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Abstract

Conjugate Reducibility of Families of Block-Diagonal Matrices,
Over an Extension Field of a Perfect Field;

and Applications to Matrix Subalgebras and Subgroups
by
Martin L. Brock

Adyvisor: Professor Martin Moskowitz

For L/k a field extension, k perfect, and M(n, F) the n X n matrices over field
F, the main question is when can certain families of M(n,L) be conjugated into
M(n, k), by an operator from G¢(n, L). We say such a family is k-rationalizable over
L. Henceforth, let L be any extension of k. We also determine the maximal subsets of
M(n, L) that can normalize a diagonal family of M(n, L) and be k-rationalized over
L together with it. The primary methods are Galois Theory and the imbeddings of
a field extension into the algebraic closure of its ground field.

Chapter 1 introduces a set of matrices viewable as block-diagonal “discriminant”
matrices, and another viewable as block-horizontal “discriminant” matrices.

Chapter 2 exhibits all invertible matrices, that k-rationalize over &, certain block-
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v
diagonal “discriminant” subsets. Those emerge, basically, as the block-horizontal
“discriminant” matrices. Results over & are then extended to any extension of %.

Chapter 3 exhibits general block-diagonal subsets, with suitably restricted cen-
tralizers, which are k-rationalized over L by some block-horizontal “discriminant”
matrix. Those emerge as the block-diagonal “discriminant” matrices; thus a reverse
form of the previous.

Chapter 4 exhibits all diagonal families of M (n, L) which are k-rationalizable over
L, and an important tight property of this exhibition. Chapter 5 gives an alternative,
aesthetic, and quick way to “see” them.

Chapter 6 exhibits, for any k-rationalizable over L diagonal family of M(n, L), a
superset for its normalizing elements in G¢(n, L) which can be k-rationalized over L
together with the family. This superset is achieved with certain “maximal” diagonal
families. Exhibition results are given for certain non-“maximal” diagonal families,
and even block-diagonal families.

Chapter 7 gives applications to the diagonalizable subsets of M(n,k), k a perfect
field. These include exhibitions and classifications of the subsets of M(n, k) that
are: diagonalizable, second centralizers of some diagonalizable subset, and maximal
diagonalizable; with their centralizers, second centralizers, and normalizers (or strong
inclusions/imbeddings thereof) in M(n, k) and M(n, L).

Applications to M (n, k) can easily be a research subject: finite solvable or torsional

abelian subgroups; k£ = @ or GF(p"); small n; the solvable subgroups of M(n,%,).
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Chapter 1

Introduction and Basic Notation

1.1 Introduction

Let k be a perfect field and L an extension field of k. Let M(n,L) be the set of
n X n matrices with coefficients from L. The main question to be considered here, is
when certain families M C M(n, L), can be conjugated into M (n, k), by an operator
P € G¢(n,L). When there is such a P, we shall call this a k-rationalization over L,
of M, and say that M is k-rationalizable over L. We let N3(M) be the elements
of G{(n, L) that normalize M, and Cr(M) be those in M(n, L) that centralize M.
Henceforth, suppose L is any extension field of k. We shall also determine, for a
k-rationalizable diagonal family Z C M(n, L), the maximal subsets of N1(Z),
which, when joined together with Z, can still be k-rationalized. The methods used

are primarily Galois Theory and the set of imbeddings of a field extension into the
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2
algebraic closure of its ground field. The only restriction on the ground field is that
it be perfect. (This is a “weak” restriction; it includes all fields of characteristic 0, all
finite fields, as well as certain infinite fields of characteristic p.)

Among a number of objects defined and discussed in Chapter 1, are the map Ay,
the block-diagonal matrices which form its image, and the set of matrices Vz'. In the
former, the block-diagonal matrices are each formed first, by a single matrix over an
intermediate field of k/k, block-diagonalized together with all its images under the
imbeddings of that intermediate field in %; and then, blocked-diagonalized together,
similarly, with other matrices (of arbitrary dimension) over other such intermedi-
ate fields, together with all their similar such imbedding images; all together in one
matrix. Each such resulting matrix might be thought of as a block-diagonal “discrim-
inant” matrix of matrices, using submatrices of arbitrary dimension. In the latter,
the matrices of VI are also formed, first, by a single matrix over an intermediate field
of k/k, but joined together horizontally with all its images under the imbeddings of
that intermediate field in %; and then further joined together horizontally, similarly,
with other matrices (of arbitrary column, but constant row, dimension) over other
such intermediate fields, together with all their similar such imbedding images; all
together in one matrix. Each such resulting matrix might be thought of as a block-
horizontal “discriminant” matrix of matrices, using submatrices of arbitrary column,
and constant row, dimension.

In Chapter 2, all invertible matrices are exhibited, that k-rationalize over k, sub-
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3

sets of the image of the map Ay [necessarily block-diagonal], with suitable restrictions
on their centralizers. These invertible matrices are found to be, basically, the set of
matrices V3* itself; i.e., a certain set of block-horizontal “discriminant” matrices. The
complete result is stated in Corollary 2.C.6. This result relies, among other things,
on Lemmas 2.C.1, and 2.C.3; and these are where the key underlying arguments are
contained. The argument in the latter lemma is deeper, and involves the “untwisting”
of an implicit condition, found in the first line of Step 2 of its proof. Possible fur-
ther exploration of the last condition stated, in the above-mentioned Corollary 2.C.6,
could be a subject for further research. The previous results of Chapter 2 were all
established over %. These results are extended to any extension of k, in Section 2.5.
In Chapter 3, all subsets of block-diagonal matrices, with suitable restrictions on
their centralizers, are exhibited, which are k-rationalized over L, by a given element
of V. These subsets are found to be precisely the subsets of the image of Ay itself;
i.e., a certain set of block-diagonal “discriminant” matrices. The result is stated in
Theorem 3.B.1; and is a reverse form of the above Corollary 2.C.6. The key, and
deeper part of the argument is in the reverse direction of its proof, and involves the
“untwisting” of an implicit condition, found in the last line of Step 4 of the proof.
This result allows an important extension, that exhibits all “sufficiently large” families
of block-diagonal matrices, with suitable restrictions on their centralizers, which are
k-rationalizable over L — at all. The result is given in Theorem 3.B.2.

Now let D(n, L) stand for the diagonal matrices in M(n, L). In Chapter 4, the
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4
families of D(n, L) are exhibited which are k-rationalizable over L, together with
an important tight property as part of this exhibition. This result is to be found
in Theorem 4.B.4; with that important property the last item in its statement. An
alternative way, simple and succinct, to view the previous result — the families of
D(n,L) that are k-rationalizable over L, is given in Theorem 5.C.1. This is an
aesthetically important result, which, among other things, allows one a quick way to
“see” these families.

Referring back to Chapter 1 for a moment, a simple construct called a field setting,
and usually denoted by @, is defined. It is an r-tuple of 3-tuples, where each 3-tuple
is (essentially) an intermediate field of %/k and its imbeddings into k. A reduced
field setting, which is defined in Chapter 6, is a simpler and more natural type of
field setting, and which also turns out (easily) to be “equivalent” to any field setting.
Most results are stated using one of these constructs, including the next result.

If Z is a family of D(n, L), which is k-rationalizable over L, we determine the
maximal subset of Nz (Z) that can be k-rationalized over L, together with Z. The
result, organized slightly differently, is essentially contained in Theorem 6.F.1,
Part (1) [Theorem 2.D.2 and Theorem 6.C.2 make the result complete, virtually
at once]. This maximal subset is actually achieved in certain “maximal” cases of Z;

and this result is similarly given in Theorem 6.F.2. This maximal subset is:
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the product of {the image of the map AQ} and
{{certain powers of permutationally-represented Galois groups (over k) of the
intermediate fields of ® } times

{a set of larger-dimensioned permutation matrices, simply derived from <I>}}.

Structurally (and this result is also given in Theorem 6.F.1), this maximal subset is

a group isomorphic to:

[TT6t(aw | x| 1T (Gatti 1™ w5

where Kj,...,K, are intermediate fields of k/k (and also the intermediate fields of
®); Kj,.-.,K;, areasubsequence of these intermediate fields; Sy, is the symmetric
group on my, letters; and several constraints exist among these and the other quantities
above, including: Y7, aifK; : k] = Th a6, [Ki, cklma=n; g mp=r. In
the previous, for families Z which may not be “maximal”, the above maximal subset
may give more than the desired elements of Nz(M) which are k-rationalizable over
L, together with Z. Finer work on an exhibition for these “in-between” cases can be
a subject for further research. Some significant results of this type are to be found
(though not stated in this full format) in Lemma 6.E.2, Part (1) and Lemma 6.E.5.
We note that Lemma 6.E.2, Part (1) actually goes a little further than the present
context, which applies to diagonal matrices, in that this Lemma applies, at the start,
to certain families of block-diagonal matrices.

Chapter 7 applies the results of the previous chapters to the diagonalizable subsets
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6
of M(n,k), k any perfect field. Let L be any extension field of k. The main results

are in Section 7.3, and include exhibitions and classifications of:

i) all the diagonalizable subsets of M(n,k); their centralizers in M(n,k) and
M(n, L), their second centralizers in M (n, k) and M(n, L), and strong inclusions

(or imbeddings) for their normalizers in M(n,k) and M(n, L);

ii) all the subsets of M(n,k) which are second centralizers of some diagonalizable
subset of M(n, k) [i.e, C2(---)]; their centralizers, their second centralizers, and

their normalizers in M(n, k) and M(n,L);

iii) all the mazimal diagonalizable subsets of M (n, k); their centralizers, their sec-

ond centralizers, and their normalizers in M(n, k) and M(n, L).

Specific results regarding the latter — the maximal diagonalizable subsets of M (n, k) ,
include: these subsets are isomorphic to []., K;, for some intermediate fields
Ki,...,K, of k/k; their first and second centralizers are both isomorphic to the
same product of intermediate fields; their normalizers are isomorphic to:

[I'[I=1 K,-x] >4[ w1 [Gal (K, [k)™ xSmh]], where K;,...,K;, are a subsequence
of the previous intermediate fields, S, is the symmetric group on m, letters, and
several constraints exist among these and the other quantities above, including:
YK : k] = Tr K - Klme = n; heiMr = 7; and, lastly, the quo-
tient of their normalizers by their invertible centralizing elements is isomorphic to:

H}z‘=1 [Ga'e (Kih/k)mh X Smh] .
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7
Using the results, particularly of Chapter 7, applications to M(n,k) can well be
a subject for further research (and sometimes obtained or explored rapidly). For
example: applications to those subgroups which are finite solvable [because they
normalize a non-trivial diagonalizable subgroup], or are torsional abelian [the results
imbed these in direct products of the multiplicative groups of cyclotomic extensions
of k]; when the field k is @ or GF(p"); when the dimension n is low, e.g., n = 2, 3
[much drops out of many constraints given in those results, such as the summation
contraints mentioned above]. A particular application to the solvable subgroups of
M(n,Z,) can well be a subject for further research; particularly given that there, the
set of scalar matrices (the center) is trivial.
Some results of the Appendix may be interesting in their own right; e.g., Propo-

sition App. 16, and Corollary App. 17.

1.2 Basic Notation—General

The main objects we will be using are: fields, imbeddings of fields, matrices over
fields, permutations and permutation matrices. In this section, we make definitions
of, give notations for, and list properties of various constructs that will be used in

connection with the above (and other) objects.
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1.2.1 Functions
a) Let S and T be sets, and let f: S — T. We let:
the image of f = Im(f)={t€T|3s € S: f(s) =t}.
b) Let S be a set. We let:
the identity function on S = idg = (ids: S — S,idg: s — s).
c¢) Let S be a finite set.

i) We let:

the cardinality of S = [S|; so that |S| e N

il) We say that a function f is an enumerator of S, when f is a

bijection from {1,...,|S|} to S. Le.:

the set of enumerators of S = the set of bijective elements of SIS},

1.2.2 Fields

a) Let k be a field. We let:

algebraic closure of k = k.

b) Let K/F be an extension of fields. We let:
the set of F-imbeddings of K/F into K = Iso(K/F)

={rK<E| 7|F =idp}.
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9
We note that if K/F is a finite extension, then Iso(K/F) is finite, and
|Iso(K/F)| < [K : F]. Moreover, if K/F is a finite, separable extension, then
|[Iso(K/F)| = [K : F]. In our applications, F' will always be perfect, making

all finite extensions of F' separable.
¢) Let K/F be an extension of fields. We let:
the Galois Group of K/F = Gal(K/F) = {0:K = K|o|F = idp}.
Clearly, Gal(K/F) C Iso(K/F).
d) Let K/F be an extension of fields. We let:
the set of intermediate fields of K/F which are finite extensions of F =

Int'(K/F) = {L an intermediate field of K/F| L is a finite extension of F}.

e) Field-theoretic Conjugacy

Let & be any field.

i) Conjugacy of Elements of Fields

Let a,3 € k. We let:
o is k-conjugate to = a ~; B €5 3o € Iso (k(a)/k): o(a)=p.

So, clearly, we note that ~; is an equivalence relation on k. Moreover, the
~r—equivalence class of « is finite, and is, in fact, the set of roots of the

minimal polynomial of « over k.
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10
ii) Conjugacy of Fields

Let K, L be intermediate fields of k/k. We let:
K is k-conjugate to L = K ~ L <% 30 € Iso(K/k): o(K) = L.

Again, clearly, we note that ~; is an equivalence relation on the set of
intermediate fields of k/k (and where all ~;—equivalence classes of finite

extensions of k in k are finite).

1.2.3 Rings

Let R be a ring with identity, the latter denoted by 1z. We let:

the group of units of R = R* ={u € R|3v € B: wv = vu= 1}

1.2.4 Matrices

Matrices are main objects of concern here, and will be used often. In particular, there
will be notation for several ways of joining matrices together to construct larger (or,
technically, no smaller) matrices. The notation for the block-diagonal way of joining

matrices together, described below, will be used frequently throughout this paper.

Part A: Basic Sets of Matrices

Let R be any commutative ring with identity, and let its additive identity element be

Ogr, and let its multiplicative identity element be 1p.
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Let n,m,a € ¥.

We define the following sets of matrices:

i) M(n x m,R) = the R-module of n X mn matrices over R;

11

ii) M(n,R) = M(n x n, R) = the R-algebra of n x n matrices over R;

ili) Gl(n, R) = (M(n, R))™ = the group of invertible n X 7 matrices over R;

thus we have also: Gl(n, R) = {P € M(n, R)|det(P) € R*};

iv) D(n,R) = the R-algebra of diagonal n x n matrices over R;

v) Scalar(n, R) = the R-algebra of scalar n x n matrices over R;

i.e., Scalar(n, R) = {rI, € M(n, R)|r € R} (here, I, is the n x n identity matrix

over R, defined next).
We define the following particular matrices:

vi) the zero matrix:

the a x a zero-matrix over R = O,(R) =

vii) the identity matrix:

the a x a identity matrix over R = I,(R) =

1r

€ M(qe,R).

€ M(a,R).
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12

viii) the canonical nilpotent matrix:

the canonical a x a nilpotent matrix over R

Or 1r

= N,(R) = € M(a,R)

(N1(R) = [Og)).
When clear, we abbreviate (M (n, R))* by M*(n, R), and O,(R),I,(R), N,(R) by,

respectively, O,, I, N,.

Part B: Concatenation of Matrices

This is one of the constructions for joining matrices together to form a larger (tech-

nically, no smaller) matrix. Here, R is any commutative ring with identity.

1) Let Ac M(n xp,R) and B € M(n x q,R); n,p,q € &F. We let:
the concatenation of A and B= A[) B = [A : B} eMnx(p+gq),R).

We note that the only constraints on the matrix arguments of “ () ” is that

these arguments have the same number of rows.

2) As “([D” is clearly associative, we may define its iterates in the following obvious
and recursive way:
—

§ 4= ( :A,-)@A,e M(nx (}':p,.) ,R);

i= i=1
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@ (ﬁ) Ay Efﬁ) (ﬁ) A,-,-) €M (n X (Zzpij) ,R) ; ete.
i=1j=1 i=l \J=1 i=1j=1

In this paper, with few exceptions, we will have no need to extend the iterations

of “(]D ” beyond the double level indicated above.

3) The definition in item (1) above may be extended naturally from individual

matrices to subsets of matrices, as follows.

Let AC M(n x p,R) and B C M(n x g, R). We let:
ADB={ADBlA€c A BeB}CM(nx(p+q),R).

Similar to item (2) above, we define the iterates: (ﬁ)./-t;, (]TD (]T) Ajj.
=1

i=1j=1
Part C: Block-diagonal Join of Matrices

This will be, by far, the most important, and frequently used, construction for joining

matrices together. Here, R is any commutative ring with identity.

1) Let A€ M(nxm,R) and B € M(p x q,R); n,m,p,q € &'. We let:

the block-diagonal join of A and B
A O
=AQB= € M ((n+p) x (m+q),R).
O B

We note that @ applies to any two matrices; there are no constraints on the

arguments of “Q ”.
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2) As “QD?” is clearly associative, we may define its iterates in the following obvious

and recursive way:

©-

$ (5 )on e ((E) (5) )

=1 i=1

1

r s T s LA r..s
86 4:=8 (84:) e ((£5im0) % (S L) 1) e
i=lj=1 i=1 \Jj=1 i=1j=1 i=1j=1
In this paper, with few exceptions, we will have no need to extend the iterations

of “@ ” beyond the double level indicated above.

3) The definition in item (1) above may be extended naturally from individual

matrices to subsets of matrices, as follows.

Let AC M(nxm,R) and BC M (p x g, R). We let:
ADB={AQB|Ac A, BeB}C M((n+p)x (m+gq),R).

Similar to item (2) above, we define the iterates: @.A,i, @ é Ajj.
=1 i=1j=1

4) Frequently, we will be iterating “ @ ” over identical matrices, or over identical
subsets of matrices. In order to emphasize this, and as an important conve-

nience, we introduce the following notation.

Let A€ M(n xm,R) and r € Z'. We let:

AW = @ A € M(rn x rm, R).
i=1

So, A®™ is the “r-fold” block-diagonal join of A with itself.

This definition may be naturally extended to subsets of matrices, as follows.
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Let AC M(n xm,R)and r € Z'. We let:

AP = é.A C M(rn x rm, R).

i=1

N.B.: By definition: A® = @.A = {@ A;
i=1

=1

A; € .A}. Take care to note, thus:

A®) £ { A®

A€ .A} (unless, of course, |A4] < 1).

Part D: Permutation Matrices

These matrices will be used liberally throughout this paper. In particular, the block
permutation matrices, described below, will be used especially.
Let R be any commutative ring with identity, and let its additive identity element be
Or, and let its multiplicative identity element be 1p.

1) Let n € &'. We let:

the group of permutations on n letters = S,

= the set of bijective elements of {1,...,n}{*"},

2) Basic Permutation Matrices

Let n € . We let the map II,, a standard map, be defined as follows.

1R7 1= p(j)

0 R, else.

In: S —> M(n,R) II.:p— (as;;), where a;; =
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So, we note the following.

i) For A € M(n, R):
All,(p) = “A, where column(z) has become column(p(3))”.
ii) For A € M(n, R):
II,(p)A = “A, where row(¢) has been moved to row(p(i))”.
iii) II, is a group imbedding of S, into Gl(n, R).
iv) For D € D(n, R):
.(p) ! DI,(p) = “D, where the i** diagonal entry

has become the p(i)** diagonal entry”.
v) For D € D(n,R):

I,(») DIL,(p)~t = “D, where the i** diagonal entry
has been moved to the p(i)** diagonal entry”.

3) Block Permutation Matrices

Let n € ©'. We define the map II,, as below. This map generalizes the previous

map, II,, to “block” permutation matrices.

M.:S, xZ — GM(in,R)

i=1

N 1g ‘replaced by’ I,
II.: (p,a) — “ II.(p), with each ’

Op ‘replaced by’ O,

So, for a € &, we note the following.

i) For B € M(an,R): Bii,(p,a) = “B, where the it* block of ‘a’ columns

has become the p(i)™ block of ‘a’ columns”.
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ii) For B € M(an,R): T,(p,a)B = “B, where the i** block of ‘a’ rows has

been moved to the p(i)™* block of ‘a’ rows”.
iii) ﬁnl (Sn x {a}) is a group imbedding of S, into Gl(an, R).

iv) For E € M(a,R)™: TI,.(p,a) Ell,(p,a) = “E, where the i** (a x a)-

diagonal subblock has become the p(i)™ (a x a)-diagonal subblock”.

v) For E € M(a,R)™: 1I.(p,a)Ell,(p,a)"! = “E, where the i (a x a)-

diagonal subblock has been moved to the p(i)** (a x a)-diagonal subblock”.
vi) Ta(p) = a(p, 1).
4) Sets of Permutation Matrices
Let n,a € Z'. We define the following sets of permutation matrices.
a) Perm(n, R) = Im(Il,) € Gl(n,R). The elements of Perm(n, R) will be

called basic permutation matrices on n letters. When clear, they will sim-

ply be called permutation matrices.

b) Perm(an,I,,R) = I.(S, x {a}) C Gl(an,R). The elements of
Perm(an, I,, R) will be called (a X a)-block permutation matrices on n

letters.
So, we note the following.

i) Perm(n, R) = S,.

ii) Perm(an, I, R) =~ S,.
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Part E: Block-diagonal Join of Matrix Maps

In a natural way, we extend the block-diagonal join operator, “@® ”, from matrices

to matrix maps, as follows.

Let R be any commutative ring with identity.

1) Let X,Y be any sets; and let n,m,p,q € &'. Let f:X — M(n x m,R),
g:Y — M(p x g, R). We let:
the block-diagonal join of f and g = fD g
fOgXxY - MnxmRDOM(xq,R)

fBg:(z,y) = f(z)Bg(y)

We note that “@ ” applies to any two matrix functions; there are no other

constraints on the arguments of “@Q ”.

2) As “@ ” is virtually, but not actually, associative on matrix maps, we define

its iterates in the following obvious and explicit way:
. @fz HX ->@M(m X m;, R)
Bri=| = = ;
O fe (My,-.., M) = B £:(M)

. & £ 11X - ® @ M(ni; x my;, R)
BB fii= EUEL sy == ; etc.

T 8 s M) o B8 1)

3) Additionally, as an important convenience when iterating “@ ” over identical

functions, we introduce the following notation.
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Let f: X — M(nxm,R), and let r € &'. We let:

O =@ f; sothat fO: X™ — M(n x m, R)®.
i=1

Part F: Definitions Referring To “Rationalizing”

We make the following definitions, which refer to the notion of “rationalizing”, and
which will be used liberally throughout the paper.
Let R be a commutative ring with identity. Let A C R be a subring. Let n € ¥,
Y € M(n,R), P € G¢(n,R). We let:

1) P A-rationalizes Y &L PYP-! C M(n, A).

2) Y is A-rationalizable over R &L 3pe Gl(n,R): P A-rationalizes ).
In most of our applications, we will have a field extension, L/k, and, in the above
definitions, we will be taking R=L, A =k.
Part G: Matrix Centralizers and Normalizers

We make the following definitions for the centralizer and normalizer of subsets of
matrices. The former will be used liberally throughout the paper, and the latter will
be used liberally throughout the latter part of the paper.
Let R be a commutative ring with identity. Let n € 2", A C M(n, R). We let:

1) the centralizer of A in M(n, R) = Cg(A)

= {M € M(n,R)NA€ A: MA =AM} C M(n,R).
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2) the normalizer of A in G¢(n,R) = Ng(A)

= {P € G¢(n, R)|P*AP = A} C G{(n, R).

1.3 Basic Notation—Specific

The notation defined here refers to constructs that are probably very specific to this
paper. The constructs, ‘field element’ and ‘field setting’, defined below, are both
simple and fundamental to this paper. Their definitions were motivated out of what
(for the most part) seemed to be the objects frequently recurring in at least both the
main arguments and conclusions of this paper. They also seem to be (for the most
part) perhaps the fundamental objects upon which at least the main the arguments
and results of this paper refer.

Please note that these constructs are not intended to represent anything rich or deep,
and are mainly intended as what seems a natural convenience.

These constructs, together with the several functions defined on them below, are the
constructs with which most definitions are made, with which most results are stated,
and are used throughout this paper. Note that the functions defined below on these
constructs would seem to have, at times, a richer and deeper structure.

Here, as virtually throughout this paper, we take k to be a perfect field. (So, in

particular, k can be any field of characteristic 0, or any finite field.)
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1.3.1 Field Elements

A field element over k, say ¢, is a triple: ¢ = (K, 0,a), where:
i) k C K Ck, and K/k is a finite extension of fields;
ii) o is an enumerator for I'so(K/k);

iii) a€¥.

We immediately note the following: o:{1,...,n} 4, Iso(K/k), where

n = |Iso(K/k)| = [K : k]. (The final equality being true as k is perfect.)

When clear, we will denote o () by o;.

1.3.2 Basic Functions on Field Elements

Let ¢ = (K, 0,a) be a field element over k.

We make the following definitions.
i) Ky=K; 0¥ =0; 0y =a.
ii) ny = [K: k] = |[Iso(K/k)| € ¥ .
ili) dim¢ =any €&
iv) The map A, is defined as follows:
Ay: M(a,K) - § M (a,0:(K))

A¢1M aed é O'i(M).
=1
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Clearly, A, is a k-algebra imbedding.
Remarks

a) Clearly, we have the following.

i) Im(Ag) € M(a, k).
In particular, Im(Ag) C M(dim 6, F).

ii) In fact, Im(Ay) C M(a,E)™) and Im(A4) € M(dim ¢, E), where E is

any intermediate field of k/% containing U{c(K)|o € Iso(K/k)}.
These observations will be used throughout the paper.

b) Clearly we have:

o:{l,...,ne} —% Iso(K/k).

This observation will also be used throughout the paper.

1.3.3 Parameterized Functions on Field Elements

Let ¢ = (K, 0,a) be a field element over k.

We make the following definitions.
a) Matrices of a Field Element

Let N e . We let:

VNg = {(?5 aj(Q)l Q€ M(N x a, K)} C M(N x ang, k).

=1
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Then we may say that Vi is the set of matrices (necessarily N x any)
consisting of the K/k—conjugates of the matrices of M(N x a, K), laid out,

horizontally, in “ ¢ ” order.

b) Permutation Matrices of a Field Element
Let E be any intermediate field of k/k containing U{c(K)|c € Iso(K/k)}.
Let 7 € Iso(F/k) and v € Gal(K/k).

We let the following be defined.

1) 1) pre:Iso(K[/k) = Iso(K[k), pire: 6+ T08.
Clearly, pr4 is bijective.
Clearly, also, we may say that y,4 is “ left-multiplication by 7 .

10;4,.,¢00':{1,...,n¢}—+{1,...,n¢}.

i) prg =0~
Clearly, pry € S, as both o and u.4 are bijections.
Clearly, also, we may say that p,, is “ the index-—representation of
left-multiplication by 7, according to o ”.

iii) II,4 = 10, (pr¢,a) € Perm(any, I, k).

Clearly, we may say that Il is the (canonical) representation of p,4

as an (a x a)-block permutation matrix.

2) i) vyg:Iso(K/[k) = Iso(K/k), vyp: 6+ §oyL.
Clearly, v, 4 is bijective.

Clearly, also, we may say that v, 4 is “ right-multiplication by 4! ”.
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i) rygp =07 ovygoai{l,...,ne} = {1,...,m4}.
Clearly, 74 € S, as both ¢ and v 4 are bijections.
Clearly, also, we may say that r,4 is “ the index-representation of
right-multiplication by y~?, according to ¢ .
iii) T4 = II,,(ry ¢, a) € Perm(ang, I, k).
Clearly, we may say that I, 4 is the (canonical) representation of 7., 4

as an (a X a)-block permutation matrix.

1.3.4 Field Settings

A field setting over k, say ®, is a finite sequence of field elements over k:

® = (¢y,...,9.), where:
i) r el;

i) Vie {1,...,7}: ¢ = (Ki,c®,aq;) is a field element over k.

When clear, we will denote 0®(j5) by o3

1.3.5 Basic Functions on Field Settings

Let ® = (¢1,---,¢,) be a field setting over k, with ¢; = (K;, 0@, q;) a field element
over k.

We make the following definitions.

i) ne =3 ng = S[K: : K.

i=1 i=1
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i) dim® = > dim ¢y = Y wilK: : &].

iii) The map Ay is defined as follows:

T T r T ;
Bg = B A0 T M(a;, K:) = SOM (a:,09(K:))
= i=1

= ]=

r N .
Ag: (My,..., M) = @O B cP (M),

i=lj=1

Clearly, Ay is a k-algebra imbedding.
Remarks

a) Clearly, we have the following.
i) Im(As) C @ M(a;, F).
=1
In particular, Im(Ag) C M(dim &, k).

i) In fact, Im(Ag) € @ M(as;, E)™? and Im(As) C M(dim ®, E), where E
i=1

is any intermediate field of &/k containing Ul_; U{o(K:)|o € Iso(K;/k)}.
These observations will be used throughout the paper.

b) Clearly, we have:

c®:{1,...,n4} ¥ Iso(K;/k).

This observation will also be used throughout the paper.
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1.3.6 Parameterized Functions on Field Settings

Let & = (¢1,-.., %) be a field setting over k, with ¢; = (K;,0®,a;) a field element
over k.

We make the following definitions.
a) Matrices of a Field Setting

We let:

Va = () Viimog C M(dim®,F).
=1

b) Permutation Matrices of a Field Setting
Let E be any intermediate field of k/k containing U, U{c(K:)|o € Iso(K;/k)}.
Let 7 € Iso(E/k) and ¥ = (n1,...,7) € [[Gal(Ki/k).

i=1

We let the following be defined.

1) H-,-,q> = éH-,-,@ € @Perm(am¢,-, Iai’ k)
i=1 i=1

2) P’Y’ﬂ’ = Qr’nm € Qperm(aintﬁn Iai) k)'

1.3.7 Indexing Scheme Induced by a Field Setting for Diag-
onal Matrices

Frequently in this paper, we will be working with diagonal matrices. A field setting
naturally induces a useful, but non-standard, way of indexing the diagonal entries of

a diagonal matrix. We define this below.
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a) Standard Indexing Scheme for Diagonal Matrices
Let n € Z, R be a ring.
Let Y € D(n, R).

We make the following standard definition.
Forie {1,...,r}, we let:
Y; = the 2 diagonal entry of Y; so that Y; € R.

b) Indexing Scheme Induced by a Field Setting for Diagonal Matrices
Let k be a perfect field.

Let ® = (¢1,...,¢r) be a field setting over k, with ¢; = (K;,0®,q;) a field

element over k.

We make the following definitions.
1) To=J ({i} x {L;-..,m.} x {1,...,a:}) € @)%
i=1

We observe easily:

r
|I‘l’l = Zaind’i =dim ®.

=1

2) The map hg is defined as follows:

he: Ty — {1,...,dim &}
-1
he: (i,7,t) — (Z agn%) + (G - Va; +t.

=1

It is easy to check that hg is bijective.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

3) For Y € D(dim®, R), and (i, 5,t) € Ty, we let:
Yiijo) = Yas(ige = the he(i, 5,6} diagonal entry of Y;
so that  Y(;;, € R.

The above indexing scheme, “ Y{; ;) ”, will be called the 3-tuple indezing scheme
of ®. Its principal use and convenience derives from the following observation,

which follows at once from the constructions of the maps hs and Ag.
Observation

Fori € {1,...,7}, let D® € D(a;, K;).

Let Y = Ag(DW,...,DM) € D(dim ®,%).

Then, clearly, by construction of the maps hgy and Ag, we have:

Yase = 05 (DP).

(Here, of course, Dgi) = the #& diagonal entry of the diagonal matrix D®;
so that Dfi) € K;; the notation in the quantity, “ Dt(i) " being a use of the
standard indexing scheme for diagonal matrices, as described in part (a)

above.)
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1.4 Basic Lemmas

Throughout this section, k is a perfect field.
Additionally, for A any invertible matrix, we let conja(M) = AMA~!. (Notice that

conja-1 (M) = A—lMA)

1.4.1 On Block-Diagonal Joins of Square Matrices

The following fundamental and simple lemma, concerning block-diagonal joins of

square matrices, will be used many times.
Lemma 1.D.1
Let R be a ring.
Letnel;ay,...,a, €F.
Let 0 € S,.
Let P, be the map defined by:
P,: é M(a;, R) — é M{(o), B)
P, él A — é Ave).

Then: 3II € Perm(a; +:--+a,,R): P, = conjg.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30
Proof.
Clearly, it suffices to prove the result for n = 2.
Let a,b € ¥. We will show that, for some II € Perm(a + b,R), we have
II(AQ B)II'! = B A, for all A € M(a,R), B € M(b,R). WLOG, we may as-
sume a < b, for then the other case follows by using IT71.

Define the following permutation matrices (recall that here b — a > 0):

_ - F -
O O L O b O

65 O Ib—a O 7\1,5 Ia. O O ]
L. O O] O O &

and let II = W¢. Clearly, wehave £ =¢, ¥~! =T, and £, 7,11 € Perm(a+b, R).
For A € M(a, R) and B € M(b, R), we calculate and follow the matrix multiplications
as below, where the matrices B, B® B®) B(® have, respectively, the dimensions

(b—a)xb, axb, bx(b~a), bxa.
I(AQ B)II™! = (¥)(AD B)(E1¥)

A
= (¥¢) © (!
O B
0o nl[a 0
=¥\ 0 L. O||0O B® |

L O O||0O B®

"~ - L
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-O B(2).
=¥v| O BO [T
-A O -
O L. Of]|O B(“’)1
=L, O O| |0 B®W|(E¢¥
O 0 L[|4 O]
B
=19 7 ey
.A O
[ ] O O I
O B® B®
= O I O T
k. A O O r
-Ia O O-
_ B®W B® (O 1
L O O 4]
[ ] O I, O
BW B® (O
= LO O
| O O 4
| O O L]
B O
.O A
= BQ A.

31

s ¢ =g

[as ¥t =]

Thus, we have: II € Perm(a + b, R); and, for all A € M(a,R) and B € M(b,R),

we have II(A@ B)II"! = B@ A.

O
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1.4.2 On the Permutation Matrices of Field Elements and

Field Settings

The following lemmas concern some fundamental properties of the permutation ma-

trices defined in Sections 1.3.3 and 1.3.6. Some of these lemmas will be used often.

Lemma 1.D.2
Let ¢ = (K, 0,a) be a field element over k.
Let E be any intermediate field of k/k which contains | {o(K)|o € Iso(K/k)}.
Let 7 € Iso(E/k) and v € Gal(K/k).
Then:
a) Im(Ag) € M(dim ¢, E).
b) VM € M(a,K): 7(As(M)) = T;EAL(M)L .
c) VM € M(a,K): Ay (7(M)) =T5% ,As(M)Tym1 .
d) II, 4 and I, 4 commute.

e) i) The map, (f:Gal(K/k) — Perm(any, I, k), f:v — Ty g),

is a group imbedding.
i) Gal(K/k) =~ {T'y 4|y € Gal(K/k)} C Perm(ang, I,, k).

f) VN €B:VV € Vyg: 7(V) = VL.
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Proof.
a) This is immediate by construction of the map A,
b) Let M € M(a, K). We calculate as below, using Sections 1.3.2 and 1.3.3.
r@00) =7 (Bsan)
= 8 (ro)0) = B (up(es)) ()
= 8 (62 0)0) ) = § (70 7™ 0 00)3)) (1)
() ) (1) = B (¢ (prg(s))) (M)
 Tp-.o) (M)

(n,,.,(pf,d,,a)) [fgfloj(M)] fio, ()

=17 [Ag(M)] L 6.

(The second-to-last equality above is provided by Section 1.2.4, Part D, sub-

part (3), item (iv). The last equality above follows by definition of I, 4.)

c) Let M € M(a, K). Then we calculate as below, similar to the previous.
8o (00) = B3 ()
= B (24(03)) (M) = B (11,00 9)(3)) ()
- é‘fl ((Goo o g00)()) (M)
=8 (0o ()
= (Tlny (ry-1,6,0)) ™ [;él"f(M)] Ty (ryi4,0)

= P;_11,¢ [Ag(M)]Ty-14.
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d) We prove the desired result (d) in three simple steps, as below.

i) Let w € Iso(K/k). We observe the following.

(Vy9 0 Brg) (W) = vyg(brg(W)) = (rgW)) oy =(row)oy™!
=1o(wov™) =To(gw) = pre(ngw))
= (Ur,p © Uyp) (W)

As w is arbitrary in the above, we conclude:

Uy O Brgp = Hrg © Vyg-

i) As prg=0"lopurgso0 and r,, = 0"'oy, 400, the previous conclusion
shows at once that p, 4 and r, 4, commute.

i) As Try = I.,(prg,0) and Thy = T, (ry4,0), and as
I, ¢| (Sny x{a}) is a group homomorphism [as it is a group imbedding] of
Sn,, clearly the result of step (ii) above shows at once that II, 4, and I, ,

commute.

e) i) Let the map f be defined as:
f:Gal(K/k) — Perm(ang, Io, k) , fiy > Tyg.

That f is a group imbedding follows at once, since, clearly, f(v) =TIy =
I, (7y4,0) = I, s(07ovy 4 00,a) and all of the following three maps are

group imbeddings: ﬁ,,d,l(,S',,os x {a}), “o7! o () o 07, “wye”
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(The last fact follows as, clearly:

Uppg(w) =wo(yY)™!
Uy = Uy o
—=wo 'y"‘l o 'y‘l
= yg(idy) = vy ¢ (idx)

= (Uy (W) oy

and = idg oy~ ! = idg o /"1
= Uyg (Vys(w))
=yl = 41
= (Uy,g 0 Uy 0)(w),
=2>y=7.

for all w € Iso(K/k);
)

i) As the map f defined above is a group imbedding, we have at once that:
Gal(K/[k) = Im(f) C Perm(ang, I, k);

and here,

Im(f) = {Tyly € Gal(K/k)}.
f) Let N €, and V € V4. So, by definition of Vi 4, we have:

(1) V= (T]Lﬁl 0;(Q), for some @ € M(N x a, K).
j=
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We calculate as below, following the same steps as in part (b) above:
(V) =71 ()@laj(Q))
=0 ro0)@ = (e(o:) (@
j=1 ji=1

= (... exactly as in part (b) above ...)
= :@IUPTMG) @)
-8 0:@)] ey
= VIl 4.
(The second-to-last equality above is provided by Section 1.2.4, Part D, sub-

part (3), item (i). The last equality above follows by (1) above and the definition

of HT’¢.)

Lemma 1.D.3

Let ® = (¢1,...,¢) be a field setting over k, with ¢; = (K;,0®,a;) a field

element over k.
Let E be any intermediate field of k/k containing U_; U{c(K:)|o € Iso(K;/k)}.

Let 7 € Iso(E/k) and ¥ = (m,...,7) € II_,Gal(K;/k),

and let 74 = (1%, .., 77Y) € I, Gal(K:/k).
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Then:
a) Im(As) C M(dim®, E).
b) VM = (Mh oo ’Mr) € I:IM(CL,,K;)Z

=1

T (AQ(M)) = H;,}I,AQ(M)HT,Q.
C) VM = (Mh o :Mr) S lz‘[M(a"nK‘t):
Agp (m(Mi),..., (M) = P’—y—f_—{’éAé(M)PV__{@-

d) IL. ¢ and I'5 4 commute.
e) VYV € Vg: T(V) = VH-,-,gp.
Proof.

a) This follows immediately by construction of the map Ag.

b,c,d,e) These results follow at once from the definitions of I3 = @ O 4, and T30 =
i=1

T
QT 4, and the results of the previous Lemma 1.D.2.
i=1
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1.4.3 The Galois Group of a Field Element

This is a fairly simple and natural definition, made largely for later convenience.

Let ¢ be a field element over k. We let:

the Galois Group of ¢ over £ = Gal(¢/k)
= {T\o|7 € Gal(Ky/k)} € Perm (agny, Loy, k) -

Thus, by Lemma 1.D.2, part (e}, we have at once:
Gal(¢/k) is, indeed, a group, and is a group of permutation matrices,

and

Gal(¢/k) ~ Gal(K,/k).

1.4.4 A Fundamental Equivalence Relation on Field Elements,
and on Field Settings

Here, we introduce a fundamental equivalence relation on field elements, and a related
one on field settings. Both are fairly simple, and will be of main importance, later,

in the work on normalizers.

a) On Field Elements
Let ¢ = (K, 0,a) and 6 = (L, 7,b) be two field elements over k. We let:
dis k—eqtﬁvalentt005¢~kOgKNkLanda=b.

Clearly, ~ is an equivalence relation on the set of field elements over k.
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b) On Field Settings

Let ® = (¢1,-..,¢r) and & = (wy,...,ws) be two field settings over k. We

let:
d is k-equivalent to Q = & ~y Q &

r=sand Ip € S;:Vie {1,...,7}: @) ~i wi.

By part (a) above, clearly ~ is an equivalence relation on the set of field

settings over k.
c) Lemmas

In addition to a few preliminary items, the following two lemmas describe,
respectively, the connection between the “A”-maps of k—equivalent field

elements, and of k-equivalent field settings.

