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Automorphisms and quasiconformal mappings

of Heisenberg-type groups

Paoclo Emilio Barbano, Ph.D.
The City University of New York, 1995

Adviser: Professor Martin Moskowitz

The Lie algebras of derivations of trace-zero of Heisenberg-type groups
are explicitely computed, along with the connected component of the group of
isometries of an H-type Lie group with the metric invariant under left trans-
lations and certain automorphisms defined by A. Koranyi {18]. Using this we
prove a result on stabilizers of lattices and give a necessary and sufficient condi-
tion for the existence of non-conformal quasi-conformal mappings. The latter
shows that except for the abelian and Heisenberg cases, all quasi-conformal
mappings must actually be conformal. A characterization of the isometry
group of solvable extensions of H-type groups is also given. Finally we show
an application of these techniques to prove that in certain rank-one Lie groups
all non-uniform lattices are arithmetic. The last chapter is dedicated to the
study of the L'-algebras and representation theory of quaternionic Lie groups

of Heisenberg-type.
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Chapter 1

Introduction and Background

1.1 Introduction

In this thesis we study properties of automorphisms of so called groups of
Heisenberg type which were first introduced by A. Kaplan ([13}), as a general-
ization of the Heisenberg group itself.

A. Koranyi in [18] has characterized the homogeneous left invariant
metrics on these manifolds. These generalized Heisenberg groups play an im-
portant role in various fields of modern analysis: A. Kaplan and F. Ricci ([14])
have studied the harmonic analysis some of Gelfand pairs associated to H-type
groups; aspects of complex analysis connected to the structure of Carnot met-
rics on Heisenberg groups were studied by Koranyi and Reimann in {19] (for
the classical Heisenberg group) and by Cowling, Dooley, Koranyi and Ricci in

(2] (for the general case). In the first case as groups of transformations of the



boundary of a noncompact rank-one symmetric space, in the second as an im-
portant tool in the study of quasi-conformal mappings. It is important to note
also that H-type groups, together with their solvable extensions Ax N by their
one-dimensional groups of dilations A ~ R*, have provided counterexamples
to several important conjectures in differential and spectral geometry. The
noncompact Lichnerowicz conjecture was settled negatively by F. Ricci and
E. Damek in [4], Z. Szabb found isospectral non isometric harmonic manifolds
([31}) and C. Gordon in [7] gave examples of closed nilmanifolds with that
same property, obtained as quotients of certain quaternionic H-type groups

which are isospectral but non-isometric.

In their 1994 paper [24] R. Mosak and M. Moskowitz were interested
in the following problem: let G be a Lie group and I' a so cailed log-lattice in
G. Consider the group of measure preserving automorphisms M(N) and its

identity connected component Mp(/N) and let:

Stabpyny(T) = {6 € Mo(N) | ¢(F) =T}

be those elements that stabilize . The natural question to ask is whether it is
a lattice in Mop(N) and if so, when is it uniform {=cocompact). In the case of
G nilpotent and [" a log-lattice, Mosak and Moskowitz developed a criter’ion
that makes use of a property of the nilradical of the Lie algebra Dery(N). They
suggested that this criterion could be applied to Lie groups of Heisenberg type.
In the second chapter we show that this is the case and settle the question for

any H-type group. The approach that we give here to these problems is fairly



general. It allows us to study all irreducible H-type groups simultanously.

The last chapter contains a study of some properties of quaternionic H-
type groups {rom a strictly analytical point of view; namely those associated
with isospectral non isometric closed Riemannian manifolds: the kind of H-
type groups studied in [7] turn out to provide a class of non isomorphic non

abelian as well as noncompact Lie groups which have +-isomorphic L!-algebras.

1.2 Lie Groups and Lie Algebras

A Lie group over the field K (=R or C) is a group (i equipped with the structure

of a differentiable manifold over K in such a way that the map

p:GxG — G
(91.92) = q1-@

is differentiable. In other words, the coordinates of the product of two elements
have to be differentiable functions of the coordinates of the factors,

It follows as an application of the implicit function theorem that under this
assumption also the inverse map i(g) = ¢~} Vg € G is a differentiable map
([6], pg-6). A Lie group over R is called a real Lie group; Lie groups over €
are also called complex Lie groups. Any complex Lie group can be viewed as

a real Lie group of twice the {complex) dimension.

Examples of Lie groups are:

1. The additive group of the field K;



2. The circle T = {z € C*|z| = 1} (it is a real group);
3. the group GL(n,K) of invertible n x n matrices over the field K;

4. any finite or countable group equipped with the discrete topology vand

the structure of a 0-dimensional differentiable manifold;

5. the group G of orthogonal linear transformations of K™ if K =R, G =
O(n), for K =C, G =U(n).

A subgroup H of a Lie group G is called a Lie subgroup if it is a submani-
fold of the underlying manifold of G. The basic method of the theory of Lie
groups, which makes it possible to obtain powerful results, consists in reducing
questions concerning Lie groups to certain problems in linear algebra. This is
done by assigning to every Lie group G its “tangent algebra”™: the Lie algebra

Lie(G) = &, which to a large extent determines G.

An abstract Lie algebra ¢ is a finite dimensional vector space over the
field K equipped with a bilinear operation [-,-] : £ x £ — £, called the Lie
bracket, such that, VX,Y € g:

1. [X,X] = 0.
2. [X,[Y, 2] + [2,[X, Y]] + [V.[2, X]} = 0.

From the first it follows [X,Y]| = —[Y, X], while the second is known with the

name of Jacobi [dentity.



There are many ways one can define the Lie algebra of a Lie group G.
It is possible to give one in which the Lie bracket arises from the commutator
of vector fields.
With the help of left or right translation one can construct natural isomor-
phisms between the tangent spaces of a Lie group G at different points. Let
{(g) denote left translation by g and r(g) right translation by g. Then for any
g, h € G and £ € T){G) let

g = (dl{g))(£) € Toa(G)

and
€9 = (dr(g))(£) € Thy(G).

From the associativity of group multiplication we derive the identities:

(gh)€ = g(h€), (g€)h = g(&h), (Eg)h = E(gh).

If, in particular, G = A" is the group of invertible elements of an associative
algebra A, then the “products” g€ and £g coincide with the products in the
sense of the algebra A.

If we define, for every ¢ € T,(G), the right invariant vector field (,:

£.(9) = €9,

it can be proven that the map £ — £, is an isomorphism from T,(G) to the
vector space T.(G) of all right invariant vector fields on G. As the commutator
of two vector fields is invariant under arbitrary diffeomorphisms, the commu-

tator of right invariant vector fields is again right invariant. Thus 7T,(G) is an



algebra with respect to the operation of taking the commutator of two vector

fields. Given two right invariant vector fields X,Y on G we write:
[X,Y] = XoY —-YoXj

this operation turns out to satisfy the relations 1. and 2. of a Lie algebra.
For all the details of the theory of Lie groups and their Lie Algebras we

will refer to Helgason’s book ([8]).

A one-parameter subgroup g(t) of a Lie group G is a smooth homomor-
phism from the Lie group R to G: g(t + s) = g(t)g(s). It can be proven that
a generic path ! g(t) in G is a one-parameter subgroup if and only if its ve-
locity £(t) is constant and g(0) = e. We denote with g¢(t) the one-parameter
subgroup with velocity £(t) = £.

A central object for the study of Lie groups and their Lie algebras is the

ezponential map. For any Lie group G and any £ € @, we set by definition:

ezp(€) = g¢(1).

The map ezp: 8 — G is called the ezponential map.
In the case when G is the group of invertible elements of an associative algebra,

the exponential map is given by:
o= X"
ezp(X) = Z -
5 n!
Given any Lie group G there is always a neighbourhood V4 of zero in the Lie

algebra ® that the exponential maps diffeomorphically onto a neighbourhood

U. of the identity in G.

'A path is a differentiable map of a connected subset of the real line into a given manifold.



A Lie group G always admits a uniquely (up to scalar multiple) de-
fined left-invariant (y,;) as well as a right-invariant (g, ) positive regular Borel
measure?; the so called Haar measure.

The existence of a left-invariant measure allows the definition of an integral

on G For any continuous function f with compact support we have:

| for-9vdm = [ fa)dm Ve €G.

Since a right translate of the left-invariant measure is again left-invariant and
all such measures are multiples of each other we can define the so called mod-

ular function A of G as, for any integrable function f and any z € G by:

cla)- [ flo)dm = [ Fgz)dm.

