69-19,070

TOLIMIERI, Richard, 1940~
THEORY OF SOLVMANIFOLDS.

The City University of New York, Ph,D., 1969
Mathematics

University Microfilms, Inc., Ann Arbor, Michigan



THEORY OF SOLVMANTIFOLDS
by

RICHARD TOLIMIERI

A dissertation submitted to the
Graduate Faculty in Mathematics in
partial fulfilliment of the requirements
for the degree of Doctor of Philosophy,
The City University of New York.

1969



This manuscript has been read and accepted for the
University Committee in Mathematics in satisfaction
" of the dissertation requirement for the degree of
Doctor of Philosophy.

,') 7
e s
2 ’f/;ﬂ
April 29, 1969 (.’ ([ Coa e R
date Chairman of Examining Committee

ProfessQr Iouis Auslander

April 29, 1969 “ rDMe,r”'

date Executive Officer

Professor Richard Sacksteder

Professor Alex Hellerxr

T —

(substituting for Professor A. Vasquez)

Supervisory Committee



ACKNOWLEDGMENT S

This dissertation was written with the guidance and advice
of Professor Loulis Auslander, whose encouragement over the last
three years has ﬁade this dissertation possible.

I am grateful to my wife, Jane, whose stimulation during
this periocd made it an enjoyable experience as well.

I appreciate the financial support of The City University
of New York and the National Science Foundation during this

period,

iii



ACKNOWLEDGMENTS

TABLE OF CONTENTS

TABLE OF CONTENTS

CHAPTER I - REAL NILPOTENT GROUPS

Section A -

Section B ~

.

[r o e B TN L

Q
I

Section

1.
2.
3

Algebraic Groups

Structured Spaces n
Functional Structures on R
Functional Structures on M(n)

iv

Structure of Simply Connected Nilpotent Analytic Groups

Introduction

The Algebraic Group U{n)

The Birkhoff Embedding Theorem
Central Theorem

Structure Theorem

Coordinates Systems

Extensions

Embedding

Rationality
Introduction

Rational Lie Groups
Structure Theorem

CHAPTER II - THEORY OF SOLVMANIFOLDS

Section 1.

BIBLIOGRAPHY

AUTOBIOGRAPHY

Introduction

The Semi-Simple Splitting

The Discrete Semi-Simple Splitting
(a) Introduction

(b) Construction

(c) ©Uniqueness

(d) Properties

Refinement - The discrete semi-simple splitting over
rationals
The Nil Shadow



CHAPTER 1

REAL NILPOTENT GROUPS

SECTION A. ALGEBRAIC GROUPS

1. Structured Spaces

Let X be a topological space. A functional structure on X is a
function F which assigns to each open subset U of X a subalgebra
FU of the algebra of real valued continuous functions on U satisfying
the following.

1. If U#Q is an open subset of X then Fy contains all the
constant functions on U . By convention we let F¢ be solely the set
consisting of the constant function O .

2, If U and V are open subsets of X where UC V, then for

each f € FV’ the restriction of £ to U, fU € FU

3. 1If (U&) is a collection of open subsets of X and U = Ua U&,

and if f is a real valued function defined on Y such that for each

o, fU € FU , then f € FU . A structure space is a pair (X,Fx) where
o o

X is a topological space, and FX is & functional structure on X .
A morphism of structured spaces r (X'FX) - (Y’FY) is a continuous map
r» X =Y such that for each open subset V of X and each element I

-1
of FY(V) we have f o r € Fx(r (V)Y . It is clear that the collection

of functional structures and morphisms of structured spaces is a category.

n
2. Functional Structures on R

ILet R denote the reals and Rn denote the set of all ordered
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n-tuples of R . We shall define two functional structures on Rn . Let
Rn be considered as a topological space with the Euclidean topology.

The collection of all analytic functions defined on open subsets of Rn
defines a functional structure on Rn and we shall call the resulting
structured space the analytic manifold Rn . Let R[Xl,...,xn] be the
integral domain of all polynomials with real coefficients in n wvariables
and let R(Xp,...,X ) Dbe the quotient field of R[xl,...,xn] . We can
regard R[xl,...,xn] as a ring of functions on Rn, and R(Xl,...,xn)

as a collection of functions defined on subsets of Rn . An algebraic
subset of Rn is the set of all common zeros of a finite number or
equivalently an ideal of polynomials of R[Xl,...,xn] . The algebraic
subsets of Rn determine the closed subsets for a topology on Rp which
we call the Zareski topology., Relative to the topology we can regard

R(X

l,...,Xn) as a collection of functions defined on open subsets of Rn.

Let A be an open subset of R® . A rational function f of A is a
map f: A — R which in some neighborhood of each point of A can be
given by an element of R(Xl,...,xn) . The topological space R® with
the Zareski topology along with the map which assigns to each open subset
A of Rn the collection of all rational functions of A 1is a structure
space which we call the affine variety Rn . The morphisms of the affine
variety A where A is an open subset of Rn having the induced
functional structure from the affine variety Rp into RW include the
collection of all functions f: A - Rm given by f(xl,...,Xn) =
(fl(xl"'°'xn)’ vee s fm(xl,...,xn)) where each fi € R(Xl,...,Xn) and

is defined on A , and can locally be represented by such functions.



3. Functioﬁal Structures on M(n)

Let M(n) denote the collection of all real nXn matrices. Let
2
i: M(n) - R"  be the bijection given by

SCEY. D)) = €0 yeensle enes® rens )
*3 L 1 n T

We make M(n) into a vector space by requiring that i be a vector
space isomorphism. Defining a multiplication on M(n), [X,Y] = XY - ¥YX
we make M(n) into a real Lie algebra. By requiring that i be a
structured space isomorphism of M(n) onto the analytic manifold an
we make M(n) into a structured space called the analytic manifold M(n).
By requiring i be a structure space isomorphism of M(n) onto the
affine variety an we make M(n) into a structured space called the
affine variety M(n) .

et GL(n) be the group of all nonsingular matrices on M(n) .
GL(n) 1is an open subset of the analytic manifold M{(n) and inherits a
functional structure from M(n) . GL{(n) considered both as a group and
as the above structured space will be called the Lie group GL(n) . We
shall assume that the reader is familiar with the general theory of Lie
groups (see Chevelley [7] ), although we shall list some of the theorems
we shall need. GL{(n) 15 an open subset of the affine variety M(n) and
inherits a functional structure from M(n) . GL(n) considered both as
a group and as the above structure space will be called the affine group
GL(n) . We are now finally in a position to define the concept of an
algebraic group. An algebraic subgroup of GL(n) is a subset of GL(n)

which is both a subgroup of GL{(n) and which is a closed subset of the

affine variety GL(n) . A rational representation r of an algebraic
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subgroup A of GL(m) on GL(n) is a rational function of an open sub-
set of the affine variety M{m) containing A into GL(n) whose re-
strietion to A 15 & group homomorphism. We shall list all the theorems
which we will need from the general theory of zlgebraic groups. For
further reference (see Chevelley [7], Mostow [9]).

We collect the algebraic group facts needed in this section. Let X
be a2 matrix subgroup of GL(n) . Since GL(n) is an algebraic group and
since the intersection of a collection of algebraic groups is an algebraic
group there is a smallest algebraié group containing X , called the
algebraic hull of X and denoted by G(X) . Another relevant concept
is the canonical decomposition of an element of GL{(n) . Let X be an
element of GL{n), then there is an element u of‘ GL(n) all of whose
eigen values are one and an element t of GL(n) which is diagonalizable
over some extension field, uniquely determined by X, such that
X=UT=TU . In general an element u of QGL(n) all of whose eigen
values are one is called unipotent, and an element t of GL{(n) which
can be diagonalized over £ 1is called semi-simple.

1. Let X and Y be matrix subgroups of GL(n) .

(a) if "X normalizes ¥, then ( (X) normalizes Q (Y) .

(b) GG X), G (¥ =0 ) .

(c) if X 1is abelian (solvable) then @ (X) is abelian
(solvable).

(d) if X is an algebraic group then the unipotent and semi-
simple parts of every element on X are againin X .

(e) if each element of X 1is unipotent then there is a p in

GL(n) such that p X p—1 consists of upper triangular

matrices.
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2, lLet r be a rational representation of an algebraic subgroup G
of GL{(n) onto an algebraic subgroup G of GL(m) .
{(a) the image under r of a unipotent element (semi-simple) of
G 1is again unipotent (semi-simple).
(b) every unipotent (semi-simple) element of G is the image

under r of some unipotent (semi-simple) element of G .

3. Let K be a normal algebraic subgroup of an algebraic group G of
GL{n). Then there is a rational representation of G into GL(m) for

some m whose kernel is K .

4, Let 1L be a Lie alpgebra.

(a) the collection of all Lie algebra automorphisms of L is an
algebraic group,

(b) if L is the Lie algebra of an analytic simply'connected
Lie group G, then there is a topological group isomorphism of Aut(G),
the analytic group automorphisms of G, and Aut(L), the Lie algebra
automorphisms of L . We make the following conventions.

An automorphism @ of G shall be called unipotent when the cor-
responding automorphism aL of L is unipotent. An auntomorphism o of
G is called semi—-simple when aL is semi~simple. A group ¢ of auto-
morphisms of G will be called completely reducible when ai is com-
pletely reducible. Let o be a group of automorphisms of G, then by
G (@) we mean the group of automorphisms of G corresponding to Q@ (aL).
By (a) this does make sense as ( (aL) is a group of Lie algebra auto-
morphisms of 1. .

Iet ¢« be an automorphism of G . Then ¢ is uniquely determined

L
as the Lie algebra automorphism of I such that exp aL = ¢ exp .
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. SECTION B, THE STRUCTURE OF SIMPLY CONNECTED NILPOTENT ANALYTIC GROUPS

1. Introductien

We shall assume we have identified M(n) with the Lie algebra of the
Lie group GL(n) . Where o(t) =(aij(t)): R “_GL(n) is a one parameter
subgroup of GL{(n), the corresponding element of the Lie algebra of the
Lie group of GL(n) is given by a'(O) = (013(0)) in M({(n), and under
fhis identification the exponential map from the Lie algebra of the Lie
group GL(n) to the Lie group GL(n) is given by the converging power
series exp X =1 + X + 1/2: X2 + ... for X on M(n) . The exponeﬁtial
is an snalytic manifold homomorphism of the analytic manifold M(n) into
the analytic manifold GL{(n) which takes a connected open neighborhood
of zero in M(n) analytic manifold isomorphically onto some open con-
nected neighborhood of GL{n) and takes lines through zero in M(n)

onto one parameter subgroups of GL(n) .

2. The Algebraic Group U{(n)

Let T(n) be the collection of all nil upper triangular matrices on
M(n) . T(n) 1is a Lie subalgebra of the Lie algebra M(n) and a closed
subset of the affine variety M(n) . Let U(n) be the collection of =all
unipotent upper triangular matrices. U(n) is a closed Lie subgroup of
GL(n) and an algebraic subgroup of the affine group GL(n) . We shall
assume the Hausdorf-Campbell formula for X and Y in M(n) lying in
T(n): exp X exp Y = exp(X + Y + F(X,Y)) where F(X,Y) is a finite sum
of rational multiples of Lie brackets in X and Y . We shall nmow prove
a sequence of lemmas which along with the Birkhoff embedding theorem will
allow us to coésider the problems of real nilpotent groups as problems

in algebraic subgroups of U(n) .



Lemma 2.1. {(a) T{(n) 1is the Lie algebra of U{(n) .
(b) exp: T(n) = U(n) 1is a Zariski homeomorphism of T(n) onto U(n) .

~-1)/2
Proof: (a) U(n) Dbeing homeomorphic to Rp(n )/

is an analytic sub-
group of GL(n) of dimension n(n-1)/2 . To find the Lie algebra of
U{n) it is sufficient to find (n-1)n/2 one parameter subgroups of U(n)
whose corresponding elements in M(n) are linearly independent in the
real Lie algebra M(n) . Ilet us consider the one parameter subgroup of
U(n)} given as follows. ILet 1< i< j<n. o(i,j)(t) is the matrix
of U(n) having zeroes below the diagonal, one on the diagonal, zeroes
above the diagonal except on the (i,j)th place where we have 1 . There
are (n-1)n/2 such one parameter gfoups. The correspeonding element of
the Lie algebra of U(n) in M(n) is given by the matrix E(i,j) which
“has zeroes everywhere éicébt in the (i,J)th place where it has a one.

For 1= i< jsn the E(i,j)'s are linearly independent in the real Lie

algebra M(n) and span T(n) .

{(b) Let X be in T(un). Since Xn+1 =0, we have exp X =1 + X + ...+
%,xn which is in U(n) . For ¥ € U(n) let
2 n
- 1 -1
log ¥ = (Y1) —-Lzéll— + e (—-1)n+ -£XE—2— ,

which is in T(n) . Direct computation tells us that exp(log Y) = Y
for Y in U(n) and 1logfexp X) = X for X € T(n) . Therefore

exp: T(n) — U(n) and its inverse 1log: U{n) — T(n) are both polynomial.

Lemma 2.2, Let C be a subalgebra of the Lie algebra T(n), then exp C
is an algebraic subgroup in U(n) .
Proof: For X and Y in C, exp X exp Y=exp Z where Z =X+ Y +

F(X,Y), and F(X,Y) 4is a finite sum of raticonal multiples of Lie



brackets in X and Y . Therefore Z 4is in C . BSince ~Y is in C

-1
and exp(-Y) = (exp Y) we have that exp C is a subgroup of U{n) .
Since the exponential map is a Zari ski homeomorphism, exp C is an algebraic

s =

group since subspaces of M(n) are clearly algebraic.

Corcllary 2.2. Every analytic subgroup of U(n) is an algebraic sub-

group of U{n) .

Proof: Every analytic subgroup of U(n) 1is the exponentizl of a sub-

algebra of T{(n) .

Lemma 2.3. Let X # 1 be in U(n)-. Then GG(X) = exp(t log X: t € R).

Proof: There is a nonsingular matrix P € GL({(n) such that Y =P X P_l

is a matrix of U{(n) having zeroves everywhere except on the super
diagonal where its entries are zero or one. Since X #£ 1, there is an
1< o< n-l such that Ya,a+1 = 1 . Then (Ym)a,a+l = p . Therefore

X has infinite order. Let A ={t log X: t € R} which is a subalgebra of
T(n) . Therefore since X is in exp A we have ((X) < exp A .

log G(X) 4is an algebraic subset of A . Moreover it is infinite. Let
o: R—~ A be given by o(t) =t log X . @ is a Zariski homeomorphism
of R onto A, therefore a—l(log G{X)) is an infinite algebraic subset

of R . But R is the only infinite algebraic subset of R . Therefore

R = d_l log G(X), A = log G(X) and exp A = G(X) .

Corcllary 2.3, Every algebraic subgroup of U(n) is an analytic sub-

group of TU(mn) .

Proof: Let € be an algebraic subgroup of U(n) . Since

c= U G&X), N GX)Y contains 1
xXec XeC
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and (G(X) 1is connected we have that C is an analytic subgroup of U(n)

Lemma 2.4, Let C Dbe an algebraic subgroup of U{n) . Let r be a
rational representation of . C. in GL{m) . Then r{(C) is an algebraic

group.

Ezggf: Since r is an analytic group homomorphism we have that r(C)

is an analytic subgroup of GL(m) . Each element of =r{C) is a uni-
potent matrix. Therefore there is a p € GL{m) such that pr(C)p-l =
U({m) . But then 1::or(C)pm1 is an algebraic subhgroup of U(m) and there-

fore r(C) is an algebraic subgroup of GL(m) .

3. The Birkhoff Imbedding Theorem

Theorem A, Let I, be a nilpotent Lie algebra.

Then there is a faithful Lie algebra representation B: L - T(n) for
some n of L dinto T(n) . To each gutomorphism A of I, there cor-
responds a p in GL{n) such that BA{)) = pB(L)p—l for all 4L € L .
To each group A of automorphisms of L +there is an isomorphism of A
onte GL(n) which we denote by i: A — GL(n) such that for each a € A

and 4 € L we have B(A(L)) = i(a) B(L) i(a) ™t .