For the purposes of these two lemmas, we make the following specific def-
inition. Suppose f is a function of two arguments: a positive integer, a,
and an intermediate field of k/k, K, and such that f(a,K) C M(a, K).
We will call such a function k-morphic if, whenever o € Iso(K/k), we
have o (f(a, K)) = f (a,0(K)) . (Note that f (a,0(K)) C M (a,o(K)), by
supposition on f here.) Examples of such k—morphic functions include:
f(a,K) = M(a,K), f(a,K) = Scalar(a,K), f(a,K) = Perm(a,K),

etc.
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Lemma 1.D.4

Let ¢ = (K, 0,a), 8§ = (L, 7,b) be two k-equivalent field elements over k.

Then:
1) a = b, ny = ny, dim ¢ = dim 6.
2) 3y € Iso(K/k): 31 € Perm(any, I, k):
a) n(K) = L;
b) M € M(a, K) = Ag(M) = IIAg (n(M)) I
¢) i) fa k-morphic function = A, (f(a, K)) = A (f(b, L)) I,

ii) Ay (M(a, K)) = T1Ag (M (b, L)) I,

ili) Ay (Scalar(a, K)) = I1Ag (Scalar(b, L)) I12.

Proof.

1) As given ¢ ~; 6, we have, by definition, that a = b and K ~; L. The latter
gives, in particular, that [K : k] = [L : k]; i.e., ngy = ny. Finally, as now a = b

and ng = ng, we have at once that dim ¢ = dim 6.

2) As mentioned in step (1) above, we have that K ~j L. Thus, by definition, we
have:

n(K) = L, for some n € Iso(K/k).
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Also, by step (1), we may let n = ny = ng. So, we may write o:{1,...,n} i
Iso(K/k) and 7:{1,...,n} ®1 so(L/k). Moreover, we may let y; be the map
defined as:
Hy : Iso(L/k) — Iso(K/k)
Yo (> Com.
So, clearly, p;, is bijective. Thus, using the three bijections, o, y,, 7, we have:
pEO'_IO;,L:IOTGSn.

Furthermore, clearly, j € {1,...,n} = 7; 09 = p(7;) € Iso(K/k), and so we

calculate:
rjon =(coo™t)(rjon)
= (00071) (4 ((4)))
= (co0™) (o 7) (3))
=0 ((07 oy o) ()
=0 (p(7)) = op)-
Therefore:
(1) je{l,...,n} = mon=0y.

3) Let II be the following block permutation matrix:
II = {I,.(p, @) € Perm(an, I, k).
Thus, using Section 1.2.4, Part D, subpart (3), item (iv), we have at once:

@) Al,..., A€ M(@,F) = T Lé&]n:é,qp@.
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4) For M € M(a, K), and with the above, we calculate:

| 8o,00| 1= Brotn by )
= §moman Py )
= 87 (().
Le., therefore:

I Ag(M)IL= Ag (n(M)) -

Thus:

(3) Me M@, K) = Ay(M)=TAg(n(M))I".

5) Now let f be a k-morphic function. Then, at once, by (3), and by the definition
of k—morphic, we have:
Ay (f(a,K)) = TIAg (n(f(e, K)))TI™
= IIA¢ (f (a,n(K))) I
= 1A (f(b, L)) TI7%
(The last equality follows from the above-established conclusions that a = b
and that n(K) = L.)
This proves the desired result (2,c,i). The desired results in (2,c,ii), (2,c,iii)
follow at once from this, by letting f(a, K) = M(a, K), f(a, K) = Scalar(a, K),

respectively.
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Lemma 1.D.5

Let ® = (¢1,...,¢), 2= (wr,...,w,) be two k-equivalent field settings over %,

with ¢; = (K;, o®, a;), wi = (Ls, @ b;) all field elements over k.

Then:
1) r =s, ngp =ng, dimP =dim 9.
2) 3p € S,:3m; € Iso(K;/k): 311 € Perm(dim ¥, k):

8) ap) = bi, 1o (Ko) = Lis

b) (Ma,..., M) € [[M(as, K:) =

i=1

Ae(My, ..., M,) = Mg (o) (Mpr)) 5 - -+ Totr) (M) 7Y

¢) i) fa k-morphic function =

Ay (f[f (ai, Ki)) =IIAq (ﬁf (b,-,L,-)) o,

i=1 i=1

i) Ag (ﬁM(a,,-,K,-)> =TAq (f[M(bi, L.-)) -,

i) Ag (il?IlScalar(ai,Ki)) - HA: l(f[Scalar(b,-,L,-)) -t

i=1 i=1

Proof.

1) As given & ~; €, we have, by definition, that r = s and 3p € S:Vi €
{1,...,7}+ @pw) ~r wi. Furthermore, using that p € S,, using the previous

Lemma 1.D.4, part (1) [with “¢” = ¢,(;) and “0” = w;], and using that r = s,
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we find ne = Y0 ng, = i1 Mg, = Lt Ty = Yi=g Ty = No. Similarly, we

find dim® = dim .

2) As mentioned in step (1) above, we have that ¢pa) ~k wi. In particular, this
gives, by definition, that ap;) = b;. Now as ¢y ~i wi, and as p is certainly
injective, by using Lemma 1.D.4, part (2) [with “¢” = ¢p(;) and “¢” = wj,
we may let 7, € Iso (Kp(i) / k) and Il € Perm (a,,(,-)n%(i),Iap(i),k) be
as in part (2) of the conclusion of that Lemma. In particular then, we have
(i) (K,,(,-)) = L;, and we note that certainly = = mpgp-1q) €

Iso (Kp(p—l(i))/ k) = Iso (K,,/k) .

3) By Lemma 1.D.1:

(1) 3y € Perm(dim ®,k):  4; € M(dimd;,F) = o [@1 A,-] b= @1 Ay

i_

T T
4) Finally, let II' = Ol € QPerm (@p)P6y05> Laggs - k) - Thus, using p € S,

2

we observe clearly, that:

r r
I'e @Pem (ap@many Loy ) = QPerm (dim ¢, Lagey: )
C é Perm (dlm ¢p(i)7 k) - Perm (Zdlm ¢p(i), k)
= i=1

= Perm (idimd>,-,k) = Perm (dim &, k).

i=1

Thus, II' € Perm (dim®,k). Let II = ¢II' € Perm (dim ®, k) . With this and

the above, for M; € M(a;, K;), we calculate:
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T-'Ag(Mi,..., M) =y [@1 A¢‘.(M,-)] I [by def. Ag]
=17 [@ Aoy (My)| T [by (1))
= @ (M4 A,y (May) oo [by def. I
= éAwt (m ( ,,(,)))

Aq (M (M, p(l)) -+ Tlp(r) (M,,(,))) [by def. Ag].

(The second-to-last equality above follows from the properties of 7,(;) and ),
which were given by Lemma 1.D.4 and taken in step (2) above.) Thus, taking

the above result, and moving the “II” ’s around, we have:

Ag(M,..., M,) =To () (Mp) s+« oy (Mpcry) ) T~

This proves the desired result (2,b). All of the desired results in (2,c) follow
at once from this, as in the proof of Lemma 1.D.4, and recalling from step (2)

above that ay;) = b;, and that 7, (Kp(i)) = L. O
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Chapter 2

Matrices that Rationalize Certain

Subsets of Block-Diagonal Matrices

2.1 Introduction

In this chapter, we exhibit all matrices that k-rationalize certain general subsets of
Im(As), where @ is a field setting over a perfect field k.

While some of the principal needs for these results would perhaps best be seen in the
next, and succeeding chapters, the logical placement of these results is here.

Throughout this chapter, k is a perfect field.

46
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2.2 Initial Lemmas

These lemmas both start the process toward the main results of this chapter, as well
as are later called upon. We will often be referring to matrix centralizers here (and
throughout the paper). We recall, specifically, that, for A C M(n, k), the centralizer
of Ain M(n,k) is denoted C¢(A) [see Section 1.2.4, Part G]. Le., C;(A) = {M €

M(n,k)VAe A: MA=AM}C M(n,E).
Lemma 2.B.1

Let ® = (¢1,...,%,) be a field setting over k, with ¢; = (K;,0®,q;) a field

element over k.

Let E be any intermediate field of k/k, which is a Galois extension of k, con-

taining Kj,. .., K,. (This is OK, thanks to the fact that k is given perfect.)
Let Y C Im(As), let C = Cx(Y), and let P € G¢(dim @, E).
(Recall the matrices, Il 3, defined in Section 1.3.6, item (b).)

Then:

P k-rationalizes Y <= V7 € Gal(E/k):3C; € C: 7(P) = PC,Il, 4.

Proof.
As E/kis Galois, P € G¢(dim ®, E), Y C Im(As) and sothenalso Y C M(dim &, E)
[by Lemma 1.D.3, part (a), and using E/k is Galois], and using Lemma 1.D.3, part (b)

in the fourth step below, we have the following.
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P k-rationalizes Y <= VY € ): PYP-! € M(n,k)

< VY € V:Vr € Gal(E/k): 7(PYP-!)= PYP-!
<= VY € V:V7 € Gal(E/k): 7(P)r(Y)r(P)~! = PY P~
<= VY € Y:V7 € Gal(E/k):

T(P)IL;3Y 1L, 47(P)~! = PY P!
<> VY € V:V7 € Gal(E[k): P'r(P)IL;} € Cg(Y)
<> Vr € Gal(E/k):VY € Y: P '1(P)IL;} € Cy(Y)
< V7 € Gal(E[k):

P 7(P)I;; €MNyey Gi(Y)
=C(¥)=C

< Vr € Gal(E/k):3C; €C: P '7(P)I;3 = C..

Corollary 2.B.2
Let @ be a field setting over k.
Let Y, 2 C Im(Ag).
Let P € G4(dim 9, k).

Then:

a) Suppose Cx(Y) C Cz(Z). Then: P k-rationalizes ) => P k-rationalizes Z.
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b) Suppose Cx(Y) = C¢(2Z). Then: P k-rationalizes ) <= P k-rationalizes Z.

Proof.

Let ® = (¢y,...,6r), with ¢ = (K;,0®,a;) a field element over k. Then the re-
sults of this corollary follow at once from Lemma 2.B.1, by letting £ be any Galois
extension of k in k, where E contains both K),..., K, and the (dim ®)? entries of

P € G¢(dim @, k), the latter entries necessarily all in %.

2.3 Main Technical Lemmas

This section contains a key, and perhaps difficult, argument which proves
Lemma 2.C.3, (=>). This lemma gives a crucial result that is the principal basis
for all the subsequent results of this chapter.

Throughout this section, we let: ® = (¢1,...,¢,) a field setting over k, with ¢; =
(Ki,09,a;) a field element over k; E = any intermediate field of %/k, which is a

Galois extension of k¥ containing Kj, ..., K.
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Lemma 2.C.1

Let C C @M (aing;, k); and, for all C € C, express C in the obvious (and
i=1

unique) way as:

C=Q0CY, where C? € M(aing,,F).

=1

Let P € G4(dim ®, E); and, express P in the obvious (and unique) way as:

P= (]i) P® | where P® € M(dim® x a;ng,, k).

i=1

(This is OK, as dim® = Y7, a;ny,.)

Then:

V1 € Gal(E[k):3Cr- €C: 7(P)=PC; I, <=

V1 € Gal(E/k):3C, € C:Vi € {1,...,r}: 7(P®) = POCHTL,,.
Proof.

We simply calculate, as below, and follow the matrix multiplications.

T(P) = PC,—H-,-,Q

or(§79) - (67 @) @)

r

& @rP9) = (§79) (400
i=1 i=1 i=1

A Q.PIT(P (i)) = EI=DlP (i)cq(-i)nr,cﬁi

eVvie{l,...,r}: 7(PO)=POCOIL,,.
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Lemma 2.C.2

r B¢; —
Let C € @ @ M(a;,k); and, for all C' € C, express C in the obvious (and

i=1j=1

unique) way as:

ro N () ® T
C=0CY, where CY = §C;”, where C}” € M(a;,k).

i=1 j=1

Let P € G¢(dim®, F); and, express P in the obvious (and unique) way as:

r . . g, . p _
P=Q PY, where P9 = 9]_)1 Pj(‘) , where Pj(') € M(dim® x a;,k).

i=1

(This is OK, as dim® = YI_, a;ny,.)

Then:
V7 € Gal(E/k):3C, € C:Vi € {1,...,7}: 7(P®) = POCOIL, , <=
Vr € Gal(E[k):3C, e C:Vie {1,...,r}:Vj € {1,...,ny }:
(P) = B2, 5(C)),

[Recall, the permutation, pr4, € Sy,,, as defined in Section 1.3.3:

Prs =00 0 g 000 € Sy ]

Proof.
Recall that II,,, = iI, o (Prg:,0;) € Perm(a;ng,, I, k). With this, we simply cal-
culate, as below, follow the matrix multiplications, and use Section 1.2.4, Part (d),

subpart (3), items (i) and (iv) in the third step below.
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+(PO) = POCOIL,,
ot @D ) = (87°) (8) s
& @) = (0, 7°) o (n;, [8c?] e
& O r(P) - (@ PO ) (@ ), (,))
& <ID (P) = GD Fy 6 Couth

& Ve {1: ces ?n¢i}: T(Pj(i)) = PIE:)¢ U)(CT)I(’?@;U)'

Lemma 2.C.3 (A Key Argument)

LetCC@@M(a,,k) and, as in Lemma 2.C.2, for all C € C, express C in the

i=lj=

obvious (and unique) way as:

C= é ) C'(’) , where C’J(i) € M(a;, k).

i=15=1
Let P € G¢(dim®, E); and, as in Lemma 2.C.2, express P in the obvious (and

unique) way as:

P=Q (11) P® | where P € M(dim® x a;,F).

i=1j=1

(This is OK, as dim® = Y[_, aing,.)
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Then:
Vr € Gal(E[k):3C; € C:Vie {1,...,r}:Vj e {1,...,ng}:
(B) = B, (Crlen
<~
n¢i
IV € VF:3C € DB Gl(ai, E): P=VC
i=15=1
and
[vr € Gal(E/k): C™MIo7(C)I;5 € C].
[Recall the matrices, V3, as defined in Section 1.3.6.]
Proof.
(=)

1. We make the following preliminary observations and notations.

(2) Applying Proposition App. 1, of the Appendix, to P, we have at once:
Vi e {1,...,7}:Vj € {1,...,n4,}: 3 an a; X a; submatrix of rows (not
necessarily consecutive rows) of Pj(i) , call it B; ; , which is invertible - B; ; €
G{(ai, E).

(b) As 0® enumerates Iso(K;/k), we may let:

®

b; € {1,. ..,n¢,.}, where 0}, = id,.

(c) Forie {1,...,r}, we let:

B; = B;y, € Gl(as, E).
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So, in particular, B; is an invertible ¢; X a; submatrix of P,,(j).

(d) Fori € {1,...,r}and j € {1,...,ny,}, welet: A;; = the a; x a; submatrix
(again, not necessarily of consecutive rows) of Pj(i) which occupies the same
position in Pj(i), as does B; in P,ff); so, in particular, A;; € M(a;, E). (We
are not asserting that A;; is also invertible, as is B;. However, as we show

shortly, the former is, in fact, true.)

(e) We note that, by construction, we have immediately:
Vie {1,... ,T}Z Ai,bi = B;.

2. Now, to prove (=), we suppose the hypothesis of (=); i.e., with 7,C;, 4,7 as

in that hypothesis, we suppose:

@ _ pl) @
T(B57) = B 0. )(Crdp 4. G

So, in particular, with j = b;, we have:

(1) (B) = By, 60(Colm
Temporarily, we will abbreviate c® by o; this will cause no confusion. From the
definition of p,4,, We see:
Prei(bi) = (071 0 pirg, 0 0)(bs)
= 07} (pirp: (0 (5:)))
= 07" (i (idx;)) [by step 1, part (b) above]
= o7 (7 0 idg,)

= U—I(TlKi).
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Substituting the previous in (1), we now have:
(2) (P, b(1 )) =P, 151;)1(T|K4)(CT)§22'1(T]K¢)'
In particular, then, from the constructed locations of B; within P,,(‘.i), and A;;
within Pj(i), the above result shows:

T(B;) = Ai,d‘l(T{Ki)(CT)ng(rlKg)'

As B; is invertible (by step 1, part (c) above), and recalling that 7 is an imbed-
ding of fields, the previous shows that so then A;,-1(-x;) and (C,.)f,ill(,_[ K,) are

invertible. Hence:
(C‘f')c(;ll(ﬂK.-) = AL 1k T(Bi)-
Substituting this in (2), and multiplying both sides of the resulting equation,

on the right, by 7(B;!), we get (recalling that T is an imbedding of fields):
T(Pb(.-i)Bi_ =P, f—)l(rlm)Ai—,;—l(q—|K,-)-
Thus, summarizing, we have now:

(8) VreGal(E/k):Yie {1,...,r}: T(P,,(:)B,T'I) = PLE'?‘(T]Ki)AZ;-l(ﬂK,-)'

Note that (3) is a statement concerning the matrix P alone; the matrix C; is

no longer present.

3. Now let i € {1,...,7}, and let ¥ € Gal(E/K;,). So, in particular, ¥ €

Gal(E/k). Moreover, ¥|K;, = idg, , and so o~ (|K;) = by,. Using this, and
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thus, by (3), with 7 = 1 and ¢ = %, we have:

i) 1y i _ _ plio) 4~
(4) (PP B =P, g—ot)(wx.-o)Aio,la-l(wIKeo) =By, A

big o 10,big *
As noted in step 1, part (e), we have A;, 5, = Bj,. Substituting this in (4) gives:

¢(P(M)Bi;1) - P(,-i:)Bi—ol'

b,'o
Summarizing, we have now:

Vi € Gal(E/Ky): (P B.) = BBl

t0

Recall that E/k is a Galois extension and that E D K, 2 k; thus E/K,, is
Galois. This, with the previous result above, gives at once: the matrix Pb(f:)B,-;l
is, actually, over the field K;,. As iy was taken arbitrarily in {1,...,r}, we

conclude:
(5) Vie{l,...,r}: Q:i=PYB € M(dim® x a;, Ky).

4. Finally, for j € {1,...,n4,}, let 'r}i) be a k-imbedding which extends aj(-i) from
K; to E. So 7\ € Gal(E/k) [as E/k is taken Galois]; and 77| K; = o, and so
o _I(T}i)lKi) = j. Using this, and with (5) and (3), we now calculate as below.

(@) =7@Q) = FPB™

— p® -1
- o—l(f,‘"lKe)Ai,a-%r,‘"lKi)

_ p(®) 4—1
= PP AL

Therefore:

P = 07(Qi) sy
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Thus:

(6) Vi e {1, “es ,T}:Vj € {1, eee ,n¢‘.}: I)J(z) = O'J(~i)(Qi)Ai’j.

5. Thus, with the expression for P in the given, and with (6) and (5), we calculate

as below, recalling the dimensions of Q; and A;;, and following the matrix

factorizations:
P @@W’®®W@)
t=1j=1 i=1j=1
- (08-r@) (8 @A,g)
i1=14=1 i=1j=1
Thus:
(7) P=ve; V=0 @ oP@) C= @@Azg
i=] j=1 t=lj=1

In particular, as P is invertible, so then are V and C. Moreover, by (5) and the
definition of Vi, we have V' € V. These two remarks show V' € V. Finally, as

A;; € M(a;, E) [by step 1, part (d) above], the first remark here shows

Ce @@GZ(&,E)

i=lj=1

6. To complete the proof of (=), it remains to show:
V7 € Gal(E[k): C'L¢7(C)II 4 €C.
By (7), we have P = VC, and so

(®) 7(P) = 7(V)7(C) = VIL7(C);
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where the last equality follows by Lemma 1.D.3, part (e). Now, by the suppo-

sition at the start of step (2) above, we have:
@ @)
7(B7) = B, (Colg .y

This allows, recalling the matrix dimensions and following the matrix factoriza-
tions, the following:
J<1]_) 7(PP) QD LA (o S
= L([D PO ] [@ (G )z(o?¢-(j>]
(7)) (s e
-] e
(The second-to-last equality follows from the basic properties of block permu-
tation matrices and the definition of II. 4, , discussed in Chapter 1.) Using this

in the third equality below, following the matrix factorizations in the fourth

equality below, and by the first part of (7), thus, at once:

(P) =r(®<ﬂ>P">) d B ~2®)

i=1lj=1 i=1j=1

-6 (5] [ger]n.)

[cfb B£0]-[88 9| (B

i=1j=1 i=lj=1
= P Crnfrﬁb
=VCC, I, 4.
Thus:
9) 7(P) = VCC,IL, 4.
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So, equating (8) and (9):
VI, 47(C) =VCC, Il 5.

As V is invertible:
T q,T(C) CC Ho;-,
As C is invertible, and as C; € C by supposition in step (2) above, the previous

allows:

C M e7(C)I; 3 =C; €C.
This completes the proof of (=).
(=)

7. We now suppose the hypothesis of (<=); i.e., with V and C as in that hypoth-

esis, we suppose:

P=VC; withV e Vg, Ce@@GZ(a,,E)

i=17=1

and

(10) Vr € Gal(E/k): C~'L47(C)IL} €C.

Now, V € Vz' C V3 gives, by construction of Va:

V=0 (11) 0(Qy), for some Q; € M(dim® x a;, Ko).

i=1j5=1
And C € @1 @ G¥(a;, E), gives: C = @ @ )CP, for some CP) € Gl(a;, E). As
i=1j=1 i=1j=1

P =V C by supposition; the previous for V and C, and the Lemma’s hypothesis
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for P, show:

r P _p — r T . % o
OO F OO o;"(@:) ) | BBC;
i=lj= i=1j=1 i=1lj=
r ¢ ) i
=D 0o @)c
i=1j=1

Therefore:
PP = o9(Q)CP.

For 7 € Gal(E/k), we see by definition(s):

Toa_gi) = fr g, ( (z))
= (prgs 0 79) (3)
= (g(i) 0o® o py 0 g(i)) ()
= (09 o prg.) (5)
=00 (pr4,(4)) = ,¢, G)*
Combining these last two results, and using the first result again in the last

step, we have:

(Bf) =7(o@)) ()
= ;(>i,)¢.(j)(Qi)T(C§i))
S)é (J)(Q=) pm C;Ei o (C?)

= p® (C(z) - )T(C(‘)))

Pr, ¢‘ Pr ¢‘
Therefore:
(2) @) cH” =1 )
(11) T(F") = PPi«», ( Pr¢; (J)T(C ))
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Finally, we let:

C, = @"'"1 () r(c ) e & B Ge(a:, E).

7,43 (7) i=1j=1
From (11), and this definition of C;, we clearly see:

@y — p® ®
T(F5") = By o) (Cr)p sy

Thus, it remains only to show that C, € C. This is easy, using (10) in the last

step:

@é( '_)T(C(t) o))
880") (88 (02, )

{
(@ 8or) (83 r@1, )

= (0 (s [, ;[;(C)]“’]H,@)

= C-'L4m(C)II;} € C.

(The second-to-last equality follows from the basic properties of block permu-
tation matrices [re-expressed in a “backward” statement], and the definition of

I1, 5, discussed in Chapter 1.)

This completes the proof of (<=), and so of the lemma as a whole.
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Lemma 2.C.4

Let C C @@M (a;,k); and, for all C € C, express C in the obvious (and

i=15=1

unique) way as:

r B . . -
C=0QCY, where C? € M(a;,k).

i=1=1

Let P € G¢(dim®, E).

Then:
V1 € Gal(E/k):3Cr € C: 7(P) = PC,Il,; ¢
54
IV eVE:3C e é:@in(a.i,E):
1) P=VC
2) Vr € Gal(E/k): C-'IL,a7(C)IL = 91 ,@ Yoo ( o, 0)) eC.
Proof.

This follows immediately by consecutive use of Lemamas 2.C.1, 2.C.2, and 2.C.3. The

equality, C~ I, 47(C)II;} = @ @C’(’) ( c® 0)) , follows purely by the basic
2 i=1j=1 Pr ¢z

properties of block permutation matrices and the definition of I, s — the steps in this

derivation being the verbatim equalities, in reverse, given in the demonstration at the

very end of the proof of Lemma 2.C.3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Corollary 2.C.5

Let P € G¢(dim?®, E).

Then:
Vr € Gal(E/k): 3C, € é::M(a,-,E): r(P) = PC,TL, 4
=4
W e VIC e é;QzGZ(ai,E): pP=vcC
Proof.

This follows immediately from Lemma 2.C.4, by letting:

c= BB M, F).

i=1j=1

Corollary 2.C.6
Let Y C Im(Ag), where Ci(Y) C @ M(a;, k)"o:),
i=1

Let P € G¢(dim®, E).

Then:
P k-rationalizes Y

<
IV € V:3C € @ Gl(ai, E)™:
i=1
1) P=VC

2) V7 € Gal(E/k): C™IL7(C)IL; 3 € C¢().
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Proof.
This follows at once from Lemma 2.B.1 and Lemma 2.C.4; where, in the latter, (by

the given here) we may let:

c=Cy(Y) C @M(az E)me) = @@M(az,k)

i=lj=1

2.4 Main Results

Here we give the main results, some of which are exhibitions, on matrices that k-
rationalize certain general subsets of Im(As), where @ is a field setting over k.
Throughout this section, we let ® = (¢1,...,¢,) be a field setting over k, with
¢ = (K;,0®,a;) a field element over k.
The following lemma contains basic facts about centralizers of certain subsets of

matrices, which will be used frequently throughout this paper.

Lemma 2.D.1
Let L be any extension field of ¥ which contains UL_; U;% a(‘) (K3).
Let fI Secalar(a;, K;) CU C ﬁ M(a;, K).
i=1 i=1
Let U® = the set of the i*®* components of the elements of U, so that, in

particular, Scalar(a:, K;) CU® C M(as, Ky).
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Then:

a) Cp(BeU))=CL (AQ (ﬁu(i))) = @

i=1

b) In particular:

i) Cp (A<p (f[ Scala'r(a,-,Ki))) = gM(ai,L)(""i);

i=1

ii) Oy (AQ (H K,-[Na,.])) = @ L[N,]®);

i=1 i=1

iil) Cr (Im(As)) = Cy (Aq, (H M(a,-,K,-))) = @1 Scalar(a;, L)),

i=1
[Recall, C(.A) is the centralizer of A over L. Also, note that K;[N, ] is the K;-algebra

generated by N, — the canonical a; X a; nilpotent matrix.]

Proof.

1. For (My,...,M,) € II]_;M(a;, K;), we have, by construction of the maps Ag

and A¢i:
» LT TR

D Da(My,., M) = DAGM) and Ap (M) = § o) (M).
= =

2. In particular, for X; C M(a;, K;), we see, by definition(s), at once:

(2) Ap(IE_1 &) = {Ae(Xy,- .., Xr)IX; € X}
- {gélA,,‘.(X,-) X € x,}
= B ().

So, in particular:

© Cu (As(Tor ) = Cr (B A0 (®))
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3. We prove desired conclusion (b, i) first. In any field we have 0 # 1, so cer-
tainly O,, # I, € Scalar(a;, K;). In particular, we have: I, € Scalar(a,, K3),
0O,, € Scalar(ay, K3), ..., O, € Scalar(a.,K,). With this observation, and

Proposition App. 8 [ with n =2 ], part (a), of the Appendix, we have at once:

CL (§1A¢‘ (Scalar(a;, K,-))) =

Cr (Ag, (Scalar(a,, K1)))D Cr (zézAd"' (Scalar(a;, Ki))) .

Iterating the previous, and using (3) [ with X; = Scalar(a;, K;) ], we have at

once:

@ G (Aq> (H Scalar(a;, Ki))) = @1 C1 (A, (Scalar(as, K3))).

=1

4. Now let A € Kj, and so Al,, € Scalar(a;, K;). So, by the second half of (1):
o)
© 8o, (o) = B oL
in particular,
. R, - -
Ay, (Scalar(a;, K;)) € @ Scalar(ai, k) C D(aing,, k).
Jj=1

Now let 73,72 € {1,...,n4,}, and suppose that: [VA € K;: ag) A = 05-?(1\)] .
Thus, immediately: ag) = a](-:). So, as 0@ is an enumerator, o is, in particular,

injective, and so the previous equality gives: j; = jo. Thus:

(6) Vit #j2 €{1l,...,ne I EK: aPD(N) £ D).
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Thus, the observations in (5) and (6), together with Proposition App. 10, of the
Appendix, show at once:
C1 (Ag; (Scalar(a;, K3))) = M(a;, L)),
Substituting this in (4), we have:
(7) Cr (Aq, (HScalar(ai, K,-))) = @M (@, L)("'f’-').
i=1 i=1
5. Now, by the given on U, and using (2), (1), we clearly have:
AV (HScalar(a.i,Ki)> CAs(UU) CAs (Hu@)) = éA¢e (Ll(i))

i=1 i=1

- @ @a(’) (U(‘)) - @M(a E)(mesd,

i=1j=1
Using (7) (in reverse), with the above, we now clearly have, in particular:

BM@ D™ 2 Cuaet) 2 e ([1u0))
® -
> 6 (@B ) 2 §B0u(of ).

t=15=1

Thus, at once by Proposition App. 6, of the Appendix [ with “}” = Ag(UY),
r Rg;

and 0 ¥ C OO M(a, k); and, for Y € Y, wiiting Y = @@Y(‘) in
i=lj= i=1j=1

the obvious (and unique) way, where Y;-(i) € M(ai,k), and so clearly y}") =

{Y}(i)l Y e )7} = {aJ(-i)(U)l Ue u(i)} = a](-i) (L{(‘)) ] , we have:

CL (AsU)) = @ @CL ( @ (Ll(’)))

i=1j=1

This, together with (8), gives at once:

9) CL(AsU)) =C, (Aq, (ﬁuﬁ))) @ @CL ( @ (Ll(‘)))

i=1 i=1j=1

This is desired conclusion (a).
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6. The desired conclusion (b,i) has already been proved and is seen in (7) above.
The desired conclusions (b, ii), (b,iii) follow at once from (9), letting, resp., U =
f[K,- [N, U= ﬁM (as, K;), and then immediately by Proposition App. 9, of

i=1 i=1

the Appendix.

Theorem 2.D.2

VeVy = V k-rationalizes Im(As).

Proof.
This follows at once from Corollary 2.C.6, (<), with “Y” = Im(As) [and
using Lemma 2.D.1, part (b,iii)], and with “P” =V [and then observing “P” =

V=v-I.

Remark

The above result can also be obtained from “elementary” considerations, as fol-
lows. Let E be an intermediate field of k/k which is a Galois extension of k containing
K,,...,K,. Then, using Lemma 1.D.3, parts (b) and (e) for the second equality below,

we calculate:
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M e [[M(ai,K;) =

i=1

V7 € Gal(E/k): T(VAs(M)V™) =1(V)1(As(M))7(V)?
= VIl e (7306 (M)IL5) I 3V

= VA(I)(M)V_I.
Thus, as E/k is Galois, we have at once: VAga(M)V~! € M(dim®,k). Thus, V

k-rationalizes Im(Ag).

Theorem 2.D.3
Let Y C Im(As), where Ci(Y) C él M (a,-,E) o)
Let P € GE(dim®,F).

Then:

a) P k-rationalizes Y = PeVg- [ A G/ (ag,E)(""‘)] .
i=1

i=1

b) P k-rationalizes ) => P k-rationalizes Ag (HScalar(a,-,K,-)) .
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Proof.

a) This follows at once from Corollary 2.C.6, (=), by letting F be any Galois
extension of k, in k, where E contains both Kj, ..., K, and the (dim®)? entries

of PeGe(dimd,F).
b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.B.2, part (2).

O

Theorem 2.D.4
Ly T (n¢,')
Let ¥ C Im(Ag), where Ce(V) = QM (ai,k) .
i=1

Let PeGt (dz'mcp,E) i

Then:
a) P k-rationalizes Y <= PeVy - [@ Gt (a,-,E)(nd")] .
i=1

b) P k-rationalizes Y <= P k-rationalizes Ay (HScalar(a,-,Ki)) .
i=1
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Proof.

a) This follows at once from Corollary 2.C.6, since the condition
C M, e7(C)lI;3 € Cz(Y) is vacuous here, and by letting E be any Galois
extension of k, in k, where E contains both Kj, ..., K, and the (dim®)? entries

of P& Ge(dim®,F).
b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.B.2, part (b).

O

2.5 Extension of Main Results, Beyond &

The main results of the previous section apply to P € G¢ (dim@,%) . By means of
Proposition App. 4, of the Appendix, these results (and more) can easily be general-
ized to include P € G{¢(dim®, L), where L is any extension field of k.

Throughout this section, we let ® = (¢1,...,¢r) be a field setting over k, where
¢; = (K,-, o®, a.,-) is a field element over k. Furthermore, we let L be any extension

field of k.
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Lemma 2.E.1

Letnc®, Z2C M (nk), PeGln,L)

Then:
P k-rationalizes Z
—
3Q € Ge(n,E):3C € C7(2): P=QC and Q k-rationalizes Z.
Proof.
(=)

This follows at once from Proposition App. 4, in the Appendix, with “4” = Z

- b

“B” = M(n,k).

(=)

This is immediate, since C centralizes £ and () k-rationalizes Z, we have at

once:

PZP~'=QCZC'Q™' = QZQ™' C M(n,k).

Remark

The forward direction of this lemma shows: “a k-rationalization over L can be

‘replaced’ by a k-rationalization over k ”.
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Corollary 2.E.2
Let Y, Z C Im(Ag).

Let P € G¢(dim®, L).

Then:
a) Suppose: CL(Y) C Cr(2). Then:
P k-rationalizes ) = P k-rationalizes Z.
b) Suppose: Cr(Y) = Cr(2). Then:

P k-rationalizes Y <=> P k-rationalizes Z.

Proof.

a) Suppose Cr(Y) C C1(2), and that P k-rationalizes ). So, by Lemma 2.E.1:
P=QC and Q k-rationalizes , where Q € G¢(dim®,%) and C € CX ().
Moreover, we observe:

C1(¥) CCu(Z) = [Co(V) N M (dim®,F)| C [Co(2) N M (dim®,F)]
= C(¥) € Cx(2)-
Thus, at once by Corollary 2.B.2: Q k-rationalizes Z. Finally, as above: C €

C7 (YY) C CL(2); so C also centralizes Z. Thus:

PZP'=QCZC™'Q™' = Q2Q™' C M(n,k).
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b) This follows immediately from part (a).

Theorem 2.E.3
Let Y C Im(Ag), where C1()) C @ M(a;, L){#).
=1

Let P € GU(dim®, L).

Then:

a) P k-rationalizes Y —> P € Vg - L@ Ge(a,-,L)(“"i)].
i=1

2=1

b) P k-rationalizes Y =—> P k-rationalizes Ag (HScalar(a,-,K,-)) .

Proof.

a) Suppose P k-rationalizes ). So, by Lemma 2.E.1, we have: P = QC, where
Q k-rationalizes Y, Q € G¢(dim®,k) , and C € C}(V) C @1 M*(a;, L)),
Hence, by Theorem 2.D.3, part (a): Q = VC’ where V € Vg,
C e @GZ (a,;,E)(nd"'). Thus: P = QC = VC'C, where V € Vg, C' €

=1

éGﬁ(a,-,E)(né‘), C € éM"(ag,L)(n"-‘). As L D k, we have

=1

C'Ce @1 G#(a:, L)("%) [noting, obviously, that M*(a;, L) = G¥(a;, L)).
b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.E.2, part (a).

0
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Theorem 2.E.4
Let Y C Im(Ag), where Cp(Y) = @ M(a;, L)"4).
i=1

Let P € G¢(dim®, L).

Then:
a) P k-rationalizes J <= Pe Vg - { A Gf(ai,L)("ﬂ)] .
=1

b) P k-rationalizes Y <= P k-rationalizes Ag (HS’calar(a,i,Ki)) .

i=1

Proof.

a) (==): This follows from Theorem 2.E.3, part (a).

(<=): Suppose P = VC, where V € V¥, C € @G@(a,-,L)(""i). By the

=1

given on CL(Y): C centralizes ). By Theorem 2.D.2: V k-rationalizes ).

So, at once: PYP~1 = VCYC-V-1 =VYIV~! C M(dim®, k).
b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.E.2, part (b).
O
Corollary 2.E.5
Let Y C Im(Ag), where CL(Y) = élM(a,,-,L)("‘*i).
Let ¥ C Z C M(dim®, L).

Let P € G4(dim®, L).
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Then:
a) P k-rationalizes Y <= 3V e Vg:3C € C(Y): P=VC.
b) P k-rationalizes 2 <= 3V € VZ:3C € C¥(Y):3Z C M(dim®, L):

1) P=VC, Z2=C12C;
2) ¥ € Z C M(dim®, L);

3) VYV~ = PYP-1 VZV-1= PZP~! C M(dim®,k).
¢) Z k-rationalizable over L = 3Z C M(dim®, L):
1) Y C Z C M(dim®, L);
2) Z=CZC", for some C € CX(Y);
3) Z is k-rationalizable over L, by some V € V;X.
Proof.

a) This is just a restatement of Theorem 2.E.4, part (a).

b) (=):
Let P € G{(dim®,L), where P k-rationalizes Z. So, PZP™! C
M(dim®, k). As given Y C Z, so a fortiori, P k-rationalizes ). So,

by part (a) above:

Q) P=VC, where V € VX,C € CX(D).
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Nowlet Z =CZC' C M (dim®,L). Now we simply observe the

following.

(1) As C centralizes Y |by (1) above]:
YCZ=CYC'CCZC'=YCCZC'=YCZ
(2) a) Again, as C centralizes ):
PYPl=vCyCc vl =vyv-l
b) By definition of Z:
PZPl=VvCZC 'V l=VEV-L

c) As P k-rationalizes Z [by supposition above], and using the

immediately previous result:
VZV-! = PZP™* C M(dim®,k).
This completes the proof of (=).
(=):

This follows a fortiori, as by supposition here — item (3) - we already have

PZP! C M(dim®, k).

c¢) The desired conclusion (c) follows at once from the desired conclusion (b) -

proved just above. ]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

Remark
The forward direction of part (b) of this corollary shows: “a k-rationalization of
Z DY, by P e Gl(dim®, L), can be ‘replaced’ by a k-rationalization of Z D Y,

by V; where Z is an L-conjugate of Z, and V € G¢ (dimq)jc.) >
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Chapter 3

Subsets of Matrices Rationalizable
By, or Together With, Certain

Specialized Subsets of Matrices

3.1 Imtroduction

In this short, but critical chapter, we focus attention not on the matrices that perform
rationalizations, but rather on the subsets of matrices that are rationalizable. In one
main result, we fix matrices from a certain class, and ask which subsets of other
matrices can be rationalized by matrices taken from that particular class. In the
next main result, we fix subsets of matrices from a certain class, and ask which other

subsets of matrices can be rationalized together with those subsets of matrices taken

79
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from that particular class.
Throughout this chapter, we let k be a perfect field, L be any extension field of k,
and we let ® = (¢y,...,¢,) be a field setting over k, with ¢; = (Ki,a(‘),a,-) a field

element over k.

3.2 Main Results

The following theorem gives a critical result and its proof forms a key argument.

Theorem 3.B.1 (A Key Argument)
Let V e Vg
Let Y C 91 M(a;, L)().
Then:
V' k-rationalizes Y <= Y C Im(Asg).
Proof.
(=)
1) This follows immediately by Theorem 2.D.2.
(=)
2) Suppose V' k-rationalizes . Therefore:

(1) VYV C M(dim®,k).
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3) Let E be any intermediate field of k/k, which is a Galois extension of

containing Kj,...,K,. As given V' € V', clearly:
(2) V € G¢(dim®,E).

Moreover, by (1) and (2), we see: Y € Y = VYV! ¢

M(dim®,k) = Y € V"IM(dim®,k)V = Y € M(dim®, E). Hence:
(3) Y C M(dim®, E).

4) Let Y € Y, and let 7 € Gal(E/k). Therefore, by (1): 7(VYV™!) =
VYV L. Therefore, using (2) and (3): 7(V)7(Y)r(V)~! = VYV L. There-

fore, by Lemma 1.D.3, part (e):
VI, er(Y);3V ' =VYV~L
Therefore, “cancelling the V’s”:
H,,q,T(Y)H,T},, =Y.
Thus, rearranging, and summarizing:
(4) VY € V:V7 € Gal(E[k): 7(Y) =T 3YIl 6.

5) Now we have, by the given, J C @M (a,-,L)(""-'), and, by (3), ¥ C
=1

M(dim®, E), so at once: Y C @M(ai,E)(""i). Hence, Y € Y =Y =
i=1
r R¢;

A Y}(i), for some Yj(i) € M(a;, F). Substituting this in (4), and using

i=1l3=1
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the definitions of Il and Il 4,, and the properties of II, 4, as a block

permutation matrix, we get:

VY € Y:¥r € Gal(E/k): B @ ()

i=1j=

= é (H;,é- [Zéi}?(i)] H‘r,¢.~)

@ [@ p(:)'»O] éé pr.»,(J)

i=li=l
Thus, from this:
. . (@) @)
(5) VY € :Vr € Gal(E/k): T (YY) =Y ) Gy
6) As 0 enumerates Iso(K;/k), we may let:
(6) b; € {1,...,n4,}, where a,E) = idg,.

