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CHAPTER I

In troduction

As a c o n se q u e n c e  of the  in v en tio n  of pow erful l a s e r s ,  a new fro n tie r  

h a s  b een  opened  up in p h y s ic s .  This is  u n d e rs ta n d a b le  b e c a u s e  the  e le c t r i c  

f ie ld s  g en e ra te d  by  th e s e  l a s e r s  a re  com parab le  to  the  in t r in s ic  f ie ld s  e x i s t ­

ing in m a tte r  on the  a tom ic  s c a l e .  Then the  r e s p o n se  of the  m a te r ia ls  to  the  

l a s e r  f ie ld s  c a n  no longer be t r e a te d  in a l in e a r  w a y .  This h a s  lead  to  the  

in te re s t in g  f ie ld  of n o n lin ea r  o p t i c s .  A h o s t  of n o n lin e a r  phenom ena have 

b e e n  d is c o v e re d  and  the  n o n l in e a r  o p t ic a l  p r o c e s s e s  co n tin u e  to  be the  

o b je c t  of in te n s iv e  in v e s t ig a t io n .

H is to r ic a l ly ,  n o n l in e a r  o p t ic s  g o es  b ack  to  th e  d is c o v e ry  of o p t ic a l

seco n d  harm onic  g e n e ra t io n  by  Franken e t  a l 1 in 1961. S ince th e n ,  new

n o n lin e a r  e f fe c t s  have  b een  d is c o v e re d  a t  a t rem en d o u s ly  rap id  r a te .  These
1—6in c lu d e  su m - and d i f f e r e n c e -  f req u en cy  g e n e ra t io n  -  , pa ram etr ic  a m p li-

2—6 7 8f ic a t io n  an d  o s c i l l a t i o n s  , s e l f - f o c u s in g  ' , s e l f  ind u ced  t r a n s -
9 10 11 12 1 3 —15p a ren cy  ' , s e l f  p h ase  m odu la tion  ' , m ultipho ton  a b so rp t io n  ,

16 17s tim u la te d  s c a t te r in g  ' e t c .  Their p o te n t ia l  u s e f u ln e s s  w as  im m ed ia te ly

re c o g n ize d  and  n o n l in e a r  o p t ic s  h a s  becom e an  im portan t b ran ch  in the  e v e r  

ex p an d in g  f ie ld  of quantum o p t i c s .

L a te ly ,  d ev e lo p em en ts  in  tu n a b le  l a s e r s  and  u l t r a s h o r t  p u lsed  la s e r s  

have  fu r ther h e lp ed  in  ex pand ing  th e  s tu d ie s  of n o n l in e a r  o p t ic s  to  a wide 

range  of d if fe ren t  m e d ia . A b e t te r  u n d e rs tan d in g  of the  n o n l in e a r  in te ra c t io n  

of ra d ia t io n  w ith  m a tte r  shou ld  r e s u l t  in  both  s c ie n t i f i c  an d  te c h n o lo g ic a l
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a d v a n c e s  in  a p p l ic a t io n s  o f  h igh  pow er l a s e r s  to  lab o ra to ry  and  in d u s try  

and  in c o n s t ru c t io n  of u s e fu l  n o n l in e a r  o p t ic a l  d e v i c e s .  Over the  p a s t

y e a r s ,  th i s  f ie ld  h a s  b een  rev iew ed  c o n s ta n t ly  by r e s e a rc h e r s  in  th e  form
- , , 18-22  , . . 23 -26of books an d  rev iew  a r t i c l e s

In th i s  w ork , we have  b een  c o n ce rn ed  w ith  some a s p e c t s  of no n ­

l in e a r  o p t ic s  d e a l in g  w ith  p ro paga tion  of in te n s e  l a s e r  l igh t in narrow gap  

s e m ic o n d u c to rs .  The ty p ic a l  sem ico n d u c to r  th a t  h a s  b een  c o n s id e re d  is  

InSb. The r e a s o n  for th i s  c h o ice  is  i t s  low en e rg y  g ap  ( 0 .2 3 4  eV ) and  low 

e f fe c t iv e  e le c t ro n  m a ss  ( 1 / 6 0  e le c t ro n  m a ss  ) .  As w il l  be show n la te r ,  

t h i s  r e s u l t s  in  InSb d is p la y in g  a large  n o n l in e a r  b eh av io u r  w ith  the  r e s u l t  

th a t  th e  n o n lin e a r  e f fe c t s  would be o b s e rv a b le  e v e n  w ith  m o d e ra te ly  high 

la s e r  i n t e n s i t i e s .  The n o n l in e a r i ty  co u ld  be fu r ther e n h an c e d  by ap p ro p r ia te  

u s e  o f  a dc m agnetic  f ie ld  to  o b ta in  c y c lo t ro n  r e s o n a n c e .  Then, due to  

n o n l in e a r  e f f e c t s ,  the  p ro paga tion  of l a s e r  ra d ia t io n  in  the  s em ico n d u c to r  

w ould  be r a d ic a l ly  d if fe ren t  than  in the  l in e a r  re g im e . The th ree  n o n l in e a r  

e f f e c t s  th a t  a re  c o n s id e re d  here  a re  s e l f - f o c u s in g ,  s e l f - in d u c e d  t r a n s p a re n c y  

an d  four pho ton  pa ram etr ic  a m p lif ic a t io n .

2 7 28In C h ap te r  II , we ex ten d  th e  p rev ious  work on s e l f - f o c u s in g

in narrow  gap sem ico n d u c to rs  to  in c lu d e  a dc m ag n e t ic  f ie ld  and  show th a t

th i s  w il l  r e s u l t  in  a la rge  en h an c e m en t  in  th e  s e l f - fo c u s in g  of l a s e r  l ig h t .

This e f f e c t  shou ld  be ex trem ely  u se fu l  fo r in je c t in g  a ve ry  in te n s e  f ie ld

in to  a l im ited  reg io n  in a c r y s t a l .

The p ro p ag a tio n  of in te n s e  o p t ic a l  p u ls e s  th rough  the  s em ico n d u c to r
29is  c o n s id e re d  in  C h ap te r  III. Here we s tu d y  th e  n o n l in e a r  re f le c t io n



8

p ro p e r t ie s  and  m odes of p ro p ag a tio n  in  w hich  the  sp re ad in g  te n d e n c y  for 

a p u lse  due to  d is p e r s io n  is  co m p en sa ted  for by  the  c o m p re ss io n  te n d e n c y  

c a u s e d  by  n o n l in e a r  e f f e c t s .  This problem h as  p o te n t ia l  u s e f u ln e s s  in  the  

d e s ig n  of l igh tw ave  t r a n s m is s io n  l in e s  and  th u s  is  of te c h n o lo g ic a l  impor­

ta n c e  .

30F in a lly  in C h ap te r  IV, we d i s c u s s  a four pho ton  pa ram etr ic  p ro c e ss  

r e s u l t in g  from the  n o n l in e a r  in te ra c t io n  of in te n s e  l ig h t  from tw o la s e r  so u rc e s  

p ropaga ting  in  a s em ico n d u c to r  im bedded in dc m ag n e t ic  f i e ld .  This p ro c e ss  

is  found to  be u se fu lfo r  o b ta in in g  a tu n a b le  d e v ice  w h ich  w ould  be a new 

type  of l a s e r  so u rce  in  a freq u en cy  dom ain , l ike  fa r  in f r a r e d  , no t cu rren tly  

a v a i l a b l e .

In c o n c lu s io n ,  in  th i s  w ork , some a s p e c t s  of n o n l in e a r  o p t ic s  a re  

s tu d ie d  and  i t  i s  show n th a t  th e  r e s u l t s  o b ta in ed  a re  u s e f u l  for a b e t te r  

u n d e rs tan d in g  of th e  b a s ic  p h y s ic s  of the  n o n lin ea r  in te ra c t io n  of ra d ia t io n  

w ith  m a tte r ,  have  te c h n o lo g ic a l  a p p l ic a t io n s  and  c a n  be u s e d  to  c o n s t r u c t  

a u s e fu l  o p t ic a l  d e v ic e .



CHAPTER II

M ag n e tic  F ie ld  E nhancem ent of S e l f - F o c u s in g of L a se r  Beams in - 

Sem iconducto rs

A . In troduction

In a l a s e r  beam  , in g en e ra l  , th e  l ig h t  in te n s i ty  is  not uniform a long

th e  p ro f ile  of th e  beam , be in g  maximum a t  the  c e n te r  and  ta p e r in g  off to

zero  a lo n g  the  e d g e s .  W hen the  d ie le c t r ic  p ro p e r t ie s  of the  co n d u c tin g

medium a re  fu n c t io n s  of th e  l a s e r  beam  in te n s i ty ,  a so r t  of o p t ic a l  inhom o-

g e n i ty  is  s e t  up in the  p re s e n c e  of th e  beam  and  c a n  re s u l t  in the  medium

b eh av in g  a s  a fo c u s in g  l e n s .  This e f fe c t  te rm ed  a s  s e l f - f o c u s in g  has

31 — 36re c e iv e d  much a t te n t io n  bo th  th e o re t ic a l ly  and  e x p e r im en ta l ly  

S ev e ra l  m ech an ism s  for s e l f - f o c u s in g  h as  b e en  d i s c u s s e d ,  among them 

the  Kerr e f fe c t ,  e le c t r o s t r i c t io n ,  the rm al pe rtu rb a tio n  of the  sam p le ,  no n ­

l in e a r  e le c t ro n ic  p o la r iz a t io n  and  forward s t im u la te d  Brillouin s c a t te r in g .

R ecen tly  two new m ech an ism s  w h ich  e x i s t  in sem ico n d u c to rs  have

28
b e en  p ro p o s e d .  The f i r s t  one r e s u l t s  from the  la rg e  n o n p a ra b o lic i ty  of

th e  c o n d u c t io n  band for n a rro w -g a p  se m ic o n d u c to rs .  Here the  n o n l in e a r i ty

a r i s e s  b e c a u s e  of th e  v e lo c i ty  d e p en d e n t  m ass  of the  co n d u c tio n  e le c t r o n s .  

37 38The sec o n d  ' m akes u s e  o f  the  e n e rg y  d e p en d e n t  c o l l i s io n  tim e for th e  

c o n d u c tio n  e le c t ro n s  in  s e m ico n d u c to rs ,  due  to  th e i r  in te ra c t io n  w ith  

lo n g i tu d in a l  o p t ic  p h o n o n s .

In th is  c h a p te r ,  we d i s c u s s  the  s e l f - f o c u s in g  phenom enon in a



narrow gap sem ico n d u c to r  em bedded  in a uniform m agnetic  f ie ld .  We ta k e  

the  v e lo c i ty  d e p e n d e n t  m ass  to  be the  dom inant co n tr ib u to r  to  the  n o n lin e a r  

d ie le c t r i c  r e s p o n s e  of the  m edium . The e f fe c t  of the  m ag n e t ic  f ie ld  on the  

n o n l in e a r i ty  b eco m es  enorm ous w hen the la s e r  f req u en cy  CO and  the 

c y c lo t ro n  f req u e n cy  10C a re  of th e  sam e order of m agn itude . Then the  e l e c ­

tro n s  and  the  e le c t r i c  f ie ld  v e c to r  of the  c i rc u la r ly  p o la r iz ed  l ig h t  a re  

ro ta t in g  in s p a c e  a lm o s t  c o h e re n t ly  and the  l ig h t  a c c e l a r a t e s  the  e le c t ro n s  

to  a much h ig h e r  v e lo c i ty  th a n  in the  a b s e n c e  of the  m ag n e t ic  f ie ld .  This 

r e s u l t s  in  a la rg e  in c re a s e  in  the  n o n l in ea r  p ro p e r t ie s  of th e  s e m ic o n ­

d u c to r .

The m ain  l im ita t io n  on th e  e lec tro n  a c c e la r a t io n  is  the  c o l l i s io n  time 

X. .H e re  we a re  l im ited  to  the  c a s e  w hen co , pOc and  u> -lOc a re  much 

la rg e r  th an  t ; " 1 . M oreover, the  photon  m ean free  p a th  d e c r e a s e s  w ith  

in c re a s in g  m ag n e t ic  f ie ld ,  w h ich  w e overcom e, in pa r t ,  by d e c re a s in g  the  

e le c t ro n  d e n s i t i e s .  I t  is  the  e f fe c ts  on s e l f - fo c u s in g  r e s u l t in g  from (i) the  

in c r e a s e  of th e  n o n l in e a r i ty  and  {ii) the  d e c r e a s e  of th e  m ean free  p a th  

of the  photon  a s  a fu nc tion  of the  m agnetic  f ie ld  s t ren g th  and  the  l a s e r  

in te n s i ty  th a t  a re  m ain ly  c o n s id e re d  h e re .  We find th a t  for r e a l i s t i c  

s i tu a t io n s ,  s e l f - f o c u s in g  in  the  p re s e n c e  of a m agnetic  f ie ld  c a n  be 

a c h ie v e d  w ith  l a s e r  pow ers one  to  two o rders  o f  m agn itude  sm a l le r  than  

w ithou t th e  m ag n e t ic  f ie ld .

S e l f - fo c u s in g  e f fe c t s  becom e im portan t w h en ev e r  one is  in te re s te d  

in  t ra n sm it t in g  in te n s e  ra d ia t io n  th rough a c r y s t a l .  Thus i t  cou ld  p lay  an
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im portan t ro le  in su c h  ex p er im en ts  a s  p a ram etr ic  c o n v e rs io n ,  harm onic 

g en e ra t io n ,  s e l f - in d u c e d  t r a n s p a re n c y  and  l a s e r  d e s ig n  s tu d i e s .  In a d d i t io n  

s e l f - fo c u s in g  p rov ides  w ith  a p rocedure  for in je c t in g  a ve ry  la rg e  f ie ld ,  

e s p e c ia l l y  in the  p re s e n c e  of a m agnetic  f ie ld ,  in to  a l im ited  reg ion  in  a 

c r y s ta l .  This cou ld  le ad  to  in te re s t in g  s tu d ie s  of th e  d ynam ics  of hot 

c o n d u c tio n  e le c t ro n s  or g e n e ra t io n  of l a t t i c e  im p e r fe c t io n s . By s tu d y in g  

the  s e l f - f o c u s in g  p ro f ile ,  i t  is  p o s s ib le  to  draw  c o n c lu s io n s  a b o u t  the  

n o n lin e a r  d ie le c t r ic  c o n s ta n t  of th e  sa m p le .

In s e c t io n  B , w e d e r iv e  a n  e x p re s s io n  for th e  n o n l in e a r  d ie le c t r ic  

c o n s ta n t  in  the  p re s e n c e  of a m ag n e t ic  f i e ld .  S ec tio n  C c o n c e rn s  i t s e l f  

w ith  th e  co n d i t io n s  requ ired  for th e  s e l f - f o c u s in g  of a r a d ia t io n  beam  

and in  s e c t io n  D, num erica l r e s u l t s  and  a d i s c u s s io n  of t h e s e  r e s u l t s  

a re  p re s e n te d .



12

B. C a lc u la t io n  of th e  N o n lin e a r  D ie le c tr ic  Function

We c o n s id e r  a  s em ico n d u c to r  s u c h  a s  InSb , GaAs e t c .  w ith  e le c tro n

d e n s i ty  n in th e  c o n d u c t io n  b a n d .  It i s  a s s u m e d  th a t  n i s  s u f f ic ie n t ly

sm a ll  th a t  c o l le c t iv e  e f f e c t s  p lay  a n e g l ig ib le  r o le .  A lso th e  c ry s ta l

39a n iso t ro p y  w ill  be n e g le c t e d .  As show n by Kane , th e  d ynam ics  of t h e s e  

e le c t ro n s ,  ow ing to  th e i r  in te ra c t io n  w ith  th e  l a t t i c e  is  g iv en  to  a h igh  

d eg ree  of a c c u ra c y  by th e  H am ilton ian ,

'12-
<2 . 1 :

Here is  th e  g ap  en erg y  s e p a ra t in g  th e  bottom  of th e  con d u c tio n  

band  from th e  to p  of th e  v a le n c e  band, m i s  th e  e f fe c t iv e  m ass  of th e  

e le c t ro n  n e a r  th e  b a n d 's  bottom , and  p i s  th e  e le c t ro n ic  momentum. As 

we go t o  h ig h e r  m om entum , E q .( 2 .1 )  b eco m es  l e s s  a c c u ra te ,  but we w ill  

be co n f in ed  to  fa ir ly  low  v a lu e s  of p .

If we define

(2 . 2a)

th e  H am ilton ian  in  E q .( 2 .1 )  becom es

2. 4  u1 ± *1

H .  -  I  +  C ^ 1  , 2 . 2 b ,

w h ich  form ally  re s e m b le s  th a t  of a r e l a t i v i s t i c  e l e c t r o n .  H ere  c  p lay s  

th e  sam e  ro le  in th e  dy n am ics  of e le c t ro n s  th a t  t h e  s p e e d  of l ig h t  c  p lay s  

in  r e l a t iv i s t i c  m ech a n ic s  . For r e a l i s t i c  s i tu a t io n s  c  /  c

As we w il l  be  in te r e s t e d  on ly  in  th e  lo n g -w a v e le n g th  r e s p o n s e  of 

th e  sem ico n d u c to r  we w il l  no t re so r t  to  quantum  m e ch a n ic a l  d e s c r ip t io n .
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It i s  to  be n o te d  th a t  in  a r e l a t i v i s t i c  s i tu a t io n  th e  v e lo c i ty  an d  momentum 

are  no t l in e a r ly  r e l a t e d .  W h erea s  th e  e le c t ro n ic  cu rren t i s  p ropo r tiona l to  

th e  v e lo c i ty ,  th e  tem p o ra l  e v o lu t io n  of th e  momentum i s  go v e rn ed  l in e a r ly  

by th e  e le c t ro m a g n e t ic  f i e ld .  Thus we h a v e  a n o n l in e a r  d e p en d e n c e  of th e  

cu rren t on th e  f i e ld .

We now c o n s id e r  th e  e le c t ro n  dy n am ics  w hen  th e  s em ico n d u c to r  i s
—v

im bedded  in  a uniform m ag n e t ic  f ie ld  B0 t a k e n  to  po in t a lo n g  th e  - z  

d i re c t io n .  In a d d i t io n  we i r r a d ia te  th e  sam ple  w ith  c i r c u la r ly  p o la r iz e d  

l ig h t  w h o se  d ire c t io n  is  d i r e c te d  a lo n g  th e  m agnetic  f i e ld .  The H am ilton ian  

th e n  b eco m es

r  v» ArH = £ M* c * ( M I A ) * ]

• | z

:2 . 3 )

w here  th e  v e c to r  p o te n t ia l  i s  g iv en  by

(2 .4 )

H ere  ^  ■=. and  ^  i s  a  c o n s ta n t  p h a se  a n g le .  H a m il to n 's

e q u a t io n s  th e n  le a d  to  th e  fo llo w in g  e q u a t io n s  of motion for th e  e le c t ro n  :

(2 .5 )

w here  £  =  -  an d  0  = V X A
c  d t
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In o rd e r  to  a c c o u n t  for th e  e f fe c t s  of e le c t ro n  c o l l i s io n s  we in tro d u ce  

a p h en o m en o lo g ica l  r e la x a t io n  te rm  in to  E q . ( 2 .5 ) .  Thus we ob ta in

This  i s  a r e a l i s t i c  model for th e  c a r r ie r  d e n s i t i e s  and  f ie ld  i n t e s i t i e s  

c o n s id e re d  in t h e s e  c a l c u l a t i o n s .

