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Abstract

Dense Suspension Rheology and Flow Phenomena

by

Sandeep D. Kulkarni

Advisor: Jeffrey F. Morris

Rheology of concentrated flows of colloidal and non-colloidal suspensions is probed

using simulation and experimental techniques. When subjected to shear, a concen-

trated suspension exhibits a rich variety of behaviors. The striking behaviors vary

from shear induced ordering to shear thickening and hydrodynamic instabilities de-

pending on the particle concentration and flow conditions. A range of these behaviors

is studied in terms of microscopic and macroscopic response of the system.

The computational studies use Accelerated Stokesian Dynamics (ASD) simulation

technique to investigate colloidal suspension flow at low particle Reynolds number.

The first study explores shear-induced ordering in colloidal suspensions. The simula-

tions are performed for particle volume fractions 0.47 ≤ φ ≤ 0.57 at Péclet numbers

of 1 ≤ Pe = 6πηγ̇a3/kT ≤ 104 where η is the suspending fluid viscosity, γ̇ is the

imposed shear rate, a is the sphere radius and kT is the thermal energy. At Pe ≥ 10,

when particle volume fraction is above φ ≈ 0.50, the suspensions undergo ordering

over extended periods at the onset of flow, with remarkable reduction in the shear

viscosity and self-diffusivity. The thixotropic response is a result of microstructural

ordering, which is characterized by the real space pair distribution function and its

Fourier transform, the static structure factor; both show that the particles tend to

flow in chains with hexagonal packing in the plane normal to the flow. An order

parameter is formulated to quantitatively describe the strength of this hexagonal



v

packing.

The second computational study compares the microstructural anisotropy ob-

served in sheared suspensions simulated by the ASD technique (φ < 0.50) to that

observed in an experimental study of pressure-driven flow of Brownian suspensions

through a micro-channel. In the experiments, three-dimensional particle locations

are obtained via confocal microscopy. The features of the pair distribution function

obtained experimentally show excellent qualitative match with that obtained from

the simulations.

The third simulation study probes shear thickening (or jamming) in Brownian sus-

pensions based on a ‘motion correlation’ approach. The correlations for the velocity-

gradient (y) direction velocities of the particle pairs are studied for ASD simulated

suspensions with 0.05 ≤ φ ≤ 0.47 at various Péclet numbers. The pair motion corre-

lations show strong dependence on φ and Pe, and this novel approach captures the

long-range structures at microscopic level which could be associated with the shear

thickening phenomenon.

The experimental work investigates gravity-driven flow of concentrated suspen-

sions (φ > 0.50) of non-Brownian spherical particles through a channel contraction at

low Reynolds number. The abrupt change in the flow area at the contraction forms

distinct shear-rate regions having different fluid pressures, which are related to the

concept of particle pressure. A model involving particle pressure variation coupled

to a Darcy-like behavior for the fluid captures the phenomenon of ‘self-filtration’, in

which the effluent material has lower solid fraction than the input suspension.

In the above experimental set-up, when an external load is added on the suspen-

sion, the flow transforms from the smooth motion to a periodically alternating fast

and slow motion for φ ≈ φc ≥ 0.55. This remarkable alternating motion is suggestive
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of conversion from a liquid suspension into a thickened ‘solid-like’ system. The pe-

riodic flow behavior is found to be robust, occurring for a range of imposed driving

pressure level, particle size and viscosity of solvent. The ‘self-filtration’ is found to

be retained in the periodic flow conditions. The coupling of periodic flow behavior to

the system’s pressure response is investigated.
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Chapter 1

Introduction

1.1 Background and Motivation

Multiphase flows are ubiquitous in nature and in industrial processes. Suspensions

are an important class of multiphase systems, where discrete solid particles are

suspended in a continuous fluid medium. Typical examples include industrial

products like paints, cement, personal care products and biological fluids such as

blood and foodstuff. It is a challenge to understand how the material’s microscopic

and macroscopic properties are affected by various types of external perturbations.

Laboratory experiment, analytical theory and computer simulation are the tools

which are extensively used to address these challenges. A complete understanding

of the transport properties of the suspensions, especially in very dense systems, is not

yet available and remains a fundamental problem in fluid dynamics.

The governing physics roughly depends on the length scale of the particulate

system and thus, the simulation techniques or analytical tools required change

accordingly. Figure 1.1 describes the simulation techniques appropriate for the

particle sizes ranging from Angstrom to meter-scale grains. At molecular scale,

Molecular Dynamics is used where particles interact through molecular inter-particle

forces governed by Newton’s law of motion [1]. For larger particles in the range of

1
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O(10−8) m to O(10−3) m, it is computationally more efficient to consider the solvent

molecules as continuum. The colloidal particles interact through inter-particle (e.g.

electrostatic), Brownian and hydrodynamic forces. The Brownian forces arise from

thermal fluctuations of particles which are smaller than 1μm. As shown in figure

1.1, this range of particle length mostly satisfies low Reynolds number condition

(Re = ρUa/η << 1, where ρ is the number density, U is the characteristic particle

velocity, a is the particle radius and η is the fluid viscosity), where the hydrodynamic

interactions are governed by the Stokes equation. The simulation method which

accounts for these interactions is Stokesian Dynamics [2]; this simulation technique

and experiments in the same range of particle length scale are the main focus of

interest for the present study.

For much larger particle size where Re >> 1, the motion of particles is governed

by inelastic collision; the fluid motion is neglected and Granular Dynamics is used to

simulate the particle motion using Newton’s laws of motion [3]. When the Reynolds

number is neither large (Re >> 1) nor small (Re << 1), the inertial effect of the flow

needs to taken into account [4]. The high Reynolds number flow, however, is not the

focus of this study. Our interest of study is the Stokes flow regime (Re << 1) and

the simulation tool for this regime, Stokesian Dynamics, is established based on the

following development of analytical theories.

A system comprising of monodisperse hard-sphere particles suspended in a

Newtonian liquid arguably represents the simplest type of suspension. The suspension

viscosity, defined as the ability of the system to resist the flow, is higher than the

suspending liquid viscosity because of the presence of non-deformable solid particles.

Theoretical studies demonstrating the effect of hard-sphere concentration on the

suspension viscosity are precursors for the modeling of suspension flows. Einstein

[5] found that the suspension viscosity η was increased over that of solvent by a
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Figure 1.1: Simulation technique and particle size.

factor of (1+5/2φ). The detailed motion of the two-phase flow can be solved based

on the equation of motion for suspending fluid with proper boundary conditions. The

equation of motion or the Navier-Stokes equation for the Newtonian fluid is given by

Re(
∂u

∂t
+ u ·∇u) = −∇p +∇2u, (1.1)

where p and u are the fluid pressure and velocity respectively. The distance, velocity

and time are made dimensionless with a, U and a/U respectively. The particle

Reynolds number Re represents the ratio of inertial to viscous forces. When viscous

forces are dominant and inertia is completely negligible, Re→ 0 which is referred as

Stokes flow.

The linearity of Stokes equation gives ability to obtain analytical solution to

the flow. Batchelor [6, 7] provided solution for hydrodynamic interactions for two

particles in simple shear flow. He also performed calculations for bulk stress which

has contributions from the continuous fluid phase and the discrete particle phase

[8]. Further work in this area include more accurate calculations of two-body
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hydrodynamic resistance functions which involves near-field lubrication forces and

far-field interactions [9, 10, 11, 12]. These theoretical studies have been limited

to dilute concentrations where two-body interactions dominate. Nevertheless, they

have identified fundamental mechanism of particle interactions at low Reynolds

number flow and provided a foundation to the simulation method of Stokesian

Dynamics. The Stokesian Dynamics (SD) simulation can capture the behavior at

high particle concentrations by accounting for many-body hydrodynamic interactions

[13, 2]. This is carried out based on pairwise additivity of hydrodynamics interactions

using superposition of the forces; the linearity of Stokes flow allows superposition

of independent solutions and hence a combined effect of hydrodynamic and non-

hydrodynamic (Brownian and interparticle) interactions could be investigated. The

simulation method is described in further details in chapter 2.

The findings of Stokesian Dynamics simulation and various analytical techniques

have an excellent agreement with the key rheological results of the experimental work

on sheared suspensions. The shear thinning and thickening responses observed in the

SD simulation as the Péclet number (ratio of shear to Brownian forces) is varied [14]

are in good agreement with the experiments on sheared suspensions [15, 16]. The

thickening behavior is also predicted theoretically based on the dependence of the

value of pair distribution function at contact on the Péclet number, g(2) ∼ Pe [17].

The SD simulation [14, 18] and analytical [19, 17] results have shown that

strongly sheared suspension generate normal stresses; this behavior is validated by

the experimental studies in various flow geometries [20, 21, 22, 23]. The role of shear-

induced anisotropy of the suspension microstructure [24] in generating the normal

stresses is investigated thoroughly through theory and simulations [17, 14, 18]; the

anisotropic behavior under shear agrees qualitatively with the experimental findings

[25, 26].
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In the experiments of low-Reynolds-number suspension flows that involve variation

in the shear-rate across the flow-channel, a phenomena of ‘shear-induced migration’ is

observed [27, 28, 29]. This response is studied in relation with the particle pressure Π

which is the mean normal stress exerted by the particle phase in a sheared suspension

Π = −1
3
[
∑p

11 +
∑p

22 +
∑p

33] [30]; Π is evaluated using SD simulations [18, 31] and

experiments [21, 32]. The migration is modeled based on formulation of constitutive

relations which relate the suspension stresses to the strain rate [33, 34, 35].

Despite the noted substantial progress in understanding of the suspension flows,

a wide range of phenomena, especially in very dense systems (φ > 0.35) are not

well understood for various flow conditions. The central goal of this study is to

explore rheology of concentrated flows of colloidal and non-colloidal suspensions using

simulation and experimental techniques. When subjected to shear, a concentrated

suspension demonstrates rich variety of behaviors that ranges from shear induced

ordering to shear thickening and jamming depending on the particle concentration

and flow conditions. We investigate the response of concentrated colloidal systems

computationally using Accelerated Stokesian Dynamics simulation at microscopic and

macroscopic level. Experimentally, we study flow-induced dilation and transient

jamming observed in the flow of non-Brownian suspensions through a contraction

geometry. The relevant background literature in different areas of our study is

thoroughly discussed in respective chapters of this thesis.

1.2 Outline

The thesis is arranged as follows. Chapter 2 describes the Accelerated Stokesian

Dynamics (ASD) simulation method for solving flow of sheared colloidal suspensions

at low Reynolds number condition. Based on the knowledge of time evolution
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of particle positions and velocities, the microscopic properties of the system are

investigated. The ASD technique also provides macroscopic properties of shear and

normal stresses using the calculations of the bulk stresses in the system.

In chapter 3, shear-induced ordering in colloidal suspensions is computationally

investigated. The range of parameters for which this order occurs is probed

by simulation of monodisperse Brownian hard-sphere suspensions using the ASD

technique. The simulations are conducted for dense systems with particle volume

fractions 0.47 ≤ φ ≤ 0.57. The Péclet is varied as 1 ≤ Pe = 6πηγ̇a3/kT ≤ 104

where a is the sphere radius γ̇ is the imposed shear rate, η is the suspending fluid

viscosity, and kT is the thermal energy. As the flow begins, the suspensions undergo

gradual ordering with time for particle volume fraction above φ = 0.50 at Pe ≥ 10.

The ordering is associated with considerable reduction in the self-diffusivity and

shear viscosity. The time-dependent viscosity response is a result of microstructural

ordering, which is characterized microscopically by the real space pair distribution

function and its Fourier transform, the static structure factor. Both microscopic

properties show that the particles tend to flow in chains with hexagonal packing in

the plane normal to the flow. The strength of this hexagonal packing is quantitatively

described by an order parameter C6. This ordering is not observed at Pe = 1.

Step changes in Pe are found to result in transitions of the structure and rheology,

and hence the steady state rheology determined is uniquely associated with the flow

conditions and particle fraction for most of the parameter space studied; however,

near the boundary with respect to Pe between flow-induced order and disordered

states of suspension at φ = 0.55, the ultimate structure is history dependent within

the typical simulation duration of material strain of O(100).

In chapter 4, we compare the anisotropic suspension microstructure obtained from

the ASD simulated shear flow to that observed in experiments. The experiments
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are conducted to study the pressure-driven flow of Brownian suspensions through

micro-channels where the 3D particle locations are obtained by confocal laser

scanning microscopy (the experiments are carried out by our collaborators at Lehigh

University). The simulations capture the qualitative characteristics of the suspension

microstructure that are observed experimentally.

Chapter 5 investigates the phenomena of shear thickening and jamming in

suspensions at microscopic level. The microstructure in sheared suspensions has been

extensively probed in earlier studies based on the spatial distribution of particles.

In this work, a novel tool of pair motion correlation is demonstrated to study

the microscopic response of the system. The shear flow of hard-sphere Brownian

suspensions is simulated using the ASD technique. The correlations for the velocity-

gradient (y) direction velocities of the particle pairs are probed at various Péclet

numbers with a range of particle volume fractions between 0.05 ≤ φ ≤ 0.47. The

y velocity pair correlations show strong dependence on φ and Pe, and notably, they

capture the long-range structures which could be associated with the shear thickening

behavior. The pair motion correlations in the ASD simulated flow are compared to

that in Brownian Dynamics simulated flow to investigate the role of hydrodynamics

in the formation of the long-range structures.

Chapter 6 and 7 discuss our experimental work on dense suspension flows.

Gravity-driven flow of concentrated suspensions (φ > 0.50) of non-Brownian spherical

particles through a channel contraction at low Reynolds number is studied in chapter

6. We observe that the effluent material leaving the contraction has a consistently

lower solid volume fraction relative to the input concentration; this phenomenon

is known as ‘self-filtration’. The internal stress during flow is investigated through

measurement of the liquid pressure along the channel boundary, at points in and well

before the throat of the contraction. There is strong correlation of the liquid pressure
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with the self-filtration. The relation of this liquid pressure to the shear-induced

particle pressure Π, a strong function of φ and shear rate, is studied.

Chapter 7 describes the experiments on flow through the contraction driven by

an imposed load. The suspension flows smoothly under its own weight. Remarkably,

under externally added load, the dense suspension φ ≈ φc ≥ 0.55 flows periodically,

alternating between fast and slow motions. The alternating motion is indicative

of a transition from the ‘liquid-like’ state to a thickened ‘solid-like’ system. The

phenomenon is found to be robust, occurring for a range of imposed external load,

particle size and concentration, and viscosity of solvent. The periodic flow behavior

is thoroughly studied as a function of the above stated parameters. Both steady and

periodic flows exhibit ‘self-filtration’. The system’s pressure response is investigated

in relation to the two striking phenomena of periodic flow behavior and self-filtration.



Chapter 2

Accelerated Stokesian Dynamics :
simulation method

With Accelerated Stokesian Dynamics (ASD), we solve the equations governing

the motion of particles suspended in sheared viscous fluid at low particle Reynolds

number (Re = ργ̇a2

η
, where ρ is the number density, γ̇ is the shear rate, a is the

particle radius and η is the suspension viscosity). Accelerated Stokesian Dynamics

is an advanced version of conventional Stokesian Dynamics (SD). An important

advantage of ASD, which uses fast Fourier transform method, is considerably lower

computational cost of O(N lnN) relative to the O(N3) of standard SD, where N

is the number of particles in a periodic unit cell. Here, we describe in brief the

fundamental evolution equation on which both SD and ASD simulations are based.

SD and ASD are discussed in further details by Brady & Bossis [2] and Sierou &

Brady [36] respectively. The ASD code with Brownian motion is provided by Banchio

& Brady [37].

For the system of particles suspended in an incompressible Newtonian fluid, the

fluid motion is described by the Stokes equation while the particle motion is described

9
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Figure 2.1: Periodic simulation box with Less-Edwards boundary conditions

by the N -body Langevin equation. It can be stated as

m
dU

dt
= FH + Fp + FB, (2.1)

where FH is the hydrodynamic force while FB is the stochastic force due to Brownian

motion and Fp defines the inter-particle/external force. Thus, the rate of change of

the particle velocity vector is expressed as the sum the forces.

The hydrodynamic force FH : The hydrodynamic force-torque equation is

characterized on the basis of linearity of the governing Stokes equation [13]. It is

stated as

FH = −RFU ·U∗ +RFE : E∞, (2.2)

where U∗ describes the particle translational-angular velocity relative to the bulk

fluid translational-angular velocity estimated at the particle center. The term RFU

defines the hydrodynamic force/torque on the particle due to their motion relative to

fluid while the term RFE is the hydrodynamic force/torque on the particles due to
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imposed shear flow. The symmetric part of the velocity gradient tensor is depicted

by E∞.

The Brownian force FB : The thermal fluctuations give rise to the Brownian or

stochastic force. The expressions for the Brownian force are stated as

< FB >= 0, (2.3)

< FB(0)FB(t) >= 2kTRFUδ(t), (2.4)

where T is the absolute temperature, k is the Boltzmann constant and δ(t) is the

delta function.

The interparticle force Fp : For the present study, the interparticle are introduced

to avoid the overlap of particles. Note that, in fact, the hydrodynamic lubrication

forces between the particle would not allow the particle to overlap, but due to the

limitation in choosing the time-step for calculations (smaller the time-step, higher

the computational cost), there is a possibility of particle overlaps. The form of hard-

sphere interparticle force is described by Fp = 1
2
kT r̂δ(r − 2a). The dimensionless

parameter γ∗ determines the relative magnitude of the shear and the interparticle

forces.

The Langevin equation (2.1) can be integrated twice to give the time evolution of

the particle positions as

< Δx >= Pe{U∞ +R−1
FU · [RFE : E∞ + γ∗−1FP ]}Δt +∇ ·R−1

FUΔt+X(Δt). (2.5)

Here, Peclet number Pe = γ̇a2/2D is the measure of the relative strength of shear to

Brownian forces; D is the diffusivity of an isolated particle. Equation (2.5) suggests
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that the suspension behavior depends on the dimensionless parameters Pe and γ∗−1.