That defines a homomorphism Ag : G — R*. It may happen that u; and g,
coincide up to a scalar multiple; in that case our Ag will be constantly equal
to one and G is said to be unimodular. It can be proven that any compact
group is unimodular.

A discrete subgroup T of a Lie group G is called a lattice if the quotient
space G/I' carries a G-invariant finile measure. It is very easy to prove that
a necessary condition for a Lie group to admit a lattice subgroup is unimodu-
larity.

In the case of a connected and simply connected nilpotent Lie group

it turns out that the exponential map is actually globally invertible. We set

2This is actually true for any locally compact fopological group: a group equipped with
a topology that makes the group operations (multiplication, inversion) continuous (see e.g.

[21])



exp~' = log. In case the image under the log-map of a lattice [ C G is

a lattice in the Lie algebra ® we call it a log-lattice. Malcev proved in (22}
that a connected simply connected nilpotent Lie group N has a lattice if and
only if its Lie algebra has a retional structure, that means there is a basis of
Lie(N) = 9 with rational structure constants. In such a group every lattice

I’ is always a sublattice and a superlattice of two log-lattices I and I'*:
Ircrcit”

Two lattices I and A in a Lie group G are said to be commensurable if their
intersection has finite index in both of them; in this case we write I’ =~ A.

Given a lattice ' C G the commensurator of " in G is the subgroup of
G defined by:
Commg(I') = {ge€ G|glg~' ~T}.

Let & be the Lie algebra of a Lie group G. If there is a number s such
that, given any X,,..., X, € @ it holds:
[Xla [‘Yit[' " !‘\’I] " '] = 01

we say that ® is (s — 1)-step nilpotent; a nilpotent Lie group is a Lie group
whose Lie algebra is nilpotent. Also nilpotent groups are unimodular.

A 1-step nilpotent Lie algebra is called abelian.

There is a more general type of Lie algebra that includes the nilpotent

case: if we define /') = [®, 8], and:

o™ = (a1 @),



we say that & is solvable if 8(*) = 0 for some positive number s.°
Obviously an abelian or nilpotent Lie algebra is also solvable.
Any vector subspace $ C @ is called a Lie subalgebra of & provided it is closed

under the Lie bracket operation:
[9.9] C 9.

A subalgebra $ of @ with the property that, given any h € %:
[8,h] C #

is called an ideal of .

An important normal subgroup of G is its center Z((G) (the group of
elements in G commuting with any other element). Its Lie algebra 3 = Z(®)
consists of all elements X € & such that [X,Y] =0 for any Y in @.

Given a Lie subgroup H of a Lie group G, it happens that § = Lie(H)
is a Lie subalgebra of & = Lie(G). If in particular H is a normal subgroup,
its Lie algebra will be an ideal of @.

A simple Lie group is a Lie group whose Lie algebra is simple; that
means non-abelian and with no non-trivial ideals. If a Lie algebra is decom-
posed as direct sum of simple ideals is called semisimple: the same will be said
of the Lie groups it is associated to.

The sum of two solvable ideals of a Lie algebra is again a solvable ideal; there-
fore it 1s natural to introduce the concept of a maximal solvable ideal. The

maximal (with respect to inclusion) solvable ideal of a Lie algebra is its radical

3A Lie group with a solvable Lie algebra is called solvable.



and is denoted by: R(®), whereas its maximal nilpotent ideal is the nilradical,

R.(®) of the Lie algebra.

1.3 Automorphisms and Derivations

A smooth 1 — 1 homomorphism of a Lie group G onto itself is called an
automorphism. Its analogue in the Lie algebra context is also defined: the
Lie group Auf(8) consists of Lie automorphisms of @; any of its elements, say

¢, is a linear map satisfying:
S([X.Y}) = [6(X),6(Y)] VXY € ®.

The groups Aut(G) and Aut(8) are in a natural way Lie groups.

If G is connected they are related in the following sense: the map
d: Aut((c) — Aut(s)

which assigns to each automorphism of G its diflerential is injective. If G is
also simply connected it will actually be an isomorphism {[6], pg. 49).

The Lie algebra of Aut(8) -denoted with Der(®)- consists of so called deriva-
tions of &: a derivation of the Lie algebra & is a linear map D : & — o,

satisfying the property:
D(X.,Y}) = [D(X). Y]+ [X,D(Y)].

Given any group of automorphisms A of G, we define the semidirect

product A x (7 to be the Lie group with the product manifold structure and

10



group multiplication:

(a,9) « (a',¢') = (ad’,g-a(g")),

and similarly, given a Lie algebra D of derivations of @, the semidirect sum

D x @ will be the Lie algebra with bracketing:
[(D. X), (D’,X')] = ({D, D']!{X"\H] + [ X, D(X")] + [X’, D'(X)),

with obvious notation. If D = Lie(A) and & = Lie(G), then: Lie(A x G) =
D x 3.
A well known fact is that if 4 and G are unimodular, then A x G 12
unimodular if and only if A consists of measure preserving automorphisms.
Given a lattice ' C G, we can consider the group of automorphisms of

G with the property:
Stabay(T) = {6 € Aut(G)(4(T) =T},

called the stabilizer of .

It turns out that, since G/I" carries a finite G-invariant measure, Stab4uc)(I')
consists of measure-preserving automorphisms; identity component of the group
of measure preserving automorphisms of G is denoted by My(G) and its Lie

algebra -consisting of trace zero dertvations - will be Derg(®) ([24]).

1.4 Generalities of Representation Theory

Let G be a Lie group, and let B be a Banach space. A representation 7 of G

on B is a family of bounded operators such that:

il



1Il'(g):B__"'B! gEG;

r(qg2) = 7(g1)7(g2), n(e) = ldy;

g —~ginG=> Yv€ B r(g)v— n(glvinB

In the case when B = H is a Hilbert space and each of the r(g) is a unitary
operator (r(g)" = m(g)~"' = n(g™')), we say that (v, M) is a unitary represen-
tation of G. In this thesis we will always assume all Hilbert spaces and groups
to be separable.

Some examples of unitary representations of a general Lie group G -all
realized on the Hilbert space M = L*(G) of square integrable functions w.r.t.

the measure p,;- are:

1. The left reqular representation A: A{g) (f(z)) = f(g~'z); this is an ex-

ample of a faithful (=injective) representation
2. The identity representation I: I(g) (f(z)) = f{z);

It is very useful to consider the action a representation (x, ) induces on the

Banach algebra L'(G); for any f € L}(G) and v € H we set:
= du:
n(fw = [ flg)n(g)vdu;
This defines a bounded operator on H ([30], pg. 11) with the properties:

12



Low(firfa) = n(fi)-n(fa) x(f*) = =()%
2. =D < 1ifhes

3. the linear span of all n{f)v, for v € H is dense in H.

In other words the induced representation on L'(G) is a non degenerate
+-representation. Furthermore it can be proven that there is a 1-1 corre-
spondence between unitary representations of G on a Hilbert space H and
the »-representations of L'(G) (cf. [5], pg. 4) satisfying the properties 1.-3..
Moreover the representations = and n(f), f € L}(G) have the same invariant
subspaces (see e.g. [17], pgs. 12-13).

A fundamental concept is the one of irreducible representation. An irreducible
representation (r,H,) of a Lie group G is one allowing no proper, closed,
x(G)-invariant subspaces in M,. For the kinds of groups we work with, ar-
bitrary representations can be uniquely decomposed into “direct integrals” of
irreducibles ([16],pg. 146) and hence the unitary representations of G and the
=-representations of L'{G) correspond.

Two unitary representations m and = are alled unitarily equivalent (x =~ '),

if there is an invertible isometry A : H. — M, such that for all g € G:
An(g) = 7'(g)A.

We denote by G {resp. G) the set of equivalence classes of unitary (resp.
irreducible unitary) representations of the Lie group G on separable Hilbert

spaces. The set G is said to be the dual space of G.

13



One can define a topology on G as follows. Let r a unitary represenatation
of G on a Hilbert space H,. For any compact set K C G consider a finite
collection of n vectors {vi} C H, and a number ¢ > 0 and define the set
U(K, {vi},¢) consisting of those classes of representations [x’] in the space of

which there exist n vectors {w;} such that:
| < (@i, v; > — < w'(gw,w;, >} < ¢

for all g € K, | < 1,j < n. This way we obtain that the family of the sets
U(K,{vi},€) is a neighbourhood base at the point [r] € G (see e.g. [23], pe.
72).

