is

given by

Ve = 1<Se+ Sl /< Ue + UmS> . (2.23)

As the next step one can write various contributions to

by extracting Upper and Lower polariton contributions from
— - -t —

1< Sey! and 14 Smyl, and forming < S pyland 1< Sip)l

respectively. Similarly one can write /\UUP> and <ULP>

respectively. These expressions are given by
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Ksup)" = Re (E| E,' n, ei("n’ Ka')Z)

X v K,— N
+ W Eo.flpRe £ E K 't~k )'Z } (2.24a)
2D "y (K=Y?) (K2 ¥™)

LYUp)= 1c7 Re [€w(E[E, € (K174 g E,'ﬂ.nje'(k'“"t”_]

+€Wnp(w+w +D|le)Rc L t el(kl"Kll)Zz] (2.24b)
lenp* (Kktr2) (K-y*)
VE(UP) = \<SUP>)/LUUP7 (2.24c)

\<§Lp>“ C Re (E}E’; f]z. ei(Kz—Kz)Z.)

YL €oa-QF Re[EzEz Kie' (Kemk) } (2.24d)
2D "y (Ki=v*) (K*—r*?)

s pt(K-K)Z r (kK2
(Uit Re[€u (E'E € (KD p e (R

¥ (K- k,)z
# E (i )Re[EzE e - ] (2.24¢)
l¢n D (k2-v*)(Ky=Y")
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VE(LP) = KSLP7V< ULP7 . (2.24f€)

where Vg (up) and Ve (Lp) are Upper and Lower Polari-
ton contribtuions to energy velocity. Using the material

parameters of GaAs, hwg=)5ISev ., HlMolo =0 0013 ,

M‘ = 0-6 Me ’ Me = 0-5 Mev Ecn = 12-55

-

-

ro= 1om ¢ Dprwi= 163 2z = 37 0
these contributions of energy velocity are plotted in Fig., 1
as dashed curves against reduced frequency, (W-Wo)/ W o
in the resonance region. On the same Figure is plotted the
group velocity, VG for Upper and Lower polariton brancheé
repsectively. The magnitude of signal velocity, Vg is also
shown in the pseudo-gap region. We shall discuss Fig. 1 in

more detail in Section 2.4.

2.3 Propagation of a Gaussian Pulse in Dispersive Media

In this section we review the theory of propagation
of a Gaussian pulse in dispersive media. Propagation of
a steady state Gaussina pulse through.absorbing media was
studied theoretically by Garrett and McCumber.19 They demon-
strated that under conditions ['( »{ , or Ne~1 |,
where I being the half width of the absorption spectrum
and T being half width of the pulse, the pulse remains sub-

stantially Gaussian and the peak of the pulse propagates with

group velocity, \/C‘ even if \/q = t 00 . Experimentally veri-
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fication was claimed by Chu and WOngZB(a)

in a time of
flight experiment on GaP:N in reqgion of anomalous dis-
persion. The sensitivity of their experiment was insuffi-
cient to resolve pulse shapes, however, and further work

is expected.zs(b)

In this Section we shall briefly review
Garrett and McCumber's analysis for absorbing media. As a
next step we shall generalize it to spatially dispersive
media. Close to exciton resonance we must use numerical
techniques to compute the amplitude, f(z,t) for Upper and
Lower polaritons respectively. Finally, we shall make com-

parisons with recent time of flight experiments.

2.3.1 Pulse Propagation in Absorbing Media

Let us consider a Gaussian pulse incident on
a semi infinite (Zz2 3 0) absorbing medium. The source
field is locate at Z=p . The amplitude of the field at

the point, 2 and time, ¢ is given by

fz6) = ciam* jf(z,w) 't duw ) (2.25)
where,
Lt K(w) z _l(w_a‘))ltl
f(z,w) =€ e * (2.25a)

Here (VU is the central frequency of the Gaussian and T
is the half width of the pulse, K(w) is the solution of

the dispersion equation, K(w)= w [E(w) ; €E(w) 1is the
c
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complex dielectric function for the absorbing medium defined
by Equation (2.6). The refractive index Nw) is given by
Nw) = Jew.

Now we consider the case for which the spectral width
of the pulse is substantially smaller than the atomic line
width te. TT» . Under this condition the major con-
tribution of Equation (2.25) comes from (J in the neighbor-
hood of central frequency @ of incident pulse. Thus we

can expand KW) in Taylor series as

o )y 9 MW+ L (w-G 1d7 (2.26)
w) = K@) + (w-@) = KW (W-W) d_Ka{y..
K( ) dw S 2 d(-l.)l I ,

where from Equation (2.6), for the oscillator model,

o

L
mj

m
mm(wmw))\ G wPQo _, m22 (2.26a)
- (W-wetiT) '

Here wp= (2Nl WE)/ Eeo

o
E

2 -
The series (2.26) diverges if (wW-@) > ((w‘wo)7+i"1)
so that this expansion is only useful when the important

frequencies of Equation (2.25) are those for which

-2 —

(wW-w) < [( D-ub)+ 2] . For small Z ,
the important frequencies are those for which (w-® ) T« |
and with T\ , the Taylor's series (2.26) converges

rapidly. Putting Equation (2.26) in (2.25) we get
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[ K(R) + (w- w)dK

{(z,t)=T@an)’ jd '@t o @
+(‘*’2‘5’)2 3%(2]@]2 x e~ (W-G)° C}’Z (2.27)
Substituting (wW-@®) = W , we get
f(zl{-)= I—Z¢ d—i{_) t(K((D)Z.—C)(’)x
xexp[—(t—-zg_z_,a))i/th(‘_ %d2 | )] (2.'28)
T% dwiiw .

Using the model dielectric function given by Equation‘(2.6)
we can write f(2Z,t) which can be shown to be of Gaussian
form with shift in center of the packet and changed "full

width at half maximum” FWHM in general. Garrett and McCum-

19

ber have carried out exact numerical study of | f(2 l’)l

and compared it with these approximate analytical results.
Their results reveal that the pulse remains substantially
Gaussian and the peak of the pulse propagates with group
velocity, Vg even Vo »C Or * oo . Recently Chu

28(a)

and Wong have studied pulse propagation in an absorb-

medium (GaP:N). The lack of distortion they report, however,

seems questionable in view of comment by Katz and Alfano.ze_(b)



The measure pulse velocity in GaP:N with laser tuned to

an A-exciton line, using a picosecond time of flight tech-
nique. They report the pulse propagates through the ma-
terial with little pulse distortion and its peak propa-
gates with the group velocity. The group velocity is mea-
sured separately by measuring the absorption coefficient
A (w) from transmission measurement = T, g (W F
and the Kramer-Kronig relations are numerically applied

to obtain the real part of - (W) . Ky is given by
W N'w)/c and Dt = AL/ (dw/dKe) . Chu and
Wong have verified the predictions of Garrett and McCumber
that the peak of the pulse propagates with group velocity
‘VG . even though it is > C , Or even + 0o |

2.3.2 Pulse Propagation Through a Non-Local Medium

Let us consider a Gaussian pulse incident on
the semi infinite 22 O spatially dispersive medium.
The amplitude of the field at the point, =z and time ¢t

is given by

oo . b
f(z,€) = t(an)'V‘de e Z;}. (z,0) (2.29)
—-00 J:I ’
where

- L Kjw)Z —(w—&))ztz/z
35-(2,00) = Q)' (W) e e | (2.29a)

— -1
Here (J 1is the central frequency of the Gaussian and T

is the half width of the pulse, j=1,2 correspond to the
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Upper and Lower polaritons (UP and LP) respectively, K_j is
the solution of the dispersion equation for transverse
electromagnetic waves; KZ = l<°2 € (k, W) :
G(E’,w) is the dielectric function for spatially dis-
persive medium and is given in the "dielectric approxima-
tion" by Equation (2.18).

In Equation (2.29a) A) (w) are coupling constants
to be determined by the full set of boundary conditions
(Maxwell's plus Additional Boundary Conditions).

For frequency regimes, W/wo 771 . W/wop << | and
Wo < w < Wp there is effectively a single polari-
ton propagating and the Garrett and McCumber analysis can
be applied. We discuss these regimes in this section. .

Assuming 1" T »7 L , we can carry out an expansion of

the wave vector Kk(w) around w ,

- S22
K(w) = K@) + (w-adr| y@-wdKl.. 2.30
dwlw 2 dwelg
For the oscillator model this series converges19 for
(w - 65)2 Cz,é | and [T 7 ) . Thus we expand up
to second degree in Equation (2.30). Putting Equation (2.30)

in Equation (2.29) we get,

« 2 . _

- LK)+ (w-@)dK

fan - T faw e ) hwe 9L
pell J-

- 0o
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b (w-w ' d?K,

— 12
z o —Ww-w)TL
2 dw?* " J x e .

W

Substituting (W-W)= W , we get,

z (k@)z -wt)
f(z,¢) = JE_ ) A @) e ke@)z X

20 =i J

x jdu exp[-iut——uz;lfi (ud K/ | +u’d K, ))ZJ (2.31)
—00 2 dw s C‘wlu") i

Carrying out the integration we obtain

= | ~ys (k(3)z-wt
?(u)i('—%dz“’ ) Aﬁ“e“ g)

C° dw? e

— .
W

X €IP[~ (t-= j,{&)j Jre? (1 Lz d% )[u )}

d C?dw?

= Z .F}-(ZI{-) (2.32)

Next we proceed to discuss various limiting cases. We em-
ploy an expansion of KJUU) "for various cases, following

Frankel and Birman.8



Case I:

Above the exciton resonance, i.e. in the limit

W/wo > 1 , the dispersion kﬂ(w3 is given by:

2 2
= w _ C B o
Kiw) = lée & — 77 (2Rw +1T")

-
|

2
+ Wo

Ky(w) = & i
2 D 21w P lw-in)

where B: UMle D/ C*.