The contribution from the hydrodynamic shear forces is given by (U∞+R−1
FU ·RFE :

E∞)Δt. The contribution from interparticle forces is represented by (R−1
FUF

P )Δt

while the Brownian contribution is given by the configuration space-divergence of

N-particle diffusivity R−1
FUΔt and a random step X(Δt). The Stokesian Dynamics

simulation is based on equation (2.5). Once the initial configuration is given,

equation (2.5) calculates the dynamic evolution of the suspension microstructure.

This understanding of the evolving suspension microstructure is used to determine

the macroscopic quantities like diffusivity and to study the pair microstructure in the

simple shear flow.

The simulations are performed using periodic boundary conditions in all direc-

tions: x, y and z define the flow, the velocity gradient and the vorticity directions,

respectively. The Lees-Edwards periodic boundary conditions for shear flow are

used in the simulations [1]. For all results presented here, the time is measured

in dimensionless form as γ̇t, which is equivalent to strain. Distances are made

dimensionless with particle radius a. All simulations reported are run with 512

particles in the simulation box.



Chapter 3

Ordering transition and structural
evolution under shear in Brownian

suspensions

3.1 Introduction

In this work, we address the transition of hard sphere colloids from a disor-

dered liquid-like state to a highly-ordered condition due to imposed shearing flow.

Transitions from a disordered to ordered state, due either to a thermodynamic

transition or to flow, have a history of study. In the absence of flow, systems

of hard spheres in vacuum have been extensively studied by molecular dynamics

computer simulation dating to Alder et al. [38]. These simulations predict a

thermodynamic phase transition. Although they do not include a solvent, the

simulation results are applicable to the equilibrium properties of colloidal suspensions,

as the presence of solvent does not affect the equilibrium structure of colloidal hard

spheres. Experimentally, the transition has been studied for colloidal suspensions by

many, including Pusey & van Megen [39] and Paulin & Ackerson [40]. The onset of

crystallization, or “freezing” transition, of monodisperse suspensions of hard-sphere

This chapter is published as Ordering transition and structural evolution under shear in
Brownian suspensions, S. D. Kulkarni and J. F. Morris, J. Rheol. 53, 417 (2009)

13
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colloids occurs at φ = φF = 0.494, where φ denotes particle volume fraction. There

is coexistence of fluid and crystal forms for φF ≤ φ ≤ φM = 0.545. The system

is in crystalline form between φM and the glass transition point φG = 0.58. Above

φG = 0.58, up to random close packing φRCP = 0.64, a long-lived metastable glassy

state is formed. Thus, a non-flowing colloidal suspension exhibits a ‘disorder-order’

thermodynamic phase transition at the onset of coexistence of crystal and fluid, while

beyond the glass transition point the disordered liquid-like state fails to order and

remains non-ergodic.

When a shear flow is imposed, the behavior depends not only on φ but also

on the ratio of shearing to thermal motions, characterized by the Péclet number,

Pe = 6πηγ̇a3/kT where η is the suspending fluid viscosity, γ̇ is the imposed

shear rate, a is the sphere radius and kT is the thermal energy. Sheared colloidal

suspensions near and beyond the equilibrium freezing fraction φF have been studied

both experimentally and by simulations. We consider first experimental work.

Hoffman [41] showed experimental evidence of discontinuous viscosity behavior for

concentrated mono-disperse suspensions (φ > 0.50) at high shear rates beyond the

instability point and related this behavior to an ‘order-disorder’ transition with the

ordered state being a hexagonal arrangement in the flow-gradient plane, which differs

from the orientation of hexagonal order in the gradient-vorticity plane seen in this

work. Ackerson [42] investigated hard-sphere colloidal suspensions undergoing steady

and oscillatory shear flows, finding string-like and face-centered-cubic ordering near

and above φF . Haw et al. [43] found hexagonally ordered regions when suspensions

of sterically stabilized particles were subjected to oscillatory shear. Voltz et al. [44]

observed thixotropic behavior of colloidal suspensions at high Péclet number, but did

not describe ordering. Silbert et al. [45] considered by analytical methods the shear-

thinning behavior of concentrated aggregated dispersions beyond the freezing point.
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Butera et al. [46] observed in concentrated suspension of charged colloidal spheres

that a crystalline state is formed rapidly after flow cessation from a disordered shear

thickened state. Paulin et al. [47] found hexagonal packed planes stacked in the

direction of shear gradient in concentrated soft-sphere suspensions under shear.

Turning to simulation, Sierou & Brady [18] studied sheared non-Brownian

suspensions (Pe = ∞) using the Accelerated Stokesian Dynamics (ASD) technique

[36]. These authors investigated the dependence of the relative viscosity ηr (viscosity

of the suspension relative to that of the suspending fluid) on φ up to φ = 0.60, and

showed that ηr increases with φ up to φ = 0.50, whereas for φ > 0.50 it falls to

φ = 0.55 and then increases strongly for φ = 0.60, as illustrated by figure 3.1. It

was suggested that the fall in the relative viscosity for 0.50 ≤ φ ≤ 0.55 is related

to ordering of the microstructure. Leshansky & Brady [48] computed by ASD the

self-and gradient-diffusivity coefficients in non-Brownian suspensions based on the

dynamic structure factor approach. These authors observed an order-of-magnitude

drop in the self-diffusivity coefficients for φ = 0.55 compared to φ = 0.50. The

dramatic variation in transport properties of viscosity and self-diffusion is correlated

with ordering of the microstructure. Note that neither Sierou & Brady [18] nor

Leshansky & Brady [48] considered Brownian motion. The appearance of shear-

induced order at Pe = ∞ very near the onset value of φ for fluid and crystal

coexistence (φF = 0.494) in the equilibrium system of Pe = 0 motivates this work.

We seek using ASD inclusive of Brownian motion [37] to determine whether the

appearance of order, and sharply weaker rheological response, in this range of φ is a

general feature of near-hard-sphere dispersions. It is our goal to elucidate the disorder-

order behavior of sheared concentrated colloidal systems with respect to both φ and

Pe, and to determine the time dependence of the structural development.

We study the behavior of sheared concentrated colloidal systems using ASD
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Figure 3.1: Dependence of the relative viscosity on particle volume fraction; Sierou &
Brady (2002) : ASD, N = 512, Pe = ∞.

simulation at Pe = 1, 10, 100, and 1000, with limited simulations at Pe = 104. The

microstructural properties of the system are investigated based on analysis of both the

pair distribution function and its Fourier transform, the static structure factor. The

macroscopic properties of the self-diffusivity and the relative viscosity are studied.

We find that at Pe = 1, where the shear and Brownian forces are comparable, no

signature of ordering is found as φ is raised to φ = 0.57; both microscopic as well

as macroscopic properties behave monotonically with increasing particle φ. On the

other hand, at Pe = 10, 100, and 1000, particles progressively tend to flow in chains

with hexagonal packing in the plane normal to the flow for φ > 0.50. At Pe = 1, our

results do not show ordering, and thus the equilibrium order is separated by a region

in parameter space from the shear-induced ordering at elevated Pe. While there is

not a continuous ordering region in parameter space, there is apparently a general

tendency toward an ordered state in these very concentrated hard-sphere suspensions.

Interesting, the transition with respect to φ seems to be largely insensitive to Pe.

Some caution is necessary because we have not precisely determined the line between

ordered and disordered states in φ-Pe space. Further discussion of the transition is
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found in §3.4.
Thixotropic behavior of concentrated suspensions at a wide range of Péclet

numbers and the relative viscosity dependence on φ and Pe are presented in §3.3.
In §3.4 we describe the microstructure, and present an order parameter to quantify

the degree of ordering observed. We apply an approach based on the ideas of dynamic

light scattering which addresses relaxation of the fluctuations in the particle number

density in §3.5. This approach provides both a microscopic measure, the static

structure factor, and a macroscopic measure, the self-diffusivity.

3.2 Simulation method

We use Accelerated Stokesian Dynamics (ASD) technique to solve the equations

governing the motion of particles suspended in sheared viscous fluid which is described

in chapter 2.

3.3 Relative viscosity

The bulk stress < Σ > is defined as an average stress over the volume of simulation

box containing N particles and is described as

< Σ >= −pfI+ 2ηE∞+ < Σ >p, (3.1)

where 2ηE∞ and pf are the deviatoric stress and pressure of the fluid and < Σ >p is

the particle stress contribution. The details of calculation of bulk stress are described

in Sierou & Brady [36] and Banchio & Brady [37].
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The viscosity of suspension relative to that of the suspending fluid is given by

ηr =
< Σxy >

2ηExy
= 1 + ηpr , (3.2)

indicating ηpr to be the particle phase contribution to the relative viscosity. We study

the evolution of ηr with time (or strain) for φ = 0.47 to φ = 0.57 at various Péclet

numbers. The observed thixotropic behavior, i.e. a decrease in ηr over time at a

constant shear rate, and the dependence of ηr on φ and Pe are discussed.

3.3.1 Thixotropic behavior

At Pe = 1, the mean relative viscosity is independent of time at Pe = 1 up to

φ = 0.57. We observe that ηr increases monotonically with φ and fluctuates around

its mean for 0.47 ≤ φ ≤ 0.57, as illustrated in figure 3.2a. Figure 3.2b shows that

at Pe = 10, ηr is independent of time up to φ = 0.50 but decreases with time for

φ > 0.50. A simple measure of the relaxation time τ for these decays of the relative

viscosity is obtained from a fit to

ηr(t) = A exp(−t/τ) + η∞r , (3.3)

where η∞r is the steady viscosity obtained at the conditions of interest. At Pe = 10,

τ ≈ 20 to 70 for φ = 0.51 – 0.57.

For a fixed solid fraction with φ > 0.50 at Pe = 10, there are considerable

fluctuations in τ for different initial configurations. For example, for φ = 0.55 at

Pe = 10, the relaxation times τ with three different initial configurations were 22,

30 and 36. This variability indicates some arbitrariness in defining the onset of this

relaxation process, so the relaxation time can only be used in a relative sense. One
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cannot necessarily ascribe a single relaxation time to the phenomena underlying the

thixotropy, but it is worth noting that the exponential fit to the decaying states

is reasonably good with the typical quality measure for linear regression satisfying

R2 > 0.96.

As shown in Table 3.1a, the general trend for the relaxation time τ is to decrease

with increasing φ between φ = 0.51 and φ = 0.57. We note that in some realizations,

the system does not immediately exhibit decaying viscosity. As examples, consider

φ = 0.54 and φ = 0.57 at Pe = 10 shown in figure 3.2b. In these realizations, the

relaxation times τ are measured once ηr begins decaying approximately in exponential

form. To further characterize these states, we perform many realizations with different

initial configurations for φ = 0.54 as well as for φ = 0.57 at Pe = 10. For φ = 0.54

at Pe = 10, one of six realizations showed slower decay in the beginning while for

φ = 0.57 at Pe = 10, two of six showed non-decaying states in the beginning.

At Pe = 100 and Pe = 1000, ηr is again independent of time up to φ = 0.50, as

illustrated by figures 3.2c and 3.2d. The dimensionless relaxation times τ for these

larger Pe (for φ > 0.50) have about the same range of values as for Pe = 10; the

similarity of these relaxation times, scaled with shear rate, for different but elevated

Pe indicates clearly that the decay process is controlled by flow-driven interactions.

Table 3.1b and 3.1c shows that the general trend is for τ to decrease from φ = 0.51

to 0.57. While the mechanistic basis for the φ-dependence of τ is not known, it may

be due simply to intensified hydrodynamic effects: the timescale for the decay scales

as γ̇−1 and is thus a result of hydrodynamic interactions which become more intense

as φ increases.

Suspensions which exhibit thixotropy have also been studied following a step

change in Pe. At Pe = 1000 for φ = 0.55, after evolution to a strain of 50, the

suspension is subjected to a step decrease to Pe = 1. The relative viscosity quite
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rapidly rises and asymptotically approaches the steady state value seen for a system

sheared only at Pe = 1, as shown in figure 3.3a. The suspension at Pe = 1000 and

φ = 0.55 at γ̇t = 200 is nearly at steady state viscosity, and is subjected to a step

increase in shear rate to Pe = 104. As shown by figure 3.3b, ηr rises weakly with an

overshoot and then settles at a slightly higher value. Step changes from large Pe to

Pe = 2 exhibit a richer behavior which will be discussed in §3.4 in connection with

the observed order.

3.3.2 Relative viscosity dependence on φ

We compare the relative viscosities found at large φ for given Péclet numbers.

As shown by figure 3.2a, at Pe = 1, ηr increases monotonically up to φ = 0.57. At

Pe ≥ 10, ηr increases with φ up to φ = 0.50; however, for φ > 0.50, ηr becomes time

dependent. If γ̇t = 5 is considered, ηr increases with φ for all concentrations studied

(figure 3.4b). This early time data is compared with experimental data on high shear

viscosities of hard sphere dispersions by Phan et al. [49], corresponding to Pe = 0.5

to 22, and there is seen to be close agreement with the Pe = 10 early time data of the

present study; no thixotropic behavior was reported from these experiments, perhaps

owing to the polydispersity of ≈ 5%.

In contrast to the early-time data, at γ̇t = 50, we find ∂ηr/∂φ < 0 for φ > 0.50, as

shown in figure 3.4a for Pe = 1000. The curve has a plateau between φ = 0.51 and

φ = 0.55, and higher values are seen for φ > 0.55. This behavior is similar to that at

Pe = ∞ studied by Sierou & Brady [18], who considered φ = 0.55 and φ = 0.60 with

no intermediate loadings.
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3.3.3 Relative viscosity dependence on Pe

Foss & Brady [14] studied the dependence of ηr on Péclet number for 0.316 ≤ φ ≤
0.49 using Stokesian Dynamics, with N = 27 to 123 particles in the unit cell. They

observed shear thinning for Pe ≈ 10 and smaller, while shear thickening behavior

for higher Pe. We observe similar behavior over this range of φ. As noted, for

φ > 0.50, ηr becomes time dependent and the issue is more complicated. If ηr at

γ̇t = 5 is considered, shear thinning is seen at Péclet numbers lower than Pe ≈ 10 (ηr

decreases from Pe = 1 to 10: figures 3.2a and 3.2b) while shear thickening is seen at

higher Pe (figure 3.4b). In thixotropic systems for φ > 0.50 and Pe ≥ 10, we examine

the behavior of the system after γ̇t = 150. The suspension also shear thickens here,

as illustrated by examination of results at Pe = 10, 100, and 1000 in figure 3.4c, but

has much lower viscosity values than in the early time states.
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(a) Pe = 10

φ ηr (γ̇t = 5) ηr (γ̇t = 150) τ
0.51 12.3 8.7 61
0.53 16.6 9.3 43
0.55 22.2 10.6 30
0.57 32.2 22∗ 65∗

(b) Pe = 100

φ ηr (γ̇t = 5) ηr (γ̇t = 150) τ
0.51 14.3 11 47
0.53 17.1 10.3 41
0.55 24.7 11.9 36
0.57 38.7 15.2 30

(c) Pe = 1000

φ ηr (γ̇t = 5) ηr (γ̇t = 150) τ
0.51 16.6 15.2 52
0.53 20.4 13.7 40
0.55 27.1 14.4 33
0.57 40.1 20∗ 26∗

Table 3.1: Relative viscosity at γ̇t = 5 (η5r ), at γ̇t = 150 (η150r ) and relaxation times τ for
a representative set of runs for φ > 0.50 at various Péclet numbers. For measurement of
relaxation times τ using equation (3.3), we choose η∞r = η150r , except for the cases indicated
by an asterisk, where decay is delayed and η∞r = η200r .
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Figure 3.2: Dependence of the relative viscosity on dimensionless time for different φ (a)
at Pe = 1; (b) at Pe = 10; (c) at Pe = 100; (d) at Pe = 1000. To help readers through the
crowded figures, we note that the left end data increases monotonically with φ.
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3.4 Pair distribution function

The pair distribution function of sheared colloidal suspensions at large φ has

been studied over the range of Pe described above. To simplify the discussion, we

limit consideration to Pe = 1 and Pe = 1000. This provides a case which shows

no thixotropic behavior at Pe = 1, while at Pe = 1000 thixotropy is observed for

φ > 0.50.

The pair distribution function can be written as

g(r) =
P1|1(r)
n̄

, (3.4)

where n̄ is the average particle number density and P1|1(r) is the conditional

probability of finding a particle at position r given a particle centered at the origin.

Parsi & Gadala-Maria [25] by experiment and Phung et al. [50] by simulation studied

the effect of flow at large Péclet number upon the pair distribution function. Their

studies showed that near contact there is an accumulation of the pair probability in the

compressional quadrant and comparatively smaller values in the extensional quadrant.

Brady & Morris [17] have analyzed this situation for dilute suspensions in plane strain

to show the accumulation is of a boundary-layer structure at distances of aPe−1 from

particle contact, and Wilson [51] has considered a model of roughness to develop

a more complete solution which illustrates the wake associated with the boundary

layer. Parsi & Gadala-Maria [25] found that when the flow is reversed, after a specific

response time, the material inverts structure by interchanging the compressional and

extensional quadrants. Morris & Katyal [24] have examined the pair correlation

asymmetry as a function of φ and Pe using highly time-resolved Stokesian Dynamics

simulations to resolve the boundary-layer correlation and quantify the contact value of
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the pair distribution function over the range of 0.2 ≤ φ ≤ 0.585; these authors did not

observe ordering described here, perhaps owing to simulation of smaller total strains

for the elevated φ where the ordering occurs. Here, we focus on 0.47 ≤ φ ≤ 0.57

at Pe = 1 and Pe = 1000, and determine the pair distribution function using ASD

to compute the particle motions. The predicted particle positions are sampled at

uniformly spaced intervals of 0.1 strain.