Eq. (2 .6 )  w il l  be so lv e d  in  th e  fo llow ing  ap p ro x im a tio n .  We no te  

t h a t  th e  a c  m ag n e t ic  f ie ld  in d u c e s  c u rre n ts  w h ich  a re  ty p ic a l ly  a fa c to r  

of v / c  s m a l le r  th a n  th e  c u r re n ts  in d u c ed  by th e  a c  e le c t r i c  f i e ld .  S ince 

v ^ c  an d  c  i s  rough ly  tw o  o rd e rs  of m agnitude  s m a l le r  th a n  c , we

n e g le c t  th e  a c  m ag n e t ic  fo rce  an d  s im ply  re p la c e  B by B0 in E q . ( 2 .6 ) .
—

In p r in c ip le  w e  c a n  go to  ve ry  la rg e  v a lu e s  of BQ and  th u s  th e  s t a t i c  f ie ld  

p la y s  an  im portan t ro le  in th e  e le c t ro n  d y n a m ic s .  H en ce  w e o b ta in  th e  

fo llow ing  s e t  of e q u a t io n s  :

( 2 . 6 )

w here r
(2 .7 )

(2 . 8 b)

I  i  +  ^  )  w * r  =■ °  
L  a t  *

(2 .8 c )
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In th e  a b s e n c e  of an y  p e r tu rb a tio n  th e  e le c t ro n  g a s  c a n  be a p p ro x i-  

m ated  a s  a c o ld  p la s m a .  Thus th e  in i t i a l  v e lo c i ty  v = 0 .

We now  in v e s t ig a te  th e  s te a d y  s t a t e  so lu t io n  to  Eqs . ( 2 ,8 a . ) - ( 2 .8 c ) , 

Let Vp 7. X_cf ) a n d  Vy s  From E q .( 2 .8 c )  i t  im m e­

d ia te ly  fo l lo w s  th a t  V2 ? o  . The v a lu e s  of cp an d  v0 fo llow  d i r e c t ly  

upon in s e r t in g  th e  ab o v e  forms in to  E q . ( 2 .8 ) .  They a re  d e te rm in ed  by 

e q u a t in g  th e  re a l  and  im ag inary  p a r ts  of

i (P
. .  • o Ai e.

to  -  f f s  + 2 .  -       (2 .9 )
r  C  m * c V  Vo

&. B>o
w h ere ,  w e  h a v e  in tro d u ce d  th e  z e r o - f ie ld  cy c lo t ro n  f req u en cy  .

We n o te  th a t  F -  ( i -  f c* 1 ') * and  is  in d ep en d e n t  of t im e .  Thus 

w e f ind

-  taw' L l l ( < * > - 1 (2 . 10a)

\ l o  = W  IX c   ̂ ( 2 1 0 b )

I ^ ^
w h ere ,  we h a v e  in tro d u ce d  a d im e n s io n le s s  pa ram ete r  (X = £  A  / W  c c  

d en o tin g  th e  s t re n g th  of th e  f ie ld ;

A  -  >f(co-15oc ) 1' + l/ ^ J' ( 2 . 10c)

w h ich  i s  a te rm  d e sc r ib in g  th e  de tu n in g  from re s o n a n c e ;  a n d  a ren o rm a lized  

c y c lo t ro n  f req u e n cy

£  = L ■ - S
i  -  ' / i

(2 . 10d) 
C * "  J

Eq. (2 . 1 0a ) - ( 2 .1 Od) must be s o lv e d  s e l f - c o n s i s t e n t l y  t o  o b ta in  vg .



16

In w h a t fo l lo w s ,  we w ill  a lw a y s  work w ith  pa ram ete rs  su ch  th a t

and  £ 10- »  / . From Eq. (2 .10d) we d ed u ce  th a t  ( u i  — » t  .

C o n se q u e n t ly  the  p h ase  sh if t  of Eq. (2 .1 0 a )  w i l l  be sm a l l .

The cu rren t  d e n s i ty  a s s o c i a t e d  w ith  th e  e le c t ro n ic  motion i s  g iven

b y ,
J  = - ne v

One n o te s  from E qs. ( 2 . 1 0 a ) - (2 .  lOd) th a t  V0 d e p en d s  on th e  fie ld  

s t re n g th  pa ram ete r  in a h igh ly  n o n l in e a r  w a y . Thus Eq. (2 .11) d e s c r ib e s  

th e  n o n l in e a r  re s p o n se  to  th e  e x te rn a l  f i e ld .  This cu rren t  a c t s  a s  the  

s o u r c e  term in  th e  w ave e q u a t io n ,

^ j2a  -  t A  =  — - U T  j
c* 9 - t 1

(2 . 12 )

w here  £ L is  th e  d ie le c t r ic  c o n s ta n t  for th e  l a t t i c e .

We now exam ine  the  p lane  w ave so lu t io n  to  Eq. (2 ,1 2 ) .  S ince the

c u rre n t  la g s  b eh ind  the  v e c to r  p o te n t ia l  by a p h a se  , th e re  w il l  be

a t te n u a t io n  of the  w ave a s  it p ro p a g a te s  th rough  the  m edium . As a f i r s t
—^

appro x im a tio n  one c a n  regard  a s  be in g  a t te n u a te d  e x p o n e n t ia l ly  

w ith  dam ping c o n s ta n t  ,

A, £ * )  «  A. e  e

Upon in se r t in g  th e  above  e q u a t io n  in to  Eq. (2 .12) and  e q u a t in g  the  

r e a l  and  im ag inary  p a r t s ,  w e  ob ta in  th e  fo llow ing  for (5 and  k ,
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a 2-
4  4 f , Y .

- l i t    =  U  C f

(2 .1 3 a )

(2 .1 3 b )

jbx -  K + £u % .

Solving E q s . (2 .1 3 )  s im u l ta n e o u s ly  and  u s in g  th e  r e s u l t s  o b ta in e d  

in  E q s .  (2 .1 0 )  g iv e s ,

'U 2- * \  A
(  A , — k  -V f i t  <5. )  - = = - = .  -

(2 .1 4 a )

2j2,k At =  ! f t  6 , £  ^ 5  
c2- A (2 .1 4 b )

S u b s t i tu t in g  fo r k from Eq. (2 .1 4 b )  in to  E q . (2 .1 4 a )  g iv e s  us  a

q u a d ra t ic  e q u a t io n  for ft, :

A* c* «*■ J

On so lv in g  for |2, , th e  above  e q u a t io n  g iv e s ,

z  ,  
L& &L

2 -C 2-

+  )  1 - 2 ( 1-

( 1
_  l O t  \

a.
W p l o t

A "

0. 4 -  z
W p W c  + w p

—
• Z  2.

A  A > W c 1

J k

/  - 4-

(2 .15 )



For la rge  XL » we c a n  ap p rox im ate  ^  by ( w -  o5c ) and  th e  above  

e q u a t io n  re d u c e s  to

A

t-  *
60 - I  +  WP 2 Wc U>t

60^60— W6 )

wc j .  ;  | _ _
  ' I ------T—   X /  -  N1 2

L 10 £W»-Wc) w (w-W<0 U)£.

* ’■ /

-  60 fcL

C z L
— I +

CO ;  “ i  1
•*T _ L&e J

(2 .1 5 a )
0> (_ 60- W c )

If w e work w ith in  th e  r e s t r i c t io n s  o u t l in e d  before , so  th a t  w ill  

be sm a ll  , w e c an  n e g le c t  th e  e ffe c t  of a t t e n u a t io n .  In w hat fo llow s , we 

s h a l l  t a k e  (I -* 0 .

U sin g  E q s .  (2 .1 0 b )  and  (2 .1 1 ) ,  we find

m  j  A j i  ^ ( 5 " ^ _£P )
C '  c A L U

w here  th e  p lasm a  freq u e n cy  i s  d e f in ed  by 

w  _  /  4 - i r  n e 1  \ ' ^

In troducing  th e  d ie le c t r i c  fu n c tio n  6  by

(2 .1 6 )

(2 .1 7 )

we find

V  X H t  +  ^  9 E  -  .£  2 J :
~cL T  " i t  c  n

- + j  S ' O ' U

U sing  th e  ab o v e  e q u a t io n  w ith  Eq. (2 .1 6 )  and  rem em bering th e  

r e s t r ic t io n  of very  sm all  Cp , w e  ge t th e  d ie le c t r ic  fu nc tion  a s

(2 .1 8 )
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It i s  in s t ru c t iv e  to  make a  pow er s e r i e s  e x p a n s io n  of Eq. (2 .1 8 )  in

pow ers  of th e  n o n l in e a r  p a ram ete r  • Taking dc , we c a n  app rox im ate

A by ( to — ). A lso  to  f i r s t  o rd e r  , E q . (2. lOd) c an  be rew rit ten  a s ,

, a

S u b s t i tu t in g  for v# in th e  ab o v e  e q u a t io n  from E q . (2 .1 0 b )  and

u s in g  th e  r e s u l t  in Eq. (2„18), one  o b ta in s

6  == e
r 2 (

:L I  I -  “ t  _____^ _____ - _____  l - |
L w1

1 +
U> -

■+ 01"*)

i - ! j p
co1 C i -  w«-/w)

✓ z

- i  — CO 7
o - % f

c<Obp 1 {  ________

7 ?  * i ' - * ?

1 +

(A )

IA>c/oJ

( l - w ‘ / w ) .

2- 3.
£(^ I

w* c wc/w. )  2  « 2

+ ©  (<x+ )

(2 .1 9 )
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We n o te  th e  d ram atic  e n h an cem en t of th e  q u a d ra t ic  te rm  a s  th e  m ag­

n e t ic  f ie ld  is  made la rg e  enough  so  th a t  a p p ro a c h e s  (>o .

At f i r s t  th e  fourth  pow er en h an cem en t of th e  q u a d ra t ic  te rm  might 

a p p e a r  s u r p r i s in g . But t h i s  i s  e a s i ly  e x p la in e d  by c o n s id e r in g  th e  

'm o d u la t io n ' in  th e  m ass  of th e  e l e c t r o n .  To u n d e rs ta n d  th e  o rig in  of th i s  

m odula tion , we go b ack  to  th e  e q u a t io n  of motion Eq. ( 2 .6 ) .  On exam in ing  

th i s e q u a t io n ,  w e  find th a t  th e  n o n l in e a r  e f f e c t s  r e s u l t  in  m odula ting  th e

e le c t ro n  m ass  from m *to  m*/ ( I — Va / ^  ) ‘ll  w h ich  to  f i r s t  order is

r o<xo b ta in e d  by u s in g  E q s .  (2 .1 0 )  a s  I j +  J.    L

Now th e  l in e a r  d ie le c t r i c  fu nc tion  in  th e  p re s e n c e  of a  dc m agnetic  

f ie ld  i s  w ri t ten  a s

To g e t  th e  n o n l in e a r  d ie le c t r ic  fun c tio n ,  rem em bering  th e  m ass  

d e p en d e n c e  of lOp and  idc , and  re p la c in g  th e  m ass  by th e  m odu la ted  

m ass ,  w e g e t,

( 2 . 2 0 )

( 2 . 2 1 )
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Expanding th e  a b o v e  e q u a t io n  to  q u a d ra t ic  te rm s  in  0 ( ,

w c / , _ i ------2 —
CP ^ 2-

I - w,l  O - i — ' ) - J —  f( i - w t ^ ) a /  ( ; -  v

Wd/oo

0 -
Wt

-V 3 -El
2

t A

w
-V

O ' ^ / u o j

w h ich  i s  th e  sam e a s  Eq. (2 .1 9 )  o b ta in e d  b e fo re .
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C .  S e l f -F o c u s in g  E quations

The fa c t  th a t  th e  d ie le c t r i c  c o n s ta n t  d i s p la y s  a n o n l in e a r  b eh av io r  

h a s  a profound in f lu en c e  on th e  p ro p ag a tio n  of e le c t ro m a g n e t ic  w a v es  

th rough  th e  m edium . In a  l a s e r  beam, in  g e n e ra l ,  th e  in te n s i ty  is  not 

uniform  a long  th e  p ro file  of th e  beam  , be ing  maximum a t  th e  c e n te r  and  

ta p e r in g  off to  z e ro  a lo n g  th e  e d g e s . Therefore  th e  n o n l in e a r i ty  of 6  

r e s u l t s  in  p re s e n t in g  d iffe ren t d ie le c t r ic  c o n s ta n ts  to  d iffe ren t  p a r ts  of th e  

beam , th e re b y  c a u s in g  s e l f - r e f r a c t i o n . As long  a s  th e  d ie le c t r ic  c o n s ta n t  

in c r e a s e s  w ith  in c re a s in g  f ie ld ,  th e  r e s u l t  w il l  be a re f ra c t io n  of th e  beam  

in to  th e  reg ion  w here  th e  in te n s i ty  i s  g r e a te s t ,  th u s  g iv ing  th e  s e l f -  

fo c u s in g  e f f e c t .  S ince  a l l  b eam s  in  g e n e ra l  p o s s e s s  f lu c tu a t io n s ,  s e l f -  

fo c u s in g  w il l  o ccu r  e v en  for 'uniforrrf b e a m s .

In g e n e ra l  th e re  w ill  be  a co m p e ti t io n  b e tw een  d if f rac t io n  e f fe c ts  

due to  th e  con finem en t of th e  beam  to  a f in i te  w id th , a n d  a fo c u s in g  

e f fe c t  due to  th e  n o n l in e a r i ty  of th e  m ed ium . The la t t e r  e f fe c t  must 

dom inate  for s e l f - f o c u s in g  to  o c c u r .  This w il l  h a p p en  w hen  th e  pow er 

e x c e e d s  som e c r i t i c a l  po w er.

A c o m p re h en s iv e  re v ie w  of e le c t ro d y n a m ic s  of s e l f - f o c u s in g  h a s

33been  p re s e n te d  by Akhmanov, Sukhorokov and  Khokolov . An a l te rn a t iv e  

d e r iv a tio n  of th e  s e l f - f o c u s in g  e q u a t io n s  w h ich  p ro c e e d s  d i r e c t l y  from a 

v a r ia t io n a l  p r in c ip le  h a s  b een  d e v e lo p e d  by T zoar  and  G e rs te n  . They



23

t r e a t  th e  s e l f - f o c u s in g  of a m onochrom atic  l in e a r ly  p o la r iz e d  w a v e .  H ere  

w e app ly  th e i r  v a r ia t io n a l  a p p ro ach  to  d e riv e  th e  s e l f - f o c u s in g  e q u a t io n s  

for th e  c a s e  of a m onochrom atic  c i rc u la r ly  p o la r iz e d  w a v e . This  ap p ro a ch  

h a s  s e v e ra l  b e n e f i t s  not e n jo y ed  by th e  d e r iv a tio n  of p rev io u s  a u th o r s .  

F irs t ly ,  we h av e  th e  co m p u ta t io n a l  a d v a n ta g e  of h av ing  a v a r ia t io n a l  

p r in c ip le .  In p r in c ip le  th i s  co u ld  be u s e d  c o m p u ta t io n a l ly  to  o p tim ize  th e  

t r i a l  fo c u s in g  t r a j e c t o r i e s .  Second ly , i t  p rov ides  u s  w ith  a n a tu ra l  

e x te n s io n  of F e rm a t 's  p r in c ip le .

We s ta r t  w ith  th e  e x p re s s io n  fo r th e  L ag rang ian  d e n s i ty  for an  

e le c t ro m a g n e t ic  w ave  in te ra c t in g  w ith  a n o n l in e a r  d ie le c t r ic  :

/  =  € L (  £ * -  Bl )  /» T T  +  j p . d E  -  £  +  U  ( 2 .2 2

o

w here  we a s su m e  th a t  th e  end  po in ts  (0,7; ) a re  h e ld  f ix e d .  In th e  free  

part of th e  L ag rang ian , ^  > we regard  th e  f i e ld s  a s  s tem m ing from th e

v e c to r  p o te n t ia l  A , w h ich  fo r th e  c i rc u la r ly  p o la r iz e d  w ave  , i s  of 

th e  form

w here  P is  th e  p o la r iz a t io n  v e c to r .

The v a r ia t io n  p r in c ip le  i s  th a t
r

8 (2 .2 3 )
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w here  th e  am plitude  A and  th e  e ik o n a l  s  a re  t a k e n  to  be s lo w ly  vary ing  

fu n c t io n s  of z . S ince in s e l f - f o c u s in g  one f in d s  r a th e r  narrow  n e c k s  in 

th e  reg io n  of th e  fo c a l  le n g th ,  we a l lo w  A and s to  vary  ra p id ly  in th e  

r a d ia l  d i r e c t io n .  A and  s a re  tim e  in d e p e n d e n t .  Furtherm ore, a z im u th a l  

symmetry i s  a s s u m e d .  The e f fe c t  of th e  e x te rn a l  m agnetic  f ie ld  is  c o m p le ­

t e ly  b u ried  in th e  d ie le c t r ic  fu nc tion  £  . We w ill  work in th e  dom ain w here  

th e  fo c a l  len g th  i s  much sm a l le r  th a n  th e  a t te n u a t io n  le n g th  1 /  ( i  . Then 

th e  ohmic l o s s e s  may be ig no red  to  a  f i r s t  app rox im ation  and  a t te n u a t io n  

may be d is r e g a r d e d .  The th e o ry  i s  th e re fo re  l im ited  to  th e  sh o rt  d i s ta n c e  

p ropaga tion  of th e  beam  th ro u g h  th e  m edium .

From Eq. (2 .2 4 )  w e o b ta in  th e  e l e c t r i c  an d  m agnetic  f ie ld s  a s

and

a  r  ~  -
+ *  [  ( .

+

w here  x  = R Cos © and  y = R Sin Q



25

and

T hese  g ive
4. 2

£  ^  P
* (2 .2 5 a )

b - .  c { . - « » * ( ? , ) ■ ]

+  Eo (. ^ ^°s ^°s ^  ^  ^ ^

* * *  6  -V ^ < 9  S o ?  & )

Y  2  P CoS & Sw-i (3 (_ CoS *b — S><M £>")

(  e .  6 » s  f c ♦ i

(2 .2 5 b )
+  2 " 3 R

2 2
Now w e s u b s t i tu te  t h e s e  v a lu e s  fo r E and  B in th e  v a r ia t io n a l

p r in c ip l e . The t im e  in te g ra t io n  of th e  a c t io n  p r in c ip le  c an  be e x e c u te d

"2- 2-w ith  th e  e f fe c t  th a t  C os $  and  Sin £  a re  r e p la c e d  by th e i r  a v e rag e  

v a lu e s  (|2 , w h ile  th e  a v e rag e  v a lu e  of C o s S s i n S  is  z e r o .

In th e  in te g ra t io n  of X j  we in tro d u ce  th e  e l e c t r i c  s u s c e p t ib i l i ty  

jC by th e  e q u a t io n

P « ‘X £ E . ' ) E  , 2 . 2 6 ,

—1̂
In th e  v a r ia t io n a l  p r in c ip le ,  th e  main v a r ia t io n  o f  P .dE  is  th rough

th e  E part o f  P , r a th e r  th a n  th e  %  p a r t .  So w e c an  re p la c e  IP .dE

/ / "2- \  ( *J> 7 2.
by T  ( E<> / £ .  c^E w here  Ep is  th e  a v e rag e  v a lu e  o f E0 .