Basically, a Hilbert space H is a direct integral of Hilbert spaces {of equal
dimension) if it has the form L3( X, 4.X), all measurable functions f: X —» X

defined on a measure space (X, u) with values in a Hilbert space K such that

W = [ M utdz) <.

For our purposes we will assume X to be a standard Borel space, u o-finite

and K separable. This splitting of H into fibers will be indicated by:
@
= pldr),
M= [ Hoptda)

where for each r: H, = K.

Now let G be a Lie group and {=.|r € X} a measurable field of unitary
representations each one modeled in X' = H, (measurability means that

r =< n.{g)f(z),h(z) > is measurable for all ¢ € G and all f and A in

L*( X,K). We define the direct integral representation 7 = [ r_u(dz) modeled

14



in H = L}X,K) by:

m(g)f(z) = m.(g9)(f(z)) Vg e G, Vfe L*(X,X).
It can be proven that x is a (SO)-continuous unitary representation of G ({3]
chapter 2,[16] pgg. 59 fI.).

A crucial property of the direct integral representation is that if v is another

o-finite measure on X with the same null sets as g it holds that:

@ <)
/x rep(dz) =~ /x xev(dz),

which shows that only the equivalence class (=up to null sets) of 4 is impor-
tant in direct integrals.
In the case of abelian an Lie group, each of its irreducible unitary representa-
tions is one-dimensional. In this case the tensor product operation defines a
commutative group structure on G and this group is naturally identified with
the group of characters of G ([23], pgg. 72 fI.).

The direct integral decomposition of a representation is given by their
characters: a character x of an abelian Lie group A is a continuous homo-

morphism of the group into the group of complex numbers of modulus one:

Yg,01.9: € A, x(9192) = x{¢1)x(g2), Ix(g})| =1

1.5 The Linear Algebra of Quadratic Forms

A (real) quadratic space is the data (V,Q) of a finite dimensional vector space

V ~ R* equipped with a quadratic form Q.

15



Given two quadratic spaces (R, Qr) and (S,Qs) a composition of quadratic

formson R and § is a bilinear map u

pu: xS — S,

satisfying Qs(u(r,s)} = Qr(r) - @s(s). A composition of quadratic forms g
is said to be normalized, provided there is a » € R such that, for all s € §:
uir,s) = s.

The sets of normalized compositions of quadratic forms g : R x R® — R" are

in 1-1 correspondence with the sets of {u;};<icx~1 € O(n) such that:

2. wiuj +uu =0, (v # ).

This is achieved ([10], pg. 141) by defining Yz € R™ u,(z) = p(e;, ), where
{ex} is an orthonormal basis of R*.

Given a quadratic space (V, Q), the Clifford Algebra C(V,Q} is the data
of an R-algebra and a linear map 8 : V = C(V, Q) such that: 8(z)? = Q(z)-1,
satisfying the following universal property: given any R-algebra A with a linear
function u : V — A such that u(z)? = @(z) - 1, there is an algebra morphism
u' : C(V,Q) — A such that:

uol = u.

The algebra morphism -8 : V — C(V,Q) determines an involution 3 :

C(V,Q) — C(V,Q) with: §o8 = -8, so that a so-called Z;-grading is in-

16



duced:
C(v,Q) = C°sC', CC'CcC™* ijen.

If 3(z) = z we say that z € C°, if 3(z) = —z, then z € C'.

A Clifford module M over C = C(V,Q) is a Zy-graded module over C:
M=MeM' C'M C M'*, withi,je€ 2z,

In this thesis we will discuss Clifford algebras and Clifford modules
associated to the quadratic spaces (R",—Q), where Q is the square of the
euclidean norm; those Clifford algebras will be denoted by C(n).

It can be proven ({10], pg. 151) that all Clifford modules are completely
reducible. It also turns out from the theory that there is a very close relation
between Clifford modules and compositions of quadratic forms; in fact ({10],
pg. 156) there exists a composition of quadratic forms g : R™*! x R" — R"
if and only if R admits a structure of a C{m) module. Moreover, it can be
proven that every module over C(m) arises from a composition of quadratic

forms.

In this thesis we will use properties of the algebras: real, complex,
quaternionic and ocotionic numbers (denoted resp. with R, C, H and @) equipped
with the standard norm [|X||* = Q(X) = X- X = X - X. The real scalar prod-
uct < -,- > nduced by @Q is defined for any pair of quaternions or octonions
X,Y as:

< X,Y > = Re(XY).

A simple calculation shows that Re(XY) = Re(XY). , and is obtained by

17



polarisation of @ as follows; it holds that:

QX +Y)=(X+Y)X+Y)= XX +VY 4+ XY +YX
From that we get.:

IX + Y|P = IX|2 = |IV]? = XY + VX = 2Re(XY),

which proves our formula.
Despite the lack of commutativity on H we can still define a sort of
linear structure on any vector space V >~ H" as follows: given any two elements

e=(e,....eq,)and f = (fy,..., fa) in V we write:
<e f>= Zf’.—“f,.

That produces a so called right linear structure over H, with the property: for
any h€ H: <e,fh>=<e, f>h whereeh = (ej,....e,)-h=(ejh....,e.h).
If we set the bar on the right instead the left hand side in the definition of the
product < -,- > we obtain a le ft linear quaternionic structure. For these two

structures it holds:

<fif>= AP+ + I Vfeu.

A right-linear (resp. left linear) quaternionic transformation T will be one that
has the property, with the same notation as above: T(eh) = T(e)- h (resp.
T(he) = hT(e)) for all e € V and all A € H.

With respect to either of these two products we can define the quater-

nionic adjoint of T: < Te, f >=< e, T"f >.

18



The (left or right) linear transformations satisfying
<Te,Tf>=<e,f>

are exactly the ones in Sp(n), while those for which 7'+ T* = 0 are the ones in
the Lie algebra sp(n) (see [17], pgg. 27 fl.) These provide the exact analogue

to the examples of pg. 4.
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Chapter 2

Lie Groups of Heisenberg-type

A Heisenberg-type Lie group N (or H-type group) is a connected and simply
connected two-step nilpotent Lie group, on whose Lie algebra M there is a
positive definite real quadratic form <, > which is compatible with the natural
decomposition,

N=36T (2.1)

where 3 is the center of M and U is its orthocomplement with respect to
< -,- >. Here compatibility refers to Kaplan's basic assumption that the
family of operators

{adx : X €| < X, X >=1]} (2.2)

consists of partial isometries onto M. Kaplan refers to this as property H.
The existence of the quadratic form gives rise to two other equivalent

algebraic descriptions of H-type groups.



2.0.1 Clifford Modules

Given the usual decomposition N = 3 & B with m = dim(3) of a Lie algebra
of Heisenberg type with its quadratic form Q(:) =< :,- >, consider the map

J : 3 - End(9D) defined, with obvious notation, by:

< J(v),v'>=<z,[v,v]> z€3. (2.3)

By straightforward computation one can prove that, given an orthonormal
basis {e;} of 3, the family {J.,} satisfies the relations of the generators of
the Clifford algebra C!(-Q,3). In other words J : 3 — End(®) extends to
a unitary representation of Cl{—Q,3) on the orthocomplement of the cen-
ter that therefore carries a structure of so called Clifford module over C(m),
where C(m) is the uniquely defined Clifford algebra Cl(—Q, 3) with m gener-
ators. (see [14], pg. 418). We then have that 3 acts on U as a set of linear

transformations satisfying, for any two orthogonal e;, e; € 3 of unit norm:

JeoJo, + Je,de, =0and J} = -1d

2.0.2 Composition of Quadratic Forms

An alternative description of H-type algebras can be given by using composi-
tions of quadratic forms.
Given a normalized composition of quadratic forms u: R x S — S we

can define a Lie bracket as follows. Consider the dual map ¢ : Sx$§ — R
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defined by the linear system
<r@(s.s)>=< ul(r,s),s > reR (2.4)

Now consider now the element ro that satisfies y{(rg,3) = s foralls € S

and let x be the orthogonal projection onto Zrg. Then
< plr.s), u(r',s) >=<r.r’ > qs(s),

if we set r' = ro we get that < u(r,s),s >=< r,¢(s,s) >= 0. Therefore the
new map 7 o ¢ is skew symmetric. Given any (ry,s,},{r2,32) € 7(R) & S, by
writing:

{(ri,s1).{r2.52)] = (7 0 &(51,57),0) (2.5)

we abtain a two-step nilpotent Lie algebra structure on M = #(R) & S, in
which m(R) becomes the center and S its orthocomplement. An easy compu-
tation shows that such an 9 satisfies property ( ) and thus is a Lie algebra of

Heisenberg type with the map J in (2.3) given by: J.(s) = u(r,s) (see [13]).