The pair distribution function, g(r), is evaluated on a grid in r = (r, θ, ψ) pair

space where 2 ≤ r is the center separation of the equal sized spheres, 0 ≤ θ < 2π is

the polar angle measured counter-clockwise from the positive x-axis (flow direction),

and 0 ≤ ψ < π defines the azimuthal angle measured from the positive z-axis

(vorticity direction). The simple shear flow is given by u = (γ̇y, 0, 0), so that the

x-y plane is the plane of shear, and y-z is the plane perpendicular to the mean flow.

Histograms of occurrence M(r, θ, ψ,Ω) of the pair separation vectors obtained from

dynamic simulations are generated. The value of the pair distribution function can

be determined as

g(r, θ, ψ) = lim
Ω→∞

M(r, θ, ψ,Ω)

n̄ΩΔV
, (3.5)

where Ω defines the number of sampling events and ΔV = r2Δr sinψΔψΔθ is the

volume of the bin of which (r, θ, ψ) is the midpoint. In practice, the result is taken

for sufficiently large Ω that the result becomes independent of the number of samples.

The discretization mesh is chosen such that the bins are separated by a distance of

Δr = 0.025 particle radius, while Δθ = 3.6◦ and Δψ = 9◦.

Figure 3.5 shows that, with bin size Δr = 0.025, the ASD algorithm used here

results in accurate g(r) under equilibrium conditions based on good agreement with

Monte-Carlo simulations, and matching to the g(r) obtained from Percus-Yevick
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theory [52] with Verlet-Weis correction to within 1%. Note that Δr = 0.025 is

a relatively large bin in the near-contact region for sheared suspensions: using

conventional Stokesian Dynamics simulation, Morris & Katyal [24] have shown that

capturing the contact value of g(r) in sheared suspensions requires very small near-

contact values of Δr, and the value of g near contact found here will be smaller than

the more accurate values shown in that work (figure 3.5).
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Figure 3.5: Pair distribution function at φ = 0.49. The equilibrium g(r) determined using
ASD (Δr = 0.025) is compared with that obtained from Monte Carlo simulation (Hansen
& Mcdonald, 1986) and with g(r) at Pe = 1000 for Δr = 0.025 (the bin size in the present
work) and Δr = 0.0005.
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Figure 3.6: Pair distribution function on the y-z plane averaged over 0 ≤ γ̇t ≤ 100 at (a)
Pe = 1 for φ = 0.55, (b) at Pe = 1000 for φ = 0.47, and (c) at Pe = 1000 for φ = 0.55.
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Figure 3.7: Pair distribution function on the y-z plane for φ = 0.55 at Pe = 1000 (a)
averaged over 5 ≤ γ̇t ≤ 11, and (b) averaged over 80 ≤ γ̇t ≤ 100.

In figure 3.6a, we plot g(r) for φ = 0.55 at Pe = 1 in the y-z plane, i.e. showing

a slice of this function defined over all pair space. Averaging is over the first 100

strains in all of figure 3.6. We plot g(r) in the y-z plane for φ = 0.47 and φ = 0.55 at

Pe = 1000 in figure 3.6b and 3.6c, respectively, with all g ≥ 2 of the same shading to

obtain a more informative projection. These figures clearly show that, at Pe = 1000,

the microstructure changes when φ is raised from φ = 0.47 to φ = 0.55 and indicate

hexagonal ordering for φ = 0.55 with a tilt of 6◦ relative to planes of fixed y. At

Pe = 1, only slight ordering of this sort is observed even at φ = 0.55.

The thixotropic behavior of the system at Pe = 1000 for φ > 0.50 discussed

in the previous section is closely coupled to the microstructural ordering. The fall

in the relative viscosity ηr with time under shear is associated with ordering of the

microstructure, implying that the order is not abruptly formed but instead becomes

more pronounced with time under shear. In figure 3.7, we plot g(r) for φ = 0.55 at

Pe = 1000 in the y-z plane. The results are averaged over two ranges: 5 ≤ γ̇t ≤ 11

in figure 3.7a and 80 ≤ γ̇t ≤ 100 in figure 3.7b, where the ordering is clearly more



CHAPTER 3. ORDERING IN SHEAR FLOW 30

pronounced. Owing to the gradual ordering of the microstructure in these thixotropic

systems, the second normal stress difference N2 = < Σyy > − < Σzz >, which has

large negative values at early time falls close to zero as the system evolves, for example,

at φ = 0.55 and Pe = 1000, N2 = γ̇η ≈ −15 at early time and falls to −1.5 over the

first 45 strain.

The value of g(r) in the bin adjacent to contact will be called the contact value,

or g(2). In figure 3.8, g(2) is plotted in the x-y plane for φ = 0.47 to φ = 0.57 at

Pe = 1 and Pe = 1000, with averaging over 0 ≤ γ̇t ≤ 100. At Pe = 1, g(2) increases

monotonically as φ is raised from φ = 0.47 to φ = 0.57 (figure 3.8a). At Pe = 1000,

g(2) near the flow direction, θ ≈ 0◦ and θ ≈ 180◦, grows as we go from φ = 0.51 to

φ = 0.55 and 0.57, while there is surprising fall in g(2) between θ = 20◦ and θ = 160◦

(figure 3.8b). This is reflective of the increasing tendency of particles to flow in chains

in the x-direction.

In figure 3.9, we plot g(2) in the flow-normal or y-z plane (θ = 90◦). At Pe = 1,

the deviation of g(2) from its mean value remains small for all φ studied (figure 3.9a).

Note that the mean of g(2) increases with φ; the increase of pair correlation at contact

with φ is well-known at equilibrium and this effect is magnified by shear flow. At

Pe = 1000, the deviation of g(2) from its mean value is small for φ = 0.47 and

φ = 0.51. At φ = 0.53, g(2) develops clear minima at ψ ≈ 30◦, ψ ≈ 90◦ and ψ ≈ 150◦

and maxima at ψ ≈ 60◦, ψ ≈ 120◦ and ψ ≈ 180◦ (figure 3.9b). This evidence

of hexagonal packing in the y-z plane becomes more pronounced for φ = 0.55 and

φ = 0.57. Note that the changes in g(2) at Pe = 1000 seen in both the x-y and y-z

planes for φ > 0.50 are not seen at Pe = 1 where the suspension remains disordered.
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Figure 3.8: The contact value of the pair distribution function in the x-y plane averaged
over 0 ≤ γ̇t ≤ 100 (a) at Pe = 1 for different φ; (b) at Pe = 1000 for different φ.

3.4.1 The order parameter C6

We introduce an order parameter to provide a quantitative measure of hexagonal

packing in the y-z plane. It is similar in spirit to the Q6 parameter [53], and defined

as

C6 =

∫ 2π

0
g(2, π/2, ψ) cos[6(ψ − δ)]dψ∫ 2π

0
g(2, π/2, ψ)dψ

, (3.6)

where δ is a phase shift, which accounts for the tilt in the hexagonal packing relative

to lines of constant y; the appropriate value for a specific Pe and φ is determined

by maximizing C6 as a function of δ. The order parameter for isotropic structure is

C6 = 0, and higher values indicate pronounced hexagonal order in the chosen plane.

Figure 3.10 presents C6 together with ηr for Pe = 1 and 1000 for the range of φ

studied. At Pe = 1, C6 remains close to zero for φ ≤ 0.51, while at higher values of

φ, it increases slightly indicating the presence of a low level of hexagonally-ordered

structure. At Pe = 1000, C6 ≈ 0 for φ = 0.47, and increases sharply for φ > 0.51.

The increase in C6 is seen to coincide with the drop in ηr for the thixotropic Pe = 1000
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Figure 3.9: The contact value of the pair distribution function in the y-z plane averaged
over 0 ≤ γ̇t ≤ 100 (a) at Pe = 1 for different φ; (b) at Pe = 1000 for different φ.

condition.

Suspensions showing thixotropy also grow more ordered with time under shear. A

representative case, φ = 0.55 at Pe = 1000, is probed. Figure 3.11a shows that, for

g(2) in the x-y plane, the structure averaged over 100 ≤ γ̇t ≤ 150 has higher values of

g(2) near the flow direction, θ = 0◦ and θ = 180◦, and lower values between θ = 20◦

and θ = 160◦ than when averaged over 5 ≤ γ̇t ≤ 50. Figure 3.11b shows that, for

g(2) in the y-z plane, the oscillatory behavior characteristic of hexagonal ordering is

more pronounced for the structure averaged over 100 ≤ γ̇t ≤ 150 (C6 = 30.7) than

that over 5 ≤ γ̇t ≤ 50 (C6 = 23.7). Note that in the later time window, certain angles

are found to have g(2) = 0, in the x-y plane near θ = 30o and in the y-z plane near

ψ = 150o, for example. These positions between the points of hexagonal arrangement

of particles around the reference particle are never occupied by a second particle over

the operative time window.

The phase shift δ which provides the extent of tilt in the hexagonal packing is

strongly dependent on the volume fraction φ. Table 3.2 shows values of the phase

shift δ for different φ at Pe = 1 and Pe = 1000. It is observed that δ increases as φ
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φ δ (Pe = 1000) δ (Pe = 1)
0.50 3◦ 3◦

0.51 4◦ 5◦

0.53 8◦ 11◦

0.55 6◦ 3◦

0.57 0◦ −3◦

Table 3.2: The phase shift δ, which accounts for the tilt in the hexagonal packing and
provides the maximized value of C6, tabulated for different φ at Pe = 1 and Pe = 1000
(error-bar ±1◦).

goes from φ = 0.51 to φ = 0.53 while it decreases as φ is increased further as shown in

Table 3.2. The rise and fall behavior for δ is more pronounced at Pe = 1 as compared

to Pe = 1000.

In the representative case of φ = 0.55 at Pe = 1000 described in the prior

paragraph, the value δ ≈ 6◦ is found for structures averaged over the intervals

100 ≤ γ̇t ≤ 150, 200 ≤ γ̇t ≤ 250 and 300 ≤ γ̇t ≤ 350. The tilt in the hexagonal

packing is time-independent once the structure is established.

The pair distribution function of thixotropic suspensions is investigated for a

step change in Pe as described previously with figure 3.3a showing the variation

of viscosity. For φ = 0.55, after a strain of 50 at Pe = 1000, the suspension is

subjected to a step change to Pe = 1. For the structure averaged over 5 ≤ γ̇t ≤ 15

and 40 ≤ γ̇t ≤ 50 at Pe = 1000, C6 rises from 5.4 to 27.8. At γ̇t = 50, when the

system is subjected to Pe = 1, C6 drops to C6 = 3.6 for 55 ≤ γ̇t ≤ 60 and C6 = 1.7

for 75 ≤ γ̇t ≤ 80. Thus, the shear induced structure at Pe = 1000 ‘melts away’ at

Pe = 1.

The ordering transition occurs in the range 1 < Pe < 10, and to examine this

more closely, Pe = 2 has been studied. Simulations performed at Pe = 2 for φ = 0.55

with random initial configuration remain disordered over extended strain, and ηr is
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time-independent. A step change following 50 strain at Pe = 10 to Pe = 2 was

applied to a suspension of φ = 0.55. Unlike the behavior described for an ordered

suspension subjected to Pe = 1, the suspension in this case remains in the ordered

state, and ηr does not increase. The ordered state may be the ‘preferred’ state, but

if so is reached only after large strain of > O(100); we are thus led to believe that

Pe = 2 is close to the transition value of Pe for this φ.

Figure 3.10: Hexagonal order parameter, C6 averaged over 0 ≤ γ̇t ≤ 100 (right axis) and
steady relative viscosities (left axis) for different φ at Pe = 1 and at Pe = 1000.
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Figure 3.11: The contact value of the pair distribution function at Pe = 1000 for φ = 0.55
averaged over 5 ≤ γ̇t ≤ 50 and 100 ≤ γ̇t ≤ 150 on (a) the x-y plane; (b) the y-z plane. The
legend in (a) applies also to (b). The discontinuity in the curves for 100 ≤ γ̇t ≤ 150 in (a)
near 30◦ and in (b) near 150◦ implies g(2) = 0.
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3.5 Dynamic structure factor

In this section, we study the microstructure of sheared suspensions using the

dynamic structure factor approach, which comes from the theory of dynamic light

scattering [54]. This approach was applied to the study of particulate diffusion in

dilute colloidal suspensions by Rallison & Hinch [55] and implemented for sheared

suspensions to study self diffusion by Morris & Brady [56] and collective diffusion by

Leshansky et al. [57]. Here, we use the approach to explore the effects on structure

and diffusion of shearing flow on concentrated Brownian suspension, as demonstrated

by Leshansky & Brady [48].

The dynamic structure factor is a two-point time-autocorrelation function of the

local particle density. The local particle number density at position r can be stated

as

n(r, t) =
N∑

α=1

δ(r− rα(t)). (3.7)

The spatial Fourier transform of the particle number density is

n̂(k, t) =

∫
exp(ik · r)

N∑
α=1

δ(r− rα(t))dr =

N∑
α=1

exp(ik · rα(t)). (3.8)

The autocorrelation in the number density is

F (k, t) =
1

N
< n̂(k, t)n̂∗(k, 0) >=

1

N
〈

N∑
α,β

exp[ik · (rα(t)− rβ(0))]〉, (3.9)

where < · > implies an ensemble average and n̂∗ is the complex conjugate of n̂. The
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function F (k, t) at t = 0 yields the static structure factor S(k):

F (k, t = 0) ≡ S(k) =
1

N
< n̂(k, 0)n̂∗(k, 0) >=

1

N
〈

N∑
α,β

exp[ik · (rα(0)− rβ(0))]〉.

(3.10)

The static structure factor is related to the pair distribution function through a

three-dimensional Fourier transform [1] as

S(k) = 1 + n̄

∫
exp(ik · r)g(r)dr, (3.11)

where n̄ = N/V is the average particle number density. The wave-vector k is chosen

to fit the simulation box and can be described as k = (kx, ky, kz) where L is the

simulation box length and kx, ky, kz are integer multiples of 2π
L
; L is related to the

solid fraction by L =
(
4πa3N/3φ

)1/3
. F (k, t) measures the density fluctuations on

the length scale l = 2π/|k|. When |k| = k is small, we are probing long length scales:

k → 0 represents hydrodynamic modes associated with the idea that on this scale

conservation principles may be simply applied.

Both F (k, t 
= 0) and S(k) ≡ F (k, t = 0) can be obtained from equation (3.9)

and equation (3.10) using the knowledge of particle positions as a function of time

from ASD simulations. We focus again on 0.47 ≤ φ ≤ 0.57 at Pe = 1000 where

pronounced hexagonal ordering occurs for φ > 0.50 and at Pe = 1 where the ordering

is not seen.

The wave-vector in the velocity-gradient (y) direction is given by k = (0, ky, 0),

while that in the vorticity (z) direction is given by k = (0, 0, kz). The dependences of

S(k) on ky and kz at Pe = 1 for φ = 0.47 and φ = 0.55 averaged over 0 ≤ γ̇t ≤ 100 are

shown in figures 3.12a and 3.12b. Figures 3.13a and 3.13b show the projection of the
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static structure factor for φ = 0.47 and φ = 0.55 at Pe = 1000 (again averaged over

0 ≤ γ̇t ≤ 100) on the y and z directions. There are prominent peaks with respect

to both ky and kz. The first peak corresponds to a length scale l = (2π/k) ≈ 2,

i.e. the particle diameter which is the approximate center separation in these dense

suspensions.

At Pe = 1, both S(ky) and S(kz) increase in their first peak as φ varies from

φ = 0.47 to φ = 0.55. This is attributed to the increase in g(2) with φ as described in

section 4 (figures 3.8a and 3.9a). At φ = 0.55, the first peak value in S(ky) is about

twice that of S(kz), showing evidence of structural anisotropy.

At Pe = 1000, S(ky) undergoes an extraordinary increase in the first peak from

φ = 0.47 to φ = 0.55 as seen in figure 3.13a. This dramatic increase is mainly

attributed to the formation of chain-like structures in the x-y plane for φ = 0.55.

The projection of S(kz) shows that between φ = 0.47 and φ = 0.55, the second

peak value grows beyond the first peak. This may be explained by noting that the

hexagonal packing in the y-z plane has crests in g(2) at ψ ≈ 60◦, ψ ≈ 120◦ and

ψ ≈ 180◦ and symmetry through the origin (figure 3.9b). The crests at ψ ≈ 60◦ and

ψ ≈ 120◦, are approximately at z = 2 cos 60◦ = 1, which is roughly the offset distance

in z of four of the six particles hexagonally arranged around a reference particle. This

second peak in S(kz) becomes prominent as seen in figure 3.13b. Xue & Grest [58]

and Leshansky & Brady [48] observed similar shear-induced structure.

It is of interest to consider the observed ordering in relation to the freezing criterion

stated by Hansen & Verlet [59], namely that phase transition for the equilibrium hard-

sphere system occurs when the value of the first peak of S(k) > 2.85. In the present

work, shear induced structural anisotropy makes S(k) direction dependent, and this

criterion is apparently not directly applicable. As an example, for φ = 0.47, S(kz)

fails to meet the Verlet-Hansen criteria at both Pe = 1 and Pe = 1000, which is in
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agreement with the disordered state at these conditions; however, S(ky) > 3 (and the

average of S(ky) and S(kz) surpasses 2.85) for Pe = 1 and yet the system remains

disordered.
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Figure 3.12: Projection of the static structure factor for φ = 0.47 and φ = 0.55 at Pe = 1
averaged over 0 ≤ γ̇t ≤ 100 on (a) the velocity gradient axis; (b) the vorticity axis.