Putting (2.33a) in Equation (2.32) we find

‘f‘,(Z,t) = \ﬁ'l\—,‘-— exp (_(A| t Az)) A|(CO)’

where

M=[(1+Z 8CB'W (12g0% T
< D ((2B00)%+ M)’

(Z é’_&w (W)~ ¢Ba f“>)]
(S (C2D)2+2)?

2o (L+v)L v w
2T, Y 272

=Y 'T

(2.33a)

(2.33b)

(2.34)

(2.35a)

(2.35b)

(2.35¢c)
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¢l=T* M| (2.35d)

(2.35e)

k{ 2
y= (1+ L BT (apletr) )
¢ D (282324 12)3 "

and & , U, V., W and A2 are functions of W yA

and parameters appearing in the dielectric function € (K, w)

in Equation (2.18).

Similarly putting (2.33b) in Equation (2.32) we obtain

L@t = J__-::‘— exp (— @, +iA,)) A, (©) (2.36)
where,
$ Weo (RD*r?)
g |— Z 0 Rw —

JD° ((2@)*+T2)3

+i(Z, 8 wé ((zw) — 6wl >>:’ (2.37a)
<D (Qw)rt r2)3
fo (=)t LU ) e W (2.37b)
A‘ - 1_'_2,1 (Y' + )l(-l:l
fz'z—- X'—'f.'z (2.37c)

o' = T IMI* (2.37d)
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_._.7 _—LL) ] (2.37e)

!

and «', U, V', W' and Az’ are functions of W , Z

and parameters appearing in dielectric function, €(-K-:CL)> .

Case II:

In the gap region Wo <W <-LUQ there is one
polariton mode propagating in the medium and the amplitude
of this mode can be calculated by considering the approxi-

mate form of the dispersion equation in the gap:

~ ~
Kow) = J'IE [(w-D)(w+@)]™ , (2.38)
where,
~ I . 2 ;72
G = - s Wty AT 20 ]
and
A = Dem/Cz

In the limit w =~ w ’

) \/L —~ \/2_
K, (W) = Q—]—;‘)—) (w-w) ~ (2.39)
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Using Equations (2.39) and (2.32) we can write the ampli-

tude in the gap region as:

F,(zt) = J”J,:q: exp [~ (n, +i0,;)] AD) (2.40)

where,

3 2 3(Y3-3vE) £ (52 37%)
M [ (| TZQJ:B (Y2+_51)3 )

p(2 . M= 3vEY)- ?(83~3x25)U (2

— .41a)
T?242D (Yis §9)2 he

I ' 2 / ] ‘

A= s L) (U V)L W (2.41b)

27, v >

2 12 t~ | '

G =G0 Y (2.41c)
2 ,

G- T M? (2.41d)
! Z $( 33 rs?: 3 2

Yy =(-£2— 3 )+7](8—3y5)> (2.41¢)

T2 (vr+ §%)7

J

and Y , o , n o, 3, o', v', W and A, are functions

of W , 2z and parameters appearing in dielectric function.
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Case 111:

Finally away from resonance (below resonance) i.c.

Wiwoe L« A , there is only one propagatin polariton
branch. 1In this limit the dispersion relation is approxi-
mated as
W (w3l 3 (2.42
Ky(w) = + (W oz, -42)

w,vD 89w TD
where

\ /2

T = [ BE (14 u0e) - TY4w]

Again as in previous cases putting Equation (2.42) in

{(2.32) we obtain the amplitude of the polariton as:

f,(zt)= J’ﬁ' exp (- (b/+14,)) Ay(@) (243
where,

M = [(;+ g1 — (GT%Z‘L—]—)J (2.44a)
FV') ok W (2.44b)

o= ¥ T (2.44c)
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RS t"{r-‘:'il (2.444)
| =
Y' = | + zr - (2.44e)
L Zt‘%ﬁ@] ’

L 4 b
and o' , U', v', W', , are functions of (W , 2z and
parameters appearing in dielectric function € CRw)

2.3.3. Pulse Propagation Close to Wy (W = Wg)

As noted earlier, in the case of non-1local
media, at each frequency there is more than one propagating
mode. In the frequency region just above a& there are
two polariton modes which couple strongly to each otherﬁ
Here we concentrate on this frequency region. We have been
unable to obtain analytical results and thus we perform the
study by numerical computation. We compute the power spec-

trum P(z,w) where

P(zw) = 2T T> | f(zw!?
~ Qﬂ'fz(l{‘(z;w)llﬂt I‘Fz(zzw)lz)
= QW(Q[{A|(w)f26xP[— (W-@)' T2 Im K z)

»klAz(w)]zelp[— (CL)—CU)Z (,_1’2 Im K)(N)ZJJ (2.45)
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As an illustrative case, we consider CdS, and we uscd

parameters: [ /2wp = 65 hwe =2 55ev ,
Mt = 0.9 Mg r € = 8.0 and UMp =
0- 012D respectively. We consider three cases,

namely [T 771 . ['CT=1 and T <<
For each case (C is taken as 0.1 psec, 13 psec and 10"9

sec respectively. The power spectrum, [P(Z,w) is plotted
for each case, against frequency for various crystal thick-
nesses, 7 in Figs. 3, 4 and 5. Note that the dashed curves

are the controus of P(zy) versus Z for various frequen-

cies. Fig. 6 shows the power spectrum corresponding to

N C<< 1 very close to exciton resonance.
Next using Equation (2.29) the amplitude [£(2,6) ]
is computed for various cases namely Pc>7 1 ’

n"c=1 and Mi<«< 1 respectively. Log H:.(Z,f)|
and Log | f;(Z,¢t)| are plotted in each case against time
for various crystal thicknesses Z in Figs. 7, 8 and 9 re-
spectively. For all the numerical studies the central fre-
quency of the Gaussian, (U 1is taken slightly above W, 1i.e.
W= We (| + lo"3) , so that the effect of both
polariton branches UP and LP can be incorporated.

We also studied the pulse shape for the various cases
mentioned above. For fixed value of crystal thickness e
namely 22 - |/LL + | f(z,¢)] 1is computed for Upper and

Lower polaritons as function of time, as we sweep the laser

frequency, (v across the resonance. Figs. 10, 12 and 14



demostrate plots for various cases as we sweep laser fre-
quency (0 from (o (I — 10°2%) to Wo Cl + 10™%)
Figs. 11, 13 and 15 show the corresponding plots for Y]
very close to resonance, ranging from woel(l-10"2) to
Wo ( |+ ,0'3) . A finer scale is used in those Figures.
We shall discuss the Figs. 3-15 in more detail in Section

2.4.

2.4 Discussion

In this Chapter we studied the propagation of elec-
tromagnetic pulses in spatially dispersive media. 1In Sec-
tion (2.2) energy transport in spatially dispersive media
was studied. Various contributions to energy velocity, '
VE (uUP) and VE (LP) below and above resonance
are plotted in Fig. 1 for the material parameters of GaAs.
On Fig. 1 the group velocity, VG corresponding to Upper and
Lower polariton branches is also plotted against reduced

. . /
frequency. On the higher frequency side, \’E(UP) < VG(UP) .

On the lower requency side, Vg (.p) < Vg (Lp) - Ex-
actly at resonance, \/E ~ O-] VG\ . In the resonance
region, the signal velocity, \/5 < Vg . Fig. 2 shows

the plot of C/VS versus reduced frequency in the pseudo-gap
region, W, < WL W, - The signal velocity, Vs follows
very close to group velocity, VG in the pseudo-gap region.
Analysis of the signal velocity in the spatially dispersive

medium was given by Frankel and Birman. For large 7 they
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showed
C = Cx
= - (2.45)
Vs (r2) '

where Y is the imaginary part of the wave vector and [
is the damping constant of the medium.

In Section (2.3) we presented results of an analysis
of Gaussian pulse propagation in spatially dispersive media
analogous to that of Garrett and McCumber in the local case,
There we considered frequency regimes far from resonance:
cases I, and 11I, (w/w,) 77| and L | re-
spectively: and also in the pseudo-gap region, Ué<f0)<$§k.
The pulse is characterized by T >7 | . Equations
(2.34), (2.36), (2.40)and (2.43) show that in the various
frequency regimes mentioned above, the Gaussian pulse pro-
pagates substantially as Gaussian both on Upper and Lerr
polariton branches. In general there will be a shift in
the peak of the packet, and a change in full width at half
maximum in general, as given in those equations,

Close to exciton resonance but above the longitudinal
mode frequency (LUX) , our numerical study (for CdS para-
meters) reveals the following (as given in Section (2.3)):

For mT >\ we obtain a symmetric power spectrum
as shown in Fig. 3. As 2 is changed, the shape of the
power spectrum remains unchanged. A slight asymmetry in the

power spectrum is observed for the case Nfc=| as shown
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in Fig. 4. For the case [N T<< | , as shown in Fig. 5,
as Z 1s increased more and more asymmetry in the power
spectrum can be noted. 1In this case an interesting "sharp
cross over" is observed at U&. in the power spectrum from
the Lower to Upper polariton. This is shown in Fig. 6.

For T 771 , the amplitude plots | £i(2,¢))
and |f,(z,t)] designated as UP and LP respectively,
show very little variation in the shape of the packet as
crystal thickness 2 1is changed from z = 1608 cm to
Io-L4 Cwvn . (See Fig. 7). This case corresponds
to many oscillations in time as the packet is wide in time
domain.

For T =1 , the amplitude plots of ]F‘(Z)fdl
and | fy(2,¢)] show very little variation in the shape
of the packet as we increase the crystal thickness =z , as
shown in Fig. 8. This case corresponds to relatively few
oscillations in time.

