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A bstract

CALCULATION OF LATTICE VIBRATION FREQUENCIES 

OF 4, 4' AZOXYDIANISOLE

by

Dolo re s G runbaum

A d viser: P r o fe s so r  B ernard  J. Bulkin

The 4, 4' azoxyd ian iso le  (PAA) c r y s ta l has tw enty one far in fra ­

red and Ram an active  la ttice  v ibrations. The freq u en cies of th ese  v i­

bration s have been  ca lcu lated  using a com bined poten tia l. T his is  e x ­

p r e sse d  as a sum  of two p oten tia ls, one rep resen tin g  the non-bonded  

a tom -atom  in tera c tio n s, (van der W aals poten tia l), and the other rep ­

resen tin g  the d ip o le-d ip o le  in tera ctio n s. The p a ram eters in the poten­

t ia l function are not adjusted but are tra n sferred  d ir e c t ily  from  other 

ca lcu la tio n s. The r e su lts  reproduce the ob served  in frared  and Ram an  

freq u en cies v ery  w e ll. T hey are d isc u sse d  in  te r m s  of the in te r m o le c -  

ular in teraction s resp o n sib le  for the c r y s ta l phase a s  w ell for  the 

n em atic  and iso tro p ic  p h ases.
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1. INTRODUCTION

o

4 ,4 '  azoxyd ian iso le  (PAA),H3C.̂ 0 sc.H3 , can be

d escr ib ed  in its  so lid  phase as a m o lecu lar  c r y s ta l. T his m eans that 

the fo r c e s  w hich hold the m o lecu les  together in the cry sta l are  s ig n i­

fican tly  w eaker than the fo r c e s  w hich bind the atom s into m o lec u le s .

When form ing a so lid  the m o lec u le s  p reserv e  their  individuality  

and behave as rig id  b od ies , in a f ir s t  approxim ation. This ch a ra c te r ­

is t ic  p erm its one to  do a convenient d iv ision  of the v ibrations of the 

c r y s ta l into:

Internal v ib rations of in tram olecu lar orig in  w hich are  approxi­

m ately  the sam e in g a seo u s, so lu tion  and c ry sta llin e  p h a ses.

The freq u en cies of th ese  m odes range from  250 to 3000 cm  

With th ese  v ib rations th ere  is  n e ith er  d isp lacem en t of the cen ter  

of m a ss  of the m o lecu le  nor rotation  of the m o lecu le  as a w hole. 

E xtern a l or la ttice  v ibrations w hich  appear b eca u se  of tr a n s la ­

tional and rotational d eg rees  of freed o m  of the m o le c u le s . The 

freq u en cies of th ese  m odes are sm a lle r  than the freq u en cies of 

the in ternal m od es, g en era lly  fa llin g  in the reg ion  from  10 to 

150 c m ' l

S tr ic tly  speaking both types of v ib rations can not be separated  

b eca u se  betw een  th em  th ere  is  an in teraction , how ever th is is  often

1
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sm a ll and can be n eg lected . T his approxim ation b eco m es p r o g r e s ­

s iv e ly  le s s  va lid  as the s iz e  of the m o lecu le  is  in c r e a se d . Som e of 

the in ternal v ib rations m ay  have low e n e r g ie s , p a rticu la r ly  th ose  

correspond ing to deform ations or in tern al ro ta tion s, and m ay couple 

w ith  the ex tern a l v ib ra tio n s.

PAA is  an exam ple for w hich a good sep aration  betw een  the two 

c la s s e s  of v ib rations should not be exp ected . It is  a rather big m o l­

ecu le  w hose shape a llow s for  to rs io n s  and d eform ation s. Som e ex p er­

im en ta l v a lu es  corrob orates  th is su sp ic ion . The h igh est la ttice  v ib ra ­

tion  and the lo w est in tern a l vibration  are  v ery  c lo se , 150 and 180 cm"^ 

r e sp e c tiv e ly  [ l j .

On the other hand, the in ternal v ib rations are  found to  obey s e le c ­

tion  ru les  co n sisten t w ith the sym m etry  of the iso la ted  m o lecu le  on 

its  c r y s ta l s ite , rather than th ose  of the factor  group (unit c e ll  group) 

of the c r y s ta l. This im p lie s  that w hile in ter m o lecu la r  in teraction s  

do take p lace , and low frequency  in ternal v ib rations are  p resen t, the 

factoring  of the potential en ergy  into in tern al and ex tern a l b lock s is  

approxim ately  va lid .
o o

PAA p r esen ts , b etw een  116 and 133 C, an in term ed ia te  phase. 

T his is  ca lled  the liquid c r y s ta l or m esom orp h ic  phase [2-3] . A s its  

nam e in d ica tes, p ro p ertie s  of both p h a ses, liquid  and so lid , are  s im u l­

tan eou sly  p resen t.

In recen t y e a r s  a g rea t num ber of papers dealing w ith the c a lcu ­

la tion  of la tt ic e  v ib rations of c r y s ta ls  have b een  published. It can be
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roughly said  that th ere  are two approaches to the problem . In one a 

lim ited  num ber of fo rce  constants are  taken and adjusted to g ive  the 

b e st  fit w ith  the ob served  freq u en c ie s . The follow ing c r y s ta ls  w ere  

trea ted  in th is way: pyrazine [4 ], u ra c il [5 ] , d iketop iperazine [5], 

cyanuric acid  [5 ], cyanam ide [6 ], benzene [7 ] .

The second approach tr ie s  to d eterm ine a potentia l function, u su ­

a lly  sem iem p ir ica lly , b ased  on p h y sica l p ro p erties  of the c r y s ta ls .

T his trea tm en t g iv es  a b etter  understanding of the in term olecu lar  

fo r c e s;  it is  m ore  lab oriou s, but not alw ays p o ss ib le . Som e d ifficu l­

t ie s  a re  a sso c ia ted  e ith er  with the th eo re tica l trea tm en t, or w ith lack  

of su ffic ien t exp erim en ta l in form ation , and in m o st c a se s  w ith both. 

B enzene and naphthalene a re  probably the b est exam p les w here sue - 

c e s s fu l ca lcu la tion s w ere  done [8-10] . Other exam p les include: ch lo ­

rine [ l l ] ,  hexach lorobenzene [l 1 ] ,  cyanogen [ l2 ] , carbon dioxide [ l3]. 

Two com p reh en sive r ev iew s, w ith an ex ten siv e  l is t  of re fe r e n c e s  have 

b een  published [1 4 -1 5 ].

In th is th e s is  the la ttice  freq u en cies of so lid  PAA, at 25° C, w ere  

ca lcu la ted . They w ere  obtained from  a proposed  in term o lecu la r  potenL- 

tia l. The f ir s t  potential tr ied  w as a d ip o le-d ip o le  in teraction . It was 

shown that the contribution of th is potentia l to  the en ergy  of the c r y s ta l 

is  v e r y  sm a ll. The second potentia l tr ied  w as ex p ressed  as a sum  of a 

a ll p o ss ib le  non-bonded a tom -a tom  in tera ctio n s. This one gave v ery  

sa tis fa c to r y  r e su lts  com pared w ith  the exp erim en ta l v a lu es .
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In th ese  ca lcu la tion s the so ca lled  FG m a tr ix  m ethod w as used.

The follow ing approxim ations w ere m ade: the m o lec u le s  w ere trea ted  

a s rigid  b od ies, i . e .  a com plete sep aration  betw een  in tern al and e x ­

tern a l m odes w as a ssu m ed , and a ll anharm onic e ffe c ts  w ere n eg lected .

It i s  encouraging to se e  that it  is  p o ss ib le  to obtain good r e su lts  

with th is  s im p le , but pow erfu l, m ethod even  fo r  com p lex  m o lec u le s  

such as PAA. The r e su lts  shed con sid erab le  light on the in terp reta ­

tion  o f the e x istin g  exp erim en ta l data.



2. CRYSTAL STRUCTURE AND 

SYMMETRY ELEM ENTS

The X -r a y  c r y s ta l stru ctu re [16] of PAA at room  tem p eratu re is

5
known. It i s  a m on oclin ic  c r y s ta l, space group C 2 ^ with c e l l  d im en ­

sio n s :

a = 15. 78 A

b = 8. 11 A |5= 114. 5 7 °

c = 11.02 A

A packing d iagram  is  shown in  figu re 1.

T here are four m o lec u le s  in  each  unit c e l l ,  a ll of them  d iffe r e n tly  

orien ted . The e lem en ts  o f th e  space group that lea v e  the unit c e l l  

invariant constitu te the facto r  group T hey are : a tw o fold

screw  a x is  C 2 > the in v er sio n  operator 1 , and a glide plane (T̂  . The

ch a ra cter  table for th is group is  g iven  in  tab le 1.

C hoosing a m o lecu le  at a c e ll  co rn er  as m o lecu le  I, the other  

three m o lec u le s  can be obtained fro m  I using the p rev io u sly  m entioned
O

op eration s. M olecu le II i s  obtained fro m  I by a 180 rotation , C 2 , m o l­

ecu le  III by the in v ersio n , and m olecu le  IV by the re flec tio n  in  a plane 

p a ra lle l to the xy  p lane, (ĵ .

The c r y s ta l m odes that are active  in  in frared  a n d /o r  R am an s p e c ­

tra are  those with v ery  sm a ll va lu es o f the w ave v ec to r  k. At k = 0
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F ig . 1. PAA packing d iagram  (after Krigbaum  et a l. [16])
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TABLE 1

CHARACTER TABLE FOR THE 

C 2h SYMMETRY GROUP

C2h C haracter table

E C2 i

Ag 1 1 i i

Au 1 1 - l - l

Bg 1 -1 - l - l

Bu 1 -1 - l i



a ll  the unit c e l ls  v ibrate in  phase and the d isp la cem en ts  in  each  c e ll  

are  id en tica l. T hus, it i s  su ffic ien t to con sid er  the m otion  of a sing le  

unit c e l l  to  c la s s ify  the sp e c tr o sc o p ic a lly  activ e  m odes of the c r y s ta l.

T here are s ix  d eg ree s  of freed om  per m o lecu le  or twenty four p er  

unit c e l l .  T h ese  correspon d  to tw enty four la ttice  v ibrations of which  

tw enty one are o p tica lly  a c tiv e . The other three rep resen t the a co u s­

tic a l tran sla tion s w ith freq u en cies equal to zero .

Out of the tw enty one, tw elve  are h indered ro tation s. T hey are  

divided among the four sym m etry  rep resen ta tion s as fo llow s:

3 Ag + 3 Bg + 3 Au + 3 Bu 

The other nine v ibrations are h indered tra n sla tio n s . They belong to 

the follow ing rep resen ta tion s:

3 Ag + 2 Au + 3 Bg + Bu 

The rep resen ta tion s of the th ree  a co u stica l m odes are:

Au + 2 Bu

F or an explanation  of how th ese  d istrib u tion s are obtained, s e e  Appen­

dix I. B ecau se  the unit c e l l  has a cen ter  of sym m etry , a ll gerade  

m odes are Ram an active  and a ll ungerade m odes in frared  a ctiv e .



3. VIBRATIONS OF A LATTICE

OF RIGID BODIES

Shim anouchi et al. [19] extended the w e ll known FG m a tr ix  m ethod  

of W ilson[20] for the ca lcu la tion  of in tern a l v ibrations of a m o lecu le  to  

vibrations of a la tt ice .

The fo llow ing i s  a b r ie f  d escr ip tio n  of th is m ethod. It i s  a c la s s ic a l  

trea tm en t, w here the sy ste m  co n sid ered  is  co n serv a tiv e , i . e .  the p o ­

ten tia l en ergy  is  only a function of the p ositio n  of the m o le c u le s .

The unit c e ll  i s  approxim ated to  a se t  o f N rigid  b od ies that o sc illa te  

about th e ir  eq u ilib riu m  p o sitio n s . The k in etic  en ergy  of the sy ste m , at 

the eq u ilib riu m  p ositio n  can be e x p r e sse d  as:

sy m m etr ic  (m  ^ = m  ^).

The poten tia l en erg y  m ay be e x p r e sse d  in a T aylor s e r ie s  about the 

eq u ilib riu m  p osition .

3N

( 1)

the q .'s are  the tim e d er iv a tiv es  of the coord in ates and the c o e ffic ien ts

m  .. are in gen era l functions of the coord inates q .. The m  .. m ust be 
ij & i  ij

9



3N 3N

= 2V0 + 2 Yj f j q j  + E  f  ij q iq j  + h igher ord er  term s  
i= l  i ,  j = l

/ 8V \ / 9 “h  \
^3 jq J^are denoted by f . ,  and the l^q 3q .)0 ky f  ̂  . The con ­

stan ts fy  are a lso  sy m m etr ica l (f ̂  =;f j i  )•

VQ i s  the potentia l en ergy  at the eq u ilib riu m  p osition  and can  be 

taken a rb itra r ily  as zero . The term s lin e a r  in  q. van ish  b ecau se  the 

en erg y  m ust be a m inim um  at the eq u ilib riu m  p osition .

A ssu m in g  v e r y  sm a ll v ib rations, the h igh er ord er term s can  be 

n eg lected , so the potentia l i s  approxim ated taking only the quadratic  

te r m s . Thus

3N

2V = £  f i j ^ i ^ j  (3)
i» j = 1

N ew ton's equations of m otion  can  be w ritten  as

—  + —  = 0 j = 1. 2................ 3N (4)
dt s qj aqj

Substitution  o f the e x p r e ss io n s  for T and V in  equation (4) y ie ld s
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3N

m .. q . + V f ..  q . = 0
i j  j  Lj  i j  i

i= l

j = 1, 2 , .  . . .  3N (5)

A p o ssib le  solu tion  for th is se t  of 3N sim ultaneous second order lin ea r  

d ifferen tia l equations is :

. Vz /■ q. = A . co s( \  t + € )n  l  w '

w here A , A , and £  are con stan ts.

If the e x p r e ss io n s  (6) are substituted  in  equation (5) we get

( 6 )

3N
j = 1, 2, 3N (7)Z  ( V A m j j l V  0 

1=1
Equation (7) is  a se t  of sim ultaneous lin e a r  equations that has non­

van ish ing so lu tion s only for sp ec ia l va lu es o f A . The sp ec ia l va lu es of 

X are th ose  w hich sa t is fy  the fo llow ing secu la r  equation:

f - A m  f - Xm
11 11 12 12

f - Xm f  - Am
12 12 22 22

f - Am
1,3N 1,3N

f -  Am
£3N  2>3N

f -A m  f  -A m  f -A m
1,3N 1,3N £3N  £ 3 N  3IS&3N 3N, 3N

( 8)

Equation (8) can a lso  be w ritten  as

= 0 (9)
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w here F and G are  sy m m etr ic  m a tr ic e s  g iven  by F^ = f . j and

y.
M ultiplying equation (9) fro m  le ft  and right by G w e get

G ^FG Vz- Ae = 0 w here ( 1 0 )

E is  the unit m atr ix .

