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CHAPTER I 

REAL NILPOTENT GROUPS

SECTION A. ALGEBRAIC GROUPS

1. S t r u c t u r e d  S p aces

L e t  X be a t o p o l o g i c a l  s p a c e .  A f u n c t i o n a l  s t r u c t u r e  on X i s  a 

f u n c t i o n  P w h ich  a s s i g n s  t o  e a c h  open s u b s e t  U o f  X a s u b a lg e b r a  

F^  o f  t h e  a l g e b r a  o f  r e a l  v a l u e d  c o n t in u o u s  f u n c t i o n s  on  U s a t i s f y i n g  

t h e  f o l l o w i n g .

1 .  I f  U <{> i s  an open  s u b s e t  o f  x  t h e n  F^ c o n t a i n s  a l l  t h e

c o n s t a n t  f u n c t i o n s  on U . By c o n v e n t io n  we l e t  F^ be s o l e l y  t h e  s e t  

c o n s i s t i n g  o f  t h e  c o n s t a n t  f u n c t i o n  0 .

2 .  I f  U and  V a r e  open  s u b s e t s  o f  X w here  U V, t h e n  f o r

e a c h  f  € F^ , t h e  r e s t r i c t i o n  o f  f  t o  U, f ^  f  F^ .

3 . I f  (U ) i s  a  c o l l e c t i o n  o f  open  s u b s e t s  o f  X and  U = U U ,a  ff cr
and i f  f  i s  a  r e a l  v a lu e d  f u n c t i o n  d e f i n e d  on U such  t h a t  f o r  e a c h

O ',  f  € F , t h e n  f  € F . A s t r u c t u r e  s p a c e  i s  a p a i r  (X ,F  )  w hereU U U Xa a
X i s  a t o p o l o g i c a l  s p a c e , and F i s  a  f u n c t i o n a l  s t r u c t u r e  a n  X .

A

A m orphism  o f  s t r u c t u r e d  s p a c e s  r :  (X ,F ) -* (Y ,F  ) i s  a c o n t in u o u s  mapX i

r :  X Y su ch  t h a t  f o r  e a c h  o p en  s u b s e t  V o f  X and e a c h  e le m e n t  f

o f  F „(V ) we h a v e  f  o r  6 F ( r  ^ V ) )  . I t  i s  c l e a r  t h a t  t h e  c o l l e c t i o n
Y X

o f  f u n c t i o n a l  s t r u c t u r e s  and m orphism s o f  s t r u c t u r e d  s p a c e s  i s  a c a t e g o r y .

n
2 .  F u n c t i o n a l  S t r u c t u r e s  on R

L e t  R d e n o te  t h e  r e a l s  and  R° d e n o t e  t h e  s e t  o f  a l l  o r d e r e d



n - t u p l e s  o f  R . We s h a l l  d e f i n e  two f u n c t i o n a l  s t r u c t u r e s  on  Rn  . L e t

Rn  be c o n s i d e r e d  a s  a  t o p o l o g i c a l  s p a c e  w i t h  t h e  E u c l id e a n  t o p o l o g y .

The c o l l e c t i o n  o f  a l l  a n a l y t i c  f u n c t i o n s  d e f i n e d  on open  s u b s e t s  o f  Rn

d e f i n e s  a f u n c t i o n a l  s t r u c t u r e  o n  Rn  and we s h a l l  c a l l  t h e  r e s u l t i n g

s t r u c t u r e d  sp a c e  t h e  a n a l y t i c  m a n i f o ld  Rn . L e t  R[Xl f . . . , X n ] be t h e

i n t e g r a l  dom ain o f  a l l  p o ly n o m ia l s  w i t h  r e a l  c o e f f i c i e n t s  i n  n v a r i a b l e s

and l e t  R ( X ^ , . . . , X n ) be t h e  q u o t i e n t  f i e l d  o f  R [ X ^ , . . . , X n ] . We can

r e g a r d  R [ X ^ , . . . fXn ] a s  a r i n g  o f  f u n c t i o n s  on Rn , and R ( X ^ , . . . , X n )

a s  a c o l l e c t i o n  o f  f u n c t i o n s  d e f i n e d  on  s u b s e t s  o f  Rn . An a l g e b r a i c

s u b s e t  o f  Rn i s  t h e  s e t  o f  a l l  common z e r o s  o f  a  f i n i t e  num ber o r

e q u i v a l e n t l y  an i d e a l  o f  p o ly n o m ia l s  o f  R [ X ^ , . . . , X n ] . The a l g e b r a i c

s u b s e t s  o f  Rn d e t e r m in e  t h e  c l o s e d  s u b s e t s  f o r  a  to p o lo g y  on  Rn w hich

we c a l l  t h e  Z a r e s k i  to p o l o g y .  R e l a t i v e  t o  t h e  to p o l o g y  we c a n  r e g a r d

R(X, ) a s  a c o l l e c t i o n  o f  f u n c t i o n s  d e f i n e d  on open  s u b s e t s  o f  Rn .
1 n

L e t A be  an open s u b s e t  o f  Rn , A r a t i o n a l  f u n c t i o n  f  o f  A i s  a

map f :  A R w h ich  in  some n e ig h b o rh o o d  o f  ea c h  p o i n t  o f  A c a n  be

g iv e n  by  an e le m e n t  o f  R ( X ^ , . . . , X n > • The t o p o l o g i c a l  s p a c e  Rn w i th

t h e  Z a r e s k i  to p o lo g y  a lo n g  w i t h  t h e  map w h ich  a s s i g n s  t o  e a c h  o p e n  s u b s e t

A o f  Rn  t h e  c o l l e c t i o n  o f  a l l  r a t i o n a l  f u n c t i o n s  o f  A i s  a  s t r u c t u r e

sp a c e  w h ic h  we c a l l  t h e  a f f i n e  v a r i e t y  Rn  . The m orphism s o f  t h e  a f f i n e

v a r i e t y  A w here  A i s  an  open  s u b s e t  o f  R11 h a v in g  th e  i n d u c e d

f u n c t i o n a l  s t r u c t u r e  from  t h e  a f f i n e  v a r i e t y  Rn  i n t o  R™ i n c l u d e  t h e

c o l l e c t i o n  o f  a l l  f u n c t i o n s  f :  A -* Rm g iv e n  by f ( X ^ , . . . , X n ) =

( f - ( X ,  , .  . . ,X ) ,  . . .  , f  ( X - , . . . rX ) )  w here  e a c h  f .  £ R ( X - , . . . , X  ) and 1 1  n m l  n i i n

i s  d e f i n e d  on A , and c a n  l o c a l l y  be r e p r e s e n t e d  by su ch  f u n c t i o n s .



3 . F u n c t i o n a l  S t r u c t u r e s  on  M(n)

L e t  M(n) d e n o te  t h e  c o l l e c t i o n  o f  a l l  r e a l  nXn m a t r i c e s .  L e t  
2

i :  M(n) -* R be t h e  b i j e c t i o n  g iv e n  by

i  ( (of. ) )  — (ff. i * . * jff i • ■ • jQ1 ) »
n i nj  1 n 1 m

We make M(n) i n t o  a v e c t o r  sp a c e  by r e q u i r i n g  t h a t  i  be a v e c t o r  

s p a c e  iso m o rp h ism .  D e f i n i n g  a m u l t i p l i c a t i o n  on M (n), [X ,Y] = XY -  YX

we make M(n) i n t o  a  r e a l  L ie  a l g e b r a .  By r e q u i r i n g  t h a t  i  be a
2

s t r u c t u r e d  sp a c e  iso m o rp h ism  o f  M(n) o n to  t h e  a n a l y t i c  m a n i f o ld  R

we make M(n) i n t o  a  s t r u c t u r e d  s p a c e  c a l l e d  t h e  a n a l y t i c  m a n i f o ld  M (n).

By r e q u i r i n g  i  be a  s t r u c t u r e  sp a c e  iso m o rp h ism  o f  M(n) o n to  t h e
n 2

a f f i n e  v a r i e t y  R we make M(n) i n t o  a  s t r u c t u r e d  sp a c e  c a l l e d  t h e  

a f f i n e  v a r i e t y  M(n) .

L e t  GL(n) be  t h e  g ro u p  o f  a l l  n o n s i n g u l a r  m a t r i c e s  on  M(n) .

GL(n) i s  an  open  s u b s e t  o f  t h e  a n a l y t i c  m a n i f o ld  M(n) and i n h e r i t s  a 

f u n c t i o n a l  s t r u c t u r e  f ro m  M(n) . GL(n) c o n s i d e r e d  b o th  a s  a  g ro u p  and 

a s  t h e  above  s t r u c t u r e d  s p a c e  w i l l  be c a l l e d  t h e  L ie  g ro u p  GL(n) . We 

s h a l l  assum e t h a t  t h e  r e a d e r  i s  f a m i l i a r  w i t h  t h e  g e n e r a l  t h e o r y  o f  L ie  

g ro u p s  ( s e e  C h e v e l le y  [ 7 ]  ) ,  a l t h o u g h  we s h a l l  l i s t  some o f  t h e  th e o re m s  

we s h a l l  n e e d .  GL(n) i s  an  open  s u b s e t  o f  t h e  a f f i n e  v a r i e t y  M(n) and 

i n h e r i t s  a  f u n c t i o n a l  s t r u c t u r e  from  M(n) . GL(n) c o n s i d e r e d  b o th  a s  

a g ro u p  and  as  t h e  above  s t r u c t u r e  sp a c e  w i l l  be c a l l e d  th e  a f f i n e  g roup  

GL(n) . We a r e  now f i n a l l y  i n  a  p o s i t i o n  t o  d e f i n e  t h e  c o n c e p t  o f  an 

a l g e b r a i c  g ro u p .  An a l g e b r a i c  su b g ro u p  o f  GL(n) i s  a s u b s e t  o f  GL(n) 

w h ich  i s  b o th  a s u b g ro u p  o f  GL(n) and w h ich  i s  a  c l o s e d  s u b s e t  o f  t h e  

a f f i n e  v a r i e t y  GL(n) . A r a t i o n a l  r e p r e s e n t a t i o n  r  o f  an  a l g e b r a i c



su b g ro u p  A o f  GL(m) on  GL(n) i s  a  r a t i o n a l  f u n c t i o n  o f  an  o p en  sub­

s e t  o f  t h e  a f f i n e  v a r i e t y  M(m) c o n t a i n i n g  A i n t o  GL(n) w hose re ­

s t r i c t i o n  t o  A i s  a  g ro u p  homomorphism. We s h a l l  l i s t  a l l  t h e  th e o re m s  

w h ich  we w i l l  n e e d  from t h e  g e n e r a l  t h e o r y  o f  a l g e b r a i c  g r o u p s .  F o r  

f u r t h e r  r e f e r e n c e  ( s e e  C h e v e l l e y  [ 7] ,  Mostow [ 9 ] ) -

We c o l l e c t  t h e  a l g e b r a i c  g ro u p  f a c t s  n e e d e d  i n  t h i s  s e c t i o n .  L e t  X 

be a  m a t r i x  s u b g ro u p  o f  G L(n) . S in c e  GL(n) i s  an  a l g e b r a i c  g ro u p  and 

s i n c e  t h e  i n t e r s e c t i o n  o f  a  c o l l e c t i o n  o f  a l g e b r a i c  g ro u p s  i s  an  a l g e b r a i c

g ro u p  t h e r e  i s  a  s m a l l e s t  a l g e b r a i c  g ro u p  c o n t a i n i n g  X , c a l l e d  t h e

a l g e b r a i c  h u l l  o f  X and d e n o t e d  by G(X) . A n o th e r  r e l e v a n t  c o n c e p t  

i s  t h e  c a n o n i c a l  d e c o m p o s i t i o n  o f  an e l e m e n t  o f  GL(n) . L e t  X be an 

e le m e n t  o f  G L (n ) ,  t h e n  t h e r e  i s  an e l e m e n t  u o f  GL(n) a l l  o f  whose 

e i g e n  v a l u e s  a r e  one and an  e le m e n t  t  o f  GL(n) w h ich  i s  d i a g o n a l i z a b l e  

o v e r  some e x t e n s i o n  f i e l d ,  u n i q u e l y  d e t e r m in e d  by X, such  t h a t  

X = UT = TU . I n  g e n e r a l  an  e le m e n t  u o f  GL(n) a l l  o f  w hose e i g e n  

v a l u e s  a r e  o n e  i s  c a l l e d  u n i p o t e n t ,  and  an  e l e m e n t  t  o f  GL(n) w h ich  

ca n  be  d i a g o n a l i z e d  o v e r  i s  c a l l e d  s e m i - s i m p le .

1 .  L e t  X and Y b e  m a t r i x  su b g ro u p s  o f  GL(n) .

( a )  i f  ~X n o r m a l i z e s  Y, t h e n  G (X) n o r m a l i z e s  G (Y) .

(b )  G(G (X ), G (Y ))  = G (X,Y) .

( c )  i f  X i s  a b e l i a n  ( s o l v a b l e )  t h e n  G (X) i s  a b e l i a n

( s o l v a b l e ) .

(d )  i f  X i s  an a l g e b r a i c  g ro u p  t h e n  t h e  u n i p o t e n t  and sem i­

s im p le  p a r t s  o f  e v e r y  e l e m e n t  on X a r e  a g a i n  i n  X .

( e )  i f  e a c h  e l e m e n t  o f  X i s  u n i p o t e n t  t h e n  t h e r e  i s  a  p i n

- 1GL(n) such  t h a t  p X p c o n s i s t s  o f  u p p e r  t r i a n g u l a r  

m a t r i c e s .



2 . L e t  r  be a  r a t i o n a l  r e p r e s e n t a t i o n  o f  an a l g e b r a i c  su b g ro u p  G

o f  GL(n) o n to  an a l g e b r a i c  su b g ro u p  G o f  GL(m) .

( a )  t h e  im age u n d e r  r  o f  a u n i p o t e n t  e le m e n t  ( s e m i - s i m p le )  o f  

G i s  a g a i n  u n i p o t e n t  ( s e m i - s i m p l e ) .

(b )  e v e r y  u n i p o t e n t  ( s e m i - s i m p le )  e l e m e n t  o f  G i s  t h e  im age

u n d e r  r  o f  some u n i p o t e n t  ( s e m i - s i m p le )  e l e m e n t  o f  G .

3 . L e t  K be a  n o rm a l a l g e b r a i c  s u b g ro u p  o f  an a l g e b r a i c  g ro u p  G o f

G L (n ) .  Then  t h e r e  i s  a  r a t i o n a l  r e p r e s e n t a t i o n  o f  G i n t o  GL(m) f o r  

some m w hose k e r n e l  i s  K .

4 .  L e t  L be a  L ie  a l g e b r a .

( a )  t h e  c o l l e c t i o n  o f  a l l  L ie  a l g e b r a  au to m o rp h ism s  o f  L i s  an

a l g e b r a i c  g ro u p .

( b )  i f  L i s  t h e  L ie  a l g e b r a  o f  a n  a n a l y t i c  s im p ly  c o n n e c te d

L ie  g ro u p  G, t h e n  t h e r e  i s  a  t o p o l o g i c a l  g ro u p  iso m o rp h ism  o f  A u t(G ) ,

t h e  a n a l y t i c  g ro u p  au to m o rp h ism s  o f  G, and  A u t(L ) ,  t h e  L ie  a l g e b r a  

au to m o rp h ism s  o f  L . We make t h e  f o l l o w i n g  c o n v e n t i o n s .

An au to m o rp h ism  ce o f  G s h a l l  be c a l l e d  u n i p o t e n t  when t h e  c o r ­

r e s p o n d in g  au to m o rp h ism  o' o f  L i s  u n i p o t e n t .  An au to m o rp h ism  o' o fL

G i s  c a l l e d  s e m i - s im p le  when <y i s  s e m i - s i m p le .  A g ro u p  a  o f  a u t o -
Xj

m orph ism s o f  G w i l l  be c a l l e d  c o m p le te ly  r e d u c i b l e  when O' i s  com-L

p l e t e l y  r e d u c i b l e .  L e t  a  be  a g roup  o f  au to m o rp h ism s  o f  G, t h e n  by

C (cy) we mean t h e  g ro u p  o f  au to m o rp h ism s  o f  G c o r r e s p o n d i n g  t o  G ( o ' ) .Lr

By ( a )  t h i s  d o e s  make s e n s e  a s  G (o '-)  i s  a  g ro u p  o f  L i e  a l g e b r a  a u t o -L

m orph ism s o f  L .

L e t  cy b e  an  au to m o rp h ism  o f  G . T hen  a  i s  u n i q u e l y  d e t e r m in e dL

a s  t h e  L ie  a l g e b r a  au to m o rp h ism  o f  L s u c h  t h a t  exp • a ~  a  exp  .L



SECTION B . THE STRUCTURE OF SIMPLY CONNECTED NILPOTENT ANALYTIC GROUPS

1 . I n t r o d u c t i o n

We s h a l l  assum e we h av e  i d e n t i f i e d  M(n) w i t h  t h e  L ie  a l g e b r a  o f  th e

L ie  g ro u p  GL(n) . Where f f ( t )  = (o' ( t ) ) :  R -• GL(n) i s  a one p a r a m e t e r
i j

su b g ro u p  o f  G L (n ) ,  t h e  c o r r e s p o n d i n g  e le m e n t  o f  t h e  L ie  a l g e b r a  o f  th e

L ie  g ro u p  o f  GL(n) i s  g iv e n  by o, / (0 )  = (cy .* (0 ))  i n  M (n), and  u n d e r

t h i s  i d e n t i f i c a t i o n  t h e  e x p o n e n t i a l  map from  th e  L ie  a l g e b r a  o f  t h e  L ie

g ro u p  GL(n) t o  t h e  L ie  g ro u p  GL(n) i s  g iv e n  by t h e  c o n v e r g i n g  pow er

1 2s e r i e s  exp X = 1 + X + / Qt X + . . .  f o r  X on M(n) . The e x p o n e n t i a l& »

i s  an  a n a l y t i c  m a n i f o ld  homomorphism o f  t h e  a n a l y t i c  m a n i f o ld  M(n) i n t o  

r h e  a n a l y t i c  m a n i f o ld  GL(n) w h ich  t a k e s  a c o n n e c te d  open  n e ig h b o rh o o d  

o f  z e r o  i n  M(n) a n a l y t i c  m a n i f o ld  i s o m o r p h i c a l l y  o n to  some o p en  co n ­

n e c t e d  n e ig h b o rh o o d  o f  GL(n) and  t a k e s  l i n e s  t h r o u g h  z e ro  i n  M(n) 

o n to  one p a r a m e t e r  s u b g ro u p s  o f  GL(n) .

2 . The A l g e b r a i c  Group U (n )

L e t  T (n )  be t h e  c o l l e c t i o n  o f  a l l  n i l  u p p e r  t r i a n g u l a r  m a t r i c e s  on 

M(n) . T (n )  i s  a  L ie  s u b a l g e b r a  o f  t h e  L ie  a l g e b r a  M(n) and a  c l o s e d  

s u b s e t  o f  t h e  a f f i n e  v a r i e t y  M(n) . L e t  U (n) be t h e  c o l l e c t i o n  o f  a l l

u n i p o t e n t  u p p e r  t r i a n g u l a r  m a t r i c e s .  U (n )  i s  a c l o s e d  L ie  s u b g ro u p  o f

GL(n) and an a l g e b r a i c  su b g ro u p  o f  t h e  a f f i n e  g ro u p  GL(n) . We s h a l l  

assum e t h e  H a u s d o r f -C a m p b e l l  fo rm u la  f o r  X and Y i n  M(n) l y i n g  i n

T ( n ) :  exp X exp  Y = exp(X + Y + F (X ,Y ))  w here  F (X ,Y ) i s  a f i n i t e  sum

o f  r a t i o n a l  m u l t i p l e s  o f  L ie  b r a c k e t s  i n  X and Y . We s h a l l  now p ro v e  

a s e q u e n c e  o f  lemmas w h ich  a lo n g  w i t h  t h e  B i r k h o f f  em bedding th e o re m  w i l l  

a l lo w  u s  t o  c o n s i d e r  t h e  p ro b le m s  o f  r e a l  n i l p o t e n t  g ro u p s  a s  p ro b le m s  

i n  a l g e b r a i c  s u b g ro u p s  o f  U (n )  ,



Lemma 2 . 1 . ( a )  T (n )  i s  t h e  L ie  a l g e b r a  o f  U (n )  .

( b )  exp: T ( n )  -» U(n) i s  a  Z a r i s k i  homeomorphism o f  T (n )  o n t o  U(n) .

l ) / 2
P r o o f : ( a )  U (n )  b e in g  hom eom orphic t o  R i s  an a n a l y t i c  sub­

g ro u p  o f  G L(n) o f  d im e n s io n  n ( n - l ) / 2  . To f i n d  t h e  L ie  a l g e b r a  o f  

U (n )  i t  i s  s u f f i c i e n t  t o  f i n d  ( n - l ) n / 2  one p a r a m e t e r  s u b g ro u p s  o f  U (n ) 

w hose c o r r e s p o n d i n g  e l e m e n t s  i n  M(n) a r e  l i n e a r l y  in d e p e n d e n t  i n  t h e  

r e a l  L ie  a l g e b r a  M(n) . L e t  u s  c o n s i d e r  th e  o n e  p a r a m e te r  su b g ro u p  o f  

U (n) g iv e n  a s  f o l l o w s .  L e t  1 £ i  <  j  <, n . f f ( i f j ) ( t )  i s  t h e  m a t r i x

o f  U(n) h a v i n g  z e r o e s  be low  t h e  d i a g o n a l ,  one  o n  th e  d i a g o n a l ,  z e r o e s

t  habove th e  d i a g o n a l  e x c e p t  on th e  ( i , j )  p l a c e  w h e re  we h a v e  t  . T h e re  

a r e  ( n - l ) n / 2  such one  p a r a m e te r  g r o u p s .  The c o r r e s p o n d i n g  e le m e n t  o f

t h e  L ie  a l g e b r a  o f  U (n) i n  M(n) i s  g iv e n  by t h e  m a t r ix  E ( i , j )  w h ich

h a s  z e r o e s  e v e ry w h e re  e x c e p t  i n  t h e  ( i j j ) ^  p l a c e  w here  i t  h a s  a one .

F o r  1 5 i  <  j  £ n , t h e  E ( i , j ) ' s  a r e  l i n e a r l y  in d e p e n d e n t  i n  t h e  r e a l  L i e  

a l g e b r a  M (n) and span  T ( n )  .

n+1
( b )  Le t  X b e  i n  T ( n ) .  S in c e  X = 0, we h a v e  exp X = 1 + X + . . .+

— ,X w h ich  i s  i n  t l (n )  . F o r  Y £ U (n) l e t

l o g  Y = ( Y - l )  -  + . . .  C - l ) n+1 - Y~ I- ~  ,

w h ich  i s  i n  T ( n )  . D i r e c t  c o m p u ta t io n  t e l l s  u s  t h a t  e x p ( l o g  Y) = Y

f o r  Y i n  U (n )  and lo g ( e x p  X) = X f o r  X € T ( n )  . T h e r e f o r e

exp: T (n )  -• U (n )  and i t s  i n v e r s e  l o g :  U(n) -* T ( n )  a r e  b o t h  p o ly n o m ia l .

Lemma 2 . 2 . L e t  C be a  s u b a l g e b r a  o f  t h e  L ie  a l g e b r a  T ( n ) ,  t h e n  exp  C

i s  an a l g e b r a i c  su b g ro u p  i n  U (n) .

P r o o f : F o r  X and Y i n  C, exp  X exp Y = ex p  Z w here Z = X + Y +

F (X ,Y ) , and  F(X ,Y ) i s  a  f i n i t e  sum o f  r a t i o n a l  m u l t i p l e s  o f  L ie



b r a c k e t s  i n  X and Y . T h e r e f o r e  Z i s  i n  C . S in c e  -Y  i s  i n  C 

and  e x p (-Y )  = (exp  Y) ^ we have  t h a t  exp  C i s  a su b g ro u p  o f  U (n )  .

S in c e  t h e  e x p o n e n t i a l  map i s  a Z a r i s k i  homeomorphism, exp C i s  an a l g e b r a i c

g ro u p  s i n c e  s u b s p a c e s  o f  M(n) a r e  c l e a r l y  a l g e b r a i c .

C o r o l l a r y  2 . 2 . E very  a n a l y t i c  s u b g ro u p  o f  U (n) i s  an a l g e b r a i c  su b ­

g ro u p  o f  U (n) .

P r o o f : E v ery  a n a l y t i c  su b g ro u p  o f  U (n) i s  t h e  e x p o n e n t i a l  o f  a  sub­

a l g e b r a  o f  T ( n )  .

Lemma 2 . 3 . L e t  X ^  1 be i n  U (n )  . Then G(X) = e x p ( t  l o g  X: t  € R ) .

P r o o f : T h e re  i s  a n o n s i n g u l a r  m a t r i x  P € GL(n) su ch  t h a t  Y = P X P 1

i s  a m a t r i x  o f  U (n) h a v in g  z e r o e s  e v e ry w h e re  e x c e p t  on t h e  s u p e r

d i a g o n a l  w h e re  i t s  e n t r i e s  a r e  z e r o  o r  one* S in c e  X ^  1 ,  t h e r e  i s  an

1 ^  a  <. n - 1  such  t h a t  Y . = 1 . Then  (Ym)  ̂ = m . T h e r e f o r e
O',om-I a,  Qf+1

X h a s  i n f i n i t e  o r d e r .  L e t  A = { t  l o g  X: t  6 r} w h ich  i s  a s u b a l g e b r a  o f

T ( n )  . T h e r e f o r e  s i n c e  X i s  i n  exp A we h av e  G(X) ^  exp  A .

l o g  G(X) i s  an a l g e b r a i c  s u b s e t  o f  A . M o reo v e r  i t  i s  i n f i n i t e .  L e t

ff! H - * A  be  g iv e n  by c K t)  = t  l o g  X . o' i s  a  Z a r i  s k i  homeomorphism

o f  R o n to  A, t h e r e f o r e  a  ^ ( l o g  G(X)) i s  an  i n f i n i t e  a l g e b r a i c  s u b s e t

o f  R . B u t R i s  t h e  o n ly  i n f i n i t e  a l g e b r a i c  s u b s e t  o f  R . T h e r e f o r e

R = a  1 l o g  G (X ), A = lo g  G(X) and  exp A = G(X) .

C o r o l l a r y  2 . 3 , E very  a l g e b r a i c  su b g ro u p  o f  U (n) i s  an a n a l y t i c  sub­

g ro u p  o f  U (n) .

P r o o f :  L e t  C be an  a l g e b r a i c  su b g ro u p  o f  U (n) . S in c e

C = U G(X) , D G(X) c o n t a i n s  1
XGC x€C



and G(X) i s  c o n n e c te d  we have  t h a t  C i s  an  a n a l y t i c  su b g ro u p  o f  U (n) .

Lemma 2 . 4 . L e t  C b e  an  a l g e b r a i c  su b g ro u p  o f  U (n)  . L e t  r  be  a

r a t i o n a l  r e p r e s e n t a t i o n  o f  . C. i n  GL(m) . Then r (C )  i s  an  a l g e b r a i c  

g ro u p .

P r o o f ;  S in c e  r  i s  an  a n a l y t i c  g ro u p  homomorphism we have  t h a t  r (C )  

i s  an  a n a l y t i c  s u b g ro u p  o f  GL(m) . Each  e le m e n t  o f  r (C )  i s  a  u n i ­

p o t e n t  m a t r i x .  T h e r e f o r e  t h e r e  i s  a  p € GL(m) su c h  t h a t  p r ( C ) p  ^ £

U(m) . B u t t h e n  p r ( C ) p  * i s  an  a l g e b r a i c  s u b g ro u p  o f  U(m) and t h e r e ­

f o r e  r ( C )  i s  an  a l g e b r a i c  s u b g ro u p  o f  GL(m) .

3 .  The B i r k h o f f  Im b ed d in g  Theorem

Theorem  A. L e t  L be  a  n i l p o t e n t  L ie  a l g e b r a .

T hen  t h e r e  i s  a  f a i t h f u l  L ie  a l g e b r a  r e p r e s e n t a t i o n  3 : L T ( n )  f o r

some n o f  L i n t o  T ( n )  . To e a c h  au to m o rp h ism  A o f  L, t h e r e  c o r -
_2

r e s p o n d s  a p i n  GL(n) such  t h a t  p (A ( 't ) )  = p0(<t)p f o r  a l l  -t € L . 