In the limit Nl , from the qualitative
point of view, the packet gets more distorted as it propa-
gates in the crystal as shown in Fig. 9. Notice here

|F((2)f)) or UP becomes broadened and distorted as it
moves in the crystal i.e. as 7 1is increased. Also

| fz(Z,f)) or LP even for 2_=Icr60%« does not appear
Gaussian: it is rather flat and as it moves in the crystal

more oscillations develop.
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In the limit T 271 , the pulse shapce remains
Gaussian as we sweep across the resonance; this is shown
in Figs. 10 and 11. The pulse width remains substantially
constant on both Upper and Lower polariton branches. Simi-
lar behavior is noted for [T =] , as shown in Figs. 12
and 13. 1In this case very little variation in pulse width
is noted as we sweep across resonance (for example a 26 p.
sec. pulse shows maximum variation of 4 p. sec.). The
[T << | limit corresponds to considerable pulse dis-
tortion as demonstrated in Figs. 14 and 15. There is a
great deal of structure in the Lower polariton branch above
resonance as seen in these Figures. .

As a physical description we can understand that for
the case T 77} ., the pulse shows minimum distortion be-
cause it is wide in time and as it propagates in the medium
it imparts energy to the medium and the dipoles of the me-
dium are excited. As the dipoles relax back they still see
some part of the pulse. Hence in turn, the pulse gets back
the part of the energy, thus very little distortion in the
pusle is created. On the other hand, for [ T<< | case
pulse is much narrower in time, relative to [MT >) | case
and as it propagates through the medium it imparts energy
to the divoles and when these dipoles relax back they do
not sece any part of the pulse. The pulse has already moved
in time. Thus pulse looses energy at each moment as it moves

in the medium and more distortions occur for [T T« casec.
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Our analysis shows that the velocity of motion of the
pcak of the pulse follows the group velocity as shown in
Fig. 16 in the resonance region in the cases [ T 77|
and =1 . This can be inferred from the shift in
the cneter of the packet as () sweeps across resonance.

In these cases the pulse shape remains substantially Gaus-
sian, with very little variation in pulse width.

We can compare our results in part with some recent
experiments. It seems that our numerical results for Gaus-
sian pulse propagation in excitonic polariton (spatially
dispersive) for media laser frequencies in the resonance
region agree with the time-of-flight experiments (Ref. 14-
17). These experiments seem to correspond to the case |
NPT = | ; and they find that the pulsc shape remains
substantially Gaussian, and that the peak of the pulse tra-
vels at the "classical" group velocity computed from
Vbj = Uﬂug/d Ky) in each branch. Here we say "seem
to" because experimental conditions are not always adequately
given. Also in agreement is the "cross-over" of power pro-
pagating from Lower to Upper branch polariton as the laser

sweeps through resonance frequency from below.



CHAPTER III

WAVE PROPAGATION IN BOUNDED GYROTROPIC
MEDIUM NEAR RESONANCE
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3.1 Introduction

In recent years the optics of nongyrotropic material
media has attracted a great deal of attention. This is due
in part to observation52 that spatial dispersion (wave-
vector-dependent terms in the dielectric function) leads to
the appearance of new modes in the crystal. 1In a finite
crystal these elctromagnetic modes can interfere with each
other. The problem of reflection and refraction at the
interface between such media and vacuum is also complicated
due to the constitutive relation for such media being of an
integral type. Hence the electric field inside the medium
obeys an integro-differential equation. Several approxiha-
tions are usually made to solve the optics of such media;
common to all of them is the assertion that the wave vector

Q? is small i.e. the wavelength is larger than lattice
spacing. In nongyrotropic terms of E? and keeps only the
second order term in }2 , the first order vanishing due
to symmetry. In gyrotropic crystals i.e. in crystals which
lack centre of inversion symmetry, or horizontal reflection
symmetry plane, K -linear terms are included in the expan-
sion of the dielectric function. This then leads to optical
activity. One of the striking features of the optics of such
media in connection with the appearance of new modes is the
possibility of having three waves in such media near optical

resonance. Although the three wave effect has been predicted
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by Ginzburg in 1958,31 such an effect was earlier discussed

by Gibbs in 1882.°%

Gibbs dismissed the third mode as he
pointed out that the refractive index of the third wave is
too large to be considered in the framework of macroscopic
electromagnetic theory. Ginzburg, however, pointed out that
near some exciton resonance frequency the refractive indices
of all three waves may attain such values that they can be
treated in the domain of Maxwell's theory. He suggested

one should start with the inverse dielectric function and
keep ET -linear terms in the expansion of the inverse di-
electric function. He obtained a dispersion relation which
has three solutions at any given frequency.

In the case of gyrotropic media several forms of Addi-
tional boundary conditions have been proposed, in both mi-
croscopic and macroscopic appraches.33 In order to treat
the problem of reflection and refraction on a gyrotropic
half space, Ginzburg and Agranovich34 keep quadratic terms
in K in addition to the K -linear terms in the expansion
of the (wave vector dependent) inverse dielectric function.
Such a procedure not only increases the number of additional
waves but also raises the question of convergence.35

In this Chapter we develop a macroscopic theory of
gyrotropy keeping only K -linear terms in the expansion of
the inverse dielectric function.22 In Section (3.2) we

11(b)

start with the molecular optics approach and obtain

the inverse dielectric function for a gyrotropic medium,
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which was proposed phenomenoclogically by Ginzburg.36 In

Section (4.3) we obtain the constitutive relation and the
additional boundary condition (ABC). Section (4.4) deals
with the structure of electromagnetic fields inside the
gyrotropic medium. In Section (4.5) we solve the problem
of reflection and refraction from optically active half
space. Finally Section (4.6) is devoted to a brief discus-

sion.

3.2 Basic Equations of Molecular Optics

We start from the basic equations of molecular optics

as discussed in Born and WOlf,ll(b)

E(T)= E"O0) +) Ux@x(PTIGRy), 61

>

J#i
where

e'\poR()
G(R.)); . » (3.2)

R:

)
ko= W/c » Rij= I¥-7j|, (3.3)
and if(‘) is the external electric field incident on the

medium, ﬁ%(?ﬂ) is the dipole moment of the J th dipole and
E_(Y) is the local field at the { th rolecule. we

L
have considered for simplicty a non-magnetic medium. The

magnetic field is given by the expression
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— ——)“" — . fan iy
H D = H () +3 (k) 7 X (P(F)G(Ry), 3-4)
JEL
where F;(O is the incident magnetic field and ;:L (EW

is the local magnetic field at the {( th

dipole.

A recent important review of the molecular optics
approach from a modern point of view was given by Van Kranen-
donk and Sipe.37 They were able to relate gyrotropy to a
tight binding quantum theory of molecular structure and
excitations.

We assume here that gyrotropy is due to the lack of
inversion symmetry in the individual constituents (molecules)
comprising the medium. We take them to be isotropic. As
is well known the dipole moment then depends not only on the
electric field but also on its spatial derivatives. 1In such

a medium the dipole moment is therefore related to the local

electric field in the following manner
B(r) = o E (7) + B(w)'ﬁ;x E, (1) (3.5)

where o(W) is essentially the mean polarizability of the
molecule and ﬁ(uf), related to the gyration vector, depends
on the properties of the medium. In the usual formulation
of molecular optics the second term on the right hand side
Equation (3.5) is not present. In the long wavelength re-

gime in which we are interested we may to a good approxima-



tion, treat the dipole distributions to be continuous and
make the transition from discrete to continuous variables
in Equations (3.1), (3.4) and (3.5).

In the continuous distribution limit Equations (3.1),

(3.2) and (3.5) become

z
E(7) = B fJGx (Tx PerIGR)) Y| Gue
(3

— ) — z—o — 3

H.(F) = H (r)“”"’J T X (P(r)G(R)dY, 3.7
and

P(F) = NAWE (Fw) + NBWTXE(F (3.8
where

‘| (3.9)

i
)
o)
i\
=
!
~

G(R)

and N 1is the number density of dipoles which we assume to
be uniform. In Equations (3.6) and (3.7) the integration is
taken over the interior of the crystal, V 1is the volume oc-
cupied by the crystal, 2 is the surface bounding the vol-
ume and ¢  is the surface surrounding the small volume ex-
cluded at the point, Y at which the fields are being cal-
culated. Equations (3.6) and (3.7) are identical in form

with the usual molecular optics equations and therefore we
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obtain the usual relationship between the macroscopic

fields and the local fields which are
— -:-5 —9 —
E(FPw) = E(Fw)~ TP(Fw (3.10)

(3.11)

7
I
E
~
&

H (7 w)

—s —
where E and H are the macroscopic Maxwell electric

and magnetic field respectively. 1If we now eliminate
(?: o)) between Equations (3.8) and (3.10) we find

the following constitutive relation between fT and 'E

—

P(F w) = o (w)E( fu)H@o(uu)\‘]xE AR (W) VXP (3.12)

where

NA (W)
(- 9 New)

I

X, (W) (3.13)

!

Z
w
~
€

B, (w) = (,_ﬂilﬁ';&(w)) . (3.14)

Equation (3.12) may be rewritten in many different
ways. By introducing the dielectric induction vector

in the usual way we get the relation
Drew)= €w) E(Tw) + 4 B () Vx D7 w

t B,(w) VX E(rcu) (3.15)

8ir
3
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where
DEw = GmE(‘-’:w) + YT P(T w) (3.16a)
(W) = [+ YT o (w) (3.16b)

—
Near resonance the dielectric displacement vector [

is large compared to the electric field é' . Therefore if
one neglects the third term on the Y hS of Equation (3.15)

compared to the second term, one obtains the equation

ut

D(Fw) = €w) E ( rw)t ‘4_31‘— B,(w) VxD(w) (3.17)

This implies the operator equation

E-'(fw) éf,'(uu) [+ E‘.l(w) 'ifx , (3.17a)
where

- ) = u.ir Ml

€, (w Exiaon

A constitutive relation of type Equation (3.17) has been

proposed phenomenologically by Ginzburg.36
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The Constitutive Relation and Additional Boundary

3.3

Condition
Here we consider an isotropic, non-magnetic and linear

gyrotropic medium. Equation (3.17) give us

E(Fou)= €'w) D(Fw) + € (w) YXD(Tw) (3.18)

We now relate the dielectric displacement and polarization

field in the usual manner as described by Equation (3.16a)

It can be shown from Equations (3.18) and (3.16a) that

P(Fw) + W) Gy B (7 w) = o) E(Fw)-Y(W) VX EFu) (3.19)

where
UMol(w) = €. (W)~ € (3.20)
Ul r(w) = E.(w) €, (W) €., (3.21)
(3.19) as

Using Maxwell's egations, we can write Equation

B(Fo) + YW FuBrw) = ot(w) E (T w1 Kolw) Hiiy (3. 22)

Os

In order to simplify the analysis we shall from now on decal

with a one dimensional situation. That is, consider propa-
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a—Y "
gation in the 7 direction. We replace ¥ by 23—2

in Equation (3.22). We then obtain the following systcm

of differential eugations

R(zw) - %fl- Y (w) %’3 (Zw) _ dcw)E‘(Z,uJ)—" KoanB‘(z,w) (3.23)

P (qw) — YY) QB2 - o) £, (Z0)-ik, M) B(2) (3.24)
b4 €o bY4 Yy .

