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Chapter 1

Grobner Bases of Polynomial
Ideals

1.1 An Overview.

The concept of a Grobner basis for a polynomial ideal, as well as a method
for constructing such a basis, was introduced in 1965 by Bruno Buchberger
[13]. Here, we develop the theory of Grébner bases for a polynomial ideal
with coefficients in a field. We prove the equivalence of several characteriza-
tions of a Grobner basis, and present a constructive procedure for obtaining
such a basis from a given set of generators for the ideal. We also define a
reduced Grobner basis, and prove its existence and uniqueness. We then give
some examples of the use of Grobner basis methods to solve some interesting
problems, and conclude with some brief remarks concerning the complexity
of these methods.

The point of view taken here is that sets of polynomials can be formally
viewed as defining term rewriting systems. For this reason, most of the

proofs are combinatorial rather than purely algebraic in nature. This is in
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part justified by the fact that one of the goals of this research is to gain
insight into the underlying mechanisms in order to develop a usable package

for working with Grobner bases.

1.2 Background.

1.2.1 Term Orderings.

Let ¥ be a field, let X = {z,,z2,...,2,} be a finite set of indeterminates,
and let #[X] be the ring of polynomials in the #;. A monomial or powerprod-
uct is an element of #[X] of the form [, z¥, where the k; are non-negative
integers. A term is the product of a monomial and an element of ¥. A
polynomial written as a sum of distinct terms (i.e., no two terms differ only
in their coefficients) is in simplified sum-of-products form (SSPF). All poly-
nomials will be assumed to be in SSPF.

The degree of the monomial [[%, z5 is T, ki. The total degree of a poly-
nomial f, denoted by deg(f), is the maximum of the degrees of its monomi-
als. deg,;(f) is the highest power of z; among all the monomials of f; i.e.,
the usual degree when viewing f as a polynomial in z;, with coeflicients in
FIXN\ {=}.

We give examples of two specific total orderings on monomials. The
Lezicographic ordering on monomials my, m; is defined by:

m; < m; if there exists ¢ (depending on m;, m;), 0 < t < n, with deg,,(m,;) <
deg,,(mz), and for 0 < ¢ < t,deg,,(m;) = deg;,(mz). For example, in the

bivariate case with y = z;,z = z,:

Iy << 1wz’ € <Ll «y < -
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The Total degree ordering is defined by m; < m;, if either deg(m,;) <
deg(mz), or else, the total degrees are the same, and m; < m,. In the

bivariate case with y = z,, z = z3:
1Lry<Kr2<r ¥ <ryz <r o <r PP Kr Y’z K -+

Following B. Buchberger, we will call an ordering < on monomials ad-
missible provided: < is a linear ordering, 1 < ¢ for all monomials ¢ # 1, and
for all monomials s,t,u, s<t=>s-u<t-u.

The reflexive closure of either the lexicographic or the total degree order-

ings defined above are admissible well-orderings on monomials.

1.2.2 Reductions.

Let < be an admissible ordering on monomials, and let f € F[X]. The
headterm of f, h(f) is the term of f that is maximal with respect to <, and
the reductum of f, denoted by r(f), is defined to be f — h(f). We note that
h(f) is uniquely specified since < is a total ordering on monomials, f is in

SSPF, and f is a finite sum of terms.

If f #0, f induces a relation —}, “reduction by f” on F[X] as follows:

Definition: P, —; P, if and only if h(f) divides some term T of P;, and
T

s

We say that f reduces P, to P,. Equivalently, P, —; P, if and only if

P, =a- h(f) + b, where a is a term, and P, = —a - r(f) + b.

P2=P1—

Example: Let

P, = 4z%® + 2%,
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f = y—z+1.
Then

Py —; 4% +y(2-1)
= 4% +yz—y.

The notation —, is intentionally suggestive, in the sense that —; may
be viewed as defining a partial, nondeterministic rewriting procedure on the
set of monomials. In particular, given polynomials P and f, it is a simple
matter to find a polynomial @ such that P —; Q if such a Q exists, or to
determine that no such @ exists. We may eliminate the nondeterminism
quite easily, and in fact, any computer program will do so implicitly. This
point will be pursued later.

If B is a finite subset of ¥[{X], P, —p P, if and only if for some f €
B, P, —; P,. We will write — instead of —p if the set B is clear from
context. Denote the reflexive transitive closure of — by —* and the reflexive
symmetric transitive closure of — by «<+*. As a notational device, if a — b
(resp. a —* b), then we may write b «— a (resp. b *« a).

The sdeal generated by the set B = {f;,..., f,} is the set

{i;mﬁ=m€?[X] },
i=

and is denoted by Ideal(B).
Proposition 1 If P, =% P, then P, — P, € ideal(B).

Proof: We use induction on the length of the reduction sequence. I the
length = 0, P; — P, = 0 € ideal(B). Suppose P, —; Q. Then P, =a-h(f) +
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b,Q =—a-r(f)+b,and P, — Q = a- (k(f) + r(f)) = a- f. By induction
hypothesis, @ — P, = R € ideal(B). Therefore, P,—Q+Q—-P, =P, — P €
ideal(B).

In general, the converse of Proposition 1 is false. For example, assume
the ordering £ > y > 2 on the indeterminates, with respect to the total
degree ordering, and let B = {f; = z—y, f2 = z—z}. Then y—z € ideal(B),
but y — z cannot be reduced by either f; or f,.

Proposition 2 Suppose < ts an admissible ordering, and a and b are terms.
If a 15 a multiple of b, and a # b, then b < a. Moreover, if a —; p, then a >

any term of p.

Proof: Suppose a = t-b, and ¢t # 1. Then 1 < t, and by admissibility,
b=1-b<t:-b=a. Ifa —; p, then a = t-h(f), for some term ¢,
and p = —t-r(f). Let u be any term of r(f). Now h(f) > u, and so
a=t-h(f)>t-u>t.

Definition: A relation is Noetherian if there is no infinite sequence
P1 - Pz — ...
in which for all ¢, P; # P;y,.

Proposition 3 Let < be an admissible well-ordering on monomsals, let B =
{f1s---s fs} be a finite subset of F|X|, and let — be a relation on F[X] as
defined above. Then — ts Noetherian.

Proof: Suppose there is an infinite sequence of reductions Py — P, — ---,

with P; = P,,, for all 1. Construct a tree as follows: For the root R, take any
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term that is > the headterm of P;, and let the descendants of R be the terms
of P;. For all i, the reduction —, replaces some term a; of F; by a finite
number of terms; the descendants of a; are the terms of —a; - v(f;)/h(fi)-
Since < is admissible, by Proposition 2, each descendant of a; is < a;. We
have, therefore, an infinite tree, in which each node has only a finite number
of direct successors. Therefore, there must be an infinite path leading from
the root. This path is an infinite decreasing sequence of monomials, which

contradicts the fact that < is a well-ordering.

1.3 Grobner Bases.

1.3.1 Definitions.

Let P, P, P2, Q be elements of ¥[X], and let — be a relation on ¥[X],

defined by an admissible ordering < on monomials.

P; and P; are joinable if there exists Q such that P, —* Q *— P, and we
say that P, and P, are jotnable to Q. — is confluent if Py *«— Q —* P, implies
P, and P, are joinable. — is locally confluent if P «— Q — P, implies P;
and P, are joinable. — has the Churck-Rosser Property if P; «* P, implies
P, and P, are joinable. P is in normal form (or is irreducibie) if P—Q
implies P = Q. The S-polynomial S(Py, P;) is defined by

S(Pl,Pz) =n; 'P1 — Ng 'Pz

where

T = l.e.m.(h(Py), h(P,)) and n; = (i=1,2).

T
h(F;)
(l.e.m.(z,y) denotes the least common multiple of z and y.)



CHAPTER 1. GROBNER BASES OF POLYNOMIAL IDEALS 7

Definition: A Grébner Basis for ideal(F) is a finite set F of polynomials
in F[z1,...,2Z,] with the property that —* has the Church-Rosser property.

A Grébner basis for Ideal(F) serves, not to remove, but to compensate
for, the nondeterministic aspects of —,. We will make a precise statement in
the following theorem. Additionally, pursuing the procedural interpretation
of —;, confluence is a quite important property, for this corresponds to a
natural requirement of any algebraic “simplification” system, that even if
there is a choice to be made at some point in the simplification process, this
choice should not affect the final outcome. Of course, the existence of a

“final” state is a consequence of the Noetherian property of —;.

1.3.2 Alternate Characterizations of a Grobner Basis.

We now demonstrate the fundamental result that bridges the purely com-
putational notions of reduction and S-polynomial and the more abstract
properties of term rewriting systems. This result will then serve as the basis

for the constructive portions of the theory.

Theorem 1 Let F = {f},...,f,}. Then the following are equivalent:

1. F is a Grobner basis for I = ideal(F ).

2. =" is confluent.

3. For dll f,g in F, S(f,g) —} O.

4. If P, *«— P —* P, and P, P, are in normal form with respect to —,

then P, = Ps.

Proof: We will show that (1),(3) and (4) are each equivalent to (2).
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(1) = (2) is trivial.

(2) = (1): We use induction on the length n of a reduction sequence
a «*b. If n =0, then a = b, and s0 a and b are trivially joinable. Assume
that either a — z «<* b or a + z <" b. In each case, by induction hypothesis,
there exists u joining z and b. In the first case, ¢ and b are clearly joinable;
a — £ —"* u "« b. In the second case, since @ + z —"* u, and — is confluent,
there exists v joining ¢ and u. Therefore, @ —* v *+ ¢ *«~— b, and so @ and b
are joinable.

(4) = (2): Assume b *« a —* ¢. Since — is Noetherian (Proposition 3),

we can extend these reductions to irreducibles ¥’ and ¢';
bl*(_blt‘_a__}#c__’*c'.

By (4), a can’t reduce to distinct irreducibles, so b' = ¢, and therefore b and
¢ are joinable.

(2) = (4): Suppose P, *— f —* P, where Py, P; are irreducible. P, and
P; are joinable, say to Q. Since P; and P; are irreducible, P, = Q = P,.

We restate (2) => (4) as Lemma 1, as we will refer to it later.

Lemma 1 If — s confluent, then P € F[X] can'’t reduce to distinct normal

forms.

In order to prove the equivalence of (3) and (2), we will employ a the-
orem due to M.H.A. Newman [53): If — is Noetherian, then confluence is

equivalent to local confluence. We first prove some lemmas.

Lemma 2 Let f,g be in F|X]. If f — g —* 0 then f and g are joinable.
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Proof: We show this by induction on the length of a reduction
f-g=a—a—a;—--—ay=0.

If N =0, then f = g. Suppose the result holds for reductions of length < N.
For some P € F, ayg —p a;. P replaces a term that is present in at least one
of f and g; suppose it is a term of f. (The other cases are similar.) Then
f—p [, and a; = f' — g. By induction hypothesis, f' and g are joinable, so

for some Q, f — f' —* Q *«—g.

Lemma 3 Suppose P € ideal(F), and — is confluent. Then there is a
reduction P —* 0.

Proof: We prove this by induction on s, the number of terms of P. Write
P=3%;_,a:f;. Define P, =0,and for 0 < k < s,
k
Pk = Ea.- f,'.
i=1

Trivially, P, —* 0. Suppose there is a reduction P,_; —* 0. Now,
Py — Py = apfr =4, 0,

and so by Lemma 2, there exists @, such that P, —* Q; *«— P;_;. Since
—* is confluent, 0 *«— P,_; —* Q; implies that 0 and @, are joinable; i.e.,
Qi —" 0. Therefore, P, —* Qr —* 0.

We may now prove (2) = (3). If f,g € F, then S(f,g) € ideal(F). By

Lemma 3, there is a reduction S(f,g) —*O0.

Lemma 4 If, for every pair of polynomals fi, f; € F, the corresponding
S-polynomial S(fy, f2) —* 0, then — is locally confluent.
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Proof: Suppose P, *«— P —* P,. By Lemma 2, it is sufficient to show that
P, — P; —* 0. There are 2 cases to consider: (1) f; and f; replace the same
term of P; (2) fi and f; replace different terms of P.

Case 1: P =ga-t+ b where a and t are terms, b is some polynomial, and

for some terms n;,n,,

t = Le.m.(k(f1), h(f2)) = nih(f1) = n2h(f2).

Fort1=1,2,
a-t = a-n;-h(fi)
— —a-n;-r(fi)
= a-n;-(h(fi) - fi)-
Therefore,
P-P = a-(ng-h(fs) —ni-h(fi)—n-fo+n,-fi)
= a"S(flaf2) ‘
—* a-0
= 0,

by hypothesis, and the admissibililty of <.

Case 2: For some terms e;, e¢; and some polynomial b,

P = eh(f1) + e2h(f2) + b,
P — —elr(fl) + ezh(fz) + b= Pj,and
P — elh(fl) - Czr(fz) - b = Pz.

Now, P, — P, = e1f1 — e2f2. This can fail to be reducible by at least one

of the f; if and only if h(f;) has “cancelled”. This can occur in one of two
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ways: Either e;h(f1) = ezh(f2), or for some ¢ # j,e;h(f;) = some term of
e;r(f;). The first alternative has already been treated as case (1), since P is
assumed to be in SSPF. So, assume e;h(f2) = eja, where a is some term of
r(f1) (i-e., k(f2) is cancelled). Now, h(f1) > a, and since < is admissible,
erth(f1) > e1a = e2h(f;) > any term in eyr(f2). Therefore, h(f;) cannot have
also cancelled. So at least one of fy, f; must apply to P, — Py; say f;. Then,
again using the admissibility of <, P2 — Py = e1f1 — €2f2 — —ezf2 — 0.
The remaining case (3) => (2) now follows from Newman’s theorem and

Lemma 4.
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1.3.3 Construction of Grobner Bases.

If I is an ideal in F[X] given explicitly by a finite set B of generators, then
I has a Grobner basis. Lemma 4 suggests a constructive proof of this. The
essential idea is that if f; and f; are in B, and S(f;, f;) —% ¢ # 0, then
S(fi,f;) =5 0, where B' = BU{a}. In algorithm GB below, the role of
L is to keep track of the pairs of polynomials for which the corresponding

S-polynomial has not been shown to reduce to 0.

Algorithm GB:
Input: B := {f1, fas.-., fs}
Output: a Grdbner basis F for ideal(B).
begin
F := B;
L:={(fi,f;):0<i<j<s+1}
while (L # ¢ ) do
begin
Remove the first pair (f;, f;) from L
Compute S(f;, f;) and reduce this to an irreducible element a.
if @ # 0 then

begin
5 1= s+1;
fs 1= a;
F:=F U{f.};

L:=LU{(fi,fs):t=1,...6 -1}
end
end
end
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Theorem 2 Algorithm GB produces a Grébner basis for ideal(B).

Proof: We show that this algorithm terminates, and that upon termination,
F is a Grobner basis for ideal(B).

Termination: Let Fy = B, and define F,, to be the value of B after B
has been extended for the n** time. Let H, be the ideal generated by the
leading powerproducts (i.e. the headterms without their coefficients) of the
elements of F,,. We consider |F| and |L| as the “loop variants”, where |z|
denotes the cardinality of the set z.

If L is not empty, then by Proposition 3, the reduction of the S-polynomial
will produce an irreducible element a after a finite number of steps. There
are two possibilities:

(1): @ =0, in which case |L| decreases by 1, and |F| is unchanged.

(2): a # 0: In this case, |L| and |F| both increase. The old value of F is
F,, for some n. Since S(f;, f;) —* a, with respect to the reductions induced
by F,, and a is irreducible, clearly kh(a) is not one of the generators of H,.
Since H,, is generated by powerproducts, we also have that h(a) is not an
element of H,, and therefore H, is properly contained in H,;.

By the ascending chain condition on ideals in #[X], case (2) can only
occur finitely many times, and the algorithm terminates when |L| = 0.

Correctness: We have 2 loop invariants for the body of the WHILE loop:
(1) ideal(B) = ideal(F), and (2) L consists precisely of those pairs of basis
elements of F' whose S-polynomials have not yet been proven to reduce to
0. (1) holds easily because only S-polynomials are added to the basis, and
these are already in the ideal(B). (2) is clearly true before entering the loop.
Suppose (f;, f;) is the pair of polynomials removed from L. S(f;, f;) —* a,
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where a is irreducible. If ¢ = 0, then (2) remains true at the end of the loop.
Ifa #0, S =} a —, 0. Now, F is replaced by F|J{a} before finishing the
pass through the loop, and so (2) also remains true in this case. The loop is

exited only when L is empty. By Lemma 4, F' is a Grobner basis.

1.3.4 Reduced Grobner Bases.

We have just shown that a Grobner basis for a polynomial ideal provides a
means of constructing a set of unique normal forms for polynomials modulo
that ideal. We will show later that a Grobner basis also may be used to
solve a very fundamental question regarding an ideal, that is, the question of
membership in that ideal. Since a Grobner basis for an ideal has such useful
properties, it is natural to question whether or not an ideal has a unique
Grobner basis. It is easy to see that the answer is “no”, as it will be shown
that if B is a Grébner basis for an ideal I, and g € I, then BJ{g} is also a
Grobner basis for I. However, it is possible to define the notion of a reduced

Grobner basis, which is uniquely determined by the ideal.

Definition: B is a reduced Grdbner basis for I = ideal(B) if and only if B
is a Grobner basis for I, and Vf € B, f has leading coefficient = 1, and f
is in normal form modulo B \{f}.

We show first that an ideal I possesses a reduced Grobner basis, and we
present an algorithm for its construction. We then show that it is uniquely

determined by I.

Lemma 5 Let B be a Grobner basis for I, f € B, g € B, and P —; R.
Suppose f —, f'. Define B' = BU f'\ {f}. Then there ezists Q such that
P —% Q< R.
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Proof: If g replaces h(f) then, whenever — is applied, we can instead apply
—, . If g replaces some other term of f, then we may apply —; instead of
—; . For simplicity of notation, we will assume g replaces h(f). We show

that there is an f-free reduction P —* Q.