Theorem A’. Let N be a simply connected nilpotent analytic group.
Then there is a faithful analytic group representation B: N — U(n)

for some n of N into U(n) . To each automorphism A of N, there

corresponds a matrix i(A) of GL(a) such that 1i(A) B(n) i(A)_l =

B(A(n)) . Moreover B(N) is an algebraic group.
Let L = L{(N) be the lie algebra of the real nilpotent group N .
Let B: L - T(n) be the faithful Lie algebra representation of 1L into

T(n) . Since N is a simply connected analytic group there is an
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analytic group isomorphism of N onto U{n), B: N — U(n) such that
exp o B = B o exp., B(N) 4is an analytic subgroup of U(n) whose Lie
algebra is E(L) . Let A be an automorphism of the analytic group N.
Then AL is a lLie algebra automorphism of L . There is a p in
GL(n) such that E(AL(L)) = pﬁ(&)pﬂl . But exp(pﬁ(&)pﬁl) =
P exp E(L)pﬂl , and we have B(A(n)) = p\B(n)p“1 for all n € N .

It is useful to note that if N is an algebfaic subgroup of TU(n)

-1

and ¢ 1is an automorphism of N given by o(n) = & n o where o« is

in GL(n) . Then « W =cla .

L{n)

4, Central Theorem

Theorem 4.1. Let N be a simply connected nilpotent analytic group

which we consider as an algebraic subgroup of U{n) .

Let C be a closed subgroup of N . Then N = (G(C) if and only if

N/C is compact.

In this case C0 is a normal subgroup of N .

Proof: We may assume that N 1is an algebraic subgroup of U{n) agd
that C 1is a closed subgroup of N .

Assume N = G(C) . We shall use induction on the length of the lower
central series of N . If N were abelian them N 1is a vector group.
G(C) 4is contained in the subspace of N generated by C and therefore
the subspace generated by € is N . In such a case it is well-known
that N/C is compact. Let us assume that the theorem is true for all
N of length 4£~1 and let N have length 4 . (N,N) is an algebraic
subgroup of U(n) and (N,N) = G(C,C) . Since (C,C) S CMN (N,N) which

is a closed subgroup of (N,N), and since G(CN (N,N))= (N,N) we have

S
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that (N,N)/CcN (N,N) is compact. Let f: N — N/C be the natural map
of N onto N/C . 8Since (N,N) 1s a topeological subgroup of N, f
restricted to (N,N) is a continuous, open map of (N,N) onto
(N,N)C/C . The map T: (N,N) — (N,N)/CN(N,N) is a continuous open map
and f is constant on the cosets of (N,N) relative to CN(N,N) .
Therefore £ factors into a continuous map f: (N,N)/C N(N,N) = N/C .
since f is continuous and (N,N)/C N(N,N) is compact we have that
(N,N)C/C is a compact subspace of N/C . Therefore (N,N)C/C is a
closed subspace of N/C and (N,N)C 1is a closed subspace of N . The
natural map of N onto N/C - (N,N) is a continuous open map which is
constant on N modulo C, therefore we have a continuous open map of
N/C onto N/(N,N)-C . Assume N/(N,N)C is compact. Since the fiber
above each point of the base space of the fiber space N/C - N/(N,N)C
is homeomorphic to the compact space (N,N)C/C , we have ‘N/C compact.
We must therefore prove (N,N)C is a uniform subgroup of N . N/(N,N)C
is the continuous image of N/(N,N) / (N,N)C/(N,N) so we must prove the
latter compact.

Since (N,N) is a normal algebraic subgroup N, there is a rational
representation r of N into GL(m) for some m whose kernel is
(N,N) . We may take r(N) to be an algebraic subgroup of U(m) . Since
r is an analytic group homomorphism of N onto r(N) we have that
N/(N,N) is homeomorphic to r(N) and that N/(¥,N) / (N,N)C/(N,N) is
homeomorphic to rW)/r(C) . Since =r(C) = r{(N¥,N)C) gnd since (N,N)C
is a closed subgroup of N we have that r(C) is a closed subgroup of
r(N) . Since N = ((C) and since r is rational and defined on N, we
have r(N) = (x(C)) . Therefore since r{(N) 1is ahelian we have

r(N)/r{(C) is compact.
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(b) Assume that N/C is compact. Since N is algebraic, G(C) < N, and
G(C) 1is an anmalytic subgroup of N . Therefore N/G(C) is homeomorphic
to BEuclidean space and since it is also the continuous image of N/C
which is compact we have that N = G(C)
(c) Let N/C be compact, then N = (G(C) . Since C is a normal sub-

0

group of C, G(Co) is a normal subgroup af N = G(C) . But CO being

an analytic subgroup of U(n) is algebraic. Therefore C0 is a normal

subgroup of N .

Corollary 4.2. Let N be a connected, simply connected nilpotent Lie

group. Let C be a closed'cocompact subgroup of N . Then

(a) c¢cn Ni is a closed cocompact subgroup of Nt .
() CN' is a closed subgroup of N .

Proof: (a) Again we shall assume that N is an algebraic subgroup of

U(n) for some n . G(C,C) = (G(C),G(C)) = (N,N), and by continuing on

gyt = n* But Cn N° 1is a closed subgroup of N,

I

this way G(Ci)
and since Ci — CnN Ni c Ni we have that Ni = g{Cn Ni) and therefore
Ni/C n Ni is compact.

{(b) Since Ni is a topological subgroup of N, the restriction of the
natural map of N onto N/C , to Ni, is continuous. The natural map
of Ni onto Ni/C n Ni is open and continuous. Therefore we have a
continuous map of Ni/C N n' onto N/C whose image is NiC/C . Since
Ni/C N s is compact we have NiC/C is a compéct subset of N/C and

is therefore closed in N/C . Therefore NIC is a closed subset of N .

5, Structure Theorem

We are now in a position to prove a structure theorem for real nil-
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potent groups containing discrete cocompact subgroups. We shall, as a
part of our results, characterize discrete cocompact subgroups of real
nilpotent groups as torsion free finitely generated nilpotent groups.,
We shall assume that for such groups [ there exists a sequence
0 =1"r + 1CI"r cC...C I"1 = I"0 =T such that I"'i is a normal subgroup

of I' and such that Fi/Fi + 1 - Z . Moreover we shall assume that any

two such sequences has the same length r * 1 which we call the length

of T

We first prove the following lemma,

Lemma 5.1. Let ¢ REPL be in U{n) .

1°
Assume ¢ is in the normalizer of (ci+l""’cr) = the group gen-
erated by Ci4q2vsCy - Then
(1) g is in the normalizer of G(ci+1’°"’cr)’ and G(ci) normal-
izes G(ci+1,...,cr) .
(2) Gle;s..npe ) = Gley) - G(°i+1"“’°r) .
(3) Every x € G(Ci""’cr) can be written as yx = Hi exp(t:I log cj)
(4)y 1If c; 2 G(ci+1,...,cr) then G(ci) N G(ci+1,...,cr) = (1) ,
and if ey & G(ci+l""’cr) for 1< i< r-l1 then the representation

in (3) is unique.

Proof: Consider the separately Zariski continuous map UXU — U given
-1 . .

by (x,y) ~ xyx . Since cy takes (ci+l,...,cr) into G(Ci+1""’cr)

we have that c; takes G(ci+1,...,cr) onto itself and that G(ci)

nqrmalizes G(ci+l""’cr) . We have that G(ci) . G(ci+1,...,cr) is an

algebraic group which since it comntains CirevnsCo contains

G(ci,...,cr) . But G(ci) and G(ci+1,...,cr) are in G(ci,...,cr)

therefore we get (2). We therefore have G(ci,...,cr) = G(ci)...G(cr)
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and from G(cj) = exp(tj log cj) we get (3). Suppose ey F G(ci+l""’cr)'
If y € G(ci) N G(ci+1,...,cr), and y # 1, from G(y) = exp(t log y) &
G(ci) = exp(t log ci) we get {t log y} s {t log ci} for real t ,
Therefore log y = t log c:s t # 0 since y # 1, therefore
log c; = 1/t log y € {t log y} . Therefore G(ci) S Gy) € G(Ci+1""’cr)’
which is a contradictiom.
Theorem 5.2. Let N be a real nilpotent group and let [ be a discrete
cocompact subgroup of N . Then

(a) there exists elements Yyoe-esY, in ' where r = dim N such
that (1) each element Yy in I can be uniquely written as vy = H; yii

where the e, are integers. (2) where Fi = {H; ij : ey integers}

we have that each Fi is a normal subgroup of [' and that ri/ri+l = Z,
(b) Let Y{,.--,Y;f be any elements on [ satisfying (1) and (2).
Let Y;(ti) = exp(ti iog yi) where t; is real. Then r’ = dim N, and
F
(1) each element n in N can be uniquely written as n = Hi Yi(ti)
)
--rf -
where the ti are real. (2) where Ni = {Hi yj(tj) : tj reall we
have that each Ni is a normal subgroup of N and that Ni/NL+1 =R .
!
r _, . - it ’ .
(¢) The map R N given by (tl,...,tr ) Hl A (ti) is an
analytic manifold isomorphism of R" onto N .

Proof: Let NC be the last term of the lower central series for N .

Whern c¢ = 1, N is a vector group and the theorem is known. Assume that
N has length ¢ and that the theorem is known for all real nilpotent
growps of length < c . N°T/N® =T/N® N T is a discrete cocompact sub-
group of N/Nc . We can find elements Yl""’Yn in " whose images
Ql""’qn in /NN under the natural map of [ onto

/NS N T = NT/N® satisfy (1) and (2) of the theorem. I' N N® 1is a
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discrete cocompact subgroup of Nc, therefore there are elements
Yoyt oo Yy in I n N satisfying (1) and (2) of the theorem. Consider

the exact sequence 1 - N NS =T %= T/T'N N® = 1 and let v = TE)
e,
for ¥ din ' . Let y be in ' . Then we can write y = H? v. *
e,
where e, are integer. Therefore v = H? yil * & where x 1s in

i

TN N®. Then we can write x = H;+l Yii where e, are integer. There-
fore vy = Hi yii . The uniqueness of the representation in [/T' N N¢
givesthe uniqueness of the integers e with 1 = i £ n, and the unique-
ness of the representation in [ N N¢ give the uniqueness of the integers

e’ -
= 1< = Hr J: i = =
e, wi?h ntl € 1< r . Let Fi { i Yj ej integer} and Fi ﬂ(Fi)
-]
{H; Yi o F 8y integer} . For i 2 ntl we have Fi is a central and

therefore normal subgroup and [ and we have Pi/ri+1 =Z . For i< n
we use the induction step to give us Fi is a normal subgroup of TN({)
and Fi/ri+1 = Z, which gives us Fi is a normal subgroup of [ and

_ P _ . . _ _ e
Fi/ri+1 = Fi/ri+1 =72 , Since as is known T - (o+l) = dim N and by
induction n = dim N/Nc we have r = dim N ,

Let Yi,...,y;: be elements in I' satisfying (1) and (2). Then

r’ 1is the length of the torsion free finitely generated milpotent group.
Therefore r =r' = dim N . Assume y; ¢ G(y;+1,...,Y;) for 4+l <L < r.

. ’ 1y _ - ’ ’ ¢
Then dim G(y£+1,...,vr) =r - (4+1) . Suppose vy, € G(Ygpqseeea¥y) -
Then Fé is a discrete cocompact subgroup of G(Y£+l,...,Y;) . Since
the length of Fé is r - 4 by the first part of the theorem 1 - £ =
dim GC{£+1,...,yL) = r - {I+1), a contradiction. Therefore

L -

Yi £ G(Yi+1""’Y;) for 1< i< r ., The rest of theorem follows

from the lemma.
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Theorem 5,2.1. Let N be a real nilpotent group and let C be a

closed cocompact subgroup of N ., Let C0 be the identity component of

C . Then

(a) There are elements ClarresC, in C where S

in C such that

0
(1) each element ¢ in CO can be uniquely written as
c = H§+1 exp(tj log cj) where the tj are real, Each element ¢ in
)
c . .S i T
can be written uniquely as ¢ H1 oy | HS+1 exp(tj log cj) where
e, are integers and tj are reals.
e, X
Ribe 1. : [ <
(2) where Ci - 'Hi t:.:,| C0 ej integer 1 s

nt t. log ¢,) t, real i>
; exp(t; log c)) t, s
we have that Ci is a normal subgroup of C and that Ci/Ci+1

7 4 - s I . .
(b) Let CyseeesC s in C where CopprereaCp are in CO satisfy
(1) and (2), then v/ = r =dim N and 1’ - (s’+1) = t - (O+1) = dim Co
' _ ’
and where ci(ti )} = exp(ti log ci) we have
(3) each element n of N can be written uniquely as
n= Hi ci(t,) where t, are real,
it i
_ r + . .
(4) where Ni = [Hi cj(tj) : tj reall we have Ni is a2 normal
subgroup of N and that Ni/Ni+1 =R,
(c) The map R —> N given by (t,,...,t ) —> N ¢/ (t,) is an
1 r 1 "1i7d
analytic manifold isomorphism.
Consider the case where C 1is closed, q) the identity component
of C is a normal analytic subgroup of N, and C/CO is a discrete co-
compact subgroup of N/C, . We can find elements c¢;,...,c  whose

images cl,...,as in C/C0 satisfy the conclusions of the theorem.

[}

_jZ2iss
Ri>s



Therefore each element ¢ of € can uniquely be writtem as ¢ = n c

e,
S i
wher e, are s d is i ., = {07 . : e, int
e e integers and x 1is in Cb, c; { W C, : e; in egers}

is a normal subgroup of C and Ci/ci+1 = Z . Also each element n of

N can uniquely be written as n = ns exo(t, log c.) - x with x in C
! 1 i i 0

— S » 3
and t, real, N, = [Hi exp(t; log c;) « Gy : &t real}] closed analytic

subgroup of N which is normal in N and Ni/Ni+1 = R . Consider the

sequence CO, C0 N M,N), .., CO n (NL) of normal closed analytic sub-
groups of C0 . CO'/C0 N (N,N) 1is a vector group, therefore there are

elements c¢

g41?°°*2Sg . Whose images in GOICO n (N,N) , Cop12er > Chpr

1 1
under the natural map satisfy the following. Each Ei € COICO N (N,N)
S+r
can be written uniquely as Ei = I ~ exp(t, log ¢.) where t, are
s+l J ] 1
real. Therefore each ¢ in C0 can be written uniquely as ¢ =
1 1
S+r1
I~ exp(t., log ¢c.) » x with x € Co l (N,N) and t, real. Moreover,
s+l J J |
since N acts by the identity on qOICOIW (N,N) we have
S+r
Ci = { Hi exp(tj log cj) : tj real} - C0 N (N,N) 1is a normal analytic

subgroup of N for 1 = s+l . Also Ci/ci+l = R . Continuing in this

way we complete the theorem,

Coroliary 5.2.1. Every closed cocompact subgroup of a real nilpotent

group is a torsion free nilpotent Lie group whose component group is

finitely generated.

Corollary 5.2.2. The fundamental group of a compact nil manifold is a

torsion free finitely generated nilpotent group.

6., Coordinates Systems

Lemma 6.1l. Let Xl,...,Xn be a basis of L = L(N) . Then the map
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RY —> N, (tl,...,tn) — exPéE: ti Xi) is an analytic manifold iso-
morphism of R® on N . Such a coordinate system will be said to be of

type 1,

Lemma 6.2. Let X.,...,X_ be a basis of L = L(N) such that
~emma 0.2 1 n \
L, = 15 tj Xj : tj real} is an ideal in L, and

c
[Lj Li] L:‘.+1 '
Such a basis is called a canonical basis of L . Then the map
R® —> N, (tl,...tn) —— H; exp(ti Xi) is an analytic manifecld iso-

morphism of R" onto N . Such a coordinate system will be said to be

of type 2,

Proof: Let Ni = @xp Li . Then Ni is an algebraic subgroup of N,

. - .
Ni is a normal subgroup of N, and (N’Ni) < Ni+1 . Since Xi ¢ Li+

we have that exp Xi ¢ Ni+1 and G (exp Xi) ¢ Ni+1 . Therefore

1

N, = (exp t, Xi) . N,

i i+l and exp t Xi N Ni+1 = (1) . Assume that the

3%
- . 1ved . _
map (ti+1""’tn) —_— Hi+l e:»:p(t:.I Xj) is an analytic manifold iso

n- (i+1)

morphism of R onto N Since the map ti —> gxp ti Xi

i+l °
is an analytic manifold isomorphism of R onto exp ti Xi we have

that the map of (ti,...,tn) _— HE exp(tj Xj) is an analytic manifold
isomorphism.

