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CHAPTER 1

I n t r o d u c t io n

T h ere  i s  a  good d e a l  o f  p a r a l l e l i s m  i n  th e  p re v io u s  r e s e a rc h  in  cy­

c l i c  BIBDs on th e  one hand , and in  c y c l i c  GDs on th e  o t h e r  hand . In  th e  

p r e s e n t  c h a p te r ,  we sum m arize o u r  r e s u l t s ,  p la c in g  them  in  th e  c o n te x t  o f  

th o s e  two l i n e s  o f  r e s e a r c h .  I t  w i l l  be a p p a re n t ,  t h a t  in  o u r  own r e s e a rc h ,  

we have  t r i e d  to  c o n tin u e  th e  p a r a l l e l i s m .

A b a la n c e d  in c o m p le te  b lo c k  d e s ig n  (BIBD) w ith  p a ra m e te rs  v , b , k , 

r ,  X i s  a sy stem  o f  v p o in t s ,  b b lo c k s ,  and an in c id e n c e  r e l a t i o n  € , 

su c h  t h a t  e ach  b lo c k  i s  i n c id e n t  w i th  k p o i n t s ,  e ach  p o in t  i s  in c id e n t  

w i th  r  b lo c k s ,  and e a c h  p a i r  o f  p o in t s  o c c u r  t o g e th e r  on X b lo c k s . 

S im ple c o u n tin g  a rgum en ts show t h a t

( 1 .1 )  bk = v r  , and r ( k  -  1) = X(v -  1)

I t  i s  u s u a l ly  assum ed t h a t  2 S k £ v -  2; how ever i n  th e  p re s e n t  w ork , 

we a llo w  1 £ k £  v , e x c lu d in g  o n ly  empty b lo c k s ,  k  = 0 . A sym m etric  

(v  = b , and hence  k = r )  BIBD w ith  X = 1 i s  th e  same a s  a f i n i t e  p ro ­

j e c t i v e  p la n e .  A c o l l i n e a t i o n  o f  a  BIBD i s  a  p e rm u ta t io n , cp , o f  th e  

p o in t s  o f  th e  BIBD t o g e th e r  w ith  a p e rm u ta t io n , a ls o  d e n o ted  by cp , o f  

t h e  b lo c k s  o f  th e  BIBD, such  t h a t  th e  in c id e n c e  r e l a t i o n  i s  p r e s e rv e d .

A c o l l i n e a t i o n  o f  a  sym m etric  BIBD i s  c a l l e d  c y c l i c  i f  i t  i s  a c y c le  o f  

l e n g th  v = b b o th  on th e  p o in t s  and on th e  b lo c k s .  A BIBD w ith  a cy­

c l i c  c o l l i n e a t i o n  i s  c a l l e d  a  c y c l i c  BIBD. In  a  c y c l i c  BIBD, one can

i d e n t i f y  p o in t s  w i th  r e s id u e s  mod v , and one th e n  f in d s  t h a t  any b lo c k

o f  th e  BIBD i s  a  p e r f e c t  d i f f e r e n c e  s e t  (PDS, o r  (v ,k ,X )-PD S) v i z .  

a  s e t  L = { p , . . . , p k} o f  r e s id u e s  mod v , such  t h a t  in  th e  l i s t  o f
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k (k  -  1) d i f f e r e n c e s  , i  /  j  , e a c h  n o n -z e ro  r e s id u e  mod v

o c c u rs  X t im e s .  C o n v e rse ly , g iv en  a (v ,k ,X )-P D S  L one o b ta in s  a 

c y c l i c  BIBD w ith  th e  same p a ra m e te rs  v  = b , k = r  , and X , by 

t a k in g  a l l  th e  r e s id u e s  mod v a s  p o in t s ,  and th e  s e t s  L, L + l , . . . ,L + v -l 

a s  b lo c k s  ( th e  a d d i t io n  i s  p o in t-w is e  mod v ) .  S in g e r  [2 0 ]  p roved  t h a t  

a f i n i t e  d e s a r g u e s ia n  p r o j e c t i v e  n - s p a c e , i n  w hich we ta k e  h y p e rp la n e s  

a s  b lo c k s ,  i s  a  c y c l i c  BIBD.

C o rre sp o n d in g  r e s u l t s  w ere o b ta in e d  f o r  g roup d i v i s i b l e  d e s ig n s  (GDs).

A GD w ith  p a ra m e te rs  v , b , k , r ,  m, n , X , X i s  a system  o f  v  p o in t s ,
X a

b b lo c k s  o f  s i z e  k , e ach  p o in t  o c c u r r in g  on r  b lo c k s . The s e t  o f  

p o i n t s  i s  p a r t i t i o n e d  i n to  m g ro u p s , e a c h  o f  s iz e  n . I f  a p a i r  o f 

p o i n t s  a re  in  th e  same g ro u p , th e y  o c c u r  t o g e th e r  on X  ̂ b lo c k s ;  i f  a 

p a i r  o f  p o in t s  a re  from  d i f f e r e n t  g ro u p s , th e y  o c c u r  to g e th e r  on X 

b lo c k s .  C o l l in e a t io n s  and c y c l i c i t y  a re  d e f in e d  a s  i n  th e  c a se  o f  BIBDs.

B ose [ l ]  showed t h a t  a  f i n i t e  d e s a rg u e s ia n  a f f i n e  n - s p a c e ,  in  w h ich  one

a f f i n e  p o in t  xQ h a s  been rem oved, i s  a  c y c l i c  GD whose b lo c k s  a r e  th e  

h y p e rp la n e s  n o t  c o n ta in in g  xQ and whose g roups a r e  th e  l i n e s  th ro u g h  xQ. 

(S ee  C h a p te r  5 ,§ 4 ) .  S h rik h an d e  [1 9 ]  o b se rv e d  t h a t ,  an a lo g o u s  t o  t h e  p e r ­

f e c t  d i f f e r e n c e  s e t  above, a  c y c l i c  GD i s  e q u iv a le n t  to  a  "g roup  d iv i ­

s i b l e  d i f f e r e n c e  s e t "  (GDDS), v iz .  a s e t  L = {p1 » . . . f P k} o f  r e s id u e s  

mod v , such  t h a t  i n  th e  l i s t  o f  k (k  -  1 ) d i f f e r e n c e s  P^ -  P j ,  i  ^  j i  

e a c h  d i f f e r e n c e  d mod v w hich  i s  = 0  mod m o c c u rs  X  ̂ t im e s ,  w h ile

e a c h  d i f f e r e n c e  d mod v w hich  i s  ^  0 mod m o c c u rs  Xg t im e s .  (See

P r o p o s i t io n  2 .2 ) .

H a l l  [ 9 ,  Theorem  2 .3 ]  and Hoffman [ 1 3 ,  Remark 2 .3 ]  p ro v e  t h e  e x i s t ­

e n c e  o f  a  p o l a r i t y  f o r  c y c l i c  p r o j e c t i v e ,  r e s p e c t iv e ly  c y c l i c  a f f i n e  

p la n e s .  O ur D u a l i ty  Theorem , Theorem 2 .1  i s  th e  a n a lo g o u s  r e s u l t  f o r  

c y c l i c  GDs.



An i n t e g e r  p, i s  a  m u l t i p l i e r  o f  a c y c l i c  BIBD i f  m u l t i p l i c a t i o n  

(mod v ) by p d e f in e s  a  c o l l i n e a t i o n .  I n  H a ll  [ 9 ] ,  i n  w hich  th e  c o n ­

c e p t  o f  a m u l t i p l i e r  was f i r s t  in tr o d u c e d , i t  i s  shown t h a t  i f  p i s  

p rim e  d iv id in g  t h e  o rd e r  n  o f  a  f i n i t e  c y c l i c  p r o j e c t i v e  p la n e  (n = 

one l e s s  th a n  th e  number o f  p o in t s  on a l i n e ) ,  th e n  p i s  a  m u l t i p l i e r .  

Hoffman [ 1 3 ] ,  a f t e r  o b se rv in g  t h a t  a  c y c l i c  a f f in e  p la n e  i s  n e c e s s a r i ly  

f i n i t e ,  p roved  t h a t  i f  p i s  a p rim e d iv id in g  th e  o r d e r  n o f  a  c y c l i c  

a f f i n e  p la n e  (n  -  th e  number o f  p o in t s  on an a f f i n e  l i n e ) ,  th e n  p i s  a  

m u l t i p l i e r .  H a l l ' s  m u l t i p l i e r  theo rem  w as g e n e r a l iz e d  i n  H a l l  and R y se r  

[ 1 2 ] ,  in  w hich  i t  i s  shown t h a t  i f  p i s  a  prim e su c h  t h a t  p |  v , 

p |k  -  X , and p >  X th e n  p i s  a  m u l t i p l i e r  o f an y  c y c l i c  BIBD w ith  

p a ra m e te rs  v , k ,  X . I n  C h a p te r  3 , we p ro v e  an a n a lo g o u s  g e n e r a l i z a t i o n  

o f  H o ffm an 's  m u l t i p l i e r  th eo rem . F o r t h i s  purpose  we d e f in e  th e  i n t e r ­

s e c t io n  num bers o f  a b lo ck  L o f  a  GD a s  s^ (L ) = | fl L | , f o r

i  = 0 , l , . . . , m - l  , where G o 'Gl ’ * * * ,Gn»-l a r e  *he g ro u p s  °* t h e  an<1

i f  S i s  a  s e t ,  | s |  i s  th e  num ber o f  p o i n t s  o f  t h e  s e t .  N o tin g  t h a t  

i n  a  c y c l i c  a f f i n e  p lan e  e a c h  b lo c k  has one  i n t e r s e c t i o n  num ber e q u a l  t o  

z e r o ,  and a l l  i t s  o th e r  i n t e r s e c t i o n  num bers e q u a l t o  one , we c a l l  a  GD 

a f f i n e ,  i f  i t s  i n t e r s e c t i o n  num bers assum e e x a c t ly  two d i s t i n c t  v a lu e s ,  

a  and b . An a f f i n e  GD i s  c a l l e d  s p e c i a l  a f f i n e  i f  one v a lu e , say  

a  , i s  assum e by e x a c t ly  one i n t e r s e c t i o n  number o f  e a c h  b lo c k . O ur mul­

t i p l i e r  th eo rem , Theorem 3 .1 ,  s t a t e s  t h a t  g iv en  a  c y c l i c  s p e c i a l  a f f i n e

GD w ith  p a ra m e te r s  v , k , m, n , X , X_ and a p rim e p su c h  t h a t  p )f v ,X A

p lk  -  X. , p >  X_ , and p >  k^ -  vX„ , th e n  p i s  a  m u l t i p l i e r  o f  th e1 a 2

GD . A n o th e r i n t e r e s t i n g  r e s u l t  c o n c e rn in g  i n t e r s e c t i o n  num bers i s  

Theorem 2 .2 .  I f  L i s  a b lo c k  o f  a  c y c l i c  a f f i n e  GD, we d e f in e  t h e
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s e t s  A = { i  | s^ (L ) = a} and B = f j |S j ( L )  = b] . Then th e  th eo rem  s t a t e s  

t h a t  A and B , c o n s id e re d  a s  s e t s  o f  r e s id u e s  mod m , a re  p e r f e c t  d i f ­

f e re n c e  s e t s .  H ere  we have to  a llo w  th e  p o s s i b i l i t y  o f  a  s in g le to n  PDS 

w ith  p a ra m e te rs  v = m , k  = l , X  = 0 .

S e v e ra l  a u th o r s  have im proved t h e  m u l t i p l i e r  theo rem  f o r  c y c l i c  BIBDs 

by r e la x in g  somewhat th e  a ssu m p tio n s  on th e  m u l t i p l i e r  o r  by c o n s id e r in g  

d i f f e r e n c e  s e t s  i n  a b e l ia n  groups (B ruck  [ 5 ] ,  H a ll  [1 0 ]  and [ 1 1 , p . 138], 

Mann [ 1 4 ] ,  M cFarland [ 1 5 ] ,  Newman [ 1 6 ] ,  and T uryn  [21 ] and [ 2 2 ] ) .  I t  

seems l i k e l y  t h a t  Theorem 3 .1 ,  and some o f  o u r  o th e r  r e s u l t s  c a n  be im­

proved  a lo n g  th e  same l i n e s .

An im p o r ta n t n o n -e x is te n c e  th eo rem  was p ro v ed  f o r  f i n i t e  p r o je c t iv e  

p la n e s  by Bruck and R yser [ 6 ] ,  and e x te n d e d  t o  sym m etric BIBDs by Chowla 

and R yser [ 7 ] .  The te c h n iq u e  o f t h i s  theorem  was used  by H a ll and R yser 

[1 2 ]  t o  p rove  a  n o n -e x is te n c e  th eo rem  f o r  c y c l i c  BIBDs, and by  S h rik h an d e  

[1 9 ]  t o  p rove  a n o n -e x is te n c e  th eo rem  f o r  c y c l i c  GDs. In  C h a p te r  4, we 

g iv e  an  exam ple show ing how one c a n  p rove th e  n o n -e x is te n c e  o f  c e r t a i n  

c y c l i c  a f f i n e  CDs by com bining Theorem s 2 .2  and 3 .1 .  O th e r  n o n - e x is t ­

ence  r e s u l t s  f o r  c y c l i c  GDs a re  g iv e n  i n  Theorem s 4 .1  and 4 .2 .

P a r t i a l l y  b a la n c e d  in co m p le te  b lo ck  d e s ig n s  (PBIBDs), f i r s t  i n t r o ­

duced by Bose and  N a ir  [ 3 ] ,  a re  a  w id e  c l a s s  o f  d e s ig n s  th a t  in c lu d e s  

BIBDs and GDs. Some o f  t h e  b a s ic  p r o p e r t i e s  o f  c y c l i c  PBIBDs a re  

d is c u s s e d  in  C h a p te r  2 . G iven any two PBIBDs, a p ro d u c t PBIBD can be

d e f in e d  (V artak  [ 2 3 ] ) .  In  C h ap te r 5  we n o te  t h a t  i f  X^ and X^ a re

c y c l i c  PBIBDs, and i f  |x i | and |X ^ | a r e  r e l a t i v e l y  p rim e, th e n  th e

p ro d u c t PBIBD i s  c y c l i c  (Theorem 5 .1 ) ;  th e  r e s t  o f  C h a p te r  5 i s  d e v o te d

t o  g iv in g  v a r io u s  exam ples o f  c y c l i c  PBIBDs and  c y c l ic  GDs, u s in g  p ro d u c t 

PBIBDs and o th e r  c o n s t r u c t io n s .