The e igen va lu es of the m a tr ix  G FG g ive  the la ttice  freq u en c ie s, 

including the th ree  z e r o s  correspond ing to  the th ree  a co u stica l m od es. 

The freq u en cie s  a re  re la ted  to  the V s by

A = 41T2c 2 v2 (ID
w here c is  the v e lo c ity  of ligh t and V the freq u en cy  e x p ressed  in cm  .



4. COORDINATE SYSTEM

To d escr ib e  the tran sla tion s of the m o lecu le  it i s  v ery  convenient 

and sim p le  to use C artesian  co ord in a tes. The G m a tr ix  has only  

e lem en ts  a long it s  diagonal. Thus

But to e x p r e ss  the rotations o f a rig id  body around a fixed  point is  

not so  s im p le . Som e further co n sid era tio n s of th is  p rob lem  are n e c e s ­

sa ry .

The m o st com m on se t  of p a ra m eters  d escr ib ed  in  the litera tu re  

a re  the E u lerian  angles ( 0 , 4 *  ,4* ) [21]. The new coord inates of a point 

a fter  a rotation, X, Y and Z, a re  obtained fro m  the old coord in ates, 

b efore  rotation, x, y and z, by m ean s of three s u c c e s s iv e  rotations  

perform ed  in  a sp ec ific  seq u en ce, (see  figu re 2 ). Thus

S -  0 if  i  i  j

( 12 )

& = 1 if  i  = j

X = x  (cos <j> cosi^ co s  0 - sin<t> sin ^  ) - y ( c o s ‘t* c o s  0 s in  i|j

+ sin<|> cos  4* ) + z (co s  <}> sin  0)

Y = x  (sin  (j>cos0 c o s i |j + coscj> sini(j ) + y (cos«j> cosi(j
(13)

- s in ‘I’ c o s 0  sinijj ) + z (s in 0  s in  <j»)

13
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line of nodes

F ig . 2. R otations defining the E u ler ian  an g les.
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Z = x  ( - s i n 0  cosvjv ) + y ( s in 0  sinij) ) + z c o s

The Kinetic en ergy  of the body is  given by the fo llow ing equation

2T = I . to + I_  U) + I ,  10 1 x  2 y 3 z (14)

w here 1 , 1  and I are  the p rin cipa l m om ents of in er tia , and u) , u) 
1 2  3 x y

and UJ are the com ponents o f the angular v e lo c ity  o f the body z

about the x , y and z axes r e sp ec tiv e ly .

The angular v e lo c ity  can be e x p r e sse d  in  te r m s  of the E u ler  a n ­

g le s  as

= 0 sini|j - (|>sin0 co s  i|j

. = 0  cos4* - 4* sin® sin^w y (15)

lO 4 ) + <j)COS 0

If e x p r e ss io n s  (15) are  used in  equation (14), one obtains

2 2 2T = I ( 0 sini|j - (j> s in 0  cosij; ) + I ( 0 c o s i J j  - <|> s in 0  siwjj )i  Ct

+ I  ̂ ( 414 <j> co s  ® )
(16)

The e lem en ts  of the G m a trix  are ca lcu la ted  as

8 2T 0 2T
m  = m  = etc .

dQ 3(j> 80
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T h ese  d er iv a tiv es  are evaluated  at the eq u ilib riu m  p o sition , i . e .

6 =(j> = i|j = 0, or when the x , y, z and X, Y, Z a x es  co in c id e . See f ig ­

ure 2.

-1
The G obtained is:

-1
G

I 2 0 0

0 i 3 i 3

I 3 I 3

(17)

It i s  im portant to  note the follow ing fa cts  about the m atrix:

1. No e lem en t i s  a function of 1^.

2. Its determ inant i s  z ero , th erefore  it i s  not an in vertib le  

m atrix . It is  a lso  in  contrad iction  w ith the d efin ition  of 

T w hich says: "T i s  a p o sitiv e  defin ite quadratic form  

in  q^, q^ , . . . » q n> and so  s a t is f ie s  the conditions that

it s  determ inant and the p r in cip a l m in ors of e v e r y  order  

of its  determ inant are  p ositiv e" . [21]

T h ese  two points show that the E u ler ian  a n g les  are  not ap p rop ri­

ate fo r  th is  p articu lar  situation . It w as decided  to  tr y  and u se  another  

sy ste m  of coord in a tes, w hich are defined by W hittaker, [21], as  

fo llow s.

The rigid  body is  rotated through an angle to about a lin e  through  

the fixed  orig in , w hose d irectio n  an g les are d  , p> and ][ . See figu re 3. 

The coord inates X, Y and Z of the new p o sitio n  of any point w hose orig-
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F ig . 3. R otations and an g les defining  
the sy m m etr ica l p a ra m eters .
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inal coord inates w ere  x , y and z a re  g iven  by the eq u ation s:

2 2X = x  -  2 s in  (x sin<* - y  c o so t  cosp> -  z c o s d  c o s  )

+ 2sin-JfW c o s j io  (z c o s  (2> -  y  c o s  J )

Y = y - 2 s in ^ l ( 0  (y s in^J  -  z  c o s  jft cosfl ' -  x  co sfl  cosot )
( 18 )

+ 2sin i«J cos^w (x co s  K - z cos<* )

2 2Z = z -  2 s in  -̂ <0 (z s i n j  -  x  cosot c o s  ^  -  y  c o s  p  c o s j '  )

+ 2sin4L<n cosA-o) (y co s  c*. - x  co s  p )

L et us in troduce new p a ra m eters  £ , t) »  ̂ > X > sy m m etr ica l p a­

ra m eter s , defined by the eq u ation s:

£ = cosc< sinjfcu) 

“H = co s  p s in  V̂ tn 

t, = co s  ^ s in  

X = co s  '/2W

(19)

w hich sa tis fy  the relation:
2 2 2 2 | + q + £ + X  = 1 (20)

U sing th ese  sy m m etr ica l p a ra m eters  in eq u a tio n  (18), one gets:

X = ( £ - t) - £ + X ) x  + 2( £q - r,X)y

+ 2 ( £ £ > + ' H X ) z 

Y = 2( £q + ^X) x  + (-  | 2 + q 2- £ +  %Z ) y (21)

+ 2( q & - £ X )  z

Z = 2( -  q X  ) x  + 2( ^  + | X  ) y + ( -  | 2 - q 2 + £ + X 2 )z
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The angular v e lo c ity  com ponents al x » 05 y* can e x p ressed

in  te r m s  of the sy m m etr ica l p ara m eters  as:

u)x  = 2( *• \  + ^  - 1! i  -  e i  )

(X>y  = 2 ( -  + X*1 + £ £ - T iX )

w  = 2( qs - tj\ + * 4  - i x )z

( 22 )

If e x p r e ss io n s  (22) are  used in  equation (14), one obtains:

= 2 I 1 ( X | +  t,r\ - r \ i  - % X  ) + 212  (-  £ £ + X^l

v . 2
+ I  £ -  q X_ ) + 2I3 ( q£ - £q + X  £ - CX  )

(23)

The eq u ilib riu m  p osition  corresp on d s to tO = 0. F ro m  equation  

(19) it  can be seen  that at that p ositio n  fj = q = £ = 0 and X  = 1.

If the e lem en ts  of the G * m atr ix  are  ca lcu la ted , as b efo re , one 

o b ta in s:

G _1 = 4 *2  0 (24)

T his G is  w ell-b eh aved . The th ree p rin cipa l m om ents o f in er tia  

are  p resen t. It i s  an in vertib le  m atrix;: it s  determ inant and the p r in ­

cip a l m in ors of e v e r y  order of it s  determ inant are  p o sitiv e .



5. PAA SPECTRA

The low  frequency, la tt ice  vibration  region , Ram an [22] and far  

in frared  sp ectra  [1] of so lid  PAA have been  reported . T hey are  

reproduced in fig u res  4, 5 and 6.

The Ram an sp ectru m  of the sin g le  c r y s ta l show s nine la ttice
-1 -1

m od es, . T h eir  va lu es range from  16 cm  to  95 cm  . On the other  

hand the far  in frared  sp ectra  of p o ly cr y sta llin e  sa m p les  show s ix  

d is tin c t freq u en cie s, w hich va lu es go from  50 cm  * to 150 cm  * . 

See tab le 2. Som e of the far in frared  absorption  m ay be due to m ore  

than one m ode, un reso lved  under the exp erim en ta l conditions (2 cm"' 

reso lu tion ). It i s  in tere stin g  to note that som e co in c id en ces e x is t  

betw een  in frared  and Ram an sp ectra . F u rth er d isc u ss io n  of th ese  

sp ectra  isre ser v ed  for a la te r  sec tio n  of the th e s is .

C erta in  sp ec tra l reg ion s correspon d in g  to  in tern a l v ibrations  

show d ra stic  changes as the substance goes from  so lid  phase to 

nem atic and liquid p h a ses . T h ese  changes are  noted in Ram an [23], 

in  the 1300 cm  * to  1625 cm   ̂ and 1100 cm  to 1225 cm  * reg ion s, 

and near in frared  [24], in  the 1120 cm  to 1210 cm  reg ion s. This 

is  additional ev idence that a n on -n eg lig ib le  in tera ctio n  e x is ts  betw een  

the in tern a l and ex tern a l m od es.

20
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F ig . 4. Ram an sp ectru m  of sing le  
c ry sta l o f PAA at -90  °C .
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•1cm

o
F ig . 5. Ram an sp ectru m  of PAA at 25 C.
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F ig . 6. F a r  in frared  sp ectru m  of so lid
PAA a s a function o f tem p eratu re: 
a) 25°, b) 90°, c) 116°, d) 117°C.



24

TABLE 2

COMPARISON OF FAR INFRARED AND  

RAMAN FREQUENCIES (c m -1)

a a b
F ar in frared Ram an Ram an

16 16
30 30
38 37

50 52 52
70 72 70

74
84

90 ,9 1
94 95

115
135
150

-a P o ly c r y s ta llin e  sam ple at 25 C. 
kS in g le  c r y s ta l sam ple at -90  C.



6. INTERMOLECULAR POTENTIALS

The to ta l en erg y  of the c r y s ta l la tt ic e  at absolu te zero , E 0 , i s  the 

sum  of the potentia l en ergy  o f the la tt ic e , VQ and the zero  point e n e r ­

gy. Uo , a sso c ia te d  with the zer o  point vibration  o f the m o lec u le s  in  

the la ttice  [25].

sub
E o  = U o + V o =- H 0 (25)

sub o
w here i s  the heat of sublim ation  at 0 K. U i s  sm a lle r  thano . o

V Q by two o rd ers  o f m agnitude and i s  g en era lly  n eg lected  [26]. 

T h erefore

E „  = - H r b - v „ <«>

Equation (26) i s  va lid , a ssu m in g  U Q to be v ery  sm a ll, at 0°K only.

The potentia l en ergy  o f the la tt ic e , h ow ever, can be ca lcu lated  only  

at tem p era tu res  for  which c r y s ta l stru ctu re data are ava ilab le , 25°C  

for  PAA c r y s ta ls .  At a tem p eratu re d ifferent from  0°K one can  id en ­

t ify  the heat of sublim ation  and the potential en erg y  only if  the c r y s ta l

o
stru ctu re is  not too  d ifferen t from  that at 0 K.

B eca u se  it i s  b e liev ed  that in tera ctio n s betw een  d ipolar and

high ly  p o la r iza b le  groups are  resp o n sib le  for  the s ta b ility  of the

m esom orp h ic  phase of PAA [2], a d ip o le-d ip o le  potentia l w as the

25
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f ir s t  in term o lecu la r  poten tia l tr ied  in  our ca lcu la tio n s.

A m odel of the PAA m o lecu le  with it s  th ree  perm anent d ip o les is  

shown in figure 7. The d ipole m om ent f t  is  a vecto r  quantity w hose  

d irec tio n  is  that of a line  join ing the cen ter  of grav ity  of the p o sitive  

e le c tr ic  charge with the cen ter  of grav ity  of the negative charge and 

w hose m agnitude is  the length  of that lin e  m u ltip lied  by the total 

negative or the to ta l p o s itiv e  ch arge, th ese  being equal [20].

The in term o lecu la r  potential i s  e x p r e sse d  as a sum  of a ll d ip o le-  

dipole in tera ctio n s.

V = Yj ^ = Y , (d ip o le-d ip o le  in teraction s) (27)

The ^ is  e x p ressed  as [27]

A* ft (cos t  -  3cos 0 c o s  0 ')  ^ 8 )
r^

w here yCt and ^  are the m agnitudes o f the d ip o les , r is  the d istan ce  

betw een  the d ip o les , se e  figure 8,

1 / 2  2 2 
r = /(x - x') + (y - y') + (z - z 1)

co s  6. =11' +mm' + nn1
, (29)

co s  0 = -----  ( l(x  - x') + m (y - y') + n(z - z'))
r

co s  0 '=  ( l'(x  - x') + m ' (y  - y') + n '(z - z'))
r

w here 1, m , n are the d irection  co s in e s  of d ipole ^  , and 1', m ’, n' 

are  the d irection  co s in e s  of dipole "pj.



F ig . 7. M olecule of PAA with its  perm anent d ipole m om ents.
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-r-.

F ig . 8. V ariab les that define the d ip o le - 
dipole potential.
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To be able to  u se  ex p ress io n s  (27), (28) and (29) the coord inates  

of the a tom s o f the m o lec u les  that form  the c r y s ta l are needed. F rom  

cry sta llo g ra p h ic  data [16] the fractiona l atom ic coord inates of a m o l­

ecu le  are  taken. T hey are given  in tab le 3. F or conven ience th is  

m o lecu le  w as situated  at a c e l l  co rn er  and nam ed m olecu le  I. The 

coord in ates of a ll  the atom s of m o le c u le s , other than I, can be gen ­

era ted  fro m  the coord inates of m o lecu le  I, the unit c e l l d im en sion s  

and the factor  group of the c r y s ta l using the w ell known program  ORTEP 

[28]. Appendix II show s an output of th is  program .

The coord in a tes given  in tab le 3 a s  w ell the coord inates obtained  

fro m  the ORTEP program  are  re ferred  to the m on oclin ic  sy ste m  of 

the c r y s ta l and "norm alized" to the unit c e ll  d im entions. T his m eans  

that the num bers in colum ns A ', B' and C 1 in tab le 3 are d im en sio n le ss .

A' = A /a  B' = B /b  C' = C /c

w here a, b and c are the d im en sion  of the m on oclin ic  c e l l  as given  in  

page 5. The m on oclin ic  coord inates A, B and C are shown in  figure 9 

in  re la tion  to a C artesian  sy stem .

