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Abstract

THE STABILITY OF PLANE COUETTE FLOW
by

Terence Coffee
Adviser: Professor Harry Rauch

The effect of small disturbances on laminar plane
Couette flow 1s studied. If the disturbances are infini-
tesimal, the effects are described by the Orr-Sommerfeld
equation. Chebyshev polynomials are used to reduce the
problem to linear algebra. The resulting eigenvalue
problem is solved using the generalized Rayleigh quotient,
which involves substantially less computer time than
previous methods. Accurate eigenvalues are then computed
for higher values of the parameters than has been done
previously. These values further confirm the belief that
Couette flow is stable under infinitesimal disturbances.

Using the linear results as a starting point, the
effect of finite disturbances is studied. A system of
equations 1s derived from the Navier-Stokes equations,
taking into account non-linear terms. In this case, the

flow becomes turbulent for certain values of the parameters.
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1. INTRODUCTION

This paper is concerned with some results about
the stability of plane Couette flow under small distur-
bances. In non-dimensional form, the problem consists
of two dimensional fluid flow between two infinite planes,
one at y = 1 moving at a speed of 1 to the right, and one
at y = -1 moving at a speed of 1 to the left. If u(x,y,t)
is the horizontal component of the velocity of the flow,
and v(x,y,t) is the vertical component, them u(x,y,t) =y
and v(x,y,t) = 0 18 a solution to the problem. This is
the basic laminar flow. However, in practice laminar
flow is hard to maintain, and most flows tend to become
turbulent if disturbed. Knowledge of turbulent flow 1is
in a very incomplete stage, with only some general ideas
of the processes involved. Here we will be concerned with
the somewhat simpler problem of transition; with the
change from laminar to turbulent flow. This is the question
of stability; that is, if the flow is disturbed, will it
return to leminar flow (stability) or change to turbulent
flow. Stabllity of course devends on the amplitude of
the disturbance.

The first major contribution to the study of hydro-
dynamical stability can be found in the theoretical
papers of Helmholtz, around 1868, Rayleigh and Reynolds

1.
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2.

made further contributions near the end of the nineteenth
century. In particular, dimensional anzlysis led Reynolds
to the i1dea of what 1s now called the Reynolds number,

a pure number inversely proportional to the viscositye.
Experimental evidence led Reynolds to the conclusion that
stabillity breaks down when this number exceeds a critical
value.

Explaining this behavior proved difficult. The
key equationm was arrived at independently by Orr in 1907
and Sommerfeld in 1908, now called the Orr-Sommerfeld
equation. While only valid for infinitesimal perturbations,
it gave a starting point for explaining transitional
behavior. This equation was apprlied to various types of
fluid flows, including plane Couette flow, one of the
simpl est cases.

The Orr-Sommerfe/d equation deprends on two parameters;
the Reynolds number R and the wavenumber & of the pertur-
bation. The first approach to the equation was in terms
of asymtotic analysis; in particular, picking & fixed
and considering the limit as R approached infinity.

Hopf made the first attempt in 1914, which was refined

by Southwell and Chitty im 1930. For Couette flow, the
first important work was done by Wasow in 1953 and Grohne
in 1954, who developed similar asymtotic theories to show
that the flow is stable for fixed & when R is sufficiently

large, This has recently been refined by Davey in 1972,
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3.
who also showed that the flow is stable for fixed R when
ol is sufficiently large.

Numerical solution of the Orr-Sommerféld equation
has been difficult, The first solutions were obtained by
Tollmien im 1929, who also obtained a critical Reynolds
numbers Lin in 1945 improved the mathematical procedures
and laid the foundations for a general expansion of the
stability analysis. However, fitting the general solutions
to particular boundary solutions proved to be too mathe-
matically compleXe

Numerical investigation of Couette flow had to wait
for the develorment of computers, Grohne in 1954 developed
some results for the special case o = 1. The first
extensive numerical investigation was carried out by
Gallagher and Mercer in 1962 for values of « R £ 1000,
which confirmed the hypothesis that Couette flow is stable
to infinitesimal perturbations. However, aso R gets
larger, the problem becomes more and more singular, meking
the numerical solution more difficulte

Deardorff in 1963 extended slightly the parameter
range covered by Gallagher and Mercer., More recently,
Davey has computed solutions for X R up to 100,000.

Using these results, Davey has detected a rattern in the
solutions for the range that is not covered by the asym-
totic analysise

In this paper I will deveior 2 more efficient method
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4.
of computing the solutions of the Orr-Sommerfeld equation,
giving accurate solutions relatively easily for large
values of « Re The results verify Davey's analysis.

The combination of numerical and asymtotic analysis
leads to the conclusion that Couette flow is stable to
infinitesimal disturbances for all values of the parameters.
However, this is not borne out in practice. In a series
or experiments Reichardt in 1956 was able to maintainm
laminar flow only for R ur to about 750. The assumption
is that non-linear effects cause the transition to turbulent
flowe

Non-linear analysis is relatively recent, based
mainly on the work of Meksyn, Stuart, and Watson, develored
around 1960. But so far only fragmentary results hsve been
developed, and there are essentially no such results for
plane Couette flow. In the second part of this paper,
some results of a non-linear analysis are discussed. In
particular, if second order terms are considered, a tran-
sition from laminar to turbulent flow occurs. As in
experiments, the size of the disturbance needed to produce

turbulence depends upon the Reynolds number.
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2., DERIVATION OF THE ORR-SOMMERFELD EQUATION

The general equations of a two-dimensional incom=-
pressible flow are the Navier-Stokes equations
(2.1) ug + uug + vug + py -(wy g + u:")/n =0

(2.2) + uv_ + vV + by -(vxx + vyy)/n =0

Ve 5
(2¢3) wg + vy =0
where u(x,y,t) is the fluid velocity parallel to the
x-axis, v(x,y,t) is the fluid velocity parallel to the
y-axis, and p(x,y,t) 18 the kinematic pressure. A deri-
vation is given in Betchov and Criminale (1967). For
plane Couette flow, the boundary conditions are
(2.4) u(x,+1,t) = +1

v(x,+1,t) = 0
The basic laminar solution is
(2.5) u(x,y,t) =y

v(x,y,t) = 0

p(x,¥,t) = P(x)

We now consider small perturbations of the laminar
flow, so that
(2.6) u(x,y,t) =y + u'(x,y,t)

v(x,y,t) = v'(x,5,t)

p(x,y,t) = P(x) + p'(x,y,t)
where u', v*, and p' are small,

5
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6

Substituting into the Navier-Stokes equations, we obtaim
(2.7) u'y + yu'y + u'ul + v+ v'u'y + Py +p'y

~(u'ey + u"yy)/B =0
(2.8) AAMIE I 4 A utv'_ + v'v'y + p'y

(Vg + v'yy)/R =0
(2.9) w'p + v'y =0
We cam eliminate the pressure term by differentiating
(2.7) with respect to y, (2.8) with respect to x, and
subtracting the equations. This results in
(2.10) (u'y yn'x + u'u'xy

!
+Up +v'_ +v' u'_ +v'u®_  -u' v'_ -u'v’ -v* v'
’ ¥y yv Iy X X xx x

AT (UL S
¥
-r'y? -(u' . -yt -
VOV ay ~(Wypy * Wiy = Viggx = Vigyy)/B =0
In the linear theory, we assume that the perturbatlions
are small enough that we can ignore the second order
terms. So (2.10) becomes
[} 1
(2.11) (u'o - v e+ ety - v,
-(u* . _— -v! =
(u - Ut - Ve = Y xyy)/a 0
Equation (2.9) permits the introduction of & stream
function ‘f’(x,y.t) such that u® = ‘fy and v' = -’fx.
Equation (2.9) is then satisfied automaticelly and (2.11)
becomes
W )
(2002) (Yo + ¥ )+ 90+ )y
'(Yyyyy + 2 erxyy + ¥ /R =0
We consider functions of the form
"t/(x.y.t) = ¢(y)exp(1°((x - ct)), that is, periodic

solutions in x and t, where & is the wavenumber of the
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7e

horizontal motion and ¢ is an eigenvalue to be determined.
Since we are assuming linearity, & series of solutions of
this type will not interact with each other.