CHAPTER 2

C y c l ic  D esig n s and I n t e r s e c t i o n  Numbers

C y c lic  p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d e s ig n s  form  a  conven­

ie n t  g e n e ra l  c o n te x t  f o r  o u r s tu d y  o f  c y c l i c  group d i v i s i b l e  d e s ig n s .

A p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d e s ig n  (PBIBD) i s  a  sy stem  

o f v p o i n t s ,  b b lo c k s ,  an  in c id e n c e  r e l a t i o n  € betw een  p o in ts  and 

b lo c k s  and an a s s o c i a t i o n  scheme f o r  th e  p o i n t s ,  w ith  th e  fo llo w in g  

p r o p e r t i e s  ( s e e  Bose and  Shlmamoto [ 4 ] ) .

The a s s o c i a t i o n  scheme i s  a  p a r t i t i o n  o f  th e  s e t  o f  u n o rd e re d  p a i r s  

o f  p o in ts  i n t o  t  c l a s s e s ,  c a l l e d  a s s o c i a te  c l a s s e s .  I f  th e  u n o rd ere d  

p a i r  (x ,y )  i s  in  th e  i - t h  a s s o c i a te  c l a s s ,  th e  p o in ts  x  and y a r e  

c a l l e d  i - a s s o c i a t e .  I f  x ,y  a r e  h - a s s o c ia t e  th e  number p ^  ,  o f

p o in ts  w hich a r e  i - a s s o c i a t e  to  x  and j - a s s o c i a t e  t o  y i s  r e q u i r e d  

to  be in d e p e n d e n t o f  th e  c h o ic e  o f  (x ,y )  in  th e  h - th  a s s o c i a te  c l a s s .

I t  fo llo w s  t h a t  p ^  i s  sym m etric  in  i  and j  , and t h a t  th e  number

n^ , o f  h - a s s o c ia t e s  o f  a p o in t  x  , i s  in d ep e n d e n t o f  th e  c h o ic e  o f  x .

Each b lo c k  i s  assum ed to  c o n s i s t  o f  k p o in t s ,  and two p o in ts  x ,y  

o ccu r to g e th e r  on ^  b lo c k s ,  w here th e  number depends o n ly  on th e

a s s o c i a te  c l a s s  i  c o n ta in in g  ( x ,y ) . I t  fo llo w s  t h a t  i f  x  i s  any 

p o i n t ,  th e  num ber r ^  o f  b lo c k s  c o n ta in in g  x s a t i s f i e s  th e  r e l a t i o n

E \  n i  “  r x (k  “ *i - 1  1 1 x

Thus r  ■ r x i s  in d e p e n d e n t o f  th e  c h o ic e  o f  x  . (T h is  i s  u s u a l ly  

s t a t e d  a s  an  a d d i t i o n a l  axiom  f o r  a  PBIBD.)
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We n o te  t h a t  a  BIBD ( d e f in e d  i n  C h a p te r  1) i s  j u s t  a  PBIBD w i th  

one a s s o c i a te  c l a s s ,  w h ile  a  GD ( d e f in e d  below  in  t h i s  c h a p te r )  i s  a  

c e r t a i n  ty p e  o f  PBIBD w i th  two a s s o c i a t e  c l a s s e s .

A c o l l i n e a t i o n  o f  a  PBIBD i s  a  p e rm u ta t io n , cp, o f  th e  p o in ts  o f

th e  PBIBD, to g e th e r  w i th  a  p e rm u ta t io n , a l s o  d en o ted  by cp, o f  th e

b lo c k s  o f  th e  PBIBD, w hich

1) p re s e rv e s  th e  in c id e n c e  r e l a t i o n ,  i . e . ,  i f  p i s  any p o in t  

and B i s  any b lo c k , th e n  p € B im p lie s  cp(p) € cp(B) ,  and

2) i s  c o m p a tib le  w i th  th e  a s s o c i a t i o n  schem e, i . e . ,  i f  th e  p o in ts  

p and q a re  i - a s s o c i a t e ,  th e n  cp(p) and cp(q) a re  a l s o  i - a s s o c i a t e .

A PBIBD i s  c a l l e d  sym m etric i f  th e  number o f  p o in ts ,  v , i s  e q u a l t o  

th e  number o f  b lo c k s ,  b . A c o l l i n e a t i o n  o f  a  sym m etric PBIBD i s  c y c l i c  

i f ,  c o n s id e re d  a s  a  p e rm u ta t io n  o f  th e  p o i n t s ,  i t  i s  a  c y c le  o f  l e n g th  

v ,  and a s  a  p e rm u ta t io n  o f  th e  b lo c k s  i t  i s  a l s o  a  c y c le  o f  l e n g th

b = v . A c y c l i c  PBIBD i s  a  sym m etric  PBIBD w hich has a  c y c l i c  c o l ­

l i n e a t i o n .  The in c id e n c e  m a tr ix  o f  a  PBIBD i s  th e  v X b m a tr ix  

A = ( a ^ j )  w here a ^  = 1 i f  th e  i - t h  p o in t  l i e s  on th e  j - t h  b lo c k , and 

a ^ j  = 0 o th e rw is e .

We make a  few rem arks to  c l a r i f y  th e  b a s ic  p r o p e r t ie s  o f  c y c l i c  

PBIBDs.

Remark 2 .1 . I f  th e  in c id e n c e  m a t r ix  o f  a  sym m etric  PBIBD i s  non- 

s i n g u la r , th e n

1) D i s t i n c t  b lo c k s  a r e  d i s t i n c t  a s  s e t s ,  and 

* 2 )  I f  a  c o l l i n e a t i o n  i s  c y c l i c  on th e  p o i n t s ,  i t  m ust a ls o  be c y c l i c  

on th e  b lo c k s .

P r o o f ; 1) say s  t h a t  two colum ns o f  th e  n o n - s in g u la r  in c id e n c e  m a tr ix
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can n o t be I d e n t i c a l ,  and 2) i s  a  consequence  o f  a  theo rem  o f  P a rk e r  [17 ] .

I f  cp i s  a  c y c l i c  c o l l i n e a t i o n  o f  a  c y c l i c  (sym m etric) PBIBD, and

p i s  an  a r b i t r a r i l y  s e le c te d  p o in t  o f  th e  PBIBD w hich we c a l l  th e

base  p o i n t . th e n  th e  p o in ts  o f  th e  PBIBD a r e  p = cp^(p), cp^(p) , . . .  ,cpV -* ( p ) ,

so t h a t  we ca n  i d e n t i f y  th e  p o in ts  o f  th e  PBIBD w ith  r e s id u e s  mod v .

We make t h i s  i d e n t i f i c a t i o n  th ro u g h o u t th e  p a p e r , and speak  in te rc h a n g e a b ly

o f p o in t s  and r e s id u e s  mod v . Thus th e  a c t i o n  o f  cp on p o in ts  i s

cp: i  -• i  + 1 mod v . I f  S = { p , , . . . , p _ }  i s  any s e t  o f  p o in ts  o f  t h i s1 c

PBIBD, we d e n o te  by S + j  th e  s e t  {p.. + j , . . . , P _  + j )  w here a d d i t io nX c

i s  mod v . We can  p ic k  a r b i t r a r i l y  a  b lo c k  B = B^ w hich  we c a l l  th e  

base  b lo c k  o f  th e  c y c l i c  PBIBD, and w r i te  B^ = B^ + i  , where th e  su b ­

s c r i p t  i s  ta k e n  mod v . Then th e  a c t i o n  o f  cp on b lo c k s  i s  

cp: B^ -* • Note t h a t  th e  p o in ts  p ,q  o c cu r to g e th e r  on e x a c t ly  X

b lo c k s  B ,C , . . . ,D  i f  and o n ly  i f  th e  p o in ts  cp(p) = p + 1 , cp(q) = q + 1 , 

o ccu r to g e th e r  p r e c i s e ly  on th e  X b lo c k s  B + 1 , C + 1 , . . . , D  + 1 .

Remark 2 .2 . In  a  c y c l i c  PBIBD w ith  t  a s s o c i a te  c l a s s e s ,  such  th a t

k ]_ » ...,X  a r e  a l l  d i f f e r e n t ,  th e  f a c t  t h a t  th e  c y c le  cp i s  c o m p a tib le  

w ith  th e  a s s o c i a t i o n  scheme fo llo w s  from  th e  o th e r  d e f in in g  p r o p e r t ie s  

o f a  c y c l i c  c o l l i n e a t i o n .

Indeed  p o in ts  p ,q  w i l l  be i - a s s o c i a t e  i f  and o n ly  i f  th ey  o ccu r

to g e th e r  on e x a c t ly  X̂  b lo c k s ,  i f  and o n ly  i f  (by th e  o b s e rv a t io n  j u s t

made) cp(p), cp(q) o ccu r to g e th e r  on X  ̂ b lo c k s ,  i f  and o n ly  i f  cp(p), 

cp(q) a r e  i - a s s o c i a t e .

Remark_2A3 . In  a c y c l i c  PBIBD, c o m p a t ib i l i ty  o f  th e  c y c le  w i th  th e  

a s s o c i a t i o n  scheme can  be a r r a n g e d , in  th e  p re s e n c e  o f  th e  o th e r  d e f in in g  

p r o p e r t i e s  o f  a  c y c l i c  c o l l i n e a t i o n ,  by m erg ing  c e r t a i n  o f  th e  a s s o c i a te  

c l a s s e s .
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P ro o f ; C o n s id e r  th e  g rap h  whose v e r t i c e s  a re  a l l  o rd e re d  p a i r s  ( p ,q )  

o f  p o in t s  o f  th e  PBIBD, w ith  p 4  q . We j o i n  ( p ,q )  and ( r , s )  by 

an edge i f

1) th e  p a i r s  b e long  t o  th e  same a s s o c i a te  c l a s s ,  o r

2) p - q s r - s  mod v .

We d e f in e  a  new a s s o c i a t i o n  scheme by p u t t i n g  ( p ,q )  and ( r , s )  in  

th e  same new a s s o c i a te  c l a s s  i f  and  o n ly  i f  th e  c o rre s p o n d in g  v e r t i c e s  l i e  

in  th e  same c o n n e c te d  component o f  th e  g ra p h . C le a r ly  we have g a in e d  com- 

p a t i b i l i t y  o f  th e  c y c le  w i th  th e  new a s s o c i a t i o n  schem e, and each  new a s ­

s o c ia te  c l a s s  i s  a u n io n  o f  one o r  more o ld  a s s o c i a te  c l a s s e s .

I t  rem ains to  v e r i f y  t h a t  th e  new scheme i s  in d ee d  an a s s o c i a t i o n  

schem e. We d e n o te  o ld  a s s o c i a te  c l a s s e s  by Roman l e t t e r s  i , j , k  e t c . ,  

and new a s s o c i a te  c la s s e s  by Greek l e t t e r s  <y,0,Y e t c .  We have t o  

show t h a t  f o r  p ,q  c y a s s o c i a t e ,  t h e  num ber p ^  o f  p o in t s  r  w h ich  

a re  0 - a s s o c i a te  t o  p and y - a s s o c ia t e  to  q , i s  in d e p e n d e n t o f  th e  

c h o ic e  o f  th e  p a i r  (p ,q )  w i th in  a s s o c i a te  c l a s s  a  . Any o t h e r  a -  

a s s o c ia te  p a i r  i s  reach ed  by a s e r i e s  o f  moves i n  th e  g rap h  a lo n g  e d g e s  

o f  ty p e  1) o r  2) g iv e n  above.

Hence i t  i s  enough to  check t h a t  a  s in g le  move o f  e i t h e r  ty p e  d o e s

an o t change pQ . Now a s s o c i a te  c l a s s  a  i s  th e  u n io n  o f  c e r t a i n  o ld  
PY

a s s o c ia te  c la s s e s  i , i ' , . . . ;  c l a s s  0 i s  th e  u n io n  o f  o ld  c l a s s e s

j , j ' , . . . ;  and c l a s s  y i s  th e  u n io n  o f  o ld  c l a s s e s  k ,k # ,k # ............... In

aa move o f  ty p e  1) th e  c o n s ta n c y  o f  p . i s  j u s t  th e  c o n s ta n c y  o f
PY

p 5 k +  p j k # +  v +  • • • +  V k +  V k ' +  p j v +  • • •  •

Ql
In  a move o f  ty p e  2) th e  c o n s ta n c y  o f  p ^  i s  due t o  th e  f a c t  t h a t  th e
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new scheme i s  indeed  c o m p a tib le  w ith  th e  c y c le .

Remark 2 .4 . The e x is te n c e  o f  a  c y c l i c  PBIBD w ith  b lo c k  s i z e  k  and

t  a s s o c i a te  c l a s s e s ,  and p a ra m e te rs  X ^ , . . . , \ t  i s  e q u iv a le n t  t o  th e

e x is te n c e  o f  a  "PBIBD d i f f e r e n c e  s e t " (PBIBDDS) o f  k  r e s id u e s  mod v ,

B = { p ^ , . . . jP ^ } , w ith  th e  p ro p e r ty  t h a t  i f  th e  r e s id u e s  d and 0 a r e  

i - a s s o c i a t e  (u n d e r  th e  same a s s o c i a t i o n  schem e), th e n  th e re  a r e  e x a c t ly  

X  ̂ o rd e re d  p a i r s  (pa ,P p ) su ch  t h a t  p ^  € B, p^ 6 B, and Pa  " Pg s  

d mod v .