It i s  convenient to tran sform  the atom ic coord inates to  C artesian  

coo rd in a tes , in  ord er to s im p lify  the ca lcu lation . F ro m  figure 9 the 

fo llow ing re la tion s are  obtained

x  = A - CsinOJ = A' 15. 78 - C 1 11. 02 s in  tO

y = B = B 1 8. 11 (30)

z = C co s  a) = C' 1 1 .0 2  co su )
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TABLE 3 

ATOMIC COORDINATES

A' B' C'
C(l> -0 2 3 3 1 1  (28)* -0-04705 (54) 0-48652 (44)
0 (2 ) -0 -18465  (17) 0  08853 (31) 0-46132 (25)
C(3) - 0  09467 (23) 0-11463 (39) 0-54570 (33)
C(4) -0 0 4 3 1 2 (2 5 ) 0-01732 (46) 0-65615 (34)
C(5) 0 0-1985 (26) 0-05669 (47) 0-73317(35)
C(6) 0  08950 (24) 0 -19123 (41) 0-69894 (34)
C(7) 0 03868 (28) 0-28628 (45) 0-58969 (40)
C(8) -0 0 5 2 8 1  (28) 0-24810 (46) 0-51327 (41)
N(9) 0-18922(25) 0-23966 (35) 0-77533 (31)
N(IO) 0-22817 (26) 0-15249 (37) 0-87293 (33)
0(11) 0-22030(19) 0-36082 (30) 0-73160(27)
C(12) 0-33006 (25) 0-18597(44) 0-94867 (36)
C(I3) 0-36329 (29) 0-10634(47) 1-07232(40)
C (I4) 0-45643 (26) 0-10696(45) 1-15318 (36)
C (I5) 0-51990 (24) 0-18355 (38) 1-11352 (31)
C (\6 ) 0-48810 (27) 0-26231 (45) 0-99162(35)
C (I7) 0-39226 (30) 0-26357 (50) 0-91016 (37)
0 (18) 0-61080(17) 0-17329 (32) 1-20136 (23)
C (I9) 0-67989 (27) 0-24368 (55) 1-16339 (44)

H(20) -0 -0 6 9 7  (33) ‘ -0 -0 7 3 7  (65) 0-6834 (48)
H(21) 0  0863 (31) -0 -0 2 1 7  (62) 0-8123 (47)
H(22) 0-0747 (33) 0-3827 (63) 0-5664 (48)
H(23) 0-0910 (35) 0-3180(63) 0-4378 (50)
H(24) 0-3170(33) 0-0437 (61) 1-0878 (47)
H(25) 0-4865 (32) 0-0490 (61) 1-2551 (48)
H(26) 0-5335 (33) 0-3178 (61) 0-9629 (48)
H(27) 0-3794 (33) 0-3193 (61) 0-8294 (49)
H(28) -0 -2 3 6 4  (31) -0 -0 3 0 3  (60) 0-5876 (48)
H(29) -0 -2 9 5 2  (34) -0 -0 4 2 6  (62) 0-4061 (49)
H(30) -0 -1 9 8 6  (34) -0 -1 6 3 4 (6 3 ) 0-4818 (48)
H (3I) 0-6667 (33 ). 0-3659 (66) 1-1508 (48)
H(32) 0-6722 (33) 0-1934 (61) 1-0740(51)
H(33) 0-7427 (30) 0-2020 (55) 1-2354(43)

* N um bers in parentheses give the standard  deviations in the 
last significant figures.
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c

a, X

|& = 114. 57 
a) = 24. 57

F ig . 9. R ela tion  betw een  C artesian  (X, Y, Z) 
and m on oclin ic  (a, b, c) a x es .
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The va lu es  of the d ip o les w ere  taken from  the litera tu re . T hese  

are given  in  tab le 4.

The d irectio n  co s in e s  needed in e x p r e ss io n s  (28) and (29) are  

ca lcu la ted  and evaluated  in A ppendix III.

F or the p resen t ca lcu la tion  an w ell a s  the ca lcu la tion s d escr ib ed  

in  the next sec tio n  the m axim um  d istan ce used  betw een  atom s w as 

7 A. The d ipolar potentia l decreases w ith the d ista n ces  as r W ithin  

th is  d istan ce a su ffic ien t num ber o f in tera c tio n s are included such that 

e x p r e ss io n  (27) i s  sa tis f ied .

The ca lcu la ted  la ttice  en erg y  that one gets  sum m ing a ll the d ip o le - 

dipole in tera ctio n s up to 7 A is  1. 13 k c a l/m o l. To our knowledge no 

sublim ation  en erg y  for PAA has e v e r  been  reported . But con sid ering  

the m a ss  o f the PAA m o lecu le  th is  is  a v e r y  sm a ll value.

If th is value is  com pared  w ith the h ea ts  of sublim ation  o f som e

long chain a lco h o ls , it i s  seen  that there is  an enorm ous d ifferen ce

betw een  them  [31],

F or ex a m p le :

1- dodecanol 31. 1 k c a l/m o l

1- tetrad ecan o l 3 4 .4  k c a l/m o l

1- octodecanol 4 4 .8  k c a l/m o l

K ita igorod sk i [9] points out that the en erg y  due to  d ip o les ranges  

betw een  5. 0 k c a l/m o l to  -2 . 5 k c a l/m o l. T h ese  e n e r g ie s  are  not 

sm a ll enough to  be n eg lected , but indeed th ey  are not b ig enough to  

exp la in  the c r y s ta l stab ility .
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TABLE 4 

VALUES OF THE DIPOLE MOMENTS

Group D ipole (Debye) R eferen ce s

/ C H 3
R---- O

X f

1. 35 

6 -  55°
[29]

N— *-0 1. 705 [30]
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Searching for a new potential it  was decided  to try  one that w as 

defined by P aw ley  [10] a s  the p a irw ise  sum  of a ll p o ss ib le  non-bonded  

a tom -atom  in teraction s betw een  a given pair of m o le c u le s .

2E (la ttice) = ^  V = ^  (p a irw ise in teraction s) (31)
n n

T his assu m p tion  is  not c le a r ly  ju stified  th eo re tica lly , e sp e c ia lly  

when d eloca lized  e lec tro n s  are p resen t. It i s  perhaps im potant to 

co n sid er  the contributions by e lec tro n s  in  c o lle c t iv e  s ta te s , a s  i f  they  

w ere a lso  a tom -a tom  in  nature, fo r  exam ple d e lo ca lized  If  e lec tro n  

s ta te s  [35].

E ach Vn te r m  can be ex p r e sse d  by se m iem p ir ica l form ulae of the 

L en n ard -Jon es (6 -12) or Buckingham  (6-exp) type. T h ese  p oten tia ls  

are  rep resen ted  by the form :

w here r is  the d istan ce betw een  two non-bonded atom s. A , B and C 

are  con stan ts. F o r  C = 0 and d = 12 equation (32) b eco m es the  

L en n ard -Jon es. . F or  C  ̂ 0 and d = 0 it b eco m es the Buckingham  

p oten tia l. In a ll of the ca lcu la tion s in  th is  th e s is ,  d w as equal to zero .

We w ish  to  m ake it c le a r  that there is  no th eo re tica l ju stifica tio n  

for  th is . O ther th ree p aram eter  p oten tia ls w ith, e .g .  C = 0 and d 4 0
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m ight w ork equally  w ell. The Buckingham  potentia l is  used b ecau se  it

has been  p aram etrized  for the a tom -atom  in tera ctio n s, and the p a ra m e­

te r s  have been  w ell te sted .

The - A /  r^ portion  of the potentia l rep resen ts  the a ttractive  or  

long range fo r c e s , correspond ing to  instantaneous d ip o le-d ip o le  p o la r i­

za tion s. The rep u lsive  or  sh ort range fo r c e s  are  e x p ressed  by the 

other portion  of the poten tia l. Its true form  is  v ery  com plicated  and

depends on the sp ec ific  kind of in teraction . The form s given above

-G r 12B e "  , o r B / r  are usefu l o v ers im p lifica tio n s .

In tab le  5 a ll the p oten tia ls found in  the litera tu re  and used in  our

ca lcu la tion s are l is te d . F or  the C . . . in teraction  the follow ing

e x p r e ss io n  was found [32]:

(-1235 + 287900 e -1, 67 r ) /  r 6 (33)

We have used d ifferen t com binations of the l is te d  p oten tia ls to  c a l­

cu late the en ergy  of the la tt ic e . It does not m atter  what com bination  we 

used  to get a m in im um  of en ergy , b ecau se  a ll of th em  give it . T his is  

a m inim um  with re sp ec t to a ll coord in a tes. M oreover the value of the 

en erg y  d oes not change v ery  m uch.

Som e authors [33] think that probably the reason  that v e r y  d ifferen t  

p a ra m eters  give such s im ila r  r e su lts  is  that ca lcu la tion s b ased  on eq u i­

lib r iu m  stru ctu res  m ay not be v ery  se n s it iv e  to  the ch o ice  of potentia l 

function, e s p e c ia lly  when it i s  rep resen ted  by a v ery  sim p le  form  as
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T A B L E  5

PARAM ETERS IN THE ATOM-ATOM  
POTENTIALS

A tom  pair A (kcal. m ol. A) B (kcal.m ol) C(A) R eferen ces

H. . .H 36 4000 3. 74 [8]
57 42000 4. 56 [9]

C. . . C 358 42000 3. 58 [9]
535 74500 3. 60 [8]

C. . .H 39 9400 3. 67 [8]
154 42000 4. 12 [9]

O. . .H 9 9 .2 28100 4. 32 [34]
491. 6 19820 3. 84 [32]

N . . .H 9 9 .2 28100 4. 32 [34]

N. . . N 200 186400 4. 55 [34]
125. 1 105700 4. 61 [32]

N. . . O 200 186400 4. 55 [34]

C. . .O 244 212100 4. 44 [34]

C. . . N 244 212100 4. 44 [34]

O. . .O 200 186400 4. 55 [34]

[ . . . CH
3 3

2942 273900 3. 33 [32]

. . . CH 2089 31905 3. 20 [32]



37

the B uckingham  type.

F or  the final com bination o f p oten tia ls  the fo llow ing w ere  chosen: 

for  C . . . C  K ita igorod sk i's  p oten tia l [9] 

for C. . . H and H. . . H W illiam s' p oten tia ls [8] 

for N . . , N and O. . . H L iq u ori's  p oten tia ls [34]

T his p a rticu lar  com bination  w as a r b itra r ily  se le c te d  b eca u se  it  

g iv e s  the d eep est m inim um . The la ttice  en ergy  obtained using  th is  

fin a l se lec tio n  i s  -5 9 . 0 k c a l/m o l. It is  a reason ab le value.



7. FO R C E  CONSTANT CA LCU LA TIONS

To d e sc r ib e  the la ttice  v ib rations of the PAA c r y s ta l, 24 coord i 

nates a re  needed . The unit c e l l  has four m o le c u le s , and each  m o le ­

cu le n eed s s ix  coord in a tes, one for each  d eg ree  of freed om , th ree  

are re la ted  to tra n s la tio n s , (x, y, z ), and the other th ree  are  r e ­

lated  to ro ta tion s, (jj, rj, £ ) . See fig u res  1 and 3.

The potential en ergy  m a tr ix , F , is  a 24x24 sy m m etr ic  m atr ix . 

See tab le 6. The an a ly tica l ex p ress io n s  for  the d ifferen t fo rce  con­

stants a re  g iven  in Appendix IV, part A.

F o r  sy m m etry  rea so n s the fo llow ing rela tion s are  true:

11 22 33 44
ij ij U (34)

f 12 = f 34 f 1 3 = f 24 f 1 4 = f 23
1J u  u  u  u  u

w here i and j can be e ith er  one of the coord inates x, y, g , t) or £. 

The num bers in d icate the m o le c u le s .

The k in etic  en ergy  m a tr ix , G * , is  a lso  a 24x24 sy m m etr ic  

m a tr ix . It has a d iagonal form  for the tw elve  e lem en ts  a sso c ia te d  

w ith the tra n sla tio n s . T hey are , a ll  of them , equal to  the m a ss  of the  

m o lec u le . See tab le 7. The e lem en ts a sso c ia te d  w ith  the rotations  

are  the m om ents of in er tia . B eca u se  the x, y  and z m o lecu la r  axes

38
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tA B L E  6

PO TENTIAL ENERGY MATRIX F  

■i ri *1 «i rt «j r , », r« t ,  i ,  l, t ,  ' i  'i  S *«'''« l4

£  4J 41 & 4J 4i 42 4J 42 41 4J 41 41 4‘ 41 41 4* 4 \ 41 4*, 4*t 41 41 44t
J 1  .11 J Z  .11 A t  A S  ,1 J  J J  A 4  .14 ,14  ,1 1 ,11 ,11 A t  ,11 ,12 A t  ,11  A S  ,14 ,14 ,14
*nr r*  ')•» ‘n r  H* H* n r  *r* V* S r  *y* ‘r t  ‘r n  T t  V ;  *rn T ;  rr t  * n  H i  ‘r t  'y«, ‘ r ;

41 41 41 41 »11 41 41 41 41 41 41 4l„ 4V 41 41 4! 41 41 4’ 41 44„ 44t
41 41 41 41 4? 41 41 41 41 4[ 4J, i[ 41 41 4\ 41 41 41 4t 41 4J

«  41 41 41 41 41 41 42 $  41 41 41 41 41 41 41 4! 41 41 41
41 41 41 41 41 41 41 *g 41 41 41 41 41 41 41 41 44, 41 4J

41 41 41 41 41 41 4t‘ '41 4! 41 4*, 41 41 41 41 41 41 41

. 41 41 41 41 41 4[ 41 41 41 4*, 41 41 41 41 41 41 4*
41 41 4V 41 4', 4'n 4*t 41 41 4\ 41 4>, 4 \ 4*t ‘H 4*t

41 41 41 41 4*i 4*t 41 41 41 41 41 41 44, 41 4*

41 41 41 41 41 41 41 41 41 41 41 41 4? 41
4* 4* i41 i41 r« i41 r« /« i4* ,4J ,M ,« 1*4“  *1 m *i n “t ■; h •' *t *t *1 ■;

41 41 4141 41 4141 4V 41 41 41 41 
41 4,1 «!i 41 4,1 -a <% 41 41 41 .1,1

4; 41 '*  4 \ 41 'IV '11 «  'i: 41
«tt 41 -ft 41 41 41 41 41 41

41 41 41 41 41 41 41 41
'£ '” 'g-'U '11'« 

41 41 41 41 41 41
41 41 41 41 41

4 * 1* 13* t**«  * W 11
jM ,*» vM
HI H« Hi

41 4f, 
41

lymatUk



TABLE 7

- 1
KINETIC ENERGY MATRIX G

‘ 4 * 4

42.62
42.62

42.62
42.62

42.62
42.62

.*>•O
42.62

42.62
42.62

42.62
42.62

10
-23 42.62

1164 >2439 0 
-2459 2822 -76 

0 -76 1912
1164 -2459 0 

•2459 2822 -76 
0 -76 1912

1164 -2459 0 
•2459 2822 -76 

0 -76 1912
1164 -2459 0 

•2459 2822 -76 
0 -76 1912
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used  did not co incid e with the p rin cip a l a x es  o f in er tia  th is  part of the 

m a tr ix  p resen ts  o ff-d iagon al e lem en ts  d ifferen t from  zero .