Equations (3.23) and (3.24) are differential constitutive

relations for a linear gyrotropic medium near resonance.

Using Equations (3.230 and (3.24) it can be shown that

UL (W) 9 1T (Zw
Ti(z,w) + e 3z )

= oL(w) (Ey(z)-1E, (z,w)) —L!<UY(w)(By(z,w)-iQ(&wl) (3.25)

)

where we have

T(zw = R (zw - R (2w) (3.26)

We now follow the approach described by Gakhov.38

By intro-
ducing a new function, namely [l (2,w) we have the boundary
value problem for the system of differential equations (3.23)

and (3.24). Considering a pill-box construction at 2= O

we can write down Equation (3.25) as,



Y(w) TT (O, = Y(W) 1T (0,,w) = O (3.27)

where 0 and 0, are points outside and inside the surface.

Since M (0. w) =0 , we obtain the additional boundary

condition as

R (0 w) -t [i(cﬁw) = 0 (3.28)

Thus Equation (3.28) gives us an additional boundary con-
dition derived from Maxwell's equations and constitutive

relations. It is to be noted that the boundary condition
(3.28) is a particular case of the effective boundary c&n-

dition proposed by Agranovich and Ginzburg.39

3.4 Structure of Electromagnetic Fields Inside the Gyro-

tropic Half Space

We now investigate the nature of electromagnetic fields
inside a gyrotropic half space whose constitutive relation
is given in Section (3.3) and we determine how the boundary
conditions (3.28) affect the mode structure. From Maxwell's
equations we obtain the folowing equation after eliminating

the magnetic field

TrxTxEFw) = K D w) | (3.29)



For transverse fields we have

—_ — -

V-E(rw) = V-'ﬁ(f‘w)=o (3.30)

Thus we can write down

vl( Q(r;un)+ LY (W) <VXD<rw3)+K°€(D(ru»)o(a.m
E(rw) € o IXE(Tw) E(rw)/ |
Equation (3.31) represents a system of partial differential
equations for the vector components of the fields. By using

a vector identity and straightforward algebra we obtain the

following higher order uncoupled equation for E and D

2,02, \2 5) (ww) ¢ 5)_
(Vitko€o) (E € (E :
We may rewrite Equation (3.32) as
3 —
IT(V2+K?)E(E“” :O. (3.33)
p d
The dispersion relation obtained is
e L k)R w6 [HIry
(K€~ K™~ K <€°‘) 0, (3.34)

Oor we can write as

K& (UE;%)IKNJFJ ,E_t-_) Kl K= (& )K e 0 (3.35)

Yny



The dispersion reclation (3.35) is a sixth order in K and

2 In Scction (3.6) we shall discuss

third order in K
the dispersion curves obtained from Equation (3.35).
Equation (3.31) leads to the following polarization condi-
tion

2 2
(Ke€o- Ki) Fw) (3.36)

Y
(4ny/e) K

Tl

w)

4

X E, (
0
Using Equation (3.34) in (3.36) we find

(F W) (3.37)

In order to study the polarization property of the electfic
field explicitly we choose the special case of normal inci-
dence at a half space for which the problem is one dimen-
sional. Further following the work of Ref. (40) we write

solution as

3
E(rw = Z E (3.38)
where Ef satisfy the Helmholtz equations
@+ K;) E,; (Yw) =0 (3.39)

Since the solutions of Equation (3.39) are simple plane

waves Equation (3.38) becomes



3
3 A ,
= \Z
E(z,w) = z El(z,w) = 2 EJ e' 9 (3.40)
J” J:’ *
On substituting Equation (3.40) into Equation (3.37) we
obtain
Zx E E (3.41)
X = ¥ k. .
( , < XE

Thus the polarization assignments are

EJ-= (X—L\HL} , 412 (3.42)
éj= (x +i¥) R (3.43)

where L? and R are amplitudes of left and right circu-
larly polarized waves.

In other words the electric field now consists of two
left circularly polarized waves whose amplitudes are coupled
and one right circularly polarized wave, each having differ-
ent phase velocities. From the Maxwell equations it is now
easy to show that

3
P(zw) = ) Petti? (3.44)
g1 ¢

where

A

%‘ (ﬂ;—-l) EJ (3.45)



and

T\}— KJ/KO (3.46)
is the refractive index associated with the 4 th wave. On
using Equations (3.38), (3.44) and (3.45) we find from Equa-

tion (3.28) that

M

2 =
(nj-|)[_)» =0 (3.47)

’

a
3

which implies that the amplitudes of the two left circularly

polarized waves are related by the boundary condition (3.28).

3.5 Refraction and Reflection Problem

We treat the case when a plane wave is incident from
the vacuum side onto the gyrotropic half space (2 2Z0)
We denote the fields in the vacuum i.e. for ZzZ<«<0 as

follows

-~ L Z A ~ -lKZ
= XE,€ T+ (XEg, + YE,) € (3.48)

I:||= yEoe—lKoZ

+ (X Er, ~ QER,‘)

—1 KeZ
e (3.49)

Fields inside the gyrotropic half space i.e. for Z»o0 are



denoted

T
z
1

rA .

A LA n ! A . KO
)l (X—lY)LJ. e' Koty Z L (R+iV)R ' "2 (3.50)
Jj=

. .
Ao o keNg 2 A A Koy 2
0= JZ(Y+"‘MA,'L;€ YL (Y-ixIn Re T T (3.51)

3 ’

where N, = n, and N, = Ny The subscripts {

and Y refer to the left and right circular polariza-

tion respectively. The boundary condition (3.28) becomes

= 2
7_ (nlj—|) L]- =0 | (3.52)
J=!

In order to obtain the amplitudes of the reflected

N —
and refracted fields we use the continuity of 2Z X E

and
Zx 7 and obtain the following set of equations. Contin-
uity of Zx E at Z=0 gives
£
= = : 3.53
Ec+ Eg, = 2 Ly +R (3.53)
J=i
and
» 2
Ery = —t (% L ~-R) (3.54)
J=)
Continuity of Zx H at Z=¢0 gives
2
Eo - ER, = Z nl)-l_)' + N, R (3.55)

J=1



and

2
ERy: ([Jz__lnljl_j_nyR] ‘ (3.56)
We have five unknowns namely Egry , Egy, Lo, Ly,

and R , and we have five sets of homogeneous Equations

(3.52) - (3.56). Thus we can solve for the unknowns and
obtain
R = _ Eo (3.57)
(rh4—l)
L = (l—n“>—&— (3.58)
I+Ny, (nlc—ﬂ/z) '
L, = (l‘”") =L (3.59)
2 I XATH (hlz—n;l>
Eq :lK '"n‘-x”&“ t (_':”fn E, (3.60)
x 2L\ 1A ny, J\Ny t L+ Ny
AT T I )_ l }E (3.61)
=1 Zt
ERY [(Hml)(h‘m. (1+ny) ° .
The refectivity R(W) is defined as
Rw) = J(1E)* + 1Er,*) /B, (3.62)
Rx Ry 0 .
Thus we obtain
|+ n;
Rw)y= 1HMNr 20N £Ng) (140, ) (3.63)

(I TG ) (14, )2



3.6 Discussion

We have numerically calculated dispersion curves in
order to illustrate the type and magnitude of the effects
which can arise near resonance is an excitonic-polariton
insulator duc to gyrotropy. From these dispersion curves
we calculated reflectivity as a function of frequency.

In order to avoid tensorial complications in our
illustration, we consider the isotropic case as discussed
in Sections (3.3) and (3.4). We write the inverse dielec-

tric function as

= €w- _O‘_O__.. (3.65a)
€, (W) ey
€, (W) = - Rt oA, = (ko /Ay ) (3.65b)
! (S+18)
S = (W-Wo) /o §= T /2wo , {3.65c)

Where €, 1is the background dielectric constant, «, some
effective oscillator strength coupling, and o, a gyrotro-

pic parameter.

As a "model" substance we considered an insulator with
parameter values like those of CdS, although we do not in-
tend to imply this theory will apply CdS. The B-exciton

in CdS has been desribed in a K -linear approximation as



gyrotropic.41 For the gyrotropy parameter o we chosec
0.01 or 10_7 cm.

In Fig. 17 the dispersion curves are shown for differ-
ent values of the damping parameter § . The real part of
K is plotted near resonance. Recall there are three
propagating modes in the medium: two are left circularly
polarized, and coupled, the third is right circularly polar-
ized. One of the coupled modes has negative phase velocity.
We can understand physically the concept of negative phase
velocity as the mode propagating with positive phase but
in - 2 direction, It is coupled with a mode with positive
phase velocity and propagating in +2 direction. 1In Fig. 18
the imaginary part of K is plotted near resonance. |

In Fig. 19 we plot the modulus of reflectivity as a
function of frequency near resonance for different damping
parameters. A noteworthy feature of these curves is the
rather pronounced structure with local maxima and dips. It
is not simple to correlate such structurec with the disper-
sion curves (since the reflectivity is the resultant of all
coupled modes) but one can note that peaks in reflectivity
correspond to regions in frequency where group velocity on
one or another branch is low, and/or attenuation ( Im K )
is large. Notice for example that for ) =5XI6¢‘ we ob-
serve three peaks in the reflection spectrum. As the damping
is reduced, the number of peaks in the spectrum is reduced.