To e a c h  g ro u p  A o f  au to m o rp h ism s  o f  L t h e r e  i s  an  iso m o rp h ism  o f  A 

o n to  GL(n) w h ich  we d e n o te  by i :  A -* GL(n) s u c h  t h a t  f o r  e a c h  a € A

and £  € L we h av e  0 (A(-£-)) = i ( a )  0 0 0  i ( a )  ^ .

Theorem  A * . L e t  N be  a s im p ly  c o n n e c te d  n i l p o t e n t  a n a l y t i c  g ro u p .

Then t h e r e  i s  a  f a i t h f u l  a n a l y t i c  g ro u p  r e p r e s e n t a t i o n  0 :  N -* U (n) 

f o r  some n o f  N i n t o  U (n) . To e a c h  au to m o rp h ism  A o f  N, t h e r e

c o r r e s p o n d s  a  m a t r i x  i ( A )  o f  GL(n) su ch  t h a t  i ( A )  3 ( n )  i ( A )  1 =

3(A<n)> . M oreover 0 (N) i s  an a l g e b r a i c  g r o u p .

L e t  L = L(N) be t h e  L ie  a l g e b r a  o f  t h e  r e a l  n i l p o t e n t  g ro u p  N .

L e t  0: L - * T (n )  be  t h e  f a i t h f u l  L ie  a l g e b r a  r e p r e s e n t a t i o n  o f  L i n t o

T ( n )  . S in c e  N i s  a  s im p ly  c o n n e c t e d  a n a l y t i c  g ro u p  t h e r e  i s  an
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a n a l y t i c  g r o u p  iso m o rp h ism  of  N o n to  U( n ) ,  0 : N -* U (n) s u c h  t h a t  

exp  o 0 = P o ex p ,  P( N)  i s  an  a n a l y t i c  su b g ro u p  o f  U (n ) w hose L ie  

a l g e b r a  i s  0 (L) . L e t  A be an au to m o rp h ism  o f  t h e  a n a l y t i c  g ro u p  N.

Then i s  a  L ie  a l g e b r a  au to m o rp h ism  o f  L . T h e r e  i s  a p i n

GL(n) s u c h  t h a t  PCAj^C-t)) = p 0 ( - t )p  1 . B u t e x p ( p 0 ( - t ) p  "S =

p exp  P(>t.)p ^ , and we hav e  0 ( A ( n ) )  = p 0 ( n ) p  1 f o r  a l l  n 6 N .

I t  i s  u s e f u l  t o  n o t e  t h a t  i f  N i s  an  a l g e b r a i c  s u b g ro u p  o f  U (n)
_ - l

and  o' i s  an  au tom orph ism  o f  N g iv e n  by c^Cn) = or n  or w h e re  o' i s
‘ _ - l

i n  GL(n) . Then cv ,  N (£ )  = a  L  aL ( n j

4 . C e n t r a l  Theorem

Theorem 4 . 1 . L e t  N be  a s im p ly  c o n n e c te d  n i l p o t e n t  a n a l y t i c  g ro u p  

w h ich  we c o n s i d e r  a s  a n  a l g e b r a i c  su b g ro u p  o f  U (n) .

L e t  C b e  a c l o s e d  su b g ro u p  o f  N , T hen  N = G(C) i f  and  o n ly  i f

N/C i s  c o m p a c t .

In  t h i s  c a s e  CQ i s  a  n o rm a l  su b g ro u p  o f  N .

P r o o f : We may assume t h a t  N i s  an  a l g e b r a i c  s u b g ro u p  o f  U (n )  and

t h a t  C i s  a c l o s e d  su b g ro u p  o f  N .

Assume N = G(C) . We s h a l l  u s e  i n d u c t i o n  on t h e  l e n g t h  o f  t h e  lo w e r

c e n t r a l  s e r i e s  o f  N . I f  N w e re  a b e l i a n  th e n  N i s  a v e c t o r  g ro u p .

G(C) i s  c o n t a i n e d  i n  t h e  s u b s p a c e  o f  N g e n e r a t e d  by C and t h e r e f o r e  

t h e  s u b s p a c e  g e n e r a t e d  by C i s  N . I n  s u c h  a c a s e  i t  i s  w e l l -k n o w n  

t h a t  N/C i s  co m p ac t.  L e t  u s  assum e t h a t  t h e  th e o re m  i s  t r u e  f o r  a l l  

N o f  l e n g t h  -ir-1 an d  l e t  N hav e  l e n g t h  & . (N,N) i s  an  a l g e b r a i c

subg roup  o f  U (n) and  (N,N) = G(C,C) . S in c e  (C ,C ) £  C fl (N,N) w h ich

i s  a c l o s e d  su b g ro u p  o f  (N,N)> and  s i n c e  G(C 0  (N ,N ))=  (N,N) we have



t h a t  (N ,N )/C  H (N,N) i s  co m p ac t.  L e t  f :  N -* N/C be t h e  n a t u r a l  map 

o f  N o n to  N/C . S in c e  (N,N) i s  a t o p o l o g i c a l  s u b g ro u p  o f  N, f  

r e s t r i c t e d  t o  (N,N) i s  a c o n t i n u o u s ,  open  map o f  (N,N) o n to  

(N,N)C/C . The map T|; (N,N) (N ,N )/C  D(N, N)  i s  a c o n t i n u o u s  open  map

and f  i s  c o n s t a n t  on  t h e  c o s e t s  o f  (N,N) r e l a t i v e  t o  C fl(N ,N ) . 

T h e r e f o r e  f  f a c t o r s  i n t o  a c o n t in u o u s  map f :  (N ,N )/C  f l (N,N)  -* N/C . 

S in c e  f  i s  c o n t i n u o u s  and (N ,N )/C  fl(N,N) i s  com pact we have  t h a t  

(N ,N)C/C i s  a com pact s u b sp a c e  o f  N/C . T h e r e f o r e  (N ,N )C/C i s  a 

c l o s e d  s u b s p a c e  o f  N/C and (N,N)C i s  a  c l o s e d  s u b s p a c e  o f  N . The 

n a t u r a l  map o f  N o n to  N/C • (N,N) i s  a c o n t in u o u s  open  map w h ic h  i s  

c o n s t a n t  on  N modulo C, t h e r e f o r e  we h av e  a  c o n t in u o u s  open  map o f  

N/C o n to  N /(N ,N )*C  . Assume N /(N ,N )C  i s  com pac t.  S in c e  t h e  f i b e r  

above  e a c h  p o i n t  o f  t h e  b a s e  s p a c e  o f  t h e  f i b e r  sp a c e  N/C -* N /(N ,N )C  

i s  hom eom orphic t o  t h e  com pact s p a c e  (N ,N )C/C , we h a v e  N/C c o m p a c t .

We m ust t h e r e f o r e  p r o v e  (N,N)C i s  a u n i f o r m  su b g ro u p  o f  N . N /(N ,N )C

i s  t h e  c o n t i n u o u s  im age  o f  N /(N ,N ) /  (N ,N )C /(N ,N ) so  we must p ro v e  t h e

l a t t e r  co m p ac t.

S in c e  (N,N) i s  a no rm al a l g e b r a i c  s u b g ro u p  N, t h e r e  i s  a  r a t i o n a l  

r e p r e s e n t a t i o n  r  o f  N i n t o  GL(m) f o r  some m w hose k e r n e l  i s  

(N,N) . We may t a k e  r (N )  t o  be  an a l g e b r a i c  su b g ro u p  o f  U(m) . S in c e  

r  i s  an  a n a l y t i c  g ro u p  homomorphism o f  N o n t o  r (N )  we have  t h a t  

N /(N ,N )  i s  hom eom orphic t o  r (N )  and t h a t  N /(N ,N ) /  (N ,N )C /(N ,N ) i s  

hom eom orphic t o  r ( N ) / r ( C )  . S in c e  r (C )  = r ( (N ,N )C )  and  s i n c e  (N,N)C 

i s  a c l o s e d  su b g ro u p  o f  N we h av e  t h a t  r ( C )  i s  a c l o s e d  s u b g ro u p  o f

r (N )  . S in c e  N = G(C) and s i n c e  r  i s  r a t i o n a l  and  d e f i n e d  on  N, we

h av e  r (N )  = G ( r ( C ) )  . T h e r e f o r e  s i n c e  r (N )  i s  a b e l i a n  we hav e  

r ( N ) / r ( C )  i s  c o m p a c t .
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(b) Assume t h a t  N/C i s  c o m p ac t .  S in c e  N i s  a l g e b r a i c ,  G(C) £  N, and 

G(C) i s  an  a n a l y t i c  su b g ro u p  o f  N . T h e r e f o r e  N/G(C) i s  homeomorphic 

t o  E u c l id e a n  s p a c e  and s i n c e  i t  i s  a l s o  t h e  c o n t in u o u s  im age o f  N/C 

w h ic h  i s  com pact we have t h a t  N = G(C) .

(c )  L e t  N/C be  com pac t,  t h e n  N = G(C) . S in c e  Cq i s  a  n o rm a l  s u b ­

g ro u p  o f  C, ^ (C q) i s  a n o rm a l su b g ro u p  o f  N = G(C) . But Cq b e in g

a n  a n a l y t i c  s u b g ro u p  o f  U (n) i s  a l g e b r a i c .  T h e r e f o re  C^ i s  a  norm al 

su b g ro u p  o f  N .

C o r o l l a r y  4 . 2 . L e t  N be a  c o n n e c te d ,  s im p ly  c o n n e c te d  n i l p o t e n t  L ie  

g r o u p .  L e t  C b e  a c l o s e d  cocom pact s u b g ro u p  o f  N . Then

(a )  C (1 N^ i s  a  c l o s e d  cocom pac t s u b g ro u p  o f  N1 .

(b) CN1 i s  a  c l o s e d  s u b g ro u p  o f  N .

P r o o f : (a) A g a in  we s h a l l  assum e t h a t  N i s  an  a l g e b r a i c  su b g ro u p  o f

U (n) f o r  some n  . G(C,C) = (G (C ),G (C ))  = (N,N) , and by c o n t i n u i n g  on

* * *  ̂ ^ 
t h i s  way G(CX) = G (C )1 = N1 . But C n N1 i s  a  c l o s e d  s u b g ro u p  o f  N ,

and  s i n c e  CX c  C n  NX c  NX we have  t h a t  N1 = G(C fl N1) and  t h e r e f o r e

NX/C  fl N1 i s  compac-t.

(b )  S in c e  N1 i s  a t o p o l o g i c a l  su b g ro u p  o f  N, t h e  r e s t r i c t i o n  o f  t h e  

n a t u r a l  map o f  N o n to  N/C , to  N1 , i s  c o n t i n u o u s .  The n a t u r a l  map

o f  NX o n to  NL/C fl N1 i s  open  and  c o n t i n u o u s .  T h e r e f o r e  we hav e  a

i  i. xc o n t in u o u s  map o f  N /C H N o n to  N/C w hose image i s  N C/C . S ince

NX/C  H N1 i s  com pact we h a v e  NXC/C i s  a  com pact s u b s e t  o f  N/C and

i s  t h e r e f o r e  c l o s e d  i n  N/C , T h e r e f o r e  NXC i s  a  c l o s e d  s u b s e t  o f  N .

5 .  S t r u c t u r e  Theorem

We a r e  now i n  a  p o s i t i o n  t o  p ro v e  a  s t r u c t u r e  th e o re m  f o r  r e a l  n i l -
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p o t e n t  g ro u p s  c o n t a i n i n g  d i s c r e t e  cocom pact s u b g r o u p s .  We s h a l l ,  a s  a

p a r t  o f  o u r  r e s u l t s ,  c h a r a c t e r i z e  d i s c r e t e  co co m p ac t s u b g ro u p s  o f  r e a l

n i l p o t e n t  g ro u p s  a s  t o r s i o n  f r e e  f i n i t e l y  g e n e r a t e d  n i l p o t e n t  g ro u p s .

We s h a l l  assum e t h a t  f o r  s u c h  g ro u p s  F t h e r e  e x i s t s  a s e q u e n c e

0 = r  . . cr r  c . . . c  r ,  = r rt = r  s u c h  t h a t  r .  i s  a  n o rm a l  s u b g ro u pr  + 1 r  1 0  r

o f  r  and s u c h  t h a t  ^ = z  • M oreover we s h a l l  assum e t h a t  any

two su ch  s e q u e n c e s  has  t h e  same l e n g t h  r  + 1 w h ic h  we c a l l  t h e  l e n g t h

o f  r  .

We f i r s t  p ro v e  th e  f o l l o w i n g  lemma.

Lemma 5 . 1 . L e t  c ^ , . . . , c  be  i n  U (n) .

Assume c^  i s  i n  t h e  n o r m a l i z e r  o f  (c^+ ^ , . . . , c ^ )  = th e  g ro u p  g e n ­

e r a t e d  by c . . . , . . . , c  . Then i + l  r

(1) c^ i s  i n  th e  n o r m a l i z e r  o f  G (c^ + ^ , • • • >cr ) , and G ( c ^ )  n o rm a l­

i z e s  G Cci + 1 , . .  . , c r ) .

(2) G ( c j_> * • • >c r ) G( n^ )  * G ( c i+  -̂  > ■ * * j *

(3 )  E v e ry  x  £ G ( c ^ ,  c a n  be w r i t t e n  a s  x = ^  e x p ( t  lo g  c ^ )  .

(4) I f  c i  t  G ( c 1+ 1 , . .  . , c r ) t h e n  G f c ^  Fl G ( c i + 1 , . . .  , c r ) = (1) ,

and  i f  c i  £ G (c + 1 , . . . ,  c^ )  f o r  U  i s  r - 1  t h e n  th e  r e p r e s e n t a t i o n

i n  (3) i s  u n iq u e .

P r o o f : C o n s id e r  t h e  s e p a r a t e l y  Z a r i s k i  c o n t in u o u s  map UXU -* U g iv e n

by ( x ,y )  “* xyx   ̂ . S in c e  c^  t a k e s  ( c i + 1 , . .  . , c^)  i n t o  G ( c i + ^j  * * * >c r )

we have  t h a t  c .  t a k e s  G ( c . ,  c ) o n to  i t s e l f  and t h a t  G ( c . )i  i + l  ’ r  1

n o r m a l i z e s  G (c^ + ^ , . .  . ,c^_) . We h a v e  t h a t  G ( C i ) * G ( c i + 1 , . .  ■)c r ) i s ari

a l g e b r a i c  g ro u p  w h ich  s i n c e  i t  c o n t a i n s  C £ , . . . , c  c o n t a i n s

G ( c ^ , . . . , c r ) . But GCc^) and G ( c i + 1 > • • * »cr ) a r e  i n  G ( c _ ^ , . . . , c r )

t h e r e f o r e  we g e t  ( 2 ) .  We t h e r e f o r e  have  G ( c . , . . . , c  ) -  G ( c , )  . .  .G ( c  )x r  x x
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and from  ^Cc j )  = e x p C t j  l o g  we g e t  ( 3 ) .  Suppose ? G ( c ^ ^ ,  . . . , c r ) .

I f  y 6 G f c ^  fl G (c i+1> . . . , c r ) ,  and y £ 1 ,  from  G (y) = e x p ( t  l o g  y )  5 

G (c^ )  = e x p ( t  l o g  c ^ )  we g e t  { t  l o g  y} £  { t  lo g  c^} f o r  r e a l  t  . 

T h e r e f o r e  l o g  y = t  l o g  c ^ ,  t  ^  0 s i n c e  y ^ 1 ,  t h e r e f o r e  

lo g  c i  = 1 / t  l o g  y 6 { t  l o g  y} . T h e r e f o r e  G C ^ )  £  G(y) £  G ( c i + 1 , . . . , c r ) , 

w h ic h  i s  a  c o n t r a d i c t i o n .

Theorem  5 . 2 . L e t  N be a  r e a l  n i l p o t e n t  group  and l e t  T be  a  d i s c r e t e

cocom pact su b g ro u p  o f  N . Then

(a )  t h e r e  e x i s t s  e l e m e n t s  Y ^ , . . . , y r  i n  T w h e re  r  •  d im  N s u c h
e .

IT Xt h a t  (1 )  e a c h  e le m e n t  y  i n  T c a n  be  u n iq u e ly  w r i t t e n  a s  y  = 11̂  y .

r  e 'w here  th e  e^  a r e  i n t e g e r s .  (2) w here  r \  = {IL y ^ J : e^ i n t e g e r s }

we have  t h a t  e a c h  I \  i s  a  no rm al s u b g ro u p  o f  T and t h a t  = Z.

(b) L e t  Y- [ >. . . , Y^y be any e l e m e n t s  on T s a t i s f y i n g  (1 )  and ( 2 ) .

L e t  = e x P ( t ^  l o g  y ( )  w here  t ^  i s  r e a l .  Then r '  = dim N, and

(1) ea c h  e le m e n t  n i n  N c a n  be  u n iq u e ly  w r i t t e n  a s  n = 11̂
/

w here  t h e  t .  a r e  r e a l .  (2 )  w here  N. = [ n .  y*. ( t  .)  : t .  r e a l }  we
i  i  i  J J J

h a v e  t h a t  e a c h  N. i s  a  n o rm a l  s u b g ro u p  o f  N and t h a t  N . / N . . .  = R .
1  X X - r l

/

(c )  The map Rr  -* N g iv e n  by ( t ^ , . . . , t r  ) -• i s an  

a n a l y t i c  m a n i f o ld  Iso m o rp h ism  o f  R o n to  N .

£
P r o o f : L e t  N be t h e  l a s t  te rm  o f  t h e  lo w er  c e n t r a l  s e r i e s  f o r  N .

When c = 1 ,  N i s  a  v e c t o r  g roup  and t h e  th e o re m  i s  known. Assume t h a t  

N h a s  l e n g t h  c and t h a t  t h e  th e o re m  i s  known f o r  a l l  r e a l  n i l p o t e n t  

g ro u p s  o f  l e n g t h  < c . NCr / N C = T/NC fl T i s  a d i s c r e t e  cocom pact s u b ­

g ro u p  o f  N/NC . We c a n  f i n d  e l e m e n t s  Y^)***»Yn *-n  ̂  w hose im ages

Y, , . . . , y  i n  T/NC H r  u n d e r  t h e  n a t u r a l  map o f  F o n to1 n

r / N C fl r  = NCr / N C s a t i s f y  (1 )  and  (2) o f  t h e  th e o re m .  T fl NC i s  a
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c

d i s c r e t e  co com pac t su b g ro u p  o f  N , t h e r e f o r e  t h e r e  a r e  e l e m e n t s

Yt^ , . . . , Y r  i ft T fl N s a t i s f y i n g  (1) and  (2) o f  th e  th e o re m .  C o n s id e r

t h e  e x a c t  s e q u e n c e  1 •* T fl NC -> F > F/ T  fl NC -* 1 and l e t  Y = ^1(Y)
e .

f o r  Y in. T . L e t  y be  i n  T . Then we c a n  w r i t e  Y = ^  Y^
e .

w h e re  e ,  a r e  i n t e g e r .  T h e r e f o r e  Y = ^  Y_ ■ x  w here  x  i s  i n
e .c r  iT fl N . T hen  we can  w r i t e  x = H 1 y .  w h e re  e .  a r e  i n t e g e r .  T h e r e -ttri 1 2.

r  e i  Cf o r e  Y = ^  y ^ * The u n iq u e n e s s  o f  t h e  r e p r e s e n t a t i o n  i n  T / r  (1 N

g iv e s  t h e  u n iq u e n e s s  o f  t h e  i n t e g e r s  e^  w i t h  1 ^  i  ^  n ,  and  th e  u n iq u e -

cn e s s  o f  t h e  r e p r e s e n t a t i o n  i n  T O N  g iv e  t h e  u n iq u e n e s s  o f  t h e  i n t e g e r s
e .

e .  w i th  n+1 £ 1 ^  r  . L e t  F .  = {IlY y ‘ e .  i n t e g e r ]  and  T . = T j(T .)  =l  i  l  l - ] 0 r i
r  - e Jf n ,  y . : e .  i n t e g e r ]  . F o r  i  ^  n+1 we have  T .  i s  a  c e n t r a l  and
i  J J i

t h e r e f o r e  no rm al su b g ro u p  and  T and we have  = ^ * ^ o r  i  ^  n

we u se  t h e  i n d u c t i o n  s t e p  t o  g iv e  us i s  a no rm al s u b g ro u p  o f  T|(FD

and r . / F  = Z, w h ich  g iv e s  u s  T . i s  a  n o rm a l  su b g ro u p  o f  T andi  i + l  i

r . / r . . .  = T . / T  = Z . S in c e  as  i s  known r  -  (n+1) = d im  NC and byi  i + l  i  i + l

i n d u c t i o n  n  = dim N/N we h av e  r  = d im  N .

L e t  y ^ » * * - ) Y^ /  be e l e m e n t s  i n  T s a t i s f y i n g  (1) and  ( 2 ) .  Then

r / i s  t h e  l e n g t h  o f  t h e  t o r s i o n  f r e e  f i n i t e l y  g e n e r a te d  n i l p o t e n t  g r o u p .

T h e r e f o r e  r  = r / = d im  N . Assume Y^ £ G (Y^+ i> • • * >Y .̂) f ° r  ^  L s  r .

T hen  dim  G(y^+ ^ ,  . . .  , Y p  = r  " C^+l) * Suppose  y ^  6 G(y^+ -̂  j . . .  ,Y^) •

Then F ^  i s  a  d i s c r e t e  co com pact su b g ro u p  o f  G(y^ + ^ , . .  • »Y^.) • S in c e

t h e  l e n g t h  o f  i s  r  -  -L by t h e  f i r s t  p a r t  o f  th e  th e o re m  r  -  -L =

d im  GCy J . t , • . . , Y/ ) = r  -  ( £ + 1 ) ,  a  c o n t r a d i c t i o n .  T h e r e f o r e  -L+l r

Y^ £ G(y ^+ ^ 9 • . .  »Y^.) f ° r  1 -  i  5  r  • The r e s t  o f  th e o re m  fo l lo w s

from  th e  lemma.



Theorem  5 . 2 . 1 . L e t  N be a  r e a l  n i l p o t e n t  g roup  and l e t  C be  a  

c l o s e d  cocom pac t su b g ro u p  o f  N . L e t  Cq be t h e  i d e n t i t y  com ponent o f  

C . Then

(a) T h e re  a r e  e l e m e n ts  c ^ , . , . , c r  i n  C w here  c s+X’ ’ , ' ,Cr  a r e

i n  CQ s u c h  t h a t

(1 )  e a c h  e l e m e n t  c  i n  Cq c a n  be  u n iq u e ly  w r i t t e n  a s
j* ^

c  = nci1  e x p f t .  l o g  c .) w h ere  t h e  t .  a r e  r e a l .  E ach  e le m e n t  c  i ns+1 J & J J
s  ^ i. t oC c a n  be w r i t t e n  u n i q u e l y  a s  c = 11̂  c^  ■ e x p ( t ^  l o g  c ^ )  w here

e .  a r e  i n t e g e r s  and  t .  a r e  r e a l s .
3 e

(2 )  w here  =
! IT_f c . 3 * C e .  i n t e g e r  i  £  s 

i  J U J
II* e x p ( t .  l o g  c . )  t .  r e a l  i  >  s 

i  J J J

we have  t h a t  i s  a  n o rm a l  s u b g ro u p  o f  G and  t h a t  ^ i / ^ x + x  = 1 r  i  >

(b) L e t  c ^ , . . . , c ^ y  i n  C w h e re  c ' + 1 , . . . , c '  a r e  i n  Cq s a t i s f y  

(1 )  and ( 2 ) ,  t h e n  r / = r  = d im  N and  r '  -  ( s ' + l )  = r  -  (CHT) = d im  CQ 

and w here   ̂ = we ^ av e

(3 )  e a c h  e l e m e n t  n  o f  N can  be  w r i t t e n  u n iq u e ly  a s

n  = 11* c ^ ( t . )  w here  t ,  a r e  r e a l .I l l  l

(4) w here  N. = f n *  c '  ( t . )  : t .  r e a l ]  we h a v e  N. i s  a  no rm al
i  i  J J J 1

s u b g ro u p  o f  N and  t h a t  ^ x /^ x + x  = ^  '

(c )  The map R* ~ >  N g iv e n  by ( t ^ , . . . , ^ )  ----->  H* *-s an

a n a l y t i c  m a n i f o ld  i so m o rp h ism .

C o n s id e r  th e  c a s e  w h e re  C i s  c l o s e d .  t h e  i d e n t i t y  com ponent

o f  C i s  a  no rm al a n a l y t i c  s u b g ro u p  o f  N, and  *-s a  d i s c r e t e  c o ­

com pact s u b g ro u p  o f  N/Cq . We c a n  f i n d  e l e m e n t s  c ^ , . . . , c g whose 

im ages c i s . . . , c g i n  C/C s a t i s f y  t h e  c o n c l u s i o n s  o f  t h e  th e o re m .
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s e iT h e r e f o r e  e a c h  e le m e n t  c o f  C c a n  u n iq u e ly  be w r i t t e n  a s  c = c^  *x

e ,

w here  e .  a r e  i n t e g e r s  and x i s  i n  C , c .  =■ {H. c .  *c : e .  i n t e g e r s }  
1 °  0 i  1 i  0 1 °

i s  a  no rm al su b g ro u p  o f  C and = Z . A lso  e a c h  e le m e n t  n o f

s »N c a n  u n iq u e ly  be w r i t t e n  a s  n = 11̂  e x p ( t ^  l o g  c ^ )  • x w i t h  x  i n

and  t ^  r e a l ,  = {11^ e x p ( t ^  lo g  c ^ )  • CQ : t ^  r e a l ]  c l o s e d  a n a l y t i c

su b g ro u p  o f  N w h ich  i s  no rm al i n  N and  = ^  • C o n s id e r  t h e
!

s e q u e n c e  CQ, fl ( N , N ) , . . . ,  C^ (1 (N ) o f  no rm al c l o s e d  a n a l y t i c  s u b ­

g ro u p s  o f  0^ . C '/C H (N,N) i s  a  v e c t o r  g ro u p ,  t h e r e f o r e  t h e r e  a r e

e l e m e n t s  c s + i»  • • * >c s + r  whose im ages i n  C0 /C Q fl (N,N) , CS-KL > * * * ’ cx+ r
1 1

u n d e r  t h e  n a t u r a l  map s a t i s f y  th e  f o l l o w i n g .  Each  € CQ/Co 0  (N,N)

c a n  be w r i t t e n  u n iq u e ly  a s  c i  = II e x p ( t .  l o g  c . ) w here  t ,  a r e
s+1 J J J

r e a l .  T h e r e f o r e  e a c h  c  i n  C c a n  be  w r i t t e n  u n i q u e l y  a s  c  =
i  0 i

* + r
II e x p ( t .  l o g  c . )  • x w i t h  x € C~ R (N,N) and t .  r e a l .  M o reo v e r ,

s+1 2 J J

s i n c e  N a c t s  by th e  i d e n t i t y  on C ^ / C ^ R  (N,N) we have 
s + r ^

C. = [ II. e x p ( t .  l o g  c . )  : t .  r e a l }  • C R (N,N) i s  a  n o rm a l a n a l y t i c  
i  i  j  J J 0

s u b g ro u p  o f  N f o r  L s  s+1 . A lso  = ^  ■ C o n t in u in g  i n  t h i s

way we c o m p le te  th e  th e o re m .

C o r o l l a r y  5 . 2 . 1 . E v e ry  c l o s e d  cocom pac t s u b g ro u p  o f  a r e a l  n i l p o t e n t  

g ro u p  i s  a  t o r s i o n  f r e e  n i l p o t e n t  L i e  g ro u p  whose com ponent g ro u p  i s  

f i n i t e l y  g e n e r a t e d .

C o r o l l a r y  5 . 2 . 2 . The fu n d a m e n ta l  g ro u p  o f  a  com pact n i l  m a n i f o ld  i s  a 

t o r s i o n  f r e e  f i n i t e l y  g e n e r a t e d  n i l p o t e n t  g ro u p .

6 . C o o r d in a t e s  System s

Lemma 6 . 1 . L e t  X ^ , . . . , X n  be a  b a s i s  o f  L = L(N) . Then t h e  map
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Rn  — > N, ----->  e x p t ^  X^) i s  a n  a n a l y t i c  m a n i f o ld  i s o ­

m orphism  o f  Rn  on  N . Such a  c o o r d i n a t e  s y s te m  w i l l  be s a i d  t o  be o f  

ty p e  1 .