Define P = By, R = Ry. We will inductively define sequences P;, R;,+ > 0,
as follows. By hypothesis, Po —* Ry. If P; »* R; is not f-free, then there
exist z;,y; such that

P - z; —;y; ' R;
where P; —* z; is f-free, and also, P;;; «—; z; =" R;. Therefore,

Piyy =" Riyy " R;.

Choose ¢ minimal such that P; —* R; is f-free. Now, ¢ > 0 since Py —;

Ro. By construction,
P=PF 'z —=, P —'zy =, Pp—"--- P, >" R,
is an f-free reduction to R;, and
R=Ry—~" By~ >" Ry,
which proves the lemma.

Proposition 4 If B is a Grébner basts for an ideal I, and g € I, then B U{g}

1s also a Grobner basts for I

Proof: By Theorem 2, it is enough to show that for any f € B, S(f,g) —% 0.
Now,
S(f,g) = mi-f—nz-g
n
ny - f—ne- (O aifi),

i=1

Il
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which is in I. By Lemma 3, there is therefore a reduction S(f,g) —% O.

Lemma 6 Let B be a Grobner basss for 1, f,g € B, f —, f', and define
B' = BU{f'}\ {f}, as in Lemma 5. If P —} P', with P' irreducible, then
P —).B' P'.

Proof: By Proposition 4, BU{f'} is also a Grébner basis for 1, and P —* P'
with respect to this larger basis as well, since by Lemma 1, P can’t be reduced
to distinct irreducibles. As in Lemma 5, either ~, or — is applicable any

time —; is, and again applying Lemma 1, P —}, P'.

Theorem 3 Suppose B ts a Grobner basss for I, f # g € B, and f —, f'.
Then B' = (B\ {f}) U{f'} is also a Grobner basis for I

Proof: If f — f', then for some term a, f' = f —a-g, so we have easily that
ideal(B) = ideal(B'). By Theorem 1, to show that B' is a Grébner basis, it
is enough to show that every S-polynomial reduces by B' to 0. If fy, f2 are
in B, both different from f, then S(f;, f2) —§ 0. By Lemma 6, there is an

[-free reduction, so S(fy, f2) —§ 0. Now,

| S(flsf') = (f—-ag) -n;— f1-ng

for some monomials ny,nz. This is in ideal(B), so S(fi1,f') —5 0. Again

using Lemma 6, this can be replaced by an f-free reduction.

Corollary 1 If B 1s a Graobner basis for the ideal I, then we can construct,

from B, a reduced Grébner basts.

Proof: Take f € B, reduce f modulo B\ {f} to f', and replace f by f'in

B. By Theorem 3, B remains a Grobner basis for I after each reduction step.
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Repeat this until each f is irreducible modulo B \ {f}, and then normalize
by replacing each polynomial
n 1 8
2afi by =3 aifi.
i=1 o
To show that this must terminate after a finite number of steps, we note that
|B| is finite and constant. Each f; may only be replaced a finite number of

times, since —* is Noetherian.

Theorem 4 -If ideal(B) = ideal(B') and B and B' are reduced Grébner
bases, then B = B'.

Proof: Let H,H' be the ideals generated by the head-monomials of B, B’
respectively. We first show that H = H'. Let a € H, a = h(f). Since f € B,
and ideal(B) = ideal(B'), f —} 0. So, there is some ¢’ € B' such that h(g')
divides h(f), and therefore some a' € H' divides a. We therefore have the
following: Every element of H is divisible by some element of H', and vice
versa. Also, no element of H (resp. H') divides any other element of H
(resp. H'), since both B and B' are reduced. Take h, € H. hy = ¢k}, and
either h} = czhy or k] = c2he. The second case implies that ke divides ky,
contradicting the fact that B is reduced. The first case implies that ¢;¢; = 1.
Since the leading coefficients are all 1, this implies k; = hj.

Now, rename the elements of B if necessary so that h(f;) = h(Jf), for
fi € B, f] € B'. Consider f; — f!. This is in ideal(B), so there is some f;in
B that reduces f; — f]. Now, if f; — f} is not O, fjmust reduce a term that
was either in f; or f]. Since B was a reduced basis, f; cannot reduce f;. But,
if f; reduced f, then f! would also have reduced f}, since k(f;) = h(f}).

Therefore we must have f; = f}.
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1.4 Applications.

1.4.1 Deciding Membership in a Polynomial Ideal.

We shall show how Grobner basis methods may be used to resolve one of the
most fundamental decision problems involving polynomial ideals — deciding

membership in the ideal.

Theorem 5 Let B = {fy,...,f,} be a finite subset of ¥[X], I = ideal(B),
P € F[X]. There is an effective procedure for deciding whether P € I.

Proof: Let B' be a Grobner basis for I. Reduce P to a normal form P’ with
respect to B'. We show that P € I if and only if P' =0.

From Proposition 1, we already know that if P —}%, O, then P € I.
Suppose, then, P € I. Since B' is a Grobner basis, —* is confluent, and so
from Lemma 3, there is some reduction P —* 0. Now, 0 is irreducible, and

by Lemma 1, P can’t reduce to distinct irreducibles, so P = 0.

Theorem 6 If P € I, there 1s an effective procedure to determine ay,...,a,
in F|X]| such that

P=Za:a,~f.-.

i=1
Proof: First, we show how to express elements of B' that were not in B
as ¥|X]-linear combinations of elements of B. If f is a new basis element,
f = S(f;, fi), reduced to normal form, and we assume inductively that the
expressions for f; and f; as linear combinations of elements of B are known.
Now, S(fi,f;) = fi-ni — fj -nj, and if g =4, ¢', then g’ = g— 2 fp, for

some term 2. So, by “remembering” the appropriate n;,n;, and z at each
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stage of the Grobner basis calculation, we can express this new f in the form

i=1 Gifi.

Now, since P € I, we can find a sequence gg,¢1, - -.,9, of elements of B’
such that

P=PF, =, Py —y, =, Po=0.
For each i, (i=1,...n), Pi_; = P; — z; - g;, where z is computed in the course
of the reduction. By simple back—substitution, we obtain
Po=P, - il 2igi
i=

and therefore, P = 3 %, zg;.

Theorem 5 can be strengthened to provide another characterization of a

Grobner basis:

Theorem 7 A subset B C I ts a Grébner basis for an tdeal I if and only tf
p—p0 < pel.

Proof: We have already proven (=>) in Theorem 5. Assume then that
p 25 0 < p € I. To show that B is a Grdbner basis for I, it suffices
to show that for every pair f,g € B, S(f,g9) —} 0. But S(f,g) € I, so by
hypothesis, S(f,g) —3 0.

1.4.2 A Basis for the Kernel of a Polynomial Ring Ho-
momorphism.

We consider the problem of constructing a basis for ker ¢, where ¢ is a
homomorphism between two polynomial rings over a field ¥, and which is
the identity on ¥.
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We first state a result attributed to W. Trinks [60]:

Theorem 8 (Trinks) Let I C F[z1,...yZm,Y15---,Yn] be an ideal, and let
B be a Grobner basss for I with respect to a lexicographsc ordering <, where
PN< <Y<y <o < Ty

Then BN #[y1,...,Yn] 15 @ Grobner basis for IN F[y1s- .., Yn).

Theorem 9 Let ¢: F[z1,...Tm| — F[t1,...,ts] be an algebra homomor-
phism, given by ¢(z;) = vi(t1,...,ts) (£ =1,...m), and ¢(a) = a (Va € 7).

Then there is an effective procedure for constructing a basts for ker ¢.

Proof: Let X ={z;,...,Zn}, T = {t1,...,tn}, and factor ¢ as
é=¢'i: FIX] < 71X, T) 25 7(T)

where ¢ is the natural inclusion, ¢'(z;) = ¢(z:;), ¢'(t;) = t;, and ¢' is the
identity on F. Let I be the ideal generated by {z; — uy,...,Tpn — U} in
F[X,T], where u; = u;(T). Let B be a Grdbner basis for I with respect to
the lexicographic ordering < on monomials, and the ordering z; <« -+ <«
Ty KLt € +++ K ¢, on the indeterminates.

Clearly, ker ¢ = F[X]Nkerd'. We assert that ker ¢' = I. By definition of
&, I C ker ¢'. Suppose ¢'(f) = 0. We may write f = g+ k, where g € I and
h = h(t,...,t,). To see this, suppose f = g + h, with g € I, and suppose
some z; appears in some term of h. Then h = z;-a+b = (z;—u;)-a+u;-a+b,
and therefore f = (g-+(z;—ui)-a)+u;-a+b. Now, u;-a+b has at least one fewer

occurrence of an z; than h, and so we may repeat this with u;-a+b, until there
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are no more z; terms in k. Now, 0 = ¢'(f) = ¢'(g) + ¢'(k) = 0+ h, since ¢" is
the identity on #[X]. Therefore, h = 0, so f = g € ideal({z; — w(T)}) = I,
proving our assertion.

Now, ker ¢ = F[X]n ker ¢', and so it follows from Trinks’ Theorem that
F[X] N B is a Grobner basis for [ X] NI = F[X] N kerd' = kerg. |
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1.4.3 The Word Problem for Commutative Seinigroups.

Mayr and Meyer [49), citing the work of H. Simmons [58] have shown that the
word problem for commutative semigroups may be reduced to the problem
of deciding membership in a polynomial ideal. Qur definitions and treatment
of this reduction are taken from [49].

Let S = {s1,...,8.} be a finite alphabet. A semi-Thue system over S
is a finite set of productions l; — r;, where l;,r; € S*. A word § € §* is
dersved in one step from a € S* via the production (I; — r;) € P, denoted
by (a — B(P)) if and only if for some v,6 € S*,

o = Al;6 and B = 4r;é.

As usual, —* denotes the reflexive transitive closure of the relation —, and
a dersvation of a, € S* from ao € S”* is a sequence @y — a; — «+- — Q.

A Thue system or semigroup presentation is a symmetric semi-Thue sys-
tem P; by which we mean that (| —» r) € P = (r — 1) € P. In a semigroup,

since — is symmetric, derivability defines an equivalence relation =, given
by
a=p(P) <= a—"p(P).

A commutative semigroup is a Thue system P in which
(Vs,t €8), (st —ts) € P.

Let &: 8*x {1,...,w} — N denote the Parikh mapping, defined by ®(a,) =
the number of occurrences of s; in a.
Let X = {z1,...,2,},and let P = {&; = B; ({ = 1,...,w)} be a finite

commutative semigroup presentation, with &;,0; € X* (¢ = 1,...,w). We
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identify e € X* with the unary monomial a = z7®%... 789 and define
Iz(P) and Ip(P) by

Iz(P) = {zw:g.-(ﬁ.-—a,'):g.-GZ[X] (i=1,...,w)} and

=1

Ip(P) = _{ig.-(ﬂ.- —0;):0:€Q2[X] (¢ = 1,...,w)}.

i=1
Iz(P) and Iy(P) are the ideals in Z[X] and Q[X], respectively, generated
by the polynomials {f; — a,...,8w — au}.
The following two lemmas, which Mayr and Meyer attribute in part to H.
Simmons [58], establish the reduction of the word problem in a commutative
semigroup to the problem of deciding membership in a particular class of

polynomial ideals. Their proofs may be found in [49].
Lemma 7 If a = B(P), then § — a € Iz(P).
Lemma 8 If f — a € Ig(P), then a = B(P).

1.4.4 Some Basic Complexity Results

Let B = {f1,...,fm} be a set of polynomials in two indeterminates. Buch-
berger has shown that an upper bound on the number of steps of the Grobner
basis algorithm is 3 - (m +2- (D +2)?)*, where D is the maximum degree of
the polynomials in B [62].

In the case of three indeterminates, F. Winkler has proven that an upper
bound for the degrees of the polynomials generated during execution of the
Grébner basis algorithm is (8D + 1) - 2¢, where D is the maximum degree of
the f;, and d is the minimum degree of the f; [62].
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T. Dubé has proven [20] that if B is a set of polynomials in n variables,
with degree at most d, then a reduced Grobner basis for ideal(B) has degree
at most 2((d?/2) + d)*""".

Mayr and Meyer have shown in [49] that the word problem for finitely
presented commutative semigroups is exponential-space complete, and that
this word problem is log-lin reducible to the membership problem for poly-

nomial ideals.

D. T. Huynh has proven [34] that for every positive integer n, there is an
ideal basis B with O(n) cardinality such that any Grobner basis equivalent
to B has degree and cardinality at least 22°.
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1.5 Grobner Basis Computations

The problem of computing a Grébner basis has been proven to be intractible
in general. This is not too surprising, given the scope of fundamental prob-
lems that are easily reducible to problems that can be solved using Grébner
basis methods. However, problems of significant size have been shown to
be solvable using Grobner basis methods, and as a result, the calculation
of a Grobner basis is becoming a standard tool in the computer algebra
repertoire.

Several computer algebra packages (Macsyma, Scratchpad I, Mathemat-
ica, Maple) now provide support for Grobner basis computations. As a gen-
eral rule, the broader the scope of a computer algebra package, the less
efficient it tends to be at any one task. The goal of creating a comprehensive
integrated environment is certainly reasonable, but so is the maxim that any

program “should do one thing, and do it well.”

While doing research for this thesis, the author first implemented a
Grobner basis algorithm for polynomials in Q[X], using the muMath com-
puter algebra system, on an Apple Ile microcomputer. It was no surprise to
find that that this implementation was far too slow to be of much use, other
than to help determine that the immediate performance bottleneck was the

headterm calculation.

The second implementation was written using Pascal, using data struc-
tures that facilitated headterm computations. Arbitrary precision integer
arithmetic was not implemented, due to time and space constraints, and so
due to coefficient blow-up, some computations could only be performed with

coefficients in Z/pZ (p prime). This version was ported to the IBM-PC,
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whose 8087 coprocessor provided extended precision integer arithmetic, en-
abling larger problems to be solved over Q. This implementation was fast
enough to enable testing of various applications and speed-up heuristics.

An unexpected side-effect of this system was its convincing demonstration
that full-featured, general-purpose systems may just be inappropriate for real
computations. The calculation of the implicit form for Enneper’s surface is
an example of moderate size; the Grobner basis computation took 12 minutes
on a 6-Mhz IBM-AT; the same computation was cancelled after 15 minutes of
CPU time (several hours real time) on an IBM mainframe computer, running
Scratchpad II.

1.5.1 A Modified Grobner Basis Algorithm

Because of the inherent difficulty in computing a Grobner basis in gen-
eral, any implementation typically attempts to make use of heuristics. The
microcomputer-based Grobner basis system described above has been exten-
sively used to perform variable elimination (an application of Trinks’ theo-
rem). We discuss two modifications to Algorithm GB presented above that
made these calculations feasible in a few minutes on a microcomputer. Some
examples of nontrivial computations are provided below; these give a rough

indication of the size of the problems that these methods can handle.

“Headterm” Reduction

In the Grobner basis construction given earlier, each S-polynomial is reduced
to an irreducible element a, which is added to the basis if and only if a # 0.

By the definition of reduction, any term of @ may be reduced. We obtain a
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modified algorithm by insisting that only the headterm of a be considered for
reduction; this is referred to as “headterm” or “weak” reduction. The proof of
the correctness of the Grobner basis algorithm remains valid, since headterm
reduction only potentially misses some O-reductions, possibly increasing the
size of the basis. However, in this possibly larger basis, all S—polynomials
reduce to 0, and hence, it is a Grobner basis.

In order to obtain the (unique) reduced basis, headterm reduction is
insufficient. In [GROBNER2.PAS], the construction of the reduced basis is
carried out as a second step, using “strong” reduction, after the generation
of the Grdbner basis.

In practice, the effect of headterm reduction is dramatic. The term “re-
duction” is perhaps misleading, in the sense that if f —, f, then f' may
contain more terms than f. There is a tradeoff between a faster 0—reduction
and smaller intermediate polynomials, but in practice, the latter has a defi-
nite advantage.

We wish to point out that the notion of headterm reduction is closely

related to yet another characterization of a Grébner basis. [20,14,26]

Theorem 10 A subset B of an tdeal I C F[X] is a Grébner basis for I if
and only sf
Vp € I, 3f € B such that k(f)|k(p).

A Modified Lexicographic Ordering

Given an ideal I C F[X], it is faster to compute a Grobner basis with respect
to the total degree ordering on monomials than with respect to lexicographic

ordering. When the purpose of computing a Grobner basis is to eliminate
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variables from a system of polynomial equ'ati;)ns, the lexicographic ordering
is appropriate. However, in some cases we may know how many variables we
are trying to eliminate. We call this nqmber ¢ the cutoff.

1'[,_13: is a term, write m = m,; - my, where m; = [, zH,
and m; = [I%.,, z¥. Let < and <r denote lexicographic and total degree
orderings, respectively. Define m < n if either m; ¢ n,, or m; = n,;, and
my; <L  n,.

For example, in the computation involving Enneper’s surface in the fol-
lowing section, we expect to eliminate u,v, and obtain a polynomial in z,y, 2z
alone, and so we order the indeterminates by u > v > 2 > y > 2, and define
the cutoff ¢ = 2. Assuming headterm reduction, this ordering guarantees

that each reduction step lowers the total degree in u and v.

1.5.2 A Geometric Example

In this section, we present an example involving a non-trivial Grobner ba-
sis computation. This example arose in connection with both the author’s
work in mathematical computer graphics, and in extensive conversations
with Debe Bednarchak about minimal surfaces.

In CAD (“Computer-Aided Design”) and other areas of computer graph-
ics, curves and surfaces are typically represented in parametric form. Some
problems are more easily handled if the implicit form for the surface or curve
is available.