We calculate, using the definition of p,4,:

() = (097 0 pirg, 0 o) (b))
=g®™ (F"nd’i (a(")(b,-)))
= 0™ (prg:(idx ))
=D (r0idy,)

= @7 (1] K;).
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Thus, we have:
(7) Vi€ {l,...,r}:  prg(b) = 097 (7] K)).
Letting j = b; in (5), and using (7), we have:

@) - yv® — y®
T(Ybi) Y (bi)—Ya(")'l(ﬂKi)'

- p'r, @i

Thus, we have:

. , @) = y®
®) VY € ¥:vr € Gal(B/k)y: (%) =YD .0

As Gal(E/K;) C Gal(E/k), and using (6), we have from (8):
: Y - v® —_y® —v®
T€Gal(E/K:) = T (Y';l ) - Yo'(")_l(rlK-') - Yd(‘)_l(idx;) - Yb(‘z )
As E/K; is Galois (a fortiori, as E/k is Galois), the previous gives at once
that: Yb('.i) € M(ai, K;). Thus, we now have:

(9) VY ey:vie {1,...,r}: P e M(a;, K).

7) Now for j € {1,...,n4,}, let 'rggi) be an extension of a,(-i) from K; to E.

Hence 'r}i) € Gal(E/k), and @t (,,-}")

K;) = j. With this, and using (9)
and (8), we calculate:
A (9) = ()

- y;((ii)r‘ (1'}‘) K,-) =Y.

Therefore, we have:

(10) WYelVie{l,..,rhVie{l,...,n}: ¥ =00 (3¥).
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8) Finally, using (10) and (9), and the definition of Ag, we see:

@éy(‘) @é O (v9)
i=1j i=1j=1

]:

Y

Ag (V0. 1) € Im(Aq).
Thus, we have:

VY € V: Y € Im(As).

Le.,

Y C Im(As).

This completes the proof of (=).

Theorem 3.B.2 (A Main Result)
Let W € Im(Ag), where Cp(W) C @ M (a;, L)),
i=1
Let L' = Lor I' = %, and let W C Y C @ M(a;, L',
=1

(So note that L’ is an intermediate field of L/ %.)

Then:
Y is k-rationalizable over L

—

3C € BGYa;, L')™): Y C C~ Im(As)C.
t=1
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Proof.
(=)
Suppose Y C C~1Im(As)C, where C € @G@ (a;, L' )("‘**') .Now let V ¢
=1
Vg, and let P = VC € G¢(dim®,L’) C G¢(dim®, L). Hence, by supposi-
tion here, and by Theorem 2.D.2, we have at once:
Pyp-! =vcyc-iv-i
CVCCIm(Ag)CC VL
=VIm(As)V~! C M(dimd, k).
Thus, P k-rationalizes ), and, from the above, we recall
P € G¢(dim®, L).
(=)

Suppose Y is k-rationalizable over L. Then, as given L' = L or L' = k,
we note at once, by Proposition App. § of the Appendix [with “A4” = )}/,
that we also have that Y is k-rationalizable over L'. Thus, we may let
P € G{(dim®,L’), where P k-rationalizes ). As we are given W C ),
so, a fortiori, P k-rationalizes W. As L' is an intermediate field of L/ %,

we calculate elementarily, using the given on W, that:
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Cy(W) = CL(W)n M(dim®, L')

S [@IM (s, L)(""i)] N M(dim®, L')
= él [M(a;, L) N M(a;, L’)](%;)

- @1 M(a;, L') ().
These two previous observ;.tions, together with the given on W, and by
Theorem 2.E.3, part (a) [with “L” = L', “)Y” =W, and “P” = P), show
at once that: P = VC; where V € Vg,C € élGé(ai,L')(""i). And, as
above, as P k-rationalizes ), we have PYP~! C M(dim®,k), and so

now VCYC-V-1 C M(dim®, k). Le., we have:
(1) V k-rationalizes CYC™!.

Now, as above, as C € @Gf(a.i,L')(“"i), and as given
=1
Y C @Ma;, L')"), certainly CYC-! C @ M(a;, L')("%). This,
i=1 =1

with (1), and by Theorem 3.B.1, (=), shows at once that:
CYC™! C Im(As).
Thus, summarizing, we have:

Y CCUm(As)C, where C € @ GE(a;, L)) |
i=1
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Corollary 3.B.3

Suppose K; = k(B1), .- = k(B,), for some B,..., B, € k, where the 3; are

pair-wise non-conjugate over k.

Let M; be any upper triangular element of M/(a;, K;), where all the diagonal

elements of M; are identical and equal to §;.

Let ' =Lor I’ =%, andlet ¥C QM (a,L)").
=1

Then:
YU{As(M,...,M,)} is k-rationalizable over L
=
Ce 91 Ge(a, 1)) . YU {Ae(M,..., M)} C C Im(As)C.
Proof.

By the gite(Mi,-.., M)} CYU{A(M,..., M,)}

‘ c [@ M (fzi,f:_')("f-')]g Im(Aqg)

M (a, L’)(""*)] U Im(Ag)

N

M (@i, 1)) [91 M (o F) (w.-)]

<8
(3
@M (az, L) (")

So, summarizing:

{AQ(Mla .- ,Mr)} g y U {A¢(Ml) [ERE) Mr)} g éM (aia L,)(néi) .
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With this, and Theorem 3.B.2 [ with “W” = {Ag(Mi,...,M,)}, and <Y” =

YU {As(M,...,M,.)} ], the proof is complete — save for showing that:
Cr(As(My,...,M,)) C éM(ai,L)("¢e).
i=1

But the latter is immediate from the following: the definition of Ag, the given
about the M;, Proposition App. 8, part (b), of the Appendix; and the given
facts that the 3; € k are pair-wise non-conjugate over k, and that K; = k(8;),
so that deg,(83;) = [Ki:k] = ng, — thus making all the quantities, aj(-i) (Bs),

distinct.

Remark
The previous corollary shall be fruitfully applied, in particular, to the following

cases of M;:
i) M; = Bil,, (so M; is a scalar matrix).

i) M; = Bil,, + Na, (so M; is a basic Jordan block belonging to 5;).
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Chapter 4

Rationalizable Subsets of Diagonal
Matrices, and of Certain Other

Classes of Matrices

4.1 Introduction

In this chapter, we apply the results of the previous two chapters, together with
some basic results in the Appendix, to subsets of diagonal matrices and to subsets
of certain other classes of matrices which include non-diagonal matrices. One main
result, among others, will be an exhibition of all rationalizable subsets of diagonal
matrices.

Throughout this chapter, k is a perfect field and L is any extension field of k.

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



90
4.2 Rationalizable Subsets of Diagonal Matrices

The main result of this section will be an exhibition of all k-rationalizable subsets,
of diagonal matrices, over L. Two exhibitions will actually be given: the first and
principal exhibition (Theorem 4.B.4) is very “strong”, the second and alternative
exhibition (Corollary 4.B.6) is “weaker” — but will later [Chapter 7] be seen to have
its uses.

The following Lemma allows the key inductive step for the proof of the main part

of the exhibition result of Theorem 4.B.4.

Lemma 4.B.1
Let ¢ = (K, 0,a) be a field element over k.

Let Q = (w1,...,ws) be a field setting over K, with w; = (L;,79,b;) a field
j j j

element over K.
Suppose that: dim§2 =a (so, S bl K] = a) .
i=1

Let E be any intermediate field of k/k, which is a Galois extension of &, con-

taining L;,..., L. (So note, a fortiori, E contains K — as all the L; contain

K)

Finally, by the imbedding extension theorem for field extensions, we may let
&; € Gal(E/k) be an extension of o; € Iso(K/k). And with this, we let A, be

the corresponding extension of Ay, from M(a, K) to M(a, E); i.e., Ay(M) =
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n, ~
é 5:(M), for M € M(a, E). (So clearly, A, is also an imbedding of k-algebras.)
i=1

Then:

JII € Perm(dim ¢,%):3Q = (w),...,w;) a field setting over k, with w} =

(L,-,'r'(j) ,bj) a field element over k:
1) a) dimQ’ =dimg;
b) Domain(Ag) = Domain(Ag).
2) 5¢ o Aq = conjy o Agr.
[Recall, conjy is the matrix conjugation map: conjy(M) = I~ MIL]
Proof.

1) We note that ¢ = (K, 0,a) is a field element over k. In particular, K is a finite

extension of k, and thus, as k is given to be perfect, so is K.

2) For j € {1,...,s}, let:

S; = {?rior,(j)| (,9) € {1,...,m} X {1,...,nw,.}}.

(And note, by definition, n,, = [L; : K].) We claim S; = Iso(L;/k). Firstly,
we note that as F 2 L;, 5; € Gal(E/k), and Te(j) € Iso (L;j/K) , we clearly have
S; C Iso(L;/k) . Secondly, as k is perfect, we note that [Iso(L;/k)| = [L; : k.

We now show that |S;| = [L; : k], which proves the claim.
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3) Suppose:
M 7 070 = 5, 0 10,
In particular, for all 8 € K:
Gy (10(8)) =5, (12(8)).
74(B) =5x(D)- [as e K. ]

As (3 is arbitrary in K: &;| K = ;| K. So, by the given construction of &;:

0;, = 0i,. As o is injective:

(2) iy = .

Substituting this in (1), and composing on the left by &;;', we have: Te(;i ) = Tg)-

1?0

As 70) is injective:
(3) b = 0,.
So, by the definition of S;, and (1), (2), (3) above, we have at once: |S;| =

ng - Ny, = [K : k|[L; : K] = [L; : k]. As discussed above in part (2), this proves

the claim stated in part (2), and so we have:
(4) S; = Iso (L;/k) .

4) By (4) and the definition of S;, we may let 7 be the enumerator of Iso(L;/k)
that “spells out” the elements of S; in “the dictionary order” indicated in S;’s

definition. I.e., we may let:

A5 A~ (G) ~ ;
L s T = 0107 ,---,Un¢,°7'n(‘7w)j-
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Furthermore, we let w} = Lj,T,(j ),bj) , a field element over K; and we let

V= (w,...,w)); a field setting over K.

5) Using the definitions of Q, 7, €, 7”, and Lemma 1.D.1, we have some II €

Perm(dim ¢, k), so that for any N; € M (b;, L;) , we have:

(&4, o AQ) (N]_, s ,Ns) = A¢ (AQ (N]_, e ,Ns))

- g Twy .
-3, (880wm)
j=1é=1
n¢~ s 'nwj .
¢ z(@ @r}”(N,))
i=1 j=18=1
_ g 3 n“"J (j) N
z=1.91£=1 (O';Tg )( J)
2 [ARR (5,79
=" | O @(‘7172 )(N,) I
 j=1i=1¢=1
8 [L:i ] :
=11 ,@1 9 T;‘”(N,)}n

=171 [Ag/ (N, . .., NG)]TT
= (conjg o Aq/)(MNy, ..., N,).

As the Nj are arbitrary in the previous, we have:

ZS¢ o AQ = conjn o AQI.

6) Finally, by the definitions of Q' and (2, and recalling that we are given dim§ =

a, we easily observe:
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dim® =) dimw)= b[L;: k|
j=1 j=1

~ gbj[Lj KK - 4

J_
=Y (dimwj)ng =ng) _ dimw;
=1 j=1
=ng-dimQ =ny -a =dim ¢.

Domain(Agq/) = f[M (bj, L;) = Domain(Ag).

j=1

The following Lemma will be used to establish Lemma 4.B.3.

Lemma 4.B.2

Let @ = (41,---,¢r) be a field setting over k, with ¢; = (K;,0®, ;) a field

element over k.

For i € {1,...,7}, let F; be a subfield of K;.
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Then:

=11 S @Perm (aing;,Io;, k) :3Q = (wy,...,w,) a field setting over k, with w; a
i=1
field element over k:

w; = (F;,v®,a{K;: Fi]) and

V(... N:) € [[M(as, F):

=1

Ag(Ny,..., Ny) =TI Ag (NFHED, | NUE=RDY 1,

[Recall, for M a matrixand e € Z: M© = éM.]
i=1

Proof.

1) Let v® be any enumerator for Iso(F;/k); and let w; = (F,-, v gi[K; : E]) bea

field element over k, and let Q = (wy,...,w;) be a field setting over k.

2) As k is perfect, the imbedding extension theorem for fields shows that each
imbedding of Iso(F;/k) extends to precisely [K; : F;] imbeddings of Iso(K;/k),
and that these form all the imbeddings of Iso(K;/k). So, as ¢ is an enumerator

of Iso(K;/k), the sequence: o\” F;, is a permutation of the [K; :

F,..., 07(:2;

F;]-fold repetition of the sequence: v{?, ... ,z/,(fzi .

3) Using the previous remarks, the fact that n,, = [F; : k] here (by definition),
and Lemma 1.D.1, we have some II; € Perm(a;ng,, I,;, k), so that for any N; €

M (a;, F;), we have:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

) (W) = Tfé (o9 F) (W)
Jj=1 Jj=1
n“’t [Kl
=15' |0 © ,,@(N)]
i=1 t=1

Y - ([K:i:F))
— | & () ] m

- (@ 0 (W, ([K.F.]))] L.

Thus, using the definition of 2 above, we have:

As(My,...,N,) —@@a“’uv)

i=lj=1
r Rwy R
g o)

= H—IAQ (Nf[Kl:Fll)’ . ,N,S[K":F"D) 1I,

O= @H‘t € @Perm(a’tnd’u Ia,, k)

=1

where

The following lemma, Lemma 4.B.3, will be used in the proof of Theorem 4.B.4, (=)

— only at the very end, and only to establish (and at once) the conclusion “(iv)” of
that Theorem. In this regard, we mention the following two things

i) Conclusion “(iv)” of Theorem 4.B.4, while nice to have, is something of a “sep-

arate extra” in the context of that Theorem. That is to say, the principal result

of Theorem 4.B.4 is contained in its conclusions “(i)-(iii)” — and it could well
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have been presented just that way. In this important and structural sense,
Lemmna 4.B.3 has nothing to do with the principal result of Theorem 4.B.4, and
both Lemma 4.B.3 and conclusion “(iv)” of Theorem 4.B.4 could have been left
out here and introduced at a later point. They were included here to get the

complete result of Theorem 4.B.4 sooner.

ii) Lemma 4.B.3, and conclusion “(iv)” of Theorem 4.B.4, will be seen to have very

nice, and powerful, uses, in later applications in this paper.

The following lemma makes use of the 3-tuple indexing scheme of a field setting,
which was defined and discussed in Chapter 1, Section 3, Subsection 7. As there, the

set of indices for this scheme is denoted Zs, where @ is the field setting it is based on.

Lemma 4.B.3

Let @ = (4,.--,4,) be a field setting over &, with ¢; = (K;,0®,q;) a field

element over k.
Let Z C Ag [ [[Scalar(a:, K:) |, where C1(2) = @® M(az, L)(™).
i=1

Let o © QQ.=]1-lbcalar(ai’ I\z)} y WDREre UplZ) ; QM ka;, b)\""t').
=1 i=1

Then:
V(i ] t) EL};: U(-i)(K') =k Z;; .
7.7 ] F] 1 (zg,t)

[ Here, Z(i,j,t) = {Z(i,j,t)l Z € Z} . ]
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Proof.

1) As Z2 C As (HScalar(a,-,Ki)), we certainly have Z = Ag(l),

i=1
for some U C [[Scalar(a;, K;). Furthermore then, if U € U, then U =
i=1

(a1 (U),y,- .- 00 (U)1,.), where a;(U) € Ki,...,a.(U) € K,. Let U

{ai(U)|U € U}, and so note that U; C K;. Finally, let F; = k(). So clearly:

(1) F; is a subfield of Kj, ZCAs (HScalar(a,i,F})) .

i=1

2) From (1), we have at once by Lemma 4.B.2 that:

dl e éPerm(a,-n‘p‘., I ,k):3Q = (wy,...,w,), afield setting over &:
i=1

a) Vie{l,...,r}: w= (Fi,V(i),bi), b; = o;|K; : Fi;

b) V(Ni,...,N,) € [[M(es, F:

=1
Ag(Ny,...,N,) =TIt A (NflezFxl), .ee N’glKr:Fr])) g
3) In particular then, the previous shows that:
aleFl,--.,areFr =}
Ag (anly,,- .. 00L,) =11 Aq ((al L)KeRD (o Iar)([Kr:Fr])) I
Now clearly (just write it out!):
(elo,) EFD = o, T ke py = il

where the last equality follows from part (2) above - item (a). Thus, the previous

shows:

Aq;(al.[al, e ,a,Ia,) = H-IAQ (alIbl, e ,a,-I(,,) II.
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So,as a; € Fy,...,a, € F,, we have:

@ s ([Teterta, R)) € -2 g ([scatrts, 7)) .

i=1 i=1

4) From (1) and (2) we have:

ZCAs (HScalar(ai,Fi)) C I 'Aq ( Scalar(b,-,F,-)) II.
i=1

i=1

So, from the previous, together with Lemma 2.D.1, part (b,i), we have:

i=1

CL(Z) 2C, (H—]'AQ (HScalar(bi, F,)) H)
= H—ICL (AQ HScalar(b,-, F,))) 11
3) =
=11t [@ M(b;, L)(IF-'*D] .
i=1
Therefore: Ci(2) oIt L@ M (b, L)([Fi:k])] II.
=1
5) Now, by the given, we have: Cp(Z) = éM (as, L)(""’i). This, with (3), shows:
i=1
éM (a,-,L)(M,-) oIt [‘@ M(b;, L)([Fiikl)J 1L
i=1 =1
Therefore:

@) il @1 M(ai,L)("éi)] 1> @IM(b,-,L)ﬂMD.

6) We now observe that the left-hand side of (4) is “invariant” under conjugation
by II — in the sense that the conjugation by II may be “dropped” from the

left-hand side of (4). We see this directly, as follows.
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In part (2) above here, we have Il € él Perm(a;ny,, Io;, k), and so Il = él IL;, for
some II; € Perm(a;ng,, I,;, k). Thus, II; is a block permutation matrix, “made
up of” a; X a; subblocks that are either I, (a; x a; identity-matrix) or O,,
(a; x a; zero-matrix). Consequently, and as described in Chapter 1, Section 2,
Subsection 4, Part (d), conjugation by II; acts on a block diagonal matrix — all
of whose subblocks are a; x a; matrices — by permuting these a; X a; subblocks
around. le., in particular, we have: M € M (ai,L)("¢i) = ILMII! €
M (a,-,L)(""i). So clearly, applying this result to the entire set of such block

diagonal matrices, we get:
L [ M (01, 1)) 17 = M(as, )74,

Now we calculate, using the previous at the last step:

n|garte 0] m = (] [@ne 0] |G

i=1
= OIL [M(a;, [))] 1
=1
= @ M(a;, L)),
=1
Putting this in (4), we now get:

(5) @M(ai,L)("d’i) ») élM(bi,L)(m:k])-

i=1

7) Now, “writing out” the sets of matrices on both sides of (5), and comparing the

“upper left-hand corners” of the matrices that form these sets, we see at once,
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in particular, that:

a3 Z bl.
So, by part (2) above here - item (a), we get:

ay Z al[Kl : Fl]
Therefore: 1 >[K,: F]

Thus, [Kl : F1] = 1, and so Kl = Fl.
(6) Therefore: K, = F,.

So, furthermore now: b =a,[K;: Fil=a;-1=a;,and [Fy: k] = [K; : k] =

ng, . Therefore:

(7) a; = bl and Ng, = [F]_ Zk].

8) Now using (7) in (5) clearly allows us to “knock off” the “upper left-hand (=
first)” diagonal block from the matrices of the sets of each side of (5) [ write it

out! ], and this then gives:
QM(a,-,L)(%.-) > % M (b;, L)RHD_
So, following the argument in part (7) above, inductively, we find:
(8) FF=K; a=b, ng=[F:k]; forallie{l,...,r}.
9) Now recall from part (1) here that:

F; = k().
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This, with (8), gives:
) K; = k().

10) Now recall again, from part (1), the following:

=1

Ueld = U= (al(U)Ia,,. .. ,a,(U)Ia,) 3 ai(U) € Ki.
So clearly, recalling the 3-tuple indexing scheme of a field setting — discussed in

Chapter 1, Section 3, Subsection 7, the above shows:
Z=A0s(U) = Zijo =02 (eu(U)), for all (i,5,t) € Lo

Thus, in particular, we have:

Zase) =1{Zsn| Z € 2} = {0 ((U))|U €U}
= o)) {a(U)|U e U}) = o (Wp);

using the definition of ¥; from part (1) here. Hence:
Git)€Te = Zusn =00 WU).
This, with (9), shows:
k(Zaan) =k (o @) = o (k@) = 0P (K.

So, finally:

Git)eTs = oK) =k(Z0)-
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Theorem 4.B.4 (A Main Result)
Letnek.

Let Y C D(n, L).

Then:

Y is k-rationalizable over L

YCD(n,L) and 3N € Perm(n,k):3® = (¢1,...,¢:), a field setting over k;

with ¢; = (K,-, c®, a,-) , a field element over k:

i)  dim® =mn;

i) YCHA, (ﬁScalar(a.-, K,-)) II;

=1

i=1

iii) CL(J?) =C (H—]‘M (ﬁScala.r(a,, K,)) H) =111 [éM(a” L)("¢i)] II;
iv) V658 €Ty o (K) =k (V) ,)5

here, (Hyﬂ"l)(,-,j,t) = { (HYH_I)(i,j,t)I Yey } :
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Proof.
(=)
1) Let Z = Y} so that, in particular, by (ii):
2 CIm(Ag) C é M(a;, L) (7).

Let V € Vg'; so that, at once, by Theorem 3.B.1: Vk = rationalizes Z.
Thus, VII certainly k-rationalizes ). Also note that clearly V € Vg C

Ge(n,k) C G¢(n, L).

This completes the proof of (<«=).
(=)

2) Firstly, we make several simple observations. We may let P € G¢(n, L)

where P k-rationalizes ):
PypPlcMmM (n, k).

a) SupposeY € V. Hence, Y € Y C D(n,L) and PYP~! C M(n,k) =
PY P~ € M(n,k) = charpoly(Y) € k[z] => (as Y is diagonal) the
diagonal entries of Y are allin k. Thus: Y € Y = Y € D (n,E).

Thus:

(1) Y<D(nE).
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b) Suppose )Y C Scalar(n, L), and suppose Y € Y. Hence, Y € Y =
Y = Al,, for some A € L = (as PYP~! C M(n,k)) PP 'le

M(n,k) = M, € M(n,k) => X € k. Thus:
Y C Scalar(n,L) == Y C Scalar(n, k).

¢) Suppose YV C Scalar(n,L). Thus, by the previous, we have Y C
Scalar(n, k). Now let Il = I;; r = 1; & = (¢1), with ¢; = (k,0,n),
where ¢ is any enumerator of Iso(k/k) = {id;}. With these definitions,
we compute:

i) dim® =dim¢; =n-[k:k]j=mn;
ii) Y C Scalar(n,k) = II"![Scalar(n, k)]II

— - [él idy (Scalar(n, k))] I

—m [Aq, ({Teatos e K¢,.))] I,

i) CL(Y) =MMn,L) [as Y C Scalar(n, L) ]

= @ M(n, L)®

i=1
= élM(n,L)("ﬂ) [asng, =[k:k]=1]

The conclusion (iii) of the Theorem follows at once from the previous

and Lemma 2.D.1, part (b,i).

The conclusion (iv) of the Theorem follows at once from (ii) & (iii)

above, and Lemma 4.B.3 (with “2” = IIYII1).
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Thus:
2) Y C Scalar(n,L) => (=) is truefor ).

3) We now prove (=), by induction on n. For n = 1, certainly D(n,L) =
Scalar(n, L), and so we are done here, by (2). Suppose now that n > 2,
and that (=) is true for 1,...,n — 1. We will show that (=) is true for

n. If Y C Scalar(n, L), then we are immediately done here, again, by (2).

4) In view of the previous, we may suppose )V Z Scalar(n, L), and we may
let P € G¢(n,L) where P k-rationalizes ). So, for some Yy € ): Y, &
Scalar(n, L). Let fo = charpoly (¥p). By observation (2,a) above, we have
fo € k[z]. Moreover, fy is certainly monic and deg(fy) = n (as Y C
D(n, L)). Thus, we may factor fy into its canonical factorization into monic
irreducibles of k[z]:

fo= i_ﬁlp?";
for some r € &', a; € ¥, p; distinct monic irreducibles of k[z].
We next observe that a; < m, for all ¢ € {1,...,r}. Certainly we have
a; < n,forall i € {1,...,r} (as deg(fo) = n), and so if a;, = n, then
the fact that deg(fo) = n clearly forces deg(p;,) = 1 and r = 1. Thus
fo = 1%, deg(pi,) = 1. So, fo has a single root [necessarily, even, in %],

repeated n times. As fo = charpoly(Yp), and Yj is diagonal (as Y, € ),
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this forces Yy € Scalar (n, L) — contrary to the selection of Y above. Thus:
3) Vie{l,...,r}: a;<n.

5) With the above, we let 3; € k be any root of p;, and we let K; = k(3;). We
note then that p; = minpoly,(8;). We let ¢; be the field element defined
as ¢; = (Ki,a("),ai) , where 0® is any enumerator of Iso(K;/k), and we
let @ be the field setting defined as ® = (¢1,...,¢r). We note that ny, =

[K: : k] = [k(B:) : k] = deg (minpoly,(5:)) = deg(p:), and so

dim® =) dim¢; =Y aing, = Y aideg(p;) = deg(fo) = n.
i=1 i1

=1

Thus:
(4) dm® = n.

6) Now let M; = Bil,, € Scalar(a;, K;), and let M = (M,,...,M,) €
[IScalar(a;, K;). As K; = k(B:),k is perfect, and o® enumerates
i=1

Iso(K;/k), cleatly o (8)), ... ,0%) (B:) are all distinct and are precisely

the roots of minpoly,(5;) = p;. Thus, Ay, (M;) is a diagonal matrix and

charpoly (A, (M;)) = charpoly Cé; U,(-i) (,B,-)Ia.-)

n¢i

= 1:]; (:1: - Ujgi)(ﬂi))a‘.
= [H (=~ o§"’<ﬂi))] =P,
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So, finally, As(M) is a diagonal matrix and charpoly(As(M)) =
charpoly (@ As, (M) = iljlcharpoly (Do (M) = Hlp* = fo. Hence,
Y; and Ag(M) are diagonal matrices with the same characteristic poly-

nomial — and hence with the same set of diagonal entries, multiplicity

respected, and so they are conjugate by a permutation matrix. Thus:
(5) TYoU~! = Ag(M), for some ¥ € Perm(n, k).

7) Now we have from above that P € G¢(n,L) where P k-rationalizes ).
Let Z=0Y¥-1C D (n Z) [by (1)] and let Q = P¥~! € G¢(n, L). Using

(5), clearly Ap(M) € Z and Q k-rationalizes Z. Thus:
(6) Z=ZU{As(M)} is k-rationalizable over L.

Noting that 3, ..., B, are pair-wise non-conjugate over % (as f; is a root of

i, and the p; are distinct monic irreducibles of k[z}), and K; = k(5;) (by

definition here), and, as 2 C D (n, E) so a fortiori Z C é M (a,-,E) (n¢;)’
i=1

we may apply Corollary 3.B.3, which gives at once, with (6), that:
(7 ZC C ' Im(As)C, for some C € @GZ (a,-,E) (me:) .
i=1
8) By (6) and (7), we have:

(8) Ap(M)eZ=C'A4(T)C, forsome T C [] M(a;, K:);

t=1
Re;

—aCH. =@ c® -
(9) C g c®, C 91 C;”, for some (even unique)

CcW ¢ ?év‘lce (a:%), CP €Gt(arF).

J
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Now let the following be defined, recalling that £ C D (n, E)

(and, by (4), recalling that n = dim® = ) _ a;ny, ) .
i=1
i) For all Z € Z, express Z in the obvious (and unique) way as:

T . . Mg, ,
(10) Z=Q0 29, zO=0Q Z{, where
i=1 ji=1

Z® e D (a.,-nd,i,'IE) , Z]@ €D (a,-,i,:) .

ii) Forallie {1,...,7},j € {1,...,n4,}, let:

Z60 = { Z06)

Z e Z} € D(aing, F);
(11)

29 = (g9

Ze 2} C D(ak).
iii) Forall i € {1,...,7}, let: T; = the set of i2 components of T; so that

T: € M(a;, K;).
iv) Foralli € {1,...,r}, let b; € {1,...,ny,} be such that:
a(f) = idg;.
[This is OK, as ¢® enumerates Iso(K;/k).]
Now with (8),(9), and the above definitions, we clearly have:
ZP =P e(T)CP; forie{l,...,rhie{l,...,na}.

In particular, letting j = b; (so that oj(-i) = idg, ), we have:

ZD = TCY; foric{l,... 1}
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Thus:

(12) cPzPcP™ = T, < M(a;, K).

Hence, as C’,ff) eGYt (a,-, f) , (12) shows at once that:
29 is K;-rationalizable over .

We note that K; is perfect (as K;/k is finite, and k is perfect) and, clearly,

that K; = k. So, by (3), as Z,ff) cD (a,i, 75) [by (11)], we may apply

the induction hypothesis to Z,ff) (with “6” = K; and “n"= a;). Thus, this

hypothesis gives some II; € Perm(a;, K;) = Perm(a;, k) (the latter equality

being obvious), and some ®; = (¢§i), .-, ¢D), a field setting over K;, with
g-i) = (KJ@, o), ag-i)) , a field element over K;, where:

8

(13) i) dim®i = q (i.e., > o [KP : Ki] =a,.);

=1

i) ZP CI'Ag, ([1 Scalar (af?, K,("))) IL;
j=1
=1

19 i) Ci(2)) =Cp (n,.—lAq,,. (ﬁ Scalar (ag."),x,(‘))) n,-)

12§ (.0 (”5’")] -

J
For convenience, for any field setting, @ = (wi,...,w,), over any field

F, with w; = (L,-,r("),b,-) a field element over F, we let Im/(Aq) =
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Ag (H Scalar(b;, L,-)) . Thus, (ii) and (iii) above show:

=1
(15) ng) = II;'Ap,(S:)II;; for some II; € Perm (ag-i), k) ,

and S;C H Scalar (ag-i), KJ@) ;

j=1

Cr(2) = Cp (T Im!(8e,)IL)

=1

(16)
= [7@ M (a?, 1) (n"?’) } IL..

9) Now let E; be any intermediate field of k/k, which is a Galois exten-
sion of k containing K{”,...,K$) and containing each of the o? entries
of C,ff) € G¢ (04,75) ) (So note, a fortiori, that F; D K; — as K}i) 2 K,-.)
Furthermore, referring back to o) in step (5) above, let ?r'J@ € Gal(E;/k)
be an extension of oJ(-i) € Iso(K;/k), and let A, be the corresponding
extension of Ay, from M(a;, K;) (and so clearly, A, is also an imbed-
ding of k—algebras). Specifically, for MeM (a;, E;), we have 545'. (H ) =
ng; .
,-@:1 79 (M) € M(a:, E:;)(*). Again referring to (8),(9), and the defini-
tion of Z& in (11), we clearly have: Z®) = CO™TA, (7))CD, for all

ie{l,...,r}.

This, with (12) and (15), gives:

Z26 — c®'A " (Cg-)n;_—l As,( Si)nicgf)_l) cH.
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This, with the k-algebra imbedding Ay, defined above, gives:
20 =CO R, (COI Mg (SHILCY ™) €O
=00 [Ba, (C17)] B (B0 6] (B (10 )] 00
=0 [(Am (11;10,5?))"] [Bg: (Ba.(S))] [Ag, (TLCP™)] CO.

Thus:

(17) 20 = QU7 [y, (Ae:(5:))] P,  where
(18) Q¥ =24, (Wwol")co

10) Now with the definitions of ¢;,®;, and ﬁm, we have at once by
Lemma 4.B.1 (and this is the motivation for Lemma 4.B.1 in this paper!):

-~

(19) Ay, 0 Ay, = conjg, o Agy;

for some & € Perm(a;ng,, k), and some &, = (¢§i)',...,¢§i)'), a field
setting over k, with ¢§i)' = (KJ@, o(ij)',agi)) , a field element over k, and
where dim ®; = dim ¢;. Note that the field elements ¢§i) and ¢§-i)', as defined
previously, have the same “K” and the same “a”. By (15) we have S; C

1] Scalar (ag-i),KJ(i)) , and so (19) and (17) give:
i=1

(20) 20 = QU7 [8gy(S))] &QV.
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11) Now, by the definition of Z®, we clearly have:
(21) ZCQ 29,
i=1
So now, by (20):

2 c§ (976" [Be(5)] Q)

=1

-

= (él fiQ(i)) B (él Ay (Si)) (él fiQ(i)) :

Letting U = @Q(i) & € é GY (a,-n4,,.,75) , so that U € G¢ (n, E) (by (4)),
i=1 i=

the previous becomes:
22) zZcu [@ Aa (s,-)] U, for some U € G¢(n,F).
i=1

Now, recalling the definitions of the field settings (recall there are r of
them) over k, given by &} = (¢o§i)', ey ng’;.)') ,weletv/ = i s; €V, and let
@' = (4, ..., L) be the field setting over k, with ¢ = ( [oW,d),...,
& = ( Ko al ) the field elements over k, defined by the following

permutation of the ¢§-i)':

¥ =(¢),... ) = (%, ..., 0™, ... 87 ).

With  these  definitions, and recalling from (15) that

S C H Scalar( O K (’)) the result above in (22) gives:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



114

o
= U |@ Ay (Scalar (o}, K))| U
ji=1

—

U

[ r’
=U"1|Ag (H Scalar (ag,K{))

] :

i=1
= U’llm’(Aq>:)U.

Hence:

(23) Z C U Im' (Mg,

for some U € G¢ (n,7<:—) and some ¥, a field setting over k.
Moreover, recalling from step (10) above that dim & = dim ¢;, and using

(4), we easily calculate:

r’ r s o~
dim® =Y dimgj=3" dimg¢{
=1

i=1j=1

i=1 i=1
=dim® =n.

Thus:

(24) dim®’ =n.

12) We now compute Cy(Z). Before doing so, we make several useful observa-

tions.
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a) From step (6) above, we recall that M = (M,,...,M,) and M; = 5;1,,.
Thus Ap(M) = Q:@i 096 L., and Ay (M;) = ;gf:ajﬁi)(ﬂi)fq. As
noted earlier, the quantities 3y, ..., B, are pair-wise non-conjugate over

k, and deg(G;) = [k(&) : k] = [K; : k] = ny,. Thus, the quantities,
01(;) (B:), are all distinct. So, at once by Propositions App. 8, part (b)

and App. 9, part (i), of the Appendix, we have:
Cu (8o(M) = @ M(as, L)"),

(25) and

Cr (Do (M) = M{(as, L) (7).

b) From (8), we have:
(26) Ag(M)eZC @1 M (a,-,E) (ne:) [2 is even diagonal).
So, in particular, Cr(As(M)) 2 CL(Z), and so by (25):
CL(8) C @1 M(a;, L)(%4:).

So, at once by the definition of ZJ@, and by Proposition App. 6 of the

Appendix, we have:

(27) . (®)=88 ¢ (29).

i=15=1
c¢) Now recalling (17) and (18), we have:

~

(28) 29 =Q97 [A4 (Ae:(5))] @Y, and QY e ?éjae (o).
2
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In particular, we may write:

(29) Q9= 76 Q¥ for some [even uni D e Gt (a;k
Bop. o G0 e(eT)

Recalling the definition of Ay, from step (9) above, and using (28) and

(29), we see:

20 = QO [A, (84,(5)] Q¥

= JQ Q}')-l_ {84 (84,(9)| S € 8] [é Qgi)]

- (80| |{B [P @ais)]

j=1

res) [ r]

=1

'n.¢‘.

= {@1 (@7 [ das1] @)

Jj=

Se Sz} .
So clearly now, by definition of Z}i), the previous gives immediately:

i 3)~L (@ 3
20 = {7 [ (hal(s)] &

a0 Se 8,-}

=L .G i
=07 [ (Bas)] @
d) Let WO = QO™ [A,, (I (Bs,))] Q. By (29), and the definition
of A, we clearly have:

(31) wé c M (a,-,E)(""-‘) .

So, for W& € W®, we may express W® in the obvious [and even

unique] way as:

] ng, . . -
wO =g WJ.(‘), where W}(’) eM (ai,k)§

=1
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and we let WJ@ = {Wj(i) eEM (&-,75)‘ w® ¢ W(")} cM (&-,75) . Now,
from (8), we have Ag(M) € Z, which is the same as él Ay (M;) € Z;
and so, by definition of Z&: Ay (M;) € Z®. This, with (28), (15),

the definition of W®, and (31), shows:
Ay(M;) € 2O C WO C M (a;,F) (ma0)
Hence, in particular, Cp(A4 (M;)) 2 CyL (W(i)) , and so by (25):
C1 (W9) € M(es, L)("4).

So, at once by the definition of WJ@, and by Proposition App. 6 of the

Appendix, we have:

(32) e (W) = & ¢, (Wf?).

j=1

e) From the definitions of W® and A,,, we see:

WO = QO™ [A,, (Im' (8a)))] Q¥

- [Ba9] [{an@sn]s e s @)} [
| 7= 1L j=1 =

=8 e {@ 79 (Aa,(5))]

s e I Scatar (af, K}"’)}] L?é Q,‘-"]
j=1

| j=1 = P 5
Ty, DL [ : s i i
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So, by the definition of W]@, the previous gives immediately:

(33)
i 7 -1 ~(i 4 8; . ’
W = {Qﬁ-’ 57 (Ae(50)] @S € I Scatar (a;.>,z<;>)}
j=1
= Qg'i)-l [&3('i) (Ad>,- (H Scalar (ag-i),K}i))))J J(.i)
J=1

3~ 1.4 i
= QP [P (1m'(80,)] QP

f) Now let D; C H Scalar (agi),K}i)); so, in particular, we have
L
Ag,(D;) C D(a;, E;) [as dim &; = a;, by (13)]. Now & € Gal(E;/k),

J

so in particular &J(-i) is injective on E;. Thus, as E; C k C L, at once

by Corollary App. 12, of the Appendix, we have:
(34) Cr (37 (Aa,(Dy)) = C1 (A4,(Dy)) -
We will wuse this shortlyy, with D; = &;, and with
D; = [] Scalar (of?, k") .
j=1
g) Let Q@ = (wy,...,ws) be any field setting over k, with w; = (Li, 7@, b,-)

a field element over k. The following simple calculation will prove

useful. We have:
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Im'(Ag) =g (H Scalar (b, L*'))

i=1

= {Aq(Th, ..., T.)| T; € Scalar (b;, L;)}

- {@1 A (T)| T € Scalar (b,-,L,-)}
- @1 A, (Scalar (b, Ly)).

Hence:

(35) Im'(Ag) = @1 A, (Scalar (b;, L;)).

h) Let ©,...,9Q; be field settings over k. By (35), clearly Ogdim o,
I3imq, € Im/(Ag;). Thus, at once, by iterative application of Propo-

sition App. 8, part (a), of the Appendix, we have, in particular:

(36) c, (@}1 Im'(AQ,.)) = @1 Cy (Im'(Aq,)) .

i) We make our final observation. While it is simple to observe here,
it is the ceniral observation that permits the calculation, to be done

shortly, of the result for C(Z). Using (15) and (16), we have:
ICp (e (SN T = Cp (T Ag,(S)TL)
=C (ZIS))
= G (T Im! (B )IL)

= I'Cy (Im'(As,)) I
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Thus, at once:
37) CL (84,(S:)) = CoL (Im'(As,)) -

j) Finally, we calculate C;(Z). Using the observations of this step, to-

gether with (19) and the definitions of U and @', we calculate:

= @?g: cr (29) [by (27)]
8 €1 (@7 [ (Be(50)] @P) by (30)
0701 (759 (Aa(5))

o
i
A

L,
1]
NA

3
&

r

=0

1;

-
&
i

3
A

T U

=B QP7Cr(8a () QP [by (34)]

i=lj=1

r Te;

=B B Q¥ Cp(Im'(As)) QP by (37)]

i=1j=1
r

BB P70 (3P (tm'(2e) QP [by (34)]

i=1j=1

=6 00 (9™ 0 (e ] )

i=1j=1

n
t

=00 ¢ (W) [by (33)]

i=1j=1

=@ C, (W9) [by (32)]

= @ C1 (@7 [Ay, (Im'(As,))] @9 [def. W]

— @1 Ci (Q(i)‘1 :A (Aq,‘ (I11 Scalar () K(,))))J Q(i))
(

=B C |V gty (ﬁScalar( ? K“’)) ] “’) lby (19)]
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=B cu (@7 g m (Asy) 6Q7) [def. &]
= 6 QU770 (Im' (M) Q¥

1=

=8 §iQ(i)) - (él CL (Im' (Apg))) (él fiQ(i)>

=U-t (@ Cy (Im! (Aq,:))) U [def. U]
=010, (@ Im' (Aey) )U by (36)]

=U-1 CL (@6 A (;)' Scalar( (1') K(l)))) U

i=1j=1 12

[by (35) and def. ®]
=U! C;, (Im'(Aqy)) U
[by (35) and def. &

= Cp (U™ Im/(Ag)U).
Hence:
(38) CL(2) = C, (U™ Im/ (Ae)U) .
13) We now collect together, from (23) and (38), the two main results thus far:
ZCUMM (Bp)U and Cy(Z)=Cy (U Im'(Ae)U).
So clearly:

(39) UZUT'CIm'(Ay) and Cp(UZU™) = Cp(Im'(Ay)).
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Now clearly by definition of Im'(As), and by (24), we have

Im!(Ag) € D (dim®',k) = D (n, ). So, by (39):
(40) UZU™' C Im'(Ag:) € D (n,F).