Lemma 6 . 2 . L e t  X ^ , . . . , X n  be a  b a s i s  o f  L = L(N) su ch  t h a t

L . = *{) t .  X. : t .  r e a l }  i s  a n  i d e a l  i n  L , 
i  J J J J

and

[ l 3 V  =  L i + i  •

Such a  b a s i s  i s  c a l l e d  a  c a n o n i c a l  b a s i s  o f  L . Then t h e  map 

Rn  ----->  N, ( t ^ , . . . t n ) — > II* e x p ( t ^  X±) i s  a n  a n a l y t i c  m a n i f o ld  i s o ­

m orphism  o f  Rn  o n to  N . Such a c o o r d i n a t e  s y s te m  w i l l  be s a i d  t o  be 

o f  ty p e  2 .

P r o o f :  L e t  = exp L^ . Then i s  a n  a l g e b r a i c  su b g ro u p  o f  N,

i s  a  n o rm a l  su b g ro u p  o f  N, and  (N,1SL) c  . S in c e  X^ £

we have  t h a t  exp X^ £ aiw* G (exp  X^) £ * T h e r e f o r e

N. = (exp t .  X .)  • N . . .  a n d  exp t .  X. D N.  _ = (1) . Assume t h a t  th e
1 '  v  1 X  1+1 X  X  1+1

map ^ i + i *  * • • »t n  ̂  >  ^ i + 1  e x P^fcj  i s  a n  a n a l y t i c  m a n i f o ld  i s o ­

m orph ism  o f  Rn-------------- o n to  . S in c e  t h e  map t ^  — > exp  t ^  X^

i s  a n  a n a l y t i c  m a n ifo ld  is o m o rp h ism  o f  R o n to  exp t ^  X^ we have

t h a t  t h e  map o f  ( t ^ . . . , ^ )  ----->  n ’j e x p ( t ^  X^) i s  a n  a n a l y t i c  m a n i fo ld

is o m o rp h ism .

We s h a l l  u s e  t h e  H a u s d o r f -C a m p b e l l  f o r m u la  t o  i n v e s t i g a t e  r e l a t i o n ­

s h i p s  b e tw e e n  t h e s e  two c o o r d i n a t e  s y s t e m s .

Theorem  6 . 3 . L e t  X ^ , . . . , X  be a  c a n o n i c a l  b a s i s  o f  L = L(N) . Then
(■ _,Il

(1)  n!1 exp ( t ,  X .)  = exp ( ) u .  X .)  im p l i e s  t h a t  u .  =l  l i  /.-i. i  i  l

^ i ^ l ’ * * * * fci  1^ w here q ^  i s  a  r e a l  p o ly n o m ia l  e a c h  o f  whose te rm s

= fci  +

have  d e g r e e  s  2 and w h e re  t h e  c o e f f i c i e n t s  o f  a r e  p o ly n o m ia l s  w i th



19

r a t i o n a l  c o e f f i c i e n t s  i n  t h e  s t r u c t u r e  c o n s t a n t s  o f  t h e  b a s i s .

(2) II* e x p ( t ^  X^) n "  expC s^  X^) = e x p U j ^  X^) im p l ie s  t h a t

Ui  = t i  +  Si  + p i ^ t l * ' * * , t : i - l ; w here p ± i s  a  r e a l  p o l y ­

n o m ia l  e a c h  o f  w hose te rm s  h a s  d e g re e  ^  2 and w here  t h e  c o e f f i c i e n t s  o f  

p^ a r e  p o ly n o m ia l s  w i t h  r a t i o n a l  c o e f f i c i e n t s  i n  t h e  s t r u c t u r e  c o n s t a n t s

o f  X_, . . .  , X .1 n

(3 )  n j  e x p ( t ^  X^) II* e x p ( s ^  X^) = II* e x p (u ^  X^) im p l i e s

u .  = t .  +  s ,  + q .  ( t , , . . , , t .  s , , . . . . s .  . )  w here q .  i s  a  r e a l  p o ly -i  i  l  ^ i  1 J ’ i - l  1* ’ i - l  n i

n o m ia l  e a c h  o f  w hose te rm s  h a s  d e g re e  s  2 and w here  t h e  c o e f f i c i e n t s  o f

a r e  p o ly n o m ia l s  w i t h  r a t i o n a l  c o e f f i c i e n t s  i n  t h e  s t r u c t u r e  c o n s t a n t s

Of X, * . . . jX .1 n

P r o o f :  L e t  [ X . , X . ]  = > . X, . S in c e  [ X , , X. ]  € L . , ,  we hav e   i  j  Ti j  1c i* j  j+ 1

, = 0 f o r  k  £ j  . A ls o  y*? , = 0 f ° r  k £ i  . n *  e x p ( t .  X .)  =■
i j  J i j  l ^ i i

e x p ( ^  *"1 Xi  + • • • )  w here  . . .  i s  a f i n i t e  sum o f  r a t i o n a l  m u l t i p l e s  o f

b r a c k e t s  i n  t .  X, . F ix  1 £ i - , . . . , i  ^  n  th e n  f . , . [ t .  X. , t .  X J . . .i i  l  p i 1 i 1 i 2 i 2

-  j ,  j 2 J p
t .  X,  ] i s  e q u a l  t o  t .  . . . t .  )  y .  . y .  , . . .  y .  . X

i  i  I-. i  L  I t i ^  J t o J * i  ^ J
P P  1 P .  < =i 1 2 1 3 P_1 P P

J l ’ ” ‘ , J p 1

F ix  i . I f  j  £ i  t h e n  f o r  a l l  n we have  y .P
P P P 1 P ' 1 J p - l l p=0

and we hav e  e a c h  te rm  o f  t h e  sum e q u a l  t o  0 . I f  j  5  i  , t h e n  f o r
P P - l

i ^  i f o r  some i . t h e  c o r r e s p o n d in g  te rm  o f  t h e  sum f o r  a l l
J p p - l  p - l

_| i s  0 ,  and f o r  j  > j  . f o r  some j  . we hav e
J l ’ , J p ~ l  p p - l  P~1

i , <  i  , i n  w h ich  c a s e  t h e  c o r r e s p o n d in g  te rm  o f  t h e  sum f o r  a l l
J p -1  p - l

j p _ 2 , . . , , j l  i s  0 . I n  t h i s  way i f  j p £  ^  o r  ^  i 2J *** o r  s  i p

t h e n  th e  X. c o n t r i b u t i o n  from  th e  b r a c k e t  i s  0 . F o r
J P
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i >  i . , . . . . i  t h e  X.  c o n t r i b u t i o n  o f  t h i s  b r a c k e t  i s  
P 1 P J p

n  n
t  . . .  t .  y  — y  y . . . .  y . p .

i i  3- 1 -t X n  J  1 1
1 P ^  J 0-1=1 1 2 p - X

X.
3- J P P

T h e r e f o r e  u .  = t .  + q . ( t , . . . . . t ,  , )  w here  q .  h a s  t h e  p r o p e r t i e s  s t a t e d  i  l  1 ’ 7 i - l  l

f o r  i t  i n  ( 1 ) .

The p r o o f  o f  (2) i s  t h e  sam e.

Il£  e x p ( t i  X ^  n "  e x p ( s i  Xi > = exp ( ^ ( t j + s ^ p ^ t . ^  . . . ,  t ^  ^ , . . . ,  s ^ ) ^ )

nand  n i  e x p (u ^  X^) = e x p ( y  ( u ^ + q ^ ( u ^ , . . . , u ^  i ^ ) ^ )  w here  and p^

hav e  th e  p r o p e r t i e s  s t a t e d  f o r  them  i n  (1) and  ( 2 ) .  T h e r e f o r e

^  = t 2+S2+p2 ^C1 ;S 1^ * Therefore u2 = t 2+S2+p2 ^ 1  ; s P  +

q^ C s^ + t^ )  . C o n t in u in g  i n  t h i s  way we g e t  ( 3 ) .  I n  t h e  same way we g e t

Theorem  6 . 4 . L e t  X^S. . . , X  be a  c a n o n i c a l  b a s i s  o f  L = L(N) . Then
v-n

(a )  II e x p ( t ^  X^) = e x p (  ) X^) i m p l i e s
2 *  ‘ I  h -

t ^  = t ^  + q ^ ( t ^ j . . . , t ^  w here  q^ i s  a  r e a l  p o ly n o m ia l  e a c h  

o f  whose te rm s  h a s  d e g re e  ^  2 and w here  th e  c o e f f i c i e n t s  o f  q^ a r e

r a t i o n a l  p o ly n o m ia l s  i n  t h e  s t r u c t u r e  c o n s t a n t s  o f  X ^ , . . . , X  .

r-H r-P
(b) e x p (  )  s .  X .)  e x p (  )  t .  X .)  = e x p ( )  u .  X ) im p l i e sh 1, L 1 X i— X X

u i  = s i  + t i  + p i ^ s i » ' * ' » s i - i i  t i » * * * ’ t i - l ) w here  Pj_ i s  a  

p o ly n o m ia l  w hose c o e f f i c i e n t s  a r e  r a t i o n a l  p o ly n o m ia l s  i n  t h e  s t r u c t u r e

c o n s t a n t s  o f  X _ , . . . , X  1 ’ n

7 .  E x te n s io n s

Theorem 7 . 1 . L e t  C be a  c l o s e d  cocom pact s u b g ro u p  o f  a  r e a l  n i l p o t e n t  

g roup  N and  l e t  C b e  a  c l o s e d  cocom pact su b g ro u p  o f  a  r e a l  n i l p o t e n t
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g ro u p  N . L e t  cr: C -* C be a  c o n t in u o u s  t o p o l o g i c a l  g ro u p  iso m o rp h ism  

o f  C o n to  C .

Then t h e r e  i s  a  u n iq u e  e x t e n s i o n  o f  or t o  a  t o p o l o g i c a l  g ro u p

iso m o rp h ism  o f  N o n to  N .

C o r o l l a r y  7 . 2 . A n i l  m a n i f o ld  i s  th e  q u o t i e n t  s p a c e  o f  a  r e a l  n i l p o t e n t  

g ro u p  by a  c l o s e d  su b g ro u p .

Then two com pact n i l  m a n i f o l d s  h a v in g  i s o m o r p h ic  fu n d a m e n ta l  g ro u p s  

a r e  hom eom orphic .

P r o o f :  L e t    c be e l e m e n t s  o f  C w i t h  c , c  i n  Ci ’ 7 x  s+1 r  s

s a t i s f y i n g  t h e  c o n c l u s i o n s  o f  th e o re m  . L e t  c ^  = * Q'(c 0 ) = C^,

a n d  s in c e  cf i s  a n  a n a l y t i c  g ro u p  iso m o rp h ism  o f  o n to  we have

Q ?(exp (tj  l o g  c j ) )  = ex P ( b j  l ° g  • T h e r e f o r e  c ^ , . . . , c ^  a r e  e l e m e n ts

o f  C w i t h  c . . . . . . . c i n  C s a t i s f y i n g  t h e  c o n c l u s i o n s  o f  t h es + 1 ’ ’ r  0
" r  r  -th e o re m .  L e t  N -* N b e  g i v e n  by e x p ( t ^  l o g  c ^ )  -* exp(t^ , lo g  c ^ )  .

T he theo rem  t e l l s  us  t h i s  i s  a  w e l l - d e f i n e d  a n a l y t i c  m a n i f o ld  iso m o rp h ism

o f  N o n to  N, and  i s  a n  e x t e n s i o n  o f  a  . We n eed  t o  p ro v e  i s  a

homomorphism. L e t  X and Y be e le m e n ts  o f  N and w r i t e

X = e x p ( t i  l o g  c p ,  Y = expCs^ lo g  c  and  XY = 11̂  e x p fu ^  l o g  c ^ ,

w h e re  u .  = t  .+ s  ,+ q .  ( t .  , . . .  , t . .. ;s_ , . . . ,  s . n ) . We have  <*.,00 =i  i  i  n i  1 i - l  1 i - l  N

e x p ( t i  l o g  c ^ ,  ^ ( Y )  = II* e x p ^  lo g  c ^ )  and  n N (XY) = II* expCu^ l o g  c / )  

B u t th e n  we h a v e  ^ ( X )  <*N 0 0  = e x p ^  l o g  c ^  w here  v.^ = tj+Sj-t- 

. . .  s 1 9 . .  •> s i _1 ) . We m ust p ro v e  t h a t  q ^ X ^  . . .  ;

Y1 , , . . , Y i _1 ) = q i (X1 , . . . , X i _ 1 ; Y j  Y i-{>  * However <* i s  a  homo­

m orphism  o f  C o n to  C, t h e r e f o r e  we hav e  q ^ ( n ^ ,  . . .  , n ^ _ ^ ; m ^ , . . .  -

 m . ^ )  f o r  a l l  i n t e g e r s  n  and  m_. U  j s  i - l  .

B u t s in c e  b o t h  q^ and a r e  r e a l  p o ly n o m ia l s  we h av e  t h a t  t h i s  i s
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s u f f i c i e n t  f o r  q^ = q^  .

P r o o f  o f  t h e  C o r o l l a r y : L e t  M = N/C and  M = N/C where  N and  N a r e

r e a l  n i l p o t e n t  g roups  and  C and C a r e  c l o s e d  cocom pac t  s u b g r o u p s  o f

N and  N r e s p e c t i v e l y .  We t h e n  have  t h a t  C/Cg i s  a d i s c r e t e  cocompact

s u b g ro u p  o f  N/C and i s  t h e  f u n d a m e n ta l  g roup  o f  N/C and t h a t  C/C s s

i s  a  d i s c r e t e  cocompact  s u b g r o u p  o f  N/Cg and i s  t h e  f u n d a m e n ta l  g roup

o f  N/C . B u t  i f  C/C i s  i s o m o r p h i c  t o  C/C t h e n  N/C i s  i s o m o r p h i cs s s

t o  N/C . B u t  N/C = N/C /C/C = N/C /C /C = N/C , where by e q u a l i t y  s s s s s .

we mean hom eom orph ic .

8. Embedding

Theorem 8 . 1 . L e t  F be  a  t o r s i o n  f r e e  f i n i t e l y  g e n e r a t e d  n i l p o t e n t  

g r o u p .  Then  T c a n  be embedded i n  a  u n i q u e  way a s  a  d i s c r e t e  cocom pac t  

s u b g ro u p  o f  a  r e a l  n i l p o t e n t  group N(T) .

P r o o f : T h e re  i s  a  s e q u e n c e  (e )  = C  C . . .  c  = T w here  e a c h

i s  a  no rm al  su b g ro u p  o f  F and ^ j / F i + l  = ^ num^ e r  r  i s  a n  i n ­

v a r i a n t  c a l l e d  t h e  l e n g t h  o f  F , We s h a l l  i n d u c t  on  r  . By i n d u c t i o n  

t h e r e  i s  a  u n i q u e  r e a l  n i l p o t e n t  g roup  N(Tr _^)  c o n t a i n i n g  a s  a

d i s c r e t e  cocom pac t  s u b g r o u p .  L e t  y  i n  T be  a  p r e - i m a g e  i n  T o f  a

g e n e r a t o r  o f  T / r  ^ = Z . We h ave  t h a t  y i n d u c e s  a n  au to m o rp h ism

ad  r  x y  o f  w h ic h  e x t e n d s  u n i q u e l y  t o  a  t o p o l o g i c a l  g ro u p  a u t o -

#morphism y  o f  N(T ^  . By t h e  B i r k h o f f  Embedding Theorem we may

r e g a r d  N(Tr  a s  a n  a l g e b r a i c  g ro u p  o f  u n i p o t e n t  u p p e r  t r i a n g u l a r

m a t r i c e s  i n  GL(n) f o r  some n  . M oreover  t h e r e  i s  a  y i n  GL(n)
#  - _ - l

s u c h  t h a t  y  (n)  = y n  y  f o r  a l l  n  6 * S in c e  T i s  n i l -
k

p o t e n t  t h e r e  i s  a n  i n t e g e r  k s u c h  t h a t  ( y , . . . ( y , x ) . . . )  = ( 1) f o r  a l l
k_

x  6 . B u t  t h e n  ( y , . . . ,  ( y , x )  . . . )  = (1)  f o r  a l l  x  € * -
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The map o f  U(n) w h ich  t a k e s  x  -» ( y , . . . ,  Cy,x)  . . . )  i s  Z a r i s k i

c o n t i n u o u s . I n  t h i s  way we h a v e  t h a t
k

( G ( Y ) , . . . ( G ( Y ) , N ( r r _1 ) . . . )  = (1) .

L e t  Y = u  t  where  u i n  GL(n) i s  u n i p o t e n t ,  t  i n  GL(n) i s  s e m i ­

s i m p l e  and ( u , t )  = 1 . Then  s i n c e  t  € G (y)  we have  t  N(T . )  t  ^ =
k

and ( t , . . .  ( t , N ( T r _1 ) . . . )  = (1)  . L e t  t  be t h e  au to m o rp h i s m

-1 #o f  L(N(Tr  ^ ) )  g i v e n  by x  -* t  x t  , and  l e t  t  be t h e  au to m o rp h i s m

o f  N(Tr  g i v e n  by n -* t  n  t  ^ . We h a v e  t h a t  exp  o t  = t ^  exp

# #and t  i s  t h e  i n d u c e d  a u to m o rp h i s m  o f  L (N ( T ) )  g i v e n  by t  . t  i s  

c l e a r l y  semi s i m p l e  and t h e r e f o r e  t h e r e  i s  o v e r  t h e  c o m p l e x i f i c a t i o n  o f  

L(N(Tr  ^ ) )  a  b a s e s  c o n s i s t i n g  o f  e i g e n  v e c t o r s  o f  t  . L e t  X be  an  

e i g e n  v e c t o r  i n  L(N(T^ ^ ) )  o f  t  . S i n c e  [ t ( X ) , X ]  = 0 we have

( t ,  exp X) = e x p ( ( t  -  I)X) and  CD = C t , . . . C t , e x p  X ) . , . )  = e x p C ( t  -

T h e r e f o r e  tCX) = X . T h e r e f o r e  t  = I  and i s  u n i p o t e n t .  L e t

NCT) = N(Tr  ^,) • GCY ) . NO") i s  a  r e a l  n i l p o t e n t  g ro u p  and c o n t a i n s  

T = F r  1 * y ^  Csemi d i r e c t )  a s  a  d i s c r e t e  cocom pac t  s u b g r o u p .

C o r o l l a r y  8 . 2 . L e t  C be a  t o r s i o n  f r e e  n i l p o t e n t  L i e  g roup  whose  com­

p o n e n t  g roup  C/CQ i® f i n i t e l y  g e n e r a t e d .

Then  C c a n  be imbedded a s  a  c l o s e d  cocom pac t  s u b g ro u p  o f  a  r e a l

n i l p o t e n t  g ro u p .

P r o o f : CQ i s  a  r e a l  n i l p o t e n t  g ro u p .
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SECTION C. RATIONALITY

1 .  I n t r o d u c t i o n

L e t  N be a r e a l  n i l p o t e n t  g r o u p .  L e t  T be  a d i s c r e t e  cocom pac t

s u b g ro u p  o f  N . Then  we c a n  f i n d  a  c a n o n i c a l  b a s i s  X ^ , . , . , X n  o f  L(N) 

s u c h  t h a t  t h e  a n a l y t i c  m a n i f o l d  i s o m o rp h i s m  Rn  N, ( t ^ , . . . , t  ) -*

n j  e x p ( t ^  X^) t a k e s  Zn  o n t o  T . By Theorem 6 . 2 ,

111* e x p ( s .  X . )  n !1 e x p ( t .  X . )  = II* e x p ( u .  X .)  where
X 3a 1  X X 1  X It X

u^ = s ^  + t ^  + q ^ C s ^ j . . . ^ ^  t ^ , . . . , t ^ _ ^ )  w i t h  a  r e a l  p o l y n o m i a l .

S i n c e  T i s  a s u b g ro u p  we have  t h a t  f o r  i n t e g e r  v a l u e s  o f  s ^ , . . . , s ^ _ ^ ;  

t ^ , . . . , t ^  ^ we g e t  t h a t  q ^ ( s ^ , . . . , s ^ _ ^ ;  t ^ , . . . , t ^ _ ^ )  has  i n t e g e r  v a l u e s .  

T h e r e f o r e  u s i n g  t h e  f a c t  t h a t  a  r e a l  p o l y n o m i a l  w h ich  t a k e s  on  i n t e g e r  

v a l u e s  f o r  a l l  i n t e g e r  v a r i a b l e s  m us t  h a v e  p u r e l y  r a t i o n a l  c o e f f i c i e n t s ,  

we h ave  t h a t  t h e  image o f  Q* i n  N i s  a  s u b g ro u p  o f  N w h ic h  we c a l l  

Nq (T ) ,  and c o n s i d e r  a s  a  r a t i o n a l  L i e  g r o u p .

L e t  N be a  r e a l  n i l p o t e n t  g r o u p .  L e t  X ^ , . . . , X ^  be a  r a t i o n a l

c a n o n i c a l  b a s i s  o f  L(N) . We t h e n  have  c o o r d i n a t e s  o f  t y p e  one  f o r  N
,r‘n

g i v e n  by R N, ( t  . , . , t  ) — e x p (  ) t .  X . )  and c o o r d i n a t e s  o f  t y p eI  n  L-k. i  i

two f o r .  N g i v e n  by R* -* N, ( t ^ , . . . , t n ) -* II* e x p ( t ^  X^) . By Theorem
p—>n  r-ii k—n

6 . 4 ,  e x p ( /  s .  X .)  e x p ( ) t .  X . )  = e x p (  ) u X ) w here
L L X - ... ^  L X 1  1

u .  = s .  +  t .  + p .  ( s . , . . . , s .  t . , , . . , t .  , )  w i t h  p a  p o l y n o m i a l  whose i i i  i  1* ’ i - l  1 i - l  i

c o e f f i c i e n t s  a r e  r a t i o n a l  p o l y n o m i a l s  i n  t h e  s t r u c t u r e  c o n s t a n t s  o f

Si  ^ i ^  wheTe s £ r a n g e s  o v e r  Q i s  a 

s u b g ro u p  o f  N . T h e r e f o r e  t h e  s u b s e t  o f  N whose c o o r d i n a t e s  o f  ty p e  

one a r e  r a t i o n a l  a s  a  su b g ro u p  o f  N . I n  t h e  same way t h e  s u b s e t  o f  

N whose c o o r d i n a t e s  o f  t y p e  two a r e  r a t i o n a l  i s  a  su b g ro u p  o f  N . More-

X ^ , . . . , X n  . T h e r e f o r e  e x p (  )
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o v e r  by Theorem 6 . 2 ,  II e x p ( t .  X . )  = e x p (  )  u .  X ) i m p l i e s
1 1 i i-1. i x

+ p ^ ( t ^ , . . . , t ^  where  p^ i s  a  p o l y n o m i a l  whose c o e f f i c i e n t s  

a r e  r a t i o n a l  p o l y n o m i a l s  i n  t h e  s t r u c t u r e  c o n s t a n t s  o f  X ^ , . . . , X n  . 

T h e r e f o r e  t h e  s u b s e t  o f  N whose c o o r d i n a t e s  o f  ty p e  one a r e  r a t i o n a l  and

whose c o o r d i n a t e s  o f  t y p e  two a r e  r a t i o n a l  c o i n c i d e .  D en o te  by

NQ(X1, . . . , X n ) .

We h ave  shown t h a t  u n d e r  two d i f f e r e n t  a s s u m p t i o n s  we have  b e e n  a b l e  

t o  d e f i n e  a  r a t i o n a l  L i e  g ro u p .  We s h a l l  now p r o c e e d  t o  show how t h e s e  

two a s s u m p t i o n s  a r e  r e l a t e d ,  and t o  i n v e s t i g a t e  t h i s  r a t i o n a l  L i e  g r o u p .

2. R a t io n a l  L ie  Groups

L e t  F be a f i e l d  o f  c h a r a c t e r i s t i c  0 . Assume t h a t  we have  a  g r o u p  

m u l t i p l i c a t i o n  on Fn  w h ic h  s a t i s f i e s  

“ ~ (1) 0 i s  t h e  i d e n t i t y  o f  t h e  g roup

(2) -  ( a ^ , . . . , a ^ ) ( b ^ , . . . , b^)  = ( c ^ , . . . , c ^ )  where c^  — a^  + b^  +

( a ^ , . .  . , a ^ _ ^  ; b ^ , . . . ,  ^ 1  ̂ ^rid ^ > • • * > i  ’ ^

^'[X1 , . . .  jXi _; l ;Y1 , . . . »Yi _1 J .

N ote: £_ „ fv y * Y t  Y t'i =
d t  ^ i ' -  l»  * * * ’ * ’ i - l  ; t =0

= Yk ( Z n j = l  Kj j

where

5 " * *3 1s ^X* * * * *^i~X^

L  Y<:e1»***j e i - 1 ; f 1 » " - » f i - 1 ) n j = i  x j j  n j = i  V

I f  F w e re  t h e  r e a l s  t h e n  g i v i n g  Rn  i t s  u s u a l  m a n i f o l d  s t r u c t u r e  t h i s  

m u l t i p l i c a t i o n  would  d e f i n e  a  r e a l  a n a l y t i c  g r o u p .  We s h a l l  e s t a b l i s h  a
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d i f f e r e n t i a l  geom etry  on  Fn  w h ic h  when F = R would  b e  t h e  u s u a l  d i f ­

f e r e n t i a l  geometry  o f  a  r e a l  a n a l y t i c  g r o u p .

( a )  The t a n g e n t  s p a c e  a t  a  p o i n t

L e t  a  = ( a ^ , , . . , a n ) be a  p o i n t  i n  Fn . A c u r v e  t h r o u g h  " a "  i s  an

n - t u p l e  o f  p o l y n o m i a l s  ( p ^ ( t ) , . . . >Pn ( t ) )  where  p ^ ( t )  £ F [ t  j and

P ^(0 )  = a -  f o r  1 £  i  £  n . We s h a l l  say  two c u r v e s  ( p ^ ( t ) )  and

( p . ( t ) )  t h r o u g h  " a "  a r e  e q u i v a l e n t  w henever  p ! ( 0) = p ! ( 0) f o r
J- * 1 1

1 £  i  £  n , By t h e  t a n g e n t  s p a c e  a t  " a "  w h ic h  we d e n o t e  by T ( a )  we 

s h a l l  mean t h e  c o l l e c t i o n  o f  a l l  e q u i v a l e n c e  c l a s s  o f  c u r v e s  t h r o u g h  " a " .  

L e t  o' i n  T(a )  be g i v e n  by t h e  c u r v e  t h r o u g h  " a " ,  ( p ^ ( t ) ) .  Make

c o r r e s p o n d  t o  ar t h e  n - t u p l e  i n  Fn , ( p ^ ( 0 ) )  . T h i s  d e f i n e s  a b i j e c t i o n

o f  T ( a )  o n to  Fn  and  we make T ( a )  i n t o  a n  F v e c t o r  s p a c e  by r e ­

q u i r i n g  t h a t  t h i s  b i j e c t i o n  be a n  F i s o m o rp h i sm .

i
(b)  T r a n s l a t i o n

Let b = be a  point of Fn  . We want to define an F

isomorphism b^ : T ( 0 )  -* T(b) . Let a in T(0) be given by the curve

through 0, (a^t,...,ant) where a^ £ F for 1 £ i £ n . Then 

b ^ ( a ) is the element in T(b) defined by the curve through "b", 

b • (a^t) = (b^+a^t),...,b^+a^t+q^(b^,...,b^^^; a^t, ..«,a^^t)) .

D i r e c t  c o m p u t a t i o n  w i l l  show us t h a t  t h i s  d e f i n e s  a n  F i s o m o rp h i sm  o f  

T (0 )  o n t o  T (b) .