2.1 Irreducible H-type Algebras

An H-type algebra M is said to be irreducible if its associated Clifford module
18.
Two H-type algebras £, and £, are said to be isomorphic if there is a

linear isomorphism & : £, — £; such that, with a slight abuse of notation:

J¢(2}¢(I‘) = ¢(J:l‘), v E 'Bl, z € 31.

I
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In some sense the isomorphism map intertwines the two representations J(3;)
and J(3;) of the Clifford algebra. This allows inequivalent Clifford modules
to give rise to isomorphic f-type Lie algebras: for each m = dim(3) there is
exactly one irreducible H-type Lie algebra ({14], pg. 419).

Given any Clifford algebra with m generators there is up to equivalence
one or possibly two (when m = 3, 7 mod 8) irreducible Clifford modules associ-
ated to it. The theory of quadratic forms provides a complete classification of
all Clifford modules for m = 0 to 7 mod 8. A detailed account on the construc-
tion of these modules is given in Husemoller's book ([10] Chapter 11, sec. 8).
The fact that dim(3) determines the dimension of U and that two inequivalent
Clifford modules of the same dimension produce isomorphic H-type algebras
allows one to classify all of them. A complete list of the dimension of B for

each value of m = dim(3) can be found in the paper of Kaplan and Ricci [14).

A new explicit realization of irreducible H-type Lie algebras for 0 <
dim(3) € 7 is given in the next paragraph. Since Clifford modules are
completely reducible, any H-type Lie algebra 91 is decomposable as: 9 =
3P By B --Dx where all the irreducible H-type subaigebras 3 @ U, are iso-
morphic. H-type Lie algebras arise in a very natural way: consider a simple
Lie group G of real-rank one. Classification tells us that it has to belong to
either one of the families SO¢(n,1), SU(n,1)p and Sp(n,1) or the exeptional
group Fy. Such a group admits an Iwasawa decomposition: G = K - A- N;
Koranyi ([18]) has proved that the nilpotent group N is always of Heisenberg

type: N can be resp. R"~!, the classical 2(n — 1) + 1 dimensional Heisenberg
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group N7'~! or its quaternionic and octonionic analogues N3~ and N7.

2.1.1 Real, Complex, Quaternionic, and Cayley alge-

bras

By making use of the quadratic forms characterization of H-type algebras we
will prove a new basic result that makes explicit computations considerably
easier. Let K] be an i-dimensional R-subspace of the imaginary elements

in K(= R, C, H or 0), we can define the composition of quadratic forms:

pi K x K — K by:
w(X,Y) = X Y, VX.Y e K.

By putting #(R) = KT and S = K and performing the construction discussed
in the previous section we can equip the vector spaces K; @ K with the struc-
ture of an H-type algebra.

The following then holds: since, with obvous notation, < u,(Z, X), X' >
=< Z,¢(X,X") > we get: Re({ZX)X') = Re(ZH{X,X')); by letting Z = 1
we get:

Re(XX") = Re(p(X, X")

and thus:

X, X) = X'-X VX, X' €eK.

PROPOSITION 2.1.1 An irreducible H-type Lie algebra M with dim(3) < 7 is

isomorphic to one of the algebras M, ~ K ® K, where dim(Z(m)) = 1.



PROOF. In the case when i = 0, 9 =~ R", so there is nothing to prove. In the
other cases we note that the mapping 7 o ¢(-, ) can be taken as the standard
hermitian product defined on K x K. If i = | we obtain % = iR & C and so
N ~ N, the classical Heisenberg Lie algebra.

If i = 2,3 we choose K = H; this way we can construct two different
quaternionic compositions of quadratic forms: g, : H; x B — H and

#a . Hy x H — H. Each is defined by the equation, for X € K] and ¥ € K

pi(X,Y)=X-Y (i =2,3).

We also note that, in the case of uj, there is an inequivalent Clifford module

corresponding to the composition defined by:
pe(X,Y) =Y X XEW,YeH

The Lie algebras with these two (left) compositions will be denoted by M, =~
H, PHand My>H dHE'.

For ¢ = 4,5,6 or 7 we choose K = 0O; the realizations are exactly the
same as for the quaternionic cases. The algebras we get this way are My, Ns, Ng
and M, ~0" 90, 4<i<T

For all the Lie algebras described above the Lie bracket is defined as

follows: given two elements (Z, X) and (Z’, X'} in N,, we have:

HX, X)=X"X

! We will refer to them as resp. the quasi-quaternionic and quaternionic H-type algebras
¥These are the quasi-octonionic and octonionic algebras
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and therefore:

(Z.X),(2, X)) = (Im(X" X),0)),

where /m, i3 the projection of the imaginary part onto the space K?. In doing

so. we get the identity
< (Z, X)X >= Re{ZXX' )= Re(ZX'X)=< Z, 7o (X, X'} >

as required by our definition (2.4).° To prove irreducibility one has to observe
that, since Jz( X} = Z- X there is no invariant subspace. For ¢ = 3 or 7 this is
obvious. Consider : = 2, Then there are two orthonormal vectors in i}, say,
X, and X;. Since ([13], pg.149) Jx,V L Jx,V we get that 1, X, .X;, X, X; are
an orthonormal basis of H and the module is irreducible.

For ¢ = 4 the same argument runs by taking as an orthonormal basis a
subset of {1,.X;,... ., X, X, X,}, I <4, < 4.

The above constructed H-type Lie algebras with centers 3, of real di-

mensions ranging from zero to seven exhaust all possibilities.

An H-type Lie algebra 7 is said to satisfy the J*-condition if ([2]), for any
X €D

(J3) P RWJB)DR)X = (J(3) DR)X.

A characterization of such algebras was given by Koranyi and his co-authors;

here we give another proof of their result:

3n case we choose the right action described before (u(Z,.X) = X - Z), the Lie bracket
becomes: [(Z, X}, (2’ . X")] = (Im(X X"),0).



PROPOSITION 2.1.2 [f an H-type Lie algebra M satisfies the J*-condition, it

is isometrically isomorphic to R™, N}, N or Ny.

PROOF. First we need the observation that the J2-condition is equivalent to
saying that, for any two mutually orthogonal Z, 2’ € 3 and any fixed X € D,

there is always a third element Z” € 3 such that ([2], pg.5)
Jz Jz.rX = Jan (26)

This is trivially verified when dim(3) is either 0 or 1. In case dim(3) = 2,4,5,6
or > 7, we observe ([10], pg. 150) that the dimension of the Clifford module is
larger than dim(3) + 1, so we can find two orthogonal elements of 3 such that
their product lies in the complement of J(Z) in C(m). To see this we have to
observe that the action J;X = Z- X is (in the way stated in the introduction}
a rotation in O(n) (n = dim(3)). U {e¢} is an orthonormal basis of 3 the
action of the J,'s is by rotations by % of U, with the property, for different i
and ) J. X L J., X ([2], pg- 6). If M is irreducible and isomorphic to K7 & K
with 1 = 2,4.5 or 6, the space K being just a subset of the imaginary elements
of K equation (2.6) is not verified for all Z,Z’ € 3: any two unit Z and Z’ in
an orthonormal basis of K! such that Z- 2’ ¢ K; will do. For the quaternionic
and octonionic algebras 93 and N, we get that such a Z” can always be found.
For i = 3 we can take Z” = Z - Z’, whereas in the octonionic case the lack of
assoctativity makes the choice depend on .X, in which case a simple calculation
shows that the equation Z(Z’X) = Z” - X with orthogonal Z and Z’ in 0~

always has a solution Z” for any X in 0. The calculation can be done as
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foilows: if we define {J.,} to be the rotations induced by an orthonormal basis
of 3 = 0" we get that
Z-X=Y aJ. X (2.7)
for some real numbers a, such that w.r.t. the chosen basis: (a;,...,a7}) =
Z. Since n = dim(B) = dim(3) + 1 and < Z,2' >= Re(ZZ') = 0 we know
that Z(2Z’- X) will still be a linear combination of the type ¥ &J., X. So if we
take Z" = (b, b,,...,b7) we have the solution we wanted.
In the case of dim(®D) > dim({3) + 1 the condition < Z, Z’ >= 0 only makes
sure that the elements in the linear combination (2.7) are not just the mul-
tiplication by a real number. This implies that there are two elements in an
orthonormal base of 3, say e, and e; such that their product defines a orthogo-
nal rotation of ¥ which is not given by any of the J,,'s. So that: J, J., & {J., }
and the claim is proven. The same fact can be seen as a consequence of the

following

LEMMA 2.1.3 For XY € D and Z € 2" it holds: Re(Z(XY)}) = Re((ZX)Y)