Finally, we probe shear induced long-time self-diffusivity, which we determine both

from the rate of change of mean-square particle-displacement, and the decay of the

self-dynamic structure factor. The structure factor, also called the ‘self-intermediate

scattering function,’ is obtained by ignoring the cross-correlations in F from equation

(3.9),

Fs(k, t) =
1

N
< n̂(k, t)n̂∗(k, 0) >=

1

N
〈

N∑
α

exp[ik · (rα(t)− rα(0))]〉. (3.12)

One method for determination of the self diffusivity is based on the conservation

equation for the particle number density. The conservation equation is stated as

∂n

∂t
+ Γ̇ · r ·∇n +U ·∇n = −∇ · j, (3.13)
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Figure 3.13: Projection of the static structure factor for φ = 0.47 and φ = 0.55 at
Pe = 1000 averaged over 0 ≤ γ̇t ≤ 100 on (a) the velocity gradient axis (note the logarithmic
scale in this case); (b) the vorticity axis.

where U is the bulk average velocity measured at an arbitrary field point, Γ̇ is the

velocity gradient tensor and j is the diffusive flux of the particles. Taking the spatial

Fourier transform of the above equation and multiplying both sides by n̂∗ gives

∂Fs

∂t
− k · Γ̇ ·∇kFs − ikUFs = −k · D̂s · kFs. (3.14)

For k⊥(Γ̇ · x), the convective terms in equation (3.14), i.e. the last two left-hand

side terms, can be neglected and the self-diffusivity can be expressed as

− Ḟs

k2Fs
= k̃ · D̂s

⊥ · k̃. (3.15)

Thus, the slope of −k−2 lnFs(k, t) plotted as a function of time yields the self-

diffusivity component (normalized by γ̇a2) in the direction of the corresponding wave-

vector. Figure 3.14 describes decay of Fs at Pe = 1000 and φ = 0.47 for the three

smallest values of wave-vectors k in the velocity gradient (k = ky îy = 2πmy

L
îy where
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my = 1, 2, 3) and in the vorticity direction (k = kz îz = 2πmz

L
îz where mz = 1, 2, 3).

The plot of −k−2 lnFs(k, t) vs. time gives the same slope (Ds
yy = 0.057±0.002) for all

the three wave-vectors in the y-direction at long times (γ̇t > 2), and similarly for the

three wave-vectors in z (Ds
zz = 0.042). Thus, for a given φ and Pe, Ds

yy and Ds
zz are

independent of |k| for values well below that associated with the first peak of S. For

larger values of k, where we probe length scales comparable to the particle diameter

or smaller, a linear dependence of −k−2 lnFs(k, t) on time is not observed.

The method presented above to calculate long-time self diffusivities Ds
yy and Ds

zz

is important from the perspective of light scattering experiments. The values of

Ds
yy and Ds

zz obtained from this method match those obtained the rate of change of

mean square displacement (MSD) in real space. In the further discussion, the more

intuitively clear MSD approach is used to calculate Ds
yy and Ds

zz.
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Figure 3.14: For φ = 0.47 at Pe=1000 (a) Fs(k, t) vs. time and (b) re-plotting the same
data as −k−2 lnFs(k, t) vs. time.
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(a) Pe = 1

φ Ds
yy Ds

zz

0.35 0.23 0.22
0.47 0.18 0.15
0.51 0.16 0.13
0.55 0.16 0.13
0.57 0.15 0.13

(b) Pe = 1000 and Pe = ∞
I. Pe = 1000 II. Pe = ∞ (SB) III. Pe = ∞(LB)

φ Ds
yy Ds

zz Ds
yy Ds

zz Ds
yy Ds

zz

0.35 0.047 0.018 0.046 0.0185 0.0467 0.0173
0.40 — — 0.062 0.029 0.0633 0.0285
0.45 — — 0.0583 0.045 0.0624 0.0404
0.47 0.057 0.042 — — — —
0.50 0.056 0.046 0.0580 0.0520 0.0572 0.0502
0.51 0.046/0.04 0.045/0.045 — — — —
0.53 0.015/0.0086 0.018/0.011 — — — —
0.55 0.0041/0.00059 0.0078/0.0029 — — 0.0027 0.0051

Table 3.3: Average values of the long-time self-diffusivity components Ds
yy/γ̇a

2 and
Ds

zz/γ̇a
2 for different φ at (a) Pe = 1; (b) at Pe = 1000 (set I) and at Pe = ∞ (set

II from Sierou & Brady (2004) and set III from Leshansky & Brady (2005)). In set I, for
φ > 0.50 where ordering and thixotropy occur, Ds

yy and Ds
zz are represented in the form

A/B, where A and B represent values averaged over 0 ≤ γ̇t ≤ 100 and over 100 ≤ γ̇t ≤ 150,
respectively.
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Figure 3.15: Mean-square displacement curve growth with time at Pe = 1 for different φ
averaged over many initial times drawn from the first 100 strain, in (a) y-direction and (b)
z-direction.
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φ averaged over many initial times drawn from the first 100 strain, in (a) y-direction and
(b) z-direction.
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Alternatively, the long-time self-diffusivity may be calculated based on the

definitions

Ds
yy = lim

t→∞
1

2

d

dt
< [y(t)− y(0)]2 >, (3.16)

Ds
zz = lim

t→∞
1

2

d

dt
< [z(t)− z(0)]2 > . (3.17)

At very short time, non-linear temporal behavior is observed at Pe = 1000 (figure

3.16), as the particle motion is initially deterministic and diffusive motion has yet to

be established, but at long time we find linear variation of the MSD, or a constant

slope in either equation (3.16) or equation (3.17).

The values of Ds
yy and Ds

zz presented have been normalized by γ̇a2, because this

is the natural scale of shear-induced self-diffusivity which is the dominant diffusive

mechanism at large Pe [60]. At Pe = 1, the diffusivities normalized by by γ̇a2 or by

the diffusion coefficient of an isolated Brownian particle, D0 = kT/6πηa, will have

the same value. On the other hand, the diffusivities normalized by D0 can be simply

computed by multiplying the reported values with normalization by γ̇a2 by Pe.

At Pe = 1 and Pe = 1000, for 0.47 ≤ φ ≤ 0.57, the values of Ds
yy and Ds

zz are

obtained as slopes of mean-square displacement curves at longer times (γ̇t > 2) where

the function behaves linearly as seen in figures 3.15 and 3.16 and presented in Table

3.3. < [Δy(t)]2 > and < [Δz(t)]2 > are evaluated by taking many initial times from

the first 100 strain and averaging to obtain a statistically meaningful value.

For non-colloidal suspensions, Sierou & Brady [61] have shown that both Ds
yy and

Ds
zz increase with φ from φ = 0.10 to φ = 0.40, and there is a plateau region for

Ds
yy between φ = 0.40 to φ = 0.50 while Ds

zz continues to rise up to φ = 0.50. Our



CHAPTER 3. ORDERING IN SHEAR FLOW 45

Pe = 1000 results are consistent with these trends. In Table 3.3b (data set I), we

see that at Pe = 1000 both Ds
yy and Ds

zz dramatically decrease as φ is raised from

φ = 0.51 to φ = 0.55. The fall of the self-diffusivity components is related to the

ordering into hexagonally arranged strings. This eliminates the velocity fluctuations

driven by shear which are the crucial mechanism at large Pe [56, 17, 60]. For φ = 0.57

at Pe = 1000, the mean-square displacement curves are not linear in both the y and

z directions, but the instantaneous slopes of these curves for γ̇t > 5 are comparable

to that for φ = 0.55. The ratio
Ds

yy

Ds
zz

� 1 up to φ = 0.40 [61], becomes closer to 1 for

φ = 0.40 to φ = 0.50, and falls below 1 for φ > 0.51. The ratio continues to fall up

to φ = 0.55.

Foss & Brady [14] have shown that, at low Péclet numbers, the self-diffusivity

decreases with increasing φ for φ < 0.45. Consistent with their findings, Table 3.3a

indicates that, at Pe = 1, both Ds
yy and Ds

zz decrease from φ = 0.35 to φ = 0.47. At

low Péclet number, Brownian motion plays an important role and is hindered with

increasing φ, while at high Péclet number shear forces dominate and shear induced

diffusivity tends to increase with increasing φ. At Pe = 1, there is a plateau region

for Ds
yy and Ds

zz for φ between φ = 0.51 and φ = 0.57. The ratio of
Ds

yy

Ds
zz

at Pe = 1

remains close to unity for all φ.

Figure 3.17 shows the time variation of < [Δy(t)]2 > and < [Δz(t)]2 > at Pe =

1000 for φ = 0.55. These quantities are evaluated by taking many initial times from

the intervals 5 ≤ γ̇t ≤ 50 and 100 ≤ γ̇t ≤ 150, and averaging the resulting curves.

The slopes of these plots show that average values of the self-diffusivity components

over 100 ≤ γ̇t ≤ 150 are smaller (Ds
yy = 5.9 × 10−4, Ds

zz = 2.9 × 10−3) than that

over 5 ≤ γ̇t ≤ 50 where Ds
yy = 0.01 and Ds

zz = 0.014. To quantitatively illustrate the

change in the self-diffusion for ordering systems, we show the later time self-diffusivites

(averaged over 100 ≤ γ̇t ≤ 150) alongside the early time diffusivites (averaged over
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Figure 3.17: Mean square displacement as function of time at Pe = 1000 for φ = 0.55
averaged over 5 ≤ γ̇t ≤ 50 and 100 ≤ γ̇t ≤ 150.

0 ≤ γ̇t ≤ 100) in Table 3.3b (set I), with the later values being smaller. This is

a further consequence of the ordering (≈ hexagonal packing), which becomes more

prominent as the system evolves.

3.6 Concluding remarks

The ordering behavior is summarized in figure 3.18. For the thixotropic systems

with φ > 0.50 and Pe ≥ 10, ordering is observed with hexagonal packing in the y-z

plane. The ordering of sheared suspensions for φ > 0.50 at Pe ≥ 10 is suggestive

because it occurs in the same range of φ for which particle ordering in the form of a

fluid-crystal coexistence occurs (φF = 0.494) in the absence of flow, i.e. in Brownian

suspensions at Pe = 0 (figure 3.18). However, ordering in this range of φ is not

observed at all Péclet numbers, as we find it to be essentially absent at Pe = 1.

For 1 < Pe < 10, the ordering behavior beyond φ = 0.50 depends on the state of

initial configuration; thus these history-dependent structures may be termed as meta

or bi-stable (figure 3.18).
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Figure 3.18: The ordering phase diagram in Pe− φ space.

The mechanistic basis for formation of an ordered state under shear has not been

resolved by this work, but several points are clear. As noted just above, the process is

driven by shear flow interactions: for sufficiently large Pe to obtain order, the time for

ordering scales as γ̇−1, implying it is the imposed strain which is relevant. The onset

of ordering appears to be a result of shear flow both breaking the spatial isotropy and

introducing strong correlations in the disordered suspension [24, 62]. This correlation

results in accumulation of particle pairs in the compressional quadrant and along the

direction of flow; the latter are naturally seen as a possible source of “nucleation” for

the observed hexagonal structure, but the ordering process remains unclear. It is a

simpler matter to consider the stability of the observed ordered state. The hexagonal

order is apparently stable provided the typical Brownian displacement over the time

γ̇Δt ≈ 1 (unit strain) is sufficiently small; γ̇Δt ≈ 1 is the time for a string of particles

to move one particle relative to a neighboring string in the gradient direction in a dense

suspension. The disorder-order transition lies in the range 1 ≤ Pe ≤ 10. Defining the

Brownian displacement within a unit strain as Δx
¯
B, (|(Δx

¯
B|/a)2 ∼ Ds

0(φ)/(γ̇a
2) =
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Pe−1
eff , with Ds

0 the short-time self-diffusivity (kT times the average mobility), and

the effective Péclet number is defined Peeff = γ̇a2/Ds
0 = PeD0/D

s
0(φ). Taking the

quiescent suspension diffusivity for scaling purposes, Ds
0 ∼ 0.85(1 − φ/φmax) and

φmax = 0.64, this yields for φ = 0.5 and Pe = 10 a value of Peeff ≈ 50, or |Δx
¯
B|/a ≈

0.14. As expected, the displacement is a small fraction of the particle size. At Pe = 2,

ordering was not found in runs of γ̇t = O(100), but an initially hexagonally ordered

structure formed at higher Pe and φ = 0.55 was found to remain stable. Here,

|Δx
¯
B|/a ≈ 0.24. Brownian displacements at Pe = 1 are sufficient not only to prevent

flow-induced ordering but also to cause sufficient perturbation of an ordered structure

to allow shear-induced interactions to thoroughly disorder the structure. This is seen

in the step change from an ordered state at φ = 0.55 and Pe = 1000 to disordered

and higher viscosity at Pe = 1 .

We conclude that there is a pronounced tendency toward ordering for dispersions

above φ ≈ 0.5, regardless of whether the dominant mode of motion is Brownian

or shear. It is then natural to seek a fundamental driving force for the change in

symmetry. In equilibrium, the formation of cubic crystalline structure at a bulk

φ > 0.494 results in a drop in the osmotic pressure relative to a fully disordered

fluid arrangement. Shear flow breaks a symmetry, and thus the order seen is

of a significantly different hexagonally packed string form, but results in reduced

contact interaction and hence the rheology and particle normal stresses, including an

isotropic portion which is the nonequilibrium analog of the osmotic pressure [31], are

substantially below their values for the disordered state. In the equilibrium system,

free energy minimization is the criterion for the equilibrium state, and it is thus

plausible to view some measure of the stress response of the dispersion as a non-

equilibrium surrogate for the free energy. The normal stress is the most natural

candidate, and further study of this issue is warranted.



Chapter 4

Anisotropic suspension structure
in pressure-driven flow

In this chapter, the microstructure obtained from the Accelerated Stokesian

Dynamics simulation is compared with that obtained from experiments on pressure

driven flow of Brownian suspensions through a micro-channel. The experiments are

done by our collaborative group lead by Prof. James Gilchrist at Lehigh University.

4.1 Introduction

The shearing of suspensions with moderate to high particle volume fractions is

known to generate normal stresses [63, 34, 21]. Brownian and non-Brownian systems

ranging in volume fraction 0.3 < φ < 0.5 have been studied extensively through theory

and simulations to identify and understand the effect of shear-induced microstructural

anisotropies on the development of normal stresses [17, 14, 18]. Experimentally,

detailed three dimensional (3D) particle-level information is necessary in order to

identify local structure in sheared systems, but experiments to date lack the detail

available via simulation. The main objective of this work is to obtain 3D measurement

A part of this chapter is published as Direct investigation of anisotropic suspension structure in
pressure-driven flow, C. Gao, S. D. Kulkarni, J. F. Morris and J. F. Gilchrist, Phys. Rev. E 81,
041403(2010)
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of particle locations in the experiments of flow under shear and to enable direct

microstructure comparison to the particle locations generated by the Accelerated

Stokesian Dynamics simulation.

Stokesian Dynamics simulations predict a higher correlation of nearest neighbor

interactions along the compressive axes of the flow in the v − ∇v projection of the

pair distribution function, g(r) [24]. From an isotropic state, these dynamics develop

quickly with the onset of flow [64]. While the normal stresses disappear upon cessation

of flow in non-Brownian systems, the structural anisotropy is preserved [64, 65]. This

anisotropy is destroyed upon reversal of the flow direction and reemerges oriented

relative to the new flow direction [64]. This connection between local structural

anisotropy and discontinuities observed upon flow reversal was confirmed by direct

imaging of experiments exhibiting this fore-aft asymmetry [25] but these experiments

did not provide detailed 3D structural information.

4.2 Experiments

Confocal laser scanning microscopy (CLSM) is used to obtain 3D particle-level

anisotropy generated from shear in a pressure-driven flow. The suspensions are made

of monosized 2a = 1.01 μm diameter SiO2 microspheres in 3:1 glycerol:water with 0.1

mM rhodamine-B to obtain a fluorescent index-matching solution. The bulk volume

fraction is chosen as φbulk = 0.41. To minimize electrostatic interactions, NaCl and

NaOH are added to adjust the pH to 8.0 and the screening length to κ−1 = 1.5 nm.

The suspension is passed through a 50 mm × 40 μm × 100 μm microchannel (figure

4.1a) at a pressure drop as high as 1 atm using compressed nitrogen. The coordinates

(x, y, and z) represent the (v, ∇v, ∇× v) directions. The region of interest (ROI)

is located near the channel exit, at the center of the z direction (20 × 40 × 20 μm3)
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as shown by the red box in figure 4.1a. The distances are made dimensionless with

H = 20μm, which is half-height of the channel in the y direction. The nonlinear shear

gradient as a result of pressure-driven flow induces significant suspension migration

similar to [27, 29]. The final steady volume fraction profile far from the entrance is

shown in figure 4.1b, φ is higher at the center and lower near the walls. Local viscosity

depends on local volume fraction, therefore the velocity profile deviates from axial

Poiseuille flow of a Newtonian fluid. Fully developed far from the entrance region,

this generates a velocity profile across the y-direction at the center having a roughly

1 mm/s center velocity, plotted in figure 4.2. For comparison, axial Poiseuille flow

of a Newtonian fluid, as calculated using the solution derived in Butera et al. [46],

is also shown in figure 4.2. The local shear rate γ̇y, calculated from the local slope

of the velocity profile over measured values within the nearest 6 μm of each point, is

nearly linear and is used to define the local Péclet number, Pey ≡ 6πη0γ̇a3

kT
, where η0

is the fluid viscosity and kT is the thermal energy. The nonlinear velocity profile as

a result of pressure-driven flow creates shear rate variation in the z-direction as well

and it’s effect is discussed later.

Dynamic confocal laser scanning microscopy (VTeye, Visitech Int.) allows

single plane particle tracking for velocimetry to measure velocity profiles as well as

measurement of particle concentration patterns in the plane transverse to the direction

of flow [66, 67]; however its scanning speed is insufficient to track fast moving particles

in 3D space and enable investigations of the microstructure. To eliminate transients,

after flowing for 10 minutes we quickly stop the flow, similar to Dendukuri et al.