For §= IGY we observe only one peak. This peak shifts



towards frequencies close to resonance as we decrcase the
damping from §: 5x167 to - 1o . In Fig.
20 a plot of phase angle as function of frequency for dif-
ferent damping parameters is given, corresponding to the
curves in Fig. 19.

In conclusion, we have studied the electrodynamics
of bounded gyrotropic medium, near resonance from phenomen-
ological point of view. Additional boundary conditions
are obtained self-consistently. The problem of reflection

from optically active half space is solved and numerical

results are discussed.



CHAPTER 1V

SURFACE WAVES IN BOUNDED GYROTROPIC MEDIA
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4.1 Introduction

The characteristic of a surface electromagnetic mode
is that it decays exponentially as we move away from the
surface and it propagates along the surface with wave vec-
tor, (L , where (U is the component parallel to the sur-
face of the full wave vector E’ .

The electric field, é. associated with such a mode

is given by,

F(Ta) = E, e | (4.1)

Here the surface is taken at 2=0 and <270 correspoﬁds

to the semi infinite medium and Z <0 corresponds to vacuum.
We shall recall in Section (4.2) that the dispersion

relation for surface modes in the absence of spatial dis-

persion can be written as

2
W= W € (W) , (4.2)
C (ew)tl)
with the condition € (W)<-1 . Here €(W) is defined by
Equation (2.6). Consider for example ['-0 case. We find

that €(w) < -\ in the frequency region W, < W < wy ,
which corresponds to the stopgap region for bulk propagation.
Surface plasmons have been observed experimentally

from metal grating surfaces by Teng and Stern,42 Powell and
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Swan43 detected these excitations by electron scattering
from thin metal foils. Barker44 was the first to observe
surface plasmons by direct optical coupling to surface
excitons using Attenuated Total Reflection (ATR) type geo-
metry. Surface polaritons in a frequency dispersive medium
(GaP) have been observed by Marschall and F‘ischer.45

When spatial dispersion is taken into account the
dispersion equation for surface polaritons becomes depen-

dent on the ABC's.l.10 A surface polariton dispersion re-

lation has been obtained by Maradudin and Mills7

and also

by Agarwal46 using a translationally invarient model for
dielectric runction, in the "dielectric approximation”.

A non-translationally invarient model for the dielectrié
function has been used by Frankel and Birman8 to investigate
surface polaritons near exciton resonance.

Bishop and Maradudin47 have studied linear wave vec-
tor effects on the optical properties of crystals. They
have formulated an Attenuated Total Reflection (ATR) experi-
ment for surface polaritons in &« -quartz. Falge and Otto48
have made an experimental study of surface polaritons on
e\ -quartz by the ATR method, in the infra-red optical re-
gion.

In this Chapter we study the surface waves correspond-
ing to antisymmetric K -linear terms in the dielectric func-

tion which give rise to left and right circularly polarized

light waves in the medium. The plan of the Chapter is as
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follows.

In Section (4.2) we review some properties of surface
modes in a frequency dispersive medium. In Section (4.3)
we obtain the surface wave dispersion relation in a bounded
gyrotropic medium. Section (4.4) deals with the formulation
of a ATR model experiment.z4 Finally Section (4.5) is de-

voted to brief discussion of these results.

4.2 Surface Modes in the Frequency Dispersive Medium

Consider a frequency dispersive medium free of charges
and currents and also non-magnetic. Maxwell's equation for

such a medium are give by,

7D = O (4.3a)
JxE = ¢ g—kﬁ (4.3b)
TIxH = CL-g—&—D, (4.3c)
JH = 0 (4.3d)

The dielectric displacemeng E; is related to the

electric field, E by a non-local constitutive rela-
tion in time as
t

’

D) = JE(t—t‘)ELt')dt' (4.4)

00
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—

which gives us D(w) = €(w E(w) . Taking

the curl of Equation (4.3b),

x€x€=‘€—(-(-;)—)a_21; ’ (4.5)
C ot*

<l

and considering fields to be time harmonic we get

)
<l

X Xg(fw)fé(w)(ﬁz [?('r:w)= 0. (4.6)

C

As we have described earlier, surface modes are designated
by Equation (4.1). Substituting Equation (4.1) in Equation

(4.6) we get
—(R-B) s €Wy =0

or

B = Ju?-eww/* | (4.7)

Next we apply the Maxwell continuity conditions to the fields

— —
at the surface Z =0 . Let us denote E_CV) and E M) the

fields in the vacuum and the medium respectively. Continuity

——y
of the normal components of ) and tangential components of

—

E gives

(V)
=

€(w) EZ(M) (4.8)



(V) (M)

E, =t _ (4.9)

Putting Equations (4.8) and (4.9) in Equation (4.3a) we get

(v) v V)
£ = - B E, (4.10)
LU
wm_ P (M) (4.11)
Ex = T 2
{

From Equations (4.10) and (4.11)
(v)

E,

E

:_(B(M)/ B(V’) _ (4.12)

€ (w) =

™M)

N~

Putting the value of P from Equation (4.7) in (4.12),

YAy &
€(w) = — J—-U—g—t‘—““ (4.13)
Jus= w?/ ¢l

or

gt Wo_€w)
C? (Ew) +1)

(4.2)

we note from Equation (4.13) that surface modes must satisfy

E(w) £ 0
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4.3 Surface Waves in an Optically Active Half Space

In this Section we examine surface waves at the inter-
face between an optically active half space and vacuum fol-
lowing the recent analysis of Pattanayak and Birman.23

The dielectric function for an homogeneous optically active

medium21 can be written as

€ij(\2.w)= Eo(w)S + 1€ (w) § (4.14)

4 9w e,
where K is the wave vector, W 1is the frequency of the
electromagnetic field, Sij is the Kroneker delta function,
and E}JQ is the levi-cevita tensor. €W and Q,ka))
are functions of frequency.

Consider the problem of surface waves at the interfacc
between an optically active half-space and vacuum with Z<O
vacuum and Z 7?0 the optically active half space containing

the medium. We represent the electromagnetic fields in the

vacuum region (Z<0) using the angular spectrum representa-

tion
m .
= (V) g 1H(UX +VY-W,2)
F (rw)= J E(V)(u,v) € dudv, (4.15)
- 0o
where
Y .
Wo = (K- u?-v3)™ F U+ v (ke )
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. V} : 2 2
Wo = L(Urvi-kd) ™ U u+v?: > Kg . (4.16)
A
= (V) A (V) A CY)
and E has x , y and Z components E, , E, ,
PN — 2
and Eé(v)respectively. Note E(v) and E(V) represent

A
— % (v) .
E (V)( Y, w) and E " (u,Vv) respectively.

Since the electric field is transverse in the vacuum

region, define a vector :r-f = (w, Vv, — We ) so that

W'E(V)‘—' 0. (4.17)

The magnetic field in the vacuum region is given by

— (V) m.:‘, (WX + VY= wW,2)
H(V’m‘*”"” H(yv) e dudy (4-18)
where

2 (v) 2 (V) (v)
o) X (Mg ) + v V(uw))

[ o o Wo

2 V) A (V)
Ko Wo K°Wo )’

z 2 A () AV

2 (
+ z(u tWo ET(u) + WY E (u,v)> (4.19)
Ko W, X KeWo Y .
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The electric field in the mcdium23 has been shown to be

=, = (WX + VY + w,z)
E(Y w) -—” E,(uv) € "dudv

- 6o

” (UX + VY + W-2)

*JJ E_w,VU) € dudv (4.20)
where

2 2 2 1\/)'
W+E(Koﬂ+-u-—v') Im W, 70
W- = (K%n?._— u- Uz)\/l Im w_. 70 (4..21)

* pl
(k2n; - u?)

N
pw, +iken, ) a] .

s (u,v) (4.22a)
(U - kg NG

X

: A
Ww. = L KeN_V) 5 | :
+ (_’___,_,_ﬂ_____ P [_x(u,u) (4.22b)
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and the magnetic field in the medium is obtained from Max-

- - —4 —"
well's cquations as H(rw) = -‘? X E(rrw) . The
(Ko
continuity of ZxE and 2 xH at the interface Zz=0
gives four homogeneous algebraic equations for the four
Dv) 2 (V) ~ -

unknowns E)< . E g E.,c » and E_, . 1In order that
a non-trivial solution exist, the secular determinant must
vanish. Choosing the case V=0 and ignoring magnetization

effects (xmagz ) , we obtain from

2
Ny (W, + Wo) (Wo+ N2 W)+ N (W +W,) (W, +n,wjz0d-23)

Equation (4.23) is the dispersion equation for wave propa-
gation; we notice that in order to have modes decaying away

from the interface, we must impose

2

uw > Ko (4.24a)
with

W > Re(keni) . (4.24b)
We now expand W, , W _ and W, in Equation (4.23) in
powers of Kt?,'/u" . Keeping only leading terms we obtain

y 2
u_l( (Ny +Nn.)

2,2 Y
Y\ Ornn) t (‘+n+”.))l<ou+l#n‘n_l<o=o (4.25)
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Although the dispcrsion Equation (4.25) for surface waves
in an optically active medium is fourth order for large ’
the solution to Equation (4.25) that satisfies condition
(4.24b) would bive the surface wave dispersion relation.
We find that one of the solutions of Equation (4.25) does
not satisfy Equation (4.24b). 1In order to obtain the sur-
face wave dispersion relation quantitatively, we need to

know values of n, and N_ as functions of frequency. For

this purpose we note that n, and Y\_ are given by

N, (w) = “'2(‘“3 + €W + M W) (4.26a)
T\_(w)='£%(_‘9_) + JE'U«)HM'z(w) . (4.26b)

Subtracting Equation (4.26a) and (4.26b) we obtain

) = (N = N_w)) | (4.27)

In order to obtain the functional relation of,AA' with fre-
guency, we assume the Chandrasekhar formulal for the rota-

tion @ (») in an optically active medium,

2.
N = KA (4.28)
s (M= A)* ’

where K, is the coefficient of rotation A= %%-.Zﬂ

)\0 is the resonance wave length; pM'(w) 1s related to
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K(w) = 2 ¢(w), (4.29)

where

1, Y
P(w) = 2 W o . (4.29a)
(wa-w?)?