PROOF. From our construction it follows that (X, X’ € 0): < Z,[X, X'] >=<

JzX, X' >; that is:
Re(Z - Im(XX') = Re((ZX) - X'),
which, since Z is purely imaginary, is equivalent to:
Re(Z - (XX")) = Re({ZX)- X');
And thus, by setting ¥ = X', we get our lemma. {
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If M is not irreducible, it is isomorphic to K; @& K" and therefore the
proven statement will be true for each of the irreducible components K; & K
of 9. If m = 3 or m = 7 the only possibility not already wﬁsidered is that
N =34V, B... V" is obtained using non equivalent actions of 3 on V. These
are explicitely realized in our model by left- and right-multiplication. But since
these operations are not commutative (Z - 2’ # 2’ Z). So the J*-condition

cannot be satisfied. ¢
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Chapter 3

Automorphisms and Derivations

In this section we want to explicitely compute the identity component of the
group of Haar measure preserving automorphisms My(N) of an H-type group
N and its Lie algebra, Derg(), the derivations of ? of trace zero. These were
first studied by R. Mosak and M. Moskowitz in [24]. There they assumed the
quite general connected simply connected nilpotent group had a log-lattice T
(which by Malcev’s results is always the case for H-type groups) and they
studied its stabilizer in Mo(N) defined by:

Stabpyw)(T) = {¢ € Mo(N) | ¢(T) =T}

In [24] (Theorem 2.2.), a criterion was developed which shows when
Stabpnmy(T) is a lattice or a uniform lattice in My(N). This criterion, es-
tablished on the Lie algebra Derg(M) = Lie(My(N)), deals with the radical
R = Rad(Derg(M)) and its maximal nilpotent ideal R, = Rad{Derg{M)).:

1. If R = R,, then Staba,(n(l') is a lattice in Mo( V).
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2. If Derg(M)/R., is in addition of compact type, then Stabpg(ny(I') i3 uni-

form.

Furthermore, this criterion remains valid also in the case we replaced My(N)
by any of its closed subgroups. As we will see this result finds a straightfor-
ward application to the full family of Heisenberg type Lie algebras. Using the
notation introduced for the composition of quadratic forms, will facilitate this

computation.

If we let Dy be the restriction of the derivation to the center and write

Dy for the restriction to its orthocomplement, equation we can write:

Dy([X,Y]} = ad(Da XY ) + ad(X)(DpY) (3.1)

which, because of 2-step nilpotency, simply implies that such a derivation can

be written as an upper triangular matrix of the form:

A B
0 C

D=

where A = D; is a square matrix acting on the center, C = Dg a square matrix

acting on its orthocomlement and B a rectangular block with free coefficients.

Using this we compute the derivations of trace zero for each irreducible
case. If we write down a generic D € Dero(71;) as an upper block triangular
matrix, as above, we realize that in order to compute explicitely the action of

D on the elements of M, (2 < { < 7) we can use (3.1) along with the definition
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of derivation:
A(Im(Y - X)) = Imi(Y -CX) + Imy(CY - X).
In the associative cases the latter is equivalent to the equation:
A(lmi(< X,Y >)) = Imi(< X,(C+CY)Y >)! (3.2)
Where A is a linear transformation of the center of the lie algebra and

C + C* a self adjoint transformation of the orthocomplement.

We will need a property that immediately follows from (3.2):

LEMMA 3.0.4 For A, B and C as above, A + A" = 0.

PROOF. First note that for i = 1 the assertion is obvious, so consider 3 2 i >
1; if we rewrite (3.2) by choosing X =1 and Y = ¢;, where ¢; is any non-real
element of the canonical base of H or 0 such that A(Im((e;}) # 0, by posing
C = C + C* we have:

A(Im(e;)) = Im(C(e;)).
Hence, for any Y = X the equation gives:
0 =< (C+C7)X, X >;

therefore, either C{(X) = A X and in that case A(X)=2-A and D is not of

trace zero, or C + C* = 0 which implies A + A* = 0 That proves the lemma.$

'Here < -,- > stands for either the usual Hermitian or the quaternionic scalar product;
the * is, depending on the context, the conjugate transpose or the quaternionic transpose.
For details see e.g. Adams’ book on compact groups
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It should be noted here that a general derivation the A can be written
as A = A-Id + A" with A’ of trace zero. Using this lemma we can prove
the following result for M} ~ H" ¢ H*. We note here that these algebras
are obtained by using the same composition of quadratic forms as for the
irreducible ones N, and taking a higher dimensional K-vector space for the
orthocomplement of the center: M} = K. ¢ K". Among these H-type Lie
algebras, the ones where i = 0,1,3 or 7, turn out to be the 9-part of the

A D AD N lwasawa decomposition of all simple Lie algebras of rank one.
PROPOSITION 3.0.5 With the above notation:

Derg(m3) ~ sp(1) & sp(n) x R'*"

PROOF. Using the previous lemma we may write: A+ A* = 0andso A € sp(1).
At the same time, if A # 0, by (3.2) the elements of C' will be completely
determined by A.

If A=0,(3.2) becomes:

Im(< (C +C)X,Y >) = 0,

and thus

<(C+CHX,Y >= 0 X.YeX

This means: C € sp(n).

Up to now we have proven that our derivation algebra consists of the

union of two sets (sp(1) and sp(n)) with the nilradical. These three sets are
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Lie subalgebras. For suppose we have two derivations Dy and D; of the type

discussed in the first case of our proof; that means they will be of the form:

D, = Ay B, D, = Az B,

0 Ci(A) 0 Ci(Aq)

computing their Lie bracket we get:

(D1, Do) = 14, 44 ) ;

0 [C1{A1), Ca( A2))

In the case when [Ay, A;] # 0 there is nothing to prove, so we have to show
that if [A), A3] = 0 we get also: [C),Cq] = 0.

But since we have A; € sp(l) = so(3), the two matrices will commute only
if one is a multiple of the other. Since the C, are determined from the A; by

solving a linear system of equations (3.2) and thus:
Cl = CQ - Ald,

which implies that [C}, Cy] = 0. Thus the first set of derivations is a subalgebra

of Derg(M3). If we consider two matrices D, D;, in the second set, we have:

0 *
[Dl, Dzl = '
0 [C),C)

showing that this set is actually an ideal of Derqg(M,).
At this stage we need to point out that the condition tr(D) = 0 is
automatically satisfied for any derivation of M3 (we will shortly that this is

a general fact). Taking the last observation into account it follows that the
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algebra we are looking for is:
Dero(m3) ~ sp(1) @ sp(n) x R*?",
and the proof of the proposition is complete. ¢

The case of 9; > D" b O was studied before in [24]; the non-associativity of

the Cayley numbers forces the second set to vanish:
Derg(My) = so(7) x R™®,

To complete our list we have to produce an explicit realization of the deriva-
tions of trace zero also in the cases when dim(Z(M)) = 2,4.5, or 6. The
argument will run like the ones discussed above. In the case of N; >~ H; B H
the A’s will be elements of s0(2), while the C’s are the same as in the quater-
nionic case.

The quasi-octonionic cases have been computed directly following [24]: the C
is trivial for ¢ = 6,7, whereas for i = 5 and ¢ = 4 the rotation group of 2— and
J—dimensional spaces acts trivially on the center 2.

The complete list of derivation algebras is:

2the computation follows the direct one done by Mosak and Moskowitz.
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Table 1 - Derivations
dim (Z(N)) | H-type Algebra Derg(M)
0 NG sl(n,R)
] NT sp(n,R) x R*™"
p Np s0(2) @ sp(n) x R®"
3 N3 sp(1) @ sp(n) x R1?*
4 Ny so(4) @ so(3) x R?
5 N 30(5) @ so(2) « R4
6 N 30(6) x R*
7 Np s0(7) x R

COROLLARY 3.0.6 Given simple Lie algebra of Heisenberg type M with
8 > dima(Z(M)) > 1, tts Lie algebra of derivations, Derg(N)/R is a Lie

algebra of compact type.

We are now able to state the main resuit of this section.

