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CHAPTER 1

Introduction

There is a good deal of parallelism in the previous research in cy-
clic BIBDs on the one hand, and in cyclic GDs on the other hand. In the
present chapter, we summarize our results, placing them in the context of
those two lines of research. It will be apparent, that in our own research,
we have tried to continue the parallelism.

A balanced incomplete block design (BIBD) with parameters v, b, k,

r, A 1is a system of v points, b blocks, and an incidence relation €,
such that each block is incident with k points, each point is incident
with r blocks, and each pair of points occur together on A blocks.

Simple counting arguments show that
(1.1) bk = vr , and r(k ~ 1) = A(v-1) .

It is usually assumed that 2 £ k < v - 2; however in the present work,
we allow 1 < k < v , excluding only empty blocks, k = 0 . A symmetric
(v=>b, and hence k =r) BIBD with A =1 1is the same as a finite pro-
jective plane. A collineation of a BIBD is a permutation, ¢ , of the
points of the BIBD together with a permutation, also denoted by ¢ , of
the blocks of the BIBD, such that the incidence relation is preserved.
A collineation of a symmetric BIBD 1is called cyclic if it is a cycle of
length v =b both on the points and on the blocks. A BIBD with a cy-
clic collineation is called a cyclic BIBD. In a cyclic BIBD, one can
identify points with residues mod v , and one then finds that any block
of the BIBD is a perfect difference set (PDS, or (v,k,A)-PDS) viz.

aset L= {p,...,pk} of residues mod v , such that in the 1list of

1



k(k - 1) differences P, - P i £ j , each non~zero residue mod v

g’
occurs \ times. Conversely, given a (v,k,\)-PDS L one obtains a
cyclic BIBD with the same parameters v =b , k=r, and A , by
taking all the residues mod v as points, and the sets L, L+l,...,L+v1
as blocks (the addition is point-wise mod v). Singer [20] proved that
a finite desarguesian projective n-space, in which we take hyperplanes
as blocks, is a cyclic BIBD.

Corresponding results were obtained for group divisible designs (GDs).

A GD with parameters v, b, k, r, m, n, A_, A is a system of v points,

1’ "2

b blocks of size k , each point occurring on r blocks. The set of
points is partitioned into m groups, each of size n . If a pair of
points are in the same group, they occur together on 11 blocks; if a
pair of points are from different groups, they occur together on X2
blocks. Collineations and cyclicity are defined as in the case of BIBDs.
Bose [1] showed that a finite desarguesian affine n-space, in which one

affine point x has been removed, is a cyclic GD whose blocks are the

0

hyperplanes not containing x and whose groups are the lines through x

0 0°

(See Chapter 5,34). Shrikhande [19] observed that, analogous to the per-
fect difference set above, a cyclic GD is equivalent to a "group divi-
sible difference set" (GDDS), viz. a set L = {pl,...,pk} of residues

mod v , such that in the list of k(k - 1) differences Py - P i#3,

J)

0 mod m occurs 11 times, while

each difference d mod v which is
each difference d mod v which is # O mod m occurs Az times., (See
Proposition 2,2).

Hall [9, Theorem 2.3] and Hoffman [13, Remark 2.3] prove the exist-
ence of a polarity for cyclic projective, respectively cyclic affine
planes. Our Duality Theorem, Theorem 2.1 is the analogous result for

cyclic @Ds.



An integer | is a multiplier of a cyclic BIBD if multiplication
{mod v) by u defines a collineation; In Hall [9], in which the con-
cept of a multiplier was first introduced, it is shown that if p is
prime dividing the order n of a finite cyclic projective plane (n =
one less than the number of points on a line), then p is a multiplier.
Hoffman [13], after ohserving that a cyclic affine plane is necessarily
finite, proved that if p 1is a prime dividing the order n of a cyclic
affine plane (n = the number of points on an affine line), then p 1is a
multiplier. Hall's multiplier theorem was generalized in Hall and Ryser
[12], in which it is shown that if p is a prime such that pJ v,
plk - X, and p>A then p is a multiplier of any cyclic BIBD with
parameters v, k, A . In Chapter 3, we prove an analogous generalization
of Hoffman's multiplier theorem. For this purpose we define the inter-
section numbers of a block L of a GD as si(L) = |G1 n Ll , for

i-=0,1,...,m1 , where GO,G are the groups of the GD, and

170" ,Gm_1
if S is a set, |S| is the number of points of the set. Noting that

in a cyclic affine plane each block has one intersection number equal to
zero, and all its other intersection numbers equal to one, we call a GD
affine, if its intersection numbers assume exactly two distinet values,

a and b . An affine GD 1is called special affine if one value, say

a , is assume by exactly one intersection number of each block., Our mul-
tiplier theorem, Theorem 3.1, states that given a cyclic special affine
GD with parameters v, k, m, n, }‘1’ 12 and a prime p such that p }’ v,
2

plk -\, , p> A, ,and p>k - VA, , then p is a multiplier of the

1 ?
GD . Another interesting result concerning intersection numbers is

Theorem 2,2, If I 1is a block of a cyclic affine GD, we define the
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sets A = {i'si(L) = a} and B = {JISJ(L) = b} . Then the theorem states
that A and B , considered as sets of residues mod m , are perfect dif-
ference sets., Here we have to allow the possibility of a singleton PDS
with parameters v=m , k=1, A =0,

Several authors have improved the multiplier theorem for cyclic BIBDs
by relaxing somewhat the assumptions on the multiplier or by considering
difference sets in abelian groups (Bruck {5], Hall [10] and [11, p.138],
Mann [14], McFarland [15], Newman [16], and Turyn [21] and [22]). It
seems likely that Theorem 3.1, and some of our other results can be im-
proved along the same lines.

An important non-existence theorem was proved for finite projective
planes by Bruck and Ryser [6], and extended to symmetric BIBDs by Chowla
and Ryser [7]. The technique of this theorem was used by Hall and Ryser
[12] to prove a non-existence theorem for cyclic BIBDs, and by Shrikhande
[1_9] to prove a non-existence theorem for cyclic GDs. In Chapter 4, we
give an example showing how one can prove the non-existence of certain
cyclic affine GDs by combining Theorems 2.2 and 3.1. Other non-exist-
ence results for cyclic GDs are given in Theorems 4.1 and 4.2.

Partially balanced incomplete block designs (PBIBDs), first intro—-
duced by Bose and Nair [3], are & wide class of designs that includes
BIBDs and GDs. Some of the basic properties of cyclic PBIBDs are
discussed in Chapter 2. Given amy two PBIBDs, a product PBIBD can be
defined (Vartak [23]). In Chapter 5 we note that if X and X, are

1 2

cyclic PBIBDs, and if |X and Ile are relatively prime, then the

.
product PBIBD 1is cyclic (Theorem 5.1); the rest of Chapter 5 is devoted
to giving various examples of cyclic PBIBDs and cyclic GDs, using product

PBIBDs and other comstructions.



CHAPTER 2

Cyclic Designs and Intersection Numbers

Cyclic partially balanced incomplete block designs form a conven-
ient general context for our study of cyclic group divisible designs,

A partially balanced incomplete block design (PBIBD) is a system
of v points, b blocks, an incidence relation € between points and
blocks and an association scheme for the points, with the following
properties (see Bose and Shimamoto [4]).

The association scheme is a partition of the set of unordered pairs
of points into t classes, called associate classes, If the unordered
pair (x,y) 1is in the i-th associate class, the points x and y are
called 1i-associate., If x,y are h-associate the number p?j s of
points which are i-associate to x and j-assoclate to y 1is required
to be independent of the choice of (x,y) in the h-th associate class,
It follows that p?j is symmetric in i and j , and that the number
nh , of h-associates of a point x , is independent of the choice of x.