Using Equation (4.28) and (4.29) we obtain Equation (4.27).
We have used the oscillator model for €‘(w) , de-

fined by Equation (2.6). For the sake of completeness, we

plot nNn,(w) and N_(w) as functions of frequency in

Fig. 21 using the parameters of quartz. In Figs. 22 and 23

we plot the surface wave dispersion for parameters of quartz

and sodium-chlorate ()o= ro)A) respectively.

4.4 An Attenuated Total Reflection (ATR) Experiment

In order to probe the surface excitations discussed
in the previous section we describe an Attenuated Total Re-~
flection (ATR) experiment in which external light is made to
couple with decaying surface waves, via an air gap between
the prisim and optically active medium. The geometry of the
problem is shown in Fig. 24, Ve shall find the electromag-
netic fields in cach region and match them at the boundaries

in order to determine the ATR spectra. In the prism we have,
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C(rw) = E (Tw) + E i rw) (4.30)

totuﬂp nq¢

E (Tw)= j(ﬁ Ex,+f7_ E,) eiWPZ e‘u"du (4.31a)

nc ' '

— - WZ |

ETw)- [(x Ep, ¥ Eg,t2 Eg, ye' ey )
2 2, 2 (4.32)

WP = (éP Ko - U. ) ’

H(rw) - LWpz_ -iWp2
(7 [[x(Ee Eg € ) +y

{(Ex einZ._ ERX e—l W';Z.)

_.u (E e Pz, Eg e'WPZ)}+Zu £ ew"z_] (4.33)

In the air film region —-A (Z < 0 . we have,

E’(fw)= Jv(é’ l%‘ —,(v)e %;::)eiux du  (4.34)

total awr
2 1y V2 4.35
Wo = ( Ko — U ) ’ (4.33)
A A
= (v) = (v)

where E and E have x , y and £ components as

é(‘” EM £ v E(V) F’%(v; E (V)
) ba » 3 -
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respectively.
— (V) - A LAy -IW z Z(V) 1wz

LT B

AL A (V) STWoZ = (V) iwpz
+z(E, € - E, € o)x

X (_U__t_\firs_)]e‘uxdu (4.36)

Ko

In Equation (4.3b) we have used the condition that in vacuum

~
the E fields are transverse

n-EWY=0 (4.37a)
|
7 £ W_yg (4.37b)
2 ’
where
-
n. = (ul 0 —Wo)

and

il

M, = (W0, w)
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In the optically active region,

X - W.Z)
WX WDy a3

»

Fw - [(E etern, Ee

"
—

A
where E, and E. are given by Equations (4.22a) and (4.22b)

with y=0 and

J

ﬁ=’L~§Xt. (4.39)

Applying the boundary condition (continuity condition)

-£ X —é‘ = %K —F-:: l ’ 2 X Fl = Z X ;i b
- - .
( L\)p ( B), -a)p i(_A)v
”~ - ( A A — l
ﬁxg - ZxE | , ZXH = ZXH| .
N o o K
Ov Ceyro Oy gym

and considering that the electric field is transverse in
both prism and vacuum, we obtain eigth algebraic equations

and we have eight unknowns, namely

A A ra)
. ~Av) Gov) T (V) =(vy =
tRx ’ Epy’ EX ) ty ; Ex > Ey ; t,x) E—y.

In matrix form we can write the equations as:



t \\,‘n{\
- 0
(W, A
o e
O v
N Wi
t
Wa
o\ é . 0
\.\'p
\ 0)
0 |
We
0 -
Wo
T 0

9]

0

-1:5'.' Y
~E..2 /
ROy
e
3 _"-.wr(\
~E

i

~J

D a1

(4.40)
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Finally we specialize to the case of circularly polarized
incident light, i.e. we put E_ = ( Ex, in the above ma-

trix. Also in Equation (4.40) take

Q = ‘LKP_";* Wy (4.41a)
(Kolnf - uz)

b = 1 Ko N- W (4.41b)
(kgn2- u?)
w = Jép %s;ne (4.42)
and
oA, = 1N, , ol_=1nNn_ (4.43)

The reflection coefficient R(w) at the exit face of the

prism boundary is given by

2 2
- W 2 2
R(w) = ( p+ U ) Eg. + F (4.44)
2 >- Ry -

We
In Figs. 25 and 26 we plot R(W) as a function of frequency
for various angles of incidence © . In this computation
we take the prism dielectric constant Ep = 15 and the

air gap A= |02 Cm.
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4.5 Discussion

For quartz, as shown in Fig. 22, when the reduced
frequency, (w-Wo)/Wypy 1s increased from 0.14 to 0.21, an
increase in surface wave dispersion, (4 from 106 to
3x106 Cw' 1s noted. Similarly an increase in reduced fre-
quency, (Ww-wy)Ay, from ¢.1 to 0.14 corresponds to an in-
crease in surface wave dispersion, U from o.Cnx;o6 Cm '
to 2.4 x10% ! for the parameters of sodium chlorate
(NaClO3), as shown in Fig. 23. 1In Figs. 25 and 26 ATR spec-
tra are shown for quartz and sodium chlorate (NaClO3) respec-
tively.

In our present analysis, we have considered antisyﬁme-
tric K =-linear terms in the dielectric function which give
rise to left and right circularly polarized light waves in
the medium. An ATR experiment on optically active medium
would be interesting as it would provide a comparison to our
computed ATR spectra and would give more insight into the

coupling of fields at the interface of a gyrotropic medium.



CHAPTER V

EXTINCTION THEOREM FOR MODEL GYROTROPIC
MEDIUM WITH SPATIAL DISPERSION
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5.1 Introduction

The interaction of electromagnetic fields with bounded
material media can be described by two methods discussed by
Born and WOlf.11 The first is based on Maxwell's partial
differential equations corresponding to macroscopic fields
supplemented by the usual boundary conditions. The origin
of the second method lies in an integral equation formula-
tion based on molecular optics. This method connects the
local field acting on the dipole to both the external applied
field and the field radiated by the rcmaining dipoles. This
technique in the case of linear optics was developed by

Ewald25 for crysalline media and Oseen26

for amorphous media.
A major one of their conclusions can be formulated in the
form of a theorem: when an electromagnetic field is inci-
dent on the material medium bounded by a closed surface, the
incident field is completely extinguished at every point in-
side the medium and is replaced by another wave with differ-
ent velocity and direction of propagation. This is known as
Ewald-Oseen's extinction theorem. There have been various
modifications and generalizations of the Ewald-Oseen's ex-
tinction theorem in recent years, even though the theorem
has been known for some 70 years.49

Birman and Sein applied the integral equation techni-

que to non-local media. They considered translationally in-

varient susceptibility in the "dielectric approximation”.
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They obtained from the solution of the integral cquation,

a dispersion equation, extinction theorem and additional
boundary condition (ABC) neccessary to describe the elec-
trodynamics of spatially dispersive media. Later, Frankel

and Birman8 considered a non-translationally invarient suscep-
tibility to describe the spatially-dispersive medium and em-
ployed the integral equation technique to study non-local

media. Agarwal et al ,49(1) Pattanayak and W01f49(k)

49 (a'h) ’

and
others ] have discussed the extinction theorem in
some generality.

In this Chapter we shall apply the method used by Bir-
man and Sein,4 to optically active, spatially dispersive me-
dium. In Section (5.2) we give brief review of Ewald-Oseen's

analysis.ll(b)

In Section (5.3) we apply Birman and Sein's
generalization to optically active spatially dispersive me-
dium.27 Finally Section (5.4) is devoted to a brief discus-

sion of the results.

5.2 Integral Equation Formulation

Consider an electromagnetic wave in homogeneous, iso-
tropic and non-magnetic medium. The electric and magnetic

fields at the } th dipole are given by

E,’: E“) + }:_ E (5.1a)
J . L
— = () '

= H o+ . (5.1b)
Hy L Hig

£
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where the sum extends over all the dipoles except the ) th

dipole. At the point, g' where the é th dipole is situ-

ated, the fields due to the % th dipole are given by

Eia = <7><<7%117é (5.2a)
Fﬂ(:: é-§7x fi , (5.2b)

where 'ﬂe is the electric Hertz vector defined by

T—i - pf_(f?’" R_)Q/C) , (5.2c)
Rje

th

- :
here pl is the dipole moment of the ( dipole and RJZ

th ana ) Y gipole. 1In the limit

is the distance between ¢
of the wavelength, A much larger than spacing between di-
poles; we can treat the distribution of dipoles to good
approximation to be continuous i.e. the moment of the dipoles

can be considered as a continuous function of position and

time. Thus we can write Equation (5.la) as

z

—

EL(F,‘t)= _E_‘m(rj)t) t J T x T X (E,(%_t_ﬁ)d—‘;" (5.3)
3

a(rl
where the integral is taken over the interior of the crystal,
\Y; is the volume occupied by the crystal, Z is the sur-
face bounding the volume and o(r) is the surface surrounding

the small volume excluded at the point, v which the field
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is being calculated.