THEOREM 3.0.7 IfT is a log-lattice in a Lie group N of Heisenberg type, the
lattice Staban)(I') ts uniform if and only if 7 > dim(Z(N)) > 1.

PROOF. In the Lie algebras Lie(My(N,)) with i = 3,4,6,7 the nilradical
coincides with the radical; the quotient Derg(M)/R. is always of compact
type. The above montioned criterion applies directly. For the remaning two

cases we should apply the result of Mosak and Moskowitz to the subgroup of
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Mo( V) obtained by taking the guotient by the compact abelian factor SO(2);

tuen we extend it to the full group of measure preserving automorphisms. ¢

A very important example of non-irreducible H-type Lie algebra can
be constructed by considering the composition of quadratic forms arising by
taking left and right multiplications by imaginary quaternions, say ., and u;:
'Jl;'b =H PH* DH; where the action of H' is by left multiplication on H* and

right multiplication on H® (cf. (31]).

PROPOSITION 3.0.8 Any trace zero derivation D of a Lie algebra of Heisenberg-
type with center of dimension greafer then one and less than eight can be de-
composed as D = Dy - Dy, where Dy is nilpotent and Dy is in a Lie algebra

of compact type.

PROOF. Just consider the derivation restricted to each irreducible component
and apply the result proven in the irreducible case {Corollary 3.3.). ¢

In the case of ‘n;'b this yields: Dero('n;'b) = sp(1) B sp(a) ® sp(b) which
implies the corresponding Mo( N3®) to be considerably smaller than *he group

of automorphisms that is obtained with the irreducible quaternionic group.

3.1 Isometries of H-type groups

In this section we study the isometries of H-type groups and show how their
structure gives a necessary and sufficient condition for the existence of non-

conformal quasi-conformal mappings. From this will follow that quasi-conformal

37



mappings of certain H-type groups must be conformal. Finally we will study
lattices of isometries of a class of solvmanifolds.
Consider an H-type group, N, equipped with the left-invariant metric

as in [2]. Let Iso(NNV) be its group of isometries. Then by ([12], sec. 3):

1so(N) = A(N)x N {3.3)

The group A(/V) consists of those automorphisms of NV whose differen-

tials are isometries of the Lie algebra m:
A(N) = {¢ € Aut(N) | ¢. € Iso(M)}.

In our situation we can see that in the subalgebra Derg(M) of Der(M), all the

elements of the milradical act on a generic element X = (Z,V) € 7 by:

o BY{ z
#X) = = (3.4)
0 0 vV 0

This implies that they are not isometries. We conclude that in the case of
a Heisenberg-type group the Lie algebra of A(N) or A(N)o, the connected

component of A(N), satisfies:

Lie(A(N)) € —

(3.5)

QOur computations will be based on this latter fact. As a result we are
able to deal with groups of automorphisms locally and thus avoid covering
space arguinents which make their appearence in previous work on the sub-

ject (see for example Pansu [27] and Riehm [29]}. Since we are interested in
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the compactness of A(N), and since there are a finite number of connected
components, we can restrict our attention to the identity component of the

automorphism group.

A straightforward computation gives us the complete list of the identity

components of the isometry groups:

Table 2 - Isometries
dim (Z(N)) | H-type Group Iso(N)o

0 NG 50(n) « R"
1 NP U(n) =

2 N} SO(2) - Sp(n) x N}
3 N3 Sp(l) - Sp(n) x N}
1 N} SO(4) - S5p(1) « N,
5 NY SO(5) - U(1) « Ny
6 Ng SO(6) « Ns
7 N} SO(7) x N

We see that all the lattices of isometries will be uniform (all groups here
clearly are ameanable). At the same time, using the results of the preceeding

sections we can prove an analogous statement for My(N):

THEOREM 3.1.1 An irreducible Heisenberg-type group N with center of di-
mension less than eight has both uniform and non-uniform lattices of measure-

preserving automorphisms if and only if 7 > dim (Z(N)) > 2.
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Proor. Equation (3.3) combined with equation (3.5) gives everything we
need to know about lattices in the group My(/N). Given a log-lattice [ C N
we can set:

[ = Stabpya(T) N A(N)o

we obtain lattice in A(N),.

LEMMA 3.1.2 The group A =T x T is a lattice in Iso(N)o.

PROOF. The set A is discrete in /so(N ).

At the same time for every 4 € [

by the definition of stabilizer. Thus [ is a group and therefore a lattice. ¢

In case dim (Z(N)) > 1, the group My(N) is the semidirect product of the a

compact A(/N) acting on N as a group of automorphisms. Such a semidirect

product gives an amenable group and thus all of its lattices are uniform.
Consider now the situation: dim(Z(N)) < 2.

This implies, using the same notation as before: A(N)y = U(n) for N equal

to the Heisenberg group

Mo(N) = Sp(n,R) x R*", (3.6)

The only other possibility is the trivial abelian H-type group Ny ~ R". Here

the isometry group will be:
Mo(N) = SL(n,R) {3.7)
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In these two cases Stabpn)(T) will never be uniform ({24]) and the by the

above lemina our theorem follows.

The last theorem can be reformulated for general H-type groups:

THEOREM 3.1.3 An Heisenberg type group N with 7 > dim(Z) > 2 admls
both uniform and non-uniform lattices of measure preserving automorphisms
if and only if its Lie algebra M ~ 3@ 0 & - - @ D™ is either abelian or ils

irreducible factors are isomorphic to M,.

PROOF. The only thing to note is that the abelian factor needs to be at least
two-dimensional in order to ensure the existence of non uniform lattices in the
group of measure preserving automorphisms. The rest of the arguments is just

the restriction of the previous result to the single irreducible components of

n ¢

3.1.1 Conformal mappings

In his paper ([27]) P. Pansu establishes a result on conformal mappings for
the groups N} and N}. A homeomorphism T : / — U’ between open subsets
of an H-type group is called A-quasiconformal if there exists a real number
A € [l,00) such that for all £ € U, € > 0 and all sufficiently small r there is

an R > 0 such that:
B(Tt,R)C T(B(x,r)) C B(Tz.(A+ )R).

A quasiconformal map ¢ is said to be conformal when A = 1.

This is equivalent to saying that ¢ is quasiconformal and &, is an isometry of
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the Lie Algebra of N times a dilation ([27], pg. 44).
Pansu proves the following result ([27], Corollary 11.2.):

Theorem - A quasiconformal homeomorphism of N} (resp. of N7 ), acting as
mazimal unipolent group of isometries on the hyperbolic quaternionic (resp.

octonionic) symmelric space, is conformal.

Combining our results with those of Pansu we can prove a slightly more

general statement.

THEOREM 3.1.4 A quasiconformal homeomorphism of a simple H-type group
with center of dimension greater than two and less than eight must be confor-

mal.

PROOF. Let ¢ be the homeomorphism, N our H-type group and

N ~ 3 V its Lie Algebra satisfying dim(Z(m)) > 2. By Pansu’s differ-
entiability theorem ([27], sec.VII) the differential exists almost everywhere.
We first observe that ([2], pg.12) that its differential is a grading-preserving

automorphism? of M:

$.(V)C D

By equation (3.4) it is clear that the component with respect to the radical
of any grading-preserving automorphism is zero. This in turn implies, by the

hypothesis and equation (3.5), that ¢. = & + ¢/, where ¢, € Derg(9)/R..

3In fact for the Heisenberg group this follows immediately from the properties of contact
transformations (cf. [19])
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A Id
and ¢” is a matrix of the type ¢” = and therefore

0 A/2-Id

¢ = exp(é.) is a dilation times an isometry, which equivalent to saying that

the map is conformal.

3.1.2 Solvable extensions

Consider the Riemannian solvmanifold obtained as extension 4 « N (AN} of
an H-type group N by its one-dimensional group A of dilations, equipped with
the Iso( N)-invariant metric as in [2]. The connected component of its isometry
group certainly contains all left-translations by elements of the group itself as
well as the compact group A(N)g, the rotations of N. Now take V ~ N:';'b,
with a,b # 0. We will then have: A(N)o = Sp(1) - Sp(a) - Sp(b). The groups
A x N2*® have interesting properties and (when a + b is constant) provide a
class of isospectral non-isometric harmonic manifolds (cf.[31], [4]). We now

prove the following result:

THEOREM 3.1.5 The group of isometries of ANS® is not unimodular unless

a or b is zero and conversely.