C o m p u ta t i o n :  L e t  ( a ^  + p ^ ( t ) )  be a n o t h e r  c u r v e  t h r o u g h  0 d e f i n i n g  

O' . T hen  p ^ ( t )  h a s  e a c h  o f  i t s  t e rm s  w i t h  d e g r e e  ^  2 i n  t  . The

c u r v e  t h r o u g h  " b "  g i v e n  by b • (a.^t + p ^ t ) )  = (b^ + a ^ t  + p ^ t )  +

^1 * * * * ’b _̂1 > a i fc + > • * • + d e f i n e s  t h e  same

e l e m e n t  o f  T(b)  a s  does  b • ( a ^ t )  s i n c e  we have  t h a t  t h e  l i n e a r
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t e r m  o f  q ^ ( b ^ , . . . , b ^  a ^ t  +  p^ ( t )  , . . .  , a ^ _ ^ t  +  P ^ ^ C t ) )  c o n s i d e r e d  a s

a p o l y n o m i a l  i n  t  i s  t h e  same a s  t h e  l i n e a r  t e r m  o f  q ^ ( b ^ , . . . , b ^ _ ^ ;

a ^ t , . . . , a ^  ^ t )  c o n s i d e r e d  a s  a  p o ly n o m ia l  i n  t  . T h e r e f o r e  b^  i s  a

w e l l  d e f i n e d  map o f  T(0 )  i n t o  T (b )  . S i n c e  Fn i s  a  g ro u p  i t  i s

c l e a r  t h a t  b^:  T ( 0 )  T(b)  i s  a  b i j e c t i o n .

L e t  3 be a n  e l e m e n t  o f  T (0 )  d e f i n e d  by ( B ^ t , . . . , JJ^t) . Then we

4have  b (3) i s  g i v e n  by b • (B ^ t )  = ( b ^ + B ^ t + q ^ ( b ^ , . . .  , b ^ _ ^  ; B ^ t , , ,  .B^_^^t))  . 

a- + 3 i s  g i v e n  by  ( ( a ^  + ^ ) t )  and (a + 3) i s  g i v e n  by 

b • ( ( a ^ + B j H )  = ( b i + ( a i +53i ) t  + q^^Cb^,. . .  ( a ^ B ^ J t , . . . ,  ( a i _1+Bi _1) t ) ) .

M o r e o v e r ,  b ^ ( a ) + b ^ ( 3 )  i s  g i v e n  by  (b^+Ca^+B^H + q ^ ( b ^ ,  . . .  j b ^ ^ j

a ^ t » . . . , a ^ _ ^ t )  +  q ^ ( b ^ , ... »b^_^ ; B ^ t , ... , B ^ ^ t )  ) .
v

L e t  q^ j * * • » ̂ i - 1  ’Y1 9 * * * *Yi - 1 ^  ~" Lj Y ^ 1  ^ i —1^
i — 1 -L-l ^ *tII, X II, Y. where  e . ,  f .  a r e  i n t e g e r s .  The l i n e a r  t e rm  i n  t  
1 J 1 J J J

o f  q i (b1, . . . , b i _1 ; ( a 1+B1) t , . . . , ( a i _1+Bi _1) t )  i s  g i v e n  by

r i -1
I .  ( I* V (e1, . . . . e i - 1;61 . . . ,  6^ ^ )  n x b j j ) ( a j 'H5j

J=1
) and t h e

l i n e a r  t e r m  i n  T o f  q ^ ( b ^ , . .  . , b ^ _ ^ ; a ^ t , . . .  , a ^ ^ ^ t )  + q ^ ( b ^ , . . . , b j _ ^ j  

B t , . . . , B  ^ t )  i s  g i v e n  by

I . . c I Y(ei ’ - ' - ’ei - i ;6i j }-**»6i- i , j ) ni 1 bj J)aj < 1<5> c v ...
j = l  J -1

e i - l ;6 l j , *‘ *, 5i - l , j ) n i  b j j )  e j  ■

T h e r e f o r e  b ^ (a + 3 )  = b^(ff)  + b ^ O )  . I n  t h e  same way b ^ ( x o )  = x  b ^ ( a )  

f o r  x  € F . T h e r e f o r e  b ^ :  T (0 )  -  T (b )  i s  a n  F homomorphism.

L e t  b^(a-) g i v e n  by ( b . j + a ^ + q ^ b p . . .  , b i _ ^ ; a ^ t , . . .  j a ^ ^ t ) )  be

— V' i - l  e i
z e r o . Then a ^  +  ^  ^  y (e.^ * * *»»e ^_ j_ ’̂ l j , ’ **’^ i _l  j  ̂  ^1  b j   ̂ a  j  ”*



#and t h e r e f o r e  a ^ = 0  1 £  i  £ n  . T h e r e f o r e  b i s  a n  F i s o m o rp h i sm .

(c )  V e c t o r  F i e l d s

A v e c t o r  f i e l d  on  Fn i s  a n  n - t u p l e  (cr^ (Y^, . , .  ,Yn ) , . . .  jCr^CY^, . .  ,Y^))  

w he re  cv^(Y^, . . .  jY^) i s  a  p o l y n o m i a l  i n  F [ Y ^ , . . . , Y n ] . We s h a l l  l e t  

V(Fn ) be t h e  s e t  o f  a l l  v e c t o r  f i e l d s  on  Fn  . L e t  cr = (o^) and 

^ = ( p p  be two v e c t o r  f i e l d s  on  Fn  and l e t  p ( Y ^ , . . . , Y^) be  an  

e l e m e n t  o f  F [ Y - , . . . , Y  ] . D e f i n i n g  cH-0 = (ev.+P.) and  p-cr = (p o’ . )X XI 1 L X

we d e f i n e  V(Fn ) a s  a n  F [ Y ^ . , , , Y  ] m o d u le .  A d e r i v a t i o n  o f

F [ Y ^ , . . . , Y n ] we mean a map a  o f  F [ Y ^ , , . . , Y^] i n t o  i t s e l f  s u c h  t h a t

a  i s  a n  F l i n e a r  map and cr(pq) = cfCp) q +  p cr(q) f o r  p and q on

F [ Y ^ , . . . jY^J . L e t  a  and 0 be  d e r i v a t i o n s  o f  F [ Y ^ , . . . , Y n J and l e t

p be a n  e l e m e n t  o f  F [ Y ^ , . . . , Y  ] . D e f i n i n g  (cH-0) (p )  = ct (p) + p (p)

and (per) (p)  = p • cvCp) f o r  p 6 F [ Y ^ , . . . , Y ^ ]  we d e f i n e  Der F [ Y ^ , . . .  »Y^]

a s  a  F [ Y _ . . . . . Y  ] m o d u le .  L e t  d e n o t e  t h e  d e r i v a t i o n  o fl 5 7 n  dY^
g

F [ Y ^ , . . , , Y  J w h ic h  t a k e s  Y. i n t o  6 . . T h i s  d e f i n e s  f o r  we c a n ,
n  J 1 j  j

u s i n g  t h e  m u l t i p l i c a t i o n  p r o p e r t y ,  e x t e n d  u n i q u e l y  t o  t h e  monomia ls
j

o f  Y , , . . . , Y  and  by  F l i n e a r i t y  t o  F l i n e a r  c o m b i n a t i o n s  o f  t h e
1’ ’ n

m onom ia l s  i n  Y ^ , . . . , Y ^  w h ic h  i s  a l l  o f  F [ Y ^ , . . , , Y n ] . C o n s i d e r  t h e  

map o f  V(Fn ) i n t o  Der F [ Y ^ , . . . , Y  ] w h ic h  t a k e s  (o?^(Y^,. . .  ,Y ^ ) )  -*

> cr. (Y. , . . . ,  Y ) | r r -  . T h i s  i s  a n  F [ Y . , . . . , Y  ] i s o m o rp h i s m  o f  V(Fn )
L-l. j. 1 n  o i .  l  n

o n t o  D er (F [Y 1 ? . . . *Y ] )  w h ich  c a n  be  d e t e r m i n e d  by d i r e c t  c o m p u t a t i o n .

(d) L i e  B r a c k e t

L e t  a  and  0 be  i n  D e r ( F [ Y ^ , . . . ,Y ] )  t h e n  we d e f i n e



(o ' ,3 ]  = 0$  -  Per w h ich  i s  a g a i n  i n  Der ( F [ Y ^ , . . .  »Y ] )  by c o m p u t a t i o n .

I n  t h i s  way D e r ( F [ Y ^ , , . . ,Y ^] )  becomes a  L i e  a l g e b r a .  We c a n  make 

V(Fn ) i n t o  a L i e  a l g e b r a  by r e q u i r i n g  t h a t  t h e  F [ Y ^ , . . , , Y n ] i s o m o rp h i sm  

o n t o  De r ( F [ X^ , . . . be  an  F L i e  a l g e b r a  i s o m o rp h i s m .  We can  d i r e c t ­

l y  compute  t h a t  f o r  o' = (o^) and  3 = (3^) i n  V(Fn) we h a v e

-n 5 ffj S 3 .
~  ))f a . e j  = c y  o .  r i r  -  " j  F v 1

J j  1

(d)  L e f t  I n v a r i a n t  V e c t o r  F i e l d s

We s h a l l  u se  (b)  t o  d e f i n e  a n  F i s o m o rp h i s m  o f  T (0 )  o n t o  a  L i e

s u b a l g e b r a  o f  V(Fn ) . The image w h ic h  we d e n o t e  by L (F n ) and  c a l l  t h e

l e f t  i n v a r i a n t  v e c t o r  f i e l d s  o f  Fn  i s  t h e n  t h e  a n a l a g o u s  L i e  a l g e b r a  o f  

a  L i e  g r o u p .  L e t  a  i n  T (0 )  be  g i v e n  by ( a ^ t )  . We make c o r r e s p o n d  

t o  a ,  < * 0 ^ , . . . , Y n ) = (g^CY^, . . .  jY ^ ) )  an  e l e m e n t  o f  V(Fn ) a s  f o l l o w s .  

We d e f i n e

Q'i C5f1 , • •• >Yn) = ( a ^  + q i (Y1 , . . . , Y i _1 ; a ^ , . . .  . a ^ t )  >t  = 0 ■

As i n  (b)  t h e  map T (0 )  -  V(Fn ) ,  a  O'(Y^, . . . , Y^) i s  a  w e l l - d e f i n e d  F 

i s o m o rp h i s m  o f  T (0 )  i n t o  V(Fn ) . L (F n ) i s  t h e r e f o r e  a n  n - d i m e n s i o n a l  

F v e c t o r  s p a c e .  L e t  L ( D e r ( F [ Y ^3. . . , Y ^ ] ) )  be  t h e  image o f  L (F  ) i n  

D e r ( F [ Y ^ , . . . jY ^])  . We s h a l l  now c h a r a c t e r i z e  L ( F n ) and 

L ( D e r ( F [ Y 1, . . . , Y i i ] ) )  . C l e a r l y  o r ^ , . . .  ,Yn ) = > • * ■ >Yn ) )  i s  a n

e l e m e n t  o f  L (F n ) i f  and o n l y  i f  we have  f o r  b = (b^ )  i n  Fn
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_ V
®L * ■ ’ * ’ ~ Y ^e ]_»* * •»e f _ i  * »*»* j ^ i _ f  ̂

n*--1  x . e j  nj--1  y . j  
i  j  i  j

T h e r e f o r e  crCY^,. . .  ,Y ) = (o '^ (Y ^ , . . .  ,Y ^ ) )  i s  i n  L ( F n ) i f  and  o n l y  i f

f o r  b = (b1 , . . . , b  ) i n  Fn  we have  
1 n

j ” 1 s
O j O O  -QTj CO)  +  2 w “ k <0 ) < I  [ y ( « 1 , . . . , e j . ] i i 6 l k  n ^ l  \  ] ) *

f o r  1 £  j  £  n .

F i x  b i n  Fn . L e t  t b  : Fn  -  Fn , t b (a )  = ba  . L e t  (a  ( Y ^ . . . ,Yn ) )  

be a n  e l e m e n t  o f  V(Fn ) and  l e t  a  b e  t h e  c o r r e s p o n d i n g  e l e m e n t  i n  

Der F [ Y ^ , . . . , Y n ] . Where f  i s  a n  e l e m e n t  o f  F [ Y ^ , . . . , Y n J we have  

n ( f ) b  = a ( f  o t ^ )  (0) i f  a n d  o n ly  i f

f  . . . w h  w - r  «
^ i - 1  J a  Yj

j ( °>  § -g _  Cf 0 V <0) •

L e t  X = b. + Y. +  q . ( b - , . . . , b . _;Y , . . . , Y  n ) . We have i  i  i  n i  1 i - l  1 i - l
—n 5X .

Ck’( f ) b  = q? ( f  o t^ ) (0) i f  and only i f  a  . (b) = ^  0 ^ (0 )  ^  *
 ̂ i = l  i

s x
However,  ~ L  (0) = g (b , . . .  ,b ;y  , . . .  >Y ) y  =Q =

i  i  J J J i

Z  Y ^e l , ***, e j - l ; 6l i , " ’ , 6j - l , i ^  n i = l  hl  ’

s x
f o r  i  <  j  and  f o r  i  >  j  .  j _ ( o )  = i  i f  i  = j  .

a y i

C"n  piv
T h e r e f o r e  cr.Cb) = > Of,(0)1 / . 1  _

SY
ff-Cb) -  > <* . ( 0)  £ (0) i f  and o n l y  i f

J 1=1 1 BY?
i

j  1 Q
(b) = 0 ^ . ( 0 )  +  ^  . k C O X y  [Y(e1 , . . . s e ;. . 1 ;6k l J . . . }6 k i _1) b ^ ^ ] ) .

T h e r e f o r e  ot i s  i n  L (Der ( F [ Y ^ , . . .  »Y ] ) )  i f  and o n l y  i f  o, C£)b = 

a  ( f  o t ^ )  (0) w h ich  i s  c l e a r l y  e q u i v a l e n t  t o  o' ( f  o t b )  o t ^  = a  ( f )  .
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We a r e  now i n  a  p o s i t i o n  t o  p r o v e  L (F n ) = L ( D e r ( F  [Y^, . . . ,  Y^ ] )  i s  a  L i e

s u b ^ l g e b r a  o f  V(Fn ) . L e t  a  and  P be i n  L ( D e r ( F [ Y ^ , . . . , Y ^ ] ) )  .

t f f jP lCf  o t fc) o t ^  = ( c f P ) ( ( f  o t b )> o t "1 -  (Por) ( f  o t b )  o t ~ l  .

(o^P)(f  o t b ) o t h 1 = Q '( P ( f  o t b ) )  o t ”1 = a (P ( f ) o t b ) o t ”1 = Q '(p(f>)  .

T h e r e f o r e  [ t y ,P ] ( f  o t b ) o t ^  = [ o ' , P ] ( f )  .

We have t h e  f o l l o w i n g

Theorem B. E i s  an  e x t e n s i o n  o f  F

Suppose  we have  a g roup  m u l t i p l i c a t i o n  on En  s a t i s f y i n g

(1) 0 i s  t h e  i d e n t i t y .

(2) ( a i ) ( b i ) = ( c t ) w h e re  c ± = a ^ f c ^ q ^ a ^  . . .  j b ^  . . .

w i t h  q i (Xj Y) € F[X^Y] .

Then

(a)  Fn  i s  a s u b g r o u p  o f  En  .

(b) The i n j e c t i o n  o f  Fn  i n  En  d e f i n e s  a n  i n j e c t i o n  o f

T „ (0 )  = L (F n ) i n t o  T „ ( 0 )  = L (En ) w h ich  d e f i n e s  a n  F i s o -  F h

morphism o f  L ( F n ) i n t o  L (E n ) w h ic h  p r e s e r v e s  t h e  L i e  b r a c k e t .

(c )  A b a s i s  o f  L (F n ) as  a n  F v e c t o r  s p a c e  i s  a  b a s i s  o f  L (E n )

a s  an  E v e c t o r  s p a c e .

3 .  S t r u c t u r e  Theorem

Theorem 9 . 1 . L e t  N be  a r e a l  n i l p o t e n t  g r o u p .  Then  N h a s  a d i s c r e t e  

cocompact  su b g ro u p  i f  and o n l y  i f  t h e r e  i s  a c a n o n i c a l  b a s i s  f o r  L(N) 

whose s t r u c t u r e  c o n s t a n t s  a r e  r a t i o n a l .

P r o o f : Only i f :  t h i s  f o l l o w s  f rom  t h e  p r e c e e d i n g  d i s c u s s i o n ,

i f :  We s h a l l  p r o v e  t h e  f o l l o w i n g  lemma.
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Lemma 9 . 2 . L e t  X ^ , . . . , X ^  be a c a n o n i c a l  r a t i o n a l  b a s i s  o f  L(N) .

Then t h e r e  e x i s t s  i n t e g e r s  k ^ , . . . , k n  s u c h  t h a t  e x p ( ) ^ —  X^) i s

a  s u b g ro u p  o f  N a s  t h e  nu r u n  o v e r  t h e  i n t e g e r s .

P r o o f :  X i s  c e n t r a l  i n  L = L (N ) ,  and exp X i s  c e n t r a l  on  N . L e t  n  n

N* = N /exp  t  X w h ic h  i s  a  r e a l  n i l p o t e n t  g roup  and L(Ny) -  L (N ) /R  X .
n  n n

L e t  p : N N/ be t h e  n a t u r a l  map and  l e t  p^ :  L(N) -* L(N*) be  t h e

d i f f e r e n t i a l  o f  p . C l e a r l y  p1̂  X , . . .  , p ^  X ^  i s  a  r a t i o n a l  c a n o n i c a l

b a s i s  o f  L (N 7) . By i n d u c t i o n  we c a n  f i n d  i n t e g e r s  su ch
s-n-1 jt; t

t h a t  ^ P t / ^  k7 P iS  a  s u b g r o u p  o f  N w h e re  t h e  rn^ ' s  t u n

o v e r  t h e  i n t e g e r s .  Now

, - n - l  m. v-n-1 m /  , - n - l  nexp(z. k t V  exp(X. ~  V  = exp(l ,  kT V  * z
1 i  i  l i

w he re  m . ,  m. ' and  n .  a r e  i n t e g e r s  and 2 i s  i n  exp t  X . Buti l l  n  n

t h e n .
—n - 1 m. v-n-1 m. ^-n-1 n .

\  k j  V  '  “ p < ^  i f  V  -  e x p (  \  kT x i  + Tn  V

s i n c e  Z i s  c e n t r a l .  The H a u s d o r f - C a m p b e l l  f o r m u l a  t e l l s  us t h a t

til m .. nu ^
Tn = qn Ck iT ^ - ; * where each C O eff ic ien t  o f  <in1 n-1 1 n-1

i s  a r a t io n a l  polynom ial in  the s tr u c tu r e  co n sta n ts  o f  X ^ , . . . ,X ^  which

have been assumed to  be r a t io n a l .  Therefore  there  i s  an in te g e r  k^

depending s o l e l y  on kx ’ *’ *,kn - l  and the denominators o f  the s tr u c tu r e

co n sta n ts  such th a t  fo r  a rb itr a r y  m ,, n/. 1 5 i 5 j  5 n-1 th ere  i s  an
n 1 J r n mi

in te g e r  n such th a t  2 = exp . C lear ly  ex p ( ) £** X^) i s  a
n i  i

subgroup o f  N .



L e t  T be a  f i n i t e l y  g e n e r a t e d  t o r s i o n  f r e e  n i l p o t e n t  g roup  f o r  t h e  

r e m a i n d e r  o f  t h i s  c h a p t e r .  L e t  C b e  a t o r s i o n  f r e e  n i l p o t e n t  L i e  group 

whose component g ro u p  i s  t o r s i o n  f r e e  and f i n i t e l y  g e n e r a t e d .  L e t

N(T) and N(C) be  t h e  u n iq u e  s i m p l y  c o n n e c t e d  n i l p o t e n t  a n a l y t i c  g ro u p s  

c o n t a i n i n g  T and C a s  d i s c r e t e  and c l o s e d  co co m p ac t  su b g ro u p s  r e s p e c t ­

i v e l y .  We s h a l l  s a y  t h a t  T i s  a  d i s c r e t e  l a t t i c e  g roup  w henever  l o g  T 

i s  a n  a d d i t i v e  s u b g r o u p  o f  t h e  v e c t o r  s p a c e  L (N (T ) )  . We s h a l l  s a y  t h a t  

C i s  a  c l o s e d  l a t t i c e  g roup  w h e n e v e r  i s  a  d i s c r e t e  l a t t i c e  g r o u p .

The f o l l o w i n g  lemma f o l l o w s  d i r e c t l y  f rom t h e  p r o o f  o f  lemma. L e t  

be  t h e  l a s t  t e r m  o f  t h e  lo w e r  c e n t r a l  s e r i e s  o f  N a  r e a l  n i l p o t e n t  

g r o u p .  We s h a l l  d e n o t e  t h e  image o f  an  e l e m e n t  n  o f  N by n u n d e r  

t h e  n a t u r a l  map o f  N o n t o  N/N^ . We s h a l l  d e n o t e  t h e  image o f  an  

e l e m e n t  X o f  L(N) by X u n d e r  t h e  n a t u r a l  map o f  L(N) o n t o  

L(N/NC) .

Lemma 9 . 3 .  L e t  X , , . . . , X  be  a  r a t i o n a l  c a n o n i c a l  b a s i s  o f  t h e  n i l -    1» r

p o t e n t  L i e  a l g e b r a  L (N ) , w h e re  Xt + ^ , . . . , X  i s  a  b a s i s  o f  l-(N^) . 

vfcAssume e x p (  > n .  X . )  i s  a  s u b g r o u p  o f  N/N w h e re  t h e  n .  r u n  o v e r
i  r  C  i

t h e  i n t e g e r s .

Then  t h e r e  a r e  i n t e g e r s  mt + ^ , . . . , m r  s u c h  t h a t

y-.t X
e x p (  ) n .  X. + > n .  —  ) i s  a sub g ro u p  o f  N w here  t h e  n .  r u n

1 1 H + l  1 mi

over the in t e g e r s .  Moreover we can choose the rat + l , ' * ' ,mr suc^ th at
Z t  s-x X.

n .  X. + ) n .  ~  ) i s  t h e  s u bg roup  o f  N g e n e r a t e d  by

1 1 1 " " t + l  1 mi
- t
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Theorem 9 . 4 . T h e re  i s  a  d i s c r e t e  l a t t i c e  g ro u p  c o n t a i n e d  i n  N(T)

and  c o n t a i n i n g  T up t o  f i n i t e  i n d e x  . We s h a l l  c a l l  any s u c h  T ^  a 

l a t t i c e  e n v e l o p e  o f  T .

P r o o f : L e t  Y^>-*->Yr  be e l e m e n t s  o f  T s a t i s f y i n g

e .
1.  Each  e l e m e n t  o f  T c a n  be w r i t t e n  u n i q u e l y  a s  13̂  y^ ^ where

t h e  e . a r e  i n t e g e r s .
 ̂ e .

2 . T .  = A. y ,  J w he re  t h e  e .  r u n  o v e r  t h e  i n t e g e r s ,  t h e n  F .
i  i- j  J 1-

i s  a  n o rm a l  s u b g ro u p  o f  T and = Z .
j*

3.  Each e l e m e n t  o f  N(F) can  be u n i q u e l y  w r i t t e n  a s  11̂  e x p C t ^ l o g  y ^ )

w h ere  t h e  t . a r e  r e a l .
J

j*
4 .  N. = G ( T . )  = II. e x p ( t .  l o g  y . )  w here  t h e  t .  r u n  o v e r  t h e  r e a l s .

i  x x J J J

Then N. i s  a  no rm al  s u b g ro u p  o f  N and  = R •

Such e l e m e n t s  a r e  c a l l e d  a c a n o n i c a l  b a s i s  o f  T , L e t  X^ = l o g  y ^  .

Then  X - , . . . , X  i s  a  c a n o n i c a l  r a t i o n a l  b a s i s  o f  L (N (T ) )  . T h e r e  a r e

^  Xii n t e g e r s  m, s u c h  t h a t  T ,, = e x p (  > n .  —  ) i s  a  s u b g ro u p  o f  N
X. IT <> t h  l-  n i .JL x

a s  t h e  n ^  r u n  o v e r  t h e  i n t e g e r s .  S i n c e  T i s  g e n e r a t e d  by exp X^

1 £ i  £ r  w h ic h  a r e  c o n t a i n e d  i n  T ^  we h ave  F c f ^  . M oreove r  T^

i s  a  d i s c r e t e  cocom pact  s u b g ro u p  o f  N(T) . T h e r e f o r e  i s  f i n i t e

#s i n c e  b o t h  F ,  T a r e  d i s c r e t e  and  h ave  t h e  same a l g e b r a i c  h u l l .

Theorem 9 . 5 . L e t  be a  r a t i o n a l  c a n o n i c a l

b a s i s  o f  L (N (T))  w he re

(a)  x j , . . . , x ^ k , . . . , x ® , . . . , x ® c i s  a  b a s i s  o f  L(Nk ) .

1 X c c
(b) The e l e m e n t s  exp x ^ , . . .  exp x ^ , . . . ,  exp  x ^ ,  . .  . ,  exp x i c  i s

a  c a n o n i c a l  b a s i s  o f  T .
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L e t  A be  a n  a u to m o rp h is m  o f  T ,  i-t s  u n i q u e  e x t e n s i o n  t o

N(T) . Then t h e r e  e x i s t  i n t e g e r s  = 1,  s u c h  t h a t

 q  x  -t-
r #  = exp ^  ~ 1“  n  ^  i n t e g e r s  j  i s  a  s u b g ro u p  o f  N(T)

-t= 1 j = l   ̂ m^

#  # 
and  > = r  *

P r o o f : We u s e  i n d u c t i o n  on t h e  s t e p s  o f  n i l p o t e n c y  o f  T . I f  T i s

a b e l i a n  we a r e  c l e a r l y  done .  L e t  T be c s t e p  n i l p o t e n t  and assume
c.

t h e  t h e o re m  t r u e  f o r  & < c . L e t  N be  t h e  l a s t  t e r m  i n  t h e  l o w e r

c e n t r a l  s e r i e s  f o r  N = N(T) and  l e t  = NC fl T . T h en  NCT/r^) =

N ( T ) / J P “ . L e t  us  d e n o t e  t h e  image o f  an  e l e m e n t  n  £ N, by n  u n d e r

ct h e  n a t u r a l  map o f  N o n to  N/N and t h e  image o f  a n  e l e m e n t  X on

L(N) by X u n d e r  t h e  n a t u r a l  map o f  L(N) o n t o  L ( N ) /L  (N°) . L e t  A

b e  t h e  a u t o m o rp h i s m  o f  T / r ^  i n d u c e d  by A . By i n d u c t i o n  t h e r e  a r e

i n t e g e r s  -  1, s u c h  t h a t  w h e re

, _ c - l  . -  I  . .
V = |  }  )  n J : n .  i n t e g e r s  j

' ■ ^ 1  <>1  rn” -  ^
■V

cry
T h e r e  a r e  i n t e g e r s  m ^ , . . . , n K c s u c h  t h a t  w h e re

r ^ - 1 ^  l  x  -t * c x c. t  ,
y '  L  L .  , n j  - + L  , n j  : n j  ’ n j  ^ S e r s j  ^  have

■1=1 j = l  m, j = l  J m. J J

we h a v e  t h a t

M Q  »  Q  „
exp y i s  a  s u b g r o u p  o f  N(T) /N  and  t h a t  A ^ ^ / N  (exp  y )  = exp  y

c n.i c  .
, _ c - l  x t  x c  x c

exp  y '  i s  a  s u b g r o u p  o f  N(T) and i s  g e n e r a t e d  by

-c-1 . J .
and exp 1 £  j  ^  i

J J c
r , V  V  1  x - t  1exp  ^  2 , n i 3 : n . m t e g e r s j

£=1 Jj -1 m. 3-c j.
c

Q

C l e a r l y  t h e r e  i s  a n  i n t e g e r  mc = ^ j = l  n j  s u c ^  fcha t  w here

■t/'
f r 1 'j

L  n ’ ~  : n ‘ i n t e g e r s j  we have  exp  y  a  s u b g ro u p  o f
- t^ l j  = l  ■£/
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N(T) . We have  t h a t  exp y / T  i s  f i n i t e  s a y  o f  o r d e r  m . L e t  X be

i n  y ,  t h e n  (exp X.) = exp  Y • Z w h e re  Y i s  i n  7 and Z i s  i n

NC . S i n c e  (exp X)TO = exp m X i s  i n  T ,  we have  t h a t  Zm i s  i n

r  „ = exp v  . T h e r e f o r e  i f  we l e t  m now be m • m t h e  i n t e g e r s  it c c

w i l l  s a t i s f y  t h e  c o n c l u s i o n s  o f  t h e  t h e o re m .
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CHAPTER I I  

THEORY OF SOLV-MA.NIFOLDS

SECTION 1 .

I . I n t r o d u c t i o n

A t  t h i s  p o i n t  we s h a l l  g e n e r a l i z e  o u r  c o n c e p t  o f  an  a l g e b r a i c  g r o u p .  