[68], and scan the entire depth of the channel in the ∇v direction within the region

of interest (ROI). Use of compressed nitrogen gives a stable driving pressure and

fast pressure release using a three-way valve near the channel entrance allows rapid

arrest of suspension flow without flow reversal. In non-Brownian density-matched
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Figure 4.1: (a) The channel geometry with the Region of Interest (ROI) indicated by the
red box; (b) The particle volume fraction along the y direction in region of interest where
data is sampled after stopping the flow.

systems, the structure that produces normal stresses is preserved upon cessation of

the flow provided the flow does not reverse [65]. After suspension flow stops, the ROI

is scanned at high speed at ∼10 pixels/μm over 2.4 s and the 3D location of particles

within are identified [69]. Fast scanning allows identification of particle locations

before significant Brownian diffusion and sedimentation alter the local structure.

Multiple scans are obtained and the insignificant Brownian and buoyant drift that

occurs in the time between scans suggests the structure is unaltered in the duration of

a single scan. The average particle number density n̄ = N/V is used to calculate the

local volume fraction as φ = n̄4
3
πr3. With the particle locations, local coordination

can be used to investigate the suspension structure.

4.3 Comparison of microstructure: simulation and

experiments

The particle configurations obtained from Accelerated Stokesian Dynamics sim-

ulation of sheared suspensions (chapter 2) are sampled over extended configurations
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Figure 4.2: The measured velocity profile in the region of interest (triangles) and the
parabolic profile (green dotted line) for comparison. The shear rate profile calculated from
the velocity in y direction (diamonds) fit with a linear trend line (red solid line).

to determine the pair distribution function,

g(r) =
P1|1(r)
n̄

, (4.1)

where P1|1(r) is the probability of finding a particle at position r(rx, ry, rz) given a

particle centered at the origin, and n̄ is the average particle number density. The pair

space discretization method chosen here is different from that used in chapter 3; the

change is made to be consistent with the experimental sampling procedure.

To compare with the experimental data, g(r) is evaluated in different planes. For

example, g(x, y) defines g(r) within the shear plane. To calculate g(x, y), we consider

all pair separations in which the magnitude of the z component of the separation

satisfies rz < 2a. The discretization of the planar pair space is convenient in polar

coordinates, r∗ = (r∗, θ), with r∗ =
√
(r2x + r2y) and 0 ≤ θ < 2π measured counter-

clockwise from the positive x-axis to r∗. For binning the data, the mesh chosen has

bins separated by Δr∗ = 0.2a, while Δθ = 3.6◦. The pair distribution, g(x, y) is

then evaluated from histogram of occurrence of pair separation vectors in the bins
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normalized by volume of the respective bins with averaging taken over a sufficiently

large number of configurations that the result becomes independent of the number

of configurations [24, 70]. The distributions g(y, z) and g(x, z) are evaluated in the

same fashion. All plots of g(r) span dark blue to red colors representing the range

0 ≤ g(r) ≤ 2.

In the experiments, the ROI is probed to obtain particle locations at −0.85 ≤
y/H ≤ −0.65 which represents the conditions of φ ≈ 0.32 and Pey = 1700 as indicated

in figure 4.1b; the data is averaged over five experiments. The ASD simulations are

performed for the same conditions of φ and Pe with simple shear flow, the simulated

g(r) is compared with experimental data as shown in figure 4.3. Both experiments

and the simulations are seen to have a central region of particle exclusion. As a result

of the way data is represented, symmetry through the origin is mandatory in all pair

distribution functions. For g(x, y) representing the shear-plane structure, inside of

r < 2a (a = particle radius) a strong pair correlation exists in the compressional region

near the line x = −y and less in the extensional region neighboring a particle. This

appears at r < 2a due to the way out of plane data is projected. In the simulation,

the near-contact peak is similar to that found in previous studies [14, 24] and is the

primary microstructural generator of macroscopic normal stresses. This peak deviates

from the experimental measurement in that the correlation is less uniform in the θ-

direction, and in particular is stronger along the x and y axes. The shape of the

wake is different in the extensional region in the two cases. In both experiments and

simulations, a second peak just inside of r = 4a is apparent but direct comparison of

the structural details is difficult due to the weakness of correlation in this region and

the resulting lower signal to noise ratio.

In g(x, z) for the microstructure in the velocity-vorticity plane, the fore-aft

symmetry apparent in the simulations is not found experimentally. We hypothesize
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that the shear gradient along the z-direction, γ̇z, is non-zero in the experiment even

though the measurements are near z = 0, and is significant enough to create increased

correlation along the compressional region similar to g(x, y), the shearing effect in the

z direction is discussed in detail later. In the first ring of higher probability inside

r = 2a, simulations show lower correlation in the x-direction near z = 0 that results

from averaging the g(x, y) data. This same projection for the experimental data

results in higher pairwise probability in the x-direction near z = 0. A second ring of

higher probability is found again inside r = 4a for both experiments and simulations.

In the vorticity-shear gradient plane where flow goes into the plane of the page, the

experiment demonstrate first and second order rings of higher probability in the pair

distribution function g(z, y) as found in the simulation. There are also dissimilarities,

where simulations predict near uniformity in probability in the angular direction while

the experiments show slightly higher probability in the vorticity direction.

4.4 Shearing effects in z direction

In the present experimental geometry, the boundaries in the z direction would

induce shear rate variation in this direction as well. In the ROI, we compare the

shear rates in the y and z directions and show that the shearing motion in the z

direction is not completely negligible.

Earlier, we compared the simulation results for simple shear flow at Pe = 1700 and

φ = 0.32 with the experimental results for a region in ROI with 13μm ≤ y ≤ 17μm.

For this region in ROI, γ̇y and γ̇z are compared below.

Based on the dimensions of the channel cross-section 40μm× 100μm (Lx × Ly),
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it could easily interpreted that

γ̇y,max

γ̇z,max
≈ 2.5. (4.2)

We consider that, γ̇y vs. y and γ̇z vs z are linear where y and z represent the

distances from the center of the ROI. This is confirmed by figure 4.2 where γ̇y vs. y

is approximately linear. Thus, for the region in ROI with 13μm ≤ y ≤ 17μm,

< γ̇y >≈ γ̇y,max

Ly
× 15μm, (4.3)

< γ̇z >≈ γ̇z,max

Lz
× 5μm, (4.4)

where < γ̇z > is the magnitude of average z shear rate in ROI on either side of the

center; we obtain <γ̇z>
<γ̇y>

≈ 0.05 i.e. Pez ≈ 0.05 × Pey ≈ 85. If the measurements in

ROI are exactly symmetric in the z direction across the center, then shearing is z

on either side of center would cancel each other’s effect on g(x, z) i.e. there would

be fore-aft symmetry for g(x, z). However, slightly off-centered measurements could

result in asymmetry in g(x, z) which could describe the experimental observation.

4.5 Conclusion

CLSM-enabled 3D measurement of particle locations in experiments enable direct

microstructure comparison to particle locations generated by Accelerated Stokesian

Dynamics simulation. The shear rate variation in the pressure driven flow results

in suspension migration in the velocity-gradient (y) direction. The experimental

technique provides access to variations in φ and Pe across the channel cross-section.
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Experimental and simulated pair distribution functions largely agree, though the

details deviate possibly due to the lateral confinement of the suspension in the z-

direction.



Chapter 5

Motion correlations : microscopic
study of shear thickening

5.1 Introduction

Shear thickening is observed when a concentrated suspension is subjected to strong

shearing. In this context, jamming occurs when there is a discontinuous rise in

the viscosity of the suspension under shear which obstructs the flow completely

(or almost completely). Bertrand et al. [71] have shown that non-Brownian

suspensions of moderate concentrations demonstrate shear thickening at high shear

rates. In addition, at high enough concentrations, the suspension under shear can

be transformed into persisting paste; they termed this behavior as ‘shear induced

jamming.’ Lootens et al. [72] have conducted strain-rate controlled measurements of

concentrated colloidal suspensions and observed ‘giant’ stress fluctuations when the

‘transition’ shear rate is reached. Haw [73] studied flow of concentrated Brownian

suspensions through a contraction induced by a pressure gradient and found erratic

fluctuations in the flow speed beyond a critical concentration which is suggestive of

‘transient jamming’. Computationally, Foss & Brady [14] studied the dependence

of the relative viscosity ηr on Péclet number for 0.316 ≤ φ ≤ 0.49 in hard sphere

59
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Figure 5.1: The plot is obtained from Foss & Brady (2000) who investigated Stokesian
Dynamics simulation for hard-sphere suspensions under shear. The relative viscosity ηr
data is presented for a range of volume fractions 0.316 ≤ φ ≤ 0.49 as the Péclet is raised
through six decades of magnitude. The open symbols on the far left describes the relative
viscosity data determined by an equilibrium Green-Kubo analysis for Pe → 0.

suspensions using Stokesian Dynamics simulation. They observed shear thinning

for Pe ≈ 10 and smaller, while shear thickening behavior for higher Pe as seen in

figure 5.1. The tendency to shear thicken increases with particle concentration. The

simulation results are in good agreement with the experiments of van der Werff &

de Kruif [16] on silica suspensions and of D’Haene et al. [15] on PMMA particle

suspensions.

Several attempts have been made to understand the shear thickening and jamming

phenomena in concentrated suspensions at microscopic level and to model this

behavior. It is considered that the shear thickening is a result of shear induced

organization of the particles into clusters. Using Stokesian Dynamics simulations,
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Brady & Bossis [2] observed clustering among the particles in a monolayer under

shear. Ball & Melrose [74] simulated the shear flow where only lubrication terms in

the hydrodynamics forces are considered; they found clusters of particles along the

compressional axis in 3-D systems. Yurkovetsky & Morris [75] have observed that,

as Péclet number increases, the particles have higher tendency to form ‘open triplets’

(linear structures) as opposed to ‘closed triplets’ (equilateral triangle structures).

Based on the dependence of the value of pair distribution function at contact on the

Péclet number, g(2) ∼ Pe, Brady & Morris [17] theoretically predicted thickening in

sheared suspensions. Farr et al. [76] used a cluster aggregation approach to provide a

microscopic theory for jamming behavior based on the ‘rod-like’ motion of the particle

clusters. Experimentally, using on small angle neutron scattering measurement,

Maranzano & Wagner [77] measured microstructural response associated with shear

thickening in colloidal suspensions. Most of the above studies use the spatial

correlation of particles to investigate the formation of clusters associated with shear

thickening. We provide computational evidence to the long range structures based

on a novel approach of pair motion correlations. This approach facilities further

understanding and characterization of the shear thickening behavior.

We study the shear induced microstructural evolution in Brownian suspensions

based on ‘velocity-correlation’ approach, where the particle positions and velocities

under simple shear flow are generated using the Accelerated Stokesian Dynamics

(ASD) technique. Our idea is that as the formation of ‘hydrodynamic clusters’ is

associated with the shear thickening (or jamming) in Brownian suspensions, long-

range motion correlations will exist which characterize the rigidity of the ‘clusters’.

Farr et al. [76] used the idea of ‘rod-like’ motion of the particle clusters to establish

a theory for jamming behavior, however they did not provide any statistical evidence

for the correlated motion.
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The ASD simulated simple shear flow is given by u = (γ̇y, 0, 0). Note that the

product of velocity fluctuation vectors for a particle pair would give a nine-component

correlation tensor. We focus on correlation of velocity-gradient (y) direction velocities

of a particle pair, < uy
i(ri) · uyj(rj) >, where rj − ri = r. As there is no

convective motion in the y direction, the y velocities obtained from the simulation are

fluctuations. We study y-velocity correlations as a function of particle concentration

and the Péclet number. We also investigate the role of hydrodynamics by comparing

the microscopic analysis of the ASD simulated flow to that of Brownian Dynamics

simulated flow which neglects the hydrodynamic effects.

5.2 Simulation method

Simple shear flow of viscous suspensions is simulated using Accelerated Stokesian

Dynamics (ASD) in the limit of zero particle Reynolds number. The simulation

method is described in chapter 2. The flow, the velocity gradient and the vorticity

directions are defined by x, y and z respectively. For the simulation results described

here, the distances are made dimensionless with particle radius a while time is

measured in strain units γ̇t which is also a dimensionless form.

5.3 Formulations for motion correlation

To study the motion correlations, we incorporate the pair product of the y

velocities in the pair distribution function as described below. The pair distribution

function is given by

g(r) =
1

N
<

N∑
i=1

N∑
j=1

δ(r+ rj − ri) >, (5.1)
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which represents the pair particle density at a separation vector r = rj−ri, normalized

by the average density of the system. The y-velocity correlation is given by

V y(r) =
1

N
<

N∑
i=1

N∑
j=1

uyi u
y
jδ(r+ rj − ri) >, (5.2)

where uyi & uyj are instantaneous velocities (normalized by γ̇a) in the y-direction of

particles located at ri & rj. This formulation denotes the average velocity correlations

of the pairs separated by a vector r = rj − ri, normalized by the average density of

the system.

The y-velocity correlation normalized by the pair distribution function is stated

as

V̄ y(r) =
<

∑N
i=1

∑N
j=1 u

y
i u

y
jδ(r+ rj − ri) >

<
∑N

i=1

∑N
j=1 δ(r+ rj − ri) >

. (5.3)

Equation (5.3) represents the the average velocity correlations of the pairs separated

by a vector r normalized by the corresponding pair density at r separation. This

formulation gives the strength of the motion correlation per pair at a given separation

distance.

ASD generated particle positions and velocities are used to obtain the data. The

pair distribution function g(r) and the y-velocity correlation V̄ y(r) are evaluated by

making grids on r = (r, θ, ψ) pair space where θ is the polar angle measured counter-

clockwise from the positive x-axis and ψ defines the azimuthal angle measured from

the positive z-axis. The discretization mesh is chosen such that the spherical bins are

separated by a distance of 0.025 (this distance is non-dimensionalized with radius of

the particle). For every bin, the angular discretization in 0 ≤ θ < 360◦ is fixed at

3.6◦ while the angular discretization in 0 ≤ ψ < 180◦ is fixed at 9◦.
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If the motion of the particles is not correlated, V y(r) = 0. For a sheared system,

when two particles interact in an infinitely dilute concentration limit, the y-velocities

will remain negatively correlated (V̄ y(r) < 0) and the correlation fades away with

distance [6]. However, in the dense systems under shear, the formation of rigid clusters

or long-range structures of different sizes and shapes would yield a different form of

velocity correlations. For example, consider a 4-particle linear cluster in the shear

plane as described in figure 5.2. Suppose a rigid-body (rod-like) motion for the

particle cluster. The cluster rotates in the shear plane about its center of mass. The

shearing motion would induce positive correlations in the particles at each side of the

rod’s center of mass and negative correlations in the far end particles of the rod. We

observe that the particle pairs ‘1,2’ and ‘3,4’ (‘2,3’ is an exception) yield dominant

positive correlation at r/a ≈ 2. On the other hand, the pairs ‘1,3’ and ‘2,4’ show

negative correlation, indicating dominant negative correlation at r/a ≈ 4. Correlation

between the particles at the either end of the cluster (pair ‘1,4’) would cause negative

correlations at longer distances. Thus, the motion correlation response is expected to

change significantly as the particles form rigid-body clusters in the shear flow.

Figure 5.2: Schematic of a correlated particle-cluster.
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5.4 y-velocity correlations : effect of φ at Pe = 1000

5.4.1 Spherically averaged y-velocity correlations

Figure 5.3 shows the spherical mean of g(r) and V̄ y(r) for various particle volume

fractions at Pe = 1000 (bin size Δr = 0.025). As φ grows, the pair correlation

in the bin adjacent to contact, g(2), increases; this is because of the decrease in

Brownian diffusion and and the increase in the hydrodynamic stresses as φ increases

[78]. The rise in the near-contact values with φ is followed by an increasingly bigger

dip between 2 < r/a < 3 and then by rise in the peak value at r/a ≈ 4; this

behavior is consistent with the observation by Morris & Katyal [24] who studied the

pair correlation asymmetry in the shear flow as a function of φ and Pe using highly

time-resolved and spatially-resolved (much smaller first bins) SD simulations.

The plot of V̄ y(r) vs. r in figure 5.3b describes that, for the dilute case of φ =

0.05, the system is dominated by ‘two-body’ interaction effect i.e. the effect of a

pair interacting in a dilute limit as observed by Batchelor & Green [6]; thus, V̄ y(r)

remains negative for several bins near the contact and the correlation fades away as

the distance increases.

For φ = 0.10, the near contact bins are again dominated by the ‘two-body’

interaction. On the other hand, the farther bins show positive y-velocity correlations

(V̄ y(r) > 0) which we consider as an effect of the ‘many-body’ interaction. The

correlation falls to zero beyond r/a ≈ 4. We observe that, for φ = 0.20, φ = 0.35

and φ = 0.47, the contact bins and several following bins show V̄ y(r) > 0 suggesting

dominant ‘many-body’ interactions or an effect of formation of the particle clusters

with ‘rigid-body’ motion. In general, these clusters could be of different sizes and

shapes. Note that, for φ = 0.35 and φ = 0.47, V̄ y(2) is the maximum value of

the correlation function (for the present bin size Δr = 0.025) while for φ = 0.20 the
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maximum is observed at r away from the contact bin. Another important observation

from figure 5.3b is that, for φ = 0.35 and φ = 0.47, there is a notable negative

correlation at longer distances beyond r/a ≈ 7. In addition, at high concentrations

(φ ≥ 0.20), a distinctive dip is observed at r/a ≈ 4 which we probe further in the

shear plane.

5.4.2 y-velocity correlations at the contact in the shear plane

Parsi & Gadala-Maria [25] by experiment and Phung et al. [50] by simulation

examined the effect of flow at large Péclet number upon the pair distribution function.