H en ce  w e o b ta in  th e  v a r ia t io n a l  p r in c ip le  a s
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or

^  e

16 IT

-  o

(2 .2 7 )
.  2

Now w e make th e  e ik o n a l  ap p rox im a tion  and  n e g le c t  th e  (  £ £ £ >) 
z 9 2  '

and  ( )  t e r m s .  In an a lo g y  w ith  th e  p rev io u s  work on s e l f - fo c u s in g ,
2)Z '

we e x p re s s  th e  am p litu d e  and  e ik o n a l  a s  :

E *  =  t  ‘ ■‘K ’ S x O( a | )  /  (2 .2 8 a )

c,=. t%) j 2
(2 .2 8 b )

H ere  E^ is  th e  in i t ia l  c e n t r a l  f ie ld  in te n s i ty ,  f(z) is  th e  d im en -  

s io n l e s s  ra d iu s  of th e  beam  and  (X i s  th e  in i t ia l  beam  r a d iu s .  The v a r ia b le s  

tP> P an d  f a re  d ep en d e n t  on z . The boundary co n d i t io n s  a re

Cp(o) = =  O •, ( 2 2 9 a )

and  d en o tin g  th e  d e r iv a t iv e s  w ith  r e s p e c t  to  z by a prime,

<j?Vo) -  = 0   ̂ - f ( »  ~ 0 (2 .2 9 b )

6
The a v e ra g e  E^ is  g iv e n  by

C  -  i  h

On ex am in in g  Eq . (2 .2 7 )  an d  perform ing th e  R in te g ra t io n ,  w e  s e e  

th a t  z p la y s  th e  ro le  c o n v e n t io n a l ly  a l lo t te d  to  th e  t im e  v a r ia b le .  The



q u a n t i t i e s  t f ,  (t and  f a re  now d ynam ica l v a r ia b le s  in th e  ' t im e ' 

v a r ia b le  z . From E q s . (2 .2 8 )  we ob ta in ,

-  -  i i  2 ^ e*)> ( -  _EL ^
- K h)

=  R f t C O  
\

and

_ps_
2 Z

(2 .3 1 a )

(2.3.1b)

(2 .3 1 c )

S u b s t i tu t in g  E q s .  (2 .3 1 )  in Eq. (2 .2 7 )  and  rem em bering th e  e ik o n a l  

app rox im ation , w e ob ta in  for th e  L ag rang ian ,

,  f "  \Z h i ?  tA>f - 2Kl \  + E? n V w b / ' Z l

Performing th e  R in teg ra t io n  w e o b ta in ,

3 2  k V f 2 4 -
(2 .3 2 )

a a ,2  A/ i  r i  n 
}

%

The te rm  Cp' , be ing  an  e x a c t  d if f e re n t ia l  i s  su p e r f lu o u s  an d  c a n  be 

d ro p p e d .  The H am ilton ian  c o rre sp o n d in g  to  th e  above  L agrang ian  is  

g iv e n  by

H =  ^ E i V  T _ i _ . -  ! £ * . ]
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From th e  e q u a t io n  of motion for th e  ab o v e  H am ilto n ian  w e  o b ta in  

= 2  ^  |  so  t *ia’t

H = [ -1—  -+ (aj'f -  i zh  "1
v i  L «<- J (2.33)

w here  w e h a v e  u s e d  th e  fa c t  th a t  £  e u + * n j f .  . We must rem em ber 

th a t  in  t h e  above  j £  i s  a fu n c t io n  o f  th e  a v e ra g e  in te n s i ty  ^  E*

Eq. (2 .3 3 )  c an  be g iv en  a s im p le  m e c h a n ic a l  a n a lo g u e .  Let

(2 .3 4 a )

(2 .3 4 b )

(2 .3 4 c )

-  fci CK

1  a
L  rs &£ A

v s EijL O  
*>2.

Then Eq. (2 .3 3 )  becom es

dj \ l  ^
dZ '  ' "  r» ‘ <2 - 35>

2 W\ { 2

w h ich  i s  th e  H am ilton ian  for a p a r t ic le  of m ass  m and a n g u la r  momentum

L m oving in a p o te n t ia l  V. Thus a l l  th e  fa m il ia r  n o t io n s  reg a rd in g  motion

o f a p a r t ic le  bound in  a  p o te n t ia l  f ie ld  c a n  be t r a n s fe r re d  d i re c t ly  t o  th e

40s e l f  fo c u s in g  p rob lem . In p a r t ic u la r ,  th e  c o n c e p t  of e f fe c t iv e  p o te n t ia l  

c an  be q u i te  u s e fu l ly  em p lo y e d .  Thus we d e f in e

V. =: V -V V.* /  2 W -f2 (2 .3 6 )
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If Vg££ h a s  an  a b s o lu te  minimum, th e n  we h av e  th e  p o s s ib i l i ty  of 

s e l f - f o c u s i n g .  This  c o r re sp o n d s  t o  th e  m e ch a n ic a l  a n a lo g u e  of h av ing  a 

bound n o n c irc u la r  o rb i t .  At th e  minimum of , we would hav e  s e l f

trap p in g  w h ich  i s  a n a lo g o u s  to  c i r c u la r  o r b i t s .

The main c o n ce rn  of th e  s e l f - f o c u s in g  e f fe c t  i s  th e  v a r ia t io n  of f 

w ith  z , an d  th e  co n d i t io n  for s e l f - f o c u s in g  is  th a t  V h a v e  a minima 

for 0 <Cf ^ 1  . W hen s e l f  fo c u s in g  d o es  o ccu r ,  th e  fo c a l  len g th  is  g iven

by th e  d i s ta n c e  req u ire d  to  go from maximum to  minimum r a d i u s . S ince  our 

in i t i a l  r a d iu s  f i s  1 , a n d  d en o tin g  th e  minimum ra d iu s  by F , w e  ge t 

th e  fo c a l  le n g th  a s

f

2 ,  -  1 — : — T ' T V l *- = \  t i
t  \  ( « - (2 .3 7 )

U sin g  th e  e x p re s s io n  d e r iv e d  fo r  (, in  Eq. (2 .1 8 )  th e  e f fe c t iv e  

p o te n t ia l  fo r  m otion in  th e  ' f ' d i re c t io n  c an  be w ri t ten  a s

a 2- _ a — "I

v  =  y d  \  t  -  -V,N s 2  L (a-fx) w* A 1

(2 .3 8 )

We n o te  th a t  Wc and  A d e p en d  on pow er w hich  i s  now  d e f in ed  

th rough

- ( C O  -  £  ( 4 ? 1  *  *
2 ^  \ W  C l>>'

Z (2 .3 9 )
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An in s p e c t io n  of th e  e x p re s s io n  for show s  th a t  a s  f  d e c r e a s e s ,

th e  f i r s t  te rm  in c r e a s e s  w h ile  th e  s e c o n d  te rm  d e c r e a s e s .  E ven tua lly  at 

sm all  f th e  f i r s t  te rm  c o m p le te ly  d o m in a te s . This i s  th e  reg ion  w here  

d if f rac t io n  e f fe c t s  a re  ve ry  im p o r tan t .  At la rg e r  f th e  re f ra c t io n  e f fe c ts  , 

r e p re s e n te d  by th e  s e c o n d  te rm  in Eq. (2 .3 8 )  becom e more im p o r tan t .

The beam  s t a r t s  out in i t i a l ly  w ith  beam  ra d iu s  f = 1 a t z = 0 .  If a 

minimum in e x i s t s  in th e  reg ion  O ^ f ^ l  , th e n  fo c u s in g  w ill

o c c u r .  The co n d i t io n  th a t  th e re  e x i s t  a minimum w il l  co rre sp o n d  to  th e  

e x i s t e n c e  of a  c r i t i c a l  pow er P cv- for s e l f - f o c u s in g  to  o c c u r .  It i s  c le a r  

from E q .( 2 .3 8 )  th a t  th e  c r i t i c a l  pow er w il l  now be  d ep en d en t  on th e  m ag­

n e t ic  f ie ld  in  som e n o n - t r iv ia l  f a s h io n .

Before go ing  on to  d i s c u s s  th e  n u m erica l  com pu ta tion  of th e  v a r io u s  

q u a n t i t i e s  i t  w il l  be h e lp fu l  to  de rive  an  a n a ly t ic a l  formula fo r  th e  low  

f ie ld  l im i t .  Thus w e u t i l i z e  th e  low  f ie ld  re s u l t  for th e  n o n lin e a r  d i ­

e le c t r i c  fun c tio n ,  de r ived  in Eq. (2 .1 9 )  and  w rite  th e  e f fe c t iv e  p o te n t ia l  

a s ,

v .  M ,v r  »rV + _l_ _
• «  '  - i r  l  ^ W  7  ’ - w c | J  -1

The c h ie f  d raw back  of t h i s  app rox im ation  i s  th a t  i t  p re d ic ts  th a t  

th e  beam  ra d iu s  w il l  sh rink  to  ze ro  w hen  s e l f - f o c u s in g  o c c u r s . In r e a l i ty
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th e  h ig h e r  o rder te rm s  in  o( c a u s e  a s a tu ra t io n  e f fe c t  w hich , w hen 

com bined  w ith  th e  d if f rac t io n  e ffec t ,  l im its  th e  u l t im a te  beam  radius .

S ti l l  , th e  Eq. (2 .4 0 )  i s  u se fu l  to  make an  e s t im a te  of th e  en h an cem en t 

of th e  n o n l in e a r  e f fe c t  by th e  m agnetic  f i e l d . Defining th e  c r i t i c a l  c e n tra l

a re  equa l,  an d  u s in g  E q . (2 .3 9 )  w e p re d ic t  a  c r i t i c a l  pow er co rre sp o n d in g  

to  a c e n tr a l  f ie ld  in te n s i ty

We th e re fo re  e x p e c t  a marked d e v ia t io n  of th e  c r i t i c a l  pow er from 

w hat it w ould  be in th e  a b s e n c e  of th e  m agnetic  f ie ld ,  vary ing  roughly  

a s  th e  fourth  pow er o f  ( 1 -  ) .  C o n seq u e n t ly ,  we e x p e c t  to  find

th a t  th e  c r i t ic a l  pow er can  be d e p re s s e d  by s e v e ra l  o rders  of m agnitude 

w ithou t much d i f f ic u l ty .

Clf ie ld  in te n s i ty  E. a s  th e  in te n s i ty  w hen th e  l a s t  tw o  te rm s  in Eq. (2 .4 0 )

e a V  ^ ?
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D . R esu lts  and  D is c u s s io n

In th e  p rev io u s  s e c t io n s  we de rived  an  e x p re s s io n  for th e  n o n l in e a r  

d ie le c t r ic  c o n s ta n t  for a s em ico n d u c to r  in  a dc  m agnetic  f i e ld .  We found 

th a t  a s u b s ta n t i a l  enhancem en t of th e  n o n l in e a r  b eh av io u r  is  p o s s ib le  

w hen  th e  cy c lo tro n  freq u en cy  i s  c lo s e  t o  th e  f requency  of th e  in c id e n t  

r a d ia t io n .  Th is  en h an cem en t,  c o u p le d  w ith  th e  fa c t  th a t  e v en  w ithou t a 

m ag n e t ic  f ie ld  th e  n o n l in e a r  b eh av io u r  i s  s trong , p ro d u ces  th e  l a rg e s t  

n o n l in e a r  d ie le c t r ic  beh av io u r  k n o w n .

The m echan ism  for th e  e n h an cem en t i s  s im p le .  In th e  a b s e n c e  of a 

m ag n e t ic  f ie ld ,  th e  e lec tro n s  a re  c o n s ta n t ly  a c c e la r a te d  to  some peak
■*V 1 -^*

v e lo c i ty  g iv en  by eE./m *to w here  E is  th e  e l e c t r i c  f i e ld .  The e le c t ro n s  

a re  th e n  d e c e le r a te d  u n t i l l  th e y  re a c h  th i s  s p e e d  in th e  o p p o s i te  d i r e c t io n .  

Th is  p ro c e s s  r e p e a te s  i t s e l f  p e r io d ic a l ly .  S ince  th e  non l in e a r i ty  is  e s s e n ­

t i a l l y  a q u a s i  r e l a t i v i s t i c  e f fe c t  , a m easu re  o f  th e  n o n l in e a r i ty  of th e  

s y s te m  is  p rov ided  by eE /m o»c  = Pf. In th e  p re se n c e  of a  m agnetic  

f ie ld  th e  e le c t ro n s  a re  moving a lo n g  th e  cy c lo tro n  o r b i t s .  As th e  v e lo c i ty  

of th e  e le c t ro n s  i s  ben t in  th e  o p p o s i te  d ire c t io n  by th e  m agnetic  f ie ld ,  

th e  p o la r iz a t io n  v e c to r  of th e  in c id e n t  l ig h t  i s  a l s o  po in ting  in th e  o p p o s i te  

d ip e c t io n .  Thus th e  l ig h t  c an  c o h e re n t ly  a c c e la r a te  th e  e le c t ro n s  for many 

c y c l e s . In th e  s te a d y  s ta t e  , th e  e le c t ro n  is  d riven  a t  th e  freq u en cy  of 

th e  in c id e n t  ra d ia t io n  an d  i t s  v e lo c i ty  i s  f in a l ly  90°  ou t o f  p h a se  w ith  

e l e c t r i c a l  fo rce  , so  th a t  th e  f ie ld  s to p s  doing  work on th e  e l e c t r o n s .
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The peak  v e lo c i ty  is  la rg e ly  e n h an c e d  h o w e v e r .  The c h ie f  l im ita t io n  on 

th e  e le c t ro n  a c c e la r a t io n  i s  th e  c o l l i s io n  t im e  £  . For t h i s  re a so n ,  we 

n e v e r  a l lo w ed  60c to  ap p ro a ch  to o  c lo s e ly  to  6*0 .

U sing  th e  e x p re s s io n  and  form alism  d e r iv ed  in  p rev ious  s e c t io n s  ,

we now o b ta in  r e s u l t s  fo r a c a s e  of p ra c t ic a l  i n t e r e s t .  Our c a lc u la t io n s

41
a re  done for th e  s em ico n d u c to r  InSb , w h ich  i s  c h o se n  for s e v e ra l  

r e a s o n s .  It h a s  a low  e le c t ro n ic  e f fe c t iv e  m ass  m* = me/  60 w here  

is  th e  free  e le c t ro n  m ass  , and  re la t iv e ly  sm all  gap  energy  = 0 .2 3 4  eV. 

Th is  y ie ld s  c* = 1 .11  x  10^ c m / s e c  w h ich  i s  1 /  270 th e  v e lo c i ty  of 

l ig h t .  This  v a l id a te s  th e  approx im ation  c / c « l  made b e fo re .  H ere  £ L 

w a s  ta k e n  to  be 16.

The r a d ia t io n  f req u en cy  w as  ta k e n  to  c o r re sp o n d  to  th e  CO^ la s e r ,

14
60 -  1 .7  42 x  10 r a d / s e c .  The p lasm a  f req u en cy  w as  c h o se n  to  be su c h  

5- 1 / 3t h a t  60p = to /  io  co rre sp o n d in g  to  a c a r r ie r  c o n c e n tra t io n  of n =

15 -32 .5 5  x  10 cm . U nder t h e s e  c o n d it io n s ,  th e  free  c a r r ie r  ab so rp t io n  is  

very  sm all ,  e s p e c ia l l y  if  th e  experim en t i s  perform ed around  l iq u id  n itrogen  

te m p era tu re  (T = 7 7 °  K ) .  I b r th i s  f req u en cy  to  , tw o  photon ab so rp t io n  is  

e n e r g e t ic a l ly  fo rb idden  an d  th e re fo re  it  i s  e a s y  to  t ra n s m it  th e  ra d ia t io n  

th rough  th e  c r y s t a l .  Also s in c e  60 lOp, one may n e g le c t  co o p e ra t iv e  

p lasm a e f f e c t s .  For t h e s e  p a ram ete rs  th e  co ld  d ilu te  p lasm a  approx im ation  

is  w e ll  j u s t i f i e d .  In our c a lc u la t io n s ,  w e w il l  n e v e r  le t  th e  cy c lo tro n  

f req u en cy  60^ e x c e e d  0 .8  60. This v a lu e  is  a w ay  from re s o n a n c e  an d  

c o r re sp o n d s  to  a m agnetic  f ie ld  of 132 K G auss , a  v a lu e  o b ta in a b le
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in th e  la b o ra to ry .

In F ig .  1 w e  p re s e n t  th e  d ie le c t r i c  c o n s ta n t  Q a s  a fu n c tio n  of

th e  d im e n s io n le s s  pow er pa ram ete r  If = i  ( eE- / m e  to )  for s e v e ra l

v a lu e s  of th e  cy c lo tro n  f req u en cy  ĉ>c . Com paring th e  cu rv e s  for w h ich

= o ,8 W  an d  = 0 .  3 do w ith  th e  curve for w h ich  6bc  =o , we no te

th e  la rg e  e f fe c t  of th e  m agnetic  f ie ld  on th e  n o n l in e a r i ty  of th e  d ie le c t r ic

- 4c o n s t a n t .  This  i s  re a d i ly  e x p la in e d  by th e  fa c to r  ( 1 ) in E q .(2 .1 9 )

The n u m erica l  r e s u l t s  p lo t te d  in Fig . 1 a l s o  d is p la y  th e  s a tu ra t io n  of £  

w hen  Y  b eco m es  l a r g e .

We now  em ploy th i s  d ie le c t r ic  c o n s ta n t  in  c a lc u la t in g  th e  s e l f -  

fo c u s in g  of th e  b e am . In F ig .  2, th e  e f fe c t iv e  p o te n t ia l  o f E q .(2 .3 8 )

is  p lo t te d  a s  a fu n c tio n  of th e  d im e n s io n le s s  beam  rad iu s  f  . The re p u l ­

s iv e  part of th e  p o te n t ia l  r e p re s e n ts  th e  d if f rac t io n  e f fe c t  w h ile  th e  

a t t r a c t iv e  part i s  due to  r e f r a c t io n .  The in i t ia l  beam  rad iu s  w a s  ta k e n  to  

be 0 .0 0 5 4  cm , co rre sp o n d in g  to  f ive  vacuum  w a v e le n g th s .  The p o te n t ia l  

c u rv e s  a re  p re s e n te d  fo r s e v e ra l  v a lu e s  of u)c / t o  and  s e v e ra l  v a lu e s  

of Y  . E xp lo iting  th e  a n a lo g u e  w ith  c e n tra lfo rc e  motion, w e c a n  th in k  of 

th e  't im e ' t h a t  i t  t a k e s  for a p a r t ic le  t o  go from f = 1 t o  th e  o th e r  in t e r ­

s e c t io n  w ith  th e  VQ££ curve  a s  th e  s e l f - f o c u s in g  d i s t a n c e .  The fo c a l  

sp o t  ra d iu s  F c o r re sp o n d s  t o  th e  v a lu e  of f a t  t h i s  in te r s e c t io n ,  i . e .