For example, ray-tracing methods for surface rendering (with hidden
surface removal) are based on determining the points of intersection of the

surface to be displayed with a family of rays having a common source. Re-
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gardless of the actual method used to find, for each ray, the point of inter-
section closest to this common source, one needs a way of deciding whether
or not a point p = (zg, Yo, 20) € E® is actually on the surface. If the implicit
form for this surface is F(z,y, z) = 0, then F(p) # 0 implies that p is not on
the surface. Usually, ad hoc conditions, depending on the surface, are used
to deal with the case F(p) = 0. (For example, if the surface is a sphere,
F(p) =0 if and only if p is on the sphere.)

We emphasize that the geometric context should be seen simply to serve
as a motivation for the example presented. (It should also be pointed out that
developing a reasonably fast, interactive package for drawing these surfaces,
including resolving the hidden-surface removal problem on a microcomputer,

is in itself a fascinating problem.)

Suppose a curve C in Q2 is given by
C={z=u(t), y=v(t) : (t € Q)}.

We assume the coordinate functions are polynomials in . By an “implicit
form” of C, we mean simply a function F(z,y) such that F(u(t),v(t)) is
identically 0. Le., if p = (u(¢0),v(t0)) is a point on C, then F(u(to),v(t0)) =

0. Analogously, if a surface S in Q3 is given by
S ={z = f(u,v), y=g(u,v), z=h(u,v) : (u,v € Q)},
then by an “implicit form” of S, we mean a function F(z,y,z) such that
F(f(u,v),g(u,v), h(u,v)) is identically 0.
To find the implicit form of a curve, we view the parametric equations for

the curve as defining a homomorphism ¢: Qz,y] — Qt]. If F(z,y) € ker ¢,
then F(u(t),v(t)) = 0, and this is precisely what we want. We use the
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method described in Theorem 9 to find a basis for ker ¢. The implicitization

problem for a surface is handled in an analogous manner.

Implicit Form for Enneper’s Surface

The following well-known result from differential geometry concerning mini-
mal surfaces provides the setting for the first example. A concise survey may
be found in [31].

Theorem 11 (Local Enneper—Weierstrass representation) Let D be
a simply connected domain in the complez plane, f(z) an analytic function,

and g(z) @ meromorphic function on D. Then
z(p) = Re([ (1-0(2)1(2) 2)
z(p) = Re (i [ (1+9(2))1(e) d2)
za(p) = Re ([ 27(e)o(e) de)

is a conformal minimal immersion of D into RS.

The surface defined by choosing f(z) = 1, ¢(2) = 2 is known as En-
neper’s surface. By letting po = 0, p = u + tv, the Enneper—-Weierstrass

representation provides the following parametrization of this surface:

1
zi(u,v) = u-— §u3 + uv?
z2(u,v) = v— %vs + vu?
zs(u,v) = u®—0v®

The smplicitization problem consists of finding a function F' such that

F(z,,z2, z3) = 0. It will be convenient to rename {z,, z2, zs} as {z,y, z}. The
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goal then is to eliminate the parameters u,v from the system of polynomial

equations

1
z = u,--§u.3+u.v2

y = v— %vs + vu?
z = ul-dh
We proceed by trying to find a polynomial F(z, y, 2) in the ideal generated
by
{u—-;-u3+uv2—z, v—%v3+.vu2-y, uz—vz-—z}.

Using Trink’s theorem, it suffices to compute a Grobner basis for this ideal
using the lexicographic ordering on monomials, with respect to the ordering
u>v>zx>y> 2 Asstated above, we use an “elimination” ordering, with
cutoff=2. A Grdbner basis corresponding to this ideal is given in Figure [1].

The graph of Enneper’s surface is shown in Figure [2].

[B1] + 1u? — 1% — 12

[B2] + 1u®—3u —3uv? + 3z

(B3] + lu?v + 1v — 1v3 — 1y

[B4] +1uv? — luz+ 3u— 3z

B5] +1v°+3vz+3v—3y

[B6] + 1v%z — 3u? + Juz + Sv® — Svy + 322
[BT] + 1luvz + fvz — 3uy

[B8] + luvy — 2uz? + 2uz — 2z2 — 1vlz
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[B9] + luvz — 2v2? — 2vz + 1yz — 1viy

[B10] + luzz + lvyz + luz + 12% — 1oy — 1y? + 22° — 22

[B11] + 1u2® + Hyzy — 2uy? — 3uz® + 922% — Suz? + 222

[B12] +1v2% + 2uz? — gy + 3v2? — Syz? + 2uy® + 2yz

[B13] + 1v%2? + 2uz2?® — 2uzz + 2272 — 2uy2? — 2vyz + 1Y%z — 1v?y?
[B14] + 1uz® + Ruz2? — 32222 — Loy2? + Jy?2? + £2° — 82° — 2uz?y +
2uzy’ — 1%z — lvy® — 1y22

[B15] + lvz?yz + Lzt — Buzy? — PRuzz? + Dz?22 + Tvzly + luy®z — 3y* +

s2,. 8, 128, 2 52.2.2_ 8 .6_ 40,5, 7.2.8_1.2.8, 8 4, 1.2
VY2 + VYL — Y 2 — 35 ¥ — Rt 5T — YL + 2 g2 +

5 40 8
S22+ 4958 — BugS 4 laty? 4 Lyys

[B16] + luzy* + Jvzty — SRvzlyz? — Vlz%y22? — 1valy® + Faly2z -

8,.4,2 176,22 1024, 4 688 2.4 , 7T.4.2 _ 266, 4 _ 160,72 4
g1T 2"t G uny 2" + g ure’ — 735%°2" + 57y°2" — 235vy2" — ey +

64 ,8 , 820 7__ 56 2,5, 80 2.6 _ 64 6_ 56,2, 8_ 16,2 8 _ 38205 _
G561 T ege1? — 72T 2 T 1ag¥ 2 — 3257 —mTE — ¥ E — 7397

64,,3,2 1,5 1,4, __ 64,8, _ 64,4 64, .2 128,22 .
510U 2 sVY Y 2 — uT2 — 51272 + GuTiYyz + H T2

O _ 405,24 , 2187 4.2 , 720 6 , 218742 , 405,24 , 729 4, _
[B17] + 1= Lt + Ayt + Y+ Aty TRyt - Gt

120,22, 27,2,6 1 27,2,6_ 248,2,5_ 243,92 5—-18z7—135z“z3—3159 2

729 —_ 27 3169 .2,2,3 __
szzyz 4 4yz 4xz 4yz szzyz

1215 2187 243 729 243 729 2187
Teoy's’ — iplats? + P00 + Ryta + 1Py2 + 8120 — 000 — sty

[B18] + 1vzfy — 6z%y*2? — LuyPa? — 314822 + BBy420 4 1882,453 _1uz?yS +

2222 + loy” + D282 — Lugtyz? — Lziy?a? — 1ozty® — Batylz —

8 6,2 _ 688,.4,4 _ 1280

8 2,,4 _ 1888,2 2 4 , 64 2,8, 820 2,7 _ 56 4,5
27L 23T 2 243 VT Y2 ZY2" + g + z°z z°z

243 2187 243
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2,5 _ 2624,2,6 __ 1528 4,8 2464 2,2 320,2,5 _ 2,3,2_ 64, .5,
gy 2t — 3828220 . B plpd U228 — 304225 16vaPyS2® — Suztz
H1%2 + Buztyz + L2422 — Llusdy?z + Llua?yss + Lo2y2,2 — 102,053 4

1024, 2 2048 2 4 __ 2560 4 IS8ty 12828 7 _ 5248,2,.6
e vziyz® + 243’” 2 — Ty’ — Ryt + ey # T 21873’ 2" — v’z

2:Y°2° — Rusy'z + Puifz + PPy’ — FRuzy®S + FPuy®s + TR

Figure [1]): Grébner basis corresponding to the paramteric form of En-

neper’s surface. The implicit form appears as [B17].

Figure [2]: Enneper’s surface.

The computation of this Grobner basis took approximately 3 minutes
on a 25 MHz IBM-compatible 80386 PC, with an 80387 math co-processor.
This particular computation has served as part of the validation suite when

testing new versions of the Grobner basis calculation routines.
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It should be pointed out that [GROBNER2.PAS] has been unable to
obtain the implicit form for the minimal surface defined by choosing f(2) =
1, g(2) = 2?, as the heights of the rational coefficients of some of the terms
in the intermediate polynomials involved in the calculation become too large

(more than 17 digits). Two views of the graph of this surface are shown in
Figure [3].

1)

Figure [3]: The minimal surface obtained by letting f(z) =
1, g(2) = 2%. In the view on the right, the portion of the surface

lying outside a sphere of radius = 1.6 has been removed.
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Implicit Form for a Lissajous Curve

Let C be the curve given by z(t) = cos(3t), y(t) = cos(5t). Despite the fact
that the coordinate functions are not polynomials in the parameter ¢, they
may be viewed as polynomials in cos(t) and sin(t), which themselves satisfy
the Pythagorean identity, which is a polynomial relation.

Let u = cos(t), v =sin(t). Then z = u® — 3uv?, y = u® — 10u3v? + 5uv,

and u? + v? = 1. We consider the ideal I generated by
{u® — 3uv? — z,u® — 10u%® + Suv* — y,u? +v2 —1},

and try to eliminate u,v, by computing a Grobner basis for I with the

ordering u > v > z > y > z on the indeterminates.
The unique polynomial in the Grébner basis in F[z,y] is

zs_ézs.*.iz_ls_'_é_
T3 Tt T3 T e

This Grébner basis took 2 seconds to compute, running [GROBNER2.PAS]
on a 25 MHz 80386 PC, with an 80387 co-processor.

This is a relatively easy Grobner basis computation, but it is related to
a computation that remains a challenge. Let S be the surface given as a

1-parameter family of spheres, whose centers lie on the curve in Q3 given by
z(t) = cos(3t), y(t) = cos(4t), 2(t) = cos(5t).

The graphs of C and S are shown in Figure [4].
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i

Figure [4]: The graphs of the curve C = (cos(3t), cos(5t)) and the
envelope of the 1-parameter family of spheres centered around the
curve z(t) = cos(3t), y(t) = cos(4t), 2(t) = cos(5t).

The Grobner basis method has been successful for finding the implicit

form for the “tube—surface” when the curve is a circle; i.e., the surface is a

torus. However, to date, knottier problems, such as this, blow up.



Chapter 2

HNN Extensions

2.1 Introduction

In this chapter, we deal with problems relating to certain classes of HNN
extensions. HNN extensions were introduced by G. Higman, B.H. Neuman,
and H. Neuman in 1949 [30], and are among the basic constructions of com-
binatorial group theory. The HNN construction arises in algebraic topology
in the context of presenting the fundamental group of an arcwise connected
space to which a “handle” has been attached. We will, however, be consid-

ering these groups from a purely combinatorial perspective.

The problems we will consider are the word problem and the conjugacy
problem. The word problem for a group G is to decide whether a given word
w in the generators of G defines the identity element of G. The conjugacy
problem for G is to decide, given words u and v in G, whether there exists
a word z € G such that u = z~'vz. If such an z exists, we say that v and
v are conjugate, and denote this by u ~ v. The word problem is easily seen

to be a special case of the conjugacy problem, in which v = 1, and so it is

37
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to be expected that the conjugacy problem for G will be harder, in general,
than the word problem.

We first present the general groundwork on which our study of HNN
extensions is based. We then focus attention on certain subclasses of HNN
extensions, and investigate the complexity of the corresponding word and

conjugacy problems.

2.2 Background

The following definitions and fundamental results are based on [46] and [50].

Definition: Let G be a group, let {H;: ( € I)}, {K;: (¢ € I)} be families
of subgroups of G for index set I, and let {®; : H; — K; ({ € I)} be a family
of isomorphisms. The HNN eztension with base G, stable letters {a; (f € I)}
and associated subgroups H; and K; is the group

G'= ( G,a; ; a,-"lhga,- = Q‘(h.) (h, € H;, t € I) )

It is understood that the set of stable letters is disjoint from the set of
generators of G. A stable letter a; and its formal inverse a;! are called a
matched stable pair.

Higman, Neumann, and Neumann proved in their original paper that G
is embedded in G* under the mapping g — g. J. L. Britton [12] subsequently
proved a fundamental result that, together with this embedding thecrem,
may be used to reduce the word problem for an HNN extension G* to the
word problems for the base group G and the associated subgroups H;, K; (i €
I).

We first define a reduced sequence.



CHAPTER 2. HNN EXTENSIONS 39

Definition: Let { g; (z = 0,...n)} be elements of G* which contain no

occurrence of either g;; or ai‘jl. A sequence

[

go, as:’ g1, -“a:,':: gn (nZO)

is said to be reduced if there is no consecutive subsequence a,-‘jl,g,-,a.-j, with

g; € H;,, or a.-,.,g,-,a;;.‘, with g; € K;,.

Lemma 9 (Britton) If the sequence go, @}, g1, ... ai%, g (n > 0) 45
reduced and n >0, then go-a;! -g1---a{" - g, #1 in G.

Suppose a word w = 1 in G*. If w does not contain a stable letter, then
the embedding of G in G* implies that w=1in G* ifand onlyif w = 1in G.
If, on the other hand, w contains a stable letter, then according to Britton’s
lemma, a matched stable pair may be removed from w. This removal of a
matched stable pair, by application of the appropriate relator, is termed a

reduction, or a pinch.

Definition: A P-reduction of a word w is the application to w of one of

the following:
1. replace a subword of the form a;lga; by ®;(g) (g € H;)
2. replace a subword of the form a;ga;? by ;%(g9) (g9 € K;)

The P-projection of a word w € G* is the image in G* of w(w), where 7 is
the homomorphism defined by 7(G) =1, #(a;) =a; ({ € I). w and w' are

said to be P-parallel if their P-projections are equal elements of G*.
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Britton’s lemma and the embedding theorem can be seen to provide an
algorithm for solving the word problem for G*, assuming the generalized
word problems for G and the associated subgroups H; and K; (i € I) may
be effectively decided. Let w € G*. We may assume w is freely reduced. If
w contains no stable letters, then simply apply the decision procedure for G.
Otherwise, look for a subword of either the form a,,-‘j1 -g; - a;; with g; € H;,,

or of the form a;; - g; - a

,,,1, with g; € K;;; i.e., a subword whose presence

indicates that the corresponding sequence for w is not reduced. If no such
subword can be found, then w is not 1, by Britton’s lemma, and we are
done. Otherwise, replace the subword by ®;.(g;) or by (I>,TJ,1 (g5), respectively.
Freely reduce, and obtain a word w'. Recursively apply this procedure to
w'. Since each replacement eliminates two stable letters from w, this process
must terminate.

This procedure is clearly effective. In order to reduce the word problem
for G* to the generalized word problems for G' and the subgroups H; and K;,
(which we assume to be effectively decidable), we must first detect a matched
stable pair, in which the letters are adjacent in the P—projection; this is
a straightforward pattern-matching problem. We must also decide if the
subword between these letters is in the appropriate associated subgroup; this
is accomplished by solving the word problem in either H; or K;. Replacement

and free reduction are also straightforward.

In order to deal with the conjugacy problem for HNN extensions, we will
make use of a theorem due to D.J.Collins, known as Collins’ Lemma {50].

We first provide some more definitions.

Definition: A word w = goaf! ++-a{"gn (n > 0) is reduced if the sequence
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gos @5ly-..0", gy, is reduced.

Lemma 10 Letu = goa.ﬁl‘ -+ ai"gy andv = hoaf-l‘ eee af,': h,, be reduced words,
and suppose u = v in G*. Then n=m, and a;} = aJ[:, (k=1...n). (Le., if

two reduced words in G* are equal, then they are P-parallel.)

Proof: Since u = v,

-1 __ er,.. e -1 ~fm ., = p-1 _
vl =go @ ---ai" gn b} a7 a;t by =1,

and so some P-reduction must be possible. Now, u and v are reduced, and
so the only subword of uv™! to which a P-reduction can be applicable is

a"goh;ta; ™ ; this implies that af" = a7/~

n Im

. We may repeat this process,
removing one stable letter from both u and v~! at each iteration. If n # m,

say n > m, this process would yield an equality
1=goaf---a ghy* (k> 0),

contradicting the fact that u was reduced. 1

Definition: Let z € G*. The stable length of z, ||2]|, is the total number
of occurrences of stable letters and their inverses in any reduced word of G*
which represents 2.

The fact that ||z|| is well-defined follows directly from Lemma 10.

Definition: A word w = goa]} ---ai"g, is cyclically reduced if all cyclic

permutations of the sequence go, af!,...,a{"g, are reduced.

Proposition 5 If w € G*, and P-reduction is effective, then we may effec-

tively produce z € G* such that z is cyclically reduced, and w ~ z.
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Proof: Let w;,...w, be the list of all cyclic permutations of w. If Vi, w;
is reduced, then we may let z = w. Otherwise, suppose w; is not reduced,
and that w} is the word formed by applying a P-reduction to w;. Now,
w ~ w; = w}, since w is conjugate to any cyclic permutation of itself. We
now recursively apply this procedure to w}. Since ||w}|| < ||w]|, this process

terminates in a finite number of steps. |

Theorem 12 (Collins® Lemma) Let
G = ( G,q; ; a,-'lh.-a.- = q).'(h,') (h, €EH;, 1€ I) )

be an HNN extension, and let v = a!g; -+ ai"g, (n > 1) and v be conjugate
P-cyclically reduced elements of G. Then ||u|| = ||v||, and u = z~1v*z, where
v* 1s @ cyclic permutation of v starting with a}, u and v* are P-parallel, and

{H,- ife;=1, and
ze .
K,’ tf e; = —1.