Each block is assumed to consist of k points, and two points x,y

occur together on Ai blocks, where the number A, depends only on the

i
associate class 1 containing (x,y). It follows that if x is any

point, the number L of blocks containing x satisfies the relation

t
z An,=r (k-1) .
=1 i1 b4

Thus r = r, is independent of the choice of x . (This is usually

stated as an additional axiom for a PBIBD.)

5




We note that a BIBD (defined in Chapter 1) is just a PBIBD with
one associate class, while a GD (defined below in this chapter) is a
certain type of PBIBD with two associate classes,

A collineation of a PBIBD 1is a permutation, ¢, of the points of
the PBIBD, together with a permutation, also denoted by ¢, of the
blocks of the PBIBD, which

1) preserves the incidence relation, i.e., if p 1s any point
and B 1is any block, then p € B implies o(p) € ¢(B) , and

2) is compatible with the association scheme, i.e., 1f the points
p and q are i-associate, then ¢(p) and ¢(q) are also i-associate.

A PBIBD is called symmetric if the number of points, v, is equal to
the number of blocks, b . A collineation of a symmetric PBIBD 1is cyclic
i1f, considered as a permutation of the points, it is a cycle of length
v , and as a permutation of the blocks it is also a cycle of length
b=v . Acyclic PBIBD is a symmetric PBIBD which has a cyclic col~-
lineation. The incidence matrix of a PBIBD is the v X b matrix

A= (aij) where a,, =1 if the i-th point lies on the j-th block, and

ij

aij = 0 otherwise.
We make a few remarks to clarify the basic properties of cyclic
PBIBDs.

Remark 2.1, If the incidence matrix of a symmetric PBIBD is non-
singular, then
1) Distinct blocks are distinct as sets, and
i 2) 1If a collineation is cyclic on the points, it must also be cyclic

on the blocks,

Proof: 1) says that two columns of the non-singular incidence matrix



cannot be identical, and 2) is a consequence of a theorem of Parker (17 ].

If ¢ 1is a cyclic collineation of a cyclic (symmetric) PBIBD, and
P 1is an arbitrarily selected point of the PBIBD which we call the
base point, then the points of the PBIBD are p = ¢0(P), ¢1(P),-..,¢V-I(P),
so that we can identify the points of the PBIBD with residues mod v .,
We make this identification throughout the paper, and speak interchangeably
of points and residues mod v . Thus the action of ¢ on points is
¢t 1~-1+1 modv, If S = {pl,...,pc} is any set of points of this
PBIBD, we denote by S + j the set {p1 + JseeesP, + i} where addition
is mod v . We can pick arbitrarily a block B = B_ which we call the

0
base block of the cyclic PBIBD, and write Bi = B0 + i , where the sub-
script is taken mod v . Then the action of ¢ on blocks is
H Bi - Bi+1 . Note that the points p,q occur together on exactly A
blocks B,C,...,D if and only if the points o(p) =p+ 1, 9(q) = q + 1,

occur together precisely on the A blocks B+ 1, C+1,,..,D+ 1,

Remark 2,2, In a cyclic PBIBD with t associate classes, such that
Xl,...,lt are all different, the fact that the cycle ¢ 1is compatible
with the association scheme follows from the other defining properties
of a cyclic collineation.

Indeed points p,q Wwill be i-associate if and only if they occur
together on exactly li blocks, if and only if (by the observation just

made) @(p), ¢(q) occur together on M, blocks, if and only if @(p),

¢(q) are i-associate.

Remark 2,3. In a cyclic PBIBD, compatibility of the cycle with the
association scheme can be arranged, in the presence of the other defining
properties of a cyclic collineation, by merging certain of the associate

classes,



Proof: Consider the graph whose vertices are all ordered pairs (p,q)

of points of the PBIBD, with p# q . We join (p,q) and (r,s) by
an edge if

1) the pairs belong to the same associate class, or

2) p-~-q=r-~-s mod V.

We define a new association scheme by putting (p,q) and (r,s) in
the same new associate class if and only if the corresponding vertices lie
in the same connected component of the graph. Clearly we have gained com—
patibility of the cycle with the new association scheme, and each new as-~
soclate class is a union of one or more old associate classes.

It remains to verify that the new scheme is indeed an association
scheme. We denote old associate classes by Roman letters i,j,k etc.,
and new associate classes by Greek letters o,B,y etc. We have to
show that for p,q o—-associate, the number ng of points r which
are p-associate to p and ¢Yy-associate to q , is independent of the
choice of the pair (p,q) within associate class o . Any other o~
associate pair is reached by a series of moves in the graph along edges
of type 1) or 2) given above.

Hence it is enough to check that a single move of either type does
not change ng . Now associate class o is the union of certain old
associate classes i,i',...; class B is the union of old classes
J,J',...; and class Y 1is the union of old classes k,k',k',... . In
a move of type 1) the constancy of pgy is just the constancy of

i

+ 1 + + 1
ka ka » eee P

J

i
¢+ P

i i
Jk 'k + pj'k' + pJ'k' + oo .

In a move of type 2) the constancy of ng is due to the fact that the



new scheme is indeed compatible with the cycle.

Remark 2.4. The existence of a cyclic PBIBD with block size k and

t associate classes, and parameters hl,...,k is equivalent to the

t
existence of a "PBIBD difference set'" (PBIBDDS) of k residues mod v,
B = {pl,...,pk}, with the property that if the residues d and O are
i-associate (under the same association scheme), then there are exactly

Xi ordered pairs (pa,ps) such that p, € B, Pg € B, and Py = Pp =

d mod v .

Proof: Given a cyclic PBIBD, we can take for our PBIBDDS any block
B of the PBIBD, because the unordered pair (p,q) occurs on A blocks
if and only if the difference d = p - q occurs A times as the dif-
ference Py pB of an ordered pair (pa,pB) of points of B . Con-
versely, given such a PBIBD difference set B, the sets B, B+ 1,
B+ 2,...,B+ v -1 as blocks and the set of all residues mod v as
points form a cyclic PBIBD with parameters xl""’kt .

Further discussion and examples of cyclic PBIBDs will be found in
Chapter 5.

We now specialize to the case of a group divisible design (GD) for
the rest of Chapters 2, 3, and 4. Proofs for all statements concerning

GDs that are not proved in this chapter can be found in Bose and Conmnor

[2]. A GD is a PBIBD with two association classes, such that

(A0) =0

P12

(or alternately, piz = 0). An equivalent formulation, more suitable for
our purposes, will now be given. The notation here introduced will be

retained for the rest of the paper. A GD {8 a system of v points
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and b blocks of size k, each point occuring on r blocks. The set
of points is partitioned into m groups GO’ Gl""’Gm-l’ each of size
n . If a pair of points are in the same group (i.e., if the polnts are
lst-associate by the earlier definition), they occur together on kl
blocks; if a pair of points are from different groups (2nd-associate
points), they occur together on XZ blocks. To prevent the GD from

being a BIBD, we require kl # kz, m>1l, and n>1 .

The following equations are satisfied by the parameters of any GD.

(A1) v =mn, bk = vr

(A2) rzA, r2h,

(A3) r(k - 1) = (n - 1))\1 + n(m - 1))\2

(A4) det(AAt) = rk(rk - V}\z)m-l(r - kl)m(n-l) ,

where A is the incidence matrix of the GD .

(A5) rk = v)\z .