Veff  U  = i " v e ff  I f = f

For th o s e  cu rv es  in  w h ich  th e  m ag n e t ic  f ie ld  is  a b s e n t  , w e  f ind



th a t  th e  beam  sh r in k s  to  rough ly  F = 0 . 4  . O n  th e  o th e r  hand  for la rg e  

m agnetic  f ie ld  l ik e  for IPC = 0 .8  10 , f  sh r in k s  to  abou t F = 0 .2  . Along 

w ith  t h i s  f ive  fo ld  sh r in k a g e  in beam  ra d iu s  is  a s s o c i a t e d  a tw e n ty  f ive  

fo ld  in c re a s e  in c e n tra l  beam  in t e n s i t y .  The re la t iv e  in s e n s i t iv i t y  of th e  

minimum beam  ra d iu s  t o  pow er o r  m agnetic  f ie ld  p o in ts  to  th e  fac t  th a t  i t  

i s  e s s e n t i a l l y  d e te rm in ed  by d if f ra c t iv e  ra th e r  th a n  re f ra c t iv e  e f f e c t s .

The c r i t i c a l  pow er c a n  be found by p lo t t in g  th e  e f fe c t iv e  p o te n t ia l  

c u rv e s  for d e c r e a s in g  v a lu e s  of . A t c r i t i c a l  pow er th e  vs f

curve  ju s t  s to p s  h av in g  a minimum. We find  th a t ,  for exam ple , for -

0 .8  to and  ^  = 0 .0 0 0 3  s e l f - f o c u s i n g  is  s t i l l  p o s s ib l e .  This c o r re sp o n d s  

to  an  inpu t pow er of on ly  e ig h t  w a t t s .  The beam  f o c u s e s  to  a rad iu s  of 

F = 0 .3 2 9  in a fo c a l  le n g th  of 224A= 12 .1  mm. The c r i t ic a l  pow er l i e s  

ju s t  s l ig h t ly  be low  e igh t w a t t s ,  w here  th e  fo c a l  len g th  becom es in f in i t e .

The beam  ra d iu s  a s  a fu n c tio n  of th e  p ropagation  d is ta n c e  is  p re ­

s e n te d  in F ig .  3 for s e v e ra l  v a lu e s  of Y  a t  00c/o^  =0 .8  . As one might 

e x p e c t ,  an  in c r e a s e  in  /  l e a d s  to  a more p rec ip i to u s  fo c u s in g  and  h e n ce  

a sh o r te r  fo c a l  le n g th .  For c o m p a r iso n 's  s a k e  we i l lu s t r a te  in  F ig . 4 a 

s im i la r  s e t  of cu rv e s  fo r  th e  c a s e  of no  m agnetic  f i e ld .  We n o te  th a t  

much la rg e r  pow er i s  req u ire d  to  o b ta in  th e  sam e fo c a l  le n g th s  th a n  w hen 

th e  m ag n e t ic  f ie ld  is  p r e s e n t .  In e a c h  c a s e ,  a f te r  fo c u s in g  to  th e  minimum 

rad iu s  F , th e  beam  w ill  b ounce  b ack  to  r e a c h  i t s  in i t i a l  w id th .  The

p ro c e s s  w il l  co n tin u e  p e r io d ic a l ly  w ith  a p e r iod  2z_ . The f ig u res  on lyF

show  one h a l f  o f  th e  p e riod  a s  th e  cu rv es  a re  sym m etr ica l  about th e  tu rn in g



36

p o in t .  H ere  th e  a t te n u a t io n  of th e  beam  a s  i t  t r a v e l s  in th e  s e m i-c o n d u c to r  

h a s  b een  n e g le c te d .  The e f fe c t  of a t te n u a t io n  i s  to  c a u s e  Zp to  c h an g e  a s  

a fu n c tio n  of z an d  u l t im a te ly  to  becom e i n f i n i t e . It i s  w orthw hile  com ­

paring  th e  w ith  f ie ld  c a s e  w ith  th e  no  f ie ld  c a s e .  W ithout th e  B -fie ld , to  

o b ta in  a  fo c a l  len g th  Zp = 6 mm re q u ire s  if  = 1 . 0  . From F ig .  5, ( s e e  

be low  ), w e s e e  th a t  in th e  p re s e n c e  of t h e  B f ie ld  th e  sam e  fo ca l  len g th  

is  o b ta in e d  w ith  if = 0 .0 0 0 6  .

In th e  above  c a lc u la t io n s ,  th e  a t te n u a t io n  of th e  beam , a s  i t  p a s s e s

th ro u g h  th e  s e m i-c o n d u c to r  h a s  b een  n e g le c te d .  Thus w e lim it  o u rs e lv e s

to  th e  c a s e  of long  photon  m eanfree  p a th .  To ju s t i fy  t h i s  p rocedu re , we

com pute  som e v a lu e s  fo r th e  a t te n u a t io n  l e n g t h . This i s  done  by u s in g  
2

Eq. (2 .1 5 )  fo r |?> o b ta in e d  e a r l i e r .  It i s  to  be n o te d  th a t  (i i s  a fu n c tio n  

of th e  pow er if .As th e  beam  is  fo c u se d ,  th e  pow er a long  th e  beam  c h a n ­

g e s  b e c a u s e  o f  th e  chan g e  in  f , th u s  g iv ing  v a r ia t io n  to  v a lu e s  of ft 

a lo n g  th e  b e am . At th e  in i t i a l  s t a g e s  of c o n tra c t io n  of th e  beam , a ra th e r  

la rg e  v a lu e  i s  o b ta in ed , bu t a s  th e  beam  c o n t ra c ts  in  ra d iu s ,  t h i s  

v a lu e  i s  rap id ly  d e p r e s s e d .  By 'a v e ra g in g '  ov e r  f from f = 1 to  

f  = F , th e  fo c a l  spo t ra d iu s ,  and  then  c a lc u la t in g  f t ' 1 , we c a n  g e t  a 

r e a s o n a b le  e s t im a te  for th e  a t te n u a t io n  le n g th .  The a t te n u a t io n  le n g th  i s  

th u s  com pu ted  and  p lo t te d  a s  a func tion  of th e  pow er f  in F ig .  5 .  For 

co m p ariso n , th e  fo c a l  le n g th  Zp i s  a l s o  p la t t e d  on th e  sam e g ra p h .  As

th e  a t te n u a t io n  len g th  is  found t o  be s t ro n g ly  d e p en d en t on th e  c a r r ie r

15 -3d e n s i ty  n , t h e  r e s u l t s  a re  o b ta in e d  fo r  n = 2 .5 5  x  10 cm u s e d  so
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E -3far in  th e  c a lc u la t io n s  an d  a l s o  for a la rg e r  v a lu e  n = 6 . 4  x  10 cm 

It i s  s e e n  th a t  for th e  f i r s t  c a s e ,  for la rg e  v a lu e s  of , t h e  a t te n u a t io n  

len g th  i s  a t  l e a s t  one o rder of m agnitude  la rg e r  th a n  Zp w h ile  ev en  for 

sm all  , |?> ' y y  z p , th u s  ju s t i fy in g  th e  n e g le c t  of a t te n u a t io n  in our c a l ­

c u la t io n s  for Zp. For th e  la rg e r  n , th e  r e s u l t s  for Zp a re  r e a l ly  v a lid

on ly  fo r la rge  v a lu e s  w here  (?> y"y  z ^ .  Thus th e  in c r e a s e d  e f fe c t  of

a t te n u a t io n  of th e  beam  p re c lu d es  th e  p o s s ib i l i ty  of o b ta in in g  m agnetic

|  (y —3
fie ld  en h an c e m en t  of s e l f - f o c u s in g  in s a m p le s  w ith  n 2 x 1 0  cm -  , 

for InSb s a m p l e s .

F ig .  5 a l s o  show s  th a t  th e re  i s  a marked d e c r e a s e  in  Zp w ith  Y  

only  for sm all  . For la rg e  /  , th e re  i s  p r a c t ic a l ly  no v a r ia t io n  a t  a l l .

This c o rre sp o n d s  to  th e  fa c t  th a t  n o n l in e a r  d ie le c t r ic  c o n s ta n t  £  s a tu r a te s  

for la rg e  }f . This  can  a l s o  be u n d e rs to o d  by exam in ing  th e  e f fe c t iv e  

p o te n t ia l  cu rv es  in  F ig . 2 .  One n o te s  th a t  for a s tro n g  m ag n e t ic  f ie ld  

( e . g .  Gbc/(>> = 0 .8 ) ,  th e  main e ffe c t  of in c re a s in g  th e  pow er ){ is  to  

v e r t ic a l ly  d i s p la c e  th e  p o te n t ia l  c u r v e . S ince  th e  fo c u s in g  le n g th  is  

a n a lo g o u s  to  th e  tim e  req u ired  to  go from a maximum orbit r a d iu s  to  a 

minimum orbit ra d iu s ,  and  th i s  is  u n a f fe c te d  by a v e r t ic a l  t r a n s la t io n  of 

th e  p o te n t ia l  cu rve , we c an  u n d e rs ta n d  th e  in s e n s i t iv i t y  of Zp w ith  . 

The only  re a so n  th a t  we have  to  work w ith  m odera te  pow ers  in s t e a d  of 

w eak  pow ers  i s  to  overcom e th e  a t te n u a t io n  e f f e c t s .  In fa c t  a t  ve ry  la rg e  

p o w e rs ,  w e ev en  d e te c t  a sm all  in c r e a s e  in Zp w ith  in c re a s in g  in te n s i ty .

H ere  w e h a v e  show n th a t  th e re  is  a re s o n a n t  e n h an cem en t of th e
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s e l f - f o c u s in g  e f f e c t .  This  re s o n a n c e  o ccu rs  b e tw een  and  . The

c h ie f  m a n ife s ta t io n  of t h i s  r e s o n a n c e  is  o b se rv ed  in F i g s . 3 and  4 w here  

one  s e e s  a sh a rp  in i t ia l  v a r ia t io n  of beam  rad iu s  w ith  p ro p ag a tio n  d is ta n c e  

w hen  th e  m agnetic  f ie ld  i s  p r e s e n t . It sh o u ld  be n o ted  th a t  udc is  power 

d ep en d en t  and  c o n se q u e n t ly  a de tu n in g  from re s o n a n c e  can  o c cu r  if  th e  

s t re n g th  o f  th e  beam  g e ts  c o n s id e ra b le ,  a s  w hen th e  beam  f o c u s e s .  This 

i s  th e  re a so n  for th e  in i t ia l  sh a rp  v a r ia t io n  of th e  beam ra d iu s  w ith  p ro ­

p ag a t io n  d is ta n c e ,  fo llo w ed  by r e la t iv e ly  s lo w  v a r ia t io n  a s  th e  c e n tr a l  

beam  in te n s i ty  in c r e a s e s  n e a r  th e  f o c u s .  In F ig .  5 , th e  sm all  in c r e a s e  

in  Zp w ith  power, a t  ve ry  la rg e  pow er i s  a l s o  a re su l t  of th e  c o n s id e ra b le  

d e tu n in g  from r e s o n a n c e .

F ina lly , in F ig .  6, w e p re s e n t  a s  a func tion  of u ) c /

for v a r io u s  v a lu e s  of t h e  pow er p a ram ete r  /  . At sm all  in t e n s i t i e s ,  th e  

tw o  q u a n t i t i e s  a re  e s s e n t i a l l y  th e  sam e, a s  e x p e c te d .  At la rg e  Y , h o w ­

ev er ,  th e re  is  a c o n s id e ra b le  s h i f t .
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CHAPTER III

C o n se q u e n c e s  of S e l f - In d u c e d  Tra n s p a re n c y  _ in Semic o n d u c to rs

A. Indroduction

It h a s  b een  re c o g n ize d  for som e tim e th a t  th e  p ro p ag a tio n  of e l e c t r o ­

m ag n e t ic  p u ls e s  in a medium is  r a d ic a l ly  d if fe ren t  a t  low and  high e le c t r i c  

f ie ld  i n t e n s i t i e s .  S e l f - in d u c e d  t r a n s p a re n c y  is  th e  phenom enon in w hich  

a h igh  in te n s i ty  e le c t ro m a g n e t ic  p u ls e  is  a b le  to  be  t ra n sm it te d  th rough 

a medium w h ich  is  o paque  a t  low  p u ls e  i n t e n s i t i e s .  It has  b een  th e  o b je c t

of c o n s id e ra b le  s tu d y  in r e c e n t  y e a r s  for both  a tom ic  and  s o l i d - s t a t e  

9 10 42s y s te m s  ' ' . Two ty p e s  of s e l f - in d u c e d  t r a n s p a r e n c ie s  hav e  b een

9 10 42id e n t i f ie d  -  a b so rp t iv e  and  d i s p e r s iv e .  For the  c a s e  of an  a b so rp t iv e  ' '

s y s te m , a t  w eak  p u ls e  i n t e n s i t i e s ,  the  p u ls e  is a t t e n u a te d  in th e  u s u a l  

B ee r 's  law  m anner . At h ig h e r  in t e n s i t i e s ,  how ever, i t  is  p o s s ib le  fo r the  

le a d in g  edge  of a p u ls e  to  be a b so rb e d  and  have  i ts  t r a i l in g  edge  s t im u la te  

r e e m is s io n  , th e re b y  feed in g  th e  en erg y  b ack  to th e  p u ls e  and  th u s  re s u l t in g  

in  s e l f - in d u c e d  t r a n s p a r e n c y .

In d i s p e r s iv e  s y s te m s ,  on  th e  o th e r  hand , th e  o p a c i ty  of th e  medium 

is  due  to  a f req u en cy  cu to ff  a t  th e  p lasm a  freq u e n cy .  An in s p e c t io n  of the
>  j , /  j ,

d is p e r s io n  re la t io n  Y c -  v 40 "  ***? '  . w here  £. is  th e  d ie le c t r i cXm

fu n c tio n  of th e  background , show s th a t  w hen  the  c a r r ie r  f req u e n cy  to 

a p p ro a c h e s  the  p la sm a  f req u en cy  from a b o v e ,  the  w ave  v e c to r  |< a p p ro a c h e s
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z e ro .  For c a r r ie r  f r e q u e n c ie s  be low  th e  p lasm a  freq u en cy , k is  im ag inary  

and  th u s  the  medium b eco m es  o p a q u e .  If th e  d i s p e r s iv e  p ro p e r t ie s  o f  th e  

medium a re  a l te r e d  by an  in te n s e  f ie ld  , th en  w h a t o n ce  w as  opaque  may 

becom e t r a n s p a r e n t .  S o li ton  p ro p ag a tio n  may o c c u r  due to  th e  b a la n c e  of 

d i s p e r s iv e  and  n o n lin e a r  e f f e c t s ,  th e  former ten d in g  to expand  th e  p u ls e  

and  th e  l a t t e r  ten d in g  to  c o m p ress  i t .

An exam ple  of a sy s te m  w here  th is  phenom enon  c an  o ccu r  is  the  

narrow gap  sem ico n d u c to r ,  w here  the  ch an g e  in the  d i s p e r s iv e  p ro p e r t ie s  

of th e  medium ta k e s  p la c e  due to  the  n o n l in e a r i ty  a s s o c i a t e d  w ith  the

43n o n p a ra b o l ic i ty  of the  c o n d u c tio n  b an d . A nother sy s te m  is  the  g a se o u s  

p lasm a  w here  r e l a t iv i s t i c  e f fe c t s  g e n e ra te  th e  d e s i r e d  n o n l in e a r i ty .  In 

th is  c h a p te r  we c o n s id e r  th e  c a s e  of narrow gap  s em ico n d u c to rs  and d i s c u s s  

som e c o n s e q u e n c e s  of s e l f - in d u c e d  t r a n s p a r e n c y .

S e lf - in d u c e d  t r a n s p a r e n c y  in narrow  gap  sem ico n d u c to rs  h a s  b e en  

s tu d ie d  by Tzoar and  G e r s t e n ^  . They d e m o n s tra ted  th e  e x is t e n c e  of 

s o l i to n - l ik e  p u ls e  so lu t io n s  to  su c h  s y s te m s  and  show ed  th a t  n o n lin e a r  

p ro p ag a tio n  for f r e q u e n c ie s  b e low  the  p la sm a  freq u e n cy  of the  sy s te m  is  

p o s s ib le  p rov ided  we k eep  a c e r ta in  re la t io n  b e tw ee n  th e  d u ra t io n  of the  

p u ls e  and  i ts  to ta l  e n e rg y .  A n a ly t ic a l  e x p r e s s io n s  for su ch  p u l s e - l ik e  

p ro p ag a tio n  a re  o b ta in e d  in s e c t io n  B.

One c o n s e q u e n c e  of s e l f - in d u c e d  t r a n s p a re n c y  is  the  m o d if ica t io n
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in  the  r e f le c t iv i ty  p ro p e r t ie s  of th e  sem ico n d u c to r .  In th e  l in e a r  o p t ic s  

dom ain , one g e n e ra l ly  reg a rd s  th e  r e f le c t iv i ty  a s  a fu n c tio n  c£ freq u en cy  

but in d e p en d e n t  of in t e n s i ty .  In p a r t ic u la r ,  one  th in k s  of the  p lasm a  

f req u en cy  cu to ff  a s  in v a r ia n t  u n d e r  in te n s i ty  c h a n g e s .  H ow ever n o n l in e a r  

e f fe c t s  r e s u l t  in  p la sm a  frequency  be ing  in te n s i ty  d e p e n d e n t  in  n a r ro w -g a p  

se m ic o n d u c to rs .  In s e c t io n  C , we exp lo re  the  r e f le c t iv i ty  c u r v e 's  d e p e n d ­

e n c e  on in te n s i ty .

In a d d i t io n  to  the  problem of s te a d y  -  s ta t e  p u ls e  p ro p ag a tio n ,  one  

c a n  a s k  for an  a n a ly s i s  o f  some boundary  v a lu e  prob lem s or in i t ia l  

co n d it io n  p ro b le m s .  In s e c t io n  D, we c o n s id e r  nu m erica l  so lu t io n s  to su ch  

prob lem s a s  p u ls e  r e f l e c t i o n / t r a n s m i s s i o n  a t  a boundary , p u ls e  t r a n s m is s io n  

th rough  a s la b  and  th e  e f fe c t  o f  a t te n u a t io n  due  to  c o l l i s io n s  on p u ls e  p ro p a ­

g a t io n  th rough  a n o n l in e a r  m edium .
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Bo Self Induced  T ranspa rency

It i s  w e l l  know n th a t  for w eak  i n t e n s i t i e s  i t  i s  no t p o s s ib le  

for e le c t ro m a g n e t ic  r a d ia t io n  to  p ro p a g a te  in  a c ry s ta l  for f r e q u e n c ie s  

b e low  th e  p la sm a  f r e q u e n c y .  At h ig h e r  i n t e n s i t i e s  h o w ev er ,  n o n l in e a r  

e f f e c t s  becom e im portan t and  p ro p ag a tio n  m ight be  p o s s i b l e .  In narrow  

g a p - s e m ic o n d u c to r s , th e  n o n l in e a r  e f f e c t s  due  to  n o n p a ra b o l ic  b a n d s  

r e s u l t  in  a v e lo c i ty  d e p e n d e n t  m a ss  for th e  e l e c t r o n .  A s trong  e le c t r o ­

m ag n e t ic  f ie ld  th e n  im parts  to  th e  c o n d u c t io n  e le c t ro n s  an  a p p re c ia b le  

m ean sq u a re  v e lo c i ty ,  th e re b y  e n h an c in g  th e  av erag e  e f fe c t iv e  m a s s .