It i s  n e c e s s a r y  to have G * e x p r e sse d  in  a d iagonal form  to be able  

to  ca lcu la te  the G^1 needed.

L et us c a ll D, tab le 8, the orthogonal m a tr ix  that d iagon a lizes the 

k in etic  en erg y  m a tr ix  G * . T h erefore

Dt G"1 D = G"1 (35)d

w here G * is  a d iagonal m a tr ix  w hose e lem en ts  a sso c ia te d  with tr a n s -  
d

la tio n s are  the sam e as in  G \  but it s  e lem en ts  a sso c ia te d  w ith ro ta ­

tio n s  are the p rin cipa l m om ents o f in er tia  o f the m o lecu le , a s i s  shown  

in  tab le 9.

The sam e tran sform ation  has to  be applied  to  the F  m a tr ix . Thus

F - ^ G *  = 0 i s  equ ivalent to

Dt F D  -  A(Dt G"1 D) | = | D t F D  - Ag 1̂

(36)

= 0

i/i
The G can be ca lcu la ted . It is  a d iagonal m atr ix , w hose e le  - d

m en ts are the in v e r se  of the square roots of the correspon d in g

- i Vie lem en ts  o f the G m a tr ix . See tab le  10 for  the G m atrix .
d d

-  ° d
.  (37)

and G G = E = id en tity  m a tr ix
d d

%U sing G^ in e x p r e ss io n  (36), it  can be rew ritten  as:



TABLE 8 

THE D MATRIX

0.9894 -0.1428 -0.0250 
0.1443 0 .9866 0.0760 
0.0138 -0.0788 0.9968

0.9894 -0.1428 -0.0250 
0.1443 0.9866 0.0760
0.0138 -0.0788 0.9968

0.9894 -0.1428 -0.0250 
0.1443 0.9866 0.0760 
0.0138 -0.0788 0.9968

0.9894 -0.1428 -0.0250 
0.1443 0.9866 0.0760
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T A B L E  9

DIAGONALIZED KINETIC ENERGY

-1
MATRIX G d

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

42.62 

113B 

2863 

1906 

1130 

2863 

1906 

1138 

2863 

1906 

1138 

2863 

1906
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TABLE 10 

THE MATRIX

0.1532 

0.1532 

0.1532 

0.1532 

0JS 32  

0.1532 

0.1532 

04532 

0.1532 

04532  

04532 

04532

1(K
0 .0298

031187 

0.0229 

0.0298 

0.0187 

0.0229 

0.0298 

■ 0.0187

0.0229

0.0298

0.0187

0.0229



The (G^jD F  D G ^) m a tr ix  can be factored  by a proper ch o ice  of 

sy m m etry  coord inates S, w hich are g iven  by:

S = UC
0 9 )

s  = n  2A r c
R

w here X i s  the tr a c e  of the op erator R in the $ rep resen ta tion . In th is  

ca se  th ere  are four op era to rs  E , C 2 , 1 and CT, and a lso  four r e p r e se n ­

ta tion s Ag, Au, Bg and Bu. The C in  e x p ress io n  (39) rep resen ts  the 

C a rtesia n  coord in ates or sy m m e tr ic a l p a ra m eters , as defined on page  

18. N i s  a n orm aliza tion  factor .

The tran sform ation  m a tr ix  U i s  l is te d  in  tab le 11. Of the tr a n s la ­

tio n a l co o rd in a tes , S^, S jq and S jj  rep re se n t uniform  m otion  of the 

w hole c r y s ta l,  a co u stica l m o d es, and th ey  are a ssu m ed  to  g ive r is e  to  

e ig en v a lu es  equal to  zer o .

U sing the U m a tr ix  one obtains:

<h t  ft t
U G F  D G^ U = four b lock s of 6x6 e lem en ts  each  (40)

E ach b lock  belongs to  a d ifferen t rep resen ta tion . It can be shown that 

vi t
the U and the (G^D ) m a tr ic e s  com m ute. See Appendix V for  proof. 

Equation (40) can be w ritten  using th is  p rop erty  as:



46

TABLE 11 

TRANSFORMATION MATRIX U

* ,  y. *, r ,  * y . * * r. * t ,  n, i ,  6, \  i  t  n i t  * i
* * 1 2 2 2 3 3 3 4 4 4  1 1  1 2 2 2 3 3 3 4 4 4

1 / 2  * n
J2
13

14

15

"16

"17

"U
*19

"20

"21

“22

"23
"24

1 1 1 1  
1 1 1 1  

1 1 1 1  
1 1 - 1 - 1  

1 1 - 1 - 1  

1 1 - 1 - 1  
1 - 1  1 - 1  

1 - 1  1 - 1  

1 - 1  1 - 1  
1 - 1 - 1  1 

1 - 1 - 1  1 
1 - 1  -1 1

1 1 1 1  
1 1 1  1

1 1 - 1 - 1  
1 1 - 1  - 1 

1 1 -1 • -1 
1 ;1 1 - 1  

1 - 1  1 - 1 

1 - 1  1 - 1

1 - 1 - 1  1 

1 - 1 - 1  1 

1 - 1 - 1  1
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G ^ D ^ U F U * )D G ^  a a (41)

T his new ord er  s im p lif ie s  the ca lcu la tion s greatly . (U F U  ) 

c o n s is ts  o f four 6x6 b lo ck s, and th ey  have a gen era l stru ctu re in d e­

pendent of the n u m erica l value o f each  constant.

t
Thus the b lock  that belongs to the Ag rep resen ta tion  (U F U  

can  be w ritten  a s  fo llow s

T T xx  xy TXZ TRx £ TR
x n TRx^

T
yy

Tyz TR y£
TR

y n TRy l

T zz TR z e T R zn TRZ;

sy m m etr ic
Rl l R ln R| l

R nn R nC

R

(42)

11 12 13 14
w here T^y  = f xy  + f xy + f xy  + f xy

11 12 13 14
T R z r f z e + f zg + f Z£ + f * i

11 12 13 14
R t = f t  + f t  + f s + f*  

In  In  In  In  sn

(43)

X,
F or the Au rep resen ta tion  we have (U F U  )^
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p  1 p  1 0 T R 1 „ T R ' T R 'xx  x y H xr! x &

T ' 0 TR,y e

0

T R ' T R '
yy

0
y ^

0
vi

0

s y m m e tr ic R ' R ' R '

R'■nri R'
’■t

■K

(44)

w here T' 
y z y z

+  f 1 2  
y z

-  f  1 3  
y z

- f 1 4
y z

TR'
XT)

= f "
XT]

+  f 1 2
XT| -  f  ”

X  T)
-  f  1 4  

x * i

- f 1 1
h i <

- f 1 3
f  U

- f 1 4
h i

(45)

The b lock  rep resen tin g  the Bg rep resen ta tion  is  ex p r e sse d  as:

p t i  p n  p n  
x x  x y  x z

TR"
x £

TR"
X-T)

TR"
* i

p  h  p  n

yy yz
TR"

y£
TR"

yri
TR"

y i
p i l

z z
TR"

z £
TR"

zti T R k
s y m m e t r i c R"| e R"|r,

R"
1111

R k

R"
*\i

R ,U

T" = 
x z

f "  - £ 1 2  + f 13 -  
X Z  x z  x z

f U
x z

TR"
y |

= f u  - f 12 + f 13
y £  y |  y£ y£

R"
T1TI

r l l  . 12 , r 13 f - f + f 
irn 1111 iiii

f 14
irn

(46)

(47)
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F in a lly  for the Bu rep resen ta tion  we have the ( U F U )  b lock

0 0 0 0 0 0
0 0 0 0 0

m 
- zz TR'"n TR'"Z*1 Trim  

z t

sy m m etr ic Rill66 R'"6*1
R'"*1*1

R'"66

p f f f R«.
m... -11 ,1 2  13 , ,1 4w here T " 1 = f - f  - f  + f

X X  X X  X X  X X  X X

,1 1  ,1 2  ,1 3  , ,1 4
R T m = f - f  -  f  + f „  

Y l  Y i  n  Yt, Y i

Dll) _ £ 1 1 _ f 12
R er1- f |T1 f 13 + f 14 

6*1 6*1

(48)

(49)

If T (Ag), T' (Au), T" (Bg) and T " 1 (Bu) are com pared , we
X X  X X  X X  X X

s e e  that the only d ifferen ce  b etw een  them  is  the sign  in front of som e  

o f the fo rce  con stan ts. Going back to tab le 1, it is  noticed  that the 

sign  of the e lem en ts  i s  equal to the s ign  o f the trace  o f the related  

operation  in the d ifferen t rep resen ta tio n s.

F o r  exam p le, the fo rce  constants w ith su p e rsc r ip ts  12 are  

related  to  the C  ̂operation . In the sam e way force  constants with  

su p e rsc r ip ts  13 are rela ted  to the 1 operation , and the fo rce  c o n ­

stants w ith su p e rsc r ip ts  14 to  the operation.

U sing the p aram etr ized  p oten tia ls of tab le 5 and e x p ress io n  (33), 

the fo rce  constants g iven  in  tab le 12 w ere obtained.
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TABLE 12 

FORCE CONSTANTS

f 11
i j

f 121J

\ j

i \ .

X y Z X y z

0 . 0 1  0 . 0 1  - 0.02

*  0 . 0 1  - 0.02

0.02

X -1 1 9 .6 7 -4 5 .0 7 187 .59 0 .0 0 .0 7 -0 .0 4

y 1 5 9 .66 33. 26 -2 0 7 . 78 0.01 -0 .01 1 ? O LO

z -1 5 5 .4 6 41. 05 76 .41 -0 .0 2 -0 .0 2 0.01

4317.6 -7 3 9 .8  -3 8 6 3 .5  - 0 .0 3  - 0 .5 7  -0 .2 9

n * 8 9 5 1 .0  - 12 3 2 .8  * 1 .1 6  0.15

L  7 0 2 0 .2  -0 .3 9

*S y m m e tr ic  m a t r ic e s .
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TABLE 12 —  Continued

14

33. 262. 56 -7 7 .8 4 -1 5 .2 812. 55-1 0 .2 5

-3 0 .7 2 23. 29-2 9 .4 1 -9 . 79

- 1 0 . 1-8 . 79

187 .51  5 3 3 .6 556. 67 6 .4 7 77. 79 -8 4 . 87

-3 9 6 .431 .13  -4 3 0 .7-1 5 8 .2 2  -1 2 7 .7 2  1 5 4 .4 4

61 .91  2 3 9 .0-3 1 .8 8  -5 8 .5 7 253. 251. 25

2 6 3 .0  -9 7 1 .1614. 3 -8 7 4 .5-1 2 1 7 .5  -4 9 5 .4

-5 6 5 8 .2  -5 7 5 1 .1800. 6-9 2 9 .9

- 564 4 .5-1737 . 6

*
S y m m e tr ic  m a tr ic e s .
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1 ?The ca lcu la ted  fo rce  c o n s ta n ts f .r  have v ery  sm a ll v a lu es . T his
ij y

in d ica tes that the in tera c tio n s  b etw een  m o lecu le  I and II are  v ery  weak. 

The sam e ap p lies to  the in tera c tio n s  b etw een  m o lec u le s  III and IV, 

accord in g  to re la tion s (34). On the other hand th ere  are  strong  in te r ­

action s betw een  m o lec u le s  I. . . I ll, I, . . IV, II. . . IV and II. . . III.

U sing the fo rce  con stan ts g iven  in  tab le 12, the m a tr ic e s  shown  

in  tab le 13 w ere  obtained.

t
One of the m a tr ic e s , (U F U  ) .  , has two negative e lem en ts  in  itsAg

diagonal. T h is m eans that th is m a tr ix  has at le a s t  one negative e ig e n ­

va lu e, a v ery  undesirab le resu lt  when ca lcu la tin g  freq u en cies  of v ib ra ­

tio n s .

E ach fo rce  constant i s  a sum  of la r g e  num ber of in tera ctio n s  

derived  from  se v e r a l te r m s  in  the p oten tia l. Going back to the indi - 

vidual in tera c tio n s, it w as noticed  that som e of the force  constants  

obtained from  the C . . . CH poten tia l w ere  excep tio n a lly  la r g e . F or  

e x a m p le :

f 11 = 3614 k c a l /m o l .  A

w hile  the  o th e r  p o te n tia ls  g ive fo r  th e  s a m e  ty p e  of fo rc e  c o n s ta n t, 

t r a n s la t io n - r o ta t io n ,  v a lu e s  th a t  ra n g e  f ro m  0 to  20 k c a l /m o l .  A.

No other e x p r e ss io n  for  the C. . . w as found in the litera tu re .

A new one, rep resen ted  by the g en era l ex p ress io n ;

- A  + B  e - C r



T A B L E  13

TH E  (U F U 1) M ATRICES

(UFUt ) A
A g

(U F U 1) Au

-3 5 . 23 30. 83 -4 2 . 86 1 44 .3  5 6 6 .3 659. 3 140 .95  -6 0 .7 9  0 -3 8 3 .7  -6 5 6 .5 r 284.2
5 0 .3 6  1 9 .3 8  - 2 9 .7  -5 2 5 .2 -4 4 9 .8 170 .62  0 3 4 9 .0  5 9 1 .7 34. 2

71. 57 -1 2 5 .4  221. 5 380. 9 0 0 0 0
2 8 3 7 .2  -2 2 0 6 .3 -4 1 2 3 .7 5798. 1 726. 7 -3603 . 3

S ym m etric  23 63 2 -6 1 8 3 .3 Sym m etric 15539 .0 37 1 7 .8
-361 . 9 14402 .0

(UFU* )B g <U F u t>B„

12 0 .4 5  -3 5 .6 9  - 1 2 .3  .-2 3 0 .7  .-5 0 0 .9 -4 5 3 . 9 0 0 0 0 0 0
111. 80 -27 . 2 32. 6 336. 3 343. 1 0 0 0 0 0

9 1 .9  -2 4 9 .3  -2 5 6 .6 -1 2 5 .5 89 .25 - 6 1 .7  3 3 8 .6 278.4
S ym m etric  ^36. 3 -264 . 1 -2 3 7 4 .6 Sym m etric 5272 .1  -1 2 1 5 .5 -5 3 5 2 .3

13680 .0 5318. 9 4 2 2 3 .1 -77 8 4 .4
1 0 9 2 7 .0 31 1 3 .3
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is  proposed h erein , w here A, B and C are com binations of the A 's , 

B 's  and C 's of the C. . . C and CH^. . .  CH^ p oten tia ls . The W illiam s' 

C. . . H poten tia l is  s im ila r ly  obtained from  the C. . . C and H. . . H 

poten tia ls [8j. In tab le 14 the new p aram eters for the C. . -CH^  

potential are  obtained from  an arith m etic  m ean approxim ation and 

a lso  from  a g eo m etr ic  m ean approxim ation .