So, by (40), (39), and Corollary App. 17, of the Appendix, we have, at

once, for some IT € Perm(n, k):
NZO-' =UZU' C Im/(Ay).
So now, substituting IIZII~! = UZU! in (39), we get:
IZN0 C Im'(Ae) and Cp (TIZI) = Cp (Im(Aw)).
And hence:
(41) ZCIm'(Ae)I and Cu(Z) = Cp (T7Im'(Ap)I).

14) Now from step (7), we recall that 2 = ¥Y¥~!; and from (5), we recall
that ¥ € Perm(n,k). Thus Y = ¥~1Z¥; and so by (41), letting IT' =

II¥ € Perm(n, k), we have:
(42) YCI Im(Ap)l' and Cp(Y)=Cy (I Im'(Ae)IT).

Recalling that II' € Perm(n, k£); and that, by definition of ' and (24), we
have that &' is a field setting over k, where dim & = n; we see at once from

(42) that we have now proved, in the induction for ), most of the desired
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conclusions for (=>). It remains only to complete the desired conclusion
(iii); and to prove the desired conclusion (iv), of (=).

Well, the rest of the conclusion in (iii) follows at once from (42) and
Lemma 2.D.1, part (b,i). And the conclusion in (iv) follows at once from
(42), from the completed conclusion (iii) [now just proved previously], and
Lemma 4.B.3 (with “Z7 = H'yH'"l) . This now completes the induction

for ), and so completes the induction proof of (=).

This completes the proof of the theorem!

The following Lemma shows that any field setting can be related, naturally, to a
certain “simpler” kind of field setting. This will be used to establish Corollary 4.B.6
— an alternative and “weaker” form of the result in Theorem 4.B.4. This Corollary

has meanings of its own, and will have a key use in Chapter 7.
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Lemma 4.B.5

Let ® = (¢1,...,¢-) be a field setting over k, with ¢; = (Ki,a("),a,,-) a field

element over k.

Let & be the field setting over k, defined as follows:

QE(¢1)"'7¢17 """ 7¢1'7"-7¢1‘)7
N e’ N e
a; times ar times

where ¢; is the field element over k, defined as ¢; = (K,-, o®, 1) .
Then:
1) dim & = dim &;

9) 311 € O Perm (aing,, k) C Perm(dim &, &):
i=1

i=1

a) As (ﬁScalax(a,-,Ki)) C IIm (A4) ! € D (dim &%),
b) i) VGIICV;,

i) VeVg = VII k-rationalizes Im(Ay).

Proof.

1) We have ¢; = (K;,09,1), and so dim¢; = 1+ [K; : k] = [K; : k]. With this,

and the definition of dimension of a field setting, we easily compute:
. T g . Toa
dim @ =Z djm¢i=ZZ[Ki:k]
1

i=11= i=] t=1

= Er:ai[K,- (k= zr:dim¢,- = dim P.
=1

i=1
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2) For any two positive integers, a,n, we define a permutation peny € Son as
follows. Let z;,Zs,...,Zon be a-mn distinct “letters”. Now, as below,

re-express this sequence of a-n letters with the following “double-index”

notation:
(1) (x1,3327---7$a~'n)= (iz:(ll))'":xl(g’éz)""’xg)j """ 71:&"))"'71:21))'
a a P4

Finally, let pgn) € San be the permutation, defined clearly, as below:

(xp(o.,n)(l)’ zp(a.,n)(2)’ Tt zp(a,'n) (a'n)) =

(2)
(?gl)’ zg.z), M 7$§.n)41 \zgl)i $52)7 MR xgn)‘7 """ ?f&l)’ zgz)’ AR ] x((zn)l)'

n n n

With this, let IL(,5) be the basic permutation matrix associated with p(gn), as

defined in Chapter 1, Section B, Subsection 4, Part (d):
@) Han) =an (p(a,n)) € Perm(a - n, k).

3) With I, ) as defined in (3), and recalling the facts about basic permutation
matrices as in Chapter 1, Section B, Subsection 4, Part (d), and, with (1)

and (2), we easily make the two observations below.

a) Let a,n,Ne ¥ .Forje {1,...,n},t € {1,...,a},let AY € M(Nx1,L);

ie., f_l.?') is an N x 1 column vector over L. Let:

4) A= QO AP € M(N x an, L).
J=1lt=1
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By the above-mentioned part of Chapter 1, and (4), and the definition of

D(an) 68 in (1) and (2), we see at once:

All,, = “A, where column(q) has become column (p(a,n) (q)) ”

N A6
=“QQ Af’, where column(q) has become column (p(a,n)(q)) 7
j=1t=1
_ (laD O A9
t=15=1
Le.,
(5) AH(a,n) =00 ffgj)’
t=1j=1

By (4) and (5), we summarize:
© A eupixrn = |8 #|ne. - |4

Le., “ [---]llan) reverses the order of ‘(D-ing’ ”.

b) Referring to the same above-mentioned part of Chapter 1, and following,

quite similarly, the above, we also conclude at once:

o n a - a n -
M P eL=T,™" [@ O [b?)]] i = [@ o [b{”]] .
j=lt=1 t=1j=1
Le., “ Mg~ *[--Jl(an) reverses the order of ‘@-ing’ .

4) With (6) and (7), we now return to the main proof. For i € {1,...,7}, we let

IL; = (g, n,,) € Perm (aing,, k), and we let:
) I= éﬂi € éPerm (aing,, k) C Perm (Z ain¢i,k) = Perm (dim @, k).
i= 1= i=1

With this, we make the following two observations.
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a) Let a; € Kj,...,a, € K,. Then we observe:

Ag (anly,,. .. 001,)

- @:@i e

- 888 [+

-8 (m|88 [Fe]|n) oy (7]
-85 |833 [P [n)”

=1 [@1 él A, ([a,-])] -t [by defs. II, ¢
=144 [, o leal o), ool o], [on] )T [by def. &)

€ MlIm(Ag) I7L.
Thus, we have shown:

(9) Ag (ﬁ Scalar(a;, K,-)) CIIm(A)II7L,

=1
Moreover, as ¢; = (Ki,a("), 1) ,s0 M (aq;..,KJ,‘,) = M(1,K;), and thus
clearly Im (Aé,-) cD (d1m g{&,-,E) . Hence, clearly, Im(A;) consists of

diagonal matrices, so:
Im(Ay)C D (dimfb,E) =D (dnn@,z) .

where the latter equality follows from the result in step (1) here, above.
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Thus, as II is a permutation matrix, clearly now:
(10) IIm(Ag) I € D (dim &,%) .
b) Let V € V. By definition of V, then:

(11) V= ([rD aﬁi aJ(-i)(Q,-), for some @Q; € M((d.lm ) x ai,K,->.

i=1j=1
Now write out @; “in columns”, clearly, as below:

a ~
(12) Qi= Qit; forsome Qi€ M ((dim ®) x l,K,-).

t=1
So, clearly by (11) and (12):

r T a; . -
(13) V=0QO o5 (@i) -
i=1j=1t=1

Then we easily observe, using (8), (6), and the definitions of “Vy 4", “V3™:

v - [53# @] (3

) ( 00,7 (8:) m)

-6,([63. @.))

i=1 \ {t=1j=1
r oa; [P 5
-0 |, (@)
i=1t=1 }j=1
r oo
€EDD Vaime s = Ve
i=1lt=1
Thus, we have shown:
(14) VeIl C V5.
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Now, by Theorem 3.B.1, (<) [ with “Y” = Im(A;) |, we have:
W € V3* == W k-rationalizes Im(Ag). Thus, at once by (14), we
have:
(15)

VeVy = VIeVy* = VII Ek-rationalizes Im(A;).

By step (1) here above, (8), (9), (10), (14), and (15), the proof of this lemma is

complete.

Corollary 4.B.6

Letnek.
Let Y C D(n, L).

Then:
Y is k-rationalizable over L
—
YcbD (n,E) and 3II € Perm(n, k):

3% = (¢1,...,¢r), a field setting over k; with
i = (K,-, o®, a,-) , a field element over k:
i) ay=---=a, =1, and dim® =mn;

ii) [identifying M(1,K;) with K;] Y CII-'As (HK) 0.

t=1
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Proof.
1) (=)
Follows, verbatim, by the simple proof given for Theorem 4.B.4, (=>).
2) (=):

Follows at once from Theorem 4.B.4, (<=), and Lemma 4.B.5, parts (1)
and (2,2) (noting that in that Lemma, by definition, we have a; =1, for

all ).

4.3 Rationalizable Subsets of a Certain Class of

Matrices.

For convenience, we will call a matrix in Jordan Form an elementary Jordan matriz,
when each eigenvalue has exactly one basic Jordan block belonging to it. The main
result of this section will be a classification of all k — rationalizable subsets of matrices
that contain and centralize a given elementary Jordan matrix.

Recall from Chapter 1 that, for a € I, we let N, € M(a, k) be the canonical a x a

nilpotent matrix:
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0 1 O

N, =
1
0O 0

Lemma 4.C.1
Let F be any field, and let L be any extension field of F.
Let n,a € ¥, where a > 2.
Let X € M(n, F), where X is nilpotent with index a.

Let p € L[z], where p # 0 and deg(p) < a — 1.
Then:
?(X) € M(n,F)=>p € Flz].

Proof.

The proof here is elementary, and is given by induction.

1) For f € Liz] — {0}, let 6(f) = the largest power of z that divides f: z°("||f.
So clearly:

f € Llal — {0} = § = g™P*1 4 aa®);

for some g € L[z] and o € L — {0}.
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2) Let p € L[z] be as given: p # 0,deg(p) < a — 1 and p(X) € M(n, F). Suppose

0(p) = a — 1. So clearly, by definition of §, we now have here:

p=az®"!, for some a € L — {0}.

Therefore:

p(X) = aX* .
Therefore:
(1) aX*' e M(n,F).

Now we are given X € M(n, F), and X% ! # O, (as X is given with nilpotence

index a > 2). So, at once, by (1):
a€F.
Therefore:

(2) p=az®! e Fla.

3) Inductively, we let 0 < m < a — 1 and suppose that the desired conclusion of
the lemma is true for such p € L[z] where m < §(p) < a — 1. We now suppose
that §(p) = m — 1, and show that the conclusion is true for p. As §(p) =m —1,

we have:

(3) p=gqz™+az™}; for some g € Lz],a € L — {0}.
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As0<m<a-1,wehavel1<a-m<a-—1,andso:

a—mp — gxa + axa—l.

T
So, using the given that X* = O,:
X ™p(X) = ¢(X)X* +aX* ! =aX* .
Thus, as given X, p(X) € M(n, F), we conclude:
aX®te M(n,F).

So, immediately, as in step (2) above:

(4) a € F.

4) Thus, using (3),(4), and the given that X, p(X) € M(n, F), we have:
(5) g(X)X™ =p(X) —aX™ ' € M(n,F).

Now if ¢ # 0, then clearly d(qgz™) > m (and, certainly, by (3): deg(qz™) =
deg(p) < a — 1, so that §(gz™) < a — 1). This, with (5), allows the induction
hypothesis to be applied to gz™, and so here we have at once: ¢z™ € F|z].

The latter conclusion is certainly also true if ¢ = 0. So we now conclude that:
(6) gz™ € Flz].
5) Combining (3),(4), and (6), we have at once:

p=gz™ +az™ ! € Flz].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



134

This completes the induction for p.

Theorem 4.C.2
Let fBy,...,B- € k, where the 3; are pair-wise non-conjugate over k.

Suppose ® = (¢1,-..,,) is a field setting over k, with ¢; = (K,-, o®, a,-) a field

element over k, where K; = k(6;).
Let M; = B;1,, + N,, € M(a;, K;)-

Suppose Y C M(dim ®, L), where Ag(Mi,...,M,) € Y and all elements of Y

commute with Ag(M,..., M,).

Then:

1) Y is k-rationalizable over L
~
Y C Ag (I, Ki[Ny]) -

[Here, K;[Ng,;] = the K;-subalgebra of M(a;, K;) generated by N,,.]
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2) In particular:
Y is k-rationalizable over L —>
a) YC M(dim ®,k);
b) Y is commutative;

¢) kY] — I Xl

i=1 (z“i ) °

[ Here, k[Y] = the k-subalgebra of M(dim ®,%) generated by ). ]
Proof.

(<)

i=1

1) Let Y C A (HKi[Na‘.]) C Im(As). So, at once by Theorem 3.B.1 (and

is L D k), is k-rationalizable over L.
(=)

2) Let ) be k-rationalizable over L. Now by definition of the M;, we have

easily:
T n¢i (1)
Ao(My..., M) = BB [07(B) s + Nai]
M i) = a (’)( 3 I N
Ay, (M) J@l L Bi)la; + No, | -
We are given that the quantities 3, . .. , 8, are pair-wise non-conjugate over

k. Moreover, by the given, we also have: deg.(8;) = [k(8;): k] = [Ki: k] =

ny,. Thus, the quantities, aj(-i) (B:), are all distinct. So, at once, by Propo-
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sitions App. 8, part (b) and App. 9, part (ii) of the Appendix, we have:

CL(Bo(M,., 1)) = B LING](™),

(1)
CL(Ay(M)) = L[Na‘.](nd’a),
In particular:
(2) Cr(De(My,..., M) C @1 M(as, L)(),

3) So now, given that ¥ C M(dim ®,L) and that ) centralizes

As(My,. .., M,), we have at once by (1) and (2):

(3) yc @1 L[N, ] (™).
In particular:
4 v @1 M{(a;, L)(ne:).

4) Now for Y € ), by (4), express Y in the obvious [and even unique] way

as:
(5)
T . . ny; p ; .
Y= @lyw, Y® = @Y;?; for some YO € M(amy,, L), Y € M(a;, L).
i= j=1

5) For all Y € ), we have by (3) and (5):
(6) Y = PY)(N,,); for some P € L],

with P,(fg =0or deg(P}(,’}) < a; — 1 (we may take deg(P,(,’g) <a;—1as

(Naf)ai = ai)~
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6) By (4) and Theorem 3.B.2 [with “W”’= {Ag(M,..., M,)}], and the sup-

position here that ) is k-rationalizable over L, we have at once:
Y C CtIm(Ag)C; for some C € @Gf(a,-, L)(""’i).
=1

Thus:
(7)
Y = C-1A4(T)C; for some C € @ Gl(a;, L)"), T C TIL_ M(a;, Ky).
i=1

7) AsC e @ G{(a;, L)(""i), express C in the obvious [and even unique] way
=1

as:

(8) C= él cW = :éc}"; for some C® € G¢(a;n,,, L),C’}i) € G¥(a;,L).
This, with (7) and (5), shows:

(9) Y = ()o@ TE)CH; for some T € M(a;, Ki).

8) Now for 7 € {1,...,7}, let b(z) € {1,...,n4,} be such that 052) = idg,

[this is OK, as 0¥ enumerates Iso(K;/k)]. So, in particular, by (9):
Y;,((?) = (C, (8)) ¢ ,fzz), for some TS € M(ai, K).

Hence:

(10) CIEEZ) ((?)C(ZZ) =T € M(a;, Ky).

And, in particular, by (6):

(11) Yb((:)) = P}(ffl):(i) (N,,); for some P,(,fg(,-) € L[z],
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with P}, =0 or deg (P{),) < @i — L.

9) Let Yy = Age(M,,...,M,). So, by the given, we have ¥y € V. Clearly, by

definition of Yp, we have (Yo)$) = 0(8:)L,, + N,,. Thus, by (9):

(12) o$2(8i) 1o + No, = (CP) 2o (TENCH; for some T € M(ai, Ki).
And also, by (10):

(13) C) (Bl + Ny )Cy " =T € M(as, Ky).

10) Now from (13), as §3;1,, is a scalar matrix, we have:

(14) Bilo; + Cb(z)N 052) S = (1) € M(a;, K3).
Letting

— (3 7)1
(15) N",‘. = Cb(Z)N C(&) )

using f; € K; by the given, and observing that N; = (') — Bi1,, by (14),

we conclude at once:
(16) N;‘. € M(a;, K5).

11) Substituting (14) into (12), and using (15) and (16), we have:

0‘§i)(ﬁi)Ia; + Na,- _ (C_,(i))_lo}('i)(ﬁi[a,- + N‘;‘)Cj(z)
= (C) (P (B L + 0P (N)) CF

=03 (B + (G0 (N )
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Thus, cancelling the “af-i) (B:)1,,! s”, moving the “Cj(i)’s” over to the LHS,

and transposing the previous, we have:
(17) o) = CON,(CH.
12) Now, substituting (11) in (10), we have:
OO P Na)O " = T € M(as, Ko
So, as P}(,?,(i) is a polynomial over L:
P)('fg(i)(cég)Na;szg)_l) =T € M(a;, K3).
Thus, by (15):

(18) P, }(’f%(i) (Nai?) € M(as, K).

The facts in (18),(16), and (11), together with the fact that, by (15), N,
is clearly nilpotent with index a;, show at once, using Lemma 4.C.1 (with
“F” = K;), that:
a=1 or P,(,?,(i) =0or P,(,g(,-) € K;[z].
Therefore :a; =1 or P,(,f{(i) € Ki[z].

Now if a; = 1, then, by definition, N,; is the 1 x 1 matrix [0]: N, = [0]. So
clearly, by (15), we have also N;. = [0]. So, by (18): P,(,’;,),(,-)([O]) € M(a;, K3);
hence, P} (0) € K;. But, by (11), here: B}, = 0 or deg (P{);) < 0;

hence, P}(,f 2,(,-) is constant. The previous two conclusions show at once that
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here: P,(,?,(i) € K; C K;fz]. Thus, in particular, if a; = 1, then Pl(/?)(i) €

K;[z]. This, with the conclusion now immediately above gives at once:

13) Now we stop to make a simple observation. Let a € ¥, K/k be any
extension of fields, and o € Iso(K/k). We let & denote the canonical
extension of o, from K to Klz]; i.e., for f = ¥ 2* € K[z], we let
a(f) = Xtoo(a)z* € (o(K))[z]. (So & is clearly also an imbedding of k-
algebras, but we do not need this.) Finally, let p € K[z] and A € M(a, K).

With this, and writing p = 3%, asz* € K|[z], we easily calculate:

o (p(4)) = o (z a,-Ai) = S o(ex)o(A) = 5(p) (o(4)).

i=0 =0

Thus:
(20) p € K[z],A € M(a,K) => 0 (p(A4)) =&(p) (c(4)).

14) Now using (9),(10),(11),(15),(20),(17), and the fact that N, consists of 0

’s and 1 ’s only, we calculate:
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5P =@t @ep by (9)]
— @)N—1 () f ~G) 1 E) ~GE) I\ A
= (Cj ) laj (05(3)16((3)05(3) )CJO [by (10)]
-1 G i) pE i)—! i
= () 0]) (CA P (Na)Crly ) CF by (11)]

= (G107 (Rraa Gy NGy ) CF°
[as ng,ib(i) is a polynomial over L |
= (€)o7 (Pl (N.)) CF [by (15)]
= €)1 [P (R (cPN) ] o
by (16),(19), and (20)]
= oD () ((CP)Y 1P (N,)CP)
[ as c;J(-?)(P)(,fl),(i))[ is a polynomial ]
= P (B, [by (17)]
= (B0 (7 (N)
[as N, consists of 0’s , 1’s]
= 7}” (P (V) [by (20)]
Therefore:
YJ'(i) = ‘73@ (P }('fg(i)(Na,- )) .
And, again by (19), clearly:

P}(’?:(i)(Nai) € Ki[Na.-] - M(ai, Ki).

Thus, by the previous two conclusions, by the definition of A, and by (5),

we have:
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r T¢; 5 r ¢ 5
Y = 9 ]@1Yj() = §1j=la§ ( 3(/%(1)(Na,))

=Ag (P }('fgu)(Nax), Yb(r)(Nm)>

Hence:

(21) YCAs (f[K,-[Na,.]) .

i=1
This completes the proof of the desired conclusion (1).

15) The desired conclusion (2) follows at once from the conclusion (1), (=),
just proved above, and the obvious fact that K;[N,] = K;[z]/(z*), as

k-algebras, and recalling that Ag is an imbedding of k-algebras.
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Chapter 5

Conjugate Parallelism and

Rationalizability

5.1 Introduction

In this chabter, we present a point of view which allows an alternative, and very
succinct, statement of the condition for k-rationalizability of subsets of diagonal
matrices. This alternative interpretation can be quite illustrative.

The above-mentioned statement is the sole result of this chapter, and follows fairly
easily from the definitions of the next section. Because of this, and the fact that this
result will not be used afterward, its proof is just briefly sketched here.

Throughout this chapter, k is a perfect field and L is any extension field of k.

143
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5.2 Definitions

Here we present a number of definitions which provide the alternative point of view

mentioned in Section 1.

5.2.1 General Definitions

Let S be a set.
Let f:S > %,¢:S > k.
We let:

a) k(f) =k(Im(f)) Ck; and we call k(f): the field of f.
b) fr~ig ¥ 30 cTso(k(f)/k): oof=g;

if f ~k g, we say f is k~conjugate to g (or, g is a k-conjugate of f).

Clearly, ~y is an equivalence relation on %",

5.2.2 Definitions for Diagonal Matrices — I
Letne¥®.
Let Y C D(n,k). [For Y € Y, recall Y; = the ** diagonal entry of Y € %.]

Leti e {1,...,n}.
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We let:

a) Rgf):y —%; Rg’;):Y — Y.

We call Rgf) : the i row-function of ).
b) Ni=[{je{l,....,n}|RY =P} e {1,...,n}.

We call N;: the maultiplicity of RS) in Y.
c) K;= k(Rg?) CkZ.

We call K;: the i row-field of Y.

5.2.3 Definitions for Diagonal Matrices — II

Let nel.
Let Y C D(n,k).
We say:

a) Y has conjugate parallelism over k &L the set of row-functions of Yis

closed under k—conjugation of functions.

b) YV has even parallelism over k &L if two row-functions of Y are

k~conjugate, then they have the same multiplicity in Y.

5.3 Main Result

The following theorem compares with Theorem 4.B.4, and Corollary 4.B.6. This

theorem provides an alternative point of view of the condition for k-rationalizability
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of subsets of diagonal matrices.
Theorem 5.C.1
Letnek.

Let Y C D(n, L).

Then:

Y is k-rationalizable over L
—
all row-fields of Y are finite extensions of k, and Y has even, conjugate parallelism

over k.

Proof. (Sketch)
(=)

1) This follows virtually at once from Corollary 4.B.6, (=), and elementary

use of field imbeddings.
(=)

2) First, we note that, as the row-fields of Y are given to be finite extensions

of &, so clearly Y C D(n, k). Second, we define the following quantities.
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a) r=
the number of equivalence classes of ~, when restricted to the set
of row-functions of Y.

b) Ki,..., K, =

any sequence of row-fields of ), obtained by selecting exactly one
row-function from each of the equivalence classes in (a) above.

c) o®,...,cM =

any sequence of enumerators for, resp., Iso(K1/k), ..., Iso(K,/k).
d) ai,...,a, =
the multiplicity number of the row-functions within the equiva-
lence classes in (a)-these classes being selected in the sequence
from (b). [Multiplicity numbers are constant over a given class
here, as ) is given to have even parallelism over k.]
e) =
(¢1,---,¢r), a field setting over k, with ¢; = (K,-, a(i),ai) , a field
element over k.

f) Let II € Perm(n, k) be any permutation matrix such that the action
of conjy on diagonal matrices causes the rows represented in each
equivalence class of (a) to be “blocked together”, and within these
blocks, identical rows are to be “blocked together” and in sequence

“corresponding to” the “o®” selected in (c) above, for that class.
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Then, with the quantities as defined above, we easily see:
i) dim® =mn;
i) Y CII Ay (II7_, Scalar (a;, K;)) IL.
In particular, we have:
Y C I 1m(As)IL

So clearly, by Theorem 3.B.1, («<=), we have:

Y is k-rationalizable over L.

Remark
In the statement of Theorem 5.C.1, the phrase “all row-fields of Y are finite
extensions of k”, could actually also be dropped. This is a simple field-theoretic

consequence of the fact that ) already has a finite number [= n] of row-functions.
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Chapter 6

Rationalizable Normalizers of

Subsets of Diagonal Matrices

6.1 Introduction

In this section, we look at normalizing extensions of the subsets of diagonal matrices
previously found to be k-rationalizable over L. We determine which subsets of these
normalizing extensions are themselves k-rationalizable over L.
Throughout this chapter, k is a perfect field, and L is any eztension field of k.
This chapter is somewhat lengthy, and weaves together several results of different
nature. The chapter begins by recalling some basic material from Chapter 1, Sec-
tion 4, on equivalence of field elements and field settings, and by developing some

additional, small results in connection with this. After this, a particularly “clean and

149

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



150
organized” type of field setting is defined, and is called a reduced field setting. The
definition may seem to be not only natural, and with no real loss of generality, but
will also be seen to make many results clearer and simpler to state. With this defi-
nition, a few very technical lemmas are proved. Then, the most key theorem of this
chapter, Theorem 6.D.1, is proved. The proof consists of two main “acts”, and (at
present) is lengthy. Following this, a number of important lemmas are proved. Some
of these lemmas contain very key and non-trivial arguments of their own, and some
contain results which are due mostly to Theorem 6.D.1. Finally, these critical results
are pulled together to form the final exhibitions and conclusions of Theorems 6.F.1

and 6.F.2.

6.2 Equivalence of Field Elements, and Notation

Here, we recall from Chapter 1 the definitions of equivalence of field elements and
field settings. We then introduce some further notation connected with this, and

which will be critically and liberally used throughout this chapter.

6.2.1 Recollections from Chapter 1
Recall the following definitions from Chapter 1, Section 4, Subsection 4.

a) Let ¢ = (K, 0,a), 6 = (L, T,b) be two field elements over k. Then we recall the
following:

@~ 6 ¥ K~ Land a=2%.
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Note: Here, recall that K ~; L means that K and L are fields that are

conjugate over k.

Recall that ~4 is an equivalence relation on the set of field elements over k.

b) Let ® = (¢1,.--,9r), @ = (wy,-.--,ws) be two field settings over k. Then we

recall the following:
D~y € r=sand IpeSu:Vie{l,...,T} @i ~k wppp)-

Recall that ~; is an equivalence relation on the set of field settings over k.

Additionally, throughout this chapter, we will frequently be using the permuta-
tion matrices defined on field elements and field settings, and their properties,
as described in Chapter 1, Section 3, Subsections 3 and 6, and Section 4, Sub-
section 2. We recall from those sections, and list below, the main properties of
these matrices that we will be using here. (The fundamental definitions of these
matrices will not be recalled or needed here — we will only need the properties

of these matrices.)

c) Let ¢ = (K,0,a) be a field element over k. Let 0 € Iso(K/k) C E CE, E any
intermediate field of k/k. Let 7 € Iso(E/k), v € Gaf(K/k). Then we recall

the following;:

i) HT’,{, y P—7,¢ € Perm(an¢, I, k);

i) VM € M(a,K): 7(Ay(M)) = H;;%(M)H-r,m

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



152

Ay (7(M)) = Ty eDg(M)T 4 =T 01 yAe(M)Ty-1 g3

iii) I, 4, I'y¢ commute;

iv) The map f below is an imbedding:
f:Gal(K/k) — Perm(ang, I, k)

fry—=T,,.
v) Gal(p) = {I'y,» € Perm(ang, I,,k)|y € Gal(K/k)} = Gal(K/[k).

d) Let & = (¢y,...,¢.) be a field setting over k, with ¢; = (K;,0®,a;) a field

element over k. Let Ul_, U;-'""l JJ(-i) (Ki) C E C k, E any intermediate field of

k/k. Let 7 € Iso(E/k), Y= (n1,-..,7) € IIi_;Gal(K;/k). Then we recall the

following:

i) I, = g .4 € é Perm(a;ng,, Io;, k);
il) Tye = QP.,i,d,,. € g Perm(a;ng,, Lo, k);
iii) VB € Im(As): 7(B) =3Bl 4;
iv) Il s and I's » commute;

V) VYV € Vg: T(V) = VH,—’Q.

6.2.2 Definition of Equivalence Classes of a Field Setting

With the recollections in parts (a) and (b) of the previous Subsection in mind, we

make the following fundamental definition.
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Definition

Let @ = (¢y,...,¢r) be a field setting over k.

‘We let:

® /~) = the set of equivalence classes of (¢,...,d,), under ~y (here, ~ is the

equivalence relation for field elements).

Note: Here, we count ¢; and ¢; as distinct elements, if i # j; this will cause no
confusion. (What we are working with here, really, is an equivalence relation, ~, on
the set of indices, {1,...,r}, used for the field elements, ¢;. Technically, we would
write ¢ ~ J =4 ¢: ~k ¢;, and we would break up {1,...,r} into equivalence classes;
but this would cause confusion! So, we stick with the above approach, its mild abuse

understood!)

6.2.3 Elementary Lemmas

With the two previous subsections in mind, we give the following two elementary

lemmas. The second lemma below will be referred to frequently.

Lemma 6.B.1

Let ¢, 8 be two field elements over k.

Then:

¢~ 0 = ay = ag,ny = ng,dim¢ = dim 6.
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Proof.
Let ¢ = (K, 0,a),0 = (L,7,b). As given ¢ ~ 8, we have, by definition, that: b=a

and L ~; K. Thus, at once:

ag=a="b=ag,ny =[K:k] =[L: k] = ny,

and so also then, dim ¢ = agny = agng = dim 6.

Lemma 6.B.2

Let & = (¢1,...,¢,) be a field setting over k, with ¢; = (K;i,0®,a;) a field

element over k.

Let u = [®/~4, let the subsequence (¢;,,...,¢:,) C (é1,...,¢r) be a set of
representatives of @ /~, let [¢;,] = the equivalence class of ¢;, in ®/~4, and let

mp = |[¢3,]]-
Then:
1) u,my € {1,...,7}.
2) Shoyma=r.

3) i1 mna;, [K; k] = dim ®.
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Proof.

1) As & = (¢y,...,¢r), so ® is a sequence of r field elements. Thus P /~, being a
partition of ®, has at most r “blocks” as elements. And thus [¢;,], a subset of

®, has at most r elements. This proves (1).

2) As (¢i,,-..,¢i,) is given to be a set of representatives of ® /vy, so [@;,],-- -, [#:.]

is a partition of . Thus, as ® consists of r elements, we now have, in particular:
%, (8l = |@], ie; Sp_, mp = r. This proves (2).
3) As, by the previous, [@;,],...,[¢:,] is a partition of ®, we certainly have:
dm® =) dim¢:; =Y Y dim¢.
=1 h=1¢¢€ [¢ih]

Now, if ¢,¢' € [¢s,], then, by definition, ¢ ~x ¢/, and so, by Lemma 6.B.1
above, we have:dim¢ = dim¢’. Thus, noting that certainly ¢, € [¢,], we

have:

Z dim ¢ = Z dim¢ih = |[¢ih“dim¢ih = mhdjm¢ih‘
LS ¢€(ei, ]

Substituting this in the above gives now:

dme=Y Y dimg="3 mpdimd,.

Finally, at once from the given, we have ¢;, = (K;,,0%), a;,). Thus, by defini-

tion: dim ¢;, = ai,ng;, = a;,[K;,: k]. Substituting this in the above proves (3).

]
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6.2.4 Definition of a Reduced Field Setting

Here, we define a certain class of “nicely structured” field settings. It will be easily
observed that any field setting is equivalent to one of these. Thus, essentially, all we
will need to study are these field settings — and this is thankful, because they are
much easier to work with.

The “nicely structured” field settings will be called reduced field settings. In a
nutshell, reduced field settings are field settings, ®, where the field elements are all
identical within a given equivalence class of ®/~y, and where the sequence of field
elements in ¥ spells out these equivalence classes in order. Precisely, we have the

definition below.

Definition (Reduced Field Setting)
Let ® = (¢1,...,¢,) be a field setting over k.

Let u= [®/~4 € {1,...,7}

We say:

 is a reduced field setting over k 2L

i) the sequence, (¢1,...,¢r), can be partitioned into the equivalence classes of

@/Vk:
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ie., forsome 1<h <hy<:--<hy=r, we have:
¢ = (¢1"":¢f) = (¢1"°'7¢hn¢h1+1:"'7¢h2a °°°°° :¢hu_1+1,"-1¢hu)

and

q’/""k= (¢1; cee 7¢1‘)/~k= ((¢17 cee 7¢h1)a (¢h1+1’ IEER ¢h2)7 (ERS! (¢hu—l+17 ceey ¢hu)) .

ii) within each equivalence class of ®/~, all field elements are identical:
pr=---= ¢hn¢h1+1 = = Phgy vy Phucy 1 = 00 = Ppy-
In short, & = (¢1,...,d,) is a reduced field setting over k, when P is of the form:

¢=(¢i17"'>¢i17¢i2’“'7¢i29 """" ,¢iu7°-':¢iu)7

for some pair-wise non-conjugate over k field elements

¢i1:¢i27"',¢iu € (¢1a"‘7¢f)'

(Certainly here, we note that we must necessarily have: 1=14; <iy <-+- < iy =7.

We will not need this.) The following useful lemma expands upon these latter remarks.
Lemma 6.B.3
Let ® = (¢1,...,%r) be a reduced field setting over k, with ¢; = (K;,0?,q;) a

field element over k.

Let u= |®/{ € {1,...,r}, let the subsequence (¢;,,...,#:,) C (é1,-.-,¢:) be
a set of representatives of @/, let [¢;,] = the equivalence class of ¢;, in @/,

and let my = ”¢‘ih]|'
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Then:

1) a) my+me+...+my=r;

b) o =(¢1a--'7¢r)
= (¢1a--"¢m1)¢m1+1:""¢m1+m2, ------ )

¢m1+m2+---+mu-1+1: see 7¢m1+m2+---+mu)

7
v

my m2 My

= (91'.17"'7¢i117£si27°">¢i217'"asbiuvﬂyqsiu) .
v o

C) Q/Nk =(¢13"‘7¢1‘)/\'k
= ((¢1"“7¢m1)7(¢m1+1$'-~v¢1n1+mz)7--'7

(¢'m1+‘m2+---+fnu...1+1’ ceey ¢m1+m2+-"+‘mu))

~

m1 m2 My

= (\(¢il?"‘)¢il)‘7k(¢i2"°‘?¢i2)l7“"(¢iu""7¢iu)) -
~ N e

2) a) If fis a function on the field settings ¢, ..., ¢, where f(¢;) is a subset of

matrices, then:
B 16 = B f(&n)™.
=1 h=1

b) If g is a function on the field settings ¢, ..., ¢, where g(¢;) is an element

of a ring, then:

ig(@) = g ™y, - 9(¢s, )-

=1
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Proof.

1) As @ is given reduced, we have, from part (i) of the definition ‘reduced’, that,

forsomel <h; <hy<---<hy=r:

(1) o =(¢1,"',¢T)
= (¢1a' .- ,¢h17¢h1+11' ° ’¢h27 """ 7¢hu_1+1a- .- )¢hu)3

and

(2) q>/'\"k = (¢1, s ¢1‘)/Nk

~

Ey Ey E.

= (\(¢17“ . 7¢h1)‘7g¢h1+13 soe 7¢h2)j .se )@u-l+17 ce ’¢hu2) .

Now, as (¢i,, @iy, .- -, $i,) is given as a subsequence of (¢, ...,¢r), and is also
given as a set of representatives of ®/~, we see clearly at once, from (1), and

from (2), that:
(3) ¢i1 €E1,¢i2 GEQ,...,¢,‘,‘ € E,.

As E,,E,, ..., F, are equivalence classes of @/~ (by (2)), the previous shows

at once that:

(4) [6:.] = Ev, @3] = Ea, ..., [#:]) = E..

As we are given mj, = |[¢;, ]|, the previous shows at once that also:

(5) m = ]Ellym2=|E2|7"'7mu=lEu|-
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Now by (2), we have at once:

(6) |Ey| = hy,|Ba| = ha — Ry, ..., |Eul = hy — huer.

‘This, with (5), gives easily:

(7)

hy =my, hg = mi+my, ... g = myt+mot- - +my, ..., Ay = my+mo+- -+,

And, the last equation of the previous, with the earlier-mentioned fact that

h, = r, shows at once:

(8) mi+mot---+my=r.

Finally, by part (ii) of the definition of ‘reduced’, with (2), (3) and (5), we have

that:
(9) E, = (¢i¢7"'7¢i¢); ee{lr-'au}'
N,
™y
Thus, by (2), we have:
(10) (d’h,_ﬁ-l,--- ,¢h,) = (¢i¢:- . ,¢i,) ; Le{l,...,u}.
my

Hence, by (8), and by substituting (7) and (10) into (1) and (2), we have proved

the desired conclusion (1).

2) From desired conclusion (1,b), just proved above, we have:

——

my m2

(11) ¢=(¢1:°",¢r)=(¢i1a'°',¢i1}i¢i2:'-'3¢i21 """ 1¢iu)°"a¢iu)'
— —_— T_/
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The desired conclusions in (2) follow easily from (11) above. With function f
as defined in desired conclusion (2,a), we calculate at once, using (11):

u°

BOF(4) =B B f() = B f(es,)™.
=1 h=1j=1 h=1

=J=

Similarly, with g, we calculate, using (11):

o) =3 S o(d) = z - o).

i=1 h=1j=1

6.3 Fundamental Propositions

In this section, we present four fundamental propositions. The first two produce
reduced field settings, and show “reduced” is no real loss of generality. The last two
are useful, but perhaps technical, lemmas.

The following lemma shows that any field setting is equivalent to a reduced one.

Lemma 6.C.1

Let & be a field setting over k.

Then:

35, a reduced field setting over k: & ~y .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



162

Proof.

1) Let ® = (¢1,...,¢r), where ¢; is a field element over k. Let u = |®/~x | and
let the subsequence (¢, ®iy, - -, ®i,)  (¢1,---,¢r) be a set of representatives
of ®/~. Furthermore, let [#;,] = the equivalence class of ¢;, in ®/~, and
let mp = |[@s,]|- With this, we may let [¢;,] = fi),qb(m qS(""‘)), where
¢(1) = ¢;,. Now, as (¢i,,diy,...,Pi,) is a set of representatives of ®/~y, so

[@i]; [dia)s - - -, [¢i.) partition [as a set, not as a sequence] ® = (¢y,..-, ).

With the previous two sentences, we see at once that, for some p € S, we have:
(1) ( 511), L] ¢(ml)a ¢(1) L) ¢(m2) """ ) g): . (mu)) (¢p(1), R ¢p(r)) .
2) Now let & = (4y,...,6,) be the field setting over k, where the §; are defined by:

(2) 5 = (61, s) = (¢z;: 7¢zn¢tz7 7¢t27 ------ 7¢iu7 oo ,¢iu)'
N et

m1 mz My

3) Comparing the LHS of (1) and the RHS of (2), above, we see that both of
these sequences have the same number of field elements. Thus, comparing now
the RHS of (1) and the LHS of (2), we observe at once that we must have:
T = s. (This also follows by Lemma 6.B.2, part (2), but we do not need this.)
Furthermore, let ¢ € {1,...,7}. Then by (1), for some k € {1,...,u} and

je{1,...,my}, we see:

(3) ¢p(i) = ¢z(',7,)
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These same “positions” in the corresponding field settings in (2) (recall from

the above: r = s) yield at once:
(4) 6; = ¢,
Now, by step (1) above, we have ¢,-h,¢g;) € [¢s,]- Thus:
(5) Bip, ~k ¢>§f;)-
Hence, at once by (3), (4) and (5), we have:
b = i, ~k 85 = bogi)-

Le.,
6; ~k Ppii)-

Asr = s and p € S, the previous shows, by definition, that & ~, ®.