As th e  p la sm a  freq u en cy  d e c r e a s e s  m o n o to n ica lly  w ith  in c re a s in g  m a ss  

i t  c a n  be  d e p r e s s e d  b e lo w  th e  in c id e n t  r a d ia t io n  f r e q u e n c y .  W hen  th e  

lo c a l  p la sm a  freq u en cy  in  th e  v ic in i ty  o f  th e  p u ls e  i s  d e p r e s s e d  su f f i ­

c i e n t ly ,  p ro p ag a tio n  c a n  o c c u r .  Thus th e  p ro p ag a tio n  is  in d u ced  by  th e  

s trong  p u ls e  i t s e l f .  A d e ta i le d  s tu d y  o f  s e l f - in d u c e d  t r a n s p a re n c y  in  

s em ico n d u c to rs  c a n  le a d  to  an  im proved u n d e rs tan d in g  o f  th e  n o n l in e a r  

o p t ic a l  p ro p e r t ie s  o f  su ch  c r y s t a l s .

H ere  w e fo llow  th e  t re a tm e n t  g iv e n  by  Tzoar and G e r s t e n ^  

to  d e r iv e  th e  s e l f - in d u c e d  t r a n s p a re n c y  e q u a t io n s  in  s e m ic o n d u c to rs .

W e b e g in  by c o n s id e r in g  th e  n o n l in e a r  p ro p ag a tio n  o f  a p la n e  e l e c t r o ­

m ag n e t ic  w av e  in  a n a r ro w -b a n d -g a p  sem ico n d u c to r  l ik e  InS b . The w ave
•-v* Q q

i s  c h a ra c te r iz e d  by  i t s  v e c to r  p o te n t ia l  A . Following Kane a , th e  

d y n am ics  o f  an  e le c t ro n  at' th e  bottom  o f  th e  c o n d u c t io n  band  is
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go v ern ed  in  th e  p re s e n c e  o f  th e  e le c t ro m a g n e t ic  w a v e ,  by  th e  H am il­

to n ia n ,

sam e ro le  a s  th e  c o n v en t io n a l  sp ee d  o f  l ig h t  c  . In s e m ic o n d u c to rs ,  

w here  c  *  c a n  be  sm a l le r  th an  c  by a s  much a s  two o rd e rs  o f  m ag­

n i tu d e ,  th e  r e l a t iv i s t i c  n o n l in e a r i t ie s  a re  m uch s t ro n g e r  th a n  in  g a s e o u s  

p la s m a s .

From Eq. (3 .1 ) ,  u s in g  H a m il to n 's  e q u a t io n s  o f  m otion , th e  

in d u ced  cu rren t  d e n s i ty  i s  g iv en  by

H
(3.1)

Here m* i s  th e  e f fe c t iv e  m a ss  o f  th e  co n d u c t io n  e le c t ro n

and th e  p a ra m e te r  c *  i s  r e la te d  to  th e  e n e rg y  gap  E th rough
g

c *  = (E  /  2 m* ) ^  . As for th e  e le c t ro n  d y n a m ic s ,  c *  p la y s  th e  
9

Y \ C
3 / ?

(3.2)

w here  n i s  th e  c a r r ie r  c o n c e n tra t io n .

S u b s ti tu t in g  th i s  v a lu e  o f  J in  th e  w av e  e q u a t io n

-  i t  -  -  4 -T V  J

d t 1 c (3.3)

one  o b ta in s  th e  n o n l in e a r  e q u a t io n  for A a s ,
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Here £ L i s  th e  l a t t i c e  d ie le c t r ic  c o n s ta n t  and th e  p la sm a

2 -*c 1I2
f requency  i s  g iv e n  by  Wp = ( 4irne /  m )

C o n sid e rin g  th e  in c id e n t  e le c tro m a g n e t ic  w ave  to  be  c i rc u la r ly  

p o la r iz e d  and p ro p ag a tin g  in  th e  z -d i r e c t io n  w ith  w av e  v e c to r  k and 

freq u en cy  u> ,we t a k e ,

e ^  - = P( 1" I G>s ( k « - + |  Si n (v-2-ui- j )
v r f c c  L  (3 . 5 )

As we are in te r e s te d  in th e  s i tu a t io n  w here  th e  p h a se  v e lo c i ty  

h a s  a t ta in e d  a s te a d y  s t a t e ,  the  p h a se  fa c to r  % i s  ta k e n  to  be  a c o n s t a n t ,

A /\
O n  s u b s tu t in g  E q . ( 3 .5 )  in E q . ( 3 .4 )  and s e p a ra t in g  i and  j c o m p o ­

n e n ts ,  one  o b ta in s  the  s e t  of e q u a t io n s  :

y  z -  +  — r  =. o  (3 . 6 )
d z  d t

r f c i  _  6 . ' I *  _  Dt ( K ’ -  w ‘ )  =  Wp -2 —- 7,
9 ?  ?  S t 1 ( 3 - V

In teg ra t io n  of Eq. (3 .6 )  im p lies  th a t  c< i s  a n  a rb itra ry  fu nc tion  of 

% =  6 0 Z t  .

2
Thus the  group v e lo c i ty  is  s im ply  kc /w>6u • On s u b s t i tu t in g  th is

fu n c t io n a l  form o f  (X a s  a func tion  of ^  in E q . (3 .7 ) ,  one  o b ta in s ,

a
U)

■4 CV -
0 +of1) ' 11 , 3 - 8)

The f i r s t  in teg ra l  of th is  e q u a tio n ,  w ith  th e  in i t i a l  co n d it io n

j°V = 0 w hen  0< =0 , g ives
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( & i
L 4 V — — cx

(3 .9 )

0

I .

W hen C ^ ' )  f r ° m EcI* (3 .9 )  is p lo tted  a s  a  fu nc tion  of o< , one  f inds  

th a t  /  d* '\2’ a g a in  b eco m es  zero  a t  th e  va lue  0( w here

2 - jk  ( l+*o)
2-

2
-  I

ws’ _  K*d/<?L (3 .10 )

S ince  (ft) s t a r t s  a t  zero , one  c o n c lu d e s  th a t  in  a n  in f in i te  am ount 

of tim e 0  ̂ i n c r e a s e s  from a va lu e  zero to  i t s  m axim um value and 

th e n  a g a in  b o u n ces  back  to  v a lu e  z e r o .
W)3- ,

To in te g ra te  E q „(3 .9  ) further, l e t  a ; ( l + i (  )  and H0» (_\+o(0).

This g iv e s ,

Taking ^  =0 w hen  u = u fl , Eq. (3 .1 1 )  c a n  be rew rit ten  in the  

in te g ra l  form,
Uo

H d u  -. I ( U - 0  [  (u+t)  (Uo- 0 ]  ^



This in te g ra t io n  c a n  be done  e x a c t ly  to g e t  th e  re su l t ,  
T  , ( u» -  2 u. - 1 \

(3 .1 2 )

For sm a ll  o(0 , ^  can  be ex p an d ed  in  pow ers  of o( and  <*p , and 

y ie ld s  th e  p u ls e  shape ,

W e find the  sam e c h a r a c te r i s t i c  hyperbo lic  s e c a n t  p u ls e  profile  as  

is  found in c o n v e n t io n a l  s e l f  induced  t ra n s p a re n c y  a s  w e l l  a s  in  o th e r

tra n sp a re n c y ,  the  c o n c e p t  o f  a 2n p u lse  is  i l lu m in a t in g .  A 2v p u ls e  

m ak es  th e  medium 't r a n s p a re n t '  to i t  and p ro p a g a te s  w ith o u t  any  a t te n u a t io n  

in sh ap e  or s i z e .  Here the a n a lo g u e  of th a t  c o n c e p t  c a n  be found by p e rfo r-  

ming the  in te g ra l  J  & w h ic h  is  indeed  2tr. Thus th e  a re a  under the

p u ls e  is a  c o n s ta n t  o f  m otion in d ep en d en t of the  a m p li tu d e .

(3 .1 3 )

9 45n o n lin e a r  p ro p a g a tio n  in v e s t ig a t io n s  ' . In c o n v e n t io n a l  s e l f  induced

In o rd e r  to  de te rm ine  th e  am p litude  <x , w e r e la te  it to  th e  energy0

per  u n it  a re a  o f  th e  p u ls e ,  W , w here
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The d i s p e r s io n  re la t io n  is  g iv en  by

J '  *. i L f  +  1 ^ ?  [  I + 0 + ]  (3 JL5)

As U - * 0  , th i s  r e d u c e s  to th e  s tan d a rd  d is p e r s io n  re la t io n

to s  K C + uip § Thus w e o b se rv e  a  d e p re s s io n  o f  th e  c u t - o f f

frequency  b e low  .

In th e  c o n v en t io n a l  s e l f - in d u c e d  t r a n s p a re n c y  one  is  co n ce rn e d  w ith

an  a b so rp t iv e  s y s te m .  The p u lse  so lu t io n  is  the  c a s e  w here  the  le ad in g

edge  of the  p u lse  is  a b s o r b e d  and th e  tra i l in g  edge  s t im u la te s  su b s e q u e n t

e m is s io n .  In th e  p re se n t  c a s e ,  w e  are  c o n ce rn e d  w ith  a d i s p e r s iv e  s y s te m .

A sim ple  ana lo g y  c a n  be  made w ith  the  c a s e  of a t r a n s m is s io n  l i n e .  We 

im agine a d is t r ib u te d  in d u c ta n ce  e x i s t in g  a lo n g  th e  l ine  a s  shown be low .
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At re g u la r  in te rv a ls  the  l in e  is  sh u n ted  by  re s o n a n t  tan k  c i r c u i t s  w hose  

c h a r a c te r i s t i c  f req u en cy  u>p(V) d e p en d s  on th e  v o ltag e  V . The t a n k 's  

in d u c ta n c e  (co rre sp o n d in g  to e le c t ro n ic  in e r t ia  ) b eco m es  a p p re c ia b ly  

la rg e r  a s  the  v o lta g e  drop a c r o s s  i t  i n c r e a s e s .  For f r e q u e n c ie s  below  

Cbp and  w eak  s ig n a l s  , the  ta n k  b e h av e s  l ik e  an  induc to r  and  no p ro p a ­

g a tio n  is  p o s s ib le .  At h ig h e r  in t e n s i t i e s  how ever, the  c a p a c i ta n c e  

d o m in a te s  and  p ro p ag a tio n  w ill  o c c u r .  The 2n p u ls e  s ig n i f ie s  the  com ple te  

re tu rn  of en erg y  from th e  tank  c i r c u i t  to  the  t r a n s m is s io n  l in e .

In re a l  s o l id s ,  s e v e ra l  l im ita t io n s  e x i s t  to  th e  th eo ry  a s  p re sen te d  

h e re .  Im purities  w ould  in tro d u ce  d e p h a s in g  c o l l i s io n s  w h ich  might d e s tro y  

the  c o h e ren c e  of th e  p u l s e .  C o l l i s io n  e f fe c ts  may be in troduced  p h e n o -  

m en o lo g ic a l ly  by a s s ig n in g  an  e f fe c t iv e  c o n d u c t iv i ty  to  th e  medium .

This  would in troduce  an  ohmic energy  lo s s  in to  th e  p ro p ag a tio n  w hich  

w ould  c a u s e  the  en erg y  of th e  p u ls e  to  d e c a y  e x p o n e n t ia l ly .  S ince  it 

rem a in s  a 2 t t  p u ls e ,  the  e f fe c t  w ould  be  to  b roaden  it and  red u ce  i ts  

c e n t r a l  a m p l i tu d e .T h e se  n o n l in e a r  p u ls e  p ro p ag a tio n s  a re  n u m erica l ly  

s tu d ie d  in  s e c t io n  D.
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C .  In te n s i ty  D ependen t R ef lec tion

The re f le c t io n  of l igh t from so l id  s u r fa c e s  is  a w e l l  u n d e rs to o d  

phenom enon  a s  long a s  th e  l i g h t ' s  in te n s i ty  is  w e a k .  For l igh t f re q u e n c ie s  

a b o v e  th e  p lasm a  freq u en cy  of th e  so lid ,  th e  m a te r ia l  is  g e n e ra l ly  t r a n s ­

p a ren t  w h ile  be low  th e  p la sm a  f req u en cy  it  i s  o p a q u e .  Thus th e  re f le c t io n  

e f f ic ie n c y ,  p lo t te d  a s  a fu n c tio n  of l igh t f req u en cy  d is p la y s  a ra th e r  

ab rup t downward s te p  a s  th e  p lasm a  f req u en cy  is  e x c e e d e d .  The s h a r p n e s s  

o f t h i s  s te p  i s  go v e rn ed  by th e  a b so rp t iv e  c h a r a c te r  o f  th e  m a te r ia l .  A 

h ig h e r  ab so rp t io n  c o e f f ic ie n t  r e s u l t s  in  a sm oother downward s t e p .  The 

im portan t th in g  t o  e m p h a s iz e  is  th a t  th e  re f le c t io n  curve  i s  g en e ra l ly  

reg a rd ed  a s  in d ep en d en t  of l ig h t  in t e n s i ty .

As th e  l ig h t  in te n s i ty  i s  e le v a te d  th e  s i tu a t io n  b ecom es  more com ­

p le x  due t o  n o n l in e a r  o p t ic a l  e f f e c t s .  The b a s ic  q u e s t io n  we w ish  to  

c o n s id e r  he re  is  w h e th e r  or not th e  re f le c t io n  cu rve  d e p en d s  on th e  l igh t 

i n t e n s i ty .  In p a r t ic u la r ,  we fo cu s  our a t te n t io n  on th e  narrow  b a n d -g a p  

s em ico n d u c to rs  w here  th e  p la sm a  f req u en cy  i s  de te rm ined  by th e  le v e l  of 

th e  n - ty p e  d o p in g . For th e  n a r ro w -g a p  sem ico n d u c to r ,  th e  en erg y  momen­

tum  re la t io n  re la t io n  for th e  e le c t ro n s  is  n o n p a ra b o l ic  and  th e  e le c t ro n s  

a c q u ire  a v e lo c i ty  d ep en d e n t  m ass  . M odu la t ion  of th e  e le c t ro n ic  v e lo c i ty  

by th e  s tro n g  e le c t ro m a g n e t ic  f ie ld  in d u c e s  an  in te n s i ty  d e p en d en t m a s s .  

An in c r e a s e d  m ass  r e s u l t s  in  a d e p re s s e d  p la sm a  f r e q u e n c y .  Thus th e  

lo c a t io n  of th e  b reak  in  th e  re f le c t io n  curve  c a n  be e x p e c te d  to  be 

in te n s i ty  d e p e n d e n t .
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In o rd e r  to  o b ta in  a q u a l i ta t iv e  a p p re c ia t io n  for th e  e f fe c t ,  c o n s id e r  

th e  fo llow ing  s i tu a t io n .  A beam  of m onochrom atic  l in e a r ly  p o la r iz e d  l igh t is  

no rm ally  in c id e n t  on a narrow  b a n d -g a p  s em ico n d u c to r  l ik e  InSb w h ich  is  

t a k e n  to  occu p y  th e  s p a c e  z"?, 0 .  Thus in  vacuum  one h a s  both  r e f le c te d  

and  in c id e n t  w a v e s  w hile  in  th e  c r y s ta l  th e re  i s  a t r a n s m i t te d  w a v e . The 

c r y s ta l  i s  c h a r a c te r iz e d  by a co m p lex  d ie le c t r i c  func tion  of th e  form

“  (3 .1 6 )

w here  i s  th e  c o n d u c t iv i ty  of th e  s o l id  and  to  is  th e  f req u en cy  of 

l i g h t .  H ere  i s  th e  re a l  part of th e  d ie lc t r ic  fu n c t io n .  A m ic ro sco p ic

model w il l  be em ployed  to  de te rm ine  £  . The s p a t i a l  d ep en d en ce  of

th e  e l e c t r i c  f ie ld  in th e  sk in  dep th  reg ion  is  n e g le c te d  s in c e  th e  l in e a r  

sk in  dep th  i s  much la rg e r  th a n  th e  e le c t ro n  m ean free  p a th .

The re f le c t io n  c o e f f ic ie n t  c an  be e x p r e s s e d  in te rm s  of £  in  th e  

s ta n d a rd  m anner a s

R -  ' 'e'h I (3 .1 7 )

We now o b ta in  an  e x p re s s io n  for £  a s  a fu nc tion  of th e  f ie ld  

i n t e n s i ty .  The e q u a t io n  of motion of an  e le c t ro n  re sp o n d in g  to  th e  m ono­

ch ro m a tic  l in e a r ly  p o la r iz e d  e l e c t r i c  f ie ld  E C os u>t is

-9  - *
^ -  -  e  E Cos to t
d t  c  <3 - 18>

->■
w here  p i s  th e  e le c t ro n ic  momentum, - e  i s  th e  e le c t ro n ic  charge  an d  

2T i s  a p h en o m en o lo g ica l  r e la x a t io n  t im e  to  a cc o u n t  for th e  e f fe c t  of 

e le c t ro n ic  c o l l i s i o n s . W e n e g le c t  th e  e f fe c t  of th e  a c  m agnetic  force
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s in c e  ty p ic a l  e le c t ro n ic  s p e e d s  a re  much l e s s  th a n  th e  s p e e d  of l ig h t  „ 

The s te a d y  s t a t e  s o lu t io n  t o  Eq. (3 .1 8 )  is

Cwt  +  MO (3 .1 9 a )

w here  ,
-

and

K  -  -  e  ( i +  - V  2U* V. W»*T /

Y -  W C & )

(3 .1 9 b )

(3 .1 9 c )

The s in g le  p a r t ic le  H am ilto n ian  for n a r ro w -g a p  sem ico n d u c to rs  

fo rm ally  r e s e m b le s  th a t  of a r e l a t i v i s t i c  e le c t ro n  p rov ided  th e  s p e e d  of 

l ig h t  i s  r e p la c e d  by

w here  is  th e  band g ap  energy  and  m is  th e  e f fe c t iv e  e le c tro n  m ass

39n e a r  th e  bo ttom  of th e  c o n d u c tio n  b an d  . C o n se q u e n t ly  th e  v e lo c i ty  

i s  r e l a t e d  to  th e  momentum th rough  th e  eq u a tio n

-  Vz
—̂  >4r —> f  ”1
V - e  p [ | > + ( w c / J  (3 .2 1 )

In se r t io n  o f  E q .(3 .1 9 )  in to  Eq. (3 .2 1 )  le a d s  t o  an  e x p re s s io n  c o n ­

ta in in g  odd ha rm o n ics  of :

C * tW* +  _____ _

v  =  — ----------------------------------T T T T ' k
[t>o2 S i *  + dm <1 ) J

= I  Vv, I  <3-22>
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In th e  p re s e n t  d i s c u s s io n  we a re  only  in te r e s t e d  in  th e  fu n d am en ta l  

harm onic  so  we n e g le c t  th e  h ig h e r  o rd e r  t e r m s .  Thus we p ro je c t  t h i s  h a r ­

m onic a n d  find

irf

TT
Vo -  *

[  ►.* 0 . 2 3 )

U sin g  th e  in te g ra l

2 TT

o
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Eq. (3 .2 3 )  re d u c e s  to

°  C ' + f c V  0 ^ , x  ( 3 - 2 4 )

w here  F is  th e  G a u ss  hy p e rg eo m etr ic  fu nc tion  and  i s  a  d im e n s io n le s s  

p a ra m e te r  m easuring  th e  in te n s i ty  of th e  f ie ld  :

v .  / _ i L _  V  —
\  i+ - 4 rc <3 - 25)

One may th in k  of Y a s  e s s e n t i a l l y  th e  sq u a re  of th e  ra t io  of th e  

a c  v e lo c i ty  of th e  e le c t ro n s  to  th e  c h a r a c te r i s t i c  s p e e d  c  . It i s  th u s  

a m easu re  of th e  degree  of r e l a t i v i s t i c  b eh av io u r  t o  be e x p e c te d ,  or 

a l t e r n a te ly  th e  d eg ree  o f  n o n l in e a r  b eh av io u r  in th e  p ro b le m .
- V

The cu rren t  d e n s i ty  J = -n e v  is  th u s  o b ta in e d  a s  ,
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~T _  1   1   p (  1  *, ~ 2   ̂ ^  S»*» (<ot  + ^
~ ~  * / i N ’l3' / \ ‘U ^  ^  /  (3 26)

YĴ W* 0 ^ - T r xJ ( H t )  (u  r  /  v

w here  n i s  th e  c a r r ie r  d e n s i t y .