Our o ld  a l g e b r a i c  g roups  become r e a l  a l g e b r a i c  g r o u p s .  L e t  k be any 

f i e l d  o f  c h a r a c t e r i s t i c  z e r o ,  and l e t  kn  d e n o t e  t h e  s e t  o f  a l l  o r d e r e d  

n - t u p l e s  o f  k  . L e t  k [ X ^ , . . . , X n ] be  t h e  i n t e g r a l  domain  o f  a l l  p o l y ­

n o m i a l s  w i t h  k - c o e f f i c i e n t s  i n  n  v a r i a b l e s  and l e t  k ( X ^ , . . . , X n ) be  i t s  

q u o t i e n t  f i e l d .  We can  r e g a r d  k [ X ^ , . . . , X n J a s  a r i n g  o f  f u n c t i o n s  on

k”  and k ( X , , . . . , X  ) as  a  c o l l e c t i o n  o f  f u n c t i o n s  d e f i n e d  on s u b s e t s  o f  
1 ’ ’ n

k n  . An a l g e b r a i c  s u b s e t  o f  k n i s  t h e  s e t  o f  a l l  common z e r o e s  o f  a  

f i n i t e  number o r  e q u i v a l e n t l y  an  i d e a l  o f  p o l y n o m i a l s  o f  k [ X ^ , . . . , X  ] . 

The a l g e b r a i c  s u b s e t s  o f  k n  d e t e r m i n e  t h e  c l o s e d  s u b s e t s  o f  a  t o p o l o g y  

f o r  kn w h i c h  we c a l l  i t s  Z a r i s k i  t o p o l o g y .  R e l a t i v e  t o  t h i s  t o p o l o g y  we 

c a n  r e g a r d  k ( X ^ , . . . , X  ) a s  a c o l l e c t i o n  o f  f u n c t i o n s  d e f i n e d  on open  

s u b s e t s  o f  kn  . L e t  A b e  a n  o pen  s u b s e t  o f  k11 . Then we can  g i v e  t o  

A t h e  i n d u c e d  Z a r i s k i  t o p o l o g y .  A r a t i o n a l  f u n c t i o n  f  o f  A i s  a  map 

f : A -> k  w h i c h  l o c a l l y  c a n  be r e p r e s e n t e d  by a n  e l e m e n t  o f  k ( X ^ , . . . j X ^ ) . 

The  sp a c e  k n  w i t h  t h e  Z a r i s k i  t o p o l o g y  a l o n g  w i t h  t h e  map w h ic h  a s s i g n s  

t o  e a c h  o p e n  s u b s e t  o f  kn , A, t h e  c o l l e c t i o n  o f  a l l  r a t i o n a l  f u n c t i o n s  

o f  A i s  a  k  s t r u c t u r e d  s p a c e  w h ic h  we c a l l  t h e  a f f i n e  v a r i e t y  kn .

L e t  d e n o t e  t h e  c o l l e c t i o n  o f  a l l  n X n m a t r i c e s  whose c o ­

e f f i c i e n t s  a r e  i n  k . L e t  i :  k n be t h e  b i j e c t i o n  g i v e n  by

iC C o r^ ) )  =Cof11, . . , c 3fl n , . . . , Q r n l , . . . , o f rili) . We make M ^ n )  i n t o  a v e c t o r
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s p a c e  o v e r  k  by r e q u i r i n g  t h a t  i  be a  v e c t o r  s p a c e  i s o m o rp h i sm .  De­

f i n i n g  a m u l t i p l i c a t i o n  on M ^ (n ) ,  [X,Y] = XY - YX we make ^ C 11) i n t o  

a  k  L i e  a l g e b r a .  By r e q u i r i n g  t h a t  i  be a s t r u c t u r e d  space  i s o m o rp h i s m  

o f  o n to  t h e  s t r u c t u r e  a f f i n e  s p a c e  kn  we make i n t o  a  k

s t r u c t u r e d  s p a c e  c a l l e d  t h e  a f f i n e  v a r i e t y  •

L e t  GL^Cn) be  t h e  g roup  o f  a l l  n o n s i n g u l a r  m a t r i c e s  i n  ^ ( * 0  . 

C l e a r l y  GL^(n) i s  open  i n  t h e  a f f i n e  v a r i e t y  ^ t 11) an£* t h e r e f o r e  i n ­

h e r i t s  i n  a  n a t u r a l  way a f u n c t i o n a l  s t r u c t u r e  f rom ^ ( n ) * ^ ^ ( n )  as

a  g ro u p  and as  a  s t r u c t u r e d  s p a c e  w i l l  be c a l l e d  t h e  a f f i n e  group GL^(n) .  

An a l g e b r a i c  s u b g ro u p  o f  GL^(n) i s  a  c l o s e d  s u b g ro u p  o f  t h e  a f f i n e  

g ro u p  GL^(n) . A r a t i o n a l  r e p r e s e n t a t i o n  r  o f  a n  a l g e b r a i c  s u b g ro u p  

A o f  GL^.(m) i s  a  r a t i o n a l  f u n c t i o n  o f  a n  open s u b s e t  o f  t h e  a f f i n e  

v a r i e t y  M ^ 11) c o n t a i n i n g  A i n t o  GL^(n) whose r e s t r i c t i o n  t o  A i s  

a  g ro u p  homomorphism. I t  i s  a  f a c t  t h a t  a l l  t h e  a l g e b r a i c  g roup  th e o re m s  

o f  C h a p t e r  1 ,  S e c t i o n  1 h o l d  f o r  a l g e b r a i c  s u b g r o u p s  o f  GL^(n) . A l s o  

s i n c e  k  c o n t a i n s  t h e  r a t i o n a l s  and s i n c e  b o t h  e x p o n e n t i a l  and l o g  a r e  

d e f i n e d  o v e r  t h e  r a t i o n a l s  a l l  t h e  a l g e b r a i c  s t a t e m e n t s  o f  C h a p t e r  1 ,  

S e c t i o n  2 h o ld  f o r  a l g e b r a i c  s u b g r o u p s  o f  GL^(n) .

To s t u d y  s o l v a b l e  L i e  g r o u p s  we w i l l  need  two f u r t h e r  t h e o re m s  w h ich  

we now s t a t e .

1.  L e t  S be  a  c o n n e c t e d  s o l v a b l e  a l g e b r a i c  s u b g r o u p  o f  GL^(n) .

Then

(a)  U = t h e  c o l l e c t i o n  o f  a l l  u n i p o t e n t  m a t r i c e s  i n  S i s  a  c o n ­

n e c t e d  a l g e b r a i c  g ro u p  w h ich  i s  a  n o rm a l  s u bg roup  o f  S .

(b)  Where T i s  any maximal c o m p l e t e l y  r e d u c i b l e  sub g ro u p  o f  S 

we have  S = U • T ( s e m i - d i r e c t  p r o d u c t ) .
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M oreover  w he re  T,  T a r e  two maximal  c o m p l e t e l y  r e d u c i b l e  s u b g ro u p s  o f

S, t h e r e  i s  a n  h i n  G ( ( S , S ) )  s u c h  t h a t  h T h ^ = T .

T h i s  t h e o re m  a l l o w s  us t o  d e f i n e  a s e m i - s i m p l e  s p l i t t i n g  o f  a  s im p ly  con ­

n e c t e d  s o l v a b l e  a n a l y t i c  g roup .

The f o l l o w i n g  g e n e r a l i z a t i o n  due  t o  Mostow w i l l  a l l o w  us t o  d e f i n e  a 

s e m i - s i m p l e  s p l i t t i n g  f o r  a more g e n e r a l  t y p e  o f  g r o u p .

2.  L e t  T be a s o l v a b l e  a l g e b r a i c  group o f  GL^(n) .

Then

(a)  U = t h e  c o l l e c t i o n  o f  a l l  u n i p o t e n t  m a t r i c e s  o f  T i s  a ' c o n ­

n e c t e d  a l g e b r a i c  n o rm a l  subgroup  o f  T .

(b) Where T i s  a maximal c o m p l e t e l y  r e d u c i b l e  s u b g ro u p  o f  T we

have  F = U • T ( s e m i - d i r e c t  p r o d u c t ) .

M oreover  f o r  any two maximal c o m p l e t e l y  r e d u c i b l e  s u b g ro u p  o f  T ,  T 

and T t h e r e  i s  a  u  i n  U s u c h  t h a t  u T u ^ = T .

SECTION 2 . The S em i -S im p le  S p l i t t i n g

L e t  S be a  s i m p l e  c o n n e c te d  s o l v a b l e  a n a l y t i c  g ro u p .  We c a n  w r i t e

G(ad„ S) = • T^ where i s  t h e  group o f  a u n ip o te n t  automorphisms5

o f  G(ad  S) and T^ i s  a maximal c o m p l e t e l y  r e d u c i b l e  s u b g ro u p  o fb

G(adc S ) . L e t  C. : G(ad S) "* T^ b e  t h e  homomorphism o f  6 (a d „  S) o n t ob i b  b

T^ w i t h  k e r n e l  U^. Then C: S T^ g i v e n  by £ ' =  o ad i s  c a l l e d

t h e  s e m i - s i m p l e  homomorphism o f  S r e l a t i v e  t o  t h e  d e c o m p o s i t i o n  

G(adg S) = U# ■ T# . L e t  Tg = C (S) .

Now ad S i s  a  g roup  o f  a u to m o rp h i s m s  o f  S and t h e r e f o r e  t h e  L i eu

a l g e b r a  o f  S.  S i n c e  t h e  group o f  a u to m o rp h i s m s  o f  a  L i e  a l g e b r a  i s

a l g e b r a i c ,  G(ad  S) i s  a  group o f  au to m o rp h is m s  o f  S. T h e r e f o r e  we canb

form S • Tg ( s e m i  d i r e c t  p r o d u c t ) .  We c a l l  t h i s  t h e  s e m i - s i m p l e
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■# #s p l i t t i n g  o f  S r e l a t i v e  t o  t h e  d e c o m p o s i t i o n  G ( a d g S) = U • T . We 

now s t a t e  t h e  f o l l o w i n g  t h e o re m  found  i n  [ ] .

Theorem 2 . 1 . L e t  Ng be t h e  n i l  r a d i c a l  o f  S * Tg , t h e n

(a)  S • Tg -  Ng • Tg ( sem i  d i r e c t  p r o d u c t ) .

(b)  The n i l  r a d i c a l  N o f  S i s  no rm a l  i n  S • Tg and S • Tg /N

i s  a b e l i a n .

(c)  The p r o j e c t i o n  p :  S Ng , p ( s )  = n  w he re  s = n t  w i t h

n  € Ng , t  £ Tg i s  a homeomorphism o f  S o n to  Ng .

(d)  S, Ng g e n e r a t e  S * Tg .

Theorem 2 . 2 . L e t  S be  a s o l v a b l e  s im p l y  c o n n e c t e d  a n a l y t i c  g r o u p .  

Assume S c  Ng * Tg ( sem i  d i r e c t  p r o d u c t )  su ch  t h a t  Ng i s  a  r e a l  

n i l p o t e n t  g roup  and  Tg i s  a n  a b e l i a n  g roup  o f  s e m i - s i m p l e  a u to m o rp h is m s  

o f  Ng . Assume, m o r e o v e r ,  t h a t

(a )  I f :  p : Ng • Tg “* Ng i s  t h e  p r o j e c t i o n  o n t o  t h e  f i r s t

f a c t o r  t h e n  p r e s t r i c t e d  t o  S i s  a  homeomorphism o f  S o n t o  Ng .

(b)  S and Ng g e n e r a t e d  Ng • Tg

t h e n

th e r e  e x i s t s  a r e p r e s e n t a t i o n  o f  G(ad S) = ■ T^ such  th a t
O

N T = S ■ Tq i s  t h e  s e m i - s i m p l e  s p l i t t i n g  r e l a t i v e  t o  t h i s  r e p r e s e n -D O  b

t a t i o n .
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SECTION 3 . The D i s c r e t e  S e m i -S im p le  S p l i t t i n g

(a)  I n t r o d u c t i o n

We w i l l  g e n e r a l i z e  t h e  s e m i - s i m p l e  s p l i t t i n g  d i s c u s s e d  i n  S e c t i o n  2 .

L e t  Tr  b e  a  g roup  s a t i s f y i n g  t h e  e x a c t  s e q u e n c e -  1 -* N -* TR H -* 1

w h e re  N i s  a  r e a l  n i l p o t e n t  g roup  and H i s  a  d i s c r e t e  f i n i t e l y  g e n ­

e r a t e d  a b e l i a n  g r o u p .  We c a n  w r i t e  H = w here  i s  a  t o r s i o n

f r e e  f i n i t e l y  g e n e r a t e d  a b e l i a n  g ro u p  and i s  t h e  t o r s i o n  sub g ro u p

o f  H . L e t  h ^ , . . . , h  be a b a s i s  o f  and  l e t  » • '  * » t *le

e l e m e n t s  o f  . By 2 .  t h e r e  i s  a  s e m i - d i r e c t  p r o d u c t  r e p r e s e n t a t i o n

G (a d M r _ )  = • T^ w he re  i s  t h e  group o f  a l l  u n i p o t e n t  au tom orph ism sN R

o f  G (ad„  T ) and  T^  i s  a  maximal c o m p l e t e l y  r e d u c i b l e  s u b g r o u p  o f
N  A

G (ad^  Tr ) . L e t  : G (ad ^  FR) -* T^  be t h e  homomorphism o f  G (ad^  FR)

o n t o  T^ w i t h  k e r n e l  . Then Q : -» T^  g i v e n  by Q = £ o ad„
I N

i s  c a l l e d  t h e  s e m i - s i m p l e  homomorphism o f  TR r e l a t i v e  t o  t h e  r e p r e s e n t ­

a t i o n  G ( a d „  T ) = U# • T^ . We s h a l l  d e f i n e  f o r  e a c h  r e p r e s e n t a t i o n  a  N K

s e m i - s i m p l e  s p l i t t i n g  o f  TR and we s h a l l  show t h a t  any two s e m i - s i m p l e

s p l i t t i n g s  o f  Fn r e l a t i v e  t o  t h e  same r e p r e s e n t a t i o n  a r e  i s o m o r p h i c .

We can  t h e n  q u i t e  e a s i l y  show t h a t  any two s e m i - s i m p l e  s p l i t t i n g s  o f  TR

a r e  i s o m o r p h i c .  I n  w h a t  f o l l o w s  we f i x  a r e p r e s e n t a t i o n  G (ad ^  TR) =

* T^ and  l e t  Q : T -* T^  be  t h e  c o r r e s p o n d i n g  s e m i - s i m p l e  homomor-R

ph ism  o f  Tr  .

Lemma 1 . 1 . T i s  n i l p o t e n t  i f  and  o n ly  i f  a d ^ ^ T  c o n s i s t s  o f  u n i p o t e n t  

t r a n s f o r m a t  i o n s .

P r o o f : Assume T i s  n i l p o t e n t ,  and t a k e  y  € F . S in c e  F i s  n i l -

p o t e n t  we h a v e  t h a t  t h e r e  i s  an  i n t e g e r  k  s u c h  t h a t  
k

( y , . . .  (y ,A )  . .  . )  = (e )  . L e t  y ^  = adN^ ) Y  • By B i r k h o f f  Embedding



t h e o re m  we may c o n s i d e r  N(A) t o  be  a n  a l g e b r a i c  s u b g ro u p  o f  U(n) f o r

#  -  - _ 1some n  a n d  we may f i n d  a  y  i n  GL(n) s u c h  t h a t  y (n)  = y  n  y  f ° r

a l l  n € N(A) . T h e r e f o r e  ( y , . . . (y ,A )  . . . )  = ( e )  and s i n c e  t h e  map

U(n) -* U(n) g i v e n  by n  -* ( y , , .  . ( y , n )  . .  . )  i s  Z a r i s k i  c o n t i n u o u s  we have

( G ( y ) , . . . ,  (G ( y ) , N ( A ) . . . )  = (e)  . W r i t e  y  = t  u w he re  t  i s  a  s e m i ­

s i m p l e  e l e m e n t  and u i s  a u n i p o t e n t  e l e m e n t  o f  GL(n) and t u  = u t .

We s h a l l  show t h a t  t  = 1 . L e t  t ^  be t h e  a u to m o rp h i s m  o f  L(N(A))

g i v e n  by X -* t  X t  ^ and  l e t  t ^  be t h e  a u t o m o rp h i s m  o f  N(A) g i v e n

by n  -* t  n  t  ^ . We t h e n  h ave  t h a t  t ^  i s  t h e  s e m i - s i m p l e  p a r t  o f

ac*N(A)^ atK* t î a t  *‘t s  d i f f e r e n t i a l .  T h e r e  i s  o v e r  t h e  c o m p l e x i f i -

c a t i o n  o f  L (N (A ))  a b a s i s  c o n s i s t i n g  o f  e i g e n  v e c t o r s  o f  t ^  . L e t  

X = l o g  n f o r  n € N (A) be an  e i g e n  v e c t o r  o f  tj, . Then

[ X ^ C X )  ] = 0 and ( t , n )  = e x p U t ^  -  I )X]  . T h e r e f o r e  e x p [ ( t L -  I ) k  X]

k  k
( t , . . . ( t , n ) . . . )  = (e)  . T h e r e f o r e  ( t ^  - I )  X = 0 and s i n c e  X i s  a n

e i g e n  v e c t o r  = X . T h e r e f o r e  t ^  = 1 ^ >  ( t j 11-) = 1 f ° r  a l l

n  i n  N(A) and  y ^  i s  u n i p o t e n t .

Assume now t h a t  c o n s i s t s  o f  u n i p o t e n t  a u t o m o r p h i s m s .  L e t

C be  t h e  c e n t e r  o f  N(A) and l e t  = [ x  € C: ( f , x )  = e f o r  a l l

f  € r} . i s  an a l g e b r a i c  s u b g r o u p  o f  N(A) and  s i n c e  a d ^ ^ r

c o n s i s t s  o f  u n i p o t e n t  a u t o m o r p h i s m s ,  dim >  0 . L e t  A^ = H A .

Then  A^ i s  a  normal  s u b g r o u p  o f  T and A/A^ = AC^/C^ b e i n g  a c l o s e d

s u b g ro u p  o f  N(A)/C^ i s  a t o r s i o n  f r e e  n i l p o t e n t  L i e  g ro u p  whose compo­

n e n t  g roup  i s  f i n i t e l y  g e n e r a t e d .  C o n s i d e r  t h e  e x a c t  s e q u e n c e

1 - * —  -»■ ~  -• H -* 1 . S in c e  dim N (A ) /C1 <  dim N(A) we h ave  t h a t
i  i  1

r / A x i s  n i l p o t e n t .  However,  s i n c e  (T,A^) = (e )  we have  t h a t  f  i s



n i l p o t e n t .

Lemma 2 . G ^adN ( A ) ^ N ^  adN(A)N ^  i s  a b e ^ a n '

Z £ 2 o f ; CTN, r N) S  N(A) . T h e r e f o r e  (a dN(A>r N, adN(A)r N) £  adN(A)N(A) .

S i n c e  b e i n g  a n  a n a l y t i c  g roup  o f  u n i p o t e n t

a u to m o rp h is m  we h ave  (G(a d N(A) r N) j G ^adN(A)r N ^  S adN(A)N ^  '

Lemma 3 .  L e t  t  and t / be s e m i - s i m p l e  au to m o rp h ism s  o f  G (ad^  t o ) r N> •

Then  t h e r e  i s  a n  X 6 a d ^ ^ ^ N ( A )  s uch  t h a t  t  t / X i s  a  s e m i - s i m p l e  a u t o ­

morphism.

P r o o f : S i n c e  a d ^ ^ ^ N ( A )  i s  a  n o rm a l  a l g e b r a i c  s u b g ro u p  o f  G ( a d ^ ^ r ^ )

t h e r e  i s  a  r a t i o n a l  r e p r e s e n t a t i o n  o f  G ( a d ^ ^ r ^ )  r :  G ( a d ^ ^ r ^ )  -*

Q £  GL(n) f o r  some n  whose k e r n e l  i s  a d ^ ^ ^ N ( A )  . By Lemma 2,  Q i s  

a b e l i a n .  S i n c e  r  i s  a  r a t i o n a l  r e p r e s e n t a t i o n  and  t  and  t / a r e  

s e m i - s i m p l e ,  r ( t )  r ( t / ) = r ( t  t ' )  i s  s e m i - s i m p l e .  But  t h e n  t h e r e  i s  a  

s e m i - s i m p l e  a u t o m o rp h i s m  o f  G ( a d ^ ^ ^ , t  s u c h  t h a t  r ( t )  = r ( t  t / ) .

Lemma 4 . L e t  t  be  a s e m i - s i m p l e  e l e m e n t  o f  G (a d jj(A)^N^ and ^e t  U

be  a u n i p o t e n t  e l e m e n t  o f  G ( a d ^ ^ ^ r ^ )  .

Then t h e  s e m i - s i m p l e  p a r t  o f  t u  i s  e q u a l  t o  t  mod ( a d ^ ^ N ( A ) )  .

The u n i p o t e n t  p a r t  o f  t u  i s  e q u a l  t o  u mod ( a d ^ ^ ^ N ( A ) )  .

P r o o f : L e t  t u  = t u  w here  t ( u )  i s  a  semi- rs imple  ( u n i p o t e n t )  a u t o -

-  -  -~1 -  -1
morphism and ( t , u )  = 1 . Then t  t  = u u . T h e re  i s  a n  x i n

a d ^ ^ N ( A )  s u c h  t h a t  t  t x  i s  s e m i - s i m p l e .  But  s i n c e  x , u , u  a r e  a l l
Jt - -1 - - 1

i n  U we have  u  u  x i s  u n i p o t e n t .  T h e r e f o r e  t  t x = u u  x = 1 .

Lemma 5 .  T a c t s  c o m p l e t e l y  r e d u c i b l y  o n  U u n d e r  t h e  a d j o i n t  r e ­

p r e s e n t a t i o n .
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#P r o o f : T a c t s  c o m p l e t e l y  r e d u c i b l y  on N and  i s  t h e r e f o r e  a c o m p l e t e l y

r e d u c i b l e  su b g ro u p  o f  t h e  a l g e b r a i c  g roup  A ut(N )  . The map cp

Aut(N) ----->  A u t ( A u t ( N ) )  w h ich  t a k e s  x cp (y)  = x y x ^ i s  a  r a t i o n a l
X

r e p r e s e n t a t i o n .  T h e r e f o r e  tpCT^) i s  a  c o m p l e t e l y  r e d u c i b l e  s u b g ro u p  

o f  A u t ( A u t ( N ) )  . S i n c e  i s  a normal c o n n e c t e d  s u b g r o u p  o f  • T^

o u r  t h e o re m  f o l l o w s .

C o n s i d e r  t h e  e x a c t  s e q u e n c e  1 "* N H T H -* 1 w he re  N i s  a

r e a l  n i l p o t e n t  g r o u p ,  and w h ere  H i s  a  d i s c r e t e  f i n i t e l y  g e n e r a t e d  

a b e l i a n  g ro u p .  L e t  H = be a s  b e f o r e  a d e c o m p o s i t i o n  o f  H i n ­

t o  a t o r s i o n  f r e e  p a r t  w i t h  b a s i s  h ^ , . . . , h s and t h e  t o r s i o n  p a r t

w i t h  e l e m e n t s  ^ s + l 5 ' ' ' ’ ^  " Choose • • • >Yn  i n  s u c h  t h a t

T1(y . )  = h .  . W r i t e  a d „ v .  = u .  * C(Y -) w h e re  u .  i s  i n  and
1 x N i l  x x

CCYj) ^ T # > where  G U d / ^  = U#  • T#  and w here  £ : TR -  T# i s  t h e  c o r ­

r e s p o n d i n g  s e m i - s i m p l e  homomorphism o f  .

#
T heorem . (a )  U = • G (u fl) • • •*  G (u^)

T#  = G(C(Y l ) , . . . , £ ( Y n )> .

(b) U/ = a d ^  N • u^  •■■• u^ i s  t h e  g roup  g e n e r a t e d  by t h e

u n i p o t e n t  p a r t s  o f  •

T 7 = £ (y ) ■ * * • C (Yi ) i s  a  g roup  and c o n t a i n s  modulon  . i

ad^  N e v e r y  s e m i - s i m p l e  p a r t  o f  e l e m e n t s  f ro m  a d ^  .

(c )  U7 • T7 i s  a  g roup  and i s  t h e  g roup  g e n e r a t e d  by t h e  

s e m i - s i m p l e  and u n i p o t e n t  p a r t s  o f  ad^  .

P r o o f :  G (ad „  r _ )  /  a d „  N i s  a b e l i a n ,  t h e r e f o r e  s i n c e  u i s  i n  N R N n
-1G (a d „  r „ )  we have  u ad„  N u = ad„  N . T h e r e f o r e  G (u  ) n o r m a l i z e s  N R  n N n N  n

a d „  N and ad„  N • u and ad .T N • G (u  ) a r e  g r o u p s ,  t h e  l a t t e r  an  
N N n  N n

a l g e b r a i c  g ro u p .



Suppose  a d ^  N • and a d ^  N • G(u^)  . . .  G C ^ )  a r e  g r o u p s ,

t h e  l a t t e r  a n  a l g e b r a i c  g r o u p .  S i n c e  u^ i s  i n  G ( a d ^  r R) we have  t h a t

u^ and t h e r e f o r e  G (u ^ )  n o r m a l i z e s  b o t h  g r o u p s .  T h e r e f o r e

ad N u . . .  u. and ad .T N • G(u  ) . . .  G (u - )  a r e  g r o u p s ,  t h e  l a t t e r  an  N n  1 N n  1 o r ,

a l g e b r a i c  g r o u p .  L e t  U = ad^  N *G(un ) . . .  G(u^)  . Then  U i s  an  

a l g e b r a i c  s u b g ro u p  o f  a s  w e l l  a s  a  no rmal a l g e b r a i c  s u b g ro u p  o f

a ( a d n r R) •

T h e re  i s  a  r a t i o n a l  r e p r e s e n t a t i o n  r :  G(ad,_ T ) -* GL(m) f o r  some mN tv

whose k e r n e l  i s  U. L e t  Q = r ( G ( a d ^  t h e n  b o t h  Q and G(Q) a r e

a b e l i a n .  G (a d N TR) = G (a d N N> C Cvx) , • ■ ■ »C CVn) )  , and

r  1 (G ( r (£  (y^)  , . .  .£ ( y ^ ) ) )  i s  an  a l g e b r a i c  sub g ro u p  o f  G fad^  TR) w h ich

c o n t a i n s  U and Q (y^ )  , . . . , £  Cy^) . I t  must  be G ( a d ^  TR) . T h e r e f o r e

G(Q) = G ( r  (C (yx) )  , . . .  , r ( C  (Vn ) ) )  . S i n c e  eac h  r C C C y ^ )  U  i s  n i s  

s e m i - s i m p l e ,  and s i n c e  G(Q) i s  a b e l i a n  we have  t h a t  G(Q) c o n s i s t s

o f  a l l  s e m i - s i m p l e  a u t o m o r p h i s m s .  T h e r e f o r e  r ( u )  = 1 f o r  a l l  u i n

# #U s i n c e  r ( u )  i s  b o t h  u n i p o t e n t  and  s e m i - s i m p l e  and  U = U , More­

o v e r  • G(£ (y^) , .  . . ,£  CY^)) i s  a n  a l g e b r a i c  s u b g r o u p  o f  T^ con ­

t a i n i n g  a d ^  Fr  and m u s t  t h e r e f o r e  be T^ . T h e r e f o r e  T^  = 

G(C(Yn ) » - * . , £ < Y 1) )  •

L e t  U/ = ad^  N • un  . . .  ^  . Take y  i n  TR and w r i t e  adN y  =
M S * 0 4 ^ t

a d „  x • IL u ,  1 t .  1 w here  y = x  * IL y ,  1 w i t h  x  € ad N and e .
N I 1 1  l r  N r

i n t e g e r  1 s  i  5 n  and  u^ and t ^  t h e  u n i p o t e n t  and  s e m i - s i m p l e  p a r t

o f  a d „  y  . S in c e  G ( a d „  IL )  /  a d „  N i s  a b e l i a n  we c a n  w r i t e  ad y =N N R N N
£ • B '

11? u .  1 • II? t . 1 mod (a d „  N) ,  and t h e r e f o r e  t h e  u n i p o t e n t  p a r t  o f  ad y 
1 1 1 1 N N



(b)  C o n s t r u c t i o n

We s h a l l  c o n s t r u c t  a t  t h i s  t i m e  a  s e m i - s i m p l e  s p l i t t i n g  o f  t h e  g roup

F r e l a t i v e  t o  t h e  r e p r e s e n t a t i o n  G ( a d „  T ) = .
j\  N K

Theorem 3 . 1 .  T h e r e  a r e  e l e m e n t s  Y-i »• ■ ■ »Y i n  r _  w i t h  T)(v.)  = h,  , ----- <X* * ' n  R 1 l.

f o r  1 S i  <. n  s a t i s f y i n g

(a)  ( T ^ ,a d N y j  = 1N f o r  1 i  £ n  .