For any block B, we define its intersection numbers si = si(B)

as the size of the block's intersection with the i-th group,

s, = BN Gil’ 1=0,1,...,m=1 .

Proposition 2.,1. All of the intersection numbers of all of the blocks
of a GD are the same if and only if rk = vkz .

The sufficiency of the condition is proved in Bose and Conmor [ 2].
Both necessity and sufficiency are proved in Dembowski [ 8, p.287] by a
somewhat involved counting argument., We give here a simple proof of the
necessity. Assume that all the intersection numbers of all of the blocks
are equal to ¢, hence cm = k , We consider any fixed point p, and
count in two ways the number of pairs (q,B) such that q 1is a point

not in the same group as p, and p and q occur together on block B,
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obtaining the relation r(m - 1)c = (m - 1)n)\2 . On multiplying by
m/(m-1),we get the desired result.

A GD 1is symmetric if v = b, and therefore by (Al), k = r .
We now restrict our attention to the case of a cyclic (symmetric) GD .
Making the identification of points with residues mod v, mentioned
after Remark 2,1, we have the following proposition which is stated
without proof by Shrikhande [19]. For completeness, we give the proof
here.
Proposition 2,2, The existence of a cyclic GD is equivalent to the

existence of a "group divisible difference set" (GDDS), viz. a k-set,

B, of residues mod v with the properties

i

1) if d =0 modm (but d # O mod v), there are exactly )\1
ordered pairs (pa,pB) such that p, € B, Py € B, and Py " Pg = d mod v.
2) if d # 0 mod m, there are exactly )\2 ordered pairs (pa,ps)

such that pOlEB, pBGB, and pa-pBEdmodv.

The groups of the GD are G0 = {0,m,2m,...,(n - 1)m}, and Gi = GO + 1,

£=1,2,...,m-1.

Proof: Given a cyclic GD, using Remark 2.4, we take an arbitrary block
B for our GDDS, and we have to determine the group G0 of residues con-
taining O, i.e., we have to find out which residues mod v are lst-
associate to 0 . Now if O and x are lst-associate, by cyclicity

x and 2x are also lst-associate,hence by the transitivity of lst-
associateness, (AO), 0 and 2x are lst-associate. Continuing in this
manner, we see that all multiples of x are lst-associate to O . If

we take y to be the least positive residue that is lst-associate to O,

y must divide v = mn , and since |G0| = n we must have y = m .
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Thus G0 = {0,m,2m,...,(n - 1)m} as stated, and by cyclicity, the other

groups are Gl’ Gz,...,Gm_1 as defined above.

Conversely, given a GDDS B, then the sets B0 = B, B1 =
BO + 1""’Bv-1 =B+ v -1 as blocks, and the set of residues mod v
as points, form a cyclic GD . (Remark: In applying this proposition,
we shall always arrange the notation so that the base point, 0, lies in
the group G0 )

An example of a GDDS 1is the set B = {0,1,3} mod 6 . The dif-

ference 3 =3 -0=0 - 3 mod 6 occurs twice; all other differences
occur once. The parameters of the GDDS (and of the corresponding
cyclic GD) are v=b =6, m=3, n=2, k=r = 3, hl = 2, and

A, =1 . The groups are G, = {0,3]}, G = {1,4}, and G, = {2,5} .

2 0
The intersection numbers for block B are 8o = 2, 8, = 1, and
s, = 0.

Clearly for a cyclic GD, the intersection numbers for any block
will be a cyclic permutation of those for the chosen base block. When

we speak of the intersection numbers s, of a cyclic GD, we mean the

i

si(BO) obtained from the chosen base block Bo . The s, also depend

i
on the choice of the cyclic collineation ¢ and of the base point Py »
since we require Py € G0 .

We put the reader on notice to always read the subscripts of groups
and intersection numbers mod m hereinafter, and to read points and

the subscripts of blocks mod v .

A GD 1is called regular, following Bose and Connor (2], if

(ae6) r > Xl and rk > vkz .

By (A4) a symmetric GD will be regular if and only if its incidence
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matrix is invertible.

An incidence structure, which we may also loosely call a design, is

a triple (X,B,€) (or X for short) where X 1s a set of points, 8 1is
a set of blocks, and the incidence relation € is a subset of X X 8 .

An isomorphism of incidence structures Xl and X2 is a bijection T

between the points of X and X and a bijection T between the blocks

1 2’

of X and X such that a point p and block B of X are incident

1 2 1
in X1 if and only if T(p) and T(B) are incident in X2 . Obviously
if xl and X2 &re isomorphic, and Xl is a GD, a GD structure with

the same parameters can be imposed on X The dual of a design is the

9 *
design whose points are the blocks of the given design, and whose blocks
are the points of the given design. A point and block of the dual design
are incident if and only if the corresponding block and point of the given
design are incident. Clearly if the incidence matrix of the given design
is A, the incidence matrix of the dual design is the transpose of A, At.
We shall write B for the block B regarded as a point of the dual de-
sign, and 5 for the point p regarded as a block of the dual. Note that
the dual of a cyclic GD, with cyclic collineation ¢, is in any case a
cyclic design of some sort, with respect to the dual cycle ¢d, where

d

(] §1 -.§i+1 is the cycle on points of the dual, and wd: 3 -03:i is

the cycle on blocks of the dual. The following Duality Theorem for cyclic

GDs is analogous to theorems on the existence of a polarity of Hall [9,
Theorem 2.3] and Hoffman [13, remark 2.3] for cyclic projective, respect-
ively cyclic affine planes.

Theorem 2.1. A cyclic GD 1is isomorphic to its dual, which is therefore

a cyclic GD with the same parameters. Moreover let 8y be the inter-
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section numbers of the given GD with respect to its cyclic collineation

¢, base point po = 0, and base block Bo, and let t1 be the intersec-

tion numbers of the dual GD with respect to the dual cycle @d, the dual

base point 50, and the dual base block 50 =0 . Then we have ti = s_i,

i=0,1,...,m - 1 (where the subscripts are read mod m),

 yoend By~ -7 . I

deed if B/ = {dl,...,dk}, the following are equivalent: 1 € BJ ; there

Proof: The required isomorphism is given by 1 - B

exists da such that 1 = da + j mod v ; there exists da such that

-} = d + (-i) mod v; -3 EB E—i € -3-. Denoting the parameters of

i’
the dual GD by barred quantities, since the given GD 1is symmetric, we
have v = b = Vv, b=v = b, and k = r = k . Thus the isomorphism is
indeed with the dual of the given GD, and not with some subsystem in which
some points, blocks, or incidence relations have been suppressed. This

proves the first statement of the theorem. The groups of points of the

dual GD are G _{B ,B,...,B
d

(n- l)m} G {B 1+m’ 1+2m""’B1+(n-1)m}""

G _,= {B 2m-1""’Bv-1} . The isomorphism maps G_, onto Gi and
- ) d . =
B, to O . This gives immediately t, = |6; NO| = |6 , nB| =5, .
Lemma 2.1. The intersection numbers si of a cyclic GD satisfy the
relations
m=-1 2 2
(BO) 8, =k+ (n-1)A, =k - n(m - 1)A
i=0 1 1 2
m1
(B31) E si(si+J) =m,, jJ=1...m=-1.