We shall use the Hausdorf-Campbell formula to invegtigate relation-

ships between these two coordinate systems.

Theorem 6.3. Let xl,...,xn be a canonical basis of L = L(N) . Then
n
n _ . =
(l)' Hl exp (ti Xi) exp (E;.ui Xi) implies that u, =t
qi(tl,...,ti_l) where g, is a real polynomial each of whose terms

have degree =2 2 and where the coefficients of . are polynomials with
1
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rational ccefficients in the structure constants of the basis,

n
n n - N ,
(2) Hl exP(ti Xi) Hl exp(si Xi) r—::acp‘(ﬁ_l1 uy Xi) implies that

u, = ti + 5y + pi(tl"°"ti-1; s,,..,si_l) where P; is a real poly-
nomial each of whose terms has degree = 2 and where the coefficients of

p; are polynomials with rational coefficients in the structure constants

of Xl’-..’xn L]

n n _ pgn . ,
(3) Hl exp(ti Xi) Hl exp(si Xi) = Hl exp(ui Xi) implies

u, = ti + 85 + qi(tl""’ti-l; sl""’si-l) where q; is a real poly-

nomial each of whose terms has degree = 2 and where the coefficients of

-

q; are polynomials with rational coefficients in the structure constants

of Xl,...,Xn .

k .
Pro§f. Let [xi,xj] = E Yij X, . Since [xi,xj] € Lj+1 we have
v, =0 for k= j. Also v, =0 for ks i. 0T exp(t, X,) =
ij ij 1 i7i

expéz ti Xi + ...) where ... is a finite sum of rational multiples of

i i <
brackets in t, X, . Fix 1x il""’lp n then [...[ti Xi >ty X; l...
171 "2 "2
n
= ] J J
. 1 2 P
t, X, ] is equal to t, ...t, Y. . Y. L S SR
*p p 1Y % el Ly 31, Ip-1% Ip
13 2 P
jP
Fix Jp . If lJP = lp then for all Jl,...,Jp_l we have Yj i
p=1"p=0
and we have each term of the sum equal to 0 . If j = then for

i
P p-1

jp < jp-l for some jp;l the corresponding term of the sum for all
. . . fos g "

Jl,...,Jpql is 0, and for Jp jp_l for some Jp_l we have

jp_1 < lp*l in which case the corresponding term of the sum for aiil

1 gaees OF < i

then the Xj contribution from the bracket is O . For
P

jp_z,...,j1 is 0 . In this way if jP < i, or =i
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J.oZ i ,..0.,1 the X, contribution of this bracket is
P 1 P b

P
n n . 2
i 3
t e t. y s e Y.ln "o ‘Y.p . X- .
! 8 I YS! Jp-1%p  Jp
1 dp-1=1

Therefore u, = ti + qi(tl""’ti-l) where 9 has the properties stated
for it in (1).

The proof of (2) is the same.
n n B .
_Hl__exp(ti Xi) ﬂl exp(si Xi) = expézz(ti+si+pi(t1,...,ti_l,sl,...,si_l))xi)

n
n
and Hl exp(ui Xi) = exPézl(“i+qi(“1’""“1-1))x1) where q; angd Py

have the properties stated for them in (1) and (2). Therefore
u, = sl+t1, u2+q2(ul) = t2+52+p2(t1;sl). Thergfore u, = t2+32+p2(t1;sl) +
qz(sl+t1) . Continuing in this way we get (3). In the same way we get

Theorem 6.4. Let Xl,...,Xn be a canonical basis of L = L(N) . Then

“—n
(a) H? exp(ti Xi) = exp(L1 t; Xi) implies

I, ’ ’ . .
ty =gt qi(tl""’ti-l) where q; 1is a real polynomial each
of whose terms has degree = 2 and where the coefficients of q, are

rational polynomials in the structure constants of xl,...,xn .

n It Tﬂ
(b) exp(; 5, Xi) EKP(ZL t; Xi) = exp(Ll u, Xi) implies

u;, = 8 + t, + pi(sl""’si-l; tl""’ti-l) where p; is a
polynomial whose coefficients are rational polynomials in the structure

X .

constants of Xl,..., o

7. Extensions

Theorem 7.l. Let € be a closed cocompact subgroup of a real nilpotent

group N and let C be a closed cocompact subgroup of a real nilpotent
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group N . Let «@: C—C be a continuous topological group isomorphism

of C onto C .

Then there is a unique extension @y of o to a topological group

isomorphism of N onto N .

Corollary 7.2. A nil manifold is the quotient space of a real nilpotent

-group by a closed subgroup.

Then two compact nil manifolds having isomorphic fundamental groups

are homeomorphic.

Proof: Let Cpseeesl, be elements of C with CoppreresS, in CS

satisfying the conclusions of theorem . Let ¢, = aley) - a(C) = C

i o’

and since « is an analytic group isomorphism of C0 onto EO we have

a(exp(tj log cj)) = exp(tj log Ej) . Therefore El""’ar are elements

of C with cs+1,...,Er in EO satisfying the conclusions of the

- r - r -
theorem. Let oy N - N be given by Hl exp(ti log ci) Hl exp(ci log ci).

The theorem tells us this is a well-defined analytic manifold isomorphism

of N onto N, and is an extension of « . We need to prove oy is a

homomorphism. Let X and Y be elements of N and write

X = Hi exp(ti log ci), Y = H; exp(si log ci) and XY = Hi exp(ui log ci),

where u; = t{+si+qi(t1""’ti-l;sl""’si—l) . We have QN(X) =

r

H; exp(ti iog Ei)’ GN(Y) = Hi exp(si log Ei) and aN(XY) = Hl exp(ui log Ei).

r
1

ii(tl,...,ti_lg Sl""’si-l) . We must prove that qi(Xl,...,Xi_l;

= Pt = +
But then we have uN(X) aN(Y) it exp(vi log ci) where vy ti+si
Yl""’Yi-l) = qi(Xl,...,Xi_I; Yl""’Yi-l) . However « 1is & homo-
morphism of C onto G, therefore we have qi(nl,...,ni_l;ml,...,mi_l) =
q b i S i S ‘-1 -
qi(nl,...,ni~1,m1,...,mi_1) for all integers nj and mj 1= j i

But since both qy and ai are real polynomials we have that this is
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sufficient for q; = &i .

Proof of the Corollary: Let M= N/C and ™ = N/C where N and N are

real nilpotent groups and € and C are closed cocompact subgroups of
N and N respectively. We then have that C/CS is a discrete cocompact
subgroup of N/Cs and is the fundamental group of N/C and that E/Es
is a discrete cocompact subgroup of ﬁ/és and is the fundamental group
of N/C . But if C/CS is isomorphic to ﬁ/ﬁs then N/CS is isomorphic

- -

to ﬁ/és . But N/C = N/CS /C/CS = N/Cs JC/C = N/C , where by equality

S

we mean homeomorphic.

8. Embedding

Theorem 8.1. Let I' be a torsion free finitely generated nilpotent
group. Then I can be embedded in a unique way as a discrete cocompact

subgroup of a real nilpotent group N{) .

Proof: There is a sequence (e) = FD Cifl cC ... Cifr = [' where each Fi

is a normal subgroup of [ and Fi/Fi+1 =2 . The number r 1is an in-
variant called the length of T ., We shall induct on r . By induction
there i1s a unique real nilpotent group N(Tr_l) containing rr—l as a
discrete cocompact subgroup. Let vy in I be a pre-image in T of a
generator of T/, = 2 . We have that y induces an automorphism
ad Fr—l Y of Fr-l which extends uniquely to a topological group auto-
moxrphism Y# of N(Fr-l) . By the Birkhoff Embedding Theorem we may
regard N(Fr_l) as an algebraic group of unipotent upper triangular
matrices in GL{n) for some n . Moreover there is a Q in GL{(n)

i

_ -1
such that Y#(n) =Yny for all n € N(Fr_l) . Since I is nil-
k
potent there is an integer k such that (y,...(y,%)...) = (1) for all
k

x € Fr_l . But then (Q:---’(Q:x)---) = (1) for all x & rr-l .
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The map of U(n) which takes x = (¥,...,(¥,X)...) is Zariski

continuous, In this way we have that
k

@)y GOLNT__)ee) = (1)

Let § =ut where u in GL(n) is unipotent, t in GL{n) is semi-

simple and (u,t) = 1 . Then since t € G(y) we have ¢t N(rr-l) t-l =
N(Fr_l) and (t,...(t,§(rr_1).;.) = (1) . Let T be the automorphism
of L(NGFr_l)) given by x — t x t—l, and let t# be the automorphism
of N(Fr_l) given by n—tn t-1 . We have that expo t = t# exp

and £ is the induced automorphism of L(N()) given by 't# . t# is

clearly semi simple and therefore there is over the complexification of
L(N(Fr_l)) a bases consisting of eigen vectors of t ., Let X be an

eigen vecgor in L(N(Fr-l)) of £ . Since [E(X),X] = 0 we have

(E:.eﬁp X) = exp({E - )X) and (1) = (t,...(t,exp X)...) = exp((E - I)kX).
Therefore E(X) = X . Therefore T = I and Y# is unipotent. Let
NT) = N(Frnl) . G(y#) . NT) 1is a real nilpotent group and contains

A .
I'= rr-l . Y# (semi direct) as a discrete cocompact subgroup.

Corollary 8.2, Let C be a torsion free nilpotent Lie group whose com-

ponent group C/C0 is finitely generated,
Then C can be imbedded as a closed cocompact subgroup of a real

nilpotent group.

Proof: CO is a real nilpotent group.
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SECTION C, RATIONALITY

1. Introduction

Let N be a real nilpotent group. Let ' be a discrete cocompact
subgroup of N ., Then we can find a canonical basis Xl,...,Xn of L)
such that the analytic manifold isomorphism R" - N, (tl,...,tn) -

HT exp(ti Xi) takes Z° onto I' . By Theorem 6.2,

n
Hl exp(si Xi) H? exp(ti Xi) = H? exp(ui Xi) where

u, =

;= 5y + ty + qi(sl,...,si_l; Bysesesrty l) with q; a real polynomial.

j-
Since ' 1is a subgroup we have that for integer values of Spseers8y 15
tl,...,ti_1 we get that qi(sl""’si-l; tl,...,ti_l) has integer values,
Therefore using the fact that a real polynomial which takes on integer
values for all integer variables must have purely rational coefficients,
we have that the image of Qn in N is a subgroup of N which we call
NQ(F), and consider as a ratiomal Lie group.

Let N be a real nilpotent group. Let Xl,...,Xn be a fational

canonical basis of L(N) . We then have coordinates of type one for N

n
given by R® - N, (tl,...,t ) — exp( Y- t. X.,) and coordinates of type
n L1 i i

i i — e a
two for. N given by R N, (tl,...,pn) Hl

6.4 ex(Tns X)ex(\_nt X)=exp(> u, X.) where
"Pf_.liipi.,lii Ly Ui %

exp(ti Xi) . By Theorem

= M LA N J ' ‘t - i
ug = s; + g+ pi(sl,...,si_l, Eqs ’tl-l) with p, a polynomial whose
coefficients are rational polynomials in the structure constants of
-,
Xl,...,Xn . Therefore exp( g Xi) where §; ranges over Q@ is a
subgroup of N . Therefore the subset of N whose coordinates of type

one are rational as a subgroup of N . In the same way the subset of

N whose coordinates of type two are ratiomal is a subgroup of N . More-
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—T
over by Theorem 6.2, H? exp(ti Ki) = exp(‘zi uy Xi) implies

ug = ti + Pi(tl”"’ti-l) where p, is a polynomial whose ccoefficients

are rational polynomials in the structure constants of xl,...,xn .
Therefore the subset of N whose coordinates of type one are rational and
whose coordinates of type two are rational coincide. Denote by

X LN L]
NQ( 13 ’xn)

We have shown that under two different assumptions we have been able

to define a rational Lie group. We shall now proceed to show how these

two assumptions are related, and to investigate this rational Lie group.

2, Rational Lie Groups

Let F be a field of characteristic 0 . Assume that we have a group
multiplication on F" which satisfies
(1) 0 is the identity of the group
(2)- (al,...,an)(bl,...,bn) = (cl,...,cn) where c, = a,  + b, +

qi(al"'"ai-l;bl""’bi-l) and qi(xl’""Xi-l;Y1’°"’Yi-1) €
FIX)peeesXy q5¥seen¥y o]

Note: d .
at 1 Epre e Xt Y 48, g

-i-1 - " ; i-1 ej
- Zk=1 Yk (Z"'(el""’ei-l; Srprer e ki-l 151 %4

where

qi(xls-“:xi_l; Yla"':Yi_l)
- i-1 e, il £,
\ . Il Y.
LY yseeesey 3 Fraeeenfy 3) oy X7 Hang ¥y
If F were the reals then giving R® its usual manifold structure this

multiplication would define a real analytic group. We shall establish a
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differential geometry on F" which when F = R would be the usual dif-

ferential geometry of a real amalytic group.

{(a) The tangent space at a point

Let a = (al,...,an) be a point in F' . A curve through "a" is an
n-tuple of polynomials (pl(t),...,pn(t)) where pi(t) € F(t] and
pi(O) = a; for 1< i< n, We shall say two curves (Pi(t)) and
(ﬁi(t)) through "a'" are equivalent yhenever pi(O) = 5;(0) for
1< i< n, By the tangent space at "a" which we denote by T(a) we
shall mean the collection of all equivalence class of curves through "a'".
Let o in T(a) be given by the curve through "a", (pi(t)). Make
correspond to ¢« the n~tuple in-—;h, (pi(O)) . This defines a bijection
of T{a) onto F© and we make T(a) into an F vector space by re-

quiring that this bijection be an F isomorphism.

(b) Translatiomn

Let b = (bl""’bn) be a point of F' . We want to define an F
isomorphism b# : T(0) 2 T(b) . Let o in T(0) be given by the curve
through O, (alt,...,ant) where a, €EF for 1< i< n. Then
b#Gy) is the element in T(b) defined by the curve through "b",
b -.(ait) = (b1+a}t)"°"bn+ant+qn(b1""’bn—l; alt,...,ai_lt)) .
Direct computation will show us that this defines an F isomorphism of
T(0) onto T(b) .
Computation: Let (ait + pi(t)) be another curve through 0 defining
¢ . Then pi(t) has each of its terms with degree =2 2 in t . The
curve through "b" given by b - (ait + pi(t)) = (bi +at+ pi(t) +
qi(bl""’bi-1; at + pl(t)""’ai-lt + pi_l(t))) defines the same

element of T(b) as does b . (ait) since we have that the linear
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term of qi(bl""’bi-l; alt + pl(t),...,ai_lt + pi-l(t)) considered as

a polynomial in t is the same as the linear term of qi(bl"'°’bi-1;

#

alt""’ai—lt) considered as a polynomial im t . Therefore b is a
well defined map of T(0) into T(b) . Since ' is a group it is

clear that b#

: T(0) - T(b) 1is a bijection.