The fo rce  constants w ere reca lcu la ted . They are  g iven  in tab les  

15 and 16. The f ir s t  show s the r e su lts  obtained using the arith m etic  

average for the C. . . CH  ̂p a ra m eters . The other using the geom etric  

com bination. The r e su lts  are v e r y  s im ila r .

The fo rce  constants g iven  in tab les 15 and 16 w ere  used to  c a l­

cu late the (U FU *) b lo ck s . They are  shown in tab les 17 and 18. N o­

t ic e  that a ll the d iagonal e lem en ts  a re  p o sitiv e .

It should be pointed out that the a „  e lem en ts  of the m a tr ic e s  in 

tab les 13, 17 and 18 have different; units. When i and j = 1, 2, 3 

the units are k c a l/m o l. A^. When i = 1, 2, 3 and j = 4, 5, 6 or 

i = 4, 5, 6 and j = 1, 2, 3 the units are  k c a l/m o l. A. F in a lly  when 

i and j = 4, 5, 6 the units are  k c a l/m o l.

It is  im portant to  note the large  va lu es of m any off-d iagon a l e l e ­

m ents in th e se  m a tr ic e s . If our approxim ations are  va lid , th is m eans 

that the v ib rations a re  not n early  about and along the p rin cipa l axes of 

in er tia , and co n sid erab le  m ixing is  p resen t. In the p ast, it  has been  

assu m ed  that rotations occur about the principa l a x e s , but as P aw ley  

[lo] points out th ere is  not any p h y sica l reason  for th is to be so .
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TABLE 14 

NEW PARAM ETERS FOR TWO 

C. . . c h 3 POTENTIALS

A (kcal. A ^ /m ol) B(kcal /m o l) C (A -1 )

Ac .  c +a c h 3. c h 3 b c . c +b c h 3. c h 3 c c . c +c c h 3. c h 3

2

1650 .0

2

157950.

2

3 .4 5

Ac. c a c h 3 . c h 3 

1026. 2

b c . c b c h 3 . c h 3=

107270.

c +c^C .C  CH3.C H 3 

2
3. 45
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T A B L E  15

NEW  FO R C E  CONSTANTS I

7 14. 76 r2 9 .8 952. 56 0.010.01 - 0.02

1. 26 0.01111. 47 - 0.02

98. 55 0.02

184 .28 0.07-105 . 3 -59 . 31 0 .0

- 0.010.01 -0 .0 3153. 1 7 3 .4 9  -2 0 0 .4 0

0.0131. 83 -0 .0 5- 0.01- 5 7 .1 4-123 . 8

-1 1 8 7 .8  -3 9 4 8 .2 -0 . 57 -0 .2 94 3 9 1 .8 0.03

1. 16-6 5 4 .5 0.1510140 .3

-0 .3971 4 1 .5

*
S y m m e tr ic  m a tr ic e s
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TABLE 15— Continued

f 13
ij

f 14
lJ

j
i

X y z X y z

X - 1 0 .2 5 12. 55 2. 56 - 1 5 .6 5 - 1 2 . 6 9 10. 53

y * -2 9 .4 1 -9.  79 * -8.  96 8. 20

z -8 .  79 -8.  60

s •n C s ■n &

X 7 6 . 4 7 77. 79 - 8 4 . 8 7 37. 34 - 9 9 . 0 - 4 1 .7 5

y -158.  22 - 1 2 7 .7 2 154 .44 22. 9 -51.  6 - 1 3 .0 5

z -31.  88 -58.  57 51. 25 - 3 0 .4 5 59. 6 14. 52

1 ■n & % ■n &

- 1 2 1 7 .5 -487.  7 613. 1 - 2 4 4 . 8 530. 3 215. 8

il * - 9 2 9 .9 790. 7 * -1267.  0 - 5 4 2 . 8

& -1 7 3 7 .6 - 1 7 1 . 8

*
S ym m etric  m a tr ic e s .
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TABLE 16 

NEW FORCE CONSTANTS II

48. 22 -.14. 09 28. 14 0.01 OiOl

106. 72 0. 14 0.01 - 0.02

98. 00 0.02

-6 3 .2 3-1 0 5 .7 7 180. 8 0.070.0 - 0.01

164 .46 8 4 .4 7  -2 1 6 .9 6 -0 .0 3

-1 1 4 .7 0 -4 5 .3 7 -0 .0 1  -0 .0 5 0.0121. 30

4 2 4 8 .7  -1 2 6 4 .9  -3 7 6 6 .1 -0 .0 3  -0 .5 7 -0 .2 9

1. 168 7 9 6 .0 0.15-4 9 9 .9

6 8 3 4 .8 -0 .3 9

S y m m e tr ic  m a tr ic e s .
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TABLE 16— Continued

14

12. 73 - ‘14. 52 -1 2 . 31 10. 182. 07-9 . 32

- 2 9 . 0 8  - 9 . 6 8 - 8. 82 8. 17

-8 . 81 -8 . 71

-8 6 .1 8  -3 7 .8 233. 717 0 .4 0  -8 1 .075. 09

-4 7 .7 9  -1 1 .5 6-1 5 6 .7 -1 2 4 .5 6  151 .78 22 . 00

5 7 .8 5  14 .07-3 0 .1 2-5 4 .5 1 4 9 .4 7-31 . 08

503. 6 208. 7-4 8 6 .5 601. 1 -239 . 5-1 2 0 5 .7

-1 1 6 6 .0  -5 1 3 .5-8 6 7 .5 7 5 8 .4

-1 9 0 .9-1700 . 0

S y m m e tr ic  m a tr ic e s .
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NEW  (UFU1 ) M A TR IC ES I*

(UFU1
*Ag

(U F U 1)
Au

2 6 . 6 6  - 1 4 . 9 0  - 1 6 . 8 0 8. 49 - 8 0 .5 2 57. 66 78 .4 6  - 1 4 .6 2  0 - 2 1 9 .1 0 -38.  1 310. 9
73. 1 - 0 . 3 3 18. 07 -1 0 6 .0 9 - 5 9 .0 1 1 4 9 .84  0 288. 03 253. 8 - 3 4 1 . 8

81 . 16 - 1 8 6 .1 . - 5 6 . 1 9 7 .6 0 0 0 0

S ym m etric 2 9 2 9 .6 - 1 1 5 2 .9  
7 9 4 3 .4

-3 1 1 8 .1  
- 3 9 6 . 8  
5232 .1

S ym m etric 5854 .0 - 1 2 2 2 .7  
12337.0

- 4 7 7 8 .2  
- 9 1 2 . 2  
9 0 51 .0

(U F U 1)
Bg

(U F U 1)Bu

57. 96 10 .46  -37.  86 -66 .  19 117 .58 141 .16 0 0 0 0 0 : 0
9 1 .0 2  - 1 6 . 7 3 - 2 8 .4 1 -2.  37 - 3 2 .9 1 0 0 0 0 0

9a. 36 -125.  23 - 1 7 5 .3 2 68. 56 98. 74 -122.  37 61. 0 -4 .  9

S ym m etric 3419. 1 -2 2 1 3 .5  
10477.0

-3 5 4 9 .6  
6 88 .9  

557 5 .7

S ym m etric 5364 .5 - 1 6 2 .1  
9803. 0

-4346.  7 
- 1 9 9 7 .9  

8707 .3

*
T he a r i th m e t ic  a v e ra g e  p o te n tia l w as u sed  in  th is  c a lc u la tio n s .
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NEW  (UFU ) M A TR IC ES I I "

(U F U ^A g <U F U ‘»Au

2 4 .3 8  -1 3 .6 6  -15 . 90 2. 83 -79 . 1 61. 98 72. 06 -1 4 . 51 0 -213 . 5 -47 . 4 299. 7
6 8 .8 2  -1 . 37 3 0 .6 6  - 8 7 .9 -7 6 .7 4 144. 6 0 299. 5 256. 9 -357 . 2

8 0 .5 0  -1 7 5 .9  - 4 2 .0 84. 84 0 0 0 0
S ym m etric 2 8 0 3 .6  -1 2 4 9 .0  

6762.
-2 9 5 6 .1  

-2 6 5 .0
S ym m etric 5 6 8 8 .0  -1 2 8 3 .0  

10827.
-4 5 7 5 .0  

-7 4 4 .8
4943. 8726 .1

(U F U ‘ ) B g (U F U t )Bu

5 3 .4  1 0 ,4 5  -3 6 . 25 -6 4 .4 2  9 3 .3 8 137. 7 0 0 0 0 0 0
8 6 .4 6  -1 7 .7 1 -1 4 .2 4  5 .5 -5 3 .6 1 0 0 0 0 0

97. 9 -1 1 5 .6  -1 5 7 :7 56. 59 9 8 .1  -1 1 3 .8 65. 95 -1 4 . 1
S ym m etric 3281. -2 2 5 6 .0  - 3373. 1 S ym m etric 52 1 4 .5 -2 8 5 .0 -4158 . 0

9 0 9 5 .0 772. 0 
5 3 2 5 .7

8497. -1 7 7 2 .0  
8 3 4 2 .9  ^

*
T he g e o m e tr ic  a v e ra g e  p o te n tia l  w as  u sed  in  th is  c a lc u la tio n s .



F in a lly  the c r y s ta l potentia l w as taken as the sum  of the dipole - 

dipole and non-bonded atom -atom  p oten tia ls , thus

V -  l  Vn + J  V < -0

(50)

= Yj (pairw ise in te r a c t io n s^  + ^  (d ip o lar in teraction s)

The fo rce  con stan ts, that are obtained from  th is new potential, 

are  ex p r e sse d  as the sum  of the fo rce  constants due to  both p oten tia ls , 

th ere fo re ,

f a b = (fab) + (fab) (51)
U ij dipole ij a tom -atom

E x p ress io n s  for the d ipolar force  constants are g iven  in  Appendix IV, 

p art B .

The (UFU*) w ere reca lcu la ted  using the new force  con stan ts.

T able 19 g iv es  the m a tr ic e s  obtained when the ar ith m etic  average p o ­

ten tia l for the C. . . CH^ in teraction s was used, and tab le 20 when the 

g eo m etr ic  average w as used.

If table 17 is  com pared  with tab le 19, and tab le 18 with tab le 20 

it  i s  noticed  that the in c lu sio n  of the d ip o le-d ip o le  poten tia l in trod u ces  

v ery  sm a ll changes. T his w as expected  con sid erin g  the sm a ll en ergy  

ca lcu la ted  with th is  potential.
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NEW  (U F U 4) M A TRICES III*

(UFU* * Ag ( U F U 4 )A u

2 7 .  56 -1 4 .  89 - 1 5 .  35 8. 27 - 7 8 .  11 . 5 6 . 5 5 7 9 . 1 0  - 1 4 . 0 6 0 - 2 1 7 . 2 0 - 3 3 . 0 7  3 0 7 . 5
7 2 . 1 6  - 0 . 3 5 17. 89 - 1 0 7 . 4 -55. 35 148. 4 0 288.  5 2 4 4 . 5  - 3 3 1 .9

c . . 8 1 . 2 7  Sym m etric - 1 8 3 .  7 
2 8 7 2 . 0

- 5 7 . 1 7  
- 1 2 4 8 . 9 0  

7 7 3 8 . 0

90. 3 
- 2 9 7 8 . 0  

- 4 4 4 . 3  
5 1 2 0 . 0

S ym m etric 0 0 
5 8 5 1 . 0

0 0 
- 1 2 6 4 . 0  - 4 5 7 5 . 0  
1 2 1 4 0 .0  - 9 0 7 . 1  

8 9 1 6 . 0

(UFU*)
Bg

(UFU *)
Bu

58. 64. 1 0 .4 1  . - 3 6 . 4 3 - 6 7 . 4 2 121. 5 1 4 1 . 4 0 0 0 0 0 0
9 0 . 0 0  - 1 6 . 6 8 - 2 8 . 0 1 - 3 .  47 - 2 9 .  1 0 0 0 0 0 0

9 8 . 6 6 - 1 2 1 .  5 - 1 8 0 .  9 56. 1 9 9 . 2 4  - 1 1 9 . 1 5 3 . 0  - 1 3 . 5

S ym m etric 3 3 6 3 .0 -2 1 7 3 .  0 
1 0 2 9 0 .0

-3409 .
657.  0 

5 4 5 3 . 0

Sym m etric 5 3 6 0 . 0 - 3 3 7 . 6  - 4 1 4 2 . 0  
9 5 7 8 . 0  - 2 0 0 9 . 1  

8 5 8 5 . 0

T he a r i th m e t ic  a v e ra g e  w as u se d  and  th e  d ip o le -d ip o le  in te ra c t io n s  w e re  in c lu d ed .
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NEW  (U F U 1) M A TR IC ES IV*

(UFU
‘• a ,

(UFU4 )
Au

25. 28 -13 . 66 -1 4 .4 4  2. 81 -76 . 6 60. 87 7 2 .7 0  -1 3 .5 6 0 -212 ..6 -4 2 .4 2 296. 3
6 7 .8 8  -1 . 39 2 9 .5 8  -8 9 .2 -7 3 . 08 143. 2 0 299. 6 248. 3 -3 4 7 .3

80. 59 -1 7 3 . 5 -43 . 1 77. 54 0 0 0 0
S ym m etric 27 4 6 .0 -1 3 4 4 .0 -2 8 1 6 .1 S ym m etric 5691 .0 -1 3 2 4 .1 -4 3 7 2 .0

6 5 5 7 .0 -3 0 2 .5 10630 .0 -7 3 9 .6
4831. 0 8 5 9 1 .0

(U F U t ) (U F U 4)
Bg I5u

5 4 .1  1 0 .3 8  -3 4 .8 2 -6 5 .6 2 97. 38 137. 9 0 0 0 0 0 0
8 5 .4 4  -1 7 .6 6 -1 3 .8 3 6. 60 -49 . 8 0 0 0 0 0

98. 2 0 -1 1 1 .9 -163. 3 44. 2 9 8 .6  -1 1 0 .5 58. 9 -22 . 7
3 2 2 7 .0  - 2215. 0 -3233 . 1 5210. 0 -4 5 0 .5  - 39 5 4 .0

S ym m etric 8908. 0 740. 0 S ym m etric 8 2 7 2 .0  - 1783.
5203. 0 8221. 0

*
T he g e o m e tr ic  a v e ra g e  w as u sed  and th e  d ip o le -d ip o le  in te ra c t io n s  w e re  in c lu d ed .
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CALCULATED FREQUENCIES (cm "1 )

a A rith m etic  average + d ipolar in teraction s b G eom etric  average + d ipolar in teraction s

Ag 29 . 57. 63. 22. 7.6 98 Ag 28 55 62 20 69 94

Au 53 73 0 132 96 55 . Au 51 69 0 130 89 55

Bg 38 61 72 26 85 107 Bg 37 60 69 25 82 101

Bu 0 0 67 121 85 52 Bu 0 0 67 119 78 52

c A rith m etic  average , no d ipole in teraction d G eom etric  average , no dipole in teraction

Ag 28 56 63 22 76 99 Ag 27 54 62 20 69 95

Au 55 73 0 134 97 53 Au 53 69 0 132 90 53

Bg 37 62 72 25 85 109 Bg 36 61 69 24 82 103

Bu 0 0 67 123 85 51 Bu 0 0 67 121 78 51
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In Appendix VI the program  used to ca lcu la te  the value of the fo rce  
constants is  g iven .