Their work demonstrated that near contact there is an accumulation of the pair

probability in the compressional quadrant while the probability has comparatively

smaller values in the extensional quadrant. Figure 5.4a shows consistent results for

g(2) i.e. the value of g(r) in the bin adjacent to contact, which is plotted with respect

to θ in the shear plane (ψ = 900). Note that the mean of g(2) increases with φ which

qualitatively matches with the results of Morris & Katyal [24] who examined g(2) for

much smaller values of Δr compared to this work.

Figure 5.4b shows that, for φ ≤ 0.20, V̄ y(2) < 0 in significant portions of

both the compressional and extensional quadrants owing to the dominant ‘two-body’

interaction for these lower concentrations. On the other hand, for φ = 0.35 and

φ = 0.47, V̄ y(2) < 0 in the extensional quadrant while V̄ y(2) > 0 in the compressional

quadrant. This growing positive correlation in the contact bins of the compressional

quadrant is a result of the ‘many body’ interaction i.e. an effect of ‘rigid-body’ motion

of the particle clusters in this quadrant. To probe these clusters further, we study

average V̄ y(r) behavior in the compressional quadrant of the shear plane defined by

ψ = 900 where 1080 < θ < 1680 as described in the following section. Another
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important observation from figure 5.4b is that the maximum values of V̄ y(2, θ) is

observed in the region around θ ≈ 900.

5.4.3 y-velocity correlations in the compressional quadrant

of the shear plane

Figure 5.5 shows g(r) and V̄ y(r) in the compressional quadrant of the shear plane

averaged over the angular distribution between 1080 < θ < 1680 at Pe = 1000 for

various φ values. We observe that g(r) under these conditions behaves similar to the

spherically averaged g(r). Considering motion correlation, we note that at φ ≤ 0.20,

V̄ y(2) < 0 similar to spherically averaged motion correlations

At high concentrations, φ = 0.35 and φ = 0.47, V̄ y(r) > 0 in the bins near

contact, which is similar to the spherically averaged y-velocity correlations and is

related to different types of particle clusters with ‘rigid-body’ motion. However,

at r/a ≈ 4, a remarkable negative correlation ‘dip’ is observed which grows with

φ. The strong positive correlations near the contact r/a ≈ 2 followed by the anti-

correlation at r/a ≈ 4 specifically indicates the presence of linear particle clusters

with ‘rod-like’ motion in the compressional quadrant; the interpretation is based

on the characteristics of the representative linear cluster shown in figure 5.2. In

addition, at high concentrations, V̄ y(r) < 0 beyond r/a ≈ 7 (see inset of figure 5.5b)

demonstrating presence of motion correlations at longer distances.

Earlier studies including [14] show that, under strong shear, the tendency to shear

thicken increases with particle concentration (see figure 5.1). Our study suggests

that the motion correlation transform form dominant ‘two body’ interaction for

lower concentration to a significantly different state for higher concentrations. The

motion correlation demonstrate ‘rigid-body’ motion of the particle clusters at high
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concentrations. Specifically, it indicates growth in the linear ‘rod-like’ clusters in the

compressional quadrant as the concentration increases. The stress in a rod roughly

grows as the length cubed [2], which could be related to the higher tendency to shear

thicken as φ increases. Thus, the motion correlation response (which is highly φ

sensitive) provides a microstructural understanding to the shear thickening state.
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Figure 5.3: At Pe = 1000 for different φ (a) spherical average of g(r); (b) spherical average
of V̄ y(r).
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Figure 5.4: At Pe = 1000 for different φ (a) contact values of the g(r) in the shear plane;
(b) V̄ y(r) at contact in the shear plane. The legend in (a) also applies to (b).
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legend in (a) also applies to (b).
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5.5 y-velocity correlations : effect of Pe at φ = 0.47

5.5.1 Spherically averaged y-velocity correlations

In this section, we seek to examine the effect of Péclet number on the motion

correlations. Figure 5.6 shows that the spherical mean of g(r) and V̄ y(r) for φ = 0.47

at Pe = 1 and Pe = 1000. The g(r) at Pe = 1000 has higher values near

contact and then the curve drops more rapidly compared to Pe = 1; this behavior

qualitatively agrees with the study by Morris & Katyal [24] and also with the

theoretical understanding of the boundary layer structure developed by Brady &

Morris [17] and Wilson [51]. In addition, the dip between 2 < r/a < 3 is closer to

unity for Pe = 1000, which also agrees with the observation by Morris & Katyal [24].

Figure 5.6b shows that, at Pe = 1, V̄ y(r) remains positive in the near contact

bins but the correlations are significantly weak compared to that at Pe = 1000. The

motion correlation at Pe = 1 gradually falls to zero at r/a ≈ 6 showing absence

of long-distance motion correlations; on the other hand, at Pe = 1000, the motion

correlations become negative beyond r/a ≈ 7. In addition, similar to Pe = 1000, a

‘dip’ is observed at r/a ≈ 4 for Pe = 1. We further explore the motion correlations

in the shear plane.

5.5.2 y-velocity correlations at the contact in the shear plane

At φ = 0.47, for both Pe conditions, the g(2) in the shear plane exhibits

compressional and extensional quadrants and the mean g(2) increases with Pe as

expected (figure 5.7a). At Pe = 1, V̄ y(2) remains negative in significant portions

of both compressional and extensional quadrants, which is indicative of dominant

‘two-body’ interactions (figure 5.7b). To the contrary, at Pe = 1000, V̄ y(2) > 0
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in the entire compressional quadrant, a characteristic change suggesting the effect

of dominant many body interactions or long range structures in the compressional

quadrant as noted earlier.

5.5.3 y-velocity correlations in the compressional quadrant

of the shear plane

The plot of g(r) and V̄ y(r) in the compressional quadrant of the shear plane

averaged over the angular distribution between 1080 < θ < 1680, at φ = 0.47 for both

Pe numbers, is shown in figure 5.8. Note that g(r) under these conditions behaves

similar to the spherically averaged g(r).

Figure 5.8b shows that, V̄ y(2) < 0 at Pe = 1, which demonstrates dominant

‘two-body’ motion correlations near contact in the compressional quadrant. For the

following bins, V̄ y(r) has similar but significantly weak motion correlation pattern at

Pe = 1 as compared to that at Pe = 1000. Foss & Brady [14] computationally and

D’Haene et al. [15] experimentally have shown that, at high φ, Pe ≈ 1000 provides

an extensively higher shear thickened state compared to Pe ≈ 1 (see figure 5.1). The

shear thickening with respect to Péclet number is accompanied by pronounced rise in

the strength of motion correlations as we have demonstrated above.



CHAPTER 5. MOTION CORRELATIONS 73

(a) (b)

2 3 4 5 6 7 8

10
0

10
1

r

g(
r)

 

 

Pe = 1
Pe = 1000

φ = 0.47

2 3 4 5 6 7 8
−0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

r

V̄
y
(r

)

 

 

Pe = 1
Pe = 1000

φ = 0.47

Figure 5.6: At φ = 0.47 for different Pe (a) spherical average of g(r); (b) spherical average
of V̄ y(r).
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Figure 5.7: At φ = 0.47 for different Pe (a) contact values of the g(r) in the shear plane;
(b) V̄ y(r) at contact in the shear plane.
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5.6 Role of hydrodynamics: comparison with Brow-

nian Dynamics
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Figure 5.9: At φ = 0.47 and Pe = 1000 (a) spherical average of g(r); (b) and spherical
average of V̄ y(r) in ASD and Brownian Dynamics simulated flows.

In this section, we compare the y-velocity correlations in the typical ASD

simulated shear flow with that in the Brownian Dynamics (BD) simulations which

neglects hydrodynamic interactions. Figure 5.9 shows the spherical mean of g(r) and

V̄ y(r) for φ = 0.47 at Pe = 1000 in case of ASD and BD simulated flows. The g(r) for

ASD has higher values near contact and then the curve drops more rapidly compared

to BD simulated g(r). In addition, the dip between 2 < r/a < 3 is closer to unity for

the ASD simulated g(r).

Figure 5.9b shows that, for BD simulated flow, V̄ y(2) is positive and for the

following bins V̄ y(r) fluctuates around zero; this behavior is strikingly different from

the long-range y-velocity correlations observed in the ASD simulated flow. The lack

of correlated motion indicate that the BD simulated flow might not show shear

thickening behavior at the given conditions of Pe and φ which is indeed true as

observed by Brady [79]. Thus, only ASD system which takes into account the
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hydrodynamic interactions between particles may capture the long-range structures

and the associated thickening behavior observed in the sheared systems.

5.7 Conclusion

The velocity or motion correlations suggest long-range structures, especially ‘rod-

like’ linear clusters in the compressional quadrant of shear plane at high φ and Pe.

The strength of these motion correlation increases with increase in either φ or Pe,

which is accompanied with increase in shear thickening state of the system. The

shear flow simulated by ASD and Brownian Dynamics show very distinct y-velocity

correlations, which underlines the role of hydrodynamic interactions in inducing the

long-range structures. In the present study, we investigated only one component

(< uy
i(ri)·uyj(rj) >) of the fluctuation velocity correlation tensor for the particle pair;

the other components of the tensor need to be probed to further understand the long-

range structures in different dimensions. The abrupt thickening or jamming behavior

is not seen in these simulations; perhaps introduction of the frictional interactions

between particles could lead the system into the jamming limit with corresponding

changes in the motion correlations, a further study of this issue is warranted.



Chapter 6

Particle pressure induced
self-filtration in concentrated

suspensions

6.1 Introduction

Flows of concentrated suspensions, from mud to ceramic precursor slurries, are

commonly encountered in nature and industry. Suspensions ranging from colloidal

dispersions to wet granular flows, demonstrate ability to generate spatial variation

in the material concentration under various flow conditions. Isa et al. [80] studied

micro-fluidic flow of concentrated colloidal suspensions; they observed variation in

the material concentration along the flow channel. In liquid-immersed granular flows,

dilatancy effects are seen for underwater granular avalanches [81]. Relevant works on

the spatial redistribution of the suspension concentration also include the phenomena

of suspension and paste extrusion studied in basic and applied research [82, 83].

Haw [73] investigated ‘self-filtration’ in concentrated colloidal suspensions in which

the effluent from a pressure-driven contraction flow has lower solid loading than the

upstream material; this work is closely related to our study in terms of geometry and

A part of this chapter is submitted as Particle pressure induced self-filtration in concentrated
suspensions, S. D. Kulkarni, B. Metzger and J. F. Morris, Phys. Rev. Lett. (Nov. 2009)
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solid fraction. The earlier works [80, 73] have linked the concentration variation or

the ‘self-filtration’ in dense suspensions to the erratic flow oscillations observed in

these materials. The present study of flow of dense non-colloidal suspensions through

a contraction elucidates the development of a flow-induced liquid pressure field and

its relation to the ‘self-filtration’ in steady and oscillatory flows.

Particle migration is observed in a number of low-Reynolds-number suspension

flows, including curvilinear [27] and pressure-driven rectilinear flows [29]. The

migration has been modeled based on ‘particle pressure’ as driving potential

[34, 18, 31]. The particle pressure Π is the mean normal stress exerted by the

particle phase Π = −1
3
[
∑p

11+
∑p

22+
∑p

33] in a sheared suspension [30]. A compressive

particle pressure Π quantifies the tendency of the dispersed phase to spread under

shear. For this spreading to take place, liquid must replace the particles, and there

must be an equal but opposite (and hence, suction) pressure in the suspending

liquid Πliq = −Π(γ̇, φ); this is deduced as a result of the constraint of material

incompressibility [31, 32]. The relation of diffusion with liquid pressure in solid-liquid

systems is a broadly relevant topic, e.g. for the ultrafiltration process, where theory of

the suspending liquid pressure has established equivalency of Fick’s and Darcy’s law

[84]. Measurements at a porous boundary show evidence of opposing normal stresses

in the two phases of sheared suspensions [23]. A clear demonstration is provided by

measurement of the solvent pressure in a sheared suspension, by a method analogous

to measurement of osmotic pressure in quiescent solutions across a semipermeable

membrane [32].

In this work, we study a contraction geometry, in which distinct shear-rate regions

form and are found to have significantly different solvent phase suction pressures

Πliq. In addition, at large φ, we observe a reduction of suspension concentration
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Figure 6.1: Sketch of the experiment.

downstream of the contraction relative to the upstream. This dilation or ‘self-

filtration’ and its relation to the flow-induced liquid pressures is studied for steady

and oscillatory flow conditions.

6.2 Experiments: set-up and protocol

Materials & apparatus : The suspensions are composed of spherical polystyrene

particles (380-500 μm diameter; Maxi-Blast Inc.) and UCON 50-HB-660 (Dow

Chemical), a Newtonian liquid with viscosity ηf = 0.3 Pa.s and density 1.05 g.cm−3

at 25◦, very close to that of polystyrene. Inertia is negligible as Rep = ρUa/ηf � 1,

where U is the average flow speed, a is the sphere radius, and ρ and ηf are the
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fluid density and viscosity, respectively. Flows of two more viscous liquids without

particles, mixtures of UCON 75-H-90000 and 75-H-1400 (both of density 1.09 g.cm−3)

having viscosities 36.5 Pa.s (liquid X) and 7 Pa.s (liquid Y ) at 25◦, are also studied.

The flow passes through a contraction in a vertical channel constructed of acrylic,

with geometry shown in figure 6.1. The length, width (W ) and depth of the channel

are 20, 2.5 and 2 cm, respectively. The contraction is formed by symmetrically

inserting two rectangular blocks of length 4 cm, depth 2 cm (equalling the channel

depth), and of width yielding the ratio of the contraction channel width to that of

original channel w/W = 1/6 (figure 6.1). A CCD camera images the flow along an

axis orthogonal to the channel wall.

For liquid pressure measurement, holes are made along the channel boundary, one

at the beginning of the contraction (level L1) and the other 5 cm vertically above the

contraction (level L2) as shown in figure 6.1. A horizontal tube connected to each

hole is filled with the suspending liquid and its other end is attached to a differential

pressure transducer (Omega; ± 1 psi). The differential pressure transducer measures

the system pressure relative to atmospheric pressure. For suspension flows, the liquid

pressure alone is measured by placing across each hole a screen with 200 μm square

openings to retain the particles in the channel and not to let them enter in the tubes.

Data acquisition: The CCD camera records the decline of the suspension column

height as the material flows through the contraction. The image acquisition provides

information of the decline in H1 and H2 with time, where H1 and H2 are heights of

suspension column at levels L1 and L2 respectively as shown in figure 6.1.

The liquid pressures P1 and P2 in the flowing systems are measured by differential

transducers (Omega; ± 1 psi) attached across holes in the channel wall at the level

L1 and level L2; reported pressures are thus relative to atmospheric. We confirm

experimentally that the extent of significant non-axial flow above the contraction



CHAPTER 6. SELF-FILTRATION IN DENSE SUSPENSION FLOW 81

level is ≈ 3w: L2, well above this zone, is in a unidirectional flow region. This result

is also verified based on the numerical analysis of suspension flows through contraction

geometry [85]. For suspension flows, liquid pressure alone, rather than that exerted

by both particles and fluid, is measured by placing a mesh across each hole to retain

the particles, as previously shown [32].

Experimental protocol : The suspension is poured carefully into the channel to

avoid bubble capture. During this filling operation, a bottom plate restricts outflow.

The suspension is poured into the channel to a level 15 cm above the contraction.

Then the bottom plate restricting outflow is removed and the pressure and image

data is recorded as the suspension flows through the contraction geometry. The

effluent material collected at the exit as the suspension column height drops about

7 cm is weighed; the particles are recovered by thorough washing and drying, then

weighed separately to obtain the outlet concentration. This measurement gives us

information about the self-filtration. Unless mentioned, the upper surface of the

suspension is open to the atmosphere. Experiments with additional driving force use

a closely-fitted weighted piston placed on the upper surface of the mixture.

We first present an experiment to illustrate different internal stress states within

the mixture under different flow restrictions. Figure 6.2 shows the liquid pressure

response measured at L1 and L2 for ζ = 1/6 and particle volume fraction φ = 0.58

for the initial head level of 15 cm. Case (i) represents a condition where the flow is

completely restricted by the bottom plate; the liquid pressure at a point is equal to

static fluid head above it. In case (ii), the particle flow is restricted by a mesh at

the bottom while the liquid phase flows under gravity, yielding Darcy flow through a

column of particles; from liquid pressure measurements, we estimate dP
dH

≈ 50 Pa/cm

above the contraction. Finally, in case (iii), the suspension is allowed to flow under

gravity without any restriction. The significant decrease in the liquid pressure from
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Figure 6.2: Liquid differential pressure response for ζ = 1/6 and φ = 0.58, case (i):
static condition; case (ii): mesh at the bottom which only lets liquid phase flow; case (iii):
suspension flow. The drop of the upper surface, from 15 cm at time t = 0, in cases (ii) and
(iii) is only a few mm.

case (ii) to case (iii), notably dropping the local absolute pressure below atmospheric,

is indicative of a considerable change in the internal stress state. The decrease is

consistent with the idea of the suction pressure Πliq = −Π(γ̇, φ) [32] generated in the

suspending liquid phase due to motion of the particles. This flow-induced suction

pressure is a key parameter used to describe the flow behavior in the present system.

In the following work, we focus on the gravity driven suspension flow without any

restriction at the end of the contraction similar to case (iii).
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6.3 Experimental results

Figure 6.3 shows P1 vs. H1 and P2 vs. H2 for flow of different materials through

the contraction, where H1 and H2 are heights of liquid (or suspension) column at

respective measurement levels as shown in figure 6.1. For the pure liquid (φ = 0)

flow, the pressures P1 and P2 are slightly below the corresponding static heads ρgH1

and ρgH2 (indicated by solid lines), as a result of viscous pressure losses accounted

as ΔP1=ρgH1−P1, as labeled in figure 6.3a, and ΔP2=ρgH2 − P2. Figure 6.3 shows

that, for pure liquids X and Y differing in viscosity by a factor of over five, the

pressure (and hence ΔP ) dependence on fluid-column height is identical. In contrast,

suspension flows are characterized by reduction in liquid pressures, differing with

volume fraction; this reduction for a suspension of φ = 0.5 is labeled as Π1 in figure

6.3a to indicate the relationship to particle pressure which we develop later.