Proof: The left-hand side of (BO) counts the number of ways of selecting
an ordered pair of points (x,y) from a block B, such that x and y

are in the same group. This is equal to the middle member in which are
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tallied the k pairs (x,x) , x € B, plus kl ways of obtaining from
B each of the differences m, 2m,...,(n - 1)m . The right-hand side
of (BO) is a consequence of equation (A3), when r = k . The left-hand
side of equation (Bj) counts the number of ways of selecting an ordered
pair (x,y) such that x € B, y € B, and x € Gi implies y € G .

i+3
This is equal to the right-hand side, which counts the A, ways of

2
obtaining from B each of the differences j, j+m, j + 2m,...,j +
(n - 1)m . (Alternately, one can prove the lemma by reducing equation
(E1) mod x" - 1, and equating coefficients.)
The following theorem can be used to show the non-existence of

certain GDs (see Chapter 4). The definition of a PDS is given in

Chapter 1.

Theorem 2.2. Suppose that the intersection numbers s of a cyclic GD

i
assume exactly two distinct values, a and b . Then the sets

A= {1|si =a} and B = {jlsj = b} , considered as sets of residues
mod m , are perfect difference sets (PDSs). A and B are both non-

empty, but we allow the possibility that A or B 1is a singleton set,

i.e., a PDS with parameters v=m, k=1, A =0.

Proof: 1If AA differences mod m from the set A are equal to d ,

and XB differences mod n from B are equal to d , equation (Bd)
reads 2 2

?\Aa +)jb +(m->\A-)\B)ab=n?\2.
Now if the theorem is false, there is another difference a’ s whose
corresponding A/ , Al

B
the resulting equation (8d"),

are different from AA s AB . Subtracting

¢ 2 ¢ 2 ‘ oo
AA a + AB "+ (m - %A - KB)ab nkz s




= -\ - o
from the first equation, and writing €, = AA %A » € AB AB , we

get

2 2
eA a“ + €g b" - (eA + eB)ab =0,

Now if € = € # 0 , the above quadratic form would give (a -~ b)2 =0,
a = b , contradicting the hypothesis of the theorem. Thus if the theorem
is false, we must have €, # fg -

We now make a computation in the ring Z[x,x-l] reduced mod X - 1,
where Z is the ring of rational integers., This ring can also be con-
veniently regarded as the group ring 2ZH , where H 1is the cyclic group
of order m , generated by x . The important point to bear in mind
when computing in this ring is that the exponent of x  should be read

mod m , Now for i =1,2,...,m -1 we set

AA = {,v)|lu€A, vEA, and u=-v=1mod nl}|
A g = 1
B = (u,v)|lu€ B, vEB, and u - v = i mod m}| .
= 2 m-1
Putting T(x) =1+ x+ x" + ... + x .
9,00 = T x', and
i€A
i
ppx) = I x =Tk - &),
i€B
we have m-1
-1, _ i1 m
qh(x)qh(x ) = |A| + I %A X mod x -~ 1 and
i=1
m-1
* o) = [B] + I M x'moa x™ -1,
i=1

On the other hand,

]

T - 9 60) (TG = 9, ™)
m=-1 i .1 m
m- 2jah)Tx) + |a] + El AA x"mod x - 1.

i=

G TN O T
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On comparing coefficients of the right-hand sides of (%) and (*%), we

find l; = k: 4+ const, for i =1,2,,..,m = 1 where the constant is

h=m- 2|A| . Hence

_,d ,df_ .4
S S S N N

a contradiction.

Corollary. Given a cyclic GD with Xl =0 and k2 - vA, > 0, then

2
the sets A = {ilsi =0} and B = {jlsj # 0} , considered as sets of

residues mod m , are (non-empty) perfect difference sets,

Proof: By Proposition 2.1, 2 - vkz > 0 implies there are at least
two distinct intersection numbers, but since hl =0, 0 and 1 are
the only possible intersection numbers. Hence Theorem 2.2 gives the
result.

The corollary can also be easily proved without using Theorem 2.1

{compare Theorem 5.4 ).



CHAPTER 3
A Multiplier Theorem

Given a cyclic PBIBD whose blocks are distinct as sets, and whose
v points we regard as the set of residues mod v, then the integer pu 1is
called a multiplier of the PBIBD if multiplication by p defines a col-
lineation. Thus the effect of U on a block L 1is given by point-wise
multiplication of the set L .

In this chapter we prove a multiplier theorem for certain cyclic
GDs, which is a generalization of a multiplier theorem of Hoffman[ 13] for

cyclic affine planes. A cyclic affine plane has for its points, the points

of a projective plane, with the points of the line E” at infinity deleted,
and with one additional (affine) point X deleted. It has for its lines,
the lines of the projective plane, with the line En and all lines through
X deleted. The incidence relation is the restriction of the incidence
relation of the projective plane, and the system is assumed to have a
cyclic collineation. The order, t of the plane is the number of points
on a line. Bose [ 1] proved that a finite desarguesian affine plane, with
any affine point X deleted, is a cyclic affine plane.

Hoffman's multiplier theorem states that if p 1is a prime dividing
t, then a cyclic affine plane of order t has p as a multiplier. The
starting point for the present generalization is the fact that if we
take the lines through the deleted point X as groups, then the cyclic
affine plane is seen to be a cyclic (symmetric) regular GD with
v=b= t2 -l, r=k=t,m=t+1,n=¢t -1, Al = 0, X2 =1, and
with intersection numbers 0,1,1,...,1 . (The terms and notation just

used are defined in Chapter 2.) We define an affine GD as a GD in

18 -
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which the intersection numbers assume exactly two distinct values, which
we will denote throughout as a and b . A special affine GD 1is an af-
fine GD in which one of the values, say a, is assumed by exactly one in-
tersection number of each block. (If a GD 1is cyclic, or more generally
if it has a group of collineations which is transitive on the blocks, the
multiplicity of each value will be the same for each block.) We shall
prove a multiplier theorem for cyclic special affine GDs . First we list
a few useful facts,

By (A3) we have

(c1) In any GD, A < Kz if and only if k2 - vA, <k - A, .

1 2 1

We define for any positive integer e ,

Te(x) =14+ x+ x2 + ... + xe-1

In proving the multiplier theorem our computations take place in the rings
Z[x,x-l] / % -1) and Z[x,x-l] / Te(x) , where Z 1is the ring of
rational integers. In addition to the facts stated at the end of Chapter

2 about the first of these rings, the following facts will be used con-

stantly.

(c2) (x - 1) Te(x) = x% - 1, therefore x% = 1 mod Te(x) .

(c3) T (M) T (x) = T_(x) .

(cs) If rs = e, and f(x) is any polynomial, then f£(x) Tr(xs) =
fl(x) Tr(xs) mod x° - 1 , where fl(x) is a polynomial of
degree less than s .,

(c5) The mapping defined by x — x-1 is an automorphism'of the

algebra Z[x,x-l] / x%-1).
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Theorem 3.1. Given a cyclic special affine GD, and a prime p satisfying

the following conditions:

(p1) p does not divide mn ,
(D2) p divides k - hl .
(D3) P>A,,

(D4) P>l - v, ,

then p 1is a multiplier.
Concerning the seemingly restrictive condition (D4), we note that if
we are given that Kz > hl and that k - kl is a prime p , then by

(Cl), (D4) is automatically satisfied,

Proof-of Theorem 3.1: We may assume that k > hl . This has the sole ef-
fect of excluding the trivial case in which a block is a group, or its
complement, by Theorem 2 of Bose and Connor [ 2]. In this case (D1) by

itself implies the theorem.

We note that since the intersection numbers assume two distinct

2

values, 0 < k" - vkz by (A5) and Proposition 2.1. From (D4) and (D2),

2 - vkz <k - A, . Hence Al < AZ by (Cl1), and the GD is regular by

1
(A4). Thus we can strengthen (D3) and (D4) as follows:

]
(D3°) P> xz > xl
(') p>1f - v, >0,

According to Proposition 2.2, if L 1is any block of the GD ,

L = [dl, dz,...,dk} is a GD difference set (GDDS) of residues mod v,

We define
d d
0(x) = x 1 + o0 + X k .
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Then the properties of the GDDS are precisely equivalent to the equation

(1) 6(x)0(x ) = k - A H A, T+ Oy - M) T 6™ medtx’ - 1) .