PROOF. In case one of the two indices is zero the isometry group is the sirriple
Lie group Sp(n,1) and AN is a symmetric space ([2], section 6) and hence its
isometry group is unimodular.

Otherwise, we claim that the elements in A(/N) are the only isometries that

fix the origin. To see this consider for semplicity the case when a = 6 =1 and
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a geodesic y(t) such that y(0) = e and v'(0) = (X,, X, Z,3) € ‘Jl;‘!'EBQl of unit

norm. These geodesics will have the form ([2], prop. 2.2)
¥(t) = (a1 X + 3Jz X, 32, ca8), (3.8)

where the ¢,’s are functions of ¢ and || Z}|.

Suppose there is an isometry ®, fixing the origin, which “mixes” the
components of N; b belonging to H* and H®; in other words since ¢ permutes
such geodesics, it will induce a map ¢ which acts as an orthogonal transfor-

mation on the tangent space
T.NA) = néa ~ OB QH
Now let, with obvious notation, ¥(t) = ¢ = (X, Z. 3) = (Xa, X4, Z, 5); we get:

d(+(t)) =
B (c1( X Xs) + 2(ZXa, Xs2), 32, ¢43)

= (c1{Palg), Po(9)) + ca( Pz{g)®Pa(g), Pes(g)P2(9)), ca®u(9g))

where the subscripts denote the projections of ® onto A, the center Z and
its complement V; this amounts to a norm-preserving map satisfying both
identities: ®(g-g1) = ®(g)91 and ®(g, - ¢) = g1 ®(g), which is impossible since
by non-commutativity of the quaternions the left and right multiplications
are inequivalent. For the other values of a and b the argument is completely
analogous. Since the group of dilations commutes with fso(/N) the isometry
group is: (A x Sp(1) - Sp(a) - Sp(b))x N3*. Since A acts by measure-distorting

automorphisms this group is non-unimodular. ¢
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By using a variant of the previous argument we can prove directly the

following fact:

PROPOSITION 3.1.6 The full group of isomelries of Awx N}™' is Sp(n,1).

PROOF. We know by looking at the Iwasawa decomposition of Sp(n,1) that
it is generated by AN ™" together with K ~ Sp(1) - Sp(n). By hypothesis
the group AN acts isometricaily by left-translations. The action group of
isometries that preserve e on AN;™! permutes all geodesics in (3.8). Let ® be

such an isometry. If we set ¢ = (X, Z, s)
lgll = (X, Z,s)l| = {|XI| + [|Z]| + |sl =1,

and v a geodesic such that 4'(0) = g. We can consider the map ¢ : H* — H"

satisfying ®(~(0)) = ¢(g); we can write:

O(Y{(t)) = (c1d1(g) + calg,(5)P1(g), cada(g), cada(g)),

where the subscripts indicate the projections onto the first, second and third

component. The map ¢ has to be left-lineer in the sense that:

(- 9) = a1é1(g) VoeH', ) €ER

in order to preserve structure of the geodesics, in addition it has to be norm-
preserving: {lg|l = ||¢(g)||. If we choose ¢ € Sp(n), it is obvious that ® is
an isometry that fixes the identity. The set of all such ®’s forms a group
isomorphic to Sp(n).

The only other maps that send the unit quaternionic sphere in H" into itself
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satisfying the described properties are the ones acting as left multiplications
by a unit quaternion on the complement of the center and by conjugation on
the center of the Lie algebra of ANZ*®. * In this way we get a set of maps

{®,}, for any unit quaternion A, given by:

éh:]HI" —-—']HI“

(X,Z,35) = (AX.h(Z)}h7' 5)))
A simple calculation shows that the induced isometries are:
‘bh(CI‘Y + CgZ - .Y, C;]Z, 048) — (C]}L\’ + (’QJZ-‘}L\’. (";Z'. C.i.i‘ir), (39)

where Z' = hZh™' is imaginary (conjugations preserve real and imaginary
parts) and 3’ = s. This new set of isometries forms a group isomorphic to
Sp(1).

We then get that Jso{ Ax NJ~!) is generated by the subgroups Ax NJ'7!

and Sp(n) - Sp(1); therefore I'so{A x N3~ '} is isomorphic to Sp(n.1) ¢

3.2 Arithmetic Lattices in Rank 1 Groups

In our last section we will obtain an existence theorem on arithmeticity of
lattices in the groups Sp(n.1}, n > 1 and the exeptional group. This will be
done by use of techniques based on our present results together with results

of Borel (on maximal subgroups) as well as those of Kazdan-Margulis on the

‘Here everything depends on the choice that we have to make to give to H" the structure
of a left- or right module over HL.
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intersection of a non-uniform lattice with the N part of the Iwasawa decom-
position, together with the Margulis criterion for arithmeticity envolving the
commensurator of a lattice: a lattice in a semisimple Lie group is arithmetic
if and only it has infinite order in its commensurator.

Let I' C G be a non-uniform lattice. By the results of Kazdhan-Margulis
({28], XI Cor.11.13) ) we have that a suitable conjugate I of I" exists such that
A =T'NN is a lattice in N. We recall that a lattice ' in real Lie group H is
said to be arithmetic if there exists an algebraic group G defined over @, such
that its integer points Gy are mapped by a continuous homomorphism with
compact kernel ¢ : Gy — H onto another lattice I = ¢(I'} such that I and I

are commensurable,

In the case when G = Sp(n, 1) equipped with a Q-structure we observe
that the structure of the measure preserving automorphisms can be used to
prove the result below. A similar argument also works for the exceptional
group, Fy.

Before we state our result we remind the reader of a simple result concerning
simply connected nilpotent Lie groups. Given any lattice A in such a group
N with a Q-structure, it holds that A N Ny has finite index in A and Nz, the
etements of V with integer coordinates. That means that A is commensurable

to Ny (see e.g. {6], pg. 162).
THEOREM 3.2.1 Any non-uniform lattice I' in Sp(n,1) must be arithmetic.

PROOF. Since N is simply connected nilpotent we can assume A = F'NN >~ N;.
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Let K5 be defined as the subgroup of the group of elements of Sp(r) with
integer entries that stabilize A C H* +H""'.* Since A C [' we have that: A-T' =
I'. Now take g € K,, and consider the action ¢y(y) = gy¢~' for vy € . By
writing v = A3, for some A; € A, we have: ¢,(7) = gA17A297". Butsince K,
fixes ', we get ¢,(7) € . This in turn implies Ky C Commg(T'). Obviuosly
A C Commg(T'). Moreover, since the elements of Sp(n); not contained in Ay
are central, they also belong to the commensurator of I'. Since the maximal
compact subgroup K of Sp(n,1) is Sp(n) - Sp(1), with the last factor acting
simply by left translations and conjugations as described in Prop. 3.1.6., we
conclude that the entive group Sp(n, 1), of elements with integer entries -
which is generated by Sp(n)z-Sp(1)g and A- is contained in the commensurator.
Now there are only two possibilities: either Sp(n,1); C I and then, by Borel’s
maximality theorem, I = Sp(n, 1); ({1}, Theorem 7}, or there is an element of
infinite order in Sp(n, 1)y not contained in ['; that implies [[ : Commg(T)] =
oo and that in turn, by Margulis’ criterion forces it to be arithmetic ([23],

chap. 1X). ¢

®This is because a quotient group of Sp{1), the orthogonal group SO(3) =~ Sp(1)/{x1},
acts on H".



Chapter 4

Harmonic Analysis on H-type

Groups

4.1 Motivation and Background

It is a well known fact that, given any two finite abelian groups G, and G; with
the same number of elements |G,| = |G3| = n have isomorphic group algebras.
We will denote with F(G,) (i = 1,2) the convolution algebras of complex-
valued functions in the two groups equipped with the involution f*(g) = flg=")

and the usual product:

fi# fa(s) = %Zfl(‘s'g)fg(g") Vs€Gi, hfae F(G). (4.1)

Any f € F(G,) can be written as a linear combination of the n orthonormal

characters {(\\'} of G,: fi(g) = TFaex{(9). fa{9) = TF aux(g). So (4.1)
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becomes:
l& o
fis fals) = —F abal’(9).
'
implying that both algebras F{G,) and F(G;) are *-isomorphic to D,(C), the
algebra of diagonal n x n complex matrices with the product A- B = AB (for
detailes see e.g. the discussion in [26], pgg. 185 fI.).

In this last chapter we present a short study of this phenomenon in the

context of Lie groups.