4) It remains to show that ® is reduced. This is clear, at once, from (2), because
we are given (¢, ®s,,. - -, @i, ) is a set of representatives of ® /~x, and so, in par-
ticular, (¢:,, @i, - . - , s, ) are pair-wise ~ —inequivalent, and then so, by (2), the

equivalence classes of ‘i/\'k are: (?in ey ¢i£)’ (?iz’ et ,¢i2), vevy (45,“, veey ¢iu ).

ma mz Mu

O
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The theorem below is a sharper version of Theorem 4.B.4 — the main result which
exhibits the k-rationalizable (over L ) subsets of diagonal matrices. This new theorem
shows that “a reduced field setting may always be used”, and is perhaps the sharpest
version of the above-mentioned main result. This theorem follows fairly easily from

Lemma 6.C.1 here, and it will be used towards the end of this chapter.

Theorem 6.C.2
Letnel.

Let Y C D(n, L).

Then:

Y is k-rationalizable over L <«

Y C D(n,k) and 311 € Perm(n, k): 3@ = (¢1,--.,¢r), & reduced field setting over k,
with ¢; = (K;,0®,a;), a field element over k:

1) dim® =mn;

2) YCO1'A, (ﬁScalar(a,-,Ki)) II;

i=1

3) Cu)=T" |8 Ma:, 1))

4) V(,5,t) € T o)) (Ki) =k ({Z50/2 € TVIT}).
Proof.

(«)

1) This follows immediately, and a fortiori, from Theorem 4.B.4, (<=).
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(=)

2) Supposing that Y is k-rationalizable over L, from Theorem 4.B.4, (=>), we have
immediately:
a) Y € D(n,k);
b) 3¥ € Perm(n,k): 3A = (Ay,..., ), a field setting over k, with )\; =
(Li, 7®,b;), a field element over k:
i) dimA =n,

i) ¥ C oA, (f[scalar(b,-,L,-)) v,

i=1

i) Co(Y) = ¥ [ @ M(bi, 1)) w.
=
3) Now, by Lemma 6.C.1, we have:
D~ A,

for some reduced field setting over k, call it ®. We may let ® = (¢y,. .., ¢,),

with field element ¢; = (K;, 0@, a;).

4) Now as ® ~; A, by Lemma 1.D.5, parts (1) and (2,b,iii), we have, in particular,

that:
a) dim® = dim A;

b) 3¢ € Perm(n, k): Ag (f[scalar(a,-, K,.)) —¢A, (EScdu(bi, L,.)) =

i=1
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5) By (4,a) and (2,b,i) above, we have dim ® = n. This proves the desired conclu-

sion (1). By (4,b) above, we have, trivially:

2=1

8 r

(2) YA, (HScalar(b,-,L,-)) T = (£0) 1Ay (HScala.r(a,-,Ki)) (€).

i=1

So, letting II = £0, we see that (2,b,ii) above and (2) give the desired conclu-
sion (2). Finally, using Lemma 2.D.1, part (b,i), twice, together with (2,b,iii)

above and (2), we calculate easily:

) =¥ [@ M, 1| ¥
= CL (\I’_IAA <f_[Scalar(b,-,Li)) \I’)

.
= CL <H-1A¢ <HScalar(a.,, K,)) H)
i=1
— 11! L@ M(a;, L)We)] II.
2
This proves the desired conclusion (3). Lastly, the desired conclusion in (4)

follows at once from the desired conclusions (2) and (3) (just proved above), by

Lemma 4.B.3 (with “2”=IIYII"!). This completes the proof of the theorem.
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The following powerful lemma shows that a matrix that normalizes a subset of

diagonal matrices may be “replaced” by a single permutation matrix.
Lemma 6.C.3

Letncl.
Let Y C D(n, L).

Let Ne M*(n,L) [=G¥é(n,L)].

Then:
N-'YN=Y (ie., N normalizesy) <«
Il € Perm(n,k):3C € C{(Y): N=CII and II"'YII = Y.
Proof.
(=)

1) This follows, at once and in particular, from Proposition App. 16, of the Ap-
pendix.
(<)
2) Suppose N = CII, II"'YII = Y, where C € C;()). Thus:
N-1YyN =II"C-'ycn
=0V [as C € CF (V)]

=) [by supposition above].

Therefore N-1YN =Y. m]
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The following lemma refers to the “3-tuple indexing scheme” of a field setting, of
Chapter 1, Section 3, Subsection 7. This lemma is perhaps very particular, and will

be used in the proof of Theorem 6.D.1.

Lemma 6.C.4
Letnel.

Let & = (¢1,...,¢) be a field setting over k, with ¢; = (K;,0®,q;) a field

element over k, and where dim® = n.
Let Z C D(n, L), where C,(Z) = @ M(a;, L)™).
t=1

Let (i1,71,%1), (82, J2,t2) € Tp (the “3-tuple indexing scheme” of P).

Then:

VZ € Z: Zggit) = Zindets)) € 41 =12 and j; = ja.

Proof.

Here, the field setting ® is introduced, but only its “dimensions” — a;,ny, — are
really taken for use.

The conclusion follows elementarily, and at once, from these items: given Cr(2) =
él M(a;, L)), together with Proposition App. 10 of the Appendix (on centralizers
of diagonal subsets), we immediately determine the set “T'(Z)” (as in the Appendix

there), and then the definition of “T'(Z)” (as also in the Appendix there), together
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with the definition of the 3-tuple indexing scheme, Zg, immediately (if not verbatim)

gives the desired result.

6.4 The Critical Theorem on Rationalizable Nor-

malizers of Subsets of Diagonal Matrices

The theorem proved next, and the sole result of this section, is the critical theorem
here on rationalizable normalizers of diagonal subsets. The'theorem essentially de-
termines the permutation matrices which normalize a diagonal subset. While more is
needed for the later, more complete results, this result will be seen to be the critical
key (among some other important keys) for our work on normalizers.

The proof of the theorem is long, and fundamentally divides into two logical parts.
The first part determines “an equivalent algebraic effect” that the above-mentioned
permutation matrices must have on a diagonal subset, and the second part uses this
to generate the structure and content of these permutation matrices. The second
part is really the heart of the theorem, and shows how the Galois groups of the field
elements naturally arise in the body of the normalizers.

The remaining results of this chapter, some of which are major, do require some
key non-trivial arguments of their own. At the same time, virtually all of the main

results of this chapter are critically founded, for their complete statements, in the
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sole theorem of this section — Theorem 6.D.1.

Theorem 6.D.1 [A Key Argument]
Letnek.

Let ® = (¢1,...,¢.) be a reduced field setting over k, with ¢; = (K;,0®,q;) a

field element over k, and where dim ¢ = n.

Let u= |®/~4 € {1,...,7}, let the subsequence (¢;,,...,%:,) C (¢1,...,¢-) be
a set of representatives of @ /~, let [@;, | = the equivalence class of ¢;, in @ /v,

and let my = l[¢,h]l
Let £ C Ag (IT,_,Scalar(a;, K;)), where C1(Z) = @ M(az, L)™0.
=1

Let IT € Perm(n, k).

Then:

IzZl=2 =
Ne LélPerm(ai, k)we)] : [’Zg:lcaz(qs,-h)(mh) - Perm(ay, [Ks,: Klmn, Lo, (1, k)] .
Proof.
1) We suppose that II"1ZII = Z.

2) The rest of the proof divides itself into two logical parts, with overviews given

below, as follows.
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Part I (Does not use the fact that & is reduced - is valid for any .)

Here, we essentially determine a “complete algebraic effect” that the map conjg
has on the elements of Z. By the given on Z, for Z € Z, we may write Z =
As(arl,,,. .. 0.1, ), for some a; € Kj,...,a, € K,. With this expression for Z, the
above-mentioned effect of conjy, on Z € Z, may be broken down into two parts (the

same for all Z € Z), as follows:

i) firstly, conjn permutes the “o;l,.’s” around — and only within indices ¢ cor-
responding to k—equivalent field elements; i.e., “conjn permutes the ‘a;l,.’s ’

within the equivalence classes of ®/~;”.

ii) secondly, and lastly, conjn replaces each “o;1,.” with a particular k-conjugate

of itself (i.e., with “7(o4)I,,”, for some particular 7 € Iso(K;/k)).

This “algebraic effect” is a consequence that is largely due, “merely”, to the given
on Cr(Z). Although the ideas behind this part of the proof are few and relatively

simple, the details in expressing them here seem tedious at times.

Part II (Does use the fact that ® is reduced - is quite important that ® be reduced
here.)

Here, we show how the “algebraic effect” developed in Part I lets us determine
the specific structure and content of the permutation matrix, II. Here, it is very
convenient — and important ~ that ® be reduced. We are essentially led to conclude

that, up to a centralizing (of Z) permutation matrix, II is a product of two permuta-
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tion matrices: one, a block-diagonal join of elements of the Galois groups of the field
elements of ¥, and the other, a block-diagonal join of “large” permutation matrices,
which permute certain of these Galois groups of field elements.

This completely determines the values for II.

Part I

i) We have II € Perm(n, k). So Il = II,(p), for some p € S, (recall the definition
of IT, in Section 1.2.4, Part (d)). Thus, conjg permutes the diagonal entries of

n x n diagonal matrices, according to p:

d dp()
H_l . II=

] dn | i dp(r) |
It will be most useful here to index the diagonal entries of elements of D(n, L)
using the “3-tuple indexing scheme of ®”, Ty, as described in Section 1.3.7.
We have Tp = UL_; ({i} x {1,...,n4,} x {1,...,a;}) CB; and for (i, j,t) € T,

D € D(n,L), we have Dy is “the (i,j,t)*—diagonal entry of D”; i.e., we

have:
r B¢ a;
(1) DeD(n,L)= D= QJ@IQD(W)-

Let conjn act by making the diagonal entry in position (¢,j,t) become the

diagonal entry that was formerly in position (f(z,7,t), 9(3,4,t), h(3, j,t)), for
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some functions f, g, h. Le.,

r N a;
(2) DeD(nL) = NI'DI=0Q B B Dissatithtiia-

t=19=1t=
Clearly, the functions f,g,h, completely determine the action of conjg, and
so completely determine II itself. Furthermore, because conjg permutes the
diagonal entries of diagonal matrices, the map P spelled out below is bijective:
P:Is 2, Is

P: (i,j7t) > (f(i7j7t)7g(i,j’t)7h(i7j7t)) *

(3)

ii) For Y € Ay (II7_,Scalar(a;, K;)), we may clearly write:
Y =24, (al(Y)Iala R a‘l‘(Y)Iar) ’

for some functions a;: Ag (II7; Scalar (a;, K;)) — Ki. (The ¢; are unique, and
are “projection” functions; but we shall not need this.) With the a;, and the

definition of Ay, we have, with the 3-tuple index notation:

(6)

Y € Ag (I_,Scalar(a;, Ki)) = Yyj = 0 (ai(Y)); for all (3,5,) € To.
iii) Now let Z € 2. So Z € A (II7_;Scalar(a;, K;)), and so by (1) and (5):
r Ré; a; i
Z=Q0 0o (al(2)).
i=1j=1t=1

Now as II"'ZII = Z by original supposition in step (1) above, we thus also

have II71Z1I € Z, and hence the previous equation applies equally well with
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“«z” =171 ZIl. Thus also:

(6) 7l = @86@‘7 (ex(@ZID)) .

i=1j=1t=1
However, again using the fact that Z € Ag (II7_; Scalar (a;, K;)) ,by (2) and

(5), we then have:

r B¢ a; o
(7) 20 = QO Bosy (arain(2)).

i=1j=1t=1

Hence, comparing (6) and (7), we conclude at once:

®) VZeZ:Vij5t) €Te: olisn (arein(2)) = of (e ZI)).

9(i.git)

The previous is a key, and fundamental, equation here, from which much will

follow.

iv) We now look at (8) to develop several critical invariances. For i € {1,...,r},
let b(i) € {1,...,ny,} such that 0,52) = idg,. (This is OK, as @ enumerates

Iso(K;/k).) So in (8):
VZeZVie{l,...,rkVte {l,...,a}:

1,b(2), . - -
oSS (areae(2)) = idx, (eu(T11Z10)) = o (T~ 21I).

Thus, in particular (letting ¢ =1,...,q; in the previous):
VZ e Z:Vie{l,...,r}:

(f(',b(.),l)) .1b 1 Eed
Ietiarny (arean(2)) =+ = c 45 (areamr.00(2)) -
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And so, using (5) (with “”= £(5,5(3),1),” = g(i,b(s), 1), = 1):
VZeZ:Vie{l,...,r}:

Z(16p@)D9GHODL) = T = D(1(ib),a0)9(05G),0)00)-
Now from the given in this Theorem (esp., the given about Cr(Z)), we may

apply Lemma 6.C.4 to Z. This Lemma, together with the previous result, gives

at once:

(9) Vie {1,...,1‘}: f(z,b(z),l)::f(z,b(z),a,)

and
9(,b(7),1) = - - - = g(4, b(2), a;).

v) The invariance in (9) suggests the following definition — which will soon be seen

to be quite useful. For i € {1,...,7}, we let:
(10) F(i) = f(3,b(2),1) and G(?) = g(3, b(2), 1).
So, in particular (observing, by (3), that (F(z),G(3),1) € Ts):
(11) F@E) e{l,...,r} and G(3) € {1,...,mp, }-
The above definitions, together with (9), give at once:
Vie {l,...,vh:vt € {1,...,a:}: F(&) = f(3,b(3),t) and G(3) = g(i,b(3),t).

This gives, in (3):
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Vie{l,...,rk:Vte{l,...,a;}:

P ((2,5(2),t)) = (£, (s), 1), 9(4, (), 2), h(3, b(2), 2)) = (F(2), G(3), h(4,b(5),1)) -
This will now allow us, in particular, to compare a; and ag(;. As P maps into

Zs, the latter result shows, in particular:
h(i,b(),t) € {1,...,arq)}-
Now fix ¢ € {1,...,7}. The previous two results give, in particular:
P({i} x {b(8)} x {1,...,a:}) S {F(D)} x {G(#)} x {1,...,arp}

Now since P is bijective by (3), taking cardinalities in the previous containment

gives at once:
(12) a; < apg).
vi) The definitions of F'(i) and G(i), together with (8), also give the following:
VZeZ:Vie{l,...,r}

oGy (are(2)) = oydy (ex(T™2ID) =
idy; (es(T1* Z10)) = o (I 211) .

Thus:

(13) VZeZVie{l,...,rk: oGy (ar@(2)) = e:(l~2Z10).
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This is a key consequence of (8), and a very important fact. Among other things,
(13) will now allow us to compare the fields K; and Kz;. Using (5) in (13) (and
observing that o;(II71 Z11) = 0,52) (o;(IT71 Z11)) ; and letting “Y”= Z,II"1ZII;

and using “t”= 1), we have:
VZ e Z:Vi e {1, - ,T}: Z(F(i),G(i),l) = (H_IZH)(i,b(i),l).

Thus, in particular:
Vie{l,...,7}:
k({ZeoconlZ € 2}) = k({260,012 € 2})

= k ({Z(i,b(i),l)lZ € Z}) [as by supposition here:II"1ZII = Z].

Hence:

Vi € {1, - ,1‘}: k ({Z(F(i),g(i),l)fz (S Z}) =k ({Z(,-,b(,-),l)IZ € Z}) .

Now from the given in this Theorem, we may apply Lemma 4.B.3 to Z. This

lemma, together with the previous result, gives at once:

Vie{l,...,rh 05y (Krw) = o3y (K:) = idk,(K:) = K.

Thus:

(14) Vie{l,...,r}: agzg))(KF(,-)) = K.
And so also, in particular:

(15) Vie{l,...,r}: K; ~¢ Kp) and ng, = Mg peey-
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vii) We now show that the function F, defined in (10) and (11), is bijective. Let

11,92 € {1,...,7} and suppose that F(i;) = F(i3). So, trivally:

VZ € Z: Z(ri) GG = Z(F62).G))-
Thus, by (5):
VZeZ aé(( ) (ap(,l)(Z)) = O'G(fj)) (ap(,-z)(Z)) .
And hence, by (13):
(16)  VZeZ: o, (2M) = 0% (65E0) ™ (ap(m-Zm)).
(F@2)  (,(FG2)

-1
Now let n = 054,y © (964, ) . So, by (14), together with the supposition

here that F(z;) = F(iz), we have the diagram:

g(FG2) F(i
G(tz) "&f,‘)”

K;, iso K F(iz) = K F(i1) 280 K;.

Thus, 7: K, 0, K;,. In particular, then, n € Iso(K;,/k), and so n = f,iz) , for

some J € {1,...,ng, }. Thus, we may rewrite (16) as:
VZeZ: op17'ZI) = UJ(-iz) (aiz(H'lZH)) .
Hence, as by supposition here II"1ZII = Z, the previous shows:
VZ € Z: 0;,(Z) =% (04,(2)).

(1)

As 0y;) = tdk;, , we now have:

VZ € Z:0) (04,(2)) = 05 (0,(2)) .
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So, by (5), we have:

VZ € Z: Zii pin)a) = Lz 1)

As before, applying Lemma 6.C.4 to Z, in the previous, we get at once:
il = 'iz and b(’tl) = J.
So, in particular:
’il = ig.
Thus:
F is injective.

Now as F:{1,...,7} = {1,...,7} by (10) and (11), the previous result gives at
once that F is bijective; and so, in fact, F € S,. Thus:

(17) Fes,.

This fact forms a principal part of the conclusion we will soon state as the result

of this Part I, and will be a key part in the work of Part II.

viii) Among other things, (17) will now allow us to compare a; and agg) better.

Using (17) and (15) we can strengthen (12), as follows:

E;.:l atn¢. = 2::1 aF (i)n¢p(i) [by (17)]
= ¥im1 ar@e: by (15)]-

So, subtracting, we get:

Z(a, - ap(,-))nqs,. = 0.

=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



180
Now certainly ng, € ¥, and by (12) we see a; — apg) < 0. Thus, the previous

equation above gives at once:

a;—app =0, foralli e {1,...,r}.
Thus:
(18) Vie{1,...,7}: ai =arp.

This last key fact allows us to form a main conclusion here, and then to complete

Part 1.
ix) By (15) and (18), we have immediately:
Vie{l,...,r}: K; ~¢ Kpi) and a; = apg).
Thus, by definition:
(19) Vie {1,...,7}: ¢i ~k drg)-

Thus, F € S, “permutes” (¢y,...,d,), and within the equivalence classes of

® /~; only. Le., each E € &/~ is “invariant” under F.

x) Before stating our complete conclusion for Part I, we use (14) more fully, and

define an important quantity. By (14), we have:
Vi 1 . (F(i)).K . 180 -
ie{l,...,7} ocay : Kra — K.
As F € S,, we may let “”= F~1(i) in the previous result, and this gives:

(20) V’i € {1, cee ,T}I a'ng_l(i)): Ki ﬂ) KF—l(i).
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With this, we make the following definition:
(20") forie {1,...,r}, welet: v, = a(Gi%F_l(i)).

As 0® enumerates Iso(K;/k), we note from this definition that ; € Iso(K;/k).

With this note, and (20) and (20/), we summarize:
@1)  Vie{l,...,rk% € Iso(Ki/k), % = 05 p10y W Ki 225 Kp-1s.
Letting “”= F() in (21), we find:

Vie{l,...,r}: vru) € Iso(Krp/k),
! F(i
(21) TrE) = O
Tr6): Krg) =% K.

With the above, we now combine several results to form a main conclusion.
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Letting Z € Z, we now observe:
I-1Z0 = Ag(ey(TZM L, .., 0n (T ZI),, )

[as 171 ZII € Z, and then using (4) with “Y” = II"1ZT]]

F T
=Ag (aé(ﬁ” (aF(l)(Z)) Ly, .., O'(G% » (aF(r)(Z)) Iar)

[by (13)]

F(1 F(r
=00y (a‘c(f)” (aF(1)(Z)) Larys - s U(G(i)» (OtF(r)(Z )) IaF(r))

[by (18)]

=As (’7F(1) (ar@y(Z )) Larqy,- - -, 7P@) (aF(r)(Z )) IaF(r))

[by (21)].
Therefore:
(22)

VZeZ: I ZIl = Ay (’)’F(l) (aF(1)(Z)) Lorqy; -+ YF() (aF(r)(Z)) Iap(r)) .

This important conclusion essentially finishes our work in Part I; we now state
our complete conclusions for Part I below. We have shown, from (17),(21), (22),

and (19), that:
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(23)

3F € S,:Vi € {1,...,7}: Iy € Iso(Ki/k), vi: Ki =5 K1y

alVZ € 2:

I1ZI0 = As (7?(1) (aF(l)(Z )) Iam), -+ VF(r) (O‘F(r) (Z )) IaF(r));

b)Vi€ {1,...,m}: ¢ra) ~x éi-

(Le., F “permutes” the field elements of ® only within the equivalence classes
of ®/~). The above result forms an “equivalent algebraic effect” for the action
of conjp on the elements of Z. This completes “Part I”. (Note that all of the
results of Part I above are valid for arbitrary ® - reduced or not. This is because

we never referred to this particular property of @ in all of Part 1.)

Part II
We now use the results of Part I — esp, the effect of conjg on the elements of Z, as

in (23) - to generate the structure and content of the permutation matrix, II. Here,

we will make use of the fact that ® is reduced.

xi) Now, immediately making use of the fact that & is reduced (in particular, the
fact that all field elements in any equivalence class of ®/~; are identical) — we

have at once, by (19), that:

(24) Vie{L,...,r}: b = s
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Thus, in particular, we have:
(24" Vie {1,...,7}: Kpu = K.
Letting “/”"= F~!(3) in the previous, we have now:
Vie{l,...,r}: Ki= Kp-1).
This, with (21), gives:
v € Iso(K;/k) and 7;: K; Jso, K;.
Thus, at once, v; € Gal(K;/k). Hence:

(24") Vie {l,...,7}: v € Gal(K;/k).

xi/) We introduce some notation that will simplify conclusion (23,2). For ¢ €

{1,...7}, and Z € Z, we let:
(25) S,_(Z) = 'y,-(ai(Z))Iai € Scalar (ai, K,,)

(Note that, as a;(Z) € K; by construction of o, and, as v; € Gal(K;/k) by
(241), so v(as(Z)) € K;, and so, in fact, S;(Z) € Scalar (a;, K;).) With this,
we have from (23,a) that:
ZeZ =I1ZM=A7A, (7F(1) (ap(n(Z)) Lapays- - > V@) (aF(r)(Z)) Iap(,))
= D (Sry(2),- -, Sr()(2)) [y (25))
= g Ay (Sr(2)) by def. Ag]

- ,élA"Fﬁ) (SF(i) (Z )) [by (24) ].
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Therefore:

(25') VZeZ: T2 =0 Ay, (Sr(2)) -

xii) Now we are given that @ is a reduced field setting, and we have the quanti-
ties u, (@i, ---,0i, ), [#i],mn as defined in the given of this theorem. Thus,
at once, by Lemma 6.B.3, part (1,b), we have [and letting the subsequences

E,, E,,. .., E, be defined as in the following):

(¢17'~-7¢r) =
(26) (?1"" 7¢m1la?m1+1,--- ’¢mlf’ﬁ§’ ...... ,
E, B2
?m1+m2+...+mu—1+1y RN ¢m1+mz+---+m:) .
Eu

Furthermore, by part (1,c) of that same Lemma, we have:

@/Nk‘:
(27) (\(¢1’ ttt ¢m1 )47 ¢m1+17 seey ¢m1+mg, ...... y
By Bo
S¢mﬁ-m2+...+mu-1+l, T ¢m1+m2+...m2) ;
Eu
(28) and Ep = (6i,,- .-, &5)-
mp

It will be convenient to re-express the subsequences, Ej,, defined in (26), by a

double-index notation. As, by (26), we clearly note that |Ej| = my, we will let:

(29) Bu=(o,...,6®).
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(So, also then (¢§"’, ceey S,’,'Z) = (Pmytotmpr s+ oy Pmytomn) (Bins--v s Bin) -)
N e’
my,

Substituting (29) into (26), and with (27), we have:

(30) (B 8) = | B, B B B B, 80 |
Lo Pmp L o P A ,
El E2 Eu
(31) and the equivalence classes of ®/~; are:E,, Es,...,E,.

Now, by (17) and (19), the sequence, (¢r(y),---,Pr()), is the sequence,
(#1,---,@r), where the field elements, ¢;, have been permuted within the equiv-

alence classes of ®/~ — i.e., by (31), within the E}, E,, ..., E,. Le., from (30),

we have:
(32)
(¢F(1)9 LREN) ¢F(1')) =
(¢(1) (1) 0))] (2) (w) (w) .
p((1)? = ° 2 Pp()(my ) Pp@ (1) 1 Fp@(mp)r " 1 Fplu)(1)r* - * p(“)(mu)) ’

for some permutations p € S, ,p@ € Sp,, ..., p™ € S,

xiii) Now let M; € M(a1, K3),..., M, € M(a,, K,). Apply the same double-indexing
to My,..., M., as in (30), and write:
(33)

(Mla"-7MT)= (Mfl)r",M(l)

my)

MO . M® M, ME) .

ma?

Now given the way that F permutes the indices {1,...,7} — as represented in
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(32) with the double-index notation, we have, clearly, with (33), that:
(34)
(Mpy,-- -, Mpr) =

M2 M2 MY

1 1
(Mdays- -+ Mo p@day 2 Mp@ mgye

P plH(m,)?

@
oy s Mydimay) -

So, clearly, using (32) and (34):

(35) B uro(Mr) = B Brer  (MB )

h=1j=1

xiv) We now note the following. By (29) and (28):

(¢(h) (h)) = (¢¢m 3¢ih) .
\——,__/

mp

Thus:

Ve € B 57 = gy

So, in particular:

Vo) € By:  dim¢{® = dim ¢,

And so:
@) D (M) € Mdim g, L) = M(dim ¢, L);
91A¢,(,h) (M, (h)(,)) € @M (dim ¢, L) = M(dim @, , L)™).
xv) Now recall from (32) that p® € S,. This, with (36), and the facts inSec-

tion 1.2.4, Part (d) on block permutation matrices, shows:

(37) BA e (M ) = (@) [@A (;.)(M(h))] P,

J=1
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where U® is the (dim ¢, x dim ¢, )~block permutation matrix:
(38) U® =11, (0™, Liimg,, ) € Perm (madim ¢y, , Taimes, , k-

xvi) Continuing now from (35), with (37) and (38), we have:

glAdap(.-, (Megy) =0 @ A¢;h) (MG )

=]
-4 [(w@)- L@A » (M-"")} w""]
- [é W] 888,006 [@ ¥
h=1. 1 h=1j=1 h=1
= [’é\pw} [§1A¢i(M) [@ \1:<h>] [by (30) and (33)]
= v [B A ()] ¥
where ¥ = @ ¥® ¢ @ Perm(mydim in> Ltimes, - k). We summarize these

h=1 h=1

conclusions below.
(39)
1) ¥ = h@ ‘I,(h) @ 1--[m (P( Idxm¢.h) € @ Perm(mhdlm ¢1}n Idlm iy, "')7

il) VM, € M(al,Kl), .., M. € M(a,,Kr):
O Lry (Mr) = ¥ [B 2 (00)| ¥

xvii) Combining (25’) and (39,ii) (with “M;”= S;(Z)), and, in the last step, using
Lemma 1.D.3, part (c) (recalling the definition of I'5 4 in Section 1.3.6), we

have at once:
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(40)
VZeZ: WZI = gAm, (Sr(2))
— g LélAm (s,-(Z))] ¥
=U1A4(81(2),...,5.(2))¥ [by definition Ag]
= U1 As(11(01(2)) s - - 11 (2)) o, )
[by definition S;(Z) in (25)]
= mp—lr%%Aé (1(D) Ly - ,a,(Z)Ia,)rAY—_;@\I:,

__I

where v™' = (777%,...,77!). Thus, continuing, we have:

VZeZ: M'ZI =¥'TYy Ag(aa(D)la--.,0n(Z), )T— ¥
0 7T e

K

= (F:FI&\P) B Ba(a1(2)Le,, ..., an(2)1.,) (I‘;_—_i&\ll)

= (rv__%\p)_l z (I‘—_i \I:) [by (4)].

So, we have now:

-1
v : -1 =
zezZ: II"ZI (1"7—_{,;1’) Z (P——f \Il) .

Thus, at once:
-1
Imr ¥ 2).
(72.) <o

So, by the given on Cr(Z2):

-1
(41) I (P,?-'I ;II) =C, for some C € @ M(a;, L)),
; =1
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Now as II,I'—3, and ¥ are permutation matrices, C above must also be a
Y

permutation matrix. This, with (41), gives clearly:

ce @M@, L)We)] A Perm(n, k) = @ Perm(as, k)™,
i=1 3

t=1

Thus:
Ce @1 Perm (a;, k)@,
Using this in (41) gives:
(42) =CT— ¥ ad Ce élPerm(ai, k)Pe0).
xviii) Now recalling the definition of I‘f-y—_-{@ here from (40) and fromSection 1.3.6,

and recalling the definition of the Galois group of a field element from Section

1.4.3, we have:
F’Y_—I,Q = gr’n‘_ls¢i
€ Q {P’7,¢i € Perm(ain¢u Ian k)h € GaZ(K,/k)}

= Baat(#).
Thus:

43 I— € BGal(s).
(43) , B Gal(¢:)
Now, at once, by Lemma 6.B.3, part (2,3) [with “f”= Gaf], we have:
r u
(44) O Gat(¢) = glGae(qbih)('"*).
Thus, by (43) and (44), we have:

A . \(ma)
(45) T, € ©Gat(g,)™.
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xix) Finally, by (42), with (45), and the first part of (39), we have at once:
II =CT v
7o
€ [,@Perm(ai’k)(n¢i)] ' [@ Gaf(¢ih)(mh)] ' [;é Pelm(mhdim¢ihaldhn¢ih’k):|
i=1 h=1 =1
= [@ Perm(a;, k)(%)] . [@ Gal(¢s, )™ Perm(mpdim ¢y, , Liim, k)] :
i=1 h=1
Hence, substituting dim ¢;, = a;, [K;,: k] [as given that ¢; = (K;,0®,q;)], we
conclude:

e [é Perm(a,-,k)(%i)] . [’é Gal(¢;, )™ Perm(a;, [Ki, : klmn, L., (%, 4 k)} .
i= =1

This completes “Part II”; and the proof of the theorem!!

6.5 Main Results

6.5.1 Introduction

In this section, we obtain the main results about the rationalizable normalizers of sub-
sets of rationalizable diagonal matrices. There are five lemmas to be shown here; only
the last one makes use of the key Theorem 6.D.1. The first two lemmas show struc-
tural and group-theoretic properties of some of the subsets of matrices connected with
a reduced field setting, these lemmas do not study rationalizability questions. The
third lemma shows a main commutativity result, and contains a key argument. The

last two lemmas show main rationalizability results, and both contain key arguments.
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6.5.2 Main Lemmas
The previous theorem shows some of the importance of the Galois groups and permu-
tation groups connected with a reduced field setting. The following lemma exhibits

some basic and technical properties of some of these and other “objects” connected

with a reduced field setting.

Lemma 6.E.1
Let n el

Let @ = (¢41,...,¢r) be a reduced field setting over k, with ¢; = (K;,0®,a;) a

field element over k, and where dim® = n.

Let u=|®/4 € {1,...,7}, let the subsequence (¢;,,...,¢:,) C (¢1,---,¢.) be
a set of representatives of ®/~, let [¢;,] = the equivalence class of ¢;, in ® v,

and let my, = |[¢,-h]

2, Np = n¢ih = [Kihik].

Additionally, let G, = Gaf(¢;, ), and Py, = Perm(a;, npmp, Lo, nny K)-
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Then:
1) a) éM(ai,L)‘"“)= élM (@35, L),
b) ;é1 M(as,, L)(nhmh)] n [élPerm(aihnhmh,Iaih,k) = {L,};
c) C,C' € éMx(ai,L)("*"-’); IIIT € ’élPerm(aihnhmh,Iaih,k) =

[CTL = C'Il' & C = C' and T = IT).

2) a) [Perm(a;,nn, Lo, k)™)| - [Perm(as,namn, I, my, k)] €
Perm(a;,npmp, I, , k);
b) élc,(;nh) B, C élPerm(a,-hnhmh, L, ,k);
¢) II € Perm(n, k), IT € @1 Perm(a;, k)™, fi e éaﬁ:"h) i
[l =I'I = this representation of II, as I - II, is unique];
d e gg:lPerm(a,-,‘nhmh, I, ,k), I and II as in (c) previously =
[l = I'fl = I1 = 11, and so, in particular, II € éa};"h) . By].

Proof.

1) a) This follows at once from Lemma 6.B.3, part (2,a), by letting f(¢;) =
M(ay,, L)™#), noting that as, = a; here, and observing easily, that:
(M, 1) ™ = (M(as,, L) ™
= M(a,, L)),
b) To prove (1,b), we calculate, as below, making several simple, but neces-

sary, observations. We have:
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u u
[;@ M(a;,, L)(ﬂhmh)] N [glPerm(aihnhmh,Ia‘.h, k)

=]

= él M (as,, L)(’nhmh)l n?erm(aihnhmh, Ia,.h , k), [clearly]
see note 1 see ﬁ 2

= 6 {La, }mnma) [clearly, by notes below]

h=1
U

= @ {Iai ‘nhmh} [dea'ﬂy]
h=1 h

= {IZ‘}::l Gip MRTR } [Clear].Y]

= {I,} [by Lemma 6.B.2, part (3), and the given here that dim ® = n)].

note 1: elements are all block-diagonal, and all diagonal subblocks are

(ai, X aih)'

note 2: elements have all [canonical| (a;, x a;,) subblocks equal to I,

or O, .
¢) The conclusion in (1,c) follows at once from these clear facts:
i) Ci=CT'= (C')"'IC =0}
ii) @M *(az, L)(Ms9), é Perm(a;, nnmi, I, , k) are groups;
i=1 h=1

iii) conclusions (1,b) and (1,a), just proved above.

2) a) To prove (2,a), we calculate, as below, making a few simple, but necessary,

observations. We have:
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}’erm(a,-hnh, I, k)("‘")l . FGM(ai,,nhmh, Lo, rn ’L)

see note 3 see note 4

C the set of (a;, X a;,)-block permutation matrices, of dimension a;, nymy,
[clearly, by notes below]

= Perm(a;, npmp, Lo, , k) [by definition].

note 3: elements are all block-diagonal, and each of the m;, diagonal
subblocks is (a;,nn X a;,np) and has all [canonical] (a;, X a;,)

subblocks equal to I, or O,

note 4: each element here, when multiplied on the right of a given

matrix, permutes the [canonical] (a;,nn) column blocks of that

matrix as whole entities.

Thus:
[Perm(a,-hnh, I, k)(’"’*)] . [Perm(a,-hnhmh, Io;, s k)] C Perm(a;, npma, Lo, , k)-
b) From Section 6.2.1, item (c,v), we see:
Gr = Gal(¢;,) C Perm(a;, np, Iaa,,a k).

This, and the definition of P, in the given, together with the conclusion

(2,a) just proved above, shows the desired conclusion (2,b), at once.

c¢) The desired conclusion in (2,c) here follows at once from the conclusions
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(2,b) and (1,c) just proved above, noting obviously that:
IV € @ Perm(a;, k)*) C @ M*(a;, B4,
i=1 i=1

d) The desired conclusion in (2,d) follows at once from the observation: II =
II'[l = I,II = I'], and from the use here of conclusion (1,c) just proved
above [with “C”= L,,“C"”=1I',“I’=11,“II" = 1], also noting the conclu-

sion (2,b) just proved above.

O

The first conclusion in the following lemma is proved by a key argument, and this
conclusion forms a first, and critical, partial converse to the result of the previous main
Theorem 6.D.1. The remainder of the conclusions here are concerned with several
important structural connections, and isomorphisms, between the groups Gy, P, and
IX(Ag) — as defined in the lemma below (and identical to those defined in the previous

Lemma 6.E.1).
Lemma 6.E.2

Letneck.

Let ® = (¢1,...,¢,) be a reduced field setting over k, with ¢; = (K;,0®,a;) a

field element over k, and where dim @ = n.

Let u = |®/~{ € {1,...,r}, let the subsequence (¢;,,-..,¢:i,) C (¢1,...,0r) be
a set of representatives of ®/~, let [¢;, ] = the equivalence class of ¢;, in ® /v,

and let my, = [[¢y, ]|, ne = ng,, = [K;, 1 K].
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Additionally, let G, = Gaf(¢;, ), and P, = Perm(a;, npma, Lo, nns K)-
For each ¢;, let Ny, C M(ay,, Ky,) = M(a;, K;). Suppose that each N, is
“closed” under Gal(K;/k): Vv € Gal(K;/k): v(Ng;) C N,-

Then:

1) {@ G PhJ normalizes Ag (II7_, N,).

h=1

2) a) [,éngmh) - Ph] normalizes Im(Ag), and Ay (IIf_, Scalar(a;, K;));
b) [éngmh) : Ph] NIm(Ag) = {I.}.

3) a) Ph normalizes G{™);
b) PN G{™ = {I,;, nymy}-

U
4) a) I;@ngm") . Ph] is a group, and is isomorphic to

11 (Gat(Kiy /EY™ XS]
h=1

°
b) Im*(As) [’i@ngm") . Ph] is a group, and is isomorphic to

[TTGtte K| % | ot/ 5m]

i=1
c) Im*(As) [élGl(tmh) . Ph] > Im*(Ag), and
Im*(Ae) [éle,’“"’ -Ph] / Im*(Ag) ~ ﬁ [Gal(Ky, [k)™ X Spm,);
= h=1
d) i) Zr:ai[K,-: k] = i a;, [K;,  klmy, =
h=1

i=1

u
il) th =T7r.
h=1
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Proof.

1) a) We make an initial observation. We are given that Ny, C M(a;, K;), and

N, is closed under Gal(K;/k):
Vye Ga'e(Kz/k) '7(N¢i) < N¢."

Hence, for v € Gal(K;/k): v(Ny,) C Ng,;
and so:

72(N¢e) - 7(N¢i) - Nd’e‘

So, iterating, we have for all s € ¥
T WNa) S7° 7 Ng) C - - S Y(NG) S N

But v € Gal(K;/k), and so « has finite order: v’ = id,, for some J ¢ &
(e.g., J = |Gal(K;/k)|). Letting s = J in the above chain of inclusions,
we have, in particular:

v W) € 7Wei) € Ngs

idx, (Ng.) € YWNg) C Ny

No: € YNG) € Ne..

Thus:
'Y(Nd’i) = N¢i-
Hence:
(1) Vv € Gal(Ki/k): v(Ng) = N,
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b) Now let:

oefoer - [g ] o]

h=1 |j=1

Thus, by definitions of G, and Py:

(2) [’@ L@lr,,(h) o ] ‘I’h]:
for some 7(h) € Gal(K;, [k) and ¥}, € Perm(a;, npmp, Lo, ny,, k)-
¢) Now, using the definition of Ag, and by Lemma 6.B.3, part (2,a), with
f(¢:) = Nj,, we note the following:
b U (m )
3 Be(TNe) = QAN = O [Ag, W) -

e) Now we make the calculation below.

mp -1 (m4) b
L@ F7§h)’¢'.h] . I:A¢‘h (N¢t’h )] " [@ P7§h) 7¢thjl

=1 J=1

-1 mp mp
(h)mh] ) ['QIA‘f"‘h (N¢ih )] | L@1P7§h)a¢ih:l
T Do N L0 ]
iy, ('th) (N¢:h))

where the last equality follows from Section 6.2.1, item (c,ii). Now from

l__"l
3
-
'ﬂ

it
w,
e <
- I
—

I
3
>

[}
It
<A

(2) we have . (h) € Gal(K;, /k) (and thus so also is . ( s ), and so at once
by (1) we have v; (N¢‘h) = Np,, - Using this, the last expression above

becomes:

;éhl A(&h’,l ('7_7('h)_1 (N iy )) = §A¢ih (A/:ﬁi,,) = [A¢.',, (N iy, )] ) .
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Thus, the above equalities now show:

mp -t mp my mp,
[@r o Q,.] - [Bg, W)™ - [@lrv;m,%] = [Ag, Wa, )] ™.

j=1 ‘YJ "Wy J=

Using the previous result, we clearly see:

u mp 11 U (mh) u mp 7
[’91 [glr#)"p""]_ . [igl [A¢"‘ (N"‘")] ] . [gl [glr\”a('h)"’"*]-

u [mp -1 (mp) [mn
=0 ar ‘."),¢,-J ' [Adn,, (N¢.-h)] " [@ ISNC)

1 -j=1 —Y] j=1 '3 ’¢ih-

o (mn)
=0 _A¢i,, (N b4y, )] .

(4) [é [@I‘ » ¢ih]] normalizes Ag (IT,_,N3,) -

f) Now recall from (2) that ¥, € Perm(a;,nnmn, Io;, ny, k). Thus ¥ is an
(@i, X a;,np)-block permutation matrix. Thus, by recalling the basic
properties of such matrices, as described in Section 1.2.4, Part (d), we see
that the map conjy, acts on the elements of M(a;, np, L)™) by permut-
ing all the m; diagonal subblocks, of these elements, as whole units. In

particular, we thus see:

(5) M C M(ai,np, L) = U3t [MT)] @ = MO,

Thus, letting M = Ay, (N, ) C M(dim¢;,, k) = M(a;,nn, k), we have
at once:

U= [Ag, W, )] ™.