Equation (2.12) becomes
(2013) P00 - 242 P+ ¥ P 1aknly - o) (P ~x2) =0
This is the well known Orr-Sommerfeld equatione The
boundary conditions (2.4) become
(2014) P(x1) = Pr(£1) = 0

In this formulation,. ('U(x,y,t) is a complex valued’
function. But since the oringinal Navier-Stokes equations
contain no complex quantities, #{ ¥(x,y,t) +"F"~(X.y.t))
is also a solution, and is real valued.

The problem has been reduced to a fourth order
ordinary differentlal eigenvalue equationm. The imaginary

part of ¢, where ¢ = ¢, + “’1' becomes the relevant resulte.

T
If ¢, 0, the disturbance decays with time. So the flow 1is
stable with resrect to infinitesimel disturbances. If

°1> 0, the perturbations grow indefinitely with time.

Of course once they become of any significant size the

linear theory no longer applies,
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3. METHOD OF SOLUTION

Various methods have been used to solve the Orr-
Sommerfeld equation, generally some kind of finite-diffe-
rence approximation. However, more efficiency can be
obtained using Chebyshev polynomials.

Other sets of orthogonal polynomials have also been
used in stability problems, usually chosen to satisfy the
boundary conditions and have some relation to the Orr-
Sommerfeld equation. The Chandrasekhar-Reid functions
are the most common, though other types have been proposed.
The advantages of the Chebyshev polynomials are discussed
in general by Fox and Parker (1972) and in particular by
orszag (1971), who used them for the similar problem of
plane Polseuille flow.

Briefly, Chebyshev polynomials are particularly
useful for obtaining accurate solutions. The Chebyshev
polynomial approximations are of infinite order, in the
sense that errors decrease more rapidly than any power
of 1/N as N approaches infinity, where N is the number of
terms used in the exvansion. Hence, while other methods
may give better answers for small N, accurate answers can
be obtained much more raridly using Chebyshev polynomials.

Another advantage is the efficiency with which the coeffl-
8e
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9e

cients may be determined from the differential equatione.
This makes the process of changing to a system of linear
equations much less complicatedes

So we will represent p(y) ="§oan1‘n(y)' where
Tu(y) is the n'th degree Chebyshev polynomial of the first
kind, defined by T,(cos &) = cos m®. Derivatives and
integrals of ¢(y) can be rerresented relatively easily
by using the relation

(3e1) e, T* 41 (§)/(n41) = 4y 1% ,(¥)/(n-1) = 2T, (y)

0 if n
c,=¢ 2 if n
= 1 ifn
a = 0 ifn
n = 1 if n

The Orr-Sommerfeld equation can now be approximated

where

N A
coo

WA
oo

by a series of linear equations in the a, by substituting
in the expansion for ﬁ(y) and equating the coefficients
of Tn(y). This procedure, used by Orszag, has certa n
computational disadvantages, in that the matrices pr.duced
have coefficients of widely different orders of magnitude.
This is due to the infinite sequence needed in working
with derivatives.

For emmplo. 1f¢ (y) -f bn'l‘n(y) —S e T (y)
then cpb = 2 53' pay, where é" indicates that the
summation 1sP1n Jjumps of two. However, the indefinite

integral has a much simpler form. That is, if
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10.

/é(y) = nf'l‘ (y) = g,a Tp(¥)

renresents the indefinite integral of ¢(y), we can find

that — p—
ﬂm[ Colmtt () dm-2 Tpe /19]
[T () -M, m+( =]
Al gm-r Cm-; "a""f'lv//ﬂ-/ —_
N 4:2:0 2 m [m /%)
where an+1 = 0, so that
y . Gnctlpn Z At X
(3.2) =a n= > m ne=1,2,e00,N+
(alo is an arbitrary constant of integration)

This is quicker to compute, and also leads to & matrix
whose coefficients are much closer in size.

Writing (2.13) as

A S GRS

1hR(yB1r -y cPrr 442 B)
and 1ntegrat1ng four times, we obtain
3.3) B -2x2fffaa [[I] B

-10(3(//y¢ - 2f//¢ -xZfffyf- c//¢5 s 2fff{B) =
Letting f}/&(y) -M”a T,(y)

({5 = E &1 (3)

and j/f[ﬂ(y)=”?aun'rn(y)

we can obtain, as above

3 2 415,}14-% An-2+4

1

() &l = S
= 5 2 M
n=1,2,.e0
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11,
L Arh-2 Am-4+L+4
2 32 22 4 AT
(3.5) an=6§/4:/ Yom (-2 +4&)
2

n= .3”3.. A.[,Lj,k,/-‘/ ﬂm-é.ﬁt’Lﬂ{./
5,222 47 e rToTT T
06 =2 Z Fo T (-2 L) (=t A #)
mE e 3. 35 C ARG, g cathrbim Cn-stasd-dim
g 32 > £ AR o AL
(3.7) &% ;i z £ b2 6 (m—24mm) (m=4F+m+{) (m=b+m 14 44)

n=4,5..0

21
Ir we set yP(y) =/:é=, BT (v)
381 =2 g
and ///IY¢(Y) =:gbl:l'rn(y)

and use the relation
(3+8) 3T () = 3(a, T, (¥) + e/T

we can obtaln

a1 (7))

2 C m-24, Am-214
. _5r Gmmady TNy
09 by = 2 -
m=0,1,2,... . , ,
12 %2 22 * 4td Lgm-é-/-ﬂ,+d+/ Cn-4+@+4 40
Gu10) v, =}£:’ & A gm (m-2+4&)

mE 3. o i 04444

zzzz’>5£‘ & Q m-104m +04 B4 be,C m=104m 4 bt Bt A

3 > 2
(3.11) b“n%‘gﬁ,,% o1 &1 K1 Sy -27m ) (m- 4 4om +4) (m=bFm+ L4 R )

m=4,5.00
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12
(Exception: if n=4, j=3,endm=1=k=h=1,
the above coefficient is doubled)
Substituting all of these exransions into (3.3),
equating coefficients of Tn(y). and multiplying by i,
we obtain the system of eaquations

2,2 4ol
(3.12) 1a, - 214 2a2 + 14 %a} + o RBZ, - 2 BA
3 2 204
- 3RbY, - ctBaZ + cxXPRat = 0
n=A4,5...

Because of the integration, this equation for the
cases n = 0,1,2,3 contains arbitrary constants. Hence
we replace these equations by equations representlng the
boundary conditions. These conditions can be simplified
using the relations

T, (31) = (21)°
and T (+1) = wP(x1)PL

M
thus P =% a =0
mz0
1
- n, -
#(-1) _mZ:o (-1)%_ =0

;5'(1) = A%é n?

a, = 0
N -
Fr(-1) = £ n?(-1)™ta =0
m=o n
By adding and subtracting equations, we obtain the slightly

simpler form
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o

p
(3.13) S e =
m=0
pZ

&
z? nzan =0
m=0

£ it

m=1

o

n
o

Using these four equations plus equation (3.12)
for m= 4,5,...N, we obtain a system of N+l equations
in M+1 unknowns. In matrix form this can be written as
XA - cYA = 0, where X 18 a complex valued matrix, Y 1s
a real valued matrix, and A = (ao,al,...an) is the vector
to be determined. So the oringinal differential equation

is reduced to the above algebraic eigenvalue problem.
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4. SOLVING THE MATRIX EQUATION: THE LR ALGORITHM

There are a number of standard methods for solving
an algebraic eigenvalue problem. Wilkinson (1965) contains
a fairly complete description. However, the present
problem presents several difficulties.