(b)  T# ( ( y i ,Yj ) )  = ( Y ^ Y j )  f o r  1 *  i ,  j  « n .

Moreover  c o r r e s p o n d i n g  t o  any  s e t  o f  e l e m e n t s  Y ^ » . * * 3Yn  *-n ^  w i t h

TKYf) = h^ s a t i s f y i n g  ( a )  and  (b)  t h e r e  e x i s t s  a  u n i q u e  e x t e n s i o n  o f  T^

t o  a  g roup o f  a u to m o rp h i s m s  o f  T^ = ^ ( y -) s u c ^ t î a t  =

Y . f o r  1 ^ j  ^ n .
J

P r o o f : L e t  ’Y x * * * ' , ' (,n  a r b i t r a r y  e l e m e n t s  o f  s u c h  t h a t  T[(y ^) =

#h . S in c e  T a c t s  c o m p l e t e l y  r e d u c i b l y  and s i n c e  t h e  a d j o i n t  map i s

r a t i o n a l  we h a v e  t h a t  ad T^ i s  c o m p l e t e l y  r e d u c i b l e .  S i n c e
U

G ( a d „  r „ ) /  a d „  N i s  a b e l i a n  we have  t h a t  ad T = 1N R  N # ,  #  ,
U /  adN N U /  adN N

L e t  L(U^) = W © L (a<̂  N) a s  r e a l  v e c t o r  s p a c e s  w here  we h ave

a <3̂  (u#) = W . F o r  x  i n  and  t  i n  T^ we h a v e  ad t  ( l o g  x)

-1  -1  - 1t  l o g  x t  . S in c e  e x p ( t  l o g  x t  ) = t x t  = x y  w i t h  y i n  a d ^  N

and  s i n c e  xy = e x p ( l o g  x  +  z)  w h e re  z i s  i n  L ( a d ^  N) by t h e  H au sd o r f -

Campbell  f o r m u l a ,  we have  t h a t  ad  t  ( l o g  x)  =■ l o g  x  +  z w i t h  z i n

L ( a d N N) . T h e r e f o r e  ady  T = l w . L e t  adN y ± = u £ ■ C(Yt ) w i t h  u £

i n  f o r  i s  i  <: n  . L e t  l o g  u^  = l o g  v i  +  y .  w he re  l o g  i s  i n

W and y ± i s  i n  L ( a d N N) . Then  = 1N . M oreove r  u t  = x j. v t

w i t h  x ,  = a d „  n . ,  n .  i n  N a g a i n  by t h e  H ausdorf i -Campbe l l  f o r m u l a ,  i  N i l



f i x  a n  i n t e g e r  k ,  1 £  k £ n  . We s h a l l  assume t h a t  we c a n  f i n d  e l e m e n t s

Y l » . .  • ,Yn ^ Tr  s u c h  t h a t  (adN y ^ C C y ..)) = 1N f o r  1 £ i ,  j  £ n and

s u c h  t h a t  C ( Y j )  ((Y • >Y^)) = (Y j jY ^)  f o r  0 £  i £  k -1  and 1 £  j ,  k £ n .

k -1
L e t  t .  = CCYj) • b e t  = k e r  ( t . - I )  . Then N.. i s  a c o n n e c t e d3* i  1 U L J 1

s u b g r o u p  o f  C w h ic h  i s  k e p t  i n v a r i a n t  by a d ^  y^  f o r  1 £ i  £ n s i n c e  

(adN Y ^ t j )  = 1N • Le t  us  w r i t e  t k C(Yk ) Yi )> = z ± w i fch z t  i n

N . S i n c e  (ac*N^Yk j Y^) > fck ) = we ^ave t h a t  z ^ i s  i n  C f o r

l £  i £  n . S i n c e  = f N and s i n c e  Cj(CYk »Yi))  = (Yĵ Y j ) f o r

0 £  j  £  k -1  and 1 £  i  £ n we h a v e  t h a t  t  . ( t ,  ((y, , y . ) ) )  =J R .  K 1

CYfc.Y^ t ^ z j }  = f y ^ Y ^  z i  ■ T h e r e f o r e  t  ̂  ( z / )  = f o r  O s  j  £ k -1

and 1 £ i  £  n . T h e r e f o r e  z .  and y . ^  z .  y .  a r e  c o n t a i n e d  i n  N- .
l ' i  i  i  1

L e t  z^  = y " 1 z ± y ± . L e t  ^  = k e r N^ ( t k -  I )  and = ( t R -  I )  ^  .

S i n c e  t R i s  s e m i - s i m p l e  and s i n c e  \ s t iP = We ^ av e  t*1341

^  © N1 and  t h a t  ^  = ( t R -  I )  (ad yR -  I )  . W r i t e  z '  = z^  +

z [ w here  z* € N, and z!  6 N . Then -z ' .  = ( t .  -  I )  (ad  y  -  I )  y .x i l  x 1 i k  k x

w here  y .  i s  i n  S.  . L e t  y .  = y .  y .  . S i n c e  y .  i s  i n  C we h a v eL X 1 L 3, i

a d „  y .  = ad „  y .  and  t h e r e f o r e  we have  (ad  y . , t , )  = 1„  f o r  1 £ iN x N x N x j  N

j  £ n  . A l s o  ( y .  , y . )  = (y - , Y J  ad  y ( ( a d  y .  (ad y " 1 ( y , ) y .  y * 1 ) y . 1 ) ,  ,
i  j  **- J  J LJ ^ J ■*" J

and  s i n c e  f o r  0 £  t  £ k - 1 ,  t , ( ( y .  , y . )  = Y,->Y-) and s i n c e•t x J 1 3

( t „ ,  ad.T y . )  = 1„  we have  s i n c e  t . ( y . )  = y .  1 £ i  £ n  t h a t-L N x N - L i  l

t j C Y- j Y- )  = (Y. »Y -) f ° r  0 £ £  £ k - 1  and 1 £  i ,  j  £ n  . Now■o i  j  x j

( \  .Y f )  = ( Y ^ Y j )  = (Yk »Yt ) ad  Y i ( a d  Y ^ y ^ y ^ 1 ) • T h e r e f o r e
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-  -1
t k*Yk ,Yi?  = Ŷk ’Yp  z i  ad  Yi ( t k (ad  Y ^ Y ^  y £ ) )  s i n c e  ^ ( y^ Y j ) =

(Yk»Yp  z i  and ^ k , a d N YP  = XN ’ But; t h e n  fck^Yk ,Yi^  =

(Yk >Yi )  ad Y ^ Y j 1 z ± Y j  t k (ad  Y ^ Y j )  y j 1 ) . C o n s i d e r

y ±X z i  Yi  fck*ad Yk ( y i ) y i ^  = ad Yi ^ z i ) + Yk (yi* '  y i ) "  z i  + Zi  +

t k ^ ad  Yk " ^  y i  = ^ i  +  ( ad Yk " V  y i  * T h e r e f o r e  ^ Y ^ Y j )  =

<-Vk , Y l )  • Yi ^  y ; 1 • Y i  Yk y t  v ' 1 y ; 1 y j l  -  CYk ,Y : )  ad  Y i (Yk y t  \  j q 1) •

Yt  ^  Y ^  -  <Yk ,Yi> a d  Vi<Yk y t  Yk * y ^ >  • Yt  *■ Y ^  -  < V * i ) v i  5- Y ^

- 1  -  2 -
B u t  Yj z j  Y j  i s  i-n  t h e r e f o r e  ( t ^  -  I )  (Yk >Y.j) = ® and  s i n c e  t ^

i s  ‘s e m i - s i m p l e  we h ave  t h a t  fck^Yk ’Yi^  = Ŷk ,Y i^  ^ ° r  1 ^ i  £ n . Now

_ _ _ _ - l  _ - l  _ -  _ _ . - 1  _“ 1
we h a v e  ad Y ^ Y j . Y j )  a d  Yk (Yj Y j)  Yj Y j  (Y j*Yj)  = ad Yk  (Yj Yi )Yi  Yj

and  ad Y ^ Y j  Yj)  Yj Y ^  = Cy^ Y j ) ad Yj(Yk »Yj) • Both  a r e  i n v a r i a n t  by

t fc . L e t  ^ t ^ Y i j Y j ) )  = (YiS Y j ) c w here  c i s  i n  C . Then

_ _ _ _ - l  _ - l  .  _ _ _
ad  Yk (Yj»Yj)  • ad Yk (Yj Y j)  Yj Y± Ŷi ’Yj^  = fck^ad Yk <‘Yj ’Yi J ‘

- 1  _ - l  _ _ _ _ _ _ - l  _ - l
ad  Yk <‘Yi  Yj J Yj  Yi  <Yi > Yj> )  = ad Yk ( t k ^ Yj ’Yi ^  ad Yk (Yi  Yj )Yj Yi

_ _ -  -  - - 1  - - 1  -  -  -1  
t k C(Yi 5 Yj ) )  =*ad Yk ((Yj»Yi ) )  ad yr (c )  ad Yk (Yi Y j)  Yj Y± (Yi » Yj^ * c =

„ _ _ _ _~1 _ - l  _ _ _ i
a d  Yk ( ( Y j , Yi ) )  ad Yk CYi  Yj )  Yj  Yt  (Yj>Yj) ad  Yk  (c ) c s i n c e  c i s

c e n t r a l .  T h e r e f o r e  a d  Yk ( c ) = c * and  Ck (c ) = c • t h e n  have
2 -

( t k - I )  (YjL»Yj) = 0 and  s i n c e  t fc i s  s e m i - s i m p l e  we h ave

t , (Y->Y-) “  (Y - jY -)  i ° r  1 ^  i  ^  n and 1 ^  j  £ n  . Each  e l e m e n t  y
k  r  j  i  J

n  a i  $
o f  T can  be u n i q u e l y  w r i t t e n  Y = x Y. • Le t  t  b e  i n  T . L e t

K  J. 1*

e . e . n  e i  -
t p ( y )  = t ( x )  Y^1 * w here  y  = x Yi L* ^ et: Y# ~ ^1  Yi  Be a n ~

n  e . '
o t h e r  e l e m e n t  o f  Then  t p ( Y y) “ t ( x ' )  Y j 1 » and



e . - - e , _ e .  e . '  e .  .. - e ,
T11 . .  1  t tt-*- i  t t  n n  . .  1  _  n n  . .  1  ' n l
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/ — rjtl 1 / t-T'*- , 1 TT̂  1 T!  ̂ ^ ?n ■*" ^ n tl
Y V -  X n x v . x  n n  Y i  n t  Y l  V i  = « V i  '  z ' n i

( e . +  e / )

where  z i s  a  p r o d u c t  o f  com m uta to rs  o f  Y^>Yj • Then  t p ( y  y ' )  = 

t ( x )  n j  v i 1 t ( * ' )  n n  ^ * 2 * n i  1 1 s i n c e  (T# , a d N y ±) = 1N

and T ^ ( z )  = z . But  t h i s  i s  t p  (y) • t p ( y / ) .

( c )  U n iq u e n e s s

We can  now fo rm  t h e  g roup  r R • where we c o n s i d e r  T ^  a s  a  g roup

o f  au to m o rp h i s m s  o f  I"R . L e t  T = Q ( r R) and fo r m  t h e  g roup  r R • T

w here  T i s  c o n s i d e r e d  a s  a  g roup  o f  a u tom orph ism s  o f  r R . We n o t e  

t h a t  t h e r e  a r e  two v a r i a b l e s  i n  t h i s  c o n s t r u c t i o n ,  t h e  r e p r e s e n t a t i o n  o f  

G (ad^  Tr ) = • T^ and t h e  e x t e n s i o n  o f  T^ t o  r R . We make now some

g e n e r a l  d e f i n i t i o n s .

L e t  Tr  be a g roup  s a t i s f y i n g  t h e  e x a c t  s e q u e n c e  1 -* N -* TR -4]->H “* 1

w here  N i s  a  r e a l  n i l p o t e n t  g roup  and H i s  a  f i n i t e l y  g e n e r a t e d  d i s -

# #c r e t e  a b e l i a n  g r o u p .  L e t  G (ad „  r „ )  = U * T be  a  Mostow d e c o m p o s i t i o n
N tv.

o f  G(ad .T T_) and  l e t  Q : T -* be th e  c o r r e s p o n d i n g  s e m i - s i m p l e  N R  R

homomorphism. L e t  T be  a n  a b e l i a n  g roup  o f  a u to m o rp h is m s  o f  TR. We s a y

t h a t  T i s  a  s e m i - s i m p l e  s p l i t t i n g  o f  T r e l a t i v e  t o  t h e  r e p r e s e n t a t i o n  R K

G (a d „  r . . )  = i f  and o n ly  i f  t | n  = Q (T„) and  t h e r e  e x i s t  e l e m e n t s
N R  R

Y1 , . . . , y  i n  r  w i t h  TKy.)  = h .  s a t i s f y i n g  T(y  ) = y .  f o r  i n  t\ i  l j. i.

1 s  i  £  n  . The p r e v i o u s  t h e o re m  g i v e s  us t h e  e x i s t e n c e  o f  a  s e m i - s i m p l e  

s p l i t t i n g  r e l a t i v e  t o  any r e p r e s e n t a t i o n  o f  G ( a d N V -  L e t  Tr  * T and  

TR * T be  two s e m i - s i m p l e  s p l i t t i n g s  o f  TR r e l a t i v e  t o  t h e  same r e p r e ­

s e n t a t i o n  G (ad„  r „ )  = U# . T^ .  L e t  £: r D “* T ^  be  t h e  c o r r e s p o n d i n g  N R  K
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s e m i - s i m p l e  homomorphism. L e t  Y ^ ) - * - j Y n ) be c h o s e n  i n

s u c h  t h a t  T K y ^  = ^  01 (Yj) = h^,) and  T ( y ±) = y ± ( ^ ( y ^  = Y^) •

Choose t ^  ( t ^ )  i n  T(T) s u c h  t h a t  t ^ | N  = £ (y^) = GCy ^) = ^ | n .

We t h e n  have  t h e  f o l l o w i n g  th e o re m .

Theorem 3 . 2 . A. T h e r e  e x i s t s  a n  h i n  t h e  c e n t e r  o f  N s u c h  t h a t

adp  h o T o ad_  h ^ = T , and  i n  p a r t i c u l a r
R R

-1acU h o  t . o ad„  h = t . f o r  1 £ i  ^  n  . 
T R 1 r R

B. : TR • T ----->  r R * T ;  ( Y . t )  = (h Y B >adp h o t  o
R

a d„  h " 1 )
R

e s t a b l i s h e s  an  i s o m o rp h i sm  o f  t h e  two s e m i - s i m p l e  s p l i t t i n g s  o f  r R .

N o te :  We have n o t  p ro v e n  t h a t  any  two a r b i t r a r y  s e m i - s i m p l e  s p l i t t i n g s  o f

I’ a r e  i s o m o r p h i c ,  a s  y e t .K

We s h a l l  f i r s t  show t h a t  t h e r e  i s  a n  h i n  C t h e  c e n t e r  o f  N such  t h a t
-1a d „  (h t . h  ) = t .

R L 1

P r o o f : F i x  k ,  1 £ k  £  n ,  and assume t h e r e  i s  a n  h i n  C where  C i s

t h e  c e n t e r  o f  N s u c h  t h a t  ad h o  t , o ad h  ^ = t . on T f o r1 I K

0 ^  i s  k - 1  . L e t  t /  = ad h 0 t . o  ad h  ^ and l e t  y -  h  y, h 1l  l  ' i  i
f o r  1 ^  i  £ n . I t  f o l l o w s  t h a t  ̂ ' ( y . ' )  = Y j ' f o r  1 ^  i ,  j  £  n and

t h a t  t . '  = t L on  Tr  f o r  0 ^  i s  k -1  , L e t  y ±‘ = ^  ^  w here  

i s  i n  N . t j / (Yi / ) = y /  *= * F o r  £  k ' 1 SlnC0

t j / = ° n F r  We h3Ve = y ± /  = ^ i  Yi  = t j / ^ i ^ j ^ i ‘) =
t  / ( I  ) y  . T h e r e f o r e  t / O t . )  = I .  f o r  O s  j  ^  k - 1  and  1 £ i  ^ n .

j  i  i  J 1  1



T h e r e f o r e  -t.  € ^ k e r . .  ( t . -  I )  f o r  t  ( v . 7) =i O  N j  k  1 x

* k ^ x ^ Yi  = ^ k ^ I ^ i " 1 y i  * t h e r e f o r e  ^ k ^ i ^ i *  1 = ^ k ^ i ^ i ” 1 ' S in c e

t .  ' = t .  on  N and s i n c e  (ad.T v / . t .  r ) = 1 „  we have t h a t  k k N ' l ’ k N

(ad T y / . t ,  ) = 1„ . T h e r e f o r e  f o r  n  6 N we h a v e  t ,  ( y . ' n  y /  *) = N ’ i ’ k N  k ' x

y i / t k (n)  v / " 1 = ^ C y / H ^ iO ^ C y /  ^  and  We can  c o n c l u d e  t h a t

t ,  ( y . ' ) y /  ^ = t ,  ( ' t . ) - t .  ^ i s  c o n t a i n e d  i n  G . But  s i n c e  -L. € H ^  ^k ’ x i  k i  x x O

k e r „  ( t . -  I )  and s i n c e  t .  commutes w i t h  t .  on N  f o r  a l l  j  =  1 , , . . ,  N j  k  j

k - 1  we h a v e  t h a t  t .  ( £ . ) £ .  * € fl!  ̂ ^ k e r  ^ C t .  -  I ) .  But fl^ ^ k e r p ( t .  -  I )
K X X U ^  J  X> J

i s  a  c o n n e c t e d  su b g ro u p  o f  C, which  i s  i n v a r i a n t  under  t ^ ,  t h e r e f o r e

k - l  -  - 1 -  -1
t h e r e  i s  a  c .  i n  fln k e r „ ( t .  - I )  s u c h  t h a t  t ,  ( £ . ) £ .  = t .  ( c . ) c .x 0 G j  k x x  k x x

L e t  y i / /  = c.**1 y i / . F o r  0 £ i  £ k - 1 ,  N ^ ' )  = (c^ N ' j ' )  =

t . '  ( c / 1) t i / (y ' )  = c j ~ l y j / * Moreover *k<c j  ^ j 7) = ^ k ^ j  1 ^ k ^ Yj ^  = 

t k ( c j _1 ) t k CcJ ) C j “ :Ly j / = • T h e r e f o r e  ^ ( y ^ ' )  = y . . "  f o r

1  ̂ i   ̂ k . L e t  s  ^  1 k e r c ( t j  -  I) . Then } £ Ck _^ f o r

1 5s j  ^  n  , L e t  Ck_ i  = n Q k e r ^  ( t ^  -  I )  a n d  l e t  ~~ ^ k  " ^  ^*k-l "

S i n c e  ^ i s  s e m i - s i m p l e  and s i n c e  (a d jj V - V  = h  we have

Ck -1  = ^ k-1  ® ^k-1 and Sc.-1 = ( I  ” ad Yk  ̂ ° k - l  = tad Yk “ X) \ - l  *

S i n c e  c k ^ € Ck-1  we c a n  w r i t e  c k ^ = dk d k where dk  i s  i n  ^ k _^

and  d, i s  i n  C, , . B u t  t h e n  t h e r e  i s  a n  t /  i n  C. , s u c h  t h a tk  k - 1  k - i

— 1 = / / / - I  - Id, = y,  * h '  y, ' h y and s i n c e  h r i s  i n  t h e  c e n t e r  d, = t /  y k / h '  y 'k ~ Yk Yk « k  k Tk

L e t  t / '  = ad h '  t . '  ad h '  ^ , But  t h e n  t . / / ( y /. / ) = ad L / t (  ad h / ^ ( y ^ )  
i  i* -L J ^ j

y** f o r  0 ^  i  ^  k - 1  and 1 £ j  2 n  s i n c e  t ^ ( t / )  = h / f o r



0 ^  i s  k - 1 ,  and s i n c e  t ^ C v ^ 7)  — y ' . '  f o r  O s  i  <. k - 1  and i s  j  s  n  .
i  j  ' j  J

Also t ' ' ( o k' 1 vk')  = ad h' t k' ad h '_1 (dk dk Yk')  -

-  ad  h '  ^ ' ( h ' " 1 dfc h '  Yk ' h ' " 1 Vk ' _1 Yk '  h '>

= ad h '  t k ' ( d k  v k ' )  = ad  h / ( t k / (dk ) t k / (Yk ' ) )  •

a M ^
S in c e  dk  € Ck _^ = fig k e r ^ ( t ^  -  I )  we have

tk ' , (ck’ 1 V 3 " ad h' (3k V 5 * ak h' Yk' h '" 1 ■ \  ak Yk ■

T h e r e f o r e  ( c k  ^ Y j^ )  = c k ^ Yk * • I t  f o l l o w s  f rom t ^ / ( h / )= h ' , t h a t

t ' '  = t j. on Tr  f o r  0 s  i  s  k - 1  and t h a t  t k ( c R 1 Y j / )  = ck _1 Yk '  “

t ^ ( c k ^ Yk *) • T h e r e f o r e  we h a v e  t ^ '  = t R on  N * Yk  ̂ • S in c e

i t  i i  i i  “ 1  s-  „  A /  -  , / 1 t t  / / - l k t r  1 1  1 1  - 1
Yi  Yk  Yi  € N ’ Yk  ” e h a v e  ‘ k ^ i  Yk  Yi  > = Yi  Yk  Yi  . =

t k ' ( Y ^ '  Yk '  Y j ' " 1 )  “  (Y ^ ' )  Yk '  ck ' (y ! - 1 ) . T h e r e f o r e  we have t h a t

- / / I l f  I I \ I I  ~ 1 \   ̂I ! f t ! \ / / “ l  c . j  I I  j  /
ad Yk ( k  (Yi  * Yi  * = k  (Yi  * Yi  ‘ inCe a  N Yi  = adN Yi  we

have  t h a t  i s  t h e  s e m i - s i m p l e  p a r t  o f  a d ^  y "  . T h e r e f o r e

t k ' (Yi ' ) Yi ' " 1 6 keIK(tk' - 15 •

L e t  y* ' ‘ -  Y- h # ^ f ° r  1 s  i  s  n  . We have  t / /  ( y *.1 *) = y ' . ' ' .
x  x  k  l  i

L e t  y • '  = v - Y ^ 7 w i t h  v ,  i n  N . Then  y !  = c . ^  Y^ = v .  y \  h y
T i i i  i  i i i i i

T h e r e f o r e  v .  = c . ^ Y ^  h y ^ Y^ ^ h* w h ich  i s  c o n t a i n e d  i n  C . S i n c e  
i l l  i

. « >  -  ‘ i > i > Yr  ■ K ' W i 1 h -  -  ha-  ^ X X " 1 - < > i > v
S in c e  v ± i s  i n  C we have  t h a t  ( t "  -  I ) v ± i s  i n  k e r c <tk - I )  .

But  t h e n  ( t ' # -  X)2v i  = 0 and  s i n c e  t "  i s  s e m i - s i m p l e ,  t R' ( v . )  = v . ,

t " ( Y ! ' )  = y "  f o r  1 * i  * n  . S in c e  t k  = t fc on  N we have  s i n c e  
1c x i
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t ^ C Y ^ )  =■ ^ ( Y ^ )  = Y ^  f o r  1 £ i  ^  n t h a t  = t ^  on . T h e r e -

_ - l
f o r e  we have  found  an  h  i n  C s u c h  t h a t  a d r  h o  t . ad^  h = t .

1 „  x 1 „ xR R

f o r  1 £ i  ^  k  by l e t t i n g  h = h  h / .

Suppose now we have  two r e p r e s e n t a t i o n s  6  (ad  T ) = • T ? , = • T^f.N K 1 £

L e t  C, : T  >  i f  , £ : ^  -----> T^f be t h e  c o r r e s p o n d i n g  s e m i - s i m p l ei. R 1 £ K J.

homomorphisms o f  T . L e t  T • T.  i  = 1 , 2  be a  s e m i - s i m p l e  s p l i t t i n gK R X

o f  r R r e l a t i v e  t o  t h e  r e p r e s e n t a t i o n  = ^  .

Theorem 3 . 3 . A, T h e re  i s  a n  h i n  N s u c h  t h a t  adp  h o T- adp h T„.
R R

B. cp : Tr  * Tx ----->  r R ‘ t 2 > ^ ( Y j t )  = (h Y h“ 1 , a d  h  t  ad h 1 )

i s  a n  i s o m o r p h i s m  o f  Tr  . x^  o n t o  * 2̂ '

P r o o f : A l l  we n eed  p r o v e  i s  t h a t  t h e r e  i s  a n  h i n  N s u c h  t h a t

ad  h o  i f  o ad h” ^ = T]f . F o r  we t h e n  have  f rom t h e  c o m m u t i v i ty  o f  t h e
N 1 N 2

d i a g r a m  r
r R <

adp  h
V R
r   r > t

R 2

*

w h e r e  ^ ( t )  = a d ^  h o t  o a d ^  h  t h a t  T ^ N  = £2 ^ r  ̂ “  adR h ° ^1^*R^

ad .T h  ^ = a d „  h ° T_ | N o a d „  h  ^ and t h e r e f o r e  T . x,  w i t h  T*N N 1 N R 1 1

a d p  h o T o a d p  h ^ i s  a  s e m i - s i m p l e  s p l i t t i n g  o f  Tr  r e l a t i v e  t o  
R R

G(ad F ) = U#  • x ^  . But  by Theorem 3 . 2  t h e r e  i s  a n  h / i n  t h e  c e n t e r  N R  i.

o f  N f o r  w h ic h  ad r  t /  o T 7 o adt- h 7 ^ = Ti 1 1  7R R 2
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T h e r e f o r e  adp h  o T- o adp h = T_ . By 2 .  t h e r e  i s  a  u i n  U
R R

s u c h  t h a t  u  * ‘i f  u+ ^ = i t  • S in c e  ad „ Tf- i s  c o m p l e t e l y  r e d u c i b l e1 2  /  1

we c a n  w r i t e  = W © a d ^  N a s  v e c t o r  s p a c e s  w he re  ad T^(W) = W . But

s i n c e  (T^ ,U^) -  a d ^  N a s  b e f o r e  we h a v e  t h a t  a d ^  T^ = 1^  . W r i t e

u = w • a d „  h w he re  w i s  i n  W and  h i s  i n  N . Then T (w) = w .N l

We c l a i m  ad... h""1 o Tt o  a d„  h = T?  . Take t  i n  Tt  t h e n  u t  u ^ i sN 1 N 2 i

#  - 1 + 1  - 1 - 1  - 1i n  T^ . But  u t  u = a d ^  h * w t  w a d ^  h = ad^  h o t  o ad^  h .

T h e r e f o r e  t h e r e  i s  a n  h i n  N s u c h  t h a t  a d ^  h o T^ o a d ^  h ^ = T^ .

(d)  P r o p e r t i e s

L e t  us assume t h a t  • T i s  a s e m i - s i m p l e  s p l i t t i n g  o f  We s h a l l

g i v e  T t h e  d i s c r e t e  t o p o l o g y .  Choose Y, > . .  • »Y i n  T s u c h  t h a tjl n tx
A  A

"nCvp = l u ,  T(Y.j) = Yi  and  t | n = C CYX) . . . C ( Y n > - Choose t,. i n  T
A  A A A

s u c h  t h a t  t | n = C(Y1) . . .  £ (Y ) = ̂  . . .  t ^ N  and  t ± | N = C(Y£) .

F i x  a  i s+1 s  i s  n . Then h .  i s  i n  H„ w h ic h  i s  t h e  f i n i t e  t o r -J J j  2

s i o n  s u b g ro u p  o f  H . L e t  e be e q u a l  t o  t h e  number o f  e l e m e n t s  on H^.

