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Abstract
iv

Conjugate Reducibility of Families of Block-Diagonal Matrices,

Over an Extension Field of a Perfect Field; 

and Applications to Matrix Subalgebras and Subgroups

by

Martin L. Brock

Advisor: Professor Martin Moskowitz

For L /k  a field extension, k perfect, and M(n, F ) the n x n  matrices over field 

F, the main question is when can certain families of M(n, L) be conjugated into 

M(n, A;), by an operator from G£(n, L). We say such a family  is fc-rationalizable over 

L. Henceforth, let L  be any extension of k. We also determine the maximal subsets of 

M (n, L ) that can normalize a diagonal family of M(n, L) and be fc-rationalized over 

L  together with it. The primary methods are Galois Theory and the imbeddings of 

a field extension into the algebraic closure of its ground field.

Chapter 1 introduces a  set of matrices viewable as block-diagonal “discriminant” 

matrices, and another viewable as block-horizontal “discriminant” matrices.

Chapter 2  exhibits all invertible matrices, that ^-rationalize over k, certain block-
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diagonal “discriminant” subsets. Those emerge, basically, as the block-horizontal 

“discrim inan t” matrices. Results over k  are then extended to any extension of k.

Chapter 3 exhibits general block-diagonal subsets, with suitably restricted cen- 

tralizers, which are fc-rationalized over L by some block-horizontal “discriminant” 

matrix. Those emerge as the block-diagonal “discriminant” matrices; thus a reverse 

form of the previous.

Chapter 4 exhibits all diagonal families of M(n, L) which are fc-rationalizable over 

L, and an important tight property of this exhibition. Chapter 5 gives an alternative, 

aesthetic, and quick way to “see” them.

Chapter 6 exhibits, for any fc-rationalizable over L  diagonal family of M(n, L ), a 

superset for its normalizing elements in G£(n, L) which can be ^-rationalized over L  

together with the family. This superset is achieved with certain “maximal” diagonal 

families. Exhibition results are given for certain non-“maximal” diagonal families, 

and even block-diagonal families.

Chapter 7 gives applications to the diagonalizable subsets of M(n,k) , k a perfect 

field. These include exhibitions and classifications of the subsets of M(n,k)  that 

are: diagonalizable, second centralizers of some diagonalizable subset, and m axim al 

diagonalizable; with their centralizers, second centralizers, and normalizers (or strong 

inclusions/imbeddings thereof) in M(n,k)  and M (n,L).

Applications to M(n, k ) can easily be a research subject: finite solvable or torsional 

abelian subgroups; k =  Q or GF(pn); small n; the solvable subgroups of M (n ,E2).
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Chapter 1
/

Introduction and Basic Notation

1.1 Introduction

Let k be a perfect field and L  an extension field of k. Let M (n ,L ) be the set of 

n x n  matrices with coefficients from L. The main question to be considered here, is 

when certain families M. C M(n,  L), can be conjugated into M(n.  fc), by an operator 

P e  G£(n, L). When there is such a P, we shall call this a fc-rationalization over L, 

of M ,  and say that M. is fc-rationalizable over L. We let M t{M )  be the elements 

of G£(n,L) that normalize M ,  and Cl {M)  be those in M{n,L)  that centralize M .  

Henceforth, suppose L  is any extension field of k. We shall also determine, for a 

^-rationalizable diagonal family Z  C M (n ,L ), the maximal subsets of Ml{Z), 

which, when joined together with Z,  can still be fc-rationalized. The methods used 

axe primarily Galois Theory and the set of imbeddings of a field extension into the

1
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algebraic closure of its ground field. The only restriction on the ground field is that 

it be perfect. (This is a “weak” restriction; it includes all fields of characteristic 0, all 

finite fields, as well as certain infinite fields of characteristic p.)

Among a  number of objects defined and discussed in Chapter 1 , are the map A$. 

the block-diagonal matrices which form its image, and the set of matrices V £ . In the 

former, the block-diagonal matrices are each formed first, by a single matrix over an 

intermediate field of k/k ,  block-diagonalized together with all its images under the 

imbeddings of that intermediate field in k ; and then, blocked-diagonalized together, 

similarly, with other matrices (of arbitrary dimension) over other such intermedi­

ate fields, together with all their similar such imbedding images; all together in one 

matrix. Each such resulting matrix might be thought of as a block-diagonal “discrim­

inant” matrix of matrices, using submatrices of arbitrary dimension. In the latter, 

the matrices of V£ are also formed, first, by a single matrix over an intermediate field 

of k/k,  but joined together horizontally with all its images under the imbeddings of 

that intermediate field in k; and then further joined together horizontally, similarly, 

with other matrices (of arbitrary column, but constant row, dimension) over other 

such intermediate fields, together with all their similar such imbedding images; all 

together in one matrix. Each such resulting matrix might be thought of as a block- 

horizontal “discriminant” matrix of matrices, using submatrices of arbitrary column, 

and constant row, dimension.

In Chapter 2 , all invertible matrices are exhibited, that fc-rationalize over k, sub­
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sets of the image of the map A* [necessarily block-diagonal], with suitable restrictions 

on their centralizers. These invertible matrices are found to be, basically, the set of 

matrices V£ itself; i.e., a certain set of block-horizontal “discriminant” matrices. The 

complete result is stated in Corollary 2.C.6. This result relies, among other things, 

on Lemmas 2.C.1, and 2.C.3; and these are where the key underlying arguments axe 

contained. The argument in the latter lemma is deeper, and involves the “untwisting” 

of an implicit condition, found in the first line of Step 2 of its proof. Possible fur­

ther exploration of the last condition stated, in the above-mentioned Corollary 2.C.6, 

could be a subject for further research. The previous results of Chapter 2 were all 

established over k. These results are extended to any extension of k, in Section 2.5.

In Chapter 3, all subsets of block-diagonal matrices, with suitable restrictions on 

their centralizers, are exhibited, which are ^-rationalized over L, by a given element 

of V$. These subsets are found to be precisely the subsets of the image of A* itself; 

i.e., a certain set of block-diagonal “discriminant” matrices. The result is stated in 

Theorem 3.B.1; and is a reverse form of the above Corollary 2.C.6. The key, and 

deeper part of the argument is in the reverse direction of its proof, and involves the 

“untwisting” of an implicit condition, found in the last line of Step 4 of the proof. 

This result allows an important extension, that exhibits all “sufficiently large” families 

of block-diagonal matrices, with suitable restrictions on their centralizers, which are 

fc-rationalizable over L  -  at all. The result is given in Theorem 3.B.2.

Now let D(n,L ) stand for the diagonal matrices in M(n,L).  In Chapter 4 , the
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families of D(n,L)  are exhibited which are A:-rationalizable over L, together with 

an important tight property as part of this exhibition. This result is to be found 

in Theorem 4.B.4; with that important property the last item in its statement. An 

alternative way, simple and succinct, to view the previous result -  the families of 

D(n, L) that are fc-rationalizable over L, is given in Theorem 5.C.I. This is an 

aesthetically important result, which, among other things, allows one a quick way to 

“see” these families.

Referring back to Chapter 1 for a  moment, a simple construct called a  field setting, 

and usually denoted by is defined. It is an r-tuple of 3-tuples, where each 3-tuple 

is (essentially) an intermediate field of k /k  and its imbeddings into k. A reduced 

field setting, which is defined in Chapter 6 , is a simpler and more natural type of 

field setting, and which also turns out (easily) to be “equivalent” to any field setting. 

Most results are stated using one of these constructs, including the next result.

If Z  is a  family of D(n,L),  which is fc-rationalizable over L, we determine the 

maximal subset of N l(Z)  that can be fc-rationalized over L, together with Z.  The 

result, organized slightly differently, is essentially contained in Theorem 6.F.1, 

Part (1) [Theorem 2.D.2 and Theorem 6.C.2 make the result complete, virtually 

at once]. This maximal subset is actually achieved in certain “maximal” cases of Z\  

and this result is similarly given in Theorem 6.F.2. This maximal subset is:
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th e  p ro d u c t o f {the image of the map A<j> j  and

{{certain powers of permutationally-represented Galois groups (over k ) of the 

intermediate fields of $  } tim es 

{a set of larger-dimensioned permutation matrices, simply derived from $ } j.

Structurally (and this result is also given in Theorem 6 .F.1 ), this maximal subset is 

a  group isomorphic to:

Li=l
XI I I  [< ? < « ./* ) ” * * S m,]

Jl=l

where K i , . . . , K r are intermediate fields of k /k  (and also the intermediate fields of 

$); Kix, . . . ,  Kj^ are a subsequence of these intermediate fields; Smh is the symmetric 

group on to/, letters; and several constraints exist among these and the other quantities 

above, including: T,ri=1ai[Ki : k] =  £ L i aiJ# ih  : k]mh =  n; mh =  r. In

the previous, for families Z  which may not be “maximal”, the above m axim al subset 

may give more than the desired elements of M t{M )  which are fc-rationalizable over 

L, together with Z.  Finer work on an exhibition for these “in-between” cases can be 

a subject for further research. Some significant results of this type are to be found 

(though not stated in this full format) in Lemma 6.E.2, Part (1) and Lemma 6 .E.5 . 

We note that Lemma 6.E.2, Part (1) actually goes a little further than the present 

context, which applies to diagonal matrices, in that this Lemma applies, a t the start, 

to certain families of block-diagonal matrices.

Chapter 7 applies the results of the previous chapters to the diagonalizable subsets
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of M(n, k ), k  any perfect field. Let L  be any extension field of k. The main results 

are in Section 7.3, and include exhibitions and classifications of:

i) all the diagonalizable subsets of M{n,k ); their centralizers in M (n ,k ) and 

M(n, L), their second centralizers in M(n, k) and M(n, L), and strong inclusions 

(or imbeddings) for their normalizers in M (n ,k ) and M(n, L)\

ii) all the subsets of M(n, k ) which are second centralizers of some diagonalizable 

subset of M(n, k) [i.e, Cf (• • •) ]; their centralizers, their second centralizers, and 

their normalizers in M(n, k) and M (n , L);

iii) all the maximal diagonalizable subsets of M(n, k); their centralizers, their sec­

ond centralizers, and their normalizers in M(n, k) and Af(n, L).

Specific results regarding the latter — the maximal diagonalizable subsets of M (n, k) , 

include: these subsets are isomorphic to n[=i Ki, for some intermediate fields 

Ki, . . . , K r of k /k ; their first and second centralizers are both isomorphic to the 

same product of intermediate fields; their normalizers are isomorphic to:

[lli=i K*  ] >< IUUi [Ga^ { K i j k ) mh x| SmJ  j , where K i y are a subsequence 

of the previous intermediate fields, Smh is the symmetric group on mh letters, and 

several constraints exist among these and the other quantities above, including: 

2X=i[^t : k] = Ylh=i[Kih : k]m h =  n ; T/h=i m h = r; and, lastly, the quo­

tient of their normalizers by their invertible centralizing elements is isomorphic to:
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Using the results, particularly of Chapter 7, applications to M(n, k) can well be 

a subject for further research (and sometimes obtained or explored rapidly). For 

example: applications to those subgroups which are finite solvable [because they 

normalize a non-trivial diagonalizable subgroup], or are torsional abelian [the results 

imbed these in direct products of the multiplicative groups of cyclotomic extensions 

of fcj; when the field k is Q or GF(pn); when the dimension n is low, e.g., n = 2, 3 

[much drops out of many constraints given in those results, such as the sum m ation 

contraints mentioned above]. A particular application to the solvable subgroups of 

M (n,E2) can well be a subject for further research; particularly given that there, the 

set of scalar matrices (the center) is trivial.

Some results of the Appendix may be interesting in their own right; e.g., Propo­

sition App. 16, and Corollary App. 17.

1.2 Basic N otation—General

The main objects we will be using are: fields, imbeddings of fields, matrices over 

fields, permutations and permutation matrices. In this section, we make definitions 

of, give notations for, and list properties of various constructs that will be used in 

connection with the above (and other) objects.
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1.2.1 Functions

a) Let S  and T  be sets, and let f : S  -± T .  We let:

the image of /  =  I m ( f ) =  {t € T\3s 6  S: f ( s ) =  t}.

b) Let S  be a set. We let:

the identity function on S  = ids = (ids: S  S, ids: s s).

c) Let S  be a finite set.

i) We let:

the cardinality of S  =  |S|; so that |5| € N

ii) We say that a function /  is an enumerator of S , when /  is 

bijection from {1 , — , |S|} to S. I.e.:

the set of enumerators of S  — the set of bijective elements of

1.2.2 Fields

a) Let k be a field. We let:

algebraic closure of k = k.

b) Let K f  F  be an extension of fields. We let:

the set of F-imbeddings of K / F  into K  =  Iso(K/F)

=  \ r : K  K  | t \F =  idp} •
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We note that if K / F  is a finite extension, then I so (K /F ) is finite, and 

\Iso(K/F)\ < [K : F]. Moreover, if K / F  is a finite, separable extension, then 

\Iso{K/F)\ — [K : F\. In our applications, F  will always be perfect, m aking 

all finite extensions of F  separable.

c) Let K / F  be an extension of fields. We let:

the Galois Group of K / F  =  Gal(K/F) =  {a: K  ^  K\ a\F =  zdF} . 

Clearly, Gal(K/F)  C Iso{K/F).

d) Let K / F  be an extension of fields. We let:

the set of intermediate fields of K / F  which are finite extensions of F  =  

In i /{K/F ) =  {L an intermediate field of K/F\ L is a finite extension of F } .

e) F ield-theoretic Conjugacy

Let k be any field.

i) Conjugacy o f Elem ents o f Fields

Let a, (3 € k .  We let:

a  is ^-conjugate to 0 = a  f3 4 ^  3cr e  Iso (k(a) /k ): a(a) =  (3.

So, clearly, we note that is an equivalence relation on k. Moreover, the 

^fc-equivalence class of a  is finite, and is, in fact, the set of roots of the 

minimal polynomial of a  over k.
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ii) Conjugacy of Fields

Let K, L  be intermediate fields of k/k.  We let:

K  is ^-conjugate to L  =  K  ~ k L 3a € Iso(K/k): a(K)  =  L.

Again, clearly, we note that is an equivalence relation on the set of 

intermediate fields of k /k  (and where all '^-equivalence classes of finite 

extensions of k in k are finite).

1.2.3 Rings

Let R  be a ring with identity, the latter denoted by 1#. We let:

the group of units of R  =  R x = { « 6  H(3u € R: uv = v u=  1#}.

1.2.4 M atrices

Matrices are main objects of concern here, and will be used often. In particular, there 

will be notation for several ways of jo ining matrices together to construct larger (or, 

technically, no smaller) matrices. The notation for the block-diagonal way of j oining 

matrices together, described below, will be used frequently throughout this paper.

Part A: Basic Sets o f M atrices

Let R  be any commutative ring with identity, and let its additive identity element be 

Or , and let its multiplicative identity element be 1#.
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Let n ,ra ,a  G It .

We define the following sets of matrices:

i) M(n  x m ,R) =  the /2-module o f n x m  matrices over /2;

ii) M (n, R ) =  M (n x n , R )  = the /2-algebra of n x n  matrices over Z2;

iii) Gl(n, R) = (M (n , R))x = the group of invertible n x n  matrices over /2; 

thus we have also: Gl(n,R) =  {P  € M(n,R)\det(P) G /2X};

iv) D(n, R) =  the /2-algebra of diagonal n x n  matrices over /2;

v) Scalar(n, R) =  the /2-algebra of scalar n x n  matrices over R;

i.e., Scalar(n,/2) =  {rln G M(n,R)\r  G /2} (here, In is the n x n  identity matrix 

over R, defined next).

We define the following particular matrices:

vi) the zero matrix:

the a x  a zero-matrix over R  = Oa(R) =

vii) the identity matrix:

the a x  a identity matrix over R  = Ja(R) =

0 r • • • Ob

Ob • • • Ob

G M(a,R).

1R

G M (a , R).
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viii) the canonical nilpotent matrix:

the canonical a x a nilpotent matrix over R

=  Na{R) =

Oi? 1 R

12

1*

Or

G M(o, R )

( N l ( R )  =  [O r]).

When clear, we abbreviate (M (n,R))x by M x (n,R),  and Oa(R),Ia(R) ,Na(R) by, 

respectively, Oa, Ia, Na.

Part B: Concatenation o f M atrices

This is one of the constructions for j oining matrices together to form a la rger (tech­

nically, no smaller) matrix. Here, R  is any commutative ring with identity.

1) Let A  G M(n  x p, R) and B  €  M (n  x q, R ); n ,p ,q G Et. We let:

the concatenation of A  and B  = .A® B  = G M ( n x  (p + q),R),

We note that the only constraints on the matrix arguments of “ (Q) ” is that 

these arguments have ihe same number of rows.

2) As “ (U) ” is clearly associative, we may define its iterates in the following obvious 

and recursive way:

®  Ai =  Ar e M ^ n x  ,&)  5
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(D (D Aij = (ID (̂JD A yj 6 J l f | n x  ’ ^ )  ’ 6tC'

In this paper, with few exceptions, we will have no need to extend the iterations

of “ (U) ” beyond the double level indicated above.

3) The definition in item (1) above may be extended naturally from individual 

matrices to subsets of matrices, as follows.

Let A  C M(n  x p , 72) and B  C M(n  x q, 72). We let:

A ® B  = { A ® B \ A e A , B e B } C M ( n x ( p  + q)tR).

r  r 8
Similar to item (2 ) above, we define the iterates: (fl).4i, (H) (J) Aij.

i=l i=lj=l

Part C: Block-diagonal Join o f M atrices

This will be, by far, the most important, and frequently used, construction for joining 

matrices together. Here, 72 is any commutative ring with identity.

1) Let A  G M (n  x m, 72) and B  € M(p x g, 72); n, m,p, q e  I t .  We let: 

the block-diagonal join of A  and B

A  O
A @ B  = e M ( ( n + p )  x ( m  + q), 72).

O  B

We note that ©  applies to any two matrices; there are no constraints on the 

arguments of “ ©  ”.
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2) As ” is clearly associative, we may define its iterates in the following obvious 

and recursive way:

In this paper, with few exceptions, we will have no need to extend the iterations 

of “ @ ” beyond the double level indicated above.

3) The definition in item (1) above may be extended naturally from individual 

matrices to subsets of matrices, as follows.

Let A  C M(n  x m, R ) and B C M  (p x q, R ). We let:

A © B  = { A © B \ A e  A , B e B } C M { ( n + p )  x (m + q),R).

r  r  8
Similar to item (2 ) above, we define the iterates: @ Ai, ©  ©  Aij.

t=l t= lj=l

4) Frequently, we will be iterating “ @ ” over identical matrices, or over identical 

subsets of matrices. In order to emphasize this, and as an important conve­

nience, we introduce the following notation.

Let A  G M(n  x m,R)  and r  e  Itf\ We let:

T

A.(r> =  M(rn  x rm, R).
i—1

So, is the “r-fold” block-diagonal join of A  with itself.

This definition may be naturally extended to subsets of matrices, as follows.

© A =  (g )  x

s  @ A i = © 6 M H x  , - R) ; etc.
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Let A  C M(n  x m, R) and r  € We let:

= (Q A Q  M(rn  x rm, R).
i=i

N .B .: By definition: A ^  = @ A  = \© A {  Ai <5 .4.1. Take care to note, thus:
i=l U=i J

A ^  7A A g  (unless, of course, |.4| < 1).

Part D: Perm utation M atrices

These matrices will be used liberally throughout this paper. In particular, the block 

permutation matrices, described below, will be used especially.

Let R  be any commutative ring with identity, and let its additive identity element be 

Oh, and let its multiplicative identity element be 1#.

1) Let n  e  Tfi. We let:

the group of permutations on n letters =  Sn

= the set of bijective elements of {1 , . . . ,

2) Basic Perm utation M atrices

Let n  e  EJ\ We let the map IIn, a standard map, be defined as follows.

{ 1h, i = p(j)

0R, else.
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So, we note the following.

i) For A G M(n,R):

AHn(p) = “A, where column(i) has become column (p(z))” .

ii) For A € M(n, R ):

IInip)A =  “A, where row(i) has been moved to row(p(i))” .

iii) n n is a group imbedding of Sn into Gl(n, R).

iv) For D  6  D(n , 1?):

Iln(p) -1  £>IIn(p) =  “£>, where the diagonal entry

/ms become the diagonal entry”.

v) For D  G D(n, i2):

nn(p) D Ilnfc) -1  =  “D, where the ith diagonal entry

has been moved to the p(i)th diagonal entry”.

3) B lock Perm utation M atrices

Let n  G E3". We define the map !!«, as below. This map generalizes the previous

map, Iln, to “block” permutation matrices.

^ 0°
fin: Sn x I t . — >• ( J M(in, R)

i =1

1r ‘replaced by’ Ia 
fin: (p,a) i—> “ nn(p), with each I ” .

[ Oft ‘replaced by’ Oa

So, for a G El", we note the following.

i)  For B  G M(an,R): BUn(p, a) = “B, where the ith block of ‘a ’ columns 

has become the p(i)th block of ‘a ’ columns”.
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ii) For B  E M (an,R ): n„(p,a)B  =  “B, where the ith block of ‘a’ rows has 

been moved to the block of ‘a ’ rows”.

iii) n n (Bn x {a}) is a group imbedding of Sn into Gl(an, R).

iv) For E  G M(a, R ) ^ :  Un{p, a)- 1Bfln(p, a) =  “B, where the ith (a x a)- 

diagonal subblock has become the p(i)th (a x a)-diagonal subblock”.

v) For E  € M (a ,R )^ :  f ln(p,a)EUn{p,a)~1 =  “E, where the ith (a x a)- 

diagonal subblock has been moved to the p(i)th (a xa)-diagonal subblock”.

Vi) n n(p) =  ftn(Pj 1).

4) Sets o f Perm utation M atrices

Let n,a  e Vj . We define the following sets of permutation matrices.

a) Perm(n,R) = Im(Un) C Gl(n,R). The elements of Perm(n, R) will be 

called basic permutation matrices on n  letters. When clear, they will sim­

ply be called permutation matrices.

b) Perm(an, 7a, R) =  n„(5n x {a}) C  Gl(an,R). The elements of 

Perm(an, 7a, R) will be called (a x a) -block permutation matrices on n 

letters.

So, we note the following.

i) Perm(n, R) «  Sn.

ii) Perm(an,Ja, R) «  5n-
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Part E: Block-diagonal Join of M atrix Maps

In a natural way, we extend the block-diagonal join operator, “ @ ”, from matrices 

to matrix maps, as follows.

Let R  be any commutative ring with identity.

1) Let X , Y  be any sets; and let n,m ,p ,q  e  Tfr. Let f : X  M (n  x m ,R), 

g :Y  —>■ M(p x q, R ). We let:

the block-diagonal join of /  and g = f ©  g
( \  

f © g : X  x Y  M (n  x m, R )©  M(p x q, R)

f© g :  (x, y) <-»• f (x )  ©  g(y)

We note that “ ©  ” applies to any two matrix functions; there are no other

constraints on the arguments of ”.

2) As “ ©  ” is virtually, but not actually, associative on matrix maps, we define 

its iterates in the following obvious and explicit way:

t=i

©/»: n *  x mi, R)
i=1 i=1 i=l

©  /*: (M i,. . . ,  Mr) i-> @ fi(Mi)
'  t=l i=l

i=lj=l

( T 8 
©  ©  f i f  i l t l X i j  -5- ©  ©  x rmj, R)
i = l j = l  i = i j = i  i = l j = l

© © f ij:(M1,l j . . . , . . . , M r,a) ^ © © f ij(Mid)
\  i=lj=l i=lj-l

; etc.

3) Additionally, as an important convenience when iterating “ ©  ” over identical 

functions, we introduce the following notation.
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Let / :  X  —> M (n  x m , R ), and let r  E  I t .  We let:

/ (r) =  © / ;  so that / (r):X r - 4  M (n  x m ,R)(r).
i=l

Part F: D efinitions Referring To “Rationalizing”

We make the following definitions, which refer to the notion of “rationalizing”, and 

which will be used liberally throughout the paper.

Let R  be a commutative ring with identity. Let A  C  R  be a subring. Let n E  Ef, 

y  C M(n, R), P  E  G£(n, R). We let:

1) P  A-rationalizes 3  ̂ P y P ~ l C M (n,A).

2) y  is A-rationalizable over R  4=5- 3P  E  G£(n, R): P  ^-rationalizes

In most of our applications, we will have a field extension, L/k, and, in the above 

definitions, we will be taking R  = L, A  = k.

Part G: M atrix Centralizers and Norm alizers

We make the following definitions for the centralizer and normalizer of subsets of 

matrices. The former will be used liberally throughout the paper, and the latter will 

be used liberally throughout the latter part of the paper.

Let R  be a commutative ring with identity. Let n  E  Tfr, A  Q M(n, R). We let:

1) the centralizer of A  in M(n, R) = Cr (A)

= { M e  Af(n,R)|Vi4 € A: M A  =  A M }  C M (n,R).
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2) the normalizer of A  in G£(n, R) = N r ( A )

= { P e  Ge{ntR)\P~1A P  = A } C  G£(n, R ).

1.3 Basic N otation—Specific

The notation defined here refers to constructs that are probably very specific to this 

paper. The constructs, ‘field element’ and ‘field setting’, defined below, are both 

simple and fundamental to this paper. Their definitions were motivated out of what 

(for the most part) seemed to be the objects frequently recurring in at least both the 

main arguments and conclusions of this paper. They also seem to be (for the most 

part) perhaps the fundamental objects upon which at least the main the arguments 

and results of this paper refer.

Please note that these constructs are not intended to represent anything rich or deep, 

and are mainly intended as what seems a natural convenience.

These constructs, together with the several functions defined on them below, are the 

constructs with which most definitions are made, with which most results are stated, 

and are used throughout this paper. Note that the functions defined below on these 

constructs would seem to have, at times, a richer and deeper structure.

Here, as virtually throughout this paper, we take k to be a perfect field. (So, in 

particular, k can be any field of characteristic 0 , or any finite field.)
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1.3.1 F ield  Elem ents

A field element over k, say 0, is a triple: <j) =  (K , a, a), where:

i) k C K  C k, and K /k  is a finite extension of fields;

ii) a is an enumerator for Iso (K /k );

iii) a € Et.

We immediately note the following: < r :{ l,...,n } —U Iso(K/k), where

n =  \Iso(K/k)\ — [K : k], (The final equality being true as k is perfect.)

When clear, we will denote a(i) by cr*.

1.3.2 B asic Functions on Field E lem ents

Let <j> =  (K, a, a) be a field element over k.

We make the following definitions.

i) K<p = K\ =  <j; a<j, =  a.

ii) n* =  [.K : k] =  \Iso(K/k)\ €

iii) dim 0  =  an^ € E5\

iv) The map is defined as follows:

A*: M(a, K ) - + @ M  (a, a^K))
1=1

A f i M  @ (Tj(M).
i=i
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Clearly, A ,̂ is a fc-algebra imbedding.

Remarks

a) Clearly, we have the following.

i) Im (A*) C  M { a ,k ) ^ \

In particular, Im(A#) C M(dim <f>: k).

ii) In fact, 7m(A^) C M(a,E)(n^  and Im(A#) C M (dim^, E), where E  

any intermediate field of k /k  containing \J{a(K)\cr G Iso(Kfk)}.

These observations will be used throughout the paper.

b) Clearly we have:

a: { 1 , . . . , ^ } - %  Iso(K/k).

This observation will also be used throughout the paper.

1.3.3 Param eterized Functions on Field Elem ents

Let <f) =  (K , a, a) be a field element over k.

We make the following definitions.

a) M atrices o f a Field Element

Let N  G El". Wie let:

v N,<p =  (dD <*j{Q) 
u=i

x a ,.* o jQ € M (N  x a , K ) \  C  M (N  x  an *, ft).
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Then we may say that Vjv,<*> is the set of matrices (necessarily N  x an$) 

consisting of the Jf/fc-conjugates of the matrices of M {N  x a, K), laid out, 

horizontally, in “ a ” order.

b) Perm utation M atrices o f a Field Elem ent

Let E  be any intermediate field of k /k  containing \J{a(K)\cr G Iso(K/k)}.

Let r  G Iso (E /k ) and 7  G Gal(K/k).

We let the following be defined.

1) i) Hr,$'■ Iso(K /k) —>■ Iso(K/k), 8  i-> r  o 8.

Clearly, is bijective.

Clearly, also, we may say that is “ left-multiplication by r  ”.

ii) Pr,<t> =  o ' 1 o ^  o cr: {1 ,... ,n^} -*• {1 ,... ,n^}.

Clearly, pT̂  G 5n0, as both cr and pT̂  are bijections.

Clearly, also, we may say that pT$  is “ the index-representation of 

left-multiplication by r, according to a ” .

iii) IL.,* =  fin<t>(pr,<p,a) G Perm(an^,/a,fc).

Clearly, we may say that IiT̂  is the (canonical) representation of pTy<p 

as an (a x a)-block permutation matrix.

2) i) Iso(K/k)  —»■ Iso(K/k), 8 6 o 7 -1.

Clearly, Vy^ is bijective.

Clearly, also, we may say that Vy^ is “ right-multiplication by 7 -1  ” .
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ii) r7i<» =  a~x o o cr: { 1 , . . .  ,n * }  -► { 1 , . . .  ,« * } •

Clearly, r7^  € SUij>, as both a and uyt<j> are bijections.

Clearly, also, we may say that r7^  is “ the index-representation of 

right-multiplication by 7 -1 , according to a

iii) r 7)<̂ =  n n ,(r7>*, a) € Perm(an^, 7a, fc).

Clearly, we may say that is the (canonical) representation of r7î  

as an (a x a)-block permutation matrix.

1.3.4 F ield  Settings

A field setting over fc, say $ , is a finite sequence of field elements over k : 

$  =  (0 X, . . . ,  0 r ), where:

i) r  G I t ;

ii) Vi € {1 , . . . ,  r}: 0f =  (TQ, crW, Oi) is a field element over k.

When clear, we will denote by crf\

1.3.5 B asic Functions on F ield  Settings

Let $  =  (0 i , . . . ,  0 r) be a field setting over fc, with 0j =  (Ki, a®, ai) a field element 

over fc.

We make the following definitions,

i) n* =  j S i *  =  ^ [ K i : fc].
i- 1 i=l
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ii) d im $ =  y ^ d im ^  =  'y 'flilK j: fc].
t=l i=l

iii) The map A$ is defined as follows:

r J" r n4i , ... .
A* =  © A *: n  Mica, K i ) - + © © M  (oi,<rf (tf4))

i= 1 i=1 i=lj=l

A*: ( M i , . . . , Mr) ^  @ ©  <rf{Mi).
i=lj=l

Clearly, A$ is a fc-algebra imbedding.

Remarks

a) Clearly, we have the following.

i) Im (A*) C  © M (ai,k)(n*i\
i= 1

In particular, Im (A$) C M (dim $, fc).

ii) In fact, Im (A$) C  @M(oj, E)(n*J and Jm(A$) C  M(dim<E>, £Q, where I?
i=i

is any intermediate field of fc/fc containing U^_x U W T Q k  e  Iso(KiJk)}. 

These observations will be used throughout the paper.

b) Clearly, we have:

This observation will also be used throughout the paper.
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1.3.6 Param eterized Functions on Field Settings

Let $  =  (0 i,. . . ,  fc) be a field setting over fc, with fc =  (Ki: cr®, ai) a field element 

over fc.

We make the following definitions.

a) M atrices of a Field Setting

We let:

V* =  dD C  M(dim$,fc).
t=i

b) Perm utation M atrices of a Field Setting

Let E  be any intermediate field of fc/fc containing Ui=i \){&{Ki)\v € Iso(Kifk)}.

T

Let r  € Iso(E/k)  and 7  =  (71 , • • •, 7 r) € n ® > w * o .
i=l

We let the following be defined.

1) nT)* =  © n rA € ©Perm(ain ^ ,/a i,fc).
i=l i=l

2) $ =  ©̂ 'yi,<pi € © P e rm ^ n ^ , , fc).
i=1 1=1

1.3.7 Indexing Schem e Induced by a F ield Setting for D iag­

onal M atrices

Frequently in this paper, we will be working with diagonal matrices. A field setting 

naturally induces a useful, but non-standard, way of indexing the diagonal entries of 

a diagonal matrix. We define this below.
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a) S tan d ard  Indexing Scheme for Diagonal M atrices

Let n  € If , R  be a ring.

Let Y  € D(n, R ).

We make the following standard definition.

For i 6  { l , . . . , r } ,  we let:

b) Indexing Scheme Induced by a  Field S etting  for D iagonal M atrices 

Let A; be a perfect field.

Let $  =  . (f>r) be a field setting over k , with =  (K i,a^\a i)  a field

element over k.

We make the following definitions.

Yi — the i— diagonal entry of Y ; so that >* € R.

r
1) 1 *  =  U  ({*} X {1 ,. . . ,  n^} x { 1 ,..., Oi}) c  (Et)3.

We observe easily:
r

|2 *| =  {12̂  =  dim$.

2) The map h$ is defined as follows:

h*: i— ► +  (j -  1 )a i+ t.

It is easy to check that h$ is bijective.
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3) For Y  € D(dim $, R), and (i , j , t ) G 2*, we let:

=  Yh*(ij,t) =  the t)— diagonal entry of Y;

so that

The above indexing scheme, “ l(tj,t) ” , will be called the 3-tuple indexing scheme 

of $>. Its principal use and convenience derives from the following observation, 

which follows at once from the constructions of the maps h$ and A$.

O bservation

For i e  { 1 ,.. . ,  r}, let D W e  D(di, Ki).

Let Y  =  A* (£ > « ,. . . ,D « )  e D (d im $ ,k).

Then, clearly, by construction of the maps h# and A$, we have:

Yw> = # ( A W).

(Here, of course, = the t— diagonal entry of the diagonal matrix D®; 

so that D® € Ki; the notation in the quantity, “ ”, being a use of the

standard indexing scheme for diagonal matrices, as described in part (a) 

above.)
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1.4 Basic Lemmas

Throughout this section, k is a perfect field.

Additionally, for A  any invertible matrix, we let conjA(M ) =  A M  A -1. (Notice that 

conjA-\{M ) = A _1MA.)

1.4.1 On B lock-D iagonal Joins o f Square M atrices

The following fundamental and simple lemma, concerning block-diagonal joins of 

square matrices, will be used many times.

Lem m a l .D . l

Let R  be a ring.

Let n G it;  a i , . .. ,an E l t .

Let a G Sn.

Let Pa be the map defined by:

Pal © M(pi,R) — (aa(i), R)
i=l i= 1

Pa'. @ Ai I > @ Aa(i).
i= 1 i=l

Then: 3 II G Perm(ai -I 1- a„, R): Pff =  conjjj.
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Proof.

Clearly, it suffices to prove the result for n = 2.

Let a, b € Tfi. We will show that, for some II € Perm(a +  b, R), we have 

=  B@ A ,  for all A € M(a, R), B  e  M(b, R). WLOG, we may as­

sume a < b ,  for then the other case follows by using II-1.

Define the following permutation matrices (recall that here b — a > 0):

0 0 h 0 Ib—a o
0 Ib—a 0 , *  = la 0 0
la 0 0_ _0 0 la

and let II =  Clearly, we have r1=  & t f - 1 =  * , and

For A  G M  (a, R ) and B  € M(b,R), we calculate and follow the matrix multiplications 

as below, where the matrices B(1), B (2), B (3), B(4) have, respectively, the dimensions 

(6 -  a) x 6, a x 6, b x (& -  a), b x a.

m A 0
0 5

oo a 0
$ 0 Ib-a 0 0 B̂>

I* 0 0_ _0 B(2)
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=

o  s (2)

O  B V  

A O

O h - a  O

h  0 0

O  O  la

O  B

A  o

o  £ (2)

O

^  O

( r 1* - 1)

0 0 h  

O Ib-a o 
/a O  O

-1 [as r 1 =  £]

* - i

O  B(3) # (4)

4  O  O

b w  p(3> o

O  O  a

5(4) 5(3) Q

O  O  4̂

5  o  

O  4

=  B © A .

Thus, we have: II €  Perm(a + b,R); and, for all A e  M (a,R ) and B  e  M(b,R), 

we have II(A@ B)II-1  =  B ©  A. □

O h - a  O

IaO  O  

0 0 h
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1.4.2 On th e  Perm utation M atrices o f Field E lem ents and  

F ield  Settings

The following lemmas concern some fundamental properties of the permutation ma­

trices defined in Sections 1.3.3 and 1.3.6. Some of these lemmas will be used often.

Lemma 1.D .2

Let <j> =  (K, a, a) be a field element over k.

Let E  be any intermediate field of k /k  which contains U {a(K)\a e  Iso(K/k)}. 

Let r  € I so (E /k ) and 7  € Gal(K/k).

Then:

a) C M(dim (f>, E).

b) VAf e M (a ,K ) :  r  (A*(Jtf)) =  II ;* A ^ M )^ ,* .

c) VM G M(a, K): A* (7 (M)) =  r ; i

d) and ^7,❖ commute.

e) i) The map, ( /: Gal(K/k ) Perm(an#, Ia, k), f : 7  r 7,^),

is a group imbedding.

ii) Gal{K/k) «  { r7)^,|7 € Gal(K/k)} C Perm(an^, 7a,/c).

f) V iV eE hV V e r(F ) =  F IIT,*.
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Proof.

a) This is immediate by construction of the map A^.

b) Let M  G M (a, K ). We calculate as below, using Sections 1.3.2 and 1.3.3.

t(A*(Af)) = r f©^-(AfA 

=  ©  (r  O o-jXM) =  ©  ( ^ ( o - j ) )  (M )
7=1 7=1

=  @ ( ( ^  O <7)(?')) (M ) = @ (fa  ° ^ _1 ° ° <r)(j)) {M)
7 =1 7=1 x '

=  ©  ((<7 0 pT>4>)(j)) (M) =  ©  (<7 (PtA M  (M)
7=1 7=1

=  ©<Tpr,*U)(M )
7=1

7=1
(Pt-,05 a)— (Pt,4>, g))

= nT,* 1 [a^(m)] nT)*.

(The second-to-last equality above is provided by Section 1.2.4, Part D, sub- 

part (3), item (iv). The last equality above follows by definition of IIr^.)

c) Let M  G M(a, K). Then we calculate as below, similar to the previous.

A<p ( A M ) )  = @ < 7 ^ ( 7  { M ) )
7=1

=  ©  Wr-lA ffi)) (M ) =  @  ((*V 1̂  °  ff)0 ')) (M )
7=1 7=1

=  ©  ( (a o o -  1 o o a ) ( j ) )  (M )
7=1 v '

-  ©  ((<r°ry - ' M ) )  (M)
7=1

— (nn^(r7-1,^:a)) 

= r;_\,[A*(M)]r7-i,*.

@<7AM )  
.7=1
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d) We prove the desired result (d) in three simple steps, as below.

i) Let u) € Iso(K/k). We observe the following.

= V y A P r A u )) = ( ^ ( W) ) ° 7 _1 =  ( r  O a>) O 7 -1

=  r  o (a; o 7 -1 ) = r o ( ^ ( « ) )  =

= (A*r̂  0 ^ ) M -  

As w is arbitrary in the above, we conclude:

u-y,<P 0 — fh-,# 0

ii) As pT,<p =  <7-1  o o cr and r7i<̂ =  cr_1 o o a, the previous conclusion

shows at once that pT̂  and r7i<̂ commute.

iii) As n Ti* =  n n<fr(pr>0,a) and r 7l* =  f i ^ r ^ a ) ,  and as

{a}) is a group homomorphism [as it is a group imbedding] of 

? clearly the result of step (ii) above shows at once that XIx,̂  and •̂ 7.0 

commute.

e) i) Let the map /  be defined as:

/ :  Gal(K/k) -> Perm(an^, Ia, k) , / :  7  m- r 7, .̂

That /  is a group imbedding follows a t once, since, clearly, / ( 7 )

IIn,(r7l̂ , a) = n n^(a-1  o i/7)(£ o cr, a) and all of the following three maps are 

group imbeddings: n n*| (Sn  ̂ x {a}), V 1 o (-) o a”, V (.)i0.”
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(The last fact follows as, clearly:

vrfAu) = ^ ° ( 7 7 ,)_1

=  OJ o  7 /_ 1  o  7 "
ui,4> ~

=> " y A idK) =
= (y^’A A )  ° 7 _1

a n < i  = >  o  7 - 1  =  i d x  o  y - 1

=  ^7,0 K > M )
^ r y  1 — 1

=  o
=>7 = y.

for all a; G Iso(K /k );

ii) As the map /  defined above is a group imbedding, we have at once that:

Gal(K/k) ss Im ( f )  C Perm(cm^,, 7a, fc);

and here,

/m (/)  =  { r7,0 |7  € Gal(K/k)}.

f) Let N  G Ef, and V  G Vjv .̂ So, by definition of VN><h we have:

(1) V  =  (H) aj(Q), for some Q G M {N  x a, K).
j =i
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We calculate as below, following the same steps as in part (b) above:

/  \
T ( V )  =  T

=  dD ( t °  °j){Q) =  dD (»rAaj)) (Q)

=  ( ... exactly as in part (b) above ...)

=  ^ ,T M Q )

— dD aj (Q) (Pr,<t> >a)
b'=i

(The second-to-last equality above is provided by Section 1.2.4, Part D, sub­

part (3), item (i). The last equality above follows by (1) above and the definition

Lemma 1.D .3

Let $  =  {fc, . . .  ,4>r) be a field setting over k, with fc =  a field

element over k.

Let E  be any intermediate field of k /k  containing Ui=i U{cr( ^ t) k  £ Iso{Ki/k)}. 

Let r  e  Iso (E /k ) and 7  =  (71 , . . . , j r) e  IIri=lGal(Ki/k),

□

and let 7 ^  =  (7 i_1, • - -,7r_1) e  Uri=1Gal{Ki/k).
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Then:

a) Im{A$) C M(dxm$,E).

b) VM =  (Mi,. . . , Mr) G n M (o i, K i ) :
i=i

r(A *(M )) =  n ^ A * (M )n T,*.

c) VM =  ( M i , . . . , M r )  G Ki):
1 = 1

A *((7 i(M 1) , . . . , 7r(Afr))) =  rzit .
7-1,* 7

d) IIT?$ and commute.

e) W  € F*: r(V) =  FIIT,*.

Proof.

a) This follows immediately by construction of the map A$.

r
b,c,d,e) These results follow at once from the definitions of IIT)$ =  ©  n Tî  and

i=l
r

© T 7iA, and the results of the previous Lemma l.D.2.
i=l
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1.4.3 T he G alois Group o f a  F ield  E lem ent

This is a fairly simple and natural definition, made largely for later convenience.

Let 0 be a field element over k. We let: 

the Galois Group of (f> over k =  Gal(4>/k)

= { r ^ |7  e Gal(K^fk)^ C Perm fc) .

Thus, by Lemma 1.D.2, part (e), we have a t once:

Gal(<fi/k) is, indeed, a group, and is a group of permutation matrices,

and

Gal{4>/k) «  Gal{K^/k).

1.4.4 A  Fundam ental Equivalence R elation on F ield  E lem ents, 

and on F ield  Settings

Here, we introduce a fundamental equivalence relation on field elements, and a related 

one on field settings. Both are fairly simple, and will be of main importance, later, 

in the work on normalizers.

a) On Field Elem ents

Let <f> =  (K , <r, a) and 6 =  (L, r, b) be two field elements over k. We let:

<p is ^-equivalent to Q = <f>~k Q K  L and a = b.