Pirst, the usual form for an algebraic eigenvalue
problem is XA - cA = 0. An equation of the form XA - ¢YA = 0
1s normally rewritten as !'IXA - cA = 0, Unfortunately,
in our problem Y is not invertible. The first four rows
of Y consist solely of geros, since the eigenvalue ¢ does,
not enter into the boundary conditions.

A method has been devised by Gary and Helgason (1970)
to get around this difficulty. A sequence of elementary
column transformaetions is used to put the first four rows
of X into lower triangular forme This is accomplished
by adding a multiple of the first column to the succeeding
columns so that T2, x13,... all become zero. We continue
the process for the second, third, and fourth columns,
permuting the columns if necessary to put the largest
element in the appropriate column. Since the elements im
these rows are known, this is easy to program efficlently.
The same column transformetions are performed on Y.

The first four rows of Y remain zero, so if we dror the

ke
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first four rows and columns of both X and Y, the new
system has the same eigenvalues as the oringinal system.
For convenience, this will still be denoted XA - cYA = 0,
but Y is now generally non-singular.

To change this into the form Y']'XA - cA = 0, programs
from Forsythe and Moler (1967) were adapteds The matrix
Y i1s first scaled, so the norms of the rows are approximately
the same size. Then, using partial pivoting to reduce
round off error, Y is decomposed into the form Y = LU,
where L is a lower triangular matrix and U is an upper
triangular matrix., Instead of actually interchanging the
rows, & vector is introduced to keep track of which elements
have been used as pivots, saving computer time., Then for

each column x1 of X, the equation ‘IZl = X, can be easily

i
solved, where Z, is the 1%th column of Y~1X. To insure
accuracy, iterative improvement 1s used. That is, we
form a residual R1 = Xy - Y2y and solve the system
YZ'y = Ry. Then Z + 2Z' 18 a more accurate solution.
Since most of the arithmetic in this procedure is in the
oringinal decomposition, this is inexrensive., Again, for
convenience, this new system can be denoted XA - cA = O.
A second difficulty is that X is a general complex
matrix. The most common eigenvalue rroblem is for a real
symmetric matrix, and many of the standard procedures
do not apply to ccmplex matrices. Wildinson discusses

only one method for a general complex matrix, the LR
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algorithm, which is relatively complicated. To implement
this, programs from Wilkinson and Reinsch (1971) were
translated from Algol and adapted to this particular
problem.

To reduce round off errors, the matrix is first
balanced. Since errors in eigenvalue proquures depend
on the size of the norm of the matrix, diagonal similarity
transformations are used to reduce the norm of X. Anm
iterative process replaces X by D'IXD. until the morm of
the 1'th row and column of X are of the same order of
magnitude.

Next the matrix is tranformed to upper Hessenberg
form, that is, 211 =04if 12 §+ 1. While no finite
sequence of similarity transformations can reduce a matrix
to upper triangular form, elerentary matrices can introduce
zeros in all places below the subdiagonal of the main
diagonal,

Finally, the LR algorithm is applied to the upper
Hessenberg matrixe Again, & sequence of similarity trans-
formations is used to reduce the elements under the main
diagonal. Since only the elements in the subdiagonal
are non-zero, the procedure converges much more rapldly
than for a general matrixe. As soon as the term X becomes
negligible, x11 is an eigenvelue for the matrix. The first
row and column can then be deleted and the rrocedure

repeated.
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There are some drawbacks to the above procedure.
The process 1s long, being relatively exrensive in computer
time. Because of the efficlency of the approximation by
Chebyshev polynomials, it does compare favorable with
other methods, but it does compute a lot of information
of no immediate value, Im particular, in stabllity theory
we are concerned with the eigenvalue having the largest
imaginary rart, since this will represent the solution
closest to being unstable. But the LR algorithm computes
all the eigenvalues. Since in some cases we will go up
to N = 80, this would be 76 eigenvalues computed that we
have no interest ine

So in the next chapter we devise an alternate method
of solving the eigenvalue problem, one apparently not

previously used in stability problems.
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5. SOLVING THE MATRIX EQUATIONs THE RAYLEIGH QUOTIENT

The second method of solution is based on a series
of papers by Ostrowski (1958-59). These papers considered
some properties of the Raylelgh quotlent.

As oringinally defined, we assume that X is a real
symmetric matrix, U is a row vector, and UT is its transpose.
Then R(U) = (UXUT)/(UUT) is called the Rayleigh quotient
corresponding to U.

The elgenvalues of X can be characterized by the
extremal properties of this quotient. If c¢_ 1is the

1
largest eigenvalue of X, then ¢, = max R(U), where this

1
maximum is taken over all possible vectors U, If Ul is
the eigenvector corresponding to Cys then the next largest
eigenvalue ¢, = max R(U), taken over all vectors U that
are orthogonal to Ul‘ The other eigenvalues are similarly
characterized.

In practice, what is more imrortant than the extremal
properties i1s the fact that the quotient is stationary.
That is, ¢f = R(Ul) differs from R(Uj + & W) only by
terms of the second order in E. So if we have a vector
that is close to the correct eigenvector, the Bayleigh
quotient will be quite close to the corresponding

elgenvalue.

18,
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This .makes possible an iterative procedure for
determining any specific eigenvalue c. We start with
an approximation cq that is reasonably close to ¢c. Then
we choose an arbitrary vector Uo. The only requirement
is that Uo cannot be orthogonal to the eigenvector U.
Then the equations

(501) (X = eI) Uy, = Uy
T
(5:2) ey = (a1 X000y )/ Ui Veen)

are used to get better aprroximations for ¢ and U.
Ostrowskl shows that the convergence 1s cubie, that is,
(Cys1 = c)/(ck - 0)3 approaches a constant.

If X is not symmetric, we instead consider the
generalized Rayleigh quotient R(U,V) = (vxuT)/(wT),
In this case, if ¢ is an eigenvalue, U is the corresponding
right hand eigenvector (XUT = cUT). and V 1s the corre~
sponding left hand eigenvector (VX = ¢V),then R(U,V) = c.
The extremal properties of the Rayleigh quotient no longer
hold. However, Ostrowskl shows that the quotient is still
stationary, if the matrix X has only linear elementary
divisors. This will be true if the eigenvaluves are distinct,
which is the case in fluld mechanics. Moreover, the
convergence is still cubic,

The iterative process is now defined by the equations

. - T = T
(5.3) (X ckI)"kﬂ Uty
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vk+1(x - ckI) = Vk

T
(50 Cigp1 = Ve X0 1)/ (Vigy 1000 )

our problem is of the more general form XU - cYU = O.
The method of Gary and Helgason could be used to reduce
this to the standard form Y IXU - cU = 0. However, the
iteration can still be defined if the equation is left in

its oringinal form. The equations become
(5.5) (X = o)V, o = Uy
Vk+l(x - ckY) = Vk
(506) epqy = (V0T /0w, T, )
¢ k+1 T 'e4l™ k+l k+17" k+l

To actually carry out the procedure, we need a
starting value Coe This can be obtained by using the LR
algorithm for a smaller value of N, by using an eigenvalue
computed for nearby values of A and R, or from the
asymtotic analysis. In practice, the asymtotic results
are close enough for the procedure to converge.

The matrix X - coY is then decomposed into the
product of a lower triangular matrix times an upper tri-
angular metrixe. The same decomposition can be used in

obtaining both U and V, since the equation (5.5) becomes
(547) (Lower)(Upper)UTk+1 = UTk

(Upper)T(Lower)TVTk+1 = VTk
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where (Upper)T is lower triangular and (Lower)T 1s upper
triangular., Since most of the computer time in solving
a system of equations is required for the decomposition,
this procedure results in a noticeable time savings.