Let B be an element of T(0) defined by (ﬁlt,...,ﬁnt) . Then we

# , , _ .
have b (B) 1is given by b » (ﬁit) = (bf+ﬁit+qi(b1""’bi—l’ﬁit"" i—lt))'
¢ + B is given by ((ai + ﬁi)t) and b#ﬁy + B) is given by
b » ((ai+ﬁi)t) = (bi+(ai+ﬁi)t + qi(bl,...,bi_l;(al-a-ﬁl)t,...,(ai_1+ﬁi_1)t)).
# # , .
Moreover, b {(a)+b () is given by (bi+(af+ﬁi)t + qi(bl,...,bi_l;
alt""’ainlt) + qi(bl,...,bi_l;ﬁlt,...,ﬁi_lt)) .
-
. = .
LEt qi(xl,l:o,xi_l,Yl’.l.’Yi_l) /_, Y(el,o.o’ei_l,fl,---,f--l}

. e . x
H;—l X.J Hi 1 YjJ where ey fj are integers. The linear term in t

of qi(bl,...,bi_l;(a1+ﬁ1)t,...,(ai_1+ﬁi_1)t) is given by

Y
L,

j=1

i-1 . i-1 ej
( Z;Y(el""’ei-l;blj""’ 6i-l,j) Hl bj )(aj+Bj) and the

linear term in T of qi(bl""’bi-l;alt""’ai-lt) + qi(bl,...,bi_l;

Bit,e.osB 1£) is given by

T

i-1 Y i-1 % Ef-l
Zj=1(Z—I‘Y(el’.'-’ei-l;alj"‘.’aj_-l’j) Hl bj )aj + j=1(zly(el’.ca

=]
i-1 .°j
i\ b, ..
) I3 7 by 8

—_— -

31-13515""’51-1,j

Therefore b#ﬁy+B) = b#&y) + b#(B) . In the same way b#(xa) = x b#Gy)

for x € F . Therefore b#: T(0) = T(b) is an F homomorphism,

# . .
Let b () glvinlby (bi+ait+qi(b1""’bi-l’alt""’ai-lt)) be
PR . i-1 8y -
zero. Then a; + Zj=1(.z,Y(el’""Ei-l’Slj""’ﬁi-l,j) Hl bj ) aj 0.
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But then clearly a

i-1
1 - 0, a, + ¢4 ¥ < 0,...,ai +:Zj=1 cij aj = 0,40,

and therefore a, = 0 1= i n. Therefore b# is an F isomorphism.

(c) Vector Fields

A vector field on F" is an n-tuple Qxl(Yl"'"Yn)"'°’aﬁ(Y1’"’Yn))
where ai(Yl,...,Yn) is a polynomial in F[Yl""’Yn] . We shall let
‘V(Fn) be the set of all vector fields on F' . Let o = Gyi) and
B = (Bi) be two vector fields on F" and let P(Yl""’Yn) be an
element of F[Yl"'°’Yn] . Defining ot = Gyi+Bi) and p-o = (p ui)
we define V(F) as an F[Yl,...,Ynj module. A derivation of
F[Yl""’Yn] we mean a map « of F[Yl""’Yn] into itself such that
o is an F linear map and «o(pq) = o(p) q + pa(q) for p and gq on

F[Yl,...,Yn] . Let o and B be derivations of F[Y Yn] and let

1,.'.’
p be an element of F[Yl,...,Yn] . Defining (a+B)(P) = o (p) + B (P)
and (pa)(p) = p » o(p) for p € F[Yl""’Yn] we define Der F[Yl,...,Yn]

as a F[Y.,...,Y ] module. Let 3 _ denote the derivation of
1 n aYi

F[Yl,...,Yn] which takes Yj into 6i . This defines S for we can,

: oY,
] J
using the multiplication property, extend %§- uniquely to the monomials

of Yl,...,Y and by F linearity to F 1linear combinations of the
n

monemials in Yy,...,Y which is all of F[Yl,...,Yn] . Consider the

map of V(F") into Der F[Yl,...,Yn] which takes Gmi(Yl,...,Yn)) —
o) n
i:'ai(Yl,...,Yn) 2y, This is an F[Yl""’Yn] isomorphism of V(F )

onto Der(F[Yl,...,Yn}) which can be determined by direct computation,

(@) Lie Bracket

et o and B be in Der(F[Yl,...,Yn]) then we define
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[@,B] = aP - B which is again in Der(F[Yl,...,Yn]) by computation.

In this way Der(F[Yl,...,Yn]) becomes a Lie algebra. We can make

V(Fn) into a Lie algebra by requiring that the F[Yl""’Yn] isomorphism
onto Der(F[Xl,...,Xn] be an F Lie algebra isomorphism. We can direct-

ly compute that for o = (a'i) and B = (Bj) in V(Fn) we have

n Qo Q2 B,
[a,B] = (Z (Bj B_Yi - oy ayl y) .
j=1 i j

(d) Left Imvariant Vector Fields

We shall use (b) to define an F isomorphism of T(0) onto a Lie
subalgebra of V™) . The image which we denote by LF™) and call the
left invariant vector fields of F© is then the analagous Lie algebra of
a Lie group. Let o in T(0) be given by (ait) . We make correspond
to o, a(Yl,...,Yn) = Gyi(Yl,...,Yn)) an element of V(F") as follows.

We define

_4a A
ai(Yl,...,Yn) =3t (ait + qi(Yl""’Yi-l’ alt,...,ai_lt))t =0 "

As in (b) the map T(0) - V(FM), o - @(fy,--,Y ) is a well-defined F
isomorphism of T(0) into V(Fn) . L(Fn) is therefore an n-dimensional
F wvector space. Let L(Der(F[Yl,...,Yn])) be the image of L(Fn) in
Der(F[Yl,...,Yn]) . We shall now characterize L(F®) and
L(Der(F[Yl,...,Yn])) . Clearly a'(Yl,...,Yn) = (cri(Yl,...,Yn)) is an

element of L(F") if and only if we have for b = (bi) in P?

- d_ .
Qj(bl’...,bn) - O-,j(o,o--,o) + dt qj(bl""’bj_l ? Cyl(o)t!”aj_l(o)t)t = 0

. da . =
for all j . But qj(bl,...,bj_l,al(O)t,...,o:fj_l(O)t)t -0
..._,J‘l j"l

— e,
. 1
Zeﬂ (O € ) Ylepsaenses 15 8qnees 85y ) Tiny D)



Where (X }{ Y Y — YE - e f *r e f.
gL ]’-.t! -], 1,--., .]) ': (]’ ey i]’], 3 ])

-1, 5
R T U T

Therefore a(Y;,...,Y ) = (@, (¥;,...,¥)) is in L(FY) if and only if

for b = (bl,...,bn) in F% we have

@ (b) =, (0) +Tj-1 (0)(3ﬂ [y ( ;6 & » ity ])
3 j A N AR L S S DR by 40
for 1< j=<n,
Fix b in F" o

. Let tb :F -—F, tb(a) = ba . Let Gyj(Yl,...,Yn))
be an element of V(Fn) and let o be the corresponding element in
Der F[Yl,...,Yn] . Where f 1is an element of F{Yl,...,Yn] we have

()b = o(f o tb)(O) if and only if

Z? d f
w.(b) 5 (b)=zrl (0) (fo £ )(0) .
5=1 3 Y5 -1 Y5 a ¥ b
Let Xi = bi + Yi + qi(b1’°"’bi-1;Y1’""Yi-l) . We have
s BX
a(B)b = a(f o tb)(O) if and only if aj(b) = i} o, (0) (0)
i=1

oX,
a
HOWEVE]:, EYQ- (0) = g (bl’ ll’b 1 1,¢ll} J 1)Y __D

5 . i-1 €L
Z,Y(el""’ej-l’ﬁli""’aj 1, .) n&—l b,

for i< j and for i >3 . BXj © =1 if i=j.
Y
i
oI

oX,
Therefore aj(b) =‘Z, ai(o) J (0) if and only if
i=1 ayY,

_g-1

e
£
@y ® = oy +) o« L) lepseeney gy h ) il

D.

Therefore ¢« 1is in L(Der(F[Yl,...,Y 1)) if and only if «o(f)b =

e I

o(f o tb)(O) which is clearly equivalent to «o(f o tb) o tb



31
We are now in a position to prove L(Fn) = L(Der(F[Yl,...,Yn]) is a Lie
subalgebra of V(Fn) . Let o and B be in L(Der(F[Yl,...,Yn])) .

-1 - -
[G,B](f o tb) 0 tb = @) ({f o tb)) o tbl - (Ba)(f o tb) o tbl .

1

@) (Eot) o i =a®fo ) o t7l =a®(D o £) o 1) =B E) .

Therefore [o,B](f o tb) o tgl = [o,BI(E) .

We have the following
Theorem B, E is an extension of F
Suppose we have a group multiplication on E" satisfying
(L) 0 1is the identity.
(2) (ai)(bi) = (ci) where c; = ai+bi+qi(a1,...,ai_l;bl,...,b._l)
with qi(ij) € F[KJ_Y] .
Then
(a) F*' is a subgroup of EV .
(b) The injection of F' in E" defines an injection of
Tg(0) = L(F") into T.(0) = L(E") which defines an F iso-
morphism of L(Fn) into L(E™) which preserves the Lie bracket.
(c)}) A basis of L(Fn) as an F wvector space is a basis of L(En)

as an E vector space.

3. Structure Theorem

Theorem 9.1. Let N be a real nilpotent group. Then N has a discrete
cocompact subgroup if and only if there is a canonical basis for L(N)

whose structure constants are ratiomal,

Proof: Only if: this follows from the preceeding discussion.
if: We shall prove the following lemma.

P
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Lemma 9.2. Let Xl""’XM be a canonical rational basis of L) .

m

Then there exists integers kl,...,kn such that expg,_Il ﬁi xi) is
i

a subgroup of N as the m, Tun over the integers.

Proof: Xn is central in L = L(N), and exp Xn is central on N . Let

)

N’ = N/exp t X which is a real nilpotent group and L(N’') = L@N)/R X .

et p : N~ N’ be the matural map and let p#: L) - L) be the

differential of p . Clearly p# Xl,...,p# xn-l is a rational canonical

basis of L(N’) . By induction we can find integers kl""’kn-l such
-1 m,
that exp(Eg- Ei p# Xi) is a subgroup of N’ where the mi's run
i

over the integers. Now

n-1 m, -1 mi’ -1 n,
exp(Ll i, X;) exp( K, X)) = er_cp(z X, X)) -2

where m, mi' and n, are integers and Z is in exp tn Xn . But

then
—n=-1 m Y—-l mi‘r -1 n,
exp(zi T Xi) = exp( } T Xi) = exp( / T Xi + Tn Xn)
1 &% 1 i

since Z is central. The Hausdorf-Campbell formula tells us that

’ I
m m m, m
T =q GC=,.e0, -1 S Ty ewsy -1 ) where each coefficient of ¢
n n'k k k k n
i n-1 1 n-1

is a rational polynomial in the structure constants of Xl""’xn which
have been assumed to be rational. Therefore there is an integer kn

depending solely on kl""’kn-l and the denominators of the structure

constants such that for arbitrary o, m3 1< i, j= n-1 there is an
. It —10 O,
Y
integer n_ such that Z = exp ~2 | Clearly exp( —~X) is a
n kn Lq ky L

subgroup of N ,
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Let I' be a finitely generated torsion free nilpotent group for the
remainder of this chapter. Let C Dbe a torsion free nilpotent Lie group
whose component group C/CO is.torsion free and finitely generated. Let
N({I') and N{C) be the unique simply connected nilpotent analytic groups
containing I’ and C as discrete and closed cocompact subgroups respect-
ively. We shall say that ' is a discrete lattice group whenever 1log T
is an additive subgroup of‘the vector space L(N({T)) . We shall say that
C 1is a closed lattice group whenever C/C0 is a discrete lattice group.
The following lemma follows directly from the proof of lemma. Let NC
be the last term of the lower central series of N a real nilpotent
group. We shall denote the image of an element mn of N by n under
the natural map of N onto N/NC . We shall denote the image of an
element X of L{(N) by X under the natural map of L(N) onto

L(N/NC) .

Lemma 9,3, Let Xl,...,Xr be a rational canonical basis of the nil-

potent Lie algebra L (N), where xt+l""’xr is a basis of L(NC) .

Assume exp(‘3 n, Xi) is a subgroup of N/NC where the n, run over

the integers.

Then there are integers My g3, such that

)} is a subgroup of N where the n, run

t
exp(}%vni xi4—YI n,

)
e b

b2 [

over the integers. Moreover we can choose the such that

mt+1’l‘-’mr

£ X,
exp( Z‘ n, Xi + ZI o, -rf'- yis the subgroup of N generated by
t+1 i
t

(:':xp»(‘z‘1 n, Xi) and exp Xj for t+ 1< j£r.
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Theorem 9.4. There is a discrete lattice group T# contained in N(T)

———

and containing ' up to finite index . We shall call any such F# a

lattice envelope of T .,

Proof: Let ACEREERA be elements of I satisfying

e,
1. Each element of I can be written uniquely as HI Y5 3 where

the e, are integers.
e,

2. Pi = HE Yj 4 where the ej run over the integers, then Fi

is a normal subgroup of [’ and Fi/Fi+1 = Z .,

3. Each element of N() can be uniquely written as Hi exp(tjlog Yj)

where the tj _are real.

r
4, Ni = G(Ti) = Hi exp(tj log yj) where the tj run over the reals.

Then Ni is a normal subgroup of N and Ni/Ni+l =R,
Such elements are called a canonical basis of ' , Let Xi = log Yy o
Then Xl,...,Xr is a canonical rational basis of L)) . There are
- X,
i .
integers m;,...,m. such that F# = exp(\x n, — ) 1is a subgroup of N

1
as the n, run over the integers. Since I 1is generated by exp Xi
1< is r which are contained in F# we have T CZF# . Moreover F#

is a discrete cocompact subgroup of N() ., Therefore F#/F is finite
#

since both I', I'" are discrete and have the same algebraic hull.

Theorem 9.5. Let xi,...,xil,...,xi,...,xic be a rational canonical

basis of L(N({)) where

k k c c R s k
(a) XiseeesXprenesKyrenesX;, 15 a basis of L(N) .
1 1 c c .
(b) The elements exp X seee €XP Xijseee, XD Xq,ee.; €Xp x; s

a canonical basis of I .
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Let A be an automorphism of T, AN(F) its unique extension to

N(@) . Then there exist integers m = 1, My,

i
— — 4 x .4 N
# Phudiie T L. -
' = exp 1 ¢( n, —— }: n, integers
{ ZMLJ-I Loy }
# #

PN such that

is a subgroup of N{')

Proof: We use induction on the steps of nilpotency of I' . If T is

abelian we are clearly done, Let I' be ¢ step nilpotent and assume

the theorem true for 4 < e . Let Nc be the

last term in the lower

central series for N = N(') and let Fc =N°NT . Then N(F/Fc) =

N(F)/N:’. Let us denote the image of an elemen
the natural map of N onto N/N® and the imag
L(N) by X under the natural map of L(N)}) on
be the automorphism of T/Fc induced by A .
integers m = 1, MysesssMy g such that where

. i n.{ integers
=1 “j=1 J —m{, b

t n€ N, by n under
e of an element X on
to LAY/L@S) . Let A

By induction there are

} we have that

exp ¥ is a subgroup of N(@)/N® and that ﬁu(r)/ﬂc (exp ¥) = exp vV .

. e c
There are integers 1,...,mlc such that where
I

(
v/ = 1 2J 2: n. L +->J j : n.&, n, integers} we have
=1 “j=1 c j j
J
expvy’ is a subgroup of N(F) and is generated by
. 1. c . .
exp 1( J : nj integers and exp Xj 1l j=< i, -
m, :
. c c
Clearly there is an integer m, = Hj=l nj such that where
i L
{5 v o4 K (. . ;
Y =1/ /. ny == iony integers; we have exp Y a subgroup o
4=1 ~'j=1 e
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NT) . We have that exp v/ is finite say of order m . Let X be
in vy, then ANCF)(exp X) =exp Y - Z where Y is in vy and Z is imn
N® . Since (exp D™ = expm X is in ', we have that 2" is in

F# = exp ¥ . Therefore if we let m_ now be m - m the integers

=1,...,m_will satisfy the conclusions of the theorem.
™ c
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CHAPTER II

THEORY OF SOLV-MANIFOLDS

SECTION 1.