Clearly, is an equivalence relation on the set of field elements over k.
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b) On Field Settings

Let $  =  (<pi, ■.., <f>r) and 0  , u>s) be two field settings over k. We

let:

$  is ^-equivalent to fl =  $  Q -4 ^

r =  s and 3p G Sr: Vi G {1 ,... ,r}: ^p(i) uii.

By part (a) above, clearly is an equivalence relation on the set of field 

settings over k.

c) Lemmas

In addition to a few preliminary items, the following two lemmas describe, 

respectively, the connection between the “A”-maps of fc-equivalent field 

elements, and of ^-equivalent field settings.

For the purposes of these two lemmas, we make the following specific def­

inition. Suppose /  is a function of two arguments: a positive integer, a, 

and an intermediate field of k/k , K ,  and such that /(a , K )  C M(a, K). 

We will call such a function k-morphic if, whenever a G Iso(K/k), we 

have <r (/(a , K )) =  /  (a, <r(K) ) . (Note that /  (a, cr(K)) C M  (a, <r(K) ) , by 

supposition on /  here.) Examples of such k-morphic functions include: 

f (a ,K )  =  M (a,K), f ( a ,K ) =  S ca la r^ ,# ), f (a ,K )  =  Perm(a,K), 

etc.
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Lemma 1.D .4

Let 4> =  (if, <7 ,  os), 0 =  (L, r, &) be two ^-equivalent field elements over k. 

Then:

1) a =  6, =  ng, dim0 =  dim#.

2) 377 € Jso(K/k): 311 € Perm(an^, ia, k):

a) Ty(if) =  L;

b) M  e  M(a, i f ) => A*(M) = IIA* ( 7 7(M)) II"1;

c) i) /  a fc-morphic function => (/(a , if)) =  IIAe (f(b, L)) II-1,

ii) A^ (M(a, if)) =  HAfl (M(6, L)) IT 1,

iii) A* (Scalar(a, if)) =  UAg (Scalar(&, L)) I T 1.

Proof.

1) As given <f> 8, we have, by definition, that a = b and i f  L. The latter

gives, in particular, that [if : k] = [L : k]; i.e., n# =  ng. Finally, as now a =  b

and n$ = ng, we have at once that dim <£ =  dim 8.

2) As mentioned in step (1) above, we have that i f  L. Thus, by definition, we 

have:

tj(K) = L, for some 77 G Iso(Kfk).
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Also, by step (1), we may let n = n<j> = ng. So, we may write cr: {1 ,... ,n} -4  

Iso(Kfk)  and r: {1,. . . ,  n} % Iso(L/k). Moreover, we may let p'n be the map 

defined as:

: Iso(L/k) —► Iso(K /k )

^  : C ^  C ° V-

So, clearly, //' is bijective. Thus, using the three bijections, we have:

p  =  cr-1 o ^  o r e

Furthermore, clearly, j  6  {1,. . . ,  n} => Tj or) = p'v(rj) e  Iso(K /k): and so we 

calculate:

7-077 =  (croc-"1) fa  077)

=  (cr o a -1) (T0 )))

=  (<r o cr"1) ((/z; o T) (j))

=  cr ((cr"1 o 74 o r )  (j))

=  o’ (P(j ))  =  ° P(j)-

Therefore:

(1) j e { l , . . . , n }  =► Tj 0 ri = am .

3) Let II be the following block permutation matrix:

II =  IlnQ?, a) e  Perm (an, Ia, k).

Thus, using Section 1.2.4, Part D, subpart (3), item (iv), we have at once:

(2) A i , . . . , A n e  M(a,k)  =* IT 1 A* n = @Ap(i).
i =1
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4) For M  £ M (a , if) , and with the above, we calculate:

II-

I.e., therefore:

Thus:

©Vj(M )  n =  ©<7py)(M)
j =1 j= i

=  ©  ° *7) Wj=l

=  © rj{r}(M)).
j=i

[by (2 )] 

[by (i)]

(3) M  € M(a, if) =» A^(M) =  n A s (77(M ))n -1.

5) Now let /  be a fc-morphic function. Then, at once, by (3), and by the definition 

of fc-morphic, we have:

A* (/(a , K ) ) =  nA*(j) (/(a , K))) I T 1 

=  IXAe ( /  (a, ̂ (JST))) n - 1

= nM /(6,L))n-1.

(The last equality follows from the above-established conclusions that a = b 

and that r)(K) =  L.)

This proves the desired result (2,c,i). The desired results in (2,c,ii), (2,c,iii) 

follow at once from this, by letting /(a , if)  =  M(a, if), /(a , if)  =  Scalar(a, if), 

respectively.
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Lemma 1.D .5

Let $  =  (</>i,. . . ,  <fir), Q. =  (uii,. . .  ,lus) be two fc-equivalent field settings over k, 

with (pi =  (Ki, uii =  (Li, t ®, bi) all field elements over k.

Then:

1) r =  s, n* =  tiq, dim4> =  dimfl.

2) 3p G Sr : 3»7i G Iso(K i/k): 311 G Perm(dim $ , k):

8-) ®p(i) =  t̂> Vp(i) =

b) (Mx, . . . lMr) G n M ( a i>Ai) =*
i=l

A*(Mi, . . . ,  Mr ) =  IIAn (t7p(i) ,. - • ,rjp(r) (Mp(r))) II-1;

c) i) /  a /c-morphic function =>-

a * = nAn ( n / f t .  ^ ) )  n - 1,

ii) A t =  nAn (rW & i.L ,))  n - ‘,

iii) A t (jJScaIar(ai, =  IIAn ^JJScalarf6i; Lf) \ IT-1.

Proof.

1) As given $  £2, we have, by definition, that r =  s and 3p G Sr:\/i g

{1 , . . .  ,r}: (pp(i) ~ fc a;*. Furthermore, using that p e  Sr, using the previous 

Lemma 1.D.4, part (1) [with “<p” = 0p(i) and “0” =  w*], and using that r  =  s,
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we find n* =  £ i= i n* =  E -=1 = E L i = Z L i  ««* =  nn- Similarly, we

find dim $  =  dim II.

2) As mentioned in step (1) above, we have that <pp(i) ~k Ui- In particular, this 

gives, by definition, that Op^ = b{. Now as <J>P{$ uji, and as p  is certainly 

injective, by using Lemma 1.D.4, part (2) [with “</>” =  4>P(i) and “6” =  £</»], 

we may let rjP(i) e  I s o ^ K p ^ f  k ) and Il^i) € Perm (op^n^ , / ap(, fc) be 

as in part (2) of the conclusion of that Lemma. In particular then, we have 

T)p(i) (KP(i)j = Li, and we note that certainly r\i — Vp(p-\i)) €

Iso ( Kp(p-i(i)yj A;) =  Iso (K i/k ).

3) By Lemma l.D .l:

(1) 3ip € Perm(dim4>, k): Ai € M (dim fa,k) => ip(- i ©  A
L»=l i’ =  ©  -Ap®-i= 1

4) Finally, let IT =  @ np(i) 6 ©Perm  (ap(i)n0p(i), , fc) . Thus, using p e  Sr,

we observe clearly, that:

n ' € @ Penn ( a ^ n ^ , , k) =  @Perm (dim <pP{i), , k)

C  © Perm  (dim$p(i), fc) C  Perm ^ ^ d i m 0p(i), k j

=  Perm dim fa, =  Perm (dim $, k ).

Thus, II' € Perm (dim 4>, k ) . Let II =  ipTV € Perm (dim 4>, k ) . With this and 

the above, for Mi € M(ai, K i), we calculate:
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^ n ' [by def. A$]

[by (i)]

[by def. IT]

= n ' - V _1 © a  *(m*)
Li=l

=  n '“ I [@A*r<i» K ( o ) ] n '

=  ©  (-^p(')) ^p(t)]Z=1

=  ©  AWi (^(i) (-^p(t)))
1=1

=  An (t?p(i) (Afrfi)) , . . . ,  7?p(r) (Mp(r))) [by def. An]. 

(The second-to-last equality above follows from the properties of rjp(j.) and ITp(j), 

which were given by Lemma 1.D.4 and taken in step (2) above.) Thus, taking 

the above result, and moving the “IT’ ’s around, we have:

A < $ . . . ,  M r ) =  IIAn Vp(r) H

This proves the desired result (2,b). All of the desired results in (2,c) follow 

at once from this, as in the proof of Lemma 1.D.4, and recalling from step (2) 

above that =  &*, and that r}p̂  (Kp(q) =  Li. □
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Chapter 2 

Matrices that Rationalize Certain 

Subsets of Block-Diagonal Matrices

2.1 Introduction

In this chapter, we exhibit all matrices that fc-rationalize certain general subsets of 

7m(A$), where $  is a  field setting over a perfect field k.

While some of the principal needs for these results would perhaps best be seen in the 

next, and succeeding chapters, the logical placement of these results is here. 

Throughout this chapter, k is a perfect field.

46
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2.2 Initial Lemmas

These lemmas both start the process toward the main results of this chapter, as well 

as are later called upon. We will often be referring to matrix centralizers here (and 

throughout the paper). We recall, specifically, that, for A  C M{n,k), the centralizer 

of A  in M(n, k) is denoted C^(A) [see Section 1.2.4, Part G]. I.e., C^(A) =  {M  G 

M(n, k) |VA e  A: M A  =  A M }  C M(n, k).

Lemma 2.B .1

Let 4> =  (</>x,. . . , $r) be a field setting over k, with =  {Ki,(r^\ai) a field 

element over k.

Let E  be any intermediate field of k /k ,  which is a  Galois extension of k, con­

taining K i , . . . ,  Kr. (This is OK, thanks to the fact that k  is given perfect.)

Let y  C  Jm(A*), let C = C^(y), and let P  € G^(dim$, E).

(Recall the matrices, IIT)$, defined in Section 1.3.6, item (b).)

Then:

P  fc-rationalizes y  <==> Vr 6  Gal{E/k): 3CT G C: r(P )  =  PCTUTi<p.

Proof.

As E jk  is Galois, P  e  G^(dim 4>, E), y  C Im (A$) and so then also y  C  M (dim $, E) 

[by Lemma 1.D.3, part (a), and using E /k  is Galois], and using Lemma 1.D.3, part (b) 

in the fourth step below, we have the following.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



48

P  fc-rationalizes y  •£=> VY G 3̂ : P Y P ~ l £ M (n ,k )

<=3> VY  G y-.'ir £ Gal(E/k): r{P YP ~l) =  p y P ' 1

VF G y:  Vr G Gal(E/k): r (P ) r (y ) r (P ) - 1 =  P F P " 1

<=► v y  G y: Vr G Gal{E/k):

r ( P ) ^ y n r,$r(P ) - 1 =  p y p - 1

v y  G y: Vr G Gal(E/k): P " 1r(P )  11^ G <7*(y)

4=> Vr G Gal(E/k):VY £ y : P~lT(P)U;i £ OrfY)

4=» Vr G Gcd(E/k):

p - v ( p ) n - i  e r w c j s o o

=  csK »  =  c

4=> Vr G Gal(E/k): 3Cr £ C: P - ^ P ) ^  =  Cr -

□

Corollary 2.B .2

Let $  be a  field setting over fc.

Let y , Z  C Im{A$).

Let P  G G^(dim$,fc).

Then:

a) Suppose C^(y) ^  C^(2). Then: P  fc-rationalizes 3̂  =^- P  fc-rationalizes
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b) Suppose C^(y) =  C^(Z). Then: P  fc-rationalizes y  <==>■ P  fc-rationalizes Z.  

Proof.

Let $  =  , (f)r), with (f>i = (Ki,<j(l\a i)  a field element over fc. Then the re­

sults of this corollary follow at once from Lemma 2.B.1, by letting E  be any Galois 

extension of fc in fc, where E  contains both K \ , . . . ,  Kr and the (dim $ ) 2 entries of 

P  £  Gl(dim$, fc), the latter entries necessarily all in fc.

□

2.3 M ain Technical Lemmas

This section contains a key, and perhaps difficult, argument which proves 

Lemma 2.C.3, (=£•). This lemma gives a crucial result that is the principal basis 

for all the subsequent results of this chapter.

Throughout this section, we let: $  =  {<p\ , . -., <pT) a field setting over fc, with (pi = 

(K i,a^\d i)  a  field element over fc; E  =  any intermediate field of fc/fc, which is a 

Galois extension of fc containing . . .  ,K r.
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Lemma 2.C .1

r_________ _
Let C C @M(ain<pi,k ); and, for all C  G C, express C  in the obvious (and

i=i

unique) way as:

C = © C (i), where C(i) Gi—1
Let P  G G^(dim<£, E); and, express P  in the obvious (and unique) way as:

P  =  dj) P ®  , where P ®  G M (dim $ x  O i n ^ ,  fc).
t=i

(This is OK, as dim $ =  Ei=i (kn^.)

Then:

Vr G Gal(E/k): 3CT G C: r(P ) =  PCVIIr,* O O

Vr G GaI(E/k): 3Cr G C: Vi G { 1 , . . . , r}: r (P « )  =  P ^ C ^ I I ^ .

Proof.

We simply calculate, as below, and follow the matrix multiplications.

r(P )  =  pcrnr,*

O g> T(P<‘>) =  ( 6 P C0)  ( g C P l I r s , )

« ® r ( P ' i)) = ®  P B C<'»nT,*
t=l i=l

Vi G { 1 ,..., r}: t(P ® ) =  P ^ C ^ IL r ^ .
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Lemma 2.C .2

r n<t>i___________
Let C  C @@M(aj,fc); and, for all C  £  C , express C  in the obvious (and

i = l j = l  

unique) way as:

C  =  @ C ^  , where C® = @ C f '1, where df* £ M(a{, fc). 
t=i j =1

Let P  £ G£(dim<&, E); and, express P  in the obvious (and unique) way as:

P  =  dD ) where P® = (JJ) Pj^ , where P® £ M (dim$  x a*, fc).
i=l j =1

(This is OK, as dim$  =  X̂ =1 ain4>i-)

Then:

Vr G Gal{E/k): 3Cr G C: Vi G { 1 ,..., r}: r ( P « )  =  P « C « II tA 

Vr G Gal(E/k):3Cr G C:Vi G {1 ,... ,r}:V j G {1,.. - ,n^}:

[Recall, the permutation, pri^  G Sn^., as defined in Section 1.3.3:

Pr,* =  o o a (i) £  S n J  •

Proof.

Recall that n rj<t>i =  (Pt,^, a») Perm(ain^i , Iai,k). With this, we simply cal­

culate, as below, follow the matrix multiplications, and use Section 1.2.4, Part (d), 

subpart (3), items (i) and (iv) in the third step below.
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t (p « )  = p « c ( i>nrA

«• r j f  )  =  p f )  ( jS k c ^ 0)  n rA

n  r,<pi® V ( P f ) =  (®  J f )  n ,A (n ;,;,
n<Ai ,.s
@ (O0 f
i=i

« ® r ( P , ® ) =  g ‘ p < ^ w)

71̂
« ® T ( P f )  =  ® P p« (0 )(Crf AU)

J=1 J=1

«  V i e { 1 , . . . , * * } :  r  ( I f )  = ^ U)(Cr) ^ ur

L em m a 2.C .3 (A Key Argument)

r n 4>i_______ _
Let C C @  @ M{di, fc); and, as in Lemma 2.C.2, for all C € C, express C in the

»=ii=i

obvious (and unique) way as:

C =  @ @> C f , where c f  € M(a,, fc).
i=lj=l

Let P  € G£(dim$, E); and, as in Lemma 2.C.2, express P  in the obvious (and 

unique) way as:

T*
P  =  (H) (Q) P® , where Pj** £ M (dim$  x ai, fc).

i = l  j = l

(This is OK, as =  X£=i k n ^ . )
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Then:

V r G G al(E /k ): SCT €  C :V i €  { 1, . . .  ,r } :V j  €  { 1, . . .  , n * } :

(#)

3^ e ^ : 3 C e @  ©  G£(oi, £): P  =  VC
t=ii=i

and

[Vr G Gal(E/k): C r ^ ^ r i C ) ^  e  C] .

[Recall the matrices, V$, as defined in Section 1.3.6.]

Proof.

(= *)

1. We make the following preliminary observations and notations.

(a) Applying Proposition App. 1, of the Appendix, to P, we have at once: 

Vi G {1 ,... ,r}:Vj g {1 ,... ,71̂ }: 3 an di x Oj submatrix of rows (not 

necessarily consecutive rows) of Pjl\  call it B i j , which is invertible -  B ij  G 

Gl{oi,E).

(b) As 0-W enumerates Iso(Ki/k), we may let:

bi G { 1 ,..., n*  }, where crjg = idKi.

(c) For i G {1 ,... ,r}, we let:

Bi =  B ^  g G£(ai,E).

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



54

So, in particular, Bi is an invertible 0+ x a* submatrix of P®.

(d) For i € {1,.. -, r} and j  € { 1 ,.. . ,  n^}, we let: A{j = the cn x Oj submatrix 

(again, not necessarily of consecutive rows) of P® which occupies the same 

position in as does Bi in P ^]  so, in particular, Aij G M(oj, E). (We 

are not asserting that Aij  is also invertible, as is £*. However, as we show 

shortly, the former is, in fact, true.)

(e) We note that, by construction, we have im mediately:

Vi G { l , . . . , r } :  Ai,bi= B i.

2. Now, to prove (=>), we suppose the hypothesis of (=4>); i.e., with r, CV, i , j  as 

in that hypothesis, we suppose:

So, in particular, with j  = bi, we have:

(D =

Temporarily, we will abbreviate aW by cr; this will cause no confusion. From the 

definition of pT̂ , we see:

Pt*  (&») =  (o'-1  °  PrJi °  a ) (&i)

=  v~l{l*T,<t>i{v{bi)))
=  {idKi)) [by step 1 , part (b) above]

=  <r-1(r o idKi)

= <r-\r\Ki).
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Substituting the previous in (1), we now have:

(2 ) T(P h ) =

In particular, then, from the constructed locations of Bi within p £ \  and Aij  

within p j l\  the above result shows:

r ( B i )  =  A i ,< j- i (T \K i)  (Ct)ct- 1 (r \K i ) ■

As Bi is invertible (by step 1, part (c) above), and recalling that r  is an imbed­

ding of fields, the previous shows that so then and (CV)^-i (,-[*;<) are

invertible. Hence:

(<-'r)S-i(T|iCi) =  Ĵ i,a-1(T\Ki)T(^i)-

Substituting this in (2), and multiplying both sides of the resulting equation, 

on the right, by r(B ~1), we get (recalling that r  is an imbedding of fields):

tC P ® R -1 1 -  p(’> A ~ l  

Thus, summarizing, we have now:

(3) Vr e  GaI(E/k): Vi €  { 1 ,..., r}: r(F » B -* ) =

Note that (3) is a  statement concerning the matrix P  alone; the matrix CT is 

no longer present.

3. Now let *o G { l , . . . , r } ,  and let ip G Gal(E/Ki0). So, in particular, xp e  

Gal(E/k). Moreover, xplK^ = idKiQ, and so cr^(tplK^) = b^. Using this, and
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thus, by (3), with r  = tp and i =  io, we have:

(4) =  P ^ mKio)A7^ , K. , =  P ^ A r ^ .

As noted in step 1 , part (e), we have = B^. Substituting this in (4) gives:

« B £ > B r‘) =

Summarizing, we have now:

W  £ Gal(E/Kh ): V -tB ^ S r1) =  B ^ ’B r1.

Recall that E /k  is a Galois extension and that E  D K ia D k; thus E /K i0 is 

Galois. This, with the previous result above, gives a t once: the matrix P ^ B ^ 1 

is, actually, over the field K ^. As io was taken arbitrarily in { l , . . . , r } ,  we 

conclude:

(5) Vi G { 1 ,..., r}: Qi = P ® B rl G M{dim$  x a*, Ki).

4. Finally, for j  €  {1 ,... ,n^;}, let r®  be a fc-imbedding which extends </$ from 

Ki to E. So Tj^ € Gal(E/k) [as E /k  is taken Galois]; and r®\Ki =  crjl\  and so 

cr- 1(rj^|Ki) =  j .  Using this, and with (5) and (3), we now calculate as below.

o f m  = r . f )(Qi) = T ? ( i f B r 1)

— p (0  A- 1

=  B f

Therefore:

i f  = o f  (Q .K ,.
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Thus:

(6) V ie{ l , . . . ,r } :V j£ { l , . . . ,n * ,} : j f = o f ( < W A i -

5. Thus, with the expression for P  in the given, and with (6) and (5), we calculate 

as below, recalling the dimensions of Qi and A i j , and following the matrix 

factorizations:

=  (®  ®  •

Thus:

(7) P = VC; V =  (§ <$ o fW i) , C = @ © ‘A j .
z=l j=l i=lj=l

In particular, as P  is invertible, so then are V  and C. Moreover, by (5) and the 

definition of V$, we have V  G V$. These two remarks show V  G V^. Finally, as 

A ij  G M(ai, E) [by step 1, part (d) above], the first remark here shows

C G ©  ©  G£(cii, E).
i=lj=l

6 . To complete the proof of (==>), it remains to show:

Vr G Gal(E/k): C r ^ ^ r i C ) ^  G C.

By (7), we have P  =  VC, and so

(8 ) r  (P) =  t (V)t (C) =  V n^-K C );
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where the last equality follows by Lemma 1.D.3, part (e). Now, by the suppo­

sition at the start of step (2) above, we have:

T (p P ) =

This allows, recalling the matrix dimensions and following the matrix factoriza­

tions, the following:

(0

®  T ( i f )  =
3=1 3=1

j =i
n<tn
(ID i f  
j=i

n<t'i
©
3 = 1

@ (C rfS 
3 = 1

(i)

n4*i ,

©  (C r)}
.3=1

(0

(The second-to-last equality follows from the basic properties of block permu­

tation matrices and the definition of ITr^ , discussed in Chapter 1.) Using this 

in the third equality below, following the matrix factorizations in the fourth 

equality below, and by the first part of (7), thus, at once:

r(P) = T ( & $ I ? ) = < S ) Q ) T ( l f )  
\i=ij=i J i=ij=i

-$( S i f
3=1

T*
dDflD P f

n<t>i
©  (C rf  

b'=i
r n <t>i

©  ©  (Cr)}'
* = 1,7 = 1

(i)

(0 © H f*
Li=l

— -PCVILr^

=  VCCr IU,*.

Thus:

(9) t (P) = VCCtUt*.
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So, equating (8 ) and (9):

VUT̂ r(C )  =  VCCrUr,*.

As V  is invertible:

n T)$r(C) =  c a n * * .

As C  is invertible, and as Cr E C by supposition in step (2) above, the previous 

allows:

c - 1n r,$ r (c )n - i  =  c T e c.

This completes the proof of (=»)•

{ * = )

7. We now suppose the hypothesis of (<=)', i.e., with V  and C  as in that hypoth­

esis, we suppose:

P  = V C ; with V e V £ ,  C e © n©G£(oi,E)
i=lj=l

and

(10) Vr E Gal(E/k): C ^ n ^ C ) ! ^  e  C.

Now, V  E V£  C gives, by construction of V$:

j*

V =  (j) flj) <rf\Qi), for some Qi E M (dim$  x a,, Ki).
i=lj=l

And C 6  @ @ G £(ai,P), gives: C  =  ©  @*Cf\ for some E G£(ai, E). As
i=lj=l t=lj=l

P  =  VC by supposition; the previous for V  and C, and the Lem m a's hypothesis
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for P, show:

= p  = (®®Vf(<wV@$cf)
t=lj=l \i=lj=l J \i=lj=l J

J*
= ®<S>o?{Q,)Cf.

i=lj=l

Therefore:

For r  G Gal(E/k), we see by definition(s):

t o **0  =Mr^(o-j*))

= ° <r(0) (i)

=  (o"(i) °  cr(i)_1 o H r j i  o <rw ) ( j)

= (<r® oPtA ) (j)

= °®(Pr*iU)) =*£,+.&•

Combining these last two results, and using the first result again in the last 

step, we have:

T(Pj')) =  T ( 4 ' \ Q i j )  T(Cf ')

Therefore:

(u) ^ i>) = pt M cS2wT(cf )))-
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Finally, we let:

j t  71̂ • .  /  v  j .  •

c T =  ©©‘(cf'Wfc*?, ) € @@'g*(<u,e).
i=lj=l v '  \  Pt.^OV i=lj=l

From (11), and this definition of CT, we clearly see:

Thus, it remains only to show that CT € C. This is easy, using (10) in the last 

step:

cr .@ |(c f -V (c < i\i0))

=  (C)-1 (nr,* [@© [r(c)]fl n^i)

= C-lUT̂ r(C )^ i  € C.

(The second-to-last equality follows from the basic properties of block permu­

tation matrices [re-expressed in a “backward” statement], and the definition of 

Ilr,*, discussed in Chapter 1 .)

This completes the proof of (<=), and so of the lemma as a whole.
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Lem m a 2.C.4

r  Tlfi. _

Let C C k); and, for all C 6  C, express C  in the obvious (and
i=lj=l

unique) way as:

C = ©  ©  C f \  where C f  € M fe , k).
i=lj=l

Let P  £ G£{dim<&, E).

Then:

Vr G Gal(Efk): 3Cr €  C: r(P )  =  PCTIIr,*

3V € V£: 3C  € @ @ G^(oi, P):
t=ij=i

1 ) P  = VC

2) Vr e Gal(E/k): =  ©@ ‘c f  V  (c® , ,„) <= C.
i=lj=l \  Pr

Proof.

This follows immediately by consecutive use of Lemmas 2.C.1, 2.C.2, and 2.C.3. The 

equality, C'” 1IITf$T(C,) I I ^  =  @  t  ( c ® i rS] , follows purely by the basic
i=ij=i J \

properties of block permutation matrices and the definition of IIr,$> -  the steps in this 

derivation being the verbatim equalities, in reverse, given in the demonstration at the 

very end of the proof of Lemma 2.C.3.

□
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L et P  €  G£(dim$, E).

Then:
r n 4>i_______

V r €  Gal(Efk): 3CT €  ©  ©  M (a is A): r(P)  =  PCTIIT $
t=ii=i

3V  €  V*x : 3 C  €  ©  ©  G€(oi, E): P  =  VC.
»=ij=i

Proof.

T his follows im m ediately  from  Lem m a 2.C.4, by  letting:

C = © @ M (a i:k).
i=lj=l

Corollary 2.C .6

L et y  C  7m (A $), where C^(V) C
i=X

L et P  €  G£(dim<&, E).

Then:

P  ^ -ra tionalizes V  

<=>

3V  €  V*x : 3C  €  @ G *(o< ,P )(n*>:
i=l

1) P  =  V C

2) V r 6  Gal(E/k):  C ^ n ^ C ) ! ! ^  6
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Proof.

This follows at once from Lemma 2.B.1 and Lemma 2.C.4; where, in the latter, (by 

the given here) we may let:

C = <%&) C @ M (oi,kYn^  =
1=1 i=lj=l

□

2.4 M ain R esults

Here we give the main results, some of which are exhibitions, on matrices that k-  

rationalize certain general subsets of Im (A$), where $  is a field setting over k.

Throughout this section, we let $  =  (4>i,. . .  ,<pr) be a field setting over k, with 

4>i =  (Ki, cr(l\a i)  a  field element over k.

The following lemma contains basic facts about centralizers of certain subsets of 

matrices, which will be used frequently throughout this paper.

Lemma 2.D .1

Let L  be any extension field of k which contains Ui=1 crj1̂ ( K i ) .

T  T

Let J J  Scalar(ai, Ki) C U  C J J  M (a ,̂ Ki).
i=l i=l

Let Z/W =  the set of the ith components of the elements of U, so that, in 

particular, Scalarfa, Ki) CW(<) C M{ai,Ki).
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Then:

a) CL (A«(W)) = CL ( a ,  f n « ' ° ) )  =  @ @ C‘ {”?  (wW))'

b) In particular:

i) CL ( a * ( j l S c a l a r i ^ K ^  = © M {ai, L ) ^ ;

ii) Cx, ( a * ( f l K t N ^ y j  = @

iii) CL (Im(A*)) = CL ^A* ( n  = © Scalar fa ,  L ) ^ \

[Recall, Cl(A) is the centralizer of A  over L. Also, note that K^N^} is the iQ-algebra 

generated by -  the canonical Oj x a* nilpotent matrix.]

Proof.

1. For (Mi,. . . ,  Mr) e  II['=1M(ai, FQ), we have, by construction of the maps A#  

and A^:

(1) A$(M1,...,M r) = @A^(Mi) and A*(Mf) =  © o f  (Mf).
*=i i=i

2. In particular, for Xi C  M{ai,Ki), we see, by definition(s), at once:

(2) =  {A *(*i X,)IX< €  X }

=  { © A fc p y ljf i  6

1=1

So, in particular:

(3) CL ( A * ^ X ))  = CL (gA *(A ;)) .
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3. We prove desired conclusion (b, i) first. In any field we have 0 ^  1 , so cer­

tainly Oai 7̂  Iai € Scalarfa, Ki). In particular, we have: Iai G Scalarfa, Ki), 

Oa7. ^  Scalarfa, K 2), . . . ,  OaT € Scalarfa, Kr). With this observation, and 

Proposition App. 8 [ with n =  2 ], part (a), of the Appendix, we have at once:

CL (Scalarfa, Ki))^ =

CL (A * (Scalar(a1,K l)))© C L (@  A * (Scalar fa ,  /£ ) ) )  .

Iterating the previous, and using (3) [ with Xi =  Scalarfa, Ki) ], we have at 

once:

(4) CL ( a *  (ft Scalarfa, K J ^J  =  © C L (A* (Scalarfa, K i))) .

4. Now let A € Ki, and so Xfa € Scalarfa, Ki). So, by the second half of (1):

(5) =
j = 1

in particular,

n*i —  —

Afr (Scalarfa, Ki)) C @ Scalarfa, k) C D fan^^k).
j=i

Now let j i , j 2 e  { 1 ,..., n ^} ,  and suppose that: [VA € Kc  <rjf(A) =  a j^ A )] . 

Thus, immediately: a® — <rj*\ So, as a® is an enumerator, a® is, in particular, 

injective, and so the previous equality gives: j i  = j 2. Thus:

(6) 1........ n * } : 3 A € / f j: ±  o f  (A).

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



67

Thus, the observations in (5) and (6 ), together with Proposition App. 10, of the 

Appendix, show at once:

CL (A* (Scalar(di, Ki))) = M(au £)<"*>.

Substituting this in (4), we have:

(7) CL (A* ( n S c a M o i ,*< ))) = © 'M f c ,£)<"*>.

5. Now, by the given on U, and using (2), (1), we clearly have:

A *(j[ScaIar(a itKdJ  C A $(M) c  A* ( f l ^ ^  = @ A * ( w (i))

C ©  ©  (U®) C © M(oi, fc)(B*>.
i=lj=l v 1 i=1

Using (7) (in reverse), with the above, we now clearly have, in particular:

© M fc, 2  CL (A»(W)) 2  CL (a *

2 CL ( j > j |  o f  (w<‘>) j  2  @ "4 C l ( o f  (M®)). 

Thus, at once by Proposition App. 6 , of the Appendix [ with uy ” = A$(W), 

and so y  C @ @ M ( o i ,  fc); and, for 7  0 ,  writing y  =  © @ y ^  in
i=lj=l i=lj=l

the obvious (and unique) way, where G M(ai,k ) ) and so clearly =  

{ l f }| y € y }  = { o f  (CO I u  G U®) =  a f  (z/W) ] , we have:

(A*(W)) = © © (o f  (z/®)) .

This, together with (8), gives at once:

(9) CL (A*(U)) = Ci (a *  ( jp '® ) )  =  g j j f c i  ( « f  (M®)) •

This is desired conclusion (a).
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6 . The desired conclusion (b,i) has already been proved and is seen in (7) above. 

The desired conclusions (b, ii), (b,iii) follow at once from (9), letting, resp., U =
r r

IJ-RTifiVaJ, U =  Ki), and then immediately by Proposition App. 9, of
i=1 t=l

the Appendix.

□

Theorem  2.D .2

V  G V£ =$■ V  fc-rationalizes Im(A$).

Proof.

This follows at once from Corollary 2.C.6, (<=), with uy ” = Im(A$) [and 

using Lemma 2.D.1, part (b,iii)], and with “P ” =  V  [and then observing “P ” =  

V  = V - I \ .

□

Remark

The above result can also be obtained from “elementary” considerations, as fol­

lows. Let E  be an intermediate field of k /k  which is a Galois extension of k containing 

K i , , Kt . Then, using Lemma 1.D.3, parts (b) and (e) for the second equality below, 

we calculate:
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M e J l M f a K i )
i= 1

Vr € Gal{E/k): r  (VA$(M)V-1) =  t(V ) t  (A*(M)) r (F )" 1

= vnT,* (n^A^M)^,*) n ^ y -1

=  VA $(M )y_1.

Thus, as i?/fc is Galois, we have at once: VA$(M)V -1  E M (dim$,k). Thus, V

fc-rationalizes Im (A$).

T heorem  2.D.3

Let y  C  7m(A$), where Cr(y) C  @ M  (a,, A:)
t=i v '

Let P  e G£ (dim$, k) .

Then:

a) P  fc-rationalizes y  =*► P  E .

b) jP fc-rationalizes y  =>■ P  fc-rationalizes A$ ^JIiScaJar(ai, Ki)
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Proof.

a) This follows at once from Corollary 2.C.6, (=>), by letting E  be any Galois 

extension of fc, in k, where E  contains both K i , . . . , K r and the (dim$)2 entries 

of P  €G £ (dim$, kj .

b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.B.2, part (a).

T heorem  2.D .4

Let y  C 7m(A$), where ( U y )  =  © M  ( a u k ) ^
i=1 V '

Let P  e  G l  fc) .

Then:

a) P  fc-rationalizes y  <==> P  e V £  • ©G£ (a^ fc^"*^! .

b) P  fc-rationalizes y  •£=> P  fc-rationalizes A* ^jQS,caZar(ai,.K'i)^
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Proof.

a) This follows at once from Corollary 2.C.6, since the condition 

C,-1n Ti$r(C)Il7,i € Ck(y) is vacuous here, and by letting E  be any Galois 

extension of k, in k, where E  contains both K \ , . . . , K r and the (dim$)2 entries 

of P  € Gi (dim$, kj .

b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.B.2, part (b).

□

2.5 E xtension o f M ain R esults, Beyond k

The main results of the previous section apply to P  € Gi (dim®, k) . By means of 

Proposition App. 4, of the Appendix, these results (and more) can easily be general­

ized to include P  € Gi (dim$, L ) , where L  is any extension field of k.

Throughout this section, we let $  =  <pr) be a field setting over k, where

4>i = is a field element over k. Furthermore, we let L  be any extension

field of k.
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Lem m a 2.E.1

Let n  G Tfr, Z  C  M  (n ,kj  , P  G G£(n, L ).

Then:

P  fc-rationalizes Z  

<=*

3Q G Gi (n, k j  : 3C G C£ (Z): P  = QC and Q fc-rationalizes Z.

Proof.

(=► )

This follows at once from Proposition App. 4, in the Appendix, with M.” =  Z, 

=  M(n,fc).

(« = )

This is immediate, since C centralizes Z  and Q fc-rationalizes Z ,  we have at 

once:

P Z P - 1 =  QCZC~lQ~l = Q Z Q -1 C M(n,fc).

□

R em ark

The forward direction of this lemma shows: “a fc-rationalization over L can be 

‘replaced’ by a fc-rationalization over fc
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Corollary 2.E.2

Let y ,Z  C Im{A$).

Let P  € G£(dim$, L ).

Then:

a) Suppose: Cx(^) C C l (Z). Then:

P  fc-rationalizes ^  =£> P  fc-rationalizes Z.

b) Suppose: C ^ y )  =  Cl {Z). Then:

P  fc-rationalizes y  P  fc-rationalizes -2.

Proof.

a) Suppose C]j(y) C  Cl (Z), and that P  fc-rationalizes y .  So, by Lemma 2.E.1: 

P  =  Q C  and Q fc-rationalizes y ,  where Q €G £ (dim$, k j  and C  € C £ ( y ) .  

Moreover, we observe:

CL(y) C CL(Z) =4. [cL(y] n M (dim$,it)] C \CL{Z) n M 
=*■ <%Cr) c Ĉ Z).

Thus, a t once by Corollary 2.B.2: Q  fc-rationalizes Z. Finally, as above: C  € 

C£(y) C  C£(Z); so C  also centralizes Z . Thus:

P Z P ~ l =  Q C Z C ~ l Q~l = Q Z Q - 1 C M(n,fc).
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b) This follows immediately from part (a).

□

Theorem 2.E.3

Let y  C Im{A*), where CL{y) C © M { < h ,L ) M .
»=i

Let P  € G£(dim$, L).

Then:

a) P  fc-rationalizes y  =>- P  € V$x @ <3̂ (04, £)("«)
i= l

b) P  fc-rationalizes T  P  fc-rationalizes A$ | JJ<ScaZar(aj, /Q)
\i=l

Proof.

a) Suppose P  fc-rationalizes y . So, by Lemma 2.E.1, we have: P  =  QC , where

Q fc-rationalizes T, Q € G£ (<fim$,fc) , and C e C£(T) C @Afx (04, £)("*).

Hence, by Theorem 2.D.3, part (a): Q — VC', where V  e V$,

C' € @ G £ (o i,fc )^ ’\  Thus: P  = QC =  VC'C, where V e V x, C' e 
1=1

C € © M x(ai,L ) K ) .  As L D fc, we have
t=i v ' i=i

C'C e  ©G£(ai, L)(n*') [noting, obviously, that M x(ai, L) = G£{ai, L)\.
i= 1

b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.E.2, part (a).
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Theorem  2.E .4

Z=1
Let y  Q /m(A$), where C i(y )  =  @iW(ai,L)(n^). 

Let P  e  G£(dim$, L).

Then:

a) P  fc-rationalizes y  P  £ V£ ■

b) P  fc-rationalizes y  <f=>- P  fc-rationalizes A* ( Scalar (oi, Ki)
\i=i j

Proof.

a) (= ^ ): This follows from Theorem 2.E.3, part (a).

(«= ): Suppose P  =  VC, where V  e  V£, C  6 ©G^a*, L)K). By the
i=l

given on CL(y): C centralizes y .  By Theorem 2.D.2: V  fc-rationalizes y .  

So, at once: P y P ' 1 =  V C y C ~ lV~l = V y V ~ l C  M(dim$,k) .

b) This follows at once from Lemma 2.D.1, part (b,i), and Corollary 2.E.2, part (b).

□

»=i

Corollary 2.E.5

Let y  C  Im{A*), where C ^ y )  — ©M(a*, .

Let y  C  Z  C  L).

Let P  e  G£(dim$,L).
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Then:

a) P  fc-rationalizes y  3V e V f : 3 C e  C£(y): P  = VC.

b) P  fc-rationalizes Z  ^  3V e V£: 3C € C£(y):  3 2  C M(dim$ , L):

1) P  =  VC, 2  = C~lZC;

2) y  C 2  C M(dim$,L );

3) TOW" 1 =  P ^ P " 1, V 2V - 1 =  P 2 P -1  C M(dim$,k) .

c) 2  fc-rationalizable over L = >  3 2  C M(dim$, L):

1) y  C Z  C M{dim$,L)-,

2) 2  =  C Z C ~ \  for some C  € C£ (y);

3) 2  is fc-rationalizable over L, by some V  €

Proof.

a) This is just a restatement of Theorem 2.E.4, part (a).

b) (=►):

Let P  6  G£(dim$, L), where P  fc-rationalizes 2 .  So, P 2 P -1  C 

M(d£m$,fc). As given J  C 2 ,  so a fortiori, P  fc-rationalizes 0>. So, 

by part (a) above:

(1) P  =  VC, where V e V £ , C e C £  (y).
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Now let Z  =  CZC~l C L). Now we simply observe the

following.

(1) As C  centralizes y  [by (1) above]:

y c z = >  e y e - 1 c c z c - 1 = ^ y  c o zc -1 = > y c z .

(2) a) Again, as C  centralizes y:

p y p -1 = ycyc-V "1 = vyv”-1.

b) By definition of Z:

P Z P - 1 =  F C S C 'V " 1 =  V2V’-1.

c) As P  ^-rationalizes Z  [by supposition above], and using the 

immediately previous result:

V Z V ~ X =  P Z P ~ l C M(dim*,k).

This completes the proof of (==>)■

(« = ):

This follows a fortiori, as by supposition here -  item (3) -  we already have 

P Z P ' 1 C  M(dim$,k).

c) The desired conclusion (c) follows at once from the desired conclusion (b) -  

proved just above. □
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Remark

The forward direction of part (b) of this corollary shows: “a fc-rationalization of 

Z  D y ,  by P  G G£ (dim$, L ) , can be ‘replaced’ by a fc-rationalization of Z  D y ,  

by V; where Z  is an L-conjugate of Z,  and V  e  G£ kj
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Chapter 3 

Subsets of M atrices Rationalizable 

By, or Together W ith, Certain 

Specialized Subsets of M atrices

3.1 Introduction

In this short, but critical chapter, we focus attention not on the matrices that perform 

rationalizations, but rather on the subsets of matrices that are rationalizable. In one 

main result, we fix matrices from a certain class, and ask which subsets of other 

matrices can be rationalized by matrices taken from that particular class. In the 

next main result, we fix subsets of matrices from a certain class, and ask which other 

subsets of matrices can be rationalized together with those subsets of matrices taken

79
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from that particular class.

Throughout this chapter, we let A: be a perfect field, L  be any extension field of k, 

and we let =  (fa,...,<pT) be a field setting over k, with <& =  (Ki,cr^\aij a field 

element over k.

3.2 M ain R esults

The following theorem gives a critical result and its proof forms a key argument. 

T heorem  3.B.1 (A Key Argument)

Let V  £ V£.

Let y c @ M ( o i , L ) M .
i=l

Then:

V  fc-rationalizes y  y  C Im(A$).

Proof.

( < = )

1) This follows immediately by Theorem 2.D.2.

(= > )

2) Suppose V  fc-rationalizes y.  Therefore:

(1) VyV~l C M(dim$,k).
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3) Let E  be any intermediate field of k/k ,  which is a Galois extension of k  

conta in ing K \ , . .. ,K r. As given V  G V$, clearly:

(2) V  eG£(dim$,E).

Moreover, by (1) and (2), we see: Y  G y  => V Y V ~ l G

M(dim$,k)  =>• Y  G V - lM (d im $,k)V  ==> Y  G M(dim$, E). Hence:

(3)

4) Let Y  G y ,  and let r  G Gal (E / k ) . Therefore, by (1): r  ( V W 1) =  

V Y V - 1. Therefore, using (2) and (3): t ( V ) t ( Y ) t ( V ) ~ 1 = V Y V ~ l. There­

fore, by Lemma 1.D.3, part (e):

v n T,*T(y)n;fi v r- 1 =  v y v ~1.

Therefore, “cancelling the V’s”:

=  y .

Thus, rearranging, and summarizing:

(4) Y Y e y - . W e  Gal ( E / k ) : t (Y) =  n ^ lT Ir ,* .

5) Now we have, by the given, y  C @M(oj, and, by (3), y  C
i= 1

M (d im $ ,E ), so at once: y  C  @ M (ai,£ ,)(n0<). Hence, Y  e  y  = >  Y  =
x=i

r n4>i

, for some Yj G M(ai,E).  Substituting this in (4), and using
i=lj=l
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the definitions of IITi$ and n Tî ,  and the properties of as a block 

permutation matrix, we get:

YY  € y-.Vr € Gal(E/k): @ © r  (V.(i))
i= ij= i v '

=  n 4
|_ i= li= l

Hr.,<*>

=1 "© (©‘i f  Vi = l  \ t = l  /
©  n  T,4>i 

Lt=l

=  .l(^
'n * i , 
@ 1?
i = l

<0 n r,&

r
=  ©  *=i

T  n 4>i

- g g ’& W

Thus, from this:

(5) W  € Vr e Gal(B/k): r ( > f  ) = y f ^ . , .