We note that the equivalence of pressure dependence for different viscosity pure

liquids is a consequence of hydrodynamic linearity under the Stokes-flow conditions.

The viscous loss ΔP1 (or ΔP2) is proportional to the shear stress ηsγ̇. The shear rate

may be written as γ̇ = K(x)(ρgH1/ηs), where K(x) accounts for spatial variation in

shear rate due to the contraction; the liquid column head ρgH1 above the contraction

is the driving force for flow, and the resistance to flow scales with ηs. Thus ΔP1 ∼
ηsγ̇ ∼ ρgH1, confirming independence of viscous losses on material viscosity. The

experimental data for both liquids yields ΔP1 = 0.16ρgH1, and ΔP2 = 0.03ρgH1.

We now assess the liquid pressure for flow of suspensions at solid fraction φ = 0.50,

0.52, 0.55, and 0.58, with ηf = 0.30 Pa.s (in one case ηf=0.9 Pa.s). The suspension

effective viscosity satisfies ηs = η∗s(φ)ηf where η∗s ∼ (1− φ/φmax)
−2, with φmax ≈ 0.6

the maximum packing fraction. Recall that the liquid pressure alone is obtained

by placing screens across holes at L1 and L2 [32], and that the pressure drop due to
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Figure 6.3: (color online) Liquid pressure of flowing systems measured (a) at L1 in the
beginning of the contraction; (b) at L2, 5 cm vertically above L1, plotted against fluid
column height at each measurement level. The legend in (b) applies also to (a). Viscosities
are, for liquid X 36.5 Pa.s and for liquid Y 7 Pa.s; For suspensions, the suspending fluid
has ηf = 0.3 Pa.s, except for one set of data at P1 for φ = 0.52, where ηf = 0.9 Pa.s (open
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viscous losses is independent of the viscosity ηs and depends (for fixed density) only on

fluid column height H1. Yet figure 6.3 shows that the measured liquid pressure values

for a suspension decrease relative to those found for the pure liquid flows, and the

decrease becomes more pronounced with increasing φ. The striking conclusion is that

the additional decrease in liquid-phase pressures P1 and P2 observed for suspensions

must be due to another physical process unique to a two-phase flow.

As noted above, experiments [32] and simulations [31] have shown that uniform

shearing in suspensions generates suction pressure in the suspending liquid Πliq =

−Π(γ̇, φ), which is accounted here as

P1 = ρgH1 −ΔP1 −Π1, P2 = ρgH2 −ΔP2 −Π2. (6.1)

Because ΔP1 and ΔP2 were previously evaluated and independent of viscosity, we are

able to determine Π1 and Π2 separately as a function of fluid column height.

The measurement of self-filtration, where effluent concentration φm
out is below the

input φin, is shown in figure 6.4. For φin ≥ 0.55, we find φm
out ≈ 0.528± 0.003. Also,

φm
out remains unchanged as the suspension column drops from H1 = 15 cm to 8 cm. As

a result of mass conservation and dilution of the effluent, the top of the column would

become dry (as we observed in early experiments), unless a layer of a few mm depth

of pure liquid is added on top of the suspension, and we follow this practice. Similar

filtration behavior for colloidal systems was observed by [73], where it was suggested

that colloidal jamming or flow instabilities are necessary to induce self-filtration. On

the contrary, we observe this phenomena under steady flow.
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6.4 Self-filtration model

We now propose a mechanistic model for self-filtration invoking particle pressure,

and check its consistency with our experimental results. Constitutive modeling [34]

and simulation at uniform shear and φ [18, 31] have shown that particle pressure may

be expressed as Π = ηnγ̇ for non-Brownian suspensions, where ηn = η∗n(φ)ηf is the

suspension “normal stress viscosity” modeled as η∗n ∼ 0.75(φ/φmax)
2(1 − φ/φmax)

−2.

Combining the local rheology Π ∼ ηnγ̇ with dependence of the shear rate on driving

head, γ̇ = K(x)(ρgH1/ηs),

Π

ρgH1
≈ K(x)q(φ), (6.2)

where q(φ) = ηn/ηs is the ratio of normal to shear stress, (or inverse of friction

coefficient in granular rheology) which increases with φ and is independent of ηf

[34] [21]. This formulation leads to the remarkable implication that for a fixed

configuration and φ in gravity-driven flow, particle pressure is independent of the

suspending liquid viscosity. We confirm this experimentally, as illustrated by the two

identical curves for P1 (within error bar) in figure 6.3a at φ = 0.52, for ηf = 0.3

or 0.9 Pa.s. A second implication is that at a given point in the channel the ratio

Π/ρgH1 is independent of H1 and increases sharply with φ. At the positions of the

pressure sensors, we plot Π1/ρgH1 and Π2/ρgH1 averaged over 8 < H1 < 15 cm

for experiments with different φin (figure 6.4 inset). The small error bars confirm

independence of H1 and no considerable change in local φ over any experiment. The

sharp rise in Π2/ρgH1 with φin is expected, but given the constitutive modeling,

the flattening of Π1/ρgH1 suggests that φ at the contraction is reduced relative to

φin, and is essentially unchanged for φin ≥ 0.55. This interpretation of dilation

at the contraction agrees with flattening of measured outlet concentration φm
out for

φin ≥ 0.55.
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out and φp
out for contraction geometry w/W = 1/6; the inset shows Π1/ρgH1

and Π2/ρgH1 plotted against input particle concentration φin.

To address the basis of the observed dilation, we now assume that the fluid

pressure variation between contraction and bulk regions induces flow of liquid relative

to particles, similar to Darcy flow, sucking liquid toward the contraction. This suction

force can be estimated as [Π1−Π2]φ=φin
. A direct measure is difficult, as Π1 is affected

by dilation at the contraction. We reformulate the suction force in terms of Π2 using

equation (6.2),

[Π1 − Π2]φ=φin
= (K1/K2 − 1)Π2, (6.3)

where we recall that K represents the spatial dependence of the shear rate. The flow

of liquid relative to particles ΔV = Vl − Vp is stated as

ΔV

Vp
∼ Π2/ηs
ρgH1/ηs

∼ Π2

ρgH1
. (6.4)
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As Π2/ρgH1 is independent of H1, equation (6.4) implies steady dilution, consistent

with the experimental observation. Writing a conservation equation for the particles

and incorporating equation (6.4) yields

φout =
φinVp

φinVp + (1− φin)Vl
=

φin

1 + A Π2

ρgH1
(1− φin)

. (6.5)

Using the experimental measurement of Π2/ρgH1 and φout from figure 6.4, we obtain

the dimensionless A = 0.34±0.04. With this value of A and a quadratic interpolation

of Π2/ρgH1 data in figure 6.4 inset, the prediction of the effluent concentration is

in satisfactory agreement with the experimental data (figure 6.4); the downward

curvature is an artefact of the quadratic fit.

Considering the spatial dependence of the shear rate γ̇ = K(x)(ρgH1/ηs), one

would expect K1/K2 = 6 in the present geometry where the ratio of the contraction

channel w/W = 1/6. However, for φ = 0.50 and 0.52, where the observed dilation is

small, equation (6.2) suggests K1/K2 ≈ Π1/Π2 ≈ 13. This larger value shows that

K1/K2 is influenced both by the variation in shear rate and change in flow type from

pure shear flow to extensional flow at the contraction. We also conducted experiments

with smaller particles (150 − 250μm dia.) at φ = 0.58. The pressure responses P1

and P2 as well as the effluent concentration (φm
out ≈ 0.53) remains unaffected by the

particle size for the studied range.

6.5 Oscillatory flow under added load

We now consider flow under additional load supplied by a 100 g piston added to

the top of the mixture. The weight is equivalent to 2 kPa additional pressure. Images

are captured using a high magnification lens (Sigma DG HSM) with wide field of
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Figure 6.5: (color online) (a) velocity, V , and (b) liquid pressure, P1, at the contraction
for φ = 0.58 and w/W = 1/6: dashed lines correspond to no external force; solid lines
correspond to a weighted piston of 100 g load.

view (1.5 cm × 2 cm) focused on the contraction, illuminated by white light. Particle

tracking velocimetry (PTV) is used to obtain the average particle speed along the

wall. The bulk flow determined from the decline of the suspension column is 4-5

times the observed near wall motion for both steady and oscillatory flows. In the

contraction of w/W = 1/6, at φ = φcrit ≈ 0.58 with the weighted piston, PTV shows

that the flow alternates between ‘fast’ and ‘slow’ motions with a surprising periodicity

as shown in figure 6.5. The oscillations are absent below a particular threshold load

as seen in earlier work [80], but the oscillation frequency here decreases with added

load, contrary to that study. Robustness of periodic flow to changes in geometry,

suspending liquid viscosity and piston weight is described in chapter 7 but here we

focus on φ = 0.58, w/W = 1/6 and added piston load of 100 g. Under this condition,

the measured effluent concentration is φm
out = 0.527 ± 0.003 with the stated variance

based on multiple experimental trials. Thus, we demonstrate that the ‘self-filtration’

occurs in both steady and oscillatory flow conditions in the present geometry. Figure
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6.5 shows that the particle speed in slow motion of the alternating flow is lower

than with no external force. This suggests the weighted piston makes contact with

particles at the upper surface, activating a granular network which supports most of

the piston weight. Slow creep of the deforming granular network causes a decrease

in liquid pressure P1. When the network abruptly breaks, as indicated by the faster

motion, the internal stress in the particle phase is released and the liquid pressure

goes up simultaneously (figure 6.5). Thus, dilational motion near the contraction

in the slow regime ultimately leads to breakage of the granular network. As the

diluted batch passes through the contraction, the granular network is reestablished

and begins again to creep, thus leading to periodic flow variation. Similar correlation

between flow speed and pore pressure is observed in avalanching flows [81].

6.6 Conclusion

We conclude that in concentrated suspension flow in a contraction geometry, the

change in shear rate at the contraction induces a spatially varying pressure field in

the liquid phase, with the pressure reduced well below the value expected due to

viscous losses. In the same flow, we observe self-filtration with a reduced outlet

solid concentration relative to the imposed inlet concentration. We have related the

reduction in the liquid pressure field to particle pressure, and proposed a model which

rationalizes the self-filtration phenomenon. When driving the system with a weighted

piston at φcrit ≈ 0.58, the flow shows consistent periodic oscillations where fast and

slow motion of the suspension correspond, respectively, to low and high internal stress

states of the particle phase. The same type of coupling involving dilation and failure

of the solid network seems responsible for this striking phenomenon. Note that the

liquid pressure in the porous medium state of the mixture is equivalent to a pore
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pressure in granular and soil mechanics [86]. We conclude that the concept of pore

pressure is directly related to shear-induced particle pressure, Π, in suspensions, which

has been established both as a nonequilibrium continuation of osmotic pressure [31]

and a general drive toward particle phase dilation [32].



Chapter 7

Periodic velocity oscillations in
concentrated suspension flow

7.1 Introduction

Abrupt shear thickening or jamming in dense suspensions flows is of importance

to many geophysical flows such as sudden, larger movements of the earth’s crust

along the faults filled with slurries. This phenomenon is also observed in several

industrial operations, such as blocking of transport pipes or mixer blades. Jamming

can be briefly described as conversion of flowing suspension system into ‘solid-like’

system by imposed stress or strain leading to a dynamical arrest. Cassar et al. [87]

studied submarine granular avalanches to probe the role of interstitial fluid pressure

in avalanche dynamics and instability development. Bertrand et al. [71] observed

conversion of a concentrated non-Brownian suspension into persisting paste when

subjected to moderate shear. Lootens et al. [72] investigated ‘giant stress fluctuations’

in dense colloidal suspensions when the imposed shear rate approached a transition

value. Isa et al. [80] observed confinement-induced flow oscillations in their study of

A part of this chapter is published as Extreme velocity fluctuations: transient jamming in
concentrated suspension flow, S. D. Kulkarni, B. Metzger and J. F. Morris, AIP Conf. Proc. 1027,
683 (2008)
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micro-fluidic channel flow of concentrated colloidal suspensions. In the work closely

related in terms of geometry and solid fraction in our study, Haw [73] probed erratic

fluctuations in the flow-speed in pressure driven flow of dense colloidal suspensions

through a contraction geometry.

The other remarkable phenomena observed in the dense systems, self-filtration,

describes the ability to generate a spatial variation in the material concentration under

various flow conditions. Chapter 6 provides the literature available in this area. In

chapter 6, we studied gravity-driven flow of non-Brownian concentrated suspensions

(solid volume fraction φ > 0.50) through a channel contraction. We observed the self-

filtration, where the effluent material through the contraction has a consistently lower

solid fraction than the input suspension. The abrupt change in the flow area at the

contraction forms distinct shear-rate regions having different fluid pressures, which

are related to the concept of particle pressure. We demonstrated a model involving

particle pressure variation coupled to a Darcy-like behavior for the fluid that captures

the phenomenon of self-filtration. Note that, in the above study, the material which

is under no external load, flows steadily. We briefly discussed a representative case

of oscillatory flow alternating between fast and slow motions, when an external load

is added on the suspension. Our goal here is to illustrate the robustness of this

oscillatory flow behavior and study its dependence on changes in applied additional

load, particle concentration, suspending liquid viscosity and the particle size. We also

present the self-filtration behavior observed in these oscillatory flows. The system’s

pressure response is studied to understand the noted flow behavior. The experimental

procedure and data acquisition method are described in the following section, followed

by key results in section 7.3.
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Figure 7.1: a) Front view sketch of the experimental set up. b) Sample image near
contraction. c) Particle trajectories using Particle Tracking Velocimetry.

7.2 Experiment

In the present study, we use Particle Tracking Velocimetry technique to measure

the near-wall particle speed at the contraction. The experimental set-up is same as

described in chapter 6, thus the description here is brief.

Materials & apparatus : The suspensions are prepared by adding spherical

polystyrene particles (Maxi-Blast Inc.) typically of size 380-500 μm diameter (except

in one case with 150 − 250μm dia. particles) to UCON oil (Dow Chemical). The

density of UCON oil is 1.05 g/cm3 at 25◦, very close to that of polystyrene particles.

The flow is through a rectangular channel (constructed of acrylic) as shown in figure

7.1a. The length (L), width (W ) and depth of the rectangular channel are 20 cm, 2.5

cm and 2 cm, respectively. Two identical rectangular blocks of length 4 cm, depth 2

cm (equalling the channel depth) and of width yielding the ratio of the contraction

channel width to that of original channel w/W = 1/6, are inserted symmetrically

along the wall of the original channel (figure 7.1a).

Data acquisition & analysis : The Particle Tracking Velocimetry technique is
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briefly described as follows. The flow is imaged by a CCD camera (Basler A1021)

along an axis orthogonal to the channel wall. Images are captured using a high

magnification lens (Sigma DG HSM) with wide field of view (11 mm X 16 mm)

focused on the area near the contraction. The field of view is illuminated by a white

light source. The light source is adjusted so that each particle in the field of view

has a single bright reflecting spot (figure 7.1b). Images taken at a specified frequency

of 5-15 frames/second are treated later to identify the bright spots (reflections) in

the image, by selecting a threshold for intensity using ImageJ software. Spurious

reflections due to bubbles and dust are minimized by choosing bright spots in the

range of circularity and size determined to be representative of the particle reflections.

The positions of the bright spots in the successive images are then used to track the

particles (figure 7.1c) and to obtain their velocities; a representative trajectory in

figure 7.1c is highlighted.

Differential pressure transducers (Omega; ± 1 psi) are used to measure the liquid

pressure response in the flowing systems; hence the reported pressures are relative to

atmospheric. The liquid pressures P1 and P2 are measured across holes in the channel

wall at the contraction (level L1) and 5 cm above (level L2) respectively. As noted in

chapter 6, the liquid pressure in the suspension flows is measured by placing a mesh

across each hole to retain the particles.

Experimental protocol : When the suspension is poured into the channel, a bottom

plate blocks the outflow. The suspension is filled to a level 15 cm above the

contraction. The additional load is provided by adding weights to the closely fitting

piston on the top of the mixture. Each 50 g weight is equivalent to 1 kPa additional

pressure. After adding the external load, the bottom plate restricting outflow is

removed. The pressure and image data is recorded as the suspension flows through

the contraction geometry. The material exiting the geometry (effluent) is collected as
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the suspension column height drops by about 7 cm. The effluent is weighed and then

the particles in the effluent are recovered by washing thoroughly with soap and water.

The dried particles are weighed separately and compared with the effluent weight to

obtain the effluent concentration.

Here, results are discussed for particle volume fraction φ ≥ 0.55; where the flow

becomes periodic under external load. Experiments to study the periodicity for

varying driving pressure (solid and liquid head), particle concentration, viscosity of

suspending liquid and particle size are described. The external solid load is altered

from 25 g to 600 g. The viscosity of the suspending liquid (ηf) is varied from 150

- 900 cP at 25◦ using mixtures of UCON 50-HB-660 and 75-H-90000. Inertia is

negligible, i.e. Rep = ρUa
η

� 1, where U is average particle speed, a is the radius of

the particle, and ρ and η are the fluid density and viscosity, respectively. The ratio of

smaller channel width to the average particle diameter is defined as β, which varied

by changing the particle size. The contraction ratio w/W is denoted as ζ .