W ([, e ™
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Using the previous, we easily have:

1

o] [8 o™ [

= [@ \Ilijl [A¢ih (N¢ih )] ) ‘I’h]
h=1
- él [A%, (N¢ah)] ) .

This, together with (3), thus shows at once:
(6) [ A \Ilh] normalizes Ag (IT]_,Nj,) .
h=1
g) Now (4) and (6), together, show at once:

[é [6 ,th)’¢'_h]] . [élll’h] normalizes Ag (III_;Ny,) .

h=1 |j=1 Y
Hence:
[1?:1 [:;F7§"),¢eh] . ‘If;,] normalizes Ay (TI]_;N3,) -
Thus, by (2):

IT normalizes Ag (II_;Ng,) .

Therefore, as II is an arbitrary element of [é Gf:"") . Ph] , we conclude:
h=1

(7N [@ G Ph] normalizes Ag (TI_; N, ) -

h=1

This completes the proof of the desired conclusion (1).

2) a) i) For each ¢;, here let Ny, = M(a;, K;). Clearly now, Nj, is “closed”

under Gaf(K;/k). Thus, at once by conclusion (1) just proved above,
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we have:

{é Gim) . Ph] normalizes
B

=1
De (T Ng.) = Ag (T M(ai, K)) = Im(Ag).
ii) Similarly to (i) above, for each ¢;, now let N, = Scalar(a;, K;).
Clearly again, N, is “closed” under Gal(K;/k). Thus, at once, as

above, we have:

Lfé G . P,,] normalizes Ag (T}, Ny,) = Ag (IT,_,Scalar(a;, K;)) .

=1

b) The desired conclusion in (2,b) follows at once from Lemma 6.E.1,

parts (2,b), (1,a) and (1,b), and the definition of Ag, as follows:

[é Ggmh) . Ph] n Im(Aq,)

h=1
- [é Perm(aihnhmh,laih,k)] N [@ M(a.i,E)("¢i)]
h=1 i=1
- [é Perm(a’i"nhmh’lai"’ k)] 4 [é M (aimz)(nhmh)]
h=1 h=1
= {I,}.
Clearly also I, € [é G . Ph] N Im(As) (all entries in the latter are
h=1

groups, or k-algebras, themselves). Thus:

=1

[6 G- B| 0 Im(as) = {1}

This completes the proof of desired conclusion (2).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



203
3) a) Let ¥ € P, = Perm(a;,naMh, Iy, n,, k). Then, exactly as was argued to

establish (5), we have:
M C M(a;np, L) = Y MEIE = p0me),
Now recall from the definition of Gy, that:
(8 G C Perm(a;,np, I, , k) © M(ai,mp, L).
So, letting M = G}, in the second-to-last previous result, we now have:
‘I,—I.G’(lmh)‘l, - G}(lmh).
Thus, as ¥ is an arbitrary element of P, we conclude at once:
P, normalizes GI™).
b) We now calculate, using (8):

(ma)

P.NGM™) ¢ Perm(a;, nnmn, Io,, ny, k)| N | M(ai, 74, L)

see note 5 see note 6
= {I; n, } ™) [clearly, by above captions]
= {Iaihm.m;.} [clearly].

note 5: elements have all (canonical) a;, np X a;, 7y, subblocks equal to
Lai, nn OF Og;, -

note 6: elements are all block-diagonal, and all diagonal subblocks are

Q; Ny X A3, T
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As in step (2,b) above, clearly Iy, n,m, € Fr N G™) (both P, and G}, are
groups). Thus:

PN Gl(hmh) = {Iaih‘nhmh}'
This completes the proof of desired conclusion (3).

4) a) By the desired conclusion (3,a) just proved above, and elementary group
theory, we have that GU™ . P, is a group. Thus clearly so is éng"") - .
Now recall, from Sec. 6.2.1, item (c, v), that G, = Gal(¢;,) = Gal(K;, [k),
and, by definition of P, and basic properties of permutation matrices,
that P, = S, (symmetric group on my letters). So clearly we see
G™) ~ Gal(K;, /k)™. This, together with conclusions (3,a),(3,b) just

proved above, and elementary group theory, show at once:
GI™) . P, = Gal(K;, /k)™ X S, -
Thus, clearly:
Bt B~ I (Gt /1™ w5

b) Using conclusions (2,2),(2,b) just proved above, and arguing similarly to

step (4,a) above, we have at once:
w
Im*(Ag) [@ G . Ph] is a group, and
h=1

9)  Im*(As) [élagmh) . p,,] ~ Im*(Ag) X [éngmh) . p,,] .
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Now recalling that A is an imbedding of k-algebras, and recalling the
definition of Ag, we clearly have Im*(Ag) ~ IIf_,;G¥¢(a;, K;). This, to-
gether with conclusion (4,a) just proved above, when applied in (9), gives

at once:
Im*(Ag) [;é G . p,,] ~ LH GE(a,-,K,-)] X| [1 [Gab(K;, /)™ X Sm,]| -
=1 i=1 =1

c¢) The former part of conclusion (2,a) just proved above shows, essentially

immediately, that:

A (ma)
@ G, - P,| normalizes Im™(Ag).
h=1

Both of the conclusions in (4,c) follow immediately from this previous
result, from conclusions (2,b) and (4,a) just proved above, and from ele-
mentary group theory (specifically, from the elementary fact that if H, K
are subgroups of G, and K normalizes H, then HK is a subgroup of

G,HK > H and HK/H ~ K/(H n K)).

d) The conclusions in (4,d) follow immediately from Lemma 6.B.2, and the

given here that dim ® = n.

This completes the proof of desired conclusion (4).
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The statement of the following lemma refers to the permutation matrices “II; ¢”
recalled in Sec. 6.2.1, part (d). This lemma establishes the commutativity of all the
permutation matrices, Il g, with “almost” any permutation matrix that normalizes
a k-rationalizable diagonal subset of matrices that is “canonically” connected to the

field setting ®.

Lemma 6.E.3
Letnek.

Let @ = (y,...,¢,) be a reduced field setting over k, with ¢; = (K;,0@,a;) 2

field element over k, and where dim® = n.

Let u=|®/{ € {1,...,r}, let the subsequence (¢;,,-..,d:.) C (¢1,-...,¢.) be
a set of representatives of ®/~, let [¢;,] = the equivalence class of ¢;, in @/,

and let my= |[¢ih]],nh = n¢ih = [Kih: k]

Additionally, let G, = Gaf(¢;,), and P, = Perm(a,-,,nhmh,laihnh,k).

Let 2 C Ag (II_,Scalar(a;, K;)), where Cp(2) = @ M(a;,L)™. Let I €
i=1

U ~
@ Perm(a;, numy, Lo, , k). Suppose Il normalizes Z. Let E be any intermediate
h=1

field of k/k where Ul_, ?ﬁ‘la§i)(Ki) CECE.

Then:

VT € Iso(E/k): II commutes with II, 4.
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Proof.

1) As given II normalizes Z, we have:
(1) n-1zii=z.
Thus, in particular:
(2) VZezZ:3Zecz TzZil=2.

2) Let 7 € Iso(E/k). Now as Z C Im(Ap), and all a](-i)(Ki) C FE, we may apply

T to elements of Z. Thus, applying 7 to (2), we have:
VZ e 2: T(II7*Z0) = 7(2).

Thus:
()7 (2)r({l) =1(2), [as 7 is an isomorphism]
(20 =(2), [as T consists only of 0’s and 1’s]
I (732100 ) T =173 2105
where the latter follows from Sec 6.2.1, part (d), item (iii) (itself being an
important fact recalled directly from Chapter 1), and from the given that Z, Z €

Z and so0 Z,Z € Im(Ag). So we now have:
VZ e Z: TV 5 21, 5) 1 = I, L 710, 5.
Thus:

(I 3) 2 (M D) = T} (T2 211) 0, [by (2) above].
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Hence:

VZ e 2. (IT';3) 2, I0) = (31171 Z(TII1, 5).
3) As the previous equation is true for all Z € Z, it thus shows, at once:
(3) Il, 311 = BIIIL. 4, for some B € Cr(2).
We now examine B, and show B = I,,.

4) By (3) we have B € C1(Z), and so by the given on C(Z) we have:

@ B € ® M(a;, L),
=1

But also by (3):

(5) B =11, M ;1.

Now by the given on II, we have:
(6) e ,él Perm (a;,nnm, Lo, , k).
Now by definition of II, s (again as recalled in Sec. 6.2), we have:

T
HT’{> = Qnra¢i'
i=

Now as @ is given to be reduced, the previous, together with Lemma 6.B.3,

part (2,a) [with f(¢:) = {IL.4,}], gives at once:

r u
Is =@l =QI7
i=1 h=1 h
u my

=00 HT,¢.‘,,

hr=1j=1

®U mpy
€ ’91’@ Perm(a;, ns, I, , k);
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where the last fact follows at once from the definition of Il 4, . Thus, we have

now:

u my
s €O @ Perm(a;,n, L, , k)

h=15=1 |
see note 7
°u
C @ Perm (a;,namp, Lo, , k) [clearly, by above caption).
h=1

note 7: elements are (a;, X a;, )-block permutation matrices of dimension

@;, NpMy.
Hence:
7 s € élPerm(aihnhmh, L. ,k).
So, (5),(6), and (7) show at once:
(8) Be élPerm(a,-hnhmh,Iaih,k).
And thus, by (4) and (8):
Be [él M(a;, L)("¢a)] n [élPerm(aihnhmh,I%,k):l .
And so at once, by Lemma 6.E.1, parts (1,a) and (1,b), the previous gives:

9 B=1I,.

5) Now putting (9) in (3), we have:

IL,

bl

(bH = Im-r,Qo
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Thus, as 7 was an arbitrary element of Iso(E/k), the previous gives:

Vr € Iso(E/k): 11 commutes with II, .

The statement of the following lemma. refers to the subsets of matrices, “V”,
defined for any field setting, ®, in Sec. 1.3.6, item (a). This lemma provides some
rationalizability results which allow some “sufficiency” results for rationalizable nor-

malizers of some rationalizable diagonal subsets.

Lemma 6.E.4
Letneck.

Let @ = (¢1,...,¢:) be a reduced field setting over k, with ¢; = (K;,0®,qa;) a

field element over k, and where dim ® = n.

Let u=|®/] € {1,...,7}, let the subsequence (¢,,-..,¢:,) C (¢1,..-,dr) be
a set of representatives of ®/~, let [¢;, ] = the equivalence class of ¢;, in &/,

and let mp = |[¢s, ]|, nn = ng, = [Ki,: k-

Addjtionally, let Gh = Ga.!(c,b,-h), and Ph = Perm(a,,-knhmh, Ia—ihﬂ-mk)'
r TRe;

Let E be any intermediate field of k/k where | J| Joi(K;) CE CE.

i=17=1
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Then:

1) AC Cx({II; ¢ € Perm(n,k)|7 € Iso(E/k)}) C M(n,k),V e Vg =

Im(Ag) - A is k-rationalizable by V.

2) Im(As) - [éngm") . Ph] is k-rationalizable by any V' € Vg'; in particular, it is

k-rationalizable over k.
Proof.

1) Let A C Cix({Il,,¢ € Perm(n,k)|r € Iso(E/k)}) € M(n,k), and V € Vg

Thus, by definition of .A:
(1) ACM(n,k)and VA € A:V7 € Iso(E/k): A commutes with IT, .
We show that V' k-rationalizes Im(Ag) - A; i.e., that:

VIm(Ag) AV~ C M(n, k).

a) We observe, using the given on E, that:
i) Im(Ag) C M(n, E), by definition of Ag;
ii) AC M(n,E), a fortiori, as A C M(n, k);
i) V € M(n, E), by definition of V.

Hence, we conclude:

2) VIm(As) AV~ C M(n, E).
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b) Let B € Im(Asg), and A € A. Let T € Iso(E/k), and abbreviate Il 5 by
II,. As 7 € Iso(E/k), by (2) we may calculate:
7(VBAV™Y) =7(V)r(B)r(A)r(V)™, [as T is an isomorphism]

= (VIL)(I* BIL)r (A) (I V1)

where the last equation follows by the results in Sec 6.2.1, part (d),
items (iii) and (v). Thus, continuing, we have:
T(VBAV™Y) = (VIL)(II;'BIL)7(A)(II7'V)
= (VIL)(II;'BIL, ) A(TI;1V-1)
las A€ AC M(n,k) and 7|k = id]
= VBILAII;'V !
=VBAV!

[as by (1), A commutes with II,(=II.4)].

Therefore:

T(VBAV™!)=VBAV~.
Thus, we conclude:
V7 € Iso(E/k): T(VBAV™) =VBAV™.
Thus, by basic field theory (as & is given perfect!), we conclude:
VBAV™ € M(n,k).

Thus, as B, A are arbitrary elements, resp., of Im(As), A, the previous
shows at once:

VIm(Ag)AV™! C M(n, k).
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Therefore, V' k-rationalizes Im(Asg) - A.

2) Let Me é GS,""*) - P,.. So certainly, Il € Perm(n, k). Now we use the previous
h=1

three lemmas of this section, easily, to make the following observations about

~

II:
i) by Lemma 6.E.1, part (2,b):
e élPerm(a,-hnhmh, I.,,.h ,k);
ii) by Lemma 6.E.2, part (2,a):
IT normalizes Ay (IT7_, Scalar(a;, K;)) ;

iii) thus, by (i) here, and by Lemma 6.E3 (with

“Z”= Ay (IT}_;Scalar(a;, K;)), and using Lemma 2.D.1, part (b,i)):
V7 € Iso(E/k): II commutes with II, g.
So, summarizing, we have, in particular:
Il € Perm(n, k) and Vr € Iso(E/k): II commutes with I ».
Hence, by definition, in particular:
I € Cx ({Il,.¢ € Perm(n, k)|7 € Iso(E/K)}).
Thus, as II is an arbitrary element of é Gflm") - P,, the previous gives:

h=1

élcg"‘“ . Py € Ct ({Tl.4 € Perm(n, k)|7 € Iso(E/k)}).
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This, together with the conclusion (1) of this lemma just proved above (and

using “A”= @Gg’"") - B,), gives at once: Im(Ag) - [@ Gf,m") -Ph] is k-
h=1 h

=1

rationalizable by any V' € VJ'; in particular, it is thus k-rationalizable over

k.

The lemma below contains one of the key, and simple, arguments of this chapter.
The result of the lemma basically exhibits the normalizers of rationalizable diagonal

subsets, where the normalizer is rationalizable by some element of “Vg*”.

Lemma 6.E.5 [Key Argument]
Letnel.

Let ® = (¢1,-..,%r) be a reduced field setting over k, with ¢; = (K;, 0@, q;) 2

field element over k, and where dim® = n.

Let u = |®/~] € {1,...,7}, let the subsequence (¢,,...,%:,) C (é1,--.,Pr) be
a set of representatives of @/, let [¢;,] = the equivalence class of ¢;, in @/,

and let mp = |[¢ih]],nh = 'n¢‘.h = [Kih: k]

Additionally, let Gr = Gaf(¢y,), and Py, = Perm(a;,nams, o, n, , k)-

Let 2 C Ag (I_,Scalar(a;, K;)), where C(Z) = @ M(a;, L),
=1

Let II(2) = {fI € é Perm(a;, nymn, Lo, , k)i 11 normalizes Z} C Perm(n, k).
h=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



215

Let M C M*(n, L), where M normalizes Z.

Suppose M is k-rationalizable over L, by some V' € V.

Then:
1) M C Im*(Ag) - TI(Z).

2) Im*(Ag) - II(2) is k-rationalizable by any V € V.

Proof.
r e _
1) a) Let E be any intermediate field of k/k, where | J| cr_g’)(K,-) CECE. Let
i=1j=1

M € M. So, given that M normalizes Z, we have:

(1) M™'ZM = Z.

This, with the critical Lemma 6.C.3 (with “)"= Z,“N”= M), gives:
M = CTI; for some C € C[(2), Il € Perm(n, k),

where

N zZ=Z.

As TI"1ZII = Z, we have by the critical Theorem 6.D.1: II = ITil, for

some II' € @Perm(a,—,k)("d’i),fl € @Gg"h) - By. So, by the given on
t=1 h=1

Cr(2), clearly Il' € C[(2). And, by Lemma 6.E.1, part (2,b), we have

e é Perm(a;, nymy, I, , k). Thus, from these remarks, we have that II
h=1
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normalizes Z and Il centralizes Z, and so we observe:
Z =n-lzZho =0 zmi
=[I-1(1 Z2Imil = 11211
Thus I1 normalizes Z; and so, also, by the definition in the given, we
have Il € ﬁ(Z ). Finally, from these remarks, we have from Lemma 6.E.3,

immediately:
(2) V7 € Iso(E/k): 11 commutes with II, 4.

Thus:
M = CIl = C(II'll) = BIl, where B = CIT;

and so BeC[(2); asC,II' e C{(2).

So, summarizing, we have:
(3) M = Bil; BeCy(2) 1 eli(2).
b) By the given, M is k-rationalizable by some V' € V. Thus:
VMV~ C M(n,k), for some V € VjX.
Now let M € M. Thus, a fortiori by the previous:
VMV~ € M(n, k).
Hence:

(4) VMV~ = F, for some F € M(n,k).
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c¢) By (4) and (3), we have:
(5) VBIIV! =F.
We note the following. The previous gives:
B=V-'FViI-.

By supposition on the field E, in step (1) above, we clearly have: V €
M (n, E) (by definition of V3), F € M(n, E) (a fortiori, as F' € M(n,k)).
These facts, together with the previous equation, show: B € M(n, E). Now
furthermore, by (3), we have B € C[(Z). Thus, B € C{(Z) N M(n, E);

and so by the given on C(Z), we have:
Be L@ M*(a, L)<"4«->] N M(n, E).
S

Thus, clearly:

B € @ M*(a;, E)™).
i=1

So, from (5) and (4), and the previous, we have:
6) VBIIV- = F: Be @M*(a;, E)™), F € M(n,k).
=1
d) Let 7 € Iso(E/k). Applying 7 to (6), we have:

r(VBIIV-1) = +(F).
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Thus:
T(V)r(B)r({)r(V)™ =1(F)
[as 7 is an isomorphism; and, as above, as V, B, Il € M(n, E)]
r(V)r(B)Ir(V)! =F
[as II, F € M(n,k) and 7|k = idy]
(VI-a)r(BYI(I3V ™) = F;
where the last equation follows by the results in Sec 6.2.1, part (d),
item (v). So we now have:
VI er(B);}V~! = F.
Thus, by (6):
VI e7(B)II; 3}V = VBIIV-.

Hence, “cancelling” V,V~! in the previous:

I 7(B)III;} = Bil.

Hence, by (2):

,e7(B)I L1 = BIL

Hence, “cancelling” iI in the previous:

I, s7(B)I;} = B.

Thus, we conclude:

(7) ‘T(B) = H,,_.’}I,BHT@.
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e) Summarizing, from (6) and (7), we have, in particular:
B € @ M*(a;, E)™) and Vr € Iso(E/k): 7(B) =175 BlL, .
i=1
The situation in (8) is precisely that encountered in the proof of Theo-
rem 3.B.1, (=>). That same key argument, given there for that situation,
shows here, precisely, that from (8), we can deduce that B € Im(Ap).

Therefore, B € Im(Ag). Additionally, by (3), we have that B is invert-

ible. Thus now, in fact:
9) B € Im*(As).
f) Finally, combining (3) and (9), we have:
M = Bil € Im*(As) - TI(2).
As M was taken to be an arbitrary element of M, we conclude at once:
M C Im*(Ag) - TI(2).
2) Here, we show that Im*(Ag) - [I(Z) is k-rationalizable by any V € V.
a) From the definition of II(Z), and Lemma 6.E.3, we have immediately:
i) TI(Z) C Perm(n, k);
i) 11 € Ti(2) = Vr € Iso(E/k): 11 commutes with II,.g.

b) Let A= II(Z). Thus, at once by the observations (i) and (i) immediately

above, we have, in particular:

A C Cy ({Il-¢ € Perm(n,k)|7 € Iso(E/k)}) C M(n, k).
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This, and Lemma 6.E.4, part (1), give at once: Im(Ag) - A is
k-rationalizable by any V' € V. Hence, a fortiori, the same is clearly
true for Im*(As) - A, and here, by our definition just above, we have

A=1(2).

6.6 Main Theorems

This section contains the principal results of this chapter. By pulling together the
lemmas of the previous section, and several earlier results, a unified and concise
picture of the rationalizable normalizers of rationalizable diagonal subsets is achieved.
This picture is what the two, and main, theorems of this section show.

In this section, the notation defined in Chapter 1 for the normalizer of a subset

of matrices, recall Nz(A), is used often.
Theorem 6.F.1

Letnekl.

Let ® = (¢1,...,¢,) be a reduced field setting over k, with ¢; = (K;,0®,a;) a

field element over k, and where dim ® = n.

Let u = |®/] € {1,...,7}, let the subsequence (¢;,,...,d:,) C (¢1,...,d,) be
a set of representatives of @/, et [¢;,] = the equivalence class of ¢;, in &/,

and let mp = ][¢ih]|,nh = n¢'.h = [thtk].
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Additionally, let G, = Gaf(¢;, ), and P, = Perm(a;, npma, Lo, s k).
Let Z C Ag (II7_,Scalar(a;, K;)), where Cr(Z) = @M(ai, L)me),
i=1

Let M C Np(2) C M*(n,L), where M is k-rationalizable over L, by some

VeVg.
Let (M) = the subgroup generated by M in M*(n, L);

soalso (M) C M*(n,L).

Then:
1) a) MCIm*(Ag) [é G . P,,] C M*(n,k).
h=1

b) Im*(As) [éng"") . Ph] may not necessarily normalize Z, but neverthe-
less remains k-rationalizable by any V' € Vg'.
2 &) (M) €I (8e) | § 65 B € B
b) (M) Lllef(a;,K,-)] X fi[l (Gat(E, /K™ xsm,,]] ; and
Tin ailKi k] = T 65, [Ki,  klmp = n, g ma=r.
c) (M) normalizes Im*(Ag); and
o (Ba)(M)/ I (8a) = TT [Gak(Ksy /K™ ¥ S, and

h=1
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Proof.

1) a) From the given, we have at once by Lemma 6.E.5:

g ) MEI(@) ),
1 .
ii) Im*(Ag) - II(2) is k-rationalizable by any V € Vg;

where II(Z) is as defined by Lemma 6.E.5:

iz = {ﬁ € élPerm(aihnhmh,Iaih,k)'ﬁ normalizes Z } C Perm(n, k).
Now let II € TI(Z). Thus, by definition of II(Z):

(2) 'zZll=ZandIie élPerm(a,-hnhmh, L, k).

From the former part of (2), and by Theorem 6.D.1, we have at once:

I = &'V, for some ¥ € @Perm(a,—,k)("d’i), T e @ G . p,.
h=1

=1

This, together with the latter part of (2), and Lemma 6.E.1, part (2,d),

give at once, in particular:
- A mn)
De G,™ - P.
h=1
As 1 is an arbitrary element of TI(Z), the previous shows at once:
3) fi(z) c G - B,
h=1

Thus, (1) and (3) together give (with the latter containment below being

immediate from the definitions of Ag, G, and By):

=1

M C Im*(As) [@ G . P,,] C M*(n,R).
k

This proves the desired conclusion (1,a).
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b) The desired conclusion in (1,b) follows from the given, verbatim,

by Lemma 6.E.4, part (2).

2) a) By the conclusion (1,a) just proved above, we have now:
M C Im*(As) [é G . Ph] C M*(n, k).
h=1

Now M*(n, k) is certainly a group itself, and, by Lemma 6.E.2, part (4,b),
so is Im*(Ag) [é Gi™) . Ph]. Thus, at once by the above containments,
h=1

and the definition of (M) in the given, we have:

(4) (M) C Im*(As) [}Zé Ggmh) . Ph] C M*(n,k).

=1
This proves the desired conclusion (2,a).

b) The desired conclusion in (2,b) follows immediately from (4), and
Lemma 6.E.2, parts (4,b) and (4,d).

¢) The desired conclusion in (2,c) follows at once from (4), from Lemma 6.E.2,
part (4,c), and from elementary group theory (specifically, if H, K;, K> are
subgroups of G, and K; C K> H, then HK,/H — HK,/H), and also
from a repetition of part of the second part of the conclusion (2,b) just

proved above.
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Theorem 6.F.2
Letnel.

Let ® = (¢1,...,¢-) be 2 reduced field setting over k, with ¢; = (K;,0®,q;) a

field element over k, and where dim® = n.

Let u = |®/y € {1,...,7}, let the subsequence (¢;,,...,¢:,) C (¢1,-..,¢r) be
a set of representatives of ® /~, let [#;,] = the equivalence class of ¢;, in @ /v,

and let mp = |[@s,]], nn = ng,, = [Ki,: k]
Additionally, let G = Gal(#s,), and P, = Perm(as,nnma, Is,, n,, k)-
Let Zp = Ag (II7_,Scalar(a;, K;))-

Let M C Np(29) © M*(n,L), where M is k-rationalizable over L, by some

VeVg.
Let (M) = the subgroup generated by M in M*(n, L);

soalso (M) C M*(n,L).

Then:

=1

1) a) MCIm*(As) [gé Gim) .P,,] C M*(n,E).

b) Im*(As) [é G . Ph] C M*(n,k) does normalize Z,, and is k-
K

=1

rationalizable by any V' € V.
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2)  (M)C Im*(Ag) [é Gl | ph] C Ni(Z0) € M*(n,F).

=1
Le., Zo possesses a greatest “k-rationalizable by some V' € Vg normalizer in
M*(n, L), namely:

h=1

Im*(Ag) [é G . p,|.

) ) Imx(ae) [§ 6 A ~ | [Tetas 59| | T (Gattrc /iy 4Snl]

=1 3 L h=1

and > a[Ki: k=) ai[Ki :klmh=mn, > mp=r.
i=1 h=1 h=1

b) Im* (Aq;) [é ngh) . Ph] > Im* (A@); and
h=1
tm(86) | $.657 - | [ 1r*(8a) % TT 1GatlEi 1™ A5
= h=1
and Za,-h [Ki,:klmp = n, th =7
h=1 h=1

Proof.

By Lemma 2.D.1, part (b,i), we have:
& C(Z0) = BM(es, LY.

This, in Theorem 6.F.1, part (1,a) (with “2”= 2Z;), gives the desired conclusion in

(1,a) here, immediately. Also, by part (1,b) of that same theorem, we have:
(2) Im*(Ag) [@ Gim») . P,,] is k-rationalizable by any V € V;X.
h=1
Now, by Lemma 6.E.2, part (2,a), and the definition of Z; in the given, we have:

3) [é G . P,,] normalizes Z;.

h=1
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Now clearly Im*(Ag) C @ M*(a;, E)?), and so by (1): Im*(As) C Cr(Zp). Thus,
=1

a fortiori:

(4) Im*(As) normalizes Z;.

So, at once, by (3) and (4):

(5) Im*(Ag) [,élG’(‘mh) . Ph] normalizes Z;.

Together, (2) and (5) prove the desired conclusion in (1,b) here. The desired conclu-
sion in (2) here follows at once using (1) in Theorem 6.F.1, part (2,a) (with “2”= Z;),
together with (5) above. The desired conclusions in (3) both follow, verbatim, from

Lemma 6.E.2, parts (4,b), (4,c) and (4,d).
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Chapter 7

Applications to Diagonalizable

Matrix Subalgebras

7.1 Introduction

In this chapter, we apply many of our previous results to the study of the matrix
subalgebras and subgroups of M(n, k), k a perfect field. The results here include
some of the main results of this paper. In a sense, the results here form one of the
sets of principal goal results that motivated this paper.

The main results here are classification in nature. They classify, and explicitly ex-
hibit, some fundamental subalgebras and subgroups of M (n, k), and their centralizers
and normalizers in M(n, k).

Throughout this chapter, k is a perfect field, and L is any extension field of k.

227
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7.2 Preliminary Lemmas

In this section we will frequently be using Theorem 3.B.1 — a key theorem, and one
with a single conclusion statement. We will also very frequently be referring to the
sets Vp — a set of matrices defined for a field setting ®, as described in Chapter 1,
Section C, part (6). Finally, we will quite frequently be using Proposition App. 18, of
the Appendix. It might be valuable to recall for oneself now those results and those
definitions.

We introduce some notation that will make many statements from here on in

easier to state.

Definition

Let & = (¢1,...,¢r) be a field setting over k, with ¢; = (K,-,a("),a.i) a field

element over k.

‘We let:

Im'(Ag) = As (I=11 Scalar(a;, K,-)) CM(n,E).

Clearly, we note:  Im/(Ag) C D (n,Tc') , Im/(Ag) C Im(Ag).
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The following lemma summarizes the results concerning the centralizers and normal-

izers over L, of some of the key matrix subalgebras we have worked with.

Lemma 7.B.1 (Key L-centralizers and L-normalizers)

Let @ = (¢1,...,¢r) be a field setting over k, with ¢; = (Ki,a(‘i),ai) a field

element over k.

Let V € V.

Then:
1) a) Cp(VIM(Ag)VY) =V [@1 M(a,-,L)(%e)] v,
b) Cp (VIm(Ag)V-1) =V [@1 Scalar(a;, L)("««-)] V-,
9) a) CZ(VIM(Ag)V-Y) =V [@1 Sca.lar(a,-,L)("¢i)] V-1,
b) C2 (VIm(Ag)V) =V @1 M(ai,L)("éi)] VL
3) a) VIm'(As)V™! C Cp (VIm(Ag)VY),
b) VIm(Ae)V- C Cy (VIm!(Be)VY);
4) I @ is a reduced field setting and the subsequence (¢x,. .., ¢i.) C (B1,--. )

‘is a set of representatives of @/~ [and letting [¢;,] be the equivalence class of

@;,, in @ /~;], then, furthermore:

Ni (VIm(Dg)V-1) = V [@1 Ge(a;, L)(“m)] .

(ﬁé Gat(s;,)|#alD) . Perm (a,-,, K = K8l L, (1, ) k)) V-l

=1
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Proof.

1) By Lemma 2.D.1, parts (b,i) & (b,iii), we have:

(1 Cu (I (8a)) = § M(es, L)(";
2) Cr (Im(Ag)) = @1 Scalar(a;, L)(4:).

Thus, the desired conclusions in (1,a) & (1,b) follow immediately.

2) By inductive use of Proposition App. 8 (with the fact that any field contains
more than 1 element), and then a quick use of Proposition App. 9, we easily

see:
(3)

Cr (él Scalar(a;, L)("ég)) = él [CL(Scalar(a;, L))](nw) = é M(a;, L))

(4) CL (§1 M(a,t, L)(ﬂéi)) = g [CL(M(G.,,L))](""") — élswm(%’L)(n¢i)_

So, by (1) & (4):

C} (Im'(Ag)) = C1(Cr(Im/(As)))
=Cy (@1 M (ai,L)("4’*)) = @1 Scalar(a;, L)(™).

Similarly, by (2) & (3), we find CZ(Im(Ag)) = @1 M(a;, L)("%:). These last two

results show the desired conclusions in (2,a) & (2,b).
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3) Clearly, by the definitions of Im’(As) & Im(As), we have:

(5) Im'() € @1 Scalar(a;, L) (™),
(6) Im(Ag) C @1 M(a;, L)),

From (2) & (5), we see the desired conclusion in (3,a) immediately. Similarly,

(1) & (6) give conclusion (3,b).

4) Now suppose here, as in the desired conclusion (4), that @ is a reduced field set-
ting, and the subsequence (¢;, ..., @:,) C (41, --,dr) is a set of representatives
of @/~ [with [¢;, ] the equivalence class of ¢;, in ®/~x]. Now let N € G¢(n, L).

By (1) above, and Lemma 8.C.4 (with “Y” = Im/(As)), we have:

(7 N normalizes Im/(As)
~

N =CTl; for some
C e ® G¥a;, L)), and
=1

IT € Perm(n, k), where II normalizes Im'(Ag).

IL.e., we have:
®) Nz (Inf(8e)) = | @ Ge(e:, 1)™] - B,
i=1
where B = {II € Perm(n, k) |II normalizes I'm’(Ag)} . We note, clearly:

9 B = N;, (Im'(As)) N Perm(n, k).
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5) Now as & is reduced here, we may apply Theorem 6.B.2 (note there “}p” =
Im/(As)), with “M” = B (as B C Perm(n, k), B is certainly k-rationalizable
over L — by I, and clearly I, € V3'). By conclusion (2,a) of that Theorem,

with my, Gk, & P, as defined there, we have immediately that:

(11)
(B) g ImX (AQ) él Gal (¢ih)(|[¢ih]|) - Perm (a,-h [Kih : k] |[¢,k]| y Iaih[Kih:k], k)]
~ }r =
C Ny (Im/(As)) -

I.e., more succinctly:
(B) C Im*(As) - G C Ng (Im(As)).

Thus, a fortiori:

B C Im*(As) -G C Ny (Im'(Ag)).
Thus, in particular:
BN Perm(n,k) C [Imx (Ag) - g] N Perm(n, k) C N (Im'(Ag)) N Perm(n, k).
Thus, as B C Perm(n, k), and by (9), at once:
B C [Im*(As) - G] N Perm(n, k) C B.
ILe.:

(12) B =[Im*(As) - G| N Perm(n, k).
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Now, by definition of G in (11), clearly G C Perm(n, k). So, as Perm(n, k) is a
group, trivially we see: [Im*(Ag) - GINPerm(n, k) = [Im*(As) N Perm(n, k)]

G. This, in (12), gives now:
(13) B = [Im*(Ag) N Perm(n, k)] .G.

6) Now clearly by definition of Ag, we have: Im*(Ag) C é G¥(a;, L) (na:). So,
=1
in particular, Im*(Ag) N Perm(n, k) C @ Ge(a,-,L)(""i). As @ G{(a;, L)("*"i)
i=1 =1

is clearly a group, trivially we see:
[ N Gé(as, L)(%,-)] + [Im*(8e) N Perm(n, k)| = [ N Gl(a, L)(”""’)] ,
=1 i=1

This, with (8) & (13), shows, clearly:

Ny (Im'(Dg)) = [@31 Gt(a;, L)("w)] ‘B
= [8 6@, 1)) - (m*(29) n Permirn, K] -0

= (l;zél G4(a;, L)(%.-)] - ([Im*(Ag) N Perm(n, k)])) -G

- [@1 Gl L)("‘i)] -G.

Le.:
(14) Ny (Im(g)) = L@l Ge(a;, L)(“‘*i)] .G.

With the definition of G in (11), and using the fact that V € V3 C G¥(n, L),

the desired conclusion in (4) follows immediately from (14) above. O
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The following lemma summarizes the results concerning the centralizers and normal-

izers over k, of some of the key matrix subalgebras we have worked with.

Lemma 7.B.2 (Key k—centralizers and k—normalizers)
Let ® = (¢1,...¢;) be a field setting over k, with ¢; = (K,-,a(ﬂ,@) a field

element over k.

Let V e Vg'.

Then:
1) VIm/(As)V! C VIm(Ag)V ! C M(n,k);

i.e.,, V k-rationalizes Im/(Ag), and Im(As).

2) a) Cx(VIm'(As)V 1) =VIm(Ag)VE

b) Ci (VIm(As)V1) = VIm'(Ag)V1.

3) a) C? (VIm'(A<p)V_1) = VIm'(Aq>)V"1;

b) CZ2(VIm(Ag)V™L) = VIm(As)V L.

4) If @ is a reduced field setting and the subsequence (¢;,...,¢:,) C (¢1,...,d-)
is a set of representatives of @/~ [and letting [¢;,] be the equivalence class of

¢:, in ®j~], then, furthermore:

N (VI (D) V1) = V [Aq, (ﬁ e, K,-))} .

t=1

[@ Gae (g, )(19]

8 ) . Perm (a‘ih K, - K] |, ]l ’Iai,, [, 4]’ k)] V-l
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Proof.
1) By definition of Im’(As), we clearly have Im/(Ag) C Im(As), and so:
VIm'(Ag)V™! CUIm(A)U.

Now by Theorem 3.B.1 (with “}”= Im(As)), (E), we ahve at once that Uk -
rationalizes Im(Ag) - i-e., UIm(AgeU™! C M(n, k). This, with the above result
gives:

UIm'(Ap)U™t CUIm(Ag)U™! C M(n,k).

This proves the desired conclusion (1).

2) To prove the desired conclusion (2,a), we make the trivial observation that:
Ci(VIM/ (Ag)V™Y) = CL(VIm'(Ag)V 1) N M(n, k).
Thus, by Lemma 7.B.1, part (1,a), we now have:
Cu(VIm' (Ag)V™Y) = V LéM(a,—, L)("««-)] V=10 M(n, k).

Hence:
BeG(VIm(As)V) &
BeV L@IM(a,-,L)(%)] V-!and B € M(n,k) &
V-1BV ¢ élM(@, L)) and V(V-IBVV! € M(n,k) &
V-1BV € @ M(a;, L)(™) and Vk — — rationalizes V-1BV

i=1

V-1BV € Im(As).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



236

where the last, and critical, result follows at once by Theorem 3.B.1 (with “)”=
{V~'BV}) [and with noting the obvsious fact that Im(Ag) C @ M(a;, L) ("m)].
i=1

The previous thus shows:
B e Cx(VIm'(Ae)V™Y) & B e VIm(Ag)V L.

Le,
Ce(VIM/(Ag)V™Y) = VIm(As)V L.

This proves the desired conclusion (2,a).

3) To prove the desired conclusion (2,b), we again start with the trivial observa-
tions:

CK(VIm(AQ)V"l) = CL(VIm(Aq))V—l) n M(n, k)
Again, using here 7.B.1, but now part (1,b), we now have:
Cx(VIm(Ag)VY) =V [@ Scalar (a;, L)(")| V-1 1 M(n, ).
i=1

Hence:

B e Cx(VIm(Ag)V1) &
BeV [@ Scalar (a;, L)(%-)] V-! and B € M(n,k) &
i=]
V-1BV € @ Scalar (a;, L)(") and V(V*BV)V"! € M(n,k) &
=1

V-1BV € @1 Scalar (a;, L)("*) and Vk — — rationalizes V2BV,

As él Scalar (ai, L)("'d’i) - éM(a,-,L)(M.’), we can argue as with part (2)
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above, and thus continue the above chain of equivalences as:

B e Ci(VIm(Ag)V-Y) &
V-1BV € @ Scalar (a;, L)) and V1BV € Im(Ay).
t=1

Therefore,

(1) B e C(VIm(As)V™) & VBV € Im(Ag) N [@1 Scalar (a;, L)("-».-)] .

4) Now suppose V-!BV € Im(Ag) N [@ Scalar (a;,L)("‘“i)] . Thus:
i=1

r Rg; .
(2) VBV = Ap(My,...,M,) =D @10§‘>(Mi); for some M; € M(a;, K;);

i=lj=
and

r Ne;
VTIBV = @ @ X j1,,; for some \;; € L.

t=1j=1

Equating these two results for V=BV, we read off at once [trivially checking
(noting) that both U§i)(Mi) and A;;I,; are matrices of the same dimension —

a; X a;):

(3) o (M;) = Aijl,; for all 4, 5.

By (2), we have M; € M(a;, K;), and so now (3) shows that A;; € o)(K;). Le.,
we have A;j = cr}i) (a;), for some o; € K;. Putting this back into (3), we find:

oP01) = o @) s € K,

o (M) = 0 (ull,.); 04 € K.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



238
As ch(-i) is an imbedding, and so a fortiori is injective, the last equation above

gives now:

M; = a,-Ia‘.;a,- € K;

M; € Scalar (a; € K;).
Thus, by (2):

V1BV = Ag(My,..., M,) € Mg (TE_, Scalar (a;, K:)) = I’ (As).

Therefore

VBV € Im/(As).
And, hence, by supposition here, we conclude:

(4) Im(Ag) N [_@1 Scalar (a,-,L)(""i)] C Im'(As).

5) As certainly Im'(Ag) C Im(As), and clearly Im’(Ag) C @ Scalar (az, L)™),
i=1l

we obviously have:

Im'(As) C Im(Ag) N [él Scalar (a,-,L)(“"-')] .
Combining this with (4), we have:

Im(Ag) N [@1 Scalar (a, L)("w)] = Im'(Aq).
Combining this with (1), we have:

Be Ck(VIm(A<p)V—1) s ViBy € Im’(Aq;)

B € Ci(VIm(Ag)V~Y) < BV € Im'(Ag)V—1.
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Le.,

Co(VIm(Ag)V™) =V € Im!(Ag)V L.

This proves the desired conclusion (2,b).

6) The desired conclusion in (3,2)&(3,b) follow at once from those of (2,2)&(2,b),
as follows:
CR(VIm'(Be)VY) = Ci (Ce(VIM'(Ag)VY))
= Cx (VIm(Ag)V'); by (2,a)
=VIm'(As)V™Y; by (2,0).

Similarly for C2(VIm(As)V1).