The freq u en cies  of v ib rations correspond ing to  the fo rce  constants  

g iven  in tab les  17 to  20 are  shown in tab le 21. The sp ectru m  of f r e ­

qu en cies show s a sm a ll contraction  when the d ip o le-d ip o le  potential is  

included (com pare parts a w ith  c, and b w ith d). A s w as exp ected , from  

the ca lcu lated  en ergy  and fo rce  con stan ts, th is  is  a sm a ll change.

The la tt ice  en erg ies  obtained sum m ing up a ll  the van der W aals 

and d ip o le-d ip o le  in teraction s are:

-6 0 .6  k c a l/m o l, w hen the g eo m etr ic  average  

potential fo r  the C . . .  

in teraction  w as used .

- 6 1 .3  k c a l/m o l, when the ar ith m etic  a v e r ­

age w as used .



8. DISCUSSION

In table 22 ca lcu lated  and ob served  freq u en cies  are  com pared . The 

agreem en t betw een them  is  quite sa tis fa c to ry . B efore the freq u en cies  

and th e ir  a ss ig m en ts  are d isc u sse d , it i s  im portant to co n sid er  se v e r a l  

points that we think are fundam ental.

In the p resen t ca lcu la tion  we have used p oten tia ls that have been  

obtained or ca lcu la ted  for the sam e a tom -atom , a tom -group  or group- 

group in teraction s in  d ifferen t m o le c u le s . It has been a tra n sferen ce  of 

p oten tia ls , the sam e w ay th ere are tra n sferen ces  of force  con stan ts in  

the ca lcu la tion s of in tern al v ib rations.

The a b ility  to reproduce exp erim en ta l data using tra n sferred  poten ­

t ia ls  is  one of the poin ts o f th is work. Only m ore work can prove if  

th is  is  a good gen era l m ethod to treat la ttice  v ib rations. The future 

w ork has to be com plem ented  with wide exp erim en ta l in form ation .

We a lso  fe e l stron g ly  that m ore th eo re tica l w ork is  needed to 

ju stify  the usual approxim ations, (rig id  body, ze r o  w a vevector  k = 0, 

harm onic o sc il la t io n s ) , taken in ca lcu la tion s of th is kind, e s p e c ia lly  

when la rg e  organ ic m o lec u le s  are involved. It h as to be b e tter  under­

stood how th ese  assu m p tion s a ffect the r e su lts , when they  can not be

used  and m ore refined  conditions are needed.
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TABLE 22

OBSERVED 1 AND CALCULATED LATTICE

VIBRATION FREQUENCIES

S ym m etry S p ec ies
2

T ra n sla to ry R otatory
2

Ag
ob served 30 52 70 16 74 91
ca lcu la ted  (3) 28 55 62 20 69 94
ca lcu la ted  (4) 29 57 63 22 76 98

Bg
ob served 30, 37 52 70 16 7 4 ,9 0 95
ca lcu la ted  (3) 37 60 69 25 82 101
ca lcu la ted  (4) 38 61 72 26 85 107

Au
ob served 50 70 e 135,150 84 50?
ca lcu la ted  (3) 51 69

D
0 , 130 89 55

ca lcu la ted  (4) 53 73 o 5 132 96 55

Bu
o b served K 1; 70? 115 84? 50?
ca lcu la ted  (3) O5 0  5 67 119 78 52
ca lcu la ted  (4) 0

ZJ
0 67 121 85 52

1. Ram an data from  ref. [22], s in g le  c r y s ta l freq u en cies  at -90°C .
F a r  in frared  data from  ref. [1], p o ly cry sta llin e  sam ple at 25°C.

2. M odes are  p r im a r ily  rotatory  or tra n sla tory  in nature, how ever, 
the tra n sla tio n -ro ta tio n  fo rce  con stan ts are  not n eg lig ib le .

3. See table 21, part c.

4. See table 21, part a.

5. A co u stica l m od es.
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C onsidering the approxim ations used and ignoring th eir  influence  

in  the r e su lts , we decided not to vary any o f the p ara m eters  of the p o­

ten tia ls , se e  table 5, in  ord er to im prove the ca lcu la ted  freq u en cies.

Two in term o lecu la r  p oten tia ls have been  used for the FAA c ry sta l, 

a d ip o le-d ip o le  and van der W aals type in tera ctio n s. The la s t  one p lays  

a dominant ro le . The reason  is  the great num ber of in teraction s of 

th is  kind com pared with the few of d ipolar ch aracter .

The re la tiv e  im portance of one potentia l v s . the other could be 

le v e led  out in the nem atic phase i f  there w ere a con sid erab le  in cr ea se  

in  volum e as the cry sta l p a s se s  to the nem atic phase. The in c r e a se  in  

th e-in teratom ic d istan ces would then a ffect m ore in ten se ly  the B ucking­

ham  p oten tia ls , functions of r" 1̂ , than the d ip o le-d ip o le  potential,

-3function of r . U nfortunately, the exp erim en ta l data on the volum e  

change are con trad ictory  [32-33]. It appears that the volum e change 

is  sm a ll, h ow ever , so no m a jo r  change in potentia l on th is b a s is  is  

pred icted .

Going back to the r e su lts  shown in  table 21, the freq u en cies are  

separated  in  tra n sla to ry  and rotatory m od es. T h is is  a convenient 

d iv ision , but only approxim ate, b ecau se of the n on -n eg lig ib le  tr a n s-  

la tio n -ro ta tio n  force  constants.

L et us propose a m odel that w ill allow  us to d isc u ss  and under­

stand the obtained r e su lts .

C onsider a FAA m o lecu le  in  a c ry sta l b efore the sp e c if ic  in te r ­
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action s have been "turned on". This m odel can be d escr ib ed  as a 

" frozen  gas" . In th is ca se  the la tt ice  v ibrations could be rep resen ted  

sch em a tica lly  by the en ergy  le v e l d iagram  shown in figure 10 a. E x ­

p erim en ta lly , th is situation  m ight be sim ulated  by exam ining the 

vib rations of a PAA m o lecu le  in a rare  gas m atr ix . T here w ill be 

th ree rotatory  v ib ra tion s, w ith freq u en cies  determ inated  by the m o ­

m ents of in er tia . In addition, there w ill be th ree tra n sla to ry  v i ­

b ration s. H ow ever, b eca u se  we have assu m ed  the potential to be the 

sam e in a ll d ire c tio n s , th ese  tra n sla to ry  v ibrations w ill be degen erate , 

w ith a frequency d eterm inated  by the m olecu lar  w eight.

L et us now allow  for an isotrop y  in the cry sta l fie ld . The e ffect  

of th is is  shown in figu re 10 b. The tran sla to ry  m odes w ill sp lit by  

th is an isotrop y  into th ree  m odes along x, y and z d irec tio n s . The 

rotatory  m odes w ill  be sligM y sh ifted . We denote th is le v e l of 

approxim ation as the "anisotropic m ean field" m odel. It is  a r tif ic ia l 

in  that one m ight v iew  it as being a c r y s ta l w ith one m o lecu le  per 

unit c e ll.

Now le t us con sid er  the actual c r y s ta l w ith four m o lec u le s  per  

unit c e l l .  The m o lec u le s  in teract betw een  them  and as a re su lt  each  

of the 6 le v e ls  shown in figure 10 b w ill sp lit into a m axim un of 4 

en ergy  le v e ls .  The m agnitude of th ese  sp littin gs w ill depend on the 

strength  of th ose in tera ctio n s. The stron ger the in teraction s are , the 

la rg er  w ill be the sp littin g s . T h ese 24 energy le v e ls  are  shown sc h e ­

m a tica lly  in figu re 10 c.



71

gL. frozen  gas b. a n iso trop ic  c . four in teractin g  m o lecu les
fie ld  p er unit c e ll

R otations

T ran sla tion s

F ig . 10. E n ergy  le v e ls  fo r  th ree c r y s ta l m o d els . A num ber of 
p o ssib le  sp littin g  patterns are shown sch em a tica lly  
in  (c).



72

T h ese  s ix  groups of four en ergy  le v e ls  each  correspon d  to the c a l­

culated  v a lu es  in the s ix  colum ns of tab le 22. We can now se e  the s ig ­

n ifican ce of th ese  co lum ns. The freq u en cies in each  colum n rep resen t  

d ifferen t com binations of the sam e m otion. A s w as pointed out above, 

the num bers w ill ind icate what type of coupling e x is ts  betw een  the m o l­

e c u le s . A w eak in term o lecu la r  coupling, that is  a sm a ll sp littin g , w ill  

give s im ila r  n u m erica l v a lu es  for the freq u en c ie s . F o r  exam ple the 

tran sla tion s along the z a x is , and the rotations about the y a x is , ( T) 

coord inate). B eca u se  of th is w eak coupling the m otions can e a s ily  

b ecom e fr e e . E xp erim en ta lly , it has been  noticed  that a gradual 

d isap pearan ce of a m ode in the 70-80  cm   ̂ region  occu rs in the Ram an, 

as the tem p eratu re  of the sam ple is  in crea sed  and rea ch es  the tr a n s i­

tion point [22].

On the other hand, v e r y  d ifferen t num bers in the sam e colum n  

ind icate a strong in term o lecu la r  coupling. F or  exam ple rotations  

along the x, (j: coord inate), and the z, coord inate), a x e s . The p r e ­

d icted  rotations along the la s t  a x is  are  the only v ib rations for  w hich  

the Ram an v a lu es  are h igher than the in frared . T h ese m otions a re  so  

stron g ly  coupled that they probably are p resen t in the nem atic phase. 

Stated another way, the n em atic  phase e x is ts  b ecau se  of the p resen ce  

of th ese  p seu d o -la ttice  m odes that m aintain  cer ta in  order in the phase. 

The exp erim en ta l data ava ilab le  support th is point. F ar  in frared  

sp ec tra  of the nem atic phase show freq u en cies  in the 100 cm  * region . 

F ar in frared  sp ectra  of a ligned  n em atic  su b stan ces have ind icated  that
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th is band is  probably o f rotatory  or ig in  [1],

The other two colum ns, rep resen tin g  tran sla tion s along x  and y, 

show what can be ca lled  an in term ed ia te  coupling.

O ther qualitative a sp e c ts  that have been  noted from  the sp ectra  are  

supported by the ca lcu la ted  r e su lts  such as : the m ost in ten se in frared  

activ e  la tt ice  m odes are at h igher frequency than the Ram an active  

m od es. The ob served  band in the 30-40  cm  region  in  the Ram an  

sp ectru m  w as a ssig n ed  a s  a tran sla tion  along the x  or z a x es . The c a l­

culated  frequency, 37 cm  is  a tra n sla tio n  along the x  a x is .



A PPEN DIX I

C la ss if ica tio n  of la tt ice  v ibrations accord ing to irred u cib le  
rep resen ta tio n s of the sym m etry  group of the cry sta l

It i s  s im p le  to c la s s ify  la ttice  v ibrations accord ing to the i r r e ­

ducible rep resen ta tion s of the sym m etry  group of the c r y s ta l and to 

e s ta b lish  the behavior o f them  in in frared  and Ram an sp ectra .

The ch a ra cters  of the reducib le rep resen ta tion s of the rotations , 

tra n sla tio n s and a co u stica l tra n sla tio n s o f the c r y s ta l for w avevector  

k = 0 are obtained from  the fo llow ing rela tion s [17]:

X (R o t) = U ( 1 + 2cosf?)
M M

X (T ra n s) = X(ac. T rans) +X(op. T rans)
M (52)

= U ( + 1 + Z c o b Q )
M

"X(ac. T rans) = + 1 + 2 co s0  
M

rep re se n ts  the num ber of m o le c u le s  le ft  invariant when operation  

M is  applied to  the unit c e l l .  The + sign  is  used with "proper" op era ­

tio n s , and the - s ign  w ith "im proper" op eration s. A proper operation  

rep resen ts  a rotation  about an a x is . An im proper operation  rep resen ts  

a rotation follow ed  by a re flec tio n  in  a plane perpendicu lar to the

rotation  a x is . The angle 6 i s  the angle o f rotation  a sso c ia ted  with the
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operation  M.

The factor group for PAA, has four operations, E , C L

andC^. E and C 2  are  "proper" operations and i  andO^are "im proper".

The identity  operation , E , i s  the only operation  that le a v e s  the four

m o lec u les  of the unit c e l l  invariant i. e . Ug = 4. A ll the m o lecu les

exchange p la ces  when the other operations are  applied i . e .  IL, = U,-
2 1

= \  = °-

A s an exam ple le t us ca lcu la te  the ch aracter  of the reducible  

rep resen ta tion  for the a co u stica l tran sla tion s

^(.(ac. T rans) = 1 + 2cos2lT = 3

X (ac . T ra n s)-, = 1 + 2cosTr = -1
* (53)

'Xfstc. T rans)^  = -1 + 2cos IT = -3

X (a c * Trans)^. = -1 + 2co s2 'if = 1

The reducible rep resen ta tion s for the other vibrations are  obtained  

s im ila r ly , th e ir  n u m erica l va lu es are :

E C 2 i °h

r  (R°t) 12 0 0 0

| (T rans) 12 0 0 0

The ch aracter  a reducible rep resen ta tion  can be ex p ressed

a s a sum  of the ch a ra cters  of various irred u cib le  rep resen ta tion s of 

w hich it is  com pased  [18]. Thus it can  be w ritten  as:
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= Yi

F o r  each  operation  M, the ch aracter  of the irred u cib le  r e p r e ­

sen tation  C 3, and a . i s  the num ber o f t im es  the irred u cib le  r e p r e se n ­

tation  j i s  p resen t.

It can be proven  [18] that the aj can be e x p ressed  as:

3 h M

w here h is  the num ber of operations in  the group. 

U sing th is la s t  ex p r e ss io n  one obtains:

P  (Rot) = 3 Ag + 3 Bg + 3 Au + 3 Bu

P  (T rans) = 3 Ag + 3 Bg + 3 Au + 3 Bu

P  (ac. T rans) = Au + 2 Bu

P  (op. T rans) = 3 Ag + 3 Bg + 2 Au + Bu

(54)



A PPENDIX II 

Output obtained from  the ORTEP program

T his p rogram  w as used to  obtain the a tom ic coord inates of the 

PAA m o lec u les  that fo rm  the c r y s ta l. Table 23 show s part o f an 

output. In th is ca se  the d ista n ces  betw een  H2 0  i n m olecu le  I and the 

surrounded atom s are given.