P r o o f : G iven a  c y c l i c  PBIBD, we can  ta k e  f o r  our PBIBDDS any b lo ck

B o f  th e  PBIBD, b ecau se  th e  u n o rd e re d  p a i r  (p ,q )  o ccu rs  on X b lo c k s

i f  and on ly  i f  th e  d i f f e r e n c e  d = p -  q o c c u rs  X tim es a s  th e  d i f ­

f e r e n c e  p^ -  Pp o f an  o rd e re d  p a i r  (pa ,Pp) o f p o in t s  o f B . Con­

v e r s e l y ,  g iv e n  such  a  PBIBD d i f f e r e n c e  s e t  B, t h e  s e t s  B, B + 1,

B + 2 , . . . ,B + v  -  1 a s  b lo c k s  and th e  s e t  o f  a l l  r e s id u e s  mod v a s  

p o in t s  form a  c y c l i c  PBIBD w ith  p a ra m e te rs  X ^ , . . , ,X t  .

F u r th e r  d i s c u s s io n  and exam ples o f  c y c l i c  PBIBDs w i l l  be  found in  

C h a p te r  5.

We now s p e c i a l i z e  to  th e  c a s e  o f  a group d i v i s i b l e  d e s ig n  (GD) f o r  

th e  r e s t  o f  C h a p te rs  2 , 3 , and 4 . P ro o fs  f o r  a l l  s ta te m e n ts  c o n c e rn in g  

GDs t h a t  a r e  n o t  proved  i n  t h i s  c h a p te r  can be fo und  in  Bose and Connor 

[ 2 ] .  A GD i s  a  PBIBD w ith  two a s s o c i a t i o n  c l a s s e s ,  su ch  t h a t

(AO) p j2 = 0

2
(o r  a l t e r n a t e l y ,  p^2 = 0 ) .  An e q u iv a le n t  f o rm u la t io n ,  more s u i t a b l e  f o r  

o u r p u rp o s e s , w i l l  now be g iv e n . The n o t a t i o n  h e re  in tro d u c e d  w i l l  be 

r e t a in e d  f o r  th e  r e s t  o f  th e  p a p e r .  A GD i s  a sy s te m  o f v  p o in ts

i
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and b b lo c k s  o f  s i z e  k ,  each  p o in t  o c c u r in g  on r  b lo c k s .  The s e t  

o f  p o in ts  i s  p a r t i t i o n e d  in to  m g ro u p s G^, G ^ , . . . ,G m_^, each  o f  s i z e  

n . I f  a p a i r  o f  p o in ts  a re  in  th e  same g roup  ( i . e . ,  i f  th e  p o in ts  a re  

l s t - a s s o c i a t e  by th e  e a r l i e r  d e f i n i t i o n ) ,  th e y  occur to g e th e r  on X̂  

b lo c k s ;  i f  a  p a i r  o f  p o in ts  a r e  from  d i f f e r e n t  groups ( 2 n d -a s s o c ia te  

p o i n t s ) ,  th e y  occur to g e th e r  on b lo c k s .  To p re v e n t  th e  GD from

b e in g  a  BIBD, we r e q u i r e  X  ̂ t  m >  1 , and n > 1 .

The fo llo w in g  e q u a tio n s  a re  s a t i s f i e d  by th e  p a ra m e te rs  o f  any GD.

(A l) v = mn, bk = v r

(A2) r  * XL, r  ^ X2

(A3) r ( k  -  1) = (n -  1)X^ + n(m -  1)X2

(A4) det(A A fc) = r k ( r k  -  vX2) m * ( r  -  X^)m n̂  ,

w here A i s  th e  in c id e n c e  m a tr ix  o f  th e  GD . 

(A5) r k  ^  v X2 .

F or any  b lo ck  B , we d e f in e  i t s  i n t e r s e c t i o n  num bers s^  = s^ (B ) 

a s  th e  s iz e  o f  th e  b l o c k 's  i n t e r s e c t i o n  w ith  th e  i - t h  g roup , 

s^  = | b D G jJ , i  = 0 , 1 , . . .  ,m -l

P r o p o s i t io n  2 .1 . A l l  o f  th e  i n t e r s e c t i o n  num bers o f  a l l  o f  th e  b lo c k s  

o f  a GD a r e  th e  same i f  and o n ly  i f  rk  = vX2 .

The s u f f i c i e n c y  o f  th e  c o n d i t io n  i s  p roved  in  Bose and Connor [ 2 ] .  

B oth  n e c e s s i ty  and s u f f i c i e n c y  a r e  proved  i n  Dembowski [ 8 ,  p . 287] by a 

somewhat in v o lv e d  c o u n tin g  a rg u m e n t. We g iv e  h e re  a  s im p le  p ro o f  o f  th e  

n e c e s s i t y .  Assume t h a t  a l l  th e  i n t e r s e c t i o n  numbers o f  a l l  o f  th e  b lo ck s  

a r e  e q u a l t o  c ,  hence  cm = k . We c o n s id e r  any f ix e d  p o in t  p , and 

c o u n t i n  tw o ways t h e  number o f  p a i r s  (q ,B ) such  t h a t  q i s  a  p o in t  

n o t  in  th e  same g roup  a s  p ,  and p and q o ccu r to g e th e r  on b lo c k  B,
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o b ta in in g  th e  r e l a t i o n  r(m  -  l ) c  = (m -  l)nX £ • On m u lt ip ly in g  by 

m /(m -l) ,w e  g e t th e  d e s i r e d  r e s u l t .

A GD Is  sym m etric  i f  v = b , and  th e r e f o r e  by ( A l) ,  k * r  .

We now r e s t r i c t  o u r  a t t e n t i o n  to  th e  c a se  o f  a  c y c l ic  (sym m etric) GD . 

Making th e  i d e n t i f i c a t i o n  o f  p o in ts  w i th  r e s id u e s  mod v ,  m entioned  

a f t e r  Remark 2 .1 ,  we have th e  fo llo w in g  p ro p o s i t io n  w h ich  is  s t a t e d  

w ith o u t p ro o f  by S h rik h a n d e  [1 9 ]. F o r c o m p le te n e ss , we give th e  p roo f 

h e r e .

P r o p o s i t io n  2 .2 . The e x is te n c e  o f a  c y c l ic  GD is  e q u iv a le n t  t o  the  

e x is te n c e  o f  a "g ro u p  d i v i s i b l e  d i f f e r e n c e  s e t '* (GDDS), v iz .  a  k - s e t ,

B, o f  r e s id u e s  mod v w ith  th e  p r o p e r t ie s

1) i f  d = 0 mod m (b u t d ^  0 mod v ) ,  th e re  a r e  e x a c t ly  X̂^

o rd e re d  p a i r s  (Pa »Pp) su ch  th a t  p ^  € B, p^ € B, and pff - Pp = d mod v .

2) i f  d # 0 mod m, th e re  a r e  e x a c t ly  o rd e re d  p a ir s  (Pa >Pp)

such  t h a t  p^ 6 B , pp € B, and pQ -  Pp = d mod v .

The g roups o f th e  GD a r e  G  ̂ = {0 ,m ,2m ,. . . ,  (n  - l)m } , and G^ * Gq + i ,  

i  = 1 , 2 , . . . ,m -  1 .

P r o o f : G iven a c y c l i c  (3), u s in g  Remark 2 .4 ,  we ta k e  a n  a r b i t r a r y  b lo ck

B fo r  o u r  GDDS, and we have to  d e te rm in e  th e  group Gq of r e s id u e s  co n ­

t a i n in g  0 , i . e . ,  we have to  f in d  o u t  which r e s id u e s  mod v a r e  l s t -

a s s o c i a t e  to  0 . Now i f  0 and x a re  l s t - a s s o c i a t e ,  by c y c l i c i t y  

x  and 2x a re  a l s o  l s t - a s s o c i a t e ,hence  by th e  t r a n s i t i v i t y  o f  1 s t -  

a s s o c i a te n e s s ,  (AO), 0 and  2x a r e  l s t - a s s o c i a t e .  C o n tin u in g  in  t h i s

m anner, we see t h a t  a l l  m u l t ip le s  o f  x a r e  l s t - a s s o c i a t e  to  0  . I f

we ta k e  y to  b e  th e  l e a s t  p o s i t iv e  r e s id u e  t h a t  i s  l s t - a s s o c i a t e  to  0 ,

y  m ust d iv id e  v  “  mn , and s in c e  |Gq | * n  we m ust have y *  m .
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Thus Gq = {0,m ,2m  (n  -  l)m } as  s t a t e d ,  and by c y c l i c i t y ,  th e  o th e r

g roups a r e  G^, G2 , . . . , G m_^ a s  d e f in e d  above .

C o n v e rs e ly , g iv en  a  GDDS B, th e n  th e  s e t s  ®q “  B, =

Bn + 1 , . . . , B  - = B + v -  1 a s  b lo c k s ,  and th e  s e t  o f  r e s id u e s  mod v0 * * v -1  *

a s  p o i n t s ,  form  a  c y c l i c  GD . (Remark: In  a p p ly in g  t h i s  p r o p o s i t io n ,

we s h a l l  alw ays a r ra n g e  th e  n o ta t io n  so  t h a t  th e  b ase  p o in t ,  0 , l i e s  in  

th e  group GQ . )

An exam ple o f  a  GDDS i s  th e  s e t  B = £ 0 ,1 ,3 }  mod 6 . The d i f ­

fe re n c e  3 = 3 - 0 = 0 - 3  mod 6 o c c u rs  tw ic e ;  a l l  o th e r  d i f f e r e n c e s  

o ccu r o n c e . The p a ra m e te rs  o f  th e  GDDS (and o f  th e  c o rre sp o n d in g  

c y c l i c  GD) a r e  v = b = 6 , m = 3 , n = 2 , k = r  = 3 , A  ̂ = 2 , and 

X2 = 1 . The g roups a r e  GQ = £ o ,3} , Gĵ  = { j . ,4 } , and G2 = { 2 ,5 }  .

The i n t e r s e c t i o n  numbers f o r  b lo ck  B a re  s^  = 2 , s^  = 1 , and

C le a r ly  f o r  a  c y c l i c  GD, th e  i n t e r s e c t i o n  num bers fo r  any b lo c k  

w i l l  be  a  c y c l i c  p e rm u ta tio n  o f  th o se  f o r  th e  ch o sen  b a s e  b lo c k . When 

we sp e ak  o f  th e  i n t e r s e c t i o n  numbers s^  o f  a  c y c l i c  GD, we mean th e  

s ^(Bq) o b ta in e d  from  th e  chosen  b a se  b lo c k  Bq . The s^  a l s o  depend 

on th e  c h o ic e  o f  th e  c y c l i c  c o l l i n e a t i o n  cp and o f  th e  base  p o in t  p^ , 

s in c e  we r e q u i r e  Pq 6 Gq .

We p u t  th e  r e a d e r  on n o t ic e  to  a lw ays re a d  th e  s u b s c r ip t s  o f  groups 

and i n t e r s e c t i o n  numbers mod m h e r e i n a f t e r ,  and to  re a d  p o in ts  and 

th e  s u b s c r i p t s  o f  b lo c k s  mod v .

A GD i s  c a l l e d  r e g u l a r . fo llo w in g  Bose and Connor [ 2  ] ,  i f

(A6) r  >  X  ̂ and r k  > vA^

By (A4) a  sym m etric  GD w i l l  be r e g u l a r  i f  and o n ly  i f  i t s  in c id e n c e



13

m a tr ix  I s  i n v e r t i b l e .

An in c id e n c e  s t r u c t u r e , w hich  we may a l s o  lo o s e ly  c a l l  a  d e s ig n , i s

a t r i p l e  (X ,6 ,€ )  ( o r  X f o r  s h o r t )  where X i s  a  s e t  o f  p o in t s ,  8  i s

a set of blocks, and the incidence relation € is a subset of X X 8 .

An isom orph ism  o f  in c id e n c e  s t r u c t u r e s  X, and Xn i s  a b i j e c t i o n  T ’ ™“ ■ X «

between the points of X.. and X„ , and a bijection T between the blocks1 a

o f X. and X„ su ch  t h a t  a  p o in t  p and b lo c k  b o f  X. a re  in c id e n t1 A X

in  X, i f  and o n ly  i f  T (p ) and t (B) a re  in c id e n t  i n  X_ . O b v io u sly1 «

i f  X.. and X_ a r e  iso m o rp h ic , and X.. i s  a GD, a  GD s t r u c t u r e  w ith1 A X

th e  same p a ra m e te rs  can  be im posed on X^ • The d u a l  o f  a  d e s ig n  i s  th e

d e s ig n  whose p o in t s  a r e  th e  b lo c k s  o f  th e  g iv e n  d e s ig n , and whose b lo c k s

a re  th e  p o in t s  o f  th e  g iv e n  d e s ig n . A p o in t  and b lo c k  o f  th e  d u a l d e s ig n

a re  i n c id e n t  i f  and o n ly  i f  th e  c o rre s p o n d in g  b lo c k  and p o in t  o f  th e  g iv e n

d e s ig n  a re  i n c i d e n t .  C le a r ly  i f  th e  in c id e n c e  m a tr ix  o f  th e  g iv e n  d e s ig n

t
i s  A, th e  in c id e n c e  m a tr ix  o f  th e  d u a l d e s ig n  i s  th e  t r a n s p o s e  o f  A, A . 

We s h a l l  w r i t e  B f o r  th e  b lo c k  B re g a rd e d  a s  a  p o in t  o f  th e  d u a l de­

s ig n , and p f o r  th e  p o in t  p re g a rd e d  a s  a  b lo c k  o f  th e  d u a l .  N ote t h a t

th e  d u a l  o f  a  c y c l i c  GD, w ith  c y c l i c  c o l l i n e a t i o n  cp, i s  i n  any c a s e  a

d
c y c l i c  d e s ig n  o f  some s o r t ,  w i th  r e s p e c t  to  th e  d u a l c y c le  cp , w here

d -  d  -  -----
cp • -* Bi+ ^ i s  th e  c y c le  on p o in ts  o f  th e  d u a l ,  and cp : j  -♦ j+ 1  i s

th e  c y c le  on b lo c k s  o f  th e  d u a l .  The fo llo w in g  D u a l i ty  Theorem  f o r  c y c l i c  

GDs i s  an a lo g o u s  t o  th eo rem s on th e  e x is te n c e  o f  a p o l a r i t y  o f  H a l l  [ 9 ,  

Theorem 2 .3 ]  and Hoffman [1 3 , rem ark 2 .3 ]  f o r  c y c l i c  p r o j e c t i v e ,  r e s p e c t ­

i v e ly  c y c l i c  a f f i n e  p la n e s .