U sin g  M a x w e l l 's  e q u a t io n s ,  J c an  a l s o  be o b ta in e d  in te rm s  of

c o n d u c t iv i ty  a s ,

T ss tj* E G>s to E S.iV> wit
4.-TT ( 3 -27)

w here  i s  th e  l a t t i c e  d ie l e c t r i c  c o n s ta n t .

A com p ariso n  of th e  tw o  e x p r e s s io n s  fo r  J p ro v id e s  u s  w ith  th e  

d e s i r e d  e q u a t io n s  for cr a n d  :

* e.Z ^  ^  c f i- ■> ' ' 2- ‘ ^
<T =  r ^ ' i >  - — S -  C -  *  ;  ,+ V '

C )  ( . i + r '
r v- (3 .2 3 )

and

-4*1T

u^+ 'It2)  O + U )  t3“~ K "  h — 7 ^ r r r , v i > -  ,  ,+ ,/ ( 3 . 2 9 )
m ip  (_

It sh o u ld  be n o te d  th a t  th e  e le c t r i c  f ie ld  E ap p ea r in g  in Eq. (3 .2 5 )  

r e fe rs  t o  th e  e le c t r i c  f i e ld  w ith in  th e  sem ic o n d u c to r .  We r e la t e  it  to  th e  

in c id e n t  f ie ld  E^ in  th e  u s u a l  w ay ,

-*• 2 Ec
E  - - - - - - - - -

an d  ob ta in

, ^  £ - h  ( 3 .3 0 a )

i-

* '  Vi I T + [ ^ ^ T | l l T ^ J J ^  «3 - 3 0 b >



w here

E q s .  (3 .1 9 )  and  ( 3 . 2 8 ) - ( 3 .31) a re  s o lv e d  in  a s e l f  c o n s i s t e n t  w ay  

to  find  £  . Then R is  d e te rm ined  b y E q .  ( 3 .1 7 ) .

R esu lts  for InSb :

The th e o ry  o b ta in e d  above  i s  now  a p p l ie d  to  a p a r t ic u la r  c r y s ta l  of 

in t e r e s t  -  InSb , w h ich  i s  c h o se n  b e c a u s e  i t s  p a ra m e te rs  re su l t  in  la rg e ^ 7 

n o n l in e a r  e f f e c t s .  The re le v a n t  p a ra m e te rs  a re  m * = m ( m6 be ingb® 0
j .  |

th e  free  e l e c t r o n 's  r e s t  m ass  ), c  = ( c be ing  th e  s p e e d  of l ig h t

in  vacuum  ), and  = 16 . R esu l ts  for r e f le c t iv i ty  a re  o b ta in ed  fo r v a r io u s

v a lu e s  of l ig h t  i n t e n s i t y .  P lasm a f req u e n cy  i s  ta k e n  to  l ie  in th e  in fra red

14region  of th e  sp ec tru m  a t  = 0 .1 8 9 2  x 10 r a d / s e c .  This co r re sp o n d s

16 —3to  a c a r r ie r  c o n c e n tra t io n  of n = 3 x  10 cm . The phen o m en o lo g ica l  

l i f e  t im e  o b ta in e d  from m obility  m e a s u r e m e n t s ^ i s  Z. ~ 0 .7 5 9  x  10 12 s e c .

In F ig .  7 ,  th e  r e f le c t io n  e f f ic ie n c y  R i s  p lo t te d  a s  a fu n c t io n  of 

f r eq u e n cy  for s e v e ra l  v a lu e s  of l ig h t  i n t e n s i t y .  In a l l  c a s e s  th e  c u rv e s  

d i s p la y  th e  p re c ip i to u s  drop a t  p la sm a  f req u e n cy  fo l lo w ed  by a s lo w  

r i s e  a t  h ig h  f r e q u e n c ie s  t o  som e c o n s ta n t  v a lu e  d e te rm in ed  by th e  m is ­

m atch of d ie le c t r i c  c o n s ta n t s  of th e  c r y s ta l  an d  v acu u m . For low  in t e n ­

s i t i e s ,  th e  c u rv e s  a re  a s  c o n v e n t io n a l ly  e x p e c te d  w ith  th e  b reak  a t  

f r e q u e n c ie s  around  Wp , but for h ig h e r  in t e n s i t i e s  th e re  i s  a s u b s ta n t ia l  

s h i f t  of th e  b reak  in th e  r e f le c t iv i ty  to w a rd s  lo w er  f r e q u e n c i e s . Th is  i s
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c o n s i s t e n t  w ith  the  h y p o th e s is  th a t  th e re  i s  a lo c a l  d e p re s s io n  o f  the  

e f fe c t iv e  p la sm a  frequency  by the s trong  m odu la tion  o f  the  e le c t ro n ic  

v e lo c i t i e s  a t  h igh  l igh t i n t e n s i t i e s .

One may th ink  o f  th e  e f fe c t  as  an in te n s i ty  ind u ced  t ra n sp a re n c y  of 

the  p la s m a .  N a tu ra lly  a b so rp t io n  w il l  l im it  the  e x te n t  o f  th e  t ra n s p a re n c y  

but th e  e f fe c t  shou ld  be o b s e rv a b le  in th in  film c r y s t a l s .  The t r a n s m is s io n  

e f f ic ie n cy  o f th e  film shou ld  in c r e a s e  d ra m a t ic a l ly  a t  f re q u e n c ie s  be low  

the  p la sm a  frequency  if  the  in te n s i ty  is  in c re a s e d  s u f f ic ie n t ly .

For c o m p a r iso n 's  s a k e ,  w e  c a lc u la te  the  r e f le c t iv i t i e s  for the c a s e  

w here  c o l l i s io n s  a re  n e g le c te d  and in  F ig .  8 , p lo t  th e  cu rv es  for th e  sam e  

in te n s i t i e s  a s  in  F ig .  7 . The on ly  e f fe c t  is  to sh a rp en  up th e  s te p  d i s c o n ­

t in u ity  a t  the  p la sm a  c u t - o f f .

W hile  we c o n s id e re d  the  c a s e  of l in e a r ly  p o la r iz ed  l ig h t ,  it  i s  c l e a r  

th a t  a  p a ra l le l  d e v e lo p e m e n t  e x i s t s  for c i rc u la r ly  p o la r iz ed  l i g h t .  The re s u l t s  

are s im ila r  to  th o s e  p re s e n te d  in  F ig s .  7 and  8 . Thus n o n l in e a r  r e f le c t io n  

is  an  im portan t e f fe c t  in  n a r ro w -b a n d -g a p  s e m ic o n d u c to rs .
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D .  N o n lin ea r  P u lse  P ropaga tion

Since n o n l in e a r i ty  has s u c h  a profound e f fe c t  on the  r e f le c t iv e  

p ro p e r t ie s  of c r y s t a l s ,  i t  is  on ly  e x p e c te d  th a t  n o n l in e a r  t r a n s m is s io n  

a t h igh i n t e n s i t i e s  o f  the  ra d ia t io n  fie ld  sh o u ld  a l s o  e x h ib i t  anom alous  

b e h a v io u r s .  The phenom enon  o f  s e l f - in d u c e d  t r a n s p a re n c y  h a s  b e e n  s tu d ie d  

bo th  for a b so rp t iv e  and  d i s p e r s iv e  m e d ia .  In th e  la t t e r  c a s e  , a t te n t io n  has  

b e e n  l im ited  to an  a n a ly s i s  of the  s o l i to n  p u ls e  so lu t io n  o f  th e  p rob lem . 

Here w e ex ten d  the  s tu d y  o f p u ls e  p ro p a g a tio n  to som e s im ple  boundary  

v a lu e  p ro b lem s . O u r a t t e n t io n  w il l  a g a in  be l im ited  to th e  narrow b a n d -  

gap s e m ic o n d u c to r s .

It i s  s l ig h t ly  more c o n v e n ie n t  to  a n a ly s e  th e  c i rc u la r ly  p o la r ized  

c a s e  th a n  th e  l in e a r ly  p o la r iz e d  c a s e  h e re .  Then a s  show n in  S ec t io n  B, 

the  problem re d u c e s  to so lv in g  th e  fo llow ing  n o n l in ea r  e q u a t io n  for th e  

v e c to r  p o te n t ia l  A :

v  A -  f t  2'A ■= e-L A r I + ( sA . V  1" 1 „  „■ 
n l  L l + 1 t t c )  _ <3 - 32

w here

sA . -  «  [ » Cos + |yr?c*c I  (3 . 3 3 )

Here o( and ^  r e p r e s e n t  th e  am plitude  and p h a s e  of th e  p u l s e .  

O wing to  the  n o n lin e a r  term on  th e  r igh t hand s id e  o f  E q . (3 .3 2 ) ,  i t  a p p e a rs
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d if f ic u l t  to  o b ta in  a g e n e ra l  s o lu t io n  to the  boundary  va lu e  p rob lem . H ence  

num erica l  in te g ra t io n  w a s  re s o r te d  to  and the  s o lu t io n s  w ere  o b ta in ed  for 

v a rio u s  boundary  c o n d i t io n s  .

In F ig .  9 we p re s e n t  r e s u l t s  for th e  c a s e  o f  a  p u ls e  s tr ik in g  a 

c r y s ta l  o f  a  doped sem ico n d u c to r  . If th e  p u ls e  im p inges  on  th e  c ry s ta l  

from vacuum , th e n  due  to th e  he fty  d ie le c t r i c  m ism atch , a la rg e  part o f  

the  en erg y  o f  th e  p u ls e  w ill  be r e f l e c t e d .  To av o id  th is  c o m p lic a t io n  w e 

im ag ine  th e  p u ls e  o r ig in a l ly  t r a v e l l in g  in  the  pure sem ico n d u c to r  and  th e n  

s t r ik in g  th e  doped p o r t io n .  The c a r r ie r  f req u en cy  of th e  p u lse  is  ta k en  to 

l ie  be low  th e  am b ien t  p la sm a  frequency  of the  m edium . In th is  c a s e ,  the  

ra t io  to /iO p  w as  ta k e n  to be o . 5  and  a b so rp t iv e  e f fe c t s  of the  medium 

w ere  n e g le c te d .  The in te n s i ty  of th e  p u ls e  w as  c h o s e n  to co rre sp o n d  to

the  am p li tu d e  ( eA /m *c*c  ) = 2 0 . 0 .^ max

One n o te s  th a t  th e  p u ls e  e n te r s  th e  medium an d  q u ick ly  a s s u m e s  th e  

so l i to n  b e h a v io u r .  S ince  the  medium is  n o n a b so rp t iv e ,  the  sem ico n d u c to r  

a c t s  a s  a  p e r fe c t  t r a n s m i t te r  o f  th e  s o l i to n .  Thus w e have  a ra th e r  d r a s t i c  

exam ple  o f  th e  s e l f - in d u c e d  t r a n s p a r e n c y  phen o m en o n . A sm all  part of the  

p u lse  is r e f le c te d  to th e  le f t ,  d u e ,  in part,  to the  r e s id u a l  m ism atch  o f 

in d ic e s  o f  r e f r a c t io n .

For c o m p a r is o n 's  s a k e  and  a s  a c h e c k  on  th e  num erica l  in te g ra t io n  

we p re s e n t  in  F ig .  10 r e s u l t s f o r  th e  c a s e  w hen  th e  n o n lin e a r i ty  on  the  

righ t hand s id e  of Eq. (3 .3 2 )  i s  s u p r e s s e d  ( i . e .  l e t  c  —> ^°). The o th e r



58

p a ra m e te rs  o f  th e  problem  are  sam e as  in th e  p rev ious  c a s e .  H ere  one 

n o t ic e s  the  c o n v en t io n a l  r e f le c t io n  w ith o u t  t r a n s m is s io n  s in c e  th e  f re ­

quency  of th e  w ave is  be low  th e  p la sm a  f re q u e n c y .  P e n e tra t io n  o f  th e  

l in e a r  p la sm a  o c c u rs  on ly  upto a sk in  d e p th  and s e l f - in d u c e d  t r a n s p a re n c y  

is  no t o b s e r v e d .  The d i s p e r s io n  o f  th e  medium h a s  co m p le te ly  b lo ck ed  

the  p a s s a g e  of the  p u l s e .

In F ig .  11 w e ex am in e  the  p e n e tr a t io n  o f  a p u ls e  th rough  a s la b

of doped  s em ico n d u c to r  for the  sam e v a lu e s  o f  th e  p a ram ete rs  a s  in  F ig .  9 .

The th ic k n e s s  o f  the  s la b  w a s  ta k e n  to be  60/4m. O ne n o t ic e s  a lm o s t  100%

tra n s m is s io n  e f f ic ie n cy ,  the  sm a ll  re f le c t io n  a g a in  be in g  due  to r e s id u a l

m ism atch  of re f ra c t iv e  i n d i c e s .  This b e h av io u r  i s  to be c o n t r a s te d  w ith

F ig .  12 w h ere  th e  sam e co m p u ta t io n  w as  made for a low er a m p li tu d e .

H ere th e re  is  p ra c t ic a l ly  to ta l  r e f le c t io n .  It w as  found th a t  for v a lu e s  of 

/ *L *( e A /m  c c  ) l e s s  th a n  7„0 , no s e l f  in d u ced  t ra n sp a re n c y  o c c u r e d .  max

This c a n  be u n d e rs to o d  by  th e  fo llow ing l in e  o f  r e a s o n in g .  W e have  s e e n  

th a t  th e  lo c a l  p la sm a  frequency  is  d e p r e s s e d  by an  in te n s e  p u l s e .  P ro p a ­

g a tio n  c a n  o c c u r  only  if  the  d e p r e s s e d  p la sm a  freq u en cy  l i e s  be low  the 

c a r r ie r  f req u en cy  o f  th e  p u l s e .  Thus, we have  a c r i t i c a l  v a lu e  o f th e  peak  

in te n s i ty  for s e l f - in d u c e d  t ra n s p a re n c y  to o ccu r ,  d e te rm in ed  by the  mis -  

m atch  of £a3 and . This v a lu e  c a n  be found by the  u s e  o f  th e  d is p e r s io n  

form ula o b ta in e d  in E q . ( 3 .1 5 )  a s ,

2

2 2.u>p
L -  +
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w here j-t#

% ftFor 1^/oSr, = 0 .5 ,  the  c r i t i c a l  v a lu e  for ( e A /m  c c  ) i s  7 .0  p max

and F ig .  12 w as  p lo t te d  for a l e s s e r  v a lu e ,  nam ely  ( eA /m * cfc  ) = 6 .0 .max

In a c tu a l  p ra c t ic e ,  th e  a b so rp t iv i ty  o f  the  medium d o e s  not a llow  us 

to draw  s u c h  sh arp  c o n c lu s io n s .  O ne m ust th e n  th in k  in  te rm s o f a n o ­

m alous ly  la rg e  p e n e tra t io n  d e p th s  ra th e r  th a n  to ta l  s e l f - in d u c e d  t r a n s p a ­

re n c y .  The t r a n s m is s io n  p ro p e r t ie s  o f  a s l a b  w ill  s t i l l  e x h ib i t  a marked

Y is  th e  a b so rp t io n  c o e f f ic ie n t  and L is  th e  th ic k n e s s  of th e  s la b .

As an  i l lu s t r a t io n  o f  th e  c a s e  w here  a b so rp t io n  is  p re s e n t ,  we 

p re s e n t  in  F ig .  13, th e  p u ls e  p ro p ag a tin g  in  an  a b so rp t iv e  m edium . The 

a b so rp t io n  w a s  ta ck e d  on to th e  theory  in  a p h en o m en o lo g ica l  w ay by 

in tro d u c in g  a  c o n d u c t iv i ty  to  th e  m edium . The w ave  e q u a t io n  th u s  b e co m es

One o b s e r v e s  th a t  th e  p u lse  is  a b le  to  p ro p ag a te  w ithou t d is p e r s io n

d is c o n t in u i ty  b u t th e  maximum e f f ic ie n c y  w il l  be l im ited  to  e -JfL , w here

(3 .3 4 )

In th i s  e q u a t io n  "C r e p re s e n ts  an  e m p ir ic a l  c o l l i s io n  l i fe  t im e .

_  48
Here w e took  = 2 0 . 0  .w h ic h  is  a r e a l i s t i c  e s t im a te  for InSb
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but th a t  i t  a t t e n u a te s  w ith  t im e , m uch a s  e x p e c te d .  There is  a te n d e n c y  

for the  p u ls e  to  c o m p ress  i t s e l f  in tim e a s  the  p ro p ag a tio n  o c c u r s .  This 

i s  d u e  to  the  f a c t  th a t  it  t r i e s  to  k e e p  i t s  peak  in te n s i ty  ab o v e  th e  

c r i t i c a l  v a lu e  fo r s e l f - in d u c e d  t r a n s p a re n c y  to  o c cu r ,  a s  long  a s  p o s s i b l e .
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CHAPTER IV

Four Photon Param etric  A m plif ica tion  in S em iconducto rs

A. In troduc tion

M uch in te r e s t  h a s  b een  show n in  r e c e n t  y ea rs  in  d e v is in g  new

te c h n iq u e s  for o b ta in in g  co h e ren t  tu n a b le  e le c t ro m a g n e t ic  e n e rg y .  In
1 7p a r t ic u la r ,  Pa te l  and  Shaw have  in tro d u ced  the  Raman s p in - f l i p  l a s e r  

w h ich  is  c a p a b le  of g en e ra t in g  tu n a b i l i ty  over a w ide  range  of th e  in frared  

sp ec tru m . The ex p er im en t in v o lv es  the  Raman s c a t te r in g  of a prim ary la s e r  

beam in a sam ple  of narrow band gap  sem ico n d u c to r  em bedded  in a m ag­

n e t ic  f ie ld  4 9 - 5 2 ^

Here we exp lo re  an  a l te rn a te  m ethod for g e n e ra t in g  in fra red  ra d ia t io n  

by em ploy ing  a four photon param etr ic  p ro c e s s  u s in g  the  sam e type  of 

s e m ico n d u c to r .  We e x p e c t  th is  p ro c e s s  to  g e n e ra te  in fra red  r a d ia t io n  in 

a more e x ten d e d  freq u en cy  range  th an  c u r re n t ly  a v a i l a b le .