A ll the atom s in the PAA m olecu le  w ere num ered accord in g  to 

figure 7. The atom s a re  identified  by the num bers g iven  betw een  

p a ren th es is . Take for exam ple the code num ber (20, 55501). The 

num bers in  front of the com m a d esign ate the atom , in th is  ca se  20 

r e fe r s  to a H, se e  figure 7. In the ca se  of the PAA m olecu le  th is  

num ber can take any value from  1 to 33, b ecau se there are 33 atom s 

in  the m o lecu le .

The three num bers that fo llow  the com m a identify  the unit c e l l .  

T hey rep resen t c r y s ta l la tt ice  tran sla tion s along ed ges a, b and c 

r esp ec tiv e ly . The orig in  c e l l  i s  rep resen ted  as 555. A tra n sla tion  

by one unit c e l l  in  the a d irection  is  rep resen ted  as 655, the sam e  

tran sla tion  but in  opposite d irec tio n  g iv es  455.

F in a lly  the la s t  two num bers rep resen t the sym m etry  op era tors.

In th is  p articu lar ca se  there are only four o p era tors . The E is  rep re -
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sented  by 01, the C 2  by 02, the i. by 03 and the by 04.

F o r  a d ifferent exam ple , atom  d esign ation  code ( 8 ,47502) r e fe r s  

to atom  8, Cg, m oved through sym m etry  operation  02, then tran slated  

-1 c e l l  tra n sla tion  along a, +2 c e l l  tran sla tion s along b and 0 c e ll  

tran sla tion  along c.

The colum ns d esignated  as A ', B 1 and C' give the fraction a l atom ic  

coord in a tes . They are ca lled  fraction a l b ecau se they are norm alized  

to  the unit c e l l  d im en sio n s. They are d im en sio n le ss  and re ferred  to 

the m onoclin ic  a x es .

The next and la s t  colum n g ives the d istan ce , in  A, betw een  the 

two atom s con sid ered .
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A PPE N D IX  III

C alcu lation  of the d irectio n  c o s in e s  of the d ipole m om ent v ec to r s

The an g les a vecto r  m akes w ith the x , y and z a x es  are  frequently  

ca lled  its  d irection  anglesd , p  and y  ; coscx, co sp , co sy , are  ca lled  

the d irec tio n  c o s in e s , they are e x p r e sse d  as:

x  - x'
co st*  = 1 —---------------------

c o s p  = m

Hx-x’)2 + ( y - y ' ) 2 + ( z - z ’)2

y  -  y <

(x -x 1)^ + (y -y 1) + (z -z ')^

z - z 1
co s  y  = n = ---------------------

( x - x 1)2 + ( y - y ' ) 2 + ( z - z ' ) 2

(55)

In th is  ca se  the v ecto r  is  JL = (x -x ') i  + (y~y')j  + (z -z ' )k .

1. D irec tion  co s in e s  of the N—» 0  d ipole.



The A 1 's , B' 's and C' 's are the atom ic coord inates from  c r y s ta llo g r a -  

phic data [16].

2. The ca lcu la tion  o f the d irection  co s in e s  of the — ^ ^ 3  an(^

^ ^ 3  d ipole v ec to rs  is  a lit t le  m ore com plicated  b ecau se the 

coord in a tes of the d ipole are not known.

In figu re 11 the m ethoxy and it s  d ipole are  rep resen ted . The v a l­

u es of the lA and 6 a re  known [29]. Then,

U)= 118° 0=  55° ©' = 1 80°- 55°= 125°

The coord inates of point A are n e c e s sa r y  in  ord er to  be able to c a lcu ­

la te  the d irection  c o s in e s . F ro m  figure 11 one gets

r = r j + ^ r 2  r i  ̂ d co s  d'+ d s in  e1 , w here (56)

U = a(r -  r ) - b (r - r  ) , w here a and b are two co e ffic ien ts .
z 1 3 1

If U is  m ultip lied  by (r^ - ) one obtains:

7
U (r - r ) = a (r - r  ) - b (r - r  )(r - r  ) = 0 b ecau se  

2 1 2 \  1 3 1 2  1
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A

referen ce  axes

F ig . 11. M ethoxy group and it s  d ipole m om ent.
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If b = 1, then a = -^2—
|2

r2 " r l

and the U can  be w ritten  as
(58)

(r 3 _ r l )(r 2 " r l )U  -------------------------------------(r3 - r j ) (59)

r 2 “ rl

U ,2 < C v V < y V > 2 ,  » r 3 - r l )(r2 ~ r l ))2

V ' l P
r - r

2 1

+ (r 3 “ r i )

2= (r3 - r j ) ((r3 ' r l )(r2 _ r l ))2

V r i

(60)

but fro m  figu re 11 we see  that (r _ r )(r _r )
cos ix) = 2 1 3  1_ (61)

r 2 _ r l
2

u| = (r -T j )2 (1 -c o s u l)

r 3 "r l

(62)

U r -  r , s in  CO 
3 ll

(63)

U ' V ' l ’W (r 3 ‘ 'I  ’

u V ' l r 3 -  rj) sintO r3 ~ rl  1 sint0

using e x p r e ss io n  (61) one obtains 

U {r - r  j) co sto ‘V V

u r -  r
2 1

sinu) r 3 ~ r l  I 8*nU^

(64)
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If is  substitu ted  in e x p ress io n  (56), one gets:
|ul

_» (r ? -r i)  /c o s u ) (r - -r ,)  (r  - r  ) \
r = 1 d c o se ' +/_______  ̂ 1 _ * 3 1 Id s in # 1

Ir 2 ” r i | V s i n t 0 lr 2 "  r l |  lr 3 - r l | sin(7

-*■ . j / . _i cos iO » (r o -r ,) , ( r , - r , ) sin0'= r . +  d (cos0 ' + s in g ' ) - d x 3 l 7
sincO jr3- r i | sintt)

(65)

F in a lly  the e x p r e ss io n s  for th ed irecti.p n cosin es are:

x - x' (x , - x ,) /  cosoJsinO1 \ (x _ -x .)s in 0 '
1 = ------------=----- — - ---U c o s S '  + --------------------------------- -^ ----

|r 2 - r l |  ' sinu) /  jr^-r^J sinu)

y - y '  (y2-y i )  /  , , cosu)sine' \ (y ^ -y ^ s m * 1
m  = ----------  = — - — ( c o s e 1 + ---------------------------  — ±-------- (66)

d lr2”rll siny) ' jr^ -r^  sinu)

z - z 1 ( z 9- z . )  (  cosu)sin£' . (z _ -z .) s in 0 '
n =  = ---- -— — ( c o s # 1 + ----------------- ) --------- -— ----------

d |r 2~r ll siniy /  |r .j -r j | sinu)

Substituting the correspon d in g  va lu es  of the coord inates the fo l­

low ing d irection  c o s in e s  a re  obtained:

a. F o r  the O ^ y C H s dipole
1 = -0 .2 6 7  m  = 0.552 n = -0 .7 9 7

b. F o r  the 0^fg|j^^3 dipole

1 = -0 .0 6 0  m  = -0 .4 3 0  n = 0.911

The d irectio n  c o s in e s  fo r  the other th ree  m o lec u le s  in the unit c e l l  

are  e a s ily  obtained fro m  m o lecu le  I.
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I II III IV
1 = -1  = -1 = 1

i  i i  in  i v
m  = m  = -m  = -m

i n  HI IV
n = -n  = -n  = n

(67)



A PPE N D IX  IV

Som e e x p r e ss io n s  for the fo rce  constants obtained from  the atom -  

atom  in tera c tio n s.

, .r A , _  -C r  W  -------- + B e
r

f 11 _ 6 A A  _ 8(x-x')2 j + B C e _ C r /_ j  + C(x-x') '
xx  8 V 2 I \r ° ' r / r \  r

+w )
r '

d \ r \  f l l  - i A  ( i .  8(y-y1)2 ] + -B C e : C r / _
:9 y2jo" 77 r8 V ,2  /  p V

! + ..Qiy-y1)..
r

t  <y-y')2

a 2w j f  11 6 A  / J _  8 I Z - Z 1) 2  j !  B C e ~ C r  f J  + C (z -z ')2

V 9 z / 0 r 8 r 2 r r

. (z 7z ')2 )

1 W  = f l l  (x-x 'J ly -y J ) _ 4 8 A _  + B C e - C f c  + J _ }
a x 3y i  Xy7 o
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= f  11 _ .(^y.'.),(2 -z ')  - 48 A + B C e “C r(C + —  )
o yZ 2 \  8 r 'r r

1 f l a* = i A /_! + 8(xzx l 2 ) + B C £_C r(l - (x-x')2(C+j J
9 x 9 x - /0 "  r 8V r 2  J  \  t J

i  ° 2
I

r-j= f ^  + - 2 ^ '  (i - (y-y')2(c + -f))

9 = f l a , = - i A  / - l  + 8(z - z ')2 'j + B C e  C r ^l - ( z - z ' )2 (C +
i 9 z ' / o  zz  r 8 \  r 2 /  r '

9 “W  ̂ _ f  la  _ (x -x 'H y -y 1) f 48 A _ B C e " ° r (C + -j-)
x y 1 r 2 \  r8 /I o) X  ay

f l a _ (x -x ') (z -z ')  /  48A_ B C e -C r ( c  + J _

\a a T 7 o  XZ' 2 \  8 r\9X 9 z i 1° r ' r

9 2w \  f la  = (,y-y,')(z-z') ( 4 8 A  .  B C e - C r (c  + ± } 

l9y 9z« lo y z ' r 2 V r 8 x J

9 2 w  \  = f H  = (z y l- y z ') (x -x l) /  96A  + 2 B C e - C r(C + -±-)

\dZ a x  I  ^  r 2V X /o

^ a 2 w ) -  4 1 =  - + c»y'-y»') / " - ^ A  + 2 B C e ' C r(C + ± t )
( K e y j t ,  r r 2 V r 8 , r '

- 2 B C e " C rz

The a can  be 2, 3 or 4 depending in  what m o lecu le  is  x '.
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— n = f- e

9£ 9 z jo
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_ 1 2 A y  , ( z y '-y z 'K z -z 1)

- Z B C e  ^ ry

+ 2 B C e " C r(C + ±)J

9 W)  ̂11 12 A ẑ ^ (x z ^ x 'z H x -x 1)
I X T"| 2 B C e ‘ Cr (C

9 t)3x

f  a29 W

V9t|9 v  /o

= f H = i 2 lx 7x 'Z).(Y-y ')  _ 9 6 A  + 2 B C e ' C r( C + 1 )

7T1 r 2 \  r 8

3 2w ' ,1 1  _ 12Ax . ( z lx - x 'z ) ( z - z l) I 96A

3r) 3 z
zt| + 2 B C e 'C r (C

8 2W
t ’}

2 B C e ‘ C r x

9 e 2  'o

d h f

9n2

r /  r /

= = ^ ( yy' + z z '  - + t -B .C e ' C r |(C

( z'z~yz ) ^ + (y z '-y 'z  ) 2 - (y y '+ zz1) j
r r2 /

j = f  “  = - ^ -  /xx ' + zz- - 8 ( x 'z - z 'x ) 2 j + 4 B C e - C r | ( c
°  r  ̂ ' t* 2 /  y

( x 'z - x z 1) 2 ) ( x 'z - x z 1)2 (x x '+ zz1)



f ( y 'z - y z l) (x z '- z x l)(C + ~ )  + (x y '+ y x 1) j 

'  r 2 /

12A  jx 'z + z 'x  + 16 (zy'-yz'M x'y+y'x) J 
^8 \  ^  /

+

4 B  C e ~ C r n z y l-y z ') (y x l - y lx) + J _ j  + (z x »+z'x)j 

r \  r r 2 J



Som e e x p r e ss io n s  for  the force  constants obtained from  the 

d ip o le-d ip o le  potential.

V = c o s t  -  C O S  O ' CO80')
3

a2v l  1111 ’/  30 (x -x 'l= f = 11' - 3 c o s 6  + 15 c o s 6 cos&' + .
8 * 2 /°  “  S Vr

( lc o s 0 '  + V cos0)  + (cos L - 7 co sd  co s0 ')(x -x ')  y
r 2

2 8 V = f ^  = M ^ (-  6nn' -  3 c o s 6  + 1 5 c o s 0 c o s 0 ' + ^0 (z z )
Z j  zz /  '  \

° z fo  5r r

. < rw_r» •
(n co s0 ' + n 'c o s0 ) + 15 ( z - z ' f  (cosd  - 7 c o s0 'co s0 )^

r 2

/  a2v \  i i  i /  ,
-  fXy - f ^ ^ - H f lm '+ l 'm )  lS ^ x -x 'H m co sg 1 + m lc o s g ) +

8 V'

\8 x  8 y lQ r 5V

(y -y ') ( lc o s &' + l'c o sg )J + 1 5 (x -x ')(y -y l)(cos£ .-7cos^ cosg^ ))

f 8 V \

^8y 8rj

_ £ 11 - f - ( y- y' ) ( l ' n- n,l) - m '(z 'l -x 'n ) - m  ( l 'z -
YO r 5 \

o
n'x) +—L (y -y ,)(c o s0 ( l,z -n 'x ) + co s^ V z'l-x 'n ))

+ 5 (y -y l)(x z , -zx ')(cosfi. + m cos© 1 + m 'cos©  - 

7 co s0 co s0 ' ) _ 2 _  I
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— ^  = -tylj&L (m  CO80' + _1_ ((COs£,- 5cos0cos0')y - (x -x 'M m 'l-l'm ) -
[ d x d l j o  r 4 '  r  V

l ( x m '- l 'y )  - l ^ r n x ' - l y 1)) +— I x - x 'K c o s B ^ m x '- ly 1) + cosfi
r 2

(x m '- l 'y ) )  + (yx , - x y ,) ( lc o s e '+ l ,cosiJ)j + J L fx -x 'K y x '-x y ')
\ r 3

(cos6,-7-cosflcos 3')

an2
“ j  -  - - ^ V ^ r l l 1 - n n '  + — f c o s e ( n ' z  +  l ' x )  -  c o s f l ' f l x ' + n z ' j j  -  — __
1°  r 3 \  r r 2

^ co st(x x '+ zz ') + Z fxz'-x 'zH l'n -ln ') + 2 (lz '-n x 'H l'z -n 'x )

- Scosecos&'ixx'+zz')^  + - ^ ( x z ' - x ' z ^ c o s e 'U z ' - n x 1)
. r 3 ,

+ c o s 0 ( l , z - n ' x ) J  + - ! 3 (x z ' - x ' z ) ^ ( c o s £. -  7 c o s 0 c o s 0 ' ) )

2 \  9 V

a?. /. r '

-  - f"P'h'l ni i + n ij +jL (cos ^ '(nx'+ lz1) - co sefl'z+ n 'x )) + _̂ _
.3 \  J l

^cos£.(x'z+z'x) - Z fyx '-y 'xX m n '-n m 1) -  2 (z y '-y z ')

l'-m l')  - S cosB cose'fzx '+ z 'x ) - 2 (n y '-m z'K l'y -m 'x )  
(m x , - l y ,)(m lz -y n l) J + 3 Q (̂yx1 - y ’x lfc o s fl'ln v 1 -m z ')

+ c o se (n 'y -m 'z ))  + (z y , - z ly)(cos& ,(m x '-ly ')  + co s0  

( m 'x - l ,y))] + —  (z y , -y z ') (y x ,- y lx )(cos£ . -7 co s0 co s0 '))



APPENDIX V

V? t•Commutation of m a tr ic e s  U and ( G^D )
_  d

In try ing  to prove the re la tion

U(Gj D*) = (Gj D* )U (68)

it  i s  convenient to p roceed  by step s so  a s  to  avoid u n n ecessa ry  com pu­

ta tion s.