1. Introduction

At this point we shall generalize our concept of an algebraic group.
Our old algebraic groups become real algebraic groups. Let k be any
field of characteristic zero, and let k" denote the set of all ordered
n-tuples of k . Let k[xl,...,Xn} be the integral domain of all poly-
nomials with k-coefficients in n variables an& let k(Xl,...,Xn) be its
quotient field, We can regard k[Xl,...,Xn] as a ring of functions on
k' and k(Xl,...,Xn) as a collection of functions defirned on subsets of
X" . An algebraic subset of k™ is the set of all common zeroes of a
finite number or equivalently an ideal of polynomials of k[Xl,...,Xn] .
The algebraic subsets of k" determine the closed subsets of a topology

for K"

which we call its Zariski topology. Relative to this topelogy ﬁe
can regard k(Xl,...,Xn) as a collection of functions defined on open
subsets of k" . Let A be an open subset of k" . Then we can give to
A the induced Zariski topology. A rational function £ of A 1is a map
f: A~ k which locally can be represented by an element of k(xl,...,xn).
The space K™ ~with the Zariski topology along with the map which assigns
to each open subset of kn, A, the collection of all rational functions
of A is a k structured space which we call the affine variety k" .
Let Mk(n) denote the collection of aél n X n matrices whose co-

efficients are in k , Let 1i: Mk(n) - K" be the bijection given by

1(Gyij)) =(a1]}..,a1n,...,anl,...,anﬁ).. We make Mk(n) into a vector
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space over k by requiring that i be a vector space isomorphism. De~
fining a multiplication on Mk(n)’ [X,Y] = XY - ¥X we make Mk(n) into
a k Lie algebra. By requiring that i be a structured space isomorphism
of Mk(n) onto the structure affine space K® we make Mk(n) into a k
structured space called the affine variety Mk(n) .

Let GLk(n) be the group of all nonsingular matrices in Mk(n) .
Clearly GLk(n) is open in the affine variety Mk(n) and therefore in-
herits in a natural way a functional structure from Mk(n) . GLk(n) as
a group and as a structured space will be called the affine group GLk(n).
An algebraic subgroup of GLk(n) is a closed subgroup of the affine
group GLk(n) . A rational representation r of an algebraic subgroup
A of GLk(m) is a rational function of an open subset of the affine
variety Mk(n) containing A into GLk(n) whose restriction to A is
a group homomorphism. It is a fact that all the algebraic group theorems
of Chapter 1, Section 1 hold for algebraic subgroups of GLk(n) . Also
since k contains the rationals and since both exponential and log are
defined over the rationals all the algebraic statements of Chapter 1,
Section 2 hold for algebraic subgroups of GLk(n) .

To study solvable Lie groups we will need two further theorems which
we now state.

1. Let S be a connected solvable algebraic subgroup of GLk(n) .
Then

(a) U = the collection of all unipotent matrices in 5 1is a con-
nected algebraic group which is a normal subgroup of S .

(b) Where T is any maximal completely reducible subgroup of S

we have S = U + T (semi-direct product).
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Moreover where T, T are two maximal completely reducible subgroups of
S, there is an h in G((S,5)) such that h T hul =T,
This theorem allows us to define a semi-simple splitting of a simply con-
nected solvable analytic group.
The following generalization due to Mostow will allow us to define a

semi-simple splitting for a more general type of group.

2. Let I' be a solvable algebraic group of GLk(n) .
Then

(a) U = the collection of all unipotent matrices of T is a con-~
nected algebraic normal subgroup of I .

(b) Where T is a maximal completely reducible subgroup of [ we
have ' = U . T (semi~direct product).

Moreover for any two maximal completely reducible subgroup of [, T

and T there is a u in U such that u T u-l =T

SECTION 2. The Semi-Simple Splitting

Let S be a simple connected solvable analytic group. We can write

G(ads S) = U# . T# where U# is the group of a unipotent automorphisms

of G(adS S) and T# is a maximal completely reducible subgroup of

G(adS 8). Let Ql: G(ads s) — T# be the homomorphism of G(ads S) onto

T# with kernel U#. Then §: S8 T# given by &= Ql o ad 1is called
the semi-simple homomorphism of S relative to the decomposition
Gladg 8) = U" + T, Lee Ty = C(9).

Now adS S is a group of automorphisms of S and therefore the Lie
algebra of S. Since the group of automorphisms of a Lie algebra is

algebraic, G(adS 5) 1is a group of automorphisms of S, Therefore we can

form S * TS (semi direct product). We call this the semi-simple
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splitting of S relative to the decomposition G(ads S) = U# . T#. We
now state the following theorem found in [ ].
Theorem 2.1. Let NS be the nil radical of S - TS , then

(a) S - TS = NS . TS (semi direct product).

(b) The nil radical N of S is normal in § + T, and § « T/N

is abelian.

(c) The projection p: S ~ NS’ p(s) = n where s = nt with

n€N, t € T, is a homeomorphism of 5 onto Ng.

(d) §, N generate S - Tg.

5
Theorem 2.2, Let S be a solvable simply connected analytic group.

Agsume S C:NS . TS (semi direct product) such that Ns is a real

nilpotent group and T is an abelian group of semi-simple automorphisms

S

of NS. Assume, moreover, that

(a) If: p : NS . TS - NS is the projection onto the first
factor then p restricted to S is a homeomorphism of S onto NS.

(b) S and NS generated NS . TS
then

. # #

there exists a representation of G(ads §8) = U - T" such that

NS TS =8 - TS is the semi-simple splitting relative to this represen-

tation,
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SECTION 3. The Discrete Semi-Simple Splitting

(a) Introduction

We will géneralize the semi-simple splitting discussed in Section 2.
Let FR be a group satisfying the exact sequence- 1 — N - PR «H-> H— 1
where N is a real nilpotent group and H is a discrete finitely gen-

erated abelian group. We can write H = H1<3 HZ where H is a torsion

1
free finitely generated abelian group and HZ' is the torsion subgroup
of H, Let hl""’hs be a basis of H1 and let hs+1""’hn be‘the
elements of H2 . By 2, there is a semi-direct product representation

G(adN FR) = U# . T# where U# is the group of all unipotent automorphisms

of G(adN FR) and T# is a maximal completely reducible subgroup of

G(adN TR) . Let Ql: G(adN FR) - T# be the homomorphism of G(adN FR)

onto T# with kernel U#‘. Them § : T, — T# given by { = o ad

R 1 N
is called the semi-simple homomorphism of FR relative to the represent-
ation G(adN FR) = U# . T# . We shall define fo; each representation a
semi-simple splitting of FR and we shall show that any two semi-simple
splittings of FR relative to the same representation are isomorphic.
We can then quite easily show that any two semi-simple splittings of PR
are isomorphic. 1In what follows we fix a representation G(adN FR) =
i # #

U" -+ T and let €: Tg = T be the corresponding semi-simple homomor-

phism of FR .

Lemma 1,1. ' is nilpotent if and only if adNQﬁ)r consists of unipotent

transformations.

Proof: Assume [ is nilpotent, and take Yy € I' . Since T is nil-
potent we have that there is an integer k such that

k
(Yyeoe(ysB)oo) = () . Let y# = adN(A)Y . By the Birkhoff Embedding
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theorem we may consider WN(A) to be an algebraic subgroup of U(n) for
some n and we may find a ? in GL(q) such that y#(n) =y n §-1 for
all n € N(A) . Therefore (¥,...(Y,A)...) = (e) and since the map
U(n) - U(n) given by n — (Q,...(?,n)...) is Zariski continuous we have
GCE)seeo, GR), N@)...) = (e) . Write y =t u where t is a semi-
simple element and u is a unipotent element of GL(n) and tu = ut.
We shall show that t =1, Let g be the automorphism of LN(@))
given by X —+ t X t-1 and let ta be the automorphism of N{A) given
by n—-tn t~1 . We then have that tN is the semi-simple part of
adN(A)Y and that tL is its differential., There is over the complexifi-
cation of L(N(A)) a basis consisting of eigen vectors of b - Let

X =1logn for n € N(A) be an eigen vector of b - Then

[X,tL(X)] =0 and (t,n) = exp[(tL - I)X] . Therefore exp[(tL - I)k X] =

k .
(t,...{t,n)...) = (&) . Therefore (tL - I)k X =0 and since X 1is an

eigen vector tL(X) = X . Therefore t = (t,n) = 1 for all

RRCIINE
n in N{) and y# is unipotent.

Assume now that adN(A)F consists of unipotent automorphisms. Let
C be the center of NQA) and let C1 ={x € C: (f,x) = e for all
fer} . C1 is an algebraic subgroup of N(A) and since adN(&)F
consists of unipotent automorphisms, dim C1 >0 ., Let Al = C1 na.
Then Al is a normal subgroup of [ and A/Al = ACl/C1 being a closed

subgroup of N(A)/C1 is a torsion free nilpotent Lie group whose compo-

nent group is finitely generated. Consider the exact sequence

1= =~ L . H—~1 ., Since dim N(A)/C, < dim N{(A) we have that
By Ay ™

F/Al is nilpotent. However, since (T,Al) = (e) we have that [ is
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nilpotent.

Lemma 2., ((ad FN)/ ad N(A) is abelian.

N(4a) N{a)

. ot =
Proof: (I"N,FN) N(A) . Therefore (adN(A)rN’ adN(A)FN) < adN(A)N(&)

Since adN(A)N(A) is algebraic being am analytic group of unipotent

automorphism we have (G (ad FN), G (ad FN)) C ad N(a) .

N N(A) N{n)

Lemma 3. Let t and t’ be semi-simple automorphisms of G(adN(A)TN) .

Then there is an X € adN(A)N(A) such that ¢t t’ X is a semi-simple auto-

morphism.

Proof: Since adN(A)N(&) is a normal algebraic subgroup of G(adN(A)FN)

there is a rational representation of G(adNGA)FN) T G(adN(A)FN) -
Q € GL(n) for some n whose kernel is adNGﬂ)N(A) . By Lemma 2, Q@ 1is

abelian, Since r is a rational representation and t and t’ are

semi-simple, r(t) r(t’) = r(t t’) 1is semi-simple. But then there is a

semi-simple automerphism of G(adN(A)FN)’ t such that r(t) = r(t t’)

Lemma 4. Let t be a semi~simple element of G(adN(A)rN) and let u
be a unipotent element of G(adN(A)FN) .

N{A))

Then the semi-simple part of tu 1is equal to ¢t mod(adN(A)

The unipotent part of tu is equal to u mod(acha)N(A)) .

Proof: Let tu = tu where t(u) is a semi-simple (tnipotent) auto-
- - 1 - -
morphism and (t,u) =1 . Then t t=uu 1 . There is an x in

adN(A)N(A) such that t tx is semi-simple. But since x,u,a are all

- =1 --1 - -1
in U# we have u u x 1s unipotent. Therefore t tx=uu x=1.

Lemma 5., T# acts completely reducibly on U# under the adjoint re-

presentation.
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Proof: T# acts completely reducibly on N and is therefore a completely
reducible subgroup of the algebraic group Aut(N) . The map ¢« ;
Aut (N) —> Aut(Aut (V)) which takes x — Qx(y) =Xy qu is a rational
representation., Therefore w(T#) is a completely reducible subgroup
of Aut(Aut(N)) . Since U# is a normal connected subgroup of U# . T#
our theorem follows.

Consider the exact sequence 1 N - FR > H—-1 where N is a
real nilpotent group, and where H is a discrete finitely generated
abelian group. Let H = H1(D H2 be as before a decomposition of H in-
to a torsion free part H1 with basis hl""’hs and the torsion part
H2 with elements hs+1""’h . Choose YyseeesY, inm FR such that

T
u, * Cfvi) where u; is in U# and

, where G(adNFR) = U# . T# and where (: T

My;) = hy . Write adgy, =
#

1

QCYi) €ET - T# is the cor-

R

responding semi-simple homomorphism of FR .

U#

Theorem. (a) = adNN . G(un) Pena G(ul)

™ = Q@)D 0 )

A
(b) v = adN N - uoeere ﬁl is the group generated by the

unipotent parts of adNFR .

T! = gé&n).'." g($1) is a group and contains modulo

adN N every éemi-simple part of elements from adN FR .

{c) U’ 1! is a group and is the group generated by the

semi-simple and unipotent parts of adN FR .

—

Proof: G'.(adN FR) / adN N 1is abelian, therefore since u is in

1

(I(adN FR) we have u adN N u' o= adN N . Therefore G(un) normalizes

A
adN N and adN N - u and adN N - G(un) are groups, the latter an

algebraic group.
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FAN A
Suppose adN N . U oee. Uy and adN N . G(un) ves G(UZ) are groups,
the latter an algebraic group. Since uy is in G(adN FR) we have that
Uy and therefore G(ul) normalizes both groups. Therefore
A N

ac'lN N Uoeee and adN N - G(un) ‘e G(ul) are groups, the latter an
algebraic group. Let U = adN N ‘G(un) . G(ul) . Then U is an
algebraic subgroup of U# as well as a normal algebraic subgroup of

G(adN FR) .

There is a rational representation r: G.(adN FR) - GL(m) for some m
whose kernel is U. Let Q = rGE(adN FR)), then both Q@ and G(Q) are
abelian. G(adN FR) = G(adN N, Upseensl s QCYI),...,Q(YR)), and
r-l(G(r(g(Yl),J..QCYn))) is an algebraic subgroup of G.(adN FR) which
contains U and gCYl),...,gCYn) . It must be G.(adN PR) . Therefore
G@Q) = G(r(gtyl)),...,r(CCYn))) . Since each r(g(Yi)) 1< i< n is

semi~simple, and since G(Q) is abelian we have that G(Q) consists

of all semi-simple automorphisms. Therefore r(u) =1 for all u in
U since r(u) is both unipotent and semi-simple and U = U# . More~-
over U# . G(gfyn),...,g(yl)) is an algebraic subgroup of U# T# con-

U# T# . #

taining adN FR and must therefore be Therefore T =

a(’; ('Yn>:---:§(\’1)) .

Let U = adN N . Gn eas ﬁl . Take ¥y in FR and write adN Yy =

e e n e.- ]
ady x - H? uy 1 ty 1 where y =x - Hl Y4 1 with x € ady N and e,

integer 1< i< n and u, and ti the unipotent and semi-simple part

of adN ¥ . Since G(adN TR) / adN
e

e, .
HT u, . H? t; - mod(adN N), and therefore the unipotent part of adN Y

e,
is equal to Hg v, . mod(adN N) and is in U’ and the semi-simple part

N is abelian we can write adN v o=

e,
of ad. vy is equal to H? ty * mod (ad N) .
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(b) Construction

We shall construct at this time a semi-simple splitting of the group

FR relative to the representation G(adN FR) = U# . T# .