To help insure that U, and Vo are of the proper form,

0
they are defined implicitly by making (Lawer)'lUTo and
((Upper)T)'lVT0 both equal to the vector whose components
are all ones. The vectors then depend on the matrix, and
the values computed for Ul and V1 are unlikely to be
orthogonal to U and V,

For the first several iterations, only the equations
(5.5) are used. This allows the eigenvectors to converge
relatively closely to the proper values. Again, this
involves only the oringinal lower upper decomposition,
so the procedure is efficlent. Then the full iteration
can be used until the eigenvalue converges., Generally,
the eligenvalue will be accurate to four decimal places
after only three or four additional iterationse

The two methods were compared, and they do lead to
the same numerical answers, However, the generalized
Rayleigh quotient is much more efficient, particularly for
large N. For example, 1f N = 70, the generalized Rayleigh
quotient was more than five times as fast as the LR

algorithme.
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6. NUMERICAL RESULTS

All existing evidence tends to show that plane
Couette flow is stable under infinitesimal disturbances.
However, because the eigenvalue ¢ is a function of two
parameters, the wave number &« and the Reynolds number R,
it is not easy to systematically cover the entire « ,R
plene. Moreover, as the product of o and R becomes
larger, the Orr-Sommerfeld equatiom becomes more and more
singular, and hence harder to solve numerically. And
any instabllity would be expected to occur for large values
of R.

The most recent results on plane Couette flow are
due to Davey (1973), who used a combination of asymptotic
and numerical methods. Based on the analysis of Wasow
and Grohne, Davey studied asymptotically the most familiar
case, where VR is much larger than K , and Eﬂ is much
larger than l. Using Airy functions, he arrives at an
estimate for the eigenvalue ¢ = cp + !.ci having the largest
imaginary part, given by
(6.1) op = 1 = be1287/(XR) >

oy = ~(/R - 1.0625/(x®)”
He estimates the error as being of order th./’

This indicates that for a given fixed %X, as R

22,
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approaches infinity, the real part of the eigenvalue
approaches one and the imaginary part approaches zero.
However, the imaginary part is always negative, indicating
that the flow is stable.

Table I shows the relative error in the approximation
for A = 1 and different values of R, As R gets larger,
the asymptotic results get closer and closer to the actual

values.

TABLE 1
CONMPARISON OF ASYNPTOTIC AND COMPUTED VALUES FCRX = 1

R Asymptotlc Results |{Computed Results Error
500 4800 - ,13581 +5092 - .15451 12.24%
1000 «5871 = 210731 «6053 = 411921 3.52%
5000 27586 - 06231 7646 - 406661 .96%
10000 8084 - 04921 8122 - ,05211 «59%
50000 +8879 - .,02881 «8892 - ,02981 «18%
100000 #9110 - 02291 09119 - .02361 «12%
200000 9294 - ,01821 #9299 - ,01861 «07%

For the larger values of R, the Orr-Sommerfeld
equation is more difficult to solve. But using Chebyshev
polynomials, this simply means that N, the degree of the
largest Chebyshev polynomial used, must be increased.

Thus, 1f R = 500, N = 40 gives sufficient accuracy, while,
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if R = 200000, we must choose N = 80, If larger values of
R or more than four place accuracy is required, the value
of N then must be chosen larger. A larger value of N
does require more comvuter time, but the process is still
quite efficient.

The asymptotic results can be improved by noting
that the answers given are always numerically smaller
than the actual answers, Using Davey's error estimate,
we can create a new approximation
(6.2) o =1 - bozsr/m’sn

r 3/
) = =4/R - 1.0625/(r)? o

As R aprroaches infinity, R %approaches zero, SO
this doesn't effect the asymptotic theory. However, it
does give substantially better numerical results for
smaller values of R, as can be seen in Table 2, where the
relative error is recomputed using this new approximation.
Using these modified results, the generalized Rayleigh
quotient normally converges rapldly to an answer.

Davey also studied the less familiar case when
3m is large and o is much larger then /Ti'. Again
using Airy functions, he arrives at an estimate
(6.3) o =1 - 2.0289/(« R
ey = - %/R - 1.1691/(xR)’

i
-5/
where the error is of order X . This indicates that for

/s

a given fixed R, as A approaches infinity, the flow

remains stable.
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TABLE 2

COMPARISON OF THE ]‘IODIF&ED ASYMPTOTIC AND COMPUTED VALUES
F p

R Asymptotic Besults% Computed Results Error

500 WLA959 = 415174 | .5092 - L1545 4.80%
1000 .5971 - 411731 [ L6053 - .11921 1.36%
5000 | .7620 - 06571 E .7646 - .06661 .36%
10000 .8105 - .05161 .8122 - ,05211 22%
50000 .8886 - .02951 .8892 - ,02981 .08%
100000 29115 = 02341 «9119 - 02361 +05%
200000 29296 = ,01841 «9299 - ,01861 O4%

The asymptotic theory is only valid when either
o or R is large. However, if both parameters are small,
the Orr-Sommerfeld equation is relatively easy to solve.
Gallagher and Mercer (1961) examined numerically the
elgenvalues for X R< 1000, For these small values, the
flow is stable.

The other case that is not covered by the asymptotic
theory is when & and E are of the same order of magnitude.
This means that the terms of the Orr-Sommerfeld equation
are of the same order of magnitude, and no asymptotic

simplification is possible.
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To explore these values, Davey introduces new

variables
_1/.
(6.4) X=o{B *
%
Y= -R y
Then the second part of (6.1) becomes

~/)
(6.5) ¥ = X + 1.0625% % o(x%) ,

where X 1s small (that is, o 1s much smaller thanVR)
and R is large. The second part of (6.3) becomes

(6.6) ¥ =X+ 1.2691% % o(x B

where X is large (that is, A is much larger than vrg)
and R is large. This suggests that for large values of
R, when A is not too small,

6.7 r=x+/1x)x""2

where /7(X) is a slowly varying function of X whose value
remains close to 1.0625 and 1.1691. If this is true,
then for large enough R, Y is just a function of X. If
Y is always positive, cy will be negative, and the flow
will be stable to infinitesimal disturbances for all
values of 4 and R.

Davey claims that this 1s the case for R2200.
Wnile not giving the exact numerical data, he states he
has computed the elgenvalues for values of & R up to
100000, and the values for Y depended solely on X. The
resulting curve 1s given in Figure 1, which also shows
the curves predicted by the asymptotic equations (6.5)

and (6,7) for comparison.
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Fig. 1.--Graph of Y versus X
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To check this result, eigenvalues were computed for
values of o B up to 250000, The results for R = 200,
R = 1000, R = 3000, and R = 5000 are given in the following
tables. The results show a high degree of consistency.
For the larger values of X R the results do not match
exactly. However, in this case a small error in cy can
lead to a fairly large error in Y. And the general
principle that Y depends on X seems to be well established.
Any variance in the values of Y appears to be quite small

comrered to the size of Y.
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TABLE 3
VALUES OF X, X, ¢, AND Y FOR R = 200 AND N = 50

X < r eigenvalue Y

.1 141 4297 = 420321 2,874
o2 2.83 5748 = ,17891 24530
o3 424 6480 = 16671 24357
ok 5.66 06932 ~ J1594% 2.254
.5 7407 7242 - 415551 24199
6 849 o7471 - 415401 2,178
o7 9.90 o7649 - 415431 2,182

TABLE 4

VALUES OF X, X, ¢, AND ¥ FOR R = 1000 and N = 60

X [' < ‘ elgenvalue Y
ol i 316 7444 - ,09091 2.874
2 | 632 | .8098 - .0BOOL | 2.530
3 99 | .8k25 - L0745 2.356
4| 12465 | .8627 - W07131 | 24254
5 i“ 15.81 8766 - 06951 2.198
6 | 18.97 +8869 - 06861 2.178
Y4 h 22.14 +8948 - .0€901 2.182
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TABLE 5
VALUES OF X, A\, &, AND Y FOR R = 3000 AND N = 70

X o( eigenvalue Y

o1 5448 «8524 - .05251 2.873
o2 10.95 8902 - ,04621 2.529
3 16.43 9091 - 04304 2,354
o4 21.91 #9208 - ,04121 2,258
5 2739 «9288 - 04011 2,194
N 32486 #9345 - 403971 2.173
o7 38434 +9390 = L04001 2.191

TABLE 6

VALUES OF X, &, c, AND Y FOR R = 5000 AND N' = 80

X 0{ elgenvalue Y

.1 7.07 ' .8857 ~ 04071 2.875
.2 .k | .9149 - ,03581 2,529
.3 21.21 +9296 - 403331 2.356
o 28.28 49386 - 403191 2,259
o5 35436 9448 - ,0310% 2,189
.6 42,43 +9491 = ,03061 2,167
7 49450 «9527 - 403101 2.189
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To check this, some additional values were run for
N = 90, For this case, if R = 3000 and X = .4, then
Y = 2.254, which exactly matches the value for R = 200 and

X M4, If R= 3000 and X = .7, then Y = 2,181, which is

much closer to the proper value. And if R = 5000 and
X = M4, then Y = 2,258, which is slightly closer to the
expected value, So if N is chosen large enough, the
values of Y do appear to agree.