6) As <7^  enumerates Iso(Ki/k), we may let:

(6) bi 6  {1 , . . . ,  n^}, where cr^ =  idK..

We calculate, using the definition of p T ,<pi-

Pr,4>i(bi) =  ( a « _1 O [lTj .  O <7«) (bi )  

=  a ® '1 (<rW(6i)))

=  cr(i)“1 (/V* («**))

=  a ® ~ l ( r  o 

=  o-W^rlATi).
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Thus, we have:

(7) V* € { 1 ,..., r}: Prjiibi) =  <r(i)_1( r |Ki).

Letting j  = bi in (5), and using (7), we have:

t  ( = yW == yW 
V )  P T ,* i ( b i )  <r(*)_1 (r|JCi)’

Thus, we have:

(8) Vy s  3>:Vr £ Gal(E/k): r ( y « )  =  y $ - , (r|K,,.

As Gal(E/Ki) C Gal(E/k), and using (6 ), we have from (8 ):

r £ Gal(EIKi) _► r  ( y « )  =  =  y ® . , ^  =  y « .

As E jK i  is Galois (a fortiori, as E / k  is Galois), the previous gives at once 

that: Y®  <E M(di: Ki). Thus, we now have:

(9) VY  € 3̂ : Vi G {1 , . . .  ,r}: 1*> € J lffo ,* ,).

7) Now for j  € { 1 ,..., rfyj}, let be an extension of of* from Ki to E. 

Hence € Gal(Efk),  and 1 =  j .  With this, and using (9)

and (8 ), we calculate:

W )  - W )
_  y ( 0  _  y (» )

( r f  |*<) j  '

Therefore, we have:

(10) V y € ;y:VS<={l, .. .>r } : V j e { l , . . . , n * } :  i f  =  of  ( i f )  .
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8) Finally, using (10) and (9), and the definition of A$, we see:

i=lj=l i= 1 j =1

= At (^ 11> ,...,yW )e/m (A i ).

Thus, we have:

VT € y: Y e  Im(  A*).

Le.,

y  C /m(A*).

This completes the proof of (=>).

Theorem  3.B.2 (A Main Result)

Let W  C where Cx(W) C @M(ai, £)("*<).
i=l

Let U  =  L or L '  =  fc, and let W  C 3? C @ M ( d i ,
i= 1

(So note that Z/ is an intermediate field of L / A:.) 

Then:

y  is fc-rationalizable over L

3 C e ©  G£(ai, L ' ) ^ :  y  C C'-1/m(A$)C.
t=l
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Proof.

( * = )

Suppose y  C  C- 1Jm(A$)C, where C G @Gl(di, L ' ) ^4’̂  . Now let V  G
i= 1

and let P  = VC  € G£(dim$, U) C G£(dim$, L). Hence, by supposi­

tion here, and by Theorem 2.D.2, we have at once:

p y p - 1  = v c y c ~ lv~ l

C V C C - 'I m iA ^ C C - 'V - 1 

= V7m(A$)V-1  C  M(dim$,k).

Thus, P  fc-rationalizes y,  and, from the above, we recall 

P  G G£(dim<f>, L).

( = * )

Suppose y  is fc-rationalizable over L. Then, as given L' =  L  or L' =  fc, 

we note a t once, by Proposition App. 5 of the Appendix [with “A ” = T], 

that we also have that y  is fc-rationalizable over LI. Thus, we may let 

P  G G£(dim$,L'), where P  fc-rationalizes y .  As we are given W  C y ,  

so, a fortiori, P  fc-rationalizes W. As L' is an intermediate field of L j  fc, 

we calculate elementarily, using the given on W ,  that:
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C v  (W) =  CL(W)  n  M(dim$, U) 

c ©  M{oi, L)(n*i)l n L')
.i=l J

= © [M (a i, L ) n M ( a i ,L ,) ] M
t= l

=  © M ( a i , L ' ) M .
1 = 1

These two previous observations, together with the given on W, and by 

Theorem 2.E.3, part (a) [with “L” =  L', “y ” =  W, and “P ” =  P], show 

at once that: P  = VC; where V  € V £ ,C  € © G£(au L')(n̂ ) . And, as
i= l

above, as P  fc-rationalizes y ,  we have P y P ~ l C fc), and so

now VC'}’C'- 1V’-1  C M(dim$,k).  I.e., we have:

(1) V  fc-rationalizes C yC ~ l .

Now, as above, as C e  ©G£(ai,L /)(n^ ) j and as given
1 = 1

y  C  © M ( o i , L ' ) M ,  certa in ly  C yC ~ l C  © M (ai,Z /)(n^ ). This,
i=X i= l

with (1), and by Theorem 3.B.1, (= > ), shows at once that:

C y C - 1 C  Jm(A*).

Thus, summarizing, we have:

?  C  C - 1/m (A 4>)C, w h ere C € ©  Gi  (a*, L ' ) K )  •
1=1

□
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Corollary 3.B.3

Suppose Ki  =  k(f3i), . . . , K r = k(pr), for some Pi, . . . ,  j3r G k, where the Pi are 

pair-wise non-conjugate over k.

Let Mi be any upper triangular element of M(a{, Kp,  where all the diagonal 

elements of Mi are identical and equal to Pi.

Let L' =  L  or 11 =  k , and let y  C ©  M  ( a , L ') K )  .

Then:

y  U , Mr)} is fc-rationalizable over L

3C € © Gl (at, L ' ) M  : y  U { A * ( M 1}. . . ,  M r ) }  C  C"1 Jm(A*)C-
i=l

Proof.

By the given on and as k C L', we clearly have:

(A*(.Mi,...,Mr)} cyu {A *(JW i,.. . ,A fr)}

C [@Af U/m(A#) 

= © M  (aj, .
*=i

So, summarizing:

{A*(Mb . . . ,  iWr)} C y  U {A*(M1?. . . ,  Mr)} C © M (oi ,  / /) ("* ) .
i=l
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With this, and Theorem 3.B.2 [ with “W ” =  {A$(M i,. . .  ,Mr)}, and uy n = 

y  U {A$(M i,. . . ,  Mr)} ], the proof is complete -  save for showing that:

CL (A*(M1, . . . , M r) ) C © M ( < n , L ) M .
i~ 1

But the latter is immediate from the following: the definition of A$, the given 

about the Mi, Proposition App. 8 , part (b), of the Appendix; and the given 

facts that the Pi € k  are pair-wise non-conjugate over k, and that Ki =  k{Pi), 

so that degk(pi) =  [Ki. fc] =  — thus making all the quantities, 6i),

distinct.

□

Remark

The previous corollary shall be fruitfully applied, in particular, to the following 

cases of Mi.

i) Mi =  Pil^ (so Mi is a scalar matrix).

ii) Mi =  Pil^ +  Nat (so M  is a basic Jordan block belonging to Pi).
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Chapter 4 

Rationalizable Subsets of Diagonal 

M atrices, and of Certain Other 

Classes of M atrices

4.1 Introduction

In this chapter, we apply the results of the previous two chapters, together with 

some basic results in the Appendix, to subsets of diagonal matrices and to subsets 

of certain other classes of matrices which include non-diagonal matrices. One main 

result, among others, will be an exhibition of all rationalizable subsets of diagonal 

matrices.

Throughout this chapter, k is a perfect field and L is any extension field of k.

89
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4.2 R ationalizable Subsets o f D iagonal M atrices

The main result of this section will be an exhibition of all fc-rationalizable subsets, 

of diagonal matrices, over L. Two exhibitions will actually be given: the first and 

principal exhibition (Theorem 4.B.4) is very “strong”, the second and alternative 

exhibition (Corollary 4.B.6) is “weaker” -  but will later [Chapter 7] be seen to have 

its uses.

The following Lemma allows the key inductive step for the proof of the main part 

of the exhibition result of Theorem 4.B.4.

Lemma 4.B.1

Let <j> =  (K , cr, a) be a field element over k.

Let ft =  (a7i, - . . ,  ojs) be a field setting over K, with Uj =  (Lj, bj)  a field

element over K.

Suppose that: dim ft =  a ^so, ^  bj [Lj : K] = .

Let E  be any intermediate field of k/k ,  which is a  Galois extension of k, con­

taining L i , . . . ,  La. (So note, a fortiori, E  contains K  — as all the Lj contain 

K.)

Finally, by the imbedding extension theorem for field extensions, we may let 

o’i G Gal{E/k) be an extension of cr* G Jso(K/k). And with this, we let be 

the corresponding extension of A^, from M (a ,K ) to M (a ,E ); i.e., A^(M) =
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Tl<p ^

@ for M  G M(a, E). (So clearly, A<p is also an imbedding of ft-algebras.)
i=1

Then:

311 G Perm (dim 0, k): 3fi' =  ( a u's) a field setting over k, with a;'- =  

a field element over k:

1) a) dim ft' = dim <p\

b) Domain(An') =  Domain(Ao').

2) A0 o Aq =  conjn o An'.

[Recall, conjn is the matrix conjugation map: conjn (M) =  II-1  Mil.]

Proof.

1) We note that 4> =  (K, a) is a field element over k. In particular, K  is a finite 

extension of k, and thus, as k is given to be perfect, so is K.

2) For j  G { 1 ,..., s}, let:

Sj = {di o | (i,i) G {1 ,... ,n*} x { l , . . .  ,71*.}}.

(And note, by definition, nu. =  [Lj : K].) We daim Sj =  Iso {Lj /k) . Firstly, 

we note that as E  D Lj, Gi G Gol{E/k), and rjp  G Iso (L j / K ) , we clearly have 

Sj C Iso (Lj/k) . Secondly, as A: is perfect, we note that [Iso (Lj/k)\ =  [Lj : fc]. 

We now show that \Sj\ =  [Lj : &], which proves the claim.
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3) Suppose:

( 1 )  o  =  <fi2 o  r g \

In particular, for all P € K:

°il { ^ ( P ) )  =  ?i2 { ^ ( P ) )  ■

°ii{P) = ° i 2(P)- [ a s p e K . ]

As P is arbitrary in K: a ^ K  = oi21K. So, by the given construction of ai: 

<7ii =  Ci2. As a is injective:

(2 ) i\ =  i2-

Substituting this in (1), and composing on the left by o^1, we have:

As is injective:

(3) l\  — £2-

So, by the definition of S j ,  and (1), (2), (3) above, we have at once: \ S j \  = 

Tt<j> • nUj =  [.K : k] [L j  : K ] =  [ L j  : fc]. As discussed above in part (2), this proves 

the claim stated in part (2 ), and so we have:

(4) S j =  Iso (Lj/k).

4) By (4) and the definition of S j ,  we may let r '0) be the enumerator of lso(Lj/k) 

that “spells out” the elements of S j  in “the dictionary order” indicated in S j ’s 

definition. I.e., we may let:

/O') /O') ~ (j) ~ a)
r i >•••> r{Lr.k] =  ^ 1 ° n , ° txJ. •
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Furthermore, we let a;'- =  (Lj, r /0), bj'), a field element over K; and we let

Q' = (v{,. . . ,  ujg); a field setting over K.

5) Using the definitions of fi, Q', t '0), and Lemma l.D .l, we have some II €

Perm(dim<fi, k ), so that for any N j  G M  (b j ,  L j ) , we have:

(A* o An) ( N , , . . . ,  N . )  =  A» (An ( N 1 : . . . ,  N , ) )  

= A , ( © ^ r ^ N , ) )

f  S n"3 / \
i= 1 \j=lt=l J 

= @ ©  ©  (ZiT^) (Nj)
i=lj=U=l v 7

=  n - 1

= n~1

j= u= ie= i '  7
n

s [r>j :&] ...

@ @ 1 ? \ N S)
j = 1 t=l

n

= n -1[A«'(iv1,...,iv8)]n

=  (conjn o A qi)(Nx, . . . ,  Na).

As the Nj are arbitrary in the previous, we have:

A ^ o  An — conjn ° An'.

6 ) Finally, by the definitions of f2' and Q, and recalling that we are given dim f1 = 

a, we easily observe:
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8 8

dim Q' = dim a;' =  ^  bj [ L j  : k]
i=i j=i

= ± b j [ L j : K ] [ K : k ]
j=l
8 S

= ^  (dimwj) n<p = n^y^dimu -̂
i=i i=i

=  ■ dimfi =  • a =  dim <f).

8

Domain (AnO =  J J M  (bj,Lj) =  Domain(An).
i=i

□

The following Lemma will be used to establish Lemma 4.B.3. 

Lem m a 4.B.2

Let $  =  .. ,(pr) be a field setting over k, with fa — (Ki ,a^\ck j  a field

element over k.

For i € { 1 ,.. . ,  r}, let Fi be a subfield of Ki.
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Then:

r
311 € ©Perm {ann^I^^k ) : 3fi =  (a>i,. . .  ,uir) a field setting over k, with Ui a

i=l

field element over k :

Ui = (Fi; 'y(i \ a i{Ki: Fi]) and

r

V(Jf. A l S p K f i ) :
t=l

A<p(Nu . . . ,  Nr) = n -^ n  (Ni[Ki:Fl]), . . . ,  Jva*-F<-])) n.

[Recall, for M  a matrix and e e l f :  =  ©  M.]
i=l

Proof.

1) Let i/W be any enumerator for Iso(Fj/fc); and let u>i =  (Fi, z/W,Oi[Fi: Fi]) be a 

field element over k , and let fi =  (wi,. . . ,  uT) be a field setting over k.

2) As k  is perfect, the imbedding extension theorem for fields shows that each 

imbedding of Iso(Fj/fc) extends to precisely [Kt : Fi] imbeddings of Iso(Fi/fc), 

and that these form all the imbeddings of Iso(Ki/k). So, as a® is an enumerator 

of Iso(Fi/fc), the sequence: cr^| F*, . . . ,  cr£]. | F i , is a permutation of the [Ki : 

Fi]-fold repetition of the sequence: U i \ u Q  .

3) Using the previous remarks, the fact that nWi = [Fi : k] here (by definition), 

and Lemma l.D .l, we have some IL G P e rm ^ n ^ , fc), so that for any N i G 

M (ai,Fi), we have:
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n*i ,.S

@ c f m
3 = 1

n<t>i

=  @' ( o f  I f f)(Aii)
j = l  V 1 '

[Ki'-Fi= nr1 

= nr1

= nr1

j=i t=i

UKi-m
il

© uU ( N « k ^ ) iu.

Thus, using the definition of f2 above, we have:

r  n<t>i

A *(Nu . . . , N r) = © © a f ( N i)

r

=  ©  
t=l

nr- i n.

where II =  @ II* € @ P e rm ^ n ^  ,7^, k).
i=i i=i

The following lemma, Lemma 4.B.3, will be used in the proof of Theorem 4.B.4, (=> ) 

— only at the very end, and only to establish (and at once) the conclusion “(iv)” of 

that Theorem. In this regard, we mention the following two t h ings.

i) Conclusion “(iv)” of Theorem 4.B.4, while nice to have, is something of a “sep­

arate extra” in the context of that Theorem. That is to say, the principal result 

of Theorem 4.B.4 is contained in its conclusions “(i)-(iii)” — and it could well
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have been presented just that way. In this important and structural sense,

both Lemma 4.B.3 and conclusion “(iv)” of Theorem 4.B.4 could have been left 

out here and introduced at a later point. They were included here to get the 

complete result of Theorem 4.B.4 sooner.

ii) Lemma 4.B.3, and conclusion “(iv)” of Theorem 4.B.4, will be seen to have very 

nice, and powerful, uses, in later applications in this paper.

The following lemma makes use of the 3-tuple indexing scheme of a field setting, 

which was defined and discussed in Chapter 1 , Section 3, Subsection 7. As there, the 

set of indices for this scheme is denoted 1$, where $  is the field setting it is based on.

Lemma 4.B .3

Let $  =  ( fa , . .. be a field setting over k, with <& =  a^j a field

element over k.

Lemma 4.B.3 has nothing to do with the principal result of Theorem 4.B.4, and

Let 2 C A $  ^ _Q Scalar (a*, JQ)^ , where Cl {Z) = @M(ai, L)(n*<)

Then:

V(i, j ,  t) 6  Z ,: o f  (Ki) =  k (zm )) .

[ Here, Z ^ j ^  _  ^  • ]
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Proof.

1) As Z  C A<j> ^J|Scalar(aj, K i ) ^ , we certainly have Z  =  A$(W),
r

for some U  C J|Scalar(ai, Ki). Furthermore then, if U G U, then U = 
1=1

(oti(U)Iai,-..,air(U)Iar),  where a i (U) G K i ,. .. ,a r(U) G K r. Let Ui =  

{ai(U)\U G U}, and so note that Ui C Ki. Finally, let Fi =  k(Ui). So clearly:

(1) Fi is a subfield of Ki, Z  C A$ ^JJScalar(ai, .

2) From (1), we have at once by Lemma 4.B.2 that:
r

3n  G @PeTm(ain<pi , / ^ , fc): 3Q = (loi, . . .  ,cur), a field setting over k:
i=1

a) V* G {1 ,... ,r}: w* =  , 6f =  Oi[Ki: # ];

b) \/(Nu . . . , N r) e f [ M (a i ,F i ) :
i—1

A*(JVi,. . . , N r )  =  n - ^ n  (Ni[Ki:Fl]\ . . . , n .

3) In particular then, the previous shows that:

Ol G F\, — ,Qr G Fr ==̂ ‘

A*(0 ,4 . , 0 ^ 4 , )  = n -‘Ao (a.4,)®8̂ ») n.

Now clearly (just write it out!):

(aiIai)([Ki:Fi]) = ailoilKnEi] = <XiIbi,

where the last equality follows from part (2) above -  item (a). Thus, the previous 

shows:

A$(o:ifaj , . . . ,  QrIar) n An (ocilbi > • • • j ô .7jr) n.
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So, as a i G Fi , . . . ,  a r € Fr , we have:

(2) A* ( jjScalar(aj, F«)) C n^An ( nScalarfo , F<)) n.
\i=l \ i= l

4) From (1) and (2) we have:

Z  C A j y J S c a la r ^ F O j  C IT 'A n  ( JJScalar(6i5 F»)) n.
\i=l

So, from the previous, together with Lemma 2.D.1, part (b,i), we have:

CL{Z) D CL ( u - lA a ^nScalar(6t, F ) j  n j

= n ~lCL ( A n ^pScalarCfts, F ) j j  n

=  n~1 \@M(bi,LfF':kn
(3)

n.

5) Now, by the given, we have: Cl (Z) =  @ M (ai? L)(n*<). This, with (3), shows:
i=i

@ M (a i,L )K ) D n " 1 [@M(6i,L )([i?<:fc!)
*=i

n.

Therefore:

(4) n
Li=l t=l

6 ) We now observe that the left-hand side of (4) is “invariant” under conjugation 

by n  — in the sense that the conjugation by n  may be “dropped” from the 

left-hand side of (4). We see this directly, as follows.
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r  r
In part (2) above here, we have II G © P e rm ^ n ^ , k), and so II =  © lit, for

t=i t=i

some lit € Penn(ain ^ ,7 ai,A:). Thus, 11* is a block permutation matrix, “made 

up o f’ Oj x Oj subblocks that are either (a* x a, identity-matrix) or Oai 

(a* x di zero-matrix). Consequently, and as described in Chapter 1, Section 2, 

Subsection 4, Part (d), conjugation by lit acts on a block diagonal matrix — all 

of whose subblocks are a* x a* matrices — by permuting these a* x a* subblocks 

around. I.e., in particular, we have: M  € M (at,L)(n^) IT M il" 1 G

M (ai,L)(n^ ). So clearly, applying this result to the entire set of such block 

diagonal matrices, we get:

H  \M{ai, L ) ("*) n r 1 =  M(oi, L)(n*<).

Now we calculate, using the previous at the last step:

n @ M ( a i , L ) M i l l - 1 =  [© 1 1 * 1  [ @ M ( a * , L ) K ) l  
.i=l U=1 J Li=l J Li=l

= ©n*
»=i M(ai, L ) K ) ] n r 1

=  © M (a* ,L )K ).
i= 1

Putting this in (4), we now get:

(5) @ M (a*,L )K ) D © M (6i , L ) ^ :fc]).
*=i i= 1

7) Now, “writing out” the sets of matrices on both sides of (5), and comparing the 

“upper left-hand comers” of the matrices that form these sets, we see at once,
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in particular, that:

®i — &i*

So, by part (2) above here -  item (a), we get:

“ 1 >  : F i ] .

Therefore: 1 >  [Ky : Fi].

Thus, [Ki : Fl] =  1 , and so Ky =  Fi.

(6) Therefore: Ki = Fy.

So, furthermore now: by =  ay[Ky : Fi] =  ai • 1 =  ax, and [Fi : k] =  [Ky: k] =

. Therefore:

(7) ai =  6i and =  [Fx : &].

8 ) Now using (7) in (5) clearly allows us to “knock off” the “upper left-hand (= 

first)” diagonal block from the matrices of the sets of each side of (5) [ write it 

out! ], and this then gives:

© M ( a i ,L ) M  D @M(bu L f Fi:k]\
i—2 i=2

So, following the argument in part (7) above, inductively, we find:

(8 ) Fi =  Ki, ai = bi, =  [Fi: fc]; for all i G {1 ,... ,r}.

9) Now recall from part (1) here that:

Fi = k{Ui).
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This, with (8 ), gives:

(9) K i =  k(Vk).

10) Now recall again, from part (1), the following:

2  =  A*(&0, U  C JJScalar(ai, i^ );
i=1

U e U  => U = ( a l (U)Iai, . . . , a r(U)Iar), cti(U) G Ki.

So clearly, recalling the 3-tuple indexing scheme of a field setting -  discussed in 

Chapter 1 , Section 3, Subsection 7, the above shows:

Z  =  A*(£/) = >  Z(iJA =  cr]l)(ai(C/)), for all (i ,j , t)  e  X*.

Thus, in particular, we have:

%s,<> = {̂ w,«)| ̂  e z j  = {<rf («»(I0)| U € U]

= o f ({a,(P)|tf€M}) = of(l«); 

using the definition of Ui from part (1) here. Hence:

( h 3 i ^ =

This, with (9), shows:

* (-z<«,<)) = * (of M)) = o f (*M» = o f  (Ai).

So, finally:

(*, J , t) €  1$  — > (Tj \ K i )  =  k •

□
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Theorem  4.B .4 (A Main Result)

Let n  G EL 

Let y  C  D(n, L).

Then:

y  is ^-rationalizable over L

y  C D (n, L) and 311 € Perm(n, k): 3$  =  (0 i,. . . ,  <pr), a field setting over A;;

with 4>i — , a field element over k:

i) dim$ =  n;

u) y c  n - 'A j, ^fiscalartOi, /£'()') n ;

iii) CL(y) = CL Q̂Scalarfe, Kjj nj = n-1 L)(“«.)] n;

iv) V(i,j, t) ex*: <?¥>(&) = k((ityn-XM)-,
here, (IO TT1)^ ,,,  =  {(IOTI-‘)(W | Y € ? } .
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Proof.

( « = )

1) Let Z  =  EOT"1; so that, in particular, by (ii):

2  C Jm(A*) C © M ( o i ,L ) K ) .
i=l

Let V  e so that, at once, by Theorem 3.B.1: V k  =  rationalizes Z . 

Thus, VII certainly fc-rationalizes y .  Also note that clearly V  e  V£ C 

G£(n,k) C G£(n, L).

This completes the proof of (<==)■

M O

2) Firstly, we make several simple observations. We may let P  € G£(n, L) 

where P  fc-rationalizes y:

P y P ' 1 C M (n,k).

a) Suppose Y  e y .  Hence, Y  6  y  C D(n, L) and P y P -1 C M (n, k) =>• 

p y p - 1 e  M (n,k) ==> charpoly(y) €  &[ar] = >  (as Y  is diagonal) the 

diagonal entries of Y  are all in &. Thus: Y  €  y  =*> Y  € D (n ,k ^ . 

Thus:

(1) y C D ( n , k ) .
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b) Suppose y  C Scalar(n, L), and suppose Y  E y . Hence, Y  E y  =>■ 

Y  =  AIn, for some A e  L = »  (as P ^ P " 1 C Af(n,Jfc)) PXInP~l E 

M(n, A:) =>■ A/n G M(n, fc) =>• X E k. Thus:

y  C Scalar(n, L) 3? C Scalar(n, k).

c) Suppose IV C Scalar(n,L). Thus, by the previous, we have y  C 

Scalar(n, A:). Now let II =  7n; r  =  1; $  =  (fa), with fa = (k ,a ,n ), 

where <r is any enumerator of Iso(fc/fc) =  {id*}- With these definitions, 

we compute:

i) dim$ =  dim ^i =  n  • [k : fc] =  n;

ii) 3̂  C Scalar(n, A:) =  II-1  [Scalar (n, A:)]II

=  n - i © idk (Scalar(n, A:))
i=l

n

n- 1 A*^nScalar(a^}/ir^ n ;

hi) CL(y) =  M (n,L)

=  © M (n ,L )(1)
i=l

[ as y  C  Scalar(n, L ) ]

=  @ M (n,L)("^) [ as =  [A:: A:] =  1 ] .
1=1

The conclusion (iii) of the Theorem follows at once from the previous 

and Lemma 2.D.1, part (b,i).

The conclusion (iv) of the Theorem follows at once from (ii) & (iii) 

above, and Lemma 4.B.3 (with “Z ” = IQTI-1).
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Thus:

(2) y  C Scalar(n, L) = >  (=> ) is true for 3̂ -

3) We now prove (=> ), by induction on n. For n  =  1, certainly D (n,L ) =  

Scalar(n. L), and so we are done here, by (2). Suppose now that n > 2, 

and that (=>) is true for 1, . . . ,  n — 1 . We will show that (=r>) is true for 

n. If y  Q Scalar(n, L), then we are immediately done here, again, by (2 ).

4) In view of the previous, we may suppose y  % Scalar(n, L), and we may 

let P  € G£(n, L) where P  fc-rationalizes 3^ So, for some Yo G 3̂ : Yo ^  

Scalar(n, L). Let f 0 = charpoly (Yo). By observation (2,a) above, we have 

fo  G A:[a:]. Moreover, fo is certainly monic and deg(fo) = n (as y  C 

D(n, L )). Thus, we may factor fo  into its canonical factorization into monic 

irreducibles of fc[x]:

fo =  n ^ ;
i=l

for some r € € E5',Pi distinct monic irreducibles of fc[x].

We next observe that a, < n, for all i G {1 , . . . ,r}. Certainly we have 

di < n, for all i € { l , . . . , r }  (as deg(f0) =  n), and so if =  n, then 

the fact that deg(f0) =  n clearly forces degip^) =  1 and r  =  1. Thus 

fo — Pio’ de9(Pu>) =  1- So, /o has a single root [necessarily, even, in k], 

repeated n  times. As fo  =  charpoly(Yo), and Yq is diagonal (as Yb G 30,
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this forces Y0 € Scalar (n, L) -  contrary to the selection of Yo above. Thus:

(3) Vi € { l , . . . , r } :  04 < n.

5) With the above, we let A € k be any root of Pi, and we let Ki =  fc(A)- We 

note then that pi = minpoly* (A). We let 0 , be the field element defined 

as (pi =  (.Ki, crW, a*) , where o-W is any enumerator of Iso(Ki/fc), and we 

let $  be the field setting defined as $  =  (<pi,. . . ,  0r). We note that =  

[Ki : &] =  [k(Pi) : &] =  deg (minpoly*(A)) =  deg(pi), and so

dim $ =  ^ 2  =  51 ain4>i =  S  Pi) =  de^(/0) =  n.
i = l  i = l  i= 1

Thus:

(4) dim $  =  n.

6 ) Now let Mi =  e  Scalar(ai,Ki), and let M  =  (M i,...,M r) 6
r

JJScalar(ai,K{). As Ki = k(/3i),k is perfect, and a® enumerates
t=i
Iso(K i/k), clearly crf^A), • ■ •, °ilj.(A) 316 ^  distinct and are precisely 

the roots of minpoly* (A) =  Pi■ Thus, A^(Mi) is a diagonal matrix and

charpoly (A* (Mi)) =  charpoly (A)

=  n ( x - a f ( A ) ) a<
i=i

r i ( z - ° i 0 ( A ) )
i=i

Ot
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So, finally, A$(M) is a diagonal matrix and charpoly(A$(M)) =  

charpoly (Mi)) =  ]][ charpoly (A^ (M{)) =  J J p f  =  / 0. Hence,
' i=1 '  i=1 i=l

lo  and A$(M) are diagonal matrices with the same characteristic poly­

nomial — and hence with the same set of diagonal entries, multiplicity 

respected, and so they are conjugate by a permutation matrix. Thus:

(5) =  A$>(M), for some #  G Perm(n, k).

7) Now we have from above that P  G G£(n, L) where P  ^-rationalizes y .  

Let Z  =  C D (n ,k ) [by (1)] and let Q = P tf" 1 G G£(n, L). Using

(5), clearly A$(M) G 2  and Q fe-rationalizes 2 . Thus:

(6 ) Z  = Z  U (A$(M)} is fc-rationalizable over L.

Noting that P i,. . . ,  (3r are pair-wise non-conjugate over k (as Pi is a root of 

Pi, and the p, are distinct monic irreducibles of k[x\), and Ki =  fc(/3,) (by 

definition here), and, as Z  C D (n ,k )  so a fortiori Z  C Q M  (ai , k ) ^ * ^ , 

we may apply Corollary 3.B.3, which gives at once, with (6), that:

(7) Z  C G~1/m(A^)G, for some C G @ G t (ai,k) ̂  .

8) By (6) and (7), we have:

(8 ) A*(M) G Z  = C -1A*(T)C , for some T  C  f [  M(<h, Ai);
t=i

(9) C = ©  C®, C® =  ©  C.-*\ for some (even unique)
i=l j =1

C® G ©  (oi, k) , c f  G (a*, &).
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Now let the following be defined, recalling that Z  C D (n, fc) 

^and, by (4), recalling that n =  dim $  =  ^  ^ .

i) For all Z  E Z ,  express Z  in the obvious (and unique) way as:

(10) Z  = @ Z®, Z(i) =  ©  Z f ,  where
i=i j =i

Z& e D ( a , k) , Z f  € D ( o i , k ) .

ii) For all i e  { l , . . . , r } , j  e  {1, . . .  ,71^}, let:

ZW = { z ® \ Z e Z } c D  (Off*Pi, k) ;
(11)

z f  =  { z f  | Z  6  z j  C  D (tti, k) .

iii) For all i e  {1 , . . .  ,r}, let: 71 =  the set of i— components of T; so that 

T iC M fa K i) .

iv) For all i G { 1 , . . . , r}, let 6* € {1 , , n^ }  be such that:

o f  =  idKi.

[This is OK, as cr® enumerates Iso(Ki/fc).]

Now with (8 ),(9), and the above definitions, we clearly have:

=  c f  “ o f  (7 3 C f ; fo ri e  e

In particular, letting j  = bi (so that crj =  idKt V we have:

z 2> = cs*"-nc® ;  for i € { ! , . . ,,r} .
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Thus:

(12)

Hence, as e G2 (at, fcj , (12) shows at once that:

Z ^ 1 is /Cr-rationalizable over k.

We note that Ki is perfect (as K i/k  is finite, and k is perfect) and, clearly, 

that Ki =  k. So, by (3), as Zj^  C D (a,, k j [by (11)], we may apply 

the induction hypothesis to Z®  (with “k” =  K{ and “n”= a ). Thus, this 

hypothesis gives some 11* € Perm(oi, Ki) =  Perm(oi, k) (the latter equality 

being obvious), and some =  ( ( $ \ . . . ,  <$)), a field setting over Ki, with 

4>f = (K®  , a field element over Ki, where:

Si

(13) i) d im $ i=  a* (i.e., J ^ a } ' [K j  " K i
j=i

(14)

ii) Z®  C n - 'A * . ( n  Scalar ( o f ,  A f ) j  H ;

Hi) c t (z® )  = CL ( n r * ( n  Scalar ( o f , i f f ’) )  II,'

j = l  '  J  '
—  T T - 1

For convenience, for any field setting, St = ( u i , . . . ,u a), over any field 

F, with Ui =  (Li, rW, b a field element over F, we let Imf(An) =
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An [ J J  Scalar(6j, Li) I . Thus, (ii) and (iii) above show:
\i=\

(15) Z®  =  Iii (<%)IT,; for some 11* 6  Perm (d ? \k )  , 

and Si C j j  Scalar (off*, K j^  ;
i = 1

(16)

c L (zg>) = c i (n,-1/m'(A4,)ni)

& * / ( « « £ ) ( " * ? )
7= 1  V J  '

=  n r x ik .

9) Now let Ei be any intermediate field of k/k,  which is a Galois exten­

sion of k  containing K ± \ . . . ,  K&  and containing each of the aj entries 

of C® G Gt (ai, k) . (So note, a fortiori, that Ei D Ki — as K® D Ki.') 

Furthermore, referring back to a® in step (5) above, let af* G Ga£(Eijk) 

be an extension of a® G Iso(K i/k), and let A ^ be the corresponding 

extension of A ^, from M (ai,Ki) (and so clearly, A ^ is also an imbed­

ding of fc-algebras). Specifically, for M  G M(a*, Ei), we have A<̂  (m ) = 

©  af* (M )  G M(ai,£ ’i)(n^). Again referring to (8 ),(9), and the defini-
j=l

tion of Z®  in (11), we clearly have: Z®  = C ^ _1A ^ (Ti)C^\ for all 

i £ {1 , • • -, r}.

This, with (12) and (15), gives:

z <i) = (C lf n - 1Al i (5i)n (c l i,"‘) c “>.
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This, with the fc-algebra imbedding A<̂  defined above, gives:

z® = c®" a* (cg>nr1A,i(5i)nic f ' ') c®

= C<‘>- [a *  (c<fnr1)] p* (a*(s))] [&* (nc®")] c®

= c«>" [(A* (n-to®))'1] [a * (At.os,))] [a * (n,c®-)] c®.
Thus:

(17) Z®  =  Q®-' [A* (A*,(*))] (?®, where

(18) Q® 3  A* ( n ,c f " ) C®

=  6  j | G l(a ,,t)  .

10) Now with the definitions of <&,$*, and A ^, we have at once by 

Lemma 4.B.1 (and this is the motivation for Lemma 4.B.1 in this paper!):

(19) A *  o A # i =  c o n j o A * / ;

for some & € Perm (ain^,fc), and some ^  , a field

setting over fc, with 4>® =  , a field element over k, and

where dim =  dim <&. Note that the field elements (pf* and 4>f*, as defined 

previously, have the same “i f ” and the same “a” . By (15) we have 5* C 

J J  Scalar ( a f \  i f j , and so (19) and (17) give:
j= i

(20) ZV = Q ^ Z r1 [A*;(<Si)] £,Q«
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11) Now, by the definition of Z® , we clearly have:

(21) Z  C  @ Z (i).
i=l

So now, by (20):

Z  C ©  (QW-’e -1 [a * j(« )]  c,Q®)

= (@ &<?«)'' (@ A*j(^)) (@ &<2(<))  •

Letting C7 =  @ QW& € ©  (ajn0i, , so that U € Gt (n ,k ) (by (4)),
i= l i=l '  '  '  '

the previous becomes:

(22) Z  C  U~l ©  A&. (Si) U, for some U e  G t (n, k ) .
U=i J v '

Now, recalling the definitions of the field settings (recall there are r  of 

them) over k, given by , . . . ,  , we let r' — ]T) € i t , and let
t=i

=  ( $ , . . . ,  # /)  be the field setting over k, with (f>[ =  , a[^

(p'rt =  (K'r,, cr(r'Y, a',.,') the field elements over k, defined by the following 

(iYpermutation of the 4>) ■

V  = & , . . . , & )  = ( # ' ,     4 rY, ■ ■ ■, O -

W ith these definitions, and recalling from (15) that 

* C J I  Scalar ( a f \  . the result above in (22) gives:
j=i
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- lZ  C U

c u~l

= u~l

=  u~l

©  A& (<Sj)
i= i

u

©  ©  A (,)/ (Scalar
i= lj= l '

u

© A *; (Scalar (a(, JKJ))
i=l

£/

A*, ( I I  Scalar («{, AJ)
t=i

Hence:

(23)

for some U € G£  (n, kj  and some a field setting over k. 

Moreover, recalling from step (10) above that dim =  dim$i, and using 

(4), we easily calculate:

r Si

dim $' =  y~)dim ^ =  ^  dim $
i=l i=l j=l

r  t

=  Y .  dim Q  = y~)dim<fo
i= 1 i=l

=  dim $  =  n.

■CO'

Thus:

(24) dim $' =  n.

12) We now compute Cl {Z). Before doing so, we make several useful observa­

tions.
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a) Prom step (6 ) above, we recall that M  =  (M i,. . . ,  Mr) and Mi = PJoi- 

Thus A *(M) =  and A ^ (Mi) =  ©  o f  (A)!*. As
t=ij=i j=i

noted earlier, the quantities /3i, . . . ,  /5r are pair-wise non-conjugate over 

fc, and degk(pi) =  [&(/%) : fc] =  [A, : fc] =  n ^ .  Thus, the quantities, 

are all distinct. So, at once by Propositions App. 8 , part (b) 

and App. 9, part (i), of the Appendix, we have:

CL(A*(M)) =  @ M (ai,L ) W ,
i=1

(25) ^

b) Prom (8 ), we have:

(26) A$(M) e  Z  C @ M  (cti,k^ ^  [Z is even diagonal].
1 = 1  '

So, in particular, D Cl (Z), and so by (25):

CL ( Z ) C @ M ( o i , L ) M .

So, at once by the definition of z j x\  and by Proposition App. 6  of the 

Appendix, we have:

(27) CI (Z) =  @@‘ C x ,( z f ) .
i= lj= l \  J '

c) Now recalling (17) and (18), we have:

(28) Z (i) =  [A^, (At j (5())] and € < | g 8  (<*,*) .
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In particular, we may write:

(29) Q® =  @ Q f \  for some [even unique] 6  Gi (cii,k) .
j =i v J

Recalling the definition of A ^ from step (9) above, and using (28) and

(29), we see:

& Q P  'U=1

n<t>i f-\
@ Q f
3 = 1

[ { A f t ( A t i ( S ) ) | s < = S , } ]  

= [i|<??r I ] [ { j |  [Sf  (A*,(S))] 

= [ < |  ( o f  [ f i f  (At ,(S))] Q f  ) | S e 5 ,]  .

So clearly now, by definition of 2 f , the previous gives immediately

(30)
z f  =  { o f ' 1 [ o f  ( A » , ( S ) ) ]  O f  15  e  S i }

= o f " 1 [o f (A*(S,))] O f.

d) Let W ®  =  QW 1 Ja^. {Im! (A*<))j Q®. By (29), and the definition 

of A<fc, we clearly have:

(31)

So, for W®  e  WW, we may express W®  in the obvious [and even 

unique] way as:

W® = @ w f }, where Wf> € M  fa ,  k) ;
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and we let W f  =  { w f  G M (oi,fc)| W ®  G W « }  C  M (a^fc) . Now,
r

from (8 ), we have A$(M) G Z , which is the same as ©  A ^ (Mi) € -2;
Z=1

and so, by definition of 2®: A ^ (Mi) G Z (i). This, with (28), (15), 

the definition of and (31), shows:

A *. ( M )  G Z ®  C  W (i) C  M (a i5f c ) ^  .

Hence, in particular, Ci,(A^(Mi)) D C L (>V®) , and so by (25):

CL ( W (i))  C  M(ai, L ) K ) .

So, at once by the definition of W f , and by Proposition App. 6 of the 

Appendix, we have:

(32)

e) Prom the definitions of and A ^, we see: 

w<*> =  Qtf)" 1 [A* (Im ' (A*,))] Q®

$ o f ' 1
j =1

© Q?"1
7=1

= ( |  Q f 1 [o f  (A * (S))} Q f  S e f [  Scalar ( o f ,  i f f )  | .

A* (A*(S)) 5  G f t  Scalar ( a f ,  i f f
i=i i=i

S G  f t  Scalar ( a f ,  i f f ) © Qf
b'=1
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So, by the definition of Wj*\ the previous gives immediately:

(33)

-S' G J J  Scalar ( a f \  K j1̂
3 = 1

= q ,r 1 ( A*i ( f t  Scalar ( a f
v =1

(0

-  Qf ~ l [ s f  (*»'(A*,)] Q f .

f) Now let Vi C I J  Scalar ( a f \  -^j^) ; so, in particular, we have 
j=i

A $.(P j) C D(a,i,Ei) [as dim <3>i = Oj, by (13)]. Now aj l) G Ga£(Ei/k), 

so in particular crV is injective on Ei. Thus, as Ei C k C L, a t once 

by Corollary App. 12, of the Appendix, we have:

(34) c L (a f (A,, (©,))) = Cl (A* (Z>»)).

We will use this shortly, with Vi = Si, and with

P . =  11 Scalar ( a f ,A - f ) .  
i= l

g) Let Q=  (a>i,. . . ,  ccs) be any field setting over A;, with ccj =  (Li, fcj) 

a field element over fc. The following simple calculation will prove 

useful. We have:
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Jm'(An) =  Afi yJ J  Scalax {h, U yj

=  {Aft(7i,. . . , Ts)| Ti G Scalar(6i5 L*)} 

=  |©  A^CTi) T i  G Scalar |

©  Ao,. (Scalax(6i,L i)).
X=1

Hence:

(35) Jm '(Aft) =  ©  AWi (Scalar (&*, Li)).
i=i

h) Let be field settings over k. By (35), clearly C^irn0.,

G Im'{A nJ. Thus, at once, by iterative application of Propo­

sition App. 8 , part (a), of the Appendix, we have, in particular:

(36) CL (©  /m '(A fii))  =  ©  CL (/m '(A ni) ) .
Vi=l /  i= 1

i) We make our final observation. While it is simple to observe here, 

it is the central observation that permits the calculation, to be done 

shortly, of the result for CL(Z). Using (15) and (16), we have:

=c1(nr1A*i(5i)ni) 

= c L(z®)

= CL (iS'Im'iCuJTU)

= TSr1CL(Jm'(Atl))XU.
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Thus, at once:

(37) CL (A*<(£)) =  CL ( I m ' ( A ^ ) ) .

j) Finally, we calculate Cl (Z).  Using the observations of this step, to­

gether with (19) and the definitions of U and we calculate:

Cl (Z)
r n<t>i /

= © © C l (2 }'>)
i=lj=l V J '

[by (27)]

=  @ §  CL ( q f :' [ f 1 (A*,(«))] Qf) [by (30)]

= @ $  q f ‘ct f e ®  (A*((«))) Q f

=  @@‘ q f ‘C i tA * ^ ) ) ^ 0t=lj=l
[by (34)]

r n<̂< 1
=  ©@qf C i (/m '(A»,)) 0 ®

i=lj=l
[by (37)]

= © <| q f ‘c t  ( o f  ( M (  A*,))) qf [by (34)]

= © j |  c t ( q f 1 [5® (1W(A*,))] qf)

= @iSct (wf) [by (33)]

© C L ( w (i>)

@ C L (Q® - 1 [2k* (/n»'(A*))] Q(i))

©  CL ( 1
*= 1

A * [A t, (n S c a la r
V = 1

©  CL Q(i)
i=l u = l

[by (32)] 

[def. W®]

Q{i)

Q® | [by (19)]
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=  @ CL (0<« V / m '  (A t;)  ?i<3(‘>) [def.