The electric field in vacuum satisfies the equation,
2 — —
+ Ko)F_(r,UJ)= 0 (5.4)

where k%: w/¢ . The Green's function satisfies the egua-

tion
(V3 KF)G(R) = =T §(r-r') (5.5a)
G(R) = §_I_,K°R , R=1Ir=7'l . (5.5b)
IR

Considering harmonic time dependence of the fields and ﬁsing

Equations (5.5b) we can write Equation (5.3) as

2
E(Fw) - £ ’(Ew) ‘t‘fi'fx(?x( P(rw) G (7 Cw)dF (5.6
T(r) .

Next using the identity due to Hoekll(C)

s 2
X T x j‘G(fo'w)ﬁ ')d{i-giT3F JVXVX (G(r{)p(y)d'ls .7)

a
g

we can write Equation (5.6) as

2
JEEEN —0()
E(Tw)= £ (7w) f\/xvxj(,(r r) P (Cw)de’ —Es“P(rw) (5.8)

g

The polarization P (I ) in the medium satisfies the
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cquation
2 2y DT -
(v+ k*) Prw) = 0 . (5.9)
Using Equations (4.5a) and (4.9) we can write

PG = (PI*G-GV*P). (5.10)

2 —-
5 IO B pat _G aP s’
fp(,dr (K’-Ké)[ (Pa”' d )
ag
_ (R 9G _ 5d} .
S(Pa’ G(}F‘)S.(Sl“

o
The second surface integral on the right hand side goes
to —LHTﬁ(?) as the radius, )i of the excluded sphere

whose surface area is g goes to zero. Thus we can write

Equation (5.8) using Equation (5.11) as

2 - —.(t) —-— —_ —3 - —* ,
E(Tw) = E (rw) TU@‘ - vxva(Pa_Cuoa&g,)ds

. - Kz) on’
_T 7 —
+u(ll_<—2—[—K5 — 8_’3ﬂ" P (5.12)

Inserting 5(?7(»‘): N L (W) EL(E'OJ) in (5.12) we
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can rewrite Equation (5.12) as

- B () = . 3G _ af ]
) = l V x\7 X 96 - G
P(rw) NoL(w){E (r'w)Jr(?_—r:g) J(Pan' an'>d‘
2 —
+ Ui N (W) (D_‘_*E_) P(E'w) (5.13)
3 N1 .

Clearly we have two terms. One, according to Equation

(5.9), propagates with velocity C/n(w) . The second term
represents a wave which like @G is propagated with the
vacuum velocity of light, C . Thus we can observe that

Equation (5.13) splits into two groups, each vanishing se-

parately,
— nl
‘;IE% N ol (W) = (nl—J\.) (5.14)
+ ,

= (i), = — - J _’é_.. _ 6 a—‘ d5:=0 (5.15)
E(Fw)r VxTx | (F 58, -6 9L ) |

Equation (5.15) represents the extinction of the incident
wave E“’(F,w) at every point inside the medium by inter-
ference with part of the dipole field. The incident wave

—

is replace by another wave, £, given by

= _ L Dy Yl N2 ’—34]7'\ (5.16)
E(Tw) =Rigq P(Fw= Y () P

with velocity € /nN(w). Finally we can connect the effective
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-3
local field, EL(F:Q)) with Maxwell's field, g(Fw) which

is given by

Poo o M 5 P
= " (5.1
E(rwl =~ P(Fw) 5.17)

Equations (4.16) and (4.17) imply

— PN
E(fw) = E(Tw) + %’T PLr, w) (5.18)

Thus using the integral equation formulation we obtain
conditions for: extinction of the electomagnetic fields,
the Lorentz-Lorenz relation and finally the connection be-
tween local fields and macroscopic fields in the frequenéy
dispersive media.

In the next section we shall apply the generalization
of the integral equation technique used by Birman and Sein

to optically active, spatially dispersive media.

5.3 Application to Optically Active Medium with Spatial

Dispersion

When an electromagnetic wave impinges upon an optically
active medium from vacuum, in general two modes are excited
in the medium. These are left and right circularly polarized
waves. In this section we consider an optically active medi-
um which exhibits spétial dispersion. We employ the integral

equation framework to obtain the dispersion relation, the
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extinction theorem and the additional boundary conditions

required to solve the reflection problem.

5.3.1 Constitutive Relation

Let us denote é%??t) as macroscopic electric
field and 5%?7&) the dielectric polarization at (ﬁf).
The polarization and electric field are related by a pheno-

menological constitutive relation

D(T W) = jY(F-FJw)E(wa dr'

(5.19)
where we take an "isotropic" model for which only diagonal

terms in the susceptibility tensor are non zero, and the
kernel,

“— — G —
LAT-Fro) = X (R,w): ANRw) - X (RWTX (5.20

is a sum of a non-gyrotropic part,

7(N('R,(u ) and a

Both of the latter are considered
as resonance type of oscillator model,

gyrotropic part, ‘XG

YMRW) = Ao 8(R) + X, G,(RwW)

(5.21a)
X*(Rw) = 7(; 6(R) +X./ G, (R, W) (5.21b)
Here R= (Y=v ')

. G, (Rw =[exptk«RI}/ R , 1
is the unit dyadic and k; 1is a complex wave number which

is defined as the pole of the Fourier transform of X (R,w):
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X(R,w) _.E_T., X (K w)= (eu—l)+ F/D , (5.22)
9o (R-K})

and Kt= "(0.);"’ w-wl) / D . Here €. 1is
the background dielectric constant, ™ is the damping con-

stant, (J, is the exciton resonance frequency; D-= hWo/Mm*
where M' is the effective exciton mass; and F= o(o‘-Uoz '
where o{, is the oscillator strength. X, and X, appear-

ing in Equation (5.21) are given by

X, = [(€w=t) /4 ] (2m)3/? (5.23a)
Y
x,= TWF/ DM : (5.23b)
X: and 'x" appearing in Equation (5.21b) have a simi-

lar form as Equation (5.23).

5.3.2 The Integral Equation: Polarization Framework

The basic equation of molecular optics, which
relates local field, EL(F:Q) and induced polarization
P ( row) , is given by Equation (5.8),

— ._o(() -— - —

(Tw)z E(Tw) + VXX [G(rT')P(f w)dr u)(J 8)

_4(‘
where F (r @) 1is the incident electric field. If we
assume that the Lorentz-Lorenz relation Equation (5.18) ap-

plies, we can write Equation (5.8) as



2
— - —(1)_ . . — —
F(r,w)ump(fcu): E(l(rjw) + \]x\7x[ P(rw)G(R)dI (5.24)
g(n )
-3/2

Next, multiplying both sides by (271) X(rLr) ,
defined by Equations (5.20) and (5.21), and integrating

over r we obtain

57" 3y UTXo By — YT X, V% P(7w)
P w+ (211)¥2 P (i) ( 21)%

C
-

2 2

+—Lﬂ7_K‘LJ P(Fw)G, (r- “F) dr— L(’[”’:(' jG,(?L’F)@Pdf

| s
- Yo xv”xv”xJF(T;'mG(F‘?”) (7
(i)
-
5 3
K j G, (T2 F) TxF JP(:(JJ)GU*')d)d:
Q1) K
B 2
(QF)B/‘ G (r ——F‘):/"XVXVX( P(ru.)G(r- dl’df (5.25)

6< .
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The integral equation (5.25) has both longitudinal
and transverse solutions. We concentrate here on trans-
verse solutions. We note that the incident wave E?Yﬁw)
satisfies Equation (5.4). 1In the optically active medium,
let us assume the total polarization is a linear combina-

tion of plane waves, each satisfying wave equation with

undetermined wave vector, KJ . Thus
— J -—
p(r,w) = z o R(Y,w] . (5.26)
J =

In order to solve Equation (5.25) one has to transform ex-
pressions from volume to surface integrals. The typical

basic integrals involved are,

-\

" = J(,‘ (F27) P(¥) (5.27a)

“\1

F

J-G+ (7" ")erp(r) dr ’ (5.27b)

-—’.4
we write [ (Y”) 1in the following form

(7Y = j‘e+ (F-F ) (7,xP) dT

-—f&'wm (3,6, PR, (Fidr +J€}m 3,16, PG
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- [ €gml % G, (F27)|P.(FldT fgam 3,6, (F2FIPIT)Jd Y

€y [T FIR(FIITHE, [3,[6, (FPIRT]dT

N

* Cigm % Fm(r) F J(Tofal Derivative )
Thus we obtain,

Er) = T 'x F(r) . (5.27¢)

provide the contribution of the total derivative term vanishes:
it is satisfied for the polarization vanishing on the surface.
Details of the evaluation of the inegral (5.27a) are given
in appendices (B) and (D) of Ref. (4). Thus substituting
Equations (5.26) and (5.27c) in Equation (5.25) and carry-
ing out the integrals, we obtain terms propagating with KJ ’
K¢ and K4 respectively. The scparate vanishing of these
terms produce:

(1) The dispersion relation

(11) Condition for extinction of incident field in

the medium

(1ii) Additional Boundary Conditions (ABC).
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In the following scctions we shall describe the expres-
sions obtained in each case.

5.3.3. Dispersion Equation, Mode Structure

Requiring the vanishing of the terms propagating

with Kj results 1is

S .
2 v (1)
— P |+ ulXe , YITX I SYTTX €, K
Zl [ J ( (2“)3/‘ (2”,3/, (K)Q_ K:) 0 Am m
. 0) 2 2
-HHX|L€¢n1Km _ %RKQ JEL“_ _ ﬂﬂX, ’——EL__T"
(K= Kk}) anyh (khed)  (ampe (KD GG=K)

T () , 2. (1)
FUTRe K L €pm K UTIX K | €y Ko )] (5.28)

an)z T o
( (K; =Ky (21)%: (K)‘l—- Ki) (K=K L

This implies

(VL a7%+8) P+ (v §) VX P=0 (5.29)
where,

o= (= Kg(1+ ‘(i;_’rg‘;h)_ ) (5.30a)

B= (Kiks(1+ {02e) - ks :(4_;%3/; (5. 30b)

2 /
M= Ko unx, /(amny>> (5.30c)
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§ = (HMX 2o UM Xo K} Ro’) (5.30d)
(2(])3/’ ()n)Na .