7) Now suppose here, as in the desired conclusion (4), that ® is a reduced field set-

ting, and the subsequence (¢;,..., %) S (¢1,.-.,¢r) is a set of representatives

of ®/ ~y [with [¢;,] the equivalence class of &/ ~]. Now let:

(5) N = Np(VIW (Ap)V ) C Gl(n, k);

(6) M=VTINV C GE(n,E) C Gl(n, L).
So clearly we note (using V' € G¢ (n, E) C Gl(n,L)):

M=V-INV = VIN(VIM (Ae)V-Y)V C VN (VI (As)V 1)V
= N (V-IVIm' (Ag)V-V) = Ny (I (D).

Additively, we clearly note:

VMV~ =N C M(n,k).
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Summarizing the above two notes, we have:
(1) MCNL(Im'(Ag)), V k-rationalizes M and V € V.

Now as @ is reduced here, we may apply Theorem 8.b.2. to (7) (note there
“Zo”= Im'(Ag)). By conclusion (2,a) and (1,b) of that Theorem, as applied
to (7), and with m, Gx& P as defined in that Theorem, we have immediately

that:

(8) :
(M) C Im* (Aq;) [§1G£(¢ih)(ll¢i"]l) : Perm(aih. [Kih: k]|[¢th]|: Ia-ih [Kiy, k] k)]

-

g
C Ne(Im'(As));

(9) Im*(Ag) - G is k-rationalizable by V.
Rewriting (8), we have:
(M) C Im*(Ag) - G C N(Im(As)) € GE (n, ).
AsVeVgEcCcae (n,E) , we have:
VMV S V({Im*(De) - U™ C N(Im!(As)) € GE(n,E).
Again, using V € G¢ (n,F) , we have now:

VMV CV(Im*(8g) - QU™ C Ne(VIm(As)) € GE(n,K).
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By (6) we have VMV ™! = N, and by (5) we have that A/ is already a subgroup,

and so the previous gives:

N CV(Im*(Ag) - GV S NG (VIm (Ae)V™) C G (n,F).

So, certainly:

(10) N O M(n,k) C [V(Im*(As) - GV N M(n,k) C

Ne(VIm' (As)V~1) N M(n, k) C Gl(n, k).
Now by (5) we certainly have N C M(n,k), by (9) we have
VIm*(As) - G)V™' C  M(n,k), and clearly (with (5)) we have
Ne(VIm!(Ag)VY) NM(n, k) = Np(VIm/(As)V ™) = N. Using these in (10),

we now have:

N CV(Im*(Ag)- GV SN C Gl(n, k).
Therefore,
(11) N =V({Im*(As) -GV

With the definitions of AV in (5) and of G in (8), and trivially noting (as A is

an imbedding of k-algebras) that

Im*(Ag) = [Ag (TG M(as, K3))]™ = A (I, G¥(as, Ky))

the desired conclusion in (4) of this Lemma follows immediately from (11) above.

O
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The following lemma summarizes connections between the centralizers over k& and
the centralizers over L, and between the normalizers over k and the normalizers over

L, of a key class of subsets of matrices with which we have been working.

Lemma 7.B.3

Let @ = (¢1,...,¢,) be a field setting over k, with ¢; = (Ki,a(‘),ai) a field

element over k.
Let V e Vg
Suppose A C VIm'(As)VIC M (djmd), E) .

Then:
1) AC M(dim®, k).
2) The following four statements are equivalent:

) CE(A) = VIm'(As)V
b) Ci(A) = VIm(As)V-1;
9 CH(A) =V | B Sealar(as, 1)) | v,

d) Cr(A) =V [gé M(a;, L)("'f’i)] v-1,

=1
3) If ® is a reduced field setting and the subsequence (¢,, ..., %) C (¢1,-..,br)
is a set of representatives of ®/~ [and letting [¢;,] be the equivalence class of

@i, in @/~y], then, furthermore:
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any of the four equivalent statements in (2) above =—

a) N(A) CV [Aq> (H Gf(m,K,-))] .

i=1

[él Gal (¢,-h)(|[¢i;.]l) - Perm (aih (K, : K] | ]| ’Iae,, [k, ] k)] V-1
b) Ni(4) VB Gelas, 1))

[réx Gal (¢ia)(l[¢"‘]l) - Perm (a‘ih [KG, - K] |83l Ia-e,, [, 4] k)} V-l
Proof.

1) The desired conclusion in (1) here follows at once from Lemma 7.B.2, conclu-

sion (1).

2) We will establish the desired conclusion in (2) here by means of the following

logical sequences:
(@) <= (), ()= (d), (d)+=(b).

i) (a) = (b)

So suppose: Cz(A) = VIm'(Ag)V L. Now, using Proposition App.
18, part (3), of the Appendix, and then Lemma 7.B.2, part (2,a), we

calculate easily:

Ci(A) = C¥(A) = C(CE(A))

= C(VIm' (Ag)V-1) = VIm(Ag)V-L.
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ii) (b)) = (a)

So, suppose: Ci(A) = VIm(Ag)V 1. Now, using Lemma 7.B.2, part

(2,b), we calculate at once:

Ci(A) = Ci(Ci(A)) = Cx(VIm(Ag)VY) = VIm (As)V 1.

i) (o) = (@)

So, suppose: C3(A) =V [@1 Scalar (a;, L)(""i)] V1. Now, by Lemma

7.B.1, part (2,a), we thus have:

C(A) = CE(VIm'(Ag)V ).
Therefore: Ci(A) = CL(CE(VIm/(Ag)VY).

Therefore: C}A) = C}(VIm/(As)VY).
Thus, by Proposition App. 18, part (3), of the Appendix:

CL(A) = CL(VIm,(AQ)V_l).
Hence, by Lemma 7.B.1, part (1,2), we have:
Cr(A) =V [.@1 M(a, L)("éi)] V-1,
) (@) =
So, suppose: C%(A) = V [.é M(a;, L)(““’-‘)} V-1, Now, by Lemma
7.B.1, part (1,a), we thus have:
CL(A) =Cr(VIm'(Ag)V 7).
Therefore: CL(CL(A)) = CL(CL(VIm/(Ag)V-1)).

Therefore: Ci(A) =CE(VIm'(Ag)VY).
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Hence, by Lemnma 7.B.1, part (2,a), we have:
C2(A) =V [91 Scalar (a;, L)("«»e)] vl
v) (d) = (b)
So, suppose: Cr(A) = V [élM (ai, L) (%)] V-l Now, by
Lemma 7.B.1, part (1,a), we thus have:
Cr(A) =C(VIm'(As)V1).

Therefore: Cr(A)NM(n, k) =C(VIm'(As)V™) N M(n,k).
Now, using the trivial but useful observation that Cp(X) N M(n, k) =
Ci(X), for any X C M(n, k), the previous result simplifies at once to
give:

Cr(A) = C(VIm'(Ap)V ).
Hence, by Lemma 7.B.2, part (2,a), we have:
Cr(A) = VIm(Ag)V L.
vi) (b) = (d)

So, suppose: Ci(A) = VIm(As)V~1. Now, by Lemma 7.B.2, parts

(1) & (2,a), we thus have:
VIm'(Ag)V=! C M(n, k) and Ci(A) = Ci(VIm'(Ag)V1).

Hence, immediately, by Proposition App. 19 of the Appendix, we
have:

CL(A) = CL(VIm,(AQ)V_l).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



246

And so, by Lemma 7.B.1, part (1,a), we have at once
Co() =V | M(a:, L)) | V.
i=1

3) To prove the desired conclusions in (3), we take, as there, that ® is a reduced
field setting with the subsequence (¢;,,...,®:,) C (¢1,---,¢r) a set of represen-
tatives of @/ ~, and we suppose that any of the four equivalent statements in
conclusion (2) here is true. These four statements being equivalent, we conclude,

in particular, that statement (2,d) is true. Thus, we have:

1) Cr(A) =V [éM(ai,L)("éi)] v-i

To prove the conclusion in (3,a), we see that with ® as above, and with (1),
and for convenience letting v = dim®, we may apply Theorem 6.B.1, directly,
with 2 = V-1 AV and with M = VN (A)V. (We easily check, by the given
on A, that Z C Im'(As), and that M is certainly k-rationalizable over L by
V € Vg, and that clearly M = V-IN(A)V CV-INL(A)V = N (V-1LAV) =
Np(Z) € M*(n,L). Here, at once, by conclusion (1,a) of that Theorem, and

with My, Gr& P, as defined in that Theorem, we have immediately that:
M C Im*(Ag) [glcae (,)*]! - Perm(as, [K:,: K], Ly, s, 415 k)] :

Finally, replacing M in the previous with its definition, M = V=N, (A)V, we

immediately have the desired conclusion in (3,a).

To prove the conclusion in (3,b), we will need here to refer only to much earlier

results — Lemma 6.C.4 and Theorem 6.E.1. (Actually, this present result could
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have been extracted back then, but we didn’t need it there.) We first note that
by Lemma 6.C.4 (with “Y"= Z = V-1(A)V C Im/(As) € D(n, L)), we have

(starting things more compactly here):
(2) NL(Z) = C[(Z) - (M(Z) N Perm(n, k)) .

Now, with @ as above, and with (1) and the definition of Z above, we may
apply Theorem 6.E.1, directly, and with M, as defined in that Theorem, we

conclude at once (again, stating things more compactly here):

NL(Z) NPerm(n, k) C [@ Perm(a;, k) ("4»;)] .
3) Y =
[9 Gat (¢s,) "+ - Perm(ay, [KG,: k]| [@a]], Lo, i, k)] :

=1

Combining (2) & (3), we have:

" NL(£) € Ci(£) - | @ Perm(as, ) (ra)]
4 =1
[élGa,e (¢ih)(I[¢.-,,lD - Perm(a;, [K;, : k]|[¢:,]l, Lo, 15, 45 k)] .

Now from (1), and the definition of Z = V~1(.A)V, we have :
CL(Z) = CL(VIAV) = V-ICL(A)V = @1 M(a;, L)(e:).

Hence:

(5) G} (2) = B Gtlai, L)™).

Furthermore, we see from (5) that @Perm(a.i, k) (&) is a subgroup of Cf(2Z).
i=1

Hence:

© CF(2) - [® Perm(a;, ()| = Cx(2)
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Thus, putting (6) into (4), and using (5), we conclude at once:

(7)
Ni(28) © [ng(a,-,k)(%)] .

I:é Gal (¢ih)(|[¢ih”) . Perm(a.,-h [Ki;,: k]l[(ﬁ,h]l, Ia‘.h (K, K] k)] .

=1
Finally, using Z = V1AV, and so N1(Z) = V-N(A)V, the above result in
(7) gives us at once the desired conclusion in (3,b). This completes the proof

of the conclusions in (3).

The following Lemma summarizes, in one place, basic results about field settings in
general. Some of these results have been recorded in various earlier places. We will

frequently refer to this Lemma because it has all these basic results in once place.

Lemma 7.B.4

Let & = (¢1,...,¢) be a field setting over k, with ¢; = (K,-,a(‘),a,-) a field

element over k.
Let u= @/l € {1,...,7}.

Let the subsequence (¢,,-..,:,) € (41,...,¢.) be any set of representatives

of @~y with [¢;,] = the equivalence class of ¢;, in &/ .
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Let Y C Im'(Ag), where C(Y) = @ M(a;, L)(™%).
=1

Then:

1) a) z: oty [ = ] [g]| = S anlf - H) = dim®
b) 3 [dall =

h=1

2) a) As (ﬁ Scalar(a;, K,-)) ~ g K;;

i=1

b) 8o (1M, K)) ~ TT M(es K
i=1 =1

c) If ® is a reduced field setting, then:

) & ([T6ta k)

im1

[@ Gal (¢, )(l[ sull) . Perm(a,k (K, - K] [l - 1, as, [ Ky K] )}

~ [1;[1 Ge(ai,K,-)] X li[1 [Gaf (K /)90 45| [¢eh]l]] ’

i) As <1=11 Gl(as, Ki)) :

249

[él Gat (¢, )11 . Perm (a,-k K = B lIgs]l s L, [, 4] k)]

JAY'S (,13 G{(a;, K;)
~ I [cat i/l sy .
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3) Asgiven Y C Im/(As), so we see Y is a set of diagonal matrices.

Then, using the 3-tuple index notation, Zy, for @, we have:
V(6 5,t) €Ta: k({Yusn|Y € V}) = P (K0).
4) Suppose: @ € Gf(n,L) and @ k-rationalizes ).
Then we have:
a) Q actually k-rationalizes all of Im’(As), even all of Im(Ag).
b) @ may be “point-wise replaced” by some V € V*:
IV eVEVZelm(As): QZQ*P=VZV-1
Le:  conjo-1|Im/(Ag) = conjy-1| Im!(As);
in particular, QIm'(Ae)Q ' =VIm'(As)V L.
Proof.

1) The conclusions in (1) follow at once from the given, by Lemma 6.B.2, parts

(3)&(2), and with the definition of dim®.

2) The conclusions in (2,a) & (2,b) follow at once from the fact that Ag is an

imbedding of k-algebras, and that, clearly, Scalar(a;, K;) =~ K;.

3) The conclusions in (2,c) follow at once from Lemma 6.F.2, parts (4,b)&(4,c);
noting, clearly, that Im*(As) = (As (I M(a;,K:))* =

Ag (IT7_;G4(a;, K;)) , as Ag is an imbedding of k-algebras.
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4) The conclusion in (3) follows immediately from the given (esp., the given on

Y), by Lemma 4.B.3 (there, with “2”=))).

5) The conclusions in (4) follow as follows. As, by supposition here,
@ k-rationalizes Y, and as, by the given on Y, Cr()) = Cr(Im'(As)) =
é M(a;, L)("*"i), we may apply the much earlier Corollary 2.E.2, part (a), at
once (with “2”= Im'(As), “P”= @), and we find: @ k-rationalizes Im'(Ag).
This proves conclusion (4,a).

Now from the previous, we now have that Q@ € G¢(dim®,L) and

@ k-rationalizes Im'(Ag). Hence, at once, by much earlier Theorem 2.E.4

(with “Y"= Im'(As)), part (2, =), we have:
Q=VC,

for some V € Vg and C € @GZ(a,-,L)("W). Thus clearly C € Cy(Im/(As)),
i=1

and so for all Z € Im/(Ag) we have at once:
RZQ'=vCzC'V1l=VvZV

This proves conclusion (4,b).

This completes the proof of the conclusions in (4), and so completes the proof

of this lemma.
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7.3 Diagonalizable Subsets of M(n,k), Main Re-

sults

In this section, we give our results concerning the diagonalizable subsets of M (n, k).
These are some of the main results of this paper, and they include exhibitions and
classifications of all the diagonalizable subsets of M(n, k), of their centralizers in
M(n, k), and inclusions for their normalizers in M(n, k).

The same is achieved for all the subsets of M(n,k) which are second centralizers
(i.e., C2(---)) of some diagonalizable (over L) subset of M(n, k), and, furthermore, for
those subsets, their normalizers in M (n, k) are exactly determined. (These subsets are
a particular class of diagonalizable subset of M (n, k) — see Corollary 7.C.3, part (2).)

Finally, the same is achieved for all the mazimal diagonalizable (over L) subsets
of M(n, k) — see Corollary 7.C.5, (=), part (1).

Other results are also given.

The following Theorem exhibits all diagonalizable subsets of M(n, k), exhibits their
centralizers in M(n, k), and exhibits inclusions for their normalizers in M(n, k). It

also gives several other key results about these subsets.

This is one of the very main results of this paper.
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Theorem 7.C.1 (Diagonalizable Subsets of M (n, k);

Centralizers and Normalizers —Exhibition)
Letnek.

Let A C M(n,k).

Then:

A is a diagonalizable (over L) subset of M(n, k)

<

3% = (¢1,-.., ), a reduced field setting over k; with ¢; = (K,-, o®, a,,) , a field
element over k; and with the subsequence (¢, ...,¢:,) C (¢1,...,d,) being any

set of representatives of ®/~; [letting [¢;,] be the equivalence class of ¢ in
& o]
IV eV
1) dim® =n.
2) 8 3 on [ Kl = Sl ] =
b) > ligall =r.
h=1

3) a) A CVAs HScalar(a,, K,)) V_l;
i=1

i=1

b) 1) CiA) =C¢ (VA4> (H scalar(a,-,x,-)) v—1>

=VAg (1‘[ Scalar(a;, K,-)) V-,

i=1
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=1

) 034) =G (Vs ([T st ) )
=V [él Scalar(a;, L,-)("‘"‘)] VL

¢) i) G(A) =G (VA<1> (H Scalar(a,-,K,-)) V—l)

t=1

=VAs (H M(ai,Ki)) v,

t=1

i=1

i) C(A) =C. (VA(» (1'[ Scalar(a;, L,-)) v—l)
=V [él M(a;, L)("«a-)] V-1

d) i) Ne(A) SNi (VAq, (1’[ Scalar(a;, K,.)) v—x)

i=1

- o ({1605

t=1

[’é Gae (¢;,) 1B . Perm (a,-h (Ko - B lIgsdl» L, i, a0 k)] v,

=1

i) No(A) CA (VAq, (II Scalar(a;, K,-)) v-l)

i=1

—v [91 Gl(as, L)(w,-)] .

[;é Gat (¢, ) 1) - Perm (a, (56, K9] 1, i, k)] -

=1
4) Observing, by (3,a) above, that V~AV C D(n,L), and using Zs, the

3-tuple index notation for ®, we have:

V(5.0 € To: & ({¥s0|Y € V2AV]) = P (k).
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Proof.
(=)

1) This direction is immediate because we have, by supposition in this direc-
tion, that conclusion (3,a) holds: A C VIm/(Ag)V 2. Thus, VYAV C
Im'(Ag), and, as Im/(As) is a set of diagonal matrices, clearly A is a
diagonalizable (over L) subset of M(n, k).

(=)

2) So, suppose A is a diagonalizable (over L) subset of M(n,k). So, we may

let P € G4(n, L) diagonalize .A:

PeGn,L) and P~'APC D(n,L).

Now let Y = P~'AP C D(n,L). So, by construction, and supposition
that A C M(n,k), we have that P k-rationalizes ). In particular, ) is
a k-rationalizable (over L) subset of D(n,L). Thus, by Theorem 8.C.3,

(=), we have at once that (stating things compactly):
31 € Perm(n, k):

3% = (41,---, ¢r), & reduced field setting over k, with ¢; = (K;, o9,a;),

a field element over k:
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(1) i) dim®=4k;
2) i) YCOlIm/(As);
(3) i) Cy(Y) =1 [@1 M(a,-,L)(w.-)] I

By virtue of Lemma 2.D.1, part (b,i), we can rewrite (3) above as:
(3" iy Cp(Y)=0I"'C,(Im'(As))1L

Now, as above, we have that ® is a reduced field setting over k. As for any
field setting, we may let the subsequence (¢,,...,%:,) € (¢1,--.,¢r) be
any set of representatives of @/~ (and we will let [¢;,] denote the equiv-
alence class of ¢;, in ®/~;). Then, by Lemma 7.B.4, parts (1,2) & (1,b),
together with result (1) above, we have at once the desired conclusions (1)

& (2) of the theorem.

3) Now, using the above definition of Y ( = P71 AP), in (2) & (3’), we have

easily:
(6) (PIY) ™ A (PO C Im'(Ag);
(7) Cy ((pn-l)“lA (Pn—l)) = Oy (Im (Ag)) -

Now, by (6) & (7), we may apply Lemma 7.B.4, part (4,b) (with “y” =

(PII~Y)™" A(PII7Y), and “Q”= PII~%; so that Q certainly k-rationalizes
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Y — as, by the given, we have here that A C M(n, k), and we find:
W e Vg (POY)Im'(Ae) (PIY) ™ = VIm' (Ag)VL.
This, in (6) & (7), gives easily:

8) AC (PIY) Im!(8g) (PIIY) ™ = VIM/ (Bg)V Y

(9) CL(A)=Cy ((pn-l) Im'(Ag) (pn-l)‘l) =Cp (VIm'(Ag)V ).

The results above in (8) & (9), together with Lemma 7.B.1, part (1,a),
prove the conclusions (3,a) & (3,c,ii) of the theorem. With these two
conclusions established, the remaining conclusions in (3) follow verbatim
from Lemma 7.B.3, parts (2) & (3), and from Lemma 7.B.2 and Lemma

7.B.1.

4) Finally, using (8) & (9), we see we may apply Lemma 7.B.4, part (3) (with

“V’=V-1AV), and we conclude at once:
VG5t) €Za: k({Yus0|Y €VAV]) = 0P (K.

This proves conclusion (4) of the theorem, and so completes the proof of

(=)
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The following corollary classifies all diagonalizable subalgebras of M(n, k), classifies
their centralizers in M (n, k), and gives imbeddings for their normalizers in M (n, k).

It also gives several other key results about these subalgebras.

This, too, is one of the very main results of this paper.

Corollary 7.C.2 (Diagonalizable Subsets of M(n, k);
Centralizers and Normalizers —Classification)

Let ne .
Let A C M(n,k).
Then:

A is a diagonalizable (over L) subalgebra of M(n, k)

=
Ire{l,...,nk

3Ky, ..., K, intermediate fields of k/k and finite extensions of k:
dai,...,a. € {1,...,n}:

Fue{l,...,rhN<h <ip<...<iy <mImy,...,mye{l,...,7}

u r
1) a) Y ay [Ki, cklms =Y ai[K:: k] = n;
h=1

= =1
b) Z mp=T.
k=1
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2) a) Ao [] K
i=1
b) CiA) = [Ile';

&) Cx(A) = [ M(as, Ko);

i=1

i=1

d) Ni(A) < [1‘[ G¥(as, K,-)] x fj [Gal (K, [k)™ smh]] ;

&) Ne(A)/CE(A) = T] (Gat (Ksy /K™ % Sm].-

h=1

(Recall, here, S,,, is the symmetric group on m,, letters.)

Proof.
This corollary follows at once from the previous Theorem 7.C.1, as below.

So, suppose A is a diagonalizable (over L) subalgebra of M(n,k). Then, by
Theorem 7.C.1, (=), we may let ®, V, and properties (1)-(4) be as in the con-
clusion of that Theorem. Then, respectively, by conclusions (2), (3,a), (3,b,i),
(3,c,i), (3,d,i) of that Theorem, together, respectively, with conclusions (1),
(2,a), (2,b), (2,c) of Lemma 7.B.4, and the obvious facts that conjy, Ag, are
imbeddings of k-algebras, and that clearly AM(A)/CX(A) =
(V-INL(A)V) / (V‘IC';‘ (A)V) , and letting my, = |[¢,]|, we have at once, re-
spectively, the desired conclusions (1), (2,a), (2,b), (2,c), (2,d) & (2,e) of this

Corollary. (m]
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The following Corollary gives some qualitative facts about diagonalizable subsets of

M(n,k) and their centralizers in M(n, k).

Corollary 7.C.3

Letnek.
Let A C M(n, k).
Suppose A is a diagonalizable (over L) subset of M(n, k).
Then:
1) AC C¥(A) C Ci(A) S M(n,k);
2) C?%(A) is a diagonalizable (over k ) subalgebra of M(n, k).
Proof.

1) By Proposition App. 18, of the Appendix, we have (for any subset

AC M(n,k)):

(1) AC C3(A).

Additionally, as .A is diagonalizable, certainly .A is abelian, and so clearly:
A C Cr(A).

Thus, again using Proposition App. 18, of the Appendix, the previous gives:

Ci(A) 2 Ci (Ci(A)) .-
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Le.,

Ci(A) 2 CX(A).

Hence, combining (1) & (2), we have at once:
A C C3(A) C Ci(A) C M(n,k).

This proves conclusion (1).

(We note that the above is also known to be true, immediately, from Theo-

rem 7.C.1, (=), parts (3,2), (3,b,i) & (3,c,i).)

2) The conclusion in (2) here is seen to be true, immediately, from Theorem 7.C.1,

(=), part (3,b,i), and recalling that Ay (H Scalar(a;, K,-)) is a set of diagonal

i=1

matrices.

The following Theorem concerns those subsets of M (n,k) which are second central-
izers (i.e, C2(---)) of some diagonalizable (over L) subset of M(n, k). This Theorem
exhibits all such subsets, exhibits their centralizers in M(n,k), and exhibits their

normalizers in M (n, k). It also gives some other key results about these subsets.
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Theorem 7.C.4
letneck.

Let A C M(n, k).

Then:

3B C M(n,k), B a diagonalizable (over L) subset: A = CZ(B)

1) a) A=Ci(A);
b) If A= C?%(B), then Ci(A) = Ci(B).
2) 3% = (¢1,---,P:), a reduced field setting over k; with ¢; = (K,-, o®, a.,) ,
a field element over k;

with the subsequence (¢;,...,¢:,) C (¢1,...,¢.) being any set of represen-

tatives of @/~ [letting [¢;,] denote the equivalence class of ¢;, in @ /vy]:
JV € Vs:
a) dim® =n;

b) i) ga, (K, - K] |16 =§ai[m~ K =n,

i) hz_:l 6]l =7

¢ 1) A=VAe (H scalar(a,-,K,-)) V-,

=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



263

i) @) Ci(4) = VA (1‘[ M (a;, Ki)) V-,

B) Co(A) =V [.éM(a" L)("d’;)} v-i

r

i) a) Ci(A) =VAe (H Scalar(a;, Ki)) V-,

i=1

B) C3(4) = V| @ Sealar(as, L) ") | v

’

iv) @) Nu(4) =V [Aq, (H Cl(a;, Ki))] :

|8, Gat ) 1D Perm (e, s, 1601 1, e )|V

=1

B) Ni() =V |@ Gt(as, 1))
[’Zé Gal (¢ih)(|[¢ih]]) - Perm (a'ih (K, « K] |[#:]] Lo, [ 4] k)] V-l

=1

d) Observing, by (2,c,i) above, that V' AV C D(n, L), and using T,

the 3-tuple index notation for ¥, we have:
V(,5,t) €Ta: k({¥es0|Y € VIAVY) = 0 (K)).
Proof.
(=)

1) This direction is immediate, because we have, by supposition in this di-
rection, that conclusions (1) and (2,c,i) hold. The former is that: A =

C%(A), and the latter shows that: .4 is diagonalizable (over L) [ in fact, by
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V' ]. With this, we may let: B = 4, and we have thus at once completed

the proof of (<=).
(=)

2) So, suppose: A = CZ(B); for some B, a diagonalizable (over L) subset
of M(n, k). Using Proposition App. 18, of the Appendix, we have at once

the following two calculations:

Ci(A) =C(Ci(B)) =Ci(Ci(B)) =Cr(Ci(B)) =Ci(B) = A
Ci(4) =Ci(CE(B)) = Ci(B) = C(B).
This proves conclusion (1) of the Theorem.
Now, as Bis a diagonalizable (over L) subset of M (n, k); by Theorem 7.C.1,
(=) (with “A” = B), we may at once let @, V, and properties (1)-(4)
be as in the conclusion of that Theorem. Conclusions (1) and (2) of that
Theorem give, verbatim, the desired conclusions (2,a) and (2,b) of this
Theorem. Now, by conclusion (3,b,i) of that Theorem (remembering that
it takes place with “A” = B), we have: C?(B) = VIm' (Ag) V. This,
together with our starting supposition here that: A = C2(B), gives at

once:
(1) A=VIn' (Ag) V2.

This proves conclusion (2,c,i) of this Theorem.
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This single fact in (1), alone, by Lemmas 7.B.1 and 7.B.2 (and with & being
reduced), shows at once the remaining desired conclusions in part (2,c)
of this Theorem. Finally, from conclusion (4) of the above-mentioned

application of Theorem 7.C.1, (=) (with “A” = B), we have at once:
) V(i.5,t) € To:  k ({¥ugp|Y € V'BV}) = 0 (K2).

Additionally, by conclusion (3,a) of that Theorem, we have:

B C VIm' (As) V1. This, with (1), gives at once:

B CA =VIm'(As) VL.
Therefore:
VBV CVTIAV =Im'(Ag).
So clearly:
Y(i,j,t) € Iy:
k({Yeso|Y €V'BV}) Ck({Yusn|Y e viav))

=k ({Yesn|Y € Im' (8)}).

So, now by (2):
(3) V(i,5,t) € Ts: crj(-i)(K,-) Ck ({Y(ig',z)| Ye V‘I.AV})

=k ({Yesn|Y e m'(80)}).

And, by the definitions of Zy and Im’ (As), we have, certainly:

k ({},(i,j,t)l Y € Im’ (AQ)}) = 0',1@(Ki)-
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(In fact, equality in the latter is clear, too; but we do not need it.)

The previous, in (3), gives at once:
k ({Y(i,j,t)l Ye V"IAV}) = 6§i)(Ki).

This proves conclusion (2,d) of this Theorem.

This completes the proof of (=), and so completes the proof of the entire

Theorem.

The following Corollary also concerns those subsets of M(n,k) which are second
centralizers (i.e, CZ(---)) of some diagonalizable (over L) subset of M(n,k). This
Corollary classifies all such subsets of M(n, k), classifies their centralizers in M (n, k),
and classifies their normalizers in M(n, k). It also gives some other key results about

these subsets.
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Corollary 7.C.5
Let n e ¥.

Let A C M(n,k).
Then:

3B C M(n,k), B a diagonalizable (over L) subset: A = C(B)

Ire{l,...,n}:

3K,,..., K, intermediate fields of k/k and finite extensions of K:
dai,...,e. € {1,...,n}:

Juefl,...,r}:31<H < <... < <r:3Imy,...,my € {1,...,7}

1) a) ia,-h [K:, : E]lmp = ia,—[K,- 1 k] =n;

i=1

b) imh =T.

h=1

2) a) A=~ HK,,

=1

b) Cu(A) ~ [T Mas, Ko

=1

) CBA) ~ [T K

i=1
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r

&) Nty = [T Gtton k)| 1 TT 1002 06 1™ 5]

i1

&) Nul)/C2(A) ~ T [Gal (K /K™ 4 Sm].-

h=1

(Recall, here, S,,, is the symmetric group on m;, letters.)

Proof.

This Corollary follows at once from the previous Theorem 7.C.4. So, suppose:
A = C%(B); for some B, a diagonalizable (over L) subset of M(n, k). Then, by Theo-
rem 7.C.4, (=), we may let ®, V, and properties (2,2)-(2,c) be as in the conclusion of
that Theorem. Then, by conclusions (2,b), (2,c,ii,a), (2,c,iii,a), (2,c,iv,a) of that The-
orem, together, respectively, with conclusions (1), (2,2), (2,b), (2,c) of Lemma 7.B.4,
and the obvious facts that conjy, Ag, are imbeddings of k-algebras, and that clearly
Ne(A)/CF(A) = (VTIN(A)V) / (V‘IC’;‘ (.A)V) , and letting mp = |[@s, ]| , we have
at once, respectively, the desired conclusions (1), (2,a), (2,b), (2,¢), (2,d) & (2,e) of

this Corollary.
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The following four results concern the maximal diagonalizable subsets of M(n,k)

— i.e.,, the diagonalizable subsets of M(n, k) which admit no proper diagonalizable

extension in M(n,k). The first Theorem gives a characterization of these by four

equivalent statements. The second result exhibits all such subsets, and exhibits their
centralizers and normalizers in M(n, k), as well as gives some other key results here.
The third result classifies all such subsets, and classifies their centralizers and nor-
malizers in M(n,k), as well as gives some other key results here. The last result
is a qualitative one that shows, in short, that every such diagonalizable subset is

contained in a maximal such.

Theorem 7.C.6 (Maximal Diagonalizable Subsets — Characterization)
LetneX.
Let M C M(n,k).

Then:

The following four statements are equivalent:

1) M is a maximal diagonalizable (over L) subset of M(n, k);

2) M is a diagonalizable (over L) subset of M(n,k), and M = Ci(M);

3) 3® = (¢1,--.,%r), a field setting over k, which may be taken to be reduced;

with
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& = (Ki, a("),a,-) , a field element over k:

Ve Vg
a) i)a=a=---=a=1,
ii) dim ® = n;

b) M =VAs (H K,-) V-1

i=1

[ In the latter, we have identified M (1, K;) with K;. ]

4) 3% = (¢1,...,d.), a field setting over k, which may be taken to be reduced;
with
¢ = (K,-,cr("),a,-) , a field element over k:

3P € G4(n, L):

a) Ya=a=---=a =1,

i) dim® =n;

b) M = PAg (1'[ K,-) P

i=1

[ In the latter, we have identified M (1, K;) with K;. ]

Proof.

1) We will prove this Theorem via the logical sequence:

2 =1 =9 =0 = 2
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2)(2) = (1)

We suppose M is a diagonalizable (over L) subset of M (n, k), and M = Ci(M).
To show M is a maximal diagonalizable (over L) subset of M(n,k), we sup-
pose M C M’ C M(n,k), where M’ is diagonalizable (over L). As M’ is
diagonalizable, certainly M’ is abelian; and as M C M/, we have certainly, in
particular, that M’ C Cx(M). But by supposition here, we have M = Ci(M).
Thus, we have now M C M’ C Ci(M) = M; hence, M' = M, and thus we

have that M is maximal, as desired.
3 M) = (4
We suppose M is a maximal diagonalizable (over L) subset of M(n, k). As M

is diagonalizable, by Theorem 7.C.1, we have at once:

(1) MCVIm'(As)VE,

for some reduced field setting ®, some V € Vg, and where dim® = n.

Now let & be the field setting constructed from ®, as defined much earlier in
Lemma 4.B.5. From the definition of reduced field setting, we see virtually im-
mediately that if & is reduced, then so also is . Thus, here, ® is reduced.
Furthermore, from Lemma 4.B.5, and using the above-mentioned fact that

dim @ = n, we have the following:

(2) dim® = dim® = n;
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(3) I’ (Ag) € IEm (Ag) T € M(n, k);
4) VII k-rationalizes Im(Ay);

for some II € Perm(n, k).

Combining (1), (3), and (4), we have:

(5) M € (VID)Im (Ag) (VII)™ € M(n, k).

Now the above field setting, &, which is constructed in Lemma 4.B.5, is clearly
one of the form:

<i>=(w1,...,w3);

where w; = (Li, ‘T'(i), bi) is a field element over k, where b; = 1. With this, we

see:

i=1

©) tm (8g) = 8 11401, 22)

and so, by definition of Ay, and the fact that the elements of M(1, L;) are all

1 x 1 matrices, the previous shows at once, in particular, that:

Im (A;) is a set of diagonal matrices.

This, with (5), shows immediately that (VII)Im (Ay) (VII)~! is a diagonal-

izable subset of M(n,k) — in fact, it is diagonalized by VII € G¢ (n, E) . But
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now, by supposition here, M is a maximal such diagonal subset — and so,

immediately, by (5), we have:

(7) M = (VIDIm (Ag) (VIT)~.

Now, finally, letting P = VII € G¢(n,k) C Gl(n,L), and using (6), the

previous result gives:

(8) M= PA, (1‘[ MQ, L,-)) Pt

=1
As P € G{(n,L), as (2) shows dim® = n, as mentioned earlier we have &
is a reduced field setting, and identifying M(1, L;) with L;, the result in (8)

completes the proof here of (1) = (4).

494 = @

Suppose ® and P are as in conclusion (4); so, we have:

M=PA, (H Kz) Pl= PAs (H M(I,Ki)) P—l; Pe GZ(n,L)
i=1

i=1
As obviously M(1, K;) = Scalar(1, K;), the previous shows:
9) M=PAs (H Sca.lar(l,K,-)) P~l=PIm' (Ag) P~V
i=1
With this, we may apply Lemma 7.B.4, part (4) (with & as above, “)” =

Im’ (As), “Q” = P), at once; and we obtain:
PIm' (Ag) P! =V Im' (As) V™, for some V € V.

Substituting this into (9) completes the proof of (4) = (3).
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5) 8 = (2)

Suppose ® and V are as in conclusion (3); so, we have:

M=VAs K|\V1=VAs M(1,K;) | V™'; for some V € V.
{3

i=1 i=1
As in step (3) above, we clearly have: M(1, K;) = Scalar(1, K;); and so im-
mediately we have: Im(Ag) = Im' (Ag). With this, the above result gives

now:
(10) M=VIm'(As) V™!, for some V € V.
As Im'(Ap) is a set of diagonal matrices, clearly (10) shows that M is a

diagonalizable subset of M (n, k) — in fact, it is diagonalized by V € G¢ ('n, E) .

Moreover, by Lemma 7.B.2, part (2,a), we have at once from (10) that:

Ce(M) =C (VIm' (Ag) V™!) =VIm (Ag) V™, for some V € V.

But, as mentioned above, we have here that: Im(Ag) = Im’'(Ag). This, in

the previous result, gives at once:

Cr(M) =V Im' (Ag) V™, for some V € V.

Finally, (10), together with the previous result, gives:

M = Ci(M).

This, together with the above-mentioned result that M is a diagonalizable

subset of M(n, k), completes the proof of (3) = (2).
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As discussed in step (1) above, this completes the proof of this Theorem.

Corollary 7.C.7 (Maximal Diagonalizable Subsets — Exhibition)
Letnel.

Let M C M(n,k).

Then:

M is a maximal diagonalizable (over L) subset of M (n, k)

1) M = C(M) = CE(M);
2) 3® = (¢1,...,%), a field setting over k (which may be taken to be
reduced); with ¢; = (K,-, o®, a.;) , a field element over k;

with the subsequence (¢;, ..., ¢:,) C (¢1,-- -, d) being any set of represen-

tatives of ®/v; [letting [¢;,] denote the equivalence class of ¢;, in ®/v):
IV e V&
a) ya=---=a =1,
ii) dim® = n;

b) i) gﬁ:l[m-h:k1|[¢i,.1|=i[m=k1=n,

=1
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i) Z ]l =7

r

¢) i) M=VA¢( K,-) v-1,
i=1

ii) @) Cx(M) =V Ag (H K,-) V-1,

1=1

B) CL(M)=V D(n, L)V,
i) o) CHM) =V Ag (H K,-) v,
B) CE(M) =V D(n, )V,

iv) @) No(M) =V [Aq, (H K{‘)] .

i=1

[Iél Gal (¢ih)(|[¢"h]|) - Perm <[Kih : k] l[d)‘h“ ? I[Ki":k], k)] " ,
B) Ni(M)=V D (r, L*)-

[}é Gat (¢;,)(1#1D) . Perm ([K,-h K]l Ik, ) k)] V-l

=1

d) Observing, by (2,¢,i) above, that: V~IMV C D(n, L), and using Zy,

the 3-tuple index notation for ®, we have:
V(i,j,t) €Iy k ({Y(ij,t)l Ye V—lMV}) = UJ(-i)(Ki).

Note: In all parts of (2,c) above, we have identified M (1, K;) with K;, and

Mx(]., Ki) With Kix-
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Proof.
(=)

1) Suppose statements (1), (2,a)~(2,d) are true. Thus, we may take ® and
V as there, and we may suppose that properties in (2,a) and (2,c,i) are
true. This shows that statement (3) of Theorem 7.C.6 is true. Hence, as
Theorem 7.C.6 is a list of equivalent statements, we conclude that state-
ment (1) of that Theorem is true. But this is exactly what we wanted to

show here.
(=)

2) Suppose M is a maximal diagonalizable (over L) subset of M(n, k). Then
statement (1) of Theorem 7.C.6 is true, and so, as above, we conclude
statement (3) of that Theorem is true. So, we may take ® and V as there,

and so we have:

(1) @ = (¢1,-...,4,) is areduced field setting over k;
(2) ¢ = (K,-, a(‘),ai) is a field element over k;

(3) VeVg;

4) gy =---=a,=1;

(5) dm® = n;

3=1

6) M=V As (H K,-) V-1
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[ where M (1, K;) has been identified with K; ] .

Furthermore, we may let:

(7) the subsequence (¢,...,%:,) € (¢1,--.,¢-) be any set of represen-
tatives of @/~ ;

[ where [¢;,] denotes the equivalence class of ¢;, in @/ .

The above proves immediately our desired conclusions (2,a) and (2,c,i).

Now as a result of (4), we have clearly: M (1, K;) = Scalar(1, K;), and so
at once we have here: Im(Ag) = Im'(Ag). This observation, together
with rewriting (6) as: M = VIm(Ag)V~!; and using (1) & (7) above,
with Lemma 7.B.2, parts (2,b), (3,b), and (4), at once shows our desired
conclusions (2,c,ii,a), (2,ciii,a), (2,c,iv,a). Similarly, with Lemma 7.B.1,
parts (1,b), (2,b), and (4) ( and trivially noting that: @1 M@, L)) =
@ Scalar(1,L)("%) = D(N,L); where N = in¢i = Z (1-ng) =

i=1 i=1 i=1

> (ai-ny) =dim® =n [by (5)] ), we obtain at once our desired con-

i=1

clusions (2,C,ii,,3 )v (2,C,iﬁ,ﬂ )1 (27c’iv7ﬂ )‘

The desired conclusions in (2,b) and (2,d) now follow at once from
Lemma 7.B.4 ( with, using (6) and the above, “Y” = V-IMV =
Im(Ag) = Im'(Ap) ), parts (1) and (3), followed by substituting:

a; = --- = a, = 1, as given in (4) above.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



279
Finally, we note that our desired conclusion in (1) follows at once from the
already proved conclusions (2,c,i), (2,c,i,a), (2,c,iii,er) above. (It also fol-
lows at once from the supposition here that M is maximal diagonalizable,

together with statements (1) and (2) of Theorem 7.C.6.)