=  @ Q W 'V C i  (*»>' (A t;))  &Q(i)

=  (@  6 Q ® ) ’ 1 ( ©  C i (7m' ( A t ; ) ) )  ( ©  5iQ(i))

=  U- 1 (@  CL (7m' (A * .))) V  [def. U]

=  U- 1 C l (@  Im ' (A *;)) U [by (36)]

=  U~1C l (@ @  a ^ ‘>' (Scalar ( 4 ‘\  i f f ) ) )  U

[by (35) and def. <3>'{]

=  U~l Cl U

[by (35) and def. $']

=  CL {U-l Im!{& v)U ) .

Hence:

(38) CL(Z ) =  CL ( u - l Im '{& v)U ) .

13) We now collect together, from (23) and (38), the two main results thus far: 

£  C U -lIm \A v )U  and CL{Z) =  CL {U -lIm '(A ^)U ) .

So clearly:

(39) UZU - 1 CJm '(A *,) and CL (yZ U ~ l) = CL { Im \  A*/)).
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Now clearly by definition of Im'(A$/), and by (24), we have 

Im!{A$/) C D (dim fc) = D (n,k) . So, by (39):

(40) UZU~l C Im!{A*,) C  D (n, k) .

So, by (40), (39), and Corollary App. 17, of the Appendix, we have, at 

once, for some II G Perm(n, k):

H ZTT1 =  UZU~l C Im '{A v).

So now, substituting ILZII-1  =  UZU~l in (39), we get:

IL2IT1 C Im '(A v)  and CL (R Z IT 1) =  CL ( I m \A ^ ) ) .

And hence:

(41) Z  C  n _1/m'(A$/)II and CL(Z) = CL ( l l ^ I m 'iA ^ U )  .

14) Now from step (7), we recall that Z  =  'ION'-1; and from (5), we recall 

that '£ G Perm(n, fc). Thus y  =  and so by (41), letting II' =

11# G Perm(n, fc), we have:

(42) y  C i r W ( A * 0 n '  and CL{y) = .

Recalling that II' G Perm(n, k); and that, by definition of 4>' and (24), we 

have that is a field setting over k, where dim <$' =  n; we see at once from 

(42) that we have now proved, in the induction for y, most of the desired
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conclusions for (=*>). It remains only to complete the desired conclusion 

(iii); and to prove the desired conclusion (iv), of (=>)■

Well, the rest of the conclusion in (iii) follows at once from (42) and 

Lemma 2.D.1, part (b,i). And the conclusion in (iv) follows at once from

(42), from the completed conclusion (iii) [now just proved previously], and 

Lemma 4.B.3 (with uZ n = nO dl'-1) . This now completes the induction 

for y ,  and so completes the induction proof of (=>).

This completes the proof of the theorem!

□

The following Lemma shows that any field setting can be related, naturally, to a 

certain “simpler” kind of field setting. This will be used to establish Corollary 4.B.6 

— an alternative and “weaker” form of the result in Theorem 4.B.4. This Corollary 

has meanings of its own, and will have a key use in Chapter 7.
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Lemma 4.B .5

Let $  =  (0i , . . .  ,<j>T) be a field setting over k, with 4>i =  (K i,v ^ \  a^j a field 

element over k.

Let $  be the field setting over fc, defined as follows:

^  =  f 01 ) • • • 1 5.! 4>r 1 • • ■ 1 4>T l  5\  ̂ y— -* /
a i times o r  times

where 0, is the field element over k, defined as 0* =  (K it it®, l j  .

Then:

1) dim $  =  dim $;

2) a n  G ©  Perm (0*71̂ , k) C Perm(dim ̂ >, k):
i—1

a) A* ^JJScalar(ai , i ;Ci)  ̂ C n /m (A 4 ) n -1  C D ( d i m ,

b) i) v*n C

ii) V  €  V£ = >  V n /^-rationalizes Im  (A$).

Proof.

1) We have 0 , =  , and so dim0i =  1 • [Kt : fc] =  [HQ : fc]. W ith this,

and the definition of dimension of a field setting, we easily compute:

= S X ) dim<k  =  S X ![ -Ki :fc]i=i t=i *=i t=i
r r

=  'sjT,ai[K i: &] =  ^ d im 0 f  =  dim$.
t=l i=l
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2) For any two positive integers, a ,n , we define a permutation P (a,n) £ Sa.n as 

follows. Let xi ,X2, . . .  ,x a.n be a ■ n  distinct “letters”. Now, as below, 

re-express this sequence of a • n  letters with the following “double-index” 

notation:

(1) (ar1,ar2, • • -iXom) =  ( 4 X)) • • • ,a4l)>x i2\  • • • >*£2)>.......... ,*iB\  • • • ,*in) )•^s v ✓ s v— ... ✓ S, —  ✓/
a a a

Finally, let P (a,n) € Sa.n be the permutation, defined clearly, as below:

( : t P ( a , n ) ( l ) i a : P ( « , « ) ( 2 ) l  '  '  * 5 ^ ( a . n )  ( « • " ) )  =

(2 )
. . . , 4 n ) , X ^ X ^ ,  . • • , x j ° ,  , x M , X & \  . . - , 4 n )  ) •' ' --------- V--------- ' ' V----------' '--------- V____r a n  n

With this, let II(ain) be the basic permutation matrix associated with P(a,n), as 

defined in Chapter 1, Section B, Subsection 4, Part (d):

(3) =  fla-n (p(a,n)̂ J £ PeTOl(fl • 71, fc).

3) With II(0)n) as defined in (3), and recalling the facts about basic permutation 

matrices as in Chapter 1 , Section B, Subsection 4, Part (d), and, with (1) 

and (2), we easily make the two observations below.

a) Let a ,n , N  e  Et. For j  € {1 ,... ,n},£ e  {1 ,... ,a}, let € M ( N x  1 ,L);

i.e., is an N  x 1 column vector over L. Let:

(4) A  =  dD df> € M {N  x an,L).
j= i t= i
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By the above-mentioned part of Chapter 1 , and (4), and the definition of 

P(a,n) as in (1) and (2), we see at once:

AII(a,n) =  “A, where column(g) has become column (p(a,n)(<?)) ”

=  “ dDdD where column(g) has become column (p(a,n)(q)) ”
j = i t = i  ' \  ’ /

= m & .
t=ij=i

I.e.,

(5) ^n(a,n) = ® dD Apl 
£ = 1.7=1

By (4) and (5), we summarize: 

(6 ) ASP 6  M ( N  x 1 , L) = f t )( D d D  Aj=u=i n (o,n) — f t )dDdD At=ij~i

I.e., “ [• • -]II(ain) reverses the order of c(H)-ing’ ”.

b) Referring to the same above-mentioned part of Chapter 1 , and following, 

quite similarly, the above, we also conclude at once:

(7) bP e  L n,(a,n)-1 @@ [#] n(0,„,= @@ [6»]
j=lt=l L J £=lj=l L

I.e., “ II(0)n) [• • -lll^n) reverses the order of ‘© -ing’ ”.

4) With (6 ) and (7), we now return to the main proof. For i e  {1 ,... ,r}, we let

Iii =  n (oi,n,.) € Perm (ain<f)i,k ) , and we let:

(8) II =  ©  Iii €  ©  Perm (a ^ n k )  C Perm ( ^  0471^., k)  = Perm (dim $ , k).
i=1 i=1 \i=l /

With this, we make the following two observations.
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a) Let a i G K i , . . . ,  a r G K r. Then we observe:

=  ©  ©  <#(<*)/„
i= lj=l

T  n <t>i O i

@ © @  o-jl)(ai)
i= ij= it= i1

I  *
© n
i= l

Oi n4>,

i u -x [by (7)]

= n

© © © ' \<r®(oiji=it=ij=i *- J J

n - 1

© lU
i= l

-1

[by defe. II, <&]

=  IIA g ( Jari],...., [ax], [a2], ■■■ ■, [os]., .......... , [ar] , . . . ,  [ay]j ) l l  1 [by def. $]
Ol a2 Or

g n /m  (a^ ) n

Thus, we have shown:

(9) A* j n  Scalar(di, K{) I C IIIm  (A*) I T 1.
\t=l

Moreover, as <& =  l ) , so M  (a ^ . ,K ^  = M ( l ,K i ) ,  and thus

clearly I m  (A^.) C D . Hence, clearly, Im  (A^,) consists of

diagonal matrices, so:

I m ( A$) C D (dim$,fc) =  D  (dim$,fc) ,

where the latter equality follows from the result in step (1) here, above.
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Thus, as II is a permutation matrix, clearly now:

(10) H im  (A$) II 1 C D (dim $ , Jc)

b) Let V  € Vq. By definition of V#, then:

(11) V  = (jj) (IP for some Qi e  M((dim3>) x ai,K ij.

Now write out Qi “in columns”, clearly, as below:

(12) Qi =  (D) Q*,t; for some Q^t € Af((dim$) x l , ^ ) .

So, clearly by (11) and (1 2 ):

(13)
r n <t>i O i

k  =  ® ® ®  o f  (& ,.)
i=y=K =l v '

Then we easily observe, using (8 ), (6 ), and the definitions of “VN^ ”, ‘

VU = ® ® ® o f  (& ,,)
i = i j = i t = i  '  '

n,
Li=l

- s ( ®  ®  o f  (%,.)
\ j= X t= \  v y

Iii

= ® ( [ ® ® o f  ( 4 . )  

=  ® <j) f ®  o f  (Qi,.)
i=l£=l \ j = l  V

£  (IDdD =

Thus, we have shown:

(14) v * n  c v^.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



129

Now, by Theorem 3.B.1, (<=) [ with uy n = I m ( ], we have: 

W  G V$x =>■ W  ^-rationalizes Jm(A$) .  Thus, at once by (14), we 

have:

(15)

V  G V£ = >  VU G V$x =t> VII fc-rationalizes Im  (A $).

By step (1) here above, (8), (9), (10), (14), and (15), the proof of this lemma is 

complete.

□

Corollary 4.B.6

Let n G Vj .

Let y  C D(n, L).

Then:

y  is fc-rationalizable over L

y C D ( n ,  kj  and 311 G Perm(n, k):

3 $  =  (0 i , . . . ,  0 r), a  field setting over k; with

4>i =  (Ki, o-MjOiJ , a field element over k:

i) ai = - - ■ = dr = 1, and dim $  =  n;

ii) [ identifying M  (1, K i )  with K i ]  y  C n -1A * ( ) n .
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Proof.

1) (*=)=

Follows, verbatim, by the simple proof given for Theorem 4.B.4, (=>•).

2) (=>):

Follows at once from Theorem 4.B.4, (<=), and Lemma 4.B.5, parts (1) 

and (2,a) (noting that in that Lemma, by definition, we have a^. =  1, for 

all i).

□

4.3 R ationalizable Subsets o f a Certain Class o f 

M atrices.

For convenience, we will call a matrix in Jordan Form an elementary Jordan matrix, 

when each eigenvalue has exactly one basic Jordan block belonging to it. The main 

result of this section will be a classification of all k -  rationalizable subsets of matrices 

that contain and centralize a given elementary Jordan matrix.

Recall from Chapter 1 that, for a E ET, we let Na E M(a, k) be the canonical a x  a 

nilpotent matrix:

R eproduced  with permission of the  copyright owner. Further reproduction prohibited without permission.



131

0 1 O

Na =

O

Lemma 4.C.1

Let F  be any field, and let L  be any extension field of F.

Let n, a £  i t , where a > 2.

Let X  € Af(n,F), where X  is nilpotent with index a.

Let p €  L[x], where p ^  0 and deg(p) < a — 1.

Then:

p ( I ) 6 M ( n , F ) = » P 6 F [ 4

Proof.

The proof here is elementary, and is given by induction.

1) For /  € L[x\ — {0}, let 6 ( f)  =  the largest power of x  that divides / :  x5̂ | | / .

So clearly:

/  6 L[x] — {0} ==» /  =  qxsW+1 +  axs^ ;

for some q G L[x] and a e  L — {0}.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



132

2) Let p G L[x\ be as given: p #  0,deg(p) < a — 1 and p(X) G M(n. F). Suppose 

5(p) =  a — 1. So clearly, by definition of S, we now have here:

p =  a x 0 -1 , for some a  G L — {0}.

Therefore:

p(X) =  OX0" 1.

Therefore:

(1) a X a_1 G M (n, F).

Now we are given X  G M (n, F), and X a-i ^  On (as X  is given with nilpotence 

index a > 2). So, at once, by (1):

a  € F .

Therefore:

(2) p  =  aa:a-1 G Ffx].

3) Inductively, we let 0 <  m  < a — 1 and suppose that the desired conclusion of 

the lemma is true for such p  G L[x] where m < 6(p) < a — 1. We now suppose 

that 6(p) = m  — 1 , and show that the conclusion is true for p. As S(p) =  m — 1 , 

we have:

(3) p =  qxm +  axm_1; for some q G L[x], a  G L — {0}.
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As 0 <  m  < a — 1, we have 1 <  a — m < a  — 1, and so:

xa~mp = gxa + a xa~l .

So, using the given that X a =  On:

X a~mp(X) = q{X )X a + a X a~l =  a X a~l .

Thus, as given X ,p (X )  € M (n,F ), we conclude:

otXa~l € M {n,F).

So, immediately, as in step (2 ) above:

(4) a e F .

4) Thus, using (3),(4), and the given that X ,p (X )  € M (n,F ), we have:

(5) q(X )X m = p(X) -  € M(n, F).

Now if q ^  0, then clearly 6(qxm) > m  (and, certainly, by (3): deg(qxm) =

deg{p) < a — 1, so that 6(qxm) < a — 1). This, with (5), allows the induction 

hypothesis to be applied to qxm, and so here we have at once: qxm e  jP[a?].

The latter conclusion is certainly also true if q =  0. So we now conclude that:

(6 ) qxm € F[x].

5) Combining (3),(4), and (6 ), we have at once:

p =  qxm +  axm~l 6  F[x].
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This completes the induction for p.

Theorem  4.C .2

Let P i,. . . ,  pr € k, where the pi are pair-wise non-conjugate over k.

Suppose =  (4>i,..., (f>T) is a field setting over k, with <pi =  (Ki, a ^ ,a i j  a field 

element over k, where Ki =  k(Pi).

Let Mi =  Pilai +  G M(at, Ki).

Suppose y  C M(dim L), where A $(M i,. . . ,  Mr) G y  and all elements of y  

commute with A $(M i,. . . ,M r).

Then:

1) y  is ^-rationalizable over L

y c A t W ^ K i i N ' J ) .

[Here, =  the i^-subalgebra of M fe , Kt) generated by N^.]
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2) In particular:

y  is fc-rationalizable over L ==>

a) y  C M(dim fc);

b) y  is commutative;

c) *p;] ^  n u p } .

[ Here, fc[T] =  the fc-subalgebra of M(dim $ , k) generated by y .  J

Proof.

(< = )

1) Let y  C A$ ( n ^ K ] )  Im (A$). So, at once by Theorem 3.B.1 (and

is L D k) ,y  is fc-rationalizable over L.

(= * )

2) Let y  be fc-rationalizable over L. Now by definition of the Mi, we have 

easily:

a * (  M i , . . . ,  Mr) = @ ©  y p w * + ^ J ,
i=lj=l L J

j=1 L J

We are given that the quantities 0 i , . .. ,0r are pair-wise non-conjugate over 

k. Moreover, by the given, we also have: degk{fii) =  [k(0i):k] =  [Ki'.k] = 

rift. Thus, the quantities, af\(3i), are all distinct. So, at once, by Propo-
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sitions App. 8 , part (b) and App. 9, part (ii) of the Appendix, we have: 

CL(A*(M u . . . ,M r)) = @ i [ A T j K ) ,
(1)

=L[JVjK ).

In partiailar:

(2 ) CL (A*(Mu . . . ,M r)) C @ M (ai,L )K ) .
t=i

3) So now, given that y  C Af (dim $ , L) and that y  centralizes 

A$(Afx,. . . ,  Mr), we have at once by (1) and (2):

(3) y c @ L [ A f j W .
i=1

In particular:

(4) y  C @ M (ai}L ) M .
i=i

4) Now for Y  € y ,  by (4), express Y  in the obvious [and even unique] way 

as:

(5)

Y  =  @yW, yW =  @Yj(i); for some Y (i) e € A f ^ L ) .
i = l  J=1

5) For all Y  € [V, we have by (3) and (5):

(6 ) i f  =  P$(JV«); for some P «  € L[x),

with Pyj = 0 or deg(Pyj) <  Oi — 1 (we may take deg(Pyj) < cii — 1 as

(« * )*  =  O J .
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6 ) By (4) and Theorem 3.B.2 [with “W”=  {A$(Mi,. . . ,  Mr)}], and the sup­

position here that y  is fc-rationalizable over L, we have at once:

y  C C_1/m(A$)C; for some C  G @ G£(ai, £)("*<).
i=l

Thus:

(7)

=  C - 1A*(7")C; for some C  € ©  <?£(<*, L)(n*), T  C K£).

7) As CG  express C in the obvious [and even unique] way
Z=1

as:

(8 ) C =  © C (i) =  © C f ;  for some G(i) G G ^ n ^ L ) ^  G G£(ai,L).
i=i j =i

This, with (7) and (5), shows:

(9) Y f  = (Cji)) - 1a f (T ^ ))Cf-, for some T® G M fe , K£).

8 ) Now for i G {1,. . . ,  r}, let b(i) G {1, . . . ,  } be such that =  idid

[this is OK, as cr® enumerates Iso(AT£/fc)]. So, in particular, by (9):

; for some i f  € Af(o,, K t).

Hence:

(10) = Ty  6 "(<*■ «>•

And, in particular, by (6):

(11) K® =  for some P® 0  e  £[*],
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with PyMi) =  0  or de§ (PY,l(i)) < a* -  1-

9) Let Y0 = A < p ( M i , M r). So, by the given, we have Yq £ y .  Clearly, by 

definition of Yo> we have (Y0) ^  =  cr^/?*)/^ +  N ^. Thus, by (9):

(12) <jf (ft)!*  +  W* = (C f  ) 'V f  ( i f  )C f ;  for some i f  € Mia,, Kt). 

And also, by (10):

(13) C<«(ftl* +  JV*)C®“  =  i f  e  M{ai, K,).

10) Now from (13), as Pil^ is a scalar matrix, we have:

(14) f t /*  +  c g N ^ C g '  =  i f  e  M fe , Kt).

Letting

(15) K  =

using Pi e  Ki by the given, and observing that = T® — P J^  by (14), 

we conclude at once:

(16) N ^ e M f a K i ) .

11) Substituting (14) into (12), and using (15) and (16), we have:

°-f (ft)4  + AT* =  (C f ) - ‘o f  ( ft /. +

= (C f )-* (of(ft)I*  + o f  (A y ) C f

= of (ft)/* + (cf’r v f  (/vycf.
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Thus, cancelling the “a f1 s” , moving the “Cj^’s” over to  the LHS,

and transposing the previous, we have:

(17) ° f ( « y = c f N ^ c f y 1.

12) Now, substituting (11) in (10), we have:

= i f  e

So, as Pyl(i) is a polynomial over L:

=  i f  e  MfaK,).

Thus, by (15):

(18) P®w(JV)eJif(<x,Ai).

The facts in (18),(16), and (11), together with the fact that, by (15), JV 

is clearly nilpotent with index Oi, show at once, using Lemma 4.C.1 (with 

“F ” = K i ), that:

Therefore : a* =  1 or Py^i) € if* [a:].

Now if di =  1 , then, by definition, is the l x l  matrix [0]: =  [0]. So

clearly, by (15), we have also N'^ = [0]. So, by (18): Pyj(i)([0]) €  M fe , Ki); 

hence, Py‘J(i)(0) € K {. But, by (11), here: P $ (i) =  0 or deg ( P $ (i)) < 0; 

hence, Pyj,^ is constant. The previous two conclusions show at once that
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here: Pyb̂  €  Ki C Ki[x]. Thus, in particular, if Oj =  1, then Pyb̂  £ 

Ki[x]. This, with the conclusion now immediately above gives at once:

(19) 4 %o e  Ki[x}.

13) Now we stop to make a simple observation. Let a G E“, K /k  be any 

extension of fields, and a G ]so(K/k). We let a  denote the canonical 

extension of a, from K  to K[x}\ i.e., for f  =  caxi G K[x], we let 

<?(/) =  Yn^o&ioiijx1 G (a(K))[x\. (So d is clearly also an imbedding of k-  

algebras, but we do not need this.) Finally, let p  G K[x] and A  G M(a, K ). 

With this, and writing p =  X)”=o CKi3C* e K[x], we easily calculate:

a  (p{A)) = a ( £ 0 ^  =  =  &(p) (<r{A)).
\i=0 J i=0

Thus:

(20) p e K [ x ] , A e  M(a, K ) = *  a (jp{A)) =  a(p) (a(A) ) .

14) Now using (9),(10),(11),(15),(20),(17), and the fact that N,̂  consists of 0 

’s and 1 ’s only, we calculate:
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i f  =  (C fV a f  ( i f  )C f [by (9)]

= (C f )-'<rf (C« i$ C $ " )C f  [by (10)]

= (C f ( c g P ^ N ^ C l g") C f [by (11)]

=  ( C f  ) - ^ f  ( P ^ t C f  j ^ C ® " ) )  C f

[as P f  (ij is a  polynomial over L ]

= (C f ) -V f  ( P f ^ A U )  C f [by (15)]

=  ( C f  ) - *  p f P f , , , )  ( C f  A y ) ]  C f

by (16), (19), and (20)]

=  « f  ( 4 5 » > )  ( ( c f  ) - v f  ( A T ; ) c f )
[ as erf (Py[jW)[ is a  polynomial ]

= ^ f ( * & ) ( « y  [ b i  (17)1

= (* & ) (d" W )

[as A/a. consists of 0 ’s , l ’s]

= < f  {P m oW -)) N  (20)].

Therefore:

i f  =  < f  ( 4 % ( K ) )  ■

And, again by (19), clearly:

4 2  « (* « )  e  * < [jy  c  M(ai,Ki).

Thus, by the previous two conclusions, by the definition of A$, and by (5), 

we have:
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y = @ = © ©‘o f  ( p f ^ N ' S )
i=lj=l i=lj=l '

=  A$ (-PyJ(i)CNai)).. . , ■Fyj6(r)(Arar))

e  A t .

Hence:

( 2 1 )  y  c  a *  •

This completes the proof of the desired conclusion (1).

15) The desired conclusion (2) follows at once from the conclusion (1), (=>), 

just proved above, and the obvious fact that as

fc-algebras, and recalling that A.*, is an imbedding of fe-algebras.

□
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Chapter 5 

Conjugate Parallelism and 

Rationalizability

5.1 Introduction

In this chapter, we present a point of view which allows an alternative, and very 

succinct, statement of the condition for fc-rationalizability of subsets of diagonal 

matrices. This alternative interpretation can be quite illustrative.

The above-mentioned statement is the sole result of this chapter, and follows fairly 

easily from the definitions of the next section. Because of this, and the fact that this 

result will not be used afterward, its proof is just briefly sketched here.

Throughout this chapter, k is a perfect field and L is any extension field ofk.

143
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5.2 D efinitions

Here we present a number of definitions which provide the alternative point of view 

mentioned in Section 1.

5.2.1 General Definitions

Let S  be a set.

Let f i  S  —̂ kj gi S  — k.

We let:

a) k(f )  = k (Im (f)) C  fc; and we call k(f): the field o f f .

5) /  g ^  e  Iso(fc(/)/fc): a o  f  = g;

if f  9i we say /  is k-conjugate to g (or, g is a k-conjugate of /) .

Clearly, is an equivalence relation on k .

5.2.2 Definitions for Diagonal M atrices — I

Let nGT£.

Let y  C  D(n,k). [For Y  € y ,  recall Yu =  the i ih diagonal entry of Y  E fc.]

Let i e  { l , . . . ,n} .
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We let:

a) B $ : y - * k  ; R $ : Y ^ Y U.

We call R y: the ith row-function o f y .

b) Ni =  \{j € {1 , . . . , n } \R ^  =  J$>}| e  {1 , . . . , n}.

We call Ni: the multiplicity of Ry in y .

c) Ki =  k (R§>) C k.

We call Ki: the ith row-field o f y .

5.2.3 Definitions for Diagonal M atrices -  II

Let n  e

Let y  C P(n , fc).

We say:

a) y  has conjugate parallelism over k <==$■ the set of row-functions of y  is 

closed under fc-conjugation of functions.

b) y  has even parallelism over k 4==>- if two row-functions of y  are 

^-conjugate, then they have the same multiplicity in y.

5.3 M ain R esult

The following theorem compares with Theorem 4.B.4, and Corollary 4.B.6. This 

theorem provides an alternative point of view of the condition for fc-rationalizability
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of subsets of diagonal matrices.

T heorem  5.C.1

Let ti £ Ei".

Let y  C D (n , L).

Then:

is fc-rationalizable over L 

<=>

all row-fields of y  are finite extensions of k, and y  has even, conjugate parallelism

over k.

Proof. (Sketch)

( = 0

1) This follows virtually at once from Corollary 4.B.6, (=> ), and elementary 

use of field imbeddings.

2 ) First, we note that, as the row-fields of y  are given to be finite extensions 

of k, so clearly y  C Din, k). Second, we define the following quantities.
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a) r  =

the number of equivalence classes of when restricted to the set 

of row-functions of 3 -̂

b) K u . . . , K r =

any sequence of row-fields of y ,  obtained by selecting exactly one 

row-function from each of the equivalence classes in (a) above.

c) =

any sequence of enumerators for, resp., Iso (K i/k ) , . . . ,  Iso(Kr/k ).

d) tti, . .  . , —

the multiplicity number of the row-functions within the equiva­

lence classes in (a)-these classes being selected in the sequence 

from (b). [Multiplicity numbers are constant over a given class 

here, as 3  ̂is given to have even parallelism over k .]

e) =

(0 i , . . . ,  <f>r), a field setting over k, with 4>i =  (-Ki, , a field

element over k.

f) Let II E Perm(n, k) be any permutation matrix such that the action 

of conjn on diagonal matrices causes the rows represented in each 

equivalence class of (a) to be “blocked together”, and within these 

blocks, identical rows are to be “blocked together” and in sequence 

“corresponding to” the “o-W” selected in (c) above, for that class.
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Then, with the quantities as defined above, we easily see:

i) dim =  n;

ii ) y c  n- 'A*  (nr=1 Scalar (a*, Ki)) n.

In particular, we have:

y  c  n-1/m(A$)n.

So clearly, by Theorem 3.B.1, (4= ) ,  we have:

y  is fc-rationalizable over L.

□

R em ark

In the statement of Theorem 5.C.1, the phrase “all row-fields of y  are finite 

extensions of k”, could actually also be dropped. This is a simple field-theoretic 

consequence of the fact that y  already has a finite number [= n] of row-functions.
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Chapter 6 

Rationalizable Normalizers of 

Subsets of Diagonal Matrices

6.1 Introduction

In this section, we look at normalizing extensions of the subsets of diagonal matrices 

previously found to be fc-rationalizable over L. We determine which subsets of these 

normalizing extensions are themselves fc-rationalizable over L.

Throughout this chapter, k is a perfect field, and L is any extension field of k. 

This chapter is somewhat lengthy, and weaves together several results of different 

nature. The chapter begins by recalling some basic material from Chapter 1 , Sec­

tion 4, on equivalence of field elements and field settings, and by developing some 

additional, small results in connection with this. After this, a particularly “dean and

149
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organized” type of field setting is defined, and is called a reduced field setting. The 

definition may seem to be not only natural, and with no real loss of generality, but 

will also be seen to make many results clearer and simpler to state. With this defi­

nition, a few very technical lemmas are proved. Then, the most key theorem of this 

chapter, Theorem 6.D.1, is proved. The proof consists of two main “acts”, and (at 

present) is lengthy. Following this, a number of important lemmas are proved. Some 

of these lemmas contain very key and non-trivial arguments of their own, and some 

contain results which are due mostly to Theorem 6 .D.I. Finally, these critical results 

are pulled together to form the final exhibitions and conclusions of Theorems 6.F.1 

and 6.F.2.

6.2 Equivalence of Field Elem ents, and N otation

Here, we recall from Chapter 1 the definitions of equivalence of field elements and 

field settings. We then introduce some further notation connected with this, and 

which will be critically and liberally used throughout this chapter.

6.2.1 Recollections from Chapter 1

Recall the following definitions from Chapter 1 , Section 4, Subsection 4 .

a) Let (f> =  (K , u, a), 6 = (L , r, b) be two field elements over k. Then we recall the 

following:

def<j> Q <=?• K  ~ k L  and a = b.
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N ote: Here, recall that K  ~ k L  means that K  and L  are fields that are 

conjugate over fc.

Recall that is an equivalence relation on the set of field elements over k.

b) Let $  =  ((pi, . . . ,  0 r), =  (a>i,. . . ,  u>s) be two field settings over k. Then we 

recall the following:

$  ft W  r = s and Bp G ST: Vi G {1, . . . ,  r}: fa ~ k u;p(i).

Recall that is an equivalence relation on the set of field settings over k.

Additionally, throughout this chapter, we will frequently be using the permuta­

tion matrices defined on field elements and field settings, and their properties, 

as described in Chapter 1, Section 3, Subsections 3 and 6 , and Section 4, Sub­

section 2. We recall from those sections, and list below, the main properties of 

these matrices that we will be using here. (The fundamental definitions of these 

matrices will not be recalled or needed here -  we will only need the properties 

of these matrices.)

c) Let <f> — (AT, <r, a) be a  field element over k. Let a G Iso(Kfk)  C E  C fc, E  any 

intermediate field of k/k.  Let r  G Iso (E /k ), 7  G G ai(K /k). Then we recall 

the following:

i) n T)* , r 7,* G Perm(an^, / a, fc);

ii) V M z M ( a , K ) :  t  (Af (M)) =
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A* (7 (M)) =  T ^ A + i M ) ^  =  r ^ A * ( M ) i y  i,*;

iii) n r,0 , r 7i<j, commute;

iv) The map /  below is an imbedding:

/ :  Ga£(K/k) Perm(an^,, / a, k)

/ : 7 ^ P 7)f

v) Ga£{cf>) = { T ^  6  Penman*, Ja,fc) |7  G G ai(K /k)}  «  Ga£(K/k).

d) Let $  =  4>r) be a  field setting over fc, with <& =  (fCi,o-W,ai) a  field

element over fc. Let Ui=1 a f \K i)  C. E  C k, E  any intermediate field of

fc/fc. Let r  G Iso(E /k), 7  =  (71 , . . .  , 7 ,.) G n^=1Ga£(/fi/fc). Then we recall the 

following:

i) IL-,* =  © n r,^ G @Perm(oin ^ , / ai,fc);
i=1 i=l

ii) =  © I \ iA G ©  P e rm ^ n ^ , , fc);
t=l i=l

iii) VS G /m(A*): r(S )  =  I l ;^ S n r^ ;

iv) n r,$ and r 7)$ commute;

v) W e  V$: t (V) =  i n Tj*.

6.2.2 Definition of Equivalence Classes of a  Field Setting

With the recollections in parts (a) and (b) of the previous Subsection in mind, we 

make the following fundamental definition.
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Definition

Let $  =  (0 i , . . . , 0r) be a field setting over f c .

We let:

$/-■'* =  the set of equivalence classes of ( 0 i , . . . ,  fa), under (here, is the 

equivalence relation for field elements).

Note: Here, we count fa and fa as distinct elements, if i ^  j; this will cause no 

confusion. (What we are working with here, really, is an equivalence relation, on 

the set of indices, {1,.. . ,r}, used for the field elements, fa. Technically, we would 

write i ^ k  j  r>Jk fa, and we would break up {1, . . . , r} into equivalence classes; 

but this would cause confusion! So, we stick with the above approach, its mild abuse 

understood!)

6.2.3 Elementary Lemmas

With the two previous subsections in mind, we give the following two elementary 

lemmas. The second lemma below will be referred to frequently.

Lemma 6.B.1

Let fa 6 be two field elements over fc.

Then:

0  0 =» a# =  ag,n^ =  no,dim 0  =  dim9.
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Proof.

Let 4> = (K ,a ,a),9  =  (L,r, 6). As given 0 0, we have, by definition, that: 6 =  a

and L AT. Thus, at once:

a# = a = b = a g ,^  = [K: fc] =  [L: fc] =  ne,

and so also then, dim 0  =  =  agriQ =  dim#.

□

Lem m a 6.B.2

Let $  =  fa) be a field setting over fc, with fa = (Ki,a®,ai) a field

element over fc.

Let u = |$/~*|, let the subsequence (0i n . . .  , f a j  C ( fa , . . . ,  fa) be a set of 

representatives of let [0 *J =  the equivalence class of fah in and let

I & J -

Then:

1) u,mA G { l , . . . , r } .

2) T,h=imh = r .

3) E L i rnhaih[Kih:fc] =  dim$.
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Proof.

1) As $  =  (0i , . . . ,  4>r), so 0  is a sequence of r  field elements. Thus $/~*, being a 

partition of $ , has at most r “blocks” as elements. And thus [0ij, a  subset of 

<£, has at most r  elements. This proves (1).

2) As (0ij, . . . ,  0iu) is given to be a set of representatives of 4>/~fc, so [0 t j , . . . ,  [0 iu] 

is a partition of $ . Thus, as $  consists of r  elements, we now have, in particular: 

££=i [<kh]\ =  l$l» Le-5 Efc=i«»fc =  r. This proves (2).

3) As, by the previous, [0 i j , . . . ,  [0^] is a partition of 4>, we certainly have:

r u

dim ^  dim <f>i = ^2  $•
i=l ft=l 4>€[<Pih\

Now, if 0 ,0 ' e  [0,-J, then, by definition, 0 0', and so, by Lemma 6.B.1

above, we have: dim 0 =  dim0'. Thus, noting that certainly 0ih E [0ij, we 

have:

dim 0  =  dim 0 ih =  I M l d i m 0 jh =  mhdim0 ih.
<t>€[4>ih\

Substituting this in the above gives now:

u   u
dim $ =  ]P  ^ 2  dim 0  =  rrih dim 4>ih. 

h=i *€{**] h=i

Finally, at once from the given, we have <f>ih =  (KiK,a^ih\  aih). Thus, by defini­

tion: dim 0 »h =  aihn,pih =  a*k[Kih: fc]. Substituting this in the above proves (3).

□
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6.2 .4  Definition o f a  Reduced Field Setting

Here, we define a certain class of “nicely structured” field settings. It will be easily 

observed that any field setting is equivalent to one of these. Thus, essentially, all we 

will need to study are these field settings -  and this is thankful, because they are 

much easier to work with.

The “nicely structured” field settings will be called reduced field settings. In a 

nutshell, reduced field settings are field settings, $ , where the field elements are all 

identical within a given equivalence class of and where the sequence of field

elements in $  spells out these equivalence classes in order. Precisely, we have the 

definition below.

D efinition (Reduced Field Setting)

Let $  =  (0 i , . . . ,  4>r) be a field setting over k.

Let u =  € {1 , . . . ,  r}.

W e say:

def$  is a reduced field setting over k <4

i) the sequence, (0 i , . . . can be partitioned into the equivalence classes of
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i.e., for some 1 < hi < h2 < • ■ ■ < hu = r, we have:

^  — (01: • • • : 0r) (01: • • • : 0hi: 0fci+l: • • • : 0/*2:.................: 0/*u_i+l: • • • : 0/*u)

and

ii) within each equivalence class of all field elements are identical:

01 * ' ‘ 0/ii: 0!ii+l " ‘ ' 0?i2) • • • : 0Au-i+l 0/i„-

In short, $  =  (0 i , . . . ,  0r) is a reduced field setting over fc, when $  is of the form:

(Certainly here, we note that we must necessarily have: 1 =  < i2 < • • • < iu = r.

We will not need this.) The following useful lemma expands upon these latter remarks.

Lemma 6.B .3

Let $  =  (0i , . . . ,  0r) be a reduced field setting over fc, with =  (Kit crW,Oi) a 

field element over fc.

Let u =  e  { 1 , . . . , r}, let the subsequence (0i,, . . . , 0 ^ )  C (0X, . . . , <f>r) be 

a set of representatives of let [0 *fc] =  the equivalence class of 0 ih in 

and let m h =  |[0 ih]|.

$  (0ti ■>•••■> 0 i j : 0i; 0*«: • • • : 0i«):

for some pair-wise non-conjugate over fc field elements

0*1: 0*2: • • • : 0*« ^  (0 1 : • • • : 0 r ) ’
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Then:

1) a) m i+ m 2 + . . .+ m u = r;

b) $ = (01, . . . ,0r)

(01 > • • ■ J 0T711 7 07711 + 1 ) • * • ) 07711+7712 ! .............. 7

0mi+m2H l-m „_ i+ l> ----- ? 077ii+m2H----

I 0 ii; - - • ; 0 ii7 0127 • • * 7 012̂ 7 • • • 7 0 i«7 • • • ? 0 1̂
\  mi m2 my

c) =  (0 !, . . . , 0 r) / '“'fc

( (0 1  5 • • • 7 0 m i )? (07711+17 • • • 7 07711+ 7712)7 • * * 7

(07711+7712-1 t-T T Iu -l+ l?  • • • 7 07711+7712H----- hTTlu))

I (0117  * *  -  7 <P i \ ) l  (0127  •  * * 7 012)7  •  •  •  7 (0 tu7 •  •  •  7 0 t«) I ■

mi m2 mu

2) a) If /  is a function on the field settings 0 i , . . . ,  0r , where /(0 i) is a subset of

matrices, then:

© / ( * )  =  @ / ( A J <"“ >.t=l h=l

b) If <7 is a function on the field settings 0 ls. . . ,  0r, where <?(0t) is an element 

of a ring, then:
r  ti

£ tf (0 i)  =  S ^ A - f f ( 0 t J -
t=l h=l
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Proof.

1) As $  is given reduced, we have, from part (i) of the definition ‘reduced’, that, 

for some 1 <  hi < h2 < • • • < hu =  r:

(1) $  = ( 0 1 , . . . , * . )

(01? • • • ? 0Ai ? 0hi+l? • • • ? 0/i2?.........? 0/iu-i+l? • • • ? 0hu)?

and

(2) =  (0x, . . . , 0r )/~*

(01? • • • ? 0hi)? (0hi+l? • • • j 0h2)? • • • ? (0/tu-l+l? • • • ? 0ft«)'------- V-----' '----------V ' V v. ,
\  Ei E2 Eu

Now, as (0£j, 0*2, • - -, 0i„) is given as a subsequence of (<£1, . . . , 0r), and is also 

given as a set of representatives of ^e see clearly at once, from (1), and 

from (2), that:

(3) 0j1 e  E1,<f>i2 € E2, . . . ,  4>iv € Eu.

As Ei, E2, . . . ,  Eu are equivalence classes of (by (2)), the previous shows 

at once that:

(4 ) [0*1.] =  Eu  [0i2] = E2, . . . ,  [0iu] =  Eu.

As we are given m h =  |[0 ij|, the previous shows at once that also:

(5) m 1 = \Ei\,m 2 = \E2\ , . . . ,m u = \Eu\.
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Now by (2), we have at once:

(6) I-Ei| — h\, |£^| — /12 h\ , . . .  j j£'ti| — hu hu—i-

This, with (5), gives easily:

(7)

hi =  mi, /&2 =  m i+m 2, . . .  ,hk = mi+m.2+- • •+irik,. . .  ,h u = • •+mu.

And, the last equation of the previous, with the earlier-mentioned fact that 

hu =  r, shows at once:

(8) m i +  m 2 -t------- 1- r r ^  =  r .

Finally, by part (ii) of the definition of ‘reduced’, with (2), (3) and (5), we have 

that:

\
(9) Et =  | <t)ie,...,<f>it

Thus, by (2), we have:

me /

(10)
/
<pie, . . . , (f>it j , (. £ ( l , . . ., It)-.

\

Hence, by (8), and by substituting (7) and (10) into (1) and (2), we have proved 

the desired conclusion (1).

2) From desired conclusion (l,b), just proved above, we have:

(11) $ (01 j • • • j 0r) I 0ii j • • • j 0ij j 0»2> • • • r 0*23....... j 0*u j • • • j 0t,
1712 17lu
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The desired conclusions in (2) follow easily from (11) above. With function f  

as defined in desired conclusion (2,a), we calculate at once, using (11):

r  u  to/, u
© M d  = © ©  f ( M  = ©i=1 h=lj=l h=1

Similarly, with 3 , we calculate, using (11):

r  u to/, u

Y,9{<t>i) =  s  = 52 mh- 9{k )'
i=l /I= li= l ft=l

□

6.3 Fundamental Propositions

In this section, we present four fundamental propositions. The first two produce 

reduced field settings, and show “reduced” is no real loss of generality. The last two 

are useful, but perhaps technical, lemmas.

The following lemma shows that any field setting is equivalent to a reduced one.

Lemma 6.C.1

Let $  be a field setting over k.

Then:

3$, a reduced field setting over k: $  <E>.
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Proof.

1) Let $  =  ((pi,... , (pT), where (pi is a field element over k. Let u — |$/~* | and 

let the subsequence (<pit ,<pi2, • • •, <pî ) Q (<pi, • • •, (pr) be a set of representatives 

of Furthermore, let [<&J =  the equivalence class of <pih in and

let m h =  |[0£J | .  With this, we may let [<&J =  . . . ,  4™h)), where

(pfh = foh- Now, as ((pi\ i P̂i'xi • •• is a set of representatives of so

[<&,], [<pi2\ , . . . ,  [<&J partition [as a set, not as a sequence] $  =  (4>i, .. -, <pr)- 

With the previous two sentences, we see at once that, for some p 6  Sr, we have:

( 1 )  • • • , • • • , < P i? * \ ................ , < p £ \  • • • , ( P t ^ )  =  ( ^ p ( l ) ,  • - • , <Pp(r)) •

2) Now let $  =  ($ i , . . . ,  6S) be the field setting over k, where the &i are defined by:

( 2 )  ^  • • • J Os) ( $ i \  r y  ] *piij 4*12 ! •  • •  I 4*12) ................. ; 4*iu; • ; 4*iy)’

fttj 7712 niu

3) Comparing the LHS of (1) and the RHS of (2), above, we see that both of 

these sequences have the same number of field elements. Thus, comparing now 

the RHS of (1) and the LHS of (2), we observe at once that we must have: 

r = s. (This also follows by Lemma 6.B.2, part (2), but we do not need this.) 

Furthermore, let i e  { l , . . . , r } .  Then by (1), for some h €  { 1 ,...,« }  and 

j  G {1 , . . . ,  m h}, we see:
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These same “positions” in the corresponding field settings in (2) (recall from 

the above: r — s) yield at once:

(4) Oi =  (pih.

Now, by step (1) above, we have 4>ih,(p^  G [0ij. Thus:

(5) <f>ih <$.

Hence, at once by (3), (4) and (5), we have:

&* = <f>ih ~k < $  =  0p(i)-

I.e.,

As r = s and p G Sr, the previous shows, by definition, that $  <3>.

4) It remains to show that $  is reduced. This is clear, at once, from (2), because 

we are given (<pir, <&2, . . . ,  f a )  is a set of representatives of <3>/~fc, and so, in par­

ticular, (0 t!, 0 t2) - • - j <ku) are pair-wise -inequivalent, and then so, by (2), the 

equivalence classes of are: (& ,, . . . ,  (&2, . . . ,  <&2) , . . . ,  ( f a , . . . ,  ^

□
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The theorem below is a sharper version of Theorem 4.B.4 -  the main result which 

exhibits the fc-rationalizable (over L ) subsets of diagonal matrices. This new theorem 

shows that “a reduced field setting may always be used” , and is perhaps the sharpest 

version of the above-mentioned main result. This theorem follows fairly easily from 

Lemma 6.C.1 here, and it will be used towards the end of this chapter.