Collins’ Lemma provides a natural framework for solving the conjugacy
problem for general HNN extensions [50]. This will be discussed in detail

later in this chapter.
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2.3 The Word Problem for HNN(Z)

We now consider a class of HNN extensions in which the base G is the
infinite cyclic group (b; ), the index set I is finite, and none of the associated
subgroups H; and K; are trivial. This class is called HNN(Z) in [5]. We note
that the presentation in this case is considerably simpler. For each stable
letter a;, the subgroup H; of G is infinite cyclic, and we may choose p; > )
such that H; = (b";). Each stable letter also introduces only one relator, as
®; is determined by its action on b%. Define ¢; by &;(b*) = b%. Then G*

has presentation
G* = (b,a;; a7 WPia; =% (iel)).

2.3.1 A Turing Machine for the Word Problem

In this section we present a Turing machine that solves the word problem
for the class HNN(Z) of HNN extensions with several stable letters, and for
which the base group is the free group of rank 1. We prove the correctness
of this Turing machine, and prove a basic result regarding the complexity of

the word problem for these groups.

We will be referring to the program listing Word_Problem_Machine, pro-
vided below, in which certain crucial begin-end blocks have been numbered.
It is understood that a loop consists of iterated execution of a block, and so
the labels {-n-} in the program can be used to refer both to loops and to
blocks.

We provide a brief overview of the program notation. Each tape is bi-

infinite, with one read/write head, and is implemented as a Pascal object.
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A tape responds to a message by changing its internal state variables, or in
the case of sym, returning a value (namely, the symbol currently scanned by
the read/write head). The notation for message passing is the same as that

used to reference a field of a record.

For example, if T is a tape, then in our notation:

T.Move(Left) moves the read/write head of T one cell to the left.

T.WriteAndMove(Blank,Left) writes a blank in the currently scanned cell,

and then moves the read/write head of T one cell to the left.

T.Sym is the currently scanned symbol on tape T.

We prove the correctness of function Word_Problem Machine by present-
ing appropriate loop invariants. Loop invariants, according to S. Baase {9,
page 15], are “conditions and relationships that are satisfied by the variables
and data structures at the end of each iteration of the loop.” The proof
given here is an informal proof, in light of the formal proof methods for
while programs such as this. [47]

Word_Problem_Machine uses 6 tapes, I,A,S,R,T,U. These variables are
global. We now list the crucial components of Word _Problem_Machine, along
with the preconditions and postconditions to which we will be referring in

the correctness proof for Word Problem Machine.
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¢ Word_Problem_Machine

Preconditions: The read head on the input tape I is positioned over
the leftmost non-blank symbol, if there is one. I may be blank.
R contains the symmetrized set of relators for the HNN group
G. S, A, T, and U are initially blank.

Postconditions: Word_Problem_Machine returns TRUE if the input
word defines the identity in G, and returns FALSE otherwise.

Tapes used:
I (the input tape)
S (a stack containing the processed input)
A (the P-projection of S)
R (the tape containing the relators)

T,U (worktapes used in the rewriting process).

45
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function Word_Problem_Machine :boolean;
var x, alpha,beta :symbol;
begin {-1-}
x := I.Sym;
while x <> blank do begin {-2-}
if FreeMatch(x,S.Sym) then Freely_Reduce(x)
else begin {-3-}
S.Push(x);
if x in Stable_Letters then begin {-4-}
if not FreeMatch(x,A.Sym) then A.Push(x)
else begin {-5-}
A.Push(x); message(’free stable match’);
S.Move(left);
beta := S.Sym;
repeat
S.Move(left);
T.Push(beta)
until S.Sym in Stable_Letters;
alpha := S.Sym;
Scan_R_Tape(alpha,beta);
while T.Sym in Base_Letters do begin {-6-}
while (R.Sym in Base_Letters) and
(T.Sym in Base_Letters) do begin {-7-}
T.WriteAndMove(blank,left) ;
R.Move(right)
end; {-7-}
if not (R.Sym in Base_Letters) then begin
Apply_Relator;
if T.Sym = blank then Pinch

end
else Clean_Up { Too few b’'s to pinch. }
end; {-6-}
end; {-5-}
message('Rewind R’); R.Rewind;
end; {-4-}
end; {-3-}
I.Move(right); <{ Advance Input }
x := I.Sym;
end; {-2-}

Word_Problem_Machine := S.Sym = blank;
if S.Sym = blank then Accept else Reject

end; {-1-}

46
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o FreeMatch

FreeMatch(x,y) is true if and only if x and y are inverse symbols of each
other. FreeMatch is kept representation—dependant for simplicity, but
it is clear that the decision that it makes could be simply incorporated

into the Turing machine’s finite state control.

function FreeMatch(x,y :symbol) :BOOLEAN;

begin :

FreeMatch := (odd(y) and (y-1
(odd(x) and (x-1

x)) or

y))

end;

¢ Skip_To_Next_Relator
Preconditions: R.sym is the leftmost symbol of a relator.
Postconditions: R.sym is the leftmost symbol of the next relator on r.

Tapes Affected: R

procedure Skip_To_Next_Reiaﬁor;
begin
R.Move(right);
while not (R.Sym in Stable_Letters ) do R.Move(right);
R.Move(right);
while not (R.Sym in Stable_Letters ) do R.Move(right);
end;

¢ Scan_R_Tape
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Preconditions: R.Sym is the leftmost non-blank symbol on R. There is a

unique relator on R beginning with ab.

Postconditions: R.Sym is the leftmost base letter on the LHS of the relator

abla~1b"
Tapes Affected: R

procedure Scan_R_Tape(alpha,beta :symbol);
begin
{ scan R for alphabet[alpha]+alphabet[beta] }
while R.Sym in Stable_Letters do
begin
if R.Sym <> alpha then Skip_To_Next_Relator
else begin
R.Move(right);
if R.Sym <> beta then
Skip_To_Next_Relator
else { don't move. }
end
end
end;

¢ Clean_Up

Preconditions: U.sym is the rightmost non-blank symbol on U. U contains

b™, where b is a base letter. S.sym is a — the first syllable of the subword

of s that is a candidate for “pinching”.

Postconditions: S.sym is the rightmost non-blank symbol on S. U is empty.
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Tapes Affected: S, U

procedure Clean_Up;
begin
message(®Too few b'’s to pinch.’);
while U.sym <> blank do { Erase U }
U.WriteAndMove (blank,left);
while S.sym <> blank do { Reset S }
S.Move(right);
S.Move(left);
end;

¢ Pinch

Preconditions: S.sym is a - the first syllable of the subword of s that will be
pinched. U.sym is the rightmost non- blank symbol on U. U contains

b™, where b is a base letter.
Postconditions: S.sym is the rightmost non-blank symbol on S. U is empty.

Tapes Affected: S, U, A
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procedure Pinch;
begin
{ S.sym is currently the leftmost symbol of the }
{ 3-syllable subword that is about to be replaced.}
message('Pinch; remove top 3 syllables from S°);
S.Move(right); { use this as a marker }
while S.sym <> blank do { Clear to end of tape 1}
S.WriteAndMove(blank,right);
while S.sym = blank do { return to placeholder }
S.Move(left); \
S.WriteAndMove(blank,left); { erase placeholder }
message('now transfer contents of U to S°);
while U.Sym <> blank do
begin
if Freematch(S.Sym,U.Sym) then S.Pop
else S.Push(U.Sym);
U.WriteAndMove(blank,left)
end;
message('remove the stables from a.');
A.Pop; A.Pop;
end;

e Apply_Relator

Preconditions: r.sym is the stable letter to the left of the LHS of this
relator. U.sym is the rightmost non-blank symbol on U.

Postconditions: R.Sym is the leftmost base letter on the LHS of this rela-

tor.

Tapes Affected: U, R
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procedure Apply_Relator;
begin
message('Copy RHS of relator to U.');
R.Move(right);
while (R.Sym in Base_Letters) do
begin
U.Push(R.Sym) ;
R.Move(right) ;
end;
message(’skip back to beginning of this relator’);
repeat
R.Move(left)
until (R.Sym in Stable_Letters);
repeat
R.Move(left);
until (R.Sym in Stable_Letters);
R.Move(right);
end;

‘o Freely Reduce

Preconditions: A, S have the stack property. x and S.Sym are free inverses

of each other. A and S are P-parallel.
Postconditions: A and S are P-parallel.

Tapes Affected: A, S
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procedure Freely_Reduce(x :symbol);
begin
message (' freely reduce’);
S.Pop;
if FreeMatch (x,A.Sym) then
begin
message (*Also freely reduce A stack’);
A.Pop;
end;
end;

Theorem 13 Word_Problem.Machine solves the word problem for G.

Proof: We suppose that the input word w is on tape I, and that R contains

the symmetrized set of relators for G. Suppose G has presentation
G = (b,ay,...,a,; a;b%a;l=bli).
For each relation ab®a~! = b, we create 4 rewriting rules:
ab’a”t = b, ab~tar = b7, a7 bla — b, a” b Ta — b0

Assume that the subroutines work as documented; i.e., that the precon-
ditions are met when the routines are called, and that the postconditions are
satified upon exit. (These are separate lemmas, proof of which will not be
given, since this is not going to be a formal proof.) By an abuse of language,
we will identify a tape with the group word represented by the non-blank

symbols on that tape, provided the tape contains at most one contiglious
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block of non-blanks. A blank tape represents the empty word. If T is a tape,
then [T'| denotes the number of non-blank symbols on T.
We claim that the following assertions regarding Loop 2 are loop invari-

ants:

Al: S is freely reduced
A2: S is P-reduced; i.e., unpinchable.

A3: S + (the unprocessed input on I) = w, viewed as words in G.

(“+” is used here to denote concatenation.)

A4: A is the P-projection of S

Before proving these assertions, we will show how the correctess of the

algorithm follows from these invariants.

At the beginning of each execution of block 2, z is the next input symbol
to be processed. Precisely one input symbol is processed for each execution
of block 2, and processing halts when the input is exhausted. This guarantees

that block 2 of Word Problem_Machine is only executed finitely many times.
We claim that, after the final execution of block 2, S is empty if w =1

in G. Suppose S is empty. By assertion (A3), since there is no input left to
process, w = 1 in G, where as usual, we identify the empty word with the
identity element of G. Suppose S is not empty, and w =1 in G. By (A3),S =
1 in G. There are two cases to consider. If S contains a stable letter, then by
Britton’s lemma, S contains a matched stable pair which can be pinched; but
this contradicts assertion (A2), that S is P-reduced. If S does not contains

a stable letter, then S is equal to the identity element in the free subgroup
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of G generated by the base letter b, and since S is not the empty word, S is
not freely reduced, contradicting (A1). |

Initially, these assertions are true at the beginning of the program. We
will show that these assertions are true after each execution of block 2, and
are therefore true loop invariants.

Write S = uy, where u is a word, and y is a single symbol, possibly a
blank. We assume that the 4 loop assertions are satisfied, and that x is the
next symbol to be processed.

There are only two places in the algorithm in which the contents of S can
change; the béginning of block 2, and the “pinch” step. We will show that
the assertions remain valid under these changes.

Consider first the beginning of block 2. Exactly one of 2 changes occurs
to S:

e ify=z"1,Sis réplaced by u
o if y #£ 71, S is replaced by uyz = Sz.

We consider each assertion in turn.

Al. Since S is freely reduced, so is U, and if y # 71, then sz is also
freely reduced.

A2. We may only observe here that no attempt to pinch will be made
unless x is a stable letter, and we will not know whether or not S can be
pinched until we execute block 5. By looking at the beginning of block 4, we
see that we will not attempt a pinch unless S = uz~1*" for some subword

u. Note that we are using the fact that A and S are p—parallel.

A3. This is trivial; If S = uy, and the unprocessed input = zv, then
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(uy)(zv) = u(yz)v.

A4. Observe that procedure Freely Reduce preserves the property that
A and S are p-parallel. If no free reduction occurs, note that z is pushed
onto S, and then, at the beginning of block 4, z is pushed onto A, regardless
of the outcome of FreeMatch(x,A.Sym).

Summing up these observations, assertions A1,A3, and A4 are preserved
at the beginning of block 2, and block 5 will be executed if and only if
S = vaf"a~l, where v is some word, possibly the empty word, « is a stable
letter, B is a base letter, and n > 0.

The heart of the algorithm is the loop executing block 6. The beginning
of block 5 copies the base letters in the top three syllables of S onto T, and
positions R’s read head over the leftmost base letter on the left-hand side of
the unique applicable relator.

So, prior to entering loop 6, the following conditions hold:

1. S =vaf"a”! (v is some word)
2. A is the p—projection of S

3. T=p"

4. U is empty

5. R contains the relator affa~18", and R.sym is the first 8 in the
left-hand side of this relator.

If n = gL, for some positive integer g, then we will replace s = vaf"a?
by vb?. Loop 6, therefore, is seen to decide the generalized word problem
for the subgroup (b; %) of the base group (b; ). Furthermore, while deciding

membership in this subgroup, the program builds up the word 47" on the
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tape U, as a side effect; this simplifies the rewriting of S, in case a pinch is

possible.
Claini 1 Block 6 s executed at least once.

Proof: T contains no stable letters, so block 6 is executed if and only if
|T| > 0. If |T| = 0, then the top two symbols of S would constitute a
matched stable pair. This is impossible, since these would have been freely
reduced. (Assertion Al.)

Claim 2 Whenever block 6 is ezecuted, block 7 is ezecuted at least once.

Proof: Prior to execution of block 6, R is scanning the first § in the left—
hand side of a relator. On each pass of loop 6, except for the last, R.sym is
repositioned here by procedure Apply_Relator. |
Let q be the number of times block 6 is executed. Since block 7 decreases
|T", block 6 will be executed only finitely many times. By Claim 1, ¢ > 0.
Loop 7 erases m = min(|T|, L) symbols from T, and writes these m

symbols to U.

Claim 3 After executing loop 7 (q-1) times, |T| = n — (g — 1) - L, and
Ul=(¢g—1)-r.

Claim 4 After executing loop 7, “not (R.sym in Base_Letters)” is true if
and only if m = L.

Proof: R.Move(right) in block 7 is executed m times. R is initially positioned

over the first 8, so after m moves, if m < L, then R is scanning a § on the

left-hand side of the relator; if m = L, then R is scanning o1.
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Claim & Ajter ezecuting loop 7, if R.sym $s a base letter, then T.sym =
blank.

Proof: This follows from the fact that T contains only base letters and
blanks.

Claim 6 At the start of the ¢** ezecution of block 6, |T'| < L.

Proof: Block 7 is executed whenever block 6 is, and block 7 only removes
L symbols from T. If |T| > L, then block 6 will be executed more than q

times, contrary to the definition of q.

After the ¢** (and final) execution of loop 7, we will know whether or not

it is possible to pinch S. According to Claim 4, there are 2 cases to consider:

case 1. m = L. Apply_Relator is invoked once more, and adds r 8’s to

U, while erasing m ’s from T. Therefore,

IT| = n—(¢g—1)L-L=0=>n=gqL
Ul = (¢g—1)r+r=gr

Since |T| = 0, T.sym = blank, so the program will pinch. As we pointed
out before, pinching should occur if and only if n = qL.

case 2. m # L. Then m = |T| < L (by definition of m), and so |T| < L.
Therefore L does not divide n, and so we do not pinch.

In either case 1 or case 2, the work tapes will be cleared, and S will be
restored to stack status.

We now return to the discussion of the loop invariants. If “Pinch” is not
executed, then S is not changed, so there is nothing to say regarding A1,A3,
and A4.
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Suppose Pinch is executed. A3 is satisfied because Pinch applies a group
relator to a word in G. Pinch removes the top two stable letters from S and
also from A; since A4 was initially true, A4 is true after pinching. Al was
true before pinching, and since free reduction takes place while transferring

the contents of U to S, Al is true after pinching as well.

We are assuming inductively that prior to processing the symbol z, S =
vaf"” could not be pinched. In particular, v was unpinchable. After pinching,
S = vaf?, which can be pinched if and only if v can be, since pinching
removes stable letters. We have just shown that the program will pinch
S + z if and only if n is a multiple of the length of the approriate relator; if

pinching does not occur, then S + z is the new contents of tape S. 1
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2.4 The Conjugacy Problem for the Class VA

A group G is said to be a VA-group if G admits a presentation
G =(b,a; ¢;'Wia;=b% (i€, p; >0,q >0,andged(p;, ) = 1) ),

VA-groups are also known as groups of vector addition systems, or simply
veclor groups.

Decision problems for these groups have been investigated by Anshel [5,7],
Anshel and Stebe [8], Hurwitz [33], and more recently, Tretkoff [59]. The
connection between group-theoretic investigations and reachability problems
for vector addition systems was shown by Anshel in 1976.

We will show that the conjugacy problem for a VA-group G is effectively
reducible to the problems of (1) integer factorization, (2) determining the
existence of a solution to a system of linear Diophantine equations, and (3)
deciding the word problem in a commutative semigroup.

Remark: A program developed by the author, [HNNZ7.PAS], imple-
ments a solution to the word problem for HNN(Z). It is based on the Word
Problem Turing machine presented in [TMO22.PAS], and has proven to be
quite useful in the study groups in HNN(Z).

The word problem in a commutative semigroup is reducible to a Grébner
basis computation and subsequent reduction to normal form. These compu-
tations have been implemented by the author in [GROBNER2.PAS)|.

The problem of solving a system of linear Diophantine equations may
be reduced to the problem of diagonalizing an integer matrix, as discussed
in [37]. A program based on the method in [37, page 179] for finding the

elementary divisors of an integer matrix, along with the associated change of
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" basis matrices, has been developed by the author [EDNF16.C]. Frumkin [23]
and von zur Gathen and Sieveking [25] have presented polynomial time algo-
rithms that solve this problem. Improved algorithms are given in [40,17,35].

We again use a Pascal-like syntax for presenting the algorithm. Words
in G are represented as sequences of syllables, where a syllable is either b to
some power, or a stable letter or its inverse. For example, b%,a71,672,a is an

allowable sequence, but a2, b%,a? is not; the latter sequence is represented

1

as al,a7L, b, q,a.