In te r e s t  in  pa ram etr ic  phenom ena an d  four photon p r o c e s s e s  s tem s
53 54

from th e  w ork of G iordim aine and  De M artin i  an d  Kelley . The b a s i c

te ch n iq u e  th a t  i s  p roposed  here  is  to  a l lo w  tw o prim ary l a s e r  beam s to  

in te r a c t  in the  narrow  gap  sem ico n d u c to r  in  the  p re se n c e  of a m ag n e t ic  

f ie ld .  The n o n lin e a r  r e s p o n se  of the  m edium , o r ig in a tin g  from th e  n o n ­

p a ra b o lic  d i s p e r s io n  of th e  co n d u c t io n  e l e c t r o n s  g e n e r a te s  th e  cu rren t  

d e n s i ty  w h ich  a c t s  a s  a pa ram etr ic  pump for th e  tw o s e c o n d a ry  b e a m s .  By 

a p p ro p r ia te ly  tun ing  th e  c a v i ty ,  i t  i s  p o s s ib le  to  f req u en cy  s e l e c t  p a r t ic u la r  

m odes th a t  have  undergone  pa ram etr ic  g row th . The purpose  of the  m ag n e t ic
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fie ld  is  to  a l lo w  p h a se  m atch ing  to  be a c h ie v e d  in  a c o l l in e a r  geom etry , 

a s  w e l l  a s  to  produce a c y c lo t ro n  re s o n a n t  e n h an cem en t of th e  a m p l i f ic a t io n .  

It i s  found th a t  the  p a ram etr ic  g row th  c a n  be qu ite  s u b s ta n t i a l  and  a p rac ­

t i c a l  and  e f f ic ie n t  m eans  for o b ta in in g  tu n a b le  in frared  ra d ia t io n  m ay be 

o b ta in e d  by  em ploy ing  th i s  t e c h n iq u e .

In s e c t io n  B, we o u t l in e  th e  b a s ic  th e o re t ic a l  c o n s id e ra t io n s  r e la t in g  

to  th e  pa ram etr ic  p ro c e s s  and  d e r iv e  a formula for the  grow th  ra te  of the  

s e c o n d a ry  w a v e s .  In s e c t io n  C , th e  p h a se  m atch ing  c r i te r ia  a re  s tu d ie d  

and  the  l im ita t io n s  th e y  s e t  on the  f re q u e n c ie s  a re  o b ta in e d .  F ina lly , 

s e c t io n  D d e a ls  w ith  the  n u m erica l  r e s u l t s  and  a d i s c u s s io n  of the  p r o c e s s .



63

B. Param etric  A m plif ica tion  

C o n s id e r  the  c a s e  of a narrow  band gap  s em ico n d u c to r  em bedded  in
■—V

a dc  m ag n e t ic  f ie ld  B d ire c te d  a long  the  — z a x i s .  If the  sam ple  is  i r r a ­

d ia te d  w ith  c i r c u la r ly  p o la r iz ed  ligh t a lo n g  z , th e  e q u a t io n  of m otion of

a n  e le c t ro n  w ith  e le c t ro n ic  ch arg e  - e  and e f fe c t iv e  m a ss  m* a t  the
2  7bottom of th e  c o n d u c t io n  band c a n  be w ri t ten  a s

I ^  r" —> —* -?> ")
(  d  . I \  vn v . . -  F  F. +  t  x R
\  7 * z  J r~— 7 7 7 ^1'i- L c J t4 - 1*

w here  "v is  the  e le c t ro n ic  v e lo c i ty ,  c *  = (Eg / 2m * ) k  w here  is  the  

gap  e n e rg y ,  and  f  i s  a p h en o m en o lo g ica l  re la x a t io n  t im e . E is  the  a c  

e l e c t r i c  f ie ld  of th e  in c id e n t  ra d ia t io n  and  in  c a lc u la t in g  th e  e le c t ro n  

d y n a m ic s ,  we hav e  n e g le c te d  th e  Lorentz force  of the  a c  m ag n e t ic  f ie ld  

and  th e  ( v . V ) v  term  s in c e  ty p ic a l  e le c t ro n ic  s p e e d s  a re  much l e s s  than  

the  sp e e d  of l ig h t .

In te rm s  of th e  v e c to r  p o te n t ia l  A , w h ich  is  a c i r c u la r ly  polarized 

v e c to r  and  a d im e n s io n le s s  v e lo c i ty  u = v / c  , a l s o  a c i r c u la r ly  p o la ­

r iz e d  v e c to r ,  the  e q u a t io n  b e co m e s ,

( -  + i  ) r^Tyi* ’  M —  + ;<*><“
t  d t 1 ( l - t f )  a t  (4 .2 )

w here  jU = e / m * c * c  and  the  c y c lo t ro n  f req u en cy  i*3c = e B /m * c  .

W hile  c o n s id e r in g  the  p a ram etr ic  c o n v e rs io n  of f r e q u e n c ie s  to, and  

in to  and  , the  t o ta l  v e c to r  p o te n t ia l  A is  ta k e n  to  c o n s i s t

o f  the  sum of th e  v e c to r  p o te n t ia ls  due  to  th e  four f re q u e n c ie s  :

A  =  1  e  [ - 1  ( ■ = , * -  -  ■ ) [ , ) ]  (4 3)
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w here  a re  the  p h a se  f a c to r s ,  k p a re  the  p ro p ag a tio n  v e c to r s  and

e = ( x  + iy  ) i s  the  c i r c u la r ly  p o la r iz ed  v e c to r  so  th a t

A  A  \  '.e ^ <2*. e* -  o
and a  .  a  a  a  (4 .4)

e,. e ^ e.e-* = 2 .

The p ro paga tion  v e c to r s  a re  ta k e n  to  be com plex  to  a l lo w  for

g row th , d e p le t io n  or a b so rp t io n  due to  c o l l i s i o n s .  S ince we a re  in te re s te d  

in  the  p a ram etr ic  grow th of and  CO^ , we s e p a ra te  the  re a l  and  the  

im ag inary  p a r ts  of k^ and  k^ and  w rite

^  t  y  ( 4 . 5a)

and  -  |> + i t
(4 .5b)

We so lve  the  e q u a t io n  of m otion g iv en  by Eq. (4 .2 ) in te rm s of the

power s e r i e s  :

3 ”*■
u  =  Xa V), +  iU U t  +  . . . . v (4 .6)

On s u b s t i tu t in g  Eq. (4 .6 )  in to  Eq. (4 .2 ) ,  the  e q u a t io n  of m otion , to  

th e  f i r s t  o rder ,  b ecom es  ,

i& Ui ~ 4 - ^  - t  (4 7)
at x &

and  th e  f i r s t  o rder so lu t io n  is  e a s i l y  o b ta in e d  a s  t 
4 ,

u, « Z  *■ 0 i* e’T[.-i ( Kvz - aJ»t -
i)=»l (4 .8a )

w here

(4 8b)
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and

(4 .8c )

The seco n d  order so lu t io n  is  o b ta in ed  by so lv ing

(4.9)

The p re s e n c e  of the  ^ U j (U j .U j ) term  show s th a t  w il l  c o n ta in  

many m ixed f requency  co m p o n en ts ,  e a c h  of w h ich  w il l  a c t  a s  a so u rce  term 

for the  growth of th a t  p a r t ic u la r  f req u e n cy .  H ow ever, we a re  on ly  in te r e s te d  

in  the  p a ram etr ic  growth of and  com ponen ts  . T herefore , in s te a d

of b lin d ly  so lv in g  E q .(4 .9 )  for a l l  co m p o n en ts ,  we on ly  look for and

parts  of U.>, These com ponen ts  a re  w ri t ten  r e s p e c t iv e ly  a s ,

w here  and  may be com plex  to  a l lo w  for th e  p h ase  d i f fe re n c e .

Then, the  eq u a tio n  for the  c0^ com ponen t of is  o b ta in e d  a s .

w here  we have  u s e d  the  fa c t  th a t  the  four photon p a ram etr ic  p ro c e s s  , in 

go ing  from to , and  in to  iOj and  1O4  o b ey s  the  en e rg y  and  momen­

tum c o n se rv a t io n  re la t io n s  g iv e n ,  r e s p e c t iv e ly ,  by

X

CO, -V Iĵ
( 4 . 11a)

+ Kj_ — + K4  — K-j-v Ka = +  p (4. l i b )

E q .(4 .1 0 )  is  e a s i l y  so lv ed  to  o b ta in ,
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»  A \ I* J
The p h a se  fa c to rs  a re  th e  in i t i a l  p h a se  fa c to rs  and  a re  de te rm ined

by the  ex p e r im en ta l  s e tu p .  If th e  in i t ia l  c o n d i t io n s  a re  c h o se n  su ch  th a t

T i  +  x 2 =  + y 4  +  j  > ( 4 . i2 )

the  e x p re s s io n  for U^ 3 b e c o m e s ,

u 2 i  .  ( £ | u l5| u 13 +  i  )

The com ponen t of the  e le c t ro n  v e lo c i ty  is  th e re fo re  g iv en  by^

e JUc* [ U ^ A ^ U ^ ]  [ - i  ( V  -  W3t  -  YO]

=  e ^ c * J  _  A » (cos - 4 ) ( W3- w,  + i )

j  * A * A *a
X [ i  ^  ( * , -  u . , 4 )  t i w u A  

A j  s

w here we have  s u b s t i tu te d  for U j y ' s  from E q . ( 4 .8 ) .  U sing  th i s  v e lo c i ty  

a s  the  source  of U)^ f req u e n cy  cu rre n t  in the  w ave  e q u a t io n ,

- 6J: t £  a -  *2 T , (4 .13)
? Z  c z  a t

w here  £ L is  the  l a t t i c e  d ie le c t r ic  fu n c t io n ,  we o b ta in  the  e q u a t io n  for the  

60^ freq u en cy  a s ,



7 / #w here  lOp = 4-rrne / m is  the  p lasm a  f re q u e n cy ,  w ith  n the  c o n c e n ­

t ra t io n  of e le c t ro n s  in the  c o n d u c t io n  b an d .

E q .(4 .1 4 )  d e s c r ib e s  th e  p a ram etr ic  grow th of f req u en cy  60^ . As

e x p e c te d  for a fo u r-p h o to n  p a ram etr ic  p r o c e s s ,  the  e q u a t io n  h a s  a term 

p ropor tiona l to  A4 . S im ilarly , the  e q u a t io n  for A4 w ould  c o n ta in  a term 

propor tiona l to  A ^. U sing  E q .( 4 .5 a )  in Eq. (4 .1 4 ) ,  e q u a t in g  the  re a l  parts  

on both  s i d e s ,  and  keep in g  on ly  the  lo w e s t  o rder te rm s in l / t  , one g e ts

the  d is p e r s io n  re la t io n  for t ^ w i t h  sm all  c o r re c t io n s  due  to  a b s o rp t io n ,  

n o n l in e a r i ty  and  p a ram etr ic  e f f e c t s .  In f a c t ,  in the  lim it X, —»  oo , 

E q .(4 .1 5 )  r e d u c e s  to ,

3

2 ? w here  y h a s  b een  n e g le c te d  com pared  to  q . Eq. (4 .15) i s  e s s e n t i a l l y
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C '  OJ.2' 2 u i 26 - We/w3)  2 ^  ( » - “ t /u )3) 4

w h ich  is  r e a l ly  the  n o n l in e a r  d is p e r s io n  re la t io n  o b ta in ed  before  a s  Eq.

(2 .19) in our d i s c u s s io n  on s e l f  fo c u s in g  in sem ico n d u c to rs .

S im ilar ly , e q u a t in g  the  im ag ina ry  te rm s on both  s id e s  of Eq. (4 .14) 

an d  k eep in g  on ly  the  lo w e s t  o rder te rm s in l / c  , one o b ta in s ,

-  2*j/ A* 13 10 p I A  ̂ __ j  (  lo j  AO3
c i  ^  r  a ?  2 z: ^

( Ai Aa. A$ A a ")
3

The term c a n  be dropped  com pared  to  the  A^A^A^ term s in c e  

Aj and  A^ are  la rg e ,  b e in g  pum ped, w h ile  and  A4 , the  p a ram etr i­

c a l ly  p roduced  o u tp u ts  w il l  be re la t iv e ly  s m a l l .  Also , the  f i r s t  term on 

th e  r igh t hand s id e  is  in te rp re te d  a s  a r is in g  due to  the  l in e a r  ab so rp t io n  

of  th e  freq u en cy  . In troducing  the  l in e a r  a b so rp t io n  c o e f f ic ie n t

, the  e q u a t io n  for y b e co m e s ,

Cl %

'2-% C"

( 4 . 16a)

P roceed ing  in  an  a n a lo g o u s  w ay  for the  10^  f re q u e n c y ,o n e  o b ta in s ,

(y+«4)A4 = 2 £ ^ ^ ( « , - w O ( ^ - ^ - « 0 6 % - M c ) A 1A»fcj
2 f  C a z A.) A4.)

(4.16b)
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w here  $ ^  is  the  l in e a r  a b so rp t io n  c o e f f ic ie n t  for tO 4  .

Com bining E q s . ( 4 . l 6 a )  and  (4 .16b) to  e l im in a te  A3A4. r e s u l t s  in

i  ^  +  £  \  K - O U )2 +
*- PV 2 C*

y  (l>>\ -  Wd)^LOz -  U i c ^ ( W s ~ Wc ^ ( w4-* w c )  A> A z )  1  ^

(4 .17)

w hich  g iv e s  the  p a ram etr ic  growth ra te .

For T  *0 , i . e . , no a b so rp t io n ,  the  growth ra te  w ill  a lw a y s  be 

p o s i t iv e  But for f in i te  £  , one n e e d s  a th re sh o ld  v a lu e  for the  p roduct 

Aj A^ on ly  above  w h ich  the  pa ram etr ic  grow th w ill  ta k e  p la c e .  A lso , the  

grow th d e p en d s  on the  p roduct A 1A 2 and  no t in d iv id u a l ly  on the  v e c to r  

p o te n t ia ls  Aj and  A2 for the  tw o primary b e am s .  It sh o u ld  be no ted  th a t  

the  p roduc t AjA2 ap p ea r in g  in Eq. (4 .17) re fe rs  to  the  v e c to r  p o te n t ia ls  

in s id e  the  sem ico n d u c to r  and  is  d iffe ren t  from the  p o te n t ia l  o u ts id e .  We 

re la te  i t  to  the  in c id e n t  f ie ld  in the  u s u a l  w ay  ( s e e  Eq. (3. 30)) and  in 

te rm s of the  m ean in c id e n t  in te n s i ty  I. , we c a n  w r i te ,

A ,  A i  =  i l l -  l ; - - - - - - - -   - - - - - - - - - r.
CO |W j 1 +  [ £ ( « * ) ] '* ■  (4 .18)

,')a.
w here  L = ( I j ^ 2 i '  > * ii anc* *2 i be ing  in c id e n t  in t e n s i t i e s  for

D ,  and  u b e a m s  r e s p e c t iv e ly .

L e tting  \ - > 0  in  Eq. (4 .17) and  u s in g  E q .(4 .1 8 )  , the  th re sh o ld  

v a lu e  of the  m ean in c id e n t  in te n s i ty  i s  g iven  by :
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/a- r  w  , v l ' 12-
_  A *  A j’ ’ A j  6 4

/
^  2. 2  &ir£

- I

(4 .19)

O nly  w hen  th e  m ean in c id e n t  in te n s i ty  e x c e e d s  the  ab o v e  va lu e  

w ill  th e  pa ram etr ic  a m p lif ic a t io n  o f  Ca>5 and  w a v e s  ta k e  p l a c e . E xac tly  

a t  th re s h o ld ,  the  grow th w ill  j u s t  be b a la n c e d  by the  l in e a r  a t te n u a t io n *
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C . P h ase  M atch ing

In the  p ro c e s s  o f  p a ram etr ic  am p lif ic a t io n  th rough four photon

in te ra c t io n ,  the  two in c id e n t  p h o tons  com bine  in su ch  a w ay as  to  

p a ra m e tr ic a l ly  pump two o th e r  p h o to n s .  P hase  m atch ing  i s  th e  re q u ire ­

m ent th a t  energy  and momentum c o n se rv a t io n  c o n d i t io n s  are s im u lta n eo u s ly  

s a t i s f i e d .  In g e n e r a l ,  th e  pumped p h o to n s  w i l l  no t a lw ay s  t ra v e l  along 

the  d i re c t io n  o f  th e  in c id e n t  b e a m s ,  r e s u l t in g  in  a n o n -c o l in e a r  p ro c e s s  

requ iring  c o m p lic a te d  th e o re t ic a l  and ex p e r im en ta l  a n a l y s i s .  H ow ever 

by  th e  ap p ro p r ia te  u s e  o f  a dc  m ag n e t ic  f ie ld  , i t  i s  p o s s ib le  to a l te r  

th e  d ie le c t r i c  p ro p e r t ie s  o f  th e  s em ico n d u c to r  in  su ch  a w ay  a s  to 

a ch ie v e  p h a se  m atch ing  along th e  b e a m . This l e a d s  to  a co h e ren t  

lo s s  m echan ism  in  w h ich  th e  pum ped w a v e s  grow a long  th e  le n g th  of th e  

primary b eam s  a s  w a s  c o n s id e re d  in  th e  p rev io u s  s e c t io n .  It w a s  for 

th is  re a so n  th a t  th e  momentum c o n se rv a t io n  c o n d i t io n ,  Eq. (4 .11b ) , 

w a s  a s c a la r  e q u a t io n ,  s in c e  a l l  th e  four w a v e s  p ro p ag a te  a long the  

z d i r e c t io n .  W e now p ro ceed  to  o b ta in  th e  req u irem en ts  on  th e  m ag­

n e t ic  f ie ld  for c o l in e a r  p h a se  m atch ing  to be  p o s s ib l e .

Since p h a s e  m atch ing  i s  e s s e n t i a l l y  a co rre c t io n  to th e  p a ra ­

m etric  p r o c e s s ,  i t  s u f f ic e s  to  ta k e  th e  d i s p e r s io n  re la t io n  w ithou t

ab so rp tio n  and n o n l in e a r i ty  and w rite  i t  in  th e  u s u a l  form in  the

p re s e n c e  o f  a m ag n e t ic  f ie ld  :

K (4.20)
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U sing  Eq. (4 .20) , we c a n  approx im ate  th e  d is p e r s io n  r e l a ­

t io n s  for th e  four f re q u e n c ie s  by  th e  e q u a t io n s ,

, 'h  2-1 a  n
K l =■ (  | _  ^ P / ^ i  j

C

'h
K» *■

(i

COj 6 ^  / .  w p / w ? \  (4.21)

i ?  ( i -  ^

<1/ * ‘i L f i  (  I -  , .
<S 2 ( l -  U3cl ^ i )

2 ^ 1-  Ucj£M[+u)x-U>*,)]

w h e re ,  w e hav e  m ade u s e  o f  th e  en erg y  c o n se rv a t io n  re la t io n  g iv en  

by Eq. (4 .11a) to  e l im in a te  W4  •

U sing  E q s .  (4.21) in  th e  momentum c o n se rv a t io n  c o n d i t io n ,

Eq. (4 .1 1 b ) ,  r e s u l t s  in  th e  s im ple  p h a s e  m atch ing  c o n d i t io n ,

-  i  (  ■+ . (4 . 2 2 )

Another requ irem en t for s u c c e s fu l  pa ram etr ic  am p lif ica t io n  is  

th a t  a l l  th e  w a v e s  be  ab le  to p ro p ag a te  th rough  th e  sem ico n d u c to r .