Then he = 1 .  T h e r e f o r e  Y^ ^ N and s i n c e  N i s  d i v i s i b l e  t h e r e  i s  a n  
J J

n  € n  s u c h  t h a t  n® = Y y  and ”  1 j and  T (n j )  “  n j* T h i s  be

done  a s  f o l l o w s .  L e t  N.  = t x  € N: a d T Y . (x)  = x] l e t  N0 = H k e r M( t .  -  I )j  N j  2 1 N ±

and l e t  tL  = H w h ic h  i s  a c o n n e c t e d  and  a l g e b r a i c  s u b g ro u p  o f  N .

We have  c l e a r l y  Y^ i n  N. . T h e r e f o r e  s i n c e  N. i s  d i v i s i b l e  t h e r e  i s
J J J

a u n iq u e  n .  i n  N. s u c h  t h a t  n^ = Y^ . Do t h i s  f o r  j ,  s+1 £ j  ̂  n  ,
J J J J
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L e t  Y. -  Y. 1 £ i  5 s and  l e t  Y. = y .  n . ^  f o r  s  +  1 ^ i  ^  n  .i  1 1 i  i

C l e a r l y  UCYj) = ^ ( Y ^  = T (Y j)  = TCYj) • Tfci"1 ) = Y^n” 1 = Y^, and
A  A

C (Y , )  = £ ( y . )  f rom  w h ich  i t  f o l l o w s  t h a t  t | n  = G (Y . , ) . . .G (Y  ) • S i n c e  i i  I n
— g

( n ^ , y ^ )  = 1  we have  Y^ = 1  f o r  s +  1 s  j  ^  n  .

Theorem 3 . 4 . L e t  . t  be a s e m i - s i m p l e  s p l i t t i n g  o f  , Give T

t h e  d i s c r e t e  t o p o l o g y .  Choose  on ^ r  s u c ^ t h a t  Tl(y^) -  h ^ ,

A  A

T ( y . )  = Y. a n d  t | n  = Q( Y , ) . . .  £ (Y ) • M oreover  we c a n  assume t h a t  i  i  1 n

Y .  has  f i n i t e  o r d e r  f o r  s + 1 -  j  ^  n . L e t  t .  i n  T be c h o s e n  s o  
j  i

t h a t  t . | N  = C (Y . )  . L e t  n .  = Y, t . ^  . Thenl  i  i i i

(a )  F = N • n^ . . .  n g i s  a  c l o s e d  norm al  n i l p o t e n t  sub g ro u p  o f  

r R • T s u c h  t h a t  F/N i s  a  d i s c r e t e  t o r s i o n  f r e e  f i n i t e l y  g e n e r a t e d  

a b e l i a n  g r o u p .

(b) K = n  , .  . . .  n. i s  a  f i n i t e  c e n t r a l  s u b g ro u p  o f  T • t , andS"ri. n

t h e  g roup K. © T i s  a  d i s c r e t e  f i n i t e l y  g e n e r a t e d  a b e l i a n  g roup .

(c)  • T = F • (K © T) sem i  d i r e c t  p r o d u c t .

_  i
P r o o f :  L e t  v = Y t , . F o r  j  ^  s  + 1 we have  t h a t  Y. has  f i n i t e
  j  J J 3

o r d e r ,  and t h a t  t .  (Y . )  = Y. f o r  1 ^  k ̂  n . T h e r e f o r e  v .  has  f i n i t e
K J J *-• J

or .der  and s i n c e  ad„  v .  i s  u n i p o t e n t  we have a d „  v .  = 1 . W r i t e  f o rN j  N j  N

x  i n  r  ■ T ,  ad v . (x)  = x  • n f o r  same n i n  N . F o r  some i n t e g e r
K J

f  f  ff  > 0  we h a v e  v .  = 1 and  t h e r e f o r e  (ad  v . )  x  = x = x  • n  s i n c e  
J J

a d „  v . = IN . From t h e  d i v i s i b i l i t y  o f  N and n^ = 1 we have n  = 1 .
N J
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A  A

T h e r e f o r e  K = , v̂ _ i s  a  f i n i t e  c e n t r a l  s u b g ro u p  o f  r  • T .

A  A  ■ -
L e t  F = N • v ,  . . .  v . S in c e  1 _ /  N i s  d i s c r e t e  and T i s  d i s c r e t e  I s  R

we have . T /  N d i s c r e t e  t h e r e f o r e  s i n c e  N c  F we have  t h a t  F i s

a c l o s e d  s u b g r o u p  o f  r  • T . M oreove r  F • T /  N i s  a b e l i a n  t h e r e f o r eK K

F i s  a n o rm a l  s u b g ro u p  o f  Fr  • T and F/N i s  a b e l i a n .  S in c e  a d ^  F

c o n s i s t s  o f  u n i p o t e n t  au to m o rp h ism s  and  F/N i s  a b e l i a n  we have  t h a t  F

■I
i s  n i l p o t e n t .  C l e a r l y  F/N i s  f i n i t e l y  g e n e r a t e d .  I f  v w ere  i n  N

t
f o r  some i n t e g e r  £  t h e n  Vj would  a l s o  be i n  N w h ich  would c o n t r a ­

d i c t  t h e  t o r s i o n  f r e e n e s s  o f  h f o r  1 -  j  s  s  . T h e r e f o r e  F/N i s

t o r s i o n  f r e e .  Form K ©  T and F ■ (K © T) . L e t  x be i n  F H (K © T) .

W r i t e  x  = k • t  f o r  k i n  K and  t  i n  - T . Then ad^  x = ad^  t

w h ich  i s  b o t h  s e m i - s i m p l e  and u n i p o t e n t  and t h e r e f o r e  a d ^  t  = 1^ . But  

t h e n  t  = 1 and x = 1 s i n c e  F 0  K = (1) . T h e r e f o r e  t h i s  i s  a  s e m i -  

d i r e c t  p r o d u c t  and c l e a r l y  • T = F • (K © T) .

C o r o l l a r y  3 . 3 . 1 . L e t  H = ZS .

Then  F = {x £ Tr  • T:  adN x i s  u n i p o t e n t }

C o r o l l a r y  3 . 3 . 2 . L e t  H = ZS . L e t  Fr  . i  and  Fr  . i 2 be two s e m i ­

s im p l e  s p l i t t i n g  o f  Tr  . L e t  h  i n  t h e  c e n t e r  o f  N be c h o s e n  so  t h a t  

ad h Tx ad  h _1 = T£ . Then

(a)  t h e  map Tr  T^ -<p—- >  Tr  ^ ( Y j t )  s  (h V h , ad h t  ad h )

i s  an i s o m o rp h i s m .
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(b )  L e t  r  T.  = F .  T .  i  = 1 , 2  as  a b o v e ,  t h e n  ^ ( F - )  =■ F„R i  1  1  7 7 1 2

SECTION 4 .  A. R e f i n e m e n t

L e t  r  be  a g roup  s a t i s f y i n g  th e  e x a c t  s e q u e n c e  1 A -* T -!}-> z s 1

w h ere  A i s  a t o r s i o n  f r e e  n i l p o t e n t  L i e  g r o u p  whose component  group

A /  AQ i s  f i n i t e l y  g e n e r a t e d  t o r s i o n  f r e e .  By th e  r e s u l t s  o f  C h a p t e r  one

th e r e  e x i s t s  a subgroup A o f  N(A) = A c o n t a in in g  A a s  a subgroup  

o f  f i n i t e  in d ex  s a t i s f y i n g

(a) A i s  a c l o s e d  l a t t i c e  n i lp o t e n t  p o l y c y c l i c  group.

(b) (A,A) h a s  t h e  au to m o rp h ism  e x t e n s i o n  p r o p e r t y .

T h e r e f o r e  we c a n  fo rm t h e  g roup  T c o n t a i n i n g  T a s  a  su b g ro u p  o f  

f i n i t e  i n d e x  s a t i s f y i n g  t h e  d i a g r a m

s
-> A

V
->  A

-> r

v-
- >  f

-> z

-> z

->  l

-> i

S i n c e  we a r e  o n l y  i n t e r e s t e d  i n  g roups  com m en se rab le  w i t h  r  we s h a l l  

assume t h a t  A i t s e l f  i s  a  c l o s e d  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g ro u p .  

We c a n  fo rm  t h e n  t h e  r a t i o n a l  h u l l  A^ o f  A as  i n  C h a p t e r  one  and we 

have  t h a t  b o t h  (A,A^) and  have t h e  a u to m o rp h is m  e x t e n s i o n

p r o p e r t y .  T h i s  a l l o w s  us  t o  fo rm th e  g r o u p s  F s a t i s f y i n g  th e

.>  A ------ > r  —Ik >  z £

V V V
-> a ------ > r  —H-> z s

Q Q
(/

-> a _ >  r „ - * >  z

->  i

- >  i

-> i
R R
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# - #Let G(ad, r ) = u • T be a representation of G(ad. T ) and let 
R AR R

£ :  T T^ b e  t h e  c o r r e s p o n d i n g  s e m i - s i m p l e  homomorphism. L e t  T . t
K  tv

be a semi-simple splitting of F relative to this representation.
K.

Theorem 4.1.A. There exists a semi-simple splitting F . T of T for_ K K

which t h e r e  a r e  e l e m e n t s  Y , , . . . , Y  w i t h  ^t(Y.)  = z .  f o r  1 ^  i  ^  s
X S X X

s a t i s f y i n g

(a)  ’Y1 >. . . , Y s a r e  i n  .

(b)  T ( y . )  = Y. f o r  1 ^  i  ^  s .
i  i

B. M oreover t h e r e  i s  a  c l o s e d  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g roup  A 

s a t i s f y i n g

(c )  A i s  a  s u b g r o u p  o f  A^ c o n t a i n i n g  A a s  a  s u b g ro u p  o f  f i n i t e

i n d e x .

(d) r  n o r m a l i z e s  A s o  t h a t  we c a n  fo rm  t h e  g roup  T = 5 . T

(e)  F c o n t a i n s  Y - ^ , . . . , Y g and i s  a  s u b g r o u p  o f  c o n t a i n i n g  T

a s  a s u b g ro u p  o f  f i n i t e  i n d e x  s a t i s f y i n g  t h e  d i a g r a m

-> A •> ZS ------- > 1

V V
s_> I  ------- >  r   > 2T   > 1

P r o o f : L e t  us  c o n s i d e r  f i r s t  t h e  c a s e  w h e re  A i s  a d i s c r e t e  l a t t i c e

n i l p o t e n t  p o l y c y c l i c  g ro u p .  Then l o g  A^ = k(A ^)  i s  a  r a t i o n a l  L i e

a l g e b r a  and  ad A^ i s  a  g r o u p  o f  a u to m o rp h i s m s  o f  t h e  r a t i o n a l  L i e

# #a l g e b r a  L(A^)  . L e t  G^(ad  A^ F ^)  = • T^ be a  Mostow d e c o m p o s i t i o n

o f  G^(ad A^ F ^ ) , and  l e t  G^: F^  T^ be t h e  c o r r e s p o n d i n g  s e m i - s i m p l e



homomorphism. We c a n  p r o c e e d  e x a c t l y  a s  b e f o r e  t o  c o n c l u d e  t h a t  t h e r e  

a r e  e l e m e n t s  V^ j * * . » Ys  i n  w i t h  T|(Y^) = s a t i s f y i n g

(Tq3 ad  Aq  Y . )  = 1 Aq  and T q C C Y ^ ) )  = C Y .) f o r  I  * i ,  3 *  s .

L e t  = G(U^) and  l e t  = G ( £ ^ ( r ^ ) )  . Then G(ad AR Tr ) =

i s  a  Mostow d e c o m p o s i t i o n  w i t h  s  . L e t  £ :  T be t h e  c o r -
W «•

r e s p o n d i n g  s e m i - s i m p l e  homomorphism. C l e a r l y  £ q (^ q )  = C • T h e r e ­

f o r e  t h e r e  a r e  e l e m e n t s  Y- , .  . .Y i n  T w i t h  T|(Y.) = z .  s a t i s f y i n gX S v£ I. 1.

(T# , a d  A y j  = 1 4  and T# ( ( Y . , Y . ) )  = ( Y , , Y . )  f o r  1 ^  i ,  j  ^  s .
K i  Q 1 J 1 J

L e t  us p r o c e e d  t o  t h e  g e n e r a l  c a s e .  Aq i s  no rm a l  i n  A . T h e r e f o r e

b e i n g  c h a r a c t e r i s t i c  i n  A, Aq i s  no rm a l  i n  T . From b e f o r e  Aq i s

n o rm a l  i n  AR t h e r e f o r e  Aq i s  no rm al  i n  Tr  . T h e r e f o r e  ad^ ^ r ^ o^
R

A and G (ad .  T ) (A ) = A . T h e r e f o r e  A i s  no rm a l  i n  any s e m i -
0 A R 0 0 0K

s i m p l e  s p l i t t i n g  TR • T o f  r R , C l e a r l y  TR - /  i s  a  s e m i ­

s i m p l e  s p l i t t i n g  o f  F /  A w here  T 7 i s  t h e  g roup  o f  au to m o rp h ism sK 0

o f  r  /  A in d u c e d  f rom T . However t h e r e  i s  a  s e m i - s i m p l e  s p l i t t i n g
R 0

Tr  /  Aq » t ; /  o f  Tr  /  Aq s u c h  t h a t  t h e r e  a r e  e l e m e n t s  Y^»»««»YS o f

r  w i t h  TI(Y^) = z ^  whose images  Y ^ , . . . , Y g  i n  TR /  Aq s a t i s f y

T ^ C y !) = Cy I )  f o r  1 ^  i  5 s . T h e r e  i s  an  h  i n  AR whose  image

h / i n  A /  A s a t i s f i e s  T f = ad r  , a h o T o adp  , . h
R 0 R 0 R 0

L e t  T = adr  h o T o ad r  h  ^ and fo rm  t h e  g roup  F . t  w h ich  i s
R R R

c l e a r l y  a s e m i - s i m p l e  s p l i t t i n g  o f  Tr  . We c l a i m  t h e r e  a r e  e l e m e n t s

z , . . . . . z i n  A s u c h  t h a t  T (Y . )  = Y. f o r  1 ^  i  £ s  w i t h
1 s  0 r i
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Y. = z .  y .  . L e t  t .  i n  T be  c h o s e n  s o  t h a t  t . | A = C(Y .)  w he re  
t i l  i  i  R i

-  -1
C(Y) = ad* h o o ad .  h . Assume t , ( Y . )  = ’Y. f o r  0^ i  ^  k 5 s

R R 1 J J

and  1 ^ j  £ s  . L e t  A ^ =  n £  k e r A ( t t  -  I )  . S in c e  t |T r  /  Aq = t "

we h a v e  t ,  , . ( Y . )  = x ,  Y.  w i t h  x ,  i n  A From T b e i n g  a b e l i a n  we
k+1 J J J J 0

(k)  (k)h ave  x .  i n  A '  . T h e r e f o r e  t h e r e  i s  a z .  i n  A!" '  s u c h  t h a tj  0 l  0 *

ck + l (V  Yj X '  t k + l ( z j ) Z ] 1  ■ L e t  v i  = Z11 v i> t h e n  ‘  y i

f o r  0 ^ j  £ k+1 and  1 £ i  ^  s .

We need  t h e  f o l l o w i n g  lemma f o r  p a r t  B.

Lemma 4 . 1 . 1 . L e t  x  be i n  A^ . Then  t h e r e  i s  a  s u b g r o u p  5 o f  A^ 

c o n t a i n i n g  A a s  a su b g ro u p  o f  f i n i t e  .ndex s a t i s f y i n g

(a )  A i s  n o r m a l i z e d  by T .

(b)  x  i s  i n  A .

P a r t  B t h e n  c l e a r l y  f o l l o w s  f o r  w h e re  Y ^ , . . . , Y s a t e  a r b i t r a r y  e l e m e n t s  

o f  T s u c h  t h a t  TUYj) = ^ ( Y ^  t h e n  y ^  = Yi  w h e re  x t  i s  i n  A^ .

P r o o f : A g a in  as sum e  A i s  a d i s c r e t e  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g r o u p .

L e t  e ^ , . . . , e  b e  a c a n o n i c a l  b a s i s  o f  s u c h  t h a t

- n
e x p (  > e , :  n.^ i n t e g e r )  = A . S i n c e  x i s  i n  A^ t h e r e  i s  a n  i n t e g e r

m s u c h  t h a t  m l o g  x i s  i n  l o g  A , I f  AR i s  a b e l i a n  t h e n  £ =

e x p ( ) n n .  f i  : n .  i n  Z) i s  a  g roup  n o r m a l i z e d  by T c o n t a i n i n g  x .
* m 1

We may s e e  t h i s  a s  f o l l o w s .  C l e a r l y  A b e i n g  t h e  i s o m o r p h i c  image o f  a
n

g r o u p  i s  a  g r o u p .  S i n c e  m l o g  x  = £ ° r  some i n t e g e r s  n^  ,

n e .
l o g  x  = / n .  —" ,  and  x  i s  i n  A . L e t  A be  i n  a d .  T , Then



61

f o r  any i n t e g e r s

/ n  e  N - r  n  ■ n _ n  e
A. ( /  n .  —  1 = /  M )  n .  e .  ) = /  ) n .  e .  = ) n , -\  x m /  m \  Aj^ i x /  m L,  x i  ^  i  m

w here  s i n c e  A i s  n o r m a l i z e d  by T ( t h e  n^ a r e  i n t e g e r s .  T h e r e f o r e

A i s  i n v a r i a n t  u n d e r  A , and r  n o r m a l i z e s  A .

L e t  us  assume t h e  t h e o re m  t o  be  t r u e  wheni A^ i s  c -1  s t e p  n i l p o t e n t

and l e t  A be  c s t e p  n i l p o t e n t .  L e t  (A ) be  t h e  l a s t  n o n - t r i v i a liv rt c

t e rm  i n  t h e  l o w e r  c e n t r a l  s e r i e s  o f  A and l e t  t  be t h e  i n t e g e r  suchK.

t h a t  e t + ^ , . . . , e  s p a n  (^ R) c • We d e n o t e  t h e  image o f  an  e l e m e n t  e i n  

L(A ) by e i n  L(A /  (A )  ) . T h e r e f o r e  t h e r e  a r e  i n t e g e r sit rt rt C

m ^ , . . . , m t  s u c h  t h a t  w he re  Y i s  t h e  l a t t i c e  g e n e r a t e d  by 

e .
  1 ^  i  s  t  we h a v e  t h a t  exp Y i s  a  su b g ro u p  o f  A /  (A ) , xm^ rt rt c

i s  i n  exp  Y and  exp Y i s  n o r m a l i z e d  by ^ , i t  i s  i n v a r i a n t  u n d e r  t h e

a c t i o n  o f  A / (A ) i n d u c e d  by t h e  a c t i o n  o f  T on  A . As b e f o r eK K C K/ v- n  e ,
t h e r e  i s  some i n t e g e r  m s u c h  t h a t  ex p ^  ) n .  — : n .  i n  2j  i s  a  group

I  i

w here  m. = m f o r  t+ 1  ^  i  s  n . L e t  m = n f  m, and l e t  p .  = m. f o r3. 1 3 -  L I .

1 ^ i £ t ,  p ^ = m m m .  C l e a r l y  w he re  Y i s  t h e  l a t t i c e  g e n e r a t e d  by

p »'**» p >•■*> p wc 1 “ — 6- — r — “ R
H1 Ft  n

A a s  a s u b g r o u p  o f  f i n i t e  i n d e x .  S i n c e  m l o g  x  i s  i n  l o g  A and  s i n c e

. t  e .

l o g  x  = /  n  _JL +  Z w here  n a r e  i n t e g e r s  and Z i s  i n  L ( (A  ) ) 
i  p .  i  R c

1 n  e .
we have  m Z i n  l o g  A R 1j ( ( ^ r ) c ) • But  t h e n  Z = ^  n^ —  =

t+1
\ n  _ e
)  n .  in m —  f o r  some i n t e g e r  n .  . T h e r e f o r e  l o g  x i s  i n  Y and 
A t+1 P i

x  i s  i n  exp  Y .

el et en—  —  ,..., —  we have exp Y is a subgroup of A containing
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L e t  A be  i n  ad ,  T t and l e t  y  -  /  n .  —  f o r  any  i n t e g e r  n ,  .
R ^  1 Pi  Lr -t ' e . t

A-(y) = )  n J *~™ + Z w here  n .  a r e  i n t e g e r s  and z i s  i n  L((A ) ) .^ x p ̂ 1 K c

m y i s  i n  l o g  A t h e r e f o r e  A(m y )  i s  i n  l o g  A , T h e r e f o r e  m z i s

n  e .
i n  l o g  A ft L ( (A  ) ) . T h e r e f o r e  a s  b e f o r e  z = /  n .  —  where  t h e

R c ^ t + i  1 p i

n_̂  a r e  i n t e g e r s .  T h e r e f o r e  s i n c e  1 /  m m m l o g  A 0 ) i s  i n v a r i ­

a n t  u n d e r  A we have  Y i s  i n v a r i a n t  u n d e r  A . T h e r e f o r e  exp Y i s

n o r m a l i z e d  by T .

Theorem 4 . 2 . L e t  * T b e  a  s e m i - s i m p l e  s p l i t t i n g  o f  f o r  which

t h e r e  e x i s t s  e l e m e n t s  Y , » . . . ,Y i n  T s u c h  t h a t  T1(Y.) = z - f ° r
i n  A x

1 5 i  ^  n ,  s a t i s f y i n g  T( y . ) = Y. and t | a = II® £ ( y . ) .  Choose  t .  i n
X X  K X X  X

T s u c h  t h a t  t . | A  = G(Y.)  f o r  1 5 i  ^  n  . r  R r
n  A A  A  - -1

W r i t e  T • T = F • T w h e re  F = A v ,  . . .  v  w here  v .  = Y. tR R i  n  i  i  x

Then  A .

(a)  ( v , . v . )  i s  i n  A .
r  J

(b) a d .  , * v .  i s  r a t i o n a l  r e l a t i v e  t o  a c a n o n i c a l  b a s i s  o f
\  1  Ao 1 \ e ■]

l (Ar  /  Aq) , e 1 , . .  . , e g f o r  w h ich  l o g  A /  Aq = |  2 ^ n j e j : n j  i n  ZJ

B. T h e r e  i s  a  c l o s e d  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g r o u p  A c o n t a i n e d  

i n  A^ c o n t a i n i n g  A a s  a  s u b g ro u p  o f  f i n i t e  i n d e x  s u c h  t h a t

(a)  A ■ v ^ ) - * * » v n i s a c l o s e d  cocom pac t  l a t t i c e  n i l p o t e n t  p o l y ­

c y c l i c  su b g ro u p  o f  Fr  .
A  A

(b)  A • v . . . . . , v  i s  i n v a r i a n t  u n d e r  T .1* * n

(c)  A i s  n o r m a l i z e d  by T and so  we c a n  form t h e  g roup

- f  = 2 • F . Then  ?  ■ T = 5 • C, . . .  v • T .x n
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P r o o f  o f  A .

(a )  S i n c e  ( t . , Y . )  = 1 we h a v e  ( V . , 7 . )  = ( v , , v . )  i n  A .
J 3- 1 J 3- J

(b)  ad* . » Y.  p r e s e r v e s  A /  A and t h e r e f o r e  An /  A . But
U R  !  u q  1  (J u

v^  and t ^  a c t i n g  on A^ /  A^ a r e  i n  t h e  a l g e b r a i c  h u l l  o f

ac*A /  A ^  ’ o v e r  t îe n a t i o n a l s .
R 0 1

P r o o f  o f  B.

L e t  us  assume A i s  a  d i s c r e t e  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g r o u p .  

L e t  M = . L e t  e ^ , . . . , e n  be  a b a s i s  o f  A (AR) su ch  t h a t  l o g  A =

s n
\  n i  e i  : n i  **n  Zj ’ an<* c 'l o s e  Vi , ' * ' ,Vs :i’n' so

j = l  1 s

exp V. = v .  f o r  1 ^  i  s  s . S i n c e  ( v . , v , )  i s  i n  A and s i n c ex i  x j

ad .  v . ( A  ) = A„ t h e  c o l l e c t i o n  o f  a l l  r a t i o n a l  l i n e a r  c o m b i n a t i o n s  o f
a r  i  Q Q

e^  , Vj f o r  l ^ i ^ n ,  l ^ j ^ s  i s  a  r a t i o n a l  L i e  a l g e b r a .  M o reo v e r ,

L(M) /  L(A ) i s  a b e l i a n .  T h e r e f o r e  we can f i n d  a  r a t i o n a l  c a n o n i c a l  R

b a s i s  e ^ , . . . , e  ; V ^ , . . , , V  o f  L(M) such  t h a t  t h e  l a t t i c e  g e n e r a t e d

by t h e  e £ , s  i s f i n i t e  i n d e x  i n  l o g  A , M o re o v e r  where t  i s  t h e

i n t e g e r  s u c h  t h a t  e e s p a n  L(M ) w h e r e  M i s  t h e  l a s t  non-t T l  Hi o c

t r i v i a l  t e r m  i n  t h e  l o w e r  c e n t r a l  s e r i e s  o f  M we have  t h a t  t h e  l a t t i c e

s p a n n e d  by e,_, . . . . . .  e  i s  e q u a l  t o  l o g  A R L(M ) which  i s  i n v a r i a n tt+1  n  c

u n d e r  T . We c l a i m  t h a t  t h e r e  a r e  i n t e g e r s  m ^ , . . . , m n  s u c h  t h a t  where

e iY i s  t h e  l a t t i c e  s p a n n e d  by —  V f o r  1 -■ i  ^  n  and 1 s  j  s  s
m. j

we h a v e  t h a t  exp Y i s  a  s u b g r o u p  o f  M c o n t a i n i n g  A and i n v a r i a n t

uixder a d „  Y . f o r  1 s  i  ^  s .M x

We p r o c e e d  by i n d u c t i o n .  I f  M i s  a b e l i a n  we a r e  done .  L e t  us 

assume t h e  t h e o re m  t o  be t r u e  f o r  M ( c - l ) - s t e p  n i l p o t e n t  and l e t  M be
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c - s t e p  n i l p o t e n t .  We s h a l l  d e n o t e  t h e  image o f  a n  e l e m e n t  X o f  L(M)

i n  L(M/Mc ) by X . By i n d u c t i o n  t h e r e  a r e  i n t e g e r s  s u c h
e .

t h a t  t h e  l a t t i c e  Y i n  L(M/M ) g e n e r a t e d  by —  , V. f o r
l c mi  2

1 s  i  £  t  and 1 ^ j  £  s  h a s  t h e  p r o p e r t y  t h a t  exp Y i s  a s u b g r o u p  o f

M/M^ c o n t a i n i n g  5 and i n v a r i a n t  u n d e r  a <3̂ . Y^ 1 s  i  ^  s . As i n
c

C h a p t e r  o n e ,  t h e r e  i s  a n  i n t e g e r  m s u c h  t h a t  w here  Y ' i s  t h e  l a t t i c e
e*

g e n e r a t e d  by —  . V. f o r  1 £  i  £  n ,  and 1 ^  i ^  s  and m. = m f o r» j  J i

t+1  ^ i  ̂  n  we h a v e  t h a t  exp  Y/ i s  a  s u b g ro u p  o f  M .