Theorem 6.C.2

Let n  6  I t .

y  Q D(n, k) and 313 € Perm(n, k): 3$ =  {<f> . . . ,  (?V), a  reduced field setting over fc, 

with & = (Ki,cr^,ai), a field element over k:

Let y  C  D(n, L).

Then:

y  is fc-rationalizable over L

1) dim $  =  n;

3) cL(y) = n-1 [© M(«i, n;

4) V ( t ,i , i)e  a f \K i )  = k ({Z{î t)\Z £  IO T " 1}) .

Proof.

1) This follows immediately, and a fortiori, from Theorem 4.B.4, (<=).
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(= 0

2) Supposing that y  is fc-rationalizable over L, from Theorem 4.B.4, (=*►), we have 

immediately:

a) K  D (n,k );

b) 3\& e  Perm(n,k): 3A =  (A i,...,A s), a field setting over fc, with Aj =  

(L^ r^ \b i) ,  a field element over fc:

i) dim A — n,

for some reduced field setting over fc, call it <$. We may let $  =  (0 1;. . . ,  <fir), 

with field element (pi =  (AT*,

4) Now as $  A, by Lemma 1.D.5, parts (1) and (2,b,iii), we have, in particular, 

that:

a) d im $ =  dim A;

iii) CL(y) = tf"1

3) Now, by Lemma 6.C.1, we have:

$  A,

b) 3£ 6  Perm(n, fc): ( JJScalar(ot,-fQ)) =  ?Aa ( j j  Scalar (&*, f -1
\i=l /  \i= l
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5) By (4,a) and (2,b,i) above, we have dim 4> =  n. This proves the desired conclu­

sion (1). By (4,b) above, we have, trivially:

(2) A* ^ [S c a la r fe  £ « ))*  =  ( W 'A *  ^ [ S c a la r ^ ,  ({«).

So, letting II =  Z'Hf, we see that (2,b,ii) above and (2) give the desired conclu­

sion (2). Finally, using Lemma 2.D.1, part (b,i), twice, together with (2,b,iii) 

above and (2 ), we calculate easily:

CL(y) = tf-i I© M(bi, 
u=i

= Cl (nscalarft,!,)!

= CL (n -lA* ( nScalai(ai, Kt)\  I I )
\ i = l

= n -1
Li=l

n.

This proves the desired conclusion (3). Lastly, the desired conclusion in (4) 

follows at once from the desired conclusions (2) and (3) (just proved above), by 

Lemma 4.B.3 (with UZ ”= LOTI-1). This completes the proof of the theorem.

□
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The following powerful lemma shows that a matrix that normalizes a subset of 

diagonal matrices may be “replaced” by a single permutation matrix.

Lem m a 6.C.3

Let n e l f .

Let y  C  D(n, L).

Let N  € M x (n, L) [= G£(n, L)].

Then:

N~ly N  =  y  (i.e., N  normalizes y) O 

3n  € Perm(n, fc): 3C e  C £ (y): N  = CH and n " 1̂  =  y.

Proof.

(=*)

1) This follows, at once and in particular, from Proposition App. 16, of the Ap­

pendix.

(<=)

2) Suppose N  =  CTI, n - ly n  = y ,  where C G C£(y). Thus:

N~ly N  = i r lc - ly c m

=  n - ^ n  [as c e c z  (;y)]

=  y  [by supposition above].

Therefore N -1y N  = y .  □
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The following lemma refers to the “3-tuple indexing scheme” of a field setting, of 

Chapter 1 , Section 3, Subsection 7. This lemma is perhaps very particular, and will 

be used in the proof of Theorem 6 .D.I.

Lem m a 6.C.4

Let

Let $  =  (0 i , . . . ,  fa) be a field setting over fc, with fa — (Ki, <7^ , 04) a field 

element over fc, and where dim $ == n.

Let Z  C D(n, L), where CL(Z)  =  ©M{(n, L ) ^ .
f=i

Let (*25^2^ 2) € 2* (the “3-tuple indexing scheme” of $).

Then:

(VZ € Z: Z(i, =  Z(i2j 2,t2)] ii =  i2 and j'x =  j 2-

Proof.

Here, the field setting $  is introduced, but only its “dimensions” -  a*, -  are

really taken for use.

The conclusion follows elementarily, and at once, from these items: given Ct(Z)  =  

©  M(ai, together with Proposition App. 10 of the Appendix (on centralizers
t=l

of diagonal subsets), we immediately determine the set “T (Z )” (as in the Appendix 

there), and then the definition of aT (Z )n (as also in the Appendix there), together
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with the definition of the 3-tuple indexing scheme, 1$, immediately (if not verbatim) 

gives the desired result.

□

6.4 The C ritical Theorem  on R ationalizable Nor­

m a liz e s  o f Subsets o f Diagonal M atrices

The theorem proved next, and the sole result of this section, is the critical theorem 

here on rationalizable normalizers of diagonal subsets. The theorem essentially de­

termines the permutation matrices which normalize a diagonal subset. While more is 

needed for the later, more complete results, this result will be seen to be the critical 

key (among some other important keys) for our work on normalizers.

The proof of the theorem is long, and fundamentally divides into two logical parts. 

The first part determines “an equivalent algebraic effect” that the above-mentioned 

permutation matrices must have on a diagonal subset, and the second part uses this 

to generate the structure and content of these permutation matrices. The second 

part is really the heart of the theorem, and shows how the Galois groups of the field 

elements naturally arise in the body of the normalizers.

The remaining results of this chapter, some of which are major, do require some 

key non-trivial arguments of their own. At the same time, virtually all of the main 

results of this chapter are critically founded, for their complete statements, in the
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sole theorem of this section -  Theorem 6.D.I.

T heorem  6.D.1 [A Key Argument]

Let nGE!\

Let $  =  (fa , . . . ,  fa) be a reduced field setting over fc, with fa =  (Ki, crW, a*) a 

field element over fc, and where dim $  = n.

Let u =  G {1, - • •, r}, let the subsequence (fa1 f a )  C ( fa , . . . ,  fa) be 

a set of representatives of let =  the equivalence class of fah in 

and let mh =  |[<&J|.

Let 2 C A* (nr=1Scalar(ai, Ki)), where CL(Z) = © M f a ,  L ) ^ \
i—1

Let II G Perm(n, fc).

Then:

n-^n = z  ^

u e

Proof.

@ P erm (a i, fc)(n*^l • [ ©  GaZ(<&J(mh) ■ P e rm (a ijA :ih: k\mh, f a ^ ^ k )  
.»=! J I h=\

1) We suppose that II lZH  =  Z.

2) The rest of the proof divides itself into two logical parts, with overviews given 

below, as follows.
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P a r t  I  (Does not use the fact that $  is reduced -  is valid for any $.)

Here, we essentially determine a “complete algebraic effect” that the map conju 

has on the elements of Z .  By the given on 2 , for Z  € 2 , we may write Z  — 

A $(oi/ai, . . . ,  ocrIar), for some a i €. K \ , . . . ,  a r € K T. With this expression for Z , the 

above-mentioned effect of conju> on Z  E 2 , may be broken down into two parts (the 

same for all Z  e  2 ), as follows:

i) firstly, conju permutes the “a*7^’s” around -  and only within indices i cor­

responding to fc-equivalent field elements; i.e., “conju permutes the ‘a j /^ ’s ’ 

within the equivalence classes of

ii) secondly, and lastly, conju replaces each ua iIain with a particular fc-conjugate 

of itself (i.e., with “r(o!i)70i”, for some particular r  € Iso(Ki/k)).

This “algebraic effect” is a consequence that is largely due, “merely”, to the given 

on Cl {Z). Although the ideas behind this part of the proof are few and relatively 

simple, the details in expressing them here seem tedious at times.

P a r t  I I  (Does use the fact that $  is reduced -  is quite important that $  be reduced 

here.)

Here, we show how the “algebraic effect” developed in Part I lets us determine 

the specific structure and content of the permutation matrix, n. Here, it is very 

convenient -  and important -  that $  be reduced. We are essentially led to conclude 

that, up to a centralizing (of Z)  permutation matrix, n  is a product of two permuta­
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tion matrices: one, a block-diagonal join of elements of the Galois groups of the field 

elements of $ , and the other, a block-diagonal join of “large” permutation matrices, 

which permute certain of these Galois groups of field elements.

This completely determines the values for II.

Part I

i) We have II € Perm(n, k). So II =  IIn(p), for some p  e  Sn (recall the definition 

of n„ in Section 1.2.4, Part (d)). Thus, conju permutes the diagonal entries of 

n x n diagonal matrices, according to p:

dx d p {  i)

I T 1

dn

n =

dp(n)

It will be most useful here to index the diagonal entries of elements of D(n, L ) 

using the “3-tuple indexing scheme of 2$, as described in Section 1.3.7. 

We have 2* =  U*=1 ({i} x { 1 , . . . ,n^}  x { 1 , . . . ,a*}) C and for (i, j , t )  <E 2$, 

D  G D(n,L), we have is “the (i,j',t)tA-diagonal entry of D”; i.e., we

have:

(1) D  e  D(n, L) =* D = ©  @
i=ij=it=i

Let conju act by making the diagonal entry in position become the

diagonal entry that was formerly in position ( f ( i , j , t ) ,g ( i j , t ) ,h ( i , j , t ) ) ,  for
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some functions / ,  g, h. I.e.,

(2) D € D(n,L) =£■ II 1 DU = @ @ @
i = l j = l t = l

Clearly, the functions f ,g ,h ,  completely determine the action of conju, and 

so completely determine II itself. Furthermore, because conja permutes the 

diagonal entries of diagonal matrices, the map P  spelled out below is bijective:

(3)
P :( i , j , t ) h* ( f ( i , j , t ) ,g ( i , j , t ) ,h ( i , j , t ) ) .

ii) For Y  e  A$ (n£=1Scalar(oi, Ki)), we may clearly write:

y  = A*(o1(y)/ai,. . . ,o r(y)j0r);

for some functions A$ (II =̂1 Scalar (a*, Ki)) -¥ Ki. (The on are unique, and 

are “projection” functions; but we shall not need this.) With the aii, and the 

definition of A$>, we have, with the 3-tuple index notation:

(5)

Y  G A* (n£=1Scalar(ai5 Ki)) =» Y(iJ^  = <rf\ai(Y)); for all ( i , j , t)  G Z*.

iii) Now let Z  G Z .  So Z  G A$ (n £=1 Scalar(di,Ki)), and so by (1) and (5):

Z = @ @ l §  o f  (Oi(2)).
i=lj=lt=l

Now as HrlZTL = Z  by original supposition in step (1) above, we thus also 

have U ^ZIL  G Z ,  and hence the previous equation applies equally well with
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“Z” = II 1ZII. Thus also:

(6) n_1zn  = @@ © a f (o iC ir ' zn ) ) .
i= lj= lt= l v '

However, again using the fact that Z  G (nj=1 Scalar (a*, Ki)) ,by (2) and 

(5), we then have:

(7) i r lz n  = © g ® * ^ ?  K«,.)(Z)) •

Hence, comparing (6) and (7), we conclude at once:

(8) VZ € 2:V(i,j,t) € Z»: .)(£)) = o f  (a < (ir lZII)) .

The previous is a key, and fundamental, equation here, from which much will 

follow.

iv) We now look at (8 ) to develop several critical invariances. For i € { 1 ,..., r}, 

let b(i) G { l , . . . , 7ty j  such that =  i d ^ ■ (This is OK, as enumerates 

Iso{Ki/k).) So in (8):

VZ G Z '.'ii G { l,. . . ,r} :V t G { l,...,O i} :

s y  (S)) =  « « (o .o r 'z n ))  = o1(n -1zn).

Thus, in particular (letting t =  1, . . . ,  a* in the previous):

VZ G -Z: Vi G { 1 ,..., r}:

( / ( i ,6 ( t) , l ) )  (  ( 7 s \  _  _  (f(i,b(i),Oi)) (
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And so, using (5) (with “i”=  / ( i ,  b(i), l ) ,“j ” =  g(i,b(i), l ) ,“f ’=  1):

V Z e Z : V i €  { l , . . . , r } :

^(/(i,6(t),l),<7(i,6(i).l),l) =  • • • =  Z ( f  (i,6(t) ,Oi) ̂ (i,6(i) ,Oi) ,1) •

Now from the given in this Theorem (esp., the given about Cl (Z)), we may 

apply Lemma 6.C.4 to Z .  This Lemma, together with the previous result, gives 

at once:

(9) Vi € {1 , . . .  ,r}: / ( i , 6(i),l) =  • • • = /(i,&(i),Oi)

and

g(i, b(i), 1) =  • • • =  g(i, b(i), a,).

v) The invariance in (9) suggests the following definition -  which will soon be seen 

to be quite useful. For i G { 1 ,..., r}, we let:

(10) F(i) =  /(*, b(i), 1) and G(i) = g(i, b(i), 1).

So, in particular (observing, by (3), that (F(i), G(i), 1) G 2$):

(11) F(i) 6  { l , . . . , r }  and G(i) G { 1 , . . . , n ^ (i)}.

The above definitions, together with (9), give at once:

Vi G { l ,...,r} :V i G { l,...,O i} : F(i) = f(i,b(i),t)  and G(i) =  g(i,b{i),t).

This gives, in (3):
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Vi € { l,...,r} :V t € {1,

P  ((i,b(i),t)) =  (/(*,&(<), 0.5(*,fr(*)i0»^(*»6 (0 i0 ) =  (jF’C*)* *(*» &(*)»*)) -

This will now allow us, in particular, to compare ai and aF^ .  As P  maps into 

2 $, the latter result shows, in particular:

h(i,b(i),t) e  { l , . . . , a F(i)}.

Now fix i € {1,. • ., r}. The previous two results give, in particular:

P  ({<} x {6(i)} x {1, C {F(i)} x {G(0> x { 1 ,..., am ).

Now since P  is bijective by (3), taking cardinalities in the previous containment 

gives at once:

(12) ai < aF(i).

vi) The definitions of F(i) and G(i), together with (8 ), also give the following:

V Z e 2 :V ie { l , . . . , r } :

(<>mW )  =  <$> ( ^ ( n ^ z n ) )  =  

idKi (a t(n - 1^ n ))  =  at (prlzn) .

Thus:

(13) VZ € Z: Vi g {1, . . . ,  r}: (am (Z)) =  a ^ Z I I ) .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



177

This is a key consequence of (8 ), and a very important fact. Among other things,

(13) will now allow us to compare the fields Ki and K F^y Using (5) in (13) (and 

observing that a i(n - 1ZII) =  c r^  ( a ^ n ^ Z I I ) ) ; and letting “Y ”= Z, U~1ZH] 

and using “t”= 1), we have:

VZ G Z :Vi G { 1 , . . . ,r}: Z(F{i),G(i),i) =  (II-1  Z n ) ^ ) ^ ) .

Thus, in particular:

Vi G { 1 , . . . ,r}:

k £ 2)) = k ({(n-1zn)(i,6(i)ii)]z e z})
=  k ({Z(i,b(i),i)\z e  z } )  [as by supposition here:II-1ZII =  Z].

Hence:

Vi e  { 1 ,..., r}: k ( [ Z ^ y c ^ l Z  €  Z}) =  k ({Z(i,6(i),i)|Z G Z}) .

Now from the given in this Theorem, we may apply Lemma 4.B.3 to Z . This 

lemma, together with the previous result, gives at once:

V< € { 1 , . . . ,  r}: = < $ ,(* ,)  =  UKi(Kt) =  Ki.

Thus:

(14) V. e  { 1 ,.. . ,  r}: =  Ki.

And so also, in particular:

(15) Vi G { 1 ,..., r}: if* ~ k K F(i) and n* =
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vii) We now show that the function F, defined in (10) and (11), is bijective. Let 

ix,Z2 G {1 ,... ,r}  and suppose that F{i\ ) =  F(i2). So, trivally:

VZ G Z: Z(/r(il)i<?(il)il) =  Z(ir(i2),G(il)il).

Thus, by (5):

vz e z  K«)(^) = 4ft)” («Ffe>(Z)) ■

And hence, by (13):

(16) vz e z : ^(ir'zii) = o$;f (c®*)'1 (^(ir'zn)).

Now let t? =  4(i*)^ o ( 4 4 ) ^ )  • ®°> by (14), together with the supposition 

here that F(ii) =  Ffa),  we have the diagram:

forte))) 1
V )  VG (ii)

Ai2 ~  K f { i i) ^so ATjj.

Thus, 7/: Ki2 ATfl. In particular, then, rj e Iso(Ki2/k),  and so r} = crj2\  for 

some J  G (1 ,. . .  ,«fc2}. Thus, we may rewrite (16) as:

vz g  z ; a i ^ u ^ z u )  = af2) (a^n^zn)).

Hence, as by supposition here II-1Z II =  Z , the previous shows:

V Z e Z :  a<t ( Z )  = <??> (ai2(Z )) .

As <r£j\ =  tdjTi,, we now have:

VZ e  Z r o g ,  (^ .(Z )) =  o<« K ( Z ) ) .
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So, by (5), we have:

VZ <E Z \  Z(ili6(il)il) =  Z ( i2j ti).

As before, applying Lemma 6.C.4 to Z ,  in the previous, we get at once:

ii =  i% and 6(?i) =  J.

So, in particular:

h  =  *2-

Thus:

F is injective.

Now as F: { 1 ,... ,  r} -*• {1 , . . . ,  r} by (10) and (11), the previous result gives at 

once that F is bijective; and so, in fact, F  6  Sr. Thus:

(17) F e  Sr.

This fact forms a principal part of the conclusion we will soon state as the result 

of this Part I, and will be a key part in the work of Part II.

viii) Among other things, (17) will now allow us to compare a* and ap^) better. 

Using (17) and (15) we can strengthen (12), as follows:

£I=i =  £ L i  aF(*)n0F(i) [by (17)]

=  £ L i^ ( i ) ^ [ b y  (15)].

So, subtracting, we get:
r

^2((H -  =  0 .
i=1
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Now certainly G I t ,  and by (12) we see ai — aF(i) <  0. Thus, the previous 

equation above gives at once:

ai — aF(i) =  0, for all i G {1,. . . ,  r } .

Thus:

(18) Vz G { l , . . . , r } :  a ,  = aF(i).

This last key fact allows us to form a main conclusion here, and then to complete 

Part I.

ix) By (15) and (18), we have immediately:

Vz G { 1 , . . . ,  r}:  Ki ~ k K F(i) and a* =  a F(i).

Thus, by definition:

(19) Vz G { 1 ,..., r}: fa <j)F^y

Thus, F  G ST “permutes” ( fa , . . . ,  fa), and within the equivalence classes o f  

only. I.e., each E  G is “invariant” under F.

x) Before stating our complete conclusion for Part I, we use (14) more fully, and 

define an important quantity. By (14), we have:

As F  G Sr, we may let “z”=  F - 1(z) in the previous result, and this gives:

(20) Vi £  {1....... r}: ^ 1(0): K t
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With this, we make the following definition:

(20 ') for i € {1 , . . . ,  r}, we let: 7i =

As <jW enumerates Iso(Kijk), we note from this definition that 7, 6  Iso(Ki/k). 

With this note, and (20) and (20/), we summarize:

(21) Vi € { 1 , . . . ,r}: 7 £ € Iso(Ki/k) ,7i =  7i:Ifc

Letting “i”=  F{i) in (21), we find:

Vi € { 1 ,..., r}: 7F(i) € Iso(KF(i)/k),

(21 ') -vw 1  -v '  ~F(») — «G (i) )

With the above, we now combine several results to form a main conclusion.
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Letting Z  6  2 ,  we now observe:

n -xzn = A* (oiX{UrlZU)Iai,. . . ,  a r iU ^Z U )^ )

[as U~lZH e Z,  and then using (4) with “Y” =  n - 1ZII]

=  A , (ag<f (cm (Z)) <r<$» (aFW(Z)) /*.)

[by (13)]

= A* (<rg<;» (aFW(Z)) IaFm, o-g'f (ctm {Z)) IaFM)

[by (18)]

= A<j> ̂ 7F(l) (c*F(1)(Z)) Ia F ( l) j • • • ,7F(r) («F(r)(^)) ^oF(r)̂

[by (21')]-

Therefore:

(22)

V Z  e  Z :  U ~ 1Z T l  =  A $  (7F(X) ( a F ( l ) ( Z ) )  I aF ( l ) ,  • - • 57F(r) ( a F(r )(-£ ))  ia F(r)) •

This important conclusion essentially finishes our work in Part I; we now state 

our complete conclusions for Part I below. We have shown, from (17),(21), (22), 

and (19), that:
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(23)

3F  G Sr: Vi G {1, • . . ,  r}: 37i G Iso(Ki/k) ,7i:

a)VZ G

i r ^ n  =  a *

b) Vz G { 1 ,..., r}: <&.

(I.e., F  “permutes” the field elements of $  only within the equivalence classes 

of The above result forms an “equivalent algebraic effect” for the action

of conjf'n on the elements of Z.  This completes “Part I”. (Note that all of the 

results of Part I  above are valid for arbitrary $  -  reduced or not. This is because 

we never referred to this particular property of $  in all of Part I.)

We now use the results of Part I -  esp, the effect of conju on the elements of Z , as 

in (23) -  to generate the structure and content of the permutation matrix, II. Here, 

we will make use of the fact that <£ is reduced.

xi) Now, immediately making use of the fact that $  is reduced (in particular, the 

fact that all field elements in any equivalence class of are identical) -  we 

have at once, by (19), that:

Part II

(24) Vi G { 1 ,..., r}: <j)F(q =  <&.
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Thus, in particular, we have:

(24') V iG { l,. . . ,r} :  K m  = K t.

Letting “i”=  F~l (i) in the previous, we have now:

Vi € {1 ,... ,r}: Ki =  K F- i^).

This, with (21), gives:

7 i G Iso(Kifk) and 7i:

Thus, at once, 7i G Ga£(Ki/k). Hence:

(24") Vi € {1,.. •, r}: 7i G Gai(Ki/k).

xi/) We introduce some notation that will simplify conclusion (23,a). For i G 

{1 ,... r}, and Z  E Z ,  we let:

(25) S (Z ) =  'Yi(oti(Z))Iai G Scalar (a*, Ki).

(Note that, as cti(Z) G Ki by construction of a,, and, as 7i G Ga£(Ki/k) by 

(24//), so 7 i(oi(Z)) G jftTi, and so, in fact, Si(Z) G Scalar (oj, Ki).) With this, 

we have from (23,a) that:

Z  G Z  =>• n _1z n  =  A$ (7 F(1) (a F(i)(Z)) /aj?(1)). .. , 7 F(r) («F{r)(^)) /aF(r))

= A» (Sf<i,(Z)„. . ,SFM(Z)) [by (25)] 

= @ A* (Sf<i)(Z)) [by def. A*]

=  © A ,,M (Sf(i)(Z))[by(24)].
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Therefore:

(25') VZ e  Z: n - ' z n  =  ©  A*F(i) (Sm (Z)) .
1=1 /

xii) Now we are given that $  is a reduced field setting, and we have the quanti­

ties u, (0*,,... , 0 0 ,  [4>ih\,mh as defined in the given of this theorem. Thus, 

a t once, by Lemma 6.B.3, part (l,b), we have [and letting the subsequences 

Ei, E%,. . .  ,E u be defined as in the following]:

( 0 i , . . .  , (for)

/
0 1) • • • •> (fomi; 0mi+l; • - • ; (forni+mzi .................j

\  Ei Ej2

0m i+m 2+...+m u_i+l j ' ' (fomi+mz^ |-mu I •

(26)

a.

Furthermore, by part (l,c) of that same Lemma, we have: 

(0 1 , . . . ,  <fomi)i 0 mi+lj • • • j 0mi+m25............(27)
E i E2

- H 7 i a - l + X ?  * * ’ ? ^ i 7 i i - M 7 i2 + '* " H 7 * u )  I 3

(28) and Eh =  (0ih, . . . , 0 iJ .
mh

It will be convenient to re-express the subsequences, Eh, defined in (26), by a 

double-index notation. As, by (26), we clearly note that \Eh\ = rrih, we will let:

(29) Bh = ( # , . . . ,  <$>).
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(So, also then ( p ^ , ...,$ £ > ) =  (Pm1+. ..+m/,_i+l) • • • ) Pmi+...+mh) (^i/,5 • • • j Pih) 0
™h

Substituting (29) into (26), and with (27), we have:

/  \

.............

Ei Ei Eu J

(31) and the equivalence classes of are : E\, E%,. . . ,  Eu.

Now, by (17) and (19), the sequence, (Pf(i) , -■ • ,<Pf(t)), is the sequence, 

(<pi,. . . ,  <pr), where the field elements, pi, have been permuted within the equiv­

alence classes of -  i.e., by (31), within the E i ,E 2, . . . ,  Eu. I.e., from (30), 

we have:

(32)

(pF {  1 ) ,  - - • ,  pF(r) )  =

( # > ( 1 ) .  "  * ’ ^pW (»ni)>  ^p<2)(l)i " ’ I  ^p(2)(m 2) ’ ............... ’ ^ p (« ) ( l ) ’ * * ' ’ ^ p (“ )(m „ ))  >

for some permutations pW G Smi,p®  G Sm2, - • • ,P(u) € S ^ .

xiii) Now let Mi € M (a i ,K i) , . . . ,M r G M(ar,K T). Apply the same double-indexing 

to  M i,. . . ,  Mr, as in (30), and write:

(33)

( M , , . . . ,  M r )  =  (m ? ) .........m £ ,  m ™ ,  . . . ,  M S I     * 5 2 )  •

Now given the way that F  permutes the indices { 1 ,..., r} -  as represented in
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(32) with the double-index notation, we have, clearly, with (33), that:

(34)

(Afp(i),.. . , Mp(r)) =

VM p ( i ) ( l ) ’ • • • ’ p(1) (m i) ! iWp(2)(l )» • • • ’ M p V ) { m 2y .................I M p W { \ y  ■■■'■ M p<“)(m u) J

So, clearly, using (32) and (34):

(35)
i=l A=lj=l p(h)(j) v

xiv) We now note the following. By (29) and (28):

Thus:

V 0fs£„ : =, (* )

So, in particular:

V<^ € Eh: dim =  dim 0 i/t.

And so:

(36) A^, (M $m ) € M(dim <jg,w  L) = M (dim i);

@ V >  (Ju S L ) € @M(dim *„£,) = M(dim &k,.L)<"*>.
i = i  y  j = i

xv) Now recall from (32) that pW € Smh. This, with (36), and the facts inSec- 

tion 1.2.4, Part (d) on block permutation matrices, shows:

(37) S a , (? (M $ ) = (ifW)-1
j=i v«(j> e w'

S a ^ C  M f ) )
i = l
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where is the (dim <pih x dim ̂ J-b lo ck  permutation matrix:

(38) # (h) =  Idim<ptfi) G Perm (m h6hn  <j>ihJ dim<pih,k ) .

xvi) Continuing now from (35), with (37) and (38), we have:

=  ©  
h=l

@$(*)
A=1

h=l

-1

TTlh

j= l

@ @ A ,„(M f> )
ft=lj=l

QVJrC'O
A=1

.1=1 h=l
[by (30) and (33)]

=  ¥-* @A*(M,)
u=i

where e ©  Perm(mftdim 4>ih, 7dim^  , k). We summarize these
h=l h=1

conclusions below.

(39)

i) =  @ ^ (h) =  @nmfc(p(h),/di«*h) € ©  Perm(mhd i m ^ , ldun^ , fc);
h=l 7i=l h= 1

ii) VMx e  M (ai,K 1) , . . . ,M r € M(ar, /£ ):

r r
@A*„fl («■„„) =  4T1 @A*(JMi)
1=1 U=1

xvii) Combining (25') and (39,ii) (with “Mi” =  5*(Z)), and, in the last step, using 

Lemma 1.D.3, part (c) (recalling the definition of in Section 1.3.6), we

have at once:
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(40)

V Z e 2 :  n - i z n  =  @ A ,P(() (SF(0 (Z))
i=l

=  [g A * (S i(Z ))] *

=  $ - 1A *(5 i(Z ),. . . ,  Sr( Z ) ^  [by definition A$]

=  « “ lA * (7 i(a i(Z ))/^ ,. . .  n r M Z ) ) ^

[by definition Si(Z) in (25)]

= * ~ lrzLi  A *(a1(Z)Iai, . . . , a r(Z)/ar) r - r * * ,
7“ \*  v '  7 •*

—^where 7 " =  (7 ^ , . . . ,  7 " 1). Thus, continuing, we have:

V Z e Z :  IL-'ZIL = ^ - 1r z i t  A $(a1(Z)Jai, . . . ,Q r( Z ) / j M
7  ,* J 7  .*

=  ^  a , ( a , ( ^ ) 4 , , . . . , a r W Q

■ ( w ) " , z ( w )  l b y ( 4 ) 1 -

So, we have now:

v z  € Z: n _1z n  =  z  ^ .

Thus, at once:

So, by the given on Cl (Z ):

(41) n ( r _ 4  ^  = C , for some C  e  © M (oi ,L ) ^ ) .
\  7 .* /  *=i
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Now as II, and $  are permutation matrices, C  above must also be a
7

permutation matrix. This, with (41), gives clearly:

C e

Thus:

©  M (ai, L)(n+J fl Perm(n, k) = @ Perm(ai,
Li=l i =1

C  € @ Perm(a£,
»=i

Using this in (41) gives:

(42) n  =  C T ^  and C  € ©  Perm(ai,k)(n**K
7  ,* i=l

xviii) Now recalling the definition of T -h - here from (40) and fromSection 1.3.6,
7 .*

and recalling the definition of the Galois group of a field element from Section 

1.4.3, we have:

r - z t  =  © r  n  ^
7  i=i T'

€ ©  { r7^j G Perm(ain ^ , / ai,fc) |7  e  Gag(Ki/k)}
i—1

=  @Ga€(&).
t=l

Thus:

r
(43) r - 3  e © G a £ { 4 > i ) .

7 i=l

Now, at once, by Lemma 6.B.3, part (2,a) [with “/ ”=  Ga£], we have:

(44) @ Gaf (A) = @ Ga£(A„)<”"‘>.
t=l >1=1

Thus, by (43) and (44), we have:

(45) r w  e©Ga£(<j>iJ m>'\
7 fc=i
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xix) Finally, by (42), with (45), and the first part of (39), we have at once:

n = c r ^  9
7 & 

e  ^@Perm(at, fc)(n*i'

=  [@Perm(ai, 
u=i

©  Gai{fahf m^
h=l

u

u

@ Penn(mAdim fah, /dim <t>ih, fc)

@ Got (0 i J (Tnh)Penn(mhdim 0gfc, 7dim ̂ , fc)
/i=i

Hence, substituting Him fah =  aih[7Qh: A:] [as given that fa =  (Ki,a^\di)], we 

conclude:

r t
II € @ Perm (a,, k)^1*^ 

Li=l
©  Gal{fah)(m,l) P e r m ^  [Kih: k]mh, /*[*■:*], k)
h= 1

This completes “Part II” ; and the proof of the theorem!!

6.5 M ain R esults 

6.5.1 Introduction

In this section, we obtain the main results about the rationalizable normalizers of sub­

sets of rationalizable diagonal matrices. There are five lemmas to be shown here; only 

the last one makes use of the key Theorem 6 .D.I. The first two lemmas show struc­

tural and group-theoretic properties of some of the subsets of matrices connected with 

a reduced field setting, these lemmas do not study rationalizability questions. The 

third lemma shows a main commutativity result, and contains a key argument. The 

last two lemmas show main rationalizability results, and both contain key arguments.
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6.5.2 Main Lemmas

The previous theorem shows some of the importance of the Galois groups and permu­

tation groups connected with a reduced field setting. The following lemma exhibits 

some basic and technical properties of some of these and other “objects” connected 

with a reduced field setting.

Lemma 6.E.1

Let n € Vj .

Let $  =  (0 i,. . . ,  0r) be a reduced field setting over k, with 4>i = (Ki , cr^.ai) a 

field element over k, and where dim <3> =  n.

Let u =  € { 1 ,..., r}, let the subsequence ( 0 ^ , . . . ,  0^) C (01}. . . ,  0r) be

a set of representatives of let [0 *J =  the equivalence class of 0 ih in 

and let mh = |[0j,j|,nfc =  =  [Kih: k].

Additionally, let Gh =  Ga£(<pih), and Ph =  Perm(oihnhm h, Ioihnh, k).
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Then:

t=l
1) a) ©  M(oi, =  ©  M(oih, £)<«*"*>; 

h=l

b) @ M(aih,L ){nh1ttk)
h= 1

n
u

©  Perm(oihnftmh, , fc)
h=l

c) C, C' G ©  M x (a*, L)(”^ }; II, IT G ©  Perm(oihnhmft, , fc)
i=l A=1 h

[cn = ctt c  = c ; and n = ir].

2) a) [Pem(aihnfc,/aih,fc)(m'*)] • [Penn(aifcnhmA, / aihBh,k)] C 

Perm (aihnhm h, 1 ^ , k);

b) ©  G[™k) • Ph C ©  Perm(aihnhmh, I*. , fc);
ft=i /i=i

c) n  G Perm(n,k), IT G © Penn(ai) *)<"*>, fi G ©  G(™h) ■ Ph =>
i=l h=1

[II =  Il'fi =*► this representation of II, as II' • fi, is unique];
U ^

d) II G ©  Pernio*. nhm h, 1^ , fe), II' and II as in (c) previously
h=1

[II =  Il'fi => II =  fi, and so, in particular, II G ©  • P^\.
h= 1

Proof.

1) a) This follows a t once from Lemma 6.B.3, part (2,a), by letting /(<&) =

noting that =  a* here, and observing easily, that:

(M(aiA, i ) <n“. )) (”“ ) =

=  M(oih,LYnhmh\

b) To prove (l,b), we calculate, as below, making several simple, but neces­

sary, observations. We have:
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© M(aik,L )(nkmk)
h=1

n @ Peun(aihnhm h, 1^ , k)
h=l

©  M(oih, L)(nhmh) D Perm(aihnhm h, 1^ , fc) 
h=1

see note 1 see note 2

[clearly]

>i=i h 

=  ©  {Iaihnhmh}
h= 1

[clearly, by notes below] 

[clearly]

“ t e - . - v . - d  tdearly)

=  {/n} [by Lemma 6.B.2, part (3), and the given here that dim $ =  n]. 

note 1 : elements are all block-diagonal, and all diagonal subblocks are

K >  x

note 2 : elements have all [canonical] (a*h x a^) subblocks equal to 

or O ^ .

c) The conclusion in (l,c) follows at once from these dear facts:

i) cn =  e r r  =» (C')~lc  =  i r i r 1;
ii) ©  M x (oi, @ Perm(aihnhm/l, , A:) are groups;

i=l h=l h

iii) conclusions (l,b) and (l,a), just proved above.

2) a) To prove (2,a), we calculate, as below, making a few simple, but necessary, 

observations. We have:
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Perm(aihnh, 1^ , fe)(mh)

see note 3

PermCa^nfcmh, 7^ njl,fc)h' 
V

see note 4

C  th e  se t o f (a ih x  a ifc)-b lo ck  p erm u tation  m atrices, o f  d im en sion  Oihnhm h

[clearly, by notes below]

=  Perm(aihn/lm/l, 7 ^ ,  k) [by definition].

note 3: elements are all block-diagonal, and each of the m h diagonal 

subblocks is (aihnh x aihnh) and has all [canonical] (a*h x OjJ 

subblocks equal to or O ^ .

note 4: each element here, when multiplied on the right of a given 

matrix, permutes the [canonical] (aihnh) colum n blocks of that 

matrix as whole entities.

Thus:

[Perm(aihnh, 7 ^ , fc)(mfe)] • [Perm(oihnhmh, 7 ^ ^ ,  &)] C  Perm(aihnhmh, 7 ^ ,  k).

b) Prom Section 6.2.1, item (c,v), we see:

Gh =  Ga£(4>ih) C  Perm (adrift, 7 ^ ,* ) .

This, and the definition of Ph in the given, together with the conclusion

(2 ,a) just proved above, shows the desired conclusion (2 ,b), at once.

c) The desired conclusion in (2,c) here follows at once from the conclusions
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(2 ,b) and (l,c) just proved above, noting obviously that:

IT € @Perm(ai,fc)(n*i) C
i=l i=l

d) The desired conclusion in (2,d) follows at once from the observation: II =  

Il'fi => /nII =  Il'fi, and from the use here of conclusion (l,c) just proved 

above [with “C°’=  In,“C'”= II ',“II”=  II,“II'” =  ft], also noting the conclu­

sion (2 ,b) just proved above.

□

The first conclusion in the following lemma is proved by a key argument, and this 

conclusion forms a first, and critical, partial converse to the result of the previous main 

Theorem 6 .D.I. The remainder of the conclusions here are concerned with several 

important structural connections, and isomorphisms, between the groups Gh,Ph, and 

i£ (  A$) -  as defined in the lemma below (and identical to those defined in the previous 

Lemma 6.E.1).

Lemma 6.E.2

Let n e E i .

Let $  =  . . .  ,<pr) be a reduced field setting over k, with fa =  (Ki,a®, a*) a

field element over k, and where dim <£ =  n.

Let u =  G {1, - - -, r}, let the subsequence { fa , . . . ,  f a )  C { f a . . . ,  f a  be 

a set of representatives of let [<kj =  the equivalence class of f a  in 

and let mh =  |[& d|,nfc =  =  [Kih: k].
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Additionally, let Gh =  Ga£(<f>ih), and Ph =  Pena(aihnhm h,Ioihnh,k).

For each <&, let A C M(a(pi,K lt)i) = M(ai,Ki). Suppose that each Af^ is 

“closed” under Gai{Ki/k): V7  e  Ga£{Ki/k): 7 ^ )  C J ^ ..

Then:

1) h-1
normalizes A$

2) a)

b)

© G ^ - P h
h=1

h=l

normalizes 7ra(A$), and A$ (II£=1 Scalar (a,, AT,)); 

fl 7m(A<*,) =  {/„}.

3) a) Pft normalizes G^™ ;̂

b) f t n G ^  =  { W

4) a) © G t h)-Phh= 1
is a group, and is isomorphic to

ft=l

b) I m x (A$) © G ^ - P *
h=l

is a group, and is isomorphic to

nG CtOi.id XI [ n  {G at(KJkr>  x|S„J 
i=l J U=1

c) 7m* (A*) ©  G ^  • Ph > Im *(A*), and
Lh=i

/ m»(A») U  G<T*> • pJ  / «  f t  ;
_h=l f

d) i) YjM [Ko A:] =  J ]  °ih [K ih '■ k\m h =  n 5
i=1 

u

ii) =  r -

h=l

h= 1

A=1
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a) We make an initial observation. We are given that C  M{di, Ki), and 

is closed under Ga£(Ki/k):

V7 € Ga£(Ki/k): 7 (AT*) CAT*.

Hence, for 7  G Ga£(Ki/k): 7  (A/**) £  

and so:

7 2Ca / ^ )  c  7 (a / ; . )  c  tv/ ; , .

So, iterating, we have for all s G Et:

7 ‘C/vk) £  - r ' w * )  e  • • ■ s  £  K<-

But 7 G Ga£(Kifk), and so 7  has finite order: ryJ = i d for some J G El" 

(e.g., J =  |Ga£(/fi/A:)|). Letting s = J  in the above chain of inclusions, 

we have, in particular:

7'/(A/*) ̂  7 (AT^) C  A/"*; 

idtcAKi) ^ iW +i) £  A/*;

C 7(A/̂ ) C Af*.
Thus:

7 ^ ) = ^ .

Hence:

(1) V7 e  GaliKi/k): 7
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b) Now let:

n e © G t h)-Phh=1 ©h=1
mh
© Gh 
j=i

•Ph

Thus, by definitions of Gh and P&:

(2) n = ©h=i Li=i
mh
© r  w ,

for some G Ga£(Kih/k) and G Perm(aihnhm h ,/0jfcnh,/;).

c) Now, using the definition of A$, and by Lemma 6.B.3, part (2,a), with 

f(4>i) =  A/ t̂ , we note the following:

( 3 )  A t  ( n u t f * )  =
(™fc)

e) Now we make the calculation below.

mh
©  r 7(h>LJ = 1 ~ 3  , 9 ' h

(”»h) mh
@ r 7(fc> A- j=l ’9lk

mh
©  r 7<,‘) 4>- j=1 1 h

1 - 1

J=1

mh
© r 7(h> <b- j=l 7j ,9'h

- ^ ( tT C V O ):

where the last equality follows from Section 6.2.1, item (c,ii). Now from

(2) we have 7 ^  G Ga£(Kih/k)  (and thus so also is 7 ^  ), and so at once 

by (1) we have 7 ^  (.A/"^) =  jV ^ . Using this, the last expression above 

becomes:

| a k  ( T f ^ ) )  = 1 ^ ^ )  =  K C A /k j ] (w*h)
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Thus, the above equalities now show:

tkrmh - l

V
© ir

i

m h

@ r 7<k>*
j =1 '3  ,<P' h

—

Using the previous result, we clearly see:

(mh)U
©

h = l

mh
j=l 7i

-1

™h
@ <*• j= l 7J )<P‘h

/l=l

u m  h

• © ©  r 7 (fc) <4- 
j =1 y 3 ,<P,hH11fll

\(™h)

=  @h=]

=  @ K ( w k j ]

This, together with (3), thus shows at once:

mh
@ r 7w*.

j = l  3  ’V 'h

(4) ©h=l
mh
©  r 7<h) *. 

j = 1 ~ 3  ,<P' h
normalizes (n^=1jV f̂) .

f) Now recall from (2) that € Perm(aihnAm h,/aih„h, fc). Thus \&fc is an 

(aihn,h x Oifcnft)-block permutation matrix. Thus, by recalling the basic 

properties of such matrices, as described in Section 1.2.4, Part (d), we see 

that the map conj^h acts on the elements of M{a^hn h ,V fmh  ̂ by permut­

ing all the mh, diagonal subblocks, of these elements, as whole units. In 

particular, we thus see:

(5) M  C M{ailnh,L) => 1

Thus, letting M  = A<t>ih(Af<t>ih) Q M(dhn.<j>ih,k) =  M(aihnh,k), we have 

at once:

i(«ih)
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Using the previous, we easily have:

(p*h)
k = i

- l

h=1

fl=l

This, together with (3), thus shows at once:

(6) h= 1
normalizes A$ (II£=1A/^).

g) Now (4) and (6 ), together, show a t once:

normalizes A$ ( I I^ A /^ ) .©h=i

mh
©  r  w *j=l 7j h = l

Hence:
u mh "

©
j =1 7i ,<p*h

' V h
h—\ .

normalizes A$ (II^A /^)

Thus, by (2):

II normalizes A$ (njLjA/^)

Therefore, as II is an arbitrary element of © G t h)-Phh= 1
, we conclude:

(7) @ G t h)-Pnh=l
normalizes A$ (II^=1AQ,i)

This completes the proof of the desired conclusion (1).

2 ) a) i) For each <&, here let A/^ =  M{di,Ki). Clearly now, A/^ is “closed” 

under Ga£(Ki/k). Thus, at once by conclusion (1) just proved above,
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we have:

© G ^ - P h normalizes
h=l

A* (II^A /^) =  A* (ni=1M(oi, K t)) =  Im (A*),

ii) Similarly to (i) above, for each <£*, now let A/^ =  Scalar (a*. Ki). 