7.3 Results and discussion

When no blocks are inserted in the rectangular channel (i.e. ζ = 1), the suspension

flows steadily both under its own weight and under additional load (solid and liquid

head) for the entire range of system parameters studied.
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7.3.1 Applied solid weight vs. liquid head

In this subsection, the flow behavior is studied for ζ = 1/6 and ηf = 270 cP under

different types of applied loads at φ = 0.58. The effluent material concentration,

φm
out ≈ 0.53 ± 0.003, remains independent of the applied load conditions indicating

very robust filtration mechanism which probably solely depends on the geometry of

the system. Under its own weight, the flow is smooth under the noted suspension head

of 15 cm above the contraction. When additional solid weight of 100 g is applied, the

flow becomes periodic (figure 7.2) with cycles of alternating ‘fast’ and ‘slow’ motions

(the ratio of fast to slow motion is a factor of ten or greater) exhibiting a well-defined

periodicity. Note that the speed in the ‘slow’ motion of periodicity is lower than that

observed in the smooth flow with no external load (figure 7.2a). It clearly indicates

that the added load has introduced strong networking in the material which causes

decrease in the flow speed for the ‘slow’ motion. The networking in this system may

be compared with a vertical column of dry granular particles which shows Janssen

effect under static and dynamic conditions [88]. The Janssen effect describes that, in

the column of granular particles, the effective weight experienced at the bottom of

the column is lower that the actual weight of the material. The effective weight at the

bottom reaches a exponential limit as height of the column increases, this happens

due to the shielding effect of contact forces between particles that redirect the weight

towards the side walls. In the present study, the particle network formed under the

external load breaks periodically. We interpret that the dilational motion caused by

the relative flow of the suspending liquid near the contraction in the ‘slow’ regime

ultimately leads to breakage of the particle network. As the diluted batch passes

through the contraction, the particle network is reestablished and begins again to

creep, thus leading to periodic flow variation.
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Figure 7.2 shows that the liquid pressure responses P1 and P2 are correlated to

the ‘fast’ and ‘slow’ motions of the periodic flow. The liquid pressure information in

steady and oscillatory flows is analyzed as follows. In chapter 6, for the flow without

load, we formulated the liquid pressure at the contraction as

P1
NL = ρgH1 −ΔP1 − Π1(γ̇, φ), (7.1)

where H1 is the height of the suspension (or liquid) column at the contraction level

(see figure 7.1a) and the particle pressure Π(γ̇, φ) quantifies tendency of dispersed

phase to spread under shear which induces equal but opposite (and hence, suction)

pressure in the suspending liquid as demonstrated experimentally by Deboeuf et al.

[32]. We confirmed that the viscous losses are independent of the material viscosity,

ΔP1 ∼ ηsγ̇ ∼ ρgH1.

Now, when the external solid load is added, as noted above for the ‘slow’ regime,

strong networking is introduced in the flow which reduces the flow speed. The

addition of the solid load provides a non-viscous stress transmission mechanism which

distributes the load without motion in the particle network. For this ‘slow’ motion,

the liquid pressure response at the contraction may be restated as

P1
slow = ρgH1 − Π1

slow −ΔP1
slow, (7.2)

where H1, the head experienced by the liquid phase at the contraction, is unchanged

(when compared to no external load condition) as the added load is considered to

be carried by the particle network. Note that the Janssen effect is applicable to

the particle phase only; for the continuous liquid phase the contribution of the liquid

headH1 would remain unaffected by the networking of particles. The particle pressure
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under external solid load, Π1
slow, remains unaffected by the magnitude of the added

load and is described in detail in the following subsection. The pressure drop under

external solid load, ΔP1
slow, will have two contributions; first is from the viscous

losses experienced because of the overall flow of the material (similar to flow for no

external load) and the other contribution is from the additional loss experienced by

the liquid phase when it passed through the stronger particle network established

under the load (Darcy flow losses). The additional Darcy losses may explain lower

values of P1
slow as compared to P1

NL (see figure 7.2b).

In the ‘fast’ motion of periodicity under external solid load, the network breaks,

the load acts on both solid and liquid phases; the additional head would contribute

to increase in the liquid pressure P1 as observed in the experiments, where P1
fast

grows sharply with the particle speed as seen in figure 7.2b. The same interpretation

is applicable for the liquid pressure P2 measured 5 cm above the contraction (figure

7.2c).

The flow behavior under added liquid head is discussed below. Under additional

liquid head of 100 g (equivalent to the corresponding added solid head), the flow speed

and corresponding pressure responses P1 and P2 are significantly higher compared to

the no external load condition. The flow remains uniform and no oscillations are

observed as shown in figure 7.2. Thus, there is striking difference in the flow behavior

for the two methods of applying load to dense suspensions. Note that when the solid

load is applied, the suspension experiences a rigid solid surface at the top, while, when

the liquid head is added, the suspension experiences a deformable liquid surface on

the top. Thus, only the rigid interface (provided by the solid load) can distribute the

load exclusively to the particle phase, which introduces non-viscous contact forces

between the particles. The contact network forms and breaks alternatively, giving

rise to the observed phenomenon of periodicity.
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Figure 7.2a shows that the particle speed under 100 g liquid head is smaller than

the peak speed in the ‘fast’ motion when 100 g solid head is added; the reason for

this difference is not established.

7.3.2 Progressive addition of solid loads

In this subsection, the flow behavior is studied for ζ = 1/6 and ηf = 270 cP under

varying external solid loads applied to the suspensions at φ = 0.55 and φ = 0.58. The

measured effluent concentration remains unaffected by the variations in the added

load (φm
out ≈ 0.53 ± 0.003), confirming its robust behavior. Figure 7.3a provides

time period of oscillations vs. added solid load (L) for experiments at φ = 0.55

and φ = 0.58. For L < 200 g, the change in the period remains small as the load

increases. However, for L > 200 g, the period rises sharply with the external load.

The rise in the period mostly arises from the increase in duration of the ‘slow’ regime

as seen in figure 7.3b. This sharp rise suggests that the added load contributes to

the stiffness of the network, increasing the time required for its breakage. We also

find that the period under φ = 0.58 is significantly larger than that under φ = 0.55.

Thus, the initial φ also influences the stiffness of the network; higher the φ, stronger

the network, which is intuitive.

Figure 7.3b shows the liquid pressure responses P1 and P2 as the external solid

load is added in increments from 25 g to 400 g (φ = 0.58). We observe that there is

a threshold external load above which system shows periodic flow behavior. For

the present conditions of material and geometry, the threshold load is ≈ 100 g.

Interestingly, once we enter in the periodic flow regime, P1 and P2 in the ‘slow’ motion

(P1
slow and P2

slow) remain mostly unchanged irrespective of the added load. This

behavior could be readily explained as follows. Prasad & Kytomaa [23] mentioned
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that, in case of high particle volume fractions, when normal forces are applied at low

strain rates, the shear stress remains independent of the strain rate. They call this

regime as ‘quasi-static’ where short range frictional interactions between the particles

are dominant. In this quasi-static regime, the ratio of normal to shear stresses (ηn/ηs)

remains independent of applied normal forces, which is a key point in our analysis.

From equation (7.2), the column head H1 and Π1
slow contributions decide the

behavior of P1
slow. In the ‘slow’ motion under varying load, we consider that the

head experienced by the liquid phase at the contraction is same as the suspension

(or liquid) column height H1 as the entire external load is carried by the particle

network. Constitutive modeling [34] and simulation at uniform shear and φ [18, 31]

have shown that particle pressure may be expressed as Π = ηnγ̇ for non-Brownian

suspensions. Combining the local rheology Π ∼ ηnγ̇ with dependence of the shear rate

on the material viscosity in the gravity driven flow, γ̇ ∝ (1/ηs), the particle pressure

could be written as Π ∝ ηnγ̇ ∝ ηn/ηs. Now, in the ‘slow’ motion under external load,

we enter the ‘quasi-static’ regime [23] and hence (ηn/ηs) or Π1
slow would become

independent of the external load. Thus, in the ‘slow’ regime, both H1 and Π1
slow

remain independent of the added load leading to the unchanged values observed for

P1
slow and P2

slow. Similar behavior is observed for φ = 0.55. On the other hand,

in the ‘fast’ regime, the particle network breaks, the load ‘acts’ on the suspension

(on both phases), and the flow speed and the liquid pressures are influenced by the

magnitude of the load as seen in figure 7.3b.
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7.3.3 Effect of solvent viscosity

In this subsection, the flow behavior is studied for ζ = 1/6 and φ = 0.58 for

different solvent viscosities ηf . The viscosity of the suspending liquid varies from

150 - 900 cP using mixtures of UCON 50-HB-660 and 75-H-90000. We find that the

effluent concentration φm
out ≈ 0.53 remains unaffected by the change in suspending

liquid viscosity. As both the relative flow of liquid (which causes dilution) and the

average suspension speed scale with ηf , the effluent concentration is expected to be

unchanged when ηf is varied as observed in the experiments.

Figure 7.4 shows the particle speed and liquid pressure P1 data at φ = 0.58 for

ηf = 270 cP and ηf = 480 cP under steady and oscillatory flow conditions. Under no

external load, the flow speed of the smooth flow is approximately twice for ηf = 270

cP as compared to that for ηf = 480 cP, which is evident as γ̇ ∝ (1/ηf) in the gravity

driven flow. As seen in figure 7.4a, the time period of oscillations under the external

load increases significantly with ηf , which is contributed by increase in both ‘slow’

and ‘fast’ motions. The flow speed in the oscillatory motion is also affected by the

variation in ηf . Although the variations in speed for the ‘slow’ regime are less clear

because of the limitations in the resolution capability of the present visualization set-

up, the ‘fast’ regime speed has a noticeable reduction (≈ by a factor of 2) as we go

from ηf = 270 cP to ηf = 480 cP.

Although the flow speed varies with ηf , figure 7.4b shows that the magnitude of

the liquid pressure P1 remains unaffected by the change in the solvent viscosity in both

steady and oscillatory motions. The independence of the liquid pressure magnitudes

over the solvent viscosity could be explained as follows. In the earlier subsection, the

particle pressure is described as Π = ηnγ̇ where dependence of the shear rate on the

solvent viscosity in the gravity driven flow (γ̇ ∝ (1/ηs)) implies Π ∝ ηnγ̇ ∝ ηn/ηs. It
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is known that the ratio of normal to shear stress, ηn/ηs, is independent of the solvent

viscosity ηf [34, 21]. Thus, as Π1 remain unchanged as ηf is varied (and of course the

column head H1 has no dependence on ηf ), equations (7.1) and (7.2) indicate that

the magnitudes of the liquid pressures P1 would remain independent of the ηf . This

is, in fact, observed in our experiments. A similar behavior is observed for the liquid

pressure P2.
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ηs τcycle τslow τfast
270 4.7± 0.4 3± 0.4 1.7± 0.3
480 14.9± 0.7 11.2± 0.7 3.7± 0.5
880 32.6± 2.5 27.2± 2.8 5.4± 1

Table 7.1: The average time period of the cycle, ‘slow’ motion and the ‘fast’ motion of the
oscillatory flow for different solvent viscosities at ζ = 1/6 and φ = 0.58 under added solid
load of 100 g.

Table 7.1 shows variations in the average time period of the cycle (τcycle), the

‘slow’ motion (τslow) and the ‘fast’ motion (τfast) in the oscillatory flow for different

solvent viscosities under the added solid load of 100 g. We find that the time period

of the oscillatory motion (contributed by increase in the duration of both the ‘slow’

and ‘fast’ regimes) goes up with ηf in the studied range. When the solvent viscosity is

lowered to ηf = 150 cP, we observe a smooth flow under the added weight of 100 g. It

is interesting to note that the plot of τcycle vs. ηf is linear which intersects the x-axis of

the plot at ηf ≈ 170 cP, and thus the vanishing point of oscillatory behavior indicated

by this simple linear fit matches with the experimental observation of the absence of

oscillatory motion at ηf = 150 cP. A further study of this issue is warranted.

7.3.4 Contraction to particle size ratio

In this subsection, the flow behavior is studied for ζ = 1/6 and ηf = 270 cP

for different size particles at φ = 0.58. The ratio of smaller channel width to the

average particle diameter w/davg = β is varied from β ≈ 10 for typical 380-500 μm

particles (davg ≈ 420μm) to β ≈ 20 for smaller particles of 150-250 μm diameter

(davg ≈ 200μm). Under no external load, the pressure responses P1 and P2 remains

unaffected by the change of particle size while the average speed drops by a factor of 4

for the smaller particles. In addition, the effluent concentration (φm
out ≈ 0.53) remains
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unaffected by the change in the particle size. The independence of the self-filtration

effect on the particle size is surprising as its well known that the Darcy behavior has

a strong dependence on the particle size. This behavior is investigated further by

conducting rheometric studies on the suspensions with different size particles.

Figure 7.5 shows the suspension viscosity ηs plotted as a function of shear rate γ̇

at φ = 0.50 and φ = 0.58. The rheological measurements are done in a parallel plate

geometry with plate diameter of 2.5 cm in ARES Rheometer (Rheometric Scientific).

We observe quite weak shear thinning for φ = 0.50 and fairly strong for φ = 0.58,

and clearly it is stronger for the smaller particles. The shear thinning in general is

consistent with the earlier experimental studies of non-colloidal suspensions [21, 89].

For gap/davg ≥ 5, ηs is independent of the gap size as confirmed by experiments

with the suspensions of 150-250 μm particles for gap/davg ≈ 5 and gap/davg ≈ 10.

We compare the rheological properties of the suspensions with different size particles

at gap/davg ≈ 5. At φ = 0.50, we find that ηs remains independent of the particle

size. This agrees with the hard-sphere suspension behavior ηs = f(φ)ηf at steady

shear and ηs 
= f(d) as established by earlier works including theory [90], simulations

[18] and experiments [21]. To the contrary, at φ = 0.58, we find that ηs depends

significantly on the particle size. For the small shear rates (γ̇ < 0.5s−1), we measure

ηs
davg=200/ηs

davg=420 ≈ 4. We interpret that the suspension viscosity at φ = 0.58

is influenced by the contact of solid surfaces, thereby making the hydrodynamic

arguments of ηs = f(φ)ηf invalid. Thus, this agrees with the idea of a deforming

porous medium in the contraction experiments and in fact calls into question the

validity of describing the material by a ‘viscosity’ in general geometries.

Based on the rheology, we explain the observed independence self-filtration

behavior on the particle size in the contraction geometry at φ = 0.58. The effluent

gets diluted as there is flow of liquid relative to the particles ΔV = Vl − Vp. The
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effluent concentration is stated as

φout =
φinVp

φinVp + (1− φin)Vl
=

φin

1 + ΔV
Vp

(1− φin)
. (7.3)

Thus, ΔV
Vp

decides the effluent concentration. We consider that the relative flow of the

liquid ΔV is governed by the Darcy flow behavior, ΔV ∝ K
ηf

ΔP
L
, where K = f(φ)d2.

Since the other parameters (φ, ηf and pressures P1 and P2) are unchanged in the

present conditions, the change of particle size from davg = 420 to davg = 200, would

cause drop in ΔV by a factor of 4. Coincidentally, our rheological measurements

suggest that Vp drops by a factor of 4 when the particle size goes from davg=420 μm to

davg=200 μm (ηs
davg=200/ηs

davg=420 ≈ 4). As ΔV and Vp are affected to the same extent

when the particle size is changed, the effluent concentration would be independent of

the particle size which is consistent with the experimental observations.



CHAPTER 7. VELOCITY OSCILLATIONS IN DENSE SUSPENSIONS 110

Figure 7.6: Front sketch of the angled contraction with an added slanted piece of plexiglass
attached to each rectangular block, which is inclined at an angle θ with respect to the
horizontal.

Note that the threshold load needed to induce oscillations is approximately 100 g

for the typical particles (380− 500μm dia.) while for smaller particles (150− 250μm

dia.), a load of 500 g is needed to drive the system in the oscillatory mode. Thus, there

is strong influence of channel size/particle ratio on the oscillatory flow behavior. This

behavior is similar with the observation of Isa et al. [80] who studied pressure-driven

flow of concentrated colloids through square micro-channels.

7.3.5 Effect of contraction geometry

The results presented earlier are for the flat contraction as shown in figure

7.1a. In this subsection, we describe the suspension flow passing through an angled

contractions as shown in figure 7.6. Each of the two additional slanted pieces of

plexiglass has same depth as of the inserted rectangular blocks, and the piece is

inclined at an angle θ with respect to the horizontal and fixed with each rectangular
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Contraction Angle τcycle (sec)
θ = 00 4.7 ± 0.4
θ = 450 4.1 ± 0.5
θ = 600 3.5 ± 0.3

Table 7.2: The values of τcycle for different angled contractions in case of ζ = 1/6 and
ηf = 270 cP under 100 g added solid weight where input particle concentration is φ = 0.58.

block as shown in 7.6.

In case of ζ = 1/6 and ηf = 270 cP, we compare the flow behavior under 100

g added solid weight at φ = 0.58, when the flat contraction is replaced by angled

contraction with θ = 45◦ and θ = 60◦. It is observed that the periodicity is retained

for angled contraction, where the average time period of oscillation τcycle slightly

decreases as θ is raised to 45◦ and 60◦ as shown in Table 7.2. Thus, we comprehend

that the angled contractions are also able to support the particle-chain network that

results in the periodic flow behavior.

7.4 Conclusion

The alternating motion under external solid load is found to be robust, occurring

for a range of imposed external loads, solvent viscosities and particle sizes. The

phenomenon is studied in relation to the system’s internal stress state i.e. the liquid

pressure response and observed self-filtration effects. The rheological measurements

demonstrate that the dense suspension flow is influenced by the non-hydrodynamic

contact forces between the particles. The presence of non-hydrodynamic contact

forces may provide a fundamental basis to the observed oscillatory flow in the

contraction geometry. A further study to understand the periodic breakage and

formation of the particle network, and to provide a predictive model for the ‘transient

jamming’ behavior is required.
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