In o th e r  w ords  , th e  d ie le c t r i c  fu n c tio n  6  ( )  , g iv en  by

6 ( 0 , ) =  fiu [ ,  _  1  (4„23)
I -  J

shou ld  b e  p o s i t iv e  for a l l  u><p . W hen £  ( u> ) i s  p lo t te d  a s  a fu nc tion  

o f  60^  , one  f inds  th a t  for u>p /  1 , 6  ) i s  n e g a t iv e  on ly
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in  th e  range  l*ic <  M ^  <  w c +  U>p j

LO

Therefore if  w e c h o o se  the  f r e q u e n c ie s  su ch  th a t  uo, <usc <wi  

and co^ < 0^4 , the  u s e  o f  th e  p h a se  m atch ing  requ irem en t g iv e n  by 

E q .(4 .2 2 )  r e s u l t s  in  th e  fo llow ing req u irem en t for £  ( ioy) to b e  p o s i t iv e

and

(4 .24a)

(4 .24b)

It i s  to  be  no ted  th a t  th e  requ irem en t for £  (to^) to  be  p o s i ­

t iv e  i s  in c lu d e d  in  th e  a b o v e .  W ^ d o e s  no t ap p ea r  e x p l ic i t ly  in the  

above  in e q u a l i t i e s  s in c e  ch o o s in g  im m ed ia te ly  f ix e s  co*, a s  requ ired  

by  Eq. (4 .1 1 a ) .  E q s .  (4 .2 2 )and (4.24) to g e th e r  w ith  Eq. (4 .11a) r e p re s e n t  

a l l  th e  r e s t r i c t io n s  on  th e  f re q u e n c ie s  for co m p le te  p h a s e  m atch  and



p o s s ib i l i ty  o f  p ro p ag a tio n  th rough  th e  s em ico n d u c to r .

U sing  E q s .  (4 .22) and (4 .1 1 a ) ,  th e  e x p re s s io n  g iv en  by  

Eq. (4 .17) for th e  grow th p a ram ete r  )( c a n  be  rew ri t te n  in th e  lim it  

X_ —? do ,

A,  A ( 2 W d - ^ )  

{ w . - o O *  ( w . - u O *

’l2-

U \ -  /  ._wp* I  ( l u t -  \
2 ( j - W£/ w 5)  /  p  “ -\ J

2 -  U)t  J (JLlOc -  w (4.25)

w h e re ,  w e h av e  s u b s t i tu te d  for p and q from Eq. (4 .2 1 ) .  Eq. (4. 

g iv e s  th e  growth ra te  for p a ram etr ic  a m p lif ic a t io n  in  th e  a b se n c e  o f  

a b so rp t io n s  due  to  c o l l i s i o n s .
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Do R esu l ts  and D is c u s s io n

In the  p re v io u s  s e c t i o n s ,  a  th e o ry  w a s  d e r iv ed  for four pho ton  p a r a ­

m etric  am p lif ic a t io n  in  s e m ic o n d u c to r s □ The n o n l in e a r i ty  a s s o c i a t e d  w ith  

the  n o n p a ra b o lic i ty  o f  th e  c o n d u c t io n  band  w a s  re s p o n s ib le  for the  

four pho ton  p r o c e s s .  Two in c id e n t  l a s e r s  a t f re q u e n c ie s  to , and w ere  

a llow ed  to  in te r a c t  to  p a ra m e tr ic a l ly  d rive  two o u tp u t  b eam s  a t f req u en ­

c i e s  Wj and . A m ag n e t ic  f ie ld  w a s  u t i l i z e d  for two r e a s o n s .  F irst 

i t  p e rm itted  one  to o b ta in  p h a s e  m atch ing  in  a l in e a r  geom etry ,  i . e .  

a l l  the  four b eam s  co u ld  be  c o l in e a r .  In a d d i t io n ,  i t  le a d  to a c y c lo ­

tron  en h an cem en t o f  th e  n o n l in e a r  e f fe c t  i t s e l f .  The l a t t e r  e f fe c t  h a s  

a lread y  b e en  em ployed  in  C h a p te r  II and o th e r  d i s c u s s io n s  ^5 re la t in g  

to  n o n l in e a r  p ro p ag a tio n  in narrow  gap  sem ico n d u c to rs  „

In F ig . 14, th e  g row th  ra te  g iv e n  by  E q0 (4ol7) i s  p lo t te d  a s

a fu nc tion  o f  one  o f  th e  p a ra m e tr ic a l ly  pumped w a v e s  a t  f req u en cy  W3 •

The inpu t f re q u e n c ie s  ca>( and a re  d en o ted  b y  arrow s on th e  a b c i s s a ,

a s  i s  th e i r  m ean , w h ich  e q u a ls  th e  c y c lo t ro n  frequency  tPc . The v a lu e s

12o f  th e  grow th ra te  a re  g iv en  for two p la sm a  fre q u e n c ie s  ( Wp = 3 .0  x  10 

12and 1 .742  x  10 r a d /  s e c  ) and tv/o m ean in c id e n t  l a s e r  in t e n s i t i e s  

7 6 2( 1̂  = 10 and 10 w / c m  ) .  The c a lc u la t io n s  w ere  perform ed for InSb

w h ich  w a s  c h o se n  for i t s  low  en e rg y  gap  and low  e f fe c t iv e  e l e c t r o n

m a s s .  Employing p a ra m e te rs  for InSb ( E = 0 .2  34 eV , m* = m /  60
g e

and - 16 ) ,  th e  doping  d e n s i t i e s  for c u rv e s  A and C w ere  n =

14 -3  14 -37 .5 6  x  10 cm w h ile  for c u rv e s  B and D , n = 2 .5 5  x  10 cm
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The Wc c o r re sp o n d s  to  a m ag n e t ic  f ie ld  o f  152 K G auss .

One n o te s  th a t  th e  g row th  ra te  i s  q u i te  s u b s ta n t i a l ,  p a r t i c u ­

la r ly  in  th e  reg io n  n e a r  u)c . One m ain  l im ita t io n  on  th e  grow th ra te

i s  th e  sh o rt  pho ton  m ean  free  p a th ,  e s p e c i a l l y  a t f r e q u e n c ie s  c lo s e  

to 00 c b e c a u s e  o f  r e s o n a n t  a b s o r p t io n .  At t h e s e  f r e q u e n c ie s ,  th e  f in i te

e le c t ro n  l i fe t im e  c  r e s u l t s  in  a la rg e r  l in e a r  a b so rp tio n  th u s  reduc ing

s ig n i f ic a n t ly  th e  o p t ic a l  ab so rp t io n  le n g th  o r  th e  pho ton  m ean free  p a th .  

For th i s  r e a s o n ,  th e  p la sm a  f r e q u e n c ie s  w e r e  so c h o s e n  th a t  th e  m ean

free path A for frequencies to, and 10̂  w as of the order of a reasonable

12sam ple  s iz e  ( A =1 .2 4  cm for Wp = 3 . 0  x  10 r a d / s e c  and A - 4 .8 3

12cm for tOp - i 0742 x  10 r a d / s e c  ) and tOj and 1O4 w ere  no t a llow ed  

to  g e t  any  c lo s e r  to toc th a n  to, and (0^ . Thus for t h e s e  sam ple  s i z e s  

for a l l  th e  four f r e q u e n c ie s ,  th e  pho ton  m ean  free  p a th  i s  a t  l e a s t  the  

sam ple  l e n g th .

In F ig . 15 , a s im i la r  p lo t  o f  th e  grow th r a t e  i s  g iv en  for 

d if fe ren t  v a lu e s  o f  to, and . The s trong  r i s e  o f  th e  grow th ra te  in 

th e  v ic in i ty  o f  wc c a n  be  u n d e rs to o d  s im p ly  in  te rm s o f  th e  cy c lo tro n  

re s o n a n c e  en h an c e m en t  o f  th e  n o n l in e a r  c o u p l in g .  Compared to  th e  

v a lu e s  in  F ig . 14, to, and (0^ h e re  are  much c lo s e r  to e a c h  o th e r  

and h e n c e  to  toc  , r e s u l t in g  in  much la rg e r  v a lu e s  o f  th e  grow th ra te  

th a n  in  F ig . 14 . The v a lu e  o f  wc  h e re  c o r re sp o n d s  to a m agnetic  

f ie ld  o f  144 K G auss , o th e r  p a ra m e te rs  be in g  th e  sam e a s  in  Fig 13.

The lo w e s t  (out o f  th e  four f r e q u e n c ie s  ) m ean free  p a th s  w ere  A -
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I O
0 .2 1  cm for u)p = 3o0 x  10 rad  /  s e c  and ^  = 0 .8 2  cm for

Wp = 1 .742  x  10 12 rad  /  s e c .

In F ig s .  16 and 17, th e  th re s h o ld  v a lu e  o f  th e  m ean in c id e n t

in te n s i ty  ( L ) ^  g iv e n  by Eq. (4 .19) i s  p lo t te d  a s  a func tion  o f

u i j  for th e  f r e q u e n c ie s  and o th e r  p a ra m e te rs  o f  F ig s .  14 and 15

r e s p e c t iv e ly .  A high grow th  ra te  , e s p e c i a l l y  n e a r  (a)c , r e s u l t s  in

r e la t iv e ly  low  v a lu e s  o f  ( I. ) , . As e x p e c te d ,  th re s h o ld s  v a lu e sl th

in c r e a s e  w ith  in c re a s in g  oAp and are  much lo w er for th e  p a ra m ete rs  o f  

Fig 17 w here  th e  grow th  ra te  i s  l a rg e r .  At t h e s e  i n t e n s i t i e s ,  the  

p a ram etr ic  grow th  w il l  ju s t  be  b a la n c e d  by  l in e a r  a b so rp t io n .  Much 

h ig h e r  i n t e n s i t i e s  are  req u ired  for th e  p a ra m e tr ic a l ly  pumped and 

b eam s to be  e x p e r im en ta l ly  o b s e r v a b le .

In F ig s .  14 -17  , th e  e n t i re  dom ain  o f  v a lu e s  o f  h a s  b e en  

c o n s id e r e d .  But in  p r a c t i c e ,  for InSb , th e  grow th  o f  the  v a lu e s  beyond  

1 0 . 6  JU w i l l  be  r e s t r i c te d  b e c a u s e  o f  two pho ton  ab so rp tio n  cu to ff  at 

h igh  f r e q u e n c ie s .  Since th e  sam e ab so rp t io n  t a k e s  p la c e  for a l s o ,  

th e re  i s  a lso  a cu to ff  a t  low  f re q u e n c ie s  b e c a u s e  o f  Eq. ( 4 .1 1 a ) .  For 

t h e s e  r e a s o n s ,  th e  p a ram etr ic  o u tp u t  i s  r e a l ly  l im ited  to a frequency  

band  w h o se  w id th  d e p e n d s  upon th e  p a ra m e te rs  o f  th e  s a m p le .  The 

o u tp u t  f req u en cy  band  c a n  be e x p an d ed  by th e  u s e  o f  w id e r  gap  c r y s t a l s .  

The p a r t ic u la r  ou tp u t  f req u en cy  req u ired  i s  o b ta in e d  by app rop ria te  

tun ing  o f  th e  ou tp u t  c a v i ty  to s e l e c t  . B ecau se  o f  th e  h igh  grow th 

r a te s  a c h ie v e d  h e re ,  th e  ou tp u t  l a s e r s  w ith  e x te n d e d  f requency  range
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w ould  be v a lu a b le  s p e c t ro s c o p ic  t o o l s .  The inpu t f r e q u e n c ie s  u se d  here  

a re  c u r ren tly  a v a i la b le  th rough  v a r io u s  tu n a b le  l a s e r  d e v ic e s  like  the

It shou ld  be  no ted  th a t  th e  ch o ice  of w a v e le n g th s  around lO ii  w as  

ta k e n  a s  a n  exam ple  to  i l lu s t r a te  th e  p a ram etr ic  p ro c e s s  and  the  th e o ry  is  

no t l im ited  to  th e s e  w a v e le n g th s .  The pa ram etr ic  p ro c e ss  d e sc r ib e d  here  

c a n  be u s e d  to  e x ten d  th e  range  of tu n a b le  l a s e r s  to  o th e r  dom ains  like 

the  fa r  in frared  re g io n .  Here one m ust work in a p u lse  s i tu a t io n  w here  

ty p ic a l  in t e n s i t i e s  of 1-5  x  10 W /c m  c a n  be a c h ie v e d .  For the  far 

in frared  re g io n , the  m agnetic  f ie ld s  n eed ed  a re  much s m a l le r  th an  c o n s i ­

dered  b e fo re , so  th e re  is  no problem th e re .  The th ree  im portan t p a ram ete rs  

to  c o n s id e r  a re  th e  in c id e n t  in te n s i ty  L , the  l a s e r  f req u en cy  UJ , a n d  

th e  e le c t ro n  d e n s i ty  n . For an  o rder of m agnitude  e s t im a te ,  l e t  u s  omit 

the  m ag n e t ic  f ie ld  to  s im p lify  m a t te r s .  Then th e  grow th pa ram ete r  is  

e s s e n t i a l l y  g iven  by  -y = -  y2 w here  Yj - th e  grow th p a ram ete r  in  the

a b s e n c e  of l in e a r  a t te n u a t io n  i s  p ropo r tiona l to  — w h i le

ta k e n  l / £  to  be p roportiona l to  n as  for the  c a s e  of Coulom b e le c t r o n -  

ion s c a t te r in g  s i tu a t io n .  ( The e s t im a te  c a n  be ex ten d e d  to  c a s e s  w here  

o th e r  s c a t te r in g  m ech an ism s  a re  in v o lv e d .  )

Now ta k e  th e  c a s e  of 1 0 ^  v e r s u s  a 1 0 0 ^  l a s e r  a t  th e  in c id e n t

1 7s p in - f l ip  l a s e r

s c a l in g ,  we c a n  w rite

y7 , the  l in e a r  a t t e n u a t io n ,  v a r ie s  a s  id .***£- . Thus fo r th e  purpose  of
^  C  i A  T

%
s in c e  6Jp v a r ie s  l in e a r ly  w ith  n . For i l lu s t r a t iv e  p u rp o s e s ,  we have
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f r e q u e n c ie s .  From Eq. (4 .26 )  one s im p ly  o n ta in s  th a t  on ta k in g  n 1Q0 =

T S n i o  a n d  r i o o  '  T T o ' i o  ' t h e  g r o w t h  r a t e s  o b e y

Y10 = Y100  .

( Here the  s u b s c r ip t s  a re  s e l f - e x p la n a to r y .  ) Both th e  d e n s i ty  r^ o o  

and  the  in te n s i ty  I ^ g  a re  w ith in  a v a i l a b le  r a n g e .  Thus th e  h igh  grow th ra te  

w ould  m ake it p o s s ib le  to  d e s ig n  tu n a b le  fa r  in fra red  l a s e r s .

In c o n c lu s io n ,  in  th i s  c h a p te r  w e  have  d i s c u s s e d  a four photon 

p a ram etr ic  p ro c e s s  w ith  c o l l in e a r  p h a se  m atch in g  and  c y c lo t ro n  re s o n a n c e  

en h an c e m en t  th ro u g h  a dc m ag n e t ic  f ie ld  an d  have  show n th a t  th e  r e s u l t in g  

d e v ic e  w ould  be a new  ty p e  of l a s e r  so u rce  in  a f req u e n cy  dom ain  l ike  fa r  

in frared  no t c u r re n t ly  a v a i l a b le .
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FIG. 9 .  Profile o f  p u ls e  im pinging  on a s e m i- in f in i te  c r y s ta l  of doped sem i­

co n d u c to r .  The doped  c r y s ta l  i s  to  the  r igh t of th e  v e r t i c a l  l in e .  The t im es  a t  

. w h ich  th e  p u ls e s  a re  draw n a re  (in p ic o se c o n d s )  : tA= 0 , t B= 1 .2 7 ,  t c= 1 .9 1 ,  ^ = 2 . 5

t  = 3 .1 8 ,  t  = 3 .8 1 ,  t  = 4 .4 5 ,  t  = 5 .0 8 .  The ra t io  w /o ). = 0 . 5 .  The v e r t ic a l  s c a le  
E F G H r

a t t a c h e d  to  p u ls e  A m e a s u re s  th e  p a ram ete r  e h /m c * c .
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FIG. 10 . Same a s  in  Fig. 9 bu t f o r a  l in e a r  p lasm a ra th e r  th a n  a
•t

n o n l in e a r  p la sm a .  Times c o rre sp o n d in g  to  t ^ -  t H a re  th e  sam e a s  in F i g . 9 .

A lso ,  t  , = .6 4 ,  t j - 6 . 3 5 ,  t j  = 7 .6 2  p s e c .
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FIG. 11. S e lf - in d u ce d  t r a n s p a re n c y  of a doped s em ico n d u c to r  s la b  of

6 0 / /w th ic k n e s s . P u lse  p rofile  i s  p lo tted  a s  a fu nc tion  of z for t im es  (in p ic o -
%

s e c o n d s ) :  t ^ » 0 ,  t fi = .6 4 ,  t c = 1 .2 7 ,  t 0 =l .9 1 ,  t £ = 2 .5 4 ,  ^ = 3 . 8 1 ,  t 6 = 5 .0 8 ,  

a n d  t w= 6 .3 5 .
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FIG. 12. Same a s  in  Fig. 11 bu t f o r a  w e a k e r  f ie ld  in te n s i ty .  The 

t im es  a re  the  sam e  a s  in Fig . 11.
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FIG. 13. P ropaga tion  of a p u lse  in a s e m ico n d u c to r  in c lu d in g  th e  

e f f e c t  of c o l l i s i o n s .  The t im e s  t A ~ t ^  a re  g iv en  in  F ig . 11.
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FIG. 14. Growth ra te  V v s  for d if fe ren t  i n t e n s i t i e s  L and  p lasm a
12f re q u e n c ie s  Wp . Solid c u rv e s ,  = 3 . 0 x 1 0  r a d / s e c  ; b roken  c u r v e s ,  Wp =

12 7 21 .7 4 2 x  10 r a d / s e c .  C urves  A and  B, L = 10 W /cm  ; c u rv e s  C and  D,

Ij = 10^ W / c m 2 .
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FIG. 15. Growth ra te  y  v s c ^ fo r  O),, an d  ujc d if fe ren t  from th o se  in 

F ig . 14. O ther  p a ram ete rs  a re  th e  sam e a s  in  F ig . 14.
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