Theorem 2 .1 . A c y c l i c  GD i s  iso m o rp h ic  t o  i t s  d u a l ,  w hich  i s  t h e r e f o r e

a c y c l i c  GD w i th  th e  same p a ra m e te rs .  M oreover l e t  s^ be  th e  i n t e r ­
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s e c t io n  num bers o f  th e  g iv e n  GD w i th  r e s p e c t  to  I t s  c y c l i c  c o l l i n e a t i o n

cp, b a se  p o in t  pQ = 0 , and b a s e  b lo c k  BQ, and l e t  t ^  be th e  i n te r s e c -

dt i o n  num bers o f  th e  d u a l GD w ith  r e s p e c t  t o  th e  d u a l c y c le  cp , th e  d u a l 

b a se  p o in t  BQ, and th e  d u a l b ase  b lo c k  pQ = 0 . Then we have t^  = s_ ^ , 

i  = 0 , 1 , . . . , m -  1 (w here th e  s u b s c r i p t s  a r e  re a d  mod m).

P ro o f:  The r e q u i r e d  isom orphism  i s  g iv e n  by i  -» B t , and B^ -* -3 ” . In -

deed  i f  B = {d , . . . , d  } ,  t h e  fo llo w in g  a re  e q u iv a le n t :  i  € B ; th e r e0 1 K j

e x i s t s  d such  t h a t  i  = d + j  mod v ; t h e r e  e x i s t s  d such  t h a ta <y a
- j  = d + ( - 1 )  mod v ; - j  € B . ; B € - j  . D en o tin g  th e  p a ra m e te rs  o f  o> - 1  - 1

th e  d u a l GD by b a r r e d  q u a n t i t i e s ,  s in c e  th e  g iv e n  GD i s  sym m etric , we

have v = b = v , b = v = b , and k  = r  = k . Thus t h e  isom orphism  i s

in d ee d  w ith  th e  d u a l o f  th e  g iv e n  GD, and n o t w ith  some subsystem  in  w hich

some p o in ts ,  b lo c k s ,  o r  in c id e n c e  r e l a t i o n s  have been  s u p p re s se d . T h is

p ro v e s  th e  f i r s t  s ta te m e n t  o f  th e  th eo re m . The g ro u p s  o f  p o in ts  o f  th e

d u a l GD a re  ojj = (B0 ,Bm, . . .  .B (n_ 1)m) , gJ  = {Bj .B1+m,B1+2m, . . .  .B1 + (a -1 )il} , .

Gd ,  = fB , ,B „   ,B ,}  . The isom orph ism  maps G . o n to  G^ andm-1 L m-1 2m-1 v - l J - i  i

Bq to  0 . T h is  g iv e s  im m ed ia te ly  t ^  = |g ^  PI o| = |G_i  H BQ| = s_ A .

Lemma 2 .1 . The i n t e r s e c t i o n  num bers s^ o f  a  c y c l i c  GD s a t i s f y  th e

r e l a t i o n s
o 2

(BO) Z  s  = k + (n  -  1)X = k -  n(m -  1 ) \
1=0 1 
m-1

(B j)  Z  s  ( s  ) = nX„ , j  = l , . . . , m  -  1 .
i _ 0 1 i+ J *

P ro o f : The l e f t - h a n d  s id e  o f  (BO) c o u n ts  th e  num ber o f  ways o f  s e le c t i n g

an o rd e re d  p a i r  o f  p o in t s  ( x ,y )  from  a b lo c k  B, su ch  t h a t  x  and y

a re  i n  th e  same g ro u p . T h is  i s  e q u a l  t o  th e  m id d le  member i n  w hich  a re
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t a l l i e d  th e  k p a i r s  (x ,x )  , x  € B , p lu s  X̂  ways o f  o b ta in in g  from  

B each  o f  th e  d i f f e r e n c e s  m, 2m ,. . . , (n  -  l)m  . The r ig h t -h a n d  s id e  

o f  (BO) i s  a consequence  o f  e q u a tio n  (A 3), when r  = k . The le f t - h a n d  

s id e  o f  e q u a t io n  (B j) c o u n ts  th e  number o f  ways o f  s e l e c t i n g  a n  o rd e re d  

p a i r  ( x ,y )  su ch  th a t  x  € B , y  € B , and x € im p lie s  y € .

T h is  i s  e q u a l  to  th e  r ig h t -h a n d  s id e ,  w h ich  c o u n ts  th e  ways o f

o b ta in in g  from  B each  o f  th e  d i f f e r e n c e s  j ,  j  + m, j  + 2m, . . . , j  +

(n  -  l)m  . ( A l te r n a t e ly ,  one ca n  p rove th e  lemma by re d u c in g  e q u a tio n  

(E l)  mod x™ - 1 , and e q u a tin g  c o e f f i c i e n t s . )

The fo llo w in g  theorem  can be used t o  show th e  n o n -e x is te n c e  o f 

c e r t a i n  GDs ( s e e  C h ap te r 4 ) .  The d e f i n i t i o n  o f  a  PDS i s  g iv en  in  

C h ap te r 1 .

Theorem 2 . 2 . Suppose t h a t  th e  i n t e r s e c t i o n  num bers s^  o f  a  c y c l i c  GD 

assum e e x a c t ly  two d i s t i n c t  v a lu e s ,  a and  b . Then th e  s e t s  

A = £i | s ^  * a}  and B = {j |s ^  = b} , c o n s id e re d  as s e t s  o f  r e s id u e s  

mod m , a r e  p e r f e c t  d i f f e r e n c e  s e t s  (PD Ss). A and B a re  b o th  non­

em pty, b u t  we a llo w  th e  p o s s i b i l i t y  t h a t  A o r  B i s  a  s in g le to n  s e t ,  

i . e . ,  a  PDS w i th  p a ra m e te rs  v = m , k = l ,  X = 0 .

P ro o f :  I f  X. d i f f e r e n c e s  mod m from  th e  s e t  A a r e  e q u a l to  d ,— 1 ' A

and X d i f f e r e n c e s  mod ta from  B a r e  e q u a l to  d , e q u a tio n  (Bd)15

r e a ds
a 2 + Xg b2 + (m -  XA -  Xfi)ab  = nX2 .

Now i f  th e  theo rem  i s  f a l s e ,  th e r e  i s  a n o th e r  d i f f e r e n c e  d 7 , whose 

c o rre s p o n d in g  XA , X^ a re  d i f f e r e n t  from  ^  * XB * S u b tra c t in g  

th e  r e s u l t i n g  e q u a tio n  (Bd7) ,

XA ®2 +  ^  b2 +  (m -  XA -  Xg)ab = nX2 ,
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from  th e  f i r s t  e q u a t io n ,  and w r i t i n g  ®a  = ” ^A ’ 6B = * we

g e t
2 2 a  + efi b -  (e^  + efi)a b  = 0 .

2
Now i f  e. = e ft 0 , th e  above q u a d r a t ic  form  w ould g iv e  (a  -  b) ■ 0 ,

A  D

a  = b , c o n t r a d ic t in g  th e  h y p o th e s is  o f  th e  th eo rem . Thus i f  th e  th eo rem  

i s  f a l s e ,  we m ust have $B .

We now make a  co m p u ta tio n  in  th e  r in g  Z [x ,x  red u ced  mod xm -  1 , 

w here Z i s  th e  r in g  o f  r a t i o n a l  i n t e g e r s .  T h is  r i n g  can  a l s o  be co n ­

v e n ie n t ly  re g a rd e d  as  th e  g roup r in g  ZH , w here H i s  th e  c y c l i c  g roup  

o f  o rd e r  m , g e n e ra te d  by x . The im p o r ta n t  p o in t  to  b e a r  i n  mind 

when com puting i n  t h i s  r in g  i s  t h a t  th e  exponen t o f  x sh o u ld  be re a d  

mod m . Now f o r  i  = 1 , 2 , . . . ,m -  1 we s e t

= lu ^ A> v 6 A, and u -  v = i  mod m}|

Xg * |{ ( u , v ) |u  6 B, v € B , and u -  v = i  mod m}| .

P u t t in g  T (x) = l + x + x ^ +  . . .  + x m l  ,

cp (x) = E x*- , and
A i€A

cp (x) = 2 x 1 = T (x) -  cp.(x) ,
B i€B A

we have

cpA(x)cpA(x~ ) = |a | + E \A x mod x™ -  1 and

-1 m‘ l  t  t  _
(* ) cp (x)cp (x" )  5 | b | +  E x  mod x -  1 .B B i u l  B

On th e  o th e r  han d ,

<**) cpB(x)cpB(x_1) = (T (x) -  cpA( x ) ) (T (x )  -  cpA Cx_1) )

= (m -  2 (a |)T (x )  + |A | + “ e  X* x 1 mod x“  -  1 .
i = l  A
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On com paring  c o e f f i c i e n t s  o f  th e  r ig h t -h a n d  s id e s  o f  (*) and (* * ) , we 

f in d  Xg = +  c o n s t ,  f o r  1 = l , 2 , . . . , m  -  1 w here th e  c o n s ta n t  i s

h = m -  2 |a | . Hence

a  c o n t r a d i c t i o n .

2
C o r o l la r y . G iven  a c y c l i c  GD w ith  X  ̂ = 0 and  k - vX^ > 0 , th en  

th e  s e t s  A « £ i  |s ^  = 0} and B = {j | s  t  0} , c o n s id e re d  a s  s e t s  o f 

r e s id u e s  mod m , a r e  (non-em pty) p e r f e c t  d i f f e r e n c e  s e t s .

2
P r o o f ; By P r o p o s i t io n  2 .1 ,  k  -  vX^ >  0 im p lie s  th e r e  a r e  a t  l e a s t  

two d i s t i n c t  i n t e r s e c t i o n  num bers, b u t s in c e  = 0 , 0 and 1 a re  

th e  o n ly  p o s s ib l e  i n t e r s e c t i o n  num bers. Hence Theorem  2 .2  g iv e s  th e  

r e s u l t .

The c o r o l l a r y  ca n  a l s o  be e a s i l y  p roved  w ith o u t  u s in g  Theorem 2 .1  

(com pare Theorem  5. 4 ) .



CHAPTER 3 

A M u l t ip l i e r  Theorem

G iven a c y c l i c  PBIBD whose b lo c k s  a r e  d i s t i n c t  a s  s e t s ,  and whose 

v p o in ts  we re g a rd  a s  th e  s e t  o f  r e s id u e s  mod v ,  th e n  th e  in te g e r  | j i  i s  

c a l l e d  a  m u l t i p l i e r  o f  th e  PBIBD i f  m u l t i p l i c a t i o n  by p, d e f in e s  a  c o l ­

l i n e a t i o n .  Thus th e  e f f e c t  o f  p. on a b lo c k  L i s  g iv e n  by p o in t-w is e  

m u l t i p l i c a t i o n  o f  th e  s e t  L .

In  t h i s  c h a p te r  we p rove a  m u l t i p l i e r  theo rem  f o r  c e r t a i n  c y c l i c  

GDs, w hich  i s  a g e n e r a l i z a t i o n  o f  a m u l t i p l i e r  theo rem  o f  Hoffm an[ 13] f o r  

c y c l i c  a f f i n e  p la n e s .  A c y c l i c  a f f i n e  p la n e  h as  f o r  i t s  p o i n t s ,  th e  p o in ts

o f  a p r o j e c t i v e  p la n e ,  w i th  th e  p o in ts  o f  th e  l i n e  L a t  i n f i n i t y  d e le t e d ,
00

and w ith  one a d d i t i o n a l  ( a f f i n e )  p o in t  X d e le t e d .  I t  has f o r  i t s  l i n e s ,

th e  l i n e s  o f  th e  p r o j e c t i v e  p la n e ,  w i th  th e  l i n e  L and a l l  l i n e s  th ro u g h
00

X d e le t e d .  The in c id e n c e  r e l a t i o n  i s  th e  r e s t r i c t i o n  o f  th e  in c id e n c e  

r e l a t i o n  o f  th e  p r o j e c t i v e  p la n e ,  and th e  sy s te m  i s  assum ed to  have a  

c y c l i c  c o l l i n e a t i o n .  The o r d e r ,  t  o f  th e  p la n e  i s  th e  number o f  p o in ts  

on a l i n e .  Bose [ 1 ]  p roved  t h a t  a  f i n i t e  d e s a rg u e s ia n  a f f i n e  p la n e , w ith  

any a f f i n e  p o in t  X d e le te d ,  i s  a c y c l i c  a f f i n e  p la n e .

H offm an 's m u l t i p l i e r  theo rem  s t a t e s  t h a t  i f  p i s  a  prim e d iv id in g  

t ,  th e n  a c y c l i c  a f f i n e  p la n e  o f  o rd e r  t  has p a s  a  m u l t i p l i e r .  The 

s t a r t i n g  p o in t  f o r  th e  p r e s e n t  g e n e r a l i z a t i o n  i s  th e  f a c t  t h a t  i f  we 

ta k e  th e  l i n e s  th ro u g h  th e  d e le te d  p o in t  X a s  g ro u p s , th e n  th e  c y c l i c  

a f f i n e  p la n e  i s  se e n  to  be a  c y c l i c  (sy m m etric )  r e g u la r  GD w ith  

v “  b  ■ t  - 1 ,  r = k = t ,  m = t + l ,  n = t -  1 , A “  0 , ^  ■ 1 , an<* 

w ith  i n t e r s e c t i o n  numbers 0 , 1 , 1 , . . . , 1  . (The term s and n o ta t io n  j u s t  

used  a r e  d e f in e d  i n  C h a p te r  2 . )  We d e f in e  an  a f f i n e  GD a s  a  GD i n

18
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w hich th e  i n t e r s e c t i o n  num bers assum e e x a c t ly  two d i s t i n c t  v a lu e s ,  w hich 

we w i l l  d e n o te  th ro u g h o u t a s  a  and b . A s p e c i a l  a f f i n e  GD i s  an  a f ­

f in e  GD i n  w hich  one o f  th e  v a lu e s ,  say  a ,  i s  assum ed by e x a c t ly  one in ­

t e r s e c t io n  number o f  each  b lo c k . ( I f  a  GD i s  c y c l i c ,  o r  more g e n e ra l ly  

i f  i t  has a  group o f  c o l l i n e a t io n s  w hich  i s  t r a n s i t i v e  on th e  b lo c k s ,  the  

m u l t i p l i c i t y  o f  e a ch  v a lu e  w i l l  be th e  same f o r  e a c h  b lo c k .)  We s h a l l  

prove a m u l t i p l i e r  theo rem  f o r  c y c l i c  s p e c i a l  a f f i n e  GDs . F i r s t  we l i s t  

a few u s e f u l  f a c t s .