For a given fixed value of R, the minimum value
of agy oceurs between X = .6 and X = .7. As R gets larger,
cy will aprroach zero, but it will slways be negative.
The belief that Couette flow is stable under infinitesimel

disturbances is further confirmed.
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7. THE NON-LINEAR ANALYSIS

The linear case predicts stability for all values of
o\ and R, However, as has been mentioned, Reichardt (1956)
was able to maintain laminar flow only for values of R up
to about 750.

This could be due to various causes, First, the
apparatus could only approximate an infinite channel., Also,
the flow in an experiment is three dimensional, and vortices
perpendicular to the direction of the flow could affect the
results. Finally, the perturbations are of course finite,
and there is no exact way of measuring their amplitude or
wave number., In this section of the paper I will try to
take into account this last efrfect, by assuming a non=
linear solution.

The main approach to this type of problem was deve-
loped by Je. T. Stuart and J. Watson 1n a serles of papers
in the early 1960°'s. We will use here in general the notation
of Reynolds and Potter (1967), who modified somewhat the
approach of Stuart and Watsone

We will again consider the Navier-Stokes equations
(741) U + Wiy + VU + Dy - (“xx*'“yy)/R’o
(7+2) Vg + UVx 4+ Yy 4+ Dy - (vxx + Vyy)/R =0

(7:.3) ug + vy = 0
31.
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with the boundary conditions
(7.4) u(x, #1, t) = #1

v(x, +1, t) =0
Then we attempt to solve this in terms of the basic linear
stream function Z(x,y.t) = ¢(y) exp(L £(x = ct)) and
its harmonics, under the assumption that the linear solution
is a reasonable approximation to the actual solution.

In the general case, the amplitude of the distur-
bance becomes important, so we will try to isolate this
term. The linear solution can be rewritten as
(7.5) ¥ (x,5.t) = B(3) exp(i& (x - cpt)) exp(d cyt)

In this case, the magnitude of the disturbance 1s determined
by & (y) and exp(OKcit), which are inderendent. The Orr-
Sommerfeld equation determines ¢ (y) only up to an arbitrary
multiple, so it can be normelized in any convenient fashlon.
This determines the relative size of the disturbance for
different values of y, but the absolute size of the distur-~
bance is immaterial. The term exp(%{ cjt) determines how
the disturbance behaves with respect to time, that is,
whether it will die out or increase to the stage where the
linear theory no longer applies. As far as we are concerned,
this is the important part of the solution.
To try to isolate a similar function in the general case,

we introduce a change of variables
(7.6) G =xx+wWt

A = A(t)

w=Ww (A)
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Here & represents the periodic part of the solution, ¢
as usual represents the wavenumber, and W represents the
frequency of the solution, In the linear case,
£ =K x - cpt and W= -{cp. In the non-linear cese,
the frequency / will depend on the size of the disturbance.
So W 1s viewed as a function of a yet to be defined
amplitude function A, which depends only on the time t.
By analogy, the function A(t) will show how the disturbance
changes for any fixed y with respect to time. In the linear
case, A(t) = exp(X cyt).

With this change of variables, the Navier-Stokes

equations become, with u and v considered as functions of

vy, &, A

JA wp Y 9«
(7.?)ﬁj+[w+#ﬁ +o<¢/_79 + v 5

Y- * 224, +u/] 0

o
(7.3)%5%F+[W+7*§”44+°‘”J0‘9+V%
[ 2 “1/- D2 Y-
"4 L B0

(7.9)%5%/‘71_%—\0

As before, we-eliminate the pressure term by differentiating
(7.7) with respect to y and multirlying (7.8) by
A and differentiating it with resrect to ©-, and sub-

tracting the equations. This results in
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2 w _@fﬁ
(7.10) % %?,, Lwt 55 3—% + ki) by ot

2
+0(9r?"§3+9r%1+'r gﬁy
~R [« 2 ’U - Calln
oe )7 557 ] o: oy
”d[WfWqu %+O(Hj ;%—V;__D(L%V‘, %%’;
2y
..o(ll' %jf}; +R [a( Jéy"d? = 0
Again we introduce a stream function Y (A,y,e)
defined by
2Y 274 - _
(7.11) ;;; =AY ;;,Z ==V

Also, for convenience we introduce the notation

(re12) PLA g €)= ﬁ*;i: F X %;‘Z:/

Substituting and multiplying by 0( . equation (7. 10) becomes
QAL 4 [w + %
an B Tw 28 S )5
>
oF of _ L[ 2F
T T op ?[9%‘+ 9@*.7 o
The continuity equation (7.3) becomes

O 2y _
20y 299 =0

80 it is automatically satisfied.

(7.14)

The boundary conditions (7.4) become
(7.15) {99[»4 *+/ &)o
'd -

%V (4,2 &)=%
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We can now expand the stream function as a Fourier

series
2 ) Lo, Grb) -iks
a6 YAy ) = 2, [ ¥ M p)e’"+ T hz)e /]

where ?"“) is the complex conjugate of "/M). So while

the ‘f'/‘)(A.y) are comrlex valued, ‘/’(A.y. ©) is real valued.
To reduce somewhat the mathematical complexity of the problem,
we will terminate the expansion at k = 3, Since the linear
case has been chosen as satisfying the Orr-Sommerfeld
equation, horefully this will already be reasonably accurate.
Note that lf’/p)(.lt.y) can be chosen real valued, Since any
imaginary part will cancel out.

So we have

(7.17) 4’/4’}/‘&): 2 (/4/7)+ ’f//)l 097,‘ V;//)A
3,6 % & /’).L

e V(_;) 206

_549’
~ 206 3
F p2,7TTT £ ¥ e

We introduce the notation

2 2 )
s 27(A )= [5%;‘ <*4 J YA )

This allows us to write

10 ) 20y V04 2 .
(ra9) F(Ap¢)=22 742 e ey
G pPp3e® F3, -“".;g ‘o + £

(/J —o &

We substitute (7.17) and (7.19) into (7.13) and equate
i 208 30T
the coefficients of the constant, £ , £ , and 2

terms, We will ignore all terms of order greater than three.
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The last of these four equations will not be required
in our procedure, so we will just give the first three

equations YT (1) 2(/)
4027, oL 2" +v Y5
(7.20) R 5% 24 _r )29 2 27 0
S L FmdE T = =
AL R 37

m . 9[# )
(ron) G 227 [l 1442 dF ] 27420 G- 2
e ad Z
+ 20 _La/zf’)w& L@;)ZCO—z ‘fmj—a;«,
PP O P ﬁz”) L[ 072" 2270
2

(7.22) 44t 92“) [w+z‘§/;7 ]2 2 o
L',,//) 27

S”’ o) Q¥ S

K ‘ ai/ﬂ 7:_ f;» Fut z“’]yﬂ
2)

6‘-»% "‘9—?‘; R ¢

The boundary conditions (7.15) become

(7.23) & %L /Ai/)hi «
L/,/i)//4 j_/)‘&%—- //4 t7)=0 ¢A://2/)7

The fact that the equations are non-linear and coupled
makes the solution difficult. However, assuming that the
amplitude is small, we can seek a solution as a power series
in A. We require that the solution for infinitesimal
amplitude reduce to the Orr-Sommerfeld wave, and the solution

for zero amplitude to the basic laminar solution. This

suggests seeking a solution in the form

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37.