A ll the m a tr ic e s  involved  h ere  act on a 24 d im en sion a l space which  

sp lits  naturally  in  12 coord inates perta in ing to tran sla tion s and 12 to 

rota tion s. M oreover there is  a further sp littin g  in  4 groups of 3 c o o r ­

d inates each  am ong the rotational p a ra m eters . T h ese  sp littin gs are

it, t
apparent in  m a tr ic e s  U, and D . See ta b les  11, 10 and 8 r e s p e c ­

tiv e ly .

t i/2
F ir s t  o b serv e  that in  the " transla tion  subspace"  both D and G^ ,

and th erefore  its  product G^ D are sc a la r  m a tr ic e s  and thus rela tion

(68) is  tr iv ia lly  true in th is  subspace.

In the orthogonal com plem ent to th is  su bsp ace, that is  to  say  the

Ji tsubspace o f "rotational coord inates"  the product G^ D takes the form

92
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A o o o

O A o o

O o A o

o o o A

w here the O stands for a 3x3 null m atr ix  and the A for

0.0298 0 0 0.9894 0.1443 0.0138
0 0.0187 0 -0 .1 4 2 8  0,9866 -0 .0788
0 0 0 .0229 -0 .0 2 5  0.076 0.9968

In th is  sam e sub space U tak es the form

I I I I

I I -I  -I

I -I  I -I

I -I  -I  I

w here I i s  a 3x3 id en tity  m atrix . Now a d irec t com putation shows 

that both (G^ D* )U and U ^ D 4 ) are equal to

A A A A

A A -A  -A

A -A  A -A

A -A" -A  A



APPENDIX VI 

P ro g ra m  used to ca lcu la te  the fo rce  constants

The F  m atrix , as is  shown in table 6, rep resen ts  the potential 

energy; it s  e lem en ts  are the force  con stan ts. Each e lem en t is  a sum  

of a la r g e  num ber of in teraction s betw een  the atom s of a m o lecu le  with  

the a tom s o f the m o lec u le s  around it. It was explained  b efore that 

a ll p o ssib le  in tera c tio n s w ithin a d istan ce of 7 A w ere con sid ered .

The p rogram  can be d escr ib ed  by the fo llow ing step s. See tab le 24.

1. One a to m -a to m  potentia l i s  ch osen , for exam ple the one that d e s ­

cr ib e s  C. . . C in tera c tio n s. The A, B and C p a ra m eters  for that p oten ­

tia l are  read.

2. The atom ic coord in a tes , (D, E, F ), of one atom  are read. L et us 

ca ll it  C j. T h ese  coord in ates are tran sform ed  to C artesian  c o o r d i­

nates by the equations:

x  = D 15 .78  - F 1 1 .0 2 x 0 .4 1 7  + 0 .3 9 4  

y = E 8. 11 - 1. 381 

z = F  11. 0 2 x 0 . 908 - 8. 23

3. The atom ic coord in a tes , (T, P, R), of a C atom  in  another m o lecu le  

are read. T hey are a lso  tran sform ed  to C artesian  coord in ates by 

s im ila r  equations.

4. The d istan ce betw een  the atom s i s  ca lcu lated .
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5. The va lu es for  the d ifferen t force  constants are  ca lcu la ted .

2 . 2  2 
a v  a v  a vDXX = -------—  , DYY =  y— , DXY = ------------  , e t c .
8x dy 8x3y

6. T hose re su lts  are  stored  in  the m em ory  as SUXX, SUYY, SUXY, e tc .

7. The sta tem en t GO TO 110 sends the ca lcu la tion  back to step  3, 

w here the coord inates of a new  atom  are read . Steps 4 and 5 are  r e ­

peated . In step  6 the new ca lcu la ted  va lu es are added to  the p rev ious  

value s .

T h is sequence is  repeated  for  a ll p o ssib le  C atom s that in tera c t  

w ith C j. When no m ore in tera c tio n s with th is  sp ec if ic  atom  can  be 

found, the sta tem en t GO TO 100, step  8, sends the ca lcu la tion  back  

to step  2. Another C atom , located  in  the sam e m o lecu le  as C j, i s  

co n sid ered . A ll the step s fo llow ed  with C j are repeated.

9. Once a ll  the p o ss ib le  C. . . C in teraction s are  con sid ered  the 

p artia l va lu es for the fo rce  constants are printed .

10. The next sta tem en t, GO TO 130, sends the ca lcu la tion  to  step  1.

A new se t  o f A, B and C p a ra m eters  are read. They d escr ib e  the 

B uckingham  poten tia l fo r  another kind of a to m -a to m  in teraction .

The p rogram  ends when a ll the p oten tia ls and in tera ctio n s are  

co n sid ered . The d es ired  fo rce  constants a re  obtained from  the sum  

of a ll individual fo rce  con stan ts.
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TABLE 24 

FORCE CONSTANT PROGRAM

Sl'XX: 0.
SUYY * 0 ,n 
sizz » c.n 
suxr * o,n 
SUXZ ■ 0,0
suvz * c,n
SUXN ■ o.n 
8UXK » 0,9
suxo « c.r
SLYN ■ 0,9 
SUYm ■ o,n 
SUVO * c . n  
SUZn ■ c.n 
SUZN ■ 0,9 
SUZO ■ 0,0 
SUNN • 0,9 
SUNK > 0 ,n 
SUOO >0,9 
SUNN ■ o.n 
SUNC *0,0 
SUMP * 0,0 

130 READ 1, A.3.C
1 format ( F n . t . r a . o ' . r B . s )

IFCA.EO.l.l GP TO 140 
PRINT 4, A.4.C

. 4 FORMATC3X.2!iA*.F8.l‘.5X»2HB»'.FB.0.8X.?IC*,FS.51 . '
100 READ 2, C.E.F

2 FORMAT C3F8.51
IF CD.EC,99.01 GOTO 120 . . .
X • 0« 15.74 -F-ll,02- 0,417 • .374 
Y ■ E-6.11 -1.381
Z ■ F •11.07- 0,9063 - 6,23 

110 READ 3, T.P.O
3 FORMAT C3F8.51 0

|F IT.EC,n,9) GO TO 130  >  o
XI •T*15,78 -n-11.02- 0,417 • .394 
V! ■ P-6,11 - 1,341
Z! * 0*0,91 *11.02 . 8.23 

1 DEUX ■ x-xl 
OELY ■ Y-YI 
OELZ • Z-71
R* SORTCCEl*--2- DELY*«Z* DE17— 21 
PRINT 5,fi 

S FORMAT (5x,rio,5)
S « R«»8
DXXa 6,*A-Cl.-8.*CX-Xi>**2/R»2>/9 « 1-C- (-!.♦ C*(»-XI»— 2/R. 

llX*XI)*-2/R — ?>/ CR-C?,718--(c *A)>)
DYY« *»-A-C’.,-6,-C Y-Yt)*-2/P*-2)/.“ - l-C- 1-1.• C-CY-VI•••2/R­

if Y-Yll*-2/R—  2)/ CR«C2.71 I— (t:-4)l)
OZZ» 6,-A-C1.-8,-cZ-Zt> — 2/r— 2)/s * 1-C* 1-1 .* C*C7-7l>**2/P* 

lCZ-ZII»-2/R— »)/ cr.-C2.711— CC«P)>)
OXY ■ CX-XII-CY-YD-C-44.-A/S * 3-C-CC-l,/M»/(2.718—  CC*RI)I/CR--2 
II
DXZ ■ CX-XlI-CZ-ZI>•C-46,«A/S ♦ o-C-(C-l./R)/(2,716— <C*R> II/IF--2 

II
DVZ ■ (Y*Y|)-»Z-ZT)-C-48,.*/s « siC«CS*l./fi)/(2.718— (C*R>) I/CF.—  2 

II
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DXN»C7*Vl.Y«Zl>*<*-X|)«C-*.96./S» 2 . /»♦«/(* .718»»<R*C) J }/ 1<R**2>
OXMa A«12,<7SR..e.(7I.X-XI<7).(X-4I>•(-*•I6./9»2.»P«C.<1,/R*C>/ 

U2.7l8».(R»<:>l>/a..2 - 2..f»»R.Z/<2.7i8.»<C*R)*<R>>
0X0a-A»l2.«v/;j..?.(xl.V-X.Y|>.<X-<I >»<-A. I6./S.2.. = .0<1 ,/R*C)/

H 2.71B«*(R»r)»I/a..? ♦ 2,.p<c*v/(2,7ie.*<C.R>.<R>) 
DVNa-A«12.*T/R.«8.<Z»VI-Y.Zl>«<Y-vn.<-i.}6./>!*?..p.C*<t./R.C>/ 

l<2.7ie**<9»!:)>>/B.«? ♦ 2.*B*C.Z/(2.71B.*(C.R1*<R))
UYM«tZt*X-Xr»7)»CY-YU«I-A«96./S* 2,«1.C»<1./».C)/(S.718*.<R»C>)J/ 

1IR**2)
DYOa A*l2.»X/0»«8«(XlaY*X»YI J««Y-y M*«-A«J6./'!*2.»F*C*<1,/R»C)/ 

l|2.7l8«*(a*r) > )/R**2 - 2.»n»C»X/(2,718*»<C«R>*<P))
0ZN« A*l2..v/».»6»<7«Vl.Y*ZI J.<Z-.fI>»<-A« »6./F.2..F*C*< 1 ,/R.C)/ 

U2.7lB*»<R.f:>U/R..2 - 2,*;i»C»Y/(2.7tB*«<C»RI«(R)>
0ZH»-A»12.*»/9**8*(7I«X-XI«Z)»<Z-ZI)•(•*•>6./R*?.»5*C*(l,/R*C)/ 

Il2.7ie»*<9»r>l>/R««2 * 2.»R.C»X/<2.718*»<C*P)*<K>>
D20*(Xl*Y"YI*X)*C7-ZIl*C*A*96./S* 2..T.C. <l./».C)/<7 .718.* <R«C> J )/ 

1CR**2)
ONN* A»2A.«tY*YI» Z»Zt* 8.*<vi.Z-7l.vi.»2/R..7>/!R«. «>* 4,•£•<:• 

HMVI*Z-Zt*V)..2).<(>l./R)/R . (Y»YI«7»ZI >>/<<’. 718.. <OR)>.<F>) 
DKMa A»24..<X.XI. Z«ZI- 8.»<Xt»Z-ri.X).»2/H.*»>/<R** *>» 4,.E*C» 

lH<Xl«Z-Z|.v)..?).<oi./P>/R .<X.<l«Z.ZJ>>/( <7.718*.<C.H)>.<H) 
OOOa Aa?4,*(Y*YI. X«Xt- 8 ,  * < Y M X - V I  * v  l a . p / H . . ?  > /  (P.. 8 ) .  4,*E*C. 

H(<VIaX-X!.Y)».7).<R*t./R)/R .< Y . Y !  *X«X I ))/(<’. 7l«*. (C.PJ )• <<•) >
ONH a.A>£4,«{ <XI*V.X.Yl>/2.» H. *( M Y I - V Z I  )»<X.ZMXM7>/tR..2) >/?■

1 ♦ 4.#B.C.<<Yl*Z-Y.7I)*(X.ZI-ZaX!)a<C* l./R)/R » (X.Yl.Y.XI>/2.) / 
2IC2.718».<C.R»).<H>)
080 a.A»24,.<<XI*7.X»7i>/2.. B.»<Z«VI-Y*ZI >*<XMV-X.YI )/<R.»2) )/£

1 ♦ 4.»B.C.<tVMZ.V«7IM<Y»XI-Yl»XM<C. l./R)/N ♦ <Z«XI.ZI*X)/2.>/ 
2«<2.718»»<C.R))»(RJJ 
DKOa •A.24,.(<Y.Z|.7.Yl)/2,. B. »<Y.XMX.YJ M(X*ZI-Z.X I )/<R.«2 > J/S 

1 ♦ 4..B*C»<<Y*XI-X.YIl.<X.ZI-7.XI>a<C*l./R}/R *<Y*ZI.Z*YI)/2,)/ 
2IC2.7ie.a<C*R»).<R))

suxx a SL*X ♦ CXX
SUYY a SUYY ♦ DVY
suzz a SUZZ . DZZ
SUXY a SUXY ♦ cxv
SUXZ a SUXZ ♦ EXZ
OUYZ a SUYZ . cvz
SUXN a SUXN « DXN
suzo a SU79 4 070
SUVN a SUVN . CVM
SUXN a SUXN ♦ DXM
suxo a 5U*9 . oxo
SUYN a SUYN ♦ OVN
suvo a suvo . CTO
SUZN a SUZN. CZN
SUZN a SUZN ♦ DIM
SUNN a SUNN • CNN
SUHN a SU«N ♦ C*N
SUOO a SUOO • COO
SUNN a SU*:h ♦ CNN
SUNO a SUVO . DNO
SUMO a SUVO . CN0
00 TO 110

120 PRINT 12#SUXX.SUVY,SUZZ.S JXY.RiJXZ.SUYZ
12 ACRMAT <S*.«H«LXXa.FlA.5,5x.P.ISIIvYa.ri6.5.5X,8HSt’7Zatei*t5/5X,fM!.U 

lXYa,£l6.5.9*,5hSUxZa,F16,3,5X'.5HS IYZa.E16.Sl
PRINT 13# S>,XNfRUXK'.S:'X0tSUYN.SIIY!<,SUY0.SUZ*',5UZP.S! ZO

13 FCR*'AT»7X,5JSl‘X'-,a'.E14.5#5Xf5hSUXi'a,Ei8.0.‘iX.5-'SUXna.E16.S/5X#6hSJ 
lTNa .E16.5,5», JHSUYMa, Flo 5X.5HSHY0aiE16.5/5Y#5HSU78a,F16t.#5X#.R 
2SUZ*a,Elt.5,5X**iwSUZOa.El'i.5>
PRINT 14#SO',N.SI|MM#SUnO#S I R H . 5UN0.SJNO « u . . . m14 r0RYAT<7X,SuSUN6'a'.ei6.5»5<,5hSU"^a,El0.3, iX.5MSU0na.E16.5/5X,5HSUN
lRa#Ei8i5#RX,5MSONOa*,El6#5#5X#5HSI)FOa#El01,J|
00 TO 130 

140 CALL EXIT 
END
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