By (A3) we have

(C l) I n  any GD, X̂  < X  ̂ i f  and o n ly  i f  k^ -  vX^ < k -  X̂  .

We d e f i n e  f o r  any p o s i t i v e  i n te g e r  e ,

T (x ) = l + x + x ^ + . . . + x e * e

In  p ro v in g  th e  m u l t i p l i e r  theo rem  o u r c o m p u ta tio n s  ta k e  p la c e  in  th e  r in g s  

Z [x ,x - 1 ] /  (x e -  1) and Z tx .x ”1 ] /  Tg (x) , w here Z i s  th e  r in g  o f  

r a t i o n a l  i n t e g e r s .  In  a d d i t io n  to  th e  f a c t s  s t a t e d  a t  th e  end o f  C hap ter 

2 a b o u t th e  f i r s t  o f  th e s e  r i n g s ,  th e  fo llo w in g  f a c t s  w i l l  be used  con­

s t a n t l y .

(C2) (x  -  1) T (x) = xe -  1 , t h e r e f o r e  xe s  1 mod T (x ) .© C

(C3) T (x”1) T (x) = T (x) .n  m mn

g
(C4) I f  r s  «  e ,  and f (x )  i s  any p o ly n o m ia l, th e n  f ( x )  T ^(x  ) =

fj^(x ) Tr (x 8) mod xe -  1 ,  w here ^ ( x )  i s  a  p o ly n o m ia l o f

d e g re e  l e s s  th a n  s .

(C5) The m apping d e f in e d  by x x ^ i s  an  au tom orphism  o f  th e

a lg e b r a  Z [x ,x  /  (x® -  1) .
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Theorem 3 .1 . G iven a  c y c l i c  s p e c i a l  a £ f in e  GD, and a prim e p s a t i s f y i n g  

th e  fo llo w in g  c o n d i t io n s :

(D l) p does n o t  d iv id e  mn ,

(D2) p d iv id e s  k -  X̂  ,

(D3) p > X2 ,

(D4) p >  k2 -  vX-2 ,

th e n  p i s  a  m u l t i p l i e r .

C oncern ing  th e  seem in g ly  r e s t r i c t i v e  c o n d i t io n  (D 4), we n o te  t h a t  i f

we a r e  g iv e n  th a t  X2 > ^  an<  ̂ t h a t  k  -  X̂  i s  a prim e p , th e n  by

( C l ) ,  (D4) i s  a u to m a t ic a l ly  s a t i s f i e d .

P ro o f  o f  Theorem  3 .1 : We may assum e t h a t  k  >  X  ̂ . T h is  h as  th e  s o le  e f ­

f e c t  o f  e x c lu d in g  th e  t r i v i a l  c a s e  in  w hich a b lo c k  i s  a g ro u p , o r  i t s

com plem ent, by Theorem 2 o f  Bose and Connor [ 2 ] ,  In  t h i s  c a se  (D l) by

i t s e l f  im p lie s  th e  th eo rem .

We n o te  t h a t  s in c e  th e  i n t e r s e c t i o n  numbers assume two d i s t i n c t  

v a lu e s ,  0 < k2 -  vX^ by (A5) and P r o p o s i t io n  2 .1 .  From (D4) and (D 2),

k2 -  vX2 <  k -  X̂  . Hence X̂  < X̂  by ( C l) ,  and th e  GD i s  r e g u la r  by

(A 4). Thus we can  s t r e n g th e n  (D3) and (D4) a s  fo llo w s :

(D3/ ) p > X2 > Xx

(D 4 ')  p >  k2 -  vX2 > 0 .

A cco rd in g  to  P r o p o s i t io n  2 .2 ,  i f  L i s  any b lo c k  o f  th e  GD ,

L = {d1 , d „ , . . . , d .  } i s  a  GD d i f f e r e n c e  s e t  (GDDS) o f  r e s id u e s  mod v .
1 a K

We d e f in e

^10 (x) = x + . . .  + x
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Then th e  p r o p e r t i e s  o f  th e  GDDS a r e  p r e c i s e ly  e q u iv a le n t  to  th e  e q u a tio n

(E l)  0 ( x )0 ( x _1) = k -  X1 + X _ T ( x )  +  (X. -  K )  T (xm) mod (xV -  1) .l  z v I  z n

We m ust p rove  t h a t  th e  s e t  pL = {p d ^ ,p d 2  *s a ^ so a b lo c k  o f

th e  GD, in  s h o r t  t h a t  pL = L + t  f o r  some in te g e r  t  . I f  t h i s  i s  

shown f o r  any one b’ ock L, i t  w i l l  a l s o  be t r u e  f o r  any o th e r  b lo c k  

L + i ,  s in c e  we w i l l  have p (L  + i )  = pL + p i  = L + t  + p i  . T h is  w i l l  

make m u l t i p l i c a t i o n  by p a  c o l l i n e a t i o n  a s  c la im e d . However, by ( D l) , 

pL i s  in  any c a se  a  GDDS w ith  th e  same p a ra m e te rs  a s  th e  GDDS L . 

Hence

(E2) 0 ( x P) 0 ( x 'P) = k -  X + X T (x ) + (X, -  X_) T (xm) mod(xV -  1) .l  z v i  z n

U sing (D2) and th e  f a c t  t h a t  (xm) d iv id e s  T ^(x) and xV -  1 , (E l)  

becomes

(E3) 0 (x) 0 ( x _1) h 0 mod ( p .T j x " 1) )  .

S in c e  0 (xP) 0 (x 1) = 0 (x )P 1 0 (x) 0 (x  1) m od(p ,xV -  1 ) ,  we have

0 (xP) 0 (x *) = 0 m od(p,Tn (xm) )  from  (E 3). In  o th e r  w ords,

(E4) 0 (xP) 0 (x *) = p f (x )  + g (x ) T (x™) mod xV -  1 .n

H ere we can  ta k e  g (x ) = g^ + g^x + . . .  + x  by (C 4 ). A lso  we

choose  0 ^  g^ < p f o r  i  * 0 , 1 , . . . , m -1, a b s o rb in g  th e  d i f f e r e n c e  i n to  

th e  te rm  p f (x )  . P u t t in g  f ( x )  * f ^  + f^ x  + . . .  + *  * » a H  tb e

f j ' s  w i l l  be n o n -n e g a t iv e :  i f  any w ere s t r i c t l y  n e g a t iv e ,  th e  r i g h t -

hand s id e  w ould have a  s t r i c t l y  n e g a t iv e  c o e f f i c i e n t  (view ed a s  an  

e lem en t o f  th e  group a lg e b r a  ZG, w here G i s  th e  c y c l i c  group o f  o rd e r
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v g e n e ra te d  by x ) , w hereas a l l  th e  c o e f f i c i e n t s  o f  th e  l e f t - h a n d  s id e  

a r e  n o n - n e g a t iv e .  S in ce  x™ = 1 mod T ^(x ) , we g e t  from  (E4) and (C 3 ),

(E5) 6 (xP) 0 (x 1) = ng (x ) mod (p ,T  (x ) )  .m

R e f e r r in g  to  th e  n o ta t io n  o f  Theorem  2 .2 ,  we have 0 (x) = acp^(x) + 

bcpB(x) mod xm -  1 , i f  we u se  L as  o u r b a se  b lo c k . S in c e  <PB0 0  =

Tm(x) -  cpA( x ) ,

(E6) 0 (x) = (a  -  b) cp. (x) mod T (x ) .
a m

By (E l)  and (D 2), and u s in g  xm = 1 mod T^C x), T ^(x ) = 0 mod T ^ (x ) , we 

have

(E7) 0 (x )  0 (x_1) = n(X -  X.) mod (p ,T  (x ) )  .i  L m

From (E 6 ) , (E 7 ) , and 0 (x ^ )0 (x  *) = 0 (x )^  ^ 0 (x )0 (x  *) mod ( p ,T ^ ( x ) ) ,

(E8) 0 (xP)0 (x_1) = (a -  b ) p" 1 ^ ( x ) 15' 1 n(X1 -  X ^  mod (p ,T m(x ))  .

We c la im  t h a t  a  -  b ^  0 mod p , hence  (a  -  b ) P ^ = 1 mod p . T h is  f o l ­

lows from  th e  r e l a t i o n  o f  Theorem 4 .1  , v a l i d  f o r  any c y c l i c  a f f i n e  GD, 

t h a t  k2 -  vX2 = (a  -  b ) 2 ( | a | -  XA) ,  to g e th e r  w i th  (D 4*). (We do n o t  

r e a l l y  need  th e  f u l l  s t r e n g th  o f  even  (D4) f o r  t h i s  how ever. We o n ly  

need t h a t  k2 -  vX2 < k -  X̂  , w hich  gave us (D3/ ) .  By (A3) we can  r e ­

w r i t e  th e  l e f t - h a n d  s id e  o f  th e  l a s t  e q u a t io n  a s  k  -  X̂  + n(X^ -  X2) ,  

and th e n  on re d u c in g  mod p , (D l) ,  (D 2), and (D3*) g iv e  th e  d e s i r e d  

c o n c lu s io n .)

We now invoke  th e  a ssu m p tio n  t h a t  th e  GD i s  s p e c i a l  a f f i n e ,  so  

t h a t  one o f  th e  two in d ex  s e t s ,  say  At  i s  a  s in g l e to n .  Hence
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cpA(x) = x^ , i . e . ,  | l H gJ  = a  only  f o r  i  * j  . I f  j  5* 0 , we change

o u r cho ice  o f  base  b lo c k  from L to  L -  j  , whence = s q (l  ” “

| l  -  j  H Gq | = a , and cp^(x) = 1 . Thus we c a n  r e w r i te  (E8) as

(E9) 6 ( x p ) 0 (x - 1 ) = n(X -  X ) m od(p,T  (x ) )  .I Z m

Combining t h i s  w ith  (E 5 ) , we have  ng(x) = n(X^ -  X^) m od(p,Tm(x ))  , and 

s in c e ,  by ( D l ) ,  n i s  i n v e r t i b l e  mod p ,

(E10) g (x )  = \  ~ ^ 2  mod(P>Tm(x) )  >

o r

( E l l )  g (x )  = X̂  -  X2  + p h (x ) + wTm(x) mod x  -  1 .

Here w c a n  be ta k e n  a s  an i n t e g e r ,  s in c e  m u l t i p l i c a t i o n  o f  T (x ) by

a  p o ly n o m ia l w(x) i s  th e  sam e, mod xm -  1 , a s  m u l t i p l i c a t i o n  by th e

sum o f  i t s  c o e f f i c i e n t s .  F u r th e r ,  due t o  th e  te rm  ph(x) ,  we can ta k e  

0 ^  w < p . Now s in c e  0 £ g^ <  p , we g e t

gj. = 82 -  ‘ ‘ = V i  = w , and

(E12)

80 = \  " X2 + W + *P

W ritin g  f  * sum o f  th e  c o e f f i c i e n t s  o f  f (x )  , and s e t t i n g  x * 1 in

(E l)  and i n  (E 4 ), we have

2
k  * k -  X̂  + mnX  ̂ + n(X^ -  X ) ,

(E13) k 2 * p f + n(mw + X̂  -  X2 + ep) .

E quating  t h e  two r ig h t -h a n d  s i d e s ,  r e d u c in g  mod p , and c a n c e l l i n g  n

w hich  i s  # 0  mod p , we ge t
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+ X̂  - = raw + X  ̂ -  X̂  mod p ,

X̂  = w mod p , 

s in c e  m ^  0 mod p . Hence

(E14) X2 = w ,

s in c e  0 ^  X2 , w < p . Going back  t o  (E12) we have = X̂  + ep ,

whence

(E l 5) e = 0 .

Thus we can  now r e w r i t e  (E12) as

8 l  =  S 2  =  “  8 * _ i  =  \  ’ a n d

(E16)

80 = xi

2
P u t t in g  to g e th e r  (E 1 3 -1 5 ), k  = p f  + n(m -  1) X2 + nX^ , and r e c a l l i n g

(A 3), we have k^ * p f  + k^ -  k + X̂  , o r

(E17) p f  = k  - Xx .

Using ( E l6) , e q u a t io n  (E4) becomes

e ( x P) 0 (x “1) s  p f  (x) + Tn (xm) [ ^ T m(x) + Xj_ -  X2 J mod xV -  1 , or

(E18) 0 ( x P) e ( x ’ 1)=  p f  (x) + X2Tv (x) +  ^  -  X2)Tn (xm) mod xV -  1 ,

(E187) 0 (x^)0  (x ^ )=  p ? (x )  + nX T (x ) +  n(X -  X ) mod xm -  1 ,I  m V I

where f ( x )  * e Q +  e^ x  + . . .  + em_^ xm 1 and = c £ + c i +m + *** + 

c i+ (n  l)m  ^or * = ’ ’ * ,m~* * APP1y l n 8 fĉ e autom orphism  d e f in e d  by

x -* x ^ to  (E18) and(E 18/ ) ,
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(E19) 0 (x  P)0 (x) = p f  (x *) + X2Tv (x) + (X1 -  m° d ̂  " 1 ’

(E19/ ) 0 (x p )0 (x) s  p f (x  *) + nX T (x) + n(X -  X ) mod xm -  1 .z m l  z

A lso , (E l)  and (E2) y i e ld

(E l#> 0 (x )0 (x  *) = k -  X + nX T (x) + n(X -  X ) mod xm -  1 ,X z m i  z

(E27) 0 (xP) 0 (x  P) = k -  X + nX T (x) + n(X -  X ) mod xm -  1 .X z m X z

On th e  le f t - h a n d  s id e s ,  ( E l7) X (E27) = (E 187) X (E197) mod xm -  1 . 