Clearly again, A/^ is “closed” under Ga£(Ki/k). Thus, at once, as 

above, we have:

© G ^ - P hh=1
normalizes A$> (II^A f^) =  A* (II£= x Scalar (ai: K i)) .

b) The desired conclusion in (2,b) follows at once from Lemma 6.E.1, 

parts (2,b), (l,a) and (l,b), and the definition of A$, as follows:

©  G S r1 • Phh= 1
D Im(  A$)

u
©  Perm(aihnhmh, K  , fc)
h= 1 

11

A=1 

=  {!»}.

Clearly also In G

©  Perm(oiknhmh, K  , fc)

@M(oi, &)<"*>
.2 = 1

ti
©  M(aih,k)(nhTnh)
h= 1

© G t h)-Phh=1
H /m(A$) (all entries in the latter are

groups, or fc-algebras, themselves). Thus:

A=1
D Jm(A*) =  {/„}.

This completes the proof of desired conclusion (2).
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3) a) Let £ Ph = Perm (a^n^m/,, Then, exactly as was argued to

establish (5), we have:

M  C M{oihnh,L)  => f =

Now recall from the definition of Gh, that:

(8) Gh C Perm(aifcnft, 1 ^ , k) C M(aihnh, L ) .

So, letting Ad =  Gh in the second-to-last previous result, we now have:

Thus, as ^  is an arbitrary element of Ph, we conclude at once:

Ph normalizes 

b) We now calculate, using (8 ):

(”*/>)

pknGi“k) c Pevm{aihnhm h, I Bfc, k) n vv~̂
....

see note 5 . see note 6  .

=  t

=  {^Oihnhmh}

[clearly, by above captions] 

[clearly].

note 5: elements have all (canonical) aihnh x subblocks equal to 

°r Ooihnh-

note 6 : elements are all block-diagonal, and all diagonal subblocks are

^ ih P h  X CLifTlh-
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As in step (2,b) above, clearly Iaihnhmh £  Ph n  G%nĥ  (both Ph and Gh are 

groups). Thus:

f i , n G f k) =  {/Vhm il}.

This completes the proof of desired conclusion (3).

4) a) By the desired conclusion (3,a) just proved above, and elementary group 

theory, we have that G^™^ • Ph is a group. Thus clearly so is @ G ^1̂  ■ Ph-
h= 1

Now recall, from Sec. 6.2.1, item (c, v), that Gh =  GaJt(<j)ih) «  Ga£(Kih/k), 

and, by definition of Ph and basic properties of permutation matrices, 

that Ph ~  Smh (symmetric group on mh letters). So clearly we see 

<#*> ~  Ga£(Kih/k )mh. This, together with conclusions (3,a),(3,b) just 

proved above, and elementary group theory, show at once:

G t h) • Ph *  Ga£(Kih/k)mh X S,

Thus, clearly:

h=1
I I  [ G a K K J k ) ^  XSmJ

Lfe=l

b) Using conclusions (2,a),(2,b) just proved above, and arguing similarly to 

step (4,a) above, we have at once:

Im x (A$)

(9) I m x ( A#)

h= 1

© G t h)-Phh=1

© G f ^ ’ Ph is a group, and

Jm x(A*) X © G ^ - Ah= 1
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Now recalling that A<j> is an imbedding of fc-algebras, and recalling the 

definition of A$, we clearly have 7mx(A$) «  H$=1G£(ai,Ki). This, to­

gether with conclusion (4,a) just proved above, when applied in (9), gives 

at once:

7mx(A$>) © G t h)-Phh= 1
n  Gtioi.Ki) 

L * = l
x I I  [G aiiK jkT *  X5mj

LA=1

c) The former part of conclusion (2,a) just proved above shows, essentially 

immediately, that:

® d F h)-p h
h= 1

normalizes 7mx(A$).

Both of the conclusions in (4,c) follow immediately from this previous 

result, from conclusions (2,b) and (4,a) just proved above, and from ele­

mentary group theory (specifically, from the elementary fact that if H ,K  

are subgroups of G, and K  normalizes 77, then H K  is a subgroup of 

G, H K  >  77 and H K /H  «  K /(H  n  K )).

d) The conclusions in (4,d) follow immediately from Lemma 6.B.2, and the 

given here that dim<£ =  n.

This completes the proof of desired conclusion (4).
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The statement of the following lemma refers to the permutation matrices “IIT)$” 

recalled in Sec. 6.2.1, part (d). This lemma establishes the commutativity of all the 

permutation matrices, IIr)$, with “almost” any permutation matrix that normalizes 

a fc-rationalizable diagonal subset of matrices that is “canonically” connected to the 

field setting $.

Lem m a 6.E.3

Let n e l f .

Let $  =  (fa , . . . ,  4>r) be a reduced field setting over k, with fc = (Ki, dj) a 

field element over k, and where Him <t> =  n.

Let u =  € { 1 , . . . , r}, let the subsequence , . . . ,  0^) C (01}. . . ,  </>r) be

a set of representatives of let [<&J =  the equivalence class of <j>ih in 

and let m h =  |[<kh]|,n ft =  = [Kih: k].

Additionally, let Gh =  Ga£(<f>ih), and Ph = PeTm(aihnhm h, Iaihnh, k).

Let Z  C A s (n[=1Scalar(oi, K )) ,  where Cl (Z)  =  © M (a i ,L ){jl't‘̂ . Let fl €
i=l

U „

@ Perm(oi. n hm h, 1^., k). Suppose II normalizes Z .  Let E  be any intermediate
h= 1 h
field o fk /k  where (A ) C E  C k.

Then:

Vt G Iso (E /k ): fi commutes with IIT>$.
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Proof.

1) As given II normalizes Z , we have:

(1) n ^ z n  =  2 .

Thus, in particular:

(2) V Z € Z : 3 Z e Z :  U~lZ E  = Z.

2) Let r  € Iso(E/k). Now as Z  C 7m(A$), and all erf1 (Ki) C E, we may apply 

r  to elements of Z .  Thus, applying r  to (2), we have:

V Z e Z :  r in ^ Z U )  =  r(Z).

Thus:

r(n )-1r(S)r(n) =  r(Z), [as r is an isomorphism]

n~ 1r(Z)U = t (Z), [as fi consists only of 0’s and i ’s]

n 1 (nT̂ znTt*) n =

where the latter follows from Sec 6.2.1, part (d), item (iii) (itself being an 

important fact recalled directly from Chapter 1), and from the given that Z, Z  € 

Z  and so Z, Z  €  Im (A$). So we now have:

vz g 2 : n-^n^zn^n = n"izn^.

Thus:

(n - 1n~ 4 ) z (n rj$n) =  (n - 1z n )  n r,$, [by (2 ) above].
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Hence:

vz g z : (fHn-^ztn^ft) = (n-^fi-^z^n^).

3) As the previous equation is true for all Z  € Z, it thus shows, at once:

(3) nT,*n = Bfm^, for some B  G Cx(Z).

We now examine B, and show B  — In.

4) By (3) we have B  G Cx(Z), and so by the given on C'r(Z) we have:

(4) B e © M { o i , L ) ^ i \
i=1

But also by (3):

(5) b  =  n ^ f i n ^ f i - 1.

Now by the given on II, we have:

(6) f i e  @ Perm (aifcnfcmfc, /<* ,fc).
h=1 *

Now by definition of IITj$ (again as recalled in Sec. 6.2), we have:

n r,$ =  @ Hr^ .i= 1

Now as $  is given to be reduced, the previous, together with Lemma 6.B.3, 

part (2 ,a) [with /(<&) =  {IL^}], gives at once:

i t ,  =@ nr*  = @n<5>
i=l h=l h
u mh

= @@nrAk
h=lj=l h
u mh

G ©  @ Perm(ajh7ifc, 1̂ ,  k);
h=lj=l h
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where the last fact follows at once from the definition of IITî .  Thus, we have 

now:

u rrih
n T)* G ©  @ Penn(oihnh, I -  , k)

h=lj=l
> „  '

see note 7
U

C ©  Perm (ciiKnhm h, 1^ , k) [clearly, by above caption].
h= 1

note 7: elements are (Oih x Ojh)-block permutation matrices of dimension 

ckhnhmh.

Hence:

(7) IIT,* € ©  Perm(aihnhm h, 1^ , k).
h= 1 h

So, (5),(6 ), and (7) show at once:

(8) B e ©  PeTm(aihnhmh, 1^ , k).
ft=i

And thus, by (4) and (8 ):

B e
Li=l

n ©  PeTm{aihnhm h, , fc)
h=l

And so at once, by Lemma 6.E.1, parts (l,a) and (l,b), the previous gives:

(9) B  =  /„.

5) Now putting (9) in (3), we have:

n T)$ n  =
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Thus, as r  was an arbitrary element of Iso(E /k ), the previous gives:

Vr € Iso(E /k ): ft commutes with IIT)$.

□

The statement of the following lemma refers to the subsets of matrices, “V$”, 

defined for any field setting, $ , in Sec. 1.3.6, item (a). This lemma provides some 

rationalizability results which allow some “sufficiency” results for rationalizable nor- 

malizers of some rationalizable diagonal subsets.

L em m a 6.E.4

Let n 6  If .

Let $  =  (0 i , . . . ,  <j>r) be a reduced field setting over k, with 0» =  (Ki: a a») a 

field element over k, and where dim <$ =  n.

Let u =  I#/'-'*! G {1, . . . ,  r}, let the subsequence (<&,,..., 0*J C (01?. . . ,  0r) be 

a  set of representatives of $ /~ fc, let [0 ih] =  the equivalence class of 0 ^  in 

and let mA =  |[0 i J , n A =  =  [Kih:k].

Additionally, let Gh =  Ga£(<pih), and PA =  Perm(aihnAmA, / aihnh, k).

  r  n<t>i

Let E  be any intermediate field of k /k  where U  Q E  Q k.
i=lj=l

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



211

Then:

I) A C  Ck ({nT)<I> G Perm(n, k)\r € Iso{E/k)})  C Af (n, fe), V G V? = *

7m(A$) • 4  is A;-rationalizable by V.

2) 7m(A$)
ti

fc=l
is fc-rationalizable by any V  G ; in particular, it is

fc-rationalizable over k.

Proof.

1) Let A  C Cjk ({IITi$ e  Perm(n, fc)|r € Iso(E/k)})  C M(n, fc), and V G 

Thus, by definition of .4:

(1) 4  C M(n, A:) and V4 G 4 :V t G Iso{E/k): 4  commutes with IITj$.

We show that V fc-rationalizes 7m(A$) • 4 ;  i.e., that:

V7m(A*)4T7- 1 C Af(n, fc).

a) We observe, using the given on E, that:

i) 7m(A$) C M (n,E), by definition of A*;

ii) A  C M(n, E), a fortiori, as A  C M(n, fc);

iii) V  G M(n, £?), by definition of V$.

Hence, we conclude:

(2) V l m ^ A V - 1 C M(n, £ ).
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b) Let B  G Jm(A$), and A  G A. Let r  G Iso(Efk), and abbreviate 11,-,$ by 

nT. As t  G Iso(E /k ), by (2) we may calculate: 

r(V iL 4F-1) =  r(V’)r(B)r(A)r(V ')“1, [as r  is an isomorphism]

=  (y n r ) ( n ;1B n T)r(A )(n71F - 1);

where the last equation follows by the results in Sec 6.2.1, part (d), 

items (iii) and (v). Thus, continuing, we have:

riVBAv-1) = (vnT)(n;1sn T)r(A)(n;1F-1)

= (VTirXn^Bn^Atn^v-1)

[as A  G A  C M(n, k) and r|fc =  id*]

=  VBILrAII^ 'V-1 

=  V B A V ~ l

[as by (1), A  commutes with IIT(= IIT,$)].

Therefore:

t {VBAV~1) =  V B A V - 1.

Thus, we conclude:

Vr G Iso(E /k ): t{V B A V ~ x) = V B A V ~l .

Thus, by basic field theory (as A; is given perfect!), we conclude:

V B A V -1 G M(n,k).

Thus, as B ,A  are arbitrary elements, resp., of Jm(A$),.A, the previous 

shows at once:

VJm(A$)^4V-1  C M(n,k).
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Therefore, V fc-rationalizes Im(A*) • A.

2) Let fi G ©  G f^ĥ  • Ph. So certainly, II G Perm(n, k). Now we use the previous 
h= 1

three lemmas of this section, easily, to make the following observations about

ft:

i) by Lemma 6 .E.1 , part (2,b):

n  G © Perm (aihn/lmA, / 0i fc);
h=1 h

ii) by Lemma 6.E.2, part (2,a):

ft normalizes A$ (IIJ’_1Scalar(ai, K i)) ;

iii) thus, by (ii) here, and by Lemma 6.E.3 (with 

aZ ” =  (n£=1Scalar(aj, Ki)), and using Lemma 2.D.1, part (b,i)):

Vr G Iso(E /k ): ft com m u tes w ith  Hr,4..

So, summarizing, we have, in particular:

fi G Perm(n, k ) and Vr G Iso{E/k): fi commutes with IIr,$.

Hence, by definition, in particular:

ft G Ck ({IIT)$ G Perm(n, fc)|r e  Iso(E /k)}).

Thus, as ft is an arbitrary element of ©  G t h) • Ph, the previous gives:
h= 1

©  G t h) ■PhQCk  ({Ilr,* 6  Perm(n, k)\r G Iso{E /k)}) .
/i=l
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This, together with the conclusion (1) of this lemma just proved above (and

© G t h)-Phh=1
is k -using “.4”=  © G ^ 1̂  ■ Ph), gives at once: Im (A$) •

h=1

rationalizable by any V  €  V£; in particular, it is thus fc-rationalizable over 

k.

The lemma below contains one of the key, and simple, arguments of this chapter. 

The result of the lemma basically exhibits the normalizers of rationalizable diagonal 

subsets, where the normalizer is rationalizable by some element of

Lem m a 6.E.5 [Key Argument]

Let n  e  I t .

Let $  =  (0i , . . . ,  fa) be a reduced field setting over k, with 0* =  (Ki, a^\a i)  a 

field element over k, and where Him =  n.

Let u = G { 1 , . . . , r}, let the subsequence ( 0 ^ f a )  C ( f a . . . ,  fa) be 

a set of representatives of let [0 »J =  the equivalence class of fah in Qfak, 

and let m h =  |[0jd |,nh =  -  [Kih: fc].

Additionally, let Gh = Ga£(fa), and Ph = PeTm(aihnhm h,IaihnK,k).

Let 2 C A $  (n[=1Scalar(oi, Ki)), where CL(Z) =  © M ( a i ,L ) ^ i \
i=l

Let f i(Z) =  j f i  € @ Perm(aihn/lm/l, , k) fi normalizes Z^j C Perm(n, k).
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Let M  C M x(n,L), where M  normalizes Z.

Suppose M  is fc-rationalizable over L, by some V  G V£.

Then:

1) M  C / m x(A$) • tl{Z).

2) Jm x(A$) • fi(Z) is fc-rationalizable by any V  G V £ .

Proof.

r  n<t>i

1) a) Let E  be any intermediate field of k/k, where | J  (J C E C k .  Let
i=lj=l

M  G M.  So, given that M  normalizes Z,  we have:

(1) M~XZ M  -  Z.

This, with the critical Lemma 6.C.3 (with uy n= Z ,“N”= M),  gives:

M  =  CTI; for some C e C£ (Z), II G Perm(n, k),

where

nrlm  = z .

As n~lzn = Z, we have by the critical Theorem 6.D.1: II = Il'fi, for 

some IT € @ Perm (a*, fc) ̂  ̂ , ft € @ • Ph. So, by the given on
i=l h=l

Cl(Z),  clearly II' G C£(Z).  And, by Lemma 6.E.1, part (2,b), we have
~  U
II G @ Perm(aihnhmh, 1^ , k). Thus, from these remarks, we have that IIu i **
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normalizes Z  and II' centralizes £ , and so we observe:

z  =  n~lz n  =  r H i r ' z i r f i .

=  f r H i r ^ n o n  =  f i - i j z f i .

Thus fi normalizes Z; and so, also, by the definition in the given, we 

have II G n (2 ) . Finally, from these remarks, we have from Lemma 6.E.3, 

immediately:

(2) Vr G Iso(E /k ): fi commutes with IITj$.

Thus:

M = CII =  C(II'fi) =  BU, where B  =  CTT;

and so B  G C£(2); as C, IT G C £(2).

So, summarizing, we have:

(3) M  =  £ fi; B G ^ ^ f i G f i ^ ) .

b) By the given, M  is ^-rationalizable by some V  G V£.  Thus:

V M V -1  C M(n,  fc), for some 7  G V j.

Now let M  G .M. Thus, a fortiori by the previous:

V M V -1 G M(n, Jfe).

Hence:

(4) V M V - 1 = F, for some F  G Af(n, fc).
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c) By (4) and (3), we have:

(5) V B IIV -1 =  F.

We note the following. The previous gives:

B  = V ^ F V U - 1.

By supposition on the field E, in step (1) above, we clearly have: V  G 

M(n, E) (by definition of V$), F  € M(n, E) (a fortiori, as F  G M(n, k)). 

These facts, together with the previous equation, show: B  G M(n, E). Now 

furthermore, by (3), we have B  G C£(Z). Thus, B  G C£(Z)  n  M (n ,E ); 

and so by the given on Cl {Z), we have:

B G

Thus, clearly:

Li=l
fl M(n, E).

B  G © M x(oi,F)(n*>.
t=i

So, from (5) and (4), and the previous, we have:

(6) V B U V - l = F; B  G © M x(ai,F ) (n̂ ), F e M ( n ,h ) .
i=l

d) Let r  G Iso{E/k). Applying r  to (6 ), we have:

r iVBIlV-1) =  r(F).
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Thus:

T (y)r(S )r(n )r(y )-1 =  t(F)

[as r  is an isomorphism; and, as above, as V, B, f i  €  M(n, E)) 

= F

[as fi, F  €  M(n , k ) and r\k = idf.]

=  b ;

where the last equation follows by the results in Sec 6.2.1, part (d), 

item (v). So we now have:

y n ^ r ^ r m - i y - 1 =  f .

Thus, by (6):

t a i T,* T (B )im ^ v ’- 1 =  v b u v - 1.

Hence, “cancelling” V, V-1  in the previous:

n r,<£,r(H )m iT̂  =  B n.

Hence, by (2):

n r,* r(i5 )n ^ in  =  B n.

Hence, “cancelling” fi in the previous:

n T,* r (B )n ^  =  B.

Thus, we conclude:

( ? )  t ( b )  =
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e) Summarizing, from (6) and (7), we have, in particular:

B  G @ M x(ai, E f 1̂  and Vr € Iso(E /k ): r(B ) =
Z=1 *

The situation in (8 ) is precisely that encountered in the proof of Theo­

rem 3.B.1, (=>). That same key argument, given there for that situation, 

shows here, precisely, that from (8 ), we can deduce that B  G Jm(A$). 

Therefore, B  G Im{A$). Additionally, by (3), we have that B  is invert­

ible. Thus now, in fact:

(9) B  G Im x(A*).

f) Finally, combining (3) and (9), we have:

M  = B U e I m x (A9)-U (Z).

As M  was taken to be an arbitrary element of Ad, we conclude at once:

A 4C 7m x(A $ )-n (2 ).

2) Here, we show that Im x (A$) • H(Z) is fc-rationalizable by any V

a) From the definition of H(Z), and Lemma 6.E.3, we have immediately:

i) U(Z) C Perm(n, fc);

ii) 13 G fi(-2) ^  Vr G Iso(E /k ): fi commutes with n Tj$.

b) Let A  = n(Z).  Thus, at once by the observations (i) and (ii) immediately 

above, we have, in particular:

A  C Ck ({Hr,* € Perm(n, k) |r  G Iso (E /k )}) C M(n, k).
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This, and Lemma 6.E.4, part (1), give a t once: Im (A$) • A  is

fc-rationalizable by any V  G V£. Hence, a fortiori, the same is clearly 

true for 7mx(A$) • A, and here, by our definition just above, we have 

A  = tl{Z).

□

6.6 M ain Theorem s

This section contains the principal results of this chapter. By pulling together the 

lemmas of the previous section, and several earlier results, a unified and concise 

picture of the rationalizable normalizers of rationalizable diagonal subsets is achieved. 

This picture is what the two, and main, theorems of this section show.

In this section, the notation defined in Chapter 1 for the normalizer of a subset 

of matrices, recall J\fp(A), is used often.

T heorem  6.F.1

Let n  E E5".

Let $  = (<}>i , . . . ,  4>r) be a reduced field setting over k, with <& =  (A T * ,a * ) a 

field element over k, and where dim $  =  n.

Let u =  1 $ /^  G { 1 ,... ,  r}, let the subsequence (<&,,..., <&J C (0ls. . . ,  <j)r) be 

a set of representatives of et [<&J =  the equivalence class of <pih in 

and let m h =  | = [Kih: k].
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Additionally, let Gh = Ga£{<f>ih), and Ph =  Perm(aihnhmh, Ja.fcBfc, A:).

Let 2  C A<j> (IIt=1Scalar(ai, ATj)), where C i(Z) = @M(<n,
i=l

Let A'l C N l {Z) C M x (n,L), where is fe-rationalizable over L, by some 

V  € V£.

Let (M ) = the subgroup generated by M. in M x (n, L); 

so also (M )  C M x (n, L).

Then:

/i=i
C  M x (n,k).

b) Jm x( A*)
h=l

may not necessarily normalize Z ,  but neverthe­

less remains fc-rationalizable by any F e l ^

2) a) <M ) C I m x (A#)
>1 = 1

b) {A4} *-»■ nĜ oi.jr,)] x fn [Gw^/t)** xismj 
*=1 J  L h= l

; and

Ei=i Oil'Ki: *] = Eh=i % /. = rc, EJLi = r -

c) (Ad) normalizes Im x {A$); and

7mx (A*) (.Ad)/7mx (A*) «-► f [  *S mJ ;  and
h=l

ELi «ih[Kih: k]m h =  n, EJU m h = r.
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Proof.

1) a) Prom the given, we have at once by Lemma 6.E.5:

i) A 4 C /m x(A *)-n (Z ),

ii) Im*(A$) • U{Z) is fc-rationalizable by any V  G ; 

where IL(Z) is as defined by Lemma 6.E.5:

U(Z) = < fi G ©  Penn(aihnhTnh, , k) fi normalizes Z  > C Perm(n, k).
I fc=i J

Now let fi G fi(Z). Thus, by definition of f i(Z):

(2) fi_1Z fi =  Z  and fi G ©  Perm(afhnhmh, 1^ , k).
h=1 h

From the former part of (2), and by Theorem 6.D.1, we have at once:

fi =  , for some V  G © P e rm ^ , *)<"*>, #  G ©  G? ' 0 • Ph.
i=l h=1

This, together with the latter part of (2), and Lemma 6.E.1, part (2,d), 

give at once, in particular:

fiG  © G (™h)-Ph.
h=1

As fi is an arbitrary element of f i(Z), the previous shows at once:

(3) n (S )C @ G im'‘) -FA.
h=1

Thus, (1) and (3) together give (with the latter containment below being 

immediate from the definitions of A$, Gh, and Ph):

M  C I m x (A$)
fc=l

C M*(n, k).

This proves the desired conclusion (l,a).
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b) The desired conclusion in (l,b) follows from the given, verbatim, 

by Lemma 6.E.4, part (2).

2) a) By the conclusion (l,a) just proved above, we have now:

M  C Im*(A*)
h=1

W ) ■Ph C M x(n, k).

Now M x (n, k) is certainly a group itself, and, by Lemma 6.E.2, part (4,b),

so is Jm x(A$) © G (™h)-Ph
h=l

. Thus, at once by the above containments,

and the definition of (M )  in the given, we have:

(4)
h=1

W ) ■Ph C M x(n,fc).

This proves the desired conclusion (2,a).

b) The desired conclusion in (2,b) follows immediately from (4), and 

Lemma 6 .E.2 , parts (4,b) and (4,d).

c) The desired conclusion in (2,c) follows at once from (4), from Lemma 6.E.2, 

part (4,c), and from elementary group theory (specifically, if H, K ^ K i  are 

subgroups of G, and Ki  C K% >  H, then H Ky/H  *-» H K 2/H ),  and also 

from a repetition of part of the second part of the conclusion (2 ,b) just 

proved above.
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Theorem 6.F.2

Let 71 6 El".

Let $  =  , <pr) be a reduced field setting over fc, with 4>i =  (K i,aW,a,) a

field element over fc, and where dim <E> =  n.

Let u  =  |$ /~ * | G { 1 , . . . , r } ,  let the subsequence , . . . , C  (<f>1, . . .  ,<f>r) be 

a set of representatives of 4>/~fc, let [<&J =  the equivalence class of </>ih in 

and let m h =  |[& J|, nh =  n ^ h =  [Kih: fc].

Additionally, let Gh =  Ga£(<j>ih), and Ph =  Perm(aih fc).

Let 2o =  (nj=1Scalar(ai,iiQ)).

Let Ad C  Ml (Zq) C  M x (n,L), where Ad is fc-rationalizable over L, by some 

V  € V x.

Let (Ad) =  the subgroup generated by Ad in M x (n , L); 

so also (Ad) C  M x (n, L).

Then:

1) a) Ad C 7mx(A$) 

b) I m x (A*)

© G ^ - P *
h=l

7i=1

C M x (n, k).

C M x (n,k) does normalize Zq, and is fc-

rationalizable by any V  €
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2) (M } C 7 m x(A*) © G ^ - P h
h=1

QMk{Zo ) C M x(n,fc).

I.e., Z q possesses a greatest “fc-rationalizable by some 7  6  normalizer in 

M x (n, L), namely:

Jm x(A *)[@ G imh)-Pft .

3) a) 7mx(A$) @ G f k) • P*j «  [ n G f K Ki) n  [GatiKiJkT" xsraj
Ui=l

and ^ j n [ K i : fc] =  X /fcJiC k : =  n : Y ^m h ~ r-
i= 1 h=1 h=l

b) 7mx (A$) 

7mx(A*)

/i=i

© G i ^ - P ,
h=1

> Im x (A$); and

»  n  [&*(**/*)""■ XSUJ;
h=l

and J 3 flifc[jKffc: k]mh = n, J 2 m h =  r -
h=1 h=l

Proof.

By Lemma 2.D.1, part (b,i), we have:

(1) CL(Z0) = © M (a i,L)<n*i\
i=i

This, in Theorem 6.F.1, part (l,a) (with “Z ” =  Z q) , gives the desired conclusion in 

(l,a) here, immediately. Also, by part (l,b) of that same theorem, we have:

(2) 7mx(A*) © G t h)-Ph
h=1

is fc-rationalizable by any V  G V£.

Now, by Lemma 6.E.2, part (2,a), and the definition of Z q in the given, we have:

(3) © G t h)-Phh= 1
normalizes Z q.
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Now clearly I m x (A$) C  @ M x(aj, and so by (1): Im*(A$) C Cl(Zq). Thus,
i=1

a fortiori:

(4) Jm x(A$) normalizes So-

So, at once, by (3) and (4):

(5) Im*  (A$)
h=l

normalizes S q.

Together, (2) and (5) prove the desired conclusion in (l,b) here. The desired conclu­

sion in (2) here follows at once using (1) in Theorem 6.F.1, part (2,a) (with “S ”=  So), 

together with (5) above. The desired conclusions in (3) both follow, verbatim, from 

Lemma 6.E.2, parts (4,b), (4,c) and (4,d).
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Chapter 7 

Applications to Diagonalizable 

M atrix Subalgebras

7.1 Introduction

In this chapter, we apply many of our previous results to the study of the matrix 

subalgebras and subgroups of M(n, fc), k a  perfect field. The results here include 

some of the main results of this paper. In a sense, the results here form one of the 

sets of principal goal results that motivated this paper.

The main results here are classification in nature. They classify, and explicitly ex­

hibit, some fundamental subalgebras and subgroups of M(n, fc), and their centralizers 

and normalizers in M(n, fc).

Throughout this chapter, k is a perfect field, and L is any extension field of fc.
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7.2 Prelim inary Lemmas

In this section we will frequently be using Theorem 3.B.1 — a key theorem, and one 

with a single conclusion statement. We will also very frequently be referring to the 

sets — a set of matrices defined for a field setting $, as described in Chapter 1, 

Section C, part (6 ). Finally, we will quite frequently be using Proposition App. 18, of 

the Appendix. It might be valuable to recall for oneself now those results and those 

definitions.

We introduce some notation that will make many statements from here on in 

easier to state.

D efinition

Let $  =  (0 i,. . . ,  fa) be a field setting over k, with fa =  ('Ki,<r®,Oi) a field 

element over k.

W e let:

Im'{A$) =  A* Scalar(ai, K i^j  C M  (n, Icj .

Clearly, we note: Imf(A$) C  D (n, k j  , Im!{A*) C Im(Afa).
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The following lemma sum m arizes the results concerning the centralizers and normal­

izes over L, of some of the key matrix subalgebras we have worked with.

Lem m a 7.B.1 (Key L-centralizers and L-normalizers)

Let $  =  (fa,...,<f>r) be a field setting over k, with <& =  (Ki,a^\ciij  a field 

element over k.

Let V  e V £ .

Then:

v - 1,

V"-1:

1) a) CL (VIm'{A*)V -X) =  V  ©  M{ah L ) M
U=i

b) CL (V Im (A * )^ -1) = v \ ©  Scalar(dj, L ) M
Li=l

2) a) C l  (y Jm '(A ^ )y -1) =  V  S calar^ , L ) M ] V ~ \
U=i J

b) C l ( V l m i A ^ V - 1) =  V  @ M (o i,L )K )j y 1;

3) a) V l m ' i A ^ V - 1 C  CL {VIm{A ^ V 1) , 

b) V Im (A #)V ~1 C  CL {VIm'{A *)!/"1) ;

4) If $  is a reduced field setting and the subsequence (<&,...,^itt) C . . .  ,<f>T) 

is a set of representatives of [and letting [4>ih] be the equivalence dass of 

4>ih in then, furthermore:

Ml (VIm '(A*)V~l) =  V  @ G ifa ,  £)("*)] -

G < rf(* j(IM ) • Penn (a ,, [if<K : *] |[<fej|
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Proof.

1) By Lemma 2.D.1, parts (b,i) & (b,iii), we have: 

(1) =
i=l

(2) CL (Jm(A*)) = ©  Scalar^, L) (n*>).
i=i

Thus, the desired conclusions in (l,a) & (l,b) follow immediately.

2) By inductive use of Proposition App. 8 (with the fact that any field contains 

more than 1 element), and then a quick use of Proposition App. 9, we easily 

see:

(3)

CL ( ©  S calar^ , £ )("*)) =  ©  [C^Scalarfa, £))]("*) =  ©  M ( a i ,L ) M ;
\t=i /  i=i t=i

(4) CL (©  M (o i,L )K ))  =  ©  [CL(M(au L ) ) ] M  =  ©  Scalar(ai;L ) K ) .
\i=l /  t=l i=l

So, by (1) & (4):

Cl  (Jm'(A*)) =  CL (Cl (Im'(A*)))

=  CL (©  Af (ai, L) W )  =  ©  Scalar (a,, L ) M .

Similarly, by (2) & (3), we find C£(Jm(A*)) =  @ M fa ,  Z,)Ki). These last two
i=l

results show the desired conclusions in (2 ,a) &; (2 ,b).
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3) Clearly, by the definitions of IW (A$) & Im{A$), we have:

(5) Im '( A * )  C @ Scalar (a ,, L) ("*<);
i=l

(6) t=l

From (2) & (5), we see the desired conclusion in (3,a) immediately. Similarly, 

(1) & (6 ) give conclusion (3,b).

4) Now suppose here, as in the desired conclusion (4), that $  is a reduced field set­

ting, and the subsequence (<&,..., <piu) C (01?. . . ,  <f>r) is a set of representatives 

of [with [<&J the equivalence class of <pih in 4>/~fc]. Now let N  e  G£(n, L). 

By (1) above, and Lemma 8.C.4 (with uy "  = Im'(A$)), we have:

(7) N  normahzes 7m'(A$)

where B  =  {II G Perm(n, fc) [II normalizes Im'(A$)} . We note, clearly:

N  = CU; for some

C e @ G £ ( a i ,L ) M ,  and
t=l

II G Perm(n, k ), where II normalizes 7 m '(A*).

I.e., we have:

(9) B  =  Nl (7m'(A$)) D Perm(n, fc).

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



232

5) Now as $  is reduced here, we may apply Theorem 6.B.2 (note there “3V’ =  

Im!{A$)), with “M ” =  B  (as B  C Perm(n, fc), B  is certainly fc-rationalizable 

over L  — by In, and clearly In € V£). By conclusion (2,a) of that Theorem, 

with m k, Gk, & Pn j as defined there, we have immediately that:

(i d

(B) C @ G o < ( * j ( M )  -Penn (<*„ [ f t ,  : 4] |[<y | ,1 ^  [*,„*],*)

C A T j(/m '(A *)).

I.e., more succinctly:

(£} C Jm x(A * ) -g c iV j (7m '(A*)).

Thus, a fortiori:

B  C 7mx(A*) - g c N L (7m '(A*)).

Thus, in particular:

B  fi Perm(n, fc) C [lmx (A<j>) • D Perm(n, fc) C jVi, (7ra'(A$)) D Perm(n, fc).

Thus, as B  C Perm(n, fc), and by (9), at once:

B  C [Jttix(A*) • g] n Perm(n, fc) C B.

I.e.:

(12) B  =  [/m x (A$) • (?] fl Perm(n, fc).
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Now, by definition of Q in (11), clearly Q C  Perm(n, k). So, as Perm(n, k) is a 

group, trivially we see: [Imx (A$) • Q]DPerm(n, k) =  [Imx (A$) D Penn(n, A:)]• 

Q. This, in (12), gives now:

(13) B  =  | / 77ix(A$) fi Penn(n, k)j • Q.

6 ) Now clearly by definition of A$, we have: /m x(A$) C  @ Gi{ai, L)(n*<). So,
i=1

in particular, /m x(A$) f i  Perm(n, k) C @  G£(ai: L)(n^ ). As @ G£(di, Z,)(n,#*)
*=i

is clearly a group, trivially we see:

©  G £{a i,L )M ]  • \ lm x (A$) D Perm(n,k)] =  |@ G ifa , L)(n«) 
.i=i J L J U=i

This, with (8 ) & (13), shows, clearly:

M l { I m \A*)) =  I© G l f a  L ) M  
Li=l

B

I.e.:

(14)

=  [© Gi{oi, L ) M  - ([Imx (A*) n  Perm(n, k)] ■ Q)

=  ([@ G £(o i,X )K )] -([Jm x (A*) nPerm (n, * )] ) ) -£

=  f@ G €(o i,L )W
Li=l

With the definition of Q in (11), and using the fact that V  e V £  C G£(n,L), 

the desired conclusion in (4) follows immediately from (14) above. □
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The following lemma summarizes the results concerning the centralizers and normal­

izes over fc, of some of the key matrix subalgebras we have worked with.

Lem m a 7.B.2 (Key fc-centralizers and fc-normalizers)

Let $  =  <t>r) be a field setting over fc, with <& =  (K i ,a ^ \a ij  a field

element over k.

Let V  e VJ.

Then:

1) VIm!{A $)F -X C VTm(A*)V’- 1 C M(n,fc); 

i.e., V  fc-rationalizes Jm'(A$), and Im(A$).

2 ) a) Ck (V lm 'iA*)V’" 1) =  VIm(A*)V~U, 

b) Ck (V Im (A *)V -1) =  V Im \A * )V -K

3) a) Cl (V7m'(A$)V-1) =  V’/m /(A*)V-1;

b) Cl {VIm{A*)V-1) = VIm{A*)V-K

4) If $  is a reduced field setting and the subsequence ^  (0 i , . .. ,<&•)

is a set of representatives of $/~k  [and letting [&J be the equivalence dass of

4>ih in 4>/~fc], then, furthermore:

Mk {VImf{ A*)V~l) = V

• Perm (<zifc [Kih : k] |[& J |» v-1.
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Proof.

1) By definition of Im!{A#), we clearly have Im '(A$) C Im(A<j>), and so:

VIm!{A^)V~l C  U Im (A * )U -\

Now by Theorem 3.B.1 (with “3>”=  Im(A$)), (E), we ahve at once that Uk -  

rationalizes Im(A$) - i.e., UIm(A$U~l C M(n, k). This, with the above result 

gives:

U I m ' C UIm(A<t>)U~l C  M(n, k).

This proves the desired conclusion (1).

2) To prove the desired conclusion (2,a), we make the trivial observation that:

Ck(V Im \A * )V -x) =  C L iV Im 'iA ^ V -1) D M (n,k).

Thus, by Lemma 7.B.1, part (l,a), we now have:

Ck(VIm '(A*)V~l) =  V  |@ M (a i ,L )M  V~x n M(n,k).

Hence:

B  e  Ck{VIm'{A*)V~l ) &  

B e V  [@ M (ai,L )K )] V~l and B e  M(n,k)  

V~XB V  € ©  M ( a i ,L ) M  and V {V - lBV)V~l e  M{n,k)
i—1

V~lB V  6  @ M (ai,L)(n^) and V& rationalizes V~lB V  ■€>
i= i

G Jm(A#).
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where the last, and critical, result follows at once by Theorem 3.B.1 (with uy ”= 

{V~lBV})  [and with noting the obvsious fact that 7m (A$) C @ M (ai, L)(n*<)].
i= 1

The previous thus shows:

B  e  CK{ V Im !{ ^ )V ~ l ) B  € V 7m (A $)V _1.

I.e.,

Ck(VIm'( A ^ V - 1) =  V 7 m (A * )V l .

This proves the desired conclusion (2,a).

3) To prove the desired conclusion (2,b), we again start with the trivial observa­

tions:

CK{VIm{&*)V~l) = CL{VIm{&*)V-1) n M(n, fc).

Again, using here 7.B.1, but now part (l,b), we now have:

CK(V I m i A ^ V - 1) = V

Hence:

@ Scalar (ai,L)(n^) 
L*=l

B  6  C,Je(V7m(A*)V’- 1)

B  e  V  ©  Scalar (a,, L)(n^ ) | V~x and B  <E M (n , fc)

@ Scalar (* , £)(“*) and V {V 'B V )V ~l <= M(n,fc) ^
t=l

V~lB V  € @ Scalar and V k ----- rationalizes V~XBV.
»=i

As @ Scalar (ai,L)(n^) C @ M (ai, £)("*<), we can argue as with part (2)
i= l t=l
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above, and thus continue the above chain of equivalences as:

B  E Ck(VIm (A^)V~1) &

V~XB V  E @ Scalar ( a i , L ) M  and V~lB V  € Im(A*).
t=l

Therefore,

(1) B  E Ck{V Im {A ^)V -1) &  V~lB V  E Im (A*) n I© Scalar ( a i ,L ) M
Lt=l

4) Now suppose V~XB V  E Im (A$) fl ©  Scalar (a,, L)(™*»)
Li=l

Thus:

(2) V’- 1BVr =  A*(M1}. . . ,  Mr) =  ©  ©  <#(Mi); for some M« E M(ah K {);
i= lj=l

and
r n*i

V BV" =  ©  ©  Kjlai'i for some Aij3- E T.
t=ij=i

Equating these two results for V~lBV: we read off at once [trivially checking 

(noting) that both of*(Mi) and Ai j l ^  are matrices of the same dimension — 

<H x a*]:

(3) crji)(Mi) = A iJ/ ai; for all i, j.

By (2), we have Mi E M(a*, Ki), and so now (3) shows that Aij E a^(K i).  I.e., 

we have Ay =  cr^\ai), for some a , E Ki- Putting this back into (3), we find:

erf (Mi) =  (Tji\a i ) I a.;ai E Ai 

trj0 (Mi) =  E BsTi.
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As of* is an imbedding, and so a fortiori is injective, the last equation above 

gives now:

•Adi =  5 Qi G Ki

Mi G Scalar (a* G Ki).

Thus, by (2):

V~XBV  =  A*(M1}. . . ,  Mr) 6  A* (II =̂1 Scalar (a*, Ifc)) =  Im'(A*). 

Therefore

y _1B y  G Jm'(A*).

And, hence, by supposition here, we conclude:

(4) Jm(A*) fi I© Scalar (ai:Z ,)K )l c  Im'(A*).
U=1 J

5) As certainly Jm'(A$) C Im(A<t>)r and clearly /m '(A$) C ©  Scalar (ai,L)("**),
i=l

we obviously have:

Im \A$) C /m (A$) n  [© Scalar (cii, £,)(”*<) .
U=i

Combining this with (4), we have:

Im(A$) n [© Scalar (oi,T)(n^) =  Jra'(A$).
Li=l J

Combining this with (1), we have:

B G Ck{VIm(A ^ y - 1) y _15 y  G Jro'(A*).

B  G Cfc(y jm (A * )y -1) ^  B y  G /m /(A $)y -1.
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I.e.,

Ck(VIm(A<t,)V-1) = V e  

This proves the desired conclusion (2,b).

6 ) The desired conclusion in (3,a)&(3,b) follow at once from those of (2,a)&(2,b), 

as follows:

C£(V lm '(A i )V -1) = Ck (C k iV Im 'iA ^ V -1))

= Ck (V Im (A*)V - 1); by (2, a)

= V Im !(A * )V - \  by (2,6).

Similarly for C%(VIm(A$)V~1).

7) Now suppose here, as in the desired conclusion (4), that $  is a reduced, field set­

ting, and the subsequence (fa, . . . ,  f a )  C (fa , . . .  ,fa) is a set of representatives 

of [with [0 j J  the equivalence class of $ /  Now let:

(5) J /  =  Mk(VIm!(A*)V~l) C G£(n, fe);

(6) M  =  V - 'N V  C G l  (n, k) C G£(n, L).

So clearly we note (using V  e  G£ (n, k j  C G£(n, L)):

M  = V ~W V  =  V-W k(VIm '(A*)V-l)V C V -lML(VIm '(A^)V-l)V 

=  N L(V-1VIm'( A*)V~lV) = UL(Im'( A *)).

Additively, we clearly note:

VM V~X =  JV C M(n, fc).

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



240

Summarizing the above two notes, we have:

(7) M  C Ml (Im '(A *)) , V  ^-rationalizes M  and V  € V£.

Now as $  is reduced here, we may apply Theorem 8.b.2. to (7) (note there 

“2o”=  By conclusion (2 ,a) and (l,b) of that Theorem, as applied

to (7), and with m^Gk&cPk as defined in that Theorem, we have immediately 

that:

(8 )

“ Gl(6t. . Permfcl. \K*.: *11U,.(M.)  C  /m x(A$)
h=l

(9) I m x (A$) • Q is k-rationalizable by V.

Rewriting (8 ), we have:

{M)  C  Jm x(A*) • G C  A*)) C G t (n ,k) .

As V e  C G£ (n , k j  , we have:

V {M V ~ l C V (Im x (A*) • Q)U~l C  j\£(Jm '(A*)) C  G£ (n, k) . 

Again, using V  e  G£ (n, kj  , we have now:

V {M V ~ X C  V ( Im x(A<p) • Q)U~l C A ftV Im 'iA * ) )  C  G£ (n, fc) .
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By (6 ) we have V M V ~ l =  Af, and by (5) we have that Af  is already a subgroup, 

and so the previous gives:

Af  C V (Im x (A*) • Q)V~l C A ^ U /m 'tA ^ U " 1) C (n,k) .

So, certainly:

Af n M(n, k) C [F (/m x (A#) • 0) V”" 1] D M(n, k) C 

A/jf(Vr/m /(A$)V'~1) D M(n, fc) C Gf(n, Jfe).