This completes the proof of (=), and so completes the proof of the Corollary

itself.

Corollary 7.C.8 (Maximal Diagonalizable Subsets — Classification)
Letnekl.
Let M C M(n, k).

Then:

M is a maximal diagonalizable (over L) subalgebra of M(n, k)

1) M is a maximal abelian subalgebra of M(n,k);
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2) Ire{l,...,n}k
3K;,..., K, intermediate fields of k/k and finite extensions of &:
Jue{l,...,rk:

N<Hh<ig<...<t <r:3Imy,...,my € {1,...,7}
T

a) i) g:l[K,-h:k]mh=Z[Ki:k]=n,

i=1
u
i) Y ma=r;
h=1

b) i) M=~TJ]Ki,

=1

i) CM) ~ [[ K,

i=1

ii) CGgM) =~ [] K:,
i=1

iv) Ni(M) = [‘H1 K,?‘] X f[l [Gal (K, /K)™ % Sum, ]|,

v) Ne(M)/CEM) = T [t (Kiy /K™ X Sp].

h=1
(Recall, here, S, is the symmetric group on my, letters.)

Proof.

This Corollary follows at once from the previous Corollary 7.C.7. So, sup-
pose M is a maximal diagonalizable (over L) subalgebra of M(n, k). Then, by

Corollary 7.C.7, (=), we may let ®, V, and properties (2,a)—(2,c) be as in the
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conclusion of that Corollary. Then, respectively, by conclusions (2,b), (2,c,i),
(2,c,1,a), (2,c,iii,a), (2,c,iv,a) of that Corollary; together, respectively, with
conclusions (1), (2,2), (2,b), (2,c) of Lemma 7.B.4; and the obvious facts that
conjy, Ag, are imbeddings of k-algebras; and that clearly: Ni(M)/CF(M) =
(VIIN(M)V)/ (V‘IC;‘ (M)V) ; and letting ms = |[¢,]| ; we have at once, re-
spectively, the desired conclusions (2,2), (2,b,i), (2,b,ii), (2,b,ii),

(2,b,iv) & (2,b,v) of this Corollary.

Finally, the desired conclusion (1) of this Corollary follows at once from our

initial supposition here on M, together with Theorem 7.C.6, parts (1) and (2).

We mention that the following, final Corollary can be proved slickly and “implicitly”
by Zorn’s Lemma, or “explicitly” by means of Theorem 7.C.1, Lemma 4.B.5, and

Theorem 7.C.6. We omit the straightforward proofs here.

Corollary 7.C.9
Letnekl.
Let A C M(n,k).

Suppose A is a diagonalizable (over L) subset of M(n, k).
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Then:
M C M(n,k): MDA
and

M is a maximal diagonalizable (over L) subset of M(n, k).
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Appendix

A. Matrices

Proposition App. 1

Letnel. Let k be any field. Let P € G¥(n, k).

Then:
Vb e {1,...,n}:

every subset of b columns of P (consecutive or not) contains some
bx b submatrix of rows (not necessarily consecutive), which is an invertible

matrix.

Proof.

As P € G{(n, k), its columns are linearly independent over k; and so, a fortiori, every
subset of b columns is linearly independent over ¥ — and thus the n X b submatrix
it forms (not necessarily of consecutive columns), has rank b. As for any matrix:
(column rank) = (row rank), all such n x b submatrices of P thus have row rank b. As
the span of such a row space thus has dimension b, it must contain b (not necessarily

consecutive) linearly independent rows. This & x b subblock of rows (not necessarily
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consecutive), is thus invertible, and so can be taken as the above-desired submatrix.

O

B. 1Ideal Theory and Matrix Applications

Lemma App. 2 (A Key Argument)

Let k and F be any fields.
Suppose ¢: k< E is an imbedding of fields.
Letnek.
Let I be any proper ideal of k[zi,...,Zn).
Then:
Imap & Klzy,... ,a:n]/I — E, such that:
1) ¢ is a homomorphism of rings;
2) §E=0¢.
Le., ¢ can be homomorphically extended from & to k[zi,.. ., Zy] / I
[ Note: as I is a proper ideal, % is canonically imbedded in [zy,. .., 2n] / I.]

Proof.

The Little Nullstellensatz will be used to prove this. Though it is not necessary to

use it, it provides a fast and elementary proof.
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1) Let ¢ E[z1,...,z] — E[zy,...,2,] be the canonical ring-homomorphic
extension of ¢ — i.e., replace coefficients of elements of k[z;, .. . , z,] with their

images under ¢.

2) As I is a proper ideal of k[zi,...,2,), we may let M be a maximal ideal of

k[z1,...,z,] that contains I:

ICMCklzy,...,z,), M amaximal ideal.

3) By the Little Nullstellensatz, M has a zero in & :

3@ = (ay,...,an) €EE: @& is a zero of M.

4) Now define the map ¢ below:
¢: Elz1,...,24) /I — E;
& f+1— () (), 8(ew)) =8 (¢(@) ]
5) It is easy to check that ¢ is well-defined:

f+I=g+] = f—-gelICM
= (f-9)(@=0
= f(@)=¢(@ [€F]
= ¢(f (@) =9¢(9(@) [by given: & = domain(g) |
= (1) (¢(&) = ((9)) (¢(&)) [see note below |
= 8(f) = 4(9)-
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Therefore: $ is well-defined.

[ Note (refered to in above implication sequence): for any h € [z, ..., z,] and

with h written out in its canonical form, as ¢ is a homomorphism, we see at

once: ¢(h(@)) = (8()) (¢(@))-]

6) It is also easy to check that é is a ring homomorphism — either by direct

verification, or immediately, by observing that:
é = (“eval-@-G@”) 0 ¢; making @ a composition of 2 ring homomorphisms.
7) Lastly, by the definition of ¢, it is immediate that 5[ k= ¢:
ack [ s0 o “is” a constant polynomial of [z, ..., z,] ] =

(@) = §(e)(¢(a) = §(a).

Corollary App. 3
Let k be any field.

Let A be a finitely-generated, commutative k-algebra; A # {0}.
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Then:
Jmap ¢: A — k, such that:
1) ¢ is a homomorphism of k-algebras;
2) ¢[F = idg .
Proof.

1) A a finitely-generated commutative k-algebra =—>

A=k[h,...,0,); for some 6y,...,0,€ A =

klz, ..., 2] / I =~ A; by the canonical isomorphism, say 7, where:

n: z; + I — 6;, and nlE=id;; [as A#{0}].

Furthermore, as A # {0}, we have that [ is a proper ideal of k[z;,...,Z,]-
2) Nowlet: ¢=idz, E=k.

Certainly then: ¢: k< E, is an imbedding of fields.

3) Thus, by the previous Lemma App. 2, at once: ¢ can be ring-homomorphically

extended to klzy, ... ,:z:,,]/ I:

&: E[:cl,...,xn]/I——>E; ¢ is a ring homomorphism; $l75=¢.

And we note then, as ¢ = idg, and $|F=¢, S0 $IE=id;.
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4) So we now have the sequence of homomorphisms and isomorphisms, each of

which is the identity on k:

A I Fe,ozl/I 2o F=E  qE=8|F=id;

omo.

and thus: A iﬂ) E; (:5 o r)‘l) | k=id;.

homo.

Thus, letting ¢ = don1, we have the desired result. |

Proposition App. 4
Letnel.
Let k be any field.
Let L be any extension field of %.
Let A,BC M (n,F).

Suppose: P € Gl(n,L) and PAP~'CB. Wrte: P = (p;;).
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Then:
a) 3C € C1(A): 3Q = (gi;) € G£ (n, k):
i) P=QC;
i) Y(i,5) € {1,...,n}* Pij €k = g =pi;
b) For any Q € G¢ (n,E) occuring in (a) above:
i) VA€ A: PAP' =QAQ™';

ii) QAQ™ CB.

Proof.

1) Let L' = k[ the n? entries of P ]. Thus, L' is a finitely-generated, commutative
k-algebra. As P is given invertible, not all entries of P are 0, and so L' # {0};
and so also: ¥ C L.

Thus, by the previous Corollary App. 3, we have some map ¢:

k-algebra homo.

¢: L

> k, and ¢ | k =id;.
2) Now by definition of L', and the given, we clearly have:

PeGln,L') and A BCM(nL) [asECL, from Step (1) ]

Now let:

Q=¢(P); andso QC M (nF).
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As P is invertible, and ¢ is a k—algebra homomorphism, certainly @ is invertible.
Thus:

Qe Gy (n,75) .
3) As given PAP"1 CB:

YVAec A:3B€B: PAP ! =B.

As ¢ is a homomorphism on L', and k C L’ (as in Step (1) above), and

P € G{(n,L’") (in the first line of Step (2) above), we have:
H(P)H(A)p(P)™" = ¢(B).

As ¢|E =idg, and given 4, BC M (n,E) , we now have:
$(P)A¢(P)™" = B.

Thus, by definition of Q in Step (2), we have:

QAQ™! = B.

Thus, from the first line of this Step, we have at once:

QAQ™! = PAP™?,

Hence, as A is arbitrary in A, Q € G¢ (n,E) ,PeGln,L),and kCL'CL

(by Step (1), and by construction of L), the previous gives at once:

P_IQ € Cr(A).
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Thus:

P=QC, forsome C €Cr(A).
This, with the last line of Step (2) above,l establishes desired result (a,i).
4) As Q = ¢(P), and qblﬁ = idz, at once:
(pij) € = (qi5) €F
This establishes desired result (a,ii).

5) For any Q occuring in part (a) of the given, we have: P = QC, and C € C;(A).
As C then commutes with all elements of .4, the desired result (b,i) follows
immediately, and the desired result (b,ii) follows immediately from this result

(b,i) and the last line of the given.

Corollary App. 5
Letne¥.
Let k be any field.
Let L be any extension field of k.

Let A C M(n,E) .
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Then:

A is k-rationalizable over I <= A is k-rationalizable over k.

Proof.
(<=) Immediate, as given k C L.
(=) Immediate from the previous Proposition App. 4, by letting:

P € Gl(n,L), where P k-rationalizes A, and B=M (n,E);

then taking any @ from part (2) of that Proposition, and then using part (b,ii)

of that Proposition.

C. Centralizers of Block-Diagonal Matrices

Proposition App. 6
Let F be any field.
Let L be any extension field of F.

Letnel; by,....b,el.
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Let ¥ C @ M(5,F); and, for all Y € Y, express Y in the obvious [and

i=1

unique] way as:

Y=OY®, where Y® e M(b;,F).

=1

Let Y& = {Y(")

Y € ¥} C M(bi, F).
Suppose: CL(Y) §1 M(b;, L).
Then:
i) = (@39) =B 6 ().
Proof.
1) By definition of Y®, we certainly have:
ycdye.
As Cy, is clearly an inclusion-reversing operator, the previous gives:
a2 (87°).
2) Nowlet C e él Cr ()i(i)) , and write C in the obvious [and unique] way as:
C=QC:;, forsome CieCy(V®)C ML)

=1

[ the latter is true as: Y@ C M(b;,F) and FCL].
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From the previous on C;, certainly C; commutes with all elements of Y@, and
so clearly:

é C; commutes with all elements of é y@,
=1

=1
Thus:

8 e ¢ (89).

i=1
Hence, as the LHS of the previous is C (as given above), and C is arbitrary,

we have:

éCL (y(i)) CC (é y(i)) .

=1 =1

Combining the previous with the last line of Step (1), we have:

Ct(V)2C (ély(i)) 2 écz, (y(i)) .

i=1

[Note that the previous is obtained independently of any restrictions on Cy, ()

— thus giving the Remark that follows this Proposition.]

3) Nowlet D e€Cp(Y).So D commutes with all the elements of ). Now, by the

given on Cr, (), we may write D in the obvious [and unique] way as:

D=Q@D; forsome D;e M(b,L).
i=1

Now let Y € ). So, as in the given, we may write ¥ in the obvious [and

unique| way as:

Y =QY;, forsome Y;eY® C M®;L).
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Thus:

n n
D commutes with Y = @D; commutes with Q@Y.
i=1

=1

As the latter two block-diagonal matrices each have n blocks, with the same

successive dimensions [by,...,b,], we have at once:

D; commutes with Y.

As Y is arbitrary, and by the construction of Y@ we have at once:

D; commutes with all elements of Y®. Thus:
Di (S CL (y(i)) .

Thus:

D=QD; € B¢ (Y9).
i=1 i=1
As D is arbitrary (as taken above), we thus have:
€. () € 8¢ (¥9).
This, together with the result at the end of Step (2), gives at once:

)= (§99) = B ().
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Remark
For the general case of ) as above — where we do not make any suppositions on
CL(Y), as pointed out at the end of Step (2) of the above Proof, we always have the

following weaker facts:

22 () 2§ 0%)

Corollary App. 7

Let F be any field.

Let L be any extension field of F.

Letnel; b,...,b, k.

Fori e {1,...,n}, let: X; C M(b;, F).

Suppose: Ct (§1 X,) - §1 M(b;, L).
Then:

¢ (8 %) =8 cu().

Proof.

This follows immediately from Proposition App. 6, by letting: “Y” = é)\’;, and

=1

then noting at once that: “Y®” = x;.
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Proposition App. 8
Let F be any field.
Let L be any extension field of F.
Letne¥; b,...,0,€l.
Let X; C M(b;, F).

Suppose A; € A;; and pair-wise, A;,..., A, have no common eigenvalues

(ie., i#j => A;, A; have no common eigenvalues).
Then:
8) Ci (é 2\';) - él Cu(X) C élM(b,-, L).
b) In particular:  C (@1 Ai) = él Cu(4;) € élM(bi, L).
Proof.
1) We prove (b) first; (a) will then to be shown to follow almost immediately.

2) To prove (b), it suffices to prove it for n = 2; the general result then follows at

once inductively. I.e., we wish to show:

1)
ACM(b,F), BC M(b,F) and A, B have no common eigenvalues

==

C1(AD B) = C1(4) © Cu(B).
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3) Furthermore, to prove (1), it is clear that we may suppose that A is upper
triangular. [ A can be conjugated into that form by an invertible matrix over
F, and so certainly then, by an invertible matrix over L. ]
Le., it suffices to show:
T C M(b,F), T upper triangular, B C M(b,, F);
T, B have no common eigenvalues

(2)

=S
C(T@ B) = C1(T) © Cu(B).

4) Now let M €Cr(TQB). Write M as:

h b
w(P Q@ _
B) M= ; where P, @, R, S are all matrices over L.
n\R S

As M €C.(T® B), we have:

P Q\ /T T P Q
R S B BJ\r s/
Thus, by (2) and (3): the submatrix dimensions within all the matrices of the

previous equation are “compatible”, and so we now have at once:

(4) PT=TP, QB=TQ, RT=BR, SB=BS.

5) The first and last equations in (4) show at once:

(5) P eCL(T), S € Cr(B).
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6) Now consider the second equation in (4):
(6) RQB=TQ.
Recalling that T is upper triangular, and T C M(b;, F), we may let the

diagonal entries of T be, in order: ¢;,...,%, € F.

Now define the following notation for temporary use:
(7) For any matrix M:  p(M) = the last row of M.

Thus, with this definition, and the definition of the ¢; above, we have at once
from equation (6):
P(Q) B =1t - p(Q)-
Taking the transpose of both sides of the previous, we get:
BT 5(Q)" =t - P(Q)" -
Thus:
Q7T =0 or t, isan eigenvalue of BT.

Hence [ a5 det(A — X) = det(AI — X)T = det (Al — X7) ]:
ﬁ(Q)T =0 or t, isan eigenvalueof B.

As tp, is a diagonal entry (even the last one) of T, and T is upper triangular,
so tp, is an eigenvalue of T'. This is in contradiction with the latter part of the

previous result. Hence, we have the former part of the previous result:

PQ)" =0.
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Thus:
P(Q) =0.

Hence, by definition of 7, we have now:

(8) the last row of @ is: 0.

7) Now taking the result in (8), substituting it into the equation in (6), and follow-
ing the identical argument in the previous Step — but now for the second-to-last

row of @@, we find the same way:
(9) the second-to-last row of @ is: 0.
Continuing to argue this way (or inductively), we see:
all rows of @) are: 0.
Le.:
(10) Q=0.
8) Now return to (4), and consider its third equation:
RT = BR.

Analyzing this exactly as in Step (6) above — but now with p meaning the

first column of any matrix, we conclude exactly as in Step (7) above, that:

(11) R=0.
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9) Now looking back at (3), and combining this with (10) and (11), we have at

once:

M=PQS.

Thus, by (5), we have:

M€ Cr(P) @ Ci(S) -
So, as M is arbitray in Cp (T@ B) , we have:
¢(T®B) SCL(P) B Cu(S) -

As the reverse inclusion of the previous is trivially true, we have at once:
CL(T@ B) =CL(P) @ Ci(S5) .

Thus: we have shown (2). As discussed above, this shows (1), which, as also
discussed above, shows (b).
Thus we have now proved (b).
10) Now (a) follows fairly easily from (b).
As:
n n
aecdx,
and the centralizer operator in inclusion-reversing, we have, together with the

now-proved result (b):

(8 A:) ca (91 A,-) = @ cu(4) € @ M, 1).
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So, in particular:
(12) ¢ (B %) < @ M., L.
i=1 =1
11) Now let:
(13) mec(dx).
i=1
So, by (12):

M=QM:; forsome M;eM@,L).

Thus, by the given on M, and the previous, we have:

é M;  commutes with all elements of é X .
i=1

t=1
Writing the previous out, and as the dimensions of M; are the same as those

of the elements of A&;, we have at once:

Mi € CL(X,') .
Thus:
91 M; e QCL(AQ) .
Hence:
Me @1 CL(X).

As M was taken arbitrarily in (13), we have now:

o (@1 ) ¢ Q cu).
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As the reverse inclusion of the previous is trivially true, we now have at once:
n n
% (8,%) = cu),
This proves (a).

This now completes the proof of this Proposition.

Proposition App. 9
Let F be any field.
Let L be any extension field of F.

letnel,and A€ F.

Then:
i) Cp(Mn) = C1(L{ALL]) = Cy(Scalar(n, L)) = M(n, L).
i) Cp(Na) = C1(L[Na]) = LN,

iii) Cy(M(n, F)) = Cr(LIM(n, F)]) = C1(M(n, L)) = Sealar(n, L).

Proof.
Clearly, within each of the desired results (i)-(iii), all equalities are immediate, except

possibly the last equality. These last equalities we show below.
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1) As the center of M(n, L) is Scalar(n, L), (iii) follows at once. The same fact

gives (i) at once.

2) Here we show first: Cr (V,) = L[Nyp]. Then, in (ii), as mentioned above, the

other equality was immediate before this.

Let: C €Cr(N,). Thus: CN, = N,C. Recalling, as in Chapter 1, that NV, is
the canonical nxn nilpotent matrix; we see CN,, is C, with its columns shifted
to the right by 1, and all 0’s in column 1. Similarly, N,C is C, with its rows
shifted up by 1, and all 0’s in row n. Equating these two matrices, element-wise,
we see at once that: the first column of C is all 0’s, except possibly for the
(1,1)-entry. Similarly, at once, the last row of C is all 0’s, except possibly for
the (n,n)—entry. Now with this about C, we look again at the above equation:
CN, = N,C, analyze it similarly, and then iteratively find that C must be
upper triangular. Now with this further information about C, we look again at
the above equation: CN, = N,C, and equate the (1,n)-entries. At once, this
shows that the (1,n—1) and (2,n)-entries of C are identical — i.e., the next-
to-last upper diagonal of C consists of identical entries. With this, we again
look at the above equation, analyze it similarly, and then iteratively find that
each upper diagonal, and the main diagonal, of C, consist of their own identical

entries. As C is upper triangular, this now shows at once that: C € L[N,].
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D. Subsets of Diagonal Matrices

In this section, we let F' be any field and L any extension field of F.

Weletnel.

Recall the following simple notation pertaining to diagonal matrices, as discussed
in Chapter 1. For Y € D(n,F) and i€ {1,...,n}, welet Y; € F bethe it

diagonal entry of Y.

a) Definition

Let Y C D(n, F).

Then we let:
TY) = {Gd) € {1,...,n?| VY € ¥ Ya=Yy}lC{1,...,n}%
b) Results

i) Proposition App. 10a

Let Y C D(n, F).

Then:

CL(Y) = {M = (my) € M(n, L)| V(i,5) ¢ T(Y): my =0}.
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Proof.

1) Let Ye)Y,andlet M € M(n,L). As Y is diagonal: MY is M, with
its columns multiplied, respectively, by the corresponding diagonal
entries of Y; and YM is M, with its rows multiplied, respectively,
by the corresponding diagonal entries of Y. With this, consider the
equation: MY =Y M, and equate all n? matrix entries. If Y; =Yj;,
then the above shows immediately that the equation is satisfied at
the (i,j)-entry. If Y; #Yj;, then the above shows immediately that
the equation is satisfied at the (%, j)-entry precisely when: m;; = 0.

Le., by definition of the operator T above:

MY =YM <=

M € {M = (my) € M(n, L)| V(i,5) € T({Y}): my=0} .
Thus:
CL({¥}) = {M = (my) € M(n,1)| ¥(i,5) ¢ T({¥}): my; = 0}.

2) Thus, at once by the previous (using DeMorgan’s Law in the third

equality below):
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CL(Y) =Myey C({¥})
= Myey {M = (my5) € M(n,L)| ¥(;,5) ¢ T({Y}): my =0}
= {M = (my) € M(n,L)| ¥(i,J) & Urey T({Y}): my =0}
= {M = (my) € M(n, L) | ¥(i,3) £ T(Uyey {¥}): my =0}
= {M = (myj) € M(n,L)| ¥(:,5) ¢ T (¥): my; =0}

Note that the fourth equality above is easily seen:

(,7) €Urey T({Y}) <= VY €: (i) e T({¥})
— VY € 37: Yéi = },jj
— VY € Uygy {Y}: Y;;i = Y;;'j [trivially]

= Y eT(Urey {¥})-

ii) Proposition App. 10b

Let Y C D(n, F).

Then:

T(Y) is an equivalence relation on {1,...,n}.

Proof.

Recall the definition of T'(Y):
TO) = {G5) €{L,...,n}?| VY € ¥ Ya=¥5}C{1,...,n}%

We see at once that T'()) is reflexive, symmetric, and transitive. O
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iii) Corollary App. 11
Let Y C D(n, F).
By Proposition App. 10b, of this Appendix, we may let the set,
{1,...,n}, have m € {1,...,n} equivalence classes under T'(})
[ie, m=[{1,...,n}/TO)| € {1,...,n}].
We let the cardinalities of the above m equivalence classes be (includ-
ing multiplicity): by,...,bm €E.
Then:
311 € Perm(n, F):

ycm-t é Scalar(b,-,L)] N and Cy(Y)=T"1 [é M(b,-,L)] I

Proof.

1) Let the sequence (1,...,n) be permuted so the resulting sequence
lists the equivalence classes of (1,...,n) under T(}), consecutively;

say:
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(1,...,n) is permuted to

3617"',zm—iazcza""zc:;—lj """ slemor i tem—1 | 3

- v~ g
~ v

the equivalence classes under )

(1)
where the ¢; “measure” the size of the equivalence classes:
a=1(e~a)=b,...... , (em—1 = Cm) = bm
[i.e., a=1; =) b, forje {2,...,m}] .
t=1

2) Let p € S, be the permutation on {1,...,n} that achieves the
above change on {1,...,n}, and, using the notation of Chapter 1, let
I =1I,(p) € Gé(n,L) be the basic permutation matrix of p.

Thus, conjugation of a diagonal matrix by II has the same permu-
tational change on the location of its diagonal entries, as the change
above has on the location of the entries of {1,...,n}.

3) Now let Y € Y. Then IIYII! is Y, with its diagonal entries per-
muted as above — i.e., now located following the above order of the
equivalence classes of (1,...,n) under T()).

By the definition of the operator T, for each equivalence class of T'()),

the diagonal entries of Y in the locations of that class, are all iden-
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tical. Hence:

(2) in Y1
the diagonal entries in the locations within each segment,

indicated in the RHS of (1) above, are identical .

Thus, recalling from Step (1) above that: ¢; =1; ¢; = Y _b;, for

t=1
j€{2,...,m}; (and as in this section F C L), we have at once:

NY T € @ Scalar(b;, L).

i=1

As Y is arbitrary, this gives:

IYI-! C @ Scalar(b;, L).

i=1
Hence:
3) Yy c ot [6 Scalar(bi,L)] I
i=1

This gives the first desired result of this Corollary.

4) Furthermore, by the definition of the operator T, for any two distinct
equivalence classes of T'(}), there is some Y € Y where: the diagonal
entries of Y, with locations from these two classes, and with necessarily
identical values within each class, have distinct values for each of the
two classes. Thus, the diagonal entries of IIY II-!, with locations
from the two segments — of the RHS of (1) above that form those two
classes, are distinct.

This, together with (2), and the definition of the operator T, show:
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(G,5) € T(MYMI-1)
R
1 and j belong to some single equivalence class block,
(icecss- -+ »ie1) , as in the RHS of (1)
—

(2,5) € {teys--- ,z',_.,_l}2 , for some te€{2,...,m}.

Thus, we have at once:

m

TOYIY) = J {iggrs-- i1}’ ;

j=1

where c¢;=1, and c¢ji1—c;=b;.

Thus, at once, by Proposition App. 10a, and clearly simplifying its

conclusion, we see at once:
c(YI™) = ® M(bi, L).
i=]1

And so:
CL(Y) =TI [é M, L)] II.

This gives the second, and last, desired result of this Corollary.
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iv) Corollary App. 12
Let Y € D(n, F).
Let f be any injective function from F' to L, that takes 0 to 0.

Without confusion, let f also represent the natural (i.e., element-wise)

extension of f, from M(n,F) to M(n,L).

Then:

CL(f)) = CL(¥).

Proof.

As ) is a set of diagonal matrices, and f takes 0 to 0, clearly f(J) is also
a set of diagonal matrices — f() C D(n,L). As f is injective, it takes
distinct diagonal elements to distinct diagonal elements. Then, recalling
the earlier definition of the operator T, it is immediate, or trivial, to verify
directly that: T( f ()7)) = T(Y). Thus, at once, by Proposition App. 10a:

cL(f(V) = (W)

Remark

Recalling from Chapter 5, the definition of the row-functions of a subset

Y C D(n, F), we easily note the following;:

R =Ry <« (i,j) € TQ).
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E. Basic Matrix Varieties

In this section, we let F be any field, and L be any extension field of F.

Weletnel.

a) Definition

Let T C {1,...,n}%

Then we let:
B(T) = { M = (my) € M(n,F)|V(5,5) € T: my; = 0} C M(n,F).

We call a subset of M(n,F) of the form B(T), for some 7T, a
basic matriz variety (over F ). When clear, we abbreviate the latter name

as: b.m.v. (over F).

Clearly, a basic matrix variety can be described as any set of matrices where
a specified subset of its entries are forced to be 0, and all the remaining

entries are allowed to be arbitrary.
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b) Results

i) Proposition App. 13
We have the following two results:
1) {Ba C M(n,F) la € A} is a family of b.m.v.’s (over F) =
.4 Be is also a bam.v. (over F).

2) B isab.m.v. (over F) and II,¥ € Perm(n,F) =

IIBY is also a b.m.v. (over F).

Proof.

1) B, is a bm.v. (over F) = [ by definition of a b.m.v. ]
B, = B(T,), for some T, C{1,...,n}2. Thus:
ﬂae 1Ba = ﬂae 4B(To); but clearly by definition of the opera-
tor B, the latter is B ([ _,Te)- As Ta € {1,...,n}?, certainly
ﬂaeATa C {1,...,n}?; and so by letting T = ﬂaeATa, we have,
with the previous: T C {1,...,n}?, and () _, B« = B(T).

This proves (1).

2) As B isab.m.v., by definition: B = B(T), forsomeT C {1,...,n}>.
Now IIB is B, with the rows of each its elements permuted by II;
IIBY is IIB, with the columns of each of its elements permuted by
V. Thus, as B is the set of matrices where the entries in the positions

of T are all 0, and the other entries are arbitrary, so II B¥ is a set of
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matrices where the entries in certain positions are all 0 (even with the
same number of positions as in B) and the other entries are arbitrary.
Thus, [IBVY isab.m.v.

This proves (2).

ii) Proposition App. 14
We have the following two results:
1) YeD(n,F) = C,(Y) isabm.v. (over L).
2) YC D(n,F), and II is any map where II: Y —s Perm(n, F)
=

Myey [H(Y) : CL(Y)] is a b.m.v. (over L).

Proof.

1) This follows at once from Proposition App. 10a, by letting
T={1,...,n}* ~T({Y}) C {1,...,n}> — and then immediately
we have: Cr(Y) = B(T).

2) This now follows immediately from Step (1) above, then using Propo-
sition App. 13, Part (2), and then finally using Proposition App. 13,

Part (1).
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iii) Proposition App. 15 (A Key Argument)

Let B be a basic matrix variety (over F).

Then:

Gln,F)NB#0 = Perm(n,F)NB#0.

Proof.

1) As B isab.m.v., we may let: B = B(T), forsomeT C {1,...,n}2.

2) Asgiven G{¢(n,F)NB # 0, then B contains an invertible element P
(of M(n,F)).

3) As P is invertible, at least one of the entries in its first column is
not 0. Consider the set of all entries in its first column that are not 0.
For each such entry, consider the (n—1)x(n—1) submatrix obtained
from P by crossing out the row and column of that entry. At least
one of these (n — 1) x (n — 1) submatrices so obtained, must have
determinant not 0; otherwise, by expanding P about its first column,
P would have determinant 0 [recall, by construction, these particular
(n—1) x (n — 1) submatrices “run over” precisely the entries of
column 1 of P, thatarenot0]. Let @ be one of these (n—1)x(n—1)
submatrices, and let (z,1) be the entry from which it was “obtained”.

4) As P belongs to B, and by Step (1): B = B(T); then by definition

of T, we thus must have: (3,1) € T'. Thus, by definition of a b.m.v.,
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the (%,1)-entries of B must be arbitrary. So B certainly contains a
matrix with a 1 in the (Z,1)-entry. As the rest of the entries in that
column are either 0, or arbitrary, B certainly contains a matrix with
first column all 0’s and a 1 in position (%,1). Similarly, as the rest of
the entries in that row [ row 7 | are either 0, or arbitrary, B certainly
contains a matrix with first column all 0’s, a 1 in position (¢,1), and
all other entries in row % are (’s.

5) Now let B = the subset of B, where each matrix has column 1 all
0’s, with a 1 in position (7,1), and all other entries in row ¢ are 0’s.
By Step (4), B is a non-empty subset of B: 0 #BC B.

6) Now let B’ = theset of (n—1)x (n—1) matrices, obtained from B,
by taking each element of B, and crossing out column 1 and row i.
By construction of both B', and Q above, clearly: Q€ B'.

7) Furthermore, as B is a b.m.v., certain of its entries are forced to be 0,
and all the remaining entries are allowed to be arbitrary. Thus, in
Step (5), following the construction of B from B, clearly the (i,1)-
entry of B is forced to be 1, certain other entries are forced to be 0,
and all the remaining entries are allowed to be arbitrary. Thus now,
in Step (6), following the construction of B’ from B, clearly we
have only that certain entries of B’ are forced to be 0, and all the

remaining entries are allowed to be arbitrary. Thus, B’ is a b.m.v.
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8) Now as Q is invertible and belongs to B', and B consists of
(n—1) x (n — 1) matrices and [ by Step (7) ] is ¢ b.m.v., inductively
we may assume that B contains an (n—1) X (n — 1) permutation
matrix, say ¥. Thus, by the construction now of B, this set itself
contains an n X n matrix where ¥ is in “Q’s” position, and column 1
is all 0’s, with a 1 in position (Z,1), and all other entries in row ¢ are
0’s. This resulting matrix, by its elementary construction, is clearly a
permutation matrix, and is contained in B. By Step (5), the latter is

a subset of B; and hence, B contains a permutation matrix.

By induction, this completes the proof. |

iv) Proposition App. 16 (A Key Result)
Let Y C D(n, F).
Let M € Gé(n, L).

Suppose M normalizes ): M~ IYM =).
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Then:
31 € Perm(n, F):
i)y MIIt € CF (D).
i) vYey: I'YO=M1YM.
Le., the conjugation action of M on ), “can be replaced”,

element-wise, by the conjugation action of a single permutation

matrix on ).

ii) I YyO=M"1YM.
Proof.
1) As given that M normalizes }:

1) VYeY:-3Zey: MYM'=2.

2) As Y and Z in the above equation are diagonal matrices, the diagonal
entries of Z must be a permutation of the diagonal entries of ¥ [ e.g,,
take the characteristic polynomial of both sides of the above equation ].

Thus, by basic properties of permutation matrices:
JI(Y) € Perm(n, F): Z=II(Y)YII(Y) .
Substituting this in (1), we have:

(2) VY eY: (YY) €Perm(n, F): MY M =I(Y)YI(Y)".
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Hence:

VY € ¥: 3N(Y) € Perm(n, F):  MIIY)™ € CL(Y).
So:

VY € Y: 3I(Y) € Perm(n, F): M eTI(Y)-Cr(Y).
Thus:
(3) Me () [I(Y)-CuY)].

Yey

3) Now by Proposition App. 14, Part (2), the RHS of (3) above is a basic
matrix variety. As M is given invertible, this b.m.v. contains an invertible
matrix. Thus, by Proposition App. 15, this b.m.v. contains a permutation

matrix, say II. Thus: II € [the RHS of (3) ] . Thus, at once:
VY ey: Tell(Y)-Cy(Y).
Hence [ recall Cr(Y) is the centralizer of Y (over L) J:
VYey: OYOi=I(Y)YI(Y)
Thus, by (2), we have:
V¥ey: OYO'=MYM™.

Thus:

VYey: MUtec({v}).
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Hence:

Mute N c, ().

Yey

So, clearly, at once:

MIITt e C(Y).
Since both M and II are invertible, we now have:
(4) MO 'ecr ().
This proves (i).
4) By (4), we have:

M=I1IC, for some C €CL(Y).

As Cr()) is the centralizer of ), the previous gives (ii) immediately [ by

direct substitution of M |.

The result in (iii) follows immediately, and a fortiori, from the result in (ii).

v) Corollary App. 17

Let A,BC D(n,F).
Let P € G4(n, L).

Suppose: P 'APCB.
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Then:

31 € Perm(n, F): TI-'All=P'AP CB.

Proof.
1) Asgiven P! AP C B, we have:

(1) VA€ A:3Be€B  P'AP=B.

2) Equation (1) is very similar to equation (1) in the Proof of the previous
result — Proposition App. 16. As A and B here are both diagonal

matrices, Steps (2)—(4) of that same Proof follow identically, with:
“M”=P, “Y”=A, “Z”=B.

3) This gives, in particular, the result (iii) of that Proposition — which here,

in the above notation, gives:
311 € Perm(n, F): NI 1ANI=P'AP.

Together with the last line of the given, the previous gives the conclusion

of this Corollary.
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F. Centralizers of Algebras and Matrices
Proposition App. 18
Let A be any k-algebra.

For all S C A, let C4(S) be the centralizer of S in A:

Ca(S) = {ac AlVs€ S: as=sa} C A.

Then:
VS C A:

1) SCTCA = Ca(S)2Ca(D).
2) S CC%(9).
3) C5(S) = Ca(S).

4) S is itself the centralizer of some subset of A <= C%(8)=S.
Proof.

1) As the centralizer operator is (trivially) inclusion-reversing, this is immediate.

2) Let s € S. So, by definition: Ve € C4(S): sc = ¢s. Thus: Ve € C4(9):
cs = sc. Thus, by definition: s € CA(CA(S)) = C%(S). As s is arbitrary, we

have: S CC%(9).
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3) By the previous: S C C%(S). Thus, by Step (1): Ca(S) 2 C3(S). But
Ci(S) = Cﬁ(CA(S)); and using the previous again: Ci(CA(S)) 2 Ca(9). So
now we have: C3(S) 2 C4(S). The conclusions of the last, and the second,

sentences here give: C4(S) D C3(S) 2 Ca(S). Thus: C5(S) = Ca(S).
4) («<=):

Ci(S) = § => S = CaCa(8)). Thus, S is the centralizer of

Ca(S) C A.
(=)

Suppose: S = C4(T), for some T C A. Thus: C3(S) = C3(T). So,
by Step (3) above: C%(S) = Ca(T). Thus, by the supposition here on S:

C2(S) = S.

Proposition App. 19
LetneF.
Let L/F be any extension of fields.

Let A, B C M(n, F).
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Then:

Cr(A)=Cr(B) <= Cr(A)=Ci(B).
Proof.

(«<=) This follows immediately, by intersecting both sides of the RHS of the desired

conclusion, with M(n, F).

(=) 1) In this step, we will use the Hilbert Basis Theorem at one point. (It might
be possible that the original desired conclusion can be obtained without
the use of this.)

Let E be any extension field of F', and D C M(n,E). We show that

with Cg(D), its argument, D, can be “replaced” with a finite subset of

itself.

a) Now by definition:

1) Cs(P) ={CeMn,E)|VYDeD: CD-DC=0,}

[ recall, O, is the n x n zero matrix |.
When written out entry-wise, the matrix equation: CD—-DC = O, is
a system of n? (potentially infinite) homogeneous linear equations for
the finitely—many [ = nz} entries of C. The coefficients in each such

equation are from the matrix D alone — and so, also, are coefficients

from k alone.
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Let S(D) be the set of homogeneous linear equations just described.
Thus, S(D) is a set of (potentially infinite) homogeneous linear equa-
tions in n? unknowns (the entries of C'), with coefficients from k.

Thus, we may say:
@) Ce(D) =

{C € M(n,E) lthe entries of C satisfy all equations of S(D) }

b) Now using the Hilbert Basis Theorem, the solution set of the equa-

tions in S(D) [being linear, and hence polynomial], belonging to any
particular extension field of k, is the same as the solution set of some
finite subset of S(D).
Let F(D) be any of the finite subsets of S(D) just described. Thus,
F(D) is a finite set of homogeneous linear equations in n? unknowns
(the entries of C), with coefficients from k, and whose solutions, over
any particular extension field of k, are the same as the solutions of
S(D).

Thus, we may now say:

(3) Ce(D) =
{C’ € M(n,E) l the entries of C satisfy the finitely~many equations of F(D) }
2) Now let F(D) be as in Part (1,b) above. By using the reduced-row ech-

elon form for F(D) [as it is finite], its n?~variable solution set over the
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extension field E of k, is generated by some basis of (the k~vector space)
M(n,k). Let G(D) C M(n,k) be any such basis. [ Thus note: G(D) is
necessarily finite; and, in fact, Ig(’D)l <n?.]

Thus, by (3), we may now say:

Ce(D) = Spang(G(D)) and dimg(Cx(D)) = |G(D)|-
Summarizing, starting from Step (1) above, we may now say:
(4) Y E an extension field of k: VD C M(n,E):

3G(D) a k-basis of M(n,k)
[ necessarily finite, and of cardinality < n? ]:
Cs(D) = Spang(G(D)) and dimg(Cx(D)) = |G(D)|-

3) Now we apply (4) to our given situation here.

So, we suppose:

(5) Cx(A) = Ci(B)-

Additionally, we may let:

(6) G(A)C M(n,k) beasin(4); and then also, in particular:

G(A) is a finite set of k-linearly independent elements of M(n,k), and

G(4)| < .
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a) Now by (4), first with E = k, and then with E = L; and then by (6)

— letting ]g (A)| = s, we have at once:

o Ce(A) =Span,(G(A));  dime(Ci(A)) =s.
Cu(A) =Spany(G(A);  dimy(Ci(A)) =s.
b) By (7) and (3), we have: Ci(B) = Span,(G(A)). So, in particu-
lar: Ci(B) 2 G(A). As (trivially) Cr(B) 2 Ci(B), we have now:
CL(B) 2 G(A). As Ci(B) is clearly as subspace of M(n,L), we

have: Cr(B) 2 Span,, (Q(A)) . Thus, by (3), we now have:
(8) Cr(B) 2 CL(A).

c¢) Now using (4), with “D” = B, we have:

dim;(C(B)) =|G(B)| [“E” =L, “D” = B, in (4)]

— dim, (Spa.nk (g(B))) [“E” =k, “D” = B, in (4)]

= dimy (Cx(B)) [“E” =k, “D” = B, in (4)]
= dimy (Cx(4)) [by (3)]
= dimy (C1(A)) [by () ].

Thus, summarizing:
(9) dimy, (CL(B)) = dimy, (CL(A))-
d) Thus, by (8), and (9), we have at once:

Cu(B) = C(A).
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This completes (=), and so completes the proof.
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