E q u a tin g  th e  r ig h t - h a n d  s id e s ,

(k  -  Xx) 2 + 2n(k  -  XX)(X X -  X2) + n2 (Xx -  X2) 2

+ T (x)nX [2 (k -  X ) + 2n(X -  X ) + mnX ]m z X x z z

= p2 f  ( x ) f ( x '1) + n2 (XL -  X2) 2 + pn(Xx -  X2) ( f ( x )  + f(x* '1) )

+ T (x )nX „[2pf + 2n(X - X ) + mnX ] mod x™ -  1 .m z X z z

By (E17) th e  two e x p re s s io n s  in  b ra c k e ts  a r e  e q u a l .  E q u a tin g  th e  con­

s t a n t  term s on b o th  s id e s ,
m-1

(k -  Xx) 2 + 2n(k  -  XX)(X X -  X2) = p2 E e 2 + 2pn(X1 -  X2) e Q .

2 2We com ple te  th e  s q u a re  by ad d in g  n (X^ -  X2) back  to  b o th  s id e s :

(E20) [k - X  ̂ +  n(X1 -  X p ] 2 = p2 E e 2 + [peQ + n(Xj^ -  X2) ]2 .

2
By (A 3), the  q u a n t i ty  in s id e  th e  le f t - h a n d  b r a c k e t  i s  k -  mnX2 , so

2
t h a t  by (D4) th e  l e f t - h a n d  s id e  i s  l e s s  th a n  p . T h e re fo re  th e  te rm



m-1
T h is  le a v e s  e -  = f  , s in c e  f  = E e ,  . Thus f (x )  = c .  + c x +

0 i= 0  0 m

2m , (n - l)m  .c„ x  + • • •  + c /  n\ X  , whence2m (n - l)m  ’

(E21) T (xm) f ( x )  = T (xm) f  s  T (xm) f ( x _1) mod xV -  1 .n n  n

S in c e  on th e  l e f t - h a n d  s i d e s ,  (E l)  X (E2) = (E18) X (E19) mod xV -  1 , 

we e q u a te  th e  r ig h t -h a n d  s id e s  and u se  (E 21), o b ta in in g

(k  -  X^)2 + Tv (x )[X 2 n® + 2 ^ (k -  X^) + 2 ^ ( ^  -  X2 )n ]

+ Tn (xI?l) [ (X 1 - X2 ) 2n +  2 (k  -  -  X ^  ]

= p2 f ( x ) f ( x  1) + Tv (x )fX 2 mn + 2pfX2 +  2X2 (X1 -  X2>n]

+ T ^ x ™ ) ! ^  - X2 ) 2n  + 2 p f (X^ -  X2) J  mod xX -  1 .

By (E17) t h i s  i s  j u s t  (k  -  X^)2 = p2 f ( x ) f ( x  mod xV -  1 . S in c e  f ( x )  

has n o n -n e g a t iv e  c o e f f i c i e n t s ,  i t  m ust t h e r e f o r e  c o n s i s t  o f  a  s in g le  

te rm , f ( x )  = f* x tm , whence p f ( x )  = (k -  X^)xtm by (E 17 ). Thus (E18) 

re a d s

(E22) e ( x p ) 0 ( x - 1 ) = (k -  X1) x t m + X2Tv (x) + (Xx -  X2)Tn (xm) mod xV -  1

T h is  s a y s  t h a t  e x a c t ly  k = (k  -  X^) + X2 + (X^ -  X2) o f  th e  d i f f e r e n c e s

pd^ -  dp have th e  same v a lu e  tm mod v . I f  pd^ -  d^ = P * ^ ' “ mo<1 v>

th e n  by (D l) , a  = a*  i f  and o n ly  i f  P = P / . Thus { p d ^ ,. . . ,pd^}  i s

a  re a r ra n g e m e n t o f  {d^ + tm  d^  +  tm ) , o r  pL = L + tm , and p

i s  a m u l t i p l i e r .



CHAPTER 4

N o n -e x is te n c e  Theorem s f o r  C y c lic  GDs

We p r e s e n t  some theo rem s h e re  w hich ca n  be used  to  show th e  non­

e x is te n c e  o f  c y c l i c  GDs w i th  c e r t a i n  p a ra m e te rs .  S e v e ra l  o f  th e s e  r e ­

s u l t s  c lo s e ly  p a r a l l e l  w ell-know n r e s u l t s  f o r  p e r f e c t  d i f f e r e n c e  s e t s .

Thus P r o p o s i t io n s  4 .1  and 4 .2  and t h e i r  p ro o fs  a re  i d e n t i c a l  w ith  r e s u l t s  

f o r  PDSs o f  H. Mann and J .  Jans r e s p e c t iv e ly  (see  H a ll [ 11 , p . 1 4 0 ] ) , 

w h ile  Theorem 4 .2  i s  an a lo g o u s  to  H a ll-R y se r  [ 12 , Theorem 3 .2 ] .

For c y c l i c  a f f i n e  GDs, th e  m u l t i p l i e r  theo rem  o f  C h ap te r 3 , when 

combined w ith  th e  PDS theo rem  o f  C h ap te r 2 , i s  a  p o w erfu l to o l  f o r

p ro v in g  n o n - e x is te n c e .  We g iv e  a  d e t a i l e d  exam ple o f  th e  u se  o f  th e s e  two

theorem s to  p rove  th e  im p o s s ib i l i t y  o f  a c e r t a i n  c y c l i c  a f f i n e  GD.

Theorem 4 .1  g iv e s  a n o th e r  n o n -e x is te n c e  c r i t e r i o n  f o r  c y c l i c  a f f i n e  GDs.

P r o p o s i t io n  4 .1 . I f  p i s  any m u l t i p l i e r  o f  a c y c l i c  PBIBD whose in ­

c id e n c e  m a tr ix  i s  n o n - s in g u la r ,  th e n  p h as  a  f ix e d  b lo c k .

P r o o f : p h a s  a  f ix e d  p o i n t ,  nam ely th e  r e s id u e  0 , t h e r e f o r e  by P a r k e r 's

Theorem [1 7 ] , p h a s  a f ix e d  l i n e .

P r o p o s i t io n  4 .2 . L e t v be  th e  number o f  p o in t s ,  and k th e  number o f

p o in ts  p e r  b lo c k ,  o f  a  c y c l i c  PBIBD. I f  (k ,v )  = 1 , th e n  th e r e  i s  a

b lo c k  w hich  i s  f ix e d  by a l l  m u l t i p l i e r s .

P r o o f : I f  we choose some b lo c k  B * Bq a s  b a se  b lo c k , th e  b lo c k s  o f  th e

PBIBD a re  Bt  = { d j -f i , . . . ,d fc + i }  , f o r  i  = 0 , 1 , . . . , v -  1 . The sum 

o f  th e  r e s id u e s  o f  b lo c k  B^ i s  cj(B^) = d^ + . . .  + d^ + k i  . S ince  

(k ,v )  * 1 , th e  map Bĵ  a (B ^) g iv e s  a  one to  one co rre sp o n d en c e  betw een

th e  s e t  o f  a l l  b lo c k s  and th e  s e t  o f  a l l  r e s id u e s  mod v . Hence i t  i s

27
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c l e a r  t h a t  th e  b lo c k  o ^ (0 )  i s  f ix e d  by a l l  m u l t i p l i e r s .

We now g iv e  an  exam ple o f  how one can  show th e  n o n -e x is te n c e  o f  

c y c l i c  a f f i n e  GDs w ith  c e r t a i n  p a ra m e te rs ,  by u s in g  th e  p e r f e c t  d i f f e r ­

ence  s e t  th eo rem  o f  C h ap te r 2 , th e  m u l t i p l i e r  theo rem  o f  C h a p te r  3 , and 

th e  e x is te n c e  o f  a  f ix e d  l i n e  f o r  any m u l t i p l i e r .  The n o n -e x is te n c e  o f  

th e  g iv en  exam ple can n o t be o b ta in e d  by any o th e r  theo rem s known to  th e  

a u th o r .  We c o n s id e r  a  sym m etric  GD w ith  th e  p a ra m e te rs  v = b = 16 ,

m = 4 , n = 4 ,  k = r  = 7 , X̂  = 2 , X2 = 3 . We s h a l l  show t h a t  t h i s  d e s ig n

c a n n o t be c y c l i c  a f f i n e .  I f  i t  i s  c y c l i c  a f f i n e ,  th e  in d ex  s e t s  A and 

B o f  Theorem 2 .2  a r e  p e r f e c t  d i f f e r e n c e  s e t s  mod m . T here  i s  no sym­

m e tr ic  BIBD w ith  m = 4 p o in ts  and b lo c k - s iz e  2 , a  f o r t i o r i  th e r e  i s  

no PDS mod 4 w ith  b lo c k - s iz e  2 . T h e re fo re  th e  d e s ig n  i s  s p e c i a l  a f ­

f i n e ,  and we can  u se  Theorem 3 .1 .  Hence 5 i s  a  m u l t i p l i e r .  The i n c i -
2

dence m a tr ix  o f  th e  d e s ig n  i s  n o n - s in g u la r ,  s in c e  k -  vX^ and k -  X̂  

a r e  g r e a t e r  th a n  0 ( s e e  (A 4 )). Thus by P r o p o s i t io n  4 .1  th e r e  i s  a  f ix e d  

b lo c k  L f o r  th e  m u l t i p l i e r .  C le a r ly  L m ust be a  u n io n  o f  o r b i t s  o f  

th e  m u l t i p l i e r .  The o r b i t s  a re

Cx = (1 , 5 , 9 , 1 3 ) ,  C2 = (3 , 7 , 11 , 1 5 ) ,

C3 = (2 , 1 0 ) , C4 = (6 , 1 4 ) ,  and ( 0 ) ,  ( 4 ) ,  ( 8 ) ,  (1 2 ) .

C^ and C2 a r e  a l s o  g ro u p s , and s in c e  X̂  = 2 , th ey  c a n n o t be c o n ta in e d

i n  L . B ut th e n  to  a c h ie v e  |l | = k = 7 , we have to  in c lu d e  b o th  C^

and C^ i n  L , w hich  i s  im p o ss ib le  s in c e  C^ U C^ i s  a  g ro u p .

C o n tin u in g  to  u se  th e  n o t a t io n  o f  Theorem 2 .2  f o r  an  a r b i t r a r y  cy ­

c l i c  a f f i n e  GD , we have from  ( 1 . $  o f  C h ap te r 1 ,
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( 4 .1 )  (m -  1)XA = |a | ( | a | - 1) ,

and s in c e  A and B a re  com plem entary  PDSs,

(4 .2 )  |a | + | b | = m ,

(4 .3 )  | b | -  Xr = U l -  XA .

Com bining (4 .1 )  and (4 .2 )  we f in d

(4 .4 )  1A 1 • 1B 1 | |  x
m -  1 1 1  A *

I f  we s u b t r a c t  e q u a tio n  (B l) from  e q u a tio n  (BO) o f  C h a p te r  2 , we o b ta in

f o r  th e  c a se  o f  a  c y c l i c  a f f i n e  GD

(4 .5 )  k2 -  vX^ = |A |a 2 + [b |b^  -  XAa 2 -  Xg b2 -  (m -  XA -  X^) ab

U sing ( 4 .2 - 4 .4 )  and r e c a l l i n g  t h a t  f o r  a  s p e c ia l  a f f i n e  GD , |a | = 1 

and |B | = m -  1 o r  v ic e  v e r s a ,  (4 .5 )  y i e ld s

Theorem 4 .1 . F o r any c y c l i c  a f f i n e  GD , we have

k2 .  v \ 2 = (a  -  b ) 2 C |a t -  XA) = (a  -  b ) 2 ^  .

2 2 F or any c y c l i c  s p e c ia l  a f f i n e  GD , k  -  vX^ = (a -  b ) , th e  s q u a re  o f

an  i n te g e r .

Theorem 4 .2 . G iven a  c y c l i c  GD w hich  i s  e i t h e r  r e g u la r  o r  has

(k ,v )  = 1 , and l e t  t  be  b o th  a  m u l t i p l i e r  and a  p r im i t iv e  r o o t  mod q ,

w here q i s  a  prim e d iv id in g  v , th e n
2

1) i f  q d iv id e s  m , th e n  k  -  vX^ i s  a  s q u a re .
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2) i f  q does no t d iv id e  m , th e n  k -  X̂  i s  a s q u a re .

P r o o f ; L e t L = {dn  d, } be  a  f ix e d  b lo c k ,  w h ich  e x i s t s  by e i th e r

d l  dkP r o p o s i t io n  4 .1  o r  4 .2 ,  and l e t  0 (x) = x + . . .  +  x . Then

t  t 2 v 20 (x) = 0 (x ) = 0 (x ) = . . .  mod x  - 1 w here th e  exponen ts  1 , t , t  , .  . .

ru n  th ro u g h  a l l  th e  n o n -z e ro  r e s id u e s  mod q ( s in c e  t  i s  a  p r im it iv e

r o o t ) .  Thus i f  e i s  a  p r im i t iv e  q ^  r o o t  o f  u n i ty  (over th e  r a t i o n a l s ) ,

0 ( e )  = 0 (e2 ) = . . .  * 0 (e ^ - ^) = 0 (e  *) ( s in c e  q |v ) ,  t h e r e f o r e  0 (e )  I s

a  r a t i o n a l  i n te g e r  h  . S u b s t i t u t i n g  e f o r  x in  (E l) ,

( 4 .6 )  h 2 = 0 ( e )  0 ( e " 1) = k  -  \  + \  Tv (e) + ( ^  -  X ^ Tn (e m) .