Theorem 3.1. There are elements Yyse-ea¥y in FR with ﬂ(yi) = h

1

for 1< is n satisfying
#
(@  (T",ady v,

##
) T ({v;,v,))

‘< .
1N for 1= i n

Cyi,vj) for 1< i, jsn,

Moreover corresponding to any set of elements ACERERFA M in ', with

R

ﬂ(yi) = hi satisfying (a) and (b) there exists a unique extension of T#
9
to a group of automorphisms of T, T# = T# such that T}E .) =
R ;) tv;) 3
Yj for 1= j=n.,
Proof: Let ACETERTS be arbitrary elements of PR such that ﬂCyi) =
hi . Since T# acts completely reducibly and since the adjoint map is
rational we have that ad # T# is completely reducible. Since
u

G(adN FR)/ adN N is abelian we have that ad u T# =1 .

v*/ ad_ W v* / aa_ N

N

N
Let L(U#) =W® L(adN N) as real vector spaces where we have

ady 5y ') =W . For x in U' and t in T' we have ad t (log x) =

t log x t_l . Since exp(t log x t_l) txt =xy with y 1in adN N

Nt

and since xy = exp(log x + z) where is in L(adN M) by the Hausdorf-

Campbell formula, we have that ad t (log x) = log x + z with 2z in

#
L(adN N) . Therefore adw T =1

i

in U for 1< i< n ., Let log u, = log v, + §i where log vy is in

W e Let adN Y; =yt nyi) with uy

W and §i is in L(adN N) . Then (T#,vi) = 1N . Moreover u, =X vy

with x, = adN n., 0, in N again by the Hausdorfi-Campbell formula.
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-1

’ . . "o _
Let Yi =n. vy . We have that Yi is in FR’ ﬂ(yi) ncyi) hi and

r . . # -
adN Y, =Yy QCYi), and since vy is in exp W, (T ,vi) = 1N . Leat us

fix an integer k, 1 £ k< n . We shall assume that we can find elements

Yisereo¥, € FR such that (adN yi,gCyj)) 1 for 1< i, j< n and

N

such that gCyi)(Cyj,YL)) = (Yj’YL) for 0< i< k-1 and 1< j, k< n.

k-1
Let ti = QCYi) . Let Nl = ﬂo kerc(tj

I) . Then Nl is a connected
subgroup of C which is kept invariant by adN Yg for 1< i< n since
(adN yi,tj) = 1N . Let us write tk((yk,yi)) = (yk,yi) z, with z, in
N . Since (adNCYk,Yi),tk) =,1N we have that z, is in C . for

= i < i = i =
1< i< n. Since (ti’tk) . and since tj(Cyk,yi)) (Yk,yi) for
0= j< k-1 and 1< i< n we have that tj(tk((Yk,Yi))) =
(Yk,yi) tj(zi) = (Yk,yi) z, - Therefore tj(zi) =z, for 0= js k-1

i
, ' -1 . ,
and 1 £ 1< n . Therefore z; and Y % Y; are contained in N1 .

Let AT Let’ Nl = keer(tk - I} and Nl = (tk - I) Nl .
Since tk is semi-simple and since (adN Yk,tk) = 1N we have that

e = = - - . = . .r="l
Nl = Nl ClNl and that Nl (tk I) (ad Y 1) N1 . Write =z, z; +

zg where z! € N, and z. € N. . Then -z, (tk I)(ad Y, 1) ¥

where Yi is in Nl . Let Y 7Yy Yy o Since y; 1is in C we have
= Y Y = < 3

adN Yy adN Yy and therefore we have (adN yi,tj) 1N for 1 i,

i< n. Also (3,7, = (.v,) ad v, ((ad v, (ad Y] )y, v7D) ¥7D)

) T i3 '] i 1290 Yy Vi3 7 My e

and since for 0 < 4 £ k-1, t{(fyi,yj) = Yi,yj) and since

(ti’ adN Yi) = 1N we have since t&(yi) =y; 1< i< n that

tLC§i,§j) = (Qi,?j) _for 0s L=< k-1 and 1< i, j< n . Now

- - B - _ -1
('ﬁ( "'fi) - ('Yk:'Yi) - (-Yk,Yi) ad Yi(ad 'Yk(Yi)Yi ) . TherEfore
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- - -1 .
(Yk:Yi) 2 and (tk’adN Yi) = 1N . But then tk(yk,yi) =
~1 -1 ,
CYkaYi) ad Yi(Yi zy Yy tk(ad yk(yi) Y5 ) . Consider .

-1 -1, -y =
i %Yy 5 0 v7) =ad vy (z) Ft(ady, 6y) - yy) =z bz

y
-, - -
tk(ad Yi - I) Y, = 2z + {(ad Ye - I vy . Therefore tk(yk,yi) =

) = -1 -1 -1 -1 -1 -1
(Yk,vi) Yi 23 Yy T YLV Yy Yy Yy < ('Yk,Y]:_) ad Y]-_(’Yk Yi Ve Yi ) -

-, -1 _ -1 -1 =, -1 - - -y -1
Yi %y Yy = oy ad v O vy v Y tvp Zp vy T e Ypdvg 2z Yy

ol A = 2,- = .
But A zi Y; is in Nl therefore (tk - 1) (yk,yi) = 0 and since tk

is 'semi-simple we have that tk(yk,yi) = (Yk,yi) for 1< i n . Now

o SR RS R - - ml-d
we have ad YkCyj,yi) ad yk(vi Yj) Yj Yy in»Yj) = ad Yk(Yj Yi)Yi Yj

. . -1 - . i S
and ad YkCYi yj) Yj Yy = (yk,yi) ad yi(yk,yj) . Both are invariant by

£y - Let tk(Cyi,yj)) = (Yi,yj)c where ¢ is in C . Then

- - TS T - -
ad Yk(Yj,Yi) - ad vy (v, 'Yj) Yy Yy (Yi,Yj) = t, (ad Yk(Yj,Yi) ‘
-1 - - . - . .=1 -1
- - - - - - . .=l _-1 . . -1
e (Y ) =ead v (GY55Y)) ad y (o) ad v vy ¥p) vy Yy (Y;5Y¥,) » e ™ =

J
-~1 _-1

- - -1 .
ad Yk(Yi vj) Yy Yy

- - ‘_1 R .
(Yi,Yj) ad Yk(c) c gince c¢ 1is

central. Therefore ad Yk(c) = ¢, .and tk(c) = ¢ , We then have

(tk - 1)2(§1,§j) = 0 and since ty is semi-simple we have

- - = = - d S *
tk(yi,yj) (yi,yj) for 1< i< n and 1 JVS n ., Each element vy

e,
of FR can be uniquely written vy = X H? Yil . Let t be in T#. Let

!
e e e

- n_ 1 __onqn i A L S _
tF(Y) = t(x) Hl Yi o where vy = x Hl Yo Let v * Hl Y be an

.
e,
1

’ and
i

n
other element of T,. Then tr(y’) = t(x’) 0y v



& ¢ n %i_a & n %i 1 "% n
= H = 4 . .
vy m ey e oy Ty g x Iy ™ 0 vy z - 0
(e +e.’)
vy, * %
i

where 2z 1is a product of commutators of Yi’Yj . Then tpCY vy =
e, -e, (ei+e.’)

n_ i /v nl i n i . # _
t(x) Hl Yi t(x") Hn Y; z ﬂl Yi since (T sady Yi) = 1

and T7(z) = 2 . But this is t.() - e G) .

(¢) Unigueness
i . #
We can now form the group FR + T where we consider T as a group
of automorphisms of FR . Let T = Q(FR) and form the group FR « T

where T 1is considered as a group of automorphisms of FR . We note

that there are two variables in this construction, the representation of

# # #

G(adN PR) =U" - T and the extension of T to FR . We make now some

general definitions.

Let PR be a group satisfying the exact sequence 1 = N — FR ~H=->H =~ 1

where N is a real nilpotent group and H is a finitely generated dis-

crete abelian group. Let G(adN FR) = U# . T# be a Mostow decomposition

#

of G(adN FR) and let (: FR —~ T be the corresponding semi-simple

homomorphism. Let T be an abelian group of automorphisms of FR} We say

that FR is a semi-simple splitting of FR relative to the representation

G(adN TR) = U# . T# if and only if T|N = Q(FR) and there exist elements

Yyseees¥y in FR with ﬂ(yi) = h, satisfying T(Yi) =vy; for

1< is n . The previous theorem gives us the existence of a semi-simple
splitting relative to any representation of G(adN FR). Let FR « T and
FR - T be two semi-simple splittings of FR relative to the same repre=-

sentation G.(adN FR) = U# . T#. Let C: FR - T# be the corresponding
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semi-simple homomorphism. Let YyseeeaYy (Ql,...,ﬁn) be chosen in FR

such that ﬂ(vi) = hi (ﬂ(§i) = hi) and TCVi) Yy (T(qi) = Qi) *

Choose t, (t,) in T(Y) such that t|N=2CC,) =¢@,) = E|n.

1 1

We then have the following theorem.

Theorem 3.2. A. There exists an h in the center of N such that

ho To adr hdl = T, and in particular

R R

adr

adr ho ti o adr h“1 =t, for ls i< n.
R

R 1

B. t T+ T —=>Tp T;  (y,t) = (h vy h-l,adr ho to
R

-1

ad~. h )

'y

establishes an isomorphism of the two semi-simpie splittings of TR .

Note: We have not proven that any twe arbitrary semi-simple splittings of

PR are isomorphic, as yet.

We shall first show that there is an h in € the center of N such that

-1, _ -
adFR(h e, h ™) = ty .

Proof: Fix k, 1 $ k< n, and assume there is an h in C where C 1is

the center of ¥ such that ad ho ti o ad h-1 = Ei on FR for

0< i k-1, Let ti' = ad ho t; o ad hpl and let Yi’ = h %.h_l

’
h|

i on FR for 0< i< k-1, Let Yi, = Li Qi where &i

- Yew 'Y = =t '(2)Yyt '(y.) . For 0= j= k-1 since
is in N , £ o) =y ts (£) 3 (v;) o 3

for 1< i< n. It follows that ti'Cyj') =Y for 1€ i, j<n and

that t.' =t
1

"=t v Y=~ " =2, ¥, =t (A, (v,
tj = tj on FR we have tj (yi ) Y4 Li Yi j ( i) JCYl)

d y ! = £ j £ k-1 d 1< i< nn.
tj (&i) Y o0 Therefore tj (Li) Li for 0 j= k an
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k-1 . = s =
Therefore &i € ﬂo ker (tj -1I) for 1= i<n. tk(Yi )y =

N
1 =1 1l

- "=" - I - Fi ="' -
tk(éi)yi tk(%i)&i Yy o therefore tk(yi )Yi tk(Li)&i . Since

7 -

t, = F on N and since (adN Yi',tk') = 1. we have that

N
- , - -1
(adN yi',tk) = lN . Therefore for n € N we have tkCyi' n Yi! ) =
v.! € (n) v 1 £, (v. e ()t (y '"1) and we can conclude that
i k i kT k ki
= ' RS -1 . X ; , k-1
tk(Yi )Yi = tk(&i)&i is contained in C . But since &i € ﬂo

kerN (tj - I) and since tk comnutes with tj on N for all j=1,.

- -1 k-1 k-1
k-1 we have that tk(%i)ti € ﬂo ker C(tj - I). But ﬂo kerc(tj -

“sy

is a connected subgroup of C, which is invariant under t therefore

k’
there is a ¢ in ﬂk-l ker .(t, - I) such that ¢t, (£ )4 -1 t. (c.)c -1
i 0 c by kil Kk ©i/%1 -
Let v.'' =c¢ -1 v.'. For 0= is k-1, t,(c dly Y=t (e -1y o=
i i i " > TitT) J i J i
"1 F F -'1 4 - "1 i - "1 - 4
t. (c. t, . = c, . . Moreover ¢t {(c, . =t (c. t . =
e ) = e Ty (e vy = Be TR 6D
t (c.-l)E (c.)c_-ly,' = c.-ly.' . Therefore &t©,(y.'’) =v.’" Ffor
k7] L M B h I it J
1si<k. tet C . =nN"Yrker (c, - I) . Then ¢, €C for
. k=1~ ''0 ¢ty ' j k-1
' ] C = k - ¢ = -
1< j=£=n, Let Ck_1 = ﬂo kerc(tj I) and let Ck-l (tk I Ck-l .
. . . . » ! =
Since tk Ck-l is semi-simple and since (adN Yy ,tk) 1N we have
- 3 - _ - 7 = = } - =
Ck-l = Ck-l(o Ck_1 and Ck—l = (I - ad Yie ) Ck-l (ad Yy I) Ck-l .
, -1 ., -1 _ = = - L =
Since ) € Ck—l we can write ¢ = dk dk where dk is in Ck—l
= . Y = " F . 4
and dk is in Ck—l . But then there is an h in Ck_1 such that
d =v, ' h'-l RN d si W' is in the center & = h' v, ' n'"ly¢"%
k= Y Yy and since S e Kk Yic Y
o : ’ =1 1l 1ty _ it =1, .+
Let L, o= ad h t ad h s+ But then t. (yj ) =ad h ts ad h Cyj )
\(3' for 0< i< k-1 and 1< j< n since t’i(h’) = h' for
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0< i< k-1, and since ti’(Ygr) =v'"" for 0< i< k-l and 1< j< n.

'y -1 N - : ' -
Also £y (ck Y ) ad h Er ad h

=adn’ ¢t/ ('t d b v Ry Ty nh)

- 7 ! 3 4 _ 7 9 ’ 7
= ad h ty (dk Yy ) =ad h (tk (dk)tk (Yk » .

) .k
Since dk € Ck-l = ﬂo kerc(tj - I) we have

i -1 Ny ¢ 3 Iy _ 3 ’ * =1 _ s = ’
tk (ck Y ) =ad h (dk Y ) = dk h Yk h =d dk Yk .
-1 -1

Therefore t{‘_'(ck Yk') = ¢y Yk’ . It follows from ti'(h')= h’, that
t!’=t, on ', for 0s i< k-1 and that ¢, (c -1 v.) =¢ -1 v, =

i i R k' k k k k
t!' (e -1 v. ') Therefore we have t'’ =t on N - 2. Since

k Yk Yk’ ¢ k k Yoo

te 00 -1 Ay = vro vt ea=ly _ g o er gi=1 _
Yi Y Yy €Ny wehave g {vit v Vi) T Yoy

AP Y Y L) PO A rr e, tr=1

£ (Yi Yy Y ) = tk (Yi ) Y i (Yi ) . Therefore we have that
ad yi'(ti’(y;') Y;'-l) = té'(vi') Yi'-l . Since adg Yi' = ady Yif we
have that t;' is the semi-simple part of adN yé' . Therefore

APy, RS )
e Cyi ) Yi € kerN(tk I .

¢t o =1 . 2l 4t Iy,
= < ] = .
h Yi h for 1 i$n. We have ¢t (Yi )] i

Let _Y]{.If

‘7 Yy, . . (v =1 7 ;¢ o, 1=1
Let Yy <Y Yi with v, in N . Then Yi =cy Yi Vi h Yi h .

Therefore v, = ch Yf h"—1 anl h’
i i i

i which is contained in C . Since

N ol -1 s . ‘7 LS R AP )
t, (Vv ¥, we have t  (Y:')Y =t (vy)Vy

! [ i/

1

1 . . o
Since vs is in C we have that (tk - I)vi is in kerc(tk 1) .

t{

i
But fhen (t;' - I)2vi = 0 and since tk is semi-simple, 2 (vi) = Vs

eyt r i i R N we have since
= for 1= i< n . Since ¢t t, om
2 (‘{i ) =Yy " K
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fore we have found an h in C such that adF B o ti adF E-
R R

for

Suppose now we have two representations G(adN TR) = U

M —-—->
Let Ql. FR T

homomorphisms of

r

of R

realative

Theorem 3,3. A.

of N for which adr hr o T
R

#
1

r
R
. G Ty = #
to the representation (a.dN R) = . T

There is an h in N such that adr ho T adp h
R R

1< i<k by letting h=hh'.

]

Q

=

!

- #
. T — >

%' 'R T,
Let FR . Ti i

r

R T

1

is an isomorphism of T

o ad h
1 FR

R

-1
[ 7 =T

l’

T

i<n that t' ' =

2

i

t

/
k k

#

on
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FR . There-
1 .
=t_
L
# o #
. Tl’ =1 . T2'

be the corresponding semi-simple

be a semi-simple splitting

#

i

onto TR T

-_— PR * T, , ®v,e) = (h Y h

2

1

1=

T2l

,ad h t ad hal)

Proof: All we need prove is that there is an h in N such that
adN ho Tf ) adN h-l = Tf . For we then have from the commutivity of the
diagram
R 1
R
r > T#
R Ez 2
- -1 =¢ T = r
where Y(t) = ad ho to ad h  that T2|N C, ) = adg ho & )
-l - -1 F - ! i ! =
adN h ™ = adN h o T1 N o adN h and therefore R T1 with T1
adr ho T1 o adr hﬂl is a semi-simple splitting of FR relative to
R .
G-(adN FR) = U# . Tﬁ . But by Theorem 3.2 there is an h' in the center
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- -1
Therefore adp ho T1 0 adr h = T2 . By 2. there is a u 1in U#
R R
-3 4 _
such that u * Tf u+1 = T; . Since ad # Tf- is completely reducible
U

we can write U# =W OadN N as vector spaces where ad Tf(w) =W . But

since (Tf,U#) < ad

# _ .
N N as before we have that adw T1 = 1W . Write

u=w -+ ad_h where w is in W and h is in N . Then Tf(w) =y .,

N
We claim adN h“1 o Tf o adN h = Tf . Take ¢t 1in Tf' then u t u-1 1is
in Tf. But u'ltu+1=ath'1-w"ltwath=ath’1otoath.
{ #

Therefore there is an. h in N such that adN heoe T, o adN h"1 =T

1 2’

(d} Properties

Let us assume that [_ + T is a semi-simple splitting of T We shall

R R’
give T the discrete topology. Choose Yl,...,Yn in FR such that
A A
Mey,) = h, TC¢) =Y, and T|n C¢Yy) ...L(v)) . Choose t; in T
A A A AN
COV) +.e ) =t ...t N and e, N =0y .

|

n
)

such that TIN

Fix a j s+l = jS n . Then hj is in H2 which is the finite tor-

sion subgroup of H . Let e be equal to the number of elements on H2.