The algorithm uses the syllable and group_word data objects that have
been implemented in [HNNZ7.PAS). Associated with these data objects are

the following functions and methods:

¢ Member functions and procedures:

w.syllable_length is the number of syllables in the group_word w.

w.cycle cyclically permutes w; the first syllable of w is removed and

placed at the end of w.

w.P_Reduce applies all possible free reductions and P-reductions to
w. Its implementation requires only simple pattern-matching and

substitution.

w.syllable(n) is the n'® syllable of w.

o Predicates:

u.P_Reduced is true if and only if u is P_reduced.

Conjugate(u,v) is true if and only if v ~ v.
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StableLetter(s) is true if and only if the syllable s is a stable letter,

or the inverse of a stable letter.

P_parallel( u,v ) is true if and only if v and v are P_parallel.

2.4.1 Collins’ Lemma

As mentioned earlier, Collins’ Lemma may be seen to describe a process for
deciding whether two words in G are conjugate. The functions Conjugate
and Collins taken together implement this procedure. By Collins’ Lemma,
if v and v are conjugate and P—cyclically reduced, then ||u|| = ||v]; i.e., they
have the same stable length. If u ~ v and u contains a stable letter, Collins’
Lemma further asserts that v is conjugate to some cyclic permutation of
v that is P-parallel to u, by an element of the base group — in this case,
(b3 ). The role of function Collins is to consider all the cyclic permutations
of v that are P-parallel to u, and for each P-parallel pair u,v, determine
if the group equation u = b~ "vb" has a solution n € Z. Collins(x,y) is
true if and only if there is a solution corresponding to at least one of these

permutations.

Collins’ Lemma does not apply in case ||u|| = 0. This case, however,
has been shown by Anshel [5] to be reducible to the reachability problem for
self-dual vector addition systems, which is reducible to the word problem for
commutative semigroups, and which, in turn, has been shown by Mayr and
Meyer to be reducible to the problem of deciding membership in a polynomial
ideal [49).

This last problem is dealt with extensively in the chapter on Grobner

bases. The function reachable, which will be discussed in detail below,
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handles the reduction of the |jul| = O case to a problem of deciding member-

ship in a polynomial ideal.

function Conjugate(u,v :group.word) :boolean;
(¥ Given u,vE€G, is u~v? *)

var x,y :group-word;

begin
x := P_Cyclically_Reduce(u);
y := P_Cyclically Reduce(v);

if |izf| # [lyll then
Conjugate := false (* by Collins’ Lemma ¥)

else
if ||z|| =0 then
Conjugate := Reachable(x,y)
else
Conjugate := Collins(x,y)

end;

function Collins(x.y :group-word) :boolean;
var i,n :integer;

solution_found :boolean;

begin
n := y.syllableLength;
i:=0;
solution_found := false;

while ( (i < n) and (not solution_found) ) do
begin
if StableLetter( y.syllable(1) ) then
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begin
if P_parallel( x,y ) then
if exponent._equation( x,y ) then
solution_found := true
end
else begin
y.cycle;
i:=13i+1;
end
end
end;

In “P.Cyclically Reduce” below, N counts the number of cyclic permu-
tations of u that have been verified to be P-reduced. Clearly, if the while
loop terminates, then P_.Cyclically_Reduce is correct, by definition of cycli-
cally reduced. To see that the loop terminates, note that whenever N is reset

to 0, ||u]| decreases by 1.

function P.Cyclically Reduce(u :group_word) :group_word
var N :integer;
X :group_word
begin
X = u;
while N < x.syllableLength do
begin
if x.P.Reduced then
begin
N:=N+1
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X.cycle
end
else begin
x.P_reduce;
N := 0;
end;
end;
P_Cyclically Reduce := x;
end;

2.4.2 Case 1: The “Exponent Equations”

We proceed to derive necessary conditions for v and v to be conjugate by an
element of G, where u and v are P—cyclically reduced, P-parallel elements
of G, with ||u|| = ||v|]| > 0.
Suppose u = b"vb™™". Let
u=g"b" ... q! b = a" b @
and
v =a;" b¥™ ... qfl B = g™ bV 0.
Then
g lp~2m a; " agmbm 5" =1,
and so by Britton’s lemma, a P-reduction is possible. Since v and v are P-
reduced, the only subword that can be pinched is ;™ b" ai™, and therefore
{ pi,s; and @TlpeEmtimgGh ™ =1 ife; =1,and
n=

¢, s; and #7! pr-Emtim 5™ =1 ife = —1.
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Define

g; ifej=-1 k;

We define sequences n; and s;, ({ =0,...,m) Let n,, = n. Then

u = " ovbdb™ and

b4 = a ™ b"" ai™ b¥™ ©.
m tm

Again, applying Britton’s lemma, we must have n,, = h,,s,,, for some

integer s, and since a; ™ b™ a{™ = hhmom,

i = b;lmam —zm"‘ymﬁ.

Define n,,; = ﬁmsm — Ty + Ym; then
a4 = b"=tgb™".

After m iterations of this process, all stable letters will have been re-
moved, at which point we obtain t =4 =1, n; = h15;, no = 77,131 —z1 4+ Yy,

hl’l—zl +"l —1
1 -— b M 1 * b ’

Ng = n.
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Pulling all this together, we arrive at the following system of 2m+2 linear

integer equations in n,n9,71,...Nymy S1yee:Sm ¢

i = N
nNyp = hpsm
Nn-1 = RmSm— Tm + Ym

nyg = hy8,

ny = hys; — T2ty
ng = h181

no = hisy—z1+ v
Ng = n.

By taking these equations in pairs, we may eliminate all the n;, yielding

the following system of m + 1 equations in n, s1,...8p,:

~

hisy—n = z—y
hysy —hisy = z3— 1y
hmsm - hm—lsm—l = Ty — Ym

n—hps, = 0,
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Expressed more conveniently in terms of matrices,
( itl 0 0 0 eee “1\ (sl\ (:rl—yl \
S2

—hl i&z 0 0 o 0 T2 — Y2
0 —hg h3 0 e 0 .

0 0 ... —hp ilm 0 Sm Tm — YUm
L0 0 ... 0 ~—hy, 1) \n) \ 0

We remark that A, 72,_.,-, z;, and y; are determined at the outset, by inspec-

tion of the syllables of the words u,v.
Finally, the value of the function exponent_equation (which is used

in function Collins ) is “true” if and only if this system has a solution

(81, ...Sm, n) e Zm+1-

2.4.3 Case 2: The Reachability Problem

We now consider the case in which |[z|| = ||ly|| = 0, and show how the
conjugacy problem in this case is reducible to the word problem for finitely
presented commutative semigroups. Suppose z = ™, y = b", for some
integers m,n; we wish to determine if there exists z € G such that z = 27 1yz.
We first show that if such a z exists, then we may assume that it is a freely

reduced word in the stable letters.

Lemma 11 If b™ = z71b"z, for some z € G then there exists Z such that
etther 2 =1, or else Z ts a freely reduced word tn the stable letters and their

tnverses, and T = z"1yz.

Proof: We prove this by induction on ||2||. If ||2]| = 0, then z = &° for

some e € Z, and so we may choose Z = 1, since yz = 2y. Suppose ||z|| >
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1, z = z~lyz, and assume the conclusion of the lemma for all Z € G such that
|Zll < |lz||- Freely reduce 2. If this decreases ||z||, then apply the induction
hypothesis. We may assume then that z is freely reduced, and in addition,
that z begins with a stable letter. For, if z = b°2' for some e # 0, where 2'
begins with a stable letter, then ™ = 2'~1b=°b"b°2' = 2'~1b"z, and so we may
trivially replace z by 2.

Write z = aw, where a is a stable letter. Now, w~la"10"awb ™ = 1, and
so by Britton’s lemma, this is not reduced, and some P-reduction must be
applicable. Since z is reduced, w and w' are also reduced, and so the only
subword to which a P-reduction can apply is a~1b"a. Suppose a~1b% = b*.
Then b™ = w™1b*w, and since ||w|| = ||z|| — 1, there exists @ such that

b™ = w1b°w, and w is a word in the stable letters. Therefore,
b™ = @ a " aw = (aw) 1o aw.

The result follows by setting Z = aw.

We refer to [6] for the following definitions.

Definition: For a group G in HNN(Z), the set of ezponents of
G ={(b,a; a7 Pa; =b% (i =1,...,k))

is the set of integers {p1,4q1,...,Pk, qx}. If m,n are positive integers, then we
say that m is reachable from n with respect to the ezponents of G if either
m = n, or else, if there exists a sequence of integers n = ng,n1,...,0, =m
with the property that (Vi (0 < 7 < a), 37) such that either

q-
ni—J',
D;
n.&

q;

pilni, and ngyy = or

leni, and nyyy =
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Equivalently, m is reachable from n if and only m = n, or else, if there

exists a sequence 1;,...,t, such that

€1
m=n- (g_)
D,

and,for1<j < a,

€
.- (%5-) where ¢; = *1,

i(g \
II ( "‘) €Z.
Lemma 12 b™ ~ b" if and only if m ts reachable from n with respect to the

ezponents of G.

Proof: We observe that a word a;‘b”a,,- may be P-reduced if and only if
pj|n, in which case ¢;1b"a; = b™%/Pi. Similarly, a;b"a;! may be P-reduced

if and only if g;|r, in which case a‘,-b"a;1 = b"Pildi,
If m is reachable from n, and
=)
m=n-|—
pi,

- (1%:_)% (e = £1),

with n - [[_, { % kEZ 1 < j < a), construct z as follows: ||z]| = a,
k=1 i,

and the #*b letter of 2 is a;'. By the observation above, b™ = 215" 2.

Now, suppose b™ ~ b". By Lemma 11, we may assume that ™ = 271 5" 2,
where z is a free'ly reduced word in the stable letters and their inverses. If
|z]] = 0, then m = n, and there is nothing to show. Otherwise, we may
assume, without loss of generality, that 2~ 2a™! b* azb~™ = 1, for some stable
letter a corresponding to the relator a~1bPa = . By Britton’s lemma, some
pinch is possible. The only possible subword that may be pinched is a~! b" q,
and therefore, p|n, and 27! b™9/P 2™ = 1. We may repeat this for each

stable letter, and the result follows. 1
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We now reduce the reachability problem to a word problem in a commu-
tative semigroup using a technique reported in [52] attributed to a personal
communication from A. Rosenberg.

Let D = {d;,...,d,} be the set of the prime divisors of the set of expo-
nents of G, and define A: N — NV by

eoosey) ifz =015, d7F
Alz) = { (€1, &) ifz 1
: undefined otherwise.

Let d = []%, d;, and define A : N — N by
1 ifz=0
Ale) = {:c/L(x) if 2 > 0,
where L(z) is the greatest integer dividing z which is relatively prime to d.

Formally, L(aL(z) = T
L(z/ ng(z:‘i)
L(z) z if ged(z,d) = 1
z) =

L(z/ gcd(a:,«f) otherwise.

A simple example will serve to illustrate these definitions. Supposé G=
( b,a1,as; aylb?a; = b8, a;lb%a; = b° ). Then D = {2,3,5},d = 30, and
A(700) = 100, since L(700) = L(70) = L(7) = 7.

Definition: The commutative semigroup presentation P over the alphabet
{z15...,2,}, associated with G, is given as follows: For any z € Z such that
z2>0,and z = A(2) = [IL, di’, define

W(z) = zf* -
(Recall that v is the number of distinct prime divisors of the exponents of G,

and so for 1 = 1,...,k, W(p;) and W(g;) are defined.) P contains, for each
relator a~16%a = b%, the productions W(p;) — W(g;) and W(g:) — W(p;).
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Theorem 14 establishes the reducibility of the conjugacy problem for this
case (||z|| = 0) to the word problem for P.

Theorem 14 b™ ~ b" in G if and only if L(m) = L(n), and W(A(m)) =
W({A(r)).

To prove Theorem 14, we first prove two more lemmas.

Lemma 13 m is reachable from n if and only if L(m) = L(n), and A(m)

is reachable from A(n).

Proof: m is reachable from n if and only if

2

AGm) 1om) = ) 1) - 11 (2)”

i=1 4

if and only if

am) =A@ 1T ()" and Lm) = L(o).

=1

Now, we only need to show that if

Am) L) = 8- 1T (2) " 10

=1 i

then L(m) = L(n). Now, ged(L(m),d) = 1, and L(m) divides the left hand
side, so L(m)|L(r). Since “reachable” is a symmetric relation, a similar
argument implies that L(n)|L(m), and so L(n) = +L(m). Since L(n) and
L(m) are positive, L(n) = L(m).
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Lemma 14 Let A(m) = m,A(n) = n. Then W(m) = W(n) if and only if

m s reachable from n.

Proof: Essentially, this is just another way of saying that a production
corresponds directly to a “reachable” step. Note that since A(m) = m and
A(n) = n, W(m) and W(n) are defined.

Let W(m) = z§'--- 2%, W(p) = z{* ---zf» and W(q) = z{*---z%, and
let —; denote the production W(p) — W(g) in P.

W(m) —, W(mm) if and only if for ¢+ = 1,...,v, € > f; and W(m) =
gfr-fitar . geo—fvtev if and only if i = m - % and p|m, if and only if m is

reachable from m in one step.

We now easily obtain the proof of Theorem 14.

~ Proof: b ~ b" in G <= m is reachable from n (Lemma 12)
<=> A(m) is reachable from A(n), and L(m) = L(n) (Lemma 13)
< W(A(m)) = W(A(n)), and L(m) = L(n) (Lemma 14). 1§

By Theorem 14, the conjugacy problem is reduced to the problem of
factoring the exponents of G and deciding the word problem in P. We observe
that this factorization and calculation of a Grobner basis corresponding to

P depends only on the group G, and not on the input words.



CHAPTER 2. HNN EXTENSIONS 73

2.5 The Conjugacy Problem: Examples.

We now consider two examples to illustrate the algorithm given for solving

the conjugacy problem. Let

G = (b, a,c,d; a~1b®a = b?, ¢~ 1618 = b%5, d-11°d = bM ).

Example 1. Decide whether w; ~ w;, where

w; = c¢b?d'b%cbd!, and

cb¥d o 2eb 041 p,

w2

w; and w; are P—cyclically reduced, P-parallel, and since |ju|| > 0, Case (1)
applies. We observe immediately that there is one additional cyclic permu-

tation of w, that is P-parallel to w,,
ws=cbdlbcb>d b2

If w; and w, are conjugate, then the system

S1 9
Sg 22
A-| ss | =] —10 (*)
S4 -1
n 0

must have an integer solution, where

25 0 0 0 -
—-18 15 0 0
A= 0 -14 25 0

0 0 -18 15
0 0 0 —14

O O O =
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Using the diagonalization procedure described in .[37, page 179], and im-

plemented in [EDNF16.C|, we determine the integer matrices

5 7 0 0 0
90 125 134 0 0
P = 252 350 375 521 1 and
—-2562 -350 -375 -—521 0
1512 2100 2250 3125 1512

1 105 -29556455 —88317615 502518380

0 1 —281490 —841120 4785890
Q=10 0 -84 -251 1429
0 0 0 0 1
0 0 1 3 14
so that
-1 000 0
0 -1 00 0
PAQ=} 0o 010 0 |=nD.
0 0 03 0
0 0 0 O 25707

Since P and Q are the products of elementary matrices, P and Q are

themselves unimodular, and therefore invertible over Z. Now,
A-T=¢ <= PAQ-Q7'Z=Pg,

and therefore, (x) hds an integer solution if and only if D § = € does, where

S1 9 199
Sa 22 2220
F=Q .| s and €=P-| -10 | = 5697
S4 -1 —5697
n 0 34183

Since 34183 mod 25707 = 8476, D § = € has no integer solution, and so
neither does ().
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We now consider the remaining cyclic permutation ws of w, that is P-

parallel to w;. If w; and ws are conjugate, then the system

S 22
S2 9
A- Sg = —-17
Sy 12
n 0

(+*)

must have an integer solution. A and the diagonalizing matrices P and @

are the same as in the previous case, and so (*x) has a solution if and only if

22 173
9 827
D-g=P-| -17 |=]| 8571
12 —8571
0 51414
does. This system has a solution
—173 S
) —827 Sg
7= 8571 | = Q7| s
—2857 S4
2 n

and so w; and wg are conjugate elements in G. The solution to (*x) is

$1 —173 2
S2 —827 3
Sg = Q . 8571 = 1 N
S4 —2857 2
n 2 28

and therefore, w; = b28 u;s b—28,

Finally, since wg = (¢6*d™15712)"! w, (cb3d~156712),

wy, = b28 (C b3 d—l b—lz)—l wy (c bs d—-l b-—12) b-—28.
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Example 2. Decide whether w; ~ w,, where

b1250

w = and

wy = b2,

As in Example 1, w; and w; are P—-parallel and P—cyclically reduced, but
since ||u|| = 0, Case (2) applies.

The set of prime divisors of the set of exponents of G is {2,3,5,7}. For
the associated semigroup presentation P, we choose generators u, z,y, 2 cor-

responding, respectively, to 2,3,5,7, and so
P ={u,r,y,2; v’y =2zz, uz* = ¢*, uz=1zy).

By Theorem 14, w; ~ w, if and only if uy* = y?2* (P). We use the
method of Grébner bases to decide the word problem in P.

The polynomial ideal in Q[u,z,y,2| associated with the commutative

semigroup P is
I = Ideal( v’y — zz,uz® — y*,uz — zy ).

The reduced Grdbner basis for this ideal, produced by [GROBNER2.PAS]

is:

B, = vy—zz
B; = uzr®-y?
Bs = uz—zy
By = uy® -2z

By = uzry -z’
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Bg = zy—y’z

Bg —_ zz zz _ y4
By = z%®—z2°
By = ztz - zy2?
By, = =y’ —y*2°
Bys = y' —=z2b.