The te rm  X T (e ) d is a p p e a rs  s in c e  T (x ) d iv id e s  T (x) . I f  q/ v  q v

d iv id e s  m , th e  l a s t  te rm  o f  ( 4 .6 )  is  (X^ -  X^)n , and th e  r e s u l t  f o l ­

low s from  (A 3). I f  q does n o t  d iv id e  m , em ^ 1 i s  a q*"*1 r o o t  of

u n i ty ,  hence s a t i s f i e s  T^(x) = 0 , but q d iv id e s  n  , t h e r e f o r e

V x) divides v x) • s° the iast tem °f <4-6) dl8appe*ts - givln8
th e  r e s u l t .

N o te : I f  q = 2 , t  i s  i r r e l e v a n t ,  and th e  theo rem  i s  t r u e  f o r  an

a r b i t r a r y  sym m etric  r e g u la r  GD by (A4). (T h is i s  p a r t  o f  Theorem 9 o f

Bose and Connor [ 2 ] ) .



CHAPTER 5 

Some F a m il ie s  o f C y c lic  D esig n s

In t h i s  c h a p te r  we c o l l e c t  some c o n s t r u c t io n s  and f a m i l i e s  o f  c y c l i c  

PBIBDs and GDs. No c la im  i s  made th a t  t h e s e  a c c o u n t fo r  more th a n  a  t in y  

f r a c t i o n  o f  th e  e x i s t i n g  m u lt i tu d e  o f s u c h  d e s ig n s .

£ 1 .  P ro d u c t PBIBDs

Suppose we have tw o d i s j o i n t  s e ts  X^, w i th  p o i n t s ,  a s s o c i ­

a t i o n  schem es c o n s i s t in g  o f  t^  a s s o c i a t e  c l a s s e s ,  i  = 1 , 2 , and p a r ­

a m e te rs  p* , q* , r e s p e c t i v e l y .  We w an t to  d e f in e  a p ro d u c t  a s s o c ia -  j k  jk

t i o n  scheme on X X^ , and , i n  case  X^ and X^ a re  PBIBDs, a  p ro ­

d u c t  PBIBD. (T h is was done by V artak  [ 2 3 ] ,  by t a k in g  th e  K ronecker 

p ro d u c t o f  th e  two in c id e n c e  m a t r ic e s .  However, to  develop  th e  few 

s im p le  f a c t s  t h a t  we n e e d , i t  i s  b e t t e r  t o  av o id  u s in g  m a t r i c e s . )  To 

t h i s  end we f i r s t  m odify  th e  d e f i n i t i o n  o f  a s s o c i a t e  by " in c lu d in g  th e  

d ia g o n a l" :  we say  t h a t  any p o in t  i s  O - a s s o c ia te  t o  i t s e l f .  The p r o p e r t ie s  

o f  an  a s s o c i a t i o n  scheme and o f  a  PBIBD, s ta t e d  i n  C hapter 2 ,  a re  s t i l l  

v a l i d  u n d er t h i s  m o d if ic a t io n ;  i n  f a c t ,  we have tIq = 1, p j k  ■ V j  •

aw i p0 ,k  ■ pk ,0  * 6lk"o > and \>  * r •
We s h a l l  c a l l  two p o in ts  ( a , a #) and  ( b jb 7) o f X  ̂ x X  ̂ ,

( i .  i ) - a s s o c i a t e  w ith  r e s p e c t  t o  th e  p ro d u c t  a s s o c i a t i o n  schem e G^ o G^

i f  a and b a re  i - a s s o c i a t e  w i th  r e s p e c t  to  G^, and a / and b*

a r e  j - a s s o c i a t e  w ith  r e s p e c t  t o  G . T h is  c l e a r l y  d e f in e s  an  a s s o c ia -

t i o n  scheme on Xx x X2 , w ith  t ^  + t x + t 2 a s s o c ia te  c l a s s e s  (n o t

in c lu d in g  th e  d ia g o n a l)  and w i th

U , I )  m i  t
( j  |i») ( k ,n )  jk  Snn 9
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where 0 ^ i ,  j ,  k  ^  t^  , and 0 ^ - t ,  m, n  ^ . Now assum e t h a t

and X2  a r e  PBIBDs w ith  b lo c k s  o f  s i z e  k^ , r e p l i c a t i o n  numbers

r ^  , f o r  i  = 1 ,2 ,  and p a ra m e te rs  X̂  , j  = 0 , 1  t^  ; X' , j  = 0 , 1 , . . . ,

r e s p e c t i v e ly .  Then we can  make X^ X in to  a PBIBD by ta k in g  as b lo ck s  

a l l  th e  s e t s  B X C w here B i s  a  b lo c k  o f  X  ̂ and C i s  a  b lo c k  o f  

X^ . ( I f  X^ o r X2  have d i s t i n c t  b lo c k s  w hich  a r e  i d e n t i c a l  a s  s e t s  , 

so  w i l l  X  ̂ X X2  . )  We c a l l  t h i s  th e  p ro d u c t PBIBD. I t  has v ^ v 2  p o in t s ,  

b j ^  b lo c k s  o f  s iz e  ^ ^ 2  ’ an(* r e PXfc a t *-on number r i r 2  • Pa -̂r

o f  p o in ts  w h ich  a r e  ( i , j ) - a s s o c i a t e  o ccu r to g e th e r  on X^X* b lo c k s  o f  

th e  p ro d u c t PBIBD, w here 0 ^  i  ^  t^  , and 0 ^  j  s  .

We f u r t h e r  assume t h a t  b o th  PBIBDs a r e  c y c l i c ,  and t h a t  (v ^ , V2 ) * 1 . 

We make th e  i d e n t i f i c a t i o n  o f  th e  p o in ts  o f  X^ w ith  r e s id u e s  mod v^ ,

f o r  i  = 1 ,2 ,  as d is c u s s e d  a f t e r  Remark 2 .1  o f  C h a p te r  2 . L e t e be th e

u n iq u e  s o lu t io n  mod co n g ru en ces  x = 1 mod v^ and x = 0

mod V2  , and l e t  f  be th e  u n iq u e  s o lu t io n  mod x  = 0 mod v^

and x = 1 mod V2  . Then we can  i d e n t i f y  th e  p o in t  ( a ,b )  o f  th e  p ro d u c t 

PBIBD u n iq u e ly  w ith  th e  r e s id u e  ea  + fb  mod • M oreover, i f  B^

i s  chosen  a s  base  b lo c k  o f  X^ , i  = 1 ,2 ,  th e n  an  a r b i t r a r y  b lo c k  

(B^ + i )  X (B 2  + j )  o f  th e  p ro d u c t i s  e q u a l (a s  a s e t )  to  (B^ X B2 ) + s ,

w here s = e i + f j  i s  th e  un ique  s o lu t i o n  mod x = i  mod v^

and x = j  mod V2  . Thus th e  p ro d u c t PBIBD i s  s e e n  to  be c y c l i c  w i th  

b ase  b lo ck  x . We sum m arize th e  d i s c u s s io n  in  a theo rem .

Theorem 5 .1 ; L e t X^ , X2  be two PBIBDs w ith  a s s o c i a t i o n  schem es 

o f  t ^  a s s o c i a te  c l a s s e s ,  w ith  v^ p o i n t s ,  b^ b lo c k s  o f s i z e  k^ , 

r e p l i c a t i o n  numbers r ^  , f o r  i  * 1 ,2 ,  r e s p e c t i v e l y ,  and p a ra m e te rs  

Xj , j  = 0 , . . . , t ^  f o r  X^ and X ', j  -  0 , . . . , t 2  f o r  X2  . Then a
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p ro d u c t PBIBD X can  be d e f in e d  w ith  a  p ro d u c t a s s o c i a t i o n  scheme 

G o Gg t i t 2 + H  + t 2 a s s o c ^a t e  c la s s e s  (n o t in c lu d in g  th e  d ia g ­

o n a l ) ,  and w ith  v = V j ^  > 15 “  ^ i b2 ’ ^ = ^1^2 * r  = r l r 2 * aiW*

^  = f o r  i  = 0 , . . . , t ^  , j  — 0 , 1 , . . . , •  I f  ( v ^ > = and

X1 and X2 a r e  c y c l i c  PBIBDs, th e  p ro d u c t PBIBD i s  a ls o  c y c l i c .

We s h a l l  have im m ediate o c c a s io n  to  u se  th e  f a c t  t h a t  th e  two PBIBDs

used  to  form  a p ro d u c t can  have b lo c k - s iz e s  e q u a l to  any v a lu e  e x c e p t 0  .

We g iv e  3 exam ples in  w hich  th e  p ro d u c t  c o n s t r u c t io n  i s  u sed  to  o b ta in

GDs. L e t L = { d ^ j . ^ j d ^ }  be a (v ,k ,X )-PD S  w ith  v -  1 > k  >  1 , and

l e t  v 7 be prim e to  v . (PDSs and BIBDs w ere d e f in e d  in  C h ap te r 1 . )

*
Example 5 .1 a : I f  a  i s  any i n te g e r  we d e f in e  a s e t  L o f  r e s id u e s

mod v v 7 as f o l lo w s .  We l e t  L = { d ^ , . . . , d ^ }  , where d^ = d^ mod v 

and d^ = a mod v 7 , f o r  i  = l , . . . , k  . Then L i s  a  GDDS, o r  b a se

b lo c k  f o r  a  r e g u la r  GD, w ith  p a ra m e te rs  v = b  = v v  , k  = r  = k ,

*  /  *  . m = v , n = v , X * X ,  and = 0 .

^ /
Example 5 .1 b : We d e f in e  a  s e t  M o f  r e s id u e s  mod vv a s  fo l lo w s .

We l e t  M = {d^ + x v | i  = l , . . . , k ;  x  = l , . . . , v 7 } . Then M i s  a  GDDS,
*  *  t

o r  b a se  b lo c k  f o r  a  n o n - re g u la r  GD, w ith  p a ra m e te rs  v = b = vv ,

* *  / * *  / i *  , / -v /k  = r  = k v  , m  = v , n = v , = kv , A = Av

Example 5 .1 c : I f  we l e t  L be th e  s e t  o f  n o n -z e ro  s q u a re s  mod p ,

w here p i s  a  prim e c o n g ru e n t to  3 mod 4 , i t  i s  w ell-know n t h a t  L 

i s  a (p , -PDS. I f  M i s  o b ta in e d  a s  in  5 .1 b  from  t h i s  L ,

th e n  M U {o} i s  a GDDS, o r  b a s e  b lo c k  f o r  a  r e g u la r  GD , w i th  p a ra -

* * / , * * p -1  / , . * *  /m e te rs  v  = b = p v  , k = r  = v + l , m  = p , n  = v ,

* p-1 / . *  p -3  / . ,
^  “ 2  v » X2 = 4 V + 1 ’
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P ro o f  o f  th e  p r o p e r t i e s  o f  th e  e x am p les : L e t X  ̂ be th e  c y c l i c  BIBD gen­

e r a te d  by th e  g iv e n  PDS, so  t h a t  in  th e  n o t a t io n  o f  Theorem 5 .1 ,  X  ̂ = k , 

and X̂  = X . In  5 .1 a ,  we ta k e  to  be th e  BIBD whose p o in ts  a r e  th e

r e s id u e s  mod v '  and whose b lo c k s  a r e  a l l  th e  s in g l e to n  s u b s e ts  o f  t h i s  

s e t  o f  p o i n t s .  T h is  i s  a c y c l i c  BIBD w ith  X  ̂ = 1 , and X' = 0 . The 

p ro d u c t PBIBD, X^ X X^ , has v  = b = v v '  , and k = r  = X^X^ = k .

I t  has X^q ^  = XQX' = 0 , w here two p o in ts  a r e  ( 0 ,1 ) - a s s o c i a t e  i f  th e y  

a r e  c o n g ru e n t mod v , and in c o n g ru e n t mod v '  > q) = ^1^0 = ^ ’ w^ e re  

two p o in ts  a r e  ( 1 ,0 ) - a s s o c i a t e  i f  th e y  a re  in c o n g ru e n t mod v , b u t  con­

g ru e n t  mod v '  ; X ^  ^  = X^X' = 0 , where two p o in ts  a re  ( l , l ) - a s s o c i a t e

i f  th e y  a r e  in c o n g ru e n t mod v and in c o n g ru e n t mod v '  . S in ce  X ^  ^  =
★

X(1 i )  s  0 , we se e  t h a t  th e  p ro d u c t PBIBD i s  a  GD w ith  X̂  = 0 ,
•fa

Xi = X ^  o) = X , w here two p o in ts  a r e  in  th e  same group i f  th e y  a r e  co n -

/  *  /  *  , g ru e n t  mod v , i . e . , m  = v  , n  = v .  In  5 .1 b , we ta k e  to  be th e

BIBD whose p o in ts  a r e  th e  r e s id u e s  mod v '  and whose b lo c k s  a r e  th e  e n ­

t i r e  s e t  o f  p o i n t s ,  co u n ted  v '  t im es  as a  b lo c k . T h is  i s  a  c y c l i c  

BIBD w ith  Xq = v ; = X' . U sing th e  p ro d u c t PBIBD, X^ X X^ ,  th e  v e r i ­

f i c a t i o n  o f  th e  p r o p e r t i e s  o f  5 .1 b  i s  s im i la r  to  t h a t  o f  5 .1 a ,  and w i l l

be o m it te d .  In  5 .1 c ,  we r e c a l l  th e  w ell-know n f a c t  t h a t  i f  L = 

{ d ^ , . . . , d ^ }  i s  th e  PDS o f  n o n -z e ro  sq u a re s  mod p w here p i s  a 

prim e c o n g ru e n t t o  3 mod 4 , th e n  L U {o} i s  a l s o  a  PDS, w i th  k 

and X in c r e a s e d  by 1 . Indeed  th e  r e s u l t i n g  new d i f f e r e n c e s ,  

d^ -  0 , . . . , d ^  - 0 , 0 -  d ^ , . . . , 0  -  d^  a r e  p r e c i s e ly  a l l  th e  n o n -z e ro  

r e s id u e s  mod p , b e c au se  -1  i s  n o t  a  sq u a re  mod p . In  th e  c a se  a t

hand i t  i s  e q u a l ly  c l e a r  t h a t  th e  new d i f f e r e n c e s  o f  M U {o} in  5 .1 c

a r e  p r e c i s e l y  a l l  th e  r e s id u e s  mod pv* t h a t  a r e  in c o n g ru e n t to  0 mod p .
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*  *  r i  •» *In  p a s s in g  from  M t o  M U tO j , ^  rem ains  unchanged , w h ile

^ 2  an^ k in c re a s e  by 1 . W hile k -  v ^  rem ain s  g r e a t e r
•ff

th a n  0 , k -  in c r e a s e s  from  0 to  1 so t h a t  th e  GD o f

5 .1 c  i s  r e g u la r .