Then h§ = 1, Therefore Y? € N and since N is divisible there is an
n € N such that n? = Y?, and (nj,Yj) = 1, and T(nj) = nj. This may be

done as follows. Let Nj = {x € N; ad Yj(x) = x} let N, =N" kerN(ti - 1)

N 2 1

and let ﬁj = Nj n N2 which is a connected and algebraic subgroup of N .,

—_— .

We have clearly Y? in ﬁj . Therefore since ﬁj is divisible there is

a unique nj in ﬁj such that n? = Y? . Do this for 3, s+1 = j=n .
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Let ?i =Y, 1S {s s and let Y, = v, nfl for s+ 1% i< n.
i i i"i

=\ _ _ _— . B

Clearly 'ﬂ(vi) = Tl(Yi) = hy, T(Y,) = TCY,) » T(n;7) = Y;ny© =Yy, and
Fa N

Ceyy) = C(V,) from which it follows that Ty = Q(ifl)...g(?n) . Since

(njan) = 1 we have Qje =1 for s+ 1= j=n,

Theorem 3.4. Let FR + T be a semi-simple splitting of FR » Give T

the discrete topology. Choose Y ,...,Y  on ' such that ﬂ(Yi) = h

n R i’

A A
T(Yi) =y, and 7N = C(Yl) . Q(Yn) . Moreover we can assume that

Yj has finite order for s + 1= j= n . Let ti in T be chosen so

: _ _ -1
that ti|N C(Y,) . Let n; =Y, t;° . Then
A A
(a) F=N-* Ny ... M is a closed normal nilpotent subgroup of
FR *+ T such that F/N is a discrete torsion free finitely generated

abelian group.
A
n

(b) K= s+1

A
... n_ is a finite central subgroup of FR + T, and

the group K® T 4is a discrete finitely. generated abelian group.

(c) FR *T=F - (K®T) semi direct product.

Proof: Let vj = Yj tj . For jZ s+ 1 we have that Yj has finite

order, and that t,(Y.) =Y, for 1= k= n . Therefore v, has finite
k' 3 - i

order and since adN vj is unipotent we have adN vj = 1N . Write for

x in FR * T, ad vj(x) =x n for some n in N . For some integer

it

£ >0 we have v§ = 1 and therefore (ad vj) fx =K = % - nf since

£ 1 we have n=1.

adN vj = 1IN . From the divisibility of N and n
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A
vs+l

1

Therefore X -.. v_ 1is a finite central subgroup of FR -+ T,

A .
Let F =N - vl e vs . Since FR / N 1is discrete and T is discrete

we have FR + T/ N discrete therefore since N < F we have that F is

a closed subgroup of FR + T . Moreover I'_ + T / N is abelian therefore

R
F is a normal subgroup of FR « T and F/N is abelian, Since adN F
consists of unipotent automorphisms and F/N is abelian we have that F
R +
is nilpotent. Clearly F/N is finitely generated, If vj were in N
) L . ,

for some integer 4 then Yj would also be in N which would contra-
dict the torsion freenmess of hj for 1% j< s . Therefore F/N is

torsion free. Form K@ T and F : (K®T) . Let x be in FO(KD T).

Write x =k - t for k in K and t in -T . Then ad_x = ad_. t

N N
which is both semi-simple and unipotent and therefore adN t = 1N . But
then £t =1 and x =1 since FN K= (1) . Therefore this is a semi-
direct product and clearly FR - T=F . (K®T)
Corollary 3.3.1. Let H=2°
Then F ={x € FR + T:oadg x  is unipotent}
Corollary 3.3.2. Let H=12" . Let I .mT, and I -1, be two semi-

simple splitting of FR . Let h in the center of N be chosen so that

-1 _
ad h Tl ad h ™ = T2 . Then .
1, ad h t ad h'l)

() themap [ T, 9—>T, T, ov,t) = (b Y h

2

is an isomorphism.
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(b} Let FR Ti = Fi Ti i = 1,2 as above, then @(Fl) = F2 .

SECTION 4. A Refinement

Let ' be a group satisfying the exact sequence L = & = [ B> 25~ 1

where & 1is a torsion free nilpotent Lie group whose component group

A/ AO is finitely generated torsion free. By the results of Chapter one

there exists a subgroup & of N(&) = AR containing A as a subgroup
of finite index satisfying

(a) A is a closed lattice nilpotent polycyclic group.

(b) (A,ﬁ) has the automorphism extension property.

Therefore we can form the group I' containing ' as a subgroup of

finite index satisfying the diagram

1 >

=

vV
N
v
|

Lo &—[
=1 "]
1

Y
Y
NUI
v
-

Since we are only interested in groups commenserable with I' we shall

assume that A itself is a closed lattice nilpotent polycyclic group.

We can form then the rational hull AQ of & as in Chapter one and we
have that both (4,4 ) and (4,4)) have the automorphism extension

property. This allows us to form the groups PQ’ FR satisfying the

S
4> —>1
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Let G.(adA FR) = U# . i# be a representation of G(adA ') and let
R RR
ﬁ: FR - T# be the corresponding semi-simple homomorphism. Let FR . T

be a semi-simple splitting of FR relative to this representation.

Theorem 4.1.A, There exists a semi-simple splitting FR . T of FR for

which there are elements Yise-e5Yg with ﬂ(Yi) =z, for 1< i<g

i
satisfying
(@) Ypse+es¥g are in TQ .
= = i =
(b) T(Yi) Yi for 1 i 5

B. Mcoreover there is a closed lattice nilpotent polycyclic group A

satisfying
(¢) 3 1is a subgroup of AQ containing A as a subgroup of finite
index.

(@) T normalizes B so that we can form the group [ =8 . T |

(e)

=1

contains Yl,...,YS and is a subgroup of T containing T

Q
as a subgroup of finite index satisfying the diagram

1 = > 1

> Z

b E—
1 1 ———

5 >
5 >

>

— 7 i

Proof: Let us consider first the case where A is a discrete lattice

nilpotent polycyclic group. Then log A = L(AQ) is a ratiomal Lie

Q
algebra and ad AQ FQ is a group of automorphisms of the rational Lie
# # .
lgebra L(A . Let G (dd I')Yy=u0 -T. b Mostow decomposition
algebra L( Q) Q( Q Q) o q bes p

of GQ(ad AQ FQ)’ and lgt EQ: FQ - Tg be the corresponding semi-simple
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homomorphism. We can proceed exactly as before to conclude that there
are elements YysenesY, in ' with ﬂ(Yi) = 2z satisfying

Q
@ adh vy =148 and TH(L.vD) = (.v) for 1S i, 5 s
Q’ Q 'i Q Q it Y3 273 » J y

# # N
Let U = G(UQ) and let T = G(CQ(FQ)) . Then U(ad AR FR) =U - T

i i

is a Mostow decomposition with T, & T

Q

Let (: FR - T# be the cor-

responding semi-simple homomorphism. Clearly (. (') = C(@_) . There-
Q' Q R

fore there are elements Y,,...Y_ in ' with ﬂ(Yi) = z; satisfying

Q

(T#,ad Ap ¥ =1 AQ and T#((Yi,Yj)) = (Yi,Yj) for 11, j< s,

Let us proceed to the general case. AO is normal in &4 . Therefore

being characteristic in A4, AO is normal in [ . From before 30 is

. . T (A =
normal in AR therefore AO is normal in FR . Therefore adA R( 0)

R

A = ' A i i : .
0 and G(adAR FR)(AO) AO . Therefore o 1is normal in any semi

simple splitting FR + T of T Clearly T /AO . g/ is a semi-

simple splitting of FR / AO where T’ 1is the group of automorphisms

R °

of TR / AO induced from T . However there is a semi-simple splitting

FR / AO <7’ of FR / AO such that there are elements ?1,...,Ys of

i

I  with ﬂ(?i)

m~ ~
» - I‘ A .
Q z; whose images Yl""’ys in ‘o / 0 satisfy

T"(ﬁ;) = C?;) for 1= i< s . There is an h 1in AR whose image

! I 7 -7 1“1

h in 4_ / & satisfies T = ad .~ h ¢ T o ad h .
R 0 FR/AO FR/AO

Let T = adr he To adr h-'l and form the group FR + T which is
R R

clearly a semi~-simple splitting of FR . We claim there are elements

Zyseeeaty in - AO such that TCYi) = Yi for 1= i = s with
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Y, = zi ?i . Let ti in T be chosen so that ¢t

iIAR = Q(Yi) where

Cqy) = adAR ho CCY) o adA h-l-. Assume ti(Yj) ='Yj for 05 is kK= g

R
< 4= (k)= k - . = i’
and 1= j= s . Let AO ﬂo kerAO(ti I) . Since TiFR / AO T
we have tk+1(Yj) = % Yj with x; in AD . From T being abelian we
have xj in Aék). Therefore there is a z, in Aék) s such that
-1 -1 ¢ _ =1 LN
tk+1(yj) Yj = tk+l(zj) zj . Let Yi =z Yi, then tj(Yi) =

for 0= jS ktl and 15 i< g

We need the following lemma for part B.

Lemma 4.1.1. Let x be in ﬂQ . Then there is a subgroup & of A

containing & as a subgroup of finite .ndex satisfiying

Q

(a) B 1is mormalized by [ .

(b) x dis in A .

Part B then cleatrly: follows for where Yl,... ,Y_ are arbitrary elements

s
Yy = = iy » + A .
of T such that ﬂ(Yi) nCYi) then Yy SR Yy where x, 1is in Q

Proof: Again assume 4 1is a discrete lattice nilpotent polycyclic group.

Let ey,...,e be a canonical basis of L(AR) such that

._.n -
exp ( n, et on integer) = A , Since x is in A there is an integer

Q

m such that m log x is in log & ., 1If AR is abelian then & =

exp ( i ._i tn, in 2) 1is a group normalized by [ containing x .
L™
We may see this as follows. Clearly a being the isomorphic image of a

n
. group is a group. Since m log X = zﬁ_ni e; for some integers n, o,

I'D

log x = Lﬁ, —45, and x is in B . Let A be in ad, [ . Then

m R !
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for any integers n,

n & 1 P o . 1 n n e,
A(Ll Tl /mAkLlniei)= /mz—-lniei=2ulni m

where since & is normalized by T , the n, are integers. Therefore
B is invariant under A , and ' normalizes & .

Let us assume the theorem to be true whem AR is ¢~1 step nilpotent

and let AR be ¢ step nilpotent. Let (& be the last non-~trivial

R)c
term in the lower central series of AR and let t be the integer such

that e  ,,...,e_ span (AR)c . We denote the image of an element e in
LGBR) by e in LGﬁR / (AR)C) . Therefore there are integers
Myyeee,ly such that where ¥ is the lattice generated by

e,
A < 1< ~ . -
m, 1=4i=t we have that exp Y 1is a subgroup of AR / (AR)c » X

is in exp Y and exp Y is normalized by [ ,it is invariant under the
action of AR /(L‘-R)c induced by the action of T' on A& As before
-n e,

- A i . K
there is some integer m such that expk } m, ==: n, in Z/ is a group
Lj m i

R .
1

- = t
= < 4 = = H = .
where m, m for t+1 i=n. Let m 1™ and let Py = my for

1L=i=s¢t, p; =m mnm. Clearly where Y 1s the lattice generated by

ey e, e
= o aery T seansy —2  we have exp Y is a subgroup of AR , containing

A as a subgroup of finite index. Since m log x is in log A and since

Lk e,
log x = ZJ n. — + Z where n_ are integers and 2 1is in L(A D))

1 1t py i R ¢

L - e;
we have m Z in log A N L((AR)C) . But then Z = Z}+1 n, = =
W - = % .
ZJ n. mm — for some integer n, . Therefore log x is in Y and
t+1  * Pj *

x 1is in exp Y .
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Eoey
Let A be in adAR ', and let y = Aﬁ n, E— for any integer n, .

= ‘ i ’ . .
A(y) =:Z_J1 ny -;; + z where n; are integers and 2z is in L((AR)C) .

m y is in log A therefore A(@my) is in log A ., Therefore mz is

n e,
in log & N L((AR)C) . Therefore as before z = ZJ ﬁi 'EL where the
t+1 i

ﬁi are integers. Therefore since 1 / mm = log & N L((AR)C) is invari-
ant under A we have Y is invariant under A . Therefore exp VY is

normalized by I' .

Theorem 4.2. Let FR + T be a semi-simple splitting of FR for which

there exists elements Y.,...,¥. in [ such that T(y.) = z. for
1 n , A b i

= 4 = : . = =HS .
1 < i = n, satisfying T(Yi) Vs and T AR 1 Q(Yi). Choose t, in

= < i<
T such that ti]&R QCYi) for 1= i=n.

Wri r T=F .+« T wh F=d. 9 5 h V.=, £t
rite R . _— . where =8z v1 “ee vn where vi =Yy By -
Then A.
(a) (Vi,vj) is in A .

(b) adA /A A is rational relative to a canonical basis of

L(AR_/ ﬁo) > @se.sse,  for which log & / A =1 Z}n e in, in Z}

B, There is a closed 1attice_nilpotent polycyclic group A contained
in AQ containing A as a subgroup of finite index such that
(a) A - Ql""’cn is a closed cocompact lattice nilpotent poly-
cyclic subgroup of FR .
A A

() & - Visees,V,  is invariant under T .

(¢) A 1is normalized by I' and so we can form the group
= - - A A
F=E'r . Then r'T=a.V1 eee V 'T -

n
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Proof of A:

(a) Since (tj,Yi) = 1 we have (Yi,Yj) = (vi’vj) in A |

A
(b) adAR / a_Y; Preserves &/ AO and therefore / 4. . But

Q 0

v, and t; acting on AR / AO are in the algebraic hull of

0

adAR / Ao Yi over the rationals.

Proof of B.