Now by (5) we certainly have Af C M (n,k), by (9) we have 

V (Im x (A*>) • C M(n, fc), and clearly (with (5)) we have

Af^(VIm'(A$)V-1) DM(n,k) = AfkifVIm! =  A/". Using these in (10), 

we now have:

A/- C V (Im x (A#) • C AT C G*(n, Jfc).

Therefore,

(11) Af = V (Im x (A*) • 0)V’- 1.

With the definitions of AT in (5) and of Q in (8 ), and trivially noting (as A$ is 

an imbedding of k-algebras) that

Im x(A») =  [A * (I£ ,1J/(<ii)X;))]x =  A * (IIJ_l Gr̂ (ai, K i) ) ,

the desired conclusion in (4) of this Lemma follows immediately from (11) above.

□
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The following lemma summarizes connections between the centralizers over k and 

the centralizers over L, and between the normalizers over k  and the normalizers over 

L, of a key class of subsets of matrices with which we have been working.

Lemma 7.B.3

Let $  =  be a field setting over k , with =  (jK ^ c r® ,^  a  field

element over k.

Let V  e V £ .

Suppose A  C VIm '(A$) V-1  C M  (dim$, k) .

Then:

1) A  C M(dim$,&).

2) The following four statements are equivalent:

a) C%{A) = V Jm '(A * )V '1;

b) Ck(A) = V Im {A i)V ~ \

c) Cl(A) = V  [© Scalar^, L)K)J y - i ;

d) Cl (A) = V  [© M (o i,L )K )] V-1.

3) If $  is a reduced field setting and the subsequence , . . . ,  Q {<f>\,. • -, <j>r)

is a set of representatives of [and letting [<&J be the equivalence class of 

<f>ih in 4>/^fc], then, furthermore:
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any of the four equivalent statements in (2 ) above ==>■

a) M (.A) c y  A* [ n t t f o , * ) ) ]  *

i@ G o € ( & j ( M )  • Perm (oih [Kih : fc] |[<kj|, *],*)

b) N l{A) C V  @ G^(oi , L ) K ) j  •

$  • Perm (a*  [Kih : k ] \[<f>ih}\,

F “ l ;

F " 1.

Proof.

1) The desired conclusion in (1) here follows at once from Lemma 7.B.2, conclu­

sion (1).

2) We will establish the desired conclusion in (2) here by means of the following 

logical sequences:

(a) <*=> (b), (c) (d), (d) (6).

i) (a) = *  (b)

So suppose: C%(A) =  F /m '(A $)F -1. Now, using Proposition App. 

18, part (3), of the Appendix, and then Lemma 7.B.2, part (2,a), we 

calculate easily:

Ck(A) =  Cl{A)  =  Ck{Cl{A))

=  Cfc(F Jm '(A $)F -1) =  VIm(A<p)V~l .
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“ ) (P) = *  ( « )

So, suppose: Ck{A) =  V Im {A$)V x. Now, using Lem m a 7.B.2, part 

(2 ,b), we calculate at once:

C2k{A) =  C*(C*(,4)) =  Ck(V Im (A * )V -1) = V Im !(A*)V~\

iii) (c) =► (<Q

So, suppose: C%(A) =  V |@ Scalar (a*, £)("*<,) V x. Now, by Lemma

7.B.1, part (2,a), we thus have:

C l(A )= C l(V Im '(A * )V - ') .

Therefore: Cl(A)  =  CL{Cl(VIm'{ A*)V~l).

Therefore: Cl(A)  =  Cf (V’Jm'(A*)V’- 1).

Thus, by Proposition App. 18, part (3), of the Appendix:

Cl {A) =  CL{VIm!{A*)V-1).

Hence, by Lemma 7.B.1, part (l,a), we have:

CL(A) = v \ @ M ( o i , L ) M '

iv) (d) =► (c)

So, suppose: Cl{A) =  V (Q M fe, £)(**)
Li=l

7.B.1, part (l,a), we thus have:

V - l

V  . Now, by Lemma

Therefore:

Therefore:

Cl (A) = C L{V Im \ A*)V~l). 

Cl {Cl {A)) =  CL{CL{VIm'{A*)V~1)). 

Cl(A) = C ftV Im '(A * )V - ') .
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Hence, by Lemma 7.B.1, part (2,a), we have:

C\{A) =  V  ©  Scalar ( o i ,L ) M  V  
U=i

v) (d) => (b)

So, suppose: CL(A) = V  @ M (ai,L)(n*‘)
Li=l

Lemma 7.B.1, part (l,a), we thus have:

- l

V  . Now, by

Cl (A) = CL(VIm'( A * )!^ 1).

Therefore: Cl (A) n  M(n, k) =  fi M(n, k).

Now, using the trivial but useful observation that Cl (X) fl M(n, k) =

Ck(X), for any X  C M(n, A:), the previous result simplifies at once to

give:

Hence, by Lemma 7.B.2, part (2,a), we have:

vi) (6)==>(d)

So, suppose: Ck{A) =  V7m(A$)V-1. Now, by Lemma 7.B.2, parts 

(1) & (2 ,a), we thus have:

V Im \A * )V ~ l C M(n,k)  and Ck{A) =  Ck(VIm!(A * )^ -1).

Hence, immediately, by Proposition App. 19 of the Appendix, we 

have:

Cl{A) =  CL{V Im \  A ^ V 1).
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And so, by Lemma 7.B.1, part (l,a), we have at once

Cl {A) = V
Li=l

V -1

3) To prove the desired conclusions in (3), we take, as there, that $  is a reduced 

field setting with the subsequence (<&,, . . . ,  <f>iu) C (0 l5 . . . ,  <£r ) a set of represen­

tatives of $ /  and we suppose that any of the four equivalent statements in 

conclusion (2) here is true. These four statements being equivalent, we conclude, 

in particular, that statement (2 ,d) is true. Thus, we have:

(1) Cl (A) =  V  \@M(ai:L ) M
i=  1

V - 1.

To prove the conclusion in (3,a), we see that with $  as above, and with (1), 

and for convenience letting u =  dim$, we may apply Theorem 6.B.1, directly, 

with Z  =  V~lA V  and with M  = V~lMk{A)V. (We easily check, by the given 

on A, that Z  C Im'(A^), and that M. is certainly fc-rationalizable over L by 

V e V * ,  and that clearly M  = V ~ W k(A)V  C  V ~ W L(A)V  =  ML{V~lAV) = 

M l{Z)  C M x (n,L). Here, a t once, by conclusion (l,a) of that Theorem, and 

with Mh, Gh&Ph as defined in that Theorem, we have immediately that:

M  C Im*  (A$) @ G at ( ^ ) 11* - 11 • Permfoi „[**: t] |, k)
h—1

Finally, replacing M. in the previous with its definition, M. =  V~xN k{A)V, we 

immediately have the desired conclusion in (3,a).

To prove the conclusion in (3,b), we will need here to refer only to much earlier 

results — Lemma 6.C.4 and Theorem 6 .E.I. (Actually, this present result could
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have been extracted back then, but we didn’t  need it there.) We first note that 

by Lemma 6.C.4 (with ay n=  Z  = V~1(A)V C Im'(A*) C  D(n,L)), we have 

(starting things more compactly here):

(2) N l { Z )  =  C£(Z) ■ (AfL(Z) n  Perm(n, k ) ) .

(3)

Now, with 4> as above, and with (1) and the definition of Z  above, we may 

apply Theorem 6 .E.1 , directly, and with Mh as defined in that Theorem, we 

conclude at once (again, stating things more compactly here):

N l (Z) D Perm(n, k) C @Perm(aj, k)(n^)
L*=i

Combining (2) & (3), we have:

N d Z )  C C l(Z )  • [fflP H m te,*)("*)] •

Now from (1), and the definition o i Z  = V- 1(.A)Vr, we have :

CL{Z) = CL{V~lAV) = V-'C lW V  = © M (a i, L ) M

(4)

t=i

Hence:

(5) C2CZ) =  @<M(<n, £)(”*).
i=l

Furthermore, we see from (5) that @Perm(ai, k)(n*) is a  subgroup of C£(Z). 

Hence:
»=i

(6) C l(Z )  ■ f©Perm(Oi,*:)K)
Li=l

= C£(Z).
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Thus, putting (6 ) into (4), and using (5), we conclude at once:

(7)

ArL(Z) C *:)("*) •
L*=i

Finally, using Z  =  V~XAV,  and so N l {Z) =  V~lN L(A)V, the above result in

(7) gives us a t once the desired conclusion in (3,b). This completes the proof 

of the conclusions in (3).

□

The following Lemma summarizes, in one place, basic results about field settings in 

general. Some of these results have been recorded in various earlier places. We will 

frequently refer to this Lemma because it has all these basic results in once place.

Lemma 7.B.4

Let $  =  ( 0 i , . .. ,0r) be a  field setting over k, with 0, =  a field

element over k.

Let u =  € {1 ,... ,r}.

Let the subsequence (0il5... ,0£J  C  (01,...,0 r) be any set of representatives 

of with [0 ij =  the equivalence class of <pih in .
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1=1

Then:

1) a) (nh [Kih : &] |[&J| =  £ > [ / £ :  k] = dim$;
/i=l t=l

b) S l [ & J I = r-
h=l

2 ) a) A t  (nScalarCoi,K i)) »  f [
\i=l / i=1

b) a * ( n i C f l i , ^ ) ]  4 % ^ ) ;
Vi=i /  »=i

c) If $  is a reduced field setting, then:

i) A* •

© G a t  • Perm (m, [Ki, : fc] |[&J| *)

n«(«M«)] * [n [Gat{Klhi k p ‘-\\ *S w ]

Gal (* ,)(! W l)  . Perm (a*  [K,, : fc] |[* ,] |, /„ ,[* ,* ] , *:)

A$
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3) As given y  C  Im'(A$),  so we see y  is a  set of diagonal matrices.

Then, using the 3-tuple index notation, X$, for $ , we have:

V(i,j,t) e I f .  k ({y (y,t)| r o } )  = o f  (Ki).

4) Suppose: Q G G£(n, L) and Q fc-rationalizes y .

Then we have:

a) Q actually ^-rationalizes all of Im'(A$), even all of Jra(A$).

b) Q may be “point-wise replaced” by some V  G V£:

3 ^  G V £ : VZ G Im'(A*): QZQ~l = V Z V ~ l .

I.e.: conjq-i | Im'(A$) =  conjy-11 Im'(A*);

in particular, Q/m '(A$)Q -1  =  VIm!{A$>)V-1.

Proof.

1) The conclusions in (1) follow at once from the given, by Lemma 6.B.2, parts

(3)&(2), and with the definition of dim$.

2) The conclusions in (2,a) & (2 ,b) follow at once from the fact that A# is an 

imbedding of fc-algebras, and that, clearly, Scalar(oi, Ki) ~  K

3) The conclusions in (2,c) follow at once from Lemma 6.F.2, parts (4,b)&(4,c); 

noting, clearly, that Im* (A#) =  (A* (IIJ=1iW(ai,iifi)))x =

A^  (II[=1G^(aj, ATj)), as A$ is an imbedding of fc-algebras.
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4) The conclusion in (3) follows immediately from the given (esp., the given on 

y), by Lemma 4.B.3 (there, with “Z ”= y).

5) The conclusions in (4) follow as follows. As, by supposition here, 

Q fc-rationalizes y ,  and as, by the given on y ,  Cr,(y) = CL(Im'(Aq>)) =

we may apply the much earlier Corollary 2 .E.2 , part (a), at
1 = 1

once (with “Z ”= Im'(A$), “P ”= Q), and we find: Q ^-rationalizes Im!(A*). 

This proves conclusion (4,a).

Now from the previous, we now have that Q £ im$, L) and

Q ^-rationalizes Im'(A$). Hence, at once, by much earlier Theorem 2.E.4 

(with uy ”= Im'(A<t>)), part (a, =^), we have:

Q = v c ,

for some V  € V£ and C  e  @G£(ai,L)("*<). Thus clearly C  € C^(7m/(A*)),
»=i

and so for all Z  € Im'(A$) we have at once:

Q ZQ -1 =  VCZC~lV~l =  V Z V ~ \

This proves conclusion (4,b).

This completes the proof of the conclusions in (4), and so completes the proof 

of this lemma.

□
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7.3 D iagonalizable Subsets o f M(n, fc), M ain R e­

sults

In this section, we give our results concerning the diagonalizable subsets of M (n , k). 

These are some of the main results of this paper, and they include exhibitions and 

classifications of all the diagonalizable subsets of M (n ,k ), of their centralizers in 

M(n, k), and inclusions for their normalizers in M(n , k).

The same is achieved for all the subsets of M (n,k ) which are second centralizers 

(i.e., Cf (• • •)) of some diagonalizable (over L) subset of M(n, k), and, furthermore, for 

those subsets, their normalizers in M  (n , k) are exactly determined. (These subsets are 

a particular class of diagonalizable subset of M(n, k) — see Corollary 7.C.3, part (2).)

Finally, the same is achieved for all the maximal diagonalizable (over L) subsets 

of M(n, k) — see Corollary 7.C.5, (= ^ ) , part (1 ).

Other results are also given.

The following Theorem exhibits all diagonalizable subsets of M(n, fc), exhibits their 

centralizers in M(n,k),  and exhibits inclusions for their normalizers in M(n,k).  It 

also gives several other key results about these subsets.

This is one of the very main results of this paper.
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Theorem  7.C.1 (Diagonalizable Subsets of M(n, k);

Centralizers and Normalizers —Exhibition)

Let n € Ef\

Let A  C M(n, k).

Then:

A  is a diagonalizable (over L) subset of M(n, fc)

3 $  =  (0 1?. . . ,  <̂r), a reduced field setting over with <& =  o-W, a*) , a field 

element over k ; and with the subsequence (<&,•••,<&„) C (<pu . . . ,  0 r) being any- 

set of representatives of (letting [<fcj be the equivalence class of <j>h in

3 V e V £ :

1) d im $ =  n.

2 ) a) ]T  aih iKih : k] i[4>ih}\ =  : k] =  n;
h=l i= 1
u

b) S I W I  =  ^
A=1

3) a) i C  VA* ( n  Scalar (a*, Ai) j  V~l -

b) i) Cl{A) = C l  ^ A <,^ n S c a la r(a ijJKi) ) ^  

=  VA$ ( £ l  Scalar (at, V ~ \
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ii) Cl(A)  = C ? ^ F A * ^ n S c a Ia r(a i, j r () V - A  

@ Scalar(o jjL j)^)= y y - 1;

c) i) Ck(A) = Ck ( v A *  Scalar (a*, y - ^

ii) Cl (A) = C L ^VA*^RSca lar(a i,L i) J v - 1'j

= V \ ©  M ( o i , L ) M  V - 1; 
u=i

d) i) M ( A )  C Mk (V a *  ( j l S c a la r i ^ K i ) ^  V~^j

= y  A t f n ^ A i )

£ Ga£ ( ^ h)(IK ]l) - Perm (a*h [Kih : k] | f a j | , *)

ii) Ml (A) Q N l |V a $  Scalar(ai, jFQ) j  V ~ ^

= y[@G£(<zi,L)K)J-

©  G a l { M < \ M )  • Perm («* [Kih : k] | W l  , / ^ ^ . f c ) y - i

4) Observing, by (3,a) above, that V~lA V  C D(n, L), and using 2$, the 

3-tuple index notation for 4>, we have:

6  2$: fe({y(w ) |y  6  V~lA V } )  =  c f{K i) .
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Proof.

(« = )

1) This direction is immediate because we have, by supposition in this direc­

tion, that conclusion (3,a) holds: A  C  VIm!(A$)V~l . Thus, V_1(A)V' C  

Im'(A$), and, as Jra'(A$) is a set of diagonal matrices, clearly .A is a 

diagonalizable (over L) subset of M(n, k).

(= > )

2) So, suppose A  is a diagonalizable (over L) subset of M{n,k).  So, we may 

let P  € G£{n, L) diagonalize A:

P e G £ ( n , L ) an d  P~lA P  C  D(n, L).

Now let y  = P~lA P  C  D(n, L). So, by construction, and supposition 

that A  C  M(n,k) ,  we have that P  ^-rationalizes 3>. In particular, y  is 

a A;-rationalizable (over L) subset of D(n, L). Thus, by Theorem 8.C.3, 

(=£■), we have at once that (stating things compactly):

311 E Perm(n, k):

3 $  =  (</>!,..., 0 r), a reduced field setting over k, with <f>t =  ( K ,  <r®, a*) , 

a field element over k:

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



256

(1) i) dim $ =  k ;

(2) ii) y C I T 1 Jm'(A*)II;

(3) Hi) cL{y) = n-1 [@ Mia,, l)K)1 n.

By virtue of Lemma 2.D.1, part (b,i), we can rewrite (3) above as:

(3') Hi ') cL(y) = i r ycL (Im'{ A*)) n.

Now, as above, we have that $  is a reduced field setting over k. As for any 

field setting, we may let the subsequence , . . . ,  f a )  C (^1?...,<f>r) be 

any set of representatives of (and we will let [<&J denote the equiv­

alence class of 4>ih in $/<■'-'*;). Then, by Lemma 7.B.4, parts (l,a) & (l,b), 

together with result (1) above, we have at once the desired conclusions (1) 

& (2 ) of the theorem.

3) Now, using the above definition of y  ( =  P _1AP), in (2) & (3’), we have 

easily:

Now, by (6) & (7), we may apply Lemma 7.B.4, part (4,b) (with “y ” = 

(PIT-1) 1 .A (P IT 1) , and UQ”= P II-1; so that Q certainly ^-rationalizes

(7) cL ((pn-1) ^ (P ir1)) =  CL (Jm'(A*)).
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y  — as, by the given, we have here that A  C M(n, k ), and we find:

3V  € V£: (P IT 1) I m \ A*) (P n " x) -1  =  VIm!(

This, in (6) & (7), gives easily:

(8) A  C (Pn"1) Jm'(A*) (Pn”1)-1 = V I m \ ^ ) V - 1-

(9) Cl (A) = CL ( ( P ^ 1) Im'(A*) (P n " 1) -1)  =  C l (F /m 'C A ^)^-1) .

The results above in (8) & (9), together with Lemma 7.B.1, part (l,a), 

prove the conclusions (3,a) & (3,c,ii) of the theorem. With these two 

conclusions established, the remaining conclusions in (3) follow verbatim 

from Lemma 7.B.3, parts (2) & (3), and from Lemma 7.B.2 and Lemma 

7.B.I.

4) Finally, using (8 ) & (9), we see we may apply Lemma 7.B.4, part (3) (with 

“y ’=  V~1AV),  and we conclude a t once:

e l * :  fc({y(y,t)|l ' e V - lA V } )  = a f ( I Q ) .

This proves conclusion (4) of the theorem, and so completes the proof of 

(=*•)•

□
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The following corollary classifies all diagonalizable subalgebras of M(n, k), classifies 

their centralizers in M(n, k), and gives imbeddings for their normalizers in M(n, k). 

It also gives several other key results about these subalgebras.

This, too, is one of the very main results of this paper.

C orollary 7.C.2 (Diagonalizable Subsets of M(n, k );

Centralizers and Normalizers —Classification)

Let n  E Et.

Let A  C M(n,k).

Then:

A  is a diagonalizable (over L) subalgebra of M(n, k )

3r €  {1 , . . .  ,n}:

3 K i , . . . ,  Kr intermediate fields of k /k  and finite extensions of k:

3cii, . . . , cif £  " ( l , . . . , j i ) .

Bu €  {1 ,... ,r}:31 <  ix < i2 < . . .  <  iu < r :3 m i,.. .  , 711* G { l , . . . , r } :

1) a) <*ih [K ih ■k]mh = ^2ai[K i : fc] =  n;
h=l i=l
u

b) Y l  m h = r. 
h= 1

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



259

2) a ) A ^ t l K i; 
1=1  

b)

C)
t=i

d) Afk(A) n  G e fa K i )
L*=l

X I I  [ G a K K J k )"»■ XSmJ
IA=1

e) JV*(.A)/C?(.A) ->  II [Go<(Jti./fc)”*' XSm„],
h- 1

(Recall, here, is the symmetric group on m h letters.)

Proof.

This corollary follows a t once from the previous Theorem 7.C.1, as below.

So, suppose .A is a diagonalizable (over L) subalgebra of M(n,k).  Then, by 

Theorem 7.C.1, (= > ), we may let $ , V, and properties (l)-(4) be as in the con­

clusion of that Theorem. Then, respectively, by conclusions (2), (3,a), (3,b,i), 

(3,c,i), (3,d,i) of that Theorem, together, respectively, with conclusions (1), 

(2,a), (2,b), (2,c) of Lemma 7.B.4, and the obvious facts that conjy, A$, are 

imbeddings of fc-algebras, and that clearly Nk{A) /  C£ (A) «

( V - W k(A)V) j  (V~lC£ {A)V^ , and letting m h =  |[<&J|, we have at once, re­

spectively, the desired conclusions (1), (2 ,a), (2 ,b), (2 ,c), (2 ,d) & (2 ,e) of this 

Corollary. □
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The following Corollary gives some qualitative facts about diagonalizable subsets of 

M(n,k)  and their centralizers in M(n, k).

Corollary 7.C.3

Let n  € EL 

Let A  C M(n, k).

Suppose A  is a diagonalizable (over L) subset of M(n, k).

Then:

1) A  C Cl(A)  C Ck{A) C M (n,fc);

2 ) Cf.{A) is a diagonalizable (over k)  subalgebra of M(n, k).

Proof.

1) By Proposition App. 18, of the Appendix, we have (for any subset 

A C M ( n , k )):

(1) A  c  C&A).

Additionally, as A  is diagonalizable, certainly A  is abelian, and so clearly:

A  C Ck{A).

Thus, again using Proposition App. 18, of the Appendix, the previous gives:

Ck( A ) D C k (Ck(A)).
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I.e.,

Ct (A) 2  CHA).

Hence, combining (1) & (2), we have at once:

A  C <%(A) C Ck{A) C M(n, fc).

This proves conclusion (1).

(We note that the above is also known to be true, immediately, from Theo­

rem 7.C.1, (=>), parts (3,a), (3,b,i) & (3,c,i).)

2) The conclusion in (2) here is seen to be true, immediately, from Theorem 7.C.1, 

(=>), part (3,b,i), and recalling that Scalar (a,, is a set of diagonal

matrices.

□

The following Theorem concerns those subsets of M(n, k) which are second central­

izers (i.e, C*(- • •)) of some diagonalizable (over L) subset of M(n, k). This Theorem 

exhibits all such subsets, exhibits their centralizers in M(n,k),  and exhibits their 

normalizers in M(n, k). It also gives some other key results about these subsets.
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Theorem  7.C .4

Let n  6  El-.

Let A  C M(n, k ).

Then:

31? C M(n, k ) ,B  & diagonalizable (over L) subset: .4 =  Cl(B)

1) a ).A = C ?(.4 );

b) If ,A =  C?(B), then C* (.A) =  ft(B ).

2) 3<J> =  (<0l5 . . .  ,fa), a reduced field setting over fc; with & =  (ifi, ,

a field element over fc;

with the subsequence (fa, . . . ,  C ( fa , . . . ,  fa) being any set of represen­

tatives of [letting [0 {J denote the equivalence class of fah in $/~*]:

3V  € V*:

a) dim $  =  n;
U

b) i) J 2  [Ki» : fc] I[&JI =  Y ,° A Ki - k } = n ,
h= 1 t=l

u
“ ) S I  W l  =  r;

/i=i

c) i) 4  =  VA$ Scalar(oi, V-1,
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ii) a) Ck(A) =  V A t m M fo .-K i) )  V~l ,

0) Cl (A) = v \©M(<h , L ) M
Li=l

iii) a) C%(A) =  FA* ^ JJ  Scalar(ai, Ki)^j V ~ \

F  ;

0) Cl{A)  =  F  [© ScaIar(oi)Li) K )

iv) a) N k{A) = V

i= l

A*

V ;

© Gat  ( ^ j( I K ] D  • Perm [Kih : k] |[&J| ,1 ^  &)

0) Ml (A) =  F  [ g  G < (o ,,L )M ] •

Gai  (& j(IK ]l)  • Perm ( ^ h [Kih : k] |[& J |, I ^ . ^ y k j

V  ,

V-K

d) Observing, by (2,c,i) above, that V  1A V  C D(n,L),  and using!* , 

the 3-tuple index notation for 4>, we have:

V ( i , j , t ) e l f .  k  ({yw ,,) |y  6  V - ' A V } )  =  <r f ( K t).

Proof.

( < = )

1) This direction is immediate, because we have, by supposition in th is  di­

rection, that conclusions (1) and (2,c,i) hold. The former is that: A  =  

Cl {A) , and the latter shows that: A  is diagonalizable (over L) [ in fact, by
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V ]. With this, we may let: B = A, and we have thus at once completed 

the proof of (4= ) .

( = * )

2) So, suppose: A  =  Cf (H); for some B, a diagonalizable (over L) subset 

of M(n, k). Using Proposition App. 18, of the Appendix, we have at once 

the following two calculations:

CftA) =Ci(C l(B))  = Ct (Cj(B)) =  Ck (Ck(B)) = C i (B )  =  A; 

Ck(A) = C k [Oi(B)) = d ( B ) = C k(B).

This proves conclusion (1) of the Theorem.

Now, as B is a diagonalizable (over L) subset of M(n,  fc); by Theorem 7.C.1, 

(=>■) (with aA ” =  B), we may at once let $ , V, and properties (l)-(4) 

be as in the conclusion of that Theorem. Conclusions (1) and (2 ) of that 

Theorem give, verbatim, the desired conclusions (2 ,a) and (2,b) of this 

Theorem. Now, by conclusion (3,b,i) of that Theorem (remembering that 

it takes place with UA ” =  B), we have: Ck(B) = Vim' (A$) V-1. This,

together with our starting supposition here that: A  = C%(B), gives at

once:

(1) A  =  Vim' (A$) V-1.

This proves conclusion (2,c,i) of this Theorem.
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This single fact in (1), alone, by Lemmas 7.B.1 and 7.B.2 (and with $  being 

reduced), shows at once the remaining desired conclusions in part (2 ,c) 

of this Theorem. Finally, from conclusion (4) of the above-mentioned 

application of Theorem 7.C.1, (==>) (with “.A” =  B), we have at once:

(2) V ( i , j , t ) e  X,: k ( { Y M A l Y e V - lB V })  = <rP(Kl).

Additionally, by conclusion (3,a) of that Theorem, we have: 

B  C VTm' (A<j>) V~l. This, with (1), gives at once:

B C A  = FIm ' (A*) V - l

Therefore:

V~lBV  C V - ' A V  =  Im'(A*)

So clearly:

V{i, j , t )  € 2 # :

* ({̂ v)| y e V-'BV}) c k ({yw<)| Y € V-'AV})

= k({YMt)\Y€Tm-(At)})
So, now by (2 ):

(3) a f(Ki )  c * e y-Uy})
=  * ({ > fc M > |y e W (A ,)} ) .

And, by the definitions of 2$  and Im' (A $), we have, certainly:

fc({% ,< > |^ I“ '(A*)}) =of(K i).
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(In fact, equality in the latter is clear, too; but we do not need it.)

The previous, in (3), gives at once:

k ({i<y .<)|Y  e  V ' lA V })  = o f  (Ai).

This proves conclusion (2,d) of this Theorem.

This completes the proof of (=>), and so completes the proof of the entire 

Theorem.

□

The following Corollary also concerns those subsets of M (n ,k ) which are second 

centralizers (i.e, C|(- • •)) of some diagonalizable (over L) subset of M(n,k).  This 

Corollary classifies all such subsets of M(n, k), classifies their centralizers in M(n, k), 

and classifies their normalizers in M(n, k). It also gives some other key results about 

these subsets.
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Let n  G Tfr.

Let A  C M(n,k).

Then:

3B C M(n,k) ,  B  a diagonalizable (over L ) subset: A  =  C%(B)

3r G { l , . . . ,n } :

3ATi, . . .  ,K r intermediate fields of fc/A; and finite extensions of K:

j  f l f  G ( lj  -  •  •  j  TlJ•

3u € {1,.. . ,r} :3 l < ix < i2 < . . .  < iu < r:3m 1, . . . ,m u G {1 ,... ,r)

1) a) 53 Oih [Kih :k]mh = 5 3 a*[-Ki: k] =  n;
h=l i=l
u

b) 5 3  =  r.
h=l

2) a) ,4 «  f t  1ft
»=i

i=l
r

c) c f ( .4 )«  n
»=i
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d) U k{A) n c ^ O i , ^ ) ]  >1 [ f t  [ G a £ ( K J k ) ^  
i=l J U=1

e) N k{A)/CZ(A)  »  n  [Ga£(Kih/k)mk * S mJ .
h= 1

(Recall, here, Smh is the symmetric group on mh letters.)

Proof.

This Corollary follows at once from the previous Theorem 7.C.4. So, suppose: 

A  =  Cf(B); for some B, a diagonalizable (over L) subset of M(n, k). Then, by Theo­

rem 7.C.4, (= > ), we may let 4>, V, and properties (2,a)-(2,c) be as in the conclusion of 

that Theorem. Then, by conclusions (2,b), (2,c,ii,a), (2,c,iii,a), (2,c,iv,a) of that The­

orem, together, respectively, with conclusions (1), (2,a), (2,b), (2,c) of Lemma 7.B.4, 

and the obvious facts that conjv, A$, are imbeddings of fc-algebras, and that clearly 

Nk{A)/C£{A)  »  (V ~ W k(A)V)  /  ( V - ' C Z W V )  , and letting mh =  , we have

at once, respectively, the desired conclusions (1), (2 ,a), (2 ,b), (2 ,c), (2 ,d) & (2 ,e) of 

this Corollary.

□
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The following four results concern the maximal diagonalizable subsets of M(n, k) 

— i.e., the diagonalizable subsets of M(n, k ) which admit no proper diagonalizable 

extension in M(n,k).  The first Theorem gives a characterization of these by four 

equivalent statements. The second result exhibits all such subsets, and exhibits their 

centralizers and normalizers in M(n, k), as well as gives some other key results here. 

The third result classifies all such subsets, and classifies their centralizers and nor­

malizers in M(n,k),  as well as gives some other key results here. The last result 

is a qualitative one that shows, in short, that every such diagonalizable subset is 

contained in a maximal such.

Theorem  7.C.6 (Maximal Diagonalizable Subsets — Characterization)

Let n € It .

Let M  C M(n,k).

Then:

The following four statements are equivalent:

1) At is a maximal diagonalizable (over L) subset of M(n,  fc);

2) M  is a diagonalizable (over L) subset of M(n,k),  and M. =  Cjt(Af);

3) 3$  =  ($ x ,...,^ r), a field setting over k , which may be taken to be reduced; 

with
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(pi =  ^Ki ,a^ \a i j  , a field element over k:

3 V t V £ :

a) i) ai =  02 =  • • ■ =  Or =  1 , 

ii) dim<$ =  n;

b) M  = V A*

[ In the latter, we have identified M ( l ,K i ) with Ki. ]

4) 34* =  ( 0 i , , (pr), a field setting over k , which may be taken to be reduced; 

with

(pi =  , a field element over k:

3 P eG £ (n ,L ) :

a) i) ai =  a2 =  • • • =  dr =  1 ,

ii) dim $  =  n;

b) ^  =  P~K

[ In the latter, we have identified M (  1, Ki) with Ki. ]

Proof.

1) We will prove this Theorem via the logical sequence:

(2) ==>• (1) = »  (4) ==> (3) ==> (2).
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2 ) (2 ) = »  (1)

We suppose M. is a diagonalizable (over L) subset of M(n, k ), and M  = Ck{M). 

To show AI is a maximal diagonalizable (over L) subset of M(n, k), we sup­

pose M  C A t' C M(n,k) ,  where A f  is diagonalizable (over L). As M! is 

diagonalizable, certainly M! is abelian; and as At C A t', we have certainly, in 

particular, that A t' C Ck(M). But by supposition here, we have At =  C*(At). 

Thus, we have now At C At' C C*(A1) =  At; hence, A t' =  At, and thus we 

have that A t is maximal, as desired.

3) (1) = »  (4)

We suppose A t is a maximal diagonalizable (over L) subset of M(n, fc). As At 

is diagonalizable, by Theorem 7.C.1, we have at once:

(1) At C VTm'(A*)V’-1 ;

for some reduced field setting some V  G V^, and where dim $  =  n.

Now let 4> be the field setting constructed from $ , as defined much earlier in 

Lemma 4.B.5. From the definition of reduced field setting, we see virtually im­

mediately that if $  is reduced, then so also is $ . Thus, here, 4  is reduced. 

Furthermore, from Lemma 4.B.5, and using the above-mentioned fact that 

dim 4> =  n, we have the following:

(2) d im  $  =  dim <$ =  n;
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272

(4) VII ^-rationalizes Im (A $);

for some II E Perm(n, k).

Combining (1), (3), and (4), we have:

(5) M  C (VTI)Im (A*) (VII) ' 1 C M(n, k).

Now the above field setting, 4>. which is constructed in Lemma 4.B.5, is clearly 

one of the form:

4> =  (w i,...,w ,) ;

where uii = (Li, t ®, bij is a field element over k, where bj =  1. With this, we 

see:

(6) Im(Ai ) = A 4 ( n M ( l , L i)
\ i = i

and so, by definition of A$, and the fact that the elements of M( 1, Li) are all 

l x l  matrices, the previous shows at once, in particular, that:

Im (A$) is a set of diagonal matrices.

This, with (5), shows immediately that (VII)Im (A^,) (VII) -1  is a diagonal­

izable subset of M(n, k) — in fact, it is diagonalized by VII € Gi (n, kj  . But
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now, by supposition here, M. is a maximal such diagonal subset — and so, 

immediately, by (5), we have:

(7) A^ =  (yn )im (A 4 ) ( y n ) - 1.

Now, finally, letting P  = VII E G t{n ,k}  C G£(n,L), and using (6 ), the 

previous result gives:

(8) M  =

As P  € G£(n,L), as (2) shows dim $  =  n, as mentioned earlier we have 6  

is a reduced field setting, and identifying M (l,L j) with Li, the result in (8) 

completes the proof here of (1) => (4).

4) (4) = »  (3)

Suppose $  and P  are as in conclusion (4); so, we have:

M  = P A *  ( f [  Ki j  P ' 1 =  P A $ ( f l  M 0-’ 5 p  e  G*(">L)-

As obviously M(l, Ki) =  Scalar(l, Ki), the previous shows:

(9) M  = P A $ ( f [  Scalar(1, P " 1 =  P Im ' (A*) P~l .

With this, we may apply Lemma 7.B.4, part (4) (with $  as above, uy ” = 

Im' (A<*>), “Q” =  P ) , at once; and we obtain:

P Im ' (A $)P -1  =  V  W  (A*) V - 1, for some V  e V £ .

Substituting this into (9) completes the proof of (4) =£■ (3).
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5) (3) = >  (2)

Suppose $  and V are as in conclusion (3); so, we have:

M  = V A* ( n  KiJ V - 1 =  VA* ( f [  M (1 ,/£ )) V~l ; for some V  e  V £ .

As in step (3) above, we clearly have: M (l, Ki) = Scalar(1 , Ki); and so im­

mediately we have: Im (A$) =  Im' (A $). With this, the above result gives

now:

(10) M  = V lm ' (A*) V - 1, for some V  e V £ .

As Im'(A$) is a set of diagonal matrices, clearly (10) shows that M. is a 

diagonalizable subset of M(n, k) — in fact, it is diagonalized by V  € Gi (n, kj  . 

Moreover, by Lemma 7.B.2, part (2,a), we have at once from (10) that:

Ck(M )  =  Ck (V  Im' (A#) V - 1) = V im  (A*) V 1, for some V e  V£.
p

But, as mentioned above, we have here that: Im (A$) =  Im' (A<$). This, in 

the previous result, gives at once:

Ck(M) = V Im' (A*) V - 1, for some V e V £ .

Finally, (10), together with the previous result, gives:

M  =  Ck{M).

This, together with the above-mentioned result that Ad is a diagonalizable 

subset of M(n, k), completes the proof of (3) = >  (2).
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As discussed in step (1) above, this completes the proof of this Theorem.

□

C orollary  7.C .7 (Maximal Diagonalizable Subsets — Exhibition)

Let n  € If .

Let M. C M(n, k).

Then:

Ad is a maximal diagonalizable (over L) subset of M(n, k )

1) M  =  Ck( M ) =  Cg(M);

2) 3$  =  (0 ! , . . . , 0 r ), a field setting over k  (which may be taken to be 

reduced); with fa =  (if,, a®, aij , a  field element over k ;

with the subsequence (fa,. . . ,  f a )  C (fa, . . . , f a )  being any set of represen­

tatives of [letting [<&J denote the equivalence class of fah in

3F € V£:

a) i) ai =  • • • =  dr =  1 ,

ii) d im $ =  n;

h=l t = l
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jS) CL(M) = V D ( n , l ) V - i - ,

in) a) C&M)  =  V  A t  T p  * i )  ^  .

iv) a) Afk(M) =  V (a*-)]

@ G a £ ( * j( lK I D  ■ Penn ( [* *  : k) |[ * J | ,/[***],*) v - 1,

0) ML(M) =  V D ( n , L x)

@ G r f(A ,) (IM ) • Perm ( [« „  : k] |[ * J |, /[*„*],*) V -1

d) Observing, by (2,c,i) above, that: V  1M .V  C D(n,L), and using 2$, 

the 3-tuple index notation for we have:

V(i, j ,  t )  e  x , :  k  ({y (w )| Y  € V - l M V } )  =  o f  (K<).

Note: In all parts of (2,c) above, we have identified M ( 1, Ki) with Ki, and 

M x (l ,Ki)  with K?.
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Proof.

1) Suppose statements (1), (2,a)-(2,d) are true. Thus, we may take $  and 

V  as there, and we may suppose that properties in (2,a) and (2,c,i) are 

true. This shows that statement (3) of Theorem 7.C.6 is true. Hence, as 

Theorem 7.C.6 is a list of equivalent statements, we conclude that state­

ment (1) of that Theorem is true. But this is exactly what we wanted to 

show here.

2) Suppose AI is a maximal diagonalizable (over L) subset of M(n, k). Then 

statement (1) of Theorem 7.C.6 is true, and so, as above, we conclude 

statement (3) of that Theorem is true. So, we may take $  and V  as there, 

and so we have:

(1) $  =  (<p\, . . . ,  4>r) is a reduced field setting over k\

(2 ) (pi = (Ki, crW, is a field element over k ;

(3) V e V £ ;

(4) O! =  ••• =Or =  1;

(5) dim $ =  n;
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[ where M{  1, Ki) has been identified with Ki ] .

Furthermore, we may let:

(7) the subsequence (<&,..., </>»„) C (<f>u . . .  ,(fir) be any set of represen­

tatives of ;

[ where [<&J denotes the equivalence class of 4>ih in ].

The above proves immediately our desired conclusions (2,a) and (2,c,i).

Now as a result of (4), we have clearly: M ( 1 , K )  — Scalar(1 , Ki), and so 

at once we have here: Im (A$) =  Im' (A $). This observation, together 

with rewriting (6) as: A i  — VTm (A*) V- 1 ; and using (1) & (7) above, 

with Lemma 7.B.2, parts (2,b), (3,b), and (4), at once shows our desired 

conclusions (2,c,ii,a), (2,c,iii,a), (2,c,iv,a). Similarly, with Lemma 7.B.1, 

parts (l,b), (2,b), and (4) ( and trivially noting that: @ M ( 1, L)(n*<) =
i= 1

@ S caIa r(l,L )K ) =  D(N,L); where N  = =  £ ( l - n * )  =
i=1 t=i i=i

r
Y .  (Oi • n^) =  dim $ =  n [by (5)] ), we obtain a t once our desired con- 
»=I
elusions (2 ,c,ii,/?), (2 ,c,iii,/?), (2 ,c,iv,/3).

The desired conclusions in (2,b) and (2,d) now follow a t once from 

Lemma 7.B.4 ( with, using (6 ) and the above, “Y” =  V-1  A i  V = 

Im(A$) =  Im'(A$) ), parts (1) and (3), followed by substituting: 

ai =  • • • =  dr =  1, as given in (4) above.
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Finally, we note that our desired conclusion in (1) follows at once from the 

already proved conclusions (2,c,i), (2,c,ii,a), (2,c,iii,Q!) above. (It also fol­

lows at once from the supposition here that A4 is maximal diagonalizable, 

together with statements (1) and (2) of Theorem 7.C.6.)

This completes the proof of (=>), and so completes the proof of the Corollary 

itself.

□

C orollary 7.C.8 (Maximal Diagonalizable Subsets — Classification)

Let n E  It .

Let Af C  M(n,k).

Then:

AI is a maximal diagonalizable (over L) subalgebra of M(n, k)

1) M  is a maximal abelian subalgebra of M(n, k);
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3ATi, . . .  ,K t intermediate fields of k /k  and finite extensions of k:

Sue { l , . . . , r } :

31 <  i i  <  *2 <  . •. <  <  r: 3 m i , . . .  ,771̂  €  { 1 , . . .  ,r} :

a) 0  Y  lK ih '• k]mh = Y l [ Ki '■ k\ = n i
h=1 i=l

ii) Y mh = r"i
h=1

b)
i=1

ii) Ck( M ) ^ f [ K i ,
i= 1

1U) CKM)^f lKit
i=l

iv) Mk(M) n * yU=1
X n  [G atW Jkr*  XSmJ

U=1

h=l

(Recall, here, Smh is the symmetric group on m h letters.)

Proof.

280

This Corollary follows at once from the previous Corollary 7.C.7. So, sup­

pose M  is a  maximal diagonalizable (over L) subalgebra of M(n, k ). Then, by 

Corollary 7.C.7, (=*>•), we may let 3>, V, and properties (2,a)-(2,c) be as in the
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conclusion of that Corollary. Then, respectively, by conclusions (2,b), (2,c,i), 

(2 ,c,ii,a), (2,c,iii,a), (2,c,iv,a) of that Corollary; together, respectively, with 

conclusions (1), (2 ,a), (2,b), (2,c) of Lemma 7.B.4; and the obvious facts that 

conjy, A$, are imbeddings of fc-algebras; and that clearly: Nk{M )/C£ (M.) «  

{V-'N,k(M)V) /  (V- 'CZ (M )V )  ; and letting m h = \ [<f>ih\ \ ; we have at once, re­

spectively, the desired conclusions (2 ,a), (2 ,b,i), (2 ,b,ii), (2 ,b,iii),

(2 ,b,iv) & (2 ,b,v) of this Corollary.

Finally, the desired conclusion (1) of this Corollary follows at once from our 

initial supposition here on At, together with Theorem 7.C.6, parts (1) and (2).

□

We mention that the following, final Corollary can be proved slickly and “implicitly” 

by Zorn’s Lemma, or “explicitly” by means of Theorem 7.C.1, Lemma 4.B.5, and 

Theorem 7.C.6. We omit the straightforward proofs here.

Corollary 7.C.9

Let n E . l t .

Let A  C M(n,k).

Suppose A  is a diagonalizable (over L) subset of M(n, k).
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Then:

3M C M(n, k): M D A

and

M  is a maximal diagonalizable (over L) subset of M(n, k).
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A. M atrices

P roposition  A pp. 1

Let nG0" .  Let k be any field. Let P  €  G£(n, k).

Then:

V6 G {1,. . .  ,n}:

every subset of 6 columns of P  (consecutive or not) contains some 

6 x 6 submatrix of rows (not necessarily consecutive), which is an invertible 

matrix.

Proof.