0 m 4 ' m
oy Y (A 2= /n?ﬂ. A" ()

We will show that this satisfies the above conditions.
Again, we will truncate the exransion at n = 3, and k
will only have the values 0,1,2, and 3.

We also expand as a power series

s @A +aPATaMA #eoe

4A
(7.25)  JIf

For infinitesimal A, the amplitude behaves exponentially,
as in the linear theory.

Finally we represent

f} (3 42
(7.26) w + 7+ %%‘4:%/0)+5‘/)A_fj_ P

To simplify the equations somewhat, we introduce

the notation

X 2 /4-/' )
zen 2 s (b 2L P ”

This allows us to write )
( Z/ﬁ): % AMZ'/A/M)
7.28) ey

We substitute these expansions into the equations
(7.20), (7.21), and (7.22), end equate the coefficients
of the powers of A. We will go only up to the A3 terms.

Equation (7.20) becomes the four equations

(7.29) __% D: 2/&,‘0) -0
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38. (o 1)
o _ 2 prz% = o
(7300 290277 - R

, - 5 (;7)
sy Ya@ 2P e 20 eld_Lop " E
7.31

(0,2, o

~

P
. A . 2
i DEUNSIN gLy Tl Ny Pyl 2 2

. . . : (7,2
(7.32) 6 a2 ka2 4 20 210~ i Dl 2 . ,)
@D ZU0, L p Fin 21D DB P20 _  plypSisy
-~
A py . 2 /03 )
X ~ - P un ,wfll/)ﬁz//,ijg_b 217z
.l 2 o «¢///)’p2 1%y 3
—L B )2 +v

Equation (7.21) becomes the three equations
(7.33) Q020N 4 L824 s p e 2 0
w3, $Ui7) 2/9;0)__71?[/)2_ 42] 2= 0
o) 200 270 p g 2Ny 47 20
F e b PR 120D B2, 5, Pz iz
O L) Y LTI S F U %‘[bl—o(zj 200
(7:38) 2027 L2 a2 2 4 (2 5 (1))
dy BPRGB L f g D, 4 2 ;)
+2‘./0 ¢/p/‘a)z_//,'3)+>_4; 0¢/a/'/)2//,‘z)+20 D¢M,’2)Z//,‘/)
10,7}

25 DBUPREI_ p @ FPEID_ 5o il pa 2 P bz
P4

. . . 2,2 ///'3):5
L35 P Yatioy ; POy 2 pE I K D2 YE

Equation (7.22) becomes two equations, but only the first
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, . /o, c2/2)
(736 a0 24 20402 i 092
)
apgnFn L Gty 20 ¢ Oy 20 [ b 2= O

will be needed.

The boundary conditions (7.23) become
(3 B (21 DI (£ =0 k=1,2,3
D ¢/a,‘o)[l,); -+ f_(—
) ¢(U//M)[i/)30 n=1,2,3

We do not have boundary conditions for¢
¢/ﬂ,‘3)

/y/':ﬂ) ¢/o:'/) ¢/ﬂ,‘)a)nd
This depends on the normelization. What will be
most convenient is to set the bulk average velocity
equal to zero, that is, /_I‘u(x.y,t)dy = 0., This is true

for the laminar case, Then
Lot oY -
A L[ Ty,‘ @' o
WA, I, &)= (A,-1,€)=0
WA - 9;/0)//4/ =)= 0
This can most easily be satisfied by choosing

(738) @O [(tN=0 n=0,1,2,3

We will now try to solve our set of equations.
Equation (7.29) with its boundary conditions can be

written as
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) D* @’ rp)=0¢
QN (xnz0 DI rts) 2 %'
This has the solution

o A
o)y PP =Ty Ty

Note that if the amplitude of the disturbance 4 = 0,
we get ¥ (A,y,4) = 28y) = «y2/2 - A/2 ama
u(x,y,t) = y and v(x,y,t) = 0. This is the basic laminar
solution, as desired.

Equation (7.30) becomes

5 g/ )2 ¢m,‘/)‘ _2:. D'I"¢/’;”:O

¢/”/")/]’;/) :) ¢/’//)[i/):0

(7.41)

So the solution is
w2y PP (=0
Equation (7.33) becomes
(7.43)[/92—0(1)1-4}0(12 (y— ‘&:-h;ﬂ”) )/D > 0(1); @//,‘/J; 0

0 (4 ) = D@ Iin (2 7)= 0 >
This is the Orr-Sommerfald equation with ¢ = (=b' + 1am)/o( .

that is
uw) B0 = - Cp

q“)) = £ CV
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If we assume an infinitesimal disturbance, and

ignore all but the terms that are linear in A, then
da/dt = a®a = c;A or A = exp(£ cyt). Also,

YO = o g2/ - o b ana Y = P47 exp(of yt). b

will later be shown to be zero, So if we assume that W

on

is a constant (that 1s, the frequency of the wave doesn't
change), then @ = v’ = -4 cp. This gives us

w/ar-a‘)+ 5[//'”2_0“1 (ntet)

X, g pllidy
lb/L}/};}v@) Sy-3 + @
So our formalism is an extension of what has been done
in the linear case.
),
W/’ )(y) must be normalized in some fashion. We

will use the standard normelization
1,73 -
(roas) @ (0)=]

This will implicitly determine the functlion A(t), which
is the other part of the solution relating to the size
of the disturbance.

Continuing our discussion of the separate equations,

equation (7.31) becomes

, : 5000)
[ 2 pte - Gq® P = - Y LRI O A
(7.46 ’
1308 W2y B0 87 D5 L) Fring, 30wy

¢ (92 13 )= D ¢’”/“/i/) =0

This is an inhomogeneous differential equation. If

@l /)15 known, this can be solved for ¢/p’
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Similarly, Equation (7.36) becomes
-4"149"% 2 /32)
({04t iR (= "EEET ) (0% 4 0T
= 5 ROB ()PP i ROy )
Q/J;z) /i )= Dﬂ;/z,‘» /i /)36

This 1s also an inhomogeneous differential equation.
The solution of the last three equations (7.32),
(7.34), and (7.35) requires some knowledge of the constants

)
a”, 2™, v, and . For example, (7.34) becomes

. -4"420497 2 2)28702)
(e f (D—F =i <R (3 - ‘_:1‘0_ ) (p*o2)E0
SR (a4 B") (03P
@D d) =P’ [£1)=0

The difficulty 1s that there is not enough information
to specify the values of am and 'bm. So we must make
some additional assumption to guarantee a unique answer.
This would not be a problem 11"-‘8/0) =X ¢y =0. In
this case the operator acting on W/'v)) would be the Orr-
Sommerfeld operator. So the adjoint homogeneous equation
would have a solution, and (7.48) could not be solved
unless its right side was orthogonal to this solution.
This consistency condition would determine amand b”).
This can be done in the related case of plane
Poiseullle flow, where this method has been previcusly

applied. Here there 1s & stability curve for the linear
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case in the X -R plane, where ¢y = O. On this curve,
the constants are determined by the orthogonality conditlons
Near the neutral curve the same method 1s used based on

1
continuity. In this case a{> turns out to be zero, and

da/dt = a(z> a3+ eeses So the sign of 5(2) determines
whether or not the flow is stable and the disturbance
dies out ( ah) < 0) or unstable and the disturbance
grows ( am 2 0).

In the case of Couette flow the lmaginary part of
the eigenvalue 1s never equal to zero. So we will apply
an alternate method, also suggested by Reynolds and Potter.

Instead of insisting that the linear flow be at the
transition point, we will insist that the non-linear flow
be at the transition point, that is, dA/dt = 0, So A(t)
will be a constant, and the disturbance wlll neither
grow nor decay. The solution will be steady state with
frequency W .