Now, 1225 is reachable from 1250 with respect to the exponents of G if
and only if uy* = y?2? (P), by Lemma 14.
The Grébner basis for I provides the following reduction of y%222 — uy? to
normal form:
yl2t —uy? —p, y?2? — 28yz —ps yP2' —yt2? =0.
By Theorem 5, y%22 — uy* € I, and so by Lemma 8, y%2%? = uy* (P). There-

fore, w; and w, are conjugate elements of G.

1

We now proceed to determine 2 € G such that w; = 27t wy 2. As has

already been shown in Section 1.4.1, by Theorem 6, y?z%2 — uy* may be

expressed as a Q[u,z,y, 2]-linear combination of {B;, By, Bs}:
y?2? —uy? = 2’y - By + (2® — uy®) - B; — 2% - Bs.

Applying the method used in the proof of Lemma 8, we determine the fol-

lowing sequence of productions in P:

uy4 — uzxzyz — .'csyz — u:z:zzz - yzzz.
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From this, we obtain

2.-32 3.7 2.7 5
2.5% X X =52.72
VX Xp X3 ’
and therefore,
w, = cdlactwycalde™?

= (calde™ ) w; (caldc™).

78



Chapter 3

Formal Languages

3.1 The Chomsky Hierarchy

Let X be a finite set, called the alphabet, and let X* be the set of all finite
_ words over I, including the empty word A. The length of a word w, |w|, is
defined to be the total number of symbols in w. Formally, | | : Z* — N is
defined by: |A]| =0,|a| =1 (Va € L), and |aw| =1+ |w| (Va € E, w € T*).
A language over ¥ is any subset of £*. Languages may be specified in
terms of grammars, or automata. One focus of formal language theory is
to study the classes of languages obtained from restricted grammars and
from restricted automata, and to study correspondences between classes so

obtained.

3.1.1 Grammars

A Phrase Structure Grammar, also known as an unrestricted grammar, is a
4-tuple G = (X, T, P, S), where I is a finite alphabet, T' (the set of terminals)
is a subset of I, P (the set of productions) is a subset of L* X £*, and S

79
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(the start symbol) is an element of X \ T. Elements of ¥ \ T are called
nonterminals.

If (o, B) is a production, we will write a@ — 8. If u,v are words in X*, we
write u — v if and only if there exists a production a« — £ in P and words
z,y € ¥*, such that v = zay, v = zfy. We denote by —* the reflexive
transitive closure of the relation defined by P.

For a grammar I’ we define L(T'), the language generated by T, to be
the set {w : w € T* and S —* w}. If T is a phrase structure grammar,
L(T') is called a recursively enumerable (r.e.) language. L(T) is said to be a
recursive language if both L(T') and its complement with respect to words in
the terminal symbols ( T*\ L(T') ) are r.e. languages. If every production of a
grammar I is of the form L — R where the length of L is at most the length
of R, then T is called Context-Sensitive, and L(T) is called a contezt-sensitive
language (CSL). The term “context-sensitive” is given due to the fact that
every CSL is generated by a grammar in which every production is of the
form zAy — zwy, where A is a nonterminal, z,y,w are words in £*, and w
is not the empty word. T is a contezt-free grammar if every production is of
the form A — w, where A is a nonterminal, and w € ¥*; i.e., a non-terminal
A may be replaced regardless of the “context” in which it appears.

In a context-free grammar TI', if the right-hand-side of every rule contains
at most one non-terminal, which, if present, is the last symbol of the string,
then the grammar is called reguler, and L(T') is called a regular language.

A theorem due to Kleene characterizes the class of regular languages over
an alphabet T as the minimal set of languages which contains the empty set
and all the singleton sets {a}, where a € T, and which is closed under the

operations of union (denoted by U), concatenation (denoted by juxtaposi-
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tion), and Kleene star. The Kleene star L* of a language L is the set of
all strings that can be obtained by concatenating zero or more strings from
L. An immediate consequence of Kleene’s theorem is that all finite sets are
regular.

Regular languages may be described by regular expressions. We define

regular expressions over X, and the languages they denote as follows:

e 0 and A are regular expressions, denoting the empty set and the set

{A}, respectively.
e YVa € X, a is a regular expression, denoting the set {a}.

e If r,s are regular expressions denoting the languages R and S, respec-
tively, then (r + s), (rs), and (r*) are regular expressions, denoting the
sets RUS, RS, and R*, respectively.

*, concatenation, and

The precedence of the operations is, in order:
+, with + having the lowest precedence. This convention enables us to non-
ambiguously interpret a regular expression in which some pairs of parentheses

have been omitted.

The regular sets, context-free languages, context-sensitive languages, and
the recursively enumerable languages, form a properly ascending chain of
language classes, sometimes referred to as the Chomsky Hierarchy. These

language classes may also be categorized in terms of automata, or machines.

3.1.2 Finite State Automata

The definitions for the formal computational models are based on those in
[32].
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Definition: A finite automation, or finite state machine, is a 5-tuple
(@,%,6, g, F), where:

1. @ is a finite set of states,

2. ¥ is a finite snput alphabet,

3. ¢ € Q is the initial state,

4. F C Q@ is the set of final states, and

5. 6: @ XX — Q is the state transition function.

Informally, one may consider a finite automaton to be a device with a
fixed control mechanism, and which at any given moment is in one of a finite
number of states. This device begins its operation in a known initial state,
and processes a sequence of input symbols, one at a time. As each input
symbol is received, the device responds by changing its state according to
the rules contained in its finite control. The machines we are considering
have no output; the focus is on whether a given string of symbols causes the

machine to reach a final, or accepting, state.

6 is extended to a function & : Qxx - Q as follows:
o 3(«1, A) =gq, and
. S(q, wa) = 5(3(q,w), a),forallwe X, a € .

Since & (g,0) = 6(3 (g,A),a)6(g,a), 6§ and 5 agree on arguments for which
they are both defined, and so may be represented by the same symbol. For

convenience, we will write § instead of 4.
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A finite automaton is said to be deterministic, in the sense that the “next

state” function é is in fact a function.

Definition: A nondeterministic finite automaton, or NFA, is a 5-tuple
(@,Z,6,q, F), where Q, I, go, F have the same meaning as for a finite au-
tomaton, but § : Q x ¥ — 29, where 29 is the power set of Q.

As in the deterministic case, we extend 6 to a function §: Q x &* — 29,

defined on strings, as follows:

o 6(g,A) ={q}, and
o b(g,wa) = {p | p € &(r,a) for some r € §(g,w)}.

Again, since 3(q, a) = 6(g,a), we will use the simpler notation § rather
than é.

A string = is accepted by a finite automaton M = (Q,%,8,q,F) if
6(go, =) € F. The language accepted by M is the set L(M) = {z|6(go,z) € F};
i.e., the set of all strings accepted by M.

The original use of finite state machines is attributed to McCulloch and
Pitts, who in 1943, used these systems to model neural nets. Kleene proved
the equivalence of regular expressions and the neural nets of McCulloch and
Pitts in 1956. Chomsky and Miller [16] showed that the languages gener-
ated by regular grammars are the same as the languages accepted by finite
automata.

Nondeterministic finite automata were introduced in 1959 by Rabin and
Scott, who proved that deterministic and nondeterministic finite automata
were equivalent, in the sense that they both accepted precisely the class of

regular languages.
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3.1.3 Pushdown Automata

The pushdown automaton was introduced by Oettinger [54], and Schutzen-
berger [57]. It may be thought of as a nondeterministic finite state machine
which may manipulate an internal stack, or “last-in—first-out” queue. State
transitions may be made based on both the input symbol and on the symbol
on the top of the stack. Formally:

Definition: A pushdown automaton M is a 7-tuple (@, %,T, 6, q, 2, F),

where:

et

. @ is a finite set of states,

2. ¥ is a finite snput alphabet,

3. T is a finite stack alphabet,

4. qo € Q is the initial state,

5. Zy €T is the start symbol,

6. F C @ is the set of final states, and

7. § is a mapping from Q x (EU{A}) x I into finite subsets of @ x I'*.

6 may be thought of as defining two types of transitions. The first type,
é(g,a,2) = {(p1,Mm),(P2,72)s- -+ s (PmsVm)} is interpreted as meaning that if
M is in state ¢, currently scanning input symbol a, with Z the top symbol
on the stack, then for some 1 (1 < 1 < m), M may enter state p;, replace
symbol Z on the stack by ~; € I'*, and advance the input head to the next
symbol.
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The second type permits M to simply manipulate the stack without ad-
vancing the input head. 6(g,A, Z) = {(P1,71),(P2,72)5- - - 3 (Pm»¥m)} is inter-
preted to mean that if M is in state g, and Z is the top symbol on the stack,
then for some 1 (1 < ¢ < m), M may enter state p;, and replace symbol Z
on the stack by v; € I'*.

There are 2 ways to define the language accepted by a pushdown au-
tomaton M. The language accepted by empty stack is the set of words for
which some sequence of moves of M results in an empty stack. The language
accepted by final state is the set of words which, for some sequence of moves
of M, cause M to enter a final state ¢ € F.

The relationships between context-free languages and pushdown automata

were originally shown by Chomsky [15] and Evey [22].

Theorem 15 (Chomsky, Evey) The following statements are equivalent:
(1) L is a contezt-free language

(2) L is accepted by a PDA that accepts by final state

(8) L is accepted by a PDA that accepts by empty stack.

Definition: A pushdown automaton is deterministic if:
1) (MgeQ,Zel) 6(q,A2)#0=>(VzeX) bq,a,2)=0;
(2) There does not exist ¢ € @,Z € T, and a € (EU{)\}) such that
6(g,a,Z) contains more than one element.
A language accepted by deterministic PDA is termed a deterministic

contezxt sensitive language, or DCSL. The DCSL’s form a proper subclass of

the context-free languages.



CHAPTER 3. FORMAL LANGUAGES 86

3.1.4 Turing Machines

Our general computational model will be a multitape Turing machine, as
defined in [2]. We begin with an informal description of the model.

A multitape Turing machine (TM) consists of k tapes, which are infinite
to the right. Each tape is marked off into cells, each of which holds one of
a finite number of tape symbols. Associated with each tape is a tape head,
which may read and write one cell at a time, and which may move to the
left and right. Operation of the Turing machine is determined by a finite
control, which is always in one of a finite number of states.

A computational step of a Turing machine is determined by the current
state of the finite control and the tape symbols which are currently scanned
by the tape heads. In one step, the Turing machine may do any or all of the

following operations:

1. Change the state of the finite control.

2. Write new tape symbols into the currently scanned tape cells, on any

or all of the tapes.

3. Move any or all of the tape heads, independantly, one cell to the left

or right. A tape head may remain stationary.

Formally, a multitape Turing machine is a 7-tuple (Q,T,I,6,b,qo,4s),

where:
1. Q is a finite set of states,

2. T is a finite set of tape symbols,
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‘3. I is the set of input symbols; I C T,

4. b€ T\ I is the blank,

5. go € Q is the tnitial state,

6. g5 € Q is the set of final, or accepting state, and

7. 6, the nezt-move (partial) function, is a mapping of a subset of @ x T*
to @ x (T x {L,R,S} )*.

The correspondence between the formal definition and the informal char-

acterization of a Turing machine is made by interpreting

6(q,a1,...ax) = (¢', (a},d1) . ..(a},dx))

to mean that if the Turing machine is in state ¢, with tape head ¢ scanning
tape symbol g;, then in one move, the Turing machine enters state ¢’, changes
symbol a; to a} on tape {, and moves tape head ¢ in direction d;. ( =
1,...k, d; € {L,R,8} ). The directions L,R, and S denote, respectively,
move one cell to the Left, move one cell to the Right, and remain Stationary.

The language accepted by M is the set of words in ¥* that cause M to
enter a final state, when M starts in state ¢p, scanning the leftmost symbol
of w. A nondeterministic Turing machine (NTM) is defined in a manner
analogous to a NFA; the next-move function 6 is defined to be a mapping of
a subset of Q x T* to (finite) subsets of @ x (T x {L,R, S} )*. The language
L(M) accepted by a NTM M is defined by: w € L(M) if and only if there is
some computation of M, with input w, which causes M to reach a final state.
Deterministic and nondeterministic Turing machines accept the same class

of languages, the recursively enumerable languages.
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3.1.5 Linear-Bounded Automata

A deterministic Turing machine that obeys a space bound of n+-1 is termed a
deterministic linear bounded automaton, or DLBA, while a non-deterministic
TM obeying the same space bound is termed a non-deterministic linear
bounded automaton, or NLBA. The set of languages recognizable by NLBA’s
is precisely the set of context-sensitive languages. By Savitch’s theorem
(1970), the CSL’s can be recognized by DTM’s obeying a space bound of
(n+1)2

A major open question, known simply as the LBA problem, asks: Can
every CSL be recognized by a DLBA? Or, otherwise stated, is DSPACE(n)
= NSPACE(n)? According to Garey and Johnson [24], the LBA problem
was “perhaps the most famous open problem in complexity theory before
the P vs NP problem arose”. '

Another major question, raised by Kuroda [43] in 1964, was whether or
not the context-sensitive languages were closed under complementation. This
question remained open until 1988, when N. Immerman proved the following

stronger result: [36]

Theorem 16 (Immerman) For any s(n) > log(n),
NSPACE [s(n)] = co-NSPACE [s(n)].

Since the class of CSL’s is precisely NSPACE(n), the fact that the CSL’s
are closed under complementation follows immediately from Immerman’s

theorem.
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3.2 Languages Associated With Groups.

The Chomsky formal language hierarchy provides a framework for introduc-
ing complexity measures on finitely presented groups given by generators
and defining relators. We consider the problem of determining relationships
between the structure of the group and the complexity of formal languages
associated with the group. One such language, the Word Problem, is the set
of words which are equal to the identity element in the group. We also show
how canonical forms of elements in finitely generated groups may be spec-
ified by Cayley Languages, which are minimal Schreier coset representative

systems for G mod the trivial subgroup.

3.2.1 The Word Problem.

In 1911, Max Dehn formulated the well-known word problem for a presenta-
tion defining a group G: “For an arbitrary word W in the gehéra.tors, decide
in a finite number of steps whether W defines the identity element of G, or
not.” [48, page 24| The word problem has been one of the most extensively
studied algorithmic problems of combinatorial group theory. Although the
word problem has been solved for many classes of presentations, there exist
groups having a finite presentation for which no “there exits no general and
effective procedure to decide for any given word W in the generators whether
it represents the unit element of the group, or not.” [48, pg 25]

Suppose now that G is a finitely. generated group presented by a set
of generators and defining relators. Specifically, suppose G is presented as
(X; R), where X = {z;,...,z,}. Let X! denote the set {z71,...,z '},
and let G* = (XU X™!)*. G* may be characterized algebraically as the free
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monoid with free set of generators {z;,...,z,, z7%,...,2;}.

We may view any word in G¥ as an element of G, associating the identity
element 1 of G with the empty word A. Formally, this association is made via
a monoid epimorphism k¥ : G¥ — G onto the group G, with the properties
that h#()) = 1, and k#(z;!) = (h¥(z;))"?, for j = 1,...n. For our purposes,
we will always let h*(z;) = z;, for j = 1,...n, and so explicit references to
h* will often be omitted. The word problem for a group G is to determine,
for a given word g in G¥, whether or not ¢ defines the identity element
1 of G. In accordance with the standard practice of naming sets by their

membership predicates, we give the following definition:

Definition: The Word Problem arising from a given presentation of a group

G, and a monoid homomorphism h* (as specified above), is the set
WP(G)={zeG*: ht(z)=1};

i.e., WP(G) is the language consisting of all words in G* which define the
identity element 1 of G.
The notation WP(G), which omits reference to the presentation, is mo-

tivated by the following result, due to Anisimov: [51,29]

Proposition 6 If any finitely generated presentation of a group G possesses
a regular (resp. context-free) Word Problem, then all finitely generated pre-

sentation of G possess a regular (resp. context-free) Word Problem.

It can be seen directly from the definition that WP(QG) is a recursive set if
and only if G has solvable word problem. Groups with regular word problem

have been characterized by A.V. Anisimov to be precisely the finite groups

[3].
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Theorem 17 (Anisimov) A finitely generated group G is finite if and only

$f G possesses a regular Word Problem.

Proof: First, suppose that the Word Problem L for G is a regular set. Define

an equivalence relation R on G* as follows:

R(z,y) ifandonlyif Vze G¥, zze€L <= yzelL.

By a theorem due to Nerode [32, page 65), L is a regular set if and only
if R is of finite index. It is easily seen that if z and y are in the same R-
equivalence class, then they represent equal elements of G. For, if R(z,y),
then Vz, zz =1 <= yz = 1. Take 2 to be the formal inverse of x; then
yz~! = 1, and so y = z. Since there are only finitely many R-equivalence
classes, G must be finite.

Conversely, suppose G is finite. We show how to construct a finite state
machine that recognizes L, the Word Problem for G. For the set of states S,
we take the elements of G. The identity element is both the initial state and
the final state. The input alphabet X also consists of the elements of G, and
the state transition function 6§ : G X £ — G is defined as left-multiplication .

in G. Now,
wEL <= w=1 << 1l-w=1 <<= §1l,w)=1,

so this machine recognizes L. By Kleene’s theorem, L is regular.

Muller and Schupp went on to classify groups having context-free Word
Problem [51]. They prove that a finitely generated group G is virtually free
(i.e., G contains a free subgroup of finite index) if and only if G is accessible

and has context-free Word Problem. Dunwoody [21] has since shown that
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all finitely presented groups are accessible. Hence, a finitely presented group
G has context-free Word Problem if and only if it is virtually free.

Muller and Schupp also show that a finitely generated torsion-free group

G is free if and only if G has context-free Word Problem.