4.2 Abelian Lie groups

The first result concerns compact Lie groups;

PROPOSITION 4.2.1 Any two compact connecled abelian Lie groups have iso-

morphic L!-algebras.

PRoOF. Let Gy and G be the two groups and {\\"} {x!¥} their charac-
ters. Let f be a function L'(G,); if we define a; = [, f(g))}iﬂ, the sequence
(ai,az,...) is an element of S(N), the Banach space of sequences {ax} satisfy-
ing: {imy_ax = 0, equipped with the sup-norm. It is a well known fact that
not every sequence in S(M) is in the image of the ®; ([15], pg. 22) . Despite

of that we can still prove the following

LEMMA 4.2.2 The images of ¥, and ®; in the space S(I) coincide.

ProofF. Consider any function f € L'(G,) and let (ay,az,...) be its image

under the map ®,. We can find a sequence {f.} of functions in L*{G,) {and
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since GG; compact also contained in L'(G,)) such that || f— fi{| — 0in L'-norm.

That implies, in the sup-norm of S(N) (see [15], pg. 13):

[1(f) — & (fi)|| — O

Now we have to observe that both ¢, and ¢, are 1 — 1 maps when restricted
to L?. Therefore there is a converging sequence {g;} in L*(G;) that satisfies:
®,(g:) = ®1(/f1); if we denote with ¢ the L! function on G; satisfying lim gx =
g we get that: €(f) = ®,(g); the argument can be proven by switching G,
and G, and that proves the lemma. ¢

The maps ®, : f — (a;,a;,...) are «+-morphisms of Banach algebras:
they preserve the convolution structure (on S(N) the convolution is the same
as defined for the finite group algebras). Thus L}'(G,) ~ ®,(G,) ~ L*(G;) and
the theorem is proven. ¢

The assumpticn of compactness for the Lie groups in the previous

proposition is essential.

THEOREM 4.2.3 Two connected and simply connected abelian Lie groups A,

and A; are 1somorphic if and only if their L'-algebras are.

Pnoor. Suppose that 4; ~ R® and A; >~ R™ with m # n. The irreducible

unitary representations are the exponentials
u,(zr) = exp(t < v,r >),

where v is an element of R" or R™ and < -,- > will be resp. the scalar product

in R™ or R™. All unitary representations can be decomposed as continuous
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sums of the characters u, ({16]). Let A, and A; be the unitary duals of the
two groups equipped with the described topology. There is a 1 — | correspon-
dance between the irreducible unitary representations of the groups and the
*-representations of their L'-algebras; this correspondence is continuous and
therefore since 4, =~ R" and A, ~ R™, by dimension such a correspondence
cannot exist, thus L'(A,) and L!(A;) cannot be isomorphic. ¢ By construc-
tiong the finite-dimensional duals, the same argument can be used to prove
that any two Heisenberg groups Ny and N; cannot have isomorphic L!-algebras

unless Ny ~ N,,

4.3 Two-step Nilpotent Lie Groups

Consider any Heisenberg type group N as defined in [2]. For any g € .V we set:
g = exp(Z) + exp(V) = (Z,V). By [14] we know that the unitary irreducible
representations of N are parametrized by the elements ¢ € Z(9) and each one

of those is equivalent to one of the form:
r(g)F(W) =n,(exp(Z + V))F)(W) = F(W + V)E(s,g, W),

where E is the exponential function defined by:

E(s,g, “;) _ Ci(:.Z)—}I|8||[|[V||’+2{<W,V>+|<!,[V.W]>!), (4 9)

and s and ¢ = o are elements in the center of the Lie algebra M of V; F is

an entire function on the complex space (B, J,} such that

Halk =/F(z)e_u¥£dz < oc.
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All irreducible unitary representations of an H-type group that are not one-
dimensional are equivalent to one of these. Consider now the two non-isomorphic
H-type groups N{*" and N3**, where a and b are any two fixed positive int-
gers. Their structure as H-type Lie groups is defined by taking left and right
quaternionic muliplication {in the first one) and just left multiplication (for
the second). It may be useful to recall here that the difference in the structure
of the two groups is given by the fact that the map J is defined, with obvious
notation, as Ji(Vi, Vi) = (tV,,tV) for N3*® and as J(Vi, W) = (tV,, Vit) for
N:g“'”. The scalar product on the Lie algebra is obtained by polarisation of
the quaternionic norm on the space H* @ H* & H® ~ H" § H**® and therefore is
the same for both groups. In other terms the group structure of N s ob-
tained by “mixing” left- and right-multiplication by an imaginary quaternion
te Z (‘JI:(,“‘M). For simplicity consider the case when @ = & = | and the action
of Z (m!;‘"”) ~ H" is by multiplication on the left on the first quaternionic com-
ponent of U~ H& H and by right multiplication on the second.

Consider now the expression in (4.2):
<W V> i<t [VVW]|>=< WV >-i<JVW>
in the two groups this is equal to either
< (W, W4), (Va, Wb) > +i < (tV,,t13), (Wa, Ws) >
or, case N = N{**).

< (Wa, Wo), (Va, Vo) > 41 < (tVe, Vit), (W, W5) > .
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If we write V" = Vit - tV}, we get:

< (Wo, W), (Va, Vb)) > 1 < (tV,, Wit), (W, W) >=
= < (Wa,Wa) (Vi Vi) > +i < (Vo tV3), (Wa, Wa) > +i < (0, 1)), (0, Wa) > .

This means that the operators in B(H,), produced by the representa-

tion Wsa'b} of Né“'b} are also obtained from a unitary irreducible representation

of N3+
N Z, Ve, V) F(Wa, Wy) = (*YN(Z, Ve, B)F(Wa, W) - <00,
If we put then, for any ¢ = (Z,V,, V) € V&%
i,a+b(g)F( Wu. Wb) = W{n.b}(g))p( Wa. Wb) . eih’(v;_;?,,)

we obtain a unitary irreducible representation of Nj*®. We have therefore

proven the following result:

PROPOSITION 4.3.1 The Lie groups N3** and N;a‘“ have the same irreducible

unttary representations.

Here the same means that given any Bargmann-Fock representation (x, H,)
of N;;"'“, the subalgebra :r(N;“'b)) C B(H.) coincides with the one given by
the corresponding representation % of N3** on the same Hilbert space. It also

has to be noticed that this implies that the respective dual spaces of the two

groups are isomorphic as topological spaces.

From the last result we get:
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THEOREM 4.3.2 The groups N2*® and N;“’” have isomorphic L!-algebras.

PROOF. From the general theory of unitary representations we know that the

left-regular representation of G = N;“'“ written, for any f € L’(Ng“‘”), as:

M) (f(z)) = flg™'2),

can be decomposed as a direct integral of irreducible unitary representations:

o) = [

€

R m(g)(f)dg. (4.3)

The left-regular representation A induces a feithful representation of L'(N;E“'b])

on L3NS = H,:
() = [ f9)Mg)ds.

Since the images of the unitary irreducibles of N2** and N{*"in B(M,) coin-
cide, the representation A* can be viewed also as a *-representation of L'{N3*?)
that produces the same #-subalgebra of B(™,). That implies L'(N3*®) and
LY(N{*) are isomorphic. ¢

Our last result is a simple observation about the radial L'-functions
of the two groups considered before. A function f € L'(N) is said to be
radial if f(g) depends only on the distance of g from the identity. If we write
g=-cezp(Z + V, + V}) = (2,V,,V}) this is the same as saying that f(Z,V;, Vi)
depends only on || Z|} and ||V, + V||

THEOREM 4.3.3 The algebras of radial L*-functions of N3** and N;“‘b) coin-

cide.
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The symbols +; and *;, denote resp., the convolution in L!(N2**) and L(N{*).

PROOF. Let f; and f; two radial functions in LY(N3*?), ¢ = (Z, V., W) and

@1 = (Z;, Vi, W) an element of N3*%:

fi st falg) = - filg1g9) falg™ )dp =

= fw;“' SUZ + Zy + Im(WWV,) + Im(W W), Vo + W, Vi + W) fa(g ™" du
oos JUZ 4 2ot Im(WVe + Im(WiWT TG WALV W,

Wil (W + W)W falg™ i =

/Ni""’ N(Z + Zy + Im(WVa) + Im(ViW), V, + Vi, Vi + WA) falg ™ )dp

= filgng) falg™ Yy = fi s falgn)

(0.}
NJ

In other terms, the convolution structure of the radial functions in the two

groups is the same:

h* falg) = fi »r f2(9) (4.4)
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