We must prove that the set pL = {pdl,pdz,...,pdk} is also a block of
the GD, in short that pL =L + t for some integer t . If this is
shown for any onme b’ock L, it will also be true for any other block
L+ i, since we will have p(L+ 1) = pL+ pi =L + t+ pi . This will
make multiplication by p a collineation as claimed. However, by (D1),
pL 1is in any case a GDDS with the same parameters as the GDDS L .

Hence

(E2) 6 &P)o(xP)

m v
k - kl + Xz Tv(x) + (Xl - Xz) Tn(x ) mod(x - 1) .

Using (D2) and the fact that Tn(xm) divides T (x) and x' - 1, (E1)

becomes

(E3) 0() 6(x D)

n

0 mod (P,Tn(xm)) .

Since G(xp) e(x-l) = e(x)P'l 0 (x) 9(x-1) mod(p,xv - 1), we have

8 (xP) e(x-l) =0 mod(p,Tn(xm)) from (E3). In other words,

(86) 8P 0x"Y) = pf(x) + g(x) T ™ mod x' - 1.

m=1

Here we can take g(x) = 8y * 8% oot g g X by (C4). Also we

choose O < 8¢ <p for i=0,1,...,m-1, absorbing the difference into

v-1

the term pf(x) . Putting £(x) = £, + f.x + ... + fv- x , all the

0 1 1
fj's will be non-negative: if any were strictly negative, the right-
hand side would have a strictly negative coefficient (viewed as an

element of the group algebra 2G, where G is the cyclic group of order
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v generated by x), whereas all the coefficients of the left-hand side

are non-negative. Since x" = 1 mod Tm(x) » we get from (E4) and (C3),
E) 0GP 0™h) = ng®) mod (p,T (X)) .

Referring to the notation of Theorem 2.2, we have 6 (x) = aQA(x) +
wa(x) mod x" - 1, if we use L as our base block. Since wB(x) =

Tm(x) - QPA(X) 3
(E6) ©6(x) = (a - b) QA(x) mod Tm(x) .

By (El) and (D2), and using =

M

1 mod Tm(x), Tv(x) = 0 mod Tm(x), we

have

ED  8G) 8G™) = n( - A) mod (p,T_(x)) .

2

From (E6), (E7), and e(xp)e(x-l)

W

6 )P le )8 ™) mod (»,7_(x)),

@) ePea™) = - 0Pt g P ak - 1) wd 6,7 () .

1t

We claim that a - b # O mod p, hence (a - b)?F = 1 mod p . This fol-

lows from the relation of Theorem 4.1 , valid for any cyclic affine GD,
that 2 - vkz = (a - b)2 al - XA), together with (D4'). (We do not
really need the full strength of even (D4) for this however. We only

need that k2 - vhz < k - N, , which gave us (03’). By (A3) we can re-

1
write the left-hand side of the last equation as k - Xl + n()\1 - kz),
and then on reducing mod p, (D1), (D2), and (D3’) give the desired
conclusion.)

We now invoke the assumption that the GD 1is special affine, so

that one of the two index sets, say A, is a singleton. Hence
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cpA(x) = xJ , i.e., jLN Gi‘ =a only for 1= 3. If j # O, we change
our choice of base block from L to L - j , whence 89 = so(L -3 =

|- 30 GOI = a, and cpA(x) = 1 . Thus we can rewrite (E8) as

€) 0GP 6 = a0y - 1) wod(p,T_()) .

Combining this with (E5), we have ng(x) = n()\1 - )\2) mod(p,Tm(x)) , and

since, by (D1), n is invertible mod p ,

E10)  gG) = A - A, med(p,T,()) ,
or
(E11) g(x) = )\1 - )\2 + ph(x) + me(x) mod xm -1,

Here w can be taken as an integer, since multiplication of Tm(x) by
a polynomial w(x) is the same, mod P | , as multiplication by the
sum of its coefficients., Further, due to the term ph(x) , we can take

0=w<p . Nowsince OSgi<p,we get

gl=32=...=gﬂl-1=w’ and
(E12)

8o Al-)\2+w+sp

Writing f = sum of the coefficients of £(x) , and setting x =1 1in

(E1l) and in (E4), we have

2
k =k->\1+mn>\2+n(h1-h2),

2

(E13) k* = pf + n(mw + A, - A, + €p)

1

Equating the two right-hand sides, reducing mod p , and cancelling n

which is # O mod p , we get




m, + A, = A

i

>
]

since m # O mod p . Hence

(E14) )\2 =w ,

since 0 = )\2 , w<p . Going back to (E12) we have

whence

(E].S) e=0 .,

Thus we can now rewrite (E12) as

24

mw + A - A mod p,

£w mod p,

g0=)\1+ep,

g1=g2=...=gm_1=)\2’ and

(E16)
8 = M

Putting together (E13-15), k2 = pf

+ n(m - 1) )\2 + n)\l , and recalling

(A3), we have k2 = pf+k2 - k + )\1 , or

(E17) pf =k -~ A .,

1

Using (E16) , equation (E4) becomes

6 (xp)e (x-l)

(£18) 8 (xP)0 (x~1)

pEfx) + )\ZTv(x)

pEG) + T[T (x) + A - A, Imod x' =1, or

m. v
+ (A - A)T (x) mod x” - 1,

(E18") 8 (xP)8 (x"}y= pE(x) + al,T () + n(h - A) mod x® -1,

where f(x) =e. + e,Xx+ oo + &

0 1

Cit+(n-1)m for 1 = 0,1,...,m-1 .

x - x-1 to (E18) and(E18'),

m-1

m=1
X and e ci + ci+m+ cee +

Applying the automorphism defined by
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(E19) 8 (x P)o (x)

-1
PEGx) + LT (x) + (A - xz)Tn(xm) mod x' -1,

(E19°)  6(x P)o (x)

-, =1 m
pE(x 7) + n)\z’l‘m(x) + n()\l - )\2) mod x -1,

Also, (El) and (E2) yield

E') 8O = k- A+ alT () + a(t) - &) mod ¥ - 1,

1

(E2°) 8PP =k - A+ ahT () + n(A = X)) mod -1,

1

On the left-hand sides, (EL’) x (E2’) = (E18') X (E19') mod x" - 1 .
Equating the right-hand sides,

2 2 2
k - )\1) + 2n(k - )\1) ()\1 - )\2) +n ()\1 - )\2)

+ T_GOnh,[2(k = M) + 2n(A) - X)) + mad,]
= pPE0EE + a2y - A%+ pa(y - M) EE + EGTH)

m
+ Tm(x)nh2[2pf + 2n(7\1 - }»2) + mn?tz] mod x - 1.

By (E17) the two expressions in brackets are equal. Equating the con-

stant terms on both sides,

m-1
2 _ 2 2 _
(k= A%+ 20k = ADOy = A) =" E ey + 2enCy - Ny) e -
We complete the square by adding nz()\1 - )\2)2 back to both sides:
(20) [k - A, + n(\, - A )% = 2m§1e2+[e +a(\, - )12
1 1~ "2 P 17 P 1 - M2

i=1

By (A3), the quantity inside the left-hand bracket is k2 - um)\2 , 80

that by (D4) the left-hand side is less than p2 . Therefore the term



m-1
p2 L e” on the right-hand side must be zero, e, = e, = <« = ¢ =0.
=1 1 2 m-1
m=-1
This leaves ey = f, since £ = T e, . Thus £(x) = c, + c x° +
1=0 0
2m (n-1)m
c2mx + eee 4 c(n 1)m N whence
E21) T GME =T ME=T @G mod ¥ - 1.