Choose a n  i n t e g e r  £  s u c h  t h a t  "t • l o g  A i s  c o n t a i n e d  i n  t h e  l a t t i c e

g e n e r a t e d  by e^  f o r  1 s  i  s  n  and  c h o o s e  £  = nu . L e t  p^  = nu

f o r  1 s  i  s  t  and  p ,  = L -t7 m f o r  t+1  ^  i  s  n ,  and  l e t  Y be t h e
l
e  ■

l a t t i c e  g e n e r a t e d  by —  , V. f o r  1 ^  i  ̂  n  and  1 -  j  5 s . C l e a r l y
P i  J

ex p  Y i s  a  s u b g r o u p  o f  M . L e t  x  b e  i n  A . Then

r - t  e ~ s
x  «  )  n .  —  + > k .  V, + z

1 P i  H  1 1

w h e r e  n . ,  k .  a r e  i n t e g e r s  and z i s  i n  L(M ) . But  £  x i s  i n  t h e  
1 1  C

l a t t i c e  g e n e r a t e d  by e 1 , . . . , e  , t h e r e f o r e  £  z  = } n .  e .  w h e re  n .i  n  x i i
^-n e .

i n t e g e r s ,  and  z = )  n .  T~ • T h e r e f o r e  x i s  i n  Y , and A £  exp Y.
t+ 1  1  . tr  t  e .̂ r-t'

L e t  y be i n  Y . Then y = ) n . -------I- Vf n , ---------h ) k .  V, w h e re  n . ,
T l  1 p i  ^ - t+ i  1 p i  h .  J J

k .  a r e  i n t e g e r s .  L e t  A. = adw Y. . S i n c e  p .  = m & ^  f o r  t+ 1  5 i  s  nj  °  i  M l  l

an d  s i n c e  \  )  ■ h  e .  : n .  i n  z [  = l o g  A H L(M ) i s  i n v a r i a n t  u n d e r  T ,
LAjt + l  1 1 1 ’

i t  i s  i n v a r i a n t  u n d e r  A . T h e r e f o r e  A (  n . )  i s  e q u a l  t o
r - a  e .  t+1  Fi  / S N
£  n ^  ~  w h e re  t h e  n /  a r e  i n t e g e r s .  M oreover  Ai  ^ ^  k j  ~

s
) k  V s i n c e  ( Y . , V . )  = 1 . T h e r e f o r e  t o  p r o v e  t h a t  A (y)  i s  i n  Y 
\  i  j  1 J 1
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i t  i s  s u f f i c i e n t  t o  p r o v e  t h a t  ^ —  J i s  i n  Y . But

^ \  11 a  i  i t
Ai  I, 2 ^  n i  J = L  n i  p 7 + z  w here  a i  a r e  i n t e S e r s  and z i s

/ 0 • f j
i n  L(M ) , L e t  y = )  n .  # i  y  i s  i n  t h e  l a t t i c e  g e n e r a t e d  by

C  1  r  ^

e ^ , . . . , e n , and  t h e r e f o r e  in ,  l o g  A . B u t  t h e n  A^(- t / y / ) i s  i n  l o g  A #

and £  A^(- t / y / ) i s  i n  t h e  l a t t i c e  g e n e r a t e d  by e ^ , . . . , e n  . T h e r e f o r e

£  ^  z i s  i n  t h e  l a t t i c e  g e n e r a t e d  by e ^ , . . . , e n  and  i s  i n  ^(Mc ) .

T h e r e f o r e  & £  z = )  n .  e .  and  z = n .  . T h e r e f o r e
" t + 1  1 1 t+ 1  1

Y i s  i n v a r i a n t  u n d e r  ad^. Y. f o r  1 ^  i  ^  s . S i n c e  t .  = Y. v . ^  andM i  i l l

s i n c e  ad  Y^ v^  (exp  Y) = t ^ ( e x p  Y) = exp  Y we h a v e  t h a t  exp Y i s  i n ­

v a r i a n t  u n d e r  T .

L e t  £ = e x p (  r  n< ~  : n .  i n  z )  . We now p r o c e e d  t o  t h e  g e n e r a l
“ ’l  1  P i  1

c a s e .  C l e a r l y  A i s  no rm a l  i n  T . T . We may c o n s i d e r  t h e  s h o r t0 K
S

e x a c t  s e q u e n c e  1 ^  I  2 1 • Then  A/A^ i s  a  d i s c r e t e

l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g r o u p .  M oreover  . t  /  A^ = F / A . T

i s  a  s e m i - s i m p l e  s p l i t t i n g  o f  T /  A as  a b o v e .  T h e r e f o r e  we c a n  f i n dK. U

a l a t t i c e  n i l p o t e n t  p o l y c y c l i c  s u b g r o u p  A/A^ i-n  c o n t a i n i n g

A/A a s  a  s u b g ro u p  o f  f i n i t e  i n d e x  s u c h  t h a t  d e n o t i n g  t h e  image o f  an
_  A  A

e l e m e n t  x  o f  T by x  i n  r  * T/A^ we h ave  ^ / A q * v ^ . . .  v g

i s  a  d i s c r e t e  l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g ro u p  i n v a r i a n t  u n d e r  t h e
A  A

a c t i o n  o f  ^g /A ^  in d u c e d  by T . But  t h e n  A * v q * * , v s i 5 a  c l o s e d

K A  A
l a t t i c e  n i l p o t e n t  p o l y c y c l i c  g ro u p  w i t h  A/A f i n i t e  and  A . Vj.. . . v g 

i n v a r i a n t  u n d e r  T .

Theorem 4 . 3 . L e t  T b e  a  g roup  s a t i s f y i n g  t h e  s h o r t  e x a c t  s e q u e n c e

1 -* A -* T - 4 H > z S 1 . Where A i s  a  t o r s i o n  f r e e  n i l p o t e n t  L i e  g roup
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whose component group i s  f i n i t e l y  g e n e r a te d .

Then t h e r e  i s  a  s e m i-s im p le  s p l i t t i n g  o f  . x and a subgroup

2 o f  A c o n ta in in g  A as  a  subgroup o f  f i n i t e  in d ex  and n o rm a liz e d  by

r  su ch  t h a t  th e  group T = A T s a t i s f i e s

(a )  r  i s  a  subgroup  o f  T c o n t a i n i n g  T as  a  subg roup  o f  f i n i t e
IX

index  s a t i s f y i n g  th e  diagram

1  > A-------- > f  - 3 \->  z S  > 1

(b) F i s i n v a r i a n t  u n d e r  T and A i s  i n v a r i a n t  u n d e r  T .

(c) There  a r e  e lem en ts  Y, . . . . , Y  i n  ^  such  t h a t  ^l(Y.) = z .N '  I  s 1 1

and T(Y^), = Y^ f o r  1 £ i  5 s .

,  A  A
(d) M oreover A ■ ..........v i s  a c lo s e d  l a t t i c e  n i l p o t e n t  p o ly -

1  s
-1  p

c y c l i c  group w i t h  = Y^ ° t ^  . W e  c a l l  t h e  group * • T

a s e m i-s im p le  s p l i t t i n g  o f  T

P r o o f :  P u t  t o g e t h e r  p r e v i o u s  th e o re m s .



67

SECTION 5 . THE NIL SHADOW

L e t  T be a c lo se d  subgroup o f  a s im p ly  connec ted  s o lv a b le  a n a l y t i c

group S . The f i n e r  p r o p e r t i e s  o f  s o lv a b l e  L ie  th e o r y  can  be s ee n  by

com paring th e  sem i-s im p le  s p l i t t i n g s  o f  P and o f  S ,

We b e g in  by c h o o s in g  an a r b i t r a r y  sem i-s im p le  s p l i t t i n g  S • Tg =

Ng • Tg o f  S . Using th e  B irk h o f f  imbedding theorem  we can c o n s id e r

Nc * Tc as a m a t r ix  group where N i s  an  a l g e b r a i c  group o f  u n ip o te n tu b b

m a t r i c e s  and T i s  an a b e l i a n  group o f  sem i-s im p le  m a t r i c e s .  L e tb

T = G(Tg) , Then G(S) = Ng • T where Ng i s  th e  group o f  a l l  u n ip o te n t

m a tr ic e s  o f  G(S) and T i s  a maximal co m p le te ly  r e d u c ib l e  subgroup  o f

G(S) . L e t  G (r )  = Up • Tp be a Mostow d eco m p o s it io n  o f  G(P) , L e t  

T be a  maximal co m p le te ly  r e d u c ib l e  subgroup  o f  G(S) c o n ta in in g  T^ 

and choose  h i n  H so t h a t  h T h ^ = T . C le a r ly  G (s) = Ng * T .

L e t  T be th e  p r o j e c t i o n  o f  S i n t o  T r e l a t i v e  to  th e  r e p r e s e n t a t i o n
b

G (s) = N„T . C le a r ly  S • T = N • TG i s  a  s em i-s im p le  s p l i t t i n g  o f  S .S g u b

We s h a l l  assume th e r e f o r e  t h a t  S • Tg = Ng ■ Tg i s  a  s em i-s im p le  s p l i t ­

t i n g  o f  S i n  such  a way t h a t  f o r  some r e p r e s e n t a t i o n  G(F) = Up . Tp

we have Up -  Ng and Tp c  G(Tg) .

L e t  H be th e  n i l  r a d i c a l  o f  S We s h a l l  assume t h a t  i f  ^  c  H

we th e n  have th e  e x a c t  sequence  1 P fl H ”* P —■R—> z S 1 .

Theorem 5 . 1 . L e t  T be a  c lo s e d  cocompact subgroup o f  S . Assume t h a t

T has no co n n ec ted  normal subgroups o f  S . Then

(a) P q c  H where H i s  th e  n i l  r a d i c a l  o f  S . We have th e n  t h a t

th e  group P s a t i s f i e s  the  e x a c t  sequence  1 T D H “* P —*1—> z S “* 1 .
t

L e t  A = P PI H and l e t  A^ be th e  L ie  h u l l  o f  A .

(b) T here  e x i s t s  a s em i-s im p le  s p l i t t i n g  S • Tg = Ng * Tg o f  S
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and a  subgroup A o f  A^ c o n ta in in g  A as  a subgroup o f  f i n i t e  index

s a t i s f y i n g

(1) 5 i s  n o rm a lized  by T and t ( r >  . L e t  F = Ar .

(2) The group F s a t i s f i e s  th e  e x a c t  sequence

1 -* K -* T -4H> z S I , c o n ta in s  F as  a subgroup o f  f i n i t e

in d e x ,  i s  n o rm a liz e d  by t ( O  and c o n ta in s  e lem en ts

Yt , . . .  ,Y w i th  ^ ( Y. )  = z.  su ch  t h a t  t ( f ) ( Y . )  = Y.  f o r1 ’ s i  i  l  r

1 ^  i  s  s , .

(3) n ( 0  i s  a c lo s e d  cocompact l a t t i c e  n i l p o t e n t  p o ly c y c l i c  sub-
A  A

g roup  o f  N , i s  g iv e n  by n ( r )  = £ . n(Y-i) . . .  n(Y ) and i s  S J. s

n o rm a liz e d  by t ( r )  .

(4) f  . t ( F )  = n (F ) * t ( H  • Where t :  S “* Tg and n : S "* Ng

a r e  t h e  p r o j e c t i o n s  on to  Tg and Ng in  Ng • Tg .

P r o o f : L e t  F = (T fl H)R ^  , We s h a l l  show t h a t  i s  a  c lo s e d  sub­

group o f  S and t h a t  n(T ) i s  a subgroup  o f NG . M oreover t h a tR £j

Ng /  n ( r R) i s  compact.

T c l e a r l y  s a t i s f i e s  th e  p r o p e r ty  t h a t  6 ( 17)  = G( f )  , F or Y in
R R

r  w r i t e  Y = n t  w i th  n i n  Nc and t  i n  T , th e n  n ,  t  a re  inR b o

G (r)  t Our f i r s t  c la im  i s  t h a t  i s  c lo s e d  i n  S . ( r  fl h) r i s

c lo s e d  in  S , t h e r e f o r e  t h e  r e s t r i c t i o n  o f  th e  r a t i o n a l  map f :  S S /  T

t o  (F H H)_ i s  c o n t in u o u s .  T 0 H i s  a c lo se d  cocompact subgroup of

(F H)r  t h e r e f o r e  th e  n a t u r a l  map g: ( r  fl H)R  >  f  fl H)^ /  T fl H

i s  open and c o n t in u o u s .  T h e re fo re  s in c e  F1 D H c  F1 , t h e r e  i s  a co n tin u o u s

map h: (F n H)n /  T H H  > S / r  such  t h a t  h o  g = f  . The image of
R

h i s  T /  T and i s  a  compact s u b s e t  o f  th e  H ausdorf space  S / r  .
R

T h e re fo re  ^ r / ^  i s  c lo s e d  i n  S / r  and Tr  i s  c lo s e d  in  S . L e t
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6 ( 0  = Up • Tp be a Mostow d eco m p o s i t io n  o f  6(1") w ith  Up c  Ng and 

Tp c  Tg . S ince ( 6 ( 0  , G ( 0 )  s  6 ( 0 0  £  ( r  fl H)R we have (Up,Tp) £

( r  n H)r  .

We now prove t h a t  n (F R) i s  a subgroup  o f  Ng . Take x , y  i n  Tr

and w r i t e  x  = n t ,  y = n  t  w i th  n ,  n in  Ng, t ,  t  i n  Tg .
_ _ - l  _ _ - l

xy = n  n ( n  , t )  t  t  i s  i n  Tr . But (n , t )  € ( r  H H)R -  Ng , t h e r e f o r e
* -1 _ „  _

( n , t  ) xy -  n n t  t  i s  in  Fr  . But th e n  n n  i s  in  n (^g) ■ T h e re fo re

n ( O )  i s  a subgroup o f  N . S in c e  n : S N i s  a homeomorphism K b b

n(FR) i s  a  c lo sed  subgroup  o f  Ng . We c la im  n (I"R) *-s cocom pact in  

N i . e . ,  N_ = 2 ( 1 1 ( 0 ) ) ,  t ( 0 )  ~  T_ and T„ n o rm a lize s  T s in c eS o K K I  1

O  (^ fl H) . T h e r e f o r e  t ( O )  n o rm a l iz e s  O  • ^ e t  t ( O )  th eK K K K R

c lo s u r e  o f  t ( 0 )  i n  T„, . Then O  * t(I" ) i-s a c lo se d  cocom pact sub- K b K K.

group o f  S • T . T h e re fo re  n ( O )  * t ( F  ) i s  a c lo se d  cocom pact sub-b K cv

group o f  Ng * Tg . S in c e  Ng t(I"R) i s  c lo s e d  in  Ng • Tg we have t h a t

n ( r  ) i s  a c lo sed  cocompact subg roup  o f  Ng t ( T R) .

L e t  p :  N_ t ( T  ) -  N_ / n ( 0 )  be  th e  co m p o s i t io n  o f  th e  p r o j e c t i o n  S R. o R

onto  Nc fo llow ed by th e  n a t u r a l  map. I t  i s  open and c o n t in u o u s .  L e tu

g: N„ t ( T_ )  w N_ t ( T ) /  n(F ) t ( r  ) be th e  n a t u r a l  map. I t  i s  open and b K b K K K

c o n t in u o u s .  Since n (^g) n o rm a l iz e d  by b(^g) t h e r e  i s  a  c o n t in u o u s

map ii: Ng t ( f R) /  n ( r R) t ( r R) -------> Ng /  n ( r R) such t h a t  h o g = p .

But th e n  th e  image o f  h w hich i s  Ng /  n ( r R) i s  compact.

We a r e  now in  a p o s i t i o n  to  p ro v e  our theo rem . ig n o rm a l iz e d  by

T and t h e r e f o r e  by 6 (F )  , But Ng 0  G(T) th e r e f o r e  i s  n o rm a lized

by Ng . Our n e x t  c l a im  i s  t h a t  fl H i s  co n n ec ted .  S in c e  H,

H a r e  a n a l y t i c  subgroups  o f  t h e  s o lv a b l e  sim ply co n n ec ted  a n a l y t i c

group S , they  a re  a l s o  sim ply  c o n n e c te d .  T h e re fo re  we have t h a t
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/  Tq H H = HTq /  H i s  s im p ly  co n n ec ted  and an  e le m e n ta ry  f a c t  in  

to p o lo g y  g iv e s  us 0 H i s  c o n n e c te d .  From S/H a b e l i a n  and s in c e

H = H /  fl H i s  n i l p o t e n t  we have H ^  n H i s  n i l p o t e n t

and t h e r e f o r e  a c t s  on i t s e l f  by u n ip o te n t  in n e r  au tom orphism s. Take y

in  H Tq and w r i t e  y -  n t  w i th  n i n  Ng, t  i n  Tg .

L e t  K = ( t  -  I)H  . S ince  tT"~induces th e  i d e n t i t y  map on H ^  /  F^fl H

we have K = Tq 0 H . S ince  Tg i s  a b e l i a n ,  Tg(K) = K . L e t  I(K) be

th e  i d e a l  i n  Ng g e n e ra te d  by K . I(K) i s  Tg i n v a r i a n t  and s in c e  

Cq H H i s  n o rm a liz e d  by Ng we have I(K) -  fl H . By h y p o th e s i s

we m ust have I  (K) = K = 0 and H a c t s  on H by u n ip o te n t  autom orph­

ism s. T h e re fo re  H i s  n i l p o t e n t .  S in ce  i t  i s  a l s o  c o n n ec te d  H = H. 

We now prove  th e  b u lk  o f  th e  theorem .

S in c e  G (r R) = Up * w i t h  Ur  <= Ng, T^ c  T, and s in c e

(G(r ) G (r  ) )  £  (T fl H) a r g u in g  as  in  Theorem 3 .1  t h e r e  a r e  e lem en ts  K R R

Y, , . . . , Y  in  r  w i th  T|(v.)  = z .  w i th  th e  p r o p e r ty  t h a t  w r i t i n g  i  n K. i i

Y .  = n .  t .  w i th  n .  i n  N~ , t .  i n  T we have t  ( n . )  = n  f o ri l l  x S ’ l  S i j  J
I  ^ i ,  j  ^  n . L e t  AR = (T fl H)R . S in ce  adN 'Y± (AR) = AR we have

s
ad n .(A .,)  = A t . ( A  ) = A . M oreover ( n . , n . )  i s  i n  A . T h e re fo reX R K X tv R- X J R
II ( r  ) = A • . . .  n and t ( r  ) = II" t .  . L e t  T = t (T  ) . S inceR R i n  R l i  K.

) i s  a  c lo s e d  cocompact subgroup  o f  N„, T i s  isom orph ic  to  K. b

A(T) = adr  T and T • T i s  iso m o rp h ic  to  T • A(T) . C le a r l y  
R R

^ R • A(T) i s  a  s em i-s im p le  s p l i t t i n g  o f  and n ^"R) t îe c o l l e c t i o n

o f  a l l  e lem en ts  o f  ^  w hich a c t  by u n ip o te n t  autom orphism s on AR .

S in ce  we a r e  s o l e l y  i n t e r e s t e d  i n  groups c o n ta i n in g  F up t o  f i n i t e  

in d e x ,  we may assume t h a t  t h e r e  e x i s t s  a  s em i-s im p le  s p l i t t i n g  o f  

* T such  t h a t  T i s  i n v a r i a n t  u n d e r  T, A = T H H i s  i n v a r i a n t
R
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u n d e r  T, and  f o r  w h ich  t h e r e  e x i s t  e l e m e n t s  ^ , . . . , Y n  i n  ^  s u c h  t h a t  

^1(Y.) = Y. and T(Y ) = Y f o r  1 ^  i  £  n  . Choose h i n  A s u c h
1 1  K

t h a t  T = adr  (h T h” 1 ) and l e t  t '  = h X h " 1 , ? '  = h T h -1  . We have
R

th e n  STS = Ns  Tg -  ST' = Ng T ' , and Fr  . T = n ( TR) . T -  TR - T ' =

n ( r R) • t ' . Moreover T i s  n o rm a liz e d  by T* and ad T / (Y^) = Y^ .

l e t  n .  = Y, • t !  . Then adA n ,  i s  u n i p o t e n t ,  ( y . = 1 .  T h e re fo ret i l  A x r  * 1* 1/K
Y. = n .  t .  w i th  n . i n  N_ and t .  i n  T„ and t . ( n . )  = n . .  T h e re fo re  r r i  i  S x S i  j  j
l e t t i n g  n :  S N , t :  S T^ r e l a t i v e  to  th e  r e p r e s e n t a t i o n  S • T^ =

b  b  A  A

N_ • T- we have t h a t  n(T) = A • n , . . .  n i s  a c lo s e d  cocompact su b -  b b I n

group o f  Ng, i n v a r i a n t  u n d e r  t ( r ) .

Theorem 5 . 2 .  L e t  T be a  c lo s e d  cocompact subgroup  o f  S .

L e t  us assume t h a t  T c o n ta in s  no co n n ec ted  norm al subgroups o f  S. 

Then H ^  i s  c lo s e d  in  S where H i s  th e  n i l  r a d i c a l  o f  S  .

P r o o f : We s h a l l  assume t h a t  S * Tg = Ng • Tg i s  a sem i-s im p le  s p l i t ­

t i n g  o f  S and t h a t  T s a t i s f i e s  th e  c o n c lu s io n s  f o r  F r e l a t i v e  to  

Ng ■ Tg in  Theorem 5 . 1 .  L e t  G be th e  n o rm a l iz e r  o f  in  S . Then

G i s  a c lo s e d  subgroup  o f  S and s in c e  H n o rm a liz e s  T n o rm a l iz e s

r Q b s t h  H and T a r e  i n  G . In  p a r t i c u l a r  G i s  norm al i n  S and 

th e  n i l  r a d i c a l  o f  th e  i d e n t i t y  component o f  G i s  H . L e t

N# ■ Ns  /  r
0 ’ (Ns / r o> Ns / r 0>

S ince  Ng n o rm a l iz e s  N^ i s  a w e l l  d e f in e d  v e c t o r  g roup . n ( r )  i s

a  c lo s e d  cocompact l a t t i c e  n i l p o t e n t  p o l y c y c l i c  subgroup o f  Ng and 

s in c e  n : S Ng i s  a  homeomorphism i s  th e  i d e n t i t y  component o f

n (T ) .  T h e re fo re  n (F )  /  T i s  a  d i s c r e t e  l a t t i c e  n i l p o t e n t  p o l y c y c l i c



72

s u b g ro u p  o f  Ng /  r Q . L e t  ( n ( 0  /  ^  be t h e  image o f  n ( r )  /  T ^

i n  N^. By C h a p t e r  o n e ,  (n (F )  /  ^  i s  a d i s c r e t e  cocom pac t  l a t t i c e

#n i l p o t e n t  p o l y c y c l i c  s u b g r o u p  o f  N

L e t  tp: a u t ( N c ; T  ) ----- >  a u t (N ^ )  be  t h e  map w h ic h  t a k e s  a n  X i n
b U

a u t ( N g ' , r ^ )  t h e  g roup  o f  a u to m o rp h i s m s  o f  Ng k e e p i n g  F^ i n v a r i a n t

i n t o  i t s  i n d u c e d  map on  N^ . L e t  -t: G #  G g i v e n  by

-C = cp o ad Ng . L e t  X: G "* G/H be  t h e  n a t u r a l  map.  S i n c e  ^(H) = 1 ,

t h e r e  i s  a  map y :  G/H “* ad  ,, G s u c h  t h a t  -t = y  o X , L e t  K = k e r
N

L e t  us a ssume f o r  t h e  t i m e  b e i n g  t h a t  Kq = H. T hen  k e r  y  = K/H = K/K^

i s  a  d i s c r e t e  s u b g ro u p  o f  G/H . 't'(F’)  k e e p s  ( n ( r )  /  F^) i n v a r i a n t

t h e r e f o r e  i s  d i s c r e t e .  But H F/H = X ( r )  C  y ^ ( L ( F ) )  . But s i n c e

k e r  y and L ( r )  a r e  d i s c r e t e ,  y ^ C '^ ( r ) )  and t h e r e f o r e  X ( r )  = H F /  H

i s  a  d i s c r e t e  su b g ro u p  o f  G/H. B u t  t h e n  H T i s  c l o s e d  i n  G w h ich

i s  c l o s e d  i n  S .  T h e r e f o r e  H T i s  c l o s e d  i n  S .  A l l  t h a t  r e m a in s  t o

b e  p ro v e d  i s  t h a t  H = Kq . S in c e  H c  and  i s  c o n n e c t e d  i n  S

we w i l l  be  d one  i f  we c a n  p ro v e  Kq i s  n i l p o t e n t .  L e t  x  be  i n  Kq

an d  w r i t e  x  = n  • t  w i t h  n i n  Ng and t  i n  Tg. £ ( x )  = 'E ' (n )£ ( t )  = 1

b u t  s i n c e  ^ ( n )  = 1  we h ave  £ ( t )  = 1 .  T h e r e f o r e  ad ,,t = 1 j.. T h i s
N N

i m p l i e s  t h a t  t  i s  a  s e m i - s i m p l e  a u t o m o rp h i s m  o f  Ng w h i c h  k eep s

i n v a r i a n t  and  a c t s  by t h e  i d e n t i t y  on  Ng /  . Th i s  w i l l  be  enough t o

c o n c l u d e  t h a t  t  = 1 .  L e t  K = ( t  -  I)Ng.  T h e n  K -  and  K i s  i n ­

v a r i a n t  u n d e r  Tg s i n c e  Tg i s  a b e l i a n .  L e t  I(K)  be t h e  i d e a l  g e n e r a t ­

ed  by K i n  Ng. Then  I(K) i s  i n v a r i a n t  u n d e r  t h e  a c t i o n  o f  Tg a n d — -

s i n c e  i s  n o r m a l i z e d  by Ng, I (K )  c  B u t  t h e n  I (K )  i s  a c o n n e c t e d

n o rm a l  s u b g r o u p  o f  S and  s i n c e  i t —i s  c o n t a i n e d  i n  r  i t  i s  z e r o .  T h e r e ­

f o r e  K = 0 and t  = 1 „  . T h e r e f o r e  Kn a c t s  on H by u n i p o t e n t  a u t o -
NS °

m orph ism s  and  s i n c e  Kq /  H i s  a b e l i a n  we h a v e  t h a t  Kq i s  n i l p o t e n t .



BIBLIOGRAPHY

A uslander , L. and L. Green, "G-induced F low s, Amer. J .  o f  M ath ., 

v o l .  8 8 (1 9 6 6 ) .

A uslander , L. and M. A uslan d er ,  " S o lv a b le  L ie  Groups", P ro c .  o f  

th e  Amer. Math. S o c . ,  (1 9 5 8 ) .

A uslander , L . , " D is c r e t e  Uniform Subgroups o f  S o lv a b le  L ie  Groups", 

T rans. Amer. Math. S o c . , . v o l .  9 9 (1 9 6 1 ) .

A uslander , L . , " S o lv a b le  L ie  Groups A c t in g  on N i lm a n i f o ld s " ,

Amer. J .  o f  M ath .,  O ctob er  1960,

B ir k h o f f , G . , " R e p r e s e n t a b i l i t y  o f  L ie  A lg eb ra s  and L ie  Groups by 

M a tr ices" ,  Ann. o f  M ath ., v o l .  3 8 (1 9 3 7 ) .

B o r e l ,  A . ,  "Groupes L in e a i r e s  A lg ^ b r iq u es" ,  Ann. o f  M ath ., V ol. 64,  

(1 9 5 6 ) .

C h e v e l le y ,  C . , "Lie Groups" Vol 1. T h io r i e  d es  grou p es  de L ie ,

Tome I I ;  Tome I I I :  Groupes a lg 4 b r iq u e s ,  P a r i s  1951, 1954 .

Malcev, A . ,  "On a c l a s s  o f  homogeneous sp a c e s" ,  A. M. S.  T r a n s la t io n ,  

V ol.  3 9 (1 9 5 1 ) .

Mostow, G. D. ,  " F u lly  R ed u c ib le  Subgroups o f  A lg e b r a ic  Groups",

Amer. J .  o f  M a th . , January 1956.

Mostow, G.D. , "Factor Spaces o f  S o lv a b le  L ie  Groups", Ann. #60,  

(1 9 5 4 ) .



74

AUTOBIOGRAPHICAL STATEMENT

R ichard  T o l i m ie r i  was born in  New York C ity ,  on November 19, 1940. 

He e n te r e d  The C ity  C o l le g e  o f  New York i n  September 1957 . He spent  

th e  n e x t  sev en  y e a r s  t r a v e l i n g  in  th e  U n ited  S t a t e s ,  w orking in  v a r io u s  

j o b s ,  i n v o lv i n g  h im s e l f  in  th e  C i v i l  R ig h ts  marches in  th e  South in  th e  

l a t e  5 0 ' s ,  and s tu d y in g  u n t i l  he r e c e iv e d  h i s  B a ch e lo r  o f  S c ie n c e  degree  

in  M athem atics a t  The C ity  C o l le g e  o f  New York. He e n te r e d  The C ity  

U n i v e r s i t y  o f  New York in  1965 and has supported  h im s e l f  by w orking a t  

C ity  C o l l e g e ,  Pace C o l le g e  and r e c e i v i n g  N a t io n a l  S c ie n c e  Foundation  

g r a n t s .  In  h i s  sp are  t im e ,  he ta u g h t  at th e  U n i v e r s i t y  o f  th e  S t r e e t  

in  Manhattan, v i s i t e d  th e  P entagon  and has been a c t i v e  in  some form 

o f  th e  r a d ic a l  movement.