We can write Equation (5.29) to a higher order uncoupled

equation

(V- VitB)* P = = (mvi+5)*y?p (5.31)

’

considering plane waves as propagatin modes,40 we obtain

(Kq+<>(K”+B)l = ("]K’+8)1K2' (5.32)
or

K+ aK®+ bkY+ cKkiycl = O (5.33)
where

A= (-M*+2«) (5.34a)

b= (%28-27¢§) (5.34b)

C= (10(9_51) (5.34c)

d = @1 . (5.34d)
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Equation (5.33) is the dispersion relation, which gives 4
propagating modes in the medium. Using Equations (5.29)

and (5.31) we can write the mode structure as

-—

7 X P)- = 1 K E’ (5.35a)

Let us consider propagation in the 2 direction,

or

P ——t -
zx P o= f b (5.35b)

Equation (5.35b) implies that two of the propagating modes
are left circularly polarized, and two are right circularly
polarized, the mode structure of the electric field can be

written as
E = (x-ty)L J=12 (5.36a)

(X+iyY) R j=3,4 (5.36b)

Requiring the vanishing of the bracket contain-

ing terms propagating at K, produces
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Ah)_
o (KK

>
L)
™M«
|l
-f

Lo

b ]
™M e

. Yo - L.
—_X_O_ _GX..E.U)_‘- u '{ixE(') XO VxA qﬂx, VM_)__;O‘S'37)

3
an)*® (37 (kK 7) (Jn)’/t - (K 5) (Jr) = (K]
where
’;(7) = XX §;(f>;.‘) (5.38a)
S (P.)= 53'(5 7RG (Fiv") - ((F-T )é&lfwy (5.38b)
ot j (e on n .

Here T refers to the normal derivative and the integral

is taken over the surface ZT . We can write Equation (5.37)
as
Y —
E" + 0 AP P)_ -0 (5.39)
J°i (KJ - Ke )
and
(') >z
UXE(Y *'Z VXA°(P) = 0 (5.40)

IO A

Equation (5.39) corresponds to the condition for extinction
of incident electric field in the medium. Equation (5.40)

is the new term representing extinction of incident magne-



tic fiecld in the medium.

5.3.5 Additional Boundary Condition

Finally, vanishing of the bracket containing

terms propagatin at K4 gives

A c /5
AX|(%) 2? g&_&fi)_ 'ﬁz — I)
9 (K=Ky)  MKj-kg)
hy T xS () [ K
—X’ 2‘— 2 Y — - 1
'(n) ; (KEKT) ( (K=K )
PX L S 20 Ly S, (Aue)
e Ty (Sr (B + 20 2 20
I 4 —_—
-X L FXE Y S, (7TxA(R) ,
(anpe (K=KY) (S+( ) ; 7'2)17'1—)—_)’ (5-41)

where

2=

S (P)= Jo{s’ ( %‘(Ffé,)) G+(F=T ") (17 )é_ff(ﬁic)) (5.42a)
on n

) = (T D /\L(P-)> (5.42b)

(e [ds (B 2T g (7 2E" sz

Using the extinction conditions Equations (5.39) and (5.40)
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we find that the last two terms in Equation (5.41) vanish

and we can write

\{
— - — Y ’l
2. UXS,(¥) Ko o - (5.43)
(

which implies that the necessary condition is

vl - N
= (k=R OKEKS)

0 (5.44)

Equation (5.44) represents the additional boundary condi-
tions required to solve the reflection and transmission
problem at the boundary of the optically active-spatially
dispersive half space.

5.3.6 Normal Incidence on a Plane Surface

Consider the problem of normal incidence along
the 2 -direction on the semi infinite optically active,
spatially dispersive half space. Following Ref. (4), we

can write

e

So(ﬁ) = —dl T’;(K'),w) (Kot+Kj) %: (5.45)
S K Y

S+ (P})= el %(K,‘,w)LK++K)') e (5.46)

K+
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E‘,(f?;)= 7 X T X §°(P.)= K¢ §o($>;) (5.47)

Using Equations (5.45) - (5.47) and the mode structure
represented by Equations (5.36a) and (5.36b) we can write

the extinction condition Equations (5.39) and (5.40) as

— (7) 2
E (ko'u))z Z(ﬂ ﬂ)(X—IY)L +LZ(n +l)(Xfly)R (5.48)
J! d-3
— (i 2
b )(Ko'w): )_n)(n (- L +3 Z”)(Y) ) (x+')’)R' (5.49)
2

Equations (5.48) and (5.49) represent the extinction con-
ditions in terms of amplitudes of the modes. Again using
Equations (5.45) - (5.47) the additional boundary condition

Equation (5.44) becomes

vl

5 _ dl
L ab = 0 (5.50)
P Ky o Z-o y

The components of Equation (5.50) can be written as

-~ L dh = O 5.51
b~ T az (5.51a)
R—o d¥ = 0 (5.51b)

Ky dz .

Using Equations (5.5la) and (5.51b) we can write
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=
+
|
I-
A

me = 0 i P (5.52)

S LM = -1 .

Ke d Z=o0 ! TT PY + X *

Using the additional boundary conditions Equation (5.52)

we can solve the reflection and transmission problem at

the optically active, spatially dispersive half space.
Fields in the vacuum region, Z<0 are given by

lkoz

Ko?  KE,+YE)E (5.53)

E(zw= XEe
ot

( KoZ

A A A "ik Z
H(z,w)= YE.€ + (X EY—YEx)el ° (5.54)

Gut

where E, is the amplitude of the incident field and, kx
and EEY are the x and Y components of amplitudes of
reflected fields.

Fields in the optically active spatially dispersive

half space, <70 are given by

3 1K . 1K Z
= (%) et Z (a3 e'E (5.55)
wlzw JZ__'LJ(x.y)e + LR (Ging) e
2
H (szz h; (X K)Z+ZRn(X+) ) nKjZ (5.56)
mSide 5 .

The additional boundary conditions (5.52) can be written as

L (0= (14 00 e L, (ny-1) (1+ D)= 0 (5.57)
Ny

Ny
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H-Il!):o (5.58)

R, (N3=1) (|+%‘}:) + Ry (ng-1) ( &

Using the continuity of fields at =2=0 , and Equations

(5.57) and (5.58) we obtain

Eq [| _ (n-1) (|+Y‘Q/n,,)]
* o= (nlz") (l-f-n./fh)

Eo
[(n;rl)— (ni+1)(Ng=1) (Hnl/m)}
(N=) (140, /ns)

Ll - (Ny=1) (‘_Lrli‘/”*)]

(n2a)  (1+n3/ny) —1

2
[(nq+|)—(n3+l)("\q")m)] (5.59)

(n2-1) (14 N3/nt)

1 [l -~ (nqz—l) (I+ Na/ny) :]

(Ns=1)  (t+"3/n,)

[(an)‘ (n}ﬂ) (Y\?—I) (H_nq/nf)j)
1) (1413 /i)

I
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. 2
= (M- (I+m/n+3]
L (n}f') (I+Ni/n+)

-
(N 1) =(n, 1) (N3-1) ( '+nl/”+)] (5.60)
L (nz-1) (14N /n+) .

The reflection coefficient R (W) is given by

R(w) = J(IER,‘IIF | Eryl?)/ s , (5.61)

5.4 Discussion

We have employed an integral equation technique to
obtain some rigorous results in a optically active, spatial
dispersive media. We obtained a dispersion equation which
gives 4 propagating modes, two of them are left and the
other two are right circularly polarized. This clearly de-
monstrates the effect of spatial dispersion i.e. doubling
of.modes occurs in contrast to usual gyrotropy where one has
one left and one other right circularly polarized light
wave. Extinction conditions are obtaind. One of the extinc-
tion conditions corresponds to extinction of electric field
as noted by Birman and Sein. The new term of Equation (5.40)
corresponds to the extinction of the magnetic field. Final-
ly, we obtain the "ABC's" required to solve the reflection

problem from the vacuum-medium interface. We have analyzed
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the problem of normal incidence on vacuum-medium interface
using these additional boundary conditions.

In conclusion we may point out that the analysis
carried out above requries the integral equation formula-
tion of optics based upon polarization picture and validity
of the Lorentz-Lorenz relation. 1If we require that the
Maxwells' equation approach is consistent with the integral
equation approach, then the Lorentz-Lorenz relation comes

out of the theory.4



CONCLUSIONS
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In this thesis we have investigated several problems
relating to spatial dispersion effects in crystal optics.
In Chapter II we studied the pulse propagation in strong
spatially dispersive media, that is, near a resonance of
excitonic-polariton media. Expressions were obtained for
energy velocity VE for Upper and Lower polariton branches
respectively. A numerical study was carried out using ma-
terial parameters of GaAs. Comparison between calculated
enerqgy, group and signal velocities was examined in the vi-
cinity of the exciton resonance. The energy propagation
studies were made assuming that propagating modes are plane
wave, |

Next Gaussian pulse propagation studies in excitonic-
polariton media were carried out in various frequency re-
gions, for [Tyt , TIT=I and [ T« | cases. For
T >5) and [ [T=) cases, peak of the pulse propagates
with group velocity and pulse width shows very little varia-
tion.

Various problems related to weak spatial dispersion
i.e. gyrotropy were investigated. First wave propagation in
bounded gyrotropic medium was studied near resonance in Chap-
ter I11. The constitutive relation in the optically active
medium was written down in an inverse dielectric function
framework. The additional boundary condition (ABC) required

to solve the reflection, refraction problem was obtained.
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Dispersion relation and mode structure were obtained and
the reflectivity problem from half space was solved and
numerical results obtained for typical semiconducting me-
dium.

Next in Chapter IV, using the general mode structure
in the optically active medium surface wave dispersion re-
lation was written and computed numerically. An Attenua-
ted Total Reflection (ATR) model experiment to detect these
surface waves was formulated.

Finally in Chapter V, the Extinction Theorem for mo-
del gyrotropic medium with spatial dispersion was investi-
gated. The dispersion relations and the mode structure was
obtained. The extinction conditon for electric and magné-
tic fields were obtained. Additional Boundary Conditions
(ABC) required to solve the reflection problem were obtained
and, finally, reflection coefficient, R(Qﬂ was obtained.

Thus in summary we have examined in this thesis vari-
ous wave vector dependent optical phenomenon, both corre-
sponding to strong and weak spatial dispersion in bounded

material media.
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