Since on the left-hand sides, (E1) X (E2) = (E18) X (E19) mod x' - 1 ,

we equate the right-hand sides and use (E21), obtaining
2 2
(k - Xl) + Tv(x)[)»2 mn + le(k - Kl) + 2X2(X1 - Kz)n]
m - 2 - -
+ Tn(x )[()\1 Az) n+ 2(k hl)(kl XZ)]

= pzf(x)f(x'l) + Tv(x)[Kg mn + 2pfA

g t 2X2(h1 - Xz)n]

m 2 X
+ Tn(x )[(7\1 -‘Xz) n + 2pf()\1 - kz)] mod x© -~ 1 .,
. 2 _ 2 -1 v
By (E17) this is just (k - Xl) = p"f(x)f(x ) mod x -1 . Since £(x)
has non-negative coefficients, it must therefore consist of a single

term, f(x) = fox™® , whence pf(x) = (k - )\l)xtm by (E17). Thus (E18)

reads

(£22) 8 (xP)o (x"1)

1]

tm m v
(k - Xl)x + XZTv(x) + (Xl - hz)Tn(x Ymdx -1,

This says that exactly k = (k - kl) + XZ + (kl - XZ) of the differences

pda - dB have the same value tm mod v ., If pda - dB = pda, - d_,mod v,

B

then by (D1), o = a’ if and only if B = B’ . Thus {Pdlg--o,Pdk} is
a rearrangement of [dl + tm,...,dk +tm},or pL=L+ tm, and p

is a multiplier.



CHAPTER &4

Non-existence Theorems for Cyclic GDs

We present some theorems here which can be used to show the non-
existence of cyclic GDs with certain parameters. Several of these re-
sults closely parallel well-known results for perfect difference sets.
Thus Propositions 4.1 and 4.2 and their proofs are identical with results
for PDSs of H. Mann and J. Jans respectively (see Hall [ 11, p. 140]),
while Theorem 4.2 is analogous to Hall-Ryser [ 12, Theorem 3.2].

For cyclic affine GDs, the multiplier theorem of Chapter 3, when
combined with the PDS theorem of Chapter 2, is a powerful tool for
proving non-existence. We give a detailed example of the use of these two
theorems to prove the impossibility of a certain cyclic affine GD.

Theorem 4.1 gives another non-existence criterion for cyclic affine GDs.

Proposition 4,1. If p is any multiplier of a cyclic PBIBD whose in-

cidence matrix is non-singular, then p has a fixed block.

Proof: p has a fixed point, namely the residue O , therefore by Parker's

Theorem [17], p has a fixed line.

Proposition 4.2. Let v be the number of points, and k the number of
points per block, of a cyclic PBIBD, If (k,v) =1 , then there is a

block which is fixed by all multipliers.

Proof: If we choose some block B = Bo as base block, the blocks of the

PBIBD are B, = {d; + i,...,d, + 1} , for 1 =0,1,...,v - 1 . The sum

k

of the residues of block B1 is C(Bi) = d1 + ...+ dk + ki . Since

(k,v) =1, the map B, - o(Bi) gives a one to one correspondence between

i
the set of all blocks and the set of all residues mod v . Hence it is

27
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clear that the block 0-1(0) is fixed by all multipliers.

We now give an example of how one can show the non-existence of
cyclic affine GDs with certain parameters, by using the perfect differ-
ence set theorem of Chapter 2, the multiplier theorem of Chapter 3, and
the existence of a fixed line for any multiplier. The non-existence of
the given example cannot be obtained by any other theorems known to the
author. We consider a symmetric GD with the parameters v = b = 16,
m=4, n=4, k=1 =7, kl = 2, hz = 3, We shall show that this design
cannot be cyclic affine. If it is cyclic affine, the index sets A and
B of Theorem 2.2 are perfect difference sets mod m . There is no sym-
metric BIBD with m = 4 points and block-size 2, a fortiori there is
no PDS mod 4 with block-size 2. Therefore the design is special af-
fine, and we can use Theorem 3.,1. Hence 5 1is a multiplier. The inci-
dence matrix of the design is non-singular, since k2 - vkz and k - Xl
are greater than O (see (A4)). Thus by Proposition 4.1 there is a fixed

block L for the multiplier. Clearly L must be a union of orbits of

the multiplier. The orbits are

(@]
!

= (1, 5,9, 13), c

a3, 7, 11, 15),

Q
[

= (2, 10), C (6, 14), and (0), (4), (8), (12).

C1 and 02 are also groups, and since Xl

in L ., But then to achieve |L‘ = k = 7, we have to include both C

2, they cannot be contained

3

and C4 in L , which is impossible since 03 U C4 is a group.

Continuing to use the notation of Theorem 2.2 for an arbitrary cy-

clic affine GD , we have from (1.0 of Chapter 1,
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(4.1) @ - vy = |alclal -1,

and since A and B are complementary PDSs,
(4.2) lal + |B] = m,

(4.3) |B] - Ag = |a} - Ay -

Combining (4.1) and (4.2) we find

4.4) Al«|B
1

——= = al -y

1f we subtract equation (Bl) from equation (BO) of Chapter 2, we obtain

for the case of a cyclic affine GD

2 2 2 2 2
4.5) k- - vkz = |A|a + lBlb - XAa - th - (m - XA - KB) ab .,
Using (4.2-4.4) and recalling that for a special affine GD , |A| =1

and |B| =m-1 or vice versa, (4.5) yields

Theorem 4.1. For any cyclic affine GD , we have

K2 - A, = (a - by2¢lal - A = (a - b)2 lal.[s]

m-=-1 *

For any cyclic special affine GD , K - vkz = (a - b)2 » the square of

an integer.

Theorem 4.2. Given a cyclic GD which is either regular or has
(k,v) =1, and let t be both a multiplier and a primitive root mod q ,
where q 1is a prime dividing v , then

1) 1if q divides m , then k2 - VA

2 is a square.



|

30
2) if q does not divide m , then k - )\1 is a square,

Proof: Let L = {dl""’d } be a fixed block, which exists by either

d d
Proposition 4.1 or 4.2, and let 6(x) = x 1 + ... + x k . Then

6(x) = e(xt) = e(xtz) = ... mod x' -1 where the exponents 1, t, tz,...
run through all the non-zero residues mod q (since t 1is a primitive
root). Thus if € is a primitive qth root of unity (over the rationals),
8(e) = 9(32) = tee = G(Gq-l) = 9(6-1) (since q|v), therefore 6(€) 1is

a rational integer h . Substituting € for x in (El),
(4.6) h2=0()0( Yy =k-A +A T (e)+ (A = L)T (M
* 1 2 v 1 2’ "n '

The term )\2 Tv(e) disappears since Tq(x) divides Tv(x) . If ¢
divides m , the last term of (4.6) is ()\1 - )\z)n , and the result fol-
lows from (A3). If q does not divide m , 41 is a qth root of
unity, hence satisfies Tq(x) =0, but q divides n , therefore

Tq(x) divides Tn(x) , so the last term of (4.6) disappears, giving

the result.

Note: If q=2, t 1is irrelevant, and the theorem is true for an
arbitrary symmetric regular GD by (A4). (This is part of Theorem 9 of

Bose and Connor [ 21]).