To solve this problem, we expand
(ruboy W= w Ot AN+ AT W P
While W 1is a real number, we will view it as comrlex
as a mathematical convenience. The physical problem
willl only have solutions for certain values of A.

Our procedure is the same up to the equations
(7.20), (7.21), and (7.22). We now set dA/dt equal to

zero and substitute in the expansion for W , This creates

minor changes in the set of equations (7.29) thru (7.36).
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Equation (7.29) remains the same, So the solution
for ¢5A70)given in (7.40) also remains unchanged.

The first term of equation (7.30) disappears,
but the solution for 40“¥Ugiven by (7.42) is still the
same.

For equation (7.33) the term a(dzlﬁl) drops out,
and instead of the form given by (7.43) we obtain the

similar form
(7. 50){(9 °<‘)-—/»->(R(y+ ”))/D > 2))? ¢//,/) -
puinsir) D@t =0

This is still the Orr-Sommerfeld equation, but now
w(°)= -o{c, where ¢ is the eigenvalue of the Orr-Sommerfeld

equation.

(o)

For equation (7.31), the a'"* and a” terns drop

out, and (7.46) simplifies slightly to become
(. 51)% CprojD = _ipg i) (P ) 5//,‘/)
* I)ﬁ””/[)‘a(’)ﬂ”" W’/)D/D d;)¢r//> ¢//, YR n(g)¢///'/,’|
e (1) DO (£1)30

(0>
Similarly, the a  terms drops out of (7.36), and
(7.47) becomes

)
(rosor { () S04 R (ot 42 ) (0% #22)E @7
_ ;p Dgﬁ”}’)/pz_a(z) ¢//;/)_L @[/,/)D{Da_a(;) ¢//,/)
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¢/2/‘2)(‘i/) - D¢/l/'2) (i: /) =6

The left side of this equation is the Orr-Sommerfeld
operator, but with A replaced by 2K .

Equation (7.34) was the first of the equations that
presented difficulties. But now with the a/a) term removed,

(7.48) can be rewritten as
(0 /7,2)
Pesn {02 =i &R (p# LY (pr-42)5 f
-5 ka (Dl-"‘l) @//',/)
@l (2 N=d@VP(E 10

The left side of this equation is just the Orr-Sommerfeld

2)
operator acting on ¢//’ « We know that the corresponding
0"

homogeneous equation has a non-trivial solution

So the ad joint homogeneous system, which has the form
> . Wy ey 42 =
(P S0y = o Ryt %= D (0= F 0]¢#= 0
@rE1)=0@(E)=D

has a non-trivial solution. We will call this solution v(y).
The inhomogeneous system will have a solution only

if the consistency condition
7o) w WL [(pa® 8971p)] Viy) ey =0

1s satisfied. This 1is unlikely to be true unless w”’= O.

5 .
Then ¢”’ )can be any multiple of ?////). For convenience
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we will choose the solution
5 2)0\ =
(r.s6) @Y= 0

This leaves two more out of our ori .zinal set of

eight equations to consider. Equation (7.32) now reduces to
(o DT 77 (=0
PO 10z D@ (27)20
so the solution is simply
(res8) PG )0
The last equation (7.35) can be written
(7.59){(* ) bR (gt o ) (0> x})EW//}) )
S SREWP () 9042 08RO T
+2D$””)[D ) 15 YLy VIR /i/¢ Z
; ¢/’i”D(Dl‘$‘°(z)¢[’ LY YO o
pi» (= 001 (£1)=0

The left side is still the Orr-Sommerfeld operator, so

we have a consistency condition
/ . -
(7.60) W[ [ (03~ u» @07 ()] viy) Ay =

. (3,2)
L vin[-208% D 003 )P
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. . 3 ‘
gt eyt un) F 1210t 8
CF Y 4y @42 9770(07-07) O ]ty

This determines the value for W/L). which is what
we are actually after. Additional values can be gotten
using the same procedures, but Wu) will turn out to be
zero, and to obtain WH) would require much more numerical
worke

86 we have the relation

2
2)
(7.61) w = wf"’+ (/{/{ /4

Since W and A are both real, this means

2
(.62) w = Real (w?) + Real (w>) A

(1)) /4 2
0 = Tmag (W?) +Tmag (%
This determines the size of the amplitude A, which is

given by
(7.63) A= Ima/o(W(")

Since ¢, is always negative, Imag(w®) must be
negative for A to be defined. If Imag(w™) is positive,
there is no steady state solution. The flow 1s either
stable with restect to any second order disturbance, or
else any such disturbance leads to turbulence.

If A is defined, it gives the transition level
below which the disturbance is damped out (infinitesimal
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case) and above which it grows (instabllity).
Some 1dea of the physical significance of A can
be seen by considering the center line fluctuations.
We know that
. ~ .
. . 71) =46
L = "y, P e
(7.64) v(4,3,9) = - )& vy
, : ) e
. 24 LG s 3 )
N eI AL AP P LA V) G
Since A is small, as a first approximation we can ignore any

power of A larger than the first. Then (7.64) bfcoxlnes e
(7.65) oy, €)= - A @//i'>@)¢59+ 2 741””’”/7)5

or

(7.68) v(hvy, & = 2 A aind( Reall $PI)42 AcortTImag/ P'P7))
Since we choose a normaligation ﬁ/M(O) =1, we get

(7.67) v(8,0,) =2 A wn &

So A is approximately half the amplitude of the vertical

center line disturbance.
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8. METHOD OF SOLUTION

As in the linear case, we approximate the various
functions by a sum of Chebyshev polynomials, The linear
elgenvalue ¢ = -u/’)/vﬁ and the linear eigenfunction ¢//"/)
are computed using the generalized Rayleigh quotient
iteration.

To find the adjoint eigenfunction v, we use the

same inverse iteration, excert the eigenvalue 1s now kept

fixed. Equation (7.54) is integrated four times to obtain
(8.1) LV —26& [V s X4 RIS V7
LRIy« RNy # T RSO

N
Letting v(y) = mf—fo an'.l‘n_(y) and substituting into

(8.1) we get the system of equations
2
. . . 4
(8.2) idy -2bRdm +w"am + «R by
l/-
[} 3 =
_dZRé—m*‘D(RCO”‘ + «’ R an

n==54,5..

The only difference between this system and the sSystem
for the Orr-Sommerfeld equation (3.12) is that the term
-24 Rajn is missing. After making this change, v(y)
can be computed using the same procedure as for ¢///./).

49.
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To solve the other equations, we need subroutines
for taking integrals and derivatives and for multirplying.

The formula for integrals has already been worked out.
If we let
2 4 Tuly)
/ Z am / m ( }) -

then we can find that

- - = +1
(8.3) al, = CL’"_L%’LL,QL_ m=1,2,...,841
m

where alo is an arbitrary constant of integration. This
is just relation (3.2)

To do derivatives, we iz}troduce the notation
_ = d —
DL EanTnlp)] = 2, G Tnlp)
Then by relation (3. 1)
% (Lo Tty - B2
ol ,ﬂ_ogfv/m/y)‘? D{: &, =z iy

By equating coefficients, we arrive at

d
Cm_, K{fn/_, =2m am + a/né/ &/M_/

27, 130)

or 1terat1ve1y
Z 24 as

(8.4) Cmafm ey

where &, = 0 if k 2 N.
Multiplication can be done using the relation

®.5) Tr L) To )= 5 [Tras cp24 Tivess (1))
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méo a T (y) and ¥ () = wéo bpT,(y), then
N

Gy ¥ly) = Fop dn Tnly) B
L2 oaid LT

% %, 4 [Ty 04 T3]

= %0 p70
=

o/

1 b (y) =

Truncating this sum, it can be written as

m Yo lym 1 T bgan

(8.6) aj

Now we can solve equation (7.52) for ¢’/2"2}. The
left side is Just the Orr-Sommerfeld operator with X
replaced by 2. The equation is integrated four times
and the metrix corresponding to the left side can be
computed using the same subroutine as for the Orr-Sommerfeld
equation.