3.2.2 Cayley Languages.

If H is a subgroup of G, a coset representative system for G/H is any set
of elements of G which contains exactly one element from each coset of H.
A coset representative system L for G/H is said to be a Minimal Schreier
Transversal provided each coset is specified by a word of shortest possible
length, and if in addition, L is prefiz-closed, i.e., if w is a word in the genera-
tors and their inverses, and w is in L, then every initial segment of w is also
in L. A minimal Schreier transversal for a finitely generated group always
exists. [48, page 93]

We illustrate these definitions with an example.

Ezample: Let G be the free group on two generators, {a, b}, and let H
be the normal subgroup of G generated by {abab,a?,b°}. Then G/H has
the presentation ( a,b; abab = a®> = b® = e ). The set {e,a,b,b?,b%a,ab}
is a coset representative system that is neither prefix-closed nor minimal
(that is to say, not all cosets are specified by elements of minimal length).
The set {e,a,b,b™1,ab,ab?} is prefix-closed but not minimal, while the set
{e,a,b,b7!, ab, ba} is both prefix-closed and minimal, and hence a minimal

Schreier Transversal.

Definition: A Cayley Language for G is a minimal Schreier transversal

corresponding to the trivial subgroup. An enumeration of G is any coset
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representative system for G/{1}.

A Cayley Language has a natural geometric interpretation in terms of
the graph of the group, also known as a Cayley diagram. Define the weight
of an element to be the fewest number of edges between that element and the
identity. A Cayley language then corresponds to a minimal spanning tree of
a Cayley diagram for G, in which each edge has unit weight. We remark that
the problem of finding a minimal spanning tree of a given Cayley diagram is
solvable in polynomial time by Kruskal’s algorithm or by Prim’s algorithm.
[56] |

Let G be a finitely generated group, and let

G={(0a1y..05ap; T1,725.0. )

be a presentation for G. We assume the a; are distinct symbols, and that if
a; is one of the generators, then its inverse a;! appears as some a;, where

J # 1. Define a total ordering < on G# as follows:

Definition: w; < w. if and only if either
(1) |w1] < |we|, or
(2) jwi| = |w2], wy1 = wia;, w; = usa;, and either ¢ < 7, or ¢ = 5 and
u; < us.

It is clear that G* can be effectively enumerated in this order, starting
with the empty word. The enumeration begins with the empty word A. If
wy, Ws,...,w; are the words of length m, listed in ascending order, then the

the words of length m + 1, listed in ascending order, are:

WiAgyee ey WpAyy, WiQ2ys..3WEl2y, ooy . Wilpye.oo,WpQy.
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For the purpose of illustration, let n = 2, a; = a, az = b. Then the

enumeration corresponding to < is:

A, a,b, aa,ba,ab,bb, aaa,baa,aba,bba,aab,bab, abb, bbb,

This enumeration may be constructed in the usual way by means of
a “successor” function. A single-tape Turing machine that computes, for
z € G¥, SUCCESSOR(z) is given in Figure [5]. We note that the machine
SUCCESSOR visits at most n 4 1 tape cells in computing the successor of a

word w of length n.

1. Start with z on the input tape, scanning the left-most symbol

of z.
2. While symbol scanned = a,, move right.

3. If symbol scanned is not a blank, replace the symbol by its suc-
cessor with respect to <, and move left to the leftmost symbol
of z, leaving the tape otherwise unchanged.

Otherwise, replace the blank by a;, and now move left to the
beginning, replacing all non-blank symbols (they are all ¢, in

this case) by a;.

Figure [5]: Turing machine for SUCCESSOR(z).

In actual computations, it is helpful to have a more efficient function
whose value is the k*" element of the enumeration. One implementation of
such a function is given in Figures [6] and [7].

The calculation first establishes the actual length ¢ of the k*! element, and

then utilizes an order—preserving correspondence between words of length ¢
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and a “bit-reversed” radix-n representation of the integers 0,...,c" — 1,
under which the alphabet symbols a,,...,a, map to 0,...n—1. The number
of words of length less than ¢ is

a®—1
a-—1"

l1+a+---+a 1=

and therefore, the number of characters in the &*" word is the smallest integer

¢ such that
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function WORD(r :longint) :string;
(* Returns the n'® word in the enumeration *)
var ¢, t :integer;
p, q:longint;
w :string;
begin
if n < 0 then word :=" (* empty word *)
else begin
(* Determine ¢ minimal such that (o — 1)/(e — 1) > n. ¥)

¢ := charlength(n);

(* g is the number of words of length < ¢. *)
g := ( power( alpha,c ) -1 ) div ( alpha-1) -1;

(* w is the bit-reversed representation of n — g, radix «,
prepended as necessary with the first character of the
group alphabet. *)

w := alpha_rev(n — g);

for ¢ := 1 to ¢— length(w) do w := w + alphabet[1];
WORD :=w
end;
end;

Figure [6]: WORD(n) is the n'** word under the ordering < .
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var alphabet :string; (* the group alphabet

alpha :integer; (* length of alphabet.

function charlength (n :longint) :integer;
(* the number of chars in the n“th word.
var b, ¢ :longint;

begin
b:=1; ¢ := 0;
while n >= O do begin
b := b * alpha;
c :=c¢c + 1;
n :=n - b;
end;
charlength := c;
end;

function alpha_rev(n :longint) :string;
(* n radix alpha, least signficant digit first.
begin
if n < alpha then alpha_rev := alphabet[n+1]
else alpha_rev := alphabet[n mod alpha+i]
+ alpha_rev(n div alpha)
end;

function WORD(n :longint) :string;
(¥ Returns the n"th word in the enumeration *)
var cl,i :integer:;

pP.q :longint;

*)
*)

w :string;
begin

if n < O then word := **

else begin
cl := charlength(n);
q := ((power(alpha,cl)-1) div (alpha-1)-1);
w := alpha_rev(n - q);
for i := 1 to ¢l - length(w) do

W := w + alphabet(1];

word := w

end;
end;

Figure [7]: Implementation of WORD(n), from [HNNZ7.PAS].
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Proposition 7 (1) < is a linear ordering,
(2)Vw e G¥, A< w,and
(8) Vw,z,y € G*, z<y=zw < yw.

Lemma 15 A finitely generated group with solvable word problem admits a

recursive Cayley language.

Proof: Let L = {z € G* : Vz <« z,2 # 2 (as elements of G) }. L is
evidently a minimal enumeration of G. To see that L is prefix-closed, suppose
w = uv € L, but u ¢ L. Then there is some z, z < u, such that z = u as
elements of G. Now w = 2v in G, but by Proposition 7, zv < uv, which
implies that w was not minimal. Hence, L is prefix-closed, and thus a Cayley
language for G.

We now show how to decide, given w in G¥, whether or not w is in L.
List the words of G¥ in ascending order, starting with A, according to the
ordering <, and stop when a word z is found with 2 = win G. If 2 = w (as
words) then w € L; otherwise, w g L. 1

The construction described in this lemma may be directly implemented, .
as shown below in Figure [8], and in Figure [9)].

We also note that the “list-and-test” decision procedure described in the
lemma determines a function SELECT: G* — G*#, where SELECT(w) is
the minimal z € G* (with respect to the ordering <) such that z = w. We
say that a Cayley language is computable if it is recursive, and if it possesses
such a “selector” function. We will call the image of SELECT the set of
normal forms. A Pascal implementation of SELECT is given in Figure [10].
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Algorithm: “Enumerate Cayley Language Version 1”:

Output: a Cayley language L.

begin
L={)}
w=2
while TRUE do
begin
z=2A
matchfound = FALSE
while not match found do
begin
if wz"!=1 then
match_found = TRUE
else
z = SUCCESSOR(z)
end
if z=wthen L=LU {w};
w = SUCCESSOR(w)
end
end

Figure [8]: Cayley Language enumeration corresponding to < .
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procedure enumerate_Cayley_ver_i (howmany :integer);

var i,j :longint;
Z.W :string;
match_found :boolean;
g.n :group_word;
begin

for i := -1 to howmany do begin
w := word(i); (% is w in L? %)
j = -1;
match_found := false;
while not match_found do begin
z := word(j);
unary_to_exponential (w+formal_inverse(z).g):
if word_problem(g, n) then
match_found := true
else
inc(j);
end;
if j=i then writeln('accept °,w); (¥z=w%)
end;
end;

Figure [9]: A direct implementation of the algorithm outlined in

the proof of Lemma 15.
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function SELECT(w :string) :string;
var match_found :boolean;
i,j :longint;

z :string;

g.n  :group_word;
begin

j = -1;

match_found := false;

while not match_found do

begin
z := word(j):
{ Convert string w z"{-1} to the group_word g }
unary_to_exponential(w + formal_inverse(z), g);

if word_problem(g, n) then
match_found := true
else
inc(j);
end;
SELECT := z;
end;

Figure [10]: SELECT(w) is the representative of the Cayley lan-
guage corresponding to the word w € G¥, relative to the ordering
utilized by the function WORD (k).
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A stronger form of Lemma 15 is now easy to state:

Lemma 16 A finitely generated group G has solvable word problem if and
only if G possesses a computable Cayley language.

Proof: The “only if” part has just been shown. Suppose L is a Cayley
language for G, with selector function SELECT as defined above. If w = 1
in G then SELECT(w) = SELECT(1) = A, since L is a minimal enumeration
of G, and by Proposition 7, A<z, Vze€ G. 1

A 'group G may have more than one distinct Cayley language. We will
give an example to show that Cayley language for G may depend on the
choice of an ordering of the words of G*. In the course of giving this example,
we will consider some practical aspects regarding construction of a Cayley
language.

Let G = ( a,2;aza™ = 2% ). G is a group in the class HNN(Z), and
therefore has a solvable word problem. An implementation of a solution to

its word problem is discussed in detail in the chapter on HNN extensions.

The algorithm of Lemma. 15 constructs its minimum spanning tree of the
Cayley diagram using Prim’s method, in which at all stages of the construc-
tion, the edges that have been included form a tree. (This is in contrast to
Kruskal’s method, in which the included edges form a forest which may be
extended to a minimum spanning tree.)

It is informative to view the construction from a geometric point of view.
The ordering < induces an enumeration in which the rightmost symbol varies
the slowest. This results in a breadth- first traversal of a complete n—ary

tree that is far easier to see than to describe. We will illustrate the traversal
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instead. (See Figure [11].) The numbers at the nodes indicate the traversal

order. Only the first three levels are shown.

n+1 2n+41 . n+2 2n+42 . 2n 3n

Figure [11]: Traversal corresponding to the ordering <.

In considering the execution of “enumerate_Cayley_ver_1” in generating
a Cayley language L for G, we make the following straightforward observa-
tions. First, if w € G*, and w = w'a, where |a| = 1, and w' & L, then
w ¢ L. Therefore, we need only test for inclusion in L words that are single-
symbol extensions of words already known to be in L. Second, if w ¢ L,
then SELECT(w) < w.

Taken together, these observations indicate how the Cayley language may
be built up more efficiently, at the cost of storing the language as it is built,

using a “bootstrap” process. (Refer to Figures [12] and [13].)
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Algorithm: “Enumerate Cayley Language Version 2”:
Output: a Cayley language L.
begin

Let a; € a2 < ... < a, be the alphabet symbols.

L = {A}.

Mark A as “untested”.

while there are untested words in L do

begin
w = the minimal untested word in L;
for z=a,,...,a, do
begin

if (Vz€ L with z< wz) wzz"!#1 then
begin
mark wz as “untested”;
L := L U{wz};
end
end
‘'mark w as “tested”
end

end

Figure [12]: Alternate traversal corresponding to the ordering <.
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procedure enumerate_Cayley_ver_2 (howmany :integer):
label breakout;
var count,nxts,i,j :longint;

z,w, next_to_sprout :string;

g :group_word;

w_in_CL :boolean;

begin
C_.L[0] :="’; (% the empty word *)
C_L_ptr := 0; (* index of the last word in C_L  *)
count = 1; (* the number of words considered. *)
nxts = 03 (* index in C_L of the next word to

which symbols will be appended. ¥)
while C_L_ptr < howmany do begin
next_to_sprout := C_L[nxts];
for i := 1 to alpha do begin
W := next_to_sprout + alphabet[il; (* <<’ %)
inc(count);
w_in_CL := true;
for j := 0 to C_L_ptr do begin
z := C_L[j];
unary_to_exponential (w+formal_inverse(z),g):
if word_problem(g, normal_form) then begin

w_in_CL := false;
goto breakout;
end;
end;
breakout:

if w_in_CL then begin (* append w to C_L *)
inc(C_L_ptr):
C_L[C_L_ptr] := w;
end;
end; (¥ alpha loop *)
inc (nxts);
end; (* howmany loop *)
end;

Figure [13]: This generates the Cayley language corresponding to
<' . In practice, this runs faster than Version 1 at the cost of (1)
storing the Cayley language as it is built up, and (2) choosing an

ordering on G* that reflects a more “natural” tree traversal.
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This algorithm does not depend on the ordering of words in G#; there-
fore, an ordering should be chosen that will facilitate finding a minimal
“unmarked” element of G¥. We define an ordering <’ that corresponds to
an different breadth-first tree traversal; here, we extend one node at at time,
as much as possible. Again, this is hard to describe, and so we once more

resort to a simple illustration (Figure [14]).

n+1 n+2 ~ 2n 2n+12n+2 3n . . n®+n

Figure [14]: Traversal corresponding to the ordering <'.

Formally, the ordering <' may be defined as follows:

Definition: w; <’ w, if and only if either (1) |wy| < |w,], or
(2) [w1| = |lwe|, w1 = aiuy, ws = ajug, and either ¢ < j, or ¢ = j and

u; <" ug.
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The sequence of words of G* that Algorithm “enumerate_Cayley_ver.2”
produces is in ascending order relative to <'. As observed before, only the
elements of the Cayley language L need be stored. A simple linear list may
be used to store L, and L will remain sorted by simply appending elements
shown to be in L at the end of L. A Pascal implementation of this is provided
in Figure [13].

Using the procedures listed in Figure [9] and in Figure [13], we obtain
the words of length at most 4 in the Cayley language corresponding to the
orderings < and <'. These lists are given in Figure [15] below.
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< < < <! < <!

P z al27lg  az7la za?z™! z71g3

z"1 z™1 za? az z g2z z lg"12-1g

a a 2z 1q? a®z™1 asz71 z lg"1z71g™?
-1 al as as 2 3q"1z"1 z a2z

P 22 2%a™! alza z lg—2271 z7lg7%21

az za alza! alza7! a3z71 z g3

alz za™! z"2g"1 a"lz71q aza az®

22 22 alz7lg7! q71z71g? e *za azaz

az™! —1g za™? a3z a’z7la aza?

a~1z71 ~1g-1 z"1lg72 a2z a2z"1qg az"3

za az a3 a3 aza? az"lgz™!

z g az™! 24 2t a~1lza? az"1a?

a? a? azs 28a~1 az"la? az?

za™! a1z zaz? 22a~12 a~1z"1q? a’za

z71g71 a lz71 a2? 2%aq? za® a®z7?

a2 a~? azaz zaz? 27148 a’z71q

23 23 a lzaz zaza at a3z

az? 2%aq71 za’z za’z 23a¢1 a3z71

zaz zaz z la?z za?z"1! zalza™! at

a’z za? a3z zas a 2za™! a lza?

zalz za 1z 2%a7 12 zalza 2z 3g™1 alza2

a2z za~? e lza 'z zalza™?! 2 lg"1z71g"! g 12712

23 z=3 za"%z za"%z a?z71g™1 a~1z71q-2

az"? 2z %2g! zla %2z  za7%z7! 22a? a %za

z7lgz7!  zlgz 1 a3z za~3 a lza? a%za?!

a?z1 z 1la? z4 z 4 27 %q2 a?z1lq

2z 1lg™1z71 z-1lg-171 az™3 z73q1 a~1z71g72 a2271g!

a2z z 1g7? 2z lagz2 27 2q" 1271 za™3 a3z

aza az? a®z7? z"%2q2 z g3 a 3271

alza aza az laz"! z7laz7? a™t a*

az"lg az? a lz7lgz™1 z71g2271

Figure [15]: Enumerations of words of length at most 4 in the group

< a,2; aza~! = 22 >, based on the orderings < and <.
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A comparison of these lists shows that the sets are not the same. There
are 4 elements of G that are represented by different words in the Cayley
languages corresponding to the two orderings, listed in Figure [16]. The
pairing of equal elements of G was determined using the “SELECT” function
in [HNNZ7.PAS], using the ordering <.

Version 1 (<) Version 2 (<)
alz7lgz"! = z lg71z71q
alza 1z = za~2z"1

a lzaz = 2a”lza

z a2z = zaza

Figure [16]: Different words in Enumerations 1 and 2.

Even if the ordering is fixed, we may construct different Cayley languages
by using different orderings of the generators. This can be illustrated with
the free abelian group of rank 2, F; =< a,b;> . We use the ordering <,

since the tree traversal it induces is somewhat simpler to visualize.

If the generators are ordered as a <' a™! «' b <’ b71, then the Minimal

Schreier transversal constructed is
(a'l(a™M)") (@16~ ")),

while under the ordering a <' b <' a7 ! «' b1, the Minimal Schreier

transversal is the set
at (b¢|(b—l)t) Ubba(a-—l)t Ua—l (a—l)#(b—l)t.

We conclude this section with a generalization of Lemma 15. Given a
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group G with subgroup H, the generalized word problem for the pair (G, H)

is to decide, given a word w € G, whether w € H..

Lemma 17 If G is a finitely generated group with subgroup H, and (G,H)
has solvable generalszed word problem, then G/H admits a recursive minimal

Sechreser transversal.

Proof: Let L={z€ G* :Vz < z,2z7! ¢ H}. L evidently contains precisely
one element of G* from each coset in G/H, and this element is the minimal

representative of its coset with respect to the ordering <.