CHAPTER 5

Some Families of Cyclic Designs

In this chapter we collect some constructions and families of cyclic
PBIBDs and GDs. No claim is made that these account for more than a tiny

fraction of the existing multitude of such designs.

§1. Product PBIBDs

Suppose we have two disjoint sets Xl’ Xz with vy points, associ-
ation schemes Gi consisting of ti assoclate classes, i = 1,2,and par-

ameters p;'k R q;'k , respectively. We want to define a product associa-
tion scheme on X1 X X2 , and, in case X1 and X2 are PBIBDs, a pro-
duct PBIBD. (This was dome by Vartak [23], by taking the Kronecker
product of the two incidence matrices. However, to develop the few
simple facts that we need, it is better to avoid using matrices.) To
this end we first modify the definition of associate by "including the
diagonal': we say that any point is O-associate to itself. The properties
of an association scheme and of a PBIBD, stated in Chapter 2, are still

0
valid under this modification; in fact, we have n, =1, pjk = Sjknj 5

i i _
and pO,k = pk,O 61kn0 , and )‘0 =r .

We shall call two points (a,a’) and (b,b') of X1 X X2 .
(i,])-associate with respect to the product association scheme G.1 o 0.2

if a and b are i-associate with respect to G’l’ and a’ and b’
are j-associate with respect to 02 . This clearly defines an associa-

tion scheme on Xl X x2 , with t e+t + t, associate classes (not

2 1 2
including the diagonal) and with

(i,4) S S 2
p(j,m)(k,n) pjkqmn ’

31
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where 0<1i, j, k<t, ,and 0<4, my nst Now assume that X

1 2 ° 1
and X2 are PBIBDs with b1 blocks of size ki , replication numbers

r o, for i = 1,2, and parameters kj , J = 0,1,...,t1 ; l; y § = 0,1,...,t2

respectively. Then we can make X, X X, into a PBIBD by taking as blocks

1 2
all the sets B X C where B 1is a block of X1 and C 1is a block of
X2 . (If X1 or X2 have distinct blocks which are identical as sets,

so will Xl X X2 .) We call this the product PBIBD. It has viv, points,

b1b2 blocks of size k1k2 , and replication number T, . Any pair

/

3

of points which are (i, j)-associate occur together on Kik blocks of

the product PBIBD, where 0 < i < t1 ,and 0 = j < t2 .

We further assume that both PBIBDs are cyclic, and that (vl, v2) = 1.

We make the identification of the points of X, with residues mod v

i i
for i =1,2, as discussed after Remark 2.1 of Chapter 2. Let e be the

unique solution mod vivy of the congruences x = 1 mod vy and x =

mod Vo s and let f be the unique solution mod ViV, of x=O0Omod v

|
(=]

1
1 mod vy Then we can identify the point (a,b) of the product

1]

and x

PBIBD uniquely with the residue ea + fb mod ViV, Moreover, if B

is chosen as base block of Xi , 1 =1,2, then an arbitrary block

1t i) x (32 + j) of the product is equal (as a set) to (B1 X BZ) + s,

i

(B
where s = el + £fj 1is the unique solution mod V1Yo of x = 1 mod A2
and x = j mod Vy . Thus the product PBIBD is seen to be cyclic with

base block B1 X B2 . We summarize the discussion in a theorem.

Theorem 5,1: Let X1 s X2 be two PBIBDs with association schemes Gi

of ti associate classes, with vy points, bi blocks of size ki ’
replication numbers P for i = 1,2, respectively, and parameters

xj > 3= 0,000,k for X, and A, §=0,...,t, for X, . Then a

1 i 2 2
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product PBIBD X. X X, can be defined with a product association scheme

1 2
Gl ° 02 of Lttt + e associate classes (not including the diag-
onal), and with v = ViV, b = blb2 , k= k1k2 » T =TT, and

}‘(1,3') Aikg for 1 =0,..0,t; , § = 01,0003ty . If (v,,v,) = 1, and
X1 and X2 are cyclic PBIBDs, the product PBIBD is also cyclic.

We shall have immediate occasion to use the fact that the two PBIBDs
used to form a product can have block-sizes equal to any value except O .
We give 3 examples in which the product construction is used to obtain

GDs. Let L = {dl,...,dk} be a (v,k,A\)-PDS with v -1>k>1, and

let v’ be prime to v . (PDSs and BIBDs were defined in Chapter 1.)

*
Example 5.1a: If a 1is any integer we define a set L  of residues

’ * * *
mod vw' as follows. We let L = {dl,...,dk} , where d, = d, mod v

i i
* *
and di = a mod v’ , for i =1,...,k . Then L is a GDDS, or base
* * ’ * *
block for a regular GD, with parameters v =b =vwvw , k =r =k,
* * * *
m =v/ ,n =v, Kl = A, and AZ =0 .

*
Example 5.1b: We define a set M  of residues mod vv' as follows.
* P *
We let M = {di +xvit=1,..,k; x=1,.0.,v'} . Then M 1is a GDDS,

* * ,
or base block for a non-regular GD, with parameters v =b = vv ,
* * / * %* ‘

* *
=r =kv' ,m =v,n =v , A= kv’ , N = wo.

Example 5.lc: If we let L be the set of non-zero squares mod p ,

where p 1is a prime congruent to 3 mod 4 , it is well-known that L

%*
is a (p, P— L) -PDS, If M~ is obtained as in 5.1b from this L ,

*
then M U {0} is a GDDS, or base block for a regular GD , with para-

* * * * - * *
meters v =b = pv' s k = = EEL vi+1 s, M@ =p ,n = v ’
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Proof of the properties of the examples: Let X, be the cyclic BIBD gen-

1
erated by the given PDS, so that in the notation of Theorem 5.1, ko =k,

and Kl = A, 1In 5.la, we take X, to be the BIBD whose points are the

2

residues mod v/ and whose blocks are all the singleton subsets of this

set of points, This is a cyclic BIBD with Ka =1, and X{ =0 . The

* *

*
has v =0b

*
product PBIBD, X1 X X2 ) vw' ,and k =r = Kohé =k .

Xoki = 0 , where two points are (0,1)-associate if they

It has X(O,l) =

are congruent mod v , and incongruent mod v’ ; = Kllé = A , where

*1,0)

two points are (1,0)-associate if they are incongruent mod v , but con-
gruent mod v’ ; K(l 1y~ klki = 0 , where two points are (1,1)-associate
]

if they are incongruent mod v and incongruent mod v/ . Since XQO 1) =
H]

*
2

Kl = k(l 0) = A , where two points are in the same group if they are con-
?

k(1,1) = 0 , we see that the product PBIBD is a GD with A, =0 ,
*

* *
gruent mod v/ , i.e., m = v/ s, 0 =v , In 5.1b, we take X2 to be the

BIBD whose points are the residues mod v’ and whose blocks are the en-
tire set of points, counted v' times as a block. This is a cyclic
BIBD with lé =v' = Xi - Using the product PBIBD, X; X X, , the veri-
fication of the properties of 5.1b is similar to that of 5.la, and will
be omitted. In 5.lc, we recall the well-known fact that if L =
{dl"°"dk} is the PDS of non-zero squares mod p where p 1is a
prime congruent to 3 mod 4 , then L U {o} is also a PDS, with k
and A increased by 1 . Indeed the resulting new differences,

d1 - O,...,dk

residues mod p , because -1 1is not a square mod p . In the case at

-0, 0- dl,...,Q - dk are precisely all the non-zero

*
hand it is equally clear that the new differemces of M U {0} in 5.lc

are precisely all the residues mod pv’ that are incongruent to 0 mod p.
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* * *
Thus in passing from M to M U {0}, Xl remains unchanged, while

* * *2 *_%
Kz and k increase by 1 . While k* -v Xz remains greater
*

than O , k - h: increases from O to 1 so that the GD of
5.1c is regular.