We n o te  th a t  th e  d e s ig n  5 .1 a  i s  s p e c i a l  a f f i n e ,  5 .1 b  i s  a f f i n e ,  

and 5 .1 c  i s  no t a f f i n e .  T h is  p ro d u c t c o n s t r u c t io n  does n o t y i e l d  GDs 

f o r  l e s s  'e x tre m e ' c h o ic e s  o f  .

§ 2 . D iv iso r  D if fe re n c e  S e ts

L e t X be th e  s e t  o f  r e s id u e s  mod v . We can  d e f in e  a  d i v i s o r

a s s o c i a t i o n  scheme f o r  X as  f o l lo w s :  L e t m  ̂= 1 , n ^ , m ^ , . . .  be a l l

th e  d iv i s o r s  o f v e x c e p t v i t s e l f .  We c a l l  th e  r e s id u e s  x , y mod v

i - a s s o c i a t e  i f  (x -  y ,v )  = m^ . The s t r a ig h t f o r w a r d  v e r i f i c a t i o n  t h a t  

t h i s  i s  an  a s s o c i a t i o n  scheme i s  l e f t  to  th e  r e a d e r .  A c y c l i c  PBIBD 

w ith  r e s p e c t  to  t h i s  a s s o c i a t i o n  scheme i s  c a l l e d  a D iv is o r  PBIBD: a  

b lo c k  o f  a D iv iso r  PBIBD i s  c a l l e d  a  D iv is o r  D if fe re n c e  S e t  (DDS).

(See Remark 2 .4  o f  C h ap te r 2 . )  In  v iew  o f  P r o p o s i t io n  2 .2 ,  a  GDDS i s

a  DDS; t h i s  i s  n o t ,  o f  c o u r s e ,  an  e f f i c i e n t  d e s c r i p t i o n  o f  a  GDDS

s in c e  v = mn w i l l  have d iv i s o r s  o th e r  th a n  m .

I t  i s  c o n v e n ie n t f o r  th e  r e s t  o f  th e  p r e s e n t  s e c t io n  to  change ou r 

n o ta t io n  once m ore; we in d ex  th e  a s s o c i a te  c la s s e s  o f  a  D iv is o r  PBIBD 

by th e  d iv is o r s  th e m s e lv e s , and we say  t h a t  a  p o in t  i s  v - a s s o c ia t e  to  

i t s e l f .  We g ive  some exam ples o f  DDSs.

Example 5 .2 a : The fo llo w in g  b lo c k , c o n s i s t in g  o f  th e  t e n  pow ers o f

2 mod 33, and th e  s in g le  r e s id u e  11 , i s  a  DDS.
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B = {2 , 4 , 8 , 16 , 32 , 31 , 29 , 25 , 17 , 1 , l l }  mod 33 .

Here v = b = 3 3 , k = r = l l , ^  = 3 , ^ = ^ »  an<* = 0 •

Example 5 .2 b : I f  p and q a r e  p r im e s , one o f  w hich  i s  =1 mod 4 and

th e  o th e r  = 3 mod 4 , l e t  L be th e  s e t  c o n s i s t in g  o f  a l l  r e s id u e s

mod pq w hich  a r e  e i t h e r

1) n o n -z e ro  sq u a re s  b o th  mod p and mod q , o r

2) n o n -z e ro  n o n -sq u a re s  b o th  mod p and mod q .

Then L i s  a  DDS . Here v = pq , k = ( p - l ) ( q - l ) / 2  , X = ( p - 1 ) ( q - 3 ) /4 ,  

= ( q - 1 ) ( p - 3 ) /4  , and ^  = i [ ( P- 2 ) ( q - 2 )  + 1 ] .

The p ro o f  o f  th e  s ta te m e n ts  i s  a p o r t io n  o f  an  argum ent in  H a ll 

[ 11 ,p .  1 6 4 -1 6 5 ], to  w hich we r e f e r  th e  r e a d e r  f o r  d e t a i l s .  I f  v i s  a 

com posite  num ber, f o r  b r e v i ty  we c a l l  t  a p r im i t iv e  r o o t  o f  v i f  i t

i s  a  p r im i t iv e  r o o t  o f  each  prim e d i v i s o r  o f  v . We n o te  t h a t  i f  th e

g r e a t e s t  common d iv i s o r  o f  p - 1 , q - 1  i s  2 ,  th e  above s e t  L can

be d e s c r ib e d  as  th e  s e t  o f  a l l  pow ers o f  a p r im i t iv e  r o o t  o f  pq . Thus

we h a v e , f o r  in s ta n c e

Example 5 .2 c : I f  q i s  a  prim e = 1 mod 4 , and t  i s  a  p r im i t iv e

r o o t  mod 3q , th e n  th e  powers o f  t  mod 3q form  a DDS w ith

v = 3 q , k = q - l , X 3 = , X = 0 , and .

The g r e a t e s t  common d i v i s o r  c o n d i t io n  i s  a l s o  m et i f  p ,q  a re  tw in

p rim e s . In  t h a t  ca se  we g e t  a  much b e t t e r  r e s u l t .  (See Theorem  5 .3 ) .

Theorem 5 .2 : L e t  (v^,V 2 ) = 1 , and l e t  th e  s e t s  X  ̂ and X2  o f  s i z e s  

v^ and V2  r e s p e c t iv e ly  be g iv e n  th e  d i v i s o r  a s s o c i a t i o n  schem e. Then
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t h e  p ro d u c t a s s o c i a t i o n  schem e on X  ̂ X X2 i s  th e  d i v i s o r  a s s o c i a t i o n

schem e. I f  X and X„ a re  D iv is o r  PBIBDs, th e n  X X X„ i s  a  D iv is o r
1 2  1 2

PBIBD, and X* = X X/  , w here  mj Iv J , i  = 1 ,2  .
mi m2 ml  m2 1 1

P r o o f : To p ro v e  th e  1 s t  a s s e r t i o n  we o b se rv e  t h a t  i f  two p o i n t s  u , w

o f  X X X a r e  (m ,m ) - a s s o c i a t e  w i th  r e s p e c t  t o  th e  p ro d u c t  a s s o c ia -  
1 2  1 2

t i o n  schem e, th e n  th e y  a r e  m m  - a s s o c i a t e  w i th  r e s p e c t  t o  t h e  d i v i s o r
1 2

a s s o c i a t i o n  scheme o f  th e  p r o d u c t .  In d eed  u s in g  e  and f  a s  d e f in e d  

in  §2, l e t

u s  e a  + f a „  mod v v and w s  eb  + fb  mod v v .
1 2  1 2  1 2  1 2

Then

(u -  w, v 1v 2) = (u  -  w, v ^ u  -  w, v2 ) = (a^ -  b 1 »v1> (a 2 '  b 2 ,V2)

= m1m2

a s  d e s i r e d .  T hus th e  two a s s o c i a t i o n  schem es a re  th e  sam e, and th e  2nd 

a s s e r t i o n  fo llo w s ;

X* = X, . = X X' 
mi m2 (m1 ,m2) ml  m2

§3. Twin Prim e GDs

Theorem  5 .3 : I f  p and q a re  tw in  p r im e s , and t  i s  a p r im i t iv e  r o o t

mod pq , th e n  th e  s e t  o f  pow ers o f  t  mod pq i s  a  GDDS, w h ich  i s  a

base  b lo ck  o f a  c y c l i c  r e g u l a r  s p e c i a l  a f f i n e  GD, w ith  p a ra m e te r s

w P2- lv = pq , k = 2- , m = q , n  = p ,

X2 = ( p + 1 ) ( p - 3 ) /4 , X2 = ( p - l ) 2/ 4  ,

k -  X^ = (p + 1 )2/ 4 , k 2 -  vX2 = ( p r l ) 2/ 4  , and
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n— J
in te r s e c t i o n  num bers s = 0 , s = — , f o r  i  = -  1 .0 1 mt

T his i s  p ro v ed  by j u s t  p lu g g in g  th e  in fo rm a tio n  q = p + 2 i n to

Example 5 .2 b , and n o tin g  t h a t  X, = X in  DDS n o ta t io n ,  w hich means
1 P

t h i s  common v a lu e  becomes in  GD n o ta t io n ,  w h ile  X  ̂ becomes X  ̂ .

The v a lu es  o f th e  s^ a r e  e a s i l y  c h eck ed , u s in g  th e  o r i g i n a l  d e f i n i t i o n

o f  th e  base b lo ck  L g iv e n  in  5 .2 b .

§4. C yclic  A f f in e  GDs From A ff in e  G eo m etrie s

Let d i  2 , and l e t  G be a f i n i t e  d e s a rg u e s ia n  a f f i n e  d -s p a c e , 

so  t h a t  G can be  c o o rd in a t iz e d  w i th  c o o rd in a te s  from  a f i n i t e  f i e l d  o f  

o r d e r  q , where q i s  a p rim e pow er. I f  we d e l e t e  one p o in t  x^ from  

G , th e  r e s u l t i n g  system  G* was shown to  have a c y c l i c  c o l l i n e a t i o n  by

Bose [ l ] .  We may view G* as a c y c l i c  a f f i n e  GD, whose b lo c k s  a r e  th e

h y p e rp lan es  no t c o n ta in in g  xQ and whose g ro u p s a re  th e  l i n e s  th ro u g h

Xq . (q must be g r e a t e r  th a n  2 . )  The GD p a ra m e te rs  a re

d d -1  d -1v = b  = q -  1 , k = r  = q , m = q  + . . .  + q + 1 ,

•l d- 2n  = q -  1,  X = 0 , X2 = q

d~X d - 2q of  t he  s ^ ' s  a re  e q u a l to  1 , and th e  rem a in in g  q + . . .  + q + 1

s ^ 's  a re  eq u a l t o  0 .

§5. A R eduction  Theorem F o r  C y c lic  GDs

Theorem 5 .4 : L e t L =  be a GDDS w ith  p a ra m e te rs  v , k ,

m, n , X , X , w here  X = 0 , and l e t  f  be any d i v i s o r  o f  n , e f  = n . 1 2  X

Then the  s e t  L* c o n s is t in g  o f  th e  same p o in t s  a s  L , b u t reduced  mod
*  *  *  *

mf , i s  a GDDS w ith  p a ra m e te rs  v = mf, k = k , m = m, n = f ,



P r o o f : = 0  i f  and o n ly  i f  t h e  P ^ 3 a r e  d i s t i n c t  mod m , i f

p l e t e s  th e  p ro o f .  We n o te  t h a t  by t a k in g  f  = 1 , we o b ta in  th e  c o r o l l a r y  

t o  Theorem 2 .2 .

§6. An U hsolved C o n s tru c t io n  P roblem

In  view o f  Theorem 2 .2 ,  one w ould  l i k e  t o  be a b le  to  r e v e r s e  th e

p ro c e d u re  o f  §5, and c o n s t r u c t ,  f o r  some i n f i n i t e  c l a s s  o f  ( v ,k ,X ) -

PDSs and a p p r o p r ia te  d i v i s o r s  w o f  X , a c y c l i c  a f f i n e  GD w ith
♦  j|c a|e sfc a|e a|c

p a ra m e te rs  v = vw, k = k , m = v , n = w, X = 0 , X = X/w, and i n t e r -X M

s e c t io n  numbers 0 and 1 . In  f a c t ,  t h e  c y c l i c  a f f i n e  GDs o f  §4 do 

a r i s e  t h i s  way: th e  PDS i s  th e  com plem ent o f  a  h y p e rp la n e  i n  th e  p ro ­

j e c t i v e  ( d - l ) - s p a c e  a t  i n f i n i t y  (w h ich  i s  c y c l i c  by S in g e r 's  w e ll-know n  

theo rem  [20 ] >, and w = q -  1 . We h av e  n o t  su c ce e d e d  in  f in d in g  a  non­

g e o m e tric  way o f  c a r r y in g  o u t t h i s  c o n s t r u c t io n ;  we co n c lu d e  w i th  one 

lo n e ly  exam ple o f  th e  c o n s t r u c t io n  w ith  n o n -g e o m e tr ic  p a ra m e te rs .  The 

exam ple i s  p e c u l i a r ,  in  t h a t  f o r  m ost ( l a r g e r )  w one w i l l  o b v io u s ly

have t o  add, mod vw , s u i t a b l e  m u l t ip l e s  o f  v t o  th e  p o in t s  o f  th e

(v ,k ,X )-P D S . The PDS h e re  i s  th e  com plem ent o f  a  l in e  o f  th e  7 - p o in t  

p r o je c t iv e  p la n e ,  and th e  q o f  §4 i s  2, b u t  i n s t e a d  o f  u s in g  

w = q — 1 = 1 and g e t t i n g  n o th in g , we u s e  w = 2 .

Example 5 .3 :  The (7 ,4 ,2 )-P D S  L = { 0 ,1 ,4 ,6 }  mod 7 i s ,  ta k e n  mod 14, a

*
and o n ly  i f  X  ̂ = 0 ; a f o r t i o r i  t h e  p^ s a r e  d i s t i n c t  mod mf , i . e . ,  

*
k = k . I f  d ^  0 mod m , each  o f  th e  d i f f e r e n c e s  d , d + m f , . . . , d  +

Hence th e  d i f -

T h is  com-
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GDDS w ith  p a ra m e te rs  v = 14, k = 4 , m = 7 , n = 2, X = 0 ,  X0 = 1 , andX «

i n t e r s e c t i o n  num bers 0  and 1 .
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