Let us assume A is a discrete lattice nilpotent polycyclic group.

e

let M= FR . Let Bisenese be a basis of L(AR) such that 1log A =
{4 =6 j
; n, €. : n in 2 , and chose V,,...,V in L{M) so that
L3=1 i7i i j i s
exp V. = v, for 1= i< g, S8ince (vi,vj) is in & and since

1 1

aqa vi(AQ) = AQ the collection of all rational linear combinations of
R

Ei s Vj for 1= i=<n, 1< j= s 1is a rational Lie algebra. Moreover,
L) / L(AR) is abelian. Therefore we can find a rational canonical
basis €1seeesl 3 Vl,...,VS of L such that the lattice generated
by the ei's is of finite index in log & . Moreover where t 1is the
integer such that @ i120e"28y span L(Mb) where Mt is the last non-
trivial term in the lower central series of M we have that the lattice
spanned by e ,,...,e  is equal to log an L) which is invariant
under I' . We claim that there are integers my,...,m such that where
e.
Y is the lattice spanned by —= , V., for 1= i< npn and 1= j= s
i J
we have that exp Y 1is a subgroup of M containing A and invariant
uhder ad,, ¥, for 1= i= s,
M i

We proceed by induction. If M is abelian we are done. - Let us

assume the theorem to be true for M(c-1)-step nilpotent and let M be
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c-step nilpotent. We shall denote the image of an element X of L(M)

in L(M/Mc) by % . By induction there are integers By geeesMy such

_ e
that the lattice VY in L(M/Mc) generated by ;n-:-L- . Vj for
! i
1< i<t and 1< j<= s has the property that exp ¥ is a subgroup of

M/M  containing A& and invariant under ad Y, 1=i=s,
e M/M, i

As in

Chapter one, there is an integer m such that where 'Y‘r is the lattice

e
generated by E:% , VJ, for 1= i< n, and 1= j= s and m, =m for
i .

t+l = i S n we have that exp v/ is a subgroup of M .
Choose an integer % such that ¢ . log & is contained in the lattice
generated by e; for 1= 1= n and choose L = H; m, . Let P, = m,

for 1< 1St and pi=«t&’m for t+1 < i S n, and let Y be the

’ e
lattice generated by 71 Vj for 1< i n and 1= j= s . Clearly
i .

exp Y is a subgroup of M . Let x be in & , Then

t e,
x=§_ ni —= +Ssk_ Vi+z
! P; = 1%

where ni, ki are integers and =z dis in L(Mc) . But 4 x is in the

—

lattice generated by e;,...,e , therefore 4z =$.n n, e, where n;

n e t+1
integers, and =z =>: n, f . Therefore x is in Y , and A S exp Y.
) t+l L 1
El \-\—111 Ei v
Let v bein Y . Then y = ZJ n, —= 4 n, ——+) k. V, where n,,
FPy g PP 1 *
k., are integers, Let A, =ad, Y, . Since p, =m4 4’ for t#1 S isn
j i M i i
r-n - . . r
and since ’L ‘2_1 il e. !, in z} = log A N} L(M ) is invariant under R
i1 i
t+1
it is invariant under Ai » Therefore A KZ“ is equal to

e, 5 .
E n,’ —= where the n, " are integers. Moreover A ( k, V ) =
i P. 1 1 J 1]
t+l i

S .
Z. k.'i V, since (Yi,Vj) = 1 ., Therefore to prove that Ai(y) is in Y
J
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e

. t .
it is sufficient to prove that Ai \ §£ n, Ei ) is in Y . But
i

t ©5 £, 8 ‘i
Ai ( n, ——') = 51 0. — + z where n, are integers and z is
1 Pi '—‘1 1 Pi 1

t .
in L(Mc) . Let y = E; n, 55 . 'y’ is in the lattice generated by
i

€senese s and therefore in  log & ., But then Ai(tiy') is in log 4 ,
and < Ai(%!yl) is in the lattice generated by €ise0ese . Therefore

£ 4" 2z is in the lattice generated by S EARRE LN and is in L(Mt) .

e,
Therefore 4 4’ z = Yn n,’' e, and z =,vn n'’ ﬁ-‘ Therefore
S * RS

Y 1is invariant under ad_ Y. for 1= i = s . Since Y, le and
M i i i i

(]
I

since ad Yi vgl(exp Y) = ti(exp Y) = exp Y we have that exp ¥ 1is in-

variant under T .

e ,
Let & = exp( yn n, p—i P n, in Z) . We now proceed to the general
! i

case, Clearly AO is normal in FR «+ T . We may consider the short
s
exact sequence 1 A/ﬂo - FR / AO “z ~ 1. Then ﬂ/ﬂo is a discrete

lattice nilpotent polyeyclic group. Moreover FR e T / AO = F/AO . T

is a semi-simple splitting of FR / AO as above. Therefore we can find
a lattice nilpotent polycyclic subgroup E/AO in AQ / AO containing

A/AO as a subgroup of finite index such that denoting the image of an

A
L] ” i I-‘ L] A * v v
element x of Ip .- T by x in TIp . T/A, we have &y 0 Vieer Vg

is a discrete lattice nilpotent polycyclic group invariant under the

A A
action of FR/AO induced by T . But then & + vj...v. 1is a cloesed

: FAN AN
lattice nilpotent polycyeclic group with R/A  finite and B . VieesVy

invariant under T .

Theorem 4.3. Let [ be a group satisfying the short exact sequence

32 A=T %> ,5-1_. Where A 1is a torsion free nilpotent Lie group
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whose component group is finitely generated.

Then there is a semi-simple splitting of FR’ I« T and a subgroup

R
8 of AR containing & as a subgroup of fiﬁite index and normalized by

I'" such that the group I = A T gatisfies

(a) I' i a subgroup of FR containing ! as a subgroup of finite

index satisfying the diagram

1 > A >T —R> z° > 1

(b) I' g invariant under T and & 1is invariant under T .

]
N

(¢) There are elements Yl,...,Y in ' such that ﬂ(vi)

s i
and TCYil =Y for 15 4i% s .
A A )
(@ Moreover & . VyseeeaVy is a closed lattice nilpotent poly-
cyclic group with v, = Yi o t;l . We call the group I « T

a semi-simple splitting of I

Proof: Put together previous theorems.
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SECTION 5. THE NTL SHADOW

Let ' be a closed subgroup of a simply connected solvable analytic
group § . The finer properties of solvable Lie theory can be seen by
comparing the semi-simple splittings of ' and of s .

We begin by choosing an arbitrary semi-simple splitting S - TS =

NS . TS of S . Using the Birkhoff imbedding theorem we can consider

N as a matrix group where N_, 1s an algebraic group of unipotent

s " Tg s

matrices and TS is an abelian group of semi-simple matrices, Let

T = G(TS) . Then G(8) = N, - T where Ny is the group of all unipotent

matrices of U(8) and T is a maximal completely reducible subgroup of
G(s) . Let G() = U + T be a Mostow decomposition of GTY . Let

T be a maximal completely reducible subgroup of ((S) containing TF
and choose h in H so that h T h-l =T . Clearly G(s) = NS . T,

Let TS be the projection of § into T relative to the representation

- Ges) = Nsi . Clearly S °* TS = NS . TS is a semi-simple splitting of S .,

We shall assume therefore that ©§ - TS = NS . TS is a semi-simple split-

ting of § in such a way that for some representation G() = U- - T

we have Up & Ng and T C~G(TS) .

r

Let H be the nil radical of S§ We shall assume that if FO < H

we then have the exact sequence 1~ L N H-T —F> 2% -1,

Theorem 5.1, Let [ be a closed cocompact subgroup of S . Assume that
I' has no connected normal subgroups of S . Then

(a) FO C H where B 4is the nil radical of S8 . We have then that

the group [ satisfies the exact sequence 1 "IN B-T H=> 2% -1,

Let A =0 N H and let AR be the Lie hull of & .,

(b) There exists a semi-simple splitting 5 - Tg = NS . TS of §
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and a subgroup & of AR containing & as a subgroup of finite index

satisfying

(1) & is normalized by I' and t() . Let T =aT

(2) The group [' satisfies the exact sequence
18 -7 %> 2% -1, contains T as a subgroup of finite
index, is normalized by t(f) and contains elements
i = I: =
Yl""’Ys. with ﬂ(vi) z; such that ¢t )(Yi) Yi for
1=31i=5s5,.

(3) n() is a closed cocompact lattice nilpotent polycyclic sub-
A N

group of N _, is given by n({) =4 . n(Yl) cee n(Ys) and is

S’
normalized by t{d) .

@ T ot =n@ - e@ . Where t: S~ T, and n: § =N

S S

are the projections ontoe T, and NS in NS - T

S s

Proof: Let I, = ("N @, ' . We shall show that [ is a closed sub-

R
group of S and that n(FR) is a subgroup of NS . Moreover that
NS / n(FR) is compact.

FR clearly satisfies the property that G(TR) =GT) . For ¥ in

FR write Y =n t with n in Ng and t in T, , then n,t are in
G’y . Our first claim is that FR is closed in 8 . (I'N Hp is
closed in S , therefore the restriction of the rational map £: S~ § / I
to (N H)R is continuous. ' N H is a closed cocompact subgroup of

dn H)R therefore the natural map g: (N H)R — N H)R /TN H

is open and continuous. Therefore since [ N H CT , there is a continuous
map h: ('N H)R /T NH—>5/ such that ho g = £ . The image of
h 1is FR / T and is a compact subset of the Hausdorf space S/I .

Therefore TR/r is closed in §/I' and FR is closed in S . Let
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Gy = Up - Tr be a Mostow decomposition of U() with U & N, and

S
T} < Tg . Since GO,y csad,Hys N H)R we have (UF’TF) c

rn .
( H) o
We now prove that n(rR) is a subgroup of N, . Take x,y in FR

and write x = nt, y = nt with n, n in N t, t in TS .

S,
- -1 - -=1
xy =nn{n ,t) tt is in FR . But (m ,e) €N H)R = Ng » therefore
(ﬁ,t-l) Xy =nntt is in FR . But then nn is in n(FR) . Therefore
n(rR) is a subgroup of N . Since n: § 7 No is a homeomorphism

n(FR) is a closed subgroup of Ng . We claim n(FR) is cocompact in

N, i.e., NS = G(n(FR)), t(FR) = TT and T normalizes FR since

FR:D an H)R . Therefore t(PR) normalizes [_ ., Let t(@

R) be the

closure of t(PR) in Tg . Then FR . t(TR) is a closed cocompact sub-

group of 8 . TS . Therefore n(FR) Ao is a closed cocompact sub-

R)
Since NS t (I

group of NS + T is closed in N, - T, we have that

R) ) S
n(FR) is a closed cocompact subgroup of N t(TR) .

g *

Let p: NS t(FR) - NS / n(rﬁ) be the composition of the projection
onto NS followed by the natural map. It is open and continuous. Let
- —_f— . —TT_ Ty .

g: NS t( R? NS t( R) / n(FR) t( R) be the natural map. It is open and

continuous, Since n(FR) is normalized by t(FR) there is a continuous

T Ty 7 td) — r ho g=p
map h: Ng t( R) / n(FR) t{ R) > Ng / n( R) such that ho g=p .
But then the image of h which is NS / n(TR) is compact.

We are now in a position to prove our theorem, I is nmormalized by

0
I' and therefore by G() . But Ng < G{T) therefore FO is normalized
by Ng . Our mext claim is that FO N H is connected. Since FO’ H,

H FO are analytic subgroups of the solvable simply connected analytic

group S, they are also simply connected. Therefore we have that
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FO / Ty NHe= HFO / H is simply connected and an elementary fact in
topology gives us FO N H is connected. From S/H abelian and since
H FO / FO =H/ PO M H is nilpotent we have H FO / PO N H is nilpotent
and therefore acts on itself by unipotent inner automorphisms. Take ¥y
in H FO and write y =nt with n in Ng, t in T .
Let K= (t - I)H. Since t induces the identity map on H FO / Fdj H

we have K& I“O 4. Since T, is abelian, TS(K) =K. Let I(K) be

S

the ideal in NS generated by K . I(K) is TS invariant and since

4 N H is normalized by Ng we have I(K) = Cy M 7 . By hypothesis
we must have I(K) = K=0 and H FO acts on H by unipotent automorph-
isms. Therefore H FO is nilpotent. Since it is also counected H FO = H,
We now prove the bulk qf the theorem,

Since G(FR) = U « T, with U ©Ng, Tp C T, and since
@E(FR), G(FR)) < N H)R arguing as in Theorem 3.1 there are elements

) I_' ) = - » -
YiseeeY, in Ip with ﬂcvi) z; with the property that writing

Y, =n; t with n, in NS ; t; in TS we have . ti(nj) = nj for
< i < = ; =
1 i, 3 n . Let AR an H)R . Since adNS YiGAR) AR we have
k=1 —3 = » A
ad niGﬁR) AR , tioﬁR) AR . Moreover (ni,nj) is in Ap . Therefore
A A a

A
n(FR) = b - n; ... n and t(FR) = Hl t; . Let T= t(FR) . Since

n(FR) is a closed cocompact subgroup of NS’ T 1is isomorphic to

A(T) = adp T and FR - T 1is isomorphic to FR « A(T) . Clearly
R

PR * A(T) is a semi-simple splitting of FR and n(FR) is the collection
of all elements of FR « T which act by unipotent automorphisms on AR .
Since we are solely interested in groups containing ' up to finite

index, we may assume that there exists a semi-simple splitting of TR,

FR « T such that [' is invariant under T, & = ' N H is invariant
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under T, and for which there exist elements Vl,...,Qn in I such that

N,

1

?i and TC?i) = Qi for 1< i=<n . Choose h in A_ such

R
that T=ad (hTh) and let T =hTh™', T{=h T  h™" . We have
R
= = ! = ! - = - — . 4 —
then ST, = No Tg 8T, = Ng To , and FR T = n(FR) T = rR T/ =

n(FR) *T' . Moreover I is normalized by T  and ad T’(Qi) = qi .

A = . £ - . . = N o
Let n, =Y, t; - Then ad, n. is unipotent, (Yi,ti) 1. Therefore

R
- - F4 . - . I . 7 r - _ =
Yi = n; ti with n; in NS and ti in Ts and ti(nj) nj. Therefore
letting n: S " N, , t: § T! relative to the representation S - T! =
S S A A s
Ng Té we have that a{) =4 - 51 - ﬁn is a closed cocompact sub-

group of N, invariant under t(').

Theorem 5.2, Let T be a closed cocompact subgroup of S .

Let us assume that [ contains no connected normal subgroups of 8.

Then HI 1is closed in S where H is the nil radical of S

Proof: We shall assume that S - TS = NS . TS is a semi-simple SPlit-

ting of S and that I' satisfies the conclusions for I' relative to

NS . Tg in Theorem 5.1. Let G be the normalizer of FO in S8 . Then

G is a closed subgroup of 8 and since H normalizes FO’ I' normalizes

FO bsth H and ' are in ¢ . In particular G is normal in S and

the nil radical of the identity component of G is H , Let

0/ (N N )
/Ty, s/t

Since Ng normalizes FO’ N# is a well defined vector group. n({) is

a closed cocompact lattice nilpotent polycyclic subgroup of NS and

since n: § @ N is a homeomorphism FO is the identity component of

a). Therefore n({d) / FO is a discrete lattice nilpotent polycyclic

%
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subgroup of N /Ty . Let (ud) / FO)# be the image of n() /T,

in N#. By Chapter one, (a(l) / FO)# is a discrete cocompact lattice

nilpotent polycyclic subgroup of N# .

Let - aut(NS;ro) —_— aut(N#) be the map which takes an X in
aut(NS;ro) the group of automorphisms of N, keeping FO invariant
into its induced map on N# . Let 4: G~ adN# G be given by
L =¢o ad Ng . Let X: G~ G/H be the natural map. Since i(n) =1,
there is a map y: G/H — ad 4G such that € = y o X, Let K= ker 4,

N
Let us assume for the time being that K, = H. Then ker y = K/H = K/K0

0
is a discrete subgroup of G/H . 4() keeps (n() / FO) invariant
therefore 4£(¢(') is discrete. But HI'/H=X{T) C:yﬂl(i(r)) . But since
ker vy and A() are discrete, y-l(%(F)) and therefore X(I) = 8T / H
is a discrete subgroup of G/H, But then HT is closed in G which

is closed in 8. Therefore HI 1is closed in S. All that remains to

be proved is that H= K,., Since H CiKD and K., 1is connected in S

0 0
we will be done if we can prove KO is nilpotent. Let x be in K0
and write x =n + t with n in NS and t in TS. L) =4@ikt) =1
but since 4(n) =1 we have <(t) = 1. Therefore ad 4t = 1 # This
N N

implies that t 4is a semi-simple automorphism of N_ which keeps T

5 0
invariant and acts by the identity on Ng / FO . This will be enough to
conclude that t = 1., Let XK= (t = I)NS. Then X < FO and K is in-
Yariant under TS since TS is abelian. Let I(K) be the ideal generat-
ed by K in NS' Then T(K) is invariant under the action of TS and___.

since FO is normalized by N, I(K) < FO' But then I(K) is a comnected

normal subgroup of S and since it—is contained in FO it is zero. There~

fore K=0 and t = 1N . Therefore KO acts on H by unipotent auto-
S

morphisms and since K0 / H is abelian we have that K0 is nilpotent.
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