We note that the design 5.la is special affine, 5.1b is affine,
and S.lc is not affine. This product construction does not yield GDs

for less 'extreme' choices of X2 .

§2. Divisor Difference Sets

Let X be the set of residues mod v . We can define a divisor

association scheme for X as follows: Let m = 1, My, Myyees be all

the divisors of v except v 1itself, We call the residues x, y mod v
i-associate 1f (x - y,v) = m, . The straightforward verification that
this is an association scheme is left to the reader. A cyclic PBIBD
with respect to this association scheme is called a Divisor PBIBD; a
block of a Divisor PBIBD is called a Divisor Difference Set (DDS).
(See Remark 2.4 of Chapter 2.) In view of Proposition 2.2, a GDDS 1is
a DDS; this is not, of course, an efficient description of a GDDS
since v = mn will have divisors other than m .

It is convenient for the rest of the present section to change our
notation once more; we index the associate classes of a Divisor PBIBD
by the divisors themselves, and we say that a point is v-associate to

itself, We give some examples of DDSs.

Example 5.2a: The following block, consisting of the ten powers of

2 mod 33, and the single residue 11 , is a DDS.
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-~}
]

{2, 4, 8, 16, 32, 31, 29, 25, 17, 1, 11} mod 33 .

Here v=b=133, k=r =11, hl =3, k3 =5, and A11 =0 .

Example 5.2b: If p and q are primes, one of which is =1 mod 4 and
the other = 3 mod 4 , let L be the set consisting of all residues
mod pq which are either

1) non-zero squares both mod p and mod q , or

2) non-zero non-squares both mod p and mod q .

Then L isa DDS . Here v =pq, k= (p-1)(a-1)/2 , \ = (p~1)(a-3)/4,

Xq = (q-1)(p-3)/4 , and A = %[(p-2)(q-2) + 1] .

The proof of the statements is a portion of an argument in Hall
[11 ,p. 164-165]), to which we refer the reader for details. If v is a

composite number, for brevity we call t a primitive root of v 1if it

is a primitive root of each prime divisor of v . We note that if the
greatest common divisor of p -1, q -1 is 2 , the above set L can
be described as the set of all powers of a primitive root of pq . Thus

we have, for instance

n

Example 5.2c: If q 1is a prime lmod 4 , and t 1is a primitive

root mod 3q , then the powers of t mod 3q form a DDS with

-3 -1
V=3q,k=q-1,)\3=-9'2—-,)\q=0,and )\1='g'4—‘ .

The greatest common divisor condition is also met if p,q are twin

primes. In that case we get a much better result. (See Theorem 5.3).

Theorem 5.2: Let (vl,vz) =1, and let the sets X1 and X, of sizes

21 and v, respectively be given the divisor association scheme. Then
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the product association scheme on xl X X2 is the divisor association
scheme. If X1 and x2 are Divisor PBIBDs, then Xl X X2 is a Divisor
PBIBD, and A

o, IX;2 , where milvi sy 1 =1,2 .,

Proof: To prove the lst assertion we observe that if two points u, w

of X1 X X2 are (ml,mz)—associate with respect to the product associa-

tion scheme, then they are mlmz-associate with respect to the divisor

association scheme of the product. Indeed using e and £ as defined

in §2, let

u = ea1 + fa2 mod vlv2 and w = eb1 + fb2 mod vlv2 .

Then

(u - w, v1v2) = (u-w, vl)(u - w, v2) = (a1 - bl,vl)(a2 - b2,v2)

= mlmz

as desired. Thus the two association schemes are the same, and the 2nd

assertion follows:

gg. Twin Prime GDs

Theorem 5.3: If p and q are twin primes, and t 1is a primitive root
mod pq , then the set of powers of t mod pgq is a GDDS, which is a

base block of a cyclic regular special affine GD, with parameters

2—1
v=pq,k=p—2'-,m=q,n=p,
A = R -3)/4 , Ay = (14,
k=4 = D4, k2 - Wy = (p=1)/4 , and
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1
intersection numbers SO =0, si = 2%— , for i =1,...,9-1.

This is proved by just plugging the information q = p + 2 into
Example 5.2b, and noting that Xl = Ap in DDS notation, which means

this common value becomes Xz in GD notation, while Xq becomes Xl .

The values of the si are easlily checked, using the original definition

of the base block L given in 5.2b.

gé. Cyclic Affine GDs From Affine Geometries

Let d2 2, and let ( be a finite desarguesian affine d-space,
so that (G can be coordinatized with coordinates from a finite field of
order q , where q 1is a prime power. If we delete one point x0 from
G , the resulting system G’ was shown to have a cyclic collineation by
Bose [ 1]. We may view G’ as a cyclic affine GD, whose blocks are the

hyperplanes not containing x and whose groups are the lines through

(¢}

x0 . (9 must be greater than 2.) The GD parameters are

- -1

v=">» = qd -1, k=1r= qd 1 , M = qd + ... +QqQ+ 1,
d-2
n=gq 1, xl =0, Az =q .

d-1 . d-2
q of the si 8 are equal to 1 , and the remaining q + .o + 0+ 1
s,'s are equal to O .

i

§5. A Reduction Theorem For Cyclic GDs

Theorem 5.4: Let L = {pl,...,pk} be a GDDS with parameters v, k,

m, n, A, 12, where ll = 0, and let f be any divisorof n , ef = n .

1
*
Then the set L consisting of the same points as L , but reduced mod

*
mf , is a GDDS with parameters v =mf, k =k, m =m, n =¥,
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=)\26.

Proof: ll = 0 1if and only if the p,'s are all distinct mod m , if

i

x
and only if 11 = 0 ; a fortiori the pi's are distinct mod mf , i.e.,

*
k =k . If d# 0O mod m, each of the differences d, d + mf,...,d +

(e - 1)mf mod v occurs in lz ways as P, - p, mod v . Hence the dif-

J

ference d mod mf occurs in lze ways as pi - pJ mod mf . This com
pletes the proof. We note that by taking f = 1 , we obtain the corollary

to Theorem 2. 2.

gg. An Unsolved Construction Problem

In view of Theorem 2.2, one would like to be able to reverse the
procedure of {5, and construct, for some infinite class of (v,k,\)=-
PDSs and appropriate divisors w of A , a cyclic affine GD with

* * * *

* *
parameters v = vw, k =k, m =v, n =w, A_ = O, 12

1 = \/w, and inter-

section numbers O and 1 . In fact, the cyclic affine GDs of §4 do
arise this way: the PDS 1is the complement of a hyperplane in the pro-
Jjective (d-1)-space at infinity (which is cyclic by Singer's well-known
theorem [20]), and w = q - 1 . We have not succeeded in finding a non-
geometric way of carrying out this construction; we conclude with one
lonely example of the construction with non-geometric parameters. The
example is peculiar, in that for most (larger) w one will obviously
have to add, mod vw , suitable multiples of v to the points of the
(v,k,A\)-PDS. The PDS here is the complement of a line of the 7-point
projective plane, and the q of §4 is 2, but instead of using

w=q=~=1=1 and getting nothing, we use w = 2 ,

Example 5.3: The (7,4,2)-PDS L = {0,1,4,6} mod 7 1is, taken mod 14, a



GDDS with parameters

intersection numbers

v =14, k

0O and 1

4, n

40
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