To see that L is prefix-closed, suppose w = uv € L, but u & L. Then there
is some 2z, z < u, such that zu~! € H. By Proposition 7, zv < uv. Now,
zvw™! = z2ov™u"! = zu~!, which is in H. Since zv < w, this implies w & L.
Hence, L is prefix-closed, and is therefore a minimal Schreier transversal for
G/H. _

We now show how to decide, given w in G#, whether or ;10t w 1s in L.
List the words of G¥ in ascending order, starting with A, according to the
ordering <, and stop when a word z is found with 2w € H. If z = w (as

words) then w € L; otherwise, w ¢ L. |

Note that this Lemma reduces to Lemma 15 in case H is the trivial

subgroup {1}.
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3.2.3 Free and Free Abelian Groups.

We now focus attention on two simple classes of groups, the free groups and
the free abelian groups. These classes of groups serve as good examples for
contrasting the Cayley languages with the Word Problem.

In [51] it is shown that the free groups F, of rank r > 1 on a free set of
generators have group languages that are context-free but not regular, while
the free abelian groups A, of rank s > 2 on a free set of generators have
group languages that are context-sensitive but not context-free. From the
perspective afforded by their group languages, the free abelian groups A, are
more complex than the free groups F,. This seems to indicate that the group
languages do not faithfully reflect the groups’ structural complexity.

This situation is in marked contrast with that of the Cayley languages.
Both F, and A, possess regular Cayley languages. In the case of F, =
(a1y...a,;), we may take for a Cayley language L(F) the freely reduced

1 1

words; i.e., those words containing no subwords of the form a;"e; or a;a;*.

In the case of
A, = (by,...by; b,le;lb.-b,-, (2,5 = 1,...s, t # 7)),

we may take for a Cayley language L(A) the freely reduced monotonic words
(i.e., words in which the symbol subscripts form a non-decreasing sequence).
It is easily seen that both L(F) and L(A) are Cayley languages. L(F) is the

complement of the language
G*(bibyh)at | GE (b7 1b)GE .. . G* (6,0, 1) G* | G* (b, b,) G,

and the complement of a regular language is again a regular language. L(A)
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is given as the concatenation of the regular expressions

(1)’ U(a1"))s ((a2)* Ulaz")")s - - ((er)* U7 "))

and is therefore a regular language.

3.2.4 Confluent Groups

We consider two classes of groups, the confluent groups and groups of Dehn’s
Algorsthm for which the word problem is solvable by means of straightforward
pattern matching and string rewriting procedures.

We first consider confluent groups, or groups possessing a finite com-
plete presentation. The concepts here are analogous to those developed in
the polynomial case. Confluent groups may be viewed as generalizations of
finitely generated commutative monoids, in the sense that they may be pre-
sented in such a way that their relators define a term rewriting system which
yields an algorithm for deciding the word problem.

We first define the analog of an “admissible ordering on monomials”,

as defined in the Grébner basis chapter. Let G be generated by X =

{.’l:l, e ,:Dn}.

Definition: A total ordering < on X* is a reduction order provided that
(1) < is a linear order, -

(2) A<z (1<i<n),and

(3) v <v=aub<avb, (Va,b,u,veX*).

Proposition 8 The orderings < and <' on G* as defined earlier in the

Cayley Language section are reduction orders.
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Definition: A group G has a confluent presentation with respect to an
ordering < if there exists a finite set P = {(¢4,8;) (i € I)} of pairs of words
of G¥, with o5 = f; in G, B; < o4, and if the reflexive transitive closure of
—p, defined by

w—op v <= (3 el) (v =rvay, v'=ubv)),

is Church-Rosser. We denote the reflexive transitive closure of —p by —p.

As in the Grobner basis chapter, the relation —p may be interpreted as
a rewriting process. Given w, Jw' such that w —p w' if and only if for
some z, a; is a subword of w. The properties of a reduction order guarantee
that any sequence w —p w; —p --- terminates in a finite number of steps.
Finally, the finite termination and the Church-Rosser property provide a
normal form algorithm for elements of G.

If G has a confluent presentation with respect to a reduction order, then

the word problem for G is solvable; w =1 <= w —p A.

Definition: The class of regular apertodic sets is the smallest family of sets
containing the finite sets, and which is closed under union, concatenation,

and complementation.

Theorem 18 Let G be a finstely generated group with confluent presenta-

tton. Then G admits a regular aperiodic Cayley Language.

Proof: Since G has a complete presentation, G has solvable word problem.
Let L be the Cayley language constructed in the proof of Lemma 15. We
claim that L is precisely the set of all normal forms, or irreducible words of
G*.
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Suppose w € L, and w — w'. Then w'w™! = ), and v' < w, since — is
induced by a reduction order. But this contradicts the fact that the Cayley
language L contains only minimal representatives.

Now, suppose that w is irreducible. The construction of Lemma 15 pro-
duces a word z = SELECT(w) € L, with wz"! =1, and w  z. Consider the
word wz~12. Since G is confluent, wz~! —* X and 2712 —* \. By property
(3) of a reduction order, there exist reduction sequences wz"1z —»* 1.2 =2
and w2~z —* w1 = w. But then, w = 2, since wz~1z can’t reduce to
distinct irreducibles. Hence w € L.

Writing the set of rewrite rules as P = {(&,8;) (¢ € I)}, the set of
irreducible words is the complement of

U c*aict,

iel
which is a regular set if |P| is finite. Since G* itself is the complement of
the empty set, the set of irreducible words is seen to be a regular aperiodic
language. 1

As an example, we consider the free abelian groups A, of finite rank s.
The Cayley language for A, presented earlier was regular, but nor regular
aperiodic. However, 4, possesses a confluent presentation, which essentially
freely reduces, and commutes the generators so that their indices form a

non-decreasing sequence:

{a,;-‘a? — a,f’aj.’ (1<i<j<s, ==%1)}

U {aei'—1, ¢ila; =1 (1<i< )}

With respect to this presentation, the set of irreducible words is obtained
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by excluding from G# both the freely reduced words, and the sets
G* (bi[671) (b;[671)G*, (V5 < 4).

3.2.56 Groups of Dehn’s Algorithm

A group G of Dehn’s Algorithm, or a DA-Group, is a finitely generated group
whose word problem is solvable by a ‘monotonic reduction process. [19] By
this, we mean that there is a finite subset of G* x G¥, {(a;,5): 1 € I},
with |a;| > |Bi], & = Bi in G, and in addition, any non-empty word w € G¥
that is equal to the identity contains a subword o;, for some k € I. Dehn’s
algorithm for deciding whether or not w = 1 in G consists of successively
replacing subwords a; of w by B, until no further substitution is possible.
Since each substitution decreases the length of w, this process terminates
after a finite number of steps. For a DA-group, w = 1 if and only if this
process terminates with the empty string.

A free group of finite rank, F, = (a;,...q,;) is a DA-group. The list of
allowable replacements is the set U, {(a:ia;, A), (a7 'a;, A)}.

In 1912, Dehn proved that the word problem for the fundamental groups
of closed, (two-dimensional) orientable surfaces of genus g > 2 is also solvable
by means of such a monotonic reduction process [48]. Domanski and Anshel
[19] proved in 1985 that the word problem for DA—groups is solvable in linear

time on a multi-tape Turing machine.

DA-groups are said to be Church-Rosser on the congruence class of the
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tdentity; that is, the following diamond condition holds for any w = 1:

w

e N
z y
s o/
1

We emphasize that if w # 1, then w may reduce to distict irreducibles; i.e.,
Dehn’s algorithm solves the word problem, but does not, in general, provide
a normal form algorithm. Therefore, we do not expect that the DA~groups
necessarily possess a regular aperiodic minimal Schreier cross-section, as in

the case of the confluent groups.

Theorem 19 Let G be a finitely generated DA-group. Then G admits a

context-sensitive Cayley language.

Proof: Let L be the Cayley language as constructed in Lemma 15. Given
w € G*, deciding whether w € L requires space for solving the word problem,
and for enumerating words z of G¥, z < w. Domanski and Anshel [19] have
shown that G has word problem solvable in linear time, and hence in linear
space, on a multi-tape Turing machine. The enumeration may be performed
using |w| + 1 tape cells, so the total space required is linear in |w|. Hence, L

is a context-sensitive language. |

Tretkoff [59] attributes to Otto the result that groups with finite Church-
Rosser presentations with length-decreasing rules have context—free word
problem. By the Muller-Shupp theorem, these groups are all virtually free.
Madlener and Otto have shown that groups that are confluent over the con-

gruence class of the identity with respect to a rewriting relation in which all
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rules are length—decreasing properly contain the virtually free groups. There-
fore, DA-groups do not, in general, admit context-free Cayley languages.
We note that Theorem 19 is in fact a corollary of the following stronger

result:

Theorem 20 If G 1s a group having deterministic context-sensitive Word

Problem, then G admits a contezt-sensitive Cayley language.

Proof: We show that under the hypotheses, the Cayley language L that is

constructed in Lemma 15 is a CSL. Recall that L is defined as follows:

w¢ L if and only if 3z < w such that wz™! = 1.

Let n = |w|. We have already shown (in the discussion preceding Figure
[5]) that SUCCESSOR(w) € DSPACE(n). Since WP(G) is a DCSL, there is
a deterministic Turing machine, WPM, which halts on input z if and only if
z = 1. (We follow the convention that, rather than entering a rejecting state,
WPM loops if z # 1.) In Figure [17], we describe a nondeterministic Turing
machine M € NSPACE(n) which accepts X* \ L.

Essentially, M works on input w as follows: In the special case of w = A,
M rejects w by looping, since every Cayley language contains the empty
word. If A\ < w, then M starts enumerating the elements of G*, and non-
deterministically chooses a word 2. M will only reach step 4 if 2 <« w. M
reaches step 6 and halts if and only if M has already reached step 4, and
WPM halts on wz1; i.e., if and only if a word z < w has been found, with
z = w. The actual number of tape cells used by M is at most 4|n + 2|,

including end-of-string markers.
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Since M € NSPACE(n), Z*\ L is context-sensitive. By Immerman’s

result, its complement L is also a context-sensitive language. 1

M has three tapes; the Input tape, initially containing a word w, and

two work tapes, z and z. M starts in state 0.

(trivial case)

(initialize)

(verify order)

(form test word) 4.
(solve WP) 5.
(w is not in L) 6.

0
1
(form successor) 2.
3

If w= ), goto0. (loop; w € L.)

z=A

z = SUCCESSOR(z).

if z = w, go to step 3 (loop); otherwise,
go to either step 2 or to step 4.
z=wz"!

run WPM on input z.
halt; w ¢ L.

Figure [17]: A Turing Machine accepting the complement of the

Cayley language of Lemma 15.
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3.2.6 Polycyclic-by—Finite Groups
Definition: A group G is polycyclic if there exists a finite normal series
1=Go<d G144 G, =G

such that Gi41/G; is cyclic, for 0 < ¢ < n. A group G is polycyclic-by—finite

if G has a polycyclic subgroup of finite index which is normal in G.

Definition: A set X C * is bounded if dw,,...,w, € I* such that X C

*

*
w;,.

wl see
Gilman [27] observes that a polycyclic-by—finite group G has a bounded
regular cross-section. We show here that a polycyclic by finite group G

possesses a regular aperiodic cross—section.
Lemma 18 Ifa € ¥ then a* ts a regular aperiodic language.

Proof: a* =X*\ (X*(Z\ {e})Z*), since the complement of a¢* in * is the

set of words containing something other than an a.

Theorem 21 If G is an ezxtension of a polycyclic group by a finite group,

then G possesses a regular apersodic cross-section.

Proof: We first show that the assertion is true if G is simply polycyclic,
using induction on the length of a polycyclic series for G.

Let G have polycyclic series1 = Gp<d G141 G, = G. If n =1, then
either G is finite, in which case the assertion holds trivially, or else G is a free
group of rank 1, which we have already shown to have a regular aperiodic

cross—section.
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Inductively, assume n > 1, and G,.; has regular aperiodic cross-section
denoted by a regular expression R,_;, and G,/G,_, is cyclic, generated by
gnGn-1. As sets, G, is the disjoint union Ug}Gn-1.

Case 1: |G, /Gy-1]| is finite, say of order m. Then a cross—section for G
is the language

m-1 )
U g:zRﬁ—l.’
=0

which is regular aperiodic, given by the regular expression
Roi|gnBRny| -+ | 90 Rpy.
Case 2: G,/Gp-; has infinite order. Then G has cross—section

(gn)*Rn—l U (9;1)‘Rn-11

and by Lemma 18 above, this is also regular aperiodic.
Now, suppose G is polycyclic by finite, with H < G, H polycyclic, and
suppose H has a regular cross-section given by a regular expression R. As in

Case 1 above, if |G/H|=m < o0, 3 ¢;,...9m € G such that

m
G= UgiH9

i=1

and so a regular aperiodic cross-section for G is given by

(@R) U -+ U (g=R).
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3.2.7 Linear Groups

Definition: Let ¥ be a field of characteristic zero. A group is a linear group
over ¥ provided it is isomorphic to a group of k& X k invertible matrices over

¥, for some positive integer k.

Theorem 22 If G is a finitely generated group embeddable in GL(n, ¥) then

G possesses a context-sensstive Cayley Language.

Proof: In the proof of Lemma 15, we constructed a recursive cross-section L
of G. To show that L is in fact context-sensitive, it is sufficient to show that

the predicate MEMBER can be decided in linear space.

The complexity of deciding membership in L, using the algorithm of
Lemma 15, depends only on the complexity of the word problem for G,
and on the complexity of the enumeration of G¥ with respect to <. R.
Lipton and Y. Zalcstein [45] have shown that the word problem for such a
group G is solvable in logspace. We have already described a single tape
Turing machine SUCCESSOR that finds the successor of a word z in G¥*,
which visits at most |z| + 1 tape cells.

Our algorithm for deciding membership in L, on input w, does not enu-
merate any words past w, so the number of cells visited (not including end-of-
tape markers) is at most jw|. Since the total space required is bounded by a

linear function of the input size, we may conclude that L is context-sensitive.
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8.3 The Burnside Problem.

3.3.1 A Historical Perspective.

In 1902, W. Burnside asked whether or not a finitely generated group in
which every element has finite order is necessarily finite. Such groups are
now called periodic groups. [28] Burnside went on to pose a less general
form of this question: Is an m-generator group G in which z" = 1,Vz € G,
necessarily finite, and if so, what is its order?

Current work regarding these questions revolves around the free Burnside
group B(m,n) of rank m and exponent n, by which we mean an m-generator
group subject only to the condition that the n'* power of every element is
the identity; i.e., B(m,n) = F/N, where F is the free group of rank m, and
N is the normal subgroup of F generated by {z" : z € F}. [48, page 379]

For some m,n, the answers are well-known. B(m, 1) is the trivial group,
while B(1,n) is cyclic of order n. B(m,2) is easily seen to be abelian, with
order 2™. Burnside proved that |B(m,3)| < 32" ~1. In 1933, Levi and Van
der Waerden strengthened this, proving that

IB(m, 3)] < 3(3)+(3)+(3),

where (’,’:) is the binomial coefficient k—,(-,::‘i—k),

I. Sanov proved in 1940 that all free Burnside groups of exponent 4 are fi-
nite. In 1956, Philip Hall and Graham Higman predicted the order of B(m, 6)
if in fact B(m,6) was finite; two years later, Marshal Hall, Jr. verified that
B(m,6) was indeed finite.

The negative answer to Burnside’s problem was given in 1964, when the

existence of infinite finitely generated periodic groups was demonstrated by
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E. S. Golod, as a result of joint work with I. R. Shafarevitch.
In 1968, P. S. Novikov and S. I. Adian established the existence of infinite

Burnside groups for infinitely many exponents. Their original result has been

strengthened, and we state without proof a result due to Adian:

Theorem 23 (Adian) The free Burnside groups B(m,n) are infinite in
case m > 2 and n is odd, n > 665. Moreover, the word problem for these

groups is solvable.

We remark that in 1984, M. F. Newman presented a computer-based
proof that B(m,6) is finite. The question of whether or not B(2,5) is finite

remains open.

3.3.2 Coset Representative Systems of Periodic Groups.

We now turn our attention to language-theoretic characterizations of these
groups. We make use of a key result used to prove that a language is not

context-free, proven in 1961 by Bar-Hillel, Perles, and Shamir: .

Theorem 24 (The Pumping Lemma for CFL’s) Let L be a CFL. Then
there extsts a constant n, depending on L, such that if z € L,with|z| > n,
then z may be written as z = uvwzy, where v and = are not both empty,

lvwz| < n, and Vi > 0, uv'wz'y € L.

Theorem 25 If G is a finitely generated periodic group, and H is a subgroup
of G, then a coset representative system L for G/H is a CFL if and only if
H has finite indez in G.
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Proof: If H has finite index in G, then L is finite. A finite set of words is
regular and therefore context-free. Suppose H does not have finite index in
G. Then L is infinite, and since G has only a finite number of generators, L
must contain words of arbitrary length. Suppose L were context-free. We
could then choose a sufficiently long word z = uvwzy, with vz not empty,
as in the Pumping Lemma. Let the orders of v and z, as elements of G,
be p and gq, respectively. Consider 2’ = uwvPitlwzPi*ly, By the Pumping
Lemma, 2' € L. Now, z and 2' are unequal as words in L, but represent
the same element of G. This contradicts the assumption that L is a coset
representative system for G/H. |

By considering Theorem 25 in the special case when H is the trivial sub-
group {1}, we obtain a language-theoretic characterization of finitely gener-

ated periodic groups in terms of their possible enumerations.

Corollary 2 A finstely generated periodic group G is infinite if and only if

G does not admit a context-free enumeration.

Corollary 3 An infinite free Burnside group of rank m > 2 and ezponent
n, with n odd and n > 665 possesses a recurstve, but no context-free, Cayley

language.

Proof: Let G be one of these free Burnside groups. Adian [1] has shown
that G has solvable word problem, so by Lemma 15, G admits a recursive
Cayley language. By corollary 2, no Cayley language of G is context-free.
1
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