As P  € G£(n, k), its columns are linearly independent over k ; and so, a fortiori, every 

subset of 6 colum ns is linearly independent over k — and thus the n  x 6 submatrix 

it forms (not necessarily of consecutive columns), has rank 6. As for any matrix: 

(column rank) =  (row rank), all such n  x 6 submatrices of P  thus have row rank 6. As 

the span of such a row space thus has dimension 6, it must contain 6 (not necessarily 

consecutive) linearly independent rows. This 6 x 6 subblock of rows (not necessarily
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consecutive), is thus invertible, and so can be taken as the above-desired submatrix.

□

B. Ideal Theory and M atrix Applications

Lem m a A pp. 2  (A Key Argument)

Let k and E  be any fields.

Suppose <f>: k ^  E  is an imbedding of fields.

Let nGEi.

Let I  be any proper ideal of k[xi, . . . ,  xn].

Then:

3 map <j>: fc[xi,. . . ,  rrn] / 1 — E, such that:

1) 0  is a  homomorphism of rings;

2 ) $\k  = (f>.

I.e., <j) can be homomorphically extended from k to fcjari,. . . ,  arn] / / .

[ Note: as I  is a proper ideal, k is canonically imbedded in k[xi, . . . ,  xn] j  I. ] 

Proof.

The Little Nullstellensatz will be used to prove this. Though it is not necessary to 

use it, it provides a fast and elementary proof.
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1) Let 0: /c[xi,. . . ,xn] — > E[xi,. . - ,xn] be the canonical ring-homomorphic 

extension of 0  — i.e., replace coefficients of elements of fc[rri, . . . ,  x n] with their 

images under 0 .

2) As /  is a proper ideal of k[xi , . . .  ,xn]> we may let M  be a maximal ideal of 

fc[xi,. . . , a;n] that contains I :

J C M c  . . . ,  a:n], M  a  maximal ideal.

3) By the Little Nullstellensatz, M  has a zero in fc":

3 a  =  (a*,. . . , On) € A:": a  is a zero of M.

4) Now define the map 0 below:

0 : k[x i , . . . , x n] / 1  — E;

0 : f  + I  i—► 4>{f) (0 (ax) , . . . ,  0 (an)) [ =  0 ( /)  (0 (a)) ] .

5) It is easy to check that 0  is well-defined:

f  + 1 = g + 1 = > f - g e I Q M

=> ( f - g ) ( a )  = 0  

/  (5) =  S (a) [ e f c ]

=*► 0 ( /  ( a ) ) =  4>{g ( a ) ) [by given: k = domain(0 ) ]

= *  (0 (/))  (0 (« ) )  =  (0(5)) (0 (5 ))  [ see note below ]

0 ( /)  =  0 (p).

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



286

_
Therefore: <f) is well-defined.

[ Note (refered to in above implication sequence): for any h e  k[xi , . . . ,  x„] and 

with h written out in its canonical form, as 0  is a homomorphism, we see at 

once: 4>(h (a) ) =  (^(h)) (<£ ( a ) ). ]

6 ) It is also easy to check that 0  is a ring homomorphism — either by direct 

verification, or immediately, by observing that:

4> =  (“eval-@-a ”) o <f>; making 4> a  composition of 2 ring homomorphisms.

7) Lastly, by the definition of 0 , it is immediate that <£| k =  <f>:

a  € k  ̂so a  “is” a constant polynomial of fe[x1}. . . ,  x„] j ==£>

$ ( a )  =  4>(a) (4 > { a j)  =  <f>(a).

□

C orollary  A pp. 3

Let k be any field.

Let A be a finitely-generated, commutative fc-algebra; A  ^  {0}.
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Then:

3 map <jr. A  — > k , such that:

1) <j> is a homomorphism of fc-algebras;

2) <j> =  id% .

Proof.

1) A a finitely-generated commutative /c-algebra = >

A  =  k[6i, . . . ,  0n]; for some $i, . . . ,  6n e  A  => 

k [x i , . . . , x n] / l z z A ;  by the canonical isomorphism, say 77, where: 

rj: Xi + 1 1—> $i , and 77 |fc =  id^ [as 4 ^  {0 } ].

Furthermore, as A  ^  {0}, we have that I  is a proper ideal of fc[xx, . . .  ,x„].

2) Now let: <f> =  id^, E  = k.

Certainly then: <j>: E , is an imbedding of fields.

3) Thus, by the previous Lemma App. 2 , at once: 4> can be ring-homomorphically 

extended to fc[xx, . . . ,  xn] /  I:

<j>: fc[xx,. . . ,  xn] j  I  — v E\ $  is a  ring homomorphism; $  k = <f>.

And we note then, as <̂> =  id^, and 4> I k =  <j>, so $  I k =  id*.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



288

4) So we now have the sequence of homomorphisms and isomorphisms, each of 

which is the identity on k :

A A  -■ > febi,. . . , x n] f  I  — -—> k = E; 77 1 k =  4> k =  id r;
iso. /  homo.

and thus: A *or> 1 > E\ 1')lfc =  idr.
homo. '  / I

Thus, letting <j> = <f>ori 1, we have the desired result.

Proposition A pp. 4

Let n G El".

Let k be any field.

Let L be any extension field of k .

Let A ,B  C M  (n, fcj

Suppose: P  € G£(n, L) and P AP~l C B. Write: P  =  (pij).
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Then:

a) 3 C  E Cl (A): 3 Q =  (ftJ) € Gi (n,k):

i) P  =  QC;

ii) V(*J) e  {1 , . . . ,n}2: E k  =$> q,y  =  pij.

b) For any Q E  G£ (n, fcj occuring in (a) above:

i) VA E A: P A P - 1 =  QAQ"1;

ii) QAQ"1 C B.

Proof.

1) Let L' = k[ the n2 entries of P  ]. Thus, Lr is a finitely-generated, commutative 

fc-algebra. As P  is given invertible, not all entries of P  are 0, and so L' ^  {0}; 

and so also: k C L'.

Thus, by the previous Corollary App. 3, we have some map <j>:

<fc£' md <̂ |& =  id*.

2) Now by definition of X/, and the given, we clearly have:

P  € G£(n, Ll) and A, B C  M(n, L') as k C L', from Step (1) j .

Now let:

Q =  0(P); and so Q C M  (n, k) .
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As P  is invertible, and <f> is a  fc-algebra homomorphism, certainly Q is invertible. 

Thus:

Q e G £  (n, .

3) As given P A P ~ l C B:

VA € A: 3 B  € B: P AP *1 =  B.

As <j> is a homomorphism on L', and A: C U  (as in Step (1) above), and 

P  G G£(n, L') (in the first line of Step (2) above), we have:

<KP)4(A)4(P)-1 = 4(B).

As <j) | k = id*, and given A, B  C M  (n, k j  , we now have:

<KP)A<KP)-X= B .

Thus, by definition of Q in Step (2), we have:

QAQT1 = B.

Thus, from the first line of this Step, we have at once:

Q AQ -1 =  P A P ~ \

Hence, as A is arbitrary in A, Q G G £(n ,k j  , P  G G£(n, L), and k C L' C L 

(by Step (1), and by construction of Lr), the previous gives at once:

P~lQ e C L{A).
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Thus:

P  =  QC, for some C  G Cl(A).

This, with the last line of Step (2) above, establishes desired result (a,i).

4) As Q = <f>(P), and <f> k  =  id*, at once:

( p i j )  G k ==> (qi d )  G k.

This establishes desired result (a,ii).

5) For any Q occuring in part (a) of the given, we have: P  =  QC, and C  G Cl{A). 

As C  then commutes with all elements of A,  the desired result (b,i) follows 

immediately, and the desired result (b,ii) follows immediately from this result 

(b,i) and the last line of the given.

Corollary App. 5

Let n €

Let k be any field.

Let L  be any extension field of k . 

Let A Q  M  (n,k^j .
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Then:

A  is A;-rationalizable over L -£=> A  is /c-rationalizable over k .

Proof.

(<=) Immediate, as given k C L.

(=£•) Immediate from the previous Proposition App. 4, by letting:

P eG £ (n ,L ) ,  where P  ^-rationalizes A, and B = M ( n , k )

then taking any Q from part (a) of that Proposition, and then using part 

of that Proposition.

C. Centralizers o f Block-Diagonal M atrices

Proposition App. 6

Let F  be any field.

Let L  be any extension field of F.

L e tn eE r-; bx, . . .  , 6n € Tt.
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Let y  C  ©  M(bi,F) ; an d , for a ll Y G y ,  express Y  in  the ob v iou s [and
t=i

unique] way as:

Y =  ©  Y®, where Y «  € M{bh F ).
*=1

Let =  { y « | Y € y} C  M(&i, F).

Suppose: CL(y) C ©  M (6{, L).
i=1

Then:

ClOO = cL (© = © Cl (y®).
\t=l /  i=l v '

Proof.

1) By definition of we certainly have:

y c  @;y«
»=i

As Cl is clearly an inclusion-reversing operator, the previous gives:

CL(Y)DCL (@C>>(i)) .

2) Now let C G © C l , and write C in the obvious [and unique] way as:
i=l ' '

C  =  ©  Q,  for some Q  € CL (j>(i)) C M{bh L)

[ the latter is true as: y ®  C M(bi, F) and F C L ] .
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Prom the previous on Ci, certainly Ci commutes with all elements of and 

so clearly:

@Ci commutes with all elements of © y ® .
t=l i=l

Thus:

© C i e  CL ( @ y ® )  •

Hence, as the LHS of the previous is C  (as given above), and C  is arbitrary, 

we have:

©CL (y® )  C Cl ( § y ^ )  •

Combining the previous with the last line of Step (1), we have:

CL Q>) 2  CL D ©CL (y® )  .

[Note that the previous is obtained independently of any restrictions on Cl (y)  

— thus giving the Remark that follows this Proposition.]

3) Now let D e  Cl (y)  - So D commutes with all the elements of y .  Now, by the 

given on Cl ( y ) , we may write D in the obvious [and unique] way as:

D = ©Di,  for some Di e  M{bi) L).
1 = 1

Now let Y  6  y .  So, as in the given, we may write Y  in the obvious [and 

unique] way as:

Y  = ©Yi,  for some Yt € y ®  C M %  L ).
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Thus:

n n
D commutes with Y  =$■ @ Di commutes with ©Yi.

i = l  i = l

As the latter two block-diagonal matrices each have n blocks, with the same 

successive dimensions [&i,. . . ,  6n] , we have at once:

Di commutes with Y-

As Y is arbitrary, and by the construction of y® ,  we have at once:

Di commutes with all elements of y® . Thus:

A  € cL ( y ® ) .

Thus:

D — ©Di  6 © c L ( y ® ) .
1=1 t = l  '  7

As D is arbitrary (as taken above), we thus have:

cL{ y ) Q $ c L ( y ® ) .

This, together with the result at the end of Step (2), gives at once:

Cl O') = Cl (jg?® ) = § C L ( l* 1) .

□
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Remark

For the general case of y  as above — where we do not make any suppositions on

CL(y), as pointed out at the end of Step (2) of the above Proof, we always have the

following weaker facts:

ct{y) 2  cL (@ y«) 2 @ cL (y®).

Corollary A pp. 7

Let F  be any field.

Let L  be any extension field of F.

Let n  G Ei”; b\ , . . . ,  bn G Tfi.

For i G {1,. . .  ,n}, let: A* C M (6j, F).

Suppose: CL X^j C  p  M (6i} L).

Then:

C L  ( ©  X i )  =  &  C L { X i ) .\i=i /  i=i

Proof.

This follows immediately from Proposition App. 6 , by letting: “0^” =  @ X i , and
*=i

then noting at once that: “ y® ” =  A*.

□
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Proposition App. 8

Let F  be any field.

Let L  be any extension field of F.

Let n elf; 6 i , . . . , 6 n elf.

Let ?Ci C  M{bi, F).

Suppose Ai e and pair-wise, A i , . . . ,  An have no common eigenvalues 

(i.e., i ^  j  = »  A i , Aj have no common eigenvalues).

Then:

a) CL ( © * )  = &  CL{Xi) C ©  M(bi,L).
\t=l /  i=l t=l

b) In particular: CL ( ©  Ai) =  @ CL(Ai) C ©  M(bi,L).
V i= i /  i = i  i = i

Proof.

1) We prove (b) first; (a) will then to be shown to follow alm ost immediately.

2) To prove (b), it suffices to prove it for n  =  2; the general result then follows at 

once inductively. I.e., we wish to show:

(1)

A  C M(bi, F), B  C M(&2 , F) and A, B  have no common eigenvalues

=>

Cl ( A © B ) = C l( A ) © C l(B).
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3) Furthermore, to prove (1), it is clear that we may suppose that A  is upper 

triangular. [ A  can be conjugated into that form by an invertible matrix over 

F , and so certainly then, by an invertible matrix over L . ]

I.e., it suffices to show:

T  C  M(bi,F), T  u p p er tr ia n g u la r, B  C  M(p2,F);

T, B  have no common eigenvalues
(2)

Cl (t © b ) = C l { T ) © C l {B).

4) Now let M  € Cl ( T © B ^  . Write M  as:

(3) M  =
62

61 62

f  \
bi P Q

R  S
where P, Q, R, S  are all matrices over L .

As M<=Cl ( T © B )  , we have:

P  / T  \  / T  \  / P  Q '

R  s A  B )  {  b ) \ R  5 ,

Thus, by (2) and (3): the submatrix dimensions within all the matrices of the

previous equation are “compatible”, and so we now have at once:

(4) P T  = T P , Q B  = T Q , R T  =  B R ,  S B  = B S .

5) The first and last equations in (4) show at once:

(5) P  e  cl{T), S  e  C U B ).
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6) Now consider the second equation in (4):

(6 ) Q B  = T Q .

Recalling that T  is upper triangular, and T  C M(bi, F ) , we may let the 

diagonal entries of T  be, in order: t i , . . . , t bl € F .

Now define the following notation for temporary use:

(7) For any matrix M : p{M) =  the last row of M .

Thus, with this definition, and the definition of the U above, we have at once 

from equation (6 ):

p(Q) B  = tbl- p(Q).

Taking the transpose of both sides of the previous, we get:

B T p ( Q f  = tbl . p ( Q f .

Thus:

p { Q f  =  0 or tbl is an eigenvalue of B T .

Hence J as det(A/ -  X )  =  det(A7 -  X ) T = det (AI  -ATr ) ] :  

p(Q)T = 0  or tbl is an eigenvalue of B .

As tbl is a diagonal entry (even the last one) of T , and T  is upper triangular, 

so tbl is an eigenvalue of T . This is in contradiction with the latter part of the 

previous result. Hence, we have the former part of the previous result:

?(<3)T =  o.
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Thus:

K Q ) =  o-

Hence, by definition of p , we have now:

(8) the last row of Q is: 0.

7) Now taking the result in (8), substituting it into the equation in (6), and follow­

ing the identical argument in the previous Step — but now for the second-to-last 

row of Q , we find the same way:

(9) the second-to-last row of Q is: 0.

C ontinuing to argue this way (or inductively), we see:

all rows of Q are: 0.

I.e.:

(10) Q = 0.

8 ) Now return to (4), and consider its third equation:

R T  = B R .

Analyzing this exactly as in Step (6 ) above — but now with p meaning the 

first column of any matrix, we conclude exactly as in Step (7) above, that:

(11) R  = 0.
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9) Now looking back at (3), and combining this with (10) and (11), we have at 

once:

M  = P ©  S .

Thus, by (5), we have:

M  e  CL{P) ©  CL(S) .

So, as M  is arbitray in Cl (t @ B ) , we have:

cL( r @ s )c C i (P )@ C i(S ) .

As the reverse inclusion of the previous is trivially true, we have a t once:

Cl (t © b ) = C l ( P ) © C l (S) .

Thus: we have shown (2 ). As discussed above, this shows (1), which, as also 

discussed above, shows (b).

Thus we have now proved (b).

10) Now (a) follows fairly easily from (b).

As:

©  Ai e  ©  X i , 
i=l i=l

and the centralizer operator in inclusion-reversing, we have, together with the 

now-proved result (b):

CL (@  Xi) C CL (©  A,)  =  ©  CL(A )  Q ©  M(bu L).
Vi=l /  \t= l /  t=l i=l
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So, in particular:

(12) CL ( © X i )  C @ M ( b i}L).\i=i /  t=i

11) Now let:

(13) M e C L ( @Xi ) .
\i=l /

So, by (12):
n

M  =  @ Mi]  for some M* € M(bi: L ) .
1 = 1

Thus, by the given on M , and the previous, we have:

n n
@ Mi commutes with all elements of @ X i .
i= 1 i=l

Writing the previous out, and as the dimensions of M, are the same as those 

of the elements of A*, we have at once:

Mi G CL{Xi).

Thus:

© Mi<=©CL(Xi) . 
i=l i=l

Hence:

M  € ©  CL(Xi).
i=l

As M  was taken arbitrarily in (13), we have now:

CL ( ©  A i) Q © C L{Xi).
\t=l /  i=l
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As the reverse inclusion of the previous is trivially true, we now have at once:

CL ( @ X , )  = © C L(X,).
\t=l J i=1

This proves (a).

This now completes the proof of this Proposition.

□

Proposition App. 9

Let F  be any field.

Let L  be any extension field of F.

Let n  e  I t ,  and A € F.

Then:

i) CL(\In) = CL(L[XIn]) = CL(Scalar(n,L)) =  M(n, L).

ii) CL(Nn) = CL(L[Nn]) = L[Nn].

iii) CL{M{n,F)) =  CL(L[M(n,F)]) = CL(M(n,L )) =  Scalar(n,L).

Proof.

Clearly, within each of the desired results (i)-(iii), all equalities are immediate, except 

possibly the last equality. These last equalities we show below.
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1) As the center of M(n, L) is Scalar(n, L ) , (iii) follows at once. The same fact 

gives (i) at once.

2) Here we show first: Cl (Nn) = L[Nn]. Then, in (ii), as mentioned above, the 

other equality was immediate before this.

Let: C  G Cl (Nn) . Thus: CNn =  NnC. Recalling, as in Chapter 1, that Nn is 

the canonical n x n  nilpotent matrix; we see CNn is C, with its columns shifted 

to the right by 1, and all 0’s in column 1. Similarly, NnC  is C, with its rows 

shifted up by 1, and all 0’s in row n. Equating these two matrices, element-wise, 

we see at once that: the first column of C  is all 0 ’s, except possibly for the 

(1 , l)-entry. Similarly, a t once, the last row of C  is all 0’s, except possibly for 

the (n, n)-entry. Now with this about C, we look again at the above equation: 

CNn = NnC, analyze it similarly, and then iteratively find that C  must be 

upper triangular. Now with this further information about C, we look again at 

the above equation: CNn = NnC, and equate the ( l ,n)  -entries. At once, this 

shows that the (1 , n  — 1 ) and (2 , n)-entries of C  are identical — i.e., the next- 

to-last upper diagonal of C  consists of identical entries. With this, we again 

look at the above equation, analyze it similarly, and then iteratively find that 

each upper diagonal, and the main diagonal, of C, consist of their own identical 

entries. As C  is upper triangular, this now shows at once that: C  G L[Nn].

□
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D. Subsets o f D iagonal M atrices

In this section, we let F  be any field and L  any extension field of F.

We let n  G Et.

Recall the following simple notation pertaining to diagonal matrices, as discussed 

in Chapter 1. For Y  G D (n ,F ) and i G { 1 , . . .  ,ra}, we let Yu G F  be the Ith 

diagonal entry of Y.

a) D efinition

Let y  C D(n, F).

Then we let:

T( y )  =  { ( i j )  G { 1 , . . .  , n } 2 1 V Y  G y : Yu =  Yss} C  { 1 , . . .  , n } 2.

b) R esu lts

i) P roposition  A pp. 10a

Let y c D ( n , F ) .

Then:

CiOO =  {M  = (mij) s  JW(n, L) \ V(i,j) T(y): =  o}.
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Proof.

1) Let Y  G y ,  and let M  G M(n, L). As Y  is diagonal: M Y  is M, with 

its colum ns multiplied, respectively, by the corresponding diagonal 

entries of Y; and Y M  is M, with its rows multiplied, respectively, 

by the corresponding diagonal entries of Y. W ith this, consider the 

equation: M Y  = YM ,  and equate all n2 matrix entries. If Yu =  Yjj, 

then the above shows immediately that the equation is satisfied at 

the (i,j)-entry. If Yu ^  Yjj, then the above shows immediately that 

the equation is satisfied at the (i,j)-en try  precisely when: =  0 .

I.e., by definition of the operator T  above:

M Y  = Y M

M  G {M  = 0rmj) € M{n, L) | V(i,j) £  T ({ Y } ) i =  o} .

Thus:

C l({y }) = {M  =  (rmj) e  M (n,L)  | V(i, j )  $  T ({y}): m,j = o}.

2) Thus, a t once by the previous (using DeMorgan’s Law in the third 

equality below):
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cL(y) = rve* cl ({y })

= !>€>. {M = (m,j) e M(n, L) \ V(i,j) i  T({Y}): mtj = o} 
= { M =  (mq) 6 M(n, L) | V(i,j) g Uy€y T({y}): = o}

= { M = ( m ii) e M ( n , L ) \ v ( i , j ) ? T ( v yeylY}):  = o}
= {M = (mii) e M ( n , L ) \ ' i ( i , j ) ? T ( y ) :  m« = o}.

Note that the fourth equality above is easily seen:

M  e Uy€3, r({K}) •(=>■ vrsy: (ij) e r({y})
•==> v i ' f ) ' ;  Yu = Yjj

v r  € Urey {Y}: Yii = Yjj [trivially] 

«=* r e ^ U y g , ^ } ) .

□

ii) P ro p ositio n  A pp. 1 0 b

Let y  C D(n,F).

T hen:

T(y)  is an equivalence relation on {1 , . . . ,  n}.

P roof.

Recall the definition of T(y):

T (y )  s  { (i, j) £ {1 , . . . ,  n}2 1 v r  € y: Yu =  Yjj) C {1 , . . . ,  n}2.

We see at once that T(y)  is reflexive, symmetric, and transitive. □
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iii) Corollary App. 11

Let y  C D(n, F).

By Proposition App. 10b, of this Appendix, we may let the set,

{ 1 , . . . ,  n } ,  h ave m  G { 1 , . . . ,  ri) eq u ivalence c la sses under T(y)  

[ i . e . ,  m  =  | { 1 , . . . ,  n} /  T(y)  | €  { l , . . . , n } ] .

We let the cardinalities of the above m  equivalence classes be (includ­

ing multiplicity): &i, . . . ,  bm G Tfr.

Then:

311 G Perm (n,F):

f  m  1 r m
y  C n - 1 |@  Scalar (ft*, L) n  and CL(y) = II- 1 M(bh L) n.

Proof.

1) Let the sequence (1 , . . . ,  n) be permuted so the resulting sequence 

lists the equivalence classes of (1 , . . . ,  n) under T(y),  consecutively; 

say:
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(1 , . . . ,  n ) is perm uted  to

/

t c i  J  * • •  3 * C 2 —  l j  * C 2  5 " * •  5 * C 3 — l j 3 ^ O r n - l  J  •  '  * 3 ® C m — 1

\ the equivalence classes under T(y)
(1)

w here th e  Cj “m easure” th e  size of th e  equivalence classes:

Cl — 1 , (C2 Ci) — 6 2 3 ............3 (Cm—1 Cm) — bm

m
i.e., ci =  1 ; Cj =  ^ b j  , for j  €  {2 , . . .  , m }  .

t = i

2) Let p e  S„ be the permutation on { l , . . . , n }  that achieves the 

above change on {1 , . . . ,  n } , and, using the notation of Chapter 1 , let 

II =  nn(p) G G£(n, L ) be the basic permutation matrix of p.

Thus, conjugation of a diagonal matrix by II has the same permu- 

tational change on the location of its diagonal entries, as the change 

above has on the location of the entries of {1, . . . ,  n}.

3) Now let Y  G y .  Then IIYII-1  is Y, with its diagonal entries per­

muted as above — i.e., now located following the above order of the 

equivalence classes of (1 , . . . ,  n) under T(y).

By the definition of the operator T, for each equivalence class of T(y), 

the diagonal entries of 7  in the locations of th at class, are all iden-
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tical. Hence:

(2 ) in n y n - 1-.

the diagonal entries in the locations within each segment, 

indicated in the RHS of (1) above, are identical.

m
Thus, recalling from Step (1) above that: ci =  1; Cj =  , for

i= 1

j  €  { 2 , . . . ,m }; (and as in this section F  C  L), we have a t once:

n y n - 1 e  ©  Scalar(6;,L).
1= 1

As y  is arbitrary, this gives:

* m
n ^ n - 1 C ©  Scalar(&i, L).

i=l

Hence:

, r m
(3) y  C n _1 @ Scalar(6i, L) n .

u=i

This gives the first desired result of this Corollary.

4) Furthermore, by the definition of the operator T, for any two distinct 

equivalence classes of T(y), there is some Y Ey where: the diagonal 

entries of Y, with locations from these two classes, and with necessarily 

identical values within each class, have distinct values for each of the 

two classes. Thus, the diagonal entries of n y n -1, with locations 

from the two segments — of the RHS of (1) above that form those two 

classes, are distinct.

This, together with (2), and the definition of the operator T, show:
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(i,j) € r (n y n -> )

i and j  belong to some single equivalence class block, 

(*Ct_i j • • • j ict- i) 5 as in the RHS of (1)

(*, j )  € {ict-11 • • • i ict- 1}2 1 for some t  € {2 , . . . ,  m}.

Thus, we have at once:

j = i

where ci = 1 , and Cj+1 — Cj =

Thus, at once, by Proposition App. 10a, and clearly simplifying its 

conclusion, we see at once:

c L( u y u ~ 1) = @ M (bi,L).

And so:

cI (y) = n -1
Lfc=l

n.

This gives the second, and last, desired result of this Corollary.
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iv) Corollary App. 12

L e t y  Q D (n,F).

Let /  be any injective function from F  to L, that takes 0 to 0. 

W ithout confusion, let /  also represent the natural (i.e., element-wise) 

extension o f / ,  from M (n,F)  to M(n,L).

T hen:

cL(f(yj) = cL<y).

Proof.

As y is a set of diagonal matrices, and /  takes 0 to 0, clearly f(y) is also 

a set of diagonal matrices — f(y) C D(n, L). As f is injective, it takes 

distinct diagonal elements to distinct diagonal elements. Then, recalling 

the earlier definition of the operator T, it is immediate, or trivial, to verify 

directly that: T̂ f(yfj = T(y). Thus, at once, by Proposition App. 10a:

cL{ m ) = c L(y).

□

R em ark

Recalling from Chapter 5, the definition of the row-functions of a subset 

y  C D(n, F), we easily note the following:

R $  =  R f  ^  ( i j )  €  T ( y ) .
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E. B asic M atrix Varieties

In this section, we let F  be any field, and L  be any extension field of F.

We let n G E t .

a) D efin ition

Let T  C  { l , . . . , n } 2.

Then we let:

B(T) = |  M  =  (rriij) G M(n, F) | V(i,j) G T: rriij =  o | C  M(n, F).

We call a  subset of M (n, F ) of the form B(T), for some T, a 

basic matrix variety (over F). When clear, we abbreviate the latter name 

as: b.m.v. (over F ).

Clearly, a basic matrix variety can be described as any set of matrices where 

a specified subset of its entries are forced to be 0 , and all the remaining 

entries are allowed to be arbitrary.
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b) R esults

i) Proposition App. 13

We have the following two results:

1) ^  M (n,F) a  e A j  is a family of b .m.v.’s (over F) =>•

is also a b.m.v. (over F).

2) B  is a b.m.v. (over F) and II, #  G Perm(n, F) =$■

I I S $  is also a b.m.v. (over F).

Proof.

1) Ba is a b.m.v. (over F) =$■ [ by definition of a b.m.v. ]

Ba = B  (Ta) , for some Ta C {1 , . . . ,  n } 2 . Thus:

P)a6^  Ba =  f ) ^ A B  (Ta); but clearly by definition of the opera­

tor B , the latter is As T<* -  certainly

C\a(£A Tct -  i 1’ - - - * 71} 2 > 311(1 ^  by ietting T  =  ( \ eATa , we have, 

with the previous: T  C {1 , . . . ,  n } 2 , and =

This proves (1).

2) As B  is a b.m.v., by definition: B = B ( T ) , for some T C {1 , . . . ,  n}2. 

Now 115 is 5 , with the rows of each its elements permuted by I I ; 

115#  is 135, with the columns of each of its elements permuted by 

# . Thus, as 5  is the set of matrices where the entries in the positions 

of T  are all 0, and the other entries are arbitrary, so 115# is a set of
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matrices where the entries in certain positions are all 0  (even with the 

same number of positions as in B ) and the other entries are arbitrary. 

Thus, is a b.m.v.

This proves (2).

□

ii) Proposition App. 14

We have the following two results:

1) Y  € D(n, F ) =^- Cl(Y) is a b.m.v. (over L).

2) y  C D(n, F ) , and II is any map where II: y  — >• Perm(n, F)

=>

flygy [n 0 0  • cl(X)\ is a b.m.v. (over L).

Proof.

1) This follows at once from Proposition App. 10a, by letting 

T  =  {1, . . . ,  n } 2 — T  ({Y}) C {1,.. . ,  n} 2 — and then immediately 

we have: CL(Y) =  B(T).

2) This now follows immediately from Step (1) above, then using Propo­

sition App. 13, Part (2), and then finally using Proposition App. 13, 

Part (1).

□
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iii) Proposition A pp. 15 (A Key Argument)

Let B be a basic matrix variety (over F).

T hen:

Gi[n, F) fl B 7  ̂0 =^- Perm(n, F) fl B 0.

P roof.

1) As B  is a b.m.v., we may let: B =  B(T), for some T  C {1 , . . . ,  n}2 .

2) As given G£(n, F)C\B 7  ̂0, then B  contains an invertible element P  

( o f M (n,F)  ).

3) As P  is invertible, at least one of the entries in its first column is 

not 0. Consider the set of all entries in its first column th at are not 0. 

For each such entry, consider the (n — 1) x (n— 1) submatrix obtained 

from P  by crossing out the row and column of that entry. At least 

one of these (n — 1) x (n — 1) submatrices so obtained, must have 

determinant not 0; otherwise, by expanding P  about its first column, 

P  would have determinant 0 [ recall, by construction, these particular 

(n — 1) x (n — 1) submatrices “run over” precisely the entries of 

column 1 of P , that are not 0 ]. Let Q be one of these (n—1) x (n—1) 

submatrices, and let (i, 1) be the entry from which it was “obtained” .

4) As P  belongs to B , and by Step (1): B = B (T ) ; then by definition 

of T , we thus must have: (i, 1) £  T . Thus, by definition of a b.m.v.,
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the (i, l)-entries of B  must be arbitrary. So B  certainly contains a 

matrix with a 1 in the (i , l)-entry. As the rest of the entries in that 

column are either 0, or arbitrary, B  certainly contains a matrix with 

first column all 0 ’s and a 1 in position (i, 1). Similarly, as the rest of 

the entries in that row [ row i ] are either 0, or arbitrary, B  certainly 

contains a  matrix with first column all 0 ’s, a  1 in position (i, 1), and 

all other entries in row i are 0 ’s.

5) Now let B  =  the subset of B , where each matrix has column 1 all 

0 ’s, with a 1 in position (i, 1), and all other entries in row i are 0 ’s. 

By Step (4), B  is a non-empty subset of B: 0 ^ B C B .

6 ) Now let B '  =  the set of (n — 1) x (n — 1) matrices, obtained from B , 

by taking each element of B , and crossing out colum n 1 and row i. 

By construction of both B ' , and Q above, clearly: Q € B ' .

7) Furthermore, as B  is a b.m.v., certain of its entries are forced to be 0, 

and all the remaining entries are allowed to  be arbitrary. Thus, in 

Step (5), following the construction of B  from B , clearly the (i, 1)- 

entry of B  is forced to be 1 , certain other entries are forced to be 0, 

and all the remaining entries are allowed to  be arbitrary. Thus now, 

in Step (6 ), following the construction of B '  from F , clearly we 

have only that certain entries of B '  are forced to be 0, and all the 

remaining entries are allowed to be arbitrary. Thus, B* is a b.m.v.
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8 ) Now as Q is invertible and belongs to  B ' , and B ' consists of 

(n — 1) x (n — 1) matrices and [ by Step (7) ] is a b.m.v., inductively 

we may assume that B' contains an (n — 1) x (n — 1) permutation 

matrix, say . Thus, by the construction now of B , this set itself 

contains an n x n  matrix where ^  is in UQ’s ” position, and colum n 1 

is all 0 ’s, with a 1 in position (i, 1), and all other entries in row i are 

0’s. This resulting matrix, by its elementary construction, is clearly a 

permutation matrix, and is contained in B. By Step (5), the latter is 

a subset of B ; and hence, B contains a permutation matrix.

By induction, this completes the proof. □

iv) P ro p o sitio n  A pp. 16 (A Key Result)

Let y  C D(n, F ).

Let M  6  Gi(n, L).

Suppose M  normalizes y: M~ly M  = 3̂ -
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Then:

311 €  P enn (n,F):

i) Mn- 1 eC£(y).
ii) VY e  y-. n-1YU = M~1YM.

I.e., the conjugation action of M on y, “can be replaced”, 

element-wise, by the conjugation action of a single permutation 

matrix on y.
hi) n-1yu = M~1yM.

P roof.

1) As given that M normalizes y-.

(1) v y  e y - . s z  ey-. m y m ~1 = z .

2) As y  and Z in the above equation are diagonal matrices, the diagonal

entries of Z must be a permutation of the diagonal entries of Y [ e.g.,

take the characteristic polynomial of both sides of the above equation ]. 

Thus, by basic properties of permutation matrices:

3 n (y ) € Perm(n, F): Z = U(Y) Y U(Y)“x.

Substituting this in (1), we have:

(2) Vy  € y: 3II(y) e Perm(n, F): MYM~l = II(y ) YI l(y )-1.
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Hence:

v y  g y-. 3 n (y ) g Perm(n, f ) :  m  n ( y ) - 1 € Cl {Y) .

So:

v y  G y : 3 n ( y )  G Perm(n, F ): M  G n (y ) • Cl (Y).

Thus:

(3) M e  n  I n w - w ] .
Ysy

3) Now by Proposition App. 14, Part (2), the RHS of (3) above is a basic

matrix variety. As M  is given invertible, this b.m.v. contains an invertible

matrix. Thus, by Proposition App. 15, this b.m.v. contains a permutation 

matrix, say I I . Thus: II G the RHS of (3) J . Thus, a t once:

v y G ? :  n  g  n (y ) • cl {y).

Hence [ recall CL(Y) is the centralizer of Y  (over L) ]:

v y G ^ :  n y n - ^ n ^ y n t y ) - 1.

Thus, by (2), we have:

\ / Y e y :  R Y U - 1 = M Y M - 1.

Thus:

v y  G y: M I T 1 e C L({Y } ) .
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Hence:

Jkfn-'e fl Cl to}).
Yey

So, clearly, a t once:

MU-l ecL(y).

Since both M and II are invertible, we now have:

(4) M T T l e C Z ( y ) .

This proves (i).

4) By (4), we have:

M = I I C , for some C  € Cjj(y).

As CL{y) is the centralizer of y , the previous gives (ii) immediately [ by 

direct substitution of M ].
The result in (iii) follows immediately, and a fortiori, from the result in (ii).

□

v) C orollary  A pp. 17

Let A, B  C D(n , F ). 

Let P  €  G£(n, L ).

Suppose: P~l A P  C g .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



322

Then:

311 € Perm (n,F): IT 1 A ll = P~l A P  C B.

P roof.

1) As given P~l A  P  C B , we have:

(1) V A e A : 3 B  € B: P~l A P  = B .

2) Equation (1) is very similar to  equation (1) in the Proof of the previous 

result — Proposition App. 16. As A and B  here are both diagonal 

matrices, Steps (2)-(4) of th at same Proof follow identically, with:

“M ” = P , “Y ” =  A , “Z ” = B .

3) This gives, in particular, the result (iii) of that Proposition — which here, 

in the above notation, gives:

311 eP en n (n ,F ): IT 1 A ll =  P " 1 A P .

Together with the last line of the given, the previous gives the conclusion 

of this Corollary.

□
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F. Centralizers o f A lgebras and M atrices

Proposition App. 18

Let A  be any fc-algebra.

For all S  C A, let CA(S) be the centralizer of S  in A:

Ca {S)  = {a G A  j Vs € S: as =  so} C  A

Then:

VS C A:

1) S C T  C A  = j>  CA{S) D Ca{T).

2) S C  C\(S).

3) C%(S) =  CA(S).

4) S  is itself the centralizer of some subset of A  <=> CA(S) =  S.

Proof.

1) As the centralizer operator is (trivially) inclusion-reversing, this is immediate.

2) Let s € S. So, by definition: Vc € CA(S): sc = cs. Thus: Vc € CA(S):

cs =  sc. Thus, by definition: s G CA(CA(S)^ =  CA(S). As s is arbitrary, we 

have: SCC^(S).
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3) By the previous: S  C C^(S). Thus, by Step (1): Ca (S)  D C\(S). But

C\(S) =  C\{CA{S)y, and using the previous again: C \ ( C a (S)^ D Ca (S) .  So 

now we have: C\{S) D Ca (S) .  The conclusions of the last, and the second, 

sentences here give: Ca ( S ) D C^(5) D Ca (S) .  Thus: C^(5) =  Ca(,S).

4) (* = ):

C\(S) =  S  = >  S  =  Ca(Ca(S)J. Thus, S  is the centralizer of 

Ca ( S ) Q A .

(= ^ ) :

Suppose: S  = Ca (T ) ,  for some T  C A. Thus: C l (S') =  C\(T). So, 

by Step (3) above: C\{S) = Ca (T) .  Thus, by the supposition here on S: 

C2a (S)  =  5.

□

Proposition App. 19

Let n e E5\

Let L /F  be any extension of fields.

Let A, B  C M (n, F).
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Then:

CF(A) = CF(B) *=* CL{A )= C L{B).

Proof.

(-£=) This follows immediately, by intersecting both sides of the RHS of the desired 

conclusion, with M{n, F ).

(=£-) 1) In this step, we will use the Hilbert Basis Theorem at one point. (It might

be possible that the original desired conclusion can be obtained without 

the use of this.)

Let E  be any extension field of F , and V  C  M[n, E ) . We show that 

with CE(V ) , its argument, V , can be “replaced” with a finite subset of 

itself.

a) Now by definition:

(1) CE(V) = { C e M ( n , E ) \ V D e T > :  C D - D C  = On)

[ recall, On is the n x n  zero matrix ]. 

When written out entry-wise, the matrix equation: C D —D C  = On is 

a system of n2 (potentially infinite) homogeneous linear equations for 

the finitely-many [ =  n2 j entries of C . The coefficients in each such 

equation are from the m atrix D  alone — and so, also, are coefficients 

from k alone.
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Let S(V )  be the set of homogeneous linear equations just described. 

Thus, S(V)  is a set of (potentially infinite) homogeneous linear equa­

tions in n2 unknowns (the entries of C ), with coefficients from k . 

Thus, we may say:

(2 ) CB(0 ) =

j c  G M(n, E) | the entries of C satisfy all equations of S(V )

b) Now using the Hilbert Basis Theorem, the solution set of the equa­

tions in S(T>) [being linear, and hence polynomial], belonging to any 

particular extension field of A:, is the same as the solution set of some 

finite subset of S(T>).

Let J-(V) be any of the finite subsets of S(V) just described. Thus, 

F (V )  is a finite set of homogeneous linear equations in n2 unknowns 

(the entries of C ), with coefficients from k , and whose solutions, over 

any particular extension field of k , are the same as the solutions of 

S (V ) .

Thus, we may now say:

(3) C*(») =

{c G M(n, E) | the entries of C satisfy the finitely-many equations of T{V)  j .

2) Now let E(V)  be as in Part (l,b) above. By using the reduced-row ech­

elon form for J-(V) [as it is finite], its n2-variable solution set over the
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extension field E  of k , is generated by some basis of (the fc-vector space) 

M (n ,k ) . Let Q(V) C M(n,k)  be any such basis. [ Thus note: Q{T>) is 

necessarily finite; and, in fact, |(7(72)| < n2 . ]

Thus, by (3), we may now say:

CE(V) =  S p an ^C D )) and dimE(CE(V)) =  \g(V)\.

Summarizing, starting from Step (1) above, we may now say:

(4) Vi? an extension field of f c : VP C M(n, E ) :

3 G(P) a fc-basis of M(n, k )

[ necessarily finite, and of cardinality < n2 ]:

CE(V) = Span£ (S (P )) and dimE(CE(V)) =  \0{V)\.

3) Now we apply (4) to our given situation here.

So, we suppose:

(5) Ck{A) = Ck{B).

Additionally, we may let:

(6) G{A) C M (n, k) be as in (4); and then also, in particular: 

G(A) is a finite set of fc-linearly independent elements of M (n, k ) , and

M l  < " 2-
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a) Now by (4), first with E  = k ,  and then with E  = L\ and then by (6) 

— letting ] ̂  (-4.) | = s , we have at once:

Ck(A) =  Span* (<? (.A)); dim* (Ck (.A)) =  s.
(7)

Cl (A) =  SpanL(c?(.A)); dimL(Cz,(.A)) =  s.

b) By (7) and (3), we have: Ck{B) — Span*(G{A) ĵ. So, in particu­

lar: Ck(B) D Q(A). As (trivially) C l ( B ) D Ck(B), we have now: 

C l{B )  D Q{A). As C l ( B )  is clearly as subspace of M (n, L) , we 

have: C l{B )  D SpanL(i?(.A)) . Thus, by (3), we now have:

(8) Cl(B)DCl(A).

c) Now using (4), with “V ” =  B, we have:

dhaL(CL(B)) =  \g(B)\ [“E ” = L, “V ” = B, in (4)]

=  dim *(Span*(£(£))) [“E ” = k, “V ” =  B, in (4)]

=  dim*(C*(B)) [UE "  =  k, “V ” =  B, in (4)]

=  dim*(C*(.A)) [by (3)]

=  diml (Cl ( A ) )  [ by (7) ].

Thus, summarizing:

(9) dim i (CL (#)) =  dimL (CL(A)).

d) Thus, by (8), and (9), we have a t once:

Cl(B )=C l(A).
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were studied.
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College: MIT; S.B., 1976 — Mathematics; Phi Beta Kappa, Sigma Xi

• Undergraduate Thesis (voluntary):

“A Generalization Of Euler’s ^Function And Applications” .

•  Primary Interests: Algebra, Number Theory.

•  Additional Interests: Physics — Classical Mechanics, Classical E&M.

G rad u ate  School: MIT; S.M., 1985 — Electrical Eng. & Computer Sci.;

Hertz Foundation Fellow

• Master’s Thesis:

“Algebraic And Graph-Theoretic Aspects Of Resistive Networks” .

•  Primary Interests:

o Electrical Engineering: Network Theory, Switching Circuit Theory,

Signal Processing, 

o Computer Science: Program m ing Languages,

Formal Language Theory And Automata.

G rad u ate  School: The Graduate Center of CUNY;

M. Phil., 1991 — Mathematics;

Mathematics Graduate Fellowship (3-year)

•  Primary Interests: Algebra, Number Theory.
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P ap ers: On The Power Sums Of The Roots Of A Polynomial;

Mathematics Magazine, Vol. 59, No. 4, Oct. 1986.

In d u stry  E xperience:

•  IBM Corporation; 360 Hamilton Avenue; W hite Plains, NY

o Field Engineering Division — Headquarters;

Information Systems Department, 

o Senior Programming Technician: 1977-1979.

•  IBM Corporation; Yorktown Heights, NY

o Research Division — Watson Research Center;

Computer Algebra Group, 

o Visiting Pre-Doctoral Scientist: 1985-1986.
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