The right side can be integrated explicitly once to

obtain
> ) '
@ s RL (D7) = @70 prglin]

Using our subroutines, the corresponding vector can be
found and integrated three times. The first four coeffi-
cients are set to zero, since these equations determine
the boundary conditions. The result is a system of
inhomogeneous linear equations, which can be solved to
obtain ¢/2.,‘23

Equation (7.51) can be explicitly integrated twice,

and rewrltten as
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A . O LY S A ¢ ]

The vector corresponding to the right side can be determined
and then integrated twice. This gives us ﬁlﬂ’q except

for the first four coefficients, which are determined

from the boundary conditions.

Equation (7.60) cen now be solved for W"Z The
definite integrals can be evaluated using (3.1) and the
formula
(8.9) T, (1) = (z1)7
These allow us to compute

I
o e Totily)  Ames Tt (%)
L Lo &, [l dnleld) |

M+

g g (10" 45 ()]
0% L

S an[ -2 ]
:2404_”7%;[;1/;[_;{:)5/@

2dm

_

I N L2
(8.10) /—,,ﬂ% amﬁ/#)ag:zﬂo +M£:; m =/

Combining this with our previous subroutines, W(n and A

can be explicitly calculated.
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9. NUMERICAL RESULTS

The above set of equations was solved for a variety
of values of ®{ and R. The results are summarized in
Figure 2, where an o represents values of the parameters
where a steady state solution exists, and an x values for

which there is no such solution.

Fig. 2.--Location of steady state solutions

1000 - x [} o x
- xo o o ox
- X 0 o ox
R 500 |- x o ocox
il X oo 000X
-~ Xo0oo0o oo0o0xX
1 ! I !
5 10 15 20
A

The size of the disturbances assocliated with the
steady state solutions varies widely. Table 7 shows the
53
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amplitude A of the steady state solutions for different

values of & and R.

TABLE 7
VALUES OF R, , AND A

R oL N A o« N
100 3 1.57x1071 500 13 4,60x1076
100 4 2.4bx1072 500 14 2,61x10-6
100 6 7.02x1073 .
100 7 .33x1073 700 9 1.76x10
100 8 3.20x10-3 700 12 6.10x1076
700 16 1.18x106
200 5 7.59x1073
200 6 2.85x1073 800 10 4,83x1075
200 9 | 3.51x107% 800 | 12 | 5.91x1076
200 10 2.19x107 800 15 8.40x10"7
200 11 1221074 800 17 7.02x10~7
500 o | gueamio=s || % | ¥ 5.65x1077
1000 18 2.45x10"7

As in experiments, the smaller the Reynolds number
R, the larger the corresronding amplitude. The smallest
value computed was R = 5 and X = 2, The method predicted
a steady state solution, but with an amplitude of 6.05.
Since our formalism assumed small disturbances, this does
not reflect a realistic sclution.

It was not feasible to determine whether there exlsts
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a largest value of R for which there is a steady state
solution, because of the computational expense. To obtain
accurate eigenfunctions proved more difficult than to obtain
accurate eigenvalues, particularly if both & and R were
relatively large,

But steady state solutions are possible at least up
to R = 1000. This would imply that small disturbances
will die out. However, in practice, laminar flow can be
maintained only up to about R = 750, Since in an actual
apparatus there are always some perturbations, this could
be due to the fact that these perturbations can no longer
be reduced below the transition level. Other effects not
covered by our formalism could also be at work. However,
Just considering second order effects, this method does
correctly vredict transition to turbulence for a large
enough verturbation, which the linear theory does not.

Some insichts into the results can be obtained by
considering the shape of the disturbances. Using a second
order approximation
9.1) ¥ (ay.e) =2 ¢ B0y o GG 20, 0,

or

(9.2) Yt (a,y,%) =§‘/—§+1AD€@/(¢”}")W&
_zmj Wﬁ/.”)/;inﬁ] +2A1£ @i -~
Rea) (PP1P) os2¢ —_meiy(¢[*/)75in2rff_7
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, ¥
( ¢”’l) is a real valued function.) Then since u =';%‘ g‘y/
o

and v = 56
(9.3) u(hg,&) = v+ AL Dl Real #7) cos &

- D(Imag ¢7") sine] + 24 o

+ D( keal @0;”) cos 22 =D (Imey @) 5in 22]

(9.4) v(a,y, &) = —2A[(Real p1")5 it Hinay ?7")cos 5]
- ’fflz[(/eea/ L) sin lﬁ-ﬁﬁaa} @) cos x4 ]

If we ignore the A2 terms, we have the Orr-Sommerfeld
linear solution.

Choosing #~ = 0, this simplifies to
;0
(9.5) u(ay,0) =y+ A D(Real 07 )

F 2 DO v D(Real %))
(9.6) v(A,5,0) =-24Tmyy B ot Tmag oY

Using the definition Tn(cos r ) = cos nJ, these
vectors can be computed., This is done most easily by
choosing values of J vetween 0 and 7T . Then y = cosf
and Ty(y) = cos nd.

The resulting solutions are graphed for the case
R = 200 and A = 5, Figure 3 gives u and v for the linear
case, and Figure 4 gives the non-linear solutions.

For the linear case, the disturbance is concentrated

near the boundary y = 1. There is of course a symmetric
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Fig. 3.--The linear solution for R = 200 and A = 5
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Fig. 4.--The non-linear solution for R = 200 and A =5
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solution concentrated near the boundary y = -1, corresponding
to an elgenvalue with negative real part. For larger R,
the disturbance is even closer to the boundary, but retains
the same shape.

In our case, we are multiplying by an amplitude
factor A. As we have seen, this is related to the amount
of change in the fluid veloclities with resvect to x and t.
The size of A is immaterial if the disturbance is small
enough for the linear theory to hold.

The actual magnitude of the fluld velocities derends
on ¢Vﬂ’) as well as on A. We have used the normalization
¢m%?= 1, but the size of this eigenfunction still varies
greatly., If A is fixed and R increases, the size of this
function increases slowly. But if R is kept fixed and
increases, ¢/GD rapidly becomes larger. For instance,
if R = 200 and A is kept fixed, the maximum value of u
for o = 12 is almost a thousand times as large as the
maximum value of # for & = 5, So for large < , A must
be chosen quite small if the linear theory is to aprly.

The shape of the non-linear solution is completely
different from the linear solution. However, this same
besic shape is again retained for different values of X
and Re In fact, in most cases, the magnitudes are also
quite similar. As we have seen, for a given fixed R,

A decreases ravidly as A 1increases. However, this does
not decrease the difference between the non-linear solution

and the laminar solution, since the eigenfunctions are
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getting large rapidly.

The value of A 13 now important, since the given
second order solution only exists for the appropriate
amplitude. When we multiply by A, as we have been doing,
the linear solution becomes closer and closer to the
laminar solution as R increases, But the second order
solutions remain distinct from the laminar case.

The transition from the linear to the second order
solution cannot be obtained by our method. However, we
know that for small disturbances the linear theory holds.
Somewhere well before the transition amplitude non-lineaxr
effects would begin to occur. For these intermediate
disturbances the shape would begin to chéanese from the linear
to the non-linear form. By the time the transition
amplitude 1s reached, the non-linear effects have drasti-
cally changed the shape and the size of the solution.

The important result here is the existence of steady
state solutions, which implies that a smaller disturbance
will die out and a larger disturbance will grow. So the
non-linear theory correctly predicts a transition to
turbulence, which the linear theory does not., Also it
predicts that turbulence will appear more easily for
large R, since the transition amplitude is smaller, Hence
if R is small, only relatively large perturbations will lead
to turbulence. It does not predict the experimental result
that if R is greater than or equal to 750, any perturbation

will lead to turbulence. However, it is possible that in
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an actual experiment the perturbations cannot be reduced
below the transition level, or that a second order aprro-
ximation 1s no longer sufficiently accurate. But the
description is much closer to what actually occurs